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KANTENISOMORPHISMEN VON MENGENSYSTEMEN

von
W. DÖRFLER

In der Arbeit [3] (sh. auch [2]) von H. Whitney werden Kantenisomorphismen 
von endlichen Graphen betrachtet und es wird gezeigt, daß mit Ausnahme gewisser 
Graphen aus der Beziehung, kantenisomorph zu sein, die Isomorphie der Graphen 
folgt. Das entsprechende Resultat hat Jung [1] für den Fall unendlicher Graphen 
bewiesen. In der vorliegenden Arbeit wird zunächst der Begriff der Kantenisomorphie 
für Mengensysteme erklärt und ein dem Satz von Whitney entsprechendes Resultat 
bewiesen.

Definition. Ein Mengensystem X besteht aus einer Menge V=V(X) und einer 
Menge E=E{X) von Teilmengen a c V  mit |a |s2 . Die Elemente von V heißen 
Knoten von X, die Elemente von E Kanten von X. Gibt es nur Kanten mit 2 Knoten, 
so erhält man einen Graphen.

Ein Knoten, der in keiner Kante von X  liegt, heißt isoliert. Ist |K(A')|<<», 
so heißt X  endlich. Wir beschränken uns auf endliche Mengensysteme, denn eine 
Übertragung der Ergebnisse auf den unendlichen Fall ist hier nicht möglich.

Ein Mengensystem X  heißt zusammenhängend, wenn es zu je zwei Knoten 
X, y  £ Feine Folge ях, o2, •••, ak von Kanten in X  gibt mit und 0,Па1+1̂ 0
für i =  l, 2, ..., Ar— 1.

Definition. Eine bijektive Abbildung tp: V(X')—F(F) heißt ein Isomorphismus 
vom Mengensystem X  auf das Mengensystem Y, wenn acz V(X) genau dann eine 
Kante in X  ist, wenn cpa eine Kante in Y ist. Gibt es einen Isomorphismus cp: Л'— Y, 
so sind X  und F isomorph, X ^ Y .

Definition. Eine bijektive Abbildung ф : E(X)-+ E( Y) heißt ein Kantenisomor­
phismus von X auf F, wenn gilt

(I) für alle a£E(X) ist \а\ =  \фа\
(II) für alle a,b£E(X) ist \аГ\Ь\ = \фаГ\фЬ\.
Es ist klar, daß für jeden Isomorphismus tp : X-» Y die Abbildung i/g E(X)-~ E(Y), 

definiert durch фа:=(ра für alle a^E(X), ein Kantenisomorphismus ist. Gilt diese 
Beziehung, so heißt ф der von cp induzierte Kantenisomorphismus. Es gibt jedoch 
Kantenisomorphismen, die nicht von Isomorphismen induziert werden können.

= {1,5, 6, 7,8}.
1
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2 W. DÖRFLER

Es soll zunächst die Frage geklärt werden, wann ein induzierter Kantenisomor­
phismus durch genau einen Isomorphismus induziert wird. Dazu benötigen wir den 
folgenden Begriff.

Definition. Mit S(X) bezeichnen wir folgende Relation auf der Knotenmenge 
eines Mengensystems X :

(I) es gibt ein a£E(X) mit x, y£a,
(II) aus x^b, b£E(X) folgt y£b,

(III) aus y£b, b£E(X) folgt x£b, 
oder wenn x= y  ist.

Man sieht leicht, daß S eine Äquivalenzrelation auf V(X) ist. Hat X  keine 
isolierten Knoten, so gilt:

Lemma. Die Äquivalenzklassen nach S sind Durchschnitte von Kanten von X und 
von Komplementen von Kanten von X.

Beweis. Es sei x£V(X)  beliebig und ax, . . . ,a n seien die Kanten von X  mit 
xÇa,, i— 1, ...,n  und b j , j=  1, . . . ,m  die Kanten von X  mitx^Zij-. Wir zeigen, daß

D = n  alП f| bj die -S'-К lasse x/S  von x ist. Dabei ist bj=V(X)—bj. Zunächst
zeigen wir, daß Dc:x/S  ist. Für D={x) ist nichts zu zeigen. Sei also z ^ x  in D. 
Dann ist z£ax, x£ax und es gilt (I). Die Bedingung (II) ist nach Definition von D 
erfüllt. Ist z£b, bdE(X), so muß nach Definition von D b=at sein für ein i, also 
ist auch x£b  und (III) erfüllt. Daher gilt (x, z)£S. Für die Umkehrung nehmen 
wir an, daß für z£V(X)  gilt (z, x)£S. Da xEa; ist für alle /=1, folgt, daß 
auch z€a;, /=1, ..., n, gilt. Ebenso folgt aus x§_bj, daß auch z^bt ist, also ist zdbj. 
Daher muß z£D sein.

Satz 1. Ist X ein Mengensystem ohne isolierte Knoten und die Relation S(X) 
die identische Relation, so wird jeder Kantenisomorphismus von X auf ein Mengen­
system Y von höchstens einem Isomorphismus induziert.

Beweis. Es sei also S(X) = {(x, x)|x£ V(V)} und <px, (p2 seien zwei Isomor­
phismen von X  auf Y, die den Kantenisomorphismus ф: E(X)-+E(Y) induzieren. 
Wir wählen einen beliebigen Knoten x€ V(X) und es seien ah i— 1, ..., n, die Kanten 
von X  mit xÇa; und bj die Kanten mit x ^ b j j— 1, ...,m . Dann ist nach dem Lemma 
und nach der Voraussetzung des Satzes

Da <px, <p2 beide ф induzieren, ist für alle a£E(X) stets (р1а=фа=<р2а und somit gilt

(x ,jOCS genau dann, wenn (I)—(III) gelten:

m

n m

x\S =  П я; П П h •
< =  1 7 = 1

П m n m

<Pix = (P, n «/П n h = fl (Pi^n П Vibj =
. ' = 1  7 = 1

n m
=  П <PzaiC\ П <Pibj =  (Pi П a iD n  bj\ = (Ргх -

i=  1
Also ist (Pi = (p2•

Stuclia Scientiarum  M athem aticarum  Hungarica 9 (1974)



KANTENISOMORPHISMEN VON MENGENSYSTEMEN 3

Bemerkung. Ist S(X) nicht die identische Relation auf V(X) und ф: E(X) — 
-*E(Y) ein induzierter Kantenisomorphismus, so kann ф sicher durch mindestens 
zwei Isomorphismen induziert werden. Das ergibt sich sofort daraus, daß für x, y d x /S  
die Abbildung cp mit cpx—y, cpy = x  und cpz=z, z ^ x , y  ein Automorphismus von 
X  ist.

Satz 2. Sind X und Y Mengensysteme ohne isolierte Knoten und gibt es einen 
Kantenisomorphismus von X auf Y, so sind X und Y entweder beide zusammenhängend 
oder beide nicht zusammenhängend.

Beweis. Es sei ф: E(X)~»E(Y) ein Kantenisomorphismus und X sei zusammen­
hängend. Wir wählen x?±y(:V(Y) beliebig und dazu b,b'dE(Y)  mit xdb, ydb'. 
Es seien а = ф~1Ь, а' = ф~1Ь' und zxda, z2da'. Dann gibt es eine Kantenfolge 
a=alt a2, ..., a„=a' mit а,Г\а1+1̂ 0 ,  /= 1 , ..., n— 1. Dann bilden die Kanten i/iaf=Z», 
die gesuchte Kantenfolge in Y, die л: mit у verbindet. Die Umkehrung wird ebenso 
bewiesen.

Definition. Ist X  ein Mengensystem, so sei X/S  das folgende Mengensystem

V(X/S) — V(X)/S(X) = {z\z ist Äquivalenzklasse nach S'(A')}

E(X/S) = {a\a с  K(AyS), {x|x€ V(X)AxdzAzda}dE(X)}.

Satz 3. Sind X und Y zwei Mengensysteme, so ist f '=  F genau dann, wenn es 
einen Isomorphismus ф : X/S-* Y/ S gibt mit

\фг\ =  \z\ für alle zdV(X/S).

Beweis. 1st X ^ Y  und cp\X-+Y ein Isomorphismus, so ist die Abbildung ф 
mit фг:=<рг für alle zdV(X/S) ein Isomorphismus von X/S  auf Y/S und natürlich 
gilt für ф, daß \фг\ = \г\, zdV(X/S)  ist.

Es sei nun umgekehrt ф ein Isomorphismus von X/S auf Y/S mit der angege­
benen Eigenschaft. Für jedes zd. V(X/S) sei cpz eine bijektive Abbildung von z auf 
I/tz. Durch

cpx := cpzx für x£z

wird dann ein Isomorphismus von X  auf Y definiert.
Wir kommen jetzt im Satz 4 zur Formulierung einer hinreichenden Bedingung 

dafür, daß ein Kantenisomorphismus durch einen Isomorphismus induziert wird. 
Diese Bedingung ist nicht notwendig. Es lassen sich jedoch leicht Beispiele finden, 
daß es Kantenisomorphismen gibt, die nicht induziert werden können, wenn diese 
Bedingung nicht erfüllt ist.

Definition. Mit L bezeichnen wir die Klasse aller endlichen Mengensysteme
n

X mit folgender Eigenschaft: Sind ax,a2, ...,a„ пШЗ Kanten in X  mit f) аг#0,
í=i

so gibt es ein i, I S.iën , und eine von den verschiedene Kante d in X  derart, daß 
dC\ai = ai— U ist.

j*i
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4 W. DÖRFLER

Satz 4. Sind X  und Y Mengensysteme aus der Klasse L ohne isolierte Knoten 
und ist ф ein Kantenisomorphismus von X auf Y mit der Eigenschaft, daß aus a fE (X )

П П

und f) at ̂  0 folgt f | i//a;^0 , so gibt es einen Isomorphismus q> von X auf Y, der ф 
1 = 1  1 = 1

induziert.

Beweis. Das Ziel des Beweises ist, einen Isomorphismus von X/S auf Y/S an­
zugeben, sodaß einander entsprechende Elemente dieselbe Kardinalzahl besitzen. 
Zunächst wird eine Bezeichung eingeführt.

Sind ßj, a2, ■.., am Teilmengen einer Menge M, so sei N  (zj ,i2, . . . , ik; j \  , j2, j , )  = 
=  {x|x£ßil, . . . ,x£a ik; ...,х$а^}, wobei jeder Index 1, . .. ,m  genau einmal
auftritt.

Wir zeigen zuerst, daß für jedes 2 und je n Kanten ak, ...,a„ aus X  gilt
П
П Я, n

1=1

Für и = 2 ist das richtig, weil ф ein Kantenisomorphismus ist. Als Induktionsannahme 
nehmen wir an, daß die Behauptung für alle n mit 2 ^ n ^ k  — l richtig ist. Es seien 
ax, ..., ak beliebige к Kanten aus X. Wir verwenden folgende Beziehung (A), die für 
l ^ r ^ k — 1 und jede Auswahl verschiedener Indizes zj,z2, . . . , / r aus {1, ...,/c} gilt 
(dabei ist l+r=k):

(A) ah П ai2П • • • П air = N ( f , i2, ..., ir; , / j U

U U N (h, k ,  — ,irJr+i\ j i ,  i)U
U U N i f ,  i2, .... ir, ir+1, ir+2; f f  i)U

U U A(z'i , / 2, . . . , irJ r+1, . . . , ik- 1; ./)U fl ai

wobei die Vereinigungen jeweils über alle möglichen Auswahlen von einem Element 
(ir +1), zwei (/r+1, ir+2), drei usf. verschiedenen Elementen aus { j i , j2, ... , j t\ zu 
nehmen sind. Wichtig ist hier, daß alle Summanden dieser Vereinigung paarweise 
disjunkt sind. Ferner können gewisse Summanden leer sein. Für die Bilder фО[ 
gelten die entsprechenden Beziehungen, wobei zwecks einfacher Notation nur N
stets durch N ersetzt wird. Angenommen, es wäre

к

П ai fl l//ür; /=1
Nach Voraus­

setzung gibt es unter ax, ak eine Kante, etwa ax, und eine Kante d in X  mit 
dr\ax = N  (1 ; 2, 3, . . . ,к ) ^ 0 .  Nun ist nach obiger Beziehung (A):

Kl = |A(1; 2, 3, ...,fc)| + 2 W > h ;  ./j> •■•,./*-2)1 +

Ist
к

fl фа,
1 =  1

- f -  . . .

П at/ = 1

Z .  |A(1, zj, z2, ..., ik_2; ,/)| +
Ol» *2» •••» ‘k - z )

n a i

-s (s ^  0), so ist wiederum wegen der obigen Beziehung (A)

Studia  Scientiarum M athem atic aru m  Hungarica 9 (1974)



KANTENISOMORPHISMEN VON MENOENSYSTEMEN 5

und auf Grund der Induktionsvoraussetzung

\N(h, h ,  ... ,7t)l =  \N(h.......h\ j i ,  ■■■ ,j,)\ + ( -  O'i

wobei t = k — 2 die Anzahl der Stellen nach dem Strichpunkt ist, und das gilt für jede 
Auswahl verschiedener Kanten ah, ..., ait und für \ ^ t ^ k  — 2. Zum Beweis sei zuerst 
t — 1. Dann ist mit (A)

КПа,-2П ... Па,-,.,! =  \N(h,h, /*)| +
к

П  a i

und

|iAa(inM -2n  ••• C\^aik l \ = |N(/‘i ,h ,  . . . , ik- 1; *it)l + ni= 1
und die behauptete Beziehung folgt, weil die linken Seiten gleich sind. Ist diese 
Beziehung schon gezeigt für tS m —l ^ k  — 2, so erhält man aus (A) wieder unter 
Verwendung der obigen Induktionsannahme (r=k  — (m— 1))

!Л Ч »1,!'2 ,  s к  . 7*1 >7*2» >jm)I +  •••»  ip l i f + l »  7*1 » ■ >7*fn — l ) l  +

+ 2 ’|-/V0*1> — .*r»*r + l»fr + *; 7l> ■■■Jm-2)\+ — + 2 \ N (h’ •••>ir, ••• » *Jk-i; 7)1 +

+ П “i1=1 m t i ' i »  ■■■ ’ 7*1.7*2, •••,7m)| +

+ 2 ’1л,('*1> — + 1Î 7Í > •••.7m-l)l + ( -  l)m ^

+ 2 ’1ЛГ('1> —3Ír,ir+i,i,+al 7i> — ,7т-г)| +  ( -

m
m — 1 +

m
m —2

+ ,.. +  2 №  — •••,»*- 1Î 7)1+ (-!)« Í к
u + П a>/=1

+ 5
woraus sofort die Behauptung folgt.

Es kann nun sein, daß hier schon ein Widerspruch auftritt, wenn sich aus der 
Gleichung für A und JV für ein t bereits negative Kardinalzahlen ergeben würden. 
Andernfalls erhält man wegen |«11 — !«A«i| und (A) mit den Gleichungen zwischen 
den N  und N :

|JV(1; 2, 3, . . . ,* ) | - | t f ( l ;  2, 3, ...,* ) | =

-  ( s ) ± . . . + ( - l )* -2  ̂ l)*-1 =  Л.

Für к ungerade und j< 0  bzw. für к gerade und s> 0  ist 0. Das ist jedoch ein 
Widerspruch zu folgenden Beziehungen:

li/u/fli/'üil =  |i/rifl|| = 0 für i =  2, . . . ,k  und
|A(1;2, 3, ...,A:)| = \dC\ax\ =  ^dCu/za^.

Ist jedoch к gerade, j < 0 oder к ungerade, s>0, so genügt es, die Rollen von X  und

Studia Scientiarum  M athem aticarum Hungarica 9 (1974)



6 W. DÖRFLER

Y zu vertauschen, um den gleichen Widerspruch zu erhalten (im allgemeinen mit
к

einem &г = |/т; mit iV 1), denn |"| kann laut Voraussetzung nicht leer sein.
/=1

Als nächstes zeigen wir, daß für je n Kanten аг, ..., an in X  und alle Auswahlen 
verschiedener Indizes ix, . . . , i r aus {1, . . . ,77} stets gilt

<*) Щ и ,  ■■■Jr', h ,  —,Â)| = I N(ilt . . . ,  ir; j \ ,  ..., j,)\.

Denn wäre dies nicht der Fall, so gibt es ein kleinstes t S l ,  für das (*) nicht gilt 
für eine bestimmte Auswahl {/j, ..., /r}, r = n — t. Wendet man jetzt die Beziehung 
(A) auf die dieser Auswahl entsprechenden ail, . . . ,a ir, an, so erhält man einen 
Widerspruch zu

r r

П  “ ij
j  = 1

= П  ^ a i j
7 =  1

Nach dem Lemma ist jedes Element aus X/S  von der Form N(ix, ik; j\, 
für bestimmte atl, ..., aik; aJ1, . . . ,a jl und man sieht leicht, daß die Zuordnung

фА(/х, . . . , i k; j\ ,  = N(i\,
ein Isomorphismus von X /S  auf Y/S ist mit

\<pz\ = \z\ für alle zdV(X/S).

Konstruiert man wie in Satz 2 einen Isomorphismus von X  auf Y, indem man von 
<p ausgeht, so erhält man einen Isomorphismus, der den Kantenisomorphismus i// 
induziert. Damit ist der Satz bewiesen, wenn man beachtet, daß X  und Y beide keine 
isolierten Knoten besitzen.

Die im Satz 4 gemachte Voraussetzung über den Kantenisomorphismus ф geht
к к

dort ein, wo für gerades к gezeigt wird, daß П в; П  ' M ist. Es genügt daher
diese Bedingung für gerades n zu fordern. In der Klasse L kann man Mengensysteme 
X  und Y und einen Kanten isomorphismus 1Jr. X-*Y  angeben, der n Kanten a^E(X), 
n gerade, mit nichtleerem Durchschnitt auf Kanten фах£ Е ^ )  abbildet, die einen 
leeren Durchschnitt haben. Man könnte versuchen, diesen Mangel zu beseitigen

/I
indem man in der Definition von L nicht mehr fj а;^ 0  voraussetzt. Das führt

! = 1
jedoch zu einer zu starken Einengung der Klasse L, die dann Typen von Mengen­
systemen nicht enthält, für die trivialerweise jeder Kantenisomorphismus induzierbar 
ist. Eine andere Lösung bringt die folgende Definition.

Definition. Die Klasse L0 von Mengensystemen X  ist diejenige Teilklasse von L, 
in der folgende Bedingung erfüllt ist:

П
Sind dj, j=  1,2, ...,77 , « 5 4  und gerade, Kanten aus E(X) mit (j о,-^0, so

j=i
gibt es ein Paar von Indizes aus {1, 2, 77}, sodaß gilt

П «7 n . ai-K U flfJ
7 = 1 yVl’i, *2
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KANTENISOMORPHISMEN VON MENGENSYSTEMEN 7

Satz 5. Sind X und Y zwei Mengensysteme ohne isolierte Knoten aus der Klasse 
L0 und ф : E(X)-~ E(Y) ein Kantenisomorphismus, so gibt es einen Isomorphismus 
tp: Л'— Y, der ф induziert.

Beweis. Um den Beweis von Satz 4 anwenden zu können, genügt es zu zeigen, 
daß ф Kanten aus E(X) mit nichtleerem Durchschnitt in Kanten aus E{Y) mit nicht­
leerem Durchschnitt überführt. Für n = 2 gilt dies nach Definition eines Kanten­
isomorphismus. Es sei also richtig für n ^ k  — l Kanten. Wir nehmen an, daß für

к к
gewisse к Kanten at, /=1, . . . ,k ,  mit der Durchschnitt f| фах = & ist. Ist

1=1 1=1
к ungerade, so ergeben die Überlegungen im Beweis von Satz 4 wegen s =  — П a><0

/=1
einen Widerspruch, weil X  und Y auch in L  liegen. Ist к gerade, so verwenden wir, 
daß X  und Y  in L0 sind. Es gilt mit den Bezeichnungen und den Ergebnissen aus 
dem Beweis von Satz 4 für das nach Definition von L0 existierende Paar ix^ i 2 aus

к
{1, .... к) wegen П = — s die Beziehung

i=i

W U l J t ,  •■■Jk-i, 4 ,4)1 = \N<JX,U,  . . . J k - i ,  4 , 4)|~ n ■/=1
aus der folgt

I RUiJz> h,  4)1 < 0.
Dabei ist {A,72> • •,Л-2}= {4 2, ..., £}— {/l5 4}- Wir sind also wieder zu einem 
Widerspruch gelangt. Die Relation zwischen N  und N  kann man anwenden, weil 
aus der Induktionsannahme bereits folgt, daß für n ^ k —l durch ф die Kardinal­
zahlen der Durchschnitte von n ^ k  — 1 Kanten aus E(X) nicht verändert werden.

Somit ist die Voraussetzung von Satz 4 erfüllt, und daraus ergibt sich der Beweis 
von Satz 5.
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SETS OF LATTICE POINTS THAT FORM NO SQUARES

by
M. AJTAI and E. SZEMERÉDI

Consider the lattice points in a square of size nXn, i.e. consider e.g. the points 
(i,j) in the Cartensian plane where 0^ /, j ^ n .  P. Erdős and R. Graham [1] con­
jectured that given any positive constant c, any set of cn2 elements from among 
the above lattice points contains four points that form a square the sides of which 
are parallel to the coordinate axes provided n is large enough, depending on c. 
We are unable to settle this problem here. Instead we consider the easier case of 
isoceles right-angled triangles whose sides are parallel to the axes; the consideration 
of this case was also suggested by Erdős and Graham. First we prove the following

Theorem 1. There is a positive absolute constant c such that, given any positive 
integer n, there are c(r3(ri))2 lattice points in a square of size nXn no three of which 
form an isoceles right-angled triangle whose sizes are parallel to the axes.

Here r3(n) denotes the largest integer m such that there are m integers less 
than n no three of which form an arithmetic progression. According to a result of 
F. Behrend, we have

Proof. Let ax, ...,ak (k = r3([n/2]), where [•] stands for the integral part o f 
the bracketed number) be a sequence of integers less than n containing no arithmetic 
progression of three elements, and consider the set S  of those lattice points in the 
square OSx, ySn that are in the intersection of lines of form y= x + 2a\ and 
y = —x + 2a; ( l s i ,  j s k ) .  As any two such line intersects each other in a lattice 
point, it is easy to see that S has at least k2/4 elements. As г3([и/2]) and r3(n) have 
the same orders of magnitude, it is clear that the cardinality of S is at least c(r3(/7))2, 
where c is an easily computable absolute constant. We show that there are no three 
points belonging to 5 that form a right-angled isoceles triangle with sides parallel 
to the axes. Assume, on the contrary, that ABC is such a triangle, say AC=BC. 
We may assume, without loss of generality, that each of the points A, B, and C 
lies on different lines of form j>=x + 2a; (the other possibility, when each of A, B, and 
C lies on different lines of form y = —x + 2a can be dealt with similarly); say A 
lies on the line y= x  + 2ar, C on y —x + 2as, and В on y = x  + 2at. Then ar, as, 
and a, form an arithmetic progression, which is a contradiction. The proof complete.

In the other direction, we prove the following:

Theorem 2. Let c>0, and let S be a set of cn2 of lattice points in a square of  
size nXn. Then there are three points in S that form an isoceles right-angled triangle 
whose sides are parallel to the axes, provided n is large enough.

Proof. Assume that the assertion of the theorem fails, and let c„ be the largest 
constant such that there are c„n2 points that violate the assertion of the theorem, 
and put c= Пт cn■ Then c>0 holds according to our assumption. Let и be a large
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10 M. A JT Al AND E. SZEMERÉD1

integer, and let S be a set of (c—e)n2, points in a square of size nXn  such that S 
does not contain an isoceles triangle whose sides are parallel to the axes. We are 
going to obtain a contradiction by showing that there is a square of size k X k  that 
contains (c+e)k2 elements of S (i.e. there are аг, a2, and d such that there are (c + e)k2 
elements of S of form (a1+id, a2 +jd) with 0 ==/, j<k).

First we show that, almost every line x = i  (0^г'<я) contains at most (c + \l)n 
elements of S, i.e. the number of exceptional /’s is o(n). Let us consider the lines 
x  = i for í /n S /< ( í+ l) /ü ,  where O s t ^ j n .  It is enough to show that the number 
of exceptional Гs satisfying this condition is o(yn). In fact, assume, on the contrary, 
that there is a positive constant t] independent of n that there are r\jn exceptional 
Vs with t\'n + i-=(t + l)y/i for some 0 ^ t < ÿn. The set H of exceptional Vs satisfying 
this condition can contain an arithmetic progression a+jd (0 S/<&) of length k, 
where к can be arbitrarily large, depending on n; note that we use the following 
theorem here: an infinite sequence of integers of positive upper density contains 
an arbitrarily long arithmetic progression (see [2]). Now split the set of positive inte­
gers as TgU U T,, Tf is an arithmetic progression of length к with difference

0 <Z<n/k
d and T0 contains at most q-n elements (note that d<^n). Then there is an / so 
that Al=TlX{a+jd\ 0S j< k}  contains at least (c + 2e)k2 elements of S, since 
each a+jd was exceptional. If к is large enough, then in view of the definition 
of c, the set /1, П .S contains an isoceles triangle with sides parallel to the axes, which 
contradicts the definition of S.

So we have shown that, loosely speaking only very few lines x = i (0 
can contain “more then the average” number of elements of S; therefore, only 
a few lines contain “less than the average” number of elements of 5; more precisely, 
an easy computation gives that there are less than 2 y/en lines that contain more 
than (c+e1/4)n, elements of S.

Now consider the lines y= x  + /i, where —n ^ h ^ n .  If e is small enough, 
say £< с/ 100 then there is such a line with h = h0 containing ctj/4 elements of S. Omit 
those points which lie on a vertical line containing less than (c —£1/4)n elements 
of S; there still remain say cn/6 points. Let these elements of S have abcissas a, 
(O^i^cn/6). According to a theorem cited just before, there is an arithmetic prog­
ression a+jd of length к each elements of which is some a;; and we may also assume 
that d<-ijn. Now decompose the set of integers ^ n  as T0IJ (J T, as above (with 
the new parameters d and k). o î^nik

The rectangle [0, ri)X {a+jd: 0Sy'-=/c} contains at least (c — ye)nk points 
of S'as each line x= a+ jd  contains at least (с— \7.)п: no square TjX {a+jd: O+j^k)  
may contain more than (с+в)к2 points if к is large enough in view of the definition

„ 1 /4 .of c. So almost every T,j (i-e. except at most e1 j) contains at least (c—B1,i)k
elements of S. We may assume that all of them do, as those Tjs which do not, may 
be added to T0, which will thus have cardinality Ш2е1/4я. There is an / such that 
Ti contains at least ck/8 elements of at + ha. Note that no line y=--at+ /;„ can 
contain an element with abscissa о,- for any j  (so, in particular, with abscissa belonging 
to the arithmetic progression a+jd) as then (ah а(+И), (а,, aj), (öy, üj + h) would 
Ъе an isoceles triangle. This means that at least ckj8 lines of the square

TjX,{a+jd\ 0^y</c}
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SETS OF LATTICE POINTS 11

contains no element of S  which is a contradiction, provided к is large enough 
as we saw that almost every line of a square must contain many elements of 5. (We 
proved this for the original square n, provided S is large enough; but these conditions 
hold for the above smaller square too, as it contains at least (c—elli)k2 elements 
of S.) The proof is complete.
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EINE ANWENDUNG DES MAXIMUMPRINZIPES 
VON L. S. PONTRJAGIN AUF EIN LAGRANGE — 

PROBLEM DER KLASSISCHEN VARIATIONSRECHNUNG

von
H. BERNAU

Die Theorie der optimalen Prozesse wurde in den letzten Jahren sehr stark 
weiterentwickelt, und es ist bekannt, dass sie als eine allgemeine Erweiterung der 
Theorie der klassischen Variationsrechnung betrachtet werden kann. So kann man 
zu den Problemen der klassischen Variationsrechnung analoge Probleme in der 
Theorie der optimalen Prozesse betrachten. In diesen Problemklassen sind die ent­
sprechenden Probleme der Variationsrechnung als Spezialfälle für das Bewegungs­
system

enthalten, und die entsprechenden Bedingungen der Variationsrechnung können aus 
den allgemeineren Bedingungen der Theorie der optimalen Prozesse hergeleitet 
werden. In dieser Hinsicht sind besonders die Resultate von M. R. H estenes 
zu erwähnen. Doch werden dabei für die Variationsprobleme im allgemeinen keine 
neuen Resultate erzielt. Weiterhin ist man bei dieser Betrachtungsweise gezwungen, 
auf Grund der Struktur der entsprechenden Steuerungsprobleme, als Menge der 
zulässigen Kurven, stets die Menge der stückweise glatten Kurven, zu betrachten. 
Im folgenden wird gezeigt, dass die Euler—Lagrange’schen Gleichungen und die 
Weierstrass-Bedingung für das Lagrange-Problem mit gewöhnlichen Gleichungen

b
min f  F(x, Vi(x), y- {x))dx

a

yi(a) = Ai, yi(b) =  Bi, für i =  1, ..., n,

<Pj(x, Уд = 0, für 7 =  1 ,..., m, m < n,

direkt aus dem Maximumprinzip von L. S. Pontrjagin hergeleitet werden können, 
ohne eine Verallgemeinerung der dort betrachteten Steuerungsprobleme vorzunehmen. 
Dabei ist es möglich, diese notwendigen Bedingungen in der Klasse der glatten 
Kurven herzuleiten. Weiterhin können auf diese Weise die Lagrange’schen Mult­
iplikatoren explizit bestimmt werden, und für die Weierstrass-Bedingung kann eine 
anschauliche geometrische Interpretation gegeben werden. Dazu wird zuerst ein 
Lemma bewiesen, welches eine Einschränkung auf die Klasse der glatten Kurven 
bei diesem Variationsproblem ermöglicht.
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14 H. BERNAU

Es wird das folgende Variationsproblem betrachtet:
ь

min I(y) — min J  F(x, yfix), yi(x))dx,
a

in Bezug auf alle glatten Kurven

7 =  {(*, .V/K^n+ibi =  x£[a, b], i = 1, , и},
die die gegebenen Punkte

P i — (a, Alt ..., An), P2 — (b, B\ , ..., Bn) 
verbinden, d. h. die den Randbedingungen

yfia) = At, yfib) -  Bt, für 
genügen, und für die zusätzlich

(1) [у;(х)-Л ;| <  <5, für x£[a,b] und и,

gilt, wobei <5>0 eine vorgegebene Zahl ist. Über die Funktion Е(х, p;, j-) wird 
vorausgesetzt, dass sie stetige partielle Ableitungen bis zur zweiten Ordnung nach 
allen Variablen hat. Damit dieses Problem sinnvoll ist, muss man natürlich an­
nehmen, dass

|2?,- — АД < ö, für / =  1, n, 
ist. Es gilt dann das folgende Lemma.

Lemma. Wenn das oben definierte Variationsproblem eine Lösungskurve

7 =  {(x,yd£En+i\yi = у fix), x €[ö, b\, i = 1, ...,«}

besitzt, so ist die glatte Kurve у auch optimal in Bezug auf alle stückweise glatten 
Kurven, die die Punkte Px und P, verbinden und zusätzlich der Bedingung (1) 
genügen.

Beweis. Der Beweis erfolgt indirekt. Angenommen, es existiert eine stückweise 
glatte Kurve

7 = {{x,yfi^E„+1\yi = ÿfix), x£[</, b], i = 1, ..., ;/}

ÿ fia) = Ai, у fib) = Bi,
|ÿ,-(x) — Aj\ <  ô, für x£[a,b] und i n

7(7) < I(y)
ist. Es wird gezeigt, dass man die stückwiese glatte Kurve ÿ in der Form durch 
eine glatte Kurve ÿ approximieren kann, so dass diese Kurve ebenfalls für das 
Variationsproblem zulässig ist und I(y)<I(f>) im Widerspruch zur Optimalität der 
Kurve y gilt. Seien

(4) a < Cj <  c2 ... < c k <  b

mit

( 2)

so dass

(3)
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EINE ANWENDUNG DES MAXIMUMl’RINZIPES 15

die x-Werte, in denen wenigstens eine der Funktionen yí(x) eine Unstetigkeitsstelle 1. 
Art besitzt, d. h. in denen

Pt(Cj- 0) ^ p'i(cj +  0)

für mindestens ein /'€{1, ...,//} ist. Die Approximation erfolgt komponentenweise 
für jede Funktion j>,(x) und soll am Beispiel von ÿj(x) erläutert werden. Nach (4> 
kann man ein eo>0 so wählen, dass die Intervalle

[ C j ,C j  + E0\ ,  für 7 = 1, . . . , k

paarweise disjunkt sind, sowie

[Cj,Cj + E0](z [a, b\, für j  =  1, ..., k,

und dass weiterhin die Differenzenquotienten

yÁCj + e) -yÁCj)
E

für j  =  1, ..., k, i = 1,

für jedes e€(0, e„] beschränkt sind, da die Grenzwerte pl(Cj + 0) endlich sind. Weiterhin 
gilt, da die Intervalle [c,, Cj+ £0] disjunkt sind, dass die Funktionen j!t(cj +  e) und 
Pi(Cj+e) im abgeschlossenen Intervall [0, en] stetig und damit beschränkt sind, da 
die Funktionen v,-(x) in den Punkten c} von rechts stetig sind. Bildet man jetzt die 
Funktionen

zj(e, x) = {е.у[(cj + e) + Epi(c.j -  0) -  2yx (cj + f.) + 2y1 (c,))

(5) +  ( -  zy'i (cj +  e) -  2Ey[ (cj -  0) +  3 (cj +  s) -  3y^cj)) 

+  BpUcj -  0) +  pi(cj)

mit dem Definitionsbereich

Dj = {(£, x) e E2\ee (0, e0], x£[Cj, Cj + e]}, für j  =  1,

so sind diese Funktionen stetig und besitzen eine stetige partielle Ableitung nach 
x in Dj. Die Funktionen Z j ( e ,  x) genügen dabei den folgenden Randbedingungen

(6)

f )Z j (£ ,  Cj)

dx yi (Cj -  0), Zj (e, cj) = y! (cj),

r)Zj(e,^ + £) _  ^  + ^ ^  c_ + e) _  y i(c. +

x -c , 1 ist, für (e, x)ÇDj, folgt aus derfür 7=1, ..., к und jedes e(E(0, £0]. Da 
Definition in (5), dass die Funktionen Zj(e, x) über Dj beschränkt sind, 

(7) \z j (e , x ) I ■< Ki, für (e, x )  € Dj und j = l , . . . , k .
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16 H. BERNAU

Analog erhält man für die partiellen Ableitungen, dass

<8)
r)zj(e, x) 

dx K2, für (s,x)£Dj und j — k,

<9)

ist. Ohne Beschränkung der Allgemeinheit kann man annehmen, dass auch

lÄWI <  Ki,
|jh(*)| <  K2, für xe[Cj,Cj+e0] und j = l , . . . , k ,  

gilt, wenn ÿi(cJ)=ÿ[(Cj + 0') gesetzt wird. Setzt man jetzt
к

/ ÿi (x) für x C [a. è ] \  U [cJ, Cj + г]
ÿî{e, x) =  (  y=1

\Zj(E,x) für xÇ.[Cj,Cj+e], j = l , . . . , k ,

«o ist y x (c, x) nach (6) für jedes e€(0, e0] eine Funktion von x, die im Intervall [a, b] 
definiert ist und dort eine stetige Ableitung nach x besitzt. Weiterhin erfüllt sie 
nach der Wahl der Intervalle [cj, Cj + e0] die Randbedingungen

a) = Ax, px(e, b) = Bx, für jedes e€(0, s0].
Nach den Ungleichungen (7) und (8) gilt weiter

(10)
|j(e, x)| <  Kx,

dÿiiE> X) 
dx K2, wenn x£[cj, Cj + e], j = l , . . . , k ,

für jedes e£(0, e0]. Analog kann man Funktionen x) für i=2, ..., n angeben. 
Betrachtet man nun die Kurven

f(e) = {(x, y i)^ E nJri\yi = jsrfe, x), xÇ[a, b], i = 1,

so sind diese Kurven für jedes sÇ(0, s0] glatte Kurven, die die Punkte Px und P% 
verbinden. Dabei gilt

(11) /(y (s ))- /( f)  = Z  У x, ÿi(e, x), x ) 
dx F(x, pi(x), p l(x)) dx.

für jedes s(|(0, £„].
Sei

Rj = {{x,yh y'i)Ç.E2n + x\x^[cj , Cj + E0], \yt\ -= Kx, \y'i\ s  K2, i -  1, ..., n}, 
fü r j  = 1, . . . ,k ,  sowie

R = U R,.
7 =  1

Dann ist die Menge R kompakt und die Funktion F(x, yh y'{) über R folglich be­
schränkt, d. h.

|F(x, y i , y ’i) I ä  M, für (x, yi,yi) € R.
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Dann erhält man nach (11) 

( 12)
к cj:

/ (y (e)) — / (у) = У f  2 Mdx — 2вкМ,
i  = 1 c,

für jedes eÇ(0, е„]. Nach (3) kann man nun ein £^(0, £„] so wählen, dass
H y ) - W )

2k M
ist. Damit folgt aus (12) 

(13)
d . h .

/(? (£ ))  <  / ( y )

für jedes e£(0, ej. Es verbleibt also noch zu zeigen, dass ein ë£(0, ej existiert, so dass 
die Bedingung (1) erfüllt ist, d. h. dass

|>>((ё, jc) — At\ <  ö, für x:€[a, b] und i =  1, ... ,n  
gilt. Da die Funktionen ÿf(x) stetige Funktionen über [a, b\ sind, existiert 

(14) a =  m axi max (|у;(х) — ÆI)},’ *e[e,b]l/e(i....л}'-1" 4
wobei nach (2)

(15) a <  6
gilt. Weiterhin gilt nach der Definition der Funktionen ÿ^e, x) und der Relation (2)

(16) [pi(£> x)-A[\ = \ÿt(x)-A,\  < Ô, für i = 1, n,
к

wenn x€[a, [cj,cj-Fe], für jedes e€(0, e0], Falls x 6[cy, C; + e], so gilt nach
7=i

(6) und (15)
|.Ki(e, x ) -  A,\ S  \у,(в, cj) -  AiI +  |ü (e , x) -  j ((e, Cj)\ s  <x + \р((е, x ) - ÿ t(e, c,)|. 

Nach dem Mittelwertsatz der Differentialrechnung gilt
** X  )ÿi(e, x) -_pj(e, Cj) =  — ' ' (x -  Cj), für i =  1........n,

wobei Xi£[Cj, Cj+в]. Da \x-Cj\Se,  für xd[Cj, Cj+e], erhält man somit nach (10)
(17) \y,(e,x)-At\ ^  cc + K2e,
für x£[Cj, Cj+e], 7=1, ...» k, i = l , . . . , n  und jedes e€(0, £„]. Nun kann man nach 
(15) ein £2€(0, e0] so wählen, dass

S — OL

£ 2 < - * r
ist, dann folgt aus (16) und (17) für jedes bS b2
(18) |_ü ( e , x) — A(\ < S, für x£[a, b] und / =  1,
Setzt man nun

£ — min(£i, E2),
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18 H. BERNAU

so ist die Kurve

7(è) =  {(X,y i) íE„+1\yi =  y t(g ,x ), x£[a,b], i =  1, . . . , « }

eine glatte Kurve, die der Bedingung (1) genügt, und für die nach (13) /(y(e))</(y) 
im Widerspruch zur Optimalität der Kurve y gilt. Damit ist dieses Lemma bewiesen.

Die hier angegebene Approximation zur Glättung der Kurven ist nicht so 
elegant, wie sie zum Beispiel im Buch von H. Sagan angegeben wird, doch ist es 
bei dieser Art der Approximation möglich, den Punkt Cj, in dem die Ableitung 
unstetig ist, als festen Randpunkt der entsprechenden Approximationsintervalle 
zu wählen. Dadurch wird die Untersuchung des Lagrange-Problemes wesentlich 
vereinfacht.

Es kann nun zur Herleitung der notwendigen Bedingungen für das Lagrange- 
Problem mit gewöhnlichen Gleichungen übergegangen werden.

Das folgende Variationsproblem wird betrachtet:
ь

( 19) min I(y) — min f  F(x, yy (x), y- (xj)dx
a

in Bezug auf alle glatten Kurven y des E„+1, für die

<Pj(x,yi(x), . . . , y n(x)) = 0, für x £ [ a , b \ , j = \ , . . . , m , m < n ,
und

y t(a) = Ar, y t(b) = Bi} für 1 =  1 ,...,« .
Damit dieses Problem sinvoll ist, muss man natürlich annehmen, dass 
q>j(a, Alt ..., A„) = 0 und q>j(b, Blt ..., Bn) = 0, für j — 1, ..., m, ist. Dabei sollen die 
Funktionen F(x, yy, yy) bzw. <pj (x, yy) stetige partielle Ableitungen bis zur zweiten 
bzw. dritten Ordnung nach allen Variablen haben. Und weiterhin soll die Funktional­
matrix

den maximalen Rang m haben über der Menge

(20) M  = {(x, yd € En+1\<pj (x, y t) = 0, j  = 1, ..., m).
Sei jetzt

У =  {(х,Уд£Еп+1\Уг =  ßi(x), xÇ[a, b], i =  1, . . . ,  n}

eine optimale Kurve dieses Variationsproblemes und x ein beliebiger Punkt des 
Intervalles [a, b\. Dann gilt

<Pj(x, j,(x)) = 0, für 7 = 1 , . . . ,  m.
Weiterhin kann man ohne Beschränkung der Allgemeinheit annehmen, dass die 
Determinante

d<Pi &<Pi
dyi ’ " ’ dym

d<pm
ду1’ " ’ дут
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im Punkt (x, jj(.x)) verschieden von Null ist. Damit sind die Voraussetzungen des 
Hauptsatzes über implizite Funktionen erfüllt, und man kann das System

<Pj(x, y>i) = 0, für j  =  1, . . . ,  m,

in einer Umgebung des Punktes (x, pi(x)) nach den Variablen ylt . . . ,ym auflösen, 
d. h. es existieren Funktionen

f j ( x ,y m+1.......y„), für
über dem Bereich
(21) |x —x|<<5, |л  — für к =  m +  1, ..., n,
mit den folgenden Eigenschaften :

(22) yj = f j (x ,ym + 1, . . . , yn), für j = \ , . . . , m  und (x,y,)£M, 
d. h. es gilt

(23) IPj(.X’ f \  (•*’ Ут + ls ••• * Уп)> J m ( ."  *)i Ут +1 » " •  9 Уп)

für j =  1, ..., т, über dem in (21) angegebenen Bereich. Weiterhin besitzen die Funk­
tionen f j  über diesem Bereich stetige partielle Ableitungen bis zur 3. Ordnung nach 
allen Variablen. Dabei erhält man für die ersten partiellen Ableitungen

M l
dx

(24)

M l
dyk

у  M l 
r = l . f t y r

f)<Pr
дх ’

für j  m und A: =  »1+1 ,__и,
оук

wobei; I M A ' 1 л;.
дуг

die Elemente der zur regulären Matrix IÎ57) 'inversen Matrix sind.

Die Funktionen y't (x) sind stetige Funktionen, d. h. man kann ein e>0 an­
geben, so dass

(25) \yi (x) -  yi (x)| <  —, für |x —x |< e  und i = ! , . . . , »  ist.

Sei
(26) ß = max {. .max^(|y,(x) - <5|), ^max^ (|&(x) + <5|)}, 
sowie

(27) ßi = min |«5, E, - ^ j .

Wählt man jetzt ein x£[a, b] mit x ^ x ,  so dass
(28) \ x ~ x \ = ß ^ ß k  
ist, so gilt nach den Definitionen von ßt und ß

(29) |# (x ) |< /t ,  für x  £ [x, x] und / =  1,
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Daraus folgt durch eine einfache Abschätzung

(30) |j?,(x) — j,(x)| <  für x£[x, x] und i = l , . . . , n .

Aus den Relationen (21) und (22) ergibt sich somit, da

(x,Pi(x), . . . ,y n(x))eM, für xe[x,x],
Pj(x) = fj(x, ym+1(x), yn(xj), für x Ç [x, x] und j  = , m.

Durch Differenzieren nach x  erhält man aus (31)

(32) $'}(*) = + —yi(x), für x£[x, x] und j = l , . . . , m .
О Х k =m + 1 O y k

Damit erhält man durch Einsetzen aus (31) und (32)

f  F{x, Pi(x), pl (x))dx =

(33)

f  F(x, ym+ i(x), • ••, y„(x), y'm+i(x), ..., y„(x))dx.

A uf Grund der Voraussetzungen über die Funktion F(x, yt, y-) und der Eigenschaften 
der Funktionen f j (x ,y k) besitzt die Funktion F(x. ym+L, . . . ,yn, y'm+k, ..., y'n) stetige 
partielle Ableitungen bis zur zweiten Ordnung nach allen Variablen über dem 
Bereich

|x-x |<<5, b t-Ä (x ) | <  <5, yk£ ( - »,«=), für к = m+  1, ...,n.  
Betrachtet man nun das Variationsproblem

X

(34) min / ( t ) = min J  F(x, yk(x), y'k(x))dx,
X

in Bezug auf alle glatten Kurven

f = {(x,yk)£E n_m + l\yk = yk(x), x<=[x, x], k = m+  1, 
die die Punkte

(35) F = (x ,yk(x)), F = (x ,yk(x)) 
verbinden, und zusätzlich der Bedingung

lFik(x) — j\(x)| <  <5, für x6[x, x] und к = m+  1, ..., n, 
genügen, so gilt der folgende Satz:

Satz. Wenn die Kurve у zum Minimum des Funktionales (19) führt, so führt 
die Kurve
(36) г = {(x,yk)£E n_m+1\yk = A(x), x€[x,x], к = m+  1, . ..,n}  
zum Minimum des Funktionales (34).
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Beweis. Angenommen, es existiert eine glatte Kurve

ï  = {(* .л )€£’„_т+1|л  =  M x),  лг€[3c, x], к = m + l ,  
mit

h (x )  = Ук(Ю, Ук(х) = Ук(х)
|ÿ*(x) — Ук(х)\ <  Ô, für х€[х, х] und к = т + 1 ,.. . ,п ,

so dass /( т)< /( т) ist.
Es sei jetzt g0>0 so gewählt, dass

x + £0€[x, x] und x — s0€[x, x],

und dass die Intervalle [x, x + e0] und [x —e0, x] disjunkt sind. Dann kann man 
durch eine analoge Konstruktion, wie im Lemma, indem man einmal x als rechten 
Randpunkt und einmal x als linken Randpunkt der Approximationsintervalle wählt, 
Funktionen ÿk(è, x) über dem Intervall [x, x] definieren, für k = m + l , ..., n, mit 
den folgenden Eigenschaften:

(37)

(38)

Ук(ё, x) =  yk(x) =  yk(x), A (e ,  x) =  yk(x) =  yk(x),

f)yk(è,x) #ÿk(è,x) {
'di - M ) ’ дх - Ук{Х)’

|^t (£, x ) - л(х)| <  d, für x 6 [x, x] und к = m+  1, ..., n,

(39) J F(x, yk(e, x)), - - - - - Л* dx -= J  F(x, yk(x), yk(x))dx.

Nach der Wahl von x gilt
(40) |x — x| <  <5, für x€[x,x].

Damit folgt aus (38) und (40) nach den Relationen (26) und (27), wenn man 

(41) ÿj(è, x) = fj(x ,ÿ m + 1(ë, x), ... ,ÿ„(l x)), für x€[x, x], j  = 1, ..., m, 
setzt, so gilt

<Pj (x, (fi, x), . . . ,ÿ n(è, x)) = 0, für x Ç [x, x] und j  = 1, ..., m. 
D. h. die Kurve

7(ê) =  {(x, J ,)€•£„+1 b,■ =  ÿi(è, x), x€[x, x], i = 1, ..., n) 
verläuft in der Menge M. Setzt man jetzt

x) für x 6 [x, x]
.Vi(x) für x£[a, fc]\[x, x], für i = l , . . . ,  n,

so ist die Kurve

? = {(^FiK-En + ibf =Л (х). x£[a,b\, i =  1, ...,«} 
nach (37) eine glatte Kurve, die ganz in der Menge M verläuft und die Punkte Pk
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und P2 verbindet. Aus den Relationen (33), (39), und (42) folgt dann unmittelbar

/ ( ? ) - / ( «  > 0 .

Dies ist aber ein Widerspruch zur Optimalität der Kurve y und der Satz damit 
bewiesen.

Nach dem Lemma ist dann die Kurve т aus (36) auch optimal in Bezug auf 
alle stückweise glatten Kurven des die die Punkte P und P verbinden und
der Bedingung
(43) Iyk(-V) - yk(x)| <  ö, für X€ [x, x] und к = m + \,  ... ,n,
genügen. Durch Anwendung des Maximumprinzipes werden jetzt notwendige Be­
dingungen für die Funktionen yk(x) hergeleitet. Dazu wird das folgende Steuerungs­
problem formuliert. Man geht von dem Funktional (34) aus und setzt

(44) yn + 1 = t =  x, t0 = x, ij =  x.
Daraus folgt

n _
/(*) = J  F(yn+1(t),ym + 1(t), ...,y„(t), y'm+1(t), ...,y'n(0)dt.

10
Als Steuervariablen wählt many'k, für k= m + l,  ..., n. Nur muss man den Steuerungs­
bereich jetzt einschränken, da die betrachteten Kurven der Bedingung (43) genügen 
müssen. Aus diesem Grund setzt man

Ук(0 = M O, mit MOI <  P, t£[t0, /J, к = m+  1, ..., n.
(Die Grösse /л wurde in (26) definiert.) Dadurch erhält man das folgende Steuerungs­
problem:

h _
min /  F(Уп+ЛО, Ук(0, Uk(t))di,

*0

^  = uk(t); MOI <  P, für t€[to,b] und к = m F 1, ..., n,

(45) d}'n +1 
dt

Ук('о) = Ук(х), vk(td = yk(x), к = m+  1, ..., n,
Уп+Áto) = x, y„ + iOi) =  x.

Für jede zulässige Steuerung u(t ) ergibt sich dann für die dazugehörende Trajektorie 
M )= { > ’„+i(0> Jm+i(0> •••, J n(0} \yk( t ) - y k(t„)\<\t-t0\pts\t1- t 0\p=ßp<ß1p^ö,
für t£[ta, r j  und k=m  + l, ..., n, d. h. die entsprechenden Trajektorien genügen 
der Bedingung (43). Folglich ist nach dem Satz und dem Lemma die Steuerung

(46) uk(t) = yk{t), für iÇDo, ti] = [x, x] und к = m+  1, ..., n,
optimal für das Steuerungsproblem (45). Die Hamilton-Funktion dieses Problèmes 
hat die folgende Gestalt

П
у, и) = ф0F(y, u)+ Z  Фк«к + Фп +1 • 1 •к = т +1
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o
Nach dem Maximumprinzip (siehe [1]) existiert dann eine Konstante und eine 
stetige, nicht identisch verschwindende Lösung

des Systèmes 

«47,

и о  =  {tÄ„+i(o, tL -n ( ') ,..., Ih o }  für

dH(ф, y ( t), м(0)
dyk -ФоFyk(y(0, m(0),

t € [x, x], 

к — m+  1, n.

mit den folgenden Eigenschaften

(48) H(ij/{t),y(t), n(/)) =  max y(t). u) = 0, für /€[x,x], = 0.iMfcl
Aus der Relation (48) folgt, da ù(t) für /£[x, x] ein innerer Punkt des Steuerungs­
bereiches ist.

()H(\j/Q),y(t),i<(t)) 
du к ФоРиЛН*), m(0) + íM 0 =  о,

für ?€[х, х] und k —m + 1, Das heisst, es gilt
(49) ij/k(t) = - ф оРик(У(0’ “ (0). für i € [x, x] und k  = m + l , . . . ,n .

о .
Daraus folgt, dass \J/0^ 0  sein muss, und nach (44) erhält man die folgenden Glei­
chungen

Fyk(x, ут+г(х), . . . , y n(x), y'm+1(x), ...,y'n(x)) 
d
dx

-_Fyk(x, ym+1(x), ... yn(x), ym+1(x), ..., y'(x)) = 0,

für x€[x, x] und k=m  + l, ...,n. Berücksichtigt man nun den Zusammenhang zwi­
schen den Funktionen F (x, yk, y'k) und F(x, yi,yí),  erhält man aus den obigen 
Gleichungen sofort die Euler—Lagrange’schen Gleichungen

d m о 3(0(50) Fyi — y-F yi- 2 K ( x ) - £ -  =  0, für x€[x,x], i =  1, ...,n.ax r=i oyi
о

Dabei haben die Lagrange’schen Multiplikatoren Ar(x) die folgende Gestalt

(51)
2=1

\ f  -  —  Fy] d(Pi
{ yJ dx yJ} dyr

für x£[x, x], r = l , . . . , m .

Da x€[a, b\ beliebig gewählt war, müssen die Gleichungen aus (50) im ganzen 
Intervall [а, b\ durch die Funktionen y{(x) erfüllt sein. Es wird als nächstes die Weier­
strass-Bedingung für dieses Variationsproblem untersucht. Bildet man die Lagrange- 
Funktion

Ш о
L(x, yi,y'i) = F(x, yt, у-)  -  2  K(x)q>j(x, yd

Г= 1
und betrachtet für diese Funktion die Weierstrass’sche £-Funktion, so erhält man

F(x, y i ,y ', K,) = F(x, y„ Kd -  F(x, y(, y't) -  У (ÄT, -y i)F y- (x, yt, y[).
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Das heisst, die Funktionen (pj treten in dieser Funktion nicht auf. Es ist deshalb zu 
erwarten, dass die Bedingung

( 52) E (x, pi (x), y- (x), Ki) ë  0

nicht für jeden beliebigen Vektor {A}} £Ett erfüllt sein wird. Im folgenden wird gezeigt, 
wie die Menge der Vektoren {Aj}, für die die Bedingung (52) erfüllt ist, geometrisch 
intepretiert werden kann.

Nach der Relation (48) gilt

(53) H(îjf(t),y(t),û(t)) ë  H(ij/(t),y(t),u),
für jeden Vektor г/={ит+1, . . . ,un} mit

(54) \ukI <  fi, für к = m + 1,

Daraus folgt nach (49) da i//o< 0  ist

(55) F (p(t) ,u )-F (y(t) ,ä (t))-  Z  Fuk{y(0, ù(t))(uk- iik(t)) ё  0,
k = m + l

für jeden Vektor г/, der der Bedingung (54) genügt. Setzt man jetzt

dfj n df-
Uj = —±+ 2  1Г- uk> für 7 = 1,...,/?),

О Х  k=m +1 ОУк

und berücksichtigt, dass
(i) ük(l) = y'k(t), für к = m+1, ..., n,

(ü)

(iii)

(iv)

y'j(t) = 4^4- 2  7р -Л (0 , für j  = 1, ...,??),
О Х  k = m + l  О Ук

Ü . + l ( 0  =  t  =  X ,

-  m d f
4  = *4 = Fyk + Д  Fyj j j -k> für к = m + l, ..., n,

ist, erhält man aus der Ungleichung (55)

F(x, pi(x), U;) -  F(x, pi(x), y \ (x)) -  2  К ..Pk(x))F/k~
(56)

für jeden Vektor u={u1, . . . ,u n), mit 

¥ l

k = m  + l  г)У к

d f .  « d f
(57) U j = -^~+ 2  ~rfruk, \uk\ -= /6 für k = m + l , . . : ,n ,  j = l , . . . , m .
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Damit folgt nach (ii) aus der Ungleichung (56)

F(x, ßi(x), Ui) -  F(x, j,(x), y't (x)) -  2  («i - y í (X))Fy’ S 0,
i= i

für jeden Vektor u, der die Gestalt (57) hat. Das heisst, die Weierstrass-Bedingung 
(52) ist erfüllt für jeden Vektor {Ki}£En, mit

(58)

L' _  ' J  j  
K i  Л Z  für

OX k-ni + 1 ОУк
I K„ für к = m + \ , , n.

Um eine geometrische Interpretation der Vektoren aus (58) zu erhalten, werden 
an Stelle der Vektoren К={Кг, ..., K„}£En die Vektoren KdEn+1 betrachtet, wobei

(59) *  =

ist, und die Komponenten Kt den Bedingungen in (58) genügen. Es wird sich zeigen, 
dass diese Vektoren К aus (59) Tangentialvektoren an die Mannigfaltigkeit M  im 
Punkt (x, ßi(x)) sind, für x6[x, x]. Nach den Relationen (21), (22) und (23) erhält 
man durch das System

X =  X,

У] = f j (x ,y m +1, ...,y„),

Ук =  Ук’
für |x - x | <  (5, Ьъ-йк(х)| <  <5,

für j  = 1, ..., Ш, 
für к — m + 1, ..., n, 
für к =  m + 1 ,...,« ,

lokal eine parametrische Beschreibung der Mannigfaltigkeit M in einer Umgebung 
des Punktes (x, y,(x)). Nach der Relation (31) verläuft die optimale Kurve y, für 
x£[x, x], ganz in dieser Umgebung. Das heisst, wenn (x, й(х)), für x€[x, x], ein 
Punkt der Kurve у ist, bilden die Vektoren

wл + 1

wm +1 0,
d fi

d y m+i ’
Öfm

" ‘’ ЭУт +1’

Л  È L  Êts 0 ilГ  дУп’ dy„’ ..........7
eine Basis der Tangentialebene an die Mannigfaltigkeit M in diesem Punkt, d. h. 
jeder Tangentialvektor K={K„+1, Kl t ..., K„) kann als Linearkombination dieser 
Vektoren dargestellt werden

П
(60) K = Vn + 1wn+1+ Z  vkwk-

k = m + 1
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Aus der speziellen Gestalt der Basis ergibt sich, dass für jeden Tangentialvektor im 
Punkt (x, y;(x)) gilt

*J =
Q£l , у  у  %  
0* dyk’

für j  — 1, , m .

Somit ist nach (58) die Weierstrass-Bedingung (52) im Punkt (x, y,(x)) erfüllt für 
alle Vektoren {Kt}^En, für die {1, К,} ein Tangentialvektor an die Mannigfaltigkeit 
M  in diesem Punkt ist, und für deren Komponenten Kk, k = m + 1, . ..,n , \Kk\<fi 
gilt. Die Beschränkung der Komponenten Kk ergibt sich aus der Tatsache, dass das 
System (pj(x,y1, ..., y„) = 0 nur lokal nach у 1г ..., ym aufgelöst werden konnte. Ist 
dies global möglich, so fallen diese Beschränkungen weg. Die besondere Bedeutung 
des Tangentialvektors wn + 1, die durch die Festlegung u„+1= l  in (60) zum Aus­
druck kommt, ergibt sich aus der Tatsache, dass die Variable x auch gleichzeitig 
Kurvenparameter ist. Dadurch werden nur Tangentialvektoren zum Vergleich zu­
gelassen, in deren Richtung sich der Durchlaufsinn der Kurve nicht ändert.
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DIGRAPHS WITH PERIODIC LINE DIGRAPHS

by

ROBERT L. HEMMtNGER

Introduction

A digraph D is called periodic if Lm(D )^L m+k(D) for some integers m and k, 
mSO, k>~0. The smallest such к is called the period of D. Beineke [1] first studied 
finite periodic digraphs. In [3], the author surveyed the known results and extended 
many of them—mostly to infinite digraphs. In this paper we complete the descrip­
tion of finite periodic digraphs and give a structural determination of their period.

Our terminology is standard, e.g., as found in [2], except we use vertex and 
edge in place of point and line, respectively. Also digraphs here can be infinite 
and have loops and multiple edges. We will use the notation (и, v) for edges in a 
digraph. If D is a digraph then L(D) will denote the line digraph of D and is the 
digraph with V(L(D)) = E(D) and with (a, ß)£E(L(D)) if and only if the terminal 
vertex of a is the initial vertex of ß. For n ^ l  we let Ln(D) = L(L"~1(D)) where L°(D) 
is D. If S' is a subdigraph of D and v£ F(S) we will use /1„(S) to denote the sub­
digraph of D consisting of all vertices and edges that occur on dipaths from vertices 
of D to v that contain no vertices of S other than v. The subdigraph C„(S) is defined 
is a similar manner only using dipaths emanating from v. In this connection we note 
that arborescences are ditrees with all their edges oriented toward a root v of the di­
tree. A counterarborescence is a ditree with all of its edges oriented away from a root 
v of the ditree. We also note that we will frequently use L(P) when P is a dipath, 
say P=(vx, v2, ..., v„), to denote the line digraph of the subdigraph corresponding 
to P. Similarly for dicycles.

Periodic Digraphs

The following theorem was given, without proof, in [1]. We will include a proof 
here since it is contained in our development of the structural characteristics of periodic 
digraphs.

Theorem 1. Let D be a finite digraph. Then
(i) |L"(Z))| — 0 as я — i f  and only if  D has no dicycles,

(ii) |Z ." (D )| — as и — °° if  and only if  D has two dicycles joined by a dipath 
(perhaps of length zero ), and

(iii) D is periodic if  and only if D has at least one dicycle, but no two are joined by 
a dipath (perhaps of length zero).

Proof. Since the three conditions on each side are mutually exclusive and those 
on the right side cover all possibilities we only need to establish the sufficiency of 
the conditions on the right.
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If D has no dicycles, then D has a longest dipath P since D is finite. Such a 
dipath is a source to sink dipath. But P is a source to sink dipath in D of length 
p  if and only if L(P) is a source to sink dipath in L(D) of length p —l. Thus L"(P) 
is a longest dipath in L"(D) and |L"(Z))| —0 as л —°°.

If D has two dicycles joined by a dipath of length кшО, then L(D) has two 
dicycles pairwise isomorphic with the two in D and joined by a dipath of length 
k + 1. Thus |Z."(Z))j — °° as л— °°.

Finally, suppose that D has at least one dicycle, but no two are joined by a 
dipath. Let R = (r1, r2, ..., rn, rx) be a dicycle of D and let U(R) be the unilateral

component of D that contains R, i.e., £/(/?) =  Æ lj |u  U j U where
is AV(R) and C^R) is CV(R) with v = rt. While this need not be a disjoint 

union we do have A ^ C jQ .  {г,}П {r,}, for otherwise D would have two dicycles 
with a dipath of length zero joining them. If we let ег=(г;_г, r,) where subscripts 
are reduced module n, then L(Ai(R)^ei + l) = Ai + 1(L(R)'j (the latter subscript refers 
to the vertex ei+1 of L(R)). Similarly L(C,(Ä) + е() =  Сг(ДЛ)). Itfollows that U(L(R)) 
is a subdigraph of L(U(R)) and hence that U(Lm(R)) is a subdigraph of Lm(U(R)) 
for 1 (U(Lm(R)) means the unilateral component in Lm(D) that contains Lm(R)). 
If some A^R) or Cf(/?) is not a ditree then there is some vertex of U(R) that can 
reach to R, or be reached from R, by two dilferent dipaths. If к is the distance be­
tween R and the closest such vertex to R then U(L(R)) has no such vertex at a distance 
less than k + l  from L(R) and it may have no such vertex. In fact, since the maximum 
distance between vertices of U(L(R)) and L(R) is never greater than the maximum 
distance between vertices of U(R) and R, and since U{R) is finite, it follows that 
for m sufficiently large U(Lm(R)) has no such vertex. In the same manner we see 
that other “parts of Z>” that “are attached to U(R)” but that are edge disjoint from 
U(R) “move away” from Lm(R) as m increases and so for m sufficiently large they 
become disconnected from U(Lm(R)). We have purposefully used somewhat vague 
language here since to be more precise would likely be more confusing than helpful. 
However let us state the conclusions clearly: for m sufficiently large the weak com­
ponent of Lm(D) containing Lm(R) is the weak component of L'"(U{R)) containing 
Lm(R) and the Ai(Lm(R)) and C-(Lm(R)) in Lm(D) are respectively arborescences 
and counterarborescences rooted on Lm(R). Thus, by the part of (i) we proved, we 
can assume, without loss of generality, that each weak component of D consists of 
a dicycle with arborescences and counterarborescences rooted at vertices of the 
dicycle but otherwise disjoint. We will call such a weakly connected digraph a basic 
unicyclic digraph. It remains to examine what happens to such a digraph under itera­
tion of L.

Let R = (r1, r2, rx), let At(R) and Ct(R) be as above and again let et —
=  Then, as before, L{Ai(R) +  ei + i) = A iJrl{L(R)) and L(Ci(R) + el)  —
= Ci(L(R)). But now, since the A-t and Сг are ditrees, we can also conclude that 
Ai+l(L(R))9£ A^R) where ei + l corresponds to rt and that C,(L(/?))ss C;(R) where 
et corresponds to r,. If we continue the subscript notation in the obvious way, 
then we have Ai+m(Lm(R)) =  A:(R) and C,(Lm(R))síC^R) where the / th vertex of 
Lm(R) corresponds to r,-. It follows that U(Lk"(R))^ U(R) for all 1. But, by 
the conclusion above, the structure of Lm(Lkn(DR)), where DR is the weak component 
of D that contains R and where m is sufficiently large, depends only on U(Lkn(R))
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and m. Hence, for к sufficiently large, we have that Lh (/.‘"((/(Ä)))aL‘"(i/(Ä)). 
Thus, if we let m be a sufficiently large common multiple of the lengths of the di­
cycles in D (this is possible since D is finite), then L2m (D) эё Lm (D), i.e., D is periodic.

That completes the proof of the theorem. However, for the sake of completeness, 
we describe the remaining structure of Lm(D). From the above it is obvious that 
we can assume that D=U(R), that R is the dicycle (rx, r2, ..., r„, rx), and that /!,(/?) 
and Cj(R) are ditrees. Let r/0,= r, and, for m ^ l ,  let r((m)=(rj(” i'1), г(<т-1))€ 
eE (L "-1(R)) = K(Lm(/?)), y4,(L"(Ä)) =  ̂ p(L"(Ä)), and Ci(Lm(R)) = Cv{Lm(R)) where 
v = rlm). Recall that under our assumptions Ai+m(Lm(/?)) = A,(R) and Ci(<Lm(R))^= 
^C,•(/?). Two counterarborescences Cx and C2 with roots t>x and v2 respectively are 
said to be (p,q)-highed for p ,q> 0, if the sets P=  {rÇ F(CX): d(v, v^cp}  and 
Q={v£ V(C2) : d(v, v2)<q} are disjoint while the subditree of Cx induced on V(Cl) — P 
is identical to the one induced on V(C2) — Q ; they are said to be hinged if they are 
(p, (jr)-hinged for some p and q. Note that being hinged is an equivalence relation on 
a given set of counterarborescences.

Let S= L) 5, where S,= К(Л,(Тт (/{))) — V(Lm(R)) and let T={v\
i= l

for 1 S iS /i and г is a source of £>}. Let <̂’ = {C„(v4j(L'n(/?))): 1 S /S n , rÇS,}U 
U{C,.(Lm(/?)): uÇ T}. If vdSUT, let Cv be the counterarborescence in that is rooted 
at V  and let C(v) be the graph union of the equivalence class of counterarborescences 
in that are hinged with C„. In the following we will assume that, if r€ 5 ;, then the 
distance between v and r/m) in Aj(Lm(R)) is k.

(1) If u£SUT  and C(u)^C(v), then C(n) and C(v) are vertex disjoint.
(2) If v£S,, then C(v) is incident to each vertex of Ai(Lm(R)) at distance к 

from r/m> and to no other vertex of Ai(Lm(R)) or of any Aj(Lm(R)) for jV i.
(3) If v£Sn then C(v) is incident to each vertex of Cf_*(//"(/?)) at distance 

к from r/ïfc and to no other vertex of С;_|,(Тт (Л)) or of any Cj(Lm(R)) for j ^ i  — k.
(4) If гб T and C(v)^C(u) for any u£S, then either C(v) is a weak component 

of Lm(D) or for some g and h, C(v) is incident to each vertex of Cg(Lm(R)) at distance 
/; from r'gm> and to no other vertex of Cg(Lm(R)) or of any Cj(Lm(R)) for j ^ g .

(5) If i>ÇSi, if C(v) and С ^ к(Ьт(к)) are not disjoint, and if и is a source of 
C(v), then the distance from и to С,-_*(//"(/?)) is at most к and it is к if and only if 
u£A,{Lm(R)).

(6) If и and ware sources of C(v), then C„(/l;(Lm(Ä))) and Cw(A,(km(R))) 
are (p, i/j-hinged with p, q ^ k .  Moreover, if u, w£Ai(Lm(R)), then p —q and p is the 
distance from n to the vertex of intersection of the dipaths from и and w to r\m).

(7) Every edge of Lm{D) not in U(Lm(Rj) is in some C(v), vdSUT.
The above gives a detailed description of the structure of Lm(D). The following 

sequence of digraphs, each one a portion of the line digraph of the preceding one 
will serve to illustrate these ideas. In the figures only the images of a given arborscence 
and counterarborscence, and the portion of the digraph that they generate, are 
drawn. They will also illustrate how the weak components of Lm(D) not containing 
a dicycle arise.

Before proceeding to the actually determination of the period of a periodic 
digraph we give a result that describes a partitioning of periodic digraphs into classes 
whose elements eventually have the same line digraph iterates. Toward this end let Dt , 
i= l ,2 ,  be two basic unicyclic digraphs with dicycles Л,=(г{>1, ri 2, ..., rl n, rt>x),
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with arborescences AUj at rhj, and with counterarborescences C, (- at r, j , 1 г^ 2, 
1 S j ^ n .

We say that Zb and D2 have the same arborescence sequence if there is an integer 
p = 0 such that Ahj s* A2J+p for all j. Similarly D1 and D2 have the same counter- 
arborescence sequence if there is an integer q^O  such that CltJ = C2:J+q for all j.

Theorem 2. Let Dl and D., be finite basic unicyclic digraphs. Then there are 
integers m1 and m2 such that Lmi (Dfi = Lm2 (D2) i f  and only if Dr and D2 have the same 
arborescence sequence and the same counterarborescence sequence.

Proof: If <t:Lmi(D1) = Lm*(D2), then there is an integer i , 0 s g S n - l ,  such 
that <r(rim})) = r§nf i q an(i  thus such that Ax j (Lm'(Rd) = A., J+q(LmAR2)) and

But А ^ Ь т(К))'^Аи _т{Я) and Cuj{Lm{R))^ 
— Cij(R) so Altj(R^) =  Аг>1 +mi(Lmi(Rfi) =  A2j+mi+fiLm2(R2)) = A2 j+,„i+q_m2(R2) 
and Clif i R d ^ C lyj{L ^ (R 1) ) ^ C 2J+t(L ^(R 2) ) ^ C 2J+9(R2). Take p = m1 + q - n 4 .

Conversely U(Lk(D1))siD2 where k = q —p ifp ^ q  and k = q— p + n i ï p>q. Thus 
L m + k(D1)9íLm(D2) for m sufficiently large.

We are now ready to determine the period of a finite periodic digraph.
Theorem 3. Let D be a finite basic unicyclic digraph with dicycle R =  

=  (rl5r2, ...,r„,r1). Then D has period t — (a,b) where a and b are the smallest 
positive integers such that Ai(R)^Ai+a(R) and CfR) = Ci+b(R) for all i, I S iS n .

Proof. Let s=(a, b) where a and b are as in the theorem, and let t be the period 
of D. Thus there are integers x  and у  such that ax+by—s. Let p = ax (mod n) and 
q = a x —s (mod и) with O^p, q-<n. Thus p — q=s  (mod ri), so either p — q=s or 
p — q=s — n. Assume that p = q+ s. Then Aj_q(Ls(Rj) s  Aj_q_s(R) ̂  Aj_p(R) S£Aj(R) 
since a divides p, and Cj_q(U(R))2 tCj_q(R) = C( since b divides q. Hence there
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is an isomorphism cr: U(LS(D)) where cr(ri) = /-i<i,ï . Thus, as before, Z.m+S( 0 ) s
s L m(0) for m sufficiently large. It follows that t divides s. But clearly a and b, 
and hence s, divide t so t=s. The situation is similar if p = q+s — n; again we find 
that A j- t {IS(K))2iAj(X) and Cj-q(L*(R))^Cj(R).

We thus see that the correct version of Theorem 10 in [1] is given by the

Corollary: A finite unicyclic digraph has period one if and only if the lengths 
of the repetitive segments of the arborescence and of the counterarborescences are 
relatively prime.

It remains to find the period of a general periodic finite digraph. Let О be a 
digraph with dicycles R{, IS iS r, no two of which are joined by a dipath. Let D have 
period t and let U(Rt) have period tt . By the last theorem it is natural to conjecture 
that t = t where t is the least common multiple of the tt, l ^ i ^ r .  However, L  
might permute some of the components; for example if Lm+,(D )^L m(D) and / =-1, 
then the disjoint union of Lm(D), Lm + 1(D), ..., and Lm+,~1(D) is a digraph of period 
one.

We find t as follows. For each i, let U(i) be the set of all U(Rj) having the same 
line digraph orbits as t / (/?,) does, i.e., by Theorem 2, U(i) is the set of all U(Rj) 
having the same arborescence sequence and the same counterarborescence sequences 
as U(Ri). Let t( be the smallest positive integer к such that the basic unicyclic parts of 
the sequence U(Rt), Lk(U(Ri)), L^U^Rt)), ..., L‘‘~k(U(Rl)) (note that к must 
divide tt) are paired with a sequence of distinct elements of U(i) such that each pair 
are isomorphic. Note that if U(Rj) is in this sequence then U(Rj) will determine the 
same sequence (up to isomorphism). It is now clear that t is the least common multiple 
of the t'i,

In [3] the author left unsolved the characterization of three classes of infinite 
weakly connected digraphs D with D ^L(D ).  Two of these classes were distinguished 
by having a unique finite dicycle (an infinite dicycle is a two-way infinite dipath). 
By slight modifications of the above techniques one sees that there is a result like 
Theorem 3 for these two classes. However, the characterization of the periodic di­
graphs of the third type (an infinite number of infinite dicycles and no finite dicycles) 
is still out of sight.

Added in proof: L. Beineke and the author have since solved this case.
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WEAK CONVERGENCE OF DISTRIBUTIONS FOR SUMS 
OF INDEPENDENT HILBERT SPACE VALUED RANDOM VARIABLES

by

V. M. KRUGLOV

1°. One of the aims of this paper is to introduce a new numerical characteristic, 
V, of a probability distribution. V may, in a sense, be considered an analogue of 
the variance for the case when no moments are assumed to exist. The proof of 
theorem 1 (Section 5°) shows this concept to be a useful tool for the study of sums 
of Hilbert space valued independent random vectors. It may also be used to obtain 
new results for the distributions on the real line (theorem 2, Section 6°).

A similar concept was previously introduced in [3] and, in fact, the main results 
of the present paper, theorems 1, 2, might be obtained with the help of this rougher 
tool. The reason for a new definition is the fact (noticed by D. Szász) that the original 
version of V may lose some of its attractive properties (namely, 1) and 5) of p. 213 
[3]) when the characteristic functional of the limiting distribution has too many 
zeroes (to avoid misunderstanding we remark this is not the case under study in [3]).

The author is deeply grateful to D. S z á s z  for pointing out the shortcomings 
of the original definition of V. The author also acknowledges his gratitude to 
V. M. Zolotarev for a helpful discussion of the results.

2°. Further we use the following notations
Я is a separable Hilbert space; ||n||, (u, v) are, respectively, the norm of an 

element and the scalar product; в is the zero element of H.
E(a) denotes the degenerate probability distribution (p.d.) concentrated at the 

element a£H.
L ( - , •) is the Lévy—Prohorov’s metric in the space of probability distributions 

in H defined by the relation (cf. [2]) L(F, (7) = max {fii,e2},
Ei =  inf {e: F(A) S  G(/1£) + e},
e2 = inf {e: G(A) F(/F) + e},

where
A8 =  {ir. H m — e || <  E, v(zA}, A £s/

and s i  is the class of all closed subsets of H. 1= {>>„} is a fixed countable (denumer­
able) set dense in H. F*G  stands for the convolution of p.d. Fand G.

If F is a p.d., F is the p.d. such that
F (A) = F( — A);

F(s) — F*F is the symmetrized p.d.
The characteristic functional (ch.f.) of a p.d. is defined by the formula

A y )  =  f  e x p  ( /(T , n))F(du).
H
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The simbol F=F[a, S, fi\ denotes the infinitely divisible (inf.div.) p.d., with the ch.f.

f(y)  = exp (i (a, y )-(S y , j>) +  f  К (у, и) ц (du)),

( 1) "
К(у, и) = ехр (Цу, и))-  1 -  .

where a is a fixed element of H, S — a fixed 5-operator, ц is a spectral measure, that 
is, a measure on the Borel cx-algebra of H  such that

J  min {||н||2, 1}n(du) <
H

Representation (1) is unique [1]. The measure ц is symmetric if for any Borel set 
А, ц(Л)=ц(-А).

A sequence of spectral measures {//,,} converges weakly to the spectral measure 
fi if {/i„} converges weakly to ц on the complement of each neighbourhood of the 
element 0 with zero /r-measure of the boundary and

sup J  \\ufn„(du) <  oo.
n llull-=l

Let F, Fj, 1 be p.d.

Definition. The collection ß —(F1,F 2, ...) belongs to U(F) if

1) F = n * F j ,
j=i

2) Fj =  E(9) for jZ l ,  where I=I(ß) is a finite set.
Let F be a p.d. on the real line, /  — its ch.f., zl >0 — a fixed number such that 

/ ( d ) 5^0. Following V. M. Zolotarev [4] we call the number

C (A,F) = d^ Im ln /O d )
d-centre of the p.d. F.

It is wothwhile to point out some properties of d-centres:

1 ) H F = F 1*F2, then C (A ,F )= C (A ,F 1) + C(A,F2),

2) if L(F„, F) — 0, then C(d, Fn) -*■ C(d, F),

3) if C(d,F) = 0, then J  sin (Au)F(du) = 0.

3°. This section deals with a set of convenient numerical characteristics of a 
probability distribution.

Let us consider a convolution

F = n * F j .
j
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Using symbol f j  to denote the ch.f. of inf.div. p.d. Fj[0, 0, Fjs)] corresponding to 
the component Fx, we define v(Fj, F) by the relation

V(Fj,F) = Z 2-n
•-1 I -2Л (У пУ

i

For an arbitrary symmetric spectral measure ц wedefine the number

V(n) = 2 2~"
Я=1

-  \nf(y„)
l - i n / o o  ’

where/is the ch.f. of the inf.div. p.d. F=F[0, 0, p]. In particular, if the convolution 
F contains a single nontrivial component, K(F, F )=  K(F(s)). In order that the 
definition of the characteristic V is correct we must show that the series 2  *n fj(y)

i
converges for any element y£H. We need only consider the case when the convolu­
tion F=JJ*Fj consists of infinite number of components. For this purpose it is

sufficient to prove that the product J] f j (y )  converges to some ch.f. of inf.div. p.d.
j^N

To prove this we note that the weak convergence of the convolution F (i> = JJ* Fjs)
j

theorem 2 [1] p. 457 and the generalized three series theorem (cf. [1], P- 455) imply 
the convergence for any o O  of the series

2 f  WufFf(du),
j  llull<c

2 FfH{u: Цг/|| >  c } ) .

It follows from the definition of/• that the product [] f)  converges to the ch.f.
j^N

of inf.div. p.d. G [в, 0, 2 We shall point out some properties of the numerical
]

characteristics just introduced.
1) If the symmetric spectral measures /in converge weakly to the spectral measure 

H, then F(ju„)-K(/i).
2) If L(J]*Fnj, ]J*F.i) 0, L{Fnj, Fj) — 0 as и - « ,  then

j  j

V(Fni, П  * F„j) -  V(F,, Л  * Fj), i = 1 ,2 ,...
j  j

a s  и  —  o o .

3) For each element a£H we have

V(F1 * E{a), F, * F2 * E(a)) = F(Fa, F1*F2* E(a)) = V(F1, F\* F2).

4) Z V ( F i,n * F j ) =  V ( 2 F (js)).
‘ j  i

5) If V(F1, F2* F2) = 0, then Ft is a degenerate p.d. We shall only prove properties 
1) and 5), the rest being fairly obvious. In order to prove 1) we note that from 
the weak convergence of spectral measures цп it follows ([1]) that L(f„, F) — 0, where
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Fn=F„[0, 0, p„], F=F[Q, 0, ц]. Let e>0 be an arbitrary positive number. We fix 

a number N  such that У  2~"<e. For each element y£H, f„(y)-*f(y). Therefore,
n =  N + 1

there exists Nx such that for n> N x

N
2  2~m

m = l

In f„(ym) In f ( y m)
1 -  Inf n(ym) 1 -  In f ( y m)

Hence, we have |V(fi„) — V(p.)|<3e for n>Nx. This proves 1) since г> 0 is arbitrary.
In order to prove 5) we note that the equality V(F1, Fy * F.,) =  0 implies that 

/ i (t) = 1 f°r yÇ.1- Therefore, f x(y) =  1 for every y£H. The representation (1) being 
unique, it follows that F{s> = E(6).

4°. Let Çnl,ÇHi, ■■■, £„mn be a double array of row-wise independent random 
variables with values in H, and let F be the p.d. with the ch.f. / .  For each element 
y £ H  (£nJ,y), n= 1 ,2 ,... are real random variables. If Fnj is the p.d.
of random element ÇnJ, Fyj denotes the p.d. of the random variable _y). Let

Fn = rí* Fnj = II * Fn] = IJ*Fj,
i = г i = 1 j

where Fnj = Е(в) for j  >  m„, n = 1,2, ...

A = A(y) = sup{v: j/(yy)| ^  j ,  0 < v 3= l},

C(A, F*j) = A - 11m \n fnJ(Ay), C(A, Fy) = A- 1 Im I n f  (Ay),

Fynj(u) = Fyj(u + c(A, Fyj)),

Щ и »  = /  ~ - ï F yj(dz), ру = 2 Щ
1 +  г  j

mynj stands for a median of the random variable çlj. Note that for every number 
r > 0 there exists a number v =  v(r)>0 such that A = A (y)^v  for [ |j ||S r  (cf. [3], 
p. 219). We shall need some auxiliary statements.

mn
Lemma 1. Lei F„= ]J *Fnj be a given sequence of p.d. such that

7  =  1
1) P.d. Fnj, l ^ j = m n are uniformly asymptotically constants,
2) for any number r > 0 there exist = /V,(/■)=-() and a =  a(r)>0 , such that

inf inf \fn(y)\ s  a,n=~N1 IlyllSr

then for any number r> 0 there exist N=N(r)>  0 and a number c = c(r ) >0 such that
sup sup Fyn(+ o°) ^  C.
n > N  l lyll^r

Stv.Oia ScientUirum M athem aticarum  Hungarica 9 (1974)



WEAK CONVERGENCE OF DISTRIBUTIONS 37

Proof. In accordance with lemma 7 [3] (see the proof) there exists a number 
jV2> 0  such that for n>N2 and any fixed element y£H

m n

Ж + ~ )  S Сг(у) 2  Mg{&j-mlj),
J = г

S M  = \+ x 2 c1(y) = 2 + [A(y))-f

We mentioned above that for every number r > 0 there existed a number v= v(/")=-0 
such that A(y)^v.  Denote c2 = c2(r) = 2 + v-2. In accordance with estimate in 
[5] (cf. p.p. 319—320, (1) and (2) there exists a number N3 such that for n>N3

mn mn 1
sup 2  Ä 2c(l) sup 2  J  [1 -\fnj(ty)\]dt =?

Н у Н ^ Г  j =  1  l l y l l = ? r  j  =  1  0

^  4c(l) sup f
l l y l l = 5 r  о

IJ fnj(ty)
7 = 1

dt ä  _ 4c(i) In a =  c3.

We may take jV=max {Nlt N2, N 3}, c=c2-c3. The lemma is proved.
Lemma 2. Let L(F„, F )—0 as
I f  there exists a sequence of collections (Gnl, G„2, ...)€£/(F) such that

lim sup L(FnJ, G„j) — 0
n-+°° j

then for each r>~0
lim sup supL(F^, GJj) =  0.

П-+°о l lyllër j

Proof. Suppose that the conclusion of lemma 2 is wrong. In this case there 
exists a sequence of indices {n\ jn ) and elements yn. (not necessarily different) such that

( 2) lim L(F£x„ ÓVjn)  = à >  0,

the sequences of p.d. {F$"jn,} and are shift-compact (ch. [5], p. 206). On
the other hand (lemma 9, [3]):

lim sup sup \fnj(y)-g„j{y)\ = 0,
П-+оо j  | | y  II

where functions gnj are defined by Gnj in the same way as f nj are defined by Fnj. 
The last relation and the shift-compactness of sequences and {Gif,, } lead
to a contradiction with (2). Lemma 2 is proved.

Lemma 3. I f  L(F„, F) —0 as я —°о and there exists a sequence of collections 
(G„,, G„2, ...)€ U(F) such that

lim sup L(Fnj, Gnj) =  0
П-+00 j

then for each 0
lim sup sup =  0,

П-+ 0 0  | | y  H S f  j
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where the p.d. rßni is defined by Gnj in the same way as -Wf is defined by Fnj. If, 
in addition to that, for a sequence of sets Lna {  1,2, ...} and arbitrary r>  0 the fol­
lowing conditions hold

1) lim sup L( 2  H j,  2  Gynj) = 0.
n-+oo Hyll^r j  € Ln

2) there exists a number c — c(r)>-0 such that

sup sup %  № ( + ” ) +  ̂ ' ( + “ )) = c
n l lyll^r j £ L n

then
lim sup L( 2  ^ny, 2  % )  = 0.

n-*oo Hyll^r у £ L M 7 6 L n

The proof of this lemma is similar to the proof of lemma 2.
Lemma 4. I f  the sequence of the p.d. Fn = [J* FnJ is shift-compact and

i
sup V(FKJ, Fn) -  0, L„cz{l, 2, ...}
j e l „

as « —°°, then p.d. Fnj, j f  Ln are uniformly asymptotically constants.
The proof of this lemma is in paper [3] (lemma 4). The only difference is that 

we use the characteristics defined in this paper instead of those of [3].
5°. In this section we prove a theorem which is a modification of theorem 1 

in [3] where the limiting p.d. possesses a special property.
Theorem 1. Suppose that the ch.f. f(y )  of the p.d. F is not zero for every element 

y£H. In order that
lim L(F„, F) = 0П-+ oo

the following conditions are necessary and sufficient:
1) there exists a sequence of collections (Gnl, Gni, ...)€ U(F) such that lim a„ = 0,

H —  OO

a„ =  sup L(F„j, GnJ),
j

2) for all r>  0
lim sup \2[G{A. F ^ ) -C (A ,G ynj)}\ = 0 ,

n °° Il TII ^  f  j
3) for all 0

lim sup L(Fyn, Gy) = ,
n~-°° liyllsr

where Gy is defined by GnJ, n , j— L 2, ... in the same way as Fynj is defined by Fnj, 
я ,у '=1,2 ,...

4) the sequence of measures F„ =  2  Ff,1 is bounded and weakly compact on the
j

complement of every neighbourhood of the element в,
5) the sequence o f s-operators {T„(t)}

(TJl)y,y)  = J  (u,y)2F„(du) 

is compact for every number />  0.
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Remark. It is proved in [3] that conditions 1), 2), 4), 5) and two more con­
ditions:

(a) for every element y € { y :  |/0>)|t*0}

l i m  Z [ f n j ( y ) - g n j ( y ) \  =  0 .
"■*“ i

(b) there exists a number /> 0  such that

lim sup \2[f»}(y)-gnj{y)\ = 0
П-+ oo ||y ||^/ j

are necessary and sufficient for the weak convergence of p.d. F„ to the p.d. F. It is 
not easy to verify that if the ch.f. of the p.d. F is not zero for every element ydH  
then conditions (a) and (b) can be replaced by the only condition 

3') for all r> 0
lim sup \ Z [ f n j ( y ) - g „ j ( y ) ] \  = 0.

W — oo Hyll^r j

The proof of this fact follows closely that of part (b) in theorem 1 [3].

P roof of theorem. Necessity. By the previous reasoning we need only prove 
condition 3) assuming that 1), 2), 3'), 4), 5) are fulfilled. For this purpose we fix 
/•>0 and denote

ß „  = sup sup \ f n j ( y ) - g n j ( y ) \ >
j  IlyII

0„ = sup sup L(F>J, 6 ynj),
WyW^r j

L„ = {J: V(Fnj, Fn) <  yn}, yn = max{^„, /<>„},

L ’„ — the complement of L„ with respect to the set {1, 2,...}. The number of elements 
in L'n is no greater than y~ * since

mn
2 V ( F nj,F n) = V(F„,F„)S\.

7 = 1
In accordance with lemma 9 [3]

lim ß „  = 0.
П-*-оо

Therefore

(3) sup 2 , \ f n j O )  - ê n j ( y ) \  s  Y ß *  -  о
l l y l l ^ r  j £ L n

as n -*■ °°. 3) and (3) imply that

(4) sup I 2  [Lj(y)-gnj(y)}\ -  0
Ill'll S r  j i L n

as — From (4) it follows that for each fixed real number t

(5 ) sup
Ill’ll S r ( t)

exp \ 2  f  Ky(/, u)fyj(du)} -  exp ( 2  J  Ky(i, u)Gynj(du)\
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as и — oo, where r(t) = r, when |i |S l  and |/ |_1r, when |i |> l ,

K>«,„) = =,pW -l- ,Y
Л(т)

For every fixed real number r (cf. [3], (26) on p. 223)

(6) sup \ Z \ \ n f ni(ty)~ f  Ky(t, u)F*j(du)]\ - 0  
n y l l s K » )  ' j

as n — °°. Relation (6) remains true if we replace functions f nj by functions g„;. From 
the relation L(Fn, F)-~0 and condition 2) it follows that

lim sup \fn(y) f(y)\ =  0.
«-►oo ll^ll^r

Relation (3), the identity

(7 ) / « - / =  П fnj\_ П fnj- П Snj\+ II énj [  П Inj— 11 Znj]
j i L „  j  e  l ; ,  y i  l '  >  f  l „ j  f  / . „

and the fact that
in f I П gnj(y)\ ^  in f | / ( 3 ’)l >  0

I l y l l S r  7 € l £  ! l} > I I S r

imply that

(8) Hm sup I П  fnj(y)- 11 gnj(y)\ =  0.« —oo Hyll̂ r y€Ln y€Ln
Suppose that condition 3) is wrong. In this case there exist a sequence of indexes 
{/?'} and elements >>„■€//, ||jv ll—/" such that

(9) lim L(Fy/ ,  GW) =  <5, >  0.
1 -►oo

In accordance with (8) and lemma 1 functions 

Rym = 2  ^nyj, Щл =  2 S  r,
j  €

1 , 2 ,

are uniformily bounded. By the Helly’s lemma ([5], p. 192) we can choose a sequence 
of indices {n"}c{/r'} such that functions Rynf ,  7= 1 ,2  converge weakly to func­
tions Rx and R2, respectively. Let us prove that R1 = R2. For that purpose we sup­
pose that numbers A(yn,.) converge to some number <5>0. This is not a restriction 
since 1 ^ d (y )^ v (r)> 0  for | | j | |S r  (see [3], p. 219). Therefore, if that is wrong 
we can take some subsequence of {«"} which possesses the desired property. 
Note then that

( 10)

since

sin du sin (A (y„.)u)
A (У„'•)

i 2
»i=i

\ô2m-[ A (y n„)]2' 
(2m +1)!

Tim  — 1

^  \ б - л { у я.)\ 2  -  — M2w+1,m = 1 (2A7 1)1

\à2m-[A (y n-) fm\
2m  — 1

IS -A (yn.,)l- 2  ^ H 0 v ) ] 2m“ 1"J ^
y = 0
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2m — 1
s  \6 -A (yn.,)\- У [0 + А(уп.,)Гт- \

7 - 0

On account of (10) the inf.div. p.d. defined by the ch.f.

1+tFexp / Ky""(t,u)- Rn""j(du) , y = l , 2 ;  n =  1,2,

converge to the inf.div. p.d. defined by the ch.f.

exp I j К (t, и) - -1 \,U Rj(du)1, 7 = 1 ,2 ,

K(t, u) =  exp (it и) — 1 — it sin ôu

From (5), (6) and (8) it follows that R1 = R2. Therefore

( П )

We have from obvious relation

lim L( У 3V f ,  У а д  =  0.
n ~ ° °  J í L n" 7 t  Ln"

(12) lim sup L{ Z  FZj> Z ,G ynj) ^ 1™ sup V L{FynJ, Gynj)  ë lim \ô n = 0.
Л — «>  l l y l l S r  j€L'„ j  £  L'n l l y l l S r  JiL'n  Л — “ >

On account of lemma 3 (12) is true if we replace p.d. Fyj and Gyni by Щ  and 49* 
respectively. Using obvious inequality

Z  ^n"j) S

= max {L( У̂
J €iv

■Sn’j  , Z  W J),  Ц  у
7ÍÍ-,.'- 7 € t-'„‘

J  9
у

J£L'n
З Д }

we get a contradiction with (9). Necessity is proved.
Sufficiency. 3') follows from condition 3). Conditions 1), 2), 3'), 4), 5) are 

sufficient in order that p.d. F„ converge to the p.d. F  (see the Remark in section 5°). 
The theorem is proved.

6°. Let <Jnl, çn2, ..., £„mn be a given double array of rowwise independent real

random variables. We denote Fnj the p.d. of the random variable £,nj, F„ = J]* Fnj =

= П* Fnj, where FnJ = E(0) for y>m„, /1=1,2,
Fnj(u) = Fnj(u + C(A, Fnj)), F(w) =  F(k + C (J , F)),

C(J, F„j), C(J, F) are d-centres of p.d. FnJ and F, where /1>0 is to be specified 
later; £Hj= inJ-C (A , FnJ), n,7=1, 2, ...; for every set A/„c{l, 2, ...} we define p.d.

RiШ п) =  p(min çnj <  и),
J t  M n

Fi(Mn) = P(maxçnj < и).
J t M n
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Let ((/„J, G„2, ...,)€ U(F) be the collection from condition 1) of theorem 2. Consider 
a double array of rowwise independent random variables i]nJ, n,j=  1,2, ... such 
that the random variable fjnJ has the p.d. Gnj. Let

Л3(Л/„) = p(min fjnJ <  и),
J € Mn

= P(max /)„ <  и).

Theorem 2. Under the assumption that the ch.f. f{t)  of the p.d. F is not zero for 
all t, — oo < / < oo? in order that

lim L(F„, F) = 0

the following conditions are necessary and sufficient:
1) there exist collections (Gnl,G„2, ...)f_U(F) such that

lim oc„ = 0, a„ =  sup L(FnJ, Gnj),
n —°o j

2) there is a number A >0 such that

(3)

lim Z [ C { A , F ni) - C ( A , G nj)\ =  0,W—oo j

a) jim L(R1(Ln), R3(Ln)) =  0,
b) "lím L(R2(L„), R ^ L J )  =  0.

П-*оо

Ln = {j: V(Fnj, F„) + V(GnJ, F) - 2 f a,,}.

Proof. Necessity. On account of theorem 1 we must prove only condition 3). 
The number of elements in L'„ (L'n is the complement of Ln with respect to set 
{1, 2, ...})isno greater than a~L In accordance with lemma 2 [3]

4  n*F„j, n * G nj) S  2  L(Fnj, Gnj) ш \Tn -  0
j£ L '„  j  f  L'„ j  €  L'n

as From the definition of d-centres (see section 2°) it follows
lim = 0,rt — ©o

Â„ -  L(E( 2  C(d, Fnj)), E( 2  G (A, G„j))).
JZL'n J € L,

On account of lemma 2 [3] we have that

(13) lim L( ]J*FnJ, n * G ni) S  hm ( 1 4 + 2 )  = 0.
J i L 'n  j£ L '„  " ■ * “

From condition 2) and the fact that L(Fn, F) —0 it follows that L(F„,F) —0, as 
n -*■ In accordance with (7) and (13) we have that

(14) lim L { n * F nj, n*G„j) = 0.
n ~ ° °  j £ L n j i L „

Studio , S c ien tia rum  M a th e m a tic a ru m  H ungarica 9 (1974)



WEAK CONVERGENCE OF DISTRIBUTIONS 43

From the construction of sets L„ and lemma 4 it follows that p.d. Fnj, Gnj,j€L„  are 
uniformly asymptotically constanst. Let us prove that they are uniformly asymptotic­
ally negligible. Indeed, let anj be numbers such that p.d. Fnj*E(anj), j€L„, are 
uniformly infinitely small. Hence (see the properties of d-centres in section 2°) 
uniformly over

a„j = anj + C(A, Fnj) = C(A, FnJ*E(anj)) -  0

as я — » . The same argument can be used to prove that p.d. Gnj,j£ L n are uniformly 
asymptotically negligible. We shall prove, say 3), a) (3), b), can be proved in the same 
manner). Suppose that 3), a) is wrong. In this case there exists a sequence of indexes 
{«'} such that

(15) lim L(RALn ). RÁ K )) = Ô >  0.
П -*■ oo

Since F= ff*  GnJ, the sequence of p.d. G„= [J* GnJ is shift-compact. Therefore,
j  j  €  L„

there exist a sequence of indexes {n''}a {«'}and numbers a,r such that p.d. Gn.*E(an)  
converge weakly to some p.d. G. From (14) it follows that p.d.#j,»= JJ* Fn. j*  E(an .)

■/€*•«"
also converge to the same p.d. G. We have mentioned above that p.d. GnJ and Fnj, 
j^L„, are uniformly asymptotically negligible. Therefore, the p.d. G is an inf.div. 
p.d. Applying the extremal criteria of [5] (p. 328) to p.d. G„» and !Fn., we get a con­
tradiction with (15). Necessity is proved.

Sufficiency. From the extremal criteria of [5] (p. 328), the shift-compactness 
of the sequence of p.d. G„ and condition 3) imply the validity of (14). Note that 
(13) is valid again. From (13) and (14) and lemma 2 [3] it follows that
(16) lim L(F„, F) = 0.П-*°о
Condition 2) and (16) imply that

lim L(F„, F) =  0.
W — oo

Sufficiency is proved.
7°. Final remark. In this section we introduce a different set of numerical 

characteristics of a p.d. The idea of this construction is due to V. M. Zolotarev. 
For an arbitrary p.d. F with the ch.f. /  let T(F, r, rf) be the set

Let
Г IF, r, ri) =  {y: \\y\\ S  q ,  \f{y)\ >  r}, rt > 0,

V (.F, r, r j 2  2-" 
yn er(F ,  r, r,)

— In \f(yn)\
1 — In I/О л)I '

If the p.d. F is a convolution, F = JI*Fj
j

V(Fjl F, r, rt) = 2  2-"
yn Cr(F,  r, r,)

|/)(Fh)|
1 -  In \f(y„)\ •

r > 0.

It is not difficult to verify that these numerical characteristics possess properties 
1)—5) of the section 3°.
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Remark. Numerical characteristics with similar properties may be introduced 
in a more general way. Let F=JJ* Fj be a given p.d. and /t be a given measure such
that integrals

exist, where f j  is the ch.f. o f inf.div. p.d. determined by Fj as in the Section 3°. It 
is clear that the integrals above may be used to define analogues of V(Fj, F) if the 
measure ц  satisfies certain general conditions. The case under consideration in 
section 3° corresponds to the measure p concentrated on the dense denumerable set 
У={Уп} with /r({.v„}) =  2~n, n=  1 ,2 ,....

- I n  fj(y) 
h 1 -  2  ]nfi(y)/ y(dy), j =  1 , 2 , . .

REFERENCES

[1] G i h m a n , I. E, S k o r o h o d ,  A. B. : T heory o f  ra n d o m  p r o c e s s e s , I, Moscow. „Nauka” (1971)
(Russian).

[2] P r o h o r o v , Y u . V.: Convergence of random processes and limiting theorems of probability
theory, T e ó r ia  v e r o ja tn o s te i  i  ее  p r im en en , I, 3 (1956), 177—238 (Russian).

[3] K r u g l o v ,  V. M.: Limiting theorems for sums of independent random variables with values
into Hilbert space, T e ó r ia  vero ja tn oste i i  е е  p r im e n e n , 17, 2 (1972), 209—227. (Russian.)

[4] Z o l o t a r e v , V. M. : Théorèmes limites generaux pour les sommes de variables aléatoires in­
dépendantes C .R . A c a d . S e i. P aris, 270 (1970), 889—902 (French).

[5] L o e v e , M.: P ro b a b ility  th e o r y , Moscow, “Foreign Literature” 1962 (Russian edition).

V/. V. L o m o n o so v  S ta te  U n iv e r s ity , M o sc o w  

(R e c e iv e d  June 8 , 1 9 7 3 .)

e tuO ia  Scientiarum M a th e m a t i c a r u m  Hungarica 9 (1974)



St4dia Scientiarum Mathematicarum Hungarica 9 ( 1974) 45— 50.

ON THE EXISTENCE OF DENSITY ESTIMATORS

by
W. WERTZ

Summary. Let ft denote a class of density functions with respect to a u-finite 
measure p on a measurable space (X , X), Pfifafö) the corresponding probability 
measures. The problem of estimating the density /  based on n independent observa­
tions of a random variable, distributed according to Pf , is considered. — The following 
results are obtained:

1) For every p>  1
<5„(/i):= [sup f  \h(xn, x)-J\x)\pdP}®k(x", лг)]'/р

x " x x

is taken as a measure of deviation of an estimator (i.e. a measurable function defined
on A'" X А'), Я being a rr-finite measure on (X, X) with sup f  f p dk<°°. Then there

/€3 J '
is an estimator lt0, minimizing <5Д/f) among all /fis with 
(* ) sup f  \fi\pdPf<g>k <  °o.

2) For p > 1, consider the class of all estimators h which are densities almost 
everywhere and satisfy (*). Among them there is an optimal one in the above 
sense.

3) Let G be a countably generated at-algebra in X", sufficient for the class of 
product measures {P}:f€5}- For апУ A satisfying (*) the “conditional expecta­
tion” g of A, given Gig>3£, can be taken independent of f, satisfies (* ) and ôp(g
sa,(A).

Results. Let (X, X) be a measurable space, [i and A u-finite measures defined 
on (X, X). 5  denotes a given nonempty class of non-negative realvalued A'-measur- 
able functions f  defined on X  and satisfying f fd p = \ .p  is a fixed real number S i .
We further assume sup f  f pdl to be finite for the p considered. Pf :=fp is the 

/€8 “
probability measure on (X, X) with density function /  with respect to p. For every 
X” <g> A-measurable function h from X "X X  in R, the extended real line, we set

ЛГДА;0г,Л):= [sup /  \h\pdP}® k\'p.
/ Í 8  X " x x

For short, we sometimes write ||A||(p), and, of course, Np( • ; {/}, A) is the ordinary 
norm of the Lebesgue space Lp(XnXX. X"ig>X, P}®k) = Lp(P”®k). AX~A2 if Ax = h2 
almost everywhere (Pp<g)A) for every/(Eft defines an equivalence relation in the set 
of all A’s as described above. We remark that this equivalence relation can be defined
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by h1 = h2 a.e. (/in<g>A), if the set of product measures {Pf./€ 5 }  is equivalent to p" 
(cf. Schmetterer [5], W ertz [8]). As usual we identify elements h with their equivalence 
classes, when no confusion arises. Let Лр = Лр(g, A) be the set of all lis with ||A||(p)<°°. 
It is known that Ap forms a Banach space under the norm || • ||(p), moreover Лр 
is a Riesz space under the pointwise order of functions (see Wertz [8], Pitcher [4]).

The expression

ôp(h) =  Sp(h, g, A): =  sup Np(h—f ;  {/},A) =
/€5

=  [SUP /  /  \h(xn, x ) - f (x ) \”dÀ(x)dP'}(xn)]'lp 
/es X» X

(where x" stands for (xx, ..., xn) 6 A’’") serves as a measure of deviation of the estima­
tor from the true density. In the case p=  1, p=A = one-dimensional Lebesgue mea­
sure, ôp has the following meaning: ôp(h) is a uniform bound for the expected value 
of the area between the estimate A(x", •) (based on n observations xn={x1, ...,x„) 
of an Jf-valued random variable) and the density /  underlying the distribution of 
this random variable, whatever/Ç g  is true.

Theorem 1. For each p >  1 there is an optimal density estimator hn in Лр, that is 
àp(hn)= min dp(h).

hiAp
Theorem 2. Among all Es in Ap with j  h(xn, x)dA(x) = 1 for almost all x" (i.e.: 

a.e. (P]) for every f £  Jy) there is an optimal one.
Theorem 3. Let (£ he a a-algebra contained in X" with a countable generator © 

and sufficient for {P" : /€5}- bet p ^ \  be fixed. Then, for every h(- Лр there exists a 
G (g> X-measurable function g in Ap with

(1) bp(g, g, A) s  ôp(h, g, A).

Actually, g can be chosen such that:
(i) Np(g - f ;  {/}, A)^N p( h - f - {/}, A) for all

(ii) g( •, x) is a version of Ef (h{ •, x)|G), the conditional expectation of h( •, x) 
given G, for all x not belonging to a fixed set N  of А-measure zero.

In view of theorem 3 we can restrict our attention to functions in Ap, measur­
able with respect to G ® X.

If G contains all symmetric sets AÇX" (A is called symmetric, if 
zf =  {(Xi/n, ..., xn/K): (xl5 ..., x„)(LA} for every the group of all permutations
of {1,..., и}) only estimators symmetric in the observations are to be considered : let 
2I„ be the u-algebra of all symmetric sets P 1; let g* be as described in theorem 3 
and let g be defined by

(2) g (x" ,x ) := —  2  g*(x1/n, xn/n *X ) .

g defines for every x a version of Ef {g*{-, x)\<H0) = Ef (Ef (h ( ' , x)|G)|9I0) and is 
clearly S2X0<g> T-measurable.

Hence we get as a
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Corollary. I f  (£ contains all symmetric sets of X", for every hdAp there is a 
gd Лр symmetric in the observations and satisfying (1 ) and i), ii) of theorem 3. g is given 
by formula (2).

In the case 1 the following obvious decision-theoretic interpretation of our 
results is possible: define by L ( f  g):= J \ g —f \ pdA a loss function. Then there exists

X
a minimax-estimator hdAp for /€ g . If £  is a countably generated a-algebra, sufficient 
for {P}}, then the (£ 0  ̂ -measurable h’s in Ap form an essentially complete class 
of decision rules. Without restricting the generality we may assume that Сс:чЛ0, 
i.e. (£ consists only of symmetric sets, since in this special case СПSII0 is sufficient 
with (f (for related problems see Schmetterer [7]).

Proofs. Theorem 1: Let Mq—Mq(g, A) be the set of all finite linear combinations
к

2  v-igi with к positive and integer, af real and gidLq(XnXX, Xn<g>X, Pj-<8>A) with
i=i
fd f i -  q is determined by (l/p) + (l/q)—l and is possibly °o. Then (A, 2  ai&i):=
:= 2  ai / hgidPjföA defines a bilinear form on ApX M q. By o(p, g, A) we mean
ст(Лр(($г, A), Mq(g, A)), the weakest topology in /lp(g, A), for which all linear func­
tionals (~,g) (gdMq) are continuous (cf. Bourbaki [1]). o{p, g, A) is weaker than 
the weak topology of Ap (the term “weaker” being understood in the wide sense), 
since Mq is contained in A*.

We recall that A is assumed to be cr-finite; hence there is a probability measure 
V, equivalent to A and with cp:=dv/dA>0 a.e. (A); we may assume <р(л:)=-0 for all 
xd X. We have d{Pnf ®v)ld{p}®A) = (p, hence AÇ /lp(g, A) iff h(p~llpd.ApÇS, v). 
We set

ôp = <5;(A, g, v):= sup Np(h-f(p~1/p-, {/}, v).
/€»

Now the measures P"0v  are dominated probability measures, hence the norm- 
closed balls of /lp(g, v) are compact in the cr(p, g, v)-topology (Pitcher [4]).

Define a:= inf <5p'(A, g, v). Since со, the function vanishing identically, be-

longs to Ap, we have
0 ^  a ^  <5p(co, g, v) = sup f  \f(p~1,p\pdPf<g>v = sup f  f pdPJ<S)A,

/ € S? X n x X  / € 5  X n x X

and this is finite by hypothesis. Hence there is a sequence in /lp(g, v), say (A*), with 
a =  lint ôp(hk, g, v). We easily conclude that (hk) is contained in a norm-closed

*-00
ball, and we get the existence of a cluster point h' of {hk} in the o{p, g, v)-topology. 
Hence every neighbourhood of the form {hdAp(7f, v): \(h — h', g)\’Se} (e>0 and 
gdTq(Pf<8>vj) contains a subsequence (hkj) of (hk). However, for every given g 
there is a subsequence (hkj) with Iim \{hkj— h', g)|=0 , and we conclude:

\(h '-f(p-llp,g)\ =  lim \(hkj—f(p~llp, g)| S  
j  — 00

g  [lim sup Np(hkj —ftp ~11 p ; {/}, v)]-jV,(g; {/}, v) s  a-7Vq(g; {/}, v).
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Considering h' —f<p 1/p as an element of Lp(Pf<g>v) we may interpret h'—f(p~1Jp 
as an element of the bidual space L**(Pf<g)v), and we get for every /£ g :

Np(h '-f(p~ llp; {/}, v) = sup \(h'-f(p~1/p,g)\ S  a.
geLq-.Ne(.g)s 1

We conclude ô'p(h', g, v) =  a. Now

őp(h'(pllp) = sup f  \h'(pl,p— f \ pdPJ(giX = sup f  \h'—f<p~1/p\pdPf®v = tx.
X " x X  f £ S  X " x X

Set h0:=h'(pllp; we affirm h0 is optimal in Hp(g, Я). Suppose it is not; then there 
is  an / / ^ „ ( g ,  Я) with ôp(h1)<ôp(h0)=a, but h1(p~llpÇ.Ap(S, v) and ôp(h1(p~llp)«x,  
which is a contradiction. Q.e.d.

Theorem 2: We set

D)\= j/z£ Лр (g ,Я): J"Л(х", -)z/Я =  1 for almost all a-"ÇA''1}
and

Dv:= j/zÇ/lp(g, v): J h(xn, ~)dv = 1 for almost all x^A "1}.

Clearly Dv is a convex set and is closed in the norm topology. By M azur’s theorem 
(see H ille— Phillips [3]) Dv is weakly closed and moreover closed in the <j (/z, g , v)- 
topology. Proceeding as in the proof of theorem 1 we can construct an /z'£.Dv mini­
mizing ô'p(h, g , v) with respect to h£Dv. (We remark that ô'p(h', g , v)Sc, anyhow, 
since we can take /z(x", x):=g(x), g being a density with respect to v, and ô'p(h', g , v)ë 
ë ô'p(h, g , v)Sc is valid). Then h0:=h'(p1,p is in D, and minimizes <5p(/z, g , Я) with 
respect to h£Dx. Q.e.d.

Theorem 3: First we assume Я to be finite. We are going to prove that G ® X 
is pairwise sufficient for the class ^3:= {P ^A i/C g}, dominated by pn(&X. By a 
theorem of Halmos and Savage (see [2]) we have to show the (S 0 T-measurability 
of dP}®2ld(Pf<g)2 + Pg®2)=:(pf 'g for every pair ( /,  g)€gX g. Now <pf  g(x", x) =
=fn(xn)l[fn(xn)+gn(xn)\ (/„ denoting the function (x1; ...,x „ )-  ///(x ,)) , and this

í=i
is ©-measurable (considered as a function of x"), since (f is pairwise sufficient for 
{P? : /£g}. Therefore, l i g ï  is pairwise sufficient for sf!, and since ф is dominated, 

is sufficient. Hence for every h£Ap there is a version g£Ap of the conditional 
expectation, independent of /£ g :  Ef (h\(i<g>X)(x", x)=g(x", x) a.e. (Р^0Я) V/€g 
(we speak of conditional expectation, although P}<g,X need not be a probability 
measure, however it is finite). We assert g ( - ,x )  to be a version of Ef (h (- ,x ) |d) 
for all x not belonging to a fixed null-set (Я) A^. From the definition of conditional 
expectation we have :

J  gdP"®X= J  hdP}®k for all C£© and all A£X.
C x  A C x  A

We conclude that for every Cfji there is a set Nc of Я-measure zero with

f  g{-,x)dP}= jh { - ,x )d P }  VxëC Nc. 
c c
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In particular this equation holds for all CÇ(ô, the countable generator of G; without 
limitation of generality we may assume (6 to be a countable algebra. Setting 
Nk:= U Mc we get for each C£G>: 

ce<»

(3) fg (- ,x )dP ';  = fh ( - ,x ) d P }  У л е м -
c c

The class of all C£G fulfilling (3) is monotone and includes ©, hence coincides with 
If, and we have shown (3) to hold for all C in G. By definition of conditional expecta­
tion, g ( - ,x )  is a version of £}(/)(•, x)|G) for all x€C^i-

Now we turn to the case of a cr-finite A. There is an (almost) countable meas­
urable decomposition {Xk} of X with X(Xk)<°°. Set Хк:=ХкГ\Х and let Xk be the 
restriction of X to Xk; then X(A) = 2  Xk(Af)Xk) for every A£X. By the foregoing

к
we can construct a A-null-set Nk and G ®Xk-measurable functions gk such that 
gk{ •, x) is a version of Ef (h{ •, x)cXfc(x:)|G) for all (c denotes indicator func­
tions). g'-= 2  Sk is clearly G®.T-measurable; integrating this formal series we get

к

f g (  •, x)dP} = 2  f  A( •, x)cXk(x)dP} = f  A( •, x)dP} 
c k c c

for all C€G and all x^C^i- Hence g ( - , x) behaves like a conditional expectation 
a.e. (A).

We note the inequality \a + b\p^ \a \p+pb\a\p~1 sgn a for 1 and any real a, b 
(see Schmetterer [6]; the case/7=1 is immediately verified), and set:

a -  a(x", x ): =  g (xn, x )- f(x ) ,  b =  b(x", x):= h(x", x ) -g (x '\  x).

Since h belongs to Ap, h (- ,x )  is in Lp(Xn, X", PJ) for all x’s not belonging to a 
A-null-set N2. Because the functions ö( - , x) and sgna(*,x) are G-measurable and 
the integrals occurring exist for every we get by the rules for conditional
expectations:

J  h( •, x) |g( •, x ) - f ( x ) jp- 1 sgn a( .,  x)dP}(xn) =

=  / g ( ‘ , x)|g(‘ > x) —/(A')|p_1sgn a( •, x)dPf(x").
By integrating the above inequality with respect to P and A, by taking equation 
(4) into consideration and by applying Fubini’s theorem we get our assertion.

Q.e.d.
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SOME ABSOLUTELY MONOTONIC FUNCTIONS

by
R. ASKEY1

Abstract. Recently the functions (1 — r )_2a(l — 2хг + г2)~я were shown to be 
absolutely monotonie, i.e. their power series have nonnegative coefficients, for 
— l S x S l ,  a>0. When a=2, this result will be improved to give the absolute 
monotonicity of (1 — лт)(1 — r)~3(l — 2xr+r2)~2, — 1 S yS  1.

1. Introduction. A skey and Pollard [4] proved the following theorem.

Theorem A. The functions
(1.1) (1 — r) - 2“ ( 1 - 2 x r  +  r2) - a

are absolutely monotonie for — I S yS I, a>0, i.e. their power series coefficients are 
nonnegative.

This result is best possible, in the sense that
( l - r ) - " ( l - I x r  + r2)-*

is not absolutely monotonie when x =  — 1 for any /?<2a. For the coefficient of r is 
ß — 2(x. The proof of Theorem A used

gl(r) = (1 — r) - 2a ( 1 -2 л т  + г2Г* =

ÿ  *"[h(r)r
n=o n!

and the fact that h(r) has nonnegative power series coefficients for — I S y S I .  
It was somewhat surprising that a sharp result could be obtained by this method, 
since goL(r) was decomposed into the sum of absolutely monotonie functions. How­
ever, this is less surprising when we realize that this result is not really best possible, 
but only best possible of its type. Recall Fejér’s classical result that

1 — r2 l + r
(1 - r ) 2( l - 2 .v r  +  r2) “  (1 — r)( 1 -2 л т  +  г2)

is absolutely monotonie for - l S x S l .  This result implies Theorem A for oc=l. 
It is not clear if (1 + r)“(l — r)~*(l — 2xr + r2)~x is absolutely monotonie for — I s  
= x=  1, 1, but it clearly is for a — 2, 3, ... . When a = 2 there is a different extension
of Theorem A.

Theorem 1. (1 — x r)( l— /*)-3(l — 2xr + r2)~2 is absolutely monotonie for —I s
SYS 1.

1 Supported in part by NSF Grant GP-33 897.
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Theorem 1 will be a consequence of other extensions of (1.1) when a =  2, but 
these extensions are only partical extensions, since they do not hold for — 
but only for part of this interval. The first result was proved by Schweitzer [5], 
after partial results had been obtained by Fejér and Szegő.

Theorem B. The function ( l + r ) ( l  —r)~2( 1 — 2лг + г2)~ 2 is absolutely monotonie 
for — ̂ S x S l.

Next came a strengthening of Theorem В for O ^ x ^ l,  [2].
Theorem C. The function (1 — r)^2(l — 2xr + r2)~2 is absolutely monotonie for 

O S x S l.

Finally to complete the proof of Theorem 1 there must be a result for — 1S

Theorem 2. The function (1 — лг)2(1 — r)""2(l —2 xr + r2)~2 is absolutely monotonie 
for — l ^ x  = 0.

Interesting results can probably be obtained for fractional powers of these func­
tions. There is another problem which is equivalent to Theorem 1, and it almost 
surely has a fractional analogue.

Theorem 3.
y  (3)„-fc (3)k sin (£+1)0 s  

k=o (п — к)\ k\ к + 1 0 s  9 Ш n.

Pochhammer’s notation for the shifted factorial is

(a)„ =  a(a+l) ...(a + n — 1) =  T(n + a)/T(a). 
In [3] A skey and G asper proved 

T heorem D.

-V (2 + 1 )»i—* (л + sin(k + 1)0 __ n A — л 1 1 _ ,2  —г — гг.----- n ---------m —  - 0' 0 = 0 ^ ^ ,  - I  I
k - u  (и —л) /с ! k + 1

The following conjecture would connect Theorems 3 and D. 
Conjecture 1.

у  (A + 1 )u-k ,(2. + 1 )fc sin (к + 1 )0 
(n-ky . k\ k+  1 0 — 0 = 7Г, for — 1 s  2.

The only open cases are 1<A<2. This inequality is false for each A>2. In fact 
much more is false.

Theorem 4. Let À > 2 . Then the inequality

4, ( p ) n - k  (2-+1 )k Sin ( k  +  1)0 .
kÜ  (и —At)! k\ k+  1

fails for some 9, 9 = 9(n), 0 <  0 < я, for infinitely many n.

Stud ia  Scientiarum M atbem atxcarum НипдагУса 9 (1974)



SOME ABSOLUTELY MONOTONIC FUNCTIONS 53

Theorem 4 is a consequence of an even stronger result.

Theorem 5. f e~x,t“ sin yt dt changes sign for у ё 0 for x positive when a >  1.
t)

In Section 2 we will give the reduction of Theorem 1 to the other results and 
Theorem 2 will be proved in Section 3. The remaining miscellaneous results will be 
given in Section 4.

2. Reduction of Theorem 1. To prove Theorem 1, we first consider O ^ x ^ l. 
Then

1 — xr 1 — xr 1
(1 — r)3(l - 2 xr + r f  =  1 — г (1 - r ) 2( l -2ЛТ +  Г2)2'

The second factor is absolutely monotonie by Theorem C and the first factor is 
absolutely monotonie, since it is

1+ Z ( \ - x ) r " .
n = l

The product of absolutely monotonie functions is absolutely monotonie, so Theo­
rem 1 holds for O ^ x S l.

When — 1 ^x^O , write

_______ 1 — xr 1______________(1 — xr)2
(1 — r)3(l — 2xr + r2)2 ( l —xr)( l—r) ( 1 — r)2 ( 1 — 2xr + r2)2 '

The second factor is absolutely monotonie by Theorem 2 and the first factor is

_ _ _ i _ _ _  =  y  f l - y,  + 1 ] rn
( 1 -Xv) (1 r) „rb l 1—X ) 

and so it is absolutely monotonie.
Theorem 2 is easy to prove except when x is close to zero, so it is of some interest 

to observe that Theorem 1 follows from Theorem В when — ̂ ёх = 0 . For

1— xr ( 1 —xr) 1 + r
( l - r ) 3( l - 2 x r  +  r2)2 “  1 — г2 (1 — r)2(l — 2xr +  r2)2 ’

and the first factor is absolutely monotonie for — 1 ëxS O and  the second is absolutely 
monotonie for —i ^ x S l .

3. Proof of Theorem 2. A partial fraction decomposition gives

2 sin 0/2(1 — r cos в) 
(1 —r)(l — 2rcos0 + r2)

so Theorem 1 reduces to showing

=  2  [s*n 0/2 + sin (n + 1 /2) 0]r\
n = 0

(3.1) ^  [sin 0/2 + sin (n — к -f 1/2)0][sin 0/2 + sin (k -f 1/2)0] ^  0, я/2 ^  0 ^  n.
k = о
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A summation shows that (3.1) is equivalent to

<3.2) A = (и+1) 1 — cos в —cos (n + 1)0 + sin(n+ 1)0
(lft +  1) sin 0 1 — cos (11 +  1)0 IS  0.

When — cos0ëO, and [cos ( я + 1)0|S 1, |sin (я+1)0/(я + 1) sin 0j = l, so
d ë O  holds when either — cos (я + 1)0^0 or sin(n + l)0ëO. This gives a simple 
proof for most 0, but a more detailed analysis is necessary to prove A ^O  for all 
0, л / 2 ^ в ^ л .  First consider tp — л — в with 0^(p^n/(n+i).  When я is even,

Sin (я+  1)0 — ( — 1)” sin (я + 1) ф — 0, 0 Ä (p Ä 7г/(я+1).

When я is odd,
—cos 0 —cos (я + 1)0 =  cos (p— cos (n + l)cp

and this is nonnegative since cos и is a decreasing function for О^иШл, and 
0 ^ (я +  l)<pS7t.

Next consider л/2^6Ш л — л/(п + 1). Then

(3.3)
See [1]. If

sin (я+1)0 _ 1
(я +  1) sin 0 — 3 ’

л
я +  1

S  0 s  л — л
я + 1 '

(3.4) 1 —cos 0—cos (я + 1)0 —1/3 S 0
then А^О. But (3.4) holds if x=cos 0S —1/3. This would be enough to complete 
the proof of Theorem 1.

In the remaining interval — l/3<x:^0,
23/2/3 «  sin 0 ä  1

and
2А Ш (я + 1)[1 -cos 0-cos (я+ 1 )0 -3  -2 -3/2/(« + 1)] a  0

when x = cos 0 s  —3 • 2_3/2/(я + 1). Thus all of the real difficulty in proving Theorem 2 
comes from a small interval near zero. Set в = л/2 + <p- From — l/3 < x S 0 , 0 ё ф ^ я /9  
follows. Then

n __ _ я sin (p  ̂ sin<p Зл2~3,г л
-  V -  ~ 9 sin tt/9 : 9(-342) “  (3.078)(л + 1) ^  2(я + 1) '

Then when я is odd

— cos (я +1)0 =  —cos (п + 1)(л/2 + (р) =  —cos (я + 1)7с/2 cos (я+ l)cp

and this is nonnegative when n= 1 (mod 4). And

sin (я + 1)0 = cos (я+  1)л/2 sin (n + l)(p

which is nonnegative when n = 3 (mod 4).
When я is even

sin (я +1)0 = sin ( я + 1 ) 7t/2  cos (я + 1)ф

and this is nonnegative when я^О (mod 4). Thus we need only consider n = 4k + 2.
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In this case

2/4 = (4A' + 5)[1 — sin (4A +3)(p] + (4A+ 3) sin q> —

and this is positive when 0^(рёЗл/[(3.078)23/2(4/: + 3)]. For
3n2~312

cos (4A- + 3)<p
(4A + 3) cos (p

2A > (4Ar + 5) sin 3.078 - 1  9(1 - .8 8 4 ) - !  > 0

when A s  1. And when k = 0 a simple calculation gives
2A = 4(1 — x)2—x + 20x3 > 4 — 20/27 >  0, since —1/3 < x S  0.

I would like to thank John Steinig for pointing out an error in an earlier version 
of this proof. He supplied an alternate proof as well.

4. Miscellaneous results. Theorem 1 has an equivalent statement which suggests 
some very interesting problems.

Lemma 1.
(1 T cos 0)_____  _  у  „ у  (3)„_* (3)fr sin (A: + 1)0

(1 — r)3(l — 2rcos9 + r2)2 n=0r i~0 (n — А)! A:! (A + l)s in 0 ’
The easiest way to do this calculation is to multiply by sin 0, let sin (Ar+1)0 = 

=  Im ei(* + 1,e and sum the series on the right.
Theorem 1 and Lemma 1 immediately imply Theorem 2. Theorem D is a special 

case of the following problem for Jacobi polynomials.
Let P(n*'ß)(x) be defined by

- ^ r t a - x y + ' a + x r n

Problem 1. For which values of Я, a, ß is
4  (Я+1)л-* (Я +1),РГ ^(со&0)

(n — k)\ k\ РУ-»( 1) -
0 ä  0 ^  n, n = 0, 1, ... ?

In [3] this problem was solved for — 1— /î<a</?, — 1<Я^а+/? and when 
\ß \SaSß  + 1 with 0 sA ^ a  + ß, and it was conjectured to hold for /?S — ̂  when OS 
^ЛШх + ß. When tx = ß = %,

pü/2,i/2)(cos 0) sin (л+ 1)0 
P<1/2’1/24 l) =  ( п +  1) sin 0

so the case —1 < Я ^1= ^+ ^  is Theorem D. But now we see that the condition 
Я=а + /? is too restrictive in this case, and it probably is too restrictive for each 
ß > —\.  But until some more examples have been given I would hesitate to state a 
conjecture as to the largest possible value of Я.

To get some idea of how large Я could be we will now prove Theorems 4 and 5, 
which show that no Я >2 will work when a = ß = | .  We will first prove Theorem 5, 
which is the more basic result. Set

(4.1) G(y) =  J  e~xtta sin yt dt; x >-0, у  s  0.
о
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This integral can be inverted to give

2e~x,ta = — f  G (y)ünytdy71 "
or

(4.2) e~xtta- 1 = — f  G(y) 77 X
2 r „ , . sm yt 

о J*
ydy.

If G(y) were nonnegative then we would have

0 = — /  G(y)ydyre X

on letting t -*0 in (4.2) and this is clearly impossible.
To see that Theorem 4 follows from Theorem 5 observe that

(4.3) / 1-----ta sin yt dt ^  0, £  0, r g  0

for some Y>0 would imply G (y)s0  for the same x  since

lim ta
П-*- oo

dominatedly. But 

(4.4)

l - y |  = tae~xt

y  (n)n-k (2+ l)it sin (k+  1)6 £ 
k t0 (n — k)\ kl k + 1

for в = у!щ, n = nt, щ<щ+1, i= l ,2 ,  ..., would imply

(4.5) J  (1—a)'1 1vx 1 sin r/a 0

and a change of variables v = t/r would give (4.3) for a= 2  — 1, x = y — 1. And if (4.4) 
holds for some ц it also holds for so we may choose x>0. But when a=A— 1 =-1, 
À > 2  and this proves Theorem 4.
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ON AN EXTREMUM PROBLEM OF INFORMATION THEORY

by
I. CSISZÁR

The minimum amount of information needed to represent a message with 
average loss not exceeding a level d — called the rate-distortion function R(d) — 
plays a fundamental role in source coding theory. The extremum problem of calculat­
ing R{d) has been extensively treated for finite alphabets (for the results and the 
relevant literature we refer to G a l l a g e r ’s book [4] or B erger’s monograph [1]) 
but less attention was paid to the general case. Contrary to a not uncommon belief, 
the extension from finite to abstract alphabets is a non-trivial task and involves 
certain subtleties.

The aim of this paper is to derive generalizations of familiar finite alphabet 
results in a general setting and call attention to the limitations of their validity; 
such generality is called for when dealing with continuous time signals, in which 
case the “alphabets” are function spaces. A typical result is that the formula R (d) =
= maxf f  \oga(x)P(dx) — я / l ,  where the maximization refers to a (x )£ l and 0

«00,s. /• , . . . . .satisfying / ot(x)e Sf(I,,)P ( á ) S  1 for all y£Y, is generally valid, even if a joint
distribution achieving R(d) does not exist. Our secondary aim is to show that the 
method of Lagrange multipliers which tends to be a source of loose proofs in the 
literature of the subject can be completely dispensed with, gaining rather than loosing 
in elegance of presentation.

1. Preliminaries

Let t  and t] be two RV’s (random variables) with values in arbitrary meas- 
surable spaces (X, ЭГ) and ( Y, Щ ), respectively (the cr-algebras are assumed to con­
tain the one point sets). If the joint distribution Pin of £ and q, i.e., the measure 
defined on1 X X Y  by Pitl(E) = P {(£, q)€E} is absolutely continuous with respect 
to the product of the marginal distributions P4 and Рц, with R-N derivative a(x,y), 
the RV2
(1.1) L{n =  loga(f, rfi

is called the information density and its expectation

(1.2) l i t ,  r,) = EL{4

1 More exactly, the measure is defined on (AX Y, ЗСхЩ) ; but in the sequel we omit mentioning 
the e-algebras.

2 In this paper, we use natural logarithms.
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is the mutual information of £ and rj. If Pit] f P ^ X  Pn then is not defined and
/« ,» /) =  + “ .

Let q : ЛГХУ^[0, =»] be a given (measurable) function, called loss function; 
for convenience, we assume
(1.3) infg(x, y) =  0 for each X Ç .X .

y
Suppose that a message considered as a random element of the alphabet X  with 

given distribution P is to be represented by a random element of the alphabet Y 
with average loss or distortion not exceeding a certain level d. The minimum amount 
of information needed for such a representation, i.e.,
(1.4) RP(d) = inf I ( f  t])E e(?,4)sd
is called the rate-distortion function; the inf in (1.4) refers to such pairs of RV’s 
( f ,  rj) satisfying the given constraint for which the distribution of ç equals the given P.

Since the mutual information of two RV’s Ç and t] depends on their joint dis­
tribution only, for any PD (probabiliy distribution = probability measure) P on 
the product space1 I X f w e  may define

(1.5) I(P) = Щ, П), (£, n):P^  = ?■
In the sequel the rate-distortion function (1.4) will be denoted by R(d) (because 

P will be fixed throughout). We assume once for all that R(d) is finite for some d 
and denote by d0 the infimum of such d ’s. The symbol P will be used for PD’s on 
X X  Y having V-marginal P, i.e.,

(1.6) P( AXY)  = P(A) for all A£2C.
Then (1.4) becomes

(1.7) R (d)=  inf I(P), в (? )=  f  e(x,y)?(dx,dy).
e ( P) sd

A useful equivalent definition of I(P) is

(1.8) I(P) = I(P\\PXQ?)

where Qp denotes the У-marginal of P, i.e. Qp(B) = P(XXB)  for all Bd<W. /(.]|.) 
denotes the Kullback—Leibler I-divergence, defined for any two PD’s Pt and P, 
on a measurable space (Z, 3t) by

(1.9) f l° g
P f  dz)
P f  dz) P f  dz) if Pi «  P2

-f- oo eise,
or, equivalenty — using a dominating measure 1 — by

(1.9a) K P f P f  = f  p f z )  log j ~ 4 d z ) ,  p f z )  = i = l , 2 .

Now we formulate some simple lemmas which can be proved in our general 
case in the same way as for finite X  and Y.
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Lemma 1.1. R(d) is a non-decreasing convex function of d, and instead o f (1.7) 
one may write
(1.10) R(d)=  inf l(P) if d 3= dt

Q(f)=d
where dy is the smallest non-negative number such that R(d) is constant in (du  «=).

Proof. Since и  log — is a convex function of ( u ,  v ), /(Pil|F2) is a convex func­
tion of (Pi. P,), see (1.9a). In view o f(1.8), it follows that both R(d) and the right hand 
side of (1.10), say R'(d), are convex functions of d. But R(d)=  inf R'(d'), completing 
the proof. d'sd

Let F(s) denote the maximum of the vertical axis intercepts of the straight 
lines of slope —5 which have no point above the R(d) curve, i.e., using (1.10) for 0

( 1 . 1 1 )  F ( s )  =  inf [ / ( / * ) + i ß  ( /* ) ] ,  s ^ O .
p

Here and in the sequel we understand sq(P) = °° if q(P) = °° even for j  =  0. This 
non-standard convention is necessary to cover the case when R(d) equals a positive 
constant in (dl , «=).

Let d0 denote the infimum of those d's for which /?((/)<<*>. Since R(d) is con­
vex, to each d>d0 there exists sSO (uniqueness is not claimed at this point) such 
that the straight line of slope —s through (d. R(d)) is tangent to the R(d) curve, i.e.

(1.12) R(d') + sd' s  R(d) + sd = F(s) for all d'.
In this case we shall say that 5 is associated to d. Thus we have 

Lemma 1.2. For all d>d0,
(1.13) R(d) — max [F(j) — sd].sSO
The maximum in (1.13) is attained iff s is associated to d. Further, if a P„ achieves 
minimum in (1.11) then s is associated to d=g(P lt) and R(d) = I(P0).

Following a very useful idea of Blahut [2], we introduce the function

(1.14) J(P. Q.s) = l(P\\PxQ)+se(P) 
where Q is any P D  on Y and s s O .

If J(P, Q, j) is finite then P<^PXQ and the set {(x, y): e(x,y)<°°} must have 
positive F X ô-measure. Thus, using Fubini’s theorem

(1.15) a0,.(x) = [ / e - ^ ^ Q i d y ) ] 1
is finite for P-a.e. x£X, and there exists a P D  PQ s on A'XT with PX£?'density 
(R—N derivative) a0_s(x)e-se(*,,’); we write this symbolically as

(1.16) Pq s(dx, dy) = CLQ i (x)e-,eix'y)P(dx)Q(dy).
Both in (1.15) and (1.16) we understand sq(x, y) — °° if q(x , y) — °°, even for j =0.

Clearly, the .^-marginal of PQ s is P but its F-marginal is in general different 
from Q.
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L e m m a  1.3. For any P, Q and iSO with J(P, Q,s)<°°

(117) J(P, Q, s) =  J(P, Q-, s) + I(Q~p\\Q) J(PQ s, Q ,s) + I(P\\PQ s). 

C o r o l l a r y .

(1-18) J(P, Q~, s) =  I(P) + se(P)

and
(1.19) J(PQtS, Q, s) = J  log <xQs(x)P(dx)

represent the minimum o f J(P, Q, s) with respect to Q or P, respectively. Moreover,
(1.20) inf J(P, Q, s) = F(s) = inf / logaQ s{x)P{dx).

p,q Q J
P r o o f . Simply by substitution, using the chain rule for R—N derivatives. Since 

I-divergence is non-negative, the corollary is immediate.
L e m m a  1.4. In order that a PD P0 minimize I(P) + so(P), it is necessary and 

sufficient that its R—N derivative a(x,y) with respect to PXQ0 (where Q0 = Qpo) 
be o f form
(1.21) a(x,y) — a.( x)e~se<-x’y) 
where a ( r )5 l  satisfies
(1.22) j  oc(x)e~se(x,y)P(dx) ë  1 for all y£Y.
The same conditions together with g(P0) = d ( if  s>0) are necessary and sufficient 
in order that P0 minimize I(P ) subject to o(P) = d for d> da, where s is associated to 
d by (1.12). Moreover, for any sSO and a(x)>0 satisfying (1.22) we have

(1.23) I(P) + sq(P) s  J  log a(x)P(dx) for all P, 

with equality iff P can be represented as in (1.21), with the given у.(х).

C o r o l l a r y . I f  there exists a P0 minimizing I(P) + sq(P) then

(1.24) F(s) = max /'logy.(x)P(dx)a(*) j

and i f  there exists a P0 minimizing I(P) subject to n(P)-cid where d =»d() then

(1.25) R(d) — max [J \oga(x)P(dx)—sd̂  ,

where the maximization is under the constraints (1.22); it suffices to take only a (x) S 1 
into account.

Remarks. Of course, (1.21) and (1.22) imply that in the latter the equality
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holds for Q„-a.e. y. Observe that (1.21) specifies the conditional distribution of 
£ given 4=y for 11 and t] having joint distribution P0. In fact, (1.21) means

(1.26) P{UA\rj = y] = f  ф)е~*«(х'у) P{dx) (A£&).
A

The corollary generalizes a useful equivalent characterization of the rate-distortion 
function for finite alphabets. Here its value is limited by the restrictive hypothesis 
of existence of a minimizing Pa. In §2 we shall prove that this hypotheses can be 
dispensed with.

Proof. Applying lemma 1.3 twice we obtain

(1.27) J(P0,Q 0,s) = J(P1,Q 1,s) + I(P0\\P1) + I(Q1\\Q0)
where Pi = PQl,,s and Qi = Qp,. On account of (1.27) and (1.18), a necessary con­
dition for P„ to minimize I(P )+ sq(P) is P1 = P0, which means just (1.21) with a(x) = 
=  aßo,s(x), see (1.16). In order to show the necessity of (1.22), as well, consider 
<2' =  (1 — ß)Qo+ßöy„ where ôyo is the point mass at some fixed j 0£ Y and 0^Д <1 
is arbitrary. Then, in view of (1.20),
(1.28) F(s) =  I(P0) +sq(P0) = f  log a(x)P(dx) ^  J  log a'(x)P(dx) 
where
(1.29) oc'(x) = a q‘,s(x) = а (л) [I —ß + ße~se<̂x'yo>oi(x)]~1.
(1.28) and (1.29) give
(1.30) 0 = — У* log [1 - ß + ß e - ^ ^ u  (x)\P(dx).
Differentiating the right hand side with respect to ß at ß=0  (differentiation within 
the integral is permitted by monoton convergence of the difference quotients) we 
obtain
(1.31) 0 ^  ( [ 1- e - ^ . V a (x)\P(dx).

Since y0£ Y was arbitrary, (1.31) proves (1.22).
The sufficiency of (1.21), (1.22) for P0 to minimize I(P)+sg(P) will follow if 

we prove the last assertion. The corollary of lemma 1.3, the concavity of the log func­
tion, and (1.16) and (1.22) yield
(1.32) r(P) + se(P) s  / log<xQ s(x)P(dx) =

= I \oga(x)P(dx)— f  log pQ S(dx, dy) s
J  J  'Zq . s ( x )

^  J  log a ( a )  P(dx) — log j a (x)e~se(JC,y) P(dx)Q(dy) ^
^  J  log a ( a ) P(dx),

where Q = Qp. This proves (1.23) together with the condition of equality.
Combining the just proved necessary and sufficient condition for P0 to minimize 

I(P)+ sq(P) with lemma 1.2, we obtain the assertion concerning the minimization of 
I(P) subject to Q(P)^d.

The first part of the corollary is immediate, and the second follows by lemma 1.2.
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2. The results

We start with a simple lemma to be used in several approximation arguments.

Lemma 2.1. Let Ç be an X-valued RV and t]t, i= 0, 1 be Y-valued RV’s with 
Let x be a {0, 1 }-valued RV and set r] = i]x. Then

(2.1) \Щ, r,)-E ((\ - x ) L ino + xL ini)\ s  2h(p) 
where
(2.2) p = P{x =  0}, h{p) = —p logp — (1 —p) log (1 —p).

P r o o f . Preferring not to rely on information-theoretic presquisites, expand the 
R-N derivative of Pinx with respect to Pi X P,t X P„ (which are PD’s on the product 
space LX fX{0, 1}) in two different ways by the chain rule, to obtain

(2.3) a(x,y, k) P{x = k\ti = j} = P{* = Щ  = x, ц = y}a(x,y).

Here a(x,y,k) (xdX, y€  У, k£ {0, 1}) denotes the R—N derivative of Pivt with 
respect to Comparing (2.3) with the similar identity for »/( instead of rj
(this being indicated by indeces /) and k = i, we obtain
(2.4) a(x,y) P{x =  i\£ = x, r\ = y}P{x = i\>u = y} =

=  Oi(x,y)P{x =  i\i  =  x, Pi =  y}P{x =  i\t] =  y},

since, by the definition of ц, we have a(x, y ,  i ) = a t(x, y, i), i = 0, 1. Now observe 
that for any RV £ (taking values in some measurable space (Z, Ж))

(2.5) 0 — J  log P{x -  i|£ =  z}PÇx(i/z, dk) =
z x {/}

=  J  P{x =  i\t =  z } log P {x =  i |C =  zj P - (dz) ~  P {x — / }  log P{x = i}
Z

(convexity off(u) =  u log и). After taking logarithms in (2.4), integrate on I X  TX {(} 
with respect to Pinx \ using (2.5) we arrive at

(2.6) j f  (loga(x, y) -  logadx, y))Pçnx(dx, dy. dk) | ^  -2P {x  = /} log P{x = /}.
X  x Y X {/}

In view of (1.1), (1.2) and (2.2), this proves (2.1).
The following simple examples show some kinds of possible pathological 

behaviour of R(d) in the general case.
Example 1. Let X =  У=[0, 1] (with the Borel cr-algebra) and g(x, l )  =  0 for x —y 

and g(x, y)=) else. Then for any continuous distribution P we have R(d) = + °° 
for 0S</<1 and R(d) = 0 for d ^ \ .

Example 2. Let X = Y = {  1,2,...}, let P = { p ( x ) \  x = \ , 2 ,  •••} be a PD on X

with infinite entropy, and let g(x, x) =  0, о (a, y) =  for y X x .  Then R(d) is 

identically infinite.
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Example 3. Let *={0,1}, Y= {0, 1, 2,

e(o, 0) =  e(i, l) =  o, 0(0, l) = 0(i, 0) =  l, 0 (0, k) = 0(i,* ) =  ^

fo r£ s2 ; let P={p, 1 —p} be arbitrary with 0 < / x l .  Then R(d) = 0 for 0 and 
R(0)=A(p)>0, showing that R(d) may have a discontinuity at d=0 even if it is 
finite everywhere.

As mentioned in § 1, we exclude the contingency that R(d) is identically infinite, 
as in Example 2. l.e., we assume (without further reference) the existence of RV’s 
£ and t]„ with PS = P such that

(2.7) /(ç, t]0) -= °°, E0(ç, i7o) «= ■».
The following theorem completes lemma 1.1 in characterising the R(d) curve, under 
weak regularity hypotheses.

Theorem 2.1. Suppose that to any g=-0 there exist measurable subsets AL(zA2c . ... 
of X and finite subsets Вгс:В2с:... o f Y such that P(A„) -*■ I as n-*°° and
(2.8) min 0 (x, j>) <  e for each х£А„, и = 1 , 2 , __

у zb,.
Then R (d ) is finite for all d> 0.

If, on the other hand, there exist A'„s as above and y„f Y with
(2.9) max 0 (x, j„) <  ■=, и = 1 ,2 ,...,

x £ A n

then R(d)—0 as d-*°°.
Finally, setting

(2.10) d** = hm (inf f  ̂ K)(x, y)P(dx)] 

where
(2.11) Q<K)(x,y) = min(0 (x,у), K),
R(d) is positive for d<d** and if  <:/**< °o then R(d) vanishes for d>d**.

Remarks. The hypothesis of the first assertion is trivially fulfilled if Y is at most 
countable (recall the assumption (1.3)). It is also fulfilled if (*, is polish (complete 
separable metric space with the Borel o-algebra) and q(x , y) is continuous for each 
fixed y, or at least q ( K ) ( x , y )  is upper semicontinuous for some fixed K; in fact, in 
this case the 4̂,’s may be chosen as an increasing sequence of compact subsets of * , 
since on a polish space every PD is tight, see [7]. The hypothesis of the second asser­
tion is trivially fulfilled if q is finite valued. Since R(d) is continuous in (d0, °°) 
(by convexity), the last assertion implies that R(d) vanishes exactly for d^d**  if 
d**>da. (Recall that da is the left endpoint of the interval where R(d)<°°; by 
theorem 2.1, in most cases of interest r/0= 0.) d** may be strictly less than

(2.12) d* =  inf J  q (x , y)P(dx) 

for which d>d* trivially implies R(d)=0.
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P r o o f . T o prove the first and second assertions, consider RV’s ç  and ij0 sat­
isfying (2.7) and a set An of the postulated sequence. Let x = l  or 0 according as 
£ÇA„ or £ÍA„ and let rj1=f(£) in the first case, where / :  X^B„  is a function with 
p(x,/(x))<£ for xdA n, and t]} =y„ in the second case. Lemma 2.1 guarantes for 
t] = rjx that /(ç, У]) is finite in the first and arbitrarily small (for sufficiently large n) 
in the second case; on the other hand, Eq(Ç, i/)< 2e if n is sufficiently large in the 
first case, and Eg(Ç,t]) is finite also in the second one. On account of (1.4), this 
proves the first two assertions.

The last assertion is easy for bounded g, since then d**—d*, see (2.12), thus 
it suffices to show that R(d) = 0 implies d ^d * . This follows from the fact that the 
variation distance of any two PD’s can be bounded from above in terms of their 
[-divergence; to be exact, we have \Р1—Р2\^У21(Р1\\Р2), see e.g. [3]. This means, 
indeed, that /(P J  —0 implies \P„-PXQn\-+0 where Q„ = Qpn, see (1.8), thus — since 
g is bounded — also
(2.13) f  g(x, y)Pn(dx, dy) — J g (x ,  y)P(dx)Qn(dy) -  0.
Here the second term is Sr/*, thus if g(P„)=d, n = 1,2, ... , then r/Sr/*.

The last assertion of theorem 2.1 follows from its just proved particular case 
if we show that to any given <P=»0 and £>0 there exists such К that if the RV’s £ and 
Y]1 (with P? = P) satisfy Eg(K)(£, tjd—d, an )] with

(2.14) 1(£, r\) <  I(£, i/j) + £, Eg(£, t]) < EgiK)(£,%) + £
can also be found. To this end, set x = \  if g(^,r\d=K  and x = 0 else, and apply 
lemma 2.1 with rj0 satisfying (2.7). Since, by assumption, g(K)(£, t]1) = K if x=0,

(2.15) P{x = 0 } ^ ^ E g ^ ( i , r ll) ^ j .

Hence both E(1 —x)L^a and E(1 — x)g(£, rj0) are arbitrarily small if К is sufficiently 
large. On the other hand,

(2.16) E (xLini) = l (ç. tu) -  f  log a, (x, y) P:,n(dx, dy) S
eO,jO=-K

— /(£, 4i) -  P {* = 0} log ?{x = 0},
because, by convexity

(2.17) J  log Oj (x, v) Pitll (dx, dy) = f  a, (x, y) log a, (x, у) P, (dx) Pm (dy) &
n(x,y);>K n (x ,y )x -K

P{e(«ï, til) >  к )  log P{g(£, rid >  K).
Thus (2.14) follows from lemma 2.1, completing the proof of theorem 2.1.

For finite alphabets it is also known that R (d) — R (0) as d—0. and if g is finite­
valued then R(d) is differentiable for each d > 0, dxd*. The familiar proof of these 
facts (see e.g. [4], pp. 463—464) depends on the existence of a P0 minimizing I(P) + 
+sg(P) for given s ë 0. If such P0 exists for each s S 0, the proof of differentiability 
easily extends to the general case while to the proof of R (d )^ R (0) (<7— 0) some 
additional condition is needed, cf. example 3. In this direction we prove
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T heorem  2.2. I fX  is polish and Y compact metric, with g(x, y) jointly continuous \  
then R(d) is finite for each 0, there exists for each <r/> 0  a P0 minimizing HP) 
subject to q(P )Sd, and
(2.18) R(d) -  R(0) as d -  0.

I f  we drop the assumption that X is polish and the continuity of q (x , y) is required in 
y only (for each fixed x£X ) there still exists to each sSO a P0 minimizing I(P)+ sq(P).

Remarks. The first hypothesis is trivially fulfilled if X  is at most countable 
and Y finite (using a trivial metric making all functions continuous). The proof of
(2.18) given below reduces in that case to a very elementary one, simpler than that 
found in the literature for finite alphabets (loc. cit.).

We note that the second, weaker hypothesis of theorem 2.2 also implies, for 
each </>*/„, the existence of a P0 minimizing I(P) subject to g(P)Sd. This is trivial 
if for s associated to d by (1.12), there is no other d having the same s, since then 
the P0 minimizing I(P)+se(P) will certainly do. If d belongs to a linear segment 
of the R{d) curve, however, the proof required more effort than the result deserves, 
thus we omit it. Observe that the weaker result also suffices to prove in the familiar 
way — for finite-valued q — the differentiability of R(d) for each d>dn, d x d * .

For the proof of theorem 2.3 below, it will be essential that the second hypothesis 
of theorem 2.2 is trivially fulfilled if Y is finite. Accordingly, we formulate for later 
reference

C orollary  of theorem 2.2. I f  Y is finite, the minimum of I(P)+sq(P) is always 
achieved, for any s^O .

To the proof of theorem 2.2. we need
L emma 2.2. For PD's on ( the Bor el a-algebra 3? of) an arbitrary metric space Z, 

the I-divergence is lower semicontinuous with respect to weak convergence, i.e., P„=>P 
and Qn^ Q  imply Щп I(Pn\\Qn)^I(P\\Q).

P ro o f . Let denote the class of Borel subsets of Z whose boundary has 
(P + Qj-measure 0. Clearly, %  is an algebra generating the а-algebra Thus, by 
a well known property of I-divergence (see [8], theorem 2.4.1) I(P\\Q) equals the 

к Pi A )
supremum of У P(A.) log for all partitions (А1г ...,/1к) of Z consisting of

í = i  Q ( A i )
sets But P„(/l) — P(A), Qn(A)-»Q(A) if A Ç .^  (see [7], theorem 2.6.1), hence
for such partitions

к P  ( à  ) k P i  A i
(2.19) lim 2  Pn{Ai) logTTTTT =  2  P W  log

n~ ° °  i = 1 (Л ,(Л ;)  l = i  Q y A i )

provided that P(Ai) + Q(Aj)>~0, i= 1, ..., k. The latter restriction is immaterial when 
taking the supremum of the right hand side of (2.19), and we obtain lim /(P„||0„)S

П-*оо
^I(PHQ) as asserted.

4 Recall that q i s  considered as a mapping X X  F-»[0, °°], thus its continuity does not necessarily 
mean that it is finite valued.
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P roof of theorem 2.2. Under the first hypothesis, R ( d )  <  °° for <7>0 follows 
from theorem 2.1. To prove the other assertions, consider a sequence of PD’s on 
X X  Y  with

(2 .20) I{Pn) ~  R(d), e(Pn) ^  d
or
(2.20a) I(Pn) -  lim R(d), g(Pn) -  0,

a-*-U

respectively. Since the common У-marginal P of the Pn’s is tight (as any PD on a 
polish space), in view of the compactness of У the sequence Pn is uniformly tight. 
Thus, by Prohorov’s theorem (see [7], theorem 6.7), there exists a weakly convergent 
subsequence, and without any loss of generality we may assume that P„ itself is 
weakly convergent, Pn=>P0, say. Then, with the notation (2.11), the integral of 
q(k) (x, y) with respect to P„ converges to that with respect to P0 for any K, implying
(2.21) e(Pg) s  fim e(P„).

П-*-оо
By (1.8) and lemma 2.2 we also have
(2.22) I(P0) s  fim I(P„).

П-*- oo

(2.20) , (2.21) and (2.22) give that P0 minimizes I(P ) subject to g(P)^d, while (2.20a),
(2 .21) and (2.22) yield

(2.23) R(0) s  I(P0) = lim R(d).
d-*-0

But (2.23) proves (2.18), since certainly 2?(0)Slim R ( d ) ,  by convexity.
d~*0

Under the second hypothesis, consider a sequence of PD’s o n l X f  with
(2.24) I( Pn) + SQ (Pn) -  F(s) =  inf [HP) + sg (P)].
We may assume as above that the У-marginals Qn~Qpn are weakly convergent, 
Qn=*Qo, say.

Set a„(x) = aßn!S(x:), a0(x) = aQo>s(x), P'n = PQn S, p0= pQo S, see (1.15), (1.16). 
On account of the weak convergence ß„=>-ßo and (1.15), the continuity of q for 
fixed x  implies a„( x ) a0(v) for each xOX. Using the corollary of lemma 1.3 and 
Fatou’s lemma (clearly loga„(x)ëO) and (2.24), we obtain
(2.25) F(s) =§ Z(p0) + Sq(P0) s  J(pa, Q0, s) =

=  J  log y.n(x)P(dx) S  J im  J  log an{x)P(dx) —

= lim J(P'n, Qn, л) lim [I(Pn) + sg(P„)] = F(s),
П-*-оо n-*- oo

completing the proof of theorem 2.2.
In the above proof the compactness of Y has been used only to (trivially) ensure 

uniform tightness of the У-marginals of the considered PD’s P„. If the latter is 
ensured by some other assumption, it suffices for У to be polish. E.g., if X = Y  are 
Euclidean spaces, a sufficient condition is g(x, as ||jc— j|| Unfortunately,
I did not find useful sufficient conditions for Banach spaces.
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As a point of interest observe that the continuity assumptions in theorem 2.2 
can be weakened to lower semicontinuity, requiring only small modification of 
the proof.

Ft is very easy to give examples where a minimizing PD does not exist. The 
following one is easily checked to be such, moreover, it also shows that R(d) may 
have a discontinuity at d=0 without being constant for 0 as in example 3.

Example 4. Lei *={0, 1,2}, Y= {0, 1, 2, ...}, £>(0, 0) = <?(1, l) = e(2, 2) =  0,

ß(l, 0) = é>(2, 0) — 1, ß(0, k) = 1, q(í, k)= — for k=  1, 2, ... , i= l ,  2, i^ k .  Then for
К

any PD P= {p(Q), p(\), p(2)} on X  with positive probabilities, we have

lim R(d) = h(p(0)) < /?(0) =  H(P) = - 2  p(i)\ogp(i).
“-о 1=0

To the proof fo theorem 2.3 we shall need
Lemma 2.3. Suppose that there exists a finite set B<z Y such that

(2.26) f  g(x, B)P(dx) <  ° °  where q { x , B) —  min g(x,y).
J  у а в

Then in the definition (1.7) of R(d), it suffices to restrict attention to PD's P having 
Y-marginals concentrated on finite subsets o f Y, if  d>d0.

P r o o f . Modify the definition of R(d) by restricting (1.4) to finite-valued RV’s 
rj, and denote the resulting function by R'(d). The assertion is R \d) — R{d) (for c/>r/0) 
and it suffices to prove R'(d)^R(d).

Let Çl be independent X-valued RV’s with the same distribution P
and th, ..., r]L be arbitrary RV’s taking values in a finite subset of Y. Then we have 
— just as for the ordinary R(d), see e.g. [4], theorem 9.2.1 and its extension on 
p. 470 —

(2.27) 4 - /(« x.......& ),(4i. . . . ,n ù )& R '@ ù i 3l = e

By the source-coding theorem ([4], theorem 9.6.2), for any <5>0and sufficiently large 
L, there exists a m apping/of X L into a finite subset of YL such that {r}x, ..., »/l) =  

..., çf) satisfies 3L^d + ô  and the entropy of (i/j , ...,i/t ) is ^ LR(d) + SL. 
Since the latter entropy is an upper bound of the mutual information in (2.27), we 
obtain
(2.28) R'(d + ô) =g R(d) + Ô.

Substituting d by d —<5 and letting <5 — 0, (2.28) gives R'(d)^R(d).
Remark. It should be possible to prove lemma 2.3 without relying on the source­

coding theorem. The reader is invited to find a direct proof. Observe, however, 
that condition (2.26) cannot be omitted as a simple modification of example 2 shows 
(let P have finite entropy).
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T heorem  2.3. Under the condition (2.26), for each d>-d0 holds

(2.29) R(d) = max f  log a(x)P(i/x) — sí/j

where the maximization refers to a (x )ä l and 0 under the constraints
(2.30) f  oc(x)e~seix’y)P(dx) ä  1 for each y£Y.
The maximizing s values are exactly those associated with d by (1.12).

Proof. On account of lemmas 1.2 and 1.4, it suffices for associated with d 
to  exhibit an œ (x )S l  satisfying the constraints (2.30) such that
(2.31) F(s) =  f  \oga(x)P(dx).
To this end, consider a sequence P„ satisfying (2.24) for which the marginals Q„ = Qpr 
are concentrated on finite subsets f jC f jC . . .  of Y. The existence of such P f s 
follows from lemmas 1.2 and 2.3; moreover, by the corollary of theorem 2.3 we may 
assume that P„ minimizes I(P)+sq(P) within the class of P ’s with Qp concentrated 
on Y„. Then

(2.32) l(Pn) + sQ(P„) = f  log a„(x) P(dx) = max f  loga  (x)P(dx)
where a„(x)Sl satisfies (1.22) and the maximization is subject to that constraint 
— rewritten as (2.30) — with the modification that Y is replaced by Yn in both cases.

Observe that for any (m, ri) with m<n, say, -j(am(x)-f «„(x)) satisfies the con­
straint for Ym. Thus, using that for arbitrary и and v

(2.33) 2 log U +  V log и —log v = log (u + v) 
4uv

Л2
= -lo g  1-

U +  V/

u — v
u + v

we obtain the inequality

(2.34) I(Pm) + sQ (P J -I(P n)-sQ(Pn) ^  2 / log am(x) + a„(x) P(dx) —I  ( f m )  ' 1 “ К  V* mr  '  V - nr ; \ ^  nr —  — J  ^

f  log am(x)P(dx) — j  log an(x)P(dx) s / ( ^ f r )  +  £ (x )) P(dx).

Since clearly I (K) (K) I ё  ———I where n(K) — min (и, K), (2.31) and (2.34) imply
that a{nK) (x) is a Cauchy-sequence in L2(P)-norm for each fixed K. Hence follows, 
in particular, that a subsequence a„t (x) of a„(x) converges almost everywhere to 
some a(x)g l.

By the concavity of the log function, we have for any AdlY

(2.35) - -ÿ - f  log (a„(x)e selx’B))P(dx) ш log 1 f  oc„(x)e se(xB>P(dx),P(A) J -  " e P{A) A
implying

(2.36) f  log ixn(x) P(dx) S  i  f  p(x, B)P(dx) + P(A) log - -)■
a  a  P ( A >

+ P(A) log J  an(x)e~seiXiB) P(dx).

+
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In view of the assumption (2.26), this proves that loga„(jc) is uniformly integrable, 
since the last integral is certainly ë  the number of elements of B, by (2.30) (assum­
ing, as we may, that f ic  y t) .

Thus, by (2.24) and (2.32), a„b(x) —a(x) implies (2.31).
Observe that if g(x,y) is bounded then so are the a„(x)’s (uniformly, see (1.15)), 

thus (2.34) implies their convergence, making the last arguments unnecessary.
We have still to show that oc(x) =  lim a„k(x) satisfies the contraints (2.30). This

is clear for y£ Y00 = (J Y„ by Fatou’s lemma. Consider any other _y„£ У and repeat
n = 1

the above argument with У'=У„и{.Уо}. We arrive at a function a'(x)=l satisfying
oo

(2.31) as well as the contraints (2.30) for _y£ U У '= y«,U{.y0}-
~ И = 1 _

By the very construction, F (i) =  inf[/(F’)-t-sg(F’)] gives the infimum also for 
those P's for which Qp is concentrated on Уте. Thus, in view of (1.23), for the func­
tion ^(а(х) + а'(х)) — which also satisfies the constraints (2.30) for y ^ Y ^  — we 
must have, using the concavity of the log function

(2.37) F(s) a  J\og-^(a(x) + x'(x))P(dx) S  f  ̂ (\oga(x) + \oga'(x))P(dx) = F(s).

This is possible only if a(x) = oc'(*) a.e., proving that a(x) satisfies the constraints 
(2.30) also for y{), hence for each y£ Y.

The proof of theorem 2.13 is complete.
Remarks. It is conceivable, in general, that there are several pairs (a(x), s) 

achieving maximum in (2.29), but then they must have different s values (else the 
strict concavity of the log function would lead to a contradiction). We do not go 
into the problem here, under what conditions (weaker than the existence of a P0 
achieving R(d)) can one assert uniqueness of s, i.e. differentiability of R(d).

It is interesting to compare theorem 2.3 with an analogous result concerning 
channel capacity. A channel with input space X and output space У is defined as a 
family {Qx:xdX }  of PD’s on У, and its capacity is

(2.38) C = sup ЦР)
p

where P ranges over the PD’s on X  and P is the PD on XX Y specified by P(AXB) = 
=  I Qx(B)P(dx) (А^Ж, B4<&). Then always holds

A

(2.39) C =  min [sup I(QX\\Q)]
Q X

where the minimizing Q is the У-marginal of P„ corresponding to a P„ achieving 
maximum in (2.38) if such Pu exists, but (2.39) is valid also if the maximum in (2.38) 
is not achieved, cf. [5]. Thus, in case of channels, an „optimal” output distribution 
always exists even if a compatible input can not be found, while theorem 2.3 asserts, 
intuitively, the existence of an optimal backward conditional distribution — see 
(1.26) — although a compatible joint distribution need not exist.

Theorem 2.3 leaves the problem open wether a similar representation of R(d) 
is possible also for d=d„. In most cases of interest d0= 0 (see theorem 2.1) thus the
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problem left is the representation of R(0). Setting g'(x, y) = 0 if о(x, y )=0 and 
Q'(x,y) = oo else, we have F'(s)=R(0) for any 0. If Y is compact metric and the 
set {y: g(x, y) = 0} is closed for every XÇ.X (in particular, if Y is finite) then the 
existence of a P0 achieving F'(s) = R(d) can be proved to the analogy of theorem 2.2. 
If such a P0 exists, the corollary of lemma 1.4 gives

(2.42) R(0) = max f  log y.(x)P(dx)
x(x) J

subject to

(2.43) J  a{x)P(dx) ^  l for each y£Y.
tx:e(x,y)=0}

One would infer that the same holds even without assuming the existence of 
a minimizing Pu. Unfortunately, this does not follow from theorem 2.3 since the 
modified loss function g'(x,y) typically does not meet the condition (2.26).

If (2.42)—(2.43) holds, on the basis of basis of inequality (1.23) it is often possi­
ble to prove lim R(d) — R(0), e.g. if f a(x)e~se(x’y) P(dx) converges uniformly to the
right hand side of (2.43), as s — °°. This is the case, in particular, if Y  is finite. Without 
going deeper into this problem, we conclude as an example by a simple proof of a 
generalization of a recent result of Linkov, see [6], theorem 4.

Theorem 2.4. Let P=  (p(x): x£X ) be any PD on a finite or countable set X, 
let Y zdX be arbitrary, g(x, x)=0  for each x f X ,  and suppose that to any xt and x2 in 
X  there exists ô >0 such that
(2.44) max (^(xi, y), ß(x2, y)) >  d for each y f  Y.

Then R(d) is finite5 for c/>0 and

(2.45) lim R (d ) =  R(0) = H(P) = — У, p(x)\ogp(x).
d~° *ex

Linkov (loc.cit.) has proved (2.45) under the more restrictive conditions that 
e (x ,y )  is a metric on Y  and Я (Р )< °° .

Remark. If each p(x) is positive and H(P) <  °°, the sufficient condition of theo­
rem 2.4 is easily seen to be necessary, as well.

Proof. The finiteness of R(d) for 0 follows from Theorem 2.1., even if 
H(P) = °°. Since /(£, t]) = Pl(P) for any RV’s £ and ц with P$ = P, on account of 
lemma 1.2 eq. (1.13) it suffices to prove
(2.46) lim F(s) a  H(P).

S-*- oo

By lemma 1.4, inequality (1.23), we have

(2.47) F(s) = 2  P(x ) log a (x)
x £ X

5 Excluding, as we did throughout, the trivial case that R(d) is identically infinite.
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for any positive numbers a ( x )  satisfying (1.22), i.e.

(2.48) 2  P(x)a(x)e-Sll<-X’3>) S  1 for all y £ Y
x(.X

(observe that here no reference is needed to the deeper result Theorem 2.3). 
Given e>0, let A be a finite subset of X  with

(2.49)

, , , . 1 —eand let a(x) =  —7—  p(x)

2  />(*)< 4 ’

for x£A  and a(x) = l for Then

(2.50) 2  p ( x ) а ( х ) е - зв(х‘у) s  4  + (1 - e )  2  e ~ sll(x-y) S
xex 2 x £ A

S  — e)(l 4-1̂ 4|e si) for all y£Y,

where \A\ denotes the size of A and ô is a positive number such that (2.44) holds 
for each pair (x1; x 2) of elements of A. For sufficiently large s ,  the right hand side of
(2.50) is S i ,  and (2.47) gives

(2.51) F(s) S  -  2  /K*)l°g/K*) + log ( l - £)-
X Ç. A

The right hand side of (2.51) tends to H(P) as e — 0, proving (2.46) and thus (2.45), 
as well.
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PERFECT SINGLE-LEE-ERROR-CORRECTING CODE

by
A. O. H. RACSMÁNY

By a code, we shall mean throughout this paper a set of certain n-dimensional 
vectors the coordinates of which are nonnegative integers less than a given natural 
number q.

The elements of the code are called codevectors or codewords.
The Lee-weight of a vector c = (c1...c„), O ^c ^ q ,  cf integer, is defined to be 

the sum

Wi(c) =  2  \dL.q(Ci)I»
1 =  1

where dLtq(ct)=c, mod q and OS \dL,,(с;) |ё - у .

The difference c of the codevectors c1 and c2 is defined by c = cl —c2 where 
Ci = e} — cf mod q and 0 ^ c ^ q .

The Lee distance dL(c1, c2) of the two vectors c1 and c2 is the Lee weight of the 
vector c = cl — c2.

We denote the number of elements of a set A by \A\.
A code C is a perfect single-Lee-error-correcting code of block-length n over 

the alphabet of q letters if
|C| • {2n + \) — qn

and for c'-^c2, c1, c2€C dL q(c‘,c 2)s3 .
Let L(n, q) denote such a code.
In [1], Theorem (3.21) E. R. Berlekamp deals with the problem of finding a 

necessary and sufficient condition for the existence of perfect single-Lee-error-cor­
recting codes. In this paper we shall correct a smoll error in this result. We prove 
the following

T HEOREM. A perfect single-Lee-error-correcting code o f block-length n over the 
alphabet of q letters exists for those and only those integers r/> 2  and n>0, for which

( 1 )

for appropriate integers r > 0 and 0.
Proof. In the proof we shall use front Berlekamp’s result the following 
Lemma. I f  q > 2  and
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for some integer r =-0, then there exists a perfect single-Lee-error-correcting code of 
block-length n over the alphabet o f q letters.

Thus according to the Lemma, there exists a perfect single-Lee-error-correcting code 
L(n, q') of block-length n over the alphabet of q' letters.

Let A be the set of all vectors a for which a = c + <7 /b, where c £L(n, q') and b
his a vector for the coordinates of which the inequality 0 ^ bt <  rJ l holds.

We claim that A is a perfect single-Lee-error-correcting code of block length n 
over the alphabet of q letters.

Obviously c1-\-q'b1 = c<l-\-q'\>‘i can hold only if c1 =  c2 and b1 = b2. Therefore

Now, we prove in an indirect way: if a1 and a2£A, а1т£я2, then dL q(a1, a2)^3.
Obviously, if a = (a1; ...,a„)£A then 0 ^ a ;<g. Therefore, if a1 and a2ÇA and 

dL q (ai —af)=0 then a] = af.
Assume now that for the vectors a1 and a2£A dL q(a1, a2)= l. Then there 

is a single index, say j, for which \dL q(a)—a1j)\ = 1 and we have dL q(a} — af) = 0 
for every / = 1, 2, . .. ,n  i^ j .

Using the relations

Since IL(n, q')\ • (2n + l) = (q')n, we have

dL<q{a )-a 2) - a) —a) modç and 0 s  \a) — a)\ -- q

we obtain 1 =  a) — a) mod q or — 1 =  a) — a) mod q, that is

or

follows that
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Thus, we have in both cases 

that is

Further if iVy then the equality 

Thus we have

I c) — Cy| = 1 mod q',

\dL,ï(Cj-Cj)\ = I-
|C(— cfl =  0 follows from

c2) =  2  dL,q (c} -c f)I =  1,

dL.4(a l-a f) = 0 .

which contradicts the assumption that c1 and c2dL(n, q').
Finally, assume that for the vectors a1 and a2ÇA, we have

dL,g(a1, a2) =  2  \dL,q(a}-a f) | =  2.
í= l

This can be true only if
a) There is a single index, say j, for which dL<q(a)—a)) = 2 and we have 

dL,q(a}-a?) = 0 for every i = 1, 2, ...,n  i^ j .
b) There are two indices, say к and /, for which

dL,q{al-d£) = dL,q(a}-a f) = 1

and we have dL q(a}—af) = 0 for every / = 1, 2, ... i?±k and i^ l .
In both cases we have dLi4>(c1, c2) = 2 which can be proved in a similar way to 

the previous case. But this contradicts the assumption that c1 and c2ÇT(«, q').

Now, we show that the relation holds for every perfect single-Lee-
error-correcting code for suitable positive integers r and h. The number of possible

и-dimensional vectors is qn. If the code is perfect, then ----- -  = A' holds, where К2n + \ is

integer. From this equality we get the relation n=
The proof of the theorem is completed.
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A REMARK ON EXTREMAL SETS IN THE THEORY 
OF POLYNOMIAL INTERPOLATION

by
F. SCHURER

1. Introduction and summary

Let the numbers x 1, x2, xn (n1— 2) be prescribed on the interval [—1, 1] 
with — lë x j< x 2< ...< x „ ^ l .  Denoting the fundamental Lagrange interpolating

n
polynomials by /,(x), we introduce the Lebesgue function 2n(x)= 2! Ц(■*)!• The

i=i
question arises as how to choose the nodes xls x2, . . . , x n in such a way that 
Л„= max A„(x) will be as small as possible. (A set of nodes with this property

-15IS1
is called an extremal set.) This is a famous unsolved problem in interpolation theory. 
Interesting results in connection with it can be found in Bernstein [1], Erdős [4] and 
Luttmann— Rivlin [5]; the paper by C heney— Price [3] deals with problems of 
the same kind in a more general setting.

A footnote in [1] is concerned with the particular case of three nodes. An extremal
2 r~ 2 . . . л . 5set consisting of the points xl = —j \2 ,  x2=0, x3= — f2 is exhibited with Л3 — — .

2 —
(Actually, the nodes x,, x2, x3 with — x ,= x 3^ y  )/2 .x 2 = 0are also extremal sets, cf.

C heney [2], p. 65.)
Assuming — 1<Xj and x„<l, Bernstein ([1], p. 1026—1027) conjectured that 

an extremal set of nodes is characterized by the property that the values of the «4-1 
local maxima of A„(x) on the intervals [— 1, x j, [xl5 x j ,  ...,[xn, 1] are all equal. 
This conjecture can also be found in [4]. Attention should also be drawn to a paper 
by Luttmann and R ivlin [5]. They show e.g. that one can always take the endpoints 
of [—1, 1] as nodes in an extremal set.

The object of this note is to determine all extremal sets in case of three nodes. 
Furthermore, we propose a modification of Bernstein’s conjecture.

2. Evaluation of the interpolation problem having three nodes

The problem we are concerned with may be formulated as follows. Let — 1 s
3

ё х ^ Х а ^ Х зё !  and consider the function A3(x)= ^  |/<C*)I- The nodes x1; x2, x3
i=i

are to be determined in such a way that max A3(x) has least value. Using the familiar
- 1 S X S 1
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result 2  /;(х)= 1, it is easy to verify that we have
i=i

(1 + x 1)(l + x3)max A3 (x) = 1 + 2 -

(1)

(x2 -V ̂  ) ( Л 3 X2 ) x 1 ’ = *

(x3- x 2)2

max A3 (x) = 1 (x2 -  x xf

max 23(x) = 1  + 2

2 (x3-X i)(x3 - x 2) ’

(1-X i) ( l-X 3)max A3(x) = 1 +■ w . , , _  * , „
2(x2 — xl)(x3~~Xy) xsmxSl (x2- x 1)(x3- x 2)

A ssertion 1. In order that x l9 x2, x 3 constitute an extremal set o f nodes, it is 
necessary that

(2) x2 = ~ ( Xl + x3).

Proof. Suppose x1; x2, x3 are an extremal set with x2+-^~ (Xj + Хз). A careful
examination of (1) then leads to a contradiction. We omit the calculational details.

We thus can remove one parameter in formulae (1) by assuming (2) and there 
remains the problem of choosing xx and x3 in such a way that

(3) 1 max 8(1 +Xj)(l + x 8) 1 8(1- x
(X3 -  X xf ’ 4 ’

I — x1)(l x3)|
(X3 - X 1)2 j

is minimal. Obviously we have Л3^5/4. Taking into account Bernstein’s example, it 

follows from (3) that a necessary and sufficient condition for xl5 x2 = ~  (Xj+Хз), x3 

to form an extremal set is that the inequalities

8 ( 1  + х г) ( 1  + x 3)  ^  i_ 8 ( 1  — x 1) ( l  — x 3)  ^

(x3 -  Xj)2 ~  4 ’ (x3 — Xj)2 ”  4

are simultaneously satisfied. After elementary, but somewhat tedious calculations we 
arrive at the following result.

Theorem 1. In case o f three nodes the extremal sets, as defined in section 1, 
can be given in terms of the position of the first node as follows:

(i) if

1 — xx — —~ |/2  =  -0 .9 4 2 8  ...,
then

x2 = 4 - ( x! +  x3), ( l 7 — 12}/2) x1+  12 (/2 -  16 ^  х3 ш \ \

(ii) if

- j 1/2 < x1 ä _ 2 4 ( /2  +  33 = - 0 .9 4 1 1  . . . ,
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then

A'g =  — (xt + a3), (\1 + \2 ^2 )х1+ \2 ^ 2 + \6  < 1.

Remark 1. It follows from theorem 1 that the nodes хг and x3 need not be 
symmetric with respect to the origin. Moreover, as compared with Cheney’s ex­
ample, the range of xt can slightly be enlarged; the range of x3 is then diminished.

Remark 2. If — 1 ~̂ x1^ x 2^ x 3-< 1, then there is only one extremal set with 
the property that the four local maxima of A3(x) on [— 1, jtJ, ..., [x3, 1] are all 
equal. This is precisely Bernstein’s example. As is apparent from theorem 1 there 
are numerous examples of extremal sets for which the local maxima of 23(x) at the 
points of [—1, 1] are smaller than 5/4.

3. A modification of Bernstein's conjecture

Recalling the result of Luttmann and Rivlin [5] that in the general case of 
n nodes (n> 2) the extremal set is not unique, and taking into account remark 2 
of section 2, we propose to modify the conjecture of Bernstein in the following way :

(i) there exists at least one set of nodes with the property that the n +1  local 
maxima of the Lebesgue function 2„(x) on the intervals [ — 1, x j, [xx, x j, ..., [x„, 1] 
are all equal; this set is extremal.

(ii) in order that xx, x2, ..., x„ form an extremal set, it is necessary that the n — 1 
local maxima of A„(x) on [xl5 x2], [x2, x3], ..., [x„„l5 x„] be all equal.
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A GENERAL METHOD FOR DENSITY ESTIMATION

by
A. FÖLDES and P. RÉVÉSZ

1. Introduction

Let ■••» £«> ••• be a sequence of i.i.d.r.v.’s with common density function
(d.f.) /  and let Фк(х,у) (k = 1, 2, ...) be a sequence of Borel-measurable functions, 
(so-called kernel functions) defined on the Euclidean plane. Then the empirical d.f. 
can be defined as follows:

( 1 ) /,(* ) =  \  2  &)•

First of all let us give some examples to clear the meaning of our definition.
Example 1. Let h be a d.f. and let a „ \0  be a sequence of positive numbers. 

Define Ф„(х, у) as follows:

Then

i.e. we get the well-known Rosenblatt’s definition ([3]).

Example 2. Let {<p,} be an orthonormal system and let q „ / +°° be a sequence 
of integers. Define

4„
Фл(х,у) = 2  4>№)<P](y).

y=i
Then

where
/„(* ) =  2  Cj<Pj(x)

j=1

- _  (Pj(£i) + (Pj(£td+ +  <Pj(U 
J -  n

i.e. we get the expansion in orthogonal functions. 

Example 3. Let

x(2\ jcL"} x t x{n) : *<"> • (« =  1, 2, ...)
x i ï i - x P  =  u „ \0

6 Studia Scientiarum M athem aticarum Hungarica 9 (1974)



82 A. FÖLDES AND P. RÉVÉSZ

be a sequence of partitions of the real line and let

11 if z <
0 in>(z) = |

1 10 otherwise
Finally set

Фп(х,у) = ~  2  <i>T4x)(p f{y).
Cln j = — OO

Then clearly
V W

f„(t) = if x f i j  Ä t < а]">tldn

where vjn) is the number of elements of the sample £2, •••, lying in the interval 
[aj2i , Xjn)) i.e. we get the so-called histogram definition (see e.g. [2]).

Example 4. Making use of the notations of Example 3 and setting
vi") _J_ v-<") c(n) _  Л1-1 ' Л1 

•*T ---- ~

define

Фпlx, у) =  Ф„(À/">,у) + —n(X|(n+)l-^ ) (X-  */»>)
i f  jC j( n )  ^  A  <  J c / " \ .

Then

/ ,W  =  -  2  Фп(х, Ы  -- /„ (xjn)) + м * ]± й . A ^ ‘n)) (x_  x/">)
« *=i ö«

if i.e. we get a smoothed histogram (see [2], Definition 2.1.).
Remark 1. It is easy to modify our basic definition (1) as follows: Let Фп k(x, y) 

(k=  1,2, ... л= 1 ,2 , ...) be a double array of Borel-measurable functions defined 
on the Euclidean plane and let

fn*(x) =  -  2  Фп,к(х, &)• n k = 1

Making use of this definition we can get the definition of W o l v e r t o n  and 
W a g n e r  ([4], see also [5]) as a special case too. We wish to emphasize that our results 
can be reformulated to this more general case without any difficulty but we do not 
do this because of the sake of simplicity.

Remark 2. In [2] (see Definitions 1.2, 2.2, 3.2) the second author formulated 
some histogram type definitions based on a random partition. One of these defini­
tions was investigated in [6], an other but similar definition was used in [7]. Un­
fortunately our present definition (1) does not contain these definitions.

In the present paper the asymptotic property of the probability

p (sup I/„ ( a )  - / ( a )  I S  e) (n »)
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will be studied. In the paragraphs 2 and 3 we formulate some simple lemmas con­
cerning the first and second moments of /„(*), in order to clear the meaning of 
our Theorem formulated later on. Finally a strong law will be formulated.

2. First moment

In this paragraph we formulate some well-known lemmas:
Lemma 1. (See [8] or [9].) I f  f  is a d.f. and A is a bounded d.f. for which

lim |x|A(jc) = 0 l*|—+ “
then

(2) f  A К  y \f(y)dy  - /(x o ) (n -  °o)
a n У a n )

at every continuity point x0 o f f  where an\ 0 is a sequence of positive numbers. Further 
i f f  is satisfying the Lipschitz condition: |/(xi) —f ( x 2) \^ C \x l — x2\ then the convergence 
in (2) is uniform.

Since

|provided that Фп (x, у) =-^~ A |  X ̂  У j ; Example l.j one can state that f„(x) is an 
asymptotically unbiased estimation of f(x )  if x  is a continuity point of f.

Lemma 2. Suppose that

(Example 2) and 

Then

<7„
Ф„(х, у) = 2  <Pj(x)<Pj(y)

y =  0
(4n/+°°)-

(Pj(x) = cos jx  0 <  x S  it.

where

i. e.

Qrx
E/,W  = Z  Cj cos jx

i=0
Я

Cj = f  f(x )  cos jx  dx 
и

E/»W -*/W (и-«0
provided that f  is a square integrable d.f. vanishing outside the interval [0, л].

Moreover i f  f  has a bounded derivative in [0, n\ then E/„ —/  uniformly in [e, k —e\ 
for any £>0.

Lemma 3. Suppose that

Фп(х,у) =  Z  hj(x)hj(y) (?„/+=»)
J=i
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84 A. FÖLDES AND P. RÉVÉSZ

and
1__J_ X*

hj(x) = (2J /! 7Г2 ) 2 e 2 Hj{x)

where Hj(x) is the j-th Hermite polynomial1 2. Further suppose that f  has a bounded 
derivative in (—°°, +°°) then

E/„(*) -  f ix )  (n -  °°) 
uniformly in any finite interval [a, b\.

Lemma 4 (see e.g. [2]). I f  Фп(х, y) is the kernel function defined in Examples 3 
or 4 then Ef„(x)-»f(x) at any continuity point x o ff(x ) and further i f f  has a bounded 
derivative in a finite or infinite interval (a, b) then E/„-*-/ uniformly in2 [a+e, b — e] for 
any e> 0.

Finally we formulate a general lemma (wich goes back to Lebesgue) what 
gives a condition implying the convergence E

Lemma 5 (see e.g. [10], Theorem 4.2.1). Suppose that Ф„(х, у) is defined in a finite 
square [a. b\ X [a, b] and

X+Ö
lim f  Фп(х. y)dy = 1, lim f  F„(x,y)dy = 0

П-*- OO •/ n-+ oo •/
х - ő  [a,b] — [x  — ö, x  +  <5]

for any <5>0, and
sup \Фп(х, y)\ s  Ф(0)

У € [ я ,  Ь] —[ * —à, jc +  ő]

where <P(ô) is a number depending on ô and x but independent of n, further 
ь b

I /  ф„(х> >’)/(>’) dy\<  ™for a n y f iL fM a n d \ f  Фп(х, у) dy\<K,finally f  is a function
a a
o f finite variation in [A. B]a[a, b], then

b
(3) /  Фп(x, y)f(y)dy -  f(x )  (xf fA,  B))

a

in any continuity point x  o f f(x). Further if the conditions hold uniformly in [A, B] and 
f  is continuous then the convergence (3) holds uniformly too.

Remark 3. Since
ь

(4) E/„(x) = f  Фп(х, y)f(y)dy
a

this lemma shows that f„ is an asymptotically unbiased estimation of /  if the con­
ditions of our Lemma 5 hold and /is  a d.f. vanishing outside a finite interval [a, b\.

1 We remark that the {hj(x)}7=i is a uniformly bounded system of orthonormal functions 
(see [12] p. 208).

2 Further on in case o f  infinite interval (a, b) we denote by [a+ô,  b — ô] an arbitrary closed 
subinterval of (a, b).
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Remark 4. If Ф„(х, y) is defined on the whole Euclidean plane (instead of a 
finite square) then a similar but somewhat more complicated lemma can be for­
mulated.

3. Second moments

Lemma 6. (See e.g. [8].) Let

фп(х,у) = — h

and suppose that f  and h are bounded d.f.-s then

D2 (<*>„(*,

X —y

C

where C is a positive constant. Since

f„(x) = —-  2  h
x - £ k

we get
na„ ( a„

C
na„

Lemma 7. I f  Ф„(х, у) is the kernel function defined in Examples 3 or 4 and f  is 
bounded then

D2 (<*>„(*, « )  ^  —
LI,.

further

where C is a positive constant.
D2(/„W)

C
na„

This lemma can be proved in the same way like Lemma 5 of [2] was proved. 
Lemma 8. Suppose that

фп(х,у) =  2  <Pj(x)<Pj(y)
7 = 1

where {</э ( (jc) } is a uniformly bounded orthonormal system and f(x) is a bounded d . f  
f[x )^K , then

D2(Ф„(а, « )  == Cqn 
i.e.

D2(/„(.y)) ^

Proof. Our statements follow from the following inequality 

0 2(Ф(*, Ç!» == j  I 2  <Pj(x)<Pj(ÿ)^f(y)dy S

s f  /  ( 2  <Pj(x)(Pj(y) I dy = K f  2  <p)(x)<p)(y)dy.
- t  0  = 1 ) - t  7 = 1
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4. The main theorem and its consequences

Theorem 1. Let f  be a d.f. having finite absolute moment o f order y, that is

(i) f  \x\yf(x)dx  <  C0

with some y > 0.
Further let

(ii) |/(*i) ~ f{x a)| <  K0 \xx -  x2| if xx, x2 6 [a, b]

where [a, b] denotes a finite or infinite interval.
Moreover let Ф„(х, y) be a sequence of Borel measurable functions. Suppose 

that there exist two positive numbers Q and г and an interval [c, d\ zj [a, b] such that
(iii) for each n the interval [c, d] can be divided into disjoint leftclosed intervals 

/ jn) ( i = l , 2, ...) for which

|/!л,1 ^ - 4 - ,  С н (п, =  м ,n S = 1

|ф я ( * i , у )  -  ф п ( х 2 , у ) \  == « т k l  -  * 2|

provided that х, and х2 belong to the same interval Suppose that
b

(iv) f  0„(x,y)f(y)dy ^ f ( x )  {n-~ °°)
a

uniformly in [a-\-ô, b —8\ for any <5>0.
Suppose that for each n

(V) DЦФЛх, « )  ^  К
and

(vi) h < П
w(n) log n

where ft)(n)/ + “  (n -► °°)

(vii) \Фп(х,у)\ s  Chn
and C is a positive constant.

Suppose further that there exists a v >  0 and a sequence of positive numbers £„-*0 
such that

(viii) \Ф„(х„,уп)\ <  £„ whenever \x„-yn\> n \
Then

Kn

(5) P{ sup |/„ (* )-/(x )| S  £} S  e Кa+ö^x^b—ö

if  n is large enough, (where К is a positive constant depending on e, ó, and f(x)).
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Our Theorem 1 clearly implies
Theorem l.a . (Example 1.) Let f  be a bounded distribution function obeying con­

ditions (i) and (ii) o f Theorem 1. Further let h be a d.f. for which
|A (atx) — Л(лг2)| S  C\xt — x2\ ( - ■ »  <  X i  <  x2 <  +  °°)

and
lim \x\h(x) -  0

finally let a „ \  0 be a sequence o f real numbers for which
co(n) log nan is (co(n)/+°°, n -*• °°)

then

where

p{ sup | / „ W - / ( r ) | a £} s c-
а+б^х^Ъ-ô

M x )  = —  2 h  na„ k=1
x - ç ,

Theorem 1 .b. Let f  be a bounded d.f. obeying conditions (i) and (ii) of Theorem 1 
and let {<Pj-(x)}“=1 be a uniformly bounded orthonormal system defined on an interval 
[c, d).

Set

<l>n(x, y) = Z  (Pj(x)<Pj(y)
i=1

and suppose that Фп(х, y) satisfies condition (viii) of Theorem I. Let

fn(x) = — 2  фп(х, i t )я t=i
where

4n ^
Suppose that
(i) the Fourier series

co(n) log« (со (я) — + o o  9 П -*■

n r2 cj<Pj> cj~  J VjfdxJ=1
of f  converges to f  uniformly in an interval [a, b\a[c, d]

(ii) for each n the interval [c, d] can be divided into disjoint intervals fin) (s=  1, 2 , .. .) 
such that

IA(B)I -  and \<Pj(x)-<Pj(y)\ ^ j * \ x - y \  (a> 0 ) 

provided that x  and у are belonging to the same I{"] and l ^ j S q n. Then

p{ sup | / , ( i ) - / ( r ) |S s } á c * .
for any (5>0.

a+ö^x^b—ő
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Theorem l.b. easily implies the following Theorems l.c. and l.d.

Theorem l.c . (Example 2.). Let f  be a bounded d.f. obeying condition (i) of 
Theorem 1, having uniformly bounded derivative in (0, л). Further let

q„
fn(x) =  2  Cj cos jx

Cj = — 2  cos j£k n k = 1
and qn/  +°° is a sequence of integers for which

Then

for any ()>().

qn
n

w(n) log n (win) со, П °°).

p{ sup \fn(x) - f{x ) \
ô^x^Il — ô

Kn

e} = e 4"

Theorem l.d. (Example 2.) Let f  be a bounded d.f- obeying condition (i) of 
Theorem 1, and having uniformly bounded derivative in (—°°, + «=), further let

fn(x) =  2  Cjhj(x)
j =о

where hj (x) was defined in Lemma 3,

Cj= \  2  hj(Çk)П k = 1
fl

and (jn /  + 00 is a sequence of integers for which qn ^  —-— ----- . Thenœ(n) log n

p{ sup \f„(x) - f( x ) \  g  e} S e K
a^x^b

in any finite interval [a, b].
Remark. The validity of conditions (iii) and (viii) of Theorem 1 can be verified 

with the aid of the recursion
H„(x)= 2 xHn_1( x ) - H n_1(x)

and the Christoffel—Darboux form.

T h e o r e m  l.e. (Example 3.) Let f  be a bounded d.f. obeying condition (i) of 
Theorem 1. Let f n(x) and Фп{х,у) be defined as in Example 3. Suppose that fix )  
has a uniformly bounded derivative in a finite or infinite interval (a, b). I f

then

win) log n , , 4 „ 4an ■ ------------ (o j(n )/+  00, n - 00)

P{ sup \f„(x) - f(x ) \  s  e} 3= e~Kl,a"
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5. The proof of Theorem 1

First of all we give some lemmas.
Lemma 9. Under the conditions o f Theorem 1 for any xÇ_[a, b] we have

provided that
E(^«(/nW-E/nW)) ä  e " "

0 < A.
4 Ch.

where C is the constant of condition (vii).

P roof . Using the inequality e“s  1+ м+ и2 we have

[Ф„(дс,ад-ЕФп(д:,5к)]
) s  я | 1 + 4 ч ^ «  "Е (еяп(/п(*)-Е/„(*») =  J J  E (e »

k = l
This Lemma and the Markov-inequality imply
Lemma 10. Under the conditions o f Theorem 1 for any x-fa, b] we have

K„(c)n

P ( I / .W -  E/.W I — e) — e К

where the constant Kn(e) does not depend on n and x.

P roof of Theorem 1. Let for each positive integer n

nT = z <"> z[n) W<% =  nT

(the number T will be determined later on) be a partition of the interval [— nT, nT] 
having the following properties:

(a) C l 7 (") _  ?<") z i z i - 1

0 < Cj < c2 < + °°, / =  1, ... /(и)

(b) those endpoints of the intervals f n> which belong to [ — nT, я7] are elements 
of the sequence z^n\

By (a) and condition (iii)

l/»W -fn(y)\ ^  if x .y í tó .z í - » )
and

IEfn (x) -  E/„ (y)| s  C if x, у  € [z/!?i, zf>).
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Therefore we have
/(«)

p( sup |/„(x)~  E/„(x)| É £ ) á 2 p( sup !/„(*)- E/„(x)| è e ) î
—и

—  / ( « )  m a x  { P (  s u p  | / „ ( x ) -  E / „ ( x ) |  a  e ) }  ^

— /(n)max{P(|/n(zi(̂ 1) - E /n(z^)1)| a  e)} s  l(n)e
KpMn Kt(e)n
л„ ^  e h«

if n is large enough.
On the other hand

p( sup |/„(x) — E/„(x)| a  e) S  P Í sup |/„(x)| a  ± \  + 
l*|e_«T _ V 1*1 sn T 2 )

r)
x£[a + á,b-5] x 6 [or + ő, b — Ő]

|х|^л7 х£[а + <5,Ь-«5]
P sup |E/„(x)| a  — = P sup |/„(x)| a

|*|еят xela + d,b-ô]
if n is large enough, because of (ii) and (iv). The above expression can be estimated 
as follows:

P sup |/„(x)| a  —
Vl*|en7 z

U p f s u p  1
) VI*ISnT « k:

2  |Ф „(х ,^)|а  +
\Çk - x \ S â

+ P sup -  2  |ф„(х, ÍJI a  I-L
l | x | S w T  ^  fc:|<^k  — x | > « 5  o .

+  p |  s u p  -  2  | Ф „ ( х , ^ ) | а _ |  ^ 2 P | - C / 7 „  2  „  1 ^  - g  | 41*|ВИТ и A:: \Çk-x\>ô
-Ç) *:ICftla

+ P I sup — 2  \фп(х, Çk)\ a  1
«:|BnT И fc: O

^ is (x>-V)

where 5 |х , — | denotes the interval 
Observe that

P ||£*l > T | = P \W

nT
2

Tn l
X ~b~~2

m ж-

I 1 ) -  nTyТу -  „ Ту

where c(y) is a constant depending only on y, and /. Consequently
пеСл

Pl — Ch V 1 >  2
1 « " 2  лт 1 =  8 J =  I птУ

*■ lid-—

пс (у) \ "
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Let us choose the number T as Г > тах  , v j  and denote 7 y - l= y * > 0 . Then 

clearly
y*K2(c)n

Moreover

P |7 CA" Z eTi * j \ * e  *

p I sup_ 2 1 __\ф«(х ,Ы \  s y I ^  pK  =°

if n is large enough by (viii). Thus if n is large enough,

P( sup \fn(x )-f(x )\
a+ö^x^b—ö

+ p sup \£f„(x)-f(x)\ S
Va + ísxsíi-í

which proves our theorem.

^  e) s P| sup _ | / bW —E/„(x)| S -y I  +
a+ö^x^b—ő

sup \fn(x )-E fn(x)\ s  —
a+ó^x^b—ö

K(e)n
hn

6. A strong law

Finally we formulate a strong law. The proof will be omitted, just we mention 
that the proof of this theorem is quite similar to the proof of Theorem 1 of [5].

T heorem 2. Suppose that we have a function g(n) such that 

sup I E/„ (x) -/(x )I Ш g (я)
a+ö^x^b—ö

and there exist a /?>0 with g(n) >  n ß. Moreover suppose that all conditions o f Theo­
rem 1 hold but instead of (viii) we have

(viii')

whenever
Then

■ il\ f  n 1 1min 1 hn ' g(n)\

P limI oo

log и

\x„

min | | \ / T  1 1

|Фпи„,Т„)|<е„

log n

\xn-y*\>n"-

sup |/,(x )- /(x ) | = 0 | =  I.
a + ö^x <b — Ö

Remark that in case of the existence of higher derivatives of f(x )  G. Halász 
obtained a better rate of convergence o f / ,—/.
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OB ОДНОЙ НЕЛИНЕЙНОЙ ЗАДАЧЕ ОПТИМИЗАЦИИ

Д. СААС

Следующая задача* возникает в большом числе практических ситуаций: 
Имеется N приборов, которые работают независимо друг от друга. Пер­

вый прибор включается в момент 7 \= 0  ,/-ый прибор в момент Т{. Мы обоз­
начаем N — l -мерный вектор (Т2, ..., Ts) через Т и всвегда предполагаем, что 
OS T^S T3S  ... S  Тк. Время жизни системы, состоящей из N приборов, опреде­
ляется следующим образом

Сг = inf {х:х >  0, (J [Т„ Т’г + <?«-)},
1 =  1

где является временем жизни /-того прибора, P(!;i<x) = Fi(x), F,(0) = 0. 
Пусть .^множество всех функций распределения и

— I F.FdJfT, F (0) =  0, I xdF(x) =  mt, J (x — mi)2dF(x) =  of},

где W; и a, данные постоянные (/=1, 2, N) Пусть w(x) — некоторая функция, 
определенная для Задача состоит в том, чтобы определить значение

Е = sup inf Ми’(Сг)
Т  F , í & t  

( l S i S N )

и вектор Т такой, что
Е =  inf MwfCí.)F,Z*, T

( l S i  S N )

если такой t  существует.
В первом пункте настоящей работы мы дадим решение задачи в случае 

N = 2, причем w(x) имеет вид

( 1 ) W i ( x )  —  X  x è O

или

( 2)
10 0 S x <  Я 
И х ^  R

где R положительное число. Во втором пункте мы укажем на проблемы, воз­
никающие при решении задачи в случае общего N.

* Задача была поставлена на семинаре В. М. Золотарева и В. В. Токарева по теории 
надежности, работавшего в 1969 году в МИАН. Результаты работы докладывались на Между­
народном совещании по теории адёжности в Тихане (1969. IX. 16— 19).
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Частный случай тх — т2 задачи (1) рассматривался другим методом в лек­
циях Гермейера [2].

1. В этом пункте вместо Сг =  С(т2) мы будем писать ÇT, где Т=Т2, и для 
удобства мы принимаем условие £г > 0, которое по существу не изменяет резуль­
таты. Если ввести обозначения

(3) р =  P(Í! ^  Т)
(4) р* = ЩЦх - т х\£х >  Т), - р  = =5 Т)
(5) s*2 = D(^j — =- T), s2 = D « x —toJ Í j S  T) 
то

(6) pp =  (1 -p)p* 
и

(7) ps2 + ( l-p )s * 2+pp2 + ( l-p )p * 2 = aj.
Из известного свойства математического ожидания следует, что

(8) M w(« =  M ( w ( ^ i <  Т)р+  М(и’(шах (<5Х, Т + ^Щ г  ^  Т )( \-р ) ,  
где в случаях р — 0 и р = \ одно из слагаемых исчезает. Очевидно, что

(9) е(Т) =  inf Mw(Cr) = inf inf Mw(Çr),FiZ&i P,H,P* F1£&$
(1 =  1 ,2 )  s , s *  2

где ■S'l = (p, p, p*, s, s*) обозначает подкласс тех функций распределения из
■¥гх, вероятность и условные моменты (3), (4) и (5) которых равны р, —р, р*, 
s2, s*2 и inf берётся по системам параметров, удовлетворяющих уравнениям

Р.А. А* 
s, s*

(6), (7). Из (8) и (9) следует, что
е (Т )=  inf [р inf М ( v r ^  Т) + ( \ - р )  inf М(и>(шах (£1; Т+ £,2Щ Х>Г)].

Р .Р .Р *  Г  l € ^ î
s, s* F2 í &  2

( 10)

Значит, для вычисления е(Т ) вообще надо решить следующие задачи: 
а) Пусть 0,

Ж  = {C:GÇJf, G(0) =  0, G (а + 0) = 1, JxdG (x) = М, f  ( х - M fdG (x) = S2} 

и rç случайная величина такая, что  Р (>7 <х) = G(x). Ищется
inf Мн’(п).GÍJF

У2) Пусть

(11) (Si = {G:GÇ JT, Geo) =  0, f  xdG(x) = Л/;, f  (x - M d 2dG(x) = Sf} 

и P(//; <  x) = G;(x) (1 =  1, 2). Ищется

Jn f Мартах (r/x, rç2))-
0 = 1,2)
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При рассмотренных нами выборах функции w(x) (см. (1) и (2)) задача 
а) тривиальна, решение задачи у2) дается следующими леммами:

Л ем ма 1. Если г)х и г\2 независимы, то
inf М max (ifl 9t]2) =  max (Ml5 М2).Gj€»,

0  =  1, 2)

Л ем м а 2. Если рх и ц., независимы, то
inf P(max (i/j, rç2) è ü ) =  1 —k(R , M x, S1)k(R, M2, S2)G,e&i

0 = 1 , 2)
где

к (R, M, S) =
S2 Я 35 MS2 + (M - R j 1
1 R a  M.

Д оказательство  леммы 1. Неравенство M  max (t]x, rj2) S  max (Mx, M 2y  
очевидно. Определим G, следующим образом

P ( 4 i  -  М,-Ад =  P, P (* f ,  =  Mi +  Я , )  =  1 —p
где ____ ____

и 0< /)< ]. Если p достаточно близко к 1, то Mt— Л,аО и так G,£^j. Теперь 
легко убедиться в том, что при /?— 1

М max (/?!, )72) — max (Мх, М2) + o { fT -^ ) .
Д оказательство  леммы 2. Очевидно, что

i n f  Р ( т а х ( / / ! ,  rç2)  ^  Я )  =  1 —  s u p  Р ^  <  Я )  s u p  Р ( ^ 2 ■*= Я )
G,€»j Gig»! G, g» ,
0 = 1 , 2)

и утверждение следует из теоремы М аркова-К рейна ([1], гл. Ш, теорема 2.1). 
Следующие теоремы определяют функции

Пусть

ек(Т) =  inf МюДСг) (Ас =  1,2). 
(/=1,2)

m2+ym l —4ст? Т = л?!-----2 , 2------1, Т" = mx- m2 — ^m| — 4<т|

Теорем а 1. АТсли 2ох^ т 2, то для всех Т > 0
(12) еДГ) = Wj.
£с.ш 2о’1< щ2, wo при Т^(Т’, Т"), Т >0 <?!(Т’) определяется также с помощью
(12), и при Г<ДГ, Т"), Г > 0

(mx- T fех(Т) =  Т+т 2-{mx- T f  + a\
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Наконец. 

(13) еДО) = max (тх, т2).
Теорем а 2. Если T ^ R  или 0 < T < R  — m2, то

е2(Т) = \~ k (R , mx, ох).
Если 0 < 7 ’< /? < 7 '+ т 2, то для Т ^ т х

е2(Т) = О
и для Т  - m

е2(Т) =

<f\-(mx-T )p *
а\ + (m2 — R + Т)2

(ц* + mx — R)2 + fff -  (тх — T)p*J
Наконец,
(14) е2(0) = 1 — k(R, mx, ax)k(R, m2, д2).

Д оказательство  теоремы 1. (13) вытекает из леммы 1. Предположим, 
что 0. Очевидно, что ех (Т )^т х.

Случаи Т ^ т х, T+m 2S m x, Т<т х< Т + т 2 рассматриваются отдельно. 
Если Т ^ т х, тогда определим Fx так же, как определена Gx в доказательстве 
леммы 1, и пусть F2 любое распределение, сосредоточенное на конечном ин­
тервале. Если р достаточно близко к 1, то МС,Т=тх и (12) выполняется. Если 
Т+ т 2 =тъ тогда определим Fx и F2 таким же образом, как мы определили G, 
и G2 в доказательстве леммы 1. Мы получим, что при р -+1 МС,Т = тх + 0(]/\ — р) 
и поэтому (12) выполняется.

Рассмотрим случай Т<т х<Т+т2 Поставив в (10) wx(x) в место w(x) 
и пользуясь леммой 1

Исходя из произвольных значений параметров, мы повторно будем изменять 
их значения таким образом, чтобы (6) и (7) остались в силе и выражение под 
знаком inf не возрастало. Вначале фиксируем р, ц и /  и возьмем s=0. Из (6) 
и (7) получается, что

Теперь, если р и s (=0) фиксированы и р возрастает, то р* возрастает a s* убы­
вает. Выбирая s* = 0, из (6) и (15) мы получим, что р и р*, как функции от р име­
ют вид

ех(Т) = inf t [p(mx-p )  + ( I - р )  max (тх+р*, Т+т 2)]

= inf {тх + max[0, (Т + т2 —тх—р*)(1 —/?)]}.D. II. II*Р,Ц,Ц
s, s*

(15)
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Наконец, при фиксированных s(= 0), s* (=0) мы можем взять наименьшее 
значение ц, именно т1 — Т, значит

et (T) = ni14-птах 0, T — ml + m2(nil -  T f  + fff. '
Легко убедиться в том, что второй член под знаком максимума положи­

телен тогда и только тогда, когда w_> >2<tl и  Т£(Т', Т"). Отсюда и вытекает 
утверждение теоремы.

Замечание. Элементарные вычисления показывают, что если w2>2ff1>0, 
то функция

h(T) = Т+ т 2 (nil -  Т)г 
(mi -  Т)2 + fff

в интервале (Т', Т") имеет единственный максимум в некоторой точке Т"'. 
V" вычисляется следующим образом: уравнение z4 —az + a=0, где a=4w|/fff 
имеет два вещественных корня: z' и z" (1 <z'Sz"), и T'" —nii—Oi fz "—1.

Легко доказать следующее
Следствие теоремы 1. Если ffx>0, то существует Т, для которого 

Ei = max inf М(т = inf MÇf
T S  0  F t í P ,  F t í ^ t(i=l,2) 0=1.2)

T н Ei определяются по следующей таблице:

Если ffx =  0, то

2 a  i  -= m 2a x s  т г

/?ii «È m 2
f T ” произвольно

E i h ( T " ') n il

T  >  0 Т'"ш0
0

m 1 <  m 2 f 0  или T m 0

E i max (m -,, h ( T " ’)) m 2 m 2

Ei - lim inf М£г = т ,+ т г.Т-m, - 0 F.Z&,
0  =  1, 2)

Замечание. Легко видеть, что при фиксированных mt и wi2 и при ffx — 0 
мы имеем

f  — my— l/2w2fff/3 + o(fff/3) 
и

Ei = nii + п ц - ^  ]/2тга \3 + о(а]!3).

Д оказательство  теоремы 2. Основная мысль доказательства подобна 
тому, которой мы воспользовались в случае теоремы 1, поэтому здесь мы
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будем только указывать на важные шаги доказательства. Рассматрим только 
случай 7’ +т2, T<m v Доказательство в остальных случаях полу­
чается с помощью элементарных конструкций. Положив в (10) функцию 
w2(x) и пользуясь леммой 2, мы получаем, что

(16) ег(Т )=  m ï{ i<\ - p ) [ \ - k ( <R - T , m 1+ p * -T ,s * )k { R -T ,m 2,a 2)\}.р,р, р*
s,s*

Принимая во внимание, что R — T< m 2, мы получим, что выражение под 
знаком inf при R^rrix+ц* равняется

(17) ( 1 - /0  1-
Ö2

<7Í + (m2-  R + ТУ
и при R ^ m 1-|-ц* оно равняется

(,8) ( 1 ~ Р) [] ~  s*2 + (1Щ -р *  + R)2 ' ai + (ni2 — R+ TŸ) '

Теперь снова изменяем значения параметров подобным образом, как в дока­
зательстве теоремы 1.

При фиксированных р, р, р* можно взять s=0. Потом при фиксирован­
ных s(= 0) и р* берётся наименьшее возможное значение р, именно p= m 1 — Т. 
Теперь фиксируем s( =  0) и р{ = тп1 — Т ) и пусть р* изменяется при условии 
R ^ m 1+p*. Тогда из (17) видно, что для р* можно взять его наибольшее зна­
чение, именно р* = R — m1. Но в этом случае правые стороны в (17) и (18) сов­
падают, и утверждение теоремы отсюда и из (16), (6) и (7) уже следует.

2. Здесь мы укажем на проблемы, возникающие при применении метода, 
использованного в первом пункте, для общего N.

Определим следующие интервалы:

h  — [0, То), Ц =  (7), Ti+1] ( 2 ^ i ^ N - \ ) ,  IN =  (TN, oo).

Обозначим событие (7) + 0  Ç 7)} через CtJ, и обозначим далее

(19) P(Ctj) = Pij. М(Г, + ̂ г|Су) =  ptj, D(Ti + UCij) = afJ.

Из условий, наложенных на моменты случайных величин £2,..., ÇN следует, что

(20) 2  Pij Ríj = Tt + nii
j  = 1 

И

(21) 2  Pij [(Pij - T i -  m,)2 +  sfj] = af.
j=i
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С другой стороны, применив известное свойство математического ожидания

(22) е(Т) =  Mw(ZT)=  2- 2- 2 Я ^ М И С ^ П С у , ) .
} 1 =  1 Jt-i in=N к = 1 1 = 1

Следующее равенство очевидно
(23) е(Т) = inf inf Mtv(Cr),

Pij-Pij'Stj
(1 s i 'S ; S ) V )  ( ÎS /S A I)

где & ï = (Pij, Hij, Sij-, 1 S i ë j S A i )

обозначает класс тех функций распределения из#^, для которых кроме первых 
двух моментов вероятности и условные моменты (19) также фиксированы, 
и первый inf взят по системам параметров ptj, , Sy (1 ^ i ^ j ^ N ) ,  удовлет­
воряющих уравнениям (20) и (21). (Если при этом хотя бы один из классов 

пустой, то inf считается равной бесконечности.). Теперь из (22) и (23) мы
(isisíAO

получаем, что

е(Т) =  inf 2- 2 Í  / 7 А л ] ipf м И С т )| П с ш)-
PiJ.PiJ.PiJ Д  =  1  J k = J V ( í =  1

( l S i S j & N ) (ÍSÍSJV)
Значит, чтобы определить ^Г), нам надо знать

(24)
ЛГ

m (w(Ct)| П e j  (/ S y )  s  (V)
( 1 S I 3 . I V )

при любых y\, ...,yN При определении (24) возникают задача а),
задача

ß„) Пусть

Ж- = {(7: С€ Ж, (7(0) = 0, (7(а + 0) =  1, JxdG(x) = Л/;, f(x- M f  dG(x) =  Sf}

и Т5)!/,- <  х) =  Gi(x) ( I s i s  N). Ищется
inf Mvr(max(i71, ..., >]„)),

(lS/Sn)

где rjx, . rjn независимые случайные величины, и задача уп), которая является 
естественным обобщением задачи у2). Заметим, что для решения задачи а) 
существует разработанная теория (см. [1]), однако решение задач ß„) и у„), 
вообще не известно. В своем докладе на совещании по теории надежности 
Б. В. Гнеденко указал на явление, что задачи такого типа в большом числе 
возникают в теории надежности и массового обслуживания (Тихань, 1969, 
IX. 16—19).

В заключение хочу выразить сердечную бллагодарность В. М. Золотареву 
за поставленную задачу и за ценные разговоры при ее решении.

7* Studia Scientiarum Mat hem atic ar um  Hungarica 9 (1974)



100 Д. СААС

ЛИТЕРАТУРА

[1] K a r l i n , S.—S t u d d e n ,  W. J. Tchebycheff systems: with applications in analysis and statistics.
1966. New York, London, Sydney.

[2] Г ер м ей ер ,Ю . Б . Методологические и математические основы исследования операций
и теория игр. Текст лекций. Ротапринт. ВЦ МГУ. 1967.

Математический Институт Венгерской 
Академии Наук, Будапешт

(Постопила: 6-ого Октября 1973 г.)

S t u c t i a  S c i e n t i a r u m  M a t h e m a t i c a r u m  H u n g a r i c a  9 (1974)

MAGYAR "
TUDOMÁNYOS AKADÉMIA



Studia Scientiarum Mathemalicarum Hungarica 9 ( 1974) 101— 109.

SOLID SETS OF CIRCLES

by
G. FEJES TÓTH

To the sixtiesth birthday o f my father

It is known [1] that in the Euclidean plane the face-incircles of a regular hex­
agonal tessellation form a densest packing, and the face-circumcircles of a regular 
hexagonal tessellation form a thinnest covering. Analogous results hold in spherical 
geometry for regular trihedral tessellations. But the extention of these results to 
the hyperbolic geometry involves difficulties because of the lack of a reasonable 
notion of density. In order to avoid these difficulties it is convinient to introduce 
the solidity of a circle-packing and circle-covering [2].

A circle-packing is said to be solid if no finite subset of the circles can be re­
arranged so as to form, with the rest of the circles, a packing not congruent to the 
original one. Analogously, a circle-covering is said to be solid if no finite subset of 
the circles can be rearranged so as to form, with the rest of the circles, a covering 
not congruent to the original one.

A theorem of Mrs. M. Imre [3] implies that the face-incircles of any regular 
trihedral tessellation form a solid packing, and the face-circumcircles of any regular 
trihedral tessellation form a solid covering. It was conjectured by L. Fejes Tóth [2] 
that this result continues to hold for all trihedral Archimedean tessellations. With 
the aid of a general theorem he was able to prove this conjecture for a lot of Archi­
medean tessellations having two kinds of faces. As an example we mention the 
“football tessellation”, i.e. the spherical tessellation (5, 6, 6) and the hyperbolic 
tessellations (6, 6, 7) and (8, 8, 5). We shall prove the conjecture also for some tri­
hedral Archimedean tessellations in which three types of polygons occur, e.g. for 
the hyperbolic tessellations (6, 8, 10), (8, 10, 12) and (10, 12, 14).

We shall obtain these results as special cases of a more general theorem. Let 
S be a set of convex domains, s a finite subset of S  and A the area of the set of those 
points which are contained in at least one domain of 5 but not contained in any 
domain of 5 — s. Rearrange the domains of y in some way obtaining a set of domains 
s. Let S be the set of domains arising from S by replacing s by s and Ä the correspond­
ing area. We say that S  is a solid set of domains if for any s and s not congruent to s 
we have A >A.

Obviously, any solid circle-packing and any solid circle-covering is a solid set 
of circles. With the notion of the solidity of a set of domains the above mentioned 
theorem of Mrs. M. Imre can be formulated as follows: A set of circles concentric 
with the faces of a regular trihedral tessellation such that the boundaries of adjecent 
circles intersect or touch each other on the common edge of the corresponding faces, 
is always solid.

It may be conjectured that this theorem still holds for all trihedral Archimedean 
tessellations. Our aim is to prove this conjecture in some cases.
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We shall need a further definition in order to phrase our results. Let 1 ^p , 
be such that l/p+ l/q = l. Consider two convex domains G and H, and let F be 
the intersection of them. We define the area deviation of H  from G formed with 
the weights p and q, in short the deviation of / /  from G by

a(G, H) = p{G — F) + q (H — F).

Here and in what follows we denote a domain and its area with the same symbol. 
Denoting for certain weights p and q the minimal deviation of an я-gon from a circle 
o f radius r with d(n, r), we have the following

T heorem . Consider a set S o f circles concentric with the faces o f the Archimedean 
tessellation (nx, n2, n3) such that the boundaries o f adjacent circles intersect or touch 
each other on the common edge of the corresponding faces. Let rt he the radius of 
the circles concentric with the nfgonal faces o f the tessellation. Let AB he an edge 
o f the tessellation.. A' and B' the intersection o f the segment AB with the boundaries 
o f the circles and M the midpoint of AB. We choose the weights p and q=p/(p — l) 
defining the deviation d{n, r) as follows:

I f  the inequality

sin MA
———— on ihe sphere, sm MA

P =<
MA
MA'

sh MA 
sh MA'

in the Euclidean plane,

in the hyperbolic plane.

d(nt+ 1, r j+ d f i j -  1, rfi — dfiti, rj) — d(rij, rfi > 0

is satisfied for all i,j=  1, 2, 3 (iA-j) then S is solid.
The proof of the Theorem rests on some lemmas.
L emma 1. The sequence d (3 , r), d(4, r), ... is convex for all fixed values of p, 

q and r.
Since in the cases p=  1, q — °° and p — °°, <7=1 Lemma 1 expresses wellknown 

facts [2], we can restrict ourselves to the case when l< p , <7<°°.
Let C be a circle with centre 0 and radius r, a a sector of C with angle 2(p<n 

and А —АО В a triangle such that A and В are on the half-lines bounding <7. From 
among these triangles we are looking for that one which has a minimal deviation 
d=d{q>) from a.

Obviously, we may suppose that the side AB intersects the boundary of C at 
two points A' and B' which may coincide. Small rotations of the side AB about the 
midpoint M of A'B' show that AA' — BB'.

Consider a segment EF of length x. Let t = t(x, y) be the area of the part of the 
parallel domain of the line EF at distance у  lying between the lines perpendicular
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1

to EF at E and F. Writing v(y) = ̂ ,  we have

sin y on the sphere, 
v(y) = ■ y  in the Euclidean plane,

.shy in the hyperbolic plane.
Small displacements of the line AB perpendicularly to OM show that for the 

triangle having minimal deviation from a we have
pv(MA') = q(y{M A) — v{MA')),

thus
sin MA

_ v(MA)
P ~ v(MA') ~

sin MA 

MA
MA'

sh MA 
sh MA'

— on the sphere,

in the Euclidean plane, 

in the hyperbolic plane.

It is easily seen that the triangle A=AOB is unicly determined by this relation.
We claim that d{cp) is a convex function of cp. Consider the triangle A=AOB 

having a minimal deviation d=d(cp) from er. Let и be the segment cut off from the 
circle C by the line A B. Then

d{cp) = pu+q(A — сг-f и),
thus

d__
dtp

,, , du
d<i>) = p ! ï + ‘i

dA da du
dcp d<p dcp

Let g=g(cp, в) be the area of a circular sector with angle 2cp cut out from a circle of
dgradius Q. Writing w(q) = ^ — and x=OM, we havedq>

dA .. dx . . . . .  . du dx . . . . . .—— = w{OA) + —r-v{MA) and -j— = — — v(MA). dcp dcp dcp dcp
Thus, in view of 

we have
pv(MA') =  q{v(M A)-v(M A'j),

—  d(cp) = q(w(OA) — w(r)).

Since w is an increasing function of q it suffices to prove that О A increases with cp. 
Consider a triangle A* = A*OB* with < A*OB*=2cp*>2cp having a minimal devia­
tion from the corresponding sector of C. Suppose that OA*<OA. Let C' be the 
circle with centre О and radius О A and D one of the points of intersection of the 
line A*B* with the boundary of C'. Let the boundary of C intersect A*B* at A*' and 
B*'. Let M* be the midpoint of A*B* (see the figure). Then we obtain by a simple 
computation that

Studia Scientiarum  M athem aticarum  Hungarica 9 (1974)



104 G. FEJES TÓTH

v(MA)
J(MÄT)

У
У

cos2 ОМ  — cos2 OA 
cos2 ОМ  -  cos2 OA'

OA2-О М 2 
OA'2-О М 2 and

ch2 OA — ch2 OM 
ch2 OA' - c h 2 OM

v(M*D) 
v(M* A*') - y

I /

cos2 OM* — cos2 OA 
cos2 OM* — cos2 OA'

OA2 — OM*2 
OA'2 — OM*2

ch2 OA - c h 2OM* 
ch2 O A '- ch2OM*

Hence, in view of OM  * <  OM, we have
v(M*A*) v(M*D) v(MA)

P ~  v(M*A*') "  v(M* A*') ^  v{MA') ~  P’
which is a contradiction.

Let P be an n-gon having minimal deviation from the circle C. It is easily seen 
that P is convex. It follows that OÇP. Otherwise we can displace P in such a way 
as to increase the intersection F  of P and C, decreasing thereby the deviation a(C, P). 
Let Ax, ..., An be the triangles based on the sides of P and having О as a common 
apex. Let the angle of the triangle A, at О be 2<p;. Let the deviation of At from the 
corresponding sector be d[. Because of the convexity of cl Up) we have

a(C, P) = d-L + ... +dn s  d((pi)+ ... +d((p„) ^  nd(n/n).

Thus F is a regular и-gon concentric with C, and we have

d(n, r) = nd(n/ri).

It is known [2] that if f(x )  is a convex continous function of x> 0  then so is 
the function xf(l/x). Therefore the convexity of the function d((p) implies the con­
vexity of xd(it/x). This completes the proof of Lemma 1.

L emma 2. Let px, , pn be the number o f sides of n non-overlapping convex
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polygons joining along whole sides and having a connected pointset union U. Then

Pi+ ■■■ +Pn = 6(n + h - 2 ) + f - b ,
where h is the number of the connected components o f which the complementary o f U 
consists and f  and b are the numbers o f vertices lying on the boundary of U at which 
only two and more than two edges meet, respectively. Equality holds only i f  at each 
vertex at most three edges meet.

This lemma, which is Lemma 6 in [2] is a simple consequence of Euler’s formula. 
We omit the proof here.

Lemma 3. The faces of a trihedral Archimedean tessellation form a solid set.
Let T be a trihedral Archimedean tessellation. Consider a finite subset s of 

the faces, and rearrange them in some way, so as to obtain a new set s of domains 
forming together with the rest of the faces of Г a tessellation T. We have to prove 
that T  is congruent with T.

First we show that the faces of T join along whole sides. For, let AXA3 and 
A2A4 be sides of two faces of T such that A2 and A3 are interior points of the segments 
AXA3 and A2A4, respectively. It follows that there is a face of T with a side A3A5 
such that A4 lies on A3Ab. Thus we obtain by induction a set of points ..., A_x, A„, 
such that A4 lies on A3A5. Thus we obtain by induction a set of points 
..., A _x, A0, Ax, ... such that Ai_xAi+1 is a side of T  containing as an interior 
point A[ (1=0, ±  1, ±2, ...). In the Euclidean and hyperbolic plane this implies that 
the Archimedean tessellation T has faces joining along real partial segments of 
certain sides, which is impossible.

On the sphere this argument does not work. But j.he assumption made on the 
sides AXA3 and A2A4 shows that in A3 some faces of T must meet whose angles at 
A2 add up to n. On the sphere there are seven trihedral Archimedean tessellations, 
and it can be checked that non of them satisfies this requirement.

In order to prove Lemma 3 we obviously may suppose that the pointset union 
U of the polygons of s is connected. Since the faces of T  join along whole sides we 
can apply Lemma 2 to the polygons of s. Applying, on the other hand, Lemma 2 to 
the polygons of s evidently equality holds. Since the left hand sides are in both cases 
equal, we have equality also in the first case, showing that the tessellation T  is tri­
hedral. But if two adjacent faces of T are given, the_construction of the rest of the 
faces is unicly determined by the conditions that T is trihedral and its faces join 
along whole sides.

Now we are ready to prove our theorem.
Consider the Archimedean tessellation (nx,n 2,n 3) and the set S of circles 

described in the Theorem. Let the n,-gonal faces of the tessellation be D), D), ... . 
Let the circle of S  concentric with D) be C). Let s be a finite subset of S and s a 
set of circles obtained by rearranging the circles of s in some way. Consider the set 
of circles S={Ci, Cf, ..., Cl, Cl, ..., Q , C\, ...} arrising from S by replacing s 
by s. We define the Dirichlet cell D) of Cj as the set of points which have a smaller 
power with respect to Cj than with respect to any other circle of S. As the intersec­
tion of half-planes Z)j is a convex polygon. The Dirichlet cells of S join along whole 
sides and fill the plane without overlapping and without intersteces [2]. Since we 
have rearranged only a finite number of circles, there are positive integers mt , m2
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D3 3and m3 such that the pointset union U of the cells D\, D™1, D\, ..., Щ2, Dl,
is connected and that for any i>rrij D) and D) are identical ( / — 1, 2, 3).

Let F be the part of U covered by the circles C { , C ”1, C \, ..., C£2, Cl, ..., Cf3 
and F the part of U covered by the circles C\, ..., C"1, Cl, C™2, Cl, ..., C33.
It suffices to prove that if s is not congruent to s then F-=~F. Writing Fj = Dj П Cj and
Fj = Dj П Cj we have

and

3 m  j

: У У F:
y = l i = l

F = 2  2  Frj= i ;=1
The proof of the inequality F>F rests on the fact, to be proved later, that if s is not 
congruent to s then for the deviations formed with the specific weights defined in 
the Theorem we have

3 rtij 3

(* )  2  2  a(C‘j, Dj) ■ 2  mjd(rij, rj).
7 =  1 i=  1 7 =  1

First we consider the case when 5 neither forms a packing nor a covering. Then 
the weights p and <7 defined in the Theorem are finite. We have, on the one hand,

on the other hand, 

Hence

Fj = Dj — ( Dj — Flj),

F) =  C ) - ( C ) - F %

F F ] 3 mJ 1 3 mj 1 3 mi
F = -  +  -  =  -  2  2 D ) + -  2  2  C j — L  2  2 a ( C ) ,  D)).P q p  7 = 1  ;=i 1 q 7 = 1  i = 1  1 Pq A  / - 1  J 1

But by the choice of p and q we have
d(nj, rj) = p(C) -  Fj) +q(D) -  Fj).

Thus in view of

and
2 2Щ

7 =  1 i = l
= 2  2 D )
7=1 í=i

3 m j  3 rtij

2  2 c) =  2  2 c j
7 =  1 / = 1  7 =  1 / = 1

the inequality ( * ) implies that whenever s is not congruent to s.
Consider now the case when S is a packing. We assume that S is also a packing, 

because otherwise the inequality F <  F is trivial. Thus in view of the inequality (*) 
we have

3 m j  3 m j  3  ttij 3

F =  2  2  D‘j -  2  2  a(C), D‘j) ^  2  2  D j-  2  mjd(nj, rj) =  F
7 = 1  1 =  1  7  =  1 1 =  1 7  =  1  l '= l  7 =  1

with equality only if .5 is congruent to S. The case when S is a covering can be settled 
in a similar way.

We continue to prove the inequality (*). Let n) be the number of sides of the 
Dirichlet cell D) . Applying Lemma 2, on the one hand, to the polygons D\, ..., D™1,
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D\, ..., D™-, D\, ..., D33, on the other hand, to the polygons D\, ..., D”\  D\, . 
D\, ..., D33, we find that

nm -•• ' ^ 2  >

and
Z  mjnj — 6(m1+m2 + m3 + h — 2 )+ f—b

7=1

whence

(n )

2  Z  nj — 6(m1 + m2 + m3 + h — 2) +/ — b, 
7 = 1  í = i

3 ntj 3

2  Z n7 = Z ^ j i t j .
7 = 1 i = i  7 = 1

With the above notations we obviously have
3 m j  3 n tj

2  2  ö ‘) ^ 2 2  d(n), rj).
7 = 1 i = i  7 = 1 i = i

We want to find the minimum of the right hand side of this inequality under the 
condition (n). We may suppose that in (и) equality holds. Otherwise we replace some 
of the rij’s by greater values, so as to obtain equality in («), decreasing thereby the 
sum under consideration. Again, we may assume that

n) + ... + n}J =  rrijtij (j = 1 ,2 , 3).

For supposing e.g. that « i+ ...+ « * l<»i1B1, we have either nl + ...+п2г>~т2п2 or 
nl + ...+п%3>т3п3. Suppose that я2 + ...+и2а> т 2и2. Then for some к and / 
we have п\<пх and n2>n2. Therefore, in view of the supposition

d{n2-  1, r1) + d(n2 + 1, r2) — d(n1, rl) — d(n2, r2) >  0 

and Lemma 1, we have

d(n\, ri) -d {n \+  1, r j  a  d(nx-  1, r ^ - d f a ,  rL) >
d(n2, r2) -d (n 2+ 1, r2) a  d{nl2-  1, r2) — d(n2, r2), 

i. e.
d(n\, ^ + ( / ( 4 , r2) >  </(«î + l, Г!)+</(«^— 1, r2).

Thus replacing «5 by «Î+1 and n2 by «f — 1, and repeating this process until no n\
3  ntj

is less than nx, the sum Z  Z  d(rij, rj) decreases. The remaining cases can be settled
7 = 1  í = i

m J
in the same way. Thus, by Lemma 1, Z  d(n), rj)^m jd(rij, rj) ( j —1,2,3), show-

1=1
ing that

3 w  j  3

2  2  a (C‘j,  Щ  a  2 ’ mjd(nj, rj).
7 = 1 ( = 1  7 = 1

The above proof shows that equality holds only if Z)j is congruent to D j. Thus, in 
view of Lemma 3, equality holds only if s is congruent to s.

This completes the proof of the Theorem.
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A  set of computations, kindly performed by Mrs. I l d i k ó  Z s i g m o n d ,  has shown 
that the inequalities of the Theorem are satisfied in many cases. Before presenting 
the results of the computations we mention that for integers пг, n3, n3 greater than 2 
a tessellation {nlt n2, n3) exists if and only if either (i) n1=n2 = n3, or (ii) two of the 
« /s are equal and even, or (iii) non of the n;’s is odd [4]. The tessellation is spherical, 
Euclidean or hyperbolic according as 1 /^ +  l/n2 + 1/я3§  1/2, respectively.

Lemma 1 guarantees the fulfilment of the inequalities under consideration in 
the regular case (i). In the following table those further tessellations (nlf n2, n3) with 
n1S n 2=n3̂ 20 are listed which satisfy all inequalities of the Theorem for all admis­
sible circle-systems.

(3, 4, 4) 
(3, 4, 5) 
(5, 6, 6) 
(5, 8, 8) 
(6, 6, 7) 
(6, 6, 8) 
(6, 6, 9) 
(6, 6, 10) 
(6, 8, 8) 
(6, 8, 10) 
(7, 8, 8) 
(7, 10, 10) 
(7, 12, 12) 
(7, 14, 14) 
(8, 8, 9) 
(8, 8, 10) 
(8, 8, 11) 
(8, 8, 12) 
(8, 8,13) 
(8, 8,14) 
(8, 8,15) 
(8, 8,16) 
(8, 8,17) 
(8, 8, 18) 
(8, 10, 10) 
(8, 10, 12)

(8, 10, 14) 
(8, 10, 16) 
(8, 10, 18) 
(8, 12, 12) 
(8, 12, 14) 
(8, 12, 16) 
(8, 12, 18) 
(8, 12, 20) 
(8, 14, 14) 
(8, 14, 16) 
(8, 14, 18) 
(8, 14, 20) 
(8, 16, 16) 
(8, 16, 18) 
(8, 16, 20) 
(8, 18, 18) 
(8, 18, 20) 
(8, 20, 20) 
(9, 10, 10) 
(9, 12, 12) 
(9, 14, 14) 
(9, 16, 16) 
(9, 18, 18) 
(9, 20, 20) 

(10, 10, 11) 
(10, 10, 12)

(10, 10, 13) 
(10, 10, 14) 
(10, 10, 15) 
(10, 10, 16) 
(10, 10, 17) 
(10, 10, 18) 
(10, 10, 19) 
(10, 10, 20) 
(10, 12, 12) 
(10, 12, 14) 
(10, 12, 16) 
(10, 12, 18) 
(10, 12, 20) 
(10, 14, 14) 
(10, 14, 16) 
(10, 14, 18) 
(10, 14, 20) 
(10, 16, 16) 
(10, 16, 18) 
(10, 16, 20) 
(10, 18, 18) 
(10, 18, 20) 
(10, 20, 20) 
(11, 12, 12) 
(И, И, 14) 
(11, 16, 16)

(11, 18, 18) 
(11, 20, 20) 
(12, 12, 13) 
(12, 12, 14) 
(12, 12, 15) 
(12, 12, 16) 
(12, 12, 17) 
(12, 12, 18) 
(12, 12, 19) 
(12, 12, 20) 
(12, 14, 14) 
(12, 14, 16) 
(12, 14, 18) 
(12, 14, 20) 
(12, 16, 16) 
(12, 16, 18) 
(12, 16, 20) 
(12, 18, 18) 
(12, 18, 20) 
(12, 20, 20) 
(13, 14, 14) 
(13, 16, 16) 
(13, 18, 18) 
(13, 20, 20) 
(14, 14, 15) 
(14, 14, 16)

(14, 14, 17) 
(14, 14, 18) 
(14, 14, 19) 
(14, 14, 20) 
(14, 16, 16) 
(14, 16, 18) 
(14, 16, 20) 
(14, 18, 18) 
(14, 18, 20) 
(14, 20. 20) 
(15, 16, 16) 
(15, 18, 18) 
(15, 20, 20) 
(16, 16, 17) 
(16, 16, 18) 
(16, 16, 19) 
(16, 16, 20) 
(16, 18, 18) 
(16, 18,20) 
(16, 20, 20) 
(17, 18, 18) 
(17, 20, 20) 
(18, 18, 19) 
(18, 18, 20) 
(18, 20, 20) 
(19, 20, 20)

The total number of the regular and Archimedean tessellations (nl5 n2, n3) with 
2S w1S « 2^ « 3s 20 amounts to 256. Thus our Theorem confirms for the majority 
of these tessellations, exactly for 130+19=149 tessellations, the conjecture made 
in the introduction concerning the solidity of the corresponding circle-systems.

There are some tessellations such that all inequalities of the Theorem are satisfied 
for the face-incircles of the tessellation. But increasing the circles in the described 
way, at least one of the inequalities stops to hold up to a certain point. Among the 
237 Archimedean tessellations (n1,n 2,n 3) with n1̂ n 2 = n3^20  there are 15 such 
tessellations, namely
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(5, 10, 10) (6, 10, 10) (6, 12, 14) (7, 16, 16) (8, 8, 19)
(6, 6, 11) (6, 10, 14) (6, 14, 14) (7, 18, 18) (8, 8, 20)
(6. 8, 12) (6, 12, 12) (6, 16, 16) (7, 20, 20) (8, 10, 20).
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APPROXIMATION OF LACUNARY WALSH-SERIES 
WITH BROWNIAN MOTION

by
I. BERKES

I.§ Introduction

It is well-known that lacunary subsequences of orthogonal systems behave 
similarly as independent random variables, e.g. they obey the central limit theorem, 
the law of the iterated logarithm and other related results. The proofs of such theo­
rems are usually based on the method of Salem  and Z y g m u n d  which adapts the 
classical technique of characteristic functions and of exponential estimates for such 
dependent sequences. The crucial property of a lacunary subsequence { fnu)  of an 
orthogonal system {/„} which is used in the proofs is the fact that the sequence 
{f„k} is not only orthogonal but “almost multiplicatively orthogonal” in the sense 
that the integrals f f nilf m2...f„,mdn (m^3) are small. The idea is simple, the calcula­
tions, however, are sometimes very involved, particularly in the case of the law of 
the iterated logarithm. The purpose of the present paper is to prove that by using 
a dilferent method we can obtain much stronger results in an easier way, at least 
in the case of the Walsh-system. Namely, instead of imitating the classical methods 
for such sequences we shall construct a Brownian motion which approximates the 
partial sums of a lacunary Walsh-sequence very closely and then, using well-known 
limit theorems for the Brownian motion, we obtain the same theorems automatically 
for the Walsh system. In this way we can prove not only the central limit theorem 
and the law of the iterated logarithm but also the functional (Strassen-type) law 
of the iterated logarithm, the invariance principle, the strong form of the law of the 
iterated logarithm giving exact upper and lower class criteria, e.t.c. To obtain these 
results (especially the last one) by the classical methods seems to be very difficult.

Approximation with Brownian motion appeared first in the works of S t r a ssen  ; 
he used it to obtain some attractive limit theorems for independent r.v.-s and martin­
gales. Our present proof also uses martingale techniques. It seems likely that the 
results of this paper are valid (exactly in the same form) also for the trigonometric 
system; our present proof, however, makes essential use of the special properties 
of the Walsh-system. On the other hand, if the lacunarity condition is strong enough, 
the results of our paper can be extended for every orthogonal system. This will be 
proved in a subsequent paper. 2

2. § The approximation theorem

Definition. Let Х1г X2, ... and X[ , X2, ... be sequences of r.v.-s on the probability 
spaces ( f i , P )  and (fí',#"', P'), respectively. We say that the sequence Xlt X2, ... 
is equivalent to the sequence X[, X2, ... if the finite dimensional distributions of the 
two sequences are identical.
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Theorem 1. Let я1<и2-<... be a sequence o f positive integers such that for 
every k S  1

(2.1) +ck~* c >  0, 0nk 2

Then there exists a probability space (Q.SF. P), a sequence Xx, X2, ... of r.v.-s and 
a Wiener-process £(t) such that the sequences Х г. X2, ... and wni, wn%, ... are equi­
valent1 * and

(2.2) Хг +  ... +X„ =  C(n) +  0  (и5’“'*) a.s. 

where p is a positive constant depending only on a, c.

3. § Some lemmas

Lemma 1. Let Ylt Y.,, ... be a sequence o f r.v-s such that E( K„j Kj, ..., K„._L) =  0 

a.s. (я =  1,2,...), E F ^O , b„= 2  E(Tia|T1, ..., У(_х) — °° a.s. and
i=i

(3.1) 2 Л « - 2е( № .......У - , ) ^ -  «.лn = 1

where /(x)=- 0 is a function on (0, +°°) such that f(x )  t°°, x- 1/(x))0 if  x~°°. Then 
there exists a probability space (Q, 3F, P), a sequence Ft , Ÿ2, ... of r.v.-s and a Wiener- 
process £(t) (each is defined on (Q.dF. P)) such that the sequences Y1,Y 2, ... and 
Ft , ? 2, ... are equivalent and

?1 + . . .+ ? „  =  c(b„) + о ((ibnf(b n))4 log b„) a.s.
as n-*-°°.

This lemma is an immediate consequence of Theorem 4.4 in [1].

Lemma 2. Let и1< и 2< --- be a sequence o f positive integers satisfying (2.1) 
and put

A(Nm> -  2  |Е(и’И(1Н'„,. ... H'(f(m)|
i S i ' l < . . . < i „ S A

Then we have
2 „ l+a

Aff> ^  CjiV1+*, Atf> = C2N 2x+1 log N, Air> C3N~ 3 " (m s  5) 

for every 1, where Cl , C2 depend on c, a.; C3 depends on c, a, m.

Proof. See the proof of Lemma 2 in [3].

1 The underlying probability space in the case of the Walsh-system {»'„} is (fî„, .Fa, P„) where
Q u =  [О, I ], is the class of Borel-subsets of [0, 1] and P0 is the Lebesgue-measure o n # !,.
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Lemma 3. Let «1< и 2< ... satisfy (2.1). Then for every K^O, 1 and for every 
e„ = ±  1 we have

where C4,

E( [ ^  C4L2 + C5(K + L)2‘+1

( f  K +  L y p \  2+l± i2p
ЕЦ 2 + i«»"..J J ^ C ßL ' + C7(K+L) 2

C5 depend on c, a ; Ce, C7 depend on c, a, p.

2

togCAT+L)

(p >  2 integer)

Proof. From the polinomial theorem we obtain

where ßk, ..., ßj can be any positive integers whose sum is 2p and the indices v4, ..., Vj 
vary between K + 1 and K+L. If ßk, ßj are all even then y'Sp and since

for 1 it follows that the sum of such terms in the right side of (3.2) is
at most CPLP where Cp depends only on p. On the other hand, using the fact that 
wh — 1 or wBv according as ßs is even or odd we obtain that the sum of the remain­
ing* terms in (3.2) is at most C'p(A(f l L + ...+ A (i f L). Applying Lemma2, we obtain 
the desired result.

Lemma 4. For any p > q ^ \  we have wpwq =  wr where p — q ^ r ^ p  + q. Further­
more, i f  pd[2k,2 k+i), <7 Ç[2(, 2, + 1) ( /c > /)  then wpwq = ну where r£[2k, 2k+1).

Proof. Trivial.
Q + k

Lemma 5. Let и1< и 2< . . .  satisfy (2.1) and put Zk— У w„r Then we have for
(=0 +  1

every ß sO  and every real t

(3.3) P( max Zk > t) == 2P{ZN >  t - l f N )
l^k^N

and

(3.4) P( max \Zk\ >  i) ^  2P(\ZN\ >  t-2 ]ÍN )
ISfcSJV

provided that
2

(3.5) N - \Q  + N)2*\og(Q + N) ^  00 
where ö0 depends only on c, a.

This lemma is the analogue of a well-known maximal inequality of Kolmogorov 
(see [4] and also [7] where a similar inequality for Walsh-series with Hadamard 
gaps is derived). In the special case Q = 0 condition (3.5) is satisfied for N ^ N 0.
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Proof. Put
A — { max Z k =- /}, C = \ z N > t — 2 ]/TV}, A  = {Zk > 

1
A  =  { A  s  t ,  . . . , z k _ 1 t k t , Z k > t )  ( 2  s  fc s  jV )

A  = {z*-Z* > - 2 j /Ä ]  ( l s f c ^ J V ) .
N

It is obvious that the sets AkBk are pairwise disjoint and (J AkBka C , hence
k =  l

(3.6) 2 P ( A £ * ) ^  P(C).k~l
On the set Bk we have2 (ZjV—ZA)2^4N, thus the Markov-inequality gives

(3.7) P(AkBk) s  -^7  j { Z N- Z kf d x  =  [(2V-*)P(A) + 2 ^  /w ^w ^i/x]
Ч У У  Л к  £ < / <  j ^ N  Ak

where k = Q-rk, jV =ß + iV. We shall prove that for l ^ k ^ N
2

(3.8) L ^  ^  C8iV2a[log(c_1(V0t) + 1]P(A)
k < i < j ^ N  A k

where C8 depends only on a, c. Using this relation, we obtain from (3.7) and (3.5)
2

P Í A B ^ S i P ^  +  Q T V -^ Io g iV .P C A Í^ iP ÍA ), thus Р ( Л 5 ,) ^ Р ( Л )  for
N

1 S k ^ N .  Combining this result with (3.6), one sees that ^P (ri)= i P(A) —
»i=i

^P(C) and this is identical with (3.3). The same argument, applied to the sequence 
{— vv„.} instead of {w„.}, yields P( max ( — Zf£)> i)^2 P (( — Z,v)>? — 2|//V) which,

ISfcSJV
together with (3.3), easily implies (3.4).

It remains to prove (3.8) for every fixed k. To this aim, let us introduce the in­
dices m, a, b for which uj£[2m, 2m+1), и{£[:2“, 2a + 1), rij£[2b, 2b+1), m ^a S b . We 
state, following an observation due to A. Földes, that the integral J  w„.wn.dx

Ak
2

can differ from zero only if a = è<m  + log (c_1À“) + 1. This statement is sufficient 
for our purposes, since every interval [2!, 2, + 1) contains at most C10N X members 
of the sequence wni, ..., w„_ (see Lemma 1 of [3]), hence the number of pairs (/, /) 
for which j w„.wnj dx?±0 is not more than (C10iV“);i[log(c_1Àa) + 1]. Estimating

Ak I I
each of these integrals trivially by / w„.w„.dx\^?{Ak), we obtain (3.8).

.  AkTo prove the statement mentioned above, let us denote by s(i9j)  the index s 
for which wn.wnj — ws (see Lemma 4) and remark that if s ( i , j ) ^ 2m + 1, then 
/  wn.wnj dx=E(jAk wv(l j)) =  E(xAk) E(ws(i j)) =  0 (xAk is the indicator of Ak). In fact,

Ak

2 Bk denotes the complement of Bk.
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Ak and Хлк are defined in terms of »v„Q + 1, ..., wn i.e. in terms of the Rademacher- 
functions rlt ..., rm+1; on the other hand, if s ( i,j)^ 2 m+1 then the product form of 
wsutJ) contains an rv for which v>m + 1 and thus the r.v.-s %Ak and w s d , j )  are in- 
dependent. Now, if a<b, then by the second statement of Lemma 4 s(i,j)£

2

£[2fc, 26+1), i.e. i(/,y ')S20+1ë 2 m+1. Furthermore, if a= bSm  + \og (c~1Nx) +1, then
2

/iis 2 m+log(c' 1̂ “)+1 = 2m + 1c~1N x, i.e. by (2.1) and the first statement of Lemma 4 
s(J ,j)Sn j—nl^ n i+1—ni^cn ii~°‘^cn iN~a^ 2 m+1. In each case we have 

I wn,wnj dx=0  and the proof of Lemma 5 is completed.

L emma 6. Let X1, X„, ... be a sequence o f r.v.-s on the probability space (Q, 3P, P) 
such that every Xt takes only the values ±1. Let 1 = а 1< й 1< а 2< 62< ... be a sequence

К
of integers and put Tk— У, Xt. Let P') be on other, atomless3 probability

i=ak
space and let T[, T.f ... be a sequence of r.v.-s on P') which is equivalent to
Tlt 7'2, ... . Then there exists a sequence X{, X'2, ... o f r.v.-s on P') which is

bk
equialent to Xx, X2, ... and Tk — ^  X{.

>=yk . .
■g The proof of this statement is simple routine and is omitted.

4. § Proof of Theorem 1

By assumption а<1/2, furthermore (r+ l)/r(l — s)— 1 if r— e —0, thus we
can choose an integer r ^ 2  and a rational number £>0  such that

1+ а г +1 1 r +1  .. -. - ,. ,  ~ . -(4.1) —----- ----- - <  -r-, er > 8, —— (2 a + l)< 2 ,  r(l - 2 a - 2 e ) > 2 a .3 r(l —e) 2 r
We can also achieve that /-(1—e) is an integer. Let the intervals

Ai =  [Pi,qil Ak =  [p'i, 0Í], ..., Ak =  \pk, qk], Ak =  [p'k, q'k], ... 

be defined by
P i =  1, p'i =  4i +  l ,  ...,Pk =  q'k-i+\, pk - q k+ \ , . . .  

and
\Ak\ = Akr \А'к\ = АкГ*~*> {k = 1 ,2 ,...)

where \A \ denotes, for any interval A=[a, b], the number of integers contained in A, 
and A is a positive integer such that

(4.2) A1-* a  c-13a2r(1-i).
Put

тк =  2  тк =  z  w n,-
i € лк i e Xk

3 A probability space (S2\ P') is called atomless if for every AÇ.3P' with P'(A )>0  and for
every 0^p-?P'(A) there exists a B ^ S '’, B e  A such that P'(B)=p.
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We shall prove the following proposition, which implies the statement of Theorem 1 
fairly easily:

P r o p o s i t i o n .  We have

(4.3) ЕСВД, Tk_x) -  0 (k s  1)
(4.4) E(Т?\Тг, ..., Tk_x) = Akr (k S  ka)
(4.5) E{Tk\Tx, Tk_i) ^  Clx{АкГ {к ^  K) 
where Cxx depends only on a, c.

To deduce the theorem from the proposition, let us first assume that (4.4) and
(4.5) are also valid for every к S i  and apply Lemma 1 for the sequence 7j, T2, ...

к
with f(x) = xe where 1 is a suitable constant. Put Bk= 2  Air, then the general

i=i
term of the series in (3.1) can be majorized by

B -2eCu (Anr)2 ~  (C12nr+1)~2eCxx(Anr)2 ~  C'13n2r_(r+1)2i.

Here 2r—(r+ l)2g — — 2 if p->-l thus we can choose q in such a way that the 
series converges. For such a q  the lemma is applicable and we obtain (using also 
Lemma 6) that there exists a probability space (Q, SF, P), a sequence Xx, X2, ... of 
r.v.-s and a Wiener-process £(t) such that the sequences Xx, X2, ... and wm, w„2, ... 
are equivalent and

(4.6) V1 + ...+ V k = C(Bk) + o [b Y " 0) a.s.

where Vk= 2  Xt and ho is a positive constant. We can also assume, without loss
g

of generality, that . If (4.4) and (4.5) are valid only for k s k 0 , then instead
О

of (4.6) we obtain Vx+ ... +  Vk=t,{B'k)+o Cb^ - "0) where B'k= £ Е (Т ? \Т Х, ..., r,_i).
1 = 1

But B'k — Bk = 0{  1) and B'k ~  Bk. hence the Borel—Cantelli lemma yields £(B'k) — 

—C(5t) =  o(log k) = o [ ß 2 and thus (4.6) is valid also in this case. Put now

s n =  2  x i> К  =  2  x t , D k =  2  л г +  2  л « 1- *  ~  c u k ' +1.
i=l  /€/i'k i=1 i=l

Using the Markov-inequality, Lemma 3 and the fact that the sequences Xx, X2, ... 
and wni, w„2, ... are equivalent, we obtain

p W l  s  \A'k\*+S) = p (|7 ï| ^  \A'k\*+S)

s  Mil 2р(г +г) E([7jc'|2p) ^  |^ |  Ч 2+г) ( (C e M ^ + c 7A + 3 2p]
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for every ô >  0, p > 2. Here

S  С15Л<Г+1)(2+^ 2р) C„Ä:2<r + 1>+'-‘1- ‘)'’

by the first relation of (4.1), hence, choosing p large enough, using

l^l =  A k '^ -^
and the Borel-Cantelli lemma we obtain

This implies
Vk = O ( n í |2+á) = о  (k (l £)( 2+í)) for any Ô > 0.

К'+ .. .+ K ' = o ( k r<1 E)(a +á)+1)

and if we choose <5 sufficiently small, we obtain

V i+ ...+ V k' = 0 (k y °r+1)
i.e.

(4.7) Vk+ ...+ V k = 2  x i + ° ( k y«r + 1) a.s.
i=i

where y0= l/2  —e/4. A similar argument yields for every <5>0 

P ( D * - 4 ) 2+ä) == (Dk- B k) 2̂ 2+^ e ((.=2 +/» , )  P) s

- 2 p { ± + ö \ \  2 + ^ 2 p )
(Dk — Bk) РЬ  ){ c e(Dk- B kY + C7Dk 3 ).

Dk

Z  Ъ
i= B k + 1

Using again

D
p

= C15k2(r+1)+r(1~e)p, Dk — Вk = 2  ^«r(1_I) ~  С16ЛГ<1"‘)+1,
i = l

choosing p large enough and applying the Borel—Cantelli lemma we obtain
Djj Bfe Dk Í  ̂ I Л

(4.8) Z X i - Z X i =  Z  * .=  0 \(D k- B k)* j =
1 =  1 / = 1 i= B k +  l

0(кУо'+^

if ö is also small enough. (4.6), (4.7) and (4.8) imply

(4-9) S„k = B± X l =  Ц(Вк) + 0(кУо'+') + о (äJ " " 0) =  C(4) +°(0Л a.s.

since U’or+ig&ia 8) = o ( ß 2 ,<0] by pa<E/& and the second relation of (4.1). 
Relation (4.9) yields the statement of our theorem for the indices n=Bk.

S tud ia  S c ie n tia ru m  M athem aticarum  H ungarica  9 (1974)



] 18 I. BERKES

To deduce (2.2) for every n, let us observe that Bk+1̂ C 11kr+1, Bk + 1 — Bk~Akr
2 2

and hence (Bk+1—Bk)~1Bê+1 log Bk+1~ C lskr(2x~1) + 2* log к which is o(l) by the last 
relation of (4.1). Using this fact and the equivalence of the sequences Xk and w„k, 
we obtain from Lemma 5

--f-á
max |S „-S BJ & (Bk + 1- B k)2

t B k +  l S « S B k + 1

|5вк+1-5 в „ |М В * +1-Я * )г+ - 2 (Bk+1- B k) 2} S

S  2P
Bk
2  Ц

i = Bk+ 1 I
i ( Bk + 1- B k)2+S

for sufficiently large k. The latter probability can be estimated by the above argument
( l + a \I  2  H- - - - - - - - 2  p

3 ^  C19k 2(r + 1)+r(-1~c)p I and we obtain from the Borel-Cantelli lemma[using Bk+1 

max
8k  +  l S n S B k + 1
ties of the Wiener-process

max |S„ — SBJ =  О {(Bk + 1 — Bk)2 ) for every ő>0. By well-known proper-
B k +  lS n 3 = B k + 1

p | sup | C ( / ) - c ( ^ ) | s  (ß ,+1- ß , ) 2+i
t ß k S i ^ B k + 1 )

S  2p (|C№ +1) -C № ) | == (Bk+1- B ky +d) = 4[1 -Ф((Вк+1- В к)й)] s  

S  (27г)_ ЧЯ*+1-Я * )-ге х р { -1 (Д * +1- Я ^ } ,  

thus Bk + 1 — Bk ~  TÆr and the Borel-Cantelli lemma yield

Here
sup Ш -С (А ) | =  o ( (B k+1- B k)2+ô).

BkStSBk + l

(Bk + 1 Г  Rr + X
20 D  t

4

where if Ô is sufficiently small. Consequently, for any k ^ k 0, Вк + 1Ш п^Вк + 1 
we have

\Sn -  C И  S  |SBk -  C (Л*)| +  max |S„ -  SBJ +
Bk +  l S » S B k t I

+ sup |î ( 0 - C ( /y | = О IbJ""°) + o  U j _") = o i ß f H  = О
Bk S t S B k + 1

where p = min (^0, /?). The last relation is identical with (2.2).
It remains to prove the Proposition. To this aim, let p and q denote the largest 

integer of the interval Ak_k and the smallest integer of the interval Ak, respectively; 
let further w„ = rsrs.rs—  (s>s'>s"...). Then every Walsh-function appearing in 
Tj, T2, ..., Tk- X contains only the Rademacher-functions rk, r2, ..., rs and hence
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every set of сг(7’1, T2, ..., Тк_1)4 can be obtained as a disjoint union of sets of the 
form {r1=e1, /-s=es} (ev =  ±1). Our Proposition, therefore, will follow if we can
show that
(4.10) f  Tkdx = 0 (к £  2)

E

and
(4.11) P(E )-1 f  Tgdx = Akr, P(E)-1 J  T£dx == Ск1{Акг)2 (к £  k0)

E E

for every E={r1- e 1, . .. ,r s=es}.
To prove (4.10) and (4.11), we first remark that

(4.12) к - 2 , 3 , . . .
n„ k—1 к—1

where /?=1— a — 2e. Indeed, q= 2  Air + £  г)4-1 = 3^/cr+1 and hence by
1= 1  i = l

(2.1), (4.2) and the second relation of (4.1) we have

nq-i/n„ £  JJ (1 +ci~*) £  2  ci~* £  cq-“|J£_J £
I = p  i= p

£  c ( 3 A k r+1) - xA ( k / 2 y ^ - ^  =  [сЗ “ 01 Л 1- а2 - г<1- £>]Л:г<1- я- е> -“ £

£  2fcr = 2kßr.
In particular, ив/ир£ 2  which implies that in the product form of every term of the 
sum Tk= 2j wn, there appears a Rademacher-function rv with v>s. Let now

iéák
E={r1=Bl , . . . ,rs = Es} and investigate a term wni = rn ... rV| of the sum Tk= 2  wn,

i 6 4jc
.on the set E. From the decomposition w„ = П  rvj’ П  rvj (where the second

V j ^ S

product is not empty by our remark above) it follows that w„=wtlwmi where w,t 
is constant on E (+1 or —1) and wmt does not contain rt , . .. ,r s. (Of course, can 
be 0 if the first product is empty, but mf>-0 is always satisfied.) Therefore, on the set 
E we have Tk= 2  wn,= 2  eiwmi where gt= ±  1 ; observe now that 2  Q i w m, is

i<iAk ‘ l i A k ‘ l t A k
independent of E and thus we have for every y£  1, A:£2 1
(4.13) P^ ) “ 1 j  T ldx  =  P (E ) '1 f  ( 2  etw„)J dx = f  ( 2  QiWm) J dx

E  E  5  i i A k

The indices are, in general, different from the nf’s but we shall prove that they 
also satisfy a lacunarity condition

(4.14) ^ ± ± £  i + 4 - ' ~ ‘ (t,t+  \ ZAk, k m k à
n t,  2.

furthermore
HI c(4.15) — * - £ l +  - . ( q - l ) -  (к £  кк)

n „ - l  2

4 c (T i, Тг, .. . .  Г*.,) denotes the ст-algebra generated by Tu  Tt , . . . .  Тк. к.
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This implies, in particular, that all the m?s are different (if кШк^) and hence, apply­
ing (4.13) with y=2, we obtain the first relation of (4.11). On the other hand, (4.14) 
and (4.15) show that the sequence nlt n2, nq_x, mq, mq+1, mv (u is the largest 
integer of Ak) satisfies the lacunarity condition (2.1) with c/2 instead of c. Hence 
Lemma 3, the third relation of (4.1) and

к к —1
V = 2  Air+ 2  A i'V -v  Ä 2Ak'+1 

1 =  1 1=1
imply

2

E(( 2  Öiwm f) ^  С21(А кГ  + C22(2Akr+1)2a,+1 log (2Ak'+1) s  C23k 2' s  C23(Akr)2-iiAk
By virtue of (4.13), this yields the second relation of (4.11). Finally, applying (4.13) 
wi thy=l  we obtain (4.10), and this is valid for every k ^ 2  since here we do not 
need (4.14) and (4.15), but only (4.12).

To obtain (4.14) and (4.15), let us observe that wmt = w„t(wt)~ 1=w„lwu and hence, 
by Lemma 4, ni — ti^n ii^n i + ti. Now w„p= r srs-rs«... implies 2s-1, further­
more w,t can contain only rl t ..., rs and thus 2s. We have therefore q ^ 2np, i.e. 
\ni — mi\-&2np for every i£Ak. Hence

m .+ i-m , [l + - J i_*j =  (»»,+i - m , ) -

— (nt+i — n,) — 4np — —cnpt~* n,ct x — 4np —

— cript * - 4  np- c n pt~x

for every t, t + 1 £Ak. Here c • njnp^2ckßr by (4.12) and for any t£Ak we have (S oS  
^ 2 Akr+1 i.e. &tx + 2c^8(2Akr+1)x + 2c^C 2ik (r+1)x<2ckßr for k ^ k x by the last 
relation of (4.1). Thus c-nq/np — 8tx — 2c>0 and (4.14) is proved. A similar argument 
yields

'e-i ! + T (9- 1)- n „ ( q -  1) a
c
2 0s=2— 2 ( q - l Y > 0

for sufficiently large k, hence (4.15) is also valid and the proof of Theorem 1 is 
completed.

5. § Some limit theorems for lacunary Walsh-series

In this paragraph we mention some consequences of Theorem 1. To obtain 
these results, we remark that (2.2) implies

(5.1) max \Sk- t(k ) \  =  О (nT_") a.s.
isis«

where
Sk — Xx + ... + Xk.
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Definition. Let У1гУ2, ... be a sequence of r.v.-s, SN= Y1 + ... + YN (S0 =  0) 
and let XnO) denote the random function defined in [0, 1] which is linear in every in­
terval [(k — \)/N, k/N] ( l ^ k ^ N )  and x,v (£/#)=&* * (O ^k^N ). Put (pN ( t )  = 
= N ~1/2xN(t), \l/y(t)=(2N log log N)~iI2Xn(0- We say that the sequence Yl t Yt , ... 
obeys the functional central limit theorem (invariance principle) if the sequence 
<pN ( t )  of processes converges weakly to the Wiener-process in the usual sense, i.e. 
the measures pN on the space C[0, 1], corresponding to the processes cpN ( t ) ,  con­
verge weakly to the Wiener-measure. On the other hand, we say that the sequence 
Yx, Y2, ... obeys the functional (Strassen-type) law of the iterated logarithm of the 
sequence tl/N(t) is equicontinuous with probability one and the set of its norm-limit 
points (in C[0, 1] norm) coincides with the set

l
К — ■[*(/): *(/) is absolutely continuous in [0, 1], x(0) =  0 and J  x(t)2dt ^  l j .

о
Theorem 2. Let nt < и2 <. . .  be a sequence of positive integers satisfying (2.1). 

Then the sequence w„k (k=  1,2, ...) obeys the functional central limit theorem.5

Theorem 3. Let ... be a sequence of positive integers satisfying (2.1).
Then the sequence w„k (k=  1 ,2 , ...) obeys the functional law o f the iterated logarithm.

Theorem 4. Let n ^ n 2̂ . . .  satisfy (2.1) and put Sk= У) wm- Then
i=i

max Si.
r  - f  I S k S N  t tliminf—= = = = =  = —=  
лг—=> ^IV/loglogiV /8

for almost all x€[0, 1].
Definition. Let YX,Y 2, ... be a sequence of r.v.-s, 5„=У1-|-... + Уп. We say 

that a function (pin) belongs to the upper class with respect to У1гУ2, ... if a.s. 
there exist only finitely many n such that Sn> fh  q>(n); furthermore, we say that 
(pin) belongs to the lower class if the inequality S„>fn<p(n) is satisfied for infinitely 
many n a.s.

Theorem 5. Let их-=п2< . . .  satisfy (2.1) and let tp (n )> 0 be a monotone in­
creasing function. Then cp(n) belongs to the upper (lower) class with respect to w„k

if  and only if the sum 2  ~  (P(n)e 2  ̂ ^  converges (diverges). In particular,
п =  1 n

(pin) = 2 log2 л + у  log3 л + log4 и + ... + logfc_1« -t- (1 +e)log kn

1_
~2

belongs to the upper class i f  e > 0  and to the lower class if  eSO6.
Theorem 2 follows immediately from (5.1), Theorems 3 and 4 follow from (5.1) 

and well-known theorems of Strassen and Chung  (see [2], [5]). Finally, Theorem 5 
follows from Theorem 1 by an argument similar to the one used in [1], pp. 337—338.

5 See footnote 1.
• log2 n = log log n , logk n = log (logk_, ri).
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6. § Remarks

1. In the case a >1/2 Theorem 1 is no longer valid; in fact, for every a >1/2 
there exists a sequence nyo t 2<... such that nk+1/nk=\ +k~a but the central limit 
theorem does not hold (see [3]).

2. A special case of Theorems 2 and 3 (a =  0) is proved in our paper [6] by a 
different method.
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TWO LOWER BOUNDS FOR LYAPUNOV TYPE FUNCTIONALS

by
Á .ELBERT

We consider the differential equation

(1) y"+p(t)y = 0.
where p(t)> 0 for /=-0. Let t0 = 0, tlf ..., t„ be the consecutive zeros of a solution 
y(r) of (1), and let be the zeros of y'(t) with t0< t [ <r„.
It is easy to see that y'(t) has no more zeros on [?0, r„]. We say that the function 
p(t) belongs to the set of functions C,.[?0;n] (v=-0) if p(t) is nonnegative, non­
decreasing and [p{t)]v is concave on [/„, t„]. Similarly, p(t) belongs to Cv[r0; п —Ц 
if p(t) behaves in this way on [/„, t'„].

Now we are interested in finding lower bounds for the Lyapunov type func­
tional

tn
(2) /„ =  !„(p) =  (t„~t0) f  p(t)dt

*0
if pZC v[t0; и]. The upper bound is already known (see [1]—[3]). Concerning the 
lower bound we mention an inequality due to A. S. G albraith [4] which asserts

t'n
К  =  (('„-![) f  p(t )dt  i s  ( n -  l)2n2

for nonnegative, nondecreasing and concave p(t )  on [t[, t'n]. This yields as an im­
mediate consequence the estimation /„>(« —l)27t2 for /r£Cv[f„;«]. A little later
J. H. .Cohn [5] showed among others the relation

(3) Lip)
I 1 / n

n ~ \ n + l  7
A 2v +  1

+ 1
In [6] we have found the inequality

tnf" ___ ( I
J  i p i t )  dt a  y i - — n+ j

for p e c v[t0-,n].

for p e c v[t0;n],

where j fl is the first positive root of the Bessel function J„(z) of first kind. Applying 
the Cauchy—Schwarz inequality we get

(4) л —j l  n+ j for p£C v[t„\ti\.
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124 Á. ELBERT

Since j  2=1-243046... , the lower bound in (4) is likely sharper for v ^ l than 
“У

the one in (3).
From now on we restrict ourselves to the case v=l and r0 = 0. The latter means 

no restriction at all, because the functional In(p) is invariant under the linear trans­
formation x = t—t0.

T h e o r e m . With the above notations, the inequalities

15)

and

(6)

h(p)
31/2

и - —  I n + —̂ ~J_±

j j  n2+ C ^ n - j ) n  + j j 2_

hold for р£.Сх[0;n], where C=2.74964... is defined by
T

C = min
p ( t ) e c ■ H I

T\p(T )  + 1
у p ( T) d

f  P(t)dt {T=  t'-d-

The constant C in (6) is the best one.

Remark. Since C>2 • (3/2/4) j  2 = 2  • 1.31844... the lower bound for In(p) 

given in (6) is sharper then that in (5).

P r o o f . Because the functions twice continuously dilferentiable and concave 
in C1 [0; n] are everywhere dense in Cx [0; и], it is sufficient to consider only these 
functions while we must take care of the inequality signs in (5) and (6).

Let us introduce the function cp(t) defined by

(7) têcp(t) = ~ y ^ y  , Vi0) =  0.

The properties of cp(t) are dealt in [7] and now the followings are required:

(8) q>(ti) = in i =  0, 1, ..., n

<P(t'i) = [*—j ]  я i = l , 2 ,  ...,n,

(9) 4>' = }'P +  sin 2tp

(10) -s •
4 V о о A ilA 3

(11) F(t) = J  P sin 2<р(т) dx £  0 (t ^  0) 
о 4PiV

(12) F(ti) ^  F(t'l+1) (i = 1, . . . , n - l )

(13) © A -e A V
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Let pA t) be defined by
\p{t) 0 S t S x S t n

<,4) ^ - U  » • *
It is clear that pxÇ.Ci[0; л]. The differential equation (1) with p=px(t) has solution 
yx(t) with the initial conditions yx(0) =  0, y'(0)=y'(0), whose л-th zero is t„ x . 
Determine the functional In{Px)- Now px(t) is twice continuously differentiable 
on the intervals (0, x) and (x, °°). By the aid of (7) with p= px{t) and y=-yx{t) we 
can define the function cpx{t). Of course, <px(t)=cp(t) for О ё/^jc and (px{t) is 
continuous on [0, °°). By (9) cp'x{t) = \p{x) for t>x, hence integrating <p'(t) from x  
to tn x we have

i.e.

and

(15)

nn-cp(x) = }p(x) (t„'X-  x), 

nn — (p{x)
—  X  +  -

Ÿ P ( X )

In(Px) = (nn-q>{x) + x \p(x) )\nit-q> (x)
1

f  p{t)dt =  J(x)

(0 — ^ — hi)-
\P(x) 0

It is clear that /(?„)=/„(/>) and У(0) = л2л2. Next we shall show the relations

(16) In{p) = J{tn) S  A O  ^  At'n-i) ^ ... S  A O -

By the aid of (9) we can differentiate J(x), thus

(17) J'{x) =
2P

- sin 2 cp (
J _1. x J

пк-ср + — р 2 (x) f  p{t)dt + ̂ x p *  {x) +

+ {пп-(р)[хр2 (x ) -p  2 (x) j  p(t)dt)

Here the second term in the brackets is nonnegative because OScpSnn and p(t) 
is nonnegative and nondecreasing. By (8) and (10) (n— ̂ ) n^(p(x)Snn on [t'„, t„], 
and sin2<p^0 there, and / '(* )—0, i.e. J{tn)=J{t„).

Now we consider the interval [0, f„], where cp(x)S{n—$)n, hence nn — cp^ 
ёл/2, thus

(18) y 'W  ^  £ —nn sin 2cp — {<P- f  IP dt) +

+ (/
— 1 x j i
p d t - - j p  2 (x) f  p d t -  — xp 2 (x) +

+ T {x p i ~P  * /  Pdl) z 0
p_
2P

— Я7Г Sin
_1_ _1_ д: 1

2<P-\fi+h\ + ̂ { x p 2 -P  2 f  Pdl) j .
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From (9), (11) and (13) we find easily 
x

f  —J  4p

/  X  r  X

0 — f \  == f  -j— sin 2(p dt ä  í  JL- 2t \ p dt = x]/p -  f  \ p dt = 
J 4  n J 4p  J

/ 2  — —
1

2 Vp 0

/  Ь 'р(х) -  ÍPU)~\ dt.
О

x
J  \-P W  -  2 (p  (x) ip ( t)  +p  (<)] dt =

hence

= -  ---- f  dp (x) - \ p ( t ) f  dt i s - i -  f  (Íp(x) — Íp(t)) dt,
2  ip(x) 0  2  o '

y  (-'P2-/* 2 f  p d t ) - l / i l - l / a l ^ ^ -  / ( V > ( * ) - ^ ( 0 ) ^ - / i - | / 2 |  §
z  О z  0

= ( y - y j  /  ( / /К * )  -  V/KÖ) dt a  0,

thus by (12) and (18) for i=  1, 2 ,..., и — 1
ri + 1 /

= —nn J j-s'm 2(pdt = - 2nn(F(t'i+1) -  F(t',)) £  0.
A P

which proves (16).
Let T = t [  then by (15) and (16) we have

(19) J .Á P )  =  | « - y j  * 2 +  Ф ( р )  | " ~ y j  n +  T  J  p ( l t ’

where
____ I t

(20) •HP) = T \p (T )  +  ■ f  pdt.
\ P ( T )  0

To prove (5) and particularly (6) we shall make use of an inequality due to 
D. Banks [8]: If p (t) in the differential equation (1) is nonnegative and concave 
on [a, b\, where a and b are two consecutive zeros of a solution of (1) then

Let

® 9
(b -a ) j  pdt m —/ 2_2 .

a ^  3

_ Ы г) о
~ \p { 2 T - t)  T 7 S t^ 2 T .

The symmetry o fp*(t) with respect to t= T  together with y'(T) = Q implies that the 
function

\y(t) O ^ t ^ T  
\y{2T — t) T ^ t ^ 2 T
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is a solution of the differential equation y" +p*(t)y=0. Whence the inequality of 
Banks states that

2 Г  Г  g

(21) 2Г f  p*dt = 4 T  J  p d t ^ T j \ .
0 0 Z 3

If we apply the inequality between the arithmetic and the geometric means we 
have in (20)

T  _1
ф (р )^ 2 { Т  f  pd t)2 ,

0
thus by (21) and (19)

L(P)

which is the same as (5) but the equality sign. The fulfilling of the equation here 
requires the equality between the arithmetic mean and the geometric mean both

______  _______  T

used above. This equality can occur only in case when T^p(T)=  \/ÿp(T) f  pdt,
ó

i.e. when /?(i) =  const. However, for p(t) = const the value of I„(p) is «2л2 which is 
larger then [(и— £) Я + 3 / /8 -j 2]2 thus (5) is proved completely.

Now we shall seek for a function /^(iJÇCJO; £] which minimizes the func­
tional Ilf(p). It is clear that there is such a minimizing function. Let >»(?) be a 
solution of (1) with p=p(t) which fulfils the conditions j(0) = 0, ^'(0)^0, and let T 
be the first positive zero of j'(*) =  0- The function p(t) need not be twice con­
tinuously differentiable anymore but it is nonnegative, nondecreasing and concave, 
therefore it can be written in form

T

(22) p(t) = f  gt (t)dr(Ç),
0

where the integral is taken in Lebesgue—Stieltjes sense and

Q0(t) = 1  0 ^  t ^  T

(23)
0 s  t ^  X 

X  s  t ^  T,
and T(£) is a nondecreasing function bounded above with, say, Г(£) = 0 for

It. is clear that if e>0 then />+еех€С1[0;^] and by the definition of p(t) 
we have

(24) Ф(.т) = lim Ф(Р + вдх) -ф (р) s  0 
£-+o £

We must evaluate this function. Let yc be the solution of the differential equation
(25) y" + (p + egx)y = 0
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with the initial conditions j E(0) = 0, y'e(0)=y'(0). Let T(e) be the corresponding 
zero of y't {t). Now y£(t) can be written in the form

Л(0 = 2  £n4n(t),n = 0
where tl0(t)=ÿ(t) and t]n (ji= 1,2, ...) fulfils the differential equation

Чп+РПп =  -Q.rVn-1

and the initial conditions are ti„(0)—t]'(0) = 0. Solving this differential equation via 
method of variation of coefficients we obtain

(26) t]n =  cnp + d„ÿ, t]'„ = cny + d nyn,
where

I r
c„(t) = — /и- J

1 1
dn{t) = ----- /  ехООЧп-гСОЯт)*’ (« = 1.2, ...)

and >>(/) is another solution of y" +py = 0 such that j  and j  are linearly independent, 
and w = w(t) is the wellknown Wronskian ÿÿ' —y'y=  const^0. Thus by (26)

v'(T)
lim — —- = lim Z s n~WÁT) =  »fi(Г) -  У (Т )^ (Т )  =
£ - 0  £  £ - 0  n =  l

=  - z^ p -  f  Q Á t)y\t)d t,
и <r

and otherwise, by the mean value theorem

£—- 0 ß £-*-0 ß
П е ) - Г  - , ^ - , n d T (  0)

=  - Т  (Л  lim ----- ----- =  p (T) y  (T)— —
c-о £ de

The Wronskian w taken at t= T  supplies w=ÿ{T)ÿ'(T) and combining this with 
the last two limits, we have

(27) dT( 0)
de

1
р(Т)уЧТ) 0.f  Qx(t)f(t)dt.

Before going further we show that /i(r) is constant on an interval [T—8, T] 
with <5>0. Let {/?(m)(t)}“ =1czC1[0; be a sequence of twice continuously dif­
ferentiable functions satisfying

(28) lim p<m>(i) = p(t) 0 =: t T.
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We denote by <p(m) and ф the corresponding functions, by T<m) the value of t at
7Г

which (p(m)(t) = y  ’ an<̂  *et P*"' be defined as px in (14). Now we can determine 
'A(PÍm)) like I„(px) in (15),
(29)

_____  1 *
<И/4т>) =  п — 2<р(т)(х) + хУр(т) (л) + y = = = r  J  p(m>(t) dt for 0 g  r  s  T, 

hence

(30) (ЧдРх )] =  Г sin2(pim)+x^ ~ / p(m)dt ■

The sum in the brackets has the limit

g(x) =  -  sin 2ф(х) + x Ур(х) — - =  f  p(t) dt o Ä X S  T.
fp(x) oJ

as m -*■ Since p(i)^const, g(T)>~0. Then there is a <5>0 satisfying g(x)>} g(T) 
on [T—S, Т]. Hence by (28) and (30) we have for m >m a and T —b ^ x < T

Jim)
* < # » > - « * • ) ■  f

Letting »I— »  it follows

i.e.

(31)

o  ^  iH P )-iH px) s  l o g ^ f  -  0 ’

p(x) = p(T) for T — á s  г  <  Г, á =* 0.

By (27) Г(е)<Г when e>0 small enough. Then by (31)

Ф(Р + евх) =  ф(р) + \ т̂=  + 2УШ){Т{г)-Т)-
2 У P (т)

f  pdt +
2p* (T) У P {T) s

f  Qxdt + 0(e2),

hence by (24), (27)

(32) УрУт)Ф(х) = - ~ ф у  /  ex? d t+  f  Qx d t + - j ~ 2 i ï m J P d t -2 2p(T) J

The most important property of Ф(х) is that it is strictly convex on [0, Т]. 
To prove this we differentiate twice the function Ф(х) given in (32) making use of 
(23), then

^PiT) Ф"(х) =  — ?(Г) f  2 t[ f ( x ) - f ( t ) ] d t  for 0 < X <  T
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and since j(0) = 0 and _р'(7) ^ 0 on [0, T), the function y2(t) is strictly increasing 
therefore Ф"(х)> 0 on [0, T).

Let us extend the domain of definition of p (t) from [0, T] to [0, °°) by p(t) = 
= p(T ) for î =ë T. Then a simple consideration shows that the relation (24) can be 
generalized as follows. If y(x) is a real function of bounded variation on [0, 7’] and

T

e ( 0  =  f  вx(t)dy(x),
0

then

(33) lira №  + <*>-№ > =  dy w ,
e - * + 0  £  f

while we must assure only that the functions p + sg belong to C\ [0 ; 4] at least for 
small positive e's and Ф (x) as same as in (32).

Concerning Ф (x) we shall prove that Ф (x) vanishes exactly at one point x0 £ [0, Т]. 
Since Ф(х)^0 and strictly convex it may have at most one zero. If Ф (x) would 
have no zero then it should be positive on [0, Т]. Then choosing q(() =  —p(t)  
in (33) we would have by (22)

lim » ((1 -« У > -№ >  = _  ( t { i ) d m )  < 0,
e-.0 £ f

thus for enough small e> 0  it would be i//((l — и)у5)-= i/z(/?) which would be a con­
tradiction to the definition of p. Hence Ф(х) is strictly decreasing on [0, x0] and 
strictly increasing on [x0, Т].

When x0>0 then let xL £ (0, x0) be such that Г (x) is continuous at x= x1 and 
we take

xi
e(0  =  -  f  ex(t) d r  (x).

о

It is clear that p+eg£C1[0; thus by (33) and by the above mentioned property 
of Ф(х)

0 ~  lim ^  + ев)~ ^(Ё ) — — P ф (x) d r  (x) s  -  Ф (x,) [Г (xx) -  Г ( -  0)],
S-+0 £ f

i.e. Г (—0) = Г(х1). Since Г(х) is almost everywhere continuous we have T (—0) = 
=  r (x 0 — 0) and similarly Г(х0+0)—Г (Г +  0), therefore by the notation 
у =  Г(х0 + 0 )-Т (хо-0 )  p(t) =  ySxo(0-

3 ___
The transformation t= \ x j y  s turns the differential equation of y(t) into the 

differential equation of Т(5) =ÿ(t) of the form

(34) Y"+ p(s)Y=  0,
where

f 5 0 ^  s S  <T
ß(s) = ]

I CT S ^  (7.
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By a simple calculation we could show that the functional ф(р) is invariant 
under this transformation. Now we have only one parameter, a. If we take p(m)(t) = t 
in (29) we obtain for our case in (34)

3 -Ф(Р) = п-2(р((т) + — а 2 = K(a),

where q>{o) (according to (9)) is the solution of the differential equation

(34) sin 2 (p, <p{ 0) =  o.

The function K(a) has only one minimum, i.e. K'(a) has only zero, if <p ranges 
over [0, тг/2]. On [0, zr/4] we have sin 2(p^(4/n)<p and by (34) <p' >  f u, hence

• 7 8 1sin2<p >  — c 2,in
thus

K'{a) I g 
4 2<r sin 2 (p 4

Зл /и  < 0 for ff >  0, (p(ff) < 7Г
T '

On the other hand, the function oK'(o) is strictly increasing if n/4S(p^n/2  and if 
cr (and (p also) increases. At <p = jt/2 K'(ct) >0, therefore there is exactly one zero 
of K'(p), at which K(o) assumes its minimum. This value is denoted by C in Theorem. 
We remark here that there is an interval where the minimizing p(o) is constant. 
Taking into consideration that in (21) the minimizing function for the functional

T

T J  pdt has no interval where it would be constant (see [8]), we see, that (19) and (21)
о

proves (6) and thus our Theorem is proved completely.
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LOKALE WERTE UND GRENZWERTE 
VON PREDISTRIBUTIONEN*

von
A.-M. SÄNDIG

Zusammenfassung

In Abschnitt 1 wird die Konvergenz einer Folge von Predistributionen definiert 
und gezeigt, daß diese äquivalent zu der von E. Berz  in [1] gegebenen Definition 
der Konvergenz einer Folge von linearen Funktionalen über D, dem Raum aller 
reellen, beliebig oft differenzierbaren Funktionen über R mit kompakten Träger, 
ist. Weiterhin wird ein nichtstandarder Beweis des standardén Satzes über die 
Äquivalenz von starker und schwacher Konvergenz von standardén Distributionen­
folgen gegeben.

Der Abschnitt 2 beschäftigt sich mit dem lokalen Wert einer Predistribution 
in einem endlichen Punkt. Die Definition des lokalen Wertes lehnt sich stark an 
den von S. L oja siew icz  in [2] geprägten Begriff eines lokalen Wertes einer standardén 
Distribution an. Die Äquivalenz der beiden Definitionen im standardén Fall wird 
in Satz 8 bewiesen.

Das bestimmte Integral einer Predistribution wird in Abschnitt 3 mit Hilfe der 
lokalen Werte definiert. Es wird ein hinreichendes Majorantenkriterium für die 
Existenz des bestimmten Integrals und ein Satz über die Vertauschbarkeit von 
Grenzwertbildung und bestimmter Integration einer Folge von Predistributionen 
bewiesen.

0. Es sei ein geeignetes nichtstandardes Modell höherer Stufe der Analysis, 
in welchem wir die folgenden Überlegungen ausführen können, und 9JÎ ein standardes 
Modell der Analysis (vergl. [4]). Befinden wir uns im Modell *SDI, bezeichnen wir, 
wenn es zu Verwechslungen führen kann, die entsprechenden Begriffe und Größen 
mit einem Stern. Größen, Begriffe, Mengen, Funktionen ... nennen wir Standard, 
oder sagen „im standardén Sinne“, wenn sie im Modell 9JÎ definiert sind und in *9Л 
beschrieben werden.

A. R o bin so n  führte in [4], Abschnitt 5.3, Predistributionen folgendermaßen ein: 
Es sei Q die Menge aller inneren reellen Funktionen J'(x) einer reellen Variablen, 
die über jedem beschränkten Intervall im * Sinne von Lebesgue quadratisch integrier­
bar sind, und für die das folgende * Lebesgue-Integral ff(x)tp(x)dx  für alle

*R
cp(x) aus dem Raum D der reellen Schwartz’schen Grundfunktionen einer reellen 
Variablen in 9Л endlich ist. In Q wird eine Äquivalenzrelation eingeführt: Zwei

* Herrn Prof. Dr. I. F e n y ő , z . Z .  an der Universität Rostock, gilt mein Dank, da er mich 
auf diese Thematik aufmerksam machte und durch zahlreiche Hinweise zum Entstehen der vorliege- 
den Arbeit wesentlich beitrug.
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Funktionen ffix)  und / 2(х) sind genau dann zueinander äquivalent, wenn für alle 
<p (x) aus D gilt

f /1 (x) <P (x) dx =! f  / 2 (x) cp (x) i/x.
*R *R

Hierbei bedeutet das Zeichen=x „gleich bis auf eine infinitesimale Größe“, und 
*R ist die nichtstandarde Erweiterung der Menge aller reellen Zahlen in *9M [4]. 
Die so definierten Äquivalenzklassen werden Predistributionen genannt. Wie A. Ro­
b i n s o n  [4] zeigte, definiert jede Predistribution a  =  { / 2 ( x ) }  ein lineares Funktional 
T=T(a) über D im Modell 9JÎ:

(0.1) (T,cp) = ° [ f f x(x)<p(x)dx\.
*R

Hierbei ist^C*) eine beliebige Funktion aus der Äquivalenzklasse a. Durch °[ ] 
bezeichnen wir den Standardteil einer endlichen Zahl aus *R. Andererseits kann man 
jedes lineare Funktional T über D durch ein im allgemeinen nichtstandardes Polynom 
p(x) darstellen:

(0.2) (T ,c p ) = fp  (x) cp (.x) dx.
*R

Da p(x) in einer Predistribution liegt, folgt aus (0.1) und (0.2), daß die Menge der 
Predistributionen und die Menge der linearen Funktionale über D algebraisch 
isomorph sind.

Wir sagen, daß eine Predistribution a eine standardé Distribution ist, wenn 
das durch (0.1) definierte zugehörige lineare Funktional standard-stetig ist.

Im Raum der Predistributionen kann man einige Operationen (vergl. [4], [5], 
[6]) definieren, u. a. die Differentation und die unbestimmte Integration : Die Ab­
leitung einer Predistribution a ist die Predistribution у, y=x', die die Ableitungen 
der * differenzierbaren Funktionen aus a enthält (jede Predistribution enthält 
mindestens ein Polynom, also insbesondere eine * differenzierbare Funktion).

Jede Predistribution ß, deren Ableitung а ist, wird unbestimmtes Integral von 
а genannt; /? = а(_1) enthält gewisse unbestimmte * Integrale der Funktionen f x(x) 
aus а.

1. Konvergenz einer Folge von Predistributionen

Definition 1. Eine Folge von Predistributionen {oc„} konvergiert genau dann zur 
Predistribution а, wenn für alle ca aus *N— N  a(0 = ct ist. *N ist die nichtstandarde 
Erweiterung der Menge der natürlichen Zahlen N  in *ЭЛ. Eine andere Definition ist 
folgende (vergl. [1]):

Definition 2. Eine Folge von Predistributionen {a„} konvergiert im Raum der 
Predistributionen, wenn die standardé Zahlenfolge

{cn, ,p  =  ° [  f  f „ ( x ) ( p ( x ) d x ] }
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für eine beliebige Funktion <p(x) aus D im üblichen Sinn konvergiert. Hierbei ist 
f„(x) eine beliebige Funktion aus a„.

Satz 1. Die Definitionen 1 und 2 sind äquivalent.
Beweis, a) Die Folge {a„} konvergiere nach Definition 1. Betrachten wir ein 

positives e aus R. Es sei Me die innere Menge aller Zahlen n0 aus *N, für die für 
alle «>и0 Funktionen f n(x) aus a„ existieren, so daß

|°[ f  ffix)<P(x)dx\ - ° [  f  f(x)<p(x)dx]\ <  e

ist für eine beliebige Funktion q>(x) aus D. Hierbei ist f(x )  eine Funktion aus a. 
In Me liegen alle Zahlen n0 aus *N—N. In [4] wurde bewiesen, daß jede nichtleere 
innere Menge von Zahlen aus *N ein kleinstes Element besitzt. Dieses kleinste 
Element gehört zu N. Wir bezeichnen es mit nt . Damit haben wir folgende Aus­
sage erhalten: Zu jedem e>0 gibt es ein n ^N ,  so daß für jedes n mit gilt

\cn,v -c<p\ <  e.
Hier wurde

= °[ f  tp(x)f{x)dx\

gesetzt.
b) Die Folge {a„} konvergiere nach Definition 2. Die Folge {c„ v} habe den 

Grenzwert cv. Eine standardé Zahlenfolge konvergiert aber genau dann, wenn

C(0, <p 1

für alle ш aus *N—N  ist. Die Zahlen сШ (г, haben die Darstellung
+ 00

ca,v =  "[ /  f m(x)<P(x)dx]

Damit sind die Funktionen/ ш(х) aus Q und liegen in ein- und derselben Predistribu­
tion, die wir a nennen.

Die Konvergenz ist mit der Differentiation und Integration in folgendem Sinn 
verträglich:

Konvergiert die Folge von Predistributionen {a„} zur Predistribution ос, so 
konvergiert die Folge der Ableitungen {<*'} zur Predistribution a' und eine Folge 
von unbestimmten Integralen {a^_1)} zu einem unbestimmten Integral a(_1) von a.

In der Standard-Distributionentheorie gilt folgender Satz, der von mehreren 
Autoren, so z. B. von M ikusiúski [3] und Berz [1] bewiesen wurde. Wir geben hier 
einen neuen nichtstandarden Beweis.

Satz 2. Eine Folge von standardén Distributionen {a„} konvergiert genau dann 
im Raum der standardén Distributionen, wenn sich die a„ auf jedem beschränkten 
Standard-Intervall I  in folgender Weise charakterisieren lassen:
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1° Es sei (p(x) eine beliebige Funktion aus D, deren Träger in I  liegt. Dann gilt 
fü r eine beliebige Funktion f„ (x) aus a„, daß

+ 00 -j- oo
°[ /  fn(x)<{>(x)dx\ =  (-1)* f  F„(x)(pw (x)dx 

ist.
2° к ist eine Zahl aus N  und hängt nur von I  ab.
3° Die Funktionen Fn(x) sind auf I  standardé Funktionen, die dort im standardén 

Sinne stetig sind und gleichmäßig im standardén Sinn konvergieren.
B e w e i s , a) Notwendigkeit. Konvergiere die Folge von standardén Distributionen 

{«„} gegen die standardé Distribution a. Betrachten wir ein abgeschlossenes standardes 
Intervall I  und eine Funktion <p(x) aus D, deren Träger in /  liegt. Nach dem so­
genannten Darstellungssatz für standardé Distributionen gilt für eine beliebige Funk­
tion f(x)  aus a, daß

°[ Jf(x)(p{x)dx\ =  ( -1 ) ' f  F(x)q>l(x) dx
*i i

ist, wobei / ein Zahl aus N  und F(x) eine standardé, im standardén Sinne stetige 
Funktion ist.

Betrachten wir die innere Menge Mx aller Zahlen nd*N, für die es Funktionen 
f n(x) aus a„ gibt, so daß

П[ ffn(x)q>(x) dx] = ( -1 ) ' f F n(x)(pl(x)dx
*i I

ist, wobei F„(x) im standardén Sinne stetige, standardé Funktionen sind. Zur Menge 
Mx gehören alle Zahlen aus *N—N. Jede nichtleere Menge von Zahlen aus *N 
besitzt ein kleinstes Element [4]. Dieses kleinste Element muß aus N  sein. Wir be­
zeichnen es mit n0. Für die in den Predistributionen am, m<n0, enthaltenen Funk­
tionen f m(x) gilt

° [ / /« W î> M  dx] =  (-1  )'» / Fm(x)(pVm>(x) dx,
*i I

wobei /,„ Zahlen aus N, und Fm(x) im standardén Sinne stetige standardé Funk­
tionen sind.

Es sei k=  Max (/,-, /). к ist eine Zahl aus N  und für alle n£*N  gilt, daß
1 = 1, ...,m

+ °°
/  fn O) <P (x) dx = ( - l ) k f  F„ (x) (pW (x) dx

-00 1
ist.

Weiterhin gilt folgender Satz [4]: Eine standardé Funktionenfolge {/„(x)} kon­
vergiert genau dann gleichmäßig über einer Menge M aR , wenn für alle x aus 
*M  gilt

/<о(х) = 1/<Лх) für alle со, со' £*N— N.

Die Funktionenfolge {F„(x)} genügt diesem Satz.
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b) Hinlänglichkeit. Betrachten wir eine beliebige Funktion <p(x) aus D. Der 
Träger von <p(x) befindet sich in einem abgeschlossenen standardén Intervall I. Für 
eine Funktion f n(x) aus a„ gilt, daß

= °[ f  f„(x)(p(x) dx] = (-1)* f  F„(x)<p<k>(x)dx
*i I

ist. Die Folge {F„(x)} konvergiert gleichmäßig zu einer standardén im standar­
dén Sinne stetigen Funktion F(x), und daher konvergiert cn <l> zu c,p = 
= ( — 1 ) fc - J  F (x ) < p w ( x ) d x  im standardén Sinne.

/

2. Der lokale Wert einer Predistribution in einem Punkt

Die in diesem Abschnitt geführten Beweise beruhen teilweise auf Beweisideen, 
die von A. R o b i n s o n  in [4], Abschnitt 5.3, entwickelt werden. Es sei a ein Element 
aus */?. Die Menge ц(а) —{x£*R: x=xci} heißt Monade von a.

Definition 3. Eine Predistribution a hat im endlichen Punkt x0 aus *R einen 
lokalen Wert, wenn es zu jedem 2 aus ц(0) eine Funktion /Д х) aus a gibt, so daß 
für alle X aus einer standardén Umgebung von Null

/Д 2 х  + х 0) =jC
ist. Hierbei ist C eine Konstante aus *R.

Definition 4. Eine Predistribution a hat in +  °° einen lokalen Wert, wenn es zu 
jedem positiven unendlichen r aus *R eine Funktion f '  (x) aus a gibt, so daß für 
alle x  aus einer standardén Umgebung von Null gilt

/Д х  + г) =! C,

wobei C eine Konstante aus *R ist. Die Definitionen 3 und 4 sind unabhängig von 
der Auswahl der Funktionenmengen {/Д х)}; bzw. {/Д х)}г. Das können wir wie 
folgt, einsehen: Nehmen wir an, daß die Funktionenmengen

WX0.Cl = {/Д*)} und WX" Cl = {/Дх)}

aus a der Definition 3 genügen, wobei für die entsprechenden Konstanten Cx und C2 
aus *R gelte, daß C j^ C a  sei.

Die Funktionen ff(x )= f* (x )—/Д х) befinden sich in der Predistribution у, 
die die Funktion /,(х ) = 0 enthält. Betrachten wir die innere Menge M aller Zahlen 
V aus *R, für die eine Funktion /Д х) in у existiert, so daß

/ / ( v x  +  Xo) >  j  ( Q -С *) =  j C

für alle x aus einer standardén Umgebung von Null mit dem Radius s ist. In M  
befinden sich alle infinitesimalen Zahlen. Da aber eine Monade keine innere Menge
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ist [4], muß in M  mindestens eine Zahl a^O, a aus R, liegen. Es sei <p(x) eine Funk­
tion aus D mit

supp (p(x) cz (— ciE+x0, ae+x0),

+  00

cp (x) S  0 J  (p (x) dx =  1.

Für diese Funktion cp(x) gilt, daß
+00 1 
f  fy (x) (p{x)dx >  — C

ist, was im Widerspruch zu der Annahme steht, daß у die О-Distribution ist. 
Nehmen wir weiterhin an, daß die Funktionenmengen

w~.Cl = {/;(*)} und w„iCt = {/;(x)}

der Definition 4 genügen, wobei für die entsprechenden Konstanten Cx und C2 aus 
*R gelte, daß С1 — С2 = Сщ10 sei. Die Funktionen f ÿ (x) =f'(x )  —f ' (x) befinden sich 
in der Predistribution y, die die Funktion / у(х) =  0 enthält. Betrachten wir die innere 
Menge M  aller Zahlen v aus *R, für die eine Funktion f '  (x) in у existiert, so daß

/Д х  +  v) >  i - C

für alle x aus einer standardén Umgebung von Null mit dem Radius e ist.
In M  befinden sich alle positiven unendlich großen Zahlen aus *R. Diese 

bilden jedoch keine innere Menge [4]. Daher gibt es mindestens ein endliches a aus 
*R in M. Betrachten wir eine Funktion <p (x) aus D mit

+ 00

supp<p(x) c  (—s + a, а + г), cp{x) S  0, f  cp(x)dx — 1.

Für diese Funktion <p(x) gilt,

/  fy(x)cp(x) dy >  | c

was im Widerspruch zu der Annahme steht, daß у die О-Distribution ist. Ähnlich 
kann man zeigen, daß die Konstante C, die in der Definition 3 bzw. 4 auftritt, end­
lich ist:

Es sei x0 eine endliche Zahl aus *R. Wir nehmen an, daß C eine positive un­
endlich große Zahl ist. Betrachten wir die innere Menge M  aller Zahlen X aus *R, 
für die eine Funktion /Д х ) in a existiert, so daß

/ДАх + хо) > | c
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für alle x aus einer standardén Umgebung von Null, mit dem Radius e ist. In M  
liegt mindestens eine Zahl a^O, a aus R. Für eine Funktion <p(x) aus D, deren

+ 00
Träger in ( —аг+х0, ae-t-x0) liegt, <p(x)^0, J  <p(x)dx =  1, erhalten wir, daß

—  00

f  fä(x)(p(x)dx >  j C

ist. Da aber f?(x) aus Q ist, erhalten wir einen Widerspruch.
Kommen wir zur Definition 4. Wir nehmen an, daß C eine unendlich große 

positive Zahl sei. Es sei M  die innere Menge aller positiven Zahlen r aus *R, für die 
eine Funktion f '(x )  aus a existiert, so daß

Ar(x + r ) > j C

für alle x  aus einer standardén Umgebung von Null mit dem Radius e ist. In M  
liegt eine endliche Zahl a. Betrachten wir eine Funktion <p(x) aus D, mit <p(x)^0, 

+ 00
J  (p(x)dx= 1 und supp <р(х)с(—e+a, e+a). Dann ist

4-o° jf  f “(x)(p(x)dx > - C ,

was im Widerspruch dazu steht, daß f “(x) aus Q ist. Um den lokalen Wert einer 
Predistribution eindeutig festzulegen, führen wir folgende Definition ein:

Definition 5. Der lokale Wert einer Predistribution а im endlichen Punkt x0 
oder im Punkt °° ist, falls er existiert, der Standard-Teil der Konstanten C, die in 
der Definition 3 bzw. 4 auftritt. Wir schreiben:

<  =  °[C], а|„ =  °[С].

Enthält eine Predistribution а eine, im endlichen Punkt x0 im standardén Sinne 
stetige Funktion f{x), so hat sie in x0 den lokalen Wert °[/(x0)]. Für solche Funk­
tionen gilt nämlich, [4], daß f ( x 0+h)—1f(x 0) ist, für alle h aus der Monade von
0. A . R o binso n  definiert in [4]: Enthält eine Pre-Distribution eine im standardén 
Punkt x0 standard-stetige Funktion /(x), so hat sie in x0 einen lokalen Wert. 

Folgende Sätze sind leicht zu beweisen :
Haben die Predistributionen а und ß im Punkt x0 (x„ ist endlich oder °°) die 

lokalen Werte а|л.0 und ß\Xo, so hat die Predistribution y — <x±ß den lokalen Wert 
x\X0±ß\X0. Hat die Predistribution а im endlichen Punkt x„ den lokalen Wert a!Xo, 
dann hat die Predistribution

ß =  ш(х) • а

in x0 den lokalen Wert ß\xo=w(x0)a\Xo. Hierbei ist co(x) eine Funktion aus C“ , 
der Menge aller standardén beliebig oft im standardén Sinne differenzierbaren Funk­
tionen.

Wir untersuchen nun einige Eigenschaften der lokalen Werte, die ebenfalls in 
der Standardtheorie gelten und die für die Anwendung von Interesse sind.
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Satz 3. Hat die Predistribution a im endlichen Punkt x„ einen lokalen Wert, 
so hat auch jedes unbestimmte Integral im Punkt x0 einen lokalen Wert.

B e w e i s . Für jedes A aus /x(0) befindet sich in a eine Funktion fi'(x), so daß
fj(A x  + xü) =! C

für alle X aus einer standardén Umgebung von Null, U f0), ist. Es sei M  die innere 
Menge aller Zahlen v aus *R, für die eine Funktion f j(x )  in а existiert, so daß

|/av(vx + x0)| <  — \C\

für alle X  aus UE(0) ist. In M  befinden sich alle infinitesimalen Zahlen und damit 
mindestens eine Zahl a ^  0, a£R. Die zugehörige Funktion aus а bezeichnen wir 
mit fj(x ) . Es sei a(_1) ein unbestimmtes Integral von a. In a(-1) liegt die Funktion

X

*ï<-»(x) = f f ° ( t ) d t+ K ,
*0

wobei К  eine Konstante aus *R ist. Für diese Funktion gilt für jedes infinitesimale h, 
hier /г> 0,

x 0 + h -j

\F1l( - о (x0 + h) — F“( - 1) (x0)| =  I f  f" (t)  dt\ <  — |C|A = a 0
0̂

Damit ist F ^-d(x) sogar standard-stetig im Punkt x0, und a(_1) hat im Punkt x0 
den lokalen Wert °[F“ -1' (x0)]. Jedes weitere unbestimmte Integral von а unter­
scheidet sich von a(-1) nur durch eine Konstante aus R und hat damit im Punkt x0 
ebenfalls einen lokalen Wert.

Gleichzeitig haben wir folgendes Ergebnis erhalten :
Hat die Predistribution а im endlichen Punkt xu einen lokalen Wert, so enthält 

jedes unbestimmte Integral a(_1) von а eine im Punkt x0 standard-stetige Funktion.
Satz 4. Enthält eine Pre distribution cc eine Funktion f(x), die im endlichen Punkt 

x0 standard differenzierbar ist und eine endliche Ableitung f \ x 0) besitzt, dann hat 
die Predistribution a! im Punkt x0 den lokalen Wert n[f'(x0)\.

B e w e i s . Die Funktion f{x) ist nach Voraussetzung standard-differenzierbar im 
Punkt x0 und daher dort standard-stetig. Betrachten wir das Polynom

P ( x )  = f(x 0)+ f'(x0) ( x - x 0).

Es ist p(x)—f(x )= 1f( x 0) —f( x ) —10 für alle x  aus /((x0) und

P'(x) = p'(x o) =  f ' ( x  o).

Es sei F(x) eine Stammfunktion von /(x), die in Q liegt. Sie ist * stetig in [ — со, +co], 
ü)d*N—N, und daher gibt es ein Polynom q(x), so daß

fix )  =i q(x)
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für alle endlichen x ist. Das Polynom q{x) ist im Punkt x0 standard-stetig, und 
q"(x) befindet sich in a'. Bezeichnen wir mit f  das Intervall /д = [—Xe+x0, Ae+x0], 
wobei X aus p(0), X^O, und e eine positive Zahl aus R ist. Wir zeigen, daß die Funk­
tionen

Í p'{x) für xÇ /A
i q" (x) sonst

in ot' liegen.
Es sei cp (x) eine beliebige Funktion aus D. Es gilt

-f- oo -f- oo
/  gx M  (P (x) dx = f  g\~2) (x) cp" (x) dx =

— oo — oo

= f  p{ ~1)(x)(p" (x) dx +  J  q(x)<p"{x) dx =
Г а  * * - ' a

=1 f  q(x)<p"(x)dx =1 f  q(x)<p"(x)dx = f q"(x)<p(x) dx.
* R - I x  *R  *R

Die Funktionen g;(x) genügen der Definition 1.
Satz 5. Hat die Predistribution a in zwei zueinander infinitesimal benachbarten 

Punkten Xj und x2 die lokalen Werte Сг und C2, dann ist C1 = C2.
Beweis. Nehmen wir an, daß C2 —Cx> 0 sei. Es sei <5, <5>0, eine Zahl aus R. 

Wir betrachten die innere Menge Mô aller Zahlen Xd*R, für die Funktionenf f (x), 
ff_ (x) in a existieren, so daß

Сг + Ô >  fxi(Xx +  Xj) >  Сг- S

Co + ô >  f f (X x  +  x 2) =- C2- ö

für alle x aus einer standardén Umgebung von Null, t/c(0), ist. In Mt liegen alle 
infinitesimalen Zahlen und damit mindestens eine Zahl a0 aus R, as^ 0. Wir wählen 
nun <5 so, daß C1+S<C2—S ist. Es sei <p(x) eine Funktion aus D, deren Träger

+ oo
in (—аав+ х1г X!+aae )n (—а0е+х2, x2+aóe) liegt, ç>(x)S0 und J  cp(x)dx = 1.

— oo
Eine solche Funktion existiert immer, da x1 =  1x2 ist, und es ist

+ oof  fx i(x) <p (x) dx <  Cj + Ô

-foof  fx t  (x) (p (x) dx >  C,-<5.

Da aber die Funktionen f xf  (x) und f f ( x )  aus der gleichen Predistribution а sind, 
erhalten wir einen Widerspruch.

Satz 6. Es seien а und ß zwei Predistributionen, die in jedem endlichen Punkt x 0 
aus R die lokalen Werte a\Xl) bzw. ß\Xo haben. Wenn ot\xo=ß\xa für jedes endliche x0 
aus ÇR ist, dann ist a = ß.
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B e w e i s .  Die Predistribution y=a. — ß hat in jedem endlichen Punkt x  aus 
R den lokalen Wert 0. Wir müssen zeigen, daß y die О-Distribution ist, d. h., daß für 
jede Funktion &(x) aus y gilt,

+ 00
J  к (x)<p(x) dx = !0  für alle cp(x) aus D.

Betrachten wir eine beliebige Funktion cp(x) aus D. Ihr Träger befindet sich in 
einem endlichen Intervall [a, b], (a, b sind aus R). Betrachten wir einen beliebigen 
Punkt x0 aus R mit a ^ x 0 = b. Es sei X eine Zahl aus /i(0). In у befindet sich eine 
Funktion fx„(x) mit der Eigenschaft, daß

fx M X + X 0) = i0  
ist.

Wir betrachten für ein <5>0, ô aus R, die innere Menge Mö aller Punkte v aus 
*R, für die eine Funktion f x„(x) in y existiert, so daß

| / ; 0 ( V X  +  A 'o ) j  <  «5

für alle x aus einer standardén Umgebung Ue (0) von Null mit dem Radius sXn
■Xq 4 t ' v0

ist. In Ms befinden sich alle infinitesimalen Zahlen und damit mindestens eine Zahl 
ö0,a aus R,a0tö̂  0.

Wir erhalten so zu jedem standardén Punkt xn aus [a, /;] eine standardé Um­
gebung mit dem Radius UzXoa0 á(̂ o)> auf der eine Funktion aus y (z. B.
/хЦ’й(х)) dem Betrage nach kleiner als eine vorgegebene standardé Zahl ő >0 ist. 
Nach dem Heine—Borel’schen Überdeckungssatz bedecken schon endlich viele (im 
standardén Sinn) dieser Intervalle das Intervall [а, b\. Wir können also stets endlich 
viele Bedeckungsintervalle Utx „is (xß /= 1 ,2 , ..., «7 auswählen, die [a,b] über­
decken und deren Gesamtlänge nicht größer als 2 (b — a) ist.

Jede Grundfunktion cp(x) aus D kann in eine Summe von Grundfunktionen 
zerlegt werden

m

<p(x) = Z  <Pi(x),;=1
wobei jede Funktion <p,(x) außerhalb des Intervalls Ui ä(xi)=U!,x a. ö(xi) 
schwindet und

\q>i(x)\ ^  Max \cp(x)\
X

ist.
Sei k{x) eine beliebige Funktion aus y. Es ist

' 00 0 ПХJ  k{x)(p(x)dxI =  I / k(x)<p(x)dx\ = Z  f  k(x)(pi(x)dx
i=1

ri + ô-2(b — a) Max |ç>(x)|.
X

ver-
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Dabei ist t] infinitesimal, weil die Funktionen &(x) und f x ‘t 'ó(x) in der gleichen Pre­
distribution liegen. Die Zahl á> 0  war beliebig aus R gewählt. Daraus folgt

+ 00
f  k(x)tp(x) dx =x 0.

Folgerungen aus den Sätzen 4 und 5 :
1. Eine Predistribution a hat genau dann in jedem endlichen Punkt einen 

lokalen Wert, wenn sie eine in jedem endlichen Punkt standard-stetige Funktion 
enthält.

2. Hat eine Predistribution a in jedem endlichen Punkt x0 aus *R einen lokalen 
Wert und ist dieser in den Standardpunkten x0 aus R bekannt, so ist die Predistribu­
tion а eindeutig bestimmt.

3. Hat eine Predistribution а in jedem endlichen Punkt x0 aus *R einen lokalen 
Wert und sind diese bis auf eine Menge M von infinitesimalem * Lebesgue-Maße 
bekannt, so ist oc eindeutig bestimmt. Es gibt nämlich zu jedem Punkt x£M  einen 
Punkt y$M , der infinitesimal benachbart zu x ist.

Der folgende Satz ist ein hinreichendes und notwendiges Kriterium für die 
Existenz eines lokalen Wertes einer Predistribution in einem endlichen Punkt.

Wir bezeichnen mit Dt die Menge aller Funktionen (p(x) aus D mit tp(x)^0,
+  00

f  <p(x)dx = 1, supp <p(x)a UE(0), wobei UE(0)={x: x£*R, |x|<£, e€7?+} ist.
—  00

Satz 7. Eine Predistribution а hat genau dann den lokalen Wert C im endlichen 
Punkt xn, wenn sie für jedes X aus /r(0), A^O, eine Funktion f*(x) enthält, so daß 

10 f f  (Ax+ xn) standard-stetig in jedem Punkt x  aus Ut (0) ist,
2° für eine beliebige Funktion <p(x) aus Dr gilt, daß

I  f î { x ) \ < p \ ^ \ d x = lC

ist.
Beweis, a) Notwendigkeit. Wir überprüfen zunächst 1°. Die Predistribution а 

besitze in x0 den lokalen Wert C. Dann existiert für jedes A aus /r(0), A^O, eine 
Funktion f f ( x )  in a, so daß

f£(Ax + x0) =1C

für alle x  aus U f 0) ist. Da U f  0) eine offene Menge ist, liegen mit dem Punkt x  
auch alle Punkte x + h, h aus /z(0), in Ue(0), und daher gilt

fa (A (x + h) + л'о) =! / ая (Ах + Xq).

Die Voraussetzung 2° ist ebenfalls erfüllt: Es sei A eine Zahl aus /t(0), A^O, (p(x) 
beliebig aus Dc. Dann gilt für eine Funktion/ ал(х)€а nach dem verallgemeinerten
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ersten Mittelwertsatz der Integralrechnung, daß
+ 00 < / 4 +00
/  fa (x) J  (p p  dx = f  f« (lx  +  Xo) <P (x) dx = f i  (XI + X0) =! C, 

wobei £ ein Wert aus UE(0) ist.

b) Hinlänglichkeit. Es sei X eine Zahl aus ju(0), /  ̂ 0. Dann gilt für eine ent­
sprechende Funktion / / ( x )  aus a, daß

(1) f [fxx(Xx + x0) — C](p(x)dx = j0vjo)
mit cp(x) aus DE ist.

Wir nehmen an, daß in einem Punkt <? aus Ue(0) [fx (X£, + x0) ~ C ]^ 10 sei. 
Infolge der Standard-Stetigkeit von /^(Х х+ х0) in jedem Punkt x aus Ue(0) gibt 
es eine Umgebung Uâ(ç) mit dem Radius <i>0, ö aus R, so daß

\fx (Xx + x0) — C] >  b

ist, für alle x aus Uä(£), wobei b eine standardé positive Zahl ist. Es sei <p(x) eine 
beliebige Funktion aus DE, deren Träger in Us(£)П U,.(0) liegt. Für diese Funk­
tion gilt

f [fa (Xx + x0) — C]<p (x) dx >  b. 

was im Widerspruch zu (1) steht.
Mit Hilfe von Satz 7 können wir beweisen, daß im standardén Fall die Defini­

tion von F ojasiew icz [2] und unsere Definition gleichwertig sind.

Sa t z  8. Eine standardé Distribution а hat genau dann im Sinn von F ojasiewicz 
einen lokalen Wert im standardén Punkt x0, wenn sie nach Definition 1 einen lokalen 
Wert hat, und die lokalen Werte stimmen überein.

B ew eis. Wir setzen voraus, daß die standardé Distribution а im Nullpunkt einen 
lokalen Wert im Sinn von F ojasiew icz  hat. Es gibt dann, [2], eine Zahl к aus N
und eine standard-stetige Funktion F(x), so daß lim

x-0
Fix)
xk TT- und а die /c-te kl

Ableitung der Distribution ß ist, die die Funktion F(x) enthält. 
In nichtstandarden Termini gilt für die Funktion F(x), daß

F(X) _  c_ 
Xk xk\

für alle infinitesimalen X ist.
Insbesondere ist für jedes endliche x aus *R

und damit

F(Xx) c
(Xx)k ~ klc\

F(Xx) cxk
Xk "-1 Id

titua ia  Scientiarum M athem aticarum  Hungarica 9 (1974)

Г



LOKALE WERTE UND GRENZWERTE VON PREDISTRIBUTIONEN 145

Wir betrachten ein festes L  Es sei Px die Menge aller Polynome px(x), für die

|ря(л:)-Е(х)| < A*+1
für alle X  aus dem Intervall [ — со, +co], co£*N—N, ist. Die Polynome p {k)(x) be­
finden sich in a, und es ist

F(Xx) px(Äx) cxk 
A‘ =1 /} —1 ~kT '

Aus der Menge P, wählen wir nun ein solches Polynom, daß außerdem

ist.
p № )  =

Umgekehrt: Die standardé Distribution oc besitze im Nullpunkt den lokalen 
Wert C im Sinne der Definition 1. Es sei ö eine positive Zahl aus R. Wir betrachten 
die innere Menge Ms aller Zahlen aus *N, für die eine Funktion /Д х) in а existiert, 
so daß

- f  oo

I f  /«1/v(x)v<p(vx)i/x —C| <  à

für (p(x) aus Dt ist. Nach Satz 7 liegen in Ms alle Zahlen aus *N—N  (man setze 

nur Das kleinste Element von Ms ist eine Zahl n0 aus N. Damit ist das stan­

dardé Cauchy’sche Konvergenzkriterium erfüllt.

3. Das bestimmte Integral einer Predistribution

Wie in der standardén Theorie, [7], führen wir das bestimmte Integral einer 
Predistribution ein :

Es sei а eine Predistribution, а(_1) ein unbestimmtes Integral von a. Hat oe(-1) 
in den endlichen Punkten a und b einen lokalen Wert, dann ist а über (а, b) integrier­
bar, und wir definieren

J  cc(dx) =  а(_1)|(, —a(-1)|0.
а

Da sich zwei unbestimmte Integrale von а nur durch eine Konstante unterscheiden, 
ist die obige Definition unabhängig von der Wahl des unbestimmten Integrals 
a(-1). Enthält а eine über (a, b) standardé Lebesgue-Integrierbare Funktion f(x), 
so ist

ь ь
f  adx — J  f(x) dx

а а

Analog zur Definition 4 können der lokale Wert einer Predistribution а im Punkt
+ oo oo а

( —oo) und entsprechend die uneigentlichen Integrale j a dx, f  ctdx, j  cndx
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definiert werden. Für das Rechnen mit den bestimmten bzw. uneigentlichen In­
tegralen von Predistributionen gelten analoge Rechenregeln wie im standardén Fall.

Um untersuchen zu können, wann das bestimmte Integral einer Predistribu­
tion existiert, definieren wir:

Definition 6. Die Predistribution a ist im endlichen Punkt x() beschränkt, wenn 
für jedes X aus ц (0) eine Funktion f j ( x )  aus oc existiert, so daß

ifj(Xx + x0)\ <  C

für alle X  aus einer standardén Umgebung Us(0) ist; C ist eine Konstante aus R. 
Diese Definition ist ein Spezialfall von folgender

Definition 7. Die Predistribution a hat im endlichen Punkt x0 eine integrier­
bare Majorante, wenn für jedes X aus fi (0) eine Funktion f«(x) aus a existiert, 
so daß

\ f j  (Xx + -Vn)| <  g(Xx + xo)

für alle X  aus einer standardén Umgebung t/£(0) gilt. Dabei ist g(x) eine in einer 
standardén Umgebung von x0, Ufixfi, * Lebesgue-integrierbare Funktion, die ein 
im Punkt x0 standard-stetiges unbestimmtes Integral G(x) besitzt.

Satz 9. Hat eine Predistribution ос im endlichen Punkt xn eine integrierbare 
Majorante, dann hat jedes unbestimmte Integral von a in x0 einen lokalen Wert.

B e w e i s . Wir betrachten die innere Menge M  aller Zahlen v  aus *R, für  die eine 
Funktion fj(x )  aus oc existiert, so daß

|/Д ух + х0)| <  g(vx + x0)

für alle X  aus Ue(Q) ist. In M  befinden sich alle infinitesimalen Zahlen und damit 
mindestens eine Zahl a aus R, a # 0. Es sei x<_1> ein unbestimmtes Integral von a. 
In a(_1) befindet sich eine Stammfunktion Fj(x) von f “(x):

X

Fi {x) =  f  f° ( t)d t + K 
* •wobei К eme Konstante aus *7? ist.

Für ein h aus /i(0) ist

!Fxa(x0 + h) -  F:{xo)| =  I /  / Д t) dt\ <  /  g(t) dt = G(xn + h) -  G(xn) =10.
*0 x0

Folglich ist Fj(x) im Punkt x0 standard-stetig.
Die Definitionen 6 und 7 erinnern uns an die Voraussetzungen des Satzes von 

Lebesgue über die Vertauschbarkeit der Reihenfolge von Integration und Grenz­
wertbildung. Wir formulieren hier einen ähnlichen Satz für Predistributionen.

Satz 10. Die Folge {a„} von Predistributionen konvergiere gegen die Predistribu­
tion a. Wenn alle Predistributionen ocn,n£N, gemeinsame, von n unabhängige, integrier­
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bare Majoranten in den endlichen Punkten a und b haben, dann existiert

f  ydx
a

und es ist
h b

lim J  a„dx = j a  dx
а и

b
Beweis. Wir zeigen zunächst, daß f a dx existiert. Die integrierbare Majorante

a
im Punkt a sei g(x), im Punkt b g(x). Für jedes X aus /<(0), n aus N, existieren Funk­
tionen f j tl(x)c<x„, f j n(a)Ça„, so daß

\fjn(Xx + a)\ <  g(Xx + a) 
\fl(X x + b)\ <  g(Xx + b)

für alle X  aus einer standardén Umgebung Uc{0) ist. Halten wir X fest und betrachten 
die innere Menge M; aller Zahlen v€*7V, für die es keine Funktionen f ^ x )  und 

jc) in av gibt, die den Ungleichungen (2) genügen. Wenn Mx leer ist, ist alles 
gezeigt. Nehmen wir an, daß M, nicht leer sei. Jede nichtleere innere Menge von 
natürlichen Zahlen enthält eine kleinste. Diese kann nicht aus Amsein. Bezeichnen wie 
sie mit Шд. Für (о =  сия—1 gibt es Funktionen fj'^ix) und / яхш(х) aus яга= атд =  а, die 
den Ungleichungen (2) genügen. Somit haben wir einen Widerspruch erhalten, Nach

h
Satz 9 existiert J  a dx.

a
Kommen wir zum zweiten Teil des Satzes. Eine Folge {а^ 1*} von unbestimmten 

Integralen konvergiert zu einem Integral a(_1). Damit ist а ‘,_1)= а(_1) und

für alle со aus *N—N  auf Grund der Eindeutigkeit der lokalen Werte. Das ist aber 
gleichbedeutend mit der standardén Konvergenz der Zahlenfolge

zu —a(_1)|e.

Bemerkung. Wie aus dem Beweis ersichtlich ist, gilt allgemeiner: Konvergiert 
eine Folge von über (a, b) integrierbaren Predistributionen {an}„eN zu einer über (a, b) 
integrierbaren Predistribution а, dann ist

ь ь
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ÜBER DIE REGULARISIERUNG UND ORDNUNG 
VON PREDISTRIBUTIONEN

von
A.-M. SÄNDIG

Zusammenfassung

Nicht jede Predistribution hat in einem beschränkten Gebiet eine eindeutig 
bestimmte Ordnung k, wobei к eine standardé oder nichtstandarde natürliche Zahl 
ist. Jede standardé (übliche) Funktion, die eine nichtintegrierbare Singularität in 
einem standardén endlichen Punkt hat, besitzt eine Regularisierung im Bereich der 
Predistributionen. Es wird der Träger einer Predistribution definiert und die all­
gemeine Form der Regularisierung angegeben.

0. Es sei *93? ein geeignetes nichtstandardes Modell höherer Stufe der Analysis, 
in welchem wir die folgenden Überlegungen ausführen können, und 93? ein standardes 
Modell der Analysis (Vergl. [2]). Befinden wir uns im Modell *93?, bezeichnen wir, 
wenn es zu Verwechslungen führen kann, die entsprechenden Begriffe und Größen 
mit einem Stern. Größen, Begriffe, Mengen, Funktionen ... nennen wir standard, 
oder sagen „im standardén Sinne“, wenn sie im Modell DJ? definiert sind und in 
*93? beschrieben werden. Mit *N bezeichnen wir die nichtstandarde Erweiterung der 
Menge der natürlichen Zahlen N  in *93?.

A. Robinson führte in [2, Abschnitt 5.3] Predistributionen folgendermaßen ein: 
Es sei Q die Menge aller inneren reellen Funktionen f(x )  einer reellen Variablen, 
die über jedem beschränkten Intervall im * Sinne von Lebesgue quadratisch integrier­
bar sind, und für die das folgende * Lebesgue-lntegral f f(x)cp{x)dx für alle (p(x)

*R
aus dem Raum D in 9JZ der reellen Schwartz’schen Grundfunktionen einer reellen 
Variablen endlich ist. In Q wird eine Äquivalenzrelation eingeführt: Zwei Funk­
tionen f x(x) und / 2(x) sind genau dann zueinander äquivalent, wenn für alle cp(x) 
aus D gilt

jfi(x)tp (x) dx =i f f 2(x)<p(x) dx.
*R *R

Hierbei bedeutet das Zeichen = j „gleich bis auf eine infinitesimale Größe“, und 
*R is die nichtstandarde Erweiterung der Menge aller reellen Zahlen in *93? [2]. 
Die so definierten Äquivalenzklassen werden Predistributionen genannt. Wie A. Ro­
b i n s o n  [2] zeigte, definiert jede Predistribution a={/^(x)} ein lineares Funktional 
T= T(a) über D im Modell 93? :

(0.1) (T, cp) = °[ f  f«(x)q>(x) dx] .
*R

Hierbei ist f,(x )  eine beliebige Funktion aus der Äquivalenzklasse a. Durch °[ ] 
bezeichnen wir den Standardteil einer endlichen Zahl aus *R. Andererseits kann man
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jedes lineare Funktional T  über D durch ein im allgemeinen nichtstandardes Polynom 
p(x) darstellen:

Da p{x) in einer Predistribution liegt, folgt aus (0.1) und (0.2), daß die Menge der 
Predistributionen und die Menge der linearen Funktionale über D algebraisch 
isomorph sind.

Wir sagen, daß eine Predistribution a eine standardé Distribution ist, wenn 
das durch (0.1) definierte zugehörige lineare Funktional standard-stetig ist.

Im Raum der Predistributionen kann man einige Operationen (vergl. [2], [3], [4]) 
definieren, u. a. die Differentation und die unbestimmte Integration: Die Ableitung 
einer Predistribution a ist die Predistribution у, y = a', die die Ableitungen der 
* differenzierbaren Funktionen aus a enthält (jede Predistribution enthält mindestens 
ein Polynom, also insbesondere eine * differenzierbare Funktion).

Jede Predistribution ß, deren Ableitung а ist, wird unbestimmtes Integral von 
а genannt; ß enthält gewisse unbestimmte * Integrale der Funktionen / а(х) aus а.

1. In der standardén Distributionentheorie gilt der Darstellungssatz: Jede in 
einem beschränkten Gebiet definierte Distribution ist die k-te Distributionenablei­
tung einer st etigen Funktion. Ein analoger Satz würde in der nichtstandarden Theorie 
gelten, wenn wir unter Predistributionen * lineare * stetige Funktionale über *D 
verstehen.

Da aber in unserem Falle Predistributionen lineare Funktionale über D sind, wo 
also Stetigkeit nicht unbedingt vorhanden ist, ist ein solcher Darstellungssatz im 
allgemeinen nicht zu erwarten.

Bei formaler Betrachtungsweise erhält man jedoch folgendes Ergebnis:
Jede Predistribution а enthält eine Funktion /2(x), für die ein А-tes (k£*N) 

unbestimmtes Integral in einem gegebenen abgeschlossenen beschränkten Gebiet 
standard-stetig ist.

Der Beweis dieses Satzes beruht darauf, daß jede Predistribution ein Polynom 
p(x) enthält. Es kann ein к so konstruiert werden, daß ein k -tes unbestimmtes 
Integral von p(x) in Q liegt und im standardén Sinne stetig ist.

Andererseits ist die k -te Ableitung, к aus *N—N  nicht eindeutig bestimmt, 
wie folgendes Beispiel zeigt: Die Null-Distribution enthält die Funktionen ^ (x jsö ,

Xk
/ s(*) = — , к aus *N -N . Es ist //*> (x) =  0, f 2 (x) = 1.

In diesem Fall geht die Eindeutigkeit der Definition der Ableitung aus folgendem 
Grund verloren:

Satz 1. Es sei к eine Zahl aus *N—N. Allein für die Funktion cp (x) = 0 aus D 
gilt, daß (p{k)(x) auch aus D ist.

Beweis. Wir nehmen an, daß <p(x)^0 sei. Wir bezeichnen mit a den kleinsten 
Punkt des Trägers von <p(x), für den für alle к  aus *N gilt, daß (p<k)(a)=0 ist. Der 
Punkt a ist ein endlicher Punkt aus R. Die Funktion </>(x) muß in mindestens einem 
Punkt x0, der von a einen Abstand kleiner als \  hat, nicht in eine Taylorreihe ent­
wickelbar sein. Daher gibt es keine standardé Umgebung des Nullpunktes U£(0) 
mit dem Radius e>0, so daß das n-te Restglied

(0 .2)
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(p{x0 + h)-<p(x0) -  . . . --^y<p(n,(*o) =  Rn =  (^ +1)! У(я*Х)(*о + М ). Ö„€(0,1),

für n — für alle h aus Ue{0) gegen 0 im standardén Sinne konvergiert. Somit existiert 
eine standardé natürliche Zahl к, к > 1, für die

l<Pw (4)| >  к
an einer geeigneten Stelle Çk aus Ue(x0) ist. Nach dem Mittelwertsatz der Differential­
rechnung gibt es einen Punkt Çk+1 aus dem Intervall (£*, a), so daß

( 1) l * ( ‘ + 1 ) ( & + i ) | k + l

bei geeigneter Wahl von e ist. (Man wähle e z. B. so, daß £k—a < i  ist). Setzen wir 
diesen Prozeß fort, indem wir e festhalten und in Formel (1) к durch k + 1 ersetzen, 
so erhalten wir eine standardé Zahlenfolge,

die im standardén Sinne monoton gegen +°° strebt. In Modell *Ш gilt

|<Р(Ш)(£Л > «о
für alle ш aus *N—N.

Da die Funktion <р(в>)(х) an einer Stelle Ca aus *R dem Betrage nach unendlich 
groß ist, kann sie sich nicht in D befinden.

Diese Ausführungen zeigen, daß man die Ordnung einer beliebigen Predistribu­
tion in einem Gebiet nicht wie im standardén Fall definieren kann.

2. Regularisierung. Unter einer Regularisierung einer standardén Funktion f(x), 
die im Punkt x0 eine im standardén Sinne nichtintegrierbare Singularität hat, ver­
stehen wir eine Predistribution a =  {/„(*)} für die

/ / «  (*) (Po (x)'dx =! f  ’f(x )  (p0 (x) dx
• R  *R

ist, für jede Funktion (p0(x) aus D, die in einer Umgebung des Punktes x0 identisch 
verschwindet. Im Gegensatz zu den standardén Distributionen gilt für Predistribu- 
tionen folgender

Satz 2. Jede standardé Funktion / ( x )  mit einer nichtintegrierbaren Singularität 
in einem Punkt x ft£R hat eine Regularisierung im Bereich der Predistributionen.

Beweis. Es sei D0 die Menge aller Funktionen (p0(x) aus D, die in einer Um­
gebung von x0 verschwinden. D0 ist ein linearer Teilraum von D. Folglich kann das 
lineare Funktional T0 definiert auf D0 durch

+ со

(Ta, <p0) = J  /(x)rpo(x) dx

zu einem linearen Funktional T  auf D fortgesetzt werden, so daß

( T ,  (po) =  (To, <Po)
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für alle (Po(x) aus D0 ist. Solch eine Fortsetzung ist auf Grund der Existenz einer 
linearen Basis eines linearen Raumes stets möglich. Die zu T gehörige Predistribution 
я ist eine Regularisierung der Funktion fix).

Im weiteren benötigen wir den Begriff „Träger einer Distribution“ . Um ihn zu 
definieren, gehen wir von der standardén Definition des Trägers einer standardén 
Funktion f{x) aus.

Definition 1. Der Punkt x0 aus ' R ist genau dann Nichtträgerpunkt einer Pre- 
distribution я, wenn es eine standardé Umgebung U(x0) von x0 gibt, auf der eine 
Funktion ffix)  aus a identisch verschwindet. Die Komplementärmenge aller Nicht­
trägerpunkte von a nennen wir den Träger der Predistribution a, und bezeichnen ihn 
mit supp я.

E. Berz gibt in [1] eine Definition des Trägers eines linearen Funktionais T  
über D:

Definition 2 (Berz [1]). Es sei T  ein lineares Funktional über dem Raum D. 
Der Punkt x0 aus R ist genau dann Nichtträgerpunkt von T, wenn es eine Umgebung 
U(x0) von xn derart gibt, daß

für alle (pu(x) aus D mit supp <p{x)c:U(xn) ist. Die Komplementärmenge aller 
Nichtträgerpunkte wird Träger von T genannt.

Satz 3. Die Definitionen 1 und 2 sind äquivalent.
Beweis, a) Es sei der Punkt x0 aus R Nichtträgerpunkt der Predistribution 

a im Sinn der Definition 1. Wir zeigen, daß x0 Nichtträgerpunkt des linearen Funk­
tionais

im Sinne der Definition 2 ist, wobei f x(x) eine beliebige Funktion aus a ist.
Es sei fa{x) die Funktion aus я, die auf einer Standard-Umgebung U(x„) identisch 

verschwindet. Betrachten wir eine beliebige Funktion cpuix), deren Träger in U(x0) 
liegt. Es ist

b) Es sei der Punkt x 0 aus R Nichtträgerpunkt des linearen Funktionais T über 
D im Sinne der Definition 2. Dem Funktional T  entspricht eine Predistribution ят . 
Wir zeigen, daß x0 im Sinne der Definition 1 Nichtträgerpunkt von ят ist. Es sei 
P a ( x )  ein Polynom aus ят . Wir behaupten, daß die Funktion

ebenfalls in яг liegt.
Dazu betrachten wir eine beliebige Funktion cp ix) ausjD. Wir können (p(x) 

auf Uix0) durch eine Folge von Funktionen <pn ix) aus D, deren Träger in U(x0) 
liegen, derart approximieren, daß die cp „ix) punktweise gegen cp ix) auf U (x0) kon­
vergieren und <p„(x)|<C sind für alle n aus N, wobei C eine’Konstante aus R ist.

(T, (pu) =  0

(Tx, (P) =  ° [  /  fa(x)(pix)dx\

(T7. <pu) = "[ f  f"(x)<pu(x)dx] = 0

paix) für alle x$*U (x0) 
0 sonst
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Die Funktionen px(x) • cp„(x) sind gleichmäßig durch eine Konstante aus *R 
über *U(x0) beschränkt. Folglich gilt nach dem * Satz von Lebesgue, daß

*lim /  Pol (x) (pn (x) dx = J pa (x) <p (x) dx
* U ( * o) * V ( x 0)

ist. Das bedeutet: Für ein A>0, A aus p (0), existiert ein co; aus *N—N  derart, daß für 
alle со aus *N, со>сол,

f  PÁx)<Pm(x )d x -  J pßx)cp(x)dx\ < A
*U (x0) *U (x0)

ist. Betrachten wir die standardé Zahlenfolge

{c„ =  °[ /  /i,(x)^„(x)c/x]}neN.
*U(x0)

Da für alle n aus N  gilt, daß c„ =  0 ist, konvergiert diese Folge im standardén Sinne 
zum Wert 0. Das ist aber genau dann der Fall, wenn са—x0 für alle со aus *N—N ist. 
Daher gilt auch für alle со>сод, daß

ist, und wir erhalten

/  Px (x) <pc, (x) =j f  pa (x) cp (x) dx 0
*C7(X0) * il(x 0)

/  Л0 (x) cp(x) dx = f  px (x) cp(x)dx =! f  pa (x) cp (x) dx.
* R —*V(Xq) *R

Satz 4. Die Predistribution et, die eine Regularisierung einer standardén Funktion 
/(x ) ist, die nur im Punkt x0 aus R eine nichtintegrierbare Singularität hat, enthält 
eine Funktion / a(x) mit der Eigenschaft, daß

/«(*) = f ( x )
für alle x aus R, x ^ x 0, ist.

Beweis. Es sei xx ein Punkt aus R, x 1t£x0. Wir finden stets eine standardé Um­
gebung von x„, U(x0), die den Punkt Xj nicht enthält. Wir betrachten ein Polynom 
p jx )  aus a und zeigen, daß die Funktion

{px(x) für alle x aus * U(x0) 
/(x ) sonstA°(x)

in a enthalten ist. Ähnlich wie im Teil b) des Beweises von Satz 3 stellen wir fest, daß

/  pjx)cp(x)dx =1 f  /(x )  dx
* R -* l/(x „ )  *R — * ü (Xq)

für eine beliebige Funktion cp(x) aus D ist.

Satz 5. Wenn eine standardé Funktion f(x) in einem endlichen Punkt x0 aus R 
eine nichtintegrierbare Singularität besitzt, und wenn die Ableitung f \ x )  im standardén 
Sinne in allen Punkten x  aus R, x A x n, existiert, dann ist die Ableitung einer Regulari­
sierung von /(x) eine Regularisierung von f'(x).
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B e w e i s . E s  sei a eine Regularisierung von f(x). Für jede Funktion f'x. (x) aus а' 
und jede Funktion (p0(x) aus D() gilt

-f-  o o  +  o o  + ° °J f a.(x)(p0) dx = -  j  f a(x)q>o(x)dx = ! -  f  f(x)cp'0(x)dx =
—  o o  —  o o  — oo

+ 00
=  f  f'(x)q>0{x)dx.

Um die allgemeine Form der Regularisierungen zu finden, führen wir den Begriff 
einer in einem Punkt x0 aus R konzentrierten Predistribution ein.

Definition 3. Eine Predistribution а ist im Punkt x0 aus R konzentriert, wenn 
supp а keinen weiteren standardén Punkt außer x0 enthält.

S a t z  6 .  Es sei oc eine Regularisierung der Funktion f(x). Jede weitere Regularisie­
rung ß von f(x) erhält man, indem man zu a eine im Punkt x0 aus R konzentrierte Pre- 
distribution у addiert.

B e w e i s , a) Die den Predistributionen ß —a. + y und а entsprechenden linearen 
Funktionale Tß und Га stimmen auf D0 überein.

b) Seien а und ß zwei Regularisierungen. Für alle Funktionen q>0(x) aus D0 ist
+ 00
f  [fa(*) - fß  (*)] Фо ( л )  dx =! 0,

wobei fi(x) eine Funktion aus а und f ß(x) eine Funktion aus ß ist. Folglich ist jeder 
Punkt x aus R. x^-x0, Nichtträgerpunkt der Predistribution y=a — ß.

Ohne Schwierigkeit kann man auch zu Regularisierungen von standardén Funk­
tionen kommen, die abzählbar viele nichtintegrierbare Singularitäten haben, unter 
der Voraussetzung, daß diese sich im Endlichen nicht häufen. Eine solche Funktion 
f(x )  läßt sich nämlich immer als Summe von Funktionen darstellen, die nur in einem 
Punkt eine nichtintegrierbare Singularität haben.
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ÜBER KREISRINGE, DIE EINE EILINIE EINSCHLÜSSEN

by
I. VINCZE

1. Es seien C eine geschlossene, konvexe ebene Kurve und G das von der Kurve 
C begrenzte, abgeschlossene Gebiet. Im folgenden beschäftigen wir uns mit Kreis­
ringen, die die Kurve C enthalten und deren Mittelpunkte in G liegen. Es ist be­
kannt, dass es unter allen erwähnten Kreisringen genau einen einzigen mit minimaler 
Breite gibt. Führen wir die Bezeichnungen

RP =  max PQ , rP - min PQ
Q i C  Q€C

ein, so nimmt die Funktion Op = RP — rP ihren minimalen Wert in einem einzigen 
Punkte an (s. Bonnesen [1], Bonnesen— Fenchel [2], Kritikos [3]). Der so eindeutig 
existierende Kreisring heißt der Minimalkreisring der Kurve C. Für den Mittelpunkt 
О des minimalkreisringes gilt die Relation

0 0 < Op, P ^ O ,  P£G
L. Fejes Tóth hat die Frage aufgeworfen, ob die Funktion.

eine ähnliche Eigenschaft hat. Als Lösung dieses Problems beweisen wir im § 2 den 
folgenden

Satz 1. Für die Funktion zP gilt die Ungleichheit
i0 S  zP, P4G

wo О den Mittelpunkt des Minimalkreisringes bedeutet; das Gleichheitszeichen kann 
für P ^ O  nur im Falle bestehen, daß die Kurve C zwei Geradenstücke enthält, die sich 
in einem Punkt des äußeren Kreises des Minimalkreisringes treffen.

Ein ähnliches Resultat gilt für den sogenannten kleinsten Kreisring einer Eilinie 
dessen Flächeninhalt (d. h. n(RP — rP)) minimal ist. (s. J. von Sz . N agy [4]).

Weiterhin wird im § 3. folgende Behauptung bewiesen :
Satz 2. Die Niveaulinien der Funktion zP sind konvex: wenn für Px, P ^ G  

zPl — zPi = z gilt, so besteht für den Mittelpunkt P0 der Strecke Рг P., die Ungleichung
*J>„ ^  T-

Zur Formulierung einer Ungleichheit für t 0 bedienen wir uns der folgenden 
weiteren Bezeichnungen :
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Es bezeichne U den Mittelpunkt und R v den Halbmesser des Umkreises der 
Kurve, welcher Kreis die Eigenschaft

Rv = max UQ s  RP =  max PO
Q i C  Q i C

für jedes PÇ.G besitzt und mit dieser Eigenschaft eindeutig existiert. Ahnlicherweise 
sei I  der Mittelpunkt und r, der Halbmesser des (oder eines) Inkreises der Kurve C, 
der also der Relation

r, =  min IQ rP =  min PQ
Q i C  Q i C

für jeden P£G genügt.
Die Abstände IO und UO sollen mit <5 und A bezeichnet werden. In [5] wurden 

für die Halbmesser der Kreise des Minimalkreisringes die folgenden Relationen 
bewiesen :

( 1 . 1 ) Ru S  R0 ' Pu 1+2 А
~ïïï

( 1.2)
Pu 1

v b О,Ru + S ‘ 2
wo auch die Ungleichungen genau sind. Aus diesen Relationen folgt der

л
Satz 3. Für den minimalen Wert t0 der Funktion %P= —— gilt die folgende

r p
Ungleichung:

Рц c  T <
U ° ~  П f3  ri '

Hier kann das dritte Gleichheitszeichen — nach t0 — im Falle 5 =  0 und/oder 
А =0 gelten, und zwar für die extremalen Figuren, die zu den Relationen 1.1 und 1.2 
gehören (siehe [5]).
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2. In dem Beweis des Satzes 1 werden wir uns auf den folgenden Hilfssatz 
stützen:

Lemma 1. Es seien К eine Kreislinie mit dem Mittelpunkt M0 und M ein beliebi­
ges fester Punkt innerhalb K. H0 und H seien diejenigen Punkte der Kreislinie, die 
mit M о und M auf einer Geraden — in der Reihenfolge H0 M0 MH — liegen. Wenn 
Q einen beliebigen Punkt von К und cp den absoluten Wert des Winkels <  QMH 
bezeichnen, so ist r{(f) —QM eine monoton zunehmende Funktion von (p im Intervalle 
(0, n ) .

Wir machen weiterhin von der bekannten geometrischen Charakterisierung des 
Minimalkreisringes Gebrauch (s. Bonnesen—Fenchel [2]): Es gibt vier Punkte von 
C, die beim Durchlaufen von C in einer Richtung abwechselnd auf den äußeren und 
den inneren Kreis des Kreisringes fallen. Der Minimalkreisring ist durch diese Eigen­
schaft eindeutig bestimmt.

Es werden die folgenden weiteren Bezeichnungen angewendet: Ka und Kt be­
deuten den äußeren bzw. inneren Kreis des Minimalkreisringes, die also die Halb­
messer R0 bzw. r0 besitzen. Es seien Ax{Bj) und A2(B2) die gemeinsamen Punkte 
von Ka(Ki) und C, die auf C in der Reihenfolge B1A1B2A2 liegen. K{ und C besitzen 
zwei gemeinsame Stützgeraden je im Punkte ß, und B2, die mit und s2 bezeichnet 
werden. Es bezeichne со die Größe des (spitzen) Winkels, den s* und s2 einschließen. 
Nun werden wir zwei Fälle betrachten:

a) со = 0. In diesem Falle ist K; gleichzeitig (ein) Inkreis der Kurve C, d.h. 
es gilt г0=г(^ г Р für jedes PÇG. Aus der Minimaleigenschaft des Punktes О, d.h. 
aus der Relation

R0 — r0 =  Rp — rP
folgt auch

Rq . Rp . ,.—-  — 1 £ -------1, dh t 0 s  г»
r0 fp

b) Im Falle co>0 gilt natürlich auch die Ungleichheit

. r@ 7t . , Rnсо sí arc sin —  <  — dh (sin со) 1 S  —  =  t 0 .
Ro 2 r0

Die Geraden sx und s2 besitzen eine Winkelhalbierende .v0; das Gebiet G wird nun 
durch die Strecken OB1 und OB., und durch die Gerade .v(l in vier „Quadranten“ 
geteilt. Aus Symmetriegründen genügt es, sich mit zwei von diesen, die auf dieselbe 
Seite von ä0 fallen, zu beschäftigen. Die Gerade Sj { j —0, 1, 2) soll den Kreis in
den Punkten Sj und S) schneiden, wo wir für die Bogen Sj S., und Sj S2, die inner­
halb des Winkels со liegen, annehmen, daß der erste von diesen den Punkt Ax von C 
und der zweite den Punkt A2 von C enthält; ferner soll der erste der größere sein. 
Wir werden uns nun mit zwei Fällen beschäftigen, je nachdem der Punkt P von G 
1) zum Viereck Bj^OSÓSÍ oder 2) zu SjSjOÖ! gehört.

b.l Die Projektion von P auf sei P', und es bezeichne Q' denjenigen Punkt 
von C, in welchem die Strecke PP' die Kurve schneidet. Es besteht

PP' > PQ’ > min PQ =  rP.
QCC
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Nach unserem Lemma und nach der Definition von AX£C besteht weiterhin die 
Relation

PSr ä  р л г s  max PQ =  RP.
Q i C

Wegen der einfachen Tatsache

0 < <  P S ^  =§ <  0 5 ^ !  <  j

können wir die folgende Ungleichung schreiben :

Pp ^  РЯг ^  ÖS[ _  R0 _  ^
Tp ~  rP ~  ~pp ~  ÖBl r0 ~ ° ’

was in diesem Falle unsere Behauptung ergibt.
b.2 Wenn der Punkt P dem Viereck S1S0OI1 angehört, so besteht für seine 

Projektion P' auf Sj und für Q'ÇCClPP' wieder

(2.1) PP’ ^  PO' S  min PQ = rP.
Q i C

Es besteht auch die andere Relation — А2вС  —

(2.2) J S [ ^ T Ä , ^  max PQ = RP,
Q i C

wo aber der erste Teil der Ungleichung nicht unmittelbar aus Lemma 1 folgt. Wenn 
wir nämlich mit M  denjenigen Punkt von Ka bezeichnen, in welchem die durch 
die Punkte P und О gehende Gerade Ka schneidet, so kann M  auf dem Bogen Si S2
liegen und A2 auf den Teil M S2 des Kreises Ka fallen; es liegt aber nahe, daß PS2 < 

besteht und daraus folgt schon die Relation

PA2 =s PS, = PS! , wo A2£AS'.

Also gelten (2.1) und (2.2), und unsere Behauptung folgt ebenso wie in b.l.
3. Der Satz 2. ist eine einfache Folgerung aus den Tatsachen, daß RP eine 

konvexe und rP eine konkave Funktion des Punktes P sind; d. h. wenn P0 den 
Mittelpunkt der Strecke P jP 2 bezeichnet, Px, P2dG, dann gilt:

R p0 —  ~2 ( R Pi  +  Д р 2Х

/ > „  ^  ^ ( rPl +  rPJ .

Wenn also
R Pi  _  R r ,  _

'’Pi 'A
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ausfällt, so ist

w.z.b.w.
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ON PRODUCTS OF INTEGERS

by
A. SÁRKÖZY

1. G. Halász raised the following conjecture (oral communication):

Conjecture (G. Halász). Let u> be any real number and k> k0(a>). Let 
A = {a1, a.,, .... a,,} be any finite, strictly increasing (i.e. a1< a 2< ...<й„) sequence 
o f positive integers such that it contains the first к positive integers, i.e.
(1) a1 = 1, a2 = 2...... ak = к
(consequently, n S k ) . Let us form all the products а(а̂  ( i ,j—1,2, ...,ri). Then at 
least am o f these products are different.

(We remark that to get “many” different products, a condition of type (1) is 
necessary; otherwise e.g. the sequence A = { 1, 2, 22, ...,2"-1} is a counterexample, 
namely for this sequence, the number of the different products is 2n — l= 0(n).)

We will prove the conjecture of Halász in this paper in the following sharper 
form:

Theorem. Let q be any number such that

(2) 0 < q < y  

and

(3) f(Q) =  — elogê> — (1 — e) log(1 -<?) - | l  - - j j  log2 <  0

hold. Let к be any positive integer, sufficiently large depending on o:
(4) к > k0(Q).
Let A = {a1, a2, ..., a„} be any finite, strictly increasing sequence of positive integers 
such that it contains the first к positive integers, i.e. (1) holds. Then there exist at least

» •e*p { g l°4g 2 - log°iogA.} Afferent products o f form a ^ j (i,j=  1, 2, ...,«).
(It is easy to check that

lim f (x )  -- — log 2 <  0,
X-0 +

and therefore a number q satisfying (2) and (3) exists. It is easy to show that e.g. 
/(£)-=0, i.e. e = i  can be chosen. This means that for k > k 0, the number of the 
different products is at least

n • exp logk ! 
log log к J

log 1 1
= n • к 16 108 ,og k
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The sketch of the proof of the theorem is the following:
We are going to reduce our problem to a problem of purely combinatorial 

nature. The first step of the reduction is given in Section 2. where we reduce the 
problem practically to the case when all the elements of the given sequence are divis­
ible only by “small’ prime factors (“small” depending on k). More exactly, we 
show that it is sufficient to show that Lemma 1. holds. In Section 3., the case men­
tioned above, i.e. Lemma 1. is reduced to the even simpler case when the elements 
of our sequence (composed from small prime factors) are also squarefree. Further­
more, we show in this section that this simple case can be reduced to a combinatorial 
problem, i.e. to Lemma 2. This lemma is proved in Section 4.

2. Proof of the theorem. Let us suppose that a sequence A satisfies (1) for 
some k. Let us denote the i ih prime number by p t and define / by

(5)
(1) and (5) imply that

i=iП рЛ = £

(6) P i 'p ÿ - P ï t A
for any /г-tu pie (kj , i:2, ..., e,) such that

(7) =  0, 1 or 2, s2 =  0, 1 or 2, . . . ,£ ( =  0, 1 or 2.

Furthermore, it is well known that for m tending to infinity,

(8) IJ Pi = e<i+0(i)),”|og'n.
i=l

(5) and (8) imply that for к tending to infinity,

or in equivalent form 

Hence

(9)

Let us write any a£A  in the form
a = be

where p\b (p prime) implies that p~ p t and p\c (p prime) implies that p>px-
Let us classify the a;’s according to the value of b. Let us denote the occuring 

values of b by bl , b2, ..., bs (b ^b j  for zVy) and the values of c, for that btc£A 
holds (for fixed z, l s i g j ) ,  by cP, c|°, ..., (where < ... < c)'1). Let

^,2 (1 +  0 (1 ) )  H o g  Z _

2(1 +  o ( l) ) / lo g  / =  logL.

log к
log log к 'I — |~2 +o(l)

and
Ci =  И ‘>,с<г>,...,с/;>} (1 ^ i s s )

A (bi) = btc!j\ ..., biC^} = Й, {с1°, cP, ..., с,®} = b,Ci (1 ^  z S  s).
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Then A is, clearly, the disjoint union of the sequences A(b,):

(10) A = Ù A(bt)
i=l

and

(11) A(bi)C\A(bj) = 0 for I * j .
We need the following lemma:

Lemma 1. Let th( =  i'i(i-;)) be any number satisfying

(12) (0 < )ß  <  Qi <  y

and
(13) / Ы < 0 .
(Such number pj exists because of the definition of q and the continuity of f(x )  for 

1.) Let l be a sufficiently large integer, i.e. suppose that

(14) / >  /i(i?i)
holds. Let b be a positive integer such that p\b (p prime) implies that p=pi (also 
b= 1 may occur) and let C={ci, c2, c,} be a strictly increasing sequence o f posi­
tive integers such that p\cu (1 ^ mS í ) implies that p>pt . Let

A (b) = {bc1,bc2, ..., be,} =  bC.
Then the number of the different produets of form
(15) (bcu) • (bcv) = b2(cucv) 
or
(16) (bcj-p l'pÿ ... pV = b(cup ïp ÿ  ... pf)
(where Sj=0, 1 or 2 for every j, 1 = j = /) is altogether at least

10! log 2 1
' • expi ~ —  'J-

(The lemma says practically that our theorem is true when the elements of the 
given sequence are divisible by prime factors ^ p t only.)

Let us suppose now that Lemma 1. has been proved. Then we may complete 
the proof of the theorem in the following way:

Let us apply Lemma L, replacing b by bt, C by Ct and A(b) by A(bt), for every 
i, 1 ^ i ^ s .  (We may apply the lemma because (14) holds by (4) and (9).) We obtain 
that the number of the products of form (15) or (16) is at least
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(by (10) and (11)). Furthermore, two products of form (15) are, clearly, different 
if we start out from different values of b; in the same way, also products of form 
(16) corresponding to different values of b are different. Therefore, we may account 
any product at most twice (once as a product of form (15) and once as a product 
of form (16); in this case, one of the corresponding b's must be the square of the 
other one). This means that the number of the different products of form (15) or (16) 
is altogether at least the half of the number in (17):

> n • exp I d log 2 log A- ! 
log log k \ ’

by (4) and (9). On the other hand, by (6), (7) and the definition of the A(btf s and 
Ci s, all the products of form (15) or (16) are products of form auav, hence the 
number of the different products of form auav is at least the number in (18),

i.e. n • exp I g ^  ^ • |0g0|Qg /. I ■ This means that, indeed. Lemma 1. implies our
theorem.

3. In this section, we will show that Lemma 1. can be reduced to a problem of 
purely combinatorial nature, formulated in Lemma 2.

P roof of Lemma 1. Let us suppose that q19 l, b, c, A satisfy the assumptions of 
Lemma 1. Let us write every a, (1 ^ i ^ t )  in form

a, = bei = bp* ■■■Pi

(where aP&O, ..., are integers), and let us divide every ajf> by 2 :

«J° -  2?«>+/■»> (J = 1, 2, ...,/)

where q)l) = 0 is integer and r j° = 0 or 1. Then the a- s can be written in form

ai = be, = b [p f"p \ „(042 r(0  r(0
- P Ï  ) Pi P i • •• p \' (1 s i s / ) .

Let us classify the a;’s according to the /-tuples (cj(i \  q i \  ..., g,(i)), determined by 
them. More exactly, a{ and should belong to the same class if and only if

<7i') =  <7ÍJ). í P =  q i \  •••, 7/(i) =  q(ij)-

Then we obtain the sequence A(b) as the disjoint union of subsequences of form

A(b, dj) = {bdfe[P, bdfe(2J), ...,bdfejP} =

= bdf{e[j\  e i 1, ..., =  bdjEj (1 = j  = u)
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where the prime factors of b are greater than px, the prime factors of dj and the 
efh’s are =pt, the ejJ> ’s are squarefree, and as we said,

(19) A{b) = (J A(b,dj)
i =1

and
( 20) A (b, di) fl A (b, dj) = 0 for i j.

(19) and (20) imply that the number of the elements of the A(b, dj)’s is altogether 
equal to the number of the elements of A(b), i.e.

(21) Z t j  = t-j=1
Let

( 22) ^  = , T exp 1 —8i log 2
/ =  2

We have to distinguish two cases. 

Case 7. Let us suppose that

(23)
'<=-■)>( 02‘

?

Let us pick up one element of each subsequence A (b, dj), say

bdfe[j) =  bd'jP^J)pßf J) ... pf1

and fonu all the products

(24) (bd]e[j))-p\' p\2 ... p['

where
10 or 1, if ßlJ) = 1, and

y‘J> = 11 or 2, if ßlJ) = 0.

Then, by the definition of the y P ’s, we obtain products of form

(bdjpiPz... pdPÎ'PÎ* К ',

where áf =  0 or 1 for every i ( I s i s / ) .  A number of this form uniquely determines 
the exponent of pt in the canonical form of dj for each /, and thus it determines 
also dj itself. This implies that all the products o f form (24) are different. The number 
of these products is, clearly, the number of the possible choices of j, multiplied 
by the number of the /-tuples yiJ\  ■ ■ ■, ylJ)) : и • 2‘. On the other hand, all 
these products are products of the form (16). Hence the number of the different
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products of form (16) is (by (21) and (23)) at least

«•2 '  =  IД 112' =  ( 2 L  ^  2  '  1)2* =
tjs< p(i)2 i +1 tj^< p (.m '

2  2' s  2  tj

Qi log 2

i: ( 2  1) 2' -  ^  ~ ^
tjnvW  tjävW1 9(1)

=  ^ r „ J , / j e W - T  =  2 “ p i ï1 ^ '
thus the assertation of the lemma holds in this case. 

Case 2. Let us suppose that

1 I Qi log 2 .j  = ,.e*p p - J L /

(25) V
l)2‘

<i =
t
2 '

In Case 1., we constructed “many” products of form (16); in this case, we are going 
to prove, that the number of the products of form (15) is “large”.

Let us take some subsequences A(b,d,■), A(b, dj) and some elements ax,a y£ 
€ A(h, d;), av, az£A(b, dj): let

o x  =  b d r p V  p ?  . a y  =  b d f p ' l ' p l -  . ■ • p V

a v =  b d 2p i '  p i -  . - P \ \ a ,  =  b d f p \ l p l 2 . ■ P ?

where

(27) £;, =  0 or 1, (ph =  0 or 1, ph = 0 or 1
and

vh = 0 or 1 for /i =  1, 2, . . . , / .
We assert that the products
(28) axay = b2d?p\l+*1 ...p f‘+̂
and

(29) avaz = b2dfp^1 + Vi ... p f +v>

are different for i Aj. Namely, there exists at least one prime power p\ such that, 
say, p\\di but pi\dj (or conversely), because d-^dj. The exponent of ph is at least 4^ 
in the canonical form of (28) but at most (4<J — 2) in the canonical form of (29), hence 
these products must be different, indeed.

Thus it is sufficient to show that the number of the different products avaz of 
form (29) (where avÇ.A(b, dj), a:Ç_A(b. dj) for the same j ) is “large” for each fixed j, 
for that
(30) tj > <p(l) 2‘
holds.
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The numbers av, az of form (26) are uniquely determined by the /-tuples 
(/q, p2, ..., Hi), resp. (vx, v2, ..., V,) (because of (27)). In the same way, the product 
(29) is, clearly, uniquely determined by the /-tuple (цх +  vl5 ..., /r,+v,); we may call
this /-tuple as the sum of the /-tuples (/rl5 and (vx, ..., v,):

(31) (M i ,  . . . , M i )  +  ( v i>  =  i  +  b ,  +  Vj).

Applying this terminology, we have to prove the purely combinatorial fact that if 
we have “many” /-tuples (ц1г ..., M/) satisfying M/i = 0 or 1 for h= 1,2, . . . , /  (more 
exactly, we have more than cp(l)2' of these /-tuples by (30)), then there are “many” 
different sums of form (31), determined by them.

Indeed, we will prove the following lemma in the next section (|S| denotes the 
number of the elements of the finite set S ):

L emma 2. Let Qy be any real number, satisfying (12) and (13), / any integer, 
sufficiently large depending on дг:
(32) / >  L(Ql).
Let S denote the set o f the 2' l-tuples (gy, p2, ..., /(,), satisfying ph=0 or 1 for
h = 1,2, ...,/. Let R be any subset of S for that
(33) \R\ > cp(l)2'
(where <p(l) is defined by (22)). Then the number of the different sums of form

(p1 + v1, ..., M/ +  V/) =  (Mi, • • • ,  / f i )  +  ( v i ,  v ,) ,

where (pl7 ...,p,)fR and (vl5 ..., vff R, is greater than [<p(/)]_1|/î
Let us suppose that Lemma 2. has been proved. Then the proof of Lemma 1. 

in Case 2. can be completed in the following way :
Let us fix a j  satisfying (30). Let us denote by R the set of the /-tuples 

(Мi, М2, •••> M/) for that av~bdjp4lp^-...p4‘fA(b, dfi. Then we may apply Lemma 2. 
for this set R, because (32) holds for sufficiently large к by (9) and (33) holds by 
(30). We obtain that the number of the different /-tuples of form (Mi +vl5 ..., Mi+ vi) 
(where (Mi, ..., Mi)€7? and (vl5 ..., v,)€/?), i.e. the number of the products avaz of 
form (29) (where av£A(b, dfi, az£A(b, dfi) is greater than [<y?( / ) ] ] = [<p(/)]“’ t, 
for any fixed j. On the other hand, as we remarked, the products of form (29) were 
different for different у’s, thus the number of the different products of form (29) is 
altogether greater than 2

2  W ( i ) ] - 1 t i  =  [ < p ( i ) ) - 1 2  t j ^ [ c p ( i ) ] - ^ ^ t . Cx p ,
(j>p(l)2‘ r,=-<ï>(0 2‘ Z I Z )

which proves Lemma 1. also in Case 2.
4. To complete the proof of the theorem, we have to prove Lemma 2.
Proof of Lemma 2. Let us fix an /-tuple p=(py, ...,pi). Let us take all the 

/-tuples v f = ( v1 , ..., v,) such that the number of the Гs satisfying Mi= *7 ,s greater 
than Qyl + 5:
(34) 2  l > C i / + 5 .

t - r  , =  v,
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To give a lower estimation for the number of these /-tuples v, we have to give an 
upper estimation for the number of the /-tuples v satisfying the opposite inequality:
(35)
If (35) holds, then

for some

2  1 =  e i/+ 5 .

2  1 = j

d — У* — ßi/+ 5 .
Is y fixed, then the /-tuple v is uniquely determined by the Vs for that /q=v; holds. 
These Vs can be chosen in ways. Thus the number of the /-tuples v satisfying 
(35) is

2 1jSßii + 5
(for fixed fi).

Applying the Stirling formula, this sum can be estimated in the following way 
(with respect to (12)):

2
j  SSjl  + 5

' / '
J ,

(i?i/ + 6) ^ +5 |  = exp { ( - f t  log ej —(1- pi) log (1 - 0i) + o(l))/}.

We assert that this expression, i.e. the number of the /-tuples satisfying (35) is less 
than - y - ,  for sufficiently large /:

(36) exp{(-0i logßj- О  — 0i)log(1 — e>i)-bo( 1))/} < -y- for / > / 3.
By (33), it is sufficient to show that

exP {(—Ö1 log 6i — (1 — Si) log (* - e i)  + o(l))/} <

<  \<P(l)2l = 4 ‘ÿ exP [ -  2 / j • exp {(log2)1} =

= exp j — log4 11 —-y-j log2 -/J 
or

exP {[/(ifi) +  о ( 1 )] / +  log 4} <  1, 
i.e.

[ / (di) + о( 1 )]/ + log 4 <  0.
But the limit of the left hand side is — by (13), thus this inequality holds for /> /3, 
which proves (36).

I 13 I

Thus the number of the /-tuples satisfying (35) is less than y —, i.e. the number

\ R \

of the /-tuples satisfying (34) is greater than |/?|—2 Г = 2~’ ôr ^ ' s means
|Л|

that, for any fixed ц, the /-tuple v satisfying (34) can be chosen in more than 4——
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ways. Furthermore, ц can be chosen in |Ä| ways, hence the number of the ordered 
pairs (/i, v) satisfying (34) is greater than

On the other hand, we assert that a sum

(37) H + v =  (fi1 + v1, +
determined by a pair fi, v satisfying (34), can be obtained only from a “few” dif­
ferent pairs Ц, v. Is, namely, /h + vi =  0 or 2 for some i, then and v, are uniquely 
determined, and the number of these Vs is greater, than дх1 + 5, by (34). The number 
of the remaining components of /i is less than / —£>x/ —5=(1 — ̂ x)/—5, hence these 
components can be chosen in less than 2(1~<?i)' -5 different ways. Is /i given, then (37) 
uniquely determines v. Thus if the right hand side of (37) is given, then the ordered 
pairs Ц, v satisfying (34) and (37) can be chosen in less than 2(1_ei),_5 ways.

Summarizing: the number of the ordered pairs /<, v satisfying (34), is greater,
1*12than for /> /3, and any sum of form (37) can be obtained from less than

2(i-e1)i-5 such pajrs Thus the number of the different sums /t + v is greater than

l* |2
2 . 2(1~ei,'~

1*|2
2<1- i l)<-‘» •

To prove Lemma 2., we have to show that, for sufficiently large /, the number of 
the different sums ^ + v is greater than [<p(/)]_11/?|; thus we have to prove that

(38) M /r 1l*l’
provided that (33) holds.

This inequality can be rewritten in the following way:
|*| >  2<1-»i»,-«[4,(/)]-1.

By (33), it is sufficient to prove that
<P(D2 ' >  ^ - ‘ . » ' - X / ) ] - 1,

or, in equivalent form,
<pV) > 2-ed-4

- —1-2 
ip{l) > 2 2

By (22), this inequality holds in trivial way. Thus (38) and, consequently, also Lemma 
2 is proved.

5. Let к  be any positive integer, Л = {а1,а 2, ...,ör„} be any finite, strictly in­
creasing sequence of positive integers, satisfying (1). Let us denote the number of 
the different products a,-a, by f(A , n, k) and let

F(n, к) = min/L4, n, k),
A

where the minimum is taken for the sequences A satisfying the assumptions above.
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(39)

(40)

Applying this notation, our theorem says that

F(n, к) í Q log 2 log к I , , .
- V - >  exp (for к >  Ar0).

Let Дл={1,2, ...,£}. It is easy to check that

k2
logk - f(B k, k, k) <  o(k2).

Let us take, namely, the products a, a, such that

ö; =  tp, aj = q,

where p, q are any prime numbers greater than ^  k, t is any integer satisfying 1 .
P

It is easy to see that the number of the different products a ^ j of this form is greater
k2than c , which gives that the first inequality of (40) holds. The second in­

equality of (40) can be deduced from the fact that “almost all” the products a, a, 
{ajdA, cij^A) have “about” 2 log log к  prime factors; on the other hand, “almost 
all” the integers exceeding k2 have “about” log log k2 ~  log log к prime factors. 

(40) implies that the exponential factor on the right hand side of (39) can not

(F(n át)
---- '■—  is, probably,

f(B k,k , k) ) 
к I

weaker, is that we have replaced assumption (1) by (6) and (7). If we start out from 
the assumption formed by (6) and (7), instead of (1), then our estimation is near 
the best possible.

F (иFurthermore, I would like to remark th a t---- -—— is not much greater for fixedn
к  and large n, than for n=k. This can be shown by the following construction: let 
A = {a1, a2, ..., ak} be any strictly increasing sequence of positive integers and let 
A* —{at, at, ..., at} be the sequence of the integers of form p'aj where p is a fixed 
prime number greater than ak, i= l ,  2, ..., m, j=  1, 2, ..., k, and m is any positive 
integer. Clearly,

not much less than . The reason of that, that our estimation is much

thus

hence

f(A * ,n ,k ) 2 f ( A .k ,k )

F(n, k) F(k, k) c -------- < 2 ----- -----  for k\n,

F(n, k) F(k, k)—------ < 4 ----- -----  for every n.
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Having the same assumptions, one may investigate also the minimal number of the
n

different products of form aila i i . . . a ir (r is fixed) or JJ of' (where £ ,= 0  or 1 for
/=i

г - 1, 2, . . . ,n ); in the second case, the minimal number of the different products 
should be between

w2exp Ic. , ^ . I and и2 exp 
[ log к I

where and c2 are positive constants.
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SPECTRUM, ALMOST-PERIOD1CITY AND EQUIDISTRIBUTION
MODULO 1

by
H. DABOUSSI and M. MENDES FRANCE

§. 1. Introduction

The object of this article is to relate the equidistribution (mod 1) of a sequence 
Л = (Л„) to that of certain of its subsequences. Explicit applications will be dis­
cussed in the last paragraphs. Particular attention will be given to additive sequences.

§. 2. Almost-periodic functions and related sequences

Consider the complex vector space £ of arithmetic functions /  such that

(1) 11/11 =  l imsup— 2  l/W I < ”n— oo Я k^n

and let SR be the quotient space £/(0) where (0) is the set of null functions (i.e. func­
tions /  such ||/[|=0). The space 9Л is known as the Marcinkiewicz space; it is a 
Banach space, the norm being induced by the semi-norm (1). From now on, we shall 
always identify any element /£ £  with its class/+(0)£5Ш.

A trigonometric polynomial P is a finite linear combination of imaginary 
exponentials:

P ( x )  =  2  c ve ( - a , x )
V

where the summation extends over a finite range, where e(Ç) denotes exp (2inÇ) 
and where the cv’s are complex numbers while the av’s are elements of the torus 
T = R/Z. Let A be a nonempty subset of T = R/Z. It is obvious that the family of 
trigonometric polynomials, the exponents av of which are to be taken in A, is a 
sub vector space of 9JÎ. Its closure 33(л!) is by definition the vector space o f almost- 
periodic functions with exponents in A. S(T) is the classical Besicovitch space of almost, 
periodic functions. (What we name “exponent” is usually known as elements of 
the “spectrum” ; but as we shall later introduce a set which is convenient to be 
called “spectrum”, and as we wish to avoid confusion, we prefer to describe A as 
the set of exponents.)

Let M=(m„) be a nondecreasing sequence of positive integers. For any integer 
к & 1, put

/ M(k) = card {n\m„ = Ac}

so that if M is strictly increasing, Хм is the characteristic function of M. If M  is not 
strictly increasing we still call Хм the characteristic function of M. M is said to be
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an A-sequence i f  the characteristic function / м belongs to ®(Л) and if \\/м\\ >0. Notice 
that if M  is an Л-sequence, it has positive density. Indeed

It 1
lim —  =  lim — 2 1 м ( к )  =  HxmII >  0.
и—► ГПп tnn k^n

Note also that A1c A 2 implies ®(Л!)с®(Л2) so that an ^j-sequence is an ^ -s e ­
quence. In particular, any Л-sequence is a T-sequence.

Explicit examples of Л-sequences are easy to produce. We list below some 
important ones.

(i) Arithmetic progressions (an + b) where a ^  1 and bSO are integers, are 
(Q/Z)-sequences.

(ii) Let a>0 be a real number. The sequence ([an]) is a T-sequence.
(iii) The ordered set of squarefree integers is a (Q/Z)-sequence, and more 

generally, so are the sequences of /--free integers. For a proof, see M e n d è s  F rance  
[4] or N ovoselov [5] from which it follows that any increasing integer sequence 
whose characteristic function is bounded and multiplicative, is a (Q/Z)-sequence.

The following notion will be used in the next paragraph. Let A be, as before, 
a subset of T, possibly empty and recall that ®(Л) is the set of almost-periodic 
functions with exponents in A. Consider the family of characteristic functions which 
belong to ®(Л) and let ®'(Л) denote the closure of the vector space spanned by 
these characteristic functions. Obviously ®'(Л)с®(Л). Let A* be any subset of 
the torus T such that ®(Л*)с®'(Л). We then define the two subsets of T

Â =  U qA
9 = 1

and

Ä  =  T \  n  -  (Т\Л>*.
q = i  ^

Notice that T = T = T and 0 = 0 = 0.

§. 3. The notion of spectrum

In the sequel, we shall often identify a real number with its class modulo 1. 
Let А = (/.„) be a given infinite sequence of real numbers. By definition, the 

spectrum of A is the set
sp (Л) =  {а€Т|(л„—m) not equidistributed (mod 1)}.

(In a previous article [4], the spectrum had a slightly different definition.)
Metric properties of the spectrum will be discussed later. Observe however that 

the spectrum has Lebesgue measure 0 (see paragraph 4) so that in the following theo­
rem the set S may be thought as having a 0 Lebesgue measure though in some cases 
it is convenient to choose S  with positive measure.

T heorem 1. Let S be a proper subset o f T, possibly empty.
(i) I f  sp (Л)с: S and i f  M=(mn) is any (T\S)-sequence, then AM = (AmJ  is 

equidistributed (mod 1).
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(ii) I f  all (T\S)-sequences M = (mn) are such that Лм=(Хт)  is equidistributed 
(mod 1), then sp (Л )с5 .

Proof, (i) Assume sp (Л )с 5  and let M=(mn) be any (T\S)-sequence. We 
wish to prove that Лм is equidistributed (mod 1). According to Weyl’s criterion, it 
is enough to show that

o„ =  — 2  e(qXmk), ?€Z\{0}
n k^n

tends to zero when n goes to infinity. Let Хм be the characteristic function of M. 
Then

o„ =  4 - 2  lM(f)e{qkk).
11

Let P be any trigonometric polynomial in S-B(T\5). Decompose on into two sums 

O’« =  4- 2  {’/-м(к)~  P(k))e(qXk) + ̂ ~ 2  P(k )e(qXk) = <rJ + o*.
n  k s m „  П k s m n

The sum a\ is a finite linear combination of expressions of the type

4  2  e(-<xk)e(qXk)
n  k S m n

where a€ T \&  As M=(jn„) is a (T\^)-sequence, the ratio tends to 
so that

The hypothesis sp (z l)c 5  implies that the sequence Л ---- N is equidistributed
<7

(mod 1). Hence tends to 0, and so does a\. Thus

limsup |ffj =  limsup|ffi| ^  ||хл#Н-1 НХя# — >̂ll-

Choosing then the polynomial P such that — -Р||<е||хм11> we conclude that a„ 
tends to zero.

(ii) It remains now to prove the “converse”. Assume that for any (T \S )-  
sequence M = (m„)

o„ — — 2  c(^-mk) =  o(l), ^6Z \{0} .
n  кш п

As before, we notice that mjn  tends to a finite limit and therefore the hypothesis 
can be written

-7  2  l \ i ( . k ) e ( q X k)  =  o(l).
m n k S m „
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Using usual techniques, it is easily shown that this relation implies

(2) — 2  Хм(к)е(р1к) =  o(l).
ft k^n

Recall that the closure S '(T \,S ) of the vector space spanned by the characteristic func­
tions Xm when M ranges over the family of all (T\S)-sequences contains 53((T\S)*). 
Hence, if a€(T \S)* and if e>-0 is given, there exists a finite linear combination/ of 
Xm’s such that

lim sup — 2  le(— a^) — f(k)\ < fi.
W-oo И к^П

Consider the mean

T” n ^ft k^n
v e( - y.k)e(q/.k) =  —„ Vе V 'I k^n

According to (2), the last expression tends to 0 as и goes to infinity, hence
lim sup |i„| ä  g.

We have thus proved that for all ot£(T\S)*:

lim — 2 ek^n
= o.

~ 1
Consequently, if a belongs to the set f) —(T \5 )* = T \S , then

4=i q

lim — 2  e(q(Âk -  aA:)) =  0.
n-*- oo ft кшп

The sequence Л — aN is thus equidistributed (mod 1) for all a £ T \5 . This proves 
that sp (T )c5  and completes the proof of the theorem.

We now give some consequences of the theorem:

Corollary 1. I f  sp (Л) contains no rational numbers, then whatever the (Q/Z)- 
sequence M=(mn) be, the sequence Лм =(/.,„ J  is equidistributed (mod 1 ). In particular, 
for any integer a= 1 and any integer b ^ 0, the sequence Ла b=(kan+b) is equidis­
tributed (mod 1).

Conversely, i f  all the sequences Ла<ь ( « 5 1, b =ёО) are equidistributed (mod 1), 
then sp (Л) contains no rational numbers.

Proof. Following Bésineau, let a S l  and b^O  be two given integers and 
let Xa.b denote the characteristic function of the arithmetical progression (an+b). 
The two “reciprocical” identities (Fourier transforms on the additive group Z/(aZ))

1 0 - 1
Xabik) = — 2  *a 1 = 0

e 2 e
1 =  0

Xa.lik)
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valid for all integers a^O, b and к imply the equality ©'(Q/Z) = ©(Q/Z) so that 
(Q/Z)*=Q/Z. Actually, the closure of the vector space spanned by the Xa.b’s is 
©(Q/Z). Setting S = T \(Q /Z ) in theorem 1 and using the fact that S= §= § , one 
then concludes that Aa h is equidistributed (mod 1) for all integers a ^ \ ,  b^O  if and 
only if sp(/l)c:S', or equivalently, AM is equiditributed (mod 1) for all (Q/Z)- 
sequences M  if and only if sp (/l)c5 .

Remark. In the process of the proof, we have shown that if Aab is equidis­
tributed (mod 1) for all integers a S l ,  b^O  then AM is equidistributed (mod 1) for 
all (Q/Z)-sequences M.

Corollary 2. The two following statements are equivalent:
(i) s p ( /l)= 0,

(ii) for all A-sequences the sequence AM=(AmJ  is equidistributed
(mod 1).

Proof. Put 5 = 0  in the theorem. (See [4].)
Actually, corollary 2 can be restated in a rather striking way. Define В {A) as 

the set of real numbers x  such that the sequence xA  is equidistributed (mod 1). Let 
(£ be the class of T-sequences.

Corollary 3. For any sequence A

fl Ä(/l —aN) =  П B(AM).
a £ T M £ C

Proof. The following implications are obvious:
f) B(A — aN) <=> xA — xaN is equidistributed (mod 1) for all a,

<=> xA — aN is equidistributed (mod 1) for all a,

<=>■ sp (xA) = 0, 
and, according to corollary 2,

«=> VAf£(E, xAM is equidistributed (mod 1),

* * * €  П в (лм)-Mge

§. 4. Empty spectra

It is easy to prove that all sequences A have 0 Lebesgue measure spectra. The 
result can be improved upon: a trivial consequence of a theorem due to H. W allin
[7] shows indeed that whatever the sequence A may be, sp (A) has Hausdorjf dimen­
sion 0. One can furthermore establish that with respect to the Haar measure on 
the infinite torus (R/Z)N, almost all sequences A have empty spectra, so that the 
situation described in corollary 2 is actually the most “common” one.

Explicit examples of empty spectrum sequences are simple to list. According to a 
well known theorem of Van der Corput, any sequence A =(2„) such that (k„+q — A„)
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is equidistributed (mod 1) for all integers q s  1, has empty spectrum. As a consequence, 
if g =2 is a given integer and if x is g-normal, then sp ((xg"))=0. Also, i f / i s  a real 
polynomial of degree v^ 2

f ( x ) = avxv+ ... + а2х ‘г + а1х + а0

with at least one irrational coefficient among {a2,a 3, ..., av}, then the sequence 
/= ( /(« ))  has an empty spectrum.

By the use of V inogradov’s results, G. Rauzy [6] has established that i f /  
is a real entire function, other than a polynomial, and if for \z\ infinite

1/001 = О (exp (Log |z|)á), 1 <  S <

then again sp ( / ) = 0 .

Finally i f f  is a real function with a continuous second derivative, slowly increasing 
in the following sense:

(i) For all ß>0, f ' ( x ) —f'(ex )= 0(l)
(ii) x2f"(x) tends / o ± o °  when x approaches + °°, then s p ( / )  = 0.
The proof, which is quite straightfoward, depends on Van der Corput’s estima­

tions relating
b

2  e(/(«)) to f  e(f(u))dua<n̂ b a

Functions /  which verify the above conditions are for example /(x) = (Log x f  (d > 1) 
and f(x )= x(Logx)á (<5ÇR\{0}).

§. 5. Additive functions

A real arithmetic function /  is said to be additive if for every couple of relatively 
prime positive integers m, n

finin') = f(m) +f(n).
Theorem 2. Let f  be a real additive function. Then
(i) sp (/)D (Q /Z) =  0 <=► (fin )) is equidistributed (mod 1).

(ii) sp ( /)D (Q /Z ) =  Q/Z «=> (/(«)) is not equidistributed (mod 1).

Proof, (i) If sp (/)D (Q /Z) = 0, then O^sp ( / )  and so (/(«)) is equidistributed 
(mod 1). Conversely, suppose that ( fin)) is equidistributed (mod 1). Let g and .? be 
nonzero integers and let r be any integer. Define

It is obvious that

оn
s — 1
2

/1 =  0

[ f  2  e(qfik))\ e
\ k-̂ n )

/c=/j(mod s)
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D elange [3] proved that the inner mean tends to zero. Hence <r„ 
<*

to zero when n increases to infinity. Weyl’s criterion then shows that
fis equidistributed (mod 1) so that finally y $ s p ( /) .  Part (i) of the theorem is thus 

established.
(ii) It suffices to prove that if (/(и)) is not equidistributed (mod 1) then sp ( / )  П 

fl(Q/Z)=(Q/Z). According to D elange [2], the nonequidistribution (mod 1) of 
( /(«)) is equivalent to the fact that

2  — sin2 m n(f(p) — t Logp) <  °°
p prime P

for some nonzero integer m and for some real number t. The inequality

(3) sin2 hx s  h2 sin2 X
valid for all integers h and all real numbers x, implies

2  — ún2 mn(hf{p) — ht Log/?) <  oo
p prime P

so that whatever the integer h is, the sequence (hf(n)) is not equidistributed (mod 1).
Suppose now that the rational number — does not belong to sp (/')D(Q/Z). Thens
| / ( u )—— /?j is equidistributed (mod 1), and so is (sf(n)). This contradiction proves 

the theorem.

Corollary 4 . I f f  is a real additive function then either 

sp ( /)  = 0 or sp ( /)  = Q/Z.

Proof. As a consequence of theorem 2, either sp (/)H (Q /Z )=0 or Q /Z csp ( / ) .  
On the other hand Daboussi and D elange [1] proved that if F is multiplicative and 
if I/г(л)| = 1, then for all irrational number a,

lim — 21 F(k)e{—otk) = 0.
n-*■ °° H k^n

Choosing F(k)=exp2inqf(k), it follows that sp (/)c :Q /Z . Hence sp ( / )  is either 
0 or Q/Z.

Corollary 5. Let f  be a real additive function. I f  f= {  f{nj) is equidistributed 
(mod 1), then whatever be the T-sequence M=(m„), the sequence ( f(m„)) is equi­
distributed (mod 1).

P roof. The equidistribution (mod 1) of /  implies sp ( / ) —0 if /  is additive. The 
equidistribution (mod 1) of (f(m„)) then follows from corollary 2.
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PERMUTATIONS WITH RESTRICTION OF MIDDLE STRENGTH

by
K. VESZTERGOMBI

Introduction

The problem of enumeration of restricted permutations of n elements has been 
examined by several authors. In this paper we are considered with the (probably 
most important) special case when the restriction is a bound on the distances be­
tween the elements and their images. If this bound is constant the restriction is 
strong; it is weak if the bound is n — o(n) (see L ehmer [1]). In the present paper we
deal with the case when the bound is between and n. We determine a generating

function and by help of it we give several explicite formulas and estimations.
Let p(n, k, l) be the number of permutations л of 1, 2, ..., n satisfying —(« — /)<  

<-i—n(i)< n—k, where k + l^n . First we give a recursion for p(n ,k ,l)  by help 
of the almost trivial and well-known transformation of the problem to permanents 
of matrices. Let us consider the following matrix of order n

J 1 if — (n — l) <  / — j  <  n — к 
^  a,j j 0 otherwise.

Then the permanent of this matrix is p(n, к, I). We get the recursion by help 
of expansion by the first column. Expanding we get not only matrices of (1) type 
but of the following type:

(2)

0
0
0
1

if i - j s - ( n - l )  
if i —j  S  я — к
if 0'J )€ { (1, « - / ) ,  •••, (t, n - l + t -  1)} 
otherwise

Let p (n ,k ,I ,t)  be the permanent of this matrix and p(n, k, l,0)=p(n, к, I). 
Then the first recursion for p (n ,k ,l) is:

(3) p (n ,k ,l)  = У p ( n - l , k - l , l - \ , t )  + ( n - k - [ ) p ( n - l , k - l , l )
(  =  0

By our assumption к+Ш п t runs till /. We express the permanent of a matrix 
of (2) type with the permanent of the matrices of (1) type. We prove the following 
equality by induction :

(4) p(n, к, l, t) = f -  v).v-o fv;
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In case / = 0 the equality holds. Since:
(5) p ( n ,k , l , t ) = p{n, k, l, t — \ ) —p(n — \, k, l—l, t —\)
(we have used the assumption (k + l)^n). Hence we have:

p (n ,k ,l,t)  = 2  0~ l ) v | \ [ p ( . n - v , k , l - v ) - p ( n - i - v , k , l - l - v ) \  =
v =  0  I  v  )

2  (—1 )yp (n -v , k, l - v ) [('ГМ:;!
= 2 ( - l)vP (n -v

v =  0

Putting (4) into (3) and changing the summation, we get the following recursion 
for p(n, k, /):

T heorem 1.

v =  0

/
v+1p(n, k, l) = 2  (~ l)v \p (n— 1 — v, к -  1, / -  1 -  v) +

+ ( n -k  — l)p(n — l, к —1,1) 
It will be convenient to set

r  =  n - k  — l, f ( r ,  k, l )  =  p{n, k ,  l )  =  p ( r + k  +  l, k ,  /).
Theorem 1 gives the recursion:

(6) f ( r , k , l ) =  Д ( - 1 Г Ц  j)/(/-+ / - l - v ) - + r f i r , k - \ , l )
Let

gr ,k(z)  = 2 f (r’ k> Отт-i = 0 11
From (6) we get:

gr,k(z) =  2  2  , / ( ' ■ +  l , k - l , l - l - v ) 2  +  rgi=ov=o vv + U  *!
Hence

(7) gr,k(z) = ( l - e ~ z)gr+i,k-i(z) + rgr,k-i(z).
Let

G(x, y, z) =  2  2  gr,k(z) 7 7 T 7 -
r = 0  k = 0  П К '.

the exponential generating function for f ( r ,  k ,  /). From (7) we obtain a differential 
equation for G(x, y, z):

Gy(x, y, z) =  (1 +  x - e ~ z)Gx{x,y,  z)
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with the boundary condition

G(x, 0, z) — 1 — xez
(which easily follows from the explicit formula f(r, 0, l)=r\ rl). Solving the equa­
tion we get:

T heorem 2.

( 8) G(x,y, z) = 1
ey + ez- ( \+ x ) e y+z '

The generating function of p(k+ l, к, /)= /(0, k, l) is

1 1G(0, y, z)
e y +  e z - e y + z  1- ( 1- e y ) ( l  -  e z ) 

This we transform into the following form

1 “---------------------- =  У ( l —ey)m( l — ez)m —

=  i  2 ( - o' 7 k 2 ( _ 1 ) J  7m = 0 / = 0  V 1 )  j = 0

Hence we get an explicit formula for /(0, k,l):
T heorem 3.

m
/(0 , k , l ) =  2  S(k, m)S(l, tn)(m\f.

m  =  0

(S(k, m) are the Stirling numbers of second kind)

It is interesting that using another transformation we can get an essentially dif­
ferent formula, which extends to the case r ^ 0  as well1:

T heorem 4.

f i r ,  k, l) = rl 2 o ( -1  )k 1 ̂  Я ) {r +  A)' S(k +  1, A +1).
Proof :

G(x, y ,z ) =  2  ■
р(.У+*)г

r=o (ey + ez — ey+z)r+1 
Now we transform the coefficient of x':

xr.

p(y + *)r <*> (} Л- rl
____ __________= e~y У  е<А+г>г(1— e~y)x( ey +  e * - e y + * r + 1 x  Y  U '

1 I am grateful to Prof. D. H. L e h m e r  for this observation.
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Hence :
f(r , к, l) 

r \k \l\

f i r ,  к, l) = rl 2
X -Ь г

X k ~ ' f "
( i + i r

from this the identity is easily seen.
We obtain the estimation on f(r, к, l) by help of the Cauchy-formula :

f(r , k, I) ___1_
4л2

e<y+z)r dy dz
( e y  +  e z  —  e y + z y + l y k  + l z l + l  ■ri k ill

If we integrate on the circuits \y\ = \z\=a we get the estimation:

f i r ,  k ,  /)
(9)

Let
r i k i l i  ~  (2e“- e 2a)r+1a‘ 

2{r + 1)

t+ttx+t  =  Ш -

a =  1 - k + l
log 2

(this is near the minimum of b(a)).
Substituting a into b(a) and keeping the essential factors only, we get:

Theorem 5. When r is fixed and k+ l-

r\ k \ /! k + l

f i r , к I) r= (1+ 0(1))4^ + ] ) r+i(log2)t+/+r+i- 

Remark. In case r = 0, k — l this gives

/ ( 0, k, k) S  c(ki)2k  I
whence

log2 2

1 f ( 0 , k , k ) 1
T  ° g (k\)2 -  l°ë Tô§f2 +0(1) ~  °g2, L

Trivial estimation gives

whence
(A:!)2< / ( 0, k , k ) * z ( 2 k ) \ ,

1 f ( 0 , k , k )
° * T  °S—(П)1 = lo8 4-
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It would be interesting to determine

lim -j- log
/c-t-оо k -

/ ( 0 ,  k , k ) 
( k \ f
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ON AN INTERPOLATORY ANALOGON 
OF THE DE LA VALLÉE-POUSSIN MEANS

by
J. SZABADOS

Recently, some attention has been paid to the discrete version of some well- 
known convolution operators. Thus R. B o j a n i c  and O. S h i s h a  [1] proved (among 
others) that interpolatory analogues of the Jackson integral and the Fejér—Korov­
kin operator approximate in the order О where co is the modulus of

continuity of the function f(x)£C 2n to be approximated. A further example could be 
the so-called Jackson polynomial which is a discrete version1 of the Fejér means,
and that approximates /(x) with an error О ^/, — j  - f  w  ( / ,  —  j j  where /(x) is the
trigonometric conjugate to /(x) (see [2]).

The aim of the present paper is to “discretize” the de la Vallée-Poussin means, 
and prove that the operator obtained in this way has the same advantages as the 
de la Vallée-Poussin means. Moreover, this operator will interpolate to the func­
tion in some equally distributed nodes, and in order to determine it, we need only 
these interpolated values. The latter can be important from computational point 
of view. The use of the de la Vallée-Poussin means from the point of view of inter­
polation theory, has already been pointed out by G. F r e u d  in [3].

Let

(1) Kn{t) =

. 3nt . nt sin---sin — 2 2

2/7 sin2 —

1 " , S "-! 2/7 — A:
= — + У coskt+ У  ------- coskt

2 *=„+i /7

be the de la Vallée-Poussin kernel. Further let

lk = h.n = ~2n~ & =  0, 1.......3/7-1)

and consider the fo llo w in g  op era tor:

2 3n_1
(2) Vnif ,x )  = —  2  fih)K„itk- x )  ( / ( х)€С 2я).21- Ж k = 0

T heorem , (i) d eg  V„(f x ) ^ 2 n - 1.
(ii) K ( f ,  tk)=f(h) (k=0, 1, ..., 3/7 — 1).

1 We mention that the “discretization” of a convolution operator is not unique, and the order 
of convergence may depend on the manner we determine the discrete operator as a quadrature sum.

2 The importance of this operator has been pointed out by R. D e V o r e  ([4], p. 17).
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(iii) I f  T„(x) is an arbitrary trigonometric polynomial of degree at most n then 
V„(T„,x)=Tn(x).

S. —  where the norm is the usual maximum-norm. 
-&4En{f)fo r  allf(x)£C2ll where E„{f) is the best approxima-

(iv)

( V )

3/1 — 1

Д  \Knfk~ x)\
kf ( x ) - V n{ f x )

tion o f f{x) by trigonometric polynomials o f degree =n.
Proof, (i) is clear from the definition of K„(t). (ii) follows from

K„(tk)
Ц - if к = 0 2
0 if к = 1,2, 3/7—1.

As for (iii), we need an other representation of V„(f x). Define the step-function

co„(t) as wn(t) = —— if tk^ t< tk+1, k = 0, 1, 3/7 — 1; /3„ = г0 + 2я:. Then we have5n
by (1) and (2)

1 2 n
K (f, x) =  — f  f( f)K n( t -  x)dœn{t) = 

n <T
1 n 2n — 1 2 f î  к

= 7 Л . ( / .  *) + 2  A .n if, *) + 2  —— A ,n (f,x )
a  fc= 1 к = п + 1  П

1 2n
Ak.nif x )=  —  f  f( t)  cos k { t-x )d m n(t) (k =  0, 1, 2 n  - 1).

7Г У

where

Now let T„(x) be an arbitrary trigonometric polynomial of degree at most n, and 
n + 1 ^ k S l n  — \. Then, using the obvious relations

2f  icosl . icosl
/  i s in  V"Isin j

kt dcon (t) = 0 ( 0 s / s n < l : s 2 n - l )

we get
j 2 к

Ak'„(Tn, x) = — f  Tn(t) cos k{ t— x) dcon (?) = 0 (и + 1 £  к ^  2/7 -  1)
7Г V

i.e.

Vn(T„,x) =  4-Л0,в(Гп, л:)+

Hence V„(T„, x) is a trigonometric polynomial of degree ^/?. But by (ii) we have 
V„(T„, tk) = Tn(tk) (k = 0, 1, 3/7 — 1) and this implies (iii).

(iv) By the help of the Fejér-kernel

Fn(t)
1

2(77+1)

. /7+1 sin —-— t

sin
2

1 " n —k + 1 ,
—  +  2 ------- , 1 - c o s k t  S  02 kt i  /7 + 1
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we may write K„(t) = 2F2„_1(i) - F n_1(t), and hence
3 / 1 - 1  3 /1  —  1

(3) 2  \K M k -x ) \^  2  [2Fan-i(tk-x) + Fn_1(tk-x )]  =
k = 0 4 = 0

3 /z  — 1  2л — 1

=  - X - +  2 2 в j ,  n COS j ( t k - x )  =
Z  4  =  0  j = 1

9n

with
y=i

Qj,n —

=  - = - + 2  Qj,n cosy* 2  cosyV* + sinyx 2  siny'i*/£ = 0

Зя -  2y
n

In — j  
n

(1 = j  = n 1 )

(n ^  j  ^  2 a?  —  1 ) .

But
Зл —1 Зл —1 З л - 1  З л - 1

Z  C0SA  + / 2 ” sinл  =  2  e‘jtk =  2 ’ e‘k,J
4 =  0 4 = 0  4  =  0  4 =  0

1 _  g«"'/
1 -  e"/

= 0 (1 s j  Ä 2/j— 1)

and thus (3) yields (iv).
(v) Part (iii) and (iv) imply that if T„(x) denotes the best approximating trig­

onometric polynomial to f(x )  of degree S« then
I/(* )  -  v„(f, x)\ ^ \ f ( x )  -  Tn(x)\ +  \V„(Tn - / ,  x)\ rg

En{f)  s  4En(f) . Q.E.D.
2 зл—l

I+ -5-  2  |-̂ n(̂ 4 — ̂  in t = o
R e m a r k .  By a proper modification of the construction we could get an operator 

V<e4 f ,x )  of degree S n(l+ £) which interpolates at the nodes

' Р - Щ Щ  < * » * ' .......
but then in (v) we would have a coefficient O ^logyj (e—0) instead of 4, for all 

fixed e >0.
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ON THE THINNEST NON-SEPARABLE LATTICE 
OF CONVEX PLATES

by
L. FEJES TÓTH and E. MAKAI jr.

Suggested by results of A. H eppes [1] and J. H orváth [2] (see also [3]) concern­
ing transillumination of a lattice-packing of balls, G. F ejes T óth proposed the fol­
lowing problem: Find the thinnest и-dimensional lattice of closed «-dimensional 
balls such that any Á-dimensional subspace (O ^k^n  — 1) has a point in common 
with at least one ball.

The case when k  = 0 is a well known problem: the problem of the thinnest 
Lattice-covering of the space with balls [4]. Special attention is due also to the case 
when k = n — I. A family of «-dimensional bodies is said to be separable if there is 
an (« —l)-dimensional plane not intersecting any of the bodies but containing on 
both sides a body. Thus the case of the above problem when k= n — 1 can be for­
mulated as follows: Find the thinnest non-separable lattice of «-dimensional balls.

Let d„(b) be the density of a thinnest non-separable lattice of an «-dimensional 
convex body b. Then we can ask: What is the infimum of d„(Jb) if b ranges over 
all convex bodies? A similar problem concerning connected lattices instead of 
non-separable ones was considered by G roemer [5] (see also [6]).

In what follows we solve the above problems for n = 2. We shall use the terms 
“disc” and “plate” for a closed 2-dimensional ball and a closed 2-dimensional 
convex body, respectively.

T heorem 1. The density o f a non-separable lattice o f discs is at least f  3rr/8. 
Equality holds only for a lattice generated by the excircles o f a regular triangle (Fig. 1).

Fig. 1
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P roof. In a non-separable lattice of unit discs let A and В be two nearest 
centers. Consider a further center outside the line AB nearest to it. Among these 
centers there is one, say, C lying “above” the segment AB. Since in the triangle 
ABC AB is a shortest side, we have 4 С ё 90°. On the other hand, since C lies 
above the side AB, we have <Л ^90° and < 5^90°. Thus the triangle ABC is 
non-obtuse-angled. Obviously, it has the further property that any two of its 
side-vectors generate the lattice, in short, it is a lattice-triangle.

We claim that all altitudes of the triangle ABC are less than or equal to 2. 
For, assuming that for instance the altitude issuing from C is greater than 2, the 
disc with center C could be separated from the discs centered in A and В by a line 
parallel to AB. But this line would separate the whole lattice, in contradiction to the 
assumption that the lattice is non-separable.

We continue to show that among the non-obtuse-angled triangles ABC with 
altitudes ^ 2  the equilateral triangle A*B*C* with altitude 2 has the greatest area. 
Let the feet of the altitudes issuing from A, В and C be A', B' and C'. We may suppose 
that one of the altitudes, say, C C  is equal to 2. It suffices to show that AB sA *B*  
with equality only if ABC  is congruent to A*B*C*.

Supposing that AB>A*B* and, say, AC>CB, we move C in the direction 
BA until we have A C =  CB. Meanwhile A A' obviously decreases. If in the new posi­
tion <[C ^90°, then we have in the new position, and consequently in the original 
too, AA’>2, in contradiction to our assumption. Thus we assume that <C<90°, 
AC=CB  and AB>A*B*. Fixing the position of C, we displace A towards В and 
В towards A through the same distance until ABC becomes congruent to A*B*C*. 
Observing that during this operation in the right-angled triangle A A' C the hypotenuse 
AC  decreases and <[A'AC increases, we see that A A ' decreases, showing that the 
original altitude AA’ was greater than 2.

Thus, denoting the area of ABC with A and that of A*B*C* with A*, we have 
A sA *  = 4/^3, yielding for the density d—iz/2A the desired inequality i/S тг/3/8. 
Equality holds only in the case of a regular lattice-triangle with altitude 2. It is easy 
to check that the corresponding lattice is, in fact, non-separable.

T heorem 2. The density o f a non-separable lattice ofplates is at least 3/8. Equality 
holds only if the plate is a triangle spanned by one vertex and the midpoints of the 
opposite sides of a basic parallelogram (Fig. 2).

The proof rests on the following
L emma. A plate can always be transformed by an affinity in a new one having 

a diameter D and area A such that j/3T)2S 4^. Equality is claimed only for a triangle.
As to the proof, we refer to [7], pp. 745—746.
P roof of Theorem 2. Since the density of a lattice of plates, as well as the 

property of being non-separable is invariant under affine transformation, we may 
suppose that the lattice consists of plates satisfying the inequality ^3D2S.4A.

Let A be the area of a non-obtuse-angled lattice-triangle. This triangle has 
the property that all of its altitudes are less than or equal to D. Therefore A SD 2/\'3,

4
whence A S — A. Since the density d of the lattice equals A/2A, we have d ^ 3/8.
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Equality holds only if both the lattice-triangle and the plate are regular triangles, 
the diameter (i.e. the side-length) of the latter being equal to the altitude of the 
former. A glance to Fig. 2 shows that this lattice is non-separable. This completes 
the proof of Theorem 2.
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A REMARK ON LATTICE VARIETIES DEFINED 
BY PARTIAL LATTICES

by
E. T. SCHMIDT

A lattice variety is a class of lattices, which is closed under the formation of 
direct products, subalgebras and homomorphic images.

It is well known that the two most important lattice varieties, the variety of 
modular lattices JÍ, and the variety of distributive lattices have every useful 
characterizations with sublattices. These lattices Nb and M5 are given in Figure 1.

A lattice L is distributive iff L has no sublattice isomorphic to M6 or Ns; a 
lattice L is modular iff it has no sublattice isomorphic to jV5; a modular lattice is 
distributive iff it has no sublattice isomorphic to Mb.

A similar characterization of lattice varieties is due from R. Wille [4]. He 
defined the notation of primitive subset: a finite subset P of a lattice L is called 
primitive if Д 0(c\/d, d )x o ,  i.e. if there exists a proper quotient a/b of L such

c , i i P
c<d

that a/b is weak projective into cMd/d for all c,d£P, c^ßd.
Wille has proved the following

Theorem (Wille [4]). Let be a set o f finite posets, V a variety of lattices and 
V? the class o f all lattices in V having no primitive subset o-isomorphic1 to a member 
of 3P. Then Vy. is a variety.

N5 and Mb are subdirectly irreducible lattices, therefore if these lattices are 
sublattices of a lattice L then TV5, Mb form primitive subsets of L. We have there­
fore: if L is a nonmodular lattice, then L contains a primitive subset which is o-iso­
morphic to N5. The converse statement is not true, the lattice К (Figure 2) is 
a (simple) modular lattice and the elements 0, a, b, с, 1 form a primitive subset 
o-isomorphic to N5.

1 Order-isomorphic.
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It is easy to see that a modular lattice L is distributive iff L does not contain a 
primitive subset o-isomorphic to M5. (The primitive subsets of a distributive lattice 
are namely the two element subchains.) For the variety S> we have also two pos­
sibilities, we can take М ъ as a sublattice or as a primitive subset.

We know a third characterization of lattice varieties, the characterization of 
л-distributive lattices.

A modular lattice satisfying the identity

* v  A  yt =  A  ( * v  A  a ]

i*J

is called a л-distributive lattice (A. Huhn [3]). Huhn has proved that the modular 
lattice L is «-distributive iff L does not contain a sublattice .8 =  2" ~1 and element 
X such that x is the relative complement of all atoms of В in interval [inf B, sup B).

This characterization is different from the first two characterizations, the 
element x and the sublattice В can generate different sublattices, therefore this 
is not a “sublattice characterization”. On the other hand the poset B* = {x,B] is 
primitive, but it is not possible to take B* as a poset; the following counter-example 
is from A. H uh n  (unpublished). Let L  be the lattice represented by Fig. 3.

L is a 2-distributive lattice ; the elements u, a, b, c, d, e, f ,  1 foi m a poset which 
is o-isomorphic to 23, and x is a relative complement of a, b, c in interval [и, 1].

All these characterizations are similar. In the first case we have (primitive) 
sublattices, in the second case (primitive) subsets and in the last case (primitive) 
partial lattices.

In this note we shall give a characterization of lattice varieties with partial 
lattices.

Let L be a lattice, and Q kP ^L . Suppose we have two partial binary opera­
tions V', A' defined P such that if a\!'b = u, cA'd=v, then adb = u, cAd=v in L. 
We say that SP=(P, V', A') is a weak sublattice of L. (See [1] p. 81.) This IP is 
weak partial lattice (for the definition we refer to [2]), and every weak partial lattice 
is a weak sublattice of a lattice L.

Let SP be a weak partial lattice and V a lattice variety. Take the class F# of 
all lattices L in V having no weak sublattice SP’ with the following two properties:

(i) SP' is isomorphic to SP\
(ii) P' is a primitive subset of L.
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V#, is obviously closed under the formation of subalgebras. We prove that 
V9 is closed under the formation of direct product. Let L = il (Lt ; i£ l) the direct 
product of the lattices L f  V#. If L contains a weak sublattice &' isomorphic to 2P, 
and P' is a primitive subset of L, then there exists a proper quotient a/b of Lsuch 
that a/b is weak projective into cMdjd for all c,d£P', c^ßd. Let ip-, be the projec­

tion from L onto L{. We denote by 0 £ the congruence relation of L corresponding 
to (pi. L = n  (Lf; j'Ç/) implies A(0f; i£l)=a>, hence there is an i'6/such that (p fa)^  
=̂<pi(b). The set (p^P)— {cpi(p)\p^P}QLi is therefore a weak subalgebra of L h 
which is isomorphic to P. By Lemma 5 of [4], cpfiP) is a primitive subset and so 
(pi(P) has the properties (i)—(ii). Thus L&V9 , which is a contradiction.

Vy, is not always closed under formation of homomorphic images. (It is easy 
to give two lattices L, L' such that L' is a homomorphic image of L, L' is subdirectly 
irreducible, and L does not contain a sublattice isomorphic to L'.)

We need the following
Definition. The partial lattice !?' has concerning V the property (# ) if for any 

homomorphism
(p: L L ' (L ,L 'e V )

if SP’ is a weak sublattice of L' then there exists a weak sublattice SP of L isomorphic 
to , and <p maps 3P onto .

We prove
T heorem . Let 2? be a finite weak partial lattice and V a lattice variety. I f  2P 

has the property (Я) concerning V, then the class V# of all lattices L in V having 
no weak sublattice 2P’ satisfying (i) and (ii) form a lattice variety.

P ro o f . We must prove that V9 is closed under formation of homomorphism. 
Let L-+L' be a homomorphism and L, L fi V. Let 2P’ be a weak sublattice of L'
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satisfying (i) and (ii), i.e. L'$V&. By the assumption that SP has the property (H) 
we get that L contains a weak sublattice 3P isomorphic to 3P. Applying Lemma 4 
from [4], SP is a primitive subset of L. We have therefore LfyVp, completing the 
proof of our theorem.

A sublattice is a weak sublattice ; it is very easy to prove that Мъ and N5 have 
the property (H ) concerning the variety of all lattices resp. the variety M. The 
characterization of J t  and Q) is also a special case of the theorem.

Every finite subset P is a weak sublattice if we define a\Jb, a Ab only for compar­
able pairs. It is almost trivial that P has the property (H ).

In the third case let q>:L-~L' any homomorphism of the modular lattice L 
onto L'. Let us suppose that L' contains a sublattice S ^ 2 ”+1 and an element x 
such that x is the relative complement of all atoms p0, of В in interval
[inf B, sup В]. 3P'={x, B) is a weak sublattice; b1\Jb2, blAb2 is defined for all 
pairs Ь-l, b2aB and xAb, x \'b  is defined only for the atoms of B. We set y,= V p; ,

i*iП
then xV Д yi = x, A(xV Д ^ ;)= l= su p 5  hence xVAj ,-^A(xV А Уд- If

/=0 iVy iVy
are arbitrary elements of L such that cp(x) = x, (p(y0) =>’!, ..., (p(y„)=yn, 

then <p(xV\ÿ i)= x \/At.-^A^V Л У1) = <р{А(АУAÿi)) implies xVAA^AC^V A Â)
in L.

A. Huhn has proved [3] that there is a weak sublattice 3? generated by x, ÿ; 
(/ = 0, such that 3P is isomorphic to 3P' and ц>{ЗР) =  5Р'. 3P has also the
property (H).

Problem. Let 3P be a weak sublattice of a free lattice in V, such that 3P is a primi­
tive subset. Has 3P the property (H ) concerning V?
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EINE ABSCHÄTZUNG DER ENTROPIE VON FALTUNGSPOTENZEN 
UND IHRE ANWENDUNG AUF DEN NACHWEIS 

VON GLEICHVERTEILUNGSEIGENSCHAFTEN

von
F. LIESE

0. Einleitung

Ausgehend von einem allgemeinen Entropiebegriff, der in engem Zusammen­
hang zu der in [1] eingeführten /-Divergenz steht, wird die Entropie der durch eine 
bezüglich des Haarschen Maßes absolut stetigen Verteilung a geglätteten Folge von 
Faltungspotenzen pn*a  auf einer lokalkompakten abelschen Gruppe G untersucht. 
Die Folge der Entropien Hf (p"*G, Я) ist monoton wachsend, wenn das Entropie­
funktional Hf ( •, Я) mit Hilfe des Haarschen Maßes Я konstruiert wurde. Hf (p"* а, Я) 
bleibt im Falle einer nicht kompakten Gruppe im allgemeinen nicht beschränkt. 
Im Abschnitt 2 wird die Wachstungsgeschwindigkeit von Hf (p” *o, Я) für den Fall 
abgeschätzt, daß p und a einen kompakten Träger besitzen. Ohne die Kompaktheits­
forderungen an den Träger werden Abschätzungen für den Spezialfall der addi­
tiven Gruppe der reellen Zahlen und f = —x \ o g x  (Shannonsche Entropie) an­
gegeben. Mit Hilfe der Geschwindigkeitsabschätzungen läßt sich zeigen, daß

Hj-(nn+1* а. Я) — Hf{iin * er, Я)
im Caesaro—Mittel gegen Null strebt. Es erhebt sich die Frage, welche Konsqu- 
enzen das Kleinwerden der obigen Entropiedifferenz für die Verteilungen pn + l *a 
und pn*a  hat. Zur Behandlung diese Problems wird zunächst die obige Entropie­
differenz durch einen Entropieausdruck Af  von bestimmten, mit Hilfe von p und er 
gebildeten Verteilungen auf G xG  abgeschätzt. Für den Spezialfall / =  — xlogx 
besteht zwischen Af  und dem Shannonschen Informationsgewinn gewisser zweidi­
mensionaler Wahrscheinlichkeitsverteilungen ein enger Zusammenhang. Dieser 
Zusammenhang gestattet es, für Aj- im Falle / =  — x  log x  über die Konvergenz im 
Caesaro—Mittel hinausgehende Resultate abzuleiten. In Abschnitt 3 werden die 
Ergebnisse über das asymptotischen Verhalten von Af  verwendet, um auf informa­
tionstheoretischem Wege ein Ergebnis [6] über Gleichverteilungseigenschaften einer 
Folge von Faltungspotenzen abzuleiten.

1. Grundbegriffe

Es sei R eine Menge und Д eine cr-Algebra von Teilmengen von R. Я sei die 
Menge aller konkaven Funktionen / :  [0, “>)-(-■», +°°), die in [0, °°) stetig sind 
und für die /(0) = 0 gilt.

/г, V seien zwei Maße auf Д. Alle in dieser Arbeit auftretenden Maße werden 
als positiv vorausgesetzt, p möge eine Dichte p bezüglich v besitzen, d. h. es möge 
eine bezüglich Д meßbare Funktion [0, °°) existieren mit

p(A) = jp (x)v (dx)  für alle /K/Д, mit v(A) < 
л
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In diesem Falle sei 
( 1) Hf (p, v) := ff(p{x))v{dx),

R

sofern das auftretende Integral existiert und endlich ist. Wir nennen Hf (p, v) die 
Entropie von p in bezug auf v.

Für eine konvexe Funktion /  wurde die f-Divergenz l f  in [1] definiert als

(2)

Somit gilt 

Es sei für /£  ft

If (p,v) := ff(p(x))X(dx).
R

Ifin , v) =  v).

Df(y) := j/r : p besitzt eine Dichte p bezüglich v, J  |/(р(л:))| v(dx) <  °oj.
R

Die Existenz der Dichte p,  die im weiteren auch durch ~  bezeichnet wird, ist durchdv
den Satz von Radon-Nikodynr gesichert, falls eine der beiden folgenden Voraus­
setzungen erfüllt ist.

a) p und v sind u-endlich und für jedes А в 'il mit v(j4) = 0 gilt p(A) = 0
b) [5] R ist ein lokalkompakter Hausdorffscher Raum und 21 fällt mit dem

System der Borelmengen 23Ä d. h. mit der kleinsten cr-Algebra die alle offenen 
Mengen enfhält zusammen. Die Maße p, v sind Radonsche Maße auf d. h. 
lokalendliche, nichtnegative und im Sinne von [5] reguläre Maße auf 23я und für 
die zugehörigen Systeme von lokalen Nullmengen und 9lv gilt Statt

schreiben wir im weiteren auch p<kv . Im Falle b) existiert nach [5] eine 
eindeutig bestimmte abgeschlossene Menge Tß mit р (К \Т ц) = 0 und р(Т11Г\Е )^0  
für alle offenen E mit T^ClE^Q. Tß nennen wir wie üblich den Träger von p. 
Unter der Voraussetzung b) gilt p£Df (v) sicher dann, wenn Tfl kompakt ist, p<szv
gilt und p = ^  beschränkt ist. Durch Xa(x) bezeichnen wir die Indikatorfunktion
der M enget. Jedes f ÇЯ ist entweder monoton, oder es existiert ein 
derart, daß /  in 0 - ^ y ^ y 0 monoton wachsend und in y0 F*= 00 monoton fallend ist. 

In jedem Falle gilt deshalb mit einem geeigneten ÿ, Q=y,

| / ( a j i  + ( l - a ) y 2)| ^  |/O i) | +  | /O ü)| +

+  1 / (3 0 1 [X[o. j ] ( u )  • / ( j ,  - )  Ы  +  /с о , î ] O 2)  • Z(ÿ, ~ ) O h )]-

Hieraus erhalten wir, daß Df (v):={p\ p£Df (v), p(R)<o°) konvex ist. 
v) ist ein auf Df (vj definiertes konkaves Funktional.

(3) Hf (y-Pi + (1 -  <*)P2, v) = / f(y-Pi(x) + (1 - a)p,(x))v(dx)
G

= f[yf(P i(x)) + ( l - a ) f ( p 2(x))]v(dx) Sr xHf (pl ,v) + ( l - a ) H f (p2, v)
G

mit jutÇ.Df (v), oc/̂  + O — ot)u2£Df (v), 0 ^  a ̂  1 , = Dichte von bezüglich v.
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Ist die Funktion /  streng konkav, d. h. enthält ihr Graph keine gerade Strecke, 
so steht in (3) das Gleichheitszeichen genau dann wenn

Pi =  Pi v-fast sicher oder px =  p2
erfüllt ist. Hf ( •, v) ist also für streng konkaves /  selbst streng konkav.

Für zwei Radonsche Maße ц1, p2 auf den lokalkompakten Flausdorffschen 
Räumen R{ bezeichnet PiXp2 das Produktmaß auf [R1XR2, Für einen
lokalkompakten Haudorffschen Raum R sei C00 (R) der Raum der stetigen reellen 
Funktionen cp, für die {x:(p(x)x0} relativ kompakt ist.

Ô, bezeichne im weiteren die Deltaverteilung im Punkt t.
Wir spezialisieren jetzt [R, ®R].
G sei eine additive Hausdorffsche lokalkompakte abelsche topologische Gruppe 

und ®G die cr-Algebra ihrer Borelmengen. Durch

(4) f  f  <p(x,y)(ß1®R^(dxXdy):= f f  q>(x, x+ z)p 2(dz)p1(dx)
C G  G G

für alle (pdC00(G xG ) wird jedem Paar р1г p2 Radonscher Maße auf [G, ®G]ein Maß 
P i ® p 2 auf [GXG, ©GxC] zugeordnet. Insbesondere gilt für kompakte Mengen А, В

(ft® fc)M X fi) =  f  p2(B -x )p 1(dx)
À

Ist v ein weiteres Radonsches Maß auf [G, 33 G] mit fi2<zv, p2:=— so folgt aus (4) av

f  f  <P (X, У) (hl © PÙ (dx Xdy) = f  f  cp (X, y)p2 (y -  x) (Pi 0  v) (dx X dy)
G G

A*i 0 jh2« ^ i 0 v

(у, x ) = p 2{ y -x ) .
d(Pi®v)

Sind die Maße pt endlich, dann bezeichne

(P i  * P i ) ( B )  := (p± 0 p2)(GX B), B£ ®G

* ist die gewöhnliche Faltung von Maßen.
Durch p" bezeichnen wir die n-te Faltungspotenz des endlichen Maßes p.
À bezeichne im weiteren ein fest gewähltes Haarschen Maß, d. h. ein verschie­

bungsinvariantes Radonsches Maß mit A(C/)> 0 für alle offenen Mengen U, SP die 
Menge der Wahrscheinlichkeitsmaße auf [G, ®G] und !?s={p:pe$P, p<zl). Wie in 
[6] ordnen wir jedem peSP das System §  derjenigen abgeschlossenen Untergruppen 
G von G zu, für die ein t^eG  existiert mit

Tß z t 5 + e

Gß := fj Ő heißt Gittergruppe von p.
G i f ,

G G

Somit ist 

und

(5)
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Offensichtlich ist GM die kleinste abgeschlossene Untergruppe von G, die die 
Menge Tll — Tfl = {u — v:u, v£T} enthält.

Durch Ц/i — v||, Ц, v£3P, bezeichnen wir den Variationsabstand der Wahrschein­
lichkeitsmaße p und V.

2. Abschätzung der Wachstumsgeschwindigkeit der Entropie

Es sei dann gilt p*ad&>s und
d(u*a) (* „ , , 4 . da
—j j — ='■ Я = J r(x -y )/i(d y)  mit r =  -^-.

G

Gilt zusätzlich a£Df (X), p*a£D f (X) so erhält man aus der Jensenschen Unglei­
chung

(6) H f(ß*o, X) =  ff(q(x))/.(dx) = f / [ f  r(x-y)n(dy)]X(dx) S
G  G G

-  f f f { r(x ~y))ll (dy)W x)=  ff(r(z))À (dz) = Hf (a, A)
G G  G

Die Ungleichung Hf (p*a, /.) = Hr(a, X) ergibt sich auch als Folgerung einer in [1] 
abgeleiteten Ungleichung für die /-Divergenz.

Ist die Gruppe G kompakt, und setzen wir in (6) ;i=A = normiertes Haarschen 
Maß, so folgt

Hf (a, X) ä  Hf (A*a, X) = Hf (A, X) = / (  1).

Somit gilt auch für p" * er
Hf (ii”*a, X) ==/( 1)

und nach (6) konvergiert deshalb Hf (pn*a,X) monoton wachsend gegen einen 
Wert, der kleiner oder gleich /(1) ist. Ziel des ersten Teile dieser Arbeit ist es, Aus­
sagen über Hj-(n"*a, X) ohne Voraussetzung der Kompaktheit an G zu machen.

Der Träger von vÇ.0>C\Df (X) möge in der kompakten Menge К  liegen. Dann 
folgt aus der Jensenschen Ungleichung für /€ Я

(7) Hf (y, X) = Jf(q(x))A(dx) = j f (p (x ) )  A(dx) =s
G  К

- j  -  H f (x[K], X),^  Ц К )/ ЦК)  J

mit (>i[K\)(Ä):= А(АПК)
ЦК) Wir nennen x[K] die Gleich Verteilung auf K.

Die Ungleichung (7) besagt, daß die Gleichverteilung auf К  die Verteilung 
maximaler Entropie in der Klasse aller Verteilungen ist, deren Träger in К liegt.
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$ Setzen wir voraus, daß die Träger von p£&> und oÇ.!?s kompakt sind, dann ist 
auch Тцк*a für jedes к kompakt und nach (7) gilt

Hf (pk*<r, Я) ^  Hf (x[T^AJ ,  Я).

Der folgende Satz zeigt, wie die Entropie von abgeschätzt werden
kann.

Satz 1. Es sei f f  5t. ц£__3/> und a^D f (Á) seien Wahrscheinlichkeitsmaße mit kom­
paktem Träger. Dann gilt p" *<j £ Df  (л) und es existieren Konstanten cx, c2 mit

(8) Hf (pn*a, Я) s  #/(х[7>.*„], Я) ^  ci"C2/ ( t ^ t|  ’ n = \,2.....

Bew eis . 1. Wir setzen voraus, daß G die Darstellung G—GxXG2 mit zwei 
Hausdorffschen abelschen topologischen Gruppen Gx, G2 gestattet. px bzw. p2 seien die 
Randverteilungen eines Wahrscheinlichkeitsmaßes p auf [G, S c ] = [G1X G 2 i ® GlXGJ

px(B) := p (B xG 2), ÂÇSBgji Рг(С) ‘= p(GxXC), C£33Ca

Es sei (x„, y0) € Tß. UXa sei eine offene Umgebung von x0 in Gx und Uy0 eine offene 
Umgebung von y0 in G2. Dann folgt

0 <  p(Ul0X UyJ s  p (U lx G 2) = px(UlXo)
0 < p(Ul0X Uy0) S  p(Gx X Uy0) = n2(Uy0)

und somit (x0, у0)£Тп Х Т м . Damit ist

(9) T .Q T ^ X T , ,
bewiesen.

Da die Randverteilungen (p*v)i der Faltung p * v  mit der Faltung pt* v; der 
Randverteilungen p,, v; übereinstimmen, folgt aus (9)

( 10) T^y Я Т ц ^ Х
2. Wir zeigen jetzt, daß Konstanten cx, c2 mit

(11) Я ^ ^ с / - ,  n= 1,2,....

existieren, wenn p und <r den Voraussetzungen in Satz 1 genügen. Ohne Beschränkung 
der Allgemeinheit können wir nach [9] annehmen, daß G = RmXG0, m^O, gilt. 
Hierbei ist G0 eine lokalkompakte Hausdorffsche abelsche Gruppe, die eine kompakte 
Untergruppe В besitzt, für die GJB diskret ist. px, p2 bzw. ax, a2 seien die Rand­
verteilungen von p bzw. a auf Rm und G0. Die Anwendung von (10) liefert

( 12) 7p"*<г = тчпх*<ч X

Da das Haarsche Maß Я gleich dem Produkt aus Haarschen Maßen Я1; Я2 auf Rm 
und G0 ist, brauchen wir somit die Behauptung (11) nur für die Spezialfälle Rm und 
G0 nachzuweisen.
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Da Tßl und Tai kompakt sind, existieren endliche w-dimensionale Intervalle
^1>

mit
Ißl : a, bi\ Iai : C; ^  =s dh i = 1, m

T c  /  T ^  Ix  Hl =  1 Gl —  Л<Т1*

Der Träger der Faltung von Wahrscheinlichkeitsmaßen ist gleich dem Abschluß 
der Summe der Träger (siehe [3]). Dies ergibt

T,^„ = I"
mit

/" := {xl5 xm); Cj +  nai - x t : dt + nb,}.

Da Lebesgueschen Maß proportional ist, folgt mit einer Konstanten e1

К  ( /”) S  ex [ f j  (bt - a i + ̂ -(dl -  c,)i)] • nm.

Da T„ und Ta kompakt sind und GJB diskret ist, existieren

mit
t%, ..., tkÇ_G0, slt s1£G0

T«, = Ü (U + B)

Ta„Q U (Sj + B).
H ieraus ergibt sich

j = 1

т„»*а2 = Ù (sj+ B)+  Ù (ti + в) + ... + ü  (u+B).
7 = 1 i=i

Da alle möglichen Summen von n Elementen aus tlt . . . , tk und einem Sj höchstens

[n + k — 1 
= 7- [ „

verschiedene Elemente Uj ergeben, erhalten wir
l к к
) (Sj + В) -f

1 = 1  1 = 1

Damit erhalten wir

u ( S j  + B)+  u ( t t  + B)+ ... + и  (u+B) g  ű  (Uj + B).
7 = 1 1=1 1=1 7 = 1

g  Â. l) («7 + 5)1 =s ï b ( U j  + B) = Onb(B).
v'=1 J
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a„ läßt sich durch e2nk~x mit einer gewissen Konstanten e2 abschätzen. Da В kompakt 
ist gilt A2(ß)<  ° o  und damit ist (11) auch für den zweiten Spezialfall nachgewiesen.

3. Es sei x1;x2€(0, °°), xt < x2 und ot=— , dann folgt wegen /€Äx2

x2f = x2/ | a  — + (1 — a)0 + /(0 ) ( l - a )x 2 =

xf ist somit monoton wachsend. Aus (7) und (11) erhalten wir (8).
Wir wollen jetzt die Voraussetzung, daß Tfl und T„ kompakt sind fallen lassen, 

spezialisieren aber G—R1 und f = —x  log x. Die zu / =  — x  log x und /  =  Lebesgue- 
sches Maß gehörige Entropie bezeichnen wir einfach durch //(  • ) Für alle 0, 
<5>0 bezeichnet nüiö das durch folgende Wahrscheinlichkeitsdichte pa ö definierte 
Wahrscheinlichkeitsmaß

(13) Pa,» := c(a, d)e-â 6, - °° <  x <  +

[c(o, ö)]-1 =  f  e-«l*i *dx = 2ö~1a ä f k

V sei eine weitere bezüglich des Lebesgueschen Maßes absolut stetige Wahrschein­
lichkeitsverteilung mit endlichem absoluten Moment mv der Ordnung <5, q sei die 
Dichte von v. Nach [1] gilt für den Shannonschen Informationsgewinn

/(V, jr„, ») =  f  q{x) log q(x) - dx 2=0
P a ,» (X )

oder für die Shannonsche Entropie H(v)
+ 00

H(y) ^  / <  — logc(a, £)+ a|x|Ä)v(</x) =  logc(ü. <5) + amv.

Es gelte zusätzlich 

dann folgt
(14) / / ( V )  3= -logc(fl, ö)+amnati = H(ir„>ä)

Somit ist die durch die Dichte (13) definierte Wahrscheinlichkeitsverteilung die Ver­
teilung maximaler Shannonscher Entropie in der Klasse aller Wahrscheinlichkeits­
verteilungen, deren absolutes Moment der Ordnung b kleiner oder gleich

(15) mna в = c(a, b) f  \x\6e~aW"dx =
— oo

ist. Siehe dazu auch [8].
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Es gelten folgende elementare Ungleichungen : 
« * 

i = l 2  \yt\ö für ^ §  1

2 y i  s 2 \ уА*> 0<«5<1, y ^ R 1.
1=1 1=1

Hieraus folgt:
Sind Ц und g Wahrscheinlichkeitsverteilungen auf dem R] mit endlichem abso­

luten Moment der Ordnung (5>0, so gilt

(16)

Zu b >0 sei
" W  =  bn

nd 1(ri‘ mß + ma) <5 S  1

0 <  Ô <  1.ИЯ2Д + /и

dann gilt nach (15)

Wir definieren jetzt a„ durch

а :=

r>K

a„ :=

1
Ж

h.

1
M

mit aus (16), dann folgt aus (14)
(17) H(h"*g) à  H(nan<ö).
Analog zu Satz 1 gilt dann

Satz 2. ц und a seien Wahrscheinlichkeitsverteilungen auf den Borelmengen des 
R 1 mit endlichem absoluten Moment der Ordnung <5>0. <r sei absolut stetig bezüglich 
des Lebesgueschen Maßes. H (er) möge existieren. Dann ist H(ß" * o) definiert und es gilt

(18)
mit b„ aus (16) und

H([in*G) s í  <p((5)+-i-loghn

cp(ö) =  log 2 + log Г 4+  7 - 4 l ° g i .

Der Beweis von Satz 2 folgt unmittelbar aus Ungleichung (17) und der Definition 
der b„, wobei ц"*о£ D_x Iog x aus Ungleichung (14) und der Jensenschen Ungleichung 
folgt.

Folgerung. Genügen ц, a den Voraussetzungen von Satz 1 und gilt für f r
1

(19)

dann folgt

( 20 )

lim л1 ef 0 Ve >  0

lim— У + 1 * g , X) — Hf (ßk*G, A)] = 0.
n-+ со П k = 0

Für f — — X  log X  gilt (20) auch unter den Voraussetzungen in Satz 2.
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Beweis. Die Beziehung (20) ergibt sich unter den Voraussetzungen in Satz 1 
durch Anwendung der Ungleichung (8)

O s  -  2  [fff (nk+1*a, A) — H f(nk*o, A)] =
n k=о

= ± H ,W * o ,  X ) - ± H f (a, A) S  - ± H f (a, A)+c1^ - y ( - ^ r ] S

á  _  1  Яг ((т, A) + c p x i-y  |i-J  0

£ = — . 
c2

Unter den Voraussetzungen von Satz 2 folgt (20) ebenso wegen 

7 log fcn - ^ r °  mit b« aus (16).

Bemerkung . Die Bedingung (19) bedeutet, daß/(x) für xlO hinreichend schnell 
gegen Null konvergiert. Der Beziehung (19) genügt zum Beispiel die Funktion

/(x ) =  — xlogx.

(19) wird natürlich erst recht von allen / ,  die eine endliche rechtsseitige Ableitung in 
x=0 besitzen, erfüllt. Die Aussage (20) ist in diesem Falle trivial, weil dann eine nur 
von /  abhängige Konstante cf  mit

Hf (o, A) = Cf für alle <r£Df (X)
existiert und somit A) als monoton wachsende und durch cf  beschränkte
Folge konvergiert.

3. Eigenschaften der Informationsgröße A{

[Л, 91] sei ein meßbarer Raum, yt, i= l ,  2, 3, Maße auf 91 mit y-^Df^y3), i= l ,  2, 
■Hyi + yaK^/Ob)- Sei

ДАУп Уг, Уз) ■= Hf  Ц -(у ,+у2), y 3 j  ~ j  ^/(Vi. Уз) “  J  Я/(Уг, y3).

Da Hf ein konkaves Funktional ist, gilt

Af(yi, У3. Уз) í= 0.

Da Hf für streng konkaves /  selbst streng konkav ist, steht in diesem Fall in der 
letzten Ungleichung das Gleichheitszeichen genau dann, wenn yi=y2 gilt.
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Af  läßt sich deshalb als Maß für die Unterschiedlichkeit von y1 und y2 deuten. 
Diese Deutung läßt sich im Spezialfall f  = — x  log x durch Ungleichungen prä­
zisieren.

Bei allen auftretenden Informationsgrößen lassen wir im Spezialfall / =  — x log x 
f  als Index weg.

Es gilt

d(yi ,y2) := 4 O i +  У2) log у  O i +  У 2) +  4 J i log У1 +  j  У 2 log У 2 =

1
= j y  i i o g T

У1

у  Ol +  Ja)

1 ,
+ y J a  log Ja

J  O l +  Ja)

Ist Pi die Dichte von уг, /=1,2, bezüglich y3, so gilt 

(21) A (ft, у2 , Уз) =  J  d(p1(x),p2(x))y3(dx) =  — f  Pilog P i

( P 1+ P 2)

■Уз (dx) +

+ Т /Л Ю 8 Т
P  2 y3(dx) = I \y 1, -Х-О1 + У2) +ЛУа, -z- Oi + У2)

1

J  ( Pi +Pè

A O i, y2, уз) hängt also nicht von y3 ab, und wir schreiben im weiteren hierfür nur 
A (yi, y2)-d(yi, y2) ist für alle Wahrscheinlichkeitsmaße yls y2 definiert, da man 
stets ein y3 finden kann, so daß yt£Df (y3) gilt. Man kann etwa y3= 2 (У1+У2) 
wählen.

Nach [2] gilt für den Shannonschen Informationsgewinn I(q1} q2) zweier Wahr­
schein lichkeitsmaße Qlt q2 folgenden Ungleichung

llöi-ßall =  121(в1 , öa)]2

Mit der Identität (21) folgt für zwei Wahrscheinlichkeitsmaße y1; y2

oder

( 22)

1 1 2 1 1
d(yi, Уг) =  ~ 2 V i - y  (У 1  +  У 2) + T V 2 - - 2 (У 1 +  У2) = -^\\У1~У2\\г

L-yall S  2[A (y,, y2)]2.

А (уi, уз) charakterisiert somit die Verschiedenheit von y1 und y2 in dem Sinne, 
daß aus der Kleinheit von d(y1,y 2) die Kleinheit des Variationsabstandes von yt 
und y2 folgt. _

[7?, 91], [R, 91] seien zwei meßbare Räume, o1; p2 zwei Wahrscheinlichkeitsmaße 
auf [R, 91] und P eine Übergangswahrscheinlichkeit von [R, 91] in [R, 91]. Es sei

ßi(A) := f  P(x, A)Qi(dx), 469t.
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Dann gilt nach [1]

(23) I(Qi i  Qi) — f(í?i> Qi)-

Wir setzen jetzt
[Ä, 51] =  [R, Щ =  [GXG, S GxG]

und
P(x,y,  C)  : =  f  Xc(x, z+y)p(dz) ,

G
mit C€©GxG und Xc = Indikatorfunktion der Menge C. Für C = AXB , 4, gilt

AXB) = Х л(х)ц(В -у)
und somit

/ / Д * , y, A xB )(p1®p2)(dxXdy) =  f  f  Хл(х)р(В-y)(ß i® fi2)(dxXdy) =
G G GG

=  f  ( p*p2) ( B - x ) p 1(dx) =  ( / Í Í 0 C / Í  * / i 2) ) ( ^ X Ä )  
л

oder

(24) J«i © P i  =  Hi  ® (/* * M2)- 

Entsprechend gilt

(25) VjX v2 = vxx (/i* v 2).

Die Ungleichung (23) liefert mit Hilfe der Identität (21) sowie (24) und (25) die 
folgende Aussage.

H ilfssatz. Für beliebige v ,€^ , / = 1 , 2 ;  ц£ЗР gilt

(26) A (vx X v2, fr 0  ц2) S  A (vj X (ü * v2), 0  (p * p2j).
Wir wollen jetzt einen Zusammenhang zwischen Af  und der Entropiedifferenz 

X) — Hf (a, A) hersteilen. Dazu dient der folgende Satz.

Satz 3. Es sei fÇ. Si, Ö/(A), i=  1, 2, sowie p.*o2dDf {X). Dann gilt

(27) Я т ^ Х ^  +  д Ф ^ л Х а) ^  Hf  (ff! +  p * <x2), A.j .

Für streng konkaves f  steht in (27) genau dann das Gleichheitszeichen, wenn eine der 
beiden folgenden äquivalenten Bedingungen erfüllt ist
(28) a2 =  ös*a2 ViÇGj,

(29) цХ(ц*<г2) =  /10<т2.

Beweis. 1. Wir beweisen zunächst (27). pt sei die Dichte von bezüglich A. 
Dann gilt

d(pXcr i) 
d(p X A) (x , y ) =  Pi(y)
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und nach (5) sowie ц@/l = p x X

dp ®ff2
dpxX

Hieraus folgt

(30) Hf {a1, Я) =  J  J f ( p 1(ÿ))n(dx)À(dy) = Hf (nX(T1,HXX)
G G

(31) ///(ff», Я) = J f ( p 2(z))X(dz) =

j  ( * ,  У) = Р 2(У-Х).

=  f  f f { P i ( y - x ) ) p { d x ) l { d y )  =  Hf ( p®a2, рХХ)
G G

Somit gilt wegen ff;Ç/)/(/)

juXffi Ç.Df (pXX) und p® c2£Df (pxX).
Die Konvexität von Df (pXX) ergibt \  (pX<Ti+p®G2)£Df (pXX). q sei die Dichte 
von /r*ff2 bezüglich Я. Die Anwendung der Jensenschen Ungleichung liefert

Hf  ( / г  X  ff ]  +  pfB f f » ) ,  p X /  j  =  f  f f ^ ( P i ( y ) + p 2(y-x))^p(dx)X(dy)

=  / /  f - j [ P i ( y ) + P 2 (y~x)]p(dx))x(dy)  =
G \ G

-/A?[Pi(y) +  q{y)} \Kdy)  =  Hf \—{o1+ p * G2),X\.
1

Ist /  streng konkav, so steht in der letzten Ungleichung genau dann das Gleichheits­
zeichen, wenn für Я-fast alle у

p {x :p 2( y - x )  =  q(y)} =  1 gilt.
Dies ist gleichbedeutend mit

p2(y —x) = q(y) für /гХЯ-fast alle x ,y  
oder nach (5) und pX X = p® Я

p® o2 =  pX(p*<r2).
2. Wir weisen jetzt die Äquivalenz von (28) und (29) nach.
a) Es sei (28) erfüllt. Wegen T^ — T ^ G ^  gilt für alle и und v aus 7j,

<5u * f f 2 =  Sv* a 2
oder

c2{B — u) =  o2{B — v) für alle Ä£93G.
Hieraus folgt

cr2(B — v) = J Oo(B — u)p(du) = J a 2(B — ü)p{du) =  (p*a2){B) für alle v^Tß 
U °
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und somit
ц(А)(ц *(72)(В)  =  f  ( ß*a2)(B)n(dv)  =  f  (ß * o2)(B)ß(dv) =

А  Т ^ П А

= f  (T2(B~v)n(dv) = (/1®<т2)((7’(1П ^)Х 5) =  (ß®a2)(AxB ).
ТцПА

Aus der Beziehung
ß(A) (ß*o2)(B) =  (/I ® <r2) (/í X B) 

für alle A,B£5Bg folgt (29).
b) Wegen (t2€ ^ s ist die Abbildung t 8, * o2 von G in den metrischen Raum 

[ЗА, II • II] mit dem Variationsabstand als Metrik stetig. Bei festem t0£ T„ existieren 
deshalb für m =  l,2 , ... offene Umgebungen von t0 mit

(32) ||<5,*<г2-<5,0*ст2|| <  Vi € U,0<m

(33) fi(U,0, J  > 0.
Sei

Aus (29) folgt 

und nach (32)

/*(• П U,„,m)

ßm*G2 = ß*G2

\\0,0*<J2- ß m*(T2\\
m '

Der Grenzübergang liefert
<5,0*02 =  ß*<?2-

Da t0€7^ beliebig war, ergibt sich
<5„ * a2 =  Sv* a2 bzw.

(34) <5u-„*02 =  02 du,v£T„.
{s: ôs* ct2—cr2} ist eine abgeschlossene Untergruppe G0 von G. G0 enthält infolge 
(34) Тц — Тц. Hieraus folgt und dies beweist (28). Durch Benutzen von (30)
und (31) ergibt sich aus Satz 3 die nachstehende Folgerung.

Folgerung 1. Urtier den Voraussetzungen von Salz 3 gilt.
(35)

und für

(36)

Af ( ßXoi ,  ß ® d 2, jíXA) s  

S  Af {ox, ß * o 2, X) + -^[Hf (ß*(T2, X) — Hf (o2, 2)]

= ß * a2

A f { ß X ( ß * o 2) ,  / r ® < r 2 , / i X A )  =  ^ [ H f ( ß * o 2 , А ) - Я / (<72 , А ) ] .  у
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Hierbei steht für streng konkaves f  in (35) und (36) das Gleichhetszeichen genau dann, 
wenn (28) oder (29) erfüllt sind.

Wir spezialisieren jetzt / = — л: log л:.

Folgerung 2. Für beliebige p, a f  JP ist
A(pX(pn+1*(r), p® (pn* ff))

monoton fallend n in und unter den Voraussetzungen von Satz 1 oder Satz 2 an p 
und a gilt.
(37) 3  (/i X (íí"+1* (7)110 (^" * ff)) —  0.

Beweis. Wir setzen in (26) \x=p, v2= pn+1*o, px=g, p2=pn*cr, dann folgt 

A(jxX (pn+2*a), /i®(Ju',+1*oj) S  А (цХ (йп+1*(т), р®(ц"*а)).
Aus Ungleichung (36) in Folgerung 1 ergibt sich

lim A(pX(pn+1*cr), p(B(p"*o)) S  y  lim [Н(рп + 1*о, А) —#(/("* с, к)] ^
П-»°° ^  П-+о°

S  у  lim — 2  [H(pk+1 * к) — Н{рк *а, к)].
2 fi~ * .с о  У1 к=1

Die rechte Seite der letzten Ungleichung ist nach (20) unter den Voraussetzungen 
in Satz 1 oder Satz 2 an p und a Null. Damit ist (37) gezeigt.

4. Eine Anwendung auf die Theorie der asymptotischen Gleichverteilung

Ist die lokalkompakte Gruppe G nicht kompakt, so existieren auf 23c keine 
verschiebungsinvarianten Wahrscheinlichkeitsmaße, d. h. es existiert keine Gleich­
verteilung.

Die zunehmende Gleichverteilung einer Folge von Wahrscheinlichkeitsverteilun­
gen wurde in [6] durch die zunehmende Verschiebungsinvarianz erfaßt. Eine Folge 
on ÇÍX heißt nach [6] asymptotisch gleichverteilt, falls

gilt. Nach [6] geht das Gewicht der bezüglich des Haarschen Maßes absolut stetigen 
Komponente einer asymptotisch gleichverteilen Folge von Verteilungen für я — «  
gegen 1. Gilt dies für die Folge pnÇ.^ nicht, so kann man Gleich Verteilungseigen­
schaften nur von der geglätteten Folge cr*pn, a ÇSPs, erwarten. Für eine beliebige 
Folge Ç SP sei

Y((ßn))'-= {t ■ \ W * P „ - ö , * a * p n\\ - y ^ - 0  V<x<E^s}.

V((p„)) ist eine abgeschlossene Untergruppe von G und heißt Verschiebungsgruppe 
der Folge p,fSP. Gilt V((p„)) = G, so heißt pn € SP schwach asymptotisch gleichverteilt. 
V ((/i„)) charakterisiert die Gleichverteilungseigenschaft der pn durch die zunehmende 
Verschiebungsinvarianz der geglätteten Folgen cr*p„, aÇ_^s. In Anlehnung an [7] 
werden wir eine der Verschiebungsinvarianz äquivalente Aussage ableiten. Dieses 
Kriterium ergibt sich als Antwort auf folgende Frage :
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Bleiben die Aussagen (28) und (29) in Satz 3 äquivalent, wenn die Gleichungen 
nicht exakt erfüllt sind, sondern mit einer Folge an anstelle von <x2 die Differenz der 
rechten und linken Seite von (28) und (29) im Sinne des Variationsabstandes für и — °o 
gegen Null strebt?

S a t z  4. Es seien ц, g SSPs sowie a„\=a * ftn. Dann sind folgende Aussagen
äquivalent:

(38) —  0

(39) WßX(n*(Tn) - Ц® GnW-^z-0

Beweis. 1. pn bzw. qn seien die Dichten von on bzw. ft * a„ bezüglich X. Dann 
gilt mit (5) und цХХ—цфХ

(40) \\nX(fi*Gn) - n ® a J  = f  f  \qn(y)-p„(y-x)\fi(dx)X(dy) =
G G

= f  f\ fP n (y -z )n (d z)-p „ (y -x )\fi(d x )X (d y )  s
G G G

-  J  I  f  \Pn(y~z)-Pn(y-x)\n(dz)n(dx)X(dy) = f  \\an -  ôt* G„\\{p* p)(dt)
G G G G

mit
fi(A) := ц{-А ),А £Ъ 0.

G,. ist die kleinste abgeschlosene Untergruppe von G, die T„ — Tu enthält. Da Г„*a 
der Abschluß von T^ — T^ ist, gilt

(41) g  G,.

Ist jetzt (38) erfüllt, so folgt aus (40), (41) und dem Satz von L ebesgue die Be­
ziehung (39).

2. Es gilt

\\pX(ji*an)~  p®Gn\\ =  / f\qA y)-P n(y-x)\n (dx)k{dy) =
G G

= f\\P*G n- ô,*on\\n(dt).
G

Aus (39) folgt somit

(42) f  \\n*on- S t*on\\n(dt)-^z r 0
G

t0Ç.Ttl sei fest gewählt und ^ ,одГ„ eine kompakte Umgebung von Dann gilt

(43) p(Ut)  > 0

für jede Umgebung U,0QK,0 mit t/,0£©o. Es sei

<P n ( t ) :=  \ \ P * G n - ö , * o n \\
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Die Folge cpn besitzt folgende Eigenschaften

(44) (а) 0 = <pn{t) = 2 \/t£G

(b) \<p„(u) -  q>n(v)\ = \\\ll*On- ö u*On\\-\\n*O n-Öv*<Jn\W S
— = ||<5B_„*ff„-ffJ = [I0M_„*cr —C7||.

Wegen o£äPs ist ||<5s*ff — a\\ eine stetige Funktion in s. Die Ungleichung (44)ergibt 
die gleichgradige Stetigkeit der cp„ in jedem Punkt von G.

Wir betrachten die Einschränkung der (p„ auf K,0. Nach dem Satz von A rzela— 
A sc o li existiert eine Teilfolge (p„k , die auf K,0 gleichmäßig gegen eine stetige Funk­
tion ijy konvergiert.

Ohne Beschränkung der Allgemeinheit kann man voraussetzen, daß die nk so 
gewählt sind, daß
(45) lim <pnk(t0) = Hm cpn{t0)

k-*-oo

gilt. Aus der Stetigkeit von i/z sowie (42) und (43) folgt t/i(i0)=0. Da t0 beliebig 
war, ist

gezeigt. Hieraus ergibt sich wegen

\\àu-v*°n-On\\ = ll«5u * 0 „ - ( 5 „ * f f j  ”  \\0и*0п-Ц*0„\\ + \\0„*(Гп-Ц*0п\\
(46) ll<5u_„*<Tn- c J - ^ r O  Vu, v^T ß.

К  = {s'- \Wn-Ôs* ffJ  0}

ist wegen ff £SPs eine abgeschlossene Untergruppe. V„ enthält wegen (46) Tß — Tu und 
somit gilt

V ^  Gr a —  w  fi
was (38) beweist.

Satz 4 zeigt, in welcher Weise informationstheoretische Beweise von Gleich­
verteilungseigenschaften möglich sind. Die Beziehung (39) in Satz 4 ist infolge Un­
gleichung (22) erfüllt, falls

Л  ( / Í  X ( / (  *  ff„), g  ®  ff„) о

gilt. A(gX(g*an), /i®ff„) läßt sich nach (36) durch die Entropiedifferenz 
\  (H(g *ff„, A) — H(a„, A)) abschätzen. Damit erhalten wir Satz 5.

Sa t z  5. Es seien g, //„ aus SP, a 6 SPs sowie on := а * g„ und g*on aus D (/.). Dann 
folgt aus
(48) H(g*a„, Х) — Н(о„, л)-^-^»0

(47) Vi£G„.

Gilt jetzt g„=g", dann ergibt sich

(49) A(gX(gn + x *o), g ®(gn* ff)) -^7^*0, bereits dann
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wenn H(i7*n", X) für /г —°° nicht zu schnell wächst, wie aus dem Beweis der Folge­
rung 2 zu Satz 3 hervorgeht. Haben /i und <r kompakte Träger, liegt nach Satz 1 
solch ein Wachstumsverhalten der Entropie vor und nach Folgerung 2 gilt (49). 
Die Anwendung von Satz 4 und Ungleichung (22) ergibt dann

{ j: ||<t* /i" — (5S* <r* / i " | | 0} ü  G„.

Von der Voraussetzung der Kompaktheit der Träger kann man sich lösen und auf 
diesem Wege ergibt sich informationstheoretisch ein Resultat aus [6].

Satz 6. [6] Für alle gilt
v { W )  =  <?„■

Bew eis. 1. Zum Beweis benötigen wir eine Aussage, die eine einfache Modifizie­
rung des Übertragungssatzes in [4] darstellt. Es seien q , v , vx und v2 aus SP, 0 < a ^  1

x := av-t (1 — a)q
sowie

||v'l*v1 — V” ж v2|| „„^O-
Dann gilt auch
(50) \\x" *v1—xn *v2\\ ^ -0.

Beweis von (50):

afc(l — a)'l~*‘||v*: * * v! — vk* ß"- ** v2|| S

IIA I ” 1 a* ( 1 — a)" fc||vfc* vx — vk* Vg||
*=o W

Zu £ >0 existiert ein kc mit

(51) Jv*
£

*V! — vk* v 2|| < — V k ^ k £
sowie ein nc mit

(52) 2  f
k = 0 V

ak( l - a ) n_t < y  Vw — nc.

Aus (51) und (52) ergibt sich \\xn* vx — %”*v2||<£ V nëfi, und damit (50).
2. Für a € ^ s existiert zu e>0 ein <r€^s mit kompaktem Träger und beschränkter 

Dichte derart, daß
<  e

gilt. Dann folgt

\ \ о * ц п —  ô s * a * n n \\ s  | |< 7 c * / i n  —  á s * e r c * / i n | |  +  \ \ < j * n n —  a c * n n \\ +

+ ||<5S* <т * ö" — ös* ot * /in|| S  ||<t£ * /t" — ös * at * finII + 2e.
Die Beziehung
(53) Il g * ц п — ö s * о- * ц„\\ 0 für alle
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ist also bereits richtig, falls (53) für alle а 6 &s mit kompaktem Träger und beschränkter 
Dichte gilt.

3. Wir zeigen zunächst
g,  g  v((fi")).

Dazu reicht es
Tß- T ß <^V ((»"))

nachzu weisen.
Seien u, vÇTß und s=u — v. KuQTß, KvQ T ß seien kompakte Umgebungen von 

и und V sowie
K =  KU\JKV

Hk ■=
HÍ■ ПЮ

Dann gilt

und

(54)
mit

und

в =

ц(К) ■

s £ GßK

H = CCflK + (1 — tx)g

а =  ц{К)

f i ( - f ] (G\K))
H (G \K )

beliebig aus & ц(К) — 1

crÇâ̂ s sei eine Verteilung mit kompaktem Träger und beschränkter Dichte. Dann 
gilt о * iinK£D(X) und aus Folgerung 2 zu Satz 3 ergibt sich

А (нк X  (Нк+1 *  f f )> Нк® (Hk * a)) 0 .

Die Ungleichung (22) und Satz 4 ergeben wegen s£GßK

\W * Hk - <5S * <y * Hk II °- 

Aus Teil 1 des Beweises folgt mit (54)

IIer * цп — ös * a * fi"\\ 0.
Da s beliebig war, ist

T , ~ T ß Q F((/t"))
nachgewiesen.

Der Beweis der Beziehung F((ii"))gG, erfolgt wie in [6]. Sei t$Gß, dann exi­
stiert eine Umgebung U des Nullelements mit

t + UHG, = 0.
V sei eine offene Umgebung des Nullelements mit V— VÇ V, dann gilt

(.t + V+G„)n(Gß + V) = 0.
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Sei mit <t(K) = 1. Dann gilt für и =  1 ,2 ,...

0a*n")(ntGii + Gß + V) =  1 
(Ô, * а * ц") (t + ntGii + GtU + V) = 1 

intGu + Glt + V)f](t + + G,, + V) =  0.
Hieraus ergibt sich

\\a*pn — 0 ,*а*цп\\ = 2 V/i.
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ON A METRIZATION OF THE VAGUE CONVERGENCE

by
D. SZÁSZ

1. Introduction

It is well-known that the weak topology in the space of probability distribu­
tions over a separable metric space S can be metrized. Such metrics have been 
defined by P rohorov — the Prohorov-metric — and by F ortét and M ourier — 
the dual-bounded-Lipschitz metric (cf. D udley (1972)). In the case when 5 is a 
locally compact Abelian group the author (Szász (1971)) has defined a new metric 
equivalent to the weak topology. Modifying this definition we can metrize also the 
vague convergence. This metric can be used instead of the Prohorov metric when 
establishing vague convergence and not the weak one.

2. The metric aHi w

Let Ji(S )  be the class of Borel measures defined in a metric space (S , d) with 
masses not exceeding 1 and denote by 0>(S) the subclass of probability measures. 
We recall that a sequence цг, p2, tends vaguely to p ^J /(S )  (or briefly
pn=>p)i iff for every continuous real function u(x) defined in S  with a compact support

(1) lim J  u(x)p„(dx) = J  u(x)p(dx)
n

(Integrals without specialization of their domain are to be taken over S.)
If )in, p£0>(S) and (1) fulfils for every continuous bounded u(x) then tends 

to p weakly (or briefly p„=>p). In Szász (1971) it was supposed that
(2) (i) S is a locally compact second countable Abelian group:

(ii) H £ ^ (S )  is absolutely continuous with a bounded and continuous density h(x) 
and a non vanishing characteristic function;

and it was shown that 0>(S) supplied with the weak topology can be 
metrized by

(3) qh(P,Q) = Yht[(P-Q )*H ]

(here Var denotes the total variation of the signed measure in brackets and * denotes 
the convolution). qh can also be expressed in an analytic form

(4) вн(P, Q) =  / | / h (x - t)d (P -Q )( t) \d x

(dx denotes integral with respect to the Haar measure and \A\ the Haar measure of 
the set A.)
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As the difference between weak and vague convergence is that the later one is 
insensitive to the behaviour of the measures of infinity, in order to metrize the vague 
convergence a natural way is to modify the form (4) of qh by introducing a weight 
function w(x), i.e.

(5) QH,w(P, Q) =  / | / h {x -t)d (P -Q )(t)\w {x )d x .

About w(x) we suppose that
(6) a) 0 < w (x) ̂  1 ;

ß) for every £>0 there exists a compact K=K(s) such that w(x) < e if x \K \  
y) w(x) is Borel measurable.
Theorem 1. I f  S, H  and w satisfy conditions (2) and (6) then oH w metrizes 

Proof. If é>h,w0 >  0 = 0  then by the positivity o f  w

fh ( x - t ) d ( P - Q ) ( t )  = 0

for a.e. x. Hence H * P —H *Q . The characteristic function of H  does not vanish 
so from the equality of the characteristic functions of H *P  and H *Q  P=Q  fol­
lows (cf. P a r t h a s a r a t y  (1967), Chapter 4, §3). Symmetry and triangle inequality 
are obvious.

3. Equivalence with the vague convergence

T h e o r e m  2. I f  the conditions (2), ( 6 )  and also the condition
(iii) for every s=>0 there exists a compact K = K (s) such that h(x)<e if x^K  

are satisedfied then the following two assertsions are equivalent (pn, p£ -Jt(Sj)

(A)

(B) lim ви.АРп, P) =  0.
n

P r o o f .  (A)''-►(B).
Let e>0 be given and choose compacts К  and C such that w(x)<e if x^K  

and h(x)<E if х*С. K —C (algebraic difference!) is also compact so we can find 
a compact continuity set L  of p for which L з  К — C. Then

Put

вн,ЛРп,Р) =  f \ f h ( x - t ) d ( p n-p )(t) \w (x )d x  +
K L

+ Л /
K LC

S \ S -КС
Ai +  Л2 +  A3.

Un W  = f  h ( x - t )  d(pn - p ) ( t ) .  
L
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By the Helly—Bray lemma (see L o è v e  (1955), Chapter 4) lim i/„(x)=0. But |w„(x)|s
П

=2 sup h(x) so applying the Lebesgue convergence theorem for Ax we obtain that
JC

A1—o( 1). A2 can be estimated by noticing that if jc£К  and t£Lc then x —t$C  and so 
h(x—t)<e. Hence

A2 ^  \K\2e.
Finally it is obvious that

A3 ^ e J J h(x-t)d(n„ + n )(t)dx  s  2e.

(B)~*(A).

Let and ц satisfy (S). If for some subsequence of integers

Pnk =* v v£^#(S>)
then we have already proved that

lim QH,w(ß„k,v) = 0
к

hence by (В) and the triangle inequality v=fi. But the Helly compactness theo­
rem ensures the existence of at least one vaguely convergent subsequence. Hence the 
assertion.

4. Remarks

1. To define the metric qH w we need to give a measure H and a function w 
satisfying (ii), (iii) and oc), ß), у) resp. The most obvious choice for H  is to choose 
it to be non singular normal. If S is a Euclidean space then this can be done while 
in the general case about densities of Gaussian distributions the author has no 
information. In the Euclidean case w can be chosen to be equal to the density of H.

2. Maybe the idea used here makes possible to define metrics equivalent to 
the vague or weak convergence of measures given in more general metric spaces 
than considered here. In connection with this it is worth to point out of that the 
reason why qh is a metric equivalent to the weak convergence is that the convolution 
operator

AH-.P(S)^3fi(S)
defined by

A„P = H *P

determines an invertible transformation from 0>(S) endowed with the weak topology 
into 0>(S) endowed with the total variation topology and both AH and Ай1 are 
continuous.

3. The following simple property can be proved easily: if X and Y are random 
variables with values in S  such that

P {d(X, Y) >  e} <  e
then

Qh, Y ) )  S  IК I (mh (e) +  2 6 S u p A ( x ) )  +  2 e
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where
m h(e) — sup \h(x)-h(y)\.

d(x,y)<E
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THE HERMITE—FEJÉR PROCESS ON THE TCHEBYCHEFF MATRIX

1. Let En= {x[n), x ^ , ..., X,1/ 0 } denote the nth row of a triangular matrix E 
and let

For simplicity we shall write x v for jc‘n).
The Hermite—Fejér interpolation polynomial H„ ( / ,  x) of degree 2n — 1 such that

L. F ejér [4] proved that if the matrix of nodes (1.1) consists of the points

which are the roots of Tn{x)—the Tchebycheff polynomial of first kind, then for any 
function f(x)£C *  one has

uniformly for — l ^ x ^ l .
D. L. Berman [1] and [2] has studied the Hermite—F ejér interpolation process 

for the system of nodes

which is obtained from (1.4) by adding the points x = ± l  as nodes. Unlike Fejér’s 
result (1.5) he proved that the Hermite—Fejér process constructed for the nodes (1.6) 
diverges at x= 0  for f{x )—\x\ and throughout (—1, 1) for /(x )= x 2.

In view of these results one may except that addition of the points jc= ± 1 as 
nodes may worsen the situation regarding the convergence of Hermite—Fejér process.

* C denotes the set of functions continuous in [ - 1 ,  1].

OF SECOND KIND

by
R. B. SAXENA

( 1. 1) 1 SX, -= ... -< Хг S. 1.

Я„(/, *v) =  / ( * v), tf„ ( /,x v) =  0
is given by 

( 1.2) 

where

(1.3) 1 (x) = ___ _______
Д ’ o /(xv) ( x - x v) II (x -xv) - w(x).

1
n

(1.4)

(1.5) Hn (/, л-) - /(* ) , for n -  °o

( 1.6) x0 = l ,  xv = cos - 1,
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As Berman [3] showed, this is not always so. He proved that the Hermite—Fejér 
interpolation process for /€ C  for for the nodes

(1.7) =  cos —— j-71, v =  1, n = 1 ,2 ,...

converges at the point x=0, and posed the problem of convergence of this process 
at points different from x = 0  in case of arbitrary /£C . He [3] however partially 
answered this question by showing that for /(x )= x  and f(x )= x2, Hn( f ,x )  con­

verges to /(x) with an error of order О in [—1, 1].
In this paper we shall answer his question for arbitrary /ÇC and x f  [— 1, 1]. 

We shall prove the following
T heorem. The Hermite—Fejér interpolation process Hn{ f  x) constructed for the 

function f£ C  on the nodes (1.7) converges uniformly to /(x) in [ — 1, 1].
In § 2 we obtain the explicit form of Hn( f  x) and in § 3 we establish a trigono­

metric identity which, apart from its use here, is interesting in its own right. Further, 
in § 4 we obtain some auxiliary results and, finally, in § 5 we complete the proof of 
the theorem.

2. Explicit expression for H „(f x)

It is obvious that for the nodes (1.7)

( 2 . 1 )  co(x ) =  ( 1 - x 2) C / „ _ 2( x )

where t/„_2(x) is the Tchebycheff polynomial of second kind given by

( 2 .2)
sin ( n - 1)0

£/„ .î(r) — -----777-7̂ ---- , cost? =  x.sin 9
The differential equation satisfied by Un _ 2 (x) is

(2.3) (1 -  x2) CC_2(x) -  3xt/;_2(x) + n (n -  2) C/„_2(x) = 0.

We can easily verify that

(2.4)

(2.5)

n/(*v) =  ( - l ) v - i ( „ - l )
co"(xv) _  xv 
a /(x v) 1—V2

V = 2, ..., it — 1,

a /(D  =  — 2n(n— 1) =  (—l)n-1œ'(—1)

co"( 1) 2и2-4/1 + 3 co"(-1)
rn'(l) “  2 _  ~  0 ) '( -1) '

Studio, Scientiarum M athem aticarum  Hungarica 9 (1974)



THE H ERM ITE-FEJÉR PROCESS 225

Hence from (1.2), (1.3) using (2.4) and (2.5) we get

( 2 .6) Hn{f,x )  = / (  1)

+ A -1 )

l + ^ - 4 ^ 3 (i

. 2«2 — 4n + 3 .
1 + -------=------ ( l +дс)

-][ 
П

1+X Un_2(x)
n — 1 +

-л : Un_2(x)

+ 2  f ix ,)
v =  2 ' * й <"

2 n -1

- x 2) U „ _ 2{x )

+

1)(A -X V) .

3. A trigonometric identity

L emma 3.1. The following identity holds:

/ э н  "-V1 n (n -  2)(3.1) 2  cosec2----- — л = — -— .
k = 2 n  - 1  3

Pro o f. For n=2m this identity has been established by D. L. B er m a n  [3]. 
Therefore let n = 2m +1. We shall introduce the Hermite—Fejér interpolation of 
degree 4m — 1 constructed on the nodes

к — 1
(3.2) xk = cos n, к = 1, ..., 2ffi +1 ; k ^ m  + l.

It is evident that, for the nodes (3.2), œ(x) in (1.2) is given by

(3.3) co(x) =  (1 — X2) Um_1(2x2 — 1)

where Um- k(t) is given by (2.2). From (2.3) we see that the differential equation 
satisfied by Um̂ 1(2xi — 1) is

(3.4) 4x2( l - x 2)t/;_1(x)-3(2x2-l)C C _1(2x2- l )  + (m2-l)C /m_1(2x2- l )  =  0.

We can now easily verify that

(3.5)

YYl
©'(**) =  ( - D * - l—Xk

ы '\хк) _  2 xk
ы'(хк) xk 1 - x l

k  = 2 ,...,2m ; k? ± m + l,

(3.6) w'(l) =  -2 m  =  - c o ' ( - l )

m"(l) 8(m2- l )  ©"(-!>
o>'( 1) 3 co '(-l) '
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After simple calculations we have from (1.2) and (1.3)

(3.7) H ^ i f ,  X) = / (  1) [ l  +  (1 - x )  {8(™з~1} + 1}1 14-х
m

+ /(— 1)

2т

4- 2 /(** )
к =  2

1 + (1 + х ) 

14-

8 (иг2 — 1){
(1 +т4 Ы [

1 - х  С/т _!(2х2-1 )
т +

fxji(l —X2) Í7m_1(2x2 — 1)
т { х -х к)

Since Я4т_1(1, х)= 1, putting/(х) = 1 in (3.7) we get the identity

l + ( l - x ) 1 4- X Um̂ {2 x 2- \ ){ 8 ^  + 1}

1 + (1 + , ) { М +1} ] [ 4 ^ £ . ^

4-

-i(2x2 —1)
m +

2 m

2
k= 2  

k?±m +  l

1 4 - I -  +  - **[xk 1 xk

Hence for x=0 we find that

(x ~ x k)HXfc(l — x2)í/m_1(2x2 —1)

1 + 4(m2— 1) ü î - i ( - l ) -  2  i +
k  =  2 

m +  1

m (x — xfc)

A'l U ^ - l ( - l )
l - x l 7/7

= 1.

Since Um_i(—1) — (—l) m гт, we have
1 r f4(m2- l )

»=2 1 —X2 ;, >1%  ̂ 3+ 1
ie.

fc=2 t  —  Xjfc

and (3.1) is proved.

^  1 _ 4 (m 2—1) 4m2 — 1 (2ш + l)(2m— 1)
l - x ï  ~  3 + ~  3 =  3

4. Auxiliary results

Lemma 4.1. For any f(LC we have

(4.1)

(4.2)

lim

lim

1 2 /( « - 1 ) 4  = 2 COS
k - l  
n — 1 sim к - 1 

n — 1

1
( « - 1)2 Ä2  /  cos

Æ-1 
/г -  1

fc— 1
COS--------— Лn — 1

_ /( ! )+ /( - ! )

. / ( D - / ( - l )

sin- A: — 1
/7 -1
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The first part (4.1) of this lemma has been proved by Berman [3] in case when 
n is even. The proof makes use of the identity (3.1) which is now proved to be true 
for both even and odd n. (4.2) can be proved in the same way as Berman [3] 
proved (4.1).

V — 1
Lemma 4.2. For O ^O ^n ;  0V = ------ - nn — 1

П — 1
2

v =  2

sin2 (n— 1) 0 - 0 v
2

, • , 0 - 0 ,(и — l)2sm2—-—
55 6 .

Proof. Let 0 j^ 0 s 0 j+1. In the case 2 s v < i g H - 2 ;  3 g j 's /2  — 1,

0; -  0V S  0 -  0, Ä n,
therefore

0 —0V 0/— 0»sin—-— sin 2 =  sin

Hence
0 - 0 vsin2(и- l )

(4.3) ^ vdef
2

0 - 0 vi n - 1 )2 sin2 2

i — v n i — V

n — 1 2  n —1

\2 •

In the case i+  1 s v g n -  1, l g i s « - 3

0v- 0 i + ! S 0 v- 0 s n ,
we have

. 0 V — 0  . 0 V — 0,  + 1 . V — 1 n  V — I — 1sin—-— ^  sin-----=  sin- n — 1 2 » —1
so that

(4.4)

Also for 2 á ig / i ,

(4.5)

and for l s / g n - l ,
(4.6)

Here we use that 

Thus from (4.3)—(4.6),
I- г

1

rt — 1
У

v =  2

(V -/-1 )2'

1,

* i+i S  1.

|sin (n —1)01 =  (и —l)|sin 0|.

Í-1 !n — 1
у

» = 1 + 2
1

2  Kv = 2  Kv + K, + Ki+1+ 2  К* — 2  n —yÿ  +  ̂4-1 + 2  л, ; | Л2 =v = 1 + 2 (V -i- I)2

ё  2 1
1+ 2 7 2  s  6.

7 = 1  J
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Lemma 4.3. For — l ä x S l ,  we have

(4.7)
n — 1
2

' ( 1 - * 2)<7п- . а (л-)1 2
(«— l)(x — x„) =S 144.

(4.8) 1 x(l - x 2)C/2_2(x)
v=2 ( и - l)2(x -x „ ) S  72.

Proof. Putting x = c o s  0 and x = c o s  0V in (4.7), we have

(4.9)

Since

( 1 - x2)C/„_2(a)12 sin 0 sin (n — 1)0
. (и -  l ) ( x - x v) (« — 1) (cos 0 —cos 0,,)

sin2(n — 1)0 = [sin (и— 1)0 —sin (n —1)0V]2 =

= 4 cos2 (n — 1) sin2 (n — 1) "v s  4 sin2 (« — 1)0 — 0V 
2

and

sin2 0 ^  (sin 0 + sin 0V)2 = 4 sin2 - ^ 2 ' cos2 ^ 2^V — ^ s'n2 2

0 +  0v 
2 ’

0 +  0v

We have from (4.9)

(1 — A'2) £/„_2(x)
( n -  1)(a - as)

2 sin (n — 1) 0 - 0„

(n — 1) sin
0-0„

S  144

using lemma 4.2. 
Similarly

x ( l - x 2)£/n2_2(x) cos 0 sin2 (и — 1)0
(и -  1)2(a - av) - ,  . .2 . 0 + 0,. . 0,. — 0 2(« — 1 )2 sin—-— sin——

sin (и — 1) 0 -0 ,.

owing to
1 1

. 0+0,. -  . |0 —0V| sin—-— sin

, n  . 0 - 0 ,(и -  1) sin-------

■; 0 s  0 s  л, 0 s  0V ä  я,

2 2 

and then using lemma 4.2 we at once get (4.5).
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5. Proof of the theorem

We shall first simplify the expression for #„(/, x) in (2.6) in a form convenient 
to us in later use. Thus

(5.1) H„(f, x) = / ( l )

Since

we get

1 + x  U„_2(x)
n — 1 + /( - D

1 - x  U„_2(x)
n — 1

+  2  / ( x v)
V =  2

(1 — x2)i/„_2(x)
(n - l) (x -x „ ) +

_ 4/7 -I- ^
+ [(1 + * )/(!) + (1 - x ) f ( - 1)](1 -  x2) C/„2- 2(x) +1 2 (n -l)2

(1 — x2)U2_2(x) " - 1
+ ■

xv( l - x 2)

2' A*v) Xv(l —X2)
(и- l ) 2 V =  2 V (x Xv) (1 X2) '

xxv.
(x —Xv)(l —X2) X —Xv 1 —X2+ 1

xx„
X—Xv 1—X2 1—X2’

— 4/7 -1- 3
[( 1 +  * ) / (  1 ) T- (1 — A ) / ( -  1 )] ( 1 -  X2) i / 2_2(x) +  

(1 — X2)C/2_2(x) ■-!
+- 2  A*»)

X v(l-X2)
( n - 1 ) 2 V = 2 ( X - X V) ( 1 - X Î )

(1 - x 2) f /2_2(x) "+,1 . Xy
(n -1 )2 vÜ n ' v x - x v

+  0  - x2)U2_2(x) 

+ x (l — x2) U2_2(x)

' / ( ! ) + / ( - 1) 1
6 (n -1 )2 +

/ ( ! ) - / ( - ! )  I
( n - l ) 2vt2  /(*») -X 2 +

+  (1 Xl)Uk - :X)- £ / ( * , )  +  (1 [(1 + x ) / ( l )  +  ( l - x ) / ( - l ) ] .(n -1 )2
Hence

(5.2) Я . ( / ,х ) = / (  1)

12(«-1)2

1 + x  t/„_2(x)
n — 1 + Д -1 )

1 - *  Un_2{x)
n — 1 +

+ 2  /(*»)
(1 — x2)[/„_2(x)
(n 1 ) (x xv) 

+ ( l - x 2)C/2_2(x)

I , , . xv( l - x 2)f/2- 2(x)

[ / ( ! ) + / ( — 1) 1
6 (n -1 )2

n - 1 A**) +

S tu d io  S c ien tia ru m  M ath em a tica ru m  H ungarlca  9 (1974)



2 3 0 R. B. SAXENA

+ x(l —x2)U%_2(x)

( 1 - x 2) î /„2_ 2 ( x )

[ / ( ! ) - / ( - U 1
6 ( n -1 )2 +

+ - 12 ( . ^ / ( D + O - , ) / ( - . ) +  -i V w
A 2  V =  2

Putting f(x) =  1 in (5.2) we have owing to the identity H„{\,  x ) = \ ,

(5.3) 1 = 1 + x  Un_ 2(x)
2 n — 1 

”-*xv( l - x 2)C/2_2(x)

+
\ —x U„_2(x)

n — 1
n-1

-2v = 2
(1 — x2)[/„_2(x)

+ 2  " 2  ,У2"--л-Г +0 ~ ^ ) uL áx )(и — l)2(x — xv) 

x(l - x 2) t / 2_2(x) »-1 xv

1

(n — l ) ( x - x v)
и- l  1
У1

3 (и — l)2 v^ 2  1 — xl

Since
(n -1 )2 2  1 x!v =  2 l  —  Xy

2

+
(1 - x 2) t /2_2(x)

v = 2 1 — X:
we have on using the identity (3.1):

( n -1 )2

. 2 - 0 ,

+ ( n - l )

(5.4) 1 = 1 + x  U„_2(x)
n — 1 +

1 -X  t/„_2(x)
n — 1

И — 1

+ 2v = 2
(1 —x2)[/„_2(x)
( n - l ) ( x - x v) +

+ ■ÿ1 [ *(1 -
v = 2 l (И -

- x 2) i /2_?(x)
l)2( x - x v) +

(1 - x 2)t/2_2(x)
2(n — l)2

Multiplying (5.4) by /(x )  and subtracting from (2.8), we have

(5.5) H n ( f , x ) - f ( x )  =  [ / ( l ) - / ( x ) ] 1 + x  c/„_2(x)

+ 2  [/(*»)-/(*)]v = 2

+ [ / ( - ! ) - / ( * ) ]

( 1  —  x 2) { / „ _ 2 ( x )

1 x c/„_2(x)
и — 1

и -  1
2

+

(л — 1 ) (x — xv) 

+ ( l - x 2)t/„2_2(x)

+  2 l / ( * v) - / ( * ) ]v = 2
(1 — x2)C/2_2(x)

[ / ( D + / ( - 1) 1
6 ( n - D 2

+  x ( 1  - x 2) £ / 2_ 2 ( x )

( 1  — x 2) C / 2_ 2 ( x )

[ / ( ! ) - / ( —!) 1
6 ( n -1 ) 2

V  /(*v)
V=2 1 — x:

Z / ( * v ) Av = 2 A **v

(n -  l)2( x - x v)

+

+

+

+- (n -1 )2
(1 + x )/(l) +  (1 -  x ) / ( -  1) -  6 /(x) 

12
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Now

(5.6) [ /( ! ) - /(* )]
1+* Un_2(x)

n -  1 0

uniformly for — This follows from the fact that the first factor vanishes at
x = l  and is continuous for — lS x S l ,  while

\+ x  t/„_2(x)
n — 1

Q
cos — sin (n — 1)0

0«2(n— 1) sin —'

uniformly in each sub interval — 1 á x S l  — a (0<c<2) and is bounded in the whole 
closed interval since

cosT0 sin (л —1)0
. 0 sin — 2

Similarly 

(5.7) [ / ( - ! ) - / ( * ) ]

á 4 ( n - l ) 2.

l - x  Un_2(x) 12
0, - l i j s l .2 « - 1  

Since f(x )  is continuous in [ — 1, 1], let

(5.8) |/(*)[ ^  M, - l s t s l .

Given e>0 we can find a positive number <5 such that
(5.9) \x '-x " \  s b  \f(x ')- f(x")\ <  e,

the continuous function being also uniformly continuous for — l ^ x S l .  Therefore

(1 - x2)U„_2(x)
(5.10) 2  [/(*»)-/(*)]

|JC„ —JC| S i

on using (4.7).
On the other hand

— e 2
|jev- x |S 9

. (и -1 )(х -х„) 

(1 - x 2)Un_2(x) 36e

(5.11) 2  U M -f{x)]
\ x - x \ > 6

(П- 1)(Х-Х»)

(1 - x 2)Un_2(x)
. ( n - l ) ( x - x v)) .

2 M
*2 £

(1 - x 2)Un_2(x)
Ö2 \xv̂ \> i[  ( n - l ) ( x - x v)

if n is large enough i.e. n ^ N ,  say. Here we used 

(5.12)

2 M
( n -  1)0* S  £

fT ^ â \U n_2(x)\ S  1, - l g r s l .
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So by (5.10) and (5.11)

(5.13)
n — 1
2  [/(*»)-/(*)]

( l - x 2)£/„.2(x)l2 
(и — l)(x — Xy)

37 s
when n ^N .

Similarly using (4.8) and arguing as above we can show that

(5.14)

for n ^ N .
The terms

2  [ / ( * v ) - / ( * ) ]
v =  2

( I  - x 2) U ^ 2( x ) 

( n - l ) 2( x - x v) 73e,

(5.15) 
and

(5.16)

(1 - л-2)С/„2_2(х) / ( ! ) + / ( - ! )
6

x(l ~ x 2)U2_2(x) / ( ! ) - / ( - ! )
6

1 V  /(*v)
(« -1 )2 v = 2 1 —

tend to zero uniformly in [—1, 1] on account of the lemma 4.1 and the inequality 
(5.12).

Finally the term

(5.17) l ( l~ x 2)U2_2(x) ■ (1 + x ) f( \)  + ( 1 -  x ) f ( - 1 ) -  6f(x)
( n -  l)2 12

10 M
-  12(л— l)2 “ n S  N,

on account of (5.8) and (5.12). Thus (5.5), (5.6), (5.7), (5.13), (5.14), (5.15), (5.16) 
and (5.17) complete the proof of the theorem.
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О СВОЙСТВАХ МИНИМАЛЬНОЙ ПРЕДЕЛЬНОЙ ЛОГИКИ Q

Я. ДЕМЕТРОВИЧ

Введение

В этой работе мы изучаем свойства одной предельной логики Q [1], которая 
порождается одним элементом. Как будет показано, функции из Q и сам класс 
Q обладают определенными особенностями. Так, например, для задания 
любой функции из Q достаточно описать её на конечном отрезке натурального 
ряда, в логике Q существует лишь один предельный класс, любая функция из 
Q существенно зависит от всех переменных встречающихся в формуле, реали­
зующей её и т. п.

Эта логика впервые встречалась в работах [1], [2] как выяснилось недавно
[3], эта логика замечательная тем, что она является в некотором смысле прос­
тейшей среди предельных логик. Точнее, она может быть изоморфно вложена 
в любую предельную логику. Это обстоятельство придает ее исследованию 
особую значимость.

§ 1. Основные понятия

В этом разделе мы приведем определения основных понятий многознач­
ной логики, которые будут необходимы нам в дальнейшем изложении, и вве­
дем ряд обозначений. Мы исходим из счетного алфавита переменных fV= 
{wi, w2, w3, ...}. В дальнейшем во избежание употребления сложных индексов 
мы будем использовать метасимволы х, у, z с индексами или без них для 
обозначения букв этого алфавита. обозначает множество всех функций, 
переменные которых определены на множестве Е$а мощности и сами 
функции принимают значения из этого же множества. В качестве Е$а возьмем 
множество всех целых неотрицательных чисел {0,1,2,...}. Множество Р$а 
называется счетнозначной логикой. Обычно, Р^0 задается путем фиксации 
алфавита переменных Х= {хк, х2, ...} и имен функций f v(xh, ..., x;J ,  где v 
пробегает некоторое континуальное множество индексов (обозначение: Р^(Х)).

Функция g(zx, ..., Zj, ..., z„) называется функцией /с-значной логики Рк, к ^ 2 ,  
если ее аргументы определены на множестве Ек = {0, к —\} и любое
значение g(ak, .... а„) принадлежит множеству Ек при а ^Е к, i= l ,  2, ..., п.

Понятия суперпозиции и замыкания множества определяются обычным 
образом [4], [5].

Пусть 931 и 91-подмножества можества Р$0. Обозначим через
2r={x1; х2, *з, ...}

(соответственно Y={yk, у2, у3, ...}) множество символов всех независимых 
переменных, встречающихся у функций /6931 (соответственно Й691).
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Множество 931 функций /  гомоморфно отображено на множество 91 функ­
ций h, если каждому символу хг взаимнооднозначно соответствует символ 
yt и каждой функции f ( x k, хт) отвечает одна и только одна функция 
h(yk, •••> JV)> зависящая от соответствующих аргументов (следовательно, 
число аргументов у соответствующих функций одинаковое, области значений 
могут быть различными), и при этом выполнены следующие два условия:

1) если функции /(x j, ...,xm)£93l отвечает функция h(yk, ...,pm)€9t и 
f ( x h , ..., X;JÇ9Jf, то функции f ( x h, ..., х1т) соответствует функция h(yh, ..., yim);

2) если функциям

Д*1> ... хт),Л(хп , ..., х1п) ,/2(х21, ..., х2п), . . . ,/т(х ml > • • •? Xтп) 
соответствуют функции

/»Од, • ••> зО> Д(ЗДг, ■••,ЗДл), ЗД»), ■■;hm{ym 1, ...,
где

/ , / 1€8И(ЛГ);Л,А,еЭ1(У);
и если / ( / i , / 2, . . . ,/m)€9Ji, то функции/(/х, / 2, ...,/,„) соответствует принадле­
жащая системе 9? функция h(hk, h,,

Подможество функций P С  /Д0 называется предельной логикой, если
1) Р состоит из счетного числа функций;
2) Р содержит гомоморфные прообразны всех /с-значных логик Рк, к~=2, 

т.е. для всякого натурального к, fcs2 существует Ак из Р, которое гомоморфно 
отображается на множество всех функций к — значной логики Рк.

Подмножество 91 из 931, 9Î £  931Q называется полной системой
в 93Î, если [9?]3[93?]. Множество 91 называется предполным классом в 931, если 
оно не является полной системой в 93Î, но добавление к нему любой функции 
/  из 93?\9? дает полную систему в 93?.

§ 2. Единственность предполного класса в Q

Разобьем множество Ец0 следующим образом: Е^0 = U <£ь где ^ = { 0 }  и

St { ^ _ Í L . Í S p í L + I .......

fc(fc-l)если к S  2. Вдалее, обозначим через sk выражение
Определим функцию <р((х15 х2), к ^ 2 ,  областью определения которой 

является множество (£кХ &к, а областью значений — множество (£*.;
если max (хх, х2) =  sk+1 — 1 ; 
в остальных случаях.

Множество ©*Х®*Х... X©* будем в дальнейшем называть /с-ым ящиком

(Рк(л 1’ ЛД) {m ax(xj, х2) + 1

размерности т.
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Определим функцию (р(хх, х2) следующим образом:

<Р(х !,Х 2) =
(Pki* 1. х2), 

О

если существует такое к, fc s2 , 
что (дгх, л:2) € <£fc X ©л ; 
в остальных случаях.

Через Q обозначим класс [{<р(хх, х2)}].
В дальнейшем если не оговорено противное, предполагается /(х х, ..., х т) 

содержится в Q.
Л ем м а 1. Q является предельной логикой.
Д оказательство  следует из определения функции <р(хх, х2) и из [1], [2]. 

Исследуем предполные классы в предельной логике Q.
Каждая функция /  является некоторой суперпозицией функции <р(хх, х2). 

Индуктивно определяем понятие глубины суперпозиции:
1) переменная имеет глубину 0;
2) если Л и / 2 — имеют глубину ах и а2 соответственно, то глубина <p( f x, / 2) 

равна шах (ах, а2) + 1.
Посредством Г[/(хх, . .. ,х т)] будем обозначать глубину функции 

/(Хх, ..., xJ./*(Xx, ..., x j  означает, что/(хх, ..., х т) имеет глубину к.
Л ем ма 2. Пусть функция f( x x, ...,х,„) имеет глубину 1,1^0, тогда для 

любого п, п^1  имеет место
/(s„, s„, sn)=sn+l.

Д оказательство . Докажем по индукции. Легко проверить, что утверж­
дение леммы имеет место в случае 1=0 и 1 = 1. Пусть утверждение уже верно 
для /<iV и пусть r [ß  = N.

Поскольку каждая функция порождается функцией ср(х1,х 2), то/=<р(/х,/2), 
где r[/i]ë iV — 1 и Г [ / 2] ё Л Г — 1, причем одна из / ь /= 1 ,2 , имеет глубину N — 1. 
Пусть для определенности f i 1-1. Тогда по предположению

f i(sn.sn, . . . , í„) = 5я + ЛГ-1 
и

fi(sn,s„, s s n + N -  1,
если n ^ N — 1. Но тогда имеем при n ^ N ,  что

f{s„,sn, ...,sn) = m ax(íB + A f-l, f 2(s„, sn, . . . , í „)) + 1 = s„ + N.

Теорем а 1. Множество предполных классов в Q состоит из одного эле­
мента n  = Q \  IJ {(р(хь Х у ) } .  

i.JOïj)
Д оказательство . Из леммы 2 вытекает, что если глубина /  больше 1, 

то /  не совпадает с <р(хх, х2). Поэтому класс П не полон в Q. Но очевидно, 
что он является предполным. Покажем, что в Q не могут существовать другие 
предполные классы. Действительно, поскольку замкнутый класс, содержащий 
<р(хх,х2), совпадает с Q, то любой замкнутый класс, отличный от Q, содер­
жится в П.
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Класс Q, как это следует из определения 77, отличается от П фактически 
единственной функцией вида <p{xt, xj), i?±j, поэтому каждый замкнутый класс 
в Q отличный от Q, содержится в 77 и поэтому задача о полноте множества 
'JJi в О сводится к проверке включения ШЯ^П. Тем самым система SŰi является 
полной в О тогда и только тогда, когда при некоторых i и j, i + j, имеет место 
<р(Х(, хДсЭЛ. Теорема доказана.

§ 3. Однозначное восстановление всякой функции из Q 
по поведению её в конечном числе некоторых точек

Покажем, что зная значения функции /(x l5 ..., хт) в достаточно большой 
окрестности начала координат, можно восстановить значения функции на ос­
тальной части пространства. Кроме того оказывается, что определенность 
функции в наперед заданной достаточно большом ящике позволяет восстано­
вить значения этой функции во всех точках, координат которых мажорируют 
координаты каких-либо точек этого ящика. Это восстановление возможно 
также и в некоторых точках, координаты которых сами мажорируются коор­
динатами некоторых точек из указанного ящика.

Лемма 3. Пусть T[g(x)]=Z, ?£ 1. Тогда функция g(x) в n-ом ящике п^1  
на первых л —Z+1 местах имеет следующий вид:

{ / +  х, если X = s„ +h, где O ^ h ^ n  — 1—l; 
sn, если х = s„ + n — I.

Д оказательство  леммы проведем индукцией по числу Z. Легко прове­
рить, что утверждение леммы имеет место в случае I — 1 и /=2. Пусть утверж­
дение верно для Z<iV и пусть T[g(x)]=JV.

Поскольку каждая функция порождается функцией <р(х1, х2), то g(x) = 
(p(gi(x), g2(x)), где r [g ;(X)]ÄjV-l, причем одна из функций g,-, 7=1, 2 имеет 
глубину N — 1. Пусть для определенности T[gJ =  /V — 1. Тогда по предположе­
нию

( TV—1 + х , если X =  s„ + h, где O s h ^ n  — N;
s„, если X =  sn + n — TV + 1 ;

и
g2(s„ +  h) ä  gl(s„ + h) при 0 ^  h ^ n - N .

Функция <p(xj, х2) на первых, n—N местах в я-ом ящике к максимальному 
значению добавляет 1, т.е.

g(sn + h) = m ax (sn + h+ N  — 1, g2(s„ +  /*))+ 1 = sn + h + N.
Лемма доказана.

Лемма 4. Пусть T[g(x)] = Z, /ё2 . Тогда функция g(x) в п-ом ящике, п^1, 
в точке s„ + h + 1  — / +  /, г=0, 1,..., Z—2, может принимать только значения 
из множества: {ditt; <7г_2; . . . ,dt l }, причем для любого i существуют функции
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gí,i(*), • gí.iO), такие, что g‘ij(sn+n + l - l  + Í)=dlJ -,j=l, 2, /; где

{s„+j— 1, если j  = i + 2 или i + 2 = /; 
sn+1 — l+ j—l в остальных случаях m.e. если j  >  i + 2 <  /.

Д оказательство  проведем индукцией по числу /. Легко проверяется, 
что утверждение леммы верно в случае 1 = 2  и /=3. Предположим, что утверж­
дение верно в случае, когда глубина функций I s N  — 1. Покажем, что для функ­
ций, имеющих глубину N, утверждение тоже верно.

Обозначим через Bß точку s„+n — N + 1.
Функцию g(x) можем получить только следующим способом:

g(*)=Ç>(gl(*), g2 (■*))•
Пусть для определенности r[g x(x)] =ДГ — 1 и T[g2(x)]SiV—1.

По индуктивному предположению

g1(BS~1 + n  = g i «  +  0 € { 4 -i,i; .. ;d i_i,i+i;
где 0 s  г' g  JV-3 и i' +1 =  i,
a также следует

4 - i , i  — giC®o + 0 — 4-i,i+ i или i (, + « + l -A f  + iÄ g : (ßJ, +  / ) S J „  + n - l
причем в указанных случаях в силу того, что 0 á r [ g 2(x)]^iV —1 все значения 
параметров достижимы. Отсюда следует, что

g(Bo +*)€{4-1,1+1 =  4,2» 4 -1 ,2 + 1 = 4,з> ; 4-1.I+1 + 1 —4 ,1+2;
4 -1 ,i + 2+ 1  4,1+4’ 4-1,1+8+1 4,1 + 5, , 4-1,542 +  1 4, JV ,

4 —1.АГ-1 + 1 =  4 .1; <p(g 1« + 0 , 5„v+ 1) =  4,1+з}-
Сейчас вычислим значение функции g(x) при i=0, зависиности от того, 

что глубина функции g2(x) равна N — 1, ЛГ—2 и 0 s r [ g 2(x)] SJV —3.
В случае, если /=0, то gN~1(B^)=s„ (лемма 3). Отсюда следует, что

g « )  =  «К яГ1« ) ,  g r 1« ) )  =  í . + i , 

g « )  =  ^ Г 1« ) ,  g r 1« ) )  =
И

g « >  = ^ ( g r 1« ) ,  g ó « ) )  -  J„ + /í + 2-7V +í, 
где OS t s N  — 3. Лемма доказана.

Л емма 5. Если функция gl(x) в точке s„+ n+ l—l + i + r • n + sr+r (n+r)- 
ого ящика принимает значение аТ, где 0 ^ iS /= 2 , г ёО, /s 2 ,

ß' = 5„  +  И +  1 —/ +  Г • И +  Sr +  T,

wo либо ог= д г_ 1+и +  г— 1 где «rS  s„+1 +1 + r  •«+«,+»•, либо ar=ar_1+n+r, где 
ar ^ B ,r + i + 1.

Д оказательство  проведем индукцией по глубине функции. Легко про­
верить, что когда глубина функции 2 или 3, то утверждение леммы справедливо.
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Пусть утверждение леммы верно, когда глубина функции I <JV. Покажем,, 
что лемма справедлива для функции, и имеющей глубину N.

Функцию g(x) можем получить только следующим образом:
g(x)=q>(g1(x), g2(x)).

Пусть для определенности r[g1(x)]=N — 1 и 0 ^ r [ g 2(.x:)]s7V — 1. Пусть

gi(ß;v + О=ЬГ и g2(B? + г) = с„

í= l ,  2, ..., N — 2. Рассмотрим следующие четыре случая а), б), в) и г).
а) Пусть br=br̂ 1 + n + r—l и сг=сг_1+ и + г —1.

Тогда по индуктивному предположению
br ^  cJi_1'i+1 + r-n+ sr + r (i =  1, 2, ...,7 V -2) 

и
с, S  di_Jti_j+2 + r-n  + sr + r ( i - j a O ,  1 = 7  =  N —2, T[g2] = TV—7).

Отсюда вытекает, что при г & О  числа br и с, меньше, чем sn + sr + r • n+n + r — 1 .  
Заметим, что если Ь0Шс0 < Ьп < с0), то для любого г справедливо

Действительно,
brS cr (br<c,.).

b г — bo + r-n + Sy ё  с0 + г • я + Sy =  сг.
Рассмотрим два подслучая.
1) Пусть bySCy, тогда ar=br+ 1, то-есть аг= аг_х + и + г—1 и потому 

arS d iii+2+r-n + Sy+r.
2) Пусть Ьу<Су, тогда ar = cr+ 1, то-есть для любого г, г^О, справедливо 

ar=ar- 1+n+r — 1 и потому arS<Ti;1+2 + r-«  + sr +  r.
б) Пусть by=by-1 + n + r и сг= сг_х+ й + г. Прежде всего покажем, что если 

b0s c 0 (b„<c0), то для любого г, г 0, справедливо brS c r (br< cr). Действи­
тельно, br=b0-|-r*H +  sr-l-r^c0+r*H + sr+ r  =  cr. Рассмотрим три подслучая.

]) Пусть br^ c r и br<s„ + 5r+m  + « + r —1, тогда ar = br+ l ,  то есть аг = 
= йгг_1+ й+ г и потому а , а  5^ + 1+г.

2) Пусть Ьу^Су и br =  sn + sr+m-|-H + r —1. Тогда ar =  s„ + sr + f«, то-есть 
ar=ar_1+ n+r— 1 и ciy^di'i+ 2  + r -n + sr + r.

3) Пусть ЬуССу. Аналогично доказывается, как 1) и 2).
в) Пусть by=by_1 + n + r — 1 и cr=cr_!+H+/-. Покажем, что в этом случае 

для любого г справедливо crë b r Действительно, по индуктивному предполо­
жению by^sn + i+ r • n + Sy + r, i =  l , 2 , ..., TV —2 и cPSs„ + n —TV +l+í+ r-«  + sr+ r 
так как TV— 1 = r[g 2(A)] =  0. Отсюда cr —br=n — N + 1 >0. Тогда ar =  cr+ l  или 
cr =  sn + sr+ r - и Т л + г - 1. Если C y < s „ + S y + r n + n + r  — 1, то ar=ar_1 + n+r и

А если Cy =  s„ + sr+rn+n+r — 1, то ör=sn +  sr + r-«, то-есть

яг = аг_1 +  и + г —1 и arës„  + /+l+r-« + sr+r.

г) Пусть Ьу = Ьг_г + п + г и cr=cr_x+« + r — 1. Подобно тому, как в пункте 
в), можно показать, что brS c r. Отсюда получим, что ar — br + 1 или ar = s„+sr+r« 
Дальше доказывается аналогично как в).
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Пусть /=0 .  В этом случае g!(s„+«—JV + 1+ m + s r+ r )= s r +  s„+m  (rsO).
_ i n  , (n+r)(n +  r — 1)Отсюда получим, что crë b „  гёО, то-есть аг — сг+1 или аг= -------- ----------- .
Легко заметить, что если сг—сг- 1+п+г — 1, то r[g2]=N — 1. Отсюда следует, 
что ar=ar- 1+n + r — 1 и űr^ s „ + 1+ s, + r + r • л + /. А если T[g2]< A  —1, то

Сг  =  Сг - 1 +  П  +  Г .

Отсюда следует, что аг= аг. 1+(1 + 1, и а ,5 й г" +  1+ (. Лемма доказана.

Теорем а 2. Если функция g(x) имеет глубину I, то зная значение функ­
ции в произвольном фиксированном п-ом ящике, где nS l, можно найти её 
значение в любом N-ом ящике, таком что A s I.

Д оказательство . Из леммы 3 следует, что функция g(x) в я-ом ящике 
на первых и —Z-H местах принимает следующий вид:

{1+х, если x = sn + h, где 0 s  A s  и — / — 1;
5„, если X = sn + n — l;

то-есть зная глубину функции g(x) мы можем определить вид функции на пер­
вых п—1 + 1 местах.

Пусть g(2?ó+0=öo в н-ом ящике, где O SiëZ—2.
Из леммы 5 следует, что если a0Ss„ + Z+l, то ar=ar- x+n+r — 1 и

а_р=а_р+1—п+р,
где п —рШ . А если a0SB^ + i+ 1, то аг=а,-х+п+г и а_р=а_р+1—п+ р— 1, где 
n —p s l .  Теорема доказана.

Перейдем теперь к изучению функций нескольких переменных.
Обозначим через ах\ат выражение п — ат + а1+ \.

Л ем м а 6. Для любых чисел ах, ..., аь ..., ат таких что ахё а 2— ••• —ат и 
s„ + n ^a i^s„  + 2n, и для любого к (пШтк), либо существует такое /(2 s ië m ), 
что űj — ax_x^ k  + 1, либо справедливо ах\ а т ̂  /с +1 (где / =  1,2, . .., т).

Д оказательство . Если числа i с указанным в лемме свойством не су­
ществуют, то-есть для любого i, г =2, 3, ..., т справедливо аг—ах_х^ к ,  то 
фиксируя значение ах для любого i имеем ai^ a l + (i— ])к. Отсюда следует, 
что ах\ а т—ах — ат + п+ 1 ^ а х — ах — (т — \)к+п + 1 =п — тк + к + 1 Шк+ 1. Лемма 
доказана.

Определение. Будем говорить, что функция g(x) моделирует функцию 
f ( x x, ..., х,п) в точке й=(ах, ..., ат), если существует значение а такое, что 
g(a)=/(à). Скажем, что множество функций G моделирует функцию f ( x x, ..., xm) 
в точке а, если существует функция g(x) из G, которая моделирует функцию 
/(x j, ..., xm) в точке а.

Л ем ма 7. Для любой функции f(x x, ...,xm) и любой точки й=(ах, .... а,„) 
п-го ящика размерности т, таких что s„Sa(Ss„+« — k, п ^кт , 1 ^  г g- т. 
Г(Л = к, существует функция g(x), которая моделирует функцию f ( x x, . . . ,х т) 
в точке à и справедливо Zcsr[g(x)]S«.
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Д оказательство . Обозначим через <р°(х) =х, <р\х)=ср{х,х), (р2(х) =  
= (р1((р (x,xj), ...,(pl(x)=q>1- 1 (<р(х, х)), .... Пусть я, =  s„ +j,, 1 S /S m , 0 S /, ё  и + fc, 
тогда используя теоремы 2 мы имеем, что

R ai,  ■■■, at, .... a j  =/(<pA(j„), ■■■, <PJ”(sJ) =  gh(sn),
где

к ^  h ä  к + max (Д, ...,Д , . . . J J  S  n.
Лемма доказана.

Л емма 8. Для любой функции/(х 15 ..., x j  и любой точки

В=(а1+п, ..., ат+п),

/7+1-го ящика размерности т, таких что s„ S  at ё  s„ + n~k, 1 ^  ; Siт. п ё  km, 
Г[ф] = k существует функция g(x), которая моделирует функцию R x 1, ..., x j  
в точках à и b и справедливо k sr[g (x )]ën .

Д оказательство . Действительно,
R h ,  ■■■, bi, ..., b j  = R a 1 + n, ..., Ui + n, ..., am + n) =

= R s ,  + n+ ji, ...,sn + n+ji, ...,s„ + n + j j  =

= f(<Ph (sn + n) ,  ..., <pj‘(s„ + n), ■■■, (pjRsn + nj) = gh(sn + n).
Лемма доказана.

Следствие. Пусть 5=(Ь1, ..., b j  точка п — 1 ящика (п — 1 ëmfc) такая что 
bt +п — 1 = а,-, i = 1,2,..., т. Тогда функция gh(x) моделирует функцию /(х х, ..., x j  
в точке В. Следствие аналогично доказывается как лемма 8.

Пусть ä=(a1, ..., a j  и а ={а[, ..., a j  — точки я-го ящика размерности т. 
Рассмотрим следующее множество точек Ds, состоящее из таких точек 
а =(а[, ..., a j  для каждой из которых существует натуральное число t; 
1=0, 1, ...,п  — 1; такое, что для всех i, 1 s / á m ,  выполняется соотношение

{ Ű; + 1, если Ö; +  i s  sn + п — 1 ;
Oi + t — n, если я; +  г =- s„ + n — 1.

Будем говорить, что функция g(x) моделирует функцию f ( x 1, ..., x j  
в множестве точек Ds, если она моделирует функцию /  в каждой точке этого 
множества, т.е. для любой точки а 'из Ds существует а' такая, что g(a')=f{a).

Л ем ма 9. Если функция g\x) моделирует функцию f ( x x, x j  в точке 
а, то g*(x) моделирует /  в множестве точек D-.

Д оказательство . Действительно,

gh(s„ + i) =/(<рЦ(5п +  0, ...,<pJ‘(sn + i), ..., <p'™(sn + ij), 0 ^  ^  п 1.
Так как,

í s„ +jt + U если jt + i s  n -  1 ;
(p J , ( S n +  0  =  i  . . ,[Sn+Jt + t, если j, + i > n - 1;
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т.е. cpJ‘(s„ + i) — а',. Отсюда вытекает, что

£*($» + 0  = /(a í ,  • ••><,
Лемма доказана.

Пусть а= (а1, ат) — точка «-го ящика размерности т. Обозначим через 
äk, ksO  следующую точку и + k-oro ящика

+ a2 + kn+sk, ..., am + kn+ sk),
и обозначим через ä~v; г =  1, 2, и; следующую точку u — v-oro ящика

где
( % - V• п + + V, a2- v - n  + s„ + v, . . . , a m — v-n + sv + v),

п — и ^ т к  и п — и —\< т к .
Следствие. Из лемм 7, 8, 9 вытекает, что если функция gh(x) моделирует 

функцию/(х1; ..., хт) в точке а, то она моделирует/  в множестве DSk и Ds- V, 
где ksO; v = l, 2, и.

Пусть

Cfn+i = { g ' ' ( x ) ..., (pJ‘(x), ..., (pj™(x), где 0 á j ,  s  n - k  + i), где i ^  0.

Л ем м а 10. Если пШтк, то множество функций Gl моделирует функ­
цию /(* !, ..., хт) во всех точках n + 1-ого ящика размерности т.

Д оказательство . Из леммы 8 следует, что G,{ моделирует функцию 
f ( x 1, . . . , x m) в точках b —(b1,...,b ,,.. .,b m), O ^ t^ m , s„+n^bt^s„+n + n — k. 
Покажем, что если по крайней мере, одна координата b't такова, что sn + 2« ̂  
= Ь',Ш s„ +  2« —fc + 1, то существует функция gh(x) из Gl, которая моделирует /  
в некоторой точке Ъ. Для определенности предположим, что b[^.b2S ... S b'm. 
Тогда из леммы 6 следует, что существует i такое, что Ь\— b,-_iSk-|-l 
(b'm\ b [ ^ k  + 1). Рассмотри число d которое определяется с помощью следую- 

,,  , «(« +1) , , , . _щего соотношения bt + d= --------- \-п — fc(=o;). Легко видеть, что для любого
t, l ^ t S m ,  b't +d^s„+2n — к (=b,) или b't +d^s„+2n, но тогда вместо b, возь­
мем b',+d — n. Лемма доказана.

Замечание. Аналогично доказывается утверждение о том, что функции 
Gfn моделируют функцию / (хх, . .. ,х т) в п — 1-ом ящике размерности т, где 
« — 1 т ■ к.

Т еорем а 3. Если функция f(x k, ..., хт) имеет глубину к, то зная значение 
функции в произвольном фиксированном ящике п, где п=^тк, можно найти её 
значение в любом N-ом ящике, таком что N ^ т  ■ к.

Д оказательство . Поведение функции f ( x k, ..., хт) в и + 1-ом (« + г +  1-ом, 
/S i)  ящике в силу леммы 10 однозначно определяет множество функций 
Gl (Gl+i). Далее из теоремы 2 следует, что определены значения функции 
gh(x) в и + к-ом и n—j -ом (k^ 0, n —j^ m k )  ящике. Из лемм 7, 8 и 9 вытекает, 
что множество функций Gl, Gl+1, ... моделируют функцию f(x lt ..., хт) в лю­
бой точке N-ого ящика. Теорема доказана.
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§ 4. Построение функции, иммитирующей поведение 
заданной последовательности функций из Q

В этом параграфе мы установим существование для заданной после­
довательности функций из Q зависящих от одного и того же числа перемен­
ных, одной такой функции из Q, которая на заданной последовательности 
ящиков, номер которых попарно взаимно просты, поочередно принимает 
значения указанных функций.

Определение. Обозначим через „t(х1г хт) функцию, определен­
ную на л15 ..., п,-ом ящике размерности т и совпадающую на этом множестве 
с функцией g(x1, хт). Функцию g„lt ...,„t(x l5 ..., хт) назовем сужением функ­
ции g(xk, ..., хт) на пъ ящиках. Сужением множества функций R ,R Q Q  
на пх, ых ящиках назовем множество Bn) „t сужений функций из R 
на «!, ..., «,-ых ящиках. Очевидна следующая лемма.

Лемма 11. Qk изоморфно Рк.
Обозначим через

<Р°(х) =  X, (р1(х1,х 2) =  (р(х15 х 2), (рг(х) = <р(х, X),

<P2(*i> х 2) = х2)), ..., (р\х1; х2) =  (р1̂ 1- 1̂ ,  х2)), ....

Из определения функции <рг(х,х) следует, что

<Рк (*) = (х— ífe+ 1) (mod к) + 4 , к ё  2.
Лемма 12.

<Рк(хг, х 2) = ((рк(х1 , x 2) - s k + l -  1) (mod к) + sk.

Д оказательство . Доказываем индукцией по I. При 1 = 1 и 1 = 2 утверж­
дение леммы очевидно. Пусть утверждение верно для /<iV. Тогда

<PN(x 1, х2) = (pl {(pN- 1(x1, X.,)),
т.е.

(рк(хi , x 2) = (р1к(срк ~1(х1, х2)) = cpliiVÁx,, х 2) — sk + N —2) (mod к) +  í^} =

= [(<p*(*i, хгг) — Sk + N — 2) ( m o d — sk+ 1] (modfc) +  £* =
=  (<Pk(xi,x2) - s k + N - l )  (mod k) + sk.

Лемма доказана.

Следствие.

(,Pic O'l, X 2) = (max* (xk , x 2) - s k + l )  (mod k) + s k .

Пусть P i,p2, ■■■,Pn попарно взаимно простые числа. Обозначим через 

4) = P i‘P i' ••• 'Рп и 4 = Рг’Рг’ ••• 'P í-1 'P i+ i' ■■■ ’Рп> 1 = i ’S  п.
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Л емма 13.

а) <Р%(*1 , х 2) =  maxPj (*!, х2), 

1 I max., te ,**),
если
если

при 1 ^  j  ^  п.

j  = /;
7€{1, 2, i -  1, i+ l ,  и};

где (/>',. — некоторая функция Вебба в рг ом ящике [6].
Доказательство.
а) Это утверждение слеует из того, что /0=0 (modpj), l ^ j ^ m .
б) Если j= l ,  2 ,..., j — 1, i+ l ,  n, то /, = 0 (mod/>,•).
Если j= i, t o  (lh pj)=  1 — взаимно простые числа, — поэтому ф1‘ (хх, х2) 

является функцией Вебба [6]. Лемма доказана.

Л ем ма 14. Какова бы ни была функция g(x1; ..., хт) существует функция 
g'(xx......хт) такая что

~ г .  \m axpj(x1, . . . ,х т), если j  = 1, 2, ..., i - 1, i + 1 ,.... n;
8 p j i l ......  m) если j  = i.

Д оказательство . Пусть i/(x1( — произвольная функция из
[{<p''(xi, х2)}]. Тогда, легко заметить, что fjPj(x1, ..., x j  = maxpj (х15 ..., x j ,  если 
7 =  1,2, ..., I — 1, /+ 1 , ..., и. В то же время по лемме 13 из (pl‘(xi, х2) можно 
получить любую функцию g'(x i , •••, хт) в pi -ом ящике, т.е.

g'p,(Xl ’ - - ’ Хт) = gp,(X1, ...,X J.
Лемма доказана.

Л ем ма 15. Каковы бы ни были функции g<x)(x), ..., g(,l)(x) такие, что 
g( i ) I s i s « ,  найдется функция g(x) такая, что для любого i:

gp,(x)=gw(x)
Д оказательство . Из предыдущей леммы вытекает, что в Q сущест­

вуют функции g(1),(x), ..., g°'l'(x) такие, что в рГом ящике совпадает с функ­
цией g(i)(x), а в рх, . . . » P i - i , Pt+i, ...,р„-ом ящике совпадает с функцией д(х)=х.

Легко видеть, что функция g(1),(g(2)/(...(g(n)'(x))...))=g(x) является иско­
мой функуией. Лемма доказана.

Теорема 4. Каковы бы ни были g(1)(*i> ..., xm), ..., gw (x1, . . . ,x m) такие,
что g(i) (xj,, ..., x j  ÇQPl, I S  i, j  S  n, (pi, pj) =  1, найдется функция g(xx......xJÇQ
такая, что для любого i : gPl (хх, ..., xm)= g(i)(x1, ..., xm).

Д оказательство . Возьмем функции й(()(х ) ,/(<)(х1, ..., xm), lS iS n ,  оп­
ределенные следующим образом:

/ <0(*i> .... x j  =

А(0(х) =  { '•

g (0(x 1, - , x m), если (X j, . . . , xJÇŒPiX...XŒPi;
maxPj(Хц ..., xm), если (xt , ..., xj€<£PlX ... X&Pj,

где jÇ {1,2......./ - 1 . / + 1 , ... ,n).
если x € ß P(;

PJ, если x€®pj, где j €{1, 2, 1, i + 1, ..., л}.
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Эти функции по лемме 14 и 15 принадлежат Q.
Строим ф у н к ц и и хт) следующим образом:

/ (i)'Oi, . . . , x j  = A(i)( / (,)(xi, . . . , x j ) .

Из построения f ('i)'{x1, 

/ (0'(*i> ..., x j  =

..., хт) следует, что

gli)(xlt если
spj, если

где

(xi, ... x j e ( £ Plx . . . x ( £ Pl; 
(Xi, ..., x j e ( £ pjx  . . .  XŒpj,
{J = 1,2, . . . , i— 1,/ +  1, ...,n}.

Легко видеть, что функция

g(xi, . . . , x j  = <р'°(У0 (... (plo(<ph (cplo( f ay, f ( 2r) , f (3y) , f w '), . . . , / (п)'))
является искомой функцией. Теорема доказана.

§ 5. Существенность каждого переменного в формуле, 
реализующей заданную функцию из Q

Здесь мы установим одно свойство функций из Q, характерное для логи­
ческих сумм и произведений двухзначной логики. Именно, мы покажем, что 
любое переменное, встречающееся в формуле над системой {<р} является 
существенным для функции реализуемой этой формулой.

Лемма 16. Пусть дана функция f{ x l , ..., хт) и точки

à = (s„ + ji , ..., s„ +ji_ 1, s„ + jt, s„ +jt+1, ■■■, s„ +jm) 
и

b (Д1, • • ■, Д/—1, Д, T 1, Д;+1, • • •, Дт)>
где

О = _/; = n - k ,  / с {1, 2, ..., i — 1, i+  1, ..., n}, 0 S  n — k —l, Г[f ]  = k
и пусть

gl(x) =f((pJi(x), ..., cpb-i(x), (pj‘(x), (pk + i(x), ..., ^m(x)) 
и

g2(x) =f(<pjl(x), ..., <pJ‘-i(x), cpb+i(x), (pb + i(x), ..., cpJ™(x)).
Тогда

r[gl(x)} T[g2(x)] si Г[?1(л-)]+|.

Лемма с помощью индукции тривиально доказывается.
Определение. Скажем, что функция g(xlt ..., xh ..., хт) существенно зависит 

от аргумента х;, если найдутся два набора

Д =  (ű i, •••, a i - l , Д;> Д, + 1, •••> йи) И Qn =  (Д15 . . . ,  Я;_1, Д;, Д, + 1, Дт)

такие, что О X g(ä) X g(a) X О
Теорема 5. Каждая функция g(xx, ..., х(, ..., xm), T[g] =  fc, существенно 

зависит от всех своих переменных хх, ..., хт.
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Д оказательство . Для простоты докажем, что g(xl5 ...,хт) существенно 
зависит от х г. Рассмотрим ящик, номер которого п^т к. Покажем, что 
gí*!, ..., х,„) на наборах

Ôo = (зп » , ..., Sn) И — (sn -\- п к, s„, ..., sn)
принимает разные значения. Действительно

g(â0) = sn + k, a g(ä„_*) = g(qP~k(sJ,s„, . .. ,s n) =  g*(s„) = b.
Так как n ^ h > k ,  то fe>s„ + /c. Теорема доказана.

Замечание. Из доказательства теоремы 5 следует, что функция g(х±, ..., хт) 
существенно зависит от всех переменных в ящике, размер которого тк.

Автор выражает благодарность С. В. Я блонском у, под руководством 
которого выполнена работа, а также В. Б. К удрявцеву за ценные советы 
и помощь, оказанную при работе.
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ENUMERATING PARTITION A L MATROIDS

by
A. RECSKI

“ He tried counting sheep which 
' is sometimes a good way o f  
getting to sleep...”

A. Milne: Winnie-the-Pooh

The concept of partitional matroids (the direct sum of uniform matroids) was 
first introduced by Berge [1]. Certain properties of partitional matroids were treated 
in [4], emphasizing also their connection with transversal matroids and their applic­
ability in the analysis of electric networks. If a set S has n labelled elements and a 
partition of S  is considered then the number of different partitional matroids over 
this partition is at least и — 1 and at most 2". The generating function for the number 
X„ of partitional matroids of S is determined and the result n_1logAr„=logn — 
—loglog n — 1 + о ( 1) is obtained, which implies that the average number of parti­
tional matroids over a partition is exp (o(n)).

Let S denote a finite set with n labelled elements. £f=(S1, S2, ..., Sp) is called a
p

partition of S if U St= S  and if StП5у^0 if and only if i =j. л/= (аг, a2, ..., ap)
i = 1

is an ordered set of integers such that 0 ^ a ,S |5 '1| (/=1,2, ..., p). The system [£Г,л/] 
corresponds to a matroid on S, namely a subset XQ S  is independent if and only if 
\X П «S)| = a-t for i= l ,  2, The matroids of this type are called partitional matroids.
In order to establish a one-one correspondence between the set of partitional matroids 
and the set of certain systems [У, s f  ] the convention of [4] is applied again :

All of the subsets St with a, = 0 or with a,= \St\ are supposed to contain a single 
element only.

If A„ is a sequence of numbers then let the symbol A„ÇA abbreviate that 

n_1 log A„ = log n — loglog n — 1 +o(l).

If G„ denotes the number of partitions of the set S with n elements (the nth Bell- 
number) then G„£A, see e.g. [2]. Our statement that X„ÇA too, will directly be

00 G t nimplied by the following theorem, since ^  ", =exp (e* — 1) and exp { ë -p(t)) =
n =  0 72.

= o(exp (e(1 + £)f)) for any polynomial p(t) and for any e>0.
°° X  t”

T heorem: £  —V" =  exp(е*(/— l) +  2f+ 1), if, by definition, X0 =  1. 
л=о и'

Proof. Let S2, ...) be an arbitrary partition of S and let tt denote
the number of the /-element subsets in Sf (/=1, 2, ...). The number of partitional

n
matroids over is obviously JJ where фx = 2  and ^, = /—1 if />  1 (cf. the

/=i
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above convention). The number of partitions of the labelled set, belonging to a
n fcertain system T= (tx, t2, ...) is obviously —-----------where У1И1=п. Thus, there are

n  u m u

«! П №
i=i tiK W

partitional matroids over all the partitions belonging to T. Hence

( 1 )
X j n
n\

П
2 / 7 Ul

n
where the summation is over all systems of integers tt with 2  Щ—п. Finally

i=i

V X j n
n ! Пi=1 2 ~ ii П <Pi(0,

which leads to the assertion since (p1(t) = e2t and

П 4>M = exp Í 2  77-Ц тг -  2  7f) =  e x p (( t- l)e '+ l) .

R em arks. 1. Putting ^ 1 =ф2= --- =  1 the right hand side of (1) leads to the 
number G„ of the partitions of S (see R én y i [5]).

2. The partial ordering of the matroids of the set S  (see [4]) is considered, i.e. 
. //, £  Jio if any independent subset of the matroid J ix is independent in too. 
Let Y„ denote the size of the longest antichain (i.e. the maximal number of pair­
wise incomparable elements) with respect to this partial ordering of the partitional 
matroids of S. We prove that Y„ÇÀ. The upper bound is trivial, since T„< Xn. 
The lower estimation n_2G„< Yn will directly be implied by the pigeonhole-principle. 
Let S(n,k) denote the Stirling numbers of the second kind (the number of parti­
tions of n labelled elements into к subsets). The relation max S(n, k)£A is well-

1 S lc S n
known, see e.g. [3], and the existence of the function of dimension among the parti­
tional matroids of the same rank, proved in [4], leads to the assertion.

I wish to acknowledge some very helpful correspondence with G. Szekeres 
and V. V. M e n ő n .

Stuctia Scienliarum M athem aticarum  Hungarica 9 (1974)



E N U M E R A T I N G  P A R T I T I O N  A L  M A T R O I D S 249

REFERENCES

[1] Berge, C .: Graphes et hypergraphes, Dunod, Paris, 1970.
[2] Binet, F.—Szekeres, G. : On Borel fields over finite sets, Ann. Math. Stat., 28 (1957), 494—498.
[3] Menőn, V. V.: On the maximum o f the Stirling numbers of the second kind, J. Comb. Th. (A )

15, No. 1., 11—24.
[4] Recski, A.: On partitional matroids with applications, Coll. Math. Soc. J. Bolyai, 10. Infinite

and Finite Sets, Keszthely (Hungary), 1973, 1169— 1179.
[5] Rényi, A.: Élj módszerek és eredmények a kombinatorikus analízisben, MTA. Ш. Oszt. Köz!.,

16 (1966), 77— 105.

Research Institute for Telecommunication 
1026 Budapest, Gábor A. u. 65—67

( Received February 15, 1974.)

Studia Scientlarum M athematicarum Hungarica 9 (1974}





Studia Scientiarum Mathematicarum Himgarica 9 (1974) 251— 266.

ON THE STRUCTURE OF DERIVATIVES

by
G. PETRUSKA

1. Introduction

In certain problems it may have some importance to know criteria which assure 
that a Baire 1 function f ( x ) cannot be a derivative even in the case if we know f(x)  
only on a subset Я с[0, 1]. If Я  is a scattered set then, by checking Darboux property 
one cannot obtain any information.

The idea of this paper originates from paper [1] where, for every Я с[0 , 1] 
with Л (Я )>0, a Baire 1 function was constructed which could not be extended 
from Я  as a derivative. In this paper we are going to introduce the concepts of thin 
sets and irregular points and one of our main goals is to prove that the set of irregular 
points of a derivative is a thin set.

We recall here some notations and definitions.
— A set Я с[0 , 1] is said to be D-open if every XÇ.H is of inner density 1 in Я. It 
is known that the D-open sets form a topology on [0, 1], the so called D-topology. 
The topological space ([0, 1], D) has several remarkable properties. We mention 
here only the facts that the D-open sets are measurable and a real function f(x)  
is continuous in the D-topology if and only if it is approximately continuous.
— The closure and interior of a set Я  will be denoted by cl Я  and int Я, respec­
tively.
— For the sake of brevity the D-interior of a set Я  will be denoted by ind Я.
— 2(Я) denotes the Lebesgue outer measure of Я.
— A set Я  is said to be metrically dense in itself if, for any open interval /, /П Я ^ 0  
implies А(/ПЯ)>0.
— The family of derivatives defined in [0, 1] is denoted by 2 .

Remark 1.1. If Я  is any set, then H1= H \ U I  is metrically dense in itself and 
X ( H \H j ) = 0, if, in U I, I  ranges over the open intervals with rational endpoints 
and Я(/ПЯ) = 0. If further Я  is closed then Нг is closed too.

2. Thin sets

Definition 2.1. A set Я  is said to be thin if, for any closed set P, the set ЯП ind P 
is nowhere dense in P. The system of thin sets is denoted by

We remark that replacing the term “any closed set P” by “any measurable set 
P" we obtain an equivalent definition. In fact, suppose that M  is a measurable set, 
А/У0 and cl (№"lind M )d M. Then denoting P= cl M  we have F e e l (Я П ind A /)c 
cc l (ЯПпк! F )cc l P=P,  i.e. cl ^ P lin d  P)=P;  in particular cl (ind P)=P  and thus 
P cannot possess isolated points. Thus we obtain that Я П ^  P is everywhere dense 
in the nontrivial perfect set P.
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Lemma 2.2. If H i  ST then there exists a non-empty closed set P metrically dense 
in itself such that

(1) cl (tfflind P) =  P.

Proof. If H^3~ then there exists a closed set Q and an open interval I=(a , b) 
such that

Cl (tfflind 0 D / Í 1 0  7Í0.
Let P = c l ( / f l0 .  Then (ind 0 f l /= in d P ,  thus cl (tfflind P)=cl (tfflind (?П /)э  
3 / ( I ß ,  i.e. cl (tfflind P) о  P  and hence cl (tfflind P) = P. In particular, cl (ind P) =  P 
implies that P is metrically dense in itself.

Theorem 2.3.
(i) I f  tf jC tf2 and t f2f  I f  then Hf.IT.

(ii) I f  Hx, H f S T  then H x\JHf3T.
(iii) If H i 2Г then A(tf) =  0.

Proof. Since HxczH2 implies (/^Dind P )c ( t f2nind P) for any P, (i) is trivial. 
Also (ii) is obvious by

(tfiflind P )U (tf2flind P )= (tf! U tf2) fi ind P.

Suppose A(tf)>0 and let Hx denote the set given by Remark 1.1. Then I(H x)>0 
and tf jf17У0 implies / . ( I f  ПГ)>0. Let P=cl Hx. If for an open interval /  the rela­
tion /f ltf]  flind P = 0 holds then I ПHxczP\ind P and by the density theorem 
À(IC]HX) = 0, thus / f ] t f 1 =  0. Hence P fl/= 0  i.e. tfjflin d P  is everywhere dense 
in P. Since P t±& we have H fS T  and by (i), H ^ T  as well.

Our next aim is to characterize the thin sets. A simple condition assuring 
a set to be thin is
(2) tfflind (cl tf) =  0.
In fact, if H^iT  and P is the perfect set according to (1), then P e e l t f , thus ind P c  
c in d  (cl tf) i.e. tfflind (cl tf )^ 0 . In particular, any subset of a closed set tf  with 
/ . ( I I )~ 0  is thin. We give below a transfinite classification of thin sets which de­
composes any thin set into thin sets satisfying (2).

D e f i n i t i o n  2.4. Let t f  be any set. We define the set tf2 for every countable 
ordinal number a<œx as follows.

Let tf0 = tf.
Suppose that Hß has been defined. Then Hß + 1 is given by

(3) Hß +1 = Hß П (ind (cl Hß)).

Suppose that Hy has been defined for y < ß  where ß is a limit ordinal. Then 
we put

(4) Hß =  П H.r
ot-=0

From (3) and (4) t f ^ o t f ^  obviously follows for any ß x^ ß 2. Hence cl t f ^ c c l  Hß2 
and there exists a minimal ordinal окт х such that cl tfa = cl tfa+1= ... . We shall 
refer to this a as the order of t f  and use the symbol a =  o(tf).
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Theorem 2.5. Suppose H i -T and lei P denote the closed set defined in Lemma 2.2. 
Then, for every ß
(5) HC)mdP<zHß 
holds. In particular, Pczc\Hß.

Proof. Я П тё  Pc; Я  implies cl (Я П тё P )ccl Я  thus by (1) we have P ee l H e  
c c l H0. The proof proceeds by induction. Suppose that Я П тё  P e H ß holds for 
some ß. Referring to (1) this implies P cc \H ß. Hence ind Pcind  (cl Hß) follows, 
thus Я ^П тё P e H ßC]ind (cl Hß) = Hß+1. Recalling the induction hypothesis, 
Я П т ё Р с Я р  + 1 and as above, this implies P e e l  Hß + 1. Let ß be a limit ordinal 
and we assume Я П т ё  P c H y for every y<ß. Hence LfH indPe f| Hy — Hß and

y<P
P c  cl H„.

T heorem 2.6. Hi&~ holds if and only if for any ß ^o (H ), Hß=cl Hß = Q.
Proof. If HiST, then by Theorem2.5 A(cl Я/,)^Я (Р)>0 holds for every ß. 

Thus cl Я „^0 (and Hß^Q) for every ß.
On the other hand, let Я  be any set and suppose that cl Яо(н)^0. Since

(6) cl (Но(н) П ind cl Ho(H)) = cl Ho(H)+1 =  cl Я0(н) ^  0

the set Яо(н)П ind (cl Ho(Hj) is everywhere dense in the nontrivial closed set cl Яо(н), 
i.e. Ho(ll)iST. By Theorem 2.3 (i) and Я„(н)с Я  we conclude Hi9~.

Theorem 2.7. Let H be any set. Then

0) ^o(H) +1 — H0(h) + 2 =  ...
(” ) Я  =  (J (Hß\ H ß+1) U H„(H) +  i

P*o(H)

where Hß\ H ß + l i l f  for ß ^ o ( ll)  and o(Hß\ H ß + 1) ^  \ for ßSo(H ). In particular, 
i f  H idT then Яо(н) = Яо(н) + 1 =  ...= 0  and

(iii) H =  U (Hß\ H ß + 1)
P^o( H)

is a disjoint countable decomposition o f  H into thin sets o f  order 1.

Proof. Put for brevity ос=о(Я). Then с1Яа+1=с1Яа thus (i) follows by 
Hz+i—Hz + xCMnà cl Я1 + 1 = (Я((П1пё cl Я ^ П тё  cl H0l =  H0L+l. The inclusion “ z>” 
is trivial in (ii). We suppose that x i H = H 0 and х$Н о(н)+1. Then we select a minimal 
ordinal у such that x§.Hy. Then y>0 and by (4) it cannot be a limit ordinal. Thus 
у—ß+ l and x £ H ß\ H ß + 1. Hence

я = U (ffp\l~lß+i)UH0(n)+1.
ßSo( H)

Let Dß=  Hß\ H ß+1(ß^o(H )).  Then cl Dßczcl Я,, thus ind cl D^cind cl Hß. Referring 
to (3) we obtain Dße cl Я ^Ч тё cl Hß, hence (ind cl Dß)( iD ßc(cl Я ^ \т ё  cl Hß)C\
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D(ind cl Hß) = 0. Thus (Z>(S)1 = 0, i.e. Dß£&~ and

making the proof complete.

Dß 9̂  0 
Dß = 0,

C orollary 2.8. (i) For H  а У, о ( Я ) = 0  holds if and only if  / / = 0 .
(ii) I f  H 7̂ 0, A(cl//) = 0 then 7 /€ ^ "  and o(H) = 1.

(iii) #lTind (cl implies 7
(iv) The function o(H) is monotone on 3F, i.e. for K(z Н£ Э~ the inequality 

о(К)Шо(Н) holds.
P roof, (i) and (ii) is trivial. Denoting K=HÇMnàc\H  we have K = H 1, thus 

the transfinite sequences {Hp}, {Kß} consist of the same sets (apart from H0). Hence 
theorem 2.6 implies (iii). Let KczH^SF. Then Kß(zHß for every ß, i.e. by KolH)cz 
a H o(H) = 0 we obtain Яо(Ш = 0 therefore o(K)^o(H ).

We remark that this monotonicity property fails to hold in full generality: 
o([0, 1 ] ) =  0 and о (Cantor set)=l.

Lemma 2.9. For every a <ojl there exists a system of open intervals Sx={Iß}ß<x 
such that

(i) !,<=(0, 1] (0^ß<oc),
(ii) Iß<Iy i f  and only i f  ß>-y. (By Iß< Iy we mean for every x £ lß, y £ ly).
P roof. We omit the straightforward proof.

C orollary 2.10. Let oc<co1, Sx={Iß}={(aß,bß)} be the system given by the 
preceding lemma. Then we have aß < ay i f  and only if  y<ß and moreover

aß <  inf {ay: y<ß).
P roof. The assertion is obvious by

aß < b ß tS: inf {ay: у <  ß}.
T heorem 2.11. Given , there exists Hf_ 2F such that o(H) — ot.
Proof. Let a be given. We consider the set [aß}ß<x as in the corollary above 

and define a transfinite sequence of perfect sets {Pß}ß<0L by induction as follows.
(i) Let P0 be a nowhere dense perfect set, P0c[0, 1] 0> 1 <+P„ and k(iP0)> a0. 

Such a set can be found by a0< 1.
(ii) If Pß has been defined such that X(Pß)>~aß then A(ind Pß)>aß>aß+1, hence 

we can choose a perfect set Pß + 1 satisfying P?+1ciind Pß and /.(Pß + 1)> aß + 1.
(iii) If ß is a limit ordinal and у has been defined for every y<ß  such that 

? n c in d  Pl2<zP7t ( y ^ y i ^ ß )  and X (P f> ay, then we consider the closed set

Q =  П Pt = П Л ,
y < ß  И =  1

where y„ <  ß is any monotone sequence tending to ß. Since
X(Q) = lim Х(РУп) ё  inf {ay : y<ß}>aß,

П-*- со
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we can find a perfect set Pß such that P^cind Q and A(Pß)>aß hold. It is obvious 
from the construction that the system {Pß}ß<x satisfies

(7) Pßl c  ind PPt (&«=&) 
and

(8) A(Pß) > aß > 0 (ß<a).
Let Kß denote the set of the endpoints of Pß (by endpoints of a perfect set P we 
mean the endpoints of the open intervals contiguous to P), then we define H  by

(9) H = U K„.

We are going to prove that Н^ЗГ and o(H) = a. By Theorem 2.6 it suffices to prove 
o(H) = a and Ha=0. Let {Hß}ß<x denote the transfinite sequence accordingto H = H 0. 
We can easily verify that
(10) Hß = U Ky for any /3<а.

y S ß

In fact, (7) implies (J KyczPß thus by cl Kß=Pß we obtain cl f U КЛ = Рр. Rela­
y a is  ' _ \ y s ß  )

tion (10) holds for ß= 0  by the definition of H. Assuming (10) for a fixed ß we have 
Hß+1 = HßC\inAc\ Hß = ({]  AAflind Pß= U Ky. Considering a limit ordinal 

Us/» ) y^ß+i
/1*<а and assuming (10) for ß<ß* we obtain

( И )

Referring to (7)
H ß *  = П Щ  = П ( U K y) .

ß - z ß *  ß ^ ß *  yär/J

Кп Г\Кп = 0

holds whenever ^ y 2, thus (11) implies Hß,=  U Ky. Hence (10) has been verified
ysß*

and we have cl Hß = Pß for every /?<а. By (7) cl Hßl7±c\ Hß2 if ßx<ß2<a, i.e.
Now we consider the set Hx. If a — a*+ l then Hx*= |J Ky — Kx*, thus

ŷ a*
# a =  tfa*+1 =  Hx* n ind cl Hx* =  Kx* n ind cl Kx* — Ka* П ind Д* — 0.

If a is a limit ordinal then Hx= П{//„: /1<а} = U [ U -̂/1 trivially implies Hx = 0.

In both cases Hx = 0 which implies o(H) = a and Н^ЗГ.
The thin sets constructed by the above method will be called canonical thin sets. 
For later purposes we prove here some lemmas.

Lemma 2.12. Let H be a canonical thin set o f order a. Let Z=  p| Pß, (a, b) П
/?< a

f)Z=0. I f  [c, d]c(a , b) and c,d§ (J Pß = P0, then H  П [c, d] is a canonical thin set 
in [c, d] and о(ЯП[с,</])<а.

P roof. Since [c,d]C\ f) Pß=0, we can find a minimal ordinal number y-=a
ß<a

such that PßC\[c, d]=0 for ß — у. If у >0 then we consider the sequence of non-
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trivial perfect sets Qß—Pß(j[c,d] (ß< y) and applying the construction for Qß we 
obtain the canonical thin set HC\[c,d] having order y.

Lemma 2.13. Let / / c [ 0 ,  1] be arbitrary, G open. Then (HC\G)ß=HßC]G for 
every ß.

P ro o f . We prove by induction. Suppose (Hf]G)p=HpC\G. Now (H ПG)ß+1= 
= (H ПG)ßOind (cl (Hr\G)ß) and the induction hypothesis and the trivial equality

Gflind cl (Hßr\G) = GDindcl Hß

imply (HC\G)ß+1=Hß+ гПС7. The transition step is obvious for limit numbers.
L emma 2.14. Let {(«„,&„)} be a system o f pairwise disjoint open intervals, let 

H nd (a n, b„) be a sequence o f sets, H= U H". Then, for any ß,
П =  1

(12) Hß = (j Щ .
n =  1

In particular, if H" are thin sets for n= 1, 2, ... and o(H 'j = ßn, then H  is thin and 
o(H ) = sup ß„.

P roof. Taking G = (an, bn) we obtain (12) by Lemma 2.13. If //" are thin sets 
then (Hn)ß = Q for ß^ß„  thus HP = Q if ß^sup  ßn. Hence H is thin and o(H) = sup ß„ 
is obvious.

3. Irregular points

D efinition 3.1. Let f( x )  be any measurable function in [0, 1]. The point x0 
is said to be a regular point of /  if the following conditions hold.

(i) There exists a perfect set P with x06indP,
(ii) f \ P is bounded,

(iii) f ( x 0) = lim - i — f  f (x )  dx
2(/) Pni

where I  denotes closed intervals such that x0Ç_I and Â(/)—0. (As it is usual, we can 
suppose that either 7=[x0, x 0+h] or I=[x0 — h, x0].) If x0 = 0, 1 then x0Çind P is 
meant according to the one-sided density definitions and also the limit in (iii) should 
be taken from the right and left, respectively. The point x0 is irregular if it is not 
regular. The set of irregular points of/  will be denoted by Tf .

We remark that replacing the term “there exists a perfect set P” by “there 
exists a measurable set P ” we obtain an equivalent definition.

It suffices to prove that if (i)—(iii) are fulfilled for a measurable set M  then 
there exists a perfect set P  with these listed properties. Let the perfect sets Pk, P'k 
be chosen such that

Pk c  M f] Xo+J T T ’ = Mk
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and

and

and

k(Pk) is l l - ^ l  k{Mk),

P'k c  M fl x° k , x ° k + 1 =  M'k

respectively. Then we put
k(Pi) >  | 1 - 2г|

p  = U n u U ^ u { 4
P is obviously perfect. Let now

h  = [*o,*o + /i], -^ -j- S A < | .
Then

Я(РП/„)
K h)

k \ p  n Xo>*0 +

к
= k 2  KP])]=k + l

j —k+1
* k . 2 _  | 1 — 2 J - I  K M j )  = k 2  К Щ - к  2j=k +1

is k k \M П *0,*0 + _ U L ±  =
L + l J J  2k

1 М П

j=k+i

*0,*o +

KMj)
V

к +1
k + 1 1

Jc_
2k ‘

k + 1
For h-* +0 we have + °° and thus

lim =  ,,

and similarly
ft-* +  0

lim 2 ~  = 1 for =  [*o —А» x0],ft-* +o
which proves x0£ind P. If finally f \ M is bounded then f \ P is bounded too. Let /  
be a closed interval such that x0€ / and X(I)=h, then, for A-*-0,

and

J  f / K ) d x  =  j  f / ( x ) d x  +  j  f  f ( x ) d x  
"  М П /  Р П /  ( М \ Р ) П /

1  . f -Ax)dx~°( М \ Р ) П /
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because /  is bounded on M \P  and M \P  is of density zero in x0. This implies 
property (iii).

Theorem 3.2. I f  f i x )  is bounded then f f S f  holds if and only i f  Tf  = P).
Proof. Trivial.
For the proof of our next result we recall two lemmas of [1].
Lemma 3.3 (Lemma 4.17, [1]). I f  F{x) is differentiable in [0, 1] and I I a [0, 1] 

is any perfect set, then there exists an open interval I  and K > 0 such that /П H g0 and
|T (x)-T(y)| S  K \x -y \ (x, y£H f)I).

Lemma 3.4 (Lemma 4.16, [1]). I f  F is differentiable in [0, 1] and for the perfect 
set H a  [0. 1] the estimation |T(x) — F (y)\^K \x— y\ (x, y dH) holds, then there exists 
a differentiable function G (x) such that G (pc) = F(x), G'(x) = F'(x) hold for x£H  and 
|G(x) — G (y)\^(K + \)\x — y\ for every x, j£[0, 1].

Theorem 3.5. I f  fdSd, then Tf f.T.
Proof. Assuming Tf ^3F we consider the set P satisfying (1), i.e. we have

(13) cl (Ту П ind P) — P.
Denoting by Т а  primitive of/ we apply Lemma 3.3 for P. Then applying Lemma 3.4 
for Т П /we obtain G(x) satisfying \G(x) — G (y)\^(K + \)\x — y\, x, j€[0, 1]. In par­
ticular, g(x) = G'(x) is bounded, hence by Theorem 3.2 T9 = 0. Thus every (ind Т )П /
is regular for g. By g|pnr=/!pru> x  is regular also for f  i.e. Tf Ç)PÇ\I=$, a contradic­
tion with (13).

Now we apply the result for constructing Baire 1 functions which have no 
derivative extensions.

Theorem 3.6. Let P be a non-trivial perfect set metrically dense in itself. Then 
there exists a Baire 1 function f(x) such that i f  g (x)= f\P(x) almost everywhere on P 
then g has no derivative extension onto [0, 1].

We remark that this result gives a negative answer to Problem 5.1.2, [1].

P r o o f . Let xx, x 2, ... be a sequence everywhere dense in ind P. Then it is 
everywhere dense in P as well. We denote

0 — x  =. xn 

r ,  <  r  S  1,

and let f(x)=  2  fA x)- The series is uniformly convergent, hence its sum is a Baire 1
n = 1

function and Tf = {jq, x 2, ...}. Now, if g = f\P holds almost everywhere on P and g* 
denotes any extension of g, then Тя, Г) {xx, ...}. By the choice of the sequence, the 
set {хц ...} is not thin, thus by Theorem 2.3 (i) Tat ([ i f  hence by Theorem 3.5 g* 
cannot be a derivative.

Theorem 3.7. I f  the derivative fix ) has local extremum in x0 then xn is regular
for f
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P roof. We can suppose without loss of generality that f ( x n)=0 and / ( т ) ё О  
(in a neighbourhood J of x„). Then /  is integrable (in this neighbourhood J) and

X

let /"(*) = f  f(x)dx  be a primitive o f/. Let <5>0 be arbitrarily given and consider
*0

the level set Hô={x:f(x)SÔ). Denoting Ih = [x0, x0+h], we have

0 =/(*<,) lim
A- + 0

F(x0 + h) 
h lim

Ä- + 0

1
Ж )

f  f(x )  dx s

?- Hm -j- í  / s  á lîm
A - + 0  h  H ó n l h  A -» + 0 W h)

and similar estimation holds for 0. Hence we obtain that Hô is of density zero 
in x0. Thus taking M =JD  {x:/(x)<  1} we have x0€ind M  and 0 S / |M<1. Now 
the inequality

implies

1 Xy + h
r l  f IMnih

lim —
A-+0 «

/  / =  0 = f(x 0), 
мгин

and similar relation holds for 0. Hence x0 is regular for / .  (Actually we have 
proved the known result that the derivative f(x) is approximately continuous in x0, 
iff(x )  has local extremum in x0. One can easily show that (in general) approximate 
continuity implies regularity.)

However trivial Theorem 3.2 is, in certain sense it is best possible as shown by 
the next theorem.

Theorem 3.8. Let a be any countable ordinal number. Then there exists a deriva­
tive such that f= 0  and o(Tf ) = a.

More precisely, we prove that, i f  H ~  U {Klt: ß<a) is a canonical thin set of 
order a, then there exists a non-negative derivative f  such that o(Tf )=a,

Kß c  ( 7 » , \ ( 7 » ,+1 c  cl K , \ ind cl K„
for every ß.

Proof. The tedious proof is carried out by several steps. Though our con­
struction is complicated to such an extent which may seem unnecessary, a deeper 
analysis shows that it cannot be simplified in any essential point. Actually, the 
possibility is not obvious either.

If /  is any function defined in [0, 1], we put

(14) /(* ;  a, b) = f (a s  X ë  b).
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(i) In this section we are going to construct a derivative non-negative on [0,1] 
and having 0 as an irregular point.

For any integer n ̂ 4  we define the continuous function <pn(x) ̂ 0  in [0, 1] as 
follows. In jo, — j <pn(x) is a trapezium-like function defined by the formulas

<pn(x) =<

n3x,

n,

0 =  i  =  —5-n2

S  X Ä

2 3
-n3X + 3 n ,  —r  Ä  X S  —Tn2 nl

0, n2 -
is extended periodically by

Í k ) Í к к -ri
(Pn\x----- \— S  л

l «J ( и n

3 1
=  X  =  —  11

1 , 1 .K n i yn n )
The relations

г к l(15) / cp„(x)dx = 2(6 — a), a = —, b = —,
•1 n na

and

(16) A({x : <pn(x) =  и}) 1

are obvious. We denote by the sequence of prime numbers and by p(n)
the number of prime divisors of n, p ( l)= l. For n 5 l ,  O ^ k ^ n  we put х„д = —  + 

к 1H— -• ——. Obviously x„+1 K + 1 = x„ o- For any integer i S 3 we define / r(x) in [0, 1] by n 2"

(17) f ( x )  =
*Pp(n) + t \ X  1 х Пг к > x n ,k  + l)> % n,k =  X  =  x n ,k  + l>

0 ^  к  S  П — 1, 11 — 1,2,
2, X =  0.

According to the definition of (p, the interval (х„д ,х„д + 1) is divided into p(n) + t 
equal subintervals by the numbers

(18) хп,к+1Хл’к; \ - х; к, / = o , i ,...,p (n )+ t. p{n) + t
We shall refer to these points (including x=0) as the principal points of [0, 1]. We

b
are to prove and T ^^O }. Recalling (15), J  f(x )d x  = 2(b — a) if a<b are

a
h

arbitrary principal points, in particular J  f t(x)dx=2h if h is a principal point.
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For any 1 we choose neighbouring principal points a, b such that аШИ<Ь.
Then

4- / ft(x )dx  S  -J- f  f,(x)dx  ^  4  /  /« (* )*U n '»Л ^ n
i.e.

thus
2 b -  h S ft{x)dx -  2 a ’

Referring to (18)

2 ± -a =  2 -

-  f f , ( x ) d x -  2

Ш2-

Í bä  2
U  J

x„,k 1 %n,k +1 n̂,k
p(n) + t xn<k t хпЛ

1
2 2"n
? J _

2" + n 2n

_2_
nt

where n and A: are suitably chosen. Thus we obtain the estimation

(19)

We observe that

— f  f,(x) dx — 2
'L n

_2_

nt 2" ^  h < 1
2Л_1 ‘

thus

(19a)

1 a +  h 1   A / ( 6 - a )  i  A'

у  /  /,(* ; a, 6) </x =  —7— /  /,(*) dx — —  j  f ( x )  dx,
П а П  О П  0

_1_
/2

a + h

f  f ( x \ a ,b ) d x -  2
a

b —a , b—a 
2" “  h ^  2n~l '

Since /г—0 implies n —°° we obtain that F,(x)= J  f(x )d x  is differentiable in
о

0 and F,'(0) = 2. By the continuity of f(x ) , Ft'(x) =f  (x) trivially holds for x>0, 
i.e. f£@ .

Let now N be an integer, N ^ l  and consider the numbers n=n,=(p1p2...pN)1, 
1=1,2, ... . Then p(n) =  N  and denoting

HN = {*:/,(*) s  N)
we have

n — 1
HN ^  U {* : 9p(»)+iW =  P(n) + t, *„,* x Ä xn>k+1},

k  =  0
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for any fixed n—nt. Recalling (16)

Hence

thus
2 " ~ 1À О,

1 1
2 п-1 2" 1 1

N  + t -  2^ iV +l •

1
“  2(N+t) ’

lim Я (Яд, fl [0, h])
/ i- О  п 2 {N+t) > °

for jV = 1, 2, ... . It yields that f t(x) cannot be bounded in any D-neighbourhood 
of 0. Since f( x )  is continuous for x>0, we obtain T)-t={0}.

(ii) In this section we extend the previous construction in order to obtain a non­
negative derivative exhibiting irregularity in every end-point of a non-trivial per­
fect set.

We put

gt(x) =
f t \x \  0, 2 ’

gt( 1 -x),
0 s  X ä _1_

2

2 X  s  1.

By g, [ y ] = 0> gi(x) is continuous in (0, 1) and according to (i), T8t= {0, 1}.
Let ?c[0 , 1] be a nontrivial and nowhere dense perfect set, 0$P, 1$P. Let

(20) [0, l ] \ P  = [0, b0) U (fl0, 1] U U (ak, bk)
k=l

be the decomposition of [0, l ] \ P  into intervals contiguous to P. Let

A(x) =

/»(1 ~ x;  0, b0), 
/ з ( х ;  a0, 1 ), 

g'k(x; ak, bk), 
.2,

0 ä  X <  b0 
a0 <  X s  1 
ak <  X <  bk
x£P

where tk is choosen to satisfy tk(bk—ak) =  I. Making use of (15),
ßJ  h(x)dx = 2 ( / l  — a )

a
if a and ß are either principal points in any of the intervals contiguous to P or belong

JC
to P. In particular, the integral P(x) = J  h(y)dy is finite valued. F \x)= h(x) obvi-

o
ously holds for x$P  and by the construction off,(x), F'(bk) = F'(ak) = 2, k = 0, 1, ... 
if by F'(bk) and F'(ak) we mean left hand side and right hand side derivatives re­
spectively.
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Let x0£P and suppose that approaching a „ say, from the right, a  runs over 
an infinite number of intervals from the decomposition (20). If

we write
ak <  * == y  (a*+ 6*),

JC Uj. Лf h(y) dy = f  h(y) dy+ J g,k(y; ak, bk) dy =
*o x0 ak

= 2(ak- x 0) +  (2 +  ek) ( x - a k) =  2(x -  xn) + ek(x -  ak)
where \ek\^.2/tk holds by (19a).

For — (ak + bk)< x< kk we put

f  h(y)dy =
X0

/» pJ h(y) dy -  J g,k(y; ak, bk) dy = 
*0 *

= 2{bk- x 0) - ( 2  +  e'k) (bk- x) = 2(x- x0) -  e'k{bk- x),
where \e'k\^2 /tk holds again by (19a). Hence we have

Since

f  h(y)dy = 
X0

2 ( x -  x0) + ek( x - a k),

2 ( x - x 0)-e 'k(bk- x ) ,

ak <  x s  у  (ak + bk) 

у  (P k  + bk) <  a  <  bk.

and

0 ^

we obtain in either cases

0 s x —ak .------ — ^  1
X  A0

bk~ x
a - a „

bk~~2 +  bk)

у  (ak + bk) — ak

_ J__
X  — Ao

/  h(y)dy~  2 
*0

which implies F'(a 0)  = 2. We know ak£Th, bk£Th by the construction given in (i) 
and we remark that, since h is constant on P, 7’/,n in d i>=0 is trivial.

We observe that h(0)—h(l) = 0 and h(x) is continuous in these points from the 
right and from the left, respectively.

(iii) Now we proceed by induction. Induction hypothesis: if [a, b] is any interval 
and H= U {Kß \ /?<а} is a canonical thin set in [a, b] such that a, 6$cl H, then there 
exists a derivative / ё 0 on [a, b\ such that o(Tf ) = oc,
(20a) Kß c  (Tf )ß\ ( T f )ß+1 c  cl ^ \ i n d  cl Kß (ß < а),
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f(x )  is continuous from one side in a and b and f(a)=f(b)=0. If a=  1, the required 
derivative is given by the preceding section (ii). Let o(H)=oc>l, H =  U {*,:/?<«} 
where Kß are canonical thin sets of order 1, cl Kß—cl ( U Ky) =  Pß and let P=  f) Pß.

y^ß /?<а
Now the induction hypothesis is assumed for every /?<«.
Observe that P= Py if a = y + l, and one can say nothing more on P 

than that is a nowhere dense and non-empty closed set. Let [0, 1 ]\P = [0 , 50)U
CO

U(A0, 1]U U ( A B k) be the decomposition of [0, 1 ]\P  into intervals contiguous
*=i

to P. If we consider the sequence a0, ak, y ,  — , . . . j  i.e.
1

~\n \+ 2 '
n= 0, — 1, —2, ...

— со< «< + oo we have 1 < - "+1
an

we take a sequence

and an= \ — а_„, и=-0, then for any integer n, 

and 1 < —г-— g —. In every interval (Ak,Bk)
2  1 ~ a n + l  2

Ak + (Bk -  Ak) jw| ^  +  s(n, L)j, пш  0 

Bk~(Bk- A k) ( +£(w, k)j , n >  0

where |e(/?, Я)| are chosen so small that both

and

, akn+1- A k л
1 ' '  —î--- -̂---- =

akA P 0 = c\H

Bk — ak 
Bk ö*+1

2 (— °o <  и <  4- со)

(— °° <  n <  +  °°, к = 1,2, ...)

are satisfied. (This latter is possible since P0 is nowhere dense. In [0, B0) and (A0, 1] 
we take one-sided sequences k and {а„}“=°°_k tending to B0 and A0 from the 
left and from the right, respectively.)

Recalling Lemma 2.12, Я ‘ = Я П [^ , ak+2] is a canonical thin set the order a! 
of which is less than а :

HÜ = U Kkß where K kß = KßD[ak, ак+1].
/?<а'

By the induction hypothesis there exists a derivative f k=0 on [ak,ak+1] such that 
o(Tjk)=o(H k),

K k„ c  (Tf P)ß\ ( T fk)ß+1 c  cl ÄjiXind cl Kkß, ß <  а' 

f k is continuous in ak and ak+1 and vanishes in these points. We can assume

(21) } r < 5 ± i z 5
J J -  \n\ + k  ’
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otherwise we replace /„* by <?/„* where c>0 is sufficiently small. We put

\fn (•*)> * é [úÍ , űÍ+i] 
Í 0, x£P

and prove /€ ^ .  By (21) F(x)= J  f  is finite valued and F'(x) =f(x)  is obvious for
0

x$P. Let x0€P. If x0=Ak and h> 0 then taking we have by (21)
Îí + Л 1 Лп + 1

(22)

and

(23)

I  1 1
h J  o î- Л  /  e î- Л  I«

Afc +  A

* / ; n

akn~Ak |и| +  k \n\ + k

Bk — Ak 1 2
(n s  0).h

---- <  --
k k

(И <  0)

If .x0ÇP and for A-<-+0 the variable x0+h meets infinitely many intervals from 
{(Ak, Bk)} then for Ak^ x 0+ h ^ B k

1 *0+* 1 '•к 1 л«тл
j f  *

x0+A
(24) Ak — x  о 1 x0 + h — Ak

mk
2_^ J _  2 
к ~ mk ^  к  ’

where the first integral is estimated by (21), the second one by (22) and (23), and 
mk denotes the minimal index satisfying (Amk, BmJ c ( x 0, x0 + h). In both cases

J  /-*• 0 and we have similar estimations for A<0, hence/ € £ ?  is proved. Refer-
. *o

ring to Theorem 3.7 the points of P are regular for / ,  i.e. 7)П Р=0.
By Lemma 2.14

(P/)/1 = U [Tf  П (Ak, Bk)]ßU \T f П [0; B0)JpU \T f П {Ao, 1]] -̂
к

This and

Kf =  и [ ^ П (Л ,Р * ) ]и [^ П [0 ,В о ) ]и [^ П (Л , 1]] (ß + l <  a)
к

imply

(25) Kß c  {Pf)ß\(P/)ß+i c  cl /^ \in d c l Kß ((ß+1) <  a)
and by the construction,/vanishes continuously in 0 and 1. Recalling Lemma 2.13, 
(H \P )ß = H ß \P —Kß (/?+l<oc) thus by (25) we have o(Tf ) = o (H \P ). In fact, if 
a =  y + 1, then

CTf)y c  (H \P )y = Hy\ P  = 0,
and for ß c y  we have fl7±Kßc:(Tf )ß. If a is a limit number then o(T/) = o (H \P ) 
is obvious, and for this case the proof is complete.

Let a = y + l, in this case НГ\Р=Н„ = К), and we apply the basic construction
(ii) for the perfect set P y=cl K.r  Hence we obtain a derivative g(x)ë0  such that
(25a) Ky cz T  g a  P7\ ind Py = P \in d  P

Studia Scientiarum M athematic arum Hungarica 9 (1974)



266 G. PETRUSKA

and g vanishes continuously in 0 and 1. Finally we put h(x)=g(x)+f(x). Since 
J 9n r /  = 0 and /SO , we have Th=Te\JTf . We are going to prove

(26) (Th)ß = Г, 11(7», (ß <  x)
by induction.

Let /? + 1<а. Then
(Th)p+1 = (TH)„ П ind cl (Th)ß = (T„)ß П ind cl [Тд U (7»,] = (Th)ß П ind (Py U Pß),

since by (25) and (25a) we have cl (Tf )ß = Pß and c lТд—Р... By P„c Pß we obtain

(Th)p+i — g U (Tf )ß\ П ind Pß = (Тд(~'I ind Pß) U ((Tf)ß П ind Pß) = Тд IJ (Tp)ß +,,
referring the stronger inclusion Tga P y<zinA Pß.

The transition step is trivial for limit numbers, hence (26) is verified. Since 
o{Tf ) = o{H \P) — o {H \P y) = y, by (Tf )y = A we obtain (Th)y=Tg and hence

(Th)y+1 = {Tg\  = 0
i.e. o(Th) = a. Now (Th)ß\ ( T h)p+1 = (Tf )ß\ ( T f )ß + 1 if ß + \  < a  (i.e. ß<y), 
(Th)y\ ( T h)y+1 = Tg, and for ß > y (Th)ß\ ( T h)ß+1 = Q, thus by (25) and (25a) we 
obtain

Kß a  (Th)ß\ ( T h)ß+1 c  c\Kß\in d c \K ß
for every ß. h(0)=h(l)=0, and the continuity in these points is trivial by h=f+g, 
thus the theorem is proved.
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CONVERGENCE UNIFORME ET CHANGEMENT DE VARIABLE

par
L. ALPÁR

Dédié à L. I l j e f f  à l'occasion de san 60-ième anniversaire

§ 1. Introduction

La note [12] de P. T ú r á n  a inspiré plusieures recherches. Il a montré dans ce 
travail initiateur la proposition suivante: Soit ( (0<|£|~=1) une constante complexe 
donnée à l’avance. Il existe alors une fonction

( U )  / 1 ( 2 ) = Í f l , Z v
v = 0

analytique pour |z| <  1 et telle qu’en un point z1 = e'tl la série J£avz[ converge, mais 
si l’on pose

(1 -2) A  Ш  = n| 0 b»zn (bn = b n U

la série 2 b„zI diverge, où z1=(z2—Q(l — Çz2)-1, donc z2—c1'2.
Plus tard, répondant aux questions posées également par T ú r á n , J. C lu n ie  

[9] a prouvé que /j(z) tout en jouissant de la propriété mentionnée peut être simultané­
ment continue sur la circonférence |z| = 1, tandis que K .-H .I n dlekofer  [11] a montré 
qu’il existe / x(z) telle que le module de continuité de yj(eft) remplit la condition

(1.3) c o ( S ; M e u)) =  Ofllogùl"1) ( 5 + 0 ) .

Les résultats de C lu n ie  et de I n d lek o fer , complétés avec une stipulation concernant 
la continuité des fonctions en question, portent donc sur le comportement local 
des séries considérées.

De notre part, en nous appuyant sur la note de C l u n ie , nous avons démontré [7] 
que malgré la convergence uniforme de 2 а»еЫ’ la série ]?b„ént peut être divergente 
sur un ensemble E dénombrable et partout dense dans [0, 2л:]. Nous avons établi 
ensuite [8], utilisant le résultat de I ndlekofer , que ces deux séries peuvent conserver 
leur caractère indiqué en dépit que (1.3) subsiste.

Dans la note présente nous étendons ces recherches sur certains changements 
de variable des séries de Fourier. Nous étions amené à envisager de problèmes de 
ce genre en étudiant les transformations conformes plus générales que les homo- 
graphiques. Nous avons examiné des fonctions représentées par des séries de Faber 
dont la courbe de convergence est formée d’un seul arc analytique régulier fermé 
([2], [3], [5]). Il s’est avéré que les cas considérés se ramènent à l’étude d’un certain 
type de changement de variable des séries de Fourier. On peut donc soulever de 
questions analogue sur les changements de variable des séries de Fourier uniformé­
ment convergentes sans se référer aux problèmes correspondants des séries de Faber. 

Nous allons établir notamment la proposition ci-après.
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T héorème. — Soit f { t ) une fonction à  variable et à  valeur réelle, analytique sur 
Г axe des t et telle que f ' ( t ) ^ 0  et f( t)= f(t + 2tz) (mod 2 n). Alors il existe une fonction

(1.4) F (t)=  Z  Ave"‘
V = —oo

remplissant les conditions suivantes: (i) la série (1.4) converge uniformément mais 
non absolument ; (ii) le module de continuité de F(t) vérifie la relation
(1.5) oi(ô-F) = Odlog^l"1) (<5^+0);
(iii) et si Гоп pose

(1.6) = Z  Bnein‘
П =  —  ° °

la série (1.6) diverge sur un ensemble E dénombrable et partout dense dans Г intervalle 
[0, 2л].

Si dans (1.5) on peut remplacer O par o, les séries (1.4) et (1.6) convergent uni­
formément.

La démonstration se fond, outre les travaux cités de C l u n ie  et de I ndleko fer , 
sur un de nos résultats antérieurs [4]. C l u n ie , de sa part, a déterminé d’abord une 
fonctions/2(z) (cf. (1.2)) satisfaisant aux exigences du problème, puis il en a déduit 
f f z )  (cf. (1.1)) au moyen de la transformation inverse en posant f  (z) = 
= /г[(2+0(1 +£z)-1]. À cet effet il s’est servi des polynômes de Fejér définis par la 
formule (n ^ l):

-  ~ 2  - n  7 n + 1 7 2 n n

<‘-7) ^  = T + - f r + -  + T , i r

Nous allons suivre une voie pareille en utilisant une idée de Fejér esquissée 
dans [10]. Soit — E0 un ensemble dénombrable contenant une infinité de
fois chaque élément de E. Alors G(t) est définie de la manière ci-dessous:

(1.8) G(t) = j r  2 - ( < * * - ' , . > )  ~  Z  Bneint
n =  1 k = n*

où les exposants k„ sont des entiers positifs convenablement choisis. La série de 
fonctions (1.8) est absolument convergente, car il existe une constante absolue M 
telle que \(pj(eu) \s M  uniformément en j  et t. Si de plus les kn vérifient l’inégalité

(1.9) kn + 2-22" <  kn+1 + \,
alors en omettant dans (1.8) les paranthèses on obtient une série de Fourier formelle. 
Le choix particulier de la série de fonctions (1.8) s’adapte aux calculs de Indlekofer  
et est nécessaire pour établir (1.5). Nous allons voir dans le § 4 que la série de Fourier 
de G(t) diverge sur E.

f( t )  étant monotone, par hypothèse, elle possède une fonction inverse, soit 
f ~ 1(t)=g(t). Posons donc à l’instar des antécédents F(i) = G[g(i)], c’est que

(1.10) F(t)  =  Z 2 - neit№ ‘>-U<p22a(ei[<>(,)- ,n]) ~  V Л е ‘"'.
П =  1  V —  —  oo
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Il est à prouver ainsi que la série de Fourier de F(t) converge uniformément et que 
son module de continuité est de l’ordre logarithmique. La formule (1.10) indique 
déjà la marche de la démonstration: nous pouvous encore disposer dans une large 
mesure librement des exposants kn. Dans ce but il faut examiner d’abord le type 
de fonctions qui figure dans (1.10) et ensuite la série de fonctions (1.10) elle-même.

Conformément à ce programme le § 2 est consacré à certains lemmes, on s’occupe 
des polynômes de Fejér dans le § 3, enfin la preuve du Théorème est achevée dans 
le § 4. Au cours des démonstrations on désigne par Cj ( j=  1, 2, ...) des constantes 
numériques positives.

§ 2. Quelques lemmes

Dans ce qui suit nous aurons besoin d’un de nos résultats précédents [4], 
dont un cas particulier a été déjà trouvé plus tôt ([1], § 6, pp. 307—312). Nous l’ap­
pelons ici Lemme 1. Nous le citons sans démonstration, mais nous faisons tout 
de même certaines observations qui permettent de voir l’origine de cette proposition.

R em a rq ue . — F(t) et eif(,) étant continues et 27t-périodiques, G(t) l’est aussi. 
De plus, en raison de la continuité uniforme de la série de fonctions

on peut écrire

B„

G(t) = 2  ~ 2 Впеш,
V =  —  oo n =  n*

j_{i /Vao-i*]1 001 - ^ v  2  ^nv^v

où l’on a évidemment

Il en résulte que

piv/U) 2  anve"

m
2 В пеЫ1 = Av.

Si, en particulier, 2 \A V|<o° et 2  anvd"1 est uniformément bornée en v, /, m et
П = l

t, alors on peut démontrer que la série 2  B„eiM converge uniformément [6]. Or,
П= —oo

le Lemme 1 affirme précisément les suivants :
L emme 1. — Soit f( t)  une fonction réelle, analytique et telle que / ( i )  =  

= f(t + 2n) (mod 27г), soient de plus

et
eb m  = 2  апуеш (v = 0, ±1, ±2, ...)

П =  — oo

m
S l i ( t ; f )  =  S U t ) =  2 a nveiM.
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Alors il existe une constante K = K (f)  telle que

|5,vm(i)| = K
uniformément en v, l, m et t.

Apercevons que cette fois-ci la monotonité de f ( t )  n’est pas exigée. Cette der­
nière condition a été posée uniquement pour assurer l’éxistence de g (t)= f~ 1(t) 

Les hypothèses adoptées surf ( t )  entraînent, d’autre part, que [f(t+ 2n)—f(t)]/2n 
soit simultanément une fonction continue et un entier. C’est donc une constante 
à valeur entière. Il en découle que f( t)  = (p(t)+ht où (p(t) est 27r-périodique et h 
est un entier. Lorsqu’on a aussi f'(t)A 0, on suppose, pour simplifier les calculs, 
que h=  1 ou bien que f ( t )  = cp(t) + t. On en tire qu’alors g(t) = y(t) + t où g(t) est 
encore réelle, analytique, g'(t)?±0 et g(t+2n) — g{t) = 2n, c’est que y(t) est 2n- 
périodique./(/) et g(t) sont donc exactement de la même natuie, d’où la conclusion 
que voici.

C orollaire. — Soit

(2 . 1) eing(t) — У b (n = 0, ±  1, ± 2 , ...).

Alors il existe me constante K0 = K fg ) telle que

(2.2) | s № * ) l  =  1 З Д | = 2  b,né'”
v =  A

S Ko

uniformément en n, À, ц et t.
En étudiant les fonctions analytiques et leurs transformations homographiques, 

le rôle de /( /)  resp. g(t) a été attribué à

e u  -  Г 1 - C e ” “
M O  =  -  i log = -  i log - — ^ r  + { resP-

Le lemme suivant fournit une majoration des anv 
p. 191, et son cas particulier [1] Lemme 2, p. 296.)

. . l+Ce-*
go(0 = ~ ll0gT + Z é r  + L

resp. bvn. (Voir [4] Lemme 1,

L emme 2. —  f( t)  satisfait aux conditions du Lemme 1. Soient les
racines de l'équation f" (t)  = 0 comprises dans l'intervalle [ — я, n) avec les multiplicités 
respectives p1 — 2,p2 — 2, . . . ,p k — 2 et p=maxpj ( j=  1, 2, Alors

(2.3) \a j  = Cj|v| llp (v ^  0)

uniformément en n, autrement dit c1 = c1(f). S i f ' f ) ^  0, donc g {t) existe, on a également
(2.4) \b j  ë  c2\n\~1,p (n ^  0) 
uniformément en v, c'est que c2 = c2(g).

D ém onstration . — (2.3) a été déjà établi dans les notes signalées. Il est à vérifier
(2.4) . Posons u=f(t), t —g{u). On a ainsi g"(u) = —f"(t)[f'(t)]~ 3. À chaque tj cor­
respond donc un Uj=f(tj) racine de l’équation g"(u) = 0. Les expressions des dérivées 
d’ordre plus élevé de g(u) formées à l’aide de celles de f ( t )  montrent que la multi-
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plicité de U j  est aussi P j  — 2 ( j=  1, 2, ...,lc). (2.4) n’est donc autre chose que (2.3) 
formulé pour les bvn.

Lemme 3. — Soient P(z) une fonction analytique et uniforme dans la couronne 
circulaire |z|</?2, Px«= 1 < R2; M0= max |P (e")\ et

(2.5) ei"9«)P(eim) =  J 1 av„eivt.
V =  — oo

Alors il existe un entier positif na = n„(P, g) tel que pour tout entier \n\S/i0 les sommes 
partielles de la série (2.5) sont uniformément bornées, soit

(2 .6) ИД01 ^  (X é?IV 
v =  A

ё 2 ( 1 + е д )  =  # 0,

c'est-à-dire que cette borne commune ne dépend que de M0 et de K0 définie sous (2.2). 
D ém o nstration . — Il est apparent qu’il suffit d’établir le lemme seulement pour

gi(v +  l ) u __gi(v  + l)f
(2.7) sSv(/) = i  /  p(ein9W)- ■ du.

Lorsque P(z) = 1, (2.7) fournit Sgv(t) défini sous (2.2). Considérons maintenant 
l’expression

/„V =  i S v ( 0 - i V i ( , ) ) S 3 v ( 0  =
(2.8) 1 ? p ( e i e ( u ) \ _ p l e ig ( t ) \

J  1  — i e ta Â .) [e« (* + i) -_ e «(»+i )>]dU =  C - C .2n e — e

La fonction [P(eie(u)) — P(eig(,))](eiu—ei,)~1=Q,(u) est analytique et uniforme dans 
une couronne circulaire contenant la circonférence unité. Par conséquent, la série de 
Fourier

(2.9) Q,(u)= 2  ßk(t)eiku
k=  — oo

est absolument convergente et

(2.10) max У \ßk(t)\ =  H =  H(P, g) <
— K^t^n к = —  OO

11 résulte ainsi de (2.4) et de (2.8)—(2.10) que

=  2 | & ( 0 l | 6 - ( v + * + i ) , „ !  S  Hc2\n\ 1/p.
k = -o o

|/"v| peut être majorer de la même façon et, par suite, |/„v|à 2 # c 2|n|_1/p. Cette dernière 
quantité est inférieure ou égale à 1 pour |и |^и0>(2//с2)р. On obtient finalement, 
vu (2.8),

IC (01 = 1 +K0M0,
d’où il vient (2.6).
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Lémmé 4. — Si 2  | C„ | <°°,etsi chaque terme delà suite de fonctions {P„ (z)}“= _ M
П=—оо

remplit les conditions:
(i) Pn(z) est analytique et uniforme pour |zI<Æ,, 7?i< 1< 7?2;
(ii) max \Рп{ен)\ s. M0,

t
où M 0 est une constante indépendante de n, il existe une suite d'entiers {&„}”=_«, telle 
que la série de Fourier de la fonction

(2.11) Ф(t)=  2  C n e ik^ ( ‘> p n ( e ‘m )  =  2  D,eM
Tt= — oo v= — oo

converge uniformément.
Nous ne détaillons pas ici la démonstration du Lemme 4 pour la raison suivante. 

Une série de Fourier analogue à (2.11) intervient aussi dans le travail de C lunie . 
Faute du cas particulier du Lemme 1 ([1], pp. 307—312), il a prouvé seulement la 
convergence locale de cette série, tandis que la preuve du Lemme 3 de la note [7], 
calquée sur celle de Clu n ie , a établi la convergence uniforme de la même série. 
Or, en possession du Lemme 3 de la note présente, la démonstration du Lemme 4 
diffère guère de celle que nous avons exposée dans [7].

§ 3. Certaines propriétés des polynômes de Fejér

Les polynômes de Fejér ont été définis par la formule (1.7). Dans le lemme 
qui suit nous allons rappeler sans démonstration quelques-unes de leurs propriétés 
connues et simples.

Lemme 5. — (i) Il existe une constante absolue M  telle que \(pn(z)\sM pour \z\S 1 ;
(ii) <p„(l) =  0, autrement dit la 2n-ième somme partielle de (pn(z) est égale à 

zéro pour z=  1 ;
(iii) la n-ième somme partielle de (p„(z) excède log и pour z=  1;
(iv) \<p'„(eu)\^4M n.
La propriété (iv) est une conséquence de l’inégalité de Bernstein.
Lemme 6. — Si dans la formule (2.11) on remplace P„(e'9(,)) par (p„(eig(ty) (n > 0), 

on peut prendre
(3.1) kn =  (и =  1, 2, .. .)

où A y>0 est un entier convenablement choisi et p est défini dans le Lemme 2.
D émonstration. — k„ joue maintenant le rôle de n0 du Lemme 3. Nous allons 

évaluer \I'm\ (cf. (2.8)) en modifiant légèrement le raisonnement précédent. La fonc­
tion à intégrer dans l’expression de /'„ peut s’écrire sous la forme

(3.2) 4>п(е‘9{и)) -  q>„(eim ) e‘
e‘9(и) _ е‘вО)

>»(“) _  pieO)
—г,— ei(v + 1>u =  U J e ^ m u ) ,
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avec

(3.3)

Il est simple de voir que

(3.4)

Um(e>«4) = *2  Уъ.(!)*к'* КМШ)>
k = 0

V,(u)= 2 à j { t ) e ,ju.
î~ 00

2n —1
max 2  |У*п(0| — 2/i(logw+l),

t  k  = 0

max 2  14/(01 = c3 < oo.
t  j = —oo

Par conséquent, en tenant compte de (2.1), (2.4) et de (3.2)—(3.4), on a

I C I  S  - ^ 1  /  Uln(ele(uW,(u)du\ s  
— H

2 n - l

^  2  l?ib.(0l
k =0 2  m \ ± \  j

2л— 1
à  2  IVtaíOI

*  =  0
2  14/(01 \b~j,(k„+k)\ S  2n(logn+ 1 )c2c3kn 11 " = Hnkn 1/p.

Il s’ensuit que | / J  S  ICI + ICI ^  2Hnk~1/p, et | / J  ^  1 pour k„ S  (2tf„)p, d’où il 
vient (3.1).

§ 4. Démonstration du Théorème

Nous allons montrer tout d’abord que la série de Fourier de G(t) définie sous 
(1.8) diverge sur l’ensemble E. La série de fonctions donnant G(t) a été formée au 
moyen d’un ensemble C = {in}r=i contenant une infinité de fois chaque élément 
tx£E. Il existe donc une suite infinie composée des éléments de E0 qui sont égaux 
à telle que

(4.1) r A =  С  =  C  =•••= C  =  —
où nj<nj+l,j-*°°. De plus, dans a formule (1.8) n’intervient que des <pj avec j — 22" 
(n=  1, 2, ...) auxquels correspondent, d’après (3.1), des kj = k1(22")2p. Mettons, pour 
simplifier l’écriture, k l (22")2p — kn. Il est aisé de voir que ces k„ vérifient l’inégalité (1.9). 

Posons ensuite

Pj = knj + 22"', qj = knj + 2 . 2 2"'

où les rtj sont ceux de (4.1). Notons enfin par s„(i) la /i-ième somme partielle symétri­
que de la série de Fourier de G(t). On trouve, en vertu des propriétés (ii) et (iii) des 
polynômes de Fejér énumérées dans le Lemme 5, que

|j„(e'S) s ,j( .e " ni)\ = K ,(e,tA)-sp,(ehA)| > 2 log 2, j  = 1,2.......
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La suite {jM(e,r*)}~_1 ne remplit pas ainsi le critère de convergence de Cauchy, elle 
est divergente.

La convergence uniforme de la série de Fourier de F(t) (cf. (1.10)) est une 
conséquence immédiate des Lemmes4 et 6. En effet, <pn (z) possède la propriété (i)
du Lemme 5 et £  2~”<°°.

n = l
D’autre part la série £ A veivt ne peut être absolument convergente, car, selon 

la Remarque du § 2, la série ^ B neint serait alors uniformément convergente et nous 
venons de voir qu’elle diverge sur l’ensemble E.

Il reste à établir encore que le module de continuité de F(t) est de l’ordre lo­
garithmique. Or, ce fait a été déjà établi par Indlekofer dans le cas des fonctions 
analytiques et des transformations homographiques. Les mêmes raisonnements s’ap­
pliquent dans notre cas sans aucun changement essentiel. On peut y  apporter tout 
de même certaines modifications simples que voici.

Lemme 7. — Les modules de continuité de F(t) et de G(t) sont de même ordre de 
grandeur:

0 <  c4 <  o>(<5; F)/co(S; G) < c5 <  °°.

D émonstration. — Soient t=g(u) et t + ô=g(u+0). On a alors

F(t + Ô)-F(t) = G[g(u+e)]-G[g{u)] 
et

S = g(u + 9)-g(u) = 0g'(u + ixe) ( O S a S  1).

g'(u) étant bornée et différente de zéro, il vient que <5 = O(0) et 0= 0(0) (0 — 0), d’où 
le résultat.

Il suffit donc d’évaluer œ(ô; G) à partir de la série de fonctions (1.8) plus simple 
que (1.10) donnant F(t).

D’autre part, au cours de la démonstration de l’égalité œ(ô; 0) =  0(|log 0|-1) 
il faut majorer la dérivée de la fonction i/i„(eir) =  e'7c«ç>22»(e“). En appliquant (iv) du 
Lemme 5, on obtient

=  \kn(P2A ^ t) + ei,(p'22"{ei,)\ «  M(k„ + 22,,+2) == cekn.

L’évaluation directe de œ(ô; F) exige, par contre, le calcul de la dérivée de 
е'кпв(.‘)ф22„(ёв^).

La dernière assertion du théorème découle du critère de Dini—Lipschitz, selon 
lequel la relation co(ô; F) =  o(|log 0|_1) entraîne la convergence uniforme de УА^-еШ- 
D ’après le Lemme 7, on a également <n(0; G) =  o(|log 0|-1) et 2 ^ п е‘т converge aussi 
uniformément.

# л (ей)
dt
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ON THE SECOND MOMENTS OF RANDOM DETERMINANTS

by
W. SENDLER

§1. Let A„:=(au), i, j ,  =1,2, , ti, be an nX n  matrix, where the atJ are
real-valued, independent, identically distributed random variables. As well known, 
the precision of the computer-solutions of a large system of linear equations is 
closely connected with the distribution of the random determinant D„:= det (An). 
Various results on the moments of this distribution are known, but nearly all are 
based on the asumption, that au is distributed symmetrically about 0, i.e. Е(аи) —0. 
Even in this case, without further restrictions on the distribution of аи it is only 
possible to give general formulas for the second and fourth moment of Dn (see
Ш, [2]).

Recently, results on higher moments were obtained (see [3]), and also results 
concerning the algebraic form of the moments ([3], p. 130, Theorem 3).

In this paper it is shown, that the second moment of D„ can be represented 
as a simple formula of the first and second moments of ay , assuming not more 
than the existence of those moments. In the terminology of [3] this means a formula 
for the Appel polynomial, connected with the second moment of D„.

§ 2. By/;:=(p(l), ...,p(n)) let us denote a permutation of the numbers (1,2,
Then the determinant D„ reads:

A i =  2  а1р(1)й2р(2) ••• а п р М в ( Р )
P Í V

where q(p) is equal to +1  or — 1, if p is even or odd, respectively, and p is the set 
of all permutations.

We suppose the au to be independent and identically distributed according 
to a certain random variable a; the second moment of Dn reads

(1) E(Z^) =  2  E(«ip(i) ••• anp(n)alqil)... an(q))Q(p)Q{q).
P i v
4 Í P

First of all we have to compute the number of independent factors in the products 
of the form

( * ) ű lp(l) • • • anp(n) a lq ( l)  ■■■ a nq(n)Q (P ) в  (Ч )•

Obviously a certain entry ey can appear at most two times in (*); this happens 
iff for some c, l ^ r ^ n ,  we have arp(r)=arq(r), i.e. p(r)=q(r).

For two permutations p, q let us call the numbers p(s), 1 S i^ n , withp(s) = q(s) 
fixpoints of p and q. Let m be the number of fixpoints of p and q, then the expecta-
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2 8 0 W. SENDLER

tion of (*) is

E(flT[E(a)]2("-mW )i? (0 ).
To develope (1) into an overseeable form, we have to know:
(a) the number of pairs (p , q) of permutations with exactly m fixpoints,

(b) for how many pairs (p, q) of permutations with exactly m fixpoints is 
<?0 0 e(?)=  +  l or - 1.

Let p0 be a given permutation and denote by f Po-,m(n) the number of all per­
mutations q having exactly m fixpoints with p0, then

n \ n - m
Л„;т(л) = - J  2  ( -  O '7 7 , 0 s  m s  n.mi i=o и

Let us denote by gPo-m(n) and ulHj-m(n) the number of even and odd permuta­
tions, respectively, having exactly m fixpoints with p0. We consider two cases:

(i) p0 is even; let us choose m numbers of p0, say p0(j\), • • ■,p0(]„)■ We obtain 
a permutation q having exactly those m points as fixpoints with p0 by fixing 
PoUi), ■■■ >Po(jn) and permuting the remaining и - m  numbers p(j), j$  { j\ ,j2, j m} 
in a fixpointfree manner; obviously q is even iff it results from p0 by applying an 
even permutation to the remaining n — m numbers p0(J). An analogous conclusion 
shows that q is odd iff the remaining n — m numbers p0(j) are treated by an odd 
permutation.

Let us denote by g0(k) the number of permutations of к things resulting
by application of an even [odd] permutation to the original order of this к things, 
having no fixpoints with this original order; then the foregoing consideration yields

(3) & po ; m ( )̂ go (n -m ),

(30 UP0]m(n) = Iw|  u0(n- m)

fusing the possibilities of choosing m special fixpointsj.
(ii) p0 is odd ; using the notation of (i) we observe, that a permutation q, having 

exactly PoOi)> •••, P o U m )  as fixpoints with p0, is even iff it results from p0 by apply­
ing an odd permutation to the remaining n — m numbers pu(j), Д  { ji ,j2, ..., j m}, 
etc. Therefore we obtain

(4) gpo-,m(n) = I I  u0(n -m ),

(40 «Р„;т(и) g0(n -m ).

The numbers g0(k) [ua(Æ)] can be obtained by taking the number of all permutations 
resulting by application of an even [odd] permutation on the к  things, and then 
subtracting the numbers of such permutations, which result by application of an

Stud ia  Scientiarum M athem atic  arum  Hungarica 9 (1974)



RANDOM DETERMINANTS 281

even [odd] permutation on the к things, having exactly i fixpoints with the original 
order of the к things, l s / ë k .  Without loss of generality we suppose the к  things 
to be the numbers 1, . . . ,k  in their natural order. Hence, application of an even 
[odd] permutation to (1, 2, ..., k) produces an even [odd] permutation of (1, 2, ..., k) 
and we can use (3) and (3') to obtain the recurrence-relations

k\ * f*ï
(5) go(k) = ~ 2i  ,•=1 l«J

k\ * (k)
(5') M *) = J

g o (k -i) ,

u0( k - i )

The computation of gü(k) and u0(k) can now be carried out easily by

go(k) + u0(k) = / Po;0(£) = k\ 2  ( -O ' tt 
and the following result:

Lemma. g 0( L ) - M o ( A : ) = ( * - l ) ( - l ) fc_1.

Proof. For к — 1 the lemma is obvious; for arbitrary k, suppose the lemma 
to be correct for each j  with l ^ j ^ k —1; the desired result follows then by induc­
tion, using (5), (5') and the well-known relations

n = " 1 , and 2 f*l{m [n-m\ j=1 U)
Remark on the proof: let /„ be the matrix with elements (7„)y=l — ôtJ. Then it 
is known that det (I„)—(n—1)(— l)"-1 ([4] p. 107, probl. 2.); this can be used as 
a proof of the lemma, if one considers the obvious fact, that g0(n)—u0(n)=det (/„).

§ 3. The results of §2 will now be used to compute E(Z)̂ ). For this purpose, 
we use the notation

Ah =  E(a), p2 =  (E(ű2))1/2

If p, q have exactly m fixpoints, then the corresponding summand in (1) has the 
form
(6) plmp f n~m)Q{p)Q(q)-
Moreover, we have

[ + 1, if Q(p) = e (q) = + 1 or Q(p) = Q(q) = -  1,

For each p out of the even permutations, we have, using (3), ( 4  g0(n — m )e\en 
2 \m)

permutations q, having exactly m fixpoints with p\ for each p' of the ~  odd per­

mutations, we have, using (4'), \ \ go(n~ m) odd permutations, having exactly
. [и]

m fixpoints with p'. Hence, we obtain e(p)•{?(</)= + 1 for n \ g 0(n — m) pairs
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(p, q). An analogous calculation shows, that ß(p) g(q)— — 1 for nl [ ”J Mo(w~  m)

pairs (p, q). Adding all summands of (1) which have the weight pi™pl<'n~m), it 
turns out, that only knowledge of g0(n — m) — u0(n—m) is needed; therefore the 
lemma can be used to determine the total contribution of the summands, having 
this weight, as

nl ( n - m -  1 )(-  l)n- m- 1/il'njt2("-m>.

Hence, the second moment of Dn reads

(7) E{Dl) =  n\ i  f  | ( я - т - 1 ) ( - 1 Г — V fV i?-"».
m = 1 \ m )

Setting p1lp2=a. and n —m = k ,  (7) can be rewritten in the form

(70 E(Z>*) =  n l p f  2 o [ k j  ( i t -  1 )(-1 )*-1«".

2? S (A: — 1) (— l)fc 1a2fc = na2(l — a2)” 1 + (1— a2)" 
&=о \k )

and p \ = p \ + a 2, we obtain after elementary computation:

(8) E(D2) =  n l l o b  +  n - p l - o * — 1*].

For the case pt =  0, (8) reduces to the trivial and well known result E ( D;,) =  n ! aln 
(cf. [1], [2]).

§ 4. Finally, we will use (8) to compare the asymptotic behaviour of the general 
case to the case where the matrix entries have mean value 0. For this purpose, let 
us denote from now the entries of An by a ff and suppose the a[p to be distributed 
like a certain random variable a, not depending on n. Instead of A„ we consider 
the “normalized” matrix B„, denned by

Bn := a~1(nl)~1,(2n> A„, a2 = var (a).

With the notation An:=dei(B„) we obtain from (8)

(9) E(d2) =  1 +  nlna~
n — 1

2(и!)-1/"*/||*(и!) » =1+77 hi
оa~

Let us denote by A'n a random matrix with the property Е(а-}п>)--=0,
var (a'ijn)) — vsiT (aj f )  =  a2 ; denote by B'n the “normalized” matrix Æ' := a~1(nl)~,(2n) ;
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then (9) yields

E(Ar) = EOC) + л • , where A' := det(B'„).

This indicates, that for the limiting distribution of A„ may have completely
different behaviours for the cases = 0  and /t^O , respectively.
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THE CENTRALITY OF VERTICES IN TREES

by
A. ÁDÁM

To Professor László Kalmár on his seventieth birthday

Introduction

From an intuitive point of view, a centrality function in a tree Г is a numerical 
function /  defined on the set of vertices of T  such that /  takes its smallest value at 
some end vertices of T  and it increases more and more as we move away the end 
vertices. It seems to be natural that /  may be viewed as an appropriate centrality 
function only if f  has the property named convexity in the sequel.

In § § 1, 2, ..., 5 of this paper, five centrality functions / j , / 2, ... , / 5 will be studied 
(respectively). We shall examine their properties; among others, it will be proved 
that they are convex.

In Appendix I, three further functions / 6, / 7, / 8 (defined in a similar manner 
as the former ones, with minor modifications) are introduced and it is shown that 
they do not possess the convexity property.

The studying of f x, . . . , / 5 is isolated from each other in the main parts of the 
article. Appendix II is devoted to the question what facts of independence or depend­
ence are valid for these functions. We shall obtain that, among the ten two-element 
subsystems of the system { /j,/2, . . . , / 5}, independence (in certain sense) holds in 
eight cases and dependence is true for two pairs.

Chapter 5 of the classical work [2] contains a number of results concerning 
(essentially) the functions f 3 and / 4. The most fundamental facts are also formulated 
on pp. 35-36 of [1]. The last sentences of our Theorems 3, 4 are included at these 
places (and in some publications mentioned), though the method of discussion of 
the subject seems to be different from ours.

Preliminaries

A vertex of degree 1 in a tree is called an end vertex. Any tree has at least two
end vertices. A vertex is called a simple vertex, if its degree is 2; and a star, if its
degree is at least 3. The tree consisting of an edge and two end vertices only 
is said to be trivial. A tree consisting of two end vertices, ,v(^0) simple vertices 
and s + 1 edges is said to be a star-free graph. We call a subtree F of a tree T  a star-
free subgraph of Г if F  is a star-free graph and all the simple vertices of F are of
degree two also in T. A star-free subgraph F of Г is called maximal if the degrees 
of its first and last vertex differ from 2 (in T).

The distance of the vertices A and В of a tree will be denoted by <5 (A, B). For 
any vertex A, the set of vertices В for which <5(A, B) takes its maximum is denoted 
by <p(A); this set consists only of end vertices.

Stud ia  Scientiarum M athem aticarum Hungarica 9 (1974)
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Let A be a vertex of a tree and e be an edge incident to A. We introduce five 
notions depending on the pair A, e. We denote by i//(A, e) the set of end vertices 
В such that the (single) chain connecting A and В does not contain e. We denote 
by x (A, e) the set of all vertices В such that the chain between A, В contains e; 
let o(A, e) be the set of end vertices lying in x(A, e). The cardinality |x(A, <?)| is 
denoted by v(A, e). Finally, let ju(A, e) be the maximum of the distances ô(A, B) 
where В runs through the elements of a (A, e).

The function ô (e, A) denotes the distance <5 (B, A) where В is that vertex in­
cident to the edge e for which the chain between B, A passes through e. cp (e) is 
defined analogously to cp(A).

Let us consider a function /  defined on the set of vertices of the tree T  such 
that the values of/ are non-negative integers. We shall use the notations H (f), h ( f)  
for the sets of vertices A of T  where /  (A) takes its maximum and minimum, respect­
ively. The function / i s  called gapless if, to any vertex A satisfying f(A )> 0, there 
exists a vertex В fulfilling//?) = / ( / ) — 1. I f / i s  gapless, then f(A) = 0 for some vertex 
A. The functions f  ,/ , ,/ 3, / 4,/ 5,f .,/ 7,/ 8, to be introduced, will be obviously gapless 
(therefore we shall not mention this property of them explicitly). /  is called jumpless 
if

\A A )-f(B )\ ^  1
is valid whenever A and В are adjacent vertices. /  is called convex if

/(C ) s  min (f(A ),f(B j)
whenever the chain connecting A and В contains C.

Let TV be a finite set of integers. We introduce the function p, defined on TV, 
in the following manner: for any h(ÇTV), r\(n) is the number of elements m of N  
fulfilling m>n; similarly, we define i f  (n) as the number of elements m satisfying 

r] and r f are clearly monotonie and one-to-one functions, their range is the 
set (0, 1, 2, ..., |TV| — 1}; t] is decreasing and t f  is increasing.

The subsequent three propositions will be useful in proving the convexity of 
some functions.

P r o p o s i t i o n  1. Suppose that the function f  defined on the vertices of a tree 
is not convex. Then there exists a chain such that its vertices

Di » ^2 ? • ■ ■ ? Dt, (t = 3)
ordered as they follow in the chain, satisfy

f{Df> >  f(D 2) = f(D 3) =  ... = / ( A - i )
and

Д А -i) < /(A ) -
P r o o f . Since / i s  not convex, there exists a chain with the vertices A1,A St, ..., Aq 

such that f(A i)< f(A 1) and/ ( / ) < / ( / ( /  with a suitable i (1 <i<q). Choose the sub­
script i0 such that f(A io) should be minimal on the chain considered (1 ^ i ^ q ) .  If j  
is the largest subscript such that 1S j < in and f(A j) > f(Aio), moreover, к  is the smallest 
subscript such that i0< k S q  and f(A k)> f(A io), then it is easy to see that the vertices 
Aj, AJ+1, ... , Ak fulfil the assertion as A ,  A ,  ..., Dt, respectively (where, of course, 
t = k - j + 1).
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Proposition 2. Suppose that the function f ,  defined on the vertices o f a tree, 
satisfies the following assertion: whenever A, В and C are three different vertices 
such that В is adjacent both to A and to C, then f(A )> f(B ) implies f(B)>~f(C). In 
this case, f  is convex.

Proof. If / i s  not convex, then the vertices Dly D2, D3 (occurring in Proposi­
tion 1) do not fulfil the assertion (whether t —Ъ or 3).

Proposition 3. Suppose that f(A )^ f(B ) implies f(B )> f(C ) where A ,B ,C ,f  
are as in Proposition 2. Then either \H(f)\ = l or H (f)  consists o f two adjacent vertices.

Proof. /  is convex by Proposition 2, thus H (f)  is a connected subgraph of 
the tree. If H ( /)  has at least three vertices, then there exist different vertices А, В, C, 
as above with f(A )= f(B )= f(C ), contradicting the assertion.

§ i.

For any vertex A of a tree T, denote by f*(A ) the maximum of the dis­
tances 5 (A, B) where В runs through the end vertices of T. Define the function 
/1 by fi(A) = >i(ff(Aj) where the range of /*  plays the role of N*

Proposition 4. Let e be an edge of T  and A, В be the vertices indicent to e. 
Then (exactly) one o f the following three alternatives holds:

(a) fi(A) = fi(B) +  1 and ц>(В) = cp(А) Г\ф(А, e),

(b) f i  (A)+ I = f i  (B) and <p(A) — cp (В) П  ф (B, e),

(c) f i  (A) = f i  (JB), cp (A)Q ф (B, e) and <р(В)Яф(А, e).

Proof. First we note the evident facts that С£ф(А, e) implies 

ô(A, C) + 1 = ô(e, C) =  Ô(B, C)
and Саф(В,е) implies

S(A, C) = ô(e, C) =  S (B, C)+  1.
Case 1: ср(е)Яф(А, e). Then Z)£i]/(B,e) implies 

ô (e, D) ë  max ô (e, C) — 1
(where the maximum is taken for all vertices C in ф(А,е)), hence

(p(B) = <p(e) = (p(А)Пф(A, e) 
follows by the first sentence of the proof; thus (a) is true.

Case 2: <р(е)^ф(В, e). Then we can verify (b) analogously to the preceding
case.

* Evidently, f i ( A ) = d - f i { A )  where cl is the maximum of f *  (i.e. the diameter of the tree).
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Case 3: both (p (e) Г\ф(A, e) and (p(e) П ф(В, e) are non-empty. Then these 
sets equal <p(B) and <p(A), respectively; moreover,

fi*(A) =  max «50, C) =  / ,*(B),
i.e. (c) is valid.

P roposition 5. Let A, B ,C  be three different vertices o f T  such that A and 
В are joined by the edge ex, moreover, В and C are joined by the edge e.,. Then (pre­
cisely) one of the subsequent five assertions is valid:

(i) f i  (A) + 2 = f i  (В) +  1 =Л (С ),

(ii) Á(A) = fi(B )+  1 = fi(C ) + 2,

(iii) fi(A )+ l = fi(B )  = /i(C ),

(iv) /i(^ ) + 1 = fi(B )  = /i(C ) + 1,

(V) M A ) =  fi(B ) = fi(C )+ l.
P roof. Suppose that none of (i)-(v) holds. Then the following situations can 

be imagined (without violating Proposition 4):

( M f fA )  = fi(B ) + l = /i(C )  + 1,

(vü) M A) + 1 = fi(B ) + 1 — fi(C ),

(viü) fi(A) = M B )+  1 = / 1(C),

(ix) MA) = M B )  = /i(C ).

Assume any of (vi), (vii), (viii), (ix). Let us apply the appropriate statements 
o f Proposition 4 for the edges ex and e2. We get (р(В) = ф(А, ex) and (р(В)^ф(С , ej); 
these inclusions are obviously contradictory because ф(А, ef) and ф (C, e2) are dis­
joint and cp(B) is not empty.

T heorem 1. Consider f x on an arbitrary tree T. f x is a jumpless and convex func­
tion. h ( fx) is a (proper or nonproper) subset o f the set o f end vertices, furthermore, 
|/z(/1)|^2 . Either \H(M\ =  1 or H (ff) consists o f two adjacent vertices.

P roof, f i  is jumpless by Proposition 4. The convexity of f i  follows from Pro­
positions 2 and 5.

Any of the assertion (i)—(v) in Proposition 5 implies f i (B ) ^ l .  Thus fi(B) may 
be 0 only if В is an end vertex. We have evidently fi(A)=fi(B)=Q  for the first vertex 
A and the last one В of a longest chain of T, hence \h(fi)\^2.

The last statement of the theorem is implied by Propositions 3 and 5.
Remark. If A is an end vertex but no chain of maximal length of the tree termin­

ates at A, then clearly fi(A)>0.
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§ 2.

If A is an arbitrary vertex of a tree T, then we denote by f 2 (A) the sum of 
all distances ô(A, D) where D runs through the end vertices of T; furthermore, 
we define / 2 by f> (A)=ti(f£(Ä)) (with the range of / 2* as N). / 2 is not necessarily 
jumpless (see Fig. 1).

Fig. l .

Proposition. 6. Let e be an edge o f T ; let A, В be the vertices incident to e.
Then

f 2* (A) + \ip (A, e)| =  f 2* (В) + \ip(В, e)\.

Proof. If D£ip(A,e), then

if D£ip(B, e), then
ő(A ,D )+ l = Ő(B, D); 

Ô(A, D) = Ő(B,D)+ 1

By adding these equalities we obtain

2  à (A, D) + \ф (A, e)\ = 2  S (B, D) + \ф (В, e)\
where the summations are taken for all end vertices D.

Proposition 7. Let А, В, C be three different vertices such that В is adjacent 
both to A and to C. Then

/ а*(Л)+/2*(С).
/г  (В ) ^ ----------- 2----------->

moreover, equality holds in this formula if  and only i f  В is a simple vertex.
Proof. Denote by ey the edge joining A and B, and by e2 the edge between 

В and C. Proposition 6 and the obvious equalities

Ф (B, ej) = (ip (В, ej) П ip (B, e2j) U ip (C, e2),

ip (В, e2) = (ip (В, ег) П Ip(B, e2)) U ip(A, ег)
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(where unions of disjoint sets stand on the right-hand sides) imply the validity of 
the following deduction:

/ 2* (A) + /2* (C) -  2f* (.В) -  ( /2* (A) - f *  (.В)) -  (f*  (B) - f i  (С)) =

=  (\ф (В, e j  ПIр (В, ej\ +  \ф (С, е2)\ -  \ф (А, ej\) -  

~{\Ф(С, е2)\ — \ф (В, e j  Г)ф(В, ej\ -  \ф(A, e^l) = 2\ф(В, е1)Пф(В, е2)\ S  0.

The set ф (В, e j  П ф (В, е2) is empty exactly if В is a simple vertex.

P roposition 8. Let А, В, C be three vertices as in Proposition 7. I f  В is a simple 
vertex, then one o f the following three alternatives holds:

(i) Ш )  = M B )  = / 2(C),

(ii) Л(Л) < / 2hB) < / 2(C)>

(iii) / 2( T ) > /2( 5 ) > / 2(C).

I f  В is a star, then either (ii) or (iii) or one o f the subsequent alternatives (iv), (v),
(vi) is true:

(iv) f 2(A) < / 2(I?) = / 2(C),

(v) MA) =  M B )  >  M O ,

(vi) M A) -< f,(B )  and f f B )  > / 2(C).

P roof. If В is simple, then the corresponding statement follows from Propo­
sition 7 and the definition of / 2.

Suppose that В is a star. If f 2 (A) =f 2 (B), then f 2 (A)=fJ (B), thus the formula 
stated in Proposition 7 takes the form

f *(m  _ т в ) + м ( С )

and this implies / 2(5 )> /2(C), therefore (v) is valid. If M A ) f f  B), then one of 
(ii), (iv), (vi) is trivially fulfilled. If f f A ) > f2(B), then f 2 (A)<f£ (B), consequently

/2* (C ) - f i  (в ) >  f i  (В)- f i  (А) >  о

where the first inequality follows from Proposition 7. Hence / 2(C)-=/2(5), i.e. (iii) 
holds.

T heorem 2. Consider f 2 on an arbitrary tree T that is not a star-free graph. 
The function f 2 is convex. h ( f2) is a (proper or nonproper) subset o f the set o f end 
vertices. H (f2) consists either of a star only or o f all the vertices o f some maximal 
star-free subgraph V (having one or more edges) o f T such that V contains no end 
vertex of T.
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P roof. The convexity of f 2 is a consequence of Propositions 2 and 8.
The assertion of the theorem on H ( f2) follows from the convexity of / 2 and 

the subsequent statements (A), (B), (C):
(A) If B£H (f2) and В is a star, then, among the vertices adjacent to B, there 

is at most one vertex A fulfilling AC-H(f2).
(B) If the simple vertex В belongs to H (f2), then the vertices A, C, adjacent 

to B, also belong to H ( f2).
(C) If A is an end vertex of T, then fi(A)< f,(B ) for the (single) vertex В ad­

jacent to A.

First we are going to verify (A). Let A and C be different vertices adjacent to 
B. We have f 2(A )^ f2(B), f 2(C )S f2(B) by the definition of H ( f2). Since В is a star, 
the equality f 2(A)=f2(B)= f2(C) is impossible (by Proposition 8).

If В is a simple vertex, then the conclusion of (B) holds because the alternative
(i) in Proposition 8 must be valid for А, В, C.

Now we shall prove (C). Since ф(А, e) = {A} (where e is the edge joining A 
and B), we have (by Proposition 6)

Furthermore, \ф(В, e)\^ 2 , because T is not a star-free graph. Thus f 2 (A)>f2 (B), 
hence f 2(A)<f2(B).

Finally, we prove the assertion of the theorem on h ( f2). If В is a star, then 
Proposition 8 implies B h ( f2) immediately. Suppose that B (£h (f2)) is a simple 
vertex, and denote by V the maximal star-free subgraph containing B. The value

of /„ is constant on V, because the above statement (B) holds also with h ( f2) (instead 
of H ( f2j). Either the first or the last vertex (or both) of F  is a star, thus the mini­
mality of f 2 on V contradicts the assertions (iv), (v) in Proposition 8.

Remarks. f 2 is identically zero on every star-free graph. The trees on Fig. 2 
show that Л(/2) may consist of all end vertices and |/г(/2)| =  1 is also possible.

f t{ A )+ \ = / 2*(В) + \ф(В,е)\.

о

Fig. 2.
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§3.

Let A be an arbitrary vertex of a tree T. Consider an edge e incident ta  
A. Let 1(A) be the sequence consisting of the values g (A, e) (where e runs through 
all the vertices incident to A) such that the members of 1(A) are ordered nonin- 
creasingly.* We define f 3(A) in the following manner:

if A is an end vertex, then f 3(A)= 0,
if A is a simple vertex or a star, then let f 3(A) be the second member** of the 

sequence 1(A).
The tree on Fig. 3 shows that f 3 is not jumpless in general.

о
*3
z> о о
0 1 2  1 0

Fig. 3.

P roposition  9 . Let A, В be two adjacent vertices o f T and e be the edge joining 
them. Suppose that neither A nor В is an end vertex. I f f 3(A )^ f3(B), then ô(A, F0)S  
£(5(1?, G0) where F0 is a vertex F ^\j/(A , ej) for which Ô(A, F) is maximal and G0 
is a vertex 0(сф(В, ej) for which 5(B,G) is maximal.***

P roof. Suppose that the conclusion does not hold. i.e. ô(A, F0)<ő(B, G0). 
Then we have

<5 (A,F0) <  <5(I?,G0)+ 1  =  <5 (A, G0), 
hence f 3(A) = ô(A, F0). Moreover, we can see that

0(B, F0) =  <5(A, F0) + 1 <  0(B, G0) + 1,
thus

f 3(A )+ l = <5(1?, F0) S M B ) s  0(B, G0) 
holds (by the definition of f 3), therefore the assumption / 3(Д )£ /3(1?) is false.

P roposition  10. Let A, В and C be three different vertices such that В is adjacent 
both to A and to C. I f  f 3(A )^ fs(B), then f 3(B)>f3(C).

P roof. В cannot be an end vertex (hence f 3(B)>0). If A is an end vertex, then 
the assumption is false. If C is an end vertex, then the conclusion is true. Therefore 
we may restrict ourselves to the case when none of A, В and C is an end vertex.

Suppose that the proposition is not valid, i.e. f 3(A )^ f3(B) and f 3(B )S fs(C) 
for some triple of vertices. Denote by F0 a vertex F(f\ji(A, efj) for which S(A, F) 
is maximal (where ex is the edge between A and B), by G0 a vertex**** G(ç.\j/(B, ех)Г\

* Evidently, 1(A) has as many members as the degree of A. The same number may occur 
more than once in 1(A).

** We note that fI (A )  an d the function / 6(A) (defined in Appendix I) are equal to the first and 
last member of 1(A), respectively.

*** The maximality is understood in the sets у/(A, e) and v(B , e), respectively.
**** G0= В may occur (if Я is a simple vertex).
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П ф (В, e2j) for which 6 (B, G) is maximal (where e2 is the edge joining В and C), 
and by H0 a vertex Н(£ф(С, e2)) for which b(C ,H ) is maximal. Proposition 9 
implies

à (A, F0) £  max (ô(B, G0), b(B, tf0))
and

<5 (C, tf0) £  max (6(B, F0), <5(5, G0)), 
these formulae lead to the inequalities

Ô(A, F0) £  <5(5, Я0) =  Ô(C, H0)+  1 >  <5 (C, H0)
and

<5 (С, tf„) S  b (В, F0) = Ô(A, F0)+  1 >  S (A, F0), 
resp., which contradict each other.

T heorem  3. Consider f 3 on an arbitrary tree T. f 3 is a convex function. h ( f3) 
consists o f exactly the end vertices o f T. Either \H( /3)| =  1 or H ( f3) consists o f two 
adjacent vertices.

P r o o f . The statement on h (f3) is a trivial consequence of the definition of 
/ 3. The further two assertions follow from Propositions 2, 3 and 10.

P roposition  11. Consider f 3 on an arbitrary tree T. Denote by Tq the graph 
consisting of the vertices A satisfying f 3(A )^q  and o f the edges (of T) joining these 
vertices (where q can be 0, 1, 2, ...). Choose a number q such that Tq contains at least 
two vertices. Then Tq is a tree, furthermore, a vertex В is an end vertex o f Tq i f  and 
only i f  f 3(B) = q (where f 3 is meant in T).

P ro o f . Tt is connected in consequence of the convexity of f 3, therefore it is 
a tree (for it is a subgraph of a tree).

Suppose f 3(B)=q for a vertex В of Tq. There exists a vertex A adjacent to 
В which is in Tq, i.e. which satisfies f 3(A)^q. Proposition 10 guarantees f 3(C)<q 
for each vertex C (^A )  of T  that is adjacent to B. Hence C does not belong to Tq, 
this means that В is an end vertex in Tq.

Assume f 3(B)=p>q. There exist two edges ex, e2 in T  incident to В such that 
/1 (B, ex) ^ p  and /1 (B, e2)=p. Denote by A, C the vertices different from В that are 
incident to ex, e2, respectively; moreover, by F0 and G0 such vertices F(£ф(А, ex)), 
G (^ (C , e2)) for which <5(A, F) and b(B,G ) is maximal, respectively. We have

ô(A,F0) = ô(B,F0) - l  ^ p - l ^ q ,

0(A,G0) = S(B,G 0)+1 = p + l > q ,  

b(C, F0) = 6(B, F0) + 1 £  p+  1 > 9,

Ô(C,G0) = Ô(B,G0-)- 1 = p - \  £  q

in consequence of the choice of A, B, F{l, G0; therefore both f 3(A) and f 3(C) are 
at least q, thus A and C belong to Tq and so В is not an end vertex in Tq.

An immediate consequence of Proposition 11 is the following statement:
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P roposition 12. Let T be an arbitrary tree. The subgraphs

To, Ti, T2, •••, Tq, ...
(as long as they exist) can be produced by the following construction:

T0 = T,
i f  Tq has already been constructed and contains at least three vertices, then delete 

the end vertices o f the tree Tq and the edges incident to them; the remaining graph is
T3 + 1,

i f  Tq has one vertex or two (adjacent) vertices, then the procedure is finished.
Some connections between the functions f  and / 3 will be explained in Appendix 

II of the paper.

§4.

Let A be an arbitrary vertex of a tree T. We denote by f (  (A) the maxi­
mum of the values v(A, e) where e runs through the edges incident to A. Define 
the function / 4 by fi(A )—t]{f( (A)) where the range o f/4* plays the role of N.

The tree on Fig. 4 shows that / 4 is not jumpless in general.

P roposition . 13. Let e be an edge o f T; let A, В be the vertices incident to e. 
I f  f ( (A )^ f( (B ) , then f( (B )  = v(B, e).

P roof. Suppose f ( (B )^ v (B , e). Then, by the definition of f ( , there exists 
an edge e' (incident to B) such that

f ( (B )  =  v(B, e') >  v(B, e).
The obvious inclusion t(B, e')Œr(A, e) implies

f* (B ) = v(B, e') <  v(A, e) S  f ( ( A ).
P roposition 14. Let A, В, C be three different vertices such that В is adjacent 

both to A and to C. I f  / 4(T )^ /4(5). then f f iß ) > /4(C).
P roof. Denote by ег and e2 the edges joining В with A and C, resp. For any 

e '(A e2), incident to C, the relation
v(C, e') <  v(B, e2) ^ f f ( B )  -  v(B, e,) <  v(C, e2)
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holds in consequence of the inclusions
t(C, e')czv(B, e2), r(B, е ,)сг(С , e2) 

and Proposition 13. Since e' is arbitrary, we have

f i (C )  =  v(C, e2) > / 4*(Я).
T heorem  4. Consider f x on an arbitrary tree T. / 4 is a convex function. h( /4) 

consists o f exactly the end vertices o f T. Either \H (fx)\ = 1 or H (f4) consists o f two 
adjacent vertices.

P roof. The first and third statements follow from Propositions 2, 3, and 14. 
The second one holds because of the evident formula f l (A )  = P — 1 (where P is 
the number of vertices of T) in which equality is true precisely when A is an end 
vertex.

§5.

Let A be an arbitrary vertex of a tree T. In analogy to the preceding §, 
we denote the maximum of \o(A,e)\ by f£(A) and t](f5*(A)) by f 5. Fig. 4 shows 
that / 5 is not jumpless in general.

P roposition 15. I f

A, Bx, B2, ..., B,, C (i = 1 )
are the vertices of a maximal star-free subgraph (in natural ordering), then

M B ,)  =  / 5(ß2) = ... = M B,) = min {MA), M O ).
P roof. Denote the edges of the star-free subgraph by ex, e2, . .. ,e t + 1 (i.e. B, 

is incident to e, and ei+1, 1 ^ i ^ t ) .  We clearly have
a(A, e,) = a(B„ e2) = a(B2, e3) = ... = a(B,, et + 1)

and
c(B„ ex) = a(B2, e2) = ... = o(Bt, e,) =  a(C, et + 1).

Case 1: \a(Bu ех)\^\а(А, e4)|. Then

Á4A) = M (B ,) = M (B 2) =  ... = М (В,)М  \<J(A, ei)\) s M (C )
by the equalities above and the inequalities

Icr(A, e')\ Ш \a(B„ ex)\, \<r(C, e")\ S  \a(A, e,)\

where e 'i^e ,), e " (^e l+1) are arbitrary edges incident to A, C, resp.
Case 2: \a(A, e^)\^\a{B,, e )̂\. The treatment is symmetrical to Case 1.

T heorem  5. Consider f b on an arbitrary tree T that is not a star-free graph. The 
function f 6 is convex. h ( fr>) consists o f all vertices o f degree = 2  0/  the maximal star- 
free subgraphs terminating at end vertices. Я ( /5) consists either o f a star only or o f 
all the vertices o f some maximal star-free subgraph V (having one or more edges) 
of T such that V contains no end vertex of T.
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P ro o f . Proposition 15 implies that it suffices to study / 5 only in trees without 
simple vertices (since every maximal star-free chain may be replaced by an edge, 
without altering f b essentially).

Propositions 13, 14, and Theorem 4 remain valid for / 5*, |a(A, e)\, / 5 (instead 
of f i ,  v(A, е)(= |т(А, е)|),Л, resp.) if Г has no simple vertex. Concerning the proof 
of the modified statements, we note that the inclusion relations o(B, e')<za(A, e) 
and a(B, e^czaiC, e2) are strict because В is a star, moreover, now the number 
of end vertices plays the role of P.

The assertions of Theorem 5 follow from Proposition 15 and the modified 
version of Theorem 4.

Remark. f b is identically zero on each star-free graph.
Some interrelations between / 2 and / 5 are studied at the end of Appendix IL

In this section, we define three functions / e, / 7, / 8 (somewhat related to the 
previous ones) on the vertex set of a tree T. We point out that any of these functions 
cannot be considered as an adequate characterization of the centrality of vertices, 
because it fails to be convex.

Let fn(A) be the minimum of ö(A,B ) where (A is an arbitrary vertex and) 
В  runs through the end vertices of T.

We denote by f 7*(A) and (A) the minimum of v(A, e), |<r(A, e)|, respectively 
(where e runs through the edges incident to A), and we define the functions / 7**, 
/ 8** as follows:

(i can be 7 or 8)*. The obtained functions / 7** ,/8** are not necessarily gapless (see

Appendix I.

7

Fig. 5.

* The example of the star-free graphs shows why we modify f* .
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Fig. 5), therefore we introduce F, by f(A )-r/*(f**(A)) (i is again 7 or 8, and the 
range o f f i*  is chosen as N).

The functions / e, / 7, / 8 are not jumpless in general (see Fig. 6). The next 
statement shows that they are far from being convex (in a certain sense). Simple

f 7(= f 7 **)

Fig. 6.

counterexamples disproving the convexity may be produced if the method (to 
be described in the proof) is applied to the star-free graph of length two such that 
W  consists of the end vertices.

P roposition  16. Let i be one o f the number 6, 7, 8 ; let 7 ) be a tree and W be 
an arbitrary non-empty subset o f the vertex set of T1. Then there exists a tree T  such 
that 7 j is a subtree o f T and H ( f)  equals W.

P roof. In Part (A), we give the appropriate construction for/ 6 and / 7; in part 
(B), for / 8.

(A) To each vertex A of 7), we supplement the graph with an additional vertex 
A' and with an additional edge joining A and A' moreover, to each vertex A(Ç W) 
we introduce another vertex A" and an edge between A' (introduced just now) 
and A". In the resulting tree T, it is easy to see that

/ ( A )  = 2 if A e w ,

113

if A belongs to 7) and A$W,

f( A ')  S  1 if A' is a new vertex as above,

f(A " )  = 0 if A" is a new vertex as above
(where i is 6 or 7). 
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(В) We introduce the new vertices A', A" (and the edges between them) in 
full analogy to (A), furthermore, we supplement the graph with a vertex A'" and 
with an edge joining A' and A'" for each A(f_ W). The formulae in (A) hold with 
/= 8  and we have f a(A"') = 0.

Appendix II.

In this section, we assert an independence statement (Proposition 17) and 
two dependence theorems as to how the functions / , , / 2, f , / 4, f  are related to 
each other.

P roposition 17. Let i , j  be two integers such that l ^ /< /^ 5 .  I f  the pair (i ,j) 
differs from (1, 3) and from  (2, 5), then there exists a tree T which satisfies H (f)  П 
П H ( f j ) =0.

P roof. The tree on Fig. 7 ensures the statement for the following pairs (of

о

V

form (1,2), (1,4), (1, 5), (2, 3), (3,4), (3, 5). The tree on Fig. 8 guarantees
the conclusion of the proposition for the pairs (2, 4) and (4, 5).

Proposition 18. Let T  be a tree in which at least two vertices are o f degree = 2 , 
denote by T' the subtree which results from T by deleting the end vertices and the
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edges incident to them. The functions f , f 3 (defined in T ) ,f( ,J j' (defined in T' ) satisfy 
the equalities

f i  (A) = f i  (A) + 1, / ,  (A) = f3'(A ) + 1 
for each vertex A o f T '.

Proof. The diameters d and d' of T and T' (respectively) obviously fulfil 
d=d' + 2 and it is clear that

ЛЧА)=Л*'(А)+  1 

for every vertex A of T. Hence
M A ) = d - f i ( A )  = d' + 2 — (f* '(A) + 1) = fi'(A) + 1

where A is an arbitrary vertex of T'.
Proposition 12 implies T' = Tlf T[=T2, T2 = T3, ... (as long as the graphs 

in question exist), therefore we have
M A )  = / 3' ( Л ) + 1

for the vertices of T' by the definition of the Tq ’s.

Proposition 19. Let I f , B2 be two (end) vertices o f a tree such that ô(B1, B2) 
equals the diameter d o f the tree. Denote the chain connecting Bl and B2 by ct . For 
any vertex A, let A' be the (single) vertex o f cxfor which the chain between A and 
A' does not contain any common vertex with c\ but A' (possibly A' = A). Then

S(A, A') s  min (S(A', BJ, 6{A\ Bt)).
Proof. If ô(A, A')>S(A', Bt) (where i is 1 or 2), then

S(B3-i,A) = ô(B3_j, A') + ô(A', A) = d —S(A', B,) + S(A', A) >  d,
and this contradicts the definition of d.

Proposition 20. Let B1, B., be as in Proposition 19. We have

f*  (A) = max (<5 (A, BJ, Ô(A,B2))
for each vertex A.

Proof. Choose a vertex A, and let C be a vertex such that ô(A, C) is maximal 
(for all the vertices C for the tree).

Case 1 : A M C '. Let Bt be the vertex (among Bly B2) for which C  lies between 
В, and A'. Proposition 19 guarantees the validity of the relations

M (A) -  S(A, C) = 0(A, C') + Ö(C\ C) = <5(A, C') + Ô(C', Bt) = Ô(A, Bt) s
= max (ô(A, Bfi, ô(A, B2)),

the converse inequality is trivial.

Case 2: A’ = C'. Then
fi*(A) = 6(A, C) S 6(A,A') + S(A', C) s

ë  Ô(A, A') + min(ô(A'. BJ, S(A\ B2)) s  max(ô(A. Bt), S(A, B2)).
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P roposition  21. The inequality A (A )S fi(A )  is true for each vertex A of any 
tree. Equality in this formula holds i f  and only i f  H ( f )  =  {A}.

P ro o f . We shall apply the notations used in Propositions 19, 20 and the as­
sertion of Proposition 20 without explicit references.

Case 1: A = A' and Ő(A, B1)=Ő(A, B2). Then

A* (A) = ô {A, B,) = j  = A  (A)

because A(A) = d —f*(A ). For any vertex C (^A ), at least one of C?±A' and 
ö (C, C ' ) > 0  is true, hence

A*(C) = <5(C, C') + max (<5(C', Bx), S(C', B2)) >  ^  = A*(A), 

therefore A (C )< f(A ), thus H {fx) = {A}.
Case 2: either A?±A' or S(A', B1) tí ö(A', B2). Then

A* (A) = 0(A, A') + max(ő(A', BJ, 0(A', B2)) >  j
and

A  (A) = d —f i  (A) <  d - í  = I  ^ f f ( A ) .

Let /(Ç {1, 2}) be a subscript determined by <5 (А', В/)^0(А', B3_t), and let 
D be the vertex which lies on the chain connecting A with Bt and is adjacent to 
A. We distinguish two subcases.

Case 2/a: A ^A '. Then D' = A' and

f f (D )  = Ô{D, A') + 5(A \ Bi) = S(A, A ') - l  +0(A', Ő,) = f* { A ) - \ ,
hence A{D )> f(A) and А $ Н (^ ) .

Case 2/b: A=A'. Then D'=D  and

f f { D )  = max (ô (Bh D), ô(B3_t, D)) =  max((5(Z?f, A) — 1, ô(Bi _i, D) -(-1).
If

0(Bt,A ) S  0(B3_i,A ) + 2,

then we get f*(D )= f*(A)—l similarly to Case 2/a. We are left with the possibility

Ô(B„A) = 0{B3_i,A )+  l;
if this equality holds, then

f*(D ) = ô(B3_i,A )+  \ = 0(Bi7 A) =A*(A) = ^ ± 1  
(by ô(Bit Â) + ô(B3_i, A) = d), thus

A  (A) =A(D ) =
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and
# ( / i )  =  {A, D).

P ro po sitio n  22. Let A be an arbitrary vertex o f a tree. At least one o f the for­
mulae A H i f )  and Л (A) =fs(A) is true.

Pr o o f . Let B1,B 2,c 1 be as in Proposition 19.
Case 1 : A A'. Let C be the vertex which is adjacent to A and lies on the chain 

between A, A'. The equality f* (C )= f* (A )— 1 follows from Proposition 20, thus 
A does not belong to H (A )■

Case 2: A is a vertex of cx and

Iô(A, I s 2 .

Then /i*(C) =f*(A) — 1, where C is one of the vertices adjacent to A of cx (as in 
Case 1).

Case 3: A is a vertex of and

I < 5 ( Л ,Я 1) - < 5 ( Л , Я 2)| =  1.

Then we have the equalities

A 4 * )  =  A ( A )  =  — ,

t л \ d + \  t л d — 1 г * \ d — 1h(A, ex) = 2— , ц{А,е2\  = —— , ц(А, e) S  ——

(the last of these follows from Proposition 19) where ex and e2 are the edges of 
cx incident to A (the notation is so chosen that ц(А, ег)^ц (А , e2)), and e is an arbit­
rary further edge incident to A.

Case 4: «5(̂ 4, BJ = <5 (A, Я2) = у . Then each of А  (А), А* (А), ц (А, e j ,  ц(А, e2) 

is equal to у  and ц(А, thus f 3(A) =

T heorem  6. The formula Я ( / 1) = Я ( / 3) holds for each tree. The relation 
A (A )^ f3(A) is always valid; i f  AÇM(A), then equality is true.

P ro o f . First we verify A ( A ) s f3(A) by induction. If the tree T  has at most 
two vertices of degree S2, then the statement can easily be checked. In the general 
case, let T' be formed as in Proposition 18; if A belongs to T', then

/1  (A) = A '  (A) +  1 S  fs' (A) + l = /3  (A)

by Proposition 18; if A is an end vertex, then A (A )^ 0 = f3(A).
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The last assertion of the theorem is implied by Proposition 22, hence we also 
have The inclusion Я ( /1) ^ / / ( / 3) follows from the relation

where A ^H (fj)  and

P roposition  23. Let A, В be two adjacent vertices of a tree, I f  f 2(A )^ f2(B)>
then

Proof. The assumption implies / а* (Л )^ /2*(В), thus \ф(А, е)\ш\ф(В, e)\ by 
Proposition 6 ; consequently,

/ь*(А) S \ф(А, e)\ = Ia(B, e)\ ^  f* (B )

because of the definition of / 5* and the obvious equality ф(А, e) = a{B, e).
T heorem 7. The equality H ( f,) =  H (f-) is valid for each tree T.
P roof. If T  has no star, then the assertion is trivial (cf. the remarks at the 

ends of § 2 and § 5).

Suppose that at least one star occurs in T. The strict inclusions

0 с Я ( /2)П Я (/5) с :Я ( /2)

lead to a contradiction with Proposition 23, therefore we may have three possibilities :

( i )  Я ( / 2)  =  Я Ш ,

(ii) Я ( /2) П Я Ш = 0 ,

(iii) Я (/2) с Я ( / 5).
We are going to disprove (ii) and (iii).

If (ii) holds, then we have a chain consisting of some vertices

Ai, A2, ..., At (j = 2)

such that Тх€ Я ( /2), At£H (fj) and 2 ^ i S t —\ implies ^ ( Я ( / , ) и Я ( / 5). On 
the one hand, the inequalities

/ 2(Л ) f ‘fd i )  > ••• > f i fA t - 1) >■ Jz(Aj)

follow from the definition of Я ( /2) and from Proposition 8 (successively); on the 
other hand, the definition of Я (/5) implies / 6(At_f)< /5(A,). The two inequalities 
obtained for Al_1 and A, contradict Proposition 23.

Suppose (iii). We distinguish two cases.
Case 1: Я ( /2)=  {A} for some vertex A. A is a star by Theorem 2. Theorem 

5 implies that there exists precisely one vertex Я (б Я (/6)) which is adjacent to A. 
We have \ф(А, е)\>\ф(В, e)\ by Proposition 6. Let e' be an edge, incident to A, 
such that f£(A)=  \a(A, e')\. \a(A, е')\<\ф(А, e)\ evidently holds (whether e'=e
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or e'^e). The relation
A* (A) =  \a(A, e')\ <  Iф(А, e)\ = \a(B, e)\ = / 5*(ß)

implies / 5(Я)>/5(/?), this contradicts the definition of / / ( / 5).
Case 2: \H (f2)\^2. By virtue of the assertions of Theorems 2 and 5 on the 

form of H (f2), # ( / 5) (resp.), a maximal star-free subgraph is properly included 
in another; this is clearly impossible.

P roposition 24. I f  the tree T has no simple vertex, then fi(A )= fb{A) for each 
vertex A of T.

Proof. Proposition 23 holds now also in the modified form “if A (A )> f2(B), 
then/ 5(Л)>/5(0)” because the relation \ф(А, е)\=~\ф(В, e)| and the lack of simple 
vertices imply / 5*(Л)< \ф(А, e)| ( ^ / 5*(ß)). The identity of f 2 and / 5 in T  follows 
from this statement, the original version of Proposition 23, and the fact that f 2 
and / 5 are gapless functions.

P roposition 25. The relation fz(A )= f(A ) holds for any vertex A o f a tree.
Proof. We use induction on the number of vertices. Denote by к the number 

of vertices of a tree T.
Case 1 : T has no simple vertex. The assertion is given in Proposition 24.

Case 2: T  has a simple vertex B. Delete В (and the edges incident to it), and 
draw a new edge between the vertices C and D adjacent to B. Denote the resulting 
tree (containing к — 1 vertices) by T '. We have

Ш )  = fb (A) f, '(A ) ^ A ( A )

for any vertex А(т±В), and thus

f 5(B) = min (M C), A ( D ) )  S  min ( f2(C ),f2(D)) f 2(B)

(where / , ', / (  are understood in T') by the induction hypothesis, the definitions of 
/ 2 and / 5 ,  Proposition 15, and the convexity of f 2.

The paper is finished with an open question (suggested by Dr. G. Pollák):

Problem. Does there exist a tree in which the sets H(fi), H (f2), H (f4) are 
pairwise disjoint?
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DENSITY OF COMPLEX ^-POLYNOMIALS

by

C. B. DUNHAM

Let (p be continuous on the complex plane. Let Vn(<p) be the family of functions 
of the form

П

F(A, x) = 2  ak<P(an + kx), a1, . . . , a 2n complex.
fc=i

The problem of approximation by V„((p) is a special case of approximation by 
a curve of functions or equivalently approximation by y-polynomials [1; 2; 3, 46fF]. 
A function in Vn(<p) for some n is called a çj-polynomial. We are interested in 
determining sets of functions in which the set of (^-polynomials is dense, with respect 
to the uniform (Chebyshev) norm. The same problem for real functions is studied 
in [4].

Definition: A subset G of a set of functions H  is fundamental in H  if the set 
of (finite) linear combinations of functions in G is dense in H.

T heorem . Let H  be a set o f functions defined on a bounded subset X of complex
space. Let cp have a Taylor series 2  convergent in a neighbourhood I  o f zero,

k = о
such that the set o f powers xk with non-zero coefficient ck is fundamental in H. I f  {yfc} 
is an infinite sequence o f non-zero numbers converging to zero, then the set 
{<p(0), (р(укх), (p(y2x), ...} is fundamental in H.

Proof. It suffices to show that each power x" with a non-zero coefficient cn 
can be uniformly approximated by linear combinations of {cp(0), (p(ykx), <p(y2x), ...}. 
It can be proven that for each 0 there is a sequence of linear combinations with 
the k —th linear combination equal to x" + 0 (k~ J) on X. The proof is identical 
to the proof of the corresponding result in [4], where X=[oc, ß].

Applications

Let Y be a subset of the complex plane. X  will be called a Runge region if it 
is bounded, closed, and simply connected.

Let C(X) be the space of continuous complex functions on X  and A (X) be 
the space of functions analytic on X. The subscript zero on C or A will denote 
restriction to functions vanishing at zero.

1. If all coefficients ck of the Taylor series for cp are non-zero, the set of powers 
with non-zero coefficients is fundamental in C(X), X  any Jordan arc, and in A (W), X  
a Runge region.
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2. If cp(0)=0 and all but the zeroth coefficient of the Taylor series are non­
zero, then the set of powers with non-zero coefficients is fundamental in C0(X), X  
any Jordan arc, and in A0(X), X  any Runge region.

3. If cp is even and all even coefficients of the Taylor series are non-zero, the 
set of powers with non-zero coefficients is fundamental in C[0, ß],

4. If cp is odd and all odd coefficients of the Taylor series are non-zero, the 
set of powers with non-zero coefficients is fundamental in C0[0, ß].

Generalizations

More generally we may be given cp continuous only on a neighbourhood J  of 
zero and given a bounded region X. A  {cp, ./)-polynomial on X  is any finite linear 
combination of terms of the form acp(bx) such that b x fJ  for all x£X . Let {у*}—0. 
Then there exists К  such that for k ^ K , ykx £ J  for all x fX . It is trivial to extend 
the theorem to cover this case.

Let cp{0) = 0 and all but the zero"’ coefficient of the Taylor series for cp be non­
zero. Let {yk} be a non-zero sequence with limit 0. Let X  be a Jordan arc. Let 
f fC (X )  be given then f —f(Q)£C0(X) and can be uniformly approximated by linear 
combinations of {cp(y1x), cp(y2x ) , ...}. Hence the set of linear combinations of 
{1, cp(y1x), cp(y2x), ...} is dense in C(X). A  similar result holds for X  a Runge 
region and f£A (X ). A  similar result also holds for the case where X  = [0, ß], cp is 
odd, and all odd coefficients of the Taylor series are non-zero.

Let cp be odd with the odd coefficients of its Taylor expansion non-zero. Let 
ф be even with the even coefficients of its Taylor expansion non-zero. A linear com­
bination of terms of the type cp (ax) or ф (bx) is called a (cp, i/0-polynomial. The set 
of (cp, ф) polynomials is dense in C(X), X  a Jordan arc, and in A(X), X  a Runge 
region.
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PERIODIC BOUNDARY VALUE PROBLEM FOR CERTAIN 
NON-LINEAR SECOND ORDER DIFFERENTIAL EQUATION

by
G. G. HAMEDANI and B. MEHRI

In this paper, we are concerned with the following non-linear second order 
•differential equation
(1) x" + f(t, x, x') =  0 

with periodic boundary conditions
.x(O) = x(a>)

(2) û)€[0, Г].
лг'(О) =  *'(^)

It shall be shown that if certain conditions are imposed on the function / ,  
then there exists at least one solution of (1) satisfying the boundary conditions (2).

If, in addition to our assumptions given below, the function /  satisfies the 
following conditions

(i) /  is oj-periodic function in /€[0, T]
(ii) /  satisfies the hypothesis of uniqueness with a given initial conditions, 

then the result of our paper gives an w-periodic solution (see, [3]).

In the sequel it is assumed that:
(Ai) f ( t ,x ,x ')  is a real-valued, continuous function with domain [0, T]X 

ХЛ2, 7>0,
(A2) there exist a constant K>0, and a function H(t, r) with the following 

properties :
1° H(t, r) is piecewise continuous in i£[0, T], r^O, continuous in i€[0, T],

and nondecreasing (for fixed t) with respect to r S 0,

2° \K x -f( t, x, x')\ H(t, |*| + \x'\), 16 [0, T], (*, x') € R \
3° nMcs2K c  for some constant c>0, where

Mc = Max H(t, c).
t € [ 0  , T \

T heorem  1. Under the above assumptions, there exists a positive real number 
n

o j 0  | 0 < o j 0 S ^ = |  such that for each o j 6
n

Щ ,-f=Vk
there exists at least one solution
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x(t) o f (1) which is continuous for t£№ satisfying the boundary conditions (2),

and |x(t)|^C , t£ 0,
УК.

Proof. It is obvious that the equation (1) together with the boundary condi­
tions (2) is equivalent to

(3)

For <x>e 0, —  
VK

x" + Kx = Kx —f  (?, X, x') 
x(0) =  x(co), x '(0 ) =  x'(a>).

n let G (t, s) be the Green function

for 0 s  s ^  t ä  at,

G{t, s) = [

1
cos у  К 4-S— t j

2  УЖ sin у  К

—  Í СО 1

1
cos У К — 4-1 — s'

2  У К Sin У к ^
for O S i S j g f f l .

Solution x(t) of (3) is the same as that of the following nonlinear integral equation
0)

(4) x(t) = J  G (t,s) [Kx (s) ~ f(s , x (s ) ,x ' (j ))] ds.
0

Using Bihari’s Theorem 1, [1], we shall prove that (4) has at least one solution 
with the desired properties. First we assume Mc> 0. It is easy to see that G(t, s) 
is continuous and non-negative in O ^ s^ t^ c o  and in O ^t^s^co . Since

“ e | 0 ' 7 f
vmg

, it follows that У K  -yÇjo, ^ and hence sin ÿK  — У К  invol-
2 n 2

G(t, s) S  ——=
2УК А у к со 2Ксо

71 2
Now, let

71“ M c
W° ~~ 2K3/2c ’

From 3°, it follows that
- 710 < co0 ^

У к
and therefore the interval 1 coq , 1 actually exists
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for any со € «о, we have 

G(t, s) \  К  • C

со c

2Kco0 n Mc

Thus G(t,s) is continuous, bounded in O ^s^ t^ c o  and in 0S t^ s ^ c o  for all
0 ,0 ,4 =  , and hence the first hypothesis o f Bihari’s Theorem 1, [1] is satisfied.

\K \
From our assumptions it follows that the functions 

F(t, X ,  X ' )  =  K x—f{ t, X ,  x ' )

H(t, М + И )

satisfy the second hypothesis of Bihari’s Theorem 1, [1]. We also have 

\K - C  ? IT, Ы - С

1 £ [0, T], ( X , X ' ) £ K -

n Mc J  H(s, c) ds S nMr ~r=Mc =  C, 
l'K

which shows that the third hypothesis of Bihari’s Theorem 1, [1] is satisfied.
Finally taking z(t) = 0, we have shown that all the hypotheses of Bihari’s 

Theorem 1, [1] are satisfied, and hence conclusion of his theorem tells us that at 
least one solution x ( t) of (1) with the desired properties exists.

the proof trivially follows.If Mc=0, taking co0 to be any number in 0, —=
l \K .

Thus the proof of our Theorem 1 is completed.
Corollary 1. Under the assumptions 1°, 2° and the assumption 
4° nMc^K c for some constant c > 0, where

Mc — Max H(t, c),
tcio.T]

there exists a positive real number <L>n=^=) such that for each co£
{ Vk  í k )

,(oQ

there is a solution x(t) o f (1) satisfying the boundary conditions (2).
Proof. Let G(t, s ) be as in Theorem 1. Since |sin u|s  — —u +  2  f o r ^ u s n ,

we have for- : со
fk

\G(t, í )|

2n
т г
1 1

Now, we let

2 \K  _2l ][k  —  + 2 tfK (- fK c o + 2 %
71 2

2n n2Mc

= cp(co).

co„ -
\K KV2(
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From 4°, it follows that

Furthermore, for any <wÇ

n 2n~i= S  co0 s  .
Yk  \ k

Yk
we have

cp(co) si <p(co„) /ЛГс
2nM,

Now the remaining parts of the proof is similar to that of Theorem 1. Let us now 
consider a few applications of our Theorem 1.

(I) We consider the equation

(5) x" + a(t)x + b (t)f(x2) = up (t),
and assume

(a) a(t) is non-negative, continuous eo-periodic function,
(b) b(t) and pit) are continuous «-periodic functions,
(c) f(x ) is locally Lipschitzian, non-negative, non-decreasing for x^O, and 

for some c > 0

where
(n — 2)c (CA —Bf(c2) — \p\E) Ш D,

A — Min a(t), D, = Max a(t), E = Max \p{t)\,
t 6 [0, со] t € [0, со] t Ç [0, со]

В = Max \b(t)\.
16 [0, со]

Then under the above assumptions there exists constant K > 0 such that for each
tüÇ 0 equation (5) has an «-periodic solution.

Yk \
Proof. Let K ^ D ,  and let

F(t, x, x') = Kx — a(t)x — b(t)f(x2) + pp(/),

Hit, \x\ + \x'\) = (A'-a(/))(|x| + |x'|) +  |6(0I/[(W + k'l)2] + N  l/KOI-

It is obvious that F and H  satisfy (Aj), 1° and 2°. Now we should like to show for 
some K ^D , there exists c>-0 such that 3° is also satisfied, that is, we need to show

or
n[(K -A )C + B f(C 2) + p\E\] s  2КС 

k -  W ) - H * )  = Ft .
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Since by our assumption (c) for some c>0 the right hand side of the last inequality 
is greater than or equal to D, we can be sure that for the given c>0 (in(c)), and 
any K£[D, jF], 3° is satisfied. Therefore from our Theorem 1 it follows that equa­
tion (5) has a solution satisfying the boundary conditions (2). Since F also satisfies
(i) and (ii) the equation (5) has an «-periodic solution. It should be mentioned 
that (5) had been discussed by Bihari [2] regarding stability and boundedness of 
its solution for fl—0.

(II) Recently Sedziwy [4] has shown that the equation

+f(x) x '2n + g(x) = up (t)
has at least one periodic solution with period «  provided n = \ is an integer, all

* g (jt)
coefficients are continuous, xg(x)> 0  for x^O, lim / g(u)du=°o, lim sup—— = e,

where e is some constant, 0<As / ( x) ^ î/<<» for all x, p(t+co)=p(t) and |/r| is 
sufficiently small.

In this regard we consider the following equation

(6) x"+ f(x)x'" + ax = pp{t), a > 0, n = 2,
where /  is locally Lipschitzian and all the coefficients are as above. We would like 
to show that (6) has an «-periodic solution.

Proof. Let K ^ a ,  and let
F(t,x, x') = K x — a x—f(x )x 'n + pp(t)

H(t,  | j c |  + 1x'\) =  ( A T — a) ( | x |  + 1 * ' | )  +  d ( | x |  +  | л г ' | ) п  - I -  | j i | В
where

В = Max |p (01-
t  € [0, co]

Clearly F, H  satisfy (Аг), 1° and 2°. We would like to show that 3° is also satis­
fied.

Clearly Mc=(K—a)c+dcn + \p\B, and we only need to show that for some
c> 0

n[(K -a)c + dcn + \p\B] s  2Kc.
Let c=\p\l/", then dcn + \p\B=0(\p\) and it sufficies to require п(К—а)Ш2К or

71finally a ^ K S ---- — a. Thus all of the hypotheses of our Theorem 1 are satisfied.n — 2
Since F also satisfies (i) and (ii) the equation (6) has an «-periodic solution.

Next let 0 < K ^a , and let
F(t, x, x') =  Kx — ax —f(x )x 'n +  pp(t),

H(t, N  + M ) = (a — К) (|лг| + |дг'|) + d (|л:| +  |лг'|)п + |/í| В.
With the similar calculation, it follows that for c= |/r|1/n it suffices to require

71 . . .  2
t-----a ^ K ^ a .  Thus the hypothesis 3° is satisfied. Hence for------ а^КШ а we2 + ТГ ™ 2 + л
also have periodic solution.
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(III) We consider V a n  der P ol’s equation 

(7) x" +  ex' (1 — a2) +  X — pp (t),

where p(t) is continuous for 1Ç[0, œ] and is «-periodic function. We shall show 
that there exists an «-periodic solution, for sufficiently small \p\.

P roof. Let

F(t, x, a') =  Kx — ex' (1 — x2) — x  + pp (t),

H(t,  |*| +  \ x ' \ )  =  \ K - 1 \ (|дс| + |* '|)  +  £ (|* | + 1*'|)[1 +  (|* | + 1*'|)2] +  \ц\В,
where

В = Max \p(t)\.
t Í [0, to]

Clearly F and Я  satisfy (Ax), 1° and 2°. Let c be any positive number, and let

n ___ ___ 71 2
2 +  71 ~  ~  71 — 2 ’ e  7Г (  1 —(— C2)

and

И

then the hypothesis 3° is satisfied. Since F  also satisfies (i) and (ii), the equation
(7) has an «-periodic solution, for

2 + л  n —2
Remark. The result of this paper generalizes that of K. Schmitt [5], since in 

[5] he assumes that the function f(t, x, x') satisfies the strong condition f(t, a, 0)^  
S 0 í / ( í ,  ß, 0) for constant a, ß, aSß . This assumption strongly limits the class 
of differential equations for which K. Schmitt’s Theorem 1, [5], is applicable.
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ON THE RAPIDITY OF CONVERGENCE OF «-QUASI 
HERMITE—FEJÉR INTERPOLATION POLYNOMIAL

by

V. KUM AR AND K. K. MATHUR

1. According to the classical result of L. F e j é r  [2] the Hermite—FejÉr inter­
polation polynomials Hn( f  x), given by

( 1 )  HJfx) =  i / f o k K 1 ( ^ ) ,

2k— 1where xk=cos— я, ^ = 1 , 2 are roots of T„(x) — the nth Tchebycheff
polynomial of first kind, converge uniformly to /(x) in [—1, 1], when f(x)  is con­
tinuous in [—1, 1]. As to the rapidity of convergence E. M o l d o v a n  [3] published 
the estimate

(2) max I/O) -  Hn (f  x)| ^  2not ( ” ) ,
- l S l S l  I n  )

where w(t) is the modulus of continuity of f(x). This result was also established 
by O. S h i s h a  and B. M o n d  [6]. In [5] P. O. H. V é r t e s i  has given an improvement 
of the estimation (2). He showed that

( 3 )  № ) - « , ( / , * ) !  =  o ( i ) [ | l « , ( A l ^ )  +  i| ± c „ ( ^ ) j  

Further, B o j a n i ö  [1] proved that

(4) |/(* ) -Я „ ( / ,* ) |

In 1967 R. B. S a x e n a  [4] considered a Quasi Hermite-Fejér interpolation poly­
nomial $2n ( f,x )  of degree =2n satisfying the following properties:

S2„ (/, - 1  ) = / ( - 1), S2„ ( /  xk) =  f ( x k), S'2n ( f ,x k) = 0, к = 1,2, ..., n.

He proved that the sequence of polynomials {S2„ ( f  x)}, constructed on the zeros

of Jacobi polynomial P„ 2 (x), converges uniformly to /(x )  in [—1,1].
The aim of this paper is to obtain the rapidity of convergence of the sequence 

{||/(х) - 5 '2я( / ) х)||}, where
Il/ « I I  = max |/(x)|.

— 1=5 X =5l
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2. A quasi Hermite—FejÉr interpolation polynomial constructed on the zeros 

of P„ 2 2 (x) is given by [4]

(5)
where

(6)

and

(7)

S2n(f,x )  = / ( - 1) 

a>„(x) =

Col(x)
и п(_  1) kél 

cos (n + 2) в

+ 2  f ( Xk)
1 +  X í  1 — XX,

1 + X *  (  1 - X ?г \ Ш ,

вc o s -
хк =  cos 2к— 1 

2 п +  1ГГ,

к(х) = OJ„(x)
со' (xCfc) (х: — x:fc) , к — 1 ,2 , и.

We shall prove the following theorems.
Theorem 1. I f  / ( x )  A a continuous function in [—1, 1], then for the sequence of 

polynomials {S2n(f,  x)} in (5), we have

(8) № > - * . < / . -X .

T heorem 2. For every n S 2  there exists a constant c such that

(9)

/го/cfc in [—1, 1].

sup \ \ f ( x ) - S 2n( f  x)j[ 
/есм(п)

cM
2 Qk = 1

Here fl is an increasingly subadditive and continuous function on {x; xSO} 
with fl(0)=0, and CM(fl) denotes the class of continuous functions defined on 
[— 1, 1], such that

Д С м (А )~ ш (0  S  MQ(t),

or, equivalently, /ÇCM(fl) if and only if ifix ,)—/(c2)| S  M fl(|xx—x2[) for all
Xl5 x2£ [ 1, 1].
It is obvious that
(10) fl(at) ^  (oc + l)fl(t) for a >  0, (S O
and

(П )
A(íx) __ 2 fl (/о)

t, to >  i2 >  0.

3. To prove theorem 1, we need the following estimations. 
Let

( 12) 7 .1. n g  0 g  — n, j  =  1, 2, ..., и.
4 n n
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Lemma 1.

(13) |/ ( * * ) - / ( * ) |s

Proof. Let

(14)

2(o

4co

e k =

71 sin 0 ]J +2a> 712 1 II

2л+1 J (2л + 1 )2 J

in sin 0]1 + 8a>
[ i2n2 \ 1 s  к

1 M  J - *2л + 1 J 1(2л+1)2.

2 k - l — 1 9 n./■% . i К2 n + 1 — I, z,

From Taylor’s formula with Lagrange’s remainder term, we have 

xk — X = cos вк -  cos в = (0 — 0k) sin 0 — y  (0 — 0k)2 £,

where 

Therefore

(15)

From (12) and (14), we have

(16) \dj -  0|

e $ Ç $ 6 k.

l* * - * |s |0 * - 0 | sinO + T (O ,-0)2.

2n
2л + Г

which with the help of (15) gives (13) for k=j.
If k<j,  k = j —i and i = \ , 2 ,  ... , j —\, then by (14) and (16)

\ek- e \ ^ \ o k- 9 j \ + \ e j - e \ ^ ^ j .

Using this and (15), we get (13) for k = j —i. Similarly we can prove (13) for k= j+ i .  

Lemma 2. Let
2 k — 1X — cos 0, û £  Ö s I , xk — cos 9k, 0k = — — n, k — \ ,2 , . . . ,n

and
(17) 
then

(18)

2л +  1

d e f ( l + S )  ( l ~XXk) ,2/ 4
‘ (1+ * 4) (1-дсО k( h

о • 2 2n+ 18 sin2 —-—2 1l 2 J

(2л + l)2 sin2 j
N 1 )

One can easily prove this lemma, so we omit the proof. It is also easy to prove

(19) sin 6к-в
2n +  1

for к И j.
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4. Proof o f  theorem 1.
From  (5) and (17), we have the identity

(20)

Thus we can write

co2„(x)
ft)^(-l) t=i+ 2  Fk = I-

(21) f{x) -  S2n (f, X) -  (fix )  - / ( - 1)) соЦх)
co2„ (-  О A

+  Ê ( f ( x ) - f ( x h))Fk,

which with the help of (13), (20), (18) and (19) gives

l / ( * ) ~ S 2„ ( / , x ) |  S  \ f i x ) - f i - l ) \ - ^ r) +  \ f i x ) - f i x j)\fJ +

+  2 1  / W - / W W  *  “ ' 1 + J « ^ + i H l S f )  +  - ( ^ i F ) }  +

+ 8 2
k*j; М Ш Н с т ) }

. 2n + l [ 0 - 0t sin---— 1

(In + 1) sin —

Since
+

S  { l+ (2n + l ) 2(l+x)}w 

32

1 a>2(*)
(In +  l)2 J co2( - l ) +

(2« + l )2
" Г Г in sind] Í Z27t2 '|l( '2n + l '|2

, 5 H 3 r r r ) +2“ t(2 ïïw J H — J-

0 )1  (x) 
coli-  1)

S i ,  0 s ( l  +х)соЦх) s  2 and ш2(— 1) =  (2л +  l ) 2,

therefore, we get (8).

Remark 1. From (8), we have

\ m - s 2ni f ,x) \ = o(i)© log n I " 1 ( i Ÿ 1
„ , ^  T2n 1 /=1 1 log n -+1 + n log n + 1

log n= 0 (1)©

This estimation is of the Moldovan type.
Further, let w i f ) —tx (0 < « <  1), then from (8), we have

\ f i x ) - S 2nif,x)\  =  0 (1 )
(  —x2Y  n 1 n

/ = 1 1 =  1
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which gives

l / ( * ) - S 2„(/,*)| =  0 (1)
and

for 0 <  a <  1, — 1 g r s  1\  (1 — x 2)*12 1]
[ na n j

l / W - - S ta( / ,* ) | = 0 ( l ) [ ^ ] ? - ^ -  + -l) for a = 1, - l s r i l .

Remark 2. Let g(x) =  |x|, x = c o s0 = l, n = 1 ,2 ,. .. ,  then from (5) and (7), 
we have

_ ,1ч о ,ч 2 -5» (1 — cos 0k)2 2n
^ ( 1 )  — 0 2 n ( ^ >  U  —  , 1 \ 2  2 j  '(2n + l)2 t i l  (1 — cos 0Ä)2 (2/1+ l)2

Also, for h(x) = |x|a, 0 < a < l ;  x =  cos0 =  l, и = 4, 5 ,6 ,... ,

A (1 )-S 2b(A, 1) f  (.1. ~ cos'? ^  for 0 - = i(2n + l ) 2 t=i (1 — cos 0t) 
since by Lagrange Mean-value theorem for

X ^  у  and 0 <  A: s

l- |x * |‘ S  (1-x*).
5. Proof o f theorem 2.

To prove theorem 2, we shall use the following.* 
For m s 2, we have

(22)
m J

2 - i ß
r= l f

( г + 1) я 1 _ 8л Г Q(t) d(
~ "* n/m **m

Now from (21), we have for any fZC M(Q) and x£ [— 1, 1]

Юп(х)(23) |/ ( x ) - S2„(/, x)| S  MQ( 1 +x)

From (10), we have for — l ^ x s l  

!(x) , 2/j +  l

ш„2( - 1) + M Z i 2( k - ^ l ) ^  = /i + / 2.*=i

A ä  m ü
_юКх 

[2п + lj со2(—1) я ЛЯ2 2/j + l (1+ х ) # ^ -С02(-1 )
2MQ 2п +1

owing to the inequalities ft+(x)
w "(-l)

il, (1+x)co2(x)< 2  and ca2(—1) —(2/j + 1)2.

Using (17), (18) and |cos 0 —cos 0*|ё|0 — 0k\, we get

m
h  S (2/1+ l)2 *±1Z  ß(|0-0*|)A (|0-0 |*).

* See [1].
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where

А„(\в-вк\) =

. 2п +  1 Í 0 — вк sin---— 1

■ 0 - 0*  sin-------
Further, setting

we get
E M  в) = \k;

h  ^

гл
s r n ”} ’ » - - 0, 1, 2,^-----7 -  10- 0*1 _  „2n + l 2 n

8M 2n
2  2  Q ( \ e - e k \ ) A n ( \ o - e k \ ) .

уsin n — =  A7
. у sin —2 2

of k, we have

( 2 n + l ) 2  r = 0 k í E r(n,6)

7tfor I =  7T and |0 —0ft|g-^  ̂ holds for only one val

2  fl(|0 - 0*1)4,(|0 - 0*|) s
*ё£„(п,в)

2 /7 + 1 Q o n  2  [ =zn +  1J *££„(„,fl)
2 n +1

H S T T

I у
sin J— \У\S —1 and for every r = \ ,2 , ...,2n,

71

2n + 1
holds for only one value of k, so we have

|0 —0*1 S
(Г+ 1) 7Г
2 n + 1

2  Ö ( |0 -0 * M „ ( |0 -0 * M  *2 2  Qif  / f
* € £ Д и ,в )  к  € E r (n , ti) ( V - O k)

2n +  1 r ß  i(r+ l)«

Hence
o ^ i l  ^  1 =zn + l )  k i Er(n,e)

2n +1 Q (r+l)ll

2 М 0 (й т т ) + 8М | 1^ й (

2n+l  J '

1 Г. Í (r + l) n
2n+ 1 Г

Since Q is an increasing function, we have

nQ n ;  о «  .
2/1+ lj -  2n J *2J я/2и + 1

Using (22) for m — 2n+\, we get

r = l r

8я
2/7 -Ь 1 J “ (2w+1)

;  ß (o dt.
n/2n +  l я/2/i + l

S tud ia  Scientiarum  M athem atic arum  Hungarica 9 (1974)



RAPIDITY OF CONVERGENCE 319

Consequently, we have

\f(x) + S,H(f, x)| Ъ4кМ
f  ф * -nl2n + l

At the last by monotonicity of Q and by (10), we obtain

J ™ *  -  -  y  Ч т Ь
This completes the proof of the theorem.

Remark 3. Since the modulus of continuity w(t) of any continuous function 
f(x) on [—1, 1] has the same properties as Q and / 6 С1(и’), from (9) we have

| | / W - S 2n( / , . v ) ! | S ^ | m [ l

for any continuous function f ( x ) on [—1, 1]. From this we get

'log Ill/(-v)-52n(/,-v)|| = 0(\)(o Og n] 
n ) '

Remark 4. One can get analogous results replacing the zeros of ’ (x)
(i,

by that of P„ 2'(x).
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MODULES OVER qc-RINGS

by
J. AHSAN

1. Introduction. A ring Л is called a (right) qc-ring if  each cyclic (right) Л- 
module is quasi-injective. For various properties o f  these rings we refer to A hsan
[I] and K oehler  [10]. The purpose of this note is to make a brief study of certain 
properties of modules over qc-rings. Among other results, we prove that a qc-ring 
R has the characterizing property that each submodule of a cyclic Л-module is 
quasi-injective. Endomorphism rings of cyclic modules over qc-rings have also been 
studied.

2. Preliminaries. Throughout this note we assume that all rings have an identity 
and all modules are unitary right modules. If R is a ring and M  is an Л-module then 
S(M) will denote the socle of M, i.e., the sum of all simple submodules of M. We 
shall write A Q 'B  to denote that A is an essential submodule of B. A submodule 
A of a module M  is called ‘small’ if for any submodule В of M, A + B= M  implies 
B=M. A ring R is said to be an ‘FGS-ring’ if each cyclic Л-module has a finitely 
generated (or empty) socle. These rings have been studied by K u r sh a n  [11]. A ring 
all of whose (right) ideals are quasi-injective is called a (right) ‘q-ring’ (cf. Ja in , 
S in g h  and M ohamed [8]). Dualizing the notion of q-rings, K oehler studied rings all 
of whose cyclic modules are quasi-projective in [9]. Such rings have been called 
‘<7*-rings\ By a (right) ‘duo ring’ we shall mean a ring all of whose (right) one-sided 
ideal is two-sided. Finally, a module M  is called ‘finite dimensional’ (Goldie) if there 
do not exist infinitely many non-zero submodules whose sum is direct.

3. Main Results. We start with the following lemma.
L em m a  3.1. Let R be a local qc-ring. Then R is an FGS-ring.
P r o o f . Since Л is a local qc-ring, Л is a duo ring (see Proposition 1.2 and 

Corollary 3.4 of K oehler [10]). By Proposition 2.2 of K u r sh a n  [11], the lemma 
will follow if we show that each finitely generated Л-module is finite dimensional. 
We do this by using the inductive argument. Let us suppose that M  is an Л-module 
generated by n elements. If n— 1, then M  is cyclic. Hence we can write M  si R/I, 
where I  is a right ideal of Л. Since Л is a duo ring, /  is a two-sided ideal of Л so 
that R/I becomes a factor ring of Л. Hence by Lemma 2 of A h san  [1], R/Iis a qc-ring. 
Therefore R /I as an Л-module is finite dimensional by A h san  [1, Theorem 1]. Thus 
the lemma is proved for n = 1. Let us now suppose that the result is true for n= k  
and prove that the result is also true for n = k+ l. Suppose M =Rx1 + ... +  Rxk+1 
and let us write A= Rx1 and B — M/A. By our assumption A and В are finite dimen­
sional. Also, since 0-»A-*-M—M/A-<-0 is an exact sequence, Lemma 2.1 of K u r s h a n

[II] implies that Mis also finite dimensional. The proof of the lemma is now complete.
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C orollary . I f  T ^ f f R . . . ;  is any strictly increasing chain o f submodules of 
a cyclic R-module C, then there exists an integer n such that Tnf '  У Т{.

P roof. Follows directly from the above lemma and Proposition 2.2 of K u r - 
s h a n  [11].

L emma 3.2. Let (7?;);ei be a family o f rings and R= JJ Rt their direct product.
mi

I f  R is a qc-ring, then an R-module M  will be finitely generated say by n elements 
(infinitely generated) i f  and only if it can be written JJ Mh where each Д/, is an Rr
'  iil

module generated by n elements (infinitely generated).
Proof. Since R is a qc-ring, the cardinality of I  is finite ([1], Theorem 1), and 

now the result follows from Lemma 2.16 of B e r g m a n  [3].
n

L emma 3.3. Let R be a qc-ring. Then ®  Rt, where each R, is either a sémi­
iéi

simple Artinian ring or a local qc- (duo) ring.
P roof. See Proposition 3.3 of K oehler [10].
The above lemmas together yield the following theorem.
T heorem  3.4. Let R be a qc-ring. Then R is an FGS-nwg.
Before we proceed further, we give an example to show that qc-rings need not 

always have non-zero socle.

Example 3.5. Let к be a field, x  an indeterminate over к and

w= {(•*;)I(■*;) is a well ordered sequence of positive reals}. 

Let us form the ring

T = { 2  aixa<\ai£k and (oc;)€w}.
1= 0

Let R= T/xJ(T ) where J(T) denotes the Jacobson-radical of T. Then R is a 
commutative local hypercyclic ring with 5’(Л) ̂ 0  (see C aldw ell  [4]). Since R is a 
commutative hypercyclic ring, R is qc (see A h s a n  [2, Theorem 3.1]) and therefore 
R/S(R ) is a qc-ring which has zero socle.

C orollary . Let R be a strongly qc-ring. Then each finitely generated R-module 
is a finite direct sum o f quasi-injective modules.

P roof. Since R is a strongly qc-ring, R is uniserial (see A h san  [1]). Hence R is 
a Köthe ring by F a it h  [6] which means that each (right) Я-module is a direct sum 
of cyclic submodules. Now each cyclic module over a qc-ring is quasi-injective and 
each finitely generated module over a qc-ring is finite dimensional by Theorem 3.4, 
hence the corollary follows.

We now study endomorphism rings of cyclic modules over qc-rings. We first 
prove the following lemma.
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Lemma 3.6. Let R be a local qc-ring, M any cyclic R-module and A =  Horn (M, M). 
Then A is a qc-ring.

P ro o f . Since M  is a cyclic Л-module, Ms* R /I where /  is a right ideal of R. 
But R is a local qc- and hence a duo ring, therefore I  is a duo-sided ideal of R. Hence 
Л = Н от (M, M) = Hom (R/I, R/I) = Horn (R/I, R/I) =* R/I. Now the fact that R is
qc implies that R/I is a qc-ring by Lemma 2 of A hsan [1]. Therefore Л is a qc-ring. 

The above lemma can be extended to obtain the following theorem.

Theorem 3.7. Let R be a qc-ring, M  a cyclic R-module with Л = Horn (M, M). 
Then A is a qc-ring.

П
P roof. By Lemma 3.3, we can write R = ® Rt, where each Æ, is either sémi­

é i
n

simple Artinian or a local qc-ring. Therefore M = ®  Mf, where Mt is a (cyclic)
i= l

n
Л,--module. This implies that Л =  ® Л;, where Л— Hom (Mi5 M,). If Rt is sémi­

iéi Ri
simple Artinian then it is easy to show that Л, is a qc-ring. Further if Rt is a local 
qc-ring then At is a qc-ring by the above lemma. Thus Л is a finite direct sum of 
qc-rings. Therefore Л is a qc-ring. Before we prove the next theorem, we set the 
following notation. If Л = Н от (M, M), where M  is any 7?-module then we shall
write А(Л)={А£Л|кег jQ 'M }.

Theorem 3.8. Let R be a qc-ring and M  a finitely generated R-module. I f  
Л = Н от (M, M) then A/N(A) is embeddable in a semi-simple Artinian ring.
Further, dim A/7V(A) = dim M.

P roof. Since M  is a finitely generated module over a qc-ring, M  is finite dimen­
sional by Theorem 3.4. The theorem now follows directly from Theorem 3 on page 310 
of S h ock  [13].

Assuming that a finitely generated module over a qc-ring is also quasi-injective, 
we actually obtain the following

Theorem 3.9. Let R be a qc-ring and M a finitely generated R-module with 
Л ~  Н от (M, M). I f  M is quasi-injective then A/J(A) is semi-simple Artinian where
J{A) is the Jacobson-radical o f A.

Pro o f . Since M is finitely generated, M  is finite dimensional by Theorem 3.4. 
Therefore Л is finite dimensional. This means that AjJ(A) does not contain infinitely 
many orthonormal idempotents. Furthermore, since M  is quasi-injective, A/J(A) 
is regular in the sense of von Neumann by the Theorem on page 44 of Faith [5]. 
Therefore Л//(Л) is semi-simple Artinian.

T heorem  3.10. Let R be a local strongly q c-ring and M an indecomposable 
quasi-injective R-module with A = Нот (M, M). Then A is a local (duo) qc-ring.
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P roof. Every quasi-injective module over a strongly qc-ring is quasi-projective. 
Therefore M  is an indecomposable quasi-projective module over a local strongly 
qc-ring. Hence by Theorem on page 128 of F u l l e r  [7], M stR/L  where L  is a two 
sided ideal in R. Hence Л is a local (duo) qc-ring.

We now state a result in the form of the following lemma which is due to M ares
[12] and W are [14]. These authors, in fact, proved the following result for projective 
modules but an examination of their proofs (M ar es [12], Theorem 2.4 (i) and W are
[14], Proposition 1.1) shows that their arguments may be used to prove the result in 
the quasi-projective setting.

L emma 3.11. Let R be any ring and M  a quasi-projective R-module. I f  
A = Horn (M, M) then J(Ä) = {?.fA Uni Â small in M )\ where J(A) denotes the
Jacobson-radical o f A.

T heorem 3.12. Let R  be a qc-ring and M  a cyclic R-module. I f  A =  Horn (M , M )

then Л//(Л) is semi-simple Artinian and J(A)=  {2Ç/liker X(L 'M }=  {l£ Л|1тА is 
small in M}.

P roof. Since A is a qc-ring, AjJ(A) is semi-simple Artinian. The fact that 
/(Л ) =  {А£Л|кег is well-known (see e.g. F a it h  [5]). Further, since R is a
qc-ring, it is a q*-ring by K oehler [10, Corollary 3.4], M  is also quasi-projective. 
Therefore by the above lemma, /(Л) = {Л(ЕЛ|1т X is small in M }.

Finally, we prove a theorem which gives a module theoretic characterization 
of qc-rings. In order to do this, we first obtain the following lemma.

Lemma 3.13. Let R be a local qc-ring. Then each submodule of a cyclic R-module 
is quasi-injective.

P roof. Let M  be any cyclic P-module. Then we can write M s*  R /I where /  is 
a (right) ideal of R. The lemma will follow if we show that each submodule of R/I 
is (R-) quasi-injective. Since R is a duo ring, I  is a two sided ideal of R so that R/I 
is a qc-ring. This implies that R/I is a q-ring (Corollary 3.4, K oehler [10]). Now 
if A is a submodule of R /I  then Л is in fact a (right) ideal of R/I. Since R /I  is a q-ring, 
Л is J?//-quasi-injective. Then Л is also (R-) quasi-injective by Lemma 1 of [1].

T heorem 3.14. Let R be any ring. Then the following statements are equivalent.
(1) R is a qc-ring.
(2) Each submodule o f  a cyclic R-module is quasi-injective.
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RINGS ALL OF WHOSE IDEALS ARE FINITELY EMBEDDED

by
J. AHSAN

1. Introduction P. Vámos [8] introduced the notion of finitely embedded by 
dualizing the concept of finitely generated. An i?-module M  is said to be finitely 
embedded (f.e.) if E(M )=E(P1) ® ... ® E(Sk) where E(M ) denotes the injective hull 
of M  and each St is a simple Л-module. It is well known that rings all of whose 
ideals are finitely generated are Noetherian Dually, Vámos proved that a ring R  is 
Artinian if and only if each factor ring of R is f.e. However, rings all of whose ideals 
are f.e. need not satisfy any chain condition. Rings with this property, in fact, properly 
contain the class of Artinian rings. The purpose of this paper is to prove that each 
ideal of a commutative local hypercyclic ring is f.e. Necessary and sufficient conditions 
on a finitely generated module over a commutative local hypercyclic ring to be f.e. 
will also be obtained.

2. Preliminaries We shall assume throughout this paper that all rings have an 
identity and all modules are unitary left modules. If R is a ring and M  is an R-module 
then E(M) will denote the injective hull of M  and S(M ) its socle i.e. the sum of 
all simple submodules of M. The fact that A is an essential submodule of В will 
be denoted by AQ  'B. A module M  will be called ‘finite dimensional’ (Goldie) if it 
does not contain an infinite direct sum of non-zero submodules and the number 
of non-zero summands is called the ‘dimension’ of M  denoted by dim M.

A ring is said to be an ‘FGS-ring’ if each cyclic R-module has a finitely gen­
erated (or empty) socle. These rings have been studied by K urshan [8]. Beachy [4] 
called a module M  ‘quasi-Artinian’ if M  contains an essential Artinian submodule. 
It can be shown that M  is quasi-Artinian if and only if S(M ) is essential and finitely 
generated. Thus a ring R is ‘quasi-Artinian’ if and only if R has a finitely generated 
essential socle. In [5], Caldwell called a ring R ‘hypercyclic’ if each R-module has 
a cyclic injective hull. Caldwell proved that a perfect ring is hypercyclic if and 
only if it is uniserial. He has also shown, by means of an example, that even a 
commutative local hypercyclic ring need not satisfy any chain condition. A ring 
R is said to be a ‘PF-ring’ if and only if R is a semi-perfect (left) self-injective 
ring with essential socle. For various characterizations of these rings we refer 
to A zumaya [3] and U tumi [9]. A ring R is called a (left) ‘qc-ring’ if each cyclic 
(left) R-module is quasii-njective.

3. Results We start with the following
T heorem 3.1. Let R be any ring. Then each ideal o f R is f.e. i f  and only if  R is quasi- 

Artinian.
Proof. If each ideal of R is f.e. then Rr is f.e. Therefore, by Lemma 1 of Vámos

[10], S(R) is a finitely generated essential submodule of Rr . Hence R is a quasi-
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Artinian ring. Conversely if Л is a quasi-Artinian ring then Л is f.e. Now for any 
(right) ideal I  of R, the exactness of the sequence 0-+I-+R-»R/I-+0 and the fact 
that R is f.e. imply that 1 is f.e. by Proposition 3* of Vámos [10].

The following lemma is Theorem 3.1 of Ahsan [2].

L emma 3.2. Let R be a commutative hypercyclic ring. Then R is qc.
Proof. In order to prove that R is a qc-ring, we need to show that each cyclic 

Л-module is quasi-injective. Let A be a cyclic Л-module with injective hull E. Since 
R  is hypercyclic, E  is cyclic. Let g be a generator of E, i.e. E=gR. Let б€ Л = 
=H om s (E, E) and suppose 6(g)=gs. Then if a£A, we have a=gr and 9(a)= 
=6(g)r=gsr=grs=as. Therefore в(а)£А. Hence by Johnson and W ong [6, Theo­
rem 1.1.], A is quasi-injective. Thus R is a qc-ring.

Lemma 3.3. Let R be a commutative qc-ring. Then R is an FGS-ring.
Proof. By proposition 2.2. o f  Kurshan [8], the lemma will follow if  we prove 

that each finitely generated Л-module is finite dimensional.
Let us suppose that M  is an Л-module generated by n elements. We shall use 

the inductive argument to obtain the desired result. If n= \ then M  is cyclic. This 
means that M  = R/I where I  is an ideal of Л. Since Л is a qc-ring, so also is R/I (see 
Lemma 2 of [1]). Hence by [1], Theorem 1, R/I, as an Л-module, is finite dimensional. 
This proves the result for n = 1.

Let us now assume that the result is true for n= k  and prove that this is also 
true for n = k+ 1. Let M = R x1 + ... +Rxk+1.

Let us write A = Rxx and B=M/A. Then by our assumption, A and В are 
finite dimensional. Since 0-+A—M-<-M/A-+0 is exact, Lemma 2.1 of K urshan [8] 
implies that M  is also finite dimensional. This completes the inductive argument.

Lemma 3.4. I f  R is a commutative local hypercyclic ring, then S(R)Q'R.

Proof. See Theorem 2.10 o f  Caldwell [5].

Theorem 3.6. Let R be a commutative local hypercyclic ring. Then each ideal 
o f R is f.e.

Proof. Since Л is a commutative local hypercyclic ring, Л is qc by Lemma 3.2. 
Also, Л is an FGS-ring by Lemma 3.3. Hence S(R) is finitely generated (or empty). 
But Lemma 3.4. implies that S(R)Q'R. Hence Л is f.e. by Lemma 1 of Vámos [10]. 
Therefore each ideal of Л is f.e.

We now prove the following theorem.
Theorem 3.6. Let R be a commutative hypercyclic ring. Then R is a PF-ring.
Proof. In order to prove that Л is a PF-ring we show that Л is a self-injective 

semi-perfect ring with an essential socle. Since Л is a commutative hypercyclic ring, 
it follows from Lemma 3.2 that Л is a qc-ring and so, in particular, Л is a self-injec-

П
tive semi-perfect ring (see A h sa n  [1]). Also, we can write Л = ®  Rt where each Лг

í=i
is a commutative local hypercyclic ring. Hence by Lemma 3.5, each Лг is a quasi-
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Artinian ring. Since R is a finite direct sum of quasi-Artinian rings, R itself is a 
quasi-Artinian ring. Therefore S(R) is finitely generated and essential in R. Hence R 
is a PF-ring.

V ámos [10], proved that a ring R is left Artinian if and only if each finitely gen­
erated Л-module is f.e. In view of the fact that a commutative local hypercyclic 
ring need not be Artinian (see Example on page 42, Caldwell [5]), we note that 
each finitely generated module over a commutative local hypercyclic ring need not 
be f.e. In form of the next theorem, we give a necessary and sufficient condition 
for a finitely generated module over a commutative local hypercyclic ring to be 
f.e. But first we state the following lemma which is due to Caldwell [5].

L emma 3.7. Let R be a commutative local hypercyclic ring. Then each submodule 
of a cyclic R-module is an essential submodule.

Theorem 3.8. Let R be a commutative local hypercyclic ring and M  a finitely 
generated R-module. Then M is f.e. i f  and only if  the socle of each cyclic submodule 
of M  is non-zero.

P roof. To prove the above theorem we shall again use the inductive argument.
Let M  be an i?-module generated by n elements. If n = l then M  is cyclic. Since 

R is a commutative hypercyclic ring, R is qc by Lemma 3.2. Therefore R is an FGS- 
ring by Lemma 3.3. Hence S(M ) is finitely generated (or empty). By our assumption 
S(M )^0. Therefore S(M )Q'M  by Lemma 3.7. Thus M  is f.e.

Let us now suppose that the result is true for n= k  and prove that the result 
is also true for n = k+ 1. Suppose M ~Rx^ + ...+ Rxk+1 and let us write A = Rxx 
and B —M/A. Then by our assumption both A and В are f.e. Let us now consider 
the exact sequence

0 -  A — M  -  M/A -  0.

Since A and M/А are f.e., M  is f.e. by Proposition 3* of Vámos [10] and the 
inductive argument is complete.

Conversely if M  is f.e. and A is any cyclic submodule of M  then by Proposi­
tion 3* of Vámos [8], A is f.e. Therefore S(A)Q'A. This completes the proof of the 
theorem.

Corollary. I f  M  is a finitely generated R-module then M is f.e. i f  and only if 
the injective hull o f each cyclic submodule o f M  is R itself.

P roof. This follows from the above theorem and theorem 2.12 of Caldwell [5].

Finally, we note that a qc-ring need not be a quasi-Artinian ring, because such 
an assumption would imply that a qc-ring is Artinian which is not always the case 
(see example on p. 42 of [5]). A necessary and sufficient condition in order that each 
ideal of a qc-ring is f.e. may be formulated as follows:

Theorem 3.10. Let R be a qc-ring. Then the following statements are equivalent:
(1) R is a quasi-Artinian ring.
(2) R is a PF-ring.
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P roof. Let us suppose that R is a quasi-Artinian ring. Since R is qc, R is self- 
injective and semi-perfect (see 1, theorem 1). Also because R is f.e., S(R) is finitely 
generated and essential in R. This implies that R  is a PF-ring.

Conversely if R is a PF-ring then R is always f.e. and hence a quasi-Artinian ring.

REFERENCES

Ш  A h s a n ,  J .  : Rings all o f  whose cyclic modules are quasi-injective, Proc. London Math. Soc. 
27 (3), 1973.

[2] A h s a n ,  J . :  On rings with quasi-injective cyclic modules, Proc. Edinburgh Math. Soc. 19
(2), 1974, 139— 145.

[3] A z u m a y a ,  G . :  Completely faithful modules and self-injective rings, Nagoya Math. J., 27 (1966),
697—708.

[4] B e a c h y ,  J .  A.: On quasi-Artinian rings, J. London Math. Soc. (2), 3 (1971), 449—452.
[5] C a l d w e l l ,  W. H. : Hypercyclic rings, Рас. J. Math., 24 (1), (1968), 29—44.
[6] J o h n s o n , R. E. and W o n g , E. T.: Quasi-injective modules and irreducible rings, J. London

M a th . Soc.. 36 (1961), 260—268.
7] K o e h l e r , A.: Rings with quasi-injective cyclic modules, Quart. J. Math. O xford(2), 25 (1974), 

5 1 — 5 5 .
[8] K u r s h a n ,  R. P.: Rings whose cyclic modules have finitely generated socle, J. Algebra, 15

(1970), 370— 386.
[9] U t u m i ,  Y .  : Self-injective rings, J. Algebra, 6 (1967), 56—54.

[10] V á m o s ,  P.: The dual o f  the notion of finitely generated, J. London Math. Soc. 43 (1968), 
643—646.

Department o f  Mathematics, University o f  Islamabad. 

( Received February 1, 1974.)

S tu d ia  Scientiarum Mat h em a tic  arum  Hungarica 9 (1974)



Studia Scientiarum Mathematicarum Hungarica 9 (1974) 331—339

THREE SPECIES OF CONNECTION IN COMPLEXES

by
A. K. DEWDNEY

0. There are several natural generalizations of graph-theoretic connection to 
higher dimensions. One of these, (m, «(-connection, was used in [2] in characteriza­
tions of (иг, «(-trees. Three other generalizations are studied in this paper and interest­
ing relationships among these species are developed: although each generalizes a 
well-known graph-theoretic definition of connectivity, the three turn out to form a 
sequence of increasingly general concepts, at least in dimension two. One of the 
species of connection is equivalent to the condition that the kth homology group 
of a complex be zero. The other two appear to be new and are more general than this.

1. Let К be a collection of subsets (called Simplexes) of a set V(K) of elements 
(called vertices). Then К  is called a complex if

(i) every subset of a simplex in AT is a simplex in K.
(ii) U x=V(K).

x C K

This definition is formally equivalent to the definition given in [5, p. 41] of an “abstract 
simplicial complex”. A simplex x of К  is called an n-simplex if |x| — 1 —n. The collec­
tion of n-simplexes of К  will be denoted by Kw . Two simplexes x  and у  are incident 
if x c  y. The n-degree of an «г-simplex x, «г < «, is the cardinality of the set {у € K(n) : у is 
incident with x} and is denoted by d" (x). The complex К  is said to have dimension n 
if it has at least one «-simplex but no (« + 1 (-simplexes. Such a complex will be 
called here an n-complex. Obviously a graph is just an «-complex where л ё  1.

Every complex by definition contains the empty set. A complex which contains 
only this set is called null. A complex К such that V(K) consists of a single vertex is 
called trivial.

If AT and L are complexes such that LQK, the L  is called a sub complex of K. 
For every vertex v in a complex К  we define the subcomplex st (v, K), called the 
star o f v in K, as {x£K: v£x} along with 0 the empty set. If S  is a subset of a complex 
K, it is useful to define S, the closure of S, as the smallest subcomplex of К  con­
taining S. This enables one to form a difference K —L  of two complexes as K —L, 
always a subcomplex of K. This also enables one to define a boundary operator in 
set-theoretic terms : given an «-complex K, the (и — l)-complex dK, called the boundary 
of K, is the closure of the set {x£K(n_ IV d" (x)= 1 (mod 2)}. This definition is formally 
equivalent to the usual definition of the modulo 2 boundary of an «-chain [4, p. 235] 
and appears to be more useful in studying complexes from a purely combinatorial 
point of view. An «-complex is pure if every simplex is incident with some «-simplex 
of the complex. A pure «-complex Z  having the property that dZ= K g1 is called 
an n-cycle. The following concepts generalize those of “circuit” and “path” in
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the theory of graphs: an n-circuit C is an и-complex satisfying two conditions:
(i) C is an «-cycle

(ii) C is minimal subject to (i).
Condition (ii) means that C contains no proper «-subcomplex satisfying condition (i). 
An n-path P is an «-complex which, for some fixed («—l)-circuit C satisfies the con­
ditions

(i) dP=C
(ii) P is minimal subject to (i).

Thus, by condition (ii), P has no proper «-subcomplex P' such that dP' = C. Clearly 
a О-circuit is a О-complex having two vertices, while a 1-path is just the usual graph- 
theoretic concept [3, p. 13]. All graph-theoretic terms employed in this paper may be 
found in this last reference.

2. Three species of connection in dimension « are defined in this section.
The complex К will be called hyperconnected in dimension n if every (« — 1)- 

circuit in К  is the boundary of some «-path in K. Clearly, to be hyperconnected in 
dimension 1 a 1-complex must be connected considered as a graph for in this case, 
it is required that every О-circuit (pair of vertices) be the boundary of a 1-path (be 
connected by a path). It is easily proved that a complex К  is hyperconnected in 
dimension « if and only if every («— l)-cycle in К is the boundary of some «-sub­
complex of K. This condition, in turn, can readily be shown to be equivalent to 
requiring that the («—1) st mod 2 homology group of К  vanish.

The next definition is inductive in nature and requires three preliminary ideas: 
let К  be a complex. A subcomplex L of К  is called a cut for К  if there exist sub­
complexes Кг and Ко of К  such that

(i) K=K1(JK2“ L= K 1C\K2 and
(ii) every simplex of L  is incident with a larger simplex in Kit i=  1, 2.

The union K= K fj  K2 is called an L-decomposition of К  and Klt K2 are called 
L-components of the cut. Clearly a cut L for К may be specified by giving any such 
pair of L-components. The complex К  will be called section-connected in dimension 0 
if V(K)p^0. The subcomplex L of К  is called 0-section for К  if L is a cut for К  and 
if for some L-decomposition K=K1UK2, the L-components Kt are section-con­
nected in dimension 0, z =  l, 2. The complex К  is section-connected in dimension n 
if every (и —l)-section of К  is section connected in dimension « —1. It remains to 
complete this definition by defining an “«-section”. First, an n-component of К  is 
a subcomplex K' such that K ' is section-connected in dimension « and such that 
K ' is maximal subject to the first condition, i.e. K' is not a proper subcomplex of 
any subcomplex of К  which is also section-connected in dimension «. Next, the 
subcomplex L of К  is an n-section* for К if К has an «-component K' such that

(i) L is a cut for K' and
(ii) for some L-decomposition K' = Kf\J KÓ, the components K{ are section- 

connected in dimension «, / = 1, 2.
Before continuing to the third species of connection, the meaning of this last 

definition is briefly studied: when « = 0  a complex being section-connected in dimen­
sion 0 means simply that it is not the null complex. A 0-section of a complex is simply 
a cut having at least one pair of non-null components. A complex is section-con-

* For some writers in Topology an “«-section” is what other writers mean by “«-skeleton”.
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nected in dimension 1 if every such cut is itself non-null. This is merely another 
way of saying that a complex К  is connected if and only if there are not two non-null 
subcomplexes K2 and K2 such that К =K^J К2 while Kl C\K2=d. Thus the definition 
of section-connectedness in dimension и not only generalizes what is meant by con­
nectedness in a graph, but in a sense generalizes the standard definition for topological 
spaces [4, p. 14]. A 1-component of a complex is just a maximal connected sub­
complex. A 1-section of a complex К  is a cut L in some 1-component of the complex, 
a pair of whose components in some L-decomposition of K aie both connected. 
Finally a complex К  is section-connected in dimension 2 if all the 1-sections of К  
are section-connected in dimension 1, that is, connected in the ordinary sense.

A useful definition of connectedness in graphs employs partitions of its vertices 
into two non-empty sets. This definition has two rather natural generalizations: 
a complex К  is coherent in dimension n if for every partition Vx+ V2 + ... +  Vn+1 
of V(K) into n +1 non-empty sets, К  has at least one и-simplex у  which spans the 
partition, i.e. each set Vt contains at least one vertex in y. This condition imposes 
a heavy restriction on any complex satisfying it, for every и-subset of V(K) must be 
present as an (и— l)-simplex of K. Although this is true for any 1-complex, it is hardly 
true for complexes of dimension 2 or higher! A subsequent paper studies coherent 
complexes. The second generalization evades the restriction just encountered. A parti­
tion У  = V 1+V2+... + Vk+1 of the vertices of a complex К into k+ \ non-empty 
sets will be called a (k + \)-partition of V(K). Define Pt(К, У) to be the number 
|{x €.£(*_!): X  spans V1+ V2+... + Ÿt + ... + Vk+1}\. A (k+  l)-partition У  of V(K) 
will be called admissible* if there exists a (k — l)-circuit C in К such that the parity 
of Pi(C, У )  is odd for each /'= 1, 2, ..., k + \. At last, a complex К  is partition-con­
nected in dimension n if each admissible (и + l)-partition of V(K) is spanned by at 
least one и-simplex of K.

When и — 1 an (и + l)-partition У  = V1+V2 is admissible since there exist vertices 
v1£V1 and v2ÇV2: the О-complex consisting of these vertices alone is a 0-circuit 
such that P fC , У ) and P2(C, У) are both odd. Thus when и = 1 the latter defini­
tion requires merely that every partition of V(K) into two non-empty sets be spanned 
by at least one 1-simplex (edge) of K.

To summarize, three principal generalizations of connection in graphs to com­
plexes have been given. Each particularizes to a unique definition of connection in 
graphs.

3. In the last definition met with in section 2 above, the condition that P fC , У ) 
be odd for each /=  1, 2, ..., и+ l  is not so restrictive as it first may seem. The idea 
for the proof of the following results was suggested by Professor C. St. J. A. N a s h - 
WlLLIAMS.

T heorem  1. I f  У  is an (n + 1 ) -partition o f V(K) and C is an (n-\)-circuit in 
К then the numbers PfC, У), i= 1, 2 ,..., и + l, are either all odd or all even.

P r o o f . Suppose that PfC, У ) is odd for some i with l S /^и-Ы . Denote by 
X0 the set of all (и—l)-simplexes of C incident with exactly one (и—2)-simplex

* This wording is motivated by the nearly equivalent concept o f “admissible labelling” used 
in [6, p. 420].
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spanning Уг+ ... + V; + ... + Vj + ... + Vn+1 where j  is some integer different from 
i with lë j 'S n + l .  Denote by Xe the set of all (и—l)-simplexes of C incident with 
none or two of such (и —2)-simplexes. Since C is an (n — 1 (-circuit, dn~1(z) is even 
for each (и—2)-simplex z in C. Clearly ^ ldn~1(z)= 2|xe| +  |X0], the summation being 
taken over all (и—2)-simplexes z of C which span Fx+ ... + Ff + ... +  F,• +  ... +  Fn+1. 
Hence |X0| is even. An (n— 1 (-simplex lies in X0 if and only if it spans either Fx + ... 
... +  F;+ ... + Vj+ ... +  F„ + 1 or V1 + ... + Vi+ ... + Vj + ... + V„ + 1. Thus the numbers

spanning each и-partition have the 
same parity and P (C, Y )  = Pj(C, 
Y )  (mod 2). This equality holds 
for each j= l,  2, ..., и +  l and the 
lemma is proved.

The condition that Pt(C, Y )  
be odd for each i= l ,  2, ..., и + 1 
is known to be satisfied the mo­
ment it is known that at least one of 
these numbers is odd.

The diagram shown in Figure 
1 below summarizes the results pre­
sented in this section. Each implica­
tion arrow between one kind of con­
nection and another represents a 
theorem that the one kind of con­
nection actually implies the other. 
The number appearing near the ar­
row indicates the dimension in 

which the implication is proven. An implication arrow wit ha stroke through it indi­
cates a counterexample to the corresponding implication.

T heorem 2 . I f  a complex К is hyperconnected in dimension n, then К  is partition- 
connected in dimension n.

F igu re 1. Structure of theory in Section 3

P roof. Let К  be hyperconnected in dimension n and let Y  =V1+ V2 + ... +  Vn+1 
be an admissible (n + l)-partition of V(K). Then there is an (и—l)-circuit C in К  
such that P;(C, Y )  is odd for each i= 1, 2, ..., и +  1.

Since К  is hyperconnected in dimension n there is an и-path P in К  such that 
dP=C. Denote by Y  the set of и-simplexes of P  which span Y ,  and by Y t the set 
of и-simplexes of P which span F1 + ... + Fi+ .. .  +  F„+1 but not Y ,  for some i such 
that I s iS n  + l. Let Xt denote the set of (и —l)-simplexes of L which span V1+... 
... +  F;+ ... + F„ + 1. Then

(0 2  d np { x )  =  2 \Y - \ +  \Y \ ,
xdX,

where d” denotes the к-degree in P of the (и—l)-simplex x. This equality follows 
from the fact that each и-simplex in Y t has exactly two incident (и—l)-simplexes 
in X { while each и-simplex in Y  has exactly one.

Let Xi be split into two subsets, X ' consisting of the (и —l)-simplexes x  such 
that dp(x) is odd and X-' consisting of the (и — l)-simplexes x  such that d”(x) is even.
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2, <*;(*)+ 2  </;(*) = 2 и +in
x t X i  x i x "

The (и— l)-simplexes in Xt for which dp(x) is odd are precisely those lying in dP 
and spanning V1+... + Vj+... + Vn+1. Thus \Х{\=Р,(С,У) and, since P fC , У) 
is odd, so is the sum dnp (x). By equation (ii) above, this sum has the same parity

as IУI whence |У| is odd and therefore Y contains at least one и-simplex, yielding 
the theorem.

Those familiar with Sperners Lemma will see in the above proof a close resem­
blance to the argument given in [6, p. 416]. (For an unrelated but interesting induc­
tive argument, see Cohen [1].) The chief difference between Theorem 2 and Sperners 
Lemma is the greater generality of our result: Sperners Lemma requires an admis­
sible labelling for the boundary of a triangulated (geometric) и-simplex, whereas 
our theorem requires an admissible labelling for the boundary of a triangulated 
pseudo-n-manifold.

The next result shows that in dimension 2 being section-connected is at least 
as general a property as being hyperconnected.

Theorem 3. I f  К is hyperconnected in dimension 2, then К is section-connected 
in dimension 2.

Proof. Let К be hyperconnected in dimension 2 and suppose that К  is not 
section-connected in dimension 2. Then К  has a 1-section L which is not connected. 
Let K '= K (\JK 2 be an /.-decomposition of a component K' of К such that Kx and 
K2 are both connected. Since L  is not connected it has at least two components: 
denote one of these components by Lx and let Li =L — Li . Since K[ and K2 are 
both connected, any two vertices i = l ,  2, are joined by (0, l)-paths Px and P2
in Kx and K2 respectively.

Let Qx be a path of minimum length in Kx joining a vertex of Lx with a vertex 
of L2. Let the vertices so joined be 
v1£V(L1) and v2ÇV(L2). One obser­
ves that there exists a (0, l)-path Q2 
inK2 which also joins i\ to v2. In fact 
any such path has only the vertices 
vx and v2 in common with Qx : for if 
Q2 has an interior vertex v in com- к,’ 
mon with Ox, then v is an interior 
vertex of Qx and hence lies in L. If 
v£ V(LX), then the portion of Qx 
from v to v2 is shorter than Qx con­
tradicting how Qx was chosen. Thus 

V(LX). Similarly v§ V(L2). But 
then v$ V(L) and this last contra­
diction establishes the statement 
about Q2.

The union Qx U Q2 is therefore 
a 1-circuit C. Since К  is hyperco- щ
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nected in dimension 2 there is a 2-path P in К  such that dP=C. Figure 2 below 
displays this situation somewhat schematically.

The complex L  is represented by the heavy edges and large vertices. By the way 
Qx was chosen, none of its 1-simplexes lie in KÓ. Thus any 2-simplex in P incident 
with a 1-simplex of Qx must lie in K[. Therefore QXQ Z, where Z=d(K( ПТ). Since 
Z  is a 1-cycle, there is a 1-path Px in Z having no 1-simplexes in common with Qx, 
but having the same end-vertices, namely v1 and v2. Let x be an arbitrary 1-simplex 
of Px. Since x  is incident with an odd number of 2-simplexes in КгГ\Р, x£K[. If 
x £K2, then, of course, х£К(Г\К£ —L. If x$ K2, then st (x, P)=st (x, K[C\P), whence 
x Ç dP. In this case x€ ß 2 =  ̂ 2> contradicting the assumption that x$ K ’2. We con­
clude that P x ^ L .  But this is also a contradiction since v x and v2 are both end-vertices 
of Px and lie in different components of L. Therefore the 2-path P cannot exist. 
This contradicts the fact that К  is hyperconnected in dimension 2. Therefore К  is 
section-connected in dimension 2.

The concept of an «-section as defined here does not seem to occur in the top­
ological literature. In topological language Theorem 3, along with the next theorem, 
gives necessary conditions for an abstract simplicial 2-complex to be homologically 
trivial (all its homology groups vanish).

The final implication indicated in Figure 1 is now proved.

Theorem 4. I f  К is section-connected in dimension 2, then К is partition-connected 
in dimension 2.

Proof. Let К be a complex which is section-connected in dimension 2 and 
suppose that "V = V1 + V2 + V3 is an admissible partition for V(K) with С a 1-circuit 
in К  such that PfC , У )  is odd, г —1,2, 3. Denote by M("V) the smallest number 
of 1-simplexes in К  spanning any of the pairs Vt +  Vj, iИ/. г, j =1,2,3. Assume 
further that the theorem is not true and that i r  is a 3-partition with the smallest 
value of M ( i f  for which the theorem fails, i.e. no 2-simplex of К spans У.

Suppose, without loss of generality, that the number of 1-simplexes in ^spanning 
Vx+V2 is M(f~). Define Kx to be the closure in К  of the set of all simplexes spanning 
Vx+V2 as shown in Figure 3 below:

It will be shown first that Kx is connected: If Кл is not connected and if every 
component of Kx contains an even number of 1-simplexes from C spanning Vx+ V 2,

then so would Kx, implying that P3(C, i /~) 
is even. Therefore at least one component 
of Kx, say K{, has an odd number of 
1-simplexes from C spanning Vx+V2. Al­
ter the partition "V as follows: let 
Vi = VxU V(K{), Vi = V, and let F3' = F 3U 
U(VxDV(Kx — K()). If the resulting par­
tition У  is spanned by a 2-simplex 
y={v'x,v'2, v 3}, then v f  V(KX), v'2£ V2 and 
v'3£V(Kx—K(). But in this case у  spans 
Vx + V2 and has the О-simplex {v'x} in com­
mon with K{, whence y iK ( .  This implies 
that v'3 £V(K(),  a contradiction with the 

Figure 3. Constructing a 1 -section fact that v3£ V(Кг — Kx)- Therefore i r ' is
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not spanned by any 2-simplex of K. The number P3(C, У )  is odd by the definition 
of Kx and by Theorem 5.1. the numbers PX(C, У )  and P3(C, У )  are also odd. 
Thus У  is an admissible 3-partition of V(K) such that /и(тТ'/)< Л /( 'f ) ,  contradicting 
the original choice of "K. Therefore Kx is connected.

Now let K' be the component of К  containing Kx. Clearly, at least one com­
ponent K2 of K' — Kx has an odd number of 1-simplexes from C spanning Vx+ V3. 
A simple parity argument shows that some portion of C connects a vertex in 
V3D V(K2) with a vertex in F2D V(KX) without passing through Vx. In other words, 
K3 П Kx has vertices in both Vx and V2. Denote by K2 the union of all components 
of K' — Kx other than K2 (if any) and let Kx —KX\JK2. Since K2 consists of com­
ponents of K' — Kx, each component has a vertex in common with Kx. Therefore 
Kx is connected. Observe that K' = K{UK2. It is verified that L=KxCiK2 is a cut 
for K' as follows: let x be a simplex of L. Then x(£ K* since K2 has no simplexes 
in common with K2. Therefore x£K xP\K2 and x does not span Vx+V2 but is incident 
with such a simplex by the definition of Kx. Since x£K ' — Kx, it follows that x is 
incident with a larger simplex of K' — Kx and such a simplex must lie in K2 since 
K2 is connected. Therefore L  satisfies conditions (i) and (ii) in the definition of a 
cut for K'.

Since K', K[ and K2 are connected and since L is a cut for K', L is a 1-section 
for K' and must be connected since К  is section-connected. On the other hand, 
L  5  K2 ПKx and L has vertices in both Vx and V2. This implies that L is not connected 
since every simplex of L is contained either in Vx or in V2 ■ This contradiction shows 
that К cannot have been section-connected in dimension 2 to begin with, establishing 
the theorem.

There follow now the counterexamples indicated in Figure 1.
The complex KP shown in Figure 4 below represents a triangulation of the 

projective plane.
The two vertices labelled и in the figure above represent the same vertex in 

KP, as do the two vertices labelled v and the two vertices labelled w. Accordingly 
the two 1-simplexes {u, a} in the above figure represent the same 1-simplex of KP 
and so forth. The complex KP supplies 
two counterexamples simultaneously.

Theorem 5. The complex KP is both 
partition-connected and section connected 
in dimension 2 but not hyperconnected in 
dimensien 2.

Proof. KP is not hyperconnected in 
dimension 2 since the 1-circuit whose 
1-simplexes are {u, u}, {v, w}, {w, и} is not 
the boundary o f any 2-subcomplex o f  KP.

To see that KP is section-connected in 
dimension 2 assume that some 1-section 
Z, for AT* is not connected. Let KPX U KP2 =
KP be an /.-decomposition of KP where 
KPX and KP2 are both connected. Any 
1 -simplex x in L is incident with a 2-simplex

u

Figure 4. A triangulation of 
the projective plane
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in each of KP1 and KP,, by condition (ii) in the definition for cut. Since every 1-sim- 
plex in KP is incident with exactly two 2-simplexes, х^дКРг, dKP2. On the other 
hand if x^dKPx then x is incident with exactly one 2-simplex in KP1 and must also 
be incident with precisely one 2-simplex in KP2 whence x€L. We have shown that 
L= dK P1. Similarly L = b KP,,. It follows that L  is a 1-cycle. Since L  is not connected 
L  must consist of at least two disjoint 1-circuits Cx and C2. Since KP has only 6 
vertices, both 1-circuits must be triangles. Each 1-circuit is either a boundary dÿ 
where y is a 2-simplex of KP  or else is a 1-circuit like C in the first paragraph of this

-circuits must be present, as shown in Figure 5 below.
It is clear from the figure that the 1-Simplexes 

of C2 are all incident with 2-simplexes from exa ctly 
one of KPX or KP2. This contradiction shows that 
KP is section-connected in dimension 2. By Theorem 
4 KP is also partition-connected in dimension 2.

It has been shown in dimension 2 at least that be­
ing hyperconnected is definitely less general a proper­
ty than being either section-connected or partition- 
connected. To show that being partition-connected in 
dimension 2 is definitely more general than the ot­
her two properties an additional counterexample is 
required.

The 2-complex KD whose 1-skeleton is shown 
in Figure 6a below has been “pulled apart” and 
displayed in Figure 6b to show its 2-simplexes more 

clearly. These are listed to the right of the figure as a precaution against any mi­
sinterpretation.

T h e o r e m  6 .  The 2-complex KD is partition-connected in dimension 2 but not 
section-connected in dimension 2.

proof. In fact both kinds of

Figure 5. Possibilities for the 
1-circuits in L

{ a , b , c } { f , b , c> 
{ a , e , d } { f , e , d }  
{a , b . e } { f , b , d }  
{ a , c  , d } { f , c , e}

Figure 6. A complex which is partition-connected in dimension 2 but not section-connected’
in dimension 2
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Pro o f. The complex KD is not section connected in dimension 2: let Kx — 
=st (a, KD), K2=st ( /, KD). Observe that L= K 1C\Kt is a 1-section of KD and 
that KD =Кг0  K2 is an L-decomposition of KD. Both Kt and K2 are connected 
but L is not connected. Thus KD is not section-connected in dimension 2.

We will prove that KD is partition-connected in dimension 2. Let К  = V 1+ V 2+ 
+ V3 be an arbitrary admissible partition for KD. The argument is divided into 
two cases.

Case 1 : The vertices a and /  lie in the same set Vt : Without loss of generality 
a and/ may be assumed to lie in Vx. At least one of the vertices b, c, d or e must 
lie in V2 and another in V3. Therefore at least one of the 6 1-Simplexes containing 
these vertices spans V2+V3. There is a 2-simplex incident with such a 1-simplex and 
containing either a or / .  This 2-simplex spans V1+ V 2+V3.

Case 2 : The vertices a and /  lie in different sets Vt : Without loss of generality 
a may be assumed to lie in Vx and /in  V2. Since F3^0 , one of b, c, d, e must belong 
to V3 and the symmetry of KD allows us to assume that bdV3. If c£ Vl then {/, b, c} 
spans К  and if c£ V2 then {a,b,c} spans К  : hence we may assume that c£V 3. 
In this case { /  c, e} spans К  if e£ Vlt {a, b, e} spans К  if e£ V2, {/, b, d) spans К  
if d£ Vj and {a, c, d) spans У  if d£ V»: hence we may assume that d, eÇ. V3.

Since no 1-simplex of KD spans V1 + V2, every 1-circuit C in KD has an even 
number of 1-simplexes spanning V1+V2, whence the partition У  is not admissible. 
We have thus shown that all admissible partitions of V(KD) are spanned by a 2-sim­
plex of KD. Therefore KD is partition-connected in dimension 2.

4. A set of three generalizations of graph-theoretic connection has been given. 
These have been proved to form a succession of increasingly general concepts in 
dimension 2, at least. Although it is known (Theorem 2) that partition-connectedness 
is always at least as general a concept as hyperconnectedness in dimensions higher 
than 2, it is not known whether it is, in fact, strictly more general. It is also an open 
question whether section-connectedness is a concept of strictly intermediate gen­
erality in dimensions greater than 2.
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WAITING FOR CLUSTERS IN INHIBITED RENEWAL PROCESSES

by
S. I. ROSENLUND AND L. RÂDE

1. Introduction

We will in this paper work with the interaction of two random point processes 
such that points in a renewal point process, the excitatory process, are eliminated 
by points in an independent inhibitory process. Such a thinning situation was sug­
gested by M. Ten H oopen and H. A. Reuver in [3] as a mathematical model for 
neuron firing. In [1] it is discussed how this thinning procedure applies to certain 
stochastic service systems. Various aspects of this kind of interaction of renewal 
processes is treated at length in [2]. Our interest in this paper is in the response process 
of those retained points of the excitatory process which complete a cluster of retained 
points, which are near each other in some sense. We will first considers cluster of к 
successive retained points with no eliminated points between them. Such clusters 
were considered in [2] for some simple elimination schemes. We will here extend 
and modify the treatment in [2]. We will also prove a limit theorem for k-+°°. We 
will furthermore generalize to clusters of к retained points, such that at most r 
points have been eliminated between any two successive points. Finally, we will 
mention some applications.

2. Waiting for a Cluster

We assume that the excitatory process is a discrete time renewal process. Let 
r° be the geometric transform (or probability generating function) of its inter-

oo
arrival distribution, r»(y)= У, rksk. Furthermore we assume that the inhibitory

k = 1
process is a e-binomial process, independent of the excitatory process: that is, 
at each discrete time epoch a point of the inhibitory process is realized with prob­
ability Q—\ — (p, independently of what happens at other time epochs.

The elimination takes place according to the following scheme. Assume that
the points of the excitatory process are realized at the times ult u2....... If one or
more inhibitory points arrive at times 1, . . . ,  и1г the next j  excitatory points starting 
with the one at щ will be eliminated with probability p}, where y€{0, 1, ...}. Note 
that p0 is the probability that the inhibitors have no elimination effect. For /iS 2, 
assume that the point at un has not been eliminated by inhibitory points arriving at 
times 1, ..., «„_!• If one or more inhibitory points arrive at times w„_j+1, ..., un, 
the next j  excitatory points starting with the one at un will be eliminated with prob­
ability pj. A point of the inhibitory process has no elimination effect if a simulta­
neous or subsequent excitatory point already has been eliminated by previous in­
hibitors.
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We are in this section interested in the response process consisting of those 
points of the excitatory process, which satisfy the following condition. Each such 
point is the last point in a sequence of к successive points of the excitatory process, 
none of which has been eliminated and of which only the last one is a point of the 
response process. Here к is a fixed positive integer.

Let p9k be the geometric transform of the inter-arrival distribution of this em­
bedded renewal process. In order to derive an expression for p9K(s) we will use the 
collective marks (or the additional event) method. Thus we add a marking process 
to the situation such that each time epoch is marked independently with probability 
1 —s, and not marked with probability s. This implies that r9(s) is the probability 
that no marks are given during the excitatory interval.

We now define probabilities d0(s) and dx(s) as follows:
^(^O—the probability that no marks are given during the first excitatory interval 

[1, u j and that the point at the end of this interval is not eliminated,
dl (s) = the probability that the inhibitors arriving during the first excitatory interval 

eliminate one or more consecutive points of the excitatory process, and 
that up to and including the last elimination no marks have been given.

We now get by proper conditioning

(2.1) d0(s) = 2  V k{(pk + ( l - (p k)Po) = r9{(ps)+p0(r9{s)-r9(sps)).
k = 1

Let furthermore dlt]{s) be the probability that no marks are given during the first 
excitatory interval and that the next j  points are eliminated. (Time epochs after the

first excitatory interval may or may not be marked.) Then d1(s)= 2  dL j (s)r9(s)J~1.
1=1

We have for j£ {  1,2,...}

di,j(s) =  2  rk^ ( l - ( p k)pj =  Pj(rg( s ) - r a(<ps)),
k=1

from which it follows with p9(s) = 2 PjsJ
j=о

(2.2) dk(s) =  rg(s')-1 (rg(s) -  r9(cps))(pg(r9(s)) - p n).

If we interprète p9k(s) as the probability of no marks during the waiting time for the 
first point of the response process, we get by conditioning

which gives
p9k(s) =  d0{s f+  2  d0(s)id1(s)p^(s),

/ = 0

Pk(s) =
d0(s)k( l - d 0(s)) __

1 - 4 ( s ) - 4 ( . s ) ( l  — i/0(-y)k) '

Studio, Scientiarum  M athem atic arum  Hungarica 9 (1974)



WAITING FOR CLUSTERS 343

This result can be written as
I _ A  <«\k

(2.3) 1_ rt(s )  =  ( , - d($)). _ 3 _ ^ _ ,

wherei/fí^í/oC '^+^ií5)- By dividing with 1 —s and letting s-+1 we get an expression 
for the expectation рк=ряк' {\). With

P = r9'( 1 ) ,  a-l-re((p), b = rg(cp)
and

we get 

(2.4)

a = 2  kPk
k = l

Pk = p(b + a(d+p0))‘ 1 -(b+p0a)k 
a(l -p0)(b+paaf'

3. A limit theorem

In the previous section we have derived the probability distribution of the 
time intervals of the renewal response process. Let r\k be a random variable with 
this distribution.

Theorem 1. If p0=0, then
lim P (riJPk — 0 =  1 — e~*, i ■= 0.

k-*-oo

Proof. We observe that pk=p(b+a<x)(b~k — l)/a=0(b~k). We let s depend on 
к in such a way that •s = e~"'i’k for w ^ O .  We then get lim d0(s)=re((p)=b, lim dfs) —fc—®o
=  1— b=a. We can furthermore replace d0(s)k=re((ps)k with bk. This is justified as 
follows. Taylor expansions give

and

Thus

re((ps) = b+ (s-l)O(s), (s —  1 )  

s-l = e~wbk-l =-wbkO(k), ( / f c - ° o ) .

{r°((ps)lb)k =  (1 -wtf-'Oikjf =  ( l  +0 j  

We rewrite (2.3) as
1 — i/0 (-S’)

1, (k — “ )•

Pl(s) =
1 —d(s)

Since
l i m  _  H m
Ic-oo Uq {S)  fc-oo

M s ) 1

1 -d(s) l-e~wbk
1 —s bk =  d'(\)w =  ^ ( 6 - f a a ) w ,
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we find that

lim р{(е-”ък) =  -— . • —' -----— = -------- i ---------.l —b + [i(b + CLci)w . b + aa1 + u --------wa
It follows that the Laplace—Stieltjes transform of rik/pk for tends to
and thus the theorem is proved.

4. A generalization

We will in this section consider an elimination scheme such that p9(s)—s, 
that is, one or more consecutive points of the inhibitory process eliminate only 
the next point of the excitatory process. We are interested in a response process, 
which consists of those points of the excitatory process, that satisfy the following 
condition. The point is the last point in a sequence of к  successive retained points 
such that between any two consecutive points at most /• points of the excitatory 
process have been eliminated and such that none is already a point of the response 
process. The case studied in previous sections corresponds to r=0.

Let plt,. be the geometric transform of the interarrival distribution of this re­
sponse process. We will derive an expression for pi,r(s), interpreted as the prob­
ability for no marking during the response interval. For that purpose we define 
h0(s) to be the probability that counting from a retained point at most r points are 
eliminated before the next retained point and that no marks are given in the interval 
between the two successive retained points. Then

К  (s) = 2  V е (5) -  r9 ((ps)Y r9 ((ps) 
1 =  0

1 — [г® (Л-) — /•®(ç>5-)]r + 1 
1 — r e  ( s )  +  r 9 ( ( p s )

rg((ps').

Let furthermore hl (s) be the probability that at least (r+1) points are eliminated 
between two retained points and no marks given. Then

/h(s) = [r9( s ) - r 9((ps)Y + 1.

By proper conditioning we obtain

Pk,r(s) = rg{(ps)h0(s)k 1 + [r9( s ) - r 9((ps)]plr(s)+ 2  r9(<ps)b1(s)b0(s)i,
1 = 0

which gives

(4.1) Pir(s)
_______ r9(<ps)h0(s)k Д[1 -  /'of?)]________
1 — — r9 ((ps)]r+1 h0(s)k~1
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From this follows 
(4.2)
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1 -Plr(s) =

1 - r 9(s)
1 -  r9 (s) + r9 (<ps) hk (5) h0 (j)л - 1 1+.«(<»)* .(.)»- ; ^ ) Г ‘ - 1Y ’ ow  1 - r 9(s) + r9((ps)

which easily gives the following formula for the corresponding expectation pk r.

(4.3)

where

И к ,г  _  1 - c k
p  bar+1ck~1 ’

a = 1 — ̂ (cp), b — r°((p) and с = 1 — ar+1.
It follows from (4.3) that

lim pir(s)
r -p -o o

r9(4>s)
1 — r9 (s) + r9 (cps) P 9r ( s ) k ,

where pBr is the geometric transform of the length of the time interval between suc­
cessive retained points in this case. Let r\k r be a random variable with geometric 
transform р9куГ. We can then, with the aid of (4.1), prove the following theorem. The 
proof is similar to the proof of theorem 1.

Theorem 2.
Hm р{г\Кг1рк'Г S í ) =  1 t =  0.

k-*oo

5. Some concluding remarks

We have here considered the interaction between two discrete time point proc­
esses. It is easy, by a proper limit process to derive from our results formulas for 
the case when an inhibitory Poisson process with intensity Я interacts with a general 
renewal point process with inter-arrival distribution F.

Our results can be applied to the neuron firing process as follows. Stimuli 
arrive to a neuron and some of them are eliminated by an inhibitory process. The 
neuron will fire when it receives к stimuli, which are near each other, for instance 
between any two successive retained stimuli at most r stimuli have been deleted.

It is shown in [2] how results concerning the interaction of a renewal excitatory 
process and a binomial inhibitory process can be applied to a B/G/l conveyor 
system, where customers arrive according to a binomial process and the service 
times have a general discrete probability distribution determined by the geometric 
transform r9. Furthermore there is a finite waiting room and when it is empty the 
server will take a unit from a storage. Now assume that there is place for к  units 
in this storage and that it is refilled in the following way. Each time the server has 
taken more than r units in a row from the conveyer a mechanism is relased so that the 
storage is filled up to its full capacity. This implies that the only way the storage
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346 S. I. ROSENLUND AND L. RÄDE

can be emptied is that the server takes к  units from the storage and that between 
any two of these units he has taken at most r units from the conveyor. But then 
pit r in section 4 above is the geometric transform of the length of time from an epoch 
when the storage is full and the service of a unit is to begin until it is empty for 
the first time.
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BUSY CYCLE OF THE GI/M/1 QUEUE WITH FINITE 
WAITING ROOM

by

S. I. ROSENLUND

1. Introduction

Consider the GI/M/1 queue with room for n customers (я—1 waiting places). 
Customers arriving when the system is full are lost. Let F be the inter-arrival time 
distribution function, ß be the parameter of the sercvie time distribution (mean 
service time l/ß). Assume that

ц = J  t dF ( t ) <  °o.
о

First it will be derived an expression for the Laplace—Stieltjes transform of the 
busy cycle, using the method of embedded Markov chain. This expression is employed 
to prove that the busy cycle, after norming to make the expectation unity, is, in 
the limit, exponentially distributed when ß is small. Then we will use relations estab­
lished between the determinants used here and determinants that are used in [3] 
in connection with the Laplace—Stieltjes transform of the busy period for an M/G/l 
queue with finite waiting room and service time distribution F and intensity of 
arrival ß. These relations are used to derive the Laplace—Stieltjes transform of 
the busy cycle for the GI/M/1 queue with infinite waiting room and to derive an 
expression for a generating function such that the transform for the finite waiting 
room case can be expressed in a simple way in terms of its coefficients. To derive 
this generating function we also use a result by C o h e n  [2], p. 826 (the expression 
for b(p, q)). For s=0 the generating function can also be obtained using a result 
by Томко [4], p 448, eq. (2). For this part most of the credit is of course due to the 
predecessors.

2. Basic formulas

Let us start with introducing the following quantities :
<7(, (i'a l) arrival time of the ith customer;
y ( t ) ,  (f^O) number of customers present in the system at /;

Vi =  y fa  + O), O '^ i ) ;

r\ ( t ) ,  (iSO) waiting time, measured from t ,  for the first instant again a customer 
enters an empty system ;

=  »ifa +  O), 0 — 1).
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348 S. I. ROSENLUND

In what follows we shall be interested in describing the conditional probabilities

Hn,k(t) = PQh >  t\yt = к).

The Markov chain {у;}Г is finite and recurrent, so that the state 1 is visited infinitely 
many times. It follows that 1 —Hn,k is a proper d.f. Note that 1 — Н„л  is the d.f. 
of the Ьшу cycle. — The reason for working with unity minus the d.f. and unity 
minus the Laplace—Stieltjes transform of the d.f. in the sequel is that we get for­
mulas that are simpler and more easy to manipulate. By conditioning with respect 
to the time и when the next customer arrives and to the number r of served customers 
in (0, u) we get

'  к - 1  ( R u \ r

(1) = f  2  ■ ^ - e - f ' H n'k_r+1(t-u)dF(u) + l -F ( t ) ,
о r = °  r l

к = 1, 2, ..., n,
with an agreement Hn n+1—H,hn.

Now define

H„,Ás) = 1 -  /  e - s‘d ( l - H n,k(t)). 
0

Then (1) gives withT(s) =  J  e~sldF(t)
0

(2)
k + 1

Hn,k(s) = 2 ( /  £ ? 1 _ Л . Н

Put
к = 1, 2, ..., /г.

Hn{s) = Hn l (s).

HnJ(s )+ l-F (s ) ,

Then 1 — Hn is the Laplace—Stieltjes transform of the busy cycle.
We solve the linear system (2) by Cramer’s rule.
Define the nXn  determinant Rn(s) of the matrix of coefficients by

1 - a 0 0 0 0 0 0
0 1 — a1 -ÖQ 0 0 0 0
0 — a2 1-Ű 1 - a 0 . 0 0 0
0 - й з - a 2 1 -a-i • 0 0 0

0 -« „ -3 - a „ _ 4 —  вп -  5 ' .. 1 - ű j -flo 0
0 — an -  2 — an- 3 — an - 4 ■ '•• -a* 1 — «0
0 — an -1 -a„-2 - a n- 3 •'.. —as Cl-2 1 —a1 — a(

Replacing each element of the first column with 1 we define the determinant Tn(s).
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Here

ir =  ar{s) = J  e~u+ß>u dF(u).
n  ̂•

Rn is of course equal to its first principal subdeterminant. 
We obtain

(3)
4 .W

Dividing by s and letting s —0 we obtain for the expectation /.i„ of the busy cycle

pTn( 0)
(4) Rn Rn(0) ■

3. A limit theorem

We have
r M  F (J)’ r =  0 hm«r(i) =  \
0-0 [ U, r =  l ,2,  . . . .

Inserting these limits into Rn and T„ we obtain

(5)

We thus have asymptotically

lim Ä„(.s) = 1 -F (s )
ß~0
lim T„(s) = 1.
Й-0

Rn *„(0)
(ß -  0).

Let r\ be the busy cycle length. 
T heorem .

lim P
*o I E  (л )  

The theorem is equivalent to

S i  = 1  t ё  0.

We have 

because

limÊn(sR„(0)) =  - F - ,  0 .0 — 0 1 ~T ßS

lim T„(sRK(0)) = 1,
ß - 0

; : ° ’ 2........
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350 S. I. ROSENLUND

Thus
lim fi„(sR„(Qj) = lim 
p-o p-о

1 -FjsRJO)) sRn( 0)
sRn(0) ' Rn(sRJO))

lim
p-o

We have
J?„(^„(0)) -  Rn(O) + sRJO)R'n(0SRn(0)),

where O<0<1.
It now suffices to show that

fis
Í R„(sRn(0)) ) '
{ Rn(O) J

lim R'n(9sRn(0)) =  ц.
p - o

Since R'„(x) is a sum of products, where each factor is of the form

К f  e - (x+ß̂ ßJtrdF(t), 
о

with r = j  or r= j+  1, we have

lim R'n (X) =  lim R'„ (0), if л: — 0 when ß — 0. 
p-o p-o

If we define the function f„ by

Ш ,  S)
R „(s)-Rn(0) л, Ó >  u,s

K (  0 ) ,  5  =  o ,

we may see that /„ is continuous for (/?, s ) s ( 0, 0). 
Then

lim R'n(esRn(0)) =  lim R'n(0) =  lim (lim/„(/?, j)) =
/5-+-0 ß -*0  /?-*-0 s-+ 0

= lim (lim/„(/?, æ)) = lim - — = /г.
s — 0  P — 0  s — 0  ^

The theorem is proved.
We have studied the limiting behaviour of the busy cycle distribution when 

the service times get longer and longer. We may also allow the inter-arrival times 
to become shorter and shorter letting F depend on a parameter A>0 in such a way 
that jF(t)=G(Àt), where G is a d.f. for a non-negative random variable, and making 
A—■=*=. We introduce the dependence on A and ß in our notation and write

=  tf„(A, ß, s)
and

ц„ = ц„ (A, ß).
If we look at the a, we can see that

s
(a,,fin U, ß Rnß, ß). f i ,U , £  ___ £ _

А ’ Л (\,Р!Х)У
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Thus the same exponential limiting distribution prevails if or ß and X change 

simultaneously in such a way that y  ->-0. We also note that the same limit, withЛ.
the same norming factor, holds for the busy period ; this follows from the fact that 
the difference (idle period) between the busy period and the busy cycle after norming 
converges in probability to 0.

— Our theorem is a counterpart to Tomko’s Theorem 2, p 451.

4. Connection with the M/G/l queue; the infinite waiting room case

We define
Rx(s) = В Д  = 1.

We here study f in only for n S 2.
If we develop Tn(s) along the first row we obtain

(6) T„ (s) = Rn (s) + a0(s)Tn_1(s), n è 2 .

Let An(s) be the determinant obtained from Rn(s) by replacing the element 1 — a ^ s )— 
— a0(s) in the right bottom corner with 1—ax(j). We set 4̂1(s) =  l. It follows from 
an elementary property of determinants that

(7) Tn(s) = A„(s).
If we now consider an M/G/l queue with n waiting places, service time distribution 
F and intensity of arrival ß, we have according to [3], eq. (5), for the Laplace— 
Stieltjes transform Fn(s) of the busy period

(8) Fn(s) =
Qq(s)B„-i (s)

Bn(s)
where B„(s) = B„(s, 1) is a determinant defined in [3]. (Here X=ß, P i= l.)  A deter­
minant Dn(s)=Dn(s, 1) is defined by eq. (6) of [3]. We can see that

В Д  =  (— l)n_1Z)n_1(s).
Defining D0(í) =  5 0(5,)=  1 we have according to eq. (6) of [3]

(9) Bn(s) =  + O - F(s))Tn(s), n S  1.
For 5> 0  we then have according to (6) and (9)

( 1 0 )  Tn(s) = ( 1  - / С О Э - Ч а д - а ь Ю Д . - г Ю ] ,

( 1 1 )  Rn(s) = ( 1  +

Putting (10) and (11) into (3), dividing by Bn(s) and using (8) we get

(12) W  ,  n s 2 .
1 - 2
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It is well known that the transform F„ for я —°° converges to the function x($) 
that is the smallest in absolute value solution of

x  =  F(s + ß — ßx).
If n ß > \  the distribution defined by the Laplace—Stieltjes transform x  is improper. 
We get immediately

lim Hn(s) =
И -* - о °

( l -F ( s ) ) ( l - x ( s ) )  
1 — 2x(s)+x(s ')2

1 - f ( s )
1 —x(s)

The Laplace—Stieltjes transform of the busy cycle of the GI/M/1 queue with infinite 
waiting room is thus

(13)
F js ) - x j s )  

1—х(л')
This result agrees with previous results, such as may for instance be found in [1]. 
p 327, eq. (5. 198), by specializing (/■=!, я=1).

Define

5. An interesting generating function

A ,-iO )b„(s) =
a0(s)n

This definition is equivalent to the one given by C ohen [2], p 826, eq. (19) 
(,ß(s)=F(s), a= \/ß). Cohen gives the generating function

(14) b(z, s) = Z  b„(s)zn = -r—
n = l  l - Z

1 - -
z — F(s + ß( 1 —z))J

for \z\ sufficiently small. 
We further define

tn(s)
T„ (s )

and
a0(s)n

t{ z ,s )=  2  tn(s)Zn.
П — 1

We get from (10) for 0
tn(s) = { l - F ( s ) y i [bn+1( s ) - b n(s)]

and thus

t(z, s) = (1 -FÇs))-1 2  (bn + 1(s)zn-b„(s)zn) = (1 - F i s ) ) -1
— z biz, s) — 1

F(s + ßi  1 - z ) ) - z
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It is easy to check the validity of this formula also for 5= 0. We can then rewrite 
(3) and (4), using (6),

(1 -Ê(s))tn(s)(15) 
and

(16) 
where 

(17)

Hn{s) =

ßn =

/П(5)-Г„_!(5)

ß t n (  0 )

í„(0)-t„-i(0)
, n Ä 2,

У tn{s)zn ■ —-------- -----------,
»=i F(s + ß ( l - z ) ) - z

|y (í )|, Re (s) ^  0.

Following C ohen , we may evaluate tn(s) as a contour integral:

1 _r dz(18)

where 0< r< |jt(s) |.

tn(s) = —  ф ---- -
2ni |z|l r z"(F(5 +  i S ( l - z ) ) - z )

6. Related variables; customer loss ratio

We consider in addition to the busy cycle r] also the busy period £, the number 
<p of served customers during a busy period, and the number Ç of lost customers.

In a future paper we will treat the joint distribution of these four variables 
under more general conditions. The moments may be expressed as solutions of linear 
systems with matrix of coefficients as (2) for s = 0. Anticipating the results for the special 
case studied here, we state that E(Q can be expressed as CJR„(0), where the deter­
minant C„ is obtained from Rn(0) by replacing in the first column the first element 
1 with 0 and the last element 0 with an(0)=F(ß). Thus

E(0  =
a 0 ( 0 ) n 1
л„(0) í„(0)-í„—!(0)

Since t] is a sum of <p+£ inter-arrival times, each with mean /t, we have E (>)) =  
=ß(E((p) + E(Qj. With (16) of the present paper we thus obtain E(<p). Also, since
4 is a sum of <p service times, E(£)=-^ E(cp). We summarize, putting t„ = tn(0),

(19) E(^) =  ßtn ( tn- tn- i ) -1,

E « )  =  / î - H f . - I X * , - * . - ! ) - 1,

E(<P) =  ( t„ - l) ( tn- / n- i ) _1,

E ( 0  =  ( / . - r , - i ) - 1.

The long run customer loss ratio, E (Q/(E (q>) + E (£)), is then

( 2 0 )
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We have
(-îy-iA .-xC O )

F(ßr
Comparing this formula with (9) of [3], or comparing (17) with Tomko’s [4] eq. (2), 
which is also cited in the beginning of [3], we see that /ii„ is the expectation of the 
busy period of the above-mentioned M/G/l queue with n waiting places.
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STABILITY OF D-PERIODIC SOLUTIONS OF THIRD-ORDER 
NON-LINEAR DIFFERENTIAL EQUATIONS

by

T R A N  V A N  G I A P

We shall consider in this paper the third-order differential equation

( 1) и +g(u, u, it) =  0,

where g : R3-+R and further assumptions on g will be made in section 1. First we 
shall deal with the existence of a D-periodic solution of (1), section 1. Sufficient 
conditions will be given for the stability of the D-periodic solution of (1), section 2. 
Also examples will be given to illustrate these conditions, section 3. The definition 
of a D-periodic function has been given in [1]. Certainly, a periodic function is a 
special case.

The results of this paper depend mainly on [8], [9] and [10].

1. Existence of a D-periodic solution of (1)

The basic assumption of this paper is the existence of a non-constant D-periodic 
solution u0(t) of (1). This solution can be written as

Щ(‘) = oi0(t) + a0t,
where

«оО +  ̂ о) =  «о(0 and т0 >  0, a0eR.

We assume that the function g is analytic in the neighbourhood of {u0(t), ù0(t), ii(t)} 
(O^t^to)  and (for а0^ 0) is periodic in и with period а0т0.

In general, such a solution may not exist. However, there are many significant 
cases in which (1) has non-constant D-periodic solutions. For the existence of peri­
odic solutions see e.g. [3], [4] pp. 353—364, [5] and [6]. The equation

(2) ü + aii + bu + h (и) = 0,

where a, b are real constants, h'(u)<ab for all и and hdC1 ( — °°, +°°), in general, 
has no non-constant periodic solution (cf. [7]). But if it is assumed in addition that 

0, b>0, h(u) is periodic with period 2л and A(m) < 0 (or A(m)> 0) for all u, then 
the equation (2) has at least one D-periodic solution (cf. [8]).

In section 3 we shall need the following theorem (cf. [8]) due to N a z a r o v .
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Theorem A. I f  the conditions stated above hold together with
a2 -- 4b

and
а У 4b -

where
m + d 4b 

min[ — h(u)] — m, 

тах[-/г(и)] = m + 2d,

then the equation (2) has at least one D-periodic solution

mo(0 =  a 0(t) + a0t,

x0 (/ + t0) =  a0 (0 and a0r0 = 2 n.
where

2. Stability of the D-periodic solution of (1)

Now we return to the general equation (1). The first variational equation of (1) 
corresponding to u0(t) is given by

(3) V + g'u(p (t ))v+gi (p (t))v + g'u(p(t))v = 0

where, for sake of convenience, we introduced the notation

Pit) =  («о(0> Мо(0» “o(0)-

Since (1) is an autonomous equation and un(t) is a non-constant D-periodic solu­
tion of (1), it is well known that vx(t) = ù0(t) is a periodic solution of (3). Without 
loss of generality, it will be assumed that

vx(0) =  1, i'i(0) =  0, TjCO) =  - i / 0, i/o гг 0.

г-'з(О) =  0, v3 (0) =  0, ü3(0; =  1.

Let v2(t), v3(t) be two solutions of (3) such that

v2 (0) =  0, v2(0) = 1, v2 (0) =  0; 

u3(0) =  0, v3(0) = 0, v3 (0) =  1.

From Floquet’s theory the characteristic equation of (3) can be written as

det
1 0 0 
0 1 0 

- d 0 0 1

Vi v2 v3
Vi v2 v3
ül v2 Ü3J

-Q
To

1 0 0 
0 1 0 
0 0 1

- 0,
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and hence

( 4 )

where
03 + Riß“ +  R3Q +  R3 — 0,

Ri =  -  [  1 +  ( t 0 )  +  d0 v3 ( t 0)  +  v3 ( t 0 ) ] ,

Ro = 1 V 2

0
+

Í'2 To

1 V3
d0v i +  t’i d0v3 + v3 

R3 = - e x p ( - f  gii(p(t))dt).

+ Щ v3
d0v2 + v2 d0 v3 + i)3 ч

0
Since 0i =  l is a solution of (4), it follows that the other two solutions satisfy the 
equation

(5)
By solving (5), we find that

0" + (/?! + 1)0 — R3 — 0.

- № + l ) ± ) 'W + l ) 2 + 47?3
L'2, 3

Next we shall find sufficient conditions implying that the two characteristic 
multipliers q2 and q3 be in modulus less than one. There are two cases:

a) (Äx + 1)2 + 4Ä3 >  0. The inequality |— (Z?j+ 1 ) ± 1 ) 2 + 47?3| <  2 iis
satisfied if (|7?x 4-1| +  /(/?!+  l)2 + 47?3) <  2, which can be rewritten in the form 
2 - |* ! + l |>  /(Ä !+1)2 + 4ä3.
Taking the square of both sides we get

.e.
4 -4 |Ä 1+ l |  + (Ä1+ l ) 2 >  (Ä!+1)2 + 4ä3

|Ä1 + 1| <  1 - R 3. 
b) (Ä1+1)2 + 4Ä3 S  0. Then

8 2 , 3
- ( R 1+ \ ) ± i \ ' - ( R 1+ i y - 4 R 3

The inequality

\вг = l / |{ ( Ä i + 1)2- (Ä 1 + I)2- 4^ 3} =  y^R~3 <  1

is satisfied if —Ä3< 1. From these considerations it follows that |02i, |< l  if the 
following two conditions hold:

(6) ?(t0) =  /  gu(p(0)dt > 0
0

and
— 1 — e-,i<to) < ^ + 1  <  1 + e-Ä(ro>.
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Applying the method used in [9], we now consider the equation

(7) V +  g'a (p (0) V -  Ы  {p (0) v-lgu{p(t))v  = 0, 

where A is real parameter.
Consider also the two linearly independent solutions v2(t, A), v3(t, A) of (7) with 

corresponding initial conditions

t?2(0, A) =  0, v2(0, A) =  1, v2(0, A) =  0;

n3(0, A) =  0, v3(0, A) =  0, ü3(0, A) =  1.

Since the coefficients of the linear equation (7) are analytic in t and A, the solutions 
Vj(t, A) (y'=2, 3) and their derivatives Vj(t, A), Vj (t, A) are analytic. We expand 
Vj(t, A), bj(t, A) and Vj(t, A) by powers of A:

(8) Vj(t, A) =  2 v j i( t )  Af,

A) =  2  0 /(0  A1',1=0

A) = 2" ö;(0A‘ O' =  2, 3).1 = 0

Clearly п7(г, — 1 ) = Vj(t), j = 2, 3, are the solutions of (3), which were considered.
In equation (7) we replace v, v, v by the series (8) and compare coefficients of 

equal powers of A on both sides, then we obtain an infinite system of linear differ­
ential equations for vJt:

(9) Vji + guipWYvji = g'üipityjVß-i + guipifyvß-i,  7 =  2,3, / = 0, 1, 2, . . . ,
where by definition

Ô.-1 = =  0.

Next we solve (9) with the initial conditions

v 2 , 0 ( 0 )  =  0 ,  p 2, o ( 0 )  =  Ь  ^ 2 , o ( 0 )  =  0 ;

^з,о (0) =  0, з̂,о (0) =  0, з̂.оСО) = 1»

%(°) = 0/(0) =  Vji(0) =  0,

j  =  2, 3; i =  1,2.......

StucLla Scientiarum M athem aticarum  Hungarica 9 (1974)



Then we obtain

(10) vti0(t) =  t,
t S

va,o(0  =  /  ds f  e~i(si>dslt 
0 0
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t S S ,Vji(t) = J  ds f  dsy f  Fß(s2)ea(i»> ds2,
0  0  0

where

=  g'ù(p(0 )vJi- 1+g'u(p(t))vJt_ j , j  =  2 ,  3 ,  /  =  1, 2 ,

«ко =  /  g íO c o )^ .
о

From G. A. Los’s results [9] the solution can be written in the form
t

(11) Vji(t) = f ß - 1 (s)Fji(s)[sß(s)-ß(s)-tß(s) + ß (0 ]ds, 7 =  2,3, / = 1 ,2 , . . . ,
о

where

ß(t) =  e - * \  ß~\t) =  e m ,

t t Sß(t) =  J  e~0<-s> ds, ß(t) = J  ds J  e~ó(sí>dsl .
о o o

From this follows

(12) iß (t) = f  ß-\s)FJt(s)[ß(t)-ß(s)]ds,
0

Vj,(0 = f  ß -l (.s)Fjt(s)ß(i)ds, j  = 2, 3, / = 1,2 ....
0

Here we need the following lemma due to Los (cf. [9], lemma 3.) to prove theorem 1. 
Lemma. T h e  f u n c t i o n s  ß ( t )  a n d  p ( t )  s a t i s f y  t h e  i n e q u a l i t y

(13) t[ß(t)-ß(s)\ ^  sß(s)-ß(s)-tß(s) + ß(t), 
f o r  OSj ^ í S t0.

It is clear that

(14) t\ß<ß)-ß(s)]*t0, 
for OSsStST0.
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We shall use the following notations

A =  f  0  "1 CO [/? Ы  -  ß  0 )] [g'ù{p (O) +  |s£ (p (0 )K l ds,
0

в  =  /  ß ~ \s )ß { x ^ \ /ü{p(s)) + |árúO(s))H ds.
О

T heorem 1. Under the assumptions

(15) <5(t0) =  j  gú(p(f))dt >  0,
0

(16) gi(p( o) SO, 0 S  i g  To,

(17) SÍCp (0)+SÚ(/>(0)í S  0, O s i S T 0,
(18) 0 <  Л <  1,

(19) — т^о^з.о^о) +  d0v3tl (r0) + û’3j1(t0)  >- — (rodoA + В),

(20) -  4> ®з. о (to) + i 2.i (4) +  - у ^ г  (т0 4 , Л +  Я) < 2(1 + e ~ ^ ) ,  

the characteristic multipliers o f  (3) satisfy the conditions

Qi =  b  Ы  -= 1» le»l <  1

and thus the ID-periodic solution u0(t) is asymptotically orbitally stable.
P roof. First we can show with mathematical induction that v2k(t) is non­

negative, non-decreasing in the interval 0^ tS x o and the inequality

0 S  й2*(т0) =s Av2k_l (r0) (k = 1, 2, ...)

holds. From the formula (12) and the assumption (17) we have

Üî.i (0  =  f  ß~1(s)ß(ß)igl(p(s))+g'u(p(s))s]ds ~  0,
0

O s i g T j .

Hence the function v2,i(t) is non-decreasing and from (10), (12) we see that

£2,1(0 — 0, £2,0(0  =  !•

Next from (12), (16) and (18) we can obtain

0 ^  £2,i (t0) S  A = Av2i 0(t0).
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The inductive assumptions are as follows :
a) The function û2,» -i(0  is non-negative and non-decreasing,

b) 0 ^  v 2k_ 1 (r0) si A v 2k_ 2 ( r 0) ,  k  ^  2 .

From the formula (12), v2k(t) has the form
t

Vzk(t) = f  ß~ 1(s)ß(t)[gü(p(s))v2k- i ( s )  + g'u{p(s))vik- 1(s)]ds,
0

о  s  ( s  т0.
Since the function v2k- i ( s )  is continuous, we can find a value s*(s), 0S í *(í ) S s, 
such that

S

Vtk-i(s) = /  2̂*-i(si)*i = v»k-i(s*)s.
0

This leads to the equation

i;2 k ( 0  =  f  ß ~ 1 ( s ) ß ( t ) [ g i , ( p ( s ) ) v i k - 1 ( s )  +  g ' u ( p ( i ) ) SV2k_ 1 ( J * )] d s .
0

By use of (16), (17) and inductive assumptions we obtain
t

Vikit) S f ß - 1( s ) ß ( ? ) (/>(s))+ g'{p (j))Í] t>2t_ 1 (i*)ds a  0. 
о

Therefore vu (t) is non-decreasing and from (12) we obtain

V i k i f y  = V i k i t )  — i  -  2, 0 ^  Ä Ij,
Since

F i k i s )  =  [ g b ( /> ( s ) ) í 2k - i ( í ) + ^ ú ( / > ( í ) K t - i ( í ) ]  S

S  [g-(p (s)) + g'u {p (i))i ] v2k _ 1 (í  *) S  0 ; 
applying (10)—(14) we get

(21) tVikit) — v2k(t) S 0, 0 s í  s  t0.
From (12), (16) and (21) we can show that

V i k i * « )  S  f  ß ~ l i s ) [ ß (т0) - ß (5)][g'á( p ( s ) ) v 2k_ 1 (s) +  |g'( p (î ))|ii’2*_ 1 (î )] d s .
0

Since i52*-i is) is non-decreasing we finally obtain

f  ß - ' i s )  [ß (т0)  -  £  C O ] [gi (p(0) +
0

+ |sí(p(0)|j]”ü*-l(*o)<fc = ^̂ 2»-l(T0)-
6* S tu d io  S c le n tia ru m  M ath em a tlca ru m  H ungarica  9 (1974)
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The inductive conclusion has therefore been proved. From these results we see that

lim ó2fc(T„) =  0,
4 - 0 0

and also 0 S  új* (r0) ̂ A kv2t0(z0), where from (18), 0<A<1.
From these conclusions and by formula (8) the Leibniz series

v2(?o) = i>2(rо, - 1 )  =  I - v 2tl(r0) + 1'2>a (t0) -  v2ia(r0) +  ... 

converges absolutely. This implies the inequality

(22) 1 =  v 2 (t0) =  1 v 2, 1 ("r0) 0.

We can show similarly for the functions v3i(t) that

v3k(t) 0,

(23) 0 s  v3k(T0) — Akv3to(jo)>

(24) tv3k(t) — ^34(0 — 0> к — 0,1, 2, 0 t Ш Tq.

Now we shall estimate v3i(z0). For i=0, we obtain

%,oW =
Next, from (12), (16) and (24) we can show that

i>3,iW= f  ß ^ ( s ) ß Ю Ы (pО)) г̂з, 0 (•*) + g'u0 CO)v3i0CO)] ds =3
0

— f  ß~1(s)ß(z0)[giI(p(s)) + \g'u(p(s))\s]v3i0(s)ds.

Since v3>0(t) is non-decreasing, it follows that

v3, (*o) S  Bv3i 0(t0).
C learly ,

3̂,0 (To) >
5  >  0 .

Similarly we can obtain the following inequalities

to
vs, 2 ^ o ) =  f  ß  - 1 C 0ß(rü)[g'u(pCO) + \g'u(p( v ) ) | v ] V3t! (s)ds s  Bv3tl(x0),

V3k (To) — ^ r34_1(t0), к  =£ 1.
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By use of (23) we obtain

( 2 5 )  0  S  Щк(т0) s  BAk- 1v3t0(z0), к S  1.

Finally, from (8) and (25) we find that

Щ (t0) =  v 3 (t0. -  1 ) =  » з , о Ы - i’s,l(^o) +  v a, 2 (t0) - v a, 3( t0) +  ... 5=
oo oo

^  »3,o(To)-»3,i(To) +  2  (;3,2i(T0) s  Ü8>0(To)-Ü3,i(To)+ 2  A2i+1Bv3,o(T0). 1=1 1=0

From the condition 1 the series 2 A2i+1 Bv3>n(zn) converges; that is,
1=0

Then it follows that

2  A2i+1BÙ3'0(z0) =
i  =  0

ABv3i0(t0)
1 - A 2 ’

(26) Va (t0) ^  v3i о (t0) -  v3i j (r0) + ABi> 3,q (t0) 
l - A 2 •

Similarly we can get a lower bound for ü3(t0) :

oo
»3 (Т0) — »3, 0 (To) 2  »3,2 i +1 (To) — /=0

i.e.

(27)

From the inequalities (23), (24) we have
•o

v3 (t0) — v3 (tq , 1) — »3,0 (To) »3 ,1 (Tq) +  T0 ^  A2iv3' о (t0) =
1=1

/_  4 .. л , 4 A 2i 3,o(r0) .
—  » 3 ,0  (T o) » 3 ,1  W  +  J  ^ 2  >

»з(т0) S  »i,o(To)-To Д ^ “ +Чо(То) =  »3,0(То) -  Т° 4 М Т"> . 

Hence íj

( 2 8 )  » з . о ( т о ) -  v 3 ( r 0)  =§ F3,o ( T o ) - » 3 , i ( T o )  +  -To- f ^ (To)
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From the estimates (22), (26), (27), (28) we finally obtain

— 4 )v3,o(ro) +  doV3fX(t0) +  v3iX(t0) ----- (?od0A +B) — 1 — e~i(to> s

=  -  (^o) +  do V3 (t0) +  V3 (T0)] s

S  - d av3 'о(т0) +  ь’2д  (t0) +  ^ TJ - (T0 d nA  +  B ) - e ~ i(to> - 1.

Therefore, under the assumptions (15), (19) and (20) the inequality (6) is satisfied. 
Thus it follows that

Iö2,sl ■“= 1-
By the general Andronov—V itt’s theorem (cf. [10], pp. 323, theorem 2.2. for a0= 0  
and [11], theorem 2.1. for a^ O ) the D-periodic solution u0(t) is asymptotically 
orbitally stable.

Remark 1. In the proof of theorem 1 the first estimates of г;2(т0), v3(t0) and
v3 (t0) have been used. If we apply their second estimates, then we shall replace (19)
and (20) by weaker (but more complicated) assumptions. In this case, instead of 
(22), (26), (27) and (28), we obtain

» 2 , l W - l  s  Щ(t0) ^  r 2,x(T 0)  -  1 -  t)2>2(T0),

.. ,  . .. ,  . .. . . A 3 B v » о(тп) •• , „
»а. 1 (To) ~ v3,o (т0) — v3,2 (то) J — А 2 — ~ v3 (то) —

. . . .  A 2Bvz 0(т0) .. ,  . .. , ч
— ^з, 1 (то) “I J — A 2 V s ' 0 _  Vs’2 Т° ’

- d 0v3i0 (т0) +  d0 v3:1 (т0) -  do v3,2 (т0) -  _т° ^ ° ^ 2°(т°) <

— d3v3(т0) S  -  dgv3tо(т„) + d0v3il(г0) +  ^

Hence we can replace (19) and (20) by the following inequalities 

(19*) — d0v3'o(to) +  d0 v3y X (t0) — df) v3> 2 (r0) +  £2, i (to) + i'3i1(t0) —

-  v3,2 (t0) >  (t0 d0A +  B),

(20*) -d g v 3'0  (t0) +  d0 v3t x (т0) +  r 2|1 (t0) - v2i2 (t0) + ёзл  (т0) -  v3i 2 (t0) +

+ - [ V̂ j A m A  +  B )  < 2 ( 1  + e ~ áО»)),
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where i52>1(t„), H 2(x0), v„i0(x0), vStl(x0), з̂.оС̂ о). i»3, iW  and ё3,2(т0) can be got from
(10)—(12).

Remark 2. If equation (1) is considered as an unperturbed equation, then from 
the results of this paper we can still consider the existence and stability of a D-peri- 
odic solution of the three corresponding perturbed equations, where ц always denotes 
a small parameter :

a) ii+g(u, it, й)—цу(и, it, it, ft), where g and y are analytic in all variables 
(cf. [10]).

b) it +g(u, it, ii)=fiy(t, u, it, it, ft), where g and y are analytic in all variables 
and y is periodic in t (cf. [12]). The two above cases are considered with the condi­
tion a0=0.

c) it T g (u, it, it) — fiy — , u, it, Ü, ft, T
k X

where g and y are analytic in all variables, periodic in и with period a0 t„ and у is 
periodic in t with period x, \x—x0\<ß for some ß, 0 < 5 < т 0 (cf. [1], [2]).

3. Examples

Consider the equation

(29) ü+aü+bit + eh(u) — c = 0,
where 0, A>0, c>0, |e| ̂ 0  is sufficiently small, h(u) is non-constant, analytic 
and periodic with period 2n :

h(u + 2n) =  А (и).
Now we denote

max eh (u) =  eN, min eh(u) = eM, 

тахеА'(и) =  eP 0, mineA'(“) =  eg <  0, 
where for the case e> 0 :

N  =  max h (и), M  = min h (it), 

P -- max А'(и), Q — min h'(u),
for the case e< 0:

N  = min A (и), M  =  max А (и), 

P = min h' (u), Q =  max А'(и). 
With these notations we obtain

(30) min [ — (eA (и) — с)] = c — eN,

max [ — (eA («) — с)] =  c — eM = c — eN+2
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We assume that

(31) a2 <  4b.
Clearly, for sufficiently small |e| we have

eN —sM  aŸ4b—a2
2c- eN - eM  4b *

By theorem A, (29) has a D-periodic solution u0(t), for which u0(t+i:0)—u0(t)=2n. 
By integration of (29) and letting u=u0(t), we obtain

to
[ » u  ( ? o )  -  » o  ( 0 ) ]  +  a [up ( t 0)  - ц 0 (t?)] +  b [u0 ( т 0)  -  щ ( 0 ) ]  = - f  ( е А ( м о ( 0 ) - с )  dt,

b[Щ(t0) - щ (0)] = 2nb = -  f  (eh(u0(t))-c)dt.
0

Then from (30) we see that
2nb s. (c — eM )x0,

Hence
2nb = (c — eN) t„.

2nb 2nb
c — eM  ~  0 ~  c — eN '

Obviously the function ù0(t) =â0(t) + a0 is a periodic solution of the first varia­
tional equation

(32) V +av + bv+ eH'u (u0 (/)) v — 0.

Since u0(t) is periodic in t, analytic in e and a2<4b, we can show that

й о ( 0  =  c0 + £r(t, e), Vi (0 = « o ( 0  
ûe(0) ’

d0 = - ^ ( 0 )  =  Ey(£),

where y (e) is an analytic function of e.
Clearly, in this case the conditions (15), (16), (17) are satisfied for sufficiently 

small |e|. Now we shall find new conditions, which are stronger than (18), (19) and
(20). From (18) we see that

to . ю
(33) 0 <  ^  /  e“s[ f

where

0 s

b b
— -------2 -----2 ea2 a2

Лг — P J  e°ss

b_
a
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Next we can show that

where

T° h h
f i g  f  ease~ar«(b + ePs)ds = -------- e~aT°+EA2,

о a a

*0
A2 =  Pe~aro f  e°ssds;

0
r 1 1v3io(t) = f  e~asds = -------- e~a‘;

5 a a

3̂,o (t0) = a a

v3 ,o( 0  = f  [ - ---- - e - “ ) ds =  —1+ \ e - a —’ J \a  a ) a a2 a2

^з, 1 ( t 0)  — /  e ov - ato ( i r 3 j0 ( j )  +  8 ß i ; 3 i 0 (5 ) ) < f e  =

where

1 I b
=  — e  "o I— e aTo —  — I — — e  a r ° T 0 +  e d 3 , a (a  a) a

:° f I 1 1 'j
A 3 =  Q e ~ ° ' ° f  e a^ - s + - ^ e - a s - - ^ j d s ;

2̂,1 (To) A.
From the above results and (19) we have

ae- azo t 0  +  8  - r -  A 3 +  ey (e) (t>3, ! ( t 0)  - v3i0 ( t 0 ) )

1 A— (1 _ e-«V)-------
a U ’ 1 —A2

then

(34)
where

еу(е)т „A + — 11 — e-ato + eH
eazo - l  —ar0 + ed4(e) >  (ear» -2 -c ~ ° ro +  eJ6(e)) ■  ̂ ,

2 2

Л(е) =  у е “’04 + у е и«|(£)[г3,1(т0) - г 3,о(То)], 

Л5(<0 =  y  (<?aT° - \ ) A 2 + j  (ear° -  l) y (e) t0 A.

Otherwise from above results and (20) we obtain

1 1
A + — ( 1 — e ar°) j 1 £У fe)t0 A + — 11 — e ~1at°+ e■И1

2 ( l + e - ato),
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and hence
b( 1 — e ~ ato)2

(35) ^ + ' a»(T-~J»)" + eJe(e) "  2(1 + e "at0)’
where

Л(е) =  a (i 1^2) С1 ~ е~дт°)[у(е) то^ + ̂ 2]-

From the above results we can conclude that if the equation (29) satisfies the con­
ditions (31), (33), (34) and (35) then there exists a D-periodic solution u0(t) and 
the characteristic multipliers of the first variational equation (32) satisfy the following 
conditions

0i =  1. |6al <  1, N  <  I-

Hence the solution u0(t) is asymptotically orbitally stable.
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ASYMPTOTIC BEHAVIOUR OF THE SOLUTIONS OF THE 
DIFFERENTIAL EQUATION
/ 4 0  = t yy(Qt), (0 <  q <  1) 

by
E. GYURKOVICS

The asymptotic behaviour and oscillatory character of the solution of the second 
order linear differential equations of the unstable type with deviating argument 
have been the subject of some investigations [3, 4]. Kamensky has proved in [3] 
that in the class of all solutions of the differential equation
(1) y " ( t ) - p ( t ) y ( t - x ( i ) )  =  0, p ( t )  is 0, x ( i)^ 0 ,
with variable initial values of /(Vo) and with a fixed initial function there exist solu­
tions Yx(0, y 2 ( t  ) such that

l i m y x C O  =  l i m / ( f )  =  - = o ,
f OO f-vco

l i m y 2 (f )  =  l i m y 2 ( f )  =  + °°.
t-*-oo f-*-oo

Furthermore the sets of initial values of / ( f 0) for which the corresponding solu­
tions tend to — °° or +  °°, respectively, are the intervals (— Ax) and (Az> +  °°), 
where A1S A 2, and if A1<A2 then for arbitrary y'(t0) —a1Ç[A1, A2] the correspond­
ing solution is unbounded and oscillatory. It has been proved in [4] that an equation 
more general than (1) has an oscillatory solution under certain growth conditions 
on the coefficients and the retarded arguments. To find conditions enough for 
AX<AZ has been also arisen there. We prove that for the special differential equa­
tion (2) this inequality holds, i.e. this equation has infinitely many unbounded oscil­
latory solutions.

We consider the following second order linear differential equation of unstable 
type with deviating argument
(2) / 4 0  =  t vy ( q t ) ,

where t=0, 1, and v >  —1.
Let u ( t )  and v ( t )  be solutions of (2) with the initial conditions

(3) n(0) =  d'(0) =  1, u'(0) =  n(0) =  0.

Then the solutions u(t) and v(t) can be expressed by means of the series

I
(4)

1(1- 1) 

q 2"
„<0 = Г(1 —с ) Д л г ( )+ 1  )

1 +

v(t) = r (  l+p)
Ю-D

2„
tfo /! m + 1 +p)

21 ,1+ иP“t
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where 0<g=-^---- <1 and Г (x) is the well-known gamma function. It is clear that
A I V

w(/)>0 and d(í ) s O are linearly independent and

l i m  u(t) =  l i m  u'(t) =  l i m  v(t) =  l i m  v'(t) = +  °°.
Í-+-00 t-*- O© i-*-oo t-*- oo

The general solution y(t)  of (2) with the initial conditions

(5) j(0) = a0, / ( 0 )  =  ax
can be written in the form
(6) y  (0 = a0u (0 +  a1 V (t).

T heorem . I f  0<<7<1 then we have A ^ A 2 for the differential equation (2).
P roof. Without loss of generality we can assume that a0= 1. We denote the 

initial value a1=a1(x) for which the corresponding solution y(t; ax (t)) of (2) is a 
solution of the boundary-value problem

j(0) =  1, — 0.
Then it is clear by (6) that

(7) affx) = - ^ ,  0 < t < = o,

and by K a m ensk y’s result we have that affx) is bounded, because the functions 
yx (t), yfft) are of the form

yfft) =  u(t) + a$v(t),

Therefore

at

У Át) = u(t) + affv(t). 

u(t)
v(t)

** “1 » for

To prove our theorem it is sufficient to show that a1 (t) is not convergent, because 
this means that for arbitrary a^ tlim  affx), ШЕ affт)] the corresponding solution

is oscillatory. We determine the asymptotic values of the functions u(t) and v(t) 
by the method used in [2] and we show that their quotient is not constant. Let

Q = q
then by (4) we have

(8)

1
2fiz = tit ‘г q 

-  Ql*z21

v ( t )  =  T ( \ + i i ) t  Z
Qli{fqz?

ito /! Г (/+  1 + fi)
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Here we have 0 < ß < l ,  0Sz<«=, since /i>0. Let Ik={z: (k—l)Q~k+1S z < k Q ~ k). 
If zÇ4 then one of the largest terms in (8) is the k-th one. Hence it is useful to write 
(8) in the form

/Ok2 _2 к oo
— - - - - - -  2  'Xk.rQ'̂ X2'(9) u(t) = Г ( \ —ц) 

v{t) = Г(1 +n)t

k \T (k  + 1- //) ,= -*

O T ifa lT

where
k \ Г(к +1 + /i) гД с

= l —к, <хк'Г — A;2r fc! Г (к + 1 —ц)
(k+r)\ Г(к + г + \ - ц ) ‘

x  _  _ L _ ß  - 7,2r r ( f c + l + g )

k Q -kPk’r (k + r ) \r (k  + r + l+ n ) ’
Using the results of [2] we have 

(10) a*,r =  1 - r2 -f- r fir
+ ^ + o  lF l,

|r| ë  VT, A: — oo.

If we substitute (10) into (9), we get
(11a)

2 « t„ 0 ' ^ =  2  ö r2x2r- — 2  (r2+ r ) e r2̂ + - ^  2  '•ör2̂ 2r +  ö | p | ,
r = - k

(lib )
r = A: r=_„

2  ßk.rQTWqxf'= 2  Qr* { f q x T - j -  2  (г2 +  г ) Г ( х ^ 2г-
r = —k r = — oo AC r  = — со

- f  r_ i / r ( f ^ ) 2r+ o ( l ) .

The quotient of the factors in front of the sums in (9) is
Г(1 -  л) ( ^ ) - 2fc Г (£+  1 +л) Г(1 - 71) л*

1 '  Г(1+А!) t Г(к+  1 - ц )  Г ( \ + ц ) ^

By (11а), (lib), (12) and (7), ak(t) can be written as

in (1+f + 0  (■&■))•

«i(0 =  - г ( 1 - а0 p*
Г(1+ ц) Ÿq X

X
х - ^ в 3( х ) - т  2  (r2 + r ( l- / i ) )Ô '2̂ + 0К г = — oo

0»(*) —Т  ^  (г* +  г(1 + r t )ô ',2()'7^)2r+гС f  =  —оо
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where

0,(*)= 2  Qktx2k =  q0 n v  + Q ^-'x^ii +  Q t'- 'x -2); <?0 =  # ( i - 0 2n
k=  — oo п=1 л=1

is a well-known theta function [1].
Consequently

( 1 3 )

where
«i(0 =

r ( l - / i )  j i *  x ~ 2^ 3 (x )  (  Г П )

П 1+Л ) ^  03№ )  i + W J*

k - 1
к 1.

We shall be ready, if we show in (13) that the function

( 1 4 ) H(x) = Ix-^Osjx)
e3(iqx)

is not constant on the interval [0 , 1].
In order to prove this we suppose the contrary, i.e., H(x) = const, on [Q, 1J. 

Then H(x) = H(/Qx) on the interval [ /g ,  1.] Since

where

e2(x) =

H(ŸQx) = x~2ll92(x)
e2(x fq )

-  (*_IT2  Q\ 2) X2k-1 (1 + Q2nx2)(l + Q2nx~2)

is also a theta function, it follows that

(15) ei(x)e2( fq x ) - e 2Wqx)e2(x) = 0,
for

xdU Q ,  1].
However, it is known ([1], p. 359) that
( 1 6 )  0 l ( z ) 0 I ( l ) - 0 1 ( z ) 0 i ( l )  -  0 ? ( z ) 0 1 ( l )

for arbitrary z^O, where

9x(z) =  2  ( -1  z™-1 = q0QT \ x - - }  n V - Q 2nx2) ( \ - Q 2nx~2)fc=-~ ( X ) „ = 1
and

Ш  = 2  ( - 1  )kQk*z2k= q 0 # ( l - 0 2n- ^ 2) ( l - ß 2" - ^ - 2)k=-oo k=1

are also theta functions. Let us substitute 1 in (15) and z —]/q in (16), then we have

0 i(^ )0 i(i)  =  0.
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But this is impossible, because all of the zeros of 04(z) are <?' 2 '  E 0+m*‘ n=0,
±1, ±2, ...), so 01(1)ИО, and the zeros of 0j(z) are e",og e+mi, therefore 0\{Ÿq) 
differs from zero for f i^ n  (notice that ц is not integer).

Remark 1. The range of ax(t) can be estimated as 7—°°, i.e., there are y1(Q)y 
y2( 0  such that

7 i ( 0  S  Ш п  MO <  П т  a x( 0  s  y a ( ß ) .

It is easy to see, that 03(л) is monotonically decreasing on the interval [ \qQ, I], 
therefore

g»0 ) „  1 ва(х) _  1 e, ( 0
eÁfqQ) 03( M  Q2 0Áfq) '

On account of 93(Q )= q  03(1) the infinite product representation of 03(x) shows that

e^  = « a n
(1 + 0 ‘ " 1)2

oáU q ) k1J1(l + Q*k~1q )(l+ Q 2k- 1q -1)
and

1 g3 ( 0  =  J _  rj ( l + g 2̂ -1)2
0  o 3 ( i q )  qQ M i Q + Q T - W  +  q~1Q2k~1) '

Consequently

7 i ( 0  =  -
Г (I- lx )  
Г( l+ p )

and

fr (1+ 0 1- 1)2
A k l\( l+ Q 2k- 1q)(l+ Q 2k- 1q -1) 

q2Q

72 ( 0  =  - Г (1+ ||) n^Qfq Пk=1

( l + g 2fc- l ) 2

(l + ß ^ - ^ X i  + ß “ - 1* -1)'
We should like to remark that in the case of v=0 a correct estimation can be 

given. In this case q=Q  and

M O  =  -

Making use of the relation (see [1], p. 359)

0§(x)0!(l)-0t(*)0I(l) =  e i ( x ) e i ( l ) ,
we have

nr 03 (X) ^  g,(i) 
ei(x) -  01(1) 02(x) -  03(1) ’

where the equality holds when 04(x)=O, i.e. at x =  V^on [q, 1], hence

lim sup űj (/) =  — 7*(?)-
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On the other hand a simple calculation shows

and

0,(f tx)  =  Os(x)

lim inf ax (t) — —q
t-*-oo 2 f t  S x

f l+ 9 2" -1]2
{ 1 +q2n ) Ух(я) -

Remark 2. It is clear that in the case of v =  — 1 (i.e. when /i= l)  the solutions 
of (2), (3) cannot be written in the form of (4). (u(t) in (4) does not exist if fi= l, 
since the function r (s )  has a pole at 5—0.) It is easy to see that H(x) is continuous, 
and is a constant if ц=1.

Therefore
lim[ max H(x) — min H(x)] =  0.
д - l  x £ [ Q , l ]  * < E [ ß ,  1 ]

In spite of this, we shall prove the following :
(A) The length of the interval [A1; A2] tends to a positive constant as /z —1. 
Let / i= l — e. Then using the relation

Г(е)Г(1- е )
n

sin 7ГБ '
(see [5]), for the coefficient of H(x) in (13) we have 

(17)
■2e)

f t
On the other hand

and

Г (2 - e )  f t  (Г ( l - e ) ) 2 sinne

x - 2(i-e) _  д- - 2[1 +  2 e l o g x + 0 ( e 2)]

03(x) =  2  ( f t 2) 1-c x2k -  2  f t 2x-k + elog yq 2  k2\q k~ x 2k + 0 (e2).k= — oo k= — oo
5

Q Á A ft) = 2  f t ‘x2k’

k=-°°
Let us introduce the notations

Thus we have

H(x)

and consequently

F ^ x )  =  2  k 2 f t * x 2k,  F 2 ( x )  =  2  ( k - \ f f t x ^ k ,к —— со k=-oo

8 = 8 log f t .

1 +  2 s lo g x + О(e2) 03(x\ft) + eFj(x) +  О(e2)
( f t - 1 02( x \ f t  + ëF2( x ) + O ft

H(x) = f t l + e  log x2 + 0(e2)) Í1 +  ë  + ° ( fi2)
l  0 s (x jf t  +  eF2(x)
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max H (x)— min H(x) = 
xelfi.i] xdfi.il

i f n -  r , (X j-F .f r ,) --------
\  0 3 ( x i \ y q )  +  z F 2 ( x )  0 3 ( x 2\ l / q )  +  e F 2 ( x .>) J

for any х1г x %Ç\Yq, 1]. By (17) and (18) (A) will be proved if we show that
( x ) - F 2 ( x )

Áxtyq)

does not hold identically on the interval \Ÿq, 1]. Notice that

F1(x) - F 2(x) =  2  2 k iqk\ ike3(x\yq),
k = —oo

and

- ^ - 9 3{x\Yq) =  2  2k x ^ - ' l f q ' . 
ax  k = -  oo

A simple computation shows that

x93(x\ fq) jé const.,

which completes the proof of (A).
Finally we give a numerical example. The calculation was made for the dif­

ferential equation

by the computer CDC 3300.

Table 1

X 0,5 0,603553 0,707107

approx, values o f a, (t) by (13) -1 ,189204 -1,189207 -1,189210

values o f t  for x 's  on the 
interval / l0 0,102400 XlO5 0,123608 XlO5 0,144815 X lO 5

exact values o f ai(t) -1 ,189188 -1,189206 -1,189223

Ml) =  -1 ,189210 , y2 J- -j = -1 ,1 8 9 2 0 4 .
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Table 2

The exact values o f  аг (t) fo r  small t's

m̂ax (Omax ^min 1̂ (Omin

2,3 -1 ,176889 4,7 -1 ,192039
8,7 -1 ,188145 15 -1 ,189724

25 -  1,188911 40,8 -1 ,189310

65,4 -1 ,189076 100 -1,189301
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ON THE UPDATED MAXIMUM LIKELIHOOD ESTIMATORS

by
O. TUSNÁDY

1. Introduction

For the problem of estimation of the parameters of time series the method 
of Box and Jenkins [1] is a popular one. It is based on the model

p q
in 2  V jin-j

1 = 1  7 = 1

where c„ is the и-th element of the investigated process, the random variables e„ 
are supposed to be independent or at least orthogonal, p, q are known and (pk, (pp 
i/q , ..., I\f/q are unknown parameters. Box and Je n k in s  developed a modified version 
of the maximum likelihood method for estimating the unknown parameters of the 
process. Their estimators are “off-line” in the sense that a set of observations is 
made and estimates of the system parameters are computed on the basis of the 
entire set of observations. There is a general aim in the engineering literature produc­
ing on-line estimation methods. The advantages of the on-line methods are the 
following:

i) they need small memory-capacity;
ii) they need short computer time;
iii) in case of on-line control of the process they are able to follow slow changes 

of the parameters.
The disadvantage of the on-line methods is usually their inefficiency. On-line 

methods in time series analysis where developed by Sakrison  [8], who used a dif­
ferent model, and solved roughly speaking the case q= 0, and by M e h r a  [7] who 
investigated the K alm an— B u c y  model and concluded by updating the roots of 
the Y ule— W alker  equations, which are very inefficient estimators.

In a problem connected with the basis weight control in a paper making process 
the method of stochastic approximation was used too. We started with the simplest 
iteration

<Pkn) = <P*"_1, + cnençn_t (к =  1,2, ...,p )

Фкп) = 'l'ln~X)- c nEnEn- k (к =  1,2, ...,q)

for /1= 1, 2, ..., N  where N  is the sample size, and with с„=0-2/и.
The first results were very encouraging. For parameters p, q small enough 

the iteration was convergent, stable and served as nearly as good an estimator as 
the modified maximum likelihood method of Box and Jen k in s. For large p  and q 
the iteration was convergent but the estimators created by it were very poor. These 
preliminary results have shown that the application of the stochastic approximation 
for the estimation of the parameters of the Box—Jen k in s model needs some theo-
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retical investigation. This investigation has begun in this paper and will be continued 
hopefully in subsequent papers.

In the present paper updating of maximum likelihood estimators is investigated 
in case of independent sample elements. It will be proved that the maximum likeli­
hood estimator and its updated version are asymptotically equal. This statement 
is subject to generalization for time series. For the sake of proving our statement a 
theorem on stochastic approximation was developed which has interest in stochastic 
approximation, too.

2. The updated maximum likelihood estimator

Let Ç, £2, ... be independent, identically distributed random variables with 
density function f(x , 9) where 9 is a one-dimensional real parameter. The loglikeli- 
hood function of the first N  sample elements is

N
L ( x ! , x 2, . . . , x N; n ) =  У  lo g /O ;, /()■

/=1
If there are no constraints on ц the maximum likelihood estimator is the root of the 
equation

2 K (x h n) = 0 ,
/ = 1

where

*<*■*> =  i ' ° ^ >  =  i f f -

The asymptotic variance of the ML estimator is 1 /NV(9), where

V(ji) =  D |Щ , Ц) = -  E, [ A -  K (f, /£)] .
The regression function

R M  = ЕэАГ(̂ , fi)
has the root ц=9, that is why the stochastic approximation type iteration

9„ =  9п_1 + спЩ п,9п_1) (n -  1,2, ...,N )
may be suggested. The only question remained how to choose the coefficients c„. 

It is well-known in stochastic approximation (cf. W a sa n  [9]) that in the case
Q

c„= — under some particular conditions the asymptotic variance of 9„ is v/n, where

with
* = - R M  = V(9)

and
a 2 =  D | Щ , 9) =  V(9).
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This V has its minimum when c=l/V(9). In this case v—l/V(9), i.e. the asymptotic 
variance of our estimator would be equal to that of the ML estimators. The only 
problem is that 9 is the parameter that we are looking for, so we do not know this 
optimal c.

The situation sketched above motivates the choice of the function

Щх, fi) =
In this case the regression function

K(x, fi) 
V(fi) ’

RH(fi) = E aH(^,fi)
has the same root fi=9  as Rk(fi) had, but now

З Д )  =  - 1 .

So the optimal coefficients in this case are c„=\/n. The updated form of the ML 
estimators is given by the iteration

5„ =  0и_1+ 1 я ( ^ , 9п_1).

This estimator was proposed by M. B. N evelson and R. Z. Hasminskii [5]. They 
proved that 9„ is asymptotically as good as the ML estimator.

The investigation of the asymptotic property of the ML estimators is based 
on the fact that they are near to the average

5a = ^  2  m i ,  9)

in the sense that ÿN(§N — &N) tends to 0 stochastically (cf. Cramer [2]) where 9N 
is the ML estimator. We shall prove the similar result for the updated ML estimators. 
Hence we prove that 9N is not only as good as the ML estimator but they are asympto­
tically equal.

3. A theorem on the stochastic approximation

Let £, £i, ^2> ••• be independent, indentically distributed random variables and 
let H(x, fi) be a function of two variables.

Condition 1. For arbitrary <5>0 there exist A >0 and e>0 such that

E T(H(Ç, ц), à) s —£, for all a ^  A, fi ^  <5,
and 

where
E T(H(Z, f i ) ,  a) ^  E, for all a ^  A,

X if 1*1 ^  У
T(x, y) = y if X  > у

- y if X  < - у
i.e. T(x, y) gives an x truncated at y.
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Condition 2. There exist A > 0  and 0 such that
EH 2(Ç, fi) ^  Cj for all |yu| ^  A.

Condition 3. The function
В Д  = EH(£, ft)

is differentiable for fi=0 with jR(0) =  0, R'(0) = — 1.
Condition 4. The function h(fi)=H(x, fi) is twice differentiable for all real x 

with respect to the variable fi, and there exist Ax> 0 and c2=-0, c3>0 such that

E (tf"(ç,A0)2 3gc2 for all \ f i \ ^ A x,
and

E # 4(£, fi) c3 for ail |/i| =§ Ax,

where H"{x, fi)=h"{fi) is the second partial derivative of the function H(x, fi) 
with respect to the variable ц.

T heorem . Conditions 1—4 imply that

УN i^N ~~ &n)
tends stochastically to 0, where 9N is generated by the iteration 

s . = S .. i  +  Г  V r M )  (n = 1, 2, .. .)
with arbitrary 90,

S,v =  ^ i  H(t„ 0),iv ;=i

and T(x, y) and A are defined in conditions 1 and 2.
Remark. The idea to truncate the steps in the original Robbins—Monro itera­

tion is due to Komlós and R évész [6].

4. Lemmas used in the proof of the theorem

LEMMa 1. Condition 1 implies that
lim P(min (Эк, 9k+1, 9N) ^  <5) = 0

ДГ=оо
and

lim P(max(3t , 9k+1, ..., 9N) s  - S )  =  0
П = оо

for all (5>0 and k = 0, 1, 2, . . .  .

P roof. We now prove the first assertion. Define e,. by
I 1 if 9n ir  8 

e" =  (o  if
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and eN by
N - 1

% — П e'i.

Then the events {min (9fc, Sk+1, .9̂ ) ̂ <5} and {e^+1= 1} are equal. The random vari­
able e„ 9 „  is for e„=0 equal to 0 (of course) and for £„=1 it is at least <5 —A because 
£„=1 implies that d„-1S ô  and Sn—9n. 1^  —A. Hence

Ee„9„
with C=min (0, Ö— A). Moreover

e„ 9 „  =

and

if nA >A. Hence

8n_гЭ„_1 + 7’| - Я ( , \ , 9 n_1),г lj if e „ = l ,

if £„ = 0

E I T \-H tf„ ,  A £„ =  11 ==-----n

if

and

E£„9„ S  P(£„ =  1)

n =» n0 =  max k,• [ 4 ] ) .

E fi„ 3 „  £„0 Э П0- £  2 " у  p ( 8y =  1) s  E e n„ 5 „ 0 - £ P ( £ n =  1) 2 4 »
j  = n0 + l  J  j —n0 4-1 J

because Р(е7 =  1) is monotone decreasing in j. So we have proved that

E£„„9„„-C
P(en = 1) ^

which tends to 0.
£ - 2  f  j  = n0 + l  J

1 ’

Lemma 2. Condition 2 implies that for all a < —, and d > 0

where

lim P(supn*|0B- S n-ile,,-,. S  <5) =  1,
ЛГ-~ n s N

1 if \9j\ ^  A
0 if |9,| >  A.

P roof. Condition 2 implies that

£ ( P .- 9 * - №  S  4  sup EH2({, a») s 4.
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Hence by the Markov inequality

P(sup«°'|5n- 5 n_1|e„ >  S) 2  P(nal9„-9„.1js„ >  S) =s
n = N

«= £i. у  „ -2(1-«) <  £ l  дг2«-1
-  <52 „ Ä  -  <52 ’

which tends to 0 as TV— °° for a-
1

L emma 3. Define the random variables e„ by
if |9n|==<5

£n by 

ani/ rj„ by

J 1 *
£" l O  i f  | 3 „ | > « 5 ,

_ _ J 1 if ”a|^ n -^ n-l 
E" _  1 0  i f  г Г \ 9 а - 9 в _ г

^  ô 
>

=  П  en£n-Л = * + 1

The conditions 2—3 imply that for every a <  — í/zere w a <5>0 such that

E ( m ^ N  = l ) -  k ^ T |S i + ¥ Q ,
fc +  1 1
TV +

i f  |5t |^<5, N>k, for arbitrary k.
P roof. Denote by G„{x,f) the sum

G fix, ц) = T(H{x, ц), пА)+ц.
Then

1
5 » =  1 - 7

It is easy to see that Conditions 2—3 imply that

|E(G.({.,S._1)|S1. - 1, ^  =  1)| ^ c |9 „ -i|
E(C2(^„, g„ =  1) ä  c t .

if |ön_!|<ő with constant C4 and arbitrarily small c if ô is small enough. Hence

P 2
E ( m - i . ë „ = l ) =  ^ l ~ j s ; _ i  +

+ ~  ——j ̂ n-iE(G„(^„, £„ = 1) +

f ( G „ t ,U |J , . i , 4 = i ) s  +
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if |9n_]J<(5, and a = l  — c. Moreover

E m , - ! ,  — 1> £n — 1) — £ » n- i ,  e~„ =  1),
leading to the conclusion of the statement of the Lemma by elementary calcula­
tions.

Remark. It is easy to see from the proof of the lemma 3 that its statement remains 
valid with the modification

N

Vn = IJ tn-
n=* + l

We refer to this statement as Lemma 3*.

Lemma 4. Conditions 1—3 imply that

for arbitrary
lim P( min \jaSj\ ё  <5) =  0

N-+ oo k ^ j ^ N

a -c - j , <5 >  0, I s O .

Proof. It is easy to prove the above statement for a—0 with the method used 
for proving Lemma 1 and Lemma 3. Using this fact we can conclude that it is suffi­
cient to prove that there is a p > 0  (which does not depend on k) such that

lim P( min \j*9j\ ^  (5) ^  p
AT—oo k^jmN

1for arbitrary a<  — , <5>0, k^O . That is what we shall prove.

Denote sn, r\N for the same variables as in the proof of Lemma 3, but with
fl if 0 S 9 . S Í  

otherwise
for 0S:9kSÔ

' k+  1

H i
E ( f c _ ! =  1) S  

as Lemma 3 stated it. Hence
ЛГ+1

c
* 4

=  l ) s |

if N  is large enough, so the conditional probability

P(JV-1SW| <  5|i|w_x =  1)

is as near to 1 as we want it if N  is large enough. Define t n  by
N

TN = Sk+ 2  fln-l^n(^n~ ̂ n-l)9n=k +1
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Then E(tN\9k) s S k, hence P(tv<0|^iV_1=0) is bounded from below if P(i/N_x=0) 
is large enough. If sN=tjN = l and SN<0, then — ön~x so we can prove our 
Lemma by gathering the conditional probabilities.

Lemma 5. Define en by

and rjN by

Í 1 i f  \»„ \^S  
= 10 i f  |3„|><5

N

h is  —  П  e „ .
n = k  + 1

Conditions 1—4 imply that i f  k* for some « =  у  and with ô small enough, then

E (9%\tls =  1) ^

E m *  = i) ^
for all N>k.

Proof. The first inequality follows from Lemma 3*. The proof of the second 
inequality is similar to the proof of Lemma 3*.

5. The proof of the theorem

Define £„ and t]n again as in Lemma 5 by

J1 if
£n — 1 o if \K\ > <5

N

hlV — П  £n>
n = k  + 1

and denote the event {>7̂  =  1} by BkN. Define e„ and rjk by

J 1 if h*!#,,! ë  5
£" =  ( o  if nc'|3„| <  «S

к

hk= П К
n = 1

and denote the event {fjk- i= l ,  fjk—0} by Ak. The statement of Lemma 4 implies that

P =  1.
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We prove that P(BkN) is as near to 1 as we want it for suitable a and <5, and that
the conditional moment 5N)2\AkBkN) is o i^ j .  These assertions imply the
statement of our theorem.

Denote by G(x, q) the function
G{x,n) =  H(x, ц) + ц -  H(x, 0).

Condition 4 implies that there is а цх such that

G(x, fi) = (H '(x , 0) + l)n + j  H"(x, rx)/i2
and for |/i!<dx

E [H"(Ç, /i,)]2 ^ C 2.
If ô c  — A, and the event AkBkN occurred, there is no need for truncation between 
к and N  in the iteration, hence in this case

К  =  (! - 1 )  _x+ 1  (H({.,0) + G(Ç„, Э„_,)).

Denote by t„ the difference 9„ — 3„, where
1

then

so

$n = i  2  0),n i=1

l
=  1̂1 j T„-1 + — G(Ç„, S„_x)

as long as k < n ^ N  and the event AkBkN occurred. Nevertheless we can define the 
sequence t „ by the above iteration starting from some value

bt =  3k — 3k
without any reference to the occurrence of the event Ak Bkn. In this case the above 
calculation shows that the iterated tn equals 9N — 3N if AkBkN has occurred. That is 
why estimating the moments of the x„ produced by the above unrestricted iteration 
we get estimates of the conditional moments of the difference (9N—3N).

Denote by $in the cr-algebra generated by the random variables {^x, £'2, ..., £„}. 
Let us note that it has no importance whether 30 is a random variable or it is a 
constant. If 9a is a random variable, however, then let ,rJn be the а-algebra generated 
by {So,?!, fs,

E(t„V»-i) = ( l - | ) ' t 2_1 + ̂ ( l- { ) r „ _ 132_1E(G1(in,9„_1)K_1) +

+ Í e (g í (í „ ,s1i. 1K . 1)>
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where
Gx(x, ц) = n~2[G(x, ц)-(Н'(х,0)+1)ц~].

Condition 4 implies that for

and
E Í C ' ü A - J K - í J s c . t . .

Using the Schwarz-inequality twice and by Lemma 5 we can conclude that in case 
the event AkBkN has occurred, then

E ( t î K - 0  S  [ l - ^ J t f -г + СпП-*-3*.
Denote }  - f  т2 dP by ô„ then for к <  n

P ( A ^  Ak L

( l - l j  ^ - x + Cjo« -1" 3“,

hence

s  ( 4 ) 4 + c „ » - »-•■*> -  ( 4 ) ,4 + c „ » - .

Here ôk<C12k~2lx, which is unfortunately large. That is why we have to change 
our initial xk to 0, which would imply that

Зп-5 „  =  г „ - ! 1 я(& , 0),
П  (-1

if AkBkN had occurred. In this case

<5„ ^  C n n - 3*

and the conditional probability P(BkN\Ak) is estimable by

Ci2 2  3at
n = k  + l

if . Hence P(BkN\Ak) is as small as we want it and we can finish our proof by 

elementary calculation.

6. The multi-dimensional case

In the one-dimensional case there is no difference between the iterations on 
the functions К  and H  from the point of view of computer time. In the multidimen­
sional case, however, the function H  would be equal to

V~1(ji)K(x, fi)
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where K(x, p) is a vector formed from the partial derivatives of the likelihood function 
L with respect to the coordinates of the parameter p, and V(p) is the covariance 
matrix of the vector K(Ç, p). The inversion of the matrix V(p) in each step of the 
iteration would be a great disadvantage in the multidimensional version of our 
iteration. That is why our theorem was not generalized to the multidimensional case.

There are methods of non-linear optimization without inversion, developed 
first by F letcher and Powell [4] (see also in [3]). Their iteration includes a separate 
iteration for V~1(9„), and that is what we should like to apply in the multidimen­
sional case. Hopefully the asymptotic equality of the ML estimator and its updated 
version remains valid for this case too.

7. The updated Box—Jenkins estimator

Let us return to the ARMA (p, q) model

L  = 2  2  'l'j£n-j +  e„
7 = 1  7 = 1

investigated in the introduction. The basic idea of the Box—Jenkins method is 
to replace the clumsy exact likelihood function by its approximation based on the 
error term

P 4

en =  Í . -  2 <PjL-j+ 2 'I'jSn-j-
7 = 1  7 = 1

These e„ are calculated step-by-step from some initial values e1, . . . ,e q and from 
the sample Our function К  is now

„  d 2 -  b

where 9 is the vector formed from the parameters (<pl5 ..., cpp, t/q ,..., i/q). So for 
the sake of updating the Box—Jenkins estimators we have to calculate by iteration
the derivatives s too.

Let us denote these derivatives by y, a vector of dimension (p+q). The iteration 
for у is :

yj"» =  - L - J +  2 №n- l)y<r i) и  =  1, •••»/>)»
1 = 1

yjn> = e„_; +  2 iA/n_1)yjn 0 U = p + 1, •••, p + q )•
i=i

(Let us remark that the lack of this iteration very likely caused the bias of the first 
computer-method mentioned in the introduction for large p, q.)
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Denote the covariance matrix of the stationary solution of this iteration for 
fixed 3(n)—3 by V(,9), then the updated Box—Jenkins estimator is the following:

t](n) =
n

where e„ is a scalar, is vector of dimension r=p+q  and V~1(fi) is matrix of 
dimension rXr.  The sequence e„ is generated by

en =  L -  2  <p}"~1 ) € n - j +  2j =1 j=1
and y(n) is generated by the above written iteration.

In the special case p = 0, q= 1 the iteration has the form

+

y(n) =  +

S ( " )  =  —  e „ [ l - ( y ( n - 1>)2] y (" J ,n
where all the quantities are scalar. Perhaps some truncation on 5(n) would be suitable, 
e.g. to cut it down to an absolute value of 1. In the general case the easiest way is 
to check the error terms sn and in case of extremely large absolute values to cut 
down 3(n> simply to 0.

The disadvantage of the present form of the iteration is the inversion of the 
matrix V in each step. We intend to substitute a F letcher— P o w ell  type iteration 
for it and in the final form the iteration will be running on four lines :

(i) the iteration for the error term,
(ii) the iteration for the derivatives,

(iii) the iteration for the inverse matrix,
(iv) the iteration for the parameter that we are looking for.
A further slight disadvantage in our method is its dependence on the initial 

values y(0). 9(0), %, sq; that is why a certain feedback is proposed for off-line 
situations. After the first run we can make the next runs using the final parameters 
of the previous run as starting values and run over the same data field as many 
times as we want, counting the seps in each run again from 1 or counting them 
continuously from 1 to kN  where N  is the sample size and is the number of runs. 
In the latter case, if the iteration is convergent, its limit equals the Box—Jenkins 
estimators, so our method provides a method of numerical evaluation. Our impres­
sion is that for small N  a relatively large к is needed and for sample sizes large enough 
к  is small, perhaps 2 or 3. Having only asymptotic results on all types of estimators 
the question is still open whether it is worthwhile for small N  to locate the exact 
minimum of the likelihood function. The finite sample properties of our iteration 
with small к might be equally good (or bad) as the finite sample properties of the 
ML estimators.
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PARAMETRIC APPROXIMATION OF CONTINUOUS FUNCTIONS 
WITH BOUNDED VARIATION

by
M. G. NICOLCHEVA

The problem of parametric approximation of functions was stated by Bl. S e n - 
do v  [1].

Let Hn be the set of all algebraic polynomials of degree n and let us denote 

fim = {р(х)\р (х )ент,р '(х ) ^  0, b];p(a) = a,p(b) = b}.
For every function continuous in the interval [a, b] the number 

= inf inf max \f{p (x))-Q (x)\
p( LHm Q C H n x € [« ,b ]

is called the best uniform parametric approximation of order (in, n) for the func­
tion /.

The uniform parametric approximation has the following properties: for some 
classes of functions with singularities the order of En n( f  ) is better than the order 
of usual uniform polynomial approximation and the order of £ „„(/) in these cases 
is about the same as the order of the rational approximation.

For example:
I. Let us consider the function |дс|, jcÇ[— 1, 1].
1. For the best uniform (Chebishev) approximation by means of algebraic 

polynomials of degree n we have [3]

*„(№) =  o ( { ) .

2. For the best uniform rational approximation by means of rational functions 
of degree n D. N ew m a n  [4] has obtained that

ЕЛМ) -  0{e~ Ц .

3. For the best uniform parametric approximation Bl. Sendov  [2] obtains that

£ m, (W )~  4(1 +  / 2 ) - 2и.

II. If the function /  is piecewise analytic in [a, b] then:
1. For the best uniform approximation by means of algebraic polynomials 

we have
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2. For the best uniform rational approximation P. Szüsz and P. T ú r á n  [5] 
have obtained that

Ef(f )  =  0 { е г * Щ .
3. For the best uniform parametric approximation J. Sz a ba d o s  [6] has ob­

tained that
Еп,С1Г п ^ = к ^ е~СГП-

In this paper we obtain that this analogy between rational and parametric 
approximation exists also in the case when / i s  a continuous function with bounded 
variation in [0, 1].

The following results are known:
III. I f /is  a continuous function with bounded variation and /£  Lip a, (0 <a«= 1), 

then:
1. For the best uniform polynomial approximation we have

£ ■ „ ( / )  =  0(n-*).
2. For the best uniform rational approximation G. Freud [7] obtains that

W >  =  o ( l 2 5 / ) .

IV. If /  is a continuous function with bounded variation in [a, b] and

co(/; Ô) ш к log“* -i-, (a >  0)

where co(f; (5)= sup |/ ( x )—f(y)\ is the modulus of continuity of /  then:
|x-y|Si

1. For the best uniform polynomial approximation we have

£ „ ( / )  =  O {\o g ~ * n ) .

2. For the best uniform rational approximation G. F r e u d  [7] obtains that

E *(f)  -  0(n  *+“).
In Theorem 1 of the present paper we prove that if /  is a continuous function 

with bounded variation in [0, 1] then there exists an absolute constant c0* such 
that for every k>  0 and every natural number n such that к и ё / we have

E „ M )  S  c„ ft) / ;
log kn 

kn <v + l) log kn

From here we obtain an analogy between the parametric and rational approxima­
tion also in the cases III and IV.

* Here and in what follows c0,c t , ... denote positive constants.
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1. In Theorem 2 we prove that if / is  a continuous function with bounded varia­
tion in [0, 1] and

w (/; <5) s  c2<5a, (a <  1),
then

£ ,„ < /)  =  o ( i î f î ) .

2. In Theorem 3 we prove that if /  is a continuous function with bounded 
variation v in [0, 1] and

co(f;  ó) s  & log-“y ,  (a >  0),

then

ë  c3(v, a)n 1 +  Я

L em m a . For every continuous function f  with bounded variation v in the interval 
[0, 1] and for every e> 0  there exists a monotone continuous function

such that
4>'(0, ?€ [0, 1], (pc(0) = 0, cpc(\) = 1

c o ( / ( < P £ ( 0 ) ;  <5) ^  VÔ + E.
P r o o f . Let e>0 be arbitrary. Let us consider the function ge (x) = V f ( t)  + -x -  x.

о 2
The function ge is strictly monotone and continuous in [0, 1] and gcç |o , t> + y |.

Consequently there exists a monotone and continuous function <pc0>0=ge~1(wc + y  
in [0, 1]. For the function cpe we have <p£(0)=0, <pc(\) = \ and for every t and и£[0, 1]

f(<PÁt))~/{<PÁu))\ =§ f \ g 7 1\vt

V /(*) = v m -  v №

gĉ gc 1(^ + y í] ) -y f«  ^ í  + y í j - ^ l ^  ^Ш + уиЦ+у^-^^М + у») ^

trt +  y  i - y  U-t)M + y ge 1 \VU+ — U - g e 1 \Vt + — t ^  V\t —U\ + E.

This proves the lemma.

Remark 1. It is easy to see that if / is  monotone then for every e>0 there exists 
a monotone continuous function <pe(t), ?€[0, 1], <p((0)= 0, <p8( l)= l such that

/ Ы 0 ) - [ ( ” + | ) ' + Д 0) ^  e.
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In the proof of the next theorem we need the following result from [8] :
T heorem  A. For every continuous monotone function /( /) , í£[0, 1], \f(t)\= M  

and for every к and every natural number n such that k n ^ l,  there exists a monotone 
algebraic polynomial pn( t ) f  Hn, iÇ[0, 1] such that

where

г ч log kn( p { k \ f p ,,) c 4 —

<P(k;fpn) = max max { min max [к -Ц х -у ] ,\ f ( x ) - p n(y)\], 
*e[o,i] у e [o, l]

max max [к~г\х—у\, \f(y) - a W|]}
z£[0,l]

is the Hausdorff's distance with a parameter к between f  and pn in the interval [0, 1].
T heorem  1. Let fb e  a continuous function with bounded variation v in the interval 

[0, 1]. Then there exists an absolute constant c0 such that for every к and every natural 
number n where k n ^ l  we have

Е п, Л Л  S  c CO
Í I o jM  logfa,
J kn J n

P roof. Since/is a continuous function with bounded variation v from Lemma 1 
it follows that for every e> 0  there exists a monotone function q>e, cpf 0) = 0, <pe(l) =  l
such that œ(f((pe(t)); 5 ) ^ vô+s. Let us set <5=e=—. From Ja c k so n ’s theorem
(see [3]) it follows that there exists an algebraic polynomial qn£Hn such that £„=

D -]- 1
=  <p(/(<Pi/n(0);<7n(0 )=  12 ———. Let us consider the function cp1/n. From Theorem A
it follows that for cp1/n in [0, 1] and for every к  and natural number n where kn ̂ l  
there exists a monotone algebraic polynomial pndHn such that

t(L; (piln(t), p jt))  c4 * •

From the definition of Hausdorff’s distance with a parameter к it follows that 
for every ?£[0, 1] there exists uÇ[0, 1] such that

( 1)

Let us set

\t-u \ log kn
1л,(0 -<г>1/п(и)1 s

log kn 
kn

Pn(t) = Pn(t)~Pn( 0)
P n (l)-p n(0) '

pn is a monotone polynomial and pn (0)=0, pn(\) = \. Let us estimate pn (0) | and 
|1—(PnO)- A.(0))|:

Since pn and cp1/n are monotone and <p1/n(0)=0, (p1/n( 1) — 1, from Theorem A 
(from (1)) it follows:
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1. There exists a point и€[0, 1] such that

\ и \ ш с ^ ,  |р„(и)- </?i/„(0)| Ä c4^ | ^ .

2. There exists a point t£[0, 1] such that 
log Ли

=£ c4- -» l<Pi/n(0 -P n (0 ) | S  c4
Then we have

Pn(0) = p„(0)-<p1/n(0) == p n( u ) - ( P i ln( 0 )  == c

log Ли 
kn

log Ли

-Pn(0) S  <?i/(1(0 )-p n(0) =i <Pi/n(t)-Pn(Q) ^  c
and consequently

Ли ’ 
log Ли 

Ли ’

|A(0)|
log Ли 

Ли
We have also

| 1 - Ы О - А ( 0 ) ) |  =  |Ф1/Я(1 ) -А (1 )+ А (0 ) | ё  |ф,/. ( 1 ) - а (1)| +  |л (0)|.

From Theorem A it follows :
1. There exists a point и€[0, 1] such that

h v O i - A M l a c ! 0**"

2. There exists a point t£[0, 1] such that

\pn(l)-<p1/n( t ) \ ^ c

kn

log Ли 
Ли

log kn
From here we obtain

< P i / » ( l ) - A ( l )  S  (pVn ( l ) - p n(u) - c k n  »

/ 1 4  / 1 4  / 1 4  / 4  lOg Л/1А (1) - Ф 1/П(1) S />„(!)-<Pi/„(0 =
Consequently

and
l 9 » i / . ( l ) - A ( l ) |S c î ^

| i - ( a ( 1) - a (0))|

Let /€[0, 1] be arbitrary. Let и be such that t and и satisfy (1). Then

|/ ( â (0 ) - a (0 | S  |/ (А (0 ) - / ( ф 1/»(«))| +
+ |Д<М«))-Д<М'))| + |Д</>1/я(0)-?»(0| s

s  I/(â (0 ) —Д<Р1/п(м))| +  u| и— + 12 •
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On the other hand

\pn(t)-<Piin(u)\ Pn(t)~Pn( 0)
л ( 1) - р л(0) <Pi/n(w)

P Á t ) - ( p n(l)-Pn(P))<Pi/Áu)-Pn(0)
A (1)-A (0)

, logfc/i , , log kn
1 -  c4 g  a ( 1) -  ACP) g l + Q

Consequently

Then

(3)

because 

Then

kn

Pn(\)-pA®) = !+«*> k l  ^  C4

fcn

log kn 
kn

\Pn(t)-<Pi,n(u)\ =S c8|pB(0 -<p1/n(u) -<xn(piin(u)-pn(0)\ ^  

S  c6[|/>B(f) — <j0i/n(u)| + |p„(0)| +  |а„<р1/п(и)|] â  ce ^ j |p

log kn
l<Pl/„(«)l =  1, \y-n<Pl/Áu)\ ^  k l  S  C4- кп

log kn 
kn + 0 + 1)

log kn
\f{Pn(tj)-q„(t)\ = Co 0J / ;

-
The theorem is proved.

Remark 2. If /  is a monotone function, from Remark 1 and the proof of the 
Theorem 1 it follows that

£ i,« (/) S  c0 4 / ;
log kn

kn + (» +  !)
log kn

Theorem 2. Let f  be continuous function with bounded variation in the interval 
{О, 1] and co(f;ô)^c2ôx, а < 1 .  Then

(4) En, n( f )  = О
log« Ín [0, 1]

Proof. Let us set in Theorem 1 k = n * . Then

log kn

The theorem is proved.

+  ( r + l ) - = О log n
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Remark. It is easy to show that the order of E„ n( f )  in (4) cannot be better 

than „ . Really, let us consider for every n the function
2(#i + l)

Фп(х)
( - 1У- 1 if l

2(n+ 1) ’

linear in the interval

n + \ ’ 
i i +1

И + 1 ’ И+1

i = o, n+  1,

i = 0, n.

It is evident that E„t „ (фп) = 1

log« .
2 (и + 1) and v(\j/n) = l. We don’t know if the order

is the best possible.

Remark 3. If /  is a monotone function and co(f; ô) ̂ c3* then from Remark 2 
it follows that

£ , . < / )  =  o f ' ° ® n

T heorem 3. Let fb e  a continuous function with bounded variation v in the interval
[0, 1] and œ (f; ô)^kx  log~a Jr in [0, 1], (a>0). Then

&
En,„ { f ) ^  c0(v,cc)n 1+*

__1_

P roof. Let us set in Theorem 1 k= en 1+a- Then

E„.n( f )  S Cl
kn

log kn + (v+ l) log kn 
kn

S c 8 j c 9 ( a ) «  1+04 - ( u + l )

The theorem is proved.

Remark 4. If /  is a monotone function and cu(/; ô)Skx log- “4" then fromо
Remark 2 it follows that

g
Ei,n( f )  — сз(о, cc)n 1+“.

I wish to eexpress my thanks to Dr. V asil Po pov  for the support and encourage­
ment.

4-
log n S  c3(p, a)n 1+0
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THE BAHADUR EFFICIENCY OF THE REIMANN—VINCZE
STATISTICS

by

H. L. KOUL and M. P. QUINE*

Summary

In two sample testing problems it is known that R eimann—Vincze (R—V) 
statistics [5] have null distributional advantages over K olmogorov—Smirnov (K—S) 
statistics when sample sizes are nearly equal. In this note we show that their relative 
Bahadur efficiency is unity in this case. This lends force to the argument that R—V 
statistics are preferable to К—S statistics when sample sizes are close.

1. Introduction

Suppose we have two independent samples Xx, Xm; Ylt Yn, from con­
tinuous distributions F, G respectively, and wish to test H0: F—G against one of 
the alternative hypotheses H1: F ^G  or H2: F>G. Writing Fm[GJ for the first 
[second] empirical cumulative distribution function, it is well known that the Kol­
mogorov—Smirnov statistics

Ky =  (mn/N)1'2 sup |Fn(x )-G n(*)|,
X

(1.1) Kit =  (mn/N)1'2 sup {Fra(*)-G„(*)},
JC

N  = m + n
have certain desirable properties, including, when m=n, the existence o f  simple 
closed expressions for the probabilities P2—P(KN>x), P1=P(Kj!; > x )  under H0 
(see e.g. H odges [3]).

Hodges also demonstrates in [3] that in case m ^n , the problem of computing 
these probabilities is of considerably greater difficulty. He notes (p. 477) that the 
case where m and n are nearly equal is of practical importance (e.g. equal sample 
sizes are intended, but some observations lost) and develops a theory in which an 
asymptotic expression ([3], eq. 4.10) is derived for Px in case m —n is bounded as 
m, /1--°°. He concludes that the error of the Smirnov approximation to Pi (i.e. e~2x'1) 
may be quite large even when n is large, particularly when nt—n= l. P2 presents 
even greater problems.

To overcome the above difficulties Reimann and Vincze [5] proposed the 
statistics Bjt and BN, where

By =  Â “ 1/2 sup {mFJx) -  nGn(x)}

* This author’s work was done under NSF research grant number GP-31123.
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and

Note that if

BN = N~112 isup \mFm(x)-nG n(x) + n — m n — m \
2 Y

Bn = N~1/2 sup {nGn(x) -  mFm(x)},

then
( 1.2) BN =  max К В”- 7 Г}-
and that when m=n, Bfi =K$ and BN=KN.

In [5], Reimann and V incze show that tests based on BN[B£] are consistent 
against H1 [# J  provided (which involves no loss of generality), N->-°° and
У~1/2(и—m)-*-2cs0. The case c= 0  clearly covers the situation m —n bounded dealt 
with by H odges [3]. They also show that the small sample null distributions of these 
“ R—V statistics” are much simpler than those of K—S statistics. They derive ex­
pressions for the asymptotic null distributions of their statistics when the above 
limiting procedure obtains. Stirling’s formula may be used to show that these limits 
are approached in an orderly way (Quine and Robinson [4]) — a decided advantage 
over К —S tests in this situation. While having the above advantages, the R—V 
tests continue to share other properties of К—S tests. For example, the statistics 
are all easily computed, and the tests based on Bj$ and К$ are unbiased against H2 
(because both are monotone rank tests).

The purpose of our note is to show that when N~1/2(n—m)-»2c^0, the R—V 
test is as efficient, in the Bahadur sense, as the К—S test. Thus one may prefer to use 
the R—У test when n and m are not too far apart. 2

2. Bahadur efficiency

For an elaborate discussion of Bahadur efficiency we refer to [2]. From there we 
recall the following

Lemma 1 (Theorem 7.2 of [2]). Suppose TN is a test statistic to test the hypothesis 
0Ç 0Ovs 0€0x—0 —0 O; & c R . Suppose

(i) N~l12 TN 0(0) a.s. when в £ в 1
and

(ii) lim N - 1 log Pe(TN ^  N 1,2t) = /(O V 0 € 0 o
N -+■00

and fo r  each t in an open interval containing the range of 0(0) and on which f  is con­
tinuous. Then the exact slope o f the test {Tv} is

C(0) -  2/(0(0)).
For our purposes we will be taking 0  = {(F, G); F, G continuous cdf’s on R}, 

0 O={(F, G)€0; F=G}, 0 != {(F , G)€0; 0<sup |F(x;)-G(x)|< 1}. We shall also
need 0i+ =  {(F, G)€0; 0<sup (F(x) — G(x))< 1}.
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Finally we would like to recall from [2] that the Bahadur efficiency of test 
relative to {TN2} is defined as the ratio of their respective slopes, С1(0)/Сг(в),

ве&1.
We now proceed to derive the exact slope of R—V statistics.
Let

(2 . 1) g(t) =  (1+t)  l o g ( l  + 0 + ( l  — f ) l ° g ( l  — 0» 0  <  t <  1.

P ro po sitio n  1. I f  n>m; (n -m )N ~ 1,2-~2c, c^O as N=m+n-+°°, then the exact 
slope o f ВN-test is
(2.2) CRV(0) -  g(d(Q))-, d(9) = sup IF(x)- G(x)\

X
and that o f В^-test
(2.3) CR+V(0) =  g(d+(0)); d + (в) = sup (F(x) -  G(x)),л:
with

e  =  ( F , G ) t e 1.

P r o o f . From [5] we recall that

(2.4) P0(Bï ^  kN ~1/2) =
N  |ДДГ 

m —k) I n к — 0, 1, ..., m,

where P0 stands for probability being computed under the null hypothesis H0: F=G.
Now let {t,v} be a sequence of numbers such that tN-*t and {NtN} are integers. 

Then we have

Р0{Вй ^  iW % ) = nlml

since N=m +n
(m — NtN)l (n + NtN)\ ’

+ 1/2 yŷn + 1/2
(m -  Nt)m - Nt +1/2 (« + Nt)n +Nt +1/2 

using Stirling’s formula and tN-~ t
\_
T(2.5)

К Н И Г
{(1 — 2i)1/2~'(l + 2t)1/2+,}~N

using n/N, m/N—1/2.
In the above ~  means that the ratio of two sides tends to 1 as in the

above fashion. Hence from (2.5) above we have for any sequence tN—t,

( 2.6) ■N-1 log P0(Bjj ^  N 1,2tN) - / ( i )  = lg (2 r) .

Considerations of symmetry and the fact that w~m imply for any sequence 
{fur}-*-*»
(2-7) —N ' 1 log P0(BZ s  N ^ t N) -  f(t).
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Applying (2.6) with tN= t—(n—m)N  \  recalling that (n—rrí)N 1—0, we have

(2.8) — TV-1 log P0(Bfi — (n — m)N~1/2 sr tN1'2) - /(? )•
Using (2.7) with tN = t, (2.8) and (1.2) one sees that

(2.9) - N - 1 logP0(BN ^  tN1/2) - / ( 0  

where /  is defined by (2.6) and (2.1).
Note that /  is continuous on (—1/2, 1/2). Next note that in view of n/N— 

—1/2*-m/N, we have by the Glivenko—Cantelli lemma that

(2.10) N - ll2B t  -  —- cl (0) =  -^sup(F(x)-G (x)), a.s. V0 € 0 !,
Z  Z X

N - ll2Bÿ - \ d ~ { ß )  = -U up(G (jc)-F(x)) a.s. V0€©i.
Z  Z  X

Using (2.10), (1.2) and the fact that (n — m)N~1^ 0 we have

N - 'I2Bn -  j  d(9) = j  sup |F(*) -  G(*)| a.s., 9 = (F, G )£ 0 1.

Thus Lemma 1 above is applicable to the statistic TN = BN with b(9) — l/2d(0) and/  
as in (2.6). Hence the exact slope of BN is

CRV(0) =  2/(0  (0)) = 2.-2 g(2b(0)) = g(d(Q)).

Note that О<Т>(0)<1/2 for в £ 0 1. Hence the interval on which / i s  continuous con­
tains the range {b(9); 0Ç 01}=(O, 1/2). Similarly the slope of Bg is seen to be one 
given by CR+V(0); 9ç_0i . We terminate the proof.

Using Stirling’s formula, it can be shown that in case n—m,

(2.11) — l i m  TV - 1 log P0 (KN is tN1/2) = /(*),

for all t£(0, 1/2). Furthermore, Theorem 3 of Abrahamson [1] shows that in the 
general case of possibly unequal sample sizes the above limit depends on v= lim (m/N), 
but not upon the manner in which v is approached. It follows that (2.11) obtains 
whenever v=l /2, i.e. whenever m~n.

Again using Glivenko—Cantelli it further follows that

N ~ 1/2Kn y  d(6) a.s. V 0 € 0 !,

and hence in view of Lemma 1 above and (2.11) the exact Bahadur slope of the 
KN-test when (n — m)7V~l/2—2c, c^O as 7V-*-°° is

CKS{9) = g(d(9)), 0 = ( F , G ) € 0 l
We thus have
Corollary 1. The Bahadur efficiency o f two sided R— V test relative to two 

sided К—S test is 1 provided (n — m)N~1,2-*2c^0 as N —°°.
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A brahamson’s work [1] does not deal with the exact slope of the one sided 
К — S statistic . It is of some independent interest to note that some information
may be gained in this regard from the present results.

Proposition 2. I f  (n -m )N ~ 1,2-*-2cS0 as then the exact Bahadur slope
o f K$ is given by

(2.12) c K+s(0) = c*V(0)V 0e0i.
Proof. First note that

N ~1/2K£ — у с / +(0) a.s. V0G0Í.
Using the identity

mFm{x) -  nG„(x) = (Fm(x) -  Gn(x)) + ( m -n ) HN(x),

where HN( • ) is the pooled empirical cumulative, we have

1 N  \b + i n ~ m2 (mn)1'2 [ N + N1'2 
Using (2.7) with tN= t—(n—m)N~1 and (2.11) above concludes the proof.

Propositions 1 and 2 imply the following

Corollary 2. The Bahadur efficiency o f the one sided R—V test B£ relative to 
the К—S test is 1 as long as (n — m)N~l/2^2c = 0.

^  KJ ^ K N.
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ON JACKSON AND BERNSTEIN TYPE APPROXIMATION 
THEOREMS IN THE CASE OF APPROXIMATION 
BY ALGEBRAIC POLYNOMIALS IN JS?p -SPACES

by

N G U Y E N  X U  A N  K Y

1. Introduction

Let JSPp[ - l ,  1] (1 S p S ° o) be the Banach-space of integrable functions defined 
in [—1, 1] with norm

1
ll/W llp =  { /  I/W IPdx}1/p ( l S i < » )  

-1
and for p  = oo the space of bounded measurable functions with norm

respectively.
ll/MIloo =  vrai ■ sup |/(x)|,

Let 0>n be the set of algebraic polynomials of degree not greater than n 
(и=0,1 , For f(x)Ç.£é?p [ — \ ,  1], let
(1) E ÿ \ f ) =  Ы  \\f-q \\p, n = 0 ,1 ,...

In the present paper we define one modulus m (££p ; / ; 8) for each fÇ_£Ep[—1 1] and 
we give the analogue of the Jackson—Bernstein approximation theorem in the 
case of trigonometric approximation for our case, that is, for E^p) ( / )  and
» (* ,; / ;« 5).

In our paper c1; c2, ... denote absolute constants, and c±{p), c2(p), ... 
denote constants, which depend only on p. For each f(x) defined in [—1, 1], we 
denote
(2) /* (< ?)= /(cos0), O s  0 S  71.

For
Л * )€ ^ р[ - 1, 1] (1 ^ P < - ) ,

we define the continuity modulus o f f(x )  as follows:

(3)

Since

a>{Xp; f ; 8 ) =  sup { /  \ f *(fl + / ) - / * (0)lpsinвМ }11р +
Q

+ su p {  f  \f*(0 — t) —f *  (0)|p sin в d e y ip, O s i S y .
O t̂^ô З т г /8

sin 0 ^  Ci sin (0 +  i), 

O S 0 S - Ç ,  O S t S j

Studia Scientiarum  M athematicarum Hungarica 9 (1974>



4 0 6 N G U Y E N  X U A N  K Y

and

( 4 ) sin 0 SCj sin (0 — t),

3 n̂  0

we have
Зл/8

{ /  i r ( 0  +  O - / * ( 0 ) l p s i n 0 J 0 } 1 / p s  ( l + C l ) i | / | | p
0

and

{ / 1 /*  ( 0  -  о  - / *  (ö ) |p S in 0  d9}llp ̂  (  1 +  Ci) | | / | | p .
Зя/8

Thus the modulus <x>(3?p\f;0 )  exists for OS<5Sn/3.
It is obvious that

m (^p; / ;< 5 ) - 0  (5 — 0).

We are going to prove the following two theorems:
T heorem 1. Let 1 For each / Ç i f p[—1, 1] we have

(5) E p { f )  ^  Ci( p ) œ / ;  - i j  , n =  1,2.......

T heorem 2. Let 1 For each 1, 1], we /гаге

(6) co{&p- ,f - ,ô )^ c 2{p)d 2  E p  if) .

Remark. From Theorem 1 and Theorem 2, it follows that :

(i) Bernstein-type theorem: For each /£J5?p ( 1 =  /><  °°) we /гаге

( 7 )  E p ( f )  =  О | - l j  «■ œ (J F p ; / ;  5 )  =  0(0%  0  < a  < 1.

(ii) In the case a = l  we obtain only:

(8) E p ( f )  = О [ I ]  =* œ(&p; / ;  8) = О In j  .

2 .  S o m e  l i n e a r  p o l y n o m i a l  o p e r a t o r s

We denote by Pn(x) (n=0, 1, ...) the и-th Legendre orthogonal polynomial. 
For f£L?p[— 1, 1] (1 let S(f; X) be the generalized Fourier series of /  with
respect to the system {Pn(x)}, that is

( 9 )  S ( f ; x ) =  2 c k(f)Ek(x),
k=0
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where
1

(10) ck( f )  =  J f( t )P k(t)dt k  = 0 ,1 .......
-1

Let S„(f; x) be the и-th partial-sum of series (9). We shall denote by oi2J( / ;  x) 
the я-th (C, 2)-mean of series (9), that is we have

( П ) 4 2]( / ;* )  =  /  K W (t,x)f(t)d t.

The kernel K ^ ( t,x )  is defined by

( 12)

'n — k + 2 
2K ™ «,x)=  2

k = 0 I n + Z
Pk(t)Pk(x).

It was proved by L. F e j é r  [1] that

(13) K™(t, x) ^  0 ( - l s u s l ) ,  n =  0, 1.......
Thus, by the identical

f  K™ (t,x)dt =  1
-1

we obtain
II42]( /;  *)IU ^  ll/W IU, / € ^ » [ - 1 ,  i] n =  o, l , .

and
42](/; *)l|x ^ ll/Wllr, K & i[- i,  i] n = o, l....

Thus, from the Riesz—Thorin interpolation theorem, it follows that

(14) ||<x'2]( /;  x)\\p S  ||/(x)||p, 1, 1] (1 =? p ^  «), n  =  0, 1........

We introduce the following operators:

Д  ( -  D2- ; (y  ) ( °  + 2” + 2 ) M  *)
(15) F3„ (/;x ) 2 n2

з 4 2]( /;  x) - 2 4 2](/; *) =  W ;  x),

, n -  1, 2, . . . ,  

n  =  0 .

( /;  x) is a polynomial of degree 3n at most (for и =  1, 2, ...), degree 1 (for и=0) 
and we have by (14), (15) (see G. Freud and J. Szabados [2])

(16) (i) V3n( n „ ;  x) =  Яя(х), Яя6 ^ я,

(17) (ii) V0 ( n i ; X )  =  Ях(х), я . е ^ ,

(18) (iii) Г з „ ( / ; х ) | |р S  Сз<Р>И/(х)||Р, /eJS?p[-l, 11(1 S P  S  H , « =  9, 1.......
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Let now/ÇJSfpf— 1, 1] (1 Sp^oo)  and let p„(x) be an algebraic polynomial of best 
approximation of order n t o / i n  £Pp[—1, 1]. We have by (16), (17) and (18)

(19) I I /-  F3n( /) | |p ^  \ \ f - Pn\\p+ W *A f-P n)b  —

â  E p ( f )  + c3( p ) E p ( f )  = ct ( p ) E p ( f ) ,  n = 0,1, ....

3. Estimation for the best approximation 
of differentiable functions in

From the Jackson-theorem it follows that, if /(в )  is continuous, 27i-periodic 
and / ' ( 0) is essentially bounded in [0, 2л], then we have the following estimation 
for the best approximation E * (f) o f / b y  trigonometric polynomial in C2n-space:

(20) £ ? (/)= £  —  u ra i .s u p |/ '(0)|.

It is a consequence of (20) that, if f(x) is absolutely continuous in [—1, 1] and 
f l — X2 f '( x )  € [ — 1, 1 ] then

(21) ^ > ( / ) ^ | | l /Tz ^ 5/ '(* ) ||~ .

Now, we shall prove inequality (21) in every JS?P[— 1, l]-space.

T heorem 3. I f  f i x )  i s  a b s o l u t e l y  c o n t i n u o u s  i n  [ —1, 1] a n d  ]/1 — x 2f ' ( x )  Ç .£?p [ — 1 , 1] 
( l ^ ^ c c ) ,  t h e n

(22) £ / ( / )  == ^ - \ \y T ^ ff '(x ) \ \p, и =  1, 2, . . . .

P r o o f .  We denote by 5p the set of functions satisfying the conditions in Theo­
rem 3.

a) We begin by proving (22) for the case p = 1. Let P„(x) be the n-th ortho­
normal Legendre polynomial. Let

(23) K it)  =
n — 1
2  PkiO n =  1, 2, ...

U=o
the л-th Christoffel function with respect to the system {Pn(x)] at point ç. It has been 
proved by G. P. Névai [8] that

(24)

- l s { s - b _£з
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Let Г((t) be the following function:

[ 0, t <
< 2 5 >

It is known that

(26) Е£>(Г() S Л.Ю, ( 1 — £ — 1)> n = 1,2, ...
(see G. Freud [5]).

(i) I f l — then

1- U ^ -  /

thus, from (25), taking the polynomial <7„(x)= 0  as an approximant, we have

(27) ES-КГù  S  /  rfx =E .

(ii) If - l s ^ s - l + - ^ - ,  then

1 + Ç s  —П

Thus, again from (25), by taking the polynomial q1(x)= 1 as an approximant we have

(28) E S K r ^ S  f d x s - ^ - y T ^ .

Now, from (24), (26), (27) and (28) we obtain

(29) E S K r ^ r z ^ f T ^ ,  1), n = 1,2.......

From (29) by the method of G. Freud in his paper [3], we obtain that, if /ÇS) then 
we have (22). Thus (22) is proved in the case p —1. 

b) We define the following operators for

/* € S ;  =  {/* (X) =  f T ^ ê f i x )  :/€  S ,}  ( l ^ S = o )
as follows:

(30) Tn(f* ;x) = f ( x ) - V an(f;  x), n =  0, 1, ....
We have by (17), (21) and a)

jl|7 ’B( A ^ ) l lp S c e<p>-i||/,(x)||p

. |iw *;x ||p s  сво»>ил(х)я„ p  =  i,
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T h a t is, Tn is (1, 1) and  (°°, °°) type operator. F ro m  the Riesz—T horin interpolation 
th eo rem  it follows th a t Tn is a lso  (p, p) type, m ore precisely

(32) i i w *;*)IIp ^  св( р ) ~  пледе)«,,

\\T0( f * ;  ^)llp — св(р}  11У*(-̂ )11р> 1 — p  — °°-
N o w , we have by (15), (30) a n d  (32)

s  £ i< Æ l\ \ fr ^ f '( x ) \ \p, f e s p( ^ p ^ ~ ) ,  n =  1,2 .......

T his completes our proof.

4. Proof of T h e o r e m  1

W e begin with the fo llow ing inequality which holds for n — 1, 2, . . . .
57 1 /8

(34) { / 2« f  [/*(0 + 0 -
Зя/8 n  -1/2

n-1 5я/8
^  2 n /  { /  ! /* («  +  ')

iiî-1/2 Зя/8

• 1 /„ Зл•£ Sin_1/p —
n-1 5я/8

• 2„ /  { /  |/* (0
Зтг/8

ä  sm _1/p — -
О

571/8
su p  { /  |/*1

p -l/2SfSn 1 3 „ / 8

Зл 1
— s in - 1/p —  —

F ro m  (34) it follows th a t  th e re  exists a 0„ w ith

3 n . 5л
T s e - s T ■

so  th a t 

(35) |2 и  f  [f*(0n +  t ) - f 4 0 n- t ) ] d t \ ^
n  - 1 / 2

s ( í )  s i n
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We introduce the following function

(36) <р*п(в) =

2 n  f  f * ( G  +  t ) d t ,  0
4/2

2 n f f \ 6 - t ) d t  + 2n f  [f*(en + t ) - f * ( e n - t ) ] d t ,  0„ < 0 ==л.
n' l/2 n" 1/2

The function <p*(0) is absolutely continuous in [0, n]. Thus the function <pn(x) = 
= <pl(arccos x) is absolutely continuous in [—1, 1]. We have by (36)

(37) <P*n( 0 ) - f4 0 ) =
n~1

2n /  [/*(0 + r)-/*(0)]<*, 0 g  Ö s  0„
=

n ~ V 2

2n f  [ f * ( e - t ) - f * m d t  + 2n J If*(fln + t ) - r { 0 H-t)]d t, 0„ < 0 S 7r.
n - 4  2n~42

Thus, from (35) we obtain 

(38) №.(*)-Я*)Н, = { /  l<p:(0) - / * ( 0)lpsin 0 ^0}1 Ip

=s 2 n f  [ f  \f*{0 + t) - f \0 ) \P ù n 0 d e } llpdt +
n - 1 / 2  0

+ 2n /  { /  I /* (0-- / ) - / * (0)|psin6dO}Vpdt +
»-1/* 9„

U/p+ 1 — 1 sin-1/p / ; ^ ) { / sin 0 ^ Г -

s n № / ; -  +

V p

+  1 —  1 Sin ' " " х “  л  Ti) • ( ‘ + cost )
4Ï i/p 3 n1 + |—j sin_1/p —• I 1 +COS

t )
I Vp

CŰ JSP,;/;

Studia Scientiarum M athem atic arum Hungarica 9 (1974}



4 1 2 NGUYEN XUAN KY

Again, from (36) we obtain

(39) < (0 )

Thus, we have

(40)

2n f* (6  + И-1) - / * H?)]
2 n / * ( 0 - « - ! ) - / * Г 2 JJ

9 ^  0„,

: 0 S  П.

\\YI-X*cp'n(x)\\p = { /  W V m P Sin 0 rffl}1'-p ==

ё  2« { f  I / *  (0 +  и- :1) - / *  [fl ■+ Psin 0 doj
U/p

sin в del -+-

'{/+ 2n\ /* (0 - „ - ! ) - / *  0 — —
p u /p
sin0i/0t ^4иа>|^?р; / ;

From (36), and (40) it follows that (pn(x)£Sp, thus by Theorem 3, (38), (40) we 
obtain

(41) E p ( f )  ^  \\<Рп-ПР + Е (/Чя>п) ^  

s  ll^-/llp + ̂ # | | ) / l -x 2^(x)||i

1 +
1 Ip 3n Зя

s in - 1̂  —  • 1+cos—  + 4  cs(p)
1 Ip

q.e.d.

5. Markov-type inequality

It was proved by S. N. Bernstein as a refinement of Markov’s inequality that 
for every П the following inequality is true:

max |Я„(х)|
(42) \П'п(х)\ S  n — ----- , -  1 <  X < 1.

у 1 - X 2

Now, we shall prove the inequality (42) in every S£p\ —1, 1] (1ё/><°°) and we deduce 
some of its consequences.

T heorem  4.

(i) Let 1 For every Пп£0>п we have

(43) \tyï - х 2Л'(х)||р S  cs(p)n  [|I7„(x)||p.
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(ii) Let lë p < °° . For every Пп££?„ we have
5 * /8

(44) { /  \П*(в + И) — П*(0)1" sin 0 d O y ip s
0

S  c9(p)hn { /  |ЛЯ*(0)|' sin 0 de}llp, Ö S Ä S j  

and

(45) {  /  \П*П ( в - h ) - n :  (Orsin в de Y1 p ^
3n/8

S  c10</»> hn { / 1 Лп*(0)|' sin в deyip,
о J

Proof, a) In the case /> =  1, (43) was proved by Stein E. M. [9].
b) We define linear operators t„ for « =  1,2, ... as follows:

(46) Tn( f ; x )  = У Т Е К Л А X), f z s e p[ - 1, 1] (1 

We have by (15), (42) and (16)

(47) W V T ^ V M  x)||~ S  3«||FS„(/; *)|U =£

S  3 n c 3< o o > | | / ( x ) |U ,  / € # . [ - 1 , 1 ] .
We have analogously

(48) \ \ f l -x*V 3'„(f; x)||i S  3c'e(l)n\\V3n( f; x)||x =£
S  3C8<l>C8< l> n ||/(x )||1, / £ # 1[ - l ,  1].

Thus, x„ is a (1, 1) and («=, °°) type operator. From the Riesz—Thorin interpolation 
theorem it follows that

(49) ||]/1 -x*V 'n(f-x)\\p ^  ca (p)n\\f(x)\\p, / € # Р[-1 , 1], ( l ^ S  =o).
From (15), inserting a polynomial П„6J ’,, fo r/in  (49), we obtain (43). (44) and (45) 
are consequences of (43) and the following inequalities:

(i)

(50) j j ' 8 1 n*n(0+h)-n*n(0)

( Sn/8 I - h

-  I f  I j  f  п : ’(
lo I 0

p 11 Ip
sin0 i/0f

p l i /p
sin в dO г

, h 5я/8

-  Cl T  /  { /  + ,)lp sin + 0 d0}1/P dt ^

-  с‘ т /  { / |ЛГ(0)|р8Ш0</0}1/рЛ  = * { /  |Я£'(0)|Р sin 0 d O y ip. 
п о о о
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(Ü )

(51) { f п и в  - h ) -  п и в )

J
1Зя/8 h

p i l  Ip

sin в d9(

n

S  сг { /  \П%'(0)\Р sin в de}11”. 
о

Thus, we completely proved the Theorem 4.

6. Proof of Theorem 2

We apply the following inequality:

(52) 2  2‘E i f i f )  ^  c7 2  E ? K f \  k = 0,1, . . . .
1 = 0  0 S n < 2 *

The inequality (52) is a special case of a more general inequality (see G. G. Lo-
RENTZ [6]).

Let pn(x) be an algebraic polynomial of best approximation of degree n to f i x ) 
in 1]. We have for k = 0 ,1 ,...

5я/8
(53) { /  \f* (e+ h)-f* (e)\'>ù n e d e y ip s

o
5я/8

S  cbE № if)  +  { /  ш е  + h)-p*A9)\p sin в de}llp.
0

From (50), we obtain

5я /8  n

(54) { /  \pU9 + h)-р ^ (в ) \р sin в  de}11 p ^ Clh { f  \pt*{0)\p sin0 de}llp.
0 0

We have

(55) píú(0) = i p m - p t m + i  [ptm-pt-mr-/=1
We notice that

(56) { /  \pî (6)- p t i e r  sin 9 dd}11 p Ш 2ЕР if) ,
0

{ /  \ p $ ( 0 ) - P t - A 4 psin 0de}1,p^  2Eiff.
0
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Now, we have by (55), (44) and (56) and (51)

(57) { /  | / * W s i n  edO}llp s  { /  |[pî(0) —p t (0)]'|p sin 0 deyip +
О «

+ 2 { f  Ы (в)-р * 21-1т ' \ рй п 0 м у 1р ^  { /  \p*(6)—pn(9)p\ sin 0r/0}1/p +-
1=1 о о

+ 2  2‘ { f  \pt,(0)-р%-г(в)\рsin 6de\llp =§ 2 E ^ ( f ) + 4  *2 2lEW {f) ^
1 = 1 V 1=0

^  cn (p) 2
0̂ /z<2k “1

But
(58) 2  W / )  ^  2kE l£4 f).0Шп̂ 2к
Thus from (53), (54), (57) and (58) we obtain

5тг/8
(59) { /  I/* (0 + A) —/*  (0)|p sin 0 d ey ip Ш

0
^  cu <p)(A + 2 -‘) 2  £*« (/).

0 S n S 2 b

Similarly as before, we have by application of (45)
7t

(60) { /  I/* (0 — A) —/ * (0)|p sin 0 t/0}1/p s
Зл/8

^  c14<P>(A + 2 -‘) 2  ^ p)(/)-
0 S B S 2 k

It is now clear that if we select к =0, 1, ... in (59) and (60) in such a way that 2fĉ A~1<  
<2k+1 we shall have (6).

This completes our proof.
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THE NUMBER OF SQUARES IN AN ARITHMETIC PROGRESSION

by

E. SZEMERÉDr

P. E r d ő s  conjectured that an arithmetic progression of к elements contains 
a t most о (к) squares (see [1]). We are going to give a short proof of this assertion 
here. To this end, assume that we are given an arithmetic progression

c + id (0 ^  < k)
of к elements, where к is sufficiently large, and consider the sequence

c + i,d (i0 <  i'i..., 0 S  ( <  m)
of squares in this arithmetic progression, where m denotes the number of squares 
in the former sequence. According to a well-known observation of E u l e r , there 
are no four squares that form an arithmetic progression; hence the sequence of 
squares contains no arithmetic progression of four elements. Clearly, the same is 
true for the sequence i, (0^i<w ). This means that m = o(k) does indeed hold, as a 
consequence of the theorem that an infinite sequence of positive upper density 
contains an arithmetic progression of four elements (see [2]; in fact, recently I suc­
ceeded in proving that such a sequence contains arbitrarily long finite arithmetic 
progressions see [3]). This completes the proof.
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ÜBER RINGE MIT MINIMALBEDINGUNG 
FÜR HAUPTRECHTSIDEALE, II

von

DINH VAN HU Y NH

§ 1. Einleitung

Unter einem Ring verstehen wir in dieser Arbeit stets einen assoziativen Ring. 
Ein Ring heißt artinsch (noethersch), wenn er der Minimalbedingung (Maximal­
bedingung) für Rechtsideale genügt. Genügt ein Ring der Minimalbedingung für 
Hauptrechtsideale (für die in Hauptrechtsidealen liegenden Rechtsideale), so heißt 
er ein MHR-Ring (MHjR-Ring) (siehe F. Szász [8], [9]). Wir nennen einen Ring 
MHjfR-Ring, wenn er die Minimalbedingung für die in Hauptrechtsidealen liegenden 
Unterringe erfüllt.

In [1] haben wir MHR-Ringe mit der Eigenschaft (*) betrachtet. Ein Ring 
R besitze die Eigenschaft (*), wenn gilt: Ist xÇ_R mit x2 = 0, so gilt xe = exe für 
jedes e£R  mit e=e2. In dieser Arbeit werden wir weitere Ergebnisse über MHR-Ringe 
(bzw. über MHXR-, MH^R-Ringe) mit der Eigenschaft (*) angeben. Anschließend 
zeigen wir, daß ein MHR-Ring, dessen additive Gruppe keine Untergruppe vom 
Typ Z(p°°) enthält, ist genau dann artinsch, wenn er noethersch ist.

Wir stellen zunächst die in der Arbeit benutzten Bezeichnungen zusammen. 
® und 2 ® bezeichnen die gruppentheoretischen, Щ und УЕ die ringtheoretischen 
diskreten direkten Summen. Für einen Ring R sei (R, + ) die additive Gruppe von 
R ; als Radikal von R betrachten wir nur das jACOBSONsche und bezeichnen es mit 
J(R). Der Ring heißt vollsändig primär, wenn R ein Einselement enthält und der 
Faktorring R/J(R) ein Schiefkörper ist. Für eine Primzahl p sei 2  (p j  die zyklische 
Gruppe der Ordnung p‘, falls i eine natürliche Zahl ist, für /= »  die PRÜFERsche 
p-Gruppe (Gruppe vom Typ Z (/?” ))•

§ 2. MHR-Ringe mit der Eigenschaft (*)

Es sei M  eine Untermenge eines Ringes R. Mit (M:R)l bezeichnen wir die Menge 
aller solchen Elemente x aus R, die die Bedingung xR Q M  erfüllen. Ist insbesondere 
M  ein Rechtsideal von R, so ist es auch M Q (M :R)1.

Sa t z  1. Für jeden MFlR-Ring mit der Eigenschaft ( * )  sind die folgenden Aus­
sagen äquivalent:

(i) R besitzt die direkte Zerlegung:

R =  2 Ш R(v),
ver

wobei die R{v) (v£T) vollständig primäre MHR-Ringe sind',
(ii) für jedes Element xÇ R gibt es ein ex£R mit xex = x ;
(iii) fü r jedes Nilrechtsideal N von R gilt (N:R)l ^ N .
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Beweis. (i)=>-(ii) ist trivial.
(ii) =>-(iii): R sei ein MHR-Ring mit der Eigenschaft (*). N sei ein Rechtsideal 

von R. Ist x£R  mit x§ N , so gilt wegen (ii) x R ^ N .  Es gilt also (iii).
(iii) =>(i): Nach [1] (Satz 1) gilt

( 1 )  R= 2@evRev®U,
ver

wobei evRev (e\ = ev) einander annullierende vollständig primäre Ringe sind und 
U eine Untergruppe von (J(R), +) mit evUev—(0) für jedes vÇ_F ist. Es sei e ein 
Idempotent von R. Wegen (*) gilt nach [1] xe = exe für jedes x fR . Daher ergibt 
sich für jedes vÇE

(2) U(evRev) = (Uej)e,.Rev = ( e v Uev) <?v Rev =  (0).

Es seien a, b£U. Wegen (1) gilt etwa

ab — e1r1e1+ ... +e,r,e, + c 
(eiriei£eiRen c £ U). Wäre etwa e1r1e1?± 0, so gälte

0 =  abex = a(be..) = a(e1be1) - e1r1e1 ^  0.

Daher ist U ein Unterring und wegen (2) sogar ein Rechtsideal von R. Wir nehmen 
an, es sei U^(0). Dann enthält U ein minimales Rechtsideal U1 von R mit Ul — {0), 
das von einem Element xÇ U erzeugt ist : ü \= (x)r. Wäre UxUf  (0), so gälte U1U=U1. 
Es gäbe ein у в U mit x= xy. Da y  ein nilpotentes Element ist, gäbe es eine natürliche 
Zahl n (n> 1) mit xy" = 0, xy"~1^0. Hieraus folgte

0 xyn~1 = (xy)y"~1 = xy" = 0.

Es gilt also U1U=(0), und folglich ist UrR~~(0). Das ist ein Widerspruch zu (iii). 
Daher muß t/=(0) gelten. Aus (1) folgt dann die Behauptung (i).

Damit ist der Beweis des Satzes erbracht.
Ein Ring R heißt torsionsfrei, falls (R, + ) eine torsionsfreie Gruppe ist.

Satz 2. Für jeden torsionsfreien MHR-Ring R sind äquivalent:
(i) R ist die ringtheoretische diskrete direkte Summe von vollständig primären 

MHR-Ringen;
(ii) R besitzt die Eigenschaft ( * ).

Zum Beweis benötigen wir den folgenden auch an sich interressanten Hilfssatz.
Hilfssatz 3. Jedes Rechtsideal eines torsionsfreien MHR-Ringes ist teilbar.
Beweis. Eine additive abelsche Gruppe G heißt teilbar, falls nG=G für jedes 

natürliche n gilt. Ein Rechtsideal A eines Ringes R heißt teilbar, wenn (A, + ) eine 
teilbare Gruppe ist. Es sei A ein Rechtsideal eines torsionsfreien MHR-Ringes R. 
Wir nehmen an, A sei nicht teilbar. Die Menge 9Л aller teilbaren Rechtsideale 
At von R mit (0) s A tczA ist offenbar nicht leer. Nach dem ZoRNSchen Lemma 
(vgl. [5], Satz 1.5) enthält fül ein maximales Element M. Es gilt

(1) (A, +) = (M, +)®(R, +).
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Da M a  A gilt, gibt es ein a£A mit Unter den Hauptrechtsidealen (nä)r von
R gibt es ein minimales, etwa (ma)r=m(a)r, wobei m, n natürliche Zahlen sind. 
Da die Faktorgruppe (A, +)/(M, + ) wegen (1) torsionsfrei ist, gilt m(a)r9= M. 
Andererseits ist m(a)r teilbar. Daher ist auch M '= M+m(a)r teilbar. Offensichtlich 
gehört M ' zu 9Л mit M'd> M. Das ist ein Widerspruch zur Maximalität von M  in 9Л 
Daher ist A teilbar.

Beweis des Satzes 2. (i)=>(ii) ist trivial.
(ii)=>(i): Es sei N  ein Rechtsideal eines torsionsfreien MHR-Ringes R. Dann 

ist (R, +)/(N, +) nach Hilfsatz 3 torsionsfrei. Es sei x£R  mit xRQ N. Wir nehmen 
an, es sei дс(£ N. Wir betrachten die absteigende Kette von Hauptrechtsidealen 
(2‘x)r von R (i=0, 1, 2, ...):
(2) (x)r i ( 2x)r i . . . i ( 2‘x)r i . . . .

Wäre etwa (2' x)r = (2'+ xx)r, so gäbe es eine ganze rationale Zahl m und ein Element 
/•£R mit 2';t=/w2‘+1;c + 2'+1;cr. Daher gälte 2'(1 — 2m)x=2,+1xrÇ.N. Hieraus 
folgte 2f(l — 2m)x=0. Das bedeutete 1—2m=0, es wäre also m=l/2. Dieser Wider­
spruch zeigt, daß (2) eine unendliche streng absteigende Kette sein muß. Das ist 
aber unmöglich, denn R ist ein MHR-Ring. Daher ist x£N, d.h. R erfüllt die 
Bedingung (iii) des Satzes 1. Besitzt R die Eigenschaft (*), so erfüllt R nach Satz 1 
die Bedingung (i) des Satzes 2.

Aus Satz 2 folgt unmittelbar die

Folgerung 4. Jeder kommutative torsionsfreie MHR-Ring ist die ringtheoretische 
diskrete direkte Summe von vollständig primären MHR-Ringen.

Betrachten wir MH1R-Ringe, so haben wir die

Folgerung 5. Es sei R ein MH1R-Ring mit der Eigenschaft (*). Dann sind 
die folgenden Aussagen äquivalent:

(i) R ist die ringtheoretische diskrete direkte Summe von vollständig primären 
artinschen Ringen;

(ii) für jedes x£R  gibt es ein ex£R mit xex=x;
(iii) für jedes Nilrechtsideal N von R gilt (N:R)1 Q N.
Der Beweis folgt aus Satz 1 und aus der Tatsache, daß jeder MHjR-Ring mit 

Einselement ein artinscher Ring ist.
Folgerung 6. Für jeden torsionsfreien MH1R-Ring R sind die folgenden Aussagen 

äquivalent:
(i) R ist die ringtheoretische diskrete direkte Summe von vollständig primären 

artinschen Ringen;
(ii) R erfüllt die Eigenschaft ( * ).
Folgerung 7. Jeder kommutative torsionsfreie MHi R-Ring ist die ringtheoretische 

diskrete direkte Summe von vollständig primären artinschen Ringen.
Für MH^R-Ringe gilt:
F o lg er u n g  8. Es sei R ein MH?R-Ring mit der Eigenschaft ( * ) .  Dann sind die 

folgenden Aussagen äquivalent:
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(i) R ist die ringtheoretische diskrete direkte Summe unendlicher Körper mit 
Minimalbedingung für Unterkörper und endlicher vollständig primärer Ringe

(ii) für jedes x£R  gibt es ein ex£R mit xex = x;
(iii) für jedes Nilrechtsideal N von R gilt (N'.R^QN.
Für den Beweis benutze man die Folgerung 5 und die folgende Tatsache: 

Jeder vollständig primäre MHfR-Ring genügt der Minimalbedingung für Unter­
ringe. Demzufolge ist er entweder endlich oder ein unendlicher Körper mit Minimal­
bedingung für Unterkörper. Die Struktur der unendlichen Körper mit Minimal­
bedingung für Unterkörper ist wohlbekannt (siehe [7]).

§ 3. Zusammenhang zwischen artinschen Ringen 
und noetherschen Ringen

Nach einem Satz aus [4] ist ein artinscher Ring genau dann noethersch, wenn 
seine additive Gruppe keine Untergruppe vom Typ Z(p°°) enthält. In [6] hat A. K e r ­

t é s z  die notwendigen und hinreichenden Bedingungen dafür angegeben, daß ein 
noetherscher Ring artinsch ist. Bezüglich der Untersuchung dieser Art siehe auch 
[2] und [3]. Im folgenden zeigen wir, daß die Begriffe „artinsch” und „noethersch” 
für Ringe in der Klasse der MHR-Ringe, deren additive Gruppe keine Untergruppe 
vom Typ Z(p~) enthält, gleichbedeutend sind.

S a t z  9. Enthält die additive Gruppe (R, + ) eines MHR-Ringes R keine Unter­
gruppe vom Typ Z ip “*), so sind äquivalent:

(i) R ist artinsch;
(ii) R ist noethersch.
Beweis. Nach [4] gilt (i)=>(ii).
(ii)=>-(i): R sei ein noetherscher MHR-Ring und J(R) sei das Radikal von R. 

Nach [8] ist J(R) ein nil-Ring. Da R noethersch ist, ist J(R) dann nilpotent. Es sei 
к  der Nilpotenzgrad von J(R). Wir beweisen die Behauptung durch vollständige 
Induktion nach k.

Für k=  1 ist J(R) = (0), d.h. R ist ein halbeinfacher MHR-Ring, besitzt also 
die Struktur vom Satz 2 aus [8]. Da R auch noethersch ist, muß R dann artinsch 
sein, (siehe [9], Satz 6.1).

Es sei Ы ,  und es sei vorausgesetzt, daß die Behauptung für alle Ringe wie 
im Satz 9, deren Radikal den kleineren Nilpotenzgrad als к hat, richtig sei. Der 
Faktorring R /J lR f* 1 ist ein noetherscher MHR-Ring. Daher besitzt (R//(R)t-1, + ) 
keine Untergruppe vom Typ Z(p°°). Nach Induktionsannahme ist dieser Faktor­
ring artinsch. Wir betrachten J(R)1̂ 1 als R-Rechtsmodu! und machen es zu einem 
R-Rechtsmodul (mit R =  RIJ(Rj) durch folgende Definition :

xr =  xr (x e J ( R f - \  r£R, r£R).

(Diese Definition ist zulässig, da aus r1 = r2£R, d.h. aus i\ — r2c_J(R) für jedes 
x Ç J iR f-1

xrx- x r 2 =  x i^  — rJÇJiRŸ = (0),
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d.h. хгх=хгг folgt.) Daher stimmen die R-Untermoduln und die R-Untermoduln 
von J(R)k~l überein. Insbesondere ist J(R)k~l als R-Rechtsmodul noethersch. Da 
R ein halbeinfacher artinscher Ring ist, gilt nach [5] (Satz 9.3) eine direkte Zerlegung:

(1) /(R )*-1 =  H®Ml ® ... е м , ,

wobei H  ein trivialer R-Rechtsmodul (d.h. HR = (0)) und Mt ( i= l, 2, ..., /) ein­
facher R-Rechtsmodul ist. Da jede Untergruppe von (H , + ) ein Rechtsideal von 
R ist, genügt (H, + ) der Maximalbedingung für Untergruppen und der Minimal­
bedingung für zyklische Untergruppen, d.h. (H, + ) ist eine endlich erzeugbare 
Torsionsgruppe. Daher ist (H, + ) endlich. Folglich ist J(R)k~1 ein artinscher R-Rechts­
modul. Nach [5] (Satz 6.1) ist R artinsch.

Der Satz ist damit bewiesen.

F o l g e r u n g  10. Ein noetherscher Ring ist genau dann artinsch, wenn er ein 
MHR-Ring ist.
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A THEOREM ON SPERNER-SYSTEMS SATISFYING AN 
ADDITIONAL CONDITION

by

P. FRANKL

1. Introduction

Let X  be a finite set. 1^1=« denotes that X  consists of n elements. A family 
s i  of subsets of X  is said to have the Sperner-property if there are no two different 
sets belonging to s i  such that one of them contains the other. Sperner’s theorem

n
asserts that if s i  has the Sperner-property then \s i\^ n

2
and if n is even then

equality holds only if s i  consists exactly of the и/2-element subsets of X. 
The following theorem is a generalization of Sperner’s theorem:
Let s i  be a family o f subsets o f X, \X\=n, s i  has the Sperner-property and there 

exist k, l such that 1= 0  or 1 and for any two sets Ax, A2 in s i  |Л1и Л 2| =  2А: +  / ^ и  then
= ̂  j  and for 1=0 equality holds only i f  s i  consists exactly o f the k-element

subsets o f X.
This theorem is proved in E. C. Milner [2] though it is stated there for intersec­

tions instead of unions.
In this paper we shall prove the following:

Theorem. Let h, k, r be given, r<k. Let s i  be a family of subsets o f X, \X\=n. 
Let s i  have the Sperner-property and satisfy that for any к elements Ai , ..., Ak o f s i

к
U A,

i=  1
ihk + r; then for n>n(h, k)

holds, where

and for Г7± 1 equality holds if and only if  there is a subset C of X, |C| = r and s i  con­
sists exactly o f those subsets o f X  which satisfy

( 1) \A\ =  h + IА П ( * \ C ) |  S  h.

Remark: It can be easily verified that it is not sufficient to suppose that hk+ rS n  
for k s  3. No attempt has been made to obtain explicit bounds on n.

The theorem for the special cases r= 0  or 1 was independently proved by 
E. Boros, too.
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2. The proof of the theorem. First we prove that the system of sets defined by 
( 1) satisfies the assumptions of the theorem.

As it consists of sets of the same cardinality it has the Sperner-property. If 
A x, ..., Ak belong to this system then (1) implies:

и  л , | П ( л г \ с )
1=1

~  hk,

whence
к
U A, 
1=1

и  Л ,П (* \С ) 
1=1

4- U А,пс
i=i

s. hk + r.

Obviously this system has the cardinality of the theorem.
We prove the theorem by induction on k. For к =2 the assertions follow from 

the theorem cited before. Now let k>2. We may suppose that we have a system s i  of 
maximal cardinality.

I. Let us suppose first that r ^ k — 1.
k - 1

If for any choice of Ax, ..., Ak- X belonging to s i U A,i=i
S h (k —l) + r then the

assertion follows from the induction hypothesis. Hence we may assume that there
k — l

exist Bx, ..., Bk_xin s i  such that h(k— l) + r<  Y=  U A =hk+r.
i=i

U А I = |У| + |АП(ЛГ\Г)|, whence it
í= i

Let Bk be an arbitrary set in s i  ; then
follows that this latter is less than h. As there are at most 2|y| subsets of X  having 
the same intersection with Z f l F  so we arrive to the estimate :

ä  2hk h ft-1 Inл U
which leads to a contradiction for n>n(h, k).

II. r—k —1^2. We may assume, by I, the theorem to be proved for smaller 
values of r; as a consequence we may suppose that there exist sets Ax, ..., Ak belong-

к  к

LJ At = h k + k - l .  Let Y=  U A,, Л,- = У\ U A}. For i ^ j
i=i /=1 jA 1

A'i П A'j=0, whence it follows that for some j  \A j\^h. By symmetry reasons we may 
suppose \Ak\Sh.

Let A be an arbitrary element of s i;  then

ing to s i  such that

( 2) k\J  At U A
i=i

hk + k —l implies \A П (2f\F)| s  h.

We shall make use of the following construction: Let be given Z c l  such that

YQZ, \Z \^ k { h  + \ f .
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We pick out one by one sets C, belonging to s i  and satisfying the following 
conditions :

a) |C ,n ( r \Z ) | =  A,

b) Ctr\C jQ Y  for iV ; ,

c )  С , П ( У \ ( 1 1  C j ) ) *  0 .
j^i

After less than к steps the process stops. Otherwise we would have u
1 = 1

c,
>AA+A —1, which would be a contradiction.

Nevertheless we keep on picking out Q ’s satisfying a and b, up to the A-th step. 
First we prove that this is possible. Let us suppose that on the contrary after 

having chosen Cx, ..., Cj we are unable to find Ci+1 i.e. for any A £si

(3) |^D (A '\(Z U C 1U ...U C i))| == A - l

(as otherwise condition b, would follow by (2)). As above (3) leads us to the con­
clusion :

\s/\ ^  2 W +hi> 2  ( ” ) ^  2ш+1>г+Нк I 2  ( ” )],

which is a contradiction for и>я(А, к).
к

Let us suppose that U Q  П У
i=i

disjoint classes:

к — 1. We divide the elements of s i  into two

s ix =  {AÇs/j IA (~)(X\(ZÖC1 U ... UCK))| -= A},

A2 = j A is i  Û C. Uzj J  =  aJ; by (2) s i  = s ix\ / s i2,

As we have proved \six\^c(h, k)nh \  c(h,k) does not depend on n.
Let A £ s i2\ then by (2) y4fl(zU^U Cj j j gy .  As A cannot satisfy condition c,

so we have Л П У д [ 0  С,Пу ) = А  |Z)|<A-1.
Let E  be any А-element subset of X \ Y  and let S’= {A dsi2\(A r\X \Y )= E } . 

By the Sperner-property of the sets belonging to s i  the sets A Cl Y, A££, form a 
family of subsets of D which has the Sperner-property, whence by Sperner’s theorem

\D\ k — i

1* 1* Ï D\ < к - Г
. 2 . 2 J j
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So we have:

K 2I ^
(n — (hk +  к
l A

И  = l- îl +  Kal ГГ)
' к -  1 
Г Л :— 1 

2
for n >  n{h, к),

which contradicts the maximally of s i .
к

As hk+k — 1S U C; =hk + \D\, we have \D\=k — 1. Now we shall apply our
1=1

construction inductively.
First let Y = Z  and let us denote C; by Bf. If we have already constructed the 

systems {5?}, {Bf}, i=  1, к, s<h, then let

Z = f u  U U B\
l S S i = l

|Z| = |y|+(S+l)l tA s£ kh2 + kh + k - l  < k{h + \ f ,

so we may apply our construction to pick out 5f + 1 =  C;. Let Dj=YOy{} В{у
We wish to prove that for any 0</ё/г, D0 = Dj. Let us suppose that there would 
exist an index j  such that DjAD0. As \Dj\—k —l = \D0\ so there is an index s and 
a set B{ such that В{Г\ Y%DU. The definition of implies that

B{C\ \ X \  \Y(JÍH) S  h, so we have Bi
i  =  l

^  hk + k

(as Bjf did not satisfy condition c) and as a consequence

УП k\jB fU B i
J =1

= k,

which contradicts the assumptions of the theorem. Let D — D0 = D1 = ... = Dh.
Now we are able to prove that for any AÇ_si |ЛП(ЛГ\£>)|^А. From the defini­

tion of Bf we know that for yV/

( í j  Ä / - £ > ] n [ u  B \-D ^  =  0.

If for an A ^si, |/4D Z \Z )|sA  + l, then either there would exist an index Oшj^h  
such that

Л п [ 1 |Я / \ о )  =  0 yielding k\J BjU A  a  h ( k - l )  + k - l + h  + l >  hk + k - l  

or we would have |/4ПА"\У|^/г + 1 contradicting (2).
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Up till now from the assumptions that s i  is maximal and n is large enough 
we have constructed a set D, \D\=k — 1 such that for any A i s / ,  |4П (А '\£))|^Л . 

We shall examine this situation more precisely.
L emma. Let X= YUZ, YD Z=  0 .  Let s i  be a family o f subsets of X having the 

Sperner-property and satisfying the additional condition that for any A i s i
(4) | 4 n z | s A .

I f  |F |ë 2 , |Z| s(A(2+1 У|/2)), then the cardinality o f s i  is maximal i f  and only 
i f  s i  consists exactly o f the (h + \Y ЦТ)-element subsets o f X  satisfying the condition (4).

Now the theorem follows obviously from the lemma.
We shall use the following estimate which is due to Sperner (see S perner  [1]): 
Let ^  be a family of ^-element subsets of a finite set F, \F \= f and let us define

01* = { S | S g £ ,  3Ri3t\RczS, | S |  =  / t + 1 } ,

Я ,  =  { S I S E F ,  3Ri&\Rz)S, | S |  =  / t - 1 } .

Then

(5)

(6) |g , | s  * + i \Я\.

Let us suppose that the assertion of the lemma is not valid i.e. there is a system 
s i  of maximal cardinality which contains subsets of X  which do not have the desired 
cardinality.

a) There is a set belonging to s i  which has cardinality smaller than A + [|F|/2], 
let \ Y\=y, \Z\=z. Let äö consist exactly of the sets of minimal cardinality, t belong­
ing to si. We classify the elements of 0i according the cardinality of \AC\Z\ i.e. 
£Bt= {BidS\\BC\Z\ = i}, obviously for />Л. á?,=0.

If 0>h=<Z>, then dd* satisfies (4), and as \X\>~2t+\ so \dS*\>-\d$\. Obviously 
(si\d9)UdS* satisfies the assumptions of the lemma which contradicts the maximality 
of si.

Let £  be a subset of Y, and £  be a subset of Z. We define:
Ed3Ĥ  = {Bid$h^ 1\B riY  = E, Fdih = {Bid9h\BCiZ = £},

EdSh_1 = {А Я Х \ЗВ £ЕЯы. и  AC\Y = E, \A\ = |Д| + 1, A ^ B ) ,

F3 i  = {A Q X \3 B iF&h, A f)Z  = F, A~d В, \A\ = |S| + 1}; 
by (5) we have

z - ( A -  1)
M t z S + T *  l£̂ - i l ^  \E*k-A

Defining further

®h = U ("«») and U (£̂ Ä-i)
----  \F \= h , F c Z  ------  E c Y ,  |E| —fc+1
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and using the indirect assumption t <  h + [yl2] we get

m m ,

The systems
=  ( А № и » Ь 1))и « *

and ___

satisfy the assumptions of the lemma as it can be easily verified, so by the maximally 
of s i  we get:

I  \®h\ == \ак.г\, £ n ^ ± i  |^ _ J  S  № |.

As we have proved \&h\?*0, \ââh^ 1\^ 0  either; as a consequence we can multiply 
the two above inequalities and divide both sides by \3$h\ \3tih- x\. In such a way we get:

2(z — 2h + 1) 
yh i.e. z+  1 ^  h

which contradicts our assumptions.
b) s i  contains a set of cardinality greater than h + [y/2]. Let S' consist of all 

sets belonging to s i  and having maximal cardinality m. We divide the elements of 
S' into disjoint subfamilies S'i exactly as we did with the elements of ŰS. We define 
as above the families TS'i , i= 0, , h\ FÇ3Z, and let us define:

F3F\ = {А а  Х \ЗВ е Щ \А  c  B, \A\ = m - l , A D Z  = F}, = U (F̂ i) ;
Fez

it is a disjoint union (the same was true for the FBh -s too) hence using (6) we arrive 
to the estimate:

ш y+  1 —(m — i)
'■+ M + 1 - ' (h - i)+

(i—h) +

У+ 1

2

as A s  i

and equality is possible only if h = i. The system

s i '  =  ( j ^ \ ^ ) u
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satisfies the hypothesis of the lemma and its cardinality is greater than that of s i  
unless 0  for /</* in which case we could take si* = ji 'U  {У} to obtain the desired 
contradiction and we are done.

Remark: As it was pointed out to me by G. K a t o n a , the fact that the given 
system in the lemma is maximal can be easily deduced from [3] but we had to prove 
the uniqueness, too.

43 Г
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A GENERALIZATION OF MORAN’S QUASI-POISSON PROCESS*

by
D. OAKES

Summary

For each integer k ^ 2  an example is given of a point process Q(k) on the real 
line R which is not a Poisson process, but which mimics a Poisson process in the 
following sense. The joint distributions of the counts of Q(k) in any k — 1 contiguous 
intervals of R are the same as those of a Poisson process of unit rate. When к — 2 an 
example given by M o r a n  is recovered.

1. Introduction

Let &s2 be an integer. A point process Q on the real line R will be said to satisfy 
the condition C(k) if the respective counts (numbers of events) Nt (/= 1,2, к — 1) 
of Q in any к — 1 contiguous intervals [aifai+1) of R are independent random 
variables and each Nt has a Poisson distribution with mean ai+1—at (we write

P(ai+1—ai)). R ényi (1967) showed that only the Poisson process itself satisfies 
C(k) simultaneously for all k.

G o ld m a n  (1967, quoting an example of L. S h epp)  exhibited a process which 
was not a Poisson process, but which still satisfied C(2). The key property of the 
Poisson process used in S h e pp’s construction is that, conditionally on the number 
of events occurring in a Borel subset A of R, their positions are independently and 
uniformly distributed over A. M o r a n  (1967) constructed a different non-Poisson 
process satisfying C(2), by imbedding in R an interval sequence which mimics a 
sequence of independent exponential variables.

Szá sz  (1970) generalised S h e pp’s example to obtain for each fixed к a process 
which was not Poisson but which satisfied C(k)**. In this note a complementary 
generalisation of M o r a n ’s process is given. The construction is carried out for renewal 
processes as this leads to little extra complication.

2. Construction of the process

Theorem. Let к  ̂ 2 be an integer and let F be a distribution function with F(0) =  0 
and finite mean which is not concentrated on fewer than 2k points of R. Then there 
exists a к-tuple o f random variables (Xk, X2, Xk) such that

* Key words. Point process; Poisson process; Quasi-Poisson process; Renewal process.
** In fact, Szász constructed for every fixed к a process which was not Poisson and satisfied 

C(k) without requiring in it the contiguity of the intervals. However, our construction also yields a 
process o f this type if we make it for 2k—2 instead of k.
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(i) each Xt has the distribution F( ■ ),
(ii) the (k-l)-tup les (Xx, X2, ..., Xk_1) and (X2, X3, ..., Xk) are each (&—1)- 

tuples o f independent random variables,
(iii) for each i( \S iiS :k —\) the (k-l)-tuples (Xk, X2,. . . ,  Xf+Xi+1,X i+2, , Xk)

have the joint distributions that they would have i f  (Хк,Х 2, ..., Xk) were mutually 
independent, but

(iv) (Xx, X2, ..., Xk) are not mutually independent.
P roof. It is sufficient to construct a signed measure G( • ) on R + such that 

Fk = FX F X ... X F — G is a probability measure on R+ and such that the following 
are satisfied for any Borel subsets Sk, S2, ..., S2k of R and S c R 2 of the form

a) G(R, S2, ..., Sk) =  G(Sk, S2, ..., R) =  0;

b) G(Slt S2, ..., S,_2, S, S i+1, ..., Sk) = 0.

There exist <5>0 and Borel subsets Ax, A2, ..., A2k of R such that F(Ai)>5. 
Hence there exists also for each i (1S/S2£) a positive measure on the Borel sub­
sets of At such that mi(Ai) = ô ( l s i s 2 k) and such that F~- w;- is a positive measure 
on Ai. Let Bj=A2j_1UA2j. ( j= l,  ..., к) and for each permutation a = (a(l), a(2), ... 
...,«(&)) of (1,2, . . . , k ) put Cx={x=(xx, x 2, . . . , x k): х;бВа(0}. If i= (i(l), i(2), ... 
..., I(kj) is а к-tuple of distinct integers with l ^ i ( j ) s 2 k  for all j  let r(i) = +1 or 
— 1 according as ^ i (  j )  is even or odd. Let R(i) be the rectangle R(i) = A (i)X  
X A i(2)X ...X A i(k). Then the R(i) are mutually disjoint and, for some unique 
a =  a (/), R(i)czCx. We take G=sgn {a.{ij}T(i)mi(1)X ...X m i(k) on each R(i), and 
elsewhere G = 0.

To see that G has the required properties, note that
(a) G{A2j_x, S2, ..., Sk) + G(T2j-, S2, ..., Sk) = 0 and
(b) if x' is obtained from х = {хг, x2, ..., xk) by interchanging x; and xi + 1 for 

some i, then G (dx) — — G(dx').
Remark. If k = 2, F(x)= l —e~x, Ai = (i—\,í]  (/=1,2, 3,4) and each mt is a 

multiple of Lebesgue measure, then M o r a n ’s joint density is recovered.

The interval sequence {... Х_г, X0, Xx, ...} of Q(k) will be given by a sequence 
of independent /c-tuples

( 1 ) {(Xmk + j , Xmk+2, ■ • •, X(m m ... 1,0, 1, ...}.
Let

Ym = Xmk + 1 + Xmk+2+ ... +X(m+1)k (m = ... — 1,0, 1 ...).

Then the Ym are mutually independent and identically distributed and have finite 
mean. A stationary (equilibrium) renewal process may be constructed from the Ym 
in the usual way (Cox, 1962, p. 28). The occurrences of this process will be termed 
L-points. The process Q(k) is obtained by interpolating к — 1 occurrences (called 
/-points) between each pair of neighboring £-points according to the joint dis-

k
tribution Fk, conditioned on У, Xt = Ym, the distance between these C-points.

; = i
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3. Verification that Q(lc) satisfies C(k),

From now on it will be assumed that F(x) — l —e~x, so that we are dealing 
with the property C(k) as formulated, although it will be seen that the analogous 
result will hold for any renewal process whose failure-time distribution satisfies 
the hypothesis of Theorem 1. The verification that Q(k) satisfies C(k) seems to require 
a rather intricate inclusion-exclusion argument of the form given below. Occurrences 
of Q(k) will be called ß-points.

T heorem  2. Suppose that k ^ 3 and that the real numbers alt a.,, ..., ak satisfy 
a1<a2< ...<ak. Then if

Ni =  N[ai,ai+1) ( i  = 1, 2, ..., k -  1),
where N  is the counting measure o f Q(k), the N( are independently distributed, 
Ni~P{ai+l-ai).

Proof. This is in two stages. We first consider the probability
7i(/i) = P r{Ne =  0, Nk = nlt N2 = h2, . .. ,N k_j = nk_i},

where NE is the number of E-events in [ak, ak) and n=(nk,n2, ..., nk) is a A>tuple of 
non-negative integers. Clearly, 7 г ( л ) = 0  if Z ni>k — 1. It will be shown by a detailed 
enumeration of particular cases that n(n) is invariant, i.e. it is unchanged by setting 
G=0. In each case n(n) is evaluated by conditioning on either the position ak—u 
of the last .E-point before ax or on the position ak + v of the first E-point after ak. 
To show that n(n) is invariant it is sufficient to show that one of these conditional 
probabilities, denoted by пь(п, и) and nf (n, v) is invariant. It is convenient to include 
in both conditioning events the serial number m of the last E-event before ax, and to 
denote the interval Xmk+i by Z, (/'=1,2, ..., k).

The various (non-exclusive) cases listed below include all possible values of n 
with 2 ni ^ k - l  :

(i) Z ”i S  к -2 ;
(ii) for some /', п , ё З ;
(iiia) nk = 2 ; (iiib) nk_k =  2 ;

S

(iva) for some s ^  1, 2  ni — Ь
i = l 
k- 1

(ivb) for some s ^  1 2  ni — s +  1 ;i=k—s
(v) Hj =  1 for all /.
Case (i). If Z ni—k — 2 then either the first ß-point after ak or the last ß-point 

before ax (or both) must be /-points. Then respectively nb{n, u), which depends 
only on the joint distribution of (Zx, Z2, ..., Zk_x), and nf (n, v), which depends 
only on the joint distribution of (Z2, Z3, ..., Zk) are invariant.

Case (ii). If Hj^3 then, for some j, Tty (я, v) depends only on the joint distribution 
of (Zlf Z2, . .„ Z j - ^ Z j + Z j ^ Z j + t ,  ..., Zk) and so is invariant.
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Case (iiia). Consider n(n, v) for fixed n2, ..., nk- l with n2 + n3+ ...+nk_1^ k  — 3 
and пг=1 allowed to vary. Then Z i nf(n>v) anc* n/ ( n‘> v) with /= 0  and 1 are all 
invariant by (i) above. But the probabilities nf (n, v) for /S 3  (if they are non-zero) 
are invariant by (i). The result follows by subtraction. Case (iiib) is dealt with 
similarly.

Case (iv). Here we use induction on s, noting that for 5=1 (iva) reduces to (iiia) 
or to (ii). Suppose that, if 1 Шг ̂ s ,

r
О) /•+ 1 => nf (n, v) is invariant.

i=i

It will be shown that (1) holds also if r = 5+ l.  If ns+1S 3 then (ii) applies. If rts+1=2 
and ns=0, or if «s+1â  I the induction hypothesis applies. If ns+1=2 and «sS  1 then 
« ,+ « s+1S 3 and (ii) applies if the 5-th and (5+ l)-th  intervals are pooled. The result 
now follows by subtraction, since it holds for all other n with the same values of 
(«г, n2, ..., 7Js_i, и5 +  и5+1, ns + 2, ..., %_!). Hence the induction goes through and 
nf (n, v) is invariant in (iva). A similar argument applies to nb(n, u) in (ivb).

Case (v). If Z ni=k — 1 =  2 and (v) does not hold then one of (iva) and (ivb) must 
hold. The result for (v) now follows by subtraction, since Pr {/V£ = 0, Z N i= k  — 1} 
is invariant by (iiia).

This completes the first stage of the proof. The second stage is to evaluate 
probabilities of the form of ж (rí) when NE^0 . These may be determined by condi­
tioning on the locations of all E-points within [ak, ak), and using the independence 
of interpolations within different intervals of the E-process to factorise the relevant 
conditional probabilities. Each factor then corresponds to a set of at most (/c — 1 ) 
contiguous intervals {[/>!, b2), [b2, b3), ...,[bl^ 1, />,)}, where either />, or bk or possibly 
both are E-points. The joint distributions of counts over each such set may be 
evaluated by considering the same sequence of particular cases as above. Here, 
however, there is no need to condition further, i.e. on the positions of E-points 
outside [a1; ak). The details, which are similar to those given in the first stage of the 
proof, are omitted. This completes the proof of Theorem 2.

Remark. For M o r a n ’ s  process (к =2) the proof given requires a slight modifica­
tion. Specifically,

P r { N E =  0, N ,  =  1} =  Pr{A £ =  0} — P r {Ne =  0, N ,  =  0},

and the right-side is invariant.

4. Discussion

The interval sequence {A): /= ..., —1,0, 1, ...} of Q( k+1) has a property that 
might be termed k -th order quasi-stationarity. For any integers i( j )  with 0 = /(0)< 
-=/'( 1 )< . . . <  / (Лг) and any n, the random variables

Y j  —  X n + u j - i )  +  X n + i u - i ) + i  +  + X n +i(j)  ( 1  = 7  =  k )
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have a joint distribution independent of n. This result holds also if the distribution 
of the Л-tuples (1) depends on m (so long as it satisfies Theorem 1). Since

/=1

i+i
2 ^ c o v ^ j ,  Xi+1) =  var 2  XA — var (A"i+1)— var 2  *i

i=i
it follows that even first order quasi-stationarity implies weak stationarity.

It is interesting to note that M o ran’s process and its generalisations have the 
same second order properties of both counts and intervals (Cox and L e w is , 1966, 
Chapter 4, p. 66) as the Poisson process.
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THE NEUTRIX DISTRIBUTION PRODUCT x ; r->(r l)(x)

b y

B. FISHER

1. Introduction

A neutrix N , (see J. G. v a n  der  C o r pu t  [1]) is a commutative additive group 
of functions V (ç) defined on a domain N '  with values in an additive group N " , where 
further if for some v in N , v(Ç) = y for all £ in N ',  then y=0. The functions in N  are 
called negligible functions.

Now let N '  be a set contained in a topological space with a limit point b which 
does not belong to N '.  If /(£) is a function defined on N '  with values in N "  and it 
is possible to find a constant ß such that /(£ )—/? is negligible in N , then ß is called 
the neutrix limit or A-limit of /  as £ tends to b and we write

N —lim / « )  = ß.
i -ь

This limit is unique if it exists.
The product of two distributions f  and g was defined in [2] as the limit of the 

sequence {f,gn}, provided this sequence is regular, where

fn = f* à „ , g„=g*àn, ôn(x) = nQ(nx)

for n =  1, 2, ... and Q is a fixed infinitely differentiable function having the following 
properties :

( 1) £>(л:) =  0 for |jc| s  1,
( 2 )  q ( x )  a  0 ,

( 3 )  q ( x ) =  q ( - x ),

1
(4) J Q(x)dx = 1.

—1
The following definition of the product of two distributions was given in [4] so 

that further products of distributions can be defined.
D efin itio n . Let /  and g be distributions and let

fn = f* à n, gn — g *à„-
We will say that the product fg  of/ and g exists and is equal to the distribution h if

N —lim ( /ngn, tp) = (A, tp)
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for all test functions cp in the space К of infinitely differentiable functions with compact 
support, where N  is the neutrix having domain N '=  {1, 2, ...} and range N" the real 
numbers. The negligible functions are linear sums of the functions

ил1п',- 1и, \т\гп \Х > 0 , r — 1, 2,.. .

and all functions f(n) for which lim f(n)=0.
n -* -  CO

It is obvious that if the product^ exists by the former definition it will exist by 
this new definition and will define the same distribution.

2.

We will now consider the neutrix product x +r<s(r 1>(x) and prove that

for r = l ,  2,.. .  .
By definition we have

and so

(*+■% =

4(2r— 1)! 

( - I )*-1 dr
Tr

( -1  r 1

= V = T j T J ï lnX t

( r _ l ) î  /
-1/л

for |х|^1/и. The support of (x+’')„Ŝ r~1> (x) is obviously contained in the interval 
(— \/n, \\n) and

1 In
f

— 1/л

(— 1 у - 1 Чп
f  ( x l r)nôlr- 1)(x)xn,dx =  ---------T-T- f  ô {nr- n)(x )xm f  = l n (x - t )ô ! i r\ t ) d t d x

lin  - l i n  - l i n

= 4 — и 2г + щ- 1  ï  ß ( » - - l ) ( x ) x m f  ln |— -1 Q(r)(t)dtdx.('•-!)! _i _i l » J
It follows that

l i n

N —lim f  (x+r)nd(nr~1)(x)xm dx =  0
- l / n

for m = 0 ,1, 2, .. .,  2r — 2.
Now it was proved in [3] that

1 In .
/  ( д с - г г 1)(*)**-1*  =  — 4-с—iy ( r - i ) !

- Ц п

1/л

-  /  [(*;0л + ( - 1)Ч*=,Ш г- 1)(*)*2' - 1^
- Ц п
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from which it follows that
1 In .

f  (xV )nW -1)(x)x2' - 1 dx =  - - j ( -  l)r0 - 1)!.
- l / n  4

It is easily proved that
1 In

f  \(x+r)nő(nr~1)(x)x2r\dx = 0(l/n)
-l/n

so that
1 In

lim f  |(x+r)n<5<r 4 (x)x2r|dx = 0.
- 1  In

Now let Ф be an arbitrary test function. Then
2 r — 1  x m v -2 r

rn\

where It follows from what we have just proved that

* (* )=  2_ тттф(т)(°)+?2

N—lim ((* ;,v i , - i)(*), ф) - ( AVS 1Ч1.)?(^(2г- 1>, ф)4(2r— 1)!

= N —lim
(2л-)!

l/n

- l /и

1/п1 А/л

sí lim а: l/n

Ort! /  K*Í')»íí,“1)W * ,r| Лс =  о,
' " / •  - 1  /п

where X=sup Ф12') (<?х)|. Our result now follows.
It follows similarly that

for r= 1, 2, . . . .

В

x - J b ^ \ x )  =

REFERENCES

[1] v a n  d e r  C o r p u t , J. G.: Introduction to the neutrix calculus, Journal d ’analyse Mathématique
7, (1959—60), 291— 398.

[2] F is h e r , В.: The product of distributions, Quart. J. Math [2], 22, (1971), 291— 8.
[3] F is h e r , B.: The product o f the distributions x~ r and <5<r-1>(.x), Proc. Camb. Phil. Soc., 7 2 , (1972),

201—4.
[4] F is h e r , B.: The neutrix product of distributions, Mathematics Student (to appear).

. i-m
Department o f Mathematics, University o f  Leicester 

( Received August 28, 1974.)

S tu d ia  S c ien tia ru m  M a th em a tica ru m  H ungarica  9 (1974)





Studia Scientianim Mathematicarum Hungarica 9 (1974) 443— 452

DENSITY ESTIMATION FOR DEPENDENT SAMPLE

by
I

ANTÓNIA FÖLDES

1. Introduction

Let £2, ..., ... be a strictly stationary sequence of random variables
defined on a probability space (Q, âS, P). For a ^ b  define as the er-field generated 
by the random variables £b and define J I f  as the cr-field generated by
Ça ) Ça +1 9 • • • •

We shall say that the sequence {£„} is (p-mixing if, for each к (1ёА:<<=°) and 
for each n {n ш 1 ) Ey Ç J iy and E2Ç_J(£°+y together imply
(I) |Р (В Д >-  P(F,)P(£2)| S  (pin)P(Ey)
where (pin) n=  1, 2, . . .  is a nonnegative function of integers such that

lim cpin) = 0 .
П —  eo

This definition is equivalent with the following one:
\?{E\J(î)-?iE)\ ^  (pin), 

with probability 1 if E£J/£°+n. (See [1].)
Let Фк)х, y) ik=  1, 2, ...) be a sequence of Borel-measurable functions, defined 

on the Euclidean plane. We shall consider the following empirical density function :

/.(*) =  ~  2  <*>„(*, Zk)n k = l
where {c*} is a (^-mixing sequence of identically distributed random variables having 
common density function fix). This definition is a common generalization of the 
hystogram, the well-known Rosenblatt’s density estimation and the expansion in 
orthogonal functions. The same definition of empirical density function in case of 
independent identically distributed random variables was given in [2]. In the present 
paper the asymptotic property of the probability

P(sup I/„ (x) - f i x )I > a), n -*■ °°,
will be studied.

2. Some lemmas

At first we mention the following well-known lemma (see [1]).
Lemma 1. Let {çk} be a (p-mixing stationary sequence and let the random variables 

Ç, t] be measurable with respect to J t \  and Mk+n respectively. I f
E(|£|p) <0°» E(|»/|«)<oo
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where p ,q > \, 1 1 , ,— I— — 1, then 
P 4
IE(£»/) — E(£)E(í/)| 2(<К«))1/рЕ1/Ч1£1р)Е1/ЧЫ<)-

The following lemma is probably well-known, but we couldn’t find any reference.
Lemma 2. Let {Çk} be a cp-mixing stationary sequence and let i; be a bounded 

random variable |£|<M , and measurable with respect to Л к+п. Then with prob­
ability 1

\Щ \Л Ь -Щ )\  3= Ър(п)М.

Proof. Denoting by £ + , the positive and negative parts o f  ç, we have

| E M ) - E © |  ^  |E ( ^ | ^ ) - E « +)| +  |E ( i- |^ r{ )-E (D |

with probability 1. Therefore it is enough to prove that if ç^O then

|E « |^ )  —E(0| &<p(n)M.

Define the /4,„-sets as follows:

Let

f в/ ч IM\ 1 = 0, 1, .... m — l,
4 - “ Г ; « “ » " S T  __

M  m~1
tm(CO) = —- Z  Xa, J 0>) m /=o

where уЛ(т denotes the indicator function of the Alm set. Then we have for each со

M
I £m(co)-£(cb)\^—  m = 1, 2 ....m

Moreover
2M

Concerning the cm variables we have with probability 1 :

|E « J - * Ö - E ( Í J | -

( M  m~1 
: —  2  \m  i=o Xau

M  m~1
S — 2 |Р(Л»ИГ0-Р(4*)| ^ Мф(и)m i=o

which proves our lemma.
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Lemma 3. Let {çt} be a (p-mixing sequence o f identically distributed random vari­
ables. Suppose that for each n=  1, 2, ... the first and second moment of Фп(х, exist, 
for each x  £ (a0, bn) where (a0, ba) is a finite or infinite interval. Let us denote 
D2 Фп(x, £]) — hn(a) and suppose that h„(x)^hn for x£(a0,b0). Denote by

U£+a(n, x) = ~  2  №n(x ,{ j)-M „ (x ,tj)]
П j=k+1

where a is arbitrary integer l ë a ë a o—n- 
Suppose moreover that

Then we have 

for each x£(a0, b0).

2< piI2(0/ = 1

E(Ukk+*(n, x ) f  ^

<  c.

(1 +4c)a0/i„

P r o o f . Using Lemma 1

E(U£+°(n, x ) f  ^  ~  k2  hn(x) + 
П j=k+l

Л 4 2  <р ( 1 - Л 112ьлх)n k + 1^ j^l^k + ct
hn(x) a

1+4 2  4>112 (j)
, j=i

Ä (1 +4c)ah„(x) ^  (1 + 4c)a0/i„
n2 ~  n2

for each x£ (a0, b0).

3. The main lemma

In this section the following probability will be estimated:

P ( l / B( * ) - E/ „ ( * ) l  >  e ) .

Clearly it is enough to consider P(/„(x) — E/^(x)>e) and with the same method can 
be estimated P(E/„(л:)-/„(*)>£) too.

The basic idea of our method is the following: we divide the n summands

— tф„(x, ^)-ЕФ „(х, { j)],j= l, 2, ..., n of/„ (x) -  Ef„(x) into equal groups with length
a. Then we consider the sum of each second groups and separately the sum of the 
remainder groups. We may suppose therefore that

n =  2a p where a =  a (n), p =  /i(/i).

If this supposition doesn’t hold it results that our last two groups are shorter, than 
a or empty, but this fact doesn’t alter our proof.
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Let us introduce the following notations :

V(n, X , 1) -  £ £ ( „ ,  X ) ,  

R(n, X ,  1) =  U l\x(n, x), 
V(n, x, 2) = Ug+1(n, x),

V(n, x, ц) = U$_$Z+1(n, x),
R(n, x, ц) = Ufff_1)x + 1(n, x),

S (n ,x ,\)  = 2  v (n> x ’j ) ’
j =1

S(n,x, 2) = 2  R (n’ XJ ) -  
i=1

Then
P(/n(x)-E/„(x) >  e) = P(S(n, x, 1) +  S(n, x, 2) > e) ^  

^  P x, 1) >  | )  + P (s(», x, 2) >  .

Thus we shall consider only the probability

P(5(n, x, 1) >  e).
L emma 4. Suppose that the conditions o f Lemma 3 hold, and suppose that

(3.1) |Ф„(х, y)| S  chn for each pair (x, y).
Then we have

ch„

(3.2)

whenever
E(eA»S("’x,1)) ä  e " (l+c(p(oî)Y

(3.3)
СИ

О < К  <  —г ,xh„
where with the same letter c we denote here and in what follows different nonnegative 
constants.

P ro o f .
„ 1 , f  H « , x , j )

E(eA"S("';t’1*) = E(e J = 1 ) =
Д - 1

= E(e "j“'1 ( ,П£{ex«V(n’x-,l)\V(n,x, 1), ... V(n, x, p — 1))) =
M- 1

= Е(<. '" А И1"'’' ,''(Е(е'.''1"-“.«|К(п,д:, 1), ... F(n, л- , / ! -1) ) - E(eJ. +
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By (3.1) 

(3.4) \V(n, X , ц)\ =s ach„

Using Lemma 2, we have with probability 1 :
Л ach„

\E^exxVi"'x'^\V(n, X ,  1), . . .  V ( n ,  X , ц — 1)) — Е(ея<Т(п,л:''‘>)| Ш 2e " <p{a).
Thus H-l

£  V ie,x,J) An achn

E ( e A»S ("’ ;r’1 ))  =  E ( e  " j = 1 )(^E(ex«v n̂,x'^ )  + 2q>(ix)e n ) .

Using the inequality e“̂ \+ u  + u2 and Lemma 3 we have

A achn

E(ex»v<'"’x’ + 2(p(a)e " s  E(1 + X„V(n, x, p) + }2 V2(n, x, /<)) + 2<p(oc)e

An ctchn Az. achn Anachn

whenever
s  e *n£v4n,x ») + 2<p(a)e n ?s e n* +2(p(a)e "

\AnV(n,x,n)\  <  1

that means whenever (3.3) holds. Consequently we have
A„ach„ A?.achn A„ ach„ A%ach„

E(eX"V(n’x’^ )  + 2e n (p(a) ^ e "2 ( l + 2 e  n ”2 <p(a)).
By condition (3.3)

(3.5) c.X„ach„ Xlach„
n n2

Thus from (3.5) in case of (3.3) we get
д "vl V(„ x ■)

E(2AnS(n,jc,1)) ^  E(e = ! )e n (l+c<p(a)).

Repeating this argument we get
A2 occlin ц

E fe W " '1’1!) s  с "2 (\+с(р(а)У

which proves our lemma.

Lemma 5. Suppose that all conditions o f Lemma 4 hold. Suppose moreover, that 

(3.6) ÏÏm(l +с(р(х)У <  с
Then we have

СП

р(1Л(*)-Е/„(*)| >  e) S  e *hn
for each xe(a0,b0).
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Proof. By condition (3.6)

E(eAns(n>x>1)) g  ce " .

Consequently by the Markov inequality

Р(5'(и, X, 1) >  e) S  c exp
Let

( ^ - 4

-
cm
25Â7’

then using once more (3.6)
cn

P(S(n, X , 1) =- e) ä  c e  яА» .

Clearly a similar estimation can be given for S(n, x, 2). Thus
cn

Р( /П- ЕШ  >  e) ^  e *hn.

cn

P(E(/„ )- /„  >  e)
Similarly we get

and our lemma is proved.

4. The main theorem

T heorem  1. Let { f}  be a cp-mixing sequence o f identically distributed random 
variables having common density function f(x ) for which

(4.1) \ f ( x f - f ( x ù \  ^  K\X l- x 2\
and

J  \x\yf(x )d x  < c0 for some у > 0.

Suppose that

(4.2) 2 j <Pll2(i) <  c.
í = i

Further let Ф„(х, у) n = 1 ,2 , ... be a sequence o f Borel-measurable functions. Suppose 
that there exist finite or infinite intervals [a, b]a[c, d] and positive numbers Q and т 
such that
(4.3) for each n the interval [c, d] can be divided into disjoint intervals I f  (s=  1, 2, ...) 

for which

\ I f \  >  Л -  a»d Ü I f  =  [C, d],П s = 1
I фп (*i, у) -  фп (х2, у)I S  пт \хг -  Х2\
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provided that and x2 belong to the same interval I[n>, and that

(4.4) f  Фп(х, y)f(y) dy - / ( * ) ,  n

uniformly in [a+8,b — ô\ for any <5>0. Set hn(x)—D2Фп(х, and let h„ be a se­
quence o f real numbers for which hn(x)Shn, x£[a, b]. Suppose further that
(4-5) \&n(x, y)\ < chn
and suppose that there exists a v> 0, and for each e > 0, there is an n0(s) such that:
(4-6) \Фп(хп,у п)\ <  £
whenever

\xn- y „I > n"
and

n >  и0(е).
For any choice of the sequence а = а(и), (n = 2a(n)p(n)) for which
(4.7) Шп (1 + с(р(ос)У <  с
and

n(4.8)

hold, we have
ah," со (n) log n for some co(n) /  oo

p( sup |/„(x)-/(x)| > e) sá e «*».
я  6 [a +  <5, b —<5J

Our proof will be similar to that of [2].

P ro o f . Let for each positive integer n

— nT = z (Qn) < z1(',) <  ... <  z/"^ =  ит

{the number Г will be determined later on) be a partition of the interval [—nT, nT] 
having the following properties :

a )

--—_ rs 7р>) _— ---------—_nn + 2r — *1 *1-1 — ,jO + 2t

O s c 1 < c ! < + = ,  / =  1, 2, ..., l(ri)\

b) those endpoints of the intervals /s(n) which belong to [— nT, nT] are elements 
•of the sequence 0, ..., z/"^ .

By a) and (4.3)

\fn{ x ) - f n(y)\ ^  c ~ J t t  i f  У z/n>)
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and

Wnix)-  E / „ ( y ) |  =£ C if X , y e [zlnh ,  zf">).

Therefore we have
!(n)

p( sup \f„(x)-E f,(x)\ >  e) S 2  p( SUP \fn(x)-E fn{x)\ >  £)
-nTSx^nT ( = 1 zW ixc!" '

S  /(«) max {P( sup |/„(x) -  E/„(x)| >  e)}

cn

— /(И) max {P([_/„(2 - 1) -  E/„(2/̂ V)| >  £)} ^  l(n)e °h»,
i

by Lemma 5, if n is large enough. On the other hand

P( sup \fn(x) -  E/„(x)| =- e) = P Í sup \f„{x)\ > 4 l  +
\x\^nT V |x |S n T ^ )

X 6 [a + <5, b — <5]

sup |E/„W|
x£ \a +  0, b -0 ]

x € [a  +  «5, b -ő ]

sup \fn{x)\ > у
Ixl^n7' ^

x £ [a +  (5, b —Ő]

whenever n is large enough because of (4.1) and (4.4). 
Now we have

(4.9) sup I/„(*)! >  y
|x|̂ w7

1 G
sup — 2  ф п ( х ,  £*) >  y

х \-ёпт  П  k ; \ Ç k - x \ S S  4
+

I 1 £+ P sup — 2  IФ„(х, çk)| >  yI \ x \ ^ n T  n k \ Iífc-Jt|=»í 0

p ( sup — 2  \&n(x, £k)
l | x | S w ’r  f t  Â ; | i k - x | > 5

— 2P \ -~cK  2  1 > 4n „Т Ö

+ p [  sup 4  2  \фп(х,ск)i > 4
c |^ n T ft k;\£k — x\>ö  Ö

t )

« ‘ ( 4 )

where S  be, —  denotes the interval

nT n
х Y ’ х + ~
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Let us denote x„(u) the following indicator function:

Xn(w) =
1 if M s j ,

о if N <^-.
Then we have to estimate the following probability

(4.10) p f 2  *„(&)> 4

Observe that {zn i is also a ip-mixing sequence with the same q> as the
sequence {ck}. Therefore (4.10) will be estimated by the method of Lemma 5.

>  Vк = 1 П„
c ns +

+ P 2 Е Ш  
U=i 2h„

E(rf«*)) =  E*.«*) =  P

nTy) __ E(|<Sfc|y)2v <
=  P |^ I V> Í 7 Т у’

where c =  c(y) is a constant depending only on y. Let us choose T to be so large that

Ту —1>0, moreover by (4.8)
2/i„ does not go to 0, thus

if n is large enough.
Further, if 0<  A„ <  — ,

p LZE *„«*)
U=i 2/;„

= 0

u=i
C MS
~2h7

Xn Z (.Xn((k)-Ex„(ik»
E(e _______  )

A c*ne

-  exp —  
with the choice

^  c

l„c* ns l„n
2 К exn 1 eXP l к

;-  =  T
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To finish our proof only remained the estimation of the probability 

p f sup -j- 2  \фп(х, &)l >  4 ).
«  к; \Sk - x \ > ö  «  I

This probability is 0 if и is large enough and T is chosen so that

T  >  max

which finishes the proof of the theorem

1
V, —

У)
, by (4.6),

5. A simple application

One of the most important but not trivial examples of ( -̂mixing sequence is 
the Markov process. It is well-known [5], that if

(i) {C„} is a Markov process with infinite state space (in our case the real line),
(ii) {£„} satisfies Doeblin’s condition,

(iii) there is only a single ergodic set, and this set contains no cyclically moving 
subsets,

then there exist positive constants a and g <  1 such that

<p(n) = ag".

It is easy to see that in this case the mixing conditions of our theorem hold if we 
choose ct(n) — c0 log n (where c„ is a constant depending only on g), then (4.7) holds, 
thus for a Markov process we get almost the same convergence rate as for independent 
sequences.
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O N  T H E  RATE O F C O NVERG ENCE O F  KESTEN’S 

“ ACCELERATED STO C H A STIC  A P P R O X IM A T IO N ”

by
P. RÉVÉSZ

Introduction

Let M(x) (— + °°) be an unknown monotonically increasing function
with M(0)=0 and Л/(х)т£0 if х ^ в .  Suppose that we can measure the value of M (x) 
only with some random error Yx i.e. the value M(x)+ Yx for any x  can be obtained 
by an experiment. Our aim is to find the root 0.

Robbins and Monro ([1]) constructed the following sequence: let X x be an 
arbitrary real number and define the sequence {Xn} by the recursion

(1) Xn+1= X n- ± Z n (я = 1,2 , a >  0)

where Zn=M(X„)+Yx . The process {X„} will be called Robbins—Monro Process 
(RMP).

Blum ([2]) under some simple conditions proved that P(Z„—0) = 1.
To characterize the rate of convergence of {X„} is clearly an interesting question. 

A result in these topics is the following: suppose that M(x) is differentiable at the 
root 0 and 0 <  M'(0)= a <  then (under some further conditions see e.g. [3]) we have

if a >

if a =

0 ( n ~ 2a) if a <

Another characterization of the rate of convergence is the central limit theorem 
(see e.g. [10] or [11] stating that [a(2oi—a)]1,2(Xn— 0) is asymptotically normally

distributed with parameters 0, 1 if a > у  and some further conditions hold.
A law of the iterated logarithm i.e. a characterization of the rate of strong con­

vergence of {X„} was proved in [4]. Both of these results (see also [5]) show that the 
rate of convergence is getting worse and worse if a is getting less and less. To aviod 
this difficulty Venter ([6]) proposed a modification of the RMP. He and Fabian 
([7]) proved that this modified process is tending to 0 as l /Уи provided that 0 < a <  
(Here we do not want to specify the exact meaning of this statement.) The rate of 
convergence in the case a = 0  seems to be completely unknown.
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Another modification of the RMP was proposed by K esten ([8]). His idea is 
the following: if the results Z„ of our measurements are positive (or negative) in a 
long run then we can conjecture that our estimations are far away from the root 0 
(near to the root a frequent change of the signs of Z„ is expected) and therefore 
we have to modify the values of Xn in a stronger way.

K esten called his method “an accelerated stochastic approximation” but it 
is not really proved that his method is really accelerated. This method is also men­
tioned in the most important monographies without any further explanation see 
e.g. [12] and [13].

In this paper we intend to investigate the K esten’s process. In order to compare 
more precisely the rate of convergence of RMP and that of K esten’s process, in 
paragraph 1 a law of iterated logarithm will be proved for RMP (Prof. G. K ersting  
was kind enough to inform me that he proved similar theorems). A law of iterated 
logarithm and a central limit theorem for  K e sten ’s process are given in paragraph 2.

1. A law of the iterated logarithm for RMP

In this paragraph a law of the iterated logarithm will be proved for the original 
RMP in the case when the errors are i.i.d.r.v.’s. Namely we prove our

T heorem 1. Let Y1, Y2, ... be a sequence o f i.i.d.r.v.’s with EFf=0, EFf=l 
(7=1, 2, ...), further let M (x) ( — °o<x<-l-°°) be a measurable function for which

a) there exist positive constants c and d such that |M(x)|Sc+<7|x|,
b) M(x)<0 i f  x < 0  and M (x)>0 i f  x > 0  (i.e. we assume 9 = 0),
c) inf |M(x)|=-0  for every pair o f positive numbers ől5 <52,

<5i — I I — <5-2
d) M(x) is twice differentiable at 0,
e) M'(0)= asta /2.

Then

P lim
\n~* oo

a(2ct — a)n 
2 log log n

1/2

and

P Пт log n log log log n

|Z„| =  11 =  1 i f  M ’{0) = a y

1/2

|Z„| =  1 1 =  1 if M '( 0) = a = 2 '

Before the proof1 of this theorem we give three lemmas. The first and the third 
will be used in the proof of this theorem and later on, the second one will be used in 
the proof of the third.

1 For the sake of simplicity we give the proof only in case a =  1 but the general case can be 
treated quite similarly.
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Lemma A ([9]). Let Ylt Y2, ... be a sequence o f i.i.d.r.v.'s with ЕУ]=0, EK,2=1 
(/= 1 ,2 ,...). Then

P Imi 4= 1 - 2 s  V'2 i  12 ^ Y j = l \  = l if oo < g < 1

and

л-«» ( n [ 2 log log« J j t i j ‘
(__ I П 1 \ 1

p M m —  ------— — j--------— 2 - = Y , =  \ =  1 i f  e = 4r(2 log n  log log log n ) 1/2 j t i  I! j  1 J y 2

P lim rf_ /  2e — 1 I1'2 “  J
Z - «  YJ =  1 = 1  ' /  T < £ < + 'fn  [ 2 log log n J Д  7 

Lemma В ([10]). Let {b‘2} be a sequence of positive numbers for which

(2) bUi s  i -  « (и =  1- 2, ...)

w/геге 0 < о <  1 and A > 0 . Then b l^B n e where В is a constant depending on A, q 
and b2.

Lemma1 1. Let Xn =  X„ ( o j)  (со 6  Í2) be a RMP obeying the conditions o f Theorem 1. 
Then for any e > 0 , <5 > 0  there exists a measurable set FczQ such that

P(F) >  l-<5
and

(3) f x t d P ^ - L
F

i f  n is big enough.
Proof. By Blum’s theorem ([2]) our conditions imply that Xn—0 with prob­

ability 1. For any e '> 0  one can choose an rç = i /(e ')> 0  such that M(x) = ct.x + e.(x)x 
where |£ (x )|^ e' whenever \x\<q (where Л /'(0)=а). Define F =  f | (cu: \X„\<tj}. If

»ä»0
Ho—n0(ô) is large enough then P ( F ) s l— ô. Let F0= (<w: IA'jJ c »;} and Fk— 

=  П {<и:|Л'я|<»7} (k ^ n 0). (1) implies
" ”0

f x t +1^  f x ; - l ( « - e ' )  f x ï + ^  f x ; + ±
Fn Fn F„ Fn

2
for n ^ n 0. Taking into account that / * « ■  f  X%+1 and 2 (a -e ') -----s  1 - e  if и
• , » F-+i F- "is large enough, we get

Hence by lemma В we have bl = 0  |  l_t |  what implies (3).

1 This lemma and its proof is closely related to Lemma 3 o f [5].
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Proof of Theorem 1. By the iteration of (1) one can obtain

Z j ( U ( X k) + Y k) П  f l - y
k = l \  К)  (t=l Л j=k+l\  J .

where U(x) = M(x) — ax, and applying the relations

, a --r+oi-̂ -1 "  1 m „ i l l
1— r =  e ‘ 2 — =  log — + 0  — ,1 t=„ i n yn)

i =  n 1
we get

(4)
By Lemma A we have

л«т„+1 =  о ( а д - g — \ i + o l ) j ( t / ( ^ )  + n).

f n  1Í 2 a _ 1 ]I1'2 4  1
t f  \l 2 log log n  J1 k i i  k 1 ~ a

with probability 1 if a > 1/2 and

1(5) hm
(2 log n log log log и)1/2 Ж  к1

1 1 + 0 È))Yk = 1

with probability 1 if a = 1/2. 
Lemma 1 easily implies :

(6) 0 s S  ̂  J  (‘ +°  M ) |и(Щ| ®

S.ns..l# ^ ( 1+0 (l))|c'™l = °
with probability 1. (4), (5) and (6) together prove our Theorem 1.

Remark 1. Our Theorem 1 in some sense characterizes the rate of of convergence 

of Xn to 0 in the case when M '(0 )= a S y . The case 0 < a < y  was investigated in 

[5]. The following result was proved there2:
Theorem A. Under the conditions o f Theorem 1 there exists a random variable Z  

such that P(naX„-+Z)=l.

2 In [5] only the case a =  1 was treated but the method can be applied w ith o u t a n y  ch an ge  in the 
general case.
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Roughly speaking the statements of Theorems 1 and A can be formulated as 
follows: under the conditions o f Theorem 1 X„ tends to 0 like

2 log log n j 1/2 
a(2a — a)n ) if *

a
2 '

|2  log n log log log n 1/2

i f  a a
2

О if a a
2 ‘

2. On the Kesten’s process

At first we give the precise definition of the Kesten’s process in the case when 
the errors are i.i.d.r.v.’s.

Let M (x) be a measurable function and let Ух, Y2, ... be a sequence of i.i.d.r.v.’s 
with ЕУ;=0, ЕУ,2=1 (/=1,2, ...). Define the sequences {A"„} and {p„}  as follows: 
let Kl be an arbitrary real number and let /r1 =  l, and put

Kn + 1 = K„-^-{M{K„)+Y„)

and
= ÍA, if ( M ^ + Y ^ M i K ^ + Y ^ ^ O ,

^"+1 j / t„ + l otherwise.
The sequence {Kn} will be called Kesten’s process (K.P.).
Now we can formulate our

Theorem 2. Let M(x) be a measurable function satisfying conditions a)— d) o f 
Theorem 1 and suppose A/'(0) = a>0. Further let Ух, Y2, ... be a sequence o f discrete 
i.i.d.r.v.’s with

Then

EYt = 0, EY? =  1

2 P j =  i ) ;=1 )

( / = 1 , 2 , . . . ) ,  Р(УХ =  x j )  =  p j

and suppose Xj ^  0 ( j  = 1, 2, ...» r).

P lim Q]L —A -----\Kn\ =  1) = 1Г 2 log log n nl I

lim P(Q Уп Kn <  у) = Ф(у)
n -+ o o

p ( „ ^  (210g« log log log n) ^  1 1

« > РЧ

f  a =  pq
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and there exists a r.v. Z  such that
K„ — Z) =  1

if  a <  pq where p = P(У,- >  0), q — P(I} < 0),

Q2 = 2pq (2a - 2pq), ß = ^ .

Remark 2. The condition saying Yt is discrete, not equal to 0 is certainly super­
fluous but to prove the theorem without this condition seems to be much harder.

Remark 3. It is clear enough that pn «г 2pqn (see Lemma 5) what suggests that 
the behaviour of K„ is the same as that of Xn, in case a = 2pq. In fact the statement of 
Theorem 2 says that this conjecture is correct.

Remark 4. Theorem 2  also says that the rate of convergence of the V enter’s 
Process is better than that of the K esten’s if a = -0 . It would be interesting to investigate 
the rate of convergence of the K esten’s process when a = 0 .

Remark 5. It is very likely that the K esten ’s Process converges better than the 
V enter’s in the time when the place of measurement is far from the root (i.e. when 
Xn resp. Kn is far from в). Hence it is natural to propose the using of the K esten’s 
method in the first few steps and to turn to V e n t e r ’s later on. Clearly one has to 
decide the time of turning. The author intends to deal with this question elsewhere.

Before the proof some notations will be introduced:
1. Let 50=0, and let Sk (k = 1,2, ...) be the largest integer for which pSk=k.
2. vk = Sk — Sk_k (к = 1, 2,...).
3. min |xf| =  Q, max |xf| = К.

l^l^r l^l^r
4. Let <50 be a positive number for which \M(x) \ ^ q/2 if |x|^<50.
5. For any £>0 and <5>0 define the integer й=Я(е, <5) and the measurable set 

F=F(6, <5)c: fi (the underlying probability space) such that P (F )^1—eand \Kn(m)\^ő 
if n=n and со Ç F. Since by Kesten’s theorem ([8]) P(^„—0) = 1, for any e=-0 and 
ô >0 there exist such F and n. Especially let F0 = F0(e) = F(e, <50) and n0—n0(e) = 
n =  (e, <50).

6. Let x0 be the smallest integer for which SXô n 0.
7. Define the sequence {vk} as follows: let vx be the largest integer for which:

sign Y = sign Y. =  ... =  sign Y +«,_!. 

similarly v2 is the largest integer for which

sign ^.Xo+5i -  sign r%+v1+1 =  =  sign TSxo+v1+v2-l

and in general vk is the largest integer for which

s i g n  I s Xo +  v j - f ... +  vk _ J — . . .  =  S i g n  I ( Jto+ v 1-!-... +  vt —1 -

8 .

_ if
k Н х 0 +  Vi +  i*2 +  +  i 'l t-J to  i f  к  >  x 0 .
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9. pk = l if £,_! <  к == §,.
10. Define the process {Д,} by Kt =  Kk and

Kn + 1 = Kn- ^ - ( M ( K n)+ Yn).
Ип

Since sign (M(Kk) + Yk) =  sign Yk if we have:

Lemma 2. Kn(w) = К„(оз) i f  n S  SXo—SXo or co£F0.
In order to simplify our notations from now on we assume YSx +1> 0 ;th e  case 

Y,x + i< 0  can be treated quite similarly. Now we formulate our

Lemma 3. vx, v3, v6, ... are i.i.d.r.v.'s with P(v1= j )  = qpJ~1 ( j=  1, 2, . . .) and v2, 
v4, ... are i.i.d.r.v.'s with P(v2= j)= pqJ~1 (j=  1, 2, ...). Hence Ev4= l lq, D2vk=plq2, 
Ev2= l/p , D2v2 = q/p2.

Proof is trivial.
Our next lemma follows from the well-known forms of the law of iterated 

logarithm.

Lemma 4. We have

v1 + v2+ . . .+ v „ - —  
lim- 2pq P3 + q3

(n log log n)1/2 (p q f
= 1.

This lemma easily implies 
Lemma 5.

Pn -  2pqn
1 n-*-oo log log n

= 2 f2 p3 + q3
\pq

l.

Proof of Theorem 2. By Lemma 5 we have

1Kn+i = Kn- 2pqn (1 + Vn){M(Kn)+ yn)

where {K,,} is a sequence of r.v.’s for which

hm 1/  -— y-----\V„\ <  о»
n ^ o o  Г log log /7

with probability 1. Now our theorem 2 follows from the following simple remark: 
the central limit theorem and the law of iterated logarithm reamin true if we modify 
the definition of the Robbins—Monro process as follows: let be a bounded r.v. 
and let

(1*) *- + 1 = ^ B--^ - ( l+ o „ ( l) ) (M (in) + yn)

where o„(l) is a sequence of r.v.’s independent of Yn (n= 1,2, ...) and tending to 
0 as n —oo. The proof of this remark is so easy, copying the proof of Theorem 1, 
that we can omit it.
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BOOK REVIEW

N. BOURBAKI: Éléments de mathématique, XXXVII. Groupes et algèbres de Lie.
Chapitre II : Algèbres de Lie libres. Chapitre III : G roupes de Lie. —
Actualités Scientifiques et Industrielles No. 1349. Hermann, Paris, 1972.

Après les chapitres 1, 4, 5 et 6, ont paru enfin également les chapitres 2 et 3 des «Groupes et 
algèbres de Lie» de N. Bourbaki. Comme il est tout à fait superflu de rappeler tant l’importance des 
groupes et algèbres de Lie que le niveau des traités de Bourbaki, il est aussi inutile de dire à quel 
point cet ouvrage a été attendu.

Pour présenter la matière de ces deux chapitres, on s’est servi de tout l’arsenal des fascicules 
précédants des Éléments de mathématique. Ainsi, des connaissances considérables sont nécessaires 
pour la compréhension — ce qui n’est pas tellement surprenant, d’ailleurs.

Quant au contenu de l’ouvrage, en voici les titres des paragraphes. Les précisions mises entre 
parenthèses sont destinées à donner une idée plus proche de la matière traitée.

Chapitre II: § 1. Bigèbre enveloppante d’une algèbre de Lie (compléments de la théorie des 
bigèbres (algèbres de Hopf) avec la spécialisation indiquée.) — § 2. Algèbres de Lie libres (leur con­
struction, polynômes de Lie, graduations, dérivations, bases de Hall). — § 3. Algèbre enveloppante 
de l’algèbre de Lie libre. — § 4. Filtrations centrales (filtrations et fonctions d’ordre). — § 5. Algèbres 
de Magnus (groupes de Magnus et groupes libres). — § 6. La série de Hausdorff (groupe de Haus- 
dorff, séries formelles de Lie, la série de Hausdorff). — § 7. Convergence de la série de Hausdorff 
(cas réel ou complexe). — § 8. Convergence de la série de Hausdorff (cas ultramétrique). — Appen­
dice: Fonction de Möbius.

Chapitre III: § 1. Groupes de Lie (définition, propriétés élémentaires, relation avec des variétés 
analytiques). § 2. Groupe des vecteurs tangents à un groupe de Lie. — § 3. Passage d’un groupe de 
Lie à son algèbre de Lie (algèbre des distributions ponctuelles sur un groupe de Lie, algèbre de Lie 
d’un groupe de Lie, représentations, formules de Maurer-Cartan, formes différentielles). — § 4. 
Passage des algèbres des Lie aux groupes de Lie (passage, applications exponentielles, passage des lois 
d’opérations infinitésimales aux lois d’opérations). — § 5. Calculs formels dans les groupes de Lie. 
— § 6. Groupes de Lie réels ou complexes (avec la complexification d’un groupe de Lie réel de 
dimension finie). — § 7. Groupes de Lie sur un corps ultramétrique. — § 8. Groupes de Lie sur R 
ou Qp (les §§ 6—8 contiennent une spécialisation aux cas indiqués). — §9. Commutateurs, centra­
lisateurs, normalisateurs dans un groupe de Lie (définitions, groupes de Lie nilpotents et résolubles, 
radical et semi-simplicité). -— § 10. Le groupe des automorphismes d’un groupe de Lie. — Appen­
dice: Opérations sur les représentations linéaires.

Continuant les traditions de Bourbaki, le présent ouvrage contient une Note historique éclai­
rante et une riche collection d’exercises, où, parmi les exemples et les applications des résultats ob­
tenus dans le texte, on trouve des théorèmes bien connus ainsi que des résultats inédits.

L. Márki

S. FENYŐ—T. FREY: Modem mathematical methods in technology.
Volume 1. (North-Holland Series in applied mathematics and mechanics. Volume 9.) North- 

H olland Publishing Company, Amsterdam—London, 1969. X II+  407 p. 82 figures, D fl. 70.00.

This book is a somewhat modified translation (by W. U. Sirk) o f the work: “ Moderne mathe­
matische Methoden in der Technik” (Birkhäuser-Verlag, Basel—Stuttgart, 1967) o f the authors. 
Its objective is to acquaint the reader with mathematical disciplines important for recent applicati­
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ons in natural science and engineering, which are not yet taught in universities. — Chapter I (Extens­
ion o f  the classical concept o f an integral; pp. 1—71) is focused, after some preliminary considerati­
ons on point sets and metric spaces, on Lebesgue and Stieltjes integrals. — Chapter II (the operational 
calculus; pp. 72—148) presents the relevant foundation o f J. Mikusióski, which is shown to be more 
powerful than the operational calculus of Heaviside or even the Laplace transform technique. The 
treatment begins with certain algebraical concepts and goes further by yielding the operational 
calculus o f number sequences and, then, that of functions. Solution of differential and Volterra in­
tegral equations, applications to certain problems in electrical engineering and the theory of beams 
are also dealt with by the presented methods. — Chapter 3 (Fundamentals o f distribution theory; 
pp. 149—282) is devoted to the theory o f generalized functions created by L. Schwarz (Fourier 
analysis and function regularization inclusive). As applications, ordinary linear differential equations 
(Green’s function, Cauchy’s problem etc.) are treated by the help of the theory. — Chapter 4 (Ana­
lysis o f  nonlinear differential equations. The theory of nonlinear vibrations; pp. 283—403) is con­
cerned with certain nonlinear problems in case o f ordinary differential equations. Existence and 
uniqueness problems, stability questions, the properties o f solutions, Lyapunov stability of linear and 
alm ost linear equations, the analysis o f the structure of the integral curve, autonomous systems, 
singular points, limit cycles, nonlinear vibration problems are the main topics in that chapter. 
Numerous problems and applications in electronics and automation are also given.

The subjects are treated rigorously but with such a lucid and balanced style that technologists 
also would comprehend them easily. The independence of the chapters was also aimed at. Elemen­
tary algebra, analysis and geometry are the only requirements from the reader. It must be emphasized 
that also mathematicians interested in the latest fields of application will profit much from the study 
o f the examples and problems in the book. — The Bibliography (a selection) contains 11 well- 
chosen items. A subject index closes the book.

P. Medgyessy

V. P . MASLOV: Théorie des perturbations et méthodes asymptotiques.

Suivi de deux notes complémentaires de V. I. Arnold et V. C. Bouslaev. Traduit par J. Lascoux 
et R . Seneor. Dunod et G authier—Villars, P aris, 1972. X V I+384p. 11 figures. 170 F.

This book consists o f two main parts. Part I (Theory o f perturbations) generalizes the problem 
o f  solution of the classical problem of perturbation theory — that of the finding o f eigenvalues and 
eigenvectors of the matrix A(e) =  A +  eB if the corresponding characteristics o f the matrix A are 
known, В  is given and s is sufficiently small. This generalization consists in taking an unbounded 
operator in an infinite dimensional space as A ; then the notions connected with the matrix case 
are to  be defined and solved in a totally new way. In Ch. 1 (Problem of regularization of the pertur­
bation theory) and Ch. 2 (Asymptotic behaviour of the eigenfunctions and perturbation theory 
for equations with operator coefficients) cases where the spectrum of A is discrete or possesses at 
least one isolated point are considered. Relevant problems o f perturbation theory are treated by 
means o f the regularization method due to A. N. Tihonov according to which an unbounded ope­
rator can be substituted by a sequence of certain bounded operators, whose subsequent application 
yields already good approximations of the solution belonging to the original operator occuring in 
the perturbated equation. Ch. 3. (Strong convergence o f operator equations) and Ch. 5 (Weak con­
vergence of operators), provides a further generalization of the main problems, namely the cons­
truction o f the approximation o f  the inverses of members o f certain family {Tc} o f operators by help 
o f  the limit T  of Tc and by T ~ \  Here the existence and the approximation by means o f Tё 1 of T ~1 
are also considered. Ch. 4 (Perturbations of one-parameter semigroups) considers one-parameter 
semigroups of operators and the relation between the convergence of these semigroups and the 
convergence of the corresponding generators. — Part II. (Global theory o f characteristics and 
asymptotic methods in the theory o f differential equations of operator coefficients) deals with 
equations of quantum mechanics and optics considering them as particular cares of equations 
with operator coefficients in certain function spaces. By this aspect the asymptotic formulas o f  
different fields of physics can be shown to be interconnected. After Ch. 1 (Formulation of the 
problem) discussing the mentioned fundamental views, Ch. 2 (The canonical operator) aims at 
obtaining a class of asymptotic formulas being uniform in the coordinates of location. To this end 
a „canonical” operator transforming the space of functions defined on curves o f the phase space 
(p , q) into the space of functions on the line (q) is constructed and studied. Ch. 3 (Asymptotics 
o f the solutions of partial differential equations) and Ch. 4 (Equations with operator coefficients) 
consider the solution of the equations of the mentioned type as well as the behaviour of the
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eigenvalues o f selfadjoint differential operators. Ch. 5 (Local characteristic representation for 
equations of wave equation type) deals with the quasiclassical local asymptotics o f the equations 
of quantum mechanics, which is analogous to that o f a system of hyperbolic equations with 
discontinuous or oscillating initial data and was investigated only formally in the literature. Ch. 
6 (Local asymptotics o f operator equations with partial derivatives) presents the method of 
stationary phase, used in local asymptotics, according to the author’s method. Ch. 7 (Global 
asymptotics o f the solutions of the abstract equations) comprises the proofs o f the theorems 
presented in chapters 2, 3 and 4. Ch. 8 (Quasi—classical formulas for the solutions of 
the equations with [л/2] +  4 times differentiable coefficients o f quantum mechanics) yields an 
introduction of asymptotic formulas that differs essentially from that given in Ch. 7, partly by the 
aid o f the theory of Morse. Ch. 9 (Regularization o f perturbation theory for calculating correction 
terms and the quasi-classical formula of Bohr) gives the higher terms in the considered asymptotic 
expansions by means of the methods of perturbation theory, combined with tools o f the method 
of regularization. Results o f Part I are utilized at several places of Part II.

An Appendix (Discontinuities in the asymptotics o f the solutions of equations o f  tunnel effect 
type) shows new applications of the method used in the study o f the discontinuities o f the solutions 
of equations of wave equation type. A  Supplement (B. Doubnov: On the global existence o f the 
solutions o f Hamilton’s equations) and two Complements (V. I. Arnol’d: A characteristic class 
occuring in the quantification conditions; V. C. Bouslaev: Generating integral and M aslov’s cano­
nical operator for the W. К. B. method) present a new approach and supplementary material to 
certain problems of the main text.

The book (published in Russian in 1965) is o f high mathematical level, is very comprehensive 
and presumes knowledge o f several fields o f mathematics. Although the problem solutions belong 
generally to the field of quantum mechanics, clarifying several questions not dealt with in full rigour 
up to now and yielding a very valuable help to research work on theoretical physics, they are worth 
being studied also by the mature mathematician.

There stands a main bibliography after the Supplement comprising 90 items. The two comple­
ments possess separate bibliographies o f 5 and 11 items respectively. Unfortunately there is no index 
and several author names (Russian and non-Russian) have been printed with striking errors.

P. Medgyessy

H. G. GARNIR—M. DE WILDE—J. SCHMETS: Analyse fonctionelle, Tome II, Mesure et 
integration dans l’espace euclidien En.
L e h r b ü c h e r  u n d  M o n o g r a p h ie n  a u s  d e m  G e b ie t e  d e r  e x a k t e n  W is s e n s c h a f t e n , M a t h e m a ­
t is c h e  R e ih e , B a n d  37 , B ir k h ä u s e r  V e r l a g , B a s e l— S t u t t g a r t , 1972.

Comme le titre l’indique, ce livre est une introduction à la théorie de la mesure et de l’intégra­
tion dans un ouvert de l’espace euclidien E„. Il comprend les chapitres suivants:

I. Mesure.
IL Intégration.

III. Fonctions et ensembles boréliens.
IV. Produit de mesures.
V. Relations entre mesures.

VI. Intégration de fonctions à valeurs dans un espace linéaire à semi-normes.
VII. Mesures à valeurs dans un espace linéaire à semi-normes.

Les cinq premiers chapitres sont indépendants du Tome I de l’ouvrage. Ils présentent un 
exposé classique de la théorie de la mesure et de l’intégration. Cette exposition a deux particularités 
qui rendent le livre différent des autres ouvrages traitant le même sujet : l’une, c’est la restriction du 
domaine indiquée dans le titre; l’autre, c’est qu’on considère des mesures complexes dès le début. 
Bien sûr, le traitement est plus simple dans un espace euclidien. Et, comme les auteurs l’écrivent 
dans l’introduction, «le degré de généralité ainsi atteint nous paraît suffire à la plupart des utili­
sateurs, et constitue une introduction utile pour ceux qui veulent aborder la théorie de la mesure 
dans ses développements les plus abstraits.» C’est surtout en lisant le chapitre V qu’on réalise que 
les auteurs envisageaient aussi des applications: on y trouve, par exemple, le principe du bang-bang 
et le théorème de Lyapounov, repris à la théorie du contrôle, et une étude des ensembles de mesures 
dominées par une mesure, ce qui est très important en statistique.
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Les chapitres VI et VII présentent une extension de la théorie classique de la mesure. On 
s ’appuie également ici sur des résultats développés dans le premier tome de l’ouvrage.

L’exposition est claire et précise. Le livre contient de nombreux exercices. La solution peut en 
être facilitée par les suggestions qui suivent les cas les plus difficiles.

N. BOURBAKI, Topologie Générale, I.
(Chapitres 1 á  4.) X V I+ 1 2 8 + 4 4 + 9 0 + 9 8 = 3 7 6  p a g e s , H e r m a n n , P a r is , 1971.

Il n’est guère nécessaire de présenter au lecteur avisé le traité fondamental de Bourbaki. Bien 
connu est également le fait, que même parmi les livres constituant ce fameux traité, une place de 
choix est due à la «Topologie Générale». La parution, en 1940, de la première édition des deux pre­
miers chapitres de ce livre marque en effet la naissance de la topologie générale telle comme on l’ent­
end aujourd hui.

Pendant les décennies écoulées depuis cette date, la présentation Bourbakienne de la topo­
logie a toujours conservé son importance capitale, et cela grâce à des rééditions mises au point selon 
les dernières exigences de l’évolution de la science. — A la hauteur des exigences des années soixante- 
dix, du point de vue formel l’édition ci-considérée se distingue de ces prédécesseurs par le fait, que 
le matériel réparti auparavant sur deux fascicules brochés est réuni ici dans un tome solide (bien 
relié et très bien imprimé), qui confine ainsi les chapitres suivants: I. Structures Topologiques. —  
II. Structures Uniformes. —  III. Groupes Topologiques. —  IV. Nombres Réels.

Agréable aux yeux et aisé à manier, ce beau volume contribuera sans doute à élargir encore 
l’influence du personnage collectif célèbre qui est Monsieur Nicolas Bourbaki.

ROLF KLÖTZER: Mehrdimensionale Variationsrechnung.
B ir k h ä u s e r  V e r l a g , B a s e l — S t u t t g a r t , 1970. 29 9  p .

Variational calculus in several dimension is a rapidly developing area of mathematical analysis 
that provides a lot of difficult problems and has several applications in different fields of mathema­
tics as well as in physics and engineering practice. The present book seems to be an effective tool for 
a reader who has some general mathematical knowledge to reach the up-to-date level in a fairly 
extended domain.

Chapter 1. contains the exact formulation of the Bolza problem treated in the book. A functio­
nal o f  the form

has to be minimalized where x ( t ) = x ( t 1, 12, ..., t m) (  Rn. G (zR 'n is a domain with piecewise smooth 
boundary dG and x( t )  satisfies the boundary conditions hv(t, x,  x,) =  0 (v = l ,2 ,  ..., r-<mri) and
/?x W l á G ==0 ( * = 1 ' 2 ’ •••> e)-
It is shown that most variational problems (isoperimetric problems, etc.) can be reduced to an ap­
propriate Bolza problem. Moreover, assuming regularity (or quasiregularity) each Bolza-problem 
can be transformed into the usual canonical form by a Legendre transformation. The chapter conc­
ludes with a survey on parametric problems.

Chapter 2. presents an account of functional analysis that will later be needed. The definition 
and elementary properties o f a linear normed space (especially Hilbert space) are given, mostly 
without proofs. The usual simple completion process and the theory of Sobolev-spaces are deve­
loped in more details, including Sobolev’s embedding theorem and the Gârding inequality. Some 
simple properties of quadratic forms are listed.

Chapter 3 starts with the general definition o f the variation as a Gateaux-derivative. The usual 
controlability condition implies the applicability of the variational principle. The open mapping 
theorem is used to prove the necessary integral-condition o f the Lagrange-type. Assuming appro­
priate smoothness of the Lagrange multipliers, the fundamental lemma of the variational calculus 
yields the Euler-Lagrangue differential equations. Haar’s lemma and its converse are proved. Among 
their application is the ’’integrated” Euler-equation. In the case o f boundary conditions the usual 
transversality conditions are developed. Regarding the second variation, a generalization of the 
Legendre—Hadamard-condition is given. This also implies the necessary condition of Weierstrass 
(for strong minimum).
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In Chapter 4 a general sufficient condition for minimum o f a function, defined on subset of 
a  Hilbert space, is given. This is then used to generalize the sufficient condition o f Van Hove for 
weak relative minimum. Two ’’structural” assumptions together with the strong Legendre condi­
tion imply weak relative minimality. A systematic treatment of the second variation ô2J*(x„,ç)  
is given. The chapter concludes with Holder’s theory, i.e. the theory of sufficient conditions for 
minima in terms of eigenvalues o f appropriate eigervalue problems. Especially the Jacobi condit­
ions are proved.

Sufficient conditions for a strong relative minimum are presented in the fifth chapter. After a 
short description of the field-theory, especially that of Caratheodory, the field theory o f de Donder— 
Weyl is treated in great details. This is the most valuable part o f the book, involving the authors 
own results. Assuming positive regularity (again) the construction of the field is done for the cases 
m = 1 an тя=~1 separately. The possibility of an appropriate generalization o f the field theory is also 
sketched.

In chapter 6 a result o f the previous chapter is applied for a case when the integrand depends 
on a real parameter. This reduces to an eigenvalue problem which is exhaustively studied. The se­
cond part o f the chapter deals with field-theoretic methods providing lower bounds for the func­
tional I(x).

Though the book is essentially selfcontained, some familiarity with classical varational calcu­
lus and elementary analysis may be useful for reading. Several examples make understanding easier 
and provide a large scale o f applications.

A. Szép

I. J. MADDOX: Elements of functional analysis.
C ambridge University Press, 1970, X +208 pp.

This is a really introductory, though non-trivial course on abstract methods of analysis for 
students with some knowledge o f classical real and complex variable theory.

In Chapters 1—3 sets, metric spaces, topological spaces, linear spaces and linear metric spaces 
are discussed in detail. In Chapter4 the Banach—Steinhaus, the open mapping and the Hahn—Banach 
theorem are proved in the context o f normed linear spaces. Chapter 5, dealing with Banach algebras 
contains the Gelfand— Mazur theorem and a weakened form o f the Gelfand representation theorem. 
The short Chapter 6, on Hilbert spaces, treats orthonormal systems, the projection theorem, and the 
Riesz—Fréchet theorem. Chapter 7 is concerned with matrix transformations and summation me­
thods, an area of special interest to the author.

The book is written in a highly instructive manner. The style is clear and vivid. Concepts are 
soundly motivated, theorems are accompanied by numerous comments, examples, and exercises. 
(Since Lebesgue theory is not assumed, most applications involve sequence, rather than function, 
spaces.) Also the display of basic terms before defining them seems to be a good idea. Short historical 
remarks as well as outlook to more advanced topics help better orientation.

To sum up, this is an excellent first reading for all who wish to get thoroughly acquainted 
with basic notions, results and applications of topology and functional analysis.

J. Bognár
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