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REMARKS TO A PAPER OF L. FEJES TOTH

by
B. BOLLOBAS

The notion of the permeability of a layer of open convex disks was introduced
by Feijes TotH [1]. He proved some results about the permeability of a layer of
parallelograms and of a layer of circles ([1] and [2]). This paper deals also with
the permeability of a layer of parallelograms. It does not contain essentially new
results, but the methods are different from those of Fries TOTH and the results
are a little sharper.

We define a layer as a set of open convex disks contained in a strip. If w denotes
the width of the strip, and / the length of the path connecting the edges of the strip
in such a way as to evade all disks, then

w

B=hte

is defined to be the permeability of the layer, where the infimum extends over all
paths of the above kind.

Our definition permits a wider class of configurations than that of FEjEs TOTH
in [2], which permitted only a non accumulating set of open disks.

Let n=ABCD be a parallelogram, for which AB=CD=a, BC=DA=b
and o, the angle at 4, is not obtuse.

Choose an arbitrary line, whose direction will be called vertical. Let s(X, Y)
denote the level difference between the
points X and Y (s(X, Y) is positive if X
is higher than Y, negative otherwise).

Consider a position of x, in which B
is the highest vertex of =, and the slope
of AB is not greater than the slope of BC
(Fig. 1). This will be supposed throughout
the paper. It is easily seen that there is
exactly one point on the side 4B, say X,
satisfying

s(X, D) _ s(X,C) Fig. 1
a+b—x  b+x’

where BX =x, i.e. such that the ratios of the lengths of the paths and the level
differences are equal when we go from X through 4 to D, and when from X through

B to C. It is obvious that the inequality Oéxég must hold.

1 Studia Scientiarum Mathematicarum Hungarica 3 (1968)



374 B. BOLLOBAS

5(X, Y)
bx
satisfying the conditions. FEjES TOTH [2] proved that, the permeability of a layer
of non accumulating parallelograms similar to = is greater than p, and on the other
hand if ¢=0, then there is a layer of translated replicas of 7, whose permeability

is-less than p+e.
The layer mentioned above can be obtalned in the following way. Put # into

sX, D sX5C
a position, in which YT Sy T p. Denote by Y the point such that

YB=AD (U_I7 denotes the vector from U to V). Arrange the translates of 7 in such
a way that the vertices, corresponding to 4, form the lattice generated by the vectors

AB and A7. Taking the parallelograms in a suitably wide horizontal strip, a layer
is obtained, whose permeability is less than p+¢ (Fig. 2).

Put p=min , where the minimum extends over all positions of =,

Y,

hl
W,

o
S
y

Fig. 2

In what follows we shall show, how the value of p can be determined for a
given parallelogram, and then we examine some consequences of the result obtained.

If X is an arbitrary point of 4B (0<xs 2) , denote by p(x) the minimum

s(X, D) _ s(X,C)
a+b—x b+ x
of = for which this equality holds. It will be shown that the minimum is attained
in exactly one position of 7. Consequently to calculate p it is sufficient to determine
that point X, for which p(x) is minimal: p(x) =p.

Suppose that 7 is in such a position that the equality above holds. Put =5+ cosa
and denote by F the midpoint of CD. Then

s(X, C)+s(X, D)

of the values

, Where the minimum is taken over all positions

(0 P 3
consequently (Fig. 3)
s(X,D) _s(X,C) _ B D s s(X, F)
at+b—x b+x H@+tb-x)+G+x) a

2+b

Studia Scientiarum Mathematicarum Hungarica 3 (1968)



REMARKS TO A PAPER OF L. FEJES TOTH 375

Let G be the point of CD satisfying CG =x, i.e. BC|XG, furthermore let H
be on the line DC beyond C, such that CH =b. The line through G parallel to XF
meets XH at K. According to our last equality, the similarity of the triangles XFH

Fig. 3

and KHG implies that s(K, G) = s(X, C). So if KGCL is a parallelogram, then
s(L, C)=s(K, g)=s(X, C), i.e. the line XL is horizontal. This proves that the
: v SUG D) 5SROy 2 o .
equality e p(x) holds in exactly one position of =. Putting
s(X, F) = d(x), we have p(x)=—a%.
b+7

Let (1, v) be a Cartesian coordinate system, whose origin is at F, and FC is
the direction of the u axis. Then the equation of the line through X and L is the
following: '

2a—4x 2(ab+at+2ax—2x2——21_x)v_

s 1.
aa+ )" T | a@r)P -1

(D

As d(x) is the distance of F from the line defined by (1),

a*(a+2b)*(B*—-1%) 1
¢ 4 d-

= (ab+ at+ 2ax — 2x% — 2tx)* + (b® — t*)(a—2x)® = f(x).

If for Oéxé-g— d(x) is defined by the equation d(x)=[b+-;—] -p(x), then

even in the case x =0, i.e. when the points X and L coincide, d(x) will be the distance
of F from the line defined by (1), since both the line and d(x) are continuous functions
of':x.

Consequently we should like to find that value of x for which f(x) is maximal.
The derivative of f(x) is the following:

/(%) = 4{dx® — 6(a—1)x* + (24> +2b* —2ab —6at) x +a(a—b)(b+1)}.

¥ Studia Scientiarum Mathematicarum Hungarica 3 (1968)



376 B. BOLLOBAS

For a given parallelogram, i.e. for a three tuple (g, b, ¢), the following values
of x may give the maximal value of f(x):

=01 sif (@) =0,

x=— if f’ [%) = 0, and finally those values x for which

0<x<% and f(x)=0.

If, according to this, several values of x have to be taken into consideration
a’(b* —1t?)
fx)
The discussion described above can be avoided in some cases and simple results
can be obtained. Proposition 1 and parts of propositions 3 and 4 were proved by
Feses TOTH in [2]. In the proofs below the trivial relations

@ Jim () == lim f/() =+

then, we select those for which f(x) is maximal and then p=

will be used several times.
s(X, D) .. s(X;C).
e A

In the following proportions we shall suppose that = D(x=D,
i.e. the positions of n and X are extremal.
ProposITION 1. If 7 is a rectangle (i.e. t=0), then X is the midpoint of AB and
AB is horizontal.
2 a /4 a . . a 2
If 1=0; f (§)=0 and f [E) = —4a*?<0. Then (2) implies that X= is

the only root of f’(x)=01in the interval [O, g] , and since f(0) <f (g] , the maximum
s(X,D) _ s(X, C)

of f(x) is attained at x=% in the interval [0, g] gives

a a
Cl+b—-2- b+’§

immediately that 4B is horizontal and p= :

a ary
b+ 3 1+ %
PROPOSITION 2. If 7 is a rhombus, then x =0 if a=3t (i.e. a=arccos }), and
a—3t .
= 5 otherwise.

It follows from the conditions that f’(0)=0 and f” (g—]=—6azl<0, SO we

can disregard the case x=%. Dividing the equation f“(x)=0 by x, a quadratic

: ’ : A ] a—3t
equation is obtained, which immediately shows that x=0 and x:~~~2' can

Studia Scientiarum Mathematicarum Hungarica 3 (1968)
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be the roots of f’(x)=0 in the interval [O, —g—] Consequently x =0 if a=3¢.
a—3t

i
It is immediately seen that in the first case (i.e. when a=3t, a=arc cos 1),

In the case a=3t, f”(0)=0, so we can disregard x =0 too, and hence x =

p —sin %
Apart from these two special cases we cannot obtain such simple results,

but we have the following statement.
PROPOSITION 3. If a=b=1t=0, then f'(x)=0 has exactly one solution in [0, %] 5
a?(b* —t2)*
S(xo)
Indeed then /(0 =4a(a—b)(b+1)=0 and f’ (%) = —6a?t<0 so the maximum

say Xo; this is the required value of x and p =

of f(x) in [0, —;—] is attained at an inner point of [0, g—] But according to the

relations (2), /7(x) vanishes at exactly one point of [0, %] , S0 this is the required

value of x.

REMARK. Suppose 6x%—6ax+a>—ab#0. Then f’(x)=0 implies

s 4x —6ax*+ (2a®+2b*>—2ab)x +ab(a—b)
- 6ax —6x% — a®+ ab) )

®)

If for a three tuple a, b, x (a =h=000=x< g) the value of ¢, given by (3),

satisfies 0 <7 <b, then it follows from Proposition 3, that this value of x belongs
to the parallelogram determined by the values a, b and t. Le. for the parallelogram
: )
given by a, b and ¢, ﬁ=%{) holds. This gives us a quick simple method
of calculating p for a large number of parallelograms and consequently to obtain
good approximations of p for all parallelograms.
We now prove the converse of proposition 2.

PROPOSITION 4. If the “shorter” diagonal BD is vertical or the “longer” diagonal
AC is horizontal, then w is a rhombus and o. is less than arc cos 4.

The slope of AB(=BC) is less than or equal to the slope of BC, so the shorter
diagonal BD is vertical if and only if a=b and the two slopes are equal. According
to Proposition 2, the equality of the slopes occurs if and only if o =arc cos }.

s(X, Dy _ s, C)

On the other hand if AC is horizontal, the equation R MR e

implies el = A (where ¢ is equal to the sinus of the slope of AB),

at+b—x b+x J4
2a+V2a* +2ab
5 .

Studia Scientiarum Mathematicarum Hungarica 3 (1968)
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378 B. BOLLOBAS

is the only solution. Substitute

2
As x can not be greater than % o — —g—— l/a -;ab
this value into (3). If a>b, it can be seen, that the denominator is positive, and then
a rearrangement of the equation shows that # is greater than b. This being impossible,
a=>b must hold and so x=0. But because of Proposition 2 this holds if and only
if a=arc cos %.
Finally we prove the following generalization of the theorem of Frjes TOTH.

THEOREM. - (i) Let my be a parallelogram, other then a rhombus of acute angle
at most arccos 3. If p is the permeability of a layer & of parallelograms similar
to Ty, then p>p and inf p=p.

(i) Let my be a rhombus, whose acute angle o, is at most arc cos } Then the
permeability of a layer of parallelograms similar to m, is at least sin — 2 , and the
equality can be attazned The permeability of a layer of non accumulating parallelograms

is greater than sin 5 The infimum of the permeability of a layer of translates of

o
7, is also sin 5

On account of Fejes TOTH’s theorem, it is sufficient to show that p=p.
Choose a parallelogram of #. Owing to the conditions of the theorem this

(UVV) >p. Denote by w the width of
the layer and by w; and w, the distances of U and V from the upper and lower
edges, respectively. Thus w; +s(U, V)+w,=w.

We shall prove that there are paths of length /;, /,, connecting the upper
edge of the strip with U and ¥ with the lower edge of the strip, and such that

parallelogram has a side UV satisfying

Combining these paths with the interval UV, the path obtained, of length
Iy + UV +1, satisfies l;> P, and this proves (i).

Because of the symmetry it is sufficient to prove the existence of a path of
length at most %, connecting U with [the upper edge. Denote by %" the layer

formed by those parallelograms of %, whose diameter is at least 1/n. Accord-
ing to FEjes TOTH’s theorem if #=0, there is a path connecting U with the upper

edge and evading the parallelograms of %", for which g,= ; , Where g, denotes

the length of the path. Join a path of length —%‘— —g, to the endpoint of this path,

and denote by #, the path obtained (Fig. 4.). Fix a coordinate system and let
(x, y)=h,(t) be the parametric form of the path 4,, where the length of the path

is the parameter: 0=¢= p . Take the sequence of the functions /,(¢), h,(2), hy(2),...

The values of these functions are in a compact domain (in the circle of centre U

Studia Scientiarum Mathematicarum Hungarica 3 (1968)



REMARKS TO A PAPER OF L. FEJES TOTH 379

i W ; L : 7
and radius ?1—] , and the functions are equicontinuous since |h,(t")—h,(t")|<e

if |t’—1”|<e. On account of the theorem of ARZELA and AsCOLI it is possible to
select a uniformly convergent subsequence of this sequence. Denote the limit
function by £ (t). The curve defined by (x, y) =h(¢) is a continuous, rectifiable path,
its length is at most w,/p and it connects U with the upper edge, since every element
of the sequence has this property and the convergence is uniform. It is immediately
seen that this path evades every parallelogram of #. This proves statement (i).

Fig. 4 Fig. 5

(i) As in (i), it can be shown that the permeability of a layer is at least p, and
%-. The second part of the statement follows

from Feies TOTH’s theorem, so to complete the proof it is sufficient to construct

according to Proposition 2, p=sin

a layer %, of parallelograms similar to 7;, whose permeability is sin % .

Put the rhombus m; =ABCD in such a position that the diagonal AC be
horizontal where the angle o is at 4. Reduce m; to the 2—,,{—1 and denote it by m,.
The edges of the strip will be the lines b, d, going through B and D and parallel
to AC. First place the replicas of n, into the strip, translated through n-AC
(n ==+1, £2,..). Then the remaining parts of the strip are isosceles triangles
with angles = —« at the apex. Then put translated replicas of 7, into these triangles.
The remaining parts of the strip are again isosceles triangles, which can just contain
the translates of m;, and so on (Fig. 5.). Denote by %, the layer obtained in this
way. It is immediately seen that a path, connecting b with 4 and evading all these
parallelograms, is the union of some sides and some parts of some sides of the rhombi.

Consequently the permeability of 2, is sin % ;
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REMARK ON K. SARKADI'S PAPER ENTITLED:
“ESTIMATION AFTER SELECTION”

by
G. TUSNADY

In his paper “Estimation after Selection” [1] K. SARKADI investigates, among
others, the following problem: Let x,, x, be independent normally distributed
random variables of parameters (i, o) and (u,, 65), respectively, and let us define
a variable m by

Hq if X1=X,
m= :
o if xy>x;

In connection with the estimation of m he shows (see Theorem 3.1) that an esti-
mation 7(x;, X,) of finite variance must be biassed. Our remark is that this is true
without supposing the variance being finite.

From his proof we use the fact that it suffices to show the following

THEOREM. Let x be a normally distributed random variable with parameters
B2

(u, 1). Then the function p f e 2dt cannot have any unbiassed estimation.
0

Proor. In other words, we have to show that there exists no function (x)
such that

Ge=m?

1 PR s
= e b2 r(bd)dx
Vz_nf )

(as a LEBESGUE integral) is equal to
T e
1 f e *dt
0

for all real u. Suppose, on the contrary, the existence of such a 7(x). By elementary
computation the equation becomes

“ a3

5 2 o u B2

V2r fe_"xe_if(x)dx . fe“‘xS(x)dx &= ye_ié/e—7dt

—co — oo

Now, the left-hand side, as well as the right-hand side of this equation define an

Studia Scientiarum Mathematicarum Hungarica 3 (1968)
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-entire function of u and by analytic continuation they coincide for all complex p.
In particular, we have on the imaginary axis

eo )2 v 2 2 vV 2
(iv) t v t

fe‘i“"S(x)dx =ive 2 |e 24 = —ve—7fe7dt.
Lo 0 0

‘Owing to RIEMANN’s lemma, the left-hand side tends to 0 as v o, while

v tZ
B fezdt ‘72
o L0 i =
limve 2 | e2dt = lim ——=lm— =1
V=00 b V=ro0 1_ v_. _v__
vle2 —v2¢2 fo2

‘which is a contradiction and the proof is completed.
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ON RATIONAL APPROXIMATION
OF ABSOLUTELY CONTINUOUS FUNCTIONS

by
G. FREUD

1. Introduction
To an arbitrary continuous function f(x) (0 = x =1) we consider its best approxi-

_mation by rational functions of degree n:

: apt+a;x+ ... +a,x"
Rn <Ly n 0 1 n
() I:}},Ib.» xrg[%?(u bo+byx+ ... +b,x"

(the existence of this minimum was proved by J. L. WALsH [4]). Let us now consider
the class ¥; of functions f(x) (0=x=1), which are the indefinite integrals of a
function f’(x) of bounded variation V(f”). It follows from the very remarkable
paper of P. Sziisz and P. TURAN [3], that there exists a decreasing positive sequence
{A,}, 2,0 so that for each f€ V; we have

M R(N)=4V ().

In what follows let 4, be the smallest number for which (1) is satisfied.

log* n
n2

P. Szisz and P. TUurRAN gave for {4,} the estimate A,=0 ( J This was

improved by the author [2] to
log?*n

In the present paper we establish an upper estimate of R,(f) for absolutely
continuous functions f. In our estimate of R,(f) the number 4, is involved. We use
this fact to prove the lower estimate

) hms

1
n2

IV

A less precise result of D. NEwWMAN stated 4,70 (W\J only. (See [3].)

It is quite probable, that 1,=0 [;17) holds. Is this the case, we deduce from

our theorem a proof of a conjecture of D. NEWMAN (see below).

1 ey, ¢y, ... denote positive absolute constants.

Studia Scientiarum Mathematicarum Hungarica 3 (1968)



384 G. FREUD

2. The Estimate of R,(f) )

Let f(x) be absolutely continuous in [0, 1], let its (almost everywhere existing)
derivative be f’(x)€ L. We consider the modulus of smothness of i

(i) = max  fl+h) =200+~ h)
(x—h, x+h)C[0, 1]

further the expression
1-h

[ 1resn—r @\ = ac;n.

0

From f’€L we conclude ’l‘iné A(f :h)y=0.
THEOREM 1. We have for each absolutely continuous f and each positive integer v
©) R(N)=w,(f; v ) +vA(f 5 v DA (v=1,2,..).

REMARK. Let us assume 4,=0(n~?) to hold. If f(x) is absolutely continuous
and belongs to the ZYGMUND class Z, i.e. @,(f;d)=0(5) then choosing

v = [n{ max A(f';}-41+1 = vo(n)
we obtain from (4) T
1
) ‘&m=4ﬂ.
It was conjectured by D. NEwMANN? that (5) is valid for feLip 1. Now,
from f€Lip 1 follows that f€Z and that f is absolutely continuous. In this way
Newmann’s hypothesis follows from the hypothesis 4, =O0(n=2?) which is possibly
simpler to prove.
As a second application, let f(x) be absolutely continuous and w,(f; 0)=

=0 log? é In this case we insert in (4) v=min {vy(n), n?}. We obtain, using

logZn
n

J. This is better than the polynomial approximation

(), that R(f)=0 (

log?n

of the same class which is ¢, . This result is new and independent of any
hypothesis.

ProOF OF THEOREM 1. As a first step we approximate f(x) by the polygonal

line 1,(x) through the points [%,f(%)] (k=0,1, ..., v). Then y,€¥; and ¥,

s P ; k—
18 piecewise constant and has the jump equal to v[f (k+l~]—2f (1:—) +f( 1)]

v v

2 See the communication of H. S. SHAPIRO, at page 189 in the book On approximation theory
(edited by P. L. Burzer and J. I. KorevAAR S. N. M. Vol. 5. Birkhiuser Verlag, Basel 1964).
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ON RATIONAL APPROXIMATION OF ABSOLUTELY CONTINUOUS FUNCTIONS 385

at the point R aleg that

{(E Rl

[ e
v 1 7
[H';]—f ()

By a lemma of H. BUrRkILL (Lemma 5. 2 in paper [1]) we have

k

v

f [f’[r+ %] —f’(t)] dt

v

=

=2

k=1

Vv (l,b") L Z

k=1

©

=V

dt =vA(f" ;v

¢ 1ﬂw—mun§m4?iﬂ_
From (6) and (1) we obtain
®) ~ R, W) =vA(f" 5 v~ Dy

Finally, from (7) and (8) it follows (4), Q.e.d.

3. Lower Estimate of 1,
Lt
To2v(x—
©) fis Sndasiand,

= 93\

where T, (A)—COS n (arc cos x) is the CebySev’s polynomial. Taking the partial
sums of this selles, it is easy to see that the n-th degree polynomial approximation
of f,(x) in [—4, 3] is O(n=3/?). Tt follows that in [0, 1] f;(x) has a continuous derivative
f1(x) which belongs to the class Lip 4, so that

(10) ,(fy; H)=ch¥? and A(f1; h)=ch'2
Let NV be a positive integer. At the points

x,‘=—;—+cosgz(LNTi]7 (3.9l =k =6.92Nt1)

which are more than 2. 92Y 42 in number, the difference

N =
fiy= S Ted

y=il

attains the extremal value
- B

y=Nu1?
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with alternating signe. By Cebysev’s theorem we have

< 1 1
11 RgzN(fl)=vzglﬁ>m.
Now we insert f=f; and n=9?" in (4), and take (10) and (11) in consideration:
i : :
(12) §W<R92N(fl) = C3V—°/2+C4V1/2/192N.
Let finally r be a fixed integer for which cyr—32< 3 193 is satisfied. Taking

v=r9?¥ we obtain from (12)

1

93(N+ 1)

1 1 Cs

3N 5 03(N+1) — Q2N *
9 29 9

(13) lgm>c;1r1/29N[ —cyr= 32 _I_]>c;1r1/291v.

From (13) and the monotonity of 7, follows (3). Q.e.d.
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ON THE DETERMINANT OF RANDOM MATRICES

by
J. KOMLOS

§1.

a) In a previous paper [2] we proved the following theorem:
If A, denotes the number of singuler 7 X n matrices with elements 0, 1 (i.e. the
number of nXn (0, 1) matrices having determinant 0), then

lim = 0.

Parnt
n=+4co 2"2

This theorem is equivalent with the following:
Ife; ;(i, j=1, 2, ...) are independent random variables with common distribution:

P(El,l =1)=P(e;,1=0)=1,
then
81’1 81’2 e 81’,'

v € & SO
lim P 2,122 2,n =10 :0.

8", 1 EH, g 8"’"
b) In this paper we give the following generalization of the above theorem:

TueoreM 1. Let &; ; (i, j=1, 2, ...) be independent random variables with common
non-degenerated distribution function F(x). Then

61,1 61,2 él,n
lﬂf P 52,162:?"" 52,;1 =0t 0
én,l 611,2 én,n

¢) In course of the proof of Theorem 1 we use the following theorem that is
of independent interest:

TuEOREM 2. Let &, &y, ...y &, ... be independent random variables with common
non-degenerated distribution.
Let §(ay,15 @y s ...3 Gy, denote the greatest jump of the distribution Sfunction
n

of the random variable 3 a, & where a, i; @, 55 ...; Gy, are arbitrary real numbers
k=1
different from 0, i.e.

5(arr.l;an,2;~--;an,n)= max P[Zan,kék=x]'
k=1

—0<X< + oo
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Let us put
cn = Sup 5(an, 1 5 au,Z; cee s an,n)
(an,k):= 1

where the suprema is extended over all possible n-tuples of non-zero real numbers dy iz’
Then '

litgSe =]
n=+oco

This theorem has been proved jointly with I. CSISZAR.
d) As an example we mention the following known corollary of Theorem 2:

COROLLARY. Let &, ¢&,, ..., &, ... be independent random variables with common
non-degenerated distribution and
E(él) o 0’

E(D) < + <.
Let ¢y, ¢;, ..., ¢, ... be real numbers for those > c? < + o holds, and let us put
k=1

€= Zw' &y, (& is defined with probébility 1).
k=1
Then & has a continuous distribution.

Putting in Theorem 2 a,,=c¢, (n=1,2,...; k=1,2,...,n) we obtain the
Corollary.
(On the other hand the distribution of the limit & needs not be absolutely

continuous. E.g. if
PEi=D=P¢ =-D=1%

1
i

and

Cp =

then the range of ¢ is the Cantor-set, i.e. the distribution is concentrated in a 0-set
and so it is not absolutely continuous.)
e) In §2 and § 3 we give the proofs of Theorem 2 and Theorem 1, respectively.

§ 2. Proof of Theorem 2

a) If the distribution function F(x) of the variables is continuous then é=0
(n=172;...).

If it has only one jump p<1 then ¢,=p" (n=1, 2, ...), and hence "11131 G =i0;

That is we can suppose that F(x) has at least two jumps. Let p,, p,, ... be
the jumps of F(x), i.e.

P(&1=%)=Dp.=0 (=152 )
Let us put
p=min (py, p,).
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n
The distribution function of Z’ a, & is the convolution of the distribution

n—=1

functions of Z a, & and a, ,&,, further the maximal jump of a convolution is not
k=1
greater than the maximal jump of any factor of the convolution, we have

| ngcn+1 (’1:1:2,---)
and so there exists
liaie —c:

n=+oo

We have to prove that ¢=0.
On the contrary assume that ¢=>0, that will lead to a contradiction.
b) Putting

go(n) = —
define

,.+1(i?) E (I’I+1)+ (C,,—C)
foriri= QN 2550
Clearly for any fix r
£(n)=0 (=120
and
n]_i&nme,(n) =

We prove by induction on r that for any r and n (r=0,1,2,...; n=1,2,...)
there exist an n-tuple {a{}i_, of non-zero real numbers and an (r+1) tuple
{y"}i+1 of different real numbers such that

(0) [Z a(r) ék I(Ir)t] = C—Sr(}’l) (t = 1’2a "'7"+1)

hold.
That is, we prove that for any r and n the variables &y, &, ..., &, have such
a linear combination that has (r+ 1) jumps greater than ¢ —eg.(n).

) 1
But it presents a contradiction, since putting r= 5 and such a great natural

number m for that
&.(m) < c—;%
we get

ral r+1
2’ [2 api = y,‘,.”,] > 2 (c—em)> 2 L
i =1 t=1 r+1

t=

that is absurd.
¢) Now let us go to prove the above statement.
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Because of the definition of ¢, for all natural number # there exist {a{}}:_,
non-zero numbers and y{°) for that

g 1
(Sava=ra)=a-tzelocnm
k=1 - n n

and it is the relation (0) in the case r=0.

Assumed that the above statement has already been proved for some r (and
all n) let us. prove it for r+1 (and all n).

So we know that for any » there exist {a{?q .}Jiti

#+1 non-zero numbers and
{y2, .5t} different numbers such that
n+1
2 a(r)l kfk IS-I)-l £ c-—8,(n+l) (t 55 132’ ,I‘+1)
Let us pus
(r)
a
At = trhk k=D,
d il ar(l':!zl,n+1 ( =y )
an
&-—w =12 +1)
Ay gy =t e oy
So we have
n
P[k,_Z; a4 bnsr = Wt] >c—g(n+1)
(L=l o=t
2 {rd1) and ¢&,., are independent, therefore

c—-a,(n—l-l) = P[Z"' ar(!:l-c'-l)ék+6n+1 = wt} =

- vaP[Z aii VG = wt—x]Sp.; [2 ilE = W:—x.;]+(1—p.s)cn
v k=1
for t=1,2,...,r+1; 6=1,2.

= 2 P41 = xv)P[j agi V& = w,— xv] =
v k

Hence we get

p[z aLENE, w,~x‘,} >c—em+1)—c,+c,p; =
=
= (c—cy)—¢&(n+1)+cp; (2 =le 2,0l 1o =152
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and divided by p;
p Za,‘,f,f”ék = W, —X;| > c—pL[(c,,—c)+e,(n+l)] =
k=1 L)

= c——}l’—[(c,,—c)+e,(n+1)] =c—¢&.,..(n) (t=152..5r+1; 6 =1,2).

As the numbers wy, Wy, ..., W, are different and so are x; and x,, among
the numbers w,—x; (t=1,2,...,r+1;8=1,2) at least r+2 are different ones,
these are the numbers

{pl Oyxd Q, e. d.

§ 3. Proof of Theorem 1

a) Let us consider an m Xn matrix and one of its row vectors. We have two
possibilities: either this row is a linear combination of the remaining ones or its
is independent of them. In the second case we say that the row degree of this
TOW 1S -+ oo.

In the first case consider a basis of the remaining vectors. The row is a uniquely
determined linear combination of this basis.

The number of non-zero coefficients at this linear combination is called the
degree of the row vector with respect to this basis.

The row degree of the row is the leat one of its row degrees with respect to
the all basises composable from the remaining vectors.

The definitions of the column degrees are analogous.

In what follows 7 X n matrix means a random m Xn matrix, i.e. the matrix

61,1 61,2 él,n
€2,1€2,2 - S2,n
fm,l ém,Z ém,u

where &;; (i,j=1,2, ...) are independent random variables with common non-
degenerated distribution function F(x), ¢ denotes the greater jump of F(x) and
&(n)=c, where c, is defined in Theorem 2.

Instead of the above matrix we often write simply M (m, n), and R(m, n) denotes
the rank of M (m, n).

b) LemMA 1. Let us consider an mXn matrix (n<=m?). The probability of the
event B,(m, n) that there is a column of M(m,n) the column degree of that is at

most Vm — is less than c,q™? for some suitable absolute constant c, .

2" Studia Scientiarum Mathematicarum Hungarica 3 (1968)



392 J. KOMLOS

Proor. Let A(iy, iy, ..., i) (for i;<iy<...<i,) denote the event that the
i-th, i,-th, ..., i-th columns of the matrix are independent.

Then P(By(m,m)=n 3 P(A(Gy, iz, ., i) [1=P(4(y, gy ...n iy, nj =
ij<iz<...<ig
t=Vm

=n ZV_(”jl)P(A(l,z, o D)[1=P(A(L, 2, ..., 1,n))].

If the n-th column is a linear combination of the linear independent 1-th,
2-th, ..., t-th columns (té Vm) then the rank of the matrix

El,l 61,2 él,tél,n
€2,182,2 - &5,0Ea,m

ém, 1 fm,z ém,t fm,n

()

is equal to 7.
Let the j;-th, j,-th, ..., j-th rows of the matrix M (m, t) be the linear independent

ones (i.e. a basis of the rows of M(m, t)).

Let xq;5 x5 ...5 X, ; be the coefficients of the j-th row of M(m, t) with
respect to the above basis of the rows.

(The numbers j, and x, , are random variables.)

So it holds

o= 2, ,m]

Ol i

i
s = 21 Xy, 165,08 [
v= .

Clearly the j-th, j,-th, ..., j-th row vectors of the matrix () are also linearly
independent and as the rank of this matrix is #, they compose a basis of this matrix.

It is clear as well that the coefficients of the j-th row of this matrix with respect
to this basis are the numbers

Xisps Ko giesss Xy ps
Hence

t
éj,ll= %xv,jfjv_,, (j= 1,2, ...,m).

So we get
P(4(L,2,...,0)[1-P(4(1,2, ...,t,n)] =

t
éP[éj,,,=Z'x,,,j§j‘,,,, for j=1,2,...,m but j=j, (,u=1,2,...,t)].
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T
But the variables ¢;, are independent of the variables 2 x, ;¢; ., for
v=t

j#J, that implies that'

P[éj,n = 2 xv,jéjv,n fOI' .]#JM] = H P[fj,n = é;xv,jéjv,n] =

y=1 J#in

M(@m,t); éj;,n; 6_,-2,"; ..-;éj‘,n]] =

s E(P [é,-,n = 2 Xy, 5 &jun
JFin v

= JE@= [l g=q" "= gn=Vm < gmi2,

Ji#in VES N
So we get
P(Bl (m, n)) =n Zy‘_ [n—l]qm/z L VEnV;q"'/Z - mzﬁn,sqm/z <c qm3
t=fm

for some suitable ¢;>=0. Q.e.d.

In a similar way we obtain that if m<n? then the probability of the event
B,(m, n) that there is a row of M (m, n) the row degree of that is at most Vn—is less
than ¢,q">.

From now on we suppose that m=(n—1)> and n<(m—1)%

¢) Similarly as at the proof of Lemma 1, we estimate the probability of the
event C,(m, n) that the last column of a random m X n matrix is a linear combination
of the other ones.

So C,(m,n) means that R(m,n) = R(m,n—1).

If the rank of the matrix M(m,n—1) is m, then

P(Cy(m, m))=1.
We prove that
lim _ max  P(C,(m,n), RGm,n—1) < m) = 0?
=4y l<m<(n-1)>2
that is
lim _ max  P(R(m,n) = R(m,n—1), Rim,n—1) < m) = 0.
n=+% pi1<m<(n—-1)>2
P(C,(m,n), R(m,n—1) < m) = P(C,(m,n), R(m,n—1) < m, B,(m,n—1))+
n—1

+P(C,(m,n), R(myn—1) < m, By(m,n— D)) <ciq 3 +
+P(C,(m,n), R(m,n—1) < m, B,(m,n—1)).

The event C=C(m,n)\{R(m,n—1)<m} B,(m,n—1), means that the
rows of M(m, n— 1) are not linearly independent, the last column is a linear combi-
nation of the other ones and the row degree of each row of M (m, n—1) is at least Vn.

L E(ly, ..., i) denotes the conditional expectation of & with respect to the smallest o-
algebra with respect to that #, ...,#, are measurable. If A is an event, P(Aln; ..., m)=
=E (|91, ..., 1), Where o is the indicator function of A.

2 P(A4, B, C, ...) denotes P(ANBNCnN...).
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Let the jj-th, j,-th,..., j-th (t<m) rows of the matrix M(m,n—1) compose
a basis of the rows of M(m,n—1) and x, ;; X, j;...; X, ; the coefficients of the
J-th row of M(m, n— 1) with respect to this basis.

Ties
" J=1:2,...,m
61.,5 —v;; x"yj ij,s = 1,2, ...,n_l ;

Clearly, the j,-th, j,-th, ..., j-th rows of M (m, n) are also linearly independent
and because of R(m, n) = R(m, n— 1), they compose a basis of the rows of M(m, n).
So

oJ

t
fj,n o %xv,jéjv,tt (.]=1’23 ’m)

Let 1=j,=m be a natural number different from j,, j,, ..., /.
(As well as j;, js, ..., J — Jo i a random variable.)

t
61’0," = 2: Xy, jo éiv,n’
v=2
1.6

£
20 Xy, joCjv,n =0 where xo ;, =—1
e

As the variables j, and x, ; are determined by M (m, n—1),

(1) P(CIM(m,n—1)) = P[Zt’ Xobo e gy =10, Bz(m,n—l){M(m,n—l)] =
v=0

the number of non zero x,, ;’s is

=P [é(’) %ot e =0, {at feast V3 }!M(m, n— 1)] =
= ¢([Yn]) for all weQ..
P(C) = E(P(C|M(m,n—1))) = E(e([¥n]) = e([¥n]).
So we have

P(Cy(m,n), R(m,n—1) < m) = P(R(m,n) = R(m,n—1), R(m,n—1) < m) <

Hence

n—1

<ciq 3 +e(l¥n]) = o) -0

(for all m satisfying m<(n—1)% n<(m—1)>?).
Similarly, if C,(m, n) denotes the event that the last row of a random mXn
matrix is a linear combination of the other ones, then

P(Cy(m, n), R(m—1,n)<n) = P(R(m, n) = R(m—1,n), R(m—1), n)<n)<

= (p(m) "-n. 07
and if D denotes the event

D = Cy(m,n) " {R(m—1,n)<n} ) B;(m—1, n)

Studia Scientiarum Mathematicarum Hungarica 3 (1968)



ON THE DETERMINANT OF RANDOM MATRICES 395

then
) P(DIM(m—1,m) = e([Ym]) for all weQ.

d) Let us consider an (n+1)X(n+1) matrix.
Since R(n,n+1)<n+1, by (2) we get

P(R(1+1,n+1) = R(n,n+1), B (n, n+1)|M(n,n+1)) =
=PR@n+1,n+1) = R(n,n+1), R(n,n+1) <n+1, WFM(n, n+1) =

©) =P(DIM@n,n+1) = e([Yn+1]) < 0@
in almost all w€Q, and

P(R(n+1,n+1) = R(n,n+1)) = E(P(D|M (n,n+ 1))+
o) EP(R(n+1,n+1) = R(m,n+1), By(n,n+ DM, n+1)) =

= e([Vn+1])+ciq" < o ().
p PR@+1,n+1) =R@n =n) =PRu+1,n+1) = R0, n+1)) < o).
Similarly we get
P(R(n,n+1) = R(n,n), R(n,n) < n, B, (n,n)|M (n, n)) =

C)) e

r = P(C|M(n,n)) = e([Vn+1]) < o(m) inall weQ,
an
7) P(R(n,n+1) = R(n, n), R(n, n)<n)<o).

Applying (3) and (4) we have (using the fact that R(n+1, 7+ )<R(n,n)+2
can occur only if R(n+1,n+1) = R(,n+1) or R(m,n+1) = R(n,n) and
P(A|M(n, n+1))<c implies that P(A|M(m, n))<c))

() PR(n+1,n+1) < R(n,n)+2, R(n,n) <n, By(n,n), By(n, n+1)M(n, n) <

< 2¢(n)

on all weQ and :
P(R(n+1,n+1) = R(n,n) = n, By(n,n), B,(n, n+1)M(n,n) =
=P(R(n+1,n+1) = R(n,n+1), B (n, n+1)|M(n,n)) = o(n) < 2¢(n)

in almost all w € Q.
By «) and y) we obtain the important relation

d) P(R(n+1, n+1)<R(n,n)+2, R(n, n)<n)<2¢(n).

(This last relation shows why is the rank of a matrix equal to its order with proba-
bility near to 1 for great order. Viz. according to 0) if we increase the order by
one, the rank grows by two with probability tending to 1. So the rank will “over-
take” the order.)

e) Let us put P(R(n n)=n) = P(Det M(n, n)#0) = P,. (Our aim is to
prove that "l_iian,, =(1%)

)
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Putting S,=E(R(n, n)) and using relations B) and 0) we compute S,., as
follows:
Sper = [RO+1,n+1)dP = R(n+1,n+1)dP+
Q {R(n,n)<n}
+ [ R@+1,nt1ap= R+ 1,n+1)dP+
(R(n,;n)=n} {R(m,m)<n, R(n+1,n+ 1)< R(n, n) + 2}
g R(n+1,n+1)dP+
{R(n,m)<n, R(n+1,n+ 1)=R(n, n)+ 2}
i R(n+1,n+1)dP+
{R(n,m)=R(n+1,n+1)=n}
+ Rn+1,n+1)dP =
{R(m,n)=n, R(n+1,n+1)=R(n,n)+ 1
= R(n,n)dP +
{R(m,m)<n, R(n+1,n+1)<R(n,n)+ 2}
+ (R(n, n)+2)dP + R(n, n)dP +
{R(n,m)<n, R(n+1,n+1)=R(n,n)+2} {R(r,m)=R(n+1,n+1)=n}
+ (R(n,m)+1)dP = E(R(n, n)) +
{R(n,n)=n, R(n+1,n+1)=R(n,n)+1}
+2P(R(n,n) < n, R(n+1,n+1) = R(n,n)+2)+
+P(R(m,n) =n, R(+1,n+1) = R(n,n)+ 1) = E(R(n, m)) +2P(R(n, n) < n)—
—2P(R(m,n) < n, R(n+1,n+1) < R(n, n)+2)+P(R(n,n) = n)—
—P(R(m,m) = n, R(n+1,n+1) = R(n, n)) > E(R(n, n))+2P(R(n, n) < n)—
—49(m)+P(R(n,n) = n)—(n) = S,+2—P,—5¢(n).
Hence
Sn+1 L Sn >2 _Pn —5(,0(}‘1)

If for n=>n,
1
P,, = 1—5(p(n)——n—

held, then we should get
N
k_Z QR—P.—5¢(k) =

N
2 (Sks1—Sp) >

Sye1 > Sna1—Sn =
k=no
N 1 N 1
= > [2—|1=5p(k)——|—50(k)| = 2|1+ =
k=no ke k=no k
LEN|
> N—ny+ Z? for all N > n,.

k
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But it N, is sufficiently large, then

No 1
k=no
and so we should get
Syo+1>No+1
and it is a contradiction.
We obtained

LEMMA 2. There exists a sequence Ny, My, ..., Wy, ... of natural numbers such that

P, ~ 1—5<p(nk>—;1k—

Le:
I supiP =1l

n=+co

f) Now we are going to prove that
lim P,=1
n=+oo

that is the statement of Theorem 1.
In order to prove this relation we are making use of the following Lemma
that is proved in [2] as Lemma 7:

LemMa 7. Let f(x, y) be a function defined for all pair (x,y) if x=y) of non-
negative integers with the following properties:
There exists a natural number n and a real number 0<c <1 such that

I f(x, »)=0

2° fx, %=1

¥ fex, y+ D =f(x, ¥)

40 f,n—1)=<c

5 fm+1, K)=cf(m, k) +1—)f(m, k—2)+d,

for all m=n and 0=k =m, where {d,} is a sequence of positive numbers.
Then

fm,m—1) < 2c+ Z”' d

for all m=n. E
Now let f(x, y) define as

f(x, y) = P(R(x, x)=y).
Clearly 1°, 2°, 3° hold.
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Using relation (5) we estimate f(m+1, k) for k=m. For k<m
fm+1,k) =P(Rm+1,m+1) s k) = P(Rm+1,m+1) =k, R(m,m) = k—2)+
+P(Rm+1,m+1) =k, k—2 < R(m,m) = k) = f(m, k—2)+
+P(Rm+1,m+1) = k, k—2 < R(m, m) = k) = f(m,k—2)+P(B,(m, m+1))+
+P (B, (m, m)) +
+P(R(m+1,m+1) =k, k—2 < R(m,m) = k, B,(m, m+ 1), B,(m, m)) =

= fmk—2)+2¢, 4™ + f P(R(m+1,m+1) < R(m,m)+2, R(m,m) <
{k—2<R=(m,m)=k}

< m, B;(m,m+1), B,(m, m)M(m, m))dP = f(m, k—2)+2¢,qm3 +

+ [ 200m) dP = flm,k—2)+20(m)(fom, ©) —fm, k—2)) + 20, gm* =

{k=2 <R(m, m)=k}
= f(m, k—2) +c(f(m, k) —f(m, k —2))+2¢, g3 = cf (m, k) +
+ (A=) f(m, k—2)+2c, g3

where ¢ is an arbitrary real number for that ¢=2¢(m) holds.

For k=m we get the same estimate, because the only difference is that instead
of the above term

P(RGm+1,m+1) = k, k—2 < R(m, m) = k, B,(m, m+1), By (m, m)) =

= f P(R(m+1,m+1) < R(m, m)+2, R(m, m) <
{k—2 <R(m, m)=k}

< m, By(m,m+1), By(m, m) M(m, m))dP = 20(m)P(k—2 < R(m,m) = k)
we have now (using (57)

PRm+1,m+1)=m, m—2 < R(m, m) = m, B,(m,m+1), B,(m, m)) =
S P(R(m+1,m+l) = m, R(mam) = m—l, Bl(m9m+1)> Bz(m,m))"'
+P(Rm+1,m+1) = m, R(m,m) = m, B;(m,m+1), B,(m, m)) =

= f P(Rm+1,m+1) < R(m,m)+2, R(m,m) <
{R(m, m)—m—1}

<m, Bi(m,m+1), By(m,m) M(m,m))dP+ [ P(Ram+1,m+1) =

{R(m, m)=m}

= R(m,m) = m, B,(m, m+1), B,(m, m) M(m, m))dP =
= 20(m)[P(R(m,m) = m—1)+P(R(m, m) = m)] =
= 2¢p(m)P(m—2 < R(m,m) = m).
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g) Let ¢ be an arbitrary positive number. Let the integer N be so large that
for the N-th element of the sequence 7, (defined in Lemma 2) holds

=l €
5(/)(”N)+;N‘ =

(that implies P, >1 ——;—] and

S €
> e < .
Lt lq 3

Putting in Lemma 7 n=ny, c=~ and d,=c;q"", the conditions 4° and 5°

-
3
hold for m=ny (because f(n,n—1) = 1—P,) and so by Lemma 7

fim,m—1) = I—Pm<2-%+%=a

for m=mny - Qed
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SOLID CIRCLE-PACKINGS AND CIRCLE-COVERINGS

by
L. FEJES TOTH

To Professor H. Hadwiger on his sixtieth birthday

§ 1. Introduction

In a certain sens, which must be specified separately in the spherical, Euclidean
and hyperbolic geometry, the face-incircles of the regular trihedral tessellations
form a densest packing, and the face-circumcircles of these tessellations form a
thinnest covering. It may be conjectured that these statements continue to hold
for the trihedral Archimedean tessallations. The aim of this paper is to support
this conjecture by proving its validity in several cases.

In § 2 we introduce the notion of the solidity of a packing and covering, which
admits a unique formulation of the results. § 3 contains simple proofs of the solidity
of the circle-packings and circle-coverings generated from the regular trihedral
tessellations. This paragraph is included for the sake of completenes. The resuits
itselves are not new [1]. In § 4 we deal with some Archimedean packings and coverings.

§ 2. Definitions

We shall operate in a two-dimensional shperical, Euclidean or hyperbolic
space, briefly in a plane. By a circle we mean an open or a closed circular disc,
according as we consider a packing or a covering. A circle-packing is defined as
a set of circles such that each point of the plane belongs at most to one circle.
Analogously, a set of circles is said to form a circle-covering, if each point of the
plane belongs at least to one circle.

A circle-packing is said to be solid if no finite subset of the circles can be re-
arranged so as to obtain a packing not congruent to the original one. In a quite
similar way, a circle-covering is said to be solid if no finite subset of the circles can
be rearranged so as to obtain a covering not congruent to the original one.

On the sphere the density of a set of circles is defined as the quotient of the
total area of the circles and the surface-area of the sphere. Thus here a solid packing
of n congruent circles is a densest packing of n congruent circles, but not vice versa.
For example, in a densest packing of 5 congruent circles two circles are centered
at the poles and the rest are centered in three points of the equator under the single
condition that their mutual distane is =n/2. Therefore these packings are not
solid. Similarly, on the sphere a solid covering of n congruent circles is always
a thinnest covering of # congruent circles, but not vice versa. For the sphere cannot
be covered by 3 circles less than a hemisphere. But a covering of 3 hemispheres
is not solid. Besides the cases when n =35 and n =3, respectively, no further counter-
examples are known.

In the Euclidean plane the density is defined by a limiting value which may be
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402 L. FEJES TOTH

interpreted as the quotient of the total area of the circles and the area of the plane.
Here too, a solid packing of congruent circles is a densest packing of congruent
circles, and a solid covering of congruent circles is a thinnest covering of congruent
circles. For otherwise the circles lying is a sufficiently big circle could be rearranged
so as to be packed in a smaller circle, or so as to cover a bigger circle, respectively,
which contradicts the solidity. But a densest packing or a thinnest covering is not
necessarily solid, because the density remains invariant by removing from a packing
or by adding to a covering a finite number of circles.

In the hyperbolic geometry the definition of a satisfactory density notion
involves considerable difficulties, as pointed out by K. BorOczKY (see [2]). In some
cases these difficulties can be evaded by using a certain kind of standard triangulation.
If, for example, in a packing of congruent circles the circle-density has in each triangle
the same constant value ¢, and it can be proved that in any other packing of these
circles the circle-density is in all triangles =e¢, then we can say that the first packing
constitutes a densest packing. But if we have, say, two kinds of circles, we must
face the further problem of defining their frequency. Thus in the hyperbolic plane
the simple notion of the solidity has particular advantages.

A tessellation is a set of polygons joining along whole sides so as to fill the
plane without intersteces and without overlapping. A tessellation with regular
faces and equivalent vertices is said to be uniform. If all faces of a uniform tessallation
are congruent, the tessallation is regular. In the opposite case the tessallation is
called semi-regular or Archimedean. L

A regular tessallation with p-gonal faces, ¢ at each vertex, is denoted by the
symbol {p, g}. For any integers p=2 and g =2 there is a {p, g} which is spherical, -
Euclidean or hyperbolic according as

litesd 1
—— = —,
Py 2 _

respectively. We shall be concerned also with the truncated {p, ¢}, symbolically
t{p, g}, which exists for any p=2 and ¢=3. It is a uniform tessellation having
two 2p-gonal faces and one g-gonal face at each vertex. Observe that #{p, 2p} =
={2p, 3}. .

Now we can specify the conjectures mentioned in § 1 as follows.

CoNJECTURE p. The face-incircles of a trihedral Archimedean tessellation
altrays form a solid packing.

CoNJECTURE ¢. The face-circumcircles of a trihedral Archimedean tessellation
always form a solid covering.

We complete these conjectures by the further conjectures that the face-incircles
of a more than trihedral uniform tessellation never form a solid packing and the
face-circumcircles of such a tessellation never form a solid covering.

In what follows we denote a domain and its area by the same symbol.
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§ 3. Regular Packings and Coverings

We shall prove the following theorems.

THEOREM rp. For any integer p=2 the face-incircles of {p,3} form a solid
packing.

THEOREM rc. For any integer p =2 the face-circumcircles of {p, 3} form a solid
covering.

The proofs rest on a series of lemmas most of which are well known. In order
to make this paper as selfcontained as possible we shall give simple proofs of these
lemmas.

LemMA 1. Of all p-gons (p=2) containing a circle of radius r the regular p-gon
of inradius r has the least area.

Obviously, we may suppose that the p-gon, U, is circumscribed about the circle.
Let V;, ..., ¥, be the vertices of U in this cyclic order. Let T; be the point of tangency
of the side V;V;., and the circle (i=1,...,n; V,,1=V;). Let O be the center
of the circle and a; the area of the triangle V;0V;,,. Then a; = a(x)+a(e;4 ),
where o;= ' V;0T;, ;. =T;0V;,; and the fonction a(x) is defined by

X —arc sin (cos r sin x), O<x<nm
2
o) = " tanx O<x<m/2
" =173 % 5
arc sin (cosh r sin x) — x, 0<x<arcsin 1/cosh r

according to the three types of geometries.
We claim that a(x) is a convex function. In the Euclidean case this is obvious,
and in the non-Euclidean cases it follows from

sin x cos r sin? r

(I—cos? rsin? )72 7 °

a// (x) —_
and ; :
sin x cosh 7 sinh? r

(1 — cosh? r sin? x)*/2

dii=

=0,
. respectively. Therefore
U=a+..+a, = 2a(a;) + ... +2a(,) =2n a(n/p),
with equality if and only if o; =... =a,=7/p.
LemMMA 2. Of all p-gons (p=3) contained in a circle of radius r the regular
p-gon of circumradius r has the greatest area.
Retaining the above notations, we obviously may suppose that U is inscribed

in the circle in such a way that it contains O. Now we have a; =2b(f;), where 0<2p;=
=< V,0V;,, and the function b(x) is defined by

X —arc tan (cos r tan x), 0<x=n/2
2

Gilx) = % sin 2x, O<x=mn/2
arctan (coshrtanx)—x, O<x=mn/2.
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We claim that b(x) is a concave function. In the Euclidean case this is obvious
~and in the non-Euclidean cases it follows from

sin 2x cos r sin? r
Bl e 0

(1 —sin? r sin? x)2

and
sin 2x cos r sinh? r

D et GG SR

<0,
respectively. Thus

U=a,+..+a, = 2b(B)) + ... +2b(B,) =2n b(n/p).
Equality holds only if f;=...=p,=n/p.

LemmaA 3. If f(x) is a continuous convex function defined for x =0, then so
is the function g(x)=xf(1/x).
For, we have

gw)+g@ _ utv uwfl/u)+uf(lfv) _ u+vf[ 2 ]_ [m]
2 Gee u+v Fors u+v) 2

for any >0 and »>0, as stated.

Let A(p, r) and B(p, r) be the area of a regular p-gon circumscribed about
and inscribed in a circle of radius r, respectively. We extend the definition of these
functions for non-integral values of p by linear interpolation. Observe that in the
hyperbolic goemetry A(p, r) is defined only for p =p,, where p, is the least positive '
integer such that cosh rsin z/p,<1. Otherwise A(p,r) and B(p,r) are defined
for any p=3, except the spherical case, where A(p, r) is defined for p =2.

The convexity of a(x) and the concavity of b(x) along with Lemma 3 imply
the convexity of x a(n/x) and the concavity of x b(n/x). Since for whole values
of x we have A(x,r) = 2x a(n/x) and B(x,r) = 2x b(n/x), we have proved the
following lemmas.

LeMMA 4. A(x,r) is a convex function of x.

LemMMA 5. B(x,r) is a concave function of x.
We still shall need

LemMA 6. Let py, ..., p, be the number of sides of n non-overlapping convex
polygons joining along whole sides and having a connected pointset union U. Then

Pi+..+p,=6(n+h—2)+f—b,

where 4 is the number of the connected components of which the complementary
of U consists and f'and b are the numbers of vertices lying on the boundary of U
at which only two and more than two edges meet, respectively. Equality holds
only if at each vertex at most three edges meet.

Let v; be the number of vertices at which i edges meet. Then

Uz+03+...=v
and

202+3U3+ vals =2€,
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where v and e are the total number of vertices and edges, respectively. On the other
hand, we have
pit+ ... +p,=2e—f—b.

Combining these equalities with Euler’s formula,
n+h+ov = e‘+2,
and observing that v,=f, we obtain
Pit o +p,=6(n+h—2)+f—b—2(y+20s+...)=6(n+h—2)+f-b,

as stated.

Now we are ready to prove the above theorems.

Let d,,d,, ... be the faces of {p, 3}, S the set of the incircles ¢;, ¢, ... of
dy,d,, ... and r the radius of these circles. Let {c,, ..., ¢,,} be a subset of S and
let cf, ..., c,, be m circles of radius r which together with ¢y, Cyyz, ... form
a packing S’. Observe that for p<6 the set {C,41, Cm+2, ...} may be empty. We
must show that S” and S are congruent.

In a set of congruent circles we define the Dirichlet cell of a circle as the set of
points whose distance from the center of the respective circle is less than from the cen-
ter of any other circle. Let df, d3, ... be the Dirichlet cells of the circles of S”. For a
suitable indexing of the circles, we can find an integer » not less than m such that
the pointset union of di, ..., d, is connected and that d; and d; are identical for
any i>n. Applying Lemma 6, on the one hand, to the polygons di, ..., d,, on
the other hand, to the polygons d, ..., d,, we find that

np=6mn+h—2)+f—b
and i+ ... +p,=6(n+h—2)+f—Db,
whence
pit... Fp,=np. _
Since each polygon d; contains a circle of radius », we have, by Lemma 1,
d; = A(p;, r). Thus, in view of Lemma 4,
di+ ... +d =AW, N+ ...+ AP, 1) =0 A(p, T) = di+ ... +d,.

Since dj+...+d, = d;+...+d,, in both inequalities equality must hold,
showing that the d;’s are regular p-gons with inradius 7.

This completes the proof of Theorem rp.

The proof of Theorem rc is quite similar. We must only replace some terms
as ““incircle”, ‘“contains”, etc. by ‘“circumcircle”, “is contained in”, etc. Then
refering instead of Lemma 1 and 4 to Lemma 2 and 5, we have

di+..+d,=B(py,r)+...+B(p,, r)=nB(p, r) = dy+... +d,

which again implies the regularity of the d’s.
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§ 4. Semi-regular Packings and Coverings

Since the face-incircles of {p, 3} constitute a solid packing, so do the face-
incircles of {p, 3}, p=2. Apart of these trivial cases, the proof of the solidity
of an Archimedean packing or covering requires finer considerations. We restrict
ourselves to some Archimedean packings and coverings consisting of two kinds
of circles.

THEOREM sp. Let a trihedral Archimedean tessellation consist of p-gonal and
P-gonal faces with inradii v and R, respectively. If

and
A(p—1,r)+A(P+1, R)>=A(p, r)+ A(P, R),

then the face-incircles of the tessellation form a solid packing.

THEOREM sc. Let a trihedral Archimedean tessellation consist of p-gonal and
P-gonal faces with circumradii r and R, respectively. If

% B(p+1,r)+B(P—1, R)<B(p, r)+ B(P, R)
% B(p—1,r)+B(P+1, R)<B(p, )+ B(P, R),

then the face-circumcircles of the tessellation form a solid covering.

In order to prove these theorems we introduce a notion which will enable
us to define the Dirichlet cells of incongruent circles. Let ¢ be a circle with radius
r and center O. In the Euclidean plane the power u of a point P with respect to

c is defined by u = t2—r2, where t= PO . This is an increasing analytic function

of ¢ which depends for #>r only on the distance PQ =s, where Q is a point on the
boundary of ¢ such that the line PQ is a tangent of ¢. We want to define u in the
non-Euclidean geometries so as to preserve these properties. Since on the sphere
cosrcoss=cost and in the hyperbolic plane cosh r cosh s=cosh?, we define
u by u = —cos t/cosr and u=cosh #/cosh r, respectively.

Let ¢, and ¢, be two circles with radii r; and r, and centers O, and O,, respect-
ively. Let L be the locus of the points having equal powers with respect to ¢; and ¢, .
In the Euclidean plane L is a straight line. We shall show that this well known
fact remains valid in the non Euclidean geometries. Since the proofs are very
similar in the spherical and in the hyperbolic geometries, we restrict ourselves
to the hyperbolic plane.

Let P be a point of L and F the foot of the perpendicular drawn from P to
the line 0,0,. Write 0,F=x;, 0,F=x,, PF=y, PO,=t; and PO,=t,. Since
cosh #;=cosh x; cosh y, i=1, 2, the equality

cosh#;  cosht,

coshr,  coshr,

implies that
coshx;  coshx,
coshr;  coshr,’
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and vice versa. Consequently, the line through F perpendicular to O;0, belongs
to L. The fact that apart from this line L has no further points, follows from the
monotonity of the power as a function of 7.

We now define in a set of circles the Dirichlet cell of a circle as the set of points
which have a smaller power with respect to the respective circle than with respect
to any other circle. As the intersection of half-planes, this is a convex polygon.
These polygons join along whole sides and fill the plane without overlapping and
without intersteces.

Now we turn to the proof of the above theorems. Because of the complete
" analogy of the proofs, we restrict ourselves to Theorem sp.

In the tessellation let the p-gons and P-gons be dy,d,,... and Dy, D,, ....
Let the incircles of the faces be ¢;, ¢,, ... and C;, C;, ..., respectively. Let S be
the set of all these circles and {cy, ..., ¢y Cy, ..., Cyy} a subset of S. Consider
m circles ¢, ..., ¢, of radius r and M circles C7, ..., Cy of radius R which together
with 445 -.- and Cagyq, ... form a packing S’. Let dj, ... and Dj, ... be the
Dirichlet cells of the circles of S’. Let nand N be integers not less than m and M,
respectively, such that the pointset union of di, ..., d,, Di, ..., Dy is connected and
that for any i>n d; and d; are identical and for any >N D, and D, are identi-
cal. Let py,...,p, and Py, ..., Py be the number of sides of dj,...,d, and
D;, ..., Dy, respec‘uvely The argument used in the proof of Theorem rp shows
that k+K<g, where k=p,+...+p,, K = P, +...+ Py and g = np+ NP. Thus

_dl'l' +d +D1+ +DN A(plar)'l' +A(pn:r)+

+ AP, )+ ...+ A(Py, R) = n4 [%,r]-l—NA [%,R] =

P L
:nA[n ]+NA[ N ]~C(k).

We claim that
C(k)=C(np) = nA(p, r)+N A(P, R).

To see this observe that, as a sum of two convex functions, C(k) is a convex
function of k. Thus the inequality C(k)= C(np) will be proved by showing that
C(np—1)=C(np) and C(np+1)=>C(np). Since between consecutive integers
A(x, r) and A(x, R) are linear functions of x, we have

Cmp+1) = nd [p;};—nl—, r]+NA [PZF%, R] =
=@m—1)A(p,N+A(+1,n+(N-1)A(P,R)+A(PF1,R) =
= C(np)+A(p£1,r)+APF1, R)— A(p,1)— A(P, R),
which is, by assumption, really greater than C(np). Therefore

T'ZnA(p,r)—I-NA(P R)=d1+ +d +D1+..+DN=T.

Since 7”=T, in each inequality involving 7" equality must hold. It follows
that the d;’s and D;’s are regular p-gons and P-gons with inradius r and R, respectively.
This proves the solldlty of the packing S.
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We continue to consider some applications of Theorem sp and sc. In the tes-
sellation #{p, g} let the inradii and circumradii of the 2p-gonal and g-gonal faces
be R, R, r and 7, respectively. Throwing a glance to a characteristic triangle of
{p, q}, these radii can easily be computed. For
instance, in the spherical case, we have

cos R = cos E/sinﬁ, cos (R+r) = cot Ecot * i
q P p g,

T

tanR =t
an an R/cos 2

n T
, tan7 = tanr/cos E

We are looking for those values of p and ¢
which satisfy, on the one hand, the inequalities
(a)

AQ2p, R)+A(q, r)—AQ2p+t1, R)—A(gF 1, r)<0,
on the other hand, the inequalities
(b)

B(2p,R)+ B(q,7)—B(2p+1,R)—B(qF1, 7) > 0.

The left sides of (a) and (b) have been compu-
terized for 2=p =10, 3=¢=100. It turned out that -
(b) was never satisfied without (a) having been

Fig. 1 satisfied too. Indicating by a single line that only
(a) is satisfied, and by a double line that both (a)
and (b) are fulfilled, the results may be tabulated as follows:

@3 AnSR61T 1§ S0 LN DAl 3396 8D 88 ... 100

O A W

9
10

For example, Theorem sp implies that the face-incircles of #{3, 10} or #{3, 11}
form a solid packing but it leaves the question open whether tha same is true, say
for #{3,12}. Again, Theorem sc implies that the face-circumcircles of #{5, 6} form
a solid covering but it does not decide the question whether the same is true, say,
for #{5, 5}.

For t{4, 4} the packing problem deserves special attention. To put the problem
in a new light, we emphasize the following special case of Conjecture p: The face-
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incircles of a {p, g} will always be solidified by inscribing a circle into each gap.
In view of Theorem rp, this conjecture turns out to be right for {3, 3}. Theorem
sp shows its correctnes for {5, 5}, {6, 6}, {7, 7}, {8, 8}, {9, 9} and {10, 10}, and
it seems to be a question of computation to verify the conjecture for {11, 11}, ..
This is a challenge to prove the conjecture for {4, 4}, all the more because the
conjecture is obviously true for the two remaining regular Euclidean tessellations,
namely for {3, 6} and {6, 3}.

We conclude with two remarks showing how tantalizing this problem is.
Consider a {4, 4} with R=1. Then r=Y2—1 and A(8, R)+A(4,r)=4. On the.
other hand, we have A(7, R)+ A(5, r)~3.9943, which is only by some 0.14%
less than 4. Since A(6, R)+ A(6, r)~4.0584 >4, there is no other possibility of
rearranging a finite number of the face-incircles of 7{4, 4} but by means of nearly
regular septagonal and pentagonal Dirichlet cells. But it is intuitively obvious
that this is impossible.

Our second remark concerns the density of the face-incircles of {4, 4}. This
density equals 0.92015... . On the other hand, it is known [3, 4] that the density

of a packing of any kind of circles with radii not less than Y2—1 and not greater
than 1 cannot exceed 0.92084... . This is the density of two small circles and one
big circle all touching one another in the triangle determined by the centers of the
circles. However, in this triangle the sectors of the small circles have a total angle
which is more than 4-times greater than the angle of the sector of the big circle.
But since, on the one hand, among the face-incircles of 7{4, 4} there are as many
big circles as small ones and, on the other hand, the above density bound cannot

be attained even for a packing of arbitrary circles with radii lying between Y21
and 1, practically it can be taken for granted that the face-incircles of #{4, 4} form
a densest packing.
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ON THE SECOND ORDER HALF-LINEAR DIFFERENTIAL EQUATION

by
I. BIHARI

1. Introduction

By a second order half-linear differential equation an equation is meant within
which the dependence on the function and its derivative — i.e. the restoring force —
is homogeneous of the first degree. The equation in question has the form as follows

(1.1 (P@Ow) +aOf(wp(t)w) =0, 1€(@b) =1

where

1. p(t)=0 and g(¢) are continuous in I; )

2. f(u, v) is continuous for every u, v and satisfies some condition assuring
the uniqueness for given initial conditions of the certainly existing solution of (1.1).
(E.g. f(u, v)€Lip (1) in any bounded and closed subset of the u, v plane.)

3. f(Au, v)=Af(u, v) for every 4, u,v,

4. sg f(u, v)=sg u.
E.g. f(u, v) may be chosen as

23 2

u uv

or etc.
12 42 w2 42’

The properties of the solutions of equation (1.1) are in much similar to that
of the corresponding linear equation. However, these solutions have also quite
different properties.

A lot of these properties has been shown in papers [1—5]. Now let these be
shortly recalled. (S. 1°—16°)

1° For given initial conditions u(t,)=uy, u'(ty) =ug, to€ (@, b) (ug, uy are
arbitrary) (1.1) has a unique solution u(¢) existing in the whole interval 1.

2° If u(t) is a solution cu(t) (c =const) is another one.

3° If the solutions u(#) and »(z) have a zero (€I) in common, then all their
zeros are in common and one of the solutions is a constant multiple of the other
(they depend linearly). Linearly independent solutions cannot have zeros in common.

4° If uy(t) =kuy(t), uy(t) =kuj(t) (k=const>0) hold at t=t1,, then it is
valid for every 7€ 1. Consequently the Wronskian W =uju, —u,u; vanishes every-
where or nowhere. On the other hand it cannot be stated that W =const.

5° In consequence of 4° the zeros of the linearly independent solutions separate
each other.
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’

6° For a solution u(#)##0 in I the function z=2 Z satisfies the Riccati-type
equation
1
(1.2) Z’+;Zz+qg(2) =0, g@2)=/(1,2)>0

and reversely, i.e. (1.1) and (1.2) are equivalent concerning such a solution.
7° Equation (1.2) can have solutions of the form u = e* provided p, g are constant.
Let e.g. be p=1, ¢ = +k*=const, then putting u=e* in equation

(:3) ' + k2 f(u,u)=0
and cancelling it we have
(1.4) A2+k%g(A) =0

as the ,characteristic equation” corresponding to (1. 3), and (I. 4) can have real
or complex zeros and equation (1. 3) solutions of the form

eat, ei“', e tipt (a’ ﬁ real)
However, the separated real and imaginar parts of a complex solution are not solutions
of (1. 3). The complex valued solution is periodic with the period 7” and re@Fier

is a ,,damped complex oscillation”.

Conditions may be given assuring the existence of (real or complex) roots.
of (1. 4), moreover in a way that (1. 4) has roots in finite number or in infinite number,
but not clustering provided I is infinite.

8° Assume p=1, ¢ = +k?, then (1.2) may be written as

d
& =~ (@)

for a non-vanishing solution u(¢). If, in addition l=z=% does not satisfy (1. 4),

(i.e. u is not of the form ce”; suppose the existence of real 2o not fulfilling (1.4)), then

(1.5) /—ﬁ ~~~~~ = ty—t (tel)

which is surely invertable for the sign +.

’

The case where z =1 satisfies (1. 4) was treated in 7° and gave z = % = =gonst,

U=@e"!

For the linear equation u”+k?u=0 the characteristic equation z2+k2=0
(z=4) gives the exponential solutions while the other mon-vanishing solutions are
given by (1. 5) (g(s)=1). Namely (for the sign —) u=C ch k(t+0)=C, e+ C,e~*

(%) 2 . )
where C; =5 el =§ e " are not arbitrary (C and « are). However uis a solution
of (1. 3) for arbitrary C, and C, too, moreover it is the general solution.

<
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9° Every solution of equation (1. 3), (taking the sign +), (existing for all 7)
is oscillatory and assuming

(C) f(u’ w U) o f(u’ U)

they are periodic and their successive quarter waves [an arc between a zero and the
immediately following (previous) extremum-point] are congruent (s. [1]).

10° If p=1, q%O,f q(t)dt = + o, I=(0, + =), then every solution of (1.1)
is oscillatory in 1. Without the assumption g =0 one has only the alternative statement:
-either u(¢) -0 as ¢ —-oo, or u(t) is oscillatory (s. [4]).

11° The analogous of the Sturmian comparison theorems hold (s. [1]). If in
equations

(1. 5) (pY + @i flu, p)=0,  i=1,2, tel, Iitg =t =1°

we have
0<p2§p1: qléqb tEI

equation (1. 5,)* will be called a Sturm majorant of (1. 5;) and if in addition

qd1<4q>
or

p1=>p;>0 and g¢,(t)#0

hold at some point of I, then (1. 5,) is called a strict majorant of (1. 5;) on I

The statements of the Sturm theorems are well known, however, let they be
recalled here for the sake of the sequel.

1. Let (1.5,) be a Sturm majorant of (1.5;) on I and u; 20 a solution of
(1. 5,) having exactly n (n=1) zeros t; <t,<...<t, on t,<t=t° (f, may or may
not be a zero), and u, # 0 a solution of (1. 5,) satisfying

(1-6) plui >:p2u,’7.

Uity taiilly

at t=t,. (A fraction with vanishing denominator is regarded to be +e<.) In
particular, (1. 6) holds at #=+¢,, if u,(#,) =0. Then u, has at least n zeros on t, <?=1°.
Furthermore u, has at least n zeros on t,<t<t°, if either the sign > holds in
(1. 6) or (1. 5,) is a strict Sturm majorant of (1. 5;) on t, =t=1,. _

2. Assume the conditions of the first part of 1. and that u, has exactly n zeros
on to<t=1t° Then (1.6) holds at #=1¢° (now a fraction in (1. 6) with vanishing
denominator is to be taken as — eo), moreover with the sign < if so is at 1=/,
or (1. 5,) is a strict majorant of (1. 5). '

COROLLARY OF 1. Sturm’s separation theorem. Let (1. 5,) be a Sturm majorant
of (1. 5,) on I and u, vanish at t=1¢,, t, (t; <t,) of I. Then u, has at least one zero
on [ty, t,]. In particular, if p, =p,, q,=¢q,, 4, and u, are linearly independent
solutions of (1.5,)=(l.5,), then the zeros of u; separate and are separated by
those of u,.

* This means the second equation of (1. 5).
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12° If p=1, ¢=0 and ¢ is increasing, then provided condition (C) a quarter
wave can be put in the former one (by reflection on an ordinate or rotation around
a zero), consequently the quarter-wave-length and the absolute value of the extrema
decrease (Consequence of 11°; s. [1]).

13° These comparison theorems can be extended on some half-linear first
order systems (s. [1]).

14° The eigenvalue problem can be formulated and solved too, but the eigen-
functions are not orthogonal and there is no possibility of a development in series
as for the linear equations (s. [1]).

15° Certain pair of functions built up from a solution and its derivative or from
two linearly independent solutions behave like these independent solutions them-
selves concerning the separation of their zeros (s. [2] which involves also conditions
for non-oscillation).

16° Every solution u(t) of

1
u’+u+o(®)fw,u) =0, o(t) =0 [;E]s ecir
has an asymptotic form
u=a,,sin(t+5w)+0[l7], t—> o
(S. [3D-
17° Let ¢(z) be periodic with the period 7" and its half periods (half waves)
congruent. Then the constants « and g in the equation

(1.7) u’ + [+ Pg ()] f(u, u’) = 0

may be chosen in such a way that (1. 7) has as well solutions with period T as solutions
with period 27, the half periods of which consist of 2, 4, 6, ... or 2, 6, 10, ... quarter
waves, respectively (s. [5]).

2. Further results. Comparison of the solutions of linear and half-linear
differential equations

THEOREM. Let us regard the following two equations
(pu') +qf(u, pu’) = 0

o2
A (pu) +qu =0

with their non-trivial solutions u,(t) and u,(t) respectively and assume q=0, g0
in some points of t,=t=t° and

(2.2) f,2)=1

Jor arbitrary z what is satisfied by the given examples.
Suppose again the existence of the zeros t;<t,<...<t, of u; in to<t=t°

’

her .Uy U

and the validity of (1. 6) [z.e. ITIEL-} at t=t,|, then u, has at least n zeros i, on
1 2z

o <t=t°, moreover on t,<t<t°, if either in (1. 6) or in (2. 2) the inequality holds.
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Proor. By the substitutions
u U
2. 3 t — —1/ 5 t — ‘g~
(2.3) g1 =, 80 ;

puy
we have for ¢, and @, the equations

7 1 3 2
W= —‘COS2 @y +¢gsin ¢, /0, tg 1)
(2' l)

’ 1 2 2
S e

On account of (1. 6) it is possible to choose the values of the functions ¢4, ¢, to be
continuous and satisfying

@2.3) 0=0,(t)=ps(t)) <7

By a known way it can be easily shown that ¢; (i=1, 2) passes at the k™ zero of
u; the value kn (k=1,2, ..., n) increasingly, hence just once. Denoting the right
members of (2. 4) by F,(t, @) and F,(t, p) we have by (2. 2)

(2.6) Fi(t, p)=F,(t, 0) (for every ¢ and ¢)
hence on account of a familiar theorem
p(D=0,(1), to=t=t°

which involves the validity of (1. 6) at t=1¢° too, and that of #;=1,.
If in (1. 6), i.e. in (2. 5), the inequality sign holds at #=t,, then we take the
solution @, of (2. 4,) with @,0(fp) =@,(t,) and by the just proved assertion we have

P1()=r0(t)<py(1), to=t=t°

since @,0(¢) and ¢,(7) cannot be equal anywhere.
On the other hand, if in (2. 5) the sign=holds, and in (2.2) the sign < is
valid (for every z) and if our assertion were false, then we have

@1 (1°)=,(t°)

consequently
2.7 01 (D)=0x(1), to=t=t°
(otherwise ¢,(7)<g,(7) in a point 7 with f,<i<° implies 01(t°) < @,(t°), and
(2.8) Pi()=05(1), to=t=1°
But
Py = })4 cos? ¢, +gsin® @, f(1, tg @2) +&(?)
where

. 8(r) =g sin® @, [1 — (1, tg ¢>)]
Then (2. 7)—(2. 8) imply
8(t)=0; to=t=t°.
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Now equation sin ¢, =0 can hold just in a point where u, =0. But there is a point
in the neighbourhood of which g0 and when there are here points where u, or
u; vanishes, there are also points (in this neighbourhood) where u, %0, 1 0.
Here

g#0, sing,=0, tgp,=o
1—f(1,tgp) =0

e(t)#0

consequently
and so

which means a contradiction.

2 4

REMARK. If ¢(t)=0, then the converse statement holds provided ZL _S_Z—Z
o
at t=1,. Namely in (2. 6) the sign = must be replaced by the sign =.
Comparison of the solutions of two half-linear equations

If in equations
() +q:fiw, p) =0 (i=1,2)

the assumptions of 11° or
f1l,2)</f3(1,2) (for every z)

are satisfied then the assertions of 11° and 2. are valid.

3. Decrease of the amplitudes
The ,,amplitude” of a solution of (1.1) is defined by
\2
A(f) s u2+ (pu)
/ pq
With regard to (1.1)

A(t) = —pu'? [2f[pl;, > 1]—2;;7 +p T(.SZ))—Z]

Putting here pu’ =g cos ¢, u=gsin ¢

A { : A (pq)’}
(3.1 A'(1) Pl 2[f(tgp, ) —tg @] +p (7q)?

whence it is obvious the truth of the following assertion:
Ifin (1.1) p>0 for t>1t, and

(3.2) 2[fz, ) —z]+p ((5;]))2 >0

for every z and 1=1,, then A(?) is decreasing for whatever solution of (1.1).
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9
Taking example f(u, v) = u—zl:_—l;z , _/\l ‘
_ z
Z
g(z)_f(z,l)—Z———Zz+l W

which has a maximum in absolute
value.

As a consequence the extrem a — if they exist — (i.e. |u|, where u” =0) decrease,
but this is true without condition (3.2) too (s. 12°).

In linear case (3. 2) reduces to (pg)’ =0.

4. Distribution of the zeros of the solutions
A lot of results known in real domain may be extended to (1.1).
1) Suppose f(1, z) has (a positive) maximum or a least upper bound and this
is (for the sake of simplicity) 1

gz =1l (z arbitrary).

Let g(¢) be real and continuous and m(¢) =0 a continuous functionina=¢=band

N i

s (E—a)(b—1)

a=1=b
Let (1.1) (with p=1) have a solution with two zeros (at least) in [a, b] then

1) [ m@)g* () dt = y,(b—a)

where g*(t) =max (q(2), 0) (s. [6], p. 345).
The proof proceeding along the same line as in linear case may be omitted.
Let some immediate consequences of (4.1) mentioned here without proof
(s. loc. cit.)

b
) [@-ab-g*@)ydt=b—a

b
3) [ (—agr@)ydi>1

b
4
+ =
4) afq () dt > -
Further (less immediate) consequences (s. loc. cit.) are as follows.
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5) Let p(t)=1 and g(z) be real-valued and continuous for 0=¢=T. Let u(t)Z0
be a solution of (1.1) and N the number of its zeros in 0 <¢=7. Then

44
1 1/2
N < T [Té[q*(t) dt] +1 (consquence of 4)

6) The number N also satisfies

T
N < f tqt(t)dt+1 (consequence of 3)
0

7) Now we regard the extension of a result of WINTNER and HARTMANN (s. loc.
cit. p. 347).

If in equation (1.1) p=1, g=0 are continuous and of bounded variation on
0=¢=T and for some 6=>0

4.2) sz(z, Vq);_z =0 for every z and 0=¢t=T
1+z
z Va ' :
of | ——=lfll,-=l=]l=§ (e.g. f(1,v)—1 is bounded for every v)
1+z £z
then
T g I T
1 [ |dg (@)

o 1/2 S 1/2

Nn fq () dt =717 2@ +0 | q'2(t)dt
0 0 0

PROOF. At firstlet #(¢) be a solution of the (general) equation (1.1) and introduce
the following functions

gl (p@)'?u
pllzu'

¢ = @(t) = arctg
which differ slightly from those used previously. Then

oAl 2 _ w) +pqi?

o d(pg)"1u] - pu’ — (pu’y dt (pq)'1*u e
(pu')?

_ pud d(pg)'”* + (pg)"1* [pu* + quf(u, pu')] dt
(pu')?
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whence
i [g]”z (p')? + pauftu pr') o, pud d(pg)'* _
P (pu')* + pqu? (pu')* + pqu?
(4.3) & [ ]1/2 1+tg o/ (tg @, Vpq) PR e BRI
' p 1+tg? ¢ (pg)'? 1+tg* o

1/2

q f(tep, Vpa)—tgo d(pq)
= |= dt+[ ] t dt+ sin 2

[p] p b 1+tg?o o i rq

Now take p=1. (4. 3) exhibits that ¢ passes every zero of u mcreasmgly and
so just once. Therefore, if 0=¢(0)<n then

Nr = o(T) < (N+ Dn

So
: : aa. e
fltgo, Vg
Nr = o(T) = ¢(0 112 dt 12 ¢ Pt
= ¢(T) fp()+fq +fq go 1+tg(p -
0 0
s
Iy N dq
+Zfsm2qoq—<(N+1)n
0
Therefore
i i T i i
Nn§n-{—fq”zdt-i-éfql/zdz-l—%f@
0 0 0 q
and

1y o
|dq|
> — 12 Jf — 1/2
Nn n—l—fq dtéf dt4fq
0 0

0
Now these two inequalities give the above assertion.
In example f(u, v)=;2lf:’v2 condition (4. 2) reads as F(z, ) =0 where
22
oD =~ )
The function g(¢) is bounded on [0, 7]

0=k, =q=k,

k
and F(z, q)as a function of z remains between :-2~F (z, kq) and ki F(z, k). Therefore:
1 2

max |F(z, q)| exists.
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COROLLARY. If f q'*(t)dt = + = and q is of bounded variation in [0, =] so that
ah

7 T
(4. 4) /Ii';il=o fqllz(t)dt as T—oo
0 0
then from the above formulae
P LSRR R
 [arwa

0
For instance (4. 4) is satisfied when g€ C; and
7)=o((@2@®), -+
8) If in (1) p=1, ¢=0 continuous and
sup |f(l,z)—1| = 4 (for every z)
exists as a finite number, then A %
Na—T| = n+ [ [1—q@)| de+4 [ q(e)dt
As. loc. cit. p. 348). ; ;

Proor. The function ¢ =arctg % satisfies
¢’ = cos® ¢ +qsin® pf(1, cotg @) = 1+sin® p[gf(1, ctg p)— 1]
Suppose 0=¢(0) <, then

5 4
Nr = o(T) = ¢(0)+T+ f sin? @[q(1)f(1, ctg @) —1]dt < (N+1)n
0

But
9f(1,2)—1 = g—1+4[f(1,2)—1]
So

Ty g4
Nn—T = n+/|q—1]dt+A fth
0 0

7 T
Nn-—T>—n—f[q—lldt—A fth
0 0

which gives our assertion.
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5. Asymptotic behaviour of the solutions
1. Non-oscillatory equations with constant coefficients

5.1. Pure exponential solutions

If p=1, ¢ = —w? equation (1.1) can have such type of solutions and it has

really if e.g.
3

S, v) = (e=0)

u? + ev?
as shown in 7° of 1. Now this will be found for ¢ small enough by another way
too, namely by the analogous of the method given in [7].

As a comparison with the corresponding linear equation shows the solutions
of the equation

u3
Sl (g2l = B alaie - ()

; (b 1.1 T e
are not oscillatory, consequently »>0 may be assumed for #>1#, with a certain
t,=const. Suppose that z=u'[u remains bounded for #>1,, then gz <1 for an ¢
small enough and so

1
f,2) = mz‘z—

The Riccati-type equation corresponding to (5. 1. 1) will have the form

= 1—gz?tg2z%— +...

5.1.2) zZ+z—? =7 —w?+(1+ew?)z?—e’w?z*+ —...=0

1
14ez2

Let us assume its solution in the form
’ ’

u=a@)e® or z= % = %4—1// = bt b= a%
Suppose b” and y have the expansions in powers of ¢ in the form
b =cAd,(b)+e24,(b)+ ...
Y =+w+eB(b)+e*By(b)+ ...
where A4,(b), B{(b) (i=1,2, ...) are unknown fumctions to be determined of b. Then
z=b+{ = (+w+b)+eB, +&*B,+ ...
22 = (+w+b)?+e-2(+w+b)B +&*[Bi+2(w+b)By]+ ...
z* = (+tw+b*+e-d(w+b)B+...
2 =Y +y" =b+(eB, +8*By+.. )b =
= (L+eB, +82B,+..)(ed, +8% 4, +...) =

; d
=A18+(A1B1+A2)82+“' [.=;15]
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Putting all these in (5.1. 2) and equating the coefficients of the powers of ¢ with zero
a) (to+b)?—w?*=0
b) (fo+b)2B, +0*(+to+b)]+4, =0

¢) A;B +A4,+B,+2(+w+b)B, +20*(+w+b)B, —0*(+w+b)* =0

Now we have two cases:
1° From a) +w+b = +w, whence =0, a=const and A4,, B; (i =102
are constant. Furthermore
0 = b’ = 8A1 +82A2+ vee
3
gives 4,=0 (i=1, 2, ...). Then b) gives B, = ;c% and

2

R A o
W—*u——:ta)[l € 2]

+o (1 - —w—z) t =
w="Ce 2/ . (C an arbitrary constant)
which is the first approximation.

Continuing the process c) gives B, = $% ’ and

Al
o (1 —sw———azw“) t
u==Ce 2558
as second approximation.

2°If +w+b=TFw, then b =¢2co=%, a=Ce¥2% and b'=0 implies.

3
4;=0 (i=1,2,...) now too. Thus B, =¢%

2ot (1)3
V =+tote 5

pu
’

- 3 2
L ¢2wiwi9— = -T-co[l —ag—]
u 2

This first approximation and the second one so obtainable are identical to that
received in 1°.
The result can be checked by comparing to 7° in 1. The characteristic equation

1

2 R
s 1+¢€A?

=0 or eM+i2—w?2=0
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have a real solution which expanded in powers of ¢ reads as

’ 2
L. RS g +o l—sw—+182w4+...
u 2 8

which agrees in first approximation with the above result.

5. 2. The general solution of (5.1.1)

Now let us determine all the solutions of (5.1.1) (all nonvanishing, moreover
the vanishing too).

As a generalization of the method of [7] the solution process will be formed
as follows. Assume u(?) in the form

(9.2 1) u(t) = a(t) chy(t) +euy(a, ¥) + uy(a, Y) + ...
where

= ¢d,(a)+&2 A (a)+ ...
(5.2.2) Y = t+w+eB(a)+e*By(a)+ ...

Determine the functions u;, 4;, B; (i=1,2,...) in such a way that (5.2.1)
be' the solution of (5.1.1).
By (5. 2. 2) we get

aa)shx//+e[Achlp+aB1 shy+w 8l//]+

Ouy 3u1 3u2] S

.32[Azchlp-HzBZshlll-l—A1 g s + By (91//_ Py

82
y’ = acozchxp+(-:{-{_-ZwA1 sh 4+ 2waB, ch ¥ + w? o ]—|—&32

Now we expand the function
3

Jle,uu)i=

u? +eu
in Taylor series in the neighbourhood of =0, u=a ch ¥, " = +aw sh . Obtaining

fle,u,u’) = f(0,achyy, +awch ) +£i(...)e+£,(...) (euy +&2us 4 ... )+
+f,,(...)[ [Al shy+aB, shyFo gl// ]]-{—

s )+s[fs 3t 0 e B LG )[ Aichy+aB shyto 3¢]]+8

=achy
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So we hawe
0%u,

N2

W —w?fle,u,u) = ¢ [j:2cuA1 sh 4+ 2waB; ch + w?

= fi( )= il e =0 fi{ - )[A1Chl//+dBishl//iwaal//]]+82 =0

By equating the coefficient of & to zero we have for the first approximation

0%u ou
A alllzl—fu(...)ul] =co2fa(...)+a)2fu,(...)[ A;chyy+aB;shy+w 3¢]$
it i F2wAq shyy F2waB, ch i
n the present case
uP » sh?
o=~ @ran fS(O’"')z_awzchij
u*+e3utu'?
Ju= Wt 50, ..) =
T 2eulu’

/2)25 f;;(o )_0

@ teu?)?
and we get

10 2
(5.2.3) wz[?)vﬁ_”l]: Ernt $¥2wAlshtﬁ¢2waBlchl//
Here

sh?y  (e2¥—1)% (1—2z2)? ! 3 % 7
PR Rl TP e i e 1) i Rk S S

where e¥ =z=ch y+shy and |z|<1, 20, consequently ¥ <0. Assume u,(a, \)
can be expanded as

(5.2.4) (@, ¥) = vo(@)+ 5’1 (t2(a) ch mp + w,(a) sh mp)

Then s

(5.2.5) —(x//—uzl——u, = —vo(@)+ Z(nz—l)(v,, ch mj + w, sh mjy)
n=2

Putting all these expressions in (5. 2. 3) and comparing the coefficients of ch mjs, sh mjs
on both sides we have
4

i e “ne
vO:O’ vnzwn= n2___1, n 35597,
0, w248,
3
Al =iaﬂ)3, Bl =j—:(u7~
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and v,, w; remain undetermined without a further demand. Suppose v; =w;=0.
So u,(a, /) does not contain a term with chy or sh influencing the leading
term ach . :

Thus
2

= et s j;a){1+ew7] t 4 const

But <0 involves
2

wz_w[lﬂ%]t"“, (6=0), = g=Ce ™"

i %es"’ [l —%ez"’+é— e“"’—% e+ — ]

and the first approximation is as follows

2
# = gehil = Ce ***ch [w[l-l—a—a;—] t+a] =
(5.2.6)

w(l—s-‘?—a—)t - (1+zim2)t
= Cle 2 +Cze 2
where '

Cl = %eat, C2 = %e_a‘

ReMARK. Here C and «=0 are arbitrary constant, but C; and C, are not.

If u#0, they have common signs. For o large we have the exponential solution
2
=g

Clew( E )1, but o cannot be a large negative number. This agrees with the fact

A (L
that C,e (1 2 ) "is not a solution (in first approximation) of (5.1.1). The vanish-

ing solutions including the other exponential solution
OJZ
e—w[1~—e T)t

can be obtained if we start with u=a sh y +eu, +... . A ,,corrected first approxima-
tion” is given by

(5.2.7) u = achy +eu,(a, )

The process can be continued to obtain a second approximation. The difference

of the first approximation and the correct solution is of order ¢? in an interval of
1

order e (s. [7]).

(5. 2. 6) is a nonvanishing solution (if C#0) and (5. 2.7) too, but they are
not pure exponential.
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5.3. Perturbation of the linear non-oscillatory equation by a half-linear term
Equation in question reads as .

(3.3.1) u —w’u = ef(u,u) (le] < 1)

With the assumptions (5. 2.1)—(5. 2. 2) we have

2
W —w’u=c¢ [i2coA1 sh  +2waB; ch  +w? glpu; —w2u1]+82...

and by Taylor-expansion
ef(u,w') = ef(achyy, tawshi)+e>...

By putting all these expressions in (5. 3.1) we have for the first and second
approximations

2
. [‘9 “1_u1] = fo(a, ¥) F 2w A, shy F2waB, ch y

YR
(5.3:2.) ;P
o [_(;_l;‘zz_ uZJ = f1(a, V) F 2wA, sh y F 2waB, ch
where

Jola, ) = flach, Lawshy) = af(chy, £wshy)

Jil@)y= ulf,,(...)—i-[Al chy+aB, sht//icu%)ﬁ,,(...)—(AIA.1 +aB?chi)—

W
. 92 92
—(2A4;B;+A;B,a)shy F2wA, 3ag:p F2wB, Wu;

3
Now let us assume (for the sake of simplicity) f(u, v) =Zzl-l|-*vz and @ = +1. Then
- ch3 ¥ _a (1+e*)?
fO(a’ l)b) e aChZ W+Sh2¢ = Z e"(1+e4'ﬁ)
With z=e¥ =ch { +sh y we get

2)3
= —gfle) = B2+ g )

2| <1,z s 0, <0
By the use of (5. 2. 4)—(5. 2. 5) and comparison of the coefficients

R

+2 =, n=3517,..
170:0, Uy = W, = 2”-1
0’ n=2,4,6,...
3
Ayl nBusike
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Choose the values of the indetermined v, and w; as zero. Then we have in first
approximation

iist 3
q =i " 1+§8 t+o
But <0 implies

- a=Ce_%8t, gbz—[[l—i—%e]—l—a], (o = 0)

where C and « are arbitrary. In first approximation all this results in

3 &
u= C1et+cze_(1+za)t, €= %6“, C; = %e‘“

and

= %83“’ [1 —%ez“’—é—e”'"’-i—%e“’-l—ll—se”’— —++ ...

The Remark at the end of 5. 2 is valid here too.

5.4. II. Oscillatory (periodic) solutions. (Constant coefficients)

Consider equation

(5.4.1) u’ + w?

u3

W = 0, (0<8<<1)

all the real solutions of which are periodic (s. 9° of 1.). The substitution u=e’
gives the complex periodic solutions only and equation (1.2) furnishes the non-
vanishing pieces of the real periodic (oscillatory) solutions. Let us determine them
as a whole for =0 expanded in powers of &. Corresponding to the method of [7]
assume u(¢) in the form

(5:4.2) u(t) = a(t) cos Y(t) +euy (a, ) +e*uy(a, ) + ...

where

! = 2
(5.4.3) = ed,(a) +e*4,(@) + ...

V' = w+eB (@) +e*By(a)+ ...
and u; are periodic in ¥ with period 2n. Determine u;, 4;, B; (i=1, 2, ...) in such

a way that u(¢) given by (5. 4. 2) be a solution of (5. 4.1).
The first and corrected first approximation (viz. u(a, )=0) is as follows

u = acos(wt+a), @= w[l—e%]

where @ and « are arbitrary constants. In first approximation the term eu'? in
(5.4.1) causes a slight change of the frequency only.

Studia Scientiarum Mathematicarum Hungarica 3 (1968)



428 1. BIHARI

5.5. Perturbation of the linear oscillatory equation by a half-linear term
(constant coefficients)

As an example let us regard equation

3

” u
(55 1) u +602u:8;2_l_7,_2‘9

(le]=<<1)
and take for the sake of simplicity w=1. Then the method just used leads to the
following corrected first approximation

5.5.2) u=acos(a_)t+oc)~%sacos3(6t+oc), @ = 1—-%8

where a@ and o« are arbitrary constants.

In this approximation the perturbation involves the emerging of the third har-
monics and a change in the frequency.

The second approximation reads as

e acos(cbt+a)—%aacos 3(dt+a)

. A b
St L s

Here a and o are arbitrary.

5. 6. Perturbation of the linear oscillatory equation by a half-linear periodic term
A) Case of non-resonance

Let us regard equation
: D

(5.6.1) u” +u+esin vtit—z—:75 =) (le]=<1)

where v is not an integral number (an integral multiple of the eigenfrequency of the
linear equation).

The first approximation of the solution of (5. 6.1) given by the method of [7]
is as follows

% a[sin[3+v)+30] sin [(3—v)t+3ac]}
u—acos(t+oc)+a4{ T—(+3)7 - (v—3)2
Here a and o are arbitrary constants. The appearing of combination frequencies
are to be observed here. The application of the method is significantly facilitated
by the homogeneity in u and «” of the perturbator term.

On the other hand for the equation

3

—g——— = Esinwt
v2 L2

D”+U
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which by the transformation
v=u+Usinvt, U= l—f—vz—
assumes the form
v (u+ Usinvt)?
i s =)
e (u+ Usinvt)? + (' + Uv cos vt)?

the method involves no simplification.

B) Case of resonance

By taking in (5. 6.1) v=w =1 we have as first (virtually corrected first) approxi-~
mation
a
8

where @ and o are arbitrary constants.
The general case involving resonance, transition to nonresonance and non-
resonance may be treated too. Also a second approximation can be determined.
REMARK. The case of ,large parameter” may be reduced to that of small
parameters. E.g. a term

u=acos(t+a)+e [—3 sinoc—sin(2t+oc)+%sin (2t—(—3fx)——11—5 sin(4t'+3oc)]

u3

u? +u'?
; i)k 1 :
with large A>1 by the substitution /lz-é»- (<) can be written as
eu’
eu? +u'?
or a term
ul ud
as
w?+u'? eu? +eu'?

and the corresponding equation can be treated on previous lines.

This fact is a significant favour of these equations opposed to other types of
nonlinear equations.

Otherwise the experience and a new deduction of some equations of physics
can only decide on the applicability of these equations. Many traditional deductions.
must be revised in this respect.

6. Half-linear systems of the first order

6.1. ExampLes. First let us regard a few examples.
lO
u3
W=
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Assume u = Ce*, obtaining A* +1—1 = 0 which has one unique real 0, 6 <1, <07
root. So the general (real) solution is u=Ce*".

20
Wi ~uu’2
T et 4u?
Then
j_ = M and A — 0

2

e : 1 : ; {
The solution is real if ‘°'§Z (2 or 1 non-constant exponential solutions respectively).
3° The system (e.g. the parametric equation of a movement)

3
’ u ’ v

U = — V= ———
u2-y'2 12 2

3

has the general solution
o G ety e €t

‘where 4, is the value in 1°. Hence v =ku (k =const). The ,,paths” are straight lines.
4° Combining 1° and 2° b)

; u? , 24402

u =_’ [ ——
w+u'?’ 4o

1

u=CieMt) gy Creht [22=7

and the movement takes place on the ,,parabolic” paths

u*
5 = const
v 1

6. 2. The general form
u = af(u,u’)+ bF(v,v)

v = cg(u, ')+ dG (v, v)
of these systems, where f, g, F, G are half-linear terms, a, b, ¢, d functions of ¢,
may be treated in the same way provided a, b, ¢, d are constant. The signsof £, g, F, G
are not necessarily prescribed. The substitution
u=Ae*, v=Be*

gives the homogeneous linear equation system

AAd = aAf(1,A)+bBF(1, )

AB = cAg(l,A)+dBG(1, A)

Studia Scientiarum Mathematicarum Hungarica 3 (1968)



ON THE SECOND ORDER HALF-LINEAR DIFFERENTIAL EQUATION 431

for A and B which has a non-trivial solution if and only if K(4) =0 (characteristic
equation) where

af(1,A)—A  bF(1, A
xay < | 70D (1,4
cg(1,4) dG(1,4)—
EXAMPLES.
ul u’®
D f=e=prmm F=0=gy7
Then
o a—A(1+42) bA3
WS — A1 +2%)
and K(4)=0 is an equation of the sixth degree.
2) If f=g=F=G then
T '1 1,4) 0
()"“ ¢ d“/,t’ H—‘m (f(’)#)

and p is the characteristic root of the corresponding linear system. E.g. for f(u, v) =
2_: 5 we have y=A(1+4?) which has always a real root for both (real) values
of u.

6. 3. There is another generalization of the linear system, too. (s. [1]). Namely
6.3.1) u = af(u,v) +bF(u,v), sgf=sgg=sgu

v = cg(u,v)+dGu,v), sgF =sgG = sgv

The exponential substitution (taking a, b, ¢, d constant)
6.3.2) u=Ade", v=DBe*
leads now to the system

(6.3.3) AL = af(4, B)+bF(4, B)

BA = cg(A4, B)+dG(4, B)

where A4, B, A are to be determined and which in general is not linear in 4, B. Since
A? + B?>=0, suppose e.g. A=0 then

B B
B cg[ A]+dG[ A] :H[E] )  ELD+dE (1,2
e af(1,2) +bE(1, 2)

: : ! B ;
i.e. equation z = H(z) must be satisfied by a value z= = giving the above exponential

functions. One of A4 and B may be chosen arbitrarily, then (6. 3. 3) gives 4 provided

: ; : v
z or A exist at all. The paths are the straight lines ;=const.
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For solutions where u=u(t) is monotone the system (6. 3.1) is equivalent to
the equation

dv v
(6.3.4) = H[;]
which by the substitution z=§ can be turned into
dz
(6.3.5) L7 T H(z)—z

For an interval (or a set) where H(z)>z (i.e. for z not corresponding to the above
values B/A) we have

dz ik ihi
HZ)—z  u
and z:% can be determined. This process gives the non-exponential solutions
(if they exist).
REMARK. In linear case (6. 3. 3) reads as
A = aAd+bB '
AB = cA +dB
and z=§ satisfies
N e s wh
sz g oz bz*+(a—d)z—c=0
whence S
_ B —(a—d)+tV(a+d)*—44 >
Z_X_ b , 4= ad-bc

Real solution exists if (a-+d)?>=44, etc.
An alternative well-known way (followed usually) consists of determining A
from :

a—2A b ’

etc.
6. 4. Distribution of the zeros of the solution of (6.3.1)

According to the comparison theorems (s. [1]) system (6. 3.1) is oscillatory
for t=0 provided e.g. b(r)=b=const=0, c(f) = —c=const<0, a(t)=d(t)=0
for 1=0.

First regard the linear system

u = a(t)u+b(t)v

v = c(u+dt)v
which is then also oscillatory. By the substitution

(6.4.1)

u=gsing, v=0cose
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we have for the continuous (even more continuously derivable) function ¢(z)
¢’ (t) = bcos? go-{-%(a—d) sin 2¢ — ¢ sin? @.

which can be made univalent by (e.g.) 0=¢(0) <.

For a solution u(z), v(t) resp. o(¢), ¢(¢) it holds the assertion: ¢(z) passes
the zeros of u(t) increasingly consequently just once and has the value kz at the
k-th zero for #=0 of u(t). Therefore denoting the number of zeros of u(¢) in 0<t=T
by N we have '

a T
Nr = o(T) = (p(O)-f—% f (a—d)sin 2(pdt+f(b—|—c) cos? ¢ dt —
0 0 -

i ¥
— [edt <@+

0
whence

(1

Nn = n+0f [5 [a—d]+|b+c|+[c]] dt
Or
go’:b—(c+b)sin2¢+%(a—d)sin2(p

and

i T
Nu = o(T) = ¢+ [ b(t)di— [ (c+b)sin® g dt
0 0

T
+% Of (a—d)sin 2pdt < (N+ 1)z
which gives
T Y 1 T
| Nn—of b(r)dt | = n+of le+b] dt+50f la—d| dt
what is an immediate generalization of a known result (s. [6], p. 348, and its extension

in 8) of 4. in the present paper).
Take now the system (6. 3.1). From

¢’ = bF(sin ¢, cos @) cos ¢ +af(...) cos ¢ —dG(...)sinp —cg(...) sinp =
= bF(tg ¢, 1) cos? @ +[af(1, ctg ) — dG (tg ¢, 1)] % sin 29 —cg(1, ctg @) sin® ¢ =
= bcos? @ +»§(a—d) sin 2¢ —c sin? ¢ +
+b[F(tg @, 1) — 1] cos® ¢ —c[g(l, ctg @) — 1] sin® ¢ +

2 @@= d)I/L, ctg )~ 1sin 20+ 5 dA(, ctg ) ~Gigp, D]sin2o
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Suppose the expressions in absolute values in the square brackets are always less
than 4, then we have in the same way as in the above linear case

i T
| Nn— [ byat| = n+ [ [% |a—d[—|—[c+b|]dt+

Ll [b+|c]+%|a—d[+%[d|]dt

REMARK 1. The zeros of u and v separate each other (s. [1]). By following

the line of 2. one can easily construct a comparison theorem concerning a linear
and a half-linear system.

REMARK 2. For the linear system (6. 4.1) it is valid the

THEOREM. If @, b, ¢, d are continuous for t=t, and

oo

T
—eo < [a)di <, [e@)dt=—c, at)=d(t), b(r)= 5= const>0
0

Jor t=t,, then every solution u(t),v(t) of (6.4.1) is oscillatory for t=t, (s. [8]). .
ProoF. In the opposite case u(7)#0 and e.g. =0 for #>¢, with some 7, =1,.
Then z=~Z— satisfies the Riccati-type equation

Z=ic—bz:; Bt =,
whence
t

Ci= 2T fc(t) dt = z(t) +const

9

. v
le. z=——>—oco as t—>o and v<0 for t>1¢, (t,=1,).

u
By (6. 4.1),
t
u/ v fadt flb%dt
;=a+b;, u=u(t)err et -0 as ft-o

Take now two linearly independent solutions u,, v, and u,,v,. On account
of the comparison theorems both u; and u, are non-oscillatory, consequently u; —~0
(i=1,2) as t—». The Wronskian

by |
W " 0
Uy Uy
satisfies W’ =2aW which implies
t
2 [a@a
W= Wgye '

and so [W(t)|=« for t=t, for some a=const =0.
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Introduce the functions ¢ =0(¢), ¢ =¢(z) by

u; = @sing, u, = @cosg, tgfp=%, 0® =ui+u3
2
then
ol

2

Ve ’

s MO S IO ) B TG
T TN chosz(p_coszqo(p = 0

whence @’ — oo, @ >oo as t—oo in contradiction with the non-oscillatory character
of u; and u,.
This theorem has no simple extension to half-linear systems.

6. 5. Asymptotic behaviour of the solutions
(Case of a small parameter)

The facility of the method will be exhibited on an example only where a linear
system is perturbed by half-linear terms

(6.5.1) i (le]<1)
v = —u+eg(u,v)
Let us assume u(¢) and v(z) in the forms
u = a(t) cos Y (1) +eu,(a, ) +e*uy(a, ¥) + ...
v = —a(t)siny(t) +ev,(a, ) +&2v,(a, )+ ...

(u;, v; periodic)

(6.5.2)

Suppose furthermore
(6.5.3)
Then

a =¢ed(@)+e*4,@)+ ...
V = 1+¢eB(a)+&>By(a)+ ...

u = —asinlp+s[A1cosd/-aB1 sin1//+%}+sz...

0
v = ——ac051//~i—s[—Alsint//—aB1 cosw+a—3]+az...

Developing f(u, v) in Taylor series
fu, v) = flacosy, —asin Q) +£,(...)(euy +&2uy + ..) +1(.. ) vy +evi+ )+ ...

Take now
3 3

u
W)= T3

w202’

S, U) =

then _ '
ef(u,v) = eacos® Y +¢2..., eg(u,v) = —easin® Y +e2...
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Putting all these in (6. 5.1) and comparing the coefficients of the same powers
of ¢ on both sides we have

e
oy
dv;
W

—vy =—A4;cosy+aB, sin¢+%(3cosw+cos3¢)

6.5.4) +u; = A, smtp-l—aBlcos¢—~(3sm1l/—sm3t//)

Assume u; and v, in the forms

i = S’ (ota(@) cos mir + B, (a) sin nr)
n=0

gy = f (7(@) cos mfr +6,(a) sin mp)

and put them in (6. 5. 4). The comparison of the coefficients of cos mj and sin mjy

gives
all:ﬁnz'y}l:an:o’ n=2)455’6,77"‘

a

a3 =063 =0, ﬁ3=—')’3=T6‘
Bi=v1, o =—06;

and

3a

By =0 A= e

In order that a(z) be the complete amplitude of the basic harmonic take
(the othervise indefinite) oy, f;, 71, 6; as zero. Then in first approximation

d'="Ce A =ttt o

where C and « are arbitrary and so

u = Ce**®cos(t+a), v=—Ce¥**sin(t+a)
fy = 1a6 sin 3y = —C e3/*% sin 3(¢ + )
oy = —cos 3y = —£ e34% cos 3(1 4 o)
- 16 16

The ,,corrected first approximation™ is as follows

i =iCe e [cos (t+oc)+ —sm 3(t+a)]

== Cloiset [sm (t+oc)+ g <o 3(t+oc)]
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ON THE AUTOMORPHISM GROUP OF A COMPOSITE GRAPH

by
F. HARARY and E. M. PALMER

Many important binary operations have been defined for graphs; see [4].
By a ,,composite graph”” we mean a graph which can be represented as a combination
of other graphs with respect to such operations. The question then arises: How
can the (automorphism) group of a composite graph be expressed as a permutation
group in terms of the groups of its various constituents?

We emphasize that we are interested here in the group of a graph considered
as a permutation group rather than just an abstract group. If two permutation
groups 4 and B acting on object sets X and Y respectively are isomorphic (as abstract
groups), we write A=z B. Further, if they are not only abstractly isomorphic via
a mapping ¢: A— B, but in addition there exists a 1—1 correspondence ¢: X >Y
such that pox=ougx, for each o€ 4 and x€X, then we write 4 =B and say that
A and B are identical permutation groups. Our notation and terminology for opera-
tions on permutation groups follows that used in [3].

The purpose of this note is to point out that, as a consequence of a theorem
of Sasipussi [5], the group of the cartesian product G X ... X G of n disjoint copies
of a connected, cartesian-prime graph G is the exponentation group [I'(G)]%~, intro-
duced by HARARY [2]. Further, the group of any connected graph is a direct product
of exponentation groups. Thus the group of any graph is a direct sum of wreath
products of direct products of exponentiation groups. Of course this is most notice-
able when a graph is expressible as the union of several graphs which are in turn
the cartesian product of other graphs. '

We first consider the group of the union nG=G U... UG of n disjoint copies
of a connected graph G. As observed by FRUCHT [1], this group is simply the wreath
product S,[I'(G)] of the symmetric group S, around I'(G), the group of the graph G.

THEOREM 1. If G is a connected graph, then
I'(nG)=S,[['(G)].

If G and H are graphs which have no common components, then I'(GU H) =
=I'(G)+I'(H), the direct sum of the groups I'(G) and I'(H). Any graph can be
expressed as a union of graphs which have no components in common. Combining
these facts with Theorem 1, we have the following more general result for an arbitrary
graph.

CoroLLARY 1. If Gy, G,, ..., G, are pairwise non-isomorphic, connected
graphs

n

and Gr= U ’nka,
k=1

5% Studia Scientiarum Mathematicarum Hungarica 3 (1968)



440 F. HARARY AND E. M. PALMER

then
I'@) = 21 S [T(G].

It follows that the group of any (disconnected) graph may be expressed as
the sum of symmetric wreath products.

Now let G; and G, be graphs whose sets of points are ¥; and V, respectively.
The cartesian product of G and G,, denoted G, X G,, is defined in [5] as follows.
The set of points of G; X G, is the set ¥y X V,. Two points (u,, u,) and (v,, v,)
of Gy X G, are adjacent whenever u, =v; and u, is adjacent to v, in G,, or u, =0,
and u, is adjacent to v, in G,. A cartesian-prime graph is nontrivial and is not the
cartesian product of two nontrivial graphs. SABIDUSSI [5] has shown that every
graph (hence in particular, every connected graph) can be factored uniquely
(up to order) as a product of prime graphs.

Furthermore, the following theorem of [5] characterizes the group of the cartesian
product of prime graphs.

THEOREM 2. Let Gy, G,, ..., G, be disjoint connected, cartesian-prime graphs.
Then the group of the union G,UG,U...UG, and the group of the product
G XG, X...XG, are isomorphic: T(G,U...UG,)=I'(G,X... XG,).

We denote the cartesian product G X ... X G of n copies of a connected cartesian-
prime graph G by G". Itis easy to see that the exponentiation group [I'(G)]5» is identical
to a subgroup of I'(G"). From Theorem 2 it quickly follows that this subgroup is
I'(G") itself. Thus, corresponding to Theorem 2, we have the following result.

CoROLLARY 2. If G is a connected, cartesian-prime graph, then
r@G" =[r@p-.

It also follows from Theorem 2 that if G and H are connected graphs which
are relatively prime with respect to the cartesian product, then I'(GXH)=
=I'(G) XI'(H), the cartesian product of the groups I'(G) and I'(H) (see [2]). Thus
the more general result for arbitrary, connected graphs can be stated as follows.
Note that we have used IT for the cartesian product of permutation groups or of
graphs, depending on the context.

Cororrary 3. If G4, G,, ..., G, are non-isomorphic, connected, cartesian-
prime graphs then

r [ il G;:'k] = [T Ir@G)’m.
k=1 k=1

Combining Corollaries 1 and 3, we find that to express the group of a composite
graph G in terms of operations on permutation groups, we may follow the procedure:

1. First construct the complement G and then choose from among G and G
a graph with the maximum number of components. Since it is well known that
I'(G)=TI(G), this is admissible.

2. Apply Corollary 1 to express I'(G) in terms of the groups of these components.

3. If one can factor each component into the product of cartesian-prime graphs,
we can then apply Corollary 3.
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ON L,-APPROXIMATION OF FUNCTIONS WHOSE
DERIVATIVE IS OF BOUNDED VARIATION

by
RONALD DEVORE

1. Introduction. Let /' be an element of L[—1,1], 1=p=e, and § and T
be subsets of L,[—1, 1]. Then E,(f, T)= inf| f—gl, is the error in approximating
i

. gE .
f by elements of 7 in the L[—1, 1] norm and E,(S, T)= ?clélg E,(f, T) is the error

in approximating elements of S by elements of 7 in the L,[—1, 1] norm.

A problem of particular interest is the determination of E,(S, T) when S is
characterized by some structural property of its elements and T is one of the classes
P, of algebraic polynomials of degree =n or T, of trigonometric polynomials of
degree =n. The first result of this type is the classical result of J. FAVARD [1] which
for the interval [ — 7, n] instead of [ —1, 1] can be stated as follows:

If W, is the class of those 27 periodic functions f for which f™~1 is absolutely
continuous and [f™(x)|=1 a.e., then

Km 4 co (_ 1)(m+1)j
E@(Wnn Tn) 'Y nm > where Km i P jé(') (21+ 1)m+1 5

Another result in this direction, for L, approximation, was obtained by
S. NIkoLski [2]. Let A,, be the class of those functions f for which /™~ is absolutely
continuous on [—1, 1] and £ is equivalent to a function g whose total variation
on[—1,1]is =1. Then for n=m, m=1,2, ...

(1.1 R e L A
where
1.2 - (x—a)y" for x=a
e S 0 for x=a
and
x—a)". P
(1 3) Mp(rn, P") = sup Ep,(£‘c, ,£)+’ ,,,L",)

|e|=1 Ep(x,-’:—a Pn)

Nikolski [3] has also studied the functions M,(m, P,) and E,(x", P,). He has
determined E,(x™, P,) explicitly when m is an odd positive integer and has proved
the following assymptotic formulae.

(o logn
(1.4 Bt Py = nm+2+0[ﬁgﬁ] (m— =)
(1.5) My(m,P,) = 1+0 [loff] (o).
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444 R. DEVORE

In this paper, we shall study the L, approximation (1=p=ss) of the class

A,, by P,. First of all, we shall show that the result of NikorLski (1.1) is valid for

l=p=ce. More precisely, in Theorem 1 we show that for 1=p=< and n=m,
=12 N

M,(m, P,) =

Ep(Ams Pn) i ,p m! Ep(x'-'lf’ Pn) '

Next, we shall solve explicitly the problem of best L, approximation to the
functions x7, m=1,2, ..., on the interval [—1, 1] by algebraic polynomials by
means of more general results which are interesting in themselves. In Theorem 2,
we shall determine the polynomials of best L, approximation on [—1, 1] of degree =
=2n—2, 2n— 1 to even functions of the form A(x?) with 2™ of constant sign on (0, 1).

A similar result for odd functions is Theorem 3 which determines the poly-
nomials of best L; approximation on [—1, 1] of degree =2n—1, 2n to functions
of the form xA(x?) with 2™ of constant sign on (0, 1).

Finally, using the constructive method employed in the proof of Theorem 1
and the explicit determination of polynomials of best L; approximation to the
functions x7 given by Theorems 2 and 3, we shall show that for each function f
in A, there is a polynomial

P,(x) = Ag(n)+ A;(n)x+ ... + A4,(n)x"
satisfying: .
(o] Cl
I° |f=Pl, = |
20 ,Ak(n)l é C23" k = 0, 1, ...,n

where C; and C, depend only on .

The same result was obtained by J. KOREVAAR [4] for the class K,, of those
functions f for which /=1 is absolutely continuous on [— 1, 1] and £ is continuous
except for a finite number of jump discontinuities on [—1, 1].

2. 1. Approximation of A,, by P, in the L,, norm.
THEOREM 1. If 1=p=-c, then for n=m, m=1,2, ...

M,(m, P,)
m!

Ep(Am7 Pn) i SR Ep(x';'- ) Pn)

PrROOF. Let f€A,, and g=/ a.e. where the variation of g on [—1, 1ast =1,
If >0, there is a partition — 1 =x,<x; <...<x,=1 for which

1 e
[le -t ax = T,
=i 2pr

* The assymptotic behaviour of M,(m,P,) and E,(x", P,) has been given by RAICIN in
Dokl. Trans. A. M. S. 6 (1965) 1171—1174.
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where /, is the step function which has the value g(x;) on (xg, Xg+1]- We have
Io(x) = g(xo) + kZ; (8(x0) — g (- D) —x)% .

We recursively define for j=1,2, ..., m

Lo = [ hoa@dirfe=D-1)
-1
Then for x€[—1, 1], we have
F0=D () L) —lf (F =i+ D) 1,y (1)) e | =

&

s f [0 =1, _ ()| dt = 2%+m_j

for j=1, 2, .o, T, ||f—lme§8.
We have

2.1) () = PO+ 3 (g0 — gl D) e

where P is a polynomial of degree =m. Let P, €P, satisfy
(x —x0)% — Pe(X)l, = Ep((x—xk)’i, Pn)'

Then for O = P+—’711-‘ 2> (g(x) —g(x4-1)) Py, we have Q€ P, and
s k=1

=0l = 7 3 lee) =8| [Gr— % ~ PG,
and so

M,(m,P,)
ml

”lm T Q”p = Ep(x'_'ﬁ » P,,).

Thus,
=0l = 1f =kl + W0l = 64 25T £ o ),

Since ¢ is arbitrarily small and f is any function in A,,, we have

By, B & 2t g n )
(x—a)"

oy are in A, and

Ep[(x—a) P] E,((x—ayt, Py)

The functions

m!

445
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Therefore,
Ep(Am’ Pn) =

-and the theorem is proved.

M,(m,P, N
—%EP x, B,)

2.2. L; approximation. We now establish two theorems on L, approximation
which are of interest in themselves and give in particular the value of E,(x", P,).
We denote by L(f, x, x5, ..., X,, x) the Lagrange interpolation polynomial which
interpolates the function f at the points x,, X, ..., X,.

TueOREM 2. Let f(x)=h(x?) where h(x)>0 (h™(x)<0) on (0, 1). Then the
polynomial of best Ly approximation to f on [—1, 1] of degree =2n—2, 2n—1 is
L (fs bl taaties Loy ) iwhere

Also,
E\(f, Pon-2) = Ey(fi Paner) = | [ f6) 580 Uy x|
=

where U,, is the Cebysev polynomial of the second kind.

Tueorem 3. Let f(x)=xh(x*) where h™(x)>0 (h™(x)<0) on (0, 1). Then .
the polynomial of best L, approximation to f on [—1,1] of degree =2n—1, 2n
is L(f,t1,15, ...ityys1,X) Where

tkz—cos[——:L] N e o) AT |
Also,

1
Ey(f; Paues) = Ey(fi ) = | [ () 580 Upp s |,
=

Proors. The proofs are similar and only that of Theorem 2 will be given.
From the theorem of S. N. BERNSTEIN [5, p.p. 330—332], it is sufficient to show
that f(x) —L(f, t,t,, ..., t,,, X) changes sign at t1,13, ...r t,, and only these
points on [—1, 1]. Let Q(x) =L(h, t}, t3, ..., t2, x). Then the degree of Q is =n—1
and from Cauchy’s remainder formula for Lagrange interpolation we have that
for each x € (0, 1) there is a £,€(0, 1) such that

(n)
-0 = 8 iy ).

So that,
f(X)—L(_f, tla t, "'at2n, X) = h(x2)_Q(x2) =

for x€(—1, 1) x#0. Thus f(x) — L(f, t1, t,, ..., t,,, X) changes sign at t,, t,, ..., ,,
and only these points on [ — 1,17\ {0}. Since the function f(x) — L(f. t,, t,, ..., 1375%)
is even, it does not change sign at 0. Finally, since the degree of 0(x?) is 2n—2,
the theorem is proved.

h™ (&,
%)—(x-tl) v (x=15,)
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If we consider the function f(x)= |x[* (s> — 1), Theorem 2 gives the following
corollary which was proved by NikoLsk1 using a different method based on Descartes’
rule of signs.

COROLLARY 1. The polynomial of best L, approximation to |x[|* (s> —1) on
[—1,1] of degree =2n—2, 2n—1 is L(|x*|, t1, t5, ..., t2,, X) where

kn
ty = —C08 | s = oy 2n.
« cos[zn 1] k. =52 2

. Also,
E(

X

| o ke s+1
S’PZn—Z)zE1(|xs|vP2n—1):L1] Z(—l)k[COS{Z +1]] +1|.

Let us now consider the function f(x)=x"" 1]x[ when m is an integer = — 1.
Since x" =1 (|x|x™~1+x™), we have E;(x", P,) = % E(f, P,) for n=m. Therefore,
we have the followmg two corollaries to Theorems 2 and 3.

COROLLARY 2. For m an odd positive integer and n=m

1 ‘ [4n]+1 . bt m+1
B (X B = e 11+2 k;: -1 [cos [————2[%11]_‘_1]] .

COROLLARY 3. For m an even non negative integer and n=m

1 ’ [-k.(n+1)]+1 . L m+1
EI(X+,P,,) +1 | 142 k;{ (—1) [COS[ZW]] v

NikoLskI [3] has shown that M (m,P,) = H—O[lOg ] Thus in the case
p=1, Theorem 1 becomes:

COROLLARY 4. For n=m,m=1,2, ...

Eihy, B = 1+0[ '8 Jjpatans
n m:

where E,(x",P,) is given in corollaries 2 and 3.

3. Estimates on the coefficients of polynomial approximations to functions in A,

The principal result of this section is the following theorem.

THEOREM 4. If f€A,, there is a polynomial

P(x) = Ay(n)+ A, (m)x + ... + 4,(n)x"

satisfying
1

1° fIf(x)—P,,(x)ldxé;%}1

-1
2° |4y(n)|=C,3" k=00l s
where C, and C, depend only on m.
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PROOF. We consider only the case when both m and n are odd. Other cases
are handled in a similar manner. We can also assume that n=m. Let 0, denote -
the polynomial of best L, approximation to x” on [—1, 1] of degree =n which
is given by Theorem 2. Then for |a|=1

1 ’ 1—a
x—a
dx = f

G.D f (x—a)i—-2"Q, [_TJ

-1 ) —1~-0

2
= [
-2

Let f€A,. Using the notation introduced in the proof of Theorem 1, for a
suitable partition —1 = xy<x;<...<x, = 1, we have

dx =

X
xt’ll- =2 Qn [—2—]

dx=20 1 (xn. B

X
x'-'il- e 2an[5]

1
(3.2) [ 1 =@ dx = & = E,(x2, P,
We define =
Gy B =P+ 30 -stn )20 5 =

= Ao(m)+ A, (M)x+ ... + A, (n)x".

Using (2.1), (3.1), and (3. 3), we have

1
f |l (%) — Py(x)| dx =
(3.4) JE

r

1
=ml [Ig(xk)_g(x"—l)’/l(x_xk)'i—Z"'Qn[ 5 ]
=

2m+1
dx| = = Tl 5] W

1
m: =1
Thus, by (3.2), (3.4), and (1. 4)

1
flf(X)—P,,(x)] dx = [%+ 1] E(x.P) = n_f%
-1

We now estimate the coefficients of P,. From Theorem 2 and the Lagrange

interpolation formula, it follows that
Y=
wu,,, [ ]
X—a ! =
Qn[“z*—] =L[lx"-'4l-gtl,t2,...,l‘"+l, _A_Z] oy E'

W |
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x—a]_ w4l (—1)k+1(n+2)[—cos[nl:7_t2]] Un+l[¥]

335 % ['2_‘ i Ic:%“ sin (n]fz] (x_z—_'c_z__,k)

= By(n,a)+ B,(n,a)x + ... + B,(n, a)x".

Thus, by Cauchy’s inequality and the maximum modulus principle we have for
la| =1

0, [—}’]’ = sup |0,(2)] =

é[(n-l—Z)Z 1 { i }

max
sin‘z[ . ] —(nd-2)% and for. |z|.=1

|By(n, a)] = ﬁlu_pl

n+1(z)
Z—1

sup

lz|=1

Since

2 il k
sin )
n+2

lz—t = 1—|t] = 1 —cos | ——| = ? S
n+2 (n+2)

. we have for |¢|=1 and k=0, 1, ..., %

+2)°
16 |2|u—p IUn+1(z)l

The leading coefficient of U, is 2"*! and thus

sup |Uy41(2)] = 241 sup Z—t)Ez—1;) ... G—tas))| =

lz]=1

(3.6) |B(n, a)] = @

= 2"tlgup |(z2—tD)(z2—13) ... [zz—~t,,+1] =211 +tH(A+1) ... (1+t§+1] !
2 S
Since
n+1
3

kmn
(1 +aD(L 1t . [1+t,,2+Tl) = exp[ cos? [n+2]
e |Ups1(2)] = 2" L exp [%—(n+2)]-
z|=1
Using (3. 6), we find finally, that
3.7 |Bi(n, a)| = (n+2)°2"exp [n—_:—z] = (3"

= exp[n+2]
n 4

k=1
it follows that

where C, is a constant independent of », and k=0, 1, ..., n
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Next, from (3. 3) and (3. 5), it follows that

1 ) g
Aj(n) = a5 2 (8040 —8(%-1))2" By(n, @)
where a; is the j* coefficient of P. Hence, from (3. 7) it follows that

/0] = la + 2 X 80 —g(xe- )| Co3 = [ay] +Co3" = €,

for j=0, 1, ..., n and the theorem is proved.
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ON SEQUENCES OF EQUIVALENT EVENTS AND THE COMPOUND
POISSON PROCESS

by
A, BENCZUR

1. A limit distribution theorem on equivalent events

Let {Q, <, P} be a probability space. Let 4;, 4,, 43, ... be a finite or infinite
sequence of events (4, 4,, ... are subsets of Q belonging to the s-algebra 7).
The events {4,} are called equivalent (see RENYI—REVESZ [1]) if the probability

(1. 1) : P(AilAiz e Aik) — Wk
depends only on k and it does not depend on the indices
il <i2<-..<ik.

The numbers W, are called the ,,de Finetti constants” of the sequence of events {4,}.

Let {Q,, /,, P,} be a probability space for v=1,2,3,... and 4,,, 4,,, ...
be a finite or infinite sequence of equivalent events in the probability space:
(Q,, o, P,}; with the corresponding de Finetti constant W, ,. We shall study
the limit distribution of random variables X, (v=1, 2, 3, ...) defined by

1.2) X, = 2 X,
i=1

where X, , is the indicator of the set 4;, (i.e. X;,=1 on 4,, and X;,=0 on the
complementary set 4, ,.)
In 1965 1 have proved the following

THEOREM 1. If for every j=1,2,3, ... the limit
(1.3) lim W; v/ =4;

y—> 0

exists and for every r=0, 1,2, ... the series

< 1
k
kgo(—l) H/lkﬂ

is convergent, then

: 1 < wid

‘}Lan(Xv =r)= 7l k;(; (=1 ?Cj'lk+r'

D. G. KENDALL proved [2] that in case (1. 3) holds for j=1 and j=2 with

A, =22, then the limit distribution of X, is a Poisson-distribution. Thus he proved

the following

Studia Scientiarum Mathematicarum Hungarica 3 (1968)



452 A. BENCZUR

THEOREM 2. If for every v=1,2, ... the sequence of events A, ,, A, ,, ... is
an infinite sequence of equivalent events havmg de Finetti constants W,, »» Such that
one has
lim W, ,v=4 and ‘1_’1m W, w2 =42,

V—oco

then lim P(X, —r)—*e“'ll’ dfor r=0139

Voo

In KENDALL’s paper [2] there are given some examples which show, that the
conditions of Theorem 1. and 2. are not necessary. By using KENDALL’S method,
we can give a necessary and sufficient condition for the existence of the 11m1t d1str1—
bution of X, if all the sequences {4, ,} are infinite.

THEOREM 3. Let A, ,, A, ,, ... be an infinite sequence of equalent events for
every v=1,2,3, ... and let a,(w) (a)EQ) denote the local density of the sequence
{4,,.} conszdered as a stable sequence of events (see RENYI [4]). The limit distribution
of X, defined by (1. 2) exists if and only if the distribution functions G (x) of the random
variables vo, tend to some distribution function G(x). Then the limit distribution is
a mixed Poisson-distribution given by

(1.3) lim P(X, = r) = f—e—"x dG (x)

Voo

where G(x) is a distribution function in [0, + o).

Proor. We shall use the theorem of RENYI and REVESz (see [1]). Let 4,, A4,, ...
be an infinite sequence of equivalent events. Let a(w) be the local density of the
sequence {4,} considered as a stable sequence. The theorem of RENYI and REvESZ
asserts that

(1.4 P(4;,4,, ... 4;|u(w))=o*(w)

with probability 1 for k=1,2,3,... and i; <i,<...<i;. By using (1.4) we can
get the distribution of X,:

P(Xv e S) == (:) P(Al,vAz,v As,vAs+1,v Av,v) =
1

(1. 5) = [:) f P(AI,VAZ,V coo As,st-f-l,v ba's A_v’vlav = x)dFv(x) =
0

= (:) f1 (1 —x)=*x* dF,(x),

where F,(x) is the distribution function of a,(w). Let us determine the generating
function Qy (2) of X,.

Ox.(2) = Z PX, = i)z = ()z f (1—x)"~ix! dF, (x)
1
=f(zx+1—x)“dFv(x) where 0=z=1.

0
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Let us make the substitution y=vx; we get

(1.6) 0. = [ [1 —“‘—Z”’]Vdcv )

o v
where
G,() = F, [yv] = P(t, < ).

From the inequality

[1——%]56““ for O=u=sv

it follows that

(1.8) lim 03,(2) = [ e~ dG(y).
0

The right side of (I.8) is just the generating function of the mixed Poisson-
distribution (1. 3). From the continuity theorem of generating functions it follows,
that (1. 3) holds.

The necessity of the conditions follows from the well known fact that the limit
distribution of X, exists if and only if lim Qy,(z) = O(z) exists and Q(z)is a generating
function. Vi

As a special case we obtain

THEOREM 4. Let A, ,, A, ,, ... be an infinite sequence of equivalent events
with a local density o.(w) for every v=1, 2, ... . The limit distribution of X, is a Poisson-
distribution if and only if the distribution functions G (x) of va(w) tend to a degenerated
distribution function.

2. An application of the theory of equivalent events to some stochastic
point processes

We shall investigate point processes on the line —eo<f< + oo satisfying the
properties 1 and 2 given below. Let us denote by w(/) the number of points of a
point process lying in the interval I=[a, b) (a<b). Then w([) is a random variable
on the space of the realizations of the process.

PrOPERTY 1. The events w(l,)=0, o(l,)=0, ... are equivalent, if the lengths
MI) of the intervals I; (j=1,2, ...) are equal and 1;(\Iy= & for j#k.

PROPERTY 2. The process is thin, that is

Plo=2)

@2.1) 0

0 if A(I) — 0, uniformly in I, with A(I) given.
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We shall prove that a point process, for which the Properties 1. and 2. are
valid, is a mixed Poisson-process, i.e.
ki
[ (1) log 1]

@2 P[H {a>(1..)=k,-}] f Hife s e

provided that ;1 1; = @if i # j and a is the local density of the sequence of equivalent
events o([0, 1)) 0 o([1,2))=0, ... and F(x) is its distribution function.

A) First we shall prove that the local density of a sequence of equivalent events
belonging to a sequence of intervals I,, I, ... with length A(J) =21 is equal to a?,
namely

(2.3) a(2) = («(1))* = «* with probability 1.

Let I,,1,,...and J,, J,, ... be two sequences of intervals for which LNL=2
andJ; N J, = @forj#k and A(I;) =A(J;) =Aforj=1, 2, .... Sowe have £Wo sequences
of eqmvalent events:

={0)=0)}", and {B,={o@)=0}} ",

with local density 6 and . We can choose the subsequences 1, ,1,,,... and
Jings Imys -+« S0, that I, NJ,, =@ for every j=1,2,... and k=1,2,.... So the"
sequence of events A,,l, B AL B ishdEsequence of equivalent events with
local density y.

It follows from the definition of the local density of a stable sequence (RENYI [4])
that if {C,},_ is a stable sequence of events with the local density o, the subsequence
{C,.}i=1 is also a stable sequence with a local density equal to « with probability 1.
Therefore the local density of the sequence {4, }i~, equals to é and to y with
probability 1, so

: 0 =1y with probability 1.

In the same way =y with probability 1, so
0 =f with probability 1.

This means that the local density of sequences of equivalent events belonging to
some sequences of disjoint intervals with lengths A4 can be denoted by a(4).

Now let 7,,1,, ... be a sequence of disjoint intervals with length ML) =A.
Let us dlssect the mterval I; into k disjoint subintervals /; , I; ,, ..., I; ; for Wthh

M) =»— for every j=1,2,... and i=1,2, ..., k. So we have two sequences of
equxva]ent events, namely {4,:{w(/,)=0}};=; and {4, ;:{w(l, )= 0}}
As

’k

k
(o) =0} = E {o(1;,) = 0},

o) -l - O
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() - d2)- T

This means, that the events {4,};—, are independent under the condition that the

k
value of a[%] is fixed, and their conditional probability is [a [%]] . From this it

Thus

k
follows (see RENYI [1]) that the local density of {4}, is equal to [oc [%]] with
probability 1, so

;" k
-
If A=0 is rational, so from

2 fg) o o of)-so

if p and ¢ are integers, it follows (2. 3).

Let now A>0 be irrational, and I, I,, ... a sequence of intervals for which
MI;)= and the distance of two intervals I; and I, is larger than &¢>0 for every
j#k. Let us choose two sequences of rational numbers s, s,, ... and ry, r,

% and lim (s,—r,)=0.
Let be given the intervals I7'cI; and I§>I; for every j so that A(/})=r; and
MI) =s; for every i and j. These conditions assure that I§' (1 fi* = @and IF NE=g
for every j=k and i=1,2, ... . As {o(I}) =0} c{w(;) =0} c{w(l}) =0} for every
i and j, we get

for which )L—%<r1<r2<... <A<..<s§;<s§;<Ai+

[a(D)]s# = () =[o(1)]"*  with probability 1.
If now i—co, we get (2. 3)

B) Now it will be proved that under condition a(w)=o the events w(l;)=0,
o(l,)=0, ..., o(I) =0 are independent and

k Z"‘ A7)
p [ JIROEA) =0}|cx] — (with probability 1)
i=1

Let us put

ny
i .UII;J] UZ},,+1 Where

AL = %fori=l, 2; oandf=1,2, .3k and II(I}‘,,,JH)é% oL =102k
So

4, = [o() = 0] c —Z o) =0} = 4,

6* Studia Scienticrum Mathematicarum Hungarica 3 (19C8)
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for j=1,2, ..., k and consequently

k k
'[] A< _]] . i
J=1 Jj=1
Obviously ﬁAj’,,=Aj for j=I;2%. 54k and
n=1
[ % k
7| fr 4] = 4,
n=1 Lj=1 =1
therefore
lim P(4,,,]) = P(4, )
and
k k
lim P J] A; o]l = P| JT 4;la].
R GNT= i=1
As
k k  nj k nj i k
PLIL 4;ulo| =P| I [ ()= 0]ja]| = Il I[am = [T P(4;,|®)
=l Jj=1i=1 j=1i=1 j=1
and
i et
lim ]jcx" = lmi o TR =N A
ll—?°°i=1 n—co

the proof can be easily finished.
C) Now we are in the position to prove (2. 2). We have to determine the proba-
bility of the event

A= J[{od) =k} where LNL=0 for j=i.
i=1

Let us split the interval I; for every j=1,2, ..., r into n disjoint subintervals
41513 25 ..oy It for which

U 1}, = I,and /1(1}?,,-)=@ FOTSEty I 2N
=1

i

Let us denote by H, the event that at least one of the events o(l} ) =2 occurs
In consequence of Property 2

ZPeU)=2s 3 Jeal) = > )
P

==

PiH) = 3

=

-
-

=

if n=>ngy(e). So

2. 4) lim P(H,) = 0.

Let us denote by A; , the event that the number of intervals Ity (G=1,2, .0, 1)

for which w(17,)=0'is realised, is H—iky.
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Then
@.5) fim P [ ik A,.,n] — P(A).

n—»co :

Jj=1

Namely 4 > [] 4;,—H, and A cC ][ 4;,UH, and therefore
j=1 j=1

J=1

P[]] A,-,,]—P(H,,)é P[[_] A,.,"—H,,] =P) =
2.6) &

< P[]'] Aj,nUH,,] < P[f] Aj_,,]+P(H,,).
=1 j=1

In consequence of (2.4) and (2.6) the equality (2.5) is valid. The value of

lim P [ ﬁ Y| j',,] can be calculated as follows. We use the formula
J=1

n—eco

1

Q.7 P[_]']IA,.,H] =f P[]_]1 A, o= x] dF ().

0
In consequence of the result in part B)

(2.98) P[QAj,"|a] = ﬁ (,?) [1_al(:f)]k,[1_(1_;.(:,-)])"_@'

j=1 \%j

The limit of the right side of (2. 8) for n — oo is

e
ﬁ e—A(Imog% (I;) log Z]
k;!

J=1

unless if «=0. As if P(x=0)>0 we have a contradiction to Property 2, and the
integrand in (2. 7) is at most 1,

il
lim P [ ] 4 ,] = f lim P [ I 4, o= x] dF(x) =
j=1 Jj=1
0

n—oo

k.
d: — 31 l[l(lf)log%]j

:f]] e : ng__,,__k__.'__ dF(JC)

8 Jj=1 &

This proves our theorem.
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ON RANDOM MATRICES II

by
P. ERDOS and A. RENYI

§ 0. Introduction

This paper is a continuation of our paper [1]. Let .#(n) denote the set of all
n by n zero-one matrices; let us denote the elements of a matrix M, €M (n) by e
(1=j=n; 1=k=n). Let p denote an arbitrary permutation D=(D1,:Ds5 s ls)
of the integers (1,2, ..., n) and II, the set of all ! such permutations. Let us put
for each p€ll,

(O. 1) 8(p) :81171 .82112 & 8"1’11'
Thus the permanent perm (M,) of M, can be written in the form
0.2 perm (M,) = 2> &(p)
pelly
Thus each &(p) (p€II,) is a term of the expansion of perm (M,).
Let us call two permutations p’ = (pi, ..., pn) and p” = (p{, ..., py)

(p’€ll,, p”€Il,) disjoint if p,=py for k=1,2,...,n. Let now define (for each
M, eM(n)) v=v(M,) as the largest number of pairwise disjoint permutations
p@, ., p® such that e(pP)=1 (i=1,2,..., v). Clearly

0.3) perm (M,) =v(M,)

thus v(M,)=1 is equivalent to perm (M,)=0.

Let us denote by .#(n, N) the set of those n by n zero-one matrices, among
the n? elements of which exactly N elements are equal to 1 and the remaining n*> — N
to 0 (0<N<n?). Let us choose at random a matrix M, y from the set #(n, N)

2
with uniform distribution, i.e. so that each of the [’;V] elements of .Z(n, N) has the

2 Y=1
same probability ’;V to be chosen.

Let us denote by P(n, N, r) the probability of the event
: V(Mn,N)Er (r=l, 2, ).

Clearly P(n, N, 1) is the probability of the event perm (M, ) =0.
In [1] we have shown that if

0. 4) N,(n)=nlog n+cn+o(n)
where ¢ is any fixed real number, one has
(0. 5) lim P(n, Ny(n),1) = e~ 2",

n—»oo
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This implies that if w(n) tends arbitrarily slowly to + e for #—~ + o and

(0. 6) Ni(n)=nlog n+w(n)n
then
0.7) lim P(n,Ni(n),1)=1.

In the present paper we shall extend this result, and prove the following
THEOREM 1. For any fixed natural number r, if

(0. 8) Ni(n)=nlog n+ (r— 1)n log log n + nw(n)

where w(n) tends arbitrarily slowly to + e for n— + =, we have

(0.9) IiI_P P(n, N} (n),r)=1.

Clearly (0. 7) is the special case r=1 of (0.9). (0. 5) can be generalized in a
similar way (see Theorem 2). Evidently, the interesting case is when w(n) tends
slower to + - than loglog n.

The method of the proof of Theorem 1 and 2 follows the same pattern as that
in [1].

In § 2 we formulate — similarly as in [1] — an analogous result for random
zero-one matrices with independent elements, while in § 3 we add some remarks
and mention some related open problems.

§ 1. Random matrices with a prescribed number of zeros and ones

We prove in this § Theorem 1. We suppose »=2 as the theorem was proved
forsr==1 i1 [1].

Suppose that M is an n by n zero-one matrix belonging to the set .#(n, N;(n))
where Nj(n) is defined by (0. 8), and suppose that v(M)=r—1.

Clearly we can delete from each row and column of such a matrix » — 1 suitably
selected ones so that the permanent of the remaining matrix M’ should be equal
to 0. As regards the matrix M’ we distinguish two cases: either the deletion can be
made so that M’ contains a row or a column which consists of zeros only, or not.
Let us denote by Q,(n, r) the probability of the first case, and by Q,(n, ) the proba-
bility of the second case. Clearly if a row (column) of M’ consists of zeros only,
the corresponding row (column) of M contains at most r—1 ones. Conversely,
if M contains such a row or column, then clearly v(M)=r—1. Thus Q,(n,r) is
equal to the probability of the event that in M there is at least one row or column
which contains at most »—1 ones. Thus we have

n*—n ]
r—1 [ .
(1.1 Q,(n,r)=2n > [’;] i(n"—z):] = Ofe~ ™) = o(1).
j=0
(N,(n))
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Let us pass now to the second case. Let k be the least number such that one can
find in M’ either k columns and n—k —1 rows, or k rows and n—k —1 columns,
which contain all the ones of M’; according to the theorem of Frobenius (see [2]

and [3]) as perm (M")=0, such a k exists, and léké[n—;l] because the case

k =0 has already been taken into account (this was our first case). We may suppose
that all ones of M’ are covered by k columns and n—k —1 rows (the probability
of the other case when the ones of M’ .are covered by k rows and n—k —1 columns
being the same by symmetry). It follows — as in [1] — that M’ contains a submatrix
C’ consisting of k-1 rows and k columns, such that each column of C’ contains
at least two ones. Let C be the corresponding submatrix of M. It follows that

n=

2
(1.2) Q,(n, 1) =2 k=21 9

—1]] . a2 :
where g [l =k= [n_z ]] is the probability of the event that M contains a k41

by k submatrix C such that each column of C contain at least two ones, and the
submatrix D of M formed by the same rows as C and by those columns which do not
intersect C, contains at most —1 ones in each row. Evidently

(k+ 1)(n—k)] [n(n—k—l)+k(k—1)

" n k1) (k+1)(r—1)[ 7 N2y
i ‘-”‘=[k][k+1][ 2] . T
N?

It follows from (1. 2) and by an asymptotic evaluation of the expression at the
right hand side of (1. 3) that

(1.4) Q,(n, r)=o(1).
As
(15) I_P(’Z,N;k(n)’r)= Ql(nsr)"_QZ(n’r)

it follows in view of (1.1) and (1. 4) that (0.9) holds. Thus Theorem 1 is proved.
By the same method we can prove the following result, which generalizes
(0. 5) for r=2.
THEOREM 2, If

(1. 6) N,(n) = nlogn+(r—1)nloglogn + cn+o(n)
where r=1 is an integer and c is any real number, we have

2e-°

sl | tim_P(n, N,(),r) = ¢ D
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§ 2. Random zero-one matrices with independent elements

Similarly as in [I] let us consider now random n by n matrices M =(g )
(1=1i, j=n) such that the g; are independent random variables which take on the
values 1 and 0 with probabilities p, and (1 —p,). It can be shown that the following
result is valid:

THEOREM 3. For any fixed natural number r, put

logn+(r—1)loglog n+w(n)
n

@21 Pn =

where w(n) tends arbitrarily slowly to + < and let M be an n by n random matrix
the elements of which are independent random variables, taking on the values 1 and 0
with probability p, and 1—p, respectively. Then the probability of v(M)=r tends
to 1 for n— + oo,

Note that the special case =1 of Theorem 3 is contained in Theorem 2 of our
previous paper [1].

As the idea of the proof is essentially the same as that of (0. 9), and the compu-
tation even somewhat simpler, we omit the proof of Theorem 3. Theorem 3 can be
sharpened in the same way as Theorem 2 sharpens Theorem 1.

§ 3. Remarks and open problems

Let us put

@3.1) u(n, k) = v(gl“i)xlk (perm (M,)).
My € M(n)

Clearly u(n, 1)=1 and pu(n,2)=2; however,for k=3 the question concerning
the value of u(n, k) is open. We h'1ve clearly u(k, k) =k! and

(3.2) uk, k—1) = k|- 31| Pl kf)k

but the value of u(n, k) for n=k +2 is not known. Clearly for determining u(n, k)
it is sufficient to consider those matrices M, which contain exactly k& ones in each
row and in each column. As each such matrix is the sum of k disjoint permutation
matrices, i.e. for such a matrix we have v(M,) =k, thus the problem of determmmg

H(n, k) is the same as the problem raised by RySER (see [7], p. 77) concerning the
minimum of the permanent of n by n zero-one matrices having exactly k ones in
each row and each column. Of course for particular values of » and k one can
determine u(n, k) (e.g. u(5, 3)=12), but what would be of real interest is the asymp-
totic behaviour of u(n, k) for fixed k=3 and n— + .

Let us put

(3.3) lim inf VG, ) = py.

n—co
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It seems likely that p,>1 for k=3. One reason for this conjecture is that if the
conjecture of VAN DER WAERDEN is true, we have

' knt _ (k)

e ,u,,§§>l for k =3. We guess that g, is even larger than e

If in particular M, is the matrix defined by &; ;=¢; j+1 =¢; ;-1 =1 (We put
€;m=E;m—n for m=>n) and &;=0 if |/—j|=2, then it can be easily shown that
perm (M,)=L,+2 where L, is the n-th Lucas number, i.e. the n-th term ofthe
Fibonacci-type sequence

3. 5) 18,400 18,0
and o
(3.6) tim VI, = V52+1 >%.

As regards u(n, k), at present it is known only that

3.7 liIP u(n, 3) = +oo.

This was conjectured by MARSHALL HALL and proved by R. SINKHORN [8]. As
a matter of fact, SINKHORN proved pu(n, 3) =n for all n=3. Of course (3. 7) implies
lim w(n, k) = +o for k=4,5, ... too.

n— +co

An interesting open problem is the following: evaluate asymptotically
P(n, nlog n+(r—1)nlog log n, r) if r is not constant, but increases together with 7.

There is a striking analogy between Theorem 1 and the following well known
result (see e.g. [4]): If N¥(n) balls are placed at random into »n urns, and N;(n) is
given by (0. 8) (with o(n) - + o) then the probability of each urn containing at
least r balls, tends to 1 for n— + =-. The relation between this problem and that
of § 1 is made clear by the following remark. If we interpret the rows (columns)
of M as urns and the ones as balls, then there are n urns, and each of the N}(n)
,,balls” falls with the same probability 1/n in any of the ,,urns”.

In another paper ([5]) we have proved the following theorem (Theorem 1 of [S]):
a random graph I'(n, N) with n vertices where n is even and N =% nlogn+n a(n)
edges where w(n) - + oo for n — + oo, contains a factor of degree one with probability
tending to 1 for n > + co.

Theorem 1 of the present paper suggests the following problem: does a random
graph I'(n, N) where n is even and

N = ;’ nlogn+ Z:;’l nloglogn+w(mn

where w(n) -~ 4 o, contain at least r disjoint factors of degree one with probability
tending to 1 for n-—<-? To prove this, besides the method of [5] the results of [6]
have to be used.
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