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KANTENISOMORPHISMEN VON MENGENSYSTEMEN

von
W. DORFLER

In der Arbeit [3] (sh. auch [2]) von H. Whitney werden Kantenisomorphismen
von endlichen Graphen betrachtet und es wird gezeigt, dal mit Ausnahme gewisser
Graphen aus der Beziehung, kantenisomorph zu sein, die Isomorphie der Graphen
folgt. Das entsprechende Resultat hat Jung [1] fur den Fall unendlicher Graphen
bewiesen. In der vorliegenden Arbeit wird zunéchst der Begriff der Kantenisomorphie

fiir Mengensysteme erkléart und ein dem Satz von Whitney entsprechendes Resultat
bewiesen.

Definition. Ein Mengensystem X besteht aus einer Menge V=V(X) und einer
Menge E=E{X) von Teilmengen acV mit |a|s2. Die Elemente von V heilien
Knoten von X, die Elemente von E Kanten von X. Gibt es nur Kanten mit 2 Knoten,
so erhdlt man einen Graphen.

Ein Knoten, der in keiner Kante von X liegt, heifl3t isoliert. Ist |K(A")|<<»,
so heiflt X endlich. Wir beschranken uns auf endliche Mengensysteme, denn eine
Ubertragung der Ergebnisse auf den unendlichen Fall ist hier nicht moglich.

Ein Mengensystem X heit zusammenhangend, wenn es zu je zwei Knoten

X,y £ Feine Folge sx, 02, **, akvon Kanten in X gibt mit und 0,Mal+1"0
fur i=1, 2, ..., A—1

Definition. Eine bijektive Abbildung tp: V(X')—F(F) heif’t ein Isomorphismus
vom Mengensystem X auf das Mengensystem Y, wenn acz V(X) genau dann eine
Kante in X ist, wenn gpaeine Kante in Y ist. Gibt es einen Isomorphismus qo: JT—Y,
so sind X und F isomorph, XY

Definition. Eine bijektive Abbildung t: E(X)-+ E(Y) heilit ein Kantenisomor-
phismus von X auf F, wenn gilt

(1 fir alle aEE(X) ist \a\= \du\

(I far alle a,b£E(X) ist \aMb\=\chaMdb\.

Esist klar, daf furjeden Isomorphismus tp: X-» Y die Abbildung g E(X)-~ E(Y),
definiert durch da:=(pa fir alle a*E(X), ein Kantenisomorphismus ist. Gilt diese
Beziehung, so heifit ¢ der von @ induzierte Kantenisomorphismus. Es gibt jedoch
Kantenisomorphismen, die nicht von Isomorphismen induziert werden kénnen.

1
= {15, 6, 7,8}.
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2 W. DORFLER

Es soll zundchst die Frage geklart werden, wann ein induzierter Kantenisomor-
phismus durch genau einen Isomorphismus induziert wird. Dazu bendétigen wir den
folgenden Begriff.

Definition. Mit S(X) bezeichnen wir folgende Relation auf der Knotenmenge
eines Mengensystems X :

(x,jOCS genau dann, wenn ()—(Ill) gelten:

(I) es gibt ein a£E(X) mit X, y£a,
(1) aus x"b, bE£E(X) folgt y£b,
() aus yEb, bEE(X) folgt x£b,
oder wenn x=y ist. )
Man sieht leicht, daB S eine Aquivalenzrelation auf V(X) ist. Hat X keine
isolierten Knoten, so gilt:

Lemma. Die Aquivalenzklassen nach S sind Durchschnitte von Kanten von X und
von Komplementen von Kanten von X.

Beweis. Es sei XEV(X) beliebig und ax, ...,an seien die Kanten von X mit
xCa,, i—1, ...,nund bj,j= 1, ...,m die Kanten von X mitx"Zij-. Wir zeigen, dal}

D =n all ?| bj die -SKlasse x/S von x ist. Dabei ist bj=V(X)—bj. Zundchst

zeigen wir, dall Dc:x/S ist. Fur D={x) ist nichts zu zeigen. Sei also z*x in D.
Dann ist zEax, xEax und es gilt (I). Die Bedingung (Il) ist nach Definition von D
erfullt. Ist zEb, bdE(X), so mufl nach Definition von D b=at sein fiir ein i, also
ist auch x£b und (I11) erfillt. Daher gilt (x, z)£S. Fir die Umkehrung nehmen
wir an, daB fiir zEV(X) gilt (z, X)ES. Da xEa; ist fir alle /=1, folgt, daR
auch z€a;, /=1, ..., n, gilt. Ebenso folgt aus x8 bj, dal auch z*bt ist, also ist zdbj.
Daher mul? zED sein.

Satz 1. Ist X ein Mengensystem ohne isolierte Knoten und die Relation S(X)
die identische Relation, so wird jeder Kantenisomorphismus von X auf ein Mengen-
system Y von hdchstens einem Isomorphismus induziert.

Beweis. Es sei also S(X)={(x, X)[x£ V(V)} und <x, (@ seien zwei Isomor-
phismen von X auf Y, die den Kantenisomorphismus &: E(X)-+E(Y) induzieren.
Wir wéhlen einen beliebigen Knoten x€ V(X) und es seien ah i—1, ..., n, die Kanten
von X mit xCa; und bj die Kanten mit x*bjj—1, ...,m. Dann ist nach dem Lemma
und nach der Voraussetzung des Satzes

n m
XXS=1Ma;M Mhe
<=1 7=1

Da 9x, $2beide b induzieren, ist fur alle aEE(X) stets (pla=cha=<p2a und somit gilt
six=@ A «Mih =1 Pirn Mvib =

n m
= i:|_|1<PzaiC\ M <pbj= @ MaiD n b\ = erx-
Also ist (Pi=(p2e
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KANTENISOMORPHISMEN VON MENGENSYSTEMEN 3

Bemerkung. Ist S(X) nicht die identische Relation auf V(X) und ¢: E(X) —
-*E(Y) ein induzierter Kantenisomorphismus, so kann ¢ sicher durch mindestens
zwei Isomorphismen induziert werden. Das ergibt sich sofort daraus, daf3 fiir x, ydx/$S
die Abbildung @ mit cpx—y, gy=x und cpz=z, z*x,y ein Automorphismus von
X ist.

Satz 2. Sind X und Y Mengensysteme ohne isolierte Knoten und gibt es einen
Kantenisomorphismus von X auf Y, so sind X und Y entweder beide zusammenhéngend
oder beide nicht zusammenhangend.

Beweis. Es sei g E(X)~»E(Y) ein Kantenisomorphismus und X sei zusammen-
hangend. Wir wahlen x?+y(:V(Y) beliebig und dazu b,b'dE(Y) mit xdb, ydb'.
Es seien a=¢~1b, a'=¢~1b und zxda, z2da'. Dann gibt es eine Kantenfolge
a=alt a2 ..., a,,=a' mita,Nal+"0, /=1,..., n—1 Dann bilden die Kanten i/iaf=2»,
die gesuchte Kantenfolge in Y, die 1 mity verbindet. Die Umkehrung wird ebenso
bewiesen.

Definition. Ist X ein Mengensystem, so sei X/S das folgende Mengensystem
V(X/S) — V(X)/S(X) = {z\z ist Aquivalenzklasse nach S(A)}
E(X/S) = {a\ac K(AYS), {x|x€ V(X)AxdzAzda}dE(X)}.

Satz 3. Sind X und Y zwei Mengensysteme, so ist f'= F genau dann, wenn es
einen Isomorphismus t: X/S-* Y/S gibt mit

g =\ for alle zdV(X/S).

Beweis. 1st X *Y und cp\X-+Y ein Isomorphismus, so ist die Abbildung ¢
mit cor:=<pr fir alle zdV(X/S) ein Isomorphismus von X/S auf Y/S und natiirlich
gilt fir o, daB \gr\=1\r\, zdV(X/S) ist.

Es sei nun umgekehrt ¢ ein Isomorphismus von X/S auf Y/S mit der angege-
benen Eigenschaft. Fir jedes zd. V(X/S) sei qz eine bijektive Abbildung von z auf
ftz. Durch

cpx :=qex fir x£z

wird dann ein Isomorphismus von X auf Y definiert.

Wir kommen jetzt im Satz 4 zur Formulierung einer hinreichenden Bedingung
dafur, daB ein Kantenisomorphismus durch einen Isomorphismus induziert wird.
Diese Bedingung ist nicht notwendig. Es lassen sich jedoch leicht Beispiele finden,
dalR es Kantenisomorphismen gibt, die nicht induziert werden kénnen, wenn diese
Bedingung nicht erfillt ist.

Definition. Mit L bezeichnen wir die Klasse aller endlichen Mengensysteme
n
X mit folgender Eigenschaft: Sind ax,a2, ...,a,, nlU3 Kanten in X mit f) a0,
=1
so gibt es ein i, 1S.ién, und eine von den  verschiedene Kante d in X derart, daf
dC\ai= ai—_g_ ist.
j*i

Stuclia Scientiarum Mathemalicarum Hungarica 9 (1974)



4 W. DORFLER

Satz 4. Sind X und Y Mengensysteme aus der Klasse L ohne isolierte Knoten
und ist pein Kantenisomorphismus von X auf Y mit der Eigenschaft, daf aus afE (X)

und f) at™ 0 folgt f| i/fa;~0, so gibt es einen Isomorphismus g=von X auf Y, der ¢

1=1
|ndu2|ert

Beweis. Das Ziel des Beweises ist, einen Isomorphismus von X/S auf Y/S an-
zugeben, sodafl einander entsprechende Elemente dieselbe Kardinalzahl besitzen.
Zunachst wird eine Bezeichung eingefihrt.

Sind 3j, a2, m.., amTeilmengen einer Menge M, soseiN (z,i2,...,ik;j\,j2,j ,) =

= {x|xERil, ...,x£alik; ...,x$a”}, wobei jeder Index 1, ...,m genau einmal
auftritt.
Wir zeigen zuerst, daB fir jedes 2 und je n Kanten ak, ...,a,, aus X gilt
M
ng N
1=1

Fir n=2istdas richtig, weil hein Kantenisomorphismus ist. Als Induktionsannahme
nehmen wir an, dalR die Behauptung fir alle n mit 2~ n”~k — richtig ist. Es seien
ax, ..., ak beliebige k Kanten aus X. Wir verwenden folgende Beziehung (A), die flr
I~ r ™k —1und jede Auswahl verschiedener Indizes zj,z2, ...,/r aus {1, ...,/c} qgilt
(dabei ist I+r=Kk):

(A) ahTai2ll ese Mair= N (f, i2, r;, / j U
U UN (h, k,—,lrJr+|\j|, i)u
UUNIf, i2, ... ir, ir+1, ir+2; £ iU

UUA(®E,/2, ...,ird r+, ... ik-1; .)U fl ai

wobei die Vereinigungen jeweils tber alle moglichen Auswahlen von einem Element
(ir+1), zwei (/r+1, ir+2), drei usf. verschiedenen Elementen aus {ji,j2, ...,jt\ zu
nehmen sind. Wichtig ist hier, dafl alle Summanden dieser Vereinigung paarweise
disjunkt sind. Ferner kénnen gewisse Summanden leer sein. Fir die Bilder dq
gelten die entsprechenden Beziehungen, wobei zwecks einfacher Notation nur N

K
stets durch N ersetzt wird. Angenommen, es wdre ] aj Wir, Nach Voraus-

fl
=1
setzung gibt es unter ax, ak eine Kante, etwa ax, und eine Kante d in X mit
driax=N (1;2, 3, ...,k)*0. Nun ist nach obiger Beziehung (A):

= |A(L; 2,3, . fO)[+2W > h; Jj> eme, 421+

Z. AL Z, 2 ik 2; 0+ N a

Ol %2 wwm» 'k -2)

Ist fK| e, /Dlat -s (s ™ 0), so ist wiederum wegen der obigen Beziehung (A)
ju e -

Studia Scientiarum Mathematicarum Hungarica 9 (1974)



KANTENISOMORPHISMEN VON MENOENSYSTEMEN 5

und auf Grund der Induktionsvoraussetzung
\N(h, h, ...,70l = \N(h....... h\ ji, mmj)\+(- O'i

wobei t=k —2 die Anzahl der Stellen nach dem Strichpunkt ist, und das gilt fur jede
Auswahl verschiedener Kanten ah, ..., aitund fur \* t" k —2. Zum Beweis sei zuerst
t—1 Dann ist mit (A)
K
KMa,-2M... Na,-,.,! = \N(h,h, M+ n ai

und

iPainM -2n = CVVaikI\ = NG, ke 350+ ),

und die behauptete Beziehung folgt, weil die linken Seiten gleich sind. Ist diese
Beziehung schon gezeigt fur tSm — "k —2, so erhélt man aus (A) wieder unter
Verwendung der obigen Induktionsannahme (r=k —m—1))

NMU»1,1'2, S K. T1>7"2» >jim)l + esoy ipl if+l» 71»  m>Pf—)l +

+ 2 THVO'> —*r*r+»fr+%; 71> mmmIm-2)\+ — + 2 \ N (h’ eee>ir, seo»*Jk-i; 7)1+

+ ]J_;hl mti'i» w7572 eeo 7m)| +

P m
+2°0,0— U 7I>eeem-DI+ (- M~ g+

+ 2 AT —3ir,ir+i,i,+al 7> —,771-r)| + (- M —2

K
+.+2 No  —  eeeny* 11 7)1+ (-1« L + /Ha>+ S

woraus sofort die Behauptung folgt.

Es kann nun sein, daB hier schon ein Widerspruch auftritt, wenn sich aus der
Gleichung fur A und JVfir ein t bereits negative Kardinalzahlen ergeben wiirden.
Andernfalls erhélt man wegen |«1} A4 und (A) mit den Gleichungen zwischen
den N und N:

|[MZ; 2,3, ....%)|-|tf(l; 2,3, ....,%)| =

- (s) ...+ (-1)*-2 Ao D)*1= 01

Fir k ungerade und j<O bzw. fur Kk gerade und s>0 ist 0. Das ist jedoch ein
Widerspruch zu folgenden Beziehungen:
lijuflirail = |ifrifl = 0 fur i= 2, ...,k und
|A(L;2, 3, ...,A)| = \dC\ax\ = ~dCu/za”.
Ist jedoch K gerade, j <0 oder K ungerade, s>0, so genligt es, die Rollen von X und

Studia Scientiarum Mathematicarum Hungarica 9 (1974)



6 W. DORFLER

Y zu vertauschen, um den gleichen Widerspruch zu erhalten (im allgemeinen mit
K
einem &= |/T; mit iV 1), denn /I_h kann laut Voraussetzung nicht leer sein.

Als néchstes zeigen wir, daf fiir je n Kanten ar, ..., anin X und alle Auswahlen
verschiedener Indizes ix, ...,iraus {1, ...,7%} stets gilt

<*) Wiv, weir, h, —A) = NGt ..., ir; j\, ..., j)\

Denn waére dies nicht der Fall, so gibt es ein kleinstes tS1, fur das (*) nicht gilt
fur eine bestimmte Auswahl {/j, ..., Ir}, r=n—t. Wendet man jetzt die Beziehung
(A) auf die dieser Auswahl entsprechenden ail, ...,air, an, so erhdlt man einen
Widerspruch zu

r r

no“ij = no~aij
j=1 7=1
Nach dem Lemma ist jedes Element aus X/S von der Form N(ix, ik; j\,
flr bestimmte atl, ..., aik; aJl,...,ajl und man sieht leicht, daf die Zuordnung
DA(X, ..., ik; j\, = N(i\,

ein Isomorphismus von X/S auf Y/S ist mit
\qiA = A fur alle zdV(X/S).

Konstruiert man wie in Satz 2 einen Isomorphismus von X auf Y, indem man von
<p ausgeht, so erhdlt man einen Isomorphismus, der den Kantenisomorphismus i/
induziert. Damit ist der Satz bewiesen, wenn man beachtet, da X und Y beide keine

isolierten Knoten besitzen.
Die im Satz 4 gemachte Voraussetzung lber den Kantenisomorphismus ¢ geht
K K

dort ein, wo fir gerades k gezeigt wird, da8 g 5 . ist Es genlgt daher

diese Bedingung fir gerades n zu fordern. In der Klasse L kann man Mengensysteme
X und Y und einen Kanten isomorphismus Ir. X-*Y angeben, der n Kanten a”E(X),
n gerade, mit nichtleerem Durchschnitt auf Kanten dax£ E ) abbildet, die einen
leeren Durchschnitt haben. Man kénnte versuchenn diesen Mangel zu beseitigen

indem man in der Definition von L nicht mehr fj a;"0 voraussetzt. Das flhrt

jedoch zu einer zu starken Einengung der Klasse L d|e dann Typen von Mengen-
systemen nicht enthélt, flr die trivialerweise jeder Kantenlsomorphlsmus induzierbar
ist. Eine andere Losung bringt die folgende Definition.

Definition. Die Klasse LOvon Mengensystemen X ist diejenige Teilklasse von L,
in der folgende Bedingung erfllt ist:

Sind dj, j= 1,2, ...,77, «54 und gerade, Kanten aus E(X) mit (j 0,0, so
gibt es ein Paar von Indizes aus {1, 2, 77, sodaly gilt

E1<<7 Y\/ﬂ ,Qai-K U fIfJ

Studio. Scientiarum Mathematicarum Hungarica 9 (1974)



KANTENISOMORPHISMEN VON MENGENSYSTEMEN 7

Satz 5. Sind X und Y zwei Mengensysteme ohne isolierte Knoten aus der Klasse
LO und ¢: E(X)-~E(Y) ein Kantenisomorphismus, so gibt es einen Isomorphismus
tp: JT—Y, der ¢ induziert.

Beweis. Um den Beweis von Satz 4 anwenden zu kénnen, genugt es zu zeigen,
dal ¢ Kanten aus E(X) mit nichtleerem Durchschnitt in Kanten aus E{Y) mit nicht-
leerem Durchschnitt Gberfiihrt. Flr n=2 gilt dies nach Definition eines Kanten-
isomorphismus. Es sei also richtig fir n*k —I Kanten. Wir nehmen an, dal3 fir

K K
gewisse Kk Kanten at, /=1, ...,k, mit ) der Durchschnitt lﬂl(jx)ax:& ist. Ist

K ungerade, so ergeben die Uberlegungen im Beweis von Satz 4 wegen s = —0 a><0

einen Widerspruch, weil X und Y auch in L liegen. Ist k gerade, so verwenden wir,
dal X und Y in LOsind. Es gilt mit den Bezeichnungen und den Ergebnissen aus
dem Beweis von Satz 4 fiir das nach Definition von LOexistierende Paar ix"i2 aus

K
{1, .... K) wegen iDi = —s die Beziehung

WUIJt, *mmJk-i, 4,41 =\N<IXU, ...Jk-i, 4,4)|~ /[1].
aus der folgt
RUiJz> h, 41 < 0.

Dabei ist {A,72>¢ ¢« 1-2}={4 2, ..., E}—{/I54} Wir sind also wieder zu einem
Widerspruch gelangt. Die Relation zwischen N und N kann man anwenden, weil
aus der Induktionsannahme bereits folgt, da fiir n*k —I durch ¢ die Kardinal-
zahlen der Durchschnitte von n“k —1 Kanten aus E(X) nicht verandert werden.

Somit ist die Voraussetzung von Satz 4 erfiillt, und daraus ergibt sich der Beweis
von Satz 5.
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SETS OF LATTICE POINTS THAT FORM NO SQUARES

by
M. AJTAI and E. SZEMEREDI

Consider the lattice points in a square of size nXn, i.e. consider e.g. the points
(i,j) in the Cartensian plane where 0*/, j*n. P. Erdés and R. Graham [1] con-
jectured that given any positive constant c, any set of cn2 elements from among
the above lattice points contains four points that form a square the sides of which
are parallel to the coordinate axes provided n is large enough, depending on c.
We are unable to settle this problem here. Instead we consider the easier case of
isoceles right-angled triangles whose sides are parallel to the axes; the consideration
of this case was also suggested by Erdss and Granam. First we prove the following

Theorem 1. There is a positive absolute constant ¢ such that, given any positive
integer n, there are c(r3(ri))2 lattice points in a square of size nXn no three of which
form an isoceles right-angled triangle whose sizes are parallel to the axes.

Here r3(n) denotes the largest integer m such that there are m integers less
than n no three of which form an arithmetic progression. According to a result of

F. Behrend, we have

Proof. Let ax, ...,ak (k=r3([n/2]), where [¢] stands for the integral part of
the bracketed number) be a sequence of integers less than n containing no arithmetic
progression of three elements, and consider the set S of those lattice points in the
square OSx, ySn that are in the intersection of lines of form y=x+2a\ and
y =—x+2a; (Isi, jsk). As any two such line intersects each other in a lattice
point, it is easy to see that S has at least k24 elements. As r3([w2]) and r3(n) have
the same orders of magnitude, it is clear that the cardinality of S is at least c(r3(/7))2
where ¢ is an easily computable absolute constant. We show that there are no three
points belonging to 5 that form a right-angled isoceles triangle with sides parallel
to the axes. Assume, on the contrary, that ABC is such a triangle, say AC=BC.
We may assume, without loss of generality, that each of the points A, B, and C
lies on different lines of form j>=x + 2a; (the other possibility, when each of A, B, and
C lies on different lines of form y=—x+2a can be dealt with similarly);say A
lies on the line y=x+2ar, C on y—x+2as, and B on y=x+2at. Then ar, as,
and a, form an arithmetic progression, which is a contradiction. The proof complete.

In the other direction, we prove the following:

Theorem 2. Let ¢>0, and let S be a set of cn2 of lattice points in a square of
size nXn. Then there are three points in S thatform an isoceles right-angled triangle
whose sides are parallel to the axes, provided n is large enough.

Proof. Assume that the assertion of the theorem fails, and let ¢, be the largest
constant such that there are c,,n2 points that violate the assertion of the theorem,
and put c¢= Mt cnmThen ¢>0 holds according to our assumption. Let n be a large
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10 M. AJTAI AND E. SZEMERED1

integer, and let S be a set of (c—e)n2 points in a square of size nXn such that S
does not contain an isoceles triangle whose sides are parallel to the axes. We are
going to obtain a contradiction by showing that there is a square of size k Xk that
contains (c+e)k2elements of S (i.e. there are ar, a2, and d such that there are (c +e)k2
elements of S of form (al+id, a2+jd) with 0=/, j<k).

First we show that, almost every line x=1i (0”r'<s) contains at most (c+\l)n
elements of S, i.e. the number of exceptional /’s is o(n). Let us consider the lines
x =i for i/nS/<(i+1)/u, where Ost*jn. It is enough to show that the number
of exceptional I's satisfying this condition is o(yn). In fact, assume, on the contrary,
that there is a positive constant f] independent of n that there are r\jn exceptional
Vs with t\'n +i-=(t+ I)y/i for some 0" t<yn. The set H of exceptional Vs satisfying
this condition can contain an arithmetic progression a+jd (0S/<&) of length k,
where K can be arbitrarily large, depending on I, note that we use the following
theorem here: an infinite sequence of integers of positive upper density contains
an arbitrarily long arithmetic progression (see [2]). Now split the set of positive inte-
gers as TgU . ZU " T,, Tf is an arithmetic progression of length k with difference

</<n
d and TO contains at most g-n elements (note that d<”n). Then there is an / so
that Al=TIX{a+jd\ 0Sj<k} contains at least (c+2e)k2 elements of S, since
each a+jd was exceptional. If Kk is large enough, then in view of the definition
of c, the set /1, .S contains an isoceles triangle with sides parallel to the axes, which
contradicts the definition of S.

So we have shown that, loosely speaking only very few lines x =i (0
can contain “more then the average” number of elements of S; therefore, only
a few lines contain “less than the average” number of elements of 5; more precisely,
an easy computation gives that there are less than 2yfen lines that contain more
than (c+el4n, elements of S.

Now consider the lines y=x +/i, where —”*h”n. If e is small enough,
say £< ¢/ 100 then there is such a line with h="h0 containing «/4 elements of S. Omit
those points which lie on a vertical line containing less than (c—£14)n elements
of S; there still remain say cn/6 points. Let these elements of S have abcissas a,
(O™inen/6). According to a theorem cited just before, there is an arithmetic prog-
ression a+jd of length k each elements of which is some a;; and we may also assume
that d<-ijn. Now decompose the set of integers *n as TOIJ (J T, as above (with
the new parameters d and k). oMi“nik

The rectangle [0, ri)X{a+jd: 0Sy'-=/c} contains at least (c—ye)nk points
of S'as each line x=a+jd contains at least (c—\7.)n: no square TjX {a+jd: O+j"k)
may contain more than (c+B)k2points if K is large enough in view of the definition

of c. So almost every Tj (i-e. except at most el"‘] contains at least (c—BLi)k

elements of S. We may assume that all of them do,”ds those Tjs which do not, may
be added to TO, which will thus have cardinality LLPel4a. There is an / such that
Ti contains at least ck/8 elements of at+ha. Note that no line y=-at+/;,, can
contain an element with abscissa g-for anyj (so, in particular, with abscissa belonging
to the arithmetic progression a+jd) as then (ah a(+/), (a, aj), (6y, ij+h) would
be an isoceles triangle. This means that at least ckj8 lines of the square

TjX,{a+jd\ 0*y</c}
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contains no element of S which is a contradiction, provided k is large enough
as we saw that almost every line of a square must contain many elements of 5. (We
proved this for the original square n, provided S is large enough; but these conditions
hold for the above smaller square too, as it contains at least (c—elli)k2 elements
of S.) The proof is complete.
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EINE ANWENDUNG DES MAXIMUMPRINZIPES
VON L. S. PONTRJAGIN AUF EIN LAGRANGE —
PROBLEM DER KLASSISCHEN VARIATIONSRECHNUNG

von
H. BERNAU

Die Theorie der optimalen Prozesse wurde in den letzten Jahren sehr stark
weiterentwickelt, und es ist bekannt, dass sie als eine allgemeine Erweiterung der
Theorie der klassischen Variationsrechnung betrachtet werden kann. So kann man
zu den Problemen der klassischen Variationsrechnung analoge Probleme in der
Theorie der optimalen Prozesse betrachten. In diesen Problemklassen sind die ent-
sprechenden Probleme der Variationsrechnung als Spezialfélle fir das Bewegungs-
system

enthalten, und die entsprechenden Bedingungen der Variationsrechnung kénnen aus
den allgemeineren Bedingungen der Theorie der optimalen Prozesse hergeleitet
werden. In dieser Hinsicht sind besonders die Resultate von M. R. Hestenes
zu erwahnen. Doch werden dabei fiir die Variationsprobleme im allgemeinen keine
neuen Resultate erzielt. Weiterhin ist man bei dieser Betrachtungsweise gezwungen,
auf Grund der Struktur der entsprechenden Steuerungsprobleme, als Menge der
zuldssigen Kurven, stets die Menge der stiickweise glatten Kurven, zu betrachten.
Im folgenden wird gezeigt, dass die Euler—Lagrange’schen Gleichungen und die
Weierstrass-Bedingung flir das Lagrange-Problem mit gewdhnlichen Gleichungen

b
min f F(x, Vi(x), y- {x))dx

yi(@) = Ai, vyi(b) = Bi, fur i=1 ..,n,
PFxYo=0 fur 7=1,...,m,m<n,

direkt aus dem Maximumprinzip von L. S. Pontrjagin hergeleitet werden konnen,
ohne eine Verallgemeinerung der dort betrachteten Steuerungsprobleme vorzunehmen.
Dabei ist es moglich, diese notwendigen Bedingungen in der Klasse der glatten
Kurven herzuleiten. Weiterhin konnen auf diese Weise die Lagrange’schen Mult-
iplikatoren explizit bestimmt werden, und fur die Weierstrass-Bedingung kann eine
anschauliche geometrische Interpretation gegeben werden. Dazu wird zuerst ein
Lemma bewiesen, welches eine Einschrankung auf die Klasse der glatten Kurven
bei diesem Variationsproblem ermdglicht.
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14 H. BERNAU

Es wird das folgende Variationsproblem betrachtet:
min 1(y) —min JbF(x, yfix), yi(x))dx,

in Bezug auf alle glatten Kurven :

7 = {(*, V/IK*n+ibi = xE[a, b], i=1 ,u}
die die gegebenen Punkte

Pi —(a Alt ..., An, P2— (b, B\, ..., Bn
verbinden, d. h. die den Randbedingungen
yfia) = At, yfib) - Bt, fir

geniigen, und fir die zusatzlich
@ [y;(x)-n;|< § fir x£[a,b] und n,
gilt, wobei <5>0 eine vorgegebene Zahl ist. Uber die Funktion E(x, p;,j-) wird
vorausgesetzt, dass sie stetige partielle Ableitungen bis zur zweiten Ordnung nach
allen Variablen hat. Damit dieses Problem sinnvoll ist, muss man nattrlich an-

nehmen, dass
|Z-—A0 < 6, fur /=1, n,

ist. Es gilt dann das folgende Lemma.
Lemma. Wenn das oben definierte Variationsproblem eine Lésungskurve

7 = {(x,ydEEnHYi = yfix), x€[6,b\, i = 1 ....«}

besitzt, so ist die glatte Kurve y auch optimal in Bezug auf alle stlickweise glatten
Kurven, die die Punkte Px und P, verbinden und zusatzlich der Bedingung (1)
geniigen.

Beweis. Der Beweis erfolgt indirekt. Angenommen, es existiert eine stlickweise
glatte Kurve
7= {{x,yfi*E,,H\yi = yfix), xE[</,b], i= 1, ..., J}

mit

5 yfia) = Ai, yfib) = Bi,

! V,-() —Aj\ < 0, fur x£[a,b] wund i n
so dass

(©) 7(7) < 1(y)

ist. Es wird gezeigt, dass man die stiickwiese glatte Kurve y in der Form durch
eine glatte Kurve y approximieren kann, so dass diese Kurve ebenfalls fur das
Variationsproblem zulassig ist und I(y)<I(f>) im Widerspruch zur Optimalitat der
Kurve vy gilt. Seien

4) a<(g<c2..<ck<b

Stvclia Scientiarum Mathematical'um Hungarica 9 (1074)



EINE ANWENDUNG DES MAXIMUMI’RINZIPES 15

die x-Werte, in denen wenigstens eine der Funktionen yi(x) eine Unstetigkeitsstelle 1
Art besitzt, d. h. in denen

Pt(Cj- 0) ™ pi(cj + 0)

fir mindestens ein f€{1, ...,//} ist. Die Approximation erfolgt komponentenweise
fiir jede Funktion j>,(x) und soll am Beispiel von yj(x) erlautert werden. Nach (4>
kann man ein eo>0 so wahlen, dass die Intervalle

[ci,cj+en, fir 7= 1, ...«
paarweise disjunkt sind, sowie
[CCi+HE(z [a b\, fir j=1, ..,k

und dass weiterhin die Differenzenquotienten

YACi+&)-yACI) iy j=1 ..k i=1
E

fiir jedes e€(0, g,] beschrankt sind, da die Grenzwerte pl(Cj + 0) endlich sind. Weiterhin
gilt, da die Intervalle [c,, Cj+ £ disjunkt sind, dass die Funktionen jlt(cj+e) und
Pi(Cj+e) im abgeschlossenen Intervall [0, e stetig und damit beschrénkt sind, da

die Funktionen v,~(X) in den Punkten c} von rechts stetig sind. Bildet man jetzt die
Funktionen

zj(e, x) = {eyl(cj + €) + Epi(cj- 0)- 2yx(cj + 1) +2yl(c))

©) +(-zyi(cj+€)- 2B[(q- 0)+3 (¢ +5)- 3y"cj))

+Bpg- 0) + pi(ci)
mit dem Definitionsbereich
D = {(£ x)eE2ee (0, eq, xE[Cj, G+e]}, fur j =1
so sind diese Funktionen stetig und besitzen eine stetige partielle Ableitung nach
x in Dj. Die Funktionen zjce, X) genugen dabei den folgenden Randbedingungen
HZj(£, Cj) . . . .
Gy Yi@- 0, Z(e i) =y (),
(6)
NZjer+£ _ ~+ AN c e _yilc.t

fur 7=1, ..., k und jedes e(E(0, ). Da Xt ist, fur (e, x)GDj, folgt aus der

Definition in (5), dass die Funktionen Zj(e, x) tUber Dj beschrankt sind,
@) vi(e, x) IKi, fir (e, x)€Dj und j=1,...,k.
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16 H. BERNAU

Analog erhélt man fir die partiellen Ableitungen, dass

<8) r)Z’éi' X k2 fir (sx)EDj und j—  k
ist. Ohne Beschrankung der Allgemeinheit kann man annehmen, dass auch
< IAWI < Ki,

) jh(*)] < K2, fir xe[Cj,Cj+e0] und j=1I,...,k,

gilt, wenn Vyi(c)=y[(Cj+ 0) gesetzt wird. Setzt man jetzt

Iyi) fir xCae]\ U [.G+1]

yie. %) = (\Zj(E,x) fur xC.[Cj,Cin%], =10k,

«0 ist yx(c, x) nach (6) fur jedes e€(0, e] eine Funktion von x, die im Intervall [a b]
definiert ist und dort eine stetige Ableitung nach x besitzt. Weiterhin erfillt sie
nach der Wahl der Intervalle [cj, §+e( die Randbedingungen

a) = AX, px(e, b) = Bx, fir jedes e€(0, sO.
Nach den Ungleichungen (7) und (8) gilt weiter

j(e, ¥)| < Kx,
(10) lite, )l
dy|o||5>X) K2, wenn x£[cj, G+€l, j=1,....k,
fur jedes e£(0, eJ. Analog kann man Funktionen x) firi=2, ..., nangeben.

Betrachtet man nun die Kurven
f(e) = {(x, y) Endnilyi = jsrfe, x), xC[a, b}, i = 1,

so sind diese Kurven fur jedes sC(0, sq glatte Kurven, die die Punkte Px und P%
verbinden. Dabei gilt

X)

11) /y(s)-I(fy =2 ¥ X, yi(e, x), dx F(x, pi(x), pl(x)) dx.

far jedes s(|(0, £]
Sei
Rj = {{x,yhy)C.ED+Ax"[cj, G+ H], W\ =Kx, YWi\s K2, i- 1, ..., n},

fuarj =1, ...,k, sowie
R=UR.
7-1

Dann ist die Menge R kompakt und die Funktion F(x, yhy{) Gber R folglich be-
schrankt, d. h.
[F(x,yi,yDla M, fir (x,yi,yi)€R
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EINE ANWENDUNG DES MAXIMUMPRINZIPES 17

Dann erhélt man nach (11)

K g:
(12 IyE@)— () = Y f 2Mdx — 28kM,
i=1c,
fiir jedes eC(0, e,]. Nach (3) kann man nun ein £2(0, £] so wahlen, dass
Hy)-W)
2kM

ist. Damit folgt aus (12)

d.h.
(13)
I(2(£)) < 1(y)

fur jedes e£(0, ej. Es verbleibt also noch zu zeigen, dass ein £(0, ej existiert, so dass
die Bedingung (1) erfillt ist, d. h. dass

P jo—At\< 6, fir x€[a bl und i=1 ..,n
gilt. Da die Funktionen yf(x) stetige Funktionen (ber [a, b\ sind, existiert
(14 = el efep ) —E
wobei nach (2)
(15) a<é
gilt. Weiterhin gilt nach der Definition der Funktionen y”e, x) und der Relation (2)
(16) PEx)-A[\ = Wt(x)-A\ < Q fir i=1 n
K
wenn x€[a, [cj,cj-Fe], fur jedes e€(0, eq, Falls x 6[cy, G+ €], so gilt nach
=i

(6) und (15)
IKie, x)- A\ S \y,(B, ¢]) - Ail+ [u(e, X) - j (e, O\ s <+ \p((e, x)- V(e c)l.
Nach dem Mittelwertsatz der Differentialrechnung gilt

jite, X)-_pie Q) = — ¥ (x- Q) fur i= L...n

wobei Xi£[Cj, Cj+8]. Da \x-Cj\Se, fiur xd[Cj, Cj+e], erhalt man somit nach (10)
17 \y,(e,x)-At\ N @+ K2,
fir xE[C], Cj+€], 7=1, ..» k, i=I,...,n und jedes e€(0, £]. Nun kann man nach
(15) ein £2€(0, &0 so wahlen, dass
S—a

£2<-*r
ist, dann folgt aus (16) und (17) flr jedes bS b2
(18) la (e, X)—AN< S, fir x£[a,b] und /=1,

Setzt man nun
£ —min(£i, B),
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18 H. BERNAU

so ist die Kurve
7(8) = {(Xy)IE,,HVyi= yt(g,x), XE[a,b], i= 1, ...,«}

eine glatte Kurve, die der Bedingung (1) genligt, und flr die nach (13) /(y(e))</(y)
im Widerspruch zur Optimalitat der Kurve y gilt. Damit ist dieses Lemma bewiesen.

Die hier angegebene Approximation zur Glattung der Kurven ist nicht so
elegant, wie sie zum Beispiel im Buch von H. Sagan angegeben wird, doch ist es
bei dieser Art der Approximation méglich, den Punkt Cj, in dem die Ableitung
unstetig ist, als festen Randpunkt der entsprechenden Approximationsintervalle
zu wahlen. Dadurch wird die Untersuchung des Lagrange-Problemes wesentlich
vereinfacht.

Es kann nun zur Herleitung der notwendigen Bedingungen flir das Lagrange-
Problem mit gewdhnlichen Gleichungen tibergegangen werden.

Das folgende Variationsproblem wird betrachtet:

b
(19) min I(y) —min f F(X, yy(x), y- (xj)dx
a

in Bezug aufalle glatten Kurven y des E,,+1, fur die

<Pj(x,yi(x), ...,yn(x)) = 0, fur x£[a,b\,j=\,....m ,m<n,
und
yt(@ = Ar, yt(b) = Bi} fur 1=1,. «

Damit dieses Problem sinvoll ist, muss man natiirlich annehmen, dass
j(a, Alt ..., A,)=0und g, BIt ..., Bn=0, firj—1, ..., m, ist. Dabei sollen die
Funktionen F(x, yy,yy) bzw. <(x, yy) stetige partielle Ableitungen bis zur zweiten
bzw. dritten Ordnung nach allen Variablen haben. Und weiterhin soll die Funktional-
matrix

den maximalen Rang m haben Uber der Menge
(20) M = {(x,yd €En+l\qi(x,yY) = 0,j = 1, ..., m).

Sei jetzt
Y= {(x,YREEMIY = Bi(x), xC[a, b], i= 1, ..., n}

eine optimale Kurve dieses Variationsproblemes und x ein beliebiger Punkt des
Intervalles [a b\. Dann gilt

<Fj(x,j,(x)) =0, fur 7=1,...,m

Weiterhin kann man ohne Beschrdnkung der Allgemeinheit annehmen, dass die
Determinante

<A &H
dyi > "’ dym

d<pm
Ayl " pyT
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im Punkt (X, jj(:x)) verschieden von Null ist. Damit sind die Voraussetzungen des
Hauptsatzes Uber implizite Funktionen erfillt, und man kann das System

Pixy)=0, fir j=1..m,

in einer Umgebung des Punktes (x, pi(x)) nach den Variablen ylt ...,ymauflésen,
d. h. es existieren Funktionen

fj(x,ym+l.....y,,), fur
tiber dem Bereich

(22) |Xx—x|<<5, |n — fir xk=m+1 ...,n,

mit den folgenden Eigenschaften :

(22) yj =fj(x,ymtl, ...,yn, fir j=\,...,m und (X,y,)EM,
d. h. es gilt

(23) Pj(X"f\ (%" YT +IS eve *yn)> Jm("RiyT+1» e 9yn)

firj= 1, ..., T, Uber dem in (21) angegebenen Bereich. Weiterhin besitzen die Funk-
tionen fj Uber diesem Bereich stetige partielle Ableitungen bis zur 3. Ordnung nach
allen Variablen. Dabei erhélt man fir die ersten partiellen Ableitungen

M1 y M1 fi<Fr

dX vzl hyr ax ’

(24)
M1 fur j m und A= »1+1, n,
dyk OYK J 7 -

Py

wobei | M A "1gie Elemente der zur reguliren Matrix " fhversen Matrix sind.

r
Die'ﬁ)—{unktionen yt(x) sind stetige Funktionen, d. h. man kann ein e>0 an-
geben, so dass

(25) Wix)- yi(x)] < —, fir |x—x|<e wund i=1!,...,» ist
Sei

(26) B = max {..max”(ly,(x)- <) *"max” (&) + G},
sowie

27) Bi = min G E -7j.

Wahlt man jetzt ein x£[a, b] mit x*x, so dass

(28) \x~x\=RB"RK

ist, so gilt nach den Definitionen von Bt und R

(29) [#(x)|</t, fur x£[x,x] und /=1
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Daraus folgt durch eine einfache Abschéatzung
(30) i2.00 —,(x)| < fur x£[x,x] und i=1,...,n.
Aus den Relationen (21) und (22) ergibt sich somit, da
(x,Pi(x), ...,yn(x))eM, fur xe[x,x],

Pji(x) =fj(x, ym+L(x), yn(xj), fir xC[x,x] und j = , m.
Durch Differenzieren nach x erhalt man aus (31)
32) $WH = ox +k:m+1 O;yi(x), fir x£[x,x] und j=1,...,m.
Damit erhélt man durch Einsetzen aus (31) und (32)

f F{x, Pi(x), pl (xX))dx =
(33)

f F(x, ym+i(x), e, y,,(X), YmH(X), ..., Y,,(X))dx.
AufGrund der Voraussetzungen Utber die Funktion F(x, yt,y-) und der Eigenschaften
der Funktionen fj(x,yK besitzt die Funktion F(x. ymH, ...,yn, ym+k, ..., yn) stetige

partielle Ableitungen bis zur zweiten Ordnung nach allen Variablen uber dem
Bereich

[x-x|<<5, bt-A(x)| < § ykE(-»«=), fir k=m+ 1 ...,n.
Betrachtet man nun das Variationsproblem

(34) min /() = min JX F (X, yk(x), yk(x))dx,
in Bezug aufalle glatten Kurven ’
f = {(x,yQEENn_mH\k = yk(x), x<=[x, X], K =m+ 1,
die die Punkte
(35) F=(xyk(), F=(xykX)
verbinden, und zusétzlich der Bedingung
Ak —\(x)| < § fur x6[x,x] und K=m+1 ..., n,
genligen, so gilt der folgende Satz:

Satz. Wenn die Kurve y zum Minimum des Funktionales (19) fuhrt, so fuhrt
die Kurve

(36) r= {(x,yQEEn m+l\yk = A(x), x€[x,x], K =m+ 1 ...,n}
zum Minimum des Funktionales (34).
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Beweis. Angenommen, es existiert eine glatte Kurve
T = {(*.n)€EE,,_T+Yn = MX), nr€[X X], K = m+1,
mit
h(x) = (IO YK(X) = YK(X)
F*0) —YKO\ < §  fir x€[x,x] und K=T+1,..,0,
so dass /(1) </(7) ist.
Es sei jetzt g0>0 so gewdhlt, dass
x+ 0€[x,x] und x—s0€[x, X],

und dass die Intervalle [x,x+e(Q und [x—e0, X] disjunkt sind. Dann kann man
durch eine analoge Konstruktion, wie im Lemma, indem man einmal x als rechten
Randpunkt und einmal x als linken Randpunkt der Approximationsintervalle wahilt,
Funktionen yk(&, x) Uber dem Intervall [x, X] definieren, fir k=m +1,..., n, mit
den folgenden Eigenschaften:

YE X) = YK(X) = Yk(X), A(e X) = Yk(X) = Yk(X),

fyk(e,x) #yk(ex)  {
Sl o - M) oxo - Yk{X)y
(38) IME x)-n(x)|] < d, fur x6[x,x] und k=m+1 .., n,
(39) J F(x, yk(, x)), ----- JFdx =3 F(x, yk(x), yk(x))dx.

Nach der Wahl von x gilt
(40) Xx—x| < § fir x€[x,x].
Damit folgt aus (38) und (40) nach den Relationen (26) und (27), wenn man
(1) Vje, x) =fj(x,ym+l@E, x), ... . ¥,,(1 x)), far x€[x,x], j=1 .., m,
setzt, so gilt

Hx, (@, x), ...,yn@E x)) =0, fur xCXx,x] und j=1 .. m
D. h. die Kurve

7@) = {(x,J,)€£,,+1o,m= yi(e, X), X€E[X, X], i=1, ..., n)
verlauft in der Menge M. Setzt man jetzt
x) fir x6[x X]

Mi(X) fir x£[a, fc]\[x, x], far i=1,..., n,
so ist die Kurve

? = {("FiK-En+ibf =/1(x). x£[a,b\, i= 1, ...,«}
nach (37) eine glatte Kurve, die ganz in der Menge M verlduft und die Punkte Pk
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und P2 verbindet. Aus den Relationen (33), (39), und (42) folgt dann unmittelbar
1(?)-1(« >0.

Dies ist aber ein Widerspruch zur Optimalitat der Kurve y und der Satz damit
bewiesen.
Nach dem Lemma ist dann die Kurve T aus (36) auch optimal in Bezug auf

alle stlickweise glatten Kurven des die die Punkte P und P verbinden und
der Bedingung
(43) Wk(\V - yk(X)| < 6, fur XE[x,x] und K =m+)\, .. ,n,

genugen. Durch Anwendung des Maximumprinzipes werden Jetzt notwendige Be-
dingungen fir die Funktionen yk(x) hergeleitet. Dazu wird das folgende Steuerungs-
problem formuliert. Man geht von dem Funktional (34) aus und setzt

(44) yntl=t=x, t0=1x, i =x
Daraus folgt
I(*) = Jn|'=(yn+1(t),ym+1(t), oY (1), ymHL(D), ..., y'n(0)dt.
i)

Als Steuervariablen wahlt many'k, fir k=m+1, ..., n. Nur muss man den Steuerungs-
bereich jetzt einschrénken, da die betrachteten Kurven der Bedingung (43) geniigen
mussen. Aus diesem Grund setzt man

Yk(0 = MO, mit MOI < P, t£[t0,/J, Kk =m+ 1, ..., n

(Die Grosse lnwurde in (26) definiert.) Dadurch erhalt man das folgende Steuerungs-
problem:

h_
min / F(n+10, Yk(0, Wk(t))di,
0

A = uk(t); MOI <P, fir t€[to,b] und k=mF1 ...,n
dfn+1
dt
YK(0) = YK(x), vk(td =yk(x), K=m+1 ...,n
Y+Ato) = x, y,,HOI) = x.

Fir jede zulassige Steuerung u(t) ergibt sich dann fiir die dazugehérende Trajektorie
M )={>,+i(0>Im+i(0> ees, IN(0} \yk(t)-yk(t,,)\<\t-tO\pts\tl-tO\p=Rp<BIp"&,
flr tE[ta,rj und k=m +1, ..., n, d. h. die entsprechenden Trajektorien geniigen
der Bedingung (43). Folglich ist nach dem Satz und dem Lemma die Steuerung
(46) uk(t) = yk{t), fur iCDo,ti] = [x,x] und k=m+1 ..., n,

optimal fur das Steuerungsproblem (45). Die Hamilton-Funktion dieses Problémes
hat die folgende Gestalt

y, W) = gOF(y, u)+ Z ¢K«K+ an+1e 1e

(45)
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(0]
Nach dem Maximumprinzip (siehe [1]) existiert dann eine Konstante und eine
stetige, nicht identisch verschwindende Ldsung

no = {tA+i(,tL-n(),..., ho} fir t€[x x],
des Systemes

@, MBINO T worky©, mo), K —m+1 0

mit den folgenden Eigenschaften
(48) H(iND.Y®), n()) = pypx y(O. W) =0, fir /€[xx],
Aus der Relation (48) folgt, da u(t) fur /£[x, X] ein innerer Punkt des Steuerungs-
bereiches ist.

OHOI/Q).y(1),i<(1))

duk

fir ?€[x, x] und k—m + 1, Das heisst, es gilt
(49)  ijk(t) = -dboPuk(Y(0*“(0). fir i€[x,x] und k =m+I,...,n.

Daraus folgt, dass Jor 0 sein muss, und nach (44) erhalt man die folgenden Glei-

0.

PoPWIH*), m(0) + M 0 = o,

chungen
Fyk(X, yTH(X), ...,y n(x), ym#l(x), ...,y"n(x))
d .
KO YL, .. yn(x), ym(x), .., y'(X)) = 0,
fur x€[x, X] und k=m + 1, ...,n. Beriicksichtigt man nun den Zusammenhang zwi-

schen den Funktionen F(x,yk,yK und F(x, yi,yi), erhé&lt man aus den obigen
Gleichungen sofort die Euler—Lagrange’schen Gleichungen

.od_ 0 0 _ , .
(50) Fyl—%—XFyl—Zrlg(x)—ggl—i =0, fir x€[ox,x], i=1..,n.
Dabei haben die Lagrange’schen Multiplikatoren A(x) die folgende Gestalt
d(Pi " —
R fir x£[x,x], r=1I,...,m.
G 211N & ayr ir xE[x, x]

Da x€[a, b\ beliebig gewéhlt war, mussen die Gleichungen aus (50) im ganzen
Intervall [a, b\ durch die Funktionen y{(x) erfillt sein. Es wird als ndchstes die Weier-

strass-Bedingung fur dieses Variationsproblem untersucht. Bildet man die Lagrange-
Funktion

Lo
L(x, yiy'i) = Fx, yty-) - 2 Koai(x, yd
und betrachtet fur diese Funktion die Weierstrass’sche £-Funktion, so erhalt man

F(vaiiylv Kv) = F(X, Y Kd - F(X, y(v yt)_ Y W—,'yl)FY'(X,yt,YD
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Das heisst, die Funktionen (pj treten in dieser Funktion nicht auf. Es ist deshalb zu
erwarten, dass die Bedingung

(52) E(x pi(X),y-(x),Ki)é 0

nicht fur jeden beliebigen Vektor {AR}£Et erfiillt sein wird. Im folgenden wird gezeigt,
wie die Menge der Vektoren {A}, fur die die Bedingung (52) erfillt ist, geometrisch
intepretiert werden kann.

Nach der Relation (48) gilt

(53) HQjf(L),y(1),a(t)) & H(j/(t),y(t),u),
flr jeden Vektor r/={ut+1, ...,un} mit

(54) \ukl < fi, fir Kk = m+1,
Daraus folgt nach (49) da i/flo<O ist
(55) F(p(t),u)-F(y().a(1)- Z Fuk{y(0, u®)(uk- ik() & 0,

flr jeden Vektor r/, der der Bedingung (54) geniigt. Setzt man jetzt

dfj n df- .
U=—x+ 2 1l-uk fur 7= 1,..,/?),

OoX k=m+1 OYk

und berticksichtigt, dass

(i) ik(l) = yk@®), fir kK =m+1, .., n,
(i) yijt) =474- 2 7p-Nn(0, fur j =1 ..,77),
O X k=m+1 OYk
(iii) U.+1(0 = t = X,
. - df
(iv) 4 =*4=Fk+ [ Fyijjke fir k=m+1, ..,n,

ist, erhélt man aus der Ungleichung (55)

F(x, pi(x), U)- F(x, pi(x), y\(X)- 2 K ..Pk(X))Flk~
(56)

fur jeden Vektor u={ul, ...,un), mit

df. < gf . .
(57) uvi=-"~+ 2 “Zrfruk, WR=/6 far k=m+I,..:,n, j=1,...,m.

k=m+1 rnyk
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Damit folgt nach (ii) aus der Ungleichung (56)

F(X, BI(X), U)- F(X! j,(X), yt (X)) - igi («i -y i(X))Fy7 S 0,

fir jeden Vektor u, der die Gestalt (57) hat. Das heisst, die Weierstrass-Bedingung
(52) ist erfillt fur jeden Vektor {Ki}£En, mit

L'_ _'Jj f
) Ki ™ X kerirH O ur
K, fir x=m+\, ,n

Um eine geometrische Interpretation der Vektoren aus (58) zu erhalten, werden
an Stelle der Vektoren K={Kr, ..., K,,}JEEndie Vektoren KdEn+l betrachtet, wobei

(59) ¥ o=

ist, und die Komponenten Kt den Bedingungen in (58) geniigen. Es wird sich zeigen,
dass diese Vektoren K aus (59) Tangentialvektoren an die Mannigfaltigkeit M im
Punkt (x, Bi(x)) sind, fiir x6[x, X]. Nach den Relationen (21), (22) und (23) erhélt
man durch das System

X = X,
Y =fi(x,ymHl, ..y.), far j =1 .. W
W= W fir Kk —m+1..,n

fir |x-x| < @ bbeiik(x)| < § fur k=m+1,.x

lokal eine parametrische Beschreibung der Mannigfaltigkeit M in einer Umgebung
des Punktes (x, y,(x)). Nach der Relation (31) verlduft die optimale Kurve vy, fir
X£[X, X], ganz in dieser Umgebung. Das heisst, wenn (x, i(x)), fur x€[x, x], ein
Punkt der Kurve y ist, bilden die Vektoren

Wn+1
o dfi Om
wm+1 ) dym+i """ T+
n EL Ets 0 il
oy ay,,” e 7

eine Basis der Tangentialebene an die Mannigfaltigkeit M in diesem Punkt, d. h.
jeder Tangentialvektor K={K,,+1, Klt..., K,) kann als Linearkombination dieser
Vektoren dargestellt werden

n
(60) K = \hHwn+l+ Z vkwk-

k=m+1
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Aus der speziellen Gestalt der Basis ergibt sich, dass fir jeden Tangentialvektor im
Punkt (x, y;(X)) gilt
_ &,y y % ar j — ,

*] = 0* dyk’ far j 1 , m
Somit ist nach (58) die Weierstrass-Bedingung (52) im Punkt (x,y,(x)) erflllt fur
alle Vektoren {K}*En, fur die {1, K,} ein Tangentialvektor an die Mannigfaltigkeit
M in diesem Punkt ist, und fir deren Komponenten Kk, k=m+1, ...,n, \Kk\<fi
gilt. Die Beschréankung der Komponenten Kk ergibt sich aus der Tatsache, dass das
System (pj(x,yL, ..., ¥, =0 nur lokal nach y1Ir ..., ymaufgelost werden konnte. Ist
dies global moglich, so fallen diese Beschrankungen weg. Die besondere Bedeutung
des Tangentialvektors wn+l, die durch die Festlegung u,+1=1 in (60) zum Aus-
druck kommt, ergibt sich aus der Tatsache, dass die Variable x auch gleichzeitig
Kurvenparameter ist. Dadurch werden nur Tangentialvektoren zum Vergleich zu-
gelassen, in deren Richtung sich der Durchlaufsinn der Kurve nicht &ndert.
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DIGRAPHS WITH PERIODIC LINE DIGRAPHS

by
ROBERT L. HEMMINGER

Introduction

A digraph D is called periodic if Lm(D )*L m+k(D) for some integers m and K,
mSO, k>~0. The smallest such K is called the period of D. Beineke [1] first studied
finite periodic digraphs. In [3], the author surveyed the known results and extended
many of them—mostly to infinite digraphs. In this paper we complete the descrip-
tion of finite periodic digraphs and give a structural determination of their period.

Our terminology is standard, e.g., as found in [2], except we use vertex and
edge in place of point and line, respectively. Also digraphs here can be infinite
and have loops and multiple edges. We will use the notation (u, V) for edges in a
digraph. If D is a digraph then L(D) will denote the line digraph of D and is the
digraph with V(L(D)) =E(D) and with (a, R)EE(L(D)) if and only if the terminal
vertex of a is the initial vertex of 8. For n*1 we let Ln(D) =L(L"~1(D)) where L°(D)
is D. If S is a subdigraph of D and vE F(S) we will use /1,,(S) to denote the sub-
digraph of D consisting of all vertices and edges that occur on dipaths from vertices
of D to v that contain no vertices of S other than v. The subdigraph C,,(S) is defined
is a similar manner only using dipaths emanating from v. In this connection we note
that arborescences are ditrees with all their edges oriented toward a root v of the di-
tree. A counterarborescence is a ditree with all of its edges oriented away from a root
v of the ditree. We also note that we will frequently use L(P) when P is a dipath,
say P=(vx, V2, ..., v,,), to denote the line digraph of the subdigraph corresponding
to P. Similarly for dicycles.

Periodic Digraphs

The following theorem was given, without proof, in [1]. We will include a proof
here since it iscontained in our development of the structural characteristics of periodic
digraphs.

Theorem 1. Let D be afinite digraph. Then
() |L'(2)|—0 as s— ifandonly if D has nodicycles,
(i) |1z."(D))— as n—" if and only if D has two dicycles joined by a dipath
(perhaps of length zero), and
(iif) Disperiodic ifand only if D has at least one dicycle, but no two arejoined by
a dipath (perhaps of length zero).

Proof. Since the three conditions on each side are mutually exclusive and those
on the right side cover all possibilities we only need to establish the sufficiency of
the conditions on the right.
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If D has no dicycles, then D has a longest dipath P since D is finite. Such a
dipath is a source to sink dipath. But P is a source to sink dipath in D of length
p if and only if L(P) is a source to sink dipath in L(D) of length p—I. Thus L"(P)
is a longest dipath in L"(D) and |L"(2))|—0 as n—°.

If D has two dicycles joined by a dipath of length kwO, then L(D) has two
dicycles pairwise isomorphic with the two in D and joined by a dipath of length
k+ 1 Thus |2"(Q)j—"° as n—".

Finally, suppose that D has at least one dicycle, but no two are joined by a
dipath. Let R=(r1,r2, ..., rn,rX be a dicycle of D and let U(R) be the unilateral

component of D that contains R, i.e., £/(/?)= & ljju Uj U where

is AYR) and C”R) is CMR) with v=rt. While this need not be a disjoint
union we do have A*CjQ. {r,}1{r}, for otherwise D would have two dicycles
with a dipath of length zero joining them. If we let e=(r;_r, r,) where subscripts
are reduced module n, then L(Ai(R)"eiH)=Ai+L(L(R)'j (the latter subscript refers
to the vertex ei+l of L(R)). Similarly L(C,(A) +e()= Cr(4/1)). Itfollows that U(L(R))
is a subdigraph of L(U(R)) and hence that U(Lm(R)) is a subdigraph of Lm(U(R))
for 1 (U(LMR)) means the unilateral component in Lm(D) that contains Lm(R)).
If some A”R) or Cf(/?) is not a ditree then there is some vertex of U(R) that can
reach to R, or be reached from R, by two dilferent dipaths. If Kk is the distance be-
tween R and the closest such vertex to R then U(L(R)) has no such vertex at a distance
less than k+1 from L(R) and it may have no such vertex. In fact, since the maximum
distance between vertices of U(L(R)) and L(R) is never greater than the maximum
distance between vertices of U(R) and R, and since U{R) is finite, it follows that
for m sufficiently large U(Lm(R)) has no such vertex. In the same manner we see
that other “parts of Z%’ that “are attached to U(R)” but that are edge disjoint from
U(R) “move away” from Lm(R) as m increases and so for m sufficiently large they
become disconnected from U(LM(R)). We have purposefully used somewhat vague
language here since to be more precise would likely be more confusing than helpful.
However let us state the conclusions clearly: for m sufficiently large the weak com-
ponent of LmD) containing Lm(R) is the weak component of L"'(U{R)) containing
Lm(R) and the Ai(Lm(R)) and C-(Lm(R)) in Lm(D) are respectively arborescences
and counterarborescences rooted on Lm(R). Thus, by the part of (i) we proved, we
can assume, without loss of generality, that each weak component of D consists of
a dicycle with arborescences and counterarborescences rooted at vertices of the
dicycle but otherwise disjoint. We will call such a weakly connected digraph a basic
unicyclic digraph. It remains to examine what happens to such a digraph under itera-
tion of L.

Let R=(r1,r2, ry, let At(R) and Ct(R) be as above and again let et—
= Then, as before, L{Ai(R)+ei+i)=AiJ{L(R)) and L(Ci(R)+e) —
= Ci(L(R)). But now, since the At and Cr are ditrees, we can also conclude that
Ai+I(L(R))9£ A”R) where ei+l corresponds to rt and that C,(L(/?))ss C;(R) where
et corresponds to r,. If we continue the subscript notation in the obvious way,
then we have Ai+m(Lm(R)) = A:(R) and C,(Lm(R))siC"R) where the /th vertex of
Lm(R) corresponds to r- It follows that U(LK'(R))™ U(R) for all 1 But, by
the conclusion above, the structure of Lm(Lkn(DR)), where DRis the weak component
of D that contains R and where m is sufficiently large, depends only on U(Lk(R))
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and m. Hence, for k sufficiently large, we have that Lh (/.*"((/(A)))aL"(i/(A)).
Thus, if we let m be a sufficiently large common multiple of the lengths of the di-
cycles in D (this is possible since D is finite), then L2n(D) =L m(D), i.e., D is periodic.

That completes the proof of the theorem. However, for the sake of completeness,
we describe the remaining structure of Lm(D). From the above it is obvious that
we can assume that D=U(R), that R is the dicycle (rx, r2, ..., r,, 1}, and that /1,(/?)
and CJ(R) are ditrees. Let r/0=r, and, for m~™I, let r(n) (r’i')), rer-1))€
eE(L"-1(R))= K(LM(/?)), y4,(L"(A)) = "p(L '(A)), and C|(Ln(R)) Cv{Lm(R)) where
v=rlm). Recall that under our assumptions Ai+m(Lm(/?))= A,(R) and CikmR))"=
AC,e(/?). Two counterarborescences Cxand C2with roots txand v2 respectively are
said to be (p,q)-highed for p,q>0, if the sets P= {rCF(CX: d(v, v*cp} and
Q={vE V(C2:d(v, vA<q} are disjoint while the subditree of Cxinduced on V(CI) —P
is identical to the one induced on V(C2—Q; they are said to be hinged if they are
(p, (jn-hinged for some p and ¢. Note that being hinged is an equivalence relation on
a given set of counterarborescences.

Let S= L) 5, where S,= K(U1,(TT({))) —V(LM(R)) and let T={w\

for 1S|S/| and ris a source of £} Let €’={C,(v4j(L'n(/?))): 1S/Sn, rCS,}U
U{C,.(Lm(/?)): uCT}. If vdSUT, let Cvbe the counterarborescence in that is rooted
at v and let C(v) be the graph union of the equivalence class of counterarborescences
in  that are hinged with C,,. In the following we will assume that, if r€5;, then the
distance between v and r/m) in Aj(Lm(R)) is k.

(1) If uESUT and C(u)*C(v), then C(n) and C(v) are vertex disjoint.

(2) If v£S,, then C(v) is incident to each vertex of Ai(Lm(R)) at distance K
from r/mpand to no other vertex of Ai(Lm(R)) or of any Aj(Lm(R)) forjVi.

(3) If vESn then C(v) is incident to each vertex of Cf_*(//"(/?)) at distance
K from rfifc and to no other vertex of C;_|,(TT (/1)) or of any Cj(Lm(R)) for j~ i —k.

(4) Ifr6 Tand C(v)"C(u) for any u£S, then either C(v) is a weak component
of Lm(D) or for some g and h, C(v) is incident to each vertex of Cg(Lm(R)) at distance
[, from rgreand to no other vertex of Cg(Lm(R)) or ofany Cj(Lm(R)) forj"g.

(5) If i=CSi, if C(v) and C”k(bT(k)) are not disjoint, and if n is a source of
C(v), then the distance from nto C- *(//"(/?)) is at most Kk and it is K if and only if
uEA {LmR)).

(6) If nand ware sources of C(v), then C,,(/I;(Lm(A))) and CW(A, (km(R)))
are (p, i/j-hinged with p, g”k. Moreover, if u, wEAiI(LmM(R)), then p—q and p is the
distance from n to the vertex of intersection of the dipaths from nand w to r\m).

(7) Every edge of Lm{D) not in U(Lm(R]) is in some C(v), vdSUT.

The above gives a detailed description of the structure of Lm(D). The following
sequence of digraphs, each one a portion of the line digraph of the preceding one
will serve to illustrate these ideas. In the figures only the images of a given arborscence
and counterarborscence, and the portion of the digraph that they generate, are
drawn. They will also illustrate how the weak components of Lm(D) not containing
a dicycle arise.

Before proceeding to the actually determination of the period of a periodic
digraph we give a result that describes a partitioning of periodic digraphs into classes
whose elements eventually have the same line digraph iterates. Toward this end let Dt,
i=1,2, be two basic unicyclic digraphs with dicycles N,=(rf4ri2, ..., rln, rex),
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with arborescences AUj at rhj, and with counterarborescences C, €at r,j, 1 ™2,
1Sj*n.

We say that Zb and D2have the same arborescence sequence if there is an integer
p =0 such that Ahjs*A2J+p for all j. Similarly D1and D2 have the same counter-
arborescence sequence if there is an integer g*O such that CltJ = C2:J+q for all j.

Theorem 2. Let DI and D, befinite basic unicyclic digraphs. Then there are
integers m1and m2such that Lni (Dfi= Ln2(D2 if and only if Drand D2have the same
arborescence sequence and the same counterarborescence sequence.

Proof: If <t:Lmi(DJ) =Lm*(D2, then there is an integer i,0sg S n -1, such
that <(riMf))=r8fiq an(i thus such that AXxj(Lm(Rd)=A, J+q(LmMR2) and
But A*b T(K))*Aun _T{4) and Cuj{Lm{R))"
—Cij(R) so Altj(R") = Arx+mi(Lm(Rfi) = A2j+mi+fiLnmAR2) = A2j+,j+q nAR2)
and CIlifiRd*"Ch{LAN(RD)"C2J+t(LM(RD)NC 2J+9(R2D. Take p=ml+qg-n4.
Conversely U(Lk(D)))siD2where k=q—p ifp~q and k=gq—p +niip>q. Thus
Lm+k(DD)9iLm(D2) for m sufficiently large.
We are now ready to determine the period of a finite periodic digraph.

Theorem 3. Let D be a finite basic unicyclic digraph with dicycle R=
= (rI5r2, ...,r,,,r). Then D has period t—(a,b) where a and b are the smallest
positive integers such that Ai(R)"Ai+a(R) and CfR) =Ci+(R)for all i, ISiSn.

Proof. Let s=(a, b) where aand b are as in the theorem, and let t be the period
of D. Thus there are integers x and y such that ax+by—s. Let p=ax (mod n) and
g=ax—s (mod un) with O”*p, g-<n. Thus p—qg=s (mod ri), so either p—q=s or
p —g=s—n. Assume thatp=qg+s. Then Aj_q(Ls(Rj)s Aj_qg s(R)™ Aj_p(R) SEAj(R)
since a divides p, and Cj_g(U(R))2tCj_q(R) = C( since b divides g. Hence there
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is an isomorphism cr; U(LYD)) where cr(ri)= A& . Thus, as before, Zm+S(0)s
sL m(0) for m sufficiently large. It follows that t divides s. But clearly a and b,
and hence s, divide t so t=s. The situation is similar if p=qg+s—n; again we find
that Aj-t{IS(K))2iAj(X) and Cj-q(L*(R))"Cj(R).

We thus see that the correct version of Theorem 10 in [1] is given by the

Corollary: A finite unicyclic digraph has period one if and only if the lengths
of the repetitive segments of the arborescence and of the counterarborescences are
relatively prime.

It remains to find the period of a general periodic finite digraph. Let O be a
digraph with dicycles R{, ISiSr, no two of which are joined by a dipath. Let D have
period t and let U(Rft) have period tt. By the last theorem it is natural to conjecture
that t=t where t is the least common multiple of the tt, I1*i*r. However, L
might permute some of the components; for example if Lm+,(D)*Lm(D) and /=-1,
then the disjoint union of Lm(D), Lm+L(D), ..., and Lm+,~1(D) is a digraph of period
one.

We find t as follows. For each i, let U(i) be the set of all U(Rj) having the same
line digraph orbits as t/(/?,) does, i.e., by Theorem 2, U(i) is the set of all U(R]j)
having the same arborescence sequence and the same counterarborescence sequences
as U(Ri). Let t( be the smallest positive integer K such that the basic unicyclic parts of
the sequence U(RY), Lk(U(Ri)), LAUMRY)), ..., L“~k(U(RI) (note that Kk must
divide tf) are paired with a sequence of distinct elements of U(i) such that each pair
are isomorphic. Note that if U(R]) is in this sequence then U(Rj) will determine the
same sequence (up to isomorphism). It is now clear that t is the least common multiple
of the ti,

In [3] the author left unsolved the characterization of three classes of infinite
weakly connected digraphs D with DAL (D). Two of these classes were distinguished
by having a unique finite dicycle (an infinite dicycle is a two-way infinite dipath).
By slight modifications of the above techniques one sees that there is a result like
Theorem 3 for these two classes. However, the characterization of the periodic di-
graphs of the third type (an infinite number of infinite dicycles and no finite dicycles)
is still out of sight.

Added in proof: L. Beineke and the author have since solved this case.
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WEAK CONVERGENCE OF DISTRIBUTIONS FOR SUMS
OF INDEPENDENT HILBERT SPACE VALUED RANDOM VARIABLES

by
V. M. KRUGLOV

1°. One of the aims of this paper is to introduce a new numerical characteristic,
V, of a probability distribution. V may, in a sense, be considered an analogue of
the variance for the case when no moments are assumed to exist. The proof of
theorem 1 (Section 5°) shows this concept to be a useful tool for the study of sums
of Hilbert space valued independent random vectors. It may also be used to obtain
new results for the distributions on the real line (theorem 2, Section 6°).

A similar concept was previously introduced in [3] and, in fact, the main results
of the present paper, theorems 1, 2, might be obtained with the help of this rougher
tool. The reason for a new definition is the fact (noticed by D. Szasz) that the original
version of V may lose some of its attractive properties (namely, 1) and 5) of p. 213
[3]) when the characteristic functional of the limiting distribution has too many
zeroes (to avoid misunderstanding we remark this is not the case under study in [3]).

The author is deeply grateful to D. s.... for pointing out the shortcomings
of the original definition of V. The author also acknowledges his gratitude to
V. M. Zolotarev for a helpful discussion of the results.

2°. Further we use the following notations

A is a separable Hilbert space; ||n||, (u, v) are, respectively, the norm of an
element and the scalar product; B is the zero element of H.

E(a) denotes the degenerate probability distribution (p.d.) concentrated at the
element a£H.

L (-, *) is the Lévy—Prohorov’s metric in the space of probability distributions
in H defined by the relation (cf. [2]) L(F, (7)= max {fii,eZ},

B = inf {e: F(A) S G(/16+ &},

e2= inf{e: G(A) F(/F)+e},
where
Ag= {ir. Hh—e| < E V(zA}, Af£s/

and si is the class of all closed subsets of H. 1= £} is a fixed countable (denumer-
able) set dense in H. F*G stands for the convolution of p.d. Fand G
If Fisa p.d., Fisthe p.d. such that

F(A) = F(—A);
F(§)—F*F is the symmetrized p.d.
The characteristic functional (ch.f.) of a p.d. is defined by the formula

Ay) = f exp (/(T, N))F(du).
H
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The simbol F=F[a, S, fi\ denotes the infinitely divisible (inf.div.) p.d., with the ch.f.

i(y) = exp (@ y)-(Sy, P+ T K@y, wu@w),

(1)
K(y, n) = exp (L, n))- 1-

where a is a fixed element of H, S — a fixed 5-operator, 4 is a spectral measure, that
is, a measure on the Borel cx-algebra of H such that

J min {J|H[2 Zn(du) <

Representation (1) is unique [1]. The measure , is symmetric if for any Borel set

A, u(U1)=u(-A).
A sequence of spectral measures {//,.} converges weakly to the spectral measure
fi if {ii,} converges weakly to u on the complement of each neighbourhood of the

element 0 with zero /r-measure of the boundary and

sup J \wfn,,(du) <
n  lull-=1

Let F, Fj, 1 be p.d.
Definition. The collection B—(F1,F2, ...) belongs to U(F) if

D F=n*Fj,
J=1
2) Fj=E(9) forjzIl, where I=I(R) is a finite set.
Let F be a p.d. on the real line,/ — its ch.f., 2>0 —a fixed number such that
/(d)5"0. Following V. M. Zolotarev [4] we call the number

C(A,F) = d*ImlIn/Od)
d-centre of the p.d. F.
It is wothwhile to point out some properties of d-centres:

1 )HF=F1*F2, then C(A,F)=C(A,F1)+C(AF2,
2) if L(F,,, F) —0, then C(d, Fr) -mC(d, F),

3) if C(d,F) =0, then J sin(Au)F(du) = 0.

3°. This section deals with a set of convenient numerical characteristics of a
probability distribution.
Let us consider a convolution
F=n*Fj.
]
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Using symbol fj to denote the gh.fof inf.div. p.d. Fj[0, 0, Fjs)] corresponding to
the component Fx, we define y )by the relation

V(Fj,F) = £2m
-1 1-21(YnY

For an arbitrary symmetric spectral measure 1, wedefine the number
V=22~ V)
A=1 I-in/oo ’

where/is the ch.f. of the inf.div. p.d. F=F[0, 0, p]. In particular, if the convolution
F contains a single nontrivial component, K(F, F)= K(F(). In order that the
definition of the characteristic V iscorrect we must show that the series 2 “nfj(y)

1
converges for any element yEH. We need only consider the case when the convolu-
tion F=JJ*Fj consists of infinite number of components. For this purpose it is

sufficient to prove that the product _,glllfj(y) converges to some ch.f. of inf.div. p.d.
To prove this we note that the wea{< convergence of the convolution F(@>=JJ*Fj9

theorem 2 [1] p. 457 and the generalized three series theorem (cf. [1], P- 455{ imply
the convergence for any o O of the series

2 VR,

lull<c

2 FIH{u: um > on.

It follows from the definition of/e that the product j"[lll f) converges to the ch.f.
of inf.div. p.d. Q?;O, ]2 We shall point out some properties of the numerical

characteristics just introduced.
1) Ifthe symmetric spectral measures /inconverge weakly to the spectral measure
H then F(ju,,)-K(/i).
2) If L(J]*Fnj, 13*F.i) O, L{Fnj,F)—0 as un-«, then
] ]

V(Fni, N *Ej) - V(F,, N *F), i=1,2,.
i i

3) For each element Eﬂ‘l/ve have

V(F1*E{a), F, *F2*E(a)) = F(Fa, F1*F2*E(a)) = V(F1, F\* F2.
4) ZV(Fi,n*Fj)= V(2F]|9).
‘ i i
5 If V(F1, F2*F2 =0, then Ftisa degenerate p.d. We shall only prove properties
1) and 5), the rest being fairly obvious. In order to prove 1) ote that from
the weak convergence of spectral measures follows ([1]) that LA1,,, F) —0, where
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36 V. M. KRUGLOV

Fn=F,,[0, 0, p.], F=F[Q, 0, u]. Let e>0 be an arbitrary positive number. We fix

a number N such that ¥ 2~"<e. For each elementy£H, f,,(y)-*f(y). Therefore,
=N+1

there exists Nxsuch thaqc for n>Nx

N Inf,(ym Inf(ym
m2=| 2~m 1- Infnlym) 1- Inf(ym

Hence, we have |V(fi,,)—V(p.)|<3e for n>Nx. This proves 1) since r>0 is arbitrary.

In order to prove 5) we note that the equality V(F1, Fy*F.,)=0 implies that
[i(t)= 1f°r yC1- Therefore, fx(y) = 1for every yEH. The representation (1) being
unique, it follows that F{s>=E(6).

4°, Let Qnl,CH, mm £, ym be a double array of row-wise independent random
variables with values in H, and let F be the p.d. with the ch.f./. For each element
yEH (Endy), n=1,2,... are real random variables. If Fnj is the p.d.
of random element QJ, Fy denotes the p.d. of the random variable y) Let

Fn= ri* fj = 11*Fi = 13*F]j,
i=r i=1 i

where Fnj= E(8) for j > m,,, n= 1,2, ...
A =A(y) = sup{v:jiyy)l * j, 0<v3=1},
C(A, F9) = A-1Im\nfni(Ay), C(A, Fy) = A-1ImInf(Ay),
Fpj(u) = Fy(u+c(A, Fy)),
Wu» = [ ~-iF j(d2), py =21
o i
myj stands for a median of the random variable ¢lj. Note that for every number

r> 0 there exists a number v=v(r)>0 such that A=A(y)*v for [|j||Sr (cf. [3],
p. 219). We shall need some auxiliary statements.

mn
Lemma 1. Lei F,,=]J *Fnj be a given sequence ofp.d. such that

1) P.d. Fnj, IMj= mnare uniformly asymptotically constants,
2) for any number r> 0 there exist = /V,(m=() and a=a(r)>0, such that

A0 AL MO s a,

thenfor any number r> 0 there exist N=N(r)>0 and a number c=c(r)>0 such that
sup sup Fp(+0°) ~ C

n>N llylirr
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Proof. In accordance with lemma 7 [3] (see the proof) there exists a number
jv2>0 such that for n>N2and any fixed element yEH

X+~)S Cry) 2 Mg{&j-mlj),
i=r

SM = ;o CUY) =2+[A(y)-f

We mentioned above that for every number r> 0 there existed a number v= v(/")=-0
such that A(y)*v. Denote c2=c2(r)=2+ v-2. In accordance with estimate in
[5] (cf. p.p. 319—320, (1) and (2) there exists a number N3 such that for n>N3

mn mn 1

sup 2 A2c(l) sup 2 J [L-\fnj(ty)\]dt =2
j=1lo

HyH T j=1 lyll="r

AN de(l) sup f 13 fnj(ty) dta _4c(i)Ina = c3.
7=1

Illyll=5r o
We may take jV=max {NIt N2, N3}, c=c2-c3. The lemma is proved.

Lemma 2. Let L(F,, F)—0 as

If there exists a sequence of collections (Gnl, G2, ...)€£/(F) such that
lim sup L(FnJ, G,j) —0
n-+°° j

thenfor each =0
lim sup supL(F", GJj) = 0.

M-+° Ilyllér j

Proof. Suppose that the conclusion of lemma 2 is wrong. In this case there
exists a sequence of indices {n\jn)and elements yn (not necessarily different) such that

2 lim L(FEx,, OVjn) =a> 0,
the sequences of p.d. {F$"jn} and are shift-compact (ch. [5], p. 206). On
the other hand (lemma 9, [3]):

im sup sup \fnj(y)-g..i{y)\ =0,

M-+o0 j [y I

where functions gnj are defined by Gnj in the same way as fnj are defined by Fnj.
The last relation and the shift-compactness of sequences and {Gif,, } lead

to a contradiction with (2). Lemma 2 is proved.

Lemma 3. If L(F,,, F)—0 as a—°0 and there exists a sequence of collections
(G,..,, G2, ...)E U(F) such that

lim sup L(Fnj,Gn) = 0
MN—+oco j
then for each 0 J

lim sup sup =0,
M+o0 [yHS f j
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where the p.d. fni is defined by Gnj in the same way as -Wf is defined by Fnj. If,
in addition to that, for a sequence of sets Lna{ 1,2, ..} and arbitrary r> 0 the fol-
lowing conditions hold

1) nl-l+rgl I—?)ngr L(j €2LnHJ’ 2 C‘Wj) =0

2) there exists a number c—c(r)>-0 such that

sup sup % Ne (+7)+"'(+%))=c
n lyllrr jELn
then
. A on) =
nl-!*rgg HsyliJIQr I_(y£2LM ny’ 762Ln A)) 0.
The proof of this lemma is similar to the proof of lemma 2

Lemma 4. If the sequence of the p.d. Fn=[J* FnJ is shift-compact and
i
_Slejp V(FKL F) - 0, L,cz{l, 2 ..}
Jer,

as «—>°, then p.d. Fnj, jf Ln are uniformly asymptotically constants.

The proof of this lemma is in paper [3] (lemma 4). The only difference is that
we use the characteristics defined in this paper instead of those of [3].

5°. In this section we prove a theorem which is a modification of theorem 1
in [3] where the limiting p.d. possesses a special property.

Theorem 1. Suppose that the ch.f. f(y) of the p.d. F is not zerofor every element
yEH. In order that
H—%L(F”’ F)=0

the following conditions are necessary and sufficient:
1) there exists a sequence of collections (Gnl, Gni, ...)€ U(F) such that lima,,=0,

a,,= sup L(F,.j, GnJ),

J
2) for all r>0
lim sup \2[G{A. F*")-C(A,Gwpj)A =0,
J

no°e ImAf o j

Jforal O
lim suP L(Fq, Gy) =,
n~-°° liyllsr

where Gy is defined by GnJ, n,j—L 2, ... in the same way as Fyj is defined by Fnj,
a,y'=1,2,...
4) the sequence of measures F,=2 Ff,1is bounded and weakly compact on the

complement of every neighbourhood ofjthe element B,
5) the sequence of s-operators {T,,()}

(TINy.y) = I (uy)2F,(du)
is compact for every number /> Q.
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WEAK CONVERGENCE OF DISTRIBUTIONS 39

Remark. It is proved in [3] that conditions 1), 2), 4), 5) and two more con-
ditions:
(@) for every element ye¢y: |/0>)|e*0}

I,I'ng Zl[fni(y)-gnj(y)\ = 0.
(b) there exists a number />0 such that
im sup, \j2[f»}(y)-gnj{y)\ =0

|
oo |ly|l

are necessary and sufficient for the weak convergence of p.d. F,to the p.d. F. Itis
not easy to verify that if the ch.f. of the p.d. Fis not zero for every element ydH
then conditions (a) and (b) can be replaced by the only condition

3") forall r>0

Jim SUR 2L g i1 = 0.
The proof of this fact follows closely that of part (b) in theorem 1 [3].

Proof Of theorem. Necessity. By the previous reasoning we need only prove
condition 3) assuming that 1), 2), 3", 4), 5) are fulfilled. For this purpose we fix
/+>0 and denote

R, = SUP SUP \fnj(y)-gnj(y)\>
j 1yl

0,, = sup sup L(F=J, 6w),
WyWar
L, = {J: V(Fnj, Fn) < yr}, yn= max{",,, I5h

L ,,— the complement of L,, with respect to the set {1, 2,...}. The number of elements
in L'nis no greater than y~* since

7zm_Ql/(F nj.FY = V(F...F.)S\.

In accordance with lemma 9 [3]
lims. = 0.
-00
Therefore

(3 SUP 2.,\fnjO) - énj(y)\' S YR* - O
Hylrr jELN

as n-w*°. 3) and (3) imply that
(4) sup 12 [Li(y)-gni(y))\ - 0

WMSr jiLn

as — From (4) it follows that for each fixed real number t

)y sup expl\2 f Ky(, u)fyj(du)}- exp (2 J Ky, u)Gpi(du)\

NS r(t)
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as n—ao, where r(t) =r, when [i|S| and |/|_1r, when |i|>1,

K>«,,) = =pW -I-,Y

N(T)
For every fixed real number r (cf. [3], (26) on p. 223)
(6) sup \jZ\\nfni(ty)~ f Ky(t, uyF*j(du)]\ -0
nyllsK »)

as n—°. Relation (6) remains true if we replace functionsfrj by functions g,,;. From
the relation L(Fn, F)-~0 and condition 2) it follows that

lim sup \fny) f(y)\ = 0.
«poo NN

Relation (3), the identity
(7) J«-1= T\ fnj- N Snj\+ 11 éy[ M Inj—17]

and the fact that
inf | 1T gnih~ inf /(371> 0

HylISt 7€1E 1}>11Sr

imply that

(8) S0 Sy VL) g anih = 0

Suppose that condition 3) is wrong. In this case there exist a sequence of indexes
{/?} and elements >> =€/, ||jvIl1—" such that

© Jim L(FY, GW) = &> 0,
In accordance with (8) and lemma 1 functions
Rn=2 "nj, Wnp= 2 S, 1.2,
je

are uniformily bounded. By the Helly’s lemma ([5], p. 192) we can choose a sequence
of indices {n"}c{/r'} such that functions Ryf, 7=1,2 converge weakly to func-
tions Rxand R2, respectively. Let us prove that R1=R2. For that purpose we sup-
pose that numbers A(yn.) converge to some number <5>0. This is not a restriction
since 1Md(y)~v(r)>0 for ||j||Sr (see [3], p. 219). Therefore, if that is wrong
we can take some subsequence of {«"} which possesses the desired property.
Note then that

sindu  sin (A (Y,,.)u) i \62m-[A (yn)]2
‘o = 2m+1)!
(10) A > (T_ _1)
A \6-n{yﬂ.)\m2:1- — AL M2wl,
since
2m —1

eam [A(ym)fmh 1S-A(yn)k 2 AHOV)I2F 1A
5
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m
s \6-A(yn)» Y [0+A(yn)T\
7-0

On account of (10) the inf.div. p.d. defined by the ch.f.

exp / Ky'"(t,u)—l+tF Rn™jdu) , y=1,2; n= 1.2,

converge to the inf.div. p.d. defined by the ch.f.
expl j K( n-1\,URj(du)l, 7=1,2,

K(t, U) = exp (itn) —1—it > 1

From (5), (6) and (8) it follows that R1=R2. Therefore
(n) limL( Y 3Vf, Yapg =0

n ~°° JiLn" 7tLn"
We have from obvious relation

(12 lim sup L{ m> Z Gyu)" I™ sup V L{Fw), Gy e lim\on= Q

n—« llyllsr JEL',, lylisr JiL'n

On account of lemma 3 (12) is true if we replace p.d. Fy and Gy by L, and 49
respectively. Using obvious inequality

Z ™M) S
= max{l( Ywrj, Z W), Uy 0 Y 30}

JEiv 700, 7Et,
we get a contradiction with (9). Necessity is proved.

Sufficiency. 3') follows from condition 3). Conditions 1), 2), 3", 4), 5) are
sufficient in order that p.d. F,, converge to the p.d. F (see the Remark in section 5°).
The theorem is proved.

6°. Let <hl,¢n2 ..., £, be a given double array of rowwise independent real
random variables. We denote Fnjthe p.d. of the random variable £nj, F,= J]* Fnj=
=TIT* Fnj, where FnJ=E(0) for y>m,,, /1=1,2,
Fnj(u) = Fnj(u+ C(A, Fnj)), FWw) = F(k+C(@,F)),

C(J, F,j), C(J, F) are d-centres of p.d. FrJand F, where /1>0 is to be specified
later; £H=inJ-C (A, Fn), n,7=1, 2, ...; for every set A/, c{l, 2, ...} we define p.d.

RilN) = p(min ¢nj < n),
Fi(Mn) = P(er’al%(gnj < u.
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Let ((/,,d, G2, ...,)€ U(F) be the collection from condition 1) of theorem 2. Consider
a double array of rowwise independent random variables iJnJ, n,j= 1,2, ... such
that the random variable fjnJ has the p.d. Gnj. Let

nsu,,)

p(ip, 0 <

P(max /), < n).

Theorem 2. Under the assumption that the ch.f. f{t) of the p.d. F is not zerofor
all t, —oo</< od?in order that

limL(F,,, F) =0
the following conditions are necessary and sufficient:
1) there exist collections (Gnl,G,,2, ...)f _U(F) such that

lima,= 0, a,= sup L(FnJ, Gnj),
J

n—°o
2) there is a number A>0 such that
WM, Z[C{A Fni)-C(A,Gn = 0,

e
a) jim L(RLLn), R3(Ln) = 0,

b) Mim L(R2L,), RALJ) = 0.
Ln= {j: V(Fnj, )+ V(GNJ, F) - 2fa}.

Proof. Necessity. On account of theorem 1we must prove only condition 3).
The number of elements in L,, (LU'nis the complement of Ln with respect to set
{1, 2, ...})isno greater than a~L In accordance with lemma 2 [3]

4 n*F,j, _n*an) S 2 L(Fnj, Gn) w\Tn- 0

JEL',, jfL, jeLn
as From the definition of d-centres (see section 2°) it follows
iy =0
A - L(E(2 C(d, Fn), E( 2 G(A Gj).
JA'n JEL,

On account of lemma 2 [3] we have that

(13) limL( JJ*FnJ, n*Gni) S hm(14+2) = 0.
JiL'n JEL", L

From condition 2) and the fact that L(Fn, F)—0 it follows that L(F,,,F)—0, as

n-m In accordance with (7) and (13) we have that

(14) limL{n*Fnj, n*G,,j) =0.
jiL.,

n~°° JELnN
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From the construction of sets L,,and lemma 4 it follows that p.d. Fnj, Gnj,j€L,, are
uniformly asymptotically constanst. Let us prove that they are uniformly asymptotic-
ally negligible. Indeed, let anj be numbers such that p.d. Fnj*E(an), j€L,,, are
uniformly infinitely small. Hence (see the properties of d-centres in section 2°)
uniformly over

a,j = anj+C(A, Fnj) = C(A, FnJ*E(anj)) - 0

as a—». The same argument can be used to prove that p.d. Gnj,jELnare uniformly
asymptotically negligible. We shall prove, say 3), a) (3), b), can be proved in the same
manner). Suppose that 3), a) is wrong. In this case there exists a sequence of indexes
{«'} such that

(15) lim L(RALN). RAK)) = 0> 0.

Since F=ff* GnJ, the sequence of p.d. G,,= [J* Gnl is shift-compact. Therefore,

there existja sequence of indexes {n''}a {<<'}an(JJI€r1LGmbers a,r such that p.d. Gn.*E(an)
converge weakly to some p.d. G. From (14) it follows that p.d.#j,»= JJ*Fnj* E(an)

also converge to the same p.d. G. We have mentioned above that p.d. GnJ and Fnj,
j~L,,, are uniformly asymptotically negligible. Therefore, the p.d. G is an inf.div.
p.d. Applying the extremal criteria of [5] (p. 328) to p.d. G»and !F, we get a con-
tradiction with (15). Necessity is proved.

Sufficiency. From the extremal criteria of [5] (p. 328), the shift-compactness
of the sequence of p.d. G, and condition 3) imply the validity of (14). Note that
(13) is valid again. From (13) and (14) and lemma 2 [3] it follows that

(16) H’%L(F”’ F)=0.
Condition 2) and (16) imply that
lim L(F,,,F) = 0.
- . - \N_m
Sufficiency is proved.

7°. Final remark. In this section we introduce a different set of numerical
characteristics of a p.d. The idea of this construction is due to V. M. Zolotarev.
For an arbitrary p.d. F with the ch.f./ let T(F, r, rf) be the set

FIF i) = {y:\WS q, \iy\>1r}, rt>0, r>0.
Let

V(R g —in\flynh

2
yner(F,r,r,) 1—n VOJ‘I)| '

If the p.d. F is a convolution, F = JI*Fj
i

N s
( ] b I’) ynCr(F, r,r,) 1- In\f(y,,)\ ¢

It is not difficult to verify that these numerical characteristics possess properties
1)—5) of the section 3°.
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Remark. Numerical characteristics with similar properties may be introduced
in a more general way. Let F=JJ* Fj be a given p.d. and /t be a given measure such

that integrals

-In fj(y) = 19
ho 1- 2 Infi(y) @), 1= 1.2

exist, wherefj is the ch.f. of inf.div. p.d. determined by Fj as in the Section 3°. It
is clear that the integrals above may be used to define analogues of V(Fj, F) if the
measure u satisfies certain general conditions. The case under consideration in
section 3° corresponds to the measure p concentrated on the dense denumerable set
y={¥n} with r{v,)=2~n n=1,2,....
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ON THE EXISTENCE OF DENSITY ESTIMATORS

by
W. WERTZ

Summary. Let ft denote a class of density functions with respect to a u-finite
measure p on a measurable space (X, X), Pfifafd) the corresponding probability
measures. The problem of estimating the density/ based on n independent observa-
tions ofa random variable, distributed according to Pf , is considered. —The following
results are obtained:

1) Foreveryp>1

<5,(10):= [sup f \h(xn x)-J\x)\pdP}®K(x", nr)]/p
is taken as a measure of deviation of an estimator (i.e. a measurable function defined
on A" XA), Abeing a rr-finite measure on (X, X) with ?gngf pdk<°°. Then there

is an estimator It0, minimizing <€,/f) among all /fis with

*) sup f \ilpdPf<gk < °o.

2) For p> 1, consider the class of all estimators h which are densities almost
everywhere and satisfy (*). Among them there is an optimal one in the above
sense.

3) Let G be a countably generated at-algebra in X", sufficient for the class of
product measures {P}:f€5} For anyY A satisfying (*) the “conditional expecta-
tion” g of A given Gg>3E can be taken independent of f, satisfies (*) and 6p(g
sa,(A).

Results. Let (X, X) be a measurable space, [i and A u-finite measures defined
on (X, X). 5 denotes a given nonempty class of non-negative realvalued A'-measur-
able functions f defined on X and satisfying ffdp=\.p is a fixed real number Si.
We further assume sup f fpdl to be finite for the p considered. Pf:=fp is the

probability measure on (X, X) with density function/ with respect to p. For every
X’gpA-measurable function h from X" XX in R, the extended real line, we set

AroA;or )= [sup / \npdP}®Kk\'p.
/18 X"xx
For short, we sometimes write |A|(p), and, of course, Np(+; {/}, A is the ordinary
norm of the Lebesgue space Lp(XnXX. X'ig>X, P}®K) =Lp(P”®K). A%-A2 if Ax=h2
almost everywhere (Pp<g)A) for every/(Eft defines an equivalence relation in the set
of all Asas described above. We remark that this equivalence relation can be defined
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by h1=h2a.e. (/ingA), if the set of product measures {Pf./€5} is equivalent to p"

(cf. Schmetterer [5], Wertz [8]). As usual we identify elements hwith their equivalence

classes, when no confusion arises. Let /lp=/1p(g, A be the set ofall lis with ||Al|(p)<°°.

It is known that Ap forms a Banach space under the norm | ¢||(p), moreover Jip

is a Riesz space under the pointwise order of functions (see Wertz [8], Pitcher [4]).
The expression

op(h) = Sp(h, g, A):= S Np(h—; {/}.A) =
= ISP/ \n(xn X)-F()\"dARAP 0T

(where X" stands for (xx, ..., xn) 6 A™) serves as a measure of deviation of the estima-
tor from the true density. In the case p= 1, p=A =one-dimensional Lebesgue mea-
sure, Op has the following meaning: 6p(h) is a uniform bound for the expected value
of the area between the estimate A(X", ¢) (based on n observations xn={x1, ...,X,,
of an Jf-valued random variable) and the density / underlying the distribution of
this random variable, whatever/C g is true.

Theorem 1. For each p> 1 there is an optimal density estimator hnin flp, that is
ap(hn)= fWAT) dp(h).

Theorem 2. Among all Es in Ap with j h(xn x)dA(x) = 1for almost all x" (i.e.:
a.e. (P]) for every f£ Jy) there is an optimal one.

Theorem 3. Let (€ he a a-algebra contained in X' with a countable generator ©
and sufficientfor {P":/€5}- bet p”\ befixed. Then, for every h(- /ip there exists a
G (X-measurable function g in Ap with

@ bp(g, 9, As op(h, g, A.

Actually, g can be chosen such that:

(i) Np(g-f; {/}, A) Np(h-f-{/}, A for all

(i) g(+, x) is a version of Ef (h{ *, X)|G), the conditional expectation of h( ¢, X)
given G, for all x not belonging to a fixed set N of Ameasure zero.

In view of theorem 3 we can restrict our attention to functions in Ap, measur-
able with respect to G® X.

If G contains all symmetric sets ACX" (A is called symmetric, if
Zf= {(Xi/n, ..., xnK: (xI5 ..., x,,)(LA} for every the group of all permutations
of {1,..., u}) only estimators symmetric in the observations are to be considered : let
2l,, be the u-algebra of all symmetric sets P 1, let g* be as described in theorem 3
and let g be defined by

2 g(x".x):=— 2 g*(xUn, xh*x).
g defines for every x a version of Ef {g*{-, x)\&0Q =Ef (Ef (h (", x)|G)|910 and is
clearly 20gT-measurable.

Hence we get as a
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Corollary. If (£ contains all symmetric sets of X", for every hdAp there is a
gd lpsymmetric in the observations and satisfying (1) and i), ii) of theorem 3. g is given
by formula (2).

In the case 1the following obvious decision-theoretic interpretation of our
results is possible: define by L (f g):= J\g—f\pdA a loss function. Then there exists

X
a minimax-estimator hdApfor/€g. If£ is a countably generated a-algebra, sufficient
for {P}}, then the (EO ~-measurable h’s in Ap form an essentially complete class
of decision rules. Without restricting the generality we may assume that Cc:410,
i.e. (£ consists only of symmetric sets, since in this special case CM#0is sufficient
with (f (for related problems see Schmetterer [7]).

Proofs. Theorem 1: Let Mg—Maq(g, A) be the set of all finite linear combinations
K
2 _v-igi with Kk positive and integer, afreal and gidLg(XnXX, Xn<gpX F<8A) with

fdfi- q is determined by (I/p) +(I/q)—I and is possibly °0. Then (A 2 ai&i).=
:=2 ai/ hgidPjfoA defines a bilinear form on ApXMq. By o(p, g, A we mean

cT(/Tp(®; A), Mq(g, A), the weakest topology in /lp(g, A), for which all linear func-
tionals (~,g) (gdMg) are continuous (cf. Bourbaki [1]). ofp, g, A is weaker than
the weak topology of Ap (the term “weaker” being understood in the wide sense),
since Mq is contained in A*.

We recall that Ais assumed to be cr-finite; hence there is a probability measure
v, equivalent to Aand with cp:=dv/dA>0 a.e. (A); we may assume <p(n:)=-0 for all
xd X. We have d{Ph®v)Id{p}®A)=(p, hence AC/Ip(g, A iff h(p~llpd.ApCS, V).

We set R
op= <A g, Vv):= S4p Np(h-f(p~1p; {/}, V).

Now the measures P"Ov are dominated probability measures, hence the norm-
closed balls of /Ip(g, v) are compact in the cr(p, g, v)-topology (Pitcher [4]).
Define a:= inf (A g, v). Since oo, the function vanishing identically, be-

longs to Ap, we have
0™ a™ (o, g,Vv) =sup f \f(p~LppdPf<g> = sup f f pdPI<SA

1€ 8 XnxX /€5 XnxX

and this is finite by hypothesis. Hence there is a sequence in /lp(g, V), say (A%, with
a= Jig(’gﬁp(hk, g, V). We easily conclude that (hk) is contained in a norm-closed

ball, and we get the existence of a cluster point h' of {hk} in the o{p, g, v)-topology.
Hence every neighbourhood of the form {hdAp(7f, v): \(h—', g)\Se} (e>0 and
gdTq(Pf<8>j) contains a subsequence (hkj) of (hk). However, for every given g
there is a subsequence (hkj) with lim \{hkj—h', g)|=0, and we conclude:

\(h*-f(p-lip.g)\ = Iirg)\(hkj—f(pﬂlp, g9) S
j_

g [lim sup Np(hkj —tp~Iip; {/}, V)I-}V.(g; {/}. V) s a-7\(g; {/}, V).
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Considering h'—<p 1p as an element of Lp(Pf<g>) we may interpret h'—(p~1p
as an element of the bidual space L**(Pf<g)v), and we get for every /£g:

Np(h'-f(p~lp; {/}, v) = su \(h'-f(p~Ypg)\ S a
p(h-f(p~1lpi {3 V) = | sup o \(0-T(p~Tpg)
We conclude 8p(h', g, v)=a. Now
p(h'(pllp) = sup f \n'(pl,p—F\pdPI(giX = sup f \h'—H<P~UppdPf®V = ix

X"xX fES X"xX

Set h0:=h'(pllp; we affirm hOis optimal in Hp(g, ). Suppose it is not; then there

is an //™,, (g, 5 with op(hD<6p(hQ=a, but hi(p~lIpCAp(S, v) and op(hl(p~||p)«x
which is a contradiction.

Theorem 2: We set

D)\= j/zENp(g,5): I"I(x", -)ZA = 1 for almost all a"CA"}
and
Dv:= j/izC/lp(g, v): J h(xn ~)dv = 1 for almost all x*A"Z.

Clearly Dvis a convex set and is closed in the norm topology. By Mazur’s theorem
(see Hirte—Pnilnips [3]) Dvisweakly closed and moreover closed in the (/z g, V)-
topology. Proceeding as in the proof of theorem 1 we can construct an /z'£.Dvmini-
mizing 8p(h, g, v) with respect to hEDv. (We remark that 8p(h', g, v)Sc, anyhow,
since we can take /z(X", x):=g(x), g being a density with respectto v, and &p(h’, g, v)é
& 0p(h, g, v)Sc is valid). Then h0:=h'(plpis in D, and minimizes €(/z, g, 9 with
respect to h£Dx. Q.ed.

Theorem 3: First we assume Ato be finite. We are going to prove that G® X
is pairwise sufficient for the class *3:={P”*Ai/Cg}, dominated by pn(&X By a
theorem of Halmos and Savage (See [2]) we have to show the (SO T-measurability
of dP}®2ld(Pf<g)2 + Pg®2)=:(pf'g for every pair (/, g)€gXg. Now <f g(x", x) =

=fn(xnI[fn(xn+gn(xn\ (/,, denoting the function (x1; ...,x,,)- ///(Xx,)), and this
1=1

is ©-measurable (considered as a function of x"), since (f is pairwise sufficient for
{P?:/£9}. Therefore, lig 1 is pairwise sufficient for §!, and since ¢ is dominated,

is sufficient. Hence for every hEAp there is a version gEAp of the conditional
expectation, independent of /£g: Ef (N\(i<g=X)(X", x)=g(x", X) a.e. (P"0A) V/€g
(we speak of conditional expectation, although P}<g,X need not be a probability
measure, however it is finite). We assert g(-,x) to be a version of Ef (h(-,x)|d)
for all x not belonging to a fixed null-set (4) A*. From the definition of conditional
expectation we have :

J gdP"®X= J hdP}®k forall CE© andall AEX.

CxA Cx A

We conclude that for every Cfji there is a set Nc of f+measure zero with

f g{-x)dP}= jh{-,x)dP} Vx&CNc.
C C
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In particular this equation holds for all CC(6, the countable generator of G; without
limitation of generality we may assume (6 to be a countable algebra. Setting
Nk:=0eU<)Mc we get for each CEG>:

>

€) fg(-,x)dP'; = fh(-,x)dP} Y newm-
c c

The class of all CEG fulfilling (3) is monotone and includes ©, hence coincides with
If, and we have shown (3) to hold for all C in G. By definition of conditional expecta-
tion, g(-,x) is a version of £}(/)(s, X)|G) for all x€EC"i-

Now we turn to the case of a cr-finite A There is an (almost) countable meas-
urable decomposition {Xk} of X with X(Xk)<°°. Set Xk:=XkMX and let X be the
restriction of X to Xk; then X(A)=%( Xk(Af)XK) for every AEX. By the foregoing

we can construct a A-null-set Nk and G®Xk-measurable functions gk such that
gk{, x) is a version of Ef (h{ e, X)cX(x:)|G) for all (c denotes indicator func-
tions). g'—=2K Sk is clearly G®.T-measurable; integrating this formal series we get

fg (e x)dP} =2 f A(e, x)cXk(x)dP} = f A(e, x)dP}
c k c c

for all CE€G and all x*C”i- Hence g (-, x) behaves like a conditional expectation
ae. (A.

We note the inequality \a+b\p*\a\p+pb\a\p~1sgn a for land any real a, b
(see Schmetterer [6]; the case/7=1 is immediately verified), and set:

a- a(x",x):= g(xnx)-f(x), b= Db(x", x):= h(x", x)-g(x'\ x).

Since h belongs to Ap, h(-,x) is in Lp(Xn X", PJ) for all x’s not belonging to a
A-null-set N2. Because the functions 6(-,x) and sgna(*,x) are G-measurable and
the integrals occurring exist for every we get by the rules for conditional

expectations:
J (e, x)[g( e x)-f(x)jp-Isgna(., x)dP}H(xn) =
=/ g(",x)|g(*>) —A"p_1sgn a( =, x)dPf(x").

By integrating the above inequality with respect to P and A by taking equation
(4) into consideration and by applying Fubini’s theorem we get our assertion.

Q.ed.
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SOME ABSOLUTELY MONOTONIC FUNCTIONS

by
R. ASKEY1

Abstract. Recently the functions (1—)_2a(l —2xr +r2~s were shown to be
absolutely monotonie, i.e. their power series have nonnegative coefficients, for
—SxSI, a>0. When a=2, this result will be improved to give the absolute
monotonicity of (1 —aT)(1 —)~3(1 —2xr+r2~2 —1SyS 1

1. Introduction. Askey and Pollard [4] proved the following theorem.
Theorem A. The functions
(1.1) @Q—r)-2(1-2xr +rd-a

are absolutely monotonie for —ISyS1, a>0, i.e. their power series coefficients are
nonnegative.

This result is best possible, in the sense that
(I-r)-"(l-1xr +rd-*

is not absolutely monotonie when x= —1 for any /?<2a. For the coefficient of r is
R—2x The proof of Theorem A used

gln = A—)-2a(1-2nT7+r1X* =

y * T
o nl

and the fact that h(r) has nonnegative power series coefficients for — Sy S1.
It was somewhat surprising that a sharp result could be obtained by this method,
since gd(r) was decomposed into the sum of absolutely monotonie functions. How-
ever, this is less surprising when we realize that this result is not really best possible,
but only best possible of its type. Recall Fejér’s classical result that

1—r2 I+r
@-r)2(l-2.vr+r2 “ (@A—r)(1-2nT + 12

is absolutely monotonie for -1S x S'|. This result implies Theorem A for oc=I.
It is not clear if (1+r)“(I —)~*(1 —2xr +r2~x is absolutely monotonie for —'s
=x=1, 1 butitclearly isfora—2, 3, ... . When a= 2 there is a different extension
of Theorem A.

Theorem 1. (1 —Xr)(1—*)-3(I —2xr+r2~2 is absolutely monotonie for —Is
SYS 1

1 Supported in part by NSF Grant GP-33 897.
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Theorem 1 will be a consequence of other extensions of (1.1) when a= 2, but
these extensions are only partical extensions, since they do not hold for —
but only for part of this interval. The first result was proved by Schweitzer [5],
after partial results had been obtained by Fejer and Szegs.

Theorem B. Thefunction (I+r) (I —)~2(1—2nr + r2~2is absolutely monotonie
for —SxSI.

Next came a strengthening of Theorem B for O *x”1, [2].

Theorem C. The function (1—)"2(1 —2xr+r2~2 is absolutely monotonie for
OSxSl.

Finally to complete the proof of Theorem 1 there must be a result for —1S

Theorem 2. Thefunction (1 —r)2(L —r)™2(I —2xr +r2~2is absolutely monotonie
for —I~x =0.

Interesting results can probably be obtained for fractional powers of these func-
tions. There is another problem which is equivalent to Theorem 1, and it almost
surely has a fractional analogue.

Theorem 3.
y (3),-fc (3k sin(E+1)0 s
k=0 (n—K)\ k\ K+ 1

Pochhammer’s notation for the shifted factorial is
@), = a(a+l)...a+n—1 = T(n+a)/T(a).
In [3] Askey and Gasper proved

0s 9 LLn

Theorem D.

-1 |

kZ-Z/ (2M+_1 ;— (n+ sin k+ - 1)0 _ (51 OA_d-I/\/\ 1 1
The following conjecture would connect Theorems 3 and D.
Conjecture 1

y (A+ Du-k 2+ D sin (k+ 1)0
(n-ky. k\ k+ 1

The only open cases are 1<A<2. This inequality is false for each A>2. In fact
much more is false.

0—0=1 for —1 s 2

Theorem 4. Let A>2. Then the inequality

4 (pyn-k (2-+1)k Sin(k + 1)0 .
K m—A)  k\ k+ 1

failsfor some 9, 9=9(n), 0< 0< 4, for infinitely many n.
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Theorem 4 is a consequence of an even stronger result.

Theorem 5. f e~x,t“sin yt dt changes sign for y & 0 for x positive when a> 1

In Section 2 we will give the reduction of Theorem 1to the other results and
Theorem 2 will be proved in Section 3. The remaining miscellaneous results will be
given in Section 4.

2. Reduction of Theorem 1. To prove Theorem 1, we first consider O ~x”I.
Then
1—xr 1—xr 1
@—n3-2xr+rf = 1—r (@-r)2(I 21T + )2’

The second factor is absolutely monotonie by Theorem C and the first factor is
absolutely monotonie, since it is

1+ Z(\-x)r".
n=1

The product of absolutely monotonie functions is absolutely monotonie, so Theo-
rem 1holds for O"xSI.
When —17x"0O, write

1—Xr 1 (1—xn)2
@—"3( —=2xr+r22 (I—xr)(I—) (1—)2(1—2xr+r22'
The second factor is absolutely monotonie by Theorem 2 and the first factor is
i :yfI-y,+11rn
=9 T Lrbol 1—=X
and so it is absolutely monotonie.

Theorem 2 is easy to prove except when x is close to zero, so it is of some interest
to observe that Theorem 1 follows from Theorem B when —éx=0. For

1—Xr (1—xr) 1+r
(1-r)3(1-2xr +r232* 1—r2 (1 —r)2(l —2xr+ r22’

and the first factor is absolutely monotonie for —1éxSOand the second is absolutely
monotonie for —*x S 1.

3. Proof of Theorem 2. A partial fraction decomposition gives

2sin0/2(1 —rcosB) _ _
(1—r)(I —2rcos0 + 3 ~ olsM 072+ sin (n+ 12)0]n

so Theorem 1 reduces to showing

(831 ~ [sin0/2+ sin (n—«k -f 1/2)0][sin 0/2 + sin (k -f 1/2)0] ~ 0, a/2~ 0~ n.
k

=0
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A summation shows that (3.1) is equivalent to

_ (u+1) sin(n+ 1)0
<32 A 1—cos B—cos (n+ 1)0+ (ft+ 1)sin 0 1—cos (1+ 1)0 1s 0.
When —¢€0s0€0, and [cos (a+1)0|S 1, |sin (a+1)0/(s+ 1)sin 0j= 1, so

déO holds when either —cos (s+1)0"0 or sin(n+ )0€0. This gives a simple
proof for most O, but a more detailed analysis is necessary to prove A*O for all
0, n/2~8"n. First consider tp—n—8 with 0~ (p~n/(n+i). When 1 is even,

Sin (s+ 1)0 — (—1)"sin (7+ L) —0, 0 A (p A 7r/(s+1).

When 1 is odd,
—€0s 0—¢o0s (A+1)0 = cos (p—cos (n+ I)cp

and this is nonnegative since cosu is a decreasing function for O”ulln, and
0" (s+ I)<pSTt.
Next consider n/2”*6LLU n —n/(n+ 1). Then

sin(a+1)0 _ 1 n o
(3:3) (f+ Dsin0 —3’ 4a+ 180S 5 a+1'
See [1]. If
(3.4) 1—os 0—eos (A+ 1)0—1/3S 0

then A"O. But (3.4) holds if x=cos 0S —1/3. This would be enough to complete
the proof of Theorem 1
In the remaining interval —/3<x:"0,

2323 « sin0a 1

and
2A W(a+ 1)[1-cos 0-cos (a+ 1)0-3 -2-F(«+PJa O

when x=cos 0s —3+2_3/2/(a+1). Thus all of the real difficulty in proving Theorem 2
comes from a small interval near zero. Set 8=n/2 + < From —/3<xS0, 0&ép"4a/9
follows. Then
n_ 4 sin(p” sin<p 3n2~3r n
-V - o sinw9 : 9(-342)“ (3.078)(n+ DN 2(a+ D"

Then when 1 is odd
—€0s (A+1)0 = —cos (n+1)(n/2+ (p) = —¢o0s (a+ 1)7¢2 cos (a+ l)cp
and this is nonnegative when n=1 (mod 4). And
sin (a+ 1)0 = cos (8+ 1)n/2 sin (n+1)(p

which is nonnegative when n=3 (mod 4).
When 1 is even
sin (A+1)0 = sin (A+ 1) &2 cos (A+ L)
and this is nonnegative when 82O (mod 4). Thus we need only consider n=4k +2
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In this case

24 = (@A + 5)[1 —sin (4A+3)(p] + (4A+ 3) sin %EXZT@;C@TL

and this is positive when 0"(pé3n/[(3.078)23/2(4/: + 3)]. For

. 3n2~32
- - |
2A > A+ 5) sin "5 478 1 9(1-.884)-1>0

when A's 1. And when k=0 a simple calculation gives
2A = 4(1 —x)2—x+20x3> 4—20/27 > 0, since —1/3< xS 0.

I would like to thank Jonn Steinig for pointing out an error in an earlier version
of this proof. He supplied an alternate proof as well.

4. Miscellaneous results. Theorem 1 has an equivalent statement which suggests
some very interesting problems.

Lemma 1.

(1 Tcos0) Y .Yy 3.,.* fr sin(A+ 1)0
(@—")3(1 —2rcos9+r22 n=0r i~0(n—A)! A (A+1)sin0’

The easiest way to do this calculation is to multiply by sin 0, let sin (Ar+1)0=
= Imei(*+1e and sum the series on the right.

Theorem 1land Lemma 1immediately imply Theorem 2. Theorem D is a special
case of the following problem for Jacobi polynomials.

Let P(R)(x) be defined by

-Arta-xy+'a+xrn
Problem 1 For which values of 4 a, B is

4 (A+1)n* (A+1),PT(co&0)
M—k\ K\ PY-»(D) -

In [3] this problem was solved for —1—fi<a</?, —l<dA”a+/? and when
\B\SaSB + 1with 0sA”"a + B, and it was conjectured to hold for /?S — when OS
ANLLX +B. When tx=R8=%

pu/2i/2)(cos 0) sin (n+ 1)0
P<U2V¥241) = (n+ 1)sin0

so the case —1<A~1="+" is Theorem D. But now we see that the condition
A=a+ 7 is too restrictive in this case, and it probably is too restrictive for each
B> —\. But until some more examples have been given | would hesitate to state a
conjecture as to the largest possible value of A

To get some idea of how large Acould be we will now prove Theorems 4 and 5,
which show that no 9>2 will work when a=R=1|. We will first prove Theorem 5,
which is the more basic result. Set

0a0”n n=01..7

4.2) G(y) = J e~xttasinytdt; x>-0, ys 0.
0
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This integral can be inverted to give

e~xta= %,f G(y)lnytdy
or

4.2) e~xtta- 1= %Sf G(y) sr?*yt ydy.

If G(y) were nonnegative then we would have

0= Gy)ydy

on letting t-*0 in (4.2) and this is clearly impossible.
To see that Theorem 4 follows from Theorem 5 observe that

4.3 | 1l--—--tasinytdt * O, £0 rgo
for some Y>0 would imply G (y)s0 for the same x since

,J,'L[Q)ta l-y | = tae~xt
dominatedly. But

(4.4) y (Mn-k (2+ Dit sin (k+ 1)6 £

kt0O(n—k)\ Kkl k+1
for B=y'w, n=nt, w<w+L, i=1,2, ..., would imply

(4.5) J (1—)11vx 1sin ra O

and a change of variables v=t/r would give (4.3) for a=2 —1, x=y—L1 And if (4.4)
holds for some it also holds for so we may choose x>0. Butwhena=A—1=-1,
A>2 and this proves Theorem 4.

REFERENCES

[1] Askey, R.: Problem #73.21, SIAM Review, 15 (1973), 788.

[2] Askey, R. and Fitch, J.: A positive Cesaro mean, Publ. Etek. Fak. Univ. Beograd, Ser. Mate, i
Fiz. 406 (1972), 131—134.

[3] Askey, R. and Gasper, G.: Positive Jacobi polynomial sums, Il, to appear in Amer.
Jour. Math.

[4] Askey, R. and Pollard, H. : Some absolutely monotonie and completely monotonie functions,
SIAM Jour. Math. Anal. 5 (1974), 58—63.

[5] sechweitzer, M.: The partial sums of second order of the geometric series, Duke Math. Jour,
18 (1951), 527—533.

The University of Wisconsin, Madison 53 706

(Received June 25, 1973.)

Sluaia Sclentiarum Mathematicarum Hungarica 9 (1974)



Studio Scientiarum Mathematicarum Hungarica 9 (1974) 57— 71.

ON AN EXTREMUM PROBLEM OF INFORMATION THEORY

by
l. CSISZAR

The minimum amount of information needed to represent a message with
average loss not exceeding a level d — called the rate-distortion function R(d) —
plays a fundamental role in source coding theory. The extremum problem of calculat-
ing R{d) has been extensively treated for finite alphabets (for the results and the
relevant literature we refer t0 Garrager’s book [4] or Berger’s monograph [1])
but less attention was paid to the general case. Contrary to a not uncommon belief,
the extension from finite to abstract alphabets is a non-trivial task and involves
certain subtleties.

The aim of this paper is to derive generalizations of familiar finite alphabet
results in a general setting and call attention to the limitations of their validity;
such generality is called for when dealing with continuous time signals, in which
case the “alphabets” are function spaces. A typical result is that the formula R (d) =

= maxf f \oga(x)P(dx) —/1, where the maximization refers to a(x)£Il and 0

sat%p)’/smg llot(x)e Sf(1,,)P (a)S 1for all y£Y, is generally valid, even'if d joint
distribution achieving R(d) does not exist. Our secondary aim is to show that the
method of Lagrange multipliers which tends to be a source of loose proofsin the
literature of the subject can be completely dispensed with, gaining rather than loosing
in elegance of presentation.

1. Preliminaries

Let t and f] be two RV’s (random variables) with values in arbitrary meas-
surable spaces (X, @) and (Y, LL), respectively (the cr-algebras are assumed to con-
tain the one point sets). If the joint distribution Pin of £ and g, i.e., the measure
defined onl XXY by Pitl(E)=P {(£, q)€E} is absolutely continuous with respect
to the product of the marginal distributions P4and Pu, with R-N derivative a(x,y),
the RV2

(1.1) L{n= loga(f, rfi

is called the information density and its expectation
(1.2 lit, r) = EL{4

1 More exactly, the measure is defined on (AX Y, 3CxLL,) ; but in the sequel we omit mentioning
the e-algebras.
2 In this paper, we use natural logarithms.
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is the mutual information of £ and 1. If Pif]fP~X Pnthen is not defined and
e, »]) =+, . . .

Eet q: ITXY"0, =] be a given (measurable) function, called loss function;
for convenience, we assume

(1.3) igfg(x, y) =0 for each xc.x.

Suppose that a message considered as a random element of the alphabet X with
given distribution P is to be represented by a random element of the alphabet Y
with average loss or distortion not exceeding a certain level d. The minimum amount
of information needed for such a representation, i.e.,

(1.4 RP(d) = Ee(iﬂgsd I(f D

is called the rate-distortion function; the inf in (1.4) refers to such pairs of RV’s
(f, nj) satisfying the given constraint for which the distribution of ¢ equals the given P.

Since the mutual information of two RV’s Cand {] depends on their joint dis-
tribution only, for any PD (probabiliy distribution = probability measure) P on
the product spacell X fw e may define

(15) I(P) = W, M), ( n):P"=

In the sequel the rate-distortion function (1.4) will be denoted by R(d) (because
P will be fixed throughout). We assume once for all that R(d) is finite for some d
and denote by d0the infimum of such d’s. The symbol P will be used for PD’son
XX Y having V-marginal P, i.e.,

(1.6) P(AXY) = P(A) forall A£2C.

Then (1.4) becomes

.7 R(d)= (iPr;de(P), B(?)= f e(x,y)?(dx,dy).
A useful equivalent definition of I(P) is

(1.8) I(P) = I(P\\PXQ?)

where Qp denotes the Y-marginal of P, i.e. Qp(B)=P(XXB) for all Bd<W /(.]].)
denotes the Kullback—Leibler I-divergence, defined for any two PD’s Ptand P,
on a measurable space (Z, 3t) by

P fdz) . .
(19) f |°g p de) P de) if Pi« P2
00 gise,

or, equivalenty — using a dominating measure 1 — by
(1.9a) KPfPf =f pfz) logj~4dz), pfz)= i=1,2.

Now we formulate some simple lemmas which can be proved in our general
case in the same way as for finite X and Y.
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Lemma 1.1. R(d) is a non-decreasing convex function of d, and instead of (1.7)
one may write

(1.10) R(A)= JpfIP) if d =t

where dy is the smallest non-negative number such that R(d) is constant in (du <&

Proof. Since » log— is a convex function of (u, v), /(Pil|[F2) is a convex func-

tion of (Pi. P,), see (1.9a). In view of(1.8), it follows that both R(d) and the right hand
side of (1.10), say R'(d), are convex functions ofd. But R(d)= inf R'(d"), completing
the proof. dsd

Let F(s) denote the maximum of the vertical axis intercepts of the straight
lines of slope —5 which have no point above the R(d) curve, i.e., using (1.10) for 0

(1.11) F(s) = iBf[/(/*)+ir;(/*)], A0 .
Here and in the sequel we understand sq(P)="°° if q(P)="°° even for j =0. This
non-standard convention is necessary to cover the case when R(d) equals a positive
constant in (dl, «.

Let dO denote the infimum of those d's for which /?((/)<<*>. Since R(d) is con-

vex, to each d>dO0 there exists SSO (uniqueness is not claimed at this point) such
that the straight line of slope —s through (d. R(d)) is tangent to the R(d) curve, i.e.

(1.12) R(d") +sd's R(d) +sd = F(s) forall d.
In this case we shall say that 5 is associated to d. Thus we have
Lemma 1.2. For all d>d0,

(1.13) R(d) — g [F(G) —sd].

The maximum in (1.13) is attained iff s is associated to d. Further, if a P,, achieves
minimum in (1.11) then s is associated to d=g(Pk) and R(d)=1(PO.

Following a very useful idea of Branhut [2], we introduce the function
(L.14) J(P. Q.s) = I(P\\PxQ)+se(P)

where Q isany PD on Y and ssO .
If J(P, Q, j) is finite then P<"PXQ and the set {(x, y): e(x,y)<°°} must have
positive F X 6-measure. Thus, using Fubini’s theorem

(1.15) a0,.(x) = [/e-""Qidy)]1

is finite for P-a.e. XxEX, and there exists a PD PQs on A'XT with PX£?'density
(R—N derivative) a0 s(x)e-se(*,,); we write this symbolically as

(1.16) Pqgs(dx, dy) = @i(x)e- eix'y)P(dx)Q(dy).

Both in (1.15) and (1.16) we understand sq(x,y) —°° if q(x,y)—"°, even for j =0.
Clearly, the .A-marginal of PQsis P but its F-marginal is in general different
from Q.
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Lemma 13, For any P, Q and iSO with J(P, Q,s)<°°

(117) JIP, Q's) = J(P, Q-, 9)+1(QP\Q) J(PQs, Q,s) +I1(PWPQs).

Corollary.

(1-18) J(P, Q~,s) = I(P) +se(P)
and
(1.19) J(PQS, Q, s) =J log <sQs(x)P(dx)
represent the minimum of J(P, Q, s) with respect to Q or P, respectively. Moreover,
(1.20) infJ(P, Q,s) = F(s) = i(ng/ logaQs{x)P{dx).
p,q

P roo+. Simply by substitution, using the chain rule for R—N derivatives. Since
I-divergence is non-negative, the corollary is immediate.

Lemma 14, In order that a PD PO minimize I(P) +so(P), it is necessary and
sufficient that its R—N derivative a(x,y) with respect to PXQO (where Q0= Qpo
be ofform

(1.21) a(x,y) —a(x)e~ex’y)
where a(r)51 satisfies
(1.22) j oc(x)e~se(x,y)P(dx) € 1 for all yEY.

The same conditions together with g(PQ=d (if s>0) are necessary and sufficient
in order that PO minimize 1(P) subject to o(P) =dfor d> da, where s is associated to
d by (1.12). Moreover, for any sSO and a(x)>0 satisfying (1.22) we have

(1.23) I(P) +sq(P) s J loga(x)P(dx) for all P,

with equality iff P can be represented as in (1.21), with the given y(x).
cororrary. |fthere exists a POminimizing I(P) +sq(P) then

(1.24) F(s) = ma@( J./'Iogy.(x)P(dx)

and if there exists a PO minimizing 1(P) subject to n(P)-cid where d=x( then

(1.25) R(d) —max [J \oga(x)P(dx)—sd",

where the maximization is under the constraints (1.22); it suffices to take onlya(x)S 1
into account.

Remarks. Of course, (1.21) and (1.22) imply that in the latter the equality
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holds for Q,,-a.e. y. Observe that (1.21) specifies the conditional distribution of
£ given 4=y for 1 and f] having joint distribution PO. In fact, (1.21) means

(1.26) P{UA\rj = y] = f d)e~*«(xy)P{dx) (A£&).

The corollary generalizes a useful equivalent characterization of the rate-distortion
function for finite alphabets. Here its value is limited by the restrictive hypothesis
of existence of a minimizing Pa. In §2 we shall prove that this hypotheses can be
dispensed with.

Proof. Applying lemma 1.3 twice we obtain
(1.27) J(P0,Q0,s) = J(P1,Q1Ls) +I(PO\PD) + I(QI\Q)

where Pi=PQ,s and Qi=Qp,. On account of (1.27) and (1.18), a necessary con-
dition for P,,to minimize I(P)+sq(P) is P1=P0, which means just (1.21) with a(x) =
= alo,s(x), see (1.16). In order to show the necessity of (1.22), as well, consider
<= (1—R)Qo+Ray,, where 0yo is the point mass at some fixed jOEY and 0~ <1
is arbitrary. Then, in view of (1.20),

(1.28) F(s) = I(P0)+sq(P0 = f loga(x)P(dx) ~ J loga'(x)P(dx)
where

(1.29) oc'(X) = aqg',s(x) = a(n) [I —B + Re~eX'yo>0i(X)]~L
(1.28) and (1.29) give
(1.30) = —Mlog[L-B+ Be-""u (x)\P(dx).

Differentiating the right hand side with respect to B at =0 (differentiation within
the integral is permitted by monoton convergence of the difference quotients) we
obtain

(1.31) 0™ ([1-e-7~.V a(x)\P(dx).

Since yO£ Y was arbitrary, (1.31) proves (1.22).

The sufficiency of (1.21), (1.22) for PO to minimize I(P)+sg(P) will follow if
we prove the last assertion. The corollary of lemma 1.3, the concavity of the log func-
tion, and (1.16) and (1.22) yield

(1.32) r(P) +se(P) s / log<Qs(x)P(dx) =
= l\oga(x)P(dx)—f log pQ dx, dy) s

‘Zq.s(x)

AN J logaa) P(dx) —og j a(x)e~sICy)P(dx)Q(dy) »
N J loga(a) P(dx),
where Q=Qp. This proves (1.23) together with the condition of equality.
Combining the just proved necessary and sufficient condition for POto minimize
I(P)+sq(P) with lemma 1.2, we obtain the assertion concerning the minimization of
I(P) subject to Q(P)"d.
The first part of the corollary is immediate, and the second follows by lemma 1.2,
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2. The results

We start with a simple lemma to be used in several approximation arguments.

Lemma 2.1. Let C be an X-valued RV and {t]t, i=0, 1 be Y-valued RV’s with
Let x be a {0, 1}-valued RV and set A=iJx. Then

(2.1) \W, r,)-E((\ -x)Lino+ xLini\ s 2h(p)
where
(2.2) p=P{x=20} h{p) =—plogp—1—p)logd—p).

P roor. Preferring not to rely on information-theoretic presquisites, expand the
R-N derivative of Pinx with respect to PiXP,tXP,, (which are PD’s on the product
space LX fX{0, 1}) in two different ways by the chain rule, to obtain

(2.3) a(x,y, ) P{x = ki = j} = P{* = L =x, u=y}a(x\y).

Here a(x,y,k) (xdX,y€ ¥, k£ {0, 1}) denotes the R—N derivative of Pivt with
respect to Comparing (2.3) with the similar identity for »( instead of i
(this being indicated by indeces /) and k=i, we obtain

(2.9) a(x,y)Pix=1E=x, A= y}P{x =u=y} =

= Oi(x,y)P{x = i\i = x, A= y}P{x = i\{] = vy},

since, by the definition of u, we have a(x,y, i)=at(x,y, i), i=0, L Now observe
that for any RV £ (taking values in some measurable space (Z, X))

(2.5) 0— J log %( ilE = z}PQXi/z, dk) =
zx{l}

B, J Q( it - Z}IogP{X ic = ZP(dz) P{X_ N Iogw( |)

(convexity off(u) = ulog n). After taking logarithms in (2.4), integrate on 1 X TX{(}
with respect to Pinx\ using (2.5) we arrive at

(2.6) j f (loga(x,y)- logadx,y))P¢nx(dx, dy. dk)| ™ -2P{x = /} log P{x = /}.

X XY x {}

In view of (1.1), (1.2) and (2.2), this proves (2.1).
The following simple examples show some kinds of possible pathological
behaviour of R(d) in the general case.

Example 1. Let X= ¥Y=[0, 1] (with the Borel cr-algebra) and g(x, I) = 0 for x —y
and g(x,y)=) else. Then for any continuous distribution P we have R(d) =+ °°
for 0S</<1 and R(d) =0 for d”\.

Example 2. Let X=Y={1,2,...}, let P={p(x)\ x=\,2, #} be a PD on X
with infinite entropy, and let g(x, x)=0, o(a,y)= for yXx. Then R(d) is
identically infinite.
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Example 3. Let *={0,1}, Y={0, 1,2,
e(0,0)=e(i, ) =0, 00,1)=0(,0=1 0(@©,k)=o0(,*) ="
forE£s2; let P={p, 1—p} be arbitrary with 0</xI. Then R(d)=0 for 0 and
R(0)=A(p)>0, showing that R(d) may have a discontinuity at d=0 even if it is
finite everywhere.
As mentioned in § 1, we exclude the contingency that R(d) is identically infinite,

as in Example 2. l.e., we assume (without further reference) the existence of RV’s
£ and f],,with PS=P such that

2.7 /(c, 0 =°°, B(g, i) «m.

The following theorem completes lemma 11 in characterising the R(d) curve, under
weak regularity hypotheses.

Theorem 2.1. Suppose that to any g=-0 there exist measurable subsets AL(zAZc....
of X andfinite subsets Brc:B2c:... of Y such that P(A,,) “ml as n-*°° and

(2.8) glnit? 0(x,j < e for each x£A,, n=1,2,
zb,.

Then R(d) isfinite for all d> 0.
If, on the other hand, there exist A,s as above and y,,f Y with
(2.9) rrge}\xo(x,j,,)<I:, n=1,2,..,

then R(d)—0 as d-*°°.
Finally, setting

(2.10) d** = hm (inff " K)(x, y)P(dx)]
where
(2.11) QK(x,y) = min(0(x.y), K),

R(d) is positive for d<d** and if </**<°0 then R(d) vanishes for d>d**.

Remarks. The hypothesis of the first assertion is trivially fulfilled if Y is at most
countable (recall the assumption (1.3)). It is also fulfilled if (*, is polish (complete
separable metric space with the Borel o-algebra) and q(x,y) is continuous for each
fixed y, or at least q(x)(x,y) is upper semicontinuous for some fixed K; in fact, in
this case the 4,’s may be chosen as an increasing sequence of compact subsets of *,
since on a polish space every PD is tight, see [7]. The hypothesis of the second asser-
tion is trivially fulfilled if q is finite valued. Since R(d) is continuous in (dO, °°)
(by convexity), the last assertion implies that R(d) vanishes exactly for drd** if
d**>da. (Recall that da is the left endpoint of the interval where R(d)<°°; by
theorem 2.1, in most cases of interest /0= 0.) d** may be strictly less than

2.12) &* = infJ q(x, y)P(dX)

for which d>d* trivially implies R(d)=0.
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Proof. To prove the first and second assertions, consider RV’s ¢ and ijo sat-
isfying (2.7) and a set An of the postulated sequence. Let x=1 or O according as
£CA,, or £1A,, and let f1=f(£) in the first case, where/: X"B,, is a function with
p(x,/(x))<£ for xdAn, and t[}=y,, in the second case. Lemma 2.1 guarantes for
f]=rjx that /(¢, ¥ is finite in the first and arbitrarily small (for sufficiently large n)
in the second case; on the other hand, Eq(C, i/)<2e if n is sufficiently large in the
first case, and Eg(C,t]) is finite also in the second one. On account of (1.4), this
proves the first two assertions.

The last assertion is easy for bounded g, since then d**—d*, see (2.12), thus
it suffices to show that R(d) =0 implies d~d*. This follows from the fact that the
variation distance of any two PD’s can be bounded from above in terms of their
[-divergence; to be exact, we have \P1—P2ArY21(P1\P2, see e.g. [3]. This means,
indeed, that /(P J —0 implies \P,,-P XQn\-+0 where Q,= Qpn, see (1.8), thus — since
g is bounded — also

(213) f g0 y)Pniax, dy) =9 (x, yP@oQN@) - o
Here the second term is Sr/*, thus if g(P,,)=d, n=1,2, ..., then r/Sr/*.

The last assertion of theorem 2.1 follows from its just proved particular case
if we show that to any given >0and £>0 there exists such K that if the RV’s £ and
YL (with P?=P) satisfy Eg(K)(E, tjd—d, an )] with
(2.14) WE, N < I(E i)+ £ EgE ) < BHK\(E,%) + £

can also be found. To this end, set x=\ if g(*,r\d=K and x=0 else, and apply
lemma 2.1 with r0 satisfying (2.7). Since, by assumption, g(K)(E, f])=K if x=0,

(2.15) Pix=0}""Egr(i,ri)"j.

Hence both E(1—x)L"aand E(Q1—x)g(£, O are arbitrarily small if K is sufficiently
large. On the other hand,

(2.16) E(xLin) = I(c. tu)- f loga, (x,y) P:n(dx, dy) S
eQjO=K

—/(£, 4i)- P{* = 0}log ?{x = 0},
because, by convexity
(2.17) J logQ(x, v)Pitll(dx,dy) = f a,(xy)loga, (X, y)P, (dx) Pm(dy) &

n(x.y);>K n(x,y)x-K
P{e(«i, til) > k) log P{g(£, rid > K).

Thus (2.14) follows from lemma 2.1, completing the proof of theorem 2.1.

For finite alphabets it is also known that R(d)—R(0) as d—0. and if g is finite-
valued then R(d) is differentiable for each d>0, dxd*. The familiar proof of these
facts (see e.g. [4], pp. 463—464) depends on the existence of a PO minimizing I(P) +
+sg(P) for given s é 0. If such P0Oexists for each sS 0, the proof of differentiability
easily extends to the general case while to the proof of R(d)"R (0) (<—0) some
additional condition is needed, cf. example 3. In this direction we prove
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Theorem 22. X ispolish and Y compact metric, with g(x, y) jointly continuous\
then R(d) isfinite for each 0, there exists for each «>0 a PO minimizing HP)
subject to q(P)Sd, and

(2.18) R(d) - R(O) as d- 0.

If we drop the assumption that X is polish and the continuity of q(x,y) is required in
y only (for eachfixed xEX) there still exists to each sSO a POminimizing I1(P)+sq(P).

Remarks. The first hypothesis is trivially fulfilled if X is at most countable
and Y finite (using a trivial metric making all functions continuous). The proof of
(2.18) given below reduces in that case to a very elementary one, simpler than that
found in the literature for finite alphabets (loc. cit.).

We note that the second, weaker hypothesis of theorem 2.2 also implies, for
each </>*/,, the existence of a PO minimizing I(P) subject to g(P)Sd. This is trivial
if for s associated to d by (1.12), there is no other d having the same s, since then
the PO minimizing 1(P)+se(P) will certainly do. If d belongs to a linear segment
of the R{d) curve, however, the proof required more effort than the result deserves,
thus we omit it. Observe that the weaker result also suffices to prove in the familiar
way — for finite-valued g — the differentiability of R(d) for each d>dn, dxd*.

For the proof of theorem 2.3 below, it will be essential that the second hypothesis
of theorem 2.2 is trivially fulfilled if Y is finite. Accordingly, we formulate for later
reference

Corollary Of theorem 2.2. If Y isfinite, the minimum of I(P)+sq(P) is always
achieved, for any s"O.

To the proof of theorem 2.2. we need

Lemma 2.2. For PD's on (the Borel a-algebra 3? of) an arbitrary metric space Z,
the I-divergence is lower semicontinuous with respect to weak convergence, i.e., P,,=>P

and QM Q imply LLp I(PAMQ)AI(PW\Q).

Proof. Let denote the class of Borel subsets of Z whose boundary has
(P + Qj-measure 0. Clearly, % is an algebra generating the a-algebra Thus, by
a well known property of I-divergence (see [8], theorem 2.4.1) I(P\Q) equals the

supremum of/)'? P(A.) IogPIA) for all partitions (Alr ...,/1K of Z consisting of
(2 _

=1 Q (Ai)
sets But P,,(/I)—P(A),I Qn(A)-»Q(A) if AC .~ (see [7], theorem 2.6.1), hence
for such partitions

k PiAi
(2.19) I|m 2 Pn{Al)IogT]U'n ;I' 2_ P W IogQ A
provided that P(Ai) + Q(Aj)>~0, i=1, ..., k. The latter restriction is immaterial when

taking the supremum of the right hand side of (2.19), and we obtalnnll*m /(P,]|0,,)S
AM(PHQ) as asserted.

4 Recall that q i« considered asa mapping XX F-»[0, °°], thus its continuity does not necessarily
mean that it is finite valued.
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Proof Of theorem 2.2. Under the first hypothesis, r(d) < °° for <7>0 follows
from theorem 2.1. To prove the other assertions, consider a sequence of PD’s on
X XY with

(2.20) I{Pn ~ R(d), e(Pn) " d
or
(2.20a) I(Pn) - !1!’[5 R(d), g(Pn- 0,

respectively. Since the common ¥Y-marginal P of the Pn’s is tight (as any PD on a
polish space), in view of the compactness of ¥ the sequence Pnis uniformly tight.
Thus, by Prohorov’s theorem (see [7], theorem 6.7), there exists a weakly convergent
subsequence, and without any loss of generality we may assume that P,, itself is
weakly convergent, Pn=>P0, say. Then, with the notation (2.11), the integral of
a(k) (x, y) with respect to P,, converges to that with respect to POfor any K, implying

(2.21) e(Pg s ;‘Fim e(P,,).
*-00
By (1.8) and lemma 2.2 we also have
(2.22) I((PQ s fim I(P,,).
oo

(2.20) ,(2.21) and (2.22) give that POminimizes I(P) subject to g(P)"d, while (2.20a),
(2.21) and (2.22) yield

(2.23) R(0) s I(PO = (Ijmg R(d).
But (2.23) proves (2.18), since certainly 2?(0)Slim r(d), by convexity.
d~*0
Under the second hypothesis, consider a sequence of PD’s o n I X f with

(2.24) I(Pn) + QPN - F(s) = inf[HP) + sg (P)].
We may assume as above that the Y-marginals Qn~Qpn are weakly convergent,
Qn=*Qo, say.

Set a,,(x) = afnIS(x), a0(x)=a@sXx), Pn=P@S, pO0=pQ@S§, see (1.15), (1.16).
On account of the weak convergence (,=>-Bo and (1.15), the continuity of g for
fixed x implies a,,( x ) a0(v) for each xOX. Using the corollary of lemma 1.3 and
Fatou’s lemma (clearly loga,,(x)é0) and (2.24), we obtain

(2.25) F(s) BZ(pQ+Sq(PO s J(pa QO,s) =
= 3 log yn()P(dxX) S sim J logan{x)P(dx) —

= lim J(E'n, Q.5 lim [I(Pn) + sg(P..)] = F(s),

completing the proof of theorem 2.2.

In the above proofthe compactness of Y has been used only to (trivially) ensure
uniform tightness of the Y-marginals of the considered PD’s P,, If the latter is
ensured by some other assumption, it suffices for ¥ to be polish. E.g., if X=Y are
Euclidean spaces, a sufficient condition is g(x, as |lic—| Unfortunately,
I did not find useful sufficient conditions for Banach spaces.
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As a point of interest observe that the continuity assumptions in theorem 2.2
can be weakened to lower semicontinuity, requiring only small modification of
the proof.

R is very easy to give examples where a minimizing PD does not exist. The
following one is easily checked to be such, moreover, it also shows that R(d) may
have a discontinuity at d=0 without being constant for 0 as in example 3.

Example 4. Lei *={0, 1,2}, Y={0, 12, ..}, £00)=<(1 I)=¢e(2, 2)=0,
B(I, 0)= &2, 0)—L, B(0, k)=1, qfs, k)=? for k=1,2, ..., i=I, 2, i*k. Then for
any PD P={p(Q), p(\), p(2)} on X with positive probabilities, we have

limR(d) = h(p(0)) < /2(0) = H(P) = - 2 p(i)\ogp(i).

To the proof fo theorem 2.3 we shall need
Lemma 2.3. Suppose that there exists a finite set B<z Y such that

(2.26) Jf g(x, B)P(dx) < == where q.B) - main a(x,y).

Then in the definition (1.7) of R(d), it suffices to restrict attention to PD's P having
Y-marginals concentrated on finite subsets of Y, if d>d0.

Proof. Modify the definition of R(d) by restricting (1.4) to finite-valued RV’s
1j, and denote the resulting function by R'(d). The assertion is R\d) —R{d) (for c¢/>r/0
and it suffices to prove R'(d)"R(d).

Let Q be independent X-valued RV’s with the same distribution P
and th, ..., f]L be arbitrary RV’s taking values in a finite subset of Y. Then we have
— just as for the ordinary R(d), see e.g. [4], theorem 9.2.1 and its extension on
p. 470 —

227)  4-/(«Xn&),(4i. .. NU)&R'@ Ui 31=e

By the source-coding theorem ([4], theorem 9.6.2), for any <5>0and sufficiently large
L, there exists a mapping/of XLinto a finite subset of YL such that {), ..., »1)=

..., ¢f) satisfies 3L"d+0 and the entropy of (i/j, ...,i/t) is ~ LR(d) +SL.
Since the latter entropy is an upper bound of the mutual information in (2.27), we
obtain

(2.28) R'(d+6) g R(d) +Q
Substituting d by d—5&and letting 0, (2.28) gives R'(d)"R(d).

Remark. It should be possible to prove lemma 2.3 without relying on the source-
coding theorem. The reader is invited to find a direct proof. Observe, however,
that condition (2.26) cannot be omitted as a simple modification of example 2 shows
(let P have finite entropy).
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Theorem 2.3. Under the condition (2.26), for each d>-dO holds

(2.29) R(d) = max f log a(x)P(i/x) —silj
where the maximization refers to a(x)al and 0 under the constraints
(2.30) f oc(x)e~seixy)P(dx) a 1 for each yE£Y.
The maximizing s values are exactly those associated with d by (1.12).
Proof. On account of lemmas 1.2 and 1.4, it suffices for associated with d
to exhibit an e« (x)S| satisfying the constraints (2.30) such that
(2.31) F(s) = f \oga(x)P(dx).

To this end, consider a sequence P,, satisfying (2.24) for which the marginals Q,,= Qpr
are concentrated on finite subsets fjC fjC ... of Y. The existence of such P fs
follows from lemmas 1.2 and 2.3; moreover, by the corollary of theorem 2.3 we may
assume that P,, minimizes I(P)+sq(P) within the class of P’s with Qp concentrated
on Y,, Then

(2.32) I(Pn)+sQ(P,,) =f loga,(X)P(dx) = maxf loga (X)P(dx)

where a,,(x)S| satisfies (1.22) and the maximization is subject to that constraint
— rewritten as (2.30) — with the modification that Y is replaced by Ynin both cases.

Observe that for any (m, ri) with m<n, say, -j(am(x)-f«,(x)) satisfies the con-
straint for Ym. Thus, using that for arbitrary n and v

(u+ v u—v

+ V I
ay = -log 1- U+ v/ u+v

(2.33) 2log v log u —ogv = log

we obtain the inequality

(238  1RM+SQRI-LPRA-SQPR 2,/ log T F &) gy

f logam(x)P(dx) 5 logan(x)P(dx) s / ( ~fr) + £(x)) P(dx).

Sinceclearly I (K K I & I where n(K—min (1, K), (2.31) and (2.34) imply

that afi§(x) is a Cauchy-sequence in L2(P)-norm for each fixed K. Hence follows,
in particular, that a subsequence a,t(x) of a,(x) converges almost everywhere to
some a(x)gl.

By the concavity of the log function, we have for any AdlY

(2:35) 5z § 109 (08 WBP(@X) wlog 4, £ o6, sOBP(IX)

implying
(2.36) f log n(x) P(dx) S i f p(x, B)P(dx) +P(A) log --m +

P (A >

+P(A) log J an(x)e~seiXiB) P(dx).
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In view of the assumption (2.26), this proves that loga,,(jc) is uniformly integrable,
since the last integral is certainly €& the number of elements of B, by (2.30) (assum-
ing, as we may, that fic y .

Thus, by (2.24) and (2.32), a,b(x) —a(x) implies (2.31).

Observe that if g(x,y) is bounded then so are the a,,(x)’s (uniformly, see (1.15)),
thus (2.34) implies their convergence, making the last arguments unnecessary.

We have still to show that oc(X)= lim a,k(x) satisfies the contraints (2.30). This

is clear for y£ Y@= (JlY,, by Fatou’s lemma. Consider any other y,£Y and repeat
n=
the above argument with ¥'=¥,u{Yo}. We arrive at a function a'(x)=I satisfying
[00]
(2.31) as well as the contraints (2.30) for _3£|AL:J1y'= y«,U{.y0}

By the very construction, F(i)=inf[/(F)-t-sg(F")] gives the infimum also for
those P's for which Qp is concentrated on Y® Thus, in view of (1.23), for the func-
tion ~(a(x)+a'(x)) — which also satisfies the constraints (2.30) for y*"Y” — we
must have, using the concavity of the log function

(2.37) F(s) a JNog-"(a(x) +x'(x))P(dx) S f *(\oga(x) +\oga'(x))P(dx) = F(s).

This is possible only if a(x) = oc(*) a.e., proving that a(x) satisfies the constraints
(2.30) also for y{), hence for each y£ Y.
The proof of theorem 2.13 is complete.

Remarks. It is conceivable, in general, that there are several pairs (a(x), s)
achieving maximum in (2.29), but then they must have different s values (else the
strict concavity of the log function would lead to a contradiction). We do not go
into the problem here, under what conditions (weaker than the existence of a PO
achieving R(d)) can one assert uniqueness of s, i.e. differentiability of R(d).

It is interesting to compare theorem 2.3 with an analogous result concerning
channel capacity. A channel with input space X and output space Yis defined as a
family {Qx:xdX} of PD’s on ¥, and its capacity is

(2.38) C= sgp LIP)

where P ranges over the PD’son X and P is the PD on XX Y specified by P(AXB) =
= | Qx(B)P(dx) (A™K, B4<&). Then always holds

(2.39) C= m(ign [sgg 1(QX\Q)]

where the minimizing Q is the Y-marginal of P,, corresponding to a P, achieving
maximum in (2.38) if such Puexists, but (2.39) is valid also if the maximum in (2.38)
is not achieved, cf. [5]. Thus, in case of channels, an ,,optimal” output distribution
always exists even if a compatible input can not be found, while theorem 2.3 asserts,
intuitively, the existence of an optimal backward conditional distribution — see
(1.26) — although a compatible joint distribution need not exist.

Theorem 2.3 leaves the problem open wether a similar representation of R(d)
is possible also for d=d,,. In most cases of interest d0=0 (see theorem 2.1) thus the
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problem left is the representation of R(0). Setting g'(x,y)=0 if o(x,y)=0 and
Q'(x,y) = welse, we have F'(s)=R(0) for any 0. If Y is compact metric and the
set {y: g(x,y)=0} is closed for every XC.X (in particular, if Y is finite) then the
existence ofa POachieving F'(s) =R(d) can be proved to the analogy of theorem 2.2,
If such a POexists, the corollary of lemma 1.4 gives

(2.42) R(0) = T(%X Jf log y.(x)P(dx)

subject to

(2.43) J a{x)P(dx) ~ | for each Yy£Y.
tx:e(x,y)=0}

One would infer that the same holds even without assuming the existence of
a minimizing Pu. Unfortunately, this does not follow from theorem 2.3 since the
modified loss function g'(x,y) typically does not meet the condition (2.26).

If (2.42)—(2.43) holds, on the basis of basis of inequality (1.23) it is often possi-

ble to prove lim R(d)—R(0), e.g. if f a(x)e~se(X’y)P(dx) converges uniformly to the

right hand side of (2.43), as s—°. This is the case, in particular, if Y is finite. Without
going deeperinto this problem, we conclude as an example by a simple proof of a
generalization of a recent result of Linkov, see [6], theorem 4.

Theorem 2.4. Let P= (p(x): xEX) be any PD on afinite or countable set X,
let Y zdX be arbitrary, g(x, x)=0 for each xfX, and suppose that to any xt and x2in
X there exists 6>0 such that

(2.44) max (M(xi, y), B(x2,y)) > d for each yf Y.
Then R(d) isfinite5for ¢/>0 and
(2.45) lim R(d) = R(0) = H(P) = —_Y, p(x)\ogp(x).
o~ *ex

Linkov (loc.cit.) has proved (2.45) under the more restrictive conditions that
e(x,y) is a metric on Y and A(P)<°°.

Remark. If each p(x) is positive and H(P) < °°, the sufficient condition of theo-
rem 2.4 is easily seen to be necessary, as well.

Proof. The finiteness of R(d) for 0 follows from Theorem 2.1., even if

H(P)="°. Since /(£, f))=PI(P) for any RV’s £ and u with P$=P, on account of
lemma 1.2 eq. (1.13) it suffices to prove

(2.46) lim F(s) a H(P).
By lemma 14, inequality (1.23), we have
(2.47) F(s) = %x P(x) loga(x)

5 Excluding, as we did throughout, the trivial case that R(d) is identically infinite.
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for any positive numbers a(x) satisfying (1.22), i.e.
(2.48) x%x P(x)a(x)e-3XZHS 1 for all y£Y

(observe that here no reference is needed to the deeper result Theorem 2.3).
Given e>0, let A be a finite subset of X with

(249 2 [>*<4°
1—e
and let a(x) = va—) for xEA and a(x) =1 for Then
(2.50) ngp (x)a(x)e-38(x'y) S 42 +(1-e) ZA e~sli(xy) S
S —e)(l1 4-1e si) for all y£Y,

where \A\ denotes the size of A and & is a positive number such that (2.44) holds
for each pair (x1; x2) of elements of A. For sufficiently large s, the right hand side of
(2.50) is Si, and (2.47) gives

(2.51) F(s) S - X%A TK*)I°g/K*) + log (|- £)-

The right hand side of (2.51) tends to H(P) as e—9, proving (2.46) and thus (2.45),
as well.
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PERFECT SINGLE-LEE-ERROR-CORRECTING CODE
by

A. O. H. RACSMANY

By a code, we shall mean throughout this paper a set of certain n-dimensional
vectors the coordinates of which are nonnegative integers less than a given natural
number q.

The elements of the code are called codevectors or codewords.

The Lee-weight of a vector c=(cl...c,), O”c”q, cf integer, is defined to be
the sum

Wi(c) = 2 dLg(Cib
where dLtg(ct)=c, mod q and OS\dL,,(c;)|é-y.

The difference ¢ of the codevectors ¢l and c2 is defined by c=cl—2 where
d=e}—f mod g and 0*c"q.

The Lee distance dL(cl, c2 of the two vectors cland c2is the Lee weight of the
vector c=cl—c2

We denote the number of elements of a set A by \A\

A code C is a perfect single-Lee-error-correcting code of block-length n over
the alphabet of g letters if

ICl+{2n+\) —an
and for c'-~c2 cl c2€C dLg(c‘,cds3.

Let L(n, q) denote such a code.

In [1], Theorem (3.21) E. R. Bertekamp deals with the problem of finding a
necessary and sufficient condition for the existence of perfect single-Lee-error-cor-
recting codes. In this paper we shall correct a smoll error in this result. We prove
the following

THEOREM. A perfect single-Lee-error-correcting code of block-length n over the
alphabet of q letters exists for those and only those integers #>2 and n>0,for which

(1

for appropriate integersr>0and 0.
Proof. In the proof we shall use front Beriekamp’s result the following
Lemma. Ifg>2 and
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for some integer r=-0, then there exists a perfect single-Lee-error-correcting code of
block-length n over the alphabet of q letters.

Thus according to the Lemma, there exists a perfect single-Lee-error-correcting code
L(n, g") of block-length n over the alphabet of g' letters.
Let A be the set of all vectors a for which a=c+ «/b, where c£L(n, ") and b

is a vector for the coordinates of which the inequality 0" bt< rh]l holds.

We claim that A is a perfect single-Lee-error-correcting code of block length n
over the alphabet of q letters.
Obviously cl1-\-g'bl=c<\-q\>f can hold only if c1=c2 and bl= b2 Therefore

Since IL(n, g)\ «(2n+ 1) =(q")n we have

Now, we prove in an indirect way: if al and a2£A, al¥a2 then dLg(al a2”3.

Obviously, if a=(al; ...,a,,)EA then 0”a;<g. Therefore, if aland a2CA and
dL g(ai —af)=0then a] =af.

Assume now that for the vectors al and a2£A dLq(al a2=1. Then there
is a single index, say j, for which \dLg(a)—aj)\=1 and we have dLq@}—af)=0
for every /1=1,2,...,n i*j.

Using the relations

ditfa)-ad - a)—a) mod¢ and 0s \a—a\ - q

we obtain 1= a)—a) modq or —1= a)—a) modg, that is

or

follows that
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Thus, we have in both cases
k)—G} = 1mod ¢,
\dLi(Cj-Cj)\ = I-
Further if iVy then the equality |C(—cfl = 0 follows from dL4(al-af) = 0.
Thus we have

that is

cd = 2 dLg(c}-cHl = 1,

which contradicts the assumption that cland c2dL(n, q").
Finally, assume that for the vectors aland a2CA, we have

dLg(al ad = Iz_l \dLg(a}-af)| = 2.

This can be true only if

a) There is a single index, say j, for which dlL<g(a)—a))=2 and we have
dLg(a}-a?)=0 for every i=1,2,...,n i"j.

b) There are two indices, say k and /, for which

dLog{al-d£) = dLg(a}-af) = 1

and we have dLq(a}—af)=0 for every /=1, 2, ... i?+k and i"l.
In both cases we have dLi4>cl, c2 =2 which can be proved in a similar way to
the previous case. But this contradicts the assumption that ¢l and c2CT(«, q').

Now, we show that the relation holds for every perfect single-Lee-
error-correcting code for suitable positive integers r and h. The number of possible

n-dimensional vectors is gn. If the code is perfect, then ST A holds, where K is

integer. From this equality we get the relation n=
The proof of the theorem is completed.

REFERENCE

[11 Bertekamp, E. R.: Algebraic Coding Theory, McGraw-Hill, New York, 1968.
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A REMARK ON EXTREMAL SETS IN THE THEORY
OF POLYNOMIAL INTERPOLATION

by
F. SCHURER

1 Introduction and summary

Let the numbers x1,x2, xn (n+2) be prescribed on the interval [—1, 1]
with —éxj<x2<...<x,"l. Denoting the fundamental Lagrange interpolating
n

polynomials by /,(x), we introduce the Lebesgue function 2n(x)=i2_|.I LISl The

question arises as how to choose the nodes xIsx2, ...,xn in such a way that

n,= 1@%1 A, (X) will be as small as possible. (A set of nodes with this property

is called an extremal set.) This is a famous unsolved problem in interpolation theory.
Interesting results in connection with it can be found in Bernstein [1], Erdss [4] and
Luttmann—Rivlin [5]; the paper by Cheney—Price [3] deals with problems of
the same kind in a more general setting.

A footnote in [1] is concerned with the particular case of three nodes. An extremal

set consisting of the points xI= —12 \5~ x2=0, x3=£f2 is exhibited with ﬂ3—5.

2 —
(Actually, the nodes x,, x2, x3with —x,=x3"y Y2.x2=0are also extremal sets, cf.

Cheney [2], p. 65.)

Assuming —1<Xj and X,,<l, Bernstein ([1], p. 1026—1027) conjectured that
an extremal set of nodes is characterized by the property that the values of the «4-1
local maxima of A,(X) on the intervals [—L, xj, [xI5xj, ...,[xn, ] are all equal.
This conjecture can also be found in [4]. Attention should also be drawn to a paper
by Luttmann and Riviin [5]. They show e.g. that one can always take the endpoints
of [, 1] as nodes in an extremal set.

The object of this note is to determine all extremal sets in case of three nodes.
Furthermore, we propose a modification of Bernstein’s conjecture.

2. Evaluation of the interpolation problem having three nodes

The problem we are concerned with may be formulated as follows. Let —1s
3
gx~"XanrX3é! and consider the function A(x)= iﬁi [<CHI- The nodes x1; x2, x3

are to be determined in such a way that max A3(x) has least value. Using the familiar
-1SXSs1
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result 2 /;(x)=1, it is easy to verify that we have
i=i

(x2- xx

max A3(x) = 1+ 2- a+x3( +x3 max AS() =1 2(x3-Xi)(x3-x2’

(x2 WU3 x2) x1

(1)
_ (X3-x 22 . (1-Xi)(I-X 3
max  8(x) = 1+.2(x2—xlsl\(x3-—~>(y) S 2B =1+ 2 (x2- x D(x3-x 2

Assertion 1. In order that x19 x2, x3 constitute an extremal set of nodes, it is
necessary that
2 x2=~ (XI+x3.

Proof. Suppose x1; x2, x3are an extremal set with x2+"~ (Xj+ X3). A careful
examination of (1) then leads to a contradiction. We omit the calculational details.

We thus can remove one parameter in formulae (1) by assuming (2) and there
remains the problem of choosing xxand x3in such a way that

8L+Xj)(1 +x9 1 8(1-xD(l x3|

(3) 1 (X3- xxf T4 X3-X12 ]

is minimal. Obviously we have /13°5/4. Taking into account Bernstein’s example, it
follows from (3) that a necessary and sufficient condition for xI5 x2=~ (Xj+X3), x3
to form an extremal set is that the inequalities
8(L + xr)(l +x3 A I_ 8(L —x1)(I —x3 ~
(x3- Xj)2 ~ 4° (x3—q)2 " 4
are simultaneously satisfied. After elementary, but somewhat tedious calculations we
arrive at the following result.

Theorem 1. In case of three nodes the extremal sets, as defined in section 1,
can be given in terms of the position of thefirst node as follows:

(i) if
1 —XX——~]/2 = -0.9428 ...,
then
X2= 4-(x'+ x3, (17—12H2)x1+ 12(2- 16 x3w \\
(ii) if

-j V2 < xla _24(/2+33=-0.9411 ..,

Studio, Scientiarum Mathematicarum Hungarica 9 (1974)
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then
= —(xt+a3, (\1+\272)x1+\272+\6 < 1

Remark 1 It follows from theorem 1 that the nodes xr and x3 need not be
symmetric with respect to the origin. Moreover, as compared with Cheney’s ex-
ample, the range of xt can slightly be enlarged; the range of x3is then diminished.

Remark 2. If —1~"%I"Mx2"x3<1, then there is only one extremal set with
the property that the four local maxima of A(x) on [—4L,jtJ, ..., [x3, 1] are all
equal. This is precisely Bernstein’s example. As is apparent from theorem 1 there
are numerous examples of extremal sets for which the local maxima of 23(x) at the
points of [—1, 1] are smaller than 5/4.

3. A modification of Bernstein’s conjecture

Recalling the result of Luttmann and Riviin [5] that in the general case of
n nodes (n>2) the extremal set is not unique, and taking into account remark 2
of section 2, we propose to modify the conjecture of Bernstein in the following way :

(i) there exists at least one set of nodes with the property that the n+1 local
maxima of the Lebesgue function 2,,(x) on the intervals [—1, Xj, [XX X]j, ..., [X, 1
are all equal; this set is extremal.

(i) in order that xx, X2, ..., X, form an extremal set, it is necessary that the n—1
local maxima of A,(X) on [xI5x3, [X2, X3, ..., [X..15X,] be all equal.
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A GENERAL METHOD FOR DENSITY ESTIMATION

by
A. FOLDES and P. REVESZ

1. Introduction

Let m» £« be a sequence of i.i.d.r.v.’s with common density function
(d.f.)/ and let dx(x,y) (k=1 2, ...) be a sequence of Borel-measurable functions,
(so-called kernel functions) defined on the Euclidean plane. Then the empirical d.f.
can be defined as follows:

(1) [,(*) =\ 2 &)

First of all let us give some examples to clear the meaning of our definition.

Example 1. Let h be a d.f. and let a,,\0O be a sequence of positive numbers.
Define ®@,,(x,y) as follows:

Then

i.e. we get the well-known Rosenblatt’s definition ([3]).

Example 2. Let {{} be an orthonormal system and let q,,/ +°° be a sequence
of integers. Define

4,
n(x,y) = 2. 4>No9<P](y).
Then v
() = 2,009
where

- _ PIEH+PJEC+  + <Pj(U
J- n

i.e. we get the expansion in orthogonal functions.
Example 3. Let
xR\ jd} xt  x{) > («=12,..)
Xiii-xP = u,\0

6 Studia Scientiarum Mathematicarum Hungarica 9 (1974)



82 A. FOLDES AND P. REVESZ

be a sequence of partitions of the real line and let

. _u if z<
"M =g otherwise
Finally set
®n(xy) = = 1:2_00 ©TaX)pf{y).
Then clearly

W )
0= if xfijAt<al

where vjn) is the number of elements of the sample ~ £2, ess,  lying in the interval
[aj2i, Xjn) i.e. we get the so-called histogram definition (see e.g. [2]).

Example 4. Making use of the notations of Example 3 and setting

o) _ Mo M)
define
dnlx, y) = CD,,(N >y) + — 4 ) (X- )
ifojcin) A A < Jcl"\.
Then
[\W = - 2. ®n(x bl -/, (xjn) + M*]xii, A~ n) (x_ X"
« *| O
if i.e. we get a smoothed histogram (see [2], Definition 2.1.).

Remark 1. It is easy to modify our basic definition (1) as follows: Let dnk(x, y)
(k=12, .. n=1,2, ...)) be a double array of Borel-measurable functions defined
on the Euclidean plane and let

fn*(x) = " k2: 1 Prk(x, &)

Making use of this definition we can get the definition of w c1vercon and
w agner ([4], see also [5]) as a special case too. We wish to emphasize that our results
can be reformulated to this more general case without any difficulty but we do not
do this because of the sake of simplicity.

Remark 2. In [2] (see Definitions 1.2, 2.2, 3.2) the second author formulated
some histogram type definitions based on a random partition. One of these defini-
tions was investigated in [6], an other but similar definition was used in [7]. Un-
fortunately our present definition (1) does not contain these definitions.

In the present paper the asymptotic property of the probability

psup V- rcarls € (0 »)
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will be studied. In the paragraphs 2 and 3 we formulate some simple lemmas con-
cerning the first and second moments of/,(*), in order to clear the meaning of
our Theorem formulated later on. Finally a strong law will be formulated.

2. First moment

In this paragraph we formulate some well-known lemmas:
Lemma 1 (See [8] or [9].) Iff is a d.f. and Ais a bounded d.f. for which

|*|EIP-“ |X|A(JC) =0
then
©) f AK  y\f(y)dy -/(xo0) (n- °0)
an Y an )

at every continuity point x0o ff where an\ 0 is a sequence of positive numbers. Further
i ff is satisfying the Lipschitz condition: |/(xi) —f(x2\" C \x1—x2\ then the convergence
in (2) is uniform.

Since

|provided that dn(x, y)="~A| X* ¥Y|; Example I.j one can state that f,,(x) is an
asymptotically unbiased estimation of f(x) if x is a continuity point of f.
Lemma 2. Suppose that
<
D, (xy) = yg . <PR<PI)  (4n/+°°)-

(Example 2) and
(Pi(x) = cosjx 0< xS it

Then
S
E/\W = iZ_OQCOSjX
) =
where q
g = f f(x) cosjx dx
"
i. e

BW -*/W  (n-«0
provided that f is a square integrable d.f. vanishing outside the interval [0, n].
Moreover iff has a bounded derivative in [0, n\ then E/,,— uniformly in [e, k—€\
for any £>0.

Lemma 3. Suppose that
n(x,y) = Jz_i hj(x)hj(y) (?2,,/+=»)
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and
1J »X

hj(x) = (N T2) 2e 2Hj{x)

where Hj(x) is the j-th Hermite polynomiall2 Further suppose thatf has a bounded
derivative in (—°, +°°) then

H,(*) - fix) (nh- °°)
uniformly in any finite interval [a b\

Lemma 4 (See e.g. [2]). If dn(x,y) is the kernel function defined in Examples 3
or 4 then H,,(x)-»f(x) at any continuity point x off(x) andfurther iff has a bounded
derivative in afinite or infinite interval (a, b) then E/,,-*-/uniformly in2[a+e, b—e]for
any e>0.

Finally we formulate a general lemma (wich goes back to Lebesgue) what
gives a condition implying the convergence E

Lemma 5 (see e.g. [10], Theorem 4.2.1). Suppose that @,,(X, y) is defined in afinite
square [a b\X[a b] and

pole
fim f ooneeyydy =1 Jim o f  F.(xy)dy =0
X-6 [a,b] —[x —0, x + g

for any <6>0, and
sup \dn(x, y)\ s d(0)

Y€[q, b]—[*—a, jc+ 6]
where <P is a number depending on 6 atr)ld X but independent of n, further
b
I/ e (>)dy\< ™for anyfiLfM and\f @n(x, y) dy\<K,finallyf isafunction

gffinite variation in [A. B]a[a, b], then
b
®3) I on(x, y)f(y)dy - f(x) (xffA, B))

in any continuity point x off(x). Further if the conditions hold uniformly in [A, B] and
f is continuous then the convergence (3) holds uniformly too.

Remark 3. Since .

(4) EL() = an(x, y)f(y)dy

this lemma shows that f,, is an asymptotically unbiased estimation of/ if the con-
ditions of our Lemma 5 hold and/is a d.f. vanishing outside a finite interval [a, b\.

1 We remark that the {hj(x)}7=i is a uniformly bounded system of orthonormal functions
(see [12] p. 208).

2 Further on in case of infinite interval (a, b) we denote by [a+8, b—0] an arbitrary closed
subinterval of (a, b).
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Remark 4. If ®,,(x y) is defined on the whole Euclidean plane (instead of a
finite square) then a similar but somewhat more complicated lemma can be for-
mulated.

3. Second moments
Lemma 6. (See e.g. [8].) Let
X
pn(xy)=—h "7

and suppose that f and h are bounded d.f.-s then

DA, C
where C is a positive constant. Since
x-£k
f,,(x) = T 2 h( a,
we get
C
m11

Lemma 7. If @,,(x,y) is the kernelfunction defined in Examples 3 or 4 andf is
bounded then

DA< «) N o

LI,.
further

C

DALW)

where C is apositive constant.
This lemma can be proved in the same way like Lemma 5 of [2] was proved.
Lemma 8. Suppose that

dn(x,y) = 72_ 1<PJ(X)<PJ(V)

where £5((i9} is a uniformly bounded orthonormal system andf(x) is a bounded d .f
f[x)"K, then
D2(d,,(a, «) =Cagn
i.e.
DA/ (y) *
Proof. Our statements follow from the following inequality

02(P(*, Cl» = j 12 <Pj(X)<Pj(y)M(y)dy S

s f /t 82=1‘PJ'(X)(PJ'(V%| dy = K_{ 72=1<p)(X)<p)(y)dy-
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4. The main theorem and its consequences

Theorem 1 Letf be a d.f. havingfinite absolute moment of order y, that is

@) f Wyf(x)dx < CO
with some y>0.
Further let
(i) [/(*i) ~f{xa)| < KOWxx- x2 if xx,x26[a b]

where [a, b] denotes afinite or infinite interval.
Moreover let ®,,(x,y) be a sequence of Borel measurable functions. Suppose
that there exist two positive numbers Q and r and an interval [c, d\ zj [a, b] such that
(iii) for each n the interval [c, d] can be divided into disjoint leftclosed intervals
/jin (i=1,2, ..) for which

|/!n,1"—ﬁ—, S__ClH(r|,= M,

[ba(*i,y) - dn(x2,y)\ == «1k | - *2|
provided that x, and x2 belong to the same interval Suppose that
b
(iv) f 0,,0y)f(y)dy ~f(x) {n-~ )

uniformly in [a-\-0, b—8\ for any <5>0.
Suppose thatfor each n

\Y) DL®X, « ) » K
and

(vi) h < w(n)l?ogn
where fyin)/ + “  (n-»°°)

(vii) \dn(x,y)\ s Chn

and C is a positive constant.
Suppose further that there exists a v> 0 and a sequence of positive numbers £,-*0
such that

(viii) \®,,(X,,,y)\ < £, whenever \x,,-yr\>n\
Then

Kn
©) Pl SRy =101 S S e K
if n is large enough, (where K is a positive constant depending on e, 6, andf(x)).
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Our Theorem 1clearly implies

Theorem l.a. (Example 1.) Letf be a bounded distribution function obeying con-
ditions (i) and (ii) of Theorem 1. Further let h be a d.f. for which

[A(a) —1(r2)] S CWXt—X2A (-m» < Xi< X2< + °°)

and
lim W\h(x) - 0
finally let a,,\0 be a sequence of real numbersfor which
an iS CO(n) IOg n (CO(n)/+°°, n % oo)
then ) y c
., W r)lag} s c-

p{_, P, | (r)lag}

where

MX) = 2h

Theorem 1.b. Letf be abounded d.f. obeying conditions (i) and (ii) of Theorem 1
and let {<F(X}“=1 be a uniformly bounded orthonormal system defined on an interval
[c, d).
Set

<Prixy) =z, B)H)
and suppose that @n(x, y) satisfies condition (viii) of Theorem I. Let

fn(x) = ;t%i dn(x, it)
where

In N ((D(ﬂ) —+ 09N m

co(n) log«
Suppose that
(i) the Fourier series

2,08 g~ J Vifx

of f converges to f uniformly in an interval [a b\a[c, d]

(ii) for each n the interval [c, d] can be divided into disjoint intervals firn) (s= 1,2, ...

such that
IAB- and \<Pj(X)-<Pji(y\ *j*\x-y\ (a>0)

provided that x andy are belonging to the same I{']and 1*jS gn. Then

p{a+6§\L)J<Rb_é|/,(i)—/(r)|S s}ac*.
for any (5>0.
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Theorem L.b. easily implies the following Theorems l.c. and 1.d.

Theorem l.c. (Example 2.). Let f be a bounded d.f. obeying condition (i) of
Theorem 1, having uniformly bounded derivative in (0, n). Further let

q’
fn(x) = 2 Qcosjx

ci = 7k2=lcosj£k
and g/ +°° is a sequence of integersfor which
n .
a W) logn (win) co, M °°).
Then
Kn
PLASHR_\ 00 -FOOV e} =e 4
for any ()>().

Theorem |.d. (Example 2)) Let f be a bounded d.f- obeying condition (i) of
Theorem 1, and having uniformly bounded derivative in (—°, + «), further let
fn(x) = .2 Cjhj(x)
=0
where hj (x) was defined in Lemma 3,

Ci= \pidy (K

and (jn/ + 00 is a sequence of integers for which gn” ——----- . Then

p{ag,&pb \f,,(x)-f(x)\ g e} Se K
in any finite interval [a, b].

Remark. The validity of conditions (iii) and (viii) of Theorem 1 can be verified
with the aid of the recursion

H,,(X)= 2xHn_1(x)-H n_1x)
and the Christoffel—Darboux form.

Theorem l.e. (Example 3.) Let f be a bounded d.f. obeying condition (i) of
Theorem 1 Let fn(x) and dr{x,y) be defined as in Example 3. Suppose that fix)
has a uniformly bounded derivative in afinite or infinite interval (a, b). If

an .__vv_i_r]Z_I_qg_r_w (oj’(ﬁl)/’+ 00, n- (I)ﬁ1
then
P{ sup \,,(x)-f(x)\ s e} 3=e~Kd'
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5. The proof of Theorem 1
First of all we give some lemmas.

Lemma 9. Under the conditions of Theorem 1for any xC [a, b] we have

E("«(/nW-EAWW) a e " "
provided that

0<A
4Ch.
where C is the constant of condition (vii).
Proof. Using the inequality e“s 1+ mt+ w2 we have

@,,(ac.ap-E®dn(g:,5
E(em(n(YEL() = 33 E(e , 8 A K)]) e e ae

This Lemma and the Markov-inequality imply
Lemma 10. Under the conditions of Theorem 1for any x-fa, b] we have

K,,(c)n
P(I/.W - E/LWI —e) —e K

where the constant Kn(e) does not depend on n and x.
Proof Of Theorem 1 Let for each positive integer n
nT=z< z[n W= nT

(the number T will be determined later on) be a partition of the interval [T, nT]
having the following properties:

(@ R SR

0 <g<c2<+° [=1,..1Wn

(b) those endpoints of the intervals f rewhich belong to [—nT, a7] are elements
of the sequence zn\
By (a) and condition (iii)

I/»W -fn(y)\ » if x.yit6.zi-»)
and

En(x) - E,@)s C it x,y €[, zf>).
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Therefore we have 9
p(_M sup |/, (x)~ E/,(X)| E £) ég p( sup 1, (*)-E(X)| ee)i

— /(«) max {P( sup |/, (x)- E/l,(x)] a e)} ~

_ Kpvh Ken
—/(N)max{P(|/nz*D-E/n(z")) a &)}s I(ne 7, * e

if n is large enough.
On the other hand
p( sup |,(X)—E/,,(X)|a €S Pi sup |,x)ax\+
xefatator etr85-9 2)

4P B/, a — =P sup I1,()| a I)
x£ﬂalr 3 el 561

if n is large enough, because of (ii) and (iv). The above expression can be estimated

as follows:

2 |P,(xMa o+

P %eﬂ 0l _U PTR "‘lgﬂ_ « Kik-x1sa

+P sup - 2 b, (x, 191a 14

Ix[SwT A fel<hk —x|>«5 0.

+ - 2 Al® LN ~N2P|-C /T, 2 . 1N - 4
P AG>p ¢ el e o

*: 1Ctla
-G)
+P|(§|@Tﬁt 2 wga 1
Nis(e-V)
. nT nf
where 5|x, —| denotes the interval ) Xb-2
Observe that
£
PIEN> T 1=PW . ny - .
where c(y) is a constant depending only on y, and/. Consequently
reOn
PI—Ch, V 1>2 nc) \
1« " I_Zdrrr1: gl= | my
| FR—
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Let us choose the number T as '>Tax ,vi and denote 7y-l=y*>0. Then

clearly
y*KZo)n

PI7 CA" Z eTi*j\*e *
Moreover

plsasp. 2 1 \e«x,bl\ Sy Il” pK =°

if n is large enough by (viii). Thus if n is large enough,

- A -
P(é1 ('js"L)lJ’)\b An(x)-f(x)\ ~ €) s P|a g}g 2 /bW —E/,(x)| S-y1 +
K(e)n

- S \fn(x)-Efn(x)\ s —
* P iRy Efn (O-TOONS a6 ¥ E TN

which proves our theorem.
6. A strong law

Finally we formulate a strong law. The proof will be omitted, just we mention
that the proof of this theorem is quite similar to the proof of Theorem 1 of [5].

Theorem 2. Suppose that we have afunction g(n) such that

a+OSI\L)JJ;)\b_é|E/,, (X)-/(x)1 LWg ()

and there exist a /?>0 with g(n) > n . Moreover suppose that all conditions of Theo-
rem 1 hold but instead of (viii) we have

mill i\ n 11

1 hn' g(n)\
(viii) log 1 |om,,,T,,)I<e,,
whenever Wi-y*\>n"-
Then

min |[\/T 11
P, IlrgJ log n a+6§)t(]p JLO)-1(x)| = 0] = 1L

Remark that in case of the existence of higher derivatives of f(x) G. Halasz
obtained a better rate of convergence o f/,—.

Stuciia Scientiarum Mathematicarum Hungarica 9 (1971)



92

[1]
[l
4

[l
[6]

A. FOLDES AND P. REVESZ

REFERENCES

Rosenblatt, M.: Curve estimates, Ann. Math. Statist. 42 (1971), 1815—1842.

Révész, P.: On empirical density function. Periodica Math. Hung. 2 (1972), 85— 110.

Rosenblatt, M.: Remarks on some nonparametric estimates of a density function. Ann.
Math. Statist. 27 (1956), 832—835.

Wolverton, C. T. and Wagner, T. I.: Asymptotically optimal discriminant functions for
pattern classification. 1EEE Transaction on Information Theory, T1-15, (1969), 258—
266.

Rejts, L. and Révész, P.: Density estimation and pattern classification. Problems of Control
and Information Theory, 2 (1) (1973), 67—380.

Tusnaday, G.: On testing density functions, Periodica Math. Hung. 5 (2) (1974), 161— 169.

[71 Kale, B. K.: Unified derivation of tests of goodness of fit based on spacings. Sankhya, 31

8

—_

[9

—

[10]
[11]
[12]
[13]
[14]

[15]

(1969), 43—48.

Parzen, E.: On estimation of probability density function and mode. Ann. Math. Statist.
33 (1962), 1065— 1076.

Bochner, S. : Harmonic analysis and the theory o fprobability. Univ. of California Pr. Berkeley—
Los Angeles (1955).

Alexits, G.: Convergence problems of orthogonal series. Publishing House of the Hung. Acad.
of Sei. Budapest (1961).

Nadaraja, E. A.: On non-parametric estimates of density functions and regression. Tear.
Verojatnost. i Primenen. 10 (1965), 199—203.
Erdélyi, A., Magnus, W., Oberhettiger, F. and Tricomi, F. G.: Higher Transcendental
Functions 2. Bateman Manuscript Project McGraw-Hill, New York (1953).
Cencov, N. N.: Evaluation of an unknown distribution from observations. Soviet Math. 3
1962a. 1559— 1562.

Schwartz, S. C.: Estimation of probability densities by an orthogonal series. Ann. Math.
Statist. 38 (1967), 1261—1265.

Halasz, G.: Statistical interpolation, (Matematikai Lapok 23 (1—2) (1972), 71—88,
(in Hungarian)).

Mathematical Institute of Hungarian Academy of Sciences, Budapest

(Received October 26, 1973.)

Stuctia Scientiarum Mathematicarum Hungarica 9 (1974)



Studio Scientiarum Mathematicarum Hungarica 9 (1974) 93— 100.

OB OfJHOW HENIMHEWNHOW 3AOAYE ONTUMU3ALINMA

[. CAAC

Crepytowas 3agava* BO3HWKAeT B 6GOMbLUOM 4MCAe MPaKTUYECKMX CUTYaLuid:
Vmeetca N npmbopos, KOTOpble paboTaldT He3aBUMCUMO Apyr OT gpyra. lMep-
Bbli MPMOOP BKIHOYAETCA B MOMeHT 7\=0 ,/-blii npnéop B MomeHT T{. Mbl 0603-
HauaeM N—I-mepHbiii BekTop (T2 ..., TS) uepe3 T w BCBerga npeanonaraeM, Yto
OS TAS T3S ... S Tk. Bpems >u3Hu cucTembl, cocTosweid u3 N npubopos, onpege-
NnsieTcs cnepytomMm o6pasom

O =inf{xx>0, ([T, Tr+ <

rae SBNSETCA BPEMEHEM >XM3HWM /-Toro npmbopa, P(';i<x)=Fi(x), F,(0)=0.
MycTb .*MHOX€ECTBO BCEX (hyHKLWIA pacnpefencHust n

—IF.FdIT, F(0) = 0, | xdF(x) = mt, J (Xx—mi)2dF(x) = of},
roe W, 1 a, laHHble NocTosiHHbIE (/=1, 2, N) MycTb W(X) — HekoTopas QyHKLWS,
onpefeneHHas Ans 3afjaya COCTOMT B TOM, 4TOGbl ONPefeuTb 3Ha4YeHue

E=sup inf Mr@Q)
T F i&t
(ISiSN)

== ot i)

(1sisN)

1 BekTOp T TaKoW, 4To

€C/IM TaKoW t CyLlecTBYeT.

B nepBOM MyHKTe HacTosLle paboTbl Mbl AaguM pPeLUeHVE 3adayn B Ciy4ae
N =2, npnyeM w(x) UMeeT BUL

(1) wi(x) — x x &0
nm

10 0Sx< 4
2 n  x~R

rae R nonoxutenbHoe umcio. Bo BTOPOM MyHKTe Mbl YKaKEM Ha Mpo6/iemMbl, BO3-
HUKaIOLLME MPU peLLeHn 3adaun B ciyyae obuiero N.

* 3ajaya 6blna noctaBneHa Ha ceMumHape B. M. 3onotapeBa m B. B. TokapeBa no Teopuu
HajexxHocTu, paboTasLuero B 1969 rogy B MUNAH. PesynbTaTbl paboThl JOKNaabIiBaiMcb Ha Mexay-
Hapo4HOM COBeLLLaHUN No Teopuu aféxHocTu B TuxaHe (1969. IX. 16— 19).
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UacTHbIn cnyyaid TX—T23afaum (1) paccmatpumsanca gpyrmm MeToLoM B fiek-
umsax Cepmeiepa [2].

1 B atom nyHkTe BMecTo Q= C(12 Mbl 6yaem nucatb CT, rge T=T2 n gna
y£06CTBa Mbl NPUHMMAaEM YCroBKe £r> 0, KOTOPOE MO CYLLECTBY He U3MEHSIET Pesy/ib-
TaTbl. Ecnv BBECTM 0603HauYeHMS

Q) p=P>I~T

4) p* = WUX-T x> T), -p = S5T)
(5) s*2= D("j— =T), s2= D«x—wlijS T)
TO

(6) pp = (2 -p)p*

n

(7 ps2+ (I-p)s*2+pp2+ (I-p)p*2= aj.

3 M3BECTHOrO CBOICTBA MaTEMATMYECKOrO OXKMAAHWS CNeLyeT, uTo
(8) Mw(« = M (w ("i< T)p+ MW(wax (S5 T+~ T)(\-p),
roe B cnydasx p—0 M p =\ OAHO U3 cnaraembix Mcye3aeT. OYeBMAHO, YTO

©) e(T) = Hgf; MW(Cr) = pjng. inf MA(GY),
(1=1,2) s,s* 2
roe mSl=  (p, p, p*, S, 5*) 0603Ha4aeT nogknacc Tex (PYHKUWiIA pacnpegeneHns n3

B4, BEPOATHOCTb W YCNOBHble MOMEHTHI (3), (4) n (5) KOTOpbLIX paBHbl p, —, p*,

s2,s*2un inf 6epérca Mo cucTemaM napameTpoB, YA0B/ETBOPSAIOLLUX YPaBHEHUAM
P.A.A*

6), (7). Vi (8) n (9) creayer, uTo
e(M)=inf [p inf M( v r "~ T)+(\-p) inf Mi(uax €L T+ E2L X)),

F2i &2

(10)

3HauunT, Ans BblumcneHns e(T) BoobLLe Hafo PewwnTb CrefytoLve 3afauqu:
a) Myctb 0,

X = {C:GCJf, G(0) = 0, G(a+ 0) = 1 IxdG(x) = M, T (x-MfdGc(x) = s3

W 1T CNyYaiiHas BeMYMHa Takas, 4To P (7<x) = G(x). NweTcs

(iﬂ: IVH ().
¥) MycTb

(11) 6i = {G:GCJT, Geo) = 0, f xdG(x) = ﬂ/;,f (x-M d 24G(x) = Sf}
n Pil<x)=G;(x) @= 1 2). WNuwetcs

Jnf MapTax (X, ©d)-
0=12
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Mpy paccMoTpeHHbIX HamK Bblbopax GyHKumM w(x) (cm. (1) n (2)) 3agaya
a) TPMBUA/IbHA, peLleHne 3afaun y2) faeTcs CefyoLWMMN 1eMMaMu:

Nemma 1. Ecam nx 1 N2 He3aBUCUMbI, TO

djrg) Mmax (ifl 9t) = max (MI5 M 2.

0 =12
Nemma 2. Ecim px v L, He3aBUCUMbI, TO
dg& P(max (i/j, @ e u )= 1—k(R, Mx, SDk(R, M2,S2

0=1,2)

roe
S2
.. ABM
K(R, M, S) = S2+(M -Rj1
1 Ra M.

JokazaTtenbctBo nemmbl 1 HepaBeHcTBO M max (fJx, jd S max (Mx, M 2%
oyeBmgHo. Onpegenum G, cnefytownum o6pa3om

P(4i - M'lapf F,) P(*f, = ML a,) = 1_p

roe

n 0</)<]. Ecnm p goctatoyHo 6am3ko K 1, To Mt—J1,a0 un Tak G,£7j. Tenepb
nerko ybeguTscsa B TOM, 4TO npn /?—1

Mmax (/?!, J2) —max (Mx, M2 + o {fT-").
Joka3zatenbcTBO NeMMbl 2. O4eBUAHO, YTO

inf P(rax(//!, rg2) ~ A4) = 1— sup P~ < H) sup P("2w=9)
G,€»j Gig»! G,g»,
0=1,2)

1 yTBepXKAeHMe crneayeT u3 TeopeMbl M apkoBa-KpeitHa ([1], rn. L, Teopema 2.1).
CregytoLme TeopeMbl ONpesenstoT GyHKUUM

ek(T) = inf MQACr) &= 12).
(=12

A
T = o 0arymb—4g -y M2 M4

MycTb

Teopema 1. Alom20x*T 2 TO gna Bcex T>0
(12 edr) = W

£c.w 201< w2 wo npu TA(T’, T™), T>0 <A(T) onpegensieTCs Tak>Ke C NMOMOLLbH0
(12), v npn F<4r, ™), r>0

ex(T) = T+T2 (mx- T f

{mx-T f +al
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HakoHel,.
(13) el0) = max (TX, T2.
Teopema 2. Ecom TR vwm 0<T<R —m2 TO
e2(T) = \~k(R, mx, 0X).
Ecam 0<7’</?<7'+72, TO gna TAT X

eXT) =0
mana T-m

e2(T) =
<f\-(mx-T)p*

a\+ (m2—R + T)2 (u* + mx—R)2+ fff- (Tx—T)p*J

HakoHel,
(14) e2(0) = 1—k(R, mx, aXk(R, m2, g2.

JokazatenbcTBO TeopeMbl 1 (13) BbiTekaeT u3 fieMmmbl 1 [pegnonoxum,
yTo 0. OueBnaHo, uTO ex (T) T X.

Cnydan TATX T+m2Smx T<TXx<T+ T2 paccmMaTpusaroTcs OTAENbHO.
Ecnm TAT x TOrga onpegenmm FxTak e, Kak onpefeneHa Gx B [OKa3aTe/lbCTBe
nemmbl 1, n nyctb F2n060e pacnpefeneHue, coCpefoToOdeHHOe HA KOHEYHOM WH-
TepBane. Ecnm p goctatoyHo 6:am3ko K 1, To MCT=Txu (12) BbinonHsercs. Ecim
T+T2=T1b TOrga onpegenmm Fx n F2Takum >e 06pa3om, Kak Mbl onpegennnu G,
n G2B fokasaTenbctse feMMbl L Mbl nonyyunm, 4to npu p-+1 MGT=T1x+ 0(]/\ —p)
1 noatoMy (12) BbINOMHSETCS.

PaccmoTpum cnyvaih T<Tx<T+T2 MocTtasnue B (10) wx(x) B Mecto W(X)
M Nonb3ysacb nemmon 1

ex(T) = inft[p(mx-p) +(I-p) max (Tx+p*, T+T2)]

= Diml* {Tx+ max[0, (T + T2—Tx—p*)(1 )}
5 5*
icxoas u3 MpoM3BO/IbHbIX 3HAYEHUI NapaMeTpoB, Mbl NOBTOPHO OyAeM WM3MEHSITb
NX 3HaYeHUs Taknum obpas3om, 4Tobbl (6) 1 (7) OCTaMCb B CUMIE U BbIpaXKeHMe MofA
3HaKoMm inf He Bo3pacTano. BHavane dwmkcmpyem p, b n/ 1 Bo3bMeM s=0. U3 (6)
n (7) nony4yaercs, 4To

(15)
Tenepb, ecv p 1 s (=0) hmKcrpoBaHbl U P BO3pacTaeT, TO p* Bo3pacTaeT a s* yobl-

BaeT. Bbi6upas s*=0, u3 (6) 1 (15) Mbl NOAYYUM, YTO P U p*, KaK PYHKUUM OT P UMe-
10T BUA
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HakoHel, npu ¢ukcmpoBaHHbiX S(=0), s* (=0) Mbl MOXeM B35Tb HaVMeHbLUee
3HayeHue L, UMeHHO T1—T, 3HaunT

= nil4- +
et(T) = nil4-nrax 0, T—ml m2(n"_ TE4fif

Nerko y6egutbcst B TOM, UTO BTOPOW YieH Mo 3HAKOM MakChMyma MOoXu-
TeNeH Torga W ToNMbKO Toraa, Korga w>>2<l. TE(T', T). OTcioga U BblTeKaeT
YTBEPXEHVE TEOPEMDbI.

3ameyaHvie. NemMeHTapHble BbIYMCMEHMS MOKa3bIBalOT, 4TO ecnm w2>2ff1>0,
TO (hyHKUMS
(nil- Mr
(mi- T)2+fff
B vHTepBasie (T', T") MMeeT eAMHCTBEHHbIA MaKCUMyM B HEKOTOPOWA Touke T'.
V" BbluMCNAETCA cnefytowmm o6pa3oM: ypaBHeHue z4—az +a=0, rge a=4wl|/fff

MMeeT iBa BELLECTBEHHbIX KOpHA: z' nz" (1<z'Sz"), n 7" —ii—0ifz"—L
Jerko pokasatb cregytollee

h(T) = T+T2

CneacTsue Teopembl 1. Ecam fix>0, To cywectsyeT T, 4ns KOTOPOro

Ei = max inf M(T = inf MCF
TSO (lgr,Z) btéiz

T H Ei onpegensoTca no cnefytoulein Tabnuue:

2ai == m 2axS T°r
. f T MPOV3BO/ILHO
2ii €€ m2
Ei h(T"") nil
T >0 T""Wwo A
mi< m2 f 0 WM Tm 0
Ei MAX(m-,h(T"") m2 m2
Ecrm fix=0, 10
S . N
Ei T—Ir'nrp-o F.% Mer = 1,+71Tr1
0 =1,2)

3ameyaHve. J1erko BWAETb, UYTO MpU (PUKCUPOBaHHLIX Mt 1 wi2 n npn fix—o
Mbl MMEEM

f —my—l/2w2fff3+ offf/3)

Ei = nii+ny-" J2T1ra\3+o(a]!3d.

[loka3aTenbCTBO TeopeMbl 2. OCHOBHas MbIC/b [OKa3aTenbCTBa Nofo6Ha
TOMY, KOTOPO Mbl BOCMOMb30Ba/IACL B C/yyae TEOPEMbl 1, MO3TOMY 3feCb Mbl
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98 . CAAC

Oyaem TO/MbKO YKa3blBaTb Ha BaXHble LLarn AokasatesbCTBa. PaccmaTpuM TOMbKO
cnyyait 7+T2 T<mv Jloka3aTenbCTBO B OCTa/IbHbIX Cllyyasx Mosny-
YaeTcsa C MOMOLLbIO 3/1EMEHTApPHbIX KOHCTPYKUuiA. Tonoxus B (10) thyHKUMIO
W2(X) 1 NoNb3yach NeMMON 2, Mbl NOAyYaem, 4To

(16) er(T)= er@jy{id—p)[\—k(% -T,m 1+ p*-T,s*)k{R-T,m2,a2\}.

MpuHMMas BO BHWMaHWe, 4yT0 R—T<m2Z Mbl MOAYYUM, YTO BbIpaKeHWE Moj
3HakoM inf npu RArrix+u* paBHseTcs

o
(17) (1-10 1 &t (m2- R+TY

n npy RAm 14-u* oHO paBHseTCA

(,8) (1~P) []1~ s*2+ (LL-p* +R)2" ai + (ni2—R+ TV) *

Tenepb CHOBA M3MEHAEM 3HaYeHUs NapaMeTpoB NoAo6HbIM 06pa3oM, Kak B [OKa-
3aTefIbCTBE TEOPEMbBI 1.

Mpn (UKCMPOBaHHLIX P, P, P* MOXHO B3aTb $=0. MNoToM Npu (PrUKCHpoBaH-
HbIX S(=0) n p* 6epéTcs HaMMeHbLUee BO3MOXKHOE 3HaYeHune p, UMeHHO p=m1—T.
Tenepb ¢wmkeupyem s(=0) n p{=TL—T) 1 nNycTb p* W3MeHSETCA NPV YC/OBUM
RAm 1+p*. Torga w3 (17) BUAHO, YTO ANS p* MOXXHO B3ATb €ro HambosbLlee 3Ha-
YyeHue, UMeHHO p* =R —m1 Ho B 3aTOM cny4ae npasble CTOPOHbI B (17) n (18) cos-
nagaroT, v YTBEPXAeHMe TeopeMbl oTctoga u u3 (16), (6) u (7) yxke cnegyer.

2. 3[eCb Mbl YKaXXeM Ha npob6nemMbl, BO3HMKAIOLME MPU MPUMEHEHUN METOAa,
MCMNONb30BAHHOIO B NEPBOM MyHKTe, 415 obLwero N.

Onpegenvm cnegytoLime UHTepBasbl:

h —[0, To), U= (7), Ti+] (27~i*N -\), IN= (TN, o).
O603Haunm cobbiTre (7) + 0 C7)} uepes CtJ, n 0603HauMM fanee
(19) P(Ctj)) = Pij. M(I, + MCy) = ptj, D(Ti+UCij) = afl.
3 ycnoBuiA, HaJIOXKEHHbIX HA MOMEHTbI C/yYaiHbIX BeNMUMH £2,..., QN cneayeT, yuto

(20) 2 PijRj = Tt i
J =
7

(1) jg PijIPI - T i m)2+ sff] = af.
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C ,qpyr0|7| CTOPOHbI, NMPUMEHNB WN3BECTHOE CBOWCTBO MaTeMaTU4ecKoro OXXngaHua

22 T)=M Z=2' 2' 2F|"M|/| A
@ e(M) - Mw(zD) o T inNKAL crngy.).
CrepytolLiee paBeHCTBO OYEBUAHO
(23) e(T) = . inf  Mtv(Cr),
(1S| SI% \)) (Is/sA1)
roe &T = (Pij, Hij, Sj- 15 ieisa i)

0603Ha4aeT Knacc Tex hyHKUWIA pacnpegeneHns us#”, ans KoTopbIX KPOME MepPBbIX
[BYX MOMEHTOB BEpPOSTHOCTU U YC/MOBHble MOMeHTbI (19) Takke (DMKCMPOBaHBI,
1 nepBbIin inf B3AT No cuctemam napameTpos ptj, ,Sy @"i*j*N), ygposner-
BOPSOLLMX ypaBHeHUsM (20) u (21). (Ecnu npu 3TOM XOTA Obl OAMH U3 KNAaccoB
nycToil, To inf cunTaeTcs paBHON GeckoHeuyHOCTW.). Tenepb U3 (22) 1 (23) Mbl
(isisiAO
noslyyaem, 4To

q-l): inf 2 2|/7Ar|] ipf MUCT)| N cw)-

PiJ.PiJ.PiJ K=
(sisjan) 400 TV (Isisv)
3HauuT, 4TobbLI onpegennTb A7), HaM Hago 3HaTb

T
(24) mwCe) Mej (Sy)s (V)
(1S13.1V)
npy n6bIX Y\, ...,yN Mpwn onpegeneHun (24) BO3HMKAOT 3ajadva a),
3afava
B,,) MycTb

W= {(7:CEX (70) = 0, (7@a+0) = L Ixd6(x) = i;, T(X- M f do( = sp

n/Y-<x)= Gi(x) (Isis N). WNuwetcs

inf  Mvr(max(i7, ..., 3,)),
(IS/Sn)

rge nx, .  fn Hes3aBMCMMbIE C/lyYaliHble Be/IMYUHLI, U 3afada yr), KoTopas ABAseTcs
€CTECTBEHHbIM 0006LUeHNeM 3afaun y2). 3aMeTuM, 4TO AN pelleHns 3afadyn a)
CyLLecTBYeT pa3paboTaHHas Teopus (cM. [1]), ogHako pelleHve 3agad B3,) W V,,),
BOOOLLe He M3BeCTHO. B cBoeM Aoknafle Ha COBELLaHWW MO TEOPUM HaLEeXHOCTU
b. B. THeAeHKO YyKa3an Ha siBfieHMe, YTO 3adayn Takoro tmna B 60/bLIOM Yuncne
BO3HMKAlOT B TEOPUWM HAAEXHOCTM M MaccoBoro obcnyxusaHus (TuxaHb, 1969,
IX. 16—19).

B 3ak/1t04eHMe Xouy BbIpasuTb cepaedHyto 6nnarogapHocTb B. M. 3on10TapeBy
3a NOCTaB/IEHHYIO 33Jjauy M 3a LieHHbIe pPa3roBOpbl MpW ee peLLeHnn.
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SOLID SETS OF CIRCLES
by

G. FEJES TOTH
To the sixtiesth birthday of my father

It is known [1] that in the Euclidean plane the face-incircles of a regular hex-
agonal tessellation form a densest packing, and the face-circumcircles of a regular
hexagonal tessellation form a thinnest covering. Analogous results hold in spherical
geometry for regular trihedral tessellations. But the extention of these results to
the hyperbolic geometry involves difficulties because of the lack of a reasonable
notion of density. In order to avoid these difficulties it is convinient to introduce
the solidity of a circle-packing and circle-covering [2].

A circle-packing is said to be solid if no finite subset of the circles can be re-
arranged so as to form, with the rest of the circles, a packing not congruent to the
original one. Analogously, a circle-covering is said to be solid if no finite subset of
the circles can be rearranged so as to form, with the rest of the circles, a covering
not congruent to the original one.

A theorem of Mrs. M. Imre [3] implies that the face-incircles of any regular
trihedral tessellation form a solid packing, and the face-circumcircles of any regular
trihedral tessellation form a solid covering. It was conjectured by L. Fejes Toth [2]
that this result continues to hold for all trihedral Archimedean tessellations. With
the aid of a general theorem he was able to prove this conjecture for a lot of Archi-
medean tessellations having two kinds of faces. As an example we mention the
“football tessellation”, i.e. the spherical tessellation (5, 6,6) and the hyperbolic
tessellations (6, 6, 7) and (8, 8, 5). We shall prove the conjecture also for some tri-
hedral Archimedean tessellations in which three types of polygons occur, e.g. for
the hyperbolic tessellations (6, 8, 10), (8, 10, 12) and (10, 12, 14).

We shall obtain these results as special cases of a more general theorem. Let
S be a set of convex domains, s a finite subset of S and A the area of the set of those
points which are contained in at least one domain of 5 but not contained in any
domain of 5 —s. Rearrange the domains ofyin some way obtaining a set of domains
s. Let S be the set of domains arising from S by replacing s by sand A the correspond-
ing area. We say that S is a solid set of domains if for any s and s not congruent to s
we have A >A.

Obviously, any solid circle-packing and any solid circle-covering is a solid set
of circles. With the notion of the solidity of a set of domains the above mentioned
theorem of Mrs. M. Imre can be formulated as follows: A set of circles concentric
with the faces of a regular trihedral tessellation such that the boundaries of adjecent
circles intersect or touch each other on the common edge of the corresponding faces,
is always solid.

It may be conjectured that this theorem still holds for all trihedral Archimedean
tessellations. Our aim is to prove this conjecture in some cases.
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102 G. FEJES TOTH

We shall need a further definition in order to phrase our results. Let 1*p,
be such that I/p+ I/g=1. Consider two convex domains G and H, and let F be
the intersection of them. We define the area deviation of H from G formed with
the weights p and g, in short the deviation of // from G by

a(G, H) = p{G—F) +q(H—F).

Here and in what follows we denote a domain and its area with the same symbol.
Denoting for certain weights p and g the minimal deviation of an a-gon from a circle
of radius r with d(n, r), we have the following

Theorem. Consider a set S ofcircles concentric with thefaces of the Archimedean
tessellation (nx, n2, n3 such that the boundaries of adjacent circles intersect or touch
each other on the common edge of the corresponding faces. Let rt he the radius of
the circles concentric with the nfgonal faces of the tessellation. Let AB he an edge
of the tessellation.. A" and B' the intersection of the segment AB with the boundaries
of the circles and M the midpoint of AB. We choose the weights p and q=p/(p —)
defining the deviation d{n, r) as follows:

sin MA ih h
SVA on ihe sphere,
MA . .
P=< A’ in the Euclidean plane,
shMA . .
sh MA' in the hyperbolic plane.

I f the inequality
d(nt+ 1, rj+dfij- 1, rfi—dfiti, rj)—d(rij, rfi > 0

is satisfiedfor all i,j= 1, 2, 3 (iA-j) then S is solid.
The proof of the Theorem rests on some lemmas.

Lemma 1. The sequence d(3, r), d(4, r), ... is convex for all fixed values of p,
g and r.

Since in the cases p= 1, g—°° and p—°°, <7=1 Lemma 1expresses wellknown
facts [2], we can restrict ourselves to the case when I<p, g<°°.

Let C be a circle with centre 0 and radius r, a a sector of C with angle 2(p<n
and A—AOB a triangle such that A and B are on the half-lines bounding €. From
among these triangles we are looking for that one which has a minimal deviation
d=d{g>) from a.

Obviously, we may suppose that the side AB intersects the boundary of C at
two points A" and B' which may coincide. Small rotations of the side AB about the
midpoint M of A'B' show that AA'—BB".

Consider a segment EF of length x. Let t=1t(x, y) be the area of the part of the
parallel domain of the line EF at distance y lying between the lines perpendicular
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to EF at Eand F. Writing v(y) =", we have

siny on the sphere,
1v(y) = my in the Euclidean plane,
.shy in the hyperbolic plane.

Small displacements of the line AB perpendicularly to OM show that for the
triangle having minimal deviation from a we have

pv(MA’) = a(y{MA) —v{MAY),

thus
sin MA
sinMA— " the sphere,
_ V(MA) MA _ _
P~ v(MA) ~ MA' in the Euclidean plane,
shMA . _
shmar M the hyperbolic plane.

It is easily seen that the triangle A=AOB is unicly determined by this relation.

We claim that d{cp) is a convex function of qa Consider the triangle A=AOB
having a minimal deviation d=d(cp) from e. Let n be the segment cut off from the
circle C by the line AB. Then

dfcp) = pu+q(A —er-fu),

thus
d ,,, du dA da du
dpd<®) =p! i+ dp dp dp

Let g=g(cp, B) be the area of a circular sector with angle 2 cut out from a circle of

radius Q Writing w(q)='g%and x=0M, we have
dA N, dx o du dx .
— = W{OA) +—f-v{MA) and -j—= — = v(MA).
G = WHOR) + v {MA) & —ap MR

Thus, in view of _
pv(MA’) = g{v(MA)-v(MAY),
we have

— d(cp) = q(w(OA) —w(r)).

Since w is an increasing function of g it suffices to prove that OA increases with q
Consider a triangle A*=A*OB* with < A*OB*=2cp*>2cp having a minimal devia-
tion from the corresponding sector of C. Suppose that OA*<OA. Let C' be the
circle with centre O and radius OA and D one of the points of intersection of the
line A*B* with the boundary of C'. Let the boundary of C intersect A*B* at A*' and
B*'. Let M* be the midpoint of A*B* (see the figure). Then we obtain by a simple
computation that
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c0s20M —c0s20A c0s20M* —c0s2 0A

c0s20M - cos20A' c0s20M* —c0s2 OA'
v(MA) OA2-OM 2 and v(M*D) OA2—0OM*2
J(MAT) OA'2-OM 2 v(M*A*") | y OA'2—OM*2

ch2 OA —ch20M ch2OA -c h 20M*

ch20A'-ch 20M | / ch20 A '-ch20M*

Hence, in view of OM *< OM, we have
v(M*A*) v(M*D) v(MA)
P~ v(M*A*) " y(M*A*) ~ v{MA") ~ P’
which is a contradiction.

Let P be an n-gon having minimal deviation from the circle C. It is easily seen
that P is convex. It follows that OCP. Otherwise we can displace P in such a way
as to increase the intersection F of P and C, decreasing thereby the deviation a(C, P).
Let Ax, ..., Anbe the triangles based on the sides of P and having O as a common
apex. Let the angle of the triangle A, at O be 2<p;. Let the deviation of At from the
corresponding sector be d[. Because of the convexity of dUp) we have

a(C, P) = dL+ ... +dns d((pi)+ ... +d((p,,) » nd(n/n).
Thus F is a regular n-gon concentric with C, and we have
d(n, r) = nd(n/ri).

It is known [2] that if f(x) is a convex continous function of x>0 then so is
the function xf(I1/x). Therefore the convexity of the function d((p) implies the con-
vexity of xd(it/x). This completes the proof of Lemma 1

Lemma 2. Let px, ,pn be the number of sides of n non-overlapping convex

StucLia Scientiarum Mathematicarum Hungarica 9 (1974)



SOLID SETS OF CIRCLES 105

polygons joining along whole sides and having a connected pointset union U. Then
Pi+ mm+Pn = 6(n+h-2)+f-b,

where h is the number of the connected components of which the complementary of U
consists andf and b are the numbers of vertices lying on the boundary of U at which
only two and more than two edges meet, respectively. Equality holds only if at each
vertex at most three edges meet.

This lemma, which is Lemma 6 in [2] is a simple consequence of Euler’s formula.
We omit the proof here.

Lemma 3. The faces of a trihedral Archimedean tessellation form a solid set.

Let T be a trihedral Archimedean tessellation. Consider a finite subset s of
the faces, and rearrange them in some way, so as to obtain a new set s of domains
forming together with the rest of the faces of " a tessellation T. We have to prove
that T is congruent with T.

First we show that the faces of T join along whole sides. For, let AXA3 and
A2A4be sides of two faces of T such that A2and A3are interior points of the segments
AXA3and A2A4, respectively. It follows that there is a face of T with a side A3A5
such that A4lies on A3Ab. Thus we obtain by induction a set of points ..., A_Xx, A,,,
such that A4 lies on A3A5. Thus we obtain by induction a set of points
..., A_X, AQ, Ax, ... such that Ai_xAi+l is a side of T containing as an interior
point A[ (1=0, £ 1, £2, ...). In the Euclidean and hyperbolic plane this implies that
the Archimedean tessellation T has faces joining along real partial segments of
certain sides, which is impossible.

On the sphere this argument does not work. Butj.he assumption made on the
sides AXA3and A2A4 shows that in A3 some faces of T must meet whose angles at
A2add up to n. On the sphere there are seven trihedral Archimedean tessellations,
and it can be checked that non of them satisfies this requirement.

In order to prove Lemma 3 we obviously may suppose that the pointset union
U of the polygons of s is connected. Since the faces of T join along whole sides we
can apply Lemma 2 to the polygons of s. Applying, on the other hand, Lemma 2 to
the polygons of s evidently equality holds. Since the left hand sides are in both cases
equal, we have equality also in the first case, showing that the tessellation T is tri-
hedral. But if two adjacent faces of T are given, the_construction of the rest of the
faces is unicly determined by the conditions that T is trihedral and its faces join
along whole sides.

Now we are ready to prove our theorem.

Consider the Archimedean tessellation (nx,n2,n3 and the set S of circles
described in the Theorem. Let the n,-gonal faces of the tessellation be D), D), ... .
Let the circle of S concentric with D) be C). Let s be a finite subset of S and s a
set of circles obtained by rearranging the circles of s in some way. Consider the set
of circles S={Ci, Cf, ..., Cl, Cl, ..., Q, C\, ..} arrising from S by replacing s
by s. We define the Dirichlet cell D) of Cj as the set of points which have a smaller
power with respect to Cj than with respect to any other circle of S. As the intersec-
tion of half-planes 2)j is a convex polygon. The Dirichlet cells of S join along whole
sides and fill the plane without overlapping and without intersteces [2]. Since we
have rearranged only a finite number of circles, there are positive integers mt, m2
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and m3such that the pointset union Uofthe cells D\, D™, D\ ..., W2Dl, Dss
is connected and that for any i>rrij D) and D) are identical (/—1, 2, 3).

Let F be the part of Ucovered by the circles C { , C 1 C\,..., CE2CI, ..., Cf3
and F the part of U covered by the circles C\, ..., C", Cl, C™ CI, ..., C33
It suffices to prove that if s is not congruent to s then F=F. Writing Fj=Dj M Cj and
Fj=Dj MNCj we have

and

F= 2 . 21 Fr
The proof of the inequality F>F rests on the fact, to be proved later, that if s is not
congruent to s then for the deviations formed with the specific weights defined in
the Theorem we have
3 rtij 3

*) 2 2 a(C}, Dj) w2 mjd(rij, rj).

7=1i=1 7=1
First we consider the case when 5 neither forms a packing nor a covering. Then
the weights p and < defined in the Theorem are finite. We have, on the one hand,

Fj = Dj —(Dj—F)),

on the other hand,

F)=C)-(C)-F%

Hence
F F ] 3m 1 3nj 3 ni
R R I L S R O

But by the choice ofp and q we have

o d(nj, rj) = p(C) - Fj) +q(D) - Fj).
Thus in view of

2U =2 2D)
7=1i=1 1li=1
and
3 mj 3 rtij
2 2¢)=2 2¢cj
7=1/=1 7=1 /=1
the inequality (*) implies that whenever s is not congruent to s.

Consider now the case when S is a packing. We assume that S is also a packing,
because otherwise the inequality F< F is trivial. Thus in view of the inequality (*)
we have

3 mj 3 mj 3 ttij 3
F=2 2 Dj- 2 2 a(o), Dj)" 2 2 Dj— 2 mjd(nj, rj) = F
7=1 1=1
with equality only if 5is congruent to S. The case when S is a covering can be settled
in a similar way.

We continue to prove the inequality (*). Let n) be the number of sides of the

Dirichlet cell D). Applying Lemma 2, on the one hand, to the polygons D\, ..., D™,
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D\, ..., D™, D\ ..., D33 on the other hand, to the polygons D\, ..., D\ D\, .«' M5
D\, ..., D33 we find that

7§1rrj N —6(m1+m2+m3+h—2)+f—b

and
2 Z nj —6(ml+m2+m3+h—2) +/—b,
whence e )
3 Iy 3
(n) 2 Z n7= Z"jitj.
7=1i=i 7=1
With the above notations we obviously have
3 mj 3 ntj
2 2 69" 2 2 d(n), rj).
7=1i=i 7=1i=i

We want to find the minimum of the right hand side of this inequality under the
condition (n). We may suppose that in (1) equality holds. Otherwise we replace some
of the rij’s by greater values, so as to obtain equality in («), decreasing thereby the
sum under consideration. Again, we may assume that

n)+ .. +n}= mjtij (j=1,2, 3).

For supposing e.g. that «i+...+«*1<»i1Bl, we have either nl+...+n2r>12n2 or
nl+..+n%3>T13n3. Suppose that a2+ ...+u2a>71212. Then for some k and /
we have n\<nxand n2>n2. Therefore, in view of the supposition

d{n2- 1, r)+d(n2+ 1, rd—d(nl, rl)—d(n2,rd > 0
and Lemma 1, we have
d(n\, ri)-d{n\+ L,rj a d(nx- 1, r*-dfa, rh) >
_ d(n2, r)-d(n2+1,ra d{nk- 1 ra—d(n2, r2),
"e dn\, A+ (/(4 1) > <@+ 1, T)+</(«—1, r2),
Thus replacing « by «i+1 and n2 by «f—1, and repeating this process until no n\

3 ntj

is less than nx, the sum Z Z d(rij, rj) decreases. The remaining cases can be settled
7=1i=i

in the same way. Thus, by Lemma 1, fjd(n), rp)*mjd(rij, rj) (j—1,2,3), show-
1=1
ing that

3 wj 3
2 2 a(Cj, W a 2’ mjd(nj, rj).
7=1(=1 7=1
The above proof shows that equality holds only if 2)j is congruent to Dj. Thus, in
view of Lemma 3, equality holds only if s is congruent to s.
This completes the proof of the Theorem.
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~ set of computations, kindly performed by Mrs. i1aixs z<igm o na. has shown
that the inequalities of the Theorem are satisfied in many cases. Before presenting
the results of the computations we mention that for integers nr, n3, n3 greater than 2
a tessellation {nlt n2, n3 exists if and only if either (i) n1=n2=n3, or (ii) two of the
«/s are equal and even, or (iii) non of the n;’s is odd [4]. The tessellation is spherical,
Euclidean or hyperbolic according as 1/~+ 1/n2+ 1/a38 1/2, respectively.

Lemma 1 guarantees the fulfilment of the inequalities under consideration in
the regular case (i). In the following table those further tessellations (nlf n2, n3 with
niSn2=n3" 20 are listed which satisfy all inequalities of the Theorem for all admis-
sible circle-systems.

(3, 4 4 (810,14 (10,10, 13) (11,18 18 (14, 14, 17)
3 4 5 (8 10,16) (10, 10, 14)  (11,20,20) (14, 14, 1§)
G 6 6 (810,18 (10,10, 15) (12, 12, 13) (14, 14, 19)
G 8 8 (81212 (10,10, 16) (12, 12 14) (14, 14, 20)
6, 6 7) (81214 (10,10, 17) (12, 12 15) (14, 16, 16)
6, 6, 8) (8,12, 16)  (10,10,18) (12,12, 16) (14, 16, 18)
6, 6 9 (81218 (10,10, 19 (12 12 17) (14, 16 20)
(6, 6,10) (8 ,12,20) (10,10,20) (12,12, 18) (14, 18, 18)
(6, 8 8 (8, 14, 14) (10,12, 12) (12, 12, 19) (14, 18, 20)
(6, 8,100 (8 14, 16) (10,12, 14) (12, 12,20) (14, 20. 20)

(7, 8 8 (814, 18 (10,12, 16) (12 14 14) (15, 16, 16)
(7,10, 10) (8, 14,20) (10,12, 18) (12,14, 16) (15, 18 19)
(7,12 12) (8,16, 16) (10, 12,20) (12, 14, 18) (15, 20, 20)
(7,14 14 (8,16, 18) (10, 14, 14) (12, 14,20) (16, 16, 17)
(8, 8, 9 (8, 16,20) (10, 14, 16) (12, 16, 16) (16, 16, 18
(8, 8 100 (8,18 18) (10, 14, 18) (12,16 18) (16, 16, 19)
,18,20) (10, 14,20) (12, 16,20) (16, 16, 20)
(8, 8 12)  (8,20,20) (10,16, 16) (12, 18 18) (16, 18, 19)
(8, 8,13) (9, 10, 10) (10, 16, 18) (12, 18,20) (16, 18,20)
(8, 8,14) (9, 12, 12) (10, 16,20)  (12,20,20) (16, 20, 20)
(8, 8,15) (9, 14, 14) (10,18 18) (13,14, 14) (17, 18 19
(8, 8,16) (9, 16, 16)  (10,18,20) (13,16 16) (17, 20, 20)
(8, 8,17) (9, 18, 18)  (10,20,20) (13,18 18) (18, 18, 19)
(8, 8,18 (920,200 (11,12, 12) (13,20,20) (18, 18, 20)
(8,10,10)  (10,10,11) (M, WU, 14) (14, 14,15 (18, 20, 20)
(8,10, 12) (10, 10, 12) En, 16, 16; (14, 14, 16) (19, 20, 20)

The total number of the regular and Archimedean tessellations (nl5n2, n3 with
2S wiS« 2"« 3s 20 amounts to 256. Thus our Theorem confirms for the majority
of these tessellations, exactly for 130+19=149 tessellations, the conjecture made
in the introduction concerning the solidity of the corresponding circle-systems.

There are some tessellations such that all inequalities of the Theorem are satisfied
for the face-incircles of the tessellation. But increasing the circles in the described
way, at least one of the inequalities stops to hold up to a certain point. Among the
237 Archimedean tessellations (n,n2,n3 with n1*n2=n3"20 there are 15 such
tessellations, namely
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(5,10, 10 (6,10,10) (6,12 14 (7,16, 16) (g, 8, 19
(6, 6,11) (6,10, 14) (6,14 14) (7, 18, 19 Es, 8, 20)
(6. 8,12) (6,12, 12) (6,16 16)  (7,20,20) (8, 10, 20).
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APPROXIMATION OF LACUNARY WALSH-SERIES
WITH BROWNIAN MOTION

by
I. BERKES

1.8 Introduction

It is well-known that lacunary subsequences of orthogonal systems behave
similarly as independent random variables, e.g. they obey the central limit theorem,
the law of the iterated logarithm and other related results. The proofs of such theo-
rems are usually based on the method of satem and zygmuna which adapts the
classical technique of characteristic functions and of exponential estimates for such
dependent sequences. The crucial property of a lacunary subsequence {fn) of an
orthogonal system {/,} which is used in the proofs is the fact that the sequence
{f,.k} is not only orthogonal but “almost multiplicatively orthogonal” in the sense

that the integrals f f nilf m2...f,,,mdn (m~3) are small. The idea is simple, the calcula-

tions, however, are sometimes very involved, particularly in the case of the law of
the iterated logarithm. The purpose of the present paper is to prove that by using
a dilferent method we can obtain much stronger results in an easier way, at least
in the case of the Walsh-system. Namely, instead of imitating the classical methods
for such sequences we shall construct a Brownian motion which approximates the
partial sums of a lacunary Walsh-sequence very closely and then, using well-known
limit theorems for the Brownian motion, we obtain the same theorems automatically
for the Walsh system. In this way we can prove not only the central limit theorem
and the law of the iterated logarithm but also the functional (Strassen-type) law
of the iterated logarithm, the invariance principle, the strong form of the law of the
iterated logarithm giving exact upper and lower class criteria, e.t.c. To obtain these
results (especially the last one) by the classical methods seems to be very difficult.

Approximation with Brownian motion appeared first in the works of Strassen;
he used it to obtain some attractive limit theorems for independent r.v.-s and martin-
gales. Our present proof also uses martingale techniques. It seems likely that the
results of this paper are valid (exactly in the same form) also for the trigonometric
system; our present proof, however, makes essential use of the special properties
of the Walsh-system. On the other hand, if the lacunarity condition is strong enough,
the results of our paper can be extended for every orthogonal system. This will be
proved in a subsequent paper.2

2.8 The approximation theorem

Definition. Let X1Ir X2, ... and X[, X2, ... be sequences ofr.v.-s on the probability
spaces (fi,P ) and (fi',#"', P"), respectively. We say that the sequence XIt X2, ...
is equivalent to the sequence X[, X2, ... if the finite dimensional distributions of the
two sequences are identical.
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Theorem 1. Let Al<n2-<... be a sequence of positive integers such that for
every kS 1

2.1) +ck=* ¢> 0, 0

nk 2

Then there exists a probability space (Q.SF. P), a sequence Xx, X2, ... of r.v.-s and
a Wiener-process £(t) such that the sequences Xr. X2, ... and wni, wr#p ... are equi-
valentT*and

(2.2) Xr+ ... +X,, = Cn)+ 0 (n5“"™ as.

where p is a positive constant depending only on a, c.

3. 8§ Some lemmas

Lemma 1 Let YItY., ... be a sequence of r.v-s such that E(KjKj, ..., K, D=0
as. (9=1,2,...), EF~O, b,,:iz_i E(Ta|TY, ..., Y( ¥—"° as. and

(3.1) n2:{| «-2e(Ne ... Y -))"N- «n

where /(x)=-0 is afunction on (0, +°°) such that f(x)t°°, x-¥(x))0 if x~°°. Then
there exists aprobability space (Q, 3, P), asequence Ft, Y2, ... of r.v.-sand a Wiener-
process £(t) (each is defined on (Q.dF. P)) such that the sequences YL1,Y2, ... and
Ft, ?2, ... are equivalent and

?21+...+?, = c(b,)+o((ibf(bn)4logh,) as.
as n-*-°°,

This lemma is an immediate consequence of Theorem 4.4 in [1].

Lemma 2. Let ul<n2< — be a sequence of positive integers satisfying (2.1)

and put
Al - isi'l< 2<i SA [EMVIH,,. ... Hi)
Then we have St
2 .

Aff> ~ Cjivi+* Af> = C2N2+#logN, Air> C3N~ 3" (ms 5
for every 1, where Cl, C2depend on c, a; C3depends on c, a, m.

Proof. See the proof of Lemma 2 in [3].

1 The underlying probability space in the case of the Walsh-system {»',} is (fi,,, .Fa, P,,) where
Qu=[O 1], is the class of Borel-subsets of [0, 1] and PO is the Lebesgue-measure on#!,.
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Lemma 3. Let «1<un2< ... satisfy (2.1). Then for every K"O, 1 and for every
e,= £ 1 we have

2
E( [ N C4L2+ CHK + L)Z +1togCAT+L)

(f K+L 2+ £i

) P ,
ELL 2+i«»". ] JACRL'+C7(K+L) 2 (p > 2 integer)

where C4, C5depend on ¢, a; Ce, C7dependon ¢, a, p.

Proof. From the polinomial theorem we obtain

where Bk, ..., Bj can be any positive integers whose sum is 2p and the indices V4, ...,
vary between K + 1and K+L. If Rk, Bj are all even theny'Sp and since

for 1 it follows that the sum of such terms in the right side of (3.2) is
at most CPLPwhere Cp depends only on p. On the other hand, using the fact that

wh —1 or wBr according as s is even or odd we obtain that the sum of the remain-
ing*terms in (3.2) is at most Cp(A{I L+...+ A{fLD. Applying Lemma2, we obtain
the desired result.

Lemma 4. For any p>q”\ we have wpwg= wr where p—q”~r”p +q. Further-
more, if pd[2k 2k+), 2C[2(, 2,+]) (/c>/) then wpwg=ny where r£[2k, 2k+1).

Proof. Trivial.
i Q+k
Lemma 5. Let ni<mn2<... satisfy (2.1) and put Zk— ¥ w,r Then we have for

(=0+1
every $sO and every real t
3.3 P(max Zk > t) =2P{ZN> t-IfN
(33) (jmax, Zk > ) =2P{ )
and
(3.4) P(Imax \ZKR > i) A 2P(\ZN > t-2]IN)
provided that

2

(3.5) N-\Q +N)2*\og(Q +N) ~ 00

where 60 depends only on ¢, a.

This lemma is the analogue of a well-known maximal inequality of Kolmogorov
(see [4] and also [7] where a similar inequality for Walsh-series with Hadamard
gaps is derived). In the special case Q=0 condition (3.5) is satisfied for N~N 0.
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Proof. Put
A—{lmax Zk=1} C=vn>t=2]TV, A = {Zk>

A = {A s t ...,zk_1tkt,Zk>t) (2 s fcs jVv)

A = {z*-Z* >-2jIA] (IsfcrIV).

N
It is obvious that the sets AkBk are pairwise disjoint and (J AkBkaC, hence
k=1

(3.6) k2~F (AE*)™ P(C).

On the set Bk we have2 (ZM—ZA274N, thus the Markov-inequality gives

(3.7) P(AKBK)s -~7 j{ZN-Z Kdx = [QV-*)P(A)+2 ~ IwArWAIX]
uyy nk £</< jJAN Ak

where k =Q-rk, jV =B + V. We shall prove that for 1"k~ N
2

(3.8) L » A C8iva[log(c_1Md + 1]P(A)

k<i<jAN Ak

where C8depends only on a, c¢. Using this relation, we obtain from (3.7) and (3.5)

PIABASiPA+QTV-"logiV.PCAINIPIA), thus P(N5,)"P(NN) for
1 Sk~N. Combining this result with (3.6), one sees that ’\P(ri)=)i|:i P(A)—
.

AP(C) and this is identical with (3.3). The same argument, applied to the sequence
{—w,,} instead of {w,}, yields P(Imax (—=ZB>) 2P ((—ZVv)>? —2//V) which,

together with (3.3), easily implies (3.4).

It remains to prove (3.8) for every fixed k. To this aim, let us introduce the in-
dices m, a, b for which ujE[2m 2m+D), w{f:2“, 2a+]), rijE[2b 2b+1l), m~aSbh. We
state, following an observation due to A. Foldes, that the integral J w,,wn.dx

Ak
2

can differ from zero only if a=é<m +log (c_1A“)+ 1 This statement is sufficient
for our purposes, since every interval [2!,2,+1) contains at most C10N X members
of the sequence wni, ..., w,, (see Lemma 1 of [3]), hence the number of pairs (/, /)

for which j w,,wnj dx?+0 is not more than (C10i\V*9;i[log(c_1Aa)+ 1]. Estimating
each of thése integrals trivially by ' / w,,.w,,.dX\*?{AK), we obtain (3.8).

To prove the statement mentio%d above, let us denote by s(ig) the index s
for which wnwnj—ws (see Lemma 4) and remark that if s(i,j)”2m+] then

[ wnwnj dx=E (jAkwWMI j)) = E(xA) E(ws(i j)) = 0 (xAK is the indicator of AK). In fact,

Ak

2 Bk denotes the complement of Bk.
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Ak and Xnk are defined in terms of »;Q+L, ..., wn i.e. in terms of the Rademacher-

functions rlt ..., rm+1; on the other hand, if s(i,j)"2m#l then the product form of

wsutJ) contains an rv for which v>m+ 1 and thus the r.v.-s %k and wsad,j) are in-

dependent. Now, if a<b, then by the second statement of Lemma 4 s(i,j)£
2

£[2K; 26+1), i.e. i(/,y')S20+1& 2 m+Ll. Furthermore, ifa=bSm +\og (c~1INX) +1, then

fiis 2 mtog(c' 1" “)+1=2m+lc~INX, i.e. by (2.1) and the first statement of Lemma 4
s(J.,j)Snj—l*ni+l—i~rcnii~°**cniN~a*2m+L In each case we have

I wnwnj dx=0 and the proof of Lemma 5 is completed.

Lemma 6. Let X1, X,,, ... be a sequence ofr.v.-s on the probability space (Q, 3P, P)
such that every Xt takes only the values £1. Let 1=al<iil<a2< 62< ... be a sequence
K

of integers and put Tk—__%’kXt. Let P") be on other, atomless3 probability
i=

space and let T[, T.f ... be a sequence of r.v.-s on P") which is equivalent to

TIt 72, ... . Then there exists a sequence X{, X2, ... ofr.v.-s on P') which is

bk
equialent to Xx, X2, ... and Tk—*  X{.
m The proof of this statement>i:zksi'mple routine and is omitted.

4. § Proof of Theorem 1

By assumption a<1/2, furthermore (r+ /r(l —s)—1 if r— e—0, thus we
can choose an integer r*2 and a rational number £>0 such that

Atar+l 1 . It
3 r(l— 2 ’ r
We can also achieve that /-(1—e) is an integer. Let the intervals
Ai = [Pi,qil Ak= [p', 0], ..., Ak= \pk, gk, Ak= [pk, dK, ...
be defined by
Pi= 1 pi= 4itl ...Pk= qk-i+\, pk-qk+\,...

@4.1) (2a+1)<2, r(1-2a-2¢e)>2a.

and
A = Akr \AK = Ak~ {k = 1,2,...)

where A\ denotes, for any interval A=[a, b], the number of integers contained in A,
and A is a positive integer such that

4.2) Al* a c-13a2r(1-i).
Put
TK = 2 TK = .2z wn,-
I€1K iexXk

3 A probability space (S2\ P") is called atomless if for every AC.3P" with P'(A)>0 and for
every 0°p-?P"(A) there exists a BAS'’, Be A such that P'(B)=p.
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We shall prove the following proposition, which implies the statement of Theorem 1
fairly easily:

Proposition. We have

(4.3) ECBL, TkX- 0 ks 1
(4.4) E(TATT, ..., Tk X) = Akr (k'S kg
(4.5) E{TK\Tx,  Tk.i) *» CIX{AKI {Kk” K)

where Cxxdepends only on a, c.

To deduce the theorem from the proposition, let us first assume that (4.4) and
(4.5) are also valid for every kSi and apply Lemma 1 for thl? sequence 7j, T2, ...

with f(x) =xe where 1is a suitable constant. Put Bk=_2_Air, then the general
=j

term ofthe series in (3.1) can be majorized by

B-2Cu (Ann2 ~ (C12nr+)~2eCxx(Anr2 ~ C13n2r (r+1)2i.
Here 2r—(r+ 1)2g ——=2 if p->1 thus we can choose g in such a way that the
series converges. For such a o the lemma is applicable and we obtain (using also
Lemma 6) that there exists a probability space (Q, SF, P), a sequence Xx, X2, ... of

r.v.-s and a Wiener-process £(t) such that the sequences Xx, X2, ... and wm, w2, ...
are equivalent and

(4.6) VI+..+Vk=CBR+o[bY "0 as.
where Vk= 2 Xtand ho is a positive constant. We can also assume, without loss
of generality, that j . If (4.4) and (4.5) are valid only for « s k o, then instead

of (4.6) we obtain Vx+ ... + Vk=t,{B'K+0 " -"Q where Bk= iEE-ST?\TX v 10D,
But Bk—Bk=0{1) and Bk~ Bk. hence the Borel—Cantelli lemma vyields £(BK)—
—C(5t)=o(log k)=0 [} 2 and thus (4.6) is valid also in this case. Put now

sn= 2 xi> K = 2 xt, Dk= 2 nr+ 2 n«l-* ~ cuk'+1.
i=l €]k i=1 i=l

Using the Markov-inequality, Lemma 3 and the fact that the sequences Xx, X2, ...
and wni, w2 ... are equivalent, we obtain

pW I s WK*+5 = p(|71] » WBK*+)
s Mil 20(r +1) E([7142) ~ || Y 241 (CeM ~+c7A + 3 2p]
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for every 6> 0, p> 2. Here

S CITKH)2+™ 20  C, A2+D+-1-)

by the first relation of (4.1), hence, choosing p large enough, using
N = AK'™A-N
and the Borel-Cantelli lemma we obtain
Wk = O (ni|2+4) = o (k (I §(2+i)) forany O> 0.
This implies
K'+...+K' = 0(krd B(a +8)+))

and if we choose Ssufficiently small, we obtain

_ Vi+...+VK = 0(kyr+l)
i.e.

4.7) K+ ... +Vk= |2_ixi+°(ky<r+1) a.s.

where y0=1/2 —e/4. A similar argument yields for every <5>0

P _:Eik b (D*-4)2+8) =(Dk-Bk) 20 2+ e(((=2+/»,) P s

(Dk—BK) B "°){ce(Dk-B kv +C7Dk" 3",
Using again
D = CIKr)H(l-gp, Dk—Bk = 2 ~«r(L) ~ CIHTL" )+,
choosing p large enough and applying the Borel—Cantelli lemma we obtain
4.8) %(I-ZXI— - Bk+|*.= O\I(Dk-B k):‘\”}=
O(kYo'+"

if 6 is also small enough. (4.6), (4.7) and (4.8) imply

49  Sk= BXI= L(BY+O0(KYO'+)+0(a)""Q = C(4)+°((T| as.

117

since Uor+ig&ia 8)=0(R2 4 by pa<t/& and the second relation of (4.1).

Relation (4.9) yields the statement of our theorem for the indices n=Bk.
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To deduce (2.2) for every n, let us observe that Bk+1"C 11kr+l, Bk+1—Bk~Akr
2 2

and hence (Bk+1—BKk)~1Bé+1log Bk+1~ C Iskr(2x~1)+2*log k which is o(l) by the last
relation of (4.1). Using this fact and the equivalence of the sequences Xk and wk,
we obtain from Lemma 5

max  |S,-SB & (Bk+1-B K2
tBk+ IS«SB k+1
I5BK+H-58,,[M B*+1-51*)r+ -2 (Bk+L-BK 2} S

B
S2P 2 Iy i(Bk+l-BK2+S

i=Bk+ 1 I

for sufficienilgl large k. The latter prok\)ability can be estimated by the above argument
....... 2p

I[using Bkriz”" A C1X Ar +)+H(-1~0pl and we obtain from the Borel-Cantelli lemma

max |S,—SB = O {(Bk+l—BKk)2 ) for every 6>0. By well-known proper-
Bk + 1Sm3sB k+1
ties of the Wiener-process

pl sup [C(/)-c(M)]s (B,+1-B,)2+§
S 2p (|ICNe+)-CNe )| = (Bk+1-B ky +d) = 4[1-® ((Bk+1-B Ki)] s
S @) UA*+1-A*)-rexp{-1(A*+1-9 "},

thus Bk+1—Bk ~ TAr and the Borel-Cantelli lemma yield

B<Sstg8k44 W -C(A)| = o((Bk+1-B K 2+)).
Here

(Bk+l M % 51r+X 4
where if Ois sufficiently small. Consequently, for any k”~k0, Bk+ 1L n"Bk+l
we have

\Sn- O/ S |SEk- QU+ max |S,- SB +

Bk+ IS»SB ktl

+ sup [T(0-C(/y| = OlbJ")+o0Uj _"=0iBfH =0
BkStSBk+1
where p=min ("0, /7. The last relation is identical with (2.2).

It remains to prove the Proposition. To this aim, letp and g denote the largest
integer of the interval Ak_kand the smallest integer of the interval Ak, respectively;
let further w, =rsrsrs— (s>s'>s"...). Then every Walsh-function appearing in
Tj, T2, ..., Tk- Xcontains only the Rademacher-functions rk, r2, ..., rs and hence
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every set of cr(77, T2, ..., Tk_1)4 can be obtained as a disjoint union of sets of the
form {rl=el, /[s=es}(ev= +1). Our Proposition, therefore, will follow if we can
show that

(4.10) f Tkdx=0 (k£ 2

and ;

(4.12) P(E)-1f Tgdx = Akr, P(E)-1J TE£dx =CkK{AKknN2 (k £ k0)
E E

for every E={rl-e1l, ...,rs=es}
To prove (4.10) and (4.11), we first remark that

(412) K_2!3l"‘
"k k—+
where /?=1—a—2e. Indeed, g= 2 Air+ £ rN4-1=3"cr+1 and hence by

(2.1), (4.2) and the second relatlon of 4.2) vve have
nei/n,, £ JJ (L +ci~*) £ 2 ci~*£ cq-“DE_J £
1=p i=p

£ c(3AKkr+l)-xA(k/2y~-~ = [c3“WI11-a2-r<l- B)ir<t- a-e>-“ £
£ 2fx = 2kRr.

In particular, nep£2 which implies that in the product form of every term of the
sum Tk= zéj<wn there appears a Rademacher-function rv with v>s. Let now

E= {rl—BI ,rs= B} and investigate a term wri=rn...r\ of the sum Tk= 2 wn
i 64jc
.on the set E. From the decomposition w,— I'I rvj’ M rvy (where the sejcond

product is not empty by our remark above) it foIIows that w,,=wtlwm where w,t
is constant on E (+1 or —1) and wnt does not contain rt, ...,rs. (Of course, can
be 0 if the first product is empty, but mf>-0 is always satisfied) Therefore, on the set
E we have Tk= 2 wn— 2 eiwni where gt=+1; observe now that 2 qiwm, is

ItAk
independent of E and thus we have for everyy£ 1, A:£2 1 *
(4.13) P")“lj Tldx = P(E)" 1f (2 etw,)ddx =f (2 QW Jdx
5 iiAKk

The indices are, in general, different from the nf's but we shall prove that they
also satisfy a lacunarity condition

(4.14) "rﬁiE i+42—'~‘ (t,t+ \ZAk, kmka
furthermore
(4.15) e g1+ S q-ny- (K £ KR

n,, -1l 2

4 ¢(Ti, Tr, .... ['*.)) denotes the cralgebra generated by Tu Tt, .... TK. k.
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This implies, in particular, that all the m?s are different (if kLLk") and hence, apply-
ing (4.13) withy=2, we obtain the first relation of (4.11). On the other hand, (4.14)
and (4.15) show that the sequence nlt n2, ng_x, mg, mg+1, mv (u is the largest
integer of AK) satisfies the lacunarity condition (2.1) with c/2 instead of c. Hence
Lemma 3, the third relation of (4.1) and

K K—
V=2 Air+2 Ai'V-v A 2Ak'H
-1 1=1
imply
2
E((, 0wmf) ~ C2UAKT +C2(2Akr+])2a#log (2Ak+]) s CZk2 s CZAKNZ

By virtue of (4.13), this yields the second relation of (4.11). Finally, applying (4.13)
withy=1 we obtain (4.10), and this is valid for every k"2 since here we do not
need (4.14) and (4.15), but only (4.12).

To obtain (4.14) and (4.15), let us observe that wit=w,t(wt) ~ 1=w,,Ilwu and hence,
by Lemma 4, ni—ti*nii*ni—+ti. Now w,p=rsrs-rs«... implies 2s-1, further-
more w,tcan contain only rlt..., rsand thus 2s. We have therefore q” 2np, i.e.
\ni—mi\-&2np for every i£EAK. Hence

m.+i-m, [I+-Ji_* = (»»+-m,)-
— (nt+i —n,) —4np— —cnpt~*  n,ct x—4np—

—cript * -4 np-cnpt~x

for every t, t+ 1EAK. Here cenjnp”2ckly by (4.12) and for any tEAkwe have (So0S
N2 AKrHl e, &x+2cM8(2AKkr+l)x+2cMC 2ik (r+)x<2cklr for k~kx by the last
relation of (4.1). Thus c-ngnp—8tx—2¢>0 and (4.14) is proved. A similar argument
yields

e 1+T (O -  nu(q-1) a ; 0s=2— 2(g-1Y >0

for sufficiently large k, hence (4.15) is also valid and the proof of Theorem 1 is
completed.

5. 8§ Some limit theorems for lacunary Walsh-series

In this paragraph we mention some consequences of Theorem 1 To obtain
these results, we remark that (2.2) implies

(5.1 .max \Sk-t(k)\ = O (nT_") as.
iSIS«

where
Sk —Xx+ ... + Xk.
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Definition. Let Y1r¥2, ... be a sequence of r.v.-s, SN=Y1+...+YN (S0=0)
and let XnO) denote the random function defined in [0, 1] which is linear in every in-
terval [(k—\)/N, k/N] (I"k~N) and xv(E/#)=&* (O"k”N). Put @n) =
=N~V2XN(t), \I/y(t)=(2Nlog log N)~il2Xn(0- We say that the sequence YItYt, ...
obeys the functional central limit theorem (invariance principle) if the sequence
<N (t) Of processes converges weakly to the Wiener-process in the usual sense, i.e.
the measures pN on the space C[0, 1], corresponding to the processes cpn(t), cOn-
verge weakly to the Wiener-measure. On the other hand, we say that the sequence
Yx, Y2, ... obeys the functional (Strassen-type) law of the iterated logarithm of the
sequence 1/N(t) is equicontinuous with probability one and the set of its norm-limit
points (in C[0, 1] norm) coincides with the set |

K —m[*(/): *(/) is absolutely continuous in [0, 1], x(0) = 0 and J x(t)2dt ~ Ij.
0

Theorem 2. Let nt<u2<... be a sequence of positive integers satisfying (2.1).
Then the sequence wk (k= 1,2, ...) obeys thefunctional central limit theorem.5

Theorem 3. Let ... be a sequence of positive integers satisfying (2.1).
Then the sequence wk (k= 1,2, ...) obeys thefunctional law of the iterated logarithm.

Theorem 4. Let n~n2"... satisfy (2.1) and put Sk= ié? wm- Then

max S.
liminf—2S4%8 = = = &

m—=> "VlloglogivV /8
for almost all x€[0, 1].

Definition. Let YXY2, ... be a sequence of r.v.-s, 5,=Y1-|-..+ Yh. We say
that a function (pin) belongs to the upper class with respect to Y1ry2, ... if as.
there exist only finitely many n such that Sn>fh g>(n); furthermore, we say that
(pin) belongs to the lower class if the inequality S,,>fn<p(n) is satisfied for infinitely
many n a.s.

Theorem 5. Let nx-=n2<... satisfy (2.1) and let tp(n)>0 be a monotone in-
creasing function. Then cp(n) belongs to the upper (lower) class with respect to w,k

if and only if the sum 2 ~ (P(n)e 2~ converges (diverges). In particular,
n=1n

1
4

(pin) = 2 log2n+y log3n+ logdn+ ... + loglc 1« + (1 +e)logkn

belongs to the upper class if e >0 and to the lower class if eSO6

Theorem 2 follows immediately from (5.1), Theorems 3 and 4 follow from (5.1)
and well-known theorems of Strassen and Chung (see [2], [5]). Finally, Theorem 5
follows from Theorem 1by an argument similar to the one used in [1], pp. 337—338.

5 See footnote 1
* log2n=log log n, logkn=log (logk_, ri).
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6. 8 Remarks

L In the case a>1/2 Theorem 1 is no longer valid; in fact, for every a>1/2

there exists a sequence nyo t2<... such that nk+l/nk=\ +k~a but the central limit
theorem does not hold (see [3]).

2. A special case of Theorems 2 and 3 (a=0) is proved in our paper [6] by a

different method.

(1]

(2
Bl
[41
B3]
(6]
17]
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TWO LOWER BOUNDS FOR LYAPUNOV TYPE FUNCTIONALS
by

A .ELBERT

We consider the differential equation

@) y"+p(t)y =0
where p(t)>0 for /=-0. Let t0=0, tIf ..., t,, be the consecutive zeros of a solution
y(r) of (1), and let be the zeros of y'(t) with t0< t [ <r,,.

It is easy to see that y'(t) has no more zeros on [, r,]. We say that the function
p(t) belongs to the set of functions C.[?0;n] (v=-0) if p(t) is nonnegative, non-
decreasing and [p{t)]vis concave on [/,, t, Similarly, p(t) belongs to CVr0; n—L}
if p(t) behaves in this way on [/,, t,]

Now we are interested in finding lower bounds for the Lyapunov type func-

tional
tn

(2) 1, = L(p) = (t,,~to f p(t)dt
i

if pZCv[t0; n]. The upper bound is already known (see [1]—{3]). Concerning the
lower bound we mention an inequality due to A. S. Galbraith [4] which asserts

th
K = ((,-'[) f p(t)dt s (n- 1)2n2

for nonnegative, nondecreasing and concave p(t) on [t[, tn]. This yields as an im-
mediate consequence the estimation /,,>(«—)2A2 for /rECV[f,;«]. A little later
J. H.  .Conn [5] showed among others the relation

I 1Aav+ 1

€) Lip) N~ \n+l 741 for pecVv[io-n]
In [6] we have found the inequality
o ( 1
J ipit)ydta yi-— n+j for pecV]to;n],

where jfl is the first positive root of the Bessel function J,,(z) of first kind. Applying
the Cauchy—Schwarz inequality we get

@ n—jl n+j for p£CV[t,\ti\.
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Since j 2=1-243046... , the lower bound in (4) is likely sharper for v~ than
Lly

the one in (3).

From now on we restrict ourselves to the case v=I and r0=0. The latter means
no restriction at all, because the functional In(p) is invariant under the linear trans-
formation x=t—0.

Theorem . With the above notations, the inequalities
31/2
15) h(p) Wo— 1N+ —2~J +
and
(6) jl n2+C”n-j)n +jj2

hold for p£.Cx[0;n], where C=2.74964... is defined by
: 1T
C= min T\p(T) + f P(t)dt {T=td
yp (T) d

Pecg Y |
The constant C in (6) is the best one.
Remark. Since C>2 (3/2/4) j 2=2 «1.31844... the lower bound for In(p)
given in (6) is sharper then that in (5).

Proor. Because the functions twice continuously dilferentiable and concave
in C1]0; n] are everywhere dense in Cx[0; v, it is sufficient to consider only these
functions while we must take care of the inequality signs in (5) and (6).

Let us introduce the function cp(t) defined by

) téep() = ~y"ry , Vig)=0.
The properties of cp(t) are dealt in [7] and now the followings are required:
8) t)y=in i=0,1 ..n
<P(ti) = [*—j] 1 i=1,2, ..,n,

9 H= P+ sin 2tp
(10) g >0 o< &

Fit)y =J P sin2<p(mMdx£ 0 (t" QO
(11) ®) J p(T) t" 0
(12) Fi)™ FtH) (= 1,...,n-1)
(13) O©<e < >
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Let pAt) be defined by
\p{t) 0StSxStn

<,4) AT » o *

It is clear that pxC.Ci[0; n]. The differential equation (1) with p=px(t) has solution
yx(t) with the initial conditions yx(0)=0, y'(0)=y'(0), whose n-th zero is t, x.
Determine the functional In{Px)- Now px(t) is twice continuously differentiable
on the intervals (0, x) and (x, °°). By the aid of (7) with p=px{t) and y=-yx{t) we
can define the function gx{t). Of course, x(t)=cp(t) for O&/ jc and ({t) is
continuous on [0, °°). By (9) gi{t) =\p{x) for t>x, hence integrating <p'(t) from x
to tnx we have

nn-cp(x) = }p(x) (t.%- X),

i.e.
L m—(p[)
YP(X)
and
(15) In(PX) = (nn-g>{x) +x \p(x) )\nit-g>(X) . f p{tydt = J(x)
\P(x) 0
(0 —" —hi)-

It is clear that /(?,)=/,,(/>) and ¥(0)=n2n2 Next we shall show the relations

(16) In{fp) =J{tn S AO ~ At'n-i) » ... S AO-

By the aid of (9) we can differentiate J(x), thus

J 1 X J
a7 J'{x) = - -sin2p(nk-cp +—p 2(x) f p{t)dt+~xp* {x) +

+{nn-(p)[xp2(x)-p 2(x)j p(t)dt)

Here the second term in the brackets is nonnegative because OScpSnn and p(t)
is nonnegative and nondecreasing. By (8) and (10) (n—) n(p(x)Snn on [t,, t,],
and sin2<p”0 there, and /'(*)—0, i.e. J{tn=3{t,,).

Now we consider the interval [0, f,], where cp(x)S{n—8$)n, hence nn—cp”
én/2, thus

(18) y'W A £ —Nnsin2@—{<p-f |Pdt)+

+(/ pdt--fp 200 pdt- Lxp2(g

1 1 g 1

+T pi~P */ Pd) ';; —STSin 2<P-\fi+h\+ A {xp2-P 2f PdI)j.
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From (9), (11) and (13) we find easily
X X r X
0 —\ =gf ﬂb—st(pdt a |l AJpL—Zt\pdt =x]/p - Jf \pdt=

! b'p(x) - IPU)~\dt.

X

. __ijg \PW - 2 (p () ip(t) +p (<] dt =

=- o gaf dp(x) -\p (t)fdtis-i- f (ip(x) —ip())dt,
R’

hence

y (-P2-/* 2¢ pdt)-lil-l/alr™- [(V > (*)-~(0)~-/i-]|/12]| §
z o z 0
= (y-yj /! (//IK*)- VvIKO)dta O,

thus by (12) and (18) for i=1,2,..., u—1

i+l /
= —nnJ j-s'm2(pdt = - 2nn(F(t'i+1)- F(t')) £ 0.
A P

which proves (16).
Let T=t[ then by (15) and (16) we have

(19) JAP) = |«-yj *2+ o(p) |"~V] n+TJ p(lIt’
where
| t
(20) HP) = T\p(T) + m f pdt.
\P(T) O

To prove (5) and particularly (6) we shall make use of an inequality due to
D. Banks [8]: Ifp(t) in the differential equation (1) is nonnegative and concave
on [a b\, where a and b are two consecutive zeros of a solution of (1) then

® 9
(b-a) j pdt m—/22.
Let ) te
_blr) 0
~\p{2T-t) T7Str2T.
The symmetry ofp*(t) with respect to t=T together with y'(T) =Q implies that the
function
\y(t) O MAT
\y{2T —) T rtr2T
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is a solution of the differential equation y" +p*(t)y=0. Whence the inequality of
Banks states that

1) orf prat =atd pataTi .
0 0 z 3

If we apply the inequality between the arithmetic and the geometric means we
have in (20)
T 1
o (p)2(7 [ parj2,
thus by (21) and (19)
L(P)

which is the same as (5) but the equality sign. The fulfilling of the equation here

requires the equality between the arithmetic mean and the geometric mean both
T

used above. This equality can occur only in case when T"|:TT)= \/yﬁ f pdt,

0
i.e. when /?(i) = const. However, for p(t) = const the value of 1,,(p) is «212 which is
larger then [(n—£) A+3//8-j 2]2thus (5) is proved completely.

Now we shall seek for a function /~(iJCCJO; £] which minimizes the func-
tional If(p). It is clear that there is such a minimizing function. Let >»?) be a
solution of (1) with p=p(t) which fulfils the conditions j(0) =0, ~'(0)"0, and let T
be the first positive zero of j'(*) =0 The function p(t) need not be twice con-
tinuously differentiable anymore but it is nonnegative, nondecreasing and concave,
therefore it can be written in form

]
@) mo=£mmmwx

where the integral is taken in Lebesgue—Stieltjes sense and
QY =1 o0~t~ T
0s t~ X
(23)
xs tA T,

and T(£) is a nondecreasing function bounded above with, say, '(£)=0 for
It is clear that if e>0 then />+eex€C1J0;*] and by the definition of p(t)
we have

4 o = Im 0P+ B (p) 5 0

We must evaluate this function. Letycbe the solution of the differential equation
(25) y"+ (p+egdy = 0
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with the initial conditions j H0)=0, ye(0)=y'(0). Let T(e) be the corresponding
zero of yt{t). Now y£(t) can be written in the form

N = 2,m4n(),

where tl)(t)=y(t) and f]n (ji= 1,2, ...) fulfils the differential equation
Un+PlMn = -Q.rVn-1

and the initial conditions are ti,,(0)—t]'(0)=0. Solving this differential equation via
method of variation of coefficients we obtain

(26) t]n = Crp +d11y’ t]n = Cry + d Wn:
where
I r
) = 5 §
dn{t) = --—-- / exOOl—In rcodan* («= 1.2, ..)

and >>(/) is another solution ofy" +py=0such thatj andj are linearly independent,
and w=w(t) is the wellknown Wronskian yy' —y'y= const"0. Thus by (26)

LM jim z sWAT) = »fi(l) - Y(T)N(T) =

£-0 £ £-0 n=1
=-2z"p- f QAt)y\t)dt,
"

and otherwise, by the mean value theorem

£0 R £%0 3 =T (N ||m-.r'._?_)_____ (T)yglrc}T(O)

The Wronskian w taken at t=T supplies w=y{T)y'(T) and combining this with
the last two limits, we have

d
@) ©  pmynd QOO

Before going further we show that /i(r) is constant on an interval [T—8, T]
with <5>0. Let {Am)(t)}*“=1czC1[0; be a sequence of twice continuously dif-
ferentiable functions satisfying

(28) lim pare() =p(t) 0=t T
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We denote by q(m and ¢ the corresponding functions, by T<n) the value of t at
which (p(m)(t) =>7/r > ax et P be defined as px in (14). Now we can determine
'APim) like 1,,(px) in (15),

(29)
1 *
<W4T>) = n—29MX) +xYpM©) +y===rJ pHt)dt for 0gr s T,
hence
(30) Mgk )] = I sin2(pim)+x* ~ /[ p(m)dt m

The sum in the brackets has the limit
g(x) = - sin2p(X) + x Yp(x) —- = f p(t)dt oA XS T.
fp(x) d
as m-m  Since p(i)*const, g(T)>~0. Then there is a <5>0 satisfying g(x)>} g(T)
on [T—S, T]. Hence by (28) and (30) we have for m>maand T—b"x<T
Jim)
*<Hn>-«*e)m f
Letting »1—» it follows
o M IHP)-iHpX) s lognf - o
i.e
(31) p(x) =p(T) for T—asr<T, &a=0.

By (27) I'(e)<I" when e>0 small enough. Then by (31)

aPre). A, 1= +AT-T)

2 YP(T

f pdt+ f xdt+0(e2,
2% (T) i) s
hence by (24), (27)

(32) YpYT)®P(x) = -~y / ex?dt+ f Qxdt+ oj~ ZZMIT')JP dt-
The most important property of ®(x) is that it is strictly convex on [0, T].

To prove this we differentiate twice the function ®(x) given in (32) making use of
(23), then

APIT) d"(x) = — 2(M) f 2t[f(x)-f(t)]dt for 0< X< T
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and since j(0)=0 and p(? "0 on [0, T), the function y2(t) is strictly increasing
therefore ®"(x)>0 on [0, T).

Let us extend the domain of definition of p(t) from [0, T] to [0, °°) by p(t) =
=p(T) for 1= T. Then a simple consideration shows that the relation (24) can be
generalized as follows. If y(x) is a real function of bounded variation on [0, 7] and

T
e(0 = f Bx(t)dy(x),

then

(33) lira Noe +<*>-Ne> = dyw ,
e-*+(0 £ f

while we must assure only that the functions p +sg belong to C\[0; 4] at least for
small positive e's and ®(x) as same as in (32).

Concerning ®(x) we shall prove that ®(x) vanishes exactly at one point x0£[0, T].
Since @ (x)"0 and strictly convex it may have at most one zero. If ®(x) would
have no zero then it should be positive on [0, T]. Then choosing q(() = —p(t)
in (33) we would have by (22)

lim »((1-«Y>-Ne> = (t{i)dm) <0,
e-0 £ f

thus for enough small e>0 it would be i//((I —)y5=i/z(/?) which would be a con-
tradiction to the definition of p. Hence ®(x) is strictly decreasing on [0, xq and
strictly increasing on [x0, T].
When x0>0 then let xL£ (0, xQ be such that " (x) is continuous at x=x1and

we take .

Xi

e(0 = - f ex@®)dr (¥.
0

It is clear that p+eg£C1[0; thus by (33) and by the above mentioned property
of ®(x)

0~ S“TO n +eE‘%E)~’\(E) —fP hX)dr(x)s - Ox)[M(x9- (-0,

i.e. '(—0)=T(x). Since I'(x) is almost everywhere continuous we have T (—0)=
=r(x0—0) and similarly T(x0+0)— (I'+0), therefore by the notation

y=T(x0+0)-T(x0-0) p(ts) = ySxo(0-

The transformation t=\x]Jy s turns the differential equation of y(t) into the
differential equation of T(5) =Vy(t) of the form

(34) Y"+p(s)Y= 0,

where
f5 0”NMNsS J

B =1g s ¢
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By a simple calculation we could show that the functional d(p) is invariant
under this transformation. Now we have only one parameter, a. If we take p(m)(t) =t
in (29) we obtain for our case in (34)

OF) = n-2(p((T) +—a2 = K(a),

where ¢0) (according to (9)) is the solution of the differential equation

(34) sin2(, ) = o.

The function K(a) has only one minimum, i.e. K'(a) has only zero, if fpranges
over [0, /2. On [0, zr/4] we have sin 2(p™4/n)<p and by (34) <> fu, hence

sth2&p > ﬁ cb,

thus
L} I g - 4
K'{a) 4 oS 2(p 3
On the other hand, the function oK'(0) is strictly increasing if n/4S(p~n/2 and if
a (and (p also) increases. At p=j/2 K'(d)>0, therefore there is exactly one zero
of K'(p), at which K(0) assumes its minimum. This value is denoted by C in Theorem.

We remark here that there is an interval where the minimizing p(o) is constant.
Taking into consideration that in (21) the minimizing function for the functional
T

m <0 for fi>0, (p(ff)<TT,

T J pdt has no interval where it would be constant (see [8]), we see, that (19) and (21)

0
proves (6) and thus our Theorem is proved completely.
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LOKALE WERTE UND GRENZWERTE
VON PREDISTRIBUTIONEN*

von
A.-M. SANDIG

Zusammenfassung

In Abschnitt 1 wird die Konvergenz einer Folge von Predistributionen definiert
und gezeigt, dalR diese dquivalent zu der von E. Berz in [1] gegebenen Definition
der Konvergenz einer Folge von linearen Funktionalen Uber D, dem Raum aller
reellen, beliebig oft differenzierbaren Funktionen (ber R mit kompakten Tréger,
ist. Weiterhin wird ein nichtstandarder Beweis des standarden Satzes uber die
Agquivalenz von starker und schwacher Konvergenz von standardén Distributionen-
folgen gegeben.

Der Abschnitt 2 beschéftigt sich mit dem lokalen Wert einer Predistribution
in einem endlichen Punkt. Die Definition des lokalen Wertes lehnt sich stark an
den von S. Lojasiewicz in [2] gepragten Begriffeines lokalen Wertes einer standardén
Distribution an. Die Aquivalenz der beiden Definitionen im standardén Fall wird
in Satz 8 bewiesen.

Das bestimmte Integral einer Predistribution wird in Abschnitt 3 mit Hilfe der
lokalen Werte definiert. Es wird ein hinreichendes Majorantenkriterium fir die
Existenz des bestimmten Integrals und ein Satz Uber die Vertauschbarkeit von
Grenzwertbildung und bestimmter Integration einer Folge von Predistributionen
bewiesen.

0. Es sei ein geeignetes nichtstandardes Modell héherer Stufe der Analysis,
in welchem wir die folgenden Uberlegungen ausfiihren kénnen, und 9l ein standardes
Modell der Analysis (vergl. [4]). Befinden wir uns im Modell *3, bezeichnen wir,
wenn es zu Verwechslungen fiihren kann, die entsprechenden Begriffe und GroRen
mit einem Stern. GroRen, Begriffe, Mengen, Funktionen ... nennen wir Standard,
oder sagen ,,im standardén Sinne*, wenn sie im Modell 9l definiert sind und in *9/1
beschrieben werden.

A. Robinson filhrte in [4], Abschnitt 5.3, Predistributionen folgendermalen ein:
Es sei Q die Menge aller inneren reellen Funktionen J'(x) einer reellen Variablen,
die Uber jedem beschrénkten Intervall im * Sinne von Lebesgue quadratisch integrier-

bar sind, und fiir die das folgende * Lebesgue-Integral *fé(x)tp(x)dx fur alle

cp(xX) aus dem Raum D der reellen Schwartz’schen Grundfunktionen einer reellen
Variablen in 971 endlich ist. In Q wird eine Aquivalenzrelation eingefiihrt: Zwei

* Herrn Prof. Dr. I. Fenys, z.z. an der Universitdt Rostock, gilt mein Dank, da er mich
auf diese Thematik aufmerksam machte und durch zahlreiche Hinweise zum Entstehen der vorliege-
den Arbeit wesentlich beitrug.
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Funktionen ffix) und /2(x) sind genau dann zueinander &quivalent, wenn fir alle
P¥(X) aus D gilt

f 11 (x)Rx)dx =1 f/2(X) @(X) ifx.

*R *R

Hierbei bedeutet das Zeichen=x ,gleich bis auf eine infinitesimale GroRe", und
*R ist die nichtstandarde Erweiterung der Menge aller reellen Zahlen in *9M [4].
Die so definierten Aquivalenzklassen werden Predistributionen genannt. Wie A. Ro-

[4] zeigte, definiert jede Predistribution = = ¢/2(x); ein lineares Funktional
T T(a) tUber D im Modell

0.1) (T,ep) = ° [FEx(X)<p(x)dx\.

Hierbei ist*C*) eine beliebige Funktion aus der Aquivalenzklasse a. Durch °[ ]
bezeichnen wir den Standardteil einer endlichen Zahl aus *R. Andererseits kann man
jedes lineare Funktional T Uber D durch ein im allgemeinen nichtstandardes Polynom
p(x) darstellen:

0.2) (T,cp)=fp (x) P(x) dx.

*R

Da p(x) in einer Predistribution liegt, folgt aus (0.1) und (0.2), daR die Menge der
Predistributionen und die Menge der linearen Funktionale Uber D algebraisch
isomorph sind.

Wir sagen, daR eine Predistribution a eine standardé Distribution ist, wenn
das durch (0.1) definierte zugehorige lineare Funktional standard-stetig ist.

Im Raum der Predistributionen kann man einige Operationen (vergl. [4], [5],
[6]) definieren, u. a. die Differentation und die unbestimmte Integration: Die Ab-
leitung einer Predistribution a ist die Predistribution y, y=x', die die Ableitungen
der * differenzierbaren Funktionen aus a enthélt (jede Predistribution enthalt
mindestens ein Polynom, also insbesondere eine * differenzierbare Funktion).

Jede Predistribution B, deren Ableitung a ist, wird unbestimmtes Integral von
a genannt; 7= a(_1) enthalt gewisse unbestimmte * Integrale der Funktionen f x(x)
aus a.

1. Konvergenz einer Folge von Predistributionen

Definition 1. Eine Folge von Predistributionen {a} konvergiert genau dann zur
Predistribution a, wenn fir alle caaus *N—N a@=d ist. *N ist die nichtstandarde
Erweiterung der Menge der natirlichen Zahlen N in *371 Eine andere Definition ist
folgende (vergl. [1]):

Definition 2. Eine Folge von Predistributionen {a,} konvergiert im Raum der
Predistributionen, wenn die standardé Zahlenfolge

fenp = °[ f f,(x)(p(x)dx]}
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flir eine beliebige Funktion <p(X) aus D im Ublichen Sinn konvergiert. Hierbei ist
f,,(x) eine beliebige Funktion aus a,,.

Satz 1. Die Definitionen 1 und 2 sind &quivalent.

Beweis, a) Die Folge {a,} konvergiere nach Definition 1. Betrachten wir ein
positives e aus R. Es sei Me die innere Menge aller Zahlen nO aus *N, fir die fir
alle «>n0Funktionenf n(x) aus a, existieren, so daf}

P f ffix)<PO)dX\ -°[ f f(x)<p(x)dx]\ < e

ist fir eine beliebige Funktion g>(X) aus D. Hierbei ist f(x) eine Funktion aus a.
In Me liegen alle Zahlen n0aus *N—N. In [4] wurde bewiesen, daB jede nichtleere
innere Menge von Zahlen aus *N ein kleinstes Element besitzt. Dieses kleinste
Element gehdrt zu N. Wir bezeichnen es mit nt. Damit haben wir folgende Aus-
sage erhalten: Zu jedem e>0 gibt es ein n~N, so daf fiir jedes n mit gilt

\env-c<p\ < e
Hier wurde

=°[ f tp(x)Hx)dx\

gesetzt.
b) Die Folge {a} konvergiere nach Definition 2. Die Folge {c,Vv} habe den
Grenzwert cv. Eine standardé Zahlenfolge konvergiert aber genau dann, wenn
QP
fiir alle waus *N—N ist. Die Zahlen cLL haben die Darstellung
+@®

ca,v ="/ FfmXx)<P(x)dx]

Damit sind die Funktionen/ w(x) aus Q und liegen in ein- und derselben Predistribu-
tion, die wir a nennen.

Die Konvergenz ist mit der Differentiation und Integration in folgendem Sinn
vertréglich:

Konvergiert die Folge von Predistributionen {a,} zur Predistribution a so
konvergiert die Folge der Ableitungen {<} zur Predistribution a' und eine Folge
von unbestimmten Integralen {a* 1)} zu einem unbestimmten Integral a( 1) von a.

In der Standard-Distributionentheorie gilt folgender Satz, der von mehreren
Autoren, so z. B. von Mikusiuski [3] und Berz [1] bewiesen wurde. Wir geben hier
einen neuen nichtstandarden Beweis.

Satz 2. Eine Folge von standardén Distributionen {a,} konvergiert genau dann
im Raum der standardén Distributionen, wenn sich die a, aufjedem beschrénkten
Standard-Intervall | infolgender Weise charakterisieren lassen:
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1° Es sei (p(x) eine beliebige Funktion aus D, deren Trager in | liegt. Dann gilt
flir eine beliebige Funktion f,,(x) aus a,,, dal

+@ Jm
°I /' f)<{=()dx\ = (-1)* f F,,()(pw (x)dx

ist.

2° K ist eine Zahl aus N und hangt nur von | ab.

3° Die Funktionen Fn(x) sind aufl standardé Funktionen, die dort im standardén
Sinne stetig sind und gleichmaBig im standardén Sinn konvergieren.

s .w eis, 4) Notwendigkeit. Konvergiere die Folge von standardén Distributionen
{«.} gegen die standardé Distribution a. Betrachten wir ein abgeschlossenes standardes
Intervall I und eine Funktion <p(x) aus D, deren Tréger in / liegt. Nach dem so-
genannten Darstellungssatz firr standardé Distributionen gilt furr eine beliebige Funk-
tion f(x) aus a, daf

°[If(x) (p{x)dx\ = (-1)" f FXx)g>I(x) dx
* i

ist, wobei / ein Zahl aus N und F(x) eine standardé, im standardén Sinne stetige
Funktion ist.

Betrachten wir die innere Menge Mxaller Zahlen nd*N, fiir die es Funktionen
f n(x) aus a, gibt, so dal

Mfn(x)g>(x) dx] = (-l)'I fFE n(x)(pl(x)dx
*i

ist, wobei F,,(x) im standardén Sinne stetige, standardé Funktionen sind. Zur Menge
Mx gehoren alle Zahlen aus *N—N. Jede nichtleere Menge von Zahlen aus *N
besitzt ein kleinstes Element [4]. Dieses kleinste Element mu aus N sein. Wir be-
zeichnen es mit n0. Fir die in den Predistributionen am m<n0, enthaltenen Funk-
tionen f m(x) gilt

W T>M 6 = (-1)5 1 Fridpvme() dx,

wobei /,, Zahlen aus N, und Fm(x) im standardén Sinne stetige standardé Funk-
tionen sind.
Es sei k= hfax (.-, . x ist eine Zahl aus N und fiir alle n£*N gilt, dafi3
=1...m

+00
I fn0) #X) dx = (-1)KF F, () (W0 dx

ist.

Weiterhin gilt folgender Satz [4]: Eine standardé Funktionenfolge {/,,(x)} kon-
vergiert genau dann gleichmaBig Uber einer Menge MaR, wenn fir alle x aus
*M gilt

/<o(X) =V<N1x) fur alle co, c0 £E¥*N—N.

Die Funktionenfolge {F,,(xX)} genugt diesem Satz.

Stuaia Scientiarum Mathematicarum Hungarlca 9 (197i)



LOKALE WERTE UND GRENZWERTE VON PREDISTRIBUTIONEN 137

b) Hinlénglichkeit. Betrachten wir eine beliebige Funktion <p(x) aus D. Der
Tréager von <p(X) befindet sich in einem abgeschlossenen standardén Intervall 1. Fir
eine Funktion fn(x) aus a,, gilt, daR

= O[*Ii f()(p(x) dx] = (-1)* If F.<p<k>(x)dx

ist. Die Folge {F,,(X)} konvergiert gleichméRig zu einer standardén im standar-
dén Sinnj stetigen Funktion F(x), und daher konvergiert cnd> zu cp=
=

=(—1fk- (x)<pw (x)dx Im standardén Sinne.

2. Der lokale Wert einer Predistribution in einem Punkt

Die in diesem Abschnitt gefiihrten Beweise beruhen teilweise auf Beweisideen,
die von A. rosinson in [4], Abschnitt 5.3, entwickelt werden. Es sei a ein Element
aus */?. Die Menge y(a) —{x£*R: x=xci} heilit Monade von a

Definition 3. Eine Predistribution a hat im endlichen Punkt x0aus *R einen
lokalen Wert, wenn es zu jedem 2 aus 1(0) eine Funktion /[ x) aus a gibt, so dal}
fir alle X aus einer standardén Umgebung von Null

1A2x +x0 =jC
ist. Hierbei ist C eine Konstante aus *R.

Definition 4. Eine Predistribution a hat in + °° einen lokalen Wert, wenn es zu
jedem positiven unendlichen r aus *R eine Funktion f' (x) aus a gibt, so daB fir
alle x aus einer standardén Umgebung von Null gilt

IAx+r)=IC,
wobei C eine Konstante aus *R ist. Die Definitionen 3 und 4 sind unabhéngig von

der Auswahl der Funktionenmengen {/fx)}; bzw. {/4x)}r. Das konnen wir wie
folgt, einsehen: Nehmen wir an, daR die Funktionenmengen

waod = {/a*)} und WX'd = {/Ox)}
aus a der Definition 3 gentigen, wobei flr die entsprechenden Konstanten Cxund C2
aus *R gelte, daB Cj*Ca sei.
Die Funktionen ff(x)=f*(x)—4 x) befinden sich in der Predistribution vy,

die die Funktion/,(x) = 0 enthalt. Betrachten wir die innere Menge M aller Zahlen
Vaus *R, flr die eine Funktion /[ x) in y existiert, so dal}

Ivx+X)>j (Q-C*) =jc

fur alle x aus einer standardén Umgebung von Null mit dem Radius s ist. In M
befinden sich alle infinitesimalen Zahlen. Da aber eine Monade keine innere Menge
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ist [4], muB in M mindestens eine Zahl a*O, a aus R, liegen. Es sei <p(X) eine Funk-

tion aus D mit
supp (p(x) cz (—€iE+x0, ae+x0),

+

@Xx)S 0 Jm(p(x) dx = 1

Fur diese Funktion cp(x) gilt, daf

+@® 1
f fy X)(p{x)dx > —C

ist, was im Widerspruch zu der Annahme steht, daB y die GDistribution ist.
Nehmen wir weiterhin an, daf} die Funktionenmengen

w~.d={;*)} und w,,iCt={/;(X)}

der Definition 4 geniigen, wobei fiir die entsprechenden Konstanten Cx und C2aus
*R gelte, dal C1—C2=Cuw10 sei. Die Funktionenfy (x) =f'(x) —"' (x) befinden sich
in der Predistribution y, die die Funktion/ y(x) = 0 enthalt. Betrachten wir die innere
Menge M aller Zahlen v aus *R, flir die eine Funktion f' (x) in y existiert, so dafi

[Ax+v) > i-C

flr alle x aus einer standardén Umgebung von Null mit dem Radius e ist.

In M befinden sich alle positiven unendlich groBen Zahlen aus *R. Diese
bilden jedoch keine innere Menge [4]. Daher gibt es mindestens ein endliches a aus
*R in M. Betrachten wir eine Funktion sp(x) aus D mit

+ @

supp<p(X) ¢ (—s+a, a+r), cpx) S 0, f cp(x)dx —1
Fir diese Funktion <p(x) gilt,

I fy(x)ep(x) dy > | c

was im Widerspruch zu der Annahme steht, daR y die ODistribution ist. Ahnlich
kann man zeigen, dall die Konstante C, die in der Definition 3 bzw. 4 auftritt, end-
lich ist:

Es sei x0eine endliche Zahl aus *R. Wir nehmen an, dafl C eine positive un-
endlich groRe Zahl ist. Betrachten wir die innere Menge M aller Zahlen X aus *R,
flir die eine Funktion /[ x) in a existiert, so dal

ILAX+Xx0) > |cC
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fir alle x aus einer standardén Umgebung von Null, mit dem Radius e ist. In M
liegt mindestens eine Zahl a*O, a aus R. IerGJDr eine Funktion <p(X) aus D, deren

Tréager in (—ar+x0, ae-t-x0) liegt, <p(x)"0, J <(x)dx= 1, erhalten wir, daf§

—00

f fa0peodx > jc

ist. Da aberf?(x) aus Q ist, erhalten wir einen Widerspruch.

Kommen wir zur Definition 4. Wir nehmen an, dall C eine unendlich groRRe
positive Zahl sei. Es sei M die innere Menge aller positiven Zahlen r aus *R, fir die
eine Funktion f'(x) aus a existiert, so dal3

Ar(x+r)>jC

flr alle x aus einer standardén Umgebung von Null mit dem Radius e ist. In M
Iie%eine endliche Zahl a. Betrachten wir eine Funktion <p(X) aus D, mit <p(x)"0,
+

J  (p(x)dx=1und supp <p(x)c(—e+a, e+a). Dann ist
° ]
fﬂf “X)(p(x)dx > -C ,

was im Widerspruch dazu steht, daR f “(x) aus Q ist. Um den lokalen Wert einer
Predistribution eindeutig festzulegen, fiihren wir folgende Definition ein:

Definition 5. Der lokale Wert einer Predistribution a im endlichen Punkt x0
oder im Punkt °° ist, falls er existiert, der Standard-Teil der Konstanten C, die in
der Definition 3 bzw. 4 auftritt. Wir schreiben:

< =°C] al, = "°[C]

Enthalt eine Predistribution a eine, im endlichen Punkt x0im standardén Sinne
stetige Funktion f{x), so hat sie in x0den lokalen Wert °[/(xQ]. Fur solche Funk-
tionen gilt namlich, [4], daB f(x 0+h)—Lf(x0Q ist, fir alle h aus der Monade von
0. A. Robinson definiert in [4]: Enthalt eine Pre-Distribution eine im standardén
Punkt x0 standard-stetige Funktion /(x), so hat sie in xOeinen lokalen Wert.

Folgende Sétze sind leicht zu beweisen:

Haben die Predistributionen a und B im Punkt x0 (x,, ist endlich oder °°) die
lokalen Werte a|m0 und R\Xo, so hat die Predistribution y—<x+ den lokalen Wert
xWO+R\X0. Hat die Predistribution a im endlichen Punkt x,, den lokalen Wert al>q
dann hat die Predistribution

B = w(x)e-a

in X0 den lokalen Wert B\xo=w(xQa\Xo. Hierbei ist co(x) eine Funktion aus C*,
der Menge aller standardén beliebig oft im standardén Sinne differenzierbaren Funk-
tionen.

Wir untersuchen nun einige Eigenschaften der lokalen Werte, die ebenfalls in
der Standardtheorie gelten und die flr die Anwendung von Interesse sind.
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Satz 3. Hat die Predistribution a im endlichen Punkt x, einen lokalen Wert,
so hat auch jedes unbestimmte Integral im Punkt xO einen lokalen Wert.

B.weis. FUrjedes A aus /x(0) befindet sich in a eine Funktion fi'(x), so daB
fi(Ax +x( =!C

fir alle Xaus einer standardén Umgebung von Null, U fQ0), ist. Es sei M die innere
Menge aller Zahlen vaus *R, fiir die eine Funktionfj(x) in a existiert, so daf}

[/avx +x0Q| < —\Q

fir alle x aus UHO) ist. In M befinden sich alle infinitesimalen Zahlen und damit
mindestens eine Zahl a” 0, aER. Die zugehdrige Funktion aus a bezeichnen wir
mitfj(x). Es sei a(_1) ein unbestimmtes Integral von a. In a(-1) liegt die Funktion

*i<on(x) = FfO(t)dt+ K,
0

wobei K eine Konstante aus *R ist. Fur diese Funktion gilt fiir jedes infinitesimale h,
hier /r>0,

\FL(-0 (xO+ h) —F*( 1 (xO] = i hf"(t) di\ < l|C|A =30
)

Damit ist FA-d(x) sogar standard-stetig im Punkt x0, und a( 1) hat im Punkt x0
den lokalen Wert °[F“-1 (x0)]. Jedes weitere unbestimmte Integral von a unter-
scheidet sich von a(-1) nur durch eine Konstante aus R und hat damit im Punkt x0
ebenfalls einen lokalen Wert.

Gleichzeitig haben wir folgendes Ergebnis erhalten :

Hat die Predistribution a im endlichen Punkt xueinen lokalen Wert, so enthalt
jedes unbestimmte Integral a(_1) von a eine im Punkt x0standard-stetige Funktion.

Satz 4. Enthalt eine Predistribution @eine Funktionf(x), die im endlichen Punkt
x0 standard differenzierbar ist und eine endliche Ableitung f\x ) besitzt, dann hat
die Predistribution a! im Punkt x0 den lokalen Wert n[f'(xO\

-w «i». Die Funktion f{x) ist nach Voraussetzung standard-differenzierbar im
Punkt x0und daher dort standard-stetig. Betrachten wir das Polynom

P o) =F(xO+f'(x0 (x-x0).
Es ist p(x)—(x)=12(x0Q—f(x)—10 fur alle x aus /((xQ und
P'(xX) = p'(x0) = f'(xo0)

Es sei F(x) eine Stammfunktion von/(x), die in Q liegt. Sie ist * stetig in [—e0, +c0],
U)d*N—N, und daher gibt es ein Polynom q(x), so daR

fix) =i q(x)
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fur alle endlichen x ist. Das Polynom g{x) ist im Punkt xO standard-stetig, und
g"(x) befindet sich in a'. Bezeichnen wir mit f das Intervall /a=[—Xe+x0, Ae+x{,
wobei X aus p(0), X*O, und e eine positive Zahl aus R ist. Wir zeigen, dal die Funk-

tionen 3
Ip{x) fur xC/A

igq"(x) sonst
in o liegen.
Es sei @(x) eine beliebige Funktion aus D. Es gilt

foo L0
Y (P(x) dx = T g\'*a(x)qd'(x) dx =
= f P{~D(X)(p" (x) dx + J q(x)<p"{x) dx =

=1 f g(x)<p"(x)dx =1 f g(x)<p"(x)dx = f g"(x)<p(x) dx.

*R-1x *R *R
Die Funktionen g;(x) genugen der Definition 1

Satz 5. Hat die Predistribution a in zwei zueinander infinitesimal benachbarten
Punkten Xj und x2die lokalen Werte Cr und C2, dann ist C1=C2

Beweis. Nehmen wir an, dal C2—Cx> 0 sei. Es sei § <5>0, eine Zahl aus R.
Wir betrachten die innere Menge Méaller Zahlen Xd*R, fiir die Funktionenf f (x),
ff_(x) in a existieren, so daf

Cr+ O> fxi(Xx+ Xj) > Cr-S
Co+0>ff(Xx+x2 = C2-0

fiir alle x aus einer standardén Umgebung von Null, t/c(0), ist. In Mt liegen alle
infinitesimalen Zahlen und damit mindestens eine Zahl a0 aus R, as™ 0. Wir wéhlen
nun $so, dal Cl+S<C2—S ist. Es sei <p(x) eine Funktion aus D, deren Tréger

[00]
in (—aas+x1Ir X!+aae)n (—ale+x2, x2+ade) liegt, ¢>(x)SO und j cp(x)dx =1
_m

Eine solche Funktion existiert immer, da x1= 1x2ist, und es ist

fmfxi(x) Px)dx < Cj+ 0

foo

f fxt (X) p(x) dx > C,-<5.

Da aber die Funktionen f xf (x) und ff(x) aus der gleichen Predistribution a sind,
erhalten wir einen Widerspruch.

Satz 6. Es seien a und B zwei Predistributionen, die in jedem endlichen Punkt x0
aus R die lokalen Werte a\M) bzw. \>0 haben. Wenn d\xo=R\xa fiir jedes endliche x0
aus CR ist, dann ist a=R.
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s .weis. Die Predistribution y=a.— hat in jedem endlichen Punkt x aus
R den lokalen Wert 0. Wir missen zeigen, dal3 y die O-Distribution ist, d. h., daB fir
jede Funktion &(x) aus vy gilt,
+

J K(X)<p(x)dx =!0 flr alle cp(xX) aus D.

Betrachten wir eine beliebige Funktion cp(x) aus D. lhr Tréger befindet sich in
einem endlichen Intervall [a b], (a, b sind aus R). Betrachten wir einen beliebigen
Punkt x0aus R mit a”x0=h. Es sei X eine Zahl aus /i(0). In y befindet sich eine
Funktion fx,,(x) mit der Eigenschaft, dai3

) fxM X+ X0 =i0
Ist.
Wir betrachten fir ein <5>0, 6 aus R, die innere Menge Mdaller Punkte v aus
*R, fiir die eine Funktion f x,,(X) in y existiert, so dal
[1;0(VX + Ad)j < &

fur alle x aus einer standardén Umgebung Ue, (0) von Null mit dem Radius s
ist. In Ms befinden sich alle infinitesimalen Zahlen und damit mindestens eine Zahl
00,a aus R,alto" 0.

Wir erhalten so zu jedem standardén Punkt xnaus [a,/;] eine standardé Um-
gebung mit dem Radius U2Xe04("0)> auf der eine Funktion aus y (z. B.

IXLI’(x)) dem Betrage nach kleiner als eine vorgegebene standarde Zahl 6>0 ist.
Nach dem Heine—Borel’schen Uberdeckungssatz bedecken schon endlich viele (im
standardén Sinn) dieser Intervalle das Intervall [a, b\. Wir kénnen also stets endlich
viele Bedeckungsintervalle Utx ,js(xB /=1,2, ..., «/ auswéhlen, die [ab] Uber-

decken und deren Gesamtlédnge nicht groRer als 2 (b—a) ist.
Jede Grundfunktion cp(x) aus D kann in eine Summe von Grundfunktionen
zerlegt werden

P = Z, <P,
wobei jede Funktion <p,(x) auBerhalb des Intervalls Uia(xi)=U!xa 6(xi) ver-

schwindet und
\oi\ A Max \ep(x)\
X

ist.
Sei k{x) eine beliebige Funktion aus y. Es ist

@ 0
3 kpoEdxi = 1 Tkw<pmdd = 2 f keoiedx
i=1

ri+06-2(b—a) Max |¢>(X)|.
X
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Dabei ist ] infinitesimal, weil die Funktionen &(x) und fxt'6(x) in der gleichen Pre-
distribution liegen. Die Zahl 4>0 war beliebig aus R gewahlt. Daraus folgt

+@
f kx)tp(x) dx =0.

Folgerungen aus den Sétzen 4 und 5:

1 Eine Predistribution a hat genau dann in jedem endlichen Punkt einen
lokalen Wert, wenn sie eine in jedem endlichen Punkt standard-stetige Funktion
enthélt.

2. Hat eine Predistribution a in jedem endlichen Punkt x0aus *R einen lokalen
Wert und ist dieser in den Standardpunkten xOaus R bekannt, so ist die Predistribu-
tion a eindeutig bestimmt.

3. Hat eine Predistribution a in jedem endlichen Punkt x0aus *R einen lokalen
Wert und sind diese bis auf eine Menge M von infinitesimalem * Lebesgue-MaRe
bekannt, so ist @eindeutig bestimmt. Es gibt ndmlich zu jedem Punkt XEM einen
Punkt y$M, der infinitesimal benachbart zu x ist.

Der folgende Satz ist ein hinreichendes und notwendiges Kriterium flr die
Existenz eines lokalen Wertes einer Predistribution in einem endlichen Punkt.

Wir bezeichnen mit Dt die Menge aller Funktionen (p(x) aus D mit tp(x)"0,

+ 00

f  <p()dx=1, supp <p(x)a UFO), wobei UFQ)={x: XE*R, |X|<£, e€7?+}ist.

—00

Satz 7. Eine Predistribution a hat genau dann den lokalen Wert C im endlichen
Punkt xn, wenn sieflr jedes X aus /r(0), A*O, eine Funktion f*(x) enthélt, so daR

10ff (Ax+ xn) standard-stetig in jedem Punkt x aus Ut(0) ist,

2° flir eine beliebige Funktion <p(X) aus Dr gilt, daf

I fi{x)\<p\*\dx=1IC
ist.

Beweis, a) Notwendigkeit. Wir Uberpriifen zunédchst 1°. Die Predistribution a
besitze in x0 den lokalen Wert C. Dann existiert fur jedes A aus /r(0), A™O, eine
Funktion ff(x) in a, so daR

fE(Ax +x0) =1C

fir alle x aus UfQ) ist. Da U f0) eine offene Menge ist, liegen mit dem Punkt x
auch alle Punkte x +h, h aus /z(0), in Ue(0), und daher gilt

fa (A(x +h) + 10) =1/ @(AX + X9.

Die Voraussetzung 2° ist ebenfalls erfullt: Es sei Aeine Zahl aus /t(0), A™O, (p(X)
beliebig aus Dc. Dann gilt fir eine Funktion/ai(x)€a nach dem verallgemeinerten

Studia Scientiarum Mathematicarum Hungarica 9 (1974)



144 LOKALE WERTE UND GRENZWERTE VON PREDISTRIBUTIONEN

ersten Mittelwertsatz der Integralrechnung, dafi
+® < |/ 4 400
[ fa(X)J (p dx = f f« (Ix + Xo<Ax)dx =fi (XI+X0 =!C,

wobei £ ein Wert aus UEHQO) ist.

b) Hinlanglichkeit. Es sei X eine Zahl aus ju(0), / ~0. Dann gilt flr eine ent-
sprechende Funktion//(x) aus a, dafi}

(1) \j[f)[fxx(Xx +X0 —C](p(x)dx =j0

mit cp(x) aus DEist.

Wir nehmen an, daR in einem Punkt € aus Ue(0) [fx (& +x0Q~C]1"10 sei.
Infolge der Standard-Stetigkeit von /A(Xx+x0Q in jedem Punkt x aus Ue(0) gibt
es eine Umgebung Ua(¢) mit dem Radius <i>0, 6 aus R, so dafl

\fx Xx+x0—C] > b

ist, fur alle x aus U&(E), wobei b eine standardé positive Zahl ist. Es sei <p(X) eine
beliebige Funktion aus DE deren Trager in Us(£)[MU.(0) liegt. Fir diese Funk-
tion gilt

f [fa 0cx+ x9—Cp(¥) dx > b.

was im Widerspruch zu (1) steht.
Mit Hilfe von Satz 7 kdnnen wir beweisen, daR im standardén Fall die Defini-

tion von Fojasiewicz [2] und unsere Definition gleichwertig sind.

satz 8. Eine standardé Distribution a hat genau dann im Sinn von Fojasiewicz
einen lokalen Wert im standardén Punkt x0, wenn sie nach Definition 1 einen lokalen
Wert hat, und die lokalen Werte stimmen Uberein.

Beweis. Wir setzen voraus, dal} die standardé Distribution a im Nullpunkt einen
lokalen Wert im Sinn von Fojasiewicz hat. Es gibt dann, [2], eine Zahl kK aus N
und eine standard-stetige Funktion F(x), so daR >|<"8 F)'()l(() ﬂ'—und a die /c-te
Ableitung der Distribution R ist, die die Funktion F(x) enthalt.

In nichtstandarden Termini gilt fur die Funktion F(x), daf3

F) _
Xk xk\

flr alle infinitesimalen X ist.
Insbesondere ist fiir jedes endliche x aus *R

F(Xx) c
(Xx)k ~Kklc\
und damit
F(Xx)  cxk
X "11d
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Wir betrachten ein festes L Es sei Px die Menge aller Polynome px(x), fur die
Ipa(n:)-E(x)| < AL

fir alle x aus dem Intervall [—eo, +co], coE*N—N, ist. Die Polynome p{K)(x) be-
finden sich in a, und es ist
F(XxX)  px(Ax)  cxk
A =1 3 A-kT°

Aus der Menge P, wéhlen wir nun ein solches Polynom, dal auBerdem

pNe ) =
ist.

Umgekehrt: Die standardé Distribution @ besitze im Nullpunkt den lokalen
Wert C im Sinne der Definition 1 Es sei 6 eine positive Zahl aus R. Wir betrachten
die innere Menge Ms aller Zahlen aus *N, fiir die eine Funktion/[x) in a existiert,
so daf

-f oo

I f JdMx)v<p(vx)ilx—C| < 4

fur (p(x) aus Dt ist. Nach Satz 7 liegen in Ms alle Zahlen aus *N—N (man setze
nur Das kleinste Element von Ms ist eine Zahl nOaus N. Damit ist das stan-
dardé Cauchy’sche Konvergenzkriterium erfillt.

3. Das bestimmte Integral einer Predistribution

Wie in der standardén Theorie, [7], flhren wir das bestimmte Integral einer
Predistribution ein :

Es sei a eine Predistribution, a( 1) ein unbestimmtes Integral von a. Hat &-1)
in den endlichen Punkten a und b einen lokalen Wert, dann ist a tber (a, b) integrier-
bar, und wir definieren

\] cc(dx) = a(_1)|—a(-1)o.

a

Da sich zwei unbestimmte Integrale von a nur durch eine Konstante unterscheiden,
ist die obige Definition unabhéngig von der Wahl des unbestimmten Integrals
a(-1). Enthalt a eine Uber (a, b) standardé Lebesgue-Integrierbare Funktion f(x),

S0 st
b b

f adx —J f(x) dx

Analog zur Definition 4 kdnnen der lokale Wert einer Predistribution a im Punkt
+ 00 [00] a

(—o0) und entsprechend die uneigentlichen Integrale j adx, f ctdx, j cndx
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definiert werden. Fir das Rechnen mit den bestimmten bzw. uneigentlichen In-
tegralen von Predistributionen gelten analoge Rechenregeln wie im standardén Fall.

Um untersuchen zu kdénnen, wann das bestimmte Integral einer Predistribu-
tion existiert, definieren wir:

Definition 6. Die Predistribution a ist im endlichen Punkt x() beschrénkt, wenn
flr jedes X aus 1 (0) eine Funktion fj(x) aus a existiert, so dal3

ifj(Xx +x0\ < C

fir alle x aus einer standardén Umgebung Us(0) ist; C ist eine Konstante aus R.
Diese Definition ist ein Spezialfall von folgender

Definition 7. Die Predistribution a hat im endlichen Punkt xO0 eine integrier-
bare Majorante, wenn fir jedes X aus fi(0) eine Funktion f«(x) aus a existiert,
so daf

\fj (Xx+M)| < g(Xx +x0)

flr alle x aus einer standardén Umgebung t/£(0) gilt. Dabei ist g(x) eine in einer
standardén Umgebung von x0, Ufixfi, * Lebesgue-integrierbare Funktion, die ein
im Punkt x0standard-stetiges unbestimmtes Integral G(x) besitzt.

Satz 9. Hat eine Predistribution @ im endlichen Punkt xn eine integrierbare
Majorante, dann hatjedes unbestimmte Integral von a in xOeinen lokalen Wert.

s .w o is. WIr betrachten die innere Menge M aller Zahlen . aus *R, fiir die eine
Funktion fj(x) aus aexistiert, so dal

/4 yx+x0| < g(vx+x0

fir alle x aus Ue(Q) ist. In M befinden sich alle infinitesimalen Zahlen und damit
mindestens eine Zahl a aus R, a#0. Es sei x<1> ein unbestimmtes Integral von a.
In a(_1) befindet sich eine Stammfunktion Fj(x) vonf “(x):

Fif) = f fo(dt+K

wobei K eme Konstante aus i7'? ist.
Fur ein h aus /i(0) ist

Pa(x0+h)- F:{x0| = I/ /4 tHd\< / g(t)dt = G(xn+h)- G(xn) =10.
*0 x0
Folglich ist Fj(x) im Punkt x0 standard-stetig.
Die Definitionen 6 und 7 erinnern uns an die Voraussetzungen des Satzes von

Lebesgue Uber die Vertauschbarkeit der Reihenfolge von Integration und Grenz-
wertbildung. Wir formulieren hier einen ahnlichen Satz fur Predistributionen.

Satz 10. Die Folge {a,} von Predistributionen konvergiere gegen die Predistribu-
tion a. Wenn alle Predistributionen an,n£N, gemeinsame, von n unabhéngige, integrier-
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bare Majoranten in den endlichen Punkten a und b haben, dann existiert

I ydx

und es ist
h b

limJ a,dx = ja dx

a n
Beweis. Wir zeigen zundchst, da? f adx existiert. Die integrierbare Majorante

im Punkt a sei g(x), im Punkt b g(x). FaUrjedes Xaus /<(0), n aus N, existieren Funk-
tionen fjt(X)c<x,,, fjn(a)Ca,,, so dald

\fin(Xx +a)\ < g(Xx + a)
\fI(Xx +b)\ < g(Xx+ b)

fiir alle x aus einer standardén Umgebung Uc{0) ist. Halten wir Xfest und betrachten
die innere Menge M; aller Zahlen V€7V, fiir die es keine Funktionenf”x) und

jo in av gibt, die den Ungleichungen (2) geniigen. Wenn Mx leer ist, ist alles
gezeigt. Nehmen wir an, da M, nicht leer sei. Jede nichtleere innere Menge von
naturlichen Zahlen enthélt eine kleinste. Diese kann nicht aus Amrsein. Bezeichnen wie
sie mit LLg, Fir (o= as—L gibt es Funktionen fj'*ix) und / s(x) aus Are=aTg=a, die
den Ungleichung%n (2) gentigen. Somit haben wir einen Widerspruch erhalten, Nach

Satz 9 existiert J adx.

a
Kommen wir zum zweiten Teil des Satzes. Eine Folge {a” I} von unbestimmten
Integralen konvergiert zu einem Integral a(_1). Damit ist a‘ 1)=a( 1) und

fiir alle oo aus *N—N auf Grund der Eindeutigkeit der lokalen Werte. Das ist aber
gleichbedeutend mit der standardén Konvergenz der Zahlenfolge

zu —a( De.
Bemerkung. Wie aus dem Beweis ersichtlich ist, gilt allgemeiner: Konvergiert
eine Folge von Uber (a, b) integrierbaren Predistributionen {an},eNzu einer Uber (a, b)
integrierbaren Predistribution a, dann ist

b b
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UBER DIE REGULARISIERUNG UND ORDNUNG
VON PREDISTRIBUTIONEN

von
A.-M. SANDIG

Zusammenfassung

Nicht jede Predistribution hat in einem beschrankten Gebiet eine eindeutig
bestimmte Ordnung k, wobei K eine standardé oder nichtstandarde natiirliche Zahl
ist. Jede standardé (Ubliche) Funktion, die eine nichtintegrierbare Singularitat in
einem standardén endlichen Punkt hat, besitzt eine Regularisierung im Bereich der
Predistributionen. Es wird der Tréger einer Predistribution definiert und die all-
gemeine Form der Regularisierung angegeben.

0. Es sei "3 ein geeignetes nichtstandardes Modell héherer Stufe der Analysis,
in welchem wir die folgenden Uberlegungen ausfiihren kdnnen, und 9?ein standardes
Modell der Analysis (Vergl. [2]). Befinden wir uns im Modell *93? bezeichnen wir,
wenn es zu Verwechslungen fuhren kann, die entsprechenden Begriffe und GroRen
mit einem Stern. GroRen, Begriffe, Mengen, Funktionen ... nennen wir standard,
oder sagen ,im standardén Sinne“, wenn sie im Modell O? definiert sind und in
*93? beschrieben werden. Mit *N bezeichnen wir die nichtstandarde Erweiterung der
Menge der natirrlichen Zahlen N in *932.

A. Robinson fiihrte in [2, Abschnitt 5.3] Predistributionen folgendermafen ein:
Es sei Q die Menge aller inneren reellen Funktionen f(x) einer reellen Variablen,
die Uber jedem beschrankten Intervall im * Sinne von Lebesgue quadratisch integrier-

bar sind, und fir die das folgende * Lebesgue-Integral f f(x)cp{x)dx fir alle (p(x)

*R
aus dem Raum D in QZ der reellen Schwartz’schen Grundfunktionen einer reellen
Variablen endlich ist. In Q wird eine Aquivalenzrelation eingefiihrt: Zwei Funk-
tionen fx(x) und / 2(x) sind genau dann zueinander &quivalent, wenn fiir alle cp(x)

aus D gilt
JAO)tp(x) dx =i ff2(x)<p(x) dx.

*R *R

Hierbei bedeutet das Zeichen =j ,gleich bis auf eine infinitesimale GroBe“, und
*R is die nichtstandarde Erweiterung der Menge aller reellen Zahlen in *93? [2].
Die so definierten Aquivalenzklassen werden Predistributionen genannt. Wie A. Ro-

[2] zeigte, definiert jede Predistribution a={/*(x)} ein lineares Funktional
T T(a) uber D im Modell &:

0.2) (T, = °[*f fe(x)g>(x) dx] .

Hierbei ist f,(x) eine beliebige Funktion aus der Aquivalenzklasse a. Durch °[ ]
bezeichnen wir den Standardteil einer endlichen Zahl aus *R. Andererseits kann man
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jedes lineare Funktional T (ber D durch ein im allgemeinen nichtstandardes Polynom
p(x) darstellen:

0.2)

Da p{x) in einer Predistribution liegt, folgt aus (0.1) und (0.2), daR die Menge der
Predistributionen und die Menge der linearen Funktionale Uber D algebraisch
isomorph sind.

Wir sagen, dal} eine Predistribution a eine standardé Distribution ist, wenn
das durch (0.1) definierte zugehdrige lineare Funktional standard-stetig ist.

Im Raum der Predistributionen kann man einige Operationen (vergl. [2], [3], [4])
definieren, u. a. die Differentation und die unbestimmte Integration: Die Ableitung
einer Predistribution a ist die Predistribution y, y=a', die die Ableitungen der
* differenzierbaren Funktionen aus a enthélt (jede Predistribution enthalt mindestens
ein Polynom, also insbesondere eine * differenzierbare Funktion).

Jede Predistribution B, deren Ableitung a ist, wird unbestimmtes Integral von
a genannt; B enthalt gewisse unbestimmte * Integrale der Funktionen /a(x) aus a.

1 In der standardén Distributionentheorie gilt der Darstellungssatz: Jede i
einem beschréankten Gebiet definierte Distribution ist die k-te Distributionenablei-
tung einer stetigen Funktion. Ein analoger Satz wirde in der nichtstandarden Theorie
gelten, wenn wir unter Predistributionen * lineare * stetige Funktionale Uber *D
verstehen.

Da aber in unserem Falle Predistributionen lineare Funktionale {iber D sind, wo
also Stetigkeit nicht unbedingt vorhanden ist, ist ein solcher Darstellungssatz im
allgemeinen nicht zu erwarten.

Bei formaler Betrachtungsweise erhadlt man jedoch folgendes Ergebnis:

Jede Predistribution a enthdlt eine Funktion /2(x), fir die ein Ates (KE*N)
unbestimmtes Integral in einem gegebenen abgeschlossenen beschrankten Gebiet
standard-stetig ist.

Der Beweis dieses Satzes beruht darauf, daf jede Predistribution ein Polynom
p(x) enthdlt. Es kann ein K so konstruiert werden, daf ein k-tes unbestimmtes
Integral von p(x) in Q liegt und im standardén Sinne stetig ist.

Andererseits ist die k-te Ableitung, k aus *N—N nicht eindeutig bestimmt,
wie folgendes Beispiel zeigt: Die Null-Distribution enthdlt die Funktionen ~(xjs6,

/5(*)=£k, K aus *N-N. Es ist/*>(x)=0,f2(x)=1

In diesem Fall geht die Eindeutigkeit der Definition der Ableitung aus folgendem
Grund verloren:

Satz 1. Es sei Kk eine Zahl aus *N—N. Alleinfiir die Funktion g(x) =0 aus D
gilt, daB (pk)(x) auch aus D ist.

Beweis. Wir nehmen an, dall <p(x)~0 sei. Wir bezeichnen mit a den kleinsten
Punkt des Tragers von <p(X), fur den fiir alle k aus *N gilt, daf (p<K(a)=0 ist. Der
Punkt a ist ein endlicher Punkt aus R. Die Funktion <XX) muf} in mindestens einem
Punkt x0, der von a einen Abstand kleiner als \ hat, nicht in eine Taylorreihe ent-
wickelbar sein. Daher gibt es keine standardé Umgebung des Nullpunktes UE(0)
mit dem Radius e>0, so daB das n-te Restglied
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(PX0+h)-<p(x0) - ...-"y<p(n,(*0) = Rn= (*+1)! YEX(*o+ M). 0O,€(0,1),

flrn— fir alle haus Ue{0) gegen 0 im standardén Sinne konvergiert. Somit existiert
eine standardé natirliche Zahl k, k> 1, fur die

KRv (4)| > K

an einer geeigneten Stelle Ckaus Ue(x0 ist. Nach dem Mittelwertsatz der Differential-
rechnung gibt es einen Punkt Ck+l aus dem Intervall (£*, a), so daf}

(1) 1*(+1)(& +i)| k+1

bei geeigneter Wahl von e ist. (Man wahle e z. B. so, daB £k—a<i ist). Setzen wir
diesen ProzeR fort, indem wir e festhalten und in Formel (1) K durch k + 1 ersetzen,
so erhalten wir eine standardé Zahlenfolge,

die im standardén Sinne monoton gegen +°° strebt. In Modell *LL gilt

<RUYENT > «©
fur alle w aus *N—N. |

Da die Funktion g@)(x) an einer Stelle Ga aus *R dem Betrage nach unendlich
grof3 ist, kann sie sich nicht in D befinden.

Diese Ausfuihrungen zeigen, dafl man die Ordnung einer beliebigen Predistribu-
tion in einem Gebiet nicht wie im standardén Fall definieren kann.

2. Regularisierung. Unter einer Regularisierung einer standardén Funktionf(x),
die im Punkt x0eine im standardén Sinne nichtintegrierbare Singularitat hat, ver-
stehen wir eine Predistribution a= {/,,(*)} fur die

[« (*) Po(x)'dx = f f(x) (pO(x) dx

ist, fur jede Funktion (pO(x) aus D, die in einer Umgebung des Punktes x0identisch
verschwindet. Im Gegensatz zu den standardén Distributionen gilt fir Predistribu-
tionen folgender

Satz 2. Jede standardé Funktion/(x) mit einer nichtintegrierbaren Singularitat
in einem Punkt xftER hat eine Regularisierung im Bereich der Predistributionen.

Beweis. Es sei DO die Menge aller Funktionen (p0(x) aus D, die in einer Um-
gebung von x0 verschwinden. DQist ein linearer Teilraum von D. Folglich kann das
lineare Funktional TOdefiniert auf DOdurch

(Ta, 99 = jm/(x)rpo(x) dx

zu einem linearen Funktional T auf D fortgesetzt werden, so daf3
(T, (po) = (TO, <Po)
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flir alle (Po(x) aus DO ist. Solch eine Fortsetzung ist auf Grund der Existenz einer
linearen Basis eines linearen Raumes stets moglich. Die zu T gehérige Predistribution
A ist eine Regularisierung der Funktionfix).

Im weiteren bendtigen wir den Begriff ,, Trager einer Distribution®. Um ihn zu
definieren, gehen wir von der standardén Definition des Trégers einer standardén
Funktion f{x) aus.

Definition 1. Der Punkt xOaus 'R ist genau dann Nichttragerpunkt einer Pre-
distribution 5, wenn es eine standardé Umgebung U(x0 von xO0 gibt, auf der eine
Funktion ffix) aus a identisch verschwindet. Die Komplementarmenge aller Nicht-
tragerpunkte von a nennen wir den Trager der Predistribution a, und bezeichnen ihn
mit supp 1.

E. Berz gibt in [1] eine Definition des Tragers eines linearen Funktionais T
uber D:

Definition 2 (Berz [1]). Es sei T ein lineares Funktional tber dem Raum D.
Der Punkt xOaus R ist genau dann Nichttragerpunkt von T, wenn es eine Umgebung
U(x0Q von xnderart gibt, dal

(T, ()= o

fir alle (u(x) aus D mit supp <p{X)c:U(xn) ist. Die Komplementdrmenge aller
Nichttragerpunkte wird Tréager von T genannt.

Satz 3. Die Definitionen 1 und 2 sind dquivalent.

Beweis, a) ES sei der Punkt x0aus R Nichttragerpunkt der Predistribution
a im Sinn der Definition 1. Wir zeigen, dal? x0 Nichttragerpunkt des linearen Funk-
tionais

(Tx, P = 1 1+ fa(x)(pix)dx\

im Sinne der Definition 2 ist, wobei f x(x) eine beliebige Funktion aus a ist.

Es seifa{x) die Funktion aus s, die aufeiner Standard-Umgebung U(x,,) identisch
verschwindet. Betrachten wir eine beliebige Funktion quix), deren Trager in U(x0
liegt. Es ist

(T7.@) = T f F(x)<pux)dx] =0

b) Es sei der Punkt x0aus R Nichttrdgerpunkt des linearen Funktionais T Uber
D im Sinne der Definition 2. Dem Funktional T entspricht eine Predistribution at.
Wir zeigen, da x0im Sinne der Definition 1 Nichttragerpunkt von st ist. Es sei
Pa(x) ein Polynom aus aT. Wir behaupten, dal® die Funktion

paix) fir alle x$*U(x0

0 sonst
ebenfalls in qr liegt.

Dazu betrachten wir eine beliebige Funktion @ix) ausjD. Wir kdnnen (p(X)
auf Uix0Q durch eine Folge von Funktionen <mix) aus D, deren Tréger in U(x0
liegen, derart approximieren, dafl die q,ix) punktweise gegen qix) auf U(x0 kon-
vergieren und <p,,(x)|<C sind fiir alle n aus N, wobei C eine’Konstante aus R ist.
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Die Funktionen px(x) *cp,,(X) sind gleichméafig durch eine Konstante aus *R
uber *U(x0 beschréankt. Folglich gilt nach dem * Satz von Lebesgue, daf}

lim 1 Pdx)E0)dx = J pas) px) dx
*U (*0) *V (x0)

ist. Das bedeutet: Fir ein A>0, Aaus p (0), existiert ein co; aus *N—N derart, daB fir
alle maus *N, co>con,

f pAxax)dx- Jpex)cpodx < A
*U (x0) *U (x0)
ist. Betrachten wir die standardé Zahlenfolge
{c.=°[ 1 /i,(x)",.(x)c/x]}neN.
*U(x0)

Da fiir alle naus N gilt, daR c,= 0 ist, konvergiert diese Folge im standardén Sinne
zum Wert 0. Das ist aber genau dann der Fall, wenn ca—xO fiir alle maus *N—N ist.
Dabher gilt auch fir alle co>cog, dal

I Px()m(x)=j f pax)@x)dx 0

*C7(X0) *il(x0)
ist, und wir erhalten

I noedx = T px(x)ep()dx =!;1|;pa(x)q)(x)dx.

*R—*V(Xq)

Satz 4. Die Predistribution ¢, die eine Regularisierung einer standardén Funktion
/(x) ist, die nur im Punkt x0aus R eine nichtintegrierbare Singularitat hat, enthalt
eine Funktion /a(x) mit der Eigenschaft, dai3

[« (*) =f(x
fir alle x aus R, x~x0, ist. () =1(x)

Beweis. Es Sei xxein Punkt aus R, x1t£x0. Wir finden stets eine standardé Um-
gebung von x,, U(x0, die den Punkt Xj nicht enthélt. Wir betrachten ein Polynom
pjx) aus a und zeigen, daf} die Funktion

(x) furalle x aus *U(x0)
(x)  sonst
in a enthalten ist. Ahnlich wie im Teil b) des Beweises von Satz 3 stellen wir fest, daR

I opiep)dx =1 T /(x) dx

*R-*1/(x,) *R —*i (Xq)

fiir eine beliebige Funktion cp(x) aus D ist.

A°(x)

Satz 5. Wenn eine standardé Funktionf(x) in einem endlichen Punkt x0 aus R
eine nichtintegrierbare Singularitat besitzt, und wenn die Ableitungf\x) im standardén
Sinne in allen Punkten x aus R, XA xn, existiert, dann ist die Ableitung einer Regulari-
sierung von /(x) eine Regularisierung von f'(x).
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s.weis. £ S€I aeine Regularisierung von f(x). Firjede Funktion fx.(x) aus &'
und jede Funktion (p0(x) aus D( gilt

Jtaoofx =- | rageomax=1- T fecpopodx =

— o0

®
= 'F f'(x)q>0{x)dx.

Um die allgemeine Form der Regularisierungen zu finden, filhren wir den Begriff
einer in einem Punkt xOaus R konzentrierten Predistribution ein.

Definition 3. Eine Predistribution a ist im Punkt x0aus R konzentriert, wenn
supp a keinen weiteren standardén Punkt auRer xOenthalt.

sacz 6. ESSei @eine Regularisierung der Funktionf(x). Jede weitere Regularisie-
rung B von f(x) erhalt man, indem man zu a eine im Punkt xOaus R konzentrierte Pre-
distribution y addiert.

B.w.is, a) Die den Predistributionen 8—a+y und a entsprechenden linearen
Funktionale TRund Iastimmen auf DO (iberein.
b) Seien a und R zwei Regularisierungen. Fiir alle Funktionen ¢(x) aus DOist

fm [fa) -8 (] @i, ax =10

wobei fi(x) eine Funktion aus a undfR(x) eine Funktion aus R ist. Folglich ist jeder
Punkt x aus R. x*-x0, Nichttrdgerpunkt der Predistribution y=a —.

Ohne Schwierigkeit kann man auch zu Regularisierungen von standardén Funk-
tionen kommen, die abz&hlbar viele nichtintegrierbare Singularitdten haben, unter
der Voraussetzung, daf® diese sich im Endlichen nicht haufen. Eine solche Funktion
f(x) lant sich ndmlich immer als Summe von Funktionen darstellen, die nur in einem
Punkt eine nichtintegrierbare Singularitat haben.
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UBER KREISRINGE, DIE EINE EILINIE EINSCHLUSSEN

by
I. VINCZE

1. Es seien C eine geschlossene, konvexe ebene Kurve und G das von der Kurve
C begrenzte, abgeschlossene Gebiet. Im folgenden beschéftigen wir uns mit Kreis-
ringen, die die Kurve C enthalten und deren Mittelpunkte in G liegen. Es ist be-
kannt, dass es unter allen erwéhnten Kreisringen genau einen einzigen mit minimaler
Breite gibt. Fihren wir die Bezeichnungen

RP= max PQ, rP -minP
Qic Q QEC Q

ein, so nimmt die Funktion Op=RP—P ihren minimalen Wert in einem einzigen
Punkte an (s. Bonnesen [1], Bonnesen—Fenchel [2], Kritikos [3]). Der so eindeutig
existierende Kreisring heilt der Minimalkreisring der Kurve C. Fir den Mittelpunkt
O des minimalkreisringes gilt die Relation

00< Op, P~"O, PEG
L. Fejes Toth hat die Frage aufgeworfen, ob die Funktion.

eine &hnliche Eigenschaft hat. Als Ldsung dieses Problems beweisen wir im §2 den
folgenden

Satz 1. Fur die Funktion zPgilt die Ungleichheit
i0 S zP, P4G

wo O den Mittelpunkt des Minimalkreisringes bedeutet; das Gleichheitszeichen kann
fir PAO nur im Falle bestehen, daR die Kurve C zwei Geradenstiicke enthalt, die sich
in einem Punkt des dulReren Kreises des Minimalkreisringes treffen.

Ein &hnliches Resultat gilt fir den sogenannten kleinsten Kreisring einer Eilinie
dessen Flacheninhalt (d. h. n(RP—rP)) minimal ist. (s. J. von Sz. Nagy [4]).
Weiterhin wird im 83. folgende Behauptung bewiesen :

Satz 2. Die Niveaulinien der Funktion zP sind konvex: wenn fir Px P"G
zPl—zPi=1z qilt, so bestehtfiir den Mittelpunkt POder Strecke PrP, die Ungleichung
*J>”/\ T_

Zur Formulierung einer Ungleichheit fiir t0 bedienen wir uns der folgenden
weiteren Bezeichnungen :
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Es bezeichne U den Mittelpunkt und Rv den Halbmesser des Umkreises der
Kurve, welcher Kreis die Eigenschaft

Rv=max UQ s RP= max PO
QicC Qic
flr jedes PC.G besitzt und mit dieser Eigenschaft eindeutig existiert. Ahnlicherweise
sei | der Mittelpunkt und r, der Halbmesser des (oder eines) Inkreises der Kurve C,
der also der Relation
r,=minlQ rP= minPQ
. QiC QicC

flr jeden PEG genligt.

Die Abstande 10 und UO sollen mit sund A bezeichnet werden. In [5] wurden
fur die Halbmesser der Kreise des Minimalkreisringes die folgenden Relationen
bewiesen :

A
(1.1 RuS RO' Pu 1+2

Pu 1
(1.2 Ru+% b. 2 0,

wo auch die Ungleichungen genau sind. Aus diesen Relationen folgt der

n
Satz 3. Flr den minimalen Wert t0 der Funktion %®=——gilt die folgende
rp
Ungleichung:
Puc T <
u °~ 1 f3 i’

Hier kann das dritte Gleichheitszeichen — nach t0— im Falle 5= 0 und/oder
A =0 gelten, und zwar flr die extremalen Figuren, die zu den Relationen 11 und 1.2
gehoren (siehe [5]).
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2. In dem Beweis des Satzes 1 werden wir uns auf den folgenden Hilfssatz
stutzen:

Lemma 1 Es seien K eine Kreislinie mit dem Mittelpunkt MO und M ein beliebi-
ges fester Punkt innerhalb K. HO und H seien diejenigen Punkte der Kreislinie, die
mit Mo und M aufeiner Geraden — in der Reihenfolge HOMO MH — liegen. Wenn
Q einen beliebigen Punkt von K und @ den absoluten Wert des Winkels < QMH

bezeichnen, so ist r{(f)—QM eine monoton zunehmende Funktion von (pim Intervalle
(0, n).

Wir machen weiterhin von der bekannten geometrischen Charakterisierung des
Minimalkreisringes Gebrauch (s. Bonnesen—Fenchel [2]): ES gibt vier Punkte von
C, die beim Durchlaufen von C in einer Richtung abwechselnd auf den duRReren und
den inneren Kreis des Kreisringes fallen. Der Minimalkreisring ist durch diese Eigen-
schaft eindeutig bestimmt.

Es werden die folgenden weiteren Bezeichnungen angewendet: Kaund Kt be-
deuten den auReren bzw. inneren Kreis des Minimalkreisringes, die also die Halb-
messer RO bzw. r0 besitzen. Es seien Ax{Bj) und A2(B2 die gemeinsamen Punkte
von Ka(Ki) und C, die auf C in der Reihenfolge B1A1B2A2 liegen. K{ und C besitzen
zwei gemeinsame Stutzgeraden je im Punkte 3, und B2, die mit und s2 bezeichnet
werden. Es bezeichne oo die Grofie des (spitzen) Winkels, den s* und s2einschlieRen.
Nun werden wir zwei Félle betrachten:

a) ®=0. In diesem Falle ist K; gleichzeitig (ein) Inkreis der Kurve C, d.h.
es gilt rO=r(*r P fiur jedes PCG. Aus der Minimaleigenschaft des Punktes O, d.h.
aus der Relation

RO—0 = Rp—P
folgt auch

Ra_ 4R 1 dh tos m
b) Im Falle co>0 gilt natiirlich auch die Ungleichheit

. L@ T . Rn _
@ si arc stO < ) —dh(sin cd) 1S o - t0.
Die Geraden sx und s2 besitzen eine Winkelhalbierende \0; das Gebiet G wird nun
durch die Strecken OB1und OB, und durch die Gerade M in vier ,Quadranten”
geteilt. Aus Symmetriegrinden geniigt es, sich mit zwei von diesen, die auf dieselbe
Seite von &0 fallen, zu beschéftigen. Die Gerade Sj {j—0, 1, 2) soll den Kreis in

den Punkten Sj und S) schneiden, wo wir fiir die Bogen SjS, und SjS2, die inner-
halb des Winkels  liegen, annehmen, dal der erste von diesen den Punkt Axvon C
und der zweite den Punkt A2 von C enthalt; ferner soll der erste der grofiere sein.
Wir werden uns nun mit zwei Fallen beschéftigen, je nachdem der Punkt P von G
1) zum Viereck Bj*OSOSI oder 2) zu SjSjOQ! gehort.

b.I Die Projektion von P auf sei P', und es bezeichne Q' denjenigen Punkt
von C, in welchem die Strecke PP' die Kurve schneidet. Es besteht

PP' > PQ’ > min PQ = rP.

Qcc
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Nach unserem Lemma und nach der Definition von AXEC besteht weiterhin die
Relation

PSra pnrs maxPQ = RP.
QicC
Wegen der einfachen Tatsache

0 << PS™=B/<0O5"! <j

kénnen wir die folgende Ungleichung schreiben:

PpA PAr A OS[ _ RO_ ~
Tp~ rP~~pp~ OBl 10~ °’

was in diesem Falle unsere Behauptung ergibt.
b.2 Wenn der Punkt P dem Viereck S1S00I1 angehort, so besteht fir seine

Projektion P' auf §j und fir Q'CCCIPP" wieder

2.1) PP’~A PO'S min PQ = rP.
QiC

Es besteht auch die andere Relation — A28C —

(2.2) JS[*TA,»" max PQ = RP,
QicC

wo aber der erste Teil der Ungleichung nicht unmittelbar aus Lemma 1 folgt. Wenn
wir namlich mit M denjenigen Punkt von Ka bezeichnen, in welchem die durch
die Punkte P und O gehende Gerade Kaschneidet, so kann M auf dem Bogen Si S2

liegen und A2auf den Teil M S2des Kreises Kafallen; es liegt aber nahe, dall PS2<
besteht und daraus folgt schon die Relation

PA2= PS, =PS!, wo A2EAS".

Also gelten (2.1) und (2.2), und unsere Behauptung folgt ebenso wie in b.l.

3. Der Satz 2. ist eine einfache Folgerung aus den Tatsachen, dafl RP ein
konvexe und rP eine konkave Funktion des Punktes P sind; d. h. wenn PO den
Mittelpunkt der Strecke PjP2 bezeichnet, Px, P2dG, dann gilt:

Rp0 — ~2 (RPi+ g p2x

/>, ~ N (rP|+ rPJ.

Wenn also

RPi _ Rr, _
"Pi ‘A
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ausfallt, so ist

R RP+ Rp2 1
P Pt —=[iP F),
'Po T I'ea
w.z.b.w.
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ON PRODUCTS OF INTEGERS

- by P
A. SARKOZY

1. G. Halasz raised the following conjecture (oral communication):

Conjecture (G. Halasz). Let U> be any real number and k>kO0@). Let

A={al a,, .... a,} be anyfinite, strictly increasing (i.e. al<a2<...<ii,) sequence
of positive integers such that it contains thefirst K positive integers, i.e.
@] al=1, az2=2... ak = K

(consequently, nSk). Let usform all the products a@ (i,j—1,2, ...,ri). Then at
least am of these products are different.

(We remark that to get “many” different products, a condition of type (1) is
necessary; otherwise e.g. the sequence A={1,2, 22 ...,2"-1} is a counterexample,
namely for this sequence, the number of the different products is 2n—I=0(n).)

We will prove the conjecture of Halasz in this paper in the following sharper
form:

Theorem. Let gbe any number such that

) 0<qg<y

and

€] f(Q) = —eloge—1—¢) log@ -<?) - |l --jj log2< 0
hold. Let k be any positive integer, sufficiently large depending on o:
@ K > k0Q.

Let A={al, a2, ..., a,} be anyfinite, strictly increasing sequence of positive integers
such that it contains thefirst k positive integers, i.e. (1) holds. Then there exist at least

»ee*p {9l 2 - log®iogA} Afferent products ofform a”j (i,j=1,2, ...,«).

(It is easy to check that
lim f(x) -- —og2 < 0,
x0+

and therefore a number q satisfying (2) and (3) exists. It is easy to show that e.g.
/(E)-=0, i.e. e=i can be chosen. This means that for k>k0, the number of the
different products is at least

logk ! lag: 1

= nek B 1Bak

neexp log log K J
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The sketch of the proof of the theorem is the following:

We are going to reduce our problem to a problem of purely combinatorial
nature. The first step of the reduction is given in Section 2. where we reduce the
problem practically to the case when all the elements of the given sequence are divis-
ible only by “small’ prime factors (“small” depending on k). More exactly, we
show that it is sufficient to show that Lemma 1 holds. In Section 3., the case men-
tioned above, i.e. Lemma 1 is reduced to the even simpler case when the elements
of our sequence (composed from small prime factors) are also squarefree. Further-
more, we show in this section that this simple case can be reduced to a combinatorial
problem, i.e. to Lemma 2. This lemma is proved in Section 4.

2. Proof of the theorem. Let us suppose that a sequence A satisfies (1) for
some k. Let us denote the iih prime number by ptand define / by

©) Qipﬂ =£
(1) and (5) imply that
(6) Pi'py-PitA

for any /rtupie (K, 2, ..., €) such that
©) =0,1o0r 2 s2=0,10r 2,...,£(=0,10r 2.

Furthermore, it is well known that for m tending to infinity,
(8) _IJIPi = e<i+0(i)),”|ogn.
=

(5) and (8) imply that for k tending to infinity,
N2(1+0(1)) Hog Z _

or in equivalent form

2(L+o(l))/log / = logL.
Hence
log K
©) I—2+o(l) log logK '

Let us write any a£A in the form
a = be

where p\b (p prime) implies thatp~ptand p\c (p prime) implies that p>px-
Let us classify the a;’s according to the value of b. Let us denote the occuring
values of b by bl, b2, ..., bs (b”bj for zVy) and the values of c, for that btcEA

holds (for fixed z Isigj), by cP,c|° ..., (where <...<c)'D. Let
Ci= N >c<,....c/;> @7 iss)
and
A(bi) = btc!j\ ..., biC"} = N{c1° cP, ...,c® = b,Ci (1" zS s).
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Then A is, clearly, the disjoint union of the sequences A(b,):

(10) A= il=J| A(bt)
and
(11) A(bi)C\A(bj) = 0 for | *j.

We need the following lemma:
Lemma 1 Let th(=i'i(i-;)) be any number satisfying

12) O0<)B<qQi<y
and
(13) /bl <0.

(Such number pj exists because of the definition of g and the continuity off(x) for
1) Let I be a sufficiently large integer, i.e. suppose that

(14) /> fi(i%)

holds. Let b be a positive integer such that p\b (p prime) implies that p=pi (also
b= 1 may occur) and let C={ci, c2, c,} be a strictly increasing sequence of posi-
tive integers such that p\cu (1™ mS 1) implies that p>pt. Let

A(b) = {bclbc2 ..., be} = bC.
Then the number of the different produets ofform

(15) (beu) « (bev) = b2(cucy)
or
(16) (bcj-pl'py ... pV = b(cwpipy ... pf)
(where Sj=0, 1 or 2 for every j, 1=j=/) is altogether at least
10'log2 1
‘eexpi~ — J-

(The lemma says practically that our theorem is true when the elements of the
given sequence are divisible by prime factors *ptonly.)

Let us suppose now that Lemma 1 has been proved. Then we may complete
the proof of the theorem in the following way:

Let us apply Lemma L, replacing b by bt, C by Ctand A(b) by A(bt), for every
i, 1Mins. (We may apply the lemma because (14) holds by (4) and (9).) We obtain
that the number of the products of form (15) or (16) is at least
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(by (10) and (11)). Furthermore, two products of form (15) are, clearly, different
if we start out from different values of b; in the same way, also products of form
(16) corresponding to different values of b are different. Therefore, we may account
any product at most twice (once as a product of form (15) and once as a product
of form (16); in this case, one of the corresponding b's must be the square of the
other one). This means that the number of the different products of form (15) or (16)
is altogether at least the half of the number in (17):

I dlog 2 logA !
log logk \’
by (4) and (9). On the other hand, by (6), (7) and the definition of the A(btfs and

Cis, all the products of form (15) or (16) are products of form auav, hence the
number of the different products of form auav is at least the number in (18),

> neexp

i.e. neexplg” ” «|0Qg/. | m This means that, indeed. Lemma 1 implies our
theorem.

3. In this section, we will show that Lemma 1 can be reduced to a problem of
purely combinatorial nature, formulated in Lemma 2.

Proof Of Lemma 1 Let us suppose that q91, b, ¢, A satisfy the assumptions of
Lemma 1 Let us write every a, (1*i”t) in form

a, = bei = bp* p——
(where aP&O, ..., are integers), and let us divide every aj& by 2:
«J° - 2%c+m> (= 1,2,../)
where g)l)=0is integer and rj°=0 or 1 Then the a s can be written in form

(042 r(0 _r(0
) Pi i

ai=be, =b[pf'p\ _pj Pi e=p\' (1sis/).

Let us classify the a;’s according to the /-tuples (G{\ qi\ ..., g(i)), determined by
them. More exactly, a{and  should belong to the same class if and only if

Ziny = ). iP = qi\ e 70) = qij)-
Then we obtain the sequence A(b) as the disjoint union of subsequences of form
A(b, dj) = {bdfe[P, bdfe®)), ...,.bdfejP} =
= bdf{e[j\ eil .., = bdjEj (1 =j =)
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where the prime factors of b are greater than px, the prime factors of dj and the
efh’sare =pt, the ej>s are squarefree, and as we said,

(19) Afb) = ( 1A(b,dj)
and '
(20) A(b,d)flA(b,d) =0 for i .

(19) and (20) imply that the number of the elements of the A(b, dj)’s is altogether
equal to the number of the elements of A(b), i.e.

Let
(22)

We have to distinguish two cases.
Case 7. Let us suppose that

(23) . )
<02
Let us pick up one element of each subsequence A (b, dj), say
bdfe[j) = bd'jPA)pR Y ... pfl
and fonu all the products
(24) (bd]ej))-p\" p\2 ... p[°

where
10 or 1, if RI)=1 and
y'r>= 11 or 2, if BlJ)=0.

Then, by the definition of the yP’s, we obtain products of form
(bdjpiPz... pdPTPI* K,

where af=0 or 1for every i (Isis/). A number of this form uniquely determines
the exponent of pt in the canonical form of dj for each /, and thus it determines
also dj itself. This implies that all the products ofform (24) are different. The number
of these products is, clearly, the number of the possible choices of j, multiplied
by the number of the /-tuples yiJ\ mm ylJ):ne2‘. On the other hand, all
these products are products of the form (16). Hence the number of the different
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products of form (16) is (by (21) and (23)) at least

«e2' =10 112=( 2L 7 2 D=

tis<p(i)2i +1 tjr<p(m*

i ( )2 -

jawe S 2 o

Qilog2 - oxp ) Ipg 2,.
="~r ,Jd,/ljeW -T =2“piiln~

thus the assertation of the lemma holds in this case.

.2
tjinvW

Case 2. Let us suppose that

t
Voo
(25) he: q= 2!
In Case 1, we constructed “many” products of form (16); in this case, we are going
to prove, that the number of the products of form (15) is “large”.
Let us take some subsequences A(b,dm A(b, dj) and some elements ax,ayt
€A(h, d;), av, azEA(b, dj): let

ox = bdrpVp? . ay = bdfp'l'pl- .mpv
av= bd2pi'pi- ..py\\ a, = bdfp\lpl2.ap>
where
27) £,=0 or 1 @=0 or 1, ph=0 or 1
and

vhi=0 or 1 for /i=12,...,/.
We assert that the products

(28) axay = b2d?p\l+*1...pf*+
and
(29) avaz = b2dfp 1M ... p >

are different for i Aj. Namely, there exists at least one prime power p\ such that,
say, p\\di but pi\dj (or conversely), because d-~dj. The exponent of phis at least 4"
in the canonical form of (28) but at most (4<J—2) in the canonical form of (29), hence
these products must be different, indeed.

Thus it is sufficient to show that the number of the different products avaz of
form (29) (where avC.A(b, dj), a:C Al. dj) for the samej ) is “large” for each fixed ],
for that

(30) tj > <p(l)2*
holds.
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The numbers av, az of form (26) are uniquely determined by the /-tuples
(/q, p2, ..., Hi), resp. (vx, V2, ..., V) (because of (27)). In the same way, the product
(29) is, clearly, uniquely determined by the /-tuple(ux+ W5 ..., /r,+v,);wemay call
this /-tuple as the sum of the /-tuples (/rl5 and (vx, ..., V)

(3D (Mi, ...,Mi)+ (vi> = i+bh, + V).

Applying this terminology, we have to prove the purely combinatorial fact that if
we have “many” /-tuples (ulr ..., M) satisfying M=0 or 1for h=1,2, ...,/ (more
exactly, we have more than cp(l)2' of these /-tuples by (30)), then there are “many”
different sums of form (31), determined by them.

Indeed, we will prove the following lemma in the next section (|S| denotes the
number of the elements of the finite set S):

Lemma 2. Let gy be any real number, satisfying (12) and (13), / any integer,
sufficiently large depending on ar:
(32 /> L(QD).

Let S denote the set of the 2' I-tuples (gy, p2, ..., /(,), satisfying p'-F()or 1 for
h=1,2, ...,/. Let R be any subset ofS for that

(33) \R\ > cp(l)2
(where <p(l) is defined by (22)). Then the number of the different sums ofform
VL, o, M+ VD) = (M, e, Sf) + (VE, V),

where W,p and (vI5 ..., Vﬁ:Ris greater than [<p(N]_1|/i

Let us suppose that Lemma 2. has been proved. Then the proof of Lemma 1
in Case 2. can be completed in the following way :

Let us fix aj satisfying (30). Let us denote by R the set of the /-tuples
(M, N2, «> M) for that av~bdjp4Ip”-...p4“fA(b, dfi. Then we may apply Lemma 2.
for this set R, because (32) holds for sufficiently large k by (9) and (33) holds by
(30). We obtain that the number of the different /-tuples of form (M+vI5 ..., Mi+ Vi)
(where (M, ..., M)€7? and (vI5 ..., v)€/?), i.e. the number of the products avaz of
form (29) (where avEA(b, dfi, azEA(b, dfi) is greater than [ /) ] 1= [(/)]“’t,
for anyfixed j. On the other hand, as we remarked, the products of form (29) were
different for differenty’s, thus the number of the different products of form (29) is
altogether greater than2

2 2 tjrfep(i)lznrnt.cC ,
(G>p(1)2 0 7

which proves Lemma 1 also in Case 2.

Wo(i)]-1t = [<p(i))-1

4. To complete the proof of the theorem, we have to prove Lemma 2.

Proof Of Lemma 2. Let us fix an /-tuple p=(py, ...,pi). Let us take all the
[-tuples ve=(v1, ..., V) such that the number of the I's satisfying M= *7 s greater
than Qyl+5:

(34) 2 I>Ci/+5.

t-r,=v,
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To give a lower estimation for the number of these /-tuples v, we have to give an
upper estimation for the number of the /-tuples v satisfying the opposite inequality:

(35) 2 1= eil+5.
If (35) holds, then

2 1=
for some
d —¥—~Ri/+5.
Isy fixed, then the /-tuple v is uniquely determined by the Vs for that /q=v; holds.
These Vs can be chosen in ways. Thus the number of the /-tuples v satisfying
(35) is
iS5

(for fixed fi).

Applying the Stirling formula, this sum can be estimated in the following way
(with respect to (12)):
< Zies 3 @i?i/+6)  ~+5| = exp{(-ft logej—(1- pi)log (1 - 0i)+ o())/}.
jssjl+5 J,
We assert that this expression, i.e. the number of the /-tuples satisfying (35) is less
than -y-, for sufficiently large /:

(36) exp{(-0i logRj-O —bi)log(l —e>i)-bo(1))} < -y- for [/>/3.
By (33), it is sufficient to show that
exP {(—QLlog 6i —(1—Si) log (* -ei) + o(I))/} <

<\<P()21=4 *y exP[- 2 1j sexp {(log2)1} =

= exp j—og4 11—y-jlog2-/
or
exP {[/(ifi)+ o(1)]/+ log 4} < 1,
[/(di)+0o(2))+log4d< O

But the limit of the left hand side is — by (13), thus this inequality holds for />/3,
which proves (36).

ie.

1131

Thus the number of the /-tuples satisfying (35) is less than y — i.e. the number

AR\

of the /-tuples satisfying (34) is greater than |/?|—2T = 2~’ “or N 's means

L
that, for any fixed u, the /-tuple v satisfying (34) can be chosen in more than 4|—|—
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ways. Furthermore, 1 can be chosen in |A| ways, hence the number of the ordered
pairs (/i, v) satisfying (34) is greater than

On the other hand, we assert that a sum
@37) H+v = (fil+ v, +

determined by a pair fi, v satisfying (34), can be obtained only from a “few” dif-
ferent pairs L} v. Is, namely, /h+ vi=0 or 2 for some i, then and v, are uniquely
determined, and the number of these Vs is greater, than ax1+5, by (34). The number
of the remaining components of /i is less than /—£x/—5=(1 —X/—5, hence these
components can be chosen in less than 2(1~4) -5 different ways. Is /i given, then (37)
uniquely determines v. Thus if the right hand side of (37) is given, then the ordered
pairs L v satisfying (34) and (37) can be chosen in less than 2(1 ei), 5 ways.
Summarizing: the number of the ordered pairs /< v satisfying (34), is greater,

than T2 for />1/3, and any sum of form (37) can be obtained from less than
2(i-eDi-5 such pajrs Thus the number of the different sums /t+ v is greater than
k12 1#2
2.2~  2L-il)<De

To prove Lemma 2., we have to show that, for sufficiently large /, the number of
the different sums ~+ v is greater than [<p(/)]_1%?|; thus we have to prove that

(38) M /r 11

provided that (33) holds.
This inequality can be rewritten in the following way:

[*| > 2<-»i»,-«[4(/)]-1
By (33), it is sufficient to prove that
<P(D2' > "N - “»'-X[)]-1,
or, in equivalent form,
<pV) > 2-ed-4
. -—1-2
ip{l) > 2 2

By (22), this inequality holds in trivial way. Thus (38) and, consequently, also Lemma
2 is proved.

5. Let k be any positive integer, 1= {al,a?2, ...,0r,.} be any finite, strictly in-
creasing sequence of positive integers, satisfying (1). Let us denote the number of
the different products a-a, by f(A, n, k) and let

F(n, K) = min/L4, n, k),
A
where the minimum is taken for the sequences A satisfying the assumptions above.
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Applying this notation, our theorem says that

(39) _F(n, If)> exp iQlog2 logk |

\ (for k > AQ.

Let An={1,2, ....£}. It is easy to check that

k2

(40) logk

f(Bk, k, k) < o(k2.

Let us take, namely, the products a,a, such that

6 = tp, aj =g,
where p, g are any prime numbers greater than * Kk, t is any integer satisfying 1

It is easy to see that the number of the different products a”j of this form is greater

than ¢ k2 , Which gives that the first inequality of (40) holds. The second in-

equality of (40) can be deduced from the fact that “almost all” the products a,a,
{ajdA, cij*A) have “about” 2log log k prime factors; on the other hand, “almost

all” the integers exceeding k2 have “about” log log k2~ log log k prime factors.
(40) implies that the exponential factor on the right hand side of (39) can not

GSP i@ is, probably,

not much less than f(BK,k, k) ). The reason of that, that our estimation is much
K |
weaker, is that we have replaced assumption (1) by (6) and (7). If we start out from
the assumption formed by (6) and (7), instead of (1), then our estimation is near
the best possible.
F@

Furthermore, | would like to remark th at————ﬁ—is not much greater for fixed

K and large n, than for n=k. This can be shown by the following construction: let
A={al, a2, ..., ak} be any strictly increasing sequence of positive integers and let
A* —{at, at, ..., at} be the sequence of the integers of form p'aj where p is a fixed
prime number greater than ak, i=1, 2,..., m,j= 1,2, ..., k, and m is any positive

integer. Clearly, (A*nK)  2f(A.K.K)

thus

F(k, k)

_______ <2 For K\n,

hence
F(n,K) . 4 Fk.K)

for every n.
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Having the same assumptions, one may investigate alsonthe minimal number of the
different products of form ailaii...air (r is fixed) or /JJ of' (where £,=0 or 1 for

r-1,2,...,n); in the second case, the minimal number of the different products
should be between

w2exp F Ioak , and m2exp

where  and c2are positive constants.
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SPECTRUM, ALMOST-PERIODI1CITY AND EQUIDISTRIBUTION
MODULO 1

by
H. DABOUSSI and M. MENDES FRANCE

8. 1. Introduction

The object of this article is to relate the equidistribution (mod 1) of a sequence
N=(1,) to that of certain of its subsequences. Explicit applications will be dis-
cussed in the last paragraphs. Particular attention will be given to additive sequences.

8. 2. Almost-periodic functions and related sequences

Consider the complex vector space £ of arithmetic functions/ such that

(D i = IlnnlséL)Jpﬁk;n IIWI <7

and let SR be the quotient space £/(0) where (0) is the set of null functions (i.e. func-
tions / such ||/[|=0). The space 91 is known as the Marcinkiewicz space; it isa
Banach space, the norm being induced by the semi-norm (1). From now on, we shall
always identify any element/£ £ with its class/+(0)£5LLI.

A trigonometric polynomial P is a finite linear combination of imaginary

exponentials:
P(x) =2 cve(-a,x)

where the summation extends over a finite range, where e(C) denotes exp (2inC)
and where the cvs are complex numbers while the avs are elements of the torus
T=R/Z. Let A be a nonempty subset of T=R/Z. It is obvious that the family of
trigonometric polynomials, the exponents av of which are to be taken in A, is a
sub vector space of l. Its closure 33(n!) is by definition the vector space of almost-
periodicfunctions with exponents in A. S(T) is the classical Besicovitch space of almost,
periodic functions. (What we name “exponent” is usually known as elements of
the “spectrum”; but as we shall later introduce a set which is convenient to be
called “spectrum”, and as we wish to avoid confusion, we prefer to describe A as
the set of exponents.)

Let M=(m,,) be a nondecreasing sequence of positive integers. For any integer

K&1, put
I M(K) = card {n\m,, = A}

so that if M is strictly increasing, Xw is the characteristic function of M. If M is not
strictly increasing we still call Xm the characteristic function of M. M is said to be
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an A-sequence if the characteristicfunction / m belongs to ®(J1) and if \Wm\>0. Notice
that if M is an J1-sequence, it has positive density. Indeed

. It . 1
I/Ill—m T “mtnnk’\% 1m(K) Ekmll > 0.
Note also that Alc A 2 implies ® (J1)c®(/19 so that an ~j-sequence is an ~-se-
quence. In particular, any f1-sequence is a T-sequence.

Explicit examples of J1-sequences are easy to produce. We list below some
important ones.

(i) Arithmetic progressions (an+b) where a” 1 and bSO are integers, are
(Q/Z)-sequences.

(i) Let a>0 be a real number. The sequence ([an]) is a T-sequence.

(iii) The ordered set of squarefree integers is a (Q/Z)-sequence, and more
generally, so are the sequences of /--free integers. For a proof, see Mendes France
[4] or Novosetov [5] from which it follows that any increasing integer sequence
whose characteristic function is bounded and multiplicative, is a (Q/Z)-sequence.

The following notion will be used in the next paragraph. Let A be, as before,
a subset of T, possibly empty and recall that ®(J1) is the set of almost-periodic
functions with exponents in A. Consider the family of characteristic functions which
belong to ®(1) and let ®'(J1) denote the closure of the vector space spanned by
these characteristic functions. Obviously ®'(J1)c®(J1). Let A* be any subset of
the torus T such that ®(J1*)c®'(J1). We then define the two subsets of T

A= UgA

and
A=T\n - (TVI>*

a=i »

Notice that T=T=T and 0=0=0.

8. 3. The notion of spectrum

In the sequel, we shall often identify a real nhumber with its class modulo 1
Let A=(/.,,) be a given infinite sequence of real numbers. By definition, the
spectrum of A is the set

sp (/) = {a€T|(n,,—m) not equidistributed (mod 1)}

(In a previous article [4], the spectrum had a slightly different definition.)

Metric properties of the spectrum will be discussed later. Observe however that
the spectrum has Lebesgue measure 0 (see paragraph 4) so that in the following theo-
rem the set S may be thought as having a 0 Lebesgue measure though in some cases
it is convenient to choose S with positive measure.

Theorem 1. Let S be a proper subset of T, possibly empty.
@) If spUMc: S and if M=(mn) is any (T\S)-sequence, then AM=(And is
equidistributed (mod 1).
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(i) If all (T\S)-sequences M= (mn) are such that Jim=(XT) is equidistributed
(mod 1), then sp (/1)c5.

Proof, (i) Assume sp (J1)c5 and let M=(mn) be any (T\S)-sequence. We
wish to prove that Jlm is equidistributed (mod 1). According to Weyl’s criterion, it
is enough to show that

0, = Fk%n e(gXmk), ?€z\{0}

tends to zero when n goes to infinity. Let Xw be the characteristic function of M.
Then

0, = 4]1- 2 IM(f)e{qkK).
Let P be any trigonometric polynomial in SB(T\5). Decompose oninto two sums

= 4 2 g-m(K)~ P(De(@R+"~ 2 PK)e(@Xk) = W+ 0%
n sm,, n smn

The sum a\ is a finite linear combination of expressions of the type

4 2 e(-<xk)e(gXk)
kSmn

n

where a€T\& As M=(jn,) is a (T\")-sequence, the ratio tends to
so that

The hypothesis sp(zl)c5 implies that the sequence I'I————<7N is equidistributed
(mod 1). Hence  tends to O, and so does a\. Thus

limsup |ffj = limsup|ffi] ™ |x#H1 B&—">I
Choosing then the polynomial P such that —P||<e||xm11> we conclude that a,,
tends to zero.

(i) It remains now to prove the “converse”. Assume that for any (T\S)-
sequence M= (m,)

a.—— 2 c¢(*mK = o(l), ~6Z\{0}.

As before, we notice that mjn tends to a finite limit and therefore the hypothesis
can be written

-7 2 nickye(gxr = o(l).

mnkSm,,
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Using usual techniques, it is easily shown that this relation implies

(2) T 1o M(K)e(p1K) = o).

Recall that the closure S'(T\,S) ofthe vector space spanned by the characteristic func-
tions Xmwhen M ranges over the family of all (T\S)-sequences contains 53((T\S)*).
Hence, if a€(T\S)* and if e>-0 is given, there exists a finite linear combination/ of
Xm’s such that

|Ir\}\1/_§élp WKAZH k(—a") —Hk)\ < fi
Consider the mean
v e(- yke(g/k) = —
e 80 YRe@ T kn €V
According to (2), the last expression tends to 0 as u goes to infinity, hence
limsup i, & 9

We have thus proved that for all ot£(T\S)*:
lim — =0
m k%ne
~ 1
Consequently, if a belongs to the set 4fl_—(T\S)*=T\S, then
i q

M 5, Sk ) = o
The sequence JT—aN is thus equidistributed (mod 1) for all a£ET\5. This proves
that sp(T)c5 and completes the proof of the theorem.
We now give some consequences of the theorem:

Corollary 1 If sp (J1) contains no rational numbers, then whatever the (Q/Z)-
sequence M=(mn) be, the sequence Jim =(/.,,,J is equidistributed (mod 1). In particular,
for any integer a=1 and any integer b0, the sequence Slab=(kant) is equidis-
tributed (mod 1).

Conversely, if all the sequences flas («51, b=0 are equidistributed (mod 1),
then sp (J1) contains no rational numbers.

Proof. Following Beésineau, let aS| and b”"O be two given integers and
let Xab denote the characteristic function of the arithmetical progression (an+b).
The two “reciprocical” identities (Fourier transforms on the additive group Z/(aZ))

i 10-1
Xabik) = 312=0 *
e 2 e Xa.lik)

1=0
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valid for all integers a"O, b and k imply the equality ©'(Q/Z)=©(Q/Z) so that
(Q/2)*=Q/z. Actually, the closure of the vector space spanned by the Xab’s is
©(Q/Z). Setting S=T\(Q/Z) in theorem 1 and using the fact that S=§=§, one
then concludes that Aahis equidistributed (mod 1) for all integers a”\, b”O if and
only if sp(/l)c:S', or equivalently, AMis equiditributed (mod 1) for all (Q/Z)-
sequences M if and only if sp(/l)c5.

Remark. In the process of the proof, we have shown that if Aab is equidis-
tributed (mod 1) for all integers aSI, b~O then AMis equidistributed (mod 1) for
all (Q/Z)-sequences M.

Corollary 2. The twofollowing statements are equivalent:

() sp(/H=0,
(i) for all A-sequences the sequence AM=(And is equidistributed
(mod 1).

Proof. Put 5=0 in the theorem. (See [4].)

Actually, corollary 2 can be restated in a rather striking way. Define B{A) as
the set of real numbers x such that the sequence XA is equidistributed (mod 1). Let
(€ be the class of T-sequences.

Corollary 3. For any sequence A
fl All—aN) = 1 B(AM.
afT MEC

Proof. The following implications are obvious:
f) B(A —aN) <>xA —xaN is equidistributed (mod 1) for all a,

<>xA —aN is equidistributed (mod 1) for all a,

<msp (xA) = 0,
and, according to corollary 2,
&> VATFE(E, XAM is equidistributed (mod 1),

€NI'6€B(mv)-

8. 4. Empty spectra

It is easy to prove that all sequences A have 0 Lebesgue measure spectra. The
result can be improved upon: a trivial consequence of a theorem due to H. Waltin
[7] shows indeed that whatever the sequence A may be, sp (A) has Hausdorjf dimen-
sion 0. One can furthermore establish that with respect to the Haar measure on
the infinite torus (R/Z)N almost all sequences A have empty spectra, so that the
situation described in corollary 2 is actually the most “common” one.

Explicitexamples of empty spectrum sequences are simple to list. Accordingto a
well known theorem of Van der Corput, any sequence A=(2,,) such that (k,,+q—A)
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is equidistributed (mod 1) for all integers s 1, has empty spectrum. As a consequence,
if g=2 is a given integer and if x is g-normal, then sp ((xg"))=0. Also, if/is a real
polynomial of degree v/ 2

f(x) = awv+... +axf+alx +a0

with at least one irrational coefficient among {a2,a3, ..., av}; then the sequence
/=(/(«)) has an empty spectrum.

By the use of Vinogradov’s results, G. Rauzy [6] has established that if/
is a real entire function, other than a polynomial, and if for \A\ infinite

1/001 = O(exp (Log |z)d, 1< S<
then again sp (/)=0.

Finally iff is a realfunction with a continuous second derivative, slowly increasing
in the following sense:

(i) For all 3>0, f'(x)—f'(ex)=0(1)

(i) x&"(x) tends /o+o° when x approaches + °°, then sp (/) =0.

The proof, which is quite straightfoward, depends on Van der Corput’s estima-
tions relating b

2 €U(Q) 1o f e(f(w)du

Functions/ which verify the above conditions are for example/(x) = (Log x f (d> 1)
and f(x)=x(Logx)a (<5CR\{0}).

8. 5. Additive functions

A real arithmetic function/ is said to be additive if for every couple of relatively
prime positive integers m, n
finin) = f(m) +f(n).

Theorem 2. Let f be a real additive function. Then
() sp(/)D(Q/Z) =0 <»(fin)) is equidistributed (mod 1).
(i) sp(/)D(Q/Z)=Q/Z «(/(«)) is not equidistributed (mod 1).

Proof, (i) If sp (/)D(Q/Z) =0, then O*sp (/) and so (/(«)) is equidistributed
(mod 1). Conversely, suppose that (fin)) is equidistributed (mod 1). Let g and ?be
nonzero integers and let r be any integer. Define

It is obvious that

o, > [1 2, e(fik)\e
Je=lj(modss)
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Delange [3] proved that the inner mean tends to zero. Hence <,
&
to zero when n increases to infinity. Wey’s criterion then shows that
is equidistributed (mod 1) so that finally )}c$sp(/). Part (i) of the theorem is thus

established.

(i) It suffices to prove that if (/(n)) is not equidistributed (mod 1) then sp (/) M
fl(Q/Z)=(Q/Z). According to Delange [2], the nonequidistribution (mod 1) of
(/(«)) is equivalent to the fact that

2 —sin2mn(f(p) —t Logp) < °°
p prime P
for some nonzero integer m and for some real number t. The inequality
€)) sin2hx s h2sin2X
valid for all integers h and all real numbers x, implies
2  —un2mn(hf{p) —ht Log/?) < @
p prime P
so that whatever the integer h is, the sequence (hf(n)) is not equidistributed (mod 1).
Suppose now that the rational nhumber S—does not belong to sp (/)D(Q/Z). Then

|/(u)——/? is equidistributed (mod 1), and so is (sf(n)). This contradiction proves
the theorem.
Corollary 4. | ff is a real additive function then either
sp(/) =0 or sp(/) = Q/Z.

Proof. As a consequence of theorem 2, either sp (/)H(Q/Z)=0 or Q/Zcsp (/).
On the other hand Daboussi and D elange [1] proved that if F is multiplicative and
if Vr(n)|= 1, then for all irrational number a,

lim — 21 F(k)e{—otk) = 0.
rrl’g’LHk"n (k)e{—otd

Choosing F(k)=exp2inqf(k), it follows that sp(/)c:Q/Z. Hence sp (/) is either
O0or Q/Z.

Corollary 5. Letf be a real additive function. If f={f{nj) is equidistributed

(mod 1), then whatever be the T-sequence M=(m,,), the sequence (f(m,,)) is equi-
distributed (mod 1).

Proof. The equidistribution (mod 1) of/ implies sp (/) —0 if/ is additive. The
equidistribution (mod 1) of (f(m,,)) then follows from corollary 2.

12* Studia Scientiarum Matliematicarum Hungarica 9 (1974)



180 H. DABOUSSI AND M. MENDES FRANCE

BIBLIOGRAPHY

[1] b aboussi, H., D e1ange, H.: Quelques propriétés des fonctions multiplicatives de module au
plus égal a un. Compte Rendu Acad. Sc. Paris, 278 (1974), 657—660.

[2] perange, H.: On the distribution modulo 1 of additive functions, Journal of the Indian Math.
Soc. 34 (1970), 215—235.

[3] perange, H.: Sur la distribution des valeurs des fonctions additives, Compte Rendu Acad. Sc.
Paris, 275 (1972), 1139—1142.

[4] M endes France, M.: Les suites a spectre vide et la répartition modulo 1. Journal of Numb.
Theory, 5 (1973), 1—15.

[5] Novosetov, B. V.: A new method in probabilistic number theory. Amer. Math. S. Transi. 52
(1966), 217—275.

[6] R auzy, G.: Fonctions entiéres et répartition modulo un M, Bull. Soc. Math. France, 101 (1973),
185—192.

[71 w ar1in, H.: On Bohr’s spectrum of a function, Arkiv fur Matern. 4 (1961), 159—162.

E. R. A. du C. N. R. S. n° 362

Université de Bordeaux I Université de Reims
U. E. R. de Mathématiques U. E. R. de Sciences Exactes
et d’Informatique et Naturelles
351, cours de la Libération Moulin de la Housse
33405 TALENCE 51 062 REIMS CEDEX-B. P. 347

(Received November 5, 1973.)

Studio. Scientiarum Mathematicarum Hungarica 9 (1974)



Stadia Scienttarum Mathematicarum Hungarica 9 (1974) 181— 185.

PERMUTATIONS WITH RESTRICTION OF MIDDLE STRENGTH
by

K. VESZTERGOMBI

Introduction

The problem of enumeration of restricted permutations of n elements has been
examined by several authors. In this paper we are considered with the (probably
most important) special case when the restriction is a bound on the distances be-
tween the elements and their images. If this bound is constant the restriction is
strong; it is weak if the bound is n—o(n) (see Lenmer [1]). In the present paper we

deal with the case when the bound is between  and n. We determine a generating
function and by help of it we give several explicite formulas and estimations.

Let p(n, k, I) be the number of permutations n of 1, 2, ..., n satisfying —(«—/)<
<-i—n(i)<n—k, where k+I1*n. First we give a recursion for p(n,k,l) by help
of the almost trivial and well-known transformation of the problem to permanents
of matrices. Let us consider the following matrix of order n

J1 if ((n—I)</— < n—k
n aj JjO otherwise.

Then the permanent of this matrix is p(n, K, 1). We get the recursion by help
of expansion by the first column. Expanding we get not only matrices of (1) type
but of the following type:

0 if i-js-(n-1)

0 if i§ S a—x

0 if ONEL(L «-1), s (t,n-1+ t- D}
1 otherwise

(2

Let p(n,k,I,t) be the permanent of this matrix and p(n, k, 1,0)=p(n, K, I).
Then the first recursion for p(n,k,l) is:

©) p(nk.0) = ¥ p(n-lk-1,1-\,t) +(n-k-[)p (n-1,k-1,1)

By our assumption k+LLn t runs till /. We express the permanent of a matrix
of (2) type with the permanent of the matrices of (1) type. We prove the following
equality by induction:

4) pn kL= o fv: f- V).
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In case /=0 the equality holds. Since:
5) p(n.,k,I,t) = p{n k, I, t—\)—p(n—\, k, |-, t—)
(we have used the assumption (k +1)*n). Hence we have:

p(nk, ) = 2 0~1)v]  \[p(.n-v,k,I-v)-p(n-i-v,k,I-1-v)\ =
v=10 I v )

2 (—Dy(n-v, k 1-v) [('rM,l

= 2 (-I)Ww(n-v

Putting (4) into (3) and changing the summation, we get the following recursion
for p(n, k, /):

Theorem 1.
_ /
Pk ) = 2 (<Dv [ (=1 k- 1/ 1- Y+
+(n-k —Dp(h—I, k—1,1)

It will be convenient to set
-k =l £ k) = pgn ko 1) = p(rek +1k o,
Theorem 1gives the recursion:

e f(rkl)=nc-1ru ju-+ [-1-vy-trfir k-\1)
Let

0r k() = |2=01 (r* k>Ogr-
From (6) we get:
gr.k(z) =

Hence

(7 gr.k(z) = (lI-e~2)gr+ik-i(z) +rgrk-i(z).
Let

iZZOV%O W+U/("+|’k'|'|'|'v);!+r9

G(x,y,2)= 2 2 grk(z)77T7-
r=0 k=o0 nkK:"

the exponential generating function forf(r, k, /). From (7) we obtain a differential
equation for G(x, vy, 2):
Gy(x,y,2) = L+x-e~2Gx{x,y, 2)
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with the boundary condition

G 0.2 — 1—xez

(which easily follows from the explicit formula f(r, 0, )=r\rl). Solving the equa-
tion we get:

Theorem 2.

1

© G(xy, 2) = ey+ez-(\+ x)ey+z"

The generating function of p(k+1, k, /)=/(0, k, 1) is

1 1

G(O’y’ Z) ey+ ez-e y+z l( le (- ez)

This we transform into the following form

1

= Y (I—eym(|—ezm—

= mi:Olgo( - Olv 17) kj:%(—l)J !

Hence we get an explicit formula for /(0, k,I):

T heorem 3.
m
/0, k)= 2 S(k, m)S(I, tn)(m\f.
m =0

(S(k, m) are the Stirling numbers of second kind)

It is interesting that using another transformation we can get an essentially dif-
ferent formula, which extends to the case r~0 as welll:

T heorem 4.

fir, k, ) =rl 20(-1)k I» A {r+ A'S(k+ 1, A+1).
Proof:
2 st Xr
r=o Tey+ ez—ey+r+l
Now we transform the coefficient of x':
ply+9r a y<>
et

Gx.y.z)=

G
X Mﬁ(’b—ew)x

1 1 am grateful to Prof. D. H. Lenmer for this observation.
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Hence :
f(r, k1)
r\k\I\

X-br

fir,kh=r2 "y (i+ir

k ~ "f"

from this the identity is easily seen.
We obtain the estimation on f(r, k, ) by help of the Cauchy-formula:

fir, k, 1) 1 e<y+ardy dz

rikill 4n2 (ey+ ez—ey+azy+lyk+lzl+l m
If we integrate on the circuits W=\z\=a we get the estimation:

. fir k n
©) rikili ~ (2e- e 2FHRcit = LW -
Let
2{r+ 1)
S log2

(this is near the minimum of b(a)).
Substituting a into b(a) and keeping the essential factors only, we get:
Theorem 5. When r isfixed and k+ -

nkyp K+

fir,k 1) =(1+0(D)4" +])r+i(log2)t+/+r+i-
Remark. In case r=0, k — this gives

10,k K) S ek 1y o

whence
1 f(0,k,k) 1
T °g (k)2 - I°éTé8f2 +0(1) ~ °g2, L

Trivial estimation gives

@an2< /(o k,k)*z(2k)\,
whence
1 f(0,k,k)
°x T °S—(M)1 =lo84-
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It would be interesting to determine

100, k, k)

lim kj log (\f

/c-t-00
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ON AN INTERPOLATORY ANALOGON
OF THE DE LA VALLEE-POUSSIN MEANS

by
J. SZABADOS

Recently, some attention has been paid to the discrete version of some well-
known convolution operators. Thus R. ecjanic @and O. snisna [1] proved (among
others) that interpolatory analogues of the Jackson integral and the Fejér—Korov-

kin operator approximate in the order O where @ is the modulus of

continuity of the function f(x)£C 2hto be approximated. A further example could be
the so-called Jackson polynomial which is a discrete versionlof the Fejér means,

and that approximates /(x) with an error O ~/, — -tw (/, —jj where /(x) is the

trigonometric conjugate to /(x) (see [2]).

The aim of the present paper is to “discretize” the de la Vallée-Poussin means,
and prove that the operator obtained in this way has the same advantages as the
de la Vallée-Poussin means. Moreover, this operator will interpolate to the func-
tion in some equally distributed nodes, and in order to determine it, we need only
these interpolated values. The latter can be important from computational point
of view. The use of the de la Vallée-Poussin means from the point of view of inter-
polation theory, has already been pointed out by G. ¢ -cu« in [3].

Let

sin?’p—tsi'n nt
2 AR Sl 2T —A
1) Kn{t) = = ?+ Y coskt+ y+. ———;——coskt
*

27 sin2—
be the de la Vallée-Poussin kernel. Further let

lk= h.n = ~2n~ &=01.. 3/7-1)

and consider the following operator:
2 if =2 3ZIrI‘lf'h K,,itk /(x)€C2).2
@ Mif,x) =~ 2 fih)K, itk-x) - (/(>)€CH).

Theorem, (i) deg V,,(f X)AZ n-1
(i) K (f. t)=f(h) (k=0, 1 ..., 37—1).

1 We mention that the “discretization” of a convolution operator is not unique, and the order
of convergence may depend on the manner we determine the discrete operator as a quadrature sum.
2 The importance of this operator has been pointed out by R. b evore ([4], p. 17).

Studia Scientiarum Mathematiearum Hungarica 9 (1974)



188 J. SZABADOS

(i) If T,,(x) is an arbitrary trigonometric polynomial of degree at most n then
V,,(T,,X)=Tn(x).
31—1

(iv) o \Knfk~x)\ S.— where the norm is the usual maximum-norm.

v, K(X)-Vnr{fx) -&En{f)for allf(x)£C A where E,,{f) is the bestapproxima-
tion off{x) by trigonometric polynomials of degree =n.

Proof, (i) is clear from the definition of K,,(t). (ii) follows from

K.tH) LE if k=0
0 if k=12, 37—L
As for (iii), we need an other representation of V,, (f x). Define the step-function
Co,,(t) as wr(t)=ﬁ if tkht<tk+l, k=0, 1, 3J7—1; /13,= 10+ 24.. Then we have
by (1) and (2)

1 X
K (f, x) = FITf(f)Kn(t- x)dent) =

2n—1 2 f1 K

1 n
=7 .(/. %)+ 2 Anif, %)+ 2 —— An(fx)

K=n+1

where
1 X

Aknifx)= = f (1) cosk{t-x)dmn(® (k=101 - 1),

Now let T,,(x) be an arbitrary trigonometric polynomial of degree at most n, and
n+ 17k SIn —\. Then, using the obvious relations
P icosl . ,jcosl
ktdoon(t) =0 (O0s/sn<l:s2n-I
I isin Y\Zinj ® (Osfsn<liszn-1)
j X
AK,,(Tn,x) = ?J‘ Tn(t) cosk{t—x) doon(?) = 0 M+ 1£ kN 27- ]

we get

vn(T,,,x) = 4-1108(I'n, n:)+

Hence V,,(T,,, X) is a trigonometric polynomial of degree ~/?. But by (ii) we have
V,(T,,, t=Tn(tk) (k=0,1, 3I7—1) and this implies (iii).
(iv) By the help of the Fejér-kernel
. [7+1
L RS
Fn(t) 2(77+1) i >+ i el coskts o
2
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we may write K,,(t) = 2F2, 1(i) -F n_1(t), and hence

3/1-1

31—1
3) 2 \KMKk-)\" 2 [2Fan-i(tk-x) +Fn_1(tk-x)] =
4=0

=0
lp~y12 1
= X-+ 2 2 sj,ncosj(tk-x) =

7 4=0 j=1

= .92-+ 2 Qjn cosy*[_z.__ cosyV* + sinyx 2 siny'i*
y=i 0

with
¥ a=j=n
Qj.n — H
Inn_j- nN™j "N a2a- 1)
But
31 3n—1 3n-1 3n-1 1 g«

Z QA +/27sinn = 2 ejk= 2°ek] g gy -0 (LsiA2i—D
4=0 4=0 0 4=0

and thus (3) yields (iv).
(V) Part (iii) and (iv) imply that if T,,(x) denotes the best approximating trig-
onometric polynomial to f(x) of degree S« then

V(%) - v, (F, O\ AAE(X) - OO\ + W, (Tn-/, X)\ rg

2 a3+t
|+_rrFI t2=o nd—  En{f) s 4En(f). Q.E.D.

R emar«. Bya proper modification of the construction we could get an operator
\<ed f,x) of degree Sn(l+£) which interpolates at the nodes

"Po- W W, <*urroL
but then in (v) we would have a coefficient O*logyj (e—9) instead of 4, for all
fixed e>0.
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ON THE THINNEST NON-SEPARABLE LATTICE
OF CONVEX PLATES

by
L. FEJES TOTH and E. MAKAI jr.

Suggested by results of A. Heppes [1] and J. Horvath [2] (see also [3]) concern-
ing transillumination of a lattice-packing of balls, G. Fejes Toth proposed the fol-
lowing problem: Find the thinnest u-dimensional lattice of closed «-dimensional
balls such that any A-dimensional subspace (O”~k”n —1) has a point in common
with at least one ball.

The case when k =0 is a well known problem: the problem of the thinnest
Lattice-covering of the space with balls [4]. Special attention is due also to the case
when k=n—I. A family of «-dimensional bodies is said to be separable if there is
an («—)-dimensional plane not intersecting any of the bodies but containing on
both sides a body. Thus the case of the above problem when k=n—1can be for-
mulated as follows: Find the thinnest non-separable lattice of «-dimensional balls.

Let d,,(b) be the density of a thinnest non-separable lattice of an «-dimensional
convex body b. Then we can ask: What is the infimum of d (X)) if b ranges over
all convex bodies? A similar problem concerning connected lattices instead of
non-separable ones was considered by G roemer [5] (See also [6]).

In what follows we solve the above problems for n=2. We shall use the terms
“disc” and “plate” for a closed 2-dimensional ball and a closed 2-dimensional
convex body, respectively.

Theorem 1. The density of a non-separable lattice of discs is at least f3rr/8.
Equality holds onlyfor a lattice generated by the excircles ofa regular triangle (Fig. 1).

Fig. 1
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Proof. In a non-separable lattice of unit discs let A and B be two nearest
centers. Consider a further center outside the line AB nearest to it. Among these
centers there is one, say, C lying “above” the segment AB. Since in the triangle
ABC AB is a shortest side, we have 4 C €90°. On the other hand, since C lies
above the side AB, we have </1"90° and <5790°. Thus the triangle ABC is
non-obtuse-angled. Obviously, it has the further property that any two of its
side-vectors generate the lattice, in short, it is a lattice-triangle.

We claim that all altitudes of the triangle ABC are less than or equal to 2
For, assuming that for instance the altitude issuing from C is greater than 2, the
disc with center C could be separated from the discs centered in A and B by a line
parallel to AB. But this line would separate the whole lattice, in contradiction to the
assumption that the lattice is non-separable.

We continue to show that among the non-obtuse-angled triangles ABC with
altitudes ~2 the equilateral triangle A*B*C* with altitude 2 has the greatest area.
Let the feet of the altitudes issuing from A, B and C be A', B'and C'. We may suppose

that one of the altitudes, say, CC isequal to 2. It suffices to show that ABsA*B*
with equality only if ABC is congruent to A*B*C*.
Supposing that AB>A*B* and, say, AC>CB, we move C in the direction

BA until we have AC = CB. Meanwhile AA' obviously decreases. If in the new posi-
tion <[C”"90° then we have in the new position, and consequently in the original

too, AA’>2, in contradiction to our assumption. Thus we assume that <C<90°,

AC=CB and AB>A*B*. Fixing the position of C, we displace A towards B and
B towards A through the same distance until ABC becomes congruent to A*B*C*.
Observing that during this operation in the right-angled triangle AA' C the hypotenuse

AC decreases and <[A'AC increases, we see that AA' decreases, showing that the

original altitude AA’ was greater than 2.
Thus, denoting the area of ABC with A and that of A*B*C* with A*, we have

AsA* =4/3, yielding for the density d—iz/2A the desired inequality i/STr/3/8.
Equality holds only in the case of a regular lattice-triangle with altitude 2. It is easy
to check that the corresponding lattice is, in fact, non-separable.

Theorem 2. The density ofa non-separable lattice ofplates is at least 3/8. Equality
holds only if the plate is a triangle spanned by one vertex and the midpoints of the
opposite sides of a basic parallelogram (Fig. 2).

The proof rests on the following

Lemma. A plate can always be transformed by an affinity in a new one having

a diameter D and area A such that j/3T)254”. Equality is claimed only for a triangle.
As to the proof, we refer to [7], pp. 745—746.
Proof Of Theorem 2. Since the density of a lattice of plates, as well as the
property of being non-separable is invariant under affine transformation, we may

suppose that the lattice consists of plates satisfying the inequality 3D 2S.4A.
Let A be the area of a non-obtuse-angled lattice-triangle. This triangle has

the property that all of its altitudes are less than or equal to D. Therefore ASD 2\'3,
whence AS—A. Since the density d of the lattice equals A/2A, we have d” 3/8.
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Equality holds only if both the lattice-triangle and the plate are regular triangles,
the diameter (i.e. the side-length) of the latter being equal to the altitude of the
former. A glance to Fig. 2 shows that this lattice is non-separable. This completes
the proof of Theorem 2.
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A REMARK ON LATTICE VARIETIES DEFINED
BY PARTIAL LATTICES

by
E. T. SCHMIDT

A lattice variety is a class of lattices, which is closed under the formation of
direct products, subalgebras and homomorphic images.

It is well known that the two most important lattice varieties, the variety of
modular lattices JI, and the variety of distributive lattices  have every useful
characterizations with sublattices. These lattices Nband M5 are given in Figure 1

A lattice L is distributive iff L has no sublattice isomorphic to M6 or Ns; a
lattice L is modular iff it has no sublattice isomorphic to j\5; a modular lattice is
distributive iff it has no sublattice isomorphic to Mb.

A similar characterization of lattice varieties is due from R. Winle [4]. He
defined the notation of primitive subset: a finite subset P of a lattice L is called
primitive if [ 0(c\/d, d)xo, i.e. if there exists a proper quotient a/b of L such

c,iiP
c<d
that a/b is weak projective into cMd/d for all ¢,dEP, c3d.
Wille has proved the following

Theorem (Wille [4]). Let  be a set offinite posets, V a variety of lattices and
V? the class of all lattices in V having no primitive subset o-isomorphiclto a member
of 32 Then W. is a variety.

N5 and Mb are subdirectly irreducible lattices, therefore if these lattices are
sublattices of a lattice L then T\6, Mb form primitive subsets of L. We have there-
fore: if L is a nonmodular lattice, then L contains a primitive subset which is 0-iso-
morphic to N5. The converse statement is not true, the lattice K (Figure 2) is
a (simple) modular lattice and the elements 0, a, b, ¢, 1 form a primitive subset
o-isomorphic to N5.

1 Order-isomorphic.
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It is easy to see that a modular lattice L is distributive iff L does not contain a
primitive subset o-isomorphic to M5. (The primitive subsets of a distributive lattice
are namely the two element subchains.) For the variety S>Swe have also two pos-
sibilities, we can take Mbas a sublattice or as a primitive subset.

We know a third characterization of lattice varieties, the characterization of
n-distributive lattices.
A modular lattice satisfying the identity

*v Ayt: A (*v A a]
i*J

is called a n-distributive lattice (A. Huhn [3]). Huhn has proved that the modular
lattice L is «-distributive iff L does not contain a sublattice .8= 2"~1and element
X such that x is the relative complement of all atoms of B in interval [inf B, sup B).

This characterization is different from the first two characterizations, the
element x and the sublattice B can generate different sublattices, therefore this
is not a “sublattice characterization”. On the other hand the poset B*={x,B] is
primitive, butitis not possible to take B* as a poset; the following counter-example
is from A. Huhn (unpublished). Let L be the lattice represented by Fig. 3.

L is a 2-distributive lattice ; the elements u, a, b, ¢, d, e, f, 1foim a poset which
is o-isomorphic to 23 and x is a relative complement of a, b, ¢ in interval [u, 1]

All these characterizations are similar. In the first case we have (primitive)
sublattices, in the second case (primitive) subsets and in the last case (primitive)
partial lattices.

In this note we shall give a characterization of lattice varieties with partial
lattices.

Let L be a lattice, and QkP~L. Suppose we have two partial binary opera-
tions V', A' defined P such that if a\!'nb=u, cA'd=v, then adb=u, cAd=v in L.
We say that SP=(P, V', A") is a weak sublattice of L. (See [1] p. 81.) This IP is
weak partial lattice (for the definition we refer to [2]), and every weak partial lattice
is a weak sublattice of a lattice L.

Let P be a weak partial lattice and V a lattice variety. Take the class F# of
all lattices L in V having no weak sublattice SP with the following two properties:

(i) SP is isomorphic to S

(i) P"is a primitive subset of L.
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V&, is obviously closed under the formation of subalgebras. We prove that
V9 is closed under the formation of direct product. Let L=il (Lt;i£1) the direct
product of the lattices L f V#. If L contains a weak sublattice &' isomorphic to 2P,
and P' is a primitive subset of L, then there exists a proper quotient a/b of Lsuch
that a/b is weak projective into cMdjd for all ¢c,dEP’, c"’d. Let ip, be the projec-

tion from L onto L{ We denote by 0 £the congruence relation of L corresponding
to (pi. L=n (Lf;j'C/) implies A(Of; i£l)=a>, hence there is an i'6/such that (pfa)”
29i(b). The set (p"P)—{i(p)\p*P}QLi is therefore a weak subalgebra of Lh
which is isomorphic to P. By Lemma 5 of [4], cpfiP) is a primitive subset and so
(pi(P) has the properties (i)—(ii). Thus L&V9, which is a contradiction.

W, is not always closed under formation of homomorphic images. (It is easy
to give two lattices L, L' such that L' is a homomorphic image of L, L' is subdirectly
irreducible, and L does not contain a sublattice isomorphic to L'.)

We need the following

Definition. The partial lattice !?' has concerning V the property (#) if for any
homomorphism
(:L L' (L,L'eV)

if SP" is a weak sublattice of L' then there exists a weak sublattice SPof L isomorphic
to ,and pmaps FPonto
We prove

Theorem. Let 2? be afinite weak partial lattice and V a lattice variety. If 2P
has the property () concerning V, then the class V# of all lattices L in V having
no weak sublattice 2P satisfying (i) and (ii) form a lattice variety.

Proof. We must prove that V9 is closed under formation of homomorphism.
Let L-+L' be a homomorphism and L, Lfi V. Let 27" be a weak sublattice of L'
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satisfying (i) and (ii), i.e. L'SV&. By the assumption that S has the property (H)
we get that L contains a weak sublattice 3P isomorphic to 3 Applying Lemma 4
from [4], SPis a primitive subset of L. We have therefore LfyVp, completing the
proof of our theorem.

A sublattice is a weak sublattice ; it is very easy to prove that Mband N5 have
the property (H) concerning the variety of all lattices resp. the variety M. The
characterization of Jt and Qis also a special case of the theorem.

Every finite subset P is a weak sublattice if we define a\Jb, aAb only for compar-
able pairs. It is almost trivial that P has the property (H).

In the third case let g>:L-~L' any homomorphism of the modular lattice L
onto L'. Let us suppose that L' contains a sublattice S~2”+1 and an element X
such that x is the relative complement of all atoms p0, of B in interval
[infB, sup B]. 3P'={x, B) is a weak sublattice; b1\Jb2, blAb2 is defined for all
pairs bi, b2aB and xAb, x\'b is defined only for the atoms of B. We set y,= Y p;,

M

then xV/_gOyi=x, A(xVi N)=l=sup5 hence xVAj,-*AxXV A Yg- If

are arbitrary elements of L such that cp(x)=x, (p(yQ=>", \%(y,,) =yn,

then <p(xXWYi)=x\/At.-*AV N1 Y1)=g{A(AYAJi)) implies xVAA"AC"V A A)
in L.

A. Huhn has proved [3] that there is a weak sublattice 3? generated by x, V;

(/=0, such that 3P is isomorphic to 3P and uX3P)=5P. P has also the
property (H).

Problem. Let 3Pbe a weak sublattice of a free lattice in V, such that 3P is a primi-
tive subset. Has 3Pthe property (H) concerning V?
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EINE ABSCHATZUNG DER ENTROPIE VON FALTUNGSPOTENZEN
UND IHRE ANWENDUNG AUF DEN NACHWEIS
VON GLEICHVERTEILUNGSEIGENSCHAFTEN

von
F. LIESE

0. Einleitung

Ausgehend von einem allgemeinen Entropiebegriff, der in engem Zusammen-
hang zu der in [1] eingefiihrten /-Divergenz steht, wird die Entropie der durch eine
beziiglich des Haarschen Malies absolut stetigen Verteilung a geglatteten Folge von
Faltungspotenzen pn*a auf einer lokalkompakten abelschen Gruppe G untersucht.
Die Folge der Entropien Hf (p"*G, &) ist monoton wachsend, wenn das Entropie-
funktional Hf (', £) mit Hilfe des Haarschen Males Akonstruiert wurde. Hf (p"* a, 1)
bleibt im Falle einer nicht kompakten Gruppe im allgemeinen nicht beschrénkt.
Im Abschnitt 2 wird die Wachstungsgeschwindigkeit von Hf (p”*o, &) fir den Fall
abgeschatzt, daB p und a einen kompakten Trager besitzen. Ohne die Kompaktheits-
forderungen an den Trager werden Abschatzungen fir den Spezialfall der addi-
tiven Gruppe der reellen Zahlen und f= —x\ogx (Shannonsche Entropie) an-
gegeben. Mit Hilfe der Geschwindigkeitsabschatzungen &Rt sich zeigen, daf

Hj-(nn+1*a. —Hf{iin*er, 9

im Caesaro—Mittel gegen Null strebt. Es erhebt sich die Frage, welche Konsqu-
enzen das Kleinwerden der obigen Entropiedifferenz flr die Verteilungen pnH *a
und pn*a hat. Zur Behandlung diese Problems wird zunéchst die obige Entropie-
differenz durch einen Entropieausdruck Af von bestimmten, mit Hilfe von p und &
gebildeten Verteilungen auf GxG abgeschatzt. Fir den Spezialfall /= —xlogx
besteht zwischen Af und dem Shannonschen Informationsgewinn gewisser zweidi-
mensionaler Wahrscheinlichkeitsverteilungen ein enger Zusammenhang. Dieser
Zusammenhang gestattet es, fur Aj- im Falle/= —x logx (ber die Konvergenz im
Caesaro—Mittel hinausgehende Resultate abzuleiten. In Abschnitt 3 werden die
Ergebnisse Uber das asymptotischen Verhalten von Af verwendet, um auf informa-
tionstheoretischem Wege ein Ergebnis [6] Uber Gleichverteilungseigenschaften einer
Folge von Faltungspotenzen abzuleiten.

1. Grundbegriffe

Es sei R eine Menge und [ eine cr-Algebra von Teilmengen von R. A sei die
Menge aller konkaven Funktionen /: [0, “>)-(-m», +°°), die in [0, °°) stetig sind
und fir die /(0) =0 gilt.

fr, Vseien zwei MaRe auf [l. Alle in dieser Arbeit auftretenden Mafe werden
als positiv vorausgesetzt, p mdge eine Dichte p bezlglich v besitzen, d. h. es mdge
eine bezlglich [, meRbare Funktion [0, °°) existieren mit

p(A) = jp(x)v(dx) firalle /K/4, mit v(A) <
n

Studia Scientiarum Mathematicarum Hungarica 9 (1974)



200 F. LIESE

In diesem Falle sei
(1 Hf (p, v) := ff(p{x))v{dx),
R

sofern das auftretende Integral existiert und endlich ist. Wir nennen Hf (p, V) die
Entropie von p in bezug auf v.
Fir eine konvexe Funktion/ wurde dief-Divergenz If in [1] definiert als

(2 If (p,v):= ff(p(x))X(dx).

Somit gilt
Ifin, v) = V).
Es sei fir /£ ft

Df(y) := j/r :p besitzt eine Dichte p bezlglich v, J |/(p(n:))| v(dx) < °oj.
R

Die Existenz der Dichte p, die im weiteren auch durch W bezeichnet wird, istdurch

den Satz von Radon-Nikodynr gesichert, falls eine der beiden folgenden Voraus-
setzungen erfillt ist.
a) p und v sind u-endlich und fir jedes A B'il mit v(j4)= 0 gilt p(A)=0
b) [B] R ist ein lokalkompakter Hausdorffscher Raum und 21 féallt mit dem
System der Borelmengen 23A d. h. mit der kleinsten cr-Algebra die alle offenen
Mengen enfhalt zusammen. Die MaRe p, v sind Radonsche Male auf d. h
lokalendliche, nichtnegative und im Sinne von [5] reguldre MaBe auf 237 und flr
die zugehorigen Systeme von lokalen Nullmengen und 9lv gilt Statt
schreiben wir im weiteren auch p<«v. Im Falle b) existiert nach [5] eine
eindeutig bestimmte abgeschlossene Menge TR mit p(K\TwW=0 und p(T\E)"0
fir alle offenen E mit TACIE”Q. TR nennen wir wie Ublich den Tréger von p.
Unter der Voraussetzung b) gilt p£Df (v) sicher dann, wenn Tfl kompakt ist, p<szv

gilt und p=" beschrankt ist. Durch Xa(x) bezeichnen wir die Indikatorfunktion

der Menget. Jedes f CA ist entweder monoton, oder es existiert ein
derart, daB / in 0-"*y”~y0monoton wachsend und iny0 F*=00monoton fallend ist.
In jedem Falle gilt deshalb mit einem geeigneten y, Q=y,
[/(aji+ (I-a)y3| ~ [/Oi)|+ |/O 9|+

+ 1/(301[X[0.j](u) «/(j,-) bI + [c0,710 2) « Z(},~)Oh)]-

Hieraus erhalten wir, da Df (v):={p\ p£Df (v), p(R)<0°) konvex ist.
v) ist ein auf Df (vj definiertes konkaves Funktional.

®) HE P+ (1 - <2 v) = / f(y-Pi(x) + (1- a)p,(x))v(dx)
= flyf(Pi(x)) +(1-a)f(p 2x))]v(dx) Sr xHf (pl,v) +(1-a)H f (p2, V)

mit utCDf (v), oo+ O —et)u2£Df (v), 0~ a” 1 , = Dichte von  bezlglich v.
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Ist die Funktion/ streng konkav, d. h. enthélt ihr Graph keine gerade Strecke,
so steht in (3) das Gleichheitszeichen genau dann wenn

Pi = Pi v-fast sicher oder px= p2

erfullt ist. Hf (=, V) ist also flr streng konkaves/ selbst streng konkav.

Fir zwei Radonsche Mafle ul, p2 auf den lokalkompakten Flausdorffschen
Raumen R{ bezeichnet PiXp2 das Produktmall auf [RIXRZ2, Fir einen
lokalkompakten Haudorffschen Raum R sei C® (R) der Raum der stetigen reellen
Funktionen op fir die {x:(p(x)x0} relativ kompakt ist.

Q bezeichne im weiteren die Deltaverteilung im Punkt t.

Wir spezialisieren jetzt [R, ®R.

G sei eine additive Hausdorffsche lokalkompakte abelsche topologische Gruppe
und ®Gdie cr-Algebra ihrer Borelmengen. Durch

4 ff <p(xy)RI®RA(dxXdy):= f f g>(x, x+2z)p2(dz)pl(dx)

flr alle (pdCOX G xG ) wird jedem Paar pIr p2Radonscher MalRe auf [G, ®Jein Mal
piep2auf [GXG, ©GxQ zugeordnet. Insbesondere gilt fir kompakte Mengen A, B

(ft@fe)MXfi) = { pAB-x)p LX)

Ist vein weiteres Radonsches MaR auf [G, 3@ mit fi2<zv, p2::a so folgt aus (4)

ff <|X Y)(hOPUxXdy) = f f @(Xy)p2(y- x)(Pi0 v)(dx X dy)

Somit ist
A0 jR«Ni0 v
und

©) d(PiV) (v, x)=p2y-x).

Sind die MaRe pt endlich, dann bezeichne
(Pi *piy(e) = (p10 pA(GXB), BE£®G

* ist die gewdhnliche Faltung von Malen.

Durch p" bezeichnen wir die n-te Faltungspotenz des endlichen MafRes p.

A bezeichne im weiteren ein fest gewahltes Haarschen MaR, d. h. ein verschie-
bungsinvariantes Radonsches Mall mit A(C/)>0 fir alle offenen Mengen U, SP die
Menge der Wahrscheinlichkeitsmalle auf [G ®Q und !?s={p:pe$P, p<zl). Wie in
[6] ordnen wir jedem peSP das System § derjenigen abgeschlossenen Untergruppen
G von G zu, fir die ein t"eG existiert mit

TRz t5+e
GR:= fj O heilt Gittergruppe von p.

Gif,
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Offensichtlich ist GMdie kleinste abgeschlossene Untergruppe von G, die die
Menge TI—Tf={u—v:u, vET} enthalt.

Durch Uj—v||, L, vE3P, bezeichnen wir den Variationsabstand der Wahrschein-
lichkeitsmaRe p und v.

2. Abschatzung der Wachstumsgeschwindigkeit der Entropie

Es sei dann gilt p*ad&sund
d(u*a 4 :
—( —) “m= J(kr(x -li(dy) mit r=-~-,

Gilt zusétzlich aEDf (X), p*a£Df(X) so erhdlt man aus der Jensenschen Unglei-
chung

6) Hf(R*0, X) = ff(q(x))/.(dx) = f/ [ f r(x-y)n(dy)]X(dx) S

G

- FEE{ r(x~y)I(dy)Wx)= Fi(r(2))A(dz) = Hf (a, A)

Die Ungleichung Hf (p*a, /)=Hr(a, X) ergibt sich auch als Folgerung einer in [1]
abgeleiteten Ungleichung fiir die/-Divergenz.

Ist die Gruppe G kompakt, und setzen wir in (6) ;i=A = normiertes Haarschen
MaR, so folgt

Hf (a, X) a Hf (A*a, X) = Hf (A, X) =/( J).
Somit gilt auch fur p"* &
Hf (ii*a, X) ==/(1)
und nach (6) konvergiert deshalb Hf (pn*a,X) monoton wachsend gegen einen
Wert, der kleiner oder gleich/(1) ist. Ziel des ersten Teile dieser Arbeit ist es, Aus-
sagen Uber Hj-(n"*a, X) ohne Voraussetzung der Kompaktheit an G zu machen.

Der Trager von vC.0>C\Df (X) mdge in der kompakten Menge K liegen. Dann
folgt aus der Jensenschen Ungleichung fur/€ A

©) Hf(y, X) = Jf(a(x))A(dx) = jf(p(x)) A(dx) =

A LK)/ uK)’% - Hf(X[K], X),

mit GIK\)(A): _A(GE;Q Wir nennen x[K] die GleichVerteilung auf K.

Die Ungleichung (7) besagt, dafl die Gleichverteilung auf K die Verteilung
maximaler Entropie in der Klasse aller Verteilungen ist, deren Trager in K liegt.
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$ Setzen wir voraus, daB die Tréger von pE&> und oC.!?s kompakt sind, dann ist
auch Tuk*afir jedes k kompakt und nach (7) gilt

Hf (pk*<r, A ~ Hf (x[T A, 5.
Der folgende Satz zeigt, wie die Entropie von abgeschatzt werden
kann.

Satz 1. Esseiff 5t. 1E 3>und a”Df (A) seien WahrscheinlichkeitsmaRe mit kom-
paktem Trager. Dann gilt p" *< £ Df (n) und es existieren Konstanten cx, c2mit

®) Hf(pn*a, s #/(X[7>*], 9" @ (e | n=\2...

Beweis. L Wir setzen voraus, daB G die Darstellung G—GxXG2 mit zwei
Hausdorffschen abelschen topologischen Gruppen Gx, G2gestattet. pxbzw. p2seien die
Randverteilungen eines Wahrscheinlichkeitsmales p auf [G, S c]1= [G1X G 2i ® GIXGJ

px(B) := p(BxG 2, ACSBgji Pr(C) = p(GxXC), C£33Q
Es sei (x,,, YO€TR. UXasei eine offene Umgebung von x0in Gx und W0 eine offene
Umgebung von y0in G2. Dann folgt
0 <pUIXUyls p(UIxG2 = px(Uk
0 < p(UIOX WO S p(GxX WyQ = n2(Uy0
und somit (X0, yQ£Tn XTwm. Damit ist
) T.QTAXT,,

bewiesen.
Da die Randverteilungen (p*v)i der Faltung p*v mit der Faltung pt* v, der
Randverteilungen p,, v; Ubereinstimmen, folgt aus (9)

(10 Ty A TurX
2. Wir zeigen jetzt, daB Konstanten cx, c2mit
(12) a r~~c/-, n=12,..

existieren, wenn p und <rden Voraussetzungen in Satz 1geniigen. Ohne Beschréankung
der Allgemeinheit kénnen wir nach [9] annehmen, daB G=RmXGO, m”O, qgilt.
Hierbei ist GOeine lokalkompakte Hausdorffsche abelsche Gruppe, die eine kompakte
Untergruppe B besitzt, fiir die GJB diskret ist. px, p2 bzw. ax, a2seien die Rand-
verteilungen von p bzw. a auf Rmund GO. Die Anwendung von (10) liefert

(12 o = Twr<uX
Da das Haarsche MaR {1 gleich dem Produkt aus Haarschen MaRen AL, S auf Rm

und GOist, brauchen wir somit die Behauptung (11) nur fiir die Spezialfalle Rmund
GOnachzuweisen.
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Da TRl und Tai kompakt sind, existieren endliche w-dimensionale Intervalle

N> . . .
IRl :a, bi\ lai:G" ssdh i=1 m
mit
Jwc/ Ta 2 e

Der Trager der Faltung von WahrscheinlichkeitsmaBen ist gleich dem Abschluf®
der Summe der Trager (siehe [3]). Dies ergibt

T1/\11 = I"
mit
/" :={xI5 xn); g+ nai - xt: dt+nb}.

Da Lebesgueschen Mal proportional ist, folgt mit einer Konstanten el
K@/ S ex[ fj (bt-a i+"-(dl- ¢)i)] snm

Da T,, und Ta kompakt sind und GJB diskret ist, existieren

% ..., tkCQ, slt S1£G0
mit

T«,= U (U+B)
Ta,Q U (Sj+B).
j=1

Hieraus ergibt sich ”

T>*2= U (§+B)+ U (ti+8) +... +igi (u+B).
7=1 -

Da alle moglichen Summen von n Elementen aus tlt ...,tkund einem Sj héchstens

[n+k—1
= 7-[ "

verschiedene Elemente Uj ergeben, erhalten wir

K
'+B-|fﬁ +B)+ ... + +B (i +B).
7Ll)l(sl )# U e +B) p UrB)g 4 (U+B)
Damit erhalten wir

g szl(«n 5)5=s ib (U j +B) = Onb(B).
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a,, lakt sich durch e2nk~xmit einer gewissen Konstanten e2abschéatzen. Da B kompakt
ist gilt 2(B)< -, und damit ist (11) auch fiir den zweiten Spezialfall nachgewiesen.

3. Es sei x1;x2€(0, °°), xt<x2 und Ot:ﬁ , dann folgt wegen /€A

XX = x2]a —+ (1—)0 +/(0)(I-a)x2=

xf ist somit monoton wachsend. Aus (7) und (11) erhalten wir (8).

Wir wollen jetzt die Voraussetzung, daf Tflund T,, kompakt sind fallen lassen,
spezialisieren aber G—R1und f= —x log x. Die zu/= —x logx und / = Lebesgue-
sches Mal3 gehdrige Entropie bezeichnen wir einfach durch //( ) Fur alle 0,
<5>0 bezeichnet nii6 das durch folgende Wahrscheinlichkeitsdichte pa 6 definierte
WahrscheinlichkeitsmaR

(13) Pa»:=c(a, d)e-a* 6 - °< x< +
[c(o, 6)]-1= f e-«l*i*dx = 26~1a af k

V sei eine weitere beziliglich des Lebesgueschen MaRes absolut stetige Wahrschein-
lichkeitsverteilung mit endlichem absoluten Moment mv der Ordnung § q sei die
Dichte von v. Nach [1] gilt fir den Shannonschen Informationsgewinn

IV, jr.» = f a{x) log pfﬂ,&)(‘l)'dx 2=0

oder fir die Shannonsche Entropie H(v)
+®
H(y) » /< —ogc(a, £)+ alx|Av(</x) = logc(i. § +amv.
Es gelte zusatzlich
dann folgt
(14) vy 3= -loge(fl, 6)+amnati = H(ir,>s

Somit ist die durch die Dichte (13) definierte Wahrscheinlichkeitsverteilung die Ver-
teilung maximaler Shannonscher Entropie in der Klasse aller Wahrscheinlichkeits-
verteilungen, deren absolutes Moment der Ordnung b kleiner oder gleich

(15) mraB = c(a, b) f Wee~aw"dx =
—0
ist. Siehe dazu auch [8].
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Es gelten folgende elementare Ungleichungen :

« *

- 2 WS fur ~§ 1

2yi s 2\yR> 0<«b<l, y~R1

1=1 1=1
Hieraus folgt:
Sind Llund g Wahrscheinlichkeitsverteilungen auf dem R] mit endlichem abso-
luten Moment der Ordnung (5>0, so gilt

nd ri‘mB+ma) <$S 1

(16) "Wo=bn R0+ n 0<0O< 1
Zu b>0 sei
4= 1
D¢
dann gilt nach (15)
K h
Wir definieren jetzt a,, durch
1
- a’ a M
mit  aus (16), dann folgt aus (14)
a7 H(h"*g) : H(naxo.

Analog zu Satz 1gilt dann

Satz 2. L, und a seien Wahrscheinlichkeitsverteilungen auf den Borelmengen des
R 1 mit endlichem absoluten Moment der Ordnung <5>0. < sei absolut stetig bezliglich
des Lebesgueschen MaRes. H (er) moge existieren. Dann ist H(B" * 0) definiert und es gilt

(18) H([in*G) si <p((5)+-i-loghn
mit b, aus (16) und

w0 = tog2+ 10t L 7 41egi

Der Beweis von Satz 2 folgt unmittelbar aus Ungleichung (17) und der Definition
der b,,, wobei 1"*0£ D_ x lagx aus Ungleichung (14) und der Jensenschen Ungleichung
folgt.

Folgerung. Genlgen u, a den Voraussetzungen von Satz 1 und gilt fir fr

(19) limnl d . 0 Ve>0
dannfolgt
(20) lim— ¥ ++ g, X) —HF (RBk*G, A] = 0.

n+co M k=0

Fir f ——= logx gilt (20) auch unter den Voraussetzungen in Satz 2.
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Beweis. Die Beziehung (20) ergibt sich unter den Voraussetzungen in Satz 1
durch Anwendung der Ungleichung (8)

Os " k2-0 [fff (nk+1*a, A—Hf(nk*o, A)] =
=+*H W=*o, X)-+tHf(@, AS -xH f(a A)ytcl* -y (-~ r] S
& _ 1 4ar(TmA+cpxi-yli-J 0

£=—.
c2

Unter den Voraussetzungen von Satz 2 folgt (20) ebenso wegen
7 logfm-~r° mit b« aus (16).

Bemerkung. Die Bedingung (19) bedeutet, daf3/(x) fur xlo hinreichend schnell
gegen Null konvergiert. Der Beziehung (19) genligt zum Beispiel die Funktion

/(x) = —xlogx.
(19) wird natirlich erst recht von allen/, die eine endliche rechtsseitige Ableitung in

x=0 besitzen, erfullt. Die Aussage (20) ist in diesem Falle trivial, weil dann eine nur
von / abhangige Konstante cf mit

Hf (0, A = Cf firalle <r£Df (X)
existiert und somit A als monoton wachsende und durch cf beschrankte

Folge konvergiert.
3. Eigenschaften der InformationsgroRe A{

[, 9] sei ein meRbarer Raum, yt, i=1, 2, 3, MaRe auf 91 mit y-"Df*y3), i=1, 2,
mHyi + yaK”/Ob)- Sei

JAYn Y1, ¥3) m=Hf Li-(y,+y2,y3 ~ J M(Vi. ¥)* J Al(YT, 3.
Da Hf ein konkaves Funktional ist, gilt
Af(yi, 3. ¥3) i= 0.

Da Hf fiir streng konkaves/ selbst streng konkav ist, steht in diesem Fall in der
letzten Ungleichung das Gleichheitszeichen genau dann, wenn yi=y?2 gilt.
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Af laRt sich deshalb als MaR fiir die Unterschiedlichkeit von ylund y2deuten.
Diese Deutung lalt sich im Spezialfall f = —x log x durch Ungleichungen pra-
zisieren.

Bei allen auftretenden Informationsgréfen lassen wir im Spezialfall/ = —x log x
f als Index weg.

Es gilt

d(yi,y? = 40i+>’2)logy Oi+>’2)+4JiIog>/1+j y2logy2 =
1 yi

1
= jyiiogT +yJa log
y Ol+Ja) J Ol + Ja)

Ja

Ist Pi die Dichte von yr, /=1,2, beziiglich y3, so gilt

(21) A(ft,y., ¥ = \] d(p1(x),p2x))y3(dx) = —f Pilog i my3(dx) +
(P 1+ P 2

1
cTIN08T 0 Y30 = 1\yL, -X-OL+¥) +NYa, ZOi+ %)

J (Pi+Pé

AOi, y2, y3) hdngt also nicht von y3ab, und wir schreiben im weiteren hierfir nur
A(yi, y2-d(yi, y2 ist fur alle WahrscheinlichkeitsmaBe yls y2 definiert, da man
stets ein y3 finden kann, so daf ytEDf (yd gilt. Man kann etwa y3=2(Y1+Y2)
waéhlen.

Nach [2] gilt fir den Shannonschen Informationsgewinn 1(ql} g2 zweier Wahr-
scheinlichkeitsmalRe Qt g2 folgenden Ungleichung

l6i-Rall = 121(s1, 6a)]2
Mit der Identitat (21) folgt fur zwei WahrscheinlichkeitsmaRe yl; y2
Qi M- = v iy e vyt v 2 Ohevn = YISV
oder
(22) L-yall S 2[A(y,, y2]2.

A(yi, y3) charakterisiert somit die Verschiedenheit von ylund y2in dem Sinne,
dall aus der Kleinheit von d(yl,y2 die Kleinheit des Variationsabstandes von yt
und y2folgt. _

[72, 91], [R, 91] seien zwei meBbare Réaume, ol; p2zwei Wahrscheinlichkeitsmaie
auf [R, 91] und P eine Ubergangswahrscheinlichkeit von [R, 9] in [R, 91]. Es sei

RiA) =T P(x, A)Qi(dx), 469t
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Dann gilt nach [1]

(23) 1(Qii Qi) —Tf(i?i> Qi)-
Wir setzen jetzt )
[A 5] = [R W = [GXG, S GG

und
P(x,y, C) := f Xc(x, z+y)p(dz),
G
mit C€©GXG und Xc= Indikatorfunktion der Menge C. Fiir C=AXB, 4, gilt
AXB) = Xn(x)u(B-y)
und somit

11 0*,y, AxB)(pl®p(dxXdy) = f f Xn(x)p(B-y)(Ri®fi(dxXdy) =
GG GG

=f (p*p2(B-x)pl(dx) = (/iioC/i*/i2))(*X A)
oder g
(24) IO Pi = Hi® (** M)-
Entsprechend gilt
(25) VX V2= vxx(li*v2.

Die Ungleichung (23) liefert mit Hilfe der Identitdt (21) sowie (24) und (25) die
folgende Aussage.

Hilfssatz. FUr beliebige v,EN, [=1,2; UE3P gilt
(26) AWXXV2 fro 12 s A X(@*3, 0 (p*pd).

Wir wollen jetzt einen Zusammenhang zwischen Af und der Entropiedifferenz
X)—Hf (a, A hersteilen. Dazu dient der folgende Satz.

Satz 3. EsseifC. Si, OI(A), i= 1, 2, sowie p.*02dDf {X). Dann gilt
27 AT~ X N +ad ~ aXa)r Hf  (fl+ p*s0, Aj.
Fir streng konkavesf steht in (27) genau dann das Gleichheitszeichen, wenn eine der
beiden folgenden aquivalenten Bedingungen erfillt ist
(28) a2= 0s*a2 ViCGj,
(29) uX(u*<rd = /10<r2.

Beweis. L Wir beweisen zunéchst (27). pt sei die Dichte von bezliglich A
Dann gilt

d(pXcri) .
dpX A (x,y) = Pi(y)
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und nach (5) sowie 4@/l =pxX

ff
%pp()?xzj (", ) =P 2(¥-X).
Hieraus folgt
(30) Hf{al, ) = J Jf(p 1§))n(dx)A(dy) = Hf (NX(TLHXX)
(31) HI(ff», 9 = If(p 22)X(dz) =

= f ff{Pi(y-x))p{dx)I{dy) = Hf (p®a2, pXX)

Somit gilt wegen ff;C/)/(/)

JuXffi C.Df (pXX) und p® c2£Df (pxX).
Die Konvexitat von Df (pXX) ergibt \ (pX<Ti+p®GEDT (pXX). q sei die Dichte
von /r*ff2 beziiglich A Die Anwendung der Jensenschen Ungleichung liefert

Hf  (rX ff]+ pfBff»), pX/j = f fEA(Pi(y)+p2y-x))*p(dx)X(dy)
: é/ \Gf-j[Pi(y)+P2(y~X)]p(dX))X(dy) =

. 1
_/A’) [Pi(y) + q{y)}\Kdy) = Hf \—{ol+p*G2, X\.

Ist/ streng konkav, so steht in der letzten Ungleichung genau dann das Gleichheits-
zeichen, wenn fiur fHast alle y

p{x:p2Ay-x) = q(y)} = 1yilt
Dies ist gleichbedeutend mit
p2(y—x) = q(y) fir /rXd-fast alle x,y
oder nach (5) und pXX=p®4
p®02= pX(p*<r.

2. Wir weisen jetzt die Aquivalenz von (28) und (29) nach.
a) Es sei (28) erflllt. Wegen TA—T~G ~ gilt fur alle v und v aus 7j,

su*ff2 = Sv*a2

cqB—u) = 02{B—v) fiir alle A£93G

oder

Hieraus folgt

a2(B—v) = J OCo(B—u)p(du) = Ja2(B—)p{du) = (p*a3d{B) furalle v~ TR
U o
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und somit
uw(A(u*(73(B) - f (R*ad(B)n(dv) - f (B*02(B)R(dv) =
A

TANA
= f (R(B~v)n(dv) = ([1®<A((7W1")X5) = (B®a)(AxB).
TuA
Aus der Beziehung
B(A)(R*02(B) = ((1®<d (/i XB)
fur alle A,BE5Bg folgt (29).

b) Wegen (2€"s ist die Abbildung t 8*02von G in den metrischen Raum
[3A 1+1l] mit dem Variationsabstand als Metrik stetig. Bei festem tOET,, existieren

deshalb fir m=1,2, ... offene Umgebungen von t0 mit
(32 [<5,*<12-<5,0%cT12| < Vi€ U0m
(33) fi(u,0J > 0.
Sei

*(« NU,,m

Aus (29) folgt

Bm*G2= R*G2
und nach (32)

\0,0*<12- B m*(TA .
m

Der Grenziibergang liefert

502 = <22-
Da t0€7” beliebig war, ergibt sich

H*a2= Sv*a2 bzw.
(34) 4+,*02 = 02 du,vET,,.

{s: &s* d2—a2} ist eine abgeschlossene Untergruppe GO von G. GO enthélt infolge
(34) Tu—Tu. Hieraus folgt und dies beweist (28). Durch Benutzen von (30)
und (31) ergibt sich aus Satz 3 die nachstehende Folgerung.

Folgerung 1. Urtier den Voraussetzungen von Salz 3 gilt.
(35) Af (BXoi, B®d2, jiXA) s

S Af {ox, R*02, X) +-"[Hf (R*(T2, X) —Hf (02, 2)]
undfiir
= R*a2

(36) Af{BX(B*02), ir®@<r2, [iIXA) = A[Hf(R*02, A)-8 1/ (<2, A)]. y
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Hierbei stehtflir streng konkavesf in (35) und (36) das Gleichhetszeichen genau dann,
wenn (28) oder (29) erfillt sind.

Wir spezialisieren jetzt /= —log /1.

Folgerung 2. Fir beliebige p, afJP ist
A(pX(pn+1*(r), p® (pn™*ff))

monotonfallend n in und unter den Voraussetzungen von Satz 1 oder Satz 2 an p
und a gilt.

37) 3 (i X (ii"+1* (7)110 (™" * ff)) — 0.
Beweis. Wir setzen in (26) \x=p, V2=pn+l*0, px=g, p2=pn*cr, dann folgt
A(jxX (pn+2*a), /i®(U,+1*0j) S A(uX(A+1*(T), p®(U"*a)).
Aus Ungleichung (36) in Folgerung 1ergibt sich

lim A(pX(pn+l*cr), p(B(p"*0)) Sy lim [H(pn+l*o, A—#(/("* c, K] "
M-»ee A Mtof

S éf I|m—21 [H(pk+l* k) —H{pk*a, K)].
Die rechte Seite der letzten Ungleichung ist nach (20) unter den Voraussetzungen
in Satz 1 oder Satz 2 an p und a Null. Damit ist (37) gezeigt.

4. Eine Anwendung auf die Theorie der asymptotischen Gleichverteilung

Ist die lokalkompakte Gruppe G nicht kompakt, so existieren auf 23 keine
verschiebungsinvarianten WahrscheinlichkeitsmaRe, d. h. es existiert keine Gleich-
verteilung.

Die zunehmende Gleichverteilung einer Folge von Wahrscheinlichkeitsverteilun-
gen wurde in [6] durch die zunehmende Verschiebungsinvarianz erfal3t. Eine Folge
onCiX heiRt nach [6] asymptotisch gleichverteilt, falls

gilt. Nach [6] geht das Gewicht der beziiglich des Haarschen Mal3es absolut stetigen
Komponente einer asymptotisch gleichverteilen Folge von Verteilungen fiir a—«
gegen 1 Gilt dies fur die Folge pnC.* nicht, so kann man GleichVerteilungseigen-
schaften nur von der geglatteten Folge cr*pn, aCS%, erwarten. Fir eine beliebige
Folge CSPsei

Y((Bn))'-= {t M\W*P,,-6,*a*pm\-y"-0 V<x<E’s}.

V((p,,)) ist eine abgeschlossene Untergruppe von G und heit Verschiebungsgruppe
der Folge p,fSP. Gilt V((p,,)) =G, so heillit pn€SP schwach asymptotisch gleichverteilt.
V((/i,,)) charakterisiert die Gleichverteilungseigenschaft der pndurch die zunehmende
Verschiebungsinvarianz der geglétteten Folgen cr*p,,, aC ”s. In Anlehnung an [7]
werden wir eine der Verschiebungsinvarianz dquivalente Aussage ableiten. Dieses
Kriterium ergibt sich als Antwort auf folgende Frage :
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Bleiben die Aussagen (28) und (29) in Satz 3 aquivalent, wenn die Gleichungen
nicht exakt erfillt sind, sondern mit einer Folge ananstelle von <2 die Differenz der
rechten und linken Seite von (28) und (29) im Sinne des Variationsabstandes flir u—°0
gegen Null strebt?

sax: 4. ES seien u, g SSPs sowie a,,\=a* ftn. Dann sindfolgende Aussagen
aquivalent:
(38) — 0
(39) WRBX(n*(Tn) - U®GnW-"z-0

Beweis. 1. pn bzw. gn seien die Dichten von on bzw. ft *a,, beziglich X Dann
gilt mit (5) und uXX—ypX

(40) WnX(fi*GR-n® ad = f f \q(y)-p.. (y-x)\i(dx)X (dy) =
GG

= f \MfPn(y-z)n(dz)-p,, (y-x)\fi(dx)X(dy) s
GG G

f \Pn(y~2)-Pn(y-x)\n(dz)n(dx)X(dy) = f Wan- 6t* G, \{p*p)(dt)

fi(A) :=u{-A),A£BO.

G. ist die kleinste abgeschlosene Untergruppe von G, die T,,—Tuenthalt. Da I',,*a
der Abschluf3 von TA—T" ist, gilt

(41) g G,
Ist jetzt (38) erflllt, so folgt aus (40), (41) und dem Satz von Lebesgue die Be-
ziehung (39).

2. Esqilt

\pX(ji*an~ p@GM = / fA\gAy)-Pn(y-x)\n(dx)k{dy) =
GG

= fWP*Gn- 6,*on\n(dt).

G
Aus (39) folgt somit
(42) f \n*on-St*on\n(dt)-*zr0
G
tOCTH sei fest gewéhlt und ~,0al",, eine kompakte Umgebung von Dann gilt
43) p(Ut) >0

fiir jede Umgebung U,0QK,0mit t/,0E©o. Es sei
®n(t) i= \P*Gn-6,* on\
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Die Folge qnbesitzt folgende Eigenschaften
(44) (@) 0=9t) =2 VG
(b) \RU)- W)\ = \WIFONn- 6 u*On\-\\n* O n-Ov*<JnWS
— = |8 ,,*ff,,-ff] = [IOM,,*cr—Cj.

Wegen ofdPs ist [<&*ff—al\ eine stetige Funktion in s. Die Ungleichung (44)ergibt
die gleichgradige Stetigkeit der q,in jedem Punkt von G.
Wir betrachten die Einschrankung der (p,auf K,0. Nach dem Satz von A rzeta—
A scoli existiert eine Teilfolge (o.k, die auf K,0gleichmaRig gegen eine stetige Funk-
tion iy konvergiert.
Ohne Beschrénkung der Allgemeinheit kann man voraussetzen, dal die nk so
gewdhlt sind, daf3

(45) dim k() = Hm qyt0)

gilt. Aus der Stetigkeit von iz sowie (42) und (43) folgt t/i(i0=0. Da tO beliebig
war, ist

gezeigt. Hieraus ergibt sich wegen

Nau-v*en-0On = k&0, - (5, * 1] " Wore0n-L*0,,\ +\0, ML, *0rk
(46) Ky ,*<Tn- cJ-~"rO  Vu, v TR.

K = {s-\Wn-Os* ffJ 0)3
ist wegen ffESPseine abgeschlossene Untergruppe. V,,enthalt wegen (46) TR—Tuund
somit gilt
_ PR €

was (38) beweist.

Satz 4 zeigt, in welcher Weise informationstheoretische Beweise von Gleich-

verteilungseigenschaften mdglich sind. Die Beziehung (39) in Satz 4 ist infolge Un-
gleichung (22) erfillt, falls

Nyt X (/(* ff,), g ® ff,) 0

gilt. A(gX(g*an, /i®ff,) laBt sich nach (36) durch die Entropiedifferenz
\ (H(g *ff,,, A—H(a,,, A)) abschatzen. Damit erhalten wir Satz 5.

satz 5. Es seien g, //,, aus P, a63% sowie on:=a*g, und g*onaus D(/.). Dann
folgt aus

(48) H(g*a,,, X—H(0,,, 1)-*-"»0

(47) Vi£G,,.

Gilt jetzt g,,=g", dann ergibt sich

(49) A(gX(gn+x*o), g®(gn* ff)) -~7*0, bereits dann
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wenn H(i7*n", X) fir f—°° nicht zu schnell wachst, wie aus dem Beweis der Folge-
rung 2 zu Satz 3 hervorgeht. Haben /i und <« kompakte Trager, liegt nach Satz 1
solch ein Wachstumsverhalten der Entropie vor und nach Folgerung 2 gilt (49).
Die Anwendung von Satz 4 und Ungleichung (22) ergibt dann

{j:|e*fi"—@* </ i" || O} G,

Von der Voraussetzung der Kompaktheit der Trager kann man sich I6sen und auf
diesem Wege ergibt sich informationstheoretisch ein Resultat aus [6].

Satz 6. [6] Fur alle gilt
viw) = <m

Beweis. 1. ZUm Beweis bendtigen wir eine Aussage, die eine einfache Modifizie-
rung des Ubertragungssatzes in [4] darstellt. Es seien 4, v, vx und V2aus sp, 0<a” 1

X ;= av-t (1—a)q
sowie
VI*vi— %] ,,,,AO-

Dann gilt auch
(50) W' *vl—xn*vA N -0.
Beweis von (50):
WXV, — X" * Vo Kof af(l —a)'1-*|v.* vVl —k*R"-**\Q| S

s 1”7 1a*(1—a)" fox vx—VK™*
gy 1 (1" Ve vk

Zu £>0 existiert ein kcmit

£
(51) W\ _vk*v2) < — V kAKE
sowie ein ncmit
(52) k2=0{/ ak(l-a)n_t<y Mwv—nc.

Aus (51) und (52) ergibt sich \wn* w—98*v2||<£ Vnéfi, und damit (50).
2. Fura€~sexistiert zu >0 ein <r€”Asmit kompaktem Tréger und beschrénkter
Dichte derart, daR

<e
gilt. Dann folgt

Wo*yn—o6s*a*nnW\s |<lc*/in— das*erc* [in||+ \\<j*nn—ac*nn\+
+ |&B* 9* ¢" —0Os* ot */in| S [E* ft''—06s* at *finl+ 2e.

Die Beziehung

(53) Ig * N—05* o= 1, 0 fir alle
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ist also bereits richtig, falls (53) fiir alle a6&smit kompaktem Tréager und beschréankter
Dichte gilt.
3. Wir zeigen zunéchst

g, g Vv((fi")).
TR-T B <AV((»™)

Dazu reicht es

nachzuweisen.
Seien u, vCTR und s=u—v. KUQTR, KvQ TR seien kompakte Umgebungen von
uund Vsowie

K= KUWJKV
HimMO
_ HE yK) =
Dann qgilt
S£GRK
und
(54) H= @K+ (1—)g
mit
a = u{K)
und
fi(-f](G\K))
B = H(G\K)

beliebig aus & u(K) —1

crC&s sei eine Verteilung mit kompaktem Tréger und beschréankter Dichte. Dann
gilt o *iiIKED(X) und aus Folgerung 2 zu Satz 3 ergibt sich

A(HKX (HeH* ff)> HK® (He* @) 0.

Die Ungleichung (22) und Satz 4 ergeben wegen s£EGRK

W* He- &* > Hkll °-
Aus Teil 1 des Beweises folgt mit (54)
lle* yn—os*a *fi"\ 0.
Da s beliebig war, ist
T,~TRBQ F((/t")
nachgewiesen.

Der Beweis der Beziehung F((ii"))gG, erfolgt wie in [6]. Sei t$GR, dann exi-
stiert eine Umgebung U des Nullelements mit

t+UHG, = 0.
V sei eine offene Umgebung des Nullelements mit V—VC V, dann gilt
(t+V+G,,)n(GR+V) = 0.
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Sei mit €(K)= 1 Dann gilt fir n=1,2,...
Ga*n")(nt@i+GR+V) = 1
G*a*y")(t+nt@i+GUrV) = 1
intG+ Glt+ V)f](t + +G,+V) = 0.

Hieraus ergibt sich
\a*pn—0,*a*ym =2 Vi
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ON A METRIZATION OF THE VAGUE CONVERGENCE
by

D. SZAsz

1. Introduction

It is well-known that the weak topology in the space of probability distribu-
tions over a separable metric space S can be metrized. Such metrics have been
defined by Prohorov — the Prohorov-metric — and by Fortét and Mourier —
the dual-bounded-Lipschitz metric (cf. Dudiey (1972)). In the case when 5 is a
locally compact Abelian group the author (Szasz (1971)) has defined a new metric
equivalent to the weak topology. Modifying this definition we can metrize also the
vague convergence. This metric can be used instead of the Prohorov metric when
establishing vague convergence and not the weak one.

2. The metric aHw

Let Ji(S) be the class of Borel measures defined in a metric space (S, d) with
masses not exceeding 1 and denote by 0>(S) the subclass of probability measures.

We recall that a sequence ur, p2, tends vaguely to p~J/(S) (or briefly
pn=>p)iiff for every continuous real function u(x) defined in S with a compact support
(@) limJ u(x)p,,(dx) = J u(x)p(dx)

(Integrals without specialization of their domain are to be taken over S.)
If )in, p£0>(S) and (1) fulfils for every continuous bounded u(x) then  tends
to p weakly (or briefly p,,=>p). In Szasz (1971) it was supposed that

(2) (i) S is alocally compact second countable Abelian group:

(in) H£7(S) is absolutely continuous with a bounded and continuous density h(x)
and a non vanishing characteristic function;

and it was shown that 0>(S) supplied with the weak topology can be
metrized by

©) ah(P,Q) = Yht[(P-Q)*H]

(here Var denotes the total variation of the signed measure in brackets and * denotes
the convolution). ghcan also be expressed in an analytic form

4) BH(P, Q) =/ |/ h(x-t)d(P-Q)(t)\dx

(dx denotes integral with respect to the Haar measure and \A\ the Haar measure of
the set A.)
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As the difference between weak and vague convergence is that the later one is
insensitive to the behaviour of the measures of infinity, in order to metrize the vague
convergence a natural way is to modify the form (4) of gh by introducing a weight
function w(x), i.e.

(5) GHW(P, Q) = / | / h{x-)d(P-Q)(t)\w{x)dx.

About w(x) we suppose that

(6) a) O<w(x)" 1,
R) for every £>0 there exists a compact K=K(s) such that w(x)<e if x\K\
y) w(x) is Borel measurable.

Theorem 1. If S, H and w satisfy conditions (2) and (6) then oHwmetrizes

Proof. If én,w0> 0 = 0 then by the positivity of w
fh(x-t)d(P-Q)(t) =0
for a.e. x. Hence H*P —H*Q. The characteristic function of H does not vanish
so from the equality of the characteristic functions of H*P and H*Q P=Q fol-
lows (cf. parenasara «y (1967), Chapter 4, §83). Symmetry and triangle inequality
are obvious.

3. Equivalence with the vague convergence

Theorem 2. |f the conditions (2), (s, and also the condition

(iii) for every s=>0 there exists a compact K=K(s) such that h(x)<e if x"K
are satisedfied then the following two assertsions are equivalent (pn, p£ -Jt(Sj)

(A)

(B) Iian Bn.APn, P) = 0.

b oot (A)-»(B).

Let e>0 be given and choose compacts K and C such that w(x)<e if x*"K
and h(x)<E if x*C. K—C (algebraic difference!) is also compact so we can find
a compact continuity set L of p for which L3 K—C. Then

BH,JIPN,P) = f\fh (x-t)d (p n-p)(t)\w (x)dx +

. A+ N2+ A3.
N el

Put
LhW = f h(x-t)d(pn-p)(t).
L
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By the Helly—Bray lemma (see Loeve (1955), Chapter 4) Ii|r1|1 i/,,()=0. But |w,,(x)|s
=2 S%J h(x) so applying the Lebesgue convergence theorem for Ax we obtain that

Al—o(1). A2can be estimated by noticing that if jcEK and tELcthen x —$C and so
h(x—t)<e. Hence

A2~ \Kee.
Finally it is obvious that

A3" eJ Jh(x-t)d(n,, +n)(t)dx s 2e.
(B)~*(A).
Let and u satisfy (S). If for some subsequence of integers
Pk =*v VENE(S>)
then we have already proved that

lim GHW(@,k,v) = 0

hence by (B) and the triangle inequality v=fi. But the Helly compactness theo-
rem ensures the existence of at least one vaguely convergent subsequence. Hence the
assertion.

4. Remarks

1 To define the metric gHwwe need to give a measure H and a function w
satisfying (ii), (iii) and oc), B), y) resp. The most obvious choice for H is to choose
it to be non singular normal. If S is a Euclidean space then this can be done while
in the general case about densities of Gaussian distributions the author has no
information. In the Euclidean case w can be chosen to be equal to the density of H.

2. Maybe the idea used here makes possible to define metrics equivalent to
the vague or weak convergence of measures given in more general metric spaces
than considered here. In connection with this it is worth to point out of that the
reason why gh is a metric equivalent to the weak convergence is that the convolution
operator

AH-.P(S)"3fi(S)
defined by
A,,P = H*P

determines an invertible transformation from 0>(S) endowed with the weak topology
into 0>(S) endowed with the total variation topology and both AHand Aiil are
continuous.

3. The following simple property can be proved easily: if X and Y are random
variables with values in S such that

P{d(X, Y) > e} < e
then
, Y)) S IKI(mh(g)+ 26SupA (x)) + 2e
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where
mh(e) — d(%/f{\h(x)'h(y)\'
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THE HERMITE—FEJER PROCESS ON THE TCHEBYCHEFF MATRIX
OF SECOND KIND

by
R. B. SAXENA
1 Let En={x[n),x ", ..., x10} denote the nth row of a triangular matrix E
and let
(11 1SX, =...<XS 1

For simplicity we shall write xv for jcn).
The Hermite—Fejér interpolation polynomial H,,(/, x) of degree 2n—1such that

A,(, *y =1(*Vy, tf,,(/,xy)=20

is given by
(12
where
n
(L3 %Xl T e I (x-x9) - W)

L. Fejer [4] proved that if the matrix of nodes (1.1) consists of the points

(1.4)

which are the roots of Tn{x)—the Tchebycheff polynomial of first kind, then for any
function f(x)EC* one has
(L5) Hn(/, m)-/(*), for n- °0

uniformly for 4~ x " 1.
D. L. Berman [1] and [2] has studied the Hermite—Fejer interpolation process
for the system of nodes

(1.6 x0=1, Xv= cos -1,

which is obtained from (1.4) by adding the points x = + 1 as nodes. Unlike Fejér’s
result (1.5) he proved that the Hermite—Fejér process constructed for the nodes (1.6)
diverges at x=0 for f{x)—W\ and throughout (—1, 1) for /(x)=x2

In view of these results one may except that addition of the points je= + 1 as
nodes may worsen the situation regarding the convergence of Hermite—Fejér process.

* C denotes the set of functions continuous in [-1, 1].
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As Berman [3] showed, this is not always so. He proved that the Hermite—Fejér
interpolation process for/€ C for for the nodes

.7 = cos—j-7, v=1, n=1,2,..

converges at the point x=0, and posed the problem of convergence of this process
at points different from x=0 in case of arbitrary /EC. He [3] however partially
answered this question by showing that for /(x)=x and f(x)=x2 Hn(f,x) con-

verges to /(x) with an error of order O in [, 1]

In this paper we shall answer his question for arbitrary /CC and xf[—1, 1].
We shall prove the following

Theorem. The Hermite—Fejér interpolation process Hn{ f x) constructedfor the
function fEC on the nodes (1.7) converges uniformly to/(x) in [—1, 1].

In 82 we obtain the explicit form of Hn( f x) and in §3 we establish a trigono-
metric identity which, apart from its use here, is interesting in its own right. Further,
in 84 we obtain some auxiliary results and, finally, in §5 we complete the proof of
the theorem.

2. Explicit expression for H,,(f x)

It is obvious that for the nodes (1.7)

(2.1) co(x) = (1-x2)C/l, 2(x)

where t/,,_2(x) is the Tchebycheff polynomial of second kind given by

(2.2) £/,,.1(r) _f'_['_%j 1—)—(—), cost? = x.
Sin

The differential equation satisfied by Un_2(x) is
(2.3) (- x2CC 2(x)- 3xt/;_2Ax)+n(n-2)d,, 2(x) = 0.
We can easily verify that

n/(*v) = (-1)v-i(,,-1)
(2.4) co"(xv) _ XV v= 2 .., it—l,
al(xv) 12

a/(D = —2n(n—1) = (—)n-lee'(—Y)

co'() 2m2-4/1+3 co"(-1)

29) m(@) < 2 _~0)(-D°
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Hence from (1.2), (1.3) using (2.4) and (2.5) we get

26  Hoffx)=/(n 143 (i'][l+x -2

, 2«2—4n + 3 -n: Un 2(x
+A-l) l+——(—<———-:.- _____ (]+,CI|C) I_I 5 n__i()

) - x2)U,,_2{x)
2 0x) ey DA-XY .

v

3. A trigonometric identity

Lemma 3.1. The following identity holds:

@ M eosec2--mm —pn = 1N=2)
k=2 n-1 3

Proof. FOr n=2m this identity has been established by D. L. Berman [3].
Therefore let n=2m+1. We shall introduce the Hermite—Fejér interpolation of
degree 4m—1 constructed on the nodes

K—1
(3.2 xk = cos n, k=1 .. 2ffi+1; k*m +1.

It is evident that, for the nodes (3.2), ;e(x) in (1.2) is given by
(3.3) co(X) = (1 —2 Um 1(2x2—1)

where Um-k(t) is given by (2.2). From (2.3) we see that the differential equation
satisfied by Un1(2xi —1) is

(3.4) 4x2(1-x 2t/;_1(x)-3(2x2-1)CC_1(2x2-1) + (m2-1)C/m 1(2x2-1) = 0.

We can now easily verify that

|
©'(**) = ('D*'IW
= . ?
(3.5) b\xQ 2 «k k=2,....2m; k?+xm+I,

bl'(XK) xk 1-x1

(3.6) w'(l) = -2m = -co'(-1)
m"() 8(m2-1) ©"(-!>
o>'(1) 3 co'(-I)’
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After simple calculations we have from (1.2) and (1.3)

@B.7) H Aif, X = /(D) [+ (1L-x) {8(Ma-1+ 1 4%

F1(—) 1+(1+x) {W—l) 1-x  Or_l(2x2-1)

m

T
. fxji(l —X I7m 1(2x2—1)

4’&4( ) 14—6 ‘HZ bl [ T {X-XK

Since A4t _1(1, x)= 1, putting/(x) =1in (3.7) we get the identity

1+ (-x) L 8 7+ 14X Unt{2x2-\)

1+(1+,){ M +1} ][4 " £ _;\i(anZ—l)

2 - | —x2)i/m 1(2x2—1)
2 LAt 1 (X*X")I—ch( m (X —xB®

k?+m+ |

Hence for x=0 we find that

14 HM2=D) Gq-i(-1) Al UA-I(-1) 2 g

kgz i+ [-x | mn
m+ 1
Since Um i(—l) —(—)m rT, we have
1 r fA4(m2-1)
272 1—X2; 1% 3
ie.
Nl 4(m2—) dm2—1  (w+ H(2m—Y
fc=2 I'—X)ch -~ 3 + -~ 3 = 3

and (3.1) is proved.
4. Auxiliary results

Lemma 4.1. For any f(LC we have

o k-1 CI(Y+I(-1)
(4.1 M 1yadl sy g
sim
n—1
coso—L
- l E_l -ﬁ-:T /(D_/(_I)
(4.2) lim (c-12R [ cos )y a1
Sin- /7-1
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The first part (4.1) of this lemma has been proved by Berman [3] in case when
n is even. The proof makes use of the identity (3.1) which is now proved to be true
for both even and odd n. (4.2) can be proved in the same way as Berman [3]
proved (4.1).

Lemma 4.2. For O"O”"n; 0= -%{-:%Ln
. 0-0v
M- sin2(n—1) ’
2 % 6.

=2 (n—)2sig2=0e

Proof. Let 0j*0s0j+1. In the case 2sv<igH-2; 3gj's/2 —1,
0;- OVS 0- 0, A n,

therefore
. 0—0V . 00 _ . i—v n i—v
sin—-—sin ", " =sin__,, n—1
Hence
sin2(u-1) 0-20v
4.3) N v ef 0-0 \2 e
in- 1)2sin2 '2 v

In the case i+ 1svgn- 1, Igis«-3

Ov-0i+!'SOv-0sn,
we have
SinQVml A ginQVrgh. o Vo T v
n—1 2 »—1
so that
1
(44) (V-1-1)2
Also for 24ig/i,

(4.5) 1,
and for Is/gn -1,
(4.6) *i+4 S 1

Here we use that
[sin (h—1)01= (u—)|sin Q|.
Thus from (4.3)—(4.6), )
1 I v _ N1 -1 ! 1
ZKv= 2 Kud K +Kivde FoK —2 n—yj+ ML+ 2000 |fR=

. 1
€ 2 1+ 272 s 6.

7=1J
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Lemma4.3. For —4&axS1, we have

n—
'(1-*2)<7n-.a(n-)12
4.7) 2 («—) (X —x.) =S 144.

1 x(l -x 9C/2 2(x)

(48 v=2 (n-1)2(x-x,,)

S 72

Proof. Putting x=cos 0 and x=cos 0Vin (4.7), we have

(1-x2C, A% sin Osin (1—1)0

4.9
(_ ) .- D(x-xV) («—1)(cos 0—¢0s 0,))
Since
sin2(n—1)0 = [sin (n—1)0 —sin (n—L1)0\2 =

= 4cos2(n—1) sin2(n—1) O_Zoys 4sin2(«—1) 0+20V,
and

. . . . 0+ 0v

sin20 A (sin 0+ sin0Yy2 = 4sin2-", ' cos2 A 2AV—"s'n2 2

We have from (4.9)

. 0- 0,
(L A2 £/, 2(x) 2 sin (n—1)
S 144
(n- 1)(a- a9 (n—1) sin 0-0,
using lemma 4.2.
Similarly
X (1-x 2E/R 2(x) cos 0sin2(n—1)0
- D2Aa-ay 5 pfsin 0t O i &P
sin M—1) 0-0..
- T)sin—Q—'—Q—'—
owing to
. . O0s Os n, Os OVa a
040, - .. [o—o\" ! at
sin—z= sin )

and then using lemma 4.2 we at once get (4.5).
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5. Proof of the theorem

We shall first simplify the expression for #,,(/, x) in (2.6) in a form convenient
to us in later use. Thus

1+x U, 2X) 1-x U, 2X)

(5.1)  H,@x) =/(1) n—1 */(-D n—1

(1 —x2il,,_2(X)
2T iy (x-x,)

474
* oo [0+ @x) F(- DA - X222 +

1 —x2)U2 2(x) st
+a m-1)2 2'A‘*‘O(x Xv)(l

Since
xv(1-x 2 XXV i1 XX,,
XX —X X—Xv 1—x X—Xv 1R 1’
we get
) [(T+*)/(D) TA—A)(- DI(1- XYil2.2(x) +
N (1—X9C/12 2(x) w-! Xv(l-X2
T (n-1)2 2,8%) ( xy1-x1)
@-x2f/l22x) "+1 . Xy
(n-1)2  Wn'vx-xv
0 - xQU2 2 (DD (n_11)2 4
I(V)-1(-1) I
+x (I —x2 U2 2(x) (n-I)Z\?t (%) _xop %
(rq)—LiISZ_:X)_ EL(N) + (@ (1) L))+ (1-x) /(D1
Hence
1 t/,,_2 -*
62 A.ux)=iy B gy T oA
Q@—x3a[/,,_2x) | sy XV(1-x /2 2(x)

+ 2 /(*») M DX xv

+ (1-x 2C/2.2(x) [/(!)+é(_l) (n_ll)zn.l Ay
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1(1)-1(-U 1
+ x(I —x2)U%_2(X)[ ( )6( (n-1)2 *

(1 -x2)il.2_2(x)
+ -

12
Putting f(x) = 1 in (5.2) we have owing to the identity H,{\, x)=\,

(AND+0-)/(-)+ 4V w

1+X  Un_2(x) \—x U,,_2(X) -l 1 —x2[/.._2(x)
2 n—1 ° n—1 ¥ () (x-xV

+2*xvé,l_;}§)(2/'2_:fk(7f) +0 ~")ul ax) 3% (|/|—l|)2vljgz/I 1—lxl

x(I-x2t/2.2(x) »-1 xv (1-%x2t/2 2Ax)
(n-1)2 22 o (n-1)2 +(n-1)

\22 1—)(':2-0'

we have on using the identity (3.1):

(5.3) 1=

Since

I+4x U, 200 1-X th,_209) =i (1 —xd[/,,_2(X)

G4) 1= 1 1 B (n-D)(x-x

N myl[ *(1=X 2il2.2Ax) N (1-x2t/2.2x)

v=21 (N-D2AxXx-xV) 2(n—)2

Multiplying (5.4) by /(x) and subtracting from (2.8), we have
1+x cf,,_2x)

(5.5) Hn(f,x)-f(x) = [/(1)-/(x)] no 1
1 x c,,_2(x) ?
+[/(-1)-1(*)] n—
. g T xDUL_200) (1—x2C/2_2(x)
F g VN (e = 2/ 0T - 2A(x-xY
i [/(D+/(-)) 1 v /(*v)
+ (I-x 2t,,2_2(x) 6 (n-D 2V2 1—x

+ x(1- x2)£/2_2(x) [/(!)'é(—!)

(n-ll)zvéz’(*vp?’% *

LG = xDeiz 200 @+x)yHh+@- x)/(-n- 6/(x
" (n-1)2 12
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Now
1+*  Un 2(x
59) [()-1()] SN
uniformly for — This follows from the fact that the first factor vanishes at

x =1 and is continuous for —4S xS, while

Q.
+x 1, 20%) cos —sin (h—1)0

n—t 2(n—1) sin X
uniformly in each sub interval —l4x S| —a (0<c<2) and is bounded in the whole
closed interval since )

cosP SN (n—ol)O d4(n-12

sin —

2

Similarly D
. [-x  Un_2(x) 0 Liis|

(5.7 [/(-D)-1(*)] 2 w1 o - hrypsi.
Since f(x) is continuous in [—L, 1], let
(5.8) )™M, -lIstsl.
Given e>0 we can find a positive number $such that
(5.9 \X'-x"\'s b \f(x)-f(X")\ < g

the continuous function being also uniformly continuous for — xS 1. Therefore
- x2U,,_2x)

5.10 * 5\ [(* —

10 2050 VTN (1) (e,

(1-x2Un_2x)

36e
e|jev—2x|59 (M- 1)(X-X»)

on using (4.7).
On the other hand

(511) \x»x2\>6 U M _f{X)] ((1n_'XI§)(Lin-_X28)(;

2M (1-x2Un _2(x) 2M

& wA>i[ (n-D)(x-xy  (n- o> £

if n is large enough i.e. n*N, say. Here we used

(5.12) fTAA\UNn20\S L -lgrsl.

Siudia Scientiarum Mathematicarum Hungarica 9 (1974)



232 R. B. SAXENA

So by (5.10) and (5.11)

n—4 (I-x 2£/,,.2(x)12

(5.13) 2 TC»)-IT n—1y (x =) 37s
when n”N.

Similarly using (4.8) and arguing as above we can show that

(I - x2)u ~2(x)

(5.14) L, Vv reaT (n o) 2(x - x V) e
for n”N.

The terms

) [(V)+1(-1) 1V I(*v)

5.15 1 2
( ) (1- m0.2 2(x) 6 («-1)2v=2 1—
and
(5.16) x(I' ~x2U2.2(x) ’(!)'é('!)

tend to zero uniformly in [—L 1] on account of the lemma 4.1 and the inequality
(5.12).
Finally the term

I(1~x2U2 2(x) ®(L+x)f(\) + (1- x)f(-1)- 6(x)
(n-1)2 12

10M
- 12(n—)2 -

on account of (5.8) and (5.12). Thus (5.5), (5.6), (5.7), (5.13), (5.14), (5.15), (5.16)
and (5.17) complete the proof of the theorem.

(5.17)

nS N,
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O CBOWCTBAX MUHWUMAbHOW MPEAENBHOW NOTrMKW Q

A. AEMETPOBINY

BeeneHve

B 3T0li paboTe Mbl M3y4aeM CBOWCTBA Of4HOI NpeaenbHon norvkn Q [1], koTopas
NopoXaaeTcs OAHMM 3neMeHTOM. Kak 6yfaeT nokasaHo, (yHKUuM u3 Q 1 cam Kacc
Q ob6nagjaloT onpefeneHHbIMU 0CO6eHHOCTAMMW. Tak, Hanpumep, AN8 3afaHus
No60N yHKLMM M3 Q JOCTATOYHO ONUcaTb €8 Ha KOHEYHOM OTpe3ke HaTypasibHOro
psiga, B NOrvke Q CyLLeCTBYET NULb OAWMH MpefenbHbIi Knace, ntobas (yHKUMs u3
Q CyLLECTBEHHO 3aBMCUT OT BCEX MEPEMEHHbIX BCTPEYatoLLmxcs B hopmyne, peanu-
3ytoLLeli eé n T. n.

3JTa norunka Brnepsble BCTpeyanach B pabotax [1], [2] kaK BbIACHUIOCL HeLaBHO
[3], aTa noruka 3ameyatenbHas TeM, YTO OHa SIBMISIETCA B HEKOTOPOM CMbIC/E MPOC-
TelLein cpean npefenbHbIX NOrMK. TOUHee, OHA MOXET ObITb M3OMOP(HO B/IOXKEHA
B NOGYH0 NpefenbHy NOruKy. 3TO 06CTOATENbCTBO NPUAAET ee UCCNef0BaHUIO
0c06Y0 3HAYMMOCTb.

8 1. OCHOBHbIe MOHATUA

B aTom pasgene Mbl npuBefeM OnpefeneHns OCHOBHbLIX MOHATUIA MHOrO3Hau-
HOW NOTMKK, KOTOpble ByayT HEOOX0AUMbI Ham B AaSibHEMLLEeM U3NOXEHUW, W BBE-
Aem pag o0603HavyeHuid. Mbl MCXOAMM W3 CYETHOTO andaBuTa nepemeHHbIx fV=
{wi, w2, W3, ...}. B pasibHelileM BO n3bexaHue ynoTpeb/eHns CNoXHbIX UHAEKCOB
Mbl GyaeM MCMOJb30BaTb METACMMBOMbLI X, Y, Z C MHAEKCaMW Wnn 6e3 HUX ANs
0603Ha4YeHns BGyKB 3TOro andasuTa. 0603Ha4aeT MHOXECTBO BCEX (DYHKLWA,
NepemMeHHble KOTOPbLIX OnpefenieHbl Ha MHOXecTBe E$a moLyHoCTU n camu
(OYHKUMN MPUHMMAIOT 3HAYEHWs M3 3TOr0 ke MHOXecTBa. B KavecTBe E$aB0o3bMeM
MHOXECTBO BCeX LefblXx HeoTpuuatenbHbix umcen {0,1,2,..}. MHoxectBo P3$a
Ha3blBaeTCA CYETHO3HAYHOW norukoi. O6bIMHO, P70 3agaeTcs nyTem (mkcaumu
antaBmuTa nepeMeHHbIX X={xK, X2, ...} n vumeH dyHkunin fv(xh, ..., xJJ, roe v
npoberaeT HEKOTOPOE KOHTUHYa/lbHOE MHOXECTBO MHAEKCOB (0603HaveHme: P~ (X)).

dyHkuma g(zx, ..., Zj, ..., Z,,) HasbiBaeTca QyHKLUWMEN /C-3HAYHOIN NOrMKK PK, K2,
€CM ee apryMeHTbl onpefdeneHbl Ha MHoxecTBe Ek= {0, K—\} n noboe
3HaveHne g(ak, ... &) MPUHAANEXMT MHOXeCTBY Eknpu a”EK, i=1, 2, ..., n.

MoHATMA Cynepnos3vuumM 1 3amblKaHUS MHOXECTBa OMNPefensatoTcs 06bIYHbIM
o6pasom [4], [5].

Myctb BL 1 91-nogmHoXKecTBa MoxecTBa P$0 O603HauMM uepes

2r={x1; x2,*3, ...}

(cooTeeTcTBEHHO Y={yk,¥2,¥3, ...}) MHOXECTBO CWMBOJ/IOB BCEX HEe3aBUCUMbIX
NepeMeHHbIX, BCTPEYAOLNXCS Y (YHKLMIA /6931 (coOTBETCTBEHHO 1691).
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234 A. JemeTpoBuy

MHoxecTBO Bl (hyHKUMIA/ rOMOMOPGHO 0TOBPaXKEHO HAa MHOXECTBO 91 yHK-
UM h, ecim KaXxaomy CMMBOAY XTI B3aUMHOOLHO3HAYHO COOTBETCTBYET CHUMBOS
yt n Kaxaoh dyHkumm f(xk,  XT) oTBeYaeT OfHa W TONbKO OAHA (yHKUWA
h(yk, «>M> 3aBucsllas OT COOTBETCTBYHOLWMX aprymMeHTOB (CnefoBaTesibHo,
4ynCcNo aprymMeHTOB Y COOTBETCTBYHOLWMX (DYHKUMIA OAMHAKOBOE, 06/1acTV 3HAYEHWI
MOTYT ObITb Pa3fIMUHbIMK), U NPU 3TOM BbINOSMHEHbI CELyHoLMe ABa YC0BUS:

1) ecnm QyHkumm /(Xj, ..., xmE3l oTBevaeT yHKUMA h(yk, ...,pm€9t un
f(xh, ..., X;JCOJf, To dhyHkuuu f(xh, ..., xI1) cootBeTcTBYET (yHKUMA h(yh, ..., yin);

2) ecnm (yHKLMAM

O*1>... xT),J1(xn, ..., x1) ,/AX2, ..., X&), ...,/ T(Xm>ee? XTM))
COOTBETCTBYHOT (DyHKLMK

1»0p, +=>30> [(34r, me=30n), 30p), mm;hndynd, ...,

1,1 8NN, A E3L(Y);

n ecnm /(/i,/2,...,/mM€Ji, To PyHKuuun/(/x,/2, ...,/,,,) COOTBETCTBYeT npuHaze-
Kawas cucteme 9? dyHkums h(hk, h,,
MoamoxkecTBO (PyHKUMiIA Pc /[0Ha3biBaeTCs NpeAenbHON OrMKONA, ecnin
1) P cocTouT M3 CYeTHOro umcna cyHKUMIA;
2) P cogepxut romomopHble NpoobpasHbl BCEX /C-3HAYHbIX NOMMK PK, K~=2,
T.e. 4115 BCAKOrO HaTypanbHOro K, fcs2 cyulectsyeT Akum3 P, koTopoe romomopgHO
0TOOPaXKaeTcs Ha MHOXECTBO BCEX (DYHKLMIA K — 3HAYHON TOTVKN Pk
MoamHoxectBo 91 n3 RBL 9I£ BVIQ Ha3bIBAeTCA MOMHOW CUCTEMOM
B 9, ecrm [97]3[937]. MHOxecTBO 91 Ha3blBaeTCA MPEANosHbIM KinaccoM B Bl eciut
OHO He AIBNSETCA NOSHOW cucTemold B 9B, HO Ao6aBNeHMe K HeMy Nt060A yHKLWN
[ n3 937\9? gaeT NonHy cuctemy B 932

roe

8§ 2. EAVMHCTBEHHOCTb MPeAnonHoro knacca B Q

Pa3obbem MHOXecTBO EUO0 cnegytowmm obpasom: EN= U< rge *={0} nu

st {~_IL.isSpiL+1l...
ecnu KS 2. Bganee, 0603HaunMM yepes sk BbIpakeHune fe(fe-1)

Onpegenum  diyHKUMo  <p((xI5x2, K*2, 06nacTbl0  OMNpeaeneHnss KoTopoi
SBNAETCA MHOXECTBO (EKX &K, a 0611aCTbl0 3HAUYEHNIA — MHOXECTBO (EX;

ecnm  max (xx, X9 = sktl—1;
AU/ {max(xj,x9+ 1 B ocTanbHbIX Clyyasx.

MHoXecTBO ©*X®*X... X©* OyaeMm B AanbHelilleM HasblBaTb /C-bIM ALMKOM
pa3MepHoOCTM T.
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Onpegennm yHKUMIO (p(XX, X2 cnegyrowmm obpasom:

(Pki*1. x2), €cnn cywiecTyeT Takoe K, fcs2,
<P, X2 = uto  (@X, 1) €<X @n;
O B OCTa/IbHbIX C/yyYasX.

Uepes Q o603HaunM knacc [{<pOx, X2}
B panbHeillem ecnm He OrOBOPEHO MPOTMBHOE, npeanonaraetcs /(XX, ...,XT)
cogepxutca B Q.

Nemma 1. Q siBAAeTCA NpeaenbHO NOTVUKONA.

[ oKazaTenbCTBO cnegyet u3 onpeaeneHns yHKumm <px, x2 n u3 [1], [2].
Wcenenyem npefnonHbie KNacchl B NpefesnbHoi noruke Q.

Kaxxgas (yHKUmMs / [BNSETCA HEKOTOPOI cynepnosuumein yHKUmMn <pixx, X2).
NHAYyKTMBHO onpegensieM NOHATVE FyOuHbI Cynepro3vLmu:

1) nepeMeHHas MMeeT rny6uHy O;

2) ecnn /1 n/ 2— “MerT rNy6rHY axun a2 COOTBETCTBEHHO, TO rnybuHa <uf x,/ 2
paBHa wax (ax,ad + 1

Mocpeacteom I [/(XX, ...,XxT)] 6ygem 0603Ha4aTb rAy6uHYy yHKLMN
I(XX, ..., xJ./*(XX, ..., X ] 03HauaeT, YTo/(XX, ...,X T) UMEET rNyouHy K.

Nemma 2. MycTb dyHkums f(xx, ...,X,,,) umeeT rnybuHy 1,1°0, Torga ans
noéoro n, "1 NMeeT MecTo

(S, S sn=sn+l.

Joka3atenbcTBO. JlOKaXeM Mo MHAYKUMW. JIerko npoBepuTb, YTO YTBEpXX-
[eHve fleMmMbl MMeeT MecTo B cnydae 1=0 un 1=1 TlycTb YTBEpXAEHVE Y>KE BEPHO
ana /<iV n nyctb r[B =N.

MockonbKy Kaxkaas GyHKUMs MopoXkaaeTcs dyHKumein cp(xl, x 9, To/=<p(/x,/2),
roe r[/iléiV—lwn r[/2énr—1, npuuem ogHa u3/b /=1,2, nveet rnybuHy N —L1
Myctb ansa onpegeneHHoctk fil-1. Torga no npeanonoXeHUIo

fi(sn.sn, ...,i,) = S+ Ir-1

fi(sn,s,,, ssn+N - ]
ecnm n*N —1. Ho Torga nmeem npu n”N, 4To

f{s,,,sn, ...,sN = max(iB+ Af-I, f2s,, sn, ...,i,))+ 1= s,+N.

Teopema 1. MHOXXeCTBO MPeAnoNHbIX KNaccos B Q COCTOMT W3 O4HOrO asne-
MeHTa n =Q\ 1IJ  {(p(xb xy)3.
i.JOIj)

JokasaTenbCcTBO. M3 nemmbl 2 BbITEKaeT, YTO ecnu raybuHa/ 6onblie 1,
To / He coBnagaeT ¢ <p(xx, Xx2. Moatomy knacc N He nonoH B Q. Ho ouveBngHo,
YTO OH SIBNSETCS NpeAnonHbIM. NoKaxeM, 4To B Q He MOryT CyLLecTBOBaTb Apyrue
npeanosHble Knaccbl. [eCcTBUTENbHO, MOCKOMbKY 3aMKHYTbIV KMacc, CoaepxKallmii
<p(xx,x2), coBnagaet ¢ Q, ToO NOOON 3aMKHYTbIA Knacc, OTANYHLIA OT Q, cogep-
xutea B 1.
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Knacc Q, Kak 3TO cnefyeT 13 onpegeneHms 77, otanyaeTca oT M (hakTuyeckm
€IMHCTBEHHOIN (hyHKLMel Buaa <pfd, Xj), 1?4, NOSTOMY KaXXAblii 3aMKHYTbIA Knacc
B Q OT/MYHbIN OT Q, COAEPXMTCSA B 77/ 1 NOITOMY 3aJaya O MOSHOTE MHOXeCTBa
‘)i B O cBOAWTCA K NpoBepke BKAtoveHus LLIAMT. Tem cambiM cuctema Sd ABnseTcs
nonHoi B O TOrga v TONbKO TOrfa, Korga npyu HeKOTOpbIX i Wj, i+], UMeeT MecTo
<p(X(, xOAcAN. Teopema foKasaHa.

83. OAHO3HAYHOE BOCCTAHOB/EHME BCAKOM (yHKUMM 13 Q
Mo NOBEAEHUIO €& B KOHEYHOM YUC/IE HEKOTOPbIX TOYEK

Mokaxkem, YTO 3Has 3HayeHWs QyHKUMKM /(XI5 ..., XT) B 4OCTaTOYHO 6O/bLLONA
OKPECTHOCTW Hauana KOOpAMHAT, MOXHO BOCCTAHOBMTb 3HAYeHWst PYHKLMM Ha OC-
Ta/IbHOM YacTW mpocTpaHcTBa. Kpome TOro OKasbiBaeTcs, UTO OMpeAeneHHOCTb
(hyHKLMM B Hanepes 3afaHHOM [OCTAaTOYMHO O60MbLUIOM SILLMKE NMO3BO/ISAET BOCCTAHO-
BUTb 3HAYEHWs 3TON (PYHKLMM BO BCEX TOUKAX, KOOPAUHAT KOTOPbIX MaXKOpPUPYHT
KOOPAMHATBlI Kakux-M60o TOYeK 3TOro slimka. OTO BOCCTAHOB/IEHME BO3MOXHO
TaKXKe N B HEKOTOPbIX TOYKAaX, KOOPAMHATbI KOTOPbIX CaMy MaXOpUPYHOTCS KOOp-
OUHATaMM HEKOTOPbIX TOYEK U3 YKa3aHHOro ALLMKa.

Nemma 3. MycTb T[g(X)]=Z, ?£ L Torga dyHKuma g(x) B n-om swmke n”l
Ha nepeblx N—Z+1 MecTax UMeeT CneayroLnii BuA;

{/+x, ecim X=s,+h, rge O *"h"*n —1—I;
sn, ecm X =s,+n—I.

[Joka3aTenbCTBO fieMMbl NPoBedeM MHAYKUMER Mo uncny Z JIerko npo.e-
PUTb, YTO YTBEPXAEHME NEMMbl MMEET MecTo B ciy4vae |—1un /=2. TycTb yTBEPX-
[eHve BepHo ans Z<iV n nyctb T[g(X)]=IV.

MockonbKy Kaxgas (yHKUWA nopoxzaaetcs QyHKumeid <pid, x3), 1o g(X)=
(p(gi(x), g2(x)), rae r[g;(X)JAjV-l, npuuem ofgHa u3 (yHKUWIA G- 7=1, 2 nmMeeT
rny6uHy N—L TMycTb ans onpegeneHHoctn T[gd = MV—L Torga no npeanonoxe-
HUIO

(T\/—l+x, ecm X=s,+h, rge O sh”n —N;

S, ecim X= sn+n—Tv+ 1;
02(s,,+ h) a glis,,+h) mpu 0~ h”n-N.
PyHKUMA <p(Xj, X2 Ha nepsblX, N—N MecTax B S-OM ALUMKE K MaKCUMabHOMY
3HaYeHunIo pobasnseT 1, T.e.
g(sn+h) = max(sn+h+N —1,g2(s,, + /*))+ 1= sn+h+N.
JleMma pokasaHa.

Nemma 4. Myctb T[g(X)]=2Z/€2. Torga tyHkuma g(x) B N-om Awwmke, N1,
B TOYKE s,+h+1 —/+/,1=0, 1,..., 22, MOXKET MNPUHUMATb TOMbKO 3HAYEeHWs
n3 MHo>KecTBa: {ditt;<t2; ...,dtl}, npuuem gns no6oro i CywecTBYOT OyHKLMN
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gi,i(*), « gi.i0), Takve, uTo gij(sn+n+1-1 +0)=dlJ-j=I,2, [, rge
L+ j—1, ecm j =i+2 vwm i+2=/
ml—+j—I| B oCTalbHbIX Ciyyasx m.e. ecim j > i+2 < /.

Joka3zaTenbCTBO NpPOBeAeM MHAyKuueid no uucny /. Jlerko nposepsieTcs,
4YTO YTBEPXKAEHME NeMMbl BEpHO B ciyyae 1=2 1 /=3. Mpesnonoxum, Uto yTBepx-
[leH1e BEepHO B cilyyae, Korja rnyomHa gyHKumid 1SN —1 Mokaxem, 4to ans gyHk-
LMiA, nMetowmx ray6uHy N, yTBepXKaeHVe TOXe BEPHO.

0O603Ha4MMm Yepes BR Touky s,,+n—N + 1

PYHKLMIO g(X) MOXeM NOMY4YMTb TONLKO CRefytowmuM crnocobom:

g(*)=C>(al(*), @)
MycTb ans onpegeneHHocTn rgx(X)]=Ar—1 n T[g2(x)]SiV—L
Mo MHAYKTUBHOMY MPEAMON0KEHUIO

gl(BS~1+n =g i« +0€{4-i,i; .. ;di_i,iH;
rge 0s rgJv-3 un i'+l1 =,
a TaKke cnegyet
4-i,i —giCR0 +0 —4-i,i+i wm i(+«+I-Af+iAg:(RI,+/)ss, +n-I

npuvyeM B yKa3aHHbIX Clyyasx B cuiy Toro, uyto 04&r[g2(x)]"iV —L Bce 3HaueHWs
napameTpoB AOCTWXUMbI. OTClOfa Cneayet, yto

g(Bo +*)€{4-1,1+1 = 42» 4-1,2+1= 43> ;4-1I1+1+ 1—4 1+2;
4-1,i+2+1 4,1+4” 4-1,1+8+1 4,145 ,4-1542+1 4, M
4 241+ 1= 4.1, P(gl« + 0 ,5v+ 1) = 41+3}

Celivac BbIYMCNUM 3HAYeHUe (yHKUMM g(X) npu i=0, 3aBUCUMHOCTU OT TOrO,
4yTo rny6uHa gyHKumm gAx) pasHa N —1, T2 n 0sr[g2(x)] SIV—-3.
B cnyuae, ecnn /=0, 10 gN~1(BM)=s,, (nemma 3). OTcroga cnegyet, 4To

g«) = «Kalle), grik)) =i.+i,
g«) =T k), gri)) =
g«> ="(grilk), gbé«)) - J,+/i+2-TV+i,
rge OS tsN —3. Jlemma fokKa3saHa.

Nemma 5. Ecnm doyHkuma gl(x) B Touke s,,+n+Il—+i+ren+sr+r (n+r)-
0ro fluMka npuHUMaeT 3HauveHue aTl, rge 070iS/=2, réo, /s2,

B =5,,+ N+ 1—/+ [N+ Sr+ T,

wo m6o or=a4r_1+un+r—1 rae «rS s, + 141 +r ect«,+»e, 60 ar=ar_l1+n+r, rge
ar"Br+i+ 1

[loka3aTenbCTBO MPOBeAEM WHAYKUMEA Mo rny6uHe (yHKUuU. Jlerko npo-
BEPUTb, YTO KOraa rny6rHa yHKUMM 2 Unn 3, TO YTBEPXKAEHWE NIEMMbI CrpaBe/vBoO.
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MycTb yTBEPXKAEHWE NEMMbl BEPHO, Korfga raybuHa qyHkumm 1<JV. [Tokaxem,,
4TO fleMMa cnpasegnuBa Ana yHKUMKM, U uMetoLeid rnyouHy N.
PyHKUMIO g(X) MOXEM MOMYUYNTb TOMbKO Credytowmm 06pasom:

9()=0>(91(x), 9AXx)).
MycTb ana onpegeneHHocTn r[gi(x)]=N—1un 0~ r[gA.x)]s7V—L MycTb
gi(B;v+ O=bl'm g2AB? +n=c,,

i=1, 2, ..., N—2. PaccmoTpum cneaytowme YeTblpe cnyyast a), 6), B) n ).
a) Myctb br=br*1l+n+r—I n cr=cr_ +n+r—>L
Torga no MHAYKTUBHOMY NPEAMOOKEHUO

br™ ci_TiHl+r-n+sr+r (i= 12 ...,7V-2)

¢, S di_Jti_j+v2+r-n+sr+r (i-ja0, 1=7 = N—=2, T[gq = TV7).

OTctofia BbITeKaeT, Uto npu r& 0 yucna bru c, MeHbLUE, Yem Sn+Sr+ren+n +r—I.
3ametum, yto eciim bOLLICO <bn< ¢0), To gna Noboro r cnpases/iMBo

brScr(br<c,.).
[LeiicTBUTENLHO,
br—bo+r-n+S¢é cO+rea+ = cr.

PaccmoTpuMm aBa nofcnyuas.

1 Myctb bySCy, Torga ar=br+1, TO-ecTb ar=ar Xx+u+r—»L n notomy
arS d iii+2+r-n + Sy+r.

2) Myctb by<Cy, Torga ar=cr+ 1, T0-ecTb Ana nwb6oro r, r*O, cnpasegnBo
ar=ar- 1+n+r—1un notomy arS<Ti;I+2+ r-« + sr+r,

6) Myctb by=by-1+n+r 1 o= a_xt i+ r. [Ipexae BCero nokaxem, 4To ecniu
bOs ¢ O(b,,<cQ, TO ana nwb6oro r, r O, cnpasegnmso brScr(br<cr). [elicTBu-
TenbHo, br=b0-|-r*H+ sr-l1-r*cO+r*H + sr+r = cr. PaccmoTpuMm Tpu nogcny4as.

D Myctb brrcr n br<s,+&5+m +«+r—1, Torga ar=br+l, To ecTb ar=
= ur_l+u+r 1 notomy a,a S+ 1+r.

2) Myctb by*"Cy n br=sn+sr+m-|-H+r—L Torga ar=s,+sr+f«, TO-eCTb
ar=ar_l+n+r—1 u ciy*di'i+2 +r-n+sr+r.

3) MycTb byCCy. AHaNorM4yHoO [okasbiBaeTcs, Kak 1) u 2).

B) Myctb by=by 1+n+r—1 n cr=cr_l+H+/-. [oKaxeMm, 4TO B 3TOM Cfy4ae
4na N60oro r cnpasen/imeBo crébr [JeicTBnTeNsHO, N0 MHAYKTUBHOMY Mpesnosno-
XeHuno byrsn+i+ren+S+r, i=1,2,..., V—=2 un cPSs,, + n—T V +I+i+r-« +sr+r
Tak kak TV—1=r[g2A)]=0. Otcioga cr—br=n—N+ 1>0. Torga ar=cr+| wm
cr=snt+sr+r-nTn+r-1. EcM cy<s,+Sy+rn+n+r—1, TO ar=ar_l+n+r n

A ecnm ¢y= S, +sr+rn+n+r—1, 70 O6r=sn+ sr+r-«, TO-eCTb

ar=ar 1+un+r—1 un arés,, +/+|+r-« +sr+r.
r MycTb by=br r+n+r un cr=cr_x+«+r—>L Mogo6HO TOMy, KaK B MyHKTe

B), MOXHO Mokasatb, 4To brScr. OTctoga nonyumm, 4to ar—br+ luamar=s,,+sr+r«
[Janblie [0Ka3blBaeTCA aHa/OrMYHO Kak B).
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Myctb /=0. B 3tom cnydvae g!(s,,+«—N+ l+m+sr+r)=sr+s,,+m (rsO).
ad N n+ry(n+r—~_L
©T1cioga nonyuum, 4to créb,, ré0, To-ecTb ar—cr+1 unm ar= (nn)(nt r—l ) .
Jlerko 3ameTuTb, 4TO ecam cr—cr- 1+n+r—1, To r[gd=N —L1 OTcioga cneayer,
4To ar=ar- 1+n+r—21 u s, + l+s, +r+ren+ /. A ecim T[g4d<A —1, 10

Cr=Cr-1+ N+ .
OTctoga cneayert, yuto ar=ar. 1+(1+1una,5a '+ 1+ (. /lemma gokasaHa.

Teopema 2. Ecim hyHKuma g(X) umeeT raybuHy |, TO 3Has 3HauyeHne (oyHK-
UM B MPOW3BONLHOM (PMKCMPOBAHHOM M-OM filuMKe, rae NnSl, MOXKHO HallTu eé
3HayeHune B Nto6om N-0M AyKe, Takom 4To A sl.

[Joka3zaTtenbctBo. W3 nemmbl 3 cnegyet, 4to yHKUMS g(X) B S-OM SLLUMKE
Ha nepBbIX U—Z-H MecTax NpUHMMAET CliefyoLuiA BUA;

+X, ecnm X =sn+h, rge 0s As n——1,
ecim X = sn+n—l;

TO-eCTb 3Hast rNyouHy (yHKUMKM g(X) Mbl MOXXEM ONpeaenuTb BUA DYHKUMM Ha nep-
BbIX M—1+ 1 mecTax.

Myctb g(2?6+0=00 B H-OM fmKe, rae OSiéZ—2.
W3 nemmebl 5 cnegyert, uto ecnm alSs,, + Z+1, To ar=ar-x+n+r—1u

a_p=a_p+l—n+p,

roe n—plU. A ecim a0SBM+i+ 1, To ar=a,-x+n+r n a_p=a_p+l—h+p—1rge
n—psl. Teopema gokasaHa.
Mepeiifem Tenepb K U3YUYeHWIO (yHKLUMIA HECKOIbKUX MEPEMEHHbIX.
O603HaumMm uepe3 ax\aT BblpaKeHne n—aT+al+\.

Nemma 6. [4na nobbIx unucen ax, ..., ab ..., aT TaAKUX YTO axé a 2—se —aT U
s,+n”ai’s,, +2n, n gna nobéoro Kk (NLUTK), mbo cywecTByeT Takoe /(2siém),
yTo (j—ax x k +1, nmbo cnpasegmeo aXa 1™ fc+1 (rge/=1,2, ..., T).

[oka3zaTenbcTBO. ECAM uncna i ¢ ykasaHHbIM B leMMe CBOWCTBOM He Cy-
LLeCTBYOT, TO-eCTb Ans nwboro i, r=2, 3, ..., T chnpaBegIMBo ar—ax XK, TO
(huKcupys 3HadeHMe ax ana nto6oro i umeem ai”al+ (i—])k. OTcloga cnegyer,
yto ada T—ax—aT+n+ 1" ax—ax—(T—\)k+n + 1=n—TK+ K+ 1LLUk+ 1 Slemma
[lOKa3aHa.

Onpepenenve. bBygem roBopuTb, 4TO QyHKUMA g(X) MOAenvpyeT (YHKLUMIO
f(XxX, ..., X,) B Touke #=(ax, ..., aT), €CIM CYLUECTBYET 3HAYeHMe a TaKoe, 4TO
g(a)=/(a). CKaxem, UTO MHOXeCTBO (hyHKUMIA G MogenupyeT dyHKUM f(X X, ..., Xm)
B TOUKE &, eCNu CyLLEeCTBYeT (yHKUUA g(X) 13 G, KoTopas Mogenvpyet (yHKUUIO
/(X], ..., XM B TOuKe a

Nemma 7. Ona no6oit doyHkumm F(XX, ...,Xm 1 no6oin TOoYKM H=(ax, .... a,,)
M-ro AWMKa pasMepHocTW T, Takux 4To S, Sa(Ss,+«—k, n kT, 1 rgT.
F(1=Kk, cywecTsyeT (yHKUMa g(x), KoTopas mogenmpyeT cyHkumo f(XX, ...,XT)
B TOuKe a u cnpasegmeo Zcsr[g(x)]S«.
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JokazaTtenbctBo. 0O603HauYMM uyepes <P°(N) =X, <pWX)=cp{x,x), (EAX)=
= (PL(P(X.X)), - (PIX)=0>1 L(<P(x, X)), ... MycTb 8, =s,+j,, 1S/Sm, 0S/,& u+fg
TOrfa Ucnonb3ys Teopembl 2 Mbl UMEEM, YTO

Rai, mmat, .... aj =/(<pA(,), mm €7’ (sJ) = gh(sn),
K" hak+max(4,..4, ...JJ Sn

rae

Jlemma pgokasaHa.
Nemma 8. Ana no6oii yHkumn/(x15..., X j 1 No6oiA TOUKM

B=(al+n, ..., aT+n),

[7T+1-r0 AWmMKa pasmMepHOCTU T, Takux 4YTO §,S até s,+n~k, 1* ;SiT. né km,
Ml =k cywecTsyeT yHKUMa g(X), KoTopas mogennpyeT yHKUMO Rx1, ..., X j
B TOukax a u b u cnpasegmeo ksr[g(x)]én.

[JokasaTtenbcTBO. [eENCTBUTENLHO,
Rh, mmbi, ..., bj =Ral+n, ..., U+n, ..., am+n) =

=Rs, +n+ji, ...,sn+n+ji, ...,s,,+n+jj =

=f(<Ph (sn+1), ..., ‘(s +n), mm (pjRsn+nj) = gh(sn+n).
Jlemma [oKasaHa.

Cneactsme. Myctb 5=(b1l, ..., bj Touka n—1 Awmka (n—1émfc) Takas uTo
bt+n—l=a-i=1,2,..., T. Torga (yHkuma gh(x) mogenmpyet QyHKUMIO /(X X, ..., X ]
B Touke B. CriefcTBME aHanorM4yHO A0KasblBaeTCsl Kak fiemma 8.

Myctb 4=(al, ...,aj na ={a[, ..., aj — TOYKM A-T0 fAlIMNKA pPa3MepPHOCTN T.
PaccMOTpUM Criefylolee MHOXECTBO Touek Ds, coctosiee M3 TaKMX TO4YeK
a =(@[, ..,aj ona KaxAoh u3 KOTOPbIX CYLIECTBYET HaTypa/lbHOE YUCMO t;
1=0, 1, ...,n—1; Takoe, 4to Ans BCeX i, 1s/dmM , BbINOMAHAETCA COOTHOLLEHWE

{U,+L ecrm Q+is sn+n—1;
g +t—, ecm da;+r=s,+n—1L

Bygem roeopuTb, 4TO QyHKUMa ¢(x) mogenmpyeT dyHkumio f(x1, ..., X j
B MHOXecTBe Touek Ds, ecnv oHa MofennpyeT (yHKUMIO / B KaXXAOW TOUKe 3TOro
MHOXECTBa, T.e. AN Nt060I Toukn a'm3 Ds cyulecTByeT a' Takas, uto g(a")=f{a).

Nemma 9. Ecnm doyHKuma g\x) mogenvpyeT oyHkumio f(xX, X j B Touke
a, To g*(X) mogennpyeT / B MHOXKeCTBe Touek D-.

[lokasaTenbCcTBO. [le/iCTBUTENLHO,
ghGs,,+i) =/(<pLi(5n+ 0, ...<pX(En+i), ..., I™MN+ij), 0~ ~n 1

Tak Kak,
is,+jt+U ecm jt+is n- 1,

(pd.(Sn+ 0 = i[SrH—Jt"'t, ecnm j',+i> n '1,
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T.e. qJ(s,+i) —a, OTcrofa BbITeKaeT, yTo

£*($»+ 0 = /(a i, n-><,
Jlemma foKa3aHa.

Myctb a=(al,  aT) — TOYKa «-T0 fAMKa pasMepHocTn T. OB6o3HaUnM yepes
ak, ksO cnegytoLyto ToUKy n+ k-oro aumka

+ a2+kn+sk, ..., am+kn+sk),
1 0603HaUYNM Yepe3 a~v; r= 1,2, 1, CNeaytoLlyto TOYKY U—V-0ro SLLMKa

(% -Ven+ +V, a2-v-n +s,+V, ...,am—v-n +sv+v),
roe
n—n"TK ”n N—xN—\<TK.

CneacTsue. M3 nemm 7, 8, 9 BbITeKaeT, UTo ecnn (yHKUmMa gh(x) mogenupyet
hyHKUMto/(XL; ..., XT) B TOUKe a, TO OHa mogenupyeT/ B mHoxectBe DX n Ds-V,
roe ksO; v=l1, 2, n

MycTb

Chi={ g ""(x ) .., (@K, ... @™, rage 0aj, s n-k +i), rge i * 0.

Nemma 10. Ecnm nlUTK, TO MHOXKECTBO (hyHKumiA Gl mogenmpyeT (yHK-
o /(*!, ..., XT) BO BCEX TOYKAxX N+ 1-0ro slimKa pasmepHoCTM T.

[doka3zaTenbcTBOo. W3 nemmbl 8 cnegyet, uto G{ mogenupyeT GyHKLMO
f(x4,...,xm) B Toukax b—(bil,...,b,,...,bn), O~t"m, s,,+n”bt’s,,+n+n—k.
MoKaxkeMm, UYTO ec/n MO KpaitHeid mepe, ofHa KoopAuHaTa bt TakoBa, 4To sn+ 2«”
=b,lLs,+ 2«—fc+ 1, To cyulecTByeT hyHKuma gh(x) u3 Gl, koTopas mogenupyet /
B HEKOTOpOl Touke b [na onpeaeneHHOCTVM MpPeanonoxum, yto b[*.b2S ... S bBm.
Torga M3 nemMmbl 6 crnefyet, 4TO CYyLIeCTBYeT i Takoe, 4to b\—b,- iSk-|-l
(Emb [~k + 1). PaccmoTpu uncno d KOTOpoe ONpeaensieTcs ¢ NOMOLWbIO Crefyto-
LLlero COOTHOLLEHUSA bt+d=f(—(—(—(—t—1—)— \-n—Ffc(=3d;). fferko BugeTb, YTO ANa N06Oro
t, I"tSm, bt+d”s,,+2n—K (=b,) wm bt +d”"s,,+2n, HO Toraa BMecTo b, BO3b-
meM b',+d—n. Jlemma gokasaHa.

3amMeyaHve. AHaNOMMYHO [A0Ka3blBAETCA YTBEPXKAEHME O TOM, UTO (YHKUUM
Gh mogenmpytoT yHKumo / (XX, ...,XxT) B N—1-0M fliuKe pasmepHOCTW T, rpe
«—1 T

Teopema 3. Ecnn doyHkumsa f(xK, ..., XT) umeeT rnybuHy K, TO 3HasA 3HaYeHe
(DYHKLMM B NPOU3BOMLHOM (DUKCMPOBAHHOM fLLMKE M, rAe N="TK, MOXXHO HaiTn eé
3HaueHve B Nt06oM N-OM flmKe, Takom 4To N A T m

[dokasaTenbctBo. MNMoBegeHue PyHKummM f(x K, ..., XT) B u+ 1-om («+ r+ 1-om,
/Si) fAwmke B cuny nemmbl 10 ogHO3HAYHO onpefensieT MHOXECTBO (YHKLMIA
Gl (GIH). Oanee u3 Teopembl 2 cneayeT, yTO OMpeaeneHbl 3HaYeHWst (YHKLMK
ghx) B u+ k-oMm 1 n—-om (k™ 0, n—§*mk) swmke. N3 nemm 7, 8 1 9 BbITEKaeT,
YTO MHOXECTBO (yHKuuiA Gl, GI+], ... mogenupytoT dyHkuumto f(xIt ..., XT) B Nt0-
6oin Touke N-oro filmka. Teopema [oKasaHa.
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8 4. TlocTpoeHMe (YHKLMKM, UMMUTUPYHOLLIEA MOBEAEHME
3a1laHHOM nocneaoBaTenbHOCT (OYHKUMIA 13 Q

B sTom naparpae Mbl YCTaHOBMM CyLLECTBOBaHWE A1 3afjaHHO nocne-
[0BaTeNbHOCTM (DYHKLWIA 13 Q 3aBUCALUMX OT OAHOTO M TOTO XXe uMcna nepeMeH-
HbIX, OfHOA TakoW (yHKUMM M3 Q, KOTOpas Ha 3afaHHON MocnefoBaTeNbHOCTU
ALUMKOB, HOMEP KOTOPbIX MOMapHO B3aMMHO MPOCTbI, MOOYEPEAHO MPUHMMAET
3HaueHUs yKazaHHbIX (YHKLWIA.

Onpegenexvie. O603Ha4YMM  Yepes J(XIr - XT) dyHKUMO, onpeaenex-
Hyt Ha n15 ..., M,-OM fLLMKe pasMEPHOCT T ¥ COBMALAoLLyt Ha 3STOM MHOXECTBE
c (hyHKumen g(x1, XT). OyHkumio g, lt...,,t(XI5 ..., XT) Ha30BEM CyXXeHMEM (yHK-

umnm g(xk, ..., XT) Ha nb Almkax. CykeHMeM MHoxecTBa yHKumii R,RQQ
Ha nXx, bIX fILUMKAX Ha30BEM MHOXeCTBO Br) i cyxeHuid QyHKuuii us R
Ha «l, ..., «,-bIX flimKax. OueBugHa CrefytoLlas nemmva.

Nemma 11. Qk usomopchHo Pk
O603HauMm yepes

)= X (UxLxD = (p(xBx, (r(x) = <px X),
R(*i>x2 = X2), ..., (P\XL; X2 = (I 10, x2), ...
3 onpepeneHns yHKuumM <I(x,x) cneayet, 4To

H(*) = (x—ifer D(modK)+4, KEé 2
Nemma 12.

<P, X2 = ((k(xL,x2 -sk+1- 1) (mod K) + sk.
doka3zaTenbcTBo. [okasbiBaeM MHAyKumeir nmo . Mpu 1=1 n 1=2 yTBepXx-
[leHne nemmbl 04eBMAHO. MycTb YTBEPXKAEHNE BEPHO ans /<iV. Torga

<EN(X 1X3 = (u {(m_ l(Xl, X.,)),

T.E.

(pK(xi, x 2 = (pk(@x~1(x1,x2) = cpliiVAx,, x9 —sk+ N —2) (mod K) + i"} =

= [(<p*(*i, ¥1)—K+N—2)( m o d —sk+ 1] (modfc) + £~ =
= (<Pk(xi,xd-sk+N -1) (modk) +sk.

Jlemma pgokasaHa.

CneacTsue.

FcO'l, x2 = (max* (xk,x 2 - s k+ ) (mod k) +sk.
Mycts Pi,p2, mmPn nonapHo B3aMMHO MpocTble uncna. O603HauyMM depes
AH=Pi‘Pi'*'Pn N 4=PrPr’ e Pi-1'Pi+i'm’A> 1=i5
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JNlemma 13.
a) <PU*,x2) = maxPj(*!,x3, npn 1~j~on
ecnm J = /,
1 Imax., te,**), ecwm T7€{1, 2, i- Li+l, n};

rae (5. — HekoTopas hyHKuua Bebba B pr om awyke [6].

JloKa3aTenbLCTBO.

a) JTO yTBEPXAeHUe cneyeT u3 Toro, yto /0=0 (modpj), 1Mj m .

6) Ecmj=1, 2,..., j—L, i+, n, T0 /,=0(mod/y).

Ecim j=1i, to (Ihpj)= 1 — B3aMMHO npocTble uncna, — nostomy ¢k (xx, X2
ABNsieTca (hyHKUmeA Beb6a [6]. JleMma gokasaHa.

Nemma 14. Kakosa 6bl HM Gbina dyHKUMA g(X1; ..., XT) CyLLeCTBYeT (oyHKUMA
g'(XX......XT) Takas 4To

~T. \maxpj(x1, ...,xT), ecwm j =12, .., i-Li+1,..n;

8pjil...... m ecm j =i

[OokasatenbctBo. [Myctb i/(xY( — TMpou3BONbHaA (YHKUMA U3
[{<p"(xi, x2}]. Torga, nerko 3ameTuthb, uToO fjPj(XL, ..., X j = maxp (x5..., Xj, ecm
7=12, ..,1—=L1/+1,...,1n B 10 xe Bpems no nemme 13 m3 (@‘(xi, X2 MOXHO

nonyuuTb N0BYI0 DYHKUMIO g'(Xi, *ee, XT) B pi-OM flLLMKe, T.e.

gp,X’ --"X1) = gp,(X4, ..., XJ.
Nemma fokasaHa.

Nlemma 15. KakoBbl 6bl HM Gbl (OyHKUMN gKR(X), ..., 9(N)(X) Takve, uToO
g( i ) Isis«, HailgeTcsa yHKUMA g(X) Takas, yTo Ans Noboro i

0p (=W (x)

Joka3zaTenbcTBO. W3 npegpigywieil neMMbl BbITEKAET, YTo B Q cyulecT-
BYHOT pyHKUmMmn g(1),(x), ..., g°'I'(x) Takme, uto B plrom AwmKe coBnagaeT C (hyHK-
umeit g(i)(x), a B px, .. Pi- | Pt+i, ...,p,,-OM filLMKe COBNAfaeT ¢ PyHKUMen A(x)=X.

Jlerko BWAETb, 4TO (byHKLI,VIFI g(l) @@/(...(g('(x))...))=g(x) sBnseTca WUCKo-
MO thyHKymeit. Jlemma AoKasaHa.

Teopema 4. Kakosbl Obl HU 6bin g(D)(*i> ..., xm), ..., gw (X1, ...,XxmM Takue,
yto g@i) (X, ..., X j GQPI, 1S i,j S n, (pi,pj)= 1, HaiigeTca yHKUMs g(XX......XxJCQ
Takasd, 4To gns noeoro i:gH(XX, ..., xm=g @)Xy, ..., xn).

[OokasatenbctBo. BosbMem dyHKkumm A(()(x),/(Q(xY, ..., xn), 1SiSn, on-
pefeneHHble cnefyowmum 06pasom:
g(0(x1, -,x m, ecm  (xj, ...,xJCERX..XER;
[ Q%> ... xj = maxPj(Xy ..., xm, ecm (xt, ..., XJE<EPIX ... X&P]j,
rge JC{1,2 ....... [-1./+1,..,n).
0 ecnm  xX€RP(
A0 = 1R, ecm xe®pj, roe j€{L 2 1i+1 ..}k
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3T yHKUMM no nemme 14 un 15 npuHagnexar Q.
CtpoM @ Yy H K L, W ¥ XT) Chegyowmm obpasom:

I (YOI, ....xj = A)(/ ()X, ....xj).

M3 noctpoenua f (i)'{x1, ..., XT) cnegyert, uTO

gli)(xIt ecnm  (xi, ... xje(EPIx...x(£P;
[ @%i> ..., xj = spi, ecim (X, ..., xje(£pjx ... X@Epj,
rpe {J=12,...,i—1,/+1 ..n}.

Jlerko BuaeTb, UTO DyHKLWS

g(xi, ..., xj = <P (M0(... (plo(sth(cplo( fay,f(2r),f@).fw’), ..../ @)

ABNSIETCA MCKOMOW (hyHKUMeA. Teopema AoKasaHa.

8 5. CyLleCTBEHHOCTb KaXKAOro nepeMeHHoro B hopmyre,
peanu3ytoLleid 3afjaHHYH0 (yHKUMo 13 Q

30ecb Mbl YCTaHOBMM O[HO CBOWCTBO (DYHKUMIA U3 Q, XapakTepHoe A/ Noru-
YECKMUX CYMM W MPOU3BELEHWIA ABYX3HAUYHOW NOTMKWU. IMEHHO, Mbl MOKAXEM, 4TO
noboe nepemeHHOe, BCTpevatolleecs B (opMyne Hag cuctemoint {<p} sBnsieTcs
CYLLECTBEHHbIM A5 (DYHKLMW peann3yemMoit 3Toi (hopMyoii.

Nemma 16. MycTb gaHa dyHkuma f{xI, ..., XT) 1 Toukm
a= @, +ji, ..., s, Hji_L s, +jt, s, +jt+1, mms, +jn)
"
b (O em -3 AT L [J+1, e, >
raoe
O=t=n-k, Ic{,2, ...,i—Li+1 ..,n} O S n—k—I, T[f] =k
M NyCTb _ _
gl(x) =f((pJi(x), ..., cpb-i(X), (‘(X), (PkH(X), ..., “m(X))
"
92(x) =H(<pjl(x), ..., F*-i(x), cpbi(x), (POH(X), ..., ™).
Torpa

rlgl()}  T2X)] si T[?1(n-)]+].
JleMMa ¢ NOMOLLbH MHAYKUMM TPUBMANIBHO [0Ka3blBAeTCs.

Onpegenenve. CkaxkeM, 4To pyHKums g(xIt ..., xh ..., XT) CyLLECTBEHHO 3aBUCUT
OT aprymeHTa X;, €Cnv HaigyTca ABa Habopa

O = (Gi, e, ai-1, >0,+1, e>0in) W on= (45 ..., 4;.1, 4;, 4,+1, an)
Takue, yto OX g(d) Xg(a) X O

Teopema 5. Kaxkgasa dyHkuma g(xx, ..., X(, ..., xm), T[g]=1fc cyLlecTBeHHO
3aBUCUT OT BCEX CBOWX MEPEMEHHbIX XX, ..., XT.
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JokaszaTenbcTBO. N5 NPOCTOTbI AOKaxKeM, 4To g(XI5 ...,XT) CyLLECTBEHHO
3aBUCUT OT XT. PaccMoTpym ALLMK, HOMep KOToporo N ATK. [lokaxewm, 4to
gi*!, ..., X,,,) Ha Habopax

o=061» ,...9 u —(@snn K,S,, ..., SN
NPUHUMAET pasHble 3HauYeHus. [elicTBUTENbHO
g(a0 =sn+k, a g, * = g(gP~k(sJ,s,,, ...,sn = g*s,,) = b.
Tak Kak n*h>k, T0 fe>s, + /c. Teopema [oKa3aHa.

3ameyaHve. V13 gokasatenibcTBa TeOpeMbl 5 cneayer, uto gyHKuma g(xs, ..., XT)
CYLLLECTBEHHO 33aBUCUT OT BCEX MEPEMEHHbIX B fLLMKE, pa3Mep KOTOPOro TK.

ABTOp BblpaxaeT 6narogapHoctb C. B. A610HCKOMY, NO4 pPyKOBOACTBOM
KOTOPOro BbIMOMHEHa paboTa, a Takke B. 6. KyapsaBueBYy 3a LEHHble COBETHI
1 NOMOLLb, OKasaHHyHo npu pabore.
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ENUMERATING PARTITIONAL MATROIDS

by
A. RECSKI

“He tried counting sheep which
'is sometimes a good way of
getting to sleep...”

A. Milne: Winnie-the-Pooh

The concept of partitional matroids (the direct sum of uniform matroids) was
first introduced by Berge [1]. Certain properties of partitional matroids were treated
in [4], emphasizing also their connection with transversal matroids and their applic-
ability in the analysis of electric networks. 1f a set S has n labelled elements and a
partition of S is considered then the number of different partitional matroids over
this partition is at least u—L and at most 2". The generating function for the number
X,, of partitional matroids of S is determined and the result n_1logAr,=logn —
—loglog n—1+ 0(1) is obtained, which implies that the average number of parti-
tional matroids over a partition is exp (o(n)).

Let S denote a finite setwith n labelled elements. £f=(S1, S2, ..., Sp) is called a

partition of S if U St=S and if StM5y~0 if and only if i=j. n/= (ar a2 ..., ap

is an ordered set of integers such that 0*a,S|5'] (/=1,2, ..., p). The system [£F,n/]
corresponds to a matroid on S, namely a subset XQ S is mdependent ifand only if
XM =at fori=1, 2, The matroids of this type are called partitional matroids.
In order to establish a one-one correspondence between the set of partitional matroids
and the set of certain systems [Y, sf] the convention of [4] is applied again:

All of the subsets Stwith a, =0 or with a,= \St\ are supposed to contain a single
element only.

If A, is a sequence of numbers then let the symbol A,,CA abbreviate that

n_llog A, = log n—oglog n—1+o(l).

If G, denotes the number of partitions of the set S with n elements (the nth Bell-

number) then G,,EA, see e.g. [2]. Our statement that X,,CA too, will directly be

implied by the following theorem, since 9 G“,tnzexp Ee—D and exp {&-p(t)) =
n=0 72.

= o(exp (e(L+£)f)) for any polynomial p(t) and for any e>0.

Theorem: n£=o_v|\} = exp(e*(/) + 2f+ 1), if, by definition, X0= 1
Proof. Let S2,...) be an arbitrary partition of S and let tt denote
the number of the /-element subsets in Sf (/=1, 2, ...). The number of partitional

matroids over is obviously /Jrj_ where qox=2 and N, =/—1 if /> 1 (cf. the
=i
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above convention). The number of partitions of the labelled set, belonging to a
certain system T=(tx, t2, ...) is obviously _.nt where YWW=n. Thus, there are

n umu

No
|
< ikw

partitional matroids over all the partitions belonging to T. Hence

Xjn M
(1) - 217 u

n
where the summation is over all systems of integers tt with 2 L. Finally
i=i

X
! nJ!n o2 _. M <pi,

which leads to the assertion since (pl(t) =e2 and

I_I4>M=exp|,2 7-UTr- 2 7f) = exp((t-)e'+1).

Remarks. 1 Putting "1=(2=—= 1 the right hand side of (1) leads to the
number G, of the partitions of S (see Renyi [5]).

2. The partial ordering of the matroids of the set S (see [4]) is considered, i.e.
A1, £ Jio if any independent subset of the matroid Jixis independent in too.
Let Y,, denote the size of the longest antichain (i.e. the maximal number of pair-
wise incomparable elements) with respect to this partial ordering of the partitional
matroids of S. We prove that Y,,CA. The upper bound is trivial, since T,< Xn.
The lower estimation n_2G,,< Ynwill directly be implied by the pigeonhole-principle.
Let S(n,k) denote the Stirling numbers of the second kind (the number of parti-

tions of n labelled elements into K subsets). The relation max S(n, k)£A is well-
1SlcSn

known, see e.g. [3], and the existence of the function of dimension among the parti-
tional matroids of the same rank, proved in [4], leads to the assertion.

| wish to acknowledge some very helpful correspondence with G. Szekeres
and V. V. Meneén.
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ON THE STRUCTURE OF DERIVATIVES

by
G. PETRUSKA

1. Introduction

In certain problems it may have some importance to know criteria which assure
that a Baire 1 function f(x) cannot be a derivative even in the case if we know f(x)
only on a subset Ac[0, 1. If A is a scattered set then, by checking Darboux property
one cannot obtain any information.

The idea of this paper originates from paper [1] where, for every Ac[0, 1]
with /1(A)>0, a Baire 1 function was constructed which could not be extended
from A as a derivative. In this paper we are going to introduce the concepts of thin
sets and irregular points and one of our main goals is to prove that the set of irregular
points of a derivative is a thin set.

We recall here some notations and definitions.

— A set Ac[0, 1] is said to be D-open if every XC.H is of inner density 1lin 4. It
is known that the D-open sets form a topology on [0, 1], the so called D-topology.
The topological space ([0, 1], D) has several remarkable properties. We mention
here only the facts that the D-open sets are measurable and a real function f(x)
is continuous in the D-topology if and only if it is approximately continuous.

— IThe closure and interior of a set A1 will be denoted by cl A and int A, respec-
tively.

— For the sake of brevity the D-interior of a set 4 will be denoted by ind A.

— 2(41) denotes the Lebesgue outer measure of A.

— A set 4 is said to be metrically dense in itself if, for any open interval /, /T A~0
implies A(/IMA)>0.

— The family of derivatives defined in [0, 1] is denoted by 2.

Remark 11. If A is any set, then Hi=H\U I is metrically dense in itself and
X(H\Hj)=0, if, in UI, I ranges over the open intervals with rational endpoints
and A/MNA) =0. If further A is closed then Hr is closed too.

2. Thin sets

Definition 2.1. Aset {1 is said to be thin if, for any closed set P, the set A ind P
is nowhere dense in P. The system of thin sets is denoted by

We remark that replacing the term “any closed set P by “any measurable set
P we obtain an equivalent definition. In fact, suppose that M is a measurable set,
A/Y0 and cl (Ne"lind M)d M. Then denoting P=cl M we have Feel (AMind A/)c
ccl (ANnk! F)ccl P=P, i.e. cl*Plind P)=P; in particular cl (ind P)=P and thus
P cannot possess isolated points. Thus we obtain that 4 M ~ P is everywhere dense
in the nontrivial perfect set P.
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Lemma 2.2. If Hi ST then there exists a non-empty closed set P metrically dense
in itselfsuch that

1) ol (tfflind P) = P.

Proof. If H"3~ then there exists a closed set Q and an open interval 1=(a, b)
such that

d (tfflind 0D /i1 0 7i0.

Let P=cl(/fl0. Then (ind Ofl/=indP, thus cl (tfflind P)=cl (tfflind (?M/)3
3 /(IR ie.cl (tfflind P) o P and hence cl (tfflind P) =P. In particular, cl (ind P) = P
implies that P is metrically dense in itself.

Theorem 2.3.

(i) If tfjCtf2 and tf2f If then HF.IT.
@ii) 1f HX,HfST then HX\JHf3T.
(iii) 1f Hi2r then A(tf)=0.

Proof. Since HxczH2 implies (/*Dind P)c(tf2nind P) for any P, (i) is trivial.
Also (ii) is obvious by

(tfiflind P)U (tf2flind P)= (tF1UtFAfiind P.

Suppose A(tf)>0 and let Hx denote the set given by Remark 1.1. Then I(HX>0
and tfjf17y0 implies /.(1f MIM)>0. Let P=cl Hx. If for an open interval / the rela-
tion /fItf] flind P=0 holds then IMHxczP\ind P and by the density theorem
A(ICJHX=0, thus /f]tf1=0. Hence Pfl/=0 i.e. tfjflindP is everywhere dense
in P. Since Pe&we have H fST and by (i), HAT as well.

Our next aim is to characterize the thin sets. A simple condition assuring
a set to be thin is

@) tFflind (cl tf) = O.

In fact, if HAIT and P is the perfect set according to (1), then Peel tf, thusind P ¢
cind (cl tf) i.e. tfflind (cl tf)~0. In particular, any subset of a closed set tf with
/.(11)~0 is thin. We give below a transfinite classification of thin sets which de-
composes any thin set into thin sets satisfying (2).

berinition 2.4. Let tf be any set. We define the set tf2 for every countable
ordinal number a<cexas follows.

Let tfO=tf.
Suppose that HBR has been defined. Then HR+1is given by
3 HBR+1 = HRM(ind (cl HR)).

Suppose that Hy has been defined for y<B where R is a limit ordinal. Then
we put

4 HR = T1 Hr

“) a<b

From (3) and (4) tf~otf~ obviously follows for any Rx*R 2. Hence cl tf*ccl HR
and there exists a minimal ordinal ok T xsuch that cl tfa=cl tfat1=... . We shall

refer to this a as the order of tf and use the symbol a= o(tf).
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Theorem 2.5. Suppose Hi -T and lei P denote the closed set defined in Lemma 2.2.
Then, for every 8

(5) HC)mdP<zHR
holds. In particular, Pczc\HR.

Proof. AT1Té Pc; A impliescl (AN Té P)ccl A thus by (1) we have Peel He
ccl HO. The proof proceeds by induction. Suppose that AN Té PeH R holds for
some B. Referring to (1) this implies Pcc\HRB. Hence ind Pcind (cl HR) follows,
thus A~MTE PeHRClind (cl HR)=HR+L. Recalling the induction hypothesis,
AMTEPcAp +1land as above, this implies Peel HR+1. Let B be a limit ordinal
and we assume AN Té PcHYy for every y<f. Hence LfHindPe f| Hy—HR and

y<P
Pccl H,,
T heorem 2.6. Hi&~ holds if and only iffor any 320 (H), HB=cl HR=Q

Proof. If HiST, then by Theorem2.5 A(cl A4/)"A(P)>0 holds for every R.
Thus cl 4,0 (and HR"Q) for every R.
On the other hand, let 4 be any set and suppose that cl Ao(H)*0. Since

(6) ol (Ho(H) Mind ¢l HoH) = ol HoH+L = ¢l 50H) ~ 0

the set Ao(H)Mind (cl Ho(Hj) is everywhere dense in the nontrivial closed set cl Ao(H),
i.e. Ho(IDiST. By Theorem 2.3 (i) and A,,(H)}c 4 we conclude Hi9~.

Theorem 2.7. Let H be any set. Then

0) Mo(H)+1 —HQh)+2= ...
(™ q = *(J( )(HB\H B+ U H,(H-+:

where HAA\H BHilf for 820 (1l) and o(HRAH RB+) " \ for BSo(H). In particular,
if HidT then Ao(H)= Ao(H)+1=...=0 and

(iii) H= U (HRH B+H)
Pro(H)

is a disjoint countable decomposition of H into thin sets of order 1

Proof. Put for brevity oc=o(f). Then clfa+l=clfa thus (i) follows by
Hz+i—Hz &CMnacl A1+1= (A([M1né cl A~ Té cl HO= HOLH. The inclusion *z>”
is trivial in (ii). We suppose that xiH =H 0and x$Ho(H)+1. Then we select a minimal
ordinal y such that x8.Hy. Then y>0 and by (4) it cannot be a limit ordinal. Thus
y—R+1 and xEHRH R+1. Hence

A= U) (Ffp\I~IR+i) UHQ(n)+1.

RSo(H

Let DR= HR\H R+1(RB~o(H)). Then cl DRczcl 4, thus ind cl D~cind cl HB. Referring
to (3) we obtain DRe cl A”UTE cl HR, hence (ind cl DR)(iDRc(cl A™\Té cl HR)C\
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D(ind cl HR)=0. Thus (ZQ1=0, i.e. DRE&~ and
DR O

DR = 0,
making the proof complete.

Corollary 2.8. (i) For Hay, o(sa)=0 holds if and only if //=0.

@ii) 1f H7°0, A(cl/l)=0 then 7/¢~" and o(H)=1

(iii) #ITind (cl implies 7

(iv) The function o(H) is monotone on ¥F ie. for K(zHE 3~ the inequality
o(K)LWo(H) holds.

Proof, (i) and (ii) is trivial. Denoting K=HCMnac\H we have K=H1, thus
the transfinite sequences {Hp}, {KR} consist of the same sets (apart from HQ. Hence
theorem 2.6 implies (iii). Let KczH"SF. Then KB(zHR for every B, i.e. by KolH)cz
aH o(H=0 we obtain Ao(LLI= 0 therefore o(K)*o(H).

We remark that this monotonicity property fails to hold in full generality:
o([0, 1])=0 and o(Cantor set)=I.

Lemma 2.9. For every a <qjl there exists a system of open intervals Sx={lR}3<x
such that

() ,<=(0, 7 (0™R<ocC),

(i) IB<lyifand only if B>-y. (By IR<lywe mean for every x£IR, y£Iy).

Proof. We omit the straightforward proof.

Corollary 2.10. Let oc<col, Sx={IR}={(alk,bR)} be the system given by the
preceding lemma. Then we have aB<ay if and only if y<R and moreover

aB < inf {ay: y<R).
Proof. The assertion is obvious by
aB<bR1S inf {ay:y < R}
Theorem 2.11. Given , there exists Hf_2F such that o(H) —a.

Proof. Let a be given. We consider the set [a}3<x as in the corollary above
and define a transfinite sequence of perfect sets {PRWL by induction as follows.

(i) Let PO be a nowhere dense perfect set, POc[0, 1] 0> 1<, and k(iPQ>a0.
Such a set can be found by a0< 1

(i) 1f PR has been defined such that X(PR)>al then A(ind PR)>al>afl+1, hence
we can choose a perfect set PR+1satisfying P?+1ciind PR and /.(PR+)>aR+L1.

(iii) I1f B is a limit ordinal and y has been defined for every y<R such that
?ncind Pl2<zP#t (y*yi”*R) and X(Pf>ay, then we consider the closed set

Q= y|<_IB Pt:m:r! n,
where y,,< B is any monotone sequence tending to 3. Since
XQ = rI\Lm X(PY) é inf{ay:y<B}>aB,
=00
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we can find a perfect set PR such that P~cind Q and A(PR)>ali hold. It is obvious
from the construction that the system {PR}3<x satisfies

) PRl ¢ ind PR (&«=&)
and
)] A(PR) > a > 0 (B<a).

Let KR denote the set of the endpoints of PR (by endpoints of a perfect set P we
mean the endpoints of the open intervals contiguous to P), then we define H by

©) H= UK,

We are going to prove that H*3I" and o(H) =a. By Theorem 2.6 it suffices to prove
o(H)=aand Ha=0. Let {HRM<x denote the transfinite sequence accordingto H=HO0.
We can easily verify that

(10) HR= U Ky forany /3<a.

ySB
In fact, (7) implies (J KyczPrS thus by cl KB=PR we obtain cl f U KJ'I Pp. Rela-
tion (10) holds for B 0 by the definition of H. Assuming (10) for a flxed B we have
HRE+1=HRC\inAc\ HR= {E AAflind PB= U Ky. Considering a limit ordinal

» N+
/1*<a and assuming (10) for B<R* we obtain

(n) wee = [Mw = (/UKy).
R-zR* T e

1
Referring to (7) B
KnM\Kn =0

holds whenever "y 2, thus (11) implies H3 = lé Ky. Hence (10) has been verified
S *

and we have cl HR=PRfor every /?<a. By (7) cl HRI7+c\ HRifx<R2<a, i.e.
Now we consider the set Hx. If a—a*+I then Hx*= |J Ky—Kx* thus

#a= tfa~+l = Hx*Nind cl Hx* = Kx¥*Nind cl Kx* —KaMind 4* —O0.
If a is a limit ordinal then Hx={//,,;: /1<a}= U [ U ~/1 trivially implies Hx=0.
In both cases Hx=0 which implies o(H) =a and H"3I.

The thin sets constructed by the above method will be called canonical thin sets.
For later purposes we prove here some lemmas.

Lemma 2.12. Let H be a canonical thin set of order a. Let Z= p| PR, (a, b)n
f)2=0. If [ d]c(a, b) and ¢,d§ (J PR=PO, then H M[c d] is a canonical thin set
in [c, d] and o(AM][c,</])<a.

Proof. Since [c,d]C\Bf<)aPB=O, we can find a minimal ordinal number y-=a

such that PRC\[c,d]=0 for B—y. If y>0 then we consider the sequence of non-
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trivial perfect sets QR—PR(j[c,d] (R<y) and applying the construction for QR we
obtain the canonical thin set HC\[c,d] having order .

Lemma 2.13. Let //c[0, 1] be arbitrary, G open. Then (HC\G)R=HRC]G for
every .

Proof. We prove by induction. Suppose (Hf]G)p=HpC\G. Now (HMG)R+1=
=(HNG)ROINd (cl (Hr\G)R) and the induction hypothesis and the trivial equality

Gflind ¢l (HRAG) = GDindcl HB

imply (HC\G)R+1=HR+rMC7. The transition step is obvious for limit numbers.
Lemma 2.14. Let {(«,,&,)} be a system of pairwise disjoint open intervals, let
Hnd(an, b,) be a sequence of sets, H= U H". Then, for any G,

n=1

(12) HE= (L.

In particular, if H" are thin setsfor n=1, 2, ... and o(H'j =Rn, then H is thin and
o(H) =supR,,

Proof. Taking G=(an, bn) we obtain (12) by Lemma 2.13. If //" are thin sets
then (HN)BR=Qfor B R,, thus HP=Qif B8”*sup Bn. Hence H is thin and o(H) =sup R,
is obvious.

3. lrregular points

D efinition 3.1. Let f(x) be any measurable function in [0, 1]. The point x0
is said to be a regular point of/ if the following conditions hold.
(i) There exists a perfect set P with x06indP,
(ii) f\ Pis bounded,

(iii) f(x0 = Iim—zi(/)—Prf]if(x) dx

where | denotes closed intervals such that xOCland A(/)—0. (As it is usual, we can
suppose that either 7=[x0, x0+h] or 1=[x0—h, x(.) If x0=0, 1 then x0Cind P is
meant according to the one-sided density definitions and also the limit in (iii) should
be taken from the right and left, respectively. The point x0is irregular if it is not
regular. The set of irregular points of/ will be denoted by Tf .

We remark that replacing the term “there exists a perfect set P’ by “there
exists a measurable set P we obtain an equivalent definition.

It suffices to prove that if (i)—(iii) are fulfilled for a measurable set M then
there exists a perfect set P with these listed properties. Let the perfect sets Pk, Pk
be chosen such that

Pke Mfl o 171> = Mk
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and

k(PR is I1'1-2 1 k{MK),
and

Pkc Mfl x° Kk x° k+1 = Mk

and

k(Pi) > |1 - 2r]|
respectively. Then we put

p=UnuU”ru{4
P is obviously perfect. Let now

h =[*0*0+/], -*-]- SA<].
Then
APl k\p N Xo>*0+ » .
Kh) = K=+
K
* - KMj)
k ]gkil (1 — 211 KMj) = kj:E_l_lK W -k j:E+i v
IMM *Q*o+
i *() * U L # = ' K+1 Jc_
is kkAM 1 =0, O+I+|JJ k+1 1 2k ¢
k+1
For h-*+0 we have + °°and thus
lim =,
ft-*+ 0
and similarly
ﬂl_uljo 2~ =1 for = [*o—AxQ,

which proves x0find P. If finally f\M is bounded then f\P is bounded too. Let /
be a closed interval such that x0€/ and X(l)=h, then, for A*Q,

J o f/K)Ydx = fi(x)dx + f o f(x)dx
" MY/ PO/ (M\PYMT/

f A
1(wf\)n
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because / is bounded on M\P and M \P is of density zero in x0. This implies
property (iii).
Theorem 3.2. 1ffix) is bounded then ffSf holds if and only if Tf =B,

Proof. Trivial.
For the proof of our next result we recall two lemmas of [1].

Lemma 3.3 (Lemma 4.17, [1]). If F{x) is differentiable in [0, 1] and Ila[0, ]
is any perfect set, then there exists an open interval | and K> 0 such that /M Hg0 and

IT(X)-T(y)] S K\x-y\ (x,yEH)I).

Lemma 3.4 (Lemma 4.16, [1]). If F is differentiable in [0, 1] and for the perfect
set Ha [0. 1] the estimation |T(X)—F (y)\"K\x—y\ (x, ydH) holds, then there exists
a differentiable function G(x) such that G(pd)= F(x), G'(x) =F'(x) holdfor xEH and
|G(X) —G (Y)\N(K+\)\x =)\ for every X, jE[O, 1].

Theorem 3.5. |ffdSd, then Tff.T.

Proof. Assuming Tf”3F we consider the set P satisfying (1), i.e. we have
(13) cl (TyMind P) —P.
Denoting by Ta primitive of/ we apply Lemma 3.3 for P. Then applying Lemma 3.4
for T M /we obtain G(x) satisfying \G(X) —G (y)\"(K+\)\x =\, x, j€[0, 1]. In par-
ticular, g(x) =G'(x) is bounded, hence by Theorem 3.2 T9= 0. Thusevery (ind T)I1/
is regular for g. By g|pnr=/1pru> x is regular also forf i.e. Tf C)PC\I=$, a contradic-
tion with (13).

Now we apply the result for constructing Baire 1 functions which have no
derivative extensions.

Theorem 3.6. Let P be a non-trivial perfect set metrically dense in itself. Then
there exists a Baire 1 function f(x) such that if g(x)=f\P(x) almost everywhere on P
then g has no derivative extension onto [0, 1].

We remark that this result gives a negative answer to Problem 5.1.2, [1].

Proor. Let XX, X2, ... be a sequence everywhere dense in ind P. Then it is
everywhere dense in P as well. We denote

0 —x = xn
r,<rS 1]

and letf(x)= n2=lfA x)- The series is uniformly convergent, hence its sum is a Baire 1

function and Tf = {jq, x2, ...}. Now, if g=f\Pholds almost everywhere on P and g*
denotes any extension of g, then Ta I {xx, ...}. By the choice of the sequence, the
set {xu ...} is not thin, thus by Theorem 2.3 (i) Ta(if hence by Theorem 3.5 g*
cannot be a derivative.

Theorem 3.7. |f the derivative fix) has local extremum in x0 then xnis regular
for f
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Proof. We can suppose without loss of generality that f(xn=0 and /(1)¢0

(in a neighbourhood J of x,,). Then/ is integrable (in this neighbourhood J) and

let /"(*)= f f(x)dx be a primitive of/. Let <5>0 be arbitrarily given and consider
the level 53 Ho={x:f(x)SO). Denoting lh=[x0, x0+h], we have

. F(x0+h) . 1
=/(* lim lim
0 =/(*<,) Jim h A7I+0)K) ff(x)dxs
- Hn-- /s & lim
A-+0 h H6nlh A-»+0

and similar estimation holds for 0. Hence we obtain that HO6 is of density zero
in x0. Thus taking M=JD {x:/(x)< 1} we have x0€ind M and 0S/|M<1. Now

the inequality
1 X+h

rl f MnihI
implies
im— [/ /= 0=f ,
AI'TO “ MruH (x0

and similar relation holds for 0. Hence x0is regular for /. (Actually we have
proved the known result that the derivative f(x) is approximately continuous in x0,
iff(x) has local extremum in x0. One can easily show that (in general) approximate
continuity implies regularity.)

However trivial Theorem 3.2 is, in certain sense it is best possible as shown by
the next theorem.

Theorem 3.8. Let a be any countable ordinal number. Then there exists a deriva-
tive such thatf=0 and o(Tf)=a

More precisely, we prove that, if H~ U{KIt:R<a) is a canonical thin set of
order a, then there exists a non-negative derivative f such that o(Tf)=a,

KBc (7»,\(7»,+Lc c K ,\indcl K,
for every .

Proof. The tedious proof is carried out by several steps. Though our con-
struction is complicated to such an extent which may seem unnecessary, a deeper
analysis shows that it cannot be simplified in any essential point. Actually, the
possibility is not obvious either.

If/ is any function defined in [0, 1], we put

(14) [(*;a, b =f (@as Xé h).
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(i) In this section we are going to construct a derivative non-negative on [0,1]

and having 0 as an irregular point.
For any integer n*4 we define the continuous function m(x)~0 in [0, 1] as

follows. In JO, —_| (x) is a trapezium-like function defined by the formulas

n3x, 0=i=ﬁ§

n S XA
X) =<
T 3X+3 2A X S 3
neXEIN o ol
3 1
0, - "1
is extended periodically by
1y k) \I,L sp K , :
_ (Px—43 v n) ' :
The relations
(15) [ cp,(x)dx = 2(6 —a), a= ﬁ— b= L—
o1
and
1
(16) Ax:p(x) = u)
are obvious. We denote by the sequence of prime numbers and by p(n)
the number of prime divisors of n, p(I)=1. For n51, O"*k”n we put x,4=— +
H—'n(—- ; - Obviously x,,+1 Kr1= x,, o- For any integer i S 3 we define / r(x) in [0, 1] by
*Pp(n) +t\X 1 x Mrk>xn,k+1)>  %nk = X = xnk+I>
a7 f(x) = o~ kS MN—1 1—1.2,

2, X=0.

According to the definition of (p, the interval (x4 ,x,,4+]) is divided into p(n) +t
equal subintervals by the numbers

(18) xn,K+anp|5L;n3;L>§ K, /=0,i,..,p(n)+t.
We shall refer to these points (including x=0) as trg)e principal points of [0, 1]. We
are to prove and TA"0O}. Recalling (15), J f(x)dx =2(b—a) if a<b are

h
arbitrary principal points, in particular J ft(x)dx=2h if h is a principal point.
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1 we choose neighbouring principal points a, b such that alLIi<b.

lbé ft(x)dx S ,g)l.f f,(x)dx ~ 4‘r4 [« (*)*

2b - hSft{x)dx - 2a’

- ff,(x)dx-2a 2P
U

Referring to (18)

} XK 1 %nk+l “nk
24 2 W2 Tk t xm
1
2 2" 2
?J_ nt
2'+n 2n

where n and Aare suitably chosen. Thus we obtain the estimation

(19)

2 . 1
o Redx=2 e < o

We observe that

thus
(19a)

1 a+h 1 Al(6-a) i A
y I [,(*;a6)x=—7— [ [,(*)dx —— | f(x) dx,
n a n [e] n o

g b—a , b—a

, af f(x\a,b)dx-2 o« hA o]

Since /r—0 implies n—°° we obtain that F,(x):\] f(x)dx is differentiable in
0
0 and F,'(0)=2. By the continuity of f(x), Ft(x)=f (x) trivially holds for x>0,

ie. fEQ@.

Let now N be an integer, NI and consider the numbers n=n,=(p1p2...pN1
1=1,2, ... . Then p(n)=N and denoting

we have

HN= {*:/,(*) s N)

1
HNA U {5:9p(»)+iW = P(n) +t, *,*  x A xrekt},
k=0
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for any fixed n—nt. Recalling (16)

1 1
2n-1 2" 1 1
N+t - 2NV AL .
Hence
o 1
2rm1A Q “ 2(N+1)
thus
lim - 5(Ag, 1 [0, h]) 2{N+T) > ©

for V=12, ... . It yields that ft(x) cannot be bounded in any D-neighbourhood
of 0. Since f(x) is continuous for x>0, we obtain T)t={0}.

(ii) In this section we extend the previous construction in order to obtain a non-
negative derivative exhibiting irregularity in every end-point of a non-trivial per-
fect set.

We put

f\x\ 0, . , Os Xazi

gt(X) - gt(l 'in 2

By g, [y]1=0>gi(x) is continuous in (0, 1) and according to (i), T8t= {0, 1}
Let ?c[0, 1] be a nontrivial and nowhere dense perfect set, 0$P, 1$P. Let

xs L

(20) [0 11\P = [0, b0 U ({0, U U, (ak, b}

be the decomposition of [0, IJ\P into intervals contiguous to P. Let

/»(1 ~x; 0,bg, 0a X< Db

_ I3(x; a0, 1, ad< Xs 1

AR = gk ak bR, ak< X < bk
2, XEP

where tk is choosen to satisfy tk(bk—ak)= |. Making use of (15),
B -
Jh(X)aX = 201 —a)
a
if a and B are either principal points in anﬁ of the intervals contiguous to P or belong

to P. In particular, the integral P(x)=J h(y)dy is finite valued. F\x)=h(x) obvi-

0
ously holds for x$P and by the construction off,(x), F'(bk=F'(ak=2, k=0, 1, ...
if by F'(bk) and F'(ak we mean left hand side and right hand side derivatives re-
spectively.
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Let xOEP and suppose that approaching ., say, from the right, = runs over
an infinite number of intervals from the decomposition (20). If

ak < * =y (a*+ 6%),
FO)=1 r)c I gy o )=

= 2(ak-x 0+ (2+ el (x-ak = 2(x- xn) +ek(x- ak
where \ek\*.2/tk holds by (19a).

we write

For —(ak+bk<x<kk we put

f hy)dy = P n)dy- P akiy; ak, by dy =
X0 k) *
= 2bk-x 0)-(2 + d) (bk- X) = 2(x- X0 - ddbk- X),

where ¥\"2/tk holds again by (19a). Hence we have

2(x-x0Q+ek(x-ak), ak< xs y (ak+bK

f h(y)dy =
X0 2(x-x0-e'k(bk-x), y (x+bk)< a < bk
Since
0s XAy
X A0
and
0 bk ~ X bk~2  + bk)

a - a

y (ak+ bk)—ak
we obtain in either cases

X — Ao

J
— — | h(y)dy~2
0

which implies F'(a0)=2. We know ak£Th, bkETh by the construction given in (i)
and we remark that, since h is constant on P, 7Znindi>=0 is trivial.

We observe that h(0)—h(l) =0 and h(x) is continuous in these points from the
right and from the left, respectively.

(iiiy Now we proceed by induction. Induction hypothesis: if [a, b] is any interval
and H= U {KR\/?<a} is a canonical thin set in [a b] such that a, 6$cl H, then there
exists a derivative / € 0 on [a, b\ such that o(Tf)=a

(20a) KBc (THR(THRLc cdr\ind clKR (R < a),

Studxa Scientlarum Mathematicarum Hungarica 9 (1974)



264 G. PETRUSKA

f(x) is continuous from one side in a and b and f(a)=f(b)=0. Ifa= 1, the required

derivative is given by the preceding section (ii). Let o(H)=oc>l, H= U{*,:/?<«}

where KRare canonical thin sets of order 1, cl KR—el (;\Jrs Ky)= PRand let P:,»QaPB'
Now the induction hypothesis is assumed for every /?<«. '

Observe that P=Py if a=y+I, and one can say nothing more on P
than that is a nowhere dense and non-empty closed set. Let [0, 1]\P=[0, 50U

U(AQ, 1JU U. (A B K) be the decomposition of [0, 1]\P into intervals contiguous
=i

to P. If we consider the sequence ao, ak, v, —, ..j e
1

~\n\+2'

—co< «< + cowe have 1< - ;Jr;l and I<—+— g PY In every interval (Ak,BK

2 ~ an+l|

n=0, —1, —2, ... and an=\—a_,,, u=-0, then for any integer n,

we take a sequence

Ak+ (Bk- AR WA~ +s(n, L)j, nw 0
Bk~(Bk-AK) ( +E(w, K)j, n>0

where |e(/?, f)| are chosen so small that both

, ak+tl-Ak n Bk—ak o
1" A= Bk %41 2 (o< u< 4w
and

abPO0=c\H (—°<n<+° k=12 .)

are satisfied. (This latter is possible since P0is nowhere dense. In [0, BO) and (A0, 1]
we take one-sided sequences kand {a,}*° k tending to BOand A0 from the
left and from the right, respectively.)

Recalling Lemma 2.12, A‘=4AMN[", ak+Z] is a canonical thin set the order a!
of which is less than a:

HUO = U KB wh K& = KRD[ak, ak+l].
s where [ak, ak+1]

By the induction hypothesis there exists a derivative f k=0 on [ak,ak+1] such that
o(Tjk)=0o(HK),

Kk,c (TEPR(T fkR+1c cl AjiXind clKIB, R<a'
f k is continuous in ak and ak+l and vanishes in these points. We can assume

21 r<5+iz5
(e - Ak
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otherwise we replace /,* by <. where ¢>0 is sufficiently small. We put

\fn > *eéal, dl+i]
io, XEP

and prove/€”. By (21) F(x):\(]) f is finite valued and F'(x)=f(x) is obvious for

x$P. Let X0EP. If x0=Ak and h>0 then taking we have by (21)
I Ni+N % Jil .
22
“I of-11 |/ ah=Ak p+k +k ©<0
and
Aft+ A
* . Bk—Ak___:L < 2
(23) / N LS (s 0)

If XOCP and for A-<-+0 the variable x0+h meets infinitely many intervals from
{(Ak, BK} then for Ak*x 0+ h~Bk
170 1 % 1M A xo 1 xO+h—AK 273 2

(24) f * mk K ~ mk™ K’

where the first integral is estimated by (21), the second one by (22) and (23), and
mk denotes the minimal index satisfying (Amk BmJc (x0,x0+h). In both cases

\] /-*¢0 and we have similar estimations for A<0, hencerez» is proved. Refer-

. %0 . .
ring to Theorem 3.7 the points of P are regular for/, ie. 7)[MP=0.
By Lemma 2.14

(PHI1= 9 [Tf M (Ak, BRIRU\TT M[0; BOQJpU\Tf M {Ao, 1]
This and
Kf = KI[’\l_l (n,p*)m[r0[0,Bo)n[r0 (N1, 1] (®R+1< a)
imply
(25) KB ¢ {PT)R\(P/)R+i ¢ cl/Mindcl KB ((R+1) < a)

and by the construction,/vanishes continuously in 0 and 1 Recalling Lemma 2.13,
(H\P)B=HRB\P—KR (/?+I<oc) thus by (25) we have o(Tf)=o(H\P). In fact, if
a=y+1 then

afl)yc (H\P)y= H\P =0,

and for Bcy we have flI7+KRc:(Tf)R. If a is a limit number then o(T/)=0(H\P)
is obvious, and for this case the proof is complete.

Let a=y+lI, in this case HM\P=H,,=K) and we apply the basic construction
(ii) for the perfect set Py=cl Kr Hence we obtain a derivative g(x)é0 such that

(25a) Kycz Tga PA indPy= P\ind P
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and g vanishes continuously in 0 and 1 Finally we put h(x)=g(x)+f(x). Since
JOnr/ =0 and /SO, we have Th=Te\JTf. We are going to prove

(26) (TR =T,11(7», (B < X

by induction.
Let 7+ 1<a. Then

(THp+L = (TH,,Mind cl (THR = (T,,)8Mind cl [TaU (7»,] = (THRMind (PyU PR),
since by (25) and (25a) we have cl (Tf)R=PR and cITag—P... By P,,c PR we obtain
(Th)p+i — gU(TH)AMind PR = (TgHind PR) U ((TF)BMind PR) = Tgld (Tp)R+,,

referring the stronger inclusion TgaP y<zinA PR.
The transition step is trivial for limit numbers, hence (26) is verified. Since
o{Tf)=0o{H\P) —o{H\Py) =y, by (Tf)y=A we obtain (ThHy=Tgand hence

(ThyH = {Tg =0

i.e. o(Th=a Now (ThHR(ThHpH=(THOR(T )R+l if B+\<a (i.e. B<y),
(THW(T hy#l=Tg, and for B>y (THR(T h+l=Q thus by (25) and (25a) we
obtain

KBa (THR(THABR+L ¢ c\KRindc\KR

for every 8. h(0)=h(1)=0, and the continuity in these points is trivial by h=f+g,
thus the theorem is proved.
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CONVERGENCE UNIFORME ET CHANGEMENT DE VARIABLE

par
L. ALPAR

Dédié a L. 1ijerr a l'occasion de san 60-iéme anniversaire

8 1. Introduction

La note [12] de P. Turan a inspiré plusieures recherches. Il a montré dans ce
travail initiateur la proposition suivante: Soit ( (0<|£|~=1) une constante complexe
donnée a l’avance. Il existe alors une fonction

u ri(2)y=1ifl,z
(u) (2) _ery

analytique pour |z < 1 et telle qu’en un point z1=e'tl la série JEavz[ converge, mais
si I’'on pose

@2 A W =rq0bs:n (bn=bnU

la série 2 b,z diverge, ol z1=(z2—Q (I —C2)-1, donc z2—12

Plus tard, répondant aux questions posées également par Taran, J. Clunie
[9] a prouvé que/j(z) tout enjouissant de la propriété mentionnée peut étre simultané-
ment continue sur la circonférence |z| = 1, tandis que K .-H .Ind1ekofer [11] @ moOntré
qu’il existe / X(z) telle que le module de continuité de yj(eft) remplit la condition

(1.3) co(S;Meu)) = Ofllogul™l) (5+0).

Les résultats de Crunie et de Ind1ekofer, cOmplétés avec une stipulation concernant
la continuité des fonctions en question, portent donc sur le comportement local
des séries considérées.

De notre part, en nous appuyant sur la note de C 1unie, nous avons démontré [7]
que malgré la convergence uniforme de 2 axebl’ la série ]?b,,ért peut étre divergente
sur un ensemble E dénombrable et partout dense dans [0, 21]. Nous avons établi
ensuite [8], utilisant le résultat de Indi1ekofer, que ces deux séries peuvent conserver
leur caractére indiqué en dépit que (1.3) subsiste.

Dans la note présente nous étendons ces recherches sur certains changements
de variable des séries de Fourier. Nous étions amené a envisager de probléemes de
ce genre en étudiant les transformations conformes plus générales que les homo-
graphiques. Nous avons examiné des fonctions représentées par des séries de Faber
dont la courbe de convergence est formée d’un seul arc analytique régulier fermé
(2], [3], [B])- Il s’est avéré que les cas considérés se ramenent & I’étude d’un certain
type de changement de variable des séries de Fourier. On peut donc soulever de
questions analogue sur les changements de variable des séries de Fourier uniformé-
ment convergentes sans se référer aux probléemes correspondants des séries de Faber.

Nous allons établir notamment la proposition ci-apres.
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Theoreme. — Soit f{t) une fonction a variable et a valeur réelle, analytique sur
axe des t et telle quef'(t)"0 etf(t)=f(t+2% (mod 2n). Alors il existe unefonction

(1.4) F(t)= Z Ave™

V =—o0
remplissant les conditions suivantes: (i) la série (1.4) converge uniformément mais
non absolument; (ii) le module de continuité de F(t) vérifie la relation

(1.5) 0i(6-F) = OdlogM") (<57+0);
(iii) et si on pose

(1.6) = Z Breirf
la série (1.6) diverge sur un ensemble E dénombrable et partout dense dans [intervalle
[0, 2n].

Si dans (1.5) on peut remplacer O par o, les séries (1.4) et (1.6) convergent uni-
formément.

La démonstration se fond, outre les travaux cités de Ciunie €t de Indiekofer,
sur un de nos résultats antérieurs [4]. Ciunie, de sa part, a déterminé d’abord une
fonctions/2(z) (cf. (1.2)) satisfaisant aux exigences du probléme, puis il en a déduit
ffz) (cf. (11)) au moyen de la transformation inverse en posant f (z)=
=/r[(2+0(1 +£2)-1]. A cet effet il s’est servi des polyndmes de Fejér définis par la
formule (n”1):

~2 -n n+1 72n n
<7y N =TH-fr+- 4T dr

Nous allons suivre une voie pareille en utilisant une idée de Fejér esquissée
dans [10]. Soit —EO0 un ensemble dénombrable contenant une infinité de
fois chaque élément de E. Alors G(t) est définie de la maniere ci-dessous:

(1.8) Gt)=jr2-(<**-',.>) ~ Z Breint

n=1 k=n*
ou les exposants k,, sont des entiers positifs convenablement choisis. La série de
fonctions (1.8) est absolument convergente, car il existe une constante absolue M
telle que \(pj(eu)\sM uniformément enj et t. Si de plus les kn vérifient I'inégalité

(1.9) kn+2-22'< kntl+\,

alors en omettant dans (1.8) les paranthéses on obtient une série de Fourier formelle.
Le choix particulier de la série de fonctions (1.8) s’adapte aux calculs de Ind1ekofer
et est nécessaire pour établir (1.5). Nous allons voir dans le 84 que la série de Fourier
de G(t) diverge sur E.

f(t) étant monotone, par hypothése, elle posséde une fonction inverse, soit
f~ 1(t)=g(t). Posons donc a I'instar des antécédents F(i) = G[g(i)], c’est que

(1.10) F(t) = Z 2 - neitNe “>U<p22a(ei[<)-,n) ~ V Jle™

n=1 V— —oo
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Il est a prouver ainsi que la série de Fourier de F(t) converge uniformément et que
son module de continuité est de I’ordre logarithmique. La formule (1.10) indique
déja la marche de la démonstration: nous pouvous encore disposer dans une large
mesure librement des exposants kn. Dans ce but il faut examiner d’abord le type
de fonctions qui figure dans (1.10) et ensuite la série de fonctions (1.10) elle-méme.

Conformément & ce programme le § 2 est consacré a certains lemmes, on s’occupe
des polyndmes de Fejér dans le §3, enfin la preuve du Théoreme est achevée dans
le 84. Au cours des démonstrations on désigne par G (j= 1, 2, ...) des constantes
numeériques positives.

8 2. Quelques lemmes

Dans ce qui suit nous aurons besoin d’un de nos résultats précédents [4],
dont un cas particulier a été déja trouvé plus tot ([1], 86, pp. 307—312). Nous I’ap-
pelons ici Lemme 1L Nous le citons sans démonstration, mais nous faisons tout
de méme certaines observations qui permettent de voir I’origine de cette proposition.

Remarque. — F(t) et eif(,) étant continues et 27t-périodiques, G(t) I’est aussi.
De plus, en raison de la continuité uniforme de la série de fonctions

Gt)y= 2 ~ n:%Bneu.l,

V= — o0

on peut écrire
B. J {1 N/=> Fi Py

ou I’on a évidemment
pvU) 2 anwe"
Il en résulte que

m
2 B nebl= Av.

Si, en particulier, 2\A \[<o° et I%=I anvd"1 est uniformément bornée en v, /, m et

t, alors on peut démontrer que la série 2 B,,eiM converge uniformément [6]. Or,
ME—o

le Lemme 1 affirme précisément les suivants:

Lemme 1. — Soit f(t) une fonction réelle, analytique et telle que /(i) =
=f(t+2n) (mod Zi), soient de plus

ebm = 2 CLEE v=0, %1, £2, ..)

et
m

Sli(t;f) = SUt)= 2 a nvweiM
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Alors il existe une constante K=K (f) telle que

5w(i)| = K
uniformémenten v, I, m et t. )
Apercevons que cette fois-ci la monotonité de f(t) n’est pas exigée. Cette der-
niére condition a été posée uniquement pour assurer I’éxistence de g(t)=f~1(t)
Les hypotheses adoptées surf(t) entrainent, d’autre part, que [f(t+2n)—(t)]/2n
soit simultanément une fonction continue et un entier. C’est donc une constante
a valeur entiére. Il en découle que f(t) =(p(t)+ht ou (p(t) est 27r-périodique et h
est un entier. Lorsqu’on a aussi f'(t)A0, on suppose, pour simplifier les calculs,
que h= 1 ou bien que f(t) =cp(t) +t. On en tire qu’alors g(t) =y(t)+t ou g(t) est
encore réelle, analytique, g'(t)?+£0 et g(t+2n)—g{t) =2n, c’est que y(t) est 2n-
périodique./(/) et g(t) sont donc exactement de la méme natuie, d’ou la conclusion
que Voici.

Corollaire. — Soit

2.1 eing) — Y b =0, +1 %2, .).
Alors il existe me constante KO=K fg) telle que

(2.2) IsNe *)I = 137 = gAb,né"’ S Ko
uniformément en n, A 1 et t.

En étudiant les fonctions analytiques et leurs transformations homographiques,
le r6le de /(/) resp. g(t) a été attribué a

. eu- I ] 1-Ce”* . I+Ce-*
MO = - ilog =-ilog- —"r +{ resP- 4500 = ~1l0gT+Zér +L

Le lemme suivant fournit une majoration des arv resp. bwn. (Voir [4] Lemme 1,
p. 191, et son cas particulier [1] Lemme 2, p. 296.)

Lemme 2. — f(t) satisfait aux conditions du Lemme 1. Soient les
racines de I'équationf" (t) =0 comprises dans l'intervalle [—#, n) avec les multiplicités
respectives p1—2,p2—2, ...,pk—2 et p=maxpj (j= 1, 2, Alors
(2.3) \aj =CM llp (v~ 0)
uniformément en n, autrement dit c1=cl(f). Sif'f)~ 0, doncg{t) existe, on a également
(2.4) \bj & c2n~lp (™ 0)

uniformément en v, c'est que c2=c2(qg).

D émonstration. — (2.3) a été déja établi dans les notes signalées. Il est a vérifier
(2.4) . Posons u=f(t), t—g{u). On a ainsi g"(u) = —"(t)[f'(t)]~3 A chaque tj cor-
respond donc un Uj=f(tj) racine de I’6quation g"(u)=0. Les expressions des dérivées
d’ordre plus élevé de g(u) formées a l'aide de celles de f(t) montrent que la multi-
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plicité de uj est aussi pj—2 (j= 1,2, ...,Ic). (2.4) n’est donc autre chose que (2.3)
formulé pour les bwn.

Lemme 3. — Soient P(z) une fonction analytique et uniforme dans la couronne
circulaire  [z]</?2, Px«1< R2; M0=max [P (e")\ et

(2.5 ei"&)P(eim) = J 1 ay.eivt

Alors il existe un entier positif na=n,,(P, g) tel que pour tout entier \n\S/i0 les sommes
partielles de la série (2.5) sont uniformément bornées, soit

(2.6 Mool V:A(x ev 62 (1+epn) = #0,

c'est-a-dire que cette borne commune ne dépend que de MO et de KO définie sous (2.2).
Demonstration. — Il est apparent qu’il suffit d’établir le lemme seulement pour

o SH ey

Lorsque P(z)=1, (2.7) fournit Sgwvt) défini sous (2.2). Considérons maintenant
I’expression

LV o= iS v (0-iV i(,))S3v(0 =

(2.8) 1 J?p(eie(lu)\_pleig(t)\

on & e i etaA.)[e«(*+i)-_e«(»+i)>]dU= c-cC.

La fonction [P(eie(u)) —P(eig())](eiv—ei,)~1=Q,(u) est analytique et uniforme dans
une couronne circulaire contenant la circonférence unité. Par conséquent, la série de
Fourier

(2.9) Q.(uw)= k_2_m Bk(t)eiku

est absolument convergente et

2.10 Y k(t\ = H = H(P, g) <
(210) max Y k) (P 9)

1 résulte ainsi de (2.4) et de (2.8)—(2.10) que

= k:go [& (0116-(v+*+i),,t s Hc2\ Up.

|/"V| peut étre majorer de la méme facon et, par suite, |/,Ma2#c2n|_Lp. Cette derniére
quantité est inférieure ou égale & 1 pour |u|*n0>(2//c2p. On obtient finalement,
vu (2.8),

o IC (01 = 1+KOMO,
d’ou il vient (2.6).
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Lemmeéd. —Si 2 |C,|<°°,etsi chaque terme dela suite defonctions {P,,(z)}*=_M
MN=—oo

remplit les conditions:
(i) Pn(z) est analytique et uniforme pour |zI<A&E,, TA<1<77?2;
(i) mtax\Pn{eH)\ s. MO,

ou MOest une constante indépendante de n, il existe une suite d'entiers {&}’= «, telle
que la série de Fourier de lafonction

211 ot)= 2 ik (> ‘ = 2 D,eM
( ) () Cne (‘>pn(e‘m ) V=

Tt=—0 ~—00
converge uniformément.

Nous ne détaillons pas ici la démonstration du Lemme 4 pour la raison suivante.
Une série de Fourier analogue a (2.11) intervient aussi dans le travail de Crunie.
Faute du cas particulier du Lemme 1 ([1], pp. 307—312), il a prouvé seulement la
convergence locale de cette série, tandis que la preuve du Lemme 3 de la note [7],
calquée sur celle de Crunie, a établi la convergence uniforme de la méme série.
Or, en possession du Lemme 3 de la note présente, la démonstration du Lemme 4
différe guere de celle que nous avons exposée dans [7].

8 3. Certaines propriétés des polyndmes de Fejér

Les polynémes de Fejér ont été définis par la formule (1.7). Dans le lemme
qui suit nous allons rappeler sans démonstration quelques-unes de leurs propriétés
connues et simples.

Lemme 5. — (i) Il existe une constante absolue M telle que \(M(z)\sM pour \2\S 1;

(ii) <p,()=0, autrement dit la 2n-ieme somme partielle de ((z) est égale a
zéro pour z= 1;

(iii) la n-ieme somme partielle de (p,,(2) excede logwn pour z= 1,

(iv) \,a)\"4Mn.

La propriété (iv) est une conséquence de I'inégalité de Bernstein.

Lemme 6. — Si dans laformule (2.11) on remplace P,,(e'd,)) par (p,.(eiglty) (n>0),
on peut prendre

(3.1) kn= m= 12 .)
ol Ay>0 est un entier convenablement choisi et p est défini dans le Lemme 2.

D émonstration. — k,, joue maintenant le rdle de nO du Lemme 3. Nous allons
évaluer \'m\ (cf. (2.8)) en modifiant légérement le raisonnement précédent. La fonc-
tion a intégrer dans I’expression de /',, peut s’écrire sous la forme

(3.2) 4>n(eé‘ - g;éeim) ebf‘)_—pr?g giv+u= UJde*mu),
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avec
Um(e>«d) = :‘_20 Yb.(N)*K* KML>
(3.3) B
V,(u)= T~ZCDélj'{t)e,ju.
Il est simple de voir que
1
max 2 |¥*n(0 —2/i(logw+1),
(3.4) Lo
max 2 14/(01 = c3< oo

t j= —o0

Par conséquent, en tenant compte de (2.1), (2.4) et de (3.2—3.4), on a

crs o, UGN

2n-1

~ 2 Pib(l 2 m\x\ j

o4
3 *go MaiOl 2 14/(01 \b,(k,+)\ S 2n(logn+ c2c3knL = Hnkn Ip.

Il s’ensuit que |/J S ICI+ ICI A 2Hnk~1p, et |/J ™ 1 pour k, S (2tf,,)p, d’ou il
vient (3.1).

8 4. Démonstration du Théoréme

Nous allons montrer tout d’abord que la série de Fourier de G(t) définie sous
(1.8) diverge sur I’ensemble E. La série de fonctions donnant G(t) a été formée au
moyen d’un ensemble C = {in}r=i contenant une infinité de fois chaque élément
tXEE. Il existe donc une suite infinie composée des éléments de EO qui sont égaux
a telle que

(4]_) A= C = C =eee= C = —
ou nj<nj+l,j-*°°. De plus, dans a formule (1.8) n’intervient que des <j avec j —22"'
(n=1, 2, ...) auxquels correspondent, d’apres (3.1), des kj =k1(22"2p. Mettons, pour
simplifier I’écriture, k1(22")20—Kkn. Il est aisé de voir que ces k,, vérifient I'inégalité (1.9).
Posons ensuite
Pj = knj+22", g =kn+2.22"

ou les rtj sont ceux de (4.1). Notons enfin par s,,(i) la/i-ieme somme partielle symétri-
que de la série de Fourier de G(t). On trouve, en vertu des propriétés (ii) et (iii) des
polynémes de Fejér énumérées dans le Lemme 5, que

li.»(e'S)s,j(.e"n\ = K,(etA)-sp,(ehA > 2log2, j = 1,2......
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La suite {jMe,r*)}~_1ne remplit pas ainsi le critéere de convergence de Cauchy, elle
est divergente.

La convergence uniforme de la série de Fourier de F(t) (cf. (1.10)) est une
conséquence immédiate des Lemmes4 et 6. En effet, m(z) possede la propriété (i)

du Lemme 5 et ﬁEI 2~"<°°,

D’autre part la série £ A veivt ne peut étre absolument convergente, car, selon
la Remarque du 82, la série * B neirt serait alors uniformément convergente et nous
venons de voir qu’elle diverge sur I’ensemble E.

Il reste a établir encore que le module de continuité de F(t) est de l'ordre lo-
garithmique. Or, ce fait a été déja établi par Indiekofer dans le cas des fonctions
analytiques et des transformations homographiques. Les mémes raisonnements s’ap-
pliquent dans notre cas sans aucun changement essentiel. On peut y apporter tout
de méme certaines modifications simples que voici.

Lemme 7. — Les modules de continuité de F(t) et de G(t) sont de méme ordre de
grandeur:
0 < c4< o5 F)lco(S; G) < ¢b< 2

D émonstration. — Soient t=g(u) et t+6=g(u+0). On a alors

o F(t+0)-F(t) = Glg(u+e)]-G[g{u)]
S =g(u+9)-g(u) = 0g'(u+ixe) (OSasS 1.

g'(u) étant bornée et différente de zéro, il vient que $= O(0) et 0=0(0) (0—0), d’ou
le résultat.

Il suffit donc d’évaluer ®(6; G) a partir de la série de fonctions (1.8) plus simple
que (1.10) donnant F(t).

D’autre part, au cours de la démonstration de I’égalité e (6;0) = 0(|log 0]-1)
il faut majorer la dérivée de la fonction i/i,(eir) = €BC2(e"). En appliquant (iv) du
Lemme 5, on obtient

#ﬂéte ) = \kn(PA "t) +ei,(E2"{ei,\ « M(k,, +22,+2) = cekn.

L’évaluation directe de ®(0; F) exige, par contre, le calcul de la dérivée de
e'KE()h2, (€8").

La derniere assertion du théoreme découle du critere de Dini—Lipschitz, selon
lequel la relation co(6; F) = o(Jlog 0]_1) entraine la convergence uniforme de YA™ellt
D apres le Lemme 7, on a également <n(0; G) = o(|log 0]-1) et 2~ n e“T converge aussi
uniformément.

REFERENCES

[1] L. Arpar, Sur certaines transformées des séries de puissances absolument convergentes sur
la frontiere de leur cercle de convergence, Magyar Tud. Akad. Mat. Kutaté Int. Kozt.,
1 (1962), 187—316.

[2] L. A1par, Convergence et représentation conforme, Magyar Tud. Akad. Mat. Kutaté Int.
Kozi., 9 (1964), 503—514.

Stuliia Scientiarum Mathematicarum Hungarlca 9 (1974)



CONVERGENCE UNIFORME ET CHANGEMENT DE VARIABLE 275

[3]1 L. Arpar, Sur la transformation conforme des représentations analytiques, C. R. Acad. Sei.
Paris, 261 (1965), 4590—4593.
[4] L. Alpar, Sur une classe particuliére des séries de Fourier ayant de sommes partielles bornées,
Studia Sei. Math. Hungar. 1 (1966), 189—204.
[5] L. A1par, Convergence absolue et représentation conforme, Studia Sei. Math. Hungar., 1
(1966), 379—388.
[6] L. A1par, Abszolit konvergens Fourier-sorok transzformaltjairdl, Mat. Lapok, 18 (1967),
97—104.
[71 L. A1par, Convergence uniforme et représentation conforme, Period. Math. Hungar., 1 (1971),
187—193.
[8] L. A1par, Egyenletes konvergencia és folytonossagi modulus, Mat. Lapok, 22 (1971), 235—247.
[9] J. C1unie, On equivalent power series, Acta Math. Acad. Sei. Hungar. 18 (1967), 165— 169.
[10] L. Fejér, Uber Potenzreihen, deren Summe in abgeschlossenen Konvergenzkreise tiberall stetig
ist, Sitzungsberichte der math.-phys. KI. der Kgl. Bayerischen Akad. d. fViss. zu Minchen,
1917, 33—50 (voir aussi Leopold Fejér, Gesammelte Arbeiten, Akadémiai Kiado,
Budapest, 1970, t. 2, 49—62; ou dans Jb. Fortschritte der Math. 46 (1916— 1918),
p. 480).
[11] K.-H. Indlekofer, Bemerkungen Uber aquivalenten Potenzreihen von Funktionen mit einem
gewissen Stetigkeitsmodul, Monatsh. Math., 76 (1972), 124— 129.
[12] P. Taran, A remark concerning the behaviour of a power series on the periphery of its con-
vergence circle, Acad. Serbe Sei. Publ. Inst. Math., 12 (1968), 19—26.

Institut Mathématique de | ’Académie Hongroise des Siences
1053 Budapest, Realtanoda u. 13— 15. Hongrie

(Recu le 30 octobre 1972)

18* Studia Scientlarum Mathematlcarum Hungarica 9 (1971)






INDEX

Dorfler, W.: Kantenisomorphismen von MengensyStEMEeN.......c.ocerinirneieninee e 1
Ajtai, M. and Szemerédi, E.: Sets of lattice points that form no squares . 9
Bernau, H.: Eine Anwendung des Maximumprinzipes von L. S. Pontrjagin auf ein Lagrange-
Problem der klassischen VariationSreChNUNG........occiiiiiiicicee e 13
Hemminger, R. L.: Digraphs with periodic line digraphs........ccocoiiniiinieeeee 27
Kruglov, V. M. : Weak convergence of distributions for sums of independent Hilbert space valued
random VariabIES ..o s 33
Wertz, W.: On the existence of density estimators. 45
Askey, R.: Some absolutly monotonie functions.........c......... 51
Csiszar, 1.: On an extremum problem of information theory... . 57
Racsmany, A. O. H.: Perfect single-Lee-error-correcting Code.......ccovvvvrririniinnieniniesisesssesinas 73
Schirer, F.: A remark on extremal sets in the theory of polynomial interpolation.. .17
Foldes, A. and Révész, P.: A general method for density estimation........c.cccccceue.e. .81
Caac, [. (Szasz, D.): O6 oaHOW HenvHeliHON 3afa4ve oNnTUMM3aLNN . 93
Fejes Toth, G.: Solid sets 0f CIrCles.. ..o 101
Berkes, 1.. Approximation of lacunary Walsh-series with Brownian motio 111
Elbert, A.: Two lower bounds for Lyapunov-type functionals .................... . 123
Siindig, A. M.: Lokale Werte und Grenzwerte von Predistributionen .............. . 133
Sandig, A. M.: Uber die Regularisierung und Ordnung von Predistributionen .............ccccceoo..... 149
Vincze, 1.: Uber Kreisringe, die eine Eilinie einschliessen 155

Sarkdzy, A.: On products of integers
Daboussi, H. and Mendes France, M.:

MOAUIO L ot
Vesztergombi, K. : Permutations with restriction of middle strength ...............
Szabados, J.: On an interpolator analégon of the de la VVallée-Poussin means .............

Fejes Téth, L. and Makaijr., E.: On the thinnest non-separable lattice of convex plates . 191
Schmidt, E. T: A remark on lattice varieties defined by partial lattices ..........c.cccovniiiiinnenne. 195
Liese, F.: Eine Abschéatzung der Entropie von Faltungspotenzen und ihre Anwendung auf den
Nachweis von Gleichverteilungseigenschaften..........cciiiiniiic e 199
Szasz, D.: On a metrization of the vague CONVErgeNnCe.......ocooiviviiirininininieieieieeeeeeeeeeae . 219
Saxena, R. B.: The Hermite—Fejér process on the Tchebycheff matrix of second kind .......... 223
LemeTposuy, A. (Demetrovics, J.): O cBOWCTBax MWHWMabLHOW NpeAenbHOl normkn Q ... 233
Recski, A.: Enumerating partitional matroids ... 247
Petruska, G.: On the structure of derivatives..........ccoeeuennee 251
Alpér, L.: Convergence uniforme et changement de variable 267




MAGYAR 3
TUDOMANYOS AKABEHIjSL
m KONYWTARA A



Printed in Hungary

A kiadasért lelel az Akadémiai Kiadd i4gaz atdja — Miiszaki szerkesztd: Botyanszky Pal
A kézirat a nyomdaba érkezett: 1974. VI. 19. — Terjedelem: 24,5 (A/5) iv; 13 abra

74-2881 — Szegedi Nyomda






Die Stadia Scientiarum Mathematicarum Hungarica ist eine Halbjahrsschrift der Ungarischen
Akadémia der Wissenschaften. Sie verdffentlicht Originalbeitrdge aus dem Bereiche der Mathematik
in deutscher, englischer, franzosischer oder russischer Sprache. Es erscheint jahrlich ein Band.

Adresse der Redaktion: 1053 Budapest V., Realtanoda u. 13—15, Ungarn.
Technischer Redaktor: Gy. Petruska

Abonnementspreis pro Band ‘(pro Jahr): $ 16.00. Bestellbar bei Buch- und Zeitungs-Aussen-
handelsunternehmen Kultdra (Budapest 62, P. O. B. 149), oder bei den Vertretungen im Ausland.

Austauschabmachungen kénnen mit der Bibliothek des Matematischen Instituts (1053 Budapest
V., Realtanoda u. 13— 15) getroffen werden.

Die zur Verdffentlichung bestimmten Manuskripte sind in zwei Examplaren an die Redaktion
zu schicken.

Studia Scientiarum Mathematicarum Hungarica est une revue biannuelle de I'Académie Hongroise
des Sciences publiant des essais originaux, en francais, anglais, allemand ou russe, du domaine des
mathématiques.

Rédaction: 1053 Budapest V., Reéltanoda u. 13— 15, Hongrie.
Rédacteur téchnique: Gy. Petruska

Le prix de I’'abonnement: $ 16.00 par an (volume). On s’abonne chez Kultdra, Société pour le
Commerce de Livres et Journaux (Budapest 62, P. O. B. 149) ou chez ses représentants a I’étranger.

Pour établir des relations d’échange on est prié de s’adresser a la Bibliothéque de I’Institut
de Matématique (1053 Budapest V., Reéltanoda u. 13— 15).

On est prié ’envoyer les articles destinés a la publication en deux exemplaires a I’adresse de la
rédaction.

Studia Scientiarum Mathematicarum Hungarica — BbIXOAUT ABa pasa B rof B M3gaHum Akage-
Mumn Hayk BeHrpuun. XXypHan ny6nvmkyeT opuruHanbHble UCCNesoBaHUs B 06n1acTv maTemMaTuky Ha
HEMEeLKOM, aHFIMACKOM, (hpaHLy3CKOM M PYycCKOM nA3bikax. OTAeNbBHbIE BbILLYCKN COCTaBASAT
€XerofjHo 04HUN TOM.

Agpec pepakuun: 1053 Budapest V., Redltanoda u. 13— 15, BeHrpus.
TexHnuyeckuin pegakTop: Gy. Petruska.

MognucHaa ueHa Ha roA (3a ogHum Tom): S 16.00. Mognucka Ha XypHan MNpUHUMaeTCcs
BHewHeToprosbiM npeanpuatvem ,Kyntypa” (Budapest 62, P. O. B. 149) wam ero npegcTa-
BUTENbCTBaMM 3a rpaHuLen.

Mo nosogy oTHoLWeHNsA o6MeHa npocuM obpalatbes K bubnuoteke MHcTUTyTa MatemaTukm
(1053 Budapest V. Reéltanoda u. 13—15).

PaboTbl, NpegHasHaveHHble A1 0Ny6/IMKOBaHUA B XypHane crefyeT HanpasnfTb Mo ajgpecy
pefjakuun B BYX 3K3emnasipax.



All the reviews of the Hungarian Academy of Sciences may be obtained
among others from the following bookshops:

ALBANIA

Ndermarja Shtetnorc e Botimcvc
Tirana

AUSTRALIA

A. Keesing
Box 4886, GPO
Sidney

AUSTRIA

Globus Buchvertrieb
Salzgries 16
Wien 1.

BELGIUM

Office International de Librairie
30, Avenue Marnix

Bruxelles 5

Du Monde Entier

5, Place St. Jean

Bruxelles

BULGARIA

Raznoiznos
1 Tzar Assen
Sofia

CANADA

Panndnia Books
2 Spadina Road
Toronto 4, Ont.

CHINA

Waiwen Shudian
Peking
P.O.B. Nr. 88.

CHECHOSLOVAKIA

Artia A. G.

Ve Smeckach 30

Praha II.

Postova Novinova Sluzba
Dovoz tisku
Vinohradska 46

Praha 2

Postova Novinova Sluzba
Dovoz tlace
Leningradsku 14
Bratislava

DENMARK

Ejnar Munksgaard
Norregade 6
Kopenhagen

FINLAND
Akateeminen Kirjakauppa

Keskuskatu 2
Helsinki

31. V. 1975.

FRANCE Far Eastern Booksellers
Kanada P. O. Box 72
Office International de Documentation Tokyo
et Libraire
48, rue Gay Lussac
Paris 5 KOREA
Chulpanmul

GERMAN DEMOCRATIC REPUBLIC KorejskOJe Obschestvo po Exportu

Deutscher Buchexport und Import
LeninstraBe 16.

Leipzig C. I.

Zeitungvertriebsamt

Clara Zetkin StraBe 62.

Berlin N. W.

GERMAN FEDERAL REPUBLIC

Kunst und Wissen
Eich Bieber
Postfach 46.

7 Stuttgart S.

GREAT BRITAIN

Collet’s” Subscription Dept.

44 —45 Museum Street

London W. C. I.

Robert Maxwell and Co. Ltd.

Wa nfdletc Bldg. The Plain
xfor

HOLLAND

Swetz and Zeitlinger
Keizersgracht 471—487
Amsterdam C.

Martinus Nijhof

Lange Voorhout 9

The Hague

INDIA

Current Technical L
Co. Private Ltd.
Head Office:

India House OPP.
G PO Post Box 1374
Bombay |I.

ITALY

Santo Vanasia

71 Via M. Macchi

Milano

Libreria Commissionaria Sanson
Via La Marmora 45

Firenze

JAPAN

Nauka Ltd.

2 Kanada-Zimbocho 2-ehome
Chiyoda-ku

Tokyo

Maruzen and Co. Ltd.

P O. Box 605

Tokyo

mportu "Proizvedenij Pcchati
Phenjan

NORW/vY

Johan Grund Tanim
Karl Johansgatan 43
Oslo

POLAND
Export- und Import- Unternehmen
RUCH

ul. Wilcza 46.
Warszawa

ROUMANIA

Cartimex
Str. Aristide Briand 14—18.
Bucuresti

SOVIET UNION

Mezhdunarodnaja Kniga
Moscow
G-200

SWEDEN

Almt?mst and Wikscll
mla Brogatan 26
Stockholm

USA

Stechcrt Hafner Inc.
31 East IOth Street
New York 3 N. Y
Walter J. Johnson
111 Fifth Avenue
New York 3 N. Y.

VIETNAM

Xunhasaba

Service d’Export et d’Import des
Livres et Périodiques

19. Tran Quoc Toan

Hanoi

YUGOSLAVIA

Forum

Vojvode Misiva broj I.
Novi Sad
Jugoslovenska Kniga
Terazije 27.

Beograd

Index: 26 748



AUXILIO
CONSILII INSTITUT! MATHEMATICI
ACADEMIAE SCIENTIARUM HUNGARICAE

REDIGIT
L. FEJES TOTH

ADIUVANTIBUS

A. CSASZAR, I. CSISZAR, A. HAJNAL, E. MAKAI,
P. REVESZ, O. STEINFELD, T. E. SCHMIDT,

J. SZABADOS, P. TURAN, I. VINCZE

MUS IX.
SC. 3-4.
4 AKADEMIAI KIADO, BUDAPEST



Studia Scientiarum Mathematicarum Hungarica

A Magyar Tudomanyos Akadémia matematikai folydirata
Szerkeszt6ség: 1053 Budapest V., Realtanoda u. 13—15.
Technikai szerkeszt6 : Petruska Gy.

Kiadja az Akadémiai Kiad6, 1053 Budapest V., Alkotméany u. 21.

A Studia Scientiarum Mathematicarum Hungarica angol, német, francia vagy orosz nyelven
koz0l eredeti értekezéseket a matematika targykdéréb6l. Félévenként jelenik meg, évi egy kotetben.

El6fizetési ara belfoldre 120,— Ft, kulfoldre 165,— Ft. Megrendelhet6 a belfold szaméara az
Akadémiai Kiadonal, a kulféld szdmara pedig a Kultara Kénjv és Hirlap Kilkereskedelmi Valla-
latnal (1011 Budapest II., F6 u. 32.).

Cserekapcsolatok felvétele tgyében kérjik a MTA Matematikai Kutatd Intézete Konyv-
tarahoz (1053 Budapest V., Redltanoda u. 13— 15) fordulni.

Kozlésre szant dolgozatokat kérjik két példanyban a szerkesztdség cimére kildeni.

Studia Scientiarum Mathematicarum Hungarica is a journal of the Hungarian Academy of
Sciences publishing original papers on mathematics, in English, German, French or Russian.
It is published semiannually, making up one volume per year.

Editorial Office: 1053 Budapest V., Realtanoda u. 13— 15, Hungary.
Technical Editor: Gy. Petruska

Subscription rate : $ 16.00 per volume. Orders may be placed with Kultira Trading Co. for
Books and Newspapers, Budapest 62, P. O. B. 149 or with its representatives abroad.

For establishing exchange relations please write to the Library of the Mathematical Institute
(1053 Budapest V., Realtanoda u. 13—15.)

Papers intended for publication should be sent to the Editor in 2 copies.



Studia Scientiarum Mathemalicarum Hungarica 9 (1974) 279—283

ON THE SECOND MOMENTS OF RANDOM DETERMINANTS
by

W. SENDLER

81. Let A,,:=(au), i,j, =1,2, ,ti, be an nXn matrix, where the at] are
real-valued, independent, identically distributed random variables. As well known,
the precision of the computer-solutions of a large system of linear equations is
closely connected with the distribution of the random determinant D,,:= det (An).
Various results on the moments of this distribution are known, but nearly all are
based on the asumption, that au is distributed symmetrically about 0, i.e. E(an)—O0.
Even in this case, without further restrictions on the distribution of awn it is only
possible to give general formulas for the second and fourth moment of Dn (see
L, 2].

[F\]%cently, results on higher moments were obtained (see [3]), and also results
concerning the algebraic form of the moments ([3], p. 130, Theorem 3).

In this paper it is shown, that the second moment of D,, can be represented
as a simple formula of the first and second moments of ay, assuming not more
than the existence of those moments. In the terminology of [3] this means a formula
for the Appel polynomial, connected with the second moment of D,,

82.By/;:=(p(l), ...,p(n)) letus denote a permutation of the numbers (1,2,
Then the determinant D,, reads:

Ai = 2 alp(l)ii2p(2) *> anpMe(P)
PIV

where q(p) is equal to +1 or —, ifp is even or odd, respectively, and p is the set
of all permutations.

We suppose the au to be independent and identically distributed according
to a certain random variable a; the second moment of Dn reads

(1) E(@Z") = P2_ E(«ip(i) «= amp(nalgil)... an(@)Q(p)Q{a).

4ip
First of all we have to compute the number of independent factors in the products
of the form

(*) Glp(l) *s=anp(nalq(l) mmangn)Q (P)s (4)°
Obviously a certain entry ey can appear at most two times in (*); this happens
iff for some ¢, I"r~*n, we have am(r)=aryr), i.e. p(r)=q(r).

For two permutations p, g let us call the numbers p(s), 1Si”*n, withp(s) =q(s)
fixpoints ofp and g. Let m be the number of fixpoints of p and g, then the expecta-
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tion of (*) is
EAT[E()]2A"-nmWV )i?(0).

To develope (1) into an overseeable form, we have to know:
(@) the number of pairs (p, q) of permutations with exactly m fixpoints,

(b) for how many pairs (p, g) of permutations with exactly m fixpoints is
QDoe(?)=+1or - 1.
Let pObe a given permutation and denote by f Roym(n) the number of all per-
mutations q having exactly m fixpoints with p0, then

n\ n-m

n,t(n) = i Ro (- O'7M7, 0s ms n.

Let us denote by gRom(n) and ulHm(n) the number of even and odd permuta-
tions, respectively, having exactly m fixpoints with p0. We consider two cases:

0] pOis even; let us choose m numbers of p0, say pO(j\), *sm,p0(],.)m We obtain
a permutation g having exactly those m points as fixpoints with pO by fixing
PoUi), m>Po(j) and permuting the remaining n-m numbers p(j), j$ {j\.j2, jm}
in a fixpointfree manner; obviously g is even iff it results from pO by applying an
even permutation to the remaining n—m numbers p0(J). An analogous conclusion
shows that g is odd iff the remaining n—m numbers pQ(j) are treated by an odd
permutation.

Let us denote by gO(k) the number of permutations of k things resulting
by application of an even [odd] permutation to the original order of this k things,
having no fixpoints with this original order; then the foregoing consideration yields

©) &o;m(") go(n-m),
(30 Wm(n) = Iw| u0(n- m)
fusing the possibilities of choosing m special fixpoints;.
(i) pOis odd; using the notation of (i) we observe, that a permutation g, having

exactly PoQi)> ses, poum) as fixpoints with p0, is even iff it results from pOby apply-
ing an odd permutation to the remaining n—m numbers pu(j), 4 {ji,j2, ...,jn}
etc. Therefore we obtain

4) go-m(n) = 1 1 uo(n-m),

(40 «P,;T(1) go(n-m).

The numbers gO(k) [ua(/)] can be obtained by taking the number of all permutations
resulting by application of an even [odd] permutation on the k things, and then
subtracting the numbers of such permutations, which result by application of an
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even [odd] permutation on the k things, having exactly i fixpoints with the original
order of the k things, Is/é k. Without loss of generality we suppose the k things
to be the numbers 1, ...,k in their natural order. Hence, application of an even
[odd] permutation to (1, 2, ..., k) produces an even [odd] permutation of (1, 2, ..., k)
and we can use (3) and (3" to obtain the recurrence-relations

K\ * g _
©) go(K) =~ 2.y k'&*m(k-l),

koo (K .
(5) M*) = jUO(k—I)
The computation of gi(k) and uO(k) can now be carried out easily by

go(k) +u0(k) = /Ra0(E) = k\ 2 (-O' &
and the following result:
Lemma. gO(L)-M o (A :)=(*-1)(-)fc_L.

Proof. For k—1 the lemma is obvious; for arbitrary k, suppose the lemma
to be correct for eachj with I~ j~ k —1; the desired result follows then by induc-
tion, using (5), (5" and the well-known relations

?m = [n:,m\l, and JZ:]_U)I

Remark on the proof: let /,, be the matrix with elements (7,,)y=1—6tJ. Then it
is known that det (I,,)—~(n—1)(—)"-1 (4] p. 107, probl. 2.); this can be used as
a proof of the lemma, if one considers the obvious fact, that g0(n)—u0(n)=det (/,,).

8 3. The results of §2 will now be used to compute E(Z7). For this purpose,
we use the notation
A= E(a), p2= (E(a2)12

If p, g have exactly m fixpoints, then the corresponding summand in (1) has the
form

(6) plmp fn~=mQ{p)Q(a)-

Moreover, we have
[+1 if Qp)=e(@=+1 or Q) =0Q@M =- 1,

For each p out of the ’ even permutations, we have, using (3), {m4) g0(n—m)e\en
permutations g, having exactly m fixpoints with p\ for each p' of the ~ odd per-
mutations, we have, using (4"),\ \go(n~m) odd permutations, having exactly
m fixpoints with p'. Hence, we obtain e(p)«{?(<))=+ 1 for n $ 0(n—m) pairs
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(p, 9)- An analogous calculation shows, that B(p) g(q)——1 for nl [”J M(w~ m)

pairs (p, g). Adding all summands of (1) which have the weight pi™pl&~m), it
turns out, that only knowledge of gO(n—m)—u0(n—m) is needed; therefore the
lemma can be used to determine the total contribution of the summands, having
this weight, as

nl (n-m - 1)(- Dn-m Vil'mjt("-ne
Hence, the second moment of Dn reads
(7 ED) =i f [(8-T-1)(-1T — VFfVi?-"».
m=1\m)

Setting plp2=a. and n—m=k, (7) can be rewritten in the form

(70 EZ>*) = nipf 20[kj (it- 1)(-1)*-1«".

&\ BB Taib= el —” 1+ (12"
and p\=p\+a2 we obtain after elementary computation:

(8) E(D2 = nllob + n-pl-0*—14.

For the case pt= 0, (8) reduces to the trivial and well known result E(D;,)=n'!aln
(cf. [1, [2D.

§ 4. Finally, we will use (8) to compare the asymptotic behaviour of the general
case to the case where the matrix entries have mean value 0. For this purpose, let
us denote from now the entries of Anby aff and suppose the a[p to be distributed
like a certain random variable a, not depending on n. Instead of A,, we consider
the “normalized” matrix B,,, denned by

Bn := a~1(nD)~L@™A,, a2= var(a).
With the notation An:=dei(B,,) we obtain from (8)

n—l1 )
9 E(d? = 1+ nlna~ 2u!)-1/"*/|[*(n!) » =1+77 2'9
Let us denote by An a random matrix with the property E(a-}r®--=0,

var (a'ijn)) —wsiT (ajf) = a2; denote by Bnthe “normalized” matrix £ := a~1(nl)~,@2);
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then (9) yields

E(Ar) = EOC)+ne , where A' :=det(B,)

This indicates, that for the limiting distribution of A, may have completely
different behaviours for the cases =0 and /t"O, respectively.

REFERENCES

If] Foreee, R.: Random Determinants, J. of. Res. Nat. Bur. of Stand. 47 (1951), 465—470.
[2] Nyquist, H., Rice, S. O, Rioraan, |l.: The Distribution of Random Determinants, Quat.
Appl. Math., 12 (1954), 97— 104.

[3] Préexopa, A.:On Random Determinants 1, Studio Set. Math. Hung. 2 (1967), 125—132.
[4] 6 reun, W. H.: Linear Algebra, 3rd ed., Springer Berlin—Heidelberg—New York, (1967).

Universitat Dortmund

(Received July 17, 1972; revised October 10, 1972)

Studia Scientiarum Mathematicarum Hungarica 9 (1974)






Studia Scientiarum Mathemalicarum Hungarica 9 (1974) 285—303

THE CENTRALITY OF VERTICES IN TREES
by

A. ADAM

To Professor Laszl6 Kalmar on his seventieth birthday

Introduction

From an intuitive point of view, a centrality function in a tree I" is a numerical
function / defined on the set of vertices of T such that/ takes its smallest value at
some end vertices of T and it increases more and more as we move away the end
vertices. It seems to be natural that/ may be viewed as an appropriate centrality
function only if f has the property named convexity in the sequel.

In 881, 2, ..., 5ofthis paper, five centrality functions/j,/2, ...,/ 5will be studied
(respectively). We shall examine their properties; among others, it will be proved
that they are convex.

In Appendix |, three further functions/6,/7,/8 (defined in a similar manner
as the former ones, with minor modifications) are introduced and it is shown that
they do not possess the convexity property.

The studying offx, ...,/5is isolated from each other in the main parts of the
article. Appendix Il is devoted to the question what facts of independence or depend-
ence are valid for these functions. We shall obtain that, among the ten two-element
subsystems of the system {/j,/2, ...,/5}, independence (in certain sense) holds in
eight cases and dependence is true for two pairs.

Chapter 5 of the classical work [2] contains a number of results concerning
(essentially) the functionsf 3and/ 4. The most fundamental facts are also formulated
on pp. 35-36 of [1]. The last sentences of our Theorems 3, 4 are included at these
places (and in some publications mentioned), though the method of discussion of
the subject seems to be different from ours.

Preliminaries

A vertex of degree Iin a tree is called an end vertex. Any tree has at least two
end vertices. A vertex is called a simple vertex, if its degree is2; and a star, if its
degree is at least 3. The tree consisting of an edge and two end vertices only
is said to be trivial. A tree consisting of two end vertices, ,v(*0) simple vertices
and s+ ledges is said to be a star-free graph. We call a subtree F of a treeT a star-
free subgraph of I' if F is a star-free graph and all the simple vertices ofF are of
degree two also in T. A star-free subgraph F of I" is called maximal if the degrees
of its first and last vertex differ from 2 (in T).

The distance of the vertices A and B of a tree will be denoted by §A, B). For
any vertex A, the set of vertices B for which A, B) takes its maximum is denoted
by <p(A); this set consists only of end vertices.
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Let A be a vertex of a tree and e be an edge incident to A. We introduce five
notions depending on the pair A, e. We denote by ¥/(A, e) the set of end vertices
B such that the (single) chain connecting A and B does not contain e. We denote
by x (A, ) the set of all vertices B such that the chain between A, B contains e;
let o(A, e) be the set of end vertices lying in x(A, €). The cardinality [x(A, <) is
denoted by V(A e). Finally, let ju(A, e) be the maximum of the distances 6(A, B)
where B runs through the elements of a(A, e).

The function 6(e, A) denotes the distance &B, A) where B is that vertex in-
cident to the edge e for which the chain between B, A passes through e. q(g) is
defined analogously to cp(A).

Let us consider a function/ defined on the set of vertices of the tree T such
that the values of/ are non-negative integers. We shall use the notations H (f), h (f)
for the sets of vertices A of T where/ (A) takes its maximum and minimum, respect-
ively. The function /is called gapless if, to any vertex A satisfying f(A)>0, there
exists a vertex B fulfilling//?)=/(/)—L 1f/is gapless, thenf(A) =0 for some vertex
A. The functionsf ,/,,/3,/4,/5,f .,/7,/8, to be introduced, will be obviously gapless
(}herefore we shall not mention this property of them explicitly)./ is called jumpless
i

\AA)-f(B)\ ~ 1
is valid whenever A and B are adjacent vertices. / is called convex if
/(C) s min (f(A),f(Bj)

whenever the chain connecting A and B contains C.

Let TVbe a finite set of integers. We introduce the function p, defined on TV,
in the following manner: for any h(CTV), r\(n) is the number of elements m of N
fulfilling m>n; similarly, we define if (n) as the number of elements m satisfying

] and rf are clearly monotonie and one-to-one functions, their range is the

set (0, 1,2, ..., [’TM—1}; 1] is decreasing and tf is increasing.

The subsequent three propositions will be useful in proving the convexity of
some functions.

Proposition 1. SUppose that the function f defined on the vertices of a tree
is not convex. Then there exists a chain such that its vertices

Di»2?-mDt, (t= 3
ordered as they follow in the chain, satisfy

f{Df>>f(D3 =f(D3 = ... =/(A-1i)
and

O A-i) </(A)-

Proor. SiNCe/iS NOt convex, there exists a chain with the vertices A1LAS ..., Aq
such thatf(Ai)<f(ADand/(/)</(/(/ with a suitable i (L<i<q). Choose the sub-
script i0such that f(Aig should be minimal on the chain considered (12i*q). Ifj
is the largest subscript such that 1Sj < inandf(Aj) >f(Aid, moreover, K is the smallest
subscript such that i0< kSq andf(Ak)>f(Aio), then it is easy to see that the vertices
Aj,kAJ_+1, ) , Ak fulfil the assertionas A, A, ..., Dt, respectively (where, of course,
t=k-j+ 1.
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Proposition 2. Suppose that the function f, defined on the vertices of a tree,
satisfies the following assertion: whenever A, B and C are three different vertices
such that B is adjacent both to A and to C, then f(A)>f(B) impliesf(B)>~f(C). In
this case, f is convex.

Proof. If/is not convex, then the vertices DIy D2, D3 (occurring in Proposi-
tion 1) do not fulfil the assertion (whether t—b or 3).

Proposition 3. Suppose that f(A)Af(B) implies f(B)>f(C) where A,B,C ,f
are as in Proposition 2. Then either \H(f)\ =1 or H (f) consists of two adjacent vertices.

Proof./ is convex by Proposition 2, thus H (f) is a connected subgraph of
the tree. IfH (/) has at least three vertices, then there exist different vertices A, B, C,
as above with f(A)=f(B)=f(C), contradicting the assertion.

8i.

For any vertex A of a tree T, denote by f*(A) the maximum of the dis-
tances 5(A, B) where B runs through the end vertices of T. Define the function
/1 by fi(A) =>i(ff(Aj) where the range of /* plays the role of N*

Proposition 4. Let e be an edge of T and A, B be the vertices indicent to e.
Then (exactly) one of the following three alternatives holds:

(@) fi(A) =fi(B)+ 1 and u>B) = op(A) NP(A, e),
(b) fi (A)+ 1 =fi(B) and <A —qp(B)N P(B, e),
© fi(A) =fiB, @A)Q DB e and <p(B)AN(A, e).

Proof. First we note the evident facts that CEd(A, €) implies

6(A, C)+ 1= 6(e, C) = O(B, C)
and Cad(B,e) implies
S(A,C) =06(e, C) = S(B,C)+ 1

Case 1. cp(e)Ad(A, €). Then 2)Eil/(B,e) implies
O(e, D) € maxd(e C)—1
(where the maximum is taken for all vertices C in ¢(A,e)), hence
(P(B) = <) = (P(A)MTh(A, €)
follows by the first sentence of the proof; thus (a) is true.

Case 2: <p(e)d(B, e). Then we can verify (b) analogously to the preceding
case.

* Evidently, fi(A)=d-fi{A) where d is the maximum of f* (i.e. the diameter of the tree).
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Case 3: both (p(e) N\(A, ) and (p(e) Md(B, €) are non-empty. Then these
sets equal <p(B) and <p(A), respectively; moreover,

fi*(A) = max «50, C) =/,*(B),
i.e. (c) is valid.

Proposition 5. Let A, B,C be three different vertices of T such that A and
B are joined by the edge ex, moreover, B and C are joined by the edge e.,. Then (pre-
cisely) one of the subsequent five assertions is valid:

(i) fi (A)+2 =fi (B) + 1=/1(C),
(ii) A(A) =fi(B)+ 1 =Ti(C) +2,
(iii) fi(A)+1 =fi(B) =/i(C),
(iv) /i(") + 1=fi(B) =/i(C) + 1,

M) MA) =fi(B) =fi(C)+]1.

Proof. Suppose that none of (i)-(v) holds. Then the following situations can
be imagined (without violating Proposition 4):

(M ffA) =fi(B) +1 =/i(C) + 1,
(vii) MA) + 1 =fi(B) + 1—fi(C),

(vit) fi(A) =M B)+ 1= /1(C),
(ix) MA) =M B) =/i(C).

Assume any of (vi), (vii), (viii), (ix). Let us apply the appropriate statements
of Proposition 4 for the edges exand e2. We get (p(B) =th(A, eX) and (p(B)*(C, €j);
these inclusions are obviously contradictory because (A, ef) and (C, €2 are dis-
joint and cp(B) is not empty.

Theorem 1 Consider fxon an arbitrary tree T.f xis a jumpless and convexfunc-
tion. h(fX) is a (proper or nonproper) subset of the set of end vertices, furthermore,
|/z(/D|~2. Either \H(M\ = 1 or H(ff) consists of two adjacent vertices.

Proof, fi is jumpless by Proposition 4. The convexity offi follows from Pro-
positions 2 and 5.

Any of the assertion (i)—(v) in Proposition 5 implies fi(B)”I. Thus fi(B) may
be 0 only if B is an end vertex. We have evidentlyfi(A)=fi(B)=Q for the first vertex
A and the last one B of a longest chain of T, hence \h(fi)\"2.

The last statement of the theorem is implied by Propositions 3 and 5.

Remark. If A is an end vertex but no chain of maximal length of the tree termin-
ates at A, then clearly fi(A)>0.
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§2.

If Ais an arbitrary vertex of a tree T, then we denote by f2(A) the sum of
all distances 6(A, D) where D runs through the end vertices of T; furthermore,
we define /2 by f>(A)=ti(fE(A)) (with the range of/Z as N). /2is not necessarily

jumpless (see Fig. 1).

Fig. 1.

Proposition. 6. Let e be an edge of T; let A, B be the vertices incident to e.

Then
f 2(A) +\ip(A, e)| = fZ(B) + \ip(B, e)\.

Proof. If DEip(A,e), then

6(A,D)+1 = O(B, D);
if DEip(B, e€), then A B
OA D) =0(B,D)+1
By adding these equalities we obtain
2 a(A, D)+ \p(A, e\ =2 S(B, D)+ \p(B, e\
where the summations are taken for all end vertices D.

Proposition 7. Let A, B, C be three different vertices such that B is adjacent
both to A and to C. Then

o [EFZO),

moreover, equality holds in this formula if and only if B is a simple vertex.

Proof. Denote by ey the edge joining A and B, and by €2 the edge between
B and C. Proposition 6 and the obvious equalities

®(B, &j) = (p(B, ej) Mip(B, e3) Uip(C, €2,

ip(B, e = (ip(B, er) (B, e2) Ub(A, er)
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(where unions of disjoint sets stand on the right-hand sides) imply the validity of
the following deduction:

| 2(A)+12(C) - 2f*(B) - (/Z(A)-f* (B)- (f* B)-fi (C)) =
= (\D(B, ej Mip@B, ej\ + \P(C, e2\- (A, €j\) -
~(\®(C, e —\P(B, €] NP(B, ej\ - \p(A, erl) = 2\p(B, eDM (B, e2\ S O.

The set (B, ej Np(B, €2 is empty exactly if B is a simple vertex.

Proposition 8. Let A, B, C be three vertices as in Proposition 7. If B is a simple
vertex, then one of the following three alternatives holds:

()W) =MB) =1/2(C),

(i) (1) < /2hB) < /2(C)>

(iii) /2(T)>/2(5)>/2(C).
If B is a star, then either (ii) or (iii) or one of the subsequent alternatives (iv), (v),
(vi) is true:

(iv) f2(A) < /2(1?) = /2(C),

(v) MA) =MB) >M O,
(vi) MA) <f,(B) and ffB) >/2(C).

Proof. If B is simple, then the corresponding statement follows from Propo-
sition 7 and the definition of /2.

Suppose that B is a star. Iff 2(A)=f 2(B), then f2 (A)=fJ (B), thus the formula
stated in Proposition 7 takes the form

f*(m _T8B)+M(C)

and this implies /2(5)>/2(C), therefore (v) is valid. If M A )f f B), then one of
(i), (iv), (vi) is trivially fulfilled. 1fffA)> f2(B), then f2 (A)<f£ (B), consequently

2% (C)-fi (o) > fi (B)-fi (A)> o

where the first inequality follows from Proposition 7. Hence / 2(C)-=/2(5), i.e. (iii)
holds.

Theorem 2. Consider f2 on an arbitrary tree T that is not a star-free graph.
The function f2 is convex. h(f2 is a (proper or nonproper) subset of the set of end
vertices. H (f9 consists either of a star only or of all the vertices of some maximal
star-free subgraph V (having one or more edges) of T such that V contains no end
vertex of T.
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Proof. The convexity of f2is a consequence of Propositions 2 and 8.

The assertion of the theorem on H (f2 follows from the convexity of/2 and
the subsequent statements (A), (B), (C):

(A) If BEH(f2 and B is a star, then, among the vertices adjacent to B, there
is at most one vertex A fulfilling AC-H(f2.

(B) If the simple vertex B belongs to H (f2, then the vertices A, C, adjacent
to B, also belong to H (f2.

(C) If Ais an end vertex of T, then fi(A)<f,(B) for the (single) vertex B ad-
jacent to A

First we are going to verify (A). Let A and C be different vertices adjacent to
B. We have f2(A)"f2(B), f2(C)Sf2(B) by the definition of H (f2. Since B is a star,
the equality f2(A)=f2(B)=f2(C) is impossible (by Proposition 8).

If B is a simple vertex, then the conclusion of (B) holds because the alternative
(i) in Proposition 8 must be valid for A, B, C.

Now we shall prove (C). Since d(A, €)= {A} (where e is the edge joining A
and B), we have (by Proposition 6)

ft{A)+\ =/2(B) +\d(B,e)\

Furthermore, \d(B, e)\*2, because T is not a star-free graph. Thus f2 (A)>f2 (B),
hence f 2(A)<f2(B).

Finally, we prove the assertion of the theorem on h(f2. If B is a star, then
Proposition 8 implies B h(f2 immediately. Suppose that B(£h(f2) is a simple
vertex, and denote by V the maximal star-free subgraph containing B. The value

Fig. 2.

of/,, is constant on V, because the above statement (B) holds also with h (f2 (instead
of H (f3). Either the first or the last vertex (or both) of F is a star, thus the mini-
mality of f2on V contradicts the assertions (iv), (v) in Proposition 8.

Remarks. f2is identically zero on every star-free graph. The trees on Fig. 2
show that J1(/2 may consist of all end vertices and |/r(/2| = 1is also possible.
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83.

Let A be an arbitrary vertex of a tree T. Consider an edge e incident ta
A. Let 1(A) be the sequence consisting of the values g (A, €) (where e runs through
all the vertices incident to A) such that the members of 1(A) are ordered nonin-
creasingly.* We define f 3(A) in the following manner:

if A is an end vertex, then f 3(A)=0,

if A is a simple vertex or a star, then letf 3(A) be the second member** of the
sequence 1(A).

The tree on Fig. 3 shows that f 3is not jumpless in general.

Fig. 3.

Proposition 9. Let A, B be two adjacent vertices of T and e be the edge joining
them. Suppose that neither A nor B is an end vertex. 1ff3(A)"f3(B), then 6(A, FOS
£(5(1?, GO where FO is a vertex FM\j/(A, ¢j) for which O(A, F) is maximal and GO
is a vertex 0(cp(B, ej) for which 5(B,G) is maximal.***

Proof. Suppose that the conclusion does not hold. i.e. 6(A, FQ<6(B, GO.

Then we have
S(A,FO < <5(17,G0+1 = HA, GO,

hence f 3(A)=6(A, FO. Moreover, we can see that
0(B,F) = €A FQ+1< 0(B, GO+ 1

f3(A)+1 = K1 FQ) SMB)s 0(B, GO
holds (by the definition off 3, therefore the assumption /3(4)£/3(1?) is false.

Proposition 10. Let A, B and C be three different vertices such that B is adjacent
both to A and to C. Iff3(A)"fs(B), then f 3(B)>f3(C).

Proof. B cannot be an end vertex (hencef 3(B)>0). If A is an end vertex, then
the assumption is false. If C is an end vertex, then the conclusion is true. Therefore
we may restrict ourselves to the case when none of A, B and C is an end vertex.

Suppose that the proposition is not valid, i.e. f3(A)*f3(B) and f 3(B)Sfs(C)
for some triple of vertices. Denote by FOa vertex F(f\ji(A, efj) for which S(A, F)
is maximal (where exis the edge between A and B), by G0a vertex**** G(¢.\j/(B, e\

thus

* Evidently, 1(A) has as many members as the degree of A. The same number may occur

more than once in 1(A).
** We note that fl (A) and the function / 6(A) (defined in Appendix I) are equal to the first and

last member of 1(A), respectively.
*** The maximality is understood in the sets y/(A, e) and v(B, e), respectively.

**** G0= B may occur (if 4 is a simple vertex).
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Md(B, eg) for which 6(B, G) is maximal (where €2 is the edge joining B and C),
and by HOa vertex H(E(C, €2) for which b(C,H) is maximal. Proposition 9
implies

a(A FO £ max (6(B, GO, b(B, tf0)

S(C, tfQ £ max (6(B, FO, <55, GO)),

these formulae lead to the inequalities
O(A FO £ <55 40 = OC, HO+ 1> §C, HO

and

d
o &C, tf,) S b(B, F) = OA FO+ 1> S(A, FO,

resp., which contradict each other.

Theorem 3. Consider f3 on an arbitrary tree T.f3 is a convex function. h (f3
consists of exactly the end vertices of T. Either \H(/3)|= 1 or H (f3 consists of two
adjacent vertices.

Proof. The statement on h(f3 is a trivial consequence of the definition of
/ 3. The further two assertions follow from Propositions 2, 3 and 10.

Proposition 11. Consider f3 on an arbitrary tree T. Denote by Tq the graph
consisting of the vertices A satisfyingf 3(A)*q and of the edges (of T) joining these
vertices (where g can be 0, 1, 2, ...). Choose a number g such that Tqcontains at least
two vertices. Then Tq is a tree, furthermore, a vertex B is an end vertex of Tq if and
only iff3(B)=q (where f3 is meant in T).

Proof. Tt is connected in consequence of the convexity off 3, therefore it is
a tree (for it is a subgraph of a tree).

Suppose f3(B)=q for a vertex B of Tqg. There exists a vertex A adjacent to
B which is in Tqg, i.e. which satisfies f 3(A)*q. Proposition 10 guarantees f3(C)<q
for each vertex C(*A) of T that is adjacent to B. Hence C does not belong to Tq,
this means that B is an end vertex in Tq.

Assumef 3(B)=p>q. There exist two edges ex, e2in T incident to B such that
(B, eX"p and /1(B, ed=p. Denote by A, C the vertices different from B that are
incident to ex, €2, respectively; moreover, by FOand GO such vertices F(Ed(A, eX),
G (M(C, €2) for which HA, F) and b(B,G) is maximal, respectively. We have

0(A,FO =06(B,FO-I "p-I1~q,
0(A,GOQ =S(B,GO+1 =p+1>q,
b(C,FO =6(B,FO+1£ p+ 1> 9,
0(C,GOo=0(B,G0)-1=p-\ £ q

in consequence of the choice of A, B, F{, G0; therefore both f3(A) and f 3(C) are
at least g, thus A and C belong to Tgand so B is not an end vertex in Tq.

An immediate consequence of Proposition 11 is the following statement:
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Proposition 12. Let T be an arbitrary tree. The subgraphs
To, Ti, T2, e, Tq, ...
(as long as they exist) can be produced by the following construction:
T0=T,

if Tqhas already been constructed and contains at least three vertices, then delete
the end vertices of the tree Tqand the edges incident to them; the remaining graph is
T3+1,

if Tghas one vertex or two (adjacent) vertices, then the procedure is finished.
Some connections between the functionsf and/ 3will be explained in Appendix
Il of the paper.

84.

Let A be an arbitrary vertex of a tree T. We denote by f( (A) the maxi-
mum of the values v(A, e) where e runs through the edges incident to A. Define
the function/ 4 by fi(A)—t]{f( (A)) where the range of/4* plays the role of N.

The tree on Fig. 4 shows that/4 is not jumpless in general.

Proposition. 13. Let e be an edge of T; let A, B be the vertices incident to e.
Iff((A)M((B), then f((B) =v(B, e).

Proof. Suppose f((B)*v(B, e). Then, by the definition of f (, there exists
an edge e' (incident to B) such that

f((B) = v(B, e") > v(B, e).
The obvious inclusion t(B, e")@Er(A, e) implies
f*(B) = v(B, e') < v(A, e) ST((A).

Proposition 14. Let A, B, C be three different vertices such that B is adjacent
both to A and to C. If/4(T)"/4(5). then ffiR)>/4(C).

Proof. Denote by er and e2the edges joining B with A and C, resp. For any
e'(Ae2, incident to C, the relation

V(C, &) < V(B, €2 ~ff(B) - v(B,e) < V(C, €2
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holds in consequence of the inclusions
t(C, e')czv(B, €2, r(B, e,)cr(C, €2
and Proposition 13. Since €' is arbitrary, we have
fi(C) = v(C, €2 > [ 4(5).

Theorem 4. Consider fx on an arbitrary tree T./4 is a convex function. h(/4)
consists of exactly the end vertices of T. Either \H (fX\= 1 or H (f4) consists of two
adjacent vertices.

Proof. The first and third statements follow from Propositions 2, 3, and 14
The second one holds because of the evident formula fI(A) =P —1 (where P is
the number of vertices of T) in which equality is true precisely when A is an end
vertex.

85.

Let A be an arbitrary vertex of a tree T. In analogy to the preceding §
we denote the maximum of \o(A,e)\ by fE(A) and t](f5<(A)) by f5. Fig. 4 shows
that /5 is not jumpless in general.

Proposition 15. |If
A, Bx,B2 ..,B,C (i= 1
are the vertices of a maximal star-free subgraph (in natural ordering), then
MB,) =/582 = ... =MB,) = min{MA), MO).

Proof. Denote the edges of the star-free subgraph by ex, e2, ...,et+1 (i.e. B,
is incident to e, and ei+l, 1*i*t). We clearly have

a(A, e,) =a(B,, e2 = a(B2,e3 = ... = a(B,, et+)
d
" c(B,, eX) = a(B2, e2 = ... = o(Bt,e,) = a(C, et+)).
Case 1. \a(Bu ex\™\a(A, ed|. Then
A4A) =M (B,) =M (B2 = ... =M(B,)M \<JA ei)) s M(C)

by the equalities above and the inequalities
lr(A, e\ Wh\a(B,, eX\, \<r(C e\ S \a(A, e)\
where e'i*e,), e"("el+l) are arbitrary edges incident to A, C, resp.
Case 2: \a(A, eM\Wa{B,, &)\. The treatment is symmetrical to Case 1

Theorem 5. Considerfbon an arbitrary tree T that is not a star-free graph. The
functionf 6is convex. h (f&y consists of all vertices of degree =2 0 the maximal star-
free subgraphs terminating at end vertices. A (/5 consists either of a star only or of
all the vertices of some maximal star-free subgraph V (having one or more edges)
of T such that V contains no end vertex of T.
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Proof. Proposition 15 implies that it suffices to study/5 only in trees without
simple vertices (since every maximal star-free chain may be replaced by an edge,
without altering f b essentially).

Propositions 13, 14, and Theorem 4 remain valid for /5, |a(A, €e)\,/5 (instead
offi, v(A, e)(=|T(A, e)|),/1, resp.) if I has no simple vertex. Concerning the proof
of the modified statements, we note that the inclusion relations o(B, e")<za(A, €)
and a(B, e”czaiC, €2 are strict because B is a star, moreover, now the number
of end vertices plays the role of P.

The assertions of Theorem 5 follow from Proposition 15 and the modified
version of Theorem 4.

Remark. fbis identically zero on each star-free graph.
Some interrelations between /2and /5 are studied at the end of Appendix IL

Appendix .

In this section, we define three functions /e,/7,/8 (somewhat related to the
previous ones) on the vertex set of a tree T. We point out that any of these functions
cannot be considered as an adequate characterization of the centrality of vertices,
because it fails to be convex.

Let fn(A) be the minimum of 6(A,B) where (A is an arbitrary vertex and)
B runs through the end vertices of T.

We denote by f 7(A) and  (A) the minimum of v(A, €), |<(A, €)|, respectively
(where e runs through the edges incident to A), and we define the functions / 7*,
[ 8* as follows:

(i can be 7 or 8)*. The obtained functions/ 7*,/8* are not necessarily gapless (see

7

Fig. 5.

* The example of the star-free graphs shows why we modify f*.

Studio. Scientiarum Mathematicarum Hungarica 9 (1974)



CENTRALITY OF VERTICES IN TREES 297

Fig. 5), therefore we introduce F, by f(A)-r/*(f**(A)) (i is again 7 or 8, and the
range offi* is chosen as N).

The functions /e,/7,/8 are not jumpless in general (see Fig. 6). The next
statement shows that they are far from being convex (in a certain sense). Simple

£7(=F7%%)

Fig. 6.

counterexamples disproving the convexity may be produced if the method (to
be described in the proof) is applied to the star-free graph of length two such that
W consists of the end vertices.

Proposition 16. Let i be one of the number 6, 7, 8; let 7) be a tree and W be
an arbitrary non-empty subset of the vertex set of T1. Then there exists a tree T such
that 7j is a subtree of T and H (f) equals W.

Proof. In Part (A), we give the appropriate construction for/6and/7; in part
(B), for /8.

(A) To each vertex A of 7), we supplement the graph with an additional vertex
A' and with an additional edge joining A and A' moreover, to each vertex A(C W)
we introduce another vertex A" and an edge between A' (introduced just now)
and A". In the resulting tree T, it is easy to see that

[(A) =2 if Aew,
w

B if A belongs to 7) and A$W,

f(A') S 1 if A' isa new vertex as above,

f(A") =0 if A" isa new vertex as above

(where iis 6 or 7).
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(B) We introduce the new vertices A', A" (and the edges between them) in
full analogy to (A), furthermore, we supplement the graph with a vertex A™ and
with an edge joining A' and A™ for each A(f_W). The formulae in (A) hold with
/=8 and we have fa(A"") =0.

Appendix 1.

In this section, we assert an independence statement (Proposition 17) and
two dependence theorems as to how the functions /,,/2f ,/4,f are related to
each other.

Proposition 17. Let i,j be two integers such that 1°/</~5. If the pair (i,j)
differs from (1, 3) andfrom (2, 5), then there exists a tree T which satisfies H (f) M
MH (fj)=0.

Proof. The tree on Fig. 7 ensures the statement for the following pairs (of

form (1,2), (1,4), (1,5), (2, 3), (3,4), (3,5). The tree on Fig. 8 guarantees
the conclusion of the proposition for the pairs (2, 4) and (4, 5).

Proposition 18. Let T be a tree in which at least two vertices are of degree =2,
denote by T' the subtree which results from T by deleting the end vertices and the
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edges incident to them. Thefunctionsf , f 3 (defined in T),f(,Jj' (defined in T') satisfy
the equalities

fi(A)=fi(A)+1 /,(A) =13(A)+1
for each vertex A of T'.

Proof. The diameters d and d' of T and T' (respectively) obviously fulfil
d=d'+2 and it is clear that

NUAY=T*'(A)+ 1
for every vertex A of T. Hence
MA) =d-fi(A) =d"+2—f*'(A) + 1) =fi'"(A) +1

where A is an arbitrary vertex of T'.
Proposition 12 implies T'=TIf T[=T2, T2=T3, ... (as long as the graphs
in question exist), therefore we have

MA) = /3(n)+1
for the vertices of T' by the definition of the Tq ’s.

Proposition 19. Let If, B2be two (end) vertices of a tree such that 6(B1, B2
equals the diameter d of the tree. Denote the chain connecting Bl and B2 by ct. For
any vertex A, let A' be the (single) vertex of cxfor which the chain between A and
A' does not contain any common vertex with c\ but A" (possibly A'=A). Then

S(A, A) s min (S(A', BJ, 6{A\ Bt)).
Proof. If 6(A, A)>S(A', Bt) (where i is 1 or 2), then
S(B3-i,A) = 06(B3 j, A") +0(A', A) = d—S(A", B) +S(A", A) > d,
and this contradicts the definition of d.
Proposition 20. Let Bl, B, be as in Proposition 19. We have

f* (A) = max (&(A, BJ, O(A,B2)
for each vertex A.

Proof. Choose a vertex A, and let C be a vertex such that 6(A, C) is maximal
(for all the vertices C for the tree).

Case 1: AMC'. Let Btbe the vertex (among Bly B2 for which C lies between
B, and A'. Proposition 19 guarantees the validity of the relations

M(A) - S(A, C) = 0(A, C)+O(C\ C) = HA, C)+0(C, Bf) = O(A, BY) s
= max (06(A, Bfi, 6(A, B2),
the converse inequality is trivial.
Case 2: A’=C". Then
fi*(A) = 6(A, C) S 6(A,A) +S(A, C) s
& OA A)+min(6(A'. BJ, S(A\ B2) s max(d(A. Bt), S(A, B).
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Proposition 21. The inequality A (A)Sfi(A) is true for each vertex A of any
tree. Equality in this formula holds if and only if H(f) = {A}.

Proot. We shall apply the notations used in Propositions 19, 20 and the as-
sertion of Proposition 20 without explicit references.

Case 1: A=A" and O(A BD)=0(A, B). Then
A*(A) = 06{AB) =] =A (A

because A(A)=d—*(A). For any vertex C(*A), at least one of C?xA"' and
6(C, C")>0 istrue, hence
A*(C) = IC C') + max (B(C, BY, S(C', BY) > "~ =A*(A),

therefore A(C)<f(A), thus H{fx) ={A}.

Case 2: either A?+A' or S(A', B) 4 6(A', B2. Then

A*(A) = 0(A, A") + max(6(A", BJ, 0(A', B2) > j
and
AA) =d—fi A)<d-i =1 ~f(A).
Let /(C{L, 2} be a subscript determined by &A', B/)*0(A', B3 t), and let

D be the vertex which lies on the chain connecting A with Bt and is adjacent to
A. We distinguish two subcases.

Case 2/a: A™A'. Then D'=A" and
ff(D) = O[D, A") +5(A\ Bi) = S(A, A')-1 +0(A', O) =f*{A)-\,
hence A{D)>f(A) and A$H (").
Case 2/b: A=A'. Then D'=D and
ff{D) = max (6(Bh D), 6(B3_t, D)) = max((5(Z*f, A)—1, 6(Bi_i, D) -(-1).
0(Bt,A) S 0(B3.i,A) +2,
then we getf*(D)=f*(A)—I similarly to Case 2/a. We are left with the possibility
O(B,,A) = 0{B3.i,A)+ I;
if this equality holds, then
f*(D) = 6(B3_i,A)+ \ = 0(Bi7TA) =A*(A) = "+ 1
(by 6(Bit A) +06(B3_i, A)=d), thus
A (A) =A(D) =

.Studia Scientiarum Mathematicarum Hungarica 9 (1974)

JUDOMAL I\
'vV JCONYVT/



CENTRALITY OF VERTICES IN TREES 301

and
#(/i) = {A, D).

Proposition 22. Let A be an arbitrary vertex of a tree. At least one of the for-
mulae A Hif) and /1 (A)=fs(A) is true.

Proof. Let B1,B2,c1 be as in Proposition 19.

Case 1: A A'. Let C be the vertex which is adjacent to A and lies on the chain
between A, A'. The equality f*(C)=f*(A)—1 follows from Proposition 20, thus
A does not belong to H(Am

Case 2: A is a vertex of cx and
B(A, 1s2.

Then /i*(C) =f*(A) —1, where C is one of the vertices adjacent to A of cx (as in
Case 1).

Case 3: A is a vertex of and

K5(N1,91)-<5(N,92)] = 1.
Then we have the equalities

A4x) = AA) = —

il ed= 5% | fea= d=1 | fa g s 4=1

(the last of these follows from Proposition 19) where ex and e2 are the edges of
cxincident to A (the notation is so chosen that L(A, en)*u (A, €2), and e is an arbit-
rary further edge incident to A.

Case 4. G BJ=HA, A2 =y . Then each of A (A), A*(A), 4 (A, ej, u(A, €9

is equal to y and u(A, thus f 3(A) =

Theorem 6. The formula s (/=49 (/3 holds for each tree. The relation
A (A)M3(A) is always valid; if ACM(A), then equality is true.

Proof. First we verify A (A)sf3(A) by induction. If the tree T has at most
two vertices of degree S2, then the statement can easily be checked. In the general
case, let T' be formed as in Proposition 18; if A belongs to T', then

L(A)=A"(A)+1Sfs'(A)+1 =5 (A
by Proposition 18; if A is an end vertex, then A(A)"0=13A).
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The last assertion of the theorem is implied by Proposition 22, hence we also
have The inclusion A (/D) ~//(/3 follows from the relation

where A*H (fj) and

Proposition 23. Let A, B be two adjacent vertices of a tree, Iff2(A)"f2(B)>
then

Proof. The assumption implies /& (J1)*/Z(B), thus \(A, e)\w\p(B, e\ by
Proposition 6; consequently,

/b*(A) S \@(A, e\ = 1a(B, e\ » f*(B)
because of the definition of /5 and the obvious equality ¢(A, e)=a{B, e).
Theorem 7. The equality H(f,) = H(f-) is valid for each tree T.

Proof. If T has no star, then the assertion is trivial (cf. the remarks at the
ends of §2 and §5).

Suppose that at least one star occurs in T. The strict inclusions
OcA(/2ANA(UHc:A(/2
lead to a contradiction with Proposition 23, therefore we may have three possibilities :
(i) 9 (/=9 W ,
(i) A¢/2NnAW =0,
(iii) A(/Ac4A (/9.
We are going to disprove (ii) and (iii).
If (i) holds, then we have a chain consisting of some vertices
Ai, A2, ., At (j =2

such that T>€4d(/3, AtEH(fj) and 27iSt—\ implies (A (/,)u A (/5. On
the one hand, the inequalities

[2(N)  ffdi) > s> fifAt-1) >mlz(Aj)
follow from the definition of A (/2 and from Proposition 8 (successively); on the

other hand, the definition of A (/9 implies / 6(At_f)</5(A,). The two inequalities
obtained for Al_1 and A, contradict Proposition 23.

Suppose (iii). We distinguish two cases.

Case 1. A (/2= {A} for some vertex A. A is a star by Theorem 2. Theorem
5 implies that there exists precisely one vertex A (64 (/) which is adjacent to A.
We have \(p(A, e)\>\tp(B, e)\ by Proposition 6. Let e' be an edge, incident to A,
such that fE(A)=\a(A, e)\. \a(A, eN\<\dp(A, e)\ evidently holds (whether e'=e
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or e'*e). The relation
A*(A) = \a(A, e\ < (A, e\ = \a(B, e)\ =/5(R)

implies /5(A)>/5(/?), this contradicts the definition of //(/9.

Case 2: \H(f2\"2. By virtue of the assertions of Theorems 2 and 5 on the
form of H(f2, # (/9 (resp.), a maximal star-free subgraph is properly included
in another; this is clearly impossible.

Proposition 24. If the tree T has no simple vertex, then fi(A)=fb{A) for each
vertex A of T.

Proof. Proposition 23 holds now also in the modified form “if A(A)>f2(B),
then/ 5(J1)>/5(0)” because the relation \g(A, e)\=~\th(B, €)| and the lack of simple
vertices imply /5 (JT)< \tb(A, e)| (/3 (R)). The identity of f2and /5in T follows
from this statement, the original version of Proposition 23, and the fact that f2
and /5 are gapless functions.

Proposition 25. The relation fz(A)=f(A) holds for any vertex A of a tree.

Proof. We use induction on the number of vertices. Denote by k the number
of vertices of a tree T.

Case 1: T has no simple vertex. The assertion is given in Proposition 24.

Case 2: T has a simple vertex B. Delete B (and the edges incident to it), and
draw a new edge between the vertices C and D adjacent to B. Denote the resulting
tree (containing K—1 vertices) by T'. We have

W) =fo (A) f'(A)"A(A)
for any vertex A(T#B), and thus
f5B) = min(MC), a(p)) S min (f2(C),f2(D)) f2(B)
(where/,',/( are understood in T') by the induction hypothesis, the definitions of
/2 and ; s, Proposition 15, and the convexity of f2.
The paper is finished with an open question (suggested by Dr. G. Pollak):

Problem. Does there exist a tree in which the sets H(fi), H(f2, H (f4 are
pairwise disjoint?
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DENSITY OF COMPLEX "~-POLYNOMIALS

by
C. B. DUNHAM

Let (p be continuous on the complex plane. Let Vn(<p) be the family of functions
of the form

F(A x) = 1%:iak<P(an+kx), al,...,a 2 complex.

The problem of approximation by V,,((p) is a special case of approximation by
a curve of functions or equivalently approximation by y-polynomials [1; 2; 3, 46fF].
A function in Vn(<p) for some n is called a ¢j-polynomial. We are interested in
determining sets of functions in which the set of (*-polynomials is dense, with respect
to the uniform (Chebyshev) norm. The same problem for real functions is studied
in [4].

Definition: A subset G of a set of functions H is fundamental in H if the set
of (finite) linear combinations of functions in G is dense in H.

Theorem. Let H be a set offunctions defined on a bounded subset X of complex

space. Let @ have a Taylor series k2 convergent in a neighbourhood | of zero,
=0

such that the set of powers xk with non-zero coefficient ck is fundamental in H. 1f {yig

is an infinite sequence of non-zero numbers converging to zero, then the set

{<0(0), (p(yrx), (p(y2x), ...} is fundamental in H.

Proof. It suffices to show that each power x" with a non-zero coefficient cn
can be uniformly approximated by linear combinations of {cp(0), (p(ykx), <p(y2x), ...}.
It can be proven that for each 0 there is a sequence of linear combinations with
the k—th linear combination equal to x"+0(k~J on X. The proof is identical
to the proof of the corresponding result in [4], where X=[oc, R].

Applications

Let Y be a subset of the complex plane. X will be called a Runge region if it
is bounded, closed, and simply connected.

Let C(X) be the space of continuous complex functions on X and A(X) be
the space of functions analytic on X. The subscript zero on C or A will denote
restriction to functions vanishing at zero.

1 If all coefficients ck of the Taylor series for gare non-zero, the set of powers

with non-zero coefficients is fundamental in C(X), X any Jordan arc, and in A (W), X
a Runge region.
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2. If gp(0)=0 and all but the zeroth coefficient of the Taylor series are non-
zero, then the set of powers with non-zero coefficients is fundamental in CO(X), X
any Jordan arc, and in AOQ(X), X any Runge region.

3. If @is even and all even coefficients of the Taylor series are non-zero, the
set of powers with non-zero coefficients is fundamental in C[O, ],

4. If @is odd and all odd coefficients of the Taylor series are non-zero, the
set of powers with non-zero coefficients is fundamental in CO[O, r].

Generalizations

More generally we may be given @ continuous only on a neighbourhood J of
zero and given a bounded region X. A {m, ./)-polynomial on X is any finite linear
combination of terms of the form acp(bx) such that bxfJ for all xEX. Let {y*}0.
Then there exists K such that for kK"K, ykx£J for all xfX. It is trivial to extend
the theorem to cover this case.

Let pf0)=0 and all but the zero™ coefficient of the Taylor series for g be non-
zero. Let {yk} be a non-zero sequence with limit 0. Let X be a Jordan arc. Let
ffC (X) be given then f —(Q)ECO(X) and can be uniformly approximated by linear
combinations of {cp(ylx), cp(y2x),...}. Hence the set of linear combinations of
{1, cp(yXx), cp(y2), ...} is dense in C(X). A similar result holds for X a Runge
region and fEA(X). A similar result also holds for the case where X =10, 8], @ is
odd, and all odd coefficients of the Taylor series are non-zero.

Let @ be odd with the odd coefficients of its Taylor expansion non-zero. Let
o be even with the even coefficients of its Taylor expansion non-zero. A linear com-
bination of terms of the type @(ax) or d(bx) is called a (g i/0-polynomial. The set
of (o, ) polynomials is dense in C(X), X a Jordan arc, and in A(X), X a Runge
region.
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PERIODIC BOUNDARY VALUE PROBLEM FOR CERTAIN
NON-LINEAR SECOND ORDER DIFFERENTIAL EQUATION

by

G. G. HAMEDANI and B. MEHRI

In this paper, we are concerned with the following non-linear second order
«differential equation

(D X" +f(t,x,x) =0

with periodic boundary conditions
XO) = x(@)

2 0€[0, .
wO = *'(")

It shall be shown that if certain conditions are imposed on the function /,
then there exists at least one solution of (1) satisfying the boundary conditions (2).

If, in addition to our assumptions given below, the function / satisfies the
following conditions

(i) / is oj-periodic function in /€[0, T]
(i) / satisfies the hypothesis of uniqueness with a given initial conditions,
then the result of our paper gives an w-periodic solution (see, [3]).

In the sequel it is assumed that:

(Ai) f(t,x,x") is a real-valued, continuous function with domain [0, T]X
XN2 7>0,

(A2 there exist a constant K>0, and a function H(t, r) with the following
properties:

1° H(t, r) is piecewise continuous in i£[0, T], r*O, continuous in i€[0, T],
and nondecreasing (for fixed t) with respect to rSQ,

2° \Kx-f(t, x, xX)\ H(, ¥ +WXY), 16]0, T], (*, x")€R\
3° nMcs2Kc for some constant ¢>0, where

Mc = Max H(t, c).

te[0,T\

Theorem 1 Under the above assumptions, there exists a positive real number
n : .
50 10 < oins + 1 such that for each . ;e |_]_|”_\1}= there exists at least one solution
k
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x(t) of (1) which is continuous for t£ NO satisfying the boundary conditions (2),
and |x(t)|"C, tE 0,
YK.

Proof. It is obvious that the equation (1) together with the boundary condi-
tions (2) is equivalent to

(3) X" +Kx = Kx— (?, X x')
x(0) = X(co), x'(0) = x'(a>).

For <¢e 0, VnK let G(t, s) be the Green function

cosy K 4-S—;j
for 0s s ta at,
2 YK sin J K
Git,s) = [ /
cos K 'L 4-1—¢"
for OSiSjgffl.
2 YK SinY k?

Solution x(t) of (3) is the same as that of the following nonlinear integral equation
0
*) x() = J 6(6s) [Kx(6) ~T(s, x(s) x' ()] ds.
0

Using Bihari’s Theorem 1, [1], we shall prove that (4) has at least one solution
with the desired properties. First we assume Mc>0. It is easy to see that G(t, s)
is continuous and non-negative in O”s”t"co and in O”t"s”“co. Since

, it follows that YK -yCjo, # and hence sin yK ) —nYK ) invol-

“el0'7 f
vmg
G(t,s) S —=
2YK Ayk © Ko
n 2
Now, let
MMc
WP~ 2K3/2c’
From 3°, it follows that
O< a0 ~
YK

and therefore the interval laxq, lactually exists
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for any € «o, we have

GLS)  areo0 \rl1<McC

Thus G(t,s) is continuous, bounded in O”s”t*co and in 0St"s”co for all

mC O,O,\4K=\, and hence the first hypothesis of Bihari’s Theorem 1, [1] is satisfied.
From our assumptions it follows that the functions

F(t, x, xy = Kx—{t, x, x)
1£[0, T], (x.x")EkK-

H(t, M+ 1N)
satisfy the second hypothesis of Bihari’s Theorem 1, [1]. We also have
\K-C 2IT bl -C A
AMc J H(s,c)ds S AMr I'Ir<_MC_ C,

which shows that the third hypothesis of Binari’s Theorem 1, [1] is satisfied.

Finally taking z(t) =0, we have shown that all the hypotheses of Bihari’s
Theorem 1, [1] are satisfied, and hence conclusion of his theorem tells us that at
least one solution x(t) of (1) with the desired properties exists.

If Mc=0, taking o0 to be any number in I0, le the proof trivially follows.
Thus the proof of our Theorem 1 is completed. '

Corollary 1. Under the assumptions 1° 2° and the assumption
4° nMc*Kc for some constant ¢>0, where

Mc — Max H(t, c),
tcio.T]

there exists a positive real number v <L>n="=) such thatfor each cof ,(0Q
k ik
there is a solution x(t) of (1) satisfying the boundary conditions (2).
Proof. Let G(t, s) be as in Theorem 1 since [sinu|s ——u+2for ~usn,
we have for- oo 2n
Tr
1 1
\G(t, 1)) = op(co).
2\K 21k —+2 tfK(-fKco+2%
n 2
Now, we let
Q, - 2n  n2Mc
T \K KV2(
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From 4°, it follows that
LS qs 2
k \ k

Y
Furthermore, for any <wg y we have
k

o si F@) e

Now the remaining parts of the proof is similar to that of Theorem 1 Let us now
consider a few applications of our Theorem 1
() We consider the equation
() X" +a(t)x +b(t)f(x2 = up(t),
and assume
(@ a(t) is non-negative, continuous eo-periodic function,
(b) b(t) and pit) are continuous «-periodic functions,

(c) f(x) is locally Lipschitzian, non-negative, non-decreasing for x~O, and
for some ¢>0

(n—2)c (CA—Bf(c2 —\p\E) LLD,
where

A —tg/[ldr(h a(t), D, :t%% a(t), E :t(l;\I/(IJ%( \p{O)\,

Then under the above assumptions there exists constant K> 0 such that for each
tuC 0 equation (5) has an «-periodic solution.
Yk \

Proof. Let k ~p, and let
F(t, x, X) = Kx—a(t)x —b(t)f(x2 + pp(/),

Hit, W+ W) = (A-a()(x] + [x]) + [6(OI[(W + k') + N VKOI-

It is obvious that F and H satisfy (Aj), 1° and 2°. Now we should like to show for
some K”D, there exists c>-0 such that 3° is also satisfied, that is, we need to show

n[(K-A)C+Bf(C2 + p\E\] s 2KC
or

k - W )-H *) = Ft.
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Since by our assumption (c) for some ¢>0 the right hand side of the last inequality
is greater than or equal to D, we can be sure that for the given ¢>0 (in(c)), and
any KE[D, jF], 3° is satisfied. Therefore from our Theorem 1 it follows that equa-
tion (5) has a solution satisfying the boundary conditions (2). Since F also satisfies
(i) and (ii) the equation (5) has an «-periodic solution. It should be mentioned
that (5) had been discussed by Bihari [2] regarding stability and boundedness of
its solution for fl—0.

(I1) Recently Sedziwy [4] has shown that the equation
+) x"n+g(x) = up(t)
has at least one periodic solution with period « proxided n=\is an integer, all
coefficients are continuous, xg(x)>0 for x*O, lim / g(u)du=°o, lim supg—t)=e,
where e is some constant, 0<As/(x) " i<<» for all x, p(t+co)=p(t) and |/ is

sufficiently small.
In this regard we consider the following equation

(6) x"+f(x)x" +ax = pp{t), a>0, n=2

where/ is locally Lipschitzian and all the coefficients are as above. We would like
to show that (6) has an «-periodic solution.

Proof. Let k ~a, and let
F(t,x, x") = Kx—ax—(x)x"'n+pp(t)
H(t, fie[+ X)) = (AT=a)([x[+ [*]) + d(x[+ [ar]jn-I-[ji| B
where
B = Max |p (01-

t€[0, c

Clearly F, H satisfy (Ar), 1° and 2°. We would like to show that 3° is also satis-
fied.
Clearly Mc=(K—a)c+dcn+\p\B, and we only need to show that for some
c>0
n[(K-a)c +dcn+\p\B] s 2Kc.

Let c=\p\I/", then dcn+\p\B=0(\p\) and it sufficies to require n(K—a)LLU2K or
finally a~K 'S h—é—a. Thus all of the hypotheses of our Theorem 1 are satisfied.

Since F also satisfies (i) and (ii) the equation (6) has an «-periodic solution.
Next let 0<K?”a, and let

F(t, x, x") = Kx—ax—(x)x"'n+ pp(t),
H(t, N + M) = (@a—K) (m + |gr']) + d (| + |nr])n+ J/i| B.
With the similar calculation, it follows that for c=|/r|Yn it suffices to require
571 AK™a. Thus the hypothesis 37 is satisfied. Hence for———g——a"KUJa we

+ 2+n
also have periodic solution.
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(111) We consider Van der Pol’s equation
(7 X"+ ex' (1—a2d + X—pp (1),
where p(t) is continuous for 1C[0, ce] and is «-periodic function. We shall show
that there exists an «-periodic solution, for sufficiently small \p\.

Proof. Let

F(t, x, a') = Kx—ex"(1—x2—x + pp (1),
H(E 51+ ey = VK-1\(adl + %) + £+ 12D+ (*]+ 1%)2 + \u\B,
where
B = Max \p(t\.
tho, wo]

Clearly F and A satisfy (AX, 1° and 2°. Let ¢ be any positive number, and let

n 7 2

2+ 71~ -~ n—27 e m(lecy
and

n

then the hypothesis 3° is satisfied. Since F also satisfies (i) and (ii), the equation
(7) has an «-periodic solution, for

2+n n—2

Remark. The result of this paper generalizes that of K. Schmitt [5], since in
[5] he assumes that the function f(t, x, x") satisfies the strong condition f(t, a, 0)*
SOi/(i, B, 0) for constant a, B, aSR. This assumption strongly limits the class
of differential equations for which K. Schmitt’s Theorem 1, [5], is applicable.

Acknowledgment. The authors are grateful to the referee for his valuable suggestions.
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ON THE RAPIDITY OF CONVERGENCE OF «-QUASI
HERMITE—FEJER INTERPOLATION POLYNOMIAL

by
V. KUMAR AND K. K. MATHUR

1. According to the classical result of L. ¢.,.. [2] the Hermite—FejEr inter-
polation polynomials Hn( f x), given by

(1) I_UfX)= i/fok K 1 ( ~ )

where xk=cosz—k_1ﬂ, A= 1 ,2 are roots of T,,(x) — the nth Tchebycheff

polynomial of first kind, converge uniformly to /(x) in [—1, 1], when f(x) is con-
tinuous in [—L, 1]. As to the rapidity of convergence E. m o1a0ovan~ [3] published
the estimate

) max 1/0)- Hn(f x)]  2not ( "),

-1s1s1 no)

where w(t) is the modulus of continuity of f(x). This result was also established
by O. snicna and B. v ona [6]. IN[B] P. O. H. veree.: has given an improvement
of the estimation (2). He showed that

(3) Ne -« ,(/,*)! = o (i)[|]l« , (A I~ ) +izxtc, ()]

Further, so;anis [1] proved that

© 11(*)-5.,(1,*)]

In 1967 R. B. saxena [4] considered a Quasi Hermite-Fejér interpolation poly-
nomial $n(f,x) of degree =2n satisfying the following properties:

S2,(/,-1)=1(-1), S2,(/ xK =f(xK, Sh(f,xk =0, k=1.2, ...n.

He proved that the sequence of polynomials {S2, (f X)}, constructed on the zeros

of Jacobi polynomial P,, 2 (x), converges uniformly to/(x) in [—L1,1].
The aim of this paper is to obtain the rapidity of convergence of the sequence
{II7G<)-5"Z(/)2)Il}, where
Well = max |/(X)].
—35X=4H
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2. A quasi Hermite—FejEr interpolation polynomial constructed on the zeros
of P,, 22(x) is given by [4]

_ () X i 1—XX,
) S2(10) = /(-3 L2 f00 Ll o
where
. oy = (n +BZ)B K= COS g::in—
cos-
and
0J,,
(7) K(X) = Co'@a;(g)acb CKThEeo

We shall prove the following theorems.

Theorem 1. If/(x) A a continuous function in [—1, 1], thenfor the sequence of
polynomials {S(f, x)} in (5), we have

(8) Ne >-*.</.-X .

Theorem 2. FOr every nS2 there exists a constant ¢ such that

© i Wo-saiar M 2Q
Jrolcfe in [—L 1].

Here fl is an increasingly subadditive and continuous function on {x; xSO}
with fl(0)=0, and CM(fl) denotes the class of continuous functions defined on

[—1, 1], such that
ACM(A)~w (0 S MQ(1),

or, equivalently, /CCM(fl) if and only if if|X,)—.L(ca|S M fl(Jxx—x2]) for all

X5 x2£[ 1, 1]

It is obvious that

(20) fl(at) ~ @+ DfI(t) for a >0, (SO

and

- AGY 20100 g
3. To prove theorem 1, we need the following estimations.
Let

£112) 7n1.ng 0g Fn, =12, ..,
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Lemma 1.
20 715|n0}J+2a> -
s P 2n+1 en®1)2}
@ Vel a0l g [z 1 Lo s
2n+1 12n+1)212 M 3 -=*
Proof. Let
(14) kL k=19
ek = QI'/(])"'!L K ] n.

From Taylor’s formula with Lagrange’s remainder term, we have

xk—X = cosBk- cosB = (0—0K) sin 0—y (0—0K2E,

where
e$C $6k.
Therefore
(15) [**-*|5|0*-0] sinO+ T (0,-0)2
From (12) and (14), we have
. 2n
(16) \dj- 0 ont T

which with the help of (15) gives (13) for k=j.
If k<j, k=j—i and i=\,2, ...,j—\, then by (14) and (16)

\ek-e\*\o k-9 j\+ \ej-e\r"Nj,
Using this and (15), we get (13) for k=j—i. Similarly we can prove (13) for k=j+i.
Lemma 2. Let

X —cos0, Of Gs I, xk—cos%, 0Ok =ﬁ(_—l

2n+ 1
ad

n, k—\,2,...,n

- def(1+S)  (1~xxK 2 4

.ﬂm ‘ (1+*4 (1-gcO k( h
m32n+ 1

® 8 i3 R

(2n+ 1)2sin2j
N 1)
One can easily prove this lemma, so we omit the proof. It is also easy to prove

n 668 2-11 for k Wj.
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4. Proof of theorem 1
From (5) and (17), we have the identity

02(X)
2 _
(20) fyn(-1) T2 Fk = I
Thus we can write

_ _ SoY _ COLLX) .
(21)  H{x)- sn(f, X) - (fix) - /( 1))002(-o+ J (F(x)-f(xD)FK,

which with the help of (13), (20), (18) and (19) gives

1(*)~S2,(/x)] S \Fix)-Fi-1)\-7r)+\fix)-fixj)\fI+

+ 21/W -/W W * “'1+J« A~ +iH IS f) +-(~"iF )} +
. 2n+1[0-
smg—r]—I [10 o

Iwm w Hooe 1)} (In+ 1) sin —

1 &2(*)

SA+@N+DAIHIW 0L 12s a-1) ¥

L, " T Tinsind] I 212 'I(2n+1'2
«+1)2 5H 3rrr)+2“ t(2iiwJH— J-

0)1 (X)

coli- 1)
therefore, we get (8).

Since

Si, 0s(l +x)collx)s 2 and w2(—1) = (2n+ )2

Remark 1. From (8), we have

logn1 " 1 (iY1 .

\m - s xif,x)\ = 0(1)O n 1A R togn "1t niogn *1

- 0 ()O logn

This estimation is of the Moldovan type.
Further, let wif)—tx (0<«< 1), then from (8), we have

—X2Y n 1 n

\Fix)-S2if )\ = 0(1) o
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which gives
1—x 1
1/(*)-S2,(1,%)] = 0(1)\[( naw n} for 0<a<l —grs 1
and
/W --Sta(/,*)| = 0 (1)[~]?2-~-+-1) for a=1 -Isril.

Remark 2. Let g(x)=|x|, x=cos0=I, n=1,2,..., then from (5) and (7),
we have

Ay o 4 2 5»(1 —cos 0K)2 2n
Tl memes v = n+ )26 (1 —cos 082 (2/1+ 1)2

Also, for h(x)=|xla 0<a<l; x=cos0=1, n=4,5,6,...

AWSHAD ool (fegE) for 0
since by Lagrange Mean-value theorem for
XMy and 0< As
I-|x*|* S (1-x*).

5. Proof of theorem 2.

To prove theorem 2, we shall use the following.*
For m s2, we have

mJ  (r+)a1 _8n [ Q(t) d

(22) r2:|_fIB m ~ "™ nm **
Now from (21), we have for any fZCM(Q) and x£[—L ]]
(23) |/(x)- S2,(/, )| S MQ(1+x) LL}|(2](1(-X)1)+ M *Zziiz(k -AyN =i+ ]2
From (10), we have for " x sl
- _oKx) , 2+ 1
Aamt o jm—) a2 ogjer xRy 2MQ 54
ft+(x)

owing to the inequalities W (-1) il, (1+x)co2(x)<2 and 2(—)—2/j+ 12
Using (17), (18) and |cos 0—¢os 0*|€|0 —OK\, we get

h's (2/T+ 12+, 8(10-0*DA (0-0/").

* See [1].

Studia Scientiarum Mathematicarum Hungarica 9 (1974)



318 V. KUMAR AND K. K. MATHUR

where

. 2n+ 1]0—skK
sin=-—

A,,(\B-BK) =
51n_Q;__Q:
Further, setting
m
EM B) = \k; 5(- 10 01_ grn "} »--0,1,2
we get

8M
h » 2 2 Q (Ve -ek\)An(\o-ek\).
(2n+1)2 r=0kiEr(n,6)

sin n}é—z A sin}zl— for | = Tand |0—Oft|g-" " A holds for only one val

of k, we have

207 2n+1

+1
Qoo+ e = HSTT

‘sinj—s\%}l and for every r=\,2,...,2n,

*éE,Z,(rI,B) fl(J0- 0*1)4,(]0- 04) s

r+ynrt
on+1 10—01S Hpig

holds for only one value of k, so we have

0(]0-0*M ,,(|]0-0*M *2 2 | f
*€E£N1,B) K€Er(n,t) (W=- 0KkK)
2n+ 1rB i(r+l)« 2n +1 0 (r+DIl
MY iy 1= 2n+1 J"

Hence

| (r+Dn

. 1L
MO(iaTT)+8M| 1N 0 t n+1 T
Since Q is an increasing function, we have

n n ; 0«
M+ 1j - 20 iy 2

Using (22) for m—2n+\, we get

Q

8s B0 g
r=I1r Arb1 I (2w+l) |, A2+ |
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Consequently, we have

\f(x) +S.HE x| M

ok @ 7 -
At the last by monotonicity of Q and by (10), we obtain

Jomoox -y Y4 1b
This completes the proof of the theorem.

Remark 3. Since the modulus of continuity w(t) of any continuous function
f(x) on [—1, 1] has the same properties as Q and / 6 C1(n), from (9) we have

/W -S2n(/,.v)!|S~|m [I

for any continuous function f(x) on [—L, 1]. From this we get

'l
(-v)-52()l = oo "B,
Remark 4(1 One can get analogous results replacing the zeros of Y]
I
by that of P,, 2(X).
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MODULES OVER qc-RINGS
by

J. AHSAN

1. Introduction. A ring J1 is called a (right) gc-ring if each cyclic (right) J1-
module is quasi-injective. For various properties of these rings we refer to Ahsan
[1] and K oenter [10]. The purpose of this note is to make a brief study of certain
properties of modules over qc-rings. Among other results, we prove that a gc-ring
R has the characterizing property that each submodule of a cyclic J1-module is
quasi-injective. Endomorphism rings of cyclic modules over qc-rings have also been
studied.

2. Preliminaries. Throughout this note we assume that all rings have an identity
and all modules are unitary right modules. IfR is a ring and M is an JI-module then
S(M) will denote the socle of M, i.e., the sum of all simple submodules of M. We
shall write AQ'B to denote that A is an essential submodule of B. A submodule
A of a module M is called ‘small’ if for any submodule B of M, A+B=M implies
B=M. A ring R is said to be an ‘FGS-ring’ if each cyclic /1-module has a finitely
generated (or empty) socle. These rings have been studied by Kurshan [11]. A ring
all of whose (right) ideals are quasi-injective is called a (right) ‘g-ring’ (cf. Jain,
Singh and M ohamed [8]). Dualizing the notion of g-rings, K ocenter studied rings all
of whose cyclic modules are quasi-projective in [9]. Such rings have been called
‘Z*-rings\ By a (right) ‘duo ring’ we shall mean a ring all of whose (right) one-sided
ideal is two-sided. Finally, a module M is called “finite dimensional’ (Goldie) if there
do not exist infinitely many non-zero submodules whose sum is direct.

3. Main Results. We start with the following lemma.
Lemma 3.1. Let R be a local qc-ring. Then R is an FGS-ring.

Proof. Since J1 is a local qc-ring, J1 is a duo ring (see Proposition 1.2 and
Corollary 3.4 of Koenter [10]). By Proposition 2.2 of Kurshan [11], the lemma
will follow if we show that each finitely generated JS1-module is finite dimensional.
We do this by using the inductive argument. Let us suppose that M is an J1-module
generated by n elements. If n—1, then M is cyclic. Hence we can write M si R/I,
where | is a right ideal of /1. Since /1 is a duo ring, / is a two-sided ideal of J1 so
that R/l becomes a factor ring of /1. Hence by Lemma 2 of A nhsan [1], R/lis a gc-ring.
Therefore R/1 as an Jl-module is finite dimensional by A hsan [1, Theorem 1]. Thus
the lemma is proved for n=1 Let us now suppose that the result is true for n=k
and prove that the result is also true for n=k+1. Suppose M=Rx1+ ... + Rxk+l
and let us write A=Rx1land B—M/A. By our assumption A and B are finite dimen-
sional. Also, since 0-»A-*-M—M/A-<-0 is an exact sequence, Lemma 2.1 of Kurshan
[11] implies that Mis also finite dimensional. The proof of the lemma is now complete.

Studia Scientiarum Mathematicarum Hungarica 9 (1974)



322 J. AHSAN

Coroltary. If TAffR ...; is any strictly increasing chain of submodules of
a cyclic R-module C, then there exists an integer n such that Tnf ' ¥ T{

Proof. Follows directly from the above lemma and Proposition 2.2 of Kur-
shan [11].

Lemma 3.2. Let (72;);ei be afamily of rings and R= JJ Rt their direct product.

mi
If R is a gc-ring, then an R-module M will be finitely generated say by n elements
(infinitely generated) if and only if it can be written Ji] Mh where each [, is an Rr

ii
module generated by n elements (infinitely generated).

Proof. Since R is a qc-ring, the cardinality of I is finite ([1], Theorem 1), and
now the result follows from Lemma 2.16 of Bergman [3]

Lemma 3.3. Let R be a qc-ring. Then ®, Rt, where each R, is either a sémi-

iéi
simple Artinian ring or a local gc- (duo) ring.

Proof. See Proposition 3.3 of Koehter [10].

The above lemmas together yield the following theorem.

Theorem 3.4. Let R be a qc-ring. Then R is an FGS-nwg.
Before we proceed further, we give an example to show that gc-rings need not
always have non-zero socle.

Example 3.5. Let Kk be a field, x an indeterminate over K and

w= {(«*;)I(w*) is a well ordered sequence of positive reals}.

Let us form the ring

T={2 aixa@fk and (@)Ew}.
1=0

Let R=T/xJ(T) where J(T) denotes the Jacobson-radical of T. Then R is a
commutative local hypercyclic ring with 5’(JT)*0 (see Cardwert [4]). Since R is a
commutative hypercyclic ring, R is qc (see Ansan [2, Theorem 3.1]) and therefore
R/S(R) is a qc-ring which has zero socle.

Corollary. Let R be a strongly qc-ring. Then each finitely generated R-module
is afinite direct sum of quasi-injective modules.

Proof. Since R is a strongly qc-ring, R is uniserial (see Ansan [1]). Hence R is
a Kothe ring by Faitnh [6] which means that each (right) A-module is a direct sum
of cyclic submodules. Now each cyclic module over a qgc-ring is quasi-injective and
each finitely generated module over a qc-ring is finite dimensional by Theorem 3.4,
hence the corollary follows.

We now study endomorphism rings of cyclic modules over qc-rings. We first
prove the following lemma.
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Lemma 3.6. Let R bea local gc-ring, M any cyclic R-module and A= Horn (M, M).
Then A is a gc-ring.
Proof. Since M is a cyclic J1-module, Ms* R/l where / is a right ideal of R.

But R is a local qc- and hence a duo ring, therefore | is a duo-sided ideal of R. Hence
N=Hot (M, M)=Hom (R/I, R/l) =Horn (R/l, R/1) =R/l. Now the fact that R is

qc implies that R/l is a qc-ring by Lemma 2 of Ansan [1]. Therefore 11 is a gc-ring.
The above lemma can be extended to obtain the following theorem.

Theorem 3.7. Let R be a qc-ring, M a cyclic R-module with /1= Horn (M, M).
Then A is a qc-ring.

I‘I
Proof. By Lemma 3.3, we can write R=é®_ Rt, where each & is either sémi-
i

simple Artinian or a local qc-ring. Therefore Mz@g Mf, where Mt is a (cyclic)

i=1
N—module. This implies that 1= ® Nn;, where J1— Hom (MiBM,). If Rt is sémi-

simple Artinian then it is easy to show that 1, is a qc- rlng Further if Rtis a local
gc-ring then Atis a qc-ring by the above lemma. Thus 1 is a finite direct sum of
qc-rings. Therefore J1 is a gc-ring. Before we prove the next theorem, we set the
following notation. If 1=HoT (M, M), where M is any 7?-module then we shall

write A(JT)={A£N|ker jQ'M}.

Theorem 3.8. Let R be a gc-ring and M a finitely generated R-module. If
N=Hot (M, M) then A/N(A) is embeddable in a semi-simple Artinian ring.
Further, dim A7V(A)=dim M.

Proof. Since M is a finitely generated module over a qc-ring, M is finite dimen-
sional by Theorem 3.4. The theorem now follows directly from Theorem 3 on page 310
of Shock [13]

Assuming that a finitely generated module over a gc-ring is also quasi-injective,
we actually obtain the following

Theorem 3.9. Let R be a gc-ring and M a finitely generated R-module with
N~Hot (M, M). If M is quasi-injective then A/J(A) is semi-simple Artinian where

J{A) is the Jacobson-radical of A.

Proof. Since M is finitely generated, M is finite dimensional by Theorem 3.4.
Therefore /1 is finite dimensional. This means that AjJ(A) does not contain infinitely
many orthonormal idempotents. Furthermore, since M is quasi-injective, A/J(A)
is regular in the sense of von Neumann by the Theorem on page 44 of Faith [5].
Therefore J1//(J1) is semi-simple Artinian.

Theorem 3.10. Let R be a local strongly qc-ring and M an indecomposable
quasi-injective R-module with A=HoT (M, M). Then A is a local (duo) qc-ring.
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Proof. Every quasi-injective module over a strongly qc-ring is quasi-projective.
Therefore M is an indecomposable quasi-projective module over a local strongly
qc-ring. Hence by Theorem on page 128 of Furier [7], MStR/L where L is a two
sided ideal in R. Hence /1 is a local (duo) qc-ring.

We now state a result in the form of the following lemma which is due to Mares
[12] and ware [14]. These authors, in fact, proved the following result for projective
modules but an examination of their proofs (M ares [12], Theorem 2.4 (i) and Ware
[14], Proposition 1.1) shows that their arguments may be used to prove the result in
the quasi-projective setting.

Lemma 3.11. Let R be any ring and M a quasi-projective R-module. If
A=Horn (M, M) then J(A)={2fAUni A small in M)\ where J(A) denotes the

Jacobson-radical of A.
Theorem 3.12. Let R be a gc-ring and M a cyclic R-module. 1f A = Horn (M, M)

then N1//(J1) is semi-simple Artinian and J(A)= {2C/liker XL'M }= {I£ N|1TA is
small in M}.

Proof. Since A is a qc-ring, AjJ(A) is semi-simple Artinian. The fact that
[(N) = {A£N|ker is well-known (see e.g. Faith [5]). Further, since R is a
qc-ring, it is a g*-ring by Koenter [10, Corollary 3.4], M is also quasi-projective.
Therefore by the above lemma, /(J1) = {1(EN|1T X is small in M }

Finally, we prove a theorem which gives a module theoretic characterization
of qgc-rings. In order to do this, we first obtain the following lemma.

Lemma 3.13. Let R be a local gc-ring. Then each submodule of a cyclic R-module
is quasi-injective.

Proof. Let M be any cyclic P-module. Then we can write ms* R/l where / is
a (right) ideal of R. The lemma will follow if we show that each submodule of R/I
is (R-) quasi-injective. Since R is a duo ring, I is a two sided ideal of R so that R/I
is a qc-ring. This implies that R/l is a g-ring (Corollary 3.4, Koenter [10]). Now
if A is a submodule of R/I then NTisin fact a (right) ideal of R/I. Since R/l is a g-ring,
N is J?//-quasi-injective. Then J1 is also (R-) quasi-injective by Lemma 1 of [1].

Theorem 3.14. Let R be any ring. Then the following statements are equivalent.
(1) R isa qc-ring.
(2) Each submodule of a cyclic R-module is quasi-injective.
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RINGS ALL OF WHOSE IDEALS ARE FINITELY EMBEDDED
by

J. AHSAN

1. Introduction P. Vamos [8] introduced the notion of finitely embedded by
dualizing the concept of finitely generated. An i?-module M is said to be finitely
embedded (fe.) if E(M)=E(P)® ... ®E(SK where E(M) denotes the injective hull
of M and each St is a simple /1-module. It is well known that rings all of whose
ideals are finitely generated are Noetherian Dually, Vamos proved that a ring R is
Avrtinian if and only if each factor ring of R is f.e. However, rings all of whose ideals
are f.e. need not satisfy any chain condition. Rings with this property, in fact, properly
contain the class of Artinian rings. The purpose of this paper is to prove that each
ideal of a commutative local hypercyclic ringis f.e. Necessary and sufficient conditions
on a finitely generated module over a commutative local hypercyclic ring to be f.e.
will also be obtained.

2. Preliminaries We shall assume throughout this paper that all rings have an
identity and all modules are unitary left modules. If R is a ring and M is an R-module
then E(M) will denote the injective hull of M and S(M) its socle i.e. the sum of
all simple submodules of M. The fact that A is an essential submodule of B will
be denoted by AQ 'B. A module M will be called ‘finite dimensional’ (Goldie) if it
does not contain an infinite direct sum of non-zero submodules and the number
of non-zero summands is called the ‘dimension’ of M denoted by dim M.

A ring is said to be an ‘FGS-ring’ if each cyclic R-module has a finitely gen-
erated (or empty) socle. These rings have been studied by Kurshan [8]. Beachy [4]
called a module M ‘quasi-Artinian’ if M contains an essential Artinian submodule.
It can be shown that M is quasi-Artinian if and only if S(M) is essential and finitely
generated. Thus a ring R is ‘quasi-Artinian’ if and only if R has a finitely generated
essential socle. In [5], Cardwel called a ring R ‘hypercyclic’ if each R-module has
a cyclic injective hull. Cardwenr proved that a perfect ring is hypercyclic if and
only if it is uniserial. He has also shown, by means of an example, that even a
commutative local hypercyclic ring need not satisfy any chain condition. A ring
R is said to be a ‘PF-ring’ if and only if R is a semi-perfect (left) self-injective
ring with essential socle. For various characterizations of these rings we refer
to Azumaya [3] and Utumi [9]. A ring R is called a (left) ‘gc-ring’ if each cyclic
(left) R-module is quasii-njective.

3. Results We start with the following

Theorem 3.1. Let R beany ring. Then each ideal ofR isf.e. ifandonly if R is quasi-
Artinian.

Proof. Ifeach ideal of R is f.e. then Rr is f.e. Therefore, by Lemma 1 of Vamos
[10], S(R) is a finitely generated essential submodule of Rr. Hence R is a quasi-
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Artinian ring. Conversely if J1 is a quasi-Artinian ring then J1 is f.e. Now for any
(right) ideal | of R, the exactness of the sequence 0-+I-+R-»R/I-+0 and the fact
that R is f.e. imply that 1 is f.e. by Proposition 3* of Vamos [10].

The following lemma is Theorem 3.1 of Ahsan [2].
Lemma 3.2. Let R be a commutative hypercyclic ring. Then R is qc.

Proof. In order to prove that R is a qc-ring, we need to show that each cyclic
J1-module is quasi-injective. Let A be a cyclic J1-module with injective hull E. Since
R is hypercyclic, E is cyclic. Let g be a generator of E, i.e. E=gR. Let 6€/1=
=Homs (E, E) and suppose 6(g)=gs. Then if aEA, we have a=gr and 9(a)=
=6(g)r=gsr=grs=as. Therefore B(a)£A. Hence by Johnson and Wong [6, Theo-
rem 1.1], A is quasi-injective. Thus R is a qc-ring.

Lemma 3.3. Let R be a commutative gc-ring. Then R is an FGS-ring.

Proof. By proposition 2.2. of Kurshan [8], the lemma will follow if we prove
that each finitely generated J1-module is finite dimensional.

Let us suppose that M is an J1-module generated by n elements. We shall use
the inductive argument to obtain the desired result. If n=\ then M is cyclic. This
means that M = R/l where | is an ideal of J1. Since /1 is a qc-ring, so also is R/l (see
Lemma 2 of [1]). Hence by [1], Theorem 1, R/I, as an JI-module, is finite dimensional.
This proves the result for n= 1.

Let us now assume that the result is true for n=k and prove that this is also
true for n=k+1 Let M=Rx1+ ... +Rxk+1.

Let us write A=Rxx and B=M/A. Then by our assumption, A and B are
finite dimensional. Since 0-+A—M-<-M/A-+0 is exact, Lemma 2.1 of Kurshan [8]
implies that M is also finite dimensional. This completes the inductive argument.

Lemma 3.4. If R is a commutative local hypercyclic ring, then S(R)Q'R.
Proof. See Theorem 2.10 of Caldwell [5].

Theorem 3.6. Let R be a commutative local hypercyclic ring. Then each ideal
of R isfe.

Proof. Since J1 is a commutative local hypercyclic ring, /1 is gc by Lemma 3.2,
Also, 1 is an FGS-ring by Lemma 3.3. Hence S(R) is finitely generated (or empty).
But Lemma 3.4. implies that S(R)Q'R. Hence /1 is f.e. by Lemma 1 of Vamos [10].
Therefore each ideal of /1 is fe.

We now prove the following theorem.
Theorem 3.6. Let R be a commutative hypercyclic ring. Then R is a PF-ring.

Proof. In order to prove that J1is a PF-ring we show that /1 is a self-injective
semi-perfect ring with an essential socle. Since J1 is a commutative hypercyclic ring,
it follows from Lemma 3.2 that /1is a gc-ring and so, in particular s a self-injec-

tive semi-perfect ring (see A hsan [1]). Also, we can write J1= ® Rt where each Jr
is a commutative local hypercyclic ring. Hence by Lemma35 each Jris a quasi-
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Artinian ring. Since R is a finite direct sum of quasi-Artinian rings, R itself is a
quasi-Artinian ring. Therefore S(R) is finitely generated and essential in R. Hence R
is a PF-ring.

Vamos [10], proved thata ring R is left Artinian if and only if each finitely gen-
erated J1-module is f.e. In view of the fact that a commutative local hypercyclic
ring need not be Artinian (see Example on page 42, Caldwel1 [5]), we note that
each finitely generated module over a commutative local hypercyclic ring need not
be f.e. In form of the next theorem, we give a necessary and sufficient condition
for a finitely generated module over a commutative local hypercyclic ring to be
f.e. But first we state the following lemma which is due to Catdwel1 [5].

Lemma 3.7. Let R be a commutative local hypercyclic ring. Then each submodule
of a cyclic R-module is an essential submodule.

Theorem 3.8. Let R be a commutative local hypercyclic ring and M a finitely
generated R-module. Then M is f.e. if and only if the socle of each cyclic submodule
of M is non-zero.

Proof. To prove the above theorem we shall again use the inductive argument.

Let M be an i?-module generated by n elements. If n=1 then M is cyclic. Since
R is a commutative hypercyclic ring, R is gc by Lemma 3.2. Therefore R is an FGS-
ring by Lemma 3.3. Hence S(M) is finitely generated (or empty). By our assumption
S(M)”0. Therefore S(M)Q'M by Lemma 3.7. Thus M is f.e.

Let us now suppose that the result is true for n=k and prove that the result
is also true for n=k+ 1 Suppose M~Rx"+...+Rxk+l and let us write A=Rxx
and B—M/A. Then by our assumption both A and B are f.e. Let us now consider
the exact sequence

0- A—M - M/A - 0

Since A and M/A are f.e., M is f.e. by Proposition 3* of Vamos [10] and the
inductive argument is complete.

Conversely if M is f.e. and A is any cyclic submodule of M then by Proposi-
tion 3* of vamos [8], A is f.e. Therefore S(A)Q'A. This completes the proof of the
theorem.

Corollary. |f M is afinitely generated R-module then M is f.e. if and only if
the injective hull of each cyclic submodule of M is R itself.

P roof. This follows from the above theorem and theorem 2.12 of Catdwel1 [5].

Finally, we note that a gc-ring need not be a quasi-Artinian ring, because such
an assumption would imply that a qc-ring is Artinian which is not always the case
(see example on p. 42 of [5]). A necessary and sufficient condition in order that each
ideal of a gc-ring is f.e. may be formulated as follows:

Theorem 3.10. Let R be a qc-ring. Then thefollowing statements are equivalent:
(1) R is a quasi-Artinian ring.
(2) R is a PF-ring.
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Proof. Let us suppose that R is a quasi-Artinian ring. Since R is qc, R is self-
injective and semi-perfect (see 1, theorem 1). Also because R is f.e., S(R) is finitely
generated and essential in R. This implies that R is a PF-ring.

Conversely if R is a PF-ring then R is always f.e. and hence a quasi-Artinian ring.
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THREE SPECIES OF CONNECTION IN COMPLEXES
by

A. K. DEWDNEY

0. There are several natural generalizations of graph-theoretic connection to
higher dimensions. One of these, (m, «(-connection, was used in [2] in characteriza-
tions of (ur, «(-trees. Three other generalizations are studied in this paper and interest-
ing relationships among these species are developed: although each generalizes a
well-known graph-theoretic definition of connectivity, the three turn out to form a
sequence of increasingly general concepts, at least in dimension two. One of the
species of connection is equivalent to the condition that the kth homology group
of a complex be zero. The other two appear to be new and are more general than this.

1. Let K be a collection of subsets (called Simplexes) of a set V(K) of elements
(called vertices). Then K is called a complex if
(i) every subset of a simplex in ATis a simplex in K.
(i) U x=V(K).
xCK

This definition is formally equivalent to the definition givenin [5, p. 41] ofan “abstract
simplicial complex”. A simplex x of K is called an n-simplex if |[x|—L—n. The collec-
tion of n-simplexes of K will be denoted by Kw . Two simplexes x and y are incident
ifx ¢ y. The n-degree of an «r-simplex x, « < «, is the cardinality of the set {y€K(n):y is
incident with x} and is denoted by d" (x). The complex K is said to have dimension n
if it has at least one «-simplex but no («+ 1(-simplexes. Such a complex will be
called here an n-complex. Obviously a graph is just an «-complex where né 1

Every complex by definition contains the empty set. A complex which contains
only this set is called null. A complex K such that V(K) consists of a single vertex is
called trivial.

If Arand L are complexes such that LQK, the L is called a subcomplex of K.
For every vertex v in a complex K we define the subcomplex st (v, K), called the
star ofvinK, as {xEK: vEx} along with 0 the empty set. If S is a subset of a complex
K, it is useful to define S, the closure of S, as the smallest subcomplex of K con-

taining S. This enables one to form a difference K—L of two complexes as K—L,
always a subcomplex of K. This also enables one to define a boundary operator in
set-theoretic terms : given an «-complex K, the (n—)-complex dK, called the boundary
ofK, is the closure of the set {xEK(n_IV d"(x)= 1 (mod 2)}. This definition is formally
equivalent to the usual definition of the modulo 2 boundary of an «-chain [4, p. 235]
and appears to be more useful in studying complexes from a purely combinatorial
point of view. An «-complex is pure if every simplex is incident with some «-simplex
of the complex. A pure «-complex Z having the property that dZ=Kg1lis called
an n-cycle. The following concepts generalize those of “circuit” and “path” in
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the theory of graphs: an n-circuit C is an n-complex satisfying two conditions:

(i) Cis an «-cycle

(if) Cis minimal subject to (i).
Condition (ii) means that C contains no proper «-subcomplex satisfying condition (j).
An n-path P is an «-complex which, for some fixed («—)-circuit C satisfies the con-
ditions

(iy dP=C

(if) P is minimal subject to (i).
Thus, by condition (ii), P has no proper «-subcomplex P' such that dP'=C. Clearly
a Ocircuit is a Gcomplex having two vertices, while a 1-path is just the usual graph-
theoretic concept [3, p. 13]. All graph-theoretic terms employed in this paper may be
found in this last reference.

2. Three species of connection in dimension « are defined in this section.

The complex K will be called hyperconnected in dimension n if every («—JU)-
circuit in K is the boundary of some «-path in K. Clearly, to be hyperconnected in
dimension 1a 1-complex must be connected considered as a graph for in this case,
it is required that every Gcircuit (pair of vertices) be the boundary of a 1-path (be
connected by a path). It is easily proved that a complex K is hyperconnected in
dimension « if and only if every («—)-cycle in K is the boundary of some «-sub-
complex of K. This condition, in turn, can readily be shown to be equivalent to
requiring that the («—1) st mod 2 homology group of K vanish.

The next definition is inductive in nature and requires three preliminary ideas:
let K be a complex. A subcomplex L of K is called a cut for K if there exist sub-
complexes Krand Ko of K such that

(i) K=K1(JK2“L=K1C\K2 and
(ii) every simplex of L is incident with a larger simplex in Kit i=1, 2.
The union K=K fjK2is called an L-decomposition of K and Klt K2 are called
L-components of the cut. Clearly a cut L for K may be specified by giving any such
pair of L-components. The complex K will be called section-connected in dimension 0
if V(K)p”0. The subcomplex L of K is called 0-sectionfor K if L is a cut for K and
if for some L-decomposition K=K1UK2, the L-components Kt are section-con-
nected in dimension 0, z= 1, 2. The complex K is section-connected in dimension n
if every (n—)-section of K is section connected in dimension «—L It remains to
complete this definition by defining an “«-section”. First, an n-component of K is
a subcomplex K' such that K' is section-connected in dimension « and such that
K" is maximal subject to the first condition, i.e. K'is not a proper subcomplex of
any subcomplex of K which is also section-connected in dimension «. Next, the
subcomplex L of K is an n-section* for K if K has an «-component K' such that

(i) Lisa cut for K'and )

(ii) for some L-decomposition K'=KfJ KO, the components K{ are section-

connected in dimension «, /=1,2.

Before continuing to the third species of connection, the meaning of this last
definition is briefly studied: when «=0 a complex being section-connected in dimen-
sion 0 means simply that it is not the null complex. A 0-section of a complex is simply
a cut having at least one pair of non-null components. A complex is section-con-

* For some writers in Topology an “«-section” is what other writers mean by “«-skeleton”.
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nected in dimension 1 if every such cut is itself non-null. This is merely another
way of saying that a complex K is connected if and only if there are not two non-null
subcomplexes K2and K2such that K=K”"J K2while KI C\K2=d. Thus the definition
of section-connectedness in dimension u not only generalizes what is meant by con-
nectedness in a graph, but in a sense generalizes the standard definition for topological
spaces [4, p. 14]. A 1-component of a complex is just a maximal connected sub-
complex. A 1-section of a complex K is a cut L in some 1-component of the complex,
a pair of whose components in some L-decomposition of K aie both connected.
Finally a complex K is section-connected in dimension 2 if all the 1-sections of K
are section-connected in dimension 1, that is, connected in the ordinary sense.

A useful definition of connectedness in graphs employs partitions of its vertices
into two non-empty sets. This definition has two rather natural generalizations:
a complex K is coherent in dimension n if for every partition Vx+V2+ ...+ Vil
of V(K) into n+1 non-empty sets, K has at least one u-simplex y which spans the
partition, i.e. each set Vt contains at least one vertex in y. This condition imposes
a heavy restriction on any complex satisfying it, for every n-subset of V(K) must be
present as an (n—)-simplex of K. Although this is true for any 1-complex, it is hardly
true for complexes of dimension 2 or higher! A subsequent paper studies coherent
complexes. The second generalization evades the restriction just encountered. A parti-
tion ¥ =V1+V2+... + Vk+l of the vertices of a complex K into k+\ non-empty
sets will be called a (k +\)-partition of V(K). Define Pt(K, ¥) to be the number
{X€L£(*_N: x spans V1+ V2+... + Yt+ ... + Vk+IJ\. A (k+ I)-partition ¥ of V(K)
will be called admissible* if there exists a (k—I)-circuit C in K such that the parity
of Pi(C, ¥Y) is odd for each /'=1, 2, ..., k+\. At last, a complex K is partition-con-
nected in dimension n if each admissible (n+1)-partition of V(K) is spanned by at
least one n-simplex of K.

When n—lan (n+ I)-partition ¥ = V1+V2is admissible since there exist vertices
VIEV1 and v2CV2: the Gcomplex consisting of these vertices alone is a O-circuit
such that PfC, ¥) and P2(C, ¥) are both odd. Thus when n= 1 the latter defini-
tion requires merely that every partition of V(K) into two non-empty sets be spanned
by at least one 1-simplex (edge) of K.

To summarize, three principal generalizations of connection in graphs to com-
plexehs have been given. Each particularizes to a unique definition of connection in
graphs.

3. In the last definition met with in section 2 above, the condition that PfC, ¥Y)
be odd for each /=1, 2, ..., u+1 is not so restrictive as it first may seem. The idea
for the proof of the following results was suggested by Professor C. St. J. A. N ash-
WILLIAMS.

Theorem 1. If ¥ is an (n+1)-partition of V(K) and C is an (n-\)-circuit in
K then the numbers PfC, ¥), i=1,2,..., u+ 1, are either all odd or all even.

Proof. Suppose that PfC, ¥) is odd for some i with 1S /*u-bl. Denote by
X0 the set of all (n—)-simplexes of C incident with exactly one (n—2)-simplex

* This wording is motivated by the nearly equivalent concept of “admissible labelling” used
in [6, p. 420].
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spanning ¥r+...+V;+ ...+ Vj+..+ Vil where j is some integer different from
i with 1€j'Sn+1. Denote by Xe the set of all (n1—)-simplexes of C incident with
none or two of such (M—2)-simplexes. Since C is an (n—I(-circuit, dn~1(z) is even
for each (n—2)-simplex z in C. Clearly ” Idn~1(z)=2|xe|+ |X{, the summation being
taken over all (n1—2)-simplexes z of C which span Fx+ ...+ Ff+ ...+ F,= ... + Fn+l.
Hence |X0| is even. An (n—1(-simplex lies in X0if and only if it spans either Fx+...
Wt F+ L+ Vj+ L+ Fo+lor VI+ L+ Vit .+ Vj+ .+ V,+ Thus the numbers
spanning each u-partition have the
same parity and P (C, Y) =Pj(C,
Y) (mod 2). This equality holds
for each j=1, 2, ..., u+1 and the
lemma is proved.

The condition that Pt(C, Y)
be odd for each i=I, 2, ..., n+1
is known to be satisfied the mo-
ment it is known that at least one of
these numbers is odd.

The diagram shown in Figure
1 below summarizes the results pre-
sented in this section. Each implica-
tion arrow between one kind of con-
nection and another represents a
theorem that the one kind of con-
nection actually implies the other.

Figure 1. Structure of theory in Section 3 The number appearing near the ar-

row indicates the dimension in

which the implication is proven. An implication arrow wit ha stroke through it indi-
cates a counterexample to the corresponding implication.

Theorem 2. Ifa complex K is hyperconnected in dimension n, then K is partition-
connected in dimension n.

Proof. Let K be hyperconnected in dimension nand lety =V1+V2+ ...+ Vil
be an admissible (n+ I)-partition of V(K). Then there is an (u1—)-circuit C in K
such that P;(C, Y) is odd for each i=1,2, ..., u+ 1

Since K is hyperconnected in dimension n there is an u-path P in K such that
dP=C. Denote by v the set of u-simplexes of P which span v, and by vt the set
of n-simplexes of P which span F1+ ...+ Fi+... + F,+1 but not Y, for some i such

that IsiSn +1. Let Xt denote the set of (n—l)-simplexes of L which span V1+...
..+ F+ ..+ F,+1. Then

0 2 dp{x) = 2\Y-\+ \Y\,
( xdX,

where d”” denotes the k-degree in P of the (n—l)-simplex x. This equality follows
from the fact that each u-simplex in vt has exactly two incident (n—)-simplexes
in X{while each n-simplex in Y has exactly one.

Let Xi be split into two subsets, X' consisting of the (n1—)-simplexes x such
that dp(x) is odd and X-' consisting of the (n1—1)-simplexes x such that d”’(x) is even.
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Then by (i)
(i) 2,<50H 2 <) =2m +in

The (n—)-simplexes in Xt for which dp(x) is odd are precisely those lying in dP
and spanning V1+...+ Vj+...+ Vn+l Thus \X{\=P,(C,¥) and, since PfC, Y)
is odd, so is the sum  dp(x). By equation (ii) above, this sum has the same parity

as IYlwhence |Y| is odd and therefore Y contains at least one u-simplex, yielding
the theorem.

Those familiar with Sperners Lemma will see in the above proof a close resem-
blance to the argument given in [6, p. 416]. (For an unrelated but interesting induc-
tive argument, see Cohen [1].) The chief difference between Theorem 2 and Sperners
Lemma is the greater generality of our result: Sperners Lemma requires an admis-
sible labelling for the boundary of a triangulated (geometric) u-simplex, whereas
our theorem requires an admissible labelling for the boundary of a triangulated
pseudo-n-manifold.

The next result shows that in dimension 2 being section-connected is at least
as general a property as being hyperconnected.

Theorem 3. If K is hyperconnected in dimension 2, then K is section-connected
in dimension 2.

Proof. Let K be hyperconnected in dimension 2 and suppose that K is not
section-connected in dimension 2. Then K has a 1-section L which is not connected.
Let K'=K(\JK2 be an /.-decomposition of a component K' of K such that Kx and
K2 are both connected. Since L is not connected it has at least two components:
denote one of these components by Lx and let Li=L —Li. Since K[ and K2 are
both connected, any two vertices i=1, 2, are joined by (0, I)-paths Pxand P2
in Kx and K2 respectively.

Let Qx be a path of minimum length in Kxjoining a vertex of Lx with a vertex
of L2. Let the vertices so joined be
VIEV(LD and v2CV(L2D. One obser-
ves that there exists a (0, I)-path Q2
inK2which also joins i\ to v2.In fact
any such path has only the vertices
vxand v2in common with Qx: for if
Q2has an interior vertex vin com- K/’
mon with Ox, then v is an interior
vertex of Qxand hence lies in L. If
vEV(LX, then the portion of Qx
from v to v2is shorter than Qx con-
tradicting how Qxwas chosen. Thus

V(LY. Similarly v§ V(L2. But
then v$ V(L) and this last contra-
diction establishes the statement
about Q2

The union QxUQ2 is therefore
a Jl-circuit C. Since K is hyperco- Hlgure 2. The 2-path P wtih boundary C=R,UR2
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nected in dimension 2 there is a 2-path P in K such that dP=C. Figure 2 below
displays this situation somewhat schematically.

The complex L is represented by the heavy edges and large vertices. By the way
Qx was chosen, none of its 1-simplexes lie in KO. Thus any 2-simplex in P incident
with a 1-simplex of Qx must lie in K[. Therefore QXQZ, where Z=d(K( MT). Since
Z is a 1-cycle, there is a 1-path Pxin Z having no 1-simplexes in common with Qx,
but having the same end-vertices, namely vland v2. Let x be an arbitrary 1-simplex
of Px. Since x is incident with an odd number of 2-simplexes in Kr\P, xEK[. If
x £K2, then, of course, XEK(IMKE —L. 1 x$ K2, then st (x, P)=st (x, K[C\P), whence
X CdP. In this case x€ B 2= " 2>contradicting the assumption that x$ K2. We con-
clude that p x~ L. But this is also a contradiction since vx and v2ire both end-vertices
of Px and lie in different components of L. Therefore the 2-path P cannot exist.
This contradicts the fact that K is hyperconnected in dimension 2. Therefore K is
section-connected in dimension 2.

The concept of an «-section as defined here does not seem to occur in the top-
ological literature. In topological language Theorem 3, along with the next theorem,
gives necessary conditions for an abstract simplicial 2-complex to be homologically
trivial (all its homology groups vanish).

The final implication indicated in Figure 1 is now proved.

Theorem 4. |fK is section-connected in dimension 2, then K is partition-connected
in dimension 2.

Proof. Let K be a complex which is section-connected in dimension 2 and
suppose that "V=V1+ V2+ V3is an admissible partition for V(K) with C a 1-circuit
in K such that PfC, ¥) is odd, r—1,2, 3. Denote by M(*'V) the smallest number
of 1-simplexes in K spanning any of the pairs Vt+ Vj, ilW. rj=1,2,3. Assume
further that the theorem is not true and that ir is a 3-partition with the smallest
value of M (if for which the theorem fails, i.e. no 2-simplex of K spans Y.

Suppose, without loss of generality, that the number of 1-simplexes in “spanning
Vx+V2is M(f~). Define Kxto be the closure in K of the set of all simplexes spanning
Vx+V2as shown in Figure 3 below:

It will be shown first that Kx is connected: If Kn is not connected and if every
component of Kxcontains an even number of 1-simplexes from C spanning Vx+V2,

then so would Kx, implying that P3(C, i/9
is even. Therefore at least one component
of Kx, say K{, has an odd number of
1-simplexes from C spanning Vx+V2. Al-
ter the partition "V as follows: let
Vi=VxU V(K{), Vi=V, and let F3=F 3U
U(VXDV(Kx —K()). If the resulting par-
tition ¥ is spanned by a 2-simplex
y={v'x,v'2,v3}, then vf V(KX, V2£ V2 and
V3EV(Kx—K(). But in this case y spans
Vx+ V2and has the Osimplex {/x} in com-
mon with K{, whence yiK(. This implies
that v3£V(K(), a contradiction with the
Figure 3. Constructing a 1-section fact that v3£ V(Kr—Kx)- Therefore ir' is
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not spanned by any 2-simplex of K. The number P3(C, ¥ ) is odd by the definition
of Kx and by Theorem 5.1. the numbers PXC, ¥ ) and P3(C, ¥ ) are also odd.
Thus ¥ is an admissible 3-partition of V(K) such that m(TT/)<1/('f), contradicting
the original choice of "K. Therefore Kxis connected.

Now let K' be the component of K containing Kx. Clearly, at least one com-
ponent K2 of K'—Kx has an odd number of 1-simplexes from C spanning Vx+V3.
A simple parity argument shows that some portion of C connects a vertex in
V3D V(K2) with a vertex in F2D V(KX without passing through Vx. In other words,
K3MKXx has vertices in both Vxand V2. Denote by K2 the union of all components
of K'—Kx other than K2 (if any) and let Kx—KX\JK2. Since K2 consists of com-
ponents of K'—Kx, each component has a vertex in common with Kx. Therefore
Kx is connected. Observe that K'=K{UK2. It is verified that L=KxCiK2 is a cut
for K' as follows: let x be a simplex of L. Then x(E K* since K2 has no simplexes
in common with K2. Therefore x£ KxP\K2 and x does not span Vx+V2but is incident
with such a simplex by the definition of Kx. Since xEK'—KYx, it follows that x is
incident with a larger simplex of K'—Kx and such a simplex must lie in K2 since
K2 is connected. Therefore L satisfies conditions (i) and (ii) in the definition of a
cut for K.

Since K', K[ and K2 are connected and since L is a cut for K', L is a 1-section
for K' and must be connected since K is section-connected. On the other hand,
L5 K2MKxand L has vertices in both Vxand V2. This implies that L is not connected
since every simplex of L is contained either in Vxor in V2mThis contradiction shows
that K cannot have been section-connected in dimension 2 to begin with, establishing
the theorem.

There follow now the counterexamples indicated in Figure 1

The complex KP shown in Figure 4 below represents a triangulation of the
projective plane.

The two vertices labelled u in the figure above represent the same vertex in
KP, as do the two vertices labelled v and the two vertices labelled w. Accordingly
the two 1-simplexes {u, a} in the above figure represent the same 1-simplex of KP
and so forth. The complex KP supplies

two counterexamples simultaneously. u

Theorem 5. The complex KP is both
partition-connected and section connected
in dimension 2 but not hyperconnected in
dimensien 2.

Proof. KP is not hyperconnected in
dimension 2 since the 1-circuit whose
l-simplexes are {u, u}, {v, w}, {w, n}is not
the boundary of any 2-subcomplex of KP.
To see that KP is section-connected in
dimension 2 assume that some 1-section
Z for AT*is not connected. Let KPXU KP2=
KP be an /.-decomposition of KP where
KPXand KP2 are both connected. Any Figure 4. A triangulation of
1-simplex x in L is incident with a 2-simplex the projective plane
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in each of KPland KP,, by condition (ii) in the definition for cut. Since every 1-sim-
plex in KP is incident with exactly two 2-simplexes, x*gKPr, dKP2. On the other
hand if x*dKPxthen x is incident with exactly one 2-simplex in KP1and must also
be incident with precisely one 2-simplex in KP2whence x€L. We have shown that
L=dKP1 Similarly L =bKP,,. It follows that L is a 1-cycle. Since L is not connected
L must consist of at least two disjoint 1-circuits Cx and C2. Since KP has only 6
vertices, both 1-circuits must be triangles. Each 1-circuit is either a boundary dy
where y is a 2-simplex of KP or else is a 1-circuit like C in the first paragraph of this
proof. In fact both kinds of -circuits must be present, as shown in Figure 5 below.

Figure 5. Possibilities for the
1-circuits in L

It is clear from the figure that the 1-Simplexes
of C2are all incident with 2-simplexes from exa ctly
one of KPXor KP2. This contradiction shows that
KP is section-connected in dimension 2. By Theorem
4 KP is also partition-connected in dimension 2.

It has been shown in dimension 2 at least that be-
ing hyperconnected is definitely less general a proper-
ty than being either section-connected or partition-
connected. To show that being partition-connected in
dimension 2 is definitely more general than the ot-
her two properties an additional counterexample is
required.

The 2-complex KD whose 1-skeleton is shown
in Figure 6a below has been “pulled apart” and
displayed in Figure 6b to show its 2-simplexes more

clearly. These are listed to the right of the figure as a precaution against any mi-

sinterpretation.

Theorem 5. The 2-complex KD is partition-connected in dimension 2 but not
section-connected in dimension 2.

{a,b,c}{f,b,c>
{a,e,d}{f,e,d}
{a,b.e}{f,b,d}
{a,c ,d}{f,c,e}

Figure 6. A complex which is partition-connected in dimension 2 but not section-connected’

in dimension 2
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Proof. The complex KD is not section connected in dimension 2: let Kx—
=st (a, KD), K2=st (/, KD). Observe that L=K1C\Kt is a 1-section of KD and
that KD=Kr0 K2 is an L-decomposition of KD. Both Kt and K2are connected
but L is not connected. Thus KD is not section-connected in dimension 2.

We will prove that KD is partition-connected in dimension 2. Let K =V 1+V 2+
+ V3 be an arbitrary admissible partition for KD. The argument is divided into
two cases.

Case 1: The vertices a and/ lie in the same set Vt: Without loss of generality
a and/ may be assumed to lie in Vx. At least one of the vertices b, ¢, d or e must
lie in V2and another in V3. Therefore at least one of the 6 1-Simplexes containing
these vertices spans V2+V 3. There is a 2-simplex incident with such a 1-simplex and
containing either a or/. This 2-simplex spans V1+V2+V3.

Case 2: The vertices a and/ lie in different sets Vt: Without loss of generality
a may be assumed to lie in Vxand/in V2. Since F3*0, one of b, ¢, d, e must belong
to V3and the symmetry of KD allows us to assume that bdV 3. If cE VI then {/, b, c}
spans K and if c£ V2then {a,b,c} spans K : hence we may assume that c£V3.
In this case {/ c, e} spans K if eE VIt {a, b, e} spans K ife£ V2, {/, b, d) spans K
if dEVj and {a, c, d) spans Y if dE£ V»: hence we may assume that d, eC. V3.

Since no 1-simplex of KD spans V1+ V2, every 1-circuit C in KD has an even
number of 1-simplexes spanning V1+V2, whence the partition ¥ is not admissible.
We have thus shown that all admissible partitions of V(KD) are spanned by a 2-sim-
plex of KD. Therefore KD is partition-connected in dimension 2.

4. A set of three generalizations of graph-theoretic connection has been given.
These have been proved to form a succession of increasingly general concepts in
dimension 2, at least. Although it is known (Theorem 2) that partition-connectedness
is always at least as general a concept as hyperconnectedness in dimensions higher
than 2, it is not known whether it is, in fact, strictly more general. Itis also an open
question whether section-connectedness is a concept of strictly intermediate gen-
erality in dimensions greater than 2.
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WAITING FOR CLUSTERS IN INHIBITED RENEWAL PROCESSES
by

S. 1. ROSENLUND AND L. RADE

1. Introduction

We will in this paper work with the interaction of two random point processes
such that points in a renewal point process, the excitatory process, are eliminated
by points in an independent inhibitory process. Such a thinning situation was sug-
gested by M. Ten Hoopen and H. A. Reuver in [3] as a mathematical model for
neuron firing. In [1] it is discussed how this thinning procedure applies to certain
stochastic service systems. Various aspects of this kind of interaction of renewal
processes is treated at length in [2]. Our interest in this paper is in the response process
of those retained points of the excitatory process which complete a cluster of retained
points, which are near each other in some sense. We will first considers cluster of k
successive retained points with no eliminated points between them. Such clusters
were considered in [2] for some simple elimination schemes. We will here extend
and modify the treatment in [2]. We will also prove a limit theorem for k-+°°. We
will furthermore generalize to clusters of K retained points, such that at most r
points have been eliminated between any two successive points. Finally, we will
mention some applications.

2. Waiting for a Cluster

We assume that the excitatory process is a discrete time renewal process. Let
r° be the geometric transform (or probability generating function) of its inter-
[00)

arrival distribution, r>>(y)=ky, rksk. Furthermore we assume that the inhibitory

process is a e-binomial process, independent of the excitatory process: that is,
at each discrete time epoch a point of the inhibitory process is realized with prob-
ability Q—\—(p, independently of what happens at other time epochs.

The elimination takes place according to the following scheme. Assume that
the points of the excitatory process are realized at the times ult u2....... If one or
more inhibitory points arrive at times 1,..., nlr the nextj excitatory points starting
with the one at w, will be eliminated with probability p}, where y€{0, 1, ...}. Note
that p0 is the probability that the inhibitors have no elimination effect. For /iS2,
assume that the point at unhas not been eliminated by inhibitory points arriving at
times 1, ..., «,_!* If one or more inhibitory points arrive at times w,, j+1, ..., un,
the nextj excitatory points starting with the one at unwill be eliminated with prob-
ability pj. A point of the inhibitory process has no elimination effect if a simulta-
neous or subsequent excitatory point already has been eliminated by previous in-
hibitors.
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We are in this section interested in the response process consisting of those
points of the excitatory process, which satisfy the following condition. Each such
point is the last point in a sequence of K successive points of the excitatory process,
none of which has been eliminated and of which only the last one is a point of the
response process. Here K is a fixed positive integer.

Let pR be the geometric transform of the inter-arrival distribution of this em-
bedded renewal process. In order to derive an expression for pB(s) we will use the
collective marks (or the additional event) method. Thus we add a marking process
to the situation such that each time epoch is marked independently with probability
1—s, and not marked with probability s. This implies that r9(s) is the probability
that no marks are given during the excitatory interval.

We now define probabilities d0(s) and dx(s) as follows:

~N("O—the probability that no marks are given during the first excitatory interval
[1, uj and that the point at the end of this interval is not eliminated,

dl(s) = the probability that the inhibitors arriving during the first excitatory interval
eliminate one or more consecutive points of the excitatory process, and
that up to and including the last elimination no marks have been given.

We now get by proper conditioning

(2.) dos) = 2V k{(pk+ (1-(pKPo) = ro{(ps)+pO(r{s)-r9(sps)).

Let furthermore dIt]{s) be the probability that no marks are given during the first
excitatory interval and that the nextj points are eliminated. (Time epochs after the

first excitatory interval may or may not be marked.) Then dl(s)=12_l dLj(s)r9(s)J~1
We have for j£{1,2,...} B

dij(s) = 2, vk (1-(pRpj = Pi(rg(s)-ra(m),

from which it follows with p9(s)=_2:OPjs]
J

(2.2) dk(s) = rg(s")-1(rg(s) - ra(cps))(pg(r(s)) -p .

If we interprete pR(s) as the probability of no marks during the waiting time for the
first point of the response process, we get by conditioning

pR(s) = dO{sf+ /2=0 do(s)id1(s)p™(s),
which gives
do(s)k(I-d 0(s))

Pk(s) = 1-4(s)-4(.s) (1 —iloEyk) "
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This result can be written as
» <K
(2.3) 1_rt(s) = (,-d($))._ 3
wherei/fi*i/oC'A+2ii5) By dividing with 1—Sand letting STwe get an expression
for the expectation \). With
P=r. a-l-ref) b=rdp

and

a= kgl ka
we get

@4) R=po+acd)), I&)’Z%r

3. A limit theorem

In the previous section we have derived the probability distribution of the
time intervals of the renewal response process. Let nk be a random variable with
this distribution.

Freorem 1. |F[B5, 180

lim P(rigPk —-- 1-e% .o
Proof. We observe that pcp(biz%)«bk-l)/&%& We let Sdepend on

Kin such a way that s= e~"ikfor w~o . We then get dS)
= l—b:a We can furthermore replace ith b(Thls is jUStIerd as

follows. Taylor expansions give

| gH=b+E)A9), 6 -
a S'I :e'\'lkkl :"V\M, (/fc-°0)

Thus
Bk « - W-OKf. .40 ;1 -y

We rewrite (2.3) as _
PI(s) = _%@O(_S)
Ms)1

lim _ Hm -C(S) I Eg = d(\)lvz ~(6-faa)w,
Ic-oo  Uq{S) fc-00
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we find that
lim p{(e-”'l:K) e T re— [ ——
I —b+ [I(b * O_CI)VV 14+ u p_i-a_q_a_w
It follows that the Laplace—Stieltjes transform of rik/pk for tends to

and thus the theorem is proved.

4. A generalization

We will in this section consider an elimination scheme such that p9(s)—s,
that is, one or more consecutive points of the inhibitory process eliminate only
the next point of the excitatory process. We are interested in a response process,
which consists of those points of the excitatory process, that satisfy the following
condition. The point is the last point in a sequence of K successive retained points
such that between any two consecutive points at most / points of the excitatory
process have been eliminated and such that none is already a point of the response
process. The case studied in previous sections corresponds to r=0.

Let plt, be the geometric transform of the interarrival distribution of this re-
sponse process. We will derive an expression for pi,r(s), interpreted as the prob-
ability for no marking during the response interval. For that purpose we define
hO(s) to be the probability that counting from a retained point at most r points are
eliminated before the next retained point and that no marks are given in the interval
between the two successive retained points. Then

1R —EeE)r+1 ().

1—re (s) + r9((ps)

K ()= 2 Ve(®)- ro(mN¥ro(ps)

Let furthermore hl(s) be the probability that at least (r+1) points are eliminated
between two retained points and no marks given. Then

/h(s) = [r9(s)-r9((ps)Y +L

By proper conditioning we obtain
Pk,r(s) = rg{(ps)h0(s)k 1+ [r(s)-r9((ps)]plr(s)+ 2 r9(<ps)bl(s)bO(s)i,
1=0
which gives

_ ro<p)h0(s)k AL- /of?)]
(4.1) Pir(s) 71— —r9((ps)]r+Lh0(s) k=1
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From this follows
(4.2) 1-Plr(s) =

1-r9(s) « A .
1- 19(s) + (k@) hogy -+ LT <G )" 1-r9(s)+)r5((psj !

which easily gives the following formula for the corresponding expectation pkr.

4.3 Nnk,r _ 1-ck
(43) P bar+1ck~1"

where
a=1-"cp), b—r((p and c= l—ar+l

It follows from (4.3) that

L 9(4>s)
limpir(s r

ame ) 1—9(s) +r9(es) PPk

where pBis the geometric transform of the length of the time interval between suc-
cessive retained points in this case. Let nkr be a random variable with geometric
transform p®&T. We can then, with the aid of (4.1), prove the following theorem. The
proof is similar to the proof of theorem 1.

Theorem 2.

kI_—*|r0Tg p{r\KrlpK'Si)= 1 t=0.

5. Some concluding remarks

We have here considered the interaction between two discrete time point proc-
esses. It is easy, by a proper limit process to derive from our results formulas for
the case when an inhibitory Poisson process with intensity Hinteracts with a general
renewal point process with inter-arrival distribution F.

Our results can be applied to the neuron firing process as follows. Stimuli
arrive to a neuron and some of them are eliminated by an inhibitory process. The
neuron will fire when it receives k stimuli, which are near each other, for instance
between any two successive retained stimuli at most r stimuli have been deleted.

It is shown in [2] how results concerning the interaction of a renewal excitatory
process and a binomial inhibitory process can be applied to a B/G/I conveyor
system, where customers arrive according to a binomial process and the service
times have a general discrete probability distribution determined by the geometric
transform r9. Furthermore there is a finite waiting room and when it is empty the
server will take a unit from a storage. Now assume that there is place for K units
in this storage and that it is refilled in the following way. Each time the server has
taken more than r units in a row from the conveyer a mechanism is relased so that the
storage is filled up to its full capacity. This implies that the only way the storage
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can be emptied is that the server takes k units from the storage and that between
any two of these units he has taken at most r units from the conveyor. But then
pitrin section 4 above is the geometric transform of the length of time from an epoch
when the storage is full and the service of a unit is to begin until it is empty for
the first time.
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BUSY CYCLE OF THE GI/M/1 QUEUE WITH FINITE
WAITING ROOM

by
S. I. ROSENLUND

1. Introduction

Consider the GI/M/1 queue with room for n customers (s—L waiting places).
Customers arriving when the system is full are lost. Let F be the inter-arrival time
distribution function, B be the parameter of the sercvie time distribution (mean
service time 1/RB). Assume that

u=J tdr@) < .

0

First it will be derived an expression for the Laplace—Stieltjes transform of the
busy cycle, using the method of embedded Markov chain. This expression is employed
to prove that the busy cycle, after norming to make the expectation unity, is, in
the limit, exponentially distributed when B is small. Then we will use relations estab-
lished between the determinants used here and determinants that are used in [3]
in connection with the Laplace—Stieltjes transform of the busy period for an M/G/I
queue with finite waiting room and service time distribution F and intensity of
arrival . These relations are used to derive the Laplace—Stieltjes transform of
the busy cycle for the GI/M/1 queue with infinite waiting room and to derive an
expression for a generating function such that the transform for the finite waiting
room case can be expressed in a simple way in terms of its coefficients. To derive
this generating function we also use a result by Conen [2], p. 826 (the expression
for b(p, g). For s=0 the generating function can also be obtained using a result
by Tomko [4], p 448, eq. (2). For this part most of the credit is of course due to the
predecessors.

2. Basic formulas
Let us start with introducing the following quantities :

4(, (i'a l) arrival time of the ith customer;
y(t), (fAO) number of customers present in the system at /;

M=yfa+0), O'i);

n(t), (iSO) waiting time, measured from t, for the first instant again a customer
enters an empty system;

= »ifa+ 0, 0 —1).
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In what follows we shall be interested in describing the conditional probabilities

Hnk(t) = PGh > t\yt = K).

The Markov chain {y;} is finite and recurrent, so that the state 1is visited infinitely
many times. It follows that 1—Hnkis a proper d.f. Note that 1—H,,n is the d.f.
of the bwy cycle. — The reason for working with unity minus the d.f. and unity
minus the Laplace—Stieltjes transform of the d.f. in the sequel is that we get for-
mulas that are simpler and more easy to manipulate. By conditioning with respect
to the time nwhen the next customer arrives and to the number r of served customers

in (0, u) we get

1 (Rul\r

Dkl
(1) =f 2 mr-e-f'Hk_r+l(t-u)dF(u) +1-F (1),
0o r=° rl
K=12,..,n,

with an agreement Hnn+1—H,hn.
Now define

H,, As) = l—(/) e-s'd (1-H nk()).
Then (1) gives withT(s) = 6] e~sldF(t)

k+l
(2 Hnk(s) = 2 (/ £21 N H HnJ(s)+I1-F(s),

K=12 ../
Put
Hn{s) = HnI(s).

Then 1—Hnis the Laplace—Stieltjes transform of the busy cycle.
We solve the linear system (2) by Cramer’s rule.

Define the nXn determinant Rn(s) of the matrix of coefficients by

1 -ao0 0 0 0 0 0
0 1—al _OQ 0 0 0 0
0 —a?2 1-U1 -a0 0 0 0
0 -3 -a2  1-a-i e 0 0 0
0 _«"_3 -a, _4 _Bl-5 - 1-Gj -flo 0
0 —an2 —an3 —an-4m -a* 1— @
0 _—an1 -a,,-2 -an-3s¢. —as @ 1—al—a(

Replacing each element of the first column with 1 we define the determinant Tn(s).
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Here
ir=ar{s) = \] e~uHu dF(u).
n Ne

Rnis of course equal to its first principal subdeterminant.

We obtain
©) AW
Dividing by s and letting s—0 we obtain for the expectation /i,, of the busy cycle
pTn(9Q
) R 2n0) m
3. A limit theorem
We have

« = J)
frgerth = {0 1

Inserting these limits into Rnand T,, we obtain

0
1,2, ...

H[BA,,(.S) = 1-F(s)
©) limT,(s) = 1
A0

We thus have asymptotically

Rn ® - 0)

*.,(0)
Let A be the busy cycle length.

Theorem.

Ii'%PIE(n) Si =1 té o.
The theorem is equivalen,t\ to
RO e -

lim T,,(SRK0)) = 1

We have

because
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Thus
N .~ _ . 1-FjsRJO)) sRn(0) fis
prg M-ERAQ) = I8 Rn0) * RGRIO) [ Ru(SRN() )
lim
We have rol RO

J?2,,(*,,(0)) - Rn(O +sRJIO)R'n(0SRN(0)),
where O<0<1.
It now suffices to show that

!)iT Rn(9sRn(0)) = u,
Since R,,(x) is a sum of products, where each factor is of the form
K(]; e- (xHRJItrdF(t),
with r=j or r=j+ 1, we have

limRn(X) = ||o|m R,,(0), if m—0 when R —O.

p_
If we define the function f,, by
R,,(s)-Rn(0) o> I
TTS) S
K (0), 5= o,
we may see that/,, is continuous for (/?,s)s(0, 0).

Then
lim Rn(esRn(0)) = limRn(0) = lim (lim/,(/?, j)) =
/5+0 B-*0 7*0 s-+0

= lim (lim/,,(/?, /) = lim-— = In
s—0 P—0 s—0 "

The theorem is proved.

We have studied the limiting behaviour of the busy cycle distribution when
the service times get longer and longer. We may also allow the inter-arrival times
to become shorter and shorter letting F depend on a parameter A>0 in such a way
that jF(t)=G(At), where G is a d.f. for a non- negative random variable, and making

A—me= \We introduce the dependence on Aand [ in our notation and write
= tf,(A B, )

U, = L, (A B).
If we look at the a, we can see that

and

£_

g
fin (5,8 RnB p. YU AT PIX)Y
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Thus the same exponential limiting distribution prevails if or B and X change
simultaneously in such a way that)c| >0, We also note that the same limit, with

the same norming factor, holds for the busy period ; this follows from the fact that
the difference (idle period) between the busy period and the busy cycle after norming
converges in probability to 0.

— Our theorem is a counterpart to Tomko’s Theorem 2, p 451.

4. Connection with the M/G/I queue; the infinite waiting room case
We define
Rx(s) =B = 1

We here study finonly for nS 2.
If we develop Tn(s) along the first row we obtain

(6) T..(s) = Rn(s) +a0(s)Tn_1(s), neé2.

Let An(s) be the determinant obtained from Rn(s) by replacing the element 1—a”s)—
—a0(s) in the right bottom corner with 1—ax(j). We set Mi(s)=I. It follows from
an elementary property of determinants that

U Tn(s) = A,(S).

If we now consider an M/G/I queue with n waiting places, service time distribution
F and intensity of arrival B, we have according to [3], eq. (5), for the Laplace—
Stieltjes transform Fn(s) of the busy period

Q](S)B,,-i (S)
Bn(s)

where B,,(s)=B,,(s, 1) is a determinant defined in [3]. (Here X=R8, Pi=Il.) A deter-
minant Dn(s)=Dn(s, 1) is defined by eq. (6) of [3]. We can see that

= (—)n_12n_1(s).
Defining DO(i)=50(5= 1 we have according to eqg. (6) of [3]

© BO- +o-HYT6 N 1

For 5>0 we then have according to (6) and (9)

(10) T@:(I-ICOS-HaA»abIO O .-rt0 ],
(11) R@zu ¥

Putting (10) and (11) into (3), dividing by Bn(s) and using (8) we get

) Fn(s) =

(12) W ) ns2.
1-2
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It is well known that the transform F,, for s—°° converges to the function x($)
that is the smallest in absolute value solution of

X = F(s +B —Rx).

If nB>\ the distribution defined by the Laplace—Stieltjes transform x is improper.
We get immediately

(I-F(s))(I-x(s))  1-f(s)
1—2x(s)+x(s")2 1—x(s)

The Laplace—Stieltjes transform of the busy cycle of the GI/M/1 queue with infinite
waiting room is thus

(13)

lim Hn(s) =

Fjs)-xjs)
1—x(n")

This result agrees with previous results, such as may for instance be found in [1].
p 327, eq. (5. 198), by specializing (/m=!, a=1).

5. An interesting generating function

Define
A,-i0)
ao(s)n

This definition is equivalent to the one given by cConen [2], p 826, eq. (19)
(B(s)=F(s), a=\/R). Cohen gives the generating function

b,.(s) =

(14) b@ ) = 2 b= 1 (1)

for \2\ sufficiently small.
We further define

T.(s)

tn(s) ao(s)n

and
t{z,s)= 2 tn(s)Zn
We get from (10) for 0 "
tn(s) = {I-F (s)yi[on+l(s)-bn(s)]

and thus
t(z, s) = 1-FCs))-12 (bn+l(s)zn-b,,(s)zn = (1-Fis))-1 — biz, s) —1

F(s+RBil-z))-z
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It is easy to check the validity of this formula also for 5= 0. We can then rewrite
(3) and (4), using (6),
(L -E(s))tn(s)

(15) HS) = s)-r o 1(5)

and

1 — mn(O)_ A

(16) Rn ((0)-t.i(0) nA 2,

where

17 Yitn{s)zn = , i), Re(s)”™ O
an )N B Y@l Re ()
Following Cohen, we may evaluate tn(s) as a contour integral:

(18) ) = — o —- &

2ni |7l rz"(FG+iS(1-2))-z)
where 0<r<|jt(s)|.

6. Related variables; customer loss ratio

We consider in addition to the busy cycle fj also the busy period £, the number
¥ of served customers during a busy period, and the number Cof lost customers.

In a future paper we will treat the joint distribution of these four variables
under more general conditions. The moments may be expressed as solutions of linear
systems with matrix of coefficients as (2) fors= 0. Anticipating the results for the special
case studied here, we state that E(Q can be expressed as CJR,,(0), where the deter-
minant C, is obtained from Rn(0) by replacing in the first column the first element
1 with 0 and the last element 0 with an(0)=F(R). Thus

a0(0)n 1
BO = 1.0 1,(0)-i,—K0)

Since f] is a sum of <p+£ inter-arrival times, each with mean /t, we have E(®)=
=B(E((p) + E(Qj. With (16) of the present paper we thus obtain E<p). Also, since

4 is a sum of <pservice times, E(£)=-" Ecp). We summarize, putting t,,=tn(0),

(19) E(") = Btn(tn-tn-i)-1,
E«) = /T-Hf.-IX™* -* -1)-1,
E<P = (t,-1)(tn-/ni) 1,
E( = (/.-r,-i)-1.
The long run customer loss ratio, E(Q/(E ((®+ E(£)), is then

(20)
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We have
(-ly-iA.-xCO)

Comparing this formula with (9) of [3], or comparing (17) with Tomko’s [4] €q. (2),
which is also cited in the beginning of [3], we see that /ii,, is the expectation of the
busy period of the above-mentioned M/G/l queue with n waiting places.
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STABILITY OF D-PERIODIC SOLUTIONS OF THIRD-ORDER
NON-LINEAR DIFFERENTIAL EQUATIONS

by
TRAN VAN GIAP

We shall consider in this paper the third-order differential equation
(D n+g(u, u, it) = 0,

where g: R3-+R and further assumptions on g will be made in section 1. First we
shall deal with the existence of a D-periodic solution of (1), section 1. Sufficient
conditions will be given for the stability of the D-periodic solution of (1), section 2.
Also examples will be given to illustrate these conditions, section 3. The definition
of a D-periodic function has been given in [1]. Certainly, a periodic function is a
special case.

The results of this paper depend mainly on [8], [9] and [10].

1. Existence of a D-periodic solution of (1)

The basic assumption of this paper is the existence of a non-constant D-periodic
solution u0(t) of (1). This solution can be written as

LLI(*) = dO(t) + a0t
where
«00+") = «o(0 and 70> 0, aleR.

We assume that the function g is analytic in the neighbourhood of {u0(t), u0(t), ii(t)}
(O~t™Mo) and (for a0™ 0) is periodic in 1 with period a0TO.

In general, such a solution may not exist. However, there are many significant
cases in which (1) has non-constant D-periodic solutions. For the existence of peri-
odic solutions see e.g. [3], [4] pp. 353—364, [5] and [6]. The equation

@) U +aii+bu+h@) = 0,

where a, b are real constants, h'(u)<ab for all n and hdC1(—°°, +°°), in general,
has no non-constant periodic solution (cf. [7]). But if it is assumed in addition that
0, b>0, h(u) is periodic with period 2n and A(m <0 (or A(m>0) for all u, then
the equation (2) has at least one D-periodic solution (cf. [8]).
In section 3 we shall need the following theorem (cf. [8]) due to Nazarov.
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Theorem A. If the conditions stated above hold together with

a2 -- 4b
and
aydb -
m+d 4b
where
min[—h(u)] —m,

Tax[-/r(n)] = m+2d,
then the equation (2) has at least one D-periodic solution

mo(0 = aO(t) + a0t,
where
X0(/+t) = a0(0 and aOr0= 2n.

2. Stability of the D-periodic solution of (1)

Now we return to the general equation (1). The first variational equation of (1)
corresponding to u0(t) is given by

3 V+gu(p(t))v+gi(p (t)v+gu(p(t))v =0
where, for sake of convenience, we introduced the notation
Pit) = («o(0> M0 “0(0)-

Since (1) is an autonomous equation and un(t) is a non-constant D-periodic solu-
tion of (1), it is well known that vx(t)=00(t) is a periodic solution of (3). Without
loss of generality, it will be assumed that

w(©) = 1, ii(0)=0, TCO = -i/0, ilorr 0.

30 = 0, v3(0) =0, U3(0; = 1.
Let v2(t), v3(t) be two solutions of (3) such that
v20)= 0, v2(0) =1, v2(0) = 0;

u3(0) = 0, v30) =0, v30) = 1
From Fioquet’s theory the characteristic equation of (3) can be written as

1 0 O Vi v2 v3 1
det 0 1 0 Vi v2 \(3 -Q 0
-d0 0 1 a v By 0

-0,

O - O
= O O
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and hence
4) 03+ RiR“+ R3Q+ R3—0,
where
Ri = - [1+ (t0)+ dOv3(t0) + v3(t0)],
Ro = v + 1 - \8 + LL" v3
0 2 dOvi+ti dOv3+v3 dov2+v2 dov3+ i3y
R3=-exp (-f gii(p(t))dt).
0
Since 0i=1is a solution of (4), it follows that the other two solutions satisfy the
equation
(5) 0"+ (/21 + 1)0—R3—0.

By solving (5), we find that

-Ne + 1) )'W +1)2+ 473
L'2,3

Next we shall find sufficient conditions implying that the two characteristic
multipliers g2 and g3 be in modulus less than one. There are two cases:

a) (Ax+ 12+ 4A3> 0. The inequality |—(Z?%+1 ) = 1) 2+473|< 2 is
satisfied if (72x4-1+ /(/?!'+ 1)2+ 47?3 < 2, which can be rewritten in the form
2-1* 1+ 1> /(A1+1)2+ 443,

Taking the square of both sides we get
4-4|A1+1|+ (Al+1)2> (Al+1)2+ 453
IALl+1 < 1-R 3.
b) (A1+1)2+4A3S 0. Then
-(R1+\)+i\'-(R1+iy-4R3

82,3

The inequality
w = {(Ai+ D2-(A1+1)2- 423 = y"R~3< 1

is satisfied if —A3< 1. From these considerations it follows that [02i,|<| if the
following two conditions hold:

©) 20 = / g(0d> o

and i
—l—e-i<tg <M+ 1 < 1+e-Afe
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Applying the method used in [9], we now consider the equation
() V+da(p (0) V- bl {p(0)v-Igu{p(t))v =0,

where Ais real parameter.

Consider also the two linearly independent solutions v2(t, A), v3(t, A of (7) with
corresponding initial conditions

@20, A =0 0A=1 v20 A=0;
N30, A) =0, V30, A=0 30 A=1

Since the coefficients of the linear equation (7) are analytic in t and A the solutions
Vj(t, A (y'=2,3) and their derivatives Vj(t, A), Vj(t, A are analytic. We expand
Vj(t, A), bj(t, A and Vj(t, A) by powers of A

(8) Vit A = 2vji(t) A,

A= 2,0/(0A
A= 2i6i(0AT 0= 2,3

Clearly ri7(r, =) =Vj(t), j = 2, 3, are the solutions of (3), which were considered.

In equation (7) we replace v, v, v by the series (8) and compare coefficients of
equal powers of Aon both sides, then we obtain an infinite system of linear differ-
ential equations for vJt:

(9)  Mi+guipWYvji = g'lipityjVB-i +guipifyv-i, 7=23, /=0,12,...,
where by definition

O.-1= = 0.
Next we solve (9) with the initial conditions
v2,0(0) = 0, p2,0(0) = b ~2,000) = O0;

"30(0) = 0, "30(0) = 0, 3000 = I»

%(°) = 0/(0) = Vji(0) = 0,
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Then we obtain
(10) vtio(t) = t,

t S

va,0(0 = / dsf e~i(si>dslt
0 O

Vii(t) = o\]tdSOfs CQ/ES'FB(sz)ea(i»dSZ,

where . .
- QUP W LHGUPEONK . |- 25 - u
«ko = / giOco)".
0
From G. A. Los’s results [9] the solution can be written in the form

e Vil =18 - UFOSBOIBEB(S) Hscoas - 26 112

where
BE)- o B <
Bt)- Je-gods, R() = J&J&@xﬂ

From this follows

12 I8(() = 1 B-1s) F(S)[B(E)-B(s)]cs,
w@_584()u)mmg1:2ﬁ,/:L2m

Here we need the following lemma due to Los (cf. [9], lemma 3.) to prove theorem 1

Lemma. The functions B(t) and p(t) satisfy the inequality

- tIB(1)-B(S)\ » SB(s)-B(s)-tR(s) +A(),
It is clear th.at

49 tB<E)-B(s)T*10,
for OSSStSTO
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We shall use the following notations
A= [ 0100176l - 80)][yifp(0)+ KE((O)K I ds

B =/ R~\s)B{X\/G{p(s)) + |ardO(s))H ds.

Theorem 1. Under the assumptions

(15) K0 = A gu(p(f))dt > 0,

(16) gi(p(o) SO, 0S ig To

@ SiCp (0)+SU(/>(0)i S 0, O siSTO,

(18) 0< N< 1,

(19) —T70"3.0"0) + dOv3tl (rQ + a3j1(x0) > — (rodoA + B),
(20) - Ro(to)+i2i(4)+-y A r (T4 N+ H) <2(1+e~"),

the characteristic multipliers of (3) satisfy the conditions
Q=b bl = k<1
and thus the ID-periodic solution uQ(t) is asymptotically orbitally stable.

Proof. First we can show with mathematical induction that v2(t) is non-
negative, non-decreasing in the interval 0~ tS x oand the inequality

0S () s Avk I(r0 (k=12 ..)
holds. From the formula (12) and the assumption (17) we have

Ui (0 :5 B~1(s)B(R)igl(p(s))+g'u(p(s))slds ~ O,
OsigTj.
Hence the function v2i(t) is non-decreasing and from (10), (12) we see that
£21(0 —0, £20(0 = 1l
Next from (12), (16) and (18) we can obtain
0N £2i(t) S A = Av20(t0.
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The inductive assumptions are as follows:
a) The function 02»-i(0 is non-negative and non-decreasing,

b) 0™ vk 1(rQ si Avak_2(ro), « ~ 2.
From the formula (12), v2k(t) has the form

t

Vzk(t) = (f) B~1(s)R(t)[glU(p(s))vak-i(s) + gu{p(s))vik- 1(s)]ds,
0s (s 0.

Since the function vk-i(s) is continuous, we can find a value s*(s), 0Si*(i)Ss,
such that

S

Vik-i(s) = 6 N*-i(SI)*1 = vrk-i(s*)s.
This leads to the equation
izk(0 = (f) R~1(s)B(t)[gi,(p(s))vik-1(s) + g'u(p(i))svek_1(J*)] ds.
By use of (16), (17) and inductive assumptions we obtain
t
vikit) S 8 - 1(s)R( ? ) ((X(s))*+g'{p(§)) 1] tt_. (i*)ds a O.
0
Therefore vu (t) is non-decreasing and from (12) we obtain
Vikify = Vikit) — i-2 0~ Alj
Since
Fikis) = [gh(/>(s))ik-i(i)+Aa (/> (1)K t-i(i)] S

S [9-(p(s)) +gu{p(i))ilvk_1(i*) S 0;
applying (10)—(14) we get

(21) tVikit) —v2k(t) S 0, 0si s t0.
From (12), (16) and (21) we can show that

viki*q) S (f) B-1is)[8(TO - & B5)][0&nr (s))v&K 1(s) + |9'(p (F))Ii2_2(7)] as.
Since i2*-iis) is non-decreasing we finally obtain
f B-'is) [8(10) - £CO] [9i(p(0)+

+ [si(p(0)j]"tr-ICo)<fe = ~2-I(TO-
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The inductive conclusion has therefore been proved. From these results we see that

lim 62(T,) = 0,
and also 0S Gj*(rQ” A kv2t0(zQ), where from (18), 0<A<1.
From these conclusions and by formula (8) the Leibniz series

v2(?0) = B2(ro, -1) = 1-v2tl(r0 + 12a(t0)- W2ia(r0) + ...
converges absolutely. This implies the inequality
(22) 1=v2() =1 v2,1(09 O
We can show similarly for the functions v3i(t) that
v&(t) 0,
(23) 0 s vk(T) —Akv3to(jo)>
(24) tvk(t) —34(0 —0> k —0,1,2, 0 tLWLTg

Now we shall estimate v3i(zQ. For i=0, we obtain

%,0W =
Next, from (12), (16) and (24) we can show that

i>3,iW:6 RA(s)BHO bl (pO)F3(H)+gw 3o ds =3

—f R~1(s)R(zO[gil(p(s)) + \gu(p(s))\s]v3i0(s)ds.
Since v3]t) is non-decreasing, it follows that

V3 (*0) S Bva0(10.
Clearly,

"30(To) >
5> 0.
Similarly we can obtain the following inequalities

Vs,270) = ftoB-lCoqnl)l-g.@O)'l'g(pv))w]“(% B@QQ

V&X(To) —"r3A 1(t0, k =£ 1
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By use of (23) we obtain

(25) 0S LI{'DS BAk- 1v3t0(z0), Ks 1
Finally, from (8) and (25) we find that

w(t0) = v3(t0. - 1) = »3,0bl - i%,I("0) + va,2(t0) - va 3(t0)+ ... 5=

00 [00]

N »3,0(T0)-»3,i(To) + f:1(3,2i(T(» S L'8>0(To)—l'J3,i(To)+1§O A2i+1Bv3,0(T0).

From the condition 1 the series l2=0A2'+1Bv3>r(zn) converges; that is,
R _ ABv3i0(t0
EOA2|+lBLBO(z@ = 1L A2
Then it follows that
(26) V(1 ~ vdo(t- vaj (0 + kD

Similarly we can get a lower bound for u3(t0):

»3(T0) —»3,0 (TO) /%0»3,2i+1 (To) —

i.e.
@7)
From the inequalities (23), (24) we have

0
v3(t0) — v3(tg, 1) —»3,0(To) »s,1(Tg) + TOlﬂ_lAZv3'o(tO) =

I_ 4 n, 4AJ2i30(r@.
+ A2 >

— »3,0(To) »3,1W

»3(T0 S »i,0(To)-To 4 ™ “+Ho(To) = »30(To)- T4 M T>.

Hence i

(28) »3.0(T0)- v3(r0) =§ F3,0(To0)-»3,i(To) + -To- f ~ (To)
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From the estimates (22), (26), (27), (28) we finally obtain
—4)vs3,0(ro) + doV3fX(t0) + v3iXt0) - (?0d0A +B) —1—e~i(te>s
= - (h0)+ doVa(t0) + V3 (TO] s

S -davs'o(t0) + v2a (t0)+~ T -(TodnA +B)-e~i(to- 1

Therefore, under the assumptions (15), (19) and (20) the inequality (6) is satisfied.
Thus it follows that

24 = 1-
By the general Andronov—Vitt’s theorem (cf. [10], pp. 323, theorem 2.2. for a0=0

and [11], theorem 2.1. for a~Q) the D-periodic solution uQ(t) is asymptotically
orbitally stable.

Remark 1 In the proof of theorem lthefirst estimates of r2(1Q, v3(t0) and

va(t0) havebeen used. If we apply their second estimates, then we shallreplace (19)
and (20) by weaker (but more complicated) assumptions. In this case, instead of
(22), (26), (27) and (28), we obtain

»2 ,IW -1 s LWkt0) » r2x(T0) - 1- 12>2(T0),

.y o« ey v w .. AsBvx»o(tn) .,
».1(To) ~ v3,0(10) —V32(T0) J—A2 — ~v3(To) —
.. A2BvzO(TO . R
—73,1(T0) "1 J—A2 vso 2T

-d Ov30(TQ) + dOv3:1(T - dov32(T - T° N ° " 2(T1°) <

— d3v3(10 S - dgv3o(T,) + dov3il(r0) + n

Hence we can replace (19) and (20) by the following inequalities

(19%) —d0v3o(to) + dOv3X{t0) —div3d2(r0) + £2,i (to) + i3i1(t0) —
- v3,2(t0 > (t0dOA + B),
(20%) -dgvao (t0) + dOvX(TQ + r21(t0) - v2i2(t0) + é3n (T0- vA2(0) +

+ o[V iA m A+B)<2(1l +e-~al),
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where i24(t,,), H 2(x0), v,Jj0(x0), vStI(x0, "3.0C0). p8iW and &32(tQ canbe got from
(10—(12).

Remark 2. If equation (1) is considered as an unperturbed equation, then from
the results of this paper we can still consider the existence and stability of a D-peri-
odic solution of the three corresponding perturbed equations, where 1, always denotes
a small parameter:

a) ii+g(u, it, 0)—uy(u, it, it, ft), where g and y are analytic in all variables
(cf. [20]).

b) it +g(u, it, ii)=fiy(t, u, it, it, ft), where g and y are analytic in all variables
and y is periodic in t (cf. [12]). The two above cases are considered with the condi-
tion a0=0.

¢) itTg(u, it ity —fiy —, u,it, Uft, T
) 9( ) —fiy ™ U
where g and y are analytic in all variables, periodic in n with period a0t, and vy is
periodic in t with period x, \x—x0\<R for some B, 0<5<70 (cf. [1], [2)).
3. Examples
Consider the equation

(29) U+al+bit +eh(u)— = 0,

where 0, A>0, ¢c>0, |¢/*0 is sufficiently small, h(u) is non-constant, analytic
and periodic with period 2n:

h(u+2n) = An).

max eh(u) = eN, mineh(u) = eM,

Now we denote

TaxeA'(n) = eP 0, mineA'(") = eg < 0,
where for the case e>0:
N = maxh(), M = minh(it),
P -- max A'(n), Q —minh'(u),

for the case e<0:
N = min Aln), M = max A(n),

P =min Hu)., 0- maxaw)
With these notations we obtain
(30) min [ —(€AW) —€)] = c—eN,

max [ —eA(«) —¢)] = c—eM = c—eN+2

Studia Sclentlarum Mathematicarum Hungarica 9 (1974)



366 TRAN VAN GIAP

We assume that
(31) a2< 4b.
Clearly, for sufficiently small |g] we have
eN—sM aY4b—a2
2c- eN - eM 4 *

By theorem A, (29) has a D-periodic solution uQ(t), for which uO(t+i:0—u0(t)=2n.
By integration of (29) and letting u=u0(t), we obtain

to
[»u (20)- »0(0)] + @[up (t0) -yo(x?)]+ bJUO(TO) - W(o)) =- f (ea(mo(o)-c) dt,

bWt - w ()] = 2nb = - 6 (eh(uo(t))-c)dt.
Then from (30) we see that
2nb s. (c—eM)x0,

2nb = (c—eN) t,,.
Hence
2nb 2nb
c—eM ~ 0~ c—eN'

Obviously the function U0(t) =&0(t) +a0is a periodic solution of the first varia-
tional equation
(32) V+av + bv+ eFu(u0(/)) v —O0.

Since uQ(t) is periodic in t, analytic in e and a2<4b, we can show that

io(0 = cO+£r(t,e), W(0 = Sg((g) ,

do=-~(0) = Ey(®)
where y(e) is an analytic function of e.
Clearly, in this case the conditions (15), (16), (17) are satisfied for sufficiently

small |el. Now we shall find new conditions, which are stronger than (18), (19) and
(20). From (18) we see that

o .10
(33) o< [ es[f
0 S
b b b
— a2 —a2°¢ a
where
JIr—PJ e°ss
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Next we can show that

L h h
fig f eae~a«(b+ePs)ds = -----—-- e~aP+EA2,
0 a a
where
K]
A2= Pe~aro(;c e°ssds;

v3io(t) = Tr e~asds = 1 1 e~a:
5 a a

Bo() = 4 4

V5,00 = j {é————ée—“9 ds = ?1+ \aﬁ -a—,

~3,1(t0) — / eov - ato(ir3jo(j) + 8Ri;3i0(5))<fe =

= — e "ot—eaTo—il—be ar'T0+ed3,
a a a) a

where
o fl 1 1

A3= Qe~°"°f ea™ -s+ -"Ne-as--"jds;

21 A
From the above results and (19) we have

ae-ao+ s-r- A3« ey(e)(t>3!(to> - V30¢coy)

then

(34) eao -1 —ar0+ ed4(e) > (ea»-2-c~°ro+ eJ6(e)) m ,
where

Ni(e) = y e “04 +y e n«|(E)[r31(10 - r 30(To)],
N5<0=vy @r-\)A2+j (ear- 1)y(e)tOA.

Otherwise from above results and (20) we obtain

1 1
A+—(1—e a)] 1EYfe)t0A + —11—e ~at°+ e.|/|1 2 (1+ ¢ -ato),

367
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and hence

b(1—e~ato)2
(35) N+ tan(T-~J»)" +ele(e) " 2(1 +e"a0)y
where

N(e) = a(i 1°2) A~ e~g°)[y(e) TO" + "2}

From the above results we can conclude that if the equation (29) satisfies the con-
ditions (31), (33), (34) and (35) then there exists a D-periodic solution u0(t) and
the characteristic multipliers of the first variational equation (32) satisfy the following
conditions

Oi=1 @E<1 N <I

Hence the solution u0(t) is asymptotically orbitally stable.

Acknowledgements. The author wishes to thank Prof. M iki16s Farkas for reading the whole
manuscript very carefully and giving useful comments.
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ASYMPTOTIC BEHAVIOUR OF THE SOLUTIONS OF THE
DIFFERENTIAL EQUATION
/40 = tw(Qt), 0<g<]]
by

E. GYURKOVICS

The asymptotic behaviour and oscillatory character of the solution of the second
order linear differential equations of the unstable type with deviating argument
have been the subject of some investigations [3, 4]. Kamensky has proved in [3]
that in the class of all solutions of the differential equation

@ y"(O-p(t)y(t-x(i)) =0, p(r) is 0, x(i)"0,

with variable initial values of /(Vo) and with a fixed initial function there exist solu-
tions YX(0, y 2(t) such that

limyxCO = lim/(f) = -=o,
f ao f-vco

+00
limy2(f) = limy2(f) = '
t-*-00 f-*-00

Furthermore the sets of initial values of /(fQ for which the corresponding solu-
tions tend to —° or + °°, respectively, are the intervals (— AX and (Az> + °°),
where A1SA 2, and if A1<A2then for arbitrary y'(tQ —alC[Al, A the correspond-
ing solution is unbounded and oscillatory. It has been proved in [4] that an equation
more general than (1) has an oscillatory solution under certain growth conditions
on the coefficients and the retarded arguments. To find conditions enough for
AX<AZhas been also arisen there. We prove that for the special differential equa-
tion (2) this inequality holds, i.e. this equation has infinitely many unbounded oscil-
latory solutions.

We consider the following second order linear differential equation of unstable
type with deviating argument

(2) /140 = tvy(qt),
where t=0, 1 and v> —1
Let u(t) and v(t) be solutions of (2) with the initial conditions
(3 n0) = d(0) = 1, u'(0) = n(0) = 0.
Then the solutions u(t) and v(t) can be expressed by means of the series
FERE) |
2!
4) S<0=T(1—)[A nr(%+l )
-1
v(t) = r(1+p) PRIy

tfo 'm + 1+p)
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where O<g:—’g——|—§/<l and I (x) is the well-known gamma function. It is clear that
w(/)>0 and d(i)s Oare linearly independent and

iILr.rEDU(t) = Iti-fj@u ) = il-i-To v(t) = tl—*i*—moov (t) =+ °°.

The general solution y(t) of (2) with the initial conditions

©) j(0) = a0, /(0) = ax
can be written in the form
(6) y (0 = a0u(0 + alV(t).

Theorem. If 0<<7<1 then we have A " A 2for the differential equation (2).

Proof. Without loss of generality we can assume that a0=1 We denote the
initial value al=al(x) for which the corresponding solution y(t; ax(t)) of (2) is a
solution of the boundary-value problem

j(0) = 1, —0.
Then it is clear by (6) that
@) affx) =- ~ , 0< t<=q
and by Kamensky’s result we have that affx) is bounded, because the functions
yx(t), yfft) are of the form
yfft) = u(t) + a$v(t),

YAt) = u(t) +affv(t).

ut)y =
“ for
at V() 1»
To prove our theorem it is sufficient to show that al(t) is not convergent, because
this means that for arbitrary a”tlim affx), LLE affT)] the corresponding solution

Therefore

is oscillatory. We determine the asymptotic values of the functions u(t) and v(t)
by the method used in [2] and we show that their quotient is not constant. Let

1
Q=g z=titfig
then by (4) we have

- Q2
8
- Qli{fqz?
v = TOHID R 1 (/+ 1+ fi)
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Here we have 0<B <1, 0Sz<«=, since /i>0. Let Ik={z: (k—1)Q~k+1Sz<kQ ~K).
If zC4 then one of the largest terms in (8) is the k-th one. Hence it is useful to write
(8) in the form

AR

¥ ®
©) Ut = T O 7ok 4 77y, =2 XKIQR2

_ O TifalT
WO = TR AU\ Fk+1 + i) e

where
. o R T(k+1—)
Sl K= PO\ Pk r+\-1p)

X _ 7.2 r(fec+l+g)

L _R -
kQ-kPK’r (k+r)\r(k +r+1+n)’
Using the results of [2] we have

(10) arr=1- PN o 1,

Irl & VT, A— oo

If we substitute (10) into (9), we get
(11a)
2 « t,0'"= 2 6rx2r- _r:2 (r2+r)er2™ + -%rzz Or2rx+ 6 |p |,

(lib)
2 Bk.rQTquf':_Z_(D Qr{fq xT-jAér:Z_GD (r2+ 1) (x ™ 2r

-fr_i/r(fr)2r+0(1).
The quotient of the factors in front of the sums in (9) is
re-n (M)-Xr(E+ 1+n) r@-man n* in ‘FI:
1" T(@A+AD t (k+1-u) T (\+uy)r (1 +0 @
By (11a), (lib), (12) and (7), ak(t) can be written as

r(l-& p* X

0= rary Yq

X-"B3(X)-T, .2 . (r2+1(1-/i))0 "2 + 0
y ko

() —TJc o (M T(1+11)0",2)'7M)2r+
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where
0,(*)= k=2_Oo Qktx Xk = q(%:n1 v+ QAN+ Qt'-'X-2; < = nﬁfl( -0

is a well-known theta function [1].
Consequently

] r(l-7i) ji* x-20 3(x) ( rm)
(13) «i(0 = .
ni+a) ~ 03Ne ) i + WJI*
where
k-1 1
K

We shall be ready, if we show in (13) that the function

N i
(14) H(x) = X (.)SJX)
eJigx)

is not constant on the interval [0, 1]
In order to prove this we suppose the contrary, i.e., H(x) =const, on [Q 1.

Then H(x)=H(/Qx) on the interval [/g, 1.] Since

’ x~2192(x)
H(YQx) =
(YQx) e2(xfq)
where
s ol
e2x) - 2 QY —2) X2k-1 1 +Q2x3(l + Q2x~2
is also a theta function, it follows that
(15) ei(x)e(fgx)-e2Wgx)e2(x) = 0,
for
xdUuQ, 1].
However, it is known ([1], p. 359) that
(16) 01(z)01(1)-01(z)0i(l) - 02(z)01(l)
for arbitrary z*O, where
= - ™_1 = I - - ~
9x(2) fc%—~( 1 z™-1= q0QT kx >?) nzi/ Q %2 (\-Q 2x~2

and
w = k:2_00(-1)ka”‘ZZk:qok#:l( l-02n-22(1-B2-"-2
are also theta functions. Let us substitute  1in (15) and z—J}/qin (16), then we have
0i(™)0i(i) = 0.
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But this is impossible, because all of the zeros of 04(z) are € 2' EO0+HM™ n=0,

+1, £2, ..), so 01(1)MO, and the zeros of 0j(z) are e"cge+mi, therefore 0\{Yq)
differs from zero for fi*n (notice that v is not integer).

Remark 1. The range of ax(t) can be estimated as 7—°, i.e., there are y1(Q)y
y2(0 such that
7i(0 S Wn MO< Nt ax(0 s ya(B).

Itis easy to see, that 03(n) is monotonically decreasing on the interval [\qQ, 1],
therefore
g»0) , 1 BaX) _ 1 (0
eAfqQ) QM Q2 0Afq) *

On account of 93(Q)=gq 03(1) the infinite product representation of 03(x) shows that

. B (L+0 “"12
; 08U q) < AKB1(1+Q%-19)(1+ Q2 19-)
an
1 g3(0 =1J_ rj (I+g20-12

0 o3(iq) gOQMiQ+QT-W + g~1Q%)"’

Consequently

S (B P fr (1+0 1 12

THOE r+p) A KNI+ Q 2 1) (1+ Q 2 19-1)

q2Q
and
(1+ g 2fc-1)2

ra+n "R D gaax i+ g1y

We should like to remark that in the case of v=0 a correct estimation can be
given. In this case qg=Q and

7(0 = -

MO = -
Making use of the relation (see [1], p. 359)
08(x)0!(N-0t(*)0I(l) = ei(x)ei(l),

nr B " g,(i)
ei(x) - 01(d) 02(x) - 03(1) ’

where the equality holds when 04(x)=0, i.e. at x= V”on [q, 1], hence

we have

limsupGj (/) = — 7*(?)-
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On the other hand a simple calculation shows
0,(ftx) = 0Os(x)

and
fl+92'-1]2

2ftsx{ 1+qn) X

liminfax(t) ——q
t-*-00
Remark 2. It is clear that in the case of v= —1 (i.e. when /i=1) the solutions
of (2), (3) cannot be written in the form of (4). (u(t) in (4) does not exist if fi=1,
since the function r(s) has a pole at 5—.) It is easy to see that H(x) is continuous,
and is a constant if l=—1.
Therefore
lim[ max H(x) —min H(X)] = 0.
4-1 x£[Q 1] *<E[R, 1]
In spite of this, we shall prove the following:
(A) The length of the interval [AL A7 tends to a positive constant as /z—L
Let /i=1 —e Then using the relation

reree  §ng

(see [5]), for the coefficient of H(x) in (13) we have
m2e)

ft r(2-e) ft (r{-e))2 sinne
On the other hand

A7)

x-2(i-e) _ pg--2[1+ 2elogx+0(e2)]
and

03(x) = k=2-°° (ft9dlcxxk- k=2—e)f t 2-k+elog yq(z_zm k2\q kx X+ 0 (e2.

Let us introduce the notation$

QAAft) = 2 ftxK

FAX) = 2 k2ft*x 2k, F2(x) = 2 (k -\Vfftx ™Kk,
K—@ k=-00

s =slQyrt.

1+ 2slogx + O(e2) 03(x\ft) + eFj(x) + O(e2
(ft-1 02(x \ft +EéF2(x)+ O ft

Thus we have
H(x)
and consequently

H(x) = ftl+ e logx2+ 0(e?) 1+ +°(fi
) g (a)l 0s(xjft + eF2(x) (12
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Therefore
(18) max H(x)— min H(x) =
xelfi.i] xdfi.il

ifn- r,(Xj-F.fr,)--------

\ 03(xilyq) + zF2(x) 03(x2l/q) + eF2(x ) J

for any x1Irx%\Yq, 1]. By (17) and (18) (A) will be proved if we show that
(x) - F 2(x)
Axtyq)

does not hold identically on the interval \Yq, 1]. Notice that

Fl(x)-F 2(x) = k:2_00 2kigR ike3(x\yq),
and
-a’;(-93{x\Yq) = k:2_002kx"-'lfq'.
A simple computation shows that

x93(x\fq) jé const.

which completes the proof of (A).
Finally we give a numerical example. The calculation was made for the dif-
ferential equation

by the computer CDC 3300.

Table 1
X 0,5 0,603553 0,707107
approx, values of a, (t) by (13) -1,189204 -1,189207 -1,189210
values of t for x's on the 0,102400 X105 0,123608 X105 0,144815 X105
interval /10
exact values of ai(t) -1,189188 -1,189206 -1,189223

M) = -1,189210, y2J--j =-1,189204.
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Table 2

The exact values of ar(t) for small t's

/Yrex (Omaex ~min ~1(Omin
2,3 -1,176889 47 -1,192039
8,7 -1,188145 15 -1,189724

25 - 1,188911 40,8 -1,189310

65,4 -1,189076 100 -1,189301
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ON THE UPDATED MAXIMUM LIKELIHOOD ESTIMATORS
by

O. TUSNADY

1. Introduction

For the problem of estimation of the parameters of time series the method
of Box and Jenkins [1] is a popular one. It is based on the model

p q
in 2 Vjin-j

1=1 7=1
where c,, is the n-th element of the investigated process, the random variables e,
are supposed to be independent or at least orthogonal, p, g are known and  (pk, (09
i/q, ..., Milgare unknown parameters. Box and Jenkins developed a modified version
of the maximum likelihood method for estimating the unknown parameters of the
process. Their estimators are “off-line” in the sense that a set of observations is
made and estimates of the system parameters are computed on the basis of the
entire set of observations. There is a general aim in the engineering literature produc-
ing on-line estimation methods. The advantages of the on-line methods are the
following:

i) they need small memory-capacity;

ii) they need short computer time;

iii) in case of on-line control of the process they are able to follow slow changes

of the parameters.

The disadvantage of the on-line methods is usually their inefficiency. On-line
methods in time series analysis where developed by sakrison [8], Who used a dif-
ferent model, and solved roughly speaking the case q=0, and by Menra [7] who
investigated the Kaitman—Bucy model and concluded by updating the roots of
the Y ure— Waiker equations, which are very inefficient estimators.

In a problem connected with the basis weight control in a paper making process
the method of stochastic approximation was used too. We started with the simplest
iteration

B = <P +cnenent (k= 1,2, ...,p)

@) = TIn~X)-c nEhrk  (k = 1,2, ...,q)

for /1= 1,2, ..., N where N is the sample size, and with c,,=0-2/n.

The first results were very encouraging. For parameters p, g small enough
the iteration was convergent, stable and served as nearly as good an estimator as
the modified maximum likelihood method of Box and Jenkins. For large p and g
the iteration was convergent but the estimators created by it were very poor. These
preliminary results have shown that the application of the stochastic approximation
for the estimation of the parameters of the Box—Jenkins model needs some theo-
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retical investigation. This investigation has begun in this paper and will be continued
hopefully in subsequent papers.

In the present paper updating of maximum likelihood estimators is investigated
in case of independent sample elements. It will be proved that the maximum likeli-
hood estimator and its updated version are asymptotically equal. This statement
is subject to generalization for time series. For the sake of proving our statement a
theorem on stochastic approximation was developed which has interest in stochastic
approximation, too.

2. The updated maximum likelihood estimator

Let G £2, ... be independent, identically distributed random variables with
density function f(x, 9) where 9 is a one-dimensional real parameter. The loglikeli-
hood function of the first N sample elements is

N

L(x!',x2,...,xN;n)= /_1log/O;, fOm

If there are no constraints on 1, the maximum likelihood estimator is the root of the
equation

/2_1K (xhn) =0,
where

*<kgF>=j'e N> = ffo-
The asymptotic variance of the ML estimator is /NV(9), where

V(i) = D|W , Ly =- E [A-K(f, £)].
The regression function
RM = BAT fi)
has the root 4=9, that is why the stochastic approximation type iteration
9,=9n 1+cnld n9n D) (n- 1,2, ...,N)

may be suggested. The only question remained how to choose the coefficients c,,.
It is well-known in stochastic approximation (cf. wasan [9]) that in the case

c,,=— under some particular conditions the asymptotic variance of 9, is v/n, where

with
*=_-RM = V(9)

a2= oW, 9 = V(9).
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This Vhas its minimum when c¢=1/V(9). In this case v—I/V(9), i.e. the asymptotic
variance of our estimator would be equal to that of the ML estimators. The only
problem is that 9 is the parameter that we are looking for, so we do not know this

optimal c.
The situation sketched above motivates the choice of the function
. K(x, fi)
Wb 1= Vi)

In this case the regression function
RH(fi) = EaH (" fi)
has the same root fi=9 as Rk(fi) had, but now

30) = -1.

So the optimal coefficients in this case are c,,=\/n. The updated form of the ML
estimators is given by the iteration

5,= 0n i1+ 1a(”,9n0.

This estimator was proposed by M. B. Nevelson and R. Z. Hasminskii [5]. They
proved that 9,, is asymptotically as good as the ML estimator.

The investigation of the asymptotic property of the ML estimators is based
on the fact that they are near to the average

5a=" 2 mi, 9

in the sense that yN(§N—&N) tends to O stochastically (cf. Cramer [2]) where 9N
is the ML estimator. We shall prove the similar result for the updated ML estimators.
Hence we prove that 9Nis not only as good as the ML estimator but they are asympto-
tically equal.

3. A theorem on the stochastic approximation

Let £, £i, ~2>+ be independent, indentically distributed random variables and
let H(x, fi) be a function of two variables.

Condition 1. For arbitrary <5>0 there exist A>0 and >0 such that
ET(H(C,u),a)s —£ forall a~ A, fir §

and
ET(H(Z, ). @) e forall a” A,
where
x if Ay
Tx,y)= y if x>y
_y |f x < —y

i.e. T(x,y) gives an x truncated at y.
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Condition 2. There exist A>0 and 0 such that
EH2(C, fiy» G forall W~ A

Condition 3. The function
B [ = EH(£, fi)

is differentiable for fi=0 with jR(0)=0, R'(0) = —1.

Condition 4. The function h(fi)=H(x, fi) is twice differentiable for all real x
with respect to the variable fi, and there exist Ax>0 and ¢2=-0, ¢3>0 such that

E(tf"(¢,A0)23yc2 forall \fi\"AX,
and
E#4(E, fi) c¢3 forail i =8 Ax,

where H"{x, fi)=h"{fi) is the second partial derivative of the function H(x, fi)
with respect to the variable u.

T heorem. Conditions 1—4 imply that
YN i*N ~&n)
tends stochastically to 0, where 9N is generated by the iteration

s.=S..i+T VrM) (h=12..)
with arbitrary 90,

Sy = N ;i:i H(t,, 0),

and T(x,y) and A are defined in conditions 1 and 2.

Remark. The idea to truncate the steps in the original Robbins—Monro itera-
tion is due to Komlss and R évész [6].

4. Lemmas used in the proof of the theorem

LEMVB 1L Condition 1 implies that
lim P(min (3x, 9%k+1, 9N~ §=0
Ar=oo
and
lim P(max(3t, 9k+1, ..., 9N} s -S) =0
M= 00
for all (550 and k=0, 1,2, ... .
Proof. We now prove the first assertion. Define e, by
11 if o9nir s
e"= (o Iif
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and eNby
N-1
% — I ¢
Then the events {min (9fc Sk+1, N ~Grand {er+1= 1}are equal. The random vari-

able .9, is for e,,=0 equal to 0 (of course) and for £,,=1 it is at least —A because
£,=1 implies that d,,-1S6 and Sn—9n. 1* —A. Hence

)

with C=min (0, 0—A). Moreover

anr3y, 1+7-4(\,9n D rlj if e,=I,

e,9, =
if £,=0
and
EIT\-H tf,,, Af = 11==————n—
if NAA>A. Hence
E£719n S P(En = 1)
if
n>n0= max k
“[41).
and
Efi,3, £,0900- £ j:r%l "']y p (8y = 1) s Een,5,0-£P (£n = 1)j —nél J4 »
because P(e7= 1) is monotone decreasing inj. So we have proved that
E£1,1191111-C
Pen= )" 1
£ j=%0+1 S

which tends to 0.
Lemma 2. Condition 2 implies that for all a<—, and d>0

lim P(supn*|0B-S r-ile,,-,. S § = 1,
nr-~ nsN
where
1if 9\~ A
0 if 9> A

Proof. Condition 2 implies that
£(P.-9%-Ne S 4 sup EH2({, 2 S4
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Hence by the Markov inequality
P(sup«®'[5n-5n_1e, > S) 2 P(nal9,,-9,,.5s,,> S) =
n=N

«fi. y ,,-2A1«) < £1] ar2«l
- B,A - B ’

which tends to 0 as TV—°° for a-
Lemma 3. Define the random variables e, by

L, Jon=
£ 10 if |3,]>«5,
£n by R
_J1 if ra*n-~An-l N 0O
E'_ 10 if rr\9a-9s_r >
ani/ 1j,, by
= n:I;JJrlenEn—

The conditions 2—3 imply that for every a< — i/zere w a <5>0 such that

E(m"N:I-k ‘]‘|S+¥Q

if |5t]"<5, N>k, for arbitrary k.
Proof. Denote by G,,{x,f) the sum

Gfix, u) = T(H{x, u), nA)+u.
Then

1
5»= 1-7

It is easy to see that Conditions 2—3 imply that

[E(G.({..,S._D|S1-1,~ = 1) ~c|9,-i]
E(C2(",, 0,= 1) & ct.
if |6n_!|<6 with constant C4 and arbitrarily small c if 6 is small enough. Hence

E(m-ié,=1)= Al-js° i+

s~ —JmiEG.en, £= D+
f(G,t,U|J,.i,4=i)s *
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if |9n_]J<(5, and a=1 —¢. Moreover
Em,-!, —I>h—1) —£ » ni,e;,= 1,

leading to the conclusion of the statement of the Lemma by elementary calcula-
tions.

Remark. Itis easy to see from the proof of the lemma 3 that its statement remains

valid with the modification
N

Vh = n:H | n-
We refer to this statement as Lemma 3*.
Lemma 4. Conditions 1—3 imply that
N|IP;10 P( mlAn \jaSj\ é §=10

for arbitrary
a-c-j, $>0, IsO.
Proof. It is easy to prove the above statement for a—0 with the method used

for proving Lemma 1and Lemma 3. Using this fact we can conclude that it is suffi-
cient to prove that there is a p >0 (which does not depend on k) such that

APl in 9~ @ p

for arbitrary a< i, <5>0, k"O. That is what we shall prove.
Denote sn, AN for the same variables as in the proof of Lemma 3, but with

if 0S9.S1
A H I otherwise
for 0S:9kSO
fo 1= "k+ 1 ¢
E(fc_I!= 1S M1 * 4
as Lemma 3 stated it. Hence
=1)s |

if N is large enough, so the conditional probability
PUV-BW< 5lijw x= 1)

is as near to 1as we want it if N is large enough. Define «n by

N
- _INn(~An~ Ao
TN= Sk+ n:&ﬂﬂn I"n("n~"n-1)9
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Then E(tNOKsSk, hence P(tv<0|*V 1=0) is bounded from below if P(i/N x=0)
is large enough. If sN=tjN=1 and SN<O, then — On~X SO We can prove our
Lemma by gathering the conditional probabilities.

Lemma 5. Define en by 3
11 if \W»,,\"S

=10 if |3,|><5

and rjN by
N
his — n e
n=k+1

Conditions 1—4 imply that if k* for some «=y and with 6 small enough, then

E(@Ats = 1) »

Em * =i) "
for all N>k.

Proof. The first inequality follows from Lemma 3*. The proof of the second
inequality is similar to the proof of Lemma 3*.
5. The proof of the theorem

Define £,and fjnagain as in Lemma 5 by

JI if
i—o If w>$8

N
Hv— 1
n=k+1
and denote the event £ = 1} by BkN. Define e, and rk by
J1 if h*H#1é 5
£'= (o if n¢3,) < &
hk= Ile
and denote the event {fijk-i= 1, fjik—0} by Ak. The statement of Lemma 4 implies that

P = 1
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We prove that P(BKN) is as near to 1as we want it for suitable a and <§ and that
the conditional moment 5N2AKBKN) is 0i”j. These assertions imply the

statement of our theorem.
Denote by G(x, q) the function

G{x,n) = H(x, u) +u - H(x, 0).
Condition 4 implies that there is a ux such that
G(x, fiy = (H'(x,0)+ Dn+j H"(x, rx/i2

and for |/il<dx
E[H"(C, /i)]2"C 2

If 6c — A, and the event AKBKN occurred, there is no need for truncation between
kK and N in the iteration, hence in this case

K=(-1) _x+1(H({.0)+G(C, 3,_)).
Denote by t, the difference 9,,—3,,, where

1
=12 0),
then

SO
I
= ﬁ J -I:,'l + _G(C111 811_)0

as long as k<n”N and the event AKBKN occurred. Nevertheless we can define the
sequence t, by the above iteration starting from some value

bt = 3k—3k

without any reference to the occurrence of the event AkBkn. In this case the above
calculation shows that the iterated tn equals 9N—3N if AkBKN has occurred. That is
why estimating the moments of the x,, produced by the above unrestricted iteration
we get estimates of the conditional moments of the difference (ON—3N.

Denote by $inthe cr-algebra generated by the random variables {"x, £2, ..., £}.
Let us note that it has no importance whether 30is a random variable or it is a
constant. If 9ais a random variable, however, then let ,rJnbe the a-algebra generated

by {So,?!, fs,
B V»-i) = (I-]) 1221+~ (I-{)r,_ 132 IHGK(in9, JK_D+
+ [ e(gi(i,,si K .
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where
Gx(x, 1) = n~2[G(x, u)-(H'(x,0)+1)u~].

Condition 4 implies that for
and

EIC'OUA -JK -iJsc.t..

Using the Schwarz-inequality twice and by Lemma 5 we can conclude that in case
the event AkBKN has occurred, then

e ik -o s [ [-MIEr+CnM-*-3

Denote } - f T12dP by 6, then for k<n
P(A™ AKL

(1-1j ™ -xt+Cjox-1"3,
hence

S (4)4+C o -»om>- (4)44+c,»-.

Here 6k<C1X~2x which is unfortunately large. That is why we have to change
our initial xkto 0, which would imply that

3n-5,, =r1, —n! (1_191(&, 0),
if AkBKNhad occurred. In this case
K, Cnn-3*
and the conditional probability P(BKN\AK) is estimable by
Ci2n 2 K|

=k +1

if . Hence P(BKN\AK) is as small as we want it and we can finish our proof by
elementary calculation.

6. The multi-dimensional case

In the one-dimensional case there is no difference between the iterations on
the functions K and H from the point of view of computer time. In the multidimen-
sional case, however, the function H would be equal to

V~1(ji)K(x, fi)
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where K(x, p) isa vector formed from the partial derivatives of the likelihood function
L with respect to the coordinates of the parameter p, and V(p) is the covariance
matrix of the vector K(C, p). The inversion of the matrix V(p) in each step of the
iteration would be a great disadvantage in the multidimensional version of our
iteration. That is why our theorem was not generalized to the multidimensional case.

There are methods of non-linear optimization without inversion, developed
first by F1etcher and Powel 1 [4] (see also in [3]). Their iteration includes a separate
iteration for V~1(9,), and that is what we should like to apply in the multidimen-
sional case. Hopefully the asymptotic equality of the ML estimator and its updated
version remains valid for this case too.

7. The updated Box—Jenkins estimator

Let us return to the ARMA (p, q) model

L=2 2 'l'ignj+e,
7=1 7=1
investigated in the introduction. The basic idea of the Box—Jenkins method is

to replace the clumsy exact likelihood function by its approximation based on the
error term

P 4
en=1.- 2 <PjL-j+ 2 'I'jSnj-
7=1 7=1
These e, are calculated step-by-step from some initial values €el,...,eq and from
the sample Our function K is now
d 2 - b

where 9 is the vector formed from the parameters (5 ..., qp, t/q,..., i/q). So for
the sake of updating the Box—Jenkins estimators we have to calculate by iteration

the derivatives s too.

Let us denote these derivatives by y, a vector of dimension (p+q). The iteration
foryis:

Vi'» = - L-J+ 12_1 NQn—I)yK |) N = 1, eoen/>)»

Yirb= e, i+ 2 A 1yjn 0 U =p+1, e p+a)

(Let us remark that the lack of this iteration very likely caused the bias of the first
computer-method mentioned in the introduction for large p, q.)
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Denote the covariance matrix of the stationary solution of this iteration for
fixed 3(n—3 by V(,9), then the updated Box—Jenkins estimator is the following:

10 =

n

where e, is a scalar, is vector of dimension r=p+q and V~1(fi) is matrix of
dimension rXr. The sequence e, is generated by

en= . - j2:1<p}"~1)€n-j+j§1
and y(n) is generated by the above written iteration.
In the special case p=0, g= 1 the iteration has the form

+
y0 = +

(") = T & Ly (- 2y (1,

where all the quantities are scalar. Perhaps some truncation on 5() would be suitable,
e.g. to cut it down to an absolute value of 1 In the general case the easiest way is
to check the error terms sn and in case of extremely large absolute values to cut
down 3(simply to 0.

The disadvantage of the present form of the iteration is the inversion of the
matrix V in each step. We intend to substitute a Firetcher— Powel1 type iteration
for it and in the final form the iteration will be running on four lines:

(i) the iteration for the error term,
(ii) the iteration for the derivatives,
(iii) the iteration for the inverse matrix,
(iv) the iteration for the parameter that we are looking for.

A further slight disadvantage in our method is its dependence on the initial
values y(0). 90, %, sg; that is why a certain feedback is proposed for off-line
situations. After the first run we can make the next runs using the final parameters
of the previous run as starting values and run over the same data field as many
times as we want, counting the seps in each run again from 1 or counting them
continuously from 1to kN where N is the sample size and is the number of runs.
In the latter case, if the iteration is convergent, its limit equals the Box—Jenkins
estimators, so our method provides a method of numerical evaluation. Our impres-
sion is that for small N a relatively large k is needed and for sample sizes large enough
K is small, perhaps 2 or 3. Having only asymptotic results on all types of estimators
the question is still open whether it is worthwhile for small N to locate the exact
minimum of the likelihood function. The finite sample properties of our iteration
with small kK might be equally good (or bad) as the finite sample properties of the
ML estimators.
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PARAMETRIC APPROXIMATION OF CONTINUOUS FUNCTIONS
WITH BOUNDED VARIATION

by

M. G. NICOLCHEVA

The problem of parametric approximation of functions was stated by BI. Sen-
dov [1].
Let Hn be the set of all algebraic polynomials of degree n and let us denote
fim = {p()\p(x)enT,p'(x) * 0, bl;p(a) = a,p(b) = b}
For every function continuous in the interval [a, b] the number
= inf inf max\f{p(x))-Q (x)\
p(LHm QCHn x€[«,b]

is called the best uniform parametric approximation of order (in, n) for the func-
tion /.

The uniform parametric approximation has the following properties: for some
classes of functions with singularities the order of Enn( f) is better than the order
of usual uniform polynomial approximation and the order of £,,,,(/) in these cases
is about the same as the order of the rational approximation.

For example:

I. Let us consider the function |od, jeC[—L, 1].
1 For the best uniform (Chebishev) approximation by means of algebraic
polynomials of degree n we have [3]

*»(Ne) = o ({).

2. For the best uniform rational approximation by means of rational functions
of degree n D. Newman [4] has obtained that

ENM) - 0{e~L,.
3. For the best uniform parametric approximation BI. Sendov [Z] obtains that

£m (W)~ 41+ /2)-m

Il. If the function/ is piecewise analytic in [a b] then:
1 For the best uniform approximation by means of algebraic polynomials
we have
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2. For the best uniform rational approximation P. Szisz and P. Taran [9]
have obtained that

Ef(f) = 0{er*LL.

3. For the best uniform parametric approximation J. Szabados [6] has ob-
tained that

Endlr n”= k" e~dT}

In this paper we obtain that this analogy between rational and parametric
approximation exists also in the case when/is a continuous function with bounded
variation in [0, 1.

The following results are known:

I11. If/is a continuous function with bounded variation and/£ Lip a, (0<a«=1),

then:
1. For the best uniform polynomial approximation we have

e - AN,

2. For the best uniform rational approximation G. Freud [7] obtains that
W > =o0(l25/).
IV. If/ is a continuous function with bounded variation in [a b] and
co(/; O w Kk log“*-i-, (a> 0)

where co(f; (5)= su L, |[/(x)—F(y)\ is the modulus of continuity of/ then:
X-Y|Si
1. For the best uniform polynomial approximation we have

£,(/) = O{\og~*n).
2. For the best uniform rational approximation G. Freud [7] Obtains that

E*(f) - O(n *+9.

In Theorem 1 of the present paper we prove that if/ is a continuous function
with bounded variation in [0, 1] then there exists an absolute constant c0* such
that for every k>0 and every natural number n such that kué/ we have

log kn

log kn
E,M)Sc, B/ " <v+) )

From here we obtain an analogy between the parametric and rational approxima-
tion also in the cases Ill and IV.

* Here and in what follows c0,ct, ... denote positive constants.
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1 In Theorem 2 we prove that if/is a continuous function with bounded varia-

tion in [0, 1] and
w(l; 9s c2& (a< I
then

£,,</) = o (iff7).

2. In Theorem 3 we prove that if/ is a continuous function with bounded
variation v in [0, 1] and

co(f; 6) s &log-“y, (a> 0),
then
& c3(v,a)n 1+7

Lemma. For every continuous function f with bounded variation v in the interval
[0, 1] and for every e>0 there exists a monotone continuous function

4>0, 7%€[,1, (@) =0, ge()) =1
such that
co(/(<P£(0): & » VO+E

Proof. Lete>0 be arbitrary. Let us consider the function ge(x) = \éf(t) X X.
The function ge is strictly monotone and continuous in [0, 1] and gcglo, t>+y]|.

Consequently there exists a monotone and continuous function qc0>0=ge-1(wc+y
in [0, 1]. For the function gewe have £(0)=0, gz(\) =\ and for every t and n£[0, 1]

f(<PAY))~{<PAU\ B f\g 7 1\t
V i®)= V m- V N

eL (M +yi])-yfe M i +yij-~ 17 AU +ynl+y-AM+y») A

tt+y i-y UM+y ge1\WU+—U-ge1\Vt+—t ~ W—U+E

This proves the lemma.

Remark 1. Itis easy to see that if/is monotone then for every e>0 there exists
a monotone continuous function <e(t), ?€[0, 1], €((0)=0, 8(1)=1 such that

/bl O)-[("+)'+40 "e

Studia Scientiarum Mathematicarum Hungarica 9 (1974)



394 M. G. NICOLCHEVA

In the proof of the next theorem we need the following result from [8]:

T heorem A. FoOr every continuous monotone function /(/), i£[0, 1, \f(t)\=M
andfor every k and every natural number n such that kn”I, there exists a monotone
algebraic polynomial pn(t)f Hn, iC[0, 1] such that

(p{k\Fp.)t oo toTkN

where Cfon = ) ' y
<P(kifpr) = max, max {min max [k-Lix-y1.\f()-p g,

z%ﬁ max [K~r\x—y\, \f(y) - a W|]}

is the Hausdorff's distance with a parameter k betweenf and pnin the interval [0, 1].

Theorem 1. Letfbe a continuousfunction with bounded variation v in the interval
[0, 1]. Then there exists an absolute constant cOsuch thatfor every k and every natural
number n where kn”l we have

(Di lojM logfa,
EnN1N Sc J kn J n

Proof. Since/is a continuous function with bounded variation v from Lemma 1
it follows that for every e>0 there exists a monotone function ge, cpf =0, ge(l) = |

such that ce(f((pe(t)); 5)"vO+s. Let us set <5=e=—. From Jackson’s theorem
(see [3]) it follows that th%e exists an algebraic polynomial gn£Hn such that £,,=
= <p(/(<Pi/n(0);<7n(0)= 12 ——. Let us consider the function gil/n. From Theorem A

it follows that for qi/n in [0, 1] and for every Kk and natural number n where kn”" 1
there exists a monotone algebraic polynomial pndHn such that

t(L; @In®), pjt)) c4 e

From the definition of Hausdorff’s distance with a parameter k it follows that
for every ?£]0, 1 there exists uCl[0, 1 such that

log kn log kn
\ d 1,(0 <r>Un(uyl s En

(1) \t-u
Let us set
_ Pn(t)~Pn(0)
PO = Pn(i)-pn(0)

pnis a monotone polynomial and pn(0)=0, pn(\) =\. Let us estimate pn(0)| and
[1—(En0)- AO): _

incé pn and qi/n are monotone and /n(0)=0, (EUn()—L from Theorem A
(from (2)) it follows:
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1 There exists a point ©€[0, 1] such that
\u\w ¢c”, |p,(n)- <H0)A car |~

2. There exists a point t£][0, 1] such that

log /n
=£c4- 9", I<Pin(0-Pn(0)| S MIOEnm

Then we have

log /mn

PN(O) = P.(0)-<pIN(0) Zpn(v)-(pitn) =)
) . log /n

-Pn(0) S <Af1(0)-pn(0) =i <AM(t)-Pn(Q) ~ ¢ kY

and consequently

log Jin
A h,
We have also
[1-bl O-A(0))] = [®UAL)-A(L)+A(0)] & |b,/.(1)-a (D+ |n (0)
From Theorem A it follows:
1 There exists a point u€[0, 1] such that

hvOi-AMlac!0**"

kn
2. There exists a point tE[0, 1] such that
\on(l)-<pn(t)\Ac 'O?M""
From here we obtain
log kn

<Pi/»(1)-A(l) S (pVn(l)-pn(u) - ¢ kn »
A (- 1) S /500 = 1O

Consequently

19»i/.()-A (1)|Scir
and
li-(a(1)-a )
Let /€[0, 1] be arbitrary. Let u be such that t and w satisfy (1). Then
[/(a (0) - a (0] S |/(A(0)-/(d U»(«))| +
+ A<M «))-A<M)| + [BHR0)-?»(0] s

s 1/(a (0) —A<PYA(M)| + u|n— + 12
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On the other hand

\pn(t)-<Piin(u)\ ]I:rz(3~|;nn((%)) <Fifn(w)

PAt)-(pn(l)-Pn(P))<Pi/Au)-Pn(0)
A(1)-A(0)

, logfcl/i , , logkn
1- c4 kn g a(l)- ACP)gl+Q fon

Consequently

log kn
Pn(\)-pA®) = +<*> kI ~ G |,
Then
©)] \Pn(t)-<Pi,n(u)\ =S c8|pB0 -<pln(u) -<xn(piin(u)-pn(O\ ~
S cB[l/>RF) —g0/n(u)| + [p.,(0)] + |a.PUn(W)[] & ce”j|p
because
. log kn

IPU QI = 1, ynPVAN" kI S G-

Then
log kn log kn

\H{PR(t)-0,(\ = @ W /; . +0+ D)
The theorem is proved.

Remark 2. If/ is a monotone function, from Remark 1 and the proof of the
Theorem 1it follows that

. log kn log kn
Ei,«(/) ScO4/; |y +O+1

Theorem 2. Letf be continuous function with bounded variation in the interval
{0, 1] and co(f;06)"c20x, a<1. Then

@) Enn(fy =0 % i [ 1

Proof. Let us set in Theorem 1 k=n *. Then

log kn

I
+(r+l)- =o 9"

The theorem is proved.
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Remark. It is easy to show that the order of E,, n(f) in (4) cannot be better

than 26+ 1)’ Really, let us consider for every n the function
(-1~ L if boa +1
2(n+ 1) ’ n+ey o 1 T0 ML
*n) i i+l

linear in the interval M1’ Ul

It is evident that E,t, ()=
log«

1 L , .
20+ 1) and v(j/m=1. We don’t know if the order

is the best possible.

Remark 3. If/ is a monotone function and co(f; 6)” ¢3* then from Remark 2
it follows that

£,.</) = of'°®n

Theorem 3. Letfbe a continuousfunction with bounded variation v in the interval

[0, 1] and e (f; 6)"kx log~aJr in [0, 1], (a>0). Then
&
En,, {f)" cO(v,cc)n 1+*

1

Proof. Let us set in Theorem 1 k=en 1+a- Then

kn log kn
E,.n(f) $ d log kn (vl En
S c8jc9(a)c 1+04-(u+ 1) 4- logn S c3(p, a)n 140

The theorem is proved.

Remark 4. 1f / is a monotone function and cu(/; 6)Skx log- % then from

Remark 2 it follows that
g

Ei,n(f) —c3(o, cc)n 1+

I wish to eexpress my thanks to Dr. vasit Popov for the support and encourage-
ment.
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THE BAHADUR EFFICIENCY OF THE REIMANN—VINCZE
STATISTICS

by
H. L. KOUL and M. P. QUINE*

Summary

In two sample testing problems it is known that Reimann—Vincze (R—V)
statistics [5] have null distributional advantages over K olmogorov—Smirnov (K—S)
statistics when sample sizes are nearly equal. In this note we show that their relative
Bahadur efficiency is unity in this case. This lends force to the argument that R—V
statistics are preferable to K—S statistics when sample sizes are close.

1. Introduction

Suppose we have two independent samples XX, Xm; Ylt Yn, from con-
tinuous distributions F, G respectively, and wish to test HO: F—G against one of
the alternative hypotheses H1: FAG or H2: F>G. Writing Fm[GJ for the first
[second] empirical cumulative distribution function, it is well known that the Kol-
mogorov—Smirnov statistics

Ky = (mn/N)22sup |[Fn(x)-G n(*)|,
(1D Kit = (mn/N)l‘Zs&g {Fra(*)-G,,(*)},

N=m+n

have certain desirable properties, including, when m=n, the existence of simple
closed expressions for the probabilities P2—P(KN>x), P1=P(Kj!; >x) under HO
(see e.g. Hodges [3)).

Hodges also demonstrates in [3] that in case m”~n, the problem of computing
these probabilities is of considerably greater difficulty. He notes (p. 477) that the
case where m and n are nearly equal is of practical importance (e.g. equal sample
sizes are intended, but some observations lost) and develops a theory in which an
asymptotic expression ([3], eq. 4.10) is derived for Px in case m—n is bounded as
m, /1--°°. He concludes that the error of the Smirnov approximation to Pi (i.e. e~2X)
may be quite large even when n is large, particularly when nt—=I. P2 presents
even greater problems.

To overcome the above difficulties Reimann and Vincze [5] proposed the
statistics Bjt and BN, where

By = A*12sup {mFJx) - nGn(x)}

* This author’s work was done under NSF research grant number GP-31123.
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and
BN= N~1Risup \mFm(x)-nGn(x) + " ”;mL
Note that if
Bn = N~12sup {nGn(x) - mFm(x)},
then

(1.2) BN = maxK B , I'}_

and that when m=n, Bfi =K$ and BN=KN.

In [5], Reimann and Vincze show that tests based on BN[B£] are consistent
against H1[#J provided (which involves no loss of generality), N->-°° and
Y ~1/2(n—m)-*-2cs0. The case c=0 clearly covers the situation m—n bounded dealt
with by Hodges [3]. They also show that the small sample null distributions of these
“R—V statistics” are much simpler than those of K—S statistics. They derive ex-
pressions for the asymptotic null distributions of their statistics when the above
limiting procedure obtains. Stirling’s formula may be used to show that these limits
are approached in an orderly way (Quine and Robinson [4]) — a decided advantage
over K—S tests in this situation. While having the above advantages, the R—V
tests continue to share other properties of K—S tests. For example, the statistics
are all easily computed, and the tests based on Bj$ and K$ are unbiased against H2
(because both are monotone rank tests).

The purpose of our note is to show that when N~12(h—m)-»2c”0, the R—V
test is as efficient, in the Bahadur sense, as the K—S test. Thus one may prefer to use
the R—Y test when n and m are not too far apart.2

2. Bahadur efficiency
For an elaborate discussion of Bahadur efficiency we refer to [2]. From there we
recall the following

Lemma 1 (Theorem 7.2 of [2]). Suppose TNis a test statistic to test the hypothesis
0CO0Ovs 0€0x—O —OQ &CcR. Suppose

(i) N~I12TN 0(0) a.s. when B£B1
and
(i) lim N-1logPe(TN~ N12t) =/(OV0€00
N —+mD

andfor each t in an open interval containing the range of 0(0) and on whichf is con-
tinuous. Then the exact slope of the test {Tv} is
C(0) - 2(0(0)).

For our purposes we will be taking 0 = {(F, G); F, G continuous cdf’s on R},
0 O={(F, G)£0; F=G}, 0!={(F, G)€0; O<sup |F(x;)-G(x)|< 1}. We shall also

need Oi+= {(F, G)€0; O<sup (F(x) —G(x))< 1}
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Finally we would like to recall from [2] that the Bahadur efficiency of test
relative to {TNZ} is defined as the ratio of their respective slopes, C1(0)/Cr(g),

Be& 1.
We now proceed to derive the exact slope of R—V statistics.

Let
(2.1) g(t) = (1+t) tog(l + 0+ (I —f)I°g(l —0» 0 < t< 1.

Proposition L Ifn>m; (n-m)N~12~2c, c*O as N=m-+n-+°°, then the exact
slope of BN-test is

(22) CRM0) - g(d@Q))-, d(9) = sup F(x)- GO\
and that of B"-test

(2.3) CRM0) = g(d+(0)); d+(8) = sup (F(x) - G(x)),
with

e = (F,G)tel.
Proof. From [5] we recall that

N |A4r
m—k) In
where POstands for probability being computed under the null hypothesis HO: F=G.

Now let {tv} be a sequence of numbers such that tN-*t and {NtN} are integers.
Then we have

(2.4 PO(BT  kKN~12) = —0,1, ..., m,

POBIA ™ TW%) = NeRI + Ny

+12pM+1/2
(m- Nt)m N+22(« + Nt)n+H\E+12
using Stirling’s formula and tN-~t

since N=m+n

\
(2.5) T {@—2i)2~'(1 + 20)12+}~N

KHIANT

using n/N, m/N—1/2.
In the above ~ means that the ratio of two sides tends to 1 as in the
above fashion. Hence from (2.5) above we have for any sequence tN—,

(2.6) mN-1 log PO(Bjj » N12N -/(i) = Ig(2r).

Considerations of symmetry and the fact that w~m imply for any sequence

fuy s
2-7) —N '1log PO(BZ s N ~tN - f(t).
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Applying (2.6) with tN=t—(nh—m)N \ recalling that (n—ri)N 1—0, we have

(2.8) —MN\1 log PO(Bfi —(n—m)N~12 sr tN12 -/(?)e
Using (2.7) with tN=1, (2.8) and (1.2) one sees that
(2.9) - N-1logPO(BN™ tN12) -/(0

where / is defined by (2.6) and (2.1).
Note that/ is continuous on (—L1/2, 1/2). Next note that in view of n/N—
—1/2*-m/N, we have by the Glivenko—Cantelli lemma that

(2100 N-IBt- —d (0) = "sup(F(x)-G(x)), as. VO€o!,

N -1I2By - \Zd~{r3) =Z-U>L(1p(G(jc)-F(x)) as. VO£O©i.
Using (2.10), (1.2) and the fact that (n—m)N~1" 0 we have
N-"I2Bn- j d(9) =] sup|F(*)- G(*)|] as., 9=(F, G)EOL

Thus Lemma 1above is applicable to the statistic TN=BNwith b(9) —I/2d(0) and/
as in (2.6). Hence the exact slope of BNis

CRM0) = 2/(0(0)) = 2.-2 g(2b(0)) = g(d(Q)).

Note that O<T>(0)<1/2 for B£0 1. Hence the interval on which/is continuous con-
tains the range {b(9); 0C0L}=(0, 1/2). Similarly the slope of Bg is seen to be one
given by CRV0); 9¢_0Oi . We terminate the proof.

Using Stirling’s formula, it can be shown that in case n—m,

(2.11) —tim TV-1log PO(KN is tN1/2) = /(*),

for all t£(0, 1/2). Furthermore, Theorem 3 of Abrahamson [1] shows that in the
general case of possibly unequal sample sizes the above limit depends on v=lim (m/N),

but not upon the manner in which v is approached. It follows that (2.11) obtains
whenever v=1/2, i.e. whenever m~n.

Again using Glivenko—Cantelli it further follows that

N~12Kn vy d(6) as. V0O€0!,

and hence in view of Lemma 1 above and (2.11) the exact Bahadur slope of the
KN-test when (n—m)7V~l/2—2c, ¢c*O as ™V-** is

CKS{9) = g(d(9)), 0=(F,G)€01
We thus have

Corollary 1 The Bahadur efficiency of two sided R—V test relative to two
sided K—S test is 1provided (n—m)N~12-*2c”0 as N—°°.
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Abrahamson’s WOrk [1] does not deal with the exact slope of the one sided
k — Sstatistic . It is of some independent interest to note that some information
may be gained in this regard from the present results.

Proposition 2. If (n-m)N~12-*-2¢S0 as then the exact Bahadur slope
of K$ is given by

(2.12) c k() = c*V(0)V0e0i.
Proof. First note that

N~12KE —yc/+(0) as. VOGOI.
Using the identity

mFM{x) - nG,,(x) = (Fm(x) - Gn(x)) +(m -n)HN(x),

where HN(*) is the pooled empirical cumulative, we have

2 myr2 {°R4 NP3 N KICKN
Using (2.7) with tN=t—(n—m)N~1 and (2.11) above concludes the proof.
Propositions 1and 2 imply the following

Corollary 2. The Bahadur efficiency of the one sided R—\/test BE relative to
the K—S test is 1 as long as (n—m)N~I/2"2¢ =0.
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ON JACKSON AND BERNSTEIN TYPE APPROXIMATION
THEOREMS IN THE CASE OF APPROXIMATION
BY ALGEBRAIC POLYNOMIALS IN Bp-SPACES
by
NGUYEN XUAN KY

1. Introduction

Let Bp[-1, 1] (L1spsS-o) be the Banach-space of integrable functions defined
in [—4, 1] with norm L

wiip = { UWIPAXx}p (1S i<»)

and for p = oo the space of bounded measurable functions with norm

[I/Mlloo = vrai mup |/(x)],
respectively.

Let ®&n be the set of algebraic polynomials of degree not greater than n
(n=0,1 , For fx)C.£é2p[—\, 1], let

1) Ey\f)= bl \f-q\\p, n=0,1,..

In the present paper we define one modulus m(££p;/ ; 8) for each fC £Ep[—1 1] and
we give the analogue of the Jackson—Bernstein approximation theorem in the
case of trigonometric approximation for our case, that is, for E*p)(/) and
»(*,:/;«5).

( In oSL)lr paper cl;c2, ... denote absolute constants, and c+{p), c2(p), ...
denote constants, which depend only on p. For each f(x) defined in [—1, 1], we
denote
2 [*(<?)=/(cos0), Os 0S 7

For
n=)erpl-1,10 (A~"P<-),

we define the continuity modulus off(x) as follows:
©)) a>{Xp;f;8)= sup {/ \f*(fl+/)-/* (0)lpsineM }1lp+
Q

+ sup{ f \f*(0—t)—f* (O)|psinedeyip, OsiSy.
. mA% 31r/8
Since
sin0~ Asin(0+ i),

0S0S-C, O StS]
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and
(4) sin0 SCj sin (0 —t),
3 n 0
we have
3n/8
{1 e (0 +0-/*(0)Ipsin0J0}Lips (I+ Clyil/|lp
0
and

{1 1/%0- o-/* (8)psinod9HIpr 1+ C)/yp.

3a/8

Thus the modulus <e{3p\f;0) exists for OS<5Sn/3.
It is obvious that

m(~p;/;<5)-0 (5 —0).

We are going to prove the following two theorems:

Theorem 1. Let 1 For each /C ifp[—1, 1] we have
(5) Ep{f) » Ci(p ) /; -ij, n= 1.2....

T heorem 2. Let 1 For each 1, 1], we /rare
(6) co{&p-,f-,6)"cp)d 2 Epif).

Remark. From Theorem 1 and Theorem 2, it follows that:
(i) Bernstein-type theorem: For each /£J57p (1=/>< °°) we /rare

(7) Ep(f) = Oj-1j «@eurp;/; 5 = 00% o0<a< 1

(ii) In the case a=1 we obtain only:

(8) Ep(f) = O[l] =*®(&p;/; 8 = O Inj

2. Some linear polynomial operators
We denote by Pn(x) (h=0, 1, ...) the u-th Legendre orthogonal polynomial.
ForfEL?p[—1 1 (1 let S(f; X) be the generalized Fourier series of/ with
respect to the system {Pn(x)}, that is

(9) S(fix)= 2 k(HEK(x),
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where
1

(10) ck(f) = Jlf(t)P k®)dt k =0,1......

Let S,,(f; x) be the u-th partial-sum of series (9). We shall denote by 0i2)(/; X)
the sa-th (C, 2)-mean of series (9), that is we have

(n) 42)(1;*) = 1 KW (t,x)f(t)dt.

The kernel K~ (t,x) is defined by

n—k +2
(12) K™ «,x)= k2:0 |an Pk(t)Pk(X).

It was proved by L. ¢ ;.. [1] that
(13) KMt,x)~0 (-lsusl), n=01...
Thus, by the identical

W20 91U A IWIU, (€791, 1] n=ol,.
A/ HIXN IWMIr, k & 1[-1, 1] n=ql....

Thus, from the Riesz—Thorin interpolation theorem, it follows that

f K™ (tx)dt = 1
1

we obtain

14)  [X2(/; ONWp'S 1/(X)llp, 11 (L2p~«), n=0 L.

We introduce the following operators:

O (-D2;(y)(°+ 27+2) M%)
(15) R3,(/;x) o2 . on- 1,2,...,

342|(/; x) - 242|(/; *) = W ; X), "= 0.

(/; x) is a polynomial of degree 3n at most (for n= 1, 2, ...), degree 1 (for n=0)
and we have by (14), (15) (see G. Freud and J. Szabados [2])
(16) (1) wvan(n,; X) = Aa(x), HAa6" 4,
17) (i) vo(ni;x) = Ax(X), A.e”™,
(18)  (iii) rs, (/;x)|lpS Cs<P>U/(x)||P, /edS?p[-I, 111 SP S H,«= 9, 1.
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Let now/CJSfpf—1, 1] (1Sp”~oo0) and let p,,(x) be an algebraic polynomial of best
approximation of order n to/in f[—1, 1. We have by (16), (17) and (18)
(19) [/- Bn()||p™ \\f-Pn\p+ W*Af-Pn)b —
& Ep(f) +c3(p)Ep(f) =ct(p)Ep(f), n=0,1, ....
3. Estimation for the best approximation
of differentiable functions in
From the Jackson-theorem it follows that, if /(B) is continuous, 27i-periodic

and /'(0) is essentially bounded in [0, 21], then we have the following estimation
for the best approximation E*(f) of/by trigonometric polynomial in C2n-space:

(20) £2(/)=£ — urai.sup|/'(0).

It is a consequence of (20) that, if f(x) is absolutely continuous in [—1, 1] and
fl—2Xf'(x)€ [, 1] then

(21) A L) N IR )]-

Now, we shall prove inequality (21) in every JP[—1, I]-space.

Theorem 3. I ffix) isabsolutely continuous in [—l, l]and]/l—xzf'(x)Q.E?p[—l,l]
(|AACC), then

(22) E1(]) =~  -\yTAE(X)\\p, m=12,....

P roo¢. We denote by 5p the set of functions satisfying the conditions in Theo-
rem 3.

a) We begin by proving (22) for the case p=1 Let P,,(x) be the n-th ortho-
normal Legendre polynomial. Let

n—4
(23) Kit) = 2, PkiO n=12 ..

the n-th Christoffel function with respect to the system {Pn(x)] at point ¢. It has been
proved by G. P. Névai [8] that

(24)

“ls{s-b B
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Let I ((t) be the following function:
[0, t<
It is known that
(26) EEIOS /IO ( 1—£—I» n=12, ..
(see G. Freud [5]).

@ 1fl— then
1-U ~ -/
thus, from (25), taking the polynomial <,(x)=0 as an approximant, we have
(27) ES-Kru S / rix=E
@iy If -1s~s-1+-~-, then
1+ Cs —

u
Thus, again from (25), by taking the polynomial g1(x)= 1as an approximant we have

(28) ESKr”S fdxs-"-yTAH.
Now, from (24), (26), (27) and (28) we obtain
(29) ESKrArz~rfT A, 1), n=172...

From (29) by the method of G. Freud in his paper [3], we obtain that, if/CS) then
we have (22). Thus (22) is proved in the case p—L1
b) We define the following operators for

[*€s; = {*X)=fT~efix) :/€s,} (I"S=0)
as follows:
(30) Tn(f*;x) =f(x)-Va(f; x),n=0, 1, ....
We have by (17), (21) and a)
JN7TEAM)IpS ce<p>-ill/,(x)|p
Jiw*;x||ps ceo»>un(x)s, p = i,
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That is, Tnis (1, 1) and (°°, °°) type operator. From the Riesz—Thorin interpolation
theorem it follows that Tnis also (p, p) type, more precisely

(32) iiw **)Ip” c8(p)~ nnege«,

WTo(f*; M)llp —ca(p} AP 1 —p —*

Now, we have by (15), (30) and (32)
s £i< & NfrAf'(x)\\p, fesp(*p”*~), n= 1.2....
This completes our proof.

4. Proof of Theorem 1

We begin with the following inequality which holds for n—1, 2, ....

571/8

(34) 2« f /*(0+0 -
G 21 U
n-1 58
Ano2n * '
ihe Gl Vet

n-1 58
esin o302, 1 L1 1*
38

5718
asm l/p— - /[ |*1
2 sm_Ap 0 p-I/gglpSn 1{3,,/8 |
. 3n 1
—sin-1/p— —
From (34) it follows that there exists a 0,, with
3 n . 5n
T se-s T m
so that
(35) 2n £ [f(0n+t)-faon-t)]dt\n

n-1/2

s (1) sin
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We introduce the following function

(36) () =

2n f fx(G + t)dt, O

42

2N ffi6 -t)dt +2n f[f*(en+t)-f*(en-t)]dt, 0,, < 0 ==n.
n'lr2 n" 12

The function <0 is absolutely continuous in [0, n]. Thus the function <m(x)=
= <pl(arccos x) is absolutely continuous in [—, 1]. We have by (36)

(37) (0)-f40) =
n~1
2n /[ [/*(0+r)-/*(0)]<*, 0g Os 0,

2n ~.£2 [f*(e-t)-f*mdt+2n J If*(fln+t)-r {0 Ht)]dt, 0,<0S T
n

n-42

Thus, from (35) we obtain

(38) No.(*)-A*)H, = {/ Ip:(0)-/* (0)lpsin 070}

won T [f W0 +1)-10)\Punode}lipdt+

n-12 0

+2n [ {/ U*©O-1)-1* (0)|psin6dONpdt+
))-y* 91

[
+1-4sinp A ) {Isn0 AT -

snN /;- +

Vp

fimLosiny e Ti)e(* 4 cost )

Vp

145 sin 1p el 14T @ s
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Again, from (36) we obtain

2n f*(6 + N-1-/* H'))] 97 0,

(39) <(0)
N j*(0-«-1)-/* ro2 :0S n
Thus, we have
(40) WYI-X*cp'n(x)\p = {/ W V m PSin 0 rffl}1p =
Ulp

g 2«{f U* (0+wn-9-/* [fim Psim@dsjl -+

p u/p
+2m{//*(o-,,-!)-/* 0— — sin0i/0t  "Mwna>|"?p;/;

From (36), and (40) it follows that (n(x)ESp, thus by Theorem 3, (38), (40) we
obtain

(41) Ep(f) » \\<Pn-MP+E (Ha>n) »

s A-Mlp +7 #]]) 11-x 27 X))l

tp 3n 3s Up
1+ sin-1N — e« 1+cos— +4c¢s(p)

g.e.d.
5. Markov-type inequality

It was proved by S. N. Bernstein as a refinement of Markov’s inequality that

for every n the following inequality is true:
max  |5,,(x)|
(42) \Itn)\ S n ———, - 1<X<1
y1-X2

Now, we shall prove the inequality (42) in every SEp\—1, 1] (1é/><°°) and we deduce
some of its consequences.

T heorem 4.

(i) Let 1 For every Mng>>n we have

(43) \tyT-x 2T'(x)l[p S cs(p)n [17..(X)lp.
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(i) Let Iép<°°. For every MNn£E?,, we have

5*/8

(44) {/ \N*@B+wm—MN*@0)1'sin0doyip s
0

S c(p)hn {/ [NAQ)|'sinode}llp, OSAS|]
and

(45) {1 \l'ﬁ'(B-h)-n:(OrsianeY.b’\

3n/8

S clos>hn { / 1NA(0)|'sin Bdeyip, ]
0

Proof, a) In the case />= 1, (43) was proved by Stein E. M. [9].
b) We define linear operators t, for «<=1,2, ... as follows:

(46) M(f;x) = YTEKMAAX), fzsep[-1,1] (@
We have by (15), (42) and (16)
47 WVTAVM X))~ S 3«||FS,(/; *)|U £

S 3nc3<oo>||/(x)|U, [€#.[-1,1].
We have analogously

(48) WFL-x*V3,(F x)|li S Xe(n\Wan( f; X)|[x =
S 3C8&<I>C8<I>n||/(X)||L /£ # 1[ -1, 1]

Thus, x,is a (1, 1) and («= °°) type operator. From the Riesz—Thorin interpolation
theorem it follows that

(49 11 -x*Vv'n(f-x)\\p * ca (p)n\f(x)\p, /€#P[-1,1], (I~ S =0
From (15), inserting a polynomial M,,6J°, for/in (49), we obtain (43). (44) and (45)
are consequences of (43) and the following inequalities:

(i)
n* p 1lip
(50) ii81mn(0+h)-n*n) "o 07

(s 1 - h P li/p
-0 f ljf n:’(sinsdor
lo I 0

h 5a/8
- ATt/ {/ + lpsin  + 0 dO}/Pdt A
- ¢'1 / { /| (0)|p8LLO</0}p = * { / |AE'(0)|Psin 0 dOyip.
no o 0
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(U) p illp
(51) O L
13a/8

S cr{/ \N%(0)\Psin B de}1r".
0

Thus, we completely proved the Theorem 4.

6. Proof of Theorem 2

We apply the following inequality:

(52) 2 2Eifif) A ¢c7 2 E?KA k=0,1,...
1=0

0Sn<2*

The inequality (52) is a special case of a more general inequality (see G. G. Lo-
RENTZ [6]).

Let pn(x) be an algebraic polynomial of best approximation of degree n tofix)
in 1]. We have for k=0,1,...

55/8
(53) {/ \f*(e+h)-f*(e)\'>inedeyips
0

5q/8
S chENeif) + {0/ w e +h)-p*A9)\psinsde}llp.

From (50), we obtain

5a/8 n

(54) {/ \pU9+h)-p~(B)\psins de}llp* Clh {f \pt*{0)\psinO de}llp.
0 0

We have

(55) pidQ=ipm-ptm +/:il[ptm-pt-mr-
We notice that

(56) {0/ \pi (6)-p tier sin 9dd}p LLI2EP if),

{0/ \p$(0)-Pt-Adpsin 0de}Lp® 2Eiff.
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Now, we have by (55), (44) and (56) and (51)

(57) {/|/*W sin edO}lps {/ |[pT(0)—p t(0)]'|psinOdeyip+
(0] «
+2 ¢t bl(B)-p*2Z-1T "\pianOmyIp”™ {/ \p*(6)—pn(9)p\sin Or/0} Up+
1=l o 0

‘ N0/ H N * N
+ 12:12 «(/f \pt,(0)-p%-r(B)\psin 6de\llp B2E~(f)+ 4 1:% 2IEW{f)

AN
cn (p) 0"/22<2k“1
But
AN

(58) uﬁmw /) N ZKEIEAT).
Thus from (53), (54), (57) and (58) we obtain

5m/8
(59) {/ 1/*(O0+A—+* (O)psin0deyiplLl

0

N euspA+2-) 2 ER()).

Similarly as before, we have by application of (45)

(60) £/ 1/* (0—A—* (0)|psin 0 0} ps

3n/8

A CUPHA+2-) 2 A p)(])-
0SBS2k

It is now clear that if we select k =0, 1, ... in (59) and (60) in such a way that 2fc* A~1<
<2k+1 we shall have (6).
This completes our proof.
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THE NUMBER OF SQUARES IN AN ARITHMETIC PROGRESSION

by
E. SZEMEREDr

P. Erdss conjectured that an arithmetic progression of k elements contains
at most o(k) squares (see [1]). We are going to give a short proof of this assertion
here. To this end, assume that we are given an arithmetic progression

c+id (0~ <K
of k elements, where Kk is sufficiently large, and consider the sequence
c+id (i0<i'i.., 0S (< m)

of squares in this arithmetic progression, where m denotes the number of squares
in the former sequence. According to a well-known observation of Eurer, there
are no four squares that form an arithmetic progression; hence the sequence of
squares contains no arithmetic progression of four elements. Clearly, the same is
true for the sequence i, (0”i<w). This means that m=o0(k) does indeed hold, as a
consequence of the theorem that an infinite sequence of positive upper density
contains an arithmetic progression of four elements (see [2]; in fact, recently | suc-
ceeded in proving that such a sequence contains arbitrarily long finite arithmetic
progressions see [3]). This completes the proof.
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UBER RINGE MIT MINIMALBEDINGUNG
FUR HAUPTRECHTSIDEALE, II

von

DINH VAN HUYNH

8§ 1. Einleitung

Unter einem Ring verstehen wir in dieser Arbeit stets einen assoziativen Ring.
Ein Ring heifit artinsch (noethersch), wenn er der Minimalbedingung (Maximal-
bedingung) fir Rechtsideale geniigt. Genigt ein Ring der Minimalbedingung fur
Hauptrechtsideale (fir die in Hauptrechtsidealen liegenden Rechtsideale), so heif3t
er ein MHR-Ring (MH]jR-Ring) (siehe F. Szasz [8], [9]). Wir nennen einen Ring
MH;jfR-Ring, wenn er die Minimalbedingung fiir die in Hauptrechtsidealen liegenden
Unterringe erflllt.

In [1] haben wir MHR-Ringe mit der Eigenschaft (*) betrachtet. Ein Ring
R besitze die Eigenschaft (*), wenn gilt: Ist XC R mit x2=0, so gilt xe =exe fir
jedes eER mit e=e2 In dieser Arbeit werden wir weitere Ergebnisse iber MHR-Ringe
(bzw. Uber MHXR-, MH"R-Ringe) mit der Eigenschaft (*) angeben. Anschlielend
zeigen wir, daB ein MHR-Ring, dessen additive Gruppe keine Untergruppe vom
Typ Z(p®) enthalt, ist genau dann artinsch, wenn er noethersch ist.

Wir stellen zundchst die in der Arbeit benutzten Bezeichnungen zusammen.
® und 2 ®bezeichnen die gruppentheoretischen, L, und YE die ringtheoretischen
diskreten direkten Summen. Fir einen Ring R sei (R, +) die additive Gruppe von
R; als Radikal von R betrachten wir nur das jJACOBSONsche und bezeichnen es mit
J(R). Der Ring heif3t vollsdndig primér, wenn R ein Einselement enthdlt und der
Faktorring R/J(R) ein Schiefkorper ist. Fur eine Primzahl p sei 2 (pj die zyklische
Gruppe der Ordnung p*, falls i eine natiirliche Zahl ist, fir /=» die PRUFERsche
p-Gruppe (Gruppe vom Typ Z(/?”))

§ 2. MHR-Ringe mit der Eigenschaft (*)

Es sei M eine Untermenge eines Ringes R. Mit (M:R)I bezeichnen wir die Menge
aller solchen Elemente x aus R, die die Bedingung xRQ M erfiillen. Ist insbesondere
M ein Rechtsideal von R, so ist es auch MQ(M:R)1.

satz 1 Firjeden MFIR-Ring mit der Eigenschaft (=) sind die folgenden Aus-
sagen aquivalent:
() R besitzt die direkte Zerlegung:

R = 2 LLUR(),
ver

wobei die R{y) (VET) vollstandig primédre MHR-Ringe sind',
(i) fur jedes Element xCR gibt es ein exER mit xex=x;
(iii) fir jedes Nilrechtsideal N von R gilt (N:R)I*N.
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Beweis. (i)=>-(ii) ist trivial.

(if)=>(iii): R sei ein MHR-Ring mit der Eigenschaft (*). N sei ein Rechtsideal
von R. Ist xER mit x8N, so gilt wegen (ii) xRN . Es gilt also (iii).

(iii) =>(i): Nach [1] (Satz 1) gilt

) R= 2 @@

ver

wobei evRev (e\=eV) einander annullierende vollstandig primare Ringe sind und
U eine Untergruppe von (J(R), +) mit evUev—(0) fir jedes vC F ist. Es sei e ein
Idempotent von R. Wegen (*) gilt nach [1] xe =exe fir jedes xfR. Daher ergibt
sich flr jedes VvCE

(2) U(evRev) = (Uejle,.Rev = (evUev) X/Rev = (0).
Es seien a, bEU. Wegen (1) gilt etwa
ab —elrlel+ ... +e,r,e,+cC
(eirieifeiRen c£U). Ware etwa elrlel?0, so galte
0 = abex= a(be.) = a(elbel - elrlel” 0.

Daher ist U ein Unterring und wegen (2) sogar ein Rechtsideal von R. Wir nehmen
an, es sei UM(0). Dann enthdlt U ein minimales Rechtsideal Ulvon R mit Ul—{0),
das von einem Element xC U erzeugt ist: 0\= (x)r. Ware UxUf (0), so galte ULU=U1.
Es gédbe einyB U mit x=xy. Day ein nilpotentes Element ist, gébe es eine natirliche
Zahl n (n>1) mit xy" =0, xy"~1"0. Hieraus folgte

0 xyn-1= (xy)y"~1= xy" =0.

Es gilt also U1U=(0), und folglich ist UrR~~(0). Das ist ein Widerspruch zu (iii).
Daher muf® t/=(0) gelten. Aus (1) folgt dann die Behauptung (i).

Damit ist der Beweis des Satzes erbracht.

Ein Ring R heil’t torsionsfrei, falls (R, +) eine torsionsfreie Gruppe ist.

Satz 2. Fir jeden torsionsfreien MHR-Ring R sind aquivalent:

(i) R ist die ringtheoretische diskrete direkte Summe von vollstéandig priméaren
MHR-Ringen;

(i) R besitzt die Eigenschaft (*).

Zum Beweis benétigen wir den folgenden auch an sich interressanten Hilfssatz.
Hilfssatz 3. Jedes Rechtsideal eines torsionsfreien MHR-Ringes ist teilbar.

Beweis. Eine additive abelsche Gruppe G heif}t teilbar, falls nG=G fir jedes
naturliche n gilt. Ein Rechtsideal A eines Ringes R heif3t teilbar, wenn (A, +) eine
teilbare Gruppe ist. Es sei A ein Rechtsideal eines torsionsfreien MHR-Ringes R.
Wir nehmen an, A sei nicht teilbar. Die Menge 91 aller teilbaren Rechtsideale
At von R mit (0)sA tczA ist offenbar nicht leer. Nach dem ZoRNSchen Lemma
(vgl. [5], Satz 1.5) enthélt fll ein maximales Element M. Es gilt

@ (A, +) = (M, +)®(R, +).
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Da Ma A gilt, gibt es ein aEA mit Unter den Hauptrechtsidealen (n&)r von
R gibt es ein minimales, etwa (ma)r=m(a)r, wobei m, n natirliche Zahlen sind.
Da die Faktorgruppe (A, +)/(M, +) wegen (1) torsionsfrei ist, gilt m(a)ro=M.
Andererseits ist m(a)r teilbar. Daher ist auch M'=M+m(a)r teilbar. Offensichtlich
gehort M' zu 91 mit M'd> M. Das ist ein Widerspruch zur Maximalitat von M in 91
Daher ist A teilbar.

Beweis des Satzes 2. (i)=>(ii) ist trivial.

(if)=>(i): Es sei N ein Rechtsideal eines torsionsfreien MHR-Ringes R. Dann
ist (R, +)/(N, +) nach Hilfsatz 3 torsionsfrei. Es sei XER mit XRQ N. Wir nehmen
an, es sei MEN. Wir betrachten die absteigende Kette von Hauptrechtsidealen
(2'x)rvon R (i=0, 1, 2, ...):

(2) ri(2gri...i(2%ri....

Wiare etwa (2'x)r=(2'+xx)r, so géabe es eine ganze rationale Zahl m und ein Element
[£R mit 2t=/w2'+1;c+2'+1;cr. Daher galte 2'(1—2m)x=2,+IxrC.N. Hieraus
folgte 2f(1 —2m)x=0. Das bedeutete 1—2m=0, es ware also m=1/2. Dieser Wider-
spruch zeigt, dal? (2) eine unendliche streng absteigende Kette sein muB. Das ist
aber unmoglich, denn R ist ein MHR-Ring. Daher ist xEN, d.h. R erfullt die
Bedingung (iii) des Satzes 1. Besitzt R die Eigenschaft (*), so erflllt R nach Satz 1
die Bedingung (i) des Satzes 2.
Aus Satz 2 folgt unmittelbar die

Folgerung 4. Jeder kommutative torsionsfreie MHR-Ring ist die ringtheoretische
diskrete direkte Summe von vollstandig primaren MHR-Ringen.

Betrachten wir MH1R-Ringe, so haben wir die

Folgerung 5. Es sei R ein MHIR-Ring mit der Eigenschaft (*). Dann sind
die folgenden Aussagen aquivalent:

() R ist die ringtheoretische diskrete direkte Summe von vollstandig primaren
artinschen Ringen;

(i) fur jedes XER gibt es ein exER mit xex=x;

(iii) fur jedes Nilrechtsideal N von R gilt (N:R)1Q N.

Der Beweis folgt aus Satz 1 und aus der Tatsache, daB jeder MHjR-Ring mit
Einselement ein artinscher Ring ist.

Folgerung 6. Fiirjeden torsionsfreien MH1R-Ring R sind diefolgenden Aussagen
aquivalent:

() R ist die ringtheoretische diskrete direkte Summe von vollstéandig primaren
artinschen Ringen;

(i) R erfiillt die Eigenschaft (*).

Folgerung 7. Jeder kommutative torsionsfreie MHi R-Ring ist die ringtheoretische
diskrete direkte Summe von vollstandig priméren artinschen Ringen.

Fur MH”R-Ringe gilt:

Folgerung 8. ES sei R ein MH?R-Ring mit der Eigenschaft (x). Dann sind die
folgenden Aussagen aquivalent:

Studia Scientiarum Mathematicarum. Hungarlca 9 (1974)



422 DINH VAN HUYNH

(i) R ist die ringtheoretische diskrete direkte Summe unendlicher Kdrper mit
Minimalbedingung fiir Unterkorper und endlicher vollstéandig primérer Ringe
(ii) fir jedes XxER gibt es ein exER mit xex=x;
(iii) fur jedes Nilrechtsideal N von R gilt (N".R*QN.

Fir den Beweis benutze man die Folgerung 5 und die folgende Tatsache:
Jeder vollstandig primare MHfR-Ring genugt der Minimalbedingung fiir Unter-
ringe. Demzufolge ist er entweder endlich oder ein unendlicher Kérper mit Minimal-
bedingung fur Unterkdrper. Die Struktur der unendlichen Kdrper mit Minimal-
bedingung fur Unterkérper ist wohlbekannt (siehe [7]).

8 3. Zusammenhang zwischen artinschen Ringen
und noetherschen Ringen

Nach einem Satz aus [4] ist ein artinscher Ring genau dann noethersch, wenn
seine additive Gruppe keine Untergruppe vom Typ Z(p°°) enthdlt. In [6] hat A. « ..
«¢s. die notwendigen und hinreichenden Bedingungen dafiir angegeben, daf ein
noetherscher Ring artinsch ist. Bezuglich der Untersuchung dieser Art siehe auch
[2] und [3]. Im folgenden zeigen wir, dal3 die Begriffe ,artinsch” und ,,noethersch”
flr Ringe in der Klasse der MHR-Ringe, deren additive Gruppe keine Untergruppe
vom Typ Z(p~) enthdlt, gleichbedeutend sind.

sat. 9. Enthdlt die additive Gruppe (R, +) eines MHR-Ringes R keine Unter-
gruppe vom Typ Zip*®, so sind aquivalent:

(i) R ist artinsch;

(i) R ist noethersch.

Beweis. Nach [4] gilt (i)=>(ii).

(iiy=>-(i): R sei ein noetherscher MHR-Ring und J(R) sei das Radikal von R.
Nach [8] ist J(R) ein nil-Ring. Da R noethersch ist, ist J(R) dann nilpotent. Es sei
K der Nilpotenzgrad von J(R). Wir beweisen die Behauptung durch vollstandige
Induktion nach k.

Fir k= 1ist J(R)=(0), d.h. R ist ein halbeinfacher MHR-Ring, besitzt also
die Struktur vom Satz 2 aus [8]. Da R auch noethersch ist, muf R dann artinsch
sein, (siehe [9], Satz 6.1).

Es sei bl , und es sei vorausgesetzt, dafl die Behauptung fir alle Ringe wie
im Satz 9, deren Radikal den kleineren Nilpotenzgrad als k hat, richtig sei. Der
Faktorring R/JIRf* 1ist ein noetherscher MHR-Ring. Daher besitzt (R//(R)t-1, +)
keine Untergruppe vom Typ Z(p°°). Nach Induktionsannahme ist dieser Faktor-
ring artinsch. Wir betrachten J(R)2 1lals R-Rechtsmodu! und machen es zu einem

R-Rechtsmodul (mit R = RIJ(Rj) durch folgende Definition:
xr=xr (xeJ(Rf-\' rER, rER).
(Diese Definition ist zulédssig, da aus r1=r2£R, d.h. aus i\—r2c J(R) fiir jedes

xCJiRf-1 )
Xrx-xr2= xi®* —rJCJiRY = (0),
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d.h. xrx=xrr folgt.) Daher stimmen die R-Untermoduln und die R-Untermoduln
von J(R)k~I Uberein. Insbesondere ist J(R)k~l als R-Rechtsmodul noethersch. Da
R ein halbeinfacher artinscher Ring ist, gilt nach [5] (Satz 9.3) eine direkte Zerlegung:

) J(Ry1 = HOMI® ...em ,,

wobei H ein trivialer R-Rechtsmodul (d.h. HR =(0)) und Mt (i=I, 2, ..., /) ein-
facher R-Rechtsmodul ist. Da jede Untergruppe von (H, +) ein Rechtsideal von
R ist, genligt (H, +) der Maximalbedingung fir Untergruppen und der Minimal-
bedingung fir zyklische Untergruppen, d.h. (H, +) ist eine endlich erzeugbare
Torsionsgruppe. Daher ist (H, +) endlich. Folglichist J(R)k~1ein artinscher R-Rechts-
modul. Nach [5] (Satz 6.1) ist R artinsch.

Der Satz ist damit bewiesen.

Forgerung 10. Ein noetherscher Ring ist genau dann artinsch, wenn er ein
MHR-Ring ist.
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A THEOREM ON SPERNER-SYSTEMS SATISFYING AN
ADDITIONAL CONDITION

by
P. FRANKL

1. Introduction

Let X be a finite set. 1°1=« denotes that X consists of n elements. A family
si of subsets of X is said to have the Sperner-property if there are no two different
sets belonging to si such that one of them contains the other. Sperner’s theorem

n
asserts that if si has the Sperner-property then \si\* n and if n is even then
2
equality holds only if si consists exactly of the n/2-element subsets of X.
The following theorem is a generalization of Sperner’s theorem:

Let si be afamily ofsubsets of X, \X\=n, si has the Sperner-property and there
exist k, Isuch that 1=0 or 1andfor any two sets Ax, A2insi |[Nin/12= 2A+ /~u then

=/ j andfor 1=0 equality holds only if si consists exactly of the k-element

subsets of X.
This theorem is proved in E. C. Milner [2] though it is stated there for intersec-

tions instead of unions.
In this paper we shall prove the following:

Theorem. Let h, k, r be given, r<k. Let si be afamily of subsets of X, \X\=n.
Let si have the Sperner-property and satisfy thatfor any k elements Ai, ..., Ak ofsi

Ua  ihk+r: then for n>n(h, k)
i=1

holds, where

andfor I7+1 equality holds if and only if there is a subset C of X, |C|=r and si con-
sists exactly of those subsets of X which satisfy

(1) A = h+ AM(*\C)| S h

Remark: It can be easily verified that it is not sufficient to suppose that hk+rSn
for ks 3. No attempt has been made to obtain explicit bounds on n.

The theorem for the special cases r=0 or 1 was independently proved by
E. Boros, t00.
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2. The proof of the theorem. First we prove that the system of sets defined by
(1) satisfies the assumptions of the theorem.

As it consists of sets of the same cardinality it has the Sperner-property. If
AX, ..., Ak belong to this system then (1) implies:

n n,|N(nr\c) ~ hk,
1=1
whence

Ua  wnnec) 4 UANC s hk+r.
1=1 1=1 1=1

Obviously this system has the cardinality of the theorem.

We prove the theorem by induction on k. For kK =2 the assertions follow from
the theorem cited before. Now let k>2. We may suppose that we have a system si of
maximal cardinality.

I. Let us suppose first that r*k—L1

k-1
If for any choice of Ax, ..., Ak- Xbelonging to si iui A, Sh(k—I)+r then the
assertion follows from the induction hypothesis. Hence we may assume that there
k—I
exist Bx, ..., Bk _xinsi such that h(k—I)+r< Y= _g_ A =hk+r.

Let Bk be an arbitrary set in si; then U Al=|Y|+|ANM\I)|, whence it

follows that this latter is less than h. As there are at most 2|y| subsets of X having
the same intersection with ZflF so we arrive to the estimate:

a 2tkh ]-IU

which leads to a contradiction for n>n(h, k).
Il. r—k—172. We may assume, by I, the theorem to be proved for smaller
values of r; as a consequence we may suppose that there exist sets Ax, ..., Ak belong-

ing to si such that LJAt—hk+k l. Let Y= llJA,, J}= Y\UA} For i"j

Ai MA'j=0, whence it foIIows that for some j \AJ\"h By symmetry reasons we may
suppose \AK\Sh.
Let A be an arbitrary element of si; then

(2) I§\_JiAtUA hk+k—I implies \ATI(2f\F)| s h.

We shall make use of the following construction: Let be given Z ¢ | such that

YQZ, \Z\rk{h +\f.
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We pick out one by one sets C, belonging to si and satisfying the following
conditions :

a) [C,n(nNZ)| =A

b) Ctr\CjQY for iV,

¢c) c,my\v(11. Cj))* o.
"

After less than K steps the process stops. Otherwise we would have || ¢,
1=1

>AA+A —1, which would be a contradiction.
Nevertheless we keep on picking out Q ’s satisfying a and b, up to the A-th step.
First we prove that this is possible. Let us suppose that on the contrary after
having chosen Cx, ..., Cj we are unable to find Ci+l i.e. for any A£si

3) I"D(A'\(ZUC1U...UCi) =A-I

(as otherwise condition b, would follow by (2)). As above (3) leads us to the con-
clusion:

\SA A 2W Hi>2 (7)) A 2wHlEHkE 2 ()],

which is a contradiction for n>a(A, k).
Let us suppose that iLIJQ My «k—1 We divide the elements of si into two

six= {ACslj IA(”X)«mJ .. UCK)| = A},

A2= jAisi OcC.Uzjd =al by (2) si=six\/si2

disjoint classes:

As we have proved \six\*c(h, k)nh \ c(h,k) does not depend on n
Let A£si2 then by (2) y4fl(zU”U Cjjjgy. As A cannot satisfy condition c,

so we have INY [0 C,My)=A |Z)|<A-1.

Let E be any Aelement subset of X \Y and let S={Adsi2\(Ar\X\Y)=E}.
By the Sperner-property of the sets belonging to si the sets AAY, AEE, form a
family of subsets of D which has the Sperner-property, whence by Sperner’s theorem

\D\ k—i
1 IDL < K—r_
2. 2 ]
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So we have:
T—(hk+ K
N
K2l A
"kK-1

N = Il + Kal r r) rn—1 for n> n{h, k),
2

which contradicts the maximally of si.
As hk+k —1S 1lle; =hk +\D\, we have \D\=k—1 Now we shall apply our

construction inductivgly.
First let Y=Z and let us denote C; by Bf. If we have already constructed the
systems {57}, {Bf}, i= 1, K, s<h, then let

Z=fu U UB |Z| = |y|+(S+I)ItA sE kh2+kh +k -1 < kf{h +\f,

I1SSi=1

so we may apply our construction to pick out 5f+1=C;. Let Dj=YOy{} B{y

We wish to prove that for any 0</é/r, DO=Dj. Let us suppose that there would
exist an index j such that DjADO. As \Dj\—k —I =\DO\ so there is an index s and
a set B{ such that B{I\ Y% DU The definition of implies that

B{C\\X\\Y(JIIH) Sh, sowe have Bi A hk+Kk

(as Bjf did not satisfy condition ¢) and as a consequence
YN RjBfUBi =
i k

which contradicts the assumptions of the theorem. Let D—D0=D1=... = Dh.
Now we are able to prove that for any AC_si |[JIN(JIN\E>)|"A. From the defini-
tion of Bf we know that foryV/

(ij A/-£>]n[u B\-D* = 0.

If for an A”si, |/ADZ\Z)|sA + 1, then either there would exist an index Owj”h
such that

nn[1|9/\o) = 0 vyielding RJ BjUA a h(k-I) +k-I+h +1 > hk+k -1
or we would have |[/4AMMA"\Y|*/r + 1 contradicting (2).
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Up till now from the assumptions that si is maximal and n is large enough
we have constructed a set D, \D\=k—1 such that for any Ais/, [4IT(A'\E£))|".
We shall examine this situation more precisely.

Lemma. Let X=YUZ, YDZ= o. Let si beafamily of subsets of X having the
Sperner-property and satisfying the additional condition that for any Aisi

4 [4nz|sA.

If|F|&2, |Z|s(A(2+1 Y|/2)), then the cardinality of si is maximal if and only
if si consists exactly ofthe (h+ \Y LIT)-element subsets of X satisfying the condition (4).

Now the theorem follows obviously from the lemma.
We shall use the following estimate which is due to Sperner (see Sperner [1]):
Let * be a family of ~-element subsets of a finite set F, \F\=fand let us define

F=is,.. FRARS: - 00y
A, = {SISEF, msW = Jt-1}.

Then
©)

(6) lg,| s * 4 \G\

Let us suppose that the assertion of the lemma is not valid i.e. there is a system
si of maximal cardinality which contains subsets of X which do not have the desired
cardinality.

a) There is a set belonging to si which has cardinality smaller than A+ [|F|/2],
let \Y\=y, \Z\=z. Let & consist exactly of the sets of minimal cardinality, t belong-
ing to si. We classify the elements of Oi according the cardinality of \AC\Z\ i.e.
B ={BidS\BC\Z\ =i}, obviously for />/1. &?,=0.

If Oh=<Z>, then dd* satisfies (4), and as \X\>~2t+\ so \dS*>\d$\. Obviously
(si\d9)U dS* satisfies the assumptions of the lemma which contradicts the maximality

of si.
Let £ be a subset of Y, and £ be a subset of Z. We define:

ERBH = {Bid$h"N\BriY = E, Hlih= {Bid9nBCiZ = £},
B 1= {AAX\3BE£EAbI n AC\Y = E,\A = |[|+ 1, A*B),

Bi ={AQX\3BiR&h Af)Z = F AdB,\A = |S|+ 1}

by (5) we have
z-(A-)
MtzS+T* E-il™ Bk-A

Defining further

®=_ U ("«) and U (& Ai)

\F\=h,FcZ EcY, |E] —fc+l
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and using the indirect assumption t< h+ [yl2] we get

The systems
= (A Ne n»b))n«*
and

satisfy the assumptions of the lemma as it can be easily verified, so by the maximally
of si we get:

| @ =\akr\, £n~+i|*_JS Ne.

As we have proved \&h\?*0, \&8h" \"0 either; as a consequence we can multiply
the two above inequalities and divide both sides by \3\\3ih- X\ In such a way we get:

2(z—2h+ 1)

1 AN
yh ie. z+ 1~ h
which contradicts our assumptions.

b) si contains a set of cardinality greater than h+[y/2]. Let S' consist of all
sets belonging to si and having maximal cardinality m. We divide the elements of
S' into disjoint subfamilies S'i exactly as we did with the elements of U8B We define
as above the families TS'i, i=0, ,h\ FC3Z, and let us define:

RBF = {Aa X\3Bell\A ¢ B, W=m-1,ADZ = F}, :FléZ(P\i);
it is a disjoint union (the same was true for the FBh-s too) hence using (6) we arrive
to the estimate:

i+ Y+1
- M o+1. (D _
: as Asi
y+ 1—(m—i) (i—h) +

and equality is possible only if h=1i. The system
si' = (jA\M)u
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satisfies the hypothesis of the lemma and its cardinality is greater than that of si

unless 0 for /</* in which case we could take si* =ji'U {¥}to obtain the desired
contradiction and we are done.

Remark: As it was pointed out to me by G. Katona, the fact that the given

system in the lemma is maximal can be easily deduced from [3] but we had to prove
the uniqueness, too.
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A GENERALIZATION OF MORAN’S QUASI-POISSON PROCESS*
by

D. OAKES

Summary

For each integer k"2 an example is given of a point process Q(k) on the real
line R which is not a Poisson process, but which mimics a Poisson process in the
following sense. The joint distributions of the counts of Q(k) in any k —1 contiguous
intervals of R are the same as those of a Poisson process of unit rate. When k—2 an
example given by Moran is recovered.

1. Introduction

Let &s2 be an integer. A point process Q on the real line R will be said to satisfy
the condition C(k) if the respective counts (numbers of events) Nt (/= 1,2, K—1
of Q in any k—1 contiguous intervals [aifai+l) of R are independent random
variables and each Nt has a Poisson distribution with mean ai+l—at (we write

P(ai+1—ai)). Renyi (1967) showed that only the Poisson process itself satisfies
C(k) simultaneously for all k.

Goldman (1967, quoting an example of L. snepp) exhibited a process which
was not a Poisson process, but which still satisfied C(2). The key property of the
Poisson process used in Snepp’s construction is that, conditionally on the number
of events occurring in a Borel subset A of R, their positions are independently and
uniformly distributed over A. Moran (1967) constructed a different non-Poisson
process satisfying C(2), by imbedding in R an interval sequence which mimics a
sequence of independent exponential variables.

Szasz (1970) generalised shepp’s example to obtain for each fixed kK a process
which was not Poisson but which satisfied C(k)**. In this note a complementary
generalisation of M o ran’s process is given. The construction is carried out for renewal
processes as this leads to little extra complication.

2. Construction of the process

Theorem. Let K2 be an integer and let F be a distributionfunction with F(0)= 0
andfinite mean which is not concentrated on fewer than 2k points of R. Then there
exists a K-tuple of random variables (Xk, X2, XK) such that

* Key words. Point process; Poisson process; Quasi-Poisson process; Renewal process.
** In fact, Szasz constructed for every fixed k a process which was not Poisson and satisfied
C(k) without requiring in it the contiguity of the intervals. However, our construction also yields a
process of this type if we make it for 2k—2 instead of k.
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(i) each Xt has the distribution F( m),

(i) the (k-N-tuples (Xx, X2, ..., Xk_1) and (X2, X3, ..., XK) are each (&—1)-
tuples of independent random variables,

(iii) for each i(\SiiS:k—\) the (k-I)-tuples ()kXZ,..., Xf+Xi+1, X i+2, , XK
have the joint distributions that they would have if (XK X2, ..., XK were mutually
independent, but

(iv) (Xx, X2, ..., XK are not mutually independent.

Proof. It is sufficient to construct a signed measure G(-) on R+ such that
Fk=FXFX...XF—G is a probability measure on R+ and such that the following
are satisfied for any Borel subsets Sk, S2, ..., Sk of R and ScR2 of the form

a) G(R, S2, ..., Sk = G(Sk, S2, ..., R) = 0;
b) G(SItS2 ..., S,2 S, Si+l, ..., SK = 0.

There exist <5>0 and Borel subsets Ax, A2, ..., Ak of R such that F(Ai)>5.
Hence there exists also for each i (1S/S2£) a positive measure  on the Borel sub-
sets of Atsuch that mi(Ai)=0 (Isis2k) and such that F~wz:is a positive measure
on Ai. Let Bj=A2j_1UAZ. (j=1, ..., k) and for each permutation a= (a(l), a(2), ...
(&) of (1,2, ...,k) put Cx={x=(xx, x2, ...,xR: x;6Ba(0} If i=(i(l), i(2), ...
..., I(K]) is a k-tuple of distinct integers with 17i(j)s2k for allj let r(i) =+1 or
—1 according as “i(j) is even or odd. Let R(i) be the rectangle R(i)=A(i)X
XAi(2X...XAi(k). Then the R(i) are mutually disjoint and, for some unique
a=af(/), R(i)czCx. We take G=sgn {a.{ij}T(i()mi(D)X...XmiK on each R(i), and
elsewhere G=0.

To see that G has the required properties, note that

(@ G{A3 _x, S2, ..., SK+G(T%, S2, ..., SK=0 and

(b) if x" is obtained from x ={xr, x2, ..., xK) by interchanging x; and xi+1 for
some i, then G(dx) ——G(dx").

Remark. If k=2, F(x)=1—e~x, Ai=(i—\,i] (/=1,2, 3,4) and each mt is a
multiple of Lebesgue measure, then Moran’s joint density is recovered.

The interval sequence {... X_r, X0, Xx, ...} of Q(k) will be given by a sequence
of independent /c-tuples

(D {(Xk+ , Xrk+2, me, X(m m .. 101 ..}

Let
Ym= Xnk+l+ Xmk+2+ .. +X(m+D)k (m =...—1,0, 1...).

Then the Ymare mutually independent and identically distributed and have finite
mean. A stationary (equilibrium) renewal process may be constructed from the Ym
in the usual way (Cox, 1962, p. 28). The occurrences of this process will be termed
L-points. The process Q(k) is obtained by interpolating k—1 occurrences (called
/-points) between each pair ?(f neighboring £-points according to the joint dis-

tribution Fk, conditioned on ¥, Xt=Ym, the distance between these C-points.
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3. Verification that Q(Ic) satisfies C(k),

From now on it will be assumed that F(x) —I —e~x, so that we are dealing
with the property C(k) as formulated, although it will be seen that the analogous
result will hold for any renewal process whose failure-time distribution satisfies
the hypothesis of Theorem 1. The verification that Q(k) satisfies C(k) seems to require
a rather intricate inclusion-exclusion argument of the form given below. Occurrences
of Q(k) will be called B-points.

Theorem 2. Suppose that k”~ 3 and that the real numbers alt a.,, ..., ak satisfy
al<a2<...<ak. Then if

= N[ai,ai+l) (=12 ..., k- 1,

where N is the counting measure of Q(k), the N( are independently distributed,
Ni~P{ai+l-ai).

Proof. This is in two stages. We first consider the probability
A(/i) = Pr{Ne = 0, Nk=nlt N2=h2, ...,Nk j = nk_i},

where NEis the number of E-events in [ak, ak) and n=(nk,n2, ..., nK) is a A>tuple of
non-negative integers. Clearly, 7r(n)=0 if Z ni>k —L It will be shown by a detailed
enumeration of particular cases that n(n) is invariant, i.e. it is unchanged by setting
G=0. In each case n(n) is evaluated by conditioning on either the position ak—u
of the last .E-point before ax or on the position ak+v of the first E-point after ak.
To show that n(n) is invariant it is sufficient to show that one of these conditional
probabilities, denoted by nb(n, n) and nf (n, v) is invariant. It is convenient to include
in both conditioning events the serial number m of the last E-event before ax, and to
denote the interval Xmk+H by Z, (/'=1,2, ..., k).

The various (non-exclusive) cases listed below include all possible values of n
with 2 ni*k-1 :

(i) 27 S k-2;
(ii) for some /, n,€3;
(ilia) nk=2; (iiib) nk_k= 2;

(iva) for some s ™ 1, i2_I ni— b
k-1

ivb) for some s * 1 ni —s+ 1,

(ivb) d

(v) H= 1forall /.

Case (i). If Z ni—k —2 then either the first B-point after ak or the last B-point
before ax (or both) must be /-points. Then respectively nb{n, u), which depends
only on the joint distribution of (Zx, Z2, ..., Zk X, and nf (n, v), which depends
only on the joint distribution of (22, Z3, ..., Zk) are invariant.

Case (ii). I1fHj~3 then, for somej, Ty(s, v) depends only on the joint distribution
of (ZIf 22, ..,,Zj-"Zj+ Zj Zj+t, ..., ZK and so is invariant.
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Case (iiia). Consider n(n, v) for fixed n2, ..., nk- I with n2+n3+...+nk_1"k —3
and nr=1 allowed to vary. Then Z inf(n>) anc*n/(n>) with /=0 and 1 are all
invariant by (i) above. But the probabilities nf (n, v) for /S3 (if they are non-zero)
are invariant by (i). The result follows by subtraction. Case (iiib) is dealt with
similarly.

Case (iv). Here we use induction on s, noting that for 5=1 (iva) reduces to (iiia)
or to (ii). Suppose that, if 1LUr"s,

0) . r_ [e+ 1=>nf (n, V) is invariant.
i=i

It will be shown that (1) holds also if r=5+1. If ns+1S 3 then (ii) applies. If ts+1=2
and ns=0, or if «<s+14 | the induction hypothesis applies. If ns+1=2 and «sS 1 then
«,+«s+1S 3 and (ii) applies if the 5th and (5+1)-th intervals are pooled. The result
now follows by subtraction, since it holds for all other n with the same values of
(«r, n2, ..., &_i, us+ n5+1, ns+2, ..., %_!). Hence the induction goes through and
nf (n, v) is invariant in (iva). A similar argument applies to nb(n, u) in (ivb).

Case (V). If Z ni=k —1= 2 and (v) does not hold then one of (iva) and (ivb) must
hold. The result for (v) now follows by subtraction, since Pr {AME=0, ZNi=k —1}
is invariant by (iiia).

This completes the first stage of the proof. The second stage is to evaluate
probabilities of the form of >Xri) when NE*"0. These may be determined by condi-
tioning on the locations of all E-points within [ak, ak), and using the independence
of interpolations within different intervals of the E-process to factorise the relevant
conditional probabilities. Each factor then corresponds to a set of at most (c—1)
contiguous intervals {J/>, b2, [b2, b3, ...,[bI*1, /5)}, where either /5 or bk or possibly
both are E-points. The joint distributions of counts over each such set may be
evaluated by considering the same sequence of particular cases as above. Here,
however, there is no need to condition further, i.e. on the positions of E-points
outside [al; ak). The details, which are similar to those given in the first stage of the
proof, are omitted. This completes the proof of Theorem 2.

Remark. For w - ..« process (k=2) the proof given requires a slight modifica-
tion. Specifically,

PriNE=0, N, = 1} =Pr{A£=0}—Pr{Ne= 0, n, = 0},

and the right-side is invariant.

4. Discussion

The interval sequence {A):/=..., —1,0, 1, ..} of Q(k+1) has a property that
might be termed k-th order quasi-stationarity. For any integers i(j) with 0=/(0)<
-==/'()<...</(M) and any n, the random variables

Yj — Xn+uj-i) + Xn+iu-i)+i+  +Xn+i(j) @ =7 = k)
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have a joint distribution independent of n. This result holds also if the distribution
of the JHtuples (1) depends on m (so long as it satisfies Theorem 1). Since

i+i
2/"1(: ov™j, Xi+l) = var 2 XA —var (Ai+l)—var 2 *i
= i=i

it follows that even first order quasi-stationarity implies weak stationarity.

It is interesting to note that Moran’s process and its generalisations have the
same second order properties of both counts and intervals (Cox and Lewis, 1966,
Chapter 4, p. 66) as the Poisson process.
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THE NEUTRIX DISTRIBUTION PRODUCT Xx;rfr 1)(x)

by
B. FISHER

1. Introduction

A neutrix N, (see J. G. van der Corput [1]) is @ commutative additive group
of functions M¢) defined on a domain N* with values in an additive group N, where
further if for some vin N, v(¢)=y for all £in N*, then y=0. The functions in N are
called negligible functions.

Now let N* be a set contained in a topological space with a limit point b which
does not belong to Nn-. If/(£) is a function defined on N* with values in N and it
is possible to find a constant B such that/(£)—#? is negligible in N, then B is called
the neutrix limit or A-limit of/ as £ tends to b and we write

N—im/«) =R.
1-b

This limit is unique if it exists.
The product of two distributions f and g was defined in [2Z] as the limit of the
sequence {f,gn}, provided this sequence is regular, where

fn=f*a,,, g,,=g*an, on(x) = nQ(nx)

forn=1,2, ... and Qis a fixed infinitely differentiable function having the following
properties :

(D 1) =0 for |ids 1,
(2) a(x) a 0,
(3) a(x) = a(-x),
1
4 J Q(x)dx = 1.
-

The following definition of the product of two distributions was given in [4] so
that further products of distributions can be defined.

Definition. Let/ and g be distributions and let

fn=f*an, gn—g*a,-
We will say that the productfg of/ and g exists and is equal to the distribution h if
N—lim (/ngn, tp) = (A tp)
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for all test functions @in the space K of infinitely differentiable functions with compact
support, where N is the neutrix having domain N'= {1, 2, ...} and range N" the real
numbers. The negligible functions are linear sums of the functions

wnin',-1m, Ywn\X>0, r —1,2,...

and all functions f(n) for which limf(n)=0.
It is obvious that if the product” exists by the former definition it will exist by
this new definition and will define the same distribution.

2.

We will now consider the neutrix product x +rgr 1>(X) and prove that

4(2r—1)!
for r=1, 2,... .
By definition we have
_(-D*1dr
T =TT JilnXt
and so

-1r 1
(+m% = ((r_I)T /
-1/n
for [x|"1/n. The support of (x+%),Svr~1(x) is obviously contained in the interval
(—\/n, \\n) and

I v -
]fln(xlr)rﬁlr-l)(x)xn,dx . eyl thé{r- n)(x)xm f =In(x-t)6lint)dtdx
—Ilin -lin -lin

= 4(T._!)! v|2r+|_|_||-1_.{ B(»——I)(x)xm_{ In i—»»hQ(r)(t)dth.

It follows that
lin
N—im f (x+)nd@r~1)(x)xmdx = 0
-1/n
for m=0,12,..., 2r—2.
Now it was proved in [3] that
1in .
[ (pc-rr(*)**-1* = —4-c—y(r-i)!
-Un
1/n
- [0+ (-)YF= W r-D)(F)*2- 10
-l on
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from which it follows that

1in .
f (xV)nW-1)(x)x2-1dx=--j(- Dhro- L
-1/n 4

It is easily proved that

1l
I/f n\(x+r)n6(r~l)(x)x2\\dx = 0(l/n)
-l/n

so that
1in
lim f |(x+)n&r 4 (X)x2(dx = 0.
-11n
Now let @ be an arbitrary test function. Then
*(*)= 2_ mrh(r)(°)+?2
where It follows from what we have just proved that
N—im (v i,-1)(%), ) - ( 4%/,513})?(“(&- & ¢)
I/n
= N—im
@mr .,
1 AR
- L
si lim ortt / K*1)»if,“)W * r|Jc = o,

where X=sup ®R) (<?X)|. Our result now follows.
It follows similarly that

x-Jb"Mx) =
for r=1,2,....
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DENSITY ESTIMATION FOR DEPENDENT SAMPLE
by

ANTONIA FOLDES

1. Introduction

Let £2, .. ... be a strictly stationary sequence of random variables
defined on a probablllty space (Q, &S, P). For a*b define as the er-field generated
by the random variables £b and define JIf as the crfield generated by

+190000
@ e shall say that the sequence {£} is (p-mixing if, for each k (1éA:<<=°) and
for each n {nw 1) EyCliy and E2C JE+y together imply

U IP(BA>- P(F,)P(£2 S (pin)P(EY)
where (pin) n=1, 2,... is a nonnegative function of integers such that
lim cpin) = 0.

This definition is equivalent with the following one:
\?{E\J(7)-?iE)\ * (pin),
with probability 1 if EEJ/E°+. (See [1].)
Let @x)x,y) ik= 1,2, ...) be a sequence of Borel-measurable functions, defined
on the Euclidean plane. We shall consider the following empirical density function :

1) = = 2y <05 )

where {c*} is a ("-mixing sequence of identically distributed random variables having
common density function fix). This definition is a common generalization of the
hystogram, the well-known Rosenblatt’s density estimation and the expansion in
orthogonal functions. The same definition of empirical density function in case of
independent identically distributed random variables was given in [2]. In the present
paper the asymptotic property of the probability

P(sup V,,(x) -fix)l > a), n-+m°°,
will be studied.

2. Some lemmas

At first we mention the following well-known lemma (see [1]).

Lemma 1. Let {ck} be a (p-mixing stationary sequence and let the random variables
G f] be measurable with respect to Jt\ and Mk+n respectively. If

E(Elp <0  E(»/|«)<o0
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where p,q>\, lI—l—l, then
P 4
IEE) —E(E)E(if)|  2(<K«))L/pEVYIEID)E VYbI<)-

The following lemma is probably well-known, but we couldn’t find any reference.

Lemma 2. Let {Q&} be a cp-mixing stationary sequence and let i; be a bounded
random variable |£|<M, and measurable with respect to J1k+H1. Then with prob-
ability 1

\WATb - )\ 3=Dbp(n)M.

Proof. Denoting by £+, the positive and negative parts of ¢, we have
[EM)-E© | " [E("")-E « )+ [E(i-|*r{)-E(D]
with probability 1 Therefore it is enough to prove that if ¢"O then
|E «|*) —E(0] &<p(nmM.

Define the /4,,,-sets as follows:

f B/ u IM\ 1=0, 1, ... m—I,
4-"T ; «“»"ST

Let
M m~1
MO0 = = 2, Xa,J 09

where yJXT denotes the indicator function of the Almset. Then we have for each @

I£m(co)-£(cb)\"£n/1I m=122...

Moreover
2M

Concerning the cmvariables we have with probability 1:
|E«J-*O-E(1J] -
(M -1
"\ 2o X

M m~1
S Wigo |PUBUTO-P(4™)| ~ M)

which proves our lemma.

Studia Scientiarum Mathematicarum Hungarica 9 (1974)



DENSITY ESTIMATION 445

Lemma 3. Let {ct} be a (p-mixing sequence of identically distributed random vari-
ables. Suppose thatfor eachn=1, 2, ... thefirst and second moment of dn(x, exist,
for each x£(a0, br) where (a0, bg is a finite or infinite interval. Let us denote
D2dn(x, £]) —hn(a) and suppose that h,,(x)*hnfor x£(a0,b0Q. Denote by

UtE+a(n, X) = ~nj:2k+1N9n(x,{j)-M - (X,1)]

where a is arbitrary integer 1é a ¢ a 0—n-
Suppose moreover that

R5pil2(0 < ¢
Then we have
EUksx(n, x)f A (4 +4¢)a00,
for each x£(a0, b0.
Proof. Using Lemma 1
E(UE+(n, x)f A e jﬁQk+I hn(x) +

hn(x) a .
}'In 4k+l/\j%|/\k+¢~p(l-ﬂl12bnx) l+4j%i H41(j)

A (1+4c)ah,,(x) * (1 +4c)a0i,

n2 ~ n2
for each X£ (a0, b0).

3. The main lemma

In this section the following probability will be estimated:

P(IB(*)-H,(*) > e).

Clearly it is enough to consider P(/,,(x) —E/~(x)>e) and with the same method can
be estimated P(E/,(n)-/,,(*)>£) too.
The basic idea of our method is the following: we divide the n summands

—t,(x, )-ED,,(X, {i)].i=1, 2, ..., nof/,,(xX) - Ef,(X) into equal groups with length

a. Then we consider the sum of each second groups and separately the sum of the
remainder groups. We may suppose therefore that

n=2ap where a=a(n), p = /).

If this supposition doesn’t hold it results that our last two groups are shorter, than
a or empty, but this fact doesn’t alter our proof.
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Let us introduce the following notations :
V(n, x, 1) - ££(,, x),
R(n, x, ) = UN\x(n, x),
V(n, x, 2) = Ug+1(n, x),

V(n, x, 4) = U$_$Z+1(n, x),
R(N, X, 1) = UFf_Ix-+(n, x),

S(n,x,\) = J_2:1v(n>x’j)’

S(n,x, 2) = i2_1R (n” XJ)-

Then
P(/n(x)-E/,,(X) > &) = P(S(n, x, )+ S(n, x,2) > e "

NP X, )>1]) +P(s(» %, 2) >

Thus we shall consider only the probability
P(5(n, x, 1) > e).
Lemma 4. Suppose that the conditions of Lemma 3 hold, and suppose that

(3.1) |P,,(x, )] S chn for each pair (X, Y).
Then we have
ch,,
(3.2) E(eAS"x1) a e " (I+c(p(ol)Y
whenever
(3.3) 0< K < %‘

where with the same letter ¢ we denote here and in what follows different nonnegative
constants.

Proof.
EAY" T = Ee J=1 ") =
L1
= B "j“1 ( EfexMmx-D\WV (X, 1), ... V(n, X, p—1)) =
M1
= E(&™A V" (EE 1K 1), . F(, -, /1-1)) - E(el. ¥
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By (3.1)

(3.4) W, x, g = 2

Using Lemma 2, we have with probability 1:

N ach,,

B XMV (N, x, 1), .. v(n, X, 4 —1) —E(es<Tvr'S) W2e * <pfa).

Thus

H
£ Viex,J) Anachn

E(emS(irl) = E(e "j=1 JE(examx' M) + 20>(ix)e n ).
Using the inequality e*"\+ u +u2 and Lemma 3 we have
A achn
Bl  +2(p@)e " s EXL+ XV X, p)+ I2V2n, X, K)+ 2<p(oc)e

Anctchn Az achn Anachn
s e*nfvdnx »)+2<p@)e n e r +2(p(a)e
whenever

Wv(n,x,n)\ < 1

that means whenever (3.3) holds. Consequently we have

A,,ach,, A?.achn A,ach,, A%ach,,

EE@XMxN)+2e n (p@ ~ e '2 (I+2e n 2 <)
By condition (3.3)

X,ach,, Xlach,,
(35) n n2

Thus from (3.5) in case of (3.3) we get

VIV, X

E@Ashic)) » EE 4

Repeating this argument we get

Je n (vo<p(@).
A2oudiny
Efew"1’1)s ¢ "2 (\+c(p(a)yY
which proves our lemma.
Lemma 5. Suppose that all conditions of Lemma 4 hold. Suppose moreover, that
(3.6) Tim(l +c(p(x)Y < ¢
Then we have

al
N(*)-EL(%) > & S e *m
for each xe(a0,bO0. p(N(*)-EL.(*) > )
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Proof. By condition (3.6)

E(eAs(™d) g ce
Consequently by the Markov inequality

PG'n, X, 1) > e S cexp( A oLog

Let
cm
25AT
then using once more (3.6)

cn

P(S(n, x, 1) =€) a ce .

Clearly a similar estimation can be given for S(n, x, 2). Thus
cn

P/ EW > A e *m.

PE(/,)-1,, > ¢)

Similarly we get

cn

and our lemma is proved.
4. The main theorem

Theorem 1 Let {f} be a cp-mixing sequence of identically distributed random
variables having common density function f(x) for which
(4.2) \f(xf-f(xu\ A K\XI-x A
and
\] \XWf(x)dx < c0 for some vy > 0.
Suppose that

(4.2) 2j 1200 < ¢

Further let @,(x,y) n=1,2, ... be a sequence of Borel-measurable functions. Suppose
that there existfinite or infinite intervals [a b]a[c, d] and positive numbers Q and T
such that

(4.3) for each n the interval [c, d] can be divided into disjoint intervals | f (s= 1, 2, ...)
for which

U > e ad U1 =G,
Ibn(*i,y) - dn(x2, y)IS naxr- XA
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provided that  and x2 belong to the same interval I[r% and that

(4.4) fdn(x,y)f(y)dy -/(*), n

uniformly in [a+8,b—0\ for any <56>0. Set hn(x)—D2dn(x, and let h,, be a se-
quence of real numbers for which hn(x)Shn, x£[a, b]. Suppose further that

(4-5) \&n(x, y)\ < chn
and suppose that there exists a v>0, andfor each >0, there is an n0(s) such that:
(4-6) \dn(xn,yn\ < £
whenever

\xn-y JL=n"
and

n > uo(e).
For any choice of the sequence a=a(u), (n=2a(n)p(n)) for which
(4.7) LLin (1 + c(p(od)Y < ¢
and
n

(4.8) ah,, o) log n for some co(n) /

hold, we have

p( sup  |L,.(X)-/(X)] > €) sae <
a6[a+rHb—48

Our proof will be similar to that of [2].
Proof. Let for each positive integer n

—NT=z@<z{)<..<z/""=wuT

{the number I will be determined later on) be a partition of the interval [—nT, nT]
having the following properties :

a)
T S =T oR
Oscl<cl<+=, [=12, .. I(r}\
b) those endpoints of the intervals /qn) which belong to [—AT, nT] are elements

«of the sequence O, ..., z/"".
By a) and (4.3)

\f{x)-fniy)\ ~ c~Jtt if Yy z/Imy
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and
Wnix)- E/l.(y)| =£ C if x, yelzlh, z'>).
Therefore we have

I(n)
p(_sup, M (O-ERCO\ > @) S (31 POy P .. \In(x)-Efnp\ > £)

S [(«)ymax {P( sup |/,,(X)- E,(X)| > e}

—IW) max {P(L/(2-9)- EL@"V) > £} " I(n)e P,
by Lemma 5, if nis large enough. On the other hand

P( sup \n(X)- E,(X)|=¢€¢ =PIl sup \,{x)\> A;! +

\x\AnT V.  |x|SnT
X6[a+ G b—g x€[a+ & b-6]
S \fn{x)\ >
sup  [EL.W] SR, \boL >
x£ \a+ 0, b-0] x£[a+ (G b—Q
whenever n is large enough because of (4.1) and (4.4).
Now we have
1 G
49 =) > J— 2 n(x, £* +
( ) |>3}{Rl7 V”( ) y xs\LiET n k;\Ck-x\ss P £ ) g )lll

Plsup S (2o 00 okl >

x\~nT N k\

(sup — 2 \&n(x, £K)

lx|Swt ft A;lik-x|>5

—2P\—ﬁ~CK 2 ,,T1> 4(")

el CI"E)T ft k\£k—x\>o \n (x,cKi > 4
‘(4)
where S be, T) denotes the interval
nT n
X Y X+~
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Let us denote x,,(u) the following indicator function:

1 if Msj,
xWw = _
o if N<~-.
Then we have to estimate the following probability

(4.10) pf2 *,(&)> 4

Observe that {zn i is also a ip-mixing sequence with the same ¢~as the
sequence {ck}. Therefore (4.10) will be estimated by the method of Lemma 5.

v cns+
k=l >V,

+P 2E W
U=i Zl’

E(rf«*)) = E*«*) = P

nh 2v <
=P|"IV>I7y)_E(|Gq» Ty

where ¢=c(y) is a constant depending only on y. Let us choose T to be so large that

Ty—1>0, moreover by (4.8) does not go to 0, thus

2/,

* K =
pLZEX«) , =0
if nis large enough.

Further, if 0< A,< —,
02 OAK-Ex (il

CM E( )
u=i ~2h7 Acte
Ne
1,,c*ns 1,,n
Sep — o2k b

with the choice

- T
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To finish our proof only remained the estimation of the probability

pfsup -- 2 \pnlx, &I > 4 )I

K; \Sk-x\>

This probability is 0 if n is large enough and T is chosen so that
1
T> max v, — , by (4.6),
Y)

which finishes the proof of the theorem

5. A simple application

One of the most important but not trivial examples of (“-mixing sequence is
the Markov process. It is well-known [5], that if
(i) {C}is a Markov process with infinite state space (in our case the real line),
(i) {£}satisfies Doeblin’s condition,
(iii) there is only a single ergodic set, and this set contains no cyclically moving
subsets,
then there exist positive constants a and g< 1 such that

0 =4

It is easy to see that in this case the mixing conditions of our theorem hold if we
choose ct(n)—cOlog n (where c,, is a constant depending only on g), then (4.7) holds,
thus for a Markov process we get almost the same convergence rate as for independent
sequences.
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ON THE RATE OF CONVERGENCE OF KESTEN’S
“ACCELERATED STOCHASTIC APPROXIMATION”

by
P. REVESZ

Introduction

Let M(X) (— + °°) be an unknown monotonically increasing function
with M (0)=0 and J1/(x)T£0 if x*B. Suppose that we can measure the value of M (x)
only with some random error Yx i.e. the value M (x)+ Yx for any x can be obtained
by an experiment. Our aim is to find the root 0.

Robbins and Monro ([1]) constructed the following sequence: let Xx be an
arbitrary real number and define the sequence {Xr} by the recursion

() Xn+l=Xn-x Zn (a= 1,2, a> 0)

where Zn=M(X,,)+Yx . The process {£X,;} will be called Robbins—Monro Process
(RMP).

Bium ([2]) under some simple conditions proved that P(Z,—0)=1

To characterize the rate of convergence of {X,}is clearly an interesting question.
A result in these topics is the following: suppose that M(x) is differentiable at the
root 0 and 0< M'(0)=a< then (under some further conditions see e.g. [3]) we have

if a>
if a=

0(n~2a) if a<

Another characterization of the rate of convergence is the central limit theorem
(see e.g. [10] or [11] stating that [a(20i—a)]1,2(Xn—0) is asymptotically normally

distributed with parameters 0, 1 if a>y and some further conditions hold.

A law of the iterated logarithm i.e. a characterization of the rate of strong con-
vergence of {X,,} was proved in [4]. Both of these results (see also [5]) show that the
rate of convergence is getting worse and worse if a is getting less and less. To aviod
this difficulty Venter ([6]) proposed a modification of the RMP. He and Fabian

([7]) proved that this modified process is tending to 0 as 1/¥Yu provided that 0 <a<
(Here we do not want to specify the exact meaning of this statement.) The rate of
convergence in the case a=0 seems to be completely unknown.
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Another modification of the RMP was proposed by Kesten ([8]). His idea is
the following: if the results Z,, of our measurements are positive (or negative) in a
long run then we can conjecture that our estimations are far away from the root 0
(near to the root a frequent change of the signs of Z,, is expected) and therefore
we have to modify the values of Xnin a stronger way.

Kesten called his method “an accelerated stochastic approximation” but it
is not really proved that his method is really accelerated. This method is also men-
tioned in the most important monographies without any further explanation see
e.g. [12] and [13].

In this paper we intend to investigate the Kesten’s process. In order to compare
more precisely the rate of convergence of RMP and that of Kesten’s process, in
paragraph 1 a law of iterated logarithm will be proved for RMP (Prof. G. Kersting
was kind enough to inform me that he proved similar theorems). A law of iterated
logarithm and a central limit theorem for K esten’s Process are given in paragraph 2.

1. A law of the iterated logarithm for RMP

In this paragraph a law of the iterated logarithm will be proved for the original
RMP in the case when the errors are i.i.d.r.v.’s. Namely we prove our

Theorem 1. Let Y1, Y2, ... be a sequence of i.i.d.rv.’s with EFf=0, EFf=I
(7=1, 2, ...), further let M(x) (—0<x<-1-°°) be a measurable function for which

a) there exist positive constants ¢ and d such that |M(x)|Sc+<7|x|,

b) M(x)<0 ifx<0 and M(x)>0 if x>0 (i.e. we assume 9=0),

inf  [M(X)|=-0 f ir of positi 6l
C) <i—||n|—@| (x)|=-0 for every pair of positive numbers 615 &,

d) M(x) is twice differentiable at 0,
e) M'(0)=asta/2.
Then

12

plim A=A T 1o i M) =a

w-+eo 2 l0glogn
and

12

P T Iz = 11= 1 if M'(0)=a=

log nlog log log n 2"

Before the prooflof this theorem we give three lemmas. The first and the third
will be used in the proof of this theorem and later on, the second one will be used in
the proof of the third.

1 For the sake of simplicity we give the proof only in case a= 1 but the general case can be
treated quite similarly.
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Lemma A ([9]). Let YIt Y2, ... be a sequence of i.i.d.r.v.'s with EY]=0, EK2=1
(/1=1,2,...). Then

1-2s _ . 1
n«»%n[zlog log« J J%UJYJ = it ®=g=
( | ni \ _ 1
pM M iogn IogEgJTEi'g"n)l/z 12t| I v.E ! Ify =4y
and
f/ 2e—1 112 ]
fn [2loglognd JZ-F W=1=1 "'/ T <£<+"’
Lemma B ([10]). Let {bZ} be a sequence of positive numbers for which
(2 bUis i - « m= 12, ..

wirere 0<o< 1 and A>0. Then bI*"Bn e where B is a constant depending on A, q
and b2.

Lemmal 1. Let Xn=X,,(0j) (cos 12) be @ RMP obeying the conditions of Theorem 1
Then for any e>0, $>0 there exists a measurable set FczQ such that

P(F) > I-<5
and

©)) fxtdP ~-L
F
if n is big enough.

Proof. By Blum’s theorem ([2]) our conditions imply that Xn—0 with prob-
ability 1 For any e'>0 one can choose an g=i/(e')>0 such that M(x) =dx+e.(X)x
where |£(x)|*e' whenever \x\<( (where J1/*(0)=a). Define F= f| (cu X \<tj}. If

Ho—O0(®) is large enough then P (F)sl—6. Let FO= (w IAp c»} and Fk—
= M {<uTal<»7} (k*n0). (1) implies
)

fxt+1n fx;-I(«-e') fxi+ N fx;+ %
Fn Fn F., Fn

2
forn~n0.Taking intoaccountthat /* « m f X%+land 2(a-e')----- s 1l-e ifu

is large enough, we get P ~

Hence by lemma B we have bl=0 | 1_t| what implies (3).

1 This lemma and its proof is closely related to Lemma 3 of [5].

? Studla Scientiarum Mathematlcarum Hungarica 9 (1974)



456 P. REVESZ

Proof of Theorem 1. By the iteration of (1) one can obtain

)

k=I\  K) (téjf'lu (X k)+Yk)j=|;|+|\[

where U(x) =M(x) —ax, and applying the relations

a --r+oiM " 1 m ill
1—{— e t2=,,_i_ Iog?+0’yﬁ),

we get
@ net, =0 (apg-9g — \ito Dj(t/ (™) +n).
By Lemma A we have

24 1

\]|I'2|%%—}&gn} Kii ki-a

with probability 1 if a> 1/2 and

1 1 S
@ hm (2lognlogloglogmi2 X k1 1+0 @Yk_l

with probability 1 if a= 1/2.
Lemma 1easily implies :

fn
tf

®) 0sS A J  (‘“+°M)W®

Sis. [# 1 (b (DEM=°

with probability 1. (4), (5) and (6) together prove our Theorem 1

Remark 1 Our Theorem 1in some sense characterizes the rate of of convergence
of Xnto 0 in the case when M'(0)=aSy. The case 0<a<y was investigated in
[5]. The following result was proved there2:

Theorem A. Under the conditions of Theorem 1 there exists a random variable Z
such that P(naX,,-+Z2)=lI.

2 In [5] only the case a= 1 was treated but the method can be applied without any change in the
general case.
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Roughly speaking the statements of Theorems 1 and A can be formulated as
follows: under the conditions of Theorem 1 X,, tends to O like

2loglognj12 , a
aa—a)n) ! 2"
1/2
|2 lognloglog logn it q 2
2
a
o if a 5.

2. On the Kesten’s process

At first we give the precise definition of the Kesten’s process in the case when
the errors are i.i.d.r.v.’s.

Let M (x) be a measurable function and let ¥x, Y2, ... be a sequepce ofi.i.d.r.v.’s
with EY;=0, EY,2=1 (/=1,2, ...). Define the sequences {A,} and rp,j as follows:
let KI be an arbitrary real number and let /r1=1, and put

Kn+l = Kra_A_{M{Kr’)+Y1’)

and . .
= 1A if (MA+YAMiKA+Y~ARO,
At jlt,,+ 1 otherwise.

The sequence {Kn} will be called Kesten’s process (K.P.).
Now we can formulate our

Theorem 2. Let M(x) be a measurable function satisfying conditions a)—d) of
Theorem 1 and suppose A/'(0)=a>0. Further let ¥x, Y2, ... be a sequence of discrete
i.i.d.r.v.’s with

EYt=0, EY?=1 (/=1,2,...), PIX= xj) = pj

2Pj= i3 and suppose Xj* 0 (j= 1,2, .»r).

Then
PAim QU5 thiognt ™ V= 1
«>PYy
limP(QYnKn< y) = d()
p(,”" (210g« logloglogn) ~ 1 1
f a=pq
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and there exists a r.v. Z such that
K,—2Z) =1
if a<pg where p=P->0), g—P(I} <0,

Q2= 2pq(2a- 2pq), B ="

Remark 2. The condition saying Ytis discrete, not equal to O is certainly super-
fluous but to prove the theorem without this condition seems to be much harder.

Remark 3. It is clear enough that pn«r2pgn (see Lemma 5) what suggests that
the behaviour of K, is the same as that of Xn, in case a=2pg. In fact the statement of
Theorem 2 says that this conjecture is correct.

Remark 4. Theorem 2 also says that the rate of convergence of the venter’s
Process is better than that of the Kesten’s ifa=-0. It would be interesting to investigate
the rate of convergence of the Kesten’s process when a=o.

Remark 5. It is very likely that the Kesten’s Process converges better than the
Venter’s in the time when the place of measurement is far from the root (i.e. when
Xnresp. Knis far from B). Hence it is natural to propose the using of the Kesten’s
method in the first few steps and to turn to venter’s later on. Clearly one has to
decide the time of turning. The author intends to deal with this question elsewhere.

Before the proof some notations will be introduced:

1 Let 50=0, and let Sk (k=1,2, ...) be the largest integer for which pSk=Kk.
2. Wk=Sk—Sk_k (k = 12,.).

S = Qg bl = K

4. Let & be a positive number for which \M(x)\" ¢/2 if |x|"<50.

5 For any £>0 and <5>0 define the integer n=A(e, € and the measurable set
F=F (6, < fi (the underlying probability space) such that P (F)*1—eand \Kn(m)\"§
if n=n and wCF. Since by Kesten’s theorem ([8]) P(*,—9)=1, for any e=-0 and
0>0 there exist such F and n. Especially let FO= FO(e)=F(e, € and n0—n0(e)=
n=

G
6. Let x0 be the smallest integer for which SX3*n0.

7. Define the sequence {v} as follows: let vx be the largest integer for which:
signY =sign. = ...=signyY 4« L
similarly v2is the largest integer for which
sign A Xot5i - sign r%+vi+l = = sign SO |
and in general vk is the largest integer for which
sign IsXo+vj-f..+wk_J — ... = Sign I(Jtotvil-. +vt—1-
if

k Hx0+ Vi+ "2+ + i'lt-Jto if K > x0.
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9. pk=1 if £_l< k=8,
10. Define the process {f1,} by Kt = Kkand

Kn+l= Kn—"%M (Kn+Yn.

Since sign (M(KK + YK = sign Yk if we have:
Lemma 2. Kn(w) = K,,(03) if nS SX0—SX or c0£FO.

In order to simplify our notations from now on we assume YX +1>0;the case
Yx +i<0 can be treated quite similarly. Now we formulate our

Lemma 3. vx, v3, v6, ... are i.i.d.r.v.'s with P(vl=j) =qpJ~1(j= 1,2, ...) and 2,
V4, ... are i.i.d.rv.'swith P(v2=j)=pqJ~1(j= 1 2, ...). Hence BA4= 1lg, D2k=plq2
Be=1/p, D2a2= qg/p2

Proof is trivial.

Our next lemma follows from the well-known forms of the law of iterated
logarithm.

Lemma 4. We have

V+ 2+ ... +V, -— 3+ 43
lim- 2 R
(nlog log n)12 P (paf
This lemma easily implies
Lemma 5.

- 2pan - — 5 ¢p 3+ |
I¥®  Joglogn p\pqu '

Proof of Theorem 2. By Lemma 5 we have

Kn# = Kn- 2p2n @+ \{M(Kn)+yn)

where {K.} is a sequence of r.v.’s for which
------- <
nh?]]r/ log ogﬂ\v”\ @

with probability 1 Now our theorem 2 follows from the following simple remark:
the central limit theorem and the law of iterated logarithm reamin true if we modify
the definition of the Robbins—Monro process as follows: let  be a bounded r.v.
and let

(1%) *-+1="B-"-(1+0,(1))(M (in + yn)

where 0,,(1) is a sequence of r.v.’s independent of Yn (n=1,2, ...) and tending to
0 as n—oo. The proof of this remark is so easy, copying the proof of Theorem 1,
that we can omit it.
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BOOK REVIEW

N. BOURBAKI: Eléments de mathématique, XXXVII. Groupes et algébres de Lie.
Chapitre Il : Algébres de Lie libres. Chapitre |1l : Groupes de Lie. —
Actualités Scientifiques et Industrielles No. 1349. Hermann, Paris, 1972.

Apres les chapitres 1, 4, 5 et 6, ont paru enfin également les chapitres 2 et 3 des «Groupes et
algebres de Lie» de N. Bourbaki. Comme il est tout a fait superflu de rappeler tant I'importance des
groupes et algébres de Lie que le niveau des traités de Bourbaki, il est aussi inutile de dire a quel
point cet ouvrage a été attendu.

Pour présenter la matiere de ces deux chapitres, on s’est servi de tout I'arsenal des fascicules
précédants des Eléments de mathématique. Ainsi, des connaissances considérables sont nécessaires
pour la compréhension — ce qui n’est pas tellement surprenant, d’ailleurs.

Quant au contenu de I’ouvrage, en voici les titres des paragraphes. Les précisions mises entre
parenthéses sont destinées a donner une idée plus proche de la matiere traitée.

Chapitre I1: § 1 Bigebre enveloppante d’une algebre de Lie (compléments de la théorie des
bigebres (algébres de Hopf) avec la spécialisation indiquée.) — § 2. Algébres de Lie libres (leur con-
struction, polyndmes de Lie, graduations, dérivations, bases de Hall). — § 3. Algebre enveloppante
de I’algebre de Lie libre. — § 4. Filtrations centrales (filtrations et fonctions d’ordre). — 8 5. Algébres
de Magnus (groupes de Magnus et groupes libres). — §6. La série de Hausdorff (groupe de Haus-
dorff, séries formelles de Lie, la série de Hausdorff). — §7. Convergence de la série de Hausdorff
(cas réel ou complexe). — § 8. Convergence de la série de Hausdorff (cas ultramétrique). — Appen-
dice: Fonction de Mobius.

Chapitre 111: § 1. Groupes de Lie (définition, propriétés élémentaires, relation avec des variétés
analytiques). § 2. Groupe des vecteurs tangents a un groupe de Lie. — 8§ 3. Passage d’un groupe de
Lie a son algebre de Lie (algébre des distributions ponctuelles sur un groupe de Lie, algébre de Lie
d’un groupe de Lie, représentations, formules de Maurer-Cartan, formes différentielles). — §4.
Passage des algébres des Lie aux groupes de Lie (passage, applications exponentielles, passage des lois
d’opérations infinitésimales aux lois d’opérations). — §5. Calculs formels dans les groupes de Lie.
— 86. Groupes de Lie réels ou complexes (avec la complexification d’un groupe de Lie réel de
dimension finie). — §7. Groupes de Lie sur un corps ultramétriqgue. — §8. Groupes de Lie sur R
ou Qp (les 88 6—8 contiennent une spécialisation aux cas indiqués). — §9. Commutateurs, centra-
lisateurs, normalisateurs dans un groupe de Lie (définitions, groupes de Lie nilpotents et résolubles,
radical et semi-simplicité). — § 10. Le groupe des automorphismes d’un groupe de Lie. — Appen-
dice: Opérations sur les représentations linéaires.

Continuant les traditions de Bourbaki, le présent ouvrage contient une Note historique éclai-
rante et une riche collection d’exercises, ou, parmi les exemples et les applications des résultats ob-
tenus dans le texte, on trouve des théorémes bien connus ainsi que des résultats inédits.

L. Marki

S. FENYO—T. FREY: Modem mathematical methods in technology.
Volume 1. (North-Holland Series in applied mathematics and mechanics. Volume 9.) North-
Holland Publishing Company, Amsterdam—London, 1969. X 11+ 407 p. 82 figures, D fl. 70.00.

This book is a somewhat modified translation (by W. U. Sirk) of the work: “Moderne mathe-
matische Methoden in der Technik” (Birkhauser-Verlag, Basel—Stuttgart, 1967) of the authors.
Its objective is to acquaint the reader with mathematical disciplines important for recent applicati-
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ons in natural science and engineering, which are not yet taught in universities. — Chapter | (Extens-
ion of the classical concept of an integral; pp. 1—71) is focused, after some preliminary considerati-
ons on point setsand metric spaces, on Lebesgue and Stieltjesintegrals. — Chapter 11 (the operational
calculus; pp. 72—148) presents the relevant foundation of J. Mikusiéski, which is shown to be more
powerful than the operational calculus of Heaviside or even the Laplace transform technique. The
treatment begins with certain algebraical concepts and goes further by yielding the operational
calculus of number sequences and, then, that of functions. Solution of differential and Volterra in-
tegral equations, applications to certain problems in electrical engineering and the theory of beams
are also dealt with by the presented methods. — Chapter 3 (Fundamentals of distribution theory;
pp. 149—282) is devoted to the theory of generalized functions created by L. Schwarz (Fourier
analysis and function regularization inclusive). As applications, ordinary linear differential equations
(Green’s function, Cauchy’s problem etc.) are treated by the help of the theory. — Chapter 4 (Ana-
lysis of nonlinear differential equations. The theory of nonlinear vibrations; pp. 283—403) is con-
cerned with certain nonlinear problems in case of ordinary differential equations. Existence and
unigueness problems, stability questions, the properties of solutions, Lyapunov stability of linear and
almost linear equations, the analysis of the structure of the integral curve, autonomous systems,
singular points, limit cycles, nonlinear vibration problems are the main topics in that chapter.
Numerous problems and applications in electronics and automation are also given.

The subjects are treated rigorously but with such a lucid and balanced style that technologists
also would comprehend them easily. The independence of the chapters was also aimed at. Elemen-
tary algebra, analysis and geometry are the only requirements from the reader. It must be emphasized
that also mathematicians interested in the latest fields of application will profit much from the study
of the examples and problems in the book. — The Bibliography (a selection) contains 11 well-
chosen items. A subject index closes the book.

P. Medgyessy

V. P. MASLOV: Théorie des perturbations et méthodes asymptotiques.

Suivi de deux notes complémentaires de V. I. Arnold et V. C. Bouslaev. Traduit par J. Lascoux
et R. Seneor. Dunod et Gauthier—Villars, Paris, 1972. XV 1+384p. 11 figures. 170 F.

This book consists of two main parts. Part | (Theory of perturbations) generalizes the problem
of solution of the classical problem of perturbation theory — that of the finding of eigenvalues and
eigenvectors of the matrix A(e)= A+ eB if the corresponding characteristics of the matrix A are
known, B is given and s is sufficiently small. This generalization consists in taking an unbounded
operator in an infinite dimensional space as A; then the notions connected with the matrix case
are to be defined and solved in a totally new way. In Ch. 1 (Problem of regularization of the pertur-
bation theory) and Ch. 2 (Asymptotic behaviour of the eigenfunctions and perturbation theory
for equations with operator coefficients) cases where the spectrum of A is discrete or possesses at
least one isolated point are considered. Relevant problems of perturbation theory are treated by
means of the regularization method due to A. N. Tihonov according to which an unbounded ope-
rator can be substituted by a sequence of certain bounded operators, whose subsequent application
yields already good approximations of the solution belonging to the original operator occuring in
the perturbated equation. Ch. 3. (Strong convergence of operator equations) and Ch. 5 (Weak con-
vergence of operators), provides a further generalization of the main problems, namely the cons-
truction of the approximation of the inverses of members of certain family {Tc¢} of operators by help
of the limit T of Tcand by T~\ Here the existence and the approximation by means of Té 1 of T ~1
are also considered. Ch. 4 (Perturbations of one-parameter semigroups) considers one-parameter
semigroups of operators and the relation between the convergence of these semigroups and the
convergence of the corresponding generators. — Part Il. (Global theory of characteristics and
asymptotic methods in the theory of differential equations of operator coefficients) deals with
equations of quantum mechanics and optics considering them as particular cares of equations
with operator coefficients in certain function spaces. By this aspect the asymptotic formulas of
different fields of physics can be shown to be interconnected. After Ch. 1 (Formulation of the
problem) discussing the mentioned fundamental views, Ch. 2 (The canonical operator) aims at
obtaining a class of asymptotic formulas being uniform in the coordinates of location. To this end
a ,,canonical” operator transforming the space of functions defined on curves of the phase space
(p, q) into the space of functions on the line (q) is constructed and studied. Ch. 3 (Asymptotics
of the solutions of partial differential equations) and Ch. 4 (Equations with operator coefficients)
consider the solution of the equations of the mentioned type as well as the behaviour of the
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eigenvalues of selfadjoint differential operators. Ch. 5 (Local characteristic representation for
equations of wave equation type) deals with the quasiclassical local asymptotics of the equations
of quantum mechanics, which is analogous to that of a system of hyperbolic equations with
discontinuous or oscillating initial data and was investigated only formally in the literature. Ch.
6 (Local asymptotics of operator equations with partial derivatives) presents the method of
stationary phase, used in local asymptotics, according to the author’s method. Ch. 7 (Global
asymptotics of the solutions of the abstract equations) comprises the proofs of the theorems
presented in chapters 2, 3 and 4. Ch. 8 (Quasi—classical formulas for the solutions of
the equations with [n/2]+ 4 times differentiable coefficients of quantum mechanics) yields an
introduction of asymptotic formulas that differs essentially from that given in Ch. 7, partly by the
aid of the theory of Morse. Ch. 9 (Regularization of perturbation theory for calculating correction
terms and the quasi-classical formula of Bohr) gives the higher terms in the considered asymptotic
expansions by means of the methods of perturbation theory, combined with tools of the method
of regularization. Results of Part | are utilized at several places of Part II.

An Appendix (Discontinuities in the asymptotics of the solutions of equations of tunnel effect
type) shows new applications of the method used in the study of the discontinuities of the solutions
of equations of wave equation type. A Supplement (B. Doubnov: On the global existence of the
solutions of Hamilton’s equations) and two Complements (V. I. Arnol’d: A characteristic class
occuring in the quantification conditions; V. C. Bouslaev: Generating integral and Maslov’s cano-
nical operator for the W. K. B. method) present a new approach and supplementary material to
certain problems of the main text.

The book (published in Russian in 1965) is of high mathematical level, is very comprehensive
and presumes knowledge of several fields of mathematics. Although the problem solutions belong
generally to the field of quantum mechanics, clarifying several questions not dealt with in full rigour
up to now and yielding a very valuable help to research work on theoretical physics, they are worth
being studied also by the mature mathematician.

There stands a main bibliography after the Supplement comprising 90 items. The two comple-
ments possess separate bibliographies of 5and 11 items respectively. Unfortunately there is no index
and several author names (Russian and non-Russian) have been printed with striking errors.

P. Medgyessy

H. G. GARNIR—M. DE WILDE—J. SCHMETS: Analyse fonctionelle, Tome II, Mesure et
integration dans I’espace euclidien En.

Lehrbiucher und Monographien aus dem Gebiete der exakten Wissenschaften, M athema-
tische Reihe, Band 37, Birkhauser Verlag, Basel— Stuttgart, 1972.

Comme le titre I'indique, ce livre est une introduction a la théorie de la mesure et de I'intégra-
tion dans un ouvert de I’espace euclidien E,,. Il comprend les chapitres suivants:

1. Mesure.

IL Intégration.

I11. Fonctions et ensembles boréliens.

1V. Produit de mesures.

V. Relations entre mesures.

V1. Intégration de fonctions a valeurs dans un espace linéaire a semi-normes.
VII. Mesures a valeurs dans un espace linéaire a semi-normes.

Les cing premiers chapitres sont indépendants du Tome | de I'ouvrage. lls présentent un
exposé classique de la théorie de la mesure et de I’intégration. Cette exposition a deux particularités
qui rendent le livre différent des autres ouvrages traitant le méme sujet : I’'une, c’est la restriction du
domaine indiquée dans le titre; I’autre, c’est qu’on considére des mesures complexes dés le début.
Bien sdr, le traitement est plus simple dans un espace euclidien. Et, comme les auteurs I’écrivent
dans I’introduction, «le degré de généralité ainsi atteint nous parait suffire a la plupart des utili-
sateurs, et constitue une introduction utile pour ceux qui veulent aborder la théorie de la mesure
dans ses développements les plus abstraits.» C’est surtout en lisant le chapitre VV qu’on réalise que
les auteurs envisageaient aussi des applications: on y trouve, par exemple, le principe du bang-bang
et le théoréme de Lyapounov, repris a la théorie du controle, et une étude des ensembles de mesures
dominées par une mesure, ce qui est tres important en statistique.
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Les chapitres VI et VII présentent une extension de la théorie classique de la mesure. On
s’appuie également ici sur des résultats développés dans le premier tome de I'ouvrage.
L ’exposition est claire et précise. Le livre contient de nombreux exercices. La solution peut en
étre facilitée par les suggestions qui suivent les cas les plus difficiles.
L. Marki

N. BOURBAKI, Topologie Générale, 1.
(Chapitres 1a 4.) XVI1+128+44+90+98=376 pages, Hermann, Paris, 1971.

11 n’est guére nécessaire de présenter au lecteur avisé le traité fondamental de Bourbaki. Bien
connu est également le fait, que méme parmi les livres constituant ce fameux traité, une place de
choix est due a la«Topologie Générale». La parution, en 1940, de la premiére édition des deux pre-
miers chapitres de ce livre marque en effet la naissance de la topologie générale telle comme on I’ent-
end aujourd hui.

Pendant les décennies écoulées depuis cette date, la présentation Bourbakienne de la topo-
logie a toujours conservé son importance capitale, et cela grace a des rééditions mises au point selon
les derniéres exigences de I’6volution de la science. — A la hauteur des exigences des années soixante-
dix, du point de vue formel I’édition ci-considérée se distingue de ces prédécesseurs par le fait, que
le matériel réparti auparavant sur deux fascicules brochés est réuni ici dans un tome solide (bien
relié et trés bien imprimé), qui confine ainsi les chapitres suivants: I. Structures Topologiques. —
11. Structures Uniformes. — I11. Groupes Topologiques. — 1V. Nombres Réels.

Agréable aux yeux et aisé a manier, ce beau volume contribuera sans doute a élargir encore
I’influence du personnage collectif célebre qui est Monsieur Nicolas Bourbaki.

S. Gacsalyi

ROLF KLOTZER: Mehrdimensionale Variationsrechnung.
Birkhauser Verlag, Basel— Stuttgart, 1970. 299 p.

Variational calculus in several dimension is a rapidly developing area of mathematical analysis
that provides a lot of difficult problems and has several applications in different fields of mathema-
tics as well as in physics and engineering practice. The present book seems to be an effective tool for
a reader who has some general mathematical knowledge to reach the up-to-date level in a fairly
extended domain.

Chapter 1. contains the exact formulation of the Bolza problem treated in the book. A functio-
nal of the form

J(x) = ff(t,x,xt)dz+ fg(t, x)da
G

has to be minimalized where x (t)=x(t1 12, ..., tm) ( Rn. G(zR'nis a domain with piecewise smooth
boundary dG and x(t) satisfies the boundary conditions hv(t, x, x,)=0 (v=1I,2, ..., r-<mri) and
[2XW 14G ==0 (*=1" 2" eee> €)-

It is shown that most variational problems (isoperimetric problems, etc.) can be reduced to an ap-
propriate Bolza problem. Moreover, assuming regularity (or quasiregularity) each Bolza-problem
can be transformed into the usual canonical form by a Legendre transformation. The chapter conc-
ludes with a survey on parametric problems.

Chapter 2. presents an account of functional analysis that will later be needed. The definition
and elementary properties of a linear normed space (especially Hilbert space) are given, mostly
without proofs. The usual simple completion process and the theory of Sobolev-spaces are deve-
loped in more details, including Sobolev’s embedding theorem and the Géarding inequality. Some
simple properties of quadratic forms are listed.

Chapter 3 starts with the general definition of the variation as a Gateaux-derivative. The usual
controlability condition implies the applicability of the variational principle. The open mapping
theorem is used to prove the necessary integral-condition of the Lagrange-type. Assuming appro-
priate smoothness of the Lagrange multipliers, the fundamental lemma of the variational calculus
yields the Euler-Lagrangue differential equations. Haar’s lemma and its converse are proved. Among
their application is the ”integrated” Euler-equation. In the case of boundary conditions the usual
transversality conditions are developed. Regarding the second variation, a generalization of the
Legendre—Hadamard-condition is given. This also implies the necessary condition of Weierstrass
(for strong minimum).

Studia Scientiarum Mathematicarum Hungarica 9 (1974)



BOOK REVIEW 465

In Chapter 4 a general sufficient condition for minimum of a function, defined on subset of
a Hilbert space, is given. This is then used to generalize the sufficient condition of Van Hove for
weak relative minimum. Two “’structural” assumptions together with the strong Legendre condi-
tion imply weak relative minimality. A systematic treatment of the second variation 62J*(x,,,¢)
is given. The chapter concludes with Holder’s theory, i.e. the theory of sufficient conditions for
minima in terms of eigenvalues of appropriate eigervalue problems. Especially the Jacobi condit-
ions are proved.

Sufficient conditions for a strong relative minimum are presented in the fifth chapter. After a
short description of the field-theory, especially that of Caratheodory, the field theory of de Donder—
Weyl is treated in great details. This is the most valuable part of the book, involving the authors
own results. Assuming positive regularity (again) the construction of the field is done for the cases
m= 1an 1a=-1 separately. The possibility of an appropriate generalization of the field theory is also
sketched.

In chapter 6 a result of the previous chapter is applied for a case when the integrand depends
on a real parameter. This reduces to an eigenvalue problem which is exhaustively studied. The se-
cond part of the chapter deals with field-theoretic methods providing lower bounds for the func-
tional 1(x).

Though the book is essentially selfcontained, some familiarity with classical varational calcu-
lus and elementary analysis may be useful for reading. Several examples make understanding easier

and provide a large scale of applications.
A. Szép

1. J. MADDOX: Elements of functional analysis.
Cambridge University Press, 1970, X+208 pp.

This is a really introductory, though non-trivial course on abstract methods of analysis for
students with some knowledge of classical real and complex variable theory.

In Chapters 1—3 sets, metric spaces, topological spaces, linear spaces and linear metric spaces
are discussed in detail. In Chapter4 the Banach—Steinhaus, the open mapping and the Hahn—Banach
theorem are proved in the context of normed linear spaces. Chapter 5, dealing with Banach algebras
contains the Gelfand— Mazur theorem and a weakened form of the Gelfand representation theorem.
The short Chapter 6, on Hilbert spaces, treats orthonormal systems, the projection theorem, and the
Riesz—Fréchet theorem. Chapter 7 is concerned with matrix transformations and summation me-
thods, an area of special interest to the author.

The book is written in a highly instructive manner. The style is clear and vivid. Concepts are
soundly motivated, theorems are accompanied by numerous comments, examples, and exercises.
(Since Lebesgue theory is not assumed, most applications involve sequence, rather than function,
spaces.) Also the display of basic terms before defining them seems to be a good idea. Short historical
remarks as well as outlook to more advanced topics help better orientation.

To sum up, this is an excellent first reading for all who wish to get thoroughly acquainted
with basic notions, results and applications of topology and functional analysis.

J. Bognar
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