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A NEW PROOF OF S. A. TELYAKOVSKIÏ’S THEOREM 
ON THE APPROXIMATION OF CONTINUOUS 
FUNCTIONS BY ALGEBRAIC POUYNOMIALS

ty
R. B. SAXENA

1. The results of S. A. T elyakovskii * [12] and I. E. G o pe n g a u z  [4] imply the 
validity of the following assertion: for every function f(x), continuous on [ —1,1]. 
and any natural number n, there is an algebraic polynomial P „ (f,x ) o f  degree =n  
such that fo r al! x  £ [ — 1, 1 ]

( 1 ) I/ (* )  - P n( f ,x ) \ ^  Am [ / ;  j

where A is an absolute constant and w (f , ô) is the modulus o f continuity o f  f(x ). This 
sharpens the well-known theorem of A. F. Timan [11] which itself is a stronger 
form of the classical theorem of D. Jac k so n  [5].

In the present paper, the author gives a new proof of inequality (1) by construct
ing the interpolation polynomials A „ (f  x) of degree S  4«+  2 which take the same 
values as f(x )  at the points xk„(k =  0, 1, 2, ... ,  n +  1). In this way, for fixed n, our 
polynomials A „ (f  x) depend on a finite set of values o f f(x )  only. We shall prove 
the following.

T heorem . For every function f(x ) continuous on [ — 1, 1] and any natural number 
n there is a polynomial An( f  x) o f degree S. 4« +  2 such that for all x £ [  — 1, 1]

\ f ( x ) - A „ ( f x ) \  s  1285« ( / ;

where w ( f  ő) is the modulus o f continuity o f f(x ).

We observe that G. F r e u d  [2], M. Sallay  [10], the author [8] and P. V értesi 
[13] have constructed the algebraic ** interpolation polynomials for which Jackson’s 
inequality is satisfied. The interpolation polynomials satisfying Tinian’s inequality 
have been studied by G. F r e u d  & P. V értesi [3], О. Kis & P. V értesi [6] and the 
author [9].

2. We shall first describe the construction of the polynomials A „ ( fx ) .  Let

( 2)

be the zeros of

cos
kn

7;+T

Un(x) =
sin (n +  1)0 

sin 0 X

к  =  1 ,2 ,  . . . , n

cos 0, n =  1, 2 ,.. .

* For its generalization to two variables, see M alazemov [7].
** The trigonometric analogue is studied in [6].
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4 R. B. SAXENA

the íebysev  polynomial of second kind. The fundamental polynomial of Lagrange 
interpolation constructed on the nodes (2) is given by

Further, let

and

Set

(3) Kn

, _  ( - l ) * +" (l-x*2„) Unix)
knK ’ Я +  1 ' x - x kn'

f. Ггч _ 1  3xk„ ( x - x kn)Vkn\X) -  1 , ~2-----
1 x kn

ФЛь u) =  — ^  " z  u; it)  и м -n ~r L r— 1

j [VkJknix) +  2 { x - x kn)l?n{x) • (1 ~ х 2кп)фп{хкп, x)],

the right hand side being a polynomial of degree An + 1 , and 

(4) An(f, X )  =  ~ f ( l )  +  ̂ - f i - 1) +

2 f(Xkn) - {i±̂+ - / ( 1 ) + i p £ / ( - 1) K n ix ) ,

for an arbitrary function f (x )  defined for — 1 S jcS  1.
The interpolation process (4) was constructed by the author in [8]. It is easily 

seen that An{ f x )  are polynomials of degree S  4и +  2 and that

A i f , x kn) =  f i x kn), к  =  0, 1,2, . . . , « +  l ( x 0 =  1, xn+1 =  - l ) .

It was proved in [8] that for every function f{x) continuous on [ — 1, 1] and any natural 
number n Jackson’s inequality

(5) I f ix )  -  An( f  x)| s  414m / ;

holds fo r  all x d [ — 1, 1]. We further observed in [9] that the above inequality can be 
sharpend and we replaced (5) by

(6) l i  384
Í ]/i - XA ( Ы Ïœ f \  ------- — I +  £01 ; -4-l n ) { « J

The inequality (6) is due to A. F. Timan [11]. It was shown by V. K. Dzyadyk [1] 
that, for functions of class Lip a (a-= 1), the result of A. F. Timan is the best possible 
as far as order is concerned.

3. In the sequel an essential role is played by the following

S tud ia  Scientiarum  M athematic aru m  Hungarica 7 (1972)



A NEW PROOF OF S. A. TELYAKOVSKII’S THEOREM 5

Lemma. For 0 we have

2  I A* (cos 0)| s  130 
*=1

” ]
2 !  sin -- |0—0*| |A*(cos 0)| Ш 74 sin 0

(7)

(8)
n

2  sin
1

(9) i s i n 2

Proof. From equality (18) in [9], we have

sin3 (n +  1) 0 cos (n +  1)0 sin2 0* sin 0 sin4 (n +1) 0 sin4 0*
(10) A*(cos0) =

Since

and

therefore

But

(n + l)3(cos 0 —cos 0*)3 (л +  l)4(cos 0 —cos 0*)4

2 sin4 (n +  1)0 sin2 0* cos 0* sin4 (n +  1)0 sin2 0*
(n+ l)4 • (cos 0 —cos 0*)3 (n+ 1)3(COS0 —COS0*)2 +

sin4 (и +  1)0 sin2 0*
4 (и +  l)4(cos 0 —cos0*)2 cosec 0 - 0*L +  cosecz 0 +  0*

■ л * / i  . « „ . 0 +  0* 0 — 0* .  . 0 +  0*sin 0* s  sin 0* +  sin 0 =  2 sin —y 5’ cos ———  s  2 sin —- —

0 +  0*sin 0 = sin 0 +  sin 0* Ä 2 sin -

| « c „ s 0)| 3  |sin3 (n +  lj0 | +  Sin*(* +  l)<j

+ -

(и + 1)3 sin

sin4 (n + 1)0

(л +  l)4 sin 0 + 0, 10 - 0 *

sin4 (n +  1)0

-  sin3 |t7 Vk-- ( n + l) 3 sin2
0 - 0*

+ -
sin4 (n + 1)0

4(и+  l)4 sin2

1

0 - 0*

1

cosec 0 - 0* +  cosec 0 +  0*

. 0  +  0* ~  . | 0 - 0 * |  ’ sin ——— sin „ -2 2

(OS0S7T, 0 ê  0* S  я),

Studio Sclentlarum  M athem atlcarum  Hungarica 7 (1972)



6 R. B. SAXENA

therefore

(11) K  (cos 0)|
|sin3 (n + l)0 | 5

3 • ,  в  0* ' 2

sin4 (я +  1)0

(и + 1 )3 sin (и +  I)4 sin4 —
■+

+  -
sin4 (и +  1)0 

з ■ 2 0 - 0 »ó cinz __ ,v(« -h l)3 sin

|sin (я + 1)0[
- 1Ч . 10 —0fc I (w + l)sin

sin (n +  1)0
,  1Ч . 10 —0fc j(я + 1) sin   — —̂

From (11), because o f the inequality

( 12)

we have 

(13)

Isin (n +  1) 0| S  (я +  1) sin 0, 

10-0*1sin ■V-k (cos 0)1

sin 0 1 sin (77 +  1)0 2 5 |sin(n +  l)0 | 3‘

,  n  . 0 -0 *  
(п  -X~ П  Qin 2 . 14 . 10—0*1
V1 ■ v ) 51,1 2 \n  1 L )  bin 2

Further, from (10), on account of (12), we have

|A*(cos 0)| S  sin2 0! si
( n  *T

sin2 (я +  1)0 sin2 0* sin2 (n +  1)0 sin4 0,
+l)2 |cos0 — cos 0t |3 (я +  1)2(C0S 0 —COS 0*)4 +

+
2 sin2 (и +  1)0 sin2 вк sin2 (я +  1)0 sin2 0/

+ -(я +  l ) 2 |cOS 0 —COS0*|3 (я +  l)(cos 0 — cos 9k)2- +

+

^  sin2 0

sin2 (n +  1)0 sin2 9k
4 (я +  l )2 (cos 0 — cos 9k)2 

sin2 (n +  1)0

0 +  0*2 0 — 0* 2cosec —------1-cosec — —
2  2

- +  -
sin2 (я + 1 )0 | sin2 (и+  1)0

2(я + l)2 sin4  ̂ (я +  l)2 sin4 — - ~  (n ь l)2 sin4  ̂ 2 *

sin2 (я + 1)0
+ -------------------7 T -^ ~  +

sin2 (я +  1)0

(n +  l)s in :

and hence

(14) sin2 0 J** I A* (cos 0)| g

0 - 0* 2(и+  1)2 sin4 0 - 0*

3
sin (77 +  1)0 2 sin2 (я +  1)0'

7 , .4 • ° - ° k(« +  l)sin +  Л +  1
• sin2 0.

S tu d ia  Scieniiarum M athematiccirum Hungcirica 7 (1972)



A NEW PROOF OF S. A. TELYAKOVSKII’S THEOREM 7

Hence on using the inequality

sin (я + 1 )02
k =  1 (in +  l)sin 10- 0*

1 +  4, m s  2

proved in [9] the inequalities (11), (13) and (14) at once give the lemma. 
From this lemma, for — 1 1, we get

(15)

(16)

K M IS 1 3 0

2  |* - * Ж ( * ) 1  =  222(1 —X2).

(15) is essentially the same as (7) for x =  cos 0 while (16) may be proved as 
follows. Putting x = c o s 0  and making use of the lemma, we have

2  1*“ **11Лк(*)1 =  2  |cos0* —cos0||Afc(cos0)| =
f c= l  k = 1

=  2  2 sin 0 - 0 *  0 - f l *  „ 0 - 0 *{sin 0 COS
*=1

2  — cos 0 s in — 2 — I X |At (cos 0)1 ^

^ 2 s in 0  2  sin • |2fc(cos 0 )|+ 2  2  sin2 -  У к- |Afe(cos 0)| S
*=i 2 t= i 2

S  148 sin2 0 +  74 sin2 0 =  222 sin2 0 =  222( 1 -  * 2).

For the main proof of the theorem, besides (15) and (16), we shall need the in
equality

(17) 1 — 2  J-к (x) — 3, 
*= 1

1 “  I  Êï 1

proved in [8].
4, P roof of the theorem. We shall use the following properties of modulus of 

continuity.

(i)

(ii)

(iii)

co((5,)Sft>(<52)

co(nő) s  na>(S) n, a positive integer,

(iv) a>(<5i) Ä 2œ ( ô 2 )  

~  ô 2

From these we at once have

( 1 8 ) ^ 2 ^ co(2 ) s  ( l - x ) o ( l )  S  2cu(l - x )

Stuclia Scientiarum  M athematicarum Hungarica 7 (1972)



8 R. B. SAXENA

and

(19) œ ( l - x fc)
Cü(l— x), Xk >  X

2co(l—x) +  2*—^ £ u ( l— x), xk s  X <  1.
1 —  X

1We now complete the proof of the theorem. First let ^1 — x2 ^  — . On account
n

o f  the inequality (6) we have :

(20) \ f { x ) - A n(J,x)\ ^  384 / 1 - ;
+  û) / ;

l
=£ 768co / ;

ÿ l - x :

Let now ]/l —x 2 <  — . For definiteness we shall assume that x > 0 . In this case, n
by virtue of the definition o f the operator Л „(/, x), we have

(21) | / (х ) -Л „ ( / ,х ) | = m  - д о + { / ( i ) —/ ( — l)} ( i - Z

+  Z  { / 0 ) - / ( * * ) K ( x )  S  0,(1 - X )  +
l  —  X

CO
k= 1

(2) 1 - Z 4 W  +*=1 I

+ Z c o ( I -x k)|A*(x)| s  ю (1-х) + 6ю(1 - x ) +  Z  “ (1 — JCjt)♦ |Я*(лг)1
k = 1 * = 1

because of (17) and (18). But owing to (15), (16) and (19)

n n ft

Z<a(l-x*)|A*(x)| =  Z < » (1-**)|2|fc(x)|+ Z < ”(l-x*)|A*(x)| S
k= 1 k= 1 fc=l

x k —  x

=S c o ( l - x )  Z  |A * (x )|+  2 0 , ( 1 - X )  Z  1Л (х)| +  2 Ш| 1 ~ Д:) Z  l * - * * l № ( * ) l  ^
* = 1  к — 1 Г — X  k = i

^ 390co(l —x) +  444(l+x)m(l —x) S  1278co(l—x).
Hence

(22) |/(х )-Л „ (/, x)| s  1285o,(l -  x) == 1285o,(l - x 2).

Combining (20) and (22) we have the theorem.
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AN EXAMINATION OF NONNEGATIVITY AND 
QUASICONVEXITY CONDITIONS OF QUADRATIC FORMS 

ON THE NONNEGATIVE ORTHANT

by
G. KÉRI

Introduction

In this paper I shall be concerned with the following problems, emerged in 
the field of quadratic programming.

1. What quadratic forms x'Cx have nonnegative value for every vector x 
on the nonnegative orthant? Is it necessary for this property that the matrix 1 C 
be the sum of a matrix associated with a positive definite or positive semidefinite 
quadratic form and a matrix with only nonnegative elements?
The conjecture involved here is due to A. P r é k o pa .

2. What quadratic forms x'Cx are quasiconvex on the nonnegative orthant?
An answer to the first part of question 1. will be given by Theorems 4. and 5.

while the second part will be answered in this paper only in the case of not larger 
than 3X 3 matrices. In this case the answer is “yes”. The difficulty arises from the 
fact that, in general, one cannot easily decide it whether a given matrix of not too 
small size can be decomposed in the form of the sum of a matrix associated with 
a positive definite or semidefinite quadratic form and a matrix consisting entirely 
o f nonnegative elements. Problem 2. will be answered in the second part o f this 
article. However, the ideas being applied in the course of the proofs can be trans
ferred without any difficulty to the more general case where the role of the non
negative orthant is played by any convex polyhedron with the only restriction that 
it has a nonempty interior. Thus the second question will be discussed in this sense 
because it does not incorporate any surplus effort even if from the technical point 
of view.

The last thing I want to remark in advance is that from the answer to Problem 2 
(Proposition 13. of Part II.) one can deduce the following corollaries: If x'C x  is 
equally quasiconvex and quasiconcave in a convex set К  which has some interior 
points, and C xO  then the rank of C is equal to one; if x'Cx is equally quasiconvex 
and nonnegative in a set К  of the previous attributes then x'Cx is either positive 
definite or positive semidefinite. Let us add to the above assertions that the non
negativity condition in convex cones, as Professor A. P rékopa  pointed at, is equi
valent to the boundedness from below and the same can be said in the case o f such 
convex sets which derive from a convex cone by removing a strictly bounded set. 
Consequently in the case of such sets the boundedness from below and the quasi
convexity of a quadratic form imply its semidefiniteness.

1 In this paper I only deal with symmetric matrices but generally omitting the word „symmetric”
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Part I.

1. Proposition: If C =  A +  B where A is a matrix associated with a positive 
definite or positive semidefinite quadratic form and В is a matrix with only non
negative elements then x 'C xsO  for every x 5 0 .

2. Definition: Let C be an nXn  symmetric matrix. We say that a quadratic 
submatrix D of the matrix C  is symmetrically selected if and only if D  is made from 
C  by crossing out some rows and columns chosen in a symmetrical way.

3. Proposition. I f  x 'C x  S 0 for every x s O  and D is a symmetrically selected 
submatrix of C then y'Dy = 0  for every у sO .

4. Theorem. (Necessary condition for x'C x SO in the nonnegative orthant): 
I f  x'C x  SO for every x  SO then any symmetrically selected submatrix D o f the matrix 
C and any nonnegative eigenvector s of D satisfies s'Ds SO (that is every eigenvalue be
longing to a nonnegative eigenvector of any symmetrically selected quadratic sub
matrix of C should be nonnegative).

5. Theorem. (Sufficient condition for x'Cx SO in the nonnegative orthant): 
I f  fo r  any symmetrically selected submatrix D o f  the matrix C and for any (  in all 
its components) positive eigenvector s of D, s'Ds SO, then x'Cx SO fo r every xSO .

Proof. Let us assume that we have an л-component vector x for which x s O  
and x 'C x< 0 . Let x 0 be a vector that minimizes x'Cx in the closed bounded set

H  =  { x :x s 0 ,  x ' x = l }

Then necessarily x'0Cx0 < 0 , and therefore х о ^ 0 . Let y0 be the vector consisting 
o f the positive components of x0. Furthermore, let D be the corresponding sym
metrically selected submatrix of C, that is if  x 0 has xJi,x j2, . .. ,  xJm_n as its zero 
components, then D  should be the matrix made from C by omitting the f  st, j 2 nd, ...
■ ■■ , j m-n th rows and columns. Because of the extremity property of x 0, also y0 
minimizes the function y'Dy  in the set H * = { y: ySO , y 'y = l}  lying in the ra-di- 
mensional Euclidean space. Consequently, having written y'0Dy0 =  xóCx0 =  A, we 
also have y'Z)y =  Ay'y for every ySO.

Then y0 is asserted to be an eigenvector o f D. To prove this, let e be an arbitrary 
unit-vector, orthogonal to y0 . Because of y0:» 0  we get y0 +  we S  0 if и is contained 
in an appropriate neighbourhood of zero. Thus

(Уо + иеУ D (Уо + «e) ё  A(y0 +  we)'(yg F we).
Hence

(e'De — A)«2 +  2(e'D y0)w s  0

is satisfied for those w (both positive and negative) which lie close enough to zero. 
This could not be true unless e'Dyo =0. Therefore Dy0 is orthogonal to any vector 
that is orthogonal to y0, consequently Dy0 is parallel to y0. In other words, the 
vector yo» 0  is really an eigenvector of D. As the eigenvalue belonging to y0 is A, 
and A is negative, we are able to conclude that if  x SO does not imply the inequality 
x'Cx SO then the premise of Theorem 5. is not true either.

S tu d ia  Scientiarum M athem aticarum  Hungarica 7 (1972)



AN EXAMINATION OF NONNEGATIVITY 13

Remark: Since the above sufficiency condition is seemingly (formally) less strict 
than the necessary one, both are equally necessary and sufficient conditions.

6. Proposition, ( f  х 'С х ё 0 fo r every x 5 0 ,  and

C 1 1 C 12 •••  C ln

Q  _  C 2 1  C2 2  •••  C2n

S n l  Cn2 • • • ^nn .

then cu =  0 involves that every element in the i-th row (and in the i-th column) o f  C is 
nonnegative.

Proof. Let us assume, on the contrary, that cH — 0 and 0. Let х з О  be a 
vector for which Xj =  1 and xt =  0 for I x i  and / ^ j .  Then

x'Cx =  2CijXi +  Cjj <  0

provided is sufficiently great.

7. Proposition. I f  x 'C x  Ш0 for every x êO  and C has no positive elements out
side o f its main diagonal, then x'Cx is either positive definite or positive semidefinite.

Proof. Assume that x 'C x < 0  where x '=  [xl5 x 2 , ...,x„]. Let

y' =  [|xi|, |x2|, ... ,  |x„|].
Clearly у SO and

y'Cy ^  x'Cx <  0.

8. Proposition. Let C be a 2 X 2  symmetric matrix, written

C = a c 
c b

In this case x'Cx SO for every xS O  if  and only if  a SO, ft SO and c У ab.

Proof, a) Necessity: If a < 0  then for x' =  [l, 0], x 'C x = a < 0. The same thing 
can be said with x' =[0, 1] for f t < 0. If a sO  and f t S 0  then, considering Proposition
7., it is necessary that either c ë O o r  x'Cx be positive definite or positive semidefinite,
i.e. — У ab S  c ^  jab.

b) Sufficiency: Let a S 0, f t S 0 and c S  — /aft. Then

0 c + \a b
c-b/aft 0

In this manner C has been decomposed to a sum of a matrix belonging to a positive 
definite or semidefinite quadratic form and a matrix with only nonnegative elemenst. 
According to the 1. Proposition x 'C xsO  for every xSO.

( 1) C =
a c a —1! ab
c b — \'ab b

9. Theorem. If C is a symmetric matrix with not more than 3 rows and 3 columns, 
and x'Cx SO for every x SO, then
(2) С =  A +  В

Studia Scientiarum M athematicarum Hungarlca 7 (1972)



14 G. KÉRI

where A is a matrix associated with a positive definite or positive semidefinite quadratic 
form, and В is a symmetric matrix with only nonnegative elements. Furthermore, a 
decomposition o f type (2) can always be carried out such that whenever an element 
in a position of C is nonnegative, then the element in the corresponding position o f В 
is zero.

Proof, a) for n =  2, the presentation (1) is adequate in all the cases where 
c > 0 .  In the remaining cases, according to Proposition 7, x'Cx itself is a positive 
definite or semidefinite quadratic form, so C  =  C +  0 can be considered to be a 
presentation of form (2).

b) Let n =  3, and

C =
a d  e 
d  b f  
e f  c

Assume that х'С хёО  for every x^O. By means of Propositions 3. and 8. we can 
imply that

a^O, d Ш } ab ,

(3) йёО, e S  — Уac,

c S  0, / s  — УЪс.

If C  has a zero element in its main diagonal, say c =  0 then, according to Proposition
6., e ê O  and/ = 0 ,  thus if for the matrix

C,
a d  
d b

we have Ct =  +  B t as a decomposition of form (2), the appropriate decomposi
tion o f C is

(4) C = ' '  7
_ f i l + > +

e f  c 0 0 0 e f \ c

Now we are allowed to suppose that a > 0, b > 0 and o O .  If d s 0, eSO  and 
/ =  0 then, because of Proposition 6., C =  C +  0 is a pertinent decomposition. If 
at least two numbers o f d, e and/ are nonnegative, say and/ = 0 ,  then the 
decomposition (4) can be applied. We are only left to examine the case where two 
numbers of d, e, f  are negative and the third one is positive. Let d-< 0, e <  0, and 
/ >  0. Then the first two elements in the series of the descending principal minors 
of C are positive, the third element of this series is nonnegative. If the last, fourth 
element were positive or zero, then C would be positive semidefinite. Now, in the 
case of

(5) /  =
d e— У{ab — d 2) (ac — e2) 

a =  fo
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AN EXAMINATION OF NONNEGATIVITY 15

the determinant of C equals zero, consequently C is positive semidefinite. For this 
reason, so long as f = f 0, a pertinent decomposition of the matrix C is

a d e a d  e 0 0 0
d b f =

. © 

«C> + о о / - / 0
e f  c

, О о f - f o  0

Finally we can now demonstrate that in the case o f / < / 0 there exists a vector 
xS O  for which x 'C x < 0. To prove this, let us examine the polinomial

det C =  abc +  2def— a f2 — be2 — cd 2

as a function of / .  Clearly, the smaller root of this quadratic polinomial o f / i s  f 0 . 
Thus d e tC < 0  if / < / 0, consequently C has a negative eigenvalue X.

From the (a priori redundant) system of equations defining the eigenvalues 
belonging to X, leaving out the first equation, we get

(7)
d b - X  f  
e f  c - X

X =  0.

One solution of system (7) consists of the vector x0 whose components are

b - X  f f d  b - X
f  c - X  I’ I c - X  e \’ e f  

From the hypothetic inequalities

0, i /<  0, d2 Sab,

b >  0, e <  0, e2 S. ac,

c > 0 ,  0 < / < / o ,

Л <0,
de

and from / 0 s  — , which is obviously involved in (5), we get 
a

\b — X f  \ , ,  . . .  , ,  , гг , d 2e2 _  , ab-ac  _
f  c - X  I =  >  ^ - / d 2 S  be ^2 s  è c ------2—  =  o,

^  , =  e f— d (c - X) >  ef0 — cd ^  e • —  — cd =  — -e 2 — cd ^  —  a c—cd =  0,
c — X e\ a a a

d  b — X
e f

de e e
=  d f— e(b — A) >  df0 — be ë  d --------be =  — • d 2 — be s  • ab — be =  0,

v ' a a a

that is x0:s>0. Taking into account \'0C \0 =  Axóx0 < 0 , we have got the required 
contradiction.
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16 G. KÉRI

Part II.

1. Proposition. I f  the quadratic form  x' Cx is positive definite or positive semi
definite, then x'Cx is convex in the whole space.

Proof. x'Cx is convex in the whole space if and only if it is convex on any 
straight line of the space. x'Cx is convex on the line consisting of the points x-f-uy 
(where x and y are fixed vectors, y 0 and the parameter и ranges over the set of all 
real numbers) if

(x + uy)'C(x +  try) 
is a convex function o f u. At last,

(х +  иу)'С(х +  иу) =  (y'Cy)u2 +2(x'Cy)w +  x'Cx 

is a convex function of и if  x'Cx is positive definite or semidefinite.

2. Proposition. I f  x'C x is neither positive definite nor positive semidefinite 
(or, in other words, C has one or more negative eigenvalues) then for any vector x 
there exists a line containing the point x such that x'Cx is strictly concave on it.

Proof. Let у be an eigenvector of C having negative eigenvalue. Then for arbi
trary vector x,

(х +  иу)'С(х +  му)

is a strictly concave function of u, that is x'Cx is strictly concave on a line containing 
the point x.

3. Definition. A function /(x ) is said to be quasiconvex in a convex set К  if 
and only if

x y£K,  x 2 £K,  x =  лхх + (1  — A)x2 (0 < A < 1 )
imply that

/(x )  S  max {/(X i), / ( x 2)}.

4. Definition. A given function f(x )  is said to be quasiconvex at a point x0 
if  and only if there exists a neighbourhood S  o f x 0 in which /(x )  is defined, and 
Xi £ S’, x2 CS, x0 =  Ях1 + ( 1 — Я)х2 (0 < A < 1 ) imply

/ ( x 0) s  max {/(Xj), / ( x 2)}.

5. Proposition. A quadratic form x'Cx is quasiconvex in a convex open set К  
i f  and only if  x'Cx is quasiconvex at every point o f  K.

6. Proposition. I f  the function f(x) is continuous in a convex set K, and f(x)  
is quasiconvex in the interior o f K, which is assumed to be non-empty, then f (x ) is 
quasiconvex in K.

7. Corollary. A quadratic form x'Cx is quasiconvex in a convex set K, which 
has a non-empty interior, if  and only if x'Cx is quasiconvex at any interior point 
of K.

8. Proposition. A quadratic form x'Cx is quasiconvex at a point x0 if  and only 
i f  arbitrary line, containing the point x0 has another point x A x 0 on it, for which

x'Cx S  x'0C x0.

Stud ia  Scientiarum M athem aticarum  Hungarica 7 (1072)



AN EXAMINATION OF NONNEGATIVITY 17

9. Proposition. A quadratic form  x'Cx is not quasiconvex at a point x0 if  and 
only if  there exists a vector y that satisfies

x'0Cy =  0 and y'Cy <  0.

Proof, a) If there exists a vector y satisfying x0Cy =  0 and y'C y<0, then

(x0 +  uy)'C(x0 +  »y) =  x'0Cx0 +  м2(у'Су) <  x'0Cx.

for every t/^O, thus using Propositions., we obtain that x'Cx cannot be quasi- 
convex at x0.

b) If x'Cx is not quasiconvex at x0, then by Proposition 8. there exists a vector 
у which satisfies

(x0 +  uy)'C(x0 +  uy) <  x'0Cx0
for every m^O, that is

(y 'Cy)u2 +2(x'0Cy)u <  0

for every nonzero u. This is impossible, unless y 'C y< 0  and x0Cy =  0.

10. Theorem. If x 'C x  is quasiconvex at a point x0, then C has no or only one 
invariant direction with the corresponding eigenvalue being negative.

Proof. Let s, t be assumed to be orthogonal unit-eigenvectors having the eigen
values A < 0  and /К О  respectively. Then for any nonzero vector у =  as +  ßt in the 
plane spanned by s and t,

y'C y  =  a.2k +  ß 2p <  0.

Let us attempt choosing the values of a and ß such that xóCy =  0. To do so, we have 
to solve the homogeneous linear equation of two unknowns

x'0Cy =  akx'0s +  ßpx'0t =  0

which clearly always has a nontrivial solution. Thus there exists a vector у having 
the property that y'Cy < 0  and xóCy = 0 . Consequently, taking into account Proposi
tion 9, x'Cx cannot be quasiconvex at x0.

11. Theorem. Let us assume that exactly one o f the invariant directions o f C has 
nonnegative eigenvalue. In this case

a) I f  x'Cx is quasiconvex at a point x, then x'Cx S  0.
b) I f  x'Cx < 0 , then x'Cx is quasiconvex at x.

Proof. Choosing a coordinate system of principal axes, our assertions are 
to be proved only for diagonalmatrices.

Let
//

x'Cx =  ^  Xtxf  where A ^ O , A2^ 0 , A3 ^ 0 , A„^0.
/ = 1

2 Studia Scientiarum M athem aticarum Hungarica  7 (19721



18 G. KÉRI

n

a) Suppose that ^  Atxf  >  0. Then consider
i = 1

n

if Xj 0 

if x ,= 0 .

Obviously x'Cy =  0 and

n n

- X l x \ +  f x f  2  ^ x f
У Cy = < 0  (x ^ O )

(x 1 =  0)

thus according to Proposition 9, x'Cx cannot be quasiconvex at the point x.

b) Let x be such vector that Afx? < 0 . in this case the proof has to be carried

out for nonzero Àt , Л2, . . . ,  Лп only. In the opposite case we are allowed to examine 
the quadratic form of smaller size, obtained by leaving out the identically zero 
terms. Now let A ^ O  and A;> 0  for г — 2 ,3 , . . . ,n.  Let us consider the set

H  has no point in common with the hyperplane x t = 0 . However, every hyperplane, 
parallel with the hyperplane x { = 0  intersects Я  in a bounded set. Consequently 
no straight line is contained in H. This fact involves that on any line the maximum 
o f x'Cx is nonnegative, thus because of Proposition 8, x'Cx is quasiconvex at the 
points of H.

12. Theorem. Let x'Cx =  A; xf where Ax < 0 , A > 0  for i =  2, 3, ... ,  m, A — 0
/=1

fo r  j  — m + \, m +  2, . . . , n  ( 1 ё т ё й ) .  Let us consider the sets

Then we state the following seven assertions.
a) F + and F_ are convex dosed cones.
b) I f  x'Cx is quasiconvex at a point x, then x f  F + U F_ .
c) I f  x is an interior point o f  F+ or F_ then x'Cx is quasiconvex at x.
d) x'Cx is quasiconvex in F+ and in F_.
e) With the assumption o f  x Ç F + U F_ , x'Cx is not quasiconvex at x if and only 

i f  x £  F+ (T F_ that is if  x t = x 2 =  ••• — x„ =  0.

n

n

S tu d ia  Scientiarum M athem aticarum  Hungarica 7 (1972)



AN EXAMINATION OF NONNEGATIVITY 19

f) x'Cx is quasiconvex on a convex set K, which has a non-empty interior i f  and 
only i f  К  <z F + or KczF_ .

g) If for the convex set K, which has a non-empty interior, Kcz F+ U F_ then 
Kcz F+ or К c f _ .

Proof, a) It is obvious that F+ and F_ are closed. The proof of that F+ is a 
convex cone is as follows: Let x € F + and y £ F + , that is

n
x l ^  0, Лixf ^  0,

i =  1

n

T i —о» Z h y }  =  0-i=i
Let furthermore z =  a x + ß y  where a and ß are nonnegative real numbers. Then

and
Zj =  axt +  ß y t -  0

n

Z  fz f  = Al (xxl +ßyi)2+ z  J-faXiFßyß2 =
1=1

=  Afctx^ßyrf + x2 Z ^ f + ß 2 Z  hy2 +  2 o t / i  Z  ( A * j ) ( A  L i )  —
/ =  2 i =  2 i =  2

Я1(ах1+ ^ 1)2 +  а2 Z ^ f  + ß2 Z  kyî + 2(xß\ Z  K xf I Z  h yj
(  =  2

1/2 1 / 2

S  АДах, + ^ 1)2- я 2Я1х ? -)3 2Я1у? +  2а^(-Я 1х?)1/2(-Я 1>'2) 1/2 =  0, 

therefore z Ç F + .
The assertions in b) and c) are nothing else but the two assertions of Theo

rem 11.
Assertion d) follows from c) and from Proposition 7.
e) As F+ and F_ have no interior point in common, if x is an interior point 

of one of F+ or F _ , the assertion e) is not more than simple repetition of the asser
tion c).

If x Ç F + riF_ then taking y' =  e[ = [1 ,0 , . . . ,  0], x 'C y=0 and y'Cy =  At < 0 ,  
therefore by Proposition 9, x'Cx is not quasiconvex at x.

If x is a boundary point of F + and x'Cx is not quasiconvex at x then accord
ing to Proposition 9. there exists a vector y which satisfies x 'C y= 0  and y'Cy«=0. 
Then we can write

n t  n  4 1 / 2  r  n

0 =  x'Cy =  À1x 1y 1-f  Z  *ix ,y t ^  -^i^iFi +  Z  h xf Z  h y 2
/ = 2  \ i  =  2 )  Vi—2

S  Al x 1y 1 + ( - A l x 2l)1'2( - A i y 21) 1'2 =  0, 

therefore the equality sign is valid at every place, thus because of

Z  t-iyf < - ^ i T Î  
1 =  2
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we get
«

2  i £xf =  =  0,
i =  2

that is X, = x 2 =  ••• =  xm =  0.
f) The sufficiency follows from d). To prove the necessity let us assume that 

x'Cx is quasiconvex in the convex set K, which has a non-empty interior. Because 
o f  the Proposition 7 and o f b) all the interior points of К  are contained in F+ or 
in F _ , consequently K  c  F + U F _ . Because of e), К  has no interior point in the 
set F+ П F _ , thus K œ F+ or Kcz F _ .

g) If the convex set К  has a non-empty interior, and К  c  F+ U f _ ,  then the 
interior of К  is contained in the union of the interior of F+ and of that of F_ . Since 
the interior of К  is connected, furthermore since F+ and jF_ have no interior point 
in common, the interior of К  is contained in F+ or F_ , and consequently so is K.

13. Corollary. A quadratic form x'Cx is quasiconvex in a convex set K, which 
is assumed to have a non-empty interior if and only if

a) either all the eigenvalues of C are nonnegative2
b) or exactly one o f the invariant directions of C has nonnegative eigenvalue 

and x'Cx^O  for every point x in K.
14. Corollary. If x'Cx is quasiconvex at x 0 and x 'C x ^ o  in a neighbourhood 

of x 0 then x'Cx is positive definite or positive semidefinite.

15. Theorem. An infinite quadratic form  x'Cx is quasiconvex in the positive 
orthant if  and only if  exactly one of the invariant directions of C has nonnegative 
eigenvalue and the elements o f  C are all nonpositive.

The proof of the necessity of this theorem can be found in [5] (Theorems 1. and
4.), the sufficiency follows from Proposition 13, given here in Part II.

Acknowledgement: I am indebted and wish to express my thanks to Professor 
A. Prékopa for encouragement, advices, and first o f all for presenting the problems 
dealt with in this paper.
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NOTES ON THE LAW OF THE ITERATED LOGARITHM

by
S. TAKAHASHI

§ 1. Introduction. The sequence of real measurable functions {<pn(t)} defined 
in the interval [0, 1], is called an equinormed strongly multiplicative system (ESMS) if

where a x, u 2, are equal to 1 or 2.
F. M ó ricz  and P. R évész have considered the law of the iterated logarithm 

for a uniformly bounded ESMS (cf. [1] and [2]). In this note we discuss the law for 
a uniformly bounded multiplicative system {<pn( t)}, that is, {<?„(?)} satisfies the 
conditions:

0 0

(1.1)

(/i =  l ,2 ,  ...),

Theorem 1. I f  {(p„(t)} satisfies (1. 1), then we have
JV

lim (2A4oglogiV) 1/2 ^  4>n(t) ё  К  a.e. .

Theorem 2. Let {(pn(t)} satisfies (1.1) and for any 0>1,

(1.2) lim 0 k ^  VnU) =  C 2 a . e . , *( 1. 2)
k-+ OO n— 1

where C is a positive constant. Then we have
N

(1.3) ïïm (IN  log log N) 1/2 ^  <p„(t) S  C a.e. .
n=lП = 1

* For any real number a, [a] denotes its integral part.
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If {(p„(í)}is ESMS, then C =  1. Further considering the sequence {ûn2nnkt},  
nk+ilnk =" 3, the constant C  in (1. 3) is the best possible one [3].

§ 2 . Some Lemmas. In the following let {<?„(?)} satisfy the condition (1. 1) 
and let us put

N + M

S ( t ; N ,  M ) =  Z 4>n(t), N^Q) and A f s l .
n = N + 1 2

Since |дг| S  1/2 implies that e* ^  (1 +  jc) exp +  |x|3j , it is seen that if |ЯАГ|3 l, 

then for M  ̂ 8 ,
N+M

(2.1) exp ; ÍV, M)} S  / 7  1(1 +  М ,(0 )е х р  I Л-  cp2(t) +  \>.(pn{t)\
n = N + 1 I V ^ *)l

and

(2. 2)

â  Лехр(А2К2М/2) П  (1+Афи(0),

{ M  ^ 2  M  ) M

2  <?>п0)1 s  2я 7 7 (i + a<p„(/)),
и = 1  ^  n = l  J Л = 1

where Я is a constant independent of A, M, N. 

Lemma 1. / / 0 < j ' S M 1,6/ / 2 ,  then we have 

|{í; 15(i; N, M )\ 3= у£)/2М }| == Ae~ (M g 8 ,  iVaO). *

Proof. Putting X =  ^ 2 yK  1 M 1/2, then \?.K\2 M  Hence, by (2. 1) and the 
multiplicative orthogonality o f {<pn(t)},

l l l
I exp (A|.S(/; N, M)\ }dt  ë  J  exp {2S(t; N, M)} dt +  J  exp {— ÀS(t; N, M)} dt 

о o o
1 N + M  1 N + M

^  Aexp(X2K 2M/ 2 ) \ J  П  { \ + k Vn(t))dt  +  J П  {\-2q>n(j))dt\
-  n = J V + l  -  _ _ V J  < Iо n =  JV+l

=§ 2Л exp(X2 К 2 M/2).
Therefore, we obtain

|{/; IS( t ;N,  M ) I a  2T e x p ( - 2 y K f 2 M + X 2K 2M/2) =  2Ae~*\

Lemma 2. There exists a constant В such that

;{/; max |S (/; N, m)\ s  В \M  log logA/J ^  7Te_210glogM,
1 smsM

for any iVëO and M ^ 8 .

* For any measurable set E, \E\ denotes its Lebesgue measure
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Proof. Let / be a positive integer such that 2l 1 < M ë 2‘. Then we have

(2. 3)

[1/ 2 ]

max |S(í; N, m)\ ё  max \S( t ;N,  m)\
1 ̂ m^2l

•)l — s — s\^  2  max \S(t; N + p 2 l s, 2 l A)|-bmax max \S( t ;n,m)\ .
S = 0 0^p<2* n 0SwS2['/2] + 1

Since /4  log (2s log M)  <  2<-,~s)l6 for s ^  [//2], Lemma 1 implies that

IV; |S ( i; N + p 2 l~s, 2 ' - s)| ё  log(25 log M)  }|

^  2 A - 2 ~ 2se~2loglogM, for s ^  [1/2] and / - s S 4 .

[I/2]
Putting £  =  U V; max |5(i; N + p 2 l~s, 2 ,_s)| s  ^ / 2 '  s+2 log(2slog M)}, we have

s =  0  0 S p S 2 ’

[1/ 2]
|£ | g 2 4  2  (2S +  l ) 2 -2se ~ 2 log logM s  7Ae~2 log,ogM.

s =  0

If then (2. 3) implies that
[1/ 2 ]

max \ S ( t ; N , m ) \ s  2  K ^ 2 l~s+2 log (2s log M) +  2K2‘12
s =  0

B ÍM  log log M, for some positive constant B.

§ 3. Proof of the Theorems

(i) Let e be any given positive number. Take a number 0 such that 1 <  в <  1 +  e2/2 
Then we have, by Lemma 2,

IV ; max \S(t ; [0*], m)\ S  В /([0*+1]-[0*]) log log 0*}| =  0 ( k ~ 2), as
l s m s « k + 1- i k

Since [0k+ *] — [0k] <  2 [0fc](0 — 1) <  e2[0k] for k > k 0, we have

\S(t; [0k], m)\
(3.1) lim max

k~°° lsm s^o-e» ]/[0k] log log 0k 

(ii) From Lemma 1 we obtain

eB a.e. .

(/; 2  <P,(t) S  A'/2(1 +  e)[0kflo g  logв»| =  0 ( * r (1 + £)), as к

Hence, we have 

(3.2) lim

[9kl
2  <Pn(t)

S  AT(1 +e), a.e. .
k~°° \ 2[0k] log log 0k 

Since e is arbitrary, we can prove Theorem 1, by (3. 1) and (3. 2).
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(iii) Considering (3. 1), for the proof of Theorem 2 it is sufficient to show that

[84
2  <pn(t)

(3.3) lim C a.e. .
Ÿ2[0k] log log [0*]

From (2. 2) and the multiplicative orthogonality of {(pn( t)} it is seen that

I M ; 2 M
J  exp I f  2  <Pn(О —V  2  (Pn(t)\dt  S  A.
- 1 n=l 2 n= 1

Hence, by the Tchebyschev inequality, we have

\{t: 2  <Pn(t) ^ ^ 2 > 2(0+j}' S (2<23*3M<1)
/1=1 ^ n= 1

Putting =  [0*], Я, = / 2 (log log Mk)/C 2Mk and л  =  (I + £)C )  M,(log log MJ/2, 
we have

{ Mk л Mk
t; 2  <P«<J) S  2 1 %2(0  +  Л =  0 ( ^ - (1 + £)), as At -  +  ~ .

n = l  2  n = 1 J

Hence for a.e. /, we can find a positive integer k 0(t) such that
Mk n Mk

2  <P„(0 < vf 2  <Рп(0+Ук, for  ̂= M0-
n = l  2  n — 1

On the other hand we have, by (1.2)

f  n2  <Pn ( 0  +  У к =  ( 1 +  2 j C / 2  [04 log log [04, a.e. t. 

Since e is arbitrary, we can obtain (3. 3) from the above two relations.
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A NOTE TO A PAPER OF S. TAKAHASHI

by
P. RÉVÉSZ

In this paper we show that Theorem 1. of [1] is the best possible in the following
en se:

T heorem . There exists a multiplicative system {c;} for which

|£i| =  К  (»=1,2,  . . . ; * > 1 )

D2 (<f,-) =  1 0 =  1,2, . . . )
and

(1) p f n E ^ ;t J 2± I " +A ■ =  / f l  > 0 .
["*“ f2/ j loglogn

P roof. Let Pj} and {Q2, 9 2, P2} be probability spaces and define the
probability space {Q, ST, P} as follows

fi — Í2 j -F ß 2

&’ =  £f1+ 9 ’2 '-e- if A = A l + A 2 where A 1£SP1, A2££f2, P =  pP, +  r/P2 i.e.
?(A) =  р ? М П 0  +  Ч?2{Ай2)
where

n -  2 - 1 1
P I K 2' q 2 K 2 '

Further let , £2, 
on Q j such that

be a sequence of independent random variables defined

P {£, =  * }  =  P{Cf =  - ^ }  =  1/2

and let riy,r\2, ... be a sequence of independent random variables defined on Q2 
such that

P {ri, =  L} =  P {% =  - L }  =  1/2

where L =  ------------.
12ÄT2 — 1

Finally define the sequence {<J,} on Q such that

tiffo) =
Г C, if
[rii if (o £ Q 2
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Then clearly
<i) {£;} is a multiplicative system
(ii) |{, |s a : ( i= i >2, . . . )

<iii) D2(£) =  j K 2 r 2K 2 + 1 - 1 K 2
=  1 0 = 1 , 2 ,2K2) 2 K 2- l

and by the law of the iterated logarithm for independent system

...)

we have

what proves (1).

pj l im Ç1 +Ç 2 -I----+ £ b

У 2n log log n
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REMARKS ON A PAPER BY P. MEDGYESSY, A. RÉNYI, 
K. TETTAMANTI AND I. VINCZE

by
Á. PETHŐ

§ 0. Introduction and Summary

In the paper [1] referred to in the title a discrete diffusion process, where both 
time and position are discontinuous, was treated by the methods of Markov chains. 
The probability distribution of the displacement (position) of a particle (in the func
tion of time) has been determined and proved to tend to the normal distribution for 
large times.

In § 1 of the present paper a non-Markovian treatment of a generalization of 
the discrete problem is given. The passage time of a particle (as the function o f the 
position coordinate) is also defined and the discussion is focused on determing the 
displacement and passage time distributions and their asymptotic behaviour for 
large values of the time and position coordinate, respectively.

In § 2 the time-continuous analogue o f the discrete process is discussed.

§ 1. Generalization of the discrete diffusion process

1.1. Preliminaries and statement o f the problem. Let us consider a sequence 
(cascade) of similar cells (stages), numbered by m (= 0 , 1 , ...), containing two phases 
from which let one be fixed and the other flow from one cell into the other in the 
direction of increasing cell numbers. Let the volumes of the phases in the cells be 
independent of the cell number. Then, the motion of the mobile phase should be 
performed step by step, numbered by n(==0 , 1 , ...), in the following way: denoting 
the volume of this phase in one cell by V and by r (=  1 , 2 , ...) a fixed positive integer, 
let a fraction of volume V/r be transferred during one step into the next cell. (If r =  1, 
the simpler case treated in [1] is attained. If r the intermittent flow of the mobile 
phase becomes continuous, see § 2.) A solute with different solubilities in the phases 
is also present in the system, henceforth referred to as a reactor, supposing perfect 
mixing in both phases.

Let us now consider the progress of the nth step in the wth cell. Suppose that 
the time between any two consecutive steps is the same, say т/г. Since during this 
time the fixed phase acts as a source (or sink), the amounts of the solute in the fixed 
and mobile phase depend, besides m and n, also on the time t, O ^ tS z/r . These 
amounts will be denoted by (t ) and Y ^ ( t) ;  for t= z /r  (i.e. at the end o f the
step in question) we put

X lf ( r  fr) =  XLn) and Y}f>(T/r) =  C > .

Assuming the above (so-called sorption) process to be linear and reversible, for the
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rate o f sorption we have

( 1 . 1 . 1 ) dX”t (t) =  k l yW (?) -  k2 X№ (t), O ^ t^ t/r ,

where k y and k 2 are positive constants. The limiting case, when At —°o and k2 -*■“ > 
simultaneously but Aj/A2  tends to a finite number, will be called the equilibrium case; 
then the quantities used later

have obviously their finite limits, too. Independently of the sorption process, the 
e quation of conservation o f matter must hold :

(1 .1 .3 ) ~  [X ^  (t ) +  Y W (i)] =  0, 0 s i§ r / r .

The initial conditions to the system of differential equations (1. 1. 1) and (1. 1. 3) 
read, according to the intermittent flow in the reactor, as

(1 .1 .4 )  *i> (0 ) =  Х % ~ '\ n,"40) =  - j  1 Y iï~ l) +  ' Y Ü lP .

The solution of (1. 1. 1)—(1. 1. 3)—(1. 1.4) is at t =  z /r :

(1 .1 .5 ) X (mn) =  ( l - ß ) ^ i - 1)+ —  PY, 1) I------ p y ( n  - 1 )
I л л m — 1 >Г

(1. 1. 6 ) T<r> =: Q X X - V + ^ J 1 ( l-P )Y < m" -1> + lr ( l - P ) Y X l p ,  

where (see also ( 1 . 1 . 2 ))

(1 .1 .7 )  P = p { \ — e), Q =  q ( l — e), e =  e~ik'+kJ (-'t/r\

Consider the system before the 0th step to exist in the ( — l)st one, and let, as 
the initial conditions,

(1 .1 .8 )  ЗГ*,-1» =  П - »  =  0, m  =  0 ,1 , . . .

be defined. As for the boundary condition, we also define the ( — l)st cell; the solute 
should be introduced in a single step into the reactor, assuming its total amount 
to be 1 :

(1 .1 .9 ) Y ("\ =
|r ,  n =  - 1 ,
(О, ;г =  0 , 1 , ....

The system of difference equations (1.1. 5)—(1. 1. 6 ) with the initial and boundary 
conditions (1. 1. 8 )—(1. 1. 9) will constitute the basis of what follows.
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1. 2. Distribution o f passage times and displacements, respectively. Consider now 
a particle of the solute and the time (i.e. the step number) after which this particle 
has just left the «7 th cell. This time, denoted by 9m( =  0, 1, ...), will be called the 
passage time1 of the particle with respect to the /«th cell. Based on the physical 
nature of the problem, the probability distribution function of $m will be obviously

2  wLj)
(1 .2 .1) P (Ä>mS « ) =  ^ ------- ,

2  »Йл
j= 0

where the notation

(1.2.2) =  j  Y (J \  ./ =  0 , 1 , . . . , «

has been introduced. Now we can prove the following

Theorem 1.1: The denominator in (1. 2. 1) equals 1 and so the probability dis
tribution o f !)m is WfK

Proof. Let us determine the bivariate (double) generating functions o f X^n) 
and Y(f \  Generally we put

(1.2.3) Z(z , w)  = 2 2  Z (mn)zmw";
n = 0 m = 0

the bivariate generating function is related to the (simple) generating functions

(1.2 .4) Z<">(z) =  2  z Ln)zm, Zm( w ) =  2Z<,">»v"
m —0 n = 0

obviously as follows2  :

(1.2.5) Z(z, w ) =  2  Z ^ (z)W  =  2  Z m(w)zm.
/j = 0  m = 0

Multiplying (1. 1. 5)—(1. 1. 6 ) by zmw" and summing up from m = 0 to m =  °° 
as well as from n—0 to и =  °°, taking (1.1. 8 )—(1. 1. 9) also into account, with the 
above notation we have

[1 - ( 1  - Q ) w ] X ( z ,  w)-  -—r +  -  PwY{ z ,  w) =  P,

QwX(z ,  w )T
r -  1 + z  

r
(1 - P ) w Y(z,  w) =  P - 1 .

1 Generally called first-passage time as well as waiting time in the theory of stochastic processes, 
also residence time in the theory of chemical reactors [2].

2 Investigation of convergence concerning generating functions may be avoided while using 
generating functions in the sense o f Mikusinski's operational calculus [3, 4].
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The solution of this system of equations reads as
P

r — 1 + z(1.2.6) X(z,w) =
1 ( 1 _ 0  +  ( 1 _ P ) r - l + Z  2w +  e ------------

r

(1 .2 .7 ) Y{z,w)  = 1 — P  — EW

1 - ( l - ß )  +  ( l - P ) r —l + z . r - l + Z  2 W + E—  —r

Putting now ^ = 1  into (1 .2 .7 ) one obtains

Щ + 1) = 1 T(r, 1) =  . — ,r 1 — z
that is

^„,(1 ) =  2  w p  =  1 .
n = 0

Q.e.d.
We will now consider the displacement (position) of a particle o f the solute at 

the timenand denote it by ^„( =  0, 1, ...). Based on the physical nature o f the problem, 
the probability distribution function of becomes obviously

У  Tin)
( 1. 2 . 8) Р(П„ =  т) = k =  0

2  П п)

where, for the total amount of the solute in the kth cell and nth step, the notation

(1.2.9) =  X p  + Y<">, k — 0, 1, ..., m 

has been introduced.

Theorem 1.2: The denominator in (1. 2. 8) equals 1 and so the probability dis
tribution of rjn is T fk

Proof. In view of (1.2. 6)—(1. 2. 7)—(1. 2. 9) we have

(1.2.10) T(z, vv) =  — 1 ~ £W
1 - ( l - 0  + ( l - P )

Putting z =  1 into this equation one obtains

m , w )  =

r -  1 T z

l - w  ’

. r - l + Z  2 W + E-----------  W
r

that is

Q.e.d.
Г(и)( 1 ) =  2  T 'm =  1 -

m — O
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Between the probability distributions of dm and t]„, i.e. between W ^  and T}" 
the discrete analogue of the Fokker— Planck equation holds:

( 1. 2 . 11)
n — 1 m

Z  W<J) +  z n n) =  1 ,
J  =  0  k = 0

as it can be immediately justified in view of (1. 1. 5)—(1. 1. 6 ) and the notations 
(1.2. 2)—(1. 2. 9).

1. 3. Determination o f the mean and variance o f the passage time distribution. 
With the notation (1. 2. 4) one has, on the basis of Theorem 1.1, for the mean and 
variance of the passage times,

(1.3. 1)

(1 .3 .2)

M(,9„,)
dWm(w)

dw

D2 (9,„)-  M(9,„) +  M2 (9 J  =  Ch Wm'(U')

W= 1  

2 ' rr III
dw 2

By means of the bivariate generating function of dm (see (1.2. 5)) the above equations- 
can be transformed into

2  M(9Jz"
m = 0

dW (z, w) 
dw W= 1

d 2W(z,  uj
m = 0  dH'2

In view of (1. 2. 2) and (1. 2. 7) we have (see also (1.1. 2))

2 [ D 2 (9ra) - M 0 9 J  +  M2 (,9m)]z"

у  М Г 9  _  1  P +  4Z
J o M (9Jz “  r f / ( l - z ) 2 z =  ( r - l + z ) / r

2  [D2 (9m) — М(9Ш) +  M2 (9m)]zm -  J  P ( 1  Q)+0 P2 n Q z)? Z +  Q —
m = 0  г  У  ( 1  — z ; z =  ( r —l + * ) / r

From these equations, for example by an expansion into partial fractions using, 
the rule

(1 .3 .3)
(m +  k-

( l - z ) ‘ m? 0 { k - l z", k =  1 , 2 , . ..,

the mean and variance of d,„ can be obtained as

(1 .3 .4) 

and

(1.3 .5)

^ m) =  L m + L ± Ï P

D2 (9m) - r ( r - l + p ) (m +  1 )
l + l ^ er -  1 + p

1 —£
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N ote that in the case of equilibrium, i.e. by putting e= 0  according to (1. 1. 7), the 
simpler relation holds:

(1 .3 .6 ) D 2 (,9m) =  Г{Г- - ^ Р)- (m +  1 ).

Asymptotic relations for large values ofw can  be obtained from (1. 3. 4) an d(l. 3. 5):

<1.3 .7) D 2 (Sm)'
r ( r - l + p )

q2
m

i + b i ± £ e
r — 1 + p

1 —£

N ote finally, that if substituting r = l  into the above equations, the corresponding 
special relations valid for the simpler process described in [1 ] may be attained.

1. 4. Determination o f  the mean and variance o f the displacement distribution. 
With the notation (1.2. 4) one has, on the basis of Theorem 1. 2, for the mean and 
variance of the displacements,

< !.4 . !) M(*> =  - * - L '

(1 .4 .2 ) D2 (rç„) — M (>?„) + M2 (qn)
d 2 r (n)(z) 

d z2 Z = 1

By means of the bivariate generating function of qn (see (1.2. 5)) the above equations 
may be transformed into

2  M Ы w" =
n =  0

c)T(z, w) 
d z  U i ’

2  [ о 2 Ы - М ( / 7„) +  м 2 (^ ]н 'п =
n =  0

d 2T(z,w)  
~ dz2

In view of ( 1 . 2 . 1 0 ) we have

(1 .4 . 3) 2  M (n,,) wn = 0

(1 .4 .4 ) 2  [D2  (>?„) — M (q„) + 1

n = 0

From (1. 4. 3), for example by an e>

(1.4. 5) 1  =  У
( 1 -£ и  f  „ th l

one gets

(1 .4 . 6 ) М Ы  =

1 (1 — P  — EW)W
Г ( 1  — £H’) ( 1  — w)2

„ q _  2 (1 - P - e w ) 2w2
-  r 2  ( 1 _ e w ) 2 ( 1 _ w ) 3 •

nto partial fractions and u

в" wn, k =  1,2, ...,

e(l — e”)
1 —£

n +  k — 1 

к - 1

qn+p
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From (1. 4. 4), by an expansion into partial fractions, we have

2 [ D ! W - M f e )  + M2y №" =
n — 0

B C D  E

1 — — e w) 2 ^  1 — н» (1 — w) 2 (1 — w)3
Now, instead of giving explicit expressions, we are rather interested in asymptotic 
relations for large values of n. By means of (1. 4. 5) and considering the fact that for 
0 < e <  1  and « —о®

( " t - T 1 £"^0’ k  =  l ,  2,

we finally have

0 2Ы  -  M (77„) + M2 (/,„)- - i-  [ E n 2 +  (2D +  З Е ) п ] .

In the expansion into partial fractions, therefore, only D and E  are needed:

u =  2q

hence, it follows that

D =  j ~ E(e~q) ,  E — q 2,

(1 .4 .7 ) D2 (/,„)-M(7/„) +  M2 (77„ )~ -^ 2 2 ,  0  3/7)e — <7q 2n2 + q ------ y~ -------n

On account of the asymptotic relations, deduced from (1 .4 .6),

(1.4. 8 ) M О?,.) ~  ~/

M2 (7 n )~ y r
1 —£

from (1. 4. 7) one finally has

(1 .4 . 9) D 2  (//„)'

l + 1 - r + ^ £
q ( r —l + p )  r —l + p

1 —£

In the case of equilibrium (e=0), owing to (1.4. 3)——(1. 4. 4), the following 
holds:

1 <jriv
2  hi (in),i,n =  t t t

n = 0 r ( 1  — w)2 ’

n =  0

that is, in this case, 

( 1 .4 . 1 0 )

2  [ D 2 ( Пп)  -  M  ( / / „ )  +  M 2 ( / / „ ) ]  it "  =  ,
2 q 2w
r 2 ( 1  - w ) 3'

м ы  =  i  о т  =  q i r ~r \ + p )
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Note finally that substituting r =  1 into the above equations, the correspond
ing special relations for the simpler process described in [1 ] can be obtained.

1. 5. Determination o f the passage time distribution. According to (1. 2. 2) and 
(1. 2. 7) the generating function of 9m becomes

Í l —P —EW l m + 1

(1. 5. 1) Wm(w) =  wm »------- , . ,---- -------- ------=  wm[G(w)]m+i.v I r — [r(l + e )— 1  + / >]w -i-(r— l)ew 2  J L V u

Let us define the new random variable

(1 .5 .2 ) r m =  3m- r n ,

whose generating function is clearly equal to [G(w)]m+1, that is, the (m +  l)th power 
o f a generating function, namely of G(w). Hence, xm is the sum of m +1 independent 
random variables o f the same distribution and, therefore, according to the central 
limit theorem of Lindeberg—Lévy, after standardization xm will be asymptotically 
normally distributed. Obviously, it is not affected by the translation (1. 5. 2) of the 
random variable 9m whether or not it tends to normality (if standardized). Thus we 
have the following

Theorem 1.3: The limiting distribution o f  Sm, after standardization, will be 
normal. That is (see (1. 3. 7)),

(1 .5 .3 ) lim P
m-*-oo

r ( r - l + p ) l + ^ a
r -  1 + p
1 — E

=  Ф(х)

where by Ф(х) the normal distribution function is denoted3:

Ф(х) =
1

)/2n

X

j  e _ " 2 / 2  du.
— oo

In the equilibrium case, i.e. if £ =  0, (1 .5 . 1) becomes

Wm(w) =  wm <7
lm+ 1

r — (r— 1  + p ) w

and thus one has for the probability distribution of

(1 .5 .4 ) » ? )  =  ( " ) 7 üTT <7'n+1 (' - - l + / 0 n- m> « =  0, 1 ,.. ..

The mean and variance of this distribution are given by (1. 3. 4) and (1. 3. 6 ). Note 
that in this special case the passage time 9m is distributed according to the 
negative binomial distribution.

3 This will be the same result, in the special case r =  l ,  as obtained by Rényi [5] applying the 
theory of Markov chains.
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1. 6 . Determination o f  the displacement distribution. The distributions of the 
displacement and passage time of a particle are connected according to ( 1 . 2 . 1 1 ), 
which should now be written in the following form:

( 1 . 6 . 1 )
Let us define

P(ln <  m + l )  =  1 - P ( 3 m< u ).

X =  I m ------ n

,  , ,  , + I r £ ± P e
q ( r - l + p )  r ~ l + p

-------- s------ П -
1 —  £

then for large values o f m [5] one has

л ~ — m —x  
<7

,  , . i + i = r ± £ .
r(r— l + p )  r —l + p— ---- =------ m

q “ 1  —£
With these expressions o f x, for large values of m, (1. 6 . 1) reads as

ï + l ~ r± P E
q(r—l + p )  r —l + p
— -------- 5------— П -------------:------------ ----------- -- X

1 —£

1 -P K - - m

I I ' - ' + P  c 
r ( r —l + p )  r —l + p

1 — e
and so, in view of Theorem 1. 3 and (1.4. 8 )—(1. 4. 9), one obtains the following

Theorem 1.4: The displacement t]n, if  standardized, is asymptotically normally 
distributed:

lim P
n (r  —q i r - i + p ) i + - 1̂ £r — 1  + p =  1 - Ф ( - х ) =  Ф{х),

Г2 1  —£

where Ф (x) denotes the normal distribution function4.

In the equilibrium case, i.e. if £ =  0, (1. 2. 10) becomes (see also (1. 2. 7))

T(z, ve) =  Y (z, w), 
Я

that is, in view of (1. 2. 2) and (1. 5. 4), the probability distribution of v/„ will be

TLn) =  [ ^ ^ r q m( r - l + p y - m, m =  0 , 1 , . . . .

The mean and variance of this distribution are given by (1. 4. 10). Note that the 
displacement rjn is distributed according to the binomial distribution [ 1 ].

4 This will be the same result, in the special case r — 1, as obtained in [1].
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§ 2. The time-continuous process

2. 1. Statement o f  the problem. Let us consider the limiting case r-+°o in the 
process described in 1.1. Physically speaking, in this case the mobile phase flows 
continuously along the fixed phase. If defining the time coordinate as

(2 . 1 . 1 ) nx

the basic equations of the continuous process can readily be obtained in terms of t. 
To this end, let us write (1 .1 . 5)—(1. 1.6) as follows:

xLn> -x L n- v
=  - rQXi - 1) +  ( г - 1)Р 7 <Г1) +  P Y % lf

=  r Q X i r 1 1 — (r — 1 ) P Y ir  ‘) — 7 < r  *' +  0  — P) ПГ--11 »•

x/r
y (n) _  У (я- 1) 

x/r
Considering that for r-*°°  according to (1. 1. 2) and (1. 1. 7) 

P — 0, Ö —0, rP — k t x, rQ^-k2x,
for r-*°°  we have

( 2 . 1 . 2 )
V'(n) _ у (,г~ 1 )

lim X Am *rm—  =  - k 2x X X - v  + k i xYLn- 1),

y <  я )  у ( я -  1)
(2 . 1 .3 ) lim т ra . ra =  k2 x X /r  l> - k ,  x Y < r u -  Y (mn~^  +  Y f l f K

r - c c  X/r

Now, in view of (2. 1. 1), writing At =  x/r and defining accordingly

(2 .1 .4 ) X ^ = X < f ,  X X - " = X “- * \  m =  0 ,1 , . . . ,

(2 .1 .5 ) Y P  =  Y%>, Y l r l) =  Y “~*'\ m =  - 1 ,0 ,1 , . . . ,

for i.e. At-*0, instead of (2. 1. 2)—(2. 1. 3) we have

d X f
( 2 . 1. 6)

(2 . 1.7)

dt
=  —к2Хщ) + k 1

dY<?
dt

k 2X f 1

к 1 + - \ У $ + - У « и .

According to the definitions (2. 1. 4)—(2. 1. 5) the initial condition (1. 1. 8 ), in 
the limiting case r — =» i.e. dr — 0 , reads as

(2 .1 .8 )  X<l°> =  Y<°, = 0 ,

and in this case the boundary condition ( 1. 1.9) becomes, by introducing the “Dirac 
delta function” <5(0,
(2 .1 .9 )  y«)1 =T<5(r).

The system of difference — differential equations (2. 1. 6 )—(2. 1. 7) with the 
supplementary conditions (2. 1. 8 )—(2. 1. 9) will now constitute the basis of what
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follows. Note, however, that all the relations to come could also be derived directly 
from the corresponding ones in § 1 by passage to the limit r —°o. The way we will fol
low, i.e. going out from (2 . 1 . 6 )—(2 . 1 .7)—(2 . 1 . 8 )—(2 . 1 .9 ) without reference to §1 , 
seems, however, more instructive in using generating functions and Laplace transforms 
in stochastic processes.

2. 2. Distribution o f passage times, ami displacements, respectively., Consider a 
particle of the solute and the time when this particle is just leaving the mth cell. 
This time, denoted by 9m, will be called the passage time of the particle with respect 
to the mth cell. The probability distribution function o f 9„, is, on the basis of the 
physical nature of the problem, obviously

f W P d t ’

P ( 3 - < 0  =  0 - - - •
f  W P d t

0

( 2. 2. 1)

oo
Theorem 2. 1 : The denominator j  И7,',0 dt equals 1 and so the density function 

o f 9m is УУЦК
Proof. Let us define the generating function (regarding m) and Laplace trans

form (regarding t ) of X (J,] and Ylf.  Generally we put

z < ' 4 z )  =  I z L V ,
m = 0

(2. 2. 2)

Z m(s) =  # Z l |> =  f  e — Z ÿ d t ,
0

and let us define Z(z, s) as follows:

(2 .2 .3 ) Z(z, s) =  s e z ^ iz )  =  2 Z , ( s ) z '
m = 0

Taking the Laplace transforms of (2. 1. 6 ) and (2. 1. 7), considering (2. 1. 8 ) as well, 
then multiplying the equations so obtained by zm and summing up from m =  0  to 
m =  oa considering (2 . 1.9) too, after rearranging we finally have

(2 .2 .4 ) X ( z , s ) = j ^ Y ( z , s ) ,

(2. 2. 5) У (z, s)
_________ t (s +  k 2)
и 2 +  [т(Ат +Ar2) +  1 - z ]5 +  A2 (1 z) *

Putting now into (2. 2. 5) one has

lT(z,0 ) =  - y ( z , 0 ) =  '
T 1 — z
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that is

wm{0 ) =  f  dt =  1 .
о

Q.e.d.
We will now discuss the displacement (position) of a particle of the solute at 

time t\ let us denote it by r]t (= 0 ,  1, ...). On the basis of the physical nature of the 
problem, the probability distribution function of r]t is obviously

m

2  П>
P (tl,^m) =  ^ ------,

2  n t}k= 0
(2 .2 .6 )  T[‘> =  Xf> +  Y ^ ,  k — 0, 1,

m
Theorem 2.2: The denominator 2  equals 1 and so the probability dis-

k= о
tribut ion o f  r]t is T f .

Proof. In view o f (2. 2. 4) and (2. 2. 5) we have

(2. 2. 7) T(z, s)  =  X(z,  s) +  Y(z,  s) = _______________T(s +  k i + k 2)__________
t5 2  +  [t(A: 1 +fc2) +  1  — z]s +  k 2(\ —z) '

Putting 2 = 1  into this equation one gets 

that is

T « ( l )  =  2  =  1 .
k =  0

Q.e.d.
Between the density function and the probability distribution T ^  the 

Fokker— Planck equation holds:

(2. 2 . 8)
1 m

f  W jp d t 'y  2  T p  =  1 .

In order to prove this, take the sum of (2. 1. 6 )—(2. 1.7):

d T f  1

dt г

Summing here from k =  0 to m one has

( r & i - H P ) .

d  m 1

2  т р = - ( Y < 2 - n > ) ,
dt к=о t

and the integration in view of (2. 1. 9), also considering (2. 2. 1), gives indeed (2. 2. 8 ).
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2. 3. Determination o f the mean and variance o f the passage time distribution. 
On the basis of Theorem 2. 1, for the mean and variance of the passage times one 
has [6 ]

(2. 3.1) M(9m) =  - dWm(s)
ds s =  0

(2. 3. 2)
d 2W ( s 3

D2(9m) +M 2(9m) =
s =  0

The generating functions of the means M(9m) and variances D2 (5m), where m =  0 ,1 ,... > 
can be written as

m =  0  o s  [ s =  0

2  [D2 (9m) +  M2 (9m)]zm =  — S ’ 5)
m =  0 (JS 5 = 0

In view of (2. 2. 5) we have

2  M(9m)zm =  X-  r r i- r i , 
m = о q tl — z)

V  ГП2
m = 0 [D2 (9m) +  M2 ($m)]zm =

2 t2

^ ( l - z ) 3
1 + r (k t + k 2)

( 1 - z )

From these equations, applying the rule (1. 3. 3), we finally obtain

(2. 3. 3) M(9m) = - ( m  + l),

(2. 3. 4) D2 (9m) =  [ | ]  (m +1) 1 + 2 P
x^kl + k 2)

Note that in the case of equilibrium (k 1 k 2 -*■«>, but p  and so q as well tend to
finite limits) the simpler relation holds:

(2. 3. 5) D 2 (9m) =  -  («  +  1)-q
Note also the asymptotic relations, valid for large values of m:

(2. 3. 6 )

M(3m) ~ - - w ,

D 2 (.9mF m 1 + 2 P
т(кл + к 2)
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2. 4. Determination o f  the mean and variance o f  the displacement distribution. 
On the basis of Theorem 2. 2, the mean and variance o f the displacement distribution 
may be determined by means of the generating function of T%> :

(2. 4. 1) MOb)
dT(n(z)

dz z =  1 

2  '
D 2Ы  -  M (Л,) + M2 (>7() =  -■  ^  (Z )(2. 4. 2)

The Laplace transform o f these equations can be written as

dT(z,  s)
dz

& [ Ъ 2(П,)~Щч,) +  & % )]  =

z  =  1

()2 T(z1 s)
dz 2

In view of (2.2.7) we have

(2. 4. 3)

and

S +  & 2 _____
Ti2(i +  ̂ 1  +  &2)

(2. 4. 4) if [D 2 (^ ) -M (^ )+ M 2(^)] = l ^  +  k 2)2
T2s3(s +  k l + k 2)2

The inverse transform o f (2. 4. 3) reads

(2 .4 .5 )  +

Instead of giving the inverse transform of (2. 4. 4), we rather determine asymptotic 
relations for large values o f t. From (2. 4. 5) one has

(2. 4. 6 )

T -t + 2 p

further, from (2. 4. 4),
t  x ( k 1 + k 2)

D2 ^ , ) - M (,,,) + M2 t
T

Because of the above equations we finally have

q 4p
t  ? +  t (At j + A t j ) .

(2. 4. 7)
T

1 + 2 p
r { k l + k z)_
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Note that in the case of equilibrium (Art — » ,  k2 -^°° but p  and so q also tend to 
finite limits) on account of (2. 4. 3) and (2. 4. 4) the following holds:

■S^fo,) =  . ^ [D 2(//,)-M(»/() + M2(i7,)] =  1 ^ - ,

that is

(2 .4 .8 ) M( « 7 =  D 2  (»/,)= J r .
Z  T

2. 5. Determination o f the passage time distribution. By (2. 2. 5) the generating 
function of the Laplace transform Y,,,(s), m = 0, 1, ..., was given. In view of (2. 2. 1) 
W„,(s) is obtained as

(2 .5 .1) Wm(s)
I_________s +  k 2
{ tí2  +  [t(^i + k 2) +  +

ш+ I

Similarly to the considerations given in 1. 5 one can apply the central limit theorem 
of Lindeberg—Lévy obtaining the result that 9m, if standardized, is asymptotically 
normally distributed. Taking into account (2. 3. 6 ), so we have the following

T heorem 2. 3:

— CO

In the equilibrium case (2. 5. 1) becomes

Ф
s + q/z

m+ 1

wm(s)  =

and so the inverse transform reads
J /̂U) _  (Ci / T)____ ime -(qlx)t

ml

In other words, in the equilibrium case the passage time 9,„ is distributed accord
ing to the gamma distribution. Its mean and variance are given by (2. 3. 3) and 
(2. 3. 5).

2. 6 . Determination o f the displacement distribution. The distributions of the dis
placement and passage time of a particle are connected according to (2 . 2 . 8 ), which 
should now be written in the following form:

(2. 6. 1)

Let us define

Р(//,<«г+ I) =  1 -P (9 m< 0 -
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then one has, for large values of m [5],

I i;ht ~  —  m — X I 1 + 2 P
t(Æi +Æ2)J

With these expressions o f x, (2. 6 . 1) reads for large values of m as

~ 1 - P IK '  7  mW[lÍm[' -=-*}
and thus, in view of Theorem 2. 3 and (2. 4. 6 )—(2. 4. 7), one obtains the following

Theorem 2. 4: 7Уге displacement rjt, i f  standardized, is asymptotically normally 
distributed:

lim P 1 + 2  p
z(k1+ k 2)H=i-Ф( - х )  =  Ф(х),

where the normal distribution function is denoted by Ф(х). 
In the equilibrium case (2. 2. 7) becomes

that is

T(z, s) X
TJ-1- 9 ( 1  — z ) ’

J-U) _  [(<?/T) f] c -(qh)t
m m\

In other words, in the equilibrium case the displacement is distributed according to 
the Poisson distribution. Its mean and variance are given by (2. 4. 8 ).
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NONPARAMETRIC METHOD FOR DISCRIMINATING TWO 
INDEPENDENT GROUPS

by
B. HAJTMAN

Let A and В be independent two-dimensional random samples. The task is 
to decide if they were drawn from different populations. The measurement level 
for both characteristics is at least ordinal. (About the ordinal scale and other kinds 
of measurement see e.g. Senders [5], chapter two.)

Let n and m be the sample sizes for A and B, and n +  m =  N. We give rank num
bers to the united samples, rt for one, and qt for other characteristic ( i=  1,2,..., N). 
The r; and qt are, in the absence of ties, some permutations of the natural numbers 
up to N. (The presence of ties, however, does not affect the applicability of the 
method.) Graphically represented in the (r, q) coordinate system the sample ele
ments lie at the rectangular lattice points determined by the natural numbers.

Our aim is to get new rank numbers, say, in such a way that the two samples 
A and В be differentiated as much as possible. Applying the well-known Mann— 
Whitney test using rank sums as proposed by Wilcoxon (see e.g. in Hays [2],
p. 634) this requirement is, as we can easily see, equivalent to that of demanding

( 1) A> =
A

~ = 2 P i  m h
to be maximal.

For getting the p t ranks first we have to have one-dimensional sample elements. 
This is possible by weighted sum of the original ranks, rt and qt . (See e.g. R ao  
14], P- 247.) The method for choosing the optimal weights is the following.

Starting from the (r, q) coordinate system, begin to rotate the axes in positive 
direction. The new axes, и and v, are determined by the angle oc of rotation, so the 
new coordinate values of the sample points are functions of this angle. We need 
only one coordinate, Mf say, which is determined by the equation

( 2 ) u, (a) =  г,- cos a +  qt sin a.
Since for all i
(3) «.•( 0 ) =  Г;
and
(4) Ui(n) =  - r ,

we can confine ourselves to the domain [0 , л].
The problem is to determinate the “optimal” value of a, which makes the dis

crimination between A and В maximal. Unfortunately, this will not be the a maximiz
ing D u (a similar expression to (1) with ut instead of p,). The range of the ut values 
changes as the axes are rotated; some standardization is therefore needed. For this
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purpose the point-biserial correlation (as defined e.g. in W alker  and L ev [7], p. 262) 
is the most convenient. One variable (the “serial”) is the coordinate и the other 
(the “point”) is the belonging to the samples A or B. Suited to our notations the 
point-biserial correlation is

(5) j/Jov u)2

nm 
N ’

where м is the mean of all ut values while UA and UB are the means of the щ's belong
ing to the samples A and B, respectively.

To find the extreme value (maximum of minimum) of rpb the derivative o f  
(5) by a is needed. Before derivation, however, it is helpful to introduce some nota
tions.

\ 2

(6)

and similarly

(7)

N
V ,2

N

2  r,
1

ЛГ
N 3- N

12

N
V „2 .

у <7;

N =  S

( 8)

(9)

( 10)

Using these notations

N

2  r t q i  
1

(M
N

1

N
у
1

<7,- * N ( N + l ) 2= Zn«,------ j----

2 n —  2 nn A  in в
R

1

n T-  y  q t - m Z q >  =  Q- m в

и a — и в =  R cos a +  g  sin a

2 (ui—ч)2 =  2 (rico s a+cii s>n °02

2  (r, cos а +  (Г/,- sin a)

N

So the derivative of r.pb ■

( И )
<Kb
ch

R cos a-I- g  sin a
У S +  2P sin a cos a

nm
N У

=  S +  2P  sin a cos a.

nm

X

„ • 4 ,/tl—  ̂„ .------------ , „ л . 2P (cos2  a — sin2 a)(g  cos a — R sin a) \ S +  2P sin a cos a — (/? cos а +  g  sin a) — -— ■ ■
2 \  S 2P sin a cos a

5 +  2 P sin a cos а
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Equated this expression to zero and multiplicated by the factors*
3

( S + 2 P  sin a cos a) 2  and cos - 3  a we get the equation

{12) (ß  — Л tg a) (S (l +  tg2  a) +  2P tg a) =  {R +  Q tg a ) f ( l  -  tg2  a).

This is a cubic equation for tga:

<13) (PQ -  SR)  tg3  a +  (SQ — PR)  tg2  a +  (PQ -  SR) tg a +  (Sß  -  PR) =  0.

As we can directly see this equation has only one real root, namely

(14)

that is, the solution wanted is 

<15)

tga =
S Q - P R
S R - P Q '

a - arc tg
S Q - P R
S R —PQ

As a consequence of (4), (5) has in [0 , 7r] positive and negative values as well, so the 
extreme value obtained by (15) is the maximum of |/-p()|.

In the presence of ties the denominator of (5) changes. Applying the usual 
corrections (see e.g. in Siegel [6], p. 206) in (6) and (7) we get

<16) Sr =
and

N 3- N - 2 ( t ] - t j )
<17) ------------

where tj is the number of “equals” and the summations are extended for all the ties 
amongst the rt and ranks, respectively. The details omitted after similar computa
tions as before we obtain

(IS) “ = arcle| j b > !
when tied observations occur.

We can give the solution (15) a more simple form by the aid of the Spearman 
rank correlation coefficient q (as defined e.g. in G uilfo r d  [1], p. 287). By the usual 
formula (in the absence of ties)

<I9)
6 2 ( n - q d 2

0 = 1  N 3- N  '

The second factor is equal to zero only if all u, coincide, consequently any discrimination

is meaningless. The discontinuity point of the third factor, a ; 

is a root of the equation (12) too.

, is a root of (11) if and only if it
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Substituting (19) into (15), after some computations we get

(2°)

where R and Q are given, as before, by (9) and (10), respectively. The last expression 
(2 0 ) is a very suitable one to draw simple conclusions about the behaviour of the 
discriminating coordinate rotation. Unfortunately, when ties occur we cannot derive 
a similar simple relation.

As regards the maximum of |rp(,| obtained at a determined by (15) or (18) it is 
easy to show that rpb =  ±  1  only in the case if either sample has zero standard devia
tion (i.e. all elements o f the sample are equal). Otherwise, even in the case of a 
“complete discrimination”, |rp(, |< l .  When the data are ranks (e.g. <x =  0, see (3)) 
and the discrimination is complete (i.e. every element of В is smaller than any one 
o f A) \rpb\ is maximal when sample sizes are equal. In this case \rpb\ tends from above

я Í Уз)very rapidly to sin - 1 =  —  as N  tends to infinity:

3

We mention that the maximum of (1) is not restricted onto the point determined 
by (15). Dp is not a continuous function o f a rather a stepwise one with at most 
nm different values: Dp(0) =  Dp(n) and between them there are nm jumping points 
when a Mj of A and a Uj o f В coincide. This assertion implies that we may choose 
another a in the neighbourhood of that given by (15) to avoide incidental ties in p t 
ranks.

The problem of the statistical comparison of the two groups is not solved, 
however, by the procedure described above. The choice of the maximum  in every 
case hinders the difference in rank averages to follow the distribution simply deriv
able from that described by Mann and Whitney [3]. To determine the distribution 
o f the maximum is still an open question. In any case, we can use the a determined 
by (15) or (18) (for the samples A and В ) to give p t ranks for a new, independently 
chosen pair of samples. In this latter case there are no objections to apply the Mann—  
Whitney test.

Finally, we note that the “rotated” ordinal variable, on which the p t ranks 
refer, may be regarded as a factor in a psychological sense: this new, directly not 
(or not yet) measurable variate is just the characteristic feature in which the groups 
differ each another.
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ON THE ENUMERATION OF PSEUDO-SEARCH CODES

by
I. Z. CHORNEYKO and S. G. MOHANTY

1. Introduction. In his lecture notes [4], R ényi considered the problem of 
enumeration of search codes, motivated by the use o f these codes in the theory of 
search. Besides other results, he obtained the number of regular search codes, which 
are special cases of search codes. In this paper, we modify R ényi’s definition of 
search codes and enumerate these codes, from which R é n y i’s result follows.

2. Definitions.' For the sake of completeness, we list the necessary definitions. 
Except for trivial modifications, these definitions are due to Rényi.

Definition 2.1.  Any finite sequence of non-negative integers is a codeword.
We denote codewords by small Latin letters (a, b, c, ...). It is convenient to 

consider the empty sequence, e, as a codeword. We denote by Z  the set of all code
words.

Definition 2. 2. A codeword b is called a prefix of a codeword c if there exists a 
codeword d  such that c=bd, where bd  is the concatenation of the codewords b 
and d.

Definition 2. 3. Any finite set C of different codewords is called a code.
The empty set is considered to be a code and is called the empty code. The 

code consisting of the empty codeword e is called the trivial code.

Definition 2. 4. If C  is a code and a any codeword, then Ca is the set of all code
words b £ Z such that ab £ C.

We denote by N (C ) the number o f codewords in the code C.

Definition 2. 5. A code C is branched if one of the following occurs:
( 1 ) C is the empty code.
(2) C is the trivial code.
(3) C does not contain e and there exists an integer b ( C ) S i ,  such that for k, 

the codeword consisting of the single letter k, k = 0 ,  1, 2, ... ,  the code Ck is empty 
or non-empty according as fcsh(C ) or k<b(C) .

We call b(C ) the branching number of C. To complete the definition of branch
ing number, it is convenient to put h(C) =  0 if C is the empty or the trivial code.

Definition 2. 6. C  is a pseudo-search code if Ca is branched for every a £ Z.

Definition 2. 7. For C a pseudo-search code, we call those a £ Z  for which b(Ca) S  1 
the branching points of C and b(Ca) is the branching number of the branch point a.
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Definition 2.8. A pseudo-search code is called regular of degree q ^ \  if for each 
aÇ Z  such that b (Ca) ^  1, b(Ca) =  q.

It is convenient to say that the branching point a has b(Ca) branches at the 
branching point a.

If a pseudo-search code does not contain e, then C is a search code according 
to Rényi if b(Ca) ^ 2 for every branching point a of C. Also, he defines a regular 
search code as a regular pseudo-search code of degree <7 £ 2 .

To clarify the above definitions consider the codes:

C 1 =(0, 10, 11, 2)

c 2  =  (0 , 1 1 , 2 )

C 3  =  (0, 21).

C 1 is a pseudo-search code, C 2  is branched but is not a pseudo-search code 
(since e.g. C j is not branched) and C 3  is not branched (C 3  =  0 but C f ^ l } ) .

3. A 1:1 correspondence. Let C be a pseudo-search code and B(C)  the set of 
its branch points i.e. B ( C ) =  { a : a£Z  and b(Ca) ^  1}. We wish to label the branch 
points so that to each branch point we can assign a fixed branching number. It is 
convenient to order the codewords in B(C)  in lexicographic order and to label the 
codewords 1,2, . . . , k  in that order. Let S(ql . . .qk) be the set of all pseudo-search 
codes such that the z'th branch point has qt as its branching number / = 1 , 2 , ..., k. 
Let R{ q x •••&) (briefly R) be the number of pseudo-search codes in S(qt . . .qk) (briefly
S ). It is easy to verify that

ЩС)  =  Z q t- k +  1.
I — 1

Let C  be a code contained in 5. We order the codewords in C Ö B ( C )  in lexicographic 
order. Since the empty codeword e is always a branch point of any pseudo-search 
code, e is the first codeword to appear in the lexicographic order. To each code

к
C £ S  we assign the vector (clf c2, ... ,  c„+k), n =  N(C)  =  Z  'fr+1, where

i =  1
c, =  +  l according as the ( n + k  — z +  l)st codeword in the lexicographic ordering 
o f C U jB(C) belongs to C or B(C).  We note that cx is always + 1 , and cn+k, which 
corresponds to e, is always —1 .

Definition 3. 1. Let В, C  be any 2 codes in S. В dominates C if and only if

Z b ;  =5 Z  ci for all y = l , 2  ... n +k .
1 = 1  1 = 1

Let C ° £ S  consist of the following codewords:

0 , 1 , 2 , ... ,  <7 , - 2 , (ql - \ ) . . . ( q j - \ ) r ,

r =  0 , ...,< 7 ,4 -1 - 2 , j  =  1 , ... ,  k — \, and ( ^ 1  —1 ) ( ^ 2  —l)...(^fc—1 ).
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An examination of the code C° shows that there are exactly к branch points, e,

( < 7 i - l ) ,  (<7i - 1)(<72 - 1 ) ....... ( i i - l ) ( ? 2 - l ) . . .  ( < 7 , - i - l ) ,  . . . , ( ^ 1 - 1 ) ( ? 2 - 1 )  —

... (?*-1 — I)-
The branch points as written down are in lexicographic order and hence the zth 
branch point has qt as its branching number. Since the codewords in C° are already 
in lexicographic order, the vector assigned to C° is (c?, ... ,  c° + 1) where

— 1 if a =  n +  к or a =  n + к — 2  di 7 = 1 , 2 ... к — 1 .
i = 1

+ 1  otherwise.

Lemma 3.1. C° dominates every C £ S.

Proof. We require to show that
j j

2  c? 2  ci for every j = \ , 2 . . . n  +  k.
í=i i=i

The partial sums in a fixed sequence of +  l ’s and — l ’s will be as small as possible 
if all the — l ’s are as close to the beginning of the sequence as possible i.e. they 
appear as far from the end of the sequence as possible. For all C €S , cn+k= — 1 
and C! =  l. Since cn+k represents the first branch point, the maximum number of 
+  l ’s allowed to precede it is q k — 1. Hence the farthest away the next — 1 can appear 
is at c„+k_qr Similarly, the maximum number of + l ’s appearing before c„+k- qi 
is q2 — 1 and thus the next —1 must appear at c„+k- (qi+q2). In general, after the/th  
— 1 from the end appears, the maximum number o f 4-l ’s permitted to precede 
it is q j — 1 and cn+k_ l  must be —1. When the last —1 from the end appears,

there remain only qk possible values which must all be +1 . This completes the 
proof.

Let (m, n) be any point in the plane with non-negative, integral coordinates. 
It is well known [1], that any lattice path from (0, 0) to (m, ri) can be represented 
uniquely by a vector (x t , x 2, . . . ,  x„), 0 where is the horizon
tal distance from the point (m ,n  — i) to the path.

Definition 3. 2. A lattice path / corresponding to the vector (xl , x 2, . . . ,  x„) dominates 
the lattice path I' corresponding to the vector (x[,  x2, . .. ,  x'„), if and only if x '^ x ,  
for all /.

If we represent a unit horizontal step by +1 and a unit vertical step by — 1, 
then the lattice path corresponding to (xt ...A„) can be uniquely represented by a 
sequence of m + l ’sand n — l ’s, where Xj is the total number of -(-l’s following the 
(«—y'-fl)st —1. For two lattice paths / and V, let the sequence of + l ’s and — l ’s 
be (/ ,, l2, . .., /m+„) and (l[,  l2, . . . ,  /„+„)■ A simple verification leads to the follow
ing result.

Lemma 3. 2. / dominates l' if  and only if

2  h S  2 4  for y '= l, 2  ... m +  n.
i=i i=i
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Let L(ql , q2, . ..,  qk) (briefly L) denote the set of all lattice paths to the point
к

{ak =  2  <7 , — k +  \, к) beginning with a unit horizontal step ( + 1 ) and ending with 
1 = 1

a unit vertical step ( —1 ), which are dominated by the lattice path 1° correspond-
j

ing to the vector (0 , a y, a 2, . . . , a k_ J  where a} =  2  4 t ~ j , j  =  1 . 2 , . . . , k - 1 .
i=i

T heorem  3. 1. There exists a 1 — 1 correspondence between S and L.

P roof. T o each code in S  corresponds a lattice path through the representation 
by + l ’s and — l ’s as already described. Furthermore, C ° £ S  corresponds to the 
lattice path l °£L,  because the total number of +  l ’s following the j'th —1 from

the end in (c°, c2, . . . ,  c°+k) is 2  ( /̂ — 1 ) =  2  d i ~ j  =  a,-. From Lemmas 3. 1 and
i = 1 Í = 1

3. 2, it follows that to each code in S  corresponds a lattice path in L. Because two 
distinct codes in S  have at least one different branch point, they correspond to two 
distinct lattice paths in L.

Next we give an algorithm, for a mapping from L to S. In the representation 
o f I d L  by -Fl’s and —l ’s, let nr (r — 1 , 2 , ..., к — 1 ) be the number of + l ’s between 
the rth and the (r+ l)st — l ’s from the end. Without any ambiguity, we may use 
lattice path and its representation in +  l ’s and — l ’s interchangeably. Since 1° domina
tes /, we note that :

(!)  2 ni =  ai =  S d i - j  j = l , 2 ... k - 1 .
1 = 1  i = l

The lattice path / ends with a —1. To this —1, we assign the codeword b k= e  and 
the set of codewords Bl =  {0, 1, . . . , q l — 1} written in lexicographic order. Now 
ni S í ! =  í i  —1. To the next —1 from the end, we assign the codewords b2 =  nl and 
associate the set of codewords (in lexicographic order) B2 =  {b2 0, b2 1, ... ,  b2 (q2 — 1)} 
and at the same time delete from bY the first nx + 1 codewords. We then proceed 
to the mext — 1 from the end to which we assign the codeword b3 and the set of code
words B3 =  {b30 , b 3l, . . . ,  b 3(q3 — 1)}. If n2< q 2, set b3 =  b2n2 and delete the first 
« 2  +  1 codewords from B2. On the other hand, if n2^ q 2, set b3 =  n1+(n2—q2) +  \ 
and delete all the q2 codewords from B2 together with the first n2 — q2 +  \ codewords 
in lexicographic order that remained undeleted in B1 viz. {пг +  \, . . . ,  qx — 1}. Because 
o f ( 1 ), the above construction is always possible.

To describe the procedure in general, suppose that to the rth —1 from the 
end, we have already assigned the codeword br and the associated set of codewords

Br =  {br0, br 1 , .. .,  ór( ir- l ) }

and have performed all the necessary deletions. For the / th —1 and the (r+ l)st  
— 1  from the end, i< r , we say that the /th — 1  is incomplete relative to the (r+ l)st 

1  and denote such a — 1  by pr+1(/) if, and only if, the inequalities
i  i

2 n i+i - i + j <  2  di+t - 1 , j — 1 , 2  ... r — i
t=i i=i

are simultaneously satisfied. Let i(j) be the /th largest integer among the set of 
/ ’s for which ßr+1(/) is defined. Consider the (r + l)s t  —1 from the end to which
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we assign codeword br+i and the set of codewords Br+1 =  {br+10, br+i 1, ...
, br+1(qr+l — 1)}, where br+i is determined as described below. If nr< q r, delete 

the first nr+ 1 codewords from Br and put br+x= b rnr. If nr^ q r, we first delete all 
the qr codewords in Br and next delete all the undeleted codewords in Bi(iy, then in 
Bt and so forth until we have deleted exactly nr—qr + 1 codewords, the deletion 
always being done in lexicographic order. The last deleted codeword will occur 
in some Bi(j) and let this codeword be bi(j)k, 0 S k S q i(j)—l. In this case put br+i =
— bi(j)k.

Proceed in this manner until we have assigned bk and Bk to the last —1 from
к

the end. Let B = { b t: i = 2 ,  3 , . . . ,k}  and C =  U 5 , - 5 .  We observe that C is a
i =  1

pseudo-search code and belongs to S  because Ca is either the empty or trivial code 
for a $ B  and Cbl has the branching number qt, i =  1, 2, . . . ,  k.  Thus to each path 
in L , there corresponds a distinct code in S. The proof is therefore complete.

To illustrate this procedure consider the lattice path /= (1 , 1, 1, 1, —1, —1, 1, 
1, —1, —1, 1, —1) to the point (7, 5) dominated by (0, 3, 4, 5, 5).

Hence =  a x + 1  =  4, q2 =  a 2  — a x +  1 = 2 ,  q3 =  a3— a2 + 1 =  2, qA — aA —
— ű3  +  l =  1, q5 =  a5 — aA =  7 — 5 =  2, and n3 =  1, n2=0 ,  n3 =  2, n4=0.

Thus we can write :
b i= e ,  Ő, =(0, 1, 2, 3). Since n1 =  \< 4  =  q i , set b2= n l =  \, 5 2  =  (Ю> П) and 

delete 0 , 1 from B v.
Since /22 = 0 < 2  =  <72  set b3= b 2n2=  10, 5 3  =  (100, 101) and delete 10 from B2. 
Now n3 =  2 =  q3.
For /= 1 , Mj +  l =  2 <  4 =  qt

« 1 + и2  +  2 =  3 <  4 + 2 =  qk+ q 2.

Hence first —1 is incomplete relative to the 4<h —1 from the end. Similarly for i=2,  
n2 +  1 =  1  <  2  =  q2.

Hence the 2nd —1 is incomplete relative to the 4lh —1. Delete all the codewords 
in B3. Delete n3 — q3 +  l = 2  — 2 +  1 =  1 undeleted codeword from B2 i.e. delete 11. 
Set b4 =  11 and Д* =  (110). Now n4  =  0, qA=  1. Set b5 =  bA,n4.=  \ 10and fi5  =  (l 100,1101) 
and delete л4  +  1 =  1 codeword from BA i.e. 110. Now

В =  {1, 10, 11, 110}

U Bl =  {0, 1, 2, 3, 10, 11, 100, 101, ПО, 1100, 1101}.

Therefore С= {0 ,2 ,3 , 100, 101,1100, 1101}.
From С we obtain / as follows:
Write C U { 6 ;: /= 1 ,2 ,  . . . , k )  in lexicographic order (the starred numbers are 

branching points) and associate + l ’s and — 1 ’s to codewords and branching points 
respectively.

* * * * *

e 0 1 10 100 101 11 110 1100 1101 2 3

1 1 - 1 -1  1 1 -1 - 1  1 1 1 1

Therefore /=(1, 1, 1, 1, - 1 ,  - 1 ,  1, 1, - 1 ,  - 1 ,  1, - 1 ) .
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4. Enumeration. Because of the 1—1 correspondence, we are in a position to 
enumerate codes under various situations.

Theorem 4. 1. Let N ( q x, q2, , qk) be the number o f pseudo-search codes in
S( qy . . . qk). Then
(2) N(q1, q 2, ... qk) =  det (%)<*_ 1)x(*_ u
where

0 if  i > 7  +  1
( a k - j +  П
l / ' - i + l J otherwise.

Proof: We have already shown that there is a 1—1 correspondence between 
the number of lattice paths from (0, 0) to the point (ak, k) that are dominated by 
(0, a k, a2 , ... ,  fl/fc-i) and the pseudo-search codes in S ( q l , q 2 , . . . ,  q k). The num
ber of such paths has been determined by Mohanty in [2] as in the theorem.

Corollary 1.

(3) N(q,  q, ... q) 1

k { q — 1 ) + 1

Proof: By substituting а} =  j q —j  in the determinant of (2) and evaluating, the 
result is easily obtained. (See Mohanty [2].)

The number N( q , . . . , q ) represents the number of regular search codes as 
obtained by Rényi [5] using the generating function method. Here we remark that, 
if qt =  2 for each i, expression (2) give the number of search codes as defined by 
Rényi [5].

We know that to every lattice path from the origin to the point (ak, k), dominated 
by (0, a y, . .., Ufc-i), there corresponds a pseudo-search code in S(qk. . .qk) and con
versely. From this fact, it follows that a particular path corresponds to several 
pseudo-search codes, one for each possible path dominating the given path. If 
this particular path can be characterized uniquely in terms of codes, we are then 
in a position to solve another enumeration problem. For this purpose denote by 
S* (r i > r 2  > • • •, rk) and N* (r, , r2 , ... ,  rk) the set and the number respectively of pseudo
search codes which, when arranged in lexicographic order including the branch 
points, have exactly rt codewords between the / th and (z'+l)st branching point, 
i =  1 , 2 , . . . , k — 1  and exactly rk codewords following the last (&th) branching point.

Theorem 4. 2. 
(4)
where

and

N*(ry , r2, ... rk) =  det(ô y b -D x tt -o ,

0  i f  i > 7  +  1

Ь - ■ — ' f  ̂  к — / 1 ^
lJ . otherwise.

l U - i + i  J
Aj — г* +  гк _ 1  +  ••• + r k- j +1 — 1 , 7 — 1 , 2 , . . .  к — 1 .

Proof: Because of our correspondence, we note that every code in S* is re
presented by a given path, say /* which has rt horizontal unit steps between the
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ith and (i'+ l)st vertical unit steps from the end, i =  1 , 2 , . . . ,  k — 1  and rk horizontal 
unit steps before the first vertical step. However, any two distinct codes in S* belong 
to two distinct S(ql . . .qky  s. Thus N* (rt , r2, ..., rk) is the number of paths from

к
the origin (ak =  2  П Д ) with the first step a unit horizontal step and the last step

a unit vertical step which dominate /*. Shifting the origin to (ak, k — 1) and rotat
ing the axis through 180°, we observe that the above number is equal to the number of 
paths from (0, 0) to (ak-  ! , к — 1) that are dominated by the transformed /*. The proof 
is complete by using the result in [2 ].

It is interesting to note that the number N**(r3, r 2, of search codes
with the same property as that of S*(rl , r 2, ...,/* )  cannot be obtained in an ob
vious manner. Nevertheless, by using the original technique for counting the num
ber of paths dominated by a particular path as in [2 ], this number can be derived.

Theorem 4. 3.
(5) r2, ... rk) =  det(cy)(*_!)„(*_!)
when

0  j >  j  + 1  

Í 4 - J + Í

-u  =  I l / ' - i ' + l
i 'S y + 1 , / = 1 , 2 , . . . k - 2 .

(Ak- j  + / ' 1

U - i + U

' k — 2 Ï
• • , f or 1= 1, 2 ... k —\ and j  =  k — 1.

P r o o f: Because we are concerned with search codes, we can verify that N **  
is equal to the number o f paths from (0 , 0 ) to (ak— 1 , к — 1 ) which are dominated by 
the transformed /* and must satisfy (0 ^ X i< * 2 < — = * * - 1 ) in their vector represen
tation (xt , x2, ... ,  xk- t). Thus

•̂ 1 A 2 ^k-l
(6 ) n * * =  2  2  -  2  i-

* ,  =  0 l 2= I |  +  l  * k - l  =  * k - 2 + l

For computational ease, we shall demonstrate the proof for k = 4, the proof for any 
к being similar. Using (6 ),

N**(r1, r 2, r 3, r 4) 2 1
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0

* 2 + 1 ] * ! + 2 '
1 J . 2  ,

* 2 + 1 ] i * i  + 2 ]o  J 1 J
0 A ,  + 2o

i * i + 2 ] Aj + 2 'l 2  . . 2  ,

[А 3 +  Г
l o ,

'A 2  +  2Ï
. 0  J

( T )  m

iAj +  2 ] X[ + 2

I o  J 0  ,
^3 +  1 

1

A 2  +  2 
2

A j +  3 
3

which checks with (5).
Finally, we remark that there can be only one regular search code with given

r i > r21 •■■■> rk-
At the end of these enumeration it is worth while to mention that such combina

torial results in a more general setting were initiated by N arayana [3] in the context 
of an occupancy problem.
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О  П О Н Я Т И И  Ц Е Н Т Р А  В  С В Я З Н Ы Х  Г Р А Ф А Х

К. МАРТОН (К. Marton)

В в е д е н и е

Х о р о ш о  и з в е с т н а  с л е д у ю щ а я  т е о р е м а  К .  Ж о р д а н а  [ 1 ] :  П у с т ь  F  — - д е р е в о  
с  п  в е р ш и н а м и .  Н а з о в е м  в е р ш и н у  р  д е р е в а  F  ц е н т р о м  д е р е в а  F, е с л и  к а ж д а я

и з  в е т о к ,  и с х о д я щ и х  и з  р ,  с о д е р ж и т  н е  б о л ь ш е  ч е м  - -  р е б е р .  Т о г д а

а )  ч и с л о  ц е н т р о в  F  р а в н о  л и б о  1 ,  л и б о  2 ;
б )  в  п е р в о м  с л у ч а е  к а ж д а я  и з  в е т о к ,  и с х о д я щ и х  и з  ц е н т р а ,  с о д е р ж и т  м е н ь 

ш е  ч е м  р е б е р ,  а  в о  в т о р о м  с л у ч а е  ц е н т р ы  с м е ж н ы ,  и  и з  о б о и х  ц е н т р о в  и с -
^  „ п

х о д и т  п о  в е т к е ,  с о д е р ж а щ е й  ^  в е р ш и н  к а ж д а я .

Ж о р д а н о м  б ы л и  в в е д е н ы  и  д р у г и е  п о н я т и я  ц е н т р а  д е р е в ь е в .  В  э т о й  р а б о т е  
м ы  в в е д е м  б о л е е  о б щ е е  п о н я т и е  ц е н т р а  с в я з н ы х  г р а ф о в ,  о б о б щ а ю щ е е  п о м и м о  
ч е т ы р е х  п о н я т и й  ц е н т р а  д е р е в ь е в ,  в в е д е н н ы х  Ж о р д а н о м  [ 1 ] ,  т а к ж е  и  п о н я т и е  
ц е н т р а  с в я з н ы х  г р а ф о в ,  в в е д е н н о е  Г а р а р и  и  Н о р м а н о м  [2 ] .

В  §  1 . м ы  в в е д е м  н е к о т о р ы е  о п р е д е л е н и я  и  о б о з н а ч е н и я .  В  § 2 .  д о к а ж е м  
д в е  т е о р е м ы ,  с о п о с т а в л е н и е  к о т о р ы х  и  б у д е т  о б о б щ е н и е м  т е о р е м ы  Ж о р д а н а ,  
с ф о р м у л и р о в а н н о й  в ы ш е .  В  §  3 . ,  в  к а ч е с т в е  п р и м е н е н и я ,  д о к а ж е м  т е о р е м у ,  
о б о б щ а ю щ у ю  о д и н  и з  р е з у л ь т а т о в  р а б о т ы  [3 ]  М .  Л .  Ц е т л и н а .

§ 1 .

Н а м  п о н а д о б я т с я  с л е д у ю щ и е  определения и об озн ач ен и я 1:
1. П у с т ь  G  —  п р о и з в о л ь н ы й  г р а ф 2 . С о о т н о ш е н и е  „ р  е с т ь  в е р ш и н а  г р а ф а  

<7“  б у д е м  о б о з н а ч а т ь  ч е р е з  с и м в о л  p í G .
2 .  Д л я  г р а ф а  G  и  pÇ_G  р а з о б ь е м  м н о ж е с т в о  в е р ш и н  G, о т л и ч н ы х  о т  р ,  н а  

к л а с с ы ,  с о г л а с н о  с л е д у ю щ е м у  с о о т н о ш е н и ю  э к в и в а л е н т н о с т и :
/? ,  ~ д 2 , е с л и  р 1 с о в п а д а е т  с  р 2 и л и  е с л и  с у щ е с т в у е т  п у т ь ,  с о е д и н я ю щ и й  

р  ! с  р 2 и  н е  п р о х о д я щ и й  ч е р е з  р .
Э т и  к л а с с ы  э к в и в а л е н т н о с т и  о п р е д е л я ю т ,  е с л и  к  к а ж д о м у  и з  н и х  п р и с о 

е д и н и т ь  в е р ш и н у  р ,  п о д г р а ф ы  г р а ф а  G, с о д е р ж а щ и е  е д и н с т в е н н у ю  о б щ у ю  
в е р ш и н у  р  и  н е  с о д е р ж а щ и е  о б щ и х  р е б е р .  Э т и  п о д г р а ф ы  б у д е м  н а з ы в а т ь  в е т -

1 Определение понятий, которые здесь не поясняются, а также нужные сведения о них 
можно найти в [4], глава 14, § 1.

2 Под графом условимся понимать связный неориентированный граф без петель и крат
ных рёбер.
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ками графа G, исходящими из вершины р. Очевидно, что р  не является точкой 
сочленения исходящих из него веток.

Пусть G — произвольный граф, и р, p í £ G. Через (р, р 1 ) будем обозначать 
ветку графа G, исходящую из р  и содержащую р х. Далее, через ffG будем обоз
начать множество веток G.

3. Если для графа G и вершин p 2, p 2%G найдется блок3  В графа G, для 
которого р х, р 2  Ç. В, то вершины р 1 я р 2 будем называть квазисмежными.

4. Если в графе S' помечена одна вершина, не являющаяся точкой сочлене
ния, то S  будем называть корневым графом, а помеченную вершину — корнем 
S4. Корень графа S  будем обозначать через t(S).  — Ветки, исходящие из вер
шины р  некоторого графа G, будем считать корневыми графами с корнем р.

Графы без помеченных вершин будем иногда называть свободными гра
фами.

5. Пусть St и S2 —  корневые графы. S, будем называть веткой S2 (и будем 
писать S l < S 2),  если S, есть ветка свободного графа, полученного из S2 уда
лением метки, которой было помечено t (S2), и если, кроме того, t (S2) í  S i .

§ 2 .

Пусть G — свободный граф. Предположим, что на £fG определена вещест
венная функция f  удовлетворяющая следующему условию :

( * )  S l < S 2 влечет / ( S , ) < / ( S 2).

Определим функцию ср на множестве вершин графа G, полагая

<Р(Р) =  max { /(S )  : S££fG, t ( S ) = p }  (pÇG),

и назовем вершину G центром графа G (относительно функции/), если

Ч>(р) =  min cp(q).
q í G

В противном случае назовем р  обыкновенной вершиной графа G. Назовем 
наконец вершину р  Ç G локальным центром графа G (относительно / ) ,  если для 
всех q £ G, квазисмежных с р,  имеет место неравенство

f((q,p))  =  f ( (p ,  <?))•

Тогда верны следующие утверждения:

Т еор ем а 1. Все центры графа G, если их больше одного, расположены 
в одном и том же блоке графа G.

Т еор ем а 2. Вершина p(LG является центром графа G тогда и только 
тогда, если она — локальный центр.

3 В [4] применяется термин „Glied“ .
4 Корневым деревом в литературе часто называют дерево, в котором помечена вершина, 

являющаяся не обязательно концевой.
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Следствие. Г р а ф  G с о д е р ж и т  п о  к р а й н е й  м е р е  о д и н  л о к а л ь н ы й  ц е н т р ,  и  
в с е  л о к а л ь н ы е  ц е н т р ы ,  е с л и  и х  б о л ь ш е  о д н о г о ,  с о д е р ж а т с я  в  о д н о м  и  т о м  ж е  
б л о к е  г р а ф а  G.

Д л я  д о к а з а т е л ь с т в а  т е о р е м ы  1 н а м  н у ж н а  с л е д у ю щ а я  л е м м а :

Л е м м а  1 . Пусть pÇG.  Если существуют вершины q£G,  отличные от р  
и такие, что (p(q)Scp(p), то все эти вершины содержатся в одной и той же из 
исходящих из р веток.

В  с а м о м  д е л е ,  п о к а ж е м ,  ч т о  е с л и  в е р ш и н ы  q { и  q2 р а с п о л о ж е н ы  в  р а з л и ч 
н ы х  и з  и с х о д я щ и х  и з  р  в е т о к ,  т о  л и б о  (p(qy) x p ( p ) ,  л и б о  (p(q2)xp( p ) -  Д е й с т в и 
т е л ь н о ,  п у с т ь  S  —  в е т к а ,  и с х о д я щ а я  и з  р  и  т а к а я ,  ч т о  q>(p)=f(S) ;  т о г д а  п о  
к р а й н е й  м е р е  о д н а  и з  в е р ш и н  q1 и  q2 —  с к а ж е м ,  q2 —  н е  с о д е р ж и т с я  в  S. Н о  
т о г д а  S < ( q 2,p),  з н а ч и т ,  в  с и л у  ( * ) ,  (p(p)=f ( S) <f ( ( q2,p))^<p(q2).

Д о к а з а т е л ь с т в о  т е о р е м ы  1 . Д о с т а т о ч н о  п о к а з а т ь ,  ч т о  е с л и  р  ̂ и  р 2 — 
ц е н т р ы  G, т о  о н и  к в а з и с м е ж н ы .  П р е д п о л о ж и м ,  ч т о  э т о  н е в е р н о .  П у с т ь  W — 
н е к о т о р ы й  п у т ь 5 о т  р 1 к  р 2. П о с к о л ь к у  W с о е д и н я е т  в е р ш и н ы ,  н е  к в а з и с м е ж -  
н ы е  о д н а  д р у г о й ,  о н о  с о д е р ж и т  п о  к р а й н е й  м е р е  о д н у  п р о х о д н у ю  т о ч к у  с о ч л е 
н е н и я 6 , с к а ж е м ,  в е р ш и н у  р.  Н о  т о г д а  <p(pi)^(p(p), (р(р2) ё (р(р), и р 1 и р 2 р а с 
п о л о ж е н ы  в  р а з л и ч н ы х  и з  и с х о д я щ и х  и з  р  в е т о к ,  ч т о  п р о т и в о р е ч и т  л е м м е  1.

Д л я  д о к а з а т е л ь с т в а  т е о р е м ы  2  н а м  н у ж н ы  с л е д у ю щ и е  л е м м ы :

Л е м м а  2 .  ( С л е д с т в и е  л е м м ы  1 ) .  Пусть р 0 — центр, а р 1 — обыкновенная 
вершина графа G. Тогда (р строго убывает на множестве, состоящем из р 1 и 
из проходных точек сочленения любого пути от р х к р 0 .

Л е м м а  3 .  Если р 0 — центр графа G и p Q̂ q £ G ,  то для любой ветки SÇ.&g, 
исходящей из q и не содержащей вершину р 0, имеет место

<Р(Я) =  f((q,  Po)) > / ( S ) .
В  с а м о м  д е л е ,  п р е д п о л о ж и м ,  ч т о  —  в  п р о т и в о п о л о ж н о с т ь  к  у т в е р ж д е н и ю  

— cp(q)=f(S )  д л я  н е к о т о р о й  в е т к и  S, и с х о д я ш е й  и з  q и  н е  с о д е р ж а щ е й  в е р ш и н у  
р 0. Т о г д а  S < ( p 0,q),  з н а ч и т ,  в  с и л у  ( * ) ,  q>{q)=f {S)^f ( {p0, q))S(p(p0), ч т о  
п р о т и в о р е ч и т  в ы б о р у  р 0 .

Д о к а з а т е л ь с т в о  т е о р е м ы  2 .  П у с т ь  р 0 —  ц е н т р ,  а  р у —  о б ы к н о в е н н а я  
в е р ш и н а  G ;  п о к а ж е м ,  ч т о  р 0 я в л я е т с я  л о к а л ь н ы м  ц е н т р о м ,  в  т о  в р е м я  к а к  д ,  
н е  я в л я е т с я  л о к а л ь н ы м  ц е н т р о м  г р а ф а  G. В  с и л у  л е м м ы  3  и м е е м  f((q,Po)) — 
=  <p(q)^<p(p0) = / ( ( д 0 , q)) д л я  в с е х  qÇG,  о т л и н ч ы х  о т  р 0, и  п о д а в н о  д л я  в с е х  q, 
к в а з и с м е ж н ы х  с  р 0. Т .  е .  р 0 я в л я е т с я  л о к а л ь н ы м  ц е н т р о м  г р а ф а  G.

С д р у г о й  с т о р о н ы ,  п у с т ь  г = р 0, е с л и  р 0 и  р 1 к в а з и с м е ж н ы ,  и  п у с т ь  г —  п е р 
в а я  п р о х о д н а я  т о ч к а  с о ч л е н е н и я  л ю б о г о  п у т и  о т  р х к  р 0 в  п р о т и в н о м  с л у ч а е .  
В  о б о и х  с л у ч а я х  / ) ,  и  г  к в а з и с м е ж н ы ,  и  <р(г)<<р(рг). ( В о  в т о р о м  с л у ч а е  э т о  
в ы т е к а е т  и з  л е м м ы  2 . )  Н о  в  с и л у  л е м м ы  3  / ( ( г ,  д 1) ) ё < р ( г ) < < р ( д 1) = / ( ( д 1 , д 0 ) )  =  
—f ( ( P i ’ г ) ) ’ з н а ч и т ,  р,  н е  я в л я е т с я  л о к а л ь н ы м  ц е н т р о м  г р а ф а  G.

5 Под путем понимаем путь без кратных вершин.
6 Пусть Шпуть в G. Вершину р  € W называем проходной точкой сочленения относительно 

W, если р  — промежуточная вершина W, и смежные с р  вершины W  не квазисмежны одна 
другой. ( W может конечно не иметь проходных точек сочленения.)
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Замечания. 1. Если /  и /  — вещественные функции на ffG, для которых 
соотношение f ( S 1) < f ( S 2) влечет f(S,)~=-f(S2), и наоборот ( S , , S2 то центры 
G относительно /  совпадают с центрами G относительно / .

2. Все наши утверждения остаются в силе, если в качестве /  допускать 
функции, принимающие значения в некотором упорядоченном множестве 
(т. е. функции, не обязательно вещественные). Как легко видеть, такая пере
формулировка на самом деле не прибавит общности нашим утверждениям, 
тем не менее, она может быть полезной.

Примеры. 1. Пусть S  — корневой граф. Оьозначим через ßh(S)  число вер
шин S, через f's(S) — число блоков S, через m(S)  — расстояние от t (S) до вер
шины, наиболее отдаленной от t(S), а через «(.S’) — длину самого длинного 
из путей, исходящих из t(S).

Сужение на ,9“а любой из этих функций удовлетворяет условию (ре) при 
произвольном свободном графе G.

Частный случай теоремы 1, относящийся к функции т, был доказан Гарари  
и Н о р м а н о м  [2]. — Если G — дерево, то совпадают центры G, определяемые 
функциями /(;, и ps , а также центры, определяемые функциями т и л. Понятия 
центра деревьев, соответствующие функциям рь и т, были введены Ж орда
н о м  [1 ].

Обозначим далее для корневого графа S  через vh(S) число вершин S, не 
являющихся точками сочленения, а через vô(S) — число блоков S, содержащих 
самое большее одну точку сочленения. Сужение на любой из этих функций 
удовлетворяет условию (Ж ), если только G — такой свободный граф, каждая 
точка сочленения которого принадлежит по крайней мере трем блокам. Если 
при этом G — дерево, то центры G, определяемые функциями vb и vô, совпа
дают.

2. Пусть S — корневое дерево. Заменим одним ребром те максимальные 
пути в S, промежуточные вершины которых имеют степень 2, в то время как 
концевые их вершины имеют степень, отличную от 2, относительно S. Обоз
начим полученное таким образом корневое дерево через S. Каждому ребру S 
соответствует тогда некоторый путь в S, в том числе и ребру, исходящему из 
t (S).  Обозначим этот путь через S.

Пусть теперь F — свободное дерево. Положим при

f i  (S)  =  (д ,(S), nt (S)) и f 2(S) =  (т(S), т (I )).

f i  и f i  СУТЬ отображения £Ff в о  множество пар вещественных чисел. Если на 
этом множестве задан обычный порядок (х, х ) < (J7, у), если или если
X  = у  и х < у  (х, X ,  у, у  — вещественные числа), то/ ,  и / 2  удовлетворяют условию 
(Ж ), и, следовательно, определяют центры в дереве Е(см. замечание 2). Поня
тия центра деревьев, соответствующие функциям / ,  и / 2, были также введены 
Ж о р д а н о м  [1].

В дальнейшем будем рассматривать только деревья, поэтому повторим 
некоторые из предыдущих определений и утверждений для случая деревьев.

В дереве каждый блок состоит из единственного ребра, поэтому теорема 1 
сводится к следующему:
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Т еор ем а  Г. Если G — дерево, то число центров G равно либо 1, либо 2. 
В последнем случае центры смежны.

Определение локального центра в случае деревьев эквивалентно следу
ющему:

Вершина р дерева G является локальным центром G (относительно функции 
/ ) ,  если для всех q€ G, смежных р, имеет место неравенство f( (q ,  р)) =  f ( (p ,  <?)).

Если G — дерево, то промеждуточные вершины любого пути, содержа
щегося в G, суть проходные точки сочленения. Поэтому лемма 2 сводится 
к следующему:

Л ем м а 2'. Если G — дерево, и р , £ G — обыкновенная вершина, то (р строго 
убывает на пути от р { к р 0, где р 0 — ближайший от /;, центр дерева G.

§ 3 .

В качестве применения теорем V и 2 докажем следующее утверждение:

Т еорем а 3. Пусть g — сторого возрастающая и выпуклая снизу функция 
на множестве неотрицательных целых чисел, и пусть F — свободное дерево. 
Положим при pÇ_ F

!'(Р) =  2  g(Qpq),qéF

где Qpq обозначает расстояние вершин р  и q. Тогда функция h обраща тся 
в минимум либо в единственной вершине, либо в двух смежных вершинах дерева F.

Д о к а за т ел ь ст в о . Положим при SÇ.SPF 

f ( S ) =  2
«€S

í*t(S)

где t =  t(S). Функция/ удовлетворяет условию (з£). В самом деле, пусть S t , S2 Ç. 
S l -<S2, м = /(5 ,)  и t =  t(S2). Тогда имеем

<3.1) / ( S 2) - / ( S 1) =  2  [.?(А„) -  g(Q,q -  1)] +  -  g(ûtu -  1 )] +
«€S2, q j t t

qi'S1

+  2  {g (e ,q ) -g(ß ,q- -[g(ü„4) - g(Quq- I)]}-
«es,
q^u

Из условий, наложенных на g, вытекает, что каждый член в правой части (3.1) 
неотрицательный, а член g(etu)~g(etu~  О положительный, следовательно, 

/ ( S 2) - / ( S ,)  > 0 .
Итак, теоремы Г и 2 применимы к дереву Т и к  функции / .
С другой стороны, для любых смежных вершин р 0, Pi € Е вершины дерева 

F могут быть разделены на два непересекающихся класса: один класс состоит 
из вершин ветки (p0,P i) ,  отличных о т р 0, а другой — из вершин ветки ( P i ,p 0),
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отличных от р { . Поэтому имеем

(3 .2 ) h (p o ) -h (p l) =  2  [g(ePo4) -g (Q p tq)]+  2  [g(ePoq) - g ( e Piq)] =
«ё(Ро. Pl) e£(Pi>Po)

Я * Р  о 4^Pl
= Z  [g(ePoq) - g ( e Poq- i ) ] -  2  [g(ePiq) - g ( ePiq-  01 =

e€(Po. Pi) «€(Pi,po)
«^Po «^Pi

=  f((Po ,PÙ) ,Po))-
Но из (3.2) вытекает, что если для р  € F h(p) =  min h{q), то p  есть центр F

q í F

относительно / .  В самом деле, пусть р х — обыкновенная вершина дерева F, 
тогда, в силу теоремы 2, для некоторогор 0 £ F, смежного с р 1, имеем f {  (p0, /?,))<  
< f((P i> P o)\  Для этого Po в силу (3.2), имеем h(p0)< h (p 1).

Итак, поскольку в силу теоремы Y F  содержит либо один центр, либо два 
смежных центра, теорема 3 доказана.

Легко видеть, что при условиях теоремы 3 для р  £ F условие h(p) =  min h(q)<è ÇjP
эквивалентно условию „р  есть центр дерева F относительно из чего, в силу 
лемм 2' и 3 и равенства (3.2), вытекает

Л ем м а 2". При условиях теоремы 3 функция h строго убывает на пути 
от р х к р 0, где р у — вершина F такая, что h(p{) >  min h(q), а р 0 — ближайшая

q í F

от р х вершина F, для которой h(p0) =  min h(q).
q í F

Для случая g{g)  =  q теорема 3 была доказана Ц етлины м  [3]. Из проведен
ных выше рассуждений ясно, что центр, введенный Цетлиным, совпадает с 
центром, определяемым при помощи функции рь .

Замечание. Если дерево F  не содержит вершин степени 2, и функция g  
обладает свойствами, описанными в теореме 3, то утверждение теоремы спра
ведливо также для следующей функции вместо h:

Н р) =  2  g(ePq) (p ç f ),

где сумма берется по концевым вершинам F, отличным от р.
Автор выражает глубокую благодарность профессорам Т. Галлаи, 

А. Р ен и и П. Рож а, а также рецензенту М. Ш имоновичу за всестороннюю 
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Н Е К О Т О Р Ы Е  З А Д А Ч И  П Е Р Е Ч И С Л Е Н И Я  Н Е М А Р К И Р О В А Н Н Ы Х
Д Е Р Е В Ь Е В

К. МАРТОН (К. Marton)

Введение

Цель этой работы — применить одно следствие теоремы Гарари и Н о р 
м ан а о характеристике неподобия для графов [1], а также результаты, полу
ченные в [2], к некоторым задачам перечисления немаркированных деревьев. 
В § 1 мы докажем это следствие теоремы Г арари и Н ор м ан а , а в §2 рас
смотрим две конкретные задачи перечисления деревьев. Понятия, которые здесь 
не поясняются, см. в [1], [2] и [3]. — Под графом будем понимать неориентиро
ванный граф без петель и кратных ребер, но, в отличие от [2], не обязательно 
связный.

§1 .

Нам нужны следующие определения и обозначения:
1. Если в дереве S  помечена одна концевая вершина, то S  будем называть 

корневым деревом,1 а помеченную вершину — корнем S. Через t(S) будем обоз
начать корень дерева S, а через k(S) — смежную с t (S ) вершину. Деревья без 
помеченных вершин будем иногда называть свободными.

Пусть 5, и ^  — непересекающиеся корневые деревья. Если выбросить из 
них корни /(S /) и t(S2) вместе с ребрами, исходящими из них, а потом соеди
нить вершины k(S l) и k(S2), то получим свободное дерево, которое будем обоз
начать через ( S i , S 2). Вершины k(Si)  и k (S 2) дерева (S Í , S 2)  будем иногда 
обозначать через t(S2) и f(Sj), соответственно.

2. Сочетание с повторениями, элементами которого являются корневые 
деревья, будем называть сочетанием веток. Сочетание корневых деревьев 
S j , S2, ..., S„ будем обозначать через {S ,, S2, ..., S„}.

Если л/  — некоторое множество сочетаний веток, a F — свободное дерево, 
то через c^(F) обозначаем подграф дерева F, содержащий те и только те вер
шины дерева F, исходящие из которых ветки образуют сочетание, принадле
жащее л/, а также все ребра F, соединяющие вершины, принадлежащие с Л П -

Имеет место следующее следствие теоремы Г а р а р и  и Н орм ана:

Т еор ем а . Пусть 3F — конечное множество свободных деревьев. Пусть 
s í  — множество сочетаний веток, удовлетворяющее следующим условиям:

a) Ctf(F) есть непустое дерево при любом F f fF,
ß) Cj(F) пусто для всех деревьев F.fF.

1 Корневым деревом в литературе часто называют дерево, в котором помечена верши 
на, являющаяся не обязатлеьно концевой.
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Обозначим через sä' множество неупорядоченных пар корневых деревьев 
{S',, S2} таких, что
( 1. 1) ~ t i S d t c ^ S ^ S z ) )  2 (* =  1, 2)
И

s, ?és2. 3
Тогда имеет место равенство
( 1. 2) 4

Д о к а за тел ь ств о . Для дерева F  подграф cSJ(F) будем для краткости 
обозначать через F'. Далее, группу автоморфизмов графа G будем обозначать 
через (G).

При FÇ ̂  F' есть непустое дерево, и ясно, что группа F (F) является под
группой группы (€(F'). Обозначим при F  6 через F (F; sä) и L(F; sä), соот
ветственно, числа неподобных относительно %(F) вершин и ребер дерева F', 
а через R(F; sä) — число ребер в F', содержащих подобные относительно ^(F)  
вершины. (См. [1]; ясно, что R(F;s / )  равно либо нулю, либо единице.) При
меняя следствие 1 (Corollary 1) теоремы Гарари и Н ор м ан а  к дереву F' 
и к группе # ( F), получаем соотношение

(1 .3 ) 1 =  P(F; s ä ) - L ( F ;  sä) +  R(F; sä).

Просуммируя (1.3) по всем F £ FF, получаем

(1 .4 ) ! F = s ä —s ä [+ s ä 2,

где sä{ есть множество всех неупорядоченных пар корневых деревьев {S ,, S2}, 
удовлетворяющих условию (1.1), a sä2 — множество корневых деревьев S 
таких, что S »  (т. е. таких, что {S, S)a,sä[).

В самом деле, каждой паре (F, t ), где FÇ_ FF и ta  F', поставим в соответствие 
сочетание веток, исходящих из t. Ясно, что это есть отображение в sä. Более 
того, оно есть отображение на sä. Действительно, обозначим при {Sx, S2, • • • 
. . . ,S „ } a s ä  через F свободное дерево, составленное из коревных деревьев 
Sj сращиванием их корней, а через t —  общий корень веток S, в F. Тогда 
tÇc^(F),  т. е. Fa S', ta  F', и паре (F, t ) соответствует сочетание {Sl5 S2, ..., S„}.

Далее, двум парам (Fl , t 1), (F2, t 2) (Fi a&r, t i aF'i , i  =  1,2) соответствует 
одно и то же сочетание веток тогда и только тогда, если существует изомор
физм дерева Fl на F2, переводящий /, в í2 . Поэтому имеем P(F ;sä) — sä.

Ft?
Поставим теперь в соответствие каждой паре (F, /), где F a Ж  и I есть ребро 

дерева F', неупорядоченную пару корневых деревьев {S ,, S2}, где F =  ( S , , S2) 
и /(.S’,), t(S2) инцидентны ребру /. Поскольку / принадлежит F' =  c^((S i , S2» ,  
имеем ?(S,)Çc^((S,, S2)) (г =  1,2), т. е. {S t , S2}asä[. Этим отображением мы 
и исчерпываем sä[, так как обозначив при {S ,, S2)asä[ через F  дерево (S , , S2),

2 р  í S  обозначает, что „р есть вершина графа S “.
3 Пусть F, и б  — деревья, либо оба свободные, либо оба корневые; пишем F\ =  F2, 

если существует изоморфизм дерева F. на F2, который в случае корневых деревьев вершину 
/(Fi) переводит в t(Fz).

4 Пусть Ж — конечное множество; через Ж  обозначим число элементов Ж.
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имеем r(5'í)€ c л,(F) =  F, (/ =  1, 2), следовательно, F 6 !F, и ребро /, соединяющее 
/(5 ,)  с í(S 2) в F, принадлежит F'. А паре (F ,/) соответствует как раз {S',, S2}.

Далее, двум парам ( F , , / , ) ,  (F2, / 2) (F^íF, /, — ребро в F /, j =  l, 2) соот
ветствует одна и та же неупорядоченная пара корневых деревьев тогда и только 
тогда, если существует изоморфизм дерева F, на F2, переводящий /, в /2 . 
Поэтому имеем 2 j F (F ;jа/) — sí[.

Fí& _
Аналогично доказывается также и равенство ^  R (F ;s í)  — s í2.

FFJF
Итак, верно (1.4), из чего вытекает (1.2), ведь si^ =  s í [  — s í2.

Замечание. Пусть Ж  — некоторое множество свободных деревьев; усло
виям а) и ß) могут удовлетворять, вообще говоря, разные множества сочетаний 
веток. Выполнение условий а) и ß) всегда можно обеспечить, выбрав s í  так, 
чтобы сочетание веток {S',, S2, ... ,  Sk) принадлежало s í  тогда и только тогда, 
если F£!F, где F — свободное дерево, полученное сращиванием корней t{Sß. 
Если 3F — множество свободных деревьев с п вершинами, то такой выбор s í  
приводит к формуле О ттер а  [4]:

Á  =  * =  s í - J '  =  /„ 2  Д*и-* +
l l S k - = n l 2

п — 1
VAj

к= 1
t k ^ n  — k  6 t/2

где /„ — число свободных деревьев с п вершинами, a tm — число корневых 
деревьев, содержащих т вершин вне корня. (Если п нечетно, то /п/2=0. — Ясно 
что 1т равно числу сочетаний веток, содержащих всего т — 1 вершин вне корней.)

§ 2 .

В этом параграфе рассмотрим две задачи перечсиления девевьев.
1. Пусть к s 2  и г — натуральные числа. Пусть Жк — множество свободных 

деревьев, все вершины которых имеют степень либо 1, либо к. Пусть Жк — 
множество всех деревьев, принадлежащих Жк и содержащих больше чем одно 
ребро. Пусть наконец &r=3F(k, г) — множество всех тех деревьев из Жк, 
диаметр которых не превышает 2г. Хотим вычислить величину 3F (к, г).

Пусть S  — корневое дерево; обозначим через m(S ) высоту5 S, а через IS11 — 
свободное дерево, полученное из S удалением метки, которой было помечено 
t(S).

Докажем соотношение

(2 . 1)

где 9к г — число корневых деревьев S таких, что |Б \£Ж к и m(S) Ш г. Поскольку

5 Под высотой корневого дерева S  понимаем расстояние от t (S)  до вершины, наиболее 
отдаленной от l(S).
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величины Эк $ определяются формулами

9к , s

$к, I — о,

(* =  2, 3, ...),

формула (2. 1) в принципе применима к вычислению величин (к, г).
Чтобы доказать (2. 1), обозначим через s í  множество сочетаний веток 

{ S , , S2, .... S„} таких, что
п =  к, \Si\£jPk и т (S,) S  г ( /= 1 , 2, ..., к).

Множество s í  удовлетворяет условиям а) и />'). В самом деле, очевидно, 
что c^(F) пусто для всех деревьев Ft) Жк. Зафиксируем теперь дерево F f . ifk . 
Обозначим при р  € F  через <рг(р) высоту наивысшей из веток, исходящих из р, 
а через р 0 — центр или один из центров дерева F относительно функции т. 
(См. [2]; напомним, что р 0 есть такая вершина F, для которой <рг(р0) =  min cpF(p).)

p € F  '

Легко убедиться в том, что дерево F принадлежит &  тогда и только тогда, если 
<PF( P o ) - r- Но поскольку р 0 не может быть концевой вершиной F, условия 
(PÁPo) =  r и Ро Ç- с,.A F) равносильны. Следовательно, равносильны также и 
условия F Ç #- и ,,Ctf(F) не пусто“. Предположим наконец, что F £ 3F. Применяя 
теорему Г и лемму 2' [2] к дереву F и к функции <pF, убеждаемся в том, что c^(F) 
связно.

Итак, имеет место (1. 2). Подставляя в (1.2) выражения

s í  = s í '  =
f k , r

получаем (2. 1).
2. Пусть п и а — натуральные числа. Обозначим через Жп множество сво

бодных деревьев с п вершинами. Положим при FÇ.JiTn и p £ F

I’f(p) = 2  ePq,
q í F

где gpq обозначает расстояние вершин р и q. Пусть 3гг=#'(н , а) — множество 
тех F£3f„, для которых min/iF(p) ё  а.

P Í F

Чтобы выразить при помощи чисел элементов некоторых множеств, 
состоящих из корневых деревьев, введем следующие обозначения: Для кор
невого дерева S обозначим через p(S) число вершин дерева S вне t(S), а через 
<t(S)  — сумму 2  8tq, где t =  t(S). Обозначим далее через т„, s число корне-

ír es
вых деревьев S, удовлетворяющих условиям

/í(S ) =  т  и <t(S) 

Докажем соотношение

(т, 5 = 1 ,2 , ...).

( 2 . 2)
1

[
п 1 , и 2 — » 1  + п 2 = п  s j  + . ç 2 ^ « 4 - m i n { / i 1 ,  и 2 }

Т - т  -  У  Ln l t s l Ln 2 , s 2 jLj
2 s ^ a + n / 2 V2,*]>
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где ти/2 s= 0 , если п нечетно. Перед доказательством заметим, что из (2. 2) вы
текает немного более простое выражение для где =&'ßn, а) — мно
жество тех FÇ.X'n, для которых min/îf (p) =  а. Имеем

P í F

( 2. 2')

~ 1п,а + п X" С 2  2  '  ^»l2,S2 ^ и /2 , (п + 2а)/4-]>
^  п , , п 2 — 1 ,  n i  +П2 = п ,  S i + s 2 = a + m i n { t t , , n 2 }

где i„/2 ,(n+2 a) / 4  = 0, если п + 2 а не делится на 4. Поскольку величины TmjS вычис
лимы при помощи перечисляющей теоремы П ойа [5], формулы (2. 2) и (2.2’) в 
принципе применимы к вычислению величин # ”(п, а) и ^ ( п ,  а), соответст
венно.

Чтобы доказать (2. 2), обозначим через s í  множество сочетаний веток 
{Sl5 S2, S,} таких, что

2  / * № )  =  и - 1

2  о (Si) ~  а 
/= 1

(/ — произвольное натуральное число). Множество s í  удовлетворяет условиям
а) и ß). В самом деле, очевидно, что для дерева F подграф csß F )  не пуст тогда 
и только тогда, если F^3F, далее, из деммы 2" работы [2] следует, что c^(F) 
связно при FÇ Итак, имеет место (1. 2).

Но из определения множества s í  ясно, что

~  2 ^ п , s )s-̂ a+n

Чтобы выразить s í '  при помощи чисел T m s, заметим, что для корневых деревь
ев S j , S2 соотношение {S j, S2} £ s í '  имеет место тогда и только тогда, если

/ i ( S 1)  +  / / ( S 2)  =  п 
и

f f ( S i )  +  f f ( S 2)  Ä ű +  rnin (aí(S j), p ( S 2 ) } ,

и потому s í ’ равно второму члену в провой части формуы (2. 2). Итак, (2. 2) до
казано.

Автор выражает глубокую благодарность профессорам Т. Г аллаи , 
А. Р ен и  и П. Р ож а, а также рецензенту М. Ш имоновичу за всестороннюю 
помощь.
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ON COLOUR-CRITICAL GRAPHS

by
M. SIMONOVITS

Notations. Since this paper deals with colouring problems, the graphs, considered 
by us are undirected graphs without loops and multiple edges. If G" is a graph, n 
denotes the number of its vertices. x(G") is the chromatic number of G". Let x be 
a vertex of G", st x  denotes the star of x, i.e. the set of vertices, joined to x; a(x) is 
the valence of x. Let e be an edge (or x be a vertex) of G", then G" — e (or G"—x) 
denotes the graph obtained from G" omitting e (or omitting x and the edges, incident 
with it).

Introduction

The concept of the critical graphs was introduced by G. D irac, [1], [2]. Let 
G be a A-chromatic graph and e be an edge of it. e is said to be critical, if y(G — e) — 
=  А — 1. The graph G is critical, if each edge of it is critical. In our case G is called 
a critical A'-chromatic or shortly a A-critical graph.

The following two problems of T. G allai are investigated in this paper:
(A) For given A, n and m how many independent vertices of valence ^ in can 

be contained by a А-critical graph of n vertices?
The maximum will be denoted by /(A, n, m).
(B) o{G) denotes the minimum valence in the graph G. For given A and n how 

large can o(Gn) be if G" is A-critical.
The first part of this paper contains the following results:

T HEOREM 1. Let 4 á A á m  +  l ^  n, then

I k~r-------г------  1(1) n — /(A, n, m) s  -у \ (k  — 2)\nm.

Clearly /(A, rí) =  i(k, n, A— 1) is the maximum number of independent vertices 
a А-critical graph of n vertices can have. Theorem 1 implies

(2) n — i(k , n)
1
2

fc— l
f ( k - \ ) \ n .

This result is not too far from the best possible in the following sense:

1 Clearly, this theorem gives an estimation for every A:-critical graph, while theorems 2, 4, 5 
are constructions „only“ .
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Theorem 2. Let 4. Then for infinitely many values o f  n

Í 2 rfe_1] 1
(3) n — i(k,n) =  0 { n  L 3 J J

If к =  4, one can improve Theorem 1 in the following way:

Theorem 3. Let n ^  m + 1 ^ 4 .  There exists a constant ct > 0  such that

(4) n — i{4, n, m) a  c l (nm)2,s.

The technique applied to prove Theorem 3 gives also some sharpening in the 
case k > 4, but the value o f  к  is greater, the obtained result is relatively the worse 
and the proof becomes very complicated; therefore this case will not be investigated.

The second part o f the paper contains a construction of a 4-critical graph 
W n depending on some parameters. Choosing these parameters in two different 
suitable ways we obtain the following theorems :

Theorem 4. Let n be an even integer, large enough. Then

(5) и - / (4 ,и ,  m) S  20^«m .

Theorem 5. Let n be an even integer, large enough. Then there exists a 4-critical 
graph Wn such that

3 _
I! и

(6)

This result can be sharpened. Let ec (G) denote the edgeconnectivity of a graph 
G, i.e. the least integer 9 such that omitting S suitable edges o f G we may obtain a 
disconnected graph from it. Clearly ec (G)Sa(G).

I. Jacobsen asked, what can be said about the edge-connectivity of a 4-critical 
graph? The example, proving Theorem 5 also proves

Theorem 6. Let n be an even integer, large enough. There exists a 4-critical graph 
W" such that

3 _
][ и

(7) ec (Wn) & '—f - .
6

Here I have to make some remarks on the history of these results. W. G. Brown 
and J. W. Moon gave a construction [3] which proved for infinitely many n that

n — i (4, n) — О ( /и ) .

Applying Lemma 1 to a 6-critical graph, constructed by G. D irac, which had In 
vertices and я2 +  2и edges, I could prove only

(3*) n — / (6, n) =  0(Ÿn)

(for infinitely many n) but this result is essentially weaker than the result of Brown 
and Moon. Last September (1969) B. Toft constructed a 4-critical graph T(n) 
which had 4n vertices and я=я2 edges. Applying Lemma 1 to Toft’s graph I could
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already prove (3*). T. G allai pointed out that the set of many independent vertices 
in both proofs consists of vertices o f valence 3. This note led B. T oft and me to 
Problem (A). We solved this problem and besides Problem (B) as well independently 
from each other at the same time and in very similar ways: both our proofs apply 
my splitting method (i.e. Lemma 1) in a modified form to the original graph of 
B. T oft . The most important differences between our constructions are that

(1) Instead of Lemma 1 B. T oft applies two similar lemmas and applying 
them succesively to the graph Г(п) he builds up the desired graphs. In my proof 
no splitting method is used explicitely, I construct a graph W" directly and prove, 
that it is 4-critical. (I used the splitting method only to find the graph W".) From 
this point of view B. T oft’s proof is algorithmic, while mine is more direct, con
structive.

(2) My graph consists of 3 similar parts, each of which is very similar to the 
graph of B. T oft corresponding to Problem (B). From this point of view my con
struction is a little more complicated. The reason, why I had to “stick” together 
three such blocks is, that I split the vertices of T oft’s original graph into vertices, 
having disjoint stars, while B. Toft did not.

Both the methods have their advantages and thus B. T oft and I decided to 
publish both of them and almost together: the next paper of this journal contains 
a short description of B. T oft’s results [4]. The reader can also find the description 
of B. T oft’s original graph in it. An other source to find Г(т) is [6]. Finally, one 
can obtain Г(п) from the block Q constructed in the second part of this paper taking 
p —q =  1, a = d = n .

I recommend the reader to think over, that this graph is 4-critical, because this 
will help to understand many things, connected with my construction.

Finally I remark that in the proofs I shall never verify that a given colouring 
of a given graph is good or not. The reader can easily prove in this cases, that no 
two vertices of the same colour are joined.

Added in proof. (February, 1973.) Last Summer I gave a lecture on a „Working 
Sminar on Hypergraphs” (Columbus, Ohio, USA) the bases of which was the hyper- 
graphtheoretical part of this paper. It turned out, that W. G . B r o w n , P. E r d ő s  
and V. T. Sós [AP 1] also proved Lemma 2 for the special case s= 2 . At the sam e time 
I succeded to prove that Lemma 2 is sharp for s = 3 as well (AP 2]. Finally, what 
is perhaps the most important, L. L o v á sz  [AP 3], improving the methods of this 
paper and the construction of [3] recently has proven that there exist two positive 
constants c t and c2 such that

Cinl,k~2 S. n — i(k,n) S  c2n l/k~2

(The corresponding 3 papers are sumbitted but not published yet.)
[API] B r o w n ,  W. G., E r d ő s , P., Sós, V. T., On the existence of triangulated spheres in 3-graphs, 

Periodica Math. Hung.
[AP2] S i m o n o v i t s , M., Note on a Hypergraph Extremal Problem, Proc. o f Working Seminar on 

Hypergraphs, Columbus, Ohio, 1972, Springer Verlag, Lecture Notes.
[AP3] L o v á s z ,  L., Independent sets in critical chromatic graphs. Studia Sei. Math. Hungar 8 ( 1973)-
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§ 1. The upper bounds

First I introduce the concept of splitting a vertex x into the vertices x 1, ..., xv.

Definition. Let G and G be two graphs and xÇG, x 1, . . . , z vÇG be vertices given 
in them such that

G — X =  G — x 1—x 2 — ■■■ — x v
V

and st x =  U st X; hold. We shall say that G can be obtained from G by splitting x  
1 = 1

into Xj , ..., xv.
The following lemma is of great importance in our investigations :

Lemma 1. Let G be a к-critical graph and x be a vertex of it. There exists a k-critical
<*(*) „graph G, which can be obtained from the graph G by splitting x into v
к - 1

vertices x t , . . . ,x v. Besides <t ( x , )  — k — 1 ,  /= 1 , . . . ,  v.

Proof. Let 5 — j and let us consider a new vertices x l , . . . , x s. Let us

join Xj to k — 1 vertices o f s tx  in the graph G — x  so that s tx ^ s tx y  unless /'=/'. 
Thus we split x into x l5 . . . , x s. This procedure does not increase the chromat'c 
number, since x l5 . . . , x s are independent. Thus the obtained graph G* is at most 
Æ-chromatic. We prove that x(G*) =  &.

i f  x(G *)— k — 1 held, we could colour G* by 1,2, ... ,  k — 1. Since each 
subset of G—x consisting o f к — 1 elements is joined to an x;, it must be coloured 
by at most k — 2 colours. So s tx  is coloured by at most k — 2 colours. Restricting 
this colouring of G* to G —x we can extend it to G giving to x  the colour 
from {1, ..., к 1} which does not occur in stx . This implies x(G) S i - l  contra
dicting /(G) =k.  Hence x(G*) =  &.

Each ^-chromatic graph contains a /c-critical subgraph and this subgraph con
tains all the critical edges and vertices of the graph (where a vertex is called critical 
if omitting it we obtain a k — 1-chromatic graph).

Let G be a ^-critical subgraph of G*.
a) G contains G — x. In order to prove this it is enough to prove that each edge 

of G — x is critical. If e is an edge of G—x, x (G ~ e)  =  к — 1 since G is L-critical. 
G* — e can be obtained from G — e by splitting x into x t , ... ,  x s, therefore x (G* — c) =  
=  X(G — e) =  k — 1, i.e. e is a critical edge in G*. Thus e belongs to G.

b) If y  is a vertex o f  st x, then there exists an x t joined to y  (in G). Otherwise 
G could be obtained from G — (x, y) by splitting x  into Xj, ... ,  x s and then omitting 
some vertices and edges from the resulting graph. This would imply ^(G*) ^  k — 1. 
But this is a contradiction showing that st x  =  U st xt where the stars st x,- are

JCjgG
counted in G.

c) Now the proof is completed. Indeed, we know that G is ^-critical, a) and b) 
together state that G can be obtained from G by splitting x into some x;’s. Since 
a Âr-critical graph does not contain vertices of valence <  к — 1, thus «г(х,) =  к — 1 
if  x , ÇG. According to b) <r(x) ^  2  a (xi)> i-e- the number of x,’s, belonging to G,

, <r(x) _ , x‘is at least , , . Q.e.d.
к — 1
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P roof of Theorem 1. We have to prove that if G  is a ^-critical graph and x , , ... 
X ,  are independent vertices of valence ^ m  in it, then

k- I

t s  я —£ У (к —2)1 mn .

Let us split the vertices x t , . . . ,x ,  into the vertices {xifJ}iá, successively: the
j S v ,

graph, obtained in the (/— l)th step contains x, and x, has the same valence in it 
as in the original graph. We split x-t into x, , ,  . . . ,  x, V[ so that the resulting graph is 

к — 1
also ^-critical and v, S  —— г . Since x , ,.. . ,  x, are independent, the vertices x i+ , , . . . ,x ,

G \ X j J

remain untouched.
In the last step we obtain a ^-critical graph GN. Since GN is ^-critical, st x tj ^

T̂ st xkj  unless (i , j )  =  (k, I). Further, st x ,j  is a subset of Gn —x , --------x,, consisting
of A — 1 elements. Hence

(8)
n - t
к — 1 щ 2  vi =  ~kZT\ £  -  kb  1

к -  1

У(к - 2 ) \ m t(9) n - t

follows immediately from (8) and if n ^ 2 k~ l t, (8) implies (1). If /7>2k~ 1t, then

1
2  к -  l

which gives (1) also in this case:

nk- 3
nm 2т г т nm

kk~-
2^1 nm ( k -  2)!

2 * -i

n  —  t Ä  n 1 1  — 2*-!
*-1 I

ÿnm(k — 2 )1*2  Q e-d-

Since (8) is a very rough estimation, one can try to improve it. As we mentioned 
already in the Introduction, this can be done, though for A>-4 it is rather complicated. 
Thus we shall improve Theorem 1 only for k — 4 and only later, since first we prove 
Theorem 2, showing, that Theorem 1 is sharp in a certain sense.

P roof of Theorem 2. Let G"< be a A,-critical graph of л, vertices for 1 = 1 ,  . . . ,  T  
and / ,=  {xit,}j;Si( be a set of independent vertices o f valence А,—1 in G"'. We con
struct a Д А ,—1 )+ 1-critical graph GN.

Let G'v be the following graph: we join each vertex of G"'—/, to each vertex 
of G"m -— Im for l ^ /< m S T  Then we consider ÎIÇ, new vertices P(il , . . . .  iT) where 
/ ,=  1 ,2 , The vertices P ( i \ , . . . , i T) form a set of independent vertices of
valence ДА:,—1): P ( i , , . . . ,  iT) is joined to a vertex w£G "'-/, if and only if xi t is 
joined to и in G"i:

st P(i\,  . . . , i T ) =
T
U st X , . , .

/= 1
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1. у (Gv) S  27 (Ä:/ —1)4-1. Indeed, G”> — /, is а Ar, — 1-chromatic graph and each 
vertex of Gn‘—/, is joined to each one of G"m —/„, if  /Xm. Thus the subgraph G*, span
ned by the graphs Gn< — I, must be coloured by at least I  (к,— 1) colours. If G* is 
coloured by exactly 1 (к г—\) colours, then each G"<—/, is coloured by A:, — 1 colours. 
Since x(Gn‘) =  ki, there exists an xTll such that st xtu, is coloured by at least kl — 1 
colours. Hence st i 3(r1, . . . ,  xT) is coloured by exactly 2(Аг — 1) colours, i.e. x (d N) — 
S  2(A(- 1 )  +  1.

2. Now we prove that each P(i\ , ..., iT) is critical. Let us consider a P(x{ , r T). 
We have to prove that

X(GN- P , ( x l . . . , z T)) =  Z ( b ~ l ) -

Since x(Gn,—xTli) =  к.I — 1, G"‘ — I, can be coloured by kt — 1 colours so that each 
st X; , but stx tI, is coloured by S  kt — 2 colours. Let us fix such a colouring for 
each G"i—I,. Now st Р(?1г . . . ,  iT) is coloured by at most Z(k,— 1) — 1 colours unless 
i'i = T 1,. . . , iT= x T. Thus the colouring of G* by 27(Л:г — 1) colours can be extended onto 
GN- P ( i.e. x (Gn ~ P ( ^ , - ^ t)) = I ( k i - \ ) .

3. Let now GM be a Z(k, — 1) + 1 -critical subgraph of GN. According to 2 GM 
contains all the vertices P ( i l t  ... ,  /T). This proves

(10) М - 1 ( 2 ( к , - \ ) + \ , М ) ш  1 ( и  , - « •
1=1

Let now G" be a 4-critical graph with п — ОЦ п)  independent vertices. According 
to [3] or according to Theorem 4 there exist such graphs for infinitely many n. Set
ting G"i — G" and kt =  4 we obtain а З Г + 1 -critical graph GM. Here

n i - t i  =  0 ( i n , )  =  0 (У п)  

and from this and (10) we get
M - i ( 3 T + \ ,  M ) =  O ( ÿ n ) .

Since M s  JJ t;l m nT,

M — i(3T +  1, M) =  0 { M 21).

This proves Theorem 2 if к =  3T+1. In order to obtain Theorem 2 in the other 
cases we apply the trivial inequality

(11) i ( k + \ ,  n + l )  =  i(k, n)
Q.e.d.

Remarks. 1. If we apply our construction to an odd circuit, we get for infinitely 
many M

Í г * ~ ч )
(12) M - i ( k , M )  =  o \ m í  2 i )

which is only slightly weaker, than Theorem 2; on the other hand we do not need 
B r o w n  and M o o n ’s result in this case.

2. The graph GN in the proof of Theorem 2 is a critical graph, i.e. GN =  GM. 
This can be proved very easily.
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Now we give the mentioned sharpening of Theorem 1. As we have mentioned 
in the introduction, we consider only the case k =  4. In this case Theorem 1 gives

I 3 ____
(13) n — I (4, n, ni) s  y  ]/2mn 

while Theorem 4 gives only
(14) n —i(4, rt, m) =  0 (Y n m )

(where n is even and sufficiently large). Improving (8) we shall prove

Theorem 3. Let 4 S m | l  =  n, then there exists a constant c > 0 such that

(4) n — /"(4, n, m) S  c(nm)2/s.

Proof. I shall not introduce the concept of triangle-graphs but refer to [5]. 
Some parts of the proof will be omitted.

Definition. C3S't denotes the following triangle-graph: the vertices o f C3 s , 
are ul , . . . , u s, Vi , . . . , v t and the triangles of it are the triplets {uivj vJ+x), where 
vt + i - v y and i =  l, . . . , s ;  j =  1, t.

L emma 2. I f  Gm is a triangle-graph o f  m vertices which does not contain a C3 s t 
for  i =  3, 4, ... , then Gm has at most

( 15) y  +  o (l) |m
I
S

triangles.
The proof of Lemma 2 will be given later. Now let us consider the vertices of

Gn~' =  G"—x l --------X, in the proof of Theorem 1 and the triplets st xtj ’, i = l ,  . . . , t ,
7 = 1 , . . . ,v ;. These vertices and triplets define a triangle-graph of Zvt triangles. 
We prove that this triangle-graph does not contain a C3 s l , thus Lemma 2 gives 
ív j =  0((n — t )512) instead of (8). From this we obtain Theorem 3 by the same way 
as we obtained Theorem 1 from (8). We call a triangle-graph “good” if for each 
triangle of it we can colour its vertices by 3 colours so that this triangle is coloured 
by 3 colours but all the others by at most two ones. The reader can easily prove 
that C3 s ( is not “good”. Since a subgraph of a “good” graph is also “good”, a 
“good” graph cannot contain C3 s ,, thus a “good” graph of m vertices has at most 
0 ( m 512) triangles, (Lemma 2). Thus it is enough to prove that the triangle-graph,
constructed on the vertices of Gn— --------x, is “good”. Since GN is 4-critical,
it has a 4-colouring, such that the colour of xitj is not used in GN — Xi j .  In this 
case st x t j is coloured by 3 colours and st* * , is coloured by at most two colours,
if (к , l) jà \i , j) .  Gn — x í ------- x, is coloured by 3 colours. Thus the considered triangle-
graph is “good”. Q.e.d.

P roof of Lemma 2. The Lemma is similar to Theorem 1 in a paper o f P. E rd ő s

[5] and the proof is also almost the same.
Let Gm be a triangle-graph, 1, ... ,  m be its vertices and t denote the number o f  

its triangles; let A(i,j)  denote the set of vertices к such that {i,j, k)  is a triangle of 
the graph. Clearly
( 1 6 ) 31 =  z  \ M h j )I1
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A set Uy, ..., us and a pair ( / , /)  will be called a “flower” if u ,£A (i,j) (1=1, ..., s). 

Since (i ,j)  is contained in [ ^ ) “fl°wers’\

0 7 ) N
ájlsi^ js

\A (i , j )  I

is the number of “flowers” contained in Gm.
On the other hand, if U y ,  ... ,  us are given, at most n pairs (/',/') form a “flower” 

with Uy, ..., us, otherwise there would be a cycle (vt , ... ,  vt , Vy) such that ut , ..., us 
formed a “flower” with each pair (u,i;i+1) when 1=1, . . . , / ,  n(+1= r 1. Thus the 
vertices ut , , us, V y ,  , vt would determine a C3 s t in Gm. This is a contradiction 
and hence

(18)

(16), (18) and the convexity of for x 5 s  imply

(21/s ) 3 - —
Í S  — +  o (l)  /; s Q.e.d.

Remark. One can prove that Lemma 2 is sharp for s =  2: if c is a positive, but suffici

ently small constant and we select each triangle-graph having m vertices and cm3 2 
triangles with the same probability, then the selected graph will not contain any C3 2,i 
with probability, tending to 1 (when m tends to infinity). I do not know, whether The
orem 3 is sharp or not.

Now we construct a graph proving Theorems 4, 5, 6.

§ 2. The lower bounds for i(k, n, m)

We restrict our investigations to the case k =  4, because
a) If G" is a 4-critical graph and we join the vertices of a complete (k — 4)-graph 

to each vertex of Gn, then we obtain a ^-critical graph. Hence our constructions give 
also some lower bounds for the general case.

b) The problem (B) is not too interesting for к ^ 6: Let y(n) denote a circuit 
of n vertices. If we join each vertex of a y(n) to each vertex of another y(n) and n is 
odd, then we obtain a 6-critical graph of 2n vertices with minimum valence n +  2. 
(This construction is due to G. D irac .)

The desired results will be obtained by a construction: we construct a 4-critical 
graph depending on many different parameters and consisting of 3 or more similar 
blocks.

The block Q.
The vertices of the graph Q can be divided into four parts, which will be called 

the stories of the block. Let a, d, p, q be given odd integers.
The second story consists of apq independent vertices, denoted by B(i,j,  x), 

where i = l ,  . . . ,p ;  j =  1, . . . ,  a; x = l ,  . .. ,q .
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The third story consists of dpq vertices, denoted by C(k, l, y), where к =  1, ... ,  q ; 
/= 1 , d; y =  1, B(i,j, k) is joined to C(k, I, i ) for every i, j,  к and I. The
set {B(i,j, x)}j x will be called a class and denoted by Cf. Similarly, {C(k, l, y)}, y 
is the class Ck. The sets {B (i,j , x)}* will be called groups and denoted by Gitj. Sim
ilarly, {C (k ,l ,y )}y is the group Gk l .

The first story consists of the vertices A(i,j); i = l , . . . , p ;  j —l , . . . , a .  These 
vertices form a circuit y(ap): A(i,j) is joined to A (i ' , j ' )  if i= i '  and \ j —j ' \  =  1 
or if i' =  /+ 1 , j = a ,  j ' =  1 (or conversely) and A(p, a) is joined to A(l, 1). Fixing 
/' we obtain the arcs a, o f the circuit y(ap). The vertices of the first story are also 
joined to some vertices of the second one: A(i,j)  is joined to В (/, j,  x) fo r x = l ,  ..., q. 
The fourth story is similar to the first one: it consists of the vertices D(k, /); 
jfc=l, . . . ,q \  /= 1 , . . . , d  which determine the circuit y(dq) consisting of the arcs äk. 
D(k, l) and C (k ,l ,y )  are joined.

This is the block (graph) Q. First we investigates its 3-colourings. We need the 
following definition:

Definition. If у is an odd circuit, a 3-colouring of it is called elementary if one 
of the three colours is used only once. This colour and the corresponding vertex 
are called the exceptional colour and vertex respectively. If у is divided into arcs, 
a 3-colouring of it is called periodic if each arc is coloured by two colours.

Lemma 3. Let be given a 3-colouring of  Q. Then either y(ap) or y(dq) is coloured 
periodically.

Remark. In the case p =  q =  1 a = d = n  we obtain B. T oft’s graph of 4n vertices 
and %и2 edges. Since neither у (a) nor y(d) has periodic colourings, x (Q )s4 . It is 
easy to prove that Q is a 4-critical graph.

Proof of Lemma 3. If neither y(ap) nor ÿ(dq) is coloured periodically, then 
for an i and a к both у fa )  and yk(d) are coloured by 3 colours. Hence both the sets 
{B (i ,j , k)}j and {C(k, I, /)}, are coloured by at least two colours. These sets span 
a complete bipartite graph, therefore the colours, used at the two sets are different,
1. e. Q is coloured by at least 4 colours. This contradiction proves Lemma 3.

Lemma 3 concerns with the question, how Q can not be coloured by 3 colours. 
The next question is, how it can.

Lemma 4. For given i, j  and k, if  r/53, then Q can be coloured by 1,2 and 3 so 
that the only vertex o f  у (ap) coloured by 1 is A(i,j)  and i f  D(k'J) is coloured by
2, then k '=k .

P roof. Let us consider the following colouring o f Q:
a) y{ap) is coloured by 1, 2 and 3 elementary: A (i, j )  is the only vertex coloured 

by I.
b) B (i,j ,k ) is coloured by 2, B (i , j ,x ) by 3 ( x ^ k )  and B(i*,j*,x*) by 1 if

(/* J * )^ (U )-
c) C(k*,!*,y*) is coloured by 3 if k*—k  and by 2 if k*^k.
d) Finally we have to colour y(dq). Let us colour D(k, I*) by 2 if /* is odd and 

by 1 otherwise. The other vertices of y(dq) span a path, which can be coloured by 
1 and 3 since the vertices of the third story, joined to the vertices of this path are 
coloured by 2. The obtained 3-colouring proves Lemma 3.

Studia Scientiarum  Mcithematicarum Hungarica 7 (1972)



76 M. SI MONOVITS

Now we turn to the

Problem: How can Q — e be coloured by 3 colours if e is an edge o f Q?

Lemma 5. Let e and f  be two edges o f  Q :

e =  (B (i , j ,x )-  C ( k , l , y )), (i =  y ,x  =  k)
and

f = { A ( i , j ): B (i,j ,x )) .
Then both Q — e and Q —f  can be coloured by 3 colours so that y{ap) and y(dq) are 
coloured elementary, A ( i , j ) and D(k, l) are the exceptional vertices.

I f  g is an edge o f  y{ap), then any given 3-colouring of y(dq ) can be extended onto 
Q —g so that the path y(ap)—g is coloured by two colours.

P roof. A) Let us consider the following colouring of Q — e: y(ap) and l(dq)  
are coloured elementary, the exceptional vertices are A(i,j)  and D(k,  /) which are 
coloured by 1 and 2 respectively. G, ,■ and Gk l are coloured by 3, all the other vertices 
o f the second story are coloured by 1 and all the other vertices of the third story are 
coloured by 2. Trivially this is a good 3-colouring of Q — e. If we colour B (i,j ,x )  
by 1 instead of 3, we obtain a good colouring of Q —/.  This proves the first part of 
our lemma.

B) Let be given a 3-colouring of y(dq) by 1, 2 and 3. Now we colour the second 
sto-ry by 3, the first one by 1 and 2. Up to now no edge joins vertices o f the same 
со our. This 3-colouring can be extended onto the third story, since each C(k, 1, y) 
is joined to some vertices o f the second story, coloured by 3 and to one vertex of 
the fourth story. Thus C (k , l , y )  can be coloured either by 1 or by 2. Q.e.d.

We need also the following trivial lemma:

Lemma 6. Let y(ap) be coloured periodically. Then the vertices A(i, 1) and A(i, a) 
are coloured by the same colour and the set {A(/, 1)}; is coloured by exactly 3 colours.

P roof. Since a is odd and the arc {A{i,j)} j  is coloured by 2 colours, A(i, 1) 
and A(i, a) have the same colour. Let us consider an odd circuit y(p)  and colour 
its ith vertex by the colour of A(i, 1). Since A(i, a) has the same colour as A(i, 1) 
and is joined to A ( i + 1, 1), thus A(i, 1) and A ( i + 1, 1) have different colours. Thus 
we obtained a good 3-colouring of y(p) and therefore {/!(/', 1)}г is coloured by exactly 
3 colours. Q.e.d.

Graphs with many independent vertices o f  high valence.

Let Q be a block, defined above, where
p =  1, d = m ,  a =  qm.

Let E  be a new vertex and let us join each D(k, 1) to it. Thus we obtain a 4-chromatic 
graph Sn which contains a 4-critical subgraph S".

1. x(S")—4. Indeed, if  Q is coloured by 1, 2 and 3, ÿ(dq) must be coloured 
periodically, since y (a) has no periodic colouring. According to Lemma 6 {D(k, 1)}* 
is coloured by 3 colours, hence E  must have another, fourth colour.

2. Let e = (B ( l , j ,  x); C(x, l, 1)) and /^ 1 . Then y(5" — e) ^  3. Indeed, accord
ing to Lemma 5 Q — e can be coloured by 1, 2 and 3 so that only D(k, l) is coloured 
by 2 in y(dq). Thus E can be coloured by 2. Similarly, one can prove that x(S n—f )  S  3
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and x (5 " -g ) S  3 if /= ( /4 ( l ,y ) ;  B(\, j ,x))  and g is an edge of y(a) or y(dq). (The 
last two assertions will not really be needed.)

3. Since x(5") —4, S n contains a 4-critical subgraph 5  which contains all the 
edges of S" mentioned in 2. This and x(Q) =  3 imply that S contains all the vertices 
of S". The vertices B ( l , j , x )  are aq independent vertices of valence ëm . Thus 
i(4, n, m)^aq. Here a =  qm. Therefore

(19) n — /(4, n, m) ^  (a (q+  l) +  2 m q + 1) — dq — a +  2mq +  \ — 3m q+\ Ш ЗУтп.

This proves Theorem 4 for every m for infinitely many n. Later we shall prove Theo
rem 4 for every even and sufficiently large value of n.

The 4-critical graph IV".

First we define a 4-chromatic graph \V" which has a lot of critical edges and then 
we select a 4-critical subgraph W" of it which will be just the desired graph. (I.e. W" 
will prove Theorems 5, 6.)

Let t be an odd integer and let us consider t blocks Q t , ..., Q, with the para
meters

ttx» dx, px 1 qx, t 1 » f

These blocks will be connected to each other in the following way:

ET(i), Fx(i), Gx(k), Hx(k)

are new vertices. Ex(i) is joined to Ax(i, 1), Fx(i) is joined to Ax(i, a), Gx(k) is joined 
to DT(k, l) and Hx(k) is joined to Dx(k, d). (Here e.g. Ax( 1, a) is the abbreviation 
of Ax(i,ax); generally the index showing, which block is meant will be omitted 
where it causes no confusion.) Let us join each Ex(i) to each FI+1(y) and each 
Gx(k) to each Hx + 1(l) for r =  l, t, where i+ 1  =  1. The obtained graph will be 
denoted by fV".

Investigating the colouring properties of the graph Wn first we shall colour 
the blocks Qr by 3 colours and then extend this colouring onto the whole graph. 
The following assertion deals with the possibility of this extension:

( + )  Let us suppose that some vertices of \V" are coloured by 3 colours and 
no edge joins vertices of the same colour. Let us also suppose that for a fixed т the 
vertices of yx(ap) and yT+i (ap) are coloured, the vertices of {£)(/)} U {Ft+ , (/)} are 
not. We can extend this colouring onto {£)(/')} U {Fr+1( / ) }  if and only if either 
{Ax(i, 1)}; or {Ax+i(j ,  a)}j is coloured by (at most) two colours.

Indeed, if both {Ax(i, 1)} and {Ax+l{ j , a)} are coloured by 3 colours, then both 
{£ ,(/)} and {Ft+ ! (y)} must be coloured by at least 2 colours. Since each Ex(i) is 
joined to each Fx+l( j ) ,  the set {Ax(i, 1)}U {/lt+1(y, a)}U  {£■,(/)}U {Ft+1(y)} must 
be coloured by at least 4 colours.

On the other hand, if e.g. {Ax{i, 1)} is coloured by 1 and 2, then we colour 
Ex(i) by 3. Since each Fx+l( j )  is joined to exactly one vertex of yx+i(ap), it can 
be coloured either by 1 or by 2. This completes the proof of (+ ).

2. Now we prove that /((L'")S4. If we colour the blocks by 1, 2 and 3, then 
at least t circuits yx{ap) and y{dq) must be coloured periodically. Without the loss

of generality we may assume that at least o f the circuits yx(ap) are coloured
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periodically and therefore there exists а т such that yx(ap) and yx+l(ap) are coloured 
periodically. According to Lemma 6 both {At (i, 1)} and {Tt+1(j , a)} are coloured 
by 3 colours and this and (+ )  give that y{W")^4.

3. Now we show that almost all the edges of \V" are critical. Because of the 
symmetry of W" we may assume that the considered edges belong to the first block 
or are of the form (G,(k0), /^ (k ,) )  or (H l (k1), D v{ki , d)). Let us colour the blocks 
Q 3, Q 5, ...,Q , by 1, 2 and 3 so that yx(dq) be coloured periodically and the colour 
2 be used only on the arc äx ko; ух(ар) be coloured elementarily and only Ax( 1,2) 
be coloured by 1. Q t is coloured similarly: in y l (ap) only A ,( l ,  2) is coloured by 1 
and in ÿi(dq) only some vertices of öclkl have the colour 3. Q2, Q4, . . . ,  Qt- i  are 
coloured conversely: in y2v(dp) only D 2v(k2, 2) has the colour 1 and only on axio 
is used the colour 2. According to Lemma 4 these colourings do exist. The following 
scheme illustrates the situation:

{A2(1,0} ,{E2(L)}

/ \ "lc 'ai
tC tO O ) { H ,(k)}

Fig. 1

Now we try to extend the given 3-co!ouring of the blocks onto the whole graph. 
( +  ) quarantees that the sets {Ex(i) U \FX+ x ( /')} and {Gx(k)} U Hx+, (/)} can be 
coloured by 1, 2 and 3 except in the case of {G>(k)}U {L/j (&)}. Now we colour 
{G'((Æ)}(;#to by 2 and { # ,  {к))кфк1 by 3 and colour G,(k0) by 1. The only vertex of 
W n which is not coloured yet, is # ,  (k,) and no edge joins vertices of the same 
colour. If we colour H\ (k j) by 1, then only (Gt(k0)\ H l (ki))  has endpoints of the 
same colour; if we colour H x (kx) by 3, then only (Hx (kx); D x (kt , d)) has endpoints 
of the same colour. Thus both (G,(k0); H l (k 1)) and (Hl (k1), D 1(k1d)) are critical 
edges in Wn.

Because of the symmetry all the edges, not belonging to the blocks are critical. 
(Besides, y(lT" —(C0(k0); H x (k,)) =  3 implies ^(1ТИ)^ 4 . This and 2 give z(IT")=4.)

4. Now we turn to the following question: which edges of a block, say of 
are critical?

Let h be an edge of Q, and the blocks QT be coloured as in 3 if 1. The block 
Q, —h is coloured by 1, 2 and 3 in the way, described in Lemma 5. Because of (+ )  
all the vertices of IV" but the vertices of {£\ (/')}U {T2(y')} and {(?,(£)} U { # , (/)} 
can be coloured by 1, 2 and 3 so that no edge joins vertices of the same colours. 
This colouring can be extended onto {£j (/)} U {F2( /)} and {G,(k)} U { # ,  (/)} if 
and only if both {Dx (к , d)}k and {Ax(i, 1)}; are coloured by two colours. According 
to Lemma 5 this can be achieved if

a) h is an edge belonging to y x (ap) or to ÿ, (dq).
b) h =  (A l ( i , j ); x)), j A l .
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c) h=(B (i ,j ,  k); Ci (k, /, /)), j?£ 1 and l ^ d { . Thus the edges described in a), 
b), c) are critical. Because of the symmetry the following edges are also citical : 

b') h=(A  [ ( /,/) ;  B{ (i,j,x)), j ^ d l .
c') h = (B l (i,j, k); Cj(Ar, /, /)), yVflj and /^ 1 . Thus all the edges of Q, are 

critical except perhaps some edges of form (5 , (i,j, к ); C, (k, /, /)) where either j = l =  1 
o r / = a , , l = d x.

5. Let W" be a 4-critical subgraph of \V". 3. and 4. give that W" contains all 
the edges of IV" except a few one of form (Bx(i , j , к), Cx(k, /, /)) where j = l =  1 or 
f= a x l = d x. Thus

(20) rj(IV") S  o (W " )-  1 =  min min ( p T, c/r, ax, dx) =: m +  1.
t

Here we applied that the valence of vertices Ex (/), / ( , ( /,/) , B{(i , j ,x )  are at least 
Рг +1. <72 +  2, d { +1 respectively and the valence o f the other vertices can be estimated 
from below similarly because of the symmetry.

If ec (G) denotes the edge-connectivity of the graph G, then trivially ec (G)S<r(G). 
In our case
(21) ec(IT") =  a{W n).

For the sake of simplicity we prove only

(21*) ec(W") s  a (W " )-  1 =  m.

To prove this we need the following trivial notice:
(+  + )  Let G be a graph and omit m — 1 edges of it. Let G* denote the obtained 

graph. If A" is a connected component of G* and A is a vertex of G, joined by m 
independent paths to m vertices of К in the graph G, then A also belongs to K.

Let us omit m —\ edges of W" and denote the obtained graph by IV*. Let 
Kx be the component of W* containing £^(1). In order to prove (21*) we have to 
prove, that Kx contains all the vertices of W*.

The paths £ r(l) — Fx+, (/) — Ex(Îq) are independent in IV", thus Ex(Íq) £ K x. 
The paths Ex+l(i0) — Ex(i) are also independent, hence Fx+ {(ix)£ Kx. Considering 
the paths

Dx(k, l ) - C x(k, I, i ) - B x(i, 2, k) — A x(i, 2) - A x(i, 1 ) - E T(i)

for i = \ ,  . . . ,m  we obtain that Dx(k, /)€A't .
Because of the symmetry Dx(k, I) belongs not only to the component o f £ т(1) 

but to the component of £ r(l), i.e. to Kx_ x as well. Thus A't =  A,I_ ) , i.e. the com
ponents Kx are identical with each other. This common component will be denoted 
by К hereafter. The paths Gx(k0) — Hx+ ] (k) — Gx(k) — Dx(k, 1) for k-Sm, k ^ k 0 and 
Gt(k0) Dx(k0 , 1) show that Gx(k0)£K.  Similarly Hx{k0)£K,  i.e. each vertex not 
belonging to the blocks belongs to К and the same holds for the vertices of the fourth 
stories. Because of the symmetry the vertices of the first stories also belong to K. 
The only assertion we have to prove is that Cx(k0, l0, i0)£ К too.

Since the paths Cx(k0, l0, i0) ~ B x(i0 , j, k 0) - A x(i0, j )  and Cx(k0, l0 , i0) ~  
— Dx(k0, /0) are independent, Cx(k0, l0 , i0)£ K  and this completes the proof o f (21*). 
(If /0=1 or l0 =  dx, one of these paths is not contained by IV"\)

studio. Scien tiarum  M athematicarum Hungarica 7 (1972)



80 M. SIMONOVITS

P roof of Theorem 6. Let us consider W* with the following parameters : 

t =  3, pz =  qz =  az =  dz =  v.

Trivially the number of vertices of W" is

(22) n =  6(v3T v 2 +  2v)

while ec (W n)^n.  This proves Theorem 6 for infinitely many integers.
If we wish to prove Theorem 6 for every sufficiently large even integer, we can 

do it in the following way:
First we suppose that n is not divisible by 4. Let us consider a W" with 19 blocks 

and let
Pz — v +  et , qz — V 6T, az =  dt =  v 

for 1 S tS 4, where t is odd, ez is even,

Pz — v- qz =  v +  2, az +  dz =  2v 

for 5 S t^ 19. Since Wn has

(23) n =  2  Pzqz(az +  dz) +  (p zaz+ q zdz) +  2(pz +  qz) 

vertices in the general case, now it has

(24) (38v3 +  98v2 +  76v +  60) -  2v 2 Ч 2 +  2 2 4
t = 1  T— 5

vertices. Here the first and second terms are divisible by 4 while the third one is not. 
Therefore (24) is not divisible by 4.

Now we fix the least odd integer such that 38v3^n. Clearly

98v2 38v3 +  98v2 +  76v — 60 — и =  0 (v 2).

Since every integer is the sum of four square numbers, we can achieve

n — 20v s  38v3 +  98v2-f 76v +  60 — 2v У  ez S  n — 12v.
1

г i 2  2 0  1 —
Finally we select dz from I —  v, —  vl so that (24) be equal to n. Since ez =  0 ( / v )

and v thus Theorem 6 (and Theorem 5 too) is proved.

The case, when n is divisible by 4 can be treated similarly. The only change 
is that we take 5 blocks of the first type and 14 blocks of the second type. Thus 
Wn has

n =  38v3 +  94v2 +  76v +  60 -  2v 2 £i + 2  2  dz
T = 1 T = 6

vertices, what is divisible by 4. This completes the proof.
A second proof o f  Theorem 4. We consider a IV11 with 21 blocks. The first block 

has the parameters
q^=q, d l = m , a l =qm  and p t — 3.

S tu d ia  Scientiarum  M athem aticarum  Hungarica 7 (1972)



ON COLOUR-CRITICAL GRAPHS 81

Let Qt denote the subgraph of W" spanned by Q z and the vertices Et (i), Ft ( j ) ,  
Gz(k), HZ{1). The number of vertices of Q t is

(25) 3q(qm +  q) +  3qm +  qm +4(q  +  3) =  3q2m + l q m + 4 q + \ 2  = : f ( q ,m )

The proof of Theorem 6 shows that if я, is a sufficiently large even integer:
then the other parameters can be chosen so that the number of vertices of the blocks
Q 2 i ••■5 Q 2 0  is exactly nx. Let us choose q so that

f{q, m) S  n - n 0 S f ( q + 1, m).
In this case

0 ^  (n — n0) —f(q, m) S  f ( q + 1, m)—f(q , m) =  6mq + l0m+4.

If the parameters o f the other blocks are chosen suitably, the graph Wn has exactly 
n vertices. Since the second story of Q, contains 3q2m independent vertices of 
valence s m, we conclude

(26) n — i(4,n,m) =  O(qm) +  n0 =  0 { \  nm)

(here we applied qm — ]/q2m • \ m =  0 ^  nm .)

Final remarks. Theorem 4 holds not only for even integers, e.g. the first proof 
contains a construction having odd number o f vertices. If we consider the same 
block Q as in the first proof of Theorem 4 and E x, E2, Eq, Flt  ..., Fs, Gls . . . ,  G, 
are new vertices, where {Gk}k span an odd circuit, F, is joined to one of the vertices 
Gk and each Ft is joined to each Eh finally £) is joined to D(i, 1), then we obtain 
a graph S n containing a 4-critical subgraph S n, which proves Theorem 4 for every 
sufficiently large n.

It would be interesting to have some non-trivial upper bounds for (B). Finally 
I remark that the multiplicative constants can be improved in many statements o f  
this paper. Since the order of magnitude of the upper and lower bounds are dif
ferent, I was not interested in the constants.
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TWO THEOREMS ON CRITICAL 4-CHROMATIC GRAPHS

by
B. TOFT

Abstract

It is proved that for infinitely many integers n there exists a critical 4-chromatic
/  V i

graph Г" having n vertices and minimal-valency J • We a'so obtain a lower

bound for the possible number of independent vertices of given valency in critical 
4-chromatic graphs.

O. Notation

We consider finite, undirected graphs without loops and multiple edges. We 
use the notation of [4]. V(T) and Е(Г) denote the set of vertices and the set of edges 
respectively of the graph Г. If A g  F(F) then Г (A) denotes the subgraph of Г span
ned by A.

1. The theorems

For an introduction to this note we refer to [3]. Our purpose is to prove:

Theorem 1. Let h be an integer S3. The following statement holds for infinitely 
many values o f  n:

There exists a critical 4-chromatic graph Г with n vertices containing a set l  of  
independent vertices so that:
(1) Each vertex o f  I has valency h in Г.
(2) n - \ I \  ё  3 (A - 2 )M .

Theorem 2. Let h be an even integer S4. There exists a critical 4-chromatic 
graph having 2(h2 — 4h +  5)(h— 1) vertices in which each vertex has valency S /г.

The proofs of the theorems are made by giving examples. These examples 
are obtained from the examples of [4] using certain operations. The basic idea behind 
the operations is due to M. Simonovits who obtained similar results in [3]. I express 
my thanks to M. Simonovits for fruitful discussions.

I regard the results obtained in Theorems 1 and 2 as in a sense negative. They 
show that the property of being a critical 4-chromatic graph is less restrictive than 
one might have hoped for. Theorem 1 extends partly the result of [1]. Theorem 2 
answers a question of T. Gallai.
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2. The examples of [4]

Let m be an odd integer ё З . A graph Г belongs to the class H(m) if and only 
if  it has the following structure :

<Xj) V(T) =  A 1U A 2U A 3 U A 4, where A'C\AJ =  0  for iiAj.

a2) For i =  1,2 T(A') is an odd circuit of length m with vertices a \ ,  a2 , . . . ,  a‘m in 
cyclic order. Each vertex ( 1 S / S 2  and 1 S j^ m )  has valency 3 in Г  and is
joined to a vertex a)+2 of A' + 2.

a 3) For i = l ,  2 Ai+2 is an independent set of m vertices in Г. Each vertex of Ai + 2 
is joined to precisely one vertex of A‘.

a4) All (/l3)X (4 4)-edges are in Г.

The class H(m) is in [4] denoted H4 2 (m, m, m, ni) and it has up to isomorphism 
only one member. It is easy to prove (see [4]) :

(I) I f  Г £ H(m) then Г is critical 4-chromatic.

3. The first operation

Let m be an odd integer ё З . Let Г be a graph satisfying /?x), ... ,  ß4): 
ß f)  У(Г) =  T U - ß U D U  {x}U  {у},  where any two of the sets A, B, D, {x} and {y} 
are disjoint.
ß 2) Г  (A) is an odd circuit with m vertices ay, a 2, . . . ,  am in cyclic order. 
ß 3) \B\ =  \A\=m  and each vertex of A is joined to precisely one vertex o f В and 
each vertex of В is joined to precisely one vertex of A. The vertices o f В are in
dependent in Г. Let bi denote the vertex of В joined to a{ in Г, i =  1, . . . ,  m. 
ß 4) The vertex x is joined to all vertices of B U {y},  but to no other vertices of Г.

From the graph Г we obtain a new graph Г' as follows. Let n0, пл , . . . ,  ns be a 
set o f  i + 1  integers, where satisfying:

( * )  1 = / 7 0  < « ! < • • • <  « 5 - 1  =

Consider the graph Г  — x. Introduce a set of s new, independent vertices 
x l5 . . . ,  x s. Join for each i, I S í'S í , x ( to у  and to b„._i , b„._1 + 1, . . . ,  b„t , but to no 
other vertices of Г —x. The graph obtained is denoted Г'. The operation leading 
from Г  to Г' is a splitting-operation. In order to obtain Г' the vertex x  Ç У(Г) is 
splitted into x t , . . . , x s (see Figure 1).

(II) Let Г in addition to ß t ), . . . ,  /14) satisfy:

ß s) Г  is critical 4-chromatic.
ß 6) In any 3-colouring o f  Г — х the vertices o f  В get precisely two different colours, 
ß f)  Any colouring of the vertices o f  В with precisely two different colours can be extended 
to a 3-colouring of Г —х.

Then Г' is critical 4-chromatic.
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Remark to (II): If Г satisfy ßß), ..., ßß), and if there is a vertex d£ D  joined 
to all vertices of B, then Г satisfy ß6). Let namely К be a 3-colouring of Г —x. Because 
of d  the vertices of В have S 2  different colours in K. If they all have the same colour 
then we obtain a contradiction by ß3), since this colour is used in the 3-chromatic 
graph Г (A).

A B  Г A B  Г'

P roof of (II). Let Г satisfy ß y), . . . , ß 7). Suppose that Г' has a 3-colouring К  
using the colours 1, 2 and 3. By ß6) В has precisely two colours, say 1 and 2. One 
of the vertices x y, . . . , x s is joined to two vertices o f В having different colours,
hence у  has in К  one of the colours 1 and 2. From the 3-colouring of Г '—x y-----
----- xs(=  Г — х) we obtain a 3-colouring o f Г by giving x  the colour 3. By ß 5)
this is a contradiction. A 4-colouring of Г' can be obtained from a 4-colouring o f  
Г  by giving the vertices x t , .. . ,  xs of Г' the colour o f x. In order to prove that Г' 
is critical 4-chromatic we have to prove for all е^Е (Г ')  that Г' — е is 3-colourable. 
Consider these five cases:

1) Let е£Е (Г ')  be an edge not incident with any o f the vertices x 1; . . . , x s. 
A 3-colouring of Г' — e can be obtained from a 3-colouring of Г — e by giving the 
vertices Xj, . . . , x s o f Г' — е the colour of x  in the 3-colouring of Г — е.

2) Let e =  ( X | , f i ; ) ,  where bj£B  is incident with precisely one of x t , . . . , x s. in 
Г'. A 3-colouring of Г' — е is obtained from a 3-colouring of Г —(x, fi,) by giving 
x 1; . . . , x s of Г' — е the colour of x in the 3-colouring o f r  — (x,bj).

3) Let e =  (xh bj), wherej = n t and I S / S j — 1. Colour b y, . . . , è J_ 1 with colour
1 and bj, . .., bm with the colour 2 and continue this 2-colouring of В to a 3-colour
ing К  (with colours 1, 2, and 3) of Г —x ( =  Г'— x t -------- x s). This is possible by
ß 7). Since Г is 4-chromatic у  has in К  the colour 3. Colour the vertices x x, . . . ,  x f 
with colour 2 and xf+1, . . . , x s with 1. The result is a 3-colouring of Г' — е.

4) Let e = (x h bj), where j = n i- l and 2 ^ i ^ s .  This case is an analogue to 3).
5) Let e —(Xi,y), where l ë / ë s .  There exists a 2-colouring of B, so that x f 

as the only vertex of x l5 . . . , x s is joined (in Г') to vertices of В having different 
colours. This 2-colouring of Bean by ß 7) be extended to a 3-colouring of Г — x ( =  Г' —
—x 7--------x s). Each of Xj, . . . , x s is in Г'—е joined to a set of vertices having ^ 2
different colours, hence the 3-colouring o f Г' — х у-------- x s can be extended to a
3-colouring of Г' — е.

The cases 1), . . . ,  5) exhaust all possible cases, hence (II) is proved.
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4. The second operation

The second operation is similar to the first. Let again m be an odd integer ШЗ 
and let Г be a graph satisfying у,), .. . ,  y6):
у ,) У(Т) =  A UÆUCU-DU {x}U {y}, where any two of the sets А, В, C, D, {л} 
and {y }  are disjoint.
У 2 ) as ß 2)
Уз) as ß 3)
y4) as ß 3) with В replaced by C  and Z>; replaced by ct. 
у 5) B U C is an independent set of vertices in Г . 
y6) as ß4) with S U  {y} replaced by 5 U  C U  {y}.

Let n0, . . . ,n s — denote i + 1  integers satisfying (-$■). As in § 3 we
obtain from Г a new graph Г' by splitting x  into a set of s new, independent vertices 
Xi, . . . , x s, where x, in Г' is joined to y, b„._t , bni_l+1, . . . ,b ni, c„l^i , c„._1 + 1, ..., c„., 
but to no other vertices o f Г'.

(Ill) Let Г in addition to у , ) , . . . ,  y6) satisfy:
У7 ) as ß 5).
У8) as ß6).
y9) as ß 6) with В replaced by C.
y 10) Any colouring o f  the vertices o f  B U C with precisely two different colours, where 
bj and Ci get the same colour for each i, l ^ i ^ m ,  can be extended to a 3-colouring 
o f  Г - х .

Then Г' is 4-chromatic. Let Г" be a critical 4-chromatic graph contained in 
Г'. Then: 
ôf, У ( П = У ( Г )
ô 2) d z £ A  UD: val (z, r ,,)= va l (z, Г)
<53) Vz£ÆUC: val (z, Г ")Svai (z, Г)
<54) For /=  1, ... , s : val (xt , Г") a  2(n; — « ,_ !)+ 1  
S s) val (y, T") =  val (y, T ) + s - l .

P roof of (III). Let Г  satisfy yx), . . . ,  y10). Suppose that Г '  has a 3-colouring 
К  using the colours 1, 2 and 3. In К  the vertices of В have by y8) precisely two dif
ferent colours, say 1 and 2. By y9) also the vertices of C have precisely two colours. 
One o f jcjl, . . . , x s is joined to two vertices o f В having different colours, hence у  
has one of the colours 1 and 2. If the colours o f C are 1 and 2, then from the 3-colour-
ing o f T' — X i--------* s( =  T —x) we obtain a 3-colouring of Г by giving x  the colour 3.
This is a contradiction by y7), hence we may suppose that the colours o f C are 2 
and 3. As above it follows that у  has one o f the colours 2 and 3, hence у  has colour 
2 in K. None of x 3, . . . , x s has therefore the colour 2 in K. For each i, lS iS m ,  
either bt or c; has the colour 2. If not, then bt would have the colour 1 and c; the 
colour 3, hence one o f x ls . . . , x s would have the colour 2, which is not the case. 
Each vertex of the 3-chromatic graph T'(A) is therefore joined to a vertex of B U C 
o f  colour 2. This is a contradiction, since at least one vertex of A has colour 2. 
A 4-colouring of Г' can be obtained from a 4-colouring of Г by giving the vertices 
x 3, . . . , x s in Г' the colour of x. Hence Г' is 4-chromatic.

By arguments similar to the arguments in 1), ..., 5) of § 3 (using y10) instead 
o f  ßfj)  it follows that all edges of Г' are critical, except possibly a subset of
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.s — 1
U {(Xi, bni), (Xi, c j ,  (xi+ l , bni), ( x i+i ,  Cn) } ,  and that for each i, I S / S j - 1, the

i= 1
following four graphs are all 3-colourable:

r  -  (X,,bni) -  (xt, cn) ,  r ' - ( x i + l , bni) -  (xf + 1 , cni), 

r ' - ( X i ,  bn) - ( x i+ l ,b n)  and r ' - ( X i ,  c „ ) - ( x i+ l , cn)

(III) follows from this.

5. Proof of Theorem 1

Let h be an integer ^ 3  and let s be an even integer ^2. Let m =  (A —2 ) i + l .  
m  is odd and S 3 . Let Г =  Г° Ç_H(m) and let the notation be as in § 2. Split succes
sively each of the vertices a i ,  а*, . . . ,a* into s new, independent vertices by the 
first operation (§3) using in the y'th step А —А 1, B =  A3, x = a f ,  y = a j  and и,- =  
=  /(A — 2)4-1 for z*=0, ..., s. Let Af  denote the set of 5 new vertices obtained by 
splitting af. Aft П Aj2 =  0  if j i ^ j 2- Let Г3 denote the graph obtained in the y'th 
step, i.e. after splitting a\,

We shall prove that Г°, Г 1, ..., Fm are critical 4-chromatic. Г0 is critical 4- 
chromatic by (I). Suppose that TJ is critical 4-chromatic for a /-value satisfying 
g m - 1. Using (II) we prove that r j + 1 is critical 4-chromatic.

In any 3-colouring of r J — a‘}+l the vertices o f A3 get precisely two different 
colours. If j S  m — 2 this follows by the remark to (II), since a% is joined to all vertices 
of A3. If j  =  m — 1 then suppose that К  is a 3-colouring of r m~i —a‘h giving three 
different colours to A3. In this case each of the two classes Af  and A\  have in КШ2 
different colours, and two of the colours in A\  are also two of the colours in A \,  
hence a\ and a\ have the same colour in K. But a\  and a\ are joined by an edge. 
Hence the vertices of A3 get ^ 2  colours in any 3-colouring of Lm-1— a*. As in the 
remark to (II) it follows that they get S 2  different colours.

Any 2-colouring of A 3 using precisely two colours 1 and 2 can be continued 
to a 3-colouring of Г3—а*+1. The 2-colouring o f A 3 can namely be continued to 
a 3-colouring of r j (A l (J A3) (see [2] Lemma 4. 1 or [4] Lemma 1). Each vertex of 
A i  U ••• U d^U  [aj+2 , . . . ,  ûm}Ù {aj+i} (where A i U ---и  A* =  0  if y =  0 and 
{dj+2, . .., a * }=  0  if j  =  m — 1) is given the colour 3 and the remaining vertices of 
A 2 the colours 1 and 2. This can be done in such a way that the result is a 3-colouring 
of r j — Oy+1 extending the given 2-colouring of A 3.

Using (II) we conclude that TJ+1 is critical 4-chromatic. By induction Гт is 
critical 4-chromatic. Let I  — A fU A j  U ••• U A*.  /  is an independent set of vertices 
in Гт. Each vertex of /  has valency h in Гт. Moreover:

I У(Гт)I =  3m +  ms =  m |з  +

|/| =  ms.

|F (fm) | - | / |  =  3m <  3 (A -2 )I( |K (rm)|)L

h - 2

It follows that:

For each even 5  we obtain a graph Гт. This proves Theorem 1.

Studia Sclen tlarum  M athematicarum Hungarlca  7 (1972)



88 В. TOFT

6. Proof of Theorem 2

Let h be even and s 4  and let s =  h — 2. Let A denote the critical 4-chromatic 
graph Гт obtained in §5  in this case, where m =  (h—2 )s+ l  =  h2—4h +  5. A j  
denote the set of A—2 vertices obtained by the splitting of aj. Let us denote these 
vertices aj (1), aj (2), .. . ,  aj (h — 2). All vertices of A 2U A jU  A2 (J UAj,  have va
lency h in A.

Let us consider A 3. The vertex a3 £ A3 is joined to a} and to vertices o f A j  U ••• 
••• UAj,  as described below:

If where I S i ^ h —2, or if j —nt, where i =  h —2, then a3 is joined
to precisely one vertex a j  (i ) of each class Aj, q = l ,  , m.

I f  j = n 0=  1 then a3 is joined to precisely one vertex aj(  1) o f each class Aj.
If j = n h where l s i s / z  — 3, then aj is joined to precisely two vertices aj( i)  and 

a j ( i + 1) of each class Aj.
Split in the graph Л successively each o f the vertices a3, where 7 =  1,.. .
— 3, into A—2 new, independent vertices by the first operation (§3) using 

A = A 2, x = a 3, y = a j  and nt =  i(h—2 ) + l  for i — 0, 1, . . . ,h  — 2. (This “new” n, 
is equal to the яг already introduced in this §). Let A 3 denote the set of vertices obtained 
by the splitting of a3. By an induction-argument as in § 5 using (II) it is seen that the 
graph obtained in each step is a critical 4-chromatic graph. In each case we can use 
the remark to (II) to see that ß 6) holds, since one of aj,, aj2, ..., ajh_3 can be used 
as the vertex d. Let A' denote the critical 4-chromatic graph obtained after splitting 
the m —(h—3) vertices.
(IV) A' — a j ,— aj2 —-----ajh3  is 3-colourahle and in any 3-colouring the set o f  vertices
T i= {a \ ( i ) ,  a 2  (г), ..., ajn(i)} gets precisely two different colours for all i, l ^ i ^ h  — 2.

P roof of (IV). Since A' is critical 4-chromatic the first statement is clear. Let i
satisfy l ^ i ^ h  — 2 and let К  be a 3-colouring o f A '—aj, —aj2--------ajh 3. Because
A '(A 2) is 3-chromatic 7) has S 2  different colours in K. If /7 ^ 6  then the vertices 
7 7^.-! and aj,_ 2  in A have been splitted into A j,_ 1 and Aj._2 in A', since then nг S  
^  яг_ 1 +4. If 7) in this case has 3 different colours in К  then A j._t and A j._2 have 
both S 2  different colours and two of the colours in Aji_ 1 are the same as two of 
the colours in Aj,_2. It follows that aj._t and aj._2 have the same colour in K, 
which is a contradiction, since they are joined by an edge in A'. If h =  4 and /= 1  
then the above argument is valid, since a3 and aj of A have been splitted. If / 7  =  4 
and z‘= 2  then use aj  and aj instead of a3 and aj.  (IV) follows.

Split now successively each of the vertices aj,, aj2, ..., ajh_3 into h — 2 new, 
independent vertices using the second operation (§4) using in t h e / t h  step A = A 2, 
x  =  a j.,  y = a j .  and яг =  i(h — 2) +1 for i =  0, 1, . . . , h —2 and remove after each 
splitting edges from the obtained graph in such a way that the remaining graph is 
critical 4-chromatic. This is possible by (III). By (IV) y8) and y9) are fulfilled in 
each step. Also y10) is fulfilled. This is seen by an argument similar to the argument 
that ß 7) is fulfilled in each step in the proof of Theorem 1.

Let the obtained graph be denoted A*. It is easy to see from the structure of 
A'  and from (III) that each vertex of A* has valency ^ h. Moreover A* is critical 
4-chromatic and has 2m +  2m(h — 2) =  2(h2 — 4h +  5)(h — \) vertices. This proves 
Theorem 2.
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ON SOME ESTIMATION PROBLEMS

by
A. BALOGH

I. Introduction

In this paper, for some specified forms of F(x;  a) we deal with the estimation 
of the following random variables:

( 1. 1)
Ja; X ^ a  
10;

where X  has a distribution function F(x; a) with parameter a and a is a given real 
number, and

( 1. 2)
fa ,;  X ^ X 2 
I a2 ; X 2  X ,

where A", and X2 are independent random variables having distribution functions 
F(x; a ,) and F(x\  a2) (a, and a2 are parameters), respectively.

An estimation of the random variable £ in (1. 1) was given by R u b in st ein  [5], 
when X  has a Poisson distribution. For cases when X  has binomial and exponential 
(gamma) distributions, estimators have been derived by the author of the present 
paper in [1].

Sa r k a d i [6] dealt with the estimation o f the random variable t] in (1. 2) in a 
general case and gave estimators of ц when X x and X 2 have normal and Poisson 
distributions.

In the case of the normal distribution the estimation of the random variable 
£ is in close connection with the estimation of tj.

In Chapter 2 of our paper estimators of £ are given in cases of negative bi
nomial, normal and %2-distributions and some complementary remarks are discussed 
in cases of binomial and exponential (gamma) distributions.

In Chapter 3 we deal with the estimation o f the random variable tj in cases 
of binomial, negative binomial, normal, gamma and / 2-distributions.

In Chapter 4 it is proved that estimators given in Chapter 2 characterize the 
negative binomial, normal and ^-distributions. Similar characterization theorems 
relating to Poisson, binomial and exponential (gamma) distributions were proved in 
paper [1].

2. Estimation of the random variable £ in (1.1)

Let us consider the random variable £ given in (1. 1) when X  has a Poisson 
distribution with parameter A=-0 i.e.

(2. 1)
I A; X ^ a  
Í 0; X > a
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where a  is a given positive integer. An unbiased estimator of given by R u b in st e in
[5] is as follows:

í X; X  ^  a +  \
2̂ ' 2') “=1 =  [О; X  >  a + l

In the following we deal with the cases when X  has binomial, negative binomial, 
exponential (gamma), normal and %2 -distributions, respectively.

2. 1. Binomial distribution

Let us suppose that X  has a binomial distribution with parameters n and a 
( 0 < a <  1) and a is a given positive integer for which the inequality 0 < a ~ n  holds. 
The random variable c2 to be estimated is as follows:

{a: I s a
0;

In this case no unbiased estimator based on the original statistics X  can be given 
for the random variable £2 in (2. 3) [cf. K o lm o g o r o v  [2]]. Supposing that an auxiliary 
random variable T(l), being independent o f X  and having a binomial distribution 
with parameters 1 and a, is available, the following statistics:

(2. 4) Ш  =
X + Y ( l )  t 

n + l  ’
X + Y ( l ) ^ a + l

0; X + Y ( \ ) > a + \

s an unbiased estimator of £2 [see [1]].
Now let us suppose that, instead of T (l), the statistics Y(s) being independent 

of X  and having a binomial distribution with parameters  ̂and a is known. X +  Y(s)  
is a sufficient statistics, thus the conditional expectation of the unbiased estimator 
f 2(l) , relative to J +  T(x) is another unbiased estimator. So we obtain the following 
statistics:

(2 .5) i 2(s) =  E (ç\(l)IX +Y (s)y

Z f r l  3 f + T ( s ) ^ u + l
r =  1

Z f r l  X + Y ( s )  =  a + j  ( j  =  2, 3, ■■■, s),

where

f r  =
A + T ( i ) - r

0 ;

( i - l  
/ • - 1

n +  s
X + Y  ( j )

X +  Y(s)  >  a +  i

((î)-wifk-eO

is an unbiased estimator of the random variable <J2. If we consider the random 
variable

( 2 . 6)
X tà a
X > a
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instead of then the following statistics is an unbiased estimator of for case 
i^ s :

(2.7)

where

= 1

2 / / ;  J f + y ( j ) s e + i

2 / / ;  Ar+ y(s)  =  e+./ 0 ' = / + l ,  1 + 2, . . . , s )
r  =  j  

0: Х +У (л) >  U + Í

/ /
( j r + 7 ( s ) - r ) P

1
Í n + s

U ’+ r w J
ifArcO

Note: The random variable У(1) or Y(s)  can be interpreted in a selection 
procedure described in paper [1]. The selection rule is given by the random variable 

T(l) or 7(5) represents additional informations being available after the selection.

2. 2. Negative binomial distribution
Let us consider the random variable

(2. 8)
f a ;  X ^ n  +  a 
|0 ;  X > n  +  a

where X  has a negative binomial distribution with parameters n and a ( 0 < a < l ) ,  
that is

(n +  k - l )  „
P( X = n  +  k) =  \ k  I a*(l — a)”; fc =  0 , 1 ,...

and a is a given positive integer.
The following statistics

(2.9)
X - n X ^ n + a + 1
X - \
0; X > n + a + 1

(2.10)

is an unbiased estimator of £3.
The variance of ( | 3 — £3) is

5 2( i 3) =  D2(e3-<s3) -  Е[(г3 - ^ 3)2] =
= -a .2P ( X ^ n + a - \ ) + a 2?{X=n + a) + E(£l).

The statistics
( n - \ ) ( X - n )  .

( X — l )2( X —2j ’
( X - n ) ( X - n - l )(2. 11) ^2(1з) = 1

X  Æ n +  a + 1 

; X  =  n +  a +  2
( Х - Щ Х - 2 )

0; X  >  n +  a + 2
is an unbiased estimator of S 2( f3).
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Our results concerning binomial and negative binomial distributions are sum
marized in the following theorem :

Theorem 1. The statistics £2(s) ln (2- 5), in (2.7) and | 3 in (2. 9) are
unbiased estimators o f random variables c2 in (2. 3), in (2. 6) and ç3 in (2. 8), 
respectively, as well as the statistics S 2(£3) in (2. 11) к an unbiased estimator of 
S 2( | 3) in (2. 10).

2. 3. Exponential (gamma) distribution

Let us suppose that the random variable Tr has a gamma distribution with 
parameters r and A>0, and T  is a given positive real number. The density function 
o f Tr is as follows :

m  =
At *—1
(r-Г )!
0 ;

0

r < 0

In this case we consider the random variable

( 2. 12)
JA; Г з Г  
(0 ; ГГ< Г

Supposing that the statistics Tr+l having a gamma distribution with parameters 
( /•+ 1) and A>0 is known, in paper [1] the following statistics is given as an unbiased 
estimator of £4:

(2.13) | 4 (1) =

First we prove the following lemma:

Lemma 1. For the random variable ç4 no unbiased estimator based on the original 
statistics Tr exists.

Proof. The proof of the lemma is based on the following theorem of Putter 
[see : [4]] :

Putter's theorem: Let us suppose that X  is a continuous random variable with 
density function f (x;  A) (A is the parameter of the distribution). If f (x;  A) =  A/(Ax), 
i.e. f ( x ;  A) belongs to the scale parameter family o f density functions, then no such 
g(X;  X 0) statistics exists which is unbiased estimator of the density function / ( x 0; A) 
in a given point X0.

In our case let us suppose that there exists a statistic h(Tr) which is unbiased 
estimator of £4, that is

E (A (7V )) -  A P f T ^ T )  =  e - ^ X X ? ( T r_ ^ T ) .

r T >  T1 r +  1 —  1

0; 7 ;+1 <  T
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Taking into consideration that the expectation of the statistics

I r_ 1
k{Tr) =  '

• T Г9 Л Г   Л
T r

0; Tr< T

is equal to АР(ГГ_ ,^ 7 ’), thus we obtain that the statistics

g(Tr) =  h(Tr) — k(T r)

is an unbiased estimator of the density function

/ ( г ; я ) = £ ^ е - А Г = / 1 / ( я г ) ’
which contradicts Putter’s theorem.

Let Tr+S =  Tr+ T s where Ts is independent of Tr and has a gamma distribution 
with parameters 5 and A>0. In a selection procedure Ts can be interpreted as result
ing from additional informations observed after the selection. | 4(1) is an unbiased 
estimator of £4 . The statistics Tr+S has a gamma distribution with parameters 
(r +  s) and A>0, i.e. it is a sufficient statistics for X therefore the conditional expecta
tion of | 4(1), relative to Tr + S is an unbiased estimator, too. So we obtain that the. 
following statistics
(2.14) | 4(*) =  Е (|4(1)|Гг+,) =

r + s — 1 г — 1

- 2
к = 0

( r  +  s - 2 I Í г  Г i l - г  1r + s — 2 —к

Tr + s0; { к { T r + J
is an unbiased estimator of £4 .

Similarly we obtain an unbiased estimator of the random variable

I X‘; Tr^ T
<2J5> « M o ;  7>=r

The following statistics is an unbiased estimator o f (i=s):

(2.16) l i , , (i) =

Our results concerning the gamma distribution are summarized in the following 
theorem:

T heorem 2. a) For £4 in (2. 12) no unbiased estimator based on the original 
statistics Tr exists.

b) The statistics | 4(s) in (2. 14) and | ÿ ( i )  in (2. 16) are unbiased estimators 
o f the random variables ç4 in (2. 12) and ç 4’ in (2. 15), respectively.
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2. 4. Normal distribution

Suppose that X  has a normal distribution with unknown expectation p  and 
known variance o 2 and Z  is a given real number. Let us consider the random variable

\ p ; X s s z
<2Л 7> Z> =  W , x > z

In paper [4] Putter proved that in general no unbiased estimator o f <J5 based 
on the statistics X  exists. The following biased estimator, however, has the property 
that its bias can be made arbitrary small with a suitable choice of a constant :

(2.18) ^  =
.Y + a l'e2+ \  Z>J: x s z

x=~z

where c > 0  is a constant, <p(x) denotes the density function of the standardized 
normal distributions. The bias of the estimator f 5 is

(2.19) B =  E (|5- £ 5) =  n (p
c ( Z - p )  
<r/c2 + 1

-<p
Z  — p

It can be seem from (2. 19) that В tends to zero, as c -*■<*>. By a simple calculation 
we get the variance of ( | 5 — £5):

(2 . 20) 5 2(?s) =  E[(|5 - £ 5)2] +  i?2 =

° ( Z- n) q >
2<r2c2

-c 2 + ï { Z-n)cp c{z-n)\ 
o-]/c2 + 1  J

Ф Z-VL \
aVc2 + 1 J

_  2<jl 1 ф Í / c 2 +  l (Z - n л  +  B 2  +  (с2 -- 1)(T2 1 ( j 2  c { Z - p ) )
/ с 2 + 1 )/2tt t 17 J Ÿ 2c2 +1 У2tc v/<r2(2c2 +  l J’

where Ф (Z) denotes the standardized normal distribution function.
From (2. 20) it can be seen that the last member of D2( | s — £5) in (2. 20) tends 

to infinity as c -*■». Therefore it is reasonable to choose the constant c in such a 
way that the bias and variance of the estimator | 5 should be approximately of the 
same magnitude.

2. 4. 1. Normal distribution with parameters p  and a.2 p.

In the following we consider the case when X  has a normal distribution with 
parameters p and a2 p (p and a are positive, a is known), that is, the expectation 
is proportional to the variance. In this case for the random variable

( 2 . 21)
ip ;  X ^ Z  
{ 0 ;  Z > Z
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the statistics 

(2. 22) 

and 

(2.23)

{ z -x  
X ( l - e  «2 ); X ^ Z  
0; X > Z

( X;  X ^ Z  
— I z -x

\ X e  “2 ; X > Z

are unbiased estimators. The statistics X  is not complete see [L ehmann [3]1, since
Z  — X

E ( f ' 2 > - & ‘ >) =  0  and Zs2) — Is0  =  Xe ^  0. The variance of ( l ^ 1* —| 5 )

(2.24) 5 2m = E [ ( | ^ ) - ^ ]  =

is

=  О.2 р Ф
Z - ц  
а У p

2 Z - n
—  2(Х2 Ц е  2 a2" Ф

u  v V ,
+  (а2 / 1  +  д 2)2е«г Ф

2 . 2 3 J Z  +  H

tVft .
An unbiased estimator o f S 2^ 1*) is the following statistics:

(2.25) i 2( l ^ )  =
Z - X  2 ( Z - X )  Z - X  Z - X  Z - X  у 2 y  Z - X

a23f(l — e «2 ) + Z(e 012 -2 e  *2 ) +  ̂ г  *2 +  ZZe *2 - e “2 ; A ^ Z

0; A > Z

The variance of (ls2) —15) is

(2.26) S 2(|$2>) =  E[(!$2> - ! 5)2] =  а2/1 ф | ^ - | + ( а 2л +  /12) ^ ф | - ^ + / ‘ 

An unbiased estimator of -S2(Ís2)) is
VV

(2.27)
oi2X:

z - x 2 ( Z - X )

$ 2ф 2') =

/■3 Z - X

X ^ Z

a.2Xe *2 + X 2e
Z - X  7 2  у  Z - X

^ i T - z X e *  - ,x>z

The statements discussed above are summarized in the following theorems:

T heorem 3. I f  X  is a normally distributed random variable with parameters p 
and a 2 (a 2 is known), then

a) No unbiased estimator of the random variable in (2. 17) exists.
b) The bias o f the statistic | 5 in (2. 18) tends to zero, but its variance tends to 

infinity as c —► oo.

T heorem 3. 1. a) In the case when c 2 =  ct2p (p and a are positive real numbers, 
a is known), the statistics £(5U in (2. 22) and Ç(2) in (2. 23) are unbiased estimators of 

in (2. 21).
b) The statistics X  is not complete.
c) The statistics 5 2(|^1)) in (2. 25) and 5 2( |s 2>) in (2. 27) are unbiased estimators 

o f  s 2(|o>) jn (2.24) and S 2(%(2)) in (2. 26), respectively.
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98 A. BALOGH

2. 5. X2 -distribution

Suppose again that X  is a normally distributed random variable with parameters 
// and a 2 (a2 is unknown). Let X 1, X 2, . . . , X n be independent realizations of the

n n
random variable X  and their mean X Zj ;= l

v  XJn. In this case Y ja 2 =  У (Х-. — Х )2/а 2

has у 2-distribution with parameter m =  n — 1 (degrees of freedom). Let us consider 
the random variable

in 2; F S Z
(2' 28) H o ;  F > z

The following statistics is an unbiased estimator o f £6 :

(2.29) | 6 1 Z 2
m ™ _ 1 

Y 2
Y > Z

By a simple calculation we obtain the variance o f ( | 6 — £6):

(2.30) S 2( L ) =  E[(e6 - Í 6)2] =

=  j fm{x)dxm
2a4

(m -  2)Z/„(Z) -  ~  Z 2f m(Z) + m

CO

f  —
J xm- rfn(x)dx

where

f J Z )  =  =

z 2
— IYI

2 2 Г
Z > 0

.0; Z s O

The following statistics is an unbiased estimator o f ,S2(f6):

(2.31) 5 2( f 6)

Y 2

m 2 Un . \

b+1) m
1 Z m 1 z 2

m 2 Y>n — 2 1 2m tL-
1 m +  4 Z 2

2  2m m +  2 Y 2 у 2

Y ^ Z

y > z

Our statements are summarized in the following theorem:

T heorem 4. The statistics | 6 in (2. 29) and S 2 ( | 6) in (2. 31) are unbiased estimators 
o f  ç6 in (2.28) and S 2( f6) in (2.30), respectively.
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3. Estimation of the random variable /7 in (1.2)

The estimation of the random variable /7 in (1.2) was discussed by Sarkadi [6] 
in a general case and in cases when X x and X2 have Poisson and normal distributions. 
In this paper estimators are given for cases when X t and X2 have binomial, negative 
binomial, gamma and %2-distributions. Some complementary remarks are discussed 
for cases of Poisson and normal distributions.

3. 1. Poisson distribution

Let us suppose that X { and X 2 are independent random variables having Poisson 
distribution with parameters A, and A2) respectively. The following random variable 
is to be estimated:

(3. 1) 'll =

A,;
A, +  A2 _

2

X , < X 2

xt=x2
2̂ » * 2 ^

Sarkadi [6] gave the following unbiased estimator of 17{ :

X ^ X 2- \
x,=x2- \
* 1  =  X 2 

t (X2',Xi)', X 2< X \

(3.2) *7i — t(Xy ; X2) =

Xi \
\x2-l;
2X, ;

The variance of the estimator is

(3. 3) S 20M  =  К  P(Af, -  * 2  <  0) +  A2 P(AT2 -  Af, <  0) +  ^  P(X2 -  X,  =  1) +

P(Xl - X 2 = l )  + (A, 4- A2)2 +  (Aj +  A2) 
4 Р ( Х , = Х 2).

An unbiased estimator of S 2(fji) is the following statistic:

(3.4) S 2(fjl) =  h(X1; X 2) = j

Xr,
(X2 + 3 X 2)/4 — 2; 
( X2 +  4X2) / 4 - \ ;  
(X2 +  4X1)/2;

\ h ( X 2 ; X l);
3. 2. Binomial distribution

X 1< X 2 — 2 
X t = X 2- 2  
X 1 = x 2 - 1  
xl=x2
X2< X x

Let us consider the following random variable:

a i j X 2 <  X 2

(3.5) 4 2 =
+ a 2 . 
2 *■

*2\

X \  = X 2 

X2 ^ X t
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100 A. BALOGH

where X t and X2 are independent random variables having binomial distribution 
with parameters n and ocl (C ^ o q d ) and n and a2 (0 < a 2< l) ,  respectively. No 
unbiased estimator based on the statistics o f X i and X2 exists [see [2]], but supposing 
the availability of the auxiliary random variables Ух (1) and Y2( 1) which are indepen
dent of each other and o f X t , X2, У1(1), У2(1) have binomial distribution with 
parameters 1 and a; ( /= 1 , 2), the following unbiased estimator can be given:

fj2 = s ( X l +  Y1( l ) ; X 2 +  Y2(l)) =

X 1 +  Y l ( l ) ^ X 2 +  Y2 (1 ) -1

X 2 +  Y2( l ) ( X 2 +  Y2( l ) - l l .  
n + 1 ' 2  n + 1 { n + 1

^ 1  +  ^ ( 1 ) L  _ Z l± I íÍü ) .
И+1 [~ n + 1 У

. í ( y 2 +  r 2(l);Jíf1 +  y i(l));

X í +  Y 1(l) =  X 2 +  Y2( l ) - l  

X l +  Y1(l) =  X 2 +  Y2(l)

У2 +  У2(1 ) < ^ 1 +  У1(1)

(3. 6)

У ,+ У ,(1 )  . 
n +  1

* 2 + y2( i)- i

3. 3. Negative binomial distribution

Let us consider the following random variable

(3.7) Чз =

о<1 ; 3̂  j X 2
al + a 2 ■ x  _ x

2 ’ Л 1 — л 2

ос 2 , X 2 - X  ]

where X t and X2 are independent random variables having negative binomial dis
tribution with parameters n and a; (0 < x;<  1 ) ; ( /= 1 ,2 )  that is

P(Xi =  n +  k)
n +  k — 11

, к J k =  0, 1 ...

Unbiased estimator o f rj3 is given by the following statistics:

(3. 8) ih =  g ( X 2, X2) =

X2< X 2- 1

X y - n  1 X2- n  ' 
X y - l  +  2 X2- l  ’

2(Xy - » )  .
X t - \  ’

Xl = X 2—l

X y = X 2

g(X2;Xy);  X2^Xy
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Our results concerning Poisson, binomial and negative binomial distributions 
are summarized in the following theorem :

Theorem 5. The statistics f){ in (3. 2), fj2 in (3. 6) and fj3 in (3. 8) are unbiased 
estimators o f ril in (3. 1), t)2 in (3. 5) and t]3 in (3. 7), respectively, as well as the statistics 
S 2(fjI) in (3.4) is an unbiased estimator o f S 2(fjx) in (3.3).

3. 4. Exponential (gamma) distribution 

Let us consider the random variable

(3.9) T2,r> T 1 >r,

where Tx r and Tl r are independent random variables having gamma distribution 
with parameters r and Яг> 0  (i =  l, 2). No unbiased estimator based on the statistics 
of Tx r and T2 r exists (see P utter  [4] and Lemma 1. in Chapter 2 of this paper). 
An unbiased estimator based on Г, r+1 and T2>r+1 ( Ti r+1 has a gamma distribu
tion with parameters (r+1) and 2;> 0; /= 1 , 2), however, can be given in the follow
ing form: 

(3.10) =

r Т Г  — 1
1  2 ,  r + 1  . T

T i , r + 1
rr r
1 l,r+ l

1 1

r
+  r

т :~  11 1.Г+ 1 . T
Т 2 ,г+ 1

Т Г
1  2 , r + 1

■ 7 y ,+i

Theorem 6 . For the random variable t;4 in (3. 9) no unbiased estimator based 
on the original statistics Tx r and T2 r exists. The statistics fj4 in (3. 10) based on 
statistics Tx r + 1 and T2r + l , however, is an unbiased estimator o f  i/4 .

3. 5. Normal distribution

Let us suppose that X x and X2 are independent, normally distributed random 
variables with unknown expectations px ( /= 1 ,2 ) and known variances a2 ( /= 1 , 2). 
Let us consider the random variable :

(3.11)
Гa»i ;
I ll2 I *= X x

If X2 =  z  (constant) and X x= X ,  p x= p \  a \ =  a 2 the expectation of rj5 differs

from the expectation of £5 given in (2. 17) in the term Z<f> ------1. The estimator of

(
LI 'Zj\ V C /
----- 1 is known, thus the estimation of the random variable £5 can be obtained

from the estimation of i/5.

Sarkadi [6] gave the following estimator of rj5:

(3.12) Х х+ ( Х 2- Х х)Ф
( с С ^ - л г , ) )

1 ^ 1 + ^ 2  J +  C + f f |  (p
( c(Xx- X 2) }

\ Ül+<TÎ J
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where Ф(х) denotes the standardized normal distribution function, <р(х) =  Ф\х); 
0 is a constant.

' isThe bias of fĵ l)

(3.13) B t =  E =  (p2- / (l) Ф
/ ( c 2  +  l ) ( < r f +  ( j | ) J  \Jo\ +

Ф Ml -М2
■a\

From (3. 13) it can be seen that the bias o f can be made arbitrary small 
as c °°. The variance of (i/s1* — r]5) cannot be given in an explicit form, but using 
the Cramer—Rao’s lower bound it can be shown the variance of (iJs0 —M5) tends 
to infinity as с - * »  (see [6]). Therefore it is reasonable to choose the constant c 
in such a way that the bias and the variance o f О^1*—M5) should be approximately 
o f the same magnitude. Another estimator o f r]5 given by Sarkadi is

(3. 14) 1?52) =  min (X i , X2) +  f {c 2 +  1) (erf +  er|) <p

where c > 0  is a constant.
The bias of fj(2) is

( c(Xl - X 2) 1

. У

(3.15) B2 E ( '? 5 2) — Ms )  =  f f f  1 +  о  2 <P
c(Mi-M2)

Ÿ(c2 + l)(n f -erf) 4> Mi -  М2

-a\\  a 1

From (3. 15) it can be seen that the bias of f\(2) tends to zero as The variance
o f — 4 5) can be calculated. The calculation leads to a complicated formula which 
can be written in the following form:

(3.16)

D 2(f)?> -Ms) =  A(^ni , n 2, Gl , a 2, c) +
(c2 +  1) (erf +  erf) 1

2c2
Í2  c(ji2 Mi) 

í(2 c2 +  1 )(erf +  erf)

where А(/л1, p2, a 1, er2, c) tends to a constant and the second term on the left side 
o f (3. 16) tends to infinity as Therefore D2(rj(52)->is) tends to infinity as
c —*■ °°. Thus considerations about the choice o f the constant c in the estimator 
can be extended to this case.

In the above case no unbiased estimator o f t]5 based on the statistics X 1 and 
X 2 exists (see P utter  [4] and Sarkadi [6]). An estimator of rj5 can be derived using 
the Bayes-method. Let us suppose having “a priori” information about the dis
tributions of Pi and ц2, that is the /(,■ ( 1  =  I, 2) are normally distributed, independent 
random variables with parameters m-, (/= 1 , 2) and а 2/к2 (/=1, 2). The “a posteriori” 
distribution o f /I,- ( /= 1 , 2) is a normal one, too, with parameters (Xt +  k 2w,)/(A-2 + 1) 
and G2l(k2 +  \)(k  is a constant), (/=1 , 2). In this case the estimator is as follows:

(3.17) ¥S3> =

E ( M il^ )

E (М2  ! X2)

X t + k 2/nl 
k 2+ 1 ;

X2 +  k 2m2 
k 2 +  \ ’ X2^ X x
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The bias of f)(53) is

Въ =  Е0?53)- ' / 5|/'1>/<2)
k 2{mx- p l )  ,

lfc2+ l

k 2[(m2— nii) — (ц2 — Hi)] ( Hi - Hi  1 _  y 'g f+ g j f  P i ~  Hz )
k 2+ \  l V o'1 T- J ^2 +  l \ ^a2-\-a\)

Note: Another estimator of t]5 was given in paper [1] using a “pooling method”.

3. 5. 1. NormaI distribution with parameters p t and a2 p t

In the case, when Xt has a normal distribution with the expectation /i;> 0  and 
with the variance o2 =  x2Pi ( /=  1, 2), where a > 0 is  known, unbiased estimators can 
be given. In this case the unbiased estimators for p5 are given by the following 
statistics :

(3.18) №  =  min {Xx, X2) ( l  —e -  )
and

(3.19) *?s5)

xt- x 2
X 2+ X 2e

x2-x.
X2 +  X l e ;

X t ^ X 2

X 2^ X t

but

The statistics T = { X 2, X2) is not complete (see Lehmann [3]), since

E Wi5)- ^ 4>] =  0,

x2-x t x2- x 2
+  X2e *  0.№ > - № > =  X t e

Our results concerning normal distributions are summarized in the following 
theorems:

Theorem 7. If X, and X 2 are normally distributed random variables with para
meters pi and a2 (/= 1 , 2), then

a) No unbiased estimator o f rj5 in (3. 11) based on the statistics o f X 2 and X2
exists.

b) The bias o f estimators in (3. 12) and fj(s2> in (3. 14) tends to zero as c — »  
but the variances o f these estimators tend to infinity as c -*■<».

Theorem 7. 1. In the case, when a f = a 2pi ( /= 1 ,2 ) (a> 0  is known), unbiased 
estimators o f  t]5 are given by the statistics r)sA> in (3. 18) and fj(s5) in (3. 19).

3. 6. X2 -distribution

Let us assume that X 2 and X2 are normally distributed, independent random 
variables with parameters p l t  o \ and p2, cr2, respectively. The independent realiza
tions of Xi ( /=  1, 2) are as follows: Xn , Xi2, ... ,  Xin ( /= 1 , 2). The sample mean is

X , =  2  X J n  (/= 1 ,2 ). Thus Y J a2 =  2  (Xu - X , ) 2/af  ( /= 1 ,2 ) has / 2-distribu-
i =1 1

tion with parameter m — n— 1.
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104 A. BALOGH

Let us consider the random variable :

(3.20) Чб
_ j  erf ; Y ^ Y 2
= U h y 2 ^ y ,

The following statistics is an unbiased estimator o f r/6:

(3.21)

The variance of (f\6 — r]6) is

y , S n
m m - - 1

y I

m m 4L-i
Y l

(3.22) S20?6) =  — +m m / m>i(M)i/nj <fe +

+  ̂  J zmf mA (z) J u2 mf m2(u)du^dz +  ̂ 2 J  zm f m>2(z) J u2 mf m l (u)du dz +

+
T(m) 1

ffi +  0-2

where

/m.iO)

(m )1 mr l
m

Z2 e :

(of -  cr|) 1
2 m

m

l 2 г Ы a ?U  J
0;

z >  0

z s O

0 =  1,2).

Unbiased estimator of S 2 (fj6) is

(3.23) § 2(fj6) =  h(Y l ; Y 2) =

У Í
-- < ГУ1̂ m

mz \ — + l

1 m +  4 Y I 1 Yi  1 УТ
2w m + 2  2 ._ i 2m 11_2 m2 Y2~2 ’ 1— 2

y | y22

\ h ( Y2, Y  i); У2 < ^ 1

Theorem 8. The statistics fj6 in (3. 21) and S 2(fj6) in (3. 23) are unbiased estima
tors o f  t]6 in (3.20) and S 2(fj6) in (3.22), respectively.
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ON SOME ESTIMATION PROBLEMS 105

4. Characterization theorems

In this Chapter it will be shown that the negative binomial, normal and ^-distri
butions are characterized by unbiased estimators of a given form, i.e. by those 
given in Chapter 2. In paper [1] characterization theorems of binomial, Poisson and 
exponential distributions were proved.

Theorem 9. Let X  be a discrete random variable taking on the values n, (n + 1), ... 
. .., (n +  k), ... with probabilities p0(a; n),Pi(ot, n), . . . , pk(ot, n), ... respectively, where 
a ( 0 < a < l)  and n (a positive integer) are the parameters o f the distribution. I f  for  
every non-negative integer к (k=0,  1, 2, ...) the recursive formula

(4. 1)

holds, then 

(4. 2)

Л +i (<*>") =
n +  k 
к +1

otpk(cc, n)

pk(cr,n) =
n +  k — 11

. к J a*(l — a)"; (* =  0 ,1 ,. . . ) ,

i.e. X  has a negative binomial distribution with parameters a and n.

Proof. Replacing in (4. 1) к successively by 0, 1, . . . ,  (* — 1) and multiplying all 
the equations thus formed, we obtain

(4. 3)
oo

Pk = r n
otkp 0.

Since 2  Pk=  1 thus we get

(4.4) p 0 =  (1 — a)".

It follows from (4. 3) and (4. 4) that

(n +  k — 1)
Pk(^,n) =  y k j a*(l — a)".

As a corollary of Theorem 9. the following theorem holds :

Theorem 10. Let X  be a discrete random variable taking on the values n , n + 1), ... 
. . . , (n+k) ,  ... with probabilities p 0(a, n), p t (a, n), pk(ct, n), ... respectively, where 
a ( 0 < a < l )  and n (positive integer) are the parameters o f the distribution. I f  fo r  
every positive integer a the statistics

f  = X -  1
0; X  >  n +  a +  1 

is an unbiased estimator o f the random variable

X - n
; n s l s / i + a + l

/ {a; n S  X <  n +  a +  1 
0; X  n +  a +  1

then X  has a negative binomial distribution with parameters a and n.
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(4. 5)

Proof. It follows from the assumptions that

ка я + 1

«■ 2  Pk =  2  , , ,k = 0 k = 0  n +  K — l
Pk-

Replacing a in (4. 5) by (a —1) and subtracting the equation obtained from the 
original one (4. 5) we obtain the recursive formula in (4. 1).

T heorem 11. Lei X b e a  continuous random variable with density function f ( x  : p; cr), 
where p and er>0 are the parameters o f the distribution. I f  for every real number Z  
the relation
(4. 6)
holds, where

and

E (g-g )  = -« T f ( Z ; p ; c r )

x ^ z
x > z

Í S Z
T > Z

then

f ( x ; p ; o )
\  2n о

( X —p)2
2<r2

that is X  normally distributed with parameters p and a. 

P roof. It follows from (4. 6) that

z z
(4 .7 ) /' /  f ( x ;  p \ a ) d x  =  f  xf(x; p; a )dx  +  of(Z;  p; a).

Differentiating both sides of the relation (4. 7) with respect to Z  we obtain the 
following differential equation

f ' ( Z ;  p; a) =  Z - p  
f(Z- ,p;&) a

The solution of the differential equation in (4. 8) is

(z-„P
/(Z ;  p ; о) =  - e  *°г .

G

Since/(Z; p; a) is a density function we determine the constant c and we obtain

1 _  ( 7 . - H ) 1

f ( Z  ; p; a) =  —= — e 2°2 .
\ 2n a
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ON SOME ESTIMATION PROBLEMS 107

T heorem 12. Let X  be a continuous random variable with density function 
f (x;  p ; ot)=f(x), where /! >() and « > 0  are the parameters o f  the distribution. I f  the 
statistics

z -x
/ =  j X ( \ - e  ’2 ); X ^ Z  

0; X > Z

is an unbiased estimator for the random variable

H o -
X ttiZ  
X  >  z

for every real number Z, then X  is normally distributed with parameters p and ay p. 

Proof. It follows from the assumption that

Z Z Z Z - x

(4. 9) p J  f { x ) d x =  J  xf {x)dx— J  xe 0,2 f ( x )  dx.

Differentiating both sides of the relation (4. 9) with respect to Z we obtain the 
following differential equation:

(4.10) 1 

where

(4.11)

z >0L pF(Z)

Z - 1 .
F(Z) =  J  xe y lf(x)  dx.

The solution of the differential equation (4. 10) is

(4.12) F(Z) =  Cc“^ /2

From (4. 11) and (4. 12) we get

C - ~ z2
/(Z )  =  - o V e "2-

Taking into consideration that / (Z )  is a density function, we obtain

C =  —c
л I1

У 2n
Thus we have

1 1 (z- rP
f ( Z ; p \ u )  =  2*2"

ay  p \ 2 n
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Theorem 13. Let X  be a non-negative continuous random variable with density 
function f(x;  a; m )= f(x ), where <т>0 and m (m is a positive integer) are parameters. 
I f  the statistics

X
m

m

z 2
m ~  1 

X 2

X ^ Z

X > Z

is an unbiased estimator o f  the random variable

f  =
f a 2; I g Z  
10; X > Z

fo r  every real number Z >  0, then has a y 2 -distribution with parameter m.
a

Proof. It follows from  the assum ption that

Z Z m со

(4.13) a2 j  f (x)  dx =  ^  J  xf ix)dx +  ~  J  ~ ~ Д х )  dx.

Differentiating both sides of the equation (4.13) with respect to Z  we obtain the
following differential equation :

(4.14) H \ Z )  1 
tf(Z) ~  l a 2'

where

(4.15) Hi Z)  =  f  - l — fix )d x .
Í  X2" 1

Solving the differential equation (4. 14) we obtain

_ _ L Z
(4.16) tf(Z ) =  Ce 2"2 .

From (4. 15) and (4. 16) we obtain

г  ” - r __l-z
/ ( Z ) = ^  2-Z2 e 2*2 •
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Taking into consideration that / (Z )  is a density function, we get

Thus we get :

/ (Z ;  a ;m )

C =
(2a2)2\2 1

1

2 2 атГ

0;

• z 2
_ z

e 2°2; Z > 0

Z^O.
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ON THE ORTHOGONALITY OF PROBABILITY MEASURES

by
T. O. H. NEMETZ

Summary

In this paper we prove that the measures according to the hypotheses in 
alternative hypothesis tests are orthogonal on the infinite dimensional product 
space provided the sequence of observations is a zero-one sequence under both 
hypotheses and inequality (8 ) holds. Especially two strictly stationary zero-one mea
sures are orthogonal on the infinite product space provided they are different. This 
means that the probability of error (first or second kind) in testing alternate hypotheses 
under the above conditions tends to zero if the number of observations tends to 
infinity. The rate of convergence in a special case is also investigated.

Introduction

We list our notations and recall some results and concepts for later references.
— Accepting the Bayesian point of view we denote the prior probabilities by w0  

and w l respectively.
—  Our decisions are based on the sequence of random variables ^ , ç 2, ... . We 
denote by '.Ш™ the ff-algebra generated by / iS i< /« ) .  The probability measure 
under the hypothesis Ht will be denoted by P u), (/= 0 , 1), and let us denote the 
marginal distributions on the äli“ by Pfäm).
— The quantity

A =  Л ( Р ° , Р ' )  =
dP° d P 1 
dP ’ dP

dP

is called the Hellinger integral of the measures P°  and P l where P is an arbitrary 
measure, with respect to which P°  and P l are absolutely continuous.
— The probability of a wrong decision is said to be the error of the decision and

dP°
is denoted by e(.). Define a decision A as follows: accept the hypothesis H 0 if Wq - 7 5 -=*- 

dpi  dP
> w , • —7 7 7 " and reject it otherwise. This so-called standard decision A is o f minimal 

dP
error, as it is known (e.g. Rényi [4]). The error of the standard decision zl can be 
estimated by

( 1)
e(A) Ä A ... j e  (A) 

yVo Wi ~~ ~  wowi
(see N emetz [3]). This inequality means especially that having an infinite sequence 
of observations we can choose the true hypothesis with probability one if and only
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if  the Hellinger-integral A (P°,  P 1) is zero, i.e. the two measures are orthogonal on 
the infinite dimensional product-space. This is the situation e.g. when the sequence 
£ ls Ç2> ■■■ consists o f independent, identically distributed random variables. In this 
case the rate of convergence is exponential by (1). A. Rényi proved (see [5]) 
(under very weak assumption) that there exist numbers В and O sA < l such that

(2) e(An) =  ^ L ( l  +  o (  1)).

The observations in practice are not independent in general but there is a weak 
dependence among them. There is a lot of conditions concerning the weak dependence 
o f  the remote variables. (See Rosenblatt [6], Arató [1].) The weakest condition 
is the following: the sequence of random variables is called a zero-one sequence, if

(3) n 8КГ =  И
n =  1

where 91 consists of sets having probabilities 0 or 1 only. (3) is equivalent to

(4) sup |Р(ЛЯ) —Р(Л)Р(Я)| =  У(А, N,  и ) - 0
B€ÍOl£ + „

if и — °° for any fixed N  and A Ç Ш?. (See N emetz, Varga [2].)
Let us give one of the stronger conditions due to Kolmogorov

( 5 )  sup | P ( C ) — P( l i W ® P , w+B>o , ( C ) |  = y * ( N , n ) ~ 0
С£8<®ЯЛ£ + „

if  n -*°o for every N. (Here <g> means the Cartesian product.) In this case the sequence 
is called strongly regular. If, in addition, there exists a function у*(л)—0 such that 
y*(N,  я)5у*(я) independently of N, we call the sequence totally strongly regular.

The result.

Now we give a sharper form of a lemma due to Rozanov (see [7], IV., lem
ma 11 . 2).

Consider a sequence o f integers 1 = M 1< M 2< — ~ M 2k and let N t =  M 2i — 
— M 2i- \  and л; =  M 2i+ j —M 2i. For the sake o f brevity we denote the a-algebra 

by &1 - Setting
IA if e =  0 

AC =  {Л if e = l

we seek an estimate for P ( C ) ,  where C =  U A l ' A f ... Ak«, A in terms
(E  , , . . . , £ f c ) Ê E

o f P(^,)’s and y(Ah M 2i, и,)'s. In order to obtain this we define the sets B(et , ..., e;), 
i < k  for every fixed (e1, e 2 , ...,£ ,)  by

В (fii, . . . , £ , )  =  С П  A\' - A ÿ ...........Ар.

Here obviously B(et , . . . ,  e,)Ç c: 9JI^2i+1 and

C =  U A V ....... Af‘B(e1, ..., г,)
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where (sl t  . . . , e () takes on all the possible 2' values. It is easy to see that

Here we used the identity y (A, N, n) =  y(A,  N, ri). It is worthwhile to notice that

stands on the right-handside of this inequality if there exists a function g(n) such 
that y(A,  N, n)Sg(n)  independently of N  and A, and if яг =  и.

Using this lemma we can prove the following theorem for testing alternate 
hypothesis:

T h eorem . The two hypothetical measures are orthogonal on the infinite dimensional 
product space (or what is the same, the error o f  the standard decision tends to zero 
if  the number o f observation tends to infinity) provided the next assumptions hold:
(i) The sequence of observations is a zero-one sequence under both hypotheses.
(ii) The inequality

is valid fo r  the Hellinger-integrals, where X0 does not depend on N.

Pro o f . Let a (d) resp. (1(d) denote the error of the first (respectively second) 
kind o f a decision d. If there exists a decision d  with a-|-/?^A<l then there exists 
another decision d being randomized in general such that

as it is easy to see.
Fix the number Я0<А1<1. Then by (8) there is an integer M2 such that

|P(C)- 2  P № ) .......P (4 M |s
( « I ..........

i =  2 ( г ,  i) ej = 0, 1

Taking into account that
0  if (8j, ..., £*_!, • ) $ £
Ak if (a i , . . . 0) £ E, (fij, ...» 1)6-^
Ak if Ob » *. • » £л — 1 » 0) Í E, (ai» ..., Ek-1 > 1)G-F
Q otherwise

we have the following

Lem m a .
(7 )

|P{ U i4V-— 4 W - 2  P {^ V }........P{4W | S  2 2  y(Ai , M2i,nt)
( E l ...........ek) € E ( t ,  k) €E /= 1

2 ( к - \ ) д ( п )

(8) 0 <  1

(9 ) <x(d) =  ß(cl) =  y ^ j  ■*= \

•̂ (■P(lÎAfa)» м2>) Л
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and choosing w0 =  wt =  \l2  for the a priori probabilities we obtain from (1) that 
the error of the standard decision on the a -algebra # j  (where M l =  \ ) is not greater 
than Xt . Consequently we can define a decision d l on , for which

«№ ) =  ßVi )  =  A =  <  y

Let /4 j be the set where the hypothesis H 0 is accepted. Given an arbitrarily small 
£=-0 we can fix an integer к satisfying the inequality

2 k +  1 
V

i - k + 1

2k +1  
i

2 k +  1 - i £

2
Let us define the number M t and the sets Ai by induction on i: having given M 2i 
and At let M2i+1 be a fixed integer such that

sup |РО)(у4.£ ) _  Р0)(^.)Р0)(5)| <  J  j =  0, 1 
BíwZ2l + i 0/c

|or what is the same y(At, M2i, и,) <  . Such a choice of M2i+1 is possible

owing to our regularity condition. After this we choose M2i+2 with the property

л ( ^ м \ , + 1 ,M2i+j; ^M2U1,M2l4I) <  Ai

At last we define the decision di+1 on ^ +1 and the set Ai+1 determined by it as we 
have done in case o f dt .

We are in the position to define a suboptimal decision based on the observations 
£ls £2> ъмлк+2 - This decision d  means that we accept the hypothesis H0 if  at 
least (A: +1 ) events from A-’s, i=  1, . . . , 2k  occurred and reject H0 otherwise.

In accordance with our lemma the errors o f both kind must not exceed the 
quantity

2  P(0KA\ 0 ....... Pt°>(4M +  2 2  у (Ai, M2i, пд ш
ZEi=k+l i = l

2 k +  1

-  2
i ~ k  +  1

2k +1
Х‘( 1 - Х ) 2к+1~‘ +  4 к

£

Jk
£.

So we have proved our assertion.
Let us consider a sequence of observation which is strictly stationary under 

both hypotheses, and the two measures are different. For this case the assumption
(8) is valid evidently so the next corollary is a special case of the above theorem but 
to emphasize it may be useful.

Corollary: Measures generated by stationary zero-one sequences are orthogonal 
on the infinite dimensional space, provided they are different.

In many cases it is the simple repetition o f the previous idea which is needed 
only if the rate of convergence is investigated. Let a function g(n) mentioned in 
the lemma exist and let a (ri) be the minimal error of first kind, assuming a(d) =  
=  ß (d) where d  depends on the first n observation only. (The rate of convergence o f  
а (я) and that of e(A„) is obviously equal.)
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It is easy to see:
2*+i [2k +  П

a[(2Jfc +  \ ) N  +  2kn\ S  У . a'(iV)[l -<x(N)]2k + 1- ‘ +  4kQ(n)
/ = * + 1  1 )

Here a(A?)-»0 by our theorem, thus for every 0 I there exists a number Np 
such that N > N p yields

<x[{2k+\)N+2kn]  [a(Ar)]p* +  4/c(?(«).

Taking k~- 3 we can immediately deduce from here for e(n)SAna, a < 0  that ot(«)S 
ё Bn“ with a suitable B, too.

In this case our suboptimal decision is good enough because this is the best 
possible rate (in the sense that there is an example yielding exactly this rate of con
vergence). But this suboptimal decision can be and probable will be proved to 
be weak for the case of Q(n)^Qo,  0 < é?o< 1. The rate of convergence in this situa
tion is expected to be exponential as it is known for ergodic Markov chains. (See 
e.g. Korsch [8].) But the best we can say is the next inequality for the Hellinger 
integral À(n) of the measures and P \\\n), assuming totally strongly regular
sequence of observations:

2[(k +  l )N+kn]  S  [A(JV)]*+1+ â:î?S, 0 < p o < b

and this inequality does not yield exponential rate o f convergence.
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THE ALGEBRAIC DERIVATIVE AND INTEGRAL IN THE 
DISCRETE OPERATIONAL CALCULES

by
T. FÉNYES and P. KOSIK

Introduction

M ikusinsk i [1] has introduced the concept of the algebraic derivative in the 
operational calculus based on the functions of the real, continuous variable t vary
ing on the half line 0Si<°=>. G esztelyi [2] has defined the inverse operation of 
the algebraic derivative, the so-called algebraic integral. G esztelyi [2] has given 
a class of Mikusinski operators being algebraic integrable. Recently Sc h a t t e  [3] 
generalized the results of papers [2], [4] and has given a class of operators being not 
algebraic integrable. The detailed discussion of the algebraic differential equations 
is given in W lo k a  [5].

The algebraic derivative and integral has also a great practical importance in 
the solution of some problems of the classical analysis by the operational method. 
G esztelyi [2] has solved differential equations with polynomial coefficients by 
application of the operational calculus. On the other hand F ényes [6], [7], [8] has 
solved linear and non-linear integral equations of the convolution type.

The mathematical foundation o f the discrete analogue of the original Miku- 
siriski’s operational calculus and its application to the solution of ordinary and 
partial difference equations with constant coefficients, is to be found in papers 
E lias [9], F en y ő  [10], B erg [11], B u t z e r— Schulte [12].

In this paper, we shall deal with the algebraic derivative and integral in the 
discrete operational calculus (see also Moore [14]). We give the necessary and sufficient 
condition of the existence of the algebraic integral. The linear, first order algebraic 
differential equation will be discussed in detail. We give the existence criteria and 
the explicit form of the solutions o f such equations.

As an application of the theory we shall be dealing with the operational solu
tion of a discrete linear integral equation.

The operational notations and symbols of B u t z e r — S chulte [12] will be 
generally used.

1, The brief summary of the elements of the discrete 
operational calculus 

given in [12]

The symbol a = { a n) denotes an arbitrary finite and real valued function defined 
in the discrete points n = 0, 1, 2, . . . ,  o f the positive half line. The symbol an denotes 
the values of the function {o„} for n = 0 , 1,2, ... .

The set of the above functions is denoted by E.
Two operations are defined in the set E:
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Addition a +  b =  {a„} +  {bn} =  {an +  bn},

Multiplication ab =  {a„} {b„} =  |  2  akb„~k
I/c= 0

a, b£E

The set £  is a commutative ring with respect to addition and multiplication 
defined above. It has no divisors of zero and can be extended to a quotient field M. 
The elements of M  are called discrete convolution quotients or operators. They are 
o f the form:

j g j  , Ы ,  {*.}€£, { Ья} *  0

The field of the real numbers is denoted by K. E  and К  can be embedded isomorphic 
in the field M. The unit element of E is {<50 „} where <50 „ denotes the Kronecker 
symbol. The unit element o f E, M  and К  can be identified algebraically. They are 
denoted by 1. Similarly the zero element of E, M  and К  will be denoted by 0 since 
they can be identified too.

Every number is also a function in the discrete operational calculus, the value 
o f the null-th component o f  which equals the value of the given number, the other 
components are zero.

In the sequel operators will be denoted also by the Latin letters a, b, c, 
Sometimes we shall denote the numbers by Greek letters.

Special operators

The summing operator. The function / 7  =  {1} having the value 1 for every
П

n =  0 , 1 , . . . ,  defines the summing operator, since h {я„}={1 }{#„}={ 2  ak} for
k = 0

{an}£E.

The difference operator. The operator

( 1 . 1 ) 4 = h -  1

defines the difference operator. Obviously q$E.  Its fundamental property is

=  { 4 } + ( i + î K  for K } € £

{Aan} =  {fln+!-« „ } .

( 1. 2)
where

The translation operator. The translation operator v is defined by v

It holds that

and

1 + 4

(1 + q ) m =  К ..Л  »1=0, 1 ,2 ,. . . ,

if л ё т
(1 .3 ) vm{a„} =  {bn), where bn =  J Q if f° r
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Moreover v‘vj = v i+J (for every integers i, j).  In the following the symbol a(v> =  
=  {av „}£E,  v=0, 1, . . . ,  denotes a sequence of discrete functions. [12] defines a 
convergence in E as follows

2  a(v> 2  {«V.»}
v =  0

The operational form of an arbitrary b = { b n} £ E  is

(1 .4) b =  {bn} = 2
v =  0 (1+<7)V’

ь„€К

in the sense of convergence defined above. (1. 4) is given in [12]. From [12] we can
easily deduce that every operator c/ÇM can be written as
(1.5)

d = 2
av

(1 +Я) , +  2
v =  0

av
О +ЯУ

av
0 + # ’

ay € K, x =  negative integer.

There are only a finite number o f terms not contained in £  of (1. 5). (see also Berg 
[11]). An equivalent statement is the following. Every b^O operator can be writ
ten as

(1 .6) b -  (l+ ^ )'v{en}, where {(?„}€£, A is an integer.

If AtëO, then b£E.

2. The algebraic derivative and integral

We introduce in the ring E an operation by the definition 

(2. 1) Da =  D{a„} ={ -na„} ,  for a£E.
It can be easily seen that

(2.2) D{an +  bn} =  D{an} +  D{bn), D[{an}{bn}} =  {an)D{b„) +  {£„} D{ an)

The operation D will be termed the algebraic derivative (see also [14]).
The definition of the algebraic derivative can be extended to M  by

(2. 3)
bDa — aDb

T 2
a, b£E,  b^O

It is easy to verify that D retains properties (2. 2) in M.  If tx£K,  then Da=0. 
Moreover, D is linear in M.

The algebraic derivative of the difference operator q is

(2. 4) Dq =  1 +q.

Indeed, by (1. 1) and (1.2) we can write

D q = -
D ( b -  1) 
( Л - 1 ) 2

Dli
Jh - ï ÿ  =  =  qh =  l + q
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or
(2 .5 ) D ( \ + q ) = \ + q  

It is easy to verify by induction that

D(x'’) —vxv~ 1Dx, V—integer, x £ M ,  [see also [2]] 

and by choosing x  =  1 + q  we obtain

(2.6) £[(1+9)4 =  v ( l+ ? )v
From [1. 5] and [2. 6] we see that

<Z7) Dx = kww for xiM
If D x = 0, for x £ M ,  then xdK.  Indeed, by (2. 7) we easily conclude that av=0, 

if  v^O and a0 is an arbitrary number. Consequently x£K.
We shall now deal with power series whose terms are elements of the ring E

i.e. with the series of the form

2  /?vav where ß v£K,  a £ E
V =  0

We prove the following

T heorem 1. Consider the power-series

( 2 . 8) 2  ß*a
v = 0

V

where ßv £ K, a =  {an} Ç_ E. I f  a0 =  0 then (2.8) is convergent. If

2/?vZV
v =  0

is an entire function o f  the complex variable z  then (2. 8) is convergent.

P roof. The first half o f  the Theorem is obvious. By introducing the notation

we get 

(2 .9)

{«»,*} =  R } v =  a" a° =  \

2  =  2  ß*
v = 0 v = 0

By our assumption a0 =  0. Consequently for every fixed n, the series (2. 9) has 
only a finite number of terms differing from zero:

(2.10) av n =  0 if v ^ n + 1 .

The validity of the second half of the Theorem can be shown as follows. Let us 
fix N  arbitrarily. Then

an I <  M, for n s N ,
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and we obtain

П n
l«2 ,n l  =  2  a ka n_ k =  2  | я * 1 к - * |  S  M 2( N + 1 )

k = 0  k = 0

|e3>»l =  2  a2,kan-k S  2 1 \a2,k\\an-k\ =  M 3(N +  l )2
П

and
|av>n| S  M V( N +  l ) v 1 for nSiV

Consequently

since, by the assumption 2  ß vz v is an entire function. If f ( z)  is analytic only in

a circle of radius then Theorem does not hold in general. For example

is analytic in the unit circle nevertheless

Consider now the exponential function defined in the ring E. This has a role in 
the theory of algebraic differential equations of the first order.

“ (a )v
(2.11) ea =  e<“"> =  2  —

v=o v!

Since ez is entire function, the definition (2.11) is correct. It can easily be seen that 

eaeb =  ea+b, for a , b £ E  

Moreover, the exponential function

v = 0

v = 0  v = 0

(2.12)

has the following properties:

{e„} =  {an} £ E

Theorem 2. e0 =  ea°, e1“̂  ?£ 0,

(2.13)

Del"J =  D { a „ } e ^  

eia'>) ç K, if and only if  {an} £ К

Proof.
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hence

Moreover

eo — 1 +  «о +  ~2~ +  ’ ' • — e“° 

e(a"} ?£ 0, since ea° =  e0 ^  0.

Dea =  D 2  =  У  D
v = o  v !  vt o  v !

holds, since at any fixed n the operation D is a simple multiplication by a constant. 
By the application of the formula

Dxv =  vxv~l Dx
we obtain

(2. 14) Dea =  D{e„) =  2  D
v =  0

Ы "
v! D {an) 2  v, {«Л'"V=1 v-

= D ian) 2 j  =  =  W f l W  =  eaDa

The first half of the last statement of the Theorem is trivial. Moreover, if <?W Ç К  
holds for some {an}dE,  then by (2. 14) we have

Dea =  ea Da =  0

Since ea?±0, we obtain finally Da =  0 and a£K.
We introduce now the concept of the algebraic integral as the inverse of D. 

If for an arbitrary operator x £ M  there exists an operator y Z M  such that

D y = x

then у  is called the algebraic integral of the operator x  and is denoted by 

(2. 15) y  =  f  x

It follows from (2. 15) that the algebraic integral is linear in M, i.e.

(2.16) f  (xx +  ßz )  —  a J x +  ß J z, X, z £ M ,  a, ß £ K

holds, provided that x, z  £ M  are algebraic integrable. It can be easily shown that 
two integrals of an operator — if they exist — differ from each other in an arbitrary 
number.

We give now the simple necessary and sufficient condition of the algebraic 
integrability.

T heorem  3. Let x ^ M  be an arbitrary operator given by

(2.17) x  = a,
(1 + W
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X is algebraic integrable, i f  and only if  a0 =  0. If so, the formula

К
(2.18)

holds where
[ * =  2J  v = x (!+</)"

(2.19)

P r o o f . L e t

so we obtain

b, =  — for V 0, b0 =  arbitrary.

X = Dv — У  ~ V̂ v ■ -  V ___ — ___У Л(1 +q)v vr ,( l  +qT
Comparing the coefficients we have

av = —vbv, bv =  — —  V 0

Choosing v = 0  we get
a0 =  0, Z?o==arbitrary.

Special cases. 1. Let av =  0, for v<0. It is easy to see that a function x = { x n} £ E  
is algebraic integrable, if and only if, the initial value x o= 0 . If so, the obtained 
algebraic integral is a function where the initial value is arbitrary. Positive and 
negative numbers are not integrable.

2. The difference operator is not integrable. Indeed,

q = q + \ - \  (û 0 =  - 1 ) .

3. The exponential function ea is not integrable since the initial value е0 — еао^О.

3. The first order linear, algebraic differential equation

Consider now the linear, first order, algebraic differential equation

(3. 1) Dx — wx =  у

where the operators w , y £ M  are given and we look for operators which
satisfy (3. 1).

First we shall deal with the homogeneous equation, i.e. y = 0 . It is easy to show 
that, if
(3. 2) D x - w x  =  0

has a solution ло^0, then the general solution of (3. 2) is of the form 

(3.3) x —Cx0 CdK.

The proof is quite analogous to that of MiKUSikiSKi [13], where the statement is 
proved in the continuous case.
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We look for a solution of (3. 2) as

(3 .4 ) * =  (1 + q ) m{gn}, m =  integer, {gn}eE ,  g0 ^  0
Then

D x  =  m { \ + q ) m{gn} + { \ + q ) m{ - n g n}
and

«  D x _______™ { g n } - { " g n }  { ( m - n ) g „ }
t J .  -------  —  w  —  ---------- (— ï --------------  =  -------- 1— Ï------------

x  Ш  Ы
Since g0 by (1. 6) we can easily conclude that w is a function w£E.  If w is not a 
function, (3. 2) has only the trivial null solution.

If w = { f n) is a function, we obtain from (3. 5)

{ ( m - n ) g „ }  =  { /„}{& ,} =

and for the initial value n =  0, mg0= f0g0 from which

fo =  m
follows. If w = {/„} is a nonzero solution of (3. 2) then w = { f n} is a function having 
an integer initial value / 0 .

The converse is also true. If w = {/„}  is a function, having an integer initial 
value, then (3. 2) has nonzero solutions.

Namely, a nonzero solution is given by the formula

(3. 6) * =  (1 T q)fo exp [ f  {T„}]
where

№ } =  Ш - / о
By substituting (3. 6) in (3. 2) where w = { f „} with (2. 6), (2. 13) we have

(3. 7) D x - { f „ } x  = / 0(l + дУ °ехр [..-] +  (1 + 9 ) /o [{/n} - / o ] e x p [ . . . ] -

— {/n}(( + qY °  гхр [...] =  0

Thus (3. 7) is a nonzero solution of (3. 2).
Taking into account that the exponential function has nonzero initial value, 

x £ E  if and only if / 0= 0 .
We have proved the following

T heorem 4. The algebraic differential equation

(3. 8) Dx — wx =  0

has a nontrivial solution in M  if  and only if  w =  {f n} € T where the initial value f 0 is an 
arbitrary integer. The general solution o f  (3. 8) is

(3 .9 ) x =  C ( l + q y o e x p [ f { F n}] C ^ K
where

{ F n}  =  Ш - / о -
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For CVO the solution is a function i f  and only if / 0=0 .
It can easily be seen that the general solution of the inhomogeneous equation

(3. 10) Dx — wx =  y
is o f the form

X =  С х 0 +л гг

where x0 is a (nontrivial) solution of the homogeneous equation and x; is a particular 
solution of the inhomogeneous equation, provided that they exist.

In the sequel it will be assumed that х о^ 0  exists.

Theorem 5. Let x 0 ^ 0  exist. Then x t exists, if  and only if  the algebraic integral

x 0

exists. I f  so, X, can be determined by the method o f variation o f parameters and the 
formula

(3.11) xt =  x 0 

holds.
The proof is quite analogous to that of Schatte [3] where the statement is 

proved in the operational calculus based on continuous functions.
We write у  as

(3.12) у  =  (1 + ^ { e „ }  N  =  integer, {q„}£E, q0 jt  0 

with (3. 7), (3. 11), (3. 12) we see that x ( exists, if and only if

(3.13) / —  =  / 0  + d ) N fo Ы  exp [ - /  {F„}]
exists.

Introducing the notation
(3.14) {#„} =  {(?„} exp [ - /  {f„}]

it can be seen that H0 ?±0. By theorem 3

if N < f 0, then (3. 13) exists,

if N = f 0, then (3. 13) does not exist,

if N > f 0, then (3. 13) exists, if and only if Я л._уо =  0

Moreover, the formula

(3.15)

holds, where

Gn =

f ^ -  =  ( l+ ? r - 'o { G B}
J л0

for n N - f 0,H„
N - f o - n  

G„ =  arbitrary for n — N —f 0
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Namely, by algebraic differentiation we have

=  (1 +  q)N f °
\ -n H n +  { N - f 0) H n j 
1 N - f 0 - n  I =  ( l + q ) N- f o{H„}  =  f

X q

So a particular solution of (3. 10) is

(3.16) Xf — x 0 f  y/x0 =  (1 +  q)N exp [ f  {F„}]{<7„}

Since Gqt 0̂, it follows from (1. 6) that x ( is a discrete function xt eE,  if and 
only if N S 0. Finally, the general solution o f (3. 10) is of the form

(3.17) x =  C ( l + q ) f o e x p [ f  {Fn}] + ( l + q ) N{Gn} exp [ f  {F„}] 

where the case N = f 0 is excluded, and for N > f 0

HN- f0 =  0
must hold. By Theorem 4 we see that (3. 17) is a function for every value of C e K ,  
if  and only if, jV^O and f 0S 0 hold. On the other hand, if N s O ,  / o> 0 , (3. 17) is 
a function only for C = 0 . There exists only one solution in E.

For TWO, (3. 10) has only operational solutions. Since y$ E ,  when iV>-0, there 
are no solutions in E. We have proved

T heorem 6. Consider the algebraic differential equation

(3.18) D x - { f n}x  =  (1 + ? )N{e„} x £ M

where the functions f ,  q £ E  are given such that q 0 and f 0 are arbitrary integers. 
Let also N  be an arbitrary integer. Moreover, let

t f ,}  =  Ш - / о

{Hn} =  {<?„} exp [ - / { F „ } ]

and for N ^fo let {(?„} be defined as

= 0 , 1 , . ..

Gn
Ifn___

N - f 0- n
if n И N - f o

Gn =  arbitrary if n =  N —f 0.

Then (3. 18) is solvable in M, if  and only i f  7V<f 0 or

N  > / 0 and H N_fo =  0

I f  so, the general solution o f  (3. 18) is given by the formula

x  =  [ C ( l  +  q) f o +  ( ! + ? ) *  { ( ? „ } ]  e x p  [  f  { F „ } ] ,  C e K .
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This solution represents a function for every value o f  C, i f  and only if, / 0 =  0, TVS0 
(Njéfo) hold. For iV s o , /o> 0 , the solution belongs to E, only if  C = 0. In this case 
(3. 18) has only one solution in the ring E. I f  iV>0 (3. 18) has no solution in E.

Remark. Practically the above solution formula seems to be complicated.
The application of computers seems to be useful in calculating the components 

of the solution for every value of n. Occasionally, it is more convenient to begin 
with the operational notations and express, y, f  as a function of the operator q. 
In this manner in many cases the solutions appear in a very simple closed form. 
We shall illustrate this in the solution of discrete Volterra integral equations.

4. Discrete Volterra integral equations

We shall now solve discrete Volterra integral equations of the type

(4.1) nf„+ 2  fkgn-k =  hn
о

by the application of the operational calculus.
In (4. 1) g, h are given and /  is unknown.

Operationally, (4. 1) can be written as

(4.2) D f—fg  =  — A

being an algebraic differential equation. We remark that (4. 2) can have also solu
tions in M. So (4. 1), (4. 2) are not equivalent. Every solution of (4. 1) is also a 
solution of (4. 2). The converse is not true in general. Equivalence holds if and only 
if, every solution of (4. 2) is contained in the ring E.

Consider here two examples.
In the continuous case Fényes [6] (p. 399) has solved the following examples.

t

(4.4) //( /)  +  f  f i f e ’- 'dx  =  2 te \
0

(4. 5) /ДО- /  Дт)«*-Т<*г = 2te’.
О

The general operational solution of (4. 4) is

/ = C ( 5 - !) +  {«•}

where s is the differential operator.
(4. 5) has the general solution

f  =  Ce* +  2 é  log t

(4. 4) has only one, (4. 5) has infinitely many locally integrable solutions.
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Let us now consider the discrete analogues of (4. 4), (4. 5)

(4. 6) nf„ +  ~Z f ken~k =  2ne"
k =  о

(4. 7) nf„- y f ke"~k =  2ne"
k = 0

The operational calculus is applicable, since g0 is integer. Operationally, the algebraic 
differential equation

D f - f { e nj =  { - 2  ne"}
corresponds to (4. 6)

Since [e") = 1 +  q

and
1 + q  — e

(see [12] pg 17)

{—tie"} =  D { e "} ( l + g ) ( l + ? - g ) - ( l + g ) 2
( q + l - e ) 2

e(l + q )  
( q + l - e ) 2

we obtain 

(4. 8) D f - -  L ±? f =  2g(! + Я )  _  
l + q - e  (1 + q  — e)2 '

Let us observe that a particular solution o f the corresponding homogeneous 
equation is

*o = 1 +q-e
so the general solution o f the homogeneous equation is

f h =  C ( q +  l - e )

By (3. 16) a particular solution of (4. 8) is

‘ 2e( l+ q)
x i =  x o j ~ r  =  - ( q  +  l - e )  J (1 +  q - e ) 3

The above algebraic integral can be easily determined by the aid o f the formula
Dxv =  vxv ~ 1 Dx.

By an algebraic integration one has

xv =  J vxv~1Dx

and by choosing x  =  q + l —e, v =  - 2

1
(1 +

will be obtained.
( l + q - e ) 2

- 2  ÍJ О +q- ey
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Consequently

—2e(q +  1 - e )X, = e (l +  q)
- 2 ( l + q - e ) 2 q + l - e  (1 +  <7 ) ( 1  +  q — e) =  {«*!..} {«"} =

Г 0, if n =  0,
=  {^i.n}{e"+1} =  {*>„}. where =  { ^ if n > 0

or
x, =  {e”} - l

The general solution of (4. 8) is of the form

(4.9) f =  c ( q + l - e )  +  { e " } - l

from which the only solution of (4. 6) in E is 

4.10) / = { / . }  =  { « " } -1.
In the same manner,

q + l(4.11) Df-\__ * __/  =  -
q + \ - e J (q +  l - e ) 2

corresponds to (4. 7)
The corresponding homogeneous equation has the solution

k  =
1

q +  1 —e ’

! Indeed, 1

occurs in (3. 16) does not exist in this case. Namely

/ у
—  which
x 0

y _ =  —2 . ( 1 + , )  =  ,
x 0 q + l - e  1 ’

and by Theorem 3 we see that f {  — 2e"+1} does not exist, since the initial value 
{ —2ел + 1 }n = 0 =  —2ет±0.

This is the case of N = f0 of the Theorem 5 as one can easily see.
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ON THE TRANSFORMATION OF LACUNARY SERIES 
IN TWO VARIABLES

by
R. KAUFM AN

0. Let Л be a sequence of characters (or imaginary exponentials) defined in 
the plane, say exp 2ni(akx +  bky ) = x k(x, y), and suppose that the “norms” | |/J  =

=  (ak +  bk) 2 are ijr-lacunary, that is, ||x*+ill — wi th q >  1. By a method of 
E r d ő s  [2; 1, p. 257] we can show that any series 2  ckXk> with complex coefficients 
ck, converges or diverges almost everywhere in the plane, according to the conver
gence or divergence of 2  |c*|2. Thus for almost all y,  the series 2  ckx ( x , y ) has 
the same property in regard to x. Suppose now that F(xi , x 2) is a measurable 
mapping of the plane and that F ~X{E) has measure 0 whenever E has measure 0; 
then the same conclusions hold for series 2  ckxk(F(x, y)). Our main theorem shows 
that for certain mappings F, a stronger conclusion is possible than the one obtained 
by Fubini’s theorem in the plane.

T heorem 1. Let Л =  (хк) Г be a sequence o f  characters, and xk (*> J’) = e x p  2niLk(x, y)  
for linear forms Lk so that ||Lt+1| |> 9 ||LJ (</>!).

Let p be a probability measure on (0, 1 ) fulfilling a Lipschitz condition with exponent 
a > 0 : / < ( / ) < K ( d i a m  / ) *  for all intervals I.

Finally, let F(x, y) be a mapping o f the plane whose co-ordinates are polynomials, 
such that for no linear form L t̂ O does the real function L(F(x, yj) reduce to a sum 
of functions o f one variable.

Then there is a null-set Z, depending only on Л, F, p such that for each y $ Z
(1) 2  ckXk(F(x, y)) converges for p-almost all x, provided 2  Ы 2 < °°-
(2) The real part o f 2  ck Xk ( F(x, y)) diverges for p-almost all x, provided 2 \ ck\2

=  +  0O,

Remark. For Lebesgue measure in the plane E r d o s’ method can be replaced 
by that of K olmogorov (1924, for convergence) and Z y g m u n d  (1930, for divergence) 
[4, p. 203]. K olm ogorov’s theorem is based on Fejér—Lebesgue summability, 
however, and no analogue of this is apparent for singular measures p. In order to 
obtain functions of x, that are ordinary exponentials, we can choose F(x, y ) ~  
=  (yx, y 2 x) for example.

The estimation necessary to Theorem 1 allows a variant theorem with a slight 
additional effort. Let us say that a sequence Л is admissible for a > 0  and degree n 
if the theorem remains true for Л, whenever p admits the exponent a in a Lipschitz 
condition and F has degree at most n in x  and y  separately.

T heorem  2. To each x > 0  and n = l ,  2, 3, ... there is an r=r(ct, n) so that, for 
every sequence Aj< =  kr, one can find a sequence Л admissible for a and n, while
Ы 1 = * * .
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In a brief concluding paragraph, we obtain a fragmentary result concerning 
metrical properties o f sets in relation to Theorem 2, and pose a problem.

The outline o f the proofs is as follows. In the first paragraph we recall some 
standard estimations o f exponential integrals, in particular of exponentials of poly
nomials. In the second we estimate certain double integrals, combining the estimates 
already obtained with particular estimates for the measure p. Next we obtain an 
estimate of measures based on the work o f E r d ő s  and S i d o n  [2] and from this 
the proof of Theorem 1 is readily completed. The proof of Theorem 2 is brief.

1. It is convenient to write e(u)=e2niu and denote by [a, b] the domain of func
tions occurring in the lemmas; except as stated, constants do not depend on a, b.

L e m m a  1. I f  f >  0 on [a,b\ then

I /  e(f{x ))dx \ ё т г - Ч / ' И ^ + т г - 1/ \ r \ \ f ' \ ~ 2dx.
a a

b - 4Lemma 2. I f f " S d 2>~0on[a,b\then J e ( f (x )) dx  ^ A 2d ( T, (van der Corput).
a

Lemma 1 is proved by a change of variable, and Lemma 2 then follows if a

suitable interval — oflength 1 — is excluded from [a, b]\for details cf. [4, p. 197]. 
In the same way there follows now

ь
Lemma 2n. I f  / (n)^r/„> 0  for some n =  2, 3, ... , then j J e ( f ( x ) )  dx\ ^ A nd ~ >/n.

a
Let p(x) =  a0+ a l x-\------Vanxn be a polynomial with with real coefficients, and

H = H ( p )  =  ma\  ( la j, . . . ,  |a„|).
b

Lemma 3«. | J  e(p{x)) dx\^ Bn H~1,n uuiformly for all intervals [a, b] ^ [0, 1].
a

P r o o f . Let к be the largest index so that 2knnk\ak\^H . When k =  n we can
apply Lemma In, since p (n)=n \a n. When 1 we find |at+ i|-l------V\an\ <
<  2~kn~nkn~nH  <  2~kn~n\ak\. Thus, on [0, 1],

\pw - k \ a k\ ^  n*|a*+1| +  - <  2~knk~n \ak\ ^  2~2 \ak\.

Then \p(k)\>\ak\>H ,  and Lemma2k applies, at least when k ^ 2. With k =  1, we
l

observe that J \ f"\ • \ f  \~2 dx <  H~x and the lemma is completely proved, 
о

2. In this paragraph p is a probability measure on [0, 1] and a the exponent in 
Theorem 1.

L e m m a  An. Let f b e n  times differentiable on [0, 1] and f (n) =  d„>0. Then (assum
ing 0 <  1J

f  in f ( l , \ f(x) \~l)p(dx) <k  d - xln { n - 1, 2, 3, ...).

P r o o f . We can suppose 1 and begin with n — \. The measure of the set 
( | / | ^  1) is <zdïx, while the contribution from each set (2rS | / | < 2 ,'+1) is <s:(2rd f 1)* •
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•2~r =  d^*2(I_I)r. We sum this forrëO  to obtain Lemma 4. 1. F o r /j> l we proceed 
by induction, excluding in each successive step a set ( | / <я)| *=̂ n_+1) of length « ( / л'+'/л + 1, 
namely e =  n/n + 1.

l
Lemma 5n. Let p be a polynomial o f degree n. Then J  inf (1, \p(x)\~x)p(dx)

о
« / / -« /»

This can be proved by the same argument as Lemma 3n, and has an immediate 
consequence.

Corollary, j f  inf (1, \p(xi) —p ( x 2) \ - i)p(dx1)p(dx2) «  H~al". This bound is sat
isfactory, but probably far from best-possible, for и>1. For the partial integral 
I inf ( 1, \p(xl ) —p(x2)\~i)p(dxl) is somewhat smaller than t f -0"1 unless the zeroes 
of p ( x ) — p ( x 2) are near the zeroes o f p'(x), and this imposes an additional restraint 
on x 2.

When q(x,y)  is a polynomial in two variables, terms A x + B y  play a minor 
role, and we define, therefore, H0(q) as the maximum modulus of coefficients ajk 
of mixed monomials xJy* ( j S i ,  Ä:^l).

T heorem 3. I f  q(x ,y)  has degree at most n in x  and y, then

J =  f  \ f  e{d(x> y)p(dx))\2 dy «  H ô b, b =  (т~2.
0

Proof. Inverting the order o f integration we obtain

J =  f f f  e(q(x1, y ) - q ( x 2, y ) ) d y p ( d x l)p(dx2)

The argument of the exponential is a polynomial in y,  and the height H  of ^ (x , , j )  — 
—q(x2,y )  (as a polynomial in y) is at least p*(xt) —p*(x2); here p* has degree 
at most n and H(p*)^H0(q). Applying Lemmas 3n and 5n we obtain

J «  f f  in f(1, \p*(xl ) - p * ( x 2)\~*,n)p(dx1)p(dx2) «  H ô b,

the last by Holder’s inequality. This proves Theorem 3.
The hypothesis of Theorem 1 entails the existence of a constant <5>0 so that

for each linear form L(u, v) — au +  bv, H0(L(f(x ,  y))) ^  ô(a2+ b 2) .̂ This fact ex
plains the application Theorem 3 to the proof of Theorem 1.

3. In this paragraph ( f k) f  is a sequence of complexvalued functions on a space 
with measure mSO, having the following property P4:

/ \ Z a kf k\ * d m * C ( 2 \ a k\2)2

for every sequence (ak)T with 2  lakl2 < °°- A new sequence with exactly the same 
property can be formed by omitting some f k, and inserting in its place t x f k, . . . ,  trf k,
subject to !/,|2H------Hfr|2 =  1- Also, the series 2  akfk> when developed in the new
sequence o f functions, has the same /2-norm (that is, of its sequence of coefficients).
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r
For any numerical series 2  bk, let S'* =  maxj 2  bk\. We seek to estimate the

p 1
measure m(S*(x)>  Y),  where S(x) =  2  akfkix), and^ is a power of 2, a =  max \ak\.

l
To do so we divide S  into two sums of \ p  consecutive terms, then divide each of
these,... .  We obtain ^ 2 r sums of length ^ 2  ~rp, each of /2-norm ^a(2~rp)-.  
Using the basic property o f the sequence ( f k) we see that no sum of the rth rank 
exceeds (r + l) - 2 T in  modulus, excepting a set o f measure <  C2r4~rp 2a4(r + 1)87 -4 . 
Summing for all rSO we obtain a set of measure < C 1p 2câY~*, outside of which

5* <  f J ( ' - +  О-2 =  C2 Y.
V 0
Beginning now from a finite sequence 2  bkf k we apply the splitting method 

described above to each f k, obtaining eventually a sum T = 2  ckgk in which every 
с* =  0 or |ct |=-^max \cj\. By this method we obtain also S*^T*, and applying the 
remarks before,

m{S*  >  7} =S m{T* >  У} «  ( 2  |^ |2)2 Y~4.

From this we find that an infinite series 2  akfk converges almost everywhere when
l

2  |afc]2< + °o ; this is essentially proved in [2].
To apply these observations in the proof of Theorem 1 we require a sufficient 

condition for property P4 , expressed in terms of the integrals I(k, I; w, v) =  / f kJ,Juf v. 
Plainly

r\ lv К
J  12  akfk̂  S  2 - - - Z \ aka,auav\\I{k, l \u,v)\.

Because each f k shall have modulus 1, the terms in which k =  l and u = v  yield a sum 
( 2  \ak\2)2- We shall also find that 2  Vih, I', u, v)\ <  +  CO where R is the set of quad-

R
ruples (k, l ;u ,v ) in which the maximal term occurs just once. For the terms k =  l 
u ^ v ,  we shall obtain 2 2 \ J /и /г |< + 00> ar,d so finally

/  IZfl*AI4«(Z>)c!2)2-
(A more detailed treatment o f the various cases is given in [3, p. 227].)

4. Assertion (1) o f Theorem 1 is valid for the entire sequence Л, provided Л 
can be divided into a finite number of complementary subsequences Л =11Л , for 
which assertion (1) is known. Plainly, on the basis o f the hypothesis, Л can be divided 
into subsequences subject to ||^ +1||>5||х*||; we can complete the proof for these se
quences. Thus, f k =  Xk(F(x -> У)) and m=p.  The integral

/  fkhfufv dp =  f  e(L(F(x,  y))) dp,

where L is a linear form depending on k, /, u, v. When &>/, u, v we have ||L|| S  
— i  ta il. and each index к  occurs as the dominant tèrm in at most k 3 coefficients. 
A similar estimation holds for integrals j f „ f v dp. From Theorem 3 and the observa
tion afterwards, we see that the coefficients I(k, I; u, v) occurring in the verification 
o f  P4 are in fact a summable sequence for almost all y.
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5. The proof o f assertion (2) is easier, except that the sequence A must not be 
divided. The series in question take the form 2  ak cos (2тгТк F +  (pk), ak^  0, 2  ak —°°- 
To each set E c ( 0 ,  1) and c < |  there is an integer M  so that

/I ak cos (2nLkF +  <pk) p(dx) s  cp(E) 2  \ak 2 .

this is to hold for almost all real numbers y. Because |j 2  akcos(2nLkF+(pk)\\L4 «
M

«  ( 2  |at |2)2, it is enough to prove the assertion for each set E in a suitable sequence 
of measurable sets. Then it is sufficient to prove that for each set E

2

k= 1

/ cos 4nLk F(x, у ) /I (dx)

and a similar relation for sin 2nLk F(x,  y ) ; further we require 

2 2  I f  COS (2nLkF ± L , F ) n ( d x ) '  <  «

and a relation involving sines. But \\Lk +  L,|| ë  («? — l)||Z-z|| when &>/, and from 
this point the proof follows the previous paragraph.

6. To prove Theorem 2 we use Theorem 3 and the following observation. If each 
combination M =  Lk +  a x L i+a2Lu +  a3Lv in which &>max (/, u, v), a, =  0, + 1 , - 1  
satisfies \ \M\\»kl2b~ then the sequence (&)“ is admissible for a and n. Let then 
(L k) be a sequence o f independent random variables, each L k uniformly distributed on 
the circle with center 0 and radius Xk in the plane. The probability that the form 
M  have length < k l2b~' is <szXfl k l2b~1. Taking account of the number of forms 
involving к in the first position, we see that if Xk> k r, with r >  4 + 126-1 , then almost 
all sequences yk =  oxp 2niLk are admissible for a and n. In particular, choosing 
F(x, y)=(xy ,  xy2), we find b =  a/4 and our condition becomes r >  4+ 48a_ l ; also, 
the functions of у  constructed by this process are ordinary exponentials whose 
frequencies can have polynomial growth. We shall see that this is a best-possible 
result, in a certain sense.

7. Let p >  1, q >  1 and d =  p ( q —l)q~l ; let ( /k) be a sequence of functions on 
( — 0 0 , 0 0 ) of modulus 1, and suppose that sup \%k\ = o ( k d). Let В be a set o f real 
numbers, contained in R intervals o f length R~p, for arbitrarily large integers R.

We shall outline a construction of a sequence of complex numbers so that 
2  but 2  ckXk diverges everywhere in B. In fact, to each integer R defined
above, consider the set T of indices к satisfying 10 \%k\ < R P; then /?p= 0 (17’|d). Let

R
T  be divided into R adjacent subsets of nearly equal length, say T — \J Tj, while

1

U Bj is the given covering of B. Then we can choose ak (k£T )  so that |at | =  l 
and R eakxt (x )> ^  whenever x £ Ä ( and k£Tj .  Thus the sum S =  2  akXk has a

T
maximal function 1T'l everywhere on B; now the /?-norm of S, namely
\Т\Чч, is о (inf S*(x)), because \Т \и * =  о (/Г Ч Г |). (Recall that Rp =  o(\T\d) and
dp~l =  (q— \)q~l .) Thus the series 2  ckXk can he constructed.
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To compare this with Theorem 2 we choose, of course, q =  2 and obtain d=2p.  
N ow  the condition on В allows В to carry a measure p with a Lipschitz condition 
in every exponent a < p _1. Thus the number r in Theorem 2 must increase to »  as 
a tends to 0.

It is well known that a closed set В carries a probability measure p  with a Lip
schitz condition, if and only if В has positive Hausdorff dimension. Conversely, 
suppose lx*| =  1, \x'k\ — 0 ( k r) and £  ckZ.k converges /i-almost everywhere, whenever 
2  K |2<°°. Must the support of p have positive dimension?
Added in proof: The answer affirmative.
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A GEOMETRIC CHARACTERIZATION OF THE LINE GRAPH 
OF A SYMMETRIC BALANCED INCOMPLETE BLOCK DESIGN

by
M. AIGNER and T. A. DOWLING

I. Introduction

A symmetric balanced incomplete block (SBIB) design n(v, к, Я) is an arrange
ment of V objects, called points, into v sets, called blocks, such that each block con
sists of к distinct points, each point appears in к blocks, and each pair of distinct 
points appears in Я blocks. The parameters satisfy Я -< к  and Я (о — 1) =  Л:(А:— 1). The 
graph of n(v ,k,À) is defined as the bipartite graph H(n) whose vertices are the 
2v points and blocks of 7r, with two vertices adjacent if and only if one is a block 
and the other is a point contained in the block. The line graph G(n) of n(v, к, Я) is- 
the line graph of H(n), i.e. the graph whose vertices are the edges of H(n), with 
two vertices in G(tt) adjacent if and only if the corresponding edges in H(n) have 
a common endpoint.

Let |G(rc)} denote the set consisting of the line graphs of all SBIB designs, 
with parameters v, к, Я. In a recent paper, H o f f m a n  and R a y — C h a u d h u r i  [4 ]  

proved that G £  {G(n)} if and only if G is a regular connected graph on v k  vertices 
and the distinct eigenvalues of the adjacency matrix o f G are —2, 2 k  — 2, and k — 2 +  
±(A;—Я)1/2, unless v =  4, =  3, Я =  2, when the sufficiency of these conditions fails- 
due to the existence of a single exceptional graph. We give here a characterization 
of {G(7r)} in terms of several geometric properties of these graphs, with again one 
exceptional case (Figure 1) for v — 1, k = 4, Я=2. This result generalizes an earlier 
characterization [2] of the line graph of a finite projective plane (Я=1), but the 
conditions for Я=1 given here are slightly different from those of [2]. (See Remarks, 
below.)

II. Definitions

By a graph G we mean a finite undirected graph without loops or multiple 
edges. V(G), E(G) denote, respectively, the vertex set and the edge set of G. W e 
denote by d(x, y) the distance between vertices * and y  and define further

D,(x) =  { j€  V(G):d(x, y) =  /}, i =  0, 1, ... .

The degree of x£  V(G) is written d eg x (=  |Z>,(л:)|). A(x,y)  =  |/)1(х)П />10')1 is  
the number of vertices adjacent to both л: and y. G is regular if deg a is constant 
for all x £  V(G), and edge-regular if, further, A(x,y)  is constant for all (x, y )£  E(G). 
A clique A- is a set of vertices, any two of which are adjacent.
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III. The theorem

T heorem . Let v, к, X be positive integers with X <k and 2(v — 1) =  к (к — 1 ), 
and let {G(n)} be the set o f  Une graphs o f  all symmetric balanced incomplete block 
designs with parameters v, к, X. I f  G (  {G (я)}, then G is connected and has the following 
properties:

(PI) \V(G)\ =  vk,

(P2) deg* =  2k —2 for all x Ç V(G),

(P3) A (x, y) =  k — 2 i f  (x , y ) £ E ( G ),

(P4) A ( x , y ) ^ 2  i f  (x ,y)$E{G),

(P5) |Z)3(x)nZ )1(j) | =  k - X  i f  d(x , y)  =  2, A(x,y)  =  1,

(P6) d ( x , y ) ^  3 for all x, y£V(G).

Conversely, if  G is a connected graph satisfying (PI)—(P6), then G £ {G(л:)} or else 
o =  7, к —A, 2 =  2, and G is the graph shown in Figure 1.

Remarks. Properties (PI)—(P5) are the counterparts of the characterizing prop
erties of the line graph o f a finite projective plane (A =l) given in [2], except that 
the analogue of (P4) in that paper is A(x, y ) ^ l  if (x, j)(£ E(G). The increased upper 
bound for A(x, y) required when Я>1 necessitates the addition of (P6) here. That 
neither (P5) nor (P6) is redundant in all cases is demonstrated by the example given 
in [2] and the graph of Figure 2.

On comparing our characterization with that of H offm an and R ay-C h a u d h u r i
[4], we meet with the intriguing problem o f the relationship of the eigenvalues of 
the graph to its geometric properties. Apart from the fact that in the case of regular 
graphs the dominant eigenvalue is the degree of regularity, very little is known. 
An important tool is the polynomial of a graph [3], which for regular graphs gives 
an upper bound to the diameter. For example, the eigenvalues of G (л) other than 
the degree are —2, к —2±(& —A)1/2, and the fact that there are just three immediately

Figure 1. A graph G <t {G(tt)} 
satisfying the properties 

(P I)—(P6) with v =  l ,  k=A , A =  2

Figure 2. A graph H  whose corresponding 
graph G i  {G(k)\ and satisfies the properties 

(PI)—(P5) with u =  16, /c =  6, 2 =  2
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yields property (P6) of the theorem. Using certain “impossible subgraphs” o f [4], 
the fact that — 2 is the minimal eigenvalue is easily shown to imply (P4) except 
for one possible configuration. H offman and R ay-C h a u d h u r i  directly prove edge- 
regularity (P3) for 4. The exact nature of the relationship between eigenvalues 
k — 2 ± ( k  — A)1/2 and condition (P5) is unknown.

IV. Proof of the theorem

The necessity of (PI)—(P6) when (7?{G (i)) is easily verified and the proof 
is omitted here. We therefore assume that G is a connected graph and satisfies 
(P1)-(P6).

By (P3) it is evident that \ K \S k  for any clique К  in G. Since we shall only con
sider cliques К  in G such that \K\=k,  let us agree to use the term “clique” in this 
restricted sense. We then have

Lemma 1. Each vertex o f  G is contained in exactly two cliques, and each edge о 
G is contained in exactly one clique.

Proof. If k > 4, the lemma follows from (P2)—(P4) by a theorem of Bose and 
Laskar [1] on edge-regular graphs. The cases k =  2, 3, 4 must be examined separately, 
and it is easily verified that (P2)—(P4) imply the lemma except for k =  4, when 
these three conditions alone do not rule out the possibility that a vertex x £  V(G) 
exists such that the subgraph generated by D f x )  is a 6-cycle. If this is the case, 
connectivity implies that the subgraph generated by D, (y) is a 6-cycle for all .y € V(G). 
We can then show with little difficulty that no such graph satisfies all the conditions 
(PI)—(P6). (We do encounter one graph that satisfies (PI)—(P6) if k = A ( = k ) .  
This graph is the exceptional case in Shrikhande’s characterization [5] o f the L2 
association scheme (square lattice graph). To avoid some special arguments in the 
proof of the theorem, we have assumed A<£. However, the theorem remains valid 
when l  =  k =  v provided we include this additional exception.) As the proof involves 
a case by case investigation and bears little connection to the main argument, it has 
been omitted.

Corollary 1.1. The number o f cliques in G is 2v.
Let C(G ) denote the set of cliques in G, and 7(G) the set of unordered pairs 

(K, L) of distinct cliques such that K(~)L ^  0 .  Then by Lemma 1, (K, L)£I(G)  
if and only if \KC\L\ =  1. We denote the single vertex * 6 KC\L by x =  (K, L).

A clique chain 4?=(K0, K x, ..., Km) is a sequence of distinct cliques such that 
(A-,-, K(+i)£ l (G )  and (Kj, Ki+ KJ+1) for iVy. The length of 4? is the number
m of vertices xt =  {Kh Ki+\).  If K0 =  Km and no other clique appears twice, <€ is a 
clique cycle.

Lemma 2. G contains no clique cycle o f length three.
*

Proof. Suppose 4>=(K0, K x, K 2, K0) is a clique cycle in G. Let xt = (Kt , ATi+1), 
(subscripts modulo 3). Then x 0 € Z), (.xq) П D x (x2) and x0 $ K 2, which implies

A(xx, x 2) S  к - 1,
contradicting (P3).
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For x£ V(G), we define

DiJ) (x) =  {y:d(x, y) =  2, A{x,y)  =  j )  

for j =  1,2. Then by (P4), the sets D (2lHx), D22)(x) partition D2(x).

Lemma 3. Let x  =  (KQ, Ky), y  =  (L0, L ,) be two vertices o f  G. Then by properly 
labeling the four cliques Ky, L j, i , j =  0, 1, we have

(i) y €-£><)(*) iff K 0 = L 0, K l = L l .

(ii) y£Dy(x) iff K 0 =  L0, K 19 i L l .

(iii) y€D?>(x)  iff (K0, L 0)£ 1(G), (Kx, Ly)£l(G).

(iv) y £ D p ( x )  iff (K0 , L0)£  1(G), (Ky,Ly)<U(G).

Proof. Follows immediately from Lemmas 1 and 2.

Lemma 4. If  x = ( K 0 , K 1), y = ( L 0, L 1), where (K0, L0)£I(G),  (Kx, L x) <J 1(G), 
then y £  D(V) (x) and there are exactly X cliques, including L0, which intersect L i and 
one o f  K0, Ky.

Proof. Clearly y £ D 2l ) (x) by Lemma 3—(iv). By (P5) there are k — X vertices 
in D 3(x)r\Dy(y),  and these must be in L , . Hence the remaining X vertices of L x 
are in D i2 ) (x). If z — (L , , К ) is one of these, then either (K, K0)£l (G)  or (K, A'1)£/(G ).

Lemma 5. G contains no clique cycle o f length five.

Proof. Suppose C€ = ( K 0 , K x, K2, K3, KA, K 0) is a clique cycle in G. Let .*,•=* 
=  (К{, Ki+ j) (subscripts modulo 5) and define ос,- as the number of cliques intersecting 
both^T,.! and Ki+1, including K,.  Then xi ÇD^1) (xi+2), so by the preceeding lemma, 
<Xi-i+ ai+1 =  X. Since ( i + l )  — (i— 1) =  2 is prime to 5, we infer that all a ,=a, say, 
and X =  2a.

If y  Ç D21> ( x 0 ) ,  y = ( K ,  L),  where К  intersects neither K0 nor K x, and L  intersects 
exactly one of K0, K x. Then \KC\ =  X =  2a. Since 2k cliques intersect
K 0 or Ky (including K0, Ky) and G contains 2v cliques in all,

(1) 2Æ +  (2a )-1|Z)i14^o)l ^ 2 v .
To show (1) is impossible, let L 0 be one of the k — ct cliques intersecting K0, but 
not K 2. Then if y 0 =  (K0 , L 0), we find x x £ D{2V) (>’0), and so by Lemma 4, there are 
2a cliques meeting K 2 which meet K0 or L0. But there are exactly cty = a  such cliques 
meeting K2 and K0, so also there are a cliques meeting K 2 and L0. Then by the same 
argument, there must be a cliques meeting L0 and K x. It follows that L0 contains 
exactly k — a vertices o f D2l) (xn). We can repeat the argument for any of the k — ct 
cliques Ly meeting К  у, but not KA, obtaining finally

\ D ^ ( x 0) \ ^ 2 ( k - o i Y ,  
which is easily seen to contradict (1).

Corollary 5. 1. I f  K 0 , К  у are two disjoint cliques in G, and L is a clique intersect
ing both K0 and К у, then the number of cliques intersecting both K0 and К  у, including 
L, is either X or k.
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Proof. Let х ~ ( К х, L), i = 0, 1. If there are fewer than к cliques meeting K0 
and K x, then there exists y xd K  x such that x0d D ^  (yi)- Now if y l = ( K 1, L t), 
there are X cliques meeting K0 which meet one of K x, L x. But if such a clique were 
to meet K0 and L x, G would contain a clique cycle of length five.

Consider now a graph H, the clique graph of G, defined by K (//) =  C(G), E(H) =  
— /(G). The mapping Ф:(К, L) — (K, L)  is a one-to-one function of E (H ) onto 
V(G) such that Ф maps adjacent edges of H into adjacent vertices of G and Ф-1 
maps adjacent vertices of G into adjacent edges of H. It follows that G is the line 
graph of H. Thus G£{G(7r)} if and only if tfÇ (Я(л)}. We shall restrict our atten
tion henceforth to H. We first summarize some properties of H  in

L emma 6. H is connected and has the following properties:

(Q l) \V(H)\=2v,
(Q2) deg K —k for all K d  V(H),
(Q3) A(K, L) =  X or k i f  d(K, L) =  2,
(Q4) H  contains no cycles o f length three or five.

Proof. (Ql) is Corollary 1. 1, (Q2) follows from Lemma 1, (Q3) is Corollary
5. 1, and (Q4) follows from Lemmas 2 and 5, since a clique cycle in G corresponds 
to a cycle in H.

Lemma l.IJ'A(K, L ) < k f o r  all K, Ld V(H)such that d(K, L) =  2, then H £ {H(n)}.

Proof. In view of (Q3) we have A{K, L)=X for all K, L such that d{K, L) =  2. 
Let K d V ( H )  and define K, =  {K }IJ D 2(K). Then (Q2)—(Q4) imply

1^1 =  l + k ( k - l ) / X  =  V.

If two vertices of Vt are adjacent, then H contains a 5-cycle. Thus Vx is an inde
pendent set, and so the vk edges incident with vertices o f Vt are all distinct. Since 
these are all the edges of H  by (Q l) and (Q2), the complementary set K2 =  V(H) — V, 
is also independent. Thus V is bipartite with vertex sets Vt , V2.

Finally let n be the number of unordered pairs K0, K x in Vt such that 
A(K0, K x) — X. Then nX =  vk( k—1)/2, since each of the v vertices in V2 is in D {(K0) 
O D l (K l) for exactly k ( k —1)/2 such pairs K0, K x. Thus n =  v(v—1)/2, i.e. 
A(K0, K x)=X  for all K0, K l Ç.Vi , К0 т±Кх. If we identify the vertices of Vx with 
points and those of V2 with blocks, and define the point to be contained in a block 
if and only if the corresponding vertices are adjacent in H, then it is clear that H  is 
the bipartite graph of an SBIB design n(v, k, X), i.e. H d  { //(л )}.1

We consider now the case where there exist two vertices, K, L in H  such that 
d(K, L) =  2, A(K, L)= k .  Let us define two vertices K0, K x to be equivalent and 
write K0 =  K X, if K0 =  K X or d(K0, K x) =  2, A(K0, K x) = k .  By (Q2) we then have 
K0 =  K X if and only if D x (K0) =  D X (Kx). Let К  denote the equivalence class con
taining K d V ( H )  (=  is readily seen to be, in fact, an equivalence relation).

Lemma 8. Any two equivalence classes in V(H) contain the same number t^ 2  
of vertices.

1 It is interesting to note that we have not made use o f (P6) to this point, assuming k=- 4.
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P roof. Let K0, KyÇ. V(H), 1~\Ку\,  г =  0, 1. Suppose first that (K0 , Ку)£Е(Н).  
If we can show that in this case t0 =  ty—t, then the lemma will follow by the con
nectedness of H. Consider then the number « of edges (L0, L {) £ E ( H )  such that 
(K0 , L0)£E(H),  (Ky, Ly)eE(H ),  _L0^ K { , L ^ K 0 . If L l ÇK 0 — {*„}, L0 can be 
chosen in Ä: — 1 ways, while if L l $ K 0 — {AT0}, L0 can be choosen in A — 1 ways. Hence 
n =  (t0 — \ ) {k— \) +  {k — t0)(A— 1). Similarly if we first fix L0 and choose Ly, we 
obtain n =  (ij — 1)(& — 1) +  (Æ — íj)(A — 1). Since к — A > 0 ,  this implies t0 =  t1, and 
the proof is complete. (Note t ^ 2  by hypothesis.)

Suppose (K, L )d E(H ).  Then K a L, and if K t £K,  Ly ÇL, then (А", Ly)^E(H)  
and therefore (Ky, Ly)£E(H) .  Hence the subgraph of H  on the vertices of K Ù L  
is the complete bipartite graph on / +  г vertices. The_equivalence relation =  defined 
on V(H)  induces a homomorphism H-+H,  where H is the graph defined by

V(H) =  { K : K e V ( H ) } ,

E(H)  =  { ( K ,L ) : ( K ,L )£ E (H )} .

Lemma 9. H is connected and has the following properties, where v =  v/t, k=k/t,  
A =  A/i :

(q T) w m  =  2v,

(Q2) deg К  =  R for all Kç.V(H),

(Q3) A{K,L)  =  A i f  d (K ,L )  =  2,

(Q4) H contains no cycles o f length three or five.

P roof. (Ql) and (Q2) are obvious. (Q3) follows from (Q3) of Lemma 6, since 
now A(K,L)  — Jc would imply K = L ,  and hence K  =  L. We finally observe that if 
H  were to contain a cycle o f length three of five, then so would H, contradicting 
(Q4) of Lemma 6.

The equation relating v, k, A reads

(2) l ( v t — 1) =  k(fit— 1).

(N ote that v need not be an integer.)
Consider now a fixed edge (K0, L0)ÇE(H)  and define

=  { K 0} =  D0(K 0), B0 — {L0} =  D0(L0),

B\ — D y ( K 0) — D0(L0), Ay =  Dy(L0) — D0(K 0),

A 2 =  D 2( K 0) - D l (L0), B2 =  D 2(L0) - D y ( K 0).

Then

D0( K 0) — A0, 

D \ ( K 0) =  B0 UBy,

D2(Ko) = A y U A 2,

D0(L0) — B0,

(Co) =  A0 UAy,  

D 2 (L0) =  ByUB2.
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It follows from (Q4) that the six sets Ah Bt ( i=0,  1, 2) are pairwise disjoint, 
and thus the two sets Д (К 0), D,(Lp) are disjoint for each / =  0, 1,2. Also by (Q4) 
we see that no two vertices of E>i(K0) or of Df(L0) can be adjacent for i = 0 ,  1,2. 
Using (Q2) and (Q3) we can then easily determine the number of vertices in each set, 
obtaining

Mol =  Mol =  1,

(3) Mil =  Mil =  1>

Mal =  Mal =  ( £ - 1  )(Е -Х )Д .

Let C denote the set of vertices not in any of these sets. Then using (Q 1 ), (2) and
(3) we have

(4) |C| =  2 ( * - X ) ( f - №
Thus t divides 2 (R—I), and so

(5) 2 = s ? s 2 ( £ - I ) .

L emma 10. No two vertices o f  C are adjacent.

P roof. Clearly we have d (K 0, K ) ^ 3, d(L0, K )^ 3  for all K £ C .  If K , L £ C  
and (K,L)£E(H),  then (A", L)£E(H).  Let xbe the vertex of G defined by x =  (K, L), 
and let x0 =  (K0, L0). Then by (P6), d(x0, x ) S 3 in G. If d(x0,x )  =  3, there exists 
a clique meeting one of K0, L0 andjrnejrf K, L, say K0 and K. Then d(K0, K)  =  2 
in H, which implies either K 0 — К  or d ( K 0, K) =  2 inH,  a contradiction. If d(x0, x ) S  2, 
the result is even simpler.

It follows from Lemma 10 that D f K )  Q A2U B 2 for all K^C .  Hence C!= 
g  D3(K0) U D 3(L0).

Lemma 11. If d(K,L)  =  3, then

\D2{K)  n /M Q I  =  M i (K)DZ)2(I) |.

Proof. Let r =  \ р 2(К)Г) (L)|, s =  |Z), (К)П D2(L)\. Consider the number
n of edges joining £>2(К )П  £>, (L) and £>, (К)  П D2(L). Using (Q3), we ha\e n = r l  =  s l y
i.e. r=.s'.

Let К  be a fixed vertex of C  and define

« =  \Е>у(К)ПА2\, 

b =  \ D f K ) i ) B 2\.

Then a + b  =  R, since A 2C\B2 =  0 .  If we define

a, =  \D2(K)R\B2\,

b , =  I Я2(К)ГМ ,|,

then it follows from Lemma 11 that a, = a , since clearly Z>, (К)  П D2(K0) — Z>, (К ) П’ 
ПА2 and В 2( К ) П В , ( К 0) =  В 2( К ) П В , .  Similarly b = b t . Since a =  |Z)2(X_)fj 
П Æ, I S  \ВХ I =  R — 1, we have b ^  1. Similarly a S  1. Hence C =  D3(Ko) П />3(L0). 
Again а ё  1 implies Z)2(K )flÄ , 0 ,  and hence there exists L l (:D2(K )r \  В , with
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A (K , L t)=X.  Each of these vertices must be in D 1(K)H A2, and therefore ашХ. 
Similarly b^X and we have
(6) 1 ^  a, b Ш k — X, 
where a + b  =  k.

Consider D2(K). We wish to establish an upper bound on the number of vertices 
LÇ.D2(К)  which are not in C. Since D ^ K )  =  (Л 1(К)Пу42) и ( / ) 1(К )П ^ 2), such 
an L  is adjacent to some vertex of D l ( K ) D A 2 or to some vertex of D l ( K ) f ] B 2. 
Assume without loss o f generality the former and call the vertex K 2. It then fol
lows that L £ D2(L0)^ and hence L í D l ( K i) for some vertex K 1£ D 1(L0). If 
d D 2( K ) f ) A l , then H contain a cycly of length five. Hence K l ^A 0 [J(Al —D2(K)), 
.a set of a vertices. Thus we have, since K l £ D 2 ( K 2), \D2 (K 2) П D 2 (L0)| S a . By Lemma 
11, |Т)1(Х2)ПЕ>2 _(Ь0)| S  a. Thus at mosta of the к vertices adjacent to K 2 i D L(K)  П 

•Г\А2 are in D2(K )( ^D 2(L0). Since there are a vertices in D l (K)C \A2, and since any 
vertex La Ç D2 (К ) П D 2 (L0) adjacent to one vertex of D l (К )Г \А 2 is adjacent to 
«exactly^ of them (by (Q3), La £ D2 (К ) П D2 (Lq) cannot be adjacent to any vertex 
o f D 1(K)C\B2), wyhave at most a2/X vertices La£ D 2( K ) which are also in D t (K 2) 
for some_K2ÇZ)^K)n^42 - A similar argument shows that there are at most b2/X 
vertices K b£D2(K)  which are alsóin D i(L 2) for some L 2^ D l (K)C]B2. This now 
gives us

\D2( K ) - C \  Ш(а2 +  Ь2)/Х,
and thus together with (3)
(7) \C\ m l + X - ' - l W - V - t f + b 2)].
Then by (4)

2 ( £ - l )  (1 -1 /t )  S  !  +  £ ( £ - 1 ) - (a2+  Z>2).

The inequality remains valid on replacing t by the upper bound 2 (k — X) of (5), 
and we then have

a2 +  b2 s  k2 — 3k +  3 X+l .
Substituting k — a for b and simplifying,
(8) a 2 +  £ a + l / 2 [ 3 ( / c - l ) - l ]  s  0.

Assuming with no loss o f generality that o S è , it is easily verified that the only 
values of a, b, k, X satisfying both (6) and (8) are

(i) £ s 2 ,  1 = 1 , a =  l ,  b — k — 1,

(ii) k =  4, 1 = 1 , a =  b =  2.

If k = 2 , 1= 1 , a = 6  =  1, then i= 2  by (5), and from (3) and (4), we have exactly 
one vertex in each o f the sets At, Ő, (/—0, 1, 2), and C. In this case H  is a cycle 
o f length seven, и =  7, k =  4, 1 =  2, and G is the graph of Figure 1 below. The lines 
in the figure represent cliques, two vertices being adjacent in G if and only if they 
are collinear.

Consider next the case k ^ 3 ,  1 =  1, o = l ,  b =  /с —1. Then if K 2 is the vertex 
o f A 2 adjacent to K f C ,  there are exactly k —l vertices in Ö, (K2) П C2 including 
K,  since K 2 is already adjacent to a vertex L l f  B{ Q D2(L0), and by the argument 
following (6) it is adjacent to at most a=T vertices of D2(L0). Since a = l ,  b == k —l 
o r  a =  k — 1, ô = l  for every choice of K £ C ,  it follows that each vertex K £ C  is
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contained in at least one set_C0 o f Jc — 1 vertices in C  such that either C0 ^ D l ( K 2) 
or C0 Q Dl (L2) for some K 2ZA2, L2£B2. By (4) and (5) we have

(9) JE—1 s  |C| s  2 k - 3 ,

so that if C0, C j are two such sets, they must have a non-empty intersection. If 
|С0 П С ,| S 2 , and К, Е^С 0 Г\С{ , thend(K, L )^ 2 , contradicting (Q3), since 1 = 1 .  
Hence it follows from (9) that either there is only one such set C0 £  C, or else there 
are two sets C0 , Ct Q C  with ICoD C jI =  1. In the former case, |C| =  Jc—1, while 
in the latter |C| =  2k —3.

We can easily verify, using (Q3), that the number of edges joining A2 and C 
is equal to the number of edges joining B2 and C. For fC;ÇC, set at =  
and bi =  |£>! (Ki) П B2\, and let 5 be the number o f K t's for which at=  1, bt =  k — l. 
Then since 2  ai =  2  we obtain

â  +  ( | C |  -  5)  ( k  - 1 )  =  5 ( k  —  1 )  +  ( | C |  -  5 ) ,
and since Jc^3,
(10) |C| =  25.

This rules our the possibility \C\ =  2k—3._A.s to the case |C| =  £ —1, it follows 
from (10) that we must have two vertices K 2, X 2 €C  with, say a { =  1 and b2 =  1. 
Let L 1£ A 2 and L2 £B2 be the vertices adjacent to K 2, respectively, then by 
our earlier argument L , , L2 are both adjacent to all of C, which implies A(Kx, X 2) S 2, 
a contradiction.

The remaining case Jc =  4, 1 =  1, a =b  =  2 can be shown to be impossible by a 
rather involved argument which demonstrates that Я  must contain a cycle of length 
five. We have omitted the proof here.

Concluding Remarks. The question whether the conditions (PI)—(P6) are re
dundant is difficult to answer in general. The example given in [2] with v = 7 ,  k — 3, 
2 = 1  shows that (P5) cannot be dropped without admitting additional exceptions, 
while the graph in Figure 2 below with v —16, k =  6, 2 =  2 demonstrates that the 
same holds true for (P6). For ease of exposition we have drawn the graph H  in 
Figure 2 with t —2, and thus n =  8, k=3,  2 =  1. The two vertices of G corresponding 
to the edges e and f i n  H are readily seen to be at distance 4 from each other.
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FURTHER STATISTICAL PROPERTIES OF THE WALSH
FUNCTIONS

by
A. FÖLDES

It is known that the trigonometric orthogonal system has subsequences which 
share important properties with sequences of independent random variables. In our 
present paper we study subsequences of the Walsh orthogonal system from this 
point of view. Let

Rk (x) =  sign sin 2knx 0 S  X  ̂  1

the kth Rademacher function, and for an integer n =  Z  ek2k (et =0, or e * = l)  let

wn(x) =  [J Rk(x).
‘k= 1

The Walsh functions {w„(x)} form a pairwise independent, but not mutually 
independent system. Since by [1] (see also [2])

Z  »’tW  75 f (x)  
l*=l I

where f (x)  is a measurable a.e. finite function, only lacunary subsequences of {w„(x)} 
will be interesting for us. By Lx we denote the set o f  sequences of integers satisfying 
nk+Jnk S  1 +k~*.

T h e o r e m  1 . (Central limit theorem) If  {nk}Ç.La for  0 < a < 1 / 2  then

(П lim P (  A/“ 1/2 У ИЧ(* )< « ]  =  ~X= I e 2 dt,
N- ~  ( *=1 ) y 2n J

in turn, for every l /2 < a < I  there exists an {nk} ^ L afor  which this is no longer valid.

(1) generalizes results of G. M o r g e n t h a l e r  [5] and P. Révész—M. W s c h e b o r

[2], where nk+l/nk^ q >  1 was assumed. The idea o f our proof is the same as in [2]. 
For the trigonometric case the analogous result was proved by P. E r d ő s  [3].

T h e o r e m  2. (Law of  iterated logarithm) For 0 < a <  1 / 2  and {nk} £ L I we have 
for a.e. x£[0, 1]

Hm (2JV log log N )~ 1/2 Z  w,!,,(*) S  1.
N~°° k= 1

The proof of Theorem 2 easily follows from our main lemma in § 2 by the 
argument discussed in [2]. Also the proof of (1) follows, after having the main lemma, 
the lines of the weaker result of [2] but we reproduce it in § 3 for the sake o f  com
pleteness.
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§ 1. Preliminary remarks

Lemma 1. Let 0 < a < l ,  and nr Ç[2V, 2V+I), then at most cr“ numbers of
{nk} belong to [2V, 2V+1).

Proof. Suppose that nk+l= x i |[2V, 2V+1) but nk< 2V, and и,+1<2л: for an l (>k) .
Then

Thus

2 x > n l+ i S n (+1 П  1 +  — \ = x  [J
f=k+ 1 V J j=k+ 1

i + -
у

I
П

j=k+ 1 1 + r
which easily implies; l —k <  ck*.

Remark 1. Lei 0 < a <  1, } ÇLx and l > k .  Then the first [log2 k'\ + 2  binary
digits o f ilk are not all equal to the corresponding digits of n,.

Proof. Let the first s binary digits of nk and nt be equal, then

2-s+i

consequently .s<[log2 &“]-+-2.

"i ~»fc a  1
nk ~  ka

§ 2. The main lemma

Lemma 2. Let 0 < a < and {nk} Ç_ L7 then we have for an arbitrary complex A

lim e ( f j  (1 +AiV-1 /2 wn ) |  =  1.
Л - -  \k= 1 )

This is an improvement of a lemma due to P. Révész—M. Wschebor [2]. 

Proof.

П  (1+AiV 2 w j  = 1 + X N  2 2  +  2  w n . +
k=  1 k =  1 1 ^  <  j ^ N

-A  _ N_
+  P N  2 2  wn.wn]wni+ - - - + ? f i N  2 wniw„2 ... w„N.

l ^ i c j - z l S N

Observe that the expectation of the second and third term is zero. So we have to 
prove that the limit of the expectation of the following part is zero as N-+°°.  Let us 
consider a term of that type :

( 2) XmNm'2 2  Wn w
-<LS)« 1 2

In (2) the expectation o f each term is 0 or 1, and it is 1 if and only if the 
exponent of each JRk(x) in и-Я; wn[ ...w„( is even. Thus we have to estimate for each 
fixed m the number o f products having expectation 1.
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Clearly, for choosing the largest index n,m we have at most N  possibilities. 
Suppose that n, £[2V, 2V+1), it means w contains Rv+ i . The exponent of Rv+l 
can be even in the product wni w„, only if we choose n, , also from theи h bn
interval [2V, 2V+1), which means by Lemma 1 at most cNx possibilities. Put

wqw =  wn w ... w„

By remark 1 w„(2 ) must contain a Rademacher function whose index is larger than 
( v + 1) —([a log2 Â ] +  2) =  V — [a log2 N ] — 1. To assure the even exponents of the 
Rk-s, we must choose nlm2 in the interval [2v~i>i°s2'vi- 1, 2,+ 1), which means at most 
([a log2 jV] +2) • (cNa) possibilities.

Among the intervals determined by the {nk}, k =  1 ,2 ,. . .  let us denote by 
['tfc(s)> wl(s) + i) the unique one which contains the integer j> 0 .

Concerning the choice of the next term of the product we have the following 
alternatives:

1. q(2) =  wMe<2 ,) and и,т _2 =  nk(qW)

2. q(2) =  nk(q{2 ,) and л,т_2 ^  nk(qW)

3. q(2) ?£ nk(q(I)) and nlm_2 is either or «*(t(2 )) + 1

4. q(2) nk(qi2 >) and n,m_2 is neither nk{qW) nor «t (,(2 ))+1.

Let us investigate all these cases.
1. To choose n,m_2 we have only 1 possibility, thus for choosing the first three 

factors we have at most N-  (cA*) • 1 possibilities. Moreover we have wq(3> — (wqu))2=  1 
so after these 3 steps reproduces itself the situation which we had before the first step.

2. and 4. Applying Remark 1 in case 2 for <?(2) an(j nlm_2 and in case 4 for 
and nk(q(2 >) + 1 we get, that in both cases there are at most ([a log2 N] +  2)(cN*)

possibilities for choosing nlm 3. Among these possibilities for и,т_3 there are all the 
alternatives 1—4. which we had in the previous step for Щт_2. (Now instead of 
<7 (2) we shall consider <7 (3).)

3. To choose и, we have only 2 possibilities. We may suppose that, if 
<7(2)£[2'ii, 2'ii + 1) and”i/<3)6[2"2, 2I,2+1) then цг <  ц к — [a log2 N] — 2, which means, 
that the diadic interval containing q(3) lies at least [alog2 A] +  2 diadic intervals 
lower then the one containing q(2K (An interval is called diadic, if it is of the form 
[2P, 2P+1) p^O  integer.) If the above condition does not hold we can follow the 
same way as in case 2 and 4. In choosing «/m_3 we consider the following alter
natives:

0) nfm_3€[2"J,2"*+Cail0*2Jvl+2)

(ii) И/ 3Ä2"2 + [°‘log2Jvl + 2

If neither (i) nor (ii) holds then Rll2+i would have an odd exponent in our product. 
In case (i) we have again at most ([a log2 А] +  2)(сЛГя) possibilities to choose w,m_3, 
and among them there are again all the types of possibilities which we have inves
tigated in choosing n,m_2. In case (ii) we have only the trivial upper estimation N  
for the choice of n,m_2. But observe that in this case л,т _3 belongs to a higher diadic 
interval than q(3). Therefore <7 (4) belongs to the diadic interval which contains
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п,т _3, thus we have to choose n,m_4 from the same diadic interval, which means 
again at most cN* possibilities. (Any other choice would result an odd exponent 
o f  an Rk.)

Let us notice, that wqu) =  wq(3)(wn[ w„( ). By Remark 1 the index o f the
product w w is larger than 2 "2 + thus g(5) must belong to the diadic interval 
which contains the index o f wnj w„( . But this diadic interval, as we have seen,
lies at most ([a log2 IV]+ 2 ) diadic intervals lower, than the one which contains 
nlm_4. It means that to choose nim_5 we have again at most ([a log2 Ar]+2)(cA f“) 
possibilities. We obtained, that to choose the consecutive 3 terms nlm_2, nim3, л,т _4 
we have at most 2N(cNa) possibilities, and at the choice of the next term nlm 5 
reproduces the same situation which we had for the choice of nlm_2.

Let us summarize our results:

1. After the first 3 steps we have again “almost” N  possibilities, so we can con
sider the fourth step as a new beginning of our process, where the number of the 
factors o f the product will change from m to m — 3, and for these 3 steps we have 
at most N-icN“) ’ 1 possibilities.

2., 3. (i), 4. In each step of these type we have at most ([a log2 A ]+ 2 )-(c A a) 
possibilities to choose the next term.

3. (ii) We have to choose a cycle containing 3 consecutive steps, where the 
corresponding possibilities can be estimated by (2IVcIV").

The only exception is the last term which can be choosen at most 1 way.
Being a < l/2 w e  obtain;

{([a log2 N ]+ 2 ) c N xy  <  2NcNx (if N  is large enough).

As there are such steps where we have twice two alternatives to choose, we 
estimate the total number o f choices by

m — 4

(3) 4mN2(2NcN*)~*~
(In (3) we took into account that the (m — l)th step may be in the middle of a cycle.)

Estimation (3) is strong enough for our purpose if m ^5. It is easy to see that for 
m =  3 and m — 4 the estimations N ' ( c N “) - 1 and N- (cNx) • ([a log2 Ä] +  2)ЛГ0: • 1 are 
valid. Thus;

lim
N-*- oo

N
271=3

N  2 E(
1SÏ,-=Z,

V
, V \

lim
N-*-oo

N с(|А|3(1 + |Л |))+  2  (4|Л|Г(2сА +* 2)
m —41

3“ =  0 whenever a <
1
2 '

§ 3. Central limit theorem

P roof o f(l):  Put SN =  w ni +  w „2-1----- \-w„N a n d  Тл,(м) =  Р(5'лЛг_1/2<«). Denote
(pN(X) the characteristic function of FN(u). We have;

OO _ S fif /  N  ч

(pN(X) =  J  eiXu dFN(u) =  E(e f v )  =  E l eiXN~'/2 Wn‘< I
— oo
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Applying the identity: 

we get:
exp z =  (1 + z) exp (^z2 +  0 ( |z |3)) if z —0

6XP(fH  = (1+Ä4 “P(”̂  + i,(A,W')) Where |jP(A,VVjl -
Therefore

<pN ( X )  =  <?
u

П  1 +  V m w"kU=i l yN
+ 0 N m

3 jap.
Q N1̂2

Using the main lemma we have (pN(k)-»e ^a2 if N which proves our statement.

§4. The lacunarity condition nk+l S   ̂1+  ~ j nk, <x =►  ̂ does not imply 

the central limit theorem

P roof of  the counterexample to (1): Let Ix(ß) ( 0 < a <  1) be the set of integers v 
with the following properties:

a) If 2,-1 ^ v < 2 ' then t satisfies

К  =  ß + l - а log2 í О

where ß is a fixed integer determined later.
b) All binary digits following the first К  digits vanish.

Consider the sequence of the elements of the set of integers U /а(/?)П(0, 2r)
Г= 1

in increasing order and denote it by {я*(a)}. We show that for a convenient choice 
of ß {/?*(а)}€Т„. Let N(r)  be the number of members o f the set Ix(ß) П(0, 2r) By 
elementery computation we obtain, that

l l
(4) (1—а)2"-1г 1-* - A ( « , ß )  S  N(r)  S  (1 - а ) 2 » ~ 1(г +  1) -  В(а, ß)

where A(а, ß) and B(cc, ß) are functions of a and ß, but they do not depend on r, 
so after fixing ß, they can be considered as constants. Clearly,

=  2 - 1  +  (2"+[ ^  1оИ -1 - 1) 2r" ( '+f e 1о,2ГДw[N(r)](ot)

where
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Using estimation (4) it is easy to see, that with a convenient choice of ß

n [ N ( r )  + p + l K a )  Ä  J ___________ t

"[«W til (*) ( [ N ( r ) + p \ ( y . ) f

for p  =  0, 1, 2, ... 2ß t 1_0[ b"( ^ —1, that is {«*(«)}£L X for every 0 < a < l .

Making use of the Borel—Cantelli lemma, we shall show, that the partial 
sums

[ N ( r ) ] 0 )

2  wn.M (x) 
j =  1

are bounded for almost every x£[0,  1], whenever l / 2 < a < l .  Clearly this contradicts 
to the central limit theorem.

We need the following remark. The obvious proof is omitted.

Remark 2. By C(r, к) we denote the set o f  integers in [T~ ' , 2r) having vanishing 
last r —k digits, then we have:

a) Tr(x) =  2  Wj(x) =  Rr(x) f j  (1 +Rj(xj )  x£[0 , 1]
j  Ç.C (г, k) j  =  r  — k + l

where Rj(x) denotes the j th  Rademacher function.

r — 1 2k~1 i f  x e
t  t

b) П (1 + З д )  = - 2 r —/с ’ 2r ~ k

j = r —k + 1 0 otherwise.

~)r — k

С) Р ( а д ^ 0 )  =  - т г т .

Let us denote by Ar(a) r = l , 2 ,  ... the following events:

=  { x : S n i N ( r ) U „ f x ) - S n i N ( r ^ u J x ) *  0}

Applying Remark 2. we have;

P(T<*>) =

Therefore:

2  P(AP) s  2^2  2

[тГ-а108̂ ] - 1

1 ~ 1

. 1 — a

whenever
1 —а 1, that means when a Thus from the Borel—Cantelli
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lemma follows that for almost every x  at most finitely many

IN <r)I («) C * )  lN ( r _ j j j  (a) (•* )

can be dilferent from zero, and this implies our statement.
Added in proof: We remark that for 0 <  a <  {и*} Ç_ La also

N
ÏÏm (27V log log N ) - i  2  wnk(x) =  1 holds a. e. The proof is similar to the method o f [7].

k=l
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JOINT DISTRIBUTIONS OF KOLMOGOROV—SMIRNOV 
STATISTICS AND RUNS

by
SUJAN VELLORE

1. Introduction

Investigation of the maximum difference and maximum absolute difference 
between the empirical distribution functions of two independent samples and of  
similar statistics, was begun by Kolmogorov [9]. He found the limiting distribution 
of the statistics и1/2 sup |F„(x) —F(x)| suitable for testing the goodness-of-fit prob-

lem of whether x 1; x2, ... ,  x„ have a known continuous distribution function F(x). 
The related statistics и1/2 sup [F„(x) — F(x)] and the two-sample statistics were pro-

posed by S m irnov  [14].
The results for the one-sided statistics =  sup [Fm(x) — Gn(x)] and the two-

X

sided statistics Dm „ — sup |Fm(x) — Gnx)\ for the case where m =n  are due to
X

Gnedenko and Korolyuk [6] and independently to Drion [5]. Proofs of the results 
were based on a random walk model.

As regards expressions for the distribution of the two-sided statistics Dm there 
are also some attempts, e.g. by Korolyuk [11] and Blackman [2] for the integer 
multiple case and by D epaix [4] for the general case but the results are extremely 
complicated.

The asymptotic distributions of and Dm „ were treated by Smirnov [14],
[15], and by Kolmogorov [10] when the ratio of the sample sizes converges to a 
constant bounded away from zero and infinity.

Fine summaries o f r*any results in this field are given by Gnedenko [7], Hájek 
and Sidák [8], Barton and Mallows [1] and D arling [3].

The well-known run test was studied by Wald and Wolfowitz [16]. It is based 
on the number of maximal uninterrupted subsequences of elements of like kind in 
any ordered sequence of elements of two kinds. More general results on runs have 
been presented by Mood [13].

Recurrence relations which help to compute the joint distribution of D„ „ and 
runs Rn were given by M o h a n ty  and P etros [12]. In the present paper, exact 
expressions for the joint distributions of {D +u, /?„,,} and {/)„„, R„ „} under 
H0 : F(x) =  G (x) are presented. The conditional moments and the correlation co
efficient for {D+„, Rn „} are then derived. The asymptotic distributions are also 
determined.
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2. Joint distribution of (£> + „, R„ „) under H0

Let us denote by х 1г x2, ..., xmi and by y 1, y 2, y ni samples drawn from 
populations with unknown continuous distribution functions F(x) and G(x), re
spectively. Let Fmi(x) and G,n(x) be the corresponding empirical distribution func
tions. Denote by z 1-=z2-=— =zm|+ni the ordered combined sample.

We further introduce the random variables

Oi
1 if Z ;  =  X j

[ - 1  if Zi =  y k 
and let the partial sum o f the 0;’s be denoted by st , i.e.

Si =  Oj +  02 L ' • • +  0; j 1= 1,2, ... 7«!+«!

s0 =  0
Under the assumption F(x) =  G(x) each series (0l5 02, ... ,  9mi+ni) of the тл ( + l ) ’s 

and th e /г, ( —l)’s has the same probability I 1 1I.

If the points (/, Sj) are represented in the plane and each of them is connected 
with the next one, then we obtain the usual illustrative figure of the paths, starting 
at the origin and reaching after (т^+п^) steps the point (m, n) where m =  Шу-Уп̂  
and n =  772J — 77j . We assume m v = n l .

Further, in the following a path as defined above will be said to have R runs 
if the total number o f changes from positive direction to negative direction and vice 
versa is R — 1. We shall distinguish this ordinary path from a composed path by 
defining the latter as one made up of runs where two consecutive runs are not neces
sarily of different kind.

For ease in writing we introduce the following symbols:

Emn\ a path from (0,0) to (7 7 2, 72)

E*'„: an Em n path with R runs

E ^ n\ an £■£„ path starting with a positive step.

E%~„: an path starting with a negative step.

E^'n- an Е*'П path crossing the line y  =  t at least once (t>0).

E ^ n ’’. an E*+ path crossing the line y  =  t at least once.

E * ~ an E*~n path crossing the line y  — t at least once.

E l i n’’’l(Em'n 1 * : a composed path from (0, 0) to {m, rí) having /• positive
runs and l+ r  ( l + r + 1) negative runs where the first /+ 1  runs are negative and the 
remainder of the runs alternate.

p 2 r - , t , l  X-'m,n Г+ 1) - , t , l  
n ):  An Em,n - 'l{E(ml rn+l>-•■•') path crossing y  =  t.

N(A): The number o f all A paths, e.g. N (E m n) =  Í m П
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Theorem 1.

(2.1) А (£ Й +1> + ’ 0 =
m — n \"T 1 ‘ 1

i r - \ r

Proof. Let OPQ be an Е (Ж 1} + • ' path (see Fig. 1) where P  is the last point 
of intersection of the path with the line y = t .  It can be shown that there exists a 
1:1 correspondence between the £^%+1)+,< paths and the E £ r2+1j,-  paths.

Reflect the section of the path from P to Q along the line y = t ,  i.e. change 
the direction of each step of the section from P to Q along y  =  t. Next reverse the 
order of the steps in the segment OP  i.e. if (01; 02, . . . ,  0p) denotes the segment, 
we replace it by (0p, 0p_ ! , . . . ,0 2 ,0 !) , (see Fig. 2.). The resulting path is an E £ r2+t-n~ 
path.

By reverting this procedure it can easily be verified that the transformation is 
one to one.

The number of such paths is

m + n Ü L t l - ' - A
2

г — 1 г
(see 16).

The procedure applied above will henceforth be referred to as the “usual pro
cedure”.

Theorem 2.

(2.2) N  ( Е Ж *)■->(’() -
т — п т + п 

2
г — 1 r +  1

Proof. Let OPQR denote an Ein2irn+ i)~’,'‘ path with Q as its last point of inter
section with y = t  and with P  as the point where its first ( / + 1) negative runs end.

Apply the „usual procedure” at the point Q to the path PQR. The resulting is an 
Em,2 t'-n + i Path (see Fig. 3. below).
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The number of such composed paths is

m — n
+  t -  1

г — I

m + n
t -  1

r +  /
That the transformation is 1:1 can easily be verified by reversing the procedure 

about the point Q.

Corollary: For an ordinary path £ ^ r„+ 1J •' the corresponding result got by 
putting /= 0  in (2. 2) is

m — n m +  n
(2 .3 ) N(E%'n+ V - - ‘) = 2 + ' - 1 2 - ' - 1

r -  1 r
Theorem 3.

(2 .4 ) ЩЕ2Г+- 0 =
m — n 

2 + '  '
m +  n

2  t —\

r -  1 r — 1
P roof. Let OPQ denote an E ^ J ’1 path with P  as its last point o f intersection 

with y = t  (see Fig. 4).
By applying the same procedure as in the previous two theorems, it can easily 

be shown that the correspondence between the Е „ ^ л paths and the E^'jt- n paths 
in one-to-one. (See Fig. 5.)
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Now

and hence the theorem follows. 

T heorem 4.

m — n
2IIc1

w

r -  1 , r - 1  .

(2. 5)
m — n 

2
m +  n 

2
r - 2  . r +  l

m + n

Proof. Let OPQR denote an E ^ ’*’1 path with Q as its last point of inter
section with y = t  and P  the point where its first (/+ 1 ) negative runs end.

By applying the „usual procedure” to the segment PQR  at the point Q we get an 
Em,2 t-n~’''l+1 path (see Fig. 6. below). The number of such composed paths is.
Im — n m + n J 

2
r - 2 r +  l

By reversing the procedure about the point Q, it can easily be verified that the 
transformation is 1:1.

Corollary: For an ordinary path E*r~’r  the corresponding result is a special 
case of (2. 5) got by putting 1=0. Hence we have

(2.6) N ( E ^ - < )  =
m  — n
-  2 -  +  ' - ' 2

r - 2 r
n =  t

m +  n 
2

Note: An alternative method of proof of the above theorems has been included 
in the author’s dissertation to be submitted for the CSe. degree to the Hungarian 
Academy of Sciences.

From the preceeding result the joint distribution under H0 : F(x) =  G(x) 
of the pair of statistics (D + n, R„ n) where

Dn.n =  max [ Т л ( х ) - С „ ( а ) ]

and R „„ is the number o f runs in the combined sample of 2n elements, can be written 
down as follows.
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T heorem 5.

(2 .7) =  -

P roof. The derivation of the probability P (D+„^t/n, Rn n= s )  involves the 
enumeration of paths from (0, 0) to (2n, 0) not crossing the line y = t  and having 
s runs.

The theorem follows by making the substitutions m =  2n, n =  0 in the results 
already obtained.

3. The moments of [£)+„, /?„_„]

The conditional first and second moments o f the random variable R„ n under 
the condition D+n^ t/n , the product moment and the correlation coefficient for 
0 are as follows:

( 3 .  1)

(3 .2)

E(Rn,n\Dtn  =  tln) = 

t {R ln \D tn^ t\n )  =

(2л
(« +  ! ) -

2 л - 1 1
n - t - l j

2 (л — i)u
i 2n) ( 2л
(л  J U - i - l

2л — 1 
n — 1

(3 .3 )

2л —4 
n —t — 3

’2л
n

{n +  1)2 +  2л
(In - 2
( л — 2

{(2л — 3) (2л — 2) +  3 (л + t — 1) (л + 1 — 2)} — 2(л — t + 1 )

- 4

л — 3 
2

In —2 
n — t — 2

(Зл +  2г — 1)
2л

n — t — 1

-22п_2(2л +  1) —

E («„,„•£+„) =  
(2л —3

л —3
(8л- 6 ) - 3

2л - 2 )  
л —2

2 л - 1 
n — t — 1

The expectations and variances of 7?„ „ and are :

E(7?„ „) =  n + 1 ; a2{R) =  — r -̂ (see 16)2л — 1

Е (В Д  -
)2и — 1

(Г
1 2n_1
4 '2л'
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Hence the correlation coefficient between D+„ and R„ „ is

22"-2
( * 1 )  (An 5)| 

n )

'2 n -2 \
n — 2 J a i

n(n— 1) 
2/1-1

1
« +  - -

9 2 /1 -  1 

ж
2 1/2

4 .  T h e  A s y m p t o t i c  D i s t r i b u t i o n

For the joint limiting distribution we make use of the transformation

n x \n  , , „
r =  — -\------= and t —y ) 2 n

2 2 /2
which gives

(4.1) lim p U „ >b Ш n +  ~ - ,  Dn,n ^  =  ( l - e ~ 2y2) f  6 dx
n-~°o (  \2  \n )  J \ 2n

— oo

— oo ̂ X < o o  Q <  v <  oo

This shows that R„ „ and D + n are independently distributed in the limit. Further as
II - »  CO

E (Rn, n I A t  n—t/ri)-*n 

o 2(Rn,n\D£n^tln)-~n/2

Е (Л „ ,„ -В Д -и 3/2.

Q{Rn.*D+n) - 0 .

5 .  J o i n t  d i s t r i b u t i o n  o f  ( / ) „ „ ,  Rn „ )  u n d e r  Я 0

Again as before we employ the random walk model. For the determination of 
the probability of the event (D„ „^St/n, Rn n= s )  it is necessary to enumerate the 
number of paths from the point (0, 0) to (2n, 0) not crossing the lines y  =  ± t  and 
having s runs.

We further make use of the following notations in continuation of those used 
in (2). These notations hold both for /> 0 , and for 0, /< /? < /'. Also by
“Crossing” we mean a double intersection, one in either direction.

-Em.’í An £ * ,  path which at some stage crosses first y  =  t, then y —t' and 
then goes on repeating these crossings к times, and finally again crosses y  =  t 
for the (k +  l)th time.
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J?*«*®'*'®: An E*„ path which at some stage crosses first y = t ,  then y = t '  and 
then goes on repeating these crossings к  times, ending in a crossing of y = t '  
for the kth time.

ЕтХ’Нк+1)’г (k) (ßm,n',<k+lh' <k>)- An ££;Í№+1),,'№) path starting with a positive (nega
tive) step.

Em%’nk),t(k) An (k) path starting with a positive (nega
tive) step.

The corresponding composed paths will be defined as before.
In particular for k = 0 we have

p R , t ( l ) , t ' ( 0 )  _  p R , t

pR,t(0),t'(l)  _  pR,t'
^ m , n  J-'m, n

In the following theorems 0,

T heorem 6.

(5. 1) =
m — n

(k +  \ ) t - k t ' - \  

r —k —2

m +  n
~ { k + \ ) t  +  kt' - \  

r +  k

P roof. By applying the „usual procedure” at the appropriate points of inter
section first to the path and the again to the path E£'„~ i)->2»-2''№).t№).i
we have the following recurrence relation :

N  =  N (E ^ n~+22\Z’2V - 2,'-2,- r’2)
so that

V  2 r i ~ ’ , i №< + 1) ’ 4 (*■).2 '^  _  0", — 1) — .<( + 1 №i)><5 + 1 (k | — 1). 2  ( / + 1)^
i = 0  i =  0  m>n i +

where
rt =  r — i, k t =  k — i, и,- =  n +  2 it — 2 it' 

tt =  ( 2 i + l ) t  — 2 it\ ti =  2it — (2i—\)t'
whence we obtain

X f ( p 2 r - , t ( k + l ) , t ’ i k ) \  _  M ( p 2 ( r - k ) ~ ,  {2k + l ' ) t  — 2 k t ’ ( l ) , 2 k t — ( 2 k — l ) i ' ( 0 ) ,  2 k \  
1У )  —  i y  K.J-'m, n + 2kt  — 2k t '  )

The required result now follows from theorem 4.

Theorem 7.
(5.2) N (E 2r*2r+,-t(k),-f(k)\ _(k>) =  N (E ^ --t(k)’,'(k>) =

m +  n
+  kt — kt' — \ m — n -kt +  kt' — 1

r — k —l r +  k - l
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Proof. A s before the application o f the „usual procedure” gives the follow ing 
recurrence relation:

=  N ( E f í -  =  N (Ear-+22)iZ.3 ,-2r«-
so that

V  j y  2 r ( — f 1 ' i 2/^ __ ^  ^ ^ - 2  ( r f—1)—,f( + j (fcj—1 ) , + , (fci—1), 2 ( / + 1)^

(=0 * 1 = 0 ’
Therefore we obtain

Д Г ( £ 2 г - , < (1 0 , ( ' (* ) )  _  m + l ) I - 2 f c l ' ( 0 ) , 2 K - ( 2 R - l ) i ' ( 0 ) , 2 k - j

The required result now follows from Theorem 4.
Again by the application of the „usual procedure” and by using the preceeding 

two theorems, we obtain the following path enumerations in the form o f a corol
lary.

Corollary 1.
(5.3)

(5.4)

(5. 5)

(5.6)

(5.7)

(5.8)

N(EmriZ ,nk+1),,fk)) =  N(E *'Z’„ -,(k+1)’- ,'(k)) =

m — n +  ( k + l ) t - k t ' - l  

r - k -  1

m +  n - { k + \ ) t  + k t ' - \  

r +  k - l
(£2 ,+ .,w ,<'(*>) =  N (E 2r-,n- m , - f W)

(EL:rn

^ + a + k t - k t ' - 1

r - k -  1
+  l )  +  , i ( k + l ) , f ' ( * ) 4  _

HI — 11 - k t  + k t ' -  1

“>) =  A(£<f_V

г +  Л -1
00) =

—2---- \-(Jc+Y)t — kt —1
m +  n ,, , , . , 
—2------(A: +  1)/+ A:/ —1

r — к — 1 r +  k
(^C Z '+^ l j  + . - K k + l ) , -»'№)) _  j y ( £ 4 2 r + l ) - , « ( * + 1),^!*))  _  

‘m — n
- + ( k + l ) t  — kt' — l m +  n 

2 (A: +  \)t + kt’ — 1 

r + kr - k -  1
(£42r+i)+,»№).»'(*)) =  TV(£'£2rV ) _,(*+ J)>- , ,00) =

m +  n +  kt — kt'— 1 

r - k

m — n - k t  +  k t ' -  1

г +  A:— 1
(£42r+l)+,i(k),-!'№)) — N ( E m n + ** =

m +  n +  kt — kt'— 1 m — n - k t  + k t ' -  1

r - k -  1 r +  k
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Theorem 8 .

(5.9)
2п)
п ) Р ( 0 П'П*и/п, R„,n =  2r) =  2 ^ _ j

n - l Y

у
k =  0

n +  (2  к + 1) i — 1 ) in — (2  к + 1) t — 1
r - k -  1 г + k — 1

(n +  (2k +  l) f  — 1Ï fn — (2k +  l) f  — 111 -  (n +  2 k t - \ \ ( n - 2 k t - \ \{ r - k - 2 J (  r +  k  J + 2  2 k? 1{ r - k - l  J > r +  k — 1 )
Proof. We know that if .Efko* denotes an £ 2«, о path crossing either + =  r or 

у =  — t atleast once, then

=  t ^ W )  +  В Д к 0 ,(1))] -  [ ^ ( В Д 1'•-'<'>) +  N {E Ri, - hv),,<a , }] +

+  [ а д ^ 2)- - ,(1)) +  а д п'.0((2)’,(1)) ] -  -  +  •••
Since

(2и)
и J P ^ .n S t /n , /?„,„ =  2r) = 2 [ r_ j J  - N ( E ^ 0’±,) - N ( E ^ ; o ±t

n — 1
)

the required result follows by making use of 5. 1, 5. 2, 5. 3 and 5. 4 and by putting 
m =  2n, n =  0 and i' =  — t in them.

Theorem 9. 

(5.10)
2n\
n J P(D„t„ =  t/n, Rn,„ =  2r +  1)

“ (n +  {2k +  \ ) t - \ \ ( n - ( 2 k  +  \ ) t - n
_  - 1J [ r J [ кё о {  r - k - 1 Д  r +  k J +

+ 2 V
_fc= 1

/ 2  +  2kt — 1 ) ( / 2  — 2kt — 1 'l in  +  2kt — 1 
r +  k —1 J  I r — к — 1r - k

Proof. As before since

( 2 « )  ( / 7 - 1 1
j P ( Z ) „ j n ^ i / / 7 ,  Rn n =  2r +  1) =  2 ^ _ j

-  N ( ß (£ t  ‘> + - ±0 -  N (E g rj 1 > " ■■±() 

the required result follows from 5. 5, 5. 6, 5. 7 and 5. 8.

[n — 2kt— 1 
r +  k

/? — 1 
r
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6. The Asymptotic distribution of (D„ „, Rn „)

By making the transformation 

r -

in the joint distribution, we get

n x^n
r ~  ---- 7=>2 2^2

t =  y^2n

(6.1) lim P I D

1 - 2  2  (_ l)" -+ le -2m2J>2 
»1=1

у П  R „  , x Ÿ n \

w  " S " + J T ] =

Í  e~x2/2I ---,__  dx - o o g X S c o  0 S y g .
J i  In

which again shows that in the limit R„ „ and D„ „ are independently distributed.
7. Acknowledgement. My thanks are due to Prof. S. G. Mohanty for initiating 

me into this piece of work.
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PSEUDO-QUADRATIC PROGRAMMING

by
MIHAI DRAGOMIRESCU

Abstract

This paper1 considers the class of programs, so called “pseudo-quadratic” 
(p.q.-programs), of the type mini/'(л) where X a R "  is a convex polyhedron and

x ( . X
the objective function has the form ф(х)=(р(с'х, x'Vx), x  and c being и-vectors, 
V a given positive definite иХи matrix and tp(u1, u2) a real-valued function defined 
on the set U, the image of X  under the mapping x — (c'x, x'Vx). It is shown that 
under suitable assumptions(convexity of i/r on X, differentiability of <p and strict monot
onicity with respect to u2 on U) this program can be reduced to a parametric quadratic 
program. Little extrawork besides the solution of the equation (6) involving the 
single unknown A, is required in order to solve the original problem. Section 3 
deals with some p.q.-programs arising in stochastic programming with random 
objective, for which the Basic Theorem is extended. The relationship with G eoffrion’s 
results on “Bi-criterion Programming” [7], as applied to p.q.-programming, is 
outlined (Section 4) and some numerical examples are given (.Section 5).

1. Introduction

The present paper considers a class of programs which can be solved using 
any of the available techniques ([16], [12], etc.) for parametric quadratic program
ming.

We call “pseudo-quadratic” (p.q.-) the following program:

(1) min \jj{x) =  cp{c'X, x'Vx)
xiX

where c is a given и-vector, V a given иХи symetrix matrix and cp a real-valued func
tion defined on the set U = {(u 2, m2)|m1= c' x , u2= x 'Vx , x ÇA}. All vectors are con
sidered column-vectors and the accent stands for transposition.

We consider A to be a convex polyhedron X =  {xÇ.Rn\Ax^.b) where b is a 
m-vector and A a m Xn  matrix. Although the Basic Theorem below holds if X  
is an arbitrary convex set defined by inequalities involving differentiable functions, 
for the sake of numerical computation we need however the linearity of constraints.

1 This is a revised version o f a paper which appeared as a Report of the Center of Mathematical 
Statistics (April 1 9 6 8 )  and was presented at the Third Colloquium on Probability Theory, Braçov, 
September 1 9 6 8 .  Section 4  was added to the earlier version after G e o f f r i o n ’s  paper [7 ]  was brought 
to our knowledge.
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Assumptions :
(i) (p has continuous partial derivatives on U (denoted (pUl and <p„2 respectively) 

and <p„2> 0 on U;
(ii) the matrix V is positive definite ;

(iii) ф is convex on X.
Essential for the results bellow are the assumptions (i) and (ii). The convexity 

requirement (iii) can be replaced by quasi-convexity of ф on X  (see Th. 2) if a weak 
condition (cf. [1]) is added to guarantee the sufficiency of Kuhn—Tucker conditions 
for (1). In the non-convex case the procedure below generates some stationary 
points of ф on X  among which there are all local-minima o f ф on X, and the optimal 
solution is easily found among them. If besides (i) (p is assumed convex on the convex 
hull o f U, then ф is strictly convex on X  — as readily follows from (i) and (ii) — so 
that (1) has at most an optimal solution.

In the next section we shall prove that under assumptions (i)—(iii) above the 
p.q.-program (1) is equivalent with the quadratic program:
(2) min kc'x+ x'V x

xiX
for a suitable value of the real parameter k. Notice first that, because of (ii), (2) 
has for each k^R  an unique optimal solution, which will be denoted by xx. Let 
us recall that the optimal solution function xx (and the corresponding Lagrange 
multipliers y x too) is, with respect to k, continuous on R (cf. [2]) and piece-wise 
linear, i.e. there are critical values —°o=20< /l1< — =2s= + ° o  so that:

(3) xx =  x \+ k x l2  for kt^ k ^ k i+1 ( /= 0 , 1, 1).

We shall need below the following simple properties:

L emma 1. If non-empty, the set {k\xx= x 0} is a closed interval.

P ro o f . The set is closed because of the continuity of xx. To prove it is convex 
suppose к1т±к2 and xXt= x X2= x °  and put к =  tkt +(1 — t)k2 where 0<Г<=1. x ° , 
together with the multipliers y Xt satisfies Kuhn—Tucker conditions (10)—(11) for 
kt , /= 1 ,2 .  Multipling these inequalities by t, respectively 1—t and adding them 
we get that x°, together with y x =  tyXi+ ( l  — t)yX2, satisfies (10)—(11), so that x° 
is optimal in (2) for k, i.e. x A =  x°. It then follows from (3) that there is an i such that 
x x =  x° for each к £ [ /;, ki+ , ].

LEMMa 2. If the optimal solution o f  (2) is given by (3) then for each i =  0, 1, ...
. . . ,  p  — 1 we have:
(4) (kc +  2Vxx)'x i =  0 

fo r  each kÇ (ki: ki+,). Moreover (x \yV x 2=  0 and
(5) c 'x 2  +  2xl2 Vx2 =  0.

P ro o f . The function k (p ) =  kc'x^+x'^Vx^, differentiable on (2,-,2i+1) attains 
its minimum on this open interval at k, so that

dk
° =  dp (Я) =  (Ac +  2VxJ ' x2

since dxx/d k = x 2 on (kt, k i+1). The last assertions follow immediately from 4).
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Lemma 3. (i) ([16]) The function A — c'xx is nonincreasing on R;

(ii) ([9]) The function A -*■x'x Vxx is nonincreasing for  A^O and nondecreasing 
fo r  AsO;

(iii) ([10], [13]) The function A-►(a^Faa)1/2/A is nonincreasing for A >0 and 
also for A<0.

2. Basic results

The theorems below are based on the fact that, under the assumptions (i)—(iii), 
both problems (1) and (2) are convex programs so that Kuhn—Tucker conditions 
[11] are necessary and sufficient for optimality and, moreover, these conditions 
coincide for the two problems if A is a solution of the equation

(6) X(A) =  A
where

A (A) =  (pUl(c'xx, x'x Vxx)/<pul(c'xx, x x Vxx)

or %(X) =  (piJ(p$ 2  denoting by (рщ ( /= 1 ,2 ) the partial derivatives of <p taken at the 
point xx. Notice that because of (i) and the continuity o f the optimal solution func
tion xx, X is continuous on R.

T heorem 1. Under the assumptions (i)——(ii), if  x* is optimal in (1) then there 
exists a solution X* o f the equation (6) such that x * = x x..

P roof. Let
(7) A* =  < / <

where <p* (/=1 , 2) denote the partial derivatives of cp taken at the point x*. Since 
x* is optimal in (1) there exist the multipliers y* £ R m satisfying Kuhn—Tucker 
conditions:
(8) <p*lc +  2(p*2Vx* — A'y* =  0

(9) y* S O , A x * - b ^  0, y*'(Ax* - b )  =  0 

Then Kuhn—Tucker conditions for (2), i.e.

(10) X c+2V x—A'y  =  0

(11) y S  0, Ax — b ^ 0 ,  y'(Ax — b ) =  0

are satisfied, for A=A*, by x = x *  and y=y*l<p*2 since </>î2> 0 . Therefore x* is optimal 
in (2) for A=A*, i.e. л:* =  ад.. Then (7) is equivalent to x(A*)=A* and the proof is 
complete.

C orollary 1. A necessary condition for (1) to have an optimal solution is that 
the equation (6) has at least a solution.

C orollary 2. If a* is optimal in (1) then a* = aa. where X* minimizes the func
tion Ф(А) =  |Д(ад) on R.
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Proof. According to Th. 1, х*6А * =  {хя|А£7?} and therefore (1) is equivalent to 
min ф(х) =  min ф(хх) =  min Ф(А).

x í x * лек лек
If the existence of an optimal solution in (1) is somehow guaranted then the 

converse of this corollary is also true and, as in G eoffrion’s approach ([7], Th. 1),
(1) is reduced to the one-dimensional problem of minimizing Ф on R:

Theorem 2. I f  assumptions (i)—(ii) are satisfied and X  is compact then a necessary 
and sufficient condition fo r  хя to be optimal in (1) is that A minimizes the function 
Ф on R.

Proof. The necessity coincides with the corollary 2. Now let A minimize Ф 
on R. Since X  is compact (1) has at least an optimal solution x*. Then (cf. corollary 2) 
there is A* minimizing Ф on R such that х* =  хя». It follows that Ф(А)—Ф(А*), i.e. 
t/z (x*) =  ф (x;) and therefore x x is optimal in (1).

Theorem 3. Under the assumption (i)—(iii), if  A is a solution o f  (6) then хя is 
optimal in (1). I f  moreover Ac +  2Vxx X 0 then the theorem still holds i f  the convexity 
assumption (iii) is replaced by quasi-convexity o f ф on X.

Proof. If хя and y x satisfy the conditions (10)—(11) then it follows, using (6), 
that х * = х я and y* =  <p'U2y x satisfy Kuhn—Tucker conditions (8)—(9) and therefore 
х л is optimal in (1). To prove the last assertion notice that from (6) and (i) it follows 
that Vi//(x;) =  (Ac +  2 Vxfi cpß2 ^  0 and (cf. [1]) with, this condition, (8)—(9) are 
sufficient for optimality provided the objective is quasi-convex.

Notice that if the convexity assumption is dropped out then for a solution A* 
of (7), хя* is generally a stationary point of ф on X; it may be a local-optimal solu
tion or even a saddle-point. Anyhow, if all the solutions of (6) have been found 
then the optimal solution in (1) can easily be selected among the resulting хя.

The following theorem is concerned with the set of solutions of the equation (6).

Theorem 4. Suppose the assumption (i)—(ii) hold and <p is convex on the convex 
hull o f  U. I f  the equation (6) has a solution then either the solution is unique or there 
is a whole interval o f solutions [A;, A;+1] where А;, Аг+1 are critical values in (3).

P roof. With the assumptions of the theorem ф is strictly convex on X  so that 
the optimal solution in (1) is unique provided it exists. Suppose Ая and A2 are dif
ferent solutions of (6). Then (cf. Th. 2) both хя, and хЯг are optimal in (1) and there
fore х Я1= х Я2. It follows from lemma 1 that there is an interval /= [А г, Ai+1] in (3) 
such that, for each AÇ7, хя is optimal in (1). Then Theorem 1 implies that each A £ /  
is a solution of (6).

The theorems (1) and (2) are concentrated in the following Basic Theorem 
showing that (6) is a necessary and sufficient condition for хя to be optimal in (1).

Basic Theorem. Under the assumptions (i)—(iii) the p.q.-program (1) has an 
optimal solution x* i f  and only if  there is a solution A* of  ( 6) such that х * = х я„.

This theorem can be naturally adapted for the general convex “bi-criterion” 
program (24). It is also easily seen to be true for the maximum problem if instead 
o f (iii) and respectively (i), ф is supposed concave on X  and <p„2< 0  on U.

The procedure for solving (1), justified by the Basic Theorem, consists of solving 
the parametric quadratic program (2) till (6) is satisfied. Then хя is optimal in (1).
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Provided cp is convex (6) has an unique solution so that in order to solve it is enough 
to compute the values of %(&) — A only for critical values A(, to stop the solution of
(2) when a change of sign occurs in the sequence %(А{) — Xt and to solve a single 
equation of the form (6). Even in the nonconvex case it is sometimes possible, as 
will be seen in the next section, to establish the unicity o f the solution in (6) and 
therefore to extend the validity of the Basic Theorem.

3. Some stochastic models

The aim of this section is to apply or to extend the above procedure to some 
p.q.-programs arising as deterministic equivalents in stochastic programming with 
random objective. Suppose an activity vector x is to be selected from the convex 
polyhedron X  to minimize the total cost p'x . If p  is a random vector, with expecta
tion c and covariance matrix V, then for each given x  6 X  the total cost is a random 
variable with expected value c'x  and variance x’Vx. In different approaches for 
handling randomness in the objective various functionals o f c'x  and x'Fx have 
been considered as deterministic objective (see [14], [5], [9], [3]). According to our 
Basic Theorem each objective function satisfying assumptions (i), (ii) is equivalent 
with some linear combination of c'x  and x'Vx and consequently the optimal 
solution is of the form хя with suitable A £2?.

In this section we shall deal with three of these problems which have already 
been solved via reduction to (2). Although our requirement (iii) is sometimes not 
satisfied, our Basic Theorem can be established to hold for each of these particular 
p.q.-programs and the above procedure can be applied to solve any of them.

3.1. In [9] Kataoka has introduced the following “problem of the minimum 
level” :

min {t\P (j> 'x^ t)^ ß , x £ X }

where ß > 0 .5  is a given confidence level and P stands for probability. If p  has a 
nondegenerate (then the covariant matrix V is positive definite) multi-normal dis
tribution N(c, V) the problem becomes:

(13) min t =  c'x +  k(x'Vx)112
xex

where к  is a positive constant. This “semi-quadratic” program was solved in [9] 
(see also [10] and [13]) and independently in [15] and [8].

Since our assumptions are satisfied if 0 $ X, from the Basic Theorem it follows: 
if 0^ X  then хя is optimal in (13) if and only if A is a (clearly pozitive) solution of 
the equation / 1(А) =  (хяЕхл) 1 2/A =  A:/2. This is Kataoka’s Theorem 3 of [9]. An 
additional condition can be introduced to guarantee the existence of the solution 
for the above equation. Suppose that m in c 'x >  — Then (cf. [6]) there are

x  £ X
1 and X such that хя= х  for each AsA and therefore Xi ( +  °°)=0. Furthermore 
the function Xi is nonincreasing for A >0 (cf. lemma 3 (iii)) and Xi( +  0) =  + °°  
because of the assumption Consequently with the assumption that
and c'x  is bounded from below on X, the equation ул (Х) — к/2 has a solution for 
any positive k.
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We shall further consider the complementary case:

(14) min c'x +  (x'Vx)x
x £ X

where a>0.5 is a given number. Notice that the corresponding equation (6) can be 
equivalently written as:
(15) x2 (A) =  С*я Vxx) 1 - 1*/Я =  a.

By specializing the Basic Theorem we obtain:

Theorem 5. I f  a >0.5, Oï X  and V is positive definite then the function y2 is 
strictly decreasing for  /  > 0, the equation (15) has an unique positive solution X* and 
-X;, is optimal in (14).

Proof. The strict monotonicity of y 2 will be proved below (lemma 5) and it 
assures the unicity of the solution in (15); the existence follows from the continuity 
o f  / 2 and from the fact that, as readily seen from (3), X2(+0) =  +°°> K2 ( +  °°) =  0- 

The following two lemma extend results from [13]:

Lemma 4. I f  a^0.5 then the optimal solution o f  (2), xx, is also optimal in:

(16) min Xc'x + — {x’Vx)*(x[ Кхя)1“*.
x C X  at

Proof. This is a convex program and Kuhn—Tucker conditions for x} coincide 
with (10)—(11).

Lemma 5. I f  a >0.5 the function y2 is continuous and strictly decreasing for A >0  
and also for A<0.

Proof. Suppose 0 and let хя, xlt be the corresponding optimal solutions
in (2). If xx= x /1 then x2(X)<Xi(ll) follows from 1/Д<1/р. If x^Xx^ then using lemma 
4 we get :

ocXc'xx +  X; VxA <  xXc'x„ +  (х'ц Vxfi*(x- Vx;) 1 ”a

y-pc’xß +  x'„ VxM <  apc'xx +  (x'x Vx?f(x 'ß Vxfi' ~x

the strict inequalities being due to the fact that (16) has an unique optimal solution 
because the objective is strictly convex. Dividing these inequalities by X and p re
spectively and adding then we obtain :

K*A Yxxy  -  (x'f, Vxfi*] ■ \x2 (X) -  x2 Ш  <  0 .

According to lemma 3 (ii) the expression within the first brackets is nonnegative so 
that X iity^ X iil1)- If t<-=A<0 then the sign of the last inequality should be inverted 
but the first brackets is now nonpositive.

3. 2. The “minimum risk solution with level t ” of a stochastic program with 
random objective is the solution which minimize the probability that the total 
cost p 'x  excedes the given level t, i.e. the optimal solution of the program:

min P( p 'x ^ t )
x £ X
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This is a particular case of the P-model due to C h arnes and C ooper  [5] (see 
also [3]). If the random vector p has a nondegenerate multinormal distribution N(c, V), 
the problem becomes:
(17) min ф(х) =  (c'x — t)/(x'Vx)i/2.

x  ÇX

This p.q.-program was solved independently by various authors [8], [10], [6], [4]. 
All approaches reduce (17) to a parametric quadratic program in a specific way. 
We shall express now our main result from [6] which shows that, although (17) 
does not satisfy the assumptions (i) and (iii), the conclusion of the Basic Theorem 
still holds.

We suppose the following (natural for the minimum risk model) assumptions 
to be satisfied :
(18) =  min c'x  >  — °°

x £ X

(19) and, if OgZ, then i < 0.

Notice the equation (6) corresponding to (17) can be equivalently written as:

(20) ХзЮ =  t

where fo(A) =  с' х л+2х'У хл/2. The following lemma shows that this equation is 
in fact of the extremely simple form <x+ß/2 =  t so that its solution is A, =  ß/(t — tx).

L emma 6. ([6]) The function y 3 is continuous for  A ^O  and piece-wise hyper
bolic, i.e.

X3(A) =  a, + ß i ß  for  А ,ёА^А1+1 ( / = 0 , 1, 1)

where A; are the critical values appearing in (3). Moreover /?f> 0  except may be for a 
single ß io =  0; then y3(A) =  0 on [A,0, Aio+1],

L emma 7. ([6]) Under the assumption (18) x3 ( +  °°) =  t*.

C orollary . Under the assumption (18) the equation (20) has a solution for 
each t satisfying (19). Moreover the solution is unique except perhaps for t = 0.

P roof. It suffices to combine the two lemma with the easily seen fact that 
Хз( +  0) =  0 if 0 Ç AT (since then x o =  0) and / 3( +  0) =  +oo if 0  ̂A'.

T h eo rem  6. ([6]) Under assumptions (18)—(19) the equation (20) has a (unique 
except perhaps for / =  0) positive solution A, and x>t is optimal in (17).

P roof. Since assumptions (i) and (iii) are not satisfied our Basic Theorem does 
not apply directly to the p.q.-program (17). Although a similar way as in Th. 2 
could be followed (observe that 0 if A is a solution o f (20) and i/i is quasi-convex 
on the set {x\c'x — t <  0} where because of the assumption (19) the minimum 
occurs) we shall however use the direct proof from [6]. Taking into account the 
above corollary, the only fact to be proved is that if A is a solution of (20) then хл 
is optimal in (17). According to lemma 5(for a=0.5)AA is optimal in (16) so that:

Ас'хл +  2х'лУхл S  2с'х +  2(х'Ух)1/2(хлУхл) ,/2
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for each x£X . Dividing this inequality by A(x'Vx)1/2 and taking into account (20) 
and 2(x'xVx>y ,2/A =  — ф (х,) as it results from (20), we obtain ф(х;)^ ф (х)  for each 
x £ X ,  so that хя is optimal in (17).

Consequently the following algorithm [6] can be used to solve the “minimum 
risk problem” (17): solve (2) for positive A, starting with 2 =  0, and compute %(At) 
till we first obtain x(^i+i) =  U, if X(A) =  tx+ß/A for A£[Ah 2j+1] then xp/((_a) is the 
minimum risk solution with level t.

3. 3. The minimum variability problem. For the ill-defined stochastic problem 
o f  minimizing the total profit p'x , where p  is a random vector with expectation c 
and covariant matrix V, the coefficient of variability of p'x , i.e. the quotient be
tween the standard deviation (x' Vx)112 and the expected value c'x, is sometimes 
a suitable deterministic criterion. Notice it does not require the knowledge of the 
distribution of the random vector p  but only estimations of c and V. For the p.q.- 
program :
(21) min ф{х) =  (x'Vx)1/2/c 'x

xex
we shall suppose that:
(22) c 'x >  0 if x£ X .

Then iß is quasi-convex on X  and Theorem 2 could be applied. A stronger form will 
however be proved directly. Notice that, with the assumption (22), (21) is a particular 
case (for i= 0) of the maximum problem (17).

Theorem 7. Under the assumption (22) x; is optimal in (21) if  and only if  A is a 
negative solution o f the equation:

(23) Ac'xx +  2x'xVxx =  0.

Proof. Since the assumption (ii) is satisfied, the necessity of the condition (23) 
follows from Th. 1. Its sufficiency will be proved directly. Let 2 < 0  be any solution 
o f (23). According to lemma 5 (for a =0.5), we have:

Ac'x +  2 {x 'V x y i2(x')iVx>) 112 s  Ac'xx +  2x\V xK =  0

for each x€A. Using (23) and (22) this inequality becomes ф (хл) ̂  ф (x) for each 
x £ X ,  so that X; is optimal in (21).

4. Relationship with Geofrion’s results

The idea of this paper originates in Kataoka’s paper [9] (see also the revisited 
form [10]) where first a p.q.-program was solved via reduction to the parametric 
quadratic program (2). Results on different but related models have also been ob
tained by Markowitz [14], Sinha [15], Lemarie [13], Dragomirescu [6] and especially 
by Geoffrion [7], [8].

Geoffrion’s paper [7] is concerned with the more general “bi-criterion” prog
ram:
(24) min ф(х) =  cp (иi ( /]  (x)), u2( f 2 (x))).

x £ X

His main result is expressed in the following:
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T heorem  ([7]). Let X  be a convex compact set in Rn; j \ , f 2, ux ( / , ) ,  u2( f 2) con
vex functions on X, ut being strictly increasing on the image o f X under f  ( i=  1, 2), 
and <p nondecreasing and quasi-convex on the convex hull o f the image o f X  under 
(и, (Л ), u2 ( / 2 )), all functions being continuous. Assume that a parametric programming 
algorithm is available fo r  solving

min у/ j  (x) +  (1 — y)f2 (x)
xiX

for each value o f the parameter y in the unit interval and that the resulting optimal 
solution function x y would be continuous on [0, 1]. Then the function Ф (y) =  ф (xy) 
in continous and unimodal on [0, 1] and, i f  y* minimizes Ф on [0, 1] then xy. is optimal 
in (24).

This theorem, specialized for the p.q.-program (1) by putting/! (x) =  c 'x , /2(x) =  
=x'V x, ul ( f ) = u 2( f ) = f  and introducing the new parameter Я =  y / ( \—y), gives a 
result very similar to our Th. 2.

Corollary. If X  is a bounded polyhedron, V a positive semidefinite matrix, 
<p is quasi-convex on the convex hull of U and nondecreasing in both variables 
and if xA denotes the optimal solution function for (2), then the function Ф(А) =  
=  <p(c'xA, x'AVxA) is unimodal on R + and if A* minimizes Ф on R +, then хя. is optimal 
in (1).

This result should be compared with our Basic Theorem. Neither of the two 
results includes the other. Our result is essentially based on Kuhn—-Tucker con
ditions, more precisely on differentiability of <p and monotonicity with respect to 
m2 , while G eoffrion’s one is based on compacity of X  and monotonicity with respect 
to both variables и, and u2. The consequence of the last assumption, natural if  
the program (1) is viewed as a “bi-criterion program”, is that the optimal solution 
is “effective” (see [7], lemma 1) in the sense of M a r k o w itz  [14] i.e., equivalently, 
of the form хя with A>0. The present paper does not envisage (1) as a bi-criterion 
program, we are not intersted in the effectiveness of the optimal solution (under our 
assumptions it may be of the form х я with A<0, i.e. not effective), but just in the 
reduction of (1) to (2).

From the practical point of view o f computation the two methods are equivalent 
for most of the cases where both o f them apply. G eoffrion’s approach requires 
the minimization of Ф while our involves the solution of the equation (6). Under 
assumption (i) Ф is differentiable for Ат̂ А,- (i= 0 , 1, . . . ,p )  and, using (3) and (4), 
we have:

d<P̂ )- =  <Pu2(x№ -A ) cV 2

for A6(A,,Ai+1), i —0, 1, ...,p , where (cf. (5)) c'x2^ 0  except for the case x 2= 0 ,
i.e. xA= x { for each A 6 [Аг, Al+,]. It follows that, if the optimal solution is not among 
the critical points х Я( then its determination requires, in G eoffrion’s approach too, 
the solution of (6).
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5. Numerical examples

In order to illustrate the proposed technique let us consider the following six 
p.q.-programs:
(A) mini/+t(x) =  c ' x  +  (x 'V x )2

x £ X

(B) mini//B(x) =  c ' x  +  (x 'V x ) il2
x e x

(C) mini/q;0<;) =  (c 'x  +  t ) 2 + ( x ' V x ) 112 ( t £ R )
X Í . X

(D) mini//D(x) =  (c 'x  — t ) / ( x 'V x ) 112 (? =— 12)
x £ X

(E) min фЕ(х) =  (c 'x)2 — { e x )  (x' Vx)
xex

(F) min фг(х)  =  (15 +  c'x) (x' Vx)
x i X

where :
X  =  {(Xj, x 2) I x i +  x 2 s  2, Зхц +  2x2 s  3, x t s  0, x 2 a  0}

Notice that c 'x < 0 for x £ X ,  more precisely —12á ' r á  —4. 
The optimal solution of the associated quadratic program

m in2(—4xj — 6x2) +  x 2 + 2 x tx 2 + 2 x 2
x £ X

is given in Table 1, together with the functions c'x; and x2 Fx; .

Table 1

2 1 ^ 0 ,2 0 ,2 s  A s o,6 0 , 6 s 2 s l 1 s  2 s  2 2 s 2

x j 1 1,2 — 2 2 2 - 2 0

x j 0 -0 ,3  + 1,52 2 2 2

c'x2 - 4 - 5 2 - 3 -1 0 2 - 2 2 - 8 - 1 2

XÁ Vxx 1 2,522 +  0,9 522 22 +  4 8
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Our Basic Theorem applies to the first four programs (for (D) cf. Th. 6). The 
last two programs violate the convexity assumption (iii) but, since (i) and (ii) are 
satisfied, according to Th. 1 the optimal solution (which exists because X  is compact) 
must be in each case among the vectors x x, with A* a solution of (6). The solution of 
the six considered programs is sumarized in Table 2 (for (A)—(D) the corresponding 
equation (6) is given in an equivalent form) :

Table 2

Prog
ram <p(ul , u 2) Equation for A A*

The 0  

solu

A

Jtimal
tion

x 2

A u, +  wf XaW =  l - x x V xx =  0,5 0,23079 0,9692 0,0467

В XeOO =  j ( x ’x V xxy 12 =  0,5 5,6568 0 2

C (M, + / ) 2 +  ui/2 f c ( i ) = 4
1,429

(for / =  11) 0,571 1,429

D (W, -  t ) ju \n Xd(A) =  c ' x x +  j x x V xx =  t
1,333

(for t — — 2) 0,667 1,333

E u \  — u2
x x Vxx +  2 ( - c ' x x) A 

c ' x x
- 9 1 A 1 0

F (15 +  m, ) w2
*1 Vxx 

15 + c ' x x

At =  1/11 
A2 =  l 
A3 =  4/3 
A4 =  8/3

Г Г ~
1

2/3
0

0

1
4/3
2

For instance, in order to solve the program (A) we have to solve the equa
tion:

XaW  =  X -xx Vxx =  0,5.

Of course Ал> 0 . The values of for critical values of A are given in Table 3 below. 
Since 0,5 is between the critical values 0,2 and 1,08 it follows that the solution is 
0,2<Аа-=:0,6; then x'xVxx =  2,5A2+0,9 (see Table 1) and therefore the above equa
tion reduces to 25A3+9A — 5 =  0. The unique real solution is Ах =0.23079 so that 
the optimal solution in (A) is xÍ =  1,2—XA =  0,9692 and x 2 =  — 0,3 +  1,5 XA =  
=  0,0467.
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Table 3

A +  0 0,2 0,6 1 2 ■ +  oo

- 4 - 4 - 6 - 1 0 - 1 2 - 1 2

x'x Vxx 1 1 1,8 5 8 8

U W 0 0,2 1,08 5 16 +  00

XbW +  0O 5 2,236 2,236 1,414 0 .

X cW 4 4,05 6,112 10,112 12,177 +  00

XdW +  00 6 0 0 - 4 - 1 2

Similarly the functions / c , Xd are monotonie for / > 0 .  Their critical values 
are given in Table 3. For (B) we have to solve the equation / й(/) =  ().5. Since 0.5 
is between the critical values 1.414 and 0 it follows, that AB> 2  so that x B =  (0, 2).

The optimal solution of (C) can be found for any given t. For instance for 
t —11 it follows from Table 3 that 1 <  Ac <  2 and we have to solve the equation:

A
4 y i*  +  4

+  22 +  8 =  11.

It gives Ac =  1,429 and therefore x f — 2 —Ac =  0,571, a'2=2c =  1,429.
For the “minimum risk” program (D) let us take t — —2. Then 1<Afl < 2  and 

the equation to be solved is:

It gives AD=4/3 and therefore х®=2/3, *2=4/3 .
For the program (E) it is clear from Table 2 that any solution of the correspond

ing equation (6) must be negative. Since xA =  (l, 0) for any A<0 it follows that (6) 
reduces to AB =  —9/4. Since the solutionis unique it follows from Th. 1 that x >E =  (1,0) 
is optimal.

The program (F) violates the convexity requirement too. The corresponding 
equation (6) has four solutions:

Ai =  l / l l ,  A2 =  l, A3= 4 /3 , A4=8/3.

Since X  is compact (F) has an optimal solution and, according to Th. 1, it must 
be among the points xA]= ( l ,0 ) ,  xAj =  (l, 1), *Аз =  (2/3, 4/3), *Я4 =  (0, 2). Computing 

lb  Фе(х /.2) =  25, >М*;.3) =  25.037, фЕ(x;J  =  24 it follows that the optimal 
solution is *Al =  (l, 0); * 2 4 is a point of local-minimum while x^2 and х Лз are saddle- 
points.

S tud ia  Scientiarum  M athem aticarum  Hungarica 7 (1972)



PSEUDO-QUADRATIC PROGRAMMING 179

REFERENCES

[1] A rrow , K. J., Enthoven, A. C.: Quasi-Concave Programming, Econometrica, 29 (1961),
779—800,

[2] Barankin, E. and D orfman, R. : On Quadratic Programming, University o f  California Publicati
ons in Statistics 2 (1958).

[3] Bereanu, B.: Programme de risque minimal en programmation linéaire stochastique, C. R.
Acad. Sei. Paris 259, nr. 5 (1964) 981—983.

[4] Bergthaller.C. : A Quadratic Equivalent for the Minimum Risk Problem, Rev. Roum. Math.
pures et appl. 1 5  №1 (1970), 17—23.

[5] C harnes, A. and C ooper, W. W.: Deterministic Equivalents for Optimizing and Satisficing
under Chance Constraints, Oprs. Res. 11  (1963) 18—39.

[6] D r a g o m i r e s c u , M.: An Algorithm for Minimum Risk Solution of Stochastic Programming,
Operations Research. 20 №1 (1972), 154— 164.

[7] G eoffrion, A.: Solving Bi-Criterion Mathematical Programs, Operations Research, 15, no. 1
(1967) 39—54.

[8] G eoffrion, A.: Stochastic Programming with Aspiration o r Fractile Criteria, Management
Science 1 3 , no. 9 (1967), 672—679.

[9] K ataoka , S.: A Stochastic Programming Model, Econometrica 31 (1963) 181— 196.
[10] K ataoka , S.: Stochastic Programming: Maximum Probability Model, Hitotsubashi Journal o f

Arts and Sciences, 8 (1967), 51—59.
[11] K uhn, H. W. and T ucker, A. W. : Nonlinear Programming, Proc. Second Berkeley Symposium

on Math. Stat. and Prob. 481—492, University o f California Press, Berkeley (1951).
[12] K urata, R.: Notes on Parametric Quadratic Programming, Journal o f  the Operations Research

Society o f  Japon, 8, nr. 3. (1966).
[13] Lemarie, J. M.: Prévision et decision en programmation linéaire stochastique, Thèse D oc. U ni

versité de Grenoble (Juin 1967).
[14] M arkow itz, H. M.: Portfolio Selections: Efficient Diversification o f  Investments, Wiley, New,

York (1959).
[15] Sinha, S. M.: Stochastic Programming, Operations Research Center ORC 63—22 (RR) 19,

August 1963.
[16] W olfe, P.: The Simplex Method for Quadratic Programming, Econometrica 27 (1959), 382—

398.

Center o f Mathematical Statistics o f  the Academy o f  Roumania, 
Bucharest 12, Calea Grivitei 21.

( Received July 1, 1969)

12* Studia Sclentlarum  M athem atic arum Hungarica 7 (1972)





Studia Scienliarum Mathematicarum Hungáriát 7 (1972) 181—188.

A LEXICOGRAPHIC COMPLEMENTARY PIVOT ALGORITHM 
FOR THE SOLUTION OF BIMATRIX GAMES

by
A. MAJTHAY

1. Introduction

The bimatrix game is a natural extension o f the two person zero sum game. 
In [2] L emke and H o w so n  established an algorithm for the solution of bimatrix 
games. They investigate the problem from a geometric point of view.

In this paper we consider the problem as a combinatorial one and get a lexico
graphic version of the Lemke—Howson algorithm. Lexicographic theory is applied 
in that form as it is presented in [7].

2. The bimatrix game

Denote e, i = \ ,  . . . ,m  the / th unit vector in Em, êj j =  1 , . . . ,  и the j  th unit vector 
in E". Let

g =  e! +  — + e m, 
g = ê, H----- bê„.

Let us denote by S the set of w-component stochastic vectors and by S  the set of 
w-component stochastic vectors, i.e.

s  =  { p | p e £ m, p s o ,  g r p =  l } ,

Ê =  {p|pÇ£", psO , g Tp — 1}-

Let G =  (gij) an m by n and G =(gjt) an n by m real matrix.

Definition. A Nash equilibrium point of the bimatrix game defined by G and 
(/ is a pair o f vectors

Po€^> Poi^1
for which
(2.1') PoGp0 S P r Gpo if
and
(2.1") Po^Po S  pT<5p0 if p€&

We can suppose here that
(2.2) <7>0, (5>0,

as for any real number A SO the game defined by the matrices

G  +  A g g r , ô  +  A g g r

has the same equilibrium points as the one defined by G and G.
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Let

(2. 3)
У =  VoGPo 

9 -  Po GPo
From (2. 2) we get у > 0  and у >0 .

It is clear that (2. 1) holds if and only if the following system of inequalities
holds

78 2  Gpo,

Let
78 sä Gp0.

V " '■ ■ GPo -  78 =  7U>

Let finally
G v o - f ê  =  9».

z =  J  p° ’
(2 .4 )

1 лZ - y P ° .

N ow  we are able to write (2. 1) and (2. 3) in another form more suitable for 
our purposes:
(2 .5a) u — Gz =  — g,

(2. 5b) 

(2. 6a) 

(2. 6b) 

(2. 7)

u a  0, z & 0. 

û -G z  =  -  g, 

û ê O ,  z s  0, 

uTz =  0, ûrz =  0.

Suppose this system to be consistent and denote u, u, z, z a solution. If we 
define

(2 .8 ) 7 =  —7 — . Í =  ^ J -
2 s ,

j=  1 2 * ,
i = l

we see that the pair o f vectors

(2. 9) p0 =  Jz, p0 =  yz

forms an equilibrium point. We have just proved the following

T heorem  1. The formulas (2. 3), (2. 4), (2. 8) and (2. 9) set up a one to one cor
respondence between the Nash equilibrium points o f the bimatrix game defined by 
the positive matrices G and G and the solutions o f  the system (2. 5a)—(2. 7).
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3. ^-feasible pairs of bases

The vectors u, z and u, z satisfying (2. 5a) and (2. 6a) are called solutions, the 
solutions satisfying (2. 5b) and (2. 6b) are called feasible solutions, finally the feasible 
solutions satisfying (2. 7) are called complementary solutions.

The components iof u, z and û, z having the same subscript are called com
plementary variables, while the corresponding vectors ег, — g, /=1, ..., m and ëj, 
—gj 7 = 1 , . . . ,я  in the matrices

A =  (/, — G)

Â  =  (/, —G)
are called complementary vectors.

For the sake of simplicity we shall also denote

A (a [ , ' * * Í

A  — (a ,, ... ,  a„ + ,„),
i.e. we have

Í ep if p  =  1, ... ,  m 
p ~  1-gp-m  if P =  m +  \ ,  ..., m +  n,

! êp if p  =  1, ... ,  n 
ap ~  l - g p - n if P =  n +  1, . . . ,n  +  m.

Denoting
u Û

X = , X =
z z

a o =  — g> â0 = - g ,

we can write the system (2. 5a)—(2. 6b) as

(3.1) Ax =  a0 ,

X & 0 ,

(3.2) Ax =  a0,

X s  0.

The rank o f the matrix T is m the one o f Â  is n, so any basis of A has m vectors 
any basis of Â  has n vectors. Let us denote by В and В a basis of the columns of A 
and Â  respectively.

If

then let

в  =  К , . • • ? a im) j

В  =  (я г , ,  . • * 5 а  /п)>

II ••5 */и}>

II
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Any pair of bases B, Ê defines a unique pair o f matrices

by the equations

D  — (d0, dm+„)

D  =  (d0, d j, d„+m)

BD =  (a0, A),

(ditP),

i

( A p ) ,

ÊD =  (â0 , Â).

In the sequel every symbol depending on a basis shall have the same superscript 
as the basis itself.

The basic solution o f (3. 1) corresponding to В is defined by

_  Í dp,о if p e i
“ ( o  if p $ I .

The basic solution o f (3. 2) corresponding to Ê is defined analogously.

Definition. В and В form a complementary pair of bases if they do not contain 
complementary vectors.

Definition. The row vector 5 is called lexicographically positive

5 > 0

if its first nonvanishing component from the left is positive.
The vector is lexicographically greater than the vector ô2

>- 52

if their difference 62— ô2 is lexicographically positive.
The relation >- is an order relation so if we have a finite number of vectors, 

there always exists a lexicographically greatest and least among them. We shall 
denote them by 1-max and 1-min respectively.

The matrices D  and D  are called lexicographically positive if every row of them 
is lexicographically positive. Clearly in such a case we have d0sO  and d0^ 0 , i.e. 
the basic solutions corresponding to В and В are feasible. That is the reason for the 
following

Definition. The basis В is called 1-feasible if and only if the corresponding 
matrix D is lexicographically positive. The pair o f bases B, ê  is 1-feasible if both В 
and Ê are.

Let us suppose that we have an 1-feasible basis B, and we choose one of the 
nonbasic vectors ak kÇ  {1, . . . ,  m + n} — I. We shall try to insert a* into В and remove 
a vector aj  j f i l  from it, while keeping В 1-feasible. If we are able to do so, we shall 
call the new 1-feasible basis 5 (1) a neighbour o f B.
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T heorem 2. The l-feasible basis В has a neighbour which is formed by the inser
tion o f як into В if and only if  dk has a positive component. Ifi t  has one then the neigh
bour is unique.

Proof. Insert як into В and delete a vector a; from it. As the new matrix 5 (1) 
is a basis, we have dJk^0.  The transformation formulas between D and Z)(1) are 
as follows

1 „
(3. 3) 

(3 .4)

6 i‘> =
dj.k J

5 /0  = 8 i _ ^ i Sj
aj,k

i U (l)- { k }

From the equation (3. 3) we see that necessarily dJ k> 0. Let us suppose this is the 
case. If di k^ 0  in (3.4) then We only must investigate those subscripts
i for which dik>  0. There always exist such subscripts as for j  we know that dJk=- 0. 
For those subscripts S;(1)>-0 if and only if

1

i.e. the subscript j  is defined by the following equation

(3 .5 ) bj =  / —min - j —ài
dj,k {<€/[<ii,k=>o) «,,*

The subscript is uniquely defined by (3. 5) as D does not have dependent rows. The 
theorem is proved.

Definition. The pair of l-feasible bases B(i), B(1) is a neighbour of the pair of 
l-feasible bases B, Ô if either of the following conditions hold

Ä(1) =  5  and Z?(1) is a neighbour o f B, 
is a neighbour of В and Ê(X) — B.

The following Theorem 3 is an immediate consequence of Theorem 2.

T heorem 3. The pair of l-feasible bases B, Ê has a neighbour which is formed by 
inserting як into В (як into В) if and only if  d* (dt) has a positive component. In this 
case the neighbour is unique.

4. The algorithm and its finiteness

Let B<“2) =  (ej.......em), B(~2> =  (êt , ..., ê„), Z><~2> =  (а0,Л), Ù(~D— (â0 , Â )m
The pair of bases 5 (_2), j5(_2) is not feasible.

Define 5 (_,) as follows: let к =  m + 1 and insert як into £ (-2). The sub
script h of the vector to be deleted is defined by

(4.1) -й уп уК  2) =  / -  max 2).
d'h.k ’ ier<-J> ö/,t '

As the rows of Z)<-2) are linearly independent h is unique. Let Ä(_1> =  ß (~2).
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In the next step we shall construct the pair Ä(0), B(0). Let ß(°> =  Z?(-1), к =  n +  h 
and insert the vector âk into ß (_1). The subscript j  of the vector to be deleted from 
ß (-1) is defined by

(4.2) s ; - 1) = / - max 
i €Í5-1)

j  is unique as above.
It is easy to see that the pair ß (0>, ß (0) is 1-feasible. In fact the equations (4. 1), 

(4. 2) have been constructed to satisfy this requirement.
The uniqueness already mentioned can be set up in the following form, too:
There is exactly one 1-feasible basis containing m — 1 e, and — g x and this is B(0).
There is exactly one 1-feasible basis containing n — 1 e; and — gk and this is B(0).
As dj0)< 0  the 1-feasible pair of bases B (0), B(0) does not have a neighbour 

constructed by the insertion of á} .
Now we are ready to define the algorithm. Construct the sequence of basis 

pairs

(4 .3) ß<~2>, ß<-2>; fít-C  £ (-!); ß(°), ß(Oi.

according to the following rules :
(a) if ß ( « ) = ß ( e - and a7- is the vector that left ß (4_1), then let ß (4+ 1)= ß(«), 

and denoting the complementary pair of aj  by ak, we construct ß (4+i) by inserting 
âfc into

(b) if ß(«) =  ß(«-1 ) and âj is the vector that left ß (4_1), then let ßd + 1)=ß<4) 
and denoting the complementary pair of ау- by a*, we construct B<-q+1) by inserting at 
into S (4>.

Starting from B<0), B(0> the vector â; is in (4. 2) defined, therefore the sequence 
is uniquely defined according to Theorem 2.

It is clear that every element in the sequence is an 1-feasible pair of bases.
If either am+1 =  — g x or â ,= ê j  leaves the basis, the algorithm stops.

Theorem 4. The sequence (4. 3) is finite.

Proof. As the possible pairs of bases are finite, we only have to prove that no 
pair occurs twice in the sequence.

If we have a pair appearing twice, then we have a first one. The elements in the 
sequence are defined in such a manner that exactly one complementary pair a,„ + 1, 
a x is always in basis, while exactly one complementary pair of vectors being out of 
basis. The neighbours o f this element are constructed by inserting the vectors of the 
latter pair into the corresponding basis. Therefore Theorem 2 yields that every ele
ment in the sequence can have at most two neighbours there.

The first pair appearing twice cannot be B{0\  ß (0), as we already know they do 
not have a neighbour constructed by inserting â j .

The first element appearing twice has two different preceding element in the 
sequence as it is the first one, but this is impossible. The theorem is proved.

Theorem 5. The last element in the sequence (4. 3) defines a solution to the prob
lem (2. 4a)—(2. 7).
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Proof. We already know that there is a last pair of bases in the sequence. It is 
either a complementary pair of bases and then the theorem is proved, or it is the 
last pair because we cannot construct the next pair as the condition in Theorem 2 
is not met. We shall prove the impossibility of this case by contradiction.

Denote B, Ê the last pair. As this pair is different from B(0\  Ê(0) we know 
that at least one o f them is different. We also know that — is in В while is in B. 
Let e , , ... ,  er denote the unit vectors contained in B, while , . . . ,  ès 1
those contained in B. As the pairs only contain one complementary pair the other 
vectors in В form a subset of { —gi + 1, ... ,  —g„} and those in В form a subset of 
{ — gr+i ,  ... ,  —g„,}. There are m + n +  1 vectors listed above therefore we know that 
exactly one is superfluous among them. We may suppose that it is either — g v+1 or 
— gr+1. In the first case we have

<4.4
В =  (e ,, . . . ,  er , - g i ,  - g s+2, •••, - g n), 

B =  (êl5 ..., ês, - g r+1, ..., - g j ,
while in the second one

В — (et, er, gj, gs+ij***j g«) 
B =  (êM ... ,  ês , - g r + 2, .... - g j .

Both cases are possible as the systems

r + n —s  =  m, 

s + m —r =  n,
and

r + n —s  + 1 =  m,

0 ^ г < /я ,

0 < s < n ,

0 S r< /n ,

s + m  — r — I =  n, 0
are consistent.

The complementary pair not in the basis is —gJ+1, es+1 in the first case and 
«r+i, — gr+1 in the second one.

As we know one of them has merely nonpositive components with respect to 
the corresponding basis.

We only have to cheque all possible cases. In the first one we have either

r m + n
(4.6) 2  ^ i ^ i , m  + s +  1 ”  ê 1 d m + L,m + s + l  2  Si— m ^ i , m  + s + l

or
/=1 i  = m + s -f 2

s n +  m
(4. 7) 2  ^ i ^ i , s +  1 2  Si -  n di t s + 1 =  + 1 •/=1 i = n + r + 1

Here we know that all di k are nonpositive. In (4. 6) every component o f the right 
hand side vector is negative while the second and third term in the left hand side 
is nonnegative according to (2. 2). It follows that r = m  i.e. B =  B(~2) which is not 
feasible. In (4. 7) we see that necessarily s =  n—l i.e. B=B^0) as we can see from 
(4. 5). Then — g,, is contained in В as the pair contains only one complementary 
pair and that is — g, ,  e t , in other words B =  B(0) which is impossible.
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In the second case we have either

r
(4. 8) 2  ei^i,r+ 1 g l ^ m + l . r + 1  2  S i  — m ̂ i ,  r  +  1 ® r + 1i = m+s+ 1
or

(4. 9)

Jhe system (4. 8) can only be consistent if r =  m — 1 but this implies that either 
B =  B(0) or B = B (~1) which is impossible.

Finally the system (4. 9) implies s =  n i.e. B = B (~1). The theorem is proved. 
An immediate consequence of this theorem is the following

T heorem 6. The bimatrix game has an equilibrium point.

[ 1 ]  K u h n , H .  W . :  An algorithm for equilibrium points in bimatrix games, Proc. Nat. Acad. Sei.
USA, 47 (1961), 1657— 1662.

[2] L e m k e , C. E. and H o w s o n ,  J. T. : Equilibrium points o f bimatrix games, J. Soc. Ind. Appl. Math.,
12(1964), 413—423.

[3] L e m k e , C. E. : Bimatrix equilibrium points and mathematical programming, Man. Sei. 1 1  (1965).
[4] Lemke, C. E.: On complementary pivot theory, R P l Math. Report No. 76 (1967).
[5] M a n g a s a r i a n ,  O. L. : Equilibrium points of bimatrix games, J. Soc. Ind. Appl. Math. 1 2  (1964),

778—780.
[6] N a s h ,  J.: Non cooperative games, Ann. o f Math. 5 4  (1951), 286—295.
[7] P r é k o p a , A.: Linear programming I. Bolyai János Mathematical Society, Budapest, 1968,

(in Elungarian).
[8] V o r o b e v , N. N. : Equilibrium points in bimatrix games, Theor. Prob. Appl. 3 (1958), 297—309.
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A REMARK TO THE LAW OF THE ITERATED LOGARITHM

b y
I. BERKES

§• I-

Let , £2, <Ü„, ... be independent, identically distributed random variables,
Eç, =  0, Е£? =  <т2 < +°°, 5п =  ^1н----- The H a r t m a n — W intner  version o f the
aw of the iterated logarithm (see [1]) asserts that

\S„\
( 1) Пт

Ín log log n
=  o Í 2

with probability one. Recently V. Str a ssen  [2] proved that this theorem remains 
valid also in the case a =  +°°, e.g. replacing the condition E£2 =  <r2 <  +°° by E£2 =  +°° 
in the above theorem, instead of (1) we have

(2) ns |5д| ....
yn log log n

=  +< a . s .

Str a ssen ’s result — together with the H a r t m a n— W in t n e r  theorem — seems to 
be complete, indeed, these two theorems together exactly characterize, how the 
variance of independent, identically distributed random variables affects the oscilla
tions of their successive sums. Nevertheless the following question arises : Is St r a sse n ’s 
result best possible? Namely it is possible that E^x = 0  E£f =  +°° imply not only (2),
but also

lim |S„
Í П log log 77/(« )

=  +  < a.s.,

where f(n ) is an appropriate function such that lim /(n ) =  +°=. If there exists such
Я oo

a function f(n), this means that in the description of the fluctuations of successive 
sums of independent, identically distributed random variables with infinite variances 
the function in  log log n does not play a characteristic role, and one ought to find 
a new theorem describing the “real” behaviour of the partial sums. But in the sequel 
we shall prove that no such function f(n) exists, thus Str a ssen ’s result is best possible 
and it describes an essential property o f random variables with infinite variances. 
More exactly we shall prove the next

T heorem . Let f(n) be a function such that lim f(n) =  4-°°; then there exists a
П-+ 00

sequence £ ,, £2 » •••»£■» ••• ° f  independent, identically distributed random variables 
such that E£t =0 Eij2 =  +°° and

\Sn\lim

with probability one.
n~*°° in  log log n f{n)

=  0
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Remark. Although by our theorem (2) is best possible, for certain sequences 
Cj, £2, ... it can be sharpened; e.g. if  we assume the stronger condition E \£y\r =  
=  Ч-co, 1 < r < 2  instead of E£i =  + = ,  then from a well-known theorem of M arczin- 
KiEWicz (see [31) follows

Ш  >  0 a.s.n~*°° n '

and — choosing a number c such that ~  <  c <  — — this implies

lim =  +  °o a.s., 
n

which is more than (2). Our theorem asserts only that = -f °° itself does not
imply more than (2).

The method of the construction — following Strassen’s proof of (2) — is 
based on the Skorokhod representation theorem as well. However, that we shall 
need is not this representation theorem, but its — almost trivial — converse. We 
present it here, together with a result of Feller, which will be also needed for our 
purposes.

Lemma 1. Let ( (t) ( iS 0) be a standard Brownian motion (( (0) =  0), let at , a2, ... 
..., a„, ... be independent, identically distributed nonnegative random variables,

P(yl = k ) = p k ( k = l ,  2, ...), У Л  = 1 • Assume that £ (t) is independent o f the a k-s and
k= 1

define , c2, ■■■ in the following manner:

=  f(« i)
f 2 =  C(«l+ « , ) - « « ! >

( 3 )  :

=  C ( a l  H-------+ a n )  —  f ( a l  H---------+ а л - l )

Then f ,  c2, ... are independent, identically distributed random variables.
As it can be seen, we assumed that Ç(t) is independent of the afc-s, therefore 

Lemma 1 is not a precise converse of Skorokhod’s representation theorem; how
ever, its applicability depends on the same facts as Skorokhod’s theorem.

The proof of Lemma 1 is immediate :

Pfét<*) =  2 =  ••• a» =  4)P(ai =  /1, ... a* =  4) =

=  2  P(C(ai 4—  +a*)-C (ai +  — +  cck-i)< x \o c1= l 1, <xk =  lk)ph ... p,k =

=  2  p(C(li+.— + l k ) - U l i  +  — + l k - i ) < x \ a1 =  l1,...cck= l k)pl l . . . plk =

— 2 P(C(4H— + 4 ) -C (4 h— + 4 - 1)<x)Ph ■■■ Pik =h....гк=1

i-Pik = 2 p{Wk)<x)plk = 2 p(i(r)<x
lk= 1 r= 1
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and this really does not depend on k . The independence of the ^ -s  can be proved 
similarly.

Lemma 2. (See F eller [4].) L e t  a2, ...» a„, ... b e  in d e p en d e n t, id e n t ic a l ly  
d is t r ib u te d  r a n d o m  v a r ia b le s  su c h  th a t E |aj | =  +  °=; l e t  a { , a 2 , . . . ,  a „ , . . .  b e  a  s e q u e n c e

o f  p o s i t iv e  n u m b e r s  su c h  th a t  ~  is  n o n d e c re a s in g  a n d

2  <  +  °°
n= 1

Then

w ith  p r o b a b i l i ty  one.

lim
n-+oo

Oil 4---- +  an =  0

Proof o f  th e  th e o r e m . We prove the theorem in the following equivalent form: 
Let g ( n )  be an arbitrary function such that lim g ( n )  =  +,°°, then there exists a

ri—°o
sequence glr  £2.......<?„, ••• of independent, identically distributed random variables
such that E^2= 0  E£f =  + °°  and

(4) lim ■ ■ — - ...... -  ■ =  0 a.s.
\ng(n) log log ng(n)

where S„ =  ^  4----- Without loss o f generality we may assume that g(n) is a
nondecreasing, integer-valued function which satisfies the condition

(5) g(n)^n ( / t = l ,2 , . . . ) .

In fact, let us choose a nondecreasing, integer-valued function ^ (я )  such that 
l i m (n) =  -boo, g l (n)^g(n) and put

П -*■ DO

g2(n) =  m in (g l (n), n)

Then the function g2 (n) has the desired properties and since g2 (n)Sg(n) it is sufficient 
to prove our theorem in the case when g(n) is replaced by g2(n).

Let d2 > 0  be a sequence o f positive numbers such that

2 d i < + ° °  2  d ig (0  — + °°  •
i=i i=i

(The construction of such a sequence is so "Simple, that we can omit it.) We define a 
sequence c l , c 2 , ... such that

and
’ ^2y (2) ^ 2  > ••• d n , . . .

Cx >C2 >  ” • >  C„ ==---->  0.
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It is easy to verify that the sequence c l y c2 , . . . ,  cn, ... has the following properties:

1) j?  Ci =  +o°
i = l

2 )  2 cig ( , ) < + « •
1=1

In fact, 2) is only a reformulation of 2  <  +  °°; on the other hand, by the mo-
í=i

notonity of ck and g(k)  we have

«■> ~  ( i c + i ) 0 ( * + о —1 »
2 Ci= 2 2 fi s  2  Р + 1 ) # + 1 ) - В Д ] с (*+1)9(1+1) s

< =  g ( l )  k = l  i=kg(k) k=l

— 2  [(& +  +  1) — k i(k  +  l ) ] c (* + l)g(k+ 1) — 2 s U ) dl =  + ° °k= 1 1 = 2

We note that lim c„= 0 (since by 2, we have lim ckg(*>=0 and cl > c 2>---); further-
Л — оо

more we may assume that сг — 1 (since in the opposite case we replace the sequence 

c y, c 2, ... by the sequence otcl , txc2, ... where a =  — , this process does not change
c i

the validity of 1, 2). Let now

P i  =  c \ c 2 > P i  =  C2 ~ C 3 ’ • • •  > P a  —  Cn ~ Cn+  1 > • • •

then p2> 0 ,  ... and

furthermore

2  Pk =  ( c l - c 2) +  (c2 - c 3) +  ■■■ =  lim (cj -  ct) =  ct =  1
k= 1 i — oo

2  Pk =  (cl - c l+i) +  (cl+ l - c l+2) +  — =  Ct ( / = S  1 ) .

Now let a1; a2, . . . ,  a„, ... be independent random variables with the common 
distribution defined by

p (a,=£)=/>* ( / ,£ = 1 ,2 , . . . ) .
Then a;> 0  ( /= 1 ,2 , ...)

and
E«i =  2  kPk =  2  2  Pk =  2  ci =  +°° * =1 1=1 * = / (=1

2  p(l«il^^(«)) = 2 ” 2 Pr= 2 спам < + c
n = l  и  =  1 r = n g ( n )  n = t

Applying Lemma 2 with an—n^(n) we obtain

(6)
.. otj +  ••• +  a„lim —-----—— - =  0 a.s.ng(ri)
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Now we are able to construct that sequence £ ,,  £2, ••• which proves our theo
rem. Consider a standard Brownian motion Ç(t), let further al , x 2, ... be the se
quence defined above and let us suppose that £(f) is independent of the ak-s (this 
latter condition can be guaranteed by the appropriate choice of our probability 
space). Let us define the sequence £lf £2, ... as in Lemma 1:

f t  =  C ( « i )
Í2 =  C ( « l + « 2 ) - C ( < * l )

i n  =  C ( a i  d —  + a n ) ~ C ( a i  d -------d - a „ _ i )

According to Lemma 1, i i , i 2> ... are independent, identically distributed random 
variables. We shall prove, that E$1= 0 , E£2 =  +«> and the sequence Ç2> ■■■ sat- 
isfies (4). In fact, applying the Cauchy—Schwarz inequality and the well-known 
formula

(7) Ei =  2  E(£ \Ak) ? ( A k) ( 2 A k =  Q, AtAj =  0 if i * j )
к к

which is surely valid if or E |£| <  +«=, we obtain

E|í i |  =  E|C(*i)| =  2  E(|^(a1) | |a 1=fc)P(a1 =  fc) =
k= 1

= 2 E(|C(A:)||e1**)P(*1=A:)= 2  E|C(*)IASk= 1 k= 1

s  Z { m k ) \ 2)U2P k =  2  lfkpk =  e |aj11/2.
/£=1 fc=l

It follows from (5) and (6) that
.. «i +  ••• +  a„ Ahm —------ =------ =  0 a.s.

n2

and an application o f the earlier m entioned theorem  o f  M arczinkiew icz gives

E|ax|1/2 <  -f-со
thus

E|£i| S  E K I ^ ^ + o o

therefore E^ can be calculated by means of (7) and we obtain

E£i =  E£(aj) = 2 E(C(«i) |* i =^)P(«1=A:)= 2  E W A  = 2  0 -A  =  0.
k=1 fc=l fc=l

Similarly

E£i = EC(«i)2 =  2  E(C(«i)a|«i =  fc)P(«l =  fc) =k= 1

=  2 E£(k)2Pk =  2  kPk= Ectl =  + o o .
*=1 Л=1
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N ow  only (4) is to be proved. By the definition o f the £t -s, putting

ßn =  «! +  •••+*„

№ n ) \

we have to prove

that is

(8)

Ущ(п) log log ng(n)
-0 a.s.

IC05OI ßn
Уßn log log ß„ I ng(n) ! log log ng(ji)

log log ß„
•0 a.s.

Using the identity Ç ( n )  =  (£ (!)-£ (0 )) +  (£(2) -Ç ( l) )H----- f ( ( (n ) - Ç ( n - 1)) and the fact
that these summands are independent, normally distributed random variables with 
mean 0 and variance 1, the Hartman—Wintner theorem implies

lim IC(«)| = y' 2 a.s.
Уп log log n

Since ßn is an integer-valued random variable and ßn =  n, from this we can conclude

(9) lim lE fly ----- ^  у  г  a.s.
”■*” fßn log log ßn

By (6) we have
ßn( 10)

Уßn log log ßn

0 a.s.
ng(n)

that is, with probability one for any n sufficiently large

=  =  «.?(«)
therefore

0< lo g  log ß„Slog  log ng(n)

which — using also (10) — gives

( 11) Ÿ  n g (n ) }  1
log log ßn ■0 a.s.

ng(n) \ log log ng(n)

Now (9) and (11) imply (8), and this completes the proof.

§• 2.

In this § we show that a slight modification makes our method applicable for 
the construction o f other “pathological” sequences of independent — and also 
non-independent — random variables. An important class of non-independent ran
dom variables, where our method functions well is the class of multiplicatively 
orthogonal sequences introduced by G . A lexits . A  sequence c , , c2 , ... of random 
variables is called a strongly multiplicative system if Ec;= 0  ( /= 1 ,2 , ...) and the 
products of the form i,-2 ■.• <íik(h < i2< — ' 4 ,  k =  1, 2, ...) constitute an orthogonal
sequence. If these functions constitute not only an orthogonal but an orthonormed
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system, then the sequence i;k, £2, ... is called an equinormed strongly multiplicative 
system (briefly ESMS). Such sequences are very interesting from probabilistic point 
of view, because they have similar properties as the independent random variables, 
e.g. if , £2, ... is a uniformly bounded ESMS, then the central limit theorem and 
the law of the iterated logarithm (this latter in the weaker form

ïïm Cl  +  ••• +  i n  

У 2n log log n
s  1 a.s.

holds for the sequence £ i ,  £2, (see [5], [6]). What makes our method
applicable for the construction of multiplicative systems is the fact, that without 
the assumption of the mutual independence of the a*-s in Lemma 1, the random 
variables defined by (3) are generally not independent, but the multiplicative ortho
gonality remains valid. More exactly we have the next

Lemma la. Let Ifit) be a standard Brownian motion (£(0) =  0), let a l ,ot2, ..., a„, ... 
be nonnegative discret random variables such that

(12) E a ? < + ~  (I, * = 1 , 2 , . . . )

and suppose that l,(t) is independent o f  the ctk-s. Then the sequence ç t , ç2, ... defined 
by (3) is a strongly multiplicative system which satisfies the following relations:

L E|£,|* < + o= ( / ,*=1 ,2 , . . . )

II. Eif‘ =  EÇ(l)2*.Eotf ( / ,*=1 ,2 , . . . )
in particular

E {?.= Ea, ( /= 1 ,2 , . . . )

III. E ^ ^  ... tfk =  Еа,,а(1... ai(t 0 ' i< /2<  ••• < 4 ,  * = 1 ,2 , . . . ) .
Therefore if  we assume
(13) Ea(lai2... aik =  1 (q < / 2<  < 4 ,  * =  1, 2, ...)

then the sequence £1 ;£2, ... is an ESMS.
I f  oq, a2, . . . ,  a„, ... are identically distributed, then ç , , f i ,  ... have the same 

property; i f  a , ,  a2 , ... are independent, then f i , ç2, ... are independent too.

We omit the proof, because it involves only simple computations similar to the 
proof of Lemma 1. We only stress an important feature of Lemma la: namely the 
fact, that in the construction of multiplicative systems we have a much greater 
freedom in the choice of a.l , a 2, ... , than in the case o f independent random vari
ables. In fact, the independence o f £ (0  and the otk-s can always be guaranteed by 
the appropriate choice of the probability space; (12) is a very weak restriction, and 
sometimes we can easily satisfy even condition (13) (see below).

To illustrate the usefulness of Lemma la, we present two simple applications 
of it.

I. There exists a (not uniformly bounded) ESMS £j , £ 2, . . .  such that

n=r t i  +  - + t n  
y 2 / 1  log log n

is not a constant a.s.
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II. Let 0 S c S l  and let av, a2, . . . ,  a„, ... be a sequence o f positive integers 
such that lim an=  + °° and a„+ l — a„ =  0 or 1 for every «. Then there exists a se-
quence | 2> • ••> £и, ••• of independent random variables such that

(14) Е£г =  0 EÇf =  1 E |£ |* < + ~  (i, k =  1 ,2, ...)
and with probability one

(15) ÏÏm l l j " " t !g= =  c
I'2a„ log log an

This result — in the case c = l  — essentially means, that if /(« )  is an increasing 
function such that / (n )S  ^2« log log « and /(« )  tends to + °° “smoothly enough” 
(i.e. it has only little jumps), then there exists a sequence £ i, Ç2, ... o f independent 
random variables such that (14) holds and

n-+ °o fin)
=  1 a.s.

The case c d  is interesting only if =  n (« = 1 ,2 , ...) when our example shows 
that in the independent case under conditions (14) the expression

lim
и -*■00

+  '•• +£п
У 2« log log n

can be arbitrary constant c such that O S c S l .  It would be interesting to know, 
whether a similar result holds for every c > l .

Since our method depends on (3), in order to construct the desired sequences, 
we have to define only the corresponding sequences oq, a2, •••, a„, ... (and assure, 
that C(t) is independent of the s). Now in the first case let oq, a2, ... be defined by

a„(m) =
i ß n(co) if сое A 
Ь„(ш) if со e A

(« = 1 ,2 , ...)

where A is an arbitrary event with 0 < P (^ )< 1 ;  ß i , ß 2, •••,/?„, ••• resp. y 1, y 2, ■■■ 
■ y„, ... are two sequences of independent random variables on the sets A resp.
A (with respect to the conditional probability measures PA resp. Рл) such that

Р Ж  =  0 ) =  Р Ж  =  2 ) = у
(и =  1, 2, ...)

Рл(У„ =  0 ) =  1 2п2 ’ 1п^ ~ 2 п 2 '
In the second case let oq, a2, ... be independent random variables such that

P (a„ =  c2 («„ -«„_!)) =  1 -

(« = 1 ,2 ,  ..., a0 ÜÏO)

P(an =  2«2 — (2«2 — 1) c2 (a„ — a„_ t)) 2«2
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It is not difficult to prove — using our Lemma la, the H a r tm a n— W in t n e r  theo
rem, and other simple facts — that the corresponding sequences defined by (3) 
have the desired properties; in the case of the first sequence we can prove that

{j-l------ (-£„ _  |1  a.s. on the set A
n~°° У 2 / 1  log log « [O a.s. on the set Ä

The proof of these facts is left to the reader (we only mention, that we can easily 
verify (15) on the set of positive probability

{«„ =  c2(e„ —«„_!> for every n ^ l }

thus the a.s. validity of (15) follows from the zero-one law).
It is necessary to remark that we can obtain these two counterexamples by a 

more elementary way, without using the concept of the Brownian motion; however, 
these examples are perhaps more instructive, since they illustrate the applicability 
o f a general method.
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COMPACTIFICATIONS AND A DUAL OF COMPACT SPACES

by
E. MAKAI, JR.

We give a new proof of

T heorem 1. Let X  be a completely regular space, £TczC(X) (where C (X)  is 
the set of all bounded continuous real valued functions over X) a В-lattice, contain
ing the constant functions and separating X. Then there is a compactification X  o f  
X, over which exactly the functions in 3? can be extended (from X).

P roof. We consider E =  { f f£ £ C ,  O ^ in f /ë s u p /^  1}. For f 2, f 2Ç.E denote 
S ( f , f 2) the closure of the range of the vector-valued function ( f i t f 2). We define 
the equivalence relation / i ~ / 2 (f f i E ): (x t , x2)£ S ( f t , f 2) implies х 1=дг2 =  0 or 
x ,> 0 ,  x2>0 . D enote/ the equivalence class containing/. Define f 2< f 2 whenever 
/ / / i ,  Л € /2, (x l5 x 2) e S ( f i , f 2), x2= 0  imply X !=0. It follows then easily^that 
Я = { / , / £ £ }  is a distributive lattice with maximal element 1, and m in (/1;/ 2) =
=  min ( / , , / 2), max ( / 1, / 2) =  m a x (/1, / 2). _

Denote by X  the set of the maximal ideals of H. g € X ,  f ndg, /„-*-/ uniformly 
imply / ç g .  For, if f $ g ,  then [g ,/], the ideal generated by g  and /  should contain
1, i.e. there exists an f ' d g ,  such that max ( / ' , / ) = !  i.e. inf [max ( / ' , / ) ] > 0 , thus the 
last three statements hold fo r / , ,  n large enough.

For x £ X  define x * = { / , / ( f f , / ( x ) = 0 } .  x 1t*x2 implies х\т±х2. x * £ X  since 
X* is an ideal and for / ( x )> 0  [х*,/]Э  F K0 — {{g, g 6 Л ',/£ g } ,/ç Я } .  K0 is a lattice 
since E ~ { g , f f i g } e K 0 i =  l ,2  implies / П /  =  {g, max ( / i , / 2K g }£  A0, F2 U

U E2 — {g, min ( / 1, / 2)6g}ÇÂ'0. K0 is a closed base o f a topology. Denote К  the 
set oFthe closed sets of_the topology generated by K0.

X  is a 7 \ space. X  is compact, since for Fv=  { g ,/y£g} f | Fy= 0  if and only
у

if [ f y ]  Э l thus these statements hold for a finite subset o f у-s. X* =  {x*, x  £ X  } is dense 
in X ,  since X* c { g , f d g }  =  F implies / = 0 ,  so F = X .  The correspondence x — x* 
is a homeomorphism, since a closed base in Л1* is i{g ,/€ g }H A ', / £ £ }  =  ( / _1(0), 
/€ £ } •

We show that / £  J$? can be extended to every g 0 £ X  (X  identified with X*).
П

Let 0 < £ < 1 , we choose c1; . . . , c nÇ_R so that U (сг—e, с(+ ё) contains the closure

of the range of f  f c =  max (0, e - | / - c | ) .  f] { g ,/C( £ g } =  {g, max f cf i g } =  0 .  Thus 
for an i g0 £ { g , / c,$g} =  G, G being open a n à f { X 0 G )  c= ( c -e ,  c+ e).

X  is completely regular. Let namely F0 =  { g ,/0 £ g } a n d /0 the extension o f f 0 
to X. We show / 0 ’ (0) =  ̂ o- L et/0 £g0 . Let g0 € { g ,/£ g }  =  G'. If in f/0(G 'П X)  > 0
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then / < / 0 contrary to f $ g 0 . G'3g  is arbitrary, so f o(go) =  0 . Let f 0 $g0. Then for 
some 8> 0  f $ g 0 w h ere/ =  max (f 0- e , 0). g0 £ { g , f$ g } = G "  and in f /0(G "nZ ) > 0  
thus /o 0 ? o )> 0 -

C (X )  consists of the extensions of the functions in Jzf because of the Stone—Weier- 
strass theorem.

A lattice H  is a C-lattice if it is a distributive lattice with minimal and maximal 
elements (denoted by 0 and 1)

1. for every ul , u 2 d H, ui ^  u2 there exists a maximal ideal gezH,  
u2 £g, u A g

2. if ux, u2 Ç H, и y U  u2 — 1 then there exist u3, u4 , u3 П  m4 =  0, u3 Uu2 =  m4 U  
U « !  =  1

3. if u £ H  there exist ut , , un, ... such that for a maximal ideal
g u $ g  о  3n, uneg

4. if h is an intersection of maximal ideals of H, un£ H  and for a maximal 
ideal g hctg  <=> 3n, u„dg then there exists a u £ H  that /г =  [м].

T heorem  2. A dual o f  the category o f  compact T2 spaces is the category o f  
C-lattices.

P roof. For a compact T2 space X  H  is the dual of the lattice o f its closed Gs 
sets. For a C-lattice H  X  is constructed as in [1], p. 173. X  is compact Tl this is 
proved similarly as in Theorem 1 for X.

Condition 1 ensures that to different u1, u2 Ç.H there correspond different closed 
sets of X. Condition 2 ensures that A is TA. Conditions 3 and 4 ensure that the closed 
base of X  obtained from H  consists just o f the closed Gd sets.

To the continuous maps of the compact spaces there exist maps o f the C-lattices 
corresponding in a natural way.
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О Б  О Ц Е Н К А Х  П А Р А М Е Т Р О В  Д И Ф Ф У З И О Н Н Ы Х  
П Р О Ц Е С С О В

А. А НОВИКОВ

0. Целью этой работы является изучение свойств оценок максимального 
правдоподобия (м. п.) параметров одного класса одномерных и двумерных 
процессов диффузионного типа. В частности, получены формулы для сме 
щения и среднеквадратичного уклонения оценок м. п., применение которых 
иллюстрируется на примере процессов с линейным сносом. Кроме того, для 
оценки м. п. (0,(0 фазового параметра со двумерного линейного процесса 
ft (см. п. 6) доказывается следующий любопытный факт: случайная величина

(< a ,(0 -û > ) ( / |0 |2ife)1/2
о

имеет в точности нормальное N(0, 1) распределение. Этот факт был подмечен 
еще в работе [1], но его доказательство, по-видимому, приводится впервые.

1. Пусть на вероятностном пространстве (fí, Р) задан одномерный 
случайный процесс ft, í^O , удовлетворяющий стохастическому уравнению 
(определения и обозначения см. [6])

(1) d í t =  /(А, /, t )d t  +  dw„

где w, — винеровский процесс с vv0 =  f t , Мw, =  f t , Dw2 =  t; /(A, t, х )= /(A, t, у), 
если xs= y s, s s t ,  x v iy ^ C  — пространству непрерывных функций; А — параметр, 
подлежащий оценке.

Обозначим — меру процесса ft при фиксированном значении параметра 
А, До — винеровскую меру. Если

(2) Рл( / 7 2( А , * , 0 * < ~ )  =  Ь
О

то абсолютно непрерывна относительно винеровской меры и

(3) ^  (ft) =  exp { f  /(A, í , О dÇ, -  1/2 f f 2 (A, í , ft d s ) .
Wo  о о

(Этот результат сообщен автору А. Н. Ш иряевым.) Если, кроме того, выполн
яется условие

(4) Р0( / / 2(А,S, w)ds < °° )  =  1,
О
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то, как следует из работы И. В. Г и р сан ов а  [5], меры ця и ц0 эквивалентны
0 *я~А>)-

2. Далее мы будем рассматривать только такие диффузионные процессы, 
у которых снос линейно зависит от оцениваемого параметра, т. е.

Д А ,  t, 0  = A g ( / ,  О

и будем предполагать выполнение условий (2) и (4) для функции g(t, ç). Тогда 
из (3) следует, что

«*<>) =  exp U  f  * Д  о  <%. -  А2/2/  Я2 Д  О Л} •
“ ц о  о  о

Отсюда легко находим оценку м. п. параметра А:

(5) 1,(0  = { f  g 2  Д  0  <&) _ 1 f  g(s, О dÇs.
о  о

В работах [3], [6] изучались асимптотические свойства оценок м. п. пара
метров диффузионных процессов. В этом разделе мы выведем точные формулы 
для смещения и среднеквадратического уклонения оценки (5). При выводе этих 
формул будем предполагать, что параметр А принимает значения из некоторого 
отрезка [a, b] и для всех A Ç [a, b]

( 6 )  М я ( / g2 Д  £ ) í f c ) ~ 2 <  с ° .*
о

Кроме того, предположим, что существует интегрируемая по мере //0 функция 
H (t, w ), независящая от А, такая, что для всех A Ç [a, b]

t  t
(7) Â2 (w) exp {A f  g(s, w) dws- X 2l2 f  g2 (s, ir) ds} S  H (t, w).

о  о

Эти предположения носят технический характер и далее под условиями (6) и
(7) можно подразумевать любые другие предположения, гарантирующие 
возможность дифференцирования под знаком математического ожидания.

У тверж дени е 1. Если выполняются (6) и (7), то

(8) Мя(А ,(0 -А ) =  Мя( ( g 2 Д  H)dSy ' .
О А  0

( 9 )  М ; ( ! , ( { )  — А )2 -  * М Я(  / У Д  0 d s ) - 2+ M x( f g 2 (s,  O d s ) - 1 .
(JA О о

* Здесь и далее знак Мя(») означает интегрирование по мере Р при данном значении 
параметра А, от которого зависит
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Доказательство формулы (8) сводится к следующей цепочке выкладок, 
справедливых при перечисленных выше условиях

t t

МД^ОО-Я) =  М0(Я,(и’) — Я) ехр {Я f  g(s, w) dws -  Я2/2 f  g2(s, tv) cl s} =
о о

t t t

=  М0( /  g2 (s, w)ds)~l [ f  g(s, w ) d w , - k  J  g2 (s, и-)Л )х  
0 0 0

X exp {я J  g(s, И’) dws -  Я2/2 f  g2 (s, tv) ds} =  S j  Мя( f  g2 (s, f) ûfr)-  1. 
о  о  ( Л  0

Аналогично выводится соотношение (9).
Если известно преобразование Лапласа

t

(10) Мяе х р {-/(  f  g2(s, Z)ds} =  фOu; Я; t), ц^О,
о

то отрицательные моменты, входящие в соотношения (8) и (9), вычисляются 
следующим образом:

Í °о
MA( / f 2( i » 0 * ) _k= /  n k~ 1 ÿ ( j i ; k ; t ) d n ,  к =  1,2.

о о

Отметим, что функцию ф(ц; Я; t ) можно найти иногда как решение некоторого 
уравнения в частных производных (см., например, [6, § 11]).

Замечание 1. Если известно преобразование Лапласа (10), то из него можно 
получить двумерное преобразование Лапласа

( «
М; ехр{—v / g(s, Ç)dÇs- f i  f  g2(s, Ç)ds} =  q>(v; fi; X; t).

0 0
В самом деле, в силу предположений (2) и (4) меры и

t t

<р(У1 И \ Я; 0  =  М0 ехр {(Я -у) f  g ( s ,  w ) d w s - l / 2 x 2 f  g 2( s , w ) d s }  =
0 0 

t

=  M;_vexp | - 1 /2 ( х 2-(Я  — v)2) f  g2(s, £)ife} =  (1/2>с2 — 1/2(Я — v)2; Я — v; / ) ,
0

где X =  (Я2 +  2ц)1/2 и x 2^ (À  — v)2, так как в (10) / i s 0 .  С помощью функции 
<p(v; ц; Я; /) можно тоже вычислить смещение и среднеквадратичное уклонение 
оценки (5), но этот способ менее удобен при численных вычислениях, чем 
описанный выше.

3. В этом разделе мы проиллюстрируем полученные выше результаты на 
примере процесса имеющего линейный снос g(t, {) =  — н е. удовлетворя 
ющего уравнению
11) dS,, =  — X^,di +  dwt , <J0 =  const.
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Для этого процесса условия (2) и (4) заведомо выполняются и из (3) вытекает, 
что

~  tt'o) =  exp { -Я  /  ç , ^ s - ; . 2/2 f s j d s } .  
аИо о о

Оценка м. п. параметра Я в этом случае имеет вид

(12) X,(0 =  - { f ^ d s ) - 1J ^ s .
О о

Отметим также, что для рассматриваемого процесса

(13) f i s d i s = l / 2 ( t f - i 20 - t ) .
о

(Это соотношение легко проверяется по формуле Ито.)
Как было показано в п. 2, для вычисления смещения и среднеквадратич

ного уклонения оценки (12) надо знать преобразование Лапласа
t

(14) Мяе х р { - д / £ 2 * }  =  (/г; Я; í), д^О.
о

Ниже будут описаны два метода вычисления функции (д; Я; ?) (без решения 
уравнения в частных производных), а сейчас мы сформулируем соответству
ющий результат.

У тверж ден и е 2. Для процесса удовлетворяющего уравнению (11), 
при всех Я Ç( — оо? со)

(15) Я; t)  =  (ch xt +  Я/х sh x t)~ 112 exp {Я?/2 — рЦ (х  cth хН -Я)-1 }, 

где X — (Я2+  2д)1/2.
Для доказательства этого утверждения нам понадобится следующая лем

ма, вытекающая из результатов работы К а м ер о н а  и М артина [4] (в принятых 
нами обозначениях).

Л ем м а 1. (Камерон—Мартин). Пусть неслучайная функция p(s) опреде
лена на [0, Т] и неотрицательна. Тогда при

т
М0 ехр {—д J p (s )w 2dsj =  (>’(0))1/2ехр (wg/(0)/2y(0)},

О

где  >>(()) и у \0 )  находятся из уравнения

(16) / ' ( 5) - 2 / ip (í )j (í ) =  0, у ( Т )  =  1, у \ Т )  =  0.

Для того, чтобы воспользоваться этим результатом, заметим, что процесс 
í t ,  удовлетворяющий уравнению (11), представляется в виде

t

(17) i ,  =  ехр ( - Я / ) ( / е х р  (Я )̂ dws +  £0) .
О
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Если сделать замену времени (см., например, [9, гл. VI, Лемма 1.1])
t

(18) x(t)  =  fexp(22.s)ds,
о

t

то стохастический интеграл |  exp(As) dws преобразуется в некоторый винеров-
о

ский процесс H’s (0 S sS x (í)>  й’о =  0). Делая подстановки (17) и (18) в (14), полу
чим

*(0
0- ! (/г ; Я ; 0  =  М0ехр {—ц f  (2ks +  1 ) _ 2 (иж -I- <?0)2 -

о

Теперь осталось решить уравнение (16) с />(s) =  (2Â s+1)-2  и T=x{t).  Наконец 
сделав замену аргумента в (16), обратную к (18), получим, что у(0) и у'(0) на
ходятся из уравнения

y " ( s ) - 2 X y ' ( s ) - 2 n y ( s )  = 0; y ( t ) =  1, / ( f )  = 0.
Решив это уравнение, с помощью леммы 1 получим (15).

Замечание 2. Формула (15) справедлива при всех к. В частности, при к = 0  
и £0 = 0  из нее следует результат, полученный в работе [4]:

Í

М0 ехр {— ц J  Wj í/sJ =  (ch У 2/í / )_ 1/2.
о

Если же в (11) и, соответственно, в (14) считать А>0 и £0 нормально рас
пределенными N{0, 1/2А) (это соответствует стационарному гауссовскому 
марковскому процессу с корреляционной функцией, равной 1/2Аехр {—А|т|}), 
то после соответствующего усреднения (15) получим формулу, согласующуюся 
с результатом М. А р а то  [2, формула 11].

Замечание 3. Способ, которым получено (15), применим для вычисления 
функции к; t) и тогда, когда снос процесса имеет вид g(t, £) = q ( t ) í , ,  
где q{t) — неслучайная функция. При этом решение уравнения (1) имеет пред
ставление, аналогичное (17), и можно воспользоваться леммой 1.

Замечание 4. Формулу (15) можно получить также следующим простым 
способом, в котором существенно используется формула (13). В силу абсолют
ной непрерывности мер и д0

(19) iM/C А; О =  М0ехр {-А  J wsdws — x 2/2  f  и>2<&} =
О О

=  Мх ехр {-(А  +  х) f  4 0 ; s} ,  х  =  (А2 +  2д)1/2.
О

Теперь заметим, что процесс гауссовский, причем
t

м* Ç, =  ехр ( -  xt)Çо ; D* =  ехр ( -  2xt) f  exp (2xs) ds.
0
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Легко видеть, что в силу соотношения (13) правая часть (19) сводится к класси
ческому интегралу, после вычисления которого получим (15).

Используя результат утверждения 1, можно проверить выполнение условий
(6), (7) и на основании утверждения 2 найти асимптотические разложения сме
щения и среднеквадратичного уклонения оценки (12). Например, справедливо 
следующее следствие из утверждений 1 и 2, которое выводится стандартными 
методами асимптотического анализа (см. [10]).

Утверждение 3. Если процесс £, удовлетворяет уравнению (11) с ç0=  0. то 
при ? =  const >  0

м Д ( 0 -д) =

Щ Ш - Х ) 2 =

2/í(l — 3/(42?) +  0 ( l / 2 2)), 2 — °°,
1,78/1(1 +2 ,342?+  0 (2 2)), 2 - 0 ,
(4я|Д|3?)1/2е х р ( - |Д |0 (1  + 0 ( 1 /2 )), 2 - —  °°,

22/?(l + 13(22?)+  0 ( l / 2 2)), 2 — <==>,
13,3/?2( 1 + 0,1562?+  0 (2 2)), 2 - 0 ,
(4я |2|5 ?)1/2 exp ( - 12| ?) (1 +  0(1/2)), 2 — — °°.

4 .  Результаты первого и второго разделов настоящей работы легко рас
пространить на случай двумерного процесса £(, компоненты которого Ç, и ц, 
удовлетворяют стохастическому уравнению

(20)
dl, =  {/.u(t, с) +  «т-(/, С)) dt +  do, , ' 

dru =  (œu(t, Q - X v ( t ,  Ç))dt +  dxt ,
где Qt я  X ,  ■— независимые винеровские процессы с начальными условиями 
Qo — Cot Хо =  По\ 2 и со — параметры, подлежащие оценке. (В комплексных обоз
начениях система (20) примет вид уравнения (1).) Оценки м. п. параметров 
Я и со в этом случае имеют вид

X (£) =  ( /  (и2 (s, ç) +  v2(s, ç)) ds) ~ 1 { f  и (s, O d i s -  J  v(s, Qdr  js) ,
0 0 0

(21) œ ,{0  =  [ J  (u2 (s, O  +  v2 (s, ç)) ds)~l [ f  и (s, Ç) drjs +  f  v (5 , Q  c/çs) ,
0  0 0

a их смещения и среднеквадратичные уклонения вычисляются по формулам
(8) и (9), где только надо положить g 2(t, l ) —u2(t, Q + v 2(t, I) и брать произ
водные по соответствующему параметру.

5 .  Рассмотрим теперь систему (20) в том случае, когда u(t, £) =  — I,, 
v(t, т- е- линейное стохастическое уравнение

(22)
dl, =  ( - / I ,  +  cot],) di +  do,,

dr], =  (—col, — Лц,) dt +  dx, ■ *

* Значения констант, данных с тремя знаками, являются приближенными. Подробно 
м етод вычисления этих асимптотических разложений описан в работе: Н о в и к ов , А .А .: 
Стохастические интегралы и последовательное оценивание, Диссертация, МИАН, Москва, 
1972, (замечание при корректуре).
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Найдем преобразование Лапласа
t

Мя,<„ехр{-ц f  |£,|2</*} =  \p2 ( j r , k \ t ) ,
О

где |£J2=Ci2 +  /?t2> М =  0> а £о будем предполагать не случайным.

У тверж ден и е 4. Для процесса çt , удовлетворяющего уравнению (22), 
при всех А€(— °°, °°) и <д£(— °°)

ф2(ц; Я; 0  =  (ch xt +  Л/х sh X/)-1 exp {Я/ -  ju|<!;0|2(xcth х/ +  Я)_1}.

Для доказательства этого утверждения нам понадобится следующая лемма 
о преобразовании стохастических интегралов. (В самом общем виде для 
многомерных стохастических интегралов эта лемма сформулирована, напри
мер, в [8].)

Л ем м а 2. Пусть g, и у, — независимые винеровские процессы и пусть слу
чайные функции x(t, со) и y(t, <у), принадлежащие области определения стохас
тических интегралов, таковы, что п. в.

x 2(t, сo ) + y 2(t,œ) =  1

Тогда процессы ß, и у,, определяемые соотношениями

dß, =  x(t, со) clg,+y(t, со) d / t ,

dy, =  y(t,  td )d e , -x ( t ,  со) dy„

являются независимыми винеровскими.

Используя эту лемму, покажем, что распределение процесса |£,2| не за
висит от параметра со. В самом деле, по формуле Ито

(23) d\Ç,\2 =  2dt +  2Çt dÇ, +  2r\, drj, =  2(1 -  Щ ,\2) d t+  2 \Q d ß t , 

где процесс ßt , определяемый соотношением

(24) \Q,\dß, =  C,dgt +  n,dx,.

является согласно лемме 2 некоторым новым винеровским процессом.
Теперь заметим, что решение уравнения (23) единственно (в сильном 

смысле), поскольку коэффициенты сноса и диффузии этого уравнения удов
летворяют условиям теоремы 1 из недавней работы Я м алу и В а та н а б е  [11]. 
(Функцию д(и), фигурирующую в указанной теореме, в рассматриваемом 
случае надо взять равной и112.) Очевидно, из единственности решения

t

уравнения (23) вытекает, что распределение |{,|2, а следовательно и f |£s|2ds,
ô

не зависит от параметра со. Искомую функцию ф2(р; Я; t) теперь можно найти, 
если в (20) положить ю = 0 . При этом компоненты процесса Ç, будут независи
мыми. Воспользовавшись соотношением (15), получим результат утвержде
ния 4.
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6. Используя формулы (8) и (9) с учетом замечаний, сделанных в п. 4, 
теперь можно найти смещения и среднеквадратичные уклонения оценок X, (ç) и 
а>,(£). В частности, получим

Мд,„«0,(0 =  СЩ DAi1A ( 0  -  / * 2 (л; А; ОФ.
о

Кроме того, справедлив следующий факт.

У тверж дени е 5. (Арато—Колмогоров—Синай.) Если процесс удов
летворяет уравнению (20), то случайная величина

(<ôf (О - < » ) ( / |&|2* ) 1/2
О

имеет нормальное N(0, 1) распределение.

Д о к а за тел ь ств о . Из (22) и (21) после некоторых простых преобразо
ваний получим

( < & * ( 0 - “ ) ( / l i » l 2 * ) 1 / 2 =  ( / | í » l 2 * ) _ 1 / 2  /
О 0 0

где процесс yf, определяемый соотношением

I&I dy, = t], dp, —  Çt dxt,

является согласно лемме 2 винеровским и, что очень существенно, независящим 
от ß, из (24). Так как процесс |£,|2 удовлетворяет уравнению (23), то он является 
функционалом от ß, и, следовательно, процессы |с,| и ß, тоже независимы. 
Обозначим сг-алгебру событий, порожденную процессом |£(|, через п(|£|‘0). 
Тогда в силу известных свойств стохастических интегралов и условных мате
матических ожиданий

Мд,шехр { ip ( w , ( 0 ~ c o ) [ f  |£ ,|2* ) 1/2} =
О

=  ш [мД шехр \£a\2ds}~llz f  |Ç .|^,}|«T(|{|‘o)] =  exp { - p 2/2}.
о о

Это и требовалось показать.
7. В заключение несколько слов о возможных обобщениях.
На протяжение всей работы рассматривались процессы, имеющие еди

ничный коэффициент диффузии. Однако, полученные формулы для смещения 
и среднеквадратичного уклонения рассматриваемых оценок м. п. легко рас
пространяются и на случай произвольного коэффициента диффузии.

Из примеров, разобранных в работе, видно, что оценки м. п., вообще 
говоря, умеют смещение (случай, разобранный в п. 6, является исключительным), 
а их среднеквадратичное уклонение существенно зависит от оцениваемого 
параметра. Возникает вопрос, а существуют ли вообще несмещенные оценки 
параметров рассматриваемых процессов? Оказывается, что вопрос имеет
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положительное решение в классе последовательных оценок. О применении 
последовательного метода оценивания к диффузионным процессам, автор 
намерен сообщить в последующих работах.

Автор выражает глубокую благодарность А. Н. Ш иряеву и Р. Ш. Л ип- 
церу за многочисленные полезные замечания, а также Т. С. Барш т за помощь 
в оформлении работы.
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THE PROBLEM OF THE SECOND SEATING 
AND GENERALIZATIONS*

by
MORTON ABRAMSON and W. O. J. MOSER

1. Introduction. At the first session of a conference n people sit at a round table.
At the second session they can be seated in

( 1 ) Д ( - 1 ) ‘ ( * ) ( и - l - * ) !  +  ( - l ) \  « S 3 ,

ways subject to the
(a) one-sided condition: no one (immediately) follows (in a clockwise direc

tion) a person he followed at the first session. (Cf. [7], [8, p. 105], [5, p. 121].)
In section 2 we find that at the second session they can be seated in

(2) (n - l ) !  +  2 ( ^ iy + S *  1"7*1 (*~1I)( |I- 1 -*:)!, « 3 ,

ways, subject to the more natural
(b) two sided condition : no one sits next to a person he sat next to at the first

session.
These numbers are counts of certain classes o f restricted permutations. In 

section 3 we describe generalizations and their second-seating interpretations. In 
section 4 we obtain explicit expressions for the generalizations; these complete 
the corresponding results we obtained [2] for straight-line permutations. Section 5 
contains recurrence formulas for some simple cases, and section 6 deals with the 
situation where the first seating is at several tables while the second seating is at a 
single table.

2. Circular second-seatings. A permutation is a straight-line arrangement of
1,2, . . . ,« ,  while a circular permutation is an arrangement in a circle. Thus there are n ! 
permutations and only (и — 1)! circular permutations of 1 ,2, A seating of  
n people in a straight line (i.e., row) is described by a permutation; a seating of 
n people at a round table is described by a circular permutation. A circular permuta
tion is said to Contain the 2-sequence (i.e., sequence o f length 2) ij if, looking in 
the clockwise direction, j  immediately follows i. Two 2-sequences are consistent if 
some permutation contains both of them; a collection of 2-sequences is consistent 
if each two of them are consistent. It is easy to see that the number of circular permuta
tions containing a particular choice of к consistent 2-sequences is equal to (n — k — 1)! 
if k < n  and equal to 1 if k =  n (cf. [4]).

1 This work was done, in part, when the authors were at the Summer Research Institute o f  the 
Canadian Mathematical Congress, Winnipeg, 1969.
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The circular one-sided second-seating problem is that of finding the number 
of circular permutations containing none of the 2-sequences listed in the left column 
of Table I. Since any к  o f  these 2-sequences are consistent, the Principle of Inclusion 
and Exclusion yields (1). Multiplying (1) by n gives the number of permutations n of 
the л residue classes mod л such that я (/+ 1) —л (/) ^  1 (mod и), г =  0, 1, — 1, [7].

1 2  2 1
2 3 3 2

л — 1 л n n —I
n i  1 n

Table I
In the circular two-sided second-seating problem, the circular permutations 

contain none o f the 2-sequences in Table I (both columns). Two 2-sequences in 
Table I are consistent provided they come from different rows, and if from adjacent 
rows, then from the same column, the first and last row being considered 
adjacent. Thus, letting h(n:k), l^SkSn, « 5 3 , denote the number of ways of choo
sing к consistent 2-sequences from Table I and using the Principle of Inclusion and 
Exclusion, the solution to the circular second-seating problem is

( 3 ) (n - 1 )  ! +  "Z ( - 1  )kh(n : к) (л -  1 -  k) ! +  ( - 1  )"/г(л : л),
k =  1

n ^ 3 .

Since h(n:ri)=2, 3, and

(4) h(n:k) =  2  2l{(n:k\i)),
i — 1

where

( 5 ) « « :* !* »
n in — k — l )  

n —k  ( i J J - l J

l s l ' < « ,  n s 3, 

1 ш к < п ,  1 si г, л ^  3,

is the number o f ways o f choosing, from n objects arranged in a circle, к  o f them 
so that the Æ-choice has exactly i parts ([1, p. 270] [2, p. 1252, expression (25)]),
(3) (4) and (5) yield (2). Multiplying (2) by n gives the number of the permutations 
n o f the n residue classes mod л such that я ( / + 1) — n(i) ^  1 or л —1 (mod л), 
i =  0, 1, . . . ,л —1.

3. Generalizations and interpretations. The sequences in Table I are of length 2. 
There is an obvious generalization, for circular permutations, to sequences o f length 
w 5 2. Similar problems for permutations are discussed in [2], and elsewhere for 
some special cases. We describe these generalizations and interpretations.

A permutation is said to contain the w-sequence (i.e., sequence o f length w)
( 6) ijk ...st

if, looking from left to right, у immediately follows /, к  immediately follows j ,  . .. ,  t 
immediately follows s. A circular permutation is said to contain the w-sequence (6) 
if, looking in the clockwise direction, у immediately follows i, к immediately follows 
y, . . . ,  t immediately follows j . Two w-sequences are consistent if some permutation 
(circular permutation) contains both, and a collection of vv-sequences is consistent 
if each two of them are consistent.
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Now consider the w-sequences in the following tables:

1 2 w w w - 1 1
2 3 ... W +  1 w +  1 w 2

n  — w + 1 n -  w  +  2  . n n n - 1 ... t l — w +  I

Ô

1 2 . .. w  — 1
A

\v w  w 1 . . . 2 1
2 3 ... w w + l w + l w 3 2

n  — w +  1 ... n  — 2 n n  n — 1 ... n  — ív T f
n  — w  +  2 ... n 1 1 n n — w +  2

n 1 w  — 2  
----------

w — 1 W — 1 IV —■2 1 /I

X
------------------------------------v------------------------------------

A
Let
7) P0(n, w, r), Pj(n, w, r ), Pk{n, w, г), PA(n, w, r )

denote the number of permutations of degree и containing precisely r o f the n se
quences in the ô, A, X, A lists respectively. Let

(8) Q0(n, w, r), Qj(n, w, r ), Qk(n, w, r), QA(n, w, r)

denote the number of circular permutations of degree n containing precisely r of the 
w-sequences in the S, A, X, A lists respectively. Of course Qk(n, 2, 0) and QA(n, 2, 0) 
and given by (1) and (2) respectively.

The numbers (7) were given chess-board interpretations in [2]. They, and (8), 
have second-seating interpretations. For example, the following statement is valid 
when the three blanks are filled in, respectively, with the entries in any row of the
Table II: If n people sit in a _____ at the first seating, th en______ is the number of
second-seatings o f the n people in a _____ such that (at each second seating) there
are precisely r occurrences of: two people who sat next to each other at the first seat
ing do so at the second seating.

First Seating Number Second Seating

row Fj(n, 2, r) row
circle Рл(п, 2 ,r) r ow
row Qa(", 2, r) circle
circle 0л («. 2, r) 

Table II
circle
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4. Explicit expressions. Explicit expressions for the numbers (7) and (8) in
volve counts of certain ^-choices which we now describe. Henceforth we take

(9)

Let
10)

( « )  f n\ /k \ (n  — k )  !, O ^ k S n ,

\ k )  \  0, otherwise,

x l < x 2 <  •" < x k> 1 = к ^ П ,

be a Æ-choice from {1, 2, n}. Call (10) a (n:k\a , b, c, ...)-choice if

(11 a  =  У'' 1» b =  2 ,  1. •••>

where the sums are taken with i — 1,2, . . . , k — 1. Define, for 1 ^/,  j~^n,

( 12) ij
J - и  K J ,  
j —i+ n ,  jrSi.

Call (10) a (n:k\a, b, c, ...)-choice if (when 1 ^ k < n )  

(13 a =  Z  1, b =  2  >•
X  : * . - . , > 1 X, X: , . >  2

where the sums are taken with /= 1 ,2 , ..., к (and xk+1 = x ,) . Of course ű S é S c i  
•••SO.

In [2] we proved that the number of (n:k\a, b, c, . . . ,  p, ^(-choices is

n - k — a — b — --- —  p +  1

<7+1
f * - 1 ] b M i. a J w c я J(14) ((n:k\a, b, c, p, q)) =

while the number of (n:k\a, b, c, ...,/?, g)-cho:ces is

(15)

{{n:k\a, b ,c , . . . ,p ,  q)) —

S / t S  «,

M I M V p) n — k — a — b ----- — p— 1U - i  J U J c U J <7- 1
I s  к <  n, 0 <  q.

For w § 2 ,  expressions involving the numbers (14) and (15) are given for 

Pa(n,w,r)  in [2; the number Rr(n,w) o f Theorem 2(iii)];

PA(n,w,r) in [2; the number Nr(n,w) o f Theorem 2 (i)];
(16)

Pk(n,w, r) in [2; the number Q,.(n,w) o f Theorem 4 (iii)];

Рл{п, w, r) in [2; the number Mr(n, w) of Theorem 4(i)].
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We now turn our attention to the numbers QA(n, w, 0), 2S w < n „  Observe that 
in a circular permutation o f 1, 2, . . . ,n  the joint occurrence of k (=  1) of the w-se- 
quences in the A  list is possible if and only if

(i) no two come in the same row, and
(ii) two which come froms rows s and v,

with s~v =  w — 1 or v^s S  w—1 must come from the same column.

Remark. If a circular permutation contains two w-sequences (from A)  which 
come from rows s and v with sfv  S  w—1 then by (ii) the two w-sequences come 
from the same column and the circular permutation also contains the w —2 w-se- 
quences in that column and in rows s+ 1 , 5+2, — 1 (numbers here modulo ri).

Let us focus our attention on a particular choice of к  consistent w-sequences 
from A.  We prove

Lemma 1. If the k ^ l  rows, from which the particular к consistent w-sequences 
in Л come, form a {n \k \a1, a 2, . . . ,  aw_ f)-choice o f  the rows, then the number o f  
circular permutations containing these к w-sequences is

\ ( n - k - a l ---------aw-2 “ 1)! i f  f lw - iS l ,
 ̂ ( l  i f  ö„,_1=:0.

P roof. If aw- i > 0 ,  any permutation containing the к  chosen w-sequences con
tains (by condition (ii) and the Remark) precisely

к +  a1 — a 2  +  2(a2 — аъ) +  ••• 4- (w — 2) (uw_2 — - 1 )

=  к +  ûq +  a2 +  ••• + u w _ 2  — (w — 2)ew_ J

w-sequences (from Л) and their rows form a

{ n :k + a l A------ \-aw_2 - { w - l ) a „ - i \bl , ^-choice,
b\ =  b2 =  ••• =  й„._ 1 =  öw-1,

of the n rows. This choice has aw„ y parts, and two w-sequences in rows belonging 
to different parts involve no common integers. Let ar , a2, ... ,  aavv_, be the lengths 
of the aw_! parts. They involve, respectively

a t +  w — 1, a2 +  w — 1.......a0w_, +  w — 1

different integers, and hence the к  (“original”) chosen w-sequences involve

“w-l
2  (oq +  w—1) =  k +  a^A---- + a w_2 — (w — 2)aw_ 1 + ( w —l)a w_ l

i= 1

=  k +  fiq -I------ hUw- 2 +  «w-l-

different integers. So there are n —k —a 1—a2-------- aw_2—aw_ l integers not in
volved in the к chosen w-sequences. Treating these integers, and the aw_ x parts, as
n —k —at —a2--------aw_ 2 distinct entities, we have 0n—k —a 1—a2-------- aw_ 2 —1)!
circular permutations.

If aw_ ! = 0 , by condition (ii) the к  w-sequences come from the same column and,
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by the Remark, any permutation containing them contains as well all the w-sequences 
in that column; there is just one such permutation, either

n
n - 1 1

2 containing all the w-sequences in the left column of Л, or

n
1 n - 1

2 containing all the w-sequences in the right column of Л.

This completes the proof o f Lemma 1, and we have as well

Lemma 2. Let the non-negative integers a t Êa2ë  ••• S  be given. Then the 
number of ways o f  choosing к consistent (with respect to circular permutations) w-se- 
quences from the Л list subject to the condition that the rows from which they come are 
a (n:k\a1, a2, aw_^-choice (o f  the rows) is

(18)
2aw -i((n:fc|a1,ű 2, . . . , a w- 2 ,ű w_ 1»  i f  1,Í 2a™-i((n:k\aly a2, . . . ,a y 

[2 ( (n :k \a 1, a 2, . . . , a w_2,.0 »  if  aw_ l =  0.

Lemmas 1 and 2, and the Principle of Inclusion and Exclusion, now yield 

(19) QA(n, w, 0) =  (и- l ) !

+  Z  (-1)*  Z  ( (n :k \a 1, . . . ,a w^1) ) -2 a— > ( n - k - a 1-------- aw_2-  1)!
k= 1 HSa1ä...äo„_1s l

+  Z  (-1)*1 Z  ((п :к \а1г . . . ,a w_ 2 , 0 » - 2 - l
fc=l (cSajS...Saw_2sO

and, if 0 <гШп, 

(20) Q a (n,  w , r )

Z  ( - ! ) * (  _ ) Z  ((n:r +  k \a l , ..., V i » 2 " » - ' X

(r +  k)
X(n — r — k — a 1-------- öw_2- 1 ) ! +  Z  ( - 1 ) 4  X

r=о

X Z  ((n:r +  k \a 1, ..., aw_2, 0 » 2 .
r + ( t B o , S . . . * a w _ 2 * 0

We will simplify (19) and (20) after proving that if r and m are non-negative 
integers, then

(21) £ ( - ! ) *
if rX m ,  
if r =  m.
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Proof o f (21). Let the left hand side be denoted by f(m , r). It is obvious that 
— ( — l)m and, if 0 ^ m < r  then f(m , r) =  0. If / я > 0 ,  then f(m ,  0 )  =

=  2 ( - 1 ) ' i Í T ) =  0. IfO*=о \ k )

f { m , r ) =  2 i ~  1)‘k = r
i m — 1 \m Í L - 1]1 кU - i . \ k U - i  J 7

and a repetition of this yields

/(m,r) =  ( - i y

completing the proof.

f(ni -  r, 0) =  0,

Since 2  ( ( n : A : | ű | , flw_2> 0)) is the number of A:-choices (10)
* S e , S . . . S o w _ 2 S 0

satisfying
jri+1 — x t S  w — 1, /=  1, 2 , . . . ,  к — 1, и +  Xj — Xk =  w — 1,

[it is equal to

к j=o
_ i v W  i ) - i

к - 1 1S  к S  n, 2 Sw ,

3, p. 675, formula (1)], [6, formula (29)]. 
Hence, the last term of (19) is

<22)1 2.5 <-1),тД<-,>'й(,,”лГ 11)"1)

- 2 л il)-2"?, ‘)
- 2(_ 1Ь 2л д i_ iy ? л  1)1 (A ) (” ~Kwk 1

Now (21) with m — n —j ( w — 1)—1 and r =  j — 1 shows that

(23) 2 ( - l ) *
*=o

к
j -  1

n - j ( w - l ) -
k

1 'j _  Í 0, if n - j w ^ 0 ,j “ l(—ÍV“ 1, if n - j w = 0 .

Hence, if w does not divide n every term in the sum on j  in (22) is equal to zero; 
while if w divides n the only non-zero term occurs when j= n jw .  Thus, we finally have 
that the last term o f (19) is equal to

2(w —1) if w\n,

— 2 if wffl.
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Expression (20) simplifies when r Щ n — w + 2 .  In this case, necessarily aw_ 2 = 0 , so 

Q(n, w, r) =  2  (— l)k ( t  ) 2  «и:г +  k \a i , aw_2, 0 » 2  =
k= О V ' ) 2 — 0

(г)дд<М 7 )("‘=  2 2  (-1)*  k = 0
(and, because r s  я — vv+1)

l - j ( w -  1 ) -1  
r +  k -  1

Я 1 [0 , if r</2,
r +  fcj _  \ 2, if r - n .

O f course 
(24) S a Oh w, 0) =  (я - l ) !

+  2  ( ~ l ) k 2  {{п\к\а1г -------- aw_2- l ) !
f c = l  t S 01a . . . e a w _ , g l

+ {w — 1, if vv| я, 
— 1, if wfn, 2 g n '< « ,

while
(25) £ а О » , и > , г )  =  У  ( - 1  )kX

k = 0

X
(r +  ÆI

2  ((n:r +  k \a l3 aw_ 1) ) ( n - r - a t ---------aw_2 - l ) !
I r ) r+fĉ a1̂ ...^aw_ j^l

r +  k
- 2 ( - D k

k =  0

and

(26)

2  « и :г  +  k \a l3 ..., uw_2, 0 » ,
' / r + fĉ a1̂ ...^flw_2̂ 0

2 s w < / i ,  l i r g f i - M ' + l ,

S
Í0,

a Ob W, r) =  j
0, if n -H ’ +  2 sr < n ,  

if r =  n.
Similar arguments show that

n — w+1 -
(27) Sa Ob w, r) =  2  ( - 1 )

n—w+1—r [r +  fc&1
k =  0

2 2 “. - . + 1X
 ̂ J r +  fc— 1 ^ a 1^ . . . ^aw_ 1 ^ 0

X ((я — w + \ : r + k \ a l3 ..., aw_,))(n  — r — k — a v -------- aw_2 —w +  1) !,
2 S w < n , 1 ^ г < я ,

(28)
и — w-f 1

SaObH’,0 ) =  (я- l ) ! -  2  (-1 )*  2 2 а- '  + 1Х
k= 1 l;-läa15..,So„_Is0

X ((я — vv' -Ь1 : Ar I <яг ! , ..., aw_ i)){n — k - a l ----- — aw_2 — w + 1) !, 2
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n-w+l-r (V +  fc'l
(29) Qt ( n , w , r ) =  2  ( - 1 ) 4  ,  2  Xk = 0 1. " ) r  + t - lS a 1S...Saw_1feO

X ( { n - w - \ : r  +  k \ ay, ..., aw_ i) ) ( n - r - k - a l -------- aw_2-H>+ 1)!,
2 s№ < n , l ^ r < n ,

П — W+ 1
(30) Qs(n,w,0) =  ( « - ! ) ! +  2  (— l)fcx

X 2  { { n - w  +  \ \ k \ a i ,  . . . , a w_ l) ) ( j i - k - a l -------- a„,_2 - w  +  1)!.
It—l e a ,S . . . £«„,_,£<>

5. The Case w =  2. When vv =  2 the numbers are :

(31) PA(n, 2,0) =  n \+  'S 1 (— l)fc S l ( (n - l : fc |i ) )2 ,+1(« -fc )!t « S 2,
k= 1 i = 0

[2, Theorem 2 (ii) with w =  2];

(32) P /1(n) 2,0) =  « ! + " Í 1 ( - l ) ‘ Í « n : f c | / » 2 i (" -^ ) ! ,  « ä  3,
*=1 /=1

[2, Theorem 4 (ii) with w=2];

(33) Qa(n, 2, 0) =  (л - 1 )  ! +  *2 ( - 1)* 2 ( ( я - 1 : * 1 0 ) 2 ‘+1( л - Л - 1 ) ! ,  и ё З ,
fc=l í = о

from (28) with w=2; and

(34)

0д(/7, 2, 0) =  ( и -  1) ! +  *2 (-1 )*  i « n : Â : | ï » 2 i( « - A : - l ) !  +  ( - l )" 2 > п ё З ,
k=í i = 1

from (19) with w=2. A simple manipulation shows that nQd(n, 2, 0) = P A(n, 2, 0). 
The symbolic method is an effective way of computing these numbers. With

(35)

and

((n:k\i)) =
1, k =  0, / =  — 1,
k — \ \ ( n  — k-\-1\

otherwise,
— 1 )  ( и  — A: +

i J l i +  l

(36) ( (n:k\ i ) )  =

we can write

1.
0,
n ( f c - n
i i - 1

n — k — 1 
i - l

k =  n and i = l ,  or k =  i =  0, 
l s f c s / i  and i =  0,

, otherwise,

PA(n, 2 , 0 ) =  2  ( ~ 1)fe 2  : k \ i — l))2‘(n — k) ! — ”2  ( ~ \ ) k g ( n - l : k )  ( n - k ) \ ,
k = 0 i =  0 k = 0

n ^ 2 9

Р л (п, 2 ,0 ) =  * 2  ( r  1)* 2  ( ( п : к \ 1 ) ) 2 1(п — к)  ! =  * 2  ( г - 1 Г к ( п : к ) ( п - к ) 1 ,  3,
л=о / = 0 *  =  0
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QÁn, 2 , 0 ) =  ÿ c - l ) *  2 { { п - \ : к \ 1 - \ ) ) 2 \ п - к - \ ) \
* = 0  i =  0

=  z  (— !)*«■(« — 1 :* ) (я — Л — 1)!, n s 3,
k =  О

(37) 0 л(и,2,О) =  S ’ ( - 1 ) ‘ 2 « п : А : | /» 2 ' ' ( « - £ - 1 ) !  +  2 ( - 1 ) п
Jk =  0 i= 0

= Z  (— 1)к/|(«:Аг) (« — Ä:— 1) ! + 2(— 1)",
к = 0

where, for n s  1,

(38) g(n:k) =  Z  ( ( n : k \ i -  1))2г; h(n:k) =  Z  ( (n:k \ i ) )2‘.
1 = 0  i= 0

If we write, in symbolic form, Em(p0 =  q>m =  m\  then

P^(n, w, 0) =  EGn(E)(p0, n s 2;

C„(£) =  2 1 ( - l ) ‘g ( « - l : * ) ^ B- t - 1, n s 2 ;
k = 0

р л (п, 2, 0) =  EH„(E)<p0 , n s 3 ;
8
(39) Ern{ E ) = " z \ - \ ) kh{n-.k)En- k- \  n s  3;

*=o

£?а(л, 2, 0) =  Gn(E)(p0, n s 2 ;

0 л(п ,2 ,0 )  =  (Я„(£) +  2 ( - 1 ) > 0, n s 3 .

Recurrences for the G„(E), Hn(E) are obtained by noting that for n ^ 3 , l s f c s  
=  n — I, — l ^ i ^ k  — 1,

((л:*|/)) =  ((„ — 1 :& |/))+((и —1 l |i) )—((n—2:& —1 |г))+((и —2:/c — 1 |j— 1))

[2, p. 1247], and for n S 4 , 1 Ш к ^ п —2,

((n:k\i)) =  ( ( n - l : k \ i y ) + ( ( n —l : k - l \ i ) ) —((n—2 : k - l \ i y ) + ( ( n - 2 : k - l \ i —iy) 

(proved by directly substituting (36)), so

(40) g(n:k) =  g(n— 1 : k ) + g ( n — 1 :k — l)+ g (n  — 2 : k — 1), for n S3 , ISArSn —1,

(41) h(n:k) — h(n— 1 :k) +  h(n — 1 :k — 1)+/г(п — 2 \ k — 1), for nS4, lS & S n — 2, 

and hence

(42) Gn( E ) ^ ( E - l ) G n_ 1( E ) - E G n. 2(E), n s 4 ,

G2(E) =  E -  2, С з(£) =  £ 2 - 4 £ + 2 ;

(43) Я ,(£ ) =  ( £ - 1 ) Я л. 1( £ ) - £ Я , . г(£ )  +  2 ( - Г 1, h s 5,

H3(E) =  E 2 - 6 E  + 6, Ha{E) =  £ 3- 8 £ 2+ 1 6 £ - 8 .
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Tables III and IV carry the computation up to и =  8. The recurrences (40) 
and (41) permit the numbers g(n:k)  and h(n:k) to be arranged in a triangular form 
(Fig. 1).

n

1
2 1

g{n:k)

1 2
4 2

3 1 6 8 2
4 1 8 18 12 2
5 1 10 32 38 16 2
6 1 12 50 88 66 20 2
7 1 14 72 170 192 102 24 2

n h(n:k)

1 1 2
2 1 4 2
3 1 6 6 2
4 1 8 16 8 2
5 1 10 30 30 10 2
6 1 12 48 76 48 12 2
7 1 14 70 154 154 70 14 2
8 1 16 96 272 384 272 96 16 2

Fig. 1

The triangle is generated from the initial values (computed from (38), using (35) 
and (36))

g (w :0 )= l, g{n:ri)=2,  n S l ,  g (2 : l)= 4 ;

A(«:0)=1, h(n:n) =  2, n i  1, h(n:n — 1) =  2 n n = 2.

Any other entry is the sum of the three closest numbers above it (see Figure 2).

h(n — 2: k— 1)

h(n— l : k — 1) h(n— 1 : Лг)

h (n : k)

Fig. 2

6 .  F i r s t  s e a t i n g  a t  s e v e r a l  t a b l e s .  Suppose that at the first seating n =  —
•••+«,„ (w —2, w«=l, /= 1 , 2, m) people sit at in tables 7 \ ,  T2, T m, nt of 
them at table Tt . Then the number of ways they can be seated at a single table T
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n Gn(E) # „ (£ )

2 E - 2
3 E 2 - 4 E + 2 £ 2- 6 £ + 6
4 E 3- 6 E 2 +  S E - 2 E 3 — 8 £ 2 +  16£— 8
5 E * - 8 E 3 +  l8E 2 - l 2 E + 2 £ 4 -  10£3 +  30£2 -  30£ +  10
5 E 5- \ 0 E 4 + 3 2 E 3- 3 8 E 2+ l 6 E - 2 E 5 -  12£4 +  48£3 -  7 6 £ 2 +  4 8 £ -  12
7 E 6 - 1 2 E 5 +  50£ 4 - 8 8 E 3 +  66E 2 -  

- 2 0 E + 2
£ 6 -  14£5 4- 70£4 -  15 4 £ 3 +  15 4£2 -  

- 7 0 £ + 1 4
8 E 1 — \4E6 +  12E3 — 170£'4 +  192£3 — 

- 1 0 2 £ 2 +  2 4 £ - 2
E 1 - 16£6 +  96 £ 5 -  272£4 +  384£3 -  

— 212E2 + 96E — 16

Table III

n Pa (и, 2, 0) Л  («, 2 ,0) ôa(«, 2,0) ôa(« , 2 ,0)

2 0
3 0 0 0 0
4 2 0 0 0
5 14 10 2 2
6 90 60 10 6
7 646 462 66 46
8 5242 3920 490 354

Table IV

subject to the condition that no one sits next to a person he sat next to at the first 
seating is

Z ( - I ) k 2  77/0*0 <h)x
a i + . . . + a m = k  i= 0^ai^ni~ 1

Un — к) ! if Г is straight, 
\(n — к — 1) ! if T is round,

where /(1 :0 ) =  1 and

/(««: a,)

or, in symbolic form, 

2 ( -  0*

g(n;—l:a ;) if T; is straight and n ^ 2 ,
h (и,-: a,) if Tt is round and «;^ 3 ,
1 if Tt is round, nt =  2, a t =  0,
2 if Tt is round, n, =  2, at= l ,

2
a 1 + ...+ a ,„  = k  l i  
О^а^л,— 1

where e  =

m
1 и - \ ) а‘ЛпГ.адЕп>-°>-
= i
Í 0 if T  is straight,
} — 1 if Г is round,

(P o,

S tud ia  Scientiarum  M athem aticarum  Hungarica 7 (1972)



THE PROBLEM OF THE SECOND SEATING 223

or

{ m ,И(— 1
Em~c П 2 f ( ni:aj)E"i~aJ~1\ <Po =  Em-*F„i (E)Fni(E ) ... F„m(ß)(p0,

(=1 <2j = 0 )
where

Example 1

FnXE) =  

"i =  2, n2 =  4,

1 if nt =  1,
Gnt(fi) if Tt is straight, 2, 
H„t(E) if 7) is round, nf^ 3 ,  
E —2 if Tt is round, nt — 2.

First Seating Second Seating
Number of Second 

Seatings

7 7 2 T

round straight round straight round straight

2 4 6 136
2 4 6 80

2 4 6 136
2 4 6 80

2 4 6 14
2 4 6 8

2 4 6 14
2 4 6 8

Example 2. Four separate decks (the four suits) o f 13 cards each, with the cards 
in natural order (i.e., A, 2, 3, ..., 10, J, Q, K) are put together and shuffled. What is 
the probability that no two cards which were adjacent in the original (small) decks 
are adjacent in the shuffled (large) deck?

Answer: ^ E * { G 13(E)}4(p0 .

If in addition the A and К of each small deck are considered adjacent, (but the 
top and bottom card of the shuffled deck are not considered adjacent) the answer is

^ £ 4{tf13 ( £ ) } > „ .

If the A and К of each small deck are considered adjacent, and the top and 
bottom card of the shuffled deck are also considered to be adjacent, the probabil
ity is.

^ £ 3{Я13(£ )Г > о -
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ON 4-VALENT GRAPHS IMBEDDED IN ORIENTABLE 
2-MANIFOLDS

by
E. JUCO VIÍ and M. TRENKLER

1. Introduction. For a 3-connected regular 4-valent graph (without loops and 
multiple edges) imbedded in a closed connected orientable 2-manifold P  let pk{M)  
denote the number of Æ-gonal faces (cells, countries) of the map M  defined by the 
imbedded graph. From Euler’s formula ( ^ P k(M) +  v(M) =  h(M) +  2 ( l —g),

u  3
— v(M)  or h(M)  denotes the number of vertices or edges of the map M  respectively, 
g  is the genus of P) follows

(1) 2  ( . 4 - k ) p k( M )  =  H i - g )
кшз

Clearly, (1) does not impose restrictions on the number /?4(M). Thus the following 
question can be asked: Given a sequence p = ( p 3,P i ,  . . . , p s) of  non-negative integers 
satisfying

(2) Z ( * - * ) A  =  8 ( 1 - * )
Jc*3

does there exist a map M  with a 4-valent graph on the orientable surface Pg of genus 
g  such that pk( M ) = p k for all Ar^4? (If so then the sequence p  is called 4-realizable 
on P„.)

For g = 0 the solution is given in Grünbaum [3, 5], for g = l  (as well as g = 0 )  
in Barnette—Jucovic—Trenkler [1] (cf. Zaks [9]). The aim of this paper is to 
present the solution for all finite g ^ 3, and to give a partial answer for g =  2.

Our main result is contained in

Theorem 1. Every sequence p  =  (p3, pA, ... ,  p s) o f  non-negative integers satisfying
(2) with g =  3 is 4-real izable on the dosed connected orientable 2-manifold o f  genus g.

2. Proof of Theorem 1 will be carried out by constructing, for every sequence 
p  satisfying the assumption, the required map on the appropriate manifold. (We 
recall that there is, to every g  SO, exactly one topological type of an orientable 
2-manifold of genus g. For our purposes ist interpretation by a sphere with g  “handles” 
will be convenient.) The construction is decomposed into several stages with two 
different procedures of construction. Luckily there is no need to consider many 
cases.

First let us decompose the sequence p into two sequences r =  (r3, r s , . . . , r s)
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and р'=(рз ,р '5, ■■■, p's) o f  non-negative integers (p4, r4 , p'4 need not to be considered) 
such that

(0  Pi — PÍ +  ri f ° r all i, and

(ii) 2 1 (4 - k ) r k =  8 ( 1 - g), and
k m  3

(iii) р'з^Х holds, and

(iv) there exists no sequence r' =  (r2, ... ,r's) with r-Sri  for all i, different from r, 
satisfying conditions (i), (ii), (iii).

Notice that a) for the sequence p' holds ^  (4—k)p'k =  0, b) from (ii) follows
km 3

^  rt to be even for i odd, if r3 =  0.
im s

The stages of our construction, in rough outline, are:
I. Constructing on the surface of the sphere a map R with r; /-gonal faces and 

2g “other” faces to be used as openings for forming the handles. Only the vertices 
o f these last polygons are trivalent, all other vertices are 4-valent.

II. Constructing, on a tube, a map with p[ г-gonál faces for all i. On the open
ings of the tube there are equal numbers of vertices and they are all 3-valent. All 
the other vertices are 4-valent.

III. Joining the tube from II. with the sphere in I. and adding (g — 1) handles 
decomposed into quadrangles.

I. The map R will be obtained from that on Fig. 1 consisting of one (8g—4)- 
gon А 1А2...А^д^ъААд_ 2В4.д^2 . ..В2В1= к ,  two triangles C2D vEx,C2gD2gE2g (the 
outer handle-openings), 2g — 2 hexagons CiDiEiZ iViUi , i =  2, . . . ,2 g — 1 (the inner 
handle openings) and 16g —8 quadrangles. (We designate by 0; that handle-opening 
whose vertices have indices /.) In the sequel the face-aggregate obtained by dissecting 
the polygon A by new edges will be called submap A ; the remaining part of the map 
in Fig. 1 as well as its transforms will be called submap B.

The vertices C,, Dt, Ei , £/;, K;, Z; are trivalent, all other vertices are 4-valent. 
The rk k-gons, k-=5, are cut off from the polygon A, the triangles are inserted in the 
submap B.

Consider first the case when 

a) r3 =  0.
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If k — 2m choose a point 0 i  between Am_ 1 and Am, and a point Q2 between 
Pm_! and Bm. Joining Q t and Q2 by an edge a k-gon is cut off from the polygon A. 
The vertices Q lt Q2 are still trivalent, however only vertices on the “handle open
ings” can remain so. If the line Qi Q2 does not meet such an opening we draw it 
and create quadrangles and 4-valent vertices in submap В only. In the opposite 
case the point Q i is joined with a point Q3 between the points Cj and Uj,  and the

point Q2 likewise with the point QA lying on the edge E j Z j , j  =  m . (See Fig. 2).

Analogously any further polygon with an even number of edges is cut off from the 
polygon A.

Faces with odd numbers of edges are cut off in pairs. So if a A>gon, к =  2m +1, 
and a t-gon, t =  2 n + l, are needed first a 2(m+n — l)-gon is cut off, by an edge 
PQ, the point P lying between the points Bm+n_ 2 and Bm+n_ 1, the point Q lying 
between the points Лт+„_2 and Am+„_l . (For simplicity’s sake let the Æ-gon be 
the first we are constructing in submap A. If this is not so, then the indices of the 
points Ai, Bt are increased.)

Now join a point P t between the points Am and Лт _ , with a point Q2 between 
the points Bm and P or Bm and Bm+l (if / > 5), and a point P2 between Am and Q 
or Am and Am+1 (if 5) with a point Q, between Bm and Pm_ ,.  A k -gon and a 
t-gon and two quadrangles Р хАтР2Х, Q xBmQ2X  are created in submap A. (Jf is 
the intersection point of the lines P2Q X and P, Q2, see Fig. 3.) Increasing the degree 
of the vertices P , , P2, Q t , Q2 is performed as before.

However, in forming any pair of odd-gonal faces and sometimes in forming an 
even-gonal face the number of vertices on a handle-opening is increased by two. 
Therefore the numbers of vertices on the inner handle openings must be balanced up 
in any step when this number is increased at one of them.
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Suppose the number o f vertices o f an inner handle-opening Ot was increased 
by two. Pairs of openings on the right hand side from <9, are joined by two paths 
each going from one opening to the other (dot-and-dashed lines in Fig. 2) increasing 
the number of their vertices by two and forming new quadrangles and 4-valent 
vertices only. The same is done with the openings on the left hand side from Ot.

In this way all the inner openings receive the same number of vertices while this 
need not be the case with the outer openings. However, in any case the outer openings 
have an odd number of vertices.

It remains, after dissecting the polygon A into r; /-go ns for all i and balancing 
the numbers of vertices on the inner openings to balance up the number of vertices of 
the outer openings when a > b ,  a or b being the numbers o f vertices of these openings,
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respectively. Let e.g. b be the number of vertices of the opening Ox. We choose 
between the vertices and E ^a  — b) points Hlt ... ,  Ha_b, and between the points 
D2 and E2 points G.lt  ... ,  G„-b and join these points by paths forming new quad
rangles and 4-valent vertices only (see Fig. 4 where the points arised in balancing 
the numbers of vertices of the inner openings are not depicted.) As g S 3 there are 
at least three inner openings different from 0 2. Therefore we choose \ { a —b) =  r 
points L ,, . . . , L r situated between Z 3 and V3. The points N ly . . . , N r, P t , . . . ,  Pr 
and S lt  Sr are likewise chosen to lie between E4 and Z>4, between Z4 and VA,

p \ \ —(D, \ - V d3 \ J Da _/d 5 \

H i/y _/ V L,Z_ IAn, pi / I
\  u  / l \ r! Pr/

El “~yba-b /  
7 — \ ET V —\ 5

Fig. 4

and between Es and Ds , respectively. Then we join Lt with N-t and P{ with St , 
/= 1 , . .. ,r ,  increasing the number of 3-valent vertices of the openings 0 3 and O s 
or О4 by r or (a — b), respectively, and forming new quadrangles and 4-valent vertices. 
At the end of this operation the pairs of openings Ô, and 0 2g, 0 2 and 0 4, 0 3 and 
Os have the same number of vertices. Of course all other openings 0 6, ... ,  0 2g- l 
have the same number of vertices too. The III. stage o f the construction, the “handle 
forming” can follow.

ß) '-3>0.
1. First let us settle the case of a sequence p =  (p3, . . . ,p s) which can be de

composed into the sequence r l and lp' satisfying conditions (i), (ii) and (iv) with 
^ = 0 ,  but contradicting condition (iii), i.e. r3 =  l. In such a decomposition we 
should have 1р'з =  1р'5 =  1, Vi = 0  for /> 5  and the second stage of the construction 
could not be performed as described belőve. But the realization of the sequence 
r l in submap A can be (and has been) carried out. This is done wihthout balancing 
up the numbers of vertices of the openings Qt and 0 2g. A “wedge” (triangle) is 
put next to the opening Oj (as in Fig. 5) giving a triangle and a pentagon in sub
map В of the constructed map. Now balancing the number of vertices of the outer 
openings can follow.

2. Suppose that p is not decomposable into sequences r l and lp' satisfying 
conditions (i), (ii) and (iv) and contradicting (iii). Then r3 <  i —4 for every /=-5 
for which riy*0. Take such an / and analogously as in a) realize in submap A the se
quence r' =  (r3, . . . , r ') with r3= 0 , r,' =  г , - 1, п_Г} =  л,_Гз +  1, r ' j -r j  for all yV /,
i —r3. One ( /—r3)-gon G  is from the polygon A cut off as the first. The numbers of 
vertices of the inner handle-openings are balanced up. Then r3 “wedges” are put 
next to the opening O, so that their vertices not lying on the opening O, belong 
to one edge of G,  (see Fig. 6 where r3 =  3). The (i —r3)-gon G  becomes an /-gon. 
Then balancing up the number of vertices of the outer openings is performed.
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3. Let the sequence p  be decomposable into r 1 and lp' satisfying (i), (ii) and
(iv) and contradicting (iii), and let r3>  1, i.e. 1, Vá =  Vs =  1, 1P Í = 0  for / £ 6. 
The procedure in 1. is combined with that in 2. First the sequence r1 is realized 
as in 2. Take an 5 with 0 and cut off from the polygon A an (rt —r3)-gon, 
construct all remaining /'-gons, y S  5, in submap A, balance up the numbers of vertices 
on the inner openings, put r\ “wedges” next to the openings O x as in Fig. 6 etc. 
Further a pentagon and a triangle is added in submap В as in 1. (Fig. 5).

Ai A2

Fig. 5 Fig. 6

II. The realization o f the sequence p' on a tube is the same as in [1]. We bnng 
this construction here for completeness’ sake.

Let W be an w-gon, w =  4 +  £  (k - 4)p'k, with vertices at , . . . ,  aw and right
k^L 5

[W +  l l
—2 I -(^ee Fig- 7.)

The intersection points of the lines a { a2 and adad- lt  or awa 1 and adaJ+l are 
the points b or c, respectively. The lines through the points a, parallel to the line 
û jC intersect the segment ö, b or adc in the points ut. Analogously we obtain the 
points Vi on the segments a d c, bad. Essential is the fact that if ^  kpk is even then

ks 5
the segments a, b and cad or сал and adb contain the same number {d— 1) of vertices
и,- or Vi. If £  kPk is odd then the segments a, b and bad contain (d— 1) points и, 

ks  5
ud“ud Qd-1 v4 v3 b»ud-i=v2
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or vit but in each o f the segments adc, cnq there are only (d—2) vertices nf or z/,-. 
In this case we add a new edge u q • and a series of edges on the arc q v ,  where 
the point u‘ or q' or v  lies between the points ud+l and ud+2 or ud + 2 and ad + 2 
or c and vd + 2, respectively (dashed lines on Fig. 7). Thus all sides of the rectangle 
aibadc have the same number of points ut or vt .

Next we cut off from the polygon W  the required Æ-gons. For some k, let р'кт±0. 
We choose a point zjq between a„ and a„ + 1, n<d,  and a point q2 between am and 
am + 1, m > d ,  such that ql a„+1an+2. . .adad+1 .. .amq2 is a A>gon. The point q t is 
joined with a point between vn and vn+l and the point q2 with a point between vm 
and vm+1 by an arc.

Analogously all other required z'-gons, z‘£ 5, are cut off from the polygon W. 
Along all sides of the rectangle ai badc series of quadrangles can be added. Then 
the trivalent vertices on one pair of opposite sides of the rectangle are unified to get a 
tube (or a handle).

The \ l l rd stage o f the construction is now simple. Pairs of the handle openings 
on the map R have the same number o f trivalent vertices. So the handle constructed 
in stage II. and (g — 1) handles decomposed into quadrangles can be put on the 
map R. (The vertices on the openings o f the handles are trivalent!) If the number 
of vertices on the opening of the tube is greater than on each handle-opening on R, 
the number of vertices on two handle-openings on R is increased as described in 
stage I. — A 2-manifold of genus g  decomposed by a map realizing the sequence p is 
constructed.

3. Theorem 2: Every sequence p  =  (p 3, p 4, ... ,  p s) o f  non-negative integers sat
isfying

Z ( 4 - * ) A P - 8
k s  3

for  which neither/73= р 13 =  1,Pi=0for  zV3, 4, 13, norp5= p 11 =  l , p i=0 f o r  zV4, 5, 11 
holds, is 4-realizable on the orientable surface o f  genus 2.

The proof of Theorem 2 follows analogously as the proof of Theorem 1. Again 
the sequence p is decomposed into the sequences r and p'. However, balancing the 
number of vertices on the handle openings cannot be performed here as before. 
The cases in which this balancing should be necessary must be investigated separately. 
Because the number o f these sequences r is relatively great we forsake to state them 
here. Unfortunately, we were not able either to realize the two exceptional sequences 
mentioned or to prove their non-realizability.

4. Remark, a) In our theorems we were interested in 4-realizing the sequence 
p  with any number of quadrangles. O f course one could ask: What numbers of 
quadrangles can appear in these realizations? No definite answer has been produced 
at the time of writing.

b) The theorems 1 and 2 are analogoues of E be r h a r d ’s theorem [2] in which 
first the question above was treated for 3-valent maps on the sphere. After the 
appearance of [3] much work was done with ramifications and analogues o f E ber
h a r d ’s theorem. (See [1, 4, 5, 6, 7, 8, 9].)

Added in proof: In the meantime the sequences whose realizability is not decided 
by Theorem 2 turned out to be 4-realizable. (See Jucoviő—T r e n k l e r : On the 
structure of cell-decompositions of orientable 2-manifolds. Mathematika (to appear).
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З А М Е Т К А  В  С В Я З И  С  С Т А Т Ь Ю  Л .  Д Ь Ю Р И Ш :
О  Р Е Г У Л Я Р Н Ы Х  П Р О Г Р А М М А Х  ( 6  ( 1 9 7 1 ) ,  3 0 7 — 3 1 6 )

Л. ДЬЮРИШ

Следующие исправления окажутся нужными в связи с рисунками, относя
щимися к соотношениям I. (21), I. (22). 1. (23) в конце 2. §. I.:

1. Иллюстрация под правой стороной I. (23) является ненужной; а к че
тырем предыдущим рисункам относится, что все нужно положить с одним; 
местом вперед (последний еще обратить тоже). То есть рисунок под левой сто
роной I. (21) положится под правую сторону I. (21), что там находится „идет”- 
под I. (22) и т. д..

2. Следующая фигура нужна под левую сторону 1. (21):

S t u d i a  S c i e n t i a r u m  M a t h e m a t i c a r u m  H u n g a r i c a  T  (l97Zy>
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BOOK REVIEW

N. BOURBAKI: Éléments de mathématique, XXXIV. Groupes et algèbres de 
Lie. Chapitre IV: Groupes de Coxeter et systèmes de Tits. Chapitre V: Groupes 
engendrés par des réflexions. Chapitre VI: Systèmes de racines.

— ACTUALITÉS SCIENTIFIQUES ET INDUSTRIELLES NO. 1337. HERM ANN, 
PARIS, 1971.

Bien que le présent ouvrage porte le titre «Groupes et algèbres de Lie», ces structures ne sont 
mentionnées que dans l’Introduction et dans la Note historique. Le sujet proprement dit traite des 
systèmes de racines, groupes de Coxeter et systèmes de Tits. Pour en savoir l’origine, citons un extrait 
de la Note historique: „Les groupes étudiés dans ces chapitres sont apparus à propos de questions 
variées de Géométrie, d’Analyse et de Théorie des groupes de Lie, tantôt sous forme de groupes de 
permutations, tantôt sous forme de groupes de déplacements en géométrie euclidienne ou hyper
bolique, et ces divers points de vue n’ont été coordonnés qu’à date récente“ . L’introduction propose 
des exemples repris à la théorie des groupes et algèbres de Lie qui conduisent à la considération des 
structures traitées dans le livre, mais le traité lui-même est indépendant de la théorie des groupes 
de Lie.

Quant au contenu de l'ouvrage, en voici les titres des paragraphes. Les précisions mises entre 
parenthèses sont destinées à donner une idée plus proche de la matière traitée.

Chapitre IV: § 1. Groupes de Coxeter (Caractérisation par la «condition d’échange», matrices 
et graphes de Coxeter). — § 2. Systèmes de Tits (Relations avec les systèmes de Coxeter, théorème 
de simplicité de Tits). — Annexe: Graphes (quelques notions élémentaires).

Chapitre V: § 1. Hyperplans, chambres et facettes. — § 2. Réflexions. — § 3. Groupes de dépla
cements engendrés par des réflexions (Relation des chambres et des réflexions avec les systèmes de 
Coxeter, thévrèmes de finitude, décompositions, points spéciaux).— §4. Représentation géométrique 
d’un groupe de Coxeter (Résultats réciproques à ceux du dernier paragraphe). — § 5. Invariants dans 
l’algèbre symétrique (Séries de Poincaré, développement des travaux de Chevalley). — § 6. Trans
formation de Coxeter (Considérations sur les valeurs propres d’une transformation de Coxeter et 
les exposants du groupe de Coxeter). —  Annexe: Compléments sur les représentations linéaires 
(Théorème de Maschke).

Chapitre VI: § 1. Systèmes de racines (L’étude des systèmes de racines y est menée en utilisant 
des chambres; poids, matrices de Cartan). —  § 2. Groupe de Weylaffine (Points spéciaux, norma
lisateur, groupes cristallographiques. Comme application des résultats, on y calcule également 
Tordre du groupe de Weyl). — § 3. Invariants exponentiels (On étudei les éléments invariants et 
anti-invariants de l’algèbre du groupes des poids). — § 4. Classification des systèmes de racines 
(Groupes de Coxeter finis, graphes de Dynkin, graphes de Dynkin complétés, construction des sys
tèmes de racines). — A la fin de l’ouvrage, on trouve également un Résumé des principales propriétés 
des systèmes de racines, ainsi que 10 planches qui contiennent des résultats obtenus dans le Ch. VI. 
§ 4. sur les systèmes A-G.

Continuant les traditions de Bourbaki, le présent ouvrage contient une Note historique éclair
ante et une riche collection d’exercices, où, parmi les exemples et les applications des résultats 
obtenus dans le texte, on trouve également des résultats inédits.

L .  M árki
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N. BOURBAKI: Éléments de mathématique, XXVI. Groupes et algèbres de Lie. 
Chapitre 1: Algèbres de Lie.

-  ACTUALITÉS SCIENTIFIQUES ET INDUSTRIELLES №  1285. HERMANN, PARIS,
1971.

Ce livre traite de la théorie générale des algèbres de Lie. L’exposition est strictement logique, 
ce qui est habituel chez Bourbaki. Voici la table des matières:

§ 1. Définition des algèbres de Lie.
§ 2. Algèbre enveloppante d’une algèbre de Lie.
§ 3. Représentations.
§ 4. Algèbres de Lie nilpotentes.
§ 5. Algèbres de Lie résolubles.
§ 6. Algèbres de Lie semi-simples.
§ 7. Théorème d'Ado.
La compréhension du texte est facilitée par des exemples bien choisis dont un grand nombre 

est destiné a montrer la relation qui existe entre les groupes de Lie et les algèbres de Lie. De nombreux 
exercices complètent le livre. Ils servent non seulement d’exemples, mais ils touchent également des 
domaines qui ne sont pas traités dans le texte (par exemple : p-algèbres de Lie, propriétés cohomolo- 
giques, etc.).

Ce volume en est à son deuxième tirage. Il ne diffère du premier qu’à peu de choses près (l’index 
terminologique est élargi; la démonstration du lemme 1, § 5. N o. 3. est simplifiée grâce à un résultat 
d ’Alg. chap. VII; le § 6. N o. 2. Lemme 1 contient également l’ancien cor. 2 de la prop. 2 du même 
paragraphe).

L. Márki

W. HAACK—W. WENDLAND: Vorlesungen über partielle und Pfaffsche 
Differentialgleichungen.

(Lehrbücher und Monographien aus dem Gebiete der exakten Wissenschaften. 
Mathematische Reihe Nr. 39.)

BIRK.HÄUSER, BASEL— STUTTGART 1969, 555 S.
In diesem Buch haben die Verfasser für die Behandlung partieller Differentialgleichungen den 

unkonventionellen Weg gewählt, dass sie diese als Pfaffsche Gleichungen auffassen. Im Falle linearer 
partieller Differentialgleichungen zweiter Ordnung ist durch die invariante quadratische Form 
der Charakteristiken eine Polarverwandtschaft gegeben, die jeder linearen Pfaffschen form im n 
dimensionalen Raum eine konjugierte Form ( n -  l)-ter Ordnung zuordnet. Eine besonders wichtige 
Rolle in dieser Theorie spielt die konjugierte Form des Differentials dF einer Funktion F von n 
Veränderlichen. Mit Hilfe dieser konjugierten Form kann man z. B. die Beltramische Differential
gleichung in einer äusserst bündigen Form angeben. Durch Benutzung des Integralsatzes von Gauss- 
Cartan kann man dann die Differentialgleichung sofort in eine Integralgleichung überführen.

In dem ersten Teil des Buches werden lineare Differentialgleichungen zweiter Ordnung in zwei 
Veränderlichen betrachtet. Behandelt werden hier das Randwertproblem der elliptischen, und das 
Anfangs-Randwertproblem der parabolischen Differentialgleichung, das Cauchysche Problem der 
hyperbolischen Gleichung, Gleichungen von Laplaceschen Typ und Greensche Funktion.

Gegenstand des zweiten Teiles sind Systeme von Gleichungen erster Ordnung in zwei Veränder
lichen. Sie werden wiederum auf Pfaffsche Systeme zurückgeführt. Die Theorie der hyperbolischen 
Systeme wird eben nur berührt, elliptische Systeme werden aber ausführlich behandelt.

Im dritten und letzten Teil wird die Theorie Pfaffscher Formen von mehr als zwei Veränderlichen 
geschildert. Hilfsmittel sind das äussere Produkt, die äussere Ableitung, ko- und kontravariante 
Darstellung linearer Mannigfaltigkeiten. In diesem Teile werden u.a integrierbare und nicht integrier
bare Pfaffsche Systeme, der Existenzsatz von E. Cartan, Legendresche und kanonische Transforma
tionen und die Hadamardsche Theorie der hyperbolischen Differentialgleichungen zweiter Ordnung 
behandelt.

Das Buch zeigt, dass die Verknüpfung von Differentialgleichungen und Pfaffscher Formen 
zweifellos den Vorteil hat, dass gewisse Sätze einfach behandelt werden können.

E. Makai
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FENYŐ, STEFAN: Moderne mathematische Methoden in der Technik.
Band 2. (International Series of Numerical Mathematics, Vol. 11)
BIRKHAUSER VERLAG, BASEL U ND  STUTTGART, 1971. 336 P. 79 FIGURES. -  

FR. 62,—

In contrast to the first volume, the reviewed one deals with finite methods of applied mathema
tics. Part 1 is devoted to linear algebra. It contains the elements of matrix algebra and matrix analy
sis; they are, then, applied to the theory of systems o f linear equations, integral equations, systems 
of differential equations and to special related problems of engineering mechanics and electrical 
networks.

Part 2 is entitled „the theory of optimization“ . In fact, it considers the elements of linear 
programming as well as transport problems solved by means of the „Hungarian method“ (König- 
Egerváry). Convex programming is stressed, too.

Part 3. considers the elements of graph theory, further, problems concerning trees, graphs 
on surfaces, vector spaces generated by graphs, directed graphs and the corresponding matrices. 
Finally graph theoretical methods in the investigation of networks and the theorem of Ford and 
Fulkerson are described.

The separate parts are independent o f other parts of the whole work. The treatment is up to 
date and carefully composed. Everywhere several modern results have been included in the text, too. 
Numerical methods are avoided.

The material included in the book is considerable. A greater number o f worked out examples 
might, however, have counterbalanced the concise style of the main text. The bibliography contains 
25 items, mainly in German; books o f Hungarian mathematicans have also been included. — U n
fortunately there are several striking misprints in the text, e.g. in the Foreword and the Contents.

P. Medgyessy

Studia Scientiarum M athem atlcarum  Hungarlca 7 (1972)



MAGYAR
IU D O M À N Y O S  / K A J ) £ M "  

-  K Ö N Y V TÁ RA



I N D E X

R. B. Saxena: A new prof of S. A. Telyakovskii’s theorem on the approximation of continuous
functions by algebraic polynom ials.................................................................................................  Î-

G. Kéri: An examination of nonnegativity and quasiconvexity conditions of quadratic forms on
the nonnegative orthant ....................................................................................................................  11

S. Takahashi: Notes on the law of the iterated logarithm........................................................... .. 21
Révész, P.: A note to a paper of S. Takahashi.......................................................................................  25
Pethö, A.: Remarks on a paper by P. Medgyessy, A. Rényi, К. Tettamanti and I. Vincze......... 27
Hajtman, B.: Nonparametric method for discriminating two independent groups........................  43
Chorneyko, I. Z . and Mohanty, S .G .: On the enumeration of pseudosearch codes ..........................  47
Мартон, K. (Marton, К .) : О понятии центра в связных графах..............................................  55
Мартом, К. (Marton, К.) : Некоторые задачи перечисления немаркированных деревьев. 61
Simonovits, М .: On colour-critical graphs................................................................................................ 67
Toft, В.: Two theorems on critical 4-chromatic graphs ......................................................................  83
Balogh, A.: On some estimation problems................................................................................................ 91
Nemetz, T. О. H .: On the orthogonality o f probability m easures.....................................................  I l l
Fényes, T. and Kosik, P.: The algebraic derivative and integral in the discrete operational

calculus ............................................................................................................. о.................................. 112
Kaufman, R.: On the transformation of lacunary series in two variables......................................... 131
Aigner, M. and Dowling, T. A.: A geometric characterization of the line graph of a symmetric

balanced incomplete block design .................................................................................................... 137
Földes, A.: Further statistical properties o f the Walsh functions.......................................................  147
Sujan Vellore: Joint distributions o f Kolmogorov—Smirnov statistics and runs..............................  155
Dragomirescu, M. : Pseudo-quadratic programming ............................................................................  167
Majthay, A.: A  lexicographic complementary pivot algorithm for the solution of bimatrix games 181
Berkes, /.:  A remark to the law of the iterated logarithm ..................................................................  189
Makai, E. Jr.: Compactifications and a dual o f compact spaces.......................................................  199
Новиков, А. А.: Об оценках параметров диффузионных процессов ....................................... 201
Abramson, М. and Moser, W. O. J.: The problem of the second seating and generalizations . . . .  211
Jucovií, E. and Trenkler, M.: On 4-valent graphs imbedded in orientable 2-manifolds.................. 225
Дыориш, Л.: Заметка в связи с статью Л. Дьюриш: О регулярных программах (6  (1971),

302—316) .............................................................................................................................................  233
Book review......................................................................................................................................................  235

MAGYAR
TUDOMÁNYOS AKADÉMIA

k û n y y iAka  ^



Printed in Hungary

A  k i a d á s é r t  T e l d  a z  A k a d é m i a i  K i a d ó  i g a z g a t ó j a  —  M ű s z a k i  s z e r k e s z t ő :  B o t y á n s z k y  P á l  

A  k é z i r a t  n y o m d á b a  é r k e z e t t :  1 9 7 2 .  f e b r .  8 .  —  T e r j e d e l e m :  2 1  ( A / 5 )  í v ,  1 9  á b r a

7 2 - 6 5 9  .—  S z e g e d i  N y o m d a



Die Stadia Scientiarum Mathematicarum Hungarica ist eine Halbjahrsschrift der Ungarischen 
Akadémia der Wissenschaften. Sie veröffentlicht Originalbeiträge aus dem Bereiche der Mathematik 
in deutscher, englischer, französischer oder russischer Sprache. Es erscheint jährlich ein Band.

Adresse der Redaktion: 1061 Budapest V., Reáltanoda u. 13— 15, Ungarn. 
Technischer Redaktor: Gy. Petruska

Abonnementspreis pro Band (pro Jahr): $ 16.00. Bestellbar bei Buch- und Zeitungs-Aussen- 
handelsunternehmen Kultúra (Budapest 62, P. O. B. 149), oder bei den Vertretungen im Ausland.

Austauschabmachungen können mit der Bibliothek des Matematischen Instituts (1061 Budapest 
V., Reáltanoda u. 13— 15) getroffen werden.

Die zur Veröffentlichung bestimmten Manuskripte sind in zwei Examplaren an die Redaktion 
zu schicken.

Studia Scientiarum Mathematicarum Hungarica est une revue biannuelle de l’Académie Hongroise 
des Sciences publiant des essais originaux, en français, anglais, allemand ou russe, du domaine des 
mathématiques.

Rédaction: 1061 Budapest V., Reáltanoda u. 13— 15, Hongrie.
Rédacteur téchnique: Gy. Petruska

Le prix de l’abonnement: $ 16.00 par an (volume). On s’abonne chez Kultúra, Société pour le 
Commerce de Livres et Journaux (Budapest 62, P. O. B. 149) ou chez ses représentants à l’étranger.

Pour établir des relations d’échange on est prié de s’adresser à la Bibliothèque de l’Institut 
de Matématique (1061 Budapest V., Reáltanoda u. 13— 15).

On est prié ’envoyer les articles destinés à la publication en deux exemplaires à l’adresse de la 
rédaction.

Studia Scientiarum Mathematicarum Hungarica — выходит два раза в год в Издании Акаде
мии Наук Венгрии. Журнал публикует оригинальные исследования в области математики на 
немецком, английском, французском и русском языках. Отдельвные вышуски составляют 
ежегодно одни том.

Адрес редакции: 1061 Budapest V., Reáltanoda u. 13— 15, Венгрия. 
Технический редактор: Gy. Petruska.

Подписная цена на год (за однии том): $ 16.00. Подписка на журнал принимается 
Внешнеторговым предприятием „Култура” (Budapest 62, Р. О. В. 149) или его предста
вительствами за границей.

По поводу отношения обмена просим обращаться к Библиотеке Института Математики 
(1061 Budapest V. Reáltanoda и. 13—-15).

Работы, предназначенные для опубликования в журнале следует направлять по адресу 
редакции в двух экземплярах.



All the reviews o f the Hungarian Academy of Sciences may be obtained 
among others from the following bookshops :

F R A N C E

O f f i c e  I n t e r n a t i o n a l  d e  D o c u m e n t a t i o n  
t e  L i b r a i r e  
4 8 ,  r u e  G a y  L u s s a c
P a r i s  5  K O R E A

F a r  E a s t e r n  B o o k s e l l e r s  
K a n a d a  P .  O .  B o x  7 2
T okyo

G E R M A N  D E M O C R A T I C  R E P U B L I C

D e u t s c h e r  B u c h - e x p o r t  u n d  I m p o r t  
L e n i n s t r a ß e  1 6 .

L eipzig  C. I.
Z e i t u n g v e r t r i e b s a m t  
C l a r a  Z e t k i n  S t r a ß e  6 2 .
Berlin N . W.

C h u l p a n m u l
K o r e j s k o j e  O b s c h e s t v o  p o  E x p o r t u  
I m p o r t u  P r o i z v e d e n i j  P e c h a t i  
Phenjan

N O R W A Y

J o h a n  G r u n d  T a n ú m  
K a r l  J o h a n s g a t a n  4 3  
Oslo

A L B Á N I A

N d e r m a r j a  S h t e t n o r e  e  B o t i m e v e  
T irana

S T R A L I A

A .  K e e s i n g  
B o x  4 8 8 6 ,  G P O  
S id n e y

U S T R I A

G l o b u s  B u c h v e r t r i e b  
S a l z g r i e s  1 6  
W ien  I.

B E L G I U M

O f f i c e  I n t e r n a t i o n a l  d e  L i b i r a i r i e
3 0 ,  A v e n u e  M a r n i x
B ru xe lles  5
D u  M o n d e  E n t i e r
5 ,  P l a c e  S t .  J e a n
B ru xe lles

B U L G A R I A

R a z n o i z n o s
1 T z a r  A s s e n  
S o fia

C A N A D A

P a n n ó n i a  B o o k s
2  S p a d i n a  R o a d  
T oron to  4, Ont.

C H I N A

W a i w e n  S h u d i a n  
P e k in g
P . O . B .  N r .  8 8 .

C H E C H O S L O V A K I A

A r t i a  A .  G .
V e  S m e c k á c h  3 0  
P ra h a  II.
P o s t o v a  N o v i n o v a  S l u z b a  
D o v o z  t i s k u  
V i n o h r a d s k a  4 6  
P ra h a  2
P o s t o v a  N o v i n o v a  S l u z b a  
D o v o z  t l a c e  
L e n i n g r a d s k a  1 4  
B ra tislava

D E N M A R K

E j n a r  M u n k s g a a r d  
N ö r r e g a d e  6 
K openhagen

F I N L A N D

A k a t e e m i n e n  K i r j a k a u p p a  
K e s k u s k a t u  2  
H e ls in k i

G E R M A N  F E D E R A L  R E P U B L I C

K u n s t  u n d  W i s s e n  
E i c h  B i e b e r  
P o s t f a c h  4 6 .
7  S tu ttgart S.

G R E A T  B R I T A I N

C o l l e t ’s ’ S u b s c r i p t i o n  D e p t .
4 4 — 4 5  M u s e u m  S t r e e t f  
London W. C. I.
R o b e r t  M a x w e l l  a n d  C o .  L t d .  
W a y n ? e t e  B l d g .  Z h e  P l a i n  
O xford

H O L L A N D

S w e t z  a n d  Z e i t l i n g e r  
K e i z e r s g r a c h t  4 7 1 — 4 8 7  
A m sterdam  C.
M a r t i n u s  N i j h o f  
L a n g e  V o o r h o u t  9  
The H ague

I N D I A

C u r r e n t  T e c h n i c a l  L i t e r a t u r e  
C o .  P r i v a t e  L t d .
H e a d  P f f i c e :
I n d i a  H o u s e  O P P .
G P O  P o s t  B o x  1 3 7 4 f  
Bom bay I.

I T A L Y

S a n t o  V a n a s i a  
7 1  V i a  M .  M a c c h i  
M ilano
L i b r e r i a  C o m m i s s i o n a r i a  S a n s o n i
V i a  L a  M a r m o r a  4 5
Firenze

N a u k a  L t d .
2  K a n a d a - Z i m b o c h o  2 - c h o m e
C h i y o d a - k u
T okyo
M a r u z e n  a n d  C o .  L t d .
P . O .  B o x  6 0 5  
T okyo

P O L A N D

E x p o r t  u n d  I m p o r t  U n t e r n e h m e n
R U C H
u l .  W i l c z a  4 6 .
W arszawa

R O U M A N I A

C a r t i m e x
S t r .  A r i s t i d e  B r i a n d  14— 1 8 . 
B ucuresti

S O V I E T  U N I O N

M e z h d u n a r o d n a j a  K n i g a
M oscow
G — 2 0 0

S W E D E N

A l m q u i s t  a n d  W i k s e i l  
G a m l a  B r o g a t a n  2 6  
S to ckh o lm

U S A

S t e c h e r t  H a f n e r  I n c .  
31  E a s t  1 0 t h  S t r e e t  
N ew  Y o rk  3 N . Y. 
W a l t e r  J .  J o h n s o n  
1 1 1  F i f t h  A v e n u e  
N ew  Y o rk  3 N . Y .

V I E T N A M

X u n h a s a b a
S e r v i c e  d ’ E x p o r t  e t  d ’I m p o r t  d e s  
L i v r e s  e t  P é r i o d i q u e s  
1 9 .  T r a n  Q u o c  T o a n  
H anoi

Y U G O S L A V I A

F o r u m
V o j v o d e  M i s i v a  b r o j  1. 
N ovi S a d
J u g o s l o v e n s k a  K n i g a  
T e r a z i j e  2 7 .
Beograd

J A P A N

Index: 26.748



т ? ш ш ?
ш т т

ш т т . 
ш ш т  
ш ш ш ,,

в .

A U X IL IO

C O N S IL II IN S T IT U T I М А Т Н Е М ATICI 

A C A D E M IA E  S C IE N T IA R U M  H U N G A R IC A E

A D I U V A N T I B U S

М . A R A T Ó , I . C SISZ Á R , Т . F R E Y , G . F R E U D ,

B. G Y IR E S, A . H E P P E S, L . K A L M Á R . E. M A K A I, 

A . P R É K O P A , P . R É V É SZ , K . T A N D O R I

TOMUS VII. 
F ASC. 3 - 4 .  
1972 A K A D É M IA I KIADÓ, BUDAPEST



Studia Scientiarum  M athem aticarum  H ungarica

A Magyar Tudományos Akadémia matematikai folyóirata 

Szerkesztőség: 1061 Budapest V., Reáltanoda u. 13—15. 

Technikai szerkesztő: Petruska Gy.

Kiadja az Akadémiai Kiadó, 1054 Budapest V., Alkotmány u. 21.

A  Studia Scientiarum Mathematicarum Hungarica angol, német, francia vagy orosz nyelven 
közöl eredeti értekezéseket a matematika tárgyköréből. Félévenként jelenik meg, évi egy kötetben.

Előfizetési ára belföldre 120,—Ft, külföldre 165,— Ft. Megrendelhető a belföld számára az 
Akadémiai Kiadónál, a külföld számára pedig a Kultúra Könyv és Hírlap Külkereskedelmi Válla
latnál (1011 Budapest II., Fő u. 32.).

Cserekapcsolatok felvétele ügyében kérjük a MTA Matematikai Kutató Intézete Könyvtá
rához (1061 Budapest V., Reáltanoda u. 13— 15.) fordulni.

A közlésre szánt dolgozatokat kérjük két példányban a szerkesztőség elmére küldeni.

Studia Scientiarum Mathematicarum Hungarica is a journal o f the Hungarian Academy of 
Sciences publishing original papers on mathematics, in English, German, French or Russian.

It is published semiannually, making up one volume per year.

Editorial Office: 1061 Budapest V., Reáltanoda u. 13— 15, Hungary.
Technical Editor: Gy. Petruska

Subscription rate: $ 16.00 per volume. Orders may be placed with Kultúra Trading Co. for 
Books an Newspapers, Budapest 62, P. O. B. 149 or with its representatives abroad.

For establishing exchange relations please write to the Library of the Mathematical Institute 
(1061 Budapest V., Reáltanoda u. 13— 15.)

Papers intended for publication should be sent to the Editor in 2 copies.



Studia Scientiarum Mathematicarum Hungarica 7 (1972) 239—241

EXTREMAL GRAPHS OF DIAMETER TWO WITH PRESCRIBED 
MINIMUM DEGREE

J. A. BONDY and U. S. R. MURTY

Let G„ denote a graph on n vertices and m edges. In [1] E r d ő s, R ényi and 
Sós considered the problem of determining the least value o f m such that there exists 
a G „ m which is of diameter 2 and in which the maximum degree is k, where n and 
к are given positive integers, n>k.  In this note we consider the following problem: 
what is the least value f{n, k) of m such that there exists a G„ m of diameter 2 and 
in which the minimum degree is k l  When m=f(n,  k) such a graph is called an ex
tremal graph. If t is an integer the function a is defined by the rule that a(r) =  0 or 1 
according as t is odd or even.

T heorem 1. If  n >  k 3 +  y.(n) • a.(k) ■ k +  \ then

/(и , k)
(я — 1) (Á+ 1) + 1 

2

and every extremal graph has a vertex o f  degree n — 1.

P roof. For the sake of simplicity we shall only present the proof in the case 
when at least one o f n and к is odd, that is when a(n)-a(k) =  0. The proof of the 
case when oi(n)-oi(k) =  1 is similar. We shall also assume that 1. The theorem is 
obvious for Лг= 1.

Let H ’ be a (k — l)-regular graph on и — 1 vertices. Let H  be the graph obtained 
by adding a vertex to H'  and joining it to all the vertices o f H ' . Clearly H  is of dia
meter 2, the minimum degree in H  is к and H  has (и — 1)(Á + 1)/2 edges. We thus have

( 1) /(n , k) =2--------2----------

Now let G„,/<„,*) be an extremal graph and let x t , x 2, . . . ,  x„ be its vertices, with 
degrees d t , d 2, . . . ,d„  such that d l ^ d 2 =  ---^d„ =  k. Let Nk denote the number o f  
vertices of degree к . Then dl ^  Nk since

(2) d t + k - N b + i k  + l ^ n - N b - l )  S  2f (n,k)  =§ ( и -  1 ) (A + 1).

Now if there is a vertex xt of degree к  not joined to Xj, then the number of vertices 
at a distance not greater than 2 from x,- is at most

k+ 1
2  d j + l .

j= 2
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240 J. A. BONDY—U . S. R. MURTY

Since G is of diameter 2,

and hence

We now have

(k +  Din  n i )  + fc(„_ k _  J) g  2  dj s  ( « - 1) ( k + 1)
/С y= 1

or
/ i S i 3+ l ,

This contradiction establishes that is joined to all vertices of degree к  and hence 
d 1= N k. The theorem follows if Nk =  n — 1. But if Nk <  n— 1 then (2) implies that 
dj =  k + 1 for all i, 2 ^ i ^ n —Nk. Let Xj be a vertex of degree k + 1. The degrees of 
neighbours of Xj are bounded above by k + 1. It follows from the fact that G is of 
diameter 2 that

k ( k +  1) s  /7—1 
or

л S  A2 +  A +  1 -= A3 +  1, since A: =-1.

This contradiction implies that Nk =  n — 1 and the theorem is proved.
Let g(n,k) (h(n, A)) denote the least number of edges a ^-connected (^-edge- 

connected) graph of diameter 2 on n vertices can have.

T HEOREM 2. I f  n >  к 3 -rv.(n) • y. (A) • k + 1 then h (n, A) = f(n,  A) and, further, if к  2 
then g(n, k)=f(n,  k).

Proof. The case when k =  1 is trivial. So we shall assume that A > 1. Since a 
^-connected (A-edge-connected) graph has no vertices of degree less than к  it follows 
that g(n, k)^f(n,  k) and h(n, k)^f(n,  A). When k = 2 the graph H  of theorem 1 
is 2-edge connected. If follows that h(n,2)=f(n,2) .  When A > 2 H'  in theorem 1 
can be chosen so that it is (k — l)-connected ((A — l)-edge-connected). The existence 
o f such a graph follows from H arary [2]. Now, if H' in theorem 1 is chosen to have 
the additional property described above, H  o f theorem 1 will be ^-connected (A-edge- 
connected). The theorem follows.

F ig . 1

k+  1 NУ, dj +  1 S  n 
j= 2

Д  J -  A
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In [3] M urty  showed that g(n, 2) =  2n — 5 for n ê 5 and characterized extremal
2-connected graphs o f diameter 2. It follows from theorem 2 that g(n, 3) =  2/7 — 2 
for /zS 29. Further, since the only 2-connected 2-regular graphs are cycles, it follows 
that for /7^29 the only extremal 3-connected graphs o f diameter 2 are wheels. It

may be shown that g(n, 3) =  f° r « — Ю,

g (1 1, 3) =  18, g(12, 3) =  21 and g(13, 3)=24. Fi
gure 1 shows the extremal graphs when /7—13.

By strengthening the arguments in the proof of 
theorem 1 we can show that g{n, 3) =  In —2 for 
/71=18, but we do not know if there exists an n, 13<
< /7<18 such that g(n, 3) ^  2/7 — 3. Nor do we know 
a counter-example to the conjecture that when n ë  14 
the extremal 3-connected graphs o f diameter 2 are 
wheels.

Let /(/7, k, d) denote the least number m such 
that there exists a G„ m of diameter d  in which the minimum degree is k. Is it true 
that there exists an n0 such that /(3 /7 + 1, 3, 4) =  5/7 for all h5/70?

The construction illustrated above shows that f(3n + 1, 3, 4) S  5n. This con
struction was suggested to us by Professor Er d ő s .
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POISSON PROCESSES DEFINED ON AN ABSTRACT SPACE

by
L. GYŐRFI

We prove two theorems for Poisson type processes defined on an abstract 
space, and show two applications of these theorems. Observe that theorems 1 and 2 
are extensions of two results by A. Rényi [1] and the proofs also essentially follow  
his ideas.

Let X  be an arbitrary abstract set, á? a ring of subsets o f X, and A an additiv 
set function on 01. Let (£2, sd, P) denote a probability space, and £(А, со) a non
negative integer valued function, which is, for each a random variable on
(£2,sd, P), and for each co£ß, additive on 0t. Le., for arbitrary A,Bd£% and 
A • В =  0, let

(1) £(A +  B, со) =  £(Л, co) +  Ç(B, со).
Assume that

п
I. for each e > 0  and A £ R, there exists a decomposition A =  £  А,- of A with

i=i
At £R  and A(/i,)<e ( /—1,2, ...,n), and

II. for each A ç_0t,

(2) Р(£(Л) =  0) =  е~Л(А)

and

(3) P ( ( ( A ) s 2 )  S  Л(А)3(Л(А))

where
lim <5(;c) =  0.
X —0

Theorem 1. If  conditions I and II are met then, for any disjoint set A t , .. . ,  An£âi,  
the variables ç(A J , . . . ,  ç(A„) are independent.

n
Proof. Let B(A) be, for each AÇ.31, the event {<f(v4)=0}. Let A — At , where

i = 1
A 1, A 2, . . . ,A n^0t are disjoint sets. Then

А?(Л)={£(Л) =  0} =  { 1 £ ( Л {) =  С>}= Í K W =  0 } =  П В ( А ) ,  
u - i  J 1 = 1  /=i

and

PIB(A)) =  Р(£(Л) =  0) =  e ~ M4) =  Я  e~a<a‘> =  П  H B № \
i=  1 / =  1

S tu d ia  Scientiarum M athematicarum Hungarica  7 (1972)
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Hence the events BÇA^, . . . ,  B(An) are independent. Let JB(A) denote the indicator 
o f the event B{A), i.e.

_  Í 0, if £(A) =  0 
' 1 1, if £ ( T ) > 0 '

Then, for disjoint sets A y ....... A„Ç_M, the random variables ^bu  \ are
independent.

Let C, be two disjoint sets. For any arbitrary 0, there exist disjoint
n m

decompositions C =  2  Q  and D =  2  A> for which Я(Сг) о /  ( i = l ,  2, . . . ,  n)
/=1 i = l

and X(Z)f) < t] ( i = l ,  . . . , m ) (see L).
Then the random variables Ju.r . . . .  J„.r ,, ./ ,n and, therefore, theD \L) D(Unl)

n m

random variables 2  Jfí (CA and 2  ^bïdI  are a ŝo independent.
i = 1 * i = 1 1

Let us consieder the event

Since

(4)

we have

(5)

Z ( C )  *  2 ^ }  =  {«(C) > 2 J B

( i (C )  *  2  c  { max £(C,) s  2}.
I 1=1 ‘ J 1 S i g n

(c,> ’

For each £>0, let t ]>0  be such that 0(^)<e.  Since lim <5(.v) =  0 there exists such an
X—-0

i/. From (5) we have

(6) {(C ) *  2  h i c A  =  p( max c(C,) £  2) =5 2  P({(Cf) s 2 ) s
i = 1 ' / 1 i =  1

^  2 * ( С г) 5 ( А ( С , ) )  S  е л ( С )
/= 1

Following the same argument, we have

(?) P ({(Л )*  Í ^ ) ^ ( D )
Л /Л

From the independence o f the random variables 2  Tfi(C) and 2  ar,d from

(6) and (7), we have

IP({ (C) =  *) • P(ő (D) =  /) -  P(£ (C) =  A:, £ (Ű) =  / ) j <  3e2(C +  /))

for any nonnegative к, l integers and any e>~0. If A t , . .., T„ are arbitrary disjoint 
sets, then for n =  2 the independence of i ( A t), . . . ,  £(A„), has been already proved. 
We may extend the proof to 2 by induction.
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T heorem  2. I f  conditions \ and II are met then, for each A£@ and nonnegative 
integer к , we have

P(C(A) =  k) =  e~X(A)

P ro o f . Let cpA(t) denote, for each A^0l,  the characteristic function o f the 
random variable Ç(A), i.e.

V a ( 0  =
Since

\<Рл(0\
we have

\q>A(')\ *  o ,  for ; . ( / ! ) <  log 2.
n

Because of condition I, A has a disjoint decomposition A =  ^  Ak with k(Ak) <
fc= l

< lo g 2 ;  i.e. ç Ak( t ) ^ 0  (k =  1, 2, ... ,  n). But, because of Theorem 1, the random 
variables £(АЛ), ...,<*(AJ  are independent, hence

<Рл(0  =  П  Флк0 )  ^  0,
k =  1

and we have

(8) log<p^(/)= lo ЕФлк(')-
k= 1

From condition IÏ

P (£ (A )S 2 ) S  Ц А к)0(Ц А к)) ( k =  1, 2 ... rí).

From this we get,

\(Рлк0 ) ~ e ~XiAk* — e"(l — e~iiAk))\ Ш 

^  2 P { Ç (A k) = l ) e l,t +  P(Ç(Ak)=l)ei,- e uV - - e - " A''))\ S  

^  2P(£(T*)s2) 2Ц А кЩ Ц А к))

Hence there exists a complex valued function q (x ) of a real variable, for which 
|£>(x)l —1, £?(0) =  0, and

(9) <pAk(t) =  e - ^  +  e“(i - е - ш ^) +  2ЦАк)0{Ц Ак))в {К А к)).

By (9) we have

lim l0g^ \ (/) =  f  log[e_JC +  e " ( l- e _Jr) + 2xá(.v)e(x)]í = o =  — 1 +c"  
жхк)-о л(Ак) dx

from which

(10) l o g ^ ( t )  =  1(Ак)(е ‘' - \ )  +  Ц А к)е(ЦАк)), 

where
lim e ( x )  =  0.
x ~ 0
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Substituting (10) into (8), we have

(П ) lo g (pA( 0  =  A(A)(e<'-\) +  2  A(Ak)e(A(Ak)).
k =  1 

n
It follows from (11), that À(Ak)s (À (A k))  is a constant, and

k= 1

! n
2  e(A(Ak))A(Ak) S  A(A) max !£(2(Л ))|- 0 ,

|k=l ! IS k-Sn

for any A(Ak)-* 0.

Hence

(12) 2  Ч Лп)е(Л(Ак)) =  0 .
f c=l

From (11) and (12) we have

log <pA(t) =  A (A) (eu — 1 ) 
i. e.

CpA ( t )  =  е * ( Л ) ( е * - 1 )

and

P (5 H  =  A:) -  e - Â >.

Let ^ (A ,  (o), t;2(A, to), , Çn(A, co) take as values nonnegative integers, and 
be, for all A^0t, random variables on (Q, A, P), and also additive, for all co£i2, 
on ЗА.

Theorem 3. Let, fo r  each A £ ЗА,

(13) _

“  k\
( A ) ( *  =  1 и ) .

and the set function A (A) — ^  A,(T) Z/e a measure on ЗА, according to condition I.

I f  for each A £ we //are

(14) tf  {£,04)=*,} = П?{Ш)=к),
1=1

for  all nonnegative integers k l , k2, ... kn for which

2  M  1,/=1
then

for  any A £3A.
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Proof. Let A 4 ®  be an arbitrary set, then from (14), we get 

(15) P

on account of (13) and (15) we have

2 & ( Л ) = о | =  p
U= 1

1 П Ш ) = 0} =  /7 Р (^ (Л ) =  0),
U = 1

(16)

Since
p 2 Ш ) = о — IJ e~Xi(A) —

i= 1

(17) P

we have from (16)

2 Ш ) ^ 2 \  =  l - P 2 Ш ) ^  1 , /= 1

(18)

From (14)

P | 2  £,-(Л)э=2| =  i _ e - i W ) _ p 2 Ш ) =  1

(19) p \ 2 W ) = i  = p \ 2  П Ы ' 0=«»} = 2  П ?(№)=&*).
i= I *=1 j= 1

where Sik stands for the Kronecker symbol. 
By (13) and (19)

p 2 Ш ) =  1('= 1
(20)

From (20) through (18)

(21)

= 2 II 2;(Л)й‘ке я,(л) =  k(A)e Х(л).
k= 1 l'= 1

„ - A M)Р 2 £ ; M ) s 2  =  1 -< ?-Я(А>-Л(Л)

Because of (16) and (21), the condition II is met, and A(A) meets condition I. Hence 
from Theorem 2, we get

А ( Л ) к - A U )
klP 2 Ш )  =  к \  =

for any A 4®-

Theorem 4. Let, fo r  any A4®,

(22) P| 2 Ш )  =  к \ =

where к (A) is a measure on ®, according to condition I. 
If, for all A 4 ® ,

(23) 

and

(24)

P П { Ш ) = 0 }  =  7 /P ( í<M )= 0 )
/ = 1

Р(£,(Л) =  0) =  (/ =  1, 2 ... rí)
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вг>-1 being an arbitrary number, and F(x) an arbitrary real valued function, then

i ( £
kl

fo r

u M )  =  A (A) (* = 1 ,2 ...  /7 ).
2  log a,

P roof. Because of (22) and (23)

(25) е~Л(А) =  P 

From (24)
2 Ш ) = о =  p П { Ш ) = 0} =  П Р ( Ш ) = о ) .

, - Л ( А )

1=1

/ [  а [ (Л(А)).
í=  1

Hence

* W ) )  =  , / - (A)
2  i°g ai

У  log а,
(26) P(<?i(^) =  0) =  е •-* , ( í = l , 2 . . . « ) .
Observe that (2), in condition II, and also, trivially, (3) are met. because, for any
A £3t,

2 } c {  Í  0 =  1 .2 .. .  ri),

and, therefore,

P («,04)S2)=£ p | i ^ , ( ^ ) s 2 j ,  0 = 1 ,2 . . .« ) .

Condition I is also met for all /=  1, 2, . . . ,« ,  because, if á(A) meets condition I then, 
for an arbitrary C > 0, Ci>,(A) meets also condition I.

Since both conditions in Theorem 2 are met, we have, for any A^M,

P{ Ш )  =  к) =  (« =  1. 2 -  и).
Here

Ul(A) =  A(A) l° g0i 
2  log a;
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MAXIMA AND MINIMA OF FUNCTIONS AND FUNCTIONALS 
WITH RESTRICTED ANALYTIC PROPERTIES

by
H. W. MILNES and S. K. HILDEBRAND

I. Introduction

In this paper a method is developed for treating the classical free endpoint
l

problem of the calculus of variations: /(>’) =  f  f ( x ,  y ,  y ' )  dx  under hypotheses less
о

then C(3). A method also is presented for determining maxima and minima o f real 
functions y = f ( x )  subject to the restriction of continuity and isolated extremes. 
Finally, the problem of determining a continuous function y —y ( x )  defined on

l
O ^ x ^ l such that the integral I ( y )  — j  f ( x ,  y ( x ) ) d x  is minimized under mild con-

ô
ditions on the integrand. The technique employed is that o f treating the function f  
as the limit of a family of approximants, each o f which has the differentiability 
properties required by conventional methods of analysis. The optimizing values of 
functions for these approximants are shown to converge to an optimizing value or 
function for the original problem for a suitably selected family of approximants. 
Since not every arbitrarily chosen sequence of approximants to f  preserves extremes 
under limiting processes, the strength of the method lies in the choice of the approxi
mations that are used.

2. Weighting and spline kernels

Definition 2. 1. A weighting kernel и’а(;с) is defined as a function with the prop
erties:

(1) wä(a-) is continuous;
(2) и'л(х )^ 0 . |лг|<(5;
(3) иа(х) =  0, lA-jaá;
(4) н'г(х) =  кй(-д:);
(5) wa(|x|) is monotone decreasing, but not necessarily strictly so;

Ö
(6) /  =  1.

-Ö
Although the step function 5:а(л:) =  „  ̂ for |x |< á  and 5Й =  0 for |jrlsO does not satisfy

2 о
condition (1) as a weighting kernel, it has properties that are similar to those of 
this class of functions, and so useful in the associated analysis that it will be con
venient, when so indicated, to include it as a special member of this class. For in
stance sâ(x) corresponds to the spline kernel of degree zero, in the following induc
tive definition.
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Definition 2 .2 . A spline kernel of degree zero is the function k^0) (x )= s0(x); 
a spline kernel of degree n +  \ is the function

1 f  K l i  (z +  (5/2) eh, ( - á s ^ s O )
a 0

О \ X
f  H %(t +  Ô/2)e h - -  f  ki%(t- (5/2)dr, (Ошх^.0)

- Ô  a  6
О X <  — ô, X >  <5,

^i"+ i)w  =  { 1 r° 
2

where

a =  2 f  k il \(r  +  0/2)dr.

That spline kernels of degree n ë l  are weighting kernels follows readily from the 
definition. The following important lemma is easily proven by an inductive argument 
also applied directly to the definition.

L emma 2. 1. Each k f* (x) is a function o f  class C("~1 \  for  n s l .

The term: spline, is meaningful since the k^n)(x) is composed o f 2" polynomial 
subarcs of degree n which are pieced together, in accordance with the usual concept 
o f a mathematical spline, in such a way that continuity of all the derivatives up to 
and including those of order (n— 1) is preserved at the joints. A function may have 
an extreme at an endpoint of an interval which may or may not be achieved. Such 
endpoint extremes are of no interest to us here and are expressly excluded from the 
following definition.

Definition 2. 3. If f (x )  is a continuous function defined on an interval, then 
the point (p, f ( p )) is a minimum point of f (x )  of class (A) if and only if there is a 
sufficiently small open interval containing p  such that (p , f (p )) is a strict local mini
mum of f(x)  relative to this interval and no other point of this interval is a local 
minimum o ff(x).

A similar definition of a maximum point o f f(x )  of class (A) applies.

3. Approximants

Consider the function y = \x \ .  Lacking adequate differentiability properties, its
dvminimum cannot be determined by solving — 0. However, a sequence of approxi

mating curves tending to |x| can be constructed, the minima of which can be ascer
tained by the conventional method and converge to the minimum of [x|. This proce
dure is fraught with dangers for a given sequence of minima of the approximants 
may converge to a point which is not a minimum of |jc|, or a sequence o f maxima may 
converge to a minimum. A host of other pathological cases is easily constructed for 
other functions.

Our purpose is to describe approximating functions cp0(x) which have the 
property that sequences which converge to a limit function, preserve convergence of

Studio, Scientiarum  M athem aticarum  Hungarica  7 (1972)



MAXIMA A ND MINIMA O F  FUNCTIO NS A N D  FUNCTIONALS 251

extremes to an extreme o f the limit function. The approximants can be chosen to 
have differentiability properties of any prescribed order.

Definition 3. 1. Let wa(x) be a weighting kernel, and f ( x ) an integrable function 
defined on the interval/= [0 , 1]. Relative to this w6(x) the function <р0(х) =  <рй(х;/', wô) 
is defined by:

Ô x + ö

<Pi(x)= f  f ( x  +  T)wt (T)clr =  f  f( / .)w 6{).~x)d).
— Ő X —Ô

on the interval Г  =  [<5, 1—á].
The following lemma has a direct proof which is not given.

Lemma 3. 1. If (p ,f (p ) )  is an extreme for f (x )  o f  class (A), there is an open 
interval I containing p such that for ail ô sufficiently small any extreme o f  cps(x) occurs 
in J t z l ,  where J =  {x \p — <5 S  x  S  p  +  ô). At least one extreme occurs on J. This 
lemma applies for wô(x) =  sô(x).

4. Functions of one variable

It was pointed out at the beginning of the previous section that not always can 
the extreme of a function be determined as the limit of extremes of approximating 
sequences. In this section we show that for certain types of weighting kernels, viz. 
spline kernels, this condition can be brought about for the associated sequences of 
approximants <p0(x).

Lemma 4. 1. I ff (x )  has a minimum of class (A) at (p , f (p )) and <p0(x) is defined 
for  the kerne! ss(x), for ô sufficiently small there is an open interval aroundp such that 
(Pi(x) has a unique minimum of class (A) on this interval.

P roof. By lemma 3. 1, there is at least one minimum (q , q>s(q)) of </>á(x) on J, 
and there (p'0(q) =  0. But then

<p' i ( q )  =  t  <PÁ q  +  h )  |»-o =  4 * 4 .  4+f 6f Q ) d X  =  [ f ( q  +  S ) - f ( q - ő ) \  =  0.
1 q + h - ô

By definition of minima o f class (T), there can be only one value q for which f ( q  +  ô) 
=  f (q  — ô) whenever ő is sufficiently small so that f (q + ô ) ,  f (q  — ô) are on those in
tervals where /(x )  strictly decreases or increases.

Corollary: Lemma 4. 1 holds with minima of class (Л) replaced by ’’unique 
minima on a sufficiently small open interval” in the hypotheses and conclusion.

The preceding lemma is the first case in the inductive proof involved in establish
ing the following lemma.

Lemma 4. 2. I f  f ix )  has a minimum of class (A ) at (p .f(p))  and <p6(x) is defined 
for the spline kerne/ kff ix ) .  n s l ,  for ő sufficiently small there is an open interval 
around p such that (p0(x) has a unique minimum o f  class (A) on this interval.
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P roof. We indicate the dependence of cpa(x) on n writing (pa(x) =  <pa(x; ri), 
and assume the theorem for (pa(x;n  — 1). Using (3) of definition 2. 1:

d
dx

X +  Ô

<Pi(x; n) =  -  f  f(À.)kaM (À -x)dÀ
X — Ô

Ô

-  f  f ( x  +  x)kain){x)dx =
-d

- 1
f  f ( x  +  x )k<a’J 2  11 T +  y  á + -  f  f ( x  +  x )k $ 2 " I t -  - I dx

- Ô

where a is the appropriate factor introduced in definition 2.2 . With т =  t — — y 

г =  H --y *n ^rSt anC* seconc* integrals respectively,
<5/2

d x

<5/2

d  cpa(x; n) =  1 f  / U - y + i h ÿ î  f  f l x  + ^  +  t l k ^  u(t)dt
а  —ÔI2 \  A  )  а  - Л ! 2 \  Z  J

-  {  ^ / 2  [-1x +  и- l  -9> i/2 U

It is easily shown that ôa(x; n) is at least of class C("\ so that at a minimum 

^  <pa(x; n)—0. Therefore, if a minimum for cpa(x;n) occurs at x =  q, then

(Ps/ 2  |r / + y ; n — lj =  (Ps/ 2  |i/ — /7— 1 j. The inductive hypothesis asserts that for a

sufficiently small cpa/2(x; n — 1) has a minimum of class (A) in an open interval

containing p. Since this implies that (pa/2( x ; n — 1) is strictly decreasing to the left 
o f this minimum point, and strictly increasing to the right, on the interval there 
is only one value of q at which the above equality can be satisfied.

T heorem 4. 1. Let kan) (x), n =  0, 1,2, ... be any spline kernel; f(x) be a continuous 
function with a minimum o f  class (A) at (p , f ( p ))• There exists a constant A and a 
set o f  points qa such that (qa, (pa{qa)) is a minimum o f  class (A) for <pa(x) and lim qa~p.

<5-0

P roof. By lemma 3.1 any minimum of (pa{x) occurs in Ja =  {x\p — ö S  л: S/> +  (5}, 
when à is sufficiently small. By lemmas 4. 1 and 4. 2, there is an open interval I  
around p  such that <pa(x) has a unique minimum qa of class (A) on this interval 
again when ô is sufficiently small. Choose A so that for both conditions prevail 
and J a x z l.  The existence o f the set of points qa has now been demonstrated; their 
convergence to p  follows from the fact that Ja reduces to p  as ö —0.

T HEOREM 4. 2. Let k an) (x ) , n =  0, 1 , 2 ,  . . .be  any spline kernel; f (x )  be a  continuous 
function with minima class (A). Suppose that qa is a minimum of <pa(x) and that 
lim qa= p  exists. Then {p ,f {p ))  is a minimum o f  class (A) for fix).
Ô-0

P roof. Suppose that (p , f ( p )) is not a minimum o f f(x). By hypothesis, there 
is an open interval / =  (a, ß) symmetric about p  on which f(x)  is either strictly mo
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notone increasing or decreasing. The former case only will be considered, as the 
argument for the latter is similar.

Define Ió =  (a +  <5, ß  — (5), ô <  (/? —oc)/2, observing that ISi<zIf l , <52< d , and l s 
becomes 1 as <5 — 0.

We prove that for all sufficiently small ô, <pa(x) is strictly monotone on Ie, and
hence contradict the existence of minima at q0 such that lim qs =p .

Ô- о
For х г< х 2

x 2 + ô x 2 — ô

<Pô(x2)-<Ps(Xi) =  f  fW k a n)( A - x 2) d X -  f  f(À )k^)( À - x l)dÀ +
Xj-fô 1 —xà

X j  +  <5 X j  - f  <5

+ f  f(,X)Kn\ k - x 2) d X -  f  /(A)/ci">(A-x,)</A.
x 2 — ô x 2 — ô

Properties (4) and (2) o f definition 2. 1, as well as the strict monotoneity of f ( x ) on 
/z> /à, imply that the sum of the first two terms of the last expression are strictly 
positive. For the other two terms, let x =  (x,+<5+x2—<5)/2 and g(x)=f(x),  x t +(5 
S  X ^  x and g(x) =  / ( 2x —x), x S  x ^  x 2—b. Properties (5), (4) and (2) of defini
tion 2. 1, as well as the symmetry of g(x ) about x show that:

/  Ôg ( x ) [ k ^ a - x 2) - k ^ ( 2 - Xl)]d2. =  0.
x 2- i

Since/(x)Sg(x):

7 ^f(xmn\k-x2)-k^(k-xi)]dk = f  g(x)[W(k-x2) - W a -x l)\dk
X 2 — <5 X 2 — <5

+  7  ( / (* )  -* (* ))  a  -  x2) -  k p (A —x,)] dk s  0.
x

This completes the proof.
Theorem 4. 1 and 4.2 may be restated as in the Corollary of Lemma 4. 1 and 

the same proofs changed in an obvious way to establish the new propositions.

5. Minimization of
l

f  f ( x ,  y )d x  
0

In this section we briefly discuss the problem of minimizing the integral
I

I(y) =  f  f (x ,y ) d x
о

on the class of continuous functions j>=j>(x) defined on the interval [0, 1]. The sig
nificance of the analysis lies in the mild conditions [1] imposed on the integrand 
/ (x ,  y). The domain o f  definition o f / (x ,  y) is taken to be J X R  where /= [ 0 ,  1] 
and R is any bounded or unbounded open interval of the j>-axis.
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T heorem  5. 1. Let f i x ,  y) be continuous on J У. R and suppose that as a function 
o f  y, for each x, it has a unique minimizing value of class (A), represented as j= ÿ (x ) .  
Then y = y (x )  is a continuous function and uniquely minimizes I(y)  in the class of C(0) 
functions.

P roof. The I(y) is uniquely minimized by y = y (x )  is quite clear for if y  =  h(x) 
is any function differing from ÿ(x) on a set o f positive measure, then the uniqueness 
o f the minimum of f ix ,  y)  as a function o f y  guarantees that f { x ,  h(x)) >f{x ,  ÿ(x)) 
on this set. Consequently: 7(A )> /(j).

To show that ÿ(x) is continuous let J6(p) =  {x\p — 5 <  x  «= p-b<>} and R fq )  =
=  { y \d ~ e  <  У <  <7 +e}. We will show that for given s> 0 , for every x = p ,  there
is an associated <5 such that ÿ(x) pR £{yip))  when x d J fp ) .  Choose x = p ,  y = y (p )  =  q 
and consider R f q ). By the unique minimum property o f f ( x , y )  it is true that 
f ( p ,  q +  e)—f(p ,  q) =» 0 and f (p ,  q —e)—f( p ,  q) > 0 .  Denote the lesser of these dif
ferences by a. There are three neighborhoods

J ô fp ) X R Sl( q - e ) ,  Jôz( p ) X R F.2(q +  E), JÔ3(p )X  Ref q )
such that

f ( x , y ) > f ( p , q - e ) - c c / 3 on Jöí(p )X R Cí( q - e ) 
f ix ,  y) >  f ( p ,  q +  e) -  a/3 on Jôf p )  X RC2 (q +  г)
f ix ,  y )  <  f i p ,  q) +  a/3 on JSi(p) X RC3 iq)

Let d = min [á, ói,  ö2 , ő3]; then for x £ J d(p ) ,f ix ,  y) has larger values fo ry £ R 8liq +  e) 
and y £ R eiiq—e) than it has for y £ R e3iq). By the continuity o f f ix ,  y) and its uni
que minimum property as a function of y,  it follows that this minimum must occur 
for q — s <  y  ■< q +  e. This implies that for any x £ J d(p), the function y(x)  has its 
values in R fq).  Thus, ÿ(x) is indeed continuous.

T heorem  5. 2. Let f i x ,  y ) be a continuous function on IX  R with a unique mini
mum o f  class (A) as a function o f  y  for each x, given by y = p (x ) .  Let (pôix, y)

+» l
=  J  f ix ,  l + y ) k (ön)(Ä)dy, n — 0, 1, 2, ... . Then f ( y )  =  J cp0(x, y)dx  for sufficiently 

-»  о
small ô has a unique minimizing curve y  = y (x )  in the class o f  C<0) functions. Moreover, 
y  six) converges uniformly to p(x) as ö ^  0.

P roof. The proof follows directly by applying theorem 4. 1, lemmas 4. 1, 4. 2,
3. 1, and theorem 5. 1.

6. Variational problem: f  f ( x , y , y ' ) d x  
о

An investigation is made in this section of a free endpoint variational problem 
minimizing the integral

l
I i y ) =  J  f i x ,  У, y ) d x .

о
The admissible class o f variational arcs is taken to be C(1) functions defined on [0, 1]. 
The interest in the problem lies in the mild conditions imposed on the integrand
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which are very much less restrictive than those of classical theories of the calculus 
of variations. Our techniques are those of the previous sections in which I(y)  is 
approximated by other integrals, the optimizing curves for which are shown to tend 
in the limit to the optimizing curve for I(y).  The approximants may be chosen so 
that their integrands have adequate differentiability properties so that they can 
be treated by the usual methods of the calculus of variations.

The problem treated is a weak, local, relative minimizing problem in that an 
open e-neighborhood of a curve y = y ( x ) is taken to be the set of admissible curves 
y = y (x )  satisfying both inequalities: |ÿ(x) — y(x)\ <  e, |ÿ'(x) — У(х)| <  £, O ^t s I. 
If {>’$(*)} is a sequence of functions of the admissible class depending in the parameter 
Ö, we write ) ’ô(x)-~ÿ(x), or simply ys(x) —ÿ(x), in case convergence of the sequence 
occurs in the above topology.

The domain of definition of the integrand : / (x ,  y,  z), regarded as a function of 
three independent variables, is taken to be D: O S x S l ,  — oo <  y  -C -j- oo? —oo <  Z <  “h oo. 
It is necessary to extend this function onto a somewhat larger domain DA: — A 
S x S l +  A, -ч » < у < + о о , — o o< z< + oo  for a suitable constant 0, in order 
to define our approximants below. This is done by considering the function:

T(x, y, z) =
f (x ,y , z ) ,  (x, y, z )£  D 
f ( 0 , y , z ) , - A ^ x ^ 0 ,  y, z £ D 
f ( \ , y , z ) ,  1 < x ^ l  + d ,  y, z £ D

Definition 6. 1. Let wá(x) be a weighting kernel, and F(x, y, z) an integrable function 
defined on DA. Relative to this kernel the function cpô(x, y, z) =  cp0(x, y, z ; f ;  ws) is 
defined on D by:

d ö f i
(P t(x,y ,z )=  J f  f  F(x +  e, T +  <T, z +  ï )wô(Q)ws(a)w6(y)dQda dz =

-ô -ô -Ô 
x  +  <5 y + < 5  z + ô

= f  f  f  Т(л, p,y) w,s(A -  x)H’á(g —y)  wt (y -  z) dl dp dy
X — ő y — ö z — Ô

It should be observed that if f ( x , y , z )  is continuous on D then so is cp0(x, y, z). 
If in addition w /x) is of class с (и), then tps(x,y,z) is of class c(n). Also if f (x ,y ,z )  
is continuous on D and J =  { x |0 s .x s  l}, K =  {_y||_y| =  k), L =  {z\\z\ Ш/} for any finite 
constants k, /> 0 , then q>0{x, y, z) converges uniformly as ô —0, in the conventional 
sense, to f ( x , y , z ) on J X K X L .

Applying the above remarks, one can prove that i f / ( x ,  y, z) is continuous and 
.y(x) is of class C(1) then Is(y)  — /(.v) as ô —0.

T heorem  6. 1. Let f { x , y , z ) be continuous on D and let I(y) be uniquely mini
mized by y —y(x), where J? (x) is o f  class C(l). Suppose that f ( y )  is minimized by 
y —Ps(x) and  that ÿô(x) —p(x), in the sense defined at the outset o f  this section, as <5 --0. 
I f  p(x) is o f  class C(1), then p(x)  =ÿ(x).

Proof. Let В =  ^sup^ [|ÿ(x)|, |ÿ'(*)|, |j+(0)l> 1Т -(0 |.

Ip (x)|, |/>'(*)!> Ip +(0)|, |/>'_0)|]
and consider Ihe bounded closed cell:

/ l : 0 s x s l ,  |j| =§/?+!, |z| Ш 5 +  1.
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Writing alternately y '(x )= z (x )  and p'(x) =  z(x) we see that y(x) and p(x)  are in R. 
Both functions satisfy the hypotheses of the remarks prior to Theorem 6. 1. Since 
ÿ à(x) converges uniformly, in the sense defined at the outset of this section, to p(x)  
it follows that for ô sufficiently small, these curves also lie in R.

By the remarks following Definition 6. 1., cp0(x ,y , z )  converges uniformly to 
f ix ,  y, z) on R ; also, f ( x ,  y ,  z) is uniformly continuous on R. Therefore,

l l
h(Ps) =  f  <Pt(x, Pi, P's) dx — f  f (x ,  p, p')dx =  I{p). 

о о

By the remarks prior to Theorem 6. 1: I6ip) —7(ÿ) so that for any e> 0 , ЗЛ 
such that for 0<z)

h(P)  <  I  GO +  £•
But psix) minimizes f i y ) ,  so that:

h(Pi)  =  h(y)  <  Д к )  +  £-
Passing to the limit as e — 0 gives

lim h ip s )  =  l i p )  S  l i p ) .  
о

But pix)  minimizes l {y ) ,  so that / (p )ê /(ÿ ) ;  consequently, l i p ) —lip ) .  The uni
queness of the minimizing curve for 7, shows that p ix)=p ix) .
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DETERMINATION OF CONTROLLABLY PERIODIC PERTURBED 
SOLUTIONS BY POINCARE’S METHOD

by
M. FARKAS

In paper [1] perturbed systems containing a small parameter have been con
sidered while it was assumed that the unperturbed system is autonomous, has a 
D-periodic (periodic) solution, the perturbation is nonautonomous and is con- 
trollably periodic. Sufficient criteria have been given in this case for the existence, 
uniqueness and stability of a D-periodic (periodic) solution o f the perturbed system. 
In the present paper Poincare's method is worked out for the determination of the 
D-periodic (periodic) solution of the perturbed system in the analytic case (§ 2.), 
and an effective form is given to the stability criterion (§ 3.). For sake of convenience 
in § 1. some results of [1] to be used here are summed up in a modified form for the 
analytic case.

1. Consider the system

( 1) ^ = f ( x )  +  ngy- , x, n, T^,

where X,  f ,  g  are «-dimensional vectors, t, ц ,  т real scalars and the function on the 
right hand side

(2) F ( , я, Ц,  rj =  f(x )  +  f ig  | y , л-, Ц,  г

is analytic in the region /,Х & Х /„ Х /,, where / ,=  ( ( : - “ < / <  +  “ }, Q an open 
and connected region in the «-dimensional space of x-s, Iß=  {fi: |/t)<a}. oc>0, Ix =  
=  {t: |t—t0| <  ß), 0 < /? < то. Assume that the function g  and, as a consequence, F  
is periodic in t  with period t £ / t , i.e.

(3) g (5+  1, X, /(, t) =  g ( s ,  X,  /<, t),

and that F is  also periodic in the vector x  with vector period at, i. e.

(4) f |  -, x +  ax, Ц,  t|  =  f |^ -, X ,  ц ,  rj

for all ( t ,  X,  Ц,  т)£ /,Х & Х /иХ /т, where a  is some vector which, in general, may 
depend on ц and t. However, we shall assume that

(5) a x  =  a 0 r 0,

where a0 is a constant vector. In case a = a °  =  0, (4) imposes no restriction on (2). 
If a07^0, Q is supposed to have the following property: if x £ Q ,  then x + a t£ Q ,  
— -i-oo, i.e. Q is a cylinder with axis parallel to a in the «-dimensional space.
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Alongside with (1) we consider the unperturbed autonomous system

(6) =f ( X) '

which we get to if p =  0 is substituted into (2). It will be assumed that (6) has a non
constant .D-periodic solution p{t)  with period to=*0, coefficient vector o° (i.e. p(t) =  
=  v ( t )+ a ° t ,  where v(t) is r0-periodic) and with path contained in Q for — 
< i <  +  “>. (In the special case a° =  0, p(t)  is t0-periodic in the ordinary sense.) 
We introduce the notations (dot denotes differentiation with respect to t every
where)

P° = P (0 )  =  (P°l,pO2 , - , p On), 
p° =  P(0) =  {pi ,  p°2, ...,p°„).

As it was shown in [1] all solutions of (1) with \p\ and |t — t0[ sufficiently small 
and with initial values sufficiently close to i = 0, x=p°  will pass through the hyper
plane passing through p°  and orthogonal to the vector p° and it can be assumed 
without loss of generality that р?А0, Р2 = Р з ~ -"  =  р1 =  ̂ - Thus, all solutions of (1) 
with |/t| and |t —t0| sufficiently small and with initial values sufficiently close to 
/  =  0, x = p °  are taken care o f if we denote by

X =  x(t; 9, p° + h, p, t)
the solution of (1) for which
(7) x{9; 9 ,p ° + h ,  p, r) =  p° +  h

holds, where h =  (0, h2, h 3 , ..., hn).
The first variational system of (6) corresponding to the solution p{t), i.e.

(8) % =fx(p( .*))-y

is a linear system with r0-periodic coefficients. Here f '  is the nXn  derivative matrix
()fo f  the vector/  with elements - ■ —, where f  and xk are the coordinates of the vectors
oxk

f  and X, respectively, i, k =  1,2, The periodic function p{t)  is a solution of
(8) and thus, as it is well known, 1 is a characteristic multiplier.

T h e o r e m  1. If  1 is a simple characteristic multiplier of  system ( 8 ) ,  then to all 
sufficiently small values o f  |ju| and |9| there belongs a unique period x =  x(p, 9) and a 
unique h =  h{p, 9) such that

(9) q>{t; p, 9) =  x (t; 9, p °+ h (p ,  9), p, x(p, 9j)

is a D-periodic solution with period x (p, 9) and coefficient vector a o f  the perturbed 
system  (1), where also x =  x{p, 9); the vector a is uniquely determined by condition (5), 
the functions x(p,9), h(p, 9) and (9) are analytic in a neighbourhood o f  p — 9 =  0, 
and fo r  all t, t ( 0 ,  0 )  =  t o , h{0, Q) =  0 and (p{t;0 ,0)=p{t) .

The proof is analogous to that of Theorem 1 of [1] and will therefore be omit
ted here. The analyticity o f  the respective functions follows from well known theo
rems such as the theorem on p. 469 of [2] and (10. 3) p. 44 of [3], respectively.
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Keeping to the assumptions of Theorem 1, consider the first variational system 
of (1) with z =  z(p, 9) corresponding to the solution (9):

( 10)
dy_
dt f'x (<p 0  ; n, Щ +иёх т(/<, 9) ’

q)(f, p, 9), p, z(p, 9)

where gx has a meaning similar to f ’x.
Let us denote by Y(t; p, 9) the fundamental matrix solution of (10) for which 

Y(0',n, 9 ) = t /  (£/: the unit matrix) holds. Let us denote the corresponding princi
pal matrix of (10) by

(11) C ( p ,9 ) =  Y(x(p,&);p,!)).
Obviously,

C(0,0) =  Y (t0 ; 0 ,0)

and 1 is a simple eigenvalue of C(0, 0). Let us denote by À(p, 9) that eigenvalue 
of (11) (the characteristic multiplier o f system (10)) for which A(0, 0)=1 holds. 

There holds the following

T heorem 2. Under the assumptions o f  Theorem / ,  there exists p , >0, u2 > 0  such 
that in the region

(12) |9| <  q2

A(p, 9) is a real valued analytic function o f  its arguments and if  the remaining n — 1 
characteristic multipliers o f  system (8) are in modulus less than one, then the D-periodic 
solution (9) of the perturbed system (1) with z =  z(p, 9) is asymptotically stable for p-s 
satisfying also the following condition

(13) /iA;(0, 0) <  0.

The proof is analogous to that of Theorem 3 of [1]. Analiticity of A(/r, 9) fol
lows from the analiticity o f (11) and from the fact that a simple root of a polynomial 
is an analytic function o f the coefficients in a neighbourhood of the actual coeffi
cients.

Remark. As it was shown in [1], А£(0, 0) =  0. If also A'(0, 0) =  0 then, of course, 
no /< exists satisfying (13). However, if /< =  9 =  0 is a maximum point of A (p, 9), then
(9) is asymptotically stable in the whole region (12), p ^ 0.

2. Based on Theorem 1 we are going to apply Poincaré’s method and show 
an effective way to the approximate determination o f the D-periodic solution (9) 
and the period z(p, 9) o f the non-autonomous perturbed system (1). Cf. [4] pp. 
354—356. Introducing the new independent variable í  by

(14) / =  9 +  sz(p, 9),

system (1) and the D-periodic solution (9) assumes the form 15

(15) * = 1<"’ 8) 
and

il/(s-p, 9) =  <p(!) +  sx(p, 9); p, 9),

f(x) +  p g Is +  . ,  X , p , z (/<, 9)1
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respectively, ф is obviously Z)-periodic with period 1 and coefficient vector az(p, 9) =  
=  a° z0 . We expand the solution ф of (15) and the function 9) for fixed 9 in 
powers of p :

(16) i/ф ;  p, 9) =  Z  9кФк(*, 9),
k =  0

(17)

It is easy to see that

and

(18) 

hence

(19) ф°(*,9)

t(/í, 9) =  2  p kzk(9).
k = 0

<p(t; 0, 9) =  p ( t  — 9)

4 (9 )  =  t(0, 9) : r0,

Ф(х: 0, 9) =  (p(9 +  sxo -,0, 9) =  p(sz0).

Since the coefficient vector of ф, namely the vector a°x0 does not depend on p, ф’з 
derivatives with respect to p, i.e. the vectors 1/^ ( 5 , 9), k =  1, 2, ... are simple periodic 
functions with period 1. Substituting the expansions (16) and (17) into (15) we 
have the identity

2 f
k = 0

dфk(s, 9) 
ds =  2  9к*к(Щk= 0

f t y ( s : p ,  9)) +  pg 5 + r{p, 9) ,Ф(э;р, 9), p, t(/í, 9)

Expanding the second factor on the right hand side in powers of p and equating the 
respective coefficients we have

ds !)) =  r° f * ( p ^ o W ( s, ®) E z0g ~ , p(sz0), 0, J + T , (9 ) f (p (sz0)), 

and similar identities for фk(s, 9), k =  2, 3, ... . Thus z= i^ ( s ,  9) satisfies the system

(20) ~  =  T0/((p (5T 0))z +  T0g b  +  ™, p(s i 0), 0, T0J +  x/(p(5T0))

with x =  z l (9). фк k ~ 2, 3, ... satisfies similar linear systems of differential equations. 
By assumption (7), since ф°(0, 9 )= p (0 )= p ° ,  the first component o f the vector фк, 
k =  1,2, ... at 5=0, i.e. at t= 9 ,  is zero, in particular

(21) ф \(0 ,9 )  =  0.

We are going to show that the conditions given above determine ф1 (s, 9) and 
z j (9) uniquely.

There holds'the following

T heorem 3. I f  z (s )  is a vector function and x(9) a real number such that

(22) z ( 5 + 1) =  z(x),
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the first component of  z(0) is zero, i.e.

(23) * i(0) =  0

and z(s) satisfies (20) with x = x ( 9 ) ,  then z(s) =  ф1 (s, 9) and x(9) —r, (9).

P roof. Introducing the notations

w(i) =  Il/'(s, 9 ) - z ( s ) ,  у =  - ( ^ ( 9 ) - *  (9)),
"о

substituting z  =  i/ / 1 ( í ,  9), y.—Ti (9 )  and z =  z(s),  x =  x(9) into (20), respectively and 
subtracting the corresponding identities, we get that w( s) is a solution of the in
homogeneous linear system

2  =  t0/ x (p (эт0)) tv -f ут0/ ( /ф т 0)) 

or, taking into account that p(t)  is a solution of (6), of

(24) ^  =  tof'x (PÍ.S4)) w +  y dp(~£—  ■

The corresponding homogeneous system

(25)
dv
ds -  T0/x(p (íT 0))í’

is the first variational system of system

d x

ds ч К х )
dpÇsxо) .

ds
is a periodic] solu-corresponding to the solution p(sx0) of the latter. Thus 

tion with period 1 of (25) and so is the vector

» • « =
T0 p°i ds

By assumptions on p(0) the components of !d(0) are 

(26) v lk(0) =  0 lk, k = l , 2 ,  ... n

where Sik is the Kronecker symbol. It is easy to see by substitution that w = yx 0p°svI (s) 
is a solution of (24), thus the difference v2(s) =  w(s) — yr0p°sv1(s) is a solution of
(25). If we denote by K(s) the fundamental matrix solution of (25) for which V(0 )= U ,  
the unit matrix, holds, we get that

w(s) =  u ^ ^ + y T o P iiu 1^ ) =  K(i)u2(0) +  yto p°isvl (s).

Since w(s) is periodic with period 1,

0 =  и’(1) — и’(0) =  V(\)v2( 0 ) - U v 2(0) +  yxo p4vl (0).
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where the periodicity o f v1(s) was taken into account. Hence we have

( F ( l ) - [ / K ( 0 )  =  - y r o p4vl (0).

Because of (26), td(0) constitutes the first column vector o f F(0)=[7, thus vl (s) 
is identically equal to the first column vector of V(s). Taking also into account the 
periodicity of v1(s) the last equation assumes the form

2  c iki’k =  ~УгоPi k= 2

(27) (cik -  àik) vk =  0, (г =  2, 3, , n),
k =  2

where cik and vk are the components of F (l) and r2(0), respectively (cfl =  <5a , 
/ —1,2, The eigenvalues of F (l) are the characteristic multipliers of system
(25) which are the same as those of system (8). Since 1 is a simple characteristic 
multiplier, the determinant of the system consisting of the last n — 1 equations of
(27) is non-zero. Thus v2 =  v\ =  ... =  r2 =  0. As a consequence, from the first equation 
of (27) follows y =  0, i.e. x(9) =  xl(9). Furthermore, since u2(0) is a scalar multiple 
o f id(0), so is w(s) =  v2(s), i.e. H'(s,) =  cu1(5). But from (21) and (23) follows that 
the first component of vr(0) is zero, while by (26) that of id(0) is one. Thus c =  0, 
h > (s )  =  0 and this completes the proof.

It is to be noted that (20) subject to conditions (22) and (23) can be solved by 
standard methods and % =  т1(9) determined, provided that a fundamental solution of 
(8) is known.

It can successively be proved in a similar fashion that ij/2(s, 9), x2(9); ij/3 28 29(s, 9), 
X3(9); etc. are uniquely determined by the successive systems similar to (20), the 
condition of periodicity and that analogous to (21).

3. Under the assumptions o f Theorems 1 and 2 we are giving a method to 
check the validity of the stability condition (13). It will be shown that the derivative 
A'(0, 0) occurring there can be evaluated provided that a fundamental matrix solu
tion of (8), i//1(s, 0) and t x(0) (in expansions (16) and (17), respectively) are known. 
The results are closely related to those of W. S. Loud ([5], [6]) though the problem 
and the approach are different.

Using the notations introduced after (10) and in (11) we have the identities

(28) Y(t;n ,9) =

(29)

fx(<p(t; /и 9))+ng'x T(//, 9) ’ 

T(0 ; /i, 9) =  U.

9), Ц, х(ц, 9) Y (t;p ,  9),

For / 1  =  9 =  0 we have that Y0( t ) =  Y(t; 0, 0) is a fundamental matrix solution of 
(8) and, of course, T0(0)=  U. For /< =  0, <p(r; 0, 9) =  p(t  — 9) for all 9 and Y0(t — 9) 
is a fundamental matrix solution of

(30) ÿ  =  f x ( p ( t - 9 ) ) y .

Obviously

(31) T (/; 0, 9) =  Y 0(t — 9 )Y ö 1(—9)-
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Since the characteristic matrix (11) of system (10) is analytic, it can be expanded for 
fixed 9 in powers of p:

(32) С ( ц ,  9) =  C0(9) +  //C, (9) +  p 2 R ( p ,  9),

where R is analytic.
Because of t(0, 9) =  t0 and of (31)

(33) C0(9) =  C(0, 9) =  У(т(0, 9); 0, 9) =  У(т0; 0, 9) =  У0(т0 -  9) У0‘ 1 ( - 9 ) .

In particular

(34) Co(0) =  C (0 ,0) =  y 0(T0).

We are going to evaluate the matrix C\ (9):

(35) C, (9) =  C;(0, 9) =  У(т(0, 9); 0, 9)т;(0, 9 )+  У;(т(0, 9); 0, 9) =

=  ÿ(t0 ; 0, 9) -г ! (9) +  У' (т0 ; 0, 9),

where the expansion (17) has been used. For the evaluation of the first term on the 
right hand side it has to be taken into account that (31) is a solution of (30).

Thus
(36) У(т0 ; 0, 9) =  f '  (p (  T0 -  9)) У0(т0 -  9) У0~ 1 ( -  9).

For the evaluation of the second term on the right hand side of (35) we differentiate
(28) with respect to /< at /<=0:

ÿ ; ( /; 0 ,9 ) fxx{p( t -3))4>Ur’ 0’ U)+g'x

+ / ; ( / > ( ' - s ) ) y ; ( ' ;  o ,  9 )

— , p ( t - & ) ,  0, r0 
To

y(/;0 , 9) +

Here/** denotes the n X n X n  “three dimensional matrix” with elements Z"XkX, (the 
second partial derivatives of the components of the vector f ;  i, k, 1= 1,2, . . . ,  n) and 
fxx<p'n denotes the nXn  matrix with elements

n
2 i " x k x,<p'i„, U k =  1, 2,

i= 1
where (p’lfl is the /th component of the vector cp'. </>' ( / ; 0, 9) can be determined with 
the help of expansion (16) differentiating

<P(f, P, 9) =  ф
t - 9  

t(/i, 9) 2 1*кфкk = О
i - t z L ,
{ т (/г, 9)

with respect to p at /< =  0 and taking into account (19), (18) and (17):

</>;(/; 0 ,9 ) » ( t — 9
r)pP{ r(p, 9) to + r/2 — 0

=  r - p ( r - 9 ) (r —9) t,(9) 
To
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Taking into account (31) and introducing the notation

(37) Я(/,9) =  {fZx{ p { t - 9 f )  Г  ® , s j  - P ( t - 9 )

+  g'x ( i - , P i t -  9), 0, To j }  To it  -  9) Y ô 1 ( -  9),

( / - 9 ) ^ ( 9 )

we see that У'(t; 0, 9) satisfies the inhomogeneous linear matrix differential equation
(38) Ÿ  =  f ' ( p ( t - 9 ) ) Y + B ( t , f f )
and because of У(0; /<, 9) =  U, Y' {̂0; 0, 9) =  У'(0; ц, 9) =  0, the zero matrix. Since, 
as it was told in connection with (30), У0(г —9) is a fundamental solution of the 
homogeneous system corresponding to (38), we get by the method of the variation of 
constant that

r ;  it ;  o ,  9) =  T0 (i -  9) /  T ö 1 (u -  9) 2?(и, 9) du, 
i. e. 0

(39) y ; (To ; 0, 9) =  y 0 (To -  9) f  Y ô 1 (? -  9) B(t. 9) dt.
0

Substituting (36) and (39) into (35) we get that
(40)

C l (9) =  Tj (9)/( (р(т0 -  9)) У0(t0 -  9) T j 1 ( -  9) +  Y0 ( t 0 -  9) f  Y ô 1 (* ■- 9 )f?(t, 9) dt.
О

In particular 41

(41) Ct(0) = т1 (0)УХ(P(т0))Уо(т0) + У0(to) f ° Y ô l (t)B(t, 0)dt,
О

where

(42) B(t, 0) =  \f"x(p( t) ) r \ - ,  0 - я о ?т‘ (0) + ̂ ( т 0’ °’ T°)} Y°
Having determined the first two terms in expansion (32) a suitable expression 

will be given to the characteristic polynomial o f matrix С{ц, 9), and the derivative 
with respect to ц at ц =  0, 9 =  0 o f the eigenvalue /.(/(, 9) (for which A(0, 0 )= 1) will 
be given in an explicit form. The following notations will be used. The characteristic 
polynomial of matrix C(/i, 9) will be denoted by
(43) (— l)"d(A; Ц,  9) =  det[CGu, 9 ) -AC/],
(44) d(A ; fi, 9) =  A™ 4 - i A" 1 +  • • • +  oíj A +  oto •
Here obviously at (g, 9), k =  0, 1,2, 1,is an analytic function of its arguments
and such is the function d(A; /i, 9), too.

The ith row vector o f the matrix C0(9), (9). 9) and С/ will be denoted
by e f , с /, г,- and г/;, respectively, г =  1,2, . . . ,« ,  and the matrix C0(9) by

C0(9 )=  ; , etc.
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<f, c', i =  1, 2, n are functions of 9 but the writing out o f the argument will be 
omitted for the sake saving space.

There holds the following

Theorem 4. Under the assumptions of Theorem 1

where cf (0) and c} (0) are the ith row vectors of matrices Co(0) and C, (0), respectively 
and the i-th term of the sum is got from  det [C0 (0) — U] replacing the i-th row by c} (0)
i =  l, 2, , n.

c ? ( 0 ) - « i

c i (0)
c?+1 (0) — И/+1

(■?, (0) -  u,

Proof. Splitting up the determinant (43) by the terms in its last row, using ex
pansion (32) to a sum of determinants we get

(~ iy d (X ;p ,  9) == det [C(p, 9) -  Щ  =  det
c? +  pc\ + p2rl - ) .u l

c° +  pc}, T p2rn ).u„

c°l —?Ml +pc \  + p2i\

Cn~ 1 -  At/„_ I +  pc}_ I + p2 r„ _,
Cl,

+  n2* i .
Splitting up the second term in the last expression similarly by the terms in the 
(/I — l)-st row, etc. we get

c4 — k u i+ p c \  + p 2ry *c1 — Am1

(— 1 )nd(À; p, 9) =  det
Cn-1 -  Am„ _ ! +  p c \ .  1 +  p 2 r„ _ 1 

. c° -  Am„

+  /(det
c0n_ i - X u n_ l

.Cln
+  p 2 R2.

Applying the same method in the first term on the right hand side using the 
(n — l)-st, (и — 2)-nd, ...,  first rows we get

с ?  — Aw,

C i-A M i+jU cl-b/i2/-!

det
Cn— 1 -  Амя_ , +  |IC„‘_ i + p 2 r n _  1 

. C? -  Am„

+  p det

<46) ( - 1  ) V ( A  ; p, 9) =  det [C0(9) -  W ]  + p J  det ct +  p 2R3.
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By assumption, 1 is a simple root of the polynomial r/(2;0, 0), i.e. c/(l ; 0, 0) =  0 
and г/д(1 ; 0, 0 )^ 0 . Hence, 2 can be expressed from equation d(X; /i, 9) =  0 as a 
function 2(/i, 3 )  analytic in a neighbourhood of (0,0) such that 2(0, 0)= 1 , and

(47) a ; ( o , o)  =  -
r /;0 ; 0 ,0) 
^ /( i ; 0 ,  o) '

Substituting 2= 1 , 0 =  0 into (46) and differentiating (46) with respect to /i at /«=0:

< ( 1 ; 0 ,0 )  =  (-1)" 2  det 
/'= 1

c?(0) — и I

c}{ 0 )

(0) -  u„

Substituting the last expression into (47) we get the result which was to be proved.

REFERENCES

[1] F a r k a s , M.: Controllably Periodic Perturbations of Autonomous Systems, Acta Math. Acad.
Sei. Hung. 22 (1971), 337—348

[2] G o u r s a t , É.: Cours d'Analyse Mathématique, Gauthier—Villars, 1933, Paris, t. I.
[3] L e f s c h e t z , S. : Differential Equations: Geometric Theory, Interscience, 1957, New York.
[4] C o d d i n g t o n , E. A., L e v i n s o n , N. : Theory o f  Ordinary Differential Equations, McGraw Hill,

1955, New York.
[5] L o u d , W. S. : Periodic Solutions of a Perturbed Autonomous System, Annals o f  Mathematics

70 (1959), 490— 529.
[6] L o u d , W. S.: Phase Shift and Locking-in Regions, Quarterly o f  Applied Mathematics 25 (1967),

222—227.
University o f Technology, Budapest

( Received February 9, 1971)

Siuclia Scientiarum M athem atic a rum  Hungarica 7 (1972)



Studia Scientiantm Mathematical um Hungarica 7 ( 1972) 267—287

ÜBER DIE PARKETTIERUNGSMÖGLICHKEIT DES DREIDIMENSIONALEN 
HYPERBOLISCHEN RAUMES DURCH KONGRUENTE POLYEDER

von
I. VERMES

Das Problem der Parkettierungsmöglichkeit des Raumes durch kongruente 
Polyeder ist schon seit langem bekannt. D. H ilbert beschäftigte sich auch mit 
dieser Frage in seiner Arbeit: „Mathematische Probleme" [4]. Das analoge Problem 
der hyperbolischen Ebene ist in einem Buch von L. F ejes T óth  [3] gelöst, wo die 
Existenz der hyperbolischen Mosaike gezeigt wurde, falls die Mosaikelemente re
guläre Vielecke bzw. total asymptotische Vielecke sind. Die Parkettierungsmöglich
keit durch nicht-total asymptotische Vielecke1 ist in [6] und [7] untersucht. H. Z eitler 
hat bewiesen [8], daß es vier verschiedene Parkettierungen des dreidimensionalen 
hyperboli chen Raumes mit regulären Polyedern gibt.

In dieser Arbeit beschäftigen wir uns mit der Parkettierungsmöglichkeit des 
hyperbolischen Raumes durch kongruente Polyeder. Die in unseren Unter
suchungen vorkommenden Polyeder sind sogenannte reguläre asymptotische Pyra
mide, reguläre Prismen und total-asymptotische Polyeder des hyperbolischen Raumes.

1. Wir verstehen unter einer regulären asymptotischen Pyramide ein Polyeder, 
das mit einem regulären «-Eck — als Grundvieleck — und n kongruenten einfach 
asymptotischen gleichwinkligen Dreiecken begrenzt ist.

Auf Grund dieser Definition können wir den folgenden S atz  beweisen:
Vier verschiedene Parkettierungen des dreidimensionalen hyperbolischen Raumes 

können durch reguläre asymptotische Pyramiden gebildet werden. Es gibt — unter 
den vorkommenden Pyramiden — eine Pyramide, die ein Viereck als Grundvieleck 
hat und drei Pyramiden, deren Grundvielecke Sechsecke sind.

B ew eis: Zuerst wollen wir den Beweis kurz aufreißen. Der Beweis besteht 
aus drei Teilen. In dem ersten Teil zeigen wir, daß nur vier unendliche Tangenten
polyeder um die Grenzkugel konstruiert werden können, deren Seitenflächen reguläre 
Vielecke und ihre Ecken dreikantige bzw. vierkantige Zentralecken eines entsprechen
den regulären Körpers sind. Die Zentralecken eines regulären Körpers sind natür
lich durch jene Halbgeraden bestimmt, die aus dem Zentrum des Körpers durch 
seine Eckpunkte gezogen werden können. Wir betrachten in dem zweiten Teil die 
Zentralecken eines entsprechenden regulären Körpers, und wir werden je eine Grenzku
gel in jede Zentralecke einsetzen. Die oben erwähnten unendlichen Tangentenpolyeder 
können zu jeder Grenzkugel gebildet werden. Man kann die Umgebung jeder Ecke der 
Tangentenpolyeder mit ebensolchen Zentralecken ausfüllen, und weitere Grenzkugel 
können in die leeren Ecken eingesetzt werden, usw. Wir bekommen mit der Fort
setzung dieses Verfahrens einen regulären unendlichen Graphen, dessen Knoten
punkte und Kanten die Eckpunkte bzw. die Kanten aller Tangentenpolyeder sind.

1 Ein n-Eck ist (» -к ) fach asymptotisch, falls cs к Ecken im Endlichen hat.
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Die Eckpunkte der Tangentenpolyeder werden mit dem Ende der zu dem Tangenten
polyeder gehörenden Grenzkugel verbunden, und so bekommen wir je eine Parket
tierung. Die regulären Lagerungen der Grenzkugel können auf Grund der oben er
wähnten Konstruktion übersehen werden.

a) Es gibt in der hyperbolischen Geometrie fünf körperliche Ecken, die die 
Umgebung eines Punktes ausfüllen können, weil es fünf reguläre Mosaike auf der 
Kugel gibt.2 Die fünf Parkettierungen bestimmen auf der Kugel Tetraeder, Hexaeder,. 
Oktaeder, Dodekaeder und Ikosaeder. Zu jedem regulären Körper gehören Zentral
ecken. In einer solchen Zentralecke gibt es eine aus dem Eckpunkt ausgehende 
Halbgerade, die den gleichen Winkel a mit den Deckflächen dieser Ecke einschließt. 
Zwei benachbarte Kanten einer Zentralecke bilden den Winkel y. Die zu den ver-

Уschiedenen regulären Körpern gehörenden Werte von sin a und tg ' sind in der 

Tabelle 1. zusammengefaßt.

sin а V
,g7

Tetraeder кб
3 vT

Hexaeder F2
2

vT
2

Oktaeder VT
3

1

Dodekaeder l / 7 - 3 ^ 5
1 10 !  2

Ikosaeder
t t -

Tabelle 1

Betrachten wir eine Zentralecke mit dem Eckpunkt О und die Grenzkugel, die in 
diese Zentralecke eingesetzt ist. Diese Grenzkugel berührt eine Deckfläche der 
Zentralecke in dem Punkt P, dessen Abstand a von О das zu dem Winkel а gehörige 
Parallellot ist (Fig. 1.). So folgt auf Grund der Trigonometrie der hyperbolischen 
Geometrie3 die Beziehung:

( 1 )  c h  а  =  - .  ] =  .-
smi7(ű) sin а

2 S. z. B. [3] S. 94— 96.
3 Die Trigonometrie der hyperbolischen Geometrie s. z. B. in [1]. IT(a) bezeichnet den zum 

Abstand a gehörigen Parallel winkel.
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Betrachten wir anderseits die aus dem Ende der Grenzkugel auf dieselbe gebildete 
Projektion eines um die Grenzkugel umschriebenen Tangentenpolyeders. Diese Pro
jektion ist eine reguläres Mosaik der Grenzkugel. Die Geometrie der Grenzkugel 
ist euklidisch4, folglich können die regulären Mosaike auf ihr nur aus Drei-, Vier-, 
und Sechsecken aufgebaut werden. Aus dieser Bemerkung folgt, daß nur reguläre 
Drei-, Vier-, und Sechsecke als Seitenflächen der um die Grenzkugel umschriebenen 
Tangentenpolyeder existieren können. Ein unendliches reguläres Polyeder um eine 
der oben betrachtenen, in eine der Zentralecken gesetzten Grenzkugeln kann also

dann und nur dann gebildet werden, wenn der Winkel ОРТ  gleich ~  (« =  3 ,4 ,6 )

ist, wobei T der Fußpunkt des aus P auf die Kante der Zentralecke gefällten Lotes 
ist. Für das Dreieck ОРТ gilt:

(2) ch a -  ctg j  • ctg ~  .

Aus (1) und (2) ergibt sich die Gleichung:

(3) sin a =  tg 2  • tg — (« = 3 ,4 ,6 ) .

Man kann leicht einsehen, daß (3) nur in vier Fällen 
erfüllt ist, und zwar im Falle der Zentralecken des

Tetraeders für n =  6
Hexaeders für n =  4
Oktaeders für n — 6
Ikosaeders für n =  6.

Die Gleichung (3) gilt im Falle des Dodekaeders nicht.
b) Auf Grund des vorigen Teiles sind die Längen lm der Kanten der möglichen 

Tangentenpolyeder eindeutig bestimmt. Bezeichne jetzt Am den Typus der entspre
chenden Zentralecken (m = 1, 2, 3, 4). Betrachten wir die Zentralecken vom Typus 
A„, mit dem Eckpunkt O, die die Umgebung des Punktes О vollständig ausfüllen, 
und sei je eine Grenzkugel in jede Zentralecke eingesetzt. Bestimmen wir auf den 
Kanten dieser Zentralecken die Punkte O u mit dem Abstand lm von O. Die Punkte 
O u können die Eckpunkte weiterer Zentralecken vom Typus Л„, sein, die die Um
gebung von O u vollständig ausfüllen und ihre, die Strecken O u O enthaltende 
Deckflächen die Grenzkugel berühren. In den Ecken um die Punkte 0 Xl, die die 
Strecken O n O auf ihren Kanten nicht enthalten, gibt es keine Grenzkugel. In diese 
Ecken kann man weitere Grenzkugeln einsetzen, und das Verfahren kann für diese 
Grenzkugeln ebenso, wie vorhin fortgesetzt werden; die Punkte 0 2ц ergeben sich 
aus den Punkten O u, wie O u aus O, und so weiter ad infinitum.

Die Punkte O, Ou , 0 2ij, . . . ,  Onij k, ... bilden einen zusammenhängenden regu
lären unendlichen Graphen.

c) Es ist leicht zu beweisen, daß endliche Knotenpunkte dieses Graphen im 
Inneren einer Kugel mit dem Mittelpunkt О liegen. Zu diesem Graphen gehören

4 S. z. B. [2].
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Einendlich viele Grenzkugeln mit ihren unendlichen Tangentenpolyedern. Falls die 
Eckpunkte jedes Tangentenpolyeders mit dem Ende der zu ihm gehörenden Grenz
kugel verbunden werden, dann bekommen wir einander kongruente asymptotische 
reguläre Pyramiden. Die Parkettierung wird aus diesen Pyramiden aufgebaut. In 
der Tabelle 2. sind die Daten der Pyramiden gegeben.

Das Grundvieleck der Pyramide Der Halbmesser des Umkreises 
des Grundvielecks

reguläres Sechseck . 16 arch -  
2

reguläres Viereck ar ch f2

reguläres Sechseck агсЬГЗ

reguläres Sechseck

Tabelle 2

2. Unter einer Abstandsfläche versteht man die Menge der Punkte, deren Ent
fernung von einer festen Ebene ein vorgegebener Abstand d  ist. Eine Abstands
fläche besteht aus zwei Teilen, die sich in je einem der Halbräume in welche die 
Ebene (Grundebene) den Raum teilt, befinden. Jeder dieser Teile wild Halbabstands

fläche der Grundebene genannt.
Hier, bei diesen Untersuchungen kann eine ähnliche Methode wie vorhin an

gewendet werden. Ein unendliches reguläres Tangentenpolyeders kann um eine Ab
standsfläche in folgender Weise gebildet werden :

Man betrachtet ein reguläres Mosaik auf 
der Grundebene und die Senkrechten auf sie 
durch die Mittelpunkte der Mosaikelemente.
Ferner bestimmt man die Tangentenebenen 
der Abstandsfläche in den Punkten, in welchen 
die Senkrechten die Abstandsfläche schneiden.
Setzen wir voraus, daß die benachbarten Tan
gentenebenen sich schneiden und diese Schnitt
geraden zwei reguläre unendliche Graphen mit 
im Endlichen liegenden Knotenpunkten, die in 
bezug auf die Grundebene symmetrisch sind, 
bilden. Die Knotenpunkte und die Kanten der Graphen sind die Eckpunkte 
bzw. die Kanten des unendlichen regulären Tangentenpolyeders.

Jetzt müssen wir untersuchen, ob die Ecken des Tangentenpolyeders den Zentral
ecken kongruent seien. Zu diesem Zwecke betrachten wir einen Teil eines Tangenten
polyeders und seine rechtwinklige Projektion auf die Grundebene (Fig. 2.). О sei
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ein solcher Eckpunkt des Tangentenpolyeders, daß die zu dem Punkt О gehörige 
körperliche Ecke eine Zentraleckc sei. Die Abstandsfläche berührt eine Deckfläche 
der Zentralecke in dem Punkt P, der der Mittelpunkt einer Seitenfläche des Tangen
tenpolyeders ist. Die Projektion dieser Seitenfläche auf die Grundebene ist auch 
ein reguläres Vieleck, sein Mittelpunkt sei P'. Es sei T der Fußpunkt eines, aus P 
auf eine der betreffenden Seitenfläche gehörigen Kante des Tangentenpolyeders 
gefällten Lotes. Ihre Projektion T' spielt dann in der Projektion des Tangenten
polyeders dieselbe Rolle, wie T im Tangentenpolyeder. So haben wir: < О Р Г =

=  <^0'P'T' =  - . Die ganze Zahl p zeigt an, daß das Vieleck ein /?-Eck ist. a und 
P

У
2

bezeichnen die Winkel, die in dem vorigen Abschnitt zur Charakterisierung der

Zentralecken gebraucht wurden. Es sei q eine positive ganze Zahl, die der Un
gleichung

(4)
1
P

+
1
Я

1
2 '

genügt. Diese Ungleichung ist für die hyperbolischen Mosaike bekannt.* 5 
Für das Dreieck ОРТ  erhalten wir:

(5) ch OP =  ctg 2  - ctg — ,

und in ähnlicher Weise für das Dreieck O'P'T

(6) ch O' P' =  ctg K • ctg — .
Я P

Es ist bekannt, daß ein Lambertsches Viereck in der Engelschen Zuordnung 
einem rechtwinkligen Dreieck entspricht, und beide drücken sich durch die gleichen 
streckentrigonometrischen Formeln aus.6

Es ergibt sich für das Lambertsche Viereck O PO 'P\  daß

(7) ch OP =  ch O’P' • ch a,

gilt, wo a das zu dem Winkel я gehörige Parallellot ist. So kann (7) in der folgenden 
Form geschrieben werden:

( 8) sin а =
ch O’P' 
ch OP '

Aus (5), (6) und (8) ergibt sich die Gleichung

(9) sin а

(9) drückt die hinreichende Bedingung dafür, daß die Ecken des unendlichen Poly
eders um die Abstandsfläche einer Zentralecke kongruent seien, aus.

3

S. [3] S. 94.
S. [5] §§ 10. und 15.

S tucia  Scienticrum  M athemalicar um  Hungarica  7 (1972)



272 I. VERMES

Nach (9) ist q —3, falls die Zentralecke zu einem Tetraeder oder Oktaeder oder 
Ikosaeder gehört, und q =  4 bzw. q =  5 gelten im Falle des Hexaeders bzw. Dodeka
eders. Diese Werte für q entsprechen der notwendigen Bedingung. Die den unend
lichen Tangentenpolyedern entsprechenden hyperbolischen Mosaike auf der Grund
ebenen müssen auf Grund der Beziehung (4) den folgenden Beschränkungen ge
nügen :

Im Falle
<7 =  3, P > 6;

<7=4, p >  4; 

q — 5, p >  3.

Um den Abstand d  der zu einem solchen Tangentenpolyeder gehörenden Abstands
fläche zu bestimmen, schreiben wir für das Lambertsche Viereck OPO'P' die folgende 
Gleichung auf:
(10) sh O P' =  sh d' ■ th a,

wo d' und PP' =  d  komplementäre Strecken* 7 sind, und a das zu dem Winkel a ge
hörige Parallellot bezeichnet. Daraus folgt, daß (10) in der folgenden Form geschrie
ben werden kann:

( 11) sh d — cos a 
sh O 'P'  '

Wir bekommen aus (11) und (5) durch bekannte Identitäten, daß die Beziehung

7Г Л
cos a • tg —  tg

d  =  ar sh ?  Ч -

gilt. Die Werte von d  sind im Falle der verschiedenen Zentralecken in der Tabelle 3 
zusammengefaßt.
Die Verbindungsstrecken der Eckpunkte eines, zu einer Abstandsfläche gehörigen, 
in bezug auf die Grundebene symmetrischen Tangentenpolyeders ergeben eine Zer
legung desselben in kongruente Polyeder. Wir nennen sie —- entsprechend der 
nächstfolgenden Definition —  reguläre Prismen. Unter einem regulären Prisma ver
stehen wir ein konvexes Polyeder, welches man so erhält, daß man auf den durch 
die Eckpunkte eines regulären Vielecks gehenden und auf die Ebene des Vielecks 
senkrechten Geraden seine Eckpunkte in gleichen Entfernungen von der Ebene des 
Vielecks bestimmt.

Betrachten wir kongruente Zentralecken um den Punkt О und die entsprechenden 
Halbabstandsflächen mit den zugehörigen d  aus der Tabelle 3. Zu dem Wert d  
gehört ein Abstand cp, der die Kantenlänge des aus p-Ecken bestehenden unend
lichen Tangentenpolyeders ist. Bestimmen wir auf den Kanten dieser Zentralecken

Л
7 Es ist bekannt, daß d  und d ' komplementäre Strecken sind, falls fl(d) ■ f l (d')  =  — ist, wo 

J7(d) den zum Lote d  gehörigen Parallelwinkel bezeichnet.
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D ie  Z e n tra leck e  geh ört zu  d em d

71
tg  —

T etra ed er
, P

1 / 1 - 3 - t g 2 - 
' p

1^2- t g  -

H ex a e d e r
, P

' Ь - * 7

/ Я 
l / l  - tg  -

O k ta ed er ar sh

D o d e k a e d e r
r r - u

| /  1 - ( 5 - 2 ^ 5  ) - t g 2 np

Ik o s a e d e r

1 А з + / г  лJ  2  ' %
ar sh

Tabelle 3

die Punkte O u mit den Abständen cp von O. Die Punkte O u können die Eckpunkte 
weiterer solcher Zentralecken sein, die die Umgebung von O u vollständig ausfüllen 
und ihre die Strecken O u O enthaltenden Deckflächen je eine Halbabständsfläche 
berühren. In den Ecken um die Punkte O u , die die Strecken O u O auf ihren Kanten 
nicht enthalten, gibt es keine Halbabstandsfiäche. In diese Ecken kann man weitere 
Halbabstandsflächen setzen, und der Prozeß kann unbegrenzt fortgesetzt werden. 
Die gegebenen Punkte 0 , O u , 0 2ij, . . . ,  Onij k, ... bilden einen zusammenhängenden 
regulären unendlichen Graphen.

Spiegeln wir gleichzeitig diese Konfiguration an die Grundebenen der vor
kommenden Halbabstandsflächen. Nach den Spiegelungen kommen weitere Halb
abstandsflächen vor, und in ähnlicher Weise wie vorhin können gleichzeitige Spiege-
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lungen an ihren Grundebenen durchgeführt werden, u. s. w. Wenn man die Zer
legung der zu den Abstandsflächen gehörigen Tangentenpolyeder in kongruente 
Prismen betrachtet, sieht man, daß man eine Parkettierung des hyperbolischen Rau
mes vor sich hat.

Somit gilt der Satz:

Es gibt unendlich viele Parkettierung des dreidimensionalen hyperbolischen Rau
mes, deren Elemente kongruente reguläre Prismen sind.

Bemerkung: Die regulären Lagerungen der Abstandsflächen können auf Grund 
der oben erklärten Konstruktion übersehen werden. Durch eine einfache Rechnung 
bestätigen wir, daß es kein solches reguläres Prisma in den Parkettierungen gibt, 
welches ein halbregelmäßiges Vielflach wäre bz.w. eine Inkugel hätte.

3. Die regulären Körper können in der hyperbolischen Geometrie den Parket
tierungen der Kugel entsprechend in fünf Typen geteilt werden, wo zu jedem Typus 
eine unendliche Serie der Körper gehört. Jetzt untersuchen wir, welche Parkettie
rungen des Raumes aus regulären Körpern aufgebaut werden können.

Zu diesem Zweck bestimmen wir die regulären Körper, deren Ecken einer 
Zentralecke kongruent sind. Die Anzahl der Kanten der Zentralecken, die zu einem 
Tetraeder, Oktaeder und Ikosaeder gehören, ist gleich der Anzahl, der aus einem 
Eckpunkt ausgehenden Kanten eines Tetraeders, Hexaeders und Dodekaeders; Laut 
Winkelsummensätze der Vielecke und in an betracht der Werte von y aus der Tabelle 1. 
kann aber nur die zu einem Oktaeder bzw. Ikosaeder gehörige Zentralecke einer 
Ecke eines Dodekaeders bzw. einer Ecke eines Hexaeders oder Dodekaeders kon
gruent sein.

Ebenso erhalten wir, daß die Zentralecke eines Hexaeders bzw. Dodekaeders 
und eine Ecke eines Oktaeders bzw. Ikosaeders gleiche Anzahl Kanten haben, 
jedoch nur eine Dodekaederzentralecke einer Ecke des Ikosaeders kongruent sein 
kann.

Es wird gezeigt, daß die vier Kongruenzmöglichkeiten bei den entsprechenden 
regulären Körpern verwirklicht werden können. Betrachten wir einen Teil eines 
regulären Körpers, dessen Inkugel den Punkt C  als Zentrum hat (Fig. 3.). О sei 
ein Eckpunkt des Körpers und P sei ein Berührungspunkt der Inkugel und des 
Körpers. T sei der Halbierungspunkt einer Kante des Körpers. Für das Dreieck

ОРТ  gilt:

( 12) ch OP =  ctg 71 • ctg ' 
w n 2

Ferner bekommen wir für das Dreieck О PC, daß

(13) ch OP- sin а =  cos ß

ist. Aus (12) und (13) folgt die Beziehung:

(14) cos ß — sin а
V 7Г

'6 r ' g „
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Diese Gleichung wird in den oben erwähnten Fällen erfüllt, das heißt die Zentral
ecken und die Ecken der entsprechenden regulären Körper sind einander kongruent.

y
Die Werte von sin a und tg - stehen in der Tabelle 1. Die Tabelle 4. enthält die Werte

von cos ß und tg П (nur für die notwendigen Fälle). 
n

Die in der Parkettierung 
vorkommenden regulären Körper cos ß

л
tg — 

"

Hexaeder f s
3

1 (n =  4)

Dodekaeder 1 г т у ш Í S - l \ J  (n =  S)
í 15

Ikosaeder 1 13 (и =  3)
1 15

Tabelle 4

Damit ist der Satz von H. Z eitler bewiesen: Es gibt in dem hyperbolischen Raum 
nur vier verschiedene Parkettierungen, die aus regulären Körpern (eine Hexaedern, 
zwei aus Dodekaedern, eine aus Ikosaedern) aufgebaut werden können.8

Bemerkung: In diesem Beweis haben wir den Eulerschen Polyedersatz — im 
Gegensatz zu H. Z eitler — nicht benutzt. In diesen Untersuchungen ist es gleich
zeitig möglich die regulären Lagerungen kongruenter Kugeln zu übersehen.

4. Wir untersuchen noch die Parkettierungsmöglichkeit des hyperbolischen Rau
mes durch total-asymptotische Polyeder. Der Begriff der regulären asymptotischen 
Zentralecke spielt in Verbindung hiermit eine wichtige Rolle. Eine solche reguläre 
asymptotische Zentralecke ergibt sich in folgender Weise: Man betrachtet eine re
guläre Parkettierung auf der Grenzkugel und jene Geraden, die die Eckpunkte 
eines Elementes der Parkettierung mit dem zur Grenzkugel gehörigen Ende ver
binden. Die benachbarten Geraden bestimmen paarweise die Deckflächen, die 
die reguläre asymptotische Zentralecke begrenzen. Aus der Parkettierungsmög
lichkeit der Grenzkugel folgt, daß es drei reguläre asymptotische Zentralecken gibt:

1. mit drei Deckflächen; der Winkel zwischen zwei Deckflächen ist gleich ^

2. mit vier Deckflächen; der Winkel zwischen zwei Deckflächcn ist gleich ^

8 K. B ö r ö c z k y  hat mich darauf aufmerksam gemacht, daß auch H. S. M. C o x e t e r  sich 
schon früher in seiner Arbeit: Regular honeycombs in hyperbolic space. Proc. Int. Congress of 
Math. Amsterdam 1954. Vol. 111. 155— 169. mit der Lösung des Parkettierungsproblems durch 
reguläre Polyeder in der hyperbolischen Geometrie beschäftigte.
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3. mit sechs Deckflächen; der Winkel zwischen zwei Deckflächen ist gleich  ̂ .

Unter einem regulären asymptotischen Polyeder versteht man einen Körper, 
dessen „Eckpunkte” die Enden der aus dem Zentrum eines regulären Körpers aus
gehenden und durch seine Eckpunkte gezogenen Halbgeraden sind. Die Seiten
flächen sind total asymptotische reguläre Vielecke, die Kanten sind Geraden.

Es ist leicht zu beweisen, daß nur die regulären asymptotischen Polyeder, deren 
„Ecken” reguläre asymptotische Zentralecken sind, eine Parkettierung des Raumes 
bilden können. Daraus folgt, daß keine Parkettierung aus asymptotischen Ikosaedern 
aufgebaut werden kann. Im Falle der übrigen vier asymptotischen regulären Poly
eder ergibt sich mit einfacher Rechnung, daß die „Ecken” dieser Polyeder reguläre 
asymptotische Zentralecken sind. Aus der Regelmäßigkeit der Polyeder folgt, daß 
diese Bedingung gleichzeitig auch hinreichend ist. So kann man den folgenden Satz 
aussagen : der hyperbolische Raum kann aus asymptotischen regulären Tetraedern, 
Hexaedern, Oktaedern und Dodekaedern aufgebaut werden.

Wir verstehen unter einer regulären total-asymptotischen Pyramide ein Poly
eder, welches in folgender Weise konstruiert werden kann: man betrachtet ein total
asymptotisches Vieleck mit dem Mittelpunkt P  in einer Ebene, die eine Tangentialeb
ene einer Grenzkugel ist, die diese Ebene in dem Punkt P berührt. Dieses Vieleck ist 
die Grundfläche und die weitere „Ecke” ist das Ende der Grenzkugel.

Drei verschiedene unendliche reguläre Tangentenpolyeder können mit total
asymptotischen Deckflächen konstruiert werden, diese sind die total-asymptotischen 
Drei-, Vier-, und Sechsecke. Sechs, vier und drei Kanten treffen sich in einer „Ecke” 
dieser unendlichen regulären Tangentenpolyeder. Es ist leicht zu beweisen, daß die 
Ecken reguläre asymptotische Zentralecken sind. (Daraus folgt schon, daß eine 
reguläre total-asymptotische dreiseitige Pyramide ein reguläres total-asymptotisches 
Tetraeder ist.)

Es ist klar, daß eine zu der Grundfläche gehörende „Ecke” einer regulären total
asymptotischen Pyramide durch kongruente Pyramiden lückenlos umschlossen wer
den kann. So können wir den folgenden Satz aussagen:

Der hyperbolische Raum kann aus regulären total-asymptotischen drei-, vier- und 
sechsseitigen Pyramiden auf gebaut werden. Die Parkettierung aus regulären total- 
aSymptotischen dreiseitigen Pyramiden ist identisch der Parkettierung durch asymptoti
sche reguläre Tetraeder.

Unter einem regulären total-asymptotischen Prisma versteht man das Polyeder, 
welches in folgender Weise konstruiert werden kann. Man betrachtet ein reguläres 
Vieleck und die Senkrechten durch seine Eckpunkte auf die Ebene des Vieleckes. 
Die „Ecken” dieses Polyeders seien die Enden der erwähnten Senkrechten. Diese 
Enden bestimmen die zwei total-asymptotischen regulären Grundvielecke des Pris
mas und die durch benachbarte Geraden bestimmten total-asymptotischen Vier
ecke sind seine Deckflächen. Um die unendlichen regulären total-asymptotischen 
Tangentenpolyeder — deren „Ecken” reguläre asymptotische Zentralecken sind — 
zu bestimmen, bezeichnen wir durch О in der Fig. 2. die „Ecke” eines solches Tan
gentenpolyeders und durch P den Mittelpunkt einer Deckfläche. Wenn wir das 
Zeichensystem der Fig. 2. benutzen, so bekommen wir, daß

(15) ЩО' Р' )  + Щ Р Р ' ) =  *
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gilt, also aus dem Dreieck O'P'T' folgt die Beziehung

(16)
, n n

ch O P  — ctg -ctg 
fl P

Aus (16) und (15) ergibt sich die Gleichung 

(17) th PP' =  tg • tu
fl P

Bezeichne .9 den Winkel T'TP  in dem Lambertschen Viereck PP'T'T, so ist

ctg 9 =  sh P T • th P P ' ; 

somit folgt aus (17) und aus der Gleichung

die Gleichung:

(18)

1st q =  3, so ist 9 =

sh PT =  ctg

ctg 9 — tg —.

q =  4. so ist 9 =  — 
4

q =  6, so ist 9 =  — .

Daraus folgt unmittelbar, daß zu den unendlichen Tangentenpolyedern in allen 
drei möglichen Fällen reguläre asymptotische Zentralecken gehören. Im Folgenden 
beschäftigen wir uns nur mit solchen Tangentenpolyedern. Die Projektion eines 
Tangentenpolyeders bildet auf der Grundebene ein reguläres Mosaik. Daraus folgt, 
daß das unendliche Tangentenpolyeder in kongruente reguläre total-asymptotische 
Prismen zerlegt werden kann.

Es ist klar, daß eine „Ecke” eines regulären total-asymptotischen Prismas 
durch kongruente Prismen lückenlos umschlossen werden kann. Man kann auch 
leicht einsehen, daß unendlich viele Parkettierungen aus den regulären total-asymptoti
schen Prismen aufgebaut werden können.

Sind q =  6 und p  — 4, so bekommen wir eine Parkettierung aus regulären asymptoti
schen Hexaedern. In dem Dreieck O'P'T' gilt nähmlich die Beziehung

(19) th T 'P ' =  th O 'P '- --  , 

und auf Grund der Gleichung (17) ist
]/3

(20) thP P ' =  ~ y -
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Aus (15) und (20) ergibt sich die Gleichung

“ I о
und so folgt aus (19), daß auch

th T 'P ' =

besteht.
Daraus folgt, daß T 'P '=  PP' ist; das Prisma hat also eine Inkugel, und damit 

ist es gezeigt, daß dieses Prisma ein asymptotisches reguläres Hexaeder ist.
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A NOTE ON FACTOR-CRITICAL GRAPHS

by
L. LOVÁSZ

A graph1 will be called factor-critical or, shortly, critical if removing any vertex 
of it the remaining graph has a 1-factor. We are going to give a construction which 
yields every critical graph:

T heorem . Every critical graph and only these graphs can be constructed from  
the one-point graph by the iteration o f the following construction: we connect two 
(not necessarily different) vertices o f an (already constructed) critical graph by a sus
pending arc2 of odd length.

Proof. I. Graphs constructed by this method are critical. We show this by 
induction on the number o f steps of the construction. The one-point graph is evidently 
critical. Assume G is critical and add a suspending arc P of odd length to it. Let 
us remove a vertex x  of the obtained graph G'. If this vertex is a vertex of G then 
what remains from G has a 1-factor and this can be extended to a factor of G' by 
the edges of the new arc. On the other hand, if x lies on the new suspending arc 
then it is of odd distance from one of the endpoints y  of the suspending arc. Remov
ing y  from G a graph with a 1-factor arises, and this 1-factor can be extended to a 
1-factor of G'—x.

II. Let now G be a critical graph, we show is can be built up by the given con
struction. Removing any vertex x of G there is a 1-factor Fx of the remaining graph. 
It is easily seen that Fx U Fy (x ^ y)  contains a path Pxy connecting x to y  and con
taining edges of Fx and Fy alternatingly, beginning with an edge of Fy and ending 
with an edge of Fx.

Let a be a vertex of G. Consider a maximal subgraph G0 of G such that
(a) G0 can be built up by the construction of the theorem;
(b) G0 contains a;
(c) G0 contains none or both endpoints of any edge of Fa. Such a G0 exists 

since the subgraph consisting only of a has these properties. We show now G0 =  G.
Obviously, every edge of G connecting two vertices o f G0 belongs to G0 . Since 

G is, obviously, connected, it is enough to show that there cannot be any edge con
necting a vertex x of G0 to vertex y  not belonging to G0 . Assume indirectly there 
would be such an edge. By property (c) of G0, (x,y)$_Fa. Consider the path Pya. 
This connects y  to a and thus it has a common point z with G0 nearest y. Let P  be 
the piece of Pya between y  and z. The edge of P incident with y  and then every second

1 We consider finite, undirected graphs without loops and multiple edges.
- An arc is a (simple) path or a circuit on which a beginning and endpoint is selected. A suspend

ing arc is an arc whose inner vertices are of valence 2.
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edge of it belongs to Fa, as mentioned above. The edge of P  incident with z  does 
not belong to Fa by (c). Hence P is of even length. Thus, adding P  and (x, y) to 
G0 we obtain a subgraph which also has properties (a), (b), (c), a contradiction.

Remarks: 1. This construction is analogue to a construction for graphs with 
1-factor, deduced from a theorem of Hetyei [1].

2. One can observe that further requirements concerning the building up the 
critical graph can be satisfied: e.g. one can start with an odd circuit containing a 
prescribed edge.

3. Let us call a step of the construction trivia/ if it is the addition of a single 
«dge. One can observe that a graph with odd many vertices is Hamiltonian if and 
only if it is critical and it can be built up using one non-trivial step only. Thus the 
minimum number of non-trivial steps would be interesting to be estimated (e.g. by 
some function of the minimum valence).
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THE VARIANCE OF THE NUMBER OF SPANNING CYCLES 
IN A RANDOM GRAPH

by
J. W. MOON

1. Introduction. A graph Gn is a collection of nodes 1,2, . . . ,n  some pairs o f  
which are joined by a single edge. The complete л-graph (n) is the graph Gn in which 
each pair of distinct nodes i and j  is joined by an edge ij. A path is a sequence of 
edges o f the type {ab, be, . .. ,  ij}; we assume the nodes a, b, ... , j  are distinct except 
that nodes a and j  may be the same in which case we call the path a cycle. The length 
of a path or cycle is the number of edges it contains; a spanning cycle of G„, where 
« S 3 , is any cycle of length «.

Let x =  x(G„) denote the number of spanning cycles in the graph Gn. If p denotes 
the average value of .v over all the 2i "(',_1) graphs G„ with и labelled nodes, then 
clearly p — («—1)!/2"+1. Our object here is to derive a formula for the variance 
<t2 of X over all graphs G„ and to show that a 2 ~  (e2 — \)p 2 as « tends to infinity.

2. Three lemmas. Let f(m , h) denote the number of families of h paths in (m) 
such that each node of (ni) belongs to precisely one path and each path has length 
at least one.

Lemma 1. I f2 s 2 h S m , then

f(m, h) = m\ (m — h — 1 j 

2 */;!"( h -  1 ) ‘

P roof. The formula certainly holds when wS2A =  2 and when m =  2 /is2 . If 
we classify the admissible families of h paths in (m +  1) according as the (m-H)-st 
node does or does not belong to a path o f length one, we find that

f(m  +  1, h) =  mf(m — 1, h — 1) +  (m 4- h)f(m . h).

The result now follows directly by induction. (See [4; § 5] for a different approach to 
to a closely related problem.)

If « S 3  let Pt(n) denote the number o f ordered pairs o f spanning cycles in («) 
that have / or more edges in common; each such pair is to be counted separately for 
each set of / edges they have in common. Since («) has (« —1)!/2 spanning cycles it 
follows that

P0(n) =  ( P M ) 2 ( « - П !

Lemma 2. If 1 ^ / ё и  —1, then

P,{n) =
«!(« — / — 1) ! J, 

n — / t f i  I
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Proof. If two spanning cycles in (и) have / edges in common then these / edges 
determine a family of paths in (и); if there are h paths of length at least one in this 
family, then there are l+ h  nodes that belong to these h paths and n — l —h isolated

nodes that don’t belong to these paths. There are f ( l+ h , h) ways to form

such a family of h nontrivial paths that involve l+ h  nodes altogether. There are 
2h(n — I— 1)!/2 =  2W_1 (n — l — 1)! spanning cycles in (n) that contain any such collection 
of / edges determining h nontrivial paths; the factor(n —/—1)1/2 counts the number 
o f cyclic orderings of the h paths and n — l —h isolated nodes, and the factor 2h ari
ses from the fact that each of the h nontrivial paths can be transversed in one o f  
two ways in a spanning cycle. It follows, therefore, that

Л (л ) =  2
h — 1 l +  h f ( l+ h ,h ) 2 2h- 2{ ( n - l -  I)!}2

The required formula for Pfn) now follows from Lemma 1.
If /2 ^ 3  let St(n) denote the number o f ordered pairs of spanning cycles in 

<V> that have exactly / edges in common. Palásti [2, 3] gave an explicit formula 
for St(n), in effect, when п — А^Ш п  and discussed recurrence relations for S0(n) 
and 5 , (n). The following result is an immediate consequence of the method of in
clusion and exclusion.

Lemma 3. I fO ^ l^ n  and n ^3, then

s , (n )  =  2 4 - 1 ) '
i= 0 rK (n).

3. Main result. We now derive a formula for the variance a2 o f the number o f  
spanning cycles in a random graph Gn with n labelled nodes in which the probability 
that any given pair of nodes is joined by an edge is

Theorem. / /  я ^ З ,  then a2
2n

2  PM ).
i=i

Proof. If two spanning cycles in (n) have exactly / edges in common, then the 
probability that both these cycles are present in a random graph Gn is (l/2 )2n_i. 
Hence, if fi2  denotes the expected value o f x 2, we find that

= Z S M )  2' =1=0

2n n ( n — l
2  2  ( -  O'

i + t
I

P, + ,(n )\2 l =

2 n

Л 1 3  I '■ * -)-

2/1

The required formula now follows from the fact that

4  =  h 2 - h 2 =  H 2 -P o (» )ß 2"- 

Corollary. I f  /2 -*°°, then a2 ~  (e2—\)/i2.

n
2  P M ).1 = 0
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P roof. If / is any fixed positive integer and 77=-/, then РДт?) is a polynomial in 
/7 ; when я is large the leading term arises from the term h =  l in the formula in Lemma
2. Consequently,

lim
/I -► 00

n
n — I

1
(77-  1),

2'
/!

for each fixed positive integer /. It is a straightforward exercise to verify that the 
hypothesis of T a n n e r y ’s theorem (see [1; p. 136]) holds here; we may conclude, 
therefore, that

Let p denote a constant such that 0 < /7 < l;  if each edge in a random graph 
Gn is present with probability p, then a slight modification of the preceding argu
ment shows that er2 ~  (e2(l_p)/p—l)/<2, as /7 — °°, where now p =  (n—\)\p"/2.

The preparation of this paper was assisted by a grant from the National Research 
Council of Canada.
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ON THE RAREFACTION OF RENEWAL PROCESSES I.

by
J. MOGYORÓDI

1. We start from the following

T HEOREM 1. Let £ ,,  ç2, ■. ■ be a sequence of independent and identically distributed 
random variables with the common mean-value p. We suppose that p is finite. Let 
further v„ (« = 1 ,2 , . . . )  be a sequence of positive integer-valued random variables, 
such that v„ does not depend on ç , , c2, ... and for a sequence w(n) (со(и) — +°°, as 
« — +  °°)

. ï ” p U r * h c w  <c , + o , =°>

exists, where G(x) is a distribution function. Then

lim P U . +  -+ £ v „  
l w(«)

if  / о  0

E(.x), if  p =  0

1 — G -  +  0 1, if  p <  0,

where E[x) =  0, if  x s  0 and E(x) =  1 if  x > 0 .

Proof. Let f ( t )  denote the common characteristic function of the random 
variables (/= 1 , 2, ...) and let us consider the characteristic function of the var
iable

r — —̂  +  £v„
” уv n

This characteristic function is

where the symbol M (-) denotes mathematical expectation. It is known that the 

sequence / J  ? j  converges to elß* as « —+°°, where / denotes the complex imagin

ary unit. So J converges in probability to eim. Since we have | / j  ' J ^  I,
V V_/  ̂ " I
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we obtain by Lebesgue’s convergence theorem that

lim M /
л —+ °° V

which means that converges in probability to //. We can now write

£ 1  H---- + <Üv„  _  * _ vn
oj(/;) " w(n)

From this by a lemma o f H. Cramér we obtain the assertion of our theorem.

2. Let us consider the renewal process Io s Oé t ^ I j í -  i.e. a point process, 
for which the differences =  т,—1 ;_ , ( /= 1 ,2 , . . . )  are independent, identically 
distributed, non-negative random variables, with common distribution function 
F(x). We shall denote by p the mean-value of the variables £,• ( /= 1 ,2 , ...), if it 
exists. In what follows this process will be called the original renewal process.

Let v/n) (/? =  1, 2, ...;  /= 1 , 2, ...) be a sequence of positive integer-valued ran
dom variables which are independent and identically distributed with the common 
distribution {pk}:

P(У/"> =  *) =  Л  [к — 1, 2, ... ; / , /7 = 1 ,2 ,. . .) .

We shall suppose that the variables v/n) are also independent of the original process 
and that 0 < D 2(vf(n)) =  (72< + 0 °, where the symbols P(-) and D2(*) denote prob
ability and variance. The supposition 0<er2<-(-°° implies that the variables v-n) 
are with probability 1 non-constant: рк^  1, k =  1,2, ... . Let f ( s )  denote the prob
ability generating function of the variables v/n) and M their common mean-value. 
It is obvious that the function

/ С О  = Z  Pk о
k =  1

is defined for every complex í  on the unit circle |s |S l  and A /» l .  We shall now 
make the following operations on the original renewal process: in the first step we 
consider the random variables v/1) ( /= 1 ,2 , ...) and we put

A V) =  0
further

T/ ” =  Tvp)+v<.)+...+vp) ( /= 1 , 2, ...).

So, we put that renewal point of the original renewal process the index of which 
is v51)+.v£1)-|-.., +  Vj(1) ( /= 1 ,2 , . . . ) .  It can be easily seen that the differences

( /= 1 ,2 , . . . )

are non-negative, independent and identically distributed random variables with 
the common distribution function

( 1 )  F\ (x) = Z  PkF(*k)(x),
к— 1

where F(*k\x )  is the Æ-fold convolution of F(x) with itself. So the point process 
rJ1) =  O s r |1|s T<1,g . . .  is again a renewal process with the distribution function (1).
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If the mathematical expectation ц of the original process is finite then the expectation 
of t/^i is цМ. So we have

M =  P-

We shall call the first step rarefaction of the original renewal
process.

If the k-th step rarefaction of the original renewal process is
already defined, the (&+l)-th one will be defined in the following manner: we con
sider the random variables v[k+1) ( /= 1 ,2 ,. . .)  and put

r<*+1> =  0
further
(2)

Jfc+i) Jk) 
T v ( k  + 0 = 1 ,2 , . . . ) .

It is easy to see that the random variables

~i "i-l 0 = 1 ,2 , . . . )

are non-negative, independent and identically distributed with the common distribu
tion function

Fk+ i ( x ) =  2  PjF t j)(x) (k =  1 ,2 ,...)
7 = 1

So t&*+1) =  0 S tÍ*+1)S -"  is a renewal process which will be called the (k +  l)-th 
step rarefaction of the original renewal process. Moreover, if fi is finite, then

М(т,а+1) — =  p M k+l.

The renewal points of the и-th step rarefaction can be exprimed directly by the 
renewal points of the original process as follows: let us define recursively the random 
variables Z[n) in the following manner:

and

(3)

Z /1) =  v/1> 0 = 1 ,2 , . . . ) ,

v<” > v<">+v<">

z[n) = 2  z t~ l\  z t = 2l= 1 I= v i" >  +  1

z/n) 2 Z ( n - l )

I =  v 1f" )  +  . . . + v l<2>1 +  l
0г =  2).

By the aid of these random variables we obtain

Ti(n) =  T z< "> + ...+ z < ">  0 =  1 ,  2 ,  . . . )

or in an equivalent form:

(4)

where Çj =  —

Tin) —li W—1
z [ " >+ . . . + z i(" )

=  2  i j ,j=z[n)+...+z}H\+i
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3. We see by induction that the random variables Z;<n) take on, as values, the 
positive integers and for fixed и and varying i they are independent and identically 
distributed with the common probability generating function

( 5 )  Щ  = / ( / ( • • ; ( / ( * ) )■• ) )■

и - t i m e s

N ow  we prove the following

L emma 1. Suppose that 0<<r2<  -f «>. Then for every fixed i

(6) lim P(Z/n)<  M"x) — G (.y)
и —► 4- СО

exists, where G (x) is a distribution function with mean-value 1 and variance

M 2 - M  '

Furthermore, G(x) has probability density function. The limiting distribution (6) be
longs to the class o f the limiting distributions for G alt on— Watson processes with 

1.

P ro o f. Let us consider that Galton—Watson process for which the generating 
function of the first generation is equal to f ( s ) ,  the probability generating function 
o f  the random variables v(n\  Then, as it is well-known, the generating function of 
the и-th generation is (5). Also, the number in the и-th generation, divided by M", 
converges with probability 1 to a random variable W, having an absolutely con
tinuous distribution G(x). Since now the distribution of Z ln>/M" coincides with 
that o f the number of the и-th generation divided by M n, we see that

lim P(Zln)-^M nx) =  P(W-=x)
n-*-OD

(cf. [5] Theorem 8. L). Finally, the random variable IF has mean-value 1 and variance

M 2 -  M  '

On the basis of this assertion we prove

T heorem 2. I f  the mean-value // of the original renewal process is finite, further 
0 <  a 2 <  +  then for every fixed  i

lim P ( t /">  — T /f> , <  ц М “х)  =  G(x) ,  

where G (x) is defined in Lemma 1.

P roof. The assertion follows immediately from (4), Lemma 1, and Theorem 1. 
In fact, by (4) we see that т/п) — r - l \  is a sum of independent and identically dis
tributed random variables with mean-value p, where the number o f the summands 
is Z/">.

Now we shall deal with the rate of convergence in Theorem 2.
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T h e o r e m  3 .  If
-f °°

У =  f  X2 dF(x) <  +
О

further 0<<t2-< + °° and the limiting distribution G(x), defined in Lemma 1, has 
bounded probability density function, then for every fixed i

(7) |P(T|W — * i- i  -■= pM"x) — G(x)| =  КМ ~п1Л,

where К  is a constant not depending on n.

P roof. By the supposition that у is finite it follows that p is also finite. Let 
cp(f) and »l/(t) denote the characteristic functions of the distribution functions 
G(x) and F(x), respectively. It is known that cp(t) satisfies the so-called Poincaré’s 
equation

(p(Mt) = f(cp(t)),

(cf. [5], Theorem 8. 2.). It follows from this that for и—1,2, ...

(8) <P(0 = fn <p

holds. On the basis of (4) we see that the characteristic function of

Ti"> _  Ti"),Ll ‘'1—1
p M n

( /= 1 ,2 ,  ...)

is /„ I «A

( 9 )

and

( 10)  g>

p M \
. Now

1
p M n 1 +  1 M n 2 р 2М 2п*2 +  0

t
M"

. t a 2 +  M  2 — M  t 2
~ +  ' Л Г ~ ^ M 2 - M  2Äf2n + ° M 2

(n — +  °°),

(и — + °°),

where i is the complex imaginary unit. 
By (8) and Lagrange’s theorem

\fn \Ф 1 1 -pM" JJ <P(t)

p M ‘n \-4>=  fn {$п(0)\Ф  

where |3„(t)| S  1. By (9) and (10)

t

- 1 1A / ' 1 JJ

м - ) Ь / - И л / - ) )pM  

M" ф
t

pM"
ip

1
U" I ’

M" \p pM'» - p
t

M"
= о

M n (n — 4- «>),
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where the constant in О does not depend on n. So there exists an absolute con
stant C > 0  such that

This implies that for every T

( 11)

To estimate

/  = /
fn \*Í - Ü

{цМ п -< p (  0

t dt S
C T 2
~M*'

I P  ( t /"> -  t  ln2 l < n M nx ) - G  (x)  I ,

we can now apply Esseen’s theorem. (Cf. [6]). It turns out that 

IPЫ п) — т/î?!< цМпх) — G(x)| S  J í- l+ c Q c )^ ,  

where /  is defined by (11) and A =  sup G'(x). Here к >  1 is an arbitrary constant

and c{k) depedens only on k. By (11) we have

к C T 2 A
P(т/л) -  т£? j <  pM"x) -  G (x)I =§ 2n ~ M r  +  Ĉ T '

Put now Т = М п,ъ. We obtain the assertion of our theorem by putting

K =  C +  c(k)A .
Z7T

As a special case o f theorem 2. we get a result o f A. Rényi [2] and others. Let 

P(v[n) =  k) =  q ( l - q )‘-1 {k =  1 ,2, i ,n =  1,2, ...).

In this case we obtain, that

lim P Z/"> <  4  =  1 - e ~ *  (л:ё0).
П-+ +  »  ̂ J

Thus by Theorem 2

lim P (9"(t/") - t/1)1) < / « )  =  1 — ( xsO) ,
lj-* - +  oo

for every fixed / = 1 , 2 , __  In [3] the following estimation of the rate of conver
gence is given:

|P(9"(TÍ*) -T Í? 1H A « ) - ( l - e " a)l S  Cq" In 

which is better in this special case than that of our Theorem 3, in the general case.
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ON THE RAREFACTION OF RENEWAL PROCESSES II.

by
J. MOGYORÓDI

In this paper the definitions, notions and notations o f the previous paper will 
be used.

4. If the mean-value p of the original renewal process is infinite then we cannot 
normalize the variables

т,(л) -  ( /= 1 ,2 , . . . ) ,

as in Theorem 2, to ensure the existence of a limiting distribution. In what follows 
in this paper we will not suppose the existence of the mean-value of the original

renewal process. So, we substitute the normalizing factor
1

pM" by a factor <5„, where

<5„— 0 as n — +  °° (án> 0) and we ask for the existence o f a limiting distribution as 
n — 4 - 0 0  by choosing suitably 0„. I.e. we ask under what conditions there exists the 
limiting distribution of the variables

— TÄ )
for every fixed /= 1 ,2 , ... if /; — + °°  and (5„— 0 (<5„>0).

Following the considerations of [4], for a special case, we give general a necessary 
and sufficient condition. Let in what follows ф(я) denote the Laplace transform 
of F(x), the distribution function of the original renewal process. We suppose that 
for j g 0 the limit

lim 1 — Ij/ (ős) 
1 -ф (0 )

=  a(s)

exists, where the limit is taken for <5>0.

Theorem 4. Let us suppose that 0<ст2 < +=». In order that for a suitable choice 
of the normalizing constants ô„ the random variables

(12) Sh(tP > - t {"JO ( /= 1 ,2 , . . . )

have a limiting distribution as n -* +  °°, it is necessary and sufficient that for 0 one 
o f the following limit relations

lim M n(\ — ij/(ôns)) =  0,
П— + 00

or
lim M"( 1 —i/t(ô„s)) ■- Cs*

П— + °o

hold, where C=»0 and 0 < a S  1, C and a being constants.
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P r o o f . Necessity. Let us denote by i/ /„ ( s )  the Laplace transform o f (12). Then 
as it is easily seen

(13) \p„(s) = f„(il/(ôns)),

where/„(z) is the generating function of Z[n\  Now for 0 < z ë l  the inverse function 
u(z) o f  / ( z )  exists and it is obvious that the inverse function of /„(z) is m„(z), where 
w„(z) is the и-th iterate of u(z). Further, u(z) satisfies all the conditions which are 
necessary to ensure the existence of the limit

*00 =  Hm M n(un(z )— 1) 2  6(0,1].
П— + о©

(Cf. K u c z m a  [1], definitions: pages 19, 20, assertion: page 137.). It is that solution of 
the so-called Schroder’s functional equation

Z (“ (*)) =  м ' ^

for which / ' ( ! ) = U z ( l)  =  0, further / ( z )  is strictly monotonically increasing in (0, 1] 
and twice continuously differentiable.

Now by (13)
и„(ФЛ*)) =  ÿ (à ns) С*>0)

and from this

(14) M"(un(ij/n( s ) ) - l )  =  M "(iKôns ) - l )  (5> 0).

N ow  by our supposition tj/n{s) converges to the Laplace transform <p(s) of the 
limiting distribution and

lim M n{un{(p { s ) ) - \)  =  x(<p(s));
П— + °o

hence we obtain by an easy argumentation that

lim M n(un(\l/„(sj)~ 1) =  yX<p(s)).
П-*- +  oo

This by (14) implies

(15) lim M"(^(<5nj ) - 1 )  =  x(<p(s)) (s>  0).
П-*- +  оо

We have to distinguish two cases. In the first one we consider the possibility cp (s) =  1 
( j> 0 ) .  In this case z(<p(s)) =  x (l)  =  0, and so by (15)

lim (p l /(ô„s)— \)M " — 0;
П-*- +  oo

which proves in case ( p ( s ) =  1 the necessity o f the first condition of our assertion. 
In the other case there exists a positive r0 such that (p(.y0) <  1. Since x(cp(s)) is not 
positive and for increasing s  it decreases, we see for s —s 0 that

(16) lim M"(il/(ôns0) - l )  =  уХ<р (.*о)) <  0.
n-~ +  oo
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Thus by (15) and (16) the limit

(17) lim
IJ-*- +  oo

1 - I l/(öns)
i-iA O V o ) l - \ j / ( ô„s0) x(<p(s0))

exists. So, the conditions o f Lemma 1 of Feller’s book [3], page 335, are satisfied 
for the function

Consequently

(18)

U ( s ) =  1 - № ) ■

lim =
л -  +  ~  l - \ p ( ö ns 0)  U o  J

where — °°<oc< +  °°. This and the limit relation (17) shows that

(19) 7.(<P(s)) =  y.(<p(so)) C* s a

where C* =  x((p(s0j)/ső <  0. This implies

(20) (p(s) =  r 1(C *s%  (s SO),

where x~ 1( ‘ ) denotes the inverse function of '/(•)■ <p(s) is the Laplace transform of 
the limit distribution and so it is monotonically decreasing for s increasing. Thus the 
case a < 0  is impossible, because otherwise C*s* increases. The case a =  0 is also 
impossible. In fact, if a = 0 , then by (20)

<p(s)= x~4C*).

But C * < 0  and y~1(z) strictly monotonically increases. These imply x- 1 (C * )< l, 
which contradicts to the fact that (p (s) is a Laplace transform.

We show now that a > l  cannot occur. Put on the basis of (20)

( 21) (p\s) C*ocsg~ 1

If we would have a > l  then this fact would imply ç>'(0)=0. This means that <p(s)= 1, 
which contradicts to the fact that for s = s 0 we have г/з(.?0)<  1. So, we have

0 < a s l .

Let us denote by C the value — C*. Then by (15)

(22) lim =  C s \  ( i> 0 ) ,
U-*- +  o o

where C and a are constants, C > 0 and 0 < a ^ l .  This proves the necessity part of 
the assertion.

Sufficiency. If (22) holds, then

* « . * ) =  1 - ^ 0  +°(1))> ( « - * + “ )■

Studio. Scientiarum  M athem aticarum Hungarica  7 (1972}



.296 J. M OGYORÓDI

For fixed $=  0 we have

from which

1 Cs * /I
l — M * ( l + ° W ) - e

/ / c \ —\7n ( 1 +0 ( 1 ))i j /(ô„s) =  e M + o

=  о 

1
M "

M" Г

and so the Laplace transform of (12) is of the form

Í Cs*

e M"(1+o(1)) +  0

By Lagrange’s theorem

1
M"

fn e +

Л ( Ш ) e м -(е M"o(1)_ 1) +  0 1
M n

Thus, if the limit 

(23)

(1ВД1 1).
Csa

lim f„(e M")
П-+ + 00

exists, then there exists also the limit of the Laplace transform t o f  the random 
variables (12). Let us consider for this purpose the random variable

z!n)/Mn
The Laplace transform o f this at the point Csx is exactly

_ Cs*

L {e  M")
By our assumption, concerning the variables v/n), Lemma 1 is applicable. Henceforth 
(23) exists:

_ Cs*

lim /„(<? M") =  (p(s)

and it is the Laplace transform of some probability distribution. In fact, if g (s) 
denotes the Laplace transform of the probability distribution function G(x), defined 
in Lemma 1, then we can write

(p(s) =  g(Cs*).

Our argumentations would be similar in the case when

lim M n( \ — =  0.

After some calculations we would get q>(s)= 1. This proves the theorem. 
From this we obtain immediately
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Corollary 1. If for a suitable choice of the normalizing factors ô„ the random 
variables (12) have a limiting distribution, as n — + °° then this distribution is either 
degenerate or his Laplace transform is of the form

<p(s) =  g(Csx),

where C > 0 and 0 < a S l  and g (s)  is the Laplace transform of the distribution func
tion G(x), defined in Lemma 1. The distribution corresponding to g(Csx) has mean- 
value if and only if a = I .

In the sequel we shall deal with the domain of attraction of the possible limiting 
distributions and with the question of choice of the normalizing factors in (12). 
We call that the original renewal process belongs to the domain of attraction of the 
limiting distribution characterized by the Laplace transform g(Csx) if its distribu
tion function F(x) is such that for a suitable choice o f the normalizing factors t)„, 
the limiting distribution of (12) has Laplace transform gfCs*).

Consider first the case 0 < a <  1 and put

U (x )=  f  (1 — F (zjjdz,
0

which is a monotonie function. The Laplace transform o f U(x) is

I-'A  CO

By (18)

lim

l - i Hô„s)
ö„s

\ - t j / ( ő nSo) Uo
àns о

Consequently, by our supposition

1 ~Ф

s
So

a— !
J-»0,

where L(x) is a slowly oscillating function in the neighborhood of x =  +°°. Apply
ing a Tauberian theorem (cf. [3], Chapter XIII., §.5., Theorem 4) we deduce from 
this

1 - F ( x ) ~  -x ~ * L (x ),

So, for an arbitrary k > 0
T ( l - a )

X— +°°.

, 1 -F (k x )lim —— F.-r — k . 
C- + 0 0  1 F (x)

Conversely, let us suppose that this limit relation holds. Then by some argu
mentations, similar to those of [3], Chapter XIII, page 511, we obtain

1 — F ( x ) ~ x _IL(x), x — + °° ,
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and this implies by the above used Tauberian theorem that

1 - ф { * )  Г (l —a.) [1
у 1 -  a s-+0.

From this, for any arbitrary sequence ön, such that <5„ -* 0, we have

,• 1 - 'J '& s )

Let us choose the sequence ô„ such that

s .

(24)
M" 1

(C >  0)

hold. Then finally we obtain

lim M " (\—\j/{ôns)) — Csx ( 0 < a < l ) .
«-*- +  oo

Thus we have the following

T heorem  5. In order that for a suitable choice o f the normalizing factors the 
original renewal process belong to the domain o f attraction o f the distribution function 
characterized by the Laplace transform g(Csx) (C > 0, 0 < a < l )  it is necessary and 
sufficient that for the distribution function F(x) o f the original process the limit re
lation

1 — F(kx)
hm 1 F7 \ = k ~И-+- + 00 1 ' F(x)

hold fo r  every fixed  A:>0.
Let us now deal with the case a = l .  (Cf. also [4].) Now by (18)

1 - I Kà„s)
У  öns __

1 —  <K <5„i'o)
=  1.

It follows by our supposition that

l - ф

s
So

b„s0

s-+ 0,

where L(x) is slowly oscillating function in the neighborhood of x  =  + °° . From, 
this

Thus the function

z - 0.

U(x) =  f  (1 —F(z))dz
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is slowly oscillating. (Cf. [3] Chapter XIII, §.5, Theorem 2.) Let now t > l  be a fixed 
number. Then

0 = lim
JC-»- +  oo

lim
X-*- +  0O

/  (1 — F(z)) dz
X

U(x)

S  i - L  Iîm s  0.
t U(x) Iх

J  (1 -F [z j)d z  
0

This gives that for y — -t-oo

lim ^ - f iZ )L  =  Q 

0

For 0 < / < l  we can make a similar argument. Conversely, let us now suppose that 
the last limit relation holds. Then

0 s  lim
X— + OC

. f  (1  — F ( z ) )  dz
, U(bx) J  ,, .. .. x ( l -F (k x ) )  U {kx\
1 - ~ m  =  Ä .  ^ 7 “ ; .  s  11 “ 41 . Ï Ü .  т о , )  щ  •

/  ( 1 - F ( r ) ) *

where fc = l, if 6> 1  and Æ — è, if 1. Since the limit o f the right-hand side is zero, 
the function

X

U(x) =  /  (1 -F (z ) ) d z  
о

is slowly oscillating. From this we deduce by the above Tauberian theorem that

1 — \j/ (s) ~  sU  1 , 5-»0.

So, for any arbitrary sequence 5„>0, such that <5„ — 0, we have

l - i P(S„s)

— 1, (я— + °°).őns

S„
Let us now choose the normalizing factors <5„ such that

(25) M" 1
С 1 — Ф (<5n)  ’

C > 0
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hold. Then from the preceding limit relation we obtain

lim M"(l — ip(Sns)) =  Cs.
П—+ 00

We have thus proved the following

T heorem  6 . In order that for a suitable choice o f the normalizing factors ô„ 
the original renewal process belong to the domain o f attraction o f the distribution 

function, characterized by the Laplace transform g (i)(C > 0), it is necessary and 
sufficient that for the distribution function o f the original process the limit relation

lim
*—+ “

X( 1 -  F i x ) )  _

f  ( 1 -  F(z))
=  0

hold.
Now let us consider the problem of choice o f the normalizing factors. By (24) 

and (25) we can write
C0„ =  i/r 1 -

M"
here t/i-1 denotes the inverse of the Laplace transform i/j ( s )  (iëO ). In that case 
the existence of the limit distribution is ensured if the distribution function of the 
original renewal process belongs to the corresponding domain of attraction.

As an example we show the following: if the mean-value p of the original renewal 
process is finite, then the above choice of <5„ gives

C
p M n+  o

1
M"

in accordance with Theorem 2. In fact, let us expand ф J(x) at the point x = l  in a 
Taylor series:

ф ‘ ( x )  =  -  —  ( x - l )  +  o ( x -  1) ,
Ц

1,

and put X =  1 — . We obtain
^ M n

b„ =  ф Ml
c

M n
c

p M n +  o
1

M n

We show also the converse statement: if we choose 5„
C

M n , then the existence

o f a limiting distribution implies the finiteness o f the mean-value of the original 
renewal process. Namely, the following assertion holds:

T heorem  7. I f  we prescribe for ô„ to be in (12), then for the existence o f the 

limit distribution o f the random variables 

1
M n (т/п) -  MM) ( / '= 1 ,2 ,. . . ,  fixed)
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it is necessary and sufficient that the mean-value o f the distribution function F(x) o f  
the original process exists.

Proof. If
+ 00

p = f  x d F (x )<  +  0 0  

0

then Theorem 2 shows that the limit distribution of

(26) - i 7r(T/">-T/»,i)

exists and equals G j. Conversely, suppose that (26) has a non-degenerate limit

ing distribution. Applying Theorem 4, we see that in this case

lim M" | l  — ip I jj = Cs* ( s> 0 )  

holds, where C > 0, 0 < a S l .  This limit relation can be written in the form

lim J  —— -—  d F (x )= C s*  1 (s> 0 ) .
П— + 00 Q a

M*

For a fixed s > 0 ,  the sequence

/ .( * )  =

s

S

M n

is such that /„ (x )^ 0  and lim / ,( x )  =  x. So, by Fatou’s lemma, we get
П- + СО

s

+“ 1 -  e M " x
I x d F ( x )  S  lim J  ---------- — d F ( x )  — Cs*~* <  +  °°,

M"
which proves our assertion.

Let us now return to the determination of the factors S„ in the general case. 
Our aim is to determine <5„ by the aid of the distribution function F(x) of the original 
renewal process.

If 0 < a <  1 then the limit relation

lim
1 -  F(kx) 
1 F(x)

=  k~*

holds. From this we deduce that

1 — F(x)
L(x)

X х '
X - ~  + 00,
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where L{x) is a slowly oscillating function. From this

l-^ b r o -o O ^ L O V 1)-
On the other hand by Theorem 4

1 -  Ф (ß„) '
C

Af" ’ n — +  °°.

Confering these asymptotic formulas we see

г а - о о я в д - 1)'

Since 1 — F(<3„_1), we have

C
M"

c

and so

Let now а =  1. Then

and on the other hand

1

Г(1 — ос) M" 

l - i l / (ô n) ~ ô nU

n  —  +  OO .

1 - l K « '
C

M"
From these relations the formula

M" TJ
c ônU 1, n -  +

follows, where

U(x) =  f  (1 -F (z ) )d z

The last asymptotic formula determines S„.
We have proved

T heorem 8 . In order that the random variables (12) have a limiting distribution, 
the Laplace transform o f which is g (Cs“) (C > 0, 0 < а ё  1), where g( s) is the Laplace 
transform of G (x) defined in Lemma 1, we can determine the constants <5„ according to 
the formula

C
< 5 „ ~ Г г 1 M n {n — +  <=°),

where ф 1 (v) is the inverse function of i//(.v), the Laplace transform of F(x).
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By means of F(x) the constants <5„ can be determined as follows: for  C > 0  and
0<a«= 1

„ ' 1

Г( 1 -a )M " J  

where Fyx\ (x) is the inverse o f  F(x);
for  C > 0  ane a = 1 the constants <)„ can be determined by the asymptotic formula

where
1, n-~ +  » ,

U{x) =  f  (1 -F (z ))d z .  
ó

Remark. If we want that the limit distribution be degenerate, we have to deter
mine the constants <5„ according to the asymptotic formula

n —* +  » ,

We call that the original renewal process belongs to the normal domain of 
attraction o f the possible limiting distributions, defined by Theorems 5 and 6, if the 
normalizing factors <5„ are determined by the equality

Ôn
I

М "Ы ( 0 < a s  l ) .

Theorem 7 shows that for a = l  the original renewal process belongs to the normal 
domain of attraction of the limit distribution, the Laplace transform of which is 
g(Cs), if and only if its mean-value is finite.

For 0 < a < l  we have the following

T heorem  T . The original renewal process belongs to the norma! domain o f attrac
tion o f the limiting distribution, the Laplace transform o f  which is g(C s7), 0 < a < l ,  
if  and only i f  the distribution function F(x) o f  the original process is o f the form

where

F{x) = C
Л  1 - a )

+  a(x)

lim a(x) =  0.
X-+ -b o o

(x >  0),

Proof. Sufficiency. For fixed Ar>0 we have

lim
X -*  +  O0

1 -  F(kx) 
1 - F ix )

lim
X-*- - f  oo

1
k*

C
Г( 1-«) + a(Ax)

T ( l - a )
+  a(x)
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by the supposition. Thus the possible limit distribution has the Laplace transform 
g(C sx). In this case the normalizing factors <5„ can be chosen, according to Theorem 8, 
as follows:

<5„~ —  ----- „  — (и— +oo).
/ ■ - 4 1 - r ( \ -0 L )M n

This means that

On the other hand, by our supposition

T(1 — a)M"

1
=  1 -

Comparing these we obtain

C C

from which

Necessity. Now

and we have for every k > 0

T(1 —z)M" { Г (l  — a)

S ~  1

n M",x

Ó ------1
" M nl*

+  a

1 F(kM^  =  k *0  +0(1)) ( « - + “ ).1 -  F (M nl*)

In the proof of Theorem 8 we have seen that 

1 — F(ő~ x) =  1 -F (M " /x) 

Confering these we obtain

1 — F {kM n,T)

C

c

T(1 — x)M" ' 

Г(1 - a  )M n =  k~*{\ + o (l)) .

Let now у = к М п1*. Then

C 1 ; k* k*
This implies that

1 - * Ъ 0 = У  cy* \ r ( l - a ) -o(l)

which means our assertion.
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ON HERMITE—FEJÉR INTERPOLATION PROCESSES

by
G. FREUD

I .  I n t r o d u c t i o n

Let all the zeros xkn of ion(x) =  c(x — лг1п) (х —jc2ii)...(x —xnn) fall in [—1, 1]. 
The polynomial тг2„_1 of degree 2/j — 1 at most, attaining the value ykn at xk„ and 
having there the derivative Укп, is given by the formula

(1) n2„ - 1 (x) =  Hn((an;ykn; л:) +  §„(шя; y'k„; x) 
where

П
(2) # „ (con ; ykn ; x) =  2  Укп vkn (x) 4L (x)k= 1
and

(3) bn (co„ ; y'kn ;x ) =  2  Укп (x -  xkn) /*2„ (л:).
*= 1

Here the expressions lkn(x) (k =  l, 2, . . . ,  n) are the fundamental polynomials o f  
Lagrange interpolation. The study of the polynomials (1) for и —°°, provided that 
y kn= f(x k„) where f(x )  is some fixed function, and the y kn are subjected to some 
restrictions (e.g. concerning their order of magnitude), were first studied by L. F ejér
[3], [7]; they are called Hermite—Fejér interpolation polynomials. It seems to be 
of particular interest to study the case, if <on(x)=p„(w; x )  where {p„(w;x)} are 
the orthogonal polynomials belonging to the nonnegative weight w(x) with support 
[ — 1,1]. For co(x) =  (1 — x)*(l + x )ß, — 1, i.e. for the roots of the Jacobi
polynomials the problem was completely settled by L. F ejér [5] and G. Sz e g ő
[14]. Further cases were studied by J. Balá zs  [1] and G. F reud  [8]. In our present 
paper we give a convergence theorem for such weights, that (1 — jc)°'h’(x) is non
decreasing and (1 + x )pw(x) is nonincreasing for some real a, ß.

It is interesting from a methodological point o f view, that our argument is 
based entirely on the orthogonality property of the p n(w), while in [3] and [13] (as 
well as in [1]) an essential use was made o f the Sturm—Liouville type differential 
equations satisfied by Jacobi polynomials. This meant that there seemed to be no 
easy generalizations of these results. The first theorem on convergence of the Her
mite—Fejér interpolation polynomials over the zeros o f orthogonal polynomials, 
where only some sort of a general condition is imposed on the weight, was proved 
by the author [8]. We make use of a relation proved there.

In Part II of this paper we prove a monotonity property of Christofifel functions, 
which is the fundament of our treatment. In part III we are going to formulate and 
prove our convergence theorems.

At the end of our paper we make a remark concerning “normal point groups” 
of interpolation. They were introduced by L. F ejér  [5], [6]. He proved that the zeros
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o f P^'ß) for — l < a ,  ß ^ O  form a normal point system. Later G. Grünwald [12] 
proved that the Hermite— Fejér interpolation process converges for every continuous 
function, provided that the point system is normal. Unfortunately, no further ex
plicit example o f normal point system was known beside Fejer’s. We are going 
to prove in part IV, that the zeros of Pn(x) +  A P„_ , (x) (P =  Legendre polynomial of 
degree n) form a normal point system for |/1 |S  1.

II. Monotonity properties of Christoffel numbers

Let IF(x) be a nonnegative weight function and let {pn( IV; x)} be the correspond
ing normed orthogonal polynomials. Using the same notations as in our book [10], 
we consider the Christoffel function

(4) U W ;x )
' n — 1 I“ 1
2  p U w ; x) .

k = 0

Lemma 1. Let W (x) =  0 for  x < 0 . I f  fo r some real g xs IV(x) is a nonincreasing 
function, then xQ~1 л„(IP; x) (n =  2, 3, ...) are decreasing functions for  x=>0.

Proof. Let 1 ; then we have by assumption (ux f  IV(ux)Sx® IV(x) ( — CO <  Д' <  oo) 

so that

(5) W u (x) =  u QW (их) Xz IV(x) (—o o < x < ° ° ) .

By Theorem I. 4. 2 o f  [10] we have

( 6 )  Xn(Wu: x ) ^  xn{W-x).

We conclude from the definition of Wu that

P k iK l  *) =  u^~e)l2pk(W; их) (A' =  0, 1, . . .)

so that by (4) we have XnfWu;x) =  ue~12„(W\ их) ; 
inserting this in (6), we obtain

(wx)B_ 1 2„(fV; их) ä  хв~ 1 /.„((U; x), (xëO ).

Since « S i  was arbitrary, we conclude that xe_1 2n(w; x) is nonincreasing. We see 
from (4) that 2~x(w; x) is a nonvanishing polynomial of exact degree 2n — 2 so that 
there can not exist any interval, where x2-1 A„(w; x) would be constant. It follows 
that this function must be decreasing. Q.e.d.

We consider now the formula (2) for co„(x)=pn(w; x).

Lemma 2. Let w(x) £ LP be a nonnegative weight function with support [—1, 1], 
let further ( 1 + x f  w(x) be nonincreasing and (1 — x)2 u’(x) be nondecreasing; then fo r  
every natural n >  1 and 1 ë t S / i  we have

(7) and !>*„(!) s  a.
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P r o o f . A p p l y i n g  L e m m a  1 f o r  l¥(x) — w ( — 1 + x )  r e s p .  t o  I F ( x )  =  w’( l — x ) ,  
w e  g e t  t h a t  (1  + t ) ß~l t) i s  d e c r e a s i n g  a n d  (1  — t ) “ - 1 A „(vp ;  t)  i s  i n c r e a s i n g  f o r  

— l S / S l .  B y  d i f f e r e n t i a t i o n  w e  o b t a i n

( 8) l + o - o
K(w; t )
4  (w; t)

a, l - ( l  +  0
4Q f; t)
/.n(w; t) — ß (-13S /3M )

for й ё 2. Now we proved in our previous paper [8] (see (4) and (19)) that in case 
(on= p n(w) we have

(9) Vkn(x) =  1 +
K(w; Xkn)
Xfi( r > xkn)

(x - x kn).

We see that (7) follows from (8) and (9) provided that л ё 2. For n— 1 a>^=p"(w) =  0, 
so that vk„(x)= 1 ; this completes the proof.

L e m m a  3 .  I f  w ( x )  satisfies the same assumptions as in Lemma 2, then
(10) I/>„(*•; 01 -  ci(<5) ( -  1 + ^ jc s 1 - S ;  и =  0, 1, ...).
Here c^á), and in the following c2(<5), ... denote positive numbers depending only 
on <5 and the choice of w ( x ) .  (Resp. it depends only on w, if no dependence on <5 is 
indicated.)

P r o o f . We may suppose without loss of generality that n ̂ 2 . We have seen 
that as a consequence of our assumptions (1 — r)a_1i v(u’; t) is increasing and 
(1 + /) * -^vO*; 0  decreasing for v S 2 , — 1 1. Let x £ [  — 1 + á , 1 — <>] and let
xin be the zero of p„(w) which is nearest to x. By (4) we have

If x< x ,„ , we conclude

4 _+‘i ( w;*) S  ( ^

1 -p

4 + i 0 f; x ln) =  À„(w;xin).

1 + x in
+  x

1-0
4 + 1  ( w ;  Xin) =

4  1 (>f ; x j  s
1 +  x,,
1 +  x

and similarly, we have for x> x .

Í  1 +  xin * - * i  1 - x  '

{ 1 +  X , l 1 -  xin .
4  1 (»V ; x )

4 Л ( и ’ ; х )

In both cases we get, taking (4) in consideration,

1 -  Xin 1 + *  )
1 - x  , . 1 +  *in J

-P
4  ' ( ' f ; x ).

(И )
Pn (if ; x) =  4-+11(w’; x) - 4 _1(vf; x) ^  c2(<S)|x - xJ 4 - ' ( vf; x) (x € [ - 1  +  <5, 1 -<5]).

By standard theorems on orthogonal polynomials
(12) | x - x j  ^  c3(8)n~l , cfiô)n  4 _1(н';х) S  c5(S)n

are valid. (See Theorem III. 5. 1 resp. Theorem III. 3. 3 in our book [10]. The first 
estimate was found by P. E r d ő s —-P. T ú r á n  [2]  and the second by G .  S z e g ő  [13].)

By inserting (12) and the second half of (13) in our estimate (11), we get (10),
Q.e.d.
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HI. Convergence of the Hermite—Fejér interpolation process

In what follows, let / (x )  be a bounded real-valued function defined in [—1, 1], 
let xkn be the zeros o f p„(w; x), and let

(14) Hn(w;f;  x) =  2  f ( x k„)vk„(x)l^(x).
k= 1

Lemma 4. Under the conditions of Lemma 2 we have

(15) lim 2  ( x ~ x kn)2\vkn(x)\ l£n(x) =  0
n-*-oo k= 1

uniformly in xG[ —l + ő ,  1—0].

Proof. The linear function vkn{x) attains for x  — x kn£ (  — 1, 1) the value 1 and 

satisfies (7), so that the slope of vkn(x) is greater than —  and smaller than  ̂ ^ ;
1 ~~x kn 1 +  x kn

it follows

(16) |Чь,(*)|
We apply the formula

Уп- i  (w)

ci
1 ~  Xkn

(k =  1, 2, ... n).

(17) lkn(x) yn(w)
К (*г ,хкп) Рп- ' {М>1 Хкп) p n{w-,x)

X ~  Xkn

proved in [9] (see also formula III. (6. 3) in [ 10J)1. Here y„(w) is the leading coefficient 
of p n(w), and we have by a well-known lemma, used first by G. Alexits (see e.g. 
Lemma I. 7.2. in [10])

yn-i(wO(18) 0
yn(w)

-  2 .

Combining (16), (17) and (18) and making use of Lemma 3 

(19) 2  Ivkn(a-)I lkn(x) (x  -  x kn) 2 ä
k= 1

S 4  с-, p i  (w ; x) 2  '•* (w ; x kn)Pn~ 1 (w ; xkn) ( 1 -  x f )  1

=  c8(S) [ max A„(w; x*„)] 2  *n(w; xk„ )p L i(w; хкп) (1 - x k2„) 1
1̂ кШп к=1

(x Ç [— 1 +  á, 1 — (5]).

1 In the notations of our book [10] we have

lkn(.x)=I„(w; x ;  xkn)=l„(x; xkn).
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Since w(x) is vanishing outside [ — 1, 1], we have for every fixed ç

(20) lim A„(w; £) =  0
И-*- oo

(see [10], §11. 2). By (4) A„(w; ç)sA „+1(»v; «J) and all functions Д„(*г; ç) (« = 1 , 2, ...) 
are continuous, so that by Dini’s theorem, (20) holds uniformly fo r £ 6 [—1, 1]. So the 
factor before the £  sign in (19) tends to zero for n — °<=. To prove lemma 4, it remains 
to show that

(21) 2  К (w; xk„)p2n_ J (vv; xkn) ( 1 - xl ,)- 1 =  0(1).
k= 1

This is shown as follows: By the Lagrange interpolation formula and (17) we have

n
Pn-i(w; 1 ) = 2 m ) p » - i ( w \ x k„) =

_  7 » - i ( w )

and similarly

k= 1

, V Pn{w-,\) 2  ^ Á w ,xkn) p l _ i { w ,x kn) { \ - x kn) 1 
M w) fc=1

Pn-i(w; -1 )  =  -  y" p j w ;  -1 )  2 A,, (w ; лг*„)/>5_ 1  (w ; дскп) ( I -Ь лг*и) l . 
yn\ w) к— 1

From these two formulae we obtain

n
у

k= 1
^ (w ; **«)#}-, (w; л*.) (1 xL) ' 1

(22)

1 "= T  2  К (w l xkn)pl-1 (W ; xk„) ( 1 -  xkn) - 1 +
^  k= 1

1 n
+  т 2  Лп (w ; xkn)pi_  J (w ; xk„) ( 1 +  xkn) ~ 1 =

^  k= 1

. J_ УпМ [>»-i(w>;l) P n -d w i -V )
2 yH- i (w )  L p„(w; 1) Pn(w;~  1)

Using again that w(x) is vanishing outside [—1, 1] we have by Lemma 4 of 
our paper [11]

nVi 0 „  Pn-i(w ; i)  v«(w) g -  Pn-1 (w; — l) „ л y„(w)
( } p,(w; 1) ~  v - i W ’ -  Pn(w;~  1) "  yn-i(w )
so that from (22) and (23)

(24) 2
*=1

À,(w; 1 (w ; **„) ( 1 -  -\-f„) 1 s  2 y„(w)
. 7»-i(w)

(We remind the reader that (24) was deduced from the single assumption that w(;c) =  0 
for jc ̂  [ — 1, 1]; this fact seems to be of independent interest.)
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From the assumptions o f Lemma 2 follows that (1— x 2) 1/2 log w(x) By a 
celebrated theorem o f G. S ze g ő  (see e.g. [10], Table V. A, first row) we have

(25) lim y„(w)
=  2 .

y„ _ 1 (w)

From (24) and (25) we infer that (21) is valid, and our proof is finished.

L emma 5. Under the assumptions of Lemma 2 we have

(26) 2  \Vkn(x)\lkn(x) ^  Cjo(d) (x<E[-l+c5, l-<5]).
k= 1

Proof. By a previous result of the author (see [8], Lemma 1) it follows from

ő
G i (<5) h (a) g  ci2(<5) lassí

tha t
2  /*»(*) ^  ci3(ö) (|x| ^  1 -Ô).

\xk„\Sl-ôl2

As a consequence of our assumptions, (16) is valid, so that

(27) 2  l» ta (* ) |& (* )s c 14(5) ( * € [ - l + i ,  1 -5 ] ) .
l * k„ | s i - a / 2

Now, (26) is a consequence o f (27) and Lemma 4. Q.e.d.

T heorem I. Let the support o f  OStv(x) € £d be [—1,1] and for a pair a, ß of  
reals let (1 — x)*iv(x) be nondecreasing and (1 T x)/; vt’(x) be nonincreasing. I f  f(x)  
is bounded for x Ç [ — 1, 1] and continuous at the point Ç £ ( — 1, 1) then we have2

(28) lim H„(w;f; Ç) = / ( £ ) .

I f  f ( x )  is continuous in [a, b ] a (  — 1, 1), then (28) holds uniformly in ç £ [a, b]. 

P roof. The relation (28) is a consequence o f the following three facts:

A) We have

2  vkn(x)lkn(x) =  1;
*= l

B)

2  I vkn (x) i 42„ ( a )  ^  Cl 0 (<5) (x  €  [ - 1 +  S, 1 -  <5]) ;
k =  1

C) for every fixed £ > 0  we have uniformly in x £ [ — 1— ô]

lim 2  кп(*)|42п(х) =  0.
л —<*>

2 See (14).
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We obtain A), by inserting in (1), (2) and (3) n2r,- i (x )= .  1. B) was proved as 
Lemma 5, and C) is a consequence o f Lemma 4. The deduction of (28) from A), 
B) and C) is standard and may be left to the reader.

Theorem II. Let w (я:) be a weight function with support in [—1, 1] satisfying

(29)

and

0 < ojäiv(x) ä  M ( x € [ ű i ,h , ] c ( - l ,  1))

(30) i/>„(w;x)| =5 К (x£[a, b]cz(ax, h,))

(in, M, К are independent of x  resp. o f  x  and n).
Let further g„ =  o (l) be a positive null sequence and let

{y'kn} ( k = \ , 2 , и=1,2,  ...)
be a triangular matrix for which the conditions

(31 ) IT*»! S  e„ (xkn6 [a ,, b f )

and

(32) (1 - aÍ,)A„(w; хкл)\у'кп\ s  E„ (лгкп€[—1, 1])

are satisfied ; under the above listed conditions we have

(33) | § п ( л ( н ’) ; т * » ; ^ ) |  -  2  \ y L \ \x - x kn\l?n(x) з §  У£гп -  о

with an i£  independent of x and n.

Remark. If

(34) w(x) S  M  (jc€[—1, 1])

(which is certainly the case under the assumptions of Theorem I) we have

kn( w ; 0  si 100Л/ K 1-É 2 +  -
1

n n*

(see [8], Lemma II). Hence if we assume (34), then (32) is satisfied provided that

(35) ( l-* * n )3/2 , ! -* * „
0 IT*»! S  e'n =  o (l).

In this way we can replace in Theorem II the condition (31) by (34) and (35); this 
is an improvement of the results of the author in [8], where

( l -* fc .)1/2 , I 
n n2 It* 11 ^  E'n =  o (i)

was assumed, as well as some previous results of L. Fejér [4].
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P roof of Theorem II. We have proved in our paper [8] (see Lemma IV) that 
for fixed £)>0

2  \ х - х кп\Цп{ х ) = 0 \ ^ П-

Our proof will be complete, if we show that

('361 2  ( 1 -  xka)~ 1K  1 (R’ ; xkn) (x -  xk„)2 I f (*) S  JSPi(w),
k= 1

with an (vv) not depending on n. To prove (36), we infer from (17) with the aid 
o f the estimates (18) and (21), that we have for every weight w with support in 
[ - 1, 1]
(37)

7«-iO )

2" 0  -  XL) 1К  1 (w ; xkn) (x -  xkn)2 i f  (x) =k= 1
n

Pn (W; x ) 2 ’ К (w ; xkn) p L  k (w; xkn) ( 1 -  x f ) ~ 1 s  2c9 p i  (tv; x).
yl(w) k=

Now (36) follows from (37) and (30). Q.e.d.

IV. On normal point systems

Let xknd[ — 1, 1] (Л: = 1 ,2 , . . . , n ; /7=1, 2, ...) be a triangular matrix, and we 
form the corresponding Hermite—Fejér interpolation polynomials. The linear func
tions vkn(x) have (at most) one zero Xkn ; this Xkn were called by L. Fejér [5] the 
points conjugate to xkn ; further he called the point system {xkll} normal, if all con
jugate points are situated outside ( — 1, 1). In what follows we give a new one-para- 
meter family of normal points systems. Up to now, only the two-parameter point 
system of the zeros o f the Jacobi polynomials — 1 <я , ß^ O  was known to be
normal. (See L. Fejér [5], [6].)

Lemma 6. Let co„(x) =  p n(w ; x) + Apn_ l (vv; x), and let ç be one of the roots o f  
ojn. Then we have

K' ’ A„(w;í)'
Proof. oj„(x) is a constant multiple of

P n  - 1 O’ ; S)Pn О  ; x) - p „  (w; c)p„_ ! (w; x),
so that

co'niO = Pn-i(w; QPn(w; Ç ) -p n(w; Q p f i j w ;  Q 
K ( 0  P„ -1 (w; Op'„(w; 0~Pn(w; Ç)Pn-i(w; £)'

In turn, we have (see [10], §1.4)

aT'O; £) =  yy f ^ “ [P n - fw ;  Ç)p'„ (w ; ç) -  pn (vv; ç)Pn-i O’ ; £)] •

(38) is a consequence of these two formulae.
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Let us denote — as usual — by Pn(x) the «’th Legendre polynomial.

THEOREM III. The zeros of  co„ (x) =  P„ (x) +  A P „ _ l (x) form a normal point system 
in the sense of  L. F ejér if  \A | ë  1.

Proof. All zeros of a>„(x) are real and simple (see e.g. [10], Theorem I. 3. 1) 
and all these zeros with the possible exception of one o f them, are inside ( —1, 1). 
Since / >y( l )=  1 and Py( —1) =  ( — l)y, the zero of Pn — Pn~i and of Pn +  P„-i outside of 
( — 1, 1 ) is If—\ and ff'=  —1, resp. Consequently, Pn(x ) ± P n_ , (x) does not vanish 
for |x |> l .  Since, comparing degrees, Pn_ t (x) =  o{|P„(x)l} for |x |—°°, we have

|Л-1(*)1 -= 1Л(*)| (|лг[ =-1).

We conclude that all zeros of ш„(х) are situated in [—1, 1]. Since the conditions of 
Lemma 2 are satisfied with a =  /? =  0, we obtain from (8) and Lemma 6, that for the 
zeros of o)„(x)

^л(1) — l’kn(~~ 1) — 0

hold. Since vkn(x) is linear, it can not vanish in ( —1, 1)- Q.e.d.

Theorem IV. I f  xkn (k =  1, 2, . . . ,  n) are zeros o f P„(x) + A nPn_ f x )  where \A„\^l 
(n=  1, 2, ...) and the numbers y'k„ are uniformly bounded, then for an arbitrary func
tion /(x )  continuous in [—1, 1] we have uniformly with respect to x in every [a, bcz 
<=(-1 , 1)

lim {H„(w„; f ( x k„); x) +  9)„(wn; y'kn; x)} =  f(x).

Proof. This follows from Theorem III and G. Grünwald’s theorem(see [12]).
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ON FREE SUBSEMIGROUPS OF A FREE SEMIGROUP

b y
G. POLLÁK

In the present note we give some criteria for a subset 5  of a free semigroup 
to be a system of free generators of a (free) subsemigroup. This question has a 
significance in coding theory where unique decodability depends on it. There exists 
the S a r d in a s— Patterson  method [2] for deciding whether S has the required 
property or not; all our conditions can be regarded as more theoretical versions 
of the result of Sa r d in a s  and P atterson  rendering possible to provide a shorter 
proof of the last.

Let F be a free semigroup. Given two subsets 5  and T of F, we use the notation 

S T l~ i] — {x :x /€ S  for some td T } ,

Г[_1]5  =  {.v:txÇ5 for some td T } .

Let F' denote the subsemigroup generated by S. We shall make use of the following 
lemma ([1], p. 119):

A subsemigroup F' of the free semigroup F is itself free iff ax = by (a, b, x, y d  F') 
implies a —b or att =  b or a=bu with udF'.

First of all we have:

C riterion  A. S is a system of free generators of F' iß'

( 1)  ( F t - 1 1 f > ( F F [ - 1 ! ) n s = 0 .

P roof. If F' is not free then an identity of the form

5, . . .  sk =  s[ . . .  si ( /с , 1 ; sh s'jdS for i=  1 ,  . . . ,  к and j =  1 ,  . . . ,  I)

holds. Now let Sj , ..., , st^s}. Then s, ...Sj^s', ...s{ and therefore
there exists a wÇFsuch that either s l . . . s i = s [  . . . s i u  or s 1 . . . s t u = s [ . . . s ' i . Suppose 
e.g. that the first of them is valid. Since F is cancellative, we have 5, =5,'м and usi + l ... 
...sk =  s'i+ l ... si, that is mÇ F'F/[_1]. On the other hand, s{ d F,(=  F'[~ 1]F'; thus 
St €  ( F ' c - 11F') • ( F ' F ' [ ” 1]) .

Conversely, let F' be free and y g (F ,[_11F ')-(F 'F 'c_11) for some sdS .  More 
concretely, let i=x_v, ax=b, yc =  d for some x, >’€F, a, b, c, dd F'. Then bd=asc 
and thus a= b  or au — b o r a =  bu with и in F'. Hencex =  MÇF' and, similarly, ydF'.  
Thus s =  xy cannot be a free generator.

From the proof it turns out that we could replace (1) by S - (F 'F '[_ I]) П S =  0 
or, equivalently, we have
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C r it e r i o n  B. S is a system of free generators o f  F' iff

(2) F T I- n n s I- 1]S  =  0.

Of course, instead o f (2) we may take the dual relation С'с_1]С'П SS1-11 =  0. 
Construct a series o f subsets StÇ=Fas follows. Put

S y =  Si+1 =  S[~1JF ' \J F ' l~ 1̂ Si .

Denote U S,- by Г , . Remark that, obviously,

(3) 1-1 g  T t .

Further, T1 £  F'c_1] F'. Indeed, this inclusion holds for on the place of Tl . 
Suppose S ^ F ' ^ ^ F '  and let x £ S i+1. Then either a x £ S iQ F 'i ~1]F', bax^F 'for  
some a ,b £ F '  or tx = a ( i  F' for some t £ S’,-. In the latter case there exists an element 
b £ F '  such that bt в F ’ and thus bt • x =  bad F ’. In both cases x turned out to be 
an element of F'c_l] F'.

Now we are going to show:

C r it e r io n  C. S is a system of free generators o f  F' iff

(4) Г Л Г ^ В .

P r o o f . Assume F' C\Ty ^  0, choose the least integer i such that F' П S{ je 0
and put a^F 'O Si-  Then either /= 1 , i.e. a £ S c_1]S, sa £ S  for some s £ S  and S
cannot be a system of free generators, or />  1, й Ç Sj-Г i ] F' U F /[ ~ 11S,- _ !. However, 

(otherwise there would exist an element b such that te Ç F 'H S f .j  
which contradicts the minimality of i), so that a £  S \ l P  F' and t a í F '  for a i € S ,_ i . 
Hence t <E F'F'["1]. But t € T y g  F '[~1]F', t i  F' by the choice of i and thus F '[- 1JF' П 
f lF 'F '1-11 g  F'. The last is equivalent to F' being not free (see [3]).

Conversely, if F is not free, then, by virtue o f (2), there exists an element 
x f F ' F ' 1' 11!!^ 1-11^ £  p 'F ' t - r t  n  7 \ and x a = b  for some a ,b £ F ' .  Hence 
a  6 Ff - 1] F 'g  Ty by (3) and thus Г П Г , ^  0.

One can see by an easy induction that every set T  which contains S y and has
the property (3) must contain each S, and, consequently, contains Ty. Thus, from
(3) follows

C r it e r io n  C'. S is a system of free generators o f  F' iff there exists a set TQ F 
such that

(5) T  g  iSc_1],S'UF[~ 1]F 'U F /[ - 1]r  

and F' П T =  0.
Criterion C is very similar to the result o f  S a r d i n a s  and P a t t e r s o n . Namely, put 

S[ =  S y =  F[- 1]S, S'i+i =  5 ;/ [ - 1]F U 5 [- 1]S; 

and denote U Sij by T2 . Then, in the same way as we obtained (3), we have

(3'; ‘_1 f | - 4 5 U 5 [- 1]f 2 g  г ,

and we can prove
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C riterion  D  (S a r d in a s— Pa t te r so n  [2]). S is a system o f  free generators o f  
F' iff

(6)

P roof. It is easy to see by induction that S [ Q S t . Thus, T 2 <+ T l , S a F '  and 
the necessity of (6) follows from that o f  (4).

In order to prove the sufficiency assume that (6) holds but (2) does not. Remark 
that F ,[-1 ]r 2£=!T2. Indeed, if a x ^ T 2, a £ F '  and a = s \ . . . s [  ( s'jÇ.S) then one can 
see by induction that s'2 ...s, x£  T2, . . . ,  s[ x £ T 2, x £ T 2. Hence sk£ T 2 if s 1. . .sk£ T 2 
and (6) implies Г2 П Г  =  0.

Let ^ F T i - 4 n S [' 1]S, ta = b = s [ . , . s i ,  a = s l ...sk, (a,b£F', Si,SjÇ.S). 
Then t£  S[_1]S ^  T2 . Let k + l  be minimal for t iF 'F ' l ~1̂ C\T2. If /= 1  then 
tsi ...sk=s[  implies ...sk£ T2 by (3') which contradicts (6) as we have
already seen. If />1 then either t= s [  it, mÇ S[~1] T2 Q T2 and (by the cancellativity 
of F) ...sk~  s2 ... si or s\=tu, u£T^~l] S Q T 2 and s t ...sk=us'2. . .s l , both in
contradiction with the minimality o f k + l ,  which completes the proof.

In an analogous way as we have gotten C' from C we can deduce from D

C riterion  D '. S is a system o f  free generators o f  F' iff there exists a set T Q  F 
such that Г 2  r t" 1JSU  S [- 1]r  and Г П 5  =  0.
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ON THE STABILITY OF INTERPOLATION

by
R. B. SAXENA

1. Given n distinct points

(1.1) + l ë x 1> x 2> - > x „ . 1> x , , ê - l

in [—1, 1J and arbitrary numbers y v ( v = l ,  2, ... ,n ), we consider the interpolation 
process

(1.2) Rn(x) = 2  УугЛх)
V = 1

where the fundamental polynomials rv(x) satisfy the requirements

(0  j ^ v
(L 3 ) rv(xj) =  I j for

Let the degree of the process be defined by

ft
(1 .4) deg Rn =  2  degree of rv (x).

V — 1

In [2] E gerváry and T ú r á n  have investigated the process which is stable with 
respect to the interval [—1, 1]. The process ( 1 .2 )  is generally called stable if for 
arbitrary real y v and we have for — 1 S r ë  1

(1.5) min 0 \ , - y v*) 2  »•*(*)- 2  у*Гу(х)
v«= 1 v =  1

max (yv- y * )
v =

and is called ‘most economical stable’ if it is stable and the deg R„ in the sense o f
(1 .4) is minimal.

2. The above quoted authors have determined the ‘most economical’ stable 
interpolation process and have shown that such a process is possible if and only if  
Xj = 1 , x„ =  — 1 and xv (v =  2, 3, 1) are the zeros o f P„_2(x) where P„_2(x)
is the (и—2)th Legendre polynomial with P„_2( l ) = l .  They have further shown 
that the resulting sequence o f interpolator polynomials converges uniformly to 
f ix )  in [—1, 1] if f ix )  is continuous for —l ë x ë l  and ^v= / ( x v) (v = l ,2 ,  . .. ,r i)  
and n -*■ The classical examples of (1.2) are the Lagrange interpolation

(2. 1) Ln ix) =  2  yJ Á x )
V =  1
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and the Hermite—Fejér interpolation

(2.2) H „( x )  =  Z  У Л ( х )  1>.
V = 1  ,

In the former, with co(x) =  c(x —x x) ( x —x 2)...(x —x„), (c is a non-zero constant)

co(x)
rv(x) =  Ц х )  = co'(xv) (x — xv) (v =  1, 2, rí)

i.e. all fundamental functions are of degree и —1, and in the other

fy(x) =  hv(x)
co"(xv) 
oS (xv)

( x - X y ) iHx) (v= 1, 2, rí)

i.e. all fundamental functions are of degree 2n — 1. Fejér proved that at a certain 
choice of the points xv, the interpolatory polynomials H„ (x) in (2. 2) have a stability 
property. The degree Hn(x) — n(2n — l) >  (и — 1)(2и — 1). The polynomials (2. 1), 
according to a theorem o f G. Faber, never have such a stability property.

P. Szász [5] has considered another type of interpolation which he calls quasi- 
Hermite—Fejér interpolation. Here for

+  1 — — ~1
and

co*(x) =  c*(x — £2)(x  — £3)...(x  — £„_i), (c*— a non-zero constant)

ri(x) =
1 or(x)2 r„(x) 1 — x co*(x)2

and for v =  2, 3, ... ,  n— 1,

[1 +
The interpolatory polynomials

1 -  X 2

^  =
[2Jy_
U - e

W*(l)2 ’

а>*"Ю
<’У ' Ю (x- t y .

2 co*(— 1)

1 Г co*(x)

(2. 3)

S(x) =  j i  1 2  * Pn-2 ( x ) + y n 1 2 A P„ i ( x ) 2
"ÿl . b - x 2
Zj У\ 1 ' K2'
v= 2

>(*)
« - 2 (ív) (*“ {,)

2 2 )

constructed for co*(x) =  P„_2(x), Pn_ 2(x) being the (и — 2)th Legendre polynomial 
with P„_2(l) =  l, are the same as those obtained by Egerváry and Túrán [2]. Still 
another type of interpolation considered by P. Szász [6] is, as he calls, almost-Her- 
mite— Fejér interpolation. Here for

+  1 =  1

and co**(x) =  c** ( x —C2)(*^—£3) ...(x —Cn)s (c**— a non-zero constant)

G(x) =
со** (x)2 
CO* ■ ( I )2

1 Called step parabolas of Fejér.
2 Called the quasi-step parabolas.
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and

=
1 —X co**(jt)

The interpolatory polynomials

m** (x\2 »
(2.4) S*(x) =  y i  ,

0 )  ( I )  v =  2  1 —

g v K * - « .
(v =  2, 3,

— X
Tv

1+ CO^gv)
W * * '( C v )

X

СО** ( * )

X [cO**'(Cv)(x-Cv)J ’
are called the almost step parabolas. We mention here a paper of A. S h a r m a  [7] 
where he considérés a similar interpolation.

3. In this paper we investigate the problem of ’most economical’ stable inter
polation in the interval ( —1, 1] i.e. we determine the polynomials

(3.1)
n

л„(х) = 2 >\Л<Х)
v =  1

equal to given real values y v (v =  1, 2, ... ,n ) on the points

(3.2) 1 =  Aj >  x2 >  • • • >  >  — 1

and satisfying in the interval — l < x ^ l  the following two conditions
n n

(3.3) 0 S(1+JC) 2  уА Л х) -  2  у : м х ) max {b v-J*IO + ^ v)}
v =  1 , . . . 9n

where j v and y* ( v = l ,  2, rí) are arbitrary;

(3.4) the deg Л „(х )=  2  {degree of 2v(x)}
v =  1

being minimal.
We shall prove the following

Theorem 1. The minimal degree, in the sense o f  (3. 4), o f  interpolation polynomial 
A„(x) in (3. 1), stable in the sense of  (3. 2) and (3. 3), is {n — \)(2n— 1) which is attained 
i f  and only if  x x =  \ and x v (v =  2, 3, .... n) are the zeros of(n — l )th Legendre polynomial
Pn-A x )  With T„_1(l) =  l.

The expression for An(x) in this case is given by

(3.5) A n(x) =-yiP„-A*)2+ 2 h r - ~
v =  2 -1 **■ v

We shall further prove

Pn- i (x )
P'n-i(.xv) ( x - x v).

n
2 y \X (x ) .

Theorem 2. Let f (x )  be a function continuous for  — 1 g x S  1 and у t —f ( x i )= f ( \ ) ,  
y v= f ( x v) in the points xv (v =  2, 3, ... ,  ri) which are the zeros of P „-1(x), then An(x) 
in (3. 5) converges to f (x )  in — l c e ë l .  The convergence being uniform in each sub
interval — 1 (0<(5<2).
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4. The proof o f theorem 1 follows on the same pattern as that o f Theorem I 
o f  E g e r v á r y  and T ú r á n  [2]. Let к be an integer with 1SÁS/7 and

[1 v =  k
л  =  1о  for (1 * ” *")■

and
y*  =  0 for v =  1, 2, n.

Then (3.3) gives for k —1,2 , . . . ,n  and — the inequality

<4i> M rífK )si-
We also note that Av(x) in (3. 1) satisfy

(4. 2) Xv(xj) =  { q for V~J. ( v = l ,  2, ..., n).

Thus if we suppose that

(4. 3) 1 >  x k >  x 2 >—  >  xn =» — 1,

then (4. 1) and (4. 2) give

(4 .4 ) A*(xv) =  ;.((xv) =  0, v ^ k .

(4. 1) and (4. 2) further give owing to

1 + x
1 + x k

=  1,
xk

1 +X  
1 + x k

K ( . x k )  +  j  '-к  ( x k )  —  0

i.e.

(4 .5 ) l'k(xk) =  - r ^ 1— (k =  1 ,2 , . . . ,  и).1 -j-xk
Let us denote

n

(4 .6 ) con( x ) =  П  ( x - X v )
v=l

where x v (v =  l, 2, . . . ,  n) are given by (4. 3), then (4. 4) means that kk(x) is divis
ible by

(Q„(x) l 2
( x ~ x k)_ ■

In this case

If we put
deg A„(x) a  n (2 n -2 )  >  (n — 1) (2/7—1). 1

1 —X, > x 2=—  — 1
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and repeat the same reasoning we get for 2 s k s n  and 2 S v ? ífcS /i 

(4.7) 

further

and

Also for v =  2, 3, n 

(4.8)

So if we introduce

MXr) = K(xv) = o,

At (*i) =  A*(l) = 0

(Xk) — —
1

1 +**  

A,(.vv) =  a;(yv) =  0.

! (x) =  77 (x -  X v) ,
v — 2

(4. 8) means that Ax(x) is divisible by oj*_t (x)2 and for k s 2, /.k(x) by

d)*-iW
x - x k(1 -X )

Hence
deg Лп :=  (2n — 2) +  (n — 1) (2n — 3) =  (n — 1) (2n — 1) 

and equality holds only if

(4.9)

and for k =  2, 3, ..., n

(4.10) A*(x) =  

where in the last case also

(4.11)

Ai (*) =  

1 —x

cot- 1 (pc)
CO*n-r(l)

cot- 1 (X)
l - x k

K ( X k) =  -

cot'-i(xk) ( x - x k) 

1
1

must be fulfilled. Thus on differentiating three times the identity (4. 10) and using 
(4. 11) we have

cot" 1 (xk) 2xk

i.e.
C i W  ~  1 - X Î  { k ~ 2 ’ 3 ....... n )

( 1  -  xl)(at'L !  (xk) -  2xkCOÎ'_ ! (xk) =  0

which means that for a suitable constant c

(1 — x 2)a>t'l ! (x) — 2xa>t'_ t (x) +  ca>t_ t (x) =  0.

As well-known, then c =  n(n — \) and ft)J_1(x) =  / >n_ 1(x), where Pn_ t (x) is the 
(и — l)th Legendre polynomial. Hence to deg Л„(х) =  (n—l)(2n—1) it is neces
sary that

(4.12) Яп(х) =  y 1P „ -1(x)2 +  2
v = 2  1 — Л у

12

( * - X v) « _ ! ( * , ) ]  v - / V vW '
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Here it is interesting to compare the almost step parabolas introduced by P. Szász  
in (2 .4 ) constructed on the zeros of Рп- } (х), i.e. with

q*(x) =  y í P „ -1(x)2+  2  У,
1 - x 2 Pn-i(x)

=  2 V 1 - X 2 L(X-Xv)P'_i(xv).
To show that the interpolation polynomial (4. 12) satisfies the stability condition 

(3. 3), we shall need the following

L emma 1. We have fo r  — l S x S l  

(4.13)
I _L X n 1 — X̂

Z  v  =  2  A — X v

Pn-i(x)
( x - x ^ P f f x , )

S  o.

P roof. The following identity is due to E g erváry  and T ú r á n  [2]

(4.14) 

Since

„  -A  1 — X2
P n - 1 (* )2 +  2  , — 7 2

v = 2  1  — X v

Pn-  lW

I 4-T n I   V 2

1 - ^ Д 2- . М - 2 Ь ^
Z  v = 2 *  X v

( x - x v)P'n_ f x v) 

Pn- Лх)

=  1.

” 1 — X^
=  1 - P n2_ i ( x ) -  2  7----^2

v =  2  1  — X y,

v = 2

Л - i W

( x - x J P f f x , )
12 1 — X 1 — X - , 4

( x —xv)P'n_ !(xv)J +  2 Pn- l(x) “  2 P""-lW

by virtue of (4. 14). Thus (4. 13) is proved.
The assertion o f the lemma can be written as

П
2

1 + x  
1 + x v

I v(x) =a 1, - l < r s l .

Since the fundamental functions / v (x) are non negative and we have for real 
and y*

(1 + x ) \ z  у Л у ( х ) ~  2  fvÁv(x)} = 2  {(Tv-Jv)(l +av)} 
l » = l  V =  1 J V=1

I 1 + x
Ь  + x v

Л

the proof of the theorem is completed.

5. To prove Theorem 2 we shall need three simple lemmas. We shall denote by 
г the arbitrary positive number as small as we please and by ct , c2 , c3, ... the posi
tive numerical constants.

L emma 5. 1. We have

(5. 1)
П
2

1 — X2 
1 —  X2

\x — xv| Pn-  l(x)
( x - x v)P'n_ i (x v).

^  28

uniformly for - l ^ x = l .

This fact has been proved by P. Szá sz  [5].
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L emma 5.2. We have for — 1 +<5^=x= 1 (0<<5<2) the estimation

(5.2)
1 »

2  •ív (a) — 1 C , £  .

Proof. We have from (4. 12)

2  1 =  A - i W 2+  2

which on account of the identity (4. 14) gives

(5.3) 1 - 2 Ш  =

Since

Pn-l(x)
( x - x v)P'n_ j(xv).

f  1 —X2 1 —X } Pn- iW
U —x 2 1—XVJ , ( x - x v) P ' _ f x v)

n 1 —X
v =  2 1

Л - i W
K -l(X y )  ( x - X v)

. for —1 + ^ x s  1,
1 + X  Ö

we have in the same interval

n 1 —  X  

2  T—
v =  2 A

Л -lC*)
.(x X v)  P ’n _ ! (xv) _

1 Д  1 - x '  . > 1

( х - х у) р ; _ ! ( х у)
^  c t E,

using Lemma 5. 1. 

L emma 5.3. We have 

(5.4) 2
V =  1

[ /(* ) - /(* ,)U v (* )

uniformly in - 1 + á á x s l .  

Proof. From (4.12) we have

c2e

2
v = l

№ ) - / W ] i v W  =  [ / ( * ) - / ( ! ) ]  Л2- 2(*) +

Now
(5.5)

+  2  [ /(* ) - /(* * )]  ̂
v = 2  * a v

Л -lOO
( x - x v)P'„_1(xv) — Il  + 12 -

1Л1 =  |[Д * )-Д 1 )]Л -1 (* )2| s  C3e
uniformly in — l+ < 5 s x ^ l (0<<5<2) since it vanishes at x = l  and is uniformly 
continuous for - l S x S l  while Pn- 1(x )S c4n~i uniformly for —1+(5 s  x  S  1— ô 
(0 < á < l)  and is bounded in [—1, 1].
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We now estimate I2 . We have then

I/2 1 — I 2  l +  l 2  I =  2 i  +  2 i
|xv-x|Sá \ x v —x \ > ö

Since the continuous function f(x)  is uniformly continuous in — l ^ x S l ,  for any 
£ =-0 there exists a positive number ö such that

1 /0 0  - / 0 ) 1 =  s when \ x - y \ < 0 .

(5.6) 2 i  — e 2  ,
\ x v - x \ ^ ô  A

1 —X Pn-  l W

2s 1 - X 2
à \xv̂ 7\sö 1 - x 2

(X -X V)P'_!(X V) 
2

Л -lOO
( x - x x)  P '_ i(x v) =§ c«e.

This follows from the fact that

1 +  x v
1 +  x

.and the identity (4.14).
Let |/(x )| s  M  for - l s x s l .  Then

for 1 + < 5 s x s l

2 . «  > - * ) « - . «  1 , ^ ^ ,

4M 1 4M
<52 °  x) />л- 1 (x)2 Д  (1 _  *2) p ' £ x (Xy) a2 ( l - ^ ) ^ n- l W 2'

This follows from another identity proved by E gerváry and T ú r á n  [2]:

1
(5 .7) 2̂2 ( \ - X 2v)P'ni A x x) 
Again using Bernstein inequality

1.

l-P»-iOOI -

we have

(5 .8) ^ 2  S  ------ 1

1
/ и — 1

■ 1 1

/1

4M с-j c 1 . c 1
— 3 --------- < c 8e for - l + á s x ^ l .

ö2 n — I I + x  ô3 n — 1 
Thus (5. 5), (5. 6) and (5. 8) complete the proof of the lemma. 

6. We now turn to the proof of Theorem 2. Let

( 6 . 1)
We have

(6 .2 ) \An{x )- f {x ) \

I/(x)| M  for - l s x â l .

2  [/(*») - / 0 0 ]  2  0 0 - f ( x )
V = 1

l -  2
v = l

S  ! 2  [ / O v ) - / W ] I , W
I v =  1

+  1 / 0 0 1 1 - 2  Xy(x) ■
v = l
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Let now — l + á s x s l ,  then Lemma 5.2 and (6.1) give

n
(6 .3) 1 / 0 ) 1 1 -  2  Ш \  -= M ci E>

and Lemma 5. 3 gives for such x's

n
(6 .4) 2  [/O v) - / 0 ) U v 0 )  s  c9e.

V =  1

Thus (6. 2), (6. 3) and (6.4) complete the proof of Theorem 2.

Remark. The problem of ‘most economical’ stable interpolation in the interval 
[ —1, 1) can similarly be done with the similar results. We may mention here that 
the same problem in the interval ( — 1, 1) has been solved by J. B alázs [1].

Il] B a l á z s , J.: Megjegyzések a stabil interpolációról, Matematikai Lapok, 11 (1960), 280—293. 
[2] E g e r v á r y , E. and T ú r á n , P. : Notes on interpolation, V., Acta Math. Acad. Sei. Hung., 9 

(1958), 259—267.
13] F a b e r , G.: Über die interpolatorische Darstellung stetiger Funktionen, Jahresb. der Deutschen

Math. Ver., 23 (1914).
14] F e j é r , L.: Lagrangesche interpolation und die zugehörigen Konjugierten Punkte, Math. Annalen,

106 (1932), 1—55.
[5] S z á s z , P.: On quasi-Hermite—Fejér interpolation, Acta Math. Acad. Sei. Hung., 10 (1959),

413—439.
[6] S z á s z , P. : The extended Hermite—Fejér interpolation Formula with application to the theory

of generalized almost step parabolas, Publicationes Mathematicae, 11 (1964), 85— 100.
[7] S h a r m a , A. : Remarks on quasi-Hermite—Fejér interpolation, Canad. Math. Bull. 7  (1964),

101— 119.
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B-ALGEBRA VALUED SOLUTION OF THE COSINE EQUATION

by
L. REJTŐ

1. Introduction

(I)

The present paper deals with the functional equation 

F(xy) +  F (x y -1) -  2F(x)F(y)

where F  is a function on a group *3 and the range of F  is a Banach algebra s i . K a n - 
n a p p a n  [1] solved the equation for the case when s i  is the set of complex numbers. 
He proved that every solution o f (I) on 3  has the form

Here F  is a homomorphism o f  (S onto the multiplicative group of nonzero complex 
numbers. M. Hosszú [2] investigated the solutions o f (I), the range of which is in a 
commutative ring.

If F(x) is a homomorphism o f 4S onto a multiplicative subgroup of s i ,  i.e. 
E(xy)=E (x)E (y)  satisfying (III), then F(x) defined by (II) is a solution of (I). We 
shall prove that under certain conditions the solution o f (I) has the form (II).

A ^-algebra may or may not have a unit element. If it has, we can suppose with
out loss o f generality that its norm is equal to 1. (See [3] p. 5.)

From now on a solution o f (I) means an jaA valued function F(x), on an arbitrary 
group CS, where s i  is a Banach-algebra and F(x) ^  0, where 0 is the zero element of 
s i .  We shall denote by e the unit element of 3.

Trivial consequence of condition (III) is that F(xy) =  F(yx), because F(xy) =  
— F(exy) =  F{eyx) =  F(yx).

L emma 2. 1. Let F(x) be a solution of  (I) satisfying (III), not identically zero 
and F(x)— F(x~l) for every XÇ.3. Then the closed subalgebra s i F generated by 
{ F ( x ) : x i s  commutative with unit element F(e).

P ro o f . To prove that s i F is commutative we change x  and y  in (I):

(И)
provided

(III)

F(x) =  Д(*>+  *<*-•>

F(xyz)= F(xzy).

2. Some properties of the solutions

F (yx) +  F ( y x - 1) =  2F(y) F(x)
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Subtracting it from (I) using (III) and the condition F(^) =  F(,y_1) we get

(2.1) F (x )F (y )= F (y )F (x )

for every x, уа@.
Putting y  =  e in (I) we have

F(x) =  F(x)F(e),
Since sip  is commutative

(2. 2) F(e) =  1F

is the unit element in s i  F.

Remark 2.2: It is easy to verify that for the commutative solutions o f (I) 
—  i.e. sip is commutative — satisfying (III) F(x) — F (x_1) holds for every x € ^ .

Lemma 2 .3 . For every solution of  (I) satisfying (III) and Fix) =  F (x _ 1) for every 
x £ & , holds:

(2.3) F(x2) +  If =  2 F 2(x)

(2. 4) F{x2) +  F (y2) =  2F(xy)F(xy- y)

(2. 5) [/-(x^  +  ^ x y - 1)]2 =  4[F2(x) - / f][F 2(;f) - / f ]

(2. 6) [F(xy) -  Fix)Fiy)]2 =  [F2 (x) -  IF) [F2 iy)  -  IF].

Proof. Putting y  — x  in (I) we get (2. 3). If we replace x  by xy  and y  by x y~ 1 
in (I) using (III) we get (2. 4). In similar manner as in [1] using (I) (III) (2. 3) and 
(2. 4) we get (2. 5). Using F(xp_1) =  2F(x)F(^) — Fixy) in (2. 5) we obtain (2. 6).

Remark 2.4: If s i  is the ő-algebra o f the continuous operators of a Banach- 
space M then 1F =  F(e) is a projection. Hence M =  Sdx +  á?2 where 3SX, 3d2 are sub
spaces, and Iphi— 0 for every element hx o f and IFh2= h 2 for every element 
h2 o f ® 2, further every element h of id can be written uniquely as a sum 
h =  hx + h 2 where hx , h2 Ç_id2 . (See [4] p. 480.)

In this special case ^ 1£ K e r F ( x )  for every x £ ^ , where A6KerF(x)  if and 
only if F(x)A =  0. Naturally Q  f) Ker F(x). If s i  is the Banach algebra of the

continuous operators o f a Hilbert space Ж, Жх and Ж2 are orthogonal subspaces if  
and only if Ip —IF (see [4] p. 482).

3. Form of the solution

Theorem 3. 1. Let F (x) be a homomorphism o f  У onto s i ,  and let E)xy) =  E iyx)  
fo r  every x, y^/S. Then the function defined by

m  =  £ w + . f ( * ~ ‘>

is a solution of  (I).
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Proof.

2F(x)F(y) =  i[E (x)E (y) +  E (x )E (y -1) + E ( x - 1)E (y )  +  E ( x - 1) E ( y - 1)] =

=  $[E(xy) +  E (xy~1) +  E(x~l y) +  E (x ~ iy ~ 1)] =

=  i[£ (A y )+ £ ((x j ') -1)] +  i[£ '(x j '-1) +  £((x>’- 1) - 1)] =  F(xy) +  F(xy~l).

Lemma 3.2. Let F(x) be a solution of  (I) satisfying (III). F(x) — F(x~ ’) for  
every X Ç Li, F{e) -A 0 and F{x) assumes the values only. Then F(x) has the form  (II).

Proof. F2(x) = I f for all x ^ S .  It is a consequence of (2. 6), that 

[F (xy)-£(x)F O O ]2 =  0.

All possible values of the function F(xy) — F(x)F(y) are 0; 2IF ; —2IF. Because o f  
IF= I F, /f^O , we have

F(xy) — F(x)F(y)  for every x , y ^ ,

i.e. F{x) is a homomorphism o f <3 onto sd, and

m  =  ^ - ± ^ 1 1 .

We shall denote by a (A) the spectrum of an element A of sd.

Theorem 3. 3. Let F(x) be a solution of  (I), satisfying the next conditions: 

(l) F{xyz) =  F(xzy)

(ii) F(x) =  F(x~2) for every x ^ 3

(iii) F(e) =  IF 0

(iv) there exists a Jordan curve j f  connecting the points ±  1 and a point x0 in 3  such 
that /C \( j ( F ( x o)) =  0 .

Then there exists a homomorphism o f  3  onto sd for which

F ( x )  =  E ( x )  +  E ( x

Proof. Let us consider the closed subalgebra A F generated by {F(x):xÇ_3}. 
sdF is commutative by Lemma 2. 1, (i) and (ii). Then because of condition (iv) there 
exists a B£sdF for which

(3.1) B2 =  A 2- I f

(see [5] p. 167) where A =  F(x0).
A consequence of condition (iv) is that В is an invertable element of sdF.
Let

(3. 2) E(x) =  F(x) +  B - 1 [£(**„) - F (*0)F(x)] -  B ~ 1 [£(*) {B — A) +  F(xx0)\.

Studia Sclenttarum M athem aticarum  Hunyarica 7 (1072)



334 L. R EJTŐ

Using (I), (3. 1) (3. 2) we have
m = E(X) +  E (X- 4

By the help of (I) (2. 3) (3. 1) and (3. 2) it is easy to verify that

F (x )F (x _1) =  rF

which means that E (x ~ 1) = E ~ 1 (x), hence

F(x) =  i W + f ‘ W

( E ~ 1(x) is the inverse o f  E(x) in the closed sub-algebra s lF).
The consequence o f this formula is the fact that E(x) x{) for every jcÇ f. Now we 
shall prove that F (x) is a homomorphism so that E(xy) =  E(x)E{y) for every x, у  УА.

E {x)E (y)  =

=  (-S “ 1)2 {F(xx0) F (yx0) +  ( B - A ) [F(xx0) F(y)  +  F (yx0)F(x)] +  (F -  A)2 F(x) F(y)}. 

We need to observe the following expressions :

2 [F(xx0) F(y) +  F (yx0) F(x)] =  F(xx0y) +  F (xx0y ” *) +  F(yx0x) +  F (yx0x ~ *) =  

applying condition (1) we get:

=  2F(x0 xy) +  F (x0 (*  ~ 1 y )  ~ 1 ) +  F(x0 x ~ 1y)  =  2F(x0xy) +  2F(x0) F (x~ i y). 

Hence
(3. 3) F(xx0)F (y ) +  F (yx0)F(x) =  F (x0x y )-M [2 F (x )F (y )-F (x y )].

2 F (x x 0)F (yx0) =  F(xx0yx 0) +  F(xx0(yx0y 1) =  F(xx0 x0 y) +  F(xx0 Xq 1 у - 1 ) =

=  F (x0x0yx) +  F (xy_1) =  2F(x0)F(x0y x ) - F ( x 0(x0y x y 1) +  2 F (x )F (y ) -F (x y )  =  

=  2F(x0) F (x0 xy) -  F ((yx)_1) +  2F(x) F(y) -  F(xy) =  

using (ii) we get
=  2 F(x0)F (x0 xy) +- 2 F(x) F(y) -  2F(xy).

Hence

(3. 4) F (xx0) F (yx0) =  F(x) F (y) -  F(xy) +  AF(x0xy).

Using (3. 1) (3. 3) and (3. 4) we have

F (x) E  (y ) -  (F" У  {F(x) F (y) -  F(xy) + AF(x0 xy) +

+  (F - T ) [F (x 0xy) -M (2 F (x )F (y )-F (x y ))]  +  (F -  T)2 F(x) F (y)} =

-  (F - x)2{F(x)F(y)[7f + 2 A ( B - A )  +  ( B - A ) 2] +  FF(x0xy)-  

— F(xy) [/F +  Л (F — /4)]} =  ( B - 1)2{BF(x0xy) + B(B-A)F(xy)}  =

=  F “ 1 {F(xy) (F -  A) +  F(xyx0)} 

which proves the theorem.
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4. Further properties of the solution

Let F(x) be a solution of (I) of form (II). What can we say about the uniqueness 
of the homomorphism E (x)l  The following example shows that two different homo
morphism may determine the same solution.

Example: Let 'S be the additive group of real numbers, and sd the Banach algebra 
of the 2 by 2 matrices

In both cases
£ i ( 0

(cos t — sin t f fe“ 0 )
{ sin t cos t) *»<'> = [o e“\

m  =
(cos / 0 
(0 cos t

Let R (h)  denote the spectral radius of an element h  of s d .

T heorem  4. 1. Let F(x) be a solution of  (I) satisfying (III), F(x) =  F (x~l ), 
and II F(x)\\ S К for every element x o f  'S. Then R{F(x)) ё  1 for every xÇ/S.

P ro o f . Suppose that /? (F (y))> l for some у£& .  Then there exists a complex 
number A0, |A0|>1 for which the inverse of the element (F (y)—X0IF) does not 
exist. (2. 3) implies that At =  2Aq — 1 belongs to the spectrum of jF( v2) and A2 — 2A? — 1 
belongs to the spectrum of F(y22) etc. A„+1 =  2A* —1 belongs to the spectrum of 
F(y2"*1). It is wellknown that ||F (x)||S/?(F(x)) =  sup |A| where the supremum is 
taken for all A belonging to the spectrum of F(x). |A0|> 1  implies

lim |A„| =  +oo
tl — OO

which contradicts the boundedness of ||F(x)||.

T heorem  4.2. Let F(x) be a solution of  (I), \\F(x)\\<K for x f 'S  and F(x) 
satisfying the conditions (i)—(iii) of Theorem 3. 3 and let there exist an x0 £ 'S such 
that о ( F(x0)) does not contain the points ±1 . Then F(x) has the form (ii).

P roof. It is a consequence of Theorem 4. 1 that <r(F(x)) is in the closed unit 
disc for every element x  o f 'S. Hence the points ±  1 can be connected by a Jordan 
curve, disjoint from <t ( F ( x 0 ) ) .
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ON WEIGHTED SIMULTANEOUS POLYNOMIAL 
APPROXIMATION

by
G. FREUD

I. Introduction

In the present paper we are giving an extension of a previous result (J. C z i p s z e r —

G. F r eu d  [1]), concerning trigonometric approximation1 to polynomial approxima
tion on ( — 0 0 , 0 0 ) with the weight g(x)=e~*2J2. Let | | / | |p = | | / e | |p, where || • ||p is 
the usual Lp( — °°) norm (1^ / j^ oo), and let П„ denote the set of polynomials
of degree at most n. Let us further define for an f  with

£<")*(/)- inf \ \ f - C p n \ \*.
<Pn f I'.i

In what follows let us denote by a x, a 2, ... positive absolute constants.
The main result of the present paper reads as follows:

t
Theorem 1. Let | | / | |£ < ° °  and F(t) =  Jf(x)dx, further let rn£Fln and

(1) U F - r J * S e  
for a p € [ l ,  °°] then we have

(2) II f-r'n\\*p S Ű! ей172 + a26«- Г(/)•
Let us note the following corollary of our theorem:

Theorem 2.

(3) H F - r J * s 0 e W * ( / O  ( 0 s  1) 

implies

(4) II/—r'||* «  a39e№ l(f) .

In fact, Theorem 2 is a consequence of Theorem 1 and the relation

(5) £(np)*(F) ^  aAn~1,2e!,pJ i ( f ) .

The inequality (5) was proved by the author in his paper [4].
Since an additive constant has no influence either on the degree of polynomial

Г
approximation, or on f = F '  we can take F(t) — f f(x)dx.

0

1 In [3] we extended our result to approximation by rational polynomials in the norm of 
C ( - l . l ) .
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II. On the arithmetic means of expansions in Hermite polynomials2

Let us denote by H„(t) the orthogonal Hermite polynomial of degree n (see 
e.g. G. Szegő [6]). Clearly H„£L* (1 so that iff£ L *  for some p £ [  1, °°], the
Fourier—Hermite coefficients

(6) cAf) l
f  f ( t ) H A t ) e - ‘2dt

[ | | / Ш 2

exist, and the orthogonal expansion

(7) / ( 0 ~  Í  с А Л Н А П
= 0

has a meaning.
We are going to consider the partial sums

( 8 )  s A f ; t ) =  i  c Af ) HAt )
k =  0

and the arithmetical means

(9) a A f \ t ) =  X 2 sAf - t )
n +  1 k=о

o f (7).

L emma 1. I f  for the functions fit.) and g ( t ) the Fourier—Hermite coefficients 
c f f ) ,  ci(g) ( /= 0, 1, ...) (see (6)) exist, then we have

(10) j  o A f ; t ) g ( t ) e ~ t2dt =  J f ( t ) o A g \ t ) e ~ ,2dt.

P roof. From (6) and (7) we get

(11) J sA f) ; )g ( t )e ~ ,2dt =  j  2  ci ( f )H i( t )g ( t )e~ t2dt =
— CO —  o o  1 ®

-  2  [ W H M ^ f n c f g )  =  f s A g ; t ) f ( t ) e - ' 2dt.

Taking the average of (11) for /с =  0, 1, . . . ,  n, (see (9)), we obtain (10). Q.e.d. 

L emma 2. We have fo r  every l = p  oo

(12) \\о*<ЛГр̂а6\\П*Р (« = 0 ,1 ,...).
P roof. For p — °° this was proved in Part 5 of the paper G. F r e u d — S. K n a - 

p o w s k i  [2]3 (see also G. F r e u d  [3]). For p =  1 the proof runs as follows: By Lemma 1

I M / Ж  =  sup f  crn(f;  t ) g(t)e~'2 dt =  sup f  <7„(g; t ) f { t ) e~ t2dt.
Hellos 1 -o= lljlllsl -oo

2 An outline of the main result of this chapter was given (in an other context) in the author’s 
paper [4].

3 Correction: In formula (5. 3) of [2] (1 — n~l) should be replaced by (1
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Applying now the already proved case p  — °° of (12), we infer
oo

K tn i l î  S  e6 /  LK0|e-‘1/3A = «6ll/llî.
— oo

In this way (12) holds for p — 1 as well as for p  — °°, i.e. the linear operators 
An(g, x) =  e~x2,2an[e'2l2g (t);  x] are uniformly bounded and (Z ^ ,/,,) . By
the Riesz— Thorin interpolation theorem, they are also uniformly bounded (Lp, Lp) 
so that (12) is valid. (See e.g. A. Zygmund [7] Theorem XII. 1. 11.)

III. On differentiation of Hermite expansions

In this section we prove that by differentiating term by term the expansion in
t

Hermite polynomials of F(t) =  J f(x)dx ( / €  L*), we obtain the Hermite polynomial
о

expansion o f /( f ) .  The emphasis is on the circumstance that beside the natural 
assumption: f£ L *  for some \S p ^ ° ° ,  no further assumptions whatever are needed.

t

Lemma 3. Setting F (t) =  J f(x)dx, we have for every 1 and every f ^ L

(И ) 0 i F i i ; s e 7 ii/ii;-
The proof is divided in three parts.

t

a) / 7 = 0 0 . Let h(t) =  J e x2/2dT^Lt> then
о

t

\F(t)e~,2,2\ — e~‘212 J  [f(x)e~t2,2]e*2/2 dx s. 
о

s  ll/ll* e - 2l2f  e'2/2dxj ^  !|A||1 ||/||t.
0

i.e.
(14) i № s e e | | /n*.

b) p  =  1. We have oo
(15) ||F ||Ï =  sup J F (t)g ( t )e ~ ,2dt S

IlillLSI - o ooo 0
S  sup J F(t)g(t)e~‘2dt +  sup I F (t)g(t)e~ t2dt. 

h C s i  о  l i a n t s  I - « .

We turn to the first of these expressions. As a consequence of | | / | |* < ° °  we have

(16) F(t) =  o(e'2/2), / - » в

Let now oo
r { t ) =  /  g (x )e - r2dx
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From ||g||* s  1 we obtain

(17) |Г(г)| =  f  e~x2,2dr =  max(7r1/2, | i | - 1 e_,2/2) s  a9e~,2/2
t

so that by partial integration, using (16) and (17)

/ F (t)g ( t )e - '2dt =  - [ F r ] Z +  f m r { t ) d t  =
0 0

=  / m r { t ) d t ^ a 9j  \f ( t ) \e~ ,2/2dt.
0 0

Similarly
о  о

f F ( t ) g ( t ) e ~ '2dt ä  a9 J  \f( t) \e~ ,2,2dt.

From (15) and the last two inequalities we get

(18) IIT'IÎ S  4я9 Il/Л*.
c) 1 °o. We see from (14) and (18), that, taking a7 =  a8+ 4 a 9, (13) is

satisfied for p =  °° and p =  1.
Applying the Riesz—Thorin interpolation theorem, to the linear operator

B (g :x ) =  e~x2/2 J g ( t ) e ' 2 2 dt 
о

we conclude that (13) holds also for l < p < o o ;  Lemma 3 is proved.

Lemma 4. I f f £ L *  for some lS /iS oo  then we have

(19) s'n(F;x) =  i„_, ( / ; * ) .

P roof. By Lemma 3: F £ L * .  We are going to prove

(20) ck(F )H i(x ) =  ck_ f f ) H k„ f x )  ( k =  1, 2, ...).

The relation (19) is a clear consequence of (20). We refer to G. Szegő [6], (5. 5. 10), 
(5. 5. 8) and (5. 5. 1) for the identities

(21) h ; ( x) =  2nH„_1(x)

(22) [e~*2H n(x)Y =  e - ' 2[H'n( x ) - 2 x H n(x)\ =  ~ e ~ x2Hn + 1(x) 
and
(231 [Ц/Ш2 = Í n 2 kk\,

For l < p < ° °  let p ~ 1+ q ~ 1 — 1, then by Holder’s inequality

X  X

(24) |F(x)| =  j /  f ( t ) d t  s  ex212 f  f ( t  )e~,2/2 dt s  e ^ M ^ U /l l*
0 0
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and this is verified directly for/> = l, q =  °°, and p =  °°, resp. It follows that the 
partial integration in the following calculation based on (22), is legitimate:

(25) (\\Hk_ 1\\*2 Ck- l ( f ) =  j ' f (x )H k_ l (x)e~x2dx =
oo

=  [F(x)Hk_ l (x)e~* ] Г „ -  f  F(x)[Hk_ l (x)e-*1]'dx =
—  oo

oo

=  /  F(x)Hk(x)e-*2dx =  (||//*||2)2 ck(F).

We see from (21), (23) and (25) that (20) is satisfied, and this proves our Lemma 4.

IV. Proof of the main theorems

We consider the de la Vallée Poussin-type means

(26) V„(F; X) =  1 2  SV(F; x) =  2a2n_ , (F; x) — an_ l (F; x).
Yl v =  n

By Lemma 4 we have

(27) V' (F; x) =  1 2  Sy( f; x) =  1 <r2„_2( / ;  x ) - "  1 on_ 2( f ; x).
П v=n-l П П

Let now Рп£П п, thus sv(P„)=P„ (v =  n, n + 1, ...) hence from (26) we have 

IlK(F; x) -  F(x)\\* =  IIV„(F- Pn;x) +  F„(x) -  F(x)||; S  ||K„(F- Р„)|Гр +  | |(F -  F„)||*p S  

^  2 \\a2n- i ( F -  F„)||; +  K _  i ( F -  P„)||p +  | |F -  PJ*  
and by Lemma 2

||K „(F)-F |i; ^  a 10||F -F J |*  (Р„€тгл);
consequently
(28) ||K i(F )-F ||*  ^  a l0e ^ ( F ) .

Similarly, let р„_16л„_1, thus Jv(P „-i) =  p„_k (y =  n -  1, n, ...).
From (27) we get

]  2n  —2
V ' ( F ; x ) - p „ _ t ( x ) =  2  M f , x ) - s „ ( p n- l ;x)] =

n  v = n — 1

I  2/1 — 2 2/7 — J /7 — 1
=  '  2  sAf-Pn-l,x) = --------------------Oln-Áf-Pn-l\X)- <yn-2(f-Pn-l’,x)-

П  v== л — 1 n  n

Hence using again Lemma 2

\ \K (F )- f \ \*  S  \ \K {F )-P n - iK + \\f -P n - i \ \* P^

á  2- и—  lk2n_2( / - F n- 1) l l ï + ^ - î- lk » -2( / - F „ - 1)I I ÎH -ll/-F -1li; —

= a i t  II/- Fn-illp (P n -i€ ^ n_,)-
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thus

(29) W;{F)-f\\*p ű i i£Íp)*(/)-

Proof of Theorem 1 . From (1) and (28) we have

\\rn-Vn{F)rp ^ e  +  a i0W \ F ) .

Since rn—Vn( F ) a n 2n- i ,  we obtain using our inequality proved in [5]

(30) I\r'n ~V;{F)\\*p ^  й12й1,2[г +  й 10£ Г « ] .

From (29) and (30) we obtain, considering (5)

II/- S  \\f-V'(F)\\*p+ \\rn-V '(F )\ \

=  a11e(npJ i ( f ) + a 10a l2rt1,2e^)*(F) +  a 12nll2£ s  a 12n1,2e +  a l3ej,pJ Î ( f ) 

and this is the required inequality (2).
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ASYMPTOTIC ENUMERATION OF REGULAR MATRICES

by
A. BÉKÉSSY, P. BÉKÉSSY and J. KOMLÓS

Introduction

Let us consider linear graphs having m “red” and n “ blue” labelled vertices. 
Connecting edges (unlabelled and uncoloured) are permitted only between vertices 
of different colour. Such a bicoloured graph may be called regular if every vertex 
of the same colour has the same degree, i.e. the red and blue vertices are incident 
to the same number of edges — p  and q each, say, — the total number o f edges 
being m p = n q = N .  Multiple edges, connecting the same vertices, are permitted here 
Let D("'qn) be the number of such regular graphs. They have been enumerated (among 
other enumeration problems) by R. C. Read [1].

Labelled bicoloured graphs can uniquely be represented by matrices of size 
mXn  having non-negative integer elements. Regularity o f the graphs means that 
the row-sums of the corresponding matrices are equal, as well as the column-sums. 
Also such matrices may be called regular.

Let, furthermore C (™qn> be the number of regular bocoloured graphs without 
multiple edges or, in the matrix-terminology, let C‘"'•q"> be the number of regular zero- 
one matrices.

In § 1 we discuss the enumeration problem for both types of regular matrices.
In § 2 we discuss a more general problem: the asymptotic behaviour o f the 

number of matrices (of 0— 1 or non-negative integer elements) with arbitrarily given 
row- and column-sums.

Theorem 1. If mp—n q = N  — whereas p =  const., <y =  const., then

( 1 )
n(m,n) 

^ Р.Ч
m

(p'-nq'.y

(2)
_ №  

(p\)m(q'.)n
e - ( p - l ) ( q - l ) / 2

It is evident that the enumeration function for labelled bicoloured graphs o f  
given partition (for matrices with prescribed row-sums and column-sums) can be 
written as

( 3) H(xy, y t , =  f j  П
1 = 1  J =  l  I  — x i У j

{ oo j  m  n  I  oo  j

2 Í  2 * t  2 / } \  = П 2  ,, ,  ( 2 4 Г ' ( 2 №
fc= 1 K  i= 1 j =  1 J k  rk = 0  X k * rkl
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if multiple edges are permitted unrestrictedly, but if multiple edges are to be excluded 
then the enumeration function is

(4) G (x i ,  •••, xm; y l , =  П  П  ( 1 +Xiyj )  =
i = l j = 1

о  (  1 \ k  + 1  m n 1 o o  (  1 \(.k  +  1 )rk

-  exp j  2  -  ’ 2  4  2  yj\ = II 2  T  ( 2 4 ) ' - ( Z 4 V -U=1 Л, 1=1 j =  1 J fc rfc=0 К * * Г к 1

It follows then from the polynomial theorem that

(5)
C_ i y 2+r4 + -tn,n)   'V - _1 ___.

p ,q  —  Z j y  i 2 r 2 . . .  p rP * _P_ 4”
fc= 1

П П  % !  П f l t kj\к=1/=1 fc=lj=l
where the sum runs over all non-negative integral values of tkJ satisfying

p
2 kski =  P /= 1 ,2 ,  ...,mfc = 1

(6)
2  =  q J =  1» 2 , nk= 1

(7) 2  =  2  hj  =  rk k =  1, 2, ..., p,

supposed p ^ q  that does not affect generality.
Let P  be the number of all different partitions o f p, let them be denoted by

(Мц, w2;, ..., upi) 1=  1 ,2, P,

and indexed such a way that

Mu =P, u2l =  — = u pi =  0,
(8)

i‘i2 =P~ 2 , u22 =  1 ,  m 3 2  =  • • •  =  MP2 =  0 .
Similarly, let 0  be the number of the (restricted) partitions of q, denoted by

(»и. ^2/, î’pi) 1. 2, Q

Vn =  q, v21 =  —**vpl =  0, 

vi 2  — 4 ~  2, v22—l, v32 =  ••• =  z;p2 =  0.

and

(9)

Suppose that for each / the /-th partition o fp  and q occurs <тг and t, times respectively. 
Summing up the terms in (5) that belong to the same partitions we have

(— 1 У 2 + r4 -*■ p Уп\ ft]
0 0 )  <#;»> =  2 ( 2 --------

1

7 7 ^fc = 1
/£=1

П ° i ' П ?i'- я  я %/= 1 /= 1 1=1 I fc= 1
Ő Í  p  V iд и н
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where now the sum is extended over non-negative values o f rk er, and t ,  restricted by

(11) 2  a i -  2  Ti =  и.i=i i=i
and — according to (7) —

P Q

(12) 2  ° iuki =  2  Tivu =  rk, k = \ , 2 ,  p.
i=i i=i

It is clear that a formula similar to (10) holds for D{”'qn), but without the ( — l)r2+r4 + — 
sign factors in the terms.

The structure of terms in (10) has shown us that, from the point of view o f  
the A — °° asymptotics, only the first two partitions are important.

From (10) the following integral formula can be deduced

( 13)

where

x ,  =  o  X  = o i " ‘ v  ( о )  ( О )  УхУг-'-Ур« " =  Sr fl . v i
]m I Q p 1 "

[ \ 2 ß ,  П уЧ
U «  0  к = 1 J

A', ~~ Xf ... — A«
X

p p
X  2 « «  П

11 =  0  k= 1

( - i / +1^
k}'k

a, =
1

p
7*=1i l  “u-

ßi =

j 1 Z  Pi U y^'ï  dyp . . .dy  1 , 

/= 1 ,2 , ..., P,

!— 1, 2, ..., Q.
Я  %!k= 1

In particular, according to (8) and (9),

P'- ’ “2 ( p  — 2)! Pl q ! ’ ßz ( q - 2)1’

(10) can easily be verified by integrating term-by-term and keeping in mind that

1 if r =  -  1 
0 otherwise.

Applying the idea of Laplace’s asymptotic method, one can deduce (2) from (13) 
and (1) can be obtained in a similar way.

We do not go into details here, since in § 2 we are going to give a proof for 
the more general case. This latter proof is of combinatorial type, and we mentioned 
the previous sketched proof only for showing two quite different interesting approaches. 
(We should also mention that while having worked on this problem the analytic proof 
was the first one we have obtained.)
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§2

1) To consider the general case, we make the following model.
We have n urns and 1г balls labelled 1, l2 balls labelled 2 balls labelled 

m. We consider the balls (even the ones of the same label) distinguishable.
We put к I balls to the first urn, one by one, . . . , k n balls to the n-th urn, one

n m
by one. This can be interpreted as a permutation of the ^  Ij =  N  (dis-

/ = 1  j =  l
tinguishable) balls. The first k x elements of a permutation will be called the first 
block, the next k 2 elements the second block etc. Thus we have N \ permutations, and 
we define a matrix for each permutation : the element a:j of this matrix is the num
ber of balls labelled j  in the i'-th block. Thus the row-sums of this matrix are кл , к 2, ...

kn and the column-sums are /l 5 /2, . . . , / ra. Let us call a permutation simple, 
if elements in the same block are of different labels. This means that the elements o f  
the corresponding matrix are 0 and 1 only.

2) Let M = J i { k 2, . . . ,  k„; /x, ...,/,„) denote the class of matrices of non-negative 
integers with row-sums k r , . . . ,  kn and column-sums / , , ... ,  and J?0 the subclass 
with 0— 1 elements. M  and M 0 denote the number of matrices in J i  and J t0, re
spectively.

We are going to examine the asymptotic behaviour of M  and M 0 for 1 ^ k ^ K T 
i = l ,  ..., n; j —\, . . . ,  m, K, L  are kept fixed and tV — °° (that is equivalent
to n -*• oo or m -* o°).

n m
A 0—1 matrix corresponds to exactly [J  k t l [J lj ! (simple) permutations, thus

i = i  j = 1
M 0 is equal to the number P 0 of simple permutations divided by /7k; ! íl lj  !. We 
introduce a few more notations:

( * - l ) ( / - l )
2

kft ky
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ASYM PTOTIC ENUM ERATION O F REG U LA R M ATRICES 347

We formulate our results in two theorems: 

Theorem 2.
TV!

(14) Mo

(15) M
TV!

П Ы Л Ь ' -
The symbol ~  obviously means (e.g. in (14))

M01 —e TV!
1 + s  for TV =- N0(e)

n u n v
whatever are the numbers n, m, kh /,-, TV, a (К  and L are fixed!). 

Actually, we are going to obtain a remainder term :

м ° -  П Ы Ю А  e "’ ( 1 + 0 (
log TV)'
ŸN

where the symbol O (-) stands for a bound depending on К  and L only. Probably 

the right remainder term is О ( ^j.

Theorem 1 is a special case of Theorem 2.
3) Let M 2 =  M2\k l , . . . , k n; / , , . . . ,  lm) denote the number of matrices having 

0, 1 and 2 elements only (and given row-sums k( and column-sums Ij) not having 
two 2’s in the same row or column, M 2j( the number o f those of them which have 
exactly t 2’s. Thus

M 2 =  2  M2 , and M0 =  M 2 о .
(=0

We are going to prove the surprising statement that this very particular class of 
matrices represents the majority of the class J l,  i.e. in “almost all” matrices (with 
given row- and column-sums) there is no element greater than 2.

Theorem 3.

(16) M 2 ~  M

and for fixed t

(17) z,t tl

Formulae (16) and (17) say that the number of elements greater than 1 is of a 
Poisson distribution.

First we will prove (14), i.e. the relation

(18) P0 ~ N \ e - \

then (16), finally (17), which implies (15) (as the special case / — 0).
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In the proofs we will use the following simple inequality for positive num
bers at:

(19)
1

/•! ( Z 0 r
1

r\

4) The proof of relation (18).
If in a block of a permutation there are two elements of the same label, we 

say that a duplication occurs. (Simple permutation is one with no duplication).
Let Ar(i\, ... ,  ir) denote the number of permutations in which there are duplica

tions in the /'x-th, ... ,  /,-th blocks, and put

Ar =  Z  Ar( i \ , i r).

By the exclusion-inclusion formula

and applying the Bernuolli inequality we have for r S ŸN
3

(20) .  N '- ,A <  a
r “  r\ 1 + 8 r 2 

N

For estimating Ar(il t  . . . ,  Q  from below, we take into account only the number o f  
permutations where in the /, -th, ... ,  /r-th block there is one duplication and all the 
other elements of these blocks are different:

Put

ArO'i, . .. ,/ ,)

) (  j . , ,
r( N - k h ---------kir)l

a r e  d i f f é r e n t

> ' )  ■ (  2  ) b ( ^ ) [
у mA U  J

гF (2) )  J
rk l \ k

=  min ( 2  1, Z  !)•
к : ^ 2  I,a 2
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Applying (19) again,

4 A! ri ,  r K L \
A' s  '< '  ‘ - i r

l -

( 4 J ) Ï

1 -

y
r I ^  I 2

k ,V

and since '1ПГР > I
2

2 (af
S  S, S  s,

we obtain (applying the Beronulli-inequality)

2r2K 2L 2N' (
(21) A' s r ! *  1
Combining (20) and (21) we get

( 22)

Put

(2 2 ) implies

, N! ! Sr2 K 2L 2 N1 
Ar-  a.' si • . ar.

r \  I í  r!

R =  2 [logs].

2  ( - \ ) rAr- N \  2  ( - l ) r ,r= 0 r=0 I"]

a' 8  R2K 2L2
N le1.

Since R is even, we have

2  ( - 1  y  a , s= p 0 si 2 ( - ' ) г л г,
r =0 r= 0

that implies for N > N 0

2 ( - l ) P r,r=О Г!
^2 jj l

and since a is bounded by —-—

2aR + 1 8  R2K 2L 2ex
( Ä + l) ! +  s

N\

\P0- N \ e —\ si N\
3aR+1 ZR2K 2L 2eI\ irl„  „if2 

+  S  N\32eK L
(R +  1)! s )

S  N\- 32eK2L2 ]° g N  
ŸN

log2  s

for
í  S  KAMogA, N > N 0 .

On the other hand, A0 =  Nl and A, ë  aA! | l  +  ^  J S. 2xN\ for JV2 8 , thus 

A!(l — 2a) ^  P0 ^  JV! and hence

\ P 0 - N ï e ~ ‘ \ si 2aA!
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s
for a — 2 ' From the definition of a and s we have a s  K 2L2 —, therefore for 

$ s  /A lo g A  and N > N 0 we have

\P0- N \ e - \ 2 K 2L2
У N  У N

Thus we have proved for N > N 0 the relation

I0 2  IV
<23) |P0 - iV !e —I ^  32eK2L2 — A!,

which proves (18), (since a is bounded).
5) The proof of (16).
First we prove that for N > e K L

(24) M =s C- TV!
П Ы Л Ь ' -  ’

where the constant C =  C(K, L) does not depend on m, n, N ,k i , l j .  (We wifi find 
C = e e2K3L3).

As P0 s N \ ,  we have

(25) M 0 -i
A!

n w n i j ' -  '

First we estimate the number of matrices containing exactly t elements greater than 1, 
and then sum over t.

( tWî\
We can choose the Г positions in I I ways, and the elements in these positions

in at most (max (K, L) — 2)‘ S  (KL)‘ ways. We map the matrices with given ele
ments in given t positions and 0— l ’s in other places to 0— 1 matrices by substituting 
the t elements by 0, thus making a one-to-one mapping from these matrices to a 
subset of 0— 1 matrices with given new row- and column-sums, where these new 
sums are obtained by subtracting our t elements from the corresponding row- and 
column-sums.

(E.g. the set of matrices with ai l = a ,  au =  0, 1 for (г,у)^(1, 1) with row sums 
k i , . .. ,  k„, column-sums Z1; ... ,  /„, is mapped to the matrices with a t l = 0 , а^ =  0, 1, 
with row-sums k t —a , k 2, ■■■,kn and column-sums lx —a, /2, thus the number
■of the above matrices is at most

M о (/ î ci, k 2 f • • *, kn, 11 ü, 12, • • •, Z,n))- 

Thus the number o f these matrices is at most

N']
n k 'i' I I  l'j ! ’
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where k\, lj, N' are the new row-, column-, and total sums. Since the elements in 
these t positions were at least 2, we have N '  S  N —2t, whence we get

N'l N'\
n w n i ' j i  -  n w n i j i

N1
II к M I  l A n \

N't
^ t (KL)n- N

К Н к , - к \ )  J j d j - ï j )  _

KL

N\

n k i i n i j l  {N
2t

N - N '

~  т - м п ' -  У "

Thus we have obtained the upper bound

KL

[mn\ N1
М ~ Л {  t r KLy п к г . n v

N\

KL S.

N ! ~ ( e 2K 3L 3)’
r ik . ' .n i j ' .  à  t\

N

,e2K*Li _ N!
Л к , ' ! ! ! ' - П к М И ' -

We use the same type of argument for proving (16).
The number o f matrices with row- and column-sums к/, lj in which there is an 

element greater than 2, is at most

2  2  M (k it  .... kt- a , .... kn; llt ..., lm) щ C 2  2  ~ r r T l ' i r r f  sU  «-3 i,j a= 3 11 к,'. I/

for N ^ le K L .  
The relation

^ TV! ^ { e K L \  _  
П Ы П У  Д  l N  ) mn -

У У !

П Ы Л Ь ' -

2 Ce3K 3L3 
N

0 ä  M -- M 2 S 2Ce3 К  3 L 3 
N

N \

П Ы Л Ь ' -
proves (16) if we mention that for N > N 0

M N1
П  к{1 П  h-

where c =  c(K, L) depends only on K, L. Indeed, for N >  N0

1 yV! 1 yV!M  S  M0 £ ---- —------------  О * >  p
2 l l k l in i j ' -  ” 2

-K2L2/2
П к , \ П 1 А  '

6) The proof of (17).
If we subtract the 2’s, we obtain a mapping to some 0— 1 matrices whose new 

row- and column-sums are obtained by subtracting 2’s from the corresponding 
sums. For given t rows and columns there are t ! possible positions for the t 2’s. 
Thus

M 2, t (к 1, , k„", 11, ,  /„,) s  t\ 2  M o (k i , . . . ,  кя \ I , ...,/„,) — tl 2  >
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where the sum is extended over such m + n  tuples

in which for t of the indices i
к; =  k t - 2

and for the remaining n — t indices i
kl =  kt ,

and the same holds for the numbers /). Conversely, if we add 2 to ? elements (not 
two in a row or column) o f a 0— 1 matrix, we obtain matrices in J l 2. , or matrices in 
J Í  —J i2, therefore, for the above sum 2

t \ 2  ^  M 2't + ( M - M 2).
Thus, the inequality

(26) / . ' 2 - ( M - M 2)= i M 2 i t^ t \ Z

shows that for proving (17) we must show that

(27)

(since M —M 2 
Putting

we have

=  o(M j).

2 ( a )
2 V 2 ‘j ’

N '  =  2  V  =  N - 2 t

N '  »
У ~  У  - -  '_____ e ~
Z  Д  / /  к I ! / /  I]

the sum being extended over the above conditions, (We can apply the assymptotic 
formula for M 0 term by term, since it did not depend on the particular choice of
k t , lj, s, only on K, L) whence

___ -V!____ e -* У  V ! 77 ~  77 — 1
П  к M I  h • é j  m  U  k[\ 11 /,!

It is easy to see that a —a' =  o (l) (i. e. |a — a'| <  s for N > N 0(s), whatever are 
the numbers m, n, k t, Ij), therefore

2 ~  m0 i

N 2t

It remains to show that M ~ M 0e2a. For fixed T

(2  flO
(t!)2

T
2  m  2
1 = 0

'Mo 2t = 0

(2a)'
t\
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and by (26)

Í  M2,t̂
t = T +  1

-  ЛТ “ I f nine2 К 2 L 2 N1 “ (e2K 2L 2y
П fci! П h' t-r+ i 1 N 2 J П kt\П !j\ t-T+i t\

for T > T 0(e).
Therefore

M2~ M 0e2*
whence

M  ~  M0e2x.
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A NOTE ON THE ROBBINS—MONRO METHOD

by
P. RÉVÉSZ

Let £ and ij be two random variables with conditional distribution function

H (y\x) =  P (q < y \ t  =  x) 

further denote the regression function by
4-00

У =  M(x) =  J  ydH {y \x ) .

For the sake of simplicity we assume that M(x) is strictly increasing. R o bbin s  
and M o n r o , in their paper [1] gave a statistical method to find the root of the equa
tion
(1) a '= M (x)

provided that the root exists. Their method is the following: they choose an arbitrary 
number x x and define a sequence of random variables recursively by

(2) xn+1 =  xn +  an( x - y n)

where y„ is a random variable distributed according to H(y\x„) and {a,,} is a sequence 
of positive numbers1.

Several authors have proved (under different conditions) that xn is going to 
the root o f the equation (1). (See for example [2], [3], [4]). All of these authors as
sumed that

( i)  2  an =  00

(Ü)

It is quite clear that condition (i) is really necessary. The aim of the present 
paper is to investigate condition (ii). Our conditions on H(y\x)  (and on M (x)) 
will be much stronger than those of the mentioned authors, but condition (ii) will be 
replaced by a much weaker condition, in fact we give in some sense the best possible 
condition.

1 In fact it will be assumed that

with probability 1.
E (Уп\х, , x2, xn) — M (xn)
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356 P. RÉVÉSZ

T heorem . Let q be a bounded random variable, i.e. we assume that there exist 
— о +° °  such that

H(a\x) =  0, H(b\x) =  1
fo r  every x, and let

M{x) =  f  yd H (y \x )
a

be a strictly increasing function. Assume that the equation « — M(x) has a root в 
{i.e. a =  M(0)). Further let a t , a2, ... be a nonincreasing sequence o f  positive numbers 
obeying the following two conditions:

Condition 1.

2  an =n= 1

l i m œ(ri) =  C O  and an ^

Condition 2. There exists a sequence {со (и)} o f  positive number for which

1
m(n) log n '

Then the sequence x y, x 2, ... (defined by (2 ))  is tending to в with probability 1.

Remark. Without the loss o f generality we can assume that ct =  0 =  0. The proof 
will be given in this case.

Before the proof o f this theorem some lemmas are given.

Lemma 1. Let £о =  0, t , c2, ... be a sequence of uniformly bounded random 
variables for which

f̂c+i Як — is Éo) — m 0 0  (к — 0, 1> 2, ...)

(  with probability 1) further let a v, a2, ... be a bounded sequence o f  positive numbers 
fo r  which

Then
2  an =  n=l

(3) 2
n= 1

is convergent with probability 1, further

(4)

a n ( Z n - Q n )
n

2 a k
k= 1

2  aÁZk-Qk)
lim k 1 =  0nП-+00 ^

2 j a k 
k= 1

(4+)
2  ak(ik +  m)

lim k= 1 0
2  <ik 

k= 1

1,

=  1
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and

(5)

P r o o f . Our statement (3) is a straight consequence o f the convergence theorem 
of Loéve (see [5], p 387) and the fact that

(4) follows from (3) and the well-known Kronecker lemma (see e.g. [6], p. 35,) 
(4+) immediately follows from (4) and (5) is a straight consequence of (4+).

L emma 2. Let £o = 0 ,  { 2, ... be a sequence o f  uniformly bounded random
variables with bound K  (i.e. \Çj\^K ( i =  1 ,2 , ...)) such that

what proves our lemma.

L emma 3. Let £0 = 0 ,  ç 2 , ... be a sequence o f  random variables and let

E«»+i|fik, i » - i , . . . , i o ) S - m < = 0  (fc =  0, 1,2,...)

with probability 1. Further let

/**+i(0 =  E(ei«'+>*|{n, 1 , . . . ,  £0) (* =  0 ,1 ,2 , . . .) .

Then there exists ű lo > 0  such that

Р Ы О ^  1 (* =  0, 1 ,2 ,. . . ;  O ^ f^ io )}  =  1.

P r o o f . Clearly we have (with probability 1)

fc—l > •

tt — 1
[J Е(в^+.*|{»,й

Then ql , rj2> & a martingale with2

Efa.) =  1.
The Proof is trivial. 2

2 The existence o f the occurring expectations is assumed.
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Lemma 4. Let ç 0 =  0 , ç , , ç 2 , ■■■ be a sequence of uniformly bounded random 
variables with bound К  such that

E(£it+i|£*> i k - 1 , ■■■, Co) =  - m  <  0 (k =0,  1, 2, ...)

(with probability 1), further let a t , a2, ... be a sequence of nonincreasing positive 
numbers. Then

PI sup 2  akik =? e |  e 'o".
InS 1 fc= 1 J

where t0 is defined in Lemma 2.

P roof. By Lemma 2 if ta l ^ t 0 then

exP| i Z a ki k
k =  1-------------------------- - = e x p  i 2

П  K k~l

Hence by the martingale-inequality (for any N ) we have

P| sup exp 2  akik 
Xl^m^N Va l r= l

P| sup 2  ak^ e
\ l^m^Nk= 1

s  P s u p ---- -1 m — l  1 S n i*

Í 0  V  *e x p —  2  aki ,
l « i  k =  l e

17 E(e'“k + Hk+1|Çk, t k_ l t . . . ,Z 0)
k =  0

—  e  —

e “i

what proves our Lemma 4.

lows:
L emma 5. Define the random variables ç0 , ç 1= ç f N ,  s), c2 =  c2{N, r.), . . . a s  fol-

£o =  0

Then 

( 6)

with probability 

Proof. Let

i — Liv+t-i ' . f  X N + k - i ^ z  

Qk \ - M ( e) i f  xN+k_ ^ e

E(ik+i\ik, ik- i ,  - ,  i o )  * -Щ е)  (k = 0 ,  1 ,  2 , . . . )

В(£о,  ̂1 5 £ 2  > ••• » S/i)
be the smallest cr-algebra with respect to which the random variables £0, £x, ... ,  cfc 
are measurable. We will prove that if then

( 7 ) / E({*+1|i4, ío )^P  ^ -M (e )P (B )
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what clearly implies (6). We have

/E ( í*  + i | { * , { * - i , - . í o )  = / í * +. =  /  í*+, +  f  =
в  В ИП(хВ ) |,> [) ВП{хк  + кЗЕ}

= -  /  Jjv+ic- J  M( e )  =
вп(*л+к̂ г)

= -Л/(е)Р(ДП{х*+к^ е} ) -  f  ^ ( у к + Л х ^  х 2 , x N+k) =
В П {xN +к>е}

=  -  М ( е ) Р ( В Г \ { х „ +к^ е } ) -  J  M ( x N + k) ^ - М ( е ) Р ( В ) .
*n{j„ + к>е)

L em m a 6. Under the conditions of our Theorem we have

(8) P(lim x„ S e) =  1
П — oo

/or eoerj e> 0 .

P roof. Making use o f the notations o f Lemma 5 we have

P{inf *„=-£} ^  P {**>£, Xjv+1>£, . . . , xn + „>£} =
n̂ N

( N + n— 1

XN-  2  аку к> г , х N> e ,  x N + l > e , .
k = N

S  P | * N +  2  a N+k-\Zk  >  e  l  k = l
Hence by (5) of Lemma I we have (8).

Now we can turn to the

P roof of the Theorem. Introduce the following notations.
oo

A n =  U { ( o : x „ ^ e / 2 , x a+1^ e / 2 ,  x n+2^ e / 2 ,  х т_ 1ш е / 2 , х т^ е }
m = n + 1

/I =  {со : ïïm xn^e)
П-+ o o

Because o f (8)
P(/f) =  P ( TTrn A„).

П-+ oo

Making use of the notations of Lemma 5 since x„ S e/2 implies x„+, ^ 3 /4 e for /г 
large enough we have:

Р(л„) =  P ul m=n +1
*„S  e/2, x n + , s e/2.......A,„_, a  e/2, аи+ , -  2  а кУк — e

* = Л+ 1
т—п— 1

ё Р |  U |AnS£/2,.vn+1s e/2,...,Ara_,&£/2, 2  я„+*£к(я+ L e/2) S  е/4
* = 1

^  р
м

sup 2  ön + k í* S £ /4 |  Ä e «„♦
1 k= 1

Studio. Scientiarum  M athem aticarum Hungarica 7 (1972}



3 6 0 P. RÉVÉSZ

if  n is big enough. The Boréi—Cantelli lemma implies that among the events A„ 
only finitely many can occur (with probability 1) i.e. P(T )=0 which proves our 
Theorem.

Lemma3 7. Let £ls £2, ... be a sequence o f  independent random variables with 
distribution

P(& —0) =  Р(£г= 1 ) =  1/2 ( / = 1 , 2 , . . . )
further let

Ä„ =  {(o: SUP (£;+i +  Zi+2 ■)---- +íi+i(n)) ~  Kn)}0 ̂ i^n—l(n)

where /(n) =  [log /;] and log is meant with base 2.
Then

i.e. among the events A t , A2, ... infinitely many will occur with probability 1. 

P roof. Introduce the following notations

Bk =  {со : sup

nk =  [2Лг log A]

[£i+ 1 +  í i  + 2 d---- +  £i + /(nfc+1)] =  l(.nk+ l)}-

To see that the definition of Bk is not meaningless, we have to show that

>h + i~ l(n k+ i)  >  nk

but it clearly holds if к  is big enough.
Investigate now the probability of the event

Ank Ä„k+1 ••• Än. U > k ) .
Obviously we have

P ( 4 4 +1 -  Ä n)  =  P(ÄnkÄ„k + i ... ÄnjJ [ \ - ? ( A nj\Än]^  ... Ä J ] .  

Since Bkc A „ k+l and hence

Р ^ Я , . ,  -  Ä J  ^  P( B j J Ä ^  ... Ä J  =  P( B j . J  s  s  I

we have 

and by induction

(9)

P(Änk Änktl ... A J  =ü P(АПк ... АП]_1) \ \
1

Í ,  1 ) Í  1 )
1 -------------- .

{  ' h  j {  n j  )

3 T h i s  l e m m a  i s  e s s e n t i a l l y  d u e  t o  E r d ő s  a n d  R é n y i  ( [ 7 ] )  h o w e v e r  t h e  p r e s e n t  f o r m u l a t i o n  i s  a  
l i t t l e  b i t  d i f f e r e n t  f r o m  t h e i r s .
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Now our proof is going straight:

P П  2 A k
-- 1 k =  n

1 - P 2  П  Ak 1 -  i  P( Я  -4«,)w=l n(5n

but by (9)
P( П  A J  =  0,

i l jS n
hence our lemma is proved.

Now by an example we can show that our Theorem is the best possible. 
Let the distribution of £ be a uniform distribution in ( —1, +1) i.e.

and let

Then clearly

P (£< *)

0 if x s - 1
x + l

2
1

if + 1

if х ё  + 1

P0í =  « + l) =  P(>I = í - l )  =  l/2.

M(x) =  E ( / 7  J =  лг) =  X ( - l s x s  +1 )

Now construct the sequence x l , x 2, . . .  where x t is an arbitrary point of
( - 1 , + 1),

X „ + l =  X n -  l o g n  Уп 

and y„ is distributed according to

Р(Т« =  *л+ 1 ) =  P(Tn =  ̂ « - l )  = 1/2.

We will show that in this case

(10) P(lim лг„ =  0) =  0.
П -*  oo

P ro o f . Let

А „(в) = k JJ+1 {1**1 se }  |o  <  £ <  ^ 2 1

By Lemma 7 the sequence y„+1, y„ + 2, ■■■, У in has a subsequence (with probabil
ity 1 for infinitely many n)

У к , У к + 1 » •*.jУк+Кп) ( f i ^ k < k  +  l ( n ) s 2 n )
such that

Ук =  X k +  1, Ук + l  =  Xk + 1 "b 1> ••• > Ук + l (и) Х к + ц„ )  +  1

what shows that among the events An infinitely many will be occured i.e. (10) is 
proved.

The author is indebted to E. C sáki for his valuable remarks, especially the 
fundamental idea o f the proof of Lemma 4 is due to him.
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ON A COMBINATORIAL PROBLEM I.

by
E. SZEMERÉDI and G. PETRUSKA

1. Introduction

The aim of this paper is to investigate an instance of a general problem stated 
by P. E rd ő s  in [1]. We only state the special case we deal with.

Let H  be a set of n +  tn elements and let JT — {A^, , Nk} be a system o f n-ele
ment subsets of H. Assume that

(i) П N. =  0 and 1=1
(ii) for each MczH, \M\ = и  +  1 there is a triplet XczM,  |Jf| =  3 such that

Xc£Ni for i = \ ,  к , i.e. no Nt covers X.
Given n and к these conditions obviously impose a condition on m. We will 

give a lower estimation of the function
m {n ,k)— min {m\ there are H and J f  satisfying the above conditions}.

Note that, replacing in (ii) |3f| =  3 by \X\ =  r for c è 2 we get a more general 
problem and we are to return to it in a forthcoming paper. The case r =  2 has been 
investigated by F o lk m an  and H ajnal ([2], [3]) and following E rdos’s paper by 
L. S u r á n y i, E . M ilner and N. Sau er , and the first author ([4], [5], [6]).

Most of the first results concern the case r—2, and the results for r > 2 must 
be of different character since these problems involve hypergraphs instead o f ordinary 
graphs.

We are going to prove, that

m(n, к) s  — \n
2 у 2

and as far as we know this is the first sharp result for the cases r > 2.
Note that M ilner  and Sauer  proved independently the following weaker 

result:
m(n, k) S  log3 n.

Throughout this paper the cardinality of the set X  will be denoted by \X\. If 
aU = { N x, . . . ,  Л }̂ is a system o f subsets of H  and H'czH,  we briefly say that H' 
is covered /-times by if H ' c N j  holds for at least t different suffices i. On the 
other hand the expressions “not covered” or “single covered” mean that H' is con
tained in no or exactly one member of °U respectively.

We remark that our result is best possible in the following sense :
(iii) m(n, ti — 1) — ^2 in  for infinitely many n.

Stuclia Scientiarum  M athematicarum Hungarica 7 (1972)



364 E. SZEM ERÉDI—G . PE T R U SK A

2. P r o o f  o f  (iii)

Let т ё З  be an integer and let

( 1) 1 m +  1 
2 =  ~  (m 2 +  m).

Consider now a set H  =  H X{JH2, \H\ — m +  n, [7/jj 
ing to (1) we may denote the elements of by

n — 1, \H2 =  m + 1. Accord-

and the (unordered) pairs o f H2 by 

Put

and

*1» •••> *n-l

Pi,  • • • . A - i •

Ni =  {Hi -  {*,}) Up; for i = l ,

{Nt , ...,

For every x c H  there is N with x$N .  In fact, if x £ H 1 that is x =  X j  then x $ N j ;  

if  x d H 2 then we pick a pair p , with x^_pl and then x^N,.  This gives the property 
(i). To verify (ii) let M c z H  be an arbitrary (n +  l)-tuple (generally, Æ-tuple means

simply a к-element set). \ Н2 Г \ М \  =  i ë  2, and this intersection contains pairs.

Using
j tf j -A/ l  =  \ Hi \ - \ Hi DM\  =  n —\ —{n + \ — t) = t — 2

and

=  y ( r - l ) s / - l t — 2

we find that the number o f pairs contained in H 2 П M  exceeds the number o f ele
ments in H r—M.  This implies the existence o f a pair pj in H2C\M such that Xj.

П M. That is the triplet {x,} U p2 in M  is not covered by J f . Our example 
provides

m(n, n — 1 )  S  }'2 \ n  —0 ( n 1/A)

and
m(n, к )  s  ( 2  \'n —  0 ( n 1/4)

seems to be a reasonable conjecture for every k. Moreover we believe that, the con
struction described above gives the extremal configuration.

3 .  L e m m a s

First we remark, that
a) }n(n,2)=n;

Yl _ f i
b) m(n, 3 ) È - y ,  more precisely m(n, 3) =  — if n is even and m(n, 3) =

+1 if и is odd number. Assertion a) does not require proof and b) is to be
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seen as follows. Let H =  n + m  and denote {A^, N2, N 3} a system satisfying (i) and
(ii). According to (i)

( H —N ^ U  ( H —N2) U  ( H —N 3) =  H,

therefore 3m ^  n +  m, i.e. m — To establish the equality let H lt H2, H 3 be

pairwise disjoint sets each containing elements (we prove only the case when n is 

even number) and define

Ni =  H j U H k, l s i , j , k s 3 ,  i ^ j  +  k +  i,

{N3, N 2, N 3}.

Property (i) is trivial and to check (ii) it is enough to observe that every (n + 1)- 
tuple M  meets each Nt and the triplet (xj , x 2 , x 3} is not covered by J f  if x;Ç Nt П  M. 

In what follows we will assume к  ̂ 4 .
We need some simple standard lemmas.

L e m m a  1 . Let <% =  {U1, U2, ..., U,) be an arbitrary system of n-tuples in H, 
| / / |  =  n + m , and let as denote the number o f  points o f  H  covered at m o s t  s-times 
by Ш. Then

(2) ois S  m V .' ' v — s
P roof. Let c; denote the covering number of xt £ H  with respect to Û. Counting 

the points with multiplicity
n + m

2  c , =  vn.
i= 1

Hence
sas +  v(n +  m — as) s  vn, 

v + 1
and this gives (2). In the special case s =  —^—

... 2v
( 3 )  * ( v + l ) / 2  ^  m — y

holds.

Lemma 2. Let 'Ш denote the same as above, and suppose that both points x, y  Ç.H

are covered
v +  2

2 -times. Then the pair p = { x , y )  is double covered.

Proof. Denote by nx the number of n-tuples containing x  but omitting y. 
ny is defined similarly and let nxy denote the number o f n-tuples covering p. According 
to our assumption

nx +  nxy
v +  2

2 ’

ny +  nxy
v +  2 

2 ’
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thus

On the other hand 

hence we obtain

п х - \ - П у - \ - 1 п Ху  1— v +  2.

nx +  ny +  nxy S  V,

nxy S  2.

Lemma 3. I f  a system of n-tuples Ж  =  { N \ , . . . ,  Nk}, NjCiH, \H\ =  n + m  satisfies 
condition (i) (see in the introduction), then

(3a) к -
n +  m 

m
Proof, (i) implies

hence 

that is

U  ( H —Ni) =  H,
i = i

km s  m +  n,

к  s
m +  n 

m

Lemma 4. Suppose that the system o f  n-tuples ^V={Nl , . . . ,  Nk) ,  N\ cr H, \H\ =  
=  n +  m satisfies (i) and (ii) and moreover it is minimal with respect to (l), i.e.:

(iv) П N, 7* 0, j — 1, k.
i*i

Then each Nt contains a pair single covered by J f .

Proof. By (iv) choose Xj Ç  |"| TV,- j = l ,  and let
i*j
A =  ( x l5 ..., xk}.

It is important to observe that by (i)

(4) Xj $Nj , j =  1, k, 

but

(5) Xj £ N, if i ?£j.

This implies
Xi  X j  (i ?£j).

In fact,
Xj (J Nj and x t £ Nj

hold simultaneously. In particular, we have

(6) \A\ =  k,

(7) Nt C\A — A — {x,}, i = l , . . . , k ,

(8) NiUA  =  JV,U{jc,}, k.
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Now, if all the pairs, say in A , were double covered, then the (w +  l)-tuple M  =  N x U A 
would contradict (ii). In fact, if a triplet i c M  does not contain x x, then using (8) 
TCTjV^in the other case x =  { x l , y , z ) ,  and the pair { y ,  z j  is double covered, that 
is {y, z }czN i,  M l .  By (5) x t Ç.Nh thus we have rcW,-. This completes the proof.

4. Estimation of m(n, k)

For the convenience of the reader first we prove the weaker inequality m(n, к)Ш 
S^rt1/3 to elucidate the idea of our proof without giving the technicalities needed 
for the improvement.

T heorem  1. If\H\ — n + m  and a system Ж  o f  n-tuples N x, , Nk in H  satisfies 
(i) and (ii), then

m(n, к) s  — n,/3.

§ P ro o f . Without any loss of generality we may also suppose that Ж  is minimal 
with respect to (i), i.e. (iv) is also fulfilled. We can assume

Û Nt =  H
/=i

as well, and recall that, to avoid the trivialities is always assumed. Our trick 
is to find an upper estimate for the number o f n-tuples containing single covered 
pairs. By lemma 4 all the n-tuples contain a single covered pair, therefore lemma 3 
yields a lower estimation for m.

Let y  1 , . . . ,  ya denote the single covered elements of H  (it is assumed that every 
element is contained in at least one n-tuple). Of course, all the pairs of type {y t , z} 
are single covered, too. Let p =  {u, z) be an arbitrary single covered pair. By lemma 2

к  +1we may suppose that и is covered at most —----- times by Ж . All these imply that

any single covered pair can be represented either as

P = { T í M }

or as
P - {u, 2 ) 

к +1
where и is double covered but at most - -  -times covered by Ж .  Denoting by

ô the number of elements и satisfying these conditions we get from lemma 1 the 
inequalities

2k
(9) S m k _  j 

and

(10) в * т т = л '
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Consider now an element и appearing in a representation of second type. The num
ber of single covered pairs represented by the aid o f the same fixed и is at most 2m. 
In fact, и is double covered, say u£N' C\N". If the pair p = { u , z }  is single covered, 
then the relation z  (f N'  П N" holds. But the number o f possibilities to choose such z 
is at most

| / i — ( T V ' n  j V " ) |  =  \ ( H - N ' ) U ( H - N " ) \  =  2m.

Hence the total number of pairs having a representation of second type is at most 
2mb. The number o f «-tuples covering single covered pairs is at most as large as 
the number of such pairs itself. That is, a +  2mb is an upper estimation for the num
ber of и-tuples containing single covered pairs. Finally (9), (10) and lemma 4 yield

and then by lemma 3

к
к 2 к

■ m -,— — +  2m • m - ---- 7к — 1 к —1

m +  n 
m

к
к -  1 +  2 m 2

2 к
к -  1 ’

thus using к  ̂ 4

i. e.
m

-  3m 2 8
I

m a 1 / 3

5. Proof of the main result

In the proof o f theorem 1 the set A (defined in lemma 4) played a role of fun
damental importance. The trick to get the sharper estimation is to iterate the previous 
method repeatedly. Recall that

where

Now put

A =  {xL, . .., xk}

xt e П Ni- i=z Ь •••> k -
j^i

ж (0) =  ж

TV/0» =  Nt, i =  1, ..., k,

к о —- к,

л 0 =  {x(0), ..., =  A,

Nf°> =  N ^ - A 0, i = l ,  . . . ,k .
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Suppose that for some integer j

kj ( k j £  4), J f ™  =  {N [ J \  . . . ,

Aj, N1» =  NlJ) — Ú Av, i = l , . . . , k j
v = 0

all have already been defined, and the system

R ^  =  { N y \

satisfies (i). Consider subsystems in R{j> which are minimal systems with respect 
to (i). If no such subsystem contains more than three sets, we stop. In the other 
case let

J T U + i )  =  { jV tJ  +  D ,

be chosen so that kJ+l^ 4  and the corresponding remainders

Uo ^ v; i = l ,

form a subsystem in Rij) minimal with respect to (i). By the minimality there exist

í =  1, •••, kj+ 1,

elements
k j + l  [ j

x (ij + í ) e n  W +1)-  U a
1=1 [ v =  0 
l*i

and let +■~чи+

Then
k j ,  A j ,

are defined for OS/'^t for some t. That is the length o f the induction process is t. 
It is obvious from the construction that

(11) Aj are pairwise disjoint ( O ^ j ^ t ) ,

(12) \Aj\ ё  4, 0 s j s t ,

(13) |Л1/л ГМ„| =  к -  1> v sy , i =  l, kj,  7 = 0 , 1...... t.

We state some simple lemmas.

Lemma 5. t<m .

Proof. If 7Vç^(,) is an arbitrary и-tuple, then by (13) all the sets Aj  have 
exactly one element not belonging to N. Hence H  must contain at least и +  Н -1  
elements, i.e. л -f í -H S  n +  m, thus we have

t S  m — 1.

Since AA — {Wj, . . . ,N k} was an arbitrary enumeration of J f  we may as well 
assume that

=  { N x, . . . , N k)  for j s t .
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This makes possible to put simply

7V/J) =  N-0> =  for j  S t.

O f course when emphasis is needed to indicate the relation we prefer to
use the notation N = N [ J\

L emma 6.
(14) k0 +  k 1 + + k ,  ^  n — 2m.

Proof. Put 5 =  k 0 -\-----1-k, and let then
I t  !

\N — u  A v\ =  n - { k 0— 1)— ------ (к, — 1) =  n — Í  +  Í +  1.
v =  0

By our assumption in the system

JtV, — Ú T v i i s i s f c j

(satisfying (i)) the (i)-minimal subsystems consist of at most three sets. Recall that
n

m(n, 2) =  n and m(n, 3) =  y -  Thus we have

On the other hand

therefore

that is

( = 1 v = 0
Ü  — U  Л  £  -  ( n  — J  +  i + 1 ) .

v = 0  r = l
и  л и  и  Л 7 , -  u  Л  с я ,

s +  2  (n — s + 1 +  l) S  m +  n,

n — 2m +  3/ +  3 s  s.

Deleting the term 3í +  3 S  0 we obtain (14).
To prepare our next lemma we define an important class o f (n +  l)-tuples. 

They will play the same role as the ( n  +  l)-tuples defined in (8) in the proof of lemma 4. 
Let 0 = j = t  be fixed. By the definition o f the sets Av (v^ j)

Av -  N P  - i :: к у, (NjA -  N^).
Therefore the set

A0 U  . . .  U  Aj U  N[A =  A0 U  . . .  U  Aj U  N P  = Njj) U  {jc;(0), . . . ,  x{j)}

is an (n + j+  l)-tuple. Deleting an arbitrary /-tuple from the remainder

the union

Nfj) =  At/Л _  у  Ay

A0 U  -  • U  Aj  U  ( N / л  -  { V , , • ■ ■, yj}), (yr e N(A\  1 ^  r s j )
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yields always an (w+l)-tuple. (л+ l)-tuples of such type will be called («+ l)-tuples  
of order j  and denoted by M (JK

The next result is analogous to lemma 4.

Lemma 7. a) Every n-tuple Nt £ Л 'и> contains at least j + 1 pairs single covered 
with respect to O S/S f;

j
b) every pair p  c  jV/h П  U 4 ,  is double covered by Л 'и>.

v=0

Proof. First we prove assertion b). Let p = { z lf z2), z t Ç_Av, z 2 £ A ß (v = p  may 
happen), k j ^ 4 implies the existence of an л-tuple NjJ)^ N lJ) such that

Av — NjJ) =  A v — N{v) =  x /v> z u
and

A , - N ^  =  Aß- N \ »  =  x,™ *  z 2.
So we have p  c: NfJ>.

Now suppose assertion a) to be false: one can find

NlJ) €

such that N{ contains at most j  single covered pairs (covering is understood with 
respect to the system Ж (7)). By the previously proved assertion b) all these single 
covered pairs meet the remainder

N[J) — Ni— Ú Av.
v= 0

Cancelling j  points in a suitable way from N /J) all the remaining pairs in Nt are 
double covered. Let M (J) denote the corresponding (n+l)-tuple of order j .  Now we 
check property (ii) on M (jk Chosen an arbitrary triplet

{Z | ,z2, z 3} c M (J)

we distinguish two cases. First suppose the existence of a pair {za, zß} c  {z , , z 2 , z3) 
covered by Nt, say

{ z lt  z 2}czN iC \M u).

By the definition of the pair {z l t z 2} is double covered, i.e.

{z , , z2} c  Nt П N[J), Ы1, Njj) =  N,

and either N( or N (,J> contains z 3 and thus it contains {zx, z2, z3}. In the second case

{ z , , z2 , z3} -  Ni\ ^  2-
We may suppose

{ z i , z 2} c  U Av- N i ,  Z i = x (qx), z2=x<ß\  a, ß ^ j .
v=0

j
If z3£ U Av holds as well, then

{zi,  z2, z 3} c N , (J)

for some /, since each zT (z=  1 ,2 ,3)  belongs to all but one element o f and
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by k j S 4 we can find an «-tuple from j V̂ J) which contains them simultaneously. 
Thus we can assume

z3£N [J)r i M <J).

If z3 were single covered by / й , all the pairs incident to z3 would be single covered 
as well. This is impossible, because the pairs in П M (j> are double covered. Hence 
z3 is double covered and we can select an «-tuple NjJ>, I x i  with z3 £ N[j \  But N[j) — 
-- N(a) =  Njß), thus

x jf> £ N f\  х*.Р) £ N[ß>

because of Ij^i. Thus { z t , z 2, z i } c N { J>. It follows that all the triplets in M u> are 
covered, a contradiction to (ii). The proof o f the lemma is complete.

t

L emma 8 . There exists a set of pairs P =  U  Pj such that

(* )  P j ^ P h  =  0 i f  h * h \
i

( * * ) />E U P\ is at most single covered by A r<l>, i =  0 , . . . ,  t ;

( * * * )  \Pj\=kj and \P jn ( N x N ) \  =  l for every j  =  0, 1, ..., t.

P roof. The sets P j  (0 = j = t )  will be defined by induction on j .  According to 
lemma 7, every «-tuple 7VÇ^(0) contains a pair single covered by Ж (0). Choose 
such a pair from every «-tuple. These pairs being single covered they are different. 
Denoting by P0 the set o f  the selected pairs, ( * * )  and ( * * * )  are satisfied by 
definition.

Consider now Ж (1). Making use o f lemma 7 again all the «-tuples Лг£.Л/'(1) 
contain at least two pairs single covered by and the pairs in Ah!), certainly
differ from those in N^l>. Pick out from each N £ j r(l) a pair not yet included in P 0 
and single covered by уК(1). Denoting the set o f the selected pairs by P l the proce
dure continues in an obvious manner, and the starred properties are trivially fulfilled.

Lemma 9. Given x £ H  the number o f  pairs from P  incident to x is at most 3m.

Proof. Suppose that
Q = {{*> Jib {x, j s}}

are all the pairs containing x  and belonging to P — (J Л  • Take the maximal
V = 0

index a such that Px contains at least two different pairs from Q (put a =  —1 if 
\QC\PV\ 1, v =  0, . . . , / ) .  By the choice o f а, | 0 П / \ . |  1, if v>a,  hence

l e n  и  л |  =  2  i e n p vi s  2  1 =  t+i s m.
v > a  v > a  v =  0

By the property ( * * * )  there exist Nfx> £ Njx> £ Ж (а), i A j,  with x  £ Nj;x> П N'fK 
Referring to (*  * ) the pairs in QC\ IJ Pv are at most single covered by That

is, if {x ,y}eQ C \  U P v, then

y f H - i N ^ D N ^ ) .
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This yields at most

|Я-(ЛГ/«>ГЦУ)*>)| =  |(t f -W /a))U (tf-7 V j0[>)| S  2m 

possibilities to find y. Finally

\Q\ =  |(?П и Л! +  !бЛ и Л s  2 т +  т  =  3т .

Now we state the main result of the paper.

T heorem 2.

1 1in гг —-,=.\п -  -г-.
2 / 2  8

P roof. There exists a set S c H  such that S  meets every pair from P (defined
g

in the above lemma) and |S | S  - - m. In fact, the elements of P are at most single 

covered by the system aU = A r(',) and by lemma 2

{
k +1

x £ H ,  X is at most — ---- times covered by yF(,)

satisfies the required properties: lemma 1 yields

2 к  8
|S| S  m r  \  and by we have |S| ^  — m.

Now applying lemma 9 to the points of S we get the estimation

8

Using lemma 6 

that is

hence

I • 3 in =  8 m2.

n — 2m ^  k0 -\—  + k ,  =  |P| s  8m 2,

n S  8 m2 +  2 in /8  in
/8

1 1m >  \n  — — . 
2 /2  8

Remark. The method with a slight modification would easily give m s i~ _  — ej/w

as well.
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KONVERGENZ VON QUADRATURVERFAHREN 
VOM GAUSSSCHEN TYP

v o n

H. ESSER

I Einleitung

Es sei ••• < y m^ b , xknf[a, b], k =  1 ,2, ... n,

xk „ И Xj „k ^  j ,  Q(x) =  П ( x - y t T 1, 'A= 1. « i€ N, und Q(xk „) ^  0.
/— I

/(x )£ C [a , 6] besitze in jedem Punkt y t eine Peano Ableitung der Ordnung 
jtf, / [I‘]Q'I), dann existieren bekanntlich auch die Peano-Ableitungen der Ordnung

f lr‘4y,)  l S r , S 0( j - l ,  / = 1 ,2 , . . .ш  ([1] S. 200).
b

Zur Annäherung an das Riemann—Stieltjes Integral j fda(x),  ot £BV[a, b], betrachten
a

wir Gaußsche Quadraturformeln des Typs

m Xi— 1 n
О. i) Gn( f )  = 2 2  2  Ak'„f{xkin).

i =  1 k = 0  k =  1

Ist a(x) monoton wachsend in [a, b] mit unendlich vielen Wachstumspunkten und 
ß ( x ) S 0 jc€[a, ti\, dann läßt sich die Existenz der obigen Formel (1. 1) beweisen 
([7], [8] S. 9 f). Sie ist dann die eindeutig bestimmte Formel des Typs (1. 1), die 
Polynome bis zum

m
Grad N +2n,  2  a; =  N +  1, exakt integriert.

l ' =  !

Sonderfälle von (1.1) sind die bekannten Radau-Formeln, Lobatto-Formeln 
([2], S. 39, 40), verallgemeinerte Radau- und Lobatto-Formeln ([3], [4]).

Im zweiten Abschnitt wird eine Methode zur Aufstellung der Gaußschen For
meln angegeben, die es erlaubt, ihre Bestimmungsstücke aus denen von bekannten 
Gauß—Jacobi Quadraturverfahren zu ermitteln.

Im dritten Abschnitt zeigen wir die Konvergenz der Gaußschen Formeln des 
Typs 1. 1 für jedes fd C [a ,  b], das in den Punkten y, eine Peano Ableitung der Ord
nung a; besitzt. Die Idee zu dem einfachen Beweis von (3. 2) verdanke ich einer 
persönlichen Mitteilung von Herrn Prof. G. F r e u d .
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I l  K o n s t r u k t i o n

Sei С ^ [а ,  b] die Menge aller auf [a,b] stetigen Funktionen, die an jedem 
Punkt y h i = l ,2 ,  eine Peano Ableitung der Ordnung cc,- besitzen.

Sei f f  Clf f [a ,  b] und P f= H N(f;  x) das eindeutig bestimmte Hermite-
m

Interpolationspolynom vom Grad ^  N, TV 4- 1 =  2  ao
i=i

(2 .1 ) # * ( / ; А ) (к) = / ш 0>,) k =  0, 1, ... (а ,— 1), г'= 1, 2, ... m. *)

Mit Q =  I —P ( /=  Identität) gilt /  =  P f + Q f  Sei nun Q„g eine Quadraturformel 
der Form

Q n g =  2  A k , n g(xk,„),
k =  1

dann setzen wir
b

(2 .2 ) G „ f=  j ‘ Pf da +
a

Gnf  ist eine Quadraturformel der Form (1. 1), und es gilt

C j  f f  da für /€ Р д , **>
а

Es ist klar, daß (2.2) genau dann die Gaußsche Formel des Typs (1. 1) ist, falls
b

(2 .3 ) Qnf  =  J  f  da für jedes /  der Form / =  Q(x)P 2„ - i ,
а

oder äquivalent
b

(2 .4 ) Qn{ki(x)P2„ - i)  =  / f 2» - i ö W *  für jedes P2„ -i iP z n - i  ■
а

Unter den eingangs getroffenen Voraussetzungen über (2(x) und a(x) ist bekanntlich 
(2. 4) die definierende Eigenschaft des Gauß—Jacobi Quadraturverfahrens zur Be
legung dß =  Q(x)da ([6] S. 100, [5] S. 26 f.). Daher gilt

L e m m a  1. Sind {xk „}£= t die Nullstellen des Orthogonalpolynoms p„(dß, x), und

A k n = — — у  CK „, wobei die Ck n die Gewichte der Gauß—Jacobi Quadratur-

formel zur Belegung dß sind, dann lautet die Gaußsche Formel des Typs (1.1)

(2. 5) 

mit

G „(f) -  /  Pfdcc +  Q„(Q f), f f C l ß f a ,  b],

ö n ( ö / ) =  2  Ak,n(Q f)(xk'„)-k= 1

•) f l 2  = f ( y f
**) =  Menge aller algebraischen Polynome vom Grad ^ N .
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III. Konvergenz

Sei f£ C y f iJ[a, b\, dann gilt wegen

f  fd a  =  J  Pfda +  J  Q f  ch.
a a a

b
lim G„(f)  =  J  fd a

und (2. 5)

(3 .1) 

genau dann, falls
b

(3 .2 ) lim QniQf) =  f  Q fda  für jedes b],

L emma 2. Sei / £  Cj*'1 [a, b], dann gilt

(3.3) lim ,v g|! { /(x )- / / „ ( / ;* ) }  = f ™ ( y i) - H N( f , y , ) M  /= 1 ,2 , ... m
v* Уi)

Beweis. MN(f;  x ) £ P N; daher ist nach der Taylorformel

* = 0 a ! 0Í,!

Wegen (2. 1) folgt
min {x, >,} <  max {x; j',}.

HN(f,x)= 2  ' ,.yJ-(x-yi)k +f fN(f;  c,-)(
«,•!

«i)
'(a - r,')2‘.

{/(*) -  H N ( f \  X ) }  =  {/(X) -  У  f - (*-л)Ч- #*(/;

Da / €  Cv[“'][a, 6], folgt daraus die Behauptung.

Satz 1. .SW f  £ C l f ][a, b\, dann gilt für die Gaußschen Formeln (1. 1)

h
lim G„(f) =  f f  da.

n

B ew eis. Sei Q $ (f)  die Gauß—Jacobi Quadraturformel zur Belegung 
dß =  Q(x)dy..
Nach Lemma 2 ist

ifi l ( x ) { f ( x ) - H N( f ;x ) }  x^ y 'i  
</>(*) =  Ilim  Q ~ l (x){f(x) — HN(f;  x)} x = y t
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eine auf [a, b] stetige Funktion; daher ist ***)

ь ь
lim QMv) =  J  (pdß =  f  Q f  dec.
л -* “  и а

Aber

Q U v )  =  2  ' TCKn( Q f ) ( x k,n) =  QniQf)
k =  1 “ (  x k . n )

wegen Lemma 1. Damit ist alles bewiesen.
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tion (z. B. [6] S. 106).
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Н Е К О Т О Р Ы Е  С Л У Ч А И ,  К О Г Д А  Т Р И Г О Н О М Е Т Р И Ч Е С К О Е  
И Н Т Е Р П О Л И Р О В А Н И Е  Д А Е Т  П Р И Б Л И Ж Е Н И Е ,  

П О Р Я Д К А  Н А И Л У Ч Ш Е Г О

G. P. NÉVAI (Г. П. НЕВАИ)

Пусть 2л-периодическая функция/(х) г-раз непрерывно дифференцируема. 
Хорошо известно, что отклонение частных сумм ряда Фурье функции / (х )  от 
самой функции /(х )  имеет порядок log/2 -w~ra>(/(r); я -1 ). Г. И. Н а та н со н  
в работе [1] доказал, что при некоторых ограничениях, наложенных на функ
цию /(х ), множитель log п может быть опущен, т. е. суммы Фурье дают приб
лижение, порядка наилучшего. В этой работе мы покажем, что аналогичный 
результат имеет место в случае интерполяции.

В § 1. сформулируем, а в § 2. докажем основную теорему. В § 3. будем  
доказывать вспомогательные леммы.

Выражаю глубокую благодарность моему учителю, Г. И. Натансону, 
за постановку проблемы и за ценные указания, без которых эта работа не была 
бы выполнена.

§1-

В работе используем обозночения книга А. Ф. Т им ана [2].
Функция /  называется ^-монотонной на отрезке [a, А], если для всех х  и 

<5ё0, для которых X, x +  qô£[a, A], Alf(x)  сохраняет знак.
Класс тех 2л-периодических функций / ,  для которых существует такое 

разбиение Q = ç (f  ) отрезка [ — л, л] на N частей

(1) в : — л =  С0 -=С1 <  <С ^ =  л,

что на каждом отрезке [ск, ск+,] (Аг=0, 1, ..., N — 1) функция/ есть ^-монотонна, 
обозначим через M(N, q).

Будем говорить, что мажоранта ш(<5) удовлетворяет условию (э^), и 
писать о>((5)6(^), если существуют А > 0, д£(0 , 1), такие, что

(Ж) w(nS) ё  /1и"сц((5),

при 0-=<5<л и /; =  1,2, ....
Пусть /(,х) есть функция периода 2л и £>„(х)-ядро Дирихле, т. е.

( 2) П„(х) =
sin
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Тогда тригонометрический интерполяционный полином «-го порядка, сов- 
подакнций с /  точках

ттк
(3) =-- - , к =  0, ± 1 , ± 2 , . . .2 п +1
выражается формулой

( 4 )  S„(X, / )  =  ,  2 , 2 Д 4 И))  A , ( *  -  Д ° ) .In +  I к=-„

Т еор ем а. Пусть г неотрицательное, целое число.

А. Если / Ç W r̂)H0, П М (N, г +1 ), и со(<5) Ç ( *  ), то тогда

( 5 )  \ f { x ) - S n(x ,f) \  =  О

где константа в ,,О ’’-члене зависит от г и со(б).
Б. Если / €  W(r)Н<я П  М (N, г+2), то тогда справедлива ( 5 ) ,  но в этот раз 

константа, входящая в , , 0 ”-член зависит только от г.

Зам ечание 1. Условие кусочной r + 1-монотонности функции /  нельзя 
заменить условием отраниченности вариации / ,г>.

Зам ечан ие 2. Условие (Ж), наложенное на мажоранту со(<5) существенно.

/ [
Í 1 ï

logjY
sin

n + 2 l X
n , n

§ 2 .

Под h будем понимать выражение
2п

В этом и следующем параг-2« + 1
рафах будем пользоваться модулями гладкости различных порядков, опреде
ления и свойства которых даны в книге А. Ф. Т им ана [2] (стр. 115).

Возьмем произвольную точку х =  х0 , и зафиксируем ее. Всюду в дальней

шем будем считать 0 <  x 0 ä  71 , f ( x 0) =  0(см. [3]).
2« +1

Л ем м а 1. Пусть {у‘}-=0 произвольная последовательность (г +1 ) чисел, 

х 0 любая точка, т =  P ^ * j. Тогда существует единственный тригонометри

ческий полином / / .  (х) порядка х, удовлетворяющий условию

(6) HT{x)(i)\x=Xo =  ÿ ,  i =  0, 1, ..., г,

если при нечетном г свободный член в Н, (л ) равняется нулю. Далее

(7) шах |tft(jt)| s  С(г) шах | / |  *.
— л х̂- п̂ О ̂  г

Все константы обозначим через С, и в скобках укажем, от чего они зависят.
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Построим теперь такой Hz(x), что

(В) tft(x)(i>U=*0 =  /(* ) (0L=*o> /= 0 ,  1, Г.

Пусть

(9) g(x) = f ( x ) - H T(x).

Функция g(x) обладает следующим важным свойством

(10) £(*)(i)U=*o =  0, i= 0 ,  1, г.

Пусть п >т. Тогда Sn(x0, f ) —f ( x 0) =  S„(x0,g).  Значит мы должны оценивать 
\§n(x0,g)\-

Определим функции Ак(х) (к =  0, ±  1, v=0, 1, ...) следующим образом.
Положим

Ак(х) =  g(x(kn)) Dn(x -  х (кп)).

Если же V > 0 , то положим

(11) АЦх) =  -* И Г 1 (*)-M t+l (лг)].
Л ем м а 2.

( 1 2 )

где

(13)

(14)

далее

(1 5 )

АЦх)
1

2* 2  ClAJ,~'g(хкп)) D‘n (х 
1 =  0

( л )
к + V - ,).

à i g ( x n  = i  ( - 1  Y - J C f g i x f t j ,
,1 =  0

D'n (х — хкп)) =  2  C r D S x - x f í , ) ,  

S„(x0, g ) =  2 2  Al(x0), v =  0, 1, ...
ZU +  1 k = —n

Лемма 2 доказывается с помощью индукции по v. Отметим, что (15) есть собст
венно говоря преобразование Ньютона формулы (4).

Зафиксируем число v. Пусть v =  R (ниже увидим, что нам годится R =  r + 1 
или R =  г +  2. Будем считать, что п >  Л +  1. Выделим те значения к, для кото
рых в (14) значение аргумента D‘„ будет близко к нулю. Точнее запишем

S„(xо, g) =  S '  (х0, g) +  S„2(х0, g),

(16) S ' ( x 0 , g ) =  ~ 2  ^ k (x 0),
zn  -+- 1 k= -R

(17) S„(xo,g) 2
2/7 4 - 1

2 +2 A£(x0).
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Л ем м а 3.

(18) |S.4*o,*)I = о
■ f 1sm w+ y

n

n~rœ i
n

константа в ,,0”-члене зависит от R и г.

Ввиду (18) мы должны оценивать только (17). По (12) и (17) имеем

S„ (х0, g) = 2  Sn (х0, g)i,
Í= 1

где

(19) S ï ( x 0 ,g ) i  =
2 1 ( - « гУ I у

2n 4- 1 2R L=-n 1

(20) S„2 (x0 , g ) 2 =
2 R

2n +  1 2R L i

Aîg{x\r')DRh{x 0 - * # * ) ,

Z  +  2  M a 1 g(Xkn)) D l  ( x 0 -  x f í R _ , ) ,
k =  —n k =  1

(21) Sn2(x0, g h  =  2п2+ 1 ^ Д с к 2  +  2  M a ig(Xk'>) DU x o - x (knl K_i)
к = —n к — 1 )

Л ем м а 4. Если R =  г+1 и ю(<5) £ ( 4*0> или же R =  т +  2, то тогда

(22) \Sn(x0.g)j\ =  О п Гш
sin I/Î+  2 р о

.1 =  2 ,3 ,

где при R =  г+1 константа в ,,0”-члене зависит от г и co(ő), а во втором случае 
только от г.

В силу (22) в дальнейшем мы должны оценивать (19). Теперь мы добавим 
и вычтем из (19) выражение

(23) S 2(x о, / / т), =  2/Д  j ~  ( “j f  +  kÊ  ] A £fíT(xln>)D°n(x0 -  x<"lR).

По (9)

(24) S,I (x0, g ) t =  §Ц(x0 , / ) ! -  S 2 (x0, tfr) i , 

где

(25) S 2(* o , / ) i  =  2/Д , Д (T +  Íj A£f(x<2)D°n(x0 - x f t R).

Л ем м а 5. Если R =  r +  1, c o ( < 5 ) £ ( - ^ )  или R =  r+2, то

(26) |5п2(хо, Я г),| =  О

. f 1
1 '

sm j" +  y j Xo

n ,
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при R =  г +  \ константа в ,,0”-члене зависит от г и œ(ô), при R — г +  2 только 
от г.

По (24) и (26) наша цель оценивать (25). Теперь положим R =  r + 1 или 
R =  г +  2, в зависимости от того, что функция /  кусочно (г-Н ) или (г +  2)-моно- 
тонна. Наничая с этого места будем использовать тот факт, что f£ M ( N ,  R). 
Прежде всего определим последовательность {А:,.} вида

Таким образом мы получили множество {А,,}. Из этого выбросим те Ад, для 
которых — f t s A ^ O . Полученное {А,,}'очевидно можно снабжать индексами 
V так, чтобы {кД было вида (27). Какими свойствами, важными для дальней
шего, обладает {А,,}? Ясно, что

сохраняет знак. Это вытекает из того, что [**"+1 , xj£  , _ i + R] полностью содер
жится в одном из отрезков [с,-,с(+,] (/=0, 1, . . . ,  N — 1). Теперь (25) можем  
переписать в виде

(Q i~kQ2  — О) следующим образом. Рассмотрим (1). Пусть

есл и С, — Rh С, _ , 
если С, — R h ^ C i^ i

Обозначим через Ад те индексы к, для которых

N

i= 1

(28) Q ^  (г + 6) N

Далее, если только А,. < А < Av+, (v ^  — 1), тогда

(29) Л 1 К 4 п))

2 1 &2  Â l f ( x ^ ) D Ï ( x 0 -x'£'+R) =  Z  Sn2(x0, f ) \ .
'2 4
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Л ем м а 6. При R =  r + 1 или R =  r +  2 имеет место оценка

(31) l&2(* o , / ) î l
log N

sin [ n + l2 )x 0'.
Ш

nr n i — 2, 4,

константа, входящая в ,,0”-член зависит только от г.

Д о к а за т ел ь с т в о . Ограничимся случаем /= 4 . В силу (14) и (27) имеем 
следующую цепочку неравеств

l&2(* o , / ) í |
2 1

2л+  1 2R 2  Ahf(Xk?)Dn{x0- х ^ +к) ё
v= 1

Ä Ш« ( /;  h) 2 о*
-  2* 2» + 1  „-fi \Dn{x o ~ x f c \ R)\ u>Af',h) 2

2R ' 2л+  1
Ö2
2" 1А.С*о-**и))1-

На помним, что 0 <  x 0 s   ̂  ̂ и / £  И/(г) Н со. Значит

S,?(*o>/)íl =  0 \ h ro3{h)\ogQ2 sin Iл-Ь \  |х 0 I.

Утверждение леммы немедленно получается из (28) и неравенства

Для того, чтобы доказать основную теорему, нам осталось оценивать 
§1(хо,Г)\ (/=1,3). Следующие две леммы по существу доказал Г. И. Н атан сон  
в работе [1], но для полноты изложения мы их теперь докажем.

Л ем м а 7. Пусть функция / удовлетворяет всем условиям пункта А. тео
ремы и R =  r + 1. Тогда

(33) (* o , / ) i =  О
log N

fi
sin [и +  у )* о

r ^n n »= 1 ,3 ,

константа в „0”-члене зависит от г и со(<>).

Д о к а за т ел ь с т в о . Рассмотрим только случай /=  3. В силу неравенства

со sec х

(34)

п 1 (
* г т г

|S n ( * o ,/ ) l l  =

и по (2), (3), (14), (27), (29), (30) очевидно имеем

>)
s i n  ( ! +  2 ] х 0 е  ! * ! J *  f(xj?

2R+ 1 2
V =  1

2t=*v+i k -  1
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В силу (32) достаточно показать, что сумма в (34) имеет порядок « r \og N  - 
•со(л-1 ). Но

1 ! fcv+̂  1 A§ f ( x (kn>) 
v = i  I f t = f c v + 1  A — 1

I + 1 1 
2

\k = kv + 2

Л Г ' П х П - А Г 1/(х1:\г)
(k — 2 ) ( k —\)

+
k\ +1 2

.) * v + , - ‘  0 ) (  f < r ) .  (A_-/^-_l)A) 
t=C+2 (A — 2) (A — 1 )

Ö2-1
+  /ir 2

V =  1

co ( f " ; ( k v+1- k v- l ) h )
ky+i — 2

=  Ahrm(h) 2
k=3(a '

A"
■ 2) )A — 1)

+

-f Ahrm(h) (kv+l —Av— 1)**
А'уч- 1 2

Q y " 1 ( A v + i  — A v —  1 ) m )  

v = i  A v + 1  —  2  J -
Последняя сумма, как показано в работе [1], имеет порядок log Q2, значит в 
силу (28) лемма доказана.

Л ем м а  8. Пусть функция / удовлетворяет всем условиям пункта Б. тео
ремы и R  =  г +  2. Тогда имеет место (33), и константа, входящая в „О”-член 
зависит только от г.

Д о к а за тел ь ств о . Ограничимся случаем í=  3. Ввиду (32) достаточно 
показать, что сумма в (34) имеет порядок n~r log А*а>(л-1 ). Очевидно имеем 
следующую цепочку неравенств

v = i  | * = * v + i  А  — 1

-4?-,я с ,+о лв^лхц*) дг-1лх*(:,+1)к
К  k=& 2  ( A - 2 ) ( A - 1 ) +  A v + 1  —  2

(Ö2-1
^  u R- i ( f ;  /0 Z

(v= 1

1 “  1 % 1 ï
K  Á ( k - 2 ) { k - i y  Á K - 2 )  -

ë  hrœ(h) (2 log Q2 + C )  S  C(r)n  r log Nco

Последние три леммы доказывают основную теорему.

§ 3 .

Д о к а за тел ь ств о  леммы 1. (см. (6) и (7))

а) Пусть г = 2т, Пг(х) =  -£- +  2 (ak cos k x + b k sin Ах). Тогда (6) можем
2 *+i

рассматривать, как систему линейных уравнений относительно коэффициен
тов НТ(х). (6) имеет единственное решение тогда и только тогда, если ей соот
ветствующая однородная система имеет лишь тривиальное решение. А это
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последнее очевидным образом выполняется, так как в этом случае точка х 0 
будет нулем Hz(x) кратности 2т +  1.

б) Пусть г — 2т —1. Будем искать Ht(x) удовлетворяющий условиям

Теперь имеем г +  2 =  2 т+  1 условий. По пункту а) существует единственный 
/7Г(х), удовлетворяющий (35). Положим Нт(х) =  Нт(х)'. Это и будет решением 
нашей задачи.

в) Переходим к доказательству (7). Для простоты считаем /• =  2т —1. 
Обозначим матрицу системы (6) через К(х0). Тогда имеет место следующее 
неравенство (см. [5] стр. 411)

где ак, Ьк коэффициенты H t(x), ctik элементы F(x0)-1 . Значит ait =  (det T(x0))_1 
A ik, где Aik есть алгебраическое дополнение элемента Vik матрицы К(х0). Aik 
есть определитель матрицы порядка 2т — 1, все элементы которой по абсолютной 
величине не превосходят хг. Значит \Аш\шг\тг2. Отсюда |att| ^  C(r)(|det F(x0)])_ l . 
Но det К(х) есть непрерывная функция от х, det F(x)^0 при всех х, значит 
jdet F(x0)j_1 sC (r ). Отсюда по (36)

т 2 г — 1
(36) 2  (löfcl +  \Ьк\) S 2т шах У |а«| • max |у

* = 1 0^Л^2г-1 1 = 0

2  (к !  +1**1) — С (г) шах |у‘‘|.

(37)

Л ем м а 9. Рассмотрим функцию g(x), определенную в (9). Тогда

w (g (r>;ô) s  C(r)m(ô).

Д о к а за т ел ь ст в о . В силу (7) и (8)

a>(g(r); S) == с о ( /(г); <5) +  w (tft(r) ; 8) s

w(/<r);d)+<5 max |Яг(,+ 1)(х)| ш ( / (г); <)) +  <5тг+1 шах |Яг(х)| ё

Ш co (f(r)-, ô) +  C(r)ô  max | / (i)(x)|.
Ô í'̂ r

—п^х^к
Не трудно показать, что 

(38) max | / (i,(x)[ s  (2л)г со (2tz).
OSiSr — л- х̂шк

Эти неравенства и доказывают лемму.

Д о к а за т ел ь ст в о  леммы 3. (см. (16) и (18)). В силу (11) имеем
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Ввиду того, что 0 á x o s  —— - и по (2), (10), (37)

\S i(x0, 5)1 —

= (4) " (^<Г> ; о̂) + (л (Ä + 1 ))Г " <Г> ; л (^ + 1 ))
sin |п +  -  I л'о

sin 2я +  1

C(r, R)n~r ш(х0) +  sin п +  ? I Х 0 - 0 )
■))'

_  7Г S Í n ( / í  +  4 ) ; t 0
В силу (32) и неравенства х0 <  -  • ------- -—-—  лемма доказана.

Для доказательства леммы 4. нам понадобится

Л ем м а 10. Пусть R и i целые числа, такие, что i? >  0 и 1 Si~: R

(39) |/> i(* o -* f í* - /) l  — C(R)n sin и +

1
\k— l | i+1 ’ 

1
(k — Rÿ *1 ’

— i i ë f c s - R —

1 ^ k ^ n ,

где функция D ‘n определена в (14).

Д о к а за т ел ь ст в о . В силу (2), (3), (14)

l # ( * o - * f í j « - i ) l  =
sin I п +  ' I .Vo I

J*/2 v (n) V

s in ****"1 *°

Легко показать, что 2 1(x<knl R_i — x0) + ^  € 

Отсюда

v l " )  ЛГУ")
X k - ( l l 2 )  X k + R 

2 ’  2 при / 1  =  0,1

№ o - * $ * - , ) !  ^
sin |«  +  9 |.v0

Значит

|Я |,(*о-*й к -.)1
sin \n +  — \x0

10 i —1 sin /

A V 
2

1 Y(") ч Y<n) /l1___. X _ k - ( l / 2 )  X k  + R  . П

2 ’  2 ’  2

max |(cosec/)(i)|.
* k ~ (1/2) д xk+ R 

2  2

. Тогда 

1
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В силу неравенства |(cosec x)(i)| ^ (2 i — l)!!|cosec‘+1 x\, на доказательстве кото
рого не останавливаемся, имеем

\DUx0- 4 nU -d \ S
(2R — 1)!!

sin \ п +  2 |.Y0 a V
2 max

x k ’- ( l / 2 ) * k ’+  R

2  -  _  2

Ясно, что при — и i t s  —Л —1 max )coseci+1 í| достигается в точке í =  
=  2 ~íxjenl R, если 1 ^ k S n  — R, тогда в точке t = 2 ~ 1x£n2i , если же и — Л+ l S

Л")
^ к ^ п ,  то тогда этот максимум не превосходит cosec'+

что n >R .)  Далее в интервалах [ — у ,  á], [з,  ̂J (<5>0)

. (Считаем, 

имеет место оценка

I , I  1 „]cosecí| s  у  , . Отсюда заключаем, что

\Ш х 0 - 4 п2я-д\ — 
1

(2 Л -1)!! . 1
------2------ sin |н +  2 хо

l r ( " >  !i + 1  ’<x k + R

2

1

f * í - ( l / 2 )
/ +  1

l  2

1

<п) у + 1 ’
X n - R

или

(40) |£>и*о-**+я-/)1 ё  C(R)n sin 11+ 2 |лг0)

I к +  R

К —

1

- п Ш к ш —R —l 

l ^ k ^ n - R  

п — R +  1 ^ к ^ п ,

, -  n ^ k S  — R — 1

- ,  1 ш к ^ п  — R

Если покажем, что 

k +  R

(н — R)i+1 ’
h - ä +

S C ( ä )(1 s A-^h- ä ),

S C  (Л) (« — R +1 s  t  s  n), то (40) и докажет лемму. А эти утвержде-
п — к
ния очевидным образом выполняются.

Д о к а за тел ь ств о  леммы 4. (см. (20), (21),(22))
а) Пусть j —2. В (20) имеются две суммы. Ограничимся рассмотрением

S t u c i a  S c i e n t ia r u m  M a í h e m a t i c a r u m  H u n g a r i c a  7 (1972)



Н ЕКОТОРЫ Е С Л У ЧА И , КОГДА ТРИ ГО Н О М ЕТ РИ Ч Е С КО Е ИНТЕРПОЛИРОВАНИЕ 389

первой из них. В силу (39)

2 R - « г 1
2л+  1 2* *=4 „ ^А “ 1 g ( 4 n)) Е>п (х0 - x^ r- i) s

1 -R— 1
S C (ü )s in  n + ~ L  2  b > R - l ( . g ' , X k n) , X k  + R - l ' , l t )к=—п \ k - \

1
sin Л + у  Хо _я_!

12' —

S C (R )---- -— j, ' 2  <üR-í-Ag{r)‘, x l n\ x i nl R_i]h)-rr— yry.
n k=-n \k—1| •

Если R  =  г+  2, то по (32) и (37) пункт а) доказан. Если же R =  г +  1 и <у(<5)£( +  ) 
то последнее выражение не превосходит

C{R)
SÍn| ” +  i  1*0 _«_! 1

2  max |g (r)(OI ттг^ттт — 
к = —п  x i " > g < s x 0 I "  Е

^ C ( R )

=§ AC(R)

sin л + -  х0 _ л_ 1

n

. 1í 1 ]

s1II

sin r ^ J |*o
—  СО

> -

{ n ) k±L„ |fc— 1 2-ß

А это последнее в силу (32) имеет требуемый порядок.
б) Пусть j — 3. Будем оценивать только вторую сумму, стоящую в (21). 
В следующей цепочке неравенств мы используем (10), (37), (39), свойства 

модулей гладкости, далее то, что при / s 2 f (R~l) непрерывна.

2 1 R 
2//+1  2«,/; 2  Cr 2  Я  lg(Xk"^)D‘n(x0 — xkn+R_i)\ —

1
S  C{R) sin л +  Lv0 2  2  wR-i(g',xln\  x ^ R - i l  h)

7=2 *=1

S  C(Ä)sin n + y  ,r0 2  hR i 2  max Ig(R ° (a)l

1
(k '+ R)i+Í 

1

7 = 2 Í=1 xWs«Sí{?ii-i
R

ck +  R)i+i -  

1
S  C(R) sin « +  - -  x0 2  llR~ ‘ 2  max |g (R *>(ot)| . y+1 S

( 2 ) 7=2 *= 1 *0sas*í"+>K (k +  R)

1
á  C(Æ)sin л +  x 0 2  hR~‘ 2  (hik +  R))' R+r max |g(r)(a)l

i = 2  k = 1 xO — a — Xk + R (к +  л у

*  C(Ä)/.' sin ( » + } ) * >  i  +  •
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В силу (32) очевидно уже, что и при к =  r +  1, ш(<5)£(*) и при R =  г-4-2 (21) 
имеет нам нужный порядок.

Д о к а за т ел ь ст в о  леммы 5. (см. (23), (26)). Очевидно имеем следующее 
неравенство

| 5 „ 2 ( * o ,  Н т \ I  ^  Д  1 ^ ( * о - * П | .

Как показано в работе [4], это не превосходит

ü)R ( H T;h)  :J  , 1 
2* sin н +  — Ьс0 lo g / 1  + C .

В силу (6), (7), (8), (38) 31 неравенства Бернштейна имеем

sin |н +  ^
!5„2(-г0, Я г) 1| s  c (R)

sm \п+  2  \х0
logn max |Ят<Л)(а')| s

— Tî xrâK

^  C(R, / )
sin \n +  — \x0

log n max |ЯГ(*)|

=  C(R, r )sin |/z +  2  j-3'o со(2я).

Так как R =  r + 1 и co(<5)Ç(-£), или R =  г +  2, то в силу (32) лемма доказана. 
Таким образом мы доказали все вспомогательные леммы.
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АСИМПТОТИЧЕСКАЯ ФОРМУЛА ДЛЯ ОТКЛОНЕНИЯ 
ТРИГОНОМЕТРИЧЕСКИХ ИНТЕРПОЛЯЦИОННЫХ СУММ

G. P. NÉV AI (Г. П. НЕВАИ)

Пусть H(V, со)-класс 2л-периодических непрерывных функций, вариация 
которых по периоду не превосходит заданного числа Г (0< Г ^ °°), а модуль 
непрерывности — заданной мажоранты модулей непрерывности со(д). Пусть 
тригонометрический полином я-ого порядка Sn( x , f ) совпадает с f{x )  в узлах

Хк
2кп 

2п +  1
(к =  0, +  1, + 2 ,  ...),

т.е.

Sn(x , f )
2я +  1 f(Xk)Dп ( х - х к),

где £>„(л)-ядро Дирихле. В настоящей работе мы докажем следующую теорему. 

Т ео р ем а . Справедливо асимптотическое равенство

О) sup | / ( х ) - 5 „ ( х , / ) |  =
f i  Н(У,  о )

1— sin Я+ .V log 1 +  min п,
V

2 со 2п
\2п +  lj

œ IK
2п +1 +

+ о со

sin я-Ь

где константа, входящая в ,,0 ”-член абсолютная.

Еслуко(0) =  ~2 Д (0<  v e  °о)или же V=°°, то наш результат совпадает с резуль-

V
татом С. Н. Н икольского для классов — Lip I и Н№ соответственно (см. [1]

стр. 45). Аналогичную задачу рассматривал В. Г. К ом и нар  для сумм Фурье 
(см. [2], стр. 197—201).
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Л ем м а. Пусть О <  x  ^  2n +  l ’ =  / W —/

(2)

2n
2n +  l Тогда

S „ (x ,f ) - f (x )  =  2n +  \ [ Л  ,+  2 \ A R xk )D „ { x -x k) +  0 CO f;
|sin |/7+ -- |x |

где константа, входящая в „O’’-член абсолютная.

Д о к а за т ел ь ст в о  Леммы. Пусть g(x) =  f ( x ) —f(x). Непосредственный 
подсчет показывает, что

<3) Sn(x ,f) - т  =  l2- s ' ( x , A f ) + j S'n(x .A f)  +  S'n \ x + ~ ~ v  Af +

+  - ^  (x -
2n

Sn(x, g) +  2Sn |х  +  2и +  1, g | +  5^
4n

2n +  1 £ +  2» +  l g(0 )A '(^

тде S'„ означает, что в соответствующей интерполяционной сумме не участвует 
слагаемое с множителем Dn(x—x0) — Д,(х). Написав явный вид второго и 
третьего слагаемых в (3) и используя очевидные соотношения

W ( x k)\ { '
0 1\Cú / —{ t, « J Jf-  „ II, \g(xk)\ =  0 \ œ \ f ;r. 1*11)

\D(x -  xk) +  D„(x -  xk+1)\ =  O sin0 sin 1 'n + X
II l 2 J

n
F

0 , — 1 ) ,

\D „(x -xk) +  2D n( x - x k+i) +  Dn( x - x k + 2)\ =  O sin I « +  y  I x k\3j

(k ^  0 , - 1 , - 2 ) .

sm , " + t ) X CO =  O CO / ;
Isin \ n +  ~2 I x|

будет ясно, что они имеют порядок остаточного члена в (2). Четвертое же сла

гаемое в (3) по абсолютной величине не превосходит&>(/; x )^ œ  | / ; Sl’n(«+  т)*! j 

Лемма доказана.

Д о к а за тел ь ств о  Теоремы. Возьмем произвольную точку х = х  и ее

зафиксируем. Всюду в дальнейшем будем считать 0 < x S 2 п +1
(см. [3]). В силу
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Леммы мы должны оценивать суммы, стоящие в (2). Будем рассматривать 
только вторую из них. Она не превосходит

<4) 2п +  , Д  14Я**)1 \Dn( x - x k) \ .

Так как мы интересуемся наибольшим значением (4), то мы в праве считать, 
что |4/'(х*)[, убывает с возрастанием к (см. [4], стр. 184). Отсюда заключаем, что 

V
14Дх*)1 =  TÍ7  Обозначим

А К

(5 ) N  =  min
V

2a>
2л

2« + 1

Тогда (4) можем переписать в виде

N п

S  т г —  СО 2 л

1
2« +  1 

2л
2 л +  1

со

1 , J I 2  +  2T- 1 \k= 1 fc = N+l

2я

14А**)1 1А(*-**)1 —

2и +  U Д  1D"(л Ла) +  2 (2« +  1 )

sin \п +  - -  л-1 (log (TV +  1 ) +  О ( 1)) +  О Г sin

И

2 \Dn(x
кk = N +  1

i l  • 1
sm

Г  2 J X V УУ ^  L'2 ‘k=N+1 К )

Ввиду (5) последнее слагаемое раняется нулю, либо имеет порядок 

в зависимости от того, что N = n  или N < n  соответственно.<а | ]sin(n+i)^lj

Таким образом мы доказали неравенство в (1). Нам осталось построить 
такую функцию / ( / )= /(? ,  п, х), которая (1) обращает в равенство. Пусть

-, ?0 корень уравнения со(а) =  2ео(/). Положим2 и +  Г

О,
— \ w ( t  — а ) ,  a S í S 2 a ,

(— 1 )fc +1 со (а) — œ(t — /са)}, k o rs t  s ( k  +  1)а, к =  2, 3, ... ,  TV — 1, 

/ (О  = •( (— l)N+1{!co(a) —m(í —TVa)}, TVa^ígTVa +  í0>
0, TVa + í0 s  t S  л,
/ ( — í + a), — л ^ /^ 0 .
/ ( '  + 2 л) = / ( / ) .

Такого вида функции впервые рассматривались С. М. Н икольским (см. [1] 
стр. 49). Как показано в работе [5] (стр. 493) œ(f; 0)шш(0). Ввиду (5) ясно, что 
var / S K  Значит ш). Не трудно убедиться в том, что функция f ( t )

l-п, п]
есть искомая экстремальная функция. Теорема полностью доказана.
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ÜBER EINEN SATZ VON V. F. GAPOSCHKIN

von
K. TANDORI

1. V. F. Gaposchkin [1] hat die folgende Behauptung mitgeteilt.
A. Es sei {</?„(*)}Г  eifl im Grundintervall (a, b) orthonormiertes Funktionen

system und {M„}7 eine Folge von positiven Zahlen mit

2  mes ((a, b) П E(\tp„(x)\ =- Mnj) <  °°.
П= 1

Gilt

<1) 2  ri !°g2 ( Z  kl Mk+ l) <
n =  1 \ k =  1 )

dann konvergiert die Reihe

(2) 2  an<Pn(x)n= 1
in (a, b) fast überall.

(V. F. Gaposchkin hat diese Behauptung in einer ziemlich allgemeineren Form 
— für nach einem beliebigen Mass orthonormiertes System — ausgesprochen. Diese 

Allgemeinheit ist aber für die Nachfolgenden unwesentlich.)
Aus der Behauptung A folgt unmittelbar der folgende Satz.
B. Ist die Bedingung

(3) 2  an log2 Í Ê  k l  +  11 <  00
n= 1 u=l )

erfüllt, dann konvergiert die Reihe (2) für jedes in (a, b) gleichmässig beschränkte 
orthonormierte System {<pn(x)}™ in (a, b) fast überall.

V. F. Gaposchkin hat noch die Frage aufgeworfen, ob die Bedingung (3) 
notwendig dafür ist, dass die Reihe (2) für jedes in {a, b) gleichmässig beschränkte 
orthonormierte System {<p„(x)}f in (ö, b) fast überall konvergiert.

In dieser Note werden wir eine schärfere Behauptung beweisen.

Satz. Ist (3) erfüllt, dann konvergiert die Reihe (2) für jedes orthonormierte 
System {(/>„(a )}“  in Orthogonalitätsintervall fast überall.

(Im folgenden verstehen wir unter log a das Logarithmus von a mit der Basis 2.) 
In der Arbeit [1] sind mehrere Folgerungen der Behauptung В erwähnt, die 

für gleichmässig beschränkte orthonormierte Systeme gültig sind. Nach unserem 
Satz sind diese Folgerungen auch für beliebige orthonormierte Systeme richtig; 
diese Folgerungen werden wir aber hier nicht ausführlich zitieren.
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Im Punkt 3 dieser Arbeit werden wir zeigen, dass die Bedingung (3) nicht not
wendig dafür ist, dass die Reihe (2) für jedes orthonormierte System {<p„(x)}f im 
Orthogonalitätsintervall fast überall konvergiert. Endlich, in Punkt 4 werden wir 
die Verhältnisse der Bedingung (2) zu den anderen bekannten Konvergenzkriterien 
untersuchen.

2. B eweis des Satzes. Für eine Koeffizientenfolge {я„}Г setzen wir
ь

11ЫП12 =  sup /■ sup (,ai(pi(x) +  - ~ + a J(pJ(xj)2dx,
{<!>„) a

wobei sup bedeutet, dass das Supremum für jedes in (a, b) orthonormierte System
(«>„}

{<p„(x)}f gebildet ist. In der Arbeit [4] haben wir gezeigt, dass aus

(4) IIЫ  ГII < °°
die Konvergenz fast überall in (а, b) der Reihe (2) beijedem in (a, b) orthonormierten 
System {<p„(x)}~ sich ergibt. Zum Beweis von (4) ist es offensichtlich genüngend zn 
zeigen, dass

b
(5) / sup(a1çj1(x)-i------ \-an(pn(x))2dx <  Cj

a  l s n

für ein beliebiges in (a, b) orthonormiertes System {<p„(x)}f mit einer positiven, 
Konstante Cj gilt. (Im folgenden bezeichnen C j, C2, ... positive Konstanten, die 
nur von der Folge {a„}“  abhängen können.) Wir werden also zeigen, dass aus (3) 
die Abschätzung (5) sich ergibt.

Nehmen wir an, dass (3) erfüllt ist. Dann gilt

2  ö» <  0 0
n= 1

offensichtlich, und so konvergiert die Folge {a,,}Y zu 0. Es sei {a„k}7 eine Anordnung 
der Folge {a„}Г, für die Jani|S -" S |ö „ kjs---  erfüllt ist. Es sei Z, die in der natür
lichen Anordnung geordnete Menge der Indizes nk mit 22!< k s 2 2' + 1 (/= 1 , 2, ...) , 
weiterhin sei Z 0 die in der natürlichen Anordnung geordnete Menge der Indizes 
«1, ...,  «4;

Es seien / und i natürliche Zahlen. Wir bezeichnen mit Z*(i) die Menge der 
Indizes n£Z,,  für die

2  k l  s  (22!+i) l/4
к

k £ Z t + i ; k ^ n

ist. Für jede natürliche Zahl / gibt es offensichtlich eine natürliche Zahl i0 derart, 
dass für i> /0 Z * ( i)— 0  ist. Dann setzen wir

z r  d )  = 0  Io), Zf* (io) =  Zf  (I0),

Z f*( i)  =  Z f ( i ) \  Û z ? (k )  (1 =  1, ..., i0 -  1),
fc=i +1

z n 0) =  z , \  Ű zf* (k) .
k =  1
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Offensichtlich sind
oo

Z, II N
 

— *
 * 0 = 1,2, ...);; Z(**(/)nZT* ( . / ) =  0  0 = 1 . , 2 , . . . ;

und aus der Definition von z** (/) folgen

(6) 2  al log2 1 2  k l  +1 ) . c 2( 2 ^ ) ( 2 ,+')2 ( z i g z r o ) ; ; / , / = ! , 2 , . . . ) ,
n£A \Jfc= 1 пел

(7) 2  1ak\ < (22,+ ‘П 1/4 ( n e z r a ) ; / , 5 =  1, 2, ... ; /:= 0, 1,.
k(.Zl + l + s;ksn

Es gilt noch offensichtlich, dass aus n^Z**(i), m £ Z * * ( j )  ( / =1 ,2 ,  ...; 0 s / < / )  die 
Ungleichung folgt.

Es seien /(^ 1 ), /(= 0 ) beliebige ganze Zahlen. Für jedes 5 (s=  1,2, ...) defi
nieren wir die Menge A(l, /', s) folgenderweise. A(l, /, 5 ) sei die Menge der Indizes 
m £Z i + i+s, für die m < n  mit einem Element n von Z**(i) erfüllt ist. Aus (7) folgt

(8) 2  k l  <  (22,+,+>) 1/4. ( / , 5 = 1 ,2 ,  ...; / =  0 , 1 , . . . ) .
k £ A ( L  /, s)

Es kann leicht erreicht werden, dass für jedes /( =  2,3,  ...) die Mengen А(Л, /, 5 ) 
(Л, 5=1,  2, ...; i= 0 , 1, ...; Л +  /+5  =  /) paarweise disjunkt sind. Offensichtlich gilt

A , =  U А (Я, I, 5 ) Q Z, ( /=  2 ,3 , . . . ) .
■í.ss 1 , íeo
A+ 1 +  5  =  Z

Wir setzen für jedes /(^ 2 )

Z,(i) =  Z t * ( i ) \ A ,  ( / = 0 , 1 , . . . ) ,
weiterhin sei

z 1(/) =  z r (0  0 = 0, 1, . . . ) .

Nach obigen sind die Mengen Z 0, Z,(i) ( / = 1 , 2 , . . . ;  / = 0 , 1 , . . . ) ,  A(l, i, s) 
( / , 5 = 1 ,2 ,  ...; /= 0 , 1, ...) paarweise disjunkt, und ist

z „ u U U z , ( i )
Vl= 1 1 = 0

U (  и A (l , i ,s j)
l .sm  1 , /е 0

mit der Menge der natürlichen Zahlen gleich. Die Mengen Z,(/) ( / = 1 , 2 , . . . ;  
/= 0 , 1, ...), A (l,i ,s ) ( / , 5=1 ,2 ,  ...; / = 0 ,  1, ...) seien geordnete Mengen, wobei ihre 
Elemente in der natürlichen Anordnung angestellt sind. Aus (6) folgt

(9) 2  a»2 log2”€Z,(0
УjLjk= 1

ak\ +  1 C2( 2  a l ) (2,+ f)2 ( / , / = 1 , 2 ,  ...).

Um

2  * > g 2n€Z,(0)
0 = 1 , 2 ,  ...)
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zu abschätzen, nehmen wir

c 3 = Z  an = Z  Z  an = Z  Z  an = Q  Z  min a2 22l+1,
n = l  l =  O n £ Z t Z= 1 n / =  1 Jfc €Z,

woraus

( 10) шах |я4| — min |afc| == , 2
t€z, + 1 sez, у  22

( / = 1 , 2 ,  ...)

sich ergibt. Es ist weiterhin

( 11)

Ist für ein / ( s  1)
fÖ2 '
Q

min |orfc! =i — 6 
*€ z0 J 2

2  |e„| <  (22,) ‘/4,
n € Z j ( 0 )

dann gilt auf Grund von (10) und (11)

( 12) ^  a2A  2‘)2 (2')2
n € Z , ( 0 )  n € Z , ( 0 )

Nehmen wir an. dass für ein / ( S 1)

|a„|(2')2 min |üTfc| si C7 .
* £  Z , _ ,

2  k l  =  (22')1/4
n£Z,(0)

gilt. Dann sei 3 .3 0  ($ =  1, 2,+ 1) diejenige Untermenge von Z,(0), die folgender
weise definiert ist: w £ 3 s ( 0  gib dann und nur dann, wenn n£Z ,(0) und

max \ak\
k t Z , (  0 )

2S

max о,.
к az, (О)

erfüll sind. Weiterhin sei

З 2- З О  =  z , ( 0 ) \  Ü 3 3 0 -

Dann ist auf Grund der Definition von 3 3 0 :

(13)
n € Z , ( 0 )

21 + 2
2  a2 log2 2  I«*! +  1 - 2  2  я» log2 2  Ы  +1  =

S = 1  n C 3 s  (0

=  2  2  a«iog2 ( 2  k l  +  i ) ^ c 8 2  0(23 s ( / ) i°g2 (as3 s(/) + 1 )>
S = 1  я € 3 S ( 0  fc € 3 s (0  s = l

wobei as =  max \ak\/2s ist, und 3 3 0  die Mäshtigkeit der Menge 3 3 0  bezeichnet.
fc€Z,(0)

Ist für ein 5 ( l g i S 2 ,+ 1)

dann gilt 

(14)

«-3.C0 s  (22 ) 1/4,

«s23 s(/) lo g 2 (as3 s( / ) + l ) ^ C 9( 2  an) (21)2.
n€3s(0
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Ist aber für ein s ( l S i ^ 2 l+1)
« .3UO <  (22')1/4,

dann gilt auf Grund von (10) und (11)

=  Г22'31/4
(15) ( 2  a„2) ( 2 m i n  |а,|(2')2 S  Cu

n € 3 . ( 0  * e z , _ ,  t z  ;

Weiterhin ist
min al  2

(16) ( 2  an)(^')2 — C12^^f;rî 22, + 1(2')2 ш C13-^ ^ - .
"€32I + j(.) 2  Z

Aus (13), (14), (15) und (16) ergibt sich

( 2  яп)(2()2 — Cx4 2  «» log2 I 2  k l  +  1
n € Z , ( 0 )  n € Z , ( 0 )  1

Daraus und aus (12) erhalten wir also

+  Cjs
(2')3

n 2!)1/4 ‘

(17) ( 2  к)(2')2 ё С 16 2  an log2 2  k l + 1 + 7 2̂ï
r t£Zt (0) • * - 1 1.w €Z ,(0 ) .fc= 1

(2')3
(22') 1 /4

Aus der Definition von A(I, i, s) und aus (8) folgt endlich

/•л21 + < + * \ 1 / 4  / 2 l + i  +  s \2

(18) ( 2  ди)(2|+<+0 2 S  C17 ; , 2„ <+Л /2 (2,+i+0 2 =  C17- 1
n £ A ( l , i , s )  )

( / , 5 = 1 , 2 , . . . ;  i = 0 ,  1 , . . . ) .

2̂2l + i + ̂ l/4

Weiterhin gilt offensichtlich

(19) ( 2  ön)22 C1B
«ez0

Nach diesen Vorbereitungen können wir unseren Satz beweisen. Wir setzen 
die Mengen

£  =  U Ö Z,(i), F = Z 0 U (  U A(l,i ,s)) .
1=1 i= 0  / , s ^  1 ; / ^ 0

Nach obigen sind E und F disjunkte Mengen, und ihre Vereinigung ist mit der 
Menge von natürlichen Zahlen gleich. Die Elemente von E bezeichnen wir mit 
Vi, v2, ... (v1< v 2<---).

Es sei {<p„(x)}f ein beliebiges orthonormierte System in (a, b). Wir bilden die 
Orthogonalreihen

2 1 =  2  an(pn{x) =  2  aVk(pVk(x),
n£E k= 1

2 2 =  2a„(p„{x).
n £ F
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Aus einem bekannten Resultat (s. z. B. [4]) folgt
b oo

(20) f  sup (aVl (pVl (.x) +  ••• + aVk<pVk(x))2 dx  s C 19 2  a2 \og2 ( к + \ ) .
a k k= l

Es sei к eine beliebege natürliche Zahl. Dann gibt es ganze Zahlen /(^ 1 ), z( =  0) 
mit vk£Z fi) .  Auf Grund dei Definition der Mengen Z,(/) gilt aber

к S  C20(22l+T \
und so ist

log2 (k +  1 ) s  C21 (2Í + Í)2.

Aus (3), (9), (17) und (20) erhallen wir 
ь

(21) Г sup (aVl <pVt (x) H------ h aVk <pVk (x))2 dx =s
« k

^ C 22\ 2  an log2 u i KI+1) + J  ß h 4 1 " Ci3
Im folgenden benützen wir das Lemma von D. E. Menchoff und H. R ade

macher ([2], [3]).
Es seien ct , . . . , c N (/V ë I ) reelle Zahlen und {ф„ (x)}'/ ein in (a, b) ortho nor

miertes System. Dann gibt es eine Funktion S(x) mit folgenden Eigenschaften: es 
gelten

max \cxxjji (x)A------ {-спф„(х)\ S  ö(x) ( a ^ x ^ b ) ,
1 SnsüJV

b N
f  ô2(x)dx =E C24 log2 (A +  1) У c2.

а " = »

Die v-te Partialsumme der Reihe 2  2  bezeichnen wir mit 5v(x). Auf Grund der 
Definition der Menge Z’gilt die folgende Darstellung:

u(X> = íío°’W+ 2  2  2
1= 1 / = 0 s= 1

wobei bzw. (/'vjs)(x) gewisse Partialsumme der Summe

2 o  =  2  anq>n(x), bzw. Z t , i , s  =  2  anq>n(x)
nt Z0 n € А  (/, i, s)

( / , 5=1 ,2 ,  ...; / = 0 ,  1, ...) bezeichnet. Wir bezeichnen mit <50(x), bzw. mit ö , i>s(x) 
diejenige Funktion, die nach dem vorigen Lemma zu der Summe 2 o> bzw. zu 
der Summe 2 i , t , s  gehört. Dann gilt nach der Cauchyschen Ungleichung

sup|5v(x)| = S0(x) +  2  2  2  \ i , s W  =
V ! = 1  / =  0  s = 0

1 + 2  2  2  21+7+7
L / =  1 /  =  0 s = l  2

1/2

2  2 ’ 2  2l + i + s 0 2 : S ( X )
1= 1 i  =  0  s  =  1

1/2

Stuaia Scientiarum M athem aticarum  Hungarica 7 (1972)



ÜBER EINEN SATZ VON V. F. GAPOSCHK1N 401

Nach Integrieren, auf Grund von (18) und (19) bekommen wir

( 2 2 )  / s u p s * ( x ) d x  S  C 2 5  f( 2  «n)22+ 2  2  2  2 , + i + ' (  2  * 0 ( 2 , + , + J ) :
*  I ..  r  *7 I _  1 ; _  Л  1 _  r  a  / 1 :  „ \n€Z0 / = 1 i = 0 s = 1 n ( /4 (/,/,.5)

=  ^26 1 + 2  2
~ (2, + i+*)3

^  Zj / л 2 Ï * i ■ - V 1 A
/ =  1 / =  0  s = l  J

— C27

Auf Grund der Definition der Summen 2 i >  und 2 2 erhalten wir aus (21) und (22)

/  s u p  ( ö !  (Pi (x) +  ■■ ■ +  an<pn(x))2 dx =

b
• + a Vk<pVk(x))2dx +  2 J  S l i p  s2(x)dx  s  2C23 +  2C27 

« v
<  00.

Damit haben wir (5) bewiesen. So haben wir gezeigt, dass aus (3) die fast überall 
Konvergenz im Orthogonalitätsintervall der Reihe (2) bei jedem orthonormierten 
System {М *)}Г  folgt.

Es kann auch die folgende stärkere Behauptung gezeigt werden.
Für jede Folge {ö,,}“ gilt

(23) 1 1 Ы П 1  S  c al  log2

mit einer positiven absoluten Konstante C. 
Es genügt diese Ungleichung im Falle

zu beweisen.
Nehmen wir an, dass (23) mit einer positiven absoluten Konstante C  nicht für 

jede Folge {a„}“ mit (24) erfüllt wird. Dann gibt es offensichtlich für jedes /eine 
Folge {я„(/)}Г mit

(25) 2  al (0  log2 ( д  к (01 +  !] -  2‘ 
und

(2 6) HK(0}ril>4' (/= 1, 2 ,...).
Es sei n ï die kleinste natürliche Zahl mit

Wir setzen

Aus (25) folgt 

(27)

2  k(/)| = i-n= 1

cn(l) =  an+nt- 1 (0  ( и = 1 , 2 , . . . ;

2  MOlog2 | д  M0I + ij s  2 /

/ = 1 , 2 ,  ...). 

( /= 1 , 2 , . . . ) .
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In der Arbeit [4] haben wir gezeigt, dass für beliebige Folgen [a„}T, {/>„}Г

(28) ИЫГ11 S  2  k l ,B=1

(29) 11К + МП1 S  ИЫГ11 + 1КМГ11
bestehen. Aus (26), (28), (29) und aus der Definition von щ erhalten wir

(30) ||{c„(/)}rl|S ||{aB( / ) } r l | - 2 1 k ( 0 l  S 4 ' - 1  > 3 '  ( / = 1 , 2 , . . . ) .
k =  1

Aus (25) und aus der Definition von щ erhalten wir

(31) i d ( / ) ^ L  ( /= 1 ,2 , . . . ) .
n= 1 2

A u f Grund der Definition von ||{й„(/)}Г|| und von (30) können wir für jedes / einen 
Indizes Nt derart angeben, dass

(32) II(c,(/)}?• II > 2' ( / = 1 , 2 , . . . )
besteht. Auf Grund von (28), (30), (31) und (32) können wir auch

(33) 3.2« Ï5 f  |C„(/)|S 2 2 "  k ( / —1 ) 1 ^ 2  ( /= 2 ,3 , . . . )
П =  1 /7=1

annehmen.
Wir bilden die Folge {an}” folgenderweise : es sei

an — cn-(Nt + ...+N,-i)Q) ( n = l , . . . , N l; /=  1,2, . . . ).

Dann gelten auf Grund von (31), (32) und (33)

(34) 2 1 an lo§2 2  \ak\ +  1 (/ - 1 N s

2  2 \ c k
s =  1 k  =  1

к  (01 +  2  к (01 +1k=1

und

(35)

=  2 2  cn (/) log2
1= 1 n = l

=  2 2  ч г l°g2 6(1 +  + 2 !_1) + 2 2  2  c2n{!) log2 I 2  |ck(/)| +  1 1 <  °o
1 = 2 2  z=  ! n =  1

2  H{ee}";+:::i»:.1+iii2 s  2 2 ' — ,

wobei {a„}îi;î:::îv0,+i die Fo|se
{0 ,  . . . ,  0 , aNl+ +Nl l + j ,  . . . ,  ctNl + ...+ jv( , 0 , . . . }

JV,+...+A,_ ,
bedeutet.

In der Arbeit [4] haben wir bewiesen, dass für jede Folge {ö„}j° und für jede 
Indexfolge (0 = ) n0 <  — < nt <  • • •

2 1 IIWn,+ill2 ^  IIЫ Г
1 =  0
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besteht. Aus (35) folgt

(36) HWril =

ln der Arbeit [4] haben wir weiterhin gezeigt, dass im Falle (36) ein im Grund
intervall (0, 1) orthonormiertes System {i//„(x)}f existiert, für welches die Reihe

(37) У а„ф„(х)
П= 1

in (0, 1) fast überall divergiert. Auf Grund von (34), aus unserem Satz folgt, dass 
die Reihe (37) in (0, 1) fast überall konvergiert. Damit haben wir (23) gezeigt.

3. In diesem Punkt werden wir zeigen, dass die Bedingung (3) nicht notwendig 
dafür ist, dass die Reihe (2) bei jedem orthonormierten System {<p„(x)}f im Ortho
gonalitätsintervall fast überall konvergiert.

Wir setzen nämlich mit einem e(> 0)

«l = 0 ,  an —
Уn log1+£«

und

a 2 2 k —
ÿk \o g i+ck

(n =  2, 3, . . .  ; n * 22k; k =  2 ,3 , . . . )

(* =  2, 3, ...).

Dann ist

und so gilt

ak — C;29 Уп log3+£w
(72 =  2,3,. . .),

,2«
2  an i°g21 2  kl +11 = 2  ah k !°g21 2  kl + 1| s  c 30 Д  k \og3+.k

22k
21=1

Für die Folge {я„}Г ist also (3) nicht erfüllt. Es gelten aber

2  Я2 log2 n
n * 2 l k \ k = 2 ,  3 , ...

у  log2 Я у  ____ 1 _
n = 2  72 log3+ £ 72 „ =  2  И  log1+e72

2  "2 л-J
k = 2

a-2klog2 к V _
k= 2  klog3+tk

log2 к  =  2
1

= 2  k lo g 1 + cA:

Ist {(pn(x)}Y ein beliebiges orthonormiertes System, dann folgt aus dem Menchoff- 
Rademacherschen Satz ([2], [3]), dass die Orthogonalreihen

2  a„<p„(x), 2  a22k(p 2k(x)
n= 1 Ac = 2

n * 2 * k , k = 2 , 2 , . . .

im Orthogonalitätsintervall fast überall konvergieren. Daraus folgt, dass mit dieser
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Koeffizientenfolge {д„}Г die Reihe (2) beijedem orthonormierten System {g>„(x)}” 
im Orthogonalitätsintervall fast überall konvergiert.

4. Nach dem Menchofï—Rademacherschen Satz ist die Bedingung

(38) 2  an lo§2 « <  °°n= 1

genügend dafür, dass die Reihe (2) bei jedem orthonormierten System im Ortho
gonalitätsintervall fast überall konvergiert.

Aus (38) folgt (3). Ist nähmlich (38) erfüllt, dann gilt 2  an — C31<=». Durch
W= 1

Anwendung der Cauchyschen Ungleichung ergibt sich

2  \a k\ +  1 =  С Ъ2 Í >1 >

und so ist

2  an log2 2  k l  +1 Ы  c 33 2  an log2 «

Im allgemeinen folgt aber aus (3) die Bedingung (38) nicht. (3) und (38) sind also 
im allgemeinen nicht äquivalent.

Es sei nähmlich .

1
(w= 1, 2, ... ; п ^ 2 к\ к -  1, 2, ...), a2k =  J  { k -  1 ,2 ,...) .

Dann ist

2  al log2 2  k l  +  1 =  
n= 1 U= 1 )

n = l  n á  k 2 ' ?  k'K
2 k3n

S  2  .  log2 2  . 2 + 2  ,3/4- +  2  ,7 2  log2 2  Л +  2  T3п= 1 П á i  к 1 ' Г  /c3/4
2 k s n

= c 34 2  г4  log2 k + c35
k= 1 К

“ log2 к 
á i  к312

und

2  ö2 log2 / i S  2
k 2̂  

á l  к 3/2

Aus (3) folgt (38) nicht.
Im Falle k l  —" ' ^ k l  — folgt aber aus (3) die Bedingung (38) auch. Für 

im absoluten Betrag monoton abnehmende Folge {«„}“ sind (3) und (38) äquivalent. 
(Diese Tatsache wurde von V. F. Gaposchkin [1] ohne Beweis erwähnt.) Die Menge 
der natürlichen Zahlen teilen wir in zwei disjunkte Teilmenge / , , I2 folgenderweise
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ein: ist |a „ |s l/n 3/4, dann sei n £ l t , und es sei w £ /2 im entgegengesetzten Falle. 
Dann ist

2  al log2 n ä  3 2
nih n £/2 „ 3 / 2

2 “ log2 П
l0« /7=  2 ц й ги =  2 n

Weiterhin gilt

2  al  l°g2n € / 1
Iе*! +1 2  a2 log2п£/,

=  C36 2  « п  log2 И .

л €/t

Aus (3) folgt also in diesem Falle die Bedingung (38). 
In den Arbeiten [5] und [6] haben wir gezeigt, dass

(39) 

und

(40)

“  , I2  al log n log + , <  oo
n = 2  Ctn

IÍ  2  a*>2 log2 n
n=->2'-

O O

voneinander unabhängige, hinreichende Bedingungen dafür sind, dass die Reihe
(2) bei jedem orthonormierten System {<р„(.г)}Г im Orthogonalitätsintervall fast 
überall konvergiert. (Aus (40) folgt auch, dass die Reihe (2) bei jedem orthonor
mierten System {<p„(x)}7 im Orthogonalitätsintervall fast überall unbedingt kon
vergiert.) Hier ist

{logа, а ^ 2 ,
1 sonst,

weiterhin für eine Folge {я„}~ mit

w= l
oo

bedeutet {a£}f eine Anordnung der Folge {a,,}“ , für die |e*| =  ••• S  |fi£| S  ••• be
steht; im Falle

2  al =  -
n«= 1

soll man S =  °o setzen.

Wir zeigen, dass die Bedingungen (39) und (3), bzw. (40) und (3) voneinander un
abhängig sind.

Es sei

1
a2‘< — £3/4

Dann ist

( * = 1 , 2 , . . . ) ,  а„ =  I  ( f i = l , 2 ,  . . . ;  n * 2 k ; * = 1 . 2 ,  ...). 

2  a 2n log n  log + ~ 2  =  Z  ж  log A'3/4 =  oo,
n= i a n k = i к
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und

2  «и log2 2  Ы - Н  s
k= 1

s ,1 > 4 t «Kl -A-) *
2 k m n

^  C, Ш4 log2 (log я )+  Д  ^ 7 ^

Aus (3) folgt also (39) nicht 

Es sei nun mit e > 0

öi = 0 ,  an =
//? log3 + £n

@2k

Dann ist

=  2

к / lo g 2+£ к

2  ö2 log n log H
n = l

(я =  2, 3, ... ; n ^ 2 k; k — 2, 3, ...),

(k =  2, 3 ,...) .

log я log (я log3 +£ я) +  2  

1

„ f2 n\og3 + t n kr 2 k 2\og2+ik k \o g (k 2 log2+£ k) ^

s  c f  2  — ;ln=2 Я1 +  2
l

log1+£H k = 2  A: log1 +£к

( 2k2  ö2 log2 2 ” WA +1 s  2  a 2 « log2 2  |ö(| + 1  ^
k = 2 \l= 1

а  У
* = 2  к 2 log2 + £ к

log2
2 k

2
2 ^ l 0 g 3 + £fl

s  c 3 9  2
39 Ä  k 2 log2+£& l0g2 2‘ -  C4° k? 2 log2+£ к °°'

Aus (39) folgt also (3) nicht. Die Bedingungen (39) und (3) sind voneinander unab
hängig.

Es sei mit e > 0

Ö != Ö 2 =  0, a„ =  j/_ — ;■ - Д . = = -  (я =  2, 3, ...).

Dann ist
/я  log3 я (log log я)1

П= 1Z  ö„2 log2 2  WA +  i N Q o 2
k= 1

1

— c A0 2

„Í3 я lo g 3 я(loglogя)  

1

Г+е l o g 2 Я =

п= 3  я log я (log log я)
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während
1

(log log и)1

Aus (3) folgt also (40) nicht. 
Es sei endlich mit e ( > 0 )

ßi =  a2 =  0, an =  -j ==
1

a2 2k —

Ÿn log3 n (log log n)2 + £ 

1

Dann ist
Yk  log3 к (log log k)2

(/2 =  3 ,4 , n * 22k; k =  4 ,5 , ...), 

(k =  4, 5, ...).

,k- 1
1v  ‘■ ■ ' ^ 2 Kl +  i I *  ^ 2 t iog, t ( |oe,o g t)„ > 8n 2 - /2  "*»■) s

) 2 «

s  c43 2
und

= 4  к log3 & (log log /с)2 +  E

Í  ] / 22  ßiv=0 Г „=22V+1

, 2 V + 1 log2 n
*2 log2 И S  C44 2  I/ 2  1--- 3 ,, I----- Л 2  + еV = O F „ = 22 v+ i n log3 ?2 (loglog«)2 + £

-  C 4 3  2  l  +  e /2  00 •v= 1 v

Aus (40) folgt (3) auch nicht. Die Bedingungen (40) und (3) sind also voneinander 
unabhängig.

In der Arbeit [7] haben wir gezeigt, dass

(41) J ß r2 log2 oo

notwendig ist dafür, dass die Reihe (2) bei jedem orthonormierten System {<p„(x)}T 
in Orthogonalitätsintervall fast überall konvergiert. Auf Grund unseres Salzes folgt 
also (41) aus (3).

Diese Behauptung kann man leicht unmittelbar zeigen. Nehmen wir also an, 
dass die Bedingung (3) erfüllt ist. Ohne Beschränkung der Allgemeinheit können wir

ß2 — "2 ( n = l , 2 , . . . )

voraussetzen. Für jedes s (5 = 1 , 2, ...) sei Is die Menge diejenigen Indizes //, für die

1 2 12ÍTT <  «" S  ÿ
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erfüllt wird. Nehmen wir an, dass die Menge Is (л — 1,2, ...) geordnet ist, wobei 
die Elemente von / s in der natürlichen Anordnung gestellt sind. Die Elemente von 
Is bezeichnen wir mit n^is), . .. .  nQ(s) (и, (.?)<— ^rieis)(s)), wobei g (s ) die Mächtig

keit von Js bezeichnet (5 = 1 ,2 , ...). (Wegen (3) besteht 2  ß 2 < °°, so gilt ß„ ^ 0
/1=1

(n •*«>), und darum ist jede Menge Is endlich.)
Es sei

r(s) =  nu, ls)/2](s), im Falle g(s) i  2

([ß (5)/2] bezeichnet den ganzen Teil von g(s)/2), und sei /•(.?) =  /1 , ( 5 ) —1, im Fall 
g ( s ) — 1. Dann gilt die Abschätzung

0 0  I  П I  0 0  n

(42) 2  ß; log2 2  kl + 4 = 2  Z r i  log2 ( 2  kl + 1) s
n= 1 \ f c = l  ) s =  1 n £ I  s к

k= 1

= 2  2 ßniog2( 2  kl + 0 s  c44 2  2  ß2iog2( 2  kl + 0 -
s=l я(/4. к s = 1 n t /s к

kÇ. I s ; k ^ n  n > r ( s )  k Ç I s ; k ^ r ( s )

C45  2  ( 2  r i )  l o g 2 (  2  k l  + 1) s  c 46 2  4 r  eC O  l o g 2
s = l  n<=Is k(=Is S = 1  ^

+  (.v) 
1 2'

1st g(s)ly2S s  (2S)1/4, dann gilt

í Q (k(43) - g (a) log2
У 2s

C4 3  :  в (s) log 2s a  c 48 2  an iog2+ \  .
z  ners an

Ist aber g(s)/\'2s -= (2s) 1/4, dann gilt e ( i ) < (2 s)3/4, und so besteht

(44) 2

n if.

al log2 — C4»27 (2s)3/4 log ( 2  s) 3 / 4  =  C5
( 2s)

1 / 4  ■

Aus (3) folgt also (41).

Wir bemerken noch eine Tatsache. In einer vorigen Arbeit [8] haben wir ein 
Verfahren für die Abschätzung von || {an}“ || angegeben, und damit haben wir eine hin
reichende Bedingung dafür erreicht, dass die Reihe (2) bei jedem orthonormierten 
System {<?„(.+)}“ im Orthogonalitätsintervall fast überall konvergiert. Man kann 
leicht zeigen, dass diese Bedingung schwächer ist, als (3); d.h. folgt aus (3), dass 
diese Bedingung für jede Folge {«„}“ erfüllt ist. Den ausführlichen Beweis dieser 
Behauptung werden wir aber hier nicht diskutieren.

5. Da zum Beweis unseres Satzes benützte Ergebnisse für beliebiges in einem 
Massraum (X, S, fi) nach dem Mass p orthonormierte System {<p„(x)}f gültig sind, 
gilt auch unser Satz auch in diesem Fall.

Als Anwendung unseres Satzes erwähnen wir ein neue Form des Gesetztes des 
grossen Zahlen für orthogonaler zufällige Grössen.
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S atz  II. Es sei {<;„}”  eine Folge von zufälligen Grössen mit

M (O  =  0 (n =  1 ,2 , . . . ) ;  M(^wO  =  0 (m, и =  1, 2, ...).
/ 5/

I  D1("
n = l  и U=1 ^ J

dann gilt

mit Wahrscheinlichkeit 1.

Aus dem Salzl folgt nähmlich, dass die Reihe

~ =  “ D(£„) ç„
„ =  1 и  «  D ( Ç „ )

mit Wahrscheinlichkeit 1 konvergiert, und daraus, durch Anwendung des Kronecker- 
schen Lemmas ergibt sich

i i  +  - + £  
n

0

mit Wahrscheinlichkeit I.
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ALGEBRAIC LOGARITHM AND THE CONTINUOUS  
ENDOMORPHISMS OF THE OPERATOR FIELD

by
A. BLEYER

In the study of the linear operator transformations the notion of the weakly 
•exponential function (definition 3) has proved very useful (see [2], [3]). However, 
the investigation of the solution of equation (1), which defines the weakly exponen
tial function partly, leads to planty of open questions. It is an open problem to 
prove that / ' ( x:) =  0 implies f(x )  =  c^ M  where the differentiation is taken in the 
sense of definition 2. Corollary 3 gives the answer in a special case when f{x )  is a 
weakly exponential function. In complete generality it is still an open problem. 
The present paper proves connection between the algebraic and the weakly exponen
tial function. In fact, this result, theorem 3, is a generalization of Mikusinski’s 
theorem ([8]) which states the similar relation between exponential function (in 
his sense, see [7], [9]) and algebraically exponential function (see [4], [8]).

In case of the exponential function o f Mikusinski’s type the result of theorem 3 
and corollary 1 up to 3 can be found in any standard book of operational calculus 
(see [7], [9]). Finally we shall apply our result to the integral representation of se
quentially continuous endomorphisms (see [1], [2], [3]). Generalizing the representa
tion theorem of [2] and [6] we shall give an algebraic characterization of sequentially 
continuous (therefore also strongly continuous) endomorphisms.

Throughout the paper we shall use standard notations and notions which the 
reader is familiar with and they can be found in the book of J. Mikusinski [7] (or 
A. Erdélyi [9]). The notations and notions which are different to those will be 
stated here.

Definition 1. A linear operator transformation is said to be sequentially continuous 
i f  xn^~x implies F(xn) -+ F(x) where --- means the usual first type convergence o f  the 
operator field M.

(See [1], [2].) In his study o f operator transformations E. Gesztelyi used another 
type of continuity for operator transformations, we shall call it strong continuity, 
(see [6]). The strong continuity implies continuity by a theorem of Gesztelyi (see [6]).

Definition 2. An operator function f{X) is sequentially differentiable at the point 
1 0 and its derivative is f'{X0) if

/(;.„) —f(Xo) m f , , - ,  
y  * J 1ло1— A0

whenever A„ —20.

This notion of the derivative is weaker than the Mikusinski’s type but it is 
•consistent with that in the following sense: if /(A) is a differentiable operator func-
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tion in the sense of M ikusinski then it is differentiable in the sense of definition 2. 
(See [9].)

Definition 3. Let us consider the operator function equation 

(1) E (x)E (y) =  E (x + y )E (  0),

where x, y  are of a fixed  interval [a, b] "3 0. E(x) is a non-triviaI differentiable solution 
o f  ( 1 ) where the differentiation should be taken in the sense of definition 2, then E(x)

is called weakly exponential function and the operator w =  — • ls sa'd to be weak

logarithm.

Some of the important properties of weakly exponential function have been 
inverstigated in [2] therefore we state only one here which will be used. Under require
ment o f sequential continuity and if ( 1) is fulfilled for all real x, y, E ( x )  can be exten
ded uniquely. E(x )  satisfies the differential equation

(2) d-EJ ~  +  wE(. x )  =  0,

where the differentiation should be taken in the sense o f definition 2. For proof we 
refer to [2].

To prove our main result we need the notions of algebraic logarithm, algebraic 
integration and algebraically exponential function. They are due to M ikusinski
[8] and E. Gesztelyi [4]; we state here the definitions because of their importance. 
D will stand for algebraic derivation. (See [4], [8].)

Definition 4. I f  for a given operator a there exists and operator b such that Db =  a  
then a is called algebriacally integrable operator. In such case the notation

f  a — b
Da

will be used. Denote the set o f  operators o f the form I — by W. For w f W thereJ a

is an operator a such that w =  J  ^  and then under the symbol w =  log a this rela

tion will be understood. This correspondence also will be denoted by the notation
a =  ew

and w is said to be algebraic logarithm. The algebraically exponential function E(X) 
is defined as a solution o f  the algebraic differential equation

(3) D(E(Xj) =  XE{X)D{w).

Theorem 1. I f  there exists log a and a' is a sequentially Continuous operator 
function satisfying the properties

a) a' is defined fo r  every real X,
b) ала1‘ = aÀ + ̂ ,
c) a0 =  1,

then log a'- exists fo r every real number X and log ax =  X log a.
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The theorem has been proved actually by Gesztelyi. In [4] he stated a similar 
theorem with the continuity in the sense of Mikusinski instead of sequential con
tinuity. However, his proof has used only the properties of the sequential con
tinuity.

Theorem 2. I f  a'- is a sequentially continuous power function (i.e. it satisfies 
all conditions o f theorem I from a) up to c) ) and a =  ew then ak =  e>w.

Proof. This is an obvious consequence of theorem 1 and definition 4.
Now we are in the position to formulate and prove the main result of the pre

sent paper giving connection between algebraic and weak logarithm.

Theorem 3. I f  E(X) is a weakly exponential function and w =  

an algebraic logarithm.

E \0)
E( 0)

then ve is

Proof. Set ÁT(A) =  £(A)[£(0)] 1 (we can suppose £ (0 )^ 0  since the other case 
£ (x ) =  0 evidently holds by (1)). We obtain

(4) £(k)E (p) =  E(k +  p).

Taking the algebraic derivative o f (4)

(5) D(E(A))E(p) +  D(E(p))E(k) =  D(Ë(k +  p)).

Dividing (5) by (4)

( 6)

Setting g(A) =

g(k):
(7)

D(ËU ))

Ж Г

P(E(X)) P(E(p))  =  Р(Е(Х + р))
Ш )  Ё(р) Ё(к + р)

we have a Cauchy type equation for operator function 

g(>-) +  g(h) =  gU  +  p).

To solve (7) put g (l)  =  c and then g j = - ■ c follows immediately from (7)

for every rational number  ̂ . From the sequential continuity of E(À) and the
4

strong continuity of D (see [6]) it follows that g(A) is second type sequentially con
tinuous, i.e.: if A„—A0 then g(/.„) -n M ~g(k0), where ———* means the second type 
convergence of operators (see [2], [6], [7]). By this g(A) =  cA follows for every real 
number A. In fact, the solution g(A) =  cA is continuous in the sense of Mikusinski*. 
However, by virtue of (2)

(8) Ë fk )  =  -w Ë (X )

and taking the algebraic derivative of (8)

(9) D{E'(X)) =  -D (w )E {k )-w D (E U )).

* We could observe the same fact at the logarithm of a sequentially continuous power func
tion, since log ял =  А log a is always continuous in the sense o f Mikusinski.
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But, by (7) D(£ ( /) )= g (X)£(A) =  cXË(X) whence

(9) D {E ’{À)) =  -£ ( X )  [D(w) +  cwX],

Since D is strongly continuous operator transformation (see [6]) D commutes with 
the differentiation (see [2], [6]) hence we obtain

D(E'(X)) =  (D(E(X)))' =  (cXE (/.))' =  cE{X) +  cXE'(X).

Now by virtue of (8)

(10) D(E'().)) =  E(X)[c-wcX],

Therefore, by (10) and (9)

(11) c =  — D(w).

Since D(Ë(X)) =  cXË(X), by definition 4 and by theorem 2 Ё(Х)=е~л"’ follows from 
(11) which proves the theorem.

Corollary 1. I f  E(X) is a weakly exponential function and E (0) =  1 then E(л) 
is an algebraically exponential function.

Remark. Corollary 1 is a generalization o f a theorem of J. Mikusinski stating 
that every exponential function in the sense o f Mikusinski is an algebraically ex
ponential function (see [8]).

Corollary 2. I f  E(X) is a weakly exponential function with properties E(0) =  a 
and E'(0) =  —wa then E(X) is the unique solution o f  (1).

Proof. If i;(0) =  a =  0 then E(X) =  0. (See [2].) If a ^ 0  then we need the follow
ing result of E. Gesztelyi (see [4]): if c, d £ M  and log c= lo g  d  then c = y d  where у 
is number. Now by virtue o f theorem 3 E(X) =  ye~ Awa where у is a number. However, 
E(0) =  aye°=a  which means y = l .

Corollary 3. I f  E (Á) is a weakly exponential function with E' (0) =  0 then E ()) =
=  E ( 0).

In fact, corollary 3 gives the answer of question related to sequential differentia
tion (and stated in [2]) what we mentioned in the introduction.

Application to the theory o f sequentially continuous linear operator transfor
mations.

The first study o f (strongly) continuous linear operator transformations is due 
to Gesztelyi [6]. He gave a nice characterization of strongly continuous endomor
phism there. In [2] we have generalized his integral representation theorem, more 
precisely we proved

Theorem 4. I f  F is a sequentially continuous endomorphism of the operator field 
M  then F(s) is a weak logarithm and

( 12) F(u) =  f u  (X) Exp ( -  XF(s)) dX
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for all и £ CU where Exp ( —A F( s)) is a weakly exponential function. Moreover, assum
ing F(s) to be a logarithm of Mikusinski's type

holds instead of (12) for all и Ç CU.

Here we apply theorem 3 and corollary 1. By virtue of those we obtain a nice 
algebrai characterization of (sequentially or strongly) continuous endomorphisms.

Theorem 5. I f  F is a sequentially continuous endomorphism o f the operator field, 
F:M  -<-M, then F(s) is an algebraic logarithm, the algebraically exponential function 
e-AE(s) js sequentially continuous and

for all и £CU.

Corollary 4. Let F be a sequentially continuous endomorphism o f M. I f  w is 
a logarithm (o f weak or Mikusinski type) then F(w) is an algebraic logarithm, 
does exist and is a sequentially continuous operator function, moreover

I f  F is continuous (in any of the above two sense) and w is an algebraic logarithm 
then

provided £ Xw is sequentially differentiable and satisfies all conditions o f theorem 1.

Proof. It is an evident consequence o f theorem 4. corollary 1 and the well- 
known properties of the exponential function exp( — Aw) (see [7], [9]).

Lastly, we give a new proof of a commutation theorem of operator transforma
tions. For strongly continuous endomorphisms E. Gesztelyi proved first [6], and 
for sequentially continuous endomorphisms we generalized in [3]. The present proof 
is the simplest.

Corollary 5. F is a sequentially continuous endomorphism and commutes with
D if  and only if  F= T*.

Proof. Indeed, by corollary 4 and the rules of algebraic derivative (see [4], [8]).

(13)

(14)

(15) T(Exp (—Aw)) — £ ДГ(И')

If F is strongly continuous and w is a Mikusinski logarithm then

(16) £ XF(-W) =  exp (— LF(w))

(17) F(e~Xw) =  £ - af(w)

(18) Z)(F(exp(-A.v))) =  D ( £ ~ x f <s))  =  À D ( F ( s ) ) e~ xf,-s)

and

(19) F(ű(exp(--A5))) =  F(— A exp(— Aï)) =  — ke ДГ(5).
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Since D commutes with F  by (18) and (19) Z >(F(s))= l. By virtue of algebraic in
tegrations (see [4]) F (s) =  s +  y. where a is a number. Therefore, by theorem 4 (or 5) 
we obtain F(x) =  Tx(x) for every x£M . The proof is complete.

Finally, I should like to express my deepest thank to Professor E. G esztelyi, 
who suggested to find connection between algebraic and weak logarithm and helped 
me with several valuable remarks when this paper was prepared.
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A NOTE ON D. L. BERMAN’S THEOREM ON THE DIVERGENCE 
OF HERMITE—FEJÉR INTERPOLATION

by
R. B. SAXENA

Let {х*0}", n—1,2, ... be a triangular matrix whose /7th row is 

(1) 1 >  xin> >Х2П) =— > ->—  1.

Consider the matrix whose nth row consists of the nodes

(2) x£n) =  1 >  x[n) >  x (2”> >  • • • >  x<"> >  - 1

or the nodes

(3) 1 >  x [ n) > x£° >  • • • >  x (nn) >  xlTl i =  -  1

which is obtained from (1) by adding the point x£n) =  l or the point x $ j. =  —1. 
Let

(4) con(x) =  f l ( x - x <">)
lc=l

where xjn), х (2"\ . . . ,  x (nn) satisfy (2). Then the Hermite—Fejér interpolation polynomial 
H „ (f ,x )  of degree 2 n + l satisfying the property

is given by

( 5 )

н м  x (kn)) =  д х р ) ,  H ; (у; x p )  =  0, к = о, i ,  2 ,

ш;(х)
Hn(f ,x )  = / (  1)

2ft/n( l ) . _____
1 +  ш„(1) U XV n2(l)

+

+  2  /(**) fc = 1
where

(6)

1 - X ) 2 1 \  2 _ P Î t f M , _  ЙI -  *in) J Í 1 -  x ln> Ío'n(xl">) J  ̂ ' * [ W 2, n =  1 ,2 , . . .

«>„(•*) Ä: =  1, 2, ...//.

In a recent paper, D. L. Berman ([2], Theorem 2, p. 14) has proved the 

Theorem. The sequence of polynomials in (5) constructed for the function 

/ ( x )  =  |jc| on the nodes x*"> =  cos (é —y j  k =  1, 2, ... ,  n satisfies the equality

(7) fim Hn(\x\, 0) =  - ,П — °°
where for /7 =  0 (mod 4) the order growth of the number H„(\x\9 0) exceeds 2n2.
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The bound in (7) is incorrect as shown by the following

Theorem. The sequence of polynomials in (5) constructed for the function f(x) 

=  |*| on the nodes x f 0 =  cos|A' — y |  y> n =  0 (mod 4), к =  1,2, . . . ,n  satisfies the

equality

(8) lim Hn(\x\, 0)

Similar modifications are valid in Theorem 1 of Berman [2] corresponding to 
the matrix (3).

For the proof o f the theorem we shall need the 

Lemma. The following identities hold:*

2n 1(a) 2  -  - - = 4n1
k- 1 sin2 \

(b)
2n 1

2  " 0 
k 1 sin4 f

16
3 H4 +  -- n2, 0k =  Jfc- I 3 ti

2 n

(c)
Jt=l Xk

n2, xk =  cos к 1 I n
2 1 n

Proof. The identities (a) and (b) have been proved by D. L. B erm an  [1]. We 
prove (c).

The Hermite— Fejér interpolation polynomial //„ ( /, x) o f degree S  2n — 1 con

structed for the function / (* )  over the nodes xk — cos —, k =  1, 2, ... ,  n

satisfying the conditions

Hn{ f  xk) =  f ( x k), H; ( / , * * ) = / ' (**), k =  \ ,2 ,  n
is given by

(9)

If, ( / ,  x ) =  2  f ( xk) (1 ~ x x k
T fx )

n ( x - x k) +  2 f ' ( x k)( 1 - x $ ) ( x - x k)
T_n(x)

n ( x - x k)

Since H„(l, x ) = l ,  putting/ ( * ) = !  in the above formula v,e get the identity

2  С1 ~ x x k)
k = 1

Tn(x)
> l(x -x k)

Hence for x =  0 we find that

2  - V  =  n2.
k = l  x t

In the following we shall write xk for xkn>.

S tud ia  Scientiarum M athem aticarum  Hungarica 7 (1972)



A NOTE ON D. L. BERMAN S THEOREM 419

P roof of Theorem. The points **л) in the theorem form the zeros of the Tche- 
bychefif polynomial of first kind given by T’„(x) =  cos (n arc cos x). Writing Tn(x) 
for w„(*) in (5) and using the well-known results of Tn(x), we have after simple 
calculations:

( 9 ) Я „ (/ ,* )  -

—/(1)[1  + 2 n 2(l — *)]T2(*) +  2 Л х к)
k =  1 Xk

1 - x  ! (1 -**2) +  (2 +  * * )(* -* * )
л2(* -* * )2

T 2(x).

Let n — 4p a n d /(* )= |* |, then owing to the property

-^4p+1—k =  xk, k — 1 ,2 , . . . ,  2/?,
we have for x =  0

(10) / / n(M ,0 ) =  (2n2 + l )  +  A  Z
П k =  1

(1 - x * ) - * * ( 2  +  x*) +  (l —xk) +  xk(2 — x k)2
xk( l - x k)2 **0 + x k)2

1 2 p
=  (2л2 +  1)H— j" 2  л k = 1

1 3** 6**
.**+ l - * * 2 ( l - * * ) 2.

2 2p V 1 3 3 3
„ 2и 1 + t 2(1 — xk) 2(1+**) 2 (1 -* * )— (2n2 +  l) +  - y  2  7T +  T7Î ~ Т7ГХТГТ- "Ö7i 3T2 +  "

1 I n
On putting xk =  cost)* where 0k — |& —  ̂J n -, л =  4p, we get

2  2 p  ]  3  2 p  1 3  2 p  1

(11) H„(\x\, 0) =  (2л2 +  l) +  ^x 2  — +  „ 2  2  /. “ ^ 2 ,  , Y
2sin2 % 72 2

и  *“  * k  и  k ~

3 iS 1 
- +  ~/

2

3 2p 1

"2 k~ k 4 sin4 °k +n2 k̂ ' (1 +Xk)2

2  2 p  J 3 4 p  J  3  4 p  ]

= (2и2+ 1) + 4  2  +-A 2  — V  -  -A  2 n
n 2 kf i  X k 2 I I 2  * = i  2 0 k 2 П 2  k = 2 p + 1  . 2  ° kо 111 e ol 11 A

2 2

3 iS 1-4  2
3 4p 1J  V  1

И2 y t \  1 +  ** 4/j2 k t 1 . 4 вк 4n2 * = 2 p+l • 4  &k_ n2 t i l  (1 + x k)2
bill _ S)1I1

4 p

2
1 3 is 1

+  2 2

Now

( 1 2 )
4 p

у
1 4 p

1 _  V ___
к  =  2  p  +  1 ■ 2 ^ t  k = 2 p + l  2 1 /sin4 2  sin'1!*: —

2  p

2 1

2 8p
sin2 2р +  &

1 ) n
2 8p

12 p

=  2
* 1 cos2| £ -  2  ~ 2 p

1
2 p

__ =  У
я * 4
8P

cos21 к —
2 8p

2  p  j  

* - ‘ cOS2^
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Similarly

(13)
Ар
2 1 2 р 1

Z
fc=2p+1sin4 %  k= 'c o s* ~ k2 2

From (11) on using (12) and (13) we get 

(14) Hn(\x\, 0) =  (2/72 +  1) +  —  2  I  +  ~  2
1 3 2p 1 

2 -n2 xk 2n2 1 . , 0,- 2n2 kf<  ,  вк
k sin2 — cos22 2

3 2p 1
- 2  2 ,  г т-

3 4p 1
2л2 7 = 1  1 + â* An2 k=i . вк An2 k=i л dk n2 fc= 1 (1 +  xk)

3 4p 12 3 21
■ +  гт 2

sin cos

=  (2/72 + l )  +
2P 1
7  -4- 3 4p 1 6

7 =1 Xk 2/72 Á  . 2 07 И2sin^
2

A P I
у 6 2p ___ 1 у 1

k= 1 - 4sin4 в к И2 7 = 1  1 
2

(1 + * * )2

On using the identities (a) and (b) (14) gives 

(15) Я „(И , 0) -  (2/72 +  1) +  23п2 2п2
3 Í 8 /74 ,4

4/7 2 ( 3 " + з "

2 2p ] 6 2р 1 
+  2  2  - - 4  2  г г — +Л /72 7 = ll+ * /t

6 2р
£  2  л 7=1

1
( l + * i ) 2 =

2 2р Г 6 2р 1
=  3 + 4  2  2 ,  ^П к=1хк п к=1 1 "Г Хк

6_ !___ 2р 1 у
П2 А:=1 (1+*7)2

+

From (15) using Schwartz inequality and the identity (c) we have

2 ( 2p 1 ) 1/2 ( 2p ) 6 1 6
t f „  (i .Yj ’ 0 )  -  3  +  772 [  Д  Xl ) { £  ‘ J ~  772 2  2P +  /72 2P

2 n I n 3 / 7

Therefore

(16)

—  3  4 --- 2  7 =  I /  7Г +  “~2" Т Г  —  3  +  —7— +  .n \j2 \ 2 /7 2 j/w 2/7

lim Я„(|х|, 0) s  3.
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Further from (15) we have

В Д ,  0 ) S 3 - - ‘  | i r ^ - 3 - ^ 2 „  =  3 - | . .

So that

(17) lim Hn(\x\, 0) s  3.
И -*■00

Hence from (16) and (17) we have

lim H„(\x\, 0) =  3.
«-*■00
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ON CENTROSYMMETRIC CONVEX DOMAINS 
WITH A PACKING DENSITY INDEPENDENT OF THE DIRECTION

by
E. MAKAI, Jr.

Let D be a convex domain, e a vector, for which D and D + e  (the domain obtained 
from D by translation through e) touch each other. L et/b e another vector, for which 
D + f  touches both D and D +  e. Then the domains D +  me +  nf (m, n =  0, ± 1 , ± 2 ,.. .)  
form a densest lattice-packing belonging to the direction of e. If this density is 
independent from the direction, then D is said to have a packing density indepen
dent of the direction.

L. F ejes T óth  [1] pointed out, that the domains of constant width, their affine 
images and the parallelograms have this property, and he raised the problem of 
finding all convex domains with a packing density independent of the direction. In 
a personal conversation he drew my attention to the centrosymmetric domains. We 
show that besides the convex domains mentioned above there are others with a pac
king density independent of the direction.

Let D be a centrosymmetric convex domain with a packing density indepen
dent of the direction.

Case 1. Let D have a chord PQ passing through the center О of D and let 
the perimeter contain a straight line segment RS  parallel to PQ such that R S ^ \P Q .  
The density of the densest lattice packing of D belonging to the direction of PQ 
is the ratio of the area of D to the area of the parallelogram containing D all the 
sides being on supporting lines of D, two being parallel to PQ, two containing 
P, O. If D is not such a paralellogram, it can be placed in a centrosymmetric hexagon 
obtained by deleting two triangles at the opposite vertices of such a parallelogram, 
of which we make a lattice packing of density one. The domains D placed in these 
hexagons (in the above way) form a lattice packing with greater density than the 
above packing.

Case 2. Let D be not of the above type. Let D' be a translate of D in a direc
tion a touching D; D ” a translate of D touching both D and D', their centers being 
O, O ', O". O" is the intersection of the boundaries of the domains obtained from 
D and D' by magnification in ratio 2 from О and O', respectively. Since we have 
excluded Case 1, on one side of the line OO' O" is uniquely determined and varies 
continuously with a. The endpoints of the vectors v i = ^ O O r, v2 =  ? 0 0 " , v3 =  } 0 '0 " r 
vj + 3  =  —V j , j=  1 ,2 ,3  issuing from О form an affine regular hexagon inscribed 
in D. Vice versa, to any such hexagon we can associate two domains D' and D" 
in the above manner. We suppose that v , , v2, ■■■,v6 follow each other in the po
sitive sense of rotation. By rotating i>, all the Vj rotate in the same sense.

We consider the above set of affine regular hexagons inscribed in D. Without 
loss of generality we can suppose that the vertices of one o f these hexagons are the
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sixth roots of unity. Then an arbitrary hexagon of this set has vertices of form t>- =  
=  rJ(Pi)ei*J, 0 ^ 9 ^ 6 0 ° ,  where 9 j= 9 j(9 j) (J=  2 , . . . ,  6) are increasing functions 
o f  9 1. Furthermore we have the following relations: гД0) =  гД60°) =  1, 3,(0) =  
=  (7 -1 ) .6 0 ° ,  9j(60°) =  j • 60°, УЗß ^ r j ,  r d S iir z iß i) - sin = ^ 3 /2 .

If the boundary of D belongs to C 2 (i.e. in a neighbourhood of any of its points 
it has an equation of the form y —f{x )  or x —f(y )  in Cartesian coordinates, where 
/ i s  twice continuously differentiable), then 9J(91) , j =  2, 3, their inverses as well as 
r 1 (.9t) are twice continuously differentiable. Thus, in view of the monotony of 

SJ(5])£c>-0, j  =  2, 3. Again, the condition of the convexity of D is equivalent 
to

rf  +  2
dr j \  ,  d 2 rj
d h . J J (19] - 0.

d krj
Щ (60°) = d krJ+1

dPJ + l (0 ). к  = 1 , 2 .

The case r1(9 l) =  ], 3 2($t) =  $ i+ 6 0 °  corresponds to the circle. Since for these 
functions the left hand sides of the last two inequalities are equal to 1, any func
tions sufficiently near to the above ones in the C 2 -metric (the C 2 -distance of twice 
continuously differentiable functions f  g  is sup j / — g |+ su p  \ f '  — g '|+ su p  | f " —g"\) 
having the same k-th derivatives (k =  0, 1,2) in 0 and 60° correspond to a centro- 
symmetric convex domain, not belonging to Case 1, with a packing density indepen
dent of the direction.

Note. After completing this paper the author was informed by a letter of 
D o n  C h a k e r i a n , written to L . F e je s  T ó t h , that the convex domains with a packing 
density independent of the direction are precisely those, whose difference sets are the 
irreducible domains of M a h l e r  (see C . G. L e k k e r k e r k e r , Geometry of numbers, 
Groningen, 1969, p. 225). M a h l e r  proved the existence of such domains other 
than the ellipse and parallelogram (Indag. Math., 9 (1947)). C h a k e r i a n  also points 
out that a construction for a large class of such domains is given in the above 
book o f L e k k e r k e r k e r , p. 228. It seems that the considerations given in this paper 
differ from those of L e k k e r k e r k e r .
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MAXIMA IN RANDOM WALK 
AND RELATED RANK ORDER STATISTICS

by
K. G. ANEJA and K.ANWAR SEN

1. Introduction. Consider 2n independent, identically distributed random vari
ables xk and y k (k =  1, 2, n) with the same continuous distribution function. Let 
Cj ( j =  1, 2, ... ,  2n) be the values of the combined set of xk and yk arranged in order 
of magnitude and let £0 =  — then from the independence and continuity assump
tions, it follows that the probability of two Çj being equal is zero and we may assume 
th a ti^ c ^ * ^ — =Сгп- On replacing each xk by —1 and each yk by +1 in this ordered 
set, we get a sequence of rank order indicators whose suitable functions called rank 
order statistics can be studied in terms of Hn(u) =  Hn(u +  ) — n[F„(u) — Gn(u)\, 
where F„(u) =  (number of xk^u)/n  is the empirical distribution function o f the xk 
and G„(n) is the corresponding one for yk. Stilt again, the sequence {IT,} o f indepen
dent random variables having the common distribution P(H', =  +  \ ) = p  and 
Р(Щ =  — ]) =  1— p =  q, represents a sequence of rank order indicators and we 
study here the joint distributions of certain rank order statistics related to the maxima

in the random walk {Sj}, Sj =  ^  So= 0  extending the results due to D wass

and others [1,2,3]. The basic results used for the purpose are now quoted from 
Dwass [1]. The assumption p < \  implies that the random walk {S,} is transient 
so that with probability one, Sj = 0 for only finitely many j. Let T be the largest j  
for which Sj =  0 in a given realization {Sj-}, then a function U of S /s  is said to satisfy 
assumption A when its value is completely determined by Wk, W2, ■■■, WT. When 
T is specified to be 2n, say, then

is a rank order statistic and a theorem by D wass [1] needed in the sequel is

Theorem 1. Suppose U„ is a rank order statistic fo r every n and U is the related 
function satisfying assumption A, then the following expansion in powers o f pq hokis 
for  0 <  p  =  1 — q <  \ \

In the random walk {Sj} with last return to origin occuringat j= 2 n , i.e. Sjn^O, let 
A+ =  the one-sided maximum positive deviation.

i

(1)

max H„(u) =  max //„((,),
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Q„ =  the number o f times D f  is achieved,
and

/?„(/) =  the index for which D f is achieved for the /th time, (1 S i^ Q „).

The corresponding statistics of the t/-type (i.e. for the infinite random walk without 
the restriction S2n =  0) satisfying assumption A are D + , Q and R(i).

2. Some Relevant Generating Functions (GF)

Theorem 2.

(2) E(tRl » ; D + = r ,  Q =  l W ~ 2 p ) >K0 nr + 1 —i (pqt ) r

where ij/(t) =  1 —(1 —4p q t2)* is the GF of the recurrence time from level 0 to 0.

[If p m r t =  P{R(i) =  m, D + =r ,  Q =  l), E( t R { i ) ; D + =  r, Q =  I) is to be interpreted 
as Z  ’P m , r , l t m\

m

Proof. A path {Sj}  contributing to (2) touches the maximum level r precisely / 
times and comprises /+ 1  segments as below:

Segment no. 1: A first passage through r with its length having GF =  [i//(/)/2<jr/]r. 
Segments no. 2 to i: ( /—1) successive returns from level r or r from below 

forming (/—1) negative waves* each one having a length with GF =  Jrtp(t).
Segments no. (j’+ l )  to l: Further (l—i) returns from level r or r forming ( /—/)■ 

negative waves each occurring with probability (q - p / q ) =  p.
Segment no. (/+ 1 ): From level r downwards with no further return to the level r,. 

the probability of which equals (1 —2p). Hence

E(?R('); D + = r ,  Q =  l) =  

which leads to (2).

«КО Г
2 qt «А(0 p '(1 —2p)

Particular cases, (i) The GF of the index o f the first maximum (or that of the 
last one) when the maximum Df  equals r and the number of maxima Qn equals [ 
can be obtained from (2) by putting /= 1  (or =  /).

(ii) Summation o f (2) over / yields for the GF of the index of the /th maximum 
when the maximum equals r as

(3)
E (/Ж» ;£>+= r )  

( 1 - 2 / 0 «KO
r  +  1-  1

- ' ( p q ) - (r+l )r

which for i= l  is in agreement with Dwass [1].
(iii) Summation of (2) over r yields the GF o f the index R(i)  of the /th maximum 

when the number o f maxima equals / as

(4)
E(tR(i) ; Q =  I) 

(1 -  2 /7)
=  2 2 - t i//i - 1( t ) P1 ‘‘П

( 2 q t - i j j ( t ) )  '

*  E q u i v a l e n t  t o  s o j o u r n s  i n  D w a s s  [1 ].
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(iv) Summation of (3) over r (or o f (4) over /) yields the GF of the index of the 
ith maximum as

E(/R<i))
(5) ( 1 - 2 , )  - 2 * ' - 0 ) ( 2 r t - ' W

3. Probability Distributions. For X, // positive integers and 0 <  /> =  1 — 
the following expansions, in powers o f pq , which follow from (16) in [1] are needed 
in the sequel for deriving the probability distributions of various rank order statistics 
listed in section 1.

<*> ; I о/. _  ;
(6) V U )  =  [1—(1 —4p q t ' m  =  2Л “

and

(pqt  ) ,

( 7)
■у /< 12 /  —p

p'1 =  2  -, ■ Ij% 2 j  - p \ j - p (pq)j ,

whence the coefficient of (pq)" in the expansion of p"(pq) v is

( 8)
/( Í2« +  2v — p)

2n + 2v — p ( n +  v — // J ’
and the coefficient of t g(pq)" in the expansion of (t)Y  p ß (pq) vt h on using (6),
(7) and (8) is

(9 ) 2 [ g + h - X  ] 4 p { 2n +  2 v - g - h - p )
g + h  — X [g / 2+h/ 2— X) 2n +  2v — g - h - p  [ n +  v -  g/2 —h/2 — p) '

(i) By theorem 1, the coefficient o f t g(pq)n in (2) expanded with the aid o f (6), 
(7) and on using (9) leads to

( 10) p (* „ (0 = s , D ? = r > Q » = ' )  =
r +  i — 1 g —i + l  
g - i +  1 [g/2 +  r/2

r +  l - i  2n — g —/ + /Ï  l(2n)
2 n - g - l + i  ( л  —g / 2  +  r/2j/ (  n J ‘

Again, on putting t =  1 in (2), we get

( 1 1 )
P( D+ =r ,  Q =  1) 

( 1 - 2  p)
=  p 2r + l~l ( p q y

a result in agreement with Dwass [1].
This on using theorem 1 and results (7) and (8) gives

(12) P ( D + = r , Q n =  l)

verifying a known result [1].

2 r +  l -  1 (2n+  1 —/ ) /Í2«) 
2 и +  1 —/ (  n \ r ) / (  n ) ’
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(ii) Again by theorem 1, the coefficient of t 9(pq)n in (3) with the aid of (6), (7) 
and (9) leads to

(13) ?(Rn{i) =  g , D Î = r )
r +  i -  1
g —i +  1

Í S - / + 1 ) r+ 1  (
g ß  +  r/2 J 2n +  1 — g {

2 n + l - g  
n —g ß  — r/2_

which for i = l  verifies another known result [1].
(iii) Summations o f (10) and (13) over r yields P(Rn(i )=g,  Qn — l) and

р (я„ (0=<§■)•
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ÜBER л-ЕСКЕ

v o n

G. BRUCKNER

Sei 6  der Operator, der jedem л-Eck A im /г-dimensionalen Raum das л-Еск 
zuordnet, dessen Ecken die Seitenmitten von A sind. In dieser Arbeit geben wir 
einen durchsichtigen algebraischen Beweis für folgenden Satz: Bei Anwendung von 
0 k, k —°°, nähert sich das beliebige л-Еск A immer mehr einem affinen Bild des 
ebenen regelmäßigen л-Ecks an. Anschließend wird untersucht, wann A „nicht- 
ausgeartet” ist, d.h. wann dieses affine Bild des regelmäßigen л-Ecks nicht ausgeartet 
ist. Der Fall eines beliebigen л-Ecks läßt sich dabei auf den Fall eines ebenen л-Ecks 
zurückführen. Schließlich wird eine Klasse „nichtausgearteter” ebener л-Еске an
gegeben. Diese Klasse umfaßt die konvexen л-Еске, waseine zuerst von H. Reichardt 
([2]) bewiesene Vermutung von Fejes Tóth erneut bestätigt.

Der Grundgedanke der Überlegung ist, dem R„ die Struktur einer Algebra zu 
geben, diese Algebra in ihre irreduziblen Bestandteile zu zerlegen und zu unter
suchen, wie sich die л-Еске bei dieser Zerlegung verhalten. Dabei machen wir uns 
außerdem die Tatsache zunutze, daß ein beliebiges л-Еск affines Bild eines festen, 
von den Basisvektoren des R„ aufgespannten л-Ecks ist.

Der Verfasser hat sich bemüht, die Arbeit so zu schreiben, daß sie auch fűi
den algebraisch nicht versierten Leser, gegebenenfalls unter Zuhilfenahme eines 
beliebigen in die Algebra einführenden Lehrbuches (z. В. [1]), zu verstehen ist. 
Zu diesem Zweck wird in Punkt 2 ein Satz über die Zerlegung der Algebra K[x]ff{x),  
A'fx'] der Polynombereich in einer Unbestimmten über dem Körper K,  bewiesen. 
Die im Anschluß an den Beweis dieses Satzes betrachteten Beispiele, insbesondere 
auch die Relationen (3) und (4), werden in Punkt 3, dem eigentlichen Kernstück der 
Arbeit, angewendet.

Der Verfasser möchte dem Referenten sehr herzlich für die zahlreichen Hinweise 
danken, die die Verständlichkeit der Arbeit erhöhten.

1. Sei V ein Vektorraum, /^eine natürliche Zahl und V die /г-fache direkte Summe 
von V mit sich selbst. Sei auf V der Operator definiert als

= (̂ 0̂ 5 > *” ) ®n- l) 1 » ■■ * > Яц— 1 , Qo)-
Es ist <£n= ß  (Einheitsoperator). <£ ist linear und vertauschbar mit jeder linearen 
Abbildung von V, die man erhält, wenn man eine lineare Abbildung von V auf 
ieden direkten Summanden einzeln anwendet. Dieselben Eigenschaften hat dann 
auch eine beliebige Linearkombination von Potenzen von Jzf.

Die Elemente von V seien interpretiert als die durch die Ortsvektoren ihrer 
Ecken definierten л-Еске von V.

2. Sei К  ein Körper, A[a] der Polynombereich in einer Unbestimmten x  über K. 
Weiter sei q(x)  £ ein Polynom vom Grade g ohne mehrfache Nullstellen, (#(*))
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sei das von q(x) erzeugte Ideal in K[x], und q(x) zerlege sich in das Produkt von 
Primpolynomen

q ( x )  =  U  Pi(x).
i

<F sei eine Nullstelle von p t{x) aus einem algebraischen Abschluß von K. Dann gilt:

(I) В =  K[x]/(q(xj)

ist eine g-dimensionale Algebra über К  mit der K-Basis e ,  b, . . . , b 9~l , wobei e das 
Bild der Eins und b das Bild von x beim natürlichen Homomorphismus K[x\-+B ist.
(II) В zerfällt in die direkte Summe

( + )  B =  2 ß .i
m it der Eigenschaft ß, =  A'(c;). Ist in der Zerlegung ( +  )

e =  2  ei und  ь =  2  bi,

so erhält man eine K-Isomorphismus von B, auf den Körper K ( f )  durch die Zuordnung

e;—-1 (=  Eins von K)

b , ~Zt .

B e w e is . (I) folgt aus dem bekannten Homomorphiesatz f ü r  Ringe. (II) soll 
im Folgenden kurz bewiesen werden. Wir konstruieren dazu in В die orthogonalen 
Idempotente e;£ß . Sei f ( x )  =  q(x)/pj(x) und /г;(х) das Polynom kleinsten Grades 
mit der Eigenschaft

hi(x)f(x) =  I rnod Pi(x).
Wir definieren

£; =f (b)hi (b) .

D ie Relation e;8y =  0, für i z j ,  folgt sofort. Weiter ist

bi(x)f(x) =  1+A ; (*)/>,■(*), 

hi (x) q (x) =  pi (x) +  A ,  (x)pf (x).

(hi(x)f(x))2 =  1 +  2/.t (x)p, (x) +  ?.f (x)pf (x) =

=  1 + / 4(x) [/>,(x) +  ( pi(x) +  /4(x)p?(x))~\ =  1 +Ii(x)Pi(x)  mod (q(x)).

woraus folgt 

Andererseits ist

Damit gilt 6?=e;. Außerdem ist 2 si= e > da 2 hi(x)f (x) =  1 mod q(x)  ist. 
Der Leser verifiziert nun ohne Schwierigkeit die direkte Zerlegung

В =  2  B£i (BSi =  Bi).
i

Weiter finden wir

Pi(bi) =  Pi(b£i) Pi(b)£i =  P i ( b ) f ( b ) h t ( b )  =  q(b)hi(b) =  0,
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bi ist also Nullstelle von pt{x), letzteres aufgefaßt als Polynom über dem zu К  iso
morphen Körper Kel. Der zweite Teil der Behauptung (II) folgt nun aus elementaren 
Sätzen der Körpertheorie.

Beispiele A und K.
Sei n > 2  eine feste natürliche Zahl. R der Körper der reellen Zahlen, C der 

Körper der komplexen Zahlen, ç =  e2niln.
(1) Wir betrachten die Algebra

A =  R[x]/(xn- l ) .

A ist «-dimensional über R, eine Basis sei 1, e, e2, ... ,  e',_1. Gemäß der Zerfallung 
in R[.y]

1 = TJ gj(x), gj(tj) = 0. У€/,

J =  { /:0 ^ i^ « /2 , i ganz), zerlegt sich A in die direkte Summe

A =  Z S j ,  1  =  2 l j ,  e =  Z * j

und es existieren /^-Isomorphismen

Xj : Sj

mit der Eigenschaft

C, l S j ^ n / 2
R, j  =  0, nl2

X j \ j = \ ,  Xjej =  CJ.

(2) Wir betrachten die Algebra

K =  C [x]/(.r" — 1 ) .

j /  €•/,

К ist и-dimensional über C und hat die C-Basis 1, e, ... ,  e"_1. A ist in К eingebettet, 
die Elemente von A sind die Linearkombinationen mit reellen Koeffizienten. К zer
fällt gemäß der Zerlegung

in die direkte Summe

* * -  1 = /7 (*-£ ')
/= 1

к = 2 4 . 1 = 2 4 ,/ i

die direkten Komponenten von e sind

eh =  C'h,
da e/( beim durch t, — 1 definierten C-Isomorphismus T, — C in übergehen muß. 

Wir wollen jetzt die orthogonalen Idempotente t, berechnen. Es ist e =  2
l

folglich ev =  J£ Clvtx. Wir betrachten die direkte Zerlegung des Vektors 
/

wA =  Z  CAvev, 0^Л </7.
V = O

Es ist
«•я =  2  CAvev -  2  CAV 2  C'4 -  2  ( 2  C(,+A,v)fi.V V l l V
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n für I—n —2 
0 für l j í n  — X.

Also ist yi>, =  ntn_li. Folglich haben wir

(3) h =  - Z i ("-')vev.
Yl у

Aufgrund der Einbettung von Sj in Tj +  Tn_j  =  C[x]/(gj(x)), l ^ j ^ n / 2 ,  bzw. in 
Tj,  y’= 0 , n/2, erhalten wir außerdem

Schließlich sehen wir, daß für l^ /< » /2  tj und konjugiert komplex sind 
und {tj +  t„^j, i(tj — tn_j)} eine R-Basis von Sj  bildet.

3. Die Algebra A (vgl. Punkt 2, Beispiel (1)) wollen wir interpretieren als 
affinen »-dimensionalen Vektorraum Rn. A ist dann die Gesamtheit der »-Ecke im 
Rn (siehe Punkt 1). Sei Uj die Projektion von A auf Sj.  Das »-Eck

Ci  ist das regelmäßige »-Eck, C j , j >  1, bei (j ,  »)=1 eine einmal durchlaufene stern
förmige Figur und bei ( j ,  » )>  1 eine mehrfach durchlaufene Figur, C0 ist ein einziger 
и-fach überdeckter Punkt.

A hat die Struktur eines А-Modulus, wenn man die Multiplikation mit ele- 
menten von A komponentenweise (gemäß Punkt 1) erklärt. In A betrachten wir den 
Operator

(vgl. Punkt 1). Der Operator *li ist von dem Operator <S (siehe Einleitung) nicht 
wesentlich verschieden; der Normierungsfaktor 1//» ist gerade so gewählt, daß das 
regelmäßige и-Eck Cj von °U (bis auf eine Drehung) in sich übergeführt wird. (0 hat, 
wie man leicht sieht, die Gestalt

Es ist ЩЕ =  AE, d =  ( l+e)/m , also

Wie verhält sich № E  für Wir untersuchen die direkten Komponenten des
Vektors d* (vgl. Punkt 2, (1))

(4)

£  =  (1, e, e2, ..., e" J)

wird durch Xj Uj abgebildet auf das и-Eck in der komplexen Zahlenebene

Cj =  ( l ,  с л

*11 = is+se), m= |1 +C|,m

*UkE =  AkE, k =  1,2, . . .

und unterscheiden 3 Fälle:
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1 ) j =  \ ; c\ =  (e2l,il2")k, =  1 für к =  0  mod 2 «.

2) ./>  1 : \cjI  ̂ 1 -< 1 , folglich ist lim c* =  0 .

3 ) 7  =  0 . Diesen Fall können wir außer acht lassen, da C0 nur ein einziger Punkt 
ist, die S0-Komponente folglich nur eine Verschiebung der и-Еске bewirkt.

Für das Folgende nehmen wir k =  0 mod 2n an und beachten die Vertausch- 
barkeit einer linearen Abbildung mit der Limes-Bildung und dem Operator °Uk 
(vgl. Punkt 1). Zunächst gilt

lim <%kE  =  x f ' C , .

Sei schließlich ein beliebiges n-Eck A —(a0, a t , . . . ,  a ,,^ ) gegeben und Ф die durch

(* ) Фе' =  а,, / = 0 , 1 , . . . ,  n - 1 ,

definierte Affinität. Dann ist
lim Шк А =  Ф*1 1С 1.

Beachten wir noch, daß x f 1 eine nichtausgeartete Affinität ist, so haben wir den

Sa t z . Jedes n-Eck A im R„ nähert sich bei Anwendung von °llk, k-*°°, immer 
mehr einem affinen Bild des zwei-dimensionalen regelmäßigen n-Ecks an. Dieses affine 
Bild ist dann und nur dann ausgeartet, wenn die durch A definierte Affinität (* )  auf .S’j 
ausgeartet ist.

A heiße nichtausgeartet, falls ФЗ-, zweidimensional, vollkommen ausgeartet, falls 
ФБ1 = 0  ist.

Es ist Ф5Х=  0 dann und nur dann, wenn Ф eine i?-Basis von in Null über
führt. Aus der letzten Bemerkung in Punkt 2 folgt sofort: Es ist <PSl =  0 genau 
dann, wenn 0 ist, und genau dann, wenn Ф /„_!= 0 ist. Zum Beweis haben
wir nur noch zu beachten, daß Ф die Basis auf reelle Vektoren abbildet. Durch 
Einsetzen von tn^x (Punkt 2, (3)) erhalten wir den

Sa t z . A ist dann und nur dann vollkommen ausgeartet, wenn

ist.

П — 1
2  Cvav = 0

v = 0

Die Relation ^  £vav= 0  ist äquivalent zu den beiden reellen Relationen
V

x. . 27tv „  2nv
У. sin---av =  0, 2 j cos av — 0.
V n V n

Weiter stellen wir fest:
(1) Das л-Еск A ist genau dann nichtausgeartet, wenn es eine Parallelprojektion 

ф von A auf eine Ebene gibt, so daß ij/A nichtausgeartet ist.
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(2) Das ebene «-Eck A ist genau dann nichtausgeartet, wenn für alle Parallel
projektionen (p der Ebene auf die Gerade 2  ist.

V

(3) Das ebene «-Eck ist nichtausgeartet, wenn es für jede Richtung r eine zu r 
parallele Gerade R gibt mit den Eigenschaften :
(a) R schneidet das Polygon A in genau 2 Punkten.
(b) Die Anzahl der in jeder der beiden durch R  definierten offenen Halbebeiien 

liegenden Ecken von A ist S«/2 .
(4) Jedes konvexe «-Eck ist nichtausgeartet.

Beweis von (1). Die durch das «-Eck ij/A definierte Affinität (* )  ist gerade 
фф. Ist фФ auf .S\ nicht ausgeartet, dann kann es auch Ф nicht sein. Sei umgekehrt 
Ф auf Sj nicht ausgeartet; dann ist Ф5Х also genau wie ein zweidimensionaler 
Unterraum des Rn. Wir stellen den Rn dar als direkte Summe von ФБ1 und einem 
Unterraum S  und definieren ф als die Parallelprojektion länge S  auf die Ebene . 
фФ ist dann auf S 1 nicht ausgeartet.

Beweis von (2). Ist A nichtausgeartet, so stimmt çÊSj mit der Ebene überein, 
auf der A liegt. Diese wird von cp stets in eine Gerade, also nie in 0 übergeführt. 
Ist A dagegen ausgeartet, so ist ФБ1 ein höchstens eindimensionaler Unterraum 
dieser Ebene, der von einer Parallelprojektion cp in 0 übergeführt wird.

Beweis von (3). Wir betrachten A in einem ebenen Koordinatensystem, dessen 
y-A.chse die Gerade R ist, und numerieren die Ecken av von A, indem wir vom 
unteren Schnittpunkt P  von R mit A ausgehen und im Gegenuhrzeigersinn auf А 
entlanglaufen. Ist P eine Ecke, so beginnen wir mit dem Zählen entweder bei der 
ersten von P  verschiedenen Ecke oder bei P. je nachdem in der rechten offenen 
Halbebene [«/2] oder weniger als [л/2] Ecken liegen. <p sei die Parallelprojektion 
längs R. Dann sind die Summanden in

„  . 271V
( * * )  2  s i n - - - - - - (pa v

V «

alle nichtnegativ. Da nicht alle gleich Null sein können, muß die Summe ungleich 
Null sein.

Es sei darauf hingewiesen, daß die Forderung (3b) für jedes ebene «-Eck er
füllt ist.

Beweis von (4). Ein konvexes «-Eck A läßt sich dadurch charakterisieren, daß 
jede Gerade, die A echt schneidet, das Polygon A in genau 2 Punkten schneidet. 
Damit erfüllt jedes konvexe «-Eck das Kriterium (3).

Die Klasse der durch (3) charakterisierten ebenen «-Ecke ist echt größer als 
die Klasse der konvexen «-Ecke; man nehme als einfachstes Beispiel einen regel
mäßigen, doppelpunktfreien Stern. Es wird nicht schwer sein, (3) noch zu verschärfen. 
Anhaltspunkt hierfür ist die Summe (*  *), in der man ja auch „kleine” negative 
Summanden zulassen kann.

Eine markante Klasse von «-Ecken sind die doppelpunktfreien. Es gibt aus
geartete ebene doppelpunktfreie «-Ecke: Man gehe z. B. für « =  5 aus von C2, 
belasse die x-Koordinaten und wähle die y-Koordinaten so, daß eine doppelpunkt
freie Figur entsteht. Jedoch könnte es stimmen, daß ein ebenes doppelpunktfreies 
«-Eck nicht vollkommen ausgeartet sein kann.
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ON A GENERALIZATION OF ABEL—POISSON'S SINGULAR 
INTEGRAL HAVING KERNELS OF FINITE OSCILLATION

by
EBERHARD L. STARK

Dedicated to Professor Fritz Reutter on the occasion o f  his 60 th birthday on August 26, 1971.

1; Introduction. The starting point of this investigation is the singular integral 
of Abel— Poisson

( 1) Ir(p;f;x)  =  -1 /  f ( x - t ) p r(t)dt  ( r - l - ) ,
71 •'

w here/(x) is a function of period 2n which is assumed to be continuous ( / 6 C 2n) 
or integrable to the />th power 1 The kernel pr(x) is either given in
its closed form

(2) 2 1 - J c o . x + f »
( O s r < l)

or in its Fourier series representation

(3 ) (i) Pr(x)  = 1 + 2  б к .Л р)  c o s  kx ,
z  к= 1

(ii) 6k,r(P) =  r k.

It is a known fact (see e.g. [2] and the literature cited there) that the limit

(4 ) 0) lim
r— 1 -

1 -g*,f(p)
1 - r «A(p: A), (ii) ф ( р \ к )  =  к  ( k =  1 ,2 ,3 , . . . )

completely determines the saturation behaviour of (1). The purpose of this paper 
is to generalize the kernel (2) by modifying the convergence factors (3, ii) in such a 
fashion that the saturation order o f 0 ( 1 — r), r —1—, in (4) is improved. Further
more, the new saturation function ф is to be treated in connection with the theory 
of singular integrals having kernels o f finite oscillation (cf. [2—4], [13], [9], [17, 18]). 
Here, an even kernel is said to be o f finite oscillation of degree 2m if there exist 
exactly m changes of sign (zeros of odd multiplicity) in the interval (0, n), the num
ber o f these zeros being independent of the approximation parameter. A discussion 
of representative examples will show that these new kernels cover some important 
singular integrals which have been considered in connection with e.g. the solution of 
partial differential equations.

Studia Scientiarum M athem aticarum Hungarica  7 (1972)



438 E. L. STARK

2 .  A  g e n e r a l i z a t i o n  o f  A b e l — P o i s s o n ’s  s i n g u l a r  i n t e g r a l

We set up

(5) e*.r(h) = r*{l+*(l-i-)A(r)}

with a suitable variation function h{r) defined on 0-=ro^ r S  1 ; the consistence with 
the original factors (3, ii) is given by h(r) =  0.

L emma 1. I f  h(r) is continuously differentiable fo r  r0 â r ë  1 with h( 1 ) = 1 ,  then

(6) lim 1~ ßk' S )
r -  1 -  r )

( 7 ) <A(h-к) =  \  к \к  +  2 h'( 1) +
1

(& =  0, 1,2, ...)■

The proof follows immediately by applying de L’Hospital’s rule twice, giving 

l-r*{l+Jfc(l-r)A(r)}lim
r - l - (1 - r ) 2

=  ^ lim rk~ 1 I[kh(r) +  rh'(r)\ +
l - r h ( r ) \

l - r  J

= 2 {* +  A'(l) + [ l +*'(!)]}■

Thus, if (5) may be interpreted as convergence factors and hence (6) as the satura
tion limit of an approximation process which is generated via h(r), the saturation 
order would be improved up to 0 { [ \ — r]2), r — 1—. In comparison with (4, ii), 
the saturation function (7) which only depends upon the single value h \  1) of the 
variation function is now always a second degree algebraic polynomial of the integer 
variable k. (In the particular case h’( 1) =  —1/2 the saturation function (7) reduces to 
i/'(h; k )= k 2/2; this plays an extraordinary rôle for positive kernels. For detailed 
literature see [8].)

Therefore it remains to show that the factors (5) with functions h(r) of Lemma 1 
indeed produce kernels, i.e., sequences of functions belonging to L \n, uniformly for 
r0 =  r < l ,  r —<-1—.

In this respect we establish the closed representation of these functions. We have

(8) 7>r(h; *) =  2  Qk,r(h)coskx  =  p r(x) +  ( l - r ) h ( r ) z r(x)
^  k =  1

with [16, p. 220 (94)]

( 9 ) zr( x) -
k = l

k rk cos kx =  r (1 + r 2)c o s x  —2r 
(1 — 2r co sx  +  r2)2

4r(l + r 2)

~  1 Г - Г 2)2 C O S  X
2 r ) 2

- l  +  r2J ^ ( X ) ( O s r s l ) .

S tua ia  Scientiarum M athem atic arum  Hungarica 7 (1972)



ON A G ENERALIZATION O F ABEL—POISSON’S SIN G U L A R  INTEGRAL 439

In order to illuminate the background of the initial construction (5) we consider
П

briefly the graph of (9). Apart from zr(x )= zr( —x) and f zr(t)d t =  0 for all r, this
о

sequence is characterized by the fact that there are two symmetrical changes of sign 
tending to zero for r — 1, given via

2 r lim 1 — C O S X o  1
COS .Xq —  « 2 5 1,111 /1  \ 2  о1 +  r 2 r-* 1 — ( 1 - 0  2

x0(r) =  ( l - r )  +  o ( l - r ) .

Moreover, (9) attains a (negative) minimum at Xi^-x0, and

*,'(*,) =  0, * , ( * ! ) = - - 5 - V r  .42
1 (1 +  r2)2 1
8 ( l + r ) 2 ( 1 - r ) 2

C 0 S X ,  =
8r 2 — (1 + r 2)2

2r(l + r 2)

The relative maxima are given by

1 — cos X,
, -Vi(r) =  (1 - r )  +  o ( l - r ) .

( 10) + ( 0 )
(1 - r ) 2

z , ( 0  =
(1 + r )2

Concerning the order of growth at these points and having in mind the factor (1 — r) 
on the right-hand side of (8), (10) may be compared with Harnack’s inequality 
(cf. [2, p. 53], [5]) for the Abel— Poisson kernel (actually strictly positive and strictly 
decreasing on [0, я])

(11) 2 {l+- r )  =  Pri0) ^  Pr^  >  Pr(7l) =  2(1 + r )  (0 < * <7r).

compare also with (18), (19).
Using (9) the series (8) passes into the suitable closed expression

( 12)

Pr(h; *) =  Pr(x)
4 r ( l+ r 2)

(1 0 ( i - 0 2
1 + r

1 +  r 2 I  | c o s „y  —
4r2/i(r) — ( 1 + r ) ( l  + r 2) ) 
2r[( 1 +  r2)A(r) —(1 + r)] J

We note that (12) is not indeterminated in case the denominator on the far right- 
hand side vanishes; for this particular variation function a direct calculation yields

( 13) hD(r ) =  , pr(hD ; x) =  2 p 2 (x), \) (hD; k) =  ^ k 2,

obviously a positive function, and in view of the normalization in (8) actually a 
positive kernel.

Now, we shall show that the Lebesgue constants o f (8), i.e.,
71

(14) T,(h) =  f  \pr(h \t) \d t  (r0 S r <  1, r —► 1 ),
0
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are bounded for functions h(r) of Lemma 1. But this follows immediately from the 
representation

2r [ (1 — r)2________ 2(1 + r 2) sin2 (x/2) lj
1 + r Г 1 — 2 rco sx  +  r 2 (1 — r)2 +  4r sin2 (x/2) J

using the inequalities (for the first one see (11))

(1 — r ) 2 __ 1 2(1 + r 2) sin2 (x/2) ^  \_
1 — 2r cos x +  r 2 ~  ’ (1 — r )2 +  4r sin2 (x/2) ~  r '

hence

I >( h ) s ( l + 2 |A ( r ) | ) y .

Later on — see (36) — we shall establish asymptotic expansions for this quantity. 
Here we made no use o f the fact that for certain h(r) the functions pr(h; x) are in 
fact positive, as is already seen from (13), for example. In these cases, obviously 
Lr(h) =  n/2 for all r by the normalized series representation (8). Thus, kernels which 
are not strictly positive are of main interest.

The next step is concerned with conditions upon the variation function revealing 
the distribution of signs o f p r(h;x).

Lemma 2. Let h(r) satisfy the conditions o f  Lemma 1. If

7V(h;*) =  P r ( x ) \ \

(15) - ' 2+/  <  A(r) ^  - + /  (ro S r <  1), 

then it generates positive kernels p r(h ;x )sO . I f

(16) h{r) >  ^  (r0 S r ^ l ) ,

then the kernels p f  b ; x) have two symmetrical changes of sign 
0 < аг0 (r)< n , determined explicitly by

(17) cos x 0(r) =
Ar2h { r ) - { \  + r ) ( l + r 2) 
2r[(l + r 2)h{r) — (1 +r)]

at ±л-0(/-) with

This lemma is easily verified using the representation (12) of pr(h ; x). — Further
more, the left-hand side o f (15) is a basic condition in order that p r(h; 0 )> 0  as is 
seen from

0 8 )  Л (Ь; ° ) =  (Т ^ { - 1^ : +  А(г)};

this means that pr(h;x) should have the usual peaking property o f a kernel at 
the origin (on the other hand, in view o f Lemma 1, pr(h; x) cannot vanish for x =  0 
since then A(l) =  — 1). A first hint indicating (16) can be read off from the behaviour 
o f  /?r(h ;x) at the test point л: =  7г, namely

(19) Tr(h; я)
r ( l - r )  
(1 +  /-)2

1 T r
2 r
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(20 )

In view of (15) and (16), the particular separation function

1 + r
bs(r) = 2 r

which delivers a positive kernel with one fixed zero (of multiplicity two) at x 0 — n, 
namely

(21) PÁhs ; r) =  4 j - ^ P r ( x )  cos2 J ,  i//(hs ; k) =  ^ к2,

is of fundamental interest in characterizing the inner structure of the general posi
tive kernels (12) as well as of the oscillating kernels with regard to the distribution 
of the corresponding zeros x 0(r). In this respect, the differentiability properties of
(20), namely

( 22) ( 0  A s 0 )  =  -
1
2 ’ (ii) A s ( i ) = i ;

and thus the Taylor series expansion

(23) hs(r) =  1 + 1  Í  (1 - r ) v
Z  v  =  1

(iii) A|v)(l)  =  (— l)v j v !

( v = l , 2 ,  3, ...)

( 0 < r ë l )

(all coefficients being equal and positive), illuminate the different types of oscillating 
kernels to be described below. There are three cases.

Lemma 3. Let h(r) o f Lemma 1 satisfy condition (16).
(a) I f  h'(V) <  —1/2, then the zeros o f  the kernel (12) approach the origin accord

ing to

(24) *o (0
V2 n - r T о id! I r) (r— 1— ).V ~ \h ' (  Ö+T/2]

(b) If, in addition, h(r) is twice differentiable with

h (  1) =  1, A'(l) =  - y ,  h " ( l )  >  1,

then the positive zero of (12) tends to a fixed zero x0 +  , 0 < x o<7r, according to

2
(25)

(26)

lim cosx0(r)
, - i -  A*(l) ‘

(c) I f  h (r) possesses the particular decomposition 

1 + r  (1 + r 2) - 2 a r

cos xr

h(r) (-12r 2r — a (l + r 2) 

then the associated kernel has fixed zeros determined via 

(27) co sx 0 =  a (0 < х о ^ я ).

1 ) ,

Stuclia Scientlarum Mathevxatlcarum Hungarica 7 (1972)



442 E. L. STARK

Indeed, concerning the proof of (a), under the given hypotheses the following, 
limit holds for (17):

lim
r— 1 —

1 — cosx0(r) 
\ - r

- 1
h’{ \ ) T \ ] 2  '

This immediately gives (24). In case (b), starting again from (17) it follows that 

4/-2 /г (л* ) —• ( 1 + r ) (1 + r 2) h"( l ) - 2
2r[(l +  r 2)h(r) — (l + r)] h"(\)

const;

here the limit satisfies the inequalities

- 1 h"( l ) - 2  
h '\  1)

This yields the assertion. Part (c) is inferred from (17) by extracting h(r) in accordance 
with (b), since for —l < a < l

* ( ! ) = ! ,  ЛЧ !) =  - { .  Г (1 ) = 1 + | ^ |

The value a =  —1 again delivers hs {r) of (20), and this for the point x0 =  n.
Further detailed information on the structure of these kernels may again be 

taken from the test point x  =  n ; from (19) it follows for /г'(1)^ —1/2 that

(28) Pr(h ; тс) =
1
4 A'(l)

1
2 ( l - r ) 2 +  o([l r]2) (/■->!—)•

This characterizes the order of growth at x = n  for oscillating kernels of Lemma 3(a),. 
thus with changes o f sign tending to zero. For h \  1) =  — 1 /2, h"( 1)^1 one has an 
improved order, namely

(29) A(h;w) =  - g - ( l - A ' ( l ) ] ( l - r ) * + o ( [ l - r ] 3) ( r - 1 - ) ,

clearing up the situation for kernels of Lemma 3(b), (c) with zeros which do not 
approach the origin.

On the other hand, (28) and (29) may also be used in analyzing the growth o f  
positive kernels at x = n ;  here the connection of the generating h (r) which satisfies
(15) with (22) and the expansion (23) of hs (r), respectively, is obvious: the longer 
the expansion of h(r) coincides with (23), the higher the order of p r(h; л).

We note that, in contrast to these different cases, the behaviour at the peak
ing point X—0 is asymptotically the same for all kernels; this is a consequence 
of (18).

Thus, the graph o f these kernels is essentially influenced by the higher order 
derivatives of h(r) at r =  1, whilst the saturation function (7) is completely determined 
merely by the first derivative h'( 1).
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3. Asymptotic expansions of Lebesgue constants, main theorem

As a final observation in this respect we shall establish asymptotic expansions 
for the Lebesgue constants (14). An easy calculation shows that

■*o(r) *o(0
(30) Lr(h) =  [ f  -  / ) p r(h; t)d t  =  2 J pr(h; t)c l t-  * (0 < х о(г)==7г)

and
*o(r)

(31) f  pr(h ; t )d t  =  l  x0(r )+  2  ! ■rksm kx0{r) +  ( l - r ) h ( r )  2  rksinkx0(r) =  
fi I  k=i К k= 1

r sin A*o(r)
=  ^JC0 (r) + arctan , +  0  — r)h (r)

r sin x0(r)
л 1 — rc o sx 0(r) v‘ ' / ” v ' 1  —2 rcosx 0 (r) +  r 2

Here we used [15, p. 39], [16, p. 211 (1 ; 5), p. 220 (90)]

rk sin kx =
k= 1

r sin X
1 — 2r cos X -t- r 2  

r sin X
У  7  rks\nkx =  arctan ,

! к 1 — r cos X
( 0 <x<27r; r2s  l).

This, together with (17), yields for (30)

.  n V 4 r 2 / / 2 ( /*) — (  1 + r ) 2 Ÿ4r2h2(r) — (l + r ) Á
(32) Lr( h ) .  .,„ (,) - 2 + 2arc.a„ a ( f ) _ ( | + f )  +  ( l + r )

for the particular case (26), (27) it follows from (31) that
( 0 < r <  1);

n r \ \ — a 2  n + r t f l — a 2

(33) Lr(h) =  arccos a — + 2  arctan +  0 _ ------ ti-----
2  1 —a r 2 r — a ( l — r A)

(—1 g a <  1 ; 0 < r <  1).

Concerning (32) and h'( 1) <  —1/2, thus kernels o f Lemma 3(a), the following ex
pansions hold (/• — ! —):

(34)

(35)

\ 4 r2h2(r) — (l + r ) 2 \ 2  \ —[h'{\) +  1/2] 1
2 A ( r ) - ( l+ r )  1/2 —/Т(1) ]/ГГ7

) 4 r 2A20 ) - ( l  + r ) 2

+  o ( [ l - r ]  1/2),

1. +  Г
-  V2  | - [ /; '( l)  + l / 2 ] y i - r  + о ([ 1 - г ] ‘/2).

But, (34) confines that there exists ;-0, 0 < r 0<  1, such that the left-hand side is greater 
than 1 for r with / 0 < r <  1 ; thus, using ([15, p. 48])

7Г 00 (— 1V"*" *
arctanX =  т + 2 - , т  , x-<2' +1>2 f i о 2 j  +  1 (x> 1)
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as well as (24), (34), (35), the expansion of (32) for variation functions of Lemma 3(a) 
reduces to

(36) L fh )  =  ~ + o ( ] / \ - r )  (r0 < r < l ;  Г - 1 - ) ,

This delivers a final fundamental characterization for such kernels o f finite 
oscillation of second degree with zeros approaching the origin, namely

7t
( 0 f  P r ( h ;  t)d t =  71

r\
( 0 < r < l ) ,

(37)
U

(Ü) f  \pr(h ;t)\d t-~  U-  
0 z

0 - 1 - ) .

Although the graph o f pr(h;x) is negative on x 0(r )< x S л, thus on almost the
whole interval (0 ,7r] for r-*  1, the positive portion of the area under the graph is 
condensed to the remaining neighbourhood o f the peaking point x = 0  such that 
the Lebesgue constants, i.e. (36), (37, ii), tend to the original normalization con
stant of (37, i). Thus, these kernels may be regarded as “nearly positive” ones.

A similar analysis may be carried out for (32) in case =  —1/2, Л"(1)>1, as 
well as for (33).

Summarizing, we state the

T heorem . I f  the convergence factors Qk,r (p )  =  r k o f the strictly positive kerneI o f  
Abel—Poisson are generalized to

ö/t,r(h) =  r k{ 1 + £ ( l - r ) A ( r ) }  ( 0 < r 0S r < l ) ,

then the variation function h(r) generates a class o f  kernels /;r ( h ; x) such that the 
corresponding singular integral ( f c  C2n, L%„)

(38) Л (Ь ;/; x) =  — f  f ( x - t ) p r(h; t )d t  ( r - 1 - )
71 •'— n

has the saturation limit (6) with improved order o f  approximation (){[ \ — r]2) (Lemma I). 
Depending upon the graph o f  h(r), the kernels are positive or offinite oscillation with 
two symmetrical changes o f  sign (Lemma 2). Higher order differentiability properties 
ofh (r) at r=  1 lead to three different cases for the distribution of these zeros ( Lemma 3).

We conclude this section with some additional remarks concerning a comparison 
with polynomial kernels. Special attention is called to the fact that parts (b), (c) 
o f Lemma 3 produce a series of kernels which are not (strictly) positive and have 
saturation function k ) = k 2/2. Whereas this function (apart from the con
stant factor which is not essential here) is familiar for positive kernels, there are 
only a few examples of oscillating kernels such as that of R ogosinski (cf. [2]) which, 
however, is of infinite oscillation. — The new kernel (21), having only one (double) 
zero at x~7r, may be compared with the kernel o f  d e  L a V allée P o u ssin  Vn (x) =  
=  c„ cos2" (x/2) which also has no zeros apart from a zero (of multiplicity 2«) at 
this point; for polynomial kernels, V„(x) seems to be the only example of this kind. —-
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Finally, it should be noted that the distribution of the zeros of the oscillating kernels 
elucidated by the above construction is quite different from the corresponding 
polynomial case: for polynomial kernels of finite oscillation a necessary condition 
for the improvement of the saturation order in comparison with the generating 
(positive) factor kernel is that the changes of sign tend to zero, and this with a precise 
fixed order (cf. [3], [17]).

4. Illustrative examples

The next section is devoted to a collection of representative examples; first 
we shall give some comments concerning the variation functions and kernels of the 
Table.

The first example ( / =  1 ) is again the basic separation function* hs (r) of (22) 
with /?r(hs ; 7r) =  0. — For /'=2, hs (r) is, in return, approximated by the positive 
h2(r) using the first terms (including v =  2) of the Taylor series expansion (23), thus 
with p r( h2; n) =  0([1 — r]4). — h 3(r) is an example of functions (26) with oe =  0, thus 
with fixed zeros at ±я/2. — A4(r) is, in turn, a Taylor approximation of Л3(г); in

view of (25), the positive zero now tends to ~ +  . pr(h4;;c) is non-negative forrS 1/2

with zero at х =  л for r=  1/2. — /r5(/-) is again the peculiar function bD{r) o f (13); 
the associated kernel may be built up from results of M. G herm anesco  [6, p. 176 If] 
(cf. also [7]) of 1932, where generalizations of Abel— Poisson’s singular integral are 
also treated. — For j =  6, the singular integral (38) with kernel pr(h6; x), which 
has a seemingly somewhat intricate closed representation, may be rewritten in the 
following obvious “real line” form (at first sight a positive operator)

(39) / ,(h6; / ; x ) =   ̂ /  / j x  +  rlog ' j  \  f  f ( x ~  O exieO  dt

* It might be of interest that there is another somewhat strange connection (see [20, p. 133]) 
of this function with a certain quantity o f the Abel—Poisson kernel (2), namely with the first algeb
raic moment of its derivative

from this we may infer

1
h j r ) -~r-  =  -  1 J tp’r(t)dt; 1-f-r n

-  f  t sin l p2r (t)dt  
л - i

(1-rP 
2(1 + r )

which, in turn, since p l ( t )  is an essential factor of pr(h; t ) should be compared with the second 
trigonometric moment (compare [17]) o f (8), namely

r (h ;2 ;r ) =   ̂ /  ^2sin pr(U\t )dt  =  2(1 - pl>r(h)) =

=  2(1 — r) ( 1 -  rh(r)) =  2(1 - r ) 2 +  o([l — r]2) ( r - 1 - ) .

Since this quantity is intimately related to the saturation order of the corresponding singular 
integral, hs(r) is, in a roundabout way, connected with the saturation order of (38).
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with kernel (on the real line)

X(x) = (1 + x 2)2 \ 2  > Q =
log

This is a singular integral of Fejér’s type (for the importance o f these approximation 
processes see, for instance, [2]), just as the original Abel— Poisson integral (1), e.g. 
written as [1, p. 139]

IriP lfl x) = ' / /  дг+ M o g i
dt

1 +  i 2 '

This significant example (39) is due to T. A n g h e l u t z a  (1924) in his fundamental 
note [1] on the approximation o f functions of class Lip a by means of the Abel— 
Poisson operator. — With index j —1, the following kernel is connected with solu
tions o f partial differential equations; whereas (1) solves Dirichlet’s (ordinary po
tential) problem for the unit disc (see e.g. [2]), the singular integral / r(h7; / ; x )  
turns out to be a solution o f the corresponding biharmonic potential problem

ÊL + 2 - - ^ —
dx4 dx2 by2+ i l l ]

dy4 )\
U (x, y) =  0, U ( X , y )  |r=i =/(/■), l - U ( x ,y )  =  0.

Investiagations concerned with the saturation problem and with the Nikolskii con
stants of the measure of approximation of this operator have been carried out 
(1963— 1968) in a series o f papers [10— 12], [14] by S. K a n iev  and P. P y c h ; cf. 
also [19]. — Examples 8— 10 show very simple variation functions generating posi
tive kernels; hl0(r) is partly negative, cf. (15). — The most remarkable illustration 
here is />r(hu ;jc), a kernel o f  finite oscillation with two zeros determined via 
cos x 0(r) =  r with 0 < x o(r)<7r/2 for 1 > r > 0 . It is also hidden in a mass o f general 
formulae in M. G h erm anesco’s paper (second part, 1933) [7, p. 68 ff]. Thus his 
purpose of improving the approximation order of known operators was uninten
tionally achieved by means o f finite oscillation kernels — long ago before this app
roach was recognized and first formulated by P. P. K o r o v k in  [13] in 1962. For 
detailed ‘historical’ remarks on this subject the reader is referred to the relevant sec
tion in [17], cf. [4].

Apart from the Table let us finally discuss a peculiarity o f the saturation limit
(6) with the help of two particular sequences of variation functions which generate 
kernels of finite oscillation. This phaenomenon intrinsically describes these kernels, 
since it follows that a characterization of kernels of finite oscillation with saturation 
function (41), that is with integer m, is natural by means o f the extraordinary be
haviour of the mth Fourier coefficient.

For the first place, let

yfn_ 1 1 m — 1

<40> *■<'> =  -  Ш Г - Л r ’ ( m = ' ' 2- 3 - ):

this gives Лт (1) =  1, /1 ,̂(1) =  — (m + 1)/2 S  —1, A"( 1) =  (m + l)(m  +  2)/3 S  2 so that
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the saturation function reads

(41) <A(hm; k) =  ~ k ( k ~ m )  (Jc =  0 , 1 , 2 , . . . ) .

In view of (24) the (positive) zeros of the respective kernels may be expanded as

*o,m00 =  > i \ - r  +  o t y \ - r )  (r — 1 —)
\m

such that increasing m effects a decrease of the leading coefficient. The functions 
(40) have been calculated from (5) requiring that for the convergence factors re
lation
(42) £m,r(hm) - 1

should be valid (independently o f r). This means, in other words, that the nzth Fourier 
coefficient of p r(hm; x) equals 1 for all r, whereas, in view of (41) and (6), for all 
Fourier coefficients with k ^ m  only

(43) Qk, Á K ) =  l +  0 ( [ l - r ] 2) ( r - 1 - )
holds.

On the other hand, for

(44) hm(r) =  r - ^ ^ ' 2 (m =  1 , 2 ,3 , . . . )

one has /z,„(l)— 1, h'm( 1) =  — (w + l) /2  S  —1, /?"( 1) =  (m + l)(m  +  3)/4 & 2 so that 
the same saturation function as (41) appears. But, in contrast to (42), merely the 
limit relation

(45) Hm 1 =  ~ m ( m 2- l )  ( «  =  2 ,3 ,4 ,  ...)

holds. For the index m =  1 both functions (40) and (44) coincide (see example 12 
o f  the Table). Thus, for the corresponding kernels, (44) reveals that Qm r ( \ \ m)  again 
approaches 1 more rapidly than (?*,,. (hm), k ^ m ,  for which (43) also holds.

A  further generalization o f the construction in this paper which starts off with 
additional terms in (5) giving a saturation order o f 0 ([1 —r]?), с/> 2 , is in prepara
tion. A connection with the conjugate of the Abel— Poisson kernel and with per
turbed Taylor expansions will be seen to be of general importance.

Finally, the author would like to thank Prof. P. L. B u t ze r  and Dr. W. T rebels 
for their permanent attention and encouragement.
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ON THE SERIES % ск(рк 

by
J. KOMLÓS

An orthogonal system {(pk} is called a convergence system if the convergence of

(1) 2  clk = 1
implies the almost everywhere convergence of

(2) 2  ck tpk •k= 1
If (1) implies that (2) converges in every arrangement of its terms, (pk is called an 
unconditional convergence system.

The following sufficient condition was given by G. A l e x i t s :

T h e o r e m  A ([1]). Let {(/>;} be a uniformly bounded multiplicative system*, i.e. 
a sequence o f measurable functions defined on a measure space {X, US’, p) o f  finite 
measure for which

\(pt\ s K  ( / = 1 , 2 , . . . )

f ( p tl (pi2 . . .  (pik =  0  ( k=  1 , 2 ,  . . .  ; / i < / 2 <  • • • < / * ) •

Then {<pi} is an unconditional convergence system.

He also proved for such systems that the almost everywhere convergence of (2) 
implies the convergence o f (1).

A simpler proof of Theorem A was found by С. I. P r e s t o n  ([4]).
Another sufficient condition was given b y  V. F. G a p o s h k i n  ( [ 5 ] ) ,  who h a s  

proved

T h e o r e m  B. Let {<p; } be a sequence o f measurable functions defined on a measure 
space {X, У , p} o f finite measure for which

(3) f < P t ^ K  0 = 1 , 2 , . . . )
(4) J  (Pi(Pj(pk(p, =  0

( 5 )  f v ï V j V k  =  0 ,

where i,j, к, l are different integers. Then {<p(} is an unconditional convergence system.

* The concept itself was introduced b y  G. A l e x i t s  ( [ 2 ] ,  [ 3 ] ) .
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In a joint paper P. R évész and the author proved that condition (5) of Theo
rem В can be omitted, i.e.

T heorem C ([6]). Let {<p;} be a sequence o f  measurable functions1 satisfying 
conditions (3) and (4). Then {<p,} is an unconditional convergence system.

In the following Theorem 1 we give a slight generalization of Theorem C for 
functions multiplicative o f order v (rather than 4) by substituting conditions (3) and
(4) with the following two conditions :

( 3 0  f t f & K  ( / = 1 , 2 , . . . )

(40 f  (pit <ph ...<piv =  0 (b < i2 <  • •• <  Q-
T h e o r e m  1 . Let {<pk} be a sequence o f measurable functions and suppose that 

there exists an even integer v  greater than 2, with which {<pk)  satisfies ( 3 0  and ( 4 0 -  
Then {tq} is an unconditional convergence system.

We also prove that under conditions (3) and (4) the convergence of (1) is also 
necessary to the almost everywhere convergence of (2). More precisely we have

T h e o r e m  2. I f  the sequence {cpk} satisfies (3) and ( 4 ) ,  p(X ) <  further we have

f  <pl^ c >  0 (к=  1, 2, ...),

then the almost everywhere convergence o f series (2) implies the convergence o f series (1).

R em ark  1 . Actually we will prove that this holds on every set E  of finite posi
tive measure (even if /t(A) =  °°), on which the square integrals f  cpk are bounded

£
from below. In particular, if  for each set E o f positive measure we have

( 6 )  hm J  tpl >  0 ,  t h e n
fc-»~ £

series (2) cannot be convergent on any positive measured set, unless (I)is convergent; 
thus we have the following

C o r o l l a r y . I f  the sequence {q>k} satisfies ( 3 )  and ( 4 ) ,  and ( 6 )  holds on every 
set o f  positive measure, then the series 2 ) ck(Pk *s  almost everywhere convergent or 
divergent (in every arrangement o f its terms), according to whether the series 2 cl  is 
convergent or divergent.

The proof of Theorem 1 is based on the following result of St e c k in :

T h e o r e m  D. (see [7]). Let {cpk} be a sequence o f measurable functions and sup
pose that there exists an even integer v >2, such that for arbitrary sequence {q} and 
integer N  we have

(7) 'U 4 v*4 l* r
(A  is a positive constant). Then {(pk) is an unconditional convergence system.

1 From this point on, measurable function means one defined on a measure space {A, ST, ц) 
o f possibly infinite measure, unless otherwise stated.
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Making use of Theorem D, in order to prove Theorem 1 it is enough to prove 
that conditions (3')—(4') imply (7).

This is expressed by our

M om ent estim ation . Let {<pk} be a sequence o f measurable functions obeying 
conditions (3') and (4') with some even integer v>2.

Then

(8) i \ i ,Z  ck(pk\ S  A ,K \ Z  cl
v/2

where Av is a positive absolute constant and К  is defined by (3'). 

We remark that in case ck =  = c N=  1 (8) boils down to

лг

2  <pk =2 A ,K N '12,

w h i c h  e s t i m a t i o n  w a s  f o r m u l a t e d  b y  R .  I .  S e r f l i n g  ( [ 8 ] ) ,  b u t  h i s  p r o o f  i s  n o t  c o m 

p l e t e .

P r o o f . S u p p o s e  t h a t  t h e  f u n c t i o n s  / 1 ; / 2 , . . . , / #  s a t i s f y  (4') f o r  s o m e  e v e n  

v > 2 .  P u t

=  Z f i -
We want to estimate

f ( Z f ky  = f s i .

S '  can be written (in a unique way) as

Sí =  v! 2  А-Л.+ 2  .... , VS Ï ' . . .S V4
(ffj.... <JV)€A

where A is the set of v-tuples (a l , av) of non-negative integers satisfying

1° (ffi, cr2, ..., <rv) 5* (v, 0, ...,0 ),

2° а  1 4- 2 o’ 2  +  • • • + v<rv =  v,
and the a’s are absolute constants.

Using (4') we have

(9 )

Put

and

[ S l =  Z  .... ../ S f 1 ... Sv*.

M  =  max f  |S i ‘ ... Sfv|
(«1.....

« =  2
(9) implies the inequality

( 10)

(»1....."vKA
01, <TV| *

f  S i Ä ocM.
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We apply the following inequality (that can easily be obtained from the Hôlder 
inequality):

I /  Afi ... h^\ =§ ( f  Ih tf Y */ '... ( / |A„|v)p"/v

for non-negative pp, p v-1----- Ypn — v. Putting

hi =  М 1"
we get

M  =  J \ S f ‘ . . .  S M  ^  7 7  ( / | s , | v / i ) ,< r</ v .

Note that the sequence |Sj|v/i is monotone decreasing in in fact, for i= 2  
we have

Z / * |  S  Í max \fk\‘~2 2 f k \  2 f k 2y '1
k =  1 ( l S t s J V  1

=

Thus, we have

k= 1

s  ( 2 / к 2У '2 =  s i ’2 .
m  == ( / 5  V/2) 1- к м

and (using ( 1 0 )) this yields to the estimation

(11) / S i  av/v-ffi f  S f 2 ä  av/2/  S ^ 2  =  A vf  S f 2.

So far we have used only condition (4'). Now, if we apply (11) with 

fk =  ck(pk, where the sequence {(pk) 

satisfies (3') and (4'), and use the obvious relation

f  ( 2  c lq > iy 12 S  K ( 2  c l ) '12,
we get (8 ).

For proving Theorem 2 we will need some lemmas.

L e m m a  1 * . Let f  be a non-negative measurable function defined on a measure 
space {X, ff, fi) o f finite measure. Then

/  \  \ -  p{ x: f (x )  >  s}  ^

fo r
Sr-

0 <  г if
p(X ) ■

P r o o f . B y  the Cauchy— Schwarz inequality we have

J f =  J f +  / / S  ep(X) +  [p{x:f(x)  >  e}]1/2( f f 2)112,
{/sc) {/=-£>

whence the statement follows.

*  T h i s  l e m m a  i s  a n a l o g o u s  t o  t h a t  o f  P a l e y  a n d  Z y g m u n d  ( s e e  [ 9 ] ,  [ 1 0 ] ) .
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Now we prove a Bessel-type inequality

L e m m a  2 .  I f  the sequence { ( p j  satisfies conditions ( 3 ) ,  ( 4 )  and f  is a square- 
integrable function, then

2  (J fV iV k )2 ^  ( 2 /A a K ) J f 2
i-=*c

where К  is defined in (3), and the absolute constant Aa is that o f the Moment estimation.

The proof is similar to that o f the Bessel inequality. We start out with the in
equality

O s /  ( c f -  2  <Pi4>k ffV iV k)2 =
i<k^n

=  С 2 [ f 2 — 2c 2  ( ff<Pi4>k)2 +  2  f  <Pi(Pk<Pl<Pm(ff<Pi<Pk)(ff<Pl<Pm)-i<k^n i<k^n

Denoting the last sum by S and applying (3), (4) and the Cauchy—Schwarz 
inequality we have

S  =  2  2  f<Pl<Pk<Pm( ff<Pi <Pk)( ffPiCPm)- 2  f  (pftPkif/ViVk)2 si^n k, tn̂ n ' ick^n
k,m î

2  f  (pf( 2 q>kJ'ftPiVk)2 s  2  УK y f  ( 2 <Pkf /v iV k )4 ■
iS« iS«kïi

k s n
k^i

Now applying the Moment estimation with

Ck
we get

f/(pi<Pk

S & Ÿ K 2  2(ff<Pi<Pk)2 ŸA4K  =  2 f A A K  2  (fftpiVk)2.

Thus we have

whence, choosing 

we obtain

i^n ksn 
k*i

i-̂ k̂ tt

0 s c 2f f 2 - ( 2 c - 2 ÿ A A К) 2  ( f / Vi Vk)2 

c =  2 ]/Aa K,

( f f Vi Vk) 2 5  К f f 2.'S7Zji^k^n

Since it is true for all n, the statement of the lemma follows.
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Lemma 3. I f  the sequence {cpk} satisfies (3), (4) and (6) for a set E, then for some 
c > 0  and positive integer n0 we have

I k=n0
2 Ck (pk \ S C  2  Ck:

k = n0

whatever the numbers n, {c*} are.

The proof will show that c can be taken e.g. ~  Uni j  <pk.

Proof. By (6) there is a c> 0  and a positive integer nv for which 

J c p k S  2c for k ^ n v .
E

By Lemma 2 there exists an integer n2 for which

2  ( /  v i n ) 2 = 2  ( f  xeVíVic)2n2 î<fc n 2 ̂  i < A;

( y E denotes the indicator function of the set E ). Put n 0 =  max ( n { , n 2) .  Then we have 
for any n ^ n 0 and numbers c k

f \  2  Ck<Pk\ =  2  Ck f< P k+  2 2  cick f  (PiVk —
E \ k  =  n0 )  k = n 0 E n0 s i ^ k s n  E

2̂c 2 cl-2̂  J cfcii 2 ( / (Pi(pk)2 S
k=n0 n0̂ i<k^n «о — ,< ĉ— £

S 2 c  2  d - 2  2  c l y  . =  C 2  c l.
k = n0 k = n0 k=n о

Now we are ready for the

Proof of theorem 2. Suppose that (6) holds for a set E of finite measure, 

and put c =  -i- Um /  <Pk■ Suppose further that 2  cl  =  °°- We establish the follow-
2 f c - * 0 0  £  fc — 1

ing estimation

/; [x  : x f E ,  2  ck(Pk(x) is divergent} s
c

À, К

(К  is defined in (3) and Л4 by the Moment estimation. This obviously proves theo
rem 2 in the stronger form o f Remark 1.

Let s be any positive number for which

0 <  e
/<(£)'
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We have

S  Ц

m =  ц { х £ Е : 2  ck(pk is divergent} s  

\2
2  ck<Pk

x ^ E : K— ° E for infinitely many n
2  cl

k = n0

!im /.i x e E .Kk=no
Ck (Pk

S  £
2  cl

k = n0

•where we choose n0 the number defined in Lemma 3. 

According to Lemma 3 and the Moment estimation

/
2  ckcpkk = n0

^  C

E 2  cl
k = n0

and

Í
2  ck<pk

\k = n0
/ IIJ

E 2  cl
's k — n0

S  A4 K,

thus we can apply Lemma 1 with

/  =

(and the measure restricted to E):

2  ck(pk
k = n0

У r2Zj Ckk = n0

m S  Пт n XÇ.E :. \k = n0
Ck(Pk

2  cl
k = nQ

(с - ец(Е))2
A+K

Since it is true for all positive (small enough) e we have

m a
A4 K
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NULLSTELLENEINSCHLIESSUNGEN UND LANDAU—FEJÉR— 
MONTEL PROBLEM

von
G. SCHMEISSER

1 .  M o n t e l  [7 ]  bewies den folgenden Satz, der Ergebnisse von L a n d a u  [ 4 ]  und 
F e j é r  [3 ]  verallgemeinert.

Sa t z  A. Jedes komplexe Polynom

besitzt mindestens p  Nullstellen in einem Kreisbereicli \z\ë  R. dessen Radius R =  
=  R(a0, a x, . . . , a p,k )  nur von den ersten p + 1 Koeffizienten und der Anzahl к der 

folgenden Glieder abhängt.
Schranken für R wurden von F ejér [3], B ier na ck i [1 ; 2] und M a r d e n  [6] 

angegeben. Wir wollen das in Satz A gelöste Einschließungsproblem das L a n d a u —  
F ejér— MoNTELsc/ге (p,k)-Problem für die Basis {zv:vÇN0} (Taylorentwicklung) 
nennen1.

T ú r á n  [13] bemerkte, daß für manche Untersuchungen andere Entwicklungen 
eines Polynom zweckmäßiger sind als die Taylorentwicklung. Zusammen mit M a k a i

[5] erhielt er das folgende Resultat, das eine Lösung des (1, l)-Problems für die 
Hermiteentwicklung angibt.

Sa t z  B . E s existiert eine Konstante K, so daß jedes aus den Hermiteschen Poly
nomen

mindestens eine Nullstelle im Streifen 11m z\r= К  besitzt.
Der optimale numerische Wert für К  wurde später in [10] gefunden. In [9, S. 

27—35] wurde schließlich gezeigt:

S a t z  C. Der Satz A bleibt richtig (natürlich mit anderen numerischen Werten 
für R), wenn man in (1) für alle n ÇN0 die Potenzen zn durch Polynome

<D
mit

f ( z )  =  a0 + a l z + - - - + a pz', +  antzni+ a „ 2z n 2 +  ---+a„kzn'‘ 

1 ^ p  <  nx <  n2 <  ••• <  nk und ap 0

gebildete Trinom
H0(z) +  H l (z)+ÇH„(z) mit Й Ё 2 und ÇÇC

n
(2) un(z) =  К  ( z - u  ^  0)

V =  1

1 N, R, und C bezeichnen die natürlichen, reellen und komplexen Zahlen; N0: =  N и {0}.
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ersetzt, für die

(3)
gilt.

Schranken für R  wurden ebenfalls in [9] angegeben. Ein System von Polynomen 
(2), das die Bedingung (3) erfüllt, wurde in [9] ein schwach wachsendes System (ab
gekürzt SW-System) genannt. Obwohl der Satz C für eine umfangreiche Klasse 
von Basen das Landau— Fejér—MoNTELsche (p, /cj-Problem löst, so ist doch der 
in Satz В behandelte Spezialfall nicht darin enthalten, da die Hermiteschen Poly
nome kein SW-System bilden.

In der vorliegenden Arbeit wollen wir in Abschnitt 2 und 3 die Methode von 
M akai und Turan auf das (/;, l)-Problem für eine Klasse von Basen ausdehnen, 
die eine gewisse Klasse von SW-Systemen umfaßt und das System der Hermite
schen und Laguerreschen Polynome enthält. D ie Abschnitte 4 und 5 bringen Er
gebnisse zur Abgrenzung der Lösbarkeit von Landau—Fejér—MoNTEL-Problemen.

2 .  Der folgende Satz liefert für eine etwas indirekt definierte Klasse von Basen 
eine Lösung des (p , l)-Problems.

Satz 1. Es sei U — {un(z):n €N0} ein System von Polynomen (2) mit lauter reellen 
Nullstellen, wobei jeweils zn eine von maximalem Betrag bezeichne. Für jedes p  ÇN 
gebe es 0, E >  0 und eine Folge von einfach zusammenhängenden Bereichen B„ 
(n f  N) mit stückweise glattem Rand Cn und den folgenden Eigenschaften:

(i) Für alle z  GBn gilt Im z \^ D  und \z\S.E\z„\.
(ii) Für hinreichend großes n liegen mindestens p  Nullstellen von u„(z) in B„.

(iii) Bezeichnet M n das Minimum von \un(zj\ auf C„, so besteht für jede Teilfolge 
N'Q N mit

Unter diesen Voraussetzungen besitzt jedes komplexe Polynom

(5) f(z) =  aoUoi^ +  a ^ ^ j -  ■■■ + apup{z)+^un{z) (1 S p  <  n, ap ^  0)

entweder mindestens p  Nullstellen in einem Kreisbereich |z|^i?, dessen Radius R bei 
fe s t vorgegebenem System U nur von a0, a { , . . . ,  ap abhängt, oder es liegen mindestens 
p  Nullst eilen in B„.

Beweis. Es sei
h(z): =  a0u0(z )+ a 1u1(z) +  ■■■ +apup(z).

Wir nehmen an, es gäbe zu jedem m£N  ein Polynom

fm (z): =  h (z) +  Cm u„m (z) (Cm € C),

das sowohl im B„m als auch im Kreisbereich [z -Sm höchstens p — 1 Nullstellen be

(4)

die Aussage

lim * =  0

lim ""ff2" = 0  für \z\ <  °°.
N ' n - o o  1 M„
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sitzt und setzen N': =  {n,„ :m £ N} П N. Da man eine endliche Menge von Polynomen 
(2) stets zu einem SW-System auffüllen kann, ist N'  wegen Satz C eine unendliche 
Teilfolge der natürlichen Zahlen. Falls

lim inf |z„|-1 >  0,
n£N ' n-+°°

so können die Polynome m„(z) für n £N' etwa durch die Festsetzung

|u„(z) für n£N'  
jz" für n £ N 0\ N '

in ein SW-System F = {r„(z):n £N 0} eingebettet werden. Satz C liefert dann einen 
Widerspruch.

Es gelte nun (4). Das Polynom h(z) besitzt alle seine Nullstellen in einem Kreis
bereich |z |^ R 0=-0, dessen Radius R0 bei fest vorgegebenem System U nur von 
a0, аг , ... ,  ap abhängt. Auf dem Kreis

gilt
|z| =  2R0 =  :R1 

|A(z)| S  \kpap\R>0.

Bezeichnet t„ einen Punkt dieses Kreises mit

|m„(t„)| =  max |u„(z)|,
1*1—äi

so folgt nach dem Satz von R ouché, daß/( z )  für

(6) ICI ^pdpRo
«»CO

mindestens p  Nullstellen im Kreisbereich | z | b e s i t z t .  Für z£C„ gilt

Ist nun

(7 )

|A(z)| s  \kpap\(R0 +  E \z„ \y .

m l^üpK-Ko + F |z n|)p
ICI Mn  ̂ ’

so liegen nach (ii) und dem Satz von Rouché für hinreichend großes n mindestens 
p  Nullstellen von /(z )  im Bereich Bn. Wegen (iii) gilt für alle hinreichend großen 
n £ N' zudem

I s  E _ Г Г Р 
M n " U o  knlJ ■

Dann erfüllt jedes ££C wenigstens eine der beiden Ungleichungen (6) und (7). 
Damit bekommen wir einen Widerspruch zur Annahme über die Lage der Nullstellen 
vonf m(z) (mÇN).

Es stellt sich nun die Frage nach der Gestalt der in Satz 1 zulässigen Polynom
systeme U. Betrachten wir zunächst ein Beispiel.

Studia Scientiarum  M alhem aticarum  Hungarica 7 (1972)



462 G. SCHM EISSER

Es sei {c„ 7 0̂ } eine reelle Nullfolge, {к,,} eine unendliche Folge von natürlichen 
Zahlen mit k„^n, u0( z ) = l  und

u„(z): =  z"“*-jz — j für n£N.

M an prüft leicht nach, daß U ={u„(z):n£N 0} genau dann ein SW-System ist, wenn

k„
1 "l i m s u p — <o°.

n-»-oo I C„ I

Dagegen erfüllt U die Voraussetzungen von Satz 1, wenn nur

kn 1lim sup — <  — .
»...» n 2

Der folgende Satz zeigt allgemein, daß man die Klasse der in Satz 1 zulässigen 
Polynomsysteme als Erweiterung einer gewissen Klasse von SW-Systemen auf
fassen kann. Beim Übergang von SW-Systemen zu den Systemen von Satz 1 kann 
also die Wachstumsbedingung abgeschwächt werden, jedoch kennt man nur noch 
für das (p, l)-Problem eine Lösung, und zwar nur noch Schranken für den Imaginär
teil von p  Nullstellen.

S atz  2. Es sei U =  {un(z):n Ç_ N0j ein SW-System von Polynomen (2) mit lauter 
reellen Nullstellen, wobei jeweils zn eine von maximalem Betrag bezeichne. Es gebe 
zu jedem pÇN ein d > 0 und ein 0 < 7 <  1, so daß un(z) für hinreichend großes n 
mindestens p  Nullstellen im Intervall /„: =  {x £ R: |x —z„| ^  max {d, q \zn\j) besitzt. 
Dann erfüllt V die Voraussetzungen von Satz 1.

B ew eis. O. B. d. A. sei z„> 0 . 2  Wie der Nullstellenverteilungssatz für SW-Systeme 
(siehe [9, Satz 4. 1]) zeigt, gibt es eine Konstante c >  0, so daß jedes u„(z) für n S  2p+ 1

TI 1
mindestens k :=  ? | + p + l  Nullstellen im Intervall / :  =  [ — c, c] besitzt. Wir set

zen nun

vn(z) : =  Mn(z)-j- П  ( z - C nx)~ l ,
К  x = l

wobei C„x für 1 = x i n  J  liegende Nullstellen von u„(z) bezeichne. Nach [9, Lemma 
2. 1] gibt es im Abstand kleiner oder gleich 4 bezüglich /„ eine Distanzlinie C„ auf 
der |u„(z)|s2 ist. Der durch seinen Rand C„ eindeutig bestimmte, beschränkte 
Bereich Bn besitzt die Eigenschaften (i) und (ii) von Satz 1. Unter der Voraussetzung 
(4) gilt für z ÇC„ und hinreichend großes n £N'

к 0 ) 1  =  \k„vn(z)\ J[  |z-Ç„*| s  2 1Я„I(( 1 —q)z„ — 4 — c)k.

2 Für | z j ^ l  setzen man etwa Bn\ =  {z:\z\ ^  |zn|}; für zn <  —1 betrachte man un( — z)

S tu d ia  Scientiarum M athem aticarum  Hungarica 7 (1972)



NULLSTELLENEINSCHLIESSUNGEN 463

Somit bekommen wir für beliebiges z£C
1 n

«n(z)znp _  k (z ) |z p „  i
u„(z)

К

n

1 M„ ~  2 |Я „ | ( ( 1 - 9 ) г „ - 4 - с ) 1 “

2 "1

mit einer geeigneten Konstanten A. Wegen (3) und (4) gilt deshalb auch (iii).

3. Wir wollen nun Entwicklungen nach den Hermiteschen und den Laguerre- 
schen Polynomen untersuchen. Zu a € ( —1, °°) werden die Laguerreschen Polynome 
L (na) (x) gegeben durch (siehe [12, S. 100])

e~xx*Ll*\x): =  ^ ( е - * л л+а).

Für die Hermiteschen Polynome gilt

( 8)

und

(- 1 )
H iÁ x) — (—l)"22"n!L„ 2\ x 2)

r( i ) ,(9) H 2n+! (x) =  ( - 1  )"22"+1 n ! xL„2 ' (x2).

Wir benötigen einige asymptotische Abschätzungen.

Lemma 1. Für z^C  bestehen die Ungleichungen

und

IL^OOI S  g t (z)n *

\Hn(z)\ == g2(z)2" ! e2Н [ т Г

wobei die g; (z) ( i—1,2) von n unabhängige positive Funktionen bezeichnen.

B ew eis. Die Abschätzung für |L,[a)(z)| gewinnt man leicht aus der asymptotischen 
Darstellung von P erron  (siehe [12, S. 197]) und findet dann unter Beachtung von (8) 
und (9) diejenige für \Hn{z)\.

Die Differentialgleichung
d 2y
dx2 xy — 0

besitzt bis auf einen konstanten Faktor eine einzige nichttriviale Lösung p(x), die 

für beschränkt bleibt (siehe [12, S. 18]). Fordert man j>(0) =  Л ,Л  J/
so wird diese Lösung gemeinhin als Airyfunktion Ai (x) bezeichnet. Ai (x) ist eine 
ganze Funktion, die keine negativen, aber unendlich viele positive Nullstellen 
besitzt.
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Für die Hermiteschen und die Laguerreschen Polynome bestehen in einer Um
gebung ihrer größten Nullstelle die folgenden auf P lancherel und R o tac h  zurück
gehenden asymptotischen Formeln :

L emma 2{siehe[\2, S. 198— 199]). Für z  — 4« +  2a +  2 — 2  ̂ j 3 t mit komplexem,

beschränktem t gilt

J _1 _ 1 _1
Für z =  (2n-\- l ) 2 — 2 2 3 3 n 6 t mit komplexem, beschränktem t gilt

22 1 _ 3 n JL 1 _L __2
Hn(z) =  e 2 3 3 я 4 2 2 + 4 (и!)2 и 12 (Ai (/) +  О (и 3)).

Schließlich benötigen wir das

L emma 3 (siehe [12, S. 130— 131]). Für die größte Nullst eile z„ des Laguerreschen 
Polynoms L (na) (z) gilt

z„ <  4/j+2a +  2.

Für die größte Nullstelle zn des Hermiteschen Polynoms Hn(z) gilt

z„ <  (2и+ l ) 2.

Mit diesen Hilfsmitteln bekommen wir folgende Lösung des (p, 1)-Problems für 
Laguerre- und Hermiteentwicklungen :

Sa tz  3. Zu jedem komplexen Polynom

/ 0 0  =  a0Llj j z )  +  a 1L <j> (z)+ --- +  apL (ß (z )  У CL^Hz)

(1 Ш p  <  n, ap 0)

und jeder Konstanten 1 S ß < e  gibt es eine nur von a(), ö, , ... ,a p und Q abhängende 
Zahl R, so daß der Bereich

( 10)

R e  z

|Im z\ S  RQ 2p für 
|z| =  R für

R e z ê  0,1 
Re z <  0 J

mindestens p Nullstellen von f(z )  enthält. 

Sa tz  4. Zu jedem komplexen Polynom

f(z )  =  a0H 0(z) +  a 1H 1(z )+ ...  + a pHp(z)+ÇHn(z) (1 У р ^ п , apy 0)

und jeder Konstanten 1 S ß < e  gibt es eine nur von a0, a j , ..., ap und Q abhängende 
Zahl R, so daß der Bereich

( R e z ) *

B: =  {z: |Im z| RQ 2p } 

mindestens p  Nullstellen von f ( z ) enthält.
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B e w e i s . Wir beweisen zunächst Satz 3 .  E s  bezeichne 

Col  So2 *** "c' too * " 0

die der Größe nach geordneten Nullstellen von L(„x)(z) und

Tj <  T2 <  ••• <  Tp < " -

die Nullstellen der Airyfunktion. Ferner sei tx diejenige Stelle aus [rp, rp+1], für die 
IAi (?)| ein lokales Maximum annimmt. Wir setzen

(П ) x 1: =  4n +  2(x +  2 — 2

und erklären als B„ denjenigen abgeschlossenen, beschränkten Bereich, dessen Rand 
C„ von der Geraden

R e : =  r b
den beiden Kurven

R e r

|Im z| =  e  2P
und der Geraden

R ez =  4« +  2a +  2 =  :x2

erzeugt wird. Man sieht leicht ein, daß Bn die Eigenschaft (i) von Satz 1 besitzt. 
Wegen Lemma 2 liegen für hinreichend großes n (etwa я=и0) genau p  Nullstellen 
von £ 'a>(z) im Intervall [xx, x 2\ und damit in B„. Wir wollen nun die Gültigkeit von
(iii) zeigen.

Auf der Geraden Re z = x t nimmt |Z,*‘r)(z)| sein Minimum in an. Nach Lemma 
2 gilt für hinreichend großes n (etwa

( 12) !I'")(x ,)| S  C,C2 Л 3

mit einer durch a und p  bestimmten Konstanten 0. Auf dem restlichen Teil von 
C„ besteht die Ungleichung

' z - C BV

(13)

\ n \ z ) \  s  W > ( X l )\ П
V —  n — p +1 -С

Da nach Lemma 3

s  W > ( x 1) | ß - ( 2 -  + * + 1 )  I I  I ^ l - C o v l " 1 .
v  =  n  —  p  +1

П  Ix í - C ovI S  | x 1 - ( 4 / /  +  2 a  +  2 ) | p =  | 2
v  =  n  —  p +  1

gilt, bekommen wir aus (12) und (13) für z £ C „  und n Smax (w0, « ,) die Abschät
zung

jL/^OOl S  c ,e*  n
X 2 _  p +  1
2 „  Э  g - ( 2o  +  a + l )

mit einer durch а und p  bestimmten Konstanten c2> 0 .  Die damit gewonnene untere
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Schranke für M„ liefert für jedes zÇC unter Beachtung von (11) zusammen mit 
Lemma 1 und 3

wobei Ci (3 ^ /ä 5) gewisse höchstens von a und p  abhängende positive Zahlen be
zeichnet. Wegen 1 S g < e  verschwindet die rechte Seite für n-+°°. Somit sind alle 
Voraussetzungen von Satz 1 erfüllt.

Die so erreichten Einschließungsbereiche für p  Nullstellen kann man durch einen 
Bereich der Gestalt (10) überdecken. Der Beweis von Satz 4 verläuft ganz analog.

4. Es sei U = {u„(z):n ÇN0} eine Folge von Polynomen (2) mit lauter reellen 
Nullstellen, die in jedem kompakten Teilbereich von C gleichmäßig gegen eine 
ganze Funktion F (z )^ 0  mit unendlich vielen reellen Nullstellen konvergiert (zur 
Existenz siehe z. B. [8, Théorèmes de Pólya]). Man überlegt sich leicht, daß eine der
artige Basis U niemals ein SW-System ist; sie erfüllt auch nicht notwendig die Vor
aussetzungen von Satz 1. Dennoch existieren Einschließungen zum (p, l)-Problem, 
und zwar sogar Schranken für die Beträge von mindestens p  Nullstellen, wie der 
folgende Satz lehrt:

S atz  5. Für jede fe st vorgegebene Basis U mit den obigen Eigenschaften besitzt 
jedes komplexe Polynom

f(z)  =  a0u0(z) +  a l ul (z )+ ---+ a pup(z)+Çu„{z) (1 S p  <  n, ap ^  0)

mindestensp Nullstellen in einem Kreisbereich \z\ 35R, dessen Radius R nur von a0, a t , . . .  
. . . ,  ap abhängt.

Interessant ist dabei, daß man mit den hier verwendeten Basen schon Schranken 
für das (p, A:)-Problem mit k >  1 bekommt, wenn man nur die auftretenden Koeffi
zienten einer gewissen asymptotischen Bedingung unterwirft.

Es sei B(ö) ein Teilbereich von C, der sich asymptotisch wie ein Sektor mit 
Öffnungswinkel <><7r verhält, d.h. für jedes о 0 existiert ein K > 0, so daß für alle 
z £B(ö) mit [z| die Bedingung

mit einem festen a erfüllt ist. Dann gilt der

S atz  6. Es seien eine Basis U und ein Bereich В (d) vorgegeben, die beide obigen 
Voraussetzungen genügen. Dann besitzt jedes komplexe Polynom

1 S / i  <  я, <  и2 <  ••■ <  nk, ap T6 0 und yx dB(ô) (1 ^  y. S  k)

mindestens p Nullstellen in einem Kreisbereich |z| =/?, dessen Radius R nur von a0,a y, ... 
. . . ,  ap und к abhängt.

Beweis. Der Beweis von Satz 6 wird uns gleichzeitig die Richtigkeit von Satz 5 
zeigen.

<5 —F ea r g z - a |  s

/(z )  =  a0u0(z) +  a l u l (z)+ --- +apup(z) +  y x u,u (z) +  y2 u„2 (z) +  • • • +  yk u„k (z)
mit
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Es seien
/i(z): =  ű0Ho(z) +  ű i Mi (z)H-----h apuF(z) und k£N

fest vorgegeben. Wir nehmen an, daß es zu jedem m ÇN Indizes P < nlm-^n2m̂ z --- ~nkm
und komplexe Zahlen yxm £B(ö) ( l ^ x ^ k )  gibt, für die

/m(z): =  h(z) +  y lmunim(z) +  y2mu„2m( z ) + ... + y kmunkm(z)

höchstens p — 1 Nullstellen in |z |S /n  besitzt. Gilt lim sup nj^ ^ 0 , so lassen sich
m — oo

für eine unendliche Teilfolge N'Q N  alle für m£N' in der Entwicklung von f„ (z)  
vorkommenden Polynome h v ( z ) £ C /  in ein SW-System einbetten. Satz C liefert dann 
einen Widerspruch.

Es sei nun x x die kleinste natürliche Zahl \ S x x^ k  mit

lim
m  -*■ oo  U-,

=  0.

Falls x x > 1 , so existiert für eine unendliche Teilfolge N ' g N  / := max nX(_ lm, andern-
m £ N'

falls sei N':=N  und l:—p. O. B. d. A. können wir annehmen, daß

t,„: =  max |yxm| ^  0
lSxSk

ist und setzen

ff„,: -
falls

sonst.

Tm >  1,

Das Polynom / m(z):=ff„,/m(z) besitzt die gleichen Nullstellen wie f„(z); die Beträge 
seiner Koeffizienten bleiben für m ÇN' beschränkt. Deshalb existiert eine unendliche 
Teilfolge N "£N ', so daß gleichmäßig in jedem kompakten Teilbereich von C

(14) lim f m( z ) = g ( z )  + cF(z)
m £ N" m — oo

gilt, wobei c£C  und g(z) ein Polynom vom Grad q ^ l  ist. Falls q < p ,  so folgt 
lim ffm=0.  Dann ist g(z) das Nullpolynom, und es gilt ferner für hinreichend

m Ç.N" m — oo
großes in 6 N"

ff” 1 =  max |y*J.
x , S x S *

Wegen yxm€Ä(<5) (1 S x S k )  bekommt man

к
c =  lim <rm 2  Ухт *  0.

o o  x  — x i

Deshalb können wir (14) schreiben als

lim / m(z) =  c, g(z) +  c2 F(z) =  : G(z),
m 6 N" m — oo

wobei c , € C ( / = l ,  2), |ci| +  |c2| И 0 undg(z)ein Polynom vom Grad q mit p S q ^ l  ist.
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Ist CiC2 =  0, so besitzt G(z) mindestens p  Nullstellen. Nach dem Satz von Hur
witz bleiben dann für m£N"  auch mindestens p  Nullstellen von f m(z) beschränkt, 
im Widerspruch zur Annahme.

Ist c t c2^0, so besitzt G (z) nach dem Satz von H adamard unter Berücksichtigung 
der von Pólya entdeckten Eigenschaften von F(z) (siehe [8]) die Darstellung

(15) G(z) =  P(z)eaz2 + bz,

wobei a und b£C  und P ( z ) ^ 0 ein Polynom vom Grad г Ш p —l bezeichnet. Für die 
( /+  l)-te Ableitung findet man

G(,+ l)(z) =  c2 F(l+ l ) (z).

Da die rechte Seite nach dem Satz von R olle unendlich viele Nullstellen besitzt, 
bekommt man einen Widerspruch zur Darstellung (15).

Wie der Beweis erkennen läßt, darf man im Falle k =  1 den Bereich B(6) durch 
C ersetzen. Damit gilt auch Satz 5.

Läßt man die Bedingung yx £B(ö) für k >  1 fallen, so wird der Satz 6
falsch; in allgemeinen existieren dann nicht einmal Schranken für die Beträge der 
Imaginärteile von Nullstellen, wie das folgende Beispiel zeigt.

Es seien
i/0(z) =  1

und für n €N

w2„-i(z): =  z /7  (l - ^ j ,

Í Z2 V*w2„(z): =  u2n_ l (z) +  cn 1 +  J  , c„ >  0.

Für hinreichend kleines c„ liegt nach dem Satz von R o u c h é  in jedem der 2 / i — 1 

Kreisbereiche |z±v|  <  1 / 3  (v =  0, 1, . . . ,  n— 1) genau eine reelle Nullstelle von u2„(z). 
Da ein reelles Polynom niemals genau eine nichtreelle Nullstelle besitzen kann, so 
sind alle Nullstellen von u2n(z) reell. Bildet {c„} eine Nullfolge, so gilt gleichmäßig 
in jedem kompakten Teilbereich von

sin nzlim w2n_ 1(z) =  hm w2n(z) =
П со fj ► со Ti

Für geeignet gewähltes c„ besitzt deshalb U:= {u„(z):n €N0} die in Satz 5 und 6 vor
ausgesetzten Eigenschaften, wobei wir

(16) c„ =  o(2" /rn- p) 

fordern dürfen.
Ist nun h{z) ein Polynom vom Grad p und

1 1 ( 2)"
fn OO : =  h (z )+  J (u2n. J (z) -  u2n (z)) =  h ( z ) - - l  1 +  I >

so zeigt der Satz von R o u c h é , daß wegen (16) für hinreichend großes n genau n 
Nullstellen von f ,(z )  in jedem der beiden Kreisbereiche \z±in\ <  1 liegen.
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5. Die Sätze 1 und 5 lassen vermuten, daß für eine Basis U von Polynomen 
mit lauter reellen Nullstellen schon unter sehr schwachen Voraussetzungen Ein
schließungen zum (p , l)-Problem existieren. Eine Abgrenzung der Lösbarkeit des 
(1, ])-Problems für eine gewisse Klasse von Basen liefert der folgende

Satz 7. Es sei U ein System von Polynomen

un(z):= (z - cn)n (c„£R,n€N0).
Zum (1, 1 )-Problem existiert genau dann eine Schranke für den Imaginärteil einer 
Nu!Ist eile, '4enn

(17) limsup — <■».
П-+ oa  П I

Beweis, a) Es sei (17) erfüllt, wobei wir uns wegen Satz C auf den Fall |c„| -*-«> 
für beschränken dürfen. Wir betrachten das Polynom

f{z) = a0+alz+C(z—cn)n (ax ^  0, n >  1)
und setzen

а о +  a 1 Cn =  '• -  Qn eix" (вп >  0, /„£  [0, 2л)).

Die Transformation

(18) t =  e 'Ад, (z -c „ )

führt die Nullstellen von f ( z ) über in die des Polynoms

g(t)  =  -Q„ + t - r e i4,tn,
wobei r> 0  und ç»€[0,2л) geeignete von Ç abhängende Größen sind. Es sei nun 
(p fest. Für hinreichend kleines /• besitzt g ( t ) eine Nullstelle im Kreisbereich

K-.= { t : \ t - Qn\ S  1}.

Eine Umrechnung mit Hilfe von (18) zeigt, daß dann f(z )  eine Nullstelle im Streifen

besitzt. Es sei nun r* so gewählt, daß für alle 0 eine Nullstelle von g (t)  in 
К  liegt, die für r= r*  ein Randpunkt t* — Q*ei* von К  ist. Der Satz von Rouché zeigt

r* s ( ön+ i ) - B.
Setzen wir

h l ( t ) =  — Qn +  t  und h2 ( t )  — e iot",
so gilt modulo 2л

ij/*: =  arg Л, (t*) =  arg h2(/*).

Ist ф *  — п ,  so liegt für jedes / ' € [ / • * ,  °°) eine Nullstelle von g ( t )  in [0, q „ —  1], da g (0 )< 0  
und g(g„—1 ) ^ 0  ist. Anderfalls können wir о. B. d. А. 0 ё ^ * < л  voraussetzen. Da 
h 2 ( t )  im Sektor

0 ( 2лS : =  1 1 : а ё  arg t ^  а +  —
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jeden Argumentwert modulo 2л annimmt, zeigt eine einfache geometrische Über
legung (Schnitt zweier Geradenscharen), daß zu jedem «A € n) ein т:=т(ф) £ S  
existiert, für das

gilt. Für
ф=з.rg A (r) =  arg h2 (t)

r: =  r( ф): t h  ( r )

ist dann t Nullstelle von g(t);  r hängt dabei stetig von ф ab. Da г(ф*) =  г* und 
г(ф)-+оо für ф-+п, besitzt g(t )  für jedes rÇ[r*, <*>) eine Nullstelle in S.

Nach einer bekannten Nullstellenschranke (siehe [11, S. 19]) liegen für rSr*  
alle Nullstellen von g( t )  in

*: =  {': И - 2 m a x ( [ ^ ) \  (Д)" '] s  2gn(l +  o(l))},

also liegt mindestens eine in Sf]B.  Rücktransformation in die z-Ebene mit Hilfe 
von (18) zeigt, daß /(z )  eine Nullstelle im Streifen

j fmz|
2

Ы
1 +  \a0\ +  2 я

besitzt. Die rechte Seite bleibt wegen (17) für л —°° beschränkt.
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S 2 :

7 t

4 n arg ( z - c„)  S

D : =  К , Г ) К 2 und H : — { z :R e z S  0},

wobei wir о. B. d. A. c„>0 voraussetzen.
Für z £ K , \ D  folgt |z |< |/i(z)|, für z £ K 2\ D  folgt |z|> |/t(z)|, für z £ S 2 folgt 

arg z arg h (z), für z Ç Z) folgt z £ S,  und damit ebenfalls arg z ^ a x g h (z), für zÇ_H folgt

\h(z)\ s  2 cos 4 n z - c „ I ~ - C „

Deshalb liegen alle Nullstellen von /(z )  im Komplement C von H U K ,  U K 2 U S2, 
also jedenfalls im Bereich

C" tan
TZ TZ c n

2 4 n 8 n 1 + 0

Ist (17) verletzt, so bleibt demnach für keine Nullstelle der Imaginärteil beschränkt.
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BOOK REVIEW

N. BOURBAKI: Éléments de mathématique, fase. XXXVI. Variétés 
différentielles et analytiques.

FASCICULE DE RÉSULTATS, PARAGRAPHES 8 À 15. HERM ANN, PARIS, 1971.
PP. 99.

Comme le titre du fascicule l’indique, cette pièce de la série de Bourbaki continue d’énumérer 
les définitions et théorèmes de la théorie des variétés différentielles et analytiques, par conséquent 
c’est un ouvrage de référence sans démonstrations. Nous attendons d’un livre de ce genre qu’il 
rassemble les notions fondamentales et les résultats principaux de la théorie. Grâce à son contenu, 
à sa construction et à sa présentation typographique le fascicule satisfait à ces demandes c’est pour
quoi il est aussi une pièce profitable de la série. Il est en relation organique avec le fascicule paru en 
1967 qui contient les résultats des §§ 1—7 car les notations et conventions des ces paragraphes y 
restent aussi en vigueur. Les nouvelles conventions sont fait savoir aux lecteurs au commencement 
du livre et les notations spéciales à chaque paragraphe sont indiquées en tête de celui-ci. Bien que 
la discussion de la matière d’un livre de tel caractère ne serait pas le devoir d’un compte-rendu 
je dois rendre compte au moins du contenu du fascicule car — comme ce n’est pas arrivé la première 
fois dans la vie de Bourbaki — le fascicule de résultats a précédé le volume même.

Le § 8 contient les notions importantes du calcul différentiel d’ordre 1, notamment les défi
nitions et les théorèmes concernant le fibré tangent, les champs de vecteurs, les formes différentielles, 
la différentiation extérieure, les transformations infinitésimales, le crochet, les relèvements, l’affai
blissement de structure et, finalement, les variétés complexes et presque complexes. — Le § 9 est 
consacré aux équations différentielles et aux feuilletages. On y trouve la notion des courbes intégrales, 
des feuilletages, des sous-fibrés intégrables et des fibrés intégrables en caractéristique p  ̂  0. — Dans 
le § 10 Bourbaki s’occupe des mesures définies par des formes différentielles, c’est-à-dire de mesure 
module d'une forme différentielle, des orientations, des formes différentielles A/-tordues, des mesures 
associées à des formes différentielles tordues. — C’est l’intégration sur les fibres et la formule de 
Stokes qui sont l’objets du § 11. —  Les notions principales groupées dans le § 12 sont celles des 
jets d’ applications, des jets de sections, des repères et fibrations principales, des jets de sections 
d'un fibré vectoriel. Dans le § 13 il s’agit des distributions ponctuelles, des produits tensoriels, des 
coproduits et des distributions à support fini. Le§ 14 est consacré à la théorie des opérateurs diffé
rentiels, le §15 traite des variétés d’applications. Le fascicule est complété par un index des 
notations et par un index terminologique.

J. Merza
L. Chambadal: Les ensembles.

(Collection Bordas-Connaissance. Série UNIVERSITÉ. 91.)
BORDAS, PARIS— MONTRÉAL, 1971. X III+  142 PP.

This booklet of the well-known series published by Bordas gives a rigorous, abstract summary 
of the principles o f modern set and function theory. The naive viewpoint in the treatment is avoided 
consequently, in favour of the axiomatic one. — The chapters are entitled: Sets and relations. 
Correspondences. Laws of composition. Binary relations. Ordinal and cardinal numbers. Axioms 
of set theory. — The style is lucid and that of the special monographs. Several recent results have 
been mentioned, too. — A well-annotated bibliography closes the book.

P. Medgyessy 
(Budapest)
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474 BOOK REVIEW

I. A. IBRAGIMOV and YU. V. LINNIK: Independent and stationary 
sequences of random variables.

WOLTERS—NOORDHOFF PUBLISHING CO. GRONINGEN,
1971. 443 PAGES. DFL. 94,50.

This is a carefully edited translation of the book entitled in Russian „Nezavisimye i stacionarno 
svjazannye veliciny”, published in 1965 at „Nauka”, Moscow; it may be considered, in some sense, 
the continuation of the monograph “Limit distributions for sums of independent random variables” 
by В. V. Gnedenko and A. N. Kolmogorov, published (in Russian) in 1949. — Chapter 1 introduces 
basic concepts up to infinitely divisible distributions. Chapters 2—5 deal with analytical properties 
and domains of attraction o f  stable distributions (including the proof of unimodality of stable 
distributions), refinements of the limit theorems for normal convergence, local limit theorems for 
normal convergence, local limit theorems and limit theorems in Lp spaces. Chapters 6— 14 are 
concerned with limit theorems for large deviations, Richter’s local theorems and Bernstein’s in
equality, Cramér’s integral theorem and its refinement by Petrov, monomial zones of local normal 
attraction, monomial zones o f local attraction to Cramér’s system of limiting tails, narrow zones 
o f normal attraction, wide monomial zones of integral normal attraction, monomial zones of integral 
attraction to Cramér’s system o f limiting tails, integral theorems holding on the whole line. Chapter 
15 deals with the approximation o f distributions of sums of independent components by infinitely 
divisible distributions. Chapters 16— 17 summarize some results from the theory of stationary 
processes and conditions o f weak dependence for stationary processes. Chapter 18 treats of the 
central limit theorem for stationary processes. Chapter 19 consists of examples and addenda, while 
Chapter 20 presents some unsolved problems (in the meanwhile, some of them have been solved). 
Then Appendices on slowly varying functions, theorems on Fourier transforms and a theorem on 
convergence of conditional expectations follow. Notes and a valuable survey on some contributions 
o f recent years (by I. A. Ibragimov and V. V. Petrov), not contained in the Russian original close 
the text. A main bibliography (193 items) and a bibliography to the mentioned survey (60 items) 
are also given by the authors.

Like the book o f В. V. Gnedenko and A. N. Kolmogorov, also the reviewed monograph 
gives a well-readable and research-stimulating account o f the investigations concerning certain 
types o f sums of random variables. With a moderate preliminary knowledge in probability theory 
and analysis any reader is able to study the wealth of beantiful results (due in a great part to the 
authors) collected in the book and learn, simultaneously, a lot o f analytical techniques also. —< The 
importance of relevant investigations is shown the best by that a book of V. V. Petrov, entitled 
,,Summy nezavisimyh slucajnyh velicin” („Nauka”, Moskva) has also been published recently..

P. Medgyessy 
(Budapest)

FENYŐ, STEFAN: Moderne mathematische Methoden in der Technik.
Band 2. (International Series of Numerical Mathematics, Vol. 11.)

BIRKHÄUSER VERLAG, BASEL U N D  STUTTGART,
1971. 336 P. 79 FIGURES. FR. 62,—

In contrast to the first volume, the reviewed one deals with finite methods of applied mathe
matics. -— Part 1 is devoted to linear algebra. It contains the elements of matrix algebra and matrix 
analysis; they are, then, applied to the theory of systems of linear equations, integral equations, 
systems of differential equations and to special related problems of engineering mechanics and 
electrical networks. — Part 2 is entitled “the theory of optimization”. In fact, it considers the ele
ments o f linear programming as well as transport problems solved by means of the “Hungarian 
method” (König—Egerváry). Convex programming is stressed, too. — Part 3 considers the ele
ments of graph theory, further, problems concerning trees, graphs on surfaces, vector spaces gene
rated by graphs, directed graphs and the corresponding matrices. Finally graph theoretical meth
ods in the investigation of networks and the theorem of Ford and Fulkerson are described.

The separate parts are independent of other parts o f the whole work. The treatment is up to 
date and carefully composed. Everywhere several modern results have been included in the text, too. 
Numerical methods are avoided.
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The material included in the book is considerable. A greater number of worked out examples 
might, however, have counterbalanced the concise style o f the main text. The bibliography con
tains 25 items, mainly in German; books of Hungarian mathematicians have also been included. 
— Unfortunately, there are several striking misprints in the text, e.g. in the Foreword and the 
■Contents.

P. Medgyessy 
(Budapest)

K. KURATOWSKI: Introduction to Set Theory and Topology. 
(Containing a Supplement on Elements of Algebraic Topology by R. Engelking.)

COMPLETELY REVISED SECOND ENGLISH EDITION.
349 PP., PERGAMON PRESS, OXFORD—PWN, WARSZAWA, 1972.

The first English edition of this Introduction appeared in 1962. It became an immediate suc
cess, owing to the judicious choice of material and to the high quality of the exposition.

In this second edition, the rapid development of set theory and topology during the last few 
years has fully been taken into account, and the whole text has been made to conform to the most 
modern requirements.

Although the most essential changes concern the second part o f the book (devoted to topology), 
there are also changes worth noticing in the first part (on set theory). The concepts of inverse limit, 
o f  lattice, of ideal, of filter, of a commutative diagram, and o f a cartesian product of an arbitrary 
number of factors are considered. Also, the presentation gives now a slightly deeper insight into 
the axioms of set theory. In particular, the notion of class (in the sense of Bernays) is mentioned 
and later applied, mainly in connection with the concept of category used in the Supplement. —  In 
the theory of ordering relations, more emphasis was put on what was previously called partial order
ing. This is now called, in conformity with modern usage, ordering.

The changes in the second part of the book are more essential. In the first edition, this part 
of the book was chiefly devoted to the study of metric spaces. In this second edition, general top
ological spaces form its main subject. Consequently, more than half o f the second part had to be 
written anew. It contains new topics which were not considered in the first edition, such as cartesian 
products o f topological spaces, the Cecil—Stone compactification, quotient spaces, completely 
regular spaces, quasi-components; in the chapter on Simplexes more material can now be found 
on simplicial mappings and on the nerve o f a cover. Finally, the rather short chapter o f the first 
edition, devoted to complexes, chains and homologies, has been replaced by a much more extensive 
Supplement on the elements of algebraic topology. Written by professor R. Engelking, this Supple
ment constitutes an excellent introduction to the basic ideas of homology theory.

Having surveyed in brevity the changes which distinguish this second edition of the book from 
the first one, let us now give a more precise idea about its contents by listing the chapter headings : 

I. Propositional calculus. — II. Algebra of sets. Finite operations. — III. Propositional func
tions. Cartesian products. — IV. The mapping concept. Infinite operations. Families o f sets. —  V. 
The concept of the power of a set. Countable sets. — VI. Operations on cardinal numbers. 
— VII. Order relations. — VIII. Well ordering. — IX. Metric spaces. Euclidean spaces. — X. Topo
logical spaces. —- XL Basic topological concepts. — XII. Continuous mappings. — XIII. Cartesian 
products. — XIV. Spaces with a countable base. — XV. Complete spaces. — XVI. Compact spa
ces. — XVII. Connected spaces. — XVIII. Locally connected spaces. — XIX. The concept o f di
mension. — XX. Simplexes and their properties. — XXI. Cuttings of the plane. — Supplement: 
Elements of algebraic topology.

Written by one of the foremost authorities on the subject, this book is ideally suited to serve 
as a first introduction to set theory and to topology (both general and algebraic). The reviewer 
feels sure that it will gain well-merited popularity «ith both students and mature mathematicians.

S. Gacsályi
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ADDENDUM

To the publication list
A l f r é d  R é n y i ’s  w o r k

published in Studia Scientiarum Mathematicarum Hungarica 6(1971)3—22 the 
following item, having been omitted regrettably during the printing procedure, is to 
be added :

1963

20. Asymmetric graphs (with P. Erdős). Acta Math. Acad. Sei. Hung. 14(1963) 
295—315.

P. Meclgyessy
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