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EIN VERFAHREN ZUR BERECHNUNG DER LÖSUNG 
MIT SINGULÄREM VERHALTEN BEI DIFFERENTIALGLEICHUNGEN

ERSTER ORDNUNG
von

S. FRIVALDSZKY

I. TEIL

1. Einführung

Eine häufig benutzte Methode zur Lösung von Anfangswertaufgaben ist die 
abschnittsweise Annäherung der Lösung durch Polynome, [1]. In gewissen Fällen 
bekommen wir jedoch ein besseres Resultat, wenn wir eine rationale, gebrochene 
Funktion anstatt eines Polynoms verwenden, [2]. Diese Methode kann zu einem guten 
Ergebnis auch dann führen, wenn die Lösung auf dem untersuchten Abschnitt eine 
Funktion mit singulärem Verhalten wird.

Werden die Lösungfunktion oder eine der Ableitungen niedrigerer Ordnung von 
dieser auf dem untersuchten Abschnitt unbegrenzt, so kann die Lösungfunktion 
abschnittsweise mit dem Ansatz

/4 * )  =  2  apXp+ b\x + A\N, X —A
p = o

Щ  {o, 1
oder

y**(x) =  2  apxp + b\x +  A\N\og\x +  A\, x ^ - A
p =  0

JV€{0, 1
angenähert werden, wo — A (die Stelle der Singularität) und N  (der Grad der Sin
gularität) bekannt sind. Die Konstanten ap (p=0,  1 ,..., L), b werden auf dem be
treffenden Abschnitt so gewählt, dass der Ansatz genau sein soll, wenn die Lösung
funktion ein einen gewissen Grad nicht übersteigendes Polynom oder der Ansatz 
selbst ist, [3].

Der Fehler in einem Schritt kann mit einem Integralausdruck aufgeschrieben 
werden. Haben die sogenannten Effektfunktionen unter dem Integralzeichen dauernd 
gleiche Vorzeichen, so hat dieser Fehler die Form

Cr+1h'+1 j ^ ^ i )  — (r — N) ,

wo (r+ l)d ie  Anzahl der Stützpunkte, Cr+1 eine von der Lösungfunktion und der 
Schrittweite h unabhängige Konstante und

Zi£[x„-rh, x„]
r,^[x„-rh,xn-h] {l -  ’ }

sind.

Stud ia  Scientiarum M athem aticarum  Hungarica 10 (1975)
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2 S. FRIVALDSZKY

Die Verfasser haben ihre Methode für den Fall verallgemeinert, dass der 
Ansatz die Form

L
y(x) =  2 , apxp + bn(pc), X ^  -  A 

p- о

hat, wo die Funktion я(;с) im Punkt x = —A von singulärem Verhalten ist, [4]. 
Die Methode setzt voraus, dass die Funktion n (x) bekannt sei.

Im Fall einer echten Singularität (V < 0) und des genauen Ansatzes kann man 
bessere obere Schranken als 0 (l/h ~N) für diesen Fehlerausdruck nicht geben, 
vorausgesetzt, dass der Punkt xn dem Punkt der Singularität x = —A nahe liegt. 
Diese obere Schranke ist mit der Lösungfunktion von gleicher Grössenordnung, 
und so können diese Resultate nicht einmal entscheiden, ob der relative Fehler in 
einem Schritt genügend klein ist.

Der Artikel [3] gibt eine Annäherung in jedem Schritt der Berechnung für die 
Werte A und N derart, dass die zwei nicht verschwindenden Glieder niedrigsten Gra
des in der im betreffenden Schritt für den Fehler und der Schrittweite nach auf
geschriebenen Taylor—Reihe gleich Null gesetzt werden. Kann man voraussetzen, 
dass diese zwei, während der Berechnung für die Werte A und N  bekommenen 
Zahlenreihen zu je einem Grenzwert konvergieren, so ist auch eine zweite Berechnung 
mit diesen Grenzwerten durchzuführen. Ähnlich verläuft das Verfahren, wenn eine 
der Zahlen A und N  bekannt ist.

Die Anwendbarkeit dieser Methode ist nicht hinreichend begründet, da diese 
zwei Glieder in der Taylor—Reihe nicht unbedingt den überwiegenden Teil des Fehlers 
enthalten; die Koeffizienten dieser Reihe hängen ja von einer Ableitung höherer 
Ordnung der Lösungfunktion ab, demnach sind sie in der Nähe der Singularität 
nicht begrenzt.

In den in diesen Artikeln untersuchten numerischen Beispielen hat der singuläre 
Teil der Lösungfunktion die Form

Ь\х + А\~г
d.h. er ist von der Art eines Pols erster Ordnung, und der Koeffizient des Glieds 
singulären Verhaltens ist konstant. In diesem Fall ist zu hoffen, dass diese Berechnung 
eine gute Annäherung für die Lösungfunktion gibt. In anderen Fällen ist es aber 
zweifelhalft, ob ein gutes Resultat erzielt werden kann.

Aus diesem Grund suchen wir einen anderen Weg.

2. Das Differenzenverfahren bei der Lösung mit singulärem Verhalten

Wir suchen die Lösung der Anfangswertaufgabe 

y '= R x ,y ) ,  y (x a) = y0
in Punkten

x„ — x 0 + nh, n — 1, 2, . . . ,  h >  0 

und es seien y„ der Näherungswert für den Wert y(x„) und

L  — f ( x „, y„}.

S tu d ia  Sclentlarum M athem aticarum  Hungarica 10 (1975)



BERECHNUNG DER LÖSUNG MIT SINGULÄREM VERHALTEN 3

An Stelle von Bedingungen für die Funktion f(x , y) ist vorausgesetzt, dass die Lösung 
in der Form

, ч «W
* * * * * *

(2. 1)
p${  0, - 1, - 2,...}

aufgeschrieben werden kann, wo m(x)£C,.+1[x0, j ] — (/-+l)-mal stetig differenzier
bar — und r eine positive ganze Zahl sind. Hier haben wir

(2.2)

und

f(x ,y (x ))  = и (x) (s — x) + и (x) p v(x)
( s - x )p+1 ( s - x ) p + 1

Уп+ 1  = Уп-,+ f  f(x ,y (x ))d x  = yn-,+  f
*n-t xn-t '  '

fe{0, 1, ...,r},
vorausgesetzt y„=y(x„), wo и(х)€СДх0, ä] ist.

Auf dem Intervall des Integrals setzen wir ein interpolierendes Polynom mit den 
Stützstellen хя,х и_1, ...,x„_r an Stelle der Funktion n(x), und im Integral führen 
wir die neue Veränderliche

x =  x„ + hz
ein. Durch Anwendung des Zusammenhangs (2.2) bekommen wir die Formel

(2.3) J.+ i =  Уп-t + h 2
j =о

wo die Koeffizienten

x Д  (z+ i)

W  = ^ - < - i y ( ' ) ( » + n ' i l  T *
(2.4)

I s - x n
b = - f T

von der Distanz von der Singularität abhängen und im Fall b — °° in die Koeffizienten 
des gewöhnlichen Differenzverfahrens (Adams-Verfahren bei t —0) übergehen.

Zweckmässig ist, diese Koeffizienten bei b—2, 3, 4, ... und bei einigen Werten 
von p und r auszurechnen. Aus diesen können die momentanen Koeffizienten während 
der Berechnung mit Hilfe linearer Interpolation bekommen werden. Im allgemeinen 
genügt es, sie bei etlichemal zehn Werten von b vorher zu bestimmen, fern von der 
Singularität kann ja irgendwelches gewöhnliche Differenzverfahren gebraucht werden.

Sind p ^ r —l eine positive ganze Zahl und 1, so gilt der folgende Zusammen
hang für die Nachprüfung der richtigen Berechnung der Koeffizienten:

2 B P ( b )  =  t + 1,
J=о

1* Studia Scientiarum  M athem aticarum  Hungarlca 10 (1975)



4 S. FRIVALDSZKY

was leicht zu beweisen ist. (Der Zusammenhang gilt für andere Werte von p jm all
gemeinen nicht.)

Im allgemeinen ist nicht zu hoffen, dass das Produkt h(df/dy) der Lösung entlang 
nahe der Singularität genügend klein sei. Deshalb sind die impliziten, der Formel 
(2.3) ähnlichen Formeln in diesem Fall nicht anzuwenden, weil ja die Iteration ver
bunden mit der Berechnung dieser Formeln nicht konvergiert. Ähnlich ist es nicht 
zweckmässig, sich hier mit dem Problem der Stabilität zu beschäftigen, [5]. Wäre 
dieses Produkt doch klein genug, so könnten wir die ähnlichen impliziten Formeln 
in der Form

anwenden. Man kann aber unmittelbar nicht überprüfen, ob diese Bedingung 
erfüllt ist.

Im zweiten Teil versuchen wir dennoch, die impliziten Formeln allgemein an
zuwenden.

Von der Formel (2.3) ausgehend schätzen wir den Fehler des Verfahrens in 
einem Schritt ab. Verwendet man die genauen Werte der Lösungfunktion unter 
(2.3), so ergibt die Differenz der linken und der rechten Seite unter (2.3) diesen Fehler. 
Zuerst ersetzen wir die Werte y„+1, yn-, bzw. f n_ ,• (j=0, 1, ..., r) in dieser Differenz 
durch den Ausdruck (2.1) bzw. (2.2), dann die Werte и„_г (/= — 1, 1, 2, ..., r) und 
u'_i (1=1, 2, ..., r) durch ihre Taylor-Entwicklung nach den Potenzen der Schritt
weite h. Diese Taylor-Formeln werden an der Stelle x„ entwickelt, mit dem Integral
restglied (der Veränderlichen w) benutzt, bis zur m-ten Potenz der Schrittweite h bei 
den Werten n„_, und bis zur (m — l)-ten beiden u'_t genommen, n(x)ÇCm+1[x0, s], 
(яг ë  1 ) vorasusgesetzt.

Jetzt werden der Zusammenhang

und das folgende Lemma verwendet, dessen Beweis wir dem Leser überlassen:

(2.5) r
IJ (z  + i -  1) 

} i=0

3. Der Fehler des Verfahrens in einem Schritt

z,k O i l s r + l  

Z 7Í 0 , - 1 ,
=  ( - ! )* / - !

/ /  (г + i)

S tu d ia  Scientiarum M athem atic arum  Hungarica 10 (1975)



BERECHNUNG DER LÖSUNG MIT SINGULÄREM VERHALTEN 5

Ausserdem wird die Substitution
w = xn + hz

in den Integralen durchgeführt. Wir erhalten so zwei Ausdrücke für den Fehler:

— d.h. von der Grössenordnung (/•+ 1 —p) ist, wenn w(x)ÇCr+1[x0, j].
Der Fehler in einem Schritt kann genügend klein werden, wenn r+ 1 und die 

Schrittweite h genügend klein sind.
Hat die Effektfunktion Gr(b, z) im Intervall (x„_r, xn+j) dauernd dasselbe Vor

zeichen und ist w(x)cCr + 1[x0, i], so ist

aufzuschreiben und der Fehler erhält, von der Formel (3.2) ausgehend und das vorige 
Lemma verwendend, die neue Form

(3.1)

wenn

wenn

(3.2)
m — r + 1, «(x)EC,+2[x0,i]  und

T M  = I M
m —r, и(х)еСг+1[х0, s] wo

l I I ( z + i)

und

Hier ist

г  ------------ v m -----------  m-l-j
L P ( - j - z )  + m ( j b + j ) ( - j - z )  ]

wo

{J S z g  0 und s g ö ,  
l g z s O  und s >  0,

0 sonst.
Aus dem Ausdruck (3.2) ersieht man unmittelbar, dass

T M  = 0(hr+1~p)

1

(3.3)
WO

£€(xn_r , xn+1).

Studia Sclentiarum  M athem aticarum  Hungarlca 10 (1975)



6 S. FRIVALDSZKY

Wechselt die Effektfunktion ihr Vorzeichen auf (x„_r, x„+, ) und ist u(x)d 
iC r+2[x0, 4  so verwenden wir die Formel (3.1) für die Fehlerabschätzung, wäh
rend das Restglied weggelassen wird.

In beiden Fällen haben wir einen anwendbaren, der Formel (3.3) ähnlichen 
Zusammenhang für den Fehler, wenn es eine gute Abschätzung für den Wert 
M(r+1)(i) gibt.

Unabhängig von dieser ist der Fehler gut abzuschätzen, wenn sich die Funktion 
M(r+b(x) in der Umgebung der Stelle xn nur langsam ändert. Das Verfahren kann 
nämlich mit einer halben Schrittlänge zweimal nacheinander von der Stelle x„ 
ausgehend durchgeführt werden. Bekommen wir so den Wert yn+1, so ist nähe
rungsweise

T M  = _______ Уи+ l —kn + l
Er+1(2b) + Er+X(2b — 

2r + 1~PEr+1(b)

Unter ähnlichen Bedingungen ist die Fehlerabschätzung für die implizite Formel
(2.5) zu gewinnen:

T‘m”(b) =  и<г+1>(£)
hr+l-p 

(r  + 1 ) !
(/■+1 - /0

1 # ( *  +  * '- 1) 
f J = l________

-, (b — z)p+1

4. Verallgemeinerung des Verfahrens im Kapitel 2

Man kann die Formel (2.3) verallgemeinern. Wir drücken den Wert yn+1 in der 
linearen Form

(4.1) yn+1 =  2A *{b)yn_j + h 2  B*{b)fn_j
j=o j =о

aus, und die Koeffizienten A*(b) und BJ(b) { j=  0, 1, ...,/•) werden so gewählt, dass 
die Differenz der beiden Seiten möglichst klein sei. Für den Fehler in einem Schritt 
wird die Differenz der linken und der rechten Seite gebildet. Ähnlich der Fehlerab
schätzung im Kapitel 3. setzen wir die Formeln (2.1) und (2.2) in diesen Fehlerausdruck 
und auch jene, im Kapitel 3 erwähnten Taylor-Reihen anstelle der Werte der Funk
tionen u{x) und u \x)  ein. In dieser für den Fehler so bekommenen Potenzreihe 
nach der Schrittweite h versuchen wir einige der ersten Koeffizienten der Potenzen 
von h verschwinden zu lassen. Dies bedeutet lineare Bedingungen zu erfüllen. So be
kommen wir für den Fehler, nach einer Ersetzung der Veränderlichen in den Inte
gralen,

П Ф )  -  u(nm+1> - ^ ^ E * +1(b) + I*+M  

wenn u(x)£Cm+i[x0, s], m S l.

S tu d ia  Sclentiarum M athem aticarum  Hungarica 10 (1975)



BERECHNUNG DER LÖSUNG MIT SINGULÄREM VERHALTEN 7

Hier sind

E£<p)

4, n*,LJ k- 4 k ( b + j ) - p j ]  AUb) s К  (ft)
4 ^ ( f t ) — (ftTTj^ 1----------äf- 0»-*-

(*

bp
0, 1, ...,/n +  l)

b”

(á(j das Kronecker-Symbol) und

C i (b) =  ! ^ Z  f  G*+1( b , z ) u ^ ( x „  + hz)dz,
(m  +  !)!_ •'

wo

G* +1(ft,z)
(1-z )

m + l

( f t - l ) P y = l2 ^ *  (ft)
(-./-* ) 

(ft+j')p
- +

+ Д  + 1 D7 w  -  г)’"+1 +  (w +  1 ) (ft +У) (-7  -  г)"'],

und das lineare Gleichungssystem
(4.2) E?(b) =  0 (* = 0 ,l ,. . . ,m )
sollte durch diese Koeffizienten befriedigt werden, was bei /л^2г+1 im allgemeinen 
erreichbar ist.

Das Ergebnis ist dem des Verfahrens im Kapitel 2 ähnlich, nur die Genauigkeit 
der Formel kann man steigern. Als Spezialfall bekommt man die Formel (2.3) und die 
Koeffizienten (2.4), wenn man nämlich die Gleichung (4.2) auflöst, wo m = r und

A*j(b) = öht (7 =  0,1, ...,/■)

sind. Dann wäre die besagte Lösung die einzelne des Gleichungssystems (4.2) bei 
/>${1,2, ...,r} . Bei />${1,2, ...,/•} is die (/>+l)-te Gleichung (k= p) im Gleichungs
system (4.2) durch eine lineare Kombination der ersten p Gleichungen zu gewinnen. 
Nehmen wir die folgende Gleichung in diesem Fall zum Gleichungssystem (4.2) 
hinzu und ist das so erhaltene Gleichungssystem auflösbar, so sind die Koeffizienten 
eines genaueren Verfahrens (von der Genauigkeit 0(hr+2~p)) als im Kapitel 2 zu 
bekommen. Ferner ist das Gleichungssystem (4.2) bei m—r+ l und

Bj(b) = o (7 = 1 ,2 ,... ,/- )
leicht auflösbar, aber das Resultat dürfte kaum interessant sein.

Bei der Formel (4.1) könnte man über die Stabilität auch dann nichts sagen, 
wenn das Produkt h(df/dy) der Lösung entlang klein genug wäre, weil die Koeffi
zienten von der Stelle abhängen. Trotzdem ist es zweckmässig, solche Formeln wie
(4.1) anzuwenden, in der die Koeffizienten A*(b) die Gleichung der Stabilität im 
Grenzwert 6 — + «= befriedigen, [5].

Später werden wir uns mit der Abschätzung der Werte (b, p) beschäftigen und 
ein numerisches Beispiel geben.

(Die Literaturhinweise benziehen sich auf das Literaturverzeichnis am Ende 
des II. Teils.)
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II. TEIL

Einführung

Im ersten Teil haben wir uns mit einer Methode zur Berechnung der Lösung bei 
Differentialgleichungen erster Ordnung beschäftigt, welche Lösung auf dem unter
suchten Abschnitt von singulärem Verhalten ist, was soviel bedeutet, dass sie oder 
eine ihrer Ableitungen niedrigerer Ordnung hier nicht begrenzt ist. Wir gingen von 
einem speziellen Ansatz aus, der zu einem Differenzenverfahren mit veränderlichen 
Koeffizienten führt. Die Fehlerabschätzung hat das Verfahren sehr gut anwendbar 
gezeigt.

Wir befassen uns in diesem Teil mit der Abschätzung der Daten (b, p) der 
Singularität, einem numerischen Beispiel, der Verallgemeinerung des Verfahrens 
für Differentialgleichungssysteme und der Anwendung der impliziten Formeln.

Für den relativen Abstand b von der Singularität und für den Grad p derselben 
kann man Zusammenhänge leicht bekommen. Durch Taylor-Reihen an einer Stelle 
x m sind lineare Kombinationen aus den Werten wm_7-, u'm_j ( j= — V, —l' + 1,..., 
... ,  0, 1, ..., /) so aufzuschreiben, dass sie die Null bei einer genügend kleinen Schritt
weite h hinreichend annähern, vorausgesetzt, dass die Funktion u(x) genügend 
vielmal stetig differenzierbar ist. Zwei von diesen Kombinationen geben, gleich 
Null gesetzt, ein Gleichungssystem für die Daten der Singularität, wenn wir den 
Ausdruck (2.2) des erstenTeils an Stelle der Werte u'm_j und den unter(2.1) des ersten 
Teils an Stelle der übrigen Werte um_j einsetzen.

Einige dieser linearen Kombinationen kann man einfacher gewinnen. Ange
nommen u(x)£Ci+1[x0, s], schreiben wir die Taylor-Reihen der Werte um_j 
(y'= 1, 2, ..., /) an der Stelle x m auf und bilden ihre lineare Kombination mit den 
Koeffizienten Rj (y'= 1, 2, ... ,  /). Jetzt werden

genommen, dann die übrig gebliebenen Werte um- j  (7 = 0, 1 ,... ,/)  mit Hilfe der 
Formel (2.1) des ersten Teils durch die Werte ym- j  ersetzt. So bekommen wir

nachdem das Lemma des ersten Teils bei l ^ k ^ l + l  und bei dem Grenzwert z->-0 
verwendet worden ist.

Ähnlich werden

6. Die Abschätzung der Daten der Singularität

( 6 . 1)
= м„° hl pcp + 0(h,+1 p), c = h/(s — xm),
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und u(x)£Cl+2[x0, s] genommen, dann der Wert u'm mit Hilfe von

, _  ,  W __Mm Jm çP Mm2 1
h

nach der Formel (2.2) des ersten Teils, endlich die um̂ j ( j= 0, 1, . .. ,/)  mit Hilfe von
(2.1) durch die Werte ym- j  ersetzt:

( 6.2)

Pl(C,P) =  2  ( -  ÍV Í  ; )  -7  ( 1 +  Cj)Py m- j  +  y m 
j =1 V '  J

k l +pc ) ~ hfm = " Т Г Г  ”H+1)b,+1- pcp+ o(h l+*-p),

nachdem das besagte Lemma bei O s k s l+ l  und z —0 verwendet worden ist. (Bei 
k = 0 haben wir das Glied 1/z zuerst auf die rechte Seite übergetragen.) Die zwei 
Gleichungen

p,(c,p) =  0
(6.3)

Vi(c, p ) =  0

bestimmen die Werte (cm,p m) an der Stelle xm. Ist H(x)ÇCi+2[x0, í ], so sind die 
weggelassenen Glieder in den Ausdrücken (6.1) bzw. (6.2) bei fixen Werten (cm,p m) 
von der Grössenordnung 0(h l~p) bzw. 0(hl+1~p).

Die beschriebene Methode kann man so anwenden, dass die Lösung zuerst 
z.B. durch die Predictor-Corrector Methode bekommen wird. Ist der Fehler in 
irgendwelchem Schritt zu gross, so halbieren wir die Schrittweite h. Ist sie schon zu 
klein, dann versuchen wir die Anwendung unserer Methode, wenn annehmbare 
Werte (sm, pm) an der betreffenden Stelle xm aus den bisher bekommenen Werten 
der Lösung gewonnen werden, und die Stelle der Singularität nicht zu weit ist.

Die Berechnung mit dieser Methode fortgesetzt, bekommen wir in jedem 
Schritt der Berechnung der Lösung zwei Werte (sm, p,„), wo sm= xm+h/cm. Ist während 
der Berechnung anzunehmen, dass diese zwei Zahlenfolgen zu je einem Grenzwert

Sm -  Í, Pm -  P (Xm <  S)

konvergieren, so wird angenommen, dass es sich um eine Singularität von der Form
(2.1) mit den Parametern (5, p) handelt. Deshalb führen wir eine zweite Berechnung 
mit diesen Parametern — genauer mit (b, p), wo b = (s — x„)/h — durch, wie es 
auch die Artikel [3], [4] empfehlen.

Wenn wir l=r+l bzw. l= r  wählen, gibt die Formel (6.1) bzw. (6.2) eine gute 
Annäherung für den Wert u%+1) im zweiten Berechnungsgang, das Glied höherer 
Grössenordnung weglassend. Einerseits kann man so überprüfen, ob die Werte 
м£+1) als begrenzt angesehen werden können, anderseits ergibt diese Formel nähe- 
ungsweise den Fehler in diesem Schritt, mit Hilfe der Formel (3.3).
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10 S. FRIVALDSZKY

Einer groben Untersuchung nach ist es ratsam

l ^  r + l —p

zu wählen, um den durch die ungenauen Werte (b,p) bekommenen Fehler mit dem 
Fehler des Differenzenformel verglichen klein zu halten. Deshalb sei

f r wenn p =» 1,
[ r +  1 wenn 0 <  p -=: 1.

7. Ein numerisches Beispiel

Die folgende Anfangswertaufgabe hat eine Singularität /> =  0,5 an der Stelle 
л=0. Hier sind x0=  —1, h = 0,025.

Wir fingen von der Stelle xn = —0,300 ausgehend an. In der angeführten Tabelle 
enthält die erste Spalte die Werte der Abszisse x„, die anderen Spalten enthalten der 
Reihe nach die genauen Werte der Lösung, die Resultate des Verfahrens von Adams, 
von Lambert-Shaw bei A = 0, N =  —0,5 als zweiter Berechnungsgang, [3], [4]. Wir 
verwendeten unser Verfahren (2.3) bei t = 0, r = 2 in zwei Berechnungsgängen. Die 
letzten drei Spalten enthalten der Reihe nach die Abschätzung sm für die Stelle der 
Singularität, den ersten und zweiten Berechnungsgang. Den Wert p haben wir als 
bekannt vorausgesetzt. Die Werte sm wurden aus der Formel (6.2) bei 1=2 berechnet 
weil l ^ r —p ausreicht, wenn wir nur die Formel (6.2) benutzen. Eine Fehlerabschät
zung im zweiten Berechnungsgang wurde nicht durchgeführt.

(у2 — 1 )y
Tabelle für die Lösung der Anfangswertaufgabe ÿ  = ----------- , y(  -  1) =  1,4142136

x n exakte
Lösung

Adams-
Verfahren

Lambert- 
Shaw-V. sm eigenes V. 

mit sm
eigenes V. 

mit s

-0 ,3 0 0 2,0816660 2 0808589 2,0816510 0,0017291 2,0816536 2,0816594
-0 ,275 2,1532217 2,1521284 2,1532025 0,0014030 2,1532069 2,1532141
-0 ,2 5 0 2,2360680 2,2345521 2,2360431 0,0011276 2,2360498 2,2360589
-0 ,225 2,3333333 2,3311715 2,3333003 0,0008222 2,3333103 2,3333218
-0 ,2 0 0 2,4494898 2,4462988 2,4494448 0,0007110 2,4494603 2,4494755
-0 ,175 2,5911939 2,5862775 2,5911305 0,0004937 2,591 1552 2,5911755
- 0  150 2,7688746 2,6608743 2,7687814 0,0003547 2,7688226 2,7688510
-0 ,125 3,0000000 2,9860131 2,9998547 0,0002357 2,9999256 2,9999670
-0 ,1 0 0 3,3166248 3,2896529 3,3163785 0,0001667 3,3165105 3,3165762
-0 ,075 3,7859389 3,7259949 3,7854658 0,0001133 3,7857400 3,7858586
-0 ,0 5 0 4,5825757 4,4156946 4,5814522 0,0000770 4,5821564 4,5824279
-  0,025 6,4031244 5,6882611 6,3989711 0,0000436 6,4017218 6,4027248

Die Aufgabe wurde auf einer Rechenanlage MINSK-2 berechnet, zusammen mit 
anderen Beispielen.

Die Abschätzung des Wertes s ist schon an der Stelle xn = —0,300 genügend 
genau, wo der Wert der Lösung nach dem Adams-Verfahren dem genauen Wert
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nahe ist. Hätten wir ferner das Adams-Verfahren als den ersten Berechnungsgang 
angewandt und die Abschätzung für den Wert s aus diesen letzten drei, recht un
genauen Werten der Lösung durchgeführt, so hätten wir dennoch eine gute 
Annäherung

sm =  -0,00168
bekommen.

8. Das Verfahren für Differentialgleichungssysteme

Die Ergebnisse dieses Artikels können unmittelbar für Differentialgleichungs
systeme erster Ordnung verallgemeinert werden, in denen gewisse Funktionen der 
Lösung von singulärem Verhalten, die übrigen aber etlichemal differenzierbar sind.

Wie gewöhnlich, schreibt man spezielle Differenzenformel nur für die Diffe
rentialgleichungen zweiter Ordnung auf, in denen die Ableitung erster Ordnung 
fehlt:

y* = f(x ,  y), У (*0) =  У о 
У'(х0) = y'o

Wir setzen voraus, dass der Ansatz (2.1) gilt. Der Wert yn+1 wird jetzt in der Form

л «  =  Z A y ( b ) y n_j+h2 z e r W n - j
J=0 j =0

aufgeschrieben. Nach einer ähnlichen Ableitung für den Fehler bekommen wir 
seine Form:

1ГФ) = +X) K l  1Ф) + /**+! (b)

wenn u(x)cCm+2[x0, .?], /и ё2  ist und für die Koeffizienten das lineare Gleichungs
system

ЕГФ ) = 0 (к =  0 ,1 , ..., m)
gilt. Hier sind

(*>) =  n r ^ n F - ( - l ) *  Í  ̂ Г (* )7T T T r J - l -( * - 1 ) j = 1 (b+ jy 1)*

Í  C**(b) Ti [ (b+j)2k ( k - l )  - 2 p k ( b + j ) j + p ( p + 1)7*1 -
j = 1

A*0*(b) „ С П Ь)
' °0 ,k ~bp b"

und

P ÍP  ̂) x I ^P x I л X ----£2----d0, к +  -g- bl, к +  2o2, к , (к = 0, 1, . . . ,m + l)

C liib ) = J  G Г  lib, z)u<~m + 2)(xn + hz)dz,
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12 S. FRIVALDSZKY

WO

G**+i(b,z) (1 - z )m+1
( b - i y

+ 2  A f ib ) (—■/—z)m+1 
(b + jy +

+ Д  (M v H "2 [ /,(p + 1)(^ ' “ z)m+1+ +. / )(« + 1)

( - j ~ z ) m +  (b +jfm{m  + l ) ( - 7 - z ) m_1].
Unsere Methode für Anfangswertsaufgaben kann auch dann angewandt werden, wenn 
die Lösung zwar nicht von singulärem Verhalten ist, aber sie sich, oder sich ihre 
Ableitung niedrigerer Ordnung auf dem untersuchten Abschnitt recht schnell ändern.

9. Die Anwendung der impliziten Formeln

Wollen wir die implizite Formel (2.5) zur Lösung verwenden, so kann die Kon
vergenz der mit dieser Formel verbundenen Iteration in zwei Fällen gesichert werden. 

1) Im allgemeinen ist die Gleichung
X = F(x)

durch Iteration auflösbar, wenn die Ableitung F'(x) in der Umgebung der Wurzel 
X stetig und negativ ist, s. die Abbildung 1. Die Formel für diese Iteration lautet

_  xnF(F(Xn))-F(xny  
( ' } Л"+1 ~  F(F(xn))-2F{xn)+ xn
wo der Nenner rechts von der Wurzel positiv, links von ihr negativ ist. Die Konver
genz ist gesichert, wenn die Ableitung zwischen den Abszissen x = x 0, x  =  F(x0) 
stetig und negativ ist. Diese Aussage folgt aus dem Beweis der Lösungsmethode für 
das Gleichungssystem (6.3) (vgl. den dritten Teil). Bezeichnen wir den Koeffizienten 
des Glieds/„+1 in der Formel (2.5) mit B(2\, so lautet die Bedingung für die Kon
vergenz der Methode (9.1)

hB4\fy(x„,yn) <  0,

wenn die Ableitung/,, der Lösung entlang stetig ist. Bei t = 0 reicht schon die Bedingung

aus, weil ist.
2) Wenn zwei Gleichungen

fy(xn,yn) <  0

x = F(x) 
x — G(x)

die gemeinsame Wurzel x haben und es eine Abschätzung für den Quotienten der 
Werte der Ableitungen in diesem Punkt,

$  = F'W
G'(x) (SH 1)
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gibt, sp kann das gewöhnliche Iterationsverfahren für die Gleichung

X =  H(x) 9G (x) — F(x) 
9 - 1

angewandt werden. Hier sind
3c = H(x), H '(x) =s 0.

Wir setzen voraus, dass die Formel (2.5) bei t=  1 und i= 0  denselben Wert y„+1 
ergibt. Wenden wir die Formel (2.5) bei t= \ und i= 0  zugleich an, so kann die ge
wünschte Abschätzung bei diesen zwei Iterationsformeln leicht gewonnen werden:

n
B^\(b) ■

Es ist leicht zu beweisen, dass
0 <  9 <  1,

wenn p + 1 >0 ist. Der Wert 9 ist zu berechnen, aber er kann nahe zu 1 sein.
Im dritten Teil werden wir uns mit Methoden zur Auflösung des Gleichungs

systems (6.3) beschätfigen.
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III. Teil 

Einführung

Dieser Teil ist in gewissem Sinn von den ersten zwei Teilen unabhängig. Wir 
werden uns hier mit der Lösung des Gleichungssystems unter (6.3) des zweiten 
Teils beschäftigen, überdies geben wir eine Methode zur Lösung beliebiger Gleichungs
systeme mit zwei Unbekannten.

10. Die Lösung des Gleichungssystems (6.3) mit der Davidenko-Methode

Eine naheliegende Methode zur Lösung des Gleichungssystems (6.3) ist die 
Davidenko-Methode, [1]. Wir gehen von den Funktionen

p (c, p, L) = L {pt (c, p ) - p  1 (c, p)} +  Pi (c, p) 
v(c, p, L) = L{v, (c, p) -  vy (c, p)} +  Vj(c, p)
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14 S. FRIVALDSZKY

aus, die — bei
p(c,p, L) =  0,

f

v(c,p, L) = 0

— die Lösung c(L),p(L) bei einem beliebigen Wert L bestimmen. Für diese Lösung 
kann das Differentialgleichungssystem

( 10. 1)

dp / ( r  \  I dp /
k ‘ B V w

dp
dL

dV S ( T \A -  dV n' Í T \ dv
dL

aufgeschrieben werden. Setzen wir voraus, dass uns die Werte c(0), p(0) bekannt 
sind und suchen wir die Werte c(l),/>(l), die die Lösung von (6.3) darstellen.

Die Koeffizienten
dp dp dp dv dv dv
l k ’ ~dp’ d L ’ ! k ’ ~dp’ dL

sind leicht zu bestimmen. Das Differentialgleichungssystem (10.1) kann z. B. mit der

Fig. 1.

Hamming Predictor-Corrector Methode 
aufgelöst werden, [2].

Das für die Anfangswerte c(0), p(0) 
aufgeschriebene Gleichungssystem

Pi(x,y) =  0
Vi(*,jO =  0

ist auf die Gleichungen 

( I F A ) *  -  Jm =
УУт- lJ

( 10.2)

JC Ут
zurückzuführen.

Die Gleichung (10.2) ist auflösbar, wenn der Wert Jm zwischen den Werten 
2.25 und e=2.718... liegt. Weil

1
Jm -  (l + cff, C —

wenn /г — O, u(s)yi0 und c ein fester Wert ist, so kann die Gleichung (10.2) bei einer 
gegebenen Schrittzahl vor der Singularität aufgelöst werden, wenn die Schrittweite 
h genügend klein ist. In diesem Fall ist die Gleichung

1
f( x )  = (1 = 0
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durch die umgestaltete Sehnen-Methode vom Intervall (0,001, 0,5) ausgehend aufzu
lösen und, vom Punkt x0=0,001 ausgehend, auch durch die Newton-Methode, 
weil im Intervall (0,001, 0,5)

/ ' ( * ) <  0, / " ( * ) >  0
sind.

11. Eine neue Methode zur Lösung der Gleichungssysteme 
mit zwei Unbekannten

Wir empfehlen die folgende iterative Methode zur Lösung des Gleichungssys
tems (6.3), die zur Lösung beliebiger Gleichungssysteme mit zwei Unbekannten 
geeignet ist. Es seien die Werte (x, ÿ) die Lösung von (6.3), für die die Werte (y(n), x(n)) 
eine gute Annäherung geben. Es seien beide partiellen Ableitungen der Funktionen 
H=H,, v=v, in der Umgebung der Wurzel von (6.3) stetig und bei dieser Wurzel 
nicht verschwindend, und es gelte für diese Ableitungen die Ungleichung

HxV'y 5* HyV'x
in der Wurzel.

In diesem Fall sind die Werte (/= 1 ,2 ,3 ) eindeutig zu
(s. die Abbildung 2)

ii- yW) = 0,

fil V (íl, 4i) =  0,

in'. /У £2, 4i) =  0,

42- V (х(л> Чз) =  0,

í 3-- /*(£з, Ч2) =  0,

Чз- v ( ís . Чз) =  0.

bestimmen :

Bezeichnen wir den gemeinsamen Punkt der Geraden {(^i, Уя)); (£2, Vi)}> und 
{(x(n>, rç2); (£3, i/з)} mit (х(л+1\  y(n+1)), wenn es diesen gibt. Er wird die folgende 
Annäherung abgeben. Hier gelten

x<"> -  X
j(") -► ÿ

wenn das Verfahren von einer der 
Wurzel nahen Anfangsannäherung 
(x<°>, У°>) angefangen wird. Der Beweis 
wird abgekürzt beschrieben. Es sein an 
der Stelle der Wurzel

Es gibt eine Zahl 0«=eo<  1, für die

f > l / 1 . k ' l > v  l /'-s ' l  > «o
eo Fig. 2.
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16 S. FRIVALDSZKY

sind. Bei einer beliebigen, später zu bestimmenden Zahl 0<e<e„/2 gibt es ein Inter
vall (x —г, x + j) in dem sich sowohl die Änderung (—g'Jg'y) der Kurve /r=0 entlang 
als auch die Änderung ( —v'Jv'y) der Kurve v =  0 entlang höchstens auf den Wert 
e belaufen. Ist der Punkt (x<n\  y(,l)) dem Punkt (3c, p) nahe genug, so liegen die Zahlen 

(/ =  1, 2, 3) in diesem Intervall. Man kann die Gleichungen

£i =  x  +
y(") — p

m = y + (Z i-x )(g ' + ö2)

= x + m - y
f ' + s 3

*h = y + (x<n> -x )(g ' + <54)

b = -x  + £ - yf '  + s  5
ha = J' + (^3-3c)(g, + 56)

aufschreiben, wo |5;|< г  (/=1, 2, ..., 6) sind. Die Bezeichnungen
a ( n )  _  x (n) _  x  

ß  ( " )  =  y(") — p

y(") = max (|a(">|, |jS(n)|) 

eingeführt ist das lineare Gleichungssystem

1
oe(n +  1) Í  g '  +  ô* - i ) _

* + Si  J  P [ f ’ + 5a

( g ' + ^ m - s , )

+ öl

ß(")
( / ' + W / '  + <53)

»(" + !) g' + se .
f '  + s6

] _ ^ ( и  + 1) Í  g  + ^4 _ l |   1  -
) p l r + i »  ) g '  + öt

=  a (n)
f '  + h

in Verbindung mit dem gemeinsamen Punkt der obigen Geraden aufzuschreiben. 
Wir haben vorausgesetzt, dass a(">, ß ^ ^ O  sind. Der Cramer-Regel nach sind

a'(" + !) D Da_  ß(n + l) —
D D

wo
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\ D \
1 I g ' - r

( 1 1 . 1 )
2  | / ' I V I  ’

l / T  !
Л ' - Г \ \ 1 +

wenn die Zahl s — die nur von den Werten/ ' ,  g' abhängt — klein genug ist. Deshalb 
gilt

y(n+1) <  sK yW
V eo

wo auch die Zahl К  nur von den Werten / ' ,  g' abhängt. Gilt noch die Voraussetzung

£ <  (0 < q <  1),

so ist
y ( « + i )  ^  qy(n)^

und dann liegt auch die folgende Annäherung (х(и+1), jV +1>) in der obigen Um
gebung der Wurzel und das Verfahren ist konvergent. (Der Zusammenhang (11.1) 
beweist, dass es sich um den Fall der zwei verschiedenen, nicht parallelen Geraden 
handelt.)

Das Verfahren is von einer guten Annäherung ausgehend konvergent. (Seine 
Konvergenz ist T. Frey nach quadratisch.)

Durch die Drehung des Koordinatensystems ist erreichbar, dass die genannten 
partiellen Ableitungen von Null verschieden seien. Zweckmässig ist, die Achsenrich
tungen so zu wählen, dass

/ '  +  £ '  =  0 
sei.

Diese Methode wäre für die Lösung der Gleichungssysteme mit n Veränderlichen 
zu verallgemeinern, wobei zahlreiche Gleichungssysteme mit (n—1) Veränderlichen 
in jedem Schritt der Iteration aufgelöst werden sollten. Aber das Verfahren würde 
selbst bei n = 3 so viel Arbeit erfordern, dass es anzuwenden nicht zweckmässig wäre.

Diese Iteration ist für die Kurven ц — O, v=0 nicht symmetrisch. Die Rolle der 
Kurven vertauschend können wir eine zweite, konvergierende Punktreihe bekommen. 
Man kann im voraus nicht wissen, welche Punktreihe schneller konvergieren wird, 
deshalb scheint es zweckmässig, beide zu berechnen. Die Kombination der beiden 
Punktreihen bietet mehrere Methoden für die Verbesserung der Konvergenz, auf 
welche wir aber hier nicht eingehen.

Die partiellen Ableitungen der Funktionen ц, v existieren und sind in der 
Umgebung der Wurzel stetig, wenn cl< 1 ist.

Es ist leicht zu beweisen, dass

P P
gilt, wenn wir eine gegebene Anzahl von Schritten vor der Singularität sind, ит^ 0  
ist, die zu bestimmenden Werte (cm,p m) den genauen Werten nahe und die Schritt-
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weite h hinreichend klein sind. Für die erste Annäherung bei der Iteration kann man 
Werte aus der vorigen Iteration bekommen:

- « » ,  
c m + 1 1 ~ cm Pm+1 = Pn

Gibt es keine vorige Iteration, so sind entweder die Davidenko-Methode für die 
gesuchten Werte (cm,p m), oder die folgende erste Annäherung für diese anzuwenden: 
es gelten näherungsweise

Ут + 1Ут-1 ~Ут „2 _
---------7 --------- =  CPУт

УтУт-2- y l - l  C2P 
t i - 1 (c+ l)2

wenn umy O  ist, von wo die Werte (c, p ) für die erste Annäherung leicht auszudrük- 
ken sind.

12. Eine Methode beim Fall des einzigen unbekannten Parameters

Es kommt häufig vor dass einer der Parameter (c, p), besonders der Parameter p, 
bekannt ist. Wir wollen z. B. den Parameter c aus der Gleichung (6.2) des zweiten 
Teils bestimmen. Anstatt dieser ist die Gleichung

X =  h(x)
wo

( 12. 1)

anzuwenden. Für diese gilt 

näherungsweise und auch

[W +xi)
h(x) =  x - p t i x )  ‘- 1 r

h(c) =  c 

h'(c) -  0,
wenn die Schrittweite h bei einem fixen Wert c klein genug ist. Wir haben hier das 
Lemma des ersten Teiles bei z=  1/c und k= 0  angewandt.

Die Gleichung (12.1) ist durch eine Iteration von einem guten Anfangswert 
ausgegangen aufzulösen, wenn die Annäherung cm dem genauen Wert c nahe ist. 
Das Ergebnis wird die Lösung von (6.2) sein, weil

sind.
cm 7̂  0, 1/i ( / = 1, 2,.. . , / )
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PANCONNECTED GRAPHS

by
YOUSEF ALAVI* and JAMES E. WILLIAMSON

A graph G is connected if for every pair u, v of distinct vertices of G, there exists 
a и—v path. If и and v are vertices of a connected graph G, then the distance dG(u, v)= 
=d(u, v) between и and v is the length of a shortest u — v path. Hence, if G has order 
p and / is the length of a u—v path in G, then d(u, v ) ^ l s p —1. We define a graph G 
to be panconnected if for each pair u, v of vertices in G, there exists a u—v path of 
length / for each / such that d(u, v ) ^ lë p — 1.

J. A. Bondy has recently introduced the concept of edge-pancyclic graphs. 
A graph G is said to be edge-pancyclic if every edge of G is contained in a cycle of 
every length /, where 3 ̂ l ^ p .  If a graph is panconnected, then it is edge-pancyclic; 
however, the concepts are not equivalent. The 
graph G shown in Fig. 1. is edgepancyclic but 
not panconnected, since G contains no u—v paths 
of length / for 1=5,6, or 7, while d(u, v)=2 and 
p —1=7. In fact, the join of K 2 with 2K„ for 
each integer «^3  is an infinite class of edge- 
pancyclic graphs which are not panconnected, 
where K 2 denotes the graph with 2 vertices and 
no edges and 2K„ denotes the disconnected graph with two components each iso
morphic with the complete graph of order n.

The nth power Gn of a connected graph G is the graph whose vertex set is that 
of G and with the property that two distinct vertices are adjacent in G" if and only 
if the distance between these vertices in G is at most n. It was shown independently 
by Karaganis [1] and Sekanina [3] that if G is a connected graph of order p, then 
G3 is hamiltonian-connected, i.e., every two distinct vertices are connected by a path 
of length p —1. The object of Theorem 1 is to present a strengthening of that result.

Theorem 1. I f  G is a connected graph, then G3 is panconnected.
Proof. We proceed by induction on the order p  of connected graphs. For small 

values of p, the result follows immediately. Assume for all connected graphs H  of 
order less than p that H3 is panconnected. Let G be a connected graphs of order p, 
and let и and v be any two distinct vertices of G. Let T  be a spanning tree of G such 
that dT(u, v)=dG(u, v). (The existence of such a tree is shown in [2, p. 103].) It is 
now sufficient to verify that there exists in T3 a u—v path of length / for each / such 
that dT(u, v ) ^ l^ p — 1.

We consider two cases depending on whether и and v are adjacent in T.

♦Research partially sspported by a Western Michigan University Faculty Research Fellowship.
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Case 1. Assume и and v are adjacent in T.
Here we show that there exists in T3 a u —v path of every positive length not ex

ceeding p — 1. Such a path of length one is obvious. Let 7j and T2 be the components 
containing и and v, respectively, in the graph T —uv, and let p{, i= 1, 2, be the order 
of Tt .

Suppose, first, that either px—1 or p2= l, say the former. Let vx be a vertex of 
T2 adjacent with v. Since p2= p—\, it follows by the induction hypothesis that there 
exist v — vx paths in 7f of length l2 for all l2 such that l ^ / 2̂ p —2. However, и and vx 
are adjacent in T3; hence in T3, there are u—v paths of length / for all / such that 
2^ / s i p - l .

We now assume that px = 2 and p%=2. Let ux be adjacent with и in Tx, and let 
vx be adjacent with и in T2. Thus dT(ux, i>1) =  3, and ul and vx are adjacent in T3.

By the induction hypothesis, there exists in T3 a u — u1 path of length lx for each 
lx such that \ ^ l x^ p x—\, and there exists in 7f a v — vx path of length /2 for each 
/2 such that l ^ / 2̂ p 2—1. Hence by combining such а u — ux path, such a v — vx path, 
and the edge u1v1 of T3, we obtain u — v paths in T3 of length / for each / such that 

l) + (p2—1)+1=/?х+р2—l= p —1. Furthermore, u, vx, v is a u — v path of 
length two in T3. Therefore, the result follows in this case.

Case 2. Assume и and v are not adjacent in T.
On the unique u — v path P in T, select the vertex w on P adjacent with u. As in 

Case 1, denote by Tx and T2 the components of T —uw containing и and v, respectively, 
and let pi, i= l,  2, represent the order of Tt.

Assume that px = 1 so that p2=p — \. Since, by the induction hypothesis, T2 is 
panconnected, Tl and thus T 3 contains w — v paths of length /2 for all l2 such that 
dT3(w, v) ^ l 2^ p  — 2. Combining such a w — v path with the edge uw, we obtain u — v 
paths in T3 of length / for each / such that 1 + dTз (w, v )^ lS p  — 1. Observe that either 
dTs(u, v) = dTi ( ív, v) or d-p3 (u, v) = 1 Cdjdw, v). Hence there exist u — v paths in T3 of 
length / for each / such that 1 +  dTi(u, v ) ^ l^ p  — 1. Since T3 must by definition contain 
u — v paths of length dTз (и, v) we have the desired result.

Henceforth, we assumepx> l ,  and let u' be a vertex of Tx adjacent with u. By the 
induction hypothesis, T3 is panconnected and thus contains u—u' paths of length lx 
for all lx such that l ^ l x^ p x — l. Also, Tl is panconnected, from which it follows 
that there exist w — v paths of length /2 for all /2 such that dT*{w, v )^ l2^ p 2— 1. 
Combining the above u—u' paths with the w — v paths and the edge u'w, we obtain 
u — v paths in T3 of length / for all / such that 2-\-dTs(w, v )^ l^ { p x—\) + {p2—\)+ \ = 
—p — 1. If dT%(u,v)=\-\-dTz(w,v), then this inequality gives the existence of « -«  
paths of all lengths / such that 1 +(/тз(м, v ) ^ l ^ p — 1, so once again the desired 
result has been obtained, since T 3 must contain u — v paths of length dT*{u,v). 
However, if drz(u, v) = dT3(w, v), then a w — v path of length dTs(w, v) in T2 together 
with the edge uw produces a. u — v path in T3 of length 1 + с/гз {и, v), so that this case 
and the proof is complete.

Since there exist graphs G whose square is not hamiltonian-connected, there 
exist graphs G whose square is not panconnected. However, it can be observed that 
if G is a hamiltonian graph, then its square is hamiltonian-connected. This result is 
strengthened by Theorem 2.

Theorem 2. I f  G is a hamiltonian graph, then G2 is panconnected.

S tu d ia  Sclentiarum M athem aticarum  Hungarica 10 (1975)



PANCONNECTED GRAPHS 21

Proof. Let G be a hamiltonian graph and let и and v be a pair of vertices of G. 
Furthermore, let C be a hamiltonian cycle of G, and suppose that the vertices of G 
are labelled v1, v2, ..., vp, consecutively along the cycle C. Without loss of generality 
we assume и has been labelled vk and v has been labelled vk, for some k ,2 ^ k < p .

Let P be a u—v path in G such that the length of P is dG(u, v). Then in G2, the 
subgraph induced by the vertices of P contains a u — v path P' of length m, where m 
is the least integer such that 2m ^da(u, v), which, with at most one exception, con
sists of edges of G2 which are not edges of G. The path P' is necessarily a shortest 
u—v path in G2, so that dGz(u, v)=m.

We show that there exists a. u — v path of length /, for each / such that dGi(u, v )^  
1, by means of three cases, depending on the value of /.

Case l. Suppose l is such that dGt(u, v )^ lS d G(u, v).
Let H be the subgraph of G2 defined by V(H)= V(P) and E(H) = E(P)U E(P'). 

Since both P' and P are also subgraphs of H, the subgraph H  contains u—v paths of 
length dGi(u, v) and dG(u, v). Now suppose Я  contains a u — v path P" of length/, where 
dG2 (u, r ) ^ < dG (u, v). Then P" contains in its edge set an edge e which is an edge of P' 
that is not an edge of P. However, the edge e is adjacent with a pair of edges f x and / 2 
which are mutually adjacent edges of P, such that the subgraph induced by e ,fk, 
and/ 2 is a triangle in H. Then P"—e, together w ith /j,/2, and their common vertex, 
is a u—v path of length / + 1 in H. Therefore Я, and hence G2, contains u—v paths of 
all lengths /, where dGi(u, v ) ^ l^ d G(u, v).

Case 2. Suppose l is such that dG(u, v ) ^ l ^ k — 1.
Recall that u=vk and v=vk. There exists a u—v path of length к — 1 using only 

edges of C, so that indeed dG{u, v )^ k  — 1. If dG(u,v)= k— 1, the result follows imme
diately in this case. Hence we assume dG(u, v)<k — l.

Let Vi be the first vertex encountered on P such that l ^ i ^ k ,  and Vj, the next 
vertex encountered on P, is not vi+1. Furthermore, let m be the smallest integer such 
that w > / and vm lies on P. Necessarily, m i i .  Note that m ^ i+ l ,  for otherwise P is 
not a shortest path in G. Now п;п(+1 and vtVj are edges of G, so that vi+1Vj is an edge 
of G2. Hence, if P is written

P: Pi,Pj

where Pt is the vk—vt subpath of P, and Pj is the Vj—vk subpath of P, then the path 
P* written

P* • Pii î+i> Pj

is a u—v path of length one greater than P.
For each t, i< t< m —1, and v,vt+1 are edges of G, and hence is

an edge of G2. Thus if m ^i+ 2 , the edge of P* may be replaced by vtvi+2, 
vi+2, and vi+2vi+1 to obtain a u — v path of length one greater than P*. Similarly, this 
may be repeated for each t, 1, until a path Q is obtained which has length
m — i—l greater then P and uses all the vertices of G which lie between t>; and vm 
on C. That is, Q may be written

ß : P i ,  Vi + 2 ,  Vi+  4 )  • • •> Vi+ 2 n ,  y i + 2n  +  l J  Vi + 2 n - l ,  • • •> t ’i +  X) P j ,
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where n — (m — i)/2— 1, and m — i is even, or

Q  • P i  9 ^1 +  2 5 P* +  4 9 ■ • • 9 V i+ 2n  9 ^ i + 2 n — 1 » ^ i  +  2 n - 3 ï  •••> P* +  l  9 P j  9

where n= m —i—l 
2 ’ and m — i is odd.

Analogously, at each successive vertex vs of P, where 1 ^s?âk, and the next 
vertex encountered on P is not vs+1, the process produces a sequence of paths, each 
one greater in length than the previous, until all the vertices of G which lie between 
Vi and vk have been used.

Case 3. Suppose l is such that k ^ l  =,p — 1.
Let R denote the u — v path of G such that V(R)={vl , v2, ..., vk}. Then R is a 

u — v path of length k — 1. Now vk- rvk is an edge of G and of R. Also vkvk+l is an 
edge of G, so that vk_1vk+1 is an edge of G2. Then the edge vk_kvk of R  can be replaced 
by Ул_1%+1, vk+1, and vk+1vk to obtain a path R' of length к in G2. Similarly, the 
edge vkvk+1 of R' may be replaced by the edge vkvk+2, vk+2, and vk+2vk+1 to obtain 
a path R" of length k + 1 in G2. Furthermore, for each s, k<s<p, vs_kvs is an edge of 
G, vsvs+1 is an edge of G, and vs _ j vs +, is an edge of G2. Applying this fact recursively 
from R', the path R" being the first such application, a sequence of paths of all lengths 
/, where k ^ l ^ p — 1 is obtained. This completes the case and the proof, since и and v 
are arbitrary.

REFERENCES

[1] K araganis, J. J. On the cube of a graph., Canad. Math. Bull., 11 (1969), 295—296. 
f2] O re, O.: Theory o f Graphs, Amer. Math. Soc. Colloq. Publ., 38, Providence (1962).
[3] Sekanina, M. : On an ordering of the set of vertices of a connected graph. Publ. Fac. Sei. Univ. 

Brno., 412 (1960), 137—142.

Western Michigan University 
University o f  Dubuque

(Received April 9, 1973, revised April 23, 1974)

S tu d ia  Scientiarum M athem aticarum  Hungarica 10 (1975)



Studia Scientiarum Mathemalicarum Hungarica 10 (1975) 23— 31.

REMARKS ON FREE PRODUCTS IN REGULAR VARIETIES AND 
SINK-COMPLEMENTED SUBALGEBRAS

by
H. ANDRÉKA and I. NÉMETI

1. Introduction

First we give a natural construction for the absolutely free extension of a partial 
algebra. Then a general method is given to relativise an arbitrary algebra to a variety. 
Actually both a sintactical and an equivalent semantical method are given. Here an 
interlude follows, we turn our attention to sink-complemented subalgebras and list 
some important properties. Having done this, we are ready to prove a theorem on 
relatively free extensions of free algebras, which is a restatement of Jonsson’s result 
on a more general level. In the same time the techniques outlined above result in 
considerable simplifications of Jonsson’s proofs.

We use the following notations:
Algebras are denoted by german capitals 21, 23, (£,... and their universes by 

the corresponding roman letters: A, B, C etc. The symbols £  and = stand for
“is a subalgebra of” and “is isomorphic to” respectively. The notation 21^23 means 
that h is a homomorphism from 21 into 23. Relations often are written transitively, 
e.g. 21 ̂  23 £ ‘V  or 21 ̂  21 ^  (£, the first of which stands for 2t ̂  23 and 23 Ç "У.
Sg№)X  and Cgw X  denote respectively the subalgebra, subunivere and congruences 
generated by X  in the algebra 21. The superscript (21) is often omitted. 23/R  denotes 
the factoralgebra of © over the congrunce R.

By a regular variety we understand a variety without operations of rank zero. 
The formula s i  the means that the equation e holds in the class s i  of algebras.

Functions are considered as (special) relations, that is, sets of ordered pairs. 
If R is a relation, then R\ N  denotes the restriction of R to N, that is the set of those 
ordered pairs in R the first elements of which belong to N. The identity relation over 
N  is denoted by IdN. The equivalence relation defined by a function / (on its domain) 
is denoted by f° .

In formulating the theorems we use the metasymbols =>•,«=>•,&, 3, V in the
d dusual sense; the letter d in the symbols =  and <=> denotes, that the formula is a defi

nition. The ends of proofs are marked by | .
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2. A construction of relatively free extensions

The following construction is a very natural way of extending — without speci
fying unnecessary order — a partial algebra to an algebra or, with other words, of 
extending it freely.

D efinition 1. Let 91 be a partial algebra. First we define an operator J r  
on partial algebras. J r  (91) is the partial algebra obtained from 9t by “one step 
extension” : For every n-ary operation symbol /  of 91 and elements ax, ..., a„ of N  
if f (a x, ■■■,(!„) is not defined in 91, then we put the element </, (at , ..., a„))* into 
the universe of J r (91), and d e f in e /^ ,.. .,  an) in J r  (91) asf(ax n„)= </, (ax,..., a„» . 
Now, the absolute free extension of 91 to an algebra is denoted by J r 9l, and
<угз)= (J Jr"(9t), where Jr" denotes the и-iteration of Jr. The universe of Jr«  is

Л = 1
denoted by Jr<n. It is easily seen, that is an algebra indeed. We constructed 
this algebra without specifying unnecessary order in the following sense :

T heorem 1. Every homomorphism of 91 can be extended to a homomorphism 
o f  J r  s,.

In general instead of the absolute free extension we need only the free extension 
over a class s i  of algebras. To “relativise” an algebra © to a class s i  of algebras 
we have the following tools :

D efinition 2. 23.5/= &/Cr*si, where C r*si=  П {h°: © 'X 216si}.
h

Theorem 2. Every homomorphism from 23 to s i  can be taken through ©л/, 
that is

(V© ~  © € ^)(3 © ~  ©*/ ~  SI)A =  g \f
в /

where g /f stands for the composition of g and f
The proofs of Th. 1. and Th. 2. are essentially known.
In case s i  is a variety to relativise 23 to s i  is just the same as to force © to satisfy 

the equations of si. More precisely:
Let a be an element of the i-type word algebra generated by a countable set. 

If 21 is a i-type algebra, then а(Я) denotes the polynomial in 21 (of infinite arguments) 
corresponding to the word a. We call those arguments of а(Я) which correspond to 
the variable symbols occurring in a the real arguments of When we write “a 
really depends : a® (au a„)” we mean that a, , a„ are exactly the real arguments 
of a(2,). On the other hand by just writing a m  (a1, ..., an) we mean that the real 
arguments are among ax, ...,a„.

D efinition 3. E*siJ= ...,an), F & fa , ...,an)):si\[-ct=ß, ax, ...,an£B}.
(Note that here a and ß need not really depend.)

* Of course, we suppose that ( / ,  (plt a„)) does not belong to N.
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The relation E Bsd is reflexive, symmetric but not necessarily transitive. An ex
ample follows:

Let 23 be the algebra illustrated by figure 1. There are two fundamental opera
tions in 23, the +  and the •, defined as :

-f(a) =  a +=Lc =  6+; .(a,b) =  a-bJ=f; b-dJ=g- c -d = h \  

and in all the other cases the result is e.
Let sd be the set of algebras (of type {( + , 1), (• , 2)}) in which the equation 

x + •y — X 'y  holds.
It is easily seen that(a~d, c-d)  and {c-d,b-d) belong to E msd. But (а -d, b -d }  

is not an element of EBsd, because a, b and d cannot be represented as results of 
performing any operation, and so (a • d, b • d) could be obtained only from the equa
tion x -y = z-y , but л/М- x - y —z -у. So EBsd is not transitive.

Theorem 3. I f  sd is a variety, then CrBsd = CgEBsd.

Proof: 1. E Bsd ç,CrBsd. Let 23^216.я/ be arbitrary. Then E*sds.h°, 
because if sd\\-ct=ß, then

h(<x(au ...,a„)) = a(A(aj), ■■■,h{anj) = ß^iaß), ..., h(anj) = h(ß(a1, ... ,a n)).

Figure 1. Figure 2.

2. Cr*sd ç  CgEm.sd. Because sd is a variety and iB/CgE'Bsd satisfies the equations 
valid in sd, ‘tô/CgE^sdÇ.sd. So, the natural homomorphism /  of the congruence 
CgEBsd is a homomorphism from 23 to sd, for which

CgEBsd = / °  Э CrBsd. I

Note: If sd is not a variety, then we know only thatCgE®^ Ç CrBsd. A counter
example is illustrated by fig. 2. Note, that ?уга! s4 is the relatively free extension of the 
partial algebra 91 with respect to sd, in the usual sense.
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3. Sink-complemented subalgebras

Before returning to the extensions of partial algebras we have to discuss a very 
important notion which plays a central role in our arguments : this is the notion of 
sink-complemented subalgebras (in short Sc-s) of an algebra. In this part of the ar
ticle by an algebra we mean a partial algebra.

D efinition 4. © is a sink-complemented subalgebra of 51, in symbols © 51 :

The importance of Sc-s might be underlined by the fact that in semilattices the con
cept of ideal coincides with the notion of Sc.

Picking out an Sc from an algebra means a nice “feedback — free” decomposition 
o f the algebra into two parts : the Sc can influence its complement which however 
cannot influence the Sc back. (See fig. 3.) It is easily seen, that an algebra has a 
Sc if and only if it has the algebra of the form

(of the same type of course) as homomorphic image. Fig. 4. shows how the Sc-s de
fine a partial ordering on the subalgebras of an algebra.

We do not discuss here some important properties of Sc-s because the purpose 
of our paper is different. A few theorems are listed below without proofs. (The proofs 
are straightforward).

© g  © o- (Va)[a really depends =>(a('Ji>(ax, ..., an)ÇВ iff ax, ..., an£B)].

О

Figure 3.

Figure 4.
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T heorem 4. The relation e  is a partial ordering.

T heorem 5. £ , 93 £  91 =>-£ П 93 g  93.

T heorem 6. The Sc-s o f an algebra 91 form an inductive closed-set system: 
moreover a subalgebra-representation for this i.c.s. system can be obtained by enriching 
9Í with new operations constructed from the old ones.

Theorem 7. Every finitely generated Sc can be generated by one element.
T heorem 8.

a) A Sc o f 91 has common elements with every generator o f 91.

b) 93 g  91 =► (SgWX) OB = SgW (X n B)
Corollary :

c) 93 £  91 => (Cg™X)\B = Cg<*\X\B)

T heorem 9. 93 £  91 =>• g rs, £  gr*,.

Now we return to the free extensions of partial algberas.

4. The main result

Our definitions for g rw and ^ х ^У  coincide (up to isomorphism) with the caté
gorial minded definitions (see e.g. Gtätzer [3]). In the same time however $гя 
and g r9! У  are concrete, explicit constructions (in the spirit of e.g. Tarski [4]) as 
opposed to the catégorial definitions which are not.

The constructions of Зг<и and ^х.пУ  are completely analogous to the usual 
constructions of word algebras (and relatively free algebras as factor algebras of 
word algebras), generated by a set, moreover the latters are special cases of the firsts.

However there are also important differences in the behaviour of the new cons
tructions. (These stem from the fact that 91 is structured and so in essence <угя is a 
free algebra, generated by N, under certain defining relations.) The following theorem 
states, for example, that an important property of ordinary free algebras holds also 
for free algebras generated by partial algebras. (This property is the equivalence of the 
catégorial and constructive definitions.)

T heorem 10. Let У  be a variety. Then 91= ^ х^У  iff 
К е У  and (391 X  9t)[SgW{A(x):x<EAT =  9I&(V9Î X  £6*0(391 X  £ ) %  =  ф],h if/ <p

where h\<p denotes the composition o f h and (p.
On the other hand, e.g. it is not true for the relatively free algebra generated by 

91 that the factoring congruence can not relate the elements of N  to each other, while 
it is true for the relatively free algebra generated by a set. Now we state a sufficient 
and necessary condition for this property of the factoring congruence to hold also 
for partial algebras. (See fig. 5.)
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Theorem 11. L et У  be a  variety.

(C r***y ) \ N  =  IdN o [y \ \ - a  = ß  and aW (ax, an) is defined =>

=>ß W (a i , . . . , an) is defined and  а(а)(а1( = ß (m (a1, ... ,  an)\.

Proof. The above condition is easily seen to be equivalent with the condition 
that ( Е ^ У ) \ N ~ IdN. Because 9t is a Sc of and У  is a variety, from Th. 3 and 
Th. 8c we have:

(C r B,* y ) \ N  = (C g<Bt*>E * ‘* y ) \N = C g W (E *T* y \ N ) =  C g^ 4 dN =  IdN. |

Figure 5.

Intiutively speaking, the above theorem states that if 91 agrees (in the stronger 
sense) with the required equations then the extension of 9t proceeds just in the style 
one always has dreamed of : we augment 91 with the words for the missing values of 
the operations and then identify those of the new elements which are required. 
Thus starting from the partial algebra 9t we have just naturally constructed the missing 
part of it.

Theorem 12. (The principal theorem) Let 91 be a regular variety and 
(Cr~^)\N=Idy

£ £ g r  *У=>Ъ = gr яплУ

Proof. Let 9Г =4 91 П £  ; E ' J= E*x»' У \ E =  £ 5r* У  Then

a) 91'£91,

b) g r ^ f g r * ,
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c) E' = rr9r, for (see fig. 6.)
(a, b)£E' iff (because У  is regular)

(ЗУ\\-<х =  ß \a x, ...,an£Fr3V-,ot, ß really depend)
a =  a(ffrw-)(ax, a„)bb = )?®,я')(а1, a„) iff (because b)

(ЗУ ll- а  =  ß] f l i , a „ € F r 91; a, ß really depend)

a£Fx<n‘?*a = a№t9l\ a lt ..., an)&b = ß№t9l)(a1, ..., a„) iff (a, b)£E& aeFtw .
d) Cr*T* У  = (C r**r)\F TK , from c), Th. 8c and Th. 3.

e) S g(ffr«r)9t' = G.

(See fig. 7.) I
Now we discuss the application of this theorem to free products and especially 

the refinement result proved in Jonsson [1]. Free products are defined in [1] as fol
lows: Given a variety У  of algebras, an algebra W c y  is said to be a У -free product 
of its subalgebras 93 /£/, provided 91 is generated by the union of the sets Bt, and
for any & аУ  and system of homomorphisms 93(^- G there exists 91^ G such that
fi'Zg  for all i€/. А У -free product of i£ l is denoted by ^/7*®!- It is easily

i€/
seen that if r 77*®> exists then gr у <$ У  is a free product of the system 95,-, i£I.

*€/ ta
It follows immediately from Th 11. that in regular varieties free products of algebras 
93,-ÇT", / £ / exist if and only if the algebras 93, are disjoint. From the construction of 
g r y (g У  also follows that in a free product

iil
the factors are Sc-s. An advantage of the 
catégorial minded definition of [1] is that it 
makes explicit the commutativity and com
plete associativity, while constructive defini
tions are advantageous e.g. in proving the 
refinement theorem: indeed the refinement 
theorem can be obtained by reformulating 
our principal theorem (Th 12): ^77*®.=
=  G*9I =► С=Я*(®,П G) (if У  is a regu
lar variety and Ъ^У, i£ l.) Figure 7.

5. Summing up

The chief aim of this article is to propose a simple, natural construction for 
г Я*® о This construction is у <$,У.

1€* ií l ‘
In [1] a relatively free algebra with defining relations generaed by a set (in the 

notation of Tarski [4]: gr(u\ {У , where S=  U {O p^:j£ ln  '1'l\  id /}) plays the role of 
5 * u a T h a t  algebra (5rив,У )  however is only isomorphic to the free product,
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since S iç3f*uB|'^' does not hold. By using we have got rid of the burden
of dealing in terms of these isomorphisms since in the 93;-s are preserved in
their original form, well isolated from the other elements of the algebra. (See Th 11, 
and fig. 8.) The other, more important advantage of 3 *1)®,  ̂' to Зг(ия, ‘У  is its more 
transparent structure. The source of this transparency is, that we did not start by

—

r л

к ;
1 )

>

_

Fr UA,IT (S)
UB

Figure 8.

abandonning the structure of U23; just to bring it back through the factoring con
gruence, which in the same time however has the job to provide for the structure 
of У  also. The mixing of these two different requirements result in an opacity of the 
factoring congruence, which in the same time plays a central role in all the arguments. 
See fig. 9. However keeping in mind our goal to construct a free product this detour 
(with the structure of U 93;) is superfluous. As a result the factoring congruence 
needs only to provide for the structure of V , and so the case distinctions in the proofs 
become superfluous. We got rid of the induction by using properties of the Sc-s. 
(Th 8. c.)
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CROSSINGS AND TOUCHINGS IN A RESTRICTED RANDOM WALK

by
K. G. ANEJA and KANWAR SEN

1. Introduction. In this paper, we derive some distributions concerning Engel- 
berg’s [3] restricted random walk (r.r.w.) where a particle located at the origin in the 
(t,y) plane at the epoch i =0 moves only at the epochs t=  1, 2, a+b (a>b); the 
movement at each epoch being a unit positive step or a unit negative step along the 
j-axis subject to restriction A, namely that the walk terminates at the point (a + b, 
a — b). We consider a sequence of auxiliary random variables £j, £2, £a+b such 
that £,• ( /= 1, 2, a+b) can assume only one of the values +1 or —1 according to 
whether the ith step in the r.r.w. is upward or downward. Let Si= | 1+<i;a+ ... 
and ,S0 = 0; then restriction A implies that Sa+b=a — b. On representing a realization 
of the sequence {£,-} in the (t, y) plane by a polygonal line whose ith side has slope 
£,i and whose ith vertex has ordinate St (or equivalently that the vertices of the poly
gonal line are (i, St); one obtains the graph of the r.r.w. which we call a path. It is
assumed that all th e |ö^ j  different paths from (0, 0) to (a + b, a—b) are equally
probable. However, no assumption is made with regard to the probabilities of the 
particle moving upward or downward at any individual step since our interest is 
limited to deriving some conditional distributions subject to restriction A. This is 
facilitated through the technique of generating functions (see Rosenstock [7]) by 
which we derive some joint distributions concerning r.r.w. and extend the connected 
results due to Engelberg [3]. Besides we state and prove two new equivalence rela
tions. The following definitions and notations are adopted :

Return. A return (to t-axis) for the path {S',} occurs at an even index i for which 
Sf = 0.

Sojourn. The segment of path between the origin and the first return and that 
between any two consecutive returns is called a sojourn. Let Qj denote the index of 
yth return and assume that ß„ = 0 ; then the sojourn from qj - 1 to Qj is positive or 
negative according as S;> 0 or S;<0 for Qj_ x < / < Qj (./= 1).

Crossing. A crossing of the t-axis occurs at an even index i for which S; =  0 
and Si_! • Si+1= — 1.

Wave. A segment of the path {S,} included between two consecutive crossings is 
called a wave [1]; the segments from the origin to the first crossing and from the 
last crossing to the last return also being regarded as waves. A wave is positive (nega
tive) when all the sojourns which constitute it are positive (negative).
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Touching. A touching of the /-axis occurs at an even index i for which St = 0 and 
S i_1 • Si+1= +  1 ; the touching being positive (or negative) when both S',.! and 
5i+i equal +1 (or —1).

With О as origin and Q as (a + b, a — b), if P be the point of last return to /-axis 
in a path OQ \ then the segment PQ can be regarded as a first passage through P as 
viewed from Q towards P.

The number of returns Za b in the path OQ (in fact in the segment OP) is also 
the number of sojourns in the segment OP. Let Z +b and Z~b denote respectively the 
number of positive and negative sojourns amongst Zab.

Denoting the number of crossings in the path OQ and segment OP by Catb and 
C* b respectively we see that C„jb — C„ib is either 0 or 1.

We denote the number of waves included in the segment OP by Wab of which 
W fb are positive and the remaining T~b negative; then obviously Wa-b—C*tb+ 1.

We denote the total number of touchings in the path OQ by Ta b, of which 
T f b are positive and the remaining T~h negative. The corresponding total number 
of touchings in the segment OP is denoted by Га Ь of which Г„ь are positive and the 
remaining T~b negative. Then obviously, Та>ь — Га>ь=Т+ь — Г+ь, is either 0 or 1.

2. Generating Functions (GF). The G F  [4] of the number of steps up to the first 
return to /-axis with p = q=-^ is F(s) =  1 — (1 — j 2)1/2 and that for the first passage 
through r is [F(i)/i]r ; hence the G F of the length of the segment PQ is

1
(1) [F(s)/s]a-b = [ l - ( l - i !) T - ‘ . j - ä ti.

Let F+(s) denote the G F of the first return time to /-axis through positive values 
or equivalently the GF of the length of a positive sojourn and let F~(s) denote the 
G F of the length of a negative sojourn, then

(2) F+{s) =  F-{s) =  j F ( s )  

from which by elementary algebra, we get

(3) [1—F +(i)]-1 =  2s~2F(s).

Regarding a+b as a random variable but a — b as fixed, er now determine a few 
generating functions.

(i) Even Number o f Crossings. Let G(s; Tab = u, T fb — v, Ca b = 2h) denote the 
GF of the number of steps in the paths entailing 2h crossings and и touchings of 
which v are positive. A path OQ with these characteristics is possible in either of 
the following two mutually exclusive cases for both of which St = + 1.

Case (1). The last return to /-axis at F  is a touching, so that

Ca,b = C*b = 2h, Та Ь = T+b = u and T fb = Fa+b+ 1 =  v. (see fig. 1.)
Case (2). The last return to /-xais at F  is a crossing, so that
c a,b = C*ib+ 1 =  2Ä, Ta b = Гa b = и and T fb = F +6 =  v. (see fig. 2.)
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For case (1), we get
Wab =  2h + I, =  h + 1, W~b — h, Z+b = v + h and Z~b = u — v + h.

By a well-known result on occupancy problems Feller [4], the number o f ways o f  ar
ranging the v+h positive and u—v+h negative sojourns amongst h + 1 positive and h

negative waves is N= r n r  h^-\ J ’ hence the GF of the length of segment

Fig. 1. Showing path OQ for which: S i= + 1 ,  the last return 
to /-axis at P  is a touching, and C*j(> =  C 0>b= 2 A = 4 ,  

ъ = Г «,» + 1 =u=6, Т*Ь=Г+Ь +  l = t > = 3

Fig. 2. Showing path OQ for which: 5’J=  +  1, the last 
return to /-axis at P is a crossing, and 

C a , b  =  C J , * + l  = 2 A = 4 ,  Т , ' Ь — Г , , , ,  =  «  =  6 ,  T * b = r . % = v = 3

tHOP by (2) is N 

length of path OQ as

(4)

(v+h) + (u- v+h)
which on multiplication by (1) gives the GF of the

For case (2), we get

Wa b = 2h, Wa% =  W~b = h, Za,b = v + h and Z~b =  u — v + h, 

and proceeding similarly the GF of the length of path OQ is found to be

(5)
F(s) a—bv+h  — 11 (u—v+h  — 11 Г1 .

A - l  Д  » - >  ) l T F (s,|

Adding (4), (5) and using (1) yields

(6) G (s; Taib = u, T+b = V, Cafi =  2A) =

=  ( ^ A) (« -«  +  A - 1) [ i _ ( i - i 2)i],,+ 2*+«-».2-(«+2*).i - e + *
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Summing (6) over и from v to CO by

i (  \  ^) (-* ) ' =  ( l - * ) - 1-'*
and using (3) we get

(7) G(s; T*b = v, СаЬ =  2Л) = (* J A) [1 -(1  - s 2)*]c+3н+а-ь ^  — (v + h) # £  — a + b — 2h

(ii) Odd Number of Crossings. A realization of the path OQ contributing to 
С(л; Tab=u, T fb = v, Ca:b — 2h+l) is possible in either of the following two mutually 
exclusive cases for both of which Sx = — 1.

Case (1): The last return to /-axis at P is a touching, so that

Ca,b =  C„% = 2Л + 1, Ta,b = r aib + 1 = m and T fb = Г+ь + 1 =  v. (see fig. 3.)

Fig. 3. Showing path OQ for which: S’1 =  — 1, the last return 
to /-axis at P is a touching, and Ca<b = C*, b= 2A +1 =  5,

Ta, ь = Tatb + \ —u — 6, T fb = / ’„*» + 1 = v—3

Case (2): The last return to /-axis at P is a crossing, so that 

Cab =  C*b+ l =  2Л + 1, Tab = ГаЬ — и and T fb — Г*ь = v. (see fig. 4.) 

For case (1), we get

Wa,b = 2h +  2, Wa% — Wa<b — h + \, Z f b =  v +  /; and Zab = и — n +  A+l,

Fig. 4. Showing path OQ for which S i=  — 1, the last return 
to /-axis at P  is a crossing, and С„,ь =  С£,» +  1=2й +  1 =  5, 

Та,ъ=Га,ь = и = 6, T2,b = r a,b = v = 3

so that the GF of the length of the path OQ is

( 8)
a — v + h 

h [F(s)]u + 2h + 1 F (.v)

For case (2),

WUtb = 2h+ l, Wa% = h, Wa~b = h + 1, Z+b = v + h and Z~b = u — v + h + 1
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and the GF of the length of the path OQ is

(9)
v + h — l l  iu — v + h

h - 1 j i h [F(s)]u + 2/t +1 F(s) a—b

Adding (9) and (10) we get
(10) G(s; Ta_b = u, T+b = V, Ca>b = 2h +  1) -

2/j +  l  +  a  — b m 2 t ~ ( u +  2A +  1) e a + b

from which on summation over u, we get
(11) G(s; Ta b =  », CaJb = 2A + 1) =

+ 3ft +  2 +  a - f > . 2 - ( »  +  *) .  g - t t  + b - i h - i

3. Probability Distributions. For deriving the relevant probability distributions 
from the generating functions obtained in the previous section, we need the following 
results:

Power series expansion [2] valid for a positive integer X

( 12)

where [5]:

[ i - ( l ~ s2ÿ y  = 2\ 2 { ^ \  Л 1_ л ( А ,2)

At(X, k) = X + ik
X + ik 

i
and combinatorial identities [5]:

(13) i J “ + " „ : r , ) r r IM a + ' , r - 1) .

и .»
(x+ y — m)g+m.\k (x + у 

x  + y  { m
The coefficient of sa+i’ in the expansions of (6), (7) and (10), (11) by (12) when 

divided by the total number | ű^ |  of possible paths from (0, 0) to (a + b, a — b)
gives the various conditional probabilities under restriction A viz. Sa+b = a —b. 
These on writing for convenience

я =  b — u — 2h and ß = b — v — 2h 
are
(15) Р(Г,. =  », ГД =  », c =  2H) = ( " J " )  ( - £ * -  ')
(16)

Р(ГЯ,Ь = u, Т+ь = v,c = 2A+ 1) = (” J A) ( " - ï  +  A) ^ - i ( e - + l , 2 v ( e î é);

( 17) P(T*b = V, ca,„ = 2h) = (V+hh)A ß(a + h - ß ,  2)/[° + 6) ;
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and
(18) P (ГД = v,ca,b = 2h+ 1) =  ( ^ /!) / l /i_1(« + A + 2 - ^ 2)/(a + è) .

In the special case h = 0, (17) has been obtained by Engelberg [3]. Summing 
respectively (15) and (16) over v from 0 to °° by means of (13), we get

and
P{Ta,b = u, ca<b = 2К) = (“ ^ 2А) л ( я - « , 2)/(а + 6)

P(Taib = и, с„'Ь =  2Л+ 1) = (" + 2j I + l) b +a b)
which both combine to give

( 20 ) P ( < V b  = t) =

_  a — b + u + t{a  + b — u — t\{ u  + t\l(a  + b\
! a + b — u — b — u — t ) (  t j / (  a ) '

14) verifies the known resi
+ 1 íü-j-b -f- 11 lia-i-b I
1 [ű  + í+  l j / (  a j

(19) P (TaJb = u,caJ>

This on summation over и by means of (14) verifies the known result ([3], [6])
a — b + 2t +

a + b +
4. Two Equivalence Relations. Since (19) is invariant for interchange of и and 

t, we get the equivalence relation

ПТа,„ = и, c„'b = t)=  P(Ta b = t, ca<b
which on summation over и gives

«)

P {ceJb = t) =  P(Ta,b = t).
Acknowledgment. The authors are greatly indebted to Dr. H. C. G u pt a , Pro

fessor of Mathematical Statistics, University of Delhi for his guidance in these 
investigations.
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ROBUSTNESS OF MANN-WHITNEY-WILCOXON 
TEST TO DEPENDENCE IN THE VARIABLES

by
Z. GOVINDARAJULU*

Abstract. Let (A', Y) have an unknown bivarite distribution function H(x, y) having continuous 
marginals F(x) and G O'). The Mann-Whitney-Wilcoxon test statistic can be studentized so as to  be 
asymptotically distribution-free for testing H0: F(x)—G(.x), for all x  against the alternative H x: 
FmG  (with strict inequality for some *). The test is consistent and its asymptotic efficiency relative to 
the f-test is evaluated and an explicit form for it is obtained when H(x, y) is bivariate normal with 
correlation coefficient q. The relative efficiency is 3/я when q= — 1 or 0, is increasing for — l s p <  — .5, 
decreasing for — .5 < ß S l  and is equal to 3/2=.866 when q = 1.

1. Introduction. M ann-W hitney [4] have proposed a distribution-free test for 
H0 against Hx when X  and Y are independent. It is of much interest to study the 
sensitivity of the test when X  and Y are dependent having an unknown bivariate distri
bution function H(x, y) with continuous marginals F(x) and G(y). Let (Хи Yt), i — 
=  1, ..., n denote a random sample of size n from H(x, y). Also, let Hn(x, y), Fn(x) 
and Gn(Y ) respectively denote the empirical distribution functions (e.d.f/s) based on 
the samples (Xi, Yt) ( i= l,  . . . ,n ), (Xl , . . . ,X n) and (Yx, ..., T„). Let Ztj = \ or 0 
according as XxS  Yj or X t>  Yj respectively for 1

2. An Asymptotically Distribution-free Test. Define

(1) U =  n~* 2  2  Z tJ = f  Fn(x) dGn(x).
i = i J = 1

Then, we have the following result pertaining to the asymptotic normality of U. 
Theorem 2.1. With the above notation, for all continuous F and G we have

(2) lim P {n1,2(U—p)/(T S. z} = <P(z), 
where
(3) =  2 f f  F(*)[l -F(y)\dG(x)dG (y)

x -c y

+ 2 f f  G (x)[\-G(y)]dF(x)dF(y)
x < y

oo

- 2  f f  [H(x,y)-F(x)G(y)]dG(x)dF(y),
— oo

p = f  FdG and Ф denotes the standard normal distribution function.

* Part of this research was conducted while the author was a visiting professor at the University 
of Michigan. This research was in part supported by the Navy under the Office of Naval Research 
Contract No. N00014—73—A—0385—0001, Task Order NR042—295.
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P r o o f . We shall proceed as in G o v in d a r a ju l u  [1] and write 

n1/2(U—p) = nll2f  (F„ — F)dG + nx,i f  Fd(Gn-G )  + n1/2f  (F „-F ) d(Gn-G ). 
Integrating by parts once in the second integral we obtain

(4) n 'l \U -p )  = * ! ' [ / (Fn- F ) d G - f  (Gn-G )d F ]+ n 1/2f  (Fn- F )d (G n- G ).

= Bn + Cn
where

Bn = n1/2 [ f  (Fn- F ) d G - f  (Gn-G )dF ]

denotes the sum of n independent and identically distributed random variables. 
Thus Bn has an asymptotically normal distribution with variance er2 where

о-2 = Var Bn — Var [ f{ F 1- F ) d G - j ( G 1-G )dF ]  

= E [ f(F 1-F )dG ]2+ E [ f  ((G1-G )d F \

- 2 E / / [F1(x)-F(x)][G1(y)-G (y)]dG (x)dF(y)
and Fx(x) and G1(y) are e.d.f/s based on a single X  and a single Y  respectively. 
Noting that

E ^ W -F W H ^ O O -F O O }  =  F(x) [ 1 -F (y)}  for
and

we have,
=  H (x,y)-F (x)G (y), 

Var B„ — g-2 where <r2 is given by (3).
By integrating by parts once in the first term, one would get nll2[jFd(Gn — G) — 
— f  Gd(F„ — F)] for the first order random term. Consequently an alternative form 
for (T2 is

(5)

a 2 =  / F 4 G - p 2+ f  G2dF—(l —p)2 — 2 f  f  F(y)G (x)d[H (x,y)-G (y)F(x)]

= j F - d G + f  G 4 F - 2  f  f  H (x ,y) dF(y)dG (x)-(\ - 2 p f ,
since

f f  В Д [1 ~G (x)\dH (x,y) = P[V, <  У2, T2 < y8)
=  P(V2 <  Y3) — P(Vj >  Y2, X2 <  Ya)

= P ~  f f  H(x,y)dF(y)dG(x).
Thus, n1/2(U—p)/(t is asymptotically standard normal provided C„ tends to zero in 
probability. Using deep results in weak convergence*, one can show that C„ goes to

* I thank Professor M. B. W o o d r o o f e  of the University of Michigan for pointing out this 
possibility.
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zero in probability. However, in the following, we will assert the same using very 
elementary arguments. If EC2 tends to zero as n-+°°, then one can assert via the Che- 
byshev’s inequality that C„ tends to zero in probability. Towards this, one can re
write C„ as

C. = n ~3/2 2 2 a,, = n -3/2 2  au + 2 2  aijL /=1 i*)
where atj = xi(YJ) -F (Y j) - f  {/t(y)~F(y)} dG(y) and &(*)= 1 if X ^ x  and zero 
otherwise. Then

EC.2 = n '3E 2  au
i =  1

+ ( 2 2 ^ + 2 ^ 2 ^ 2 2 ^

= n -2[E(af1) + (n -  \)(Eau)2 + 2 (n -  1)E(af2) + (/J- l)Eau a12
+ (n - l)E a u ű21]

+ (n -  1 ) (n -  2) n- 2 [Ea12 a13 + Ea12 ű31 + Ea12 a32 + Ea12 a23].

Straightforward computations yield
Eöi 2u13 =  - / (1 —G)2dF+2 f  F (\-G )d G  =  0, 

after integrating by parts once in the first integral. Also,

Efli2Ű3i =  p2- f  F2dG,

Eűi2ű32 =  f  F2 dG—p2,
and

Eűx2ű23 — 0.
Thus
(6) EC2 -  »-'[(Eanf + 2E(a2u) + Eau au + Ean a21] + 0(n~2) =  0(n~l)
since each of the expectations occurring in (6) is finite. This completes the proof of 
Theorem 2.1. Thus, in order to test H0 against H1, we reject H0 when U exceeds 
some kx (l/2<kx^ l )  where kx is determined by a. Now since G,E(F(Y) — G(Y)) —
= 0 if and only if F(Y) = G(Y) with probability one. Thus the test is consistent against 
/ / j . However, since a2 under H0 is not free of H(x, y) the test is not distribution-free. 
A consistent estimator of a2 under H0 is given by

(7) <t2 =  2/3-2/I-2 2  2  Hn(Yt , Xj).
i=ij=i

Thus, using ô2 in place of a2 in Theorem 2.1, one can construct an asymptotically 
distribution-free test of H0 against H1. That is,
(8) kx ^ ( \ / 2 ) - â F - 1(oi)/nl/2.

One can obtain from (5) a consistent estimator of <r2 under H1 given by

а д ) }  ] •(9) 2 [ F 2(Yi) + G2(Xi)]-n ~ 2
i =  1

2 2 2 H n(yi, x ]) + \n -  
» j l

2 2i=l

Studia  Scientiarum M athem aticarum  Hungarica 10 (1975)



42 Z. GOVINDARAJULU

Notice that under H0, J GdG= 1/2.

Certain Remarks: (i) Let T=[n(n— l)]-1 2 2  Z tJ. Consider
i*j

u - T = { -  i /n \n - 1)} 2 2  Zh+«-2 2  Z„.
i*J i=l

Thus,
fn \U -T \  s 2 / f T i - 0  as n — ».

Consequently, T  is asymptotically equivalent to U.
(ii) The assumption of continuity of F  and G is somewhat strong. If H(x, y) is 

discrete in either x or y  or in both x  and y  it can be made continuous by the con
tinuation process or a modificitation of it described in [2]. Moreover, U is well-defined 
even if X  and Y have common discontinuities.

(iii) If n is random and there exists a positive integer N such that n/N  converges 
to Я (0 < /  < ») in probability, then

(10) P[(XN)1/2(U-p)/cT s  z] -  <p(z) as N -

(iv) If one wishes to test H0 against Я2 : F̂ L G, one should interchange the roles 
of F and G in the test procedure for //„ against Hx.

3. Asymptotic Efficiency. In this section, we shall evaluate the Pitman efficiency 
of U with respect to location shift. Let G(x) =  F(x —0), 0 = Ç/nô, £, <5>0 and F be

d rcontinuously differentiable. Then, since E (U) =  J f(x+0) dF(x), the efficacy of U
— oo

is given by
oo

(11) e(U) = [ f  f 2(x) dx]2/A
— oo

where
1 1

(12) A = (2/3)— 2 J  J  H (F -1(u),F~1(v))dudv.
о 0

Now, if EX=0t , ET=02, Var X=Var Y= r 2 and Cov(T, T) = pr2then for unknown 
t and Q, the likelihood ratio test of //„ : = 02 for a bivariate normal sample would
be the one-sample /-test based on the differences й(г= Т г — X{ (i= l, ..., n). Consider

the /-statistic, t=3/sd, where 3= Y—X  and sd = (n~ l)-1 2  3)2- Then, t is
i = l

asymptotically equivalent to

(13) ?=3/t{2(1 — ö)}1/2.

Thus, the efficacy of t is

(14) <?(/) =  1/{2(1 - q) z%
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Notice that when g is known the test criterion derived from likelihood ratio is asymp
totically equivalent to f given by (13). Hence, the efficiency of U relative to t is:

(15) e(U, t) = 2(1~ g)T" [ / /* (* )  dx]\

It should be noted that the efficacy of the two-sample i-test is also equal to e(t) 
given by (14). If f(x) = Ф (x/т) then J f 2(x)dx= 1/2 yVr. It is of interest to compute the 
value of A when X, Y have a bivariate normal distribution. For computing A, without 
loss of generality we can set x — 1. Then

where
A =  (2/3) —21(e)

l 1

X  —  QS

1(g) =  J  J  Н(Ф 1(u), Ф 1 (n)) du dv.
о

y
Now, since H{x, y) = f  <p(s)<P 

(16) /(<?)= f  f  <p(x)q>(y) f  <р(5)Ф

vT
ds one can write

X  — QS ds dx dy =
V'l-É?2

When e=0, e(U, t) — 3/n as it should be in the independent case. When q= — 1, 
1= J jcp(s) [1 — Ф(5)] (p(x) dxds= 1/6 and consequently,

jcS  —s

(17) e(U, t) =  3/я when g = — 1.

Also, when g =  l, /= Jf(p(s)[ 1 —<P(s)]<p(x)dxds=l/3 and hence /1=0. Thus e(U, t)
X̂ S

is of the form 0/0. Using L’Hospital’s rule we obtain

(18) lim e{U, t) —
e - i

4яИт Q- I  
c-i og

Since differentiation underneath the integral sign is permissible

=  ( l - e 2)-3/2/  f  (p(s)[ 1 -4>U)] (p (( i - ' g2gp ] <p(x)(qx- s ) dx ds.

Writing
X  —  QS -Л(р(х) = (2я)-1/2 exp Г—(2—e2) L  ^  ] g2s2

l2( i —e2) Г  2 - e 2J 2(2—g2) 1
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and integrating with respect to x  we obtain 

(19) - 2(2 - p 2)-3'2 /  J9>(î ) ç> [(2 _ееу /2| [1-Ф («)]Л

=  - 2(2 - p 2)-3/2L (say). 

Integrating by parts once we have

•4 (

That is

(20)

Hence

(21)

(X2 - e 2)1/2

= — p2(2 — p2)-1L — J  (p 

[2 - e2

[1-Ф(п)] </(-(?)

QV

L = - <P

Ц2 —p2)1'2

QV

cp\v)dv.

(2—P2),241/22 <Р2(У)^

- (4тг) - 1 (2 -  p2)3/2 (4 -  p2) -1/2. 

di
dg (2л)-1 (4 —p2). 2 4 - 1 /2

Thus, using (21) in (18) we have 

(22) lime (17,0 =  /3/2 =  0.866,e—i

which is very slightly larger than 0.864, the lower bound for the asymptotic efficiency 
of the Mann-Whitney-Wilcoxon test procedure for shift alternatives, obtained by 
H odges and Lehmann [3]. Integrating both sides of (21) we have

and

Thus

(23)

/(p ) =  (2л) 1 Arc sin (p/2) -I- c 

1(0) = 1 /4  implies that c = 1/4.

7(p) = (2л)-1 Arc sin (p/2)+1/4.

Notice that (23) yields / ( — 1) =  1/6 and 7(1)= 1/3 as observed earlier. Now, using (23) 
in (16) for the normal case, we obtain

(24) e (U, t)  = ( 1 -  p) j j  -  2 Arc sin (p/2)j .

From (24) we compute Table 3.1.
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Q - .9  -.75
e(U,t) .959 .964

- .5  -.25  0
.966 .963 .955

.25 .5 .75
.942 .922 .898

.9

.874

T able 3.1: Asymptotic efficiency of U  relative to t with normal alternatives 
From Table 3.1 we surmise that e ( U , t )  is increasing in q for —1 and is
decreasing for 50S g á l .  It is of interest to evaluate @0. Setting d/dQ{e(U, i)} =  0 we 
obtain
(25) /(£?) =  (1/3) —(1
Trial and error method yields that —.5S^0= —-45 and for all practical purposes one 
can take q0= —.5.

4. Concluding R em arks From Table 3.1 it is clear that the Mann-Whitney- 
Wilcoxon test procedure for location shift alternatives is robust for weakly to mode
rately correlated variables (that is, — lS ßS .5 ). The asymptotic efficiency exceeds 
that of the independent case when — 1S{?ä _ . 5. The test procedure proposed 
in section 2 can be construed as an asymptotically distribution-free test for equality 
of marginals in the bivariate distribution and its asymptotic efficiency relative to the 
likelihood ratio test procedure (based on the normality assymption) is given by (16).
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LOCALLY MOST POWERFUL RANK ORDER TESTS 
FOR THE ONE-WAY RANDOM EFFECTS MODEL*

by
Z. GOVINDARAJULU

1. Introduction and Summary. The random effects model for the analysis of 
variance with the assumption of normality was considered by Scheffé (1959) (see 
Chapter 9). For one factor experiments the model is given by

(1.1) Xij =  n + Yi + Stj, j = \ , . . . , n ,  and i =  l , . . . ,c ,

where {F;} and {ey} are mutually independent random variables. Assuming that the 
variance exists, the usual null hypothesis to be tested is

H0: V (Xij) =  V(e,y) or equivalently V(Y,) =  0 for every i

where V denotes variance, where it is further assumed that Yt and etJ are normally 
distributed with zero means. The more general null hypothesis is given by

H0: V(Y;) ^  О V (ßij) for all i,j and 0(0 >  0) is specified.

N e y m a n n  (1967) has discussed the asymptotically ‘optimal’ C ( a )  test for one- 
sample problem (that is, when nt =  1 and c = n) .  K u l k a r n i  (1969, 1970) has consid
ered the problem of obtaining asymptotically ‘optimal’ C(a) tests for the c-sample 
problem when the underlying model is linear or nonlinear. However, the above tests 
do require the knowledge of the density of the underlying variables. G r e e n b e r g  

(1964) has considered a more general model where the Yt are normally distributed but 
the Sij have an arbitrary absolutely continuous distribution. Then, she develops 
partially distributionfree tests for the hypothesis quoted above. G o v i n d a r a j u l u  
and D e s h p a n d é  (1972) have formulated the nonparametric version of this problem 
and have derived locally most powerful tests foor the same under the assumption that 
E(Yi) is not independent of i and study their asymptotic normality. In this paper we 
derive the locally most powerful tests when E(F,)=0 and study their asymptotic 
distributions under the null hypothesis.

2. Locally Most Powerful Tests. Let us consider the model given in (1.1) where, 
without loss of generality, we can set ц= 0, and let F denote the common distribution 
of the б  и ( j=  1, . . . , « (  and /=1,  . . . , c )  and G(y) denote the common distribution

* Presented at the International Symposium on Statistical Design and Linear Models which 
was held at Colorado State University, Fort Collinns during March 19—23, 1973.

Research supported at the University of Kentucky in part by the Navy through ONR Contract 
No. N00014—73—A—0385—0001, Task Order NR 042—295.
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function of the Y{s, which are assumed to be mutually independent. Also, let E ( T;) =  0 
(i=  1, ..., c). Then, we are interested in testing

Í 0 for y  <  0 
H ' - GW  = [ l  for „ 0

against the alternative
Hx\ G (у) is a non-trivial distribution function.

In order to derive the locally most powerful (LMP) rank test, consider the alternative 
hypothesis :

HA: Xij =  A Y I + £,j, for small positive A.
Let Wx< — <WN (N=nx-\----- \-nc) denote the combined ordered sample and let
Z  =  (Z ,, ..., ZNy  denote the osample rank order, that is, Zk = i if Wk= X n for some

c
1=1, ..., И;. Also, let z be a possible realization of the N1/ ]J nt ! possible rank orders.

i = l
Then, we are led to the following theorem.

Theorem 2.1. I f  (i) the density f  has a derivative that is absolutely continuous on
finite intervals, (ii) f"(x) is continuous almost everywhere, (iii) E Yf

d2
and (iv)

log/ Шdx2 ,
Reject I f  when

then the locally most powerful test o f H0 against HA is given by:

( 2 . 1)
c I N N

T =
j = 1 l i^k 

N
+ 2  Eo

r m n w k)
f m  / № )  

r m  ] l
f m  J J 4

àj, z, àj, zk-

K„

where Ka is determined by the level o f significance a and <5 itJ denotes the Kronecker's 
delta ( that is, dibj= 1 i f  i—j  and zero otherwise).

Proof. One may write
(2.2) P(Z = z\Yi = y i, i =  1, ...,c) =

dw,.=  \ z n A  f  — J  2 f ( w k-  2 )’i§i,
— l J — oo <W1< -CWA-< OO k —1 l — l

c
Notice that 2  <5i,Zk — > ■ Hence
(2.3) " l P(Z = z\H A) -P (Z  = z\H 0) =

= j  ... f  [P(Z =  z\H A,Y i = y i , i =  1, ..., c )-P (Z  =  z |tf0)] H dG iyd

where
(2.4) P(Z = z\H A,Y l = yi, i =  c)—P(Z = z\H0) =

N
П  dw,.Í f i n A  / . . . / I I f [ w k- A  Z ő Uzkyi -  IJf(Wk)

V 1 ) — OO <>v1< ••• <WiY< OO k = 1  ̂ i = 1 /с = 1

S tu d ia  Scientiarum M athem aticarum  Hungarica 10 (1975)



LOCALLY MOST POWERFUL RANK ORDER TESTS 49

TV

N N

Letting 0k = 2 y i 8i.zk and expanding h(A) = Ц f(w k — A0k) around A = 0
1 =  1 ’ k  =  1

we obtain 

(2.5)

( 2.6)

h (0) =  2 У Ю , h’ (0) = h (0) -  2  i f ' I f )  ok

(2.7)

h"( 0) =  h( 0)

h"(A*) = h(A*) ÍÍ-CTI2 i f ' / f ) 0 k
l k  =  l

+ h ( A * ) \ 2

where the arguments off f  and f "in (2.5) and (2.6) is wk and in (2.7) it is wk — A*0k. 
Then

limd-2[P(Z =  z \H ,) -P (Z  = z\H 0)} =

=  ï “o /  -  /  К 7 "- J "2Xy1= — oo Jic =  -o o  (  1 /  -o o < w 1< ,, ,<Wif<oo

(  П  f i wk — A 2  si,zky i ) -  # /(** )}  П  dwk П  dG(yi).X
U  =  1 i = l  " k  = 1 J k =  1 fc =  l

Using the computations in (2.5) —(2.7) we have

(2.8) L.H.S. =  < 1 /2 )£ „ [ | i| r , â,,z. Â ] ’+ ( „ 2) J i £ „ { Ç - ( £ - ) ] .

+(1/2)Ит / . . . /  Я»«!| / • • • /  (А"0П-А"(0)} f f dw,
V 1 /  — oo V 1 — oo <  <  ■ • • <  WN  <  oo k — 1

■ íld G (yi)=  T+ (1/2) Um J - f l n n Á  / . . . /  [h'XA*)-h"(0)\ndWl

• ndG (yi)
i=i

where h"(A*) is given by (2.7). Now if the limit on A can be taken beyond the integra
tions the second term vanishes. The interchange of limit on A and integration is 
justified via the convergence Theorem of Hájek and Sidák (1967 p. 154) or the Lebes- 
gue dominated convergence theorem, because

limsup J  ■■■ j \ f l nÀ  / • • • /  \h"(A)\ П  dwк IJdGiy,) л-о • ' l i  ) - t,  J *=i >=i

f "  [ b' N  Ы

+ 2  2  Eo
i = l * = l

r m  r m
f №  f №

by the hypothesis. This completes the proof of Theorem 2.1.
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Remark 2.1. We can weaken the restriction of independence of Y's and assume 
that the {Уг} form an exchangeable sequence (that is, a symmetrically dependent 
sequence) of random variables. Then, if G(y\, уc) denotes the joint distribution
function of yj, ..., Yc, we will be interested in testing

H0: G(yx, . .. ,y c)
10 if (y1, . . . , y e) < ( 0, . . . , 0)l 
(1 if (Л,  ... ,y c) S  (0, . . . ,0)j '

One can proceed and obtain the following locally most powerful test: 
Reject H0 if

(ЕУ2)
c N
2 2 EoLi=n=i

5i>Zk
c N N

+ 2  2 2 h z A , ZmE0
i = 1 k^m

| / ' М ) | '
l  f m w m )  J.

+ Ч У гУ г)\2 2  2 E 0i*j k=l
f  / " № )
{ / m ài,zkàj,zk +

+ y y  y y F i / Ä / W l  
i 4  ° l / № )  fQ V J  J ôi,zk àj,zm к

where Ka is determined by the level of significance. Thus one needs the values of 
E l 2 and Е(У1У2) in order to carry out the test procedure, unless E(Tj У2) =  E(Ух2) 
in. which case the Yt are linearly related.

Remark 2.2: One can get the one-sample case by letting nx = ...= nc= 1 and c=n.
Special case 2.1. L e t/(x ) = (l/2)exp( —|x|), — oo<x<°°. Then

(2.9) T =  2
j=1Li=i*=i

2  2  ^o{Sgn Щ Sgn Wk}ôj'Ziàj,zk

= 2j=i Li=i

N
2Eo(SgnW dSj,Zi +

+ 2 2  2  [C oV viSgnW ^SgnW ^ôj^ôj^
j =1 i = l * = 1

where Sgn x  denotes the sign function (namely Sgn x=  1,0 or —1 according as 
;e> 0, x =0 or x< 0  respectively).

Let L=(Sgn 1T+1)/2. Then L  is a Bernoulli variable taking values 0 and 1 with 
probabilities 1/2 each. Also, let L; = (l+Sgn W,)/2, /=1,2, ...,N . Then, LX̂ L 2... 
. . . S L n constitute order statistics in a sample of size N  drawn from the symmetric 
Bernoulli population. Further,

P(L; =  1) =  2~N 'Z  ÍT ) and for * S  k, P(£f =  Lk =  1) =  P(L; = 1).
j = 0 \J '
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1+2 Ф 2/ - 1- 1VÏ
Yn  J

Hence, routine computations yield

(2.10) E(Sgn Wt) = —1 + 2 -(N_1) 2  РУ)
1=о \J  f

and for i ^ k

(2.11) Cov(Sgn W„ Sgn 1+*) =  4 Cov (Ц, Lk) = 4 -2 " "  [ д  ( |  =

f J V + l - 2Âf|'1 ^ J2/ — 1 —N
ŸN

where Ф denotes the standard normal distribution function.
Special case 2.2. Let f ( x ) —e*(l+e*)~2 or F(x)=e*(l +ex)~1, — °°<x<oo. 

Then f '(x )/f(x )= (  1 -2 F )  and / 7 / = ( l  —2F)2—2F(1 — F). Thus

(2. 12) t = 2
k = l

2  2! E(1 —2Ut)(l —2Uk)SJiZtôj'Zk

- 2  2  2 4 W - u t)}Sj,Zl
1 =1  i — 1

where Ut denotes the ith smallest order statistic in a sample of size N  drawn from the 
uniform distribution on [0, 1]. Thus,

(2.13)
T N c

----1------------ =  УN ^ 3 (N + 2 )  j? i
ЛГ-1/2 2 E ( l - 2^.)ői>Z(

i=  1
4-

+ 41V 1 2  2  2  Cov(i/j, Uk)ôj'Zlôj'Zk
1=1 :=1 *=i

c N N i (N + i _ i )
since 2 ^ j .z ,=  l and Z  Е{Ц(1-Ц )}  =  2  

1= 1
iV2

i=i ;t i  (iV+l)(iV+2) 6(ЛЧ-2) ‘

Special case 2.3. Let/(х )  =  (2я)_1/2ехр(—.v2/2), —oo<x<oo. Then

(2.14) T + N =  2
f f  N

2  2 Likbj'Zi&],zk
1 - 1  L i = i * = i

where Lik= Е(К(Иц) where Kf denotes the ith smallest normal order statistic in a 
sample of size N. Thus

(2.15) (T/N)+ 1 = 2  
1=1

JV
iV- 1/2 2 E (^ )^ ,z, +

5  2  Cov(l^, K)à],Zlàj,Zk-
1 = 1 i = l * = l
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3. Asymptotic Distribution of T under H0. We shall define a class of statistics 
of which (2.9), (2.12) and (2.14) are special cases, and study its asymptotic distribu
tion. Let Wk< lL2-= — < WN denote the order statistics in samples of sizes N  drawn 
from an arbitrary distribution. Let g be a monotone Borel measurable function. 
Without loss of generality assume that g is monotonie nondecreasing. Then g(Wk) s  
S g (W 2)£••■ Sg(tVN) constitute order statistics. Define the class of statistics:

(3.1) T/N = N - '  2  2  2  4 s m g { W k))ô j^ôUZk.
j=l i= l k=1

In the double exponential case g(x)= sgnx, in the logistic case g (x) =  2F(x) — 1 
and in the normal case g(x)= x. One can rewrite

(3.2) T/N = T* + f  
where

(3.3) T* =  2
i=1

N - 1/2
N

2 4 g m ) * i , z ,

t  — 2 T j
j =1

f j  = N-1 2  2 Coy { g m ,g W ù )à jtZl&J.zk.

(3.4) 

and
N N

2  2
i= l k = 1

We need the following lemmas.
Lemma 3.1. Let cik = Cov (gi/V/), g(Wk)), I s.i, d s  N. Then,
(i) cik -= 0, and

(ii) ÍV' 1 2  2  cik = Var {g(W)} <  oo.
i= l k =  l

Proof. For (i) see, for instance Bickel  (1967), Lemma 2.1. For (ii) consider 

Vari 2  g W )l =./VVar {g(W)}. (See also Theorem 4.5 of G ovin d a ra ju lu  (1963)).

Lemma 3.2. (Lever (1970)). I f  {£,} /=1, . . . ,«,  n =  l, ..., are real numbers such

( n \2  n
2  bA = 1, then n~x 2  b\-+ 0 as /? — <*>.
i = 1 > i= l

P roof. It suffices to show that max j и-1 2  j  subject to the conditions of the 
hypothesis tends to zero as n -* °°. Equivalently, we will maximize

2 Ь 1 - п - г
i —1

П
= 2

n
2  bt 2 lb i - n ~ 1/r -

i= l
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The preceding expression will have its maximum value when the differences bi—n~l12
П

are the maximum possible (in absolute value). Since O s b ^ l  and 2  bi=n1/2, let
i = l

I i = 1, . . . , л 1/2
bl = \ n 1,2- [ n 1% i = [ r i í,i\+  1

,0 i= [n ll2] + 2 ,...,n ,

where [•] denotes the largest integer contained in (•). Then n 1 2  b2<n 1{[л1/2] + 1}
i = l

since л1/2—[л1/2]<  1. This completes the proof of the lemma.
As a special case, let bi = cik — covariance of ViN and VkN. Then, 0 s.c ik^  1

since 2  cik = 1 for each U and from Lemma 3.1, N~2 ^ 2 2  cikY=N~2(N)2 = 1.
Thus for normal order statistics N~2 2 2  c¥k~*Q as N —°°.

ik

Lemma 3.3. If N~2 2 2 2  c« c« =  0 ( 1) and N~2 2 2  c?* =  o(l), then ( T —A)^- 0i*k*l i*k
in probability as N-+ °° where

A = 2  {nj(nj~ \) /N (N -  1)} [Var {g(IT)}].
L=i

P r o o f . It suffices to show th a t^ T } - ^ ^ —|yVar U(W')}] tends to 
probability for j =  1, ..., c as N  —► oo, Now write

zero in

where
?! =  fp + T jJ 2

and

Then
N

Tji =  N - 1 2CUÖJ.Z,  i = 1

T jX = V -12 2  Cik^j,zfj,zk-i*k

N
Tj2 == N - 1 2 c „ =  N - '  Z [ E g 2W )-{Eg(^)}2] -  Eg2(IP )-E g2(IT) =  0,

by H oeffding’s (1953) Theorem 2. Thus Tj,  -►0 for each j  as N -+<*>. Next consider

Е0{Тп - Е 0(Тп )}2 = N - 22 2  2 2  cikclmEa(A\ï A tt)
i у* к l ?^m

where А $  =^J,zl^j,zk~ nj(nj — 1) {N(N— l)}-1 and subscript 0 for E denotes expect
ation under Now using Lemma 3.1, the hypothesis of Lemma 3.3 and the com
putation :

N '2 E (A U> A}»\ i * k * l * n i ) =  -  ”J (n j- \ ) (N -n j)  (4 Nn, - 6  N -  6 nk + 6)3V rSi)\A,k Aim |i ?  к ^  I a  rn) Af2(AT-l)2(Af-2)(Ar-3 )
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one can easily show that E0{TJ1—E0( f j l)}2=O(N~1) for j=  1 , c. Now application 
of the Chebyshev’s inequality completes the proof of Lemma 3.3. Then we are led to 
the following theorem.

Theorem 3.1. I f  the hypothesis o f Lemma 3.3 is satisfied, then TfN is asymptoti
cally equivalent to T* where T* is given by (3.3) and is the sum o f squares o f linear 
rank statistics.

Proof. Follows trivially from Lemma 3.3.
Now, variance of g(W ) is equal to unity when IF is a normal or a double expo

nential random variable and is equal to 1/3 when IF is a logistic variable. In the 
case of the normal scores test (see special case 2.3) Wt= Vt since g(x) = x. It is well-

N
known (see, for instance, G ovindarajulu (1963), corollary 4.6.2) that 2  ciJfc=1

*=i
for each i and from Lemma 3.2., a result of Mrs. Lever (1970) we have that

4 = 0 ( 1 ) .i*k
For the logisitc scores test (see Special case 2.2), g(x)=2F{x) — 1 and cik= 

=  i(TV—k+1)/(TV+l)2(TV+2) for i^ k .  Consider

N -2 2 2  elk =  2 2 2  i2(N—k+  I)2/TV2(TV+ l)4(TV+2)2 =  0(N ~ 2).
i?±k i<k

Next, let us turn to the exponential scores. We will show that

Now,
N - 1 2  2 4  =  0 0 ) .

i = 1 k = 1

tv- 1 2  cfk ^  tv- 1 2  cu -  о
i= l 1=1

as due to H o e f f d i n g ’s  (1953) theorem 2. Hence
N  N

* - i f  Ä  -  ™ - ' 2 Z c l  -  « i f

2 I I  <P‘i (x)[\-<P(y)fdxdy
-fwsxsysjW

- 2  Ф2(х)[1 — Ф (у)]2 dx dy.
— oo<jç^y<oo

У
Now, integrating by parts once in J  Ф2{x)dx and then performing the integration

— oo
with respect to у  one can show that the above integral reduces to

— 4 ffx<l>(x)[\ — Ф(y)]2 dy d<P(x).
x^y
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Now integrating by parts once in f  [1 — <P(y)]2dy we see that the original integral 
is equal to y

4 f  х2Ф(х)[1 — Ф(x)]2 d<P(x) — 8 f f  хуФ(х)[1-Ф(х)]<1Ф(х)с1Ф(у) =

1>2< H it
=  4. Е(Ж2% ) - 8- ^  E(^2j4̂ , 4) =4! 4!

t y j  2 yT—3
n л 1- 3(/3 -1 )

where the Win denote the standard normal order statistics and the exact-expected
N  N

values are taken from J o n e s  (1948). That is, A - 1  2 2  c& = 0  (1). Next consider

N  3/2 2 2 2  cikCii ^  4n  312 2 2 2  CikCu «
i s k s l

-  ,6n  - M j ä l

= \6 N -312 2 2 2  ф2(х) [ 1 - ф (^ )][1 -ф (2)]
— - ÿ ï t i s x s y s z s Y N '  S
Ÿ N

^  f f f  Ф2(х)[1 — Ф (ĵ )] [ 1 — Ф (z) dz dy dx =
— оо<дс^у^г<оо

=  — 2 f f  уФ2(x)[l — Ф(у)]2 dx dy + 2 f f  Ф2(x)[l — Ф(y)]dxdyФ(y)
x ^ y  x ^ y

after integrating by parts once in the integral with respect to z. Now

i f f Ф2(x)[l-Ф (y)\dФ (y)dx  =  f  Ф2(x)[\-Ф (x)]2dx
X ^ y  — oo

which was earlier shown to be finite. Also integrating by parts with respect to x  we 
have

oo

2 f f  Уф2(х)[1-Ф O )]2 dxdy = 2 f  у2Ф2(у) (1 -  Ф(y)]2 dy -
X^y -oo

oo Г oo

- 4  f  xФ (x)dФ (x)\f y[l-Ф (y)]2dy = 
0 Lx

=  4 f  y2Ф2(y)[l-Ф (y)]2dy + 2 f  x3Ф (x)[l-Ф (x)]2dФ (x)-
0 -OO

- 4  f f  xy2Ф(х)[1-Ф(у)] dФ(x)dФ(y) =§
x^y

oo oo

S 4  f  y2[l — Ф(у)]2 dy-\-4 f  x3dФ{x) + 4 f f \ x \ y 2dФ(x)dФ(y).
0 0 xây
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By elementary methods one can easily show that each of the integrals is finite. 
Hence, N~3,iZ Z Z  cikCu = 0 (l) . Thus the hypothesis of lemma 3.2 is satis-

i^k^l
lied by the statistics arising from special cases 2.1—2.3. Now let us analyze T*. 
Towards this we can write

(3.6) N~1/2 I  E0( g m ) 5j.Zl = (nj/ŸN) f  JN HN (*)) dFtfix)

where

HN (.X) =  2  h  (*), Aj = njfN, N  = 2  rtj.
j = 1 1

JN(i/(N+l))=E0(g(Wi)) and F®(x) denotes the empirical distribution based on the 
sample Хд , ..., XJt Also, it is well-known that

(3.7) JN(u) — J(u) for 0 <  и <  1

where J —gF_1 and F -1 is the inverse of the distribution function of W. Also, by 
the asymptotic theory of G ovindarajulu, LeCam and Raghavachari (1967)

(3.8) A -1/2 2  E0(g W )à j,z t -  AjN112 f  J(H(x)) d F ^  (x) ~  2jBn j  
where

(3.9) BNJ = N 1/2 [ f  J(H)d(FU>(x)-FV>)+ f  (.HN-H )J '(H )d F U )]
c

and H(x) = 2  /-jF{i)(x). Integrating by parts in the first term of BN J we obtain.

(3.10) yTjBHiJ = n1/ 2 [ f  (.HN-H )J '(H )d F V > -f (F ^-F O ))J '(H )dH ]

= n)’2\ 2  b f  - F ^)J '(H ) dF(9 -  

-  2  * t f  (F$-FV>)J'(H)dF<b] =

where
=  fi\Z 2 h 2 j ùl i*j i*J J

(3.11) Zi = \nV2l f l )  f  (F® (x) -  F® (X)) dF<J>, Í J  = 1, ..., c,

and

(3.12) 1=2 JJ x ( l - y ) J '( x ) J ' (y)dxdy = J J 2(x)dx —
0<x<y<l 0

J 7(x)i/xj

Notice that Z u is asymptotically standard normal when F (1>= •• 
Then, we have the following theorem.

■ = F<c> (i=
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Theorem 3.2. I f  At= l/c  and F (1> =  ••• =  F < C> then cT*/I is asymptotically distrib
uted as noncentral chi-square with c— 1 degrees o f freedom and noncentrality para
meter

l
(3.13) ő = (c— l)/i2, p = J  J(u)du.

о
Proof. One can write

(3.14) T*/I=  Z h W j B n J l I
7 = 1

where

(3.15) \& r[fkjB NJ\H0) = { \ - k j ) I  

and

(3.16) Cov(yTJBNJ,fX kBN'k\H0) = -]T X ^kI
c

with 2  }-j =  1 ■ Thus under 770 when ).j~\jc, cT*/I is asymptotically equivalent to
7  =  1

sum of c squares of correlated normal variables having the variance-covariance struc
ture given by (3.15) —(3.16). Thus, by the Theorem of H ájek and Sidák (1967) 
(see p. 31)*, cT*/I is asymptotically noncentral chi-square with c— 1 degrees of 
freedom and noncentrality parameter ô.

Remark 3.2.1. For the normal scores statistic, 7= Ф -1 and p=0 and 7=1, for 
the logistic scores statistic, J(u)=2u— 1, and p —0, 7=1/3 and for the exponential 
scores, 7= Var 7(u) = Var g(!F )=  1, /1= 0.

Corollary 3.2.1. For the exponential and normal scores, cT* is asymptotically 
equivalent to a central chi-square with с— 1 degrees o f freedom and for the logistic 
scores, 3cT* is asymptotically equivalent to a central chi-square with с— 1 degrees o f 
freedom.

Next it is of interest to explore approximations to the distribution of T* under 
770 when not all 2,- are equal to 1/c. Towards this, let Z = (Z l5 ..., Zc)', BN = 
= (BNtl, . . . ,B Nc)', й=(у%,. . . ,  УХУ and Ai denote the diagonal matrix having 
Я?, ..., Ac for the diagonal elements. Then using (3.10) one can easily write
(3.17) T* = I2 'A 'D xAZ
where

and

A =

- ( i - A J /УТ,, ут2,. . . ,у т с

f a ,  - ( 1  - А 2)/УТ2,. . . ,У Т С

, ут1г \T2, . . „ - ( i - A j / y i ; ,

(3.19) Ab =  0.

"Howewer, note that the statement of their theorem and the proof there are in error.
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Further, there exists an orthogonal transformation which diagonalizes A'DXA. 
Hence, without loss of generality let us assume that

(3.20) T*/I ~  2Q = at2?
;=l

where a1<a2...<ac_1 denote the characteristic roots of A'DXA and Z; are inde
pendent standard normal variables.

Case 1. Let c—l=2m, m is a positive integer. Then let

(3.21) 2 Qx = ax (Z f + Zf) + - +ac_2(Z?_2 + Zc2_1)

(3.22) 2Q2 = a2(ZÏ + Z Ï ) + - + a c_1(ZÎ_2 + Z?_1).
Fi(x) = P(Qi>x), j= l ,  2. It is well known (see, for instance, Theorem 1 of Siddiqui 
(1965)) that Ffx) can be evaluated exactly as linear combinations of the distributions 
of exponential random variables. If a2j- 1Za2j for at least one j, then almost surely 

which implies, for all x

(3.23) Fj(x) < Fix) <  F2(x)
Then, Siddiqui (1965) obtains the ‘optimal’ F(x) as

(3.24) F(x) = F,(x) + 0(F2- F 1), 0 <  0 < 1

where
(3.25) 0 =  ( F - F 1,F2- F 1)||F2- F 1||-2

CO

where (p,q)  = f  p(x)q(x)dx, \\p\\ = (p, p)1'2. 
о

Notice that the optimum в minimizes ||F— F||. Siddiqui (1965) gives a systematic 
procedure for evaluating 0.

Case 2. let c=2m, then let

2ßi =  0,(2$+  2!) + - + a c_2( Z U  + Z?_2)
and

2Q2 = a1(Z? + Z t ) + - + a c_1( Z ^ 2 + Z?_1)
C — 1 ^

Siddiqui (1965) proposes a cruder choice for the Qt namely 2Q1 = a12! Z f  and
1

c—1 ^
2Q2 = ac_1 2  Z f provided аь_х1аг is near unity.

i — 1
A somewhat simpler approximation can be obtained by using Patnaik’s (1949) 

approximation. This is given in Theorem 3.3.

Theorem 3.3. I f  all the nt are not necessarily equal and if  pN ,,-=0 and F (1)=--- = 
=  F (c), then, for sujfcently large N,

(3.26) T* ~  Ш 1
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where 6 = 2(1 — 5'2)2/{54-  1453- 5 |  + 352 + с2- с + 11}

(3.27) a — (l — S^)I/b 

and S ,= 2  i=  1 ,.... 4.

P r oof . Here we resort to P a tn aik’s (1949) approximation. That is, we write 
T* = (a)xl and solve for a and b by equating the first two moments on both sides. 
So, when Un j ^O  we have

(3.28) T* = 2  B l , j  = 2  АД1
j=i j=i

where BN. j  = BNJ/^ÀJ( 1 — kj)I which is approximately standard normal. The equa
tions to be solved for, are

(3.29) E0(T*) = ab and Var(T*|tf0) -  2a26

where

E0(T*) = I  2 1 , ( 1 - ^ )  and
j=1

V ar(T*\H0) = 2P  2 W - * j)2 + Z Z  4B*NilB l k\H0)
J=1 J*k

- 2 Z ( £ B U H o ) ( £ B lk\H0).
Ык

Routine but tedious calculations yield

(3.30) E i B lM J H o J ^ k )  = / 2[12Я4ЯЛ+ 1 — (Я,н-Afc)(62f2fc+  l)] + 0

Using the significant term of the right side of (3.30) in (3.29) and solving for a and b 
we obtain (3.27).

*
Acknowledgement. I began working on this problem during the summer of 1969 when I was a 

visiting Professor at Florida State University. I am indebted to Professor Richard Savage for 
some stimulating conversations 1 had with him and for his useful comments.
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BINOMIAL GROUP TESTING WITH 
TWO DIFFERENT SUCCESS PARAMETERS

by
E. NEBENZAHL

1. Introduction, n units identified by “x f ,  “jc2”, ••• are to be each classi
fied as “good” or “bad”, where the xtth unit has probability qt of being good, inde
pendent of the classifications for the other units (/=1,2 , ..., ri). We are not restricted 
to testing units individually (in order to classify them as good or bad) but may test 
any group of units x= (x tl, ..., xit)  simultaneously and arrive at one of two possible 
conclusions, that either 1) all the units tested are good or 2) at least one of them is bad 
( I ä / t< /2...-<4 —л)> A procedure represents a series of such tests for the purpose of 
classifying all n units. If we have no information about a set of units (as far as their 
being good or bad), we refer to it as a binomial set; if a set is known to have at least 
one defective, then it is referred to as a defective set. A procedure is said to be non
mixing if it never simultaneously tests a binomial and a defective set.

In the original “group-testing” problem of the above nature (see [1]), a test 
consisted of pooling the blood samples from a number of different people, for the 
purpose of detecting syphillis. In [3] and [4], the authors find the “optimal” non
mixing procedure, in the sense of minimizing the expected number of tests necessary 
to classify all the units ; they only do so for the case that all the units have the same 
probability q of being good. Suppose, though, that there are Mx units of type „1”, 
having a probability q of being good and Md units of type “d” (d, a positive integer 
^ 2), having a probability qd of being good, i.e., we can consider a unit of type “rf” 
(or a (/-unit) to consist of d independent “components” , all of which must be good in 
order for the unit to be good. One procedure that might be worked in this case is to 
use the one given in [3] and [4] separately for the two types of units. In this paper, we 
complete a discussion (begun in [2]) of a procedure (which is referred to later as / / ,  .) 
that for the case when M1 and Md are large but finite, is a considerable improvement 
over the above one and which is conjectured to be the optimal (non-mixing) procedure. 
A modification of HT* (described in [2]) yields a useful prodecure for the case when 
Mlt A/d —°° such that M1/Md-+s<°°.

2. Preliminaries. A tree represents a series of tests, starting when all the remain
ing unclassified units form a binomial set (or are in the H-state) and continuing on 
until a first return to the Я-state. For example, let d=  2, i.e., we have only 1-units and 
2-units, and define a tree for this case pictorially as (2.1) which means that one begins in 
the Я-state by testing a single 1-unit and 3 2-units and then either 1) they are all good 
(the tree is ended) and we return to the Я-state or 2) they form a defective set, called 
<7(1, 2, 2, 2); at the second step (the G(l, 2, 2, 2) step), one tests a (1, 2) grouping 
and then either 1) they are both good and there remains a defective set of 2 2-units
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goody
(2 . 1)

b a d
X = (1.2,2,2)

G (1,2,
X = (I,2) X =1

0 (1,1 1,1)* 
' X = ( l , l )

/.G(l,l)*—*-H(l) 
Х х =<1) H(l,l)

—►G ( 1,1)^—» -H  (1 ,1 ,1)

X-1 11(1,1,1,1)
,G (l,l)^-*-H (1, l ,1,1,1 

X = 1

( 2 . 2 )

X = ( l ,  1,1,1,1,1,1)
•0(1,1 1,1,1,1,1/

X= (1,1,1)
-G (1,1,1)* 

X =1
- H ( J , 1,1,1,1,1)

(2.3)
X = (2,2,2)

H (2)

X = ( l , l )  X =  I

(called G(2, 2)) or 2) they form the <7(1,2) defective set, while at the same time a
(2,2) grouping returns to the binomial state; at the <7(2,2) third step, we test a 
2-unit and then either 1) it is good (the tree is ended) and we return to the 77-state or 
2) it is bad and we return to the Я-state, with a 2-unit from the initial (1, 2, 2, 2) 
grouping still unclassified, referred to by “Я (2)” ; we continue on in this fashion.

For the general (d, q) problem, where there are 1 and «/-units having probabilities 
q and qd, respectively, the optimal tree for classifying the 1-units (resp., «/-units 
alone under the assumption that M1 and Md are large (see especially procedure T?2i 
given after (18) of [4]) is to be denoted by 7) (resp., Td). Also fo ry ^ l, let T(j, 1) 
denote the optimal tree for classifying the 1-units alone under the restriction that 
one begin testing at the initial (or H) step with j  1-units (also obtained from [3] and
[4]); this tree is, of course, not as good as J). We illustrate some of the more general 
results of this paper with reference to two special cases, (d, q) = (2, -9) and (d, q) =
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=(2, • 92). For the first case, Tlt T2 and T(2, 1) are respectively given by (2.2)-(2.4), 
for the second case, 7j, T2 and T(2, 1) are given respectively by (2.4)-(2.6).

(2.5)
X= (1.1,1, 1, 1, 1, 1, 1) x= (l, 1, 1, 1)

( 2 . 0)

X= (2,2,2,2) X =(2,2)

G(I,I,I,l)^n

G (I ,I )^ ^  
/  X= I

-H (l,l)^* -
/  X = (1,1) X=t

/

/  ,

G ( 1 ,1 ) ^  
/  X= I

l)^—*-G (1, 1, 1, i)^-*-G (1, i)^-»-:
I X = (J, 1) X = !

G(2,2) ^ - H ( 2)
X = 2 >1(2,2) 

-G(2,2) ^ - H  (2,2,2)
X = 2

Id)
H(1 
H (l 

H(I 
HO 
H ( I

. 1 )

, 1,1)
. 1. 1, 1)
, 1. 1, 1, 1)
, 1. 1, 1. 1, 1)
. 1, 1, 1, 1, 1, 1)

A procedure can be thought of as representing a sequence of trees. We focus 
in on a class of procedures that includes the conjectured optimal one. For any tree T, 
let HT be the procedure which works T over and over again until either the Mx 
1-units of the Md (/-units are classified ; then it finishes by either 1) working the 7j 
tree if 1-units still remain to be classified or 2) working the Td tree if (/-units still 
remain. For example, if the tree given in (2.1) is denoted by T* and (d, q) = (2, *9), 
then the expected number of 1 and 2-units classified per T* tree is given by 1 and 
q+q3 + q5 — 2.2195, respectively. This indicates that for M1 = M2 (large but finite), 
the 1-unit will remain and we can write HT* as

(2.7) tf r . = { Q ;  
we note that

(2.8) 17^| =  HTl =  HTt = 17^|,

For any arbitrary tree Ta, let E {7’|7’„} be the expected number of tests per Ta tree and 
let E{Â(î) |7'„} be the expected number of /-units classified per Ta tree ( /= l,d ). 
Also, let E {HTJ  be equal to the expected number of tests (necessary to classify all 
the units) for the HTa procedure. Thus for (d, q) = (2, ■ 9), Mx = M2 (large but finite) 
and the HT> procedure given in (2.7),

(2-9) ЦНТ.) =  E(A, ^ r }  E (7-m + { [ « , -  E(wg ; | n  EW I) | n  •

• [ - É M Í r ] b " ‘<U803)'
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where
(2.10) Е{Г|Г*} =  3 - 2 q1 % 2.0434, E{2Vr(l)|7’*} = 1,

Е{А(2)|Г} =  q + q3 + q5 «  2.2195, t{T \Tx) = 3 + q -3 q 1 % 2.4651,

E{tf(l)|7i} = V - q 7) l ( l - q )  5.2170.
A tree Ta is said to agree with another tree Tb if the same number of components is 
tested on every step of Ta as on the corresponding step of Th. For the (d, q) = (2, • 9) 
case, the number of components tested at the initial step, G(l, 2, 2, 2) step, ... of T* 
is 7, 3, ... and is the same as on the initial step, G(l, 1, 1, 1, 1, 1, 1) step, ... of Tx; 
T*, therefore, agrees with Tx. We do not worry about the fact that Tx extends longer 
than T* and works with G(l, 1) steps.

A group of units (xx, x2, ..., xt) will be called coarser than another group 
(yx, y 2, ..., yj) if г and there exists ordered unequal integers lx, l2, ..., such 
that

h h j
(2.11) W =  Z  Уа> X2 =  2  У*, . . . ,X k = 2  Ус,

a = 1 a=/1 + l oc=l{_i+1
where at least one sum contains 2 or more elements; thus (1, 2, 2, 2) is coarser than 
( 1, 1, 1, 1, 1, 1, 1).

Let be a family of trees consisting only of trees that 1) agree with Tx and 2) 
on a given G-step, always tests a J-unit in preference to d 1-units. For example, 
for the case (d, q) = (2, • 92) the trees

(2.13)
X = (I,I,I,1,2,2) X = (2,2) X =-

denoted by T' and Tf , respectively, both agree with Tx (given in (2.5)) but only Tf  
is included in dF because according to the T' tree, we test a (1, 1, 1, 1) grouping at 
G(l, 1, 1,1,2, 2) and thus under T \  preference is given to testing 1-units over 
2-units.
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For Ta and Ть, both included in S', Ta is said to be coarser than Th (or Tb is 
finer than Ta) if the group of units tested on the initial step (or Я-step) of Ta is co
arser than the corresponding group of Tb. Any two trees in S' are comparable as to 
their coarseness and thus there exists a coarsest tree T* in S'.

Let S '’ consist of trees that 1) agree with Тг and 2) are identical on their Я -step 
to some procedure in S' ; by eliminating the preference condition, S '' properl inclu
des S;.

3. Main and Auxiliary Results. In [2], it is shown that under the condition that

<3|> тщ вд-s (E("0)iw i)})(-E^^5-)-(Emm оы).
(3.2) ЕЯГ. = min ЕЯГ ,1 f  C  S '

where T* is the coarsest procedure in S', i.e., EHT* minimizes EHTf over T{ included 
in S'. Let us note that T*, Tx and T2 are functions of (d, q) and are given by (2.1),
(2.2) and (2.3) when (d, q) = (2, *9). Also, in this paper, we substitute “ 1” and “i/” 
for the “cj” and “e2” in [2]. Thirdly, in [2] it is shown that condition (3.1) holds true 
for many pairs (d, q) ; it is also conjectured to be true for all (d, q).

We show in this paper that under condition (3.1), ЕЯТ* minimizes EHT over 
the much wider (than S')  class of procedures S '', i.e.,
(3.3) ЕЯГ* =  min ЕЯГ ,

by showing that for any T  in S ' ' , there is a tree Tf  in S' such that
(3.4) ЕЯТ /==ЕЯГ .

Three auxiliary statements that must be proved in order to prove (3.4). First of 
all, for any T'dS?', there exists a Tj-^S' such that
(3.5) Е{Г|Г} =  E{7’|7’/ } + i?/ , 

Е{Я(1)|3Г'} = E{N(\)\Tf) + A f, 
Е{Я(</)|Г} = Ц М Щ Т ,} -С ,

where
(3.6) Bf  = Wf (E {T \T ,(d ,l)}-l),

Af  =  Wf {E{N{\)\T(d, 1}),
C , =  Wf ,

for some positive quantity, Wf .
Secondly, for any tree T, which begins (on its Я -step) by testing a* 1-units and 

b* </-units
(3.7) Е{Я(1)|Г} = E{N(l)\T(a* + db*, 1)}-{ (Е {Я (1)|Ж  1)})(Е{Я(</)|Г})}.

We note that for T=Ts Ç:S'
(3.8) T(a* + db*,l) = Tx.

Thirdly, for any tree Tf £S7, which begins by testing a* 1-units and hV-units
(3.9) E{T|7>} =  E{7’|7’1} —(E{T|T(i/, 1)} -  1) E {Af(z/)|7>}.

5 Studia Scientiarum M athem atlcarum Hungarica 10 (1975)



66 E. NEBENZAHL

4. Proof of (3.5)—(3.6). Let T' be included in but not in i.e., T' —SX. 
Locate a G-step on T' in which a preference is given for d 1-units over a (/-unit and 
where for all succeeding G-steps (if there are any), preference is always given to the 
(/-unit; denote this G-step by Ge and let c denote the number of (/-units that are by
passed (at Ge) in favor of 1-units (c—1,2, ...). Let (T')ÇJF' be the tree which is 
identical to T' except for being amended so that at Ge only (c— 1) (/-units are bypas
sed and for all succeeding G-steps (arising from Ge), it still gives preference to the 
(/-unit. Using (d,q) = {2, • 9) as an example, we can let T  be given by (2.12) and 
(T ')  be given by

G(UL 
X = 1

H ( l )

(4-l) X= (1,1,1, 1,2,2)
0 (1,1, 1, 1,2.2)

X=( 1,1.2)

G (1.1,2)
X = 2

-O (1.1,2)" 
X = 2

G (i.i) 
X = I

H ( 1,1,1,1,2)

Here at Ge=G (l, 1, 1, 1, 2, 2), 1-units are tested ahead of c= 2 2-units on T', whereas 
on (T '), 1-units are tested ahead of only (c—1)=1 2-unit. A general picture of T' 
and (T ') around Ge would look like

X I

(4.2) ä, = 0(1, . . . .  1; d, . . ., d)
'----------v - ■ -- 4______ _______.

a b

(T)

Oe — 0 ( 1 ,  . . . ,  1 ; d , . . . ,  d ) 

a b

X = (1, . . ., 1; d.......... d) X = (1, . . ., 1; d, . . . .  d)

where
(4.3) a  = {1.......... 1; d............ d). •i-i = {1, . . 1; d...........d)

a0+ d b0 — 1

■% = {!, . . -, 1; d, . . ., d)

a0 bo
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(0 ^ a 0̂ ű  — d, 1 S b 0̂ b). Let EG (resp., EGj) be the conditional expected number of 
tests (resp., 1-units classified) given the (7(1, ..., 1) step of T(d, 1) as a starting point

to complete (resp., in completing) the T{d, 1) tree. We note that 
M 1Ï г г  E{ 7 1 W ) } - 1  Pr 4 N { \) \n d ,\ ) ) -d q d
(4-4) EG -  — — ’ EGi  -----------r v ---------‘
Let (1) p(resp., p) be equal to the probability on the T' tree of reaching the G(Q — flx) 
step and then subsequently classifying all the iZ-units contained in the Ge defective 
set with the last one classified being bad (resp., good),

(2) p(resp., p) be equal to the probability on the (T') tree of reaching the G(Q2) 
step and then subsequently classifying exactly b0 of the iZ-units contained in the 
Ge defective set with the last one classified being bad (resp., good),

(3) / be defined by
(4.5) / =  qmi+dm“( l - q ) ni ( l - q d)nä,
where m{ (resp., и,) is the number of /-units that have been classified as good (resp., 
bad) by the time Ge is reached ( i= l, d).

It is then clear from (4.2) that
(4.6) Ц Т\Т ') =Е{7’|(Г)} +  Я,

E{W (l)in =  Е{ЛГ(1)|(Г)} f  A,
E{N(d)\T'} =  Е{Л/(</)|(Г)}—C,

where
(4.7) В = (p —p)EG,

A =  {dl [q‘°+dbo -  q°+db] —pEGi -  dp} + {pEG1 +  dp),
C — {I[qa«+dbo — qa+db]—p —p} + (p+p).

Let (1) p(resp., p) be equal to the probability on the T' (resp., (Г')) tree of reaching 
the G(Q — ßj) (resp., G(Q2)) step and subsequently classifying all (resp., b0) of the 
iZ-units contained in Ge and let (2) a (resp., â) be equal to the number of 1-units 
contained in Ge that one must classify in order to classify all (resp., b0) of the <Z-units 
contained in Ge, on the T' (resp., (T') tree. One can easily see that 
Í4.8) p = l{qaqd^~1> -q a+db},

p = l{qaqd^ ( l - q d)} = /{[-Ç +  ̂ O  - ? d)} ,

P = l{qaqdb~ q a+db} = / j?d j - q a+db(l -  gd)j, 

p = l{qa + d(b0-  l ) - 9a«+‘"’»},

P = 7{?d ( I ) - q a°+ib° (1 - q d)J ,
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where a0 + d ^ â ^ a  and 0S a S a 0. Substituting (4.4) and (4.8) into (4.7), one obtains 
the following simplified version of (4.7),
(4.9) В = W(E{T\T(d, 1)} — 1)

A = W(E{N(X)\T(d, 1)}),
c  =  w,

where

(4.10) W =  / j | y + 0 +db° ] - ( f - + ? a"di’]}.

For (d, q) = (2, .92), where T ' and (T') are given by (2.12) and (4.1): a =  4, b = 2, 
«0 =  2, 7>0 = 1, â=4, « =  0, /= 1 . One can then easily verify that (4.6), (4.9) and (4.10) 
hold true for this case.

Having already “barred” T' to form (T '), we continue by barring (T ') to form
(T ')  = ((T')), then barring (T ') to form (7”) and so on until we obtain the finite 
sequence of trees

(4.11) r , ( r ) , ( F ) , . . . , 7 > ;
it follows from the definitions of 3F and the barring operation that Tf  is of necessity 
the last term in the sequence. In our (d, q) = (2, .92) example, for T' given by (2.12),
7> =  (Г ) is given by (2.13). Reapplying (4.6) and (4.9) to the pairs {{T'),(T')), ((7”),
(T ')), enables us to write
Е{Г|Г}, E{iV(l)|r} and Е {Л ^)|Г} in terms of 
E{T|7>}, E{7V(1)|7>} and E{N(d)\Tf }, respectively, 
in the form

(4.12) Е{Г|Г'} = £{T\Tf} + Bf ,
E{N(l)\T'} = E{N(l)\Tf } + Af , 
E{N(d)\T') = E {N(d)\Tf } - C f ,

where

(4.13) Bf  =  Wf {E{T\T(d, 1)}— 1),
Af  =  Wf (E{N(\)\T{d, 1)}), 
C f  = wf ,

for some appropriately defined Wf \ this concludes the proof of (3.5)—(3.6).
5. Proof of (3.7). With reference to T (of (3.7)), let «,• be the number of additional 

1-units that one must classify in order to classify i d-units over that needed to classify 
(i — 1) (7-units (7=1, 2, ..., b), i.e., describing the above schematically, we have as the 
order of possible classification for the T tree
(5.1) 1, ..., 1, (/, 1 ,...,1 , d, ..., 1, ..., 1, (7,

«1 «2 (b*yth  + 1
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where

(5.2)
It thus follows that
(5.3) E{iV(i/)|7’} =  qai Q - q a*+d) + 2qai+a*+d{ \ - q a>+i) + ...+

b*
аь* + 1  — я* — Z  at.i = l

+ {b* -\)q C,¥‘*.)+ d(b*~ 2)
(1 — qab*+d) + b*q

and that 

(5.4)

, , . I £  я, +d(f>*-i)
=  q ai +  q ai+ ai+d +  . . .  + Ç G »1 >

E{Ar( l ) |7 ’} =  9° +  ? 0+1+  ... +  q0+^  +  

+  q d+ai +  qd+(-ai+1) +  ... + q d+(ai +a2~1'> +

/b* + l \
U “ ) - 1

=  {(1 — qai) + q(-d+â (l — qa*) +  ... +

db* + £  a, db* +
+ q 1=1 + ...+ q

(1 - q

+ q{db +i?iai) ( i - ? v +i)}/{i_? } =

a*+db* W -q ) - [ < i l -q dW -q )m N (d ) \T } ] .

From [3], we see that

(5.5) Е{ЛГ(1)|П /, 1)} =  U  S  1),
4 *z

which completes the proof of (3.7).
6. Proof of (3.9). A pair of trees in F , denoted by Tco and TFI, are said to be 

adjacent if TFI, the finer tree in the pair, tests exactly d more 1-units and one less 
rf-unit on the H-step than the coarser tree Tco. Let (Tco, TFI) be an adjacent pair in F. 
It is shown in [2] that
(6.1) 4 T \T co) = t{T\TFI}-[l{T \T (d , 1)}- 1 ]Qco,
where Qco is the probability with reference to the Tco tree that all i/-units tested on its 
initial step are classified before a return to the next //-state, i.e., if Tco begins by testing 
b* i/-units, Qco is the probability that all b* of the i/-units are classified by the end 
of the tree. It is clear that beginning with some T^JF, one can work one’s way to 
7j, by the sequence of adjacent pairs,

(6.2) (7>,(7>Л), ..., ((7V/V-Í, TJ,
where (ТР1)( is the finer tree in the ith pair (/=1,2, ...,b*). Upon applying (6.1) 
to each of the b* pairs, it follows that

(6.3) 4 T \T f } =  t{T \T ^-[ l{T \T (d , 1)}-1]
ь*
Z Q i
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where g; is the probability that all the (/-units are classified with the coarser tree of 
the ith pair. One immediately notices that Qt can be defined equivalently as the proba
bility that at least [/>*—(/— 1)] of the (/-units on the Tf  tree are classified and thus 
(by elementary probability)

(6 .4 )  2  Q t  =  Е { В Д |2 > } ,Ï = 1 '
which (from (6.3)) proves (3.9).

7. Proof of (3.4). Given a tree locate the corresponding tree
by the barring operation given in section 4. Define r to be equal to M JM d and for 
the purposes of this proof, we can assume without loss of generality that Md =  1. 
“ 1” could refer to 1,000,000 (say) and this certainly does not contradict the fact 
that we are assuming that M x and Md are large but finite. Let us break up the proof 
into three parts, when

( 1 )  / S r * ,

(2) r* < /• /•**,

(3) r** <  r,
where
n  n  ,* _  E{iV(l)lJ>} ,  Е{Л7(1)|Г}
K ’ E{iV(rf)|7>} ’ 4N (d)\T '}-

Proof for case 1. In this case,

(7.2) H , ,  =  {£}. «T  =  { £ } ,
we note that

(7.3) E HT М г
E{iV(l)|7>} Чт\тг} + { \ - м х) t{N(d)\T,} E {T\Td} 

Е{ЛГ(1)|7» E{N(d)\Td}

and E#T. has the same form as EHTf above with Tf replaced by T '. We first utilize
(3.5) to rewrite EHT. in terms of E{T\Tf }, EÍTVÍl))?’ and E{/V(</)[7y}; after which, 
simple algebraic manipulation enables us to arrive at the result

(7.4) [EHTf EHT. 4 T \T d)
4N(d)\Td)

A M T \T t } - B f b{N{\)\T,} 
A f E {Л/ (d)\ Tf} + Cy E {ЛГ(1)| Tf} <=>

4T \T t} _  (Е{/У(1)|Г((/, 1)})Е{Г|Г/ }-(Е(Г|Г((/,1)}-1)Е{/У(1)[7>} 
.Е{ад|Г„} ~  Е{ЛЧ1) | т  1 )}E{(V(z/)|Wr} + E{(V( 1 )|7>}

where “o ” stands for “if and only if”. In obtaining the last bracketed expression in 
(7.4), we make use of (3.6).

In [2], it was proved that the tree-function

n  cs H (T ) .. (Е{ЛГ(1)|Г(</, 1)})Е{Г|Г0} - ( Е { Г |т  1)}-1)Е{ЛГ(1)|Г„}
V '  1 ° (Е{Л/(1)|Г(</, 1 )}) E{(V(d)\T(i) + E{(V(l)|r0}
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is invariant over Utilizing (7.4) and the fact that

(7.6) H(Tf) =  H(Tj)
(remember that results in the proof of (3.4) for this case.

Proof for Case (2). In this case,

(7.7) H T, =  { £ } , H r  = {£}•

Let EHTf(r0) [resp., ЕЯг.(г0)] be the value of ЕЯГ/[ге5р„ ЕЯ7 ] at r=r0. It is easy 
to see that for r*<r^r**,

(7.8) EtfT/(r) =  EHTf(r*)+(r-r*)Af ,
E HT.(r) = EHT,(r*) + (r -r* )A \

where

17 9) A - _ 1 № L
(7-9) Е{Я( 1)171) ’

We first show that under condition (3.1)

(7.10) A' ^  Af .
Using (3.7), (3.8), (3.9), (3.6) to substitute in A’ for £{N(1)17^}, E{T\Tf }, Af , Bf  
and Cf , results in a verification of (7.10). It thus follows from (7.8) that proving (3.4) 
in this case is tantamount to proving that

(7.11) E Я Г/(г**) = r* E { 3 T |7 > }
Е{Я(1)|7>} + (r**-r*) E {y|7 î}

E № ) | I \ )

E HT (r**) =  r* E{T\Tf } + Bf
Ц Щ Ц Т,) + А /

Upon substituting (from (3.7), (3.8), (3.9), (3.6), (7.1), and (3.5)) for E{7V(1)|T”/-}, 
E{T\Tf }, Af , Bf, Cf ,  r*, and r**, one sees immediately that (7.11), is true, which 
proves (3.4) for this case.

Proof for Case (3). For r=»r**,

(7.12) H T/ =  { j ' j ,  Я г - g ] .

The proof of (3.4) for this case follows immediately from the result of the previous 
case by noting that for r>r**,

(7.13) ЕЯГ/(г )=  ЕЯТ/(г**) + ( г - г " )

E H T.(r) = E H r (r**) + (r-r**) 
this completes the proof of (3.4).

E{r|7j} 
Е{Я(1)|7\) ’
Е{Л7)} 

Е{ЛГ(1)|7\} ’
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8. Examples. For the (d, q) — (2, .9) case, the conjectured optimal (non-mixing 
for M 1 and M2 large, as usual) procedure is H T*, where T* is given by (2.1). If Mx = 
= M 2, then EНт* ^ М г (1.1803), while classifying the 1 and 2-units separately results 
in a value of EHTl^ M 1 (1.1810); H T* thus shows savings over HTi in the expected 
number of tests necessary to classify all the units. One can derive an information lower 
bound (ILB) over all procedures on the expected number of tests for this case (see 
[2]) and get the value, ILB « M 1(.4690) + M2(.7015); this lower bound is not always 
attainable and for M t =M 2, I L B (1.1705). For the (d, q) = {2, .92) case the con
jectured optimal procedure is HT2 = HTl, since T* = T2 (given in (2.6)) is the coarsest 
procedure in !F. If MX=M 2, then ЕЯГ1%M x(1.0270) and the ILB for this case is 
given by ILBríM1(.4022) +  M2(.6188) = M1(1.0210).

9. Extensions. A result analogous to (3.3) for the general (d, q) problem, where d 
is allowed to be any non-negative number, would be desirable. Other possible ex
tensions would be in proving that HT* is the optimal non-mixing procedure or in 
finding the overall optimal procedure. We could also begin work on the case of more 
than two different types of units.
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AN EXTENSION OF AN INEQUALITY OF HOEFFDING

by
P. K. PATHAK

1. Statement of the result. The object of this note is to establish the following 
theorem.

Theorem. Let n be a finite population of N real numbers. Let (Xly ..., X„) denote 
a simple random sample (with replacement) o f size n from n and [Yly Y2, ..., Y„}, 
a simple random sample ( without replacement) o f size n from n. Then for every convex 
function g,

(1.1) E fe W M s E fc f t l- tf -1)**)]

where si and denote the sample variances based on (Xly ..., X„) and (Yly ..., Yn) 
respectively.

An inequality analogous to (1.1) involving the sample total and 2  Yi 
is originally due to H oeffding [1] (cf. Rosen [3] in this connection). In this note we 
show that inequalities of this kind are consequences of the well-known technique of 
Rao-Blackwellization in sampling theory.

We turn now to the proof of the above theorem.
2. Proof of the theorem. The proof presented here involves the notion of suffi

ciency in sampling. The reader may refer to the paper [2] for necessary details. Now 
suppose units are drawn one-by-one with replacement from the population n until 
the sample first contains n distinct population units. Let S = (Xx,. . . ,  XM) denote 
the sequence of units observed in the sample. (Note that M ^ n  and repetitions may 
occur in S.) Let T= {Yly Y2, ..., Y„} denote that set of distinct units in S. Then T  
is a sufficient statistic for this sampling scheme (cf. [2]). It is easily seen that the sta
tistic T  represents a simple random sample (without replacement) of size n from n 
and the first и observations in S, namely Xl t ..., Xn, represent a simple random sample 
(with replacement) of size n from n. Now based on (Xly ..., X„), the sample variance

n
s2x=[\l(n—\)]'2!l (Xx—X)2 is clearly an unbiased estimator of the population variance

i — 1

a2, say. Analogously based on the statistic T= {Yly ..., У„} the sample variance
П

=[1 /(« — 1)] 21 (Y{— L)2 is easily seen to be an unbiased estimator of a slightly
i =  1

different population variance S2=[N/(N—l)]a2. By virtue of the sufficiency of T, it 
follows that E[i||T] is an unbiased estimator of a2 and for any convex loss function
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g, Е [ g ( .у2)] ̂  Е [ g ( Е ( .v J | Г))]. То complete the proof of the theorem it will suffice 
to show that Е[у||Г]=(1 — jV_1)s2. Clearly

( 2 . 1) E[4| T] [2 n (n - i t  2  ÍXí - X vY\t
l ) i * ï =  1

= E - ( X . - X ^ I T

Owing to the symmetric nature of the sampling scheme, it follows that given T= 
=  {F1; Y2, .... Yn), the pair (Xlt Xf) assumes as its value any one of the pairs (Ff, F;), 
iV / '=  1, n, with equal probabilities. (Note than (Х1г X2) assumes also as its value 
the pair (F;, Ff), i=  1, ..., n, with a different probability, but this probability does not 
enter in our calculations.) Consequently we can write

<2.2) Ет  = Ц « - » , т п ) = ^

where A; is a suitable constant. Since cr2 = E[i|] =  A:E[jy] =  [A:Ar/(Ar—1)]<t2, & =  (1 — N ^1). 
This completes the proof of the theorem.

The following corollary follows easily from Theorem 1 and Chebycheff’s 
inequality.

Corollary. Under simple random sampling without replacement of size n, the 
sample variance y2 satisfies the following probability inequality

(2.3) P [ |j* -b * | S  k ] ^ [N /(N - l )]2 
k %

{Hi-a*) , 2<r4
+ n{n— 1)

where /г4 denotes the fourth central moment in the population.
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SOME REMARKS ON SATURATED SETS OF POINTS

by
L. FEJES TÓTH

A set S  of convex domains is said to be saturated with respect to a convex domain 
D, if any congruent replica of D has a point in common with a member of S. Similarly, 
we say that S is saturated with respect to translates o f D, if any translate of D has 
a point in common with a domain of S.

These notions give rise to various problems fl, ...,7]. Here we are especially 
interested in the following

P roblem . Find the thinnest set of translates of a closed convex domain A satu
rated with respect to translates of a closed convex domain B.

Here the term “thinnest” means “of minimal density”, with the usual definition 
[1] of the area-density or number-density. The former may be interpreted as the total 
area of the domains divided by the total area of the plane. In this paper we prefer to 
use the number-density, in short the density, which gives the average number of the 
domains for the unit area. It is equal to the area-density divided by the area of A.

We start with the following
Remark 1. If the closed convex domains A and В are centro-symmetric, then a 

set of translates of A is saturated with respect to translates of В if and only if the 
translates of the Minkowski sum A+B  concentric with the respective translates of 
A cover the plane.

This is obvious because the Minkowski sum A + B concentric with A consits 
of the centres of those translates of В which have a point in common with A.

E. M akai jr. observed that Remark 1 can be generalised as follows :

Remark 1.* If A and В are closed convex domains, then a set of translates of A 
is saturated with respect to translates of В if and only if the repsective translates of the 
Minkowski sum — B+A cover the plane.

Thus the above problem is equivalent with the problem of the thinnest covering 
of the plane with translates of — B+A. Let us consider the case that both A and В 
are centro-symmetric. Then we can refer to the fact [1, 8, 9] that the density of a cover
ing of the plane with translates of a centro-symmetric convex domain D is never less 
than the density of the thinnest lattice-covering with translates of D. The latter is 
given by l/H, where H  is the area of a hexagon of maximal area inscribed in D. 
According to a theorem of D owker [10], among the hexagons of maximal area inscri
bed in D, there is one which has central symmetry. Tessellating the plane with trans
lates of this hexagon, and circumscribing about each hexagon a translate of D, we 
obtain a thinnest covering with translates of D. Since A + B is convex and centro-
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□/ V
4

tíf

symmetric, our problem is reduced to the problem of finding a centro-symmetric 
hexagon of maximal area inscribed in A+B.

As an example, let A be a unit square and В the unit square arising from A by 
a rotation through 45°. Now A + B  is a regular octagon of sidelength 1. There are 

infinitely many centrosymmetric hexagons of maximal area 
inscribed in a regular octagon. Accordingly, the problem 
of the thinnest set of translates of A saturated with res
pect to translates of В has infinitely many solutions con
sisting of rows of equally spaced squares. One of the solu
tions is exhibited in Fig. 1. Within certain limits each row 
can be translated in its own direction, obtaining irregalur 
solutions of the problem.

Special attention is due to the limiting case of the 
above problem when A is a point: The density d of the 
thinnest set of points saturated with respect to translates of 
a centro-symmetric convex domain В is given by d=l/H , 
where H  is the area of the hexagon of maximal area inscri
bed in B.

Let us recall the theorem of Sas [1, 11]: If Tn is the area of the и-gon of maximal 
area inscribed in a convex domain of area T, then

n . 2nTn 7: T-=— sin — .2n n

□

/

□
□  

Figure 1.

□
□

Equality holds only for an ellipse. Thus if В has unit area, we have Ÿ 27 /2n^H ^l, 
showing the correctness of the following

Remark 2. If d is the density of the thinnest set of points saturated with respect 
to translates of a closed centro-symmetric convex domain of unit area then l ^ r / s  
^2n/Ÿ27. Equality holds on the left hand side only for quadrangles and hexagons, 
and on the right hand side only for ellipses.

It seems to be an interesting but difficult question, whether the thinnest set of 
points saturated with respect to translates of a convex domain without central 
symmetry constitutes a lattice, more precisely, whether there is a thinner saturated 
point-set than the thinnest saturated point-lattice. Since the answer to this question 
is not known yet, we restrict ourselves to point-lattices.

Remark 3. If d is the density of the thinnest lattice of points saturated with respect 
to translates of a closed convex domain of unit area, then 1^ ű?s 3/2. Equality holds 
on the left hand side only for parallelograms and centro-symmetric hexagons, and on 
the right hand side only for triangles.

It is easily seen that if L  is a thinnest point-lattice saturated with respect to trans
lates of the convex domain B, then there is a translate of В containing on its boundary 
three vertices, say T, U and V, of a basic parallelogram TUVU'. We claim that this 
translate of B, let us call it simply B, contains a translate of the triangle TVU'. 
To see this we may suppose that, in its present position, В does not contain any 
of the triangles TVU', VUT' and UTV', where T' and V  are the mirror images of 
U' reflected in V and T, respectively (Fig. 2.). Again, we may suppose that the lines 
T 'U ', U'V' and V'T ' intersect В in segments shorter than TU, UV and VT, re-
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spectively, because otherwise we could translate В in the direction of these lines so as 
to contain one of the triangles VU'T, TV'U  or UT'V. Finally, we may suppose that 
besides U, T  and V В does not contain any other lattice-point. Indeed, since В is 
convex and it does not contain any of the lattice-points T', U' and V', it is enough 
to rule out the lattice-points Tv , Tu, Vv , VT, UT, Uv where XY= Y+ X Y  denotes the 
image of the point X  reflected in the point Y. Suppose that В contains one of these 
points, say UT. Then В lies in the half-plane bounded by the line UT containing V. 
Since U 'T' intersects В in a segment shorter than UT we can translate В in the direc
tion UT so as to separate it from all lattice points lying in U'T'. A subsequent 
small translation in the direction TV or UV would isolate В from all lattice-points. 
But this is impossible because the lattice was 
supposed to be saturated.

Consider the chords of В parallel to TV 
which intersect the triangle TUV. (By a chord 
we mean a segment joing two boundary po
ints of B.) Among these chords there must be 
one, say T*V*, other than TV but congruent 
to it. For, the chords under consideration can
not be all smaller than TV, because otherwise 
В could be translated so as to get isolated 
from all lattice points. On the other hand, if 
among the chords there is one which is greater 
than TV, then there must be one chord which 
is equal to TV, because T 'V ' intersects В in 
If the condition T*V* = TV  does not determine the chord T*V* uniquely, we choose 
the chord farthest from TV.

T* does not lie on the segment UT, since otherwise В would lie in the half-plane 
bounded by the line UT containing V, what we have seen to be impossible.

We claim that the translate of B, B+T*T, does not contain UT. To see 
this consider a half-plane h containing В and bounded by a line containing 
T, and observe that the translation T*U carries T  in the interior of h.

Therefore B+T*U  does not contain T, and consequently B+T*T=B+U T+T*U  
does not contain UT. Similarly we see that B+ T*T  does not contain the point Uv . 
It follows that it contains U', because otherwise the lattice would not be saturated.

Since В contains the triangle TUV, as well as an image of this triangle reflected 
in a point, В contains the convex hull C of these two triangles. C is a centro-symmetric 
hexagon or a parallelogram. Considering a parallelogram as the limiting case of a 
centro-symmetric hexagon, we can say that the lattice is generated by three non- 
adjacant vertices of C. The density of the lattice is equal to 1 \H, where H  is the area 
of C.

Any lattice generated in this way by a centro-symmetric hexagon contained in В 
is saturated with respect to translates of B, because it is saturated with respect to 
translates of the hexagon. Thus the problem of finding the thinnest point-lattice 
saturated with respect to В is reduced to the problem of finding the centro-symmetric 
hexagon of maximal area H  contained in B. If В is of unit area, then 1. On the 
other hand, it is known [1, 10] that Я ё 2/3, with equality only for triangles.

a segment smaller than TV.
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This completes the proof of Remark 3.
Referring to Remark 1*, it is easily seen that the inequalities l^ t/s3 /2 , continue 

to hold for an arbitrary set of points instead of a point-lattice. But the question 
whether now in 3/2 equality can be attained, remains open.

We introduce a notion similar to the notion of a saturated point-lattice. We say 
that a point-lattice blocks a convex domain В (against translations) if there is a trans
late of В which does not contain any lattice point, but it is impossible to remove В 
by a set of translations arbitrarily far from this position so as to avoid, during the 
translations, all lattice points.

Remark 4. If d is the density of the thinnest lattice of points blocking a closed 
convex domain of unit area, then l/2 ^d ^n /4 . Equality holds only for quadrangles 
and ellipses, respectively.

If L is a point-lattice blocking the closed convex domain В of unit area, then there 
is a translate of В containing two points T  and U of L. Again, there is a translate of 
В containing two points V and W of L such that the segment VW is not parallel to 
TU. Since В contains a translate of each of the segments TU and VW, it also contains 
translates of these segments which have a point in common. Thus В contains a quad
rangle (which can degenerate in a triangle) whose diagonals are translates of TU 
and VW. The lattice generated by the vectors TU and VW blocks B. On the other 
hand, any lattice generated by the diagonal vectors of a quadrangle contained in В 
is either saturated with respect to translates of В or blocks B. It has a basic parallelo
gram of twice as big area as the quadrangle. Thus the density of a thinnest lattice 
blocking В is equal to 1 /2q, where q is the area of the quadrangle of maximal area 
inscribed in B. Since q ^ l  and, by the theorem of Sas, q^2\n, we have the inequalities 
indicated in Remark 4.

To finish, let us mention some further problems.
Find the thinnest set of unit segments saturated with respect to segments of 

length s. For values of s less than a certain constant between V'2 and 2 it seems to be 
convenient to arrange the segments along lines decomposing the plane into squares 
with diagonal of length s. For s=2n with an integer n the thinnest set of segments is 
conjectured to form the edges of a tessellation with regular hexagons of edge-length n.

We say that a set of translates of a convex domain D is saturated, if it is saturated 
with respect to translates of D. If a set of translates of a centro-symmetric convex 
domain D is saturated, then concentric translates of 2D cover the plane. Since the 
area-density of the inflated domains is at least 1, the area-density of the original set 
is at least 1/4. What is the corresponding lower bound for general convex domains?

Fig. 3 shows a saturated set of translates of a 
triangle with area-density 1/6.

The higher dimensional analogues of the 
problems considered in this paper are generally 
difficult. Nevertheless there are some simpler 
questions which are worth while to consider in 
higher space. For example: Find the thinnest 
point-lattice blocking a ball.

*
I thank Professor H. S. M. C o x e t e r  for assistance 

from his National Research Counsil of Canada grant 
and E. M a k a i  jr. for several valuable comments.
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Remark during the galley-proof. If in л-space a set of translates of a convex 
body В of unit volume is saturated (with respect to translates of В) then, by Re
mark 1*, the respective translates of the vector body —B + B cover the space. Thus 
the density of the vector bodies is s  1. Recalling the theorem of C. A. Rogers and 
G. C. Shepard [The diiference body of a convex body, Arch. Math. 8(1957) 220-233]

according to which the volume of —B + B is with equality only if В is a

simplex, we see that the density of the original set is s  Equality can be
attained only if the vector body of a simplex is a space-filler. This is the case for 
n — 2. This answers the question raised in connection with Fig. 3.
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UNIFORM CONVERGENCE OF FOURIER SERIES 
IN HARMONIC ANALYSIS

by
R. KAUFMAN

A closed set Е'т [—л,л]  is an M0-set if E carries a measure 0 whose Fourier- 
Stieltjes coefficients p~ (ri) vanish at n=±°°. It is known that an M0-set is never a 
Helson set: Some continuous functions on E are not restrictions of absolutely con
vergent Fourier series, [3,5]. Nevertheless, certain M0-sets possess an interpolation 
property comparable to the Helson property.

T heorem  1. There is an M0-set F with this property: every continuous function 
on F is the restriction of a function on [—л, л] whose Fourier series converges uniformly.

T heorem  2. Every M0-set E contains an M0-set F.
Theorem 1 is virtually a consequence of known results, contained in [1], [2], 

[4, p. 68]; an appendix to this note contains a proof of some inequalities cited from 
[1] and [2]. Theorem 2 seems to require a more elaborate (although technically 
simpler) procedure.

1. To prove theorem 1 we choose any g in C3[—л, л] with 0 everywhere. 
Then ( — л, л) contains a closed M0-set F  such that the functions eine (и=1, 2, 3,...) 
are uniformly dense in the set of continuous functions on F to the complex unit 
circle [4, p. 68]. From the theory of Helson sets [5, p. 113], [3, p. 95], it follows that 
each continuous function h on F can be represented as a series h = f lan e'"9 with 
^ |a n| arbitrarily close to ||A||„.

Now F  is closed and л, —л belong to its complement, so there is a function 
<p = 1 on F, (p = 0 on a set [л—д, 7i]U[—n, 5 — л] (for some (5>0). According to a 
theorem of H alász [2] (see also the Appendix) the function 2  a„eingq> has a uni
formly convergent Fourier series, and of course represents h on F. (We suppose cp 
is C1 2.)

2. In proving Theorem 2 we again use a function cp, O ^tp^l, vanishing near л 
and —л, but allow the set q> = 1 to vary in the construction. Concerning g 
we specify that l< g '< 2  on [ — л, л] and g" = 0 on a neighborhood of the 
closed support of (p. Then, by a partition of the interval (—л, л), we see that the 
partial sums of the Fourier series of the periodic functions eiue(p (u>0) are bounded by 
a constant independent of u. In fact these functions remain bounded in the (Wiener) 
Л-norm: \\h\\A = 2 \ bn\ when h ~ 2 bne‘nx- It is also clear that etn9(p-» 0 weakly in 
Ь1(—л, л).
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The observations about é"e(p enable us to choose sequences 1 
. . .< и к< ... and so that

\Sm(eiu«e<p)\ <  1 + \q>\ ^  2 for m a  vk, 
\Sm(eiui‘gcp)\ <  1 for m ^  vk_1, к ^  2. 

We can also assume that uk+1>kuk.

From these inequalities we obtain 
numbers M s  1, iVê m g 0.

M + N
2  Sm(e^q>)

k ~ M
:2(N+1) + C(g, cp) for any

3. Theorem 2 is proved by an inductive procedure employed in [4]; here we 
describe the typical step, but refer to [4] for the method of assembling the steps. 
Let Я be a probability measure whose closed support is contained in ( — я, я) and 
3 =  0 at ±°°. Let q be a real-valued function, continuous on (—я, я) and q a positive 
number. We aim to construct a measure Ахё 0  and a function G so that

a) Aj is absolutely continuous with respect to A and |ДХ —3|<rç.
b) |5'm(<7)|<3 for each rasO.
c) \eiq — G \^q  on the closed support of Aj.
Following [4, p. 66] we choose a smooth function Г of period 2я and mean-value 

1, so that TsO  and Г(х) =  0 whenever q ^  \x \^n . Our candidate for Ax will be [J ■ A,
M + N

where П ~  П  r(ukg —q), for an appropriate function g and corresponding num-
M

bers M, N. The associated function G will then be (N + 1)-12  eiu»9(p. As cp=\ on the 
closed support of A, we obtain c) at once, and also the absolute continuity of Ax.

In constructing the function g we can assume, by elementary measure theory, 
that the support S is totally disconnected, and cover S with disjoint closed intervals 
Ir, each of measure A(7r)<rç/2. Then g is formed so that g"=0 on a neighborhood of 
each Ir, while the numbers cr—g'(Ir) belong to (1, 2) and are rationally independent. 
Next cp is chosen so that <p =  l on 5 and <p = 0 outside UIr, whence <p=0 near —я, я. 
This allows us to choose the sequence (uk) and the number N  so that for
all m ^O  and M s  1.

All that remains is estimation of the difference ([J - A ')—A", and here we follow 
[4]. From the formula Г (х)= 1+  2 ' bpë,px, with \bp\ ^ \  and 2  l^pl‘= +  °° we obtain 
an absolutely convergent sum for ] ] r (ukg — q)—l in which a typical term is
Л +1
JJ b(pj) exp iuJ+M_1Pjg exp ~ipfl.
l

The term corresponding to Pi = ■■■=Pn+i — Q is absent, and if В is sufficiently 
large the sum outside the region R defined by inequalities lS |p 1|-|-... +  |p;v+1|^ i? 
is as small as we please.

On Ir we have g '= cr and this determines the derivative of (p1uM + ... 
. . . +Pjv+1wM+iV)g. We consider all the derivatives obtained for different values of 
cr and vectorsрл, . . . ,p N+1 in the rectangle R. We claim that these numbers become 
dispersed as M — -f °°, in the sense that the minimal distance between any two of them 
tends to +<~. In fact, let us call / the leading index i f 0, but p j= 0 for j s l + l .
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Then (PiUM + ...+pN+1uM+N)cr Piut+M-icr> so that two numbers in our set are 
far apart unless their leading indices are equal. But the numbers cr are rationally 
independent, so the two numbers in question arise from the same interval Ir . From this 
it follows by a similar argument that the corresponding (N+  l)-rows must be identical.

The estimation of (]J • X)~ — now proceeds as in [4, p. 67]. The inductive step 
is now complete and hence Theorem 2 is proved.

Appendix. The lemma stated below implies the theorem of A lpár [1], and also 
suffices for the proof of Theorem 1.

Lemma. Let /•>0 and f£ C n[ — r, r]for some n S 2 , and everywhere on

[~r,r]. Then J  (eifW —\)x  1dx An(B), a constant depending only on n and B.

Proof. For any interval IQ (—r, r), we have S C ,a  1,n by a variant of

van der Corput’s inequality proved in almost the same way as for n=2 [6, p. 197]. 
This allows us to assume 0 < r<  for in the contrary case the two exterior
integrals are controlled by partial integration.

Let Mk be the maximum of over ( — r, r), l ^ k ^ n ,  and observe that
|/(x) —/(0 )—x / '(0 ) |^ y x 2M2. Thus, replacing f(0)+ xf'(0) on ( — r,r)  entails an
error r2M2 in the integral; consequently we can suppose M2>4"Br~2>4"Bct2,n. 
This disposes of the case n = 2 and allows us to use induction on n. Now Ba2ln
implies that for some k = 2, ..., и —1, we have Mk+1^r~1otllnMk. Then f ik) varies at 
most 2a.~1,nMk+1̂ M k/2, so that Mk^  \fW \sM J2 . Thus the integral is bounded by 
Ak(2) and the lemma is proved.
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GENERALIZED SPECTRAL OPERATORS AND NORMAL CONES

by
D. LUTZ

X  always denotes a complex Banach space, B(X) the Banach algebra of bounded 
linear operators on X, <t(T) the spectrum of T(_B(X). Let s i  be an admissible algebra 
of C-valued functions on a set й с С  (for definitions see Colojoara and F oias 
[1] and D unford—Schwartz [2]), U an ^/-spectral function, and

К = { f£ s i,f(x )  a  0 for x £<t (t/)}.
Then

{U „f£K }
is a convex cone in B(X).

If T£B(X) is a scalar operator with spectral measure E, the cone 
X =  {Uf ,feC (a (T )),f(x ) ^  0 on a{Tj), 

generated by the C(cr(r))-spectral function

Uf  = /  f(X) dE(X),
<r(T)

is normal in the strong operator topology on B(X), i.e. there exists a norm ||| • ||| 
on X  equivalent to the initial norm with

I I M ^ I I M  for all *€ЛГ, 
if/, geC(a(T)), 0 on a(T) (Walsh [4]).

In this case |||17/|||S |||l/9|||, i.e. Ж is also normal in the norm topology on B(X). 
Hence Ж  is proper.

In the present note we give a converse of the latter result.
Theorem 1. Let s i  be an admissible algebra o f continuous functions on Й сС  

with Re ^ / =  {Re f f ^ s i } c z s i .  Let T £B(X) be si-scalar with continuous si-spectral 
function U. Suppose s i '  : =  {f\o(T), f £ s i } to be dense in C(o(T)) with respect to the 
sup-norm topology on C(o(T)). I f  the cone JC = {Uf , f £ s i , f ^  0 on o(T)} is normal in 
the norm topology on B(X), then the following statements are valid:

a) T  is С(о(Т)Уscalar. There exists a continuous C(o(T))-spectral function 
Û o f T with Û \si =  U.

b) I f  X  is weakly sequentially complete, T is scalar.
c) {Ûf ,fÇC(<j(T)), / ( a)^ 0  on <j (T)} is also normal in the norm topology 

on B{X).
Proof, a), c) Let ||| • ||| be a norm on B(X) equivalent to the initial norm satisfy

ing |||/|||=: land such tha t/, g£si, 0^ /^ g o n  <т(Г) imply |||i// |||s|||£/„|||.
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For l / l ^  1 on a(T)  one has
/1 := Re/Çjaf, / 2 := I m f f s f

and
0 s / , W | l s 2 on <т(Г); / = 1, 2.

So | I M - | | | / | | | | S  | | | ^ + / | | ! ^ 2 ,

F J N 3, 1 =  1, 2,
and №A\\ s  6 .

For arbitrary f f s f  it follows that
llltfjl =s 6 • max | / ( jc)|,xia(T)

i e- ll^/ll =  k-  ^maX) |/ (x ) |

with some кш 0 for the initial norm || • |j.
Since s4 is dense in C(a(T)), the existence of the continuous extension 

Û on C(tr(T)) follows immediately; likewise it is clear that X  is normal.
b) According to K antorovitz [3], 7+ B(X) is scalar if and only if T  is C(c(T))- 

scalar with continuous С(сг (T))-spectral function.

Corollary 2. Modify the assumptions of Theorem 1 by requiring that TfB(X)  
be ,s/~spectral. Then T  is C(cr(r))-spectral (and spectral, if X  is weakly sequentially 
complete).

Proof. Let T=U À + N, N  quasinilpotent and commuting with U. Then, by 
continuity, N  also commutes with Û.

We write
C"(ß) =  {/|fl,/£C "(R 2)}, n£N U {0} U {0°}, й с С .

Corollary 3. Let T£B(X).  If for some QczC and «ÇNU{°o} T  is Cn(Q)- 
spectral, and if there exists a continuous C"(ß)-spectral function F  of Г  which 
generates a normal cone in the norm topology of B(X),  then T is C(c(T))-spectral.

Corollary 4. Let X  be weakly sequentially complete. TfB(X)  is spectral if 
and only if T  is generalized spectral, and if a spectral distribution U of T  generates 
a normal cone in the norm topology on B{X).
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CHARACTERIZATIONS OF UPPER RADICAL CLASSES 
OF SIMPLE RINGS

by
M. SADIQ ZIA*

1. Introduction. Generalizing the notion of almost nilpotency introduced by 
van Leeuwen and Heyman [5], we define the notion of almost P-rings and dually 
that of nearby Q-rings. These notions are appropriate for characterizing upper radical 
classes of any class of simple rings. Particularly we obtain characterizations of the 
Brown—McCoy radical class (Corollary 1 and Theorems 2, 3) and of Jenkins’ radical 
class (Corollary 2).

Throughout this paper a ring will always mean an associative ring. A and О 
will always denote the class of all rings and that of rings of one element, respectively. 
A class R of rings is called a radical class, if R satisfies the following requirement:

(R) >4€R iff every non-zero homomorphic image of A has a non-zero R-ideal.
Every ring A has a biggest R-ideal, the so called R-radical R(/l) of A. A class 

S =  y"R of rings is said to be a semisimple class if S — {/t Ç A| R(4 )=0}. For any homo- 
morphically closed class P the lower radical class JfP  is the smallest radical class 
containing the class P. The upper radical class ai/Q of a hereditary class Q is the biggest 
radical class excludingjhe non-zero Q-rings. The semisimple class ST’dlQ will some
times be denoted by Q. As it is well known, the Brown— McCoy radical class is the 
upper radical class of the class of all simple rings with unity. We recall that Jenkins' 
radical class is the upper radical class of all non-zero simple prime rings (cf. Jenkins 
[2], van Leeuwen [4] and van Leeuwen—Jenkins [6]). An upper radical class 
ai/Q is said to have the intersection property, if each .S^/Q-ring (i.e. having 0 adQ- 
radical) is a subdirect sum of Q-rings (cf. Leavitt [3]). For other details of radical 
theory we refer to D ivinsky [1] and Wiegandt [10].

Let E denote the class of all simple rings and consider a radical class R. The 
radical class R gives a partition (L; M) of the class E by L = R f]E  and M ^ ^ R f lE  
(the ring 0 is allowed to belong to both subclasses L and M). The class L and M 
is called the lower class and the upper class of the partition given by R, respectively.

Consider a class R and a class P of rings. We say that the class R gives a proper 
partition o f the class P if О A R flP ^ P .

The author, with a deep sense of gratitude, thanks D r . R ichard Wiegandt 
for his guidance throughout the whole work.

2. General almost P-rings. Let P be any non-empty homomorphically closed 
class of rings.

* The author holds a post-graduate scholarship, granted by the Hungarian Institute of Cultural 
Relations.
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Definition 1. A ring A is an almost P -ring if every proper homomorphic image 
of A is a P-ring. The class of almost P-rings will be denoted by siP.

Obviously P Q s iP. For example, if P  is the class of all nilpotent rings, then we 
get the definition of almost nilpotent rings (cf. van Leeuwen [5] and W iegandt
[8]) and obviously P is properly contained in s iP.

In [5] idempotent simple rings are not considered as almost nilpotent rings, 
whereas, in accordance with [8], we suppose that every simple ring is in s iP for any 
homomorphically closed class P.

Proposition 1. siP  is homomorphically closed.
Proof. Consider a ring A in siP. Let A/I—B be any homomorphic image of A. 

If 1=0, then A/I=A  is in s iP and if I= A , then B = 0 is in P. Whenever I ^ A , All 
is in P by definition 1.

It is easy to see that the lower radical class SEP has the following property:
Every siP-ring is either in SEP or in SiSEP.
Let R be an arbitrary radical class and consider the following condition:
(Ap) Every siP-ring is either in R or in SER.
Proposition 2. Every radical class R 2 i? P  has property (Ap).
Proof: Suppose R^JzfP and A is in siP . If (MR(T), then A ^y4/R (^)6P£ 

SEP g R . On the other hand A/R(A)dSERQSESEP because SEPQR. This implies 
that ^4/R(y4) = 0 and thus A — R(A) is in R. If R(^) = 0, then A is in ^ R .

Proposition 3. I f  the radical class R gives a proper partition o f the class o f simple 
P-rings, then R does not have property (Ap).

Proof: Take a non-zero simple ring ^Ç R flP  and a non-zero simple ring 
BSSE RflP.

Consider the direct sum C=A@B. By the isomorphism theorem,

(A+B)/A ^  В/АПВ == В and (В + А ) / В ^ А / В Г ) А ^ А .

Thus C/А ~ В and C / B ^ A  where A and В are both in P. Since C has no other proper 
non-zero homomorphic images, therefore C is in siP. But 0 ^ A ^ R ( C ) A C .  This 
contradiction establishes the proposition.

Now we dualize the notion of an almost P-ring. Consider any non-empty here
ditary class Q of rings.

Definition 2. A ring is a nearby Q-ring if every proper ideal of A is in Q. The 
class of nearby Q-rings will be denoted by sVQ.

Obviously Q^./LQ. Consider the following condition:

(Nq) Every -ring is either in R or in SER.
Proposition 4. Every radical class R f  °U(f has property (Nq).
Proof: Consider a ring A in s iQ . R(^4) is an ideal of A. If R(A) = A,  then A is 

in R. If R (A)t̂ A, then, by definition 2, R(^) is in Q n R g Q fW Q  = 0. This 
implies that R(T) = 0. Hence A is in ^ R .
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P roposition  5. I f  the semisimple class S gives a proper partition o f simple 
Q-rings, then WS does not have property (Nq).

P roof. Consider a non-zero simple ring ЛÇSDQ and another non-zero simple 
ring ÆÇ^SflQ. Obviously the direct sum c =A®B  in is and OABÇWSf â^ c .

3. Applications. The Baer radical class as the lower radical of all zero-rings has 
already been characterized by almost P-rings where P is the class of all nilpotent rings 
(cf. W iegandt  [8]). We shall give here characterizations of upper radicals of simple 
rings, in particular of the Brown-McCoy radical and Jenkins’ radical by virtue of 
almost P-rings and nearby Q-rings.

In some cases we can give more explicitly the class séP and AAQ, respectively.
Consider any class M of simple rings with unity. It is understood that 0€M. 

/ М  is now a class of nearby simple rings with unity.
P roposition  6. Every JAM-ring A is either a direct sum A = I ® K  of two M-rings 

or A is simple.
P roof. Consider a ring A in / М .  Suppose I  is a non-zero proper ideal of A. 

So /  is in M. As it is well known that every ring /  with unity embedded into A as an 
ideal is a direct summand of A, therefore A=I®K.  This implies that A is a proper 
ideal of A and so К  is in M. Otherwise A is simple. Similarly to Proposition 6 it is 
easy to check that for any class L of simple rings any .я/L-ring (yFL-ring) A is either 
the direct sum of two L-rings or A has exactly one ideal /  with A/IÇ.L (/£L) or A is 
simple. Let P denote a homomorphically closed residual class (i.e. P is homomor- 
phically closed and closed under taking subdirect sums.)

P roposition  7. The class sdP consists o f P-rings and o f subdirectly irreducible 
sdP-rings.

P roof. Take a ring A£sdP and consider a subdirect decomposition 
/1 = subdirect 2 A X of A into subdirectly irreducible rings Aa. Either each Ax is a 
proper homomorphic image of A or for an index a0, A = Aao.

In the first case, AdsdP  involves Aa €P and since P is residual we get A£  P. 
In the second case A is subdirectly irreducible.

We say that a class Q is /-local if the sum Q(T) =  of all ideals /„EQ of a 
ring A belongs to Q. Examples for /-local classes are the radical classes. Assume Q 
is a hereditary /-local class.

P roposition  8. The class J^Q consists o f Q-rings and o f local rings in J ÍQ . 
Particularly if  Q is a hereditary radical class, then ^EQXQ consists of all local rings 
A such that the unique maximal ideal o f A is the Q-radical o f A.

P roof. Take a ring A £ jVQ. N ow either A = Q(A)£Q or A^Q(A).  In the latter 
case, by A^JAQ every proper ideal /  of A is in Q, and so I^Q (A ). Hence Q04) is 
the unique maximal ideal of A.

T heorem 1. Let M be any (non-empty) class o f simple rings. A radical class R 
coincides with the upper radical ‘ШЛ. iff R is the biggest radical class such that

(i) R has property (NM).
(ii) Mg!R.
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P roof. By Proposition 4, has properties (i) and (ii). If R c t M ,  then again 
by Proposition 4, R satisfies (i) and (ii). If and R satisfies conditions (i) and
(ii), then there exists a ring A d R \^ M . Hence A can be mapped homomorphically 
onto a non-zero ring 5ÇRHM. On the other hand, condition (ii) implies the existence 
of a ringCÇM fl^R. Take the ring D = B®C.  Now Oa B ^  R(Z))?íZ>and (Am) is not 
satisfied contradicting the hypothesis.

A straightforward application of Theorem 1 yields the following statements.

C orollary  1. The Brown—McCoy radical G is the biggest radical class such that
(i) G has property (AMo)

(ii) M0^ G  where M„ =  {all simple rings with unity).
C orollary  2. The Jenkins radical К is the biggest radical class such that
(i) К has property (/VMj.)

(ii) Mj-^K where M ; =  {all simple prime rings).
As mentioned in the introduction consider the class of all simple rings (allowing 

all rings A with A2=0) and consider a partition (L;M) of it into two classes L 
and M such that L D M = 0 and LUM = E.

P roposition  9. Let Q be a hereditary class o f rings and denote the lower class 
o f simple rings corresponding to Úl/Q by L. I f  the upper radical I/Q is hereditary, 
then L = f Q n ^ Q .

P r oof . If suffices to show that any ring A d 0/!Q D ^ Q  is simple. If /  is a proper 
ideal of A, then by Ad-AdQ, we have Id Q- On the other hand hereditariness of 
%Q and Ad°U'Q imply IdőiQ. But ^ Q flQ ^ O . Hence 7=0 and A is simple.

C orollary  3. Using the same notations as in Proposition 9, suppose that the 
upper radical dtQ is hereditary. I f  A is an T 'Q -ring and A$ L, then A is in the semi
simple class Q.

P r oof . If an ./CQ-ring A is not in L, then by Proposition 9 A is not in ^Q. 
Hence its radical °UQ(A) is not A. By Ad-MQ it follows WQ(A)dQC\‘%Q=0.

T heorem  2. Let M be a class o f simple rings such that the upper radical ‘ШМ 
is hereditary. Then coincides with the Brown-McCoy radical class G iff . ЖМП^М  
consists o f all simple rings without unity.

P r o o f . By Proposition 9, G satisfies the required property; the converse state
ment is trivial.

P roposition  10. Let Q be a homomorphically closed hereditary class such that 
the upper radical JtQ gives the partition (L; M) o f simple rings. I f  the upper radical 
class ItQ has the intersection property, then M  = .sJ%Qf )Q.

P ro o f . Clearly M Qja/^QDQ. Suppose O^Adsd^QDQ.  By the intersection 
property A can be given as a subdirect sum A — Aa of rings AxdQ.  Now

subdirect
either Axd°UQ for all indices a or there exists an index a0 such that A = AX(I. In the 
first case we have Axd°dQDQ=0 for all a and consequently A =0. In the second 
case AdsJ°ttQflQ. Since Q is homomorphically closed and so for any non-zero 
ideal I  of A we have A /Id‘%Qr\Q=0. Hence A is simple and so AdM.
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T h e o r e m  3. Let (L; M) be a partition of simple rings such that the upper radical 
f/M. has the intersection property. M coincides with the Brown—McCoy radical class 
G iff æ/ Ш П Й  consists o f all simple rings with unity.

P r o o f . Apply Proposition 10 in the case Q =M  where M is the class of all 
simple rings with unity. The converse statement is trivial.

As it is well-known, each homomorphically closed semi-simple class S is determined 
by a strongly hereditary set F of finitely many finite fields and each S-ring is a sub- 
direct sum of F-rings (cf. S t e w a r t  [7] and W i e g a n d t  [9], [10]). It is easy to see that 
S is a homomorphically closed semi-simple class iff S gives a partition (L; M) of 
simple rings such that M is a strongly hereditary set of finitely many finite fields. 
Moreover,
(* ) =  M and / M D f S  =  L

hold. Observe that conditions ( * ) are not characteristic to homomorphically closed 
semi-simple classes, e.g. the Brown—McCoy semisimple class is not homomor
phically closed, but it satisfies conditions (*).
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A STATISTICAL PROPERTY OF THE WALSH FUNCTIONS

by
SHIGERU TAKAHASHI

§ 1. Introduction. It is known that the trigonometric orthogonal system has 
subsequences which share important properties of independent random variables 
(cf. [4] [5]). In this note we study subsequences of the Walsh orthogonal system 
[wn(x)} from this point of view. Let

(1.1) <Pk(x) — sign (sin 2knx), O s r á l ,
the k-th Rademacher function and for an integer n = 2 ek 2k (sk=0 or 1) let

(1.2) *vn(v) = П<Рк+1(4 O á x s l .
In [1] A. Földes has proved the following

T h e o r e m  A. Let {nk} be a sequence o f positive integers such that for every Æ ë l  

nk+ilnk >  1 +  к~я, 0  <  a <  1/2.
Then we have

îîm (2 Y log log 2  w nk ( x )  =  1 a.e..
N 1

The purpose of the present note is to prove the following
T h e o r e m  B. Let {nk} be a sequence o f positive integers such that for every k ^ l

(1.3) nk+1/nk >  \ + ck~*, c >• 0 and 0 < a s  1/2, 
and {ak} be a sequence o f real numbers satisfying the conditions:

(  N  W 2 i + £
(1.4) An = -  +°° and aN = О (An/N*(logAN) 2 )

as + where e is a positive constant. Then we have

lim (2A% log log An)~v 2 2  akw„k(x) =  1 a.e..
N 1

For the proof we use the martingale properties of subsequences of partial 
sums of the Walsh series by which the asymptotic properties of the series are obtained 
slightly easily.* In fact under the condition (1.3), (1.4) is less restrictive than the

* More precisely using a theorem of martingale [3] we can approximate Eakw„k with Brownian 
motion in the same way.
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conditions of log log law for trigonometric series (c f. [5, II]). Further as the theorem of 
log log law for martingales we use the following

Theorem C. (W. F. Sout [2]). Let { /„ }  be an increasing sequence o f sub-a 
fields o f events and {c„} be a sequence of random variables such that:

(i) is /„-measurable and E(c„\/„^1) = 0 a.e. ий1 ;

(ii) VN= 2 E { Z Î \S ,- ù ~  + ~ a sN +  + o°a.e.;П = 1
(iii) |£„|ë8„(F„/log log V / 12 a.e. where e„ is / „ - г -measurable random variable 

such that en-*0 a.e. as n-* + °°.
Then we have

lim (2Vn log log VN)~1,S 2  Zk =  1 a.e..
N  i

§ 2. Some Lemmas. In the following we consider the Walsh system as a sequence 
of random variables on a probability space (Í2, / ,  P), where Q = [0, 1], /  is the 
cr-field of all Borel-measurable sets on Q and P is the Lebesgue measure on / .  
Further we assume that {nk} and {ak} satisfy the conditions of Theorem B. Let us put

>(0) =  0, p(k) = max {m; nm <  2*},
(2 1)

4 W  =  2  amw„m(x) and Bk = Ap(k+1).
m = p (k)+ l

lfp (k)+ l< p(k  + l), then (1.3) implies that

p « i + i ) - i

2 =► Ир(*+1)/иР0к)+1 =- 2  (1+cm *) >  \+ c { p ( k + l) - p ( k ) - \ ) p  “(fc+l).
m = p ( k ) + 1

Therefore, we have

(2.21 p (k + l) -p ( k )  =  0(pa(k)) as k-*+

Hence we have, by (1.4),

р(.к + 1)
(2.3) IMkIU <  2  K \  <  ... max \am\{p{k+ \)-p(k)} =

т  =  р ( Ю + 1 i > W < " i S p ( H l )

=  0(Bk/(\ogBky i+^ 2) as k-*+  oo.

L e m m a  1 .  For any positive integers к and j  we define q>(k,j) as an integer satis
fying wk (x) Wj (x) = w4,(kij) (x). Then i/2m̂ y'</c<2m+1, we have

к - j  S  (p(k,j) <  2m.

Proof. The proof easily follows from (1.1) and (1.2).
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Lemma 2. For any given integers k ,j, q and h such that

p (j)+  1 p (j+  1) <  p(k)+  1 < ? á  p(k+  1)
the number o f pairs (nr, n{) satisfying the following relations

J E( Wn,wn wnhwni) =  1,
1/7(7) <  i -*= h and p(k) <  r <  q,

is at most C2j kp*(k) where C is a constant independent o f k ,j, q and h.
Proof. Let m denote the smallest index r of pairs (nr, и,) satisfying the relation

(2.4). Then we have by Lemma 1

nq- n m^  <p(nq, nm) = <p(nh, nt) <  2J.
Thus we have

nm> n q- V >  nq(1 -2 '-* )  s  n,(l +2J-k+1) - \
and by (1.3)

1 + 2'"*+1 >  nq/nm >  JJ (1 + cj~*) >  1 +c(q — m)p-*(k+ 1).
j  = m

Since p(k+  l)/p(k)-*l as k-~ + °°, q—m<C2J~kpc‘(k). Further for any given q, r 
and h, there exists at most one nt satisfying (2.4). Therefore, we have

{the number of solutions (nr, «;)} s. q — m <  C2J+kp*(k).
Lemma 3. We have

в ?  2 * 1 - 1 ^ ( ( lo g ^ ) - 1-«) as Л^-+оо.

(2.5)

Proof. If we put Uk=Ak — E(Ak), then we have
p(M-l) <7-1

£4 = 2 2 1 2" arw„ wBr,
«=P(0 + 2 r=p(lc)+l

2 ^ - 2 $ =  2 E ( £ 4 2) + 2  2  2 W
1 k = l j = l

By (2.5) and (2.3), it is seen by Minkowski inequality that

E ( £ 4 2) 1/2
p№+i) (

2 2  KIE
q=p (k) + i  V

9 - 1
2

r = p ( t )  + l

241/2

( P№ + 1)
E ( ^ ) 1/2 2  Kl =  0(E(Aiy'*BkHlogBk) W * )  as

9=P№) + 2
Therefore we obtain

2E(Ci?) =  0 (B Ä (log^)-P +«))
1

as iV-» + 00 •
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For k> j we have, by (2.5) and Lemma 2,
( P ( k  +  1) ) ( p U+1) )
W  2  Ы 1 b j  2  N
V />(*) +1 ) V p O')+i )

|Е (В Д )| S  8C2'“V (* )

where 6t = max {\cij |, p (k )^ j^ p (k + l)} . By (1.3) and (2.2) we have

К 2 Ы = о(в^вк)-̂ р̂̂ {к)£{л1)̂ {р{к + \)-р{к)}̂ )
p W) + l

= 0(B k(}ogBk) - ^ l2p - a,,i(k)E(Al)112) as Ы » ,
and we obtain

Е(ВД) = 0(Âl?aogBt)-1-2 ^ -V /*WE(^01/̂ “e/iO')E(45)1/î).
Therefore, for the proof of the Lemma it is enough to show that

2  2  V- ' kPa' \ k ) = 0(Bß) N -  + со.
к = 2 J = 1

Since р(у+1)/р(./)-*-1 as_/-*• + °=, we have for every к

2  2J- kp-*U) S  Cfp-*(k) for some Q .
7 = 1

Thus we have by Cauchy inequality

2  k2  2j~kpxl2(k)E(Al)1/2p - xl2(j)E(Aï)m  S
fc —2J=1

TV f fc-1 11/2
s Q 2 E ( 4 r  2  2 ^ E ( j? )  ^

fc = 2 U = 1 J

Í tv l 1/2f tv f c - i  11/2

^ с Л 2 Ч Л 1 ) \  2  2  2 ^ E ( 4  s

S  Cx 2  E(di) =  O ff i)  as JV -  +  « .
fc = 1

TV
Lemma 4. Wfe have lim  В ^2У Al(x) =  1 a.e. .TV-*- OO j

P roof. Let us define a sequence (iV(A:)} as follows : 

N(k) = min (w; 

where ß is a constant such that

(2.6) 1 > 0 > O  and ( l+ e ) 0 > l .
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Since B l - B l_ 1-E (A i) = 0(B^,l(\og B J1+e) as m ^  + °°, there exists an integer k0 
such that кш к0 implies that

(2.7) 3» ( k - i )  <  3= B $ m .

On the other hand by Lemma 3 and (2.6) we have

k = 1

N (k)

■®JV(fc) Z A — 11 = o  2 ’* ‘ (1+E)/Î =  o(i),
and we obtain

N(k)

lim Bkfk) Z 4W  = 1 a.e..

(3.1)

N (k )

Since (2.7) implies that B l(k)/Bfl(k_1)-*l as fc — +  » , Bÿ?k) 2! a-e- as
N ( k - 1)

k-+ + °° and we can complete the proof.
§ 3. Proof of Theorem B. For nêO let us put

\An(x) + 2-nw2n(x) if E(d„Hy.) = 0,
, (x) otherwise.

Then the cr-field /„  generated by {w2k(x), O ^kS n }  is also the cr-field generated by 
{£к(х), O ^k^n }  and we apply Theorem C to the sequence {£„,/„}>и — 1- From
(1.1) and (1.2) it is seen that

(3.2) E (^ |/n_1) = 0 and E ( a * U )  =  ^  a-e”

Further by Lemma 4 and (3.1) we have

u x )  = tt!

(3.3) A 2 Z a w  = A 2 Z aW +A 2 Z {aw-4W )
и = 1 л = 1 n =  l

= i+ o  \вц* \ 2  A lto
N 1/2

l+ o ( l)  a.e. as N-^ + oo,

1/2Г iV N  11 /2

Putting Sjv ( jc)  = | Í jvW |  j lo g lo g ^  a w / z  a w }  . *  then%(x) is A  -measurable

and by (3.3) and (2.3) sN (x)^O  a.e. as N-+ + °°. Therefore, the conditions of Theorem 
C are satisfied and we have

(  N  N  ) ~ 1/2 N
n s  2 2  a  log log z  a  z  a  =  1 a-e- ■
N ( 1 1 ) 1

By (3.3), (2.3) and the above relation we can prove the theorem.

* Without loss of generality we may assume that a.e., so we can define e N (x )  a.e.
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EINE ANWENDUNG EINES SATZES VON GASCHÜTZ 
AUF POLYNOMPERMUTATIONEN ÜBER ENDLICHEN 

MULTIOPERATORGRUPPEN

von

G . E IG E N T H A L E R

In der folgenden Arbeit wird ein Satz über das Verhalten von gewissen Gruppen 
von Polynompermutationen über einer endlichen Multioperatorgruppe unter gewis
sen Kompositionsepimorphismen bewiesen. Dieser Satz stellt eine Verallgemetinerung 
von zwei Ergebnissen aus [2] dar, wo er für die Gruppe aller Polynompermutationen 
über einer endlichen Gruppe bzw. über einem endlichen Faktorring eines Dedekind- 
schen Integritätsbereichs bewiesen wird ([2], ch. 5, § 3.3 bzw. ch. 4, § 5.21). Bezüglich 
der verwendeten Begriffe sei ebenfalls auf [2] verwiesen.

§ 1. Sei A eine universale Algebra im Sinne von [2] und Fk(A) die volle fc-stellige 
Funktionenalgebra über A, die von sämtlichen Funktionen von Ak in A mit den 
punktweise definierten Operationen gebildet wird, wobei к eine natürliche Zahl ist. 
Insbesondere liegen in Fk(A) die konstanten Funktionen, die im folgenden mit den 
Elementen von A identifiziert werden, und die Projektionen Çlt Çk, die definiert 
sind durch Çi(al t ..., ак) = а(, (ak, ..., ak)€Ak, i= 1, ..., k. Für AkQA  sei Pk(A, Aj) 
die von Ak und £x, . . . ,£ fc erzeugte Unteralgebra von Fk(A). Die Elemente von 
Pk(A, Ak) sind genau jene Funktionen aus Fk(Ä), die sich mit Hilfe der Operations
symbole als Ausdrücke (im folgenden Worte genannt) in Elementen von A± und 
£j, ...,£* darstellen lassen, und sollen als k-stellige Polynomfunktionen über A mit 
Koeffizienten aus Ak bezeichnet werden. Insbesondere erhält man für Ax—A die 
Algebra Pk(A, A) = Pk(A) aller k-stelligen Polynomfunktionen über A und für Ak — 0  
die Algebra Pk(A, 0 )  = Gk(A) der k-stelligen Grätzerschen Polynomfunktionen über A.

Im folgenden sei für eine Halbgruppe H  mit Einselement R(H ) die Unterhalb
gruppe der regulären Elemente von H (ein Element a € f f  heißt regulär, wenn sowohl 
aus au=av als aus ua=va stets u = v folgt (u, v£H)) und E(H) die Gruppe der Ein
heiten von H. Es gilt E(H )Q R(H ) und im Falle, daß H  endlich ist, E(H)=R(H). 
Das direkte Produkt (Fk(A))k von к Exemplaren von Fk(A) bildet mit der Kompo
sition о von Funktionen, die definiert ist durch

(<Pj , ...,(pk)o ( ^ i ,  . . . ,  il/k) =  («PiO K , •••» iPftGAi. •••, •/'*)).

(<Pi, ■■■, <Pk), OK, •••, 'l'k)€(Fk(A)f,
eine Halbgruppe mit Einselement, die isomorph ist zur symmetrischen Halbgruppe 
von Ak, und (Pk(A, Аг))к ist Unterhalbgruppe von (Fk(A))k. Sei Sym Ak die symmetri
sche Gruppe von Ak und Uk(A, ^ j) =  Sym АкГ)(Рк(А, A ^y . Uk(A, Ak) ist eine Unter
halbgruppe von (Pk(A, A jy ,  deren Elemente als k-stellige Polynompermutationen 
über A mit Koeffizienten aus A1 bezeichnet werden sollen, und es gilt

E((Pk(A, A j y )  g  Uk(A, AJ  g  R((Pk(A, AJf) .
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Falls A endlich ist, gilt hier überall Gleichheit, und Uk(A, A f  bildet somit in diesem 
Falle mit der Komposition о eine endliche Gruppe.

Sei t] ein Epimorphismus der Algebra A auf die Algebra B, dann läßt sich rj 
nach [2], ch. 3, § 3.31 eindeutig fortsetzen zu einem Epimorphismus von Pk(A) auf 
Pk(B), der für i = \ , . . . , k  die Projektion £фЕк(А) in die Projektion £i£Fk(B) 
überführt. Bezeichnen wir diesen Epimorphismus mit Pk{rf und ist w(ay, ..., an, 

eine Darstellung eines Elementes von Pk(A) als Wort in аг, ..., a,f_A 
und «?!, ..., Çk, dann gilt

Pk(n)w(ai, ...,ß„, Çi, ...Лк) = w(r\ax, ...,r\an, £1; ..., £*).
Die Abbildung (Pk(t]))k, die definiert ist durch

[PkinSfUPx, ..., (pk) = {Pk(ri)(Pi, ...,P k(rj)(pf), (ipi, ..., (pk)e(Pk(A))k,

ist dann ein Epimorphismus von (Pk(A))k auf (Pk(B))k, und zwar auch bezüglich 
der Komposition о , wie man leicht nachrechnet.

Eine Algebra A mit dem Operationensystem Q heißt Multioperatorgruppe, 
falls es in Q eine zweistellige Operation . , eine einstellige Operation _1 und eine 
nullstellige Operation 1 gibt, so daß A mit . ,  -1 und 1 eine Gruppe bildet und für 
alle Operationen со£ Q mit einer Steifigkeit >0  gilt: со 11... 1 =  1. Insbesondere ist 
jede Gruppe, jeder Ring und jeder Ring mit Einselement eine Multioperatorgruppe. 
Ist t] ein Homomorphismus von der Multioperatorgruppe A in die Multioperator
gruppe B, dann heißt die Menge aller a£A mit ria=l£B  der Kern von tj.

Im folgenden benötigen wir einen Satz von G a s c h ü t z  (flj) über Gruppen, 
der sich unmittelbar auf Multioperatorgruppen übertragen läßt und dessen Beweis 
auch in [2] (ch. 6, § 6.91) zu finden ist:

Sei к eine natürliche Zahl, A eine Multioperatorgruppe mit einem Erzeugenden
system aus к Elementen und tj ein Epimorphismus von A auf eine Multioperatorgruppe B, 
dessen Kern endlich ist. Dann gibt es zu jedem Erzeugendensystem {/j, ... , f k} von 
В ein Erzeugendensystem {ек, ..., ek} von A mit г\еу= / ,  z— 1, ..., k, d.h. man erhält 
sämtliche k-elementigen Erzeugendensysteme von B, indem man auf sämtliche k-ele- 
mentigen Erzeugendensysteme von A den Epimorphismus rj ausübt.

§ 2. M i t  Hilfe dieses Satzes von G a s c h ü t z  beweisen wir nun folgenden
S a t z . Seien А, В endliche Multioperatorgruppen, >/ ein Epimorphismus von A auf 

B, A f= A und B1 = r\A1. Dann gilt: (Pk(p))k Uk{A, A1)=Uk(B, B f.
B e w e i s . Da (Pk(t]))k ein Epimorphismus bezüglich о  ist, gilt 

(Pk(n))kUk(A, A f  =  (Pk(n)fE((Pk(A, A f f )  д  E((Pk(B, В f f )  =  Uk(B, B f.

Sei umgekehrt (<p1, ..., <pf£ Uk(B, Bf), so gibt es ein (ф1, ..., ij/f£ Uk(B, B f, so daß

( 1 )  (»Ai, •••, <Pk) =  ( £ i ,  •••, &)■

H at I e i n e  Darstellung Vi(bn , ..., bim., ç1; ..., j f  ah Wort in biJ£B1 und f ,  ..., c_k, 
so gilt nach (1)

(2) и,фп , . . . ,b im{, (pk, ..., (pk) = b , i = l , . . . , k .
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Faßt man die Elemente von Ay bzw. Bk als nullstellige Operationen auf, so bilden 
Pk(A, Ay) und Pk(B, By) mit dem Operationensystem QUAy bzw. QU By endliche 
Multioperatorgruppen mit dem Erzeugendensystem {£ls ..., Çk} und Pk(t]) ist ein 
Epimorphismus von Pk(A, Ay) auf Pk(B, Bf), und zwar auch bezüglich der um Ay 
bzw. Bx erweiterten Operationensysteme, wenn man jedes Element von By so oft als 
nullstellige Operation auffaßt, als es als Bild eines Elementes aus А у bei q auftritt. 
Nach (2) ist auch {tpy, ..., <pk} ein Erzeugendensystem von Pk (В, By) bezüglich QU By. 
Nach obigem Satz von G aschütz  gibt es daher ein Erzeugendensystem {öi, .... Qk} 
von Pk(A, Ay) bezüglich ß U ^ ,  so daß Pk(q)Qi = (pi, i= \ , . . . , k .  Da {öi, •••, ö*} 
ein Erzeugendensystem von Pk(A, Af) bezüglich QUAy ist, gibt es Worte wt(an ,... 
..., aitlt, Çy, ..., Çk), i= l , . . . , k ,  mit Operationssymbolen aus ß  und in Elementen 
üijdAy und £x, ..., Çk, so daß

(3) wt(an ,.. . ,  ciyni, , ..., Qk) — , i = 1, •.., k.
Sei ot die durch das Wort и>;(аг1, ..., ain., Çlt ..., Çk) dargestellte Funktion aus 
Pk(A, Ay), so gilt nach (3)

( 4 )  ( f f i ,  . . . , < r fc) o ( ö i , . . . , Qk)  =  ( É j ,  ík) ,

also (öi, ...,Qk)eE((Pk(A, Ay))k) = Uk(A, Ay). Wegen (Pk(ri))k(e1, ...,Qk) = (<p1,...,(pk) 
ist also (Pk(q))kUk(A, Ay)^Uk(B, By), womit der Satz bewiesen ist.

Für den Fall, daß Ay = A ist und А, В endliche Gruppen bzw. endliche Faktor
ringe von Dedekindschen Integritätsbereichen sind, erhält man die eingangs erwähn
ten Spezialfälle dieses Satzes, die bereits in [2] zu finden sind. Ein Beispiel dafür, daß 
der Satz nicht richtig bleibt, wenn die Algebra A unendlich ist, findet man ebenfalls 
in [2] (ch. 4, § 5.3), wo für A der Integritätsbereich Z der ganzen Zahlen genommen 
wird und für В ein Restklassenring Z/(p), wobei 3 eine Primzahl ist.
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MAXIMAL CIRCUITS OF GRAPHS II

by
D. R. WOODALL

If 3 ^ d + l^ n ,  let d+ denote the number of vertices with valency ë d in a graph 
G on и vertices. It is proved that, if d+>(d+2)(n — l)/2d— 1 (d even) or 
d+ 2)/2(d— 1) (d odd), then G contains a circuit of length at least d + 1 ; this
generalizes a result of Dirac’s and is best possible for infinitely many values of n. 
Also, if 3^c==iM-l and d+ >(с + 2)(и — l)/2d— 1, then G contains a circuit of length 
at least c. Stronger results can be conjectured if G is 2-connected.

1. Introduction. All graphs considered are finite, undirected, and without loops 
or multiple edges. Circuits are ‘elementary’, i.e., have no repeated vertices. V(G) 
denotes the set of vertices of G. If v£V(G) and XQ V(G), Г (a) denotes the set of 
vertices joined to v and Г (X) := (J Г (a)*.

v £ X
In his well known paper [1] of 1952, D irac  proved that if G is a graph on n 

vertices in which every vertex a has valency Q(v)^k, then
(Dl) ifA:^ \  n, then G is Hamiltonian;
(D2) if k s 2, then G contains a circuit of length at least k + 1 ; and
(D3) if G is 2-connected and k ^ \ n ,  then G contains a circuit of length at 

least 2k.
In [2] and [3], PÓSA obtained theorems in which he showed that the same conclu

sions will follow even if there are some vertices in G with valency less than k, provided 
that there are not too many of them. His theorem generalizing (Dl) in this way is 
best possible, but his generalizations of (D2) and (D3) are not, and examples suggest 
that Pósa-type conditions are not entirely appropriate to these cases. (As mentioned 
in [5], the Pósa-type conjecture on page 747 of [4] can be false if n>3k:=3/2(n — r), 
although it may well be true if 2 k ^ n ^3 k .)  The purpose of this note is to prove the 
following theorem, which implies the truth of Pósa’s generalization of (D2) when 
n ^ 2 d - l .

Theorem 1. I f  d s  2, and G is a graph on n ( ё З )  vertices in which the number of 
vertices with valency S<7 is more than

Ud+2)(n—l)/2d - 1  {d even),
\d(n — 2)/2(d— 1) (d odd),

then G contains a circuit o f length at least d+ \.

* Throughout the paper the symbol :=  or =  : indicates that the equation in which it occurs 
acts as the definition of (some part of) the expression on the same side of the equality sign as the 
colon.
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These bounds are best possible for infinitely many values of n, as shown by the 
following examples. If if is even, the examples consist of t copies of K±d+ \ (cl+2) Klt 
disjoint except that each (except the last) has one of its |  {d+ 2) vertices in common 
with one of the \(d +  2) vertices of the next. If d is odd, we define the examples 
0(d, t) recursively: Let 0(d , 1) be a graph on 2d vertices consisting of d vertices of 
valency d forming a Kd, each of which is joined to one of d vertices of valency 1 ; 
0(d, t) is then anything that can be obtained from 0(d, 1) and any graph of the 
form 0(d, t —\) by identifying a terminal vertex of 0(d, t — 1), and its adjacent vertex 
of valency d, with a similar pair of vertices taken from O (d, 1), but in the reverse 
order. (So 0(d, t) has t(2d-2)-\-2  vertices, all of valency d or 1.)

Before proving Theorem 1, we shall prove:
T heorem 2. / /  3 25 c sl; r /+  1, and G is a graph on n vertices in which the number of 

vertices with valency = d is more than (c + 2)(n — l)/2d — 1 (and at least one), then G 
contains a circuit o f length at least c.

This result is not best possible, although examples similar to the above show 
that it is not far off. However, the restriction c S d + 1 is clearly necessary, unless we 
are to impose an extra condition such as 2-connectedness, in view of the graphs 
tKd+1 and K1 + tKd. I have not been able to obtain a sensible generalization of (D3), 
but conjecture:

C onjecture. If d ^ \ n ,  and G is a 2-connected graph on n vertices in which 
the number of vertices with valency ^ d is at least ri+» n, then G contains a circuit 
of length at least 2d.

The figure d+ \ n may not be best possible here; if n is large enough, it can prob
ably be reduced to \  (n +  3), the extremal examples then being those cited in [5] as 
disproving the conjecture of [4].

2. Proofs of the theorems. We prove Theorem 2 first. Theorem 1 is proved along 
similar lines, but a great deal of tedious calculation is needed in order to obtain this 
slight improvement, and I have therefore given the details only where they differ 
significantly from those in Theorem 2.

P roof of Theorem 2. Let D+(G) and D_(G) denote the sets of vertices of G 
with valency ^ d  and respectively, with cardinalities d+(G) and d-(G), where

(1) d+(G) >  (c + 2 )(n -l) /2d— 1 = :/(« , c).

We prove the result by induction on n. It is (vacuously) true if nSd; so suppose 
n ^ d + l ,  when d+ (G)=-l.

Suppose it is not true that all the vertices in D +(G) are contained in a single 
block of G. Then G = Gl \JG2, where |V(G0Г) V(G2)\ = l, d+ (Gj)Sl and d+ (G2)§= 1. 
Let |К(С^)|=:иг (/= 1 ,2), so that //1 + /72=n or // +  1. If d+(Gi)^f(ni, c) for each 
/', then

d+ (G) S  / К , c) +f(n2, с) +  1 SS f  \n , c),

S tud ia  Scientiarum M athem atic  a ru m  Hungarica 10 (1975)



MAXIMAL CIRCUITS OF GRAPHS II 105

contrary to hypothesis. Thus either Gx or G2 satisfies the hypotheses of the theorem, 
and the result follows by induction. So from now on we may suppose that all the 
vertices in D+(G) are contained in a single block of G. Moreover, this block contains a 
circuit: for otherwise it would have to be K2, with both vertices in D + (G), since 
r/+(G)> 1, whence n^2d  and, by (1), <7+(G)>2, a contradiction.

Suppose that G does not contain a circuit of length ^c. Add edges to G to form a 
graph G* with the maximum possible number of edges such that G* contains no 
circuit of length sc . From now on we write D+, d+, £>_, d_ for D + (G*), \D+ (G*)|, 
etc. There are two cases to consider.

Case 1. Each two vertices of D + are joined by an edge of G*. In this case let 
a1,a 2, . . . ,a m,a 1 be the vertices in order round a circuit C of maximum length in 
G* subject to the restriction that D+ £  C. Reducing suffices modulo m, let

X:---  {tf;€ D+ : ÖÍ-1ÍÖ+. ai +1Í 7)+},

7j: =  {a,€T>+ :ai_1£D+, ai+i$ 7)+},

F  :=  fa€Z)+ ai+i€T>+},

Z : =  {a^D + :a i_16D+, fl.+i €Z)+},

л: :=Ч П  у :== И  =  1П1, z := \Z\
Note that
(2) x + 2y + z = d+ 

and

(3) x + y  =  m — d+, 
so that
(4) y + z S  2d+ — m 

and (subtracting (3) from (4))
(5) z ^ 3 d + — 2m + x.

Moreover, since we are supposing that there is no circuit in G* of length Sc, we have

(6) í/+ í f f ! S c - l á í / s n - l .

Let ^denote the set of paths P such that P starts at a vertex in Y1 and goes round 
C to the next vertex in Y2. Then C can be broken up into the paths in SP and the ver
tices in Z, and these units can be reassembled in any order to give a circuit with 
the same length as C. It is now easy to see, using the maximality of C, that if two 
vertices in Ft U Y2 U Z are joined to the same vertex outside C, then they must be the 
two end vertices of a path P in SP, the penultimate vertex of which is not joined to 
any other vertex of Fx U F2 U Z. So if there are к pairs of vertices in Y1UY2U Z  
with this property, forming two sets F / g  kj and Y2 Q Y2 with \Y-y'\ = \Y2 \=k and

(7) к S  y.
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then each of the vertices of Y1\JY2UZ  apart from these 2к  is joined to at most 
m — l —k  vertices of C, and each of these 2k vertices is joined to at most m —k  ver
tices of C. Thus we find

пЩС\ + КП U H U Z ) \ ( H  U H) I [ d - (т -  1 -  к)] + \Y '\[d -(m -  к)],
whence

(8) п — т + к  ^  (2y + z  — k){d— т+  1 +к). 
(4), (7) and (8) give

(9) п — т + к  ё  (2d+ — ni) {d— m +1 + к), 
whence

n — m ë  (2d+ — m)(d— m +  1), since и —m ë  d —m + 1 =  1, by (6),
> [ (c + 2 ) (n - l) /d -2 -m ] (d -m + l) ,  by (1), 
ë  [(m + 3)(n— l)/d— 2 — m\(d— m+  1), since m s e — 1, by (6). 

Simplifying, this gives
(m — \){n— 1 — d) > (n— 1 — d)(m + 2)(d— m+  1),

which is impossible since n — 1— i/ëO and d—m + l ë l ,  by (6). This completes the 
discussion of Case 1.

Case 2• There is at least one pair of vertices in D + that are not joined by an 
edge, Since the addition of an edge joining them creates a circuit of length at least c, 
they must be connected by a path of lenght at least c— 1.

Let űj, a2...am be the vertices in order along a longest path P in G* subject to 
the restriction that ax and am£ D +. Clearly m ëc . For i= l  ur m, let

Q, := r ( a t) \V ( P ) ,

Rt := Г (Qi) f)D +nV(P),

and, for anyX Q V (P ) ,  let

and

Let

И := Г (а4)П К (Р )\Д г,

X - := {ajtV{P):aJ+1€X} 

X+ := {aJeV{P):aj _1eX}. 

qi-=\Qi\, r f  := |/?r|, etc.

Since ax and am£D+, the result is obvious if Qx or Qm — 0  ; so suppose 0  
(г =  1, m). Then a, £ Rt, and, since а&Г (at) П V(P),

( 10) qi + i"i + Si = |F(űí) |+  1 s  d+  1.

Using the maximality of P, we see that Q ^ D _  and r(Q i)C \D + ^  V(P)  (i= l, m). 
So we may suppose that

(11) r, =  \ r m n D +\> (c  + 2)qJ2d,
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as otherwise the graph G*\Q{ would satisfy the hypotheses of the theorem, and the 
result would follow by induction. (Notice that G *\Q t contains at least one vertex 
with valency ^ d , namely am+1_( (/=1, m)) Using the maximality of P again, we see 
that R ïf]D + = R + HD+ = 0 ,  so that

R rD R 1 = R *D R m = 0 .
Since m ^c, there is no circuit in G* with at least as many vertices as P. Using this, 
and standard arguments for forming circuits out of paths, it is easy to see now that 
the only possible non-empty intersections among the sets

are
5ХПЯГ and S+n.R+ + .

Note that
r f  = г г-  1, r + + = = rm-  1 and = sm,

and put

( 1 2 )  Sx : =  I S A I ,  <5m:= | S + \ * +  + |-
Let

Then, by the above disjointness assertions,

(13) \X\ = 2r1 + 2rm- 3  + ôl + ôm.
But (10), (11) and (12) give respectively
(14) r, S  d+ 1 -S i-q i ,
(15) 2</г,/(с +  2) >  qt, 
and
(16) Г( ^  1 + J f  — 5 t ,

so that, adding,

(17) 2rt(c + d+2)/(c + 2)>  d + 2 -ô i.
Thus (13) gives

\X\ = 2(r1 + rm) + (ô1 + ôm)(c + 2)/(c + d + 2 )-3  + (ô1 + ôm)dl(c + d+2) 
> 2(d+2)(c + 2)/(c + d + 2 ) -3  + (ô1 + ôm)d/(c + d+2), by (17),
^  c if c ^ d  or + 1. But if c = d+  1 and 5( = 0, (17) gives

2r, >  (d + 2) (</+ 3)/(2d + 3) >  \(d+  3),

whence (d+ 4) (/=1, m). If rx or rm> \(d +  4), then \X \>c=d+1, by (13).
A study of (14), (15) and (16) now shows that |A j^ c + l except when

( 18)
d = 0 (mod 4), <5X =  Sm =  0, 

jtfl = 4m = \d, rl = rm = \d +  1, 5х =  5т = ^ .
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We now prove the existence of a circuit in G* of length at least |2f| — 1, coming 
back to the exceptional case (18) at the end. Since all the vertices if Z>+ are contained 
in a single block of G*, say B, the path P lies in this block. We construct a sequence 
of paths Px, P2, ... iteratively. Let Px be a path outside P (except for its end vertices) 
connecting ail:=a1 to ajl , where P1 is chosen so thatj \  is as large as possible. Suppose 
now that Рг, ..., Ps have been constructed, where Ps connects ais to aJs. If j s=m, 
stop; otherwise let Ps+1 be a path outside P (except for its end vertices) connecting 
ais+1 to ajs+1, where j s+1 is as large as possible subject to

(19) 4+1 <Л -
Note that 4+ i= 4 -i (if v =  2), ,/s+1>4 by the 2-connectedness of B, and Ps+1 is dis
joint from all of Px, ..., Ps except for the possibility that 4+ i= 4 -i ■ Having finished 
the construction with Pk, having j k = m, change Px and Pk if necessary so that /, is as 
small as possible and ik as large as possible without violating (19).

If i = j, let us denote by a, Paj and ajPaг the paths forwards along P from 
to Uj and backwards from ax to a,, and similarly with Ps for P. Then if к is odd we 
have the circuit

ah Pi ah Pai3 P3 ah P...Pk aJk PaJk _1Pk- 1aik_lP...P2 ah Pah ; 

and if к is even the circuit

ah Pi ah Pah P3aj3P -P k -iaJk-1 Pajk Pk aik P...P, aLi Pah .

The only vertices of X  that could be omitted from either of these circuits are aJl_1, 
aik+i and aik+2> which could be in R{, S£ or and R„+, respectively. However, 
if a j ^ ^ R ï , then we can choose Px to have length at least two, and similarly with 
Pm if aik+2£Rm + ; so we can certainly find a circuit of length at least \X\ — 1.

This completes the proof except in the case (18), when \X\ — c= d+ \. In this 
case SkQRp, since dx =  0, and so, since a2dS1, a3^R 1. This means that there is a 
vertex a'2 in Qx that we can interchange with a2. The effect of this is, for all practical 
purposes, to increase qx by one, and to give us an augmented set X ' with \X' \ ̂ d + 2 . 
For define

Qi ■= [Г(ах)\У (Р )]и {а 2},

and use this set to define (recursively) Rx, Sx, ô'x and X ' in a way exactly analogous to 
the way in which we defined Rx, Sx, ôx and X  using Qx. We obtain relations (13')— 
(17') involving \X'\, q[, rx, sx and ôx (in an obvious terminology) exactly analogous 
to the relations (13)—(17). But now q[= \ d+ 1 and so, by (15'),

r'i >(i/+3)(rf+2)/4rf> \ d + \ .

Since rm = \d + 1, \X' |й<7+2, by (13). The longest circuit formed by the construction 
described above, possibly with a2, in place of a2, must have length at least \X'\ — \, 
^ d + 1 as required. This completes the proof of Theorem 2. f

P roof of Theorem 1. The proof follows the same lines as the proof of Theorem 
2. I indicate here the extra difficulties.
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If d is even, we prove the result stated. If с/is odd, we prove the stronger result 
that, if d+(G)>d(n — l)/2(d— 1)— 1, then either G contains a circuit of length at 
least d + 1 or G is an 0(d, t) for some t. Since in the latter case d+(G)=d(n — 2)/2(d— 1), 
this will prove Theorem 1. (I cannot prove Theorem 1 without proving this stronger 
result.)

This causes difficulties in the second paragraph of the proof, because it is no 
longer enough for one of Gx and G2 to satisfy the hypotheses of the theorem. However, 
calculation shows that, if Gx is an 0(d, tx) and G2 does not satisfy the hypotheses of 
the theorem, then the graph obtained by deleting all but one edge of Gx from G does 
satisfy the hypotheses; and if this graph is an 0(d, f2), then G is an 0(d, t1 + t2)-

It still suffices to prove the result for G*, since if G* is an 0(d, t) then G* minus 
an edge does not satisfy the hypotheses of the theorem, to that we must have G =  G*.

In Case 1 we choose C so that X  is as small as possible (subject to C having maxi
mum length and D+^C ). We then notice that, if ÄV 0 ,  each vertex of Z is joined to at 
most m — 3 vertices of C. It is enough to prove that п—тШ 1 or (if d is odd) n - m s 2 ,  
since, in the cases n= d+ 1 and (if d is odd) n=d+ 2 it is not difficult to prove the 
result directly. The details of the argument are repetitive and tedious, but the only 
difficulty arises in the case d odd, k —0 and X=  0 .  In this case the hypothesis of the 
theorem ensures that d+^ \  (и — 1), and (2) and(8) yield d —m+ 1 =  1 and n ^ 2 d — 1, 
whence the hypothesis gives d+ ^d. Thus d+=d, m=d, x=y=0, and G* consists 
of Kj with pendent edges added at each vertex. There is clearly no such graph if 
n = 2d— 1. If n = 2d we obtain 0(d, 1). If n ^2 d + \, the hypothesis gives d+^ d +  1 
and G* contains the required circuit.

In Case 2, making heavy use of the integrity if the variables, we obtain the 
required result \X \^d+ 2  except in case (18) and the following case:

d =  1 (mod 4), ô1 + ôm ^ \ ,  rx = rm = \(d+  3),

<7, =  \ (d +  1) and i ; =  j (£ / - l )  if <5,- =  0 (/ =  1, m).

Relabelling P in the reverse direction if necessary, we may suppose that <?!=(), 
whence the result follows as in the proof of Theorem 2. This completes the proof of 
Theorem 1.
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ON HADWIGER NUMBERS AND NEWTON NUMBERS 
OF A CONVEX BODY

by
L. FEJES TÓTH

§ 1. A set of open convex bodies is said to form a packing if each point of the 
space belongs to at most one body. The bodies having a boundary point in common 
with a body В are said to be neighbours or first neighbours of B. The neighbours of 
the first neighbours of В different from В and from its first neighbours are said to be 
second neighbours of B, and so on. Sometimes we will call the y'th neighbours also 
neighbours of order j. The kth Hadwiger number Hk of В is defined [1, 12] as the 
maximum of the total number of its neighbours of order ^  к extended over all packings 
of translates of B. The kth Newton number Nk of В is defined [2, 12] in a similar 
way by replacing the word “translates” by “congruent replicas”. Obviously, Nk^ H k. 
The present paper contains some contributions to the various results [3, ..., 16] 
known about Hadwiger and Newton numbers.

§ 2. It is known [7, 8, 9] that in и-space we have, for any convex body,

Hk (2k + 1)"-1

with equality only for parallelotopes. What is the exact lower bound of Hkl We shall 
see that this problem is almost hopeless, even for n= 2.

In the plane we have the nice pair of inequalities

3£(/fc+l) = Hk ^  4k(k+  1).

The inequality on the left-hand side follows from the fact that in a lattice-packing of 
translates of a convex plate in which each plate has six neighbours, each plate has 6j  
neighbours of order j  and thus all together 6 * l + 6 - 2  +  ... + 6- k = 3 k(k +  1) neighbours 
up to the order k. The upper bound is attained for all k's if and only if the plate is a

parallelogram. How accurate is the lower bound? We shall show that there is a 
constartt c>3 such that for any convex plate lim //J/c2Se. This strongly supports
the conjecture that the lower bound is only for some small values of к exact.

It seems to be an interesting question what numbers can occur as the Hadwiger 
number Hk of a convex plate for small values of k. It is not difficult to show that Hx 
is either 6 or 8. It is known [12] that for a circle H2= 18 (and it seems probable that 
the equality / / 2 =  18 continues to hold for any strictly convex plate). For a centro- 
symmetric hexagon arising from a square by cutting off small triangles from opposite 
corners, we have Z/2 = 20 (Fig. 1). Thus we have at least one number between 18 and 
24 which is the second Hadwiger number of a convex plate. It is not known whether 
there is another such number.
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§ 3. Let В be a convex body, B + v a translate of В and В* the body arising from 
В by central symmetrisation [7]. Referring to the fact that В and B+v have a point 
in common if and only if B* and B* + v do so, we see that В and B* have the same 
Hadwiger numbers. Therefore we can restrict ourselves to centro-symmetric bodies.

In §3 and §4 we mean by a plate always a centro- 
symmetric convex plate.

Let Ox and 0 2 be the centers of two tran
slates P-L and P2 of a plate P touching each ot
her. We associate with the direction 0 X0 2 the 
density A of the densest latticepacking of tran
slates of P containing Px and P2. If P3 is a third 
translate of P touching both Px and P2, then A 
is equal to the density of the plates Px, P2, P3 
in the triangle 0 10 20 3, i.e. the total area of the 
parts of the plases lying in Ox 0 2 0 3 divided by 
the area of Ox 0 2 0 3.

Now we can phrase the following
T heorem . Let P be a centro-symmetric 

convex plate o f area A. Let the areaelement 
dA of P be the area o f the intersection o f P with 
an infinitesimal angular region emanating from 

the center o f P. Let A be the density associated with the direction of the bisector o f this 
angular region. I f  Hk is the kth Hadwiger number o f P, then

4 i
( * ) Jim H Jk2 — Ad A.

k-*- oo A

/----- /------ /------ /■

ШWÊL pm
7--- --

,

ЛИЯ!1 J/

/
HPáli Щ J/

✓ ____ /____ /
Figure 1.

The proof will be outlined in § 4. Here we make some remarks about the 
inequality (*).

Obviously, A is a continuous function of the direction. On the other hand, we 
have З ё 3/4 for any plate and any direction. Equality holds only in the case of an 
affinely regular hexagon for the directions of its diagonals. Thus we have for any plate

s S ádA
3_

T
1 rObserve that — / AdA is a continuous, affine invariant functional of the plate.

Any plate can be transformed by an affinity into a plate containing a unit circle 
and contained in a concentric circle of radius 4. The set of all such plates is compact. 
Therefore the last inequality implies the existence of a constant c>3 such that for

any plate — f  AdA^c/4. Thus we have lim H Jk2s c ,  as claimed in § 2.
The greatest possible value of c is not known. As an orientation let us mention 

the interesting fact that for a regular hexagon we have

2
1 j  AdA

dx
1 + 12л-2 ]/3 arc tan 1 n

/3  ~~ f \ 2 ’
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which is equal to the density of the densest lattice-packing of circles. Thus we have 
both for circles and for regular hexagons fim Нк/к2^2п/УЗъ3.62.

k-*-oo

Obviously, all neighbours of P of order not greater than к are contained in the 
domain (2k-\-\)P. Therefore the total number of these neighbours of P is less than 
(2k + l)2d+o(k2), where d is the density of the densest packing of translates of P. 
It is known [17, 18] that d cannot exceed the density A = max A of the densest lattice
packing of translates of P. Thus we have

ES H Jk2 s  43.
Comparing this inequality with (* ) we see that for plates with direction-invariant 
A [19, 20, 21] we have

lim H Jk2 = 4A.
k-+ oo

It is very likely that for any plate
4 i

lim H Jk2 =  — f  AdA.

In «-space we have for any centro-symmetric convex body of volume V
2П V

lim H Jkn s  AdV
k-+oo У

with similar definition of A and the volume-element as in the plane. But here we cannot 
conclude for bodies with constant A that lim HJk" = 2nA, because for n>2 we do not 
know whether the density d of the densest packing of translates of the body is equal 
to A. For balls it is even conjectured [22] that in higher dimensions we have d>A.

§ 4. In order to prove the inequality ( * ) we must construct a packing of trans
lates of P with a great total number of neighbours of P of order ^ k .  For this purpose 
we decompose the domain (2k+l)P  by half-lines emanating from its center О 
into a certain number of sectors. Let S be one of these sectors and let A be a half-line 
issuing from О and contained in S. Let P=P0 be centered at O. Let Px, P2, ..., Pk 
be the first, second, ..., kth neighbour of P with centers Ox, 0 2, , Ok lying on h.
Let L be the densest lattice of translates of P containing P0 and Px. In L we consider 
those neighbours of P0 of order at most к  which are contained in S. We add to these 
plates those plates of Px, ..., Pk which are not contained in S. We call the plates 
obtained in this way sector-plates (Fig. 2).

Figure 2.
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If к is great, the sector-plates will leave a part of S, near to the boundary of 
C2 k+ l)P , empty, because among the sector-plates generally only Pk will reach the 
boundary of (2k + \)P. But if the angle of S is small then we can say that the sector- 
plates fill S with density A, where A is the density belonging to the direction of h. 
Thus the number of the sector-plates is approximately A s/A=(2k+l)2Aa/A, where 
s is the area of S and a is the area of the intersection of S  and P. The sum of these 
numbers for all sectors is approxmately

Of course the sector-plates near to О belonging to different sectors will overlap. 
To avoid overlapping plates, we choose an integer m of order of magnitude Yk 
and we construct a “core” around P consisting of the first, ..., mth neighbours 
of P  in a lattice of translates of P in which each plate has six neighborus. The centers 
Cx, ..., C6m of the mth neighbours of P lie, in this cyclic order, in the vertices and 
on the sides of an affinely regular hexagon C1Cm+1... C5m+1. In the above construction 
of the sector-plates, let the number of sectors be 6m, and choose the sectors S so 
that their “bisectors” h coincide with the halflines ОСг, ..., OC6m. Translate the 
sector-plates belonging to the sector with the bisector OCt through OCiy i= 1, ..., 6m. 
The translated sector-plates along with the plates of the core will form a packing 
containing approximately

4k2 »
3m(m+l) + -^ -  J Ad A

plates, all of which are at most (m + k)th neighbours of P.
This implies the inequality (*). A detailed proof was given, in the case of circles, 

in [13].
§ 5. In я-space let В be a convex body of volume V and diameter D. In any 

packing of congruent replicas of В the neighbours of В of order ^ k  are contained 
in the parallel body of В of radius kD. Since the volume of this body is approximately 
v„k"Dn, where v„ is the volume of the unit ball, we have for the Newton number 
Nk of В the trivial inequality

lim Nk/kn — vnDn/V.
fc-»-co

The interesting thing in this inequality is that it is exact. Equality is attained for a 
special kind of space-fillers satisfying the condition that the space can be filled with 
linear chains consisting of congruent replicas of the body joined to each other along 
their diameters. This follows immediately from the idea of the proof of the inequal
ity (*).

Obviously, the parallelotopes satisfy the above condition. In the plane there 
are plates other than the parallelograms with the required property, namely the 
triangles and the quadrangles whose longest side is not longer than their longer 
diagonal. Are there bodies in more than two dimensions sharing the above property 
with the parallelotopes? As an answer to this question Professor H. S. M. C oxeter 
called my attention to “certain Simplexes such as affine variants of the orthoscheme 
(0, 0, ..., 0)(1, 0, ..., 0)(1, 1, ..., 0)...(1, 1, ..., 1)” . Another type of bodies with the 
required property was pointed out by E. M a k a i Jr.. Let A  and В be opposite vertices
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of an и-cube q. Decompose q into n equal pyramids based on the facets of q meeting 
at В and having A as common apex. Decomposing each cube in a cubical grid in 
this way, the pyramids will fit together in the desired way. The required property of 
the pyramids will be preserved by an affine elongation in the direction AB or by an 
affine contraction in the direction AB leaving the direction AB of the diameters of the 
pyramids unchanged.

The author thanks members of staff of the University of Calgary for assistance 
from their National Research Council of Canada grants.
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ON THE MAXIMAL DEVIATION BETWEEN TWO 
EMPIRICAL DISTRIBUTION FUNCTIONS

by
L. TAKÁCS

1. Introduction. Let £l5 •••> £m> */i> • ••, 4„ be mutually independent ran
dom variables having a common distribution function F(x). Denote by Fm(x) and 
Gn(x) the empirical distribution functions of the samples (£1, £m) and (rh,r]2, ...
...,//„) respectively. The empirical distribution functions are defined to be continuous 
on the right. Denote by qt, qt, ...,//£ the random variables qx,q 2, ...,//„ arranged in 
increasing order of magnitude.

In this paper we are concerned with the determination of the joint distribution of 
the magnitude and the rank order of the maximal deviation between the two empirical 
distribution functions.

The maximal deviation between Fm(x) and G„(x) is defined either as 

( 1 ) 0+(m, rí) =  sup [Fm(x) - G„(x)] =  max [Fm(q?)- Gn(n* ~ 0)]
-co^x^oo ISrán

or as

(2) Ő- (m, rí) = sup [Gn(x)- Fm(x)] = max [G„(q*r)~ F m(»/*)].-»,< 1 «» ISrSn

Denote by Q+(m,n) the smallest r — \,2 , , n and by (T+(m,n) the largest
r= l ,2 ,  . . . ,n  for which Fm(qZ)—Gn(qZ—0) attains its maximum. Denote by 
Q~(m,n) the smallest /•=1,2, ..., n and by o~(jn,ri) the largest r = l , 2 ,  . . . ,n  for 
which G„ (q*) — Fm (//*) attains its maximum. The variables Q+(m, rí), q ~ (m, n), <j+(m, rí), 
o~(m, n) can be interpreted as the rank orders of the first and the last maximal de
viation between the two empirical distribution functions relative to the sample
('ll, -  ,4n)-

Define

(3) t + (m, rí) =  [(m -f rí) (q + (m, n) — 1 ) +  mnS + (m, n)\/n,

(4) x~ (m,n) =  [{m +  n)0~ (m, n) — тппЬ~ (m, n)]/n,

(5) œ+ (m, ri) = [(/и +  rí)(a+ (m, rí) — 1) + mnö+ (m, n)\/n, 
and

(6) со (m, rí) — [(m + n)a (m, rí) — mnö ~ (m, rí)]/n.

The random variables т+(m, rí), т~(т, rí), со+(т, rí), co~(m, п) can be interpreted 
as the rank orders of the first and the last maximal deviation between the two empiri
cal distribution functions relative to the combined sample.
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We can easily see that if F(x) is a continuous distribution function, then ô+(m, ri), 
S~(m,n), Q+(m,ri), g~(m, n), a+(m,n), a~(m,ri), т+(m,ri), z~(m,ri), co+(m,n), 
co~(m, ri) are distribution-free statistics, and we have the following equivalence 
relations between the distributions of the indicated vector variables :

and
(<5+(m, ri), o+(m, n))~(<5~(/n, ri), n+  1 —g~(m, ri))

(p~ (m, ri), o~ (m, ri)) ~  ((5+ (m, ri), n + 1 -  q + (m, ri)). 
These relations imply that

and
(<5+ (m, ri), tu+ (m, ri)) ~  (à (m, n),m + n — z~ (m, ri)) 

(<5“ (m, ri), a>~ (m, ri)) ~  (<5+ (m, ri), m + n — z+ (m, ri)).

The above relations show that in order to find the distributions of the indicated 
vector variables, it is sufficient to determine only the distributions of (<5 +(m,ri), 
Q+(m, ri)) and (p~{m, ri), Q~{m, ri)).

We note that in the particular case when n —m we have also (ô+(m, m), 
e +(m, m))~(ô~(m, rri), m + \ —Q~(m, m)) and («5 +(m, m), т+(т, m))~(ô~(m, m), 
2m—z~(m, m)). These relations follow by symmetry.

In 1969 the author [3] determined the distribution of (ô+(m, ri), Q+(m, n)) 
for n=mp where p is a positive integer. Now we shall determine the distribution of 
(p~(m, ri), Q~(m, ri)) for n — mp where p is a positive integer. In the particular case 
when p=  1 the distribution of (ô+(m, ri), x+(m, ri)) was found in 1957 by I. V in cze  [4]. 
In 1973 G. P. Steck  and G. J. Simmons [1] gave a general method of finding the distri
bution of (ô+(m, ri), z +(m, n)).

2. A combinatorial method. To find the distributions of the statistics introduced 
in this paper it is convenient to define some auxiliary variables. Let us define v, 
(r—1, 2, ..., n+ 1) as p  times the number of variables £2, ..., falling in the 
interval pï] where = — °°, rĵ +1=°° and p is a positive number. Write Nr = 
=  vx + ... + vr for r = 1, 2, ..., n +1. Clearly Nn+i=mp. By using this notation we can 
write that

(7) Fm(r,*) -  NJmp, G„(tj*) = r/n, Gn{r,* - 0 )  -  ( r -  1 )/n
for r=  1, 2,

(8)

and

(9)

n. Thus we have

<5+ (m, ri) - max r —• 1
L mp П

<5 (m, ri) — max Г
П

Furthermore, Q+(m,ri) is the smallest r= l, 2, ..., n and a+(m, n) is the largest 
r=  1, 2 ,..., n for which nNr — (r— l)mp attains its maximum, and Q~(m, ri) is the smal
lest r = l ,2 , . . . ,n  and o~(m,ri) is the largest r = I ,  2, ...,n  for which rmp—nNr 
attains its naximum.

Throughout the rest of the paper we assume that F(x) is a continuous distri
bution function. If F(x) is a continuous distribution function then vx, v2, ..., v„+1
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are interchangeable random variables whose joint distribution does not depend on 
F(x). We have

( 10)

for i = l ,  2,

P{7Vi = ip} ( i + r ‘ )
(m + n — i — s\ 
[ m — s )

(
m + n)

m J1
n and s=0, 1, m, and

( 11) P{Nt = sp, Ni+j- N i  =  tp) = Г г 1) г , - ■)
(m + n — i —j  — s — t\ 
( m — s — t J

1
\m +  и)
l m )1

for lg i< i '+ j^ n  and O á i +  t^Di. Furthermore, Nn+1=mp.
Since the random variables (v1; v2, ..., v„+1) have the same joint distribution 

as the variables (vn+1, v„, ..., vx) it follows that the equivalence relations mentioned 
in the Introduction are indeed true.

In what follows we shall consider the case when n=mp and p is a positive integer. 
In this case у1э v2, ..., vB+1 are interchangeable random variables taking on non
negative integers only. By the results of reference [2] for l^ i^ n H -l we have

( 12) Р{Л̂  <  r for I s r S  s\N, - /}
f(i—i)/s for 0 g  i s  s, 
{ 0 for i ^  s,

provided that P{7Vs=/}>0. We can easily prove (12) by mathematical induction.
Define Q(k) (k= \, 2, ..., л+ l )  as the smallest r = l ,  2...... и + l for which

r — Nr=k if there is such an r at all. By (12) it follows immediately that

(13) P{e (A:)=/-} = yP{r-7V r =  *}

for l^ A :S r^ n + l.
3. The distribution of (S~(m, n), Q~(m, nj). By (12) and (13) we can easily deter

mine the distribution of (<5~(m, rí), Q~(m, ríj).
Theorem. I f  F(x) is a continuous distribution function and n=mp where p is a 

positive integer, then we have

(14)

(w + ") P{nö-Qn, n) = к, q~ (m, rí) = k + sp} = ^  (* + * )

[n —k —l —sp~\

p J lU m  + n - k - s p  — í ) _ l p J 1 ( tp + \\(m  + n - k  — l - s p - t p - s - f l l
[l m - s  J ,=0 1 + i p l  t Jl m - s - t  ) \

for O ^sp sn  — к and l ^ k ^ n ,

(3(!5) P{nő~(m, rí) =  0, Q (m, rí) = sp} =
(sp + s — 2Km + n — sp — s} 

m - s  )
( s p - l) (n + l- s p )
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for and

(16) pinö~(m,n) =  0,Q -(m ,n) = 1} = 2Qm~_  Г) 
for p =  1.

Proof. If n—mp, then by (9) we have

(17) P{nö~(m, rí) = k, Q~(m, rí) = j}  =
— P { j—Nj = k, r — Nr -с к for 1 s  r <  j, r — Nr s  к for j  g  r ^  и} 

for O ^ k ^ j^ n .
If k ^ \ ,  then by (13) we can write that

Р{и<5 - (m, rí) = к, Q-(m, rí) = j } =

(18) = Pfe(fc) = j } -  "Z Pfe(*) = j ,  Q(k+l)-Q(k) = i} =

=  T P^  = j - k ) - nz í p{Nj = j —k  and Ni+J- N j  = i -  1}
J i=1 у

and this proves (14).
If./>1, then by (12) we get

(19)

P{nd- (m, rí) = 0, Q -(m, rí) = j} = Д  p{^i = r +  1, Nj = j}  =

=  Р { А г1 =  о , т у / = Л  
0 ‘- l ) ( « + l - 7 )  ‘

Here we used that E{Ar1|AfJ=y}= 1. This proves (15).
Finally, by (12) it follows that

(20) P{n<5- (m , rí) — 0, q ~ (m, n) — 1} =  ■

which proves (16).
We note that if n=mp, then

(21) ?{e~{m,ri) = j}  = -  

for j —1, 2, ..., n.
In the particular case when n=m, that is, p=  1 by (14), (15) and (16) we obtain

that
(22)

P{mö (m, m) =  k, g~ {m, m) — j )  = k ( k + 1) !\2 il k)
|2 m — 2_/'+

(2j - k ) ( m - j + k +  1)
И 1

S tu d ia  Scientiarum M athem aticarum  Hungarica 10 (1975)



MAXIMAL DEVIATION 121

for 1 and

(23) P{mö~(m, m) =  0, Q~{m, m) -  j }  —
, 1(У)f2" : - У )

(4 j -2 ) (m - j+ l) 1
for l^ j^ m .  Formulas (22) and (23) are in agreement with the results of I. ViNCze [4].
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EINE OPTIMALE FEHLERABSCHÄTZUNG 
ZUR TRIGONOMETRISCHEN INTERPOLATION

von
R. GÜNTTNER

§ 1. Einleitung und Ergebnisse

Es bezeichne С2ж den Raum der reellwertigen, stetigen und 27r-periodischen 
Funktionen. In [1] wurde bewiesen

wobei T„[f\ das trigonometrische Interpolationspolynom von /  an 2n +1 äquidistan
ten Stützstellen bedeutet und || • || im Sinne der sup-Norm zu verstehen ist. Die 
Abschätzung (1.1) soll hier für gewisse Unterklassen von Cin weiter verschärft werden.

H^C-Czn sei die Menge aller Funktionen, deren Stetigkeitsmodul nicht größer 
als ein vorgegebener Stetigkeitsmodul со ist. Speziell bezeichne LipM oc die Klasse 
Ha) mit œ(ô) = M • ö“ (0-=oí^ 1).

Zum Vergleich seien noch zwei Fehlerabschätzungen aus der Approximations
theorie angegeben :

( 1 . 1 )

( 1.2) IIZ,[/]- / l l^ y  ( | | r j +  !)•«>

ю konkav; dies ist eine Folgerung aus den Ungleichungen

I I W ] -/I l  S  (HZ,II + !)•£■„(/), /€С 2я

со konkav.

Zu der letzten Abschätzung siehe etwa [4]. Speziell ergibt sich aus (1.2)

(1.3) IIZ[/]-/ll  S  ^ L q r j  +  i), f c U p u  1.
Hier soll nun bewiesen werden :

Satz  1. Der Stetigkeitsmodul со sei konkav. Dann ist

(1.4) sup \\Tn[f]~ f\\ = -,{\\Tn\\+Cn)-to
Ген... 2.

2n
/ея„ (2 л +1

mit

1 S t u d i a  S c i e n t i a r u m  M a t h e m a t i c a r u m  H u n g a r i c a  10  (1975)



124 R. GÜNTTNER

1st со streng monoton, so ist C„< 1 und damit (1.4) eine Verbesserung von (1.1) und 
(1.2). Als Spezialfall von Satz 1 sei hervorgehoben die

Folgerung 1. Für die Klasse LipMot, ist C„—21_ot — 1, insbesondere gilt:

71 • Af
sup у г л я - / ! !  = 5— r-ii7;ii.

f C L i p M  1  4 Я + 1

Dies ist offensichtlich eine Verbesserung von (1.3).
Für die trigonometrische Interpolation bei gerader Knoten wähl wird ein analoger 

Satz bewiesen. Es bezeichne hierbei T*[f] das trigonometrische Interpolations
polynom an 2n äquidistanten Stützstellen (vgl. § 4):

S a t z  2. Der Stetigkeitsmodul со sei konkav. Dann ist

mit
sup m m - n  =  4(iir*ii+c*).co

C* =  2<o - 1 .

Folgerung 2. Für die Klasse LipMoc ist C„* = 21 a— 1, insbesondere gilt:

71 • Af
sup \\T*[f]-f\\ =

/ €  L i p M  1

Weitere Bemerkungen :

2 n 117? II.

Für die Größen ЦГ„|| und II T* II ist bekannt:

С +  - 1 п ( 2 и + 1 ) ^  II7),Il S  1 + - 1 п ( 2 я + 1 )
7C П

C +  — ln/i  ||Г*|| S  1 +  — ln и
Л  Л

mit

C  =  — y + l n -  =  0,962.

(y Eulersche Konstante). Näheres hierzu siehe [2] und [3].

§ 2. Benötige Hilfssätze

Seien yk=f(cpk), (k=  1, 2, ..., 2n + l), die Funktionswerte von / an den Inter
polationsknoten. Das Interpolationspolynom läßt sich schreiben in der Form

2Л +  1

Tn[ f m =  2  У к • dk (<P)k = 1
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mit wohlbestimmten trigonometrischen Ausdrücken dk. Es gilt

(2.1)
2л +  1

2  d k(4>) =  1
k = l

2n + l
(2.2) max 2  \dk(<p)\ =  TOI

Die Knoten seien nun speziell äquidistant vorgegeben

<Pk =  a + 2n+ J » (k =  \,2, ...,2n +  \).

Zur Vereinfachung der Ausdrücke und ohne Beschränkung der Allgemeinheit werde 
im folgenden stets a = 0 gewählt. Dann lassen sich die Grundpolynome vereinfa
chen zu

dk((p) = ( -1  )k 
2/1+1

Für <p€]<p„, <P„ + i[ gilt demnach

. 2//+1 sin— ^ — (p

sin —(<p-<pk)

(2.3) sgn dk(cp)
J(— l)n+,; für 1 S  (  g  /I,
{(—l)" + t: + 1 für /I+ lS Ä T S  2/2+ 1.

Das in [1] angegebene Lemma muß hier dadurch verschärft werden, daß der /2-te 
Summand genauer abgeschätzt wird :

L e m m a  1 . Sei
m

(2.4) 2 4  = o/1=0

(2.5)
V —1 V

sgn 2  a 4  = -  sgn 2  V  (v =  1.2. -, /и -  1)
/1 =  0  /1 =  0

und n, l=n=^m — 1 beliebig aber fest gewählt. Mit den Bezeichnungen

A '■= 2  aii> B ■= 2  an =  -  2  a„
/2 =  0 /1 =  Л +  1 /1=0

gilt sgn + =sgn B= — sgn an, und es ist

1m

2 . (
v = 0 1 p=o

S  T  2 K \ - \ a n\ • m a x  — 6*1 +

+ \A\-\bn_1- b n\ + \B\.\bn- b n+1\. 

Der Beweis erfolgt am Ende dieses Paragraphen.
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Zur Anwendung von Lemma 1 werde für ( p f ] ( p n , (p„+1 [ gewählt: 
dk+1 ((p) V =  0, 1, n 1

(2 .6) üv — 1 V =  n
dk(q>) V =  n+  1, n + 2 , 2 n +  1.

Wie in [1] gezeigt wurde, sind hierfür die Voraussetzungen (2.4) und (2.5) erfüllt. 
Es ist jetzt A = A (cp), B=B(cp) und — sgna„= l, also

n 2n +  l

A{(p) = 2  dk(<p) >  o. Bisp) = 2  dk(q>) >  0.
k=1 k=n+1

Es gilt A + B=  1. Für die Beweisführung von Satz 1 ist notwendig, daß auf mindes
tens einer Intervallhälfte von ]cpn, <pn +,[ entweder A oder erfüllt ist. Dazu

Lemma 2. Sei q>M der Mittelpunkt des Intervalls ](p„, (pn+1[. Dann gilt

(i) entweder 0 <A(<p)^ —für alle cp£[(pM, <p„+1[,

(ii) oder 0<B((p)^ j  für alle <p€]<p„, cpM].

Es kommen zwar beide im Lemma genannten Fälle vor (je nachdem n gerade 
oder ungerade), aber sie treten nicht gleichzeitig auf. Das kompliziert die Anwendung 
der Lemmata im nächsten Paragraphen.

Beweis von Lemma 1 :
Partielle Summation und anschließendes Umordnen der Summanden liefert

2
v =  0

m V —1

2 (P v-i-by)' 2  aß 
v =  l  /1 = 0

n — 1 m п - f l  V —1

2  + 2  +  2  (^v-i ~ b v) ‘ 2  an
v =  l  v = n  +  2 v =  /i /t =  0

Í m=  max \bk_1- b kM  2
1 ^ Л  =  т  lv =  l

V — 1

2
/1 =  0

n + 1

-  2x — n
V — 1

2  %ц = 0

+ 2  K -i-*v )l*  2  aß 
V=n 1/1 =  0 | -

= max K - i-h /i l- l  2
I S I S m  lv =  l

V —1 

2  aß - c \A\ + W }

+

+ \bn- i  — b„\ • \A\ + \bn+i — b„
Beim Beweis des Lemmas in [1] ist bereits gezeigt worden:

■1*1-

2
V — 1

2  %ß=0
1

= f  2  K l -
Z  v =  0
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Weiter gilt unter Beachtung von (2.5)

sgn A =  sgn В = sgn(-ű„)

und
A + B = - a„

\A\ + \B\ = \A + B\ = \an\.
Damit ist Lemma 1 bewiesen.

Beweis von Lemma 2:
Auf Grund von A((p) + B(cp)= 1 und A((p)>0,B((p)=-0 folgt zunächst 

0<Л(<р)<1, 0<5((р)<1. Als nächstes soll gezeigt werden, daß A streng monoton 
fallend und В streng monoton steigend ist auf dem zu Grunde gelegten Intervall 
](pn,(pn+i[. Es ist A (<pn)— 1, A (<pn+1)=0. Wäre das trigonometrische Polynom А 
vom Grade n nicht auf dem ganzen Intervall streng monoton fallend, so hätte die 
Ableitung dort wegen 0<A (<p)< 1 nicht weniger als 2 Nullstellen; zwischen (px 
und cp„ hat sie nach dem Satz von Rolle auf Grund der Funktionswerte

{1 für V =  1 ,2 ,..., n 
0 für V = n+ 1, n + 2, ..., 2и+ 1

mindestens n — 1 Nullstellen, zwischen (pn+1 und cp2n + 1 mindestens n, also zusammen 
nicht weniger als 2n + l Nullstellen, d.h. die Ableitung von A wäre identisch Null* 
Widerspruch. Also ist A monoton fallend im betrachteten Intervall und somit B(cp) = 
=  1 —A((p) monoton steigend. Folglich gibt es wegen A+ B =  1 und der strengen 
Monotonie genau einen Wert^€]^>„, (pn+1[ mit

А(ф) = В(ф) = — ,
und es gilt

0 <  Л(<р) s  für alle (p£[<p, cpn+1[,

0 <  B(cp) ^  y  für alle <?>€]<?„, ф].

Es gilt somit Aussage (i) des Lemmas für den Fall <p^(pM und (ii) für den Fall
Ф — ФМ'

Damit ist Lemma 2 bewiesen.

§ 3. Beweis von Satz 1
Das Maximum von

к и ш  = \Tn[ fm -A < p ) \
werde in ]<pn, (pn+1[ angenommen, sonst verschiebe man / und damit Tn[ f  ] um ein 
entsprechendes ganzzahliges Vielfaches des Knotenabstandes. Es sind nun die beiden 
Fälle von Lemma 2 zu unterscheiden. Angenommen, es gelte Teil (i). Dann kann 
auch angenommen werden, daß Rn[f]{(p) das Maximum für [cpM, <pn + y[ annimmt.
(Ansonsten betrachte man im folgenden die Funktion/ ,  die aus/ durch Spiegelung an
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<Рм hervorgeht, also f(<p)=f(2<pM-<p). Offenbar ist ||Л„[Л(<Р)1Ы|2иЛ (<P)II, und 
nimmt Rn[ f] das Maximum in der einen Hälfte von ]q>„, (p„+1[ an, so nimmt R„[/] 
dasselbe Maximum in der anderen Hälfte an.)

Zur Anwendung von Lemma 1 werde nun zusätzlich zu (2.6) noch gewählt

/(<Pv + l) V = 0, . . . ,  и — 1
К  = A<p) v = n

f(<py) V =  и + 1 ,и  +  2, ...,2и+1.
Damit ergibt sich unter Beachtung von (2.2)

к и т  s ■ (0
2n +  А • co(cp -  <p„) + В • со(срп + 1 -  cp).

(2n +  1
Nun ist со konkav, also

A-co(cp-cpn) + B-co(cpn+1-cp) S  co[A-(cp-cp„) + B-(cpn+i-<p)l
Aus

4>~4>n =  (<Pm  -  <Pn) +  (cp- <pM)
(Pn + 1-<P =  (<Р п + 1 -(Р м )- (< Р ~ < Р м )

und B =  1 — A folgt
^•(<Р-<Рл) +  ^ - ( ^ п + 1 - ф )  =  (ф м-9п)-(<р-<Рм)*(1  -2 /4 )  S

71
(Ч>м-<Рп) = 2n+l

§ 4. Beweis von Satz 2

Die Interpolationsknoten seien
Ictt

(p* = a + —  ( k = l , 2 , . . . , 2  n). n
Als trigonometrisches Interpolationspolynom werde hier der folgende trigono
metrische Ausdruck vom Grade n verstanden :

A  (f\«p) =  Z y k-AUp)
k  = 1

mit

dit (<p) =  sin n (cp -  cpk) • cot j  (cp -  A ).

Ohne Beschränkung der Allgemeinheit kann wieder zur Vereinfachung der Aus
drücke a=0 gewählt werden, so daß sich die Grundpolynome dk vereinfachen lassen zu

(_  l)fc 1
dk (Ф) =  ~2 - sin ncp • cot — (cp -  cpt), (Je = 1,2, ...,2л).

Für cp£]cp*, cp*+1[ gilt

sgn dk* (cp) i ( - l ) B+t
1(-1)л+*н

1 á  Í: S  n,
[(— l)"+k+1 n + \ ^ k s 2 n .
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Die Aussagen und Beweise der Paragraphen 2 und 3 gelten sinngemäß auch hier, 
wenn man den Index 2n +  1 stets fortläßt bzw. durch 2n ersetzt, und anstelle von 
]<P*> <p„+1[ bzw. dv jetzt ](p*, cp*+1[ bzw. d* schreibt usw.

Nur der Beweis von Lemma 2 muß modifiziert werden. Die dort angestellten 
Überlegungen liefern auf dem Intervall ]0, 2л] jetzt nur 2n Nullstellen für die Ablei
tung von A*. Nun gilt aber

d*((p-n) = d*+v((p),
also A*(cp — n) = B*((p). Durch Addition von A*(q>) auf beiden Seiten ergibt sich auf 
Grund von Л * + -В* =  1

A*(<p-n)=  1 -A*(<p),

d.h. aber, die Anzahl der Extrema in ]q>*, (p*+1[ = |л , +  wiederholt sich im Inter

vall ]0, <p*[=]0, — [, woraus die zum Beweis benötigte Anzahl von Nullstellen und 

demnach die Monotonie von A* folgt. Es gilt sogar hier cp = (pM, denn aus 

4>-,+ i (<Pm) =  d* + v((pM) , (v =  1 ,2 ,. . . ,  и)
folgt sofort

Л*(<Рм) - В (<Рм) =  у .

Damit läßt sich Lemma 2 verschärfen zu
Lemma 2*. Sei tpM der Mittelpunkt des Intervalls ]cp*, <p*+,[. Dann gilt

(i) 0 <= A*((p) у  für alle <p£[(pM, <pï+1[ und

(ii) 0 < B*(q>) S  y  für alle <p€](pï, q>M].

Somit vereinfacht sich hier der in § 3 angegebene Beweis, denn nimmt R„[f]((p) das 
Maximum in [cpM, (p*+i[ bzw. ]<p*, (pM] an, so kann unmittelbar Lemma 1 in Verbin
dung mit Lemma 2* (i) bzw. (ii) angewendet werden.
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THE HAMMING-SPHERE HAS MINIMUM BOUNDARY

by
G. О. Н. KATONA

Introduction

In their information-theoretical investigations [6] A hlswede, G ács and 
K örner needed the solution of the following problem. Let s i  be a subset of the space 
of 0—1 sequences of length n. The Hamming-distance q (a, b) of the sequences a and 
b is the number of places where they differ. b(si) is the set of sequences which have 
Hamming-distance ^  1 at least from one element of si. The question : what is the 
minimum of \b(si)\ (|Jf | means the number of elements of X) if \s i\is given. To deter
mine the minimum of \ô(si) — si\ is an equivalent question. They have found an 
asymptotical solution in a paper of Margulis [5], but the problem of determining the 
exact minimum remained open*. The aim of this paper is to give the exact minimum.

If \si\ allows, the optimal s i  is a Hamming-sphere. If \,ci\ is different, then we 
have to choose some additional points in a suitable way.

The proof seems to be quite complicated, but it is very easy after knowing the 
technique of a similar combinatorial question described below (see also Theorem 1): 
Let s i  be a family of /с-tuples of an и-element set (0—1 sequences with к l’s). Deter
mine the minimal number of (k— l)-tuples which are contained at least in one 
/■-tuple of s i  (that is, “lower” Hamming-boundary). This question was solved first by 
KRUSKaL [1], later (but independently) by the author [2]. The technique is used in the 
proofs of Hansel [3] and Eckhoff and Wegner [4]. This last proof is the shortest 
variant of this type. (For other ways of proofs see [7] and [8].) We did not succeed in 
reducing our problem to this one, but we use the methods. We use heavily an inequal
ity (see Lemma 2) which appears in different forms in [2], [3] and [4].

There is a natural correspondence between the 0—1 sequences of length и 
and the subsets of an «-element set. We use both terms alternately.

Summary of the used earlier results

L emma 1. I f  m and к are given non-negative integers, then there is a unique rep
resentation

W  m =  ( ? )  + (a* - i ) +  ••• +  (?) '
where ... > a , s r s  1.

* In the paper of Margulis it is slightly differently formulated. d(si) consists of the sequences 
X belonging to s i  and having a sequence y $ . i i  with Hamming distance д(х , у )  = 1. However, it is 
easy to see that d(si)= d(si)-si.
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The proof can be find in [1] —[2].
(1) is called the к-canonical representation of m. We define (k, m >0)

(2) F(k,m ) =  l ) + ( ^ 2) +  •••+(?

F(k, 0) =  0.

L emma 2. I f  k>  0, mx, m2 = 0, then

(3) F(k+  1, mx + m2) ^  max(m2, F(k + 1, mx)) + F(k, m2).

This inequality appears in a modified form in [2], and [3]. This form and the 
shortest proof can be found in [4].

If sé is a family of Æ-element subsets of a set of n elements, then 6L(sd) means 
the family of k —l -element subsets which are subsets of a ^-element set 6 л/.

T heorem 1. I f  s i  consists of different к-element subsets o f an n-element set and
0 ^ т = |л / |^ |^ | ,  then

|<5ь(л/)| s  F(k, m)
and this is the best lower bound.

This theorem can be found in [1], [2], [3], [4], [7] and [8], and it is an easy con
sequence of Lemma 2. It is easy to see, that \SL(si)\ = F(k, m) if we choose the 
first m 0—1 sequences with к l ’s in the lexicographic order.

L emma 3. I f0 -< k ,0 ^ m x,m 2 then

(4) F{k, mx + m2) S  F(k, mx) +  F(k, m2),

P roof. It can be found in [2]. However (4) is an easy consequence of Theorem 1,

thus we give here the proof. Take two disjoint sets Si and S2 of nx \mxs. and

n2 elements respectively. Construct an optimal family of nx ^-tuples on
Sx which contains F(k, mx) (k— l)-tuples. Take the same for S2. It means, that the 
family on SXUS2 contains exactly F(k, mx) + F(k, m2) {к — l)-tuples. By theorem 1 
this family must contain at least F(k, mx + m2) (к — l)-tuples. This gives (4).

L emma 4. I f  0< k;  0 ^ m x + m2, then

(5) ( i t - l) +  F (^’wi + mä - ( ^ ) )  S  F(k, mx) +  F(k, m2).

P roof. If or m2 — equality holds in (5). Thus we may assume

mx, that is,

F (& +  1, + = (^) +F(k, mx) >  m2.
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On the other hand,

F (* + 1 ’ ( ï Î  !)+"*! +  "»*-(£)) =  ("* 1) +  F ( ^ ' ”1+ W2 - ( ^ ) ) ,

using, that m1+m2— i^ )  •*= (д). Now we shall use Lemma 2 with the numbers

] ) + wi and m2:

F (*+ 1’ (ifc+1) +  mi + ^ )  =  F (*+ 1 *(fc+l)+mi + ,"*-(fc)) =

= 1) + F (^.»h + w2- ( ^ j )  S  F (* + l,( ik +  I]+W ij + F(Âr, тг) =

= [^) + F(k, m j  + F(k, m2).

Thus we obtained an inequality which is equivalent to (5).
A consequence. Theorem 2 in [2] (which has a complicated proof in [2]) is an easy 

consequence of this lemma. The theorem says (in a slightly more general form), 
that if s i  is a family of different A>tuples on a set Sj USj (5хП52=  0 ), where |S2|^

+ and at most one of the relations A f)S 1^ 0
А П S2^  0  (A Ç_si) holds, then

I M ^ ) | a ( * 2 i ) + r ( * . M - ( ï ) ) -
That is, the best arrangement is, if we choose all the ^-tuples from S1 and the 

remainder from S2.
Proof. Let and m2 denote the number of the subsets (£.$/) contained by 

St and S2, respectively. The minimum of (k~  l)-tuples “contained by s i ” in Sx is 
F(k, Wj) by Theorem 1, and F(k, m2) in S2. Thus Lemma 4 gives the result.

The results

We start with an analogue of lemma 1.
Lemma 5. I f  и and n are given non-negative integers (u <  2") then there is a unique 

representation (called n-bounded canonical representation)

(6) « =  {“„) +  (и—î) + • •  + ( / ) ’

where n = an = a„_1= ... = ak+l>-ak> ak- x>- ... > a ,S iS  1 for some k ( t—
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May be, it is better to write

<7) u = («) +  ( и - l) + -  +  [k + l) + (fc) + ••• + (?)

(n >  ak >  ак_г > . . . > a , ê i ë  1),
with the remark that the part of as  can completely vanish.

Now we are able to introduce the following notation

(8) G(n,u) = (II) +  ( „ _ 1) + - + ( j f e í i )  + (jt) + (í;̂ 1) + - + ( í ^ i )  

if « =► 0, and G (n, 0) =  0.

Lemma 6. I f  0 sm 1sm 2, then
(9) G (я, щ +  w2) s  max (w2, G (n — 1, щ)) + G(n— 1, w2).

If ,r/ =  {A1, A,,} is a family of different subsets of an «-element set S, then
b(si) denotes the family of subsets В of S, the Hamming-distance q(B, Af) of which 
is s i  at least for one member At of si.

T heorem  2. I f  s i  is a system o f different subsets of an n-element set S  and \s/\ = 
=  « < 2", then

\0Ы)\ ^ G (n , u)
and this is the best possible bound.

In general, dd(si) is defined in the following way:

S4(s f)  = {B:3A£si, q(B, A) s  d).
Similarly, we need the generalization of (7) :

Gd(n, u) =

=  (n) +  ( n - l ) + - + ( fc+l )  +  ( k ) + - + ( A : - r f + l )  +  ( i t - i/ ) +
The following theorem is a more general form of Theorem 2:

Theorem 3. I f \ s i \  = и <  2" then
\öd{si)\ is Gd(n, it).

P roof of Lemma 5. (Warning: it is easier to prove than read!) First we prove 
there is a representation of form (6). Take the minimal к satisfying

Then, applying lemma 1 for w — v we obtain a representation of form (6). It remains 
only to prove that « > a t . In the contrary case

“ - ( « ) + • •  + (* + l )  + (fc) =  (« )+ ••  + (fc+ l) + (fc) 
holds, thus к was not the minimum, in contradiction with our suppositions.
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We have to prove that (6) is unique. Suppose, the contrary case holds, there 
are two representations. If the k ’s are the same in both, then u—v has two different 
representations of form (1) contradicting lemma 1. We can suppose that the k's 
are different (&>&'). Let the other representation be

0 °) u =  (") + („"  l ) +  ••• +  ( * '+ 1) +  (fc/) + - - + ( r ) -

Using a well-known formula

(î ) + - + ( î )  -  (“ 1 ' ) + 0 е= ? ) + - + ( " _ * Т ' _ , ) +

+ (” - - - Т 2Ь ' - Г П = ( г )
Thus,

u *= (n) +  ( n - l ) + " +  (jfc+l) +  (fc)’
from (6), and

u -  ( J  + ( n - l ) +  - + ( / t+ l)  + (A:)
from (10). These two statements contradict each other. The lemma is proved.

P roof  of theorem 2. First we reduce the theorem to Lemma 6 which will be 
proved afterwards.

We use induction over n. If n= 1, then u = l =  ̂ Jj, G(l, !) — (}) +  ( q )  =  2,
and \ö(stf)\ is always 2. Assume the theorem is proved for и —1, and prove it for n.

Fix an element л: of S, and divide sé into two families. s fx or s /2 consists of the 
subsets which contain or do not contain x, respectively. The operation * on a family 
of subsets means that x  is added to the members of the family which do not contain 
it and it is omitted from the members which do. Denote \s/x\ and \s/2\ by zx and z2, 
respectively. Obviously,

z =  \sf\ = z1+ zi .
We distinguish several cases.

Case 1. Z j^ Z jS G in -fz ,) . We have, by the induction hypothesis,

(11) |á(j^2)| — G(n 1, z2)
and
( 1 2 )  \0(s/x*)\ S C ( ( I - 1 , : , )

as \s/*\ = \s/1\= z1. (Here <5 is taken for the (л — l)-element set S— {x}). Similarly,

(13) W J*ÍT\ S G ( * - I , i i )
follows from (12). As ö(sf2)czö(jrf), ô (s/*)*dô(s/) and they are disjoint,

S  G{n— 1, z^) + G(n— 1, Zj)
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from (11) and (12). However, this is at least

G(n, z1 + z2) = G(n, z)
by Lemma 6 and the suppositions of this case. Case 1 is settled.

Case 2. G(n— 1, z1) ^ z 2. Now, we use ô(s4)^>S(s/2), ő(s/)^>s/2* and
S(si2) íls i2*=0. These fact result in

\4 * ) \  £  \0(яГ2)\ + \*/*\.
Here \si2 \=z2, and by the inductional hypothesis |<5(j/2)|£G (n— 1, z2), thus

\S(si)\ £  z2 + G(n— 1, z2).

The right hand side is at least G(n, z1+z2) = G(n, z) by lemma 6 and the suppositions 
of this case. This case in settled, too.

Case 3. zi =z1^G (n  — 1, z2). We can repeat the proof of Case 1. The only dif
ference, that in lemma 6 we have to write z2 in place of и, and zx in place of u2.

Case 4. z2SZj, G(n — 1, z2) ^ z 1. Now, we use ô(si)zDÔ(si*), ô i s i ) ^ ) ^  and 
b(six*)Ds/1 = 0. These facts result in

1 ^ )1  £  IáG <)I +  K I-
Here \si1\=z1, and by the inductional hypothesis jő {■aix )\£G(/î — 1, zx), thus

\b(si)\ £  Zy + G in -  1, Zj).
The right-hand side is at least G{n, zx + z2) = G(n, z) by lemma 6 and the suppositions 
of this case. The inequality of theorem 2 is proved.

We have to construct an s i  showing that the inequality is the best possible. 
Let s i  consist of all the subsets having at least k + 1 elements and of the first
u — —... — /с-tuples in the lexicographic order. It is easy to see that

ô(si) contains all the subsets having at least к  elements and \ j +  ••• +  (i —l) 
(k — l)-tuples according to Theorem 1. The proof is completed.

P roof of Lemma 6. Case 1. G(n— 1, щ )^ и 2. It is easy to see that G(n, u) is 
monotonically increasing in u. We have to prove

(14) G(n, щ + и2) s  u2 + G (n— 1, w2).
By the monotonity it is enough to prove this inequality for the maximal possible 
щ satisfying G(n — 1, ux) щ . Suppose, u2 has the (и—l)-bounded representation

(15) щ =  ( n - i )  +  • + ( y + l )  +  (y1 +  ( y - i )  +  " + ( î ) ’’

and p is the smallest index satisfying c ^ p .  Then

(16) Ul =  ( n - l ) + - + ( y  + 2) +  ( y + l )  + -  + ( /i+ l)
satisfies G(n— 1, U^)^u2. But Gj+1 does not satisfy it. This is trivial if p —s.
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If then t/i + 1 has an additional term 1j =

G (n -\,U 1 + \) =

= 1 and

Thus, we really can consider U1 for щ in (14): Here, from (16)

and
G (n, t/j + w2) =

The case is settled.
=  u2 + G (n -  1, w2).

Case 2. t/2 < G (я — 1, ux). Let ux have the form

(17)

From the inequality u ^ u 2 (see (15)) it follows ß ^ y .  On the other hand, from 
<G(n — 1, mx) ß ä y  + 1 follows and if ß= y+ \, then

(18) f2

Summarizing, ß can be у or у + 1. These two cases will be distinguished. 

Case 2a. ß = y. Let us introduce the following notations
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Unfortunately, it is not a perfect form for taking G(n, щ+щ). However, if

Case 2aa. vi + v2< y ' j ,  then + j j  + th +  v2 <  ”  j J  that is, the bracket

does not disturb the part +  ... +  ” 2] in (19). Thus

G(n, «i + M2) — +  ... + i] + -F'[v +  1, (y_|_ ]] + ̂ 1 +  ̂ 2] =
(20)

On the other hand 
(21) 

and
(22)

-  («) +  ••• +  (y + l) + (” у 1) +  F (r,^ i + r2). 

G (n -  1, Щ) =  ( " I  j )  + ... + ( " “  *) + F(y, Vl) 

G ( n - l ,u 2) =  y 1] +  F(y ,r2).

From (20), (21) and (22) it is easy to see that (9) is reduced to F(y, v1 + v^)^F(y, vy) + 
+ F(y, v2) which is lemma 3. We can turn to the next case.

Case 2ab. v1 + v2^  y  ̂j . In this case we use a modified form of (19):

) [ n \ ( n \ Г ( л - n i
j + - + l y + 2 j + l r + u f b + t H  y  J J

Here vx + v2 — y у an<l I*16 last term in bracket can not disturb the
previous terms.

(23) G (и, щ 4- u2) =  {^j +  ■••+(”) +  f (v , nx + n2 -  y 1 j j .

(23) , (21) and (22) lead to

(” _  l) +  F  [y, vt + v2 - 1” y 1 j j =s F(y, nO + F(y, v2).

This is true by lemma 4. Case 2a is proved.
Case 2b. ß = y+ \. Now

Mi +  m2 =  [/j] + •• • + (y +  2) + (ri "Ь гз)

holds, where n2< |” y 1j, Ui<(Ç+ Jj, thus ni +  n2< ^ ” jj. The term Vy + v2 
does not disturb the previous ones. Hence

(24) G (и, «1 +  w2) =  + ••• + (y _j_ i j  +  F(y + 1, t’j + na).
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Furthermore the terms on the right-hand side of (9) have the forms

(25) G(n - l , i / 1) =  ( " l J )  +  ... +  (” + j )  +  F (y + l,P 1)

(26) G ( n - l ,u J =  ( J l } )  + . .. +  ( " ÿ 1) +  F(y,t;2).

Comparing (24), (25) and (26), (9) reduces to

F(y +  1, Ui + ü») s  F(y + 1, Fi) + F(y, t>2).
This is true by lemma 2 if

vz — F(y+ 1, Vi) =  I Гу ') +  ••• + (r _r 1 ) •

But this is (18) which always holds when ß — y + l. The proof of the lemma is 
completed.

Proof of theorem 3. We prove the theorem by induction over d. For d =  1 it is 
theorem 2. Suppose d >  1 and the statement is proved for smaller values. Observe 
that Ьл (s/ ) = <5(<5d _ ] (sd)) and hence by the inductional hypothesis

\Sd(s/)\ ^ ( « . ^ ( м ) ) .
We have only to prove

(27) G(n, Gd_1(n, u)) = Gj(n, u).
This is trivial, if

u =  (!!)+•••+ ( * + i ) + • • • + ( ? )  

and i =  or k + l s 4 .  Otherwise, if t< d < k + 1, then

Let Ц be minimal index such that afl<all+1— 1 (d— 1 <цшк). Then

and
G(n, Gd_1(n, «)) =
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On the other hand,

This shows (27) and the theorem. The proof is completed.

Remarks and an open problem

Theorem 2 gives a formula for the min \ö(sf)\. It is easy to derive formulas from 
it for min — and min

min \ô(jd) — sé\ =  min \ô(sd)\ — \s/\ =

- { № . ) + - + ( л ) - й — (•')■
On the other hand

min \d(sf)\ = min — s/\ = min \ô{st)\ — sé.
Thus, we have to write 2n—\s/\ into the л-bounded canonical representation, and 
G(n, 2n—\sd\) gives the minimum.

An open question: What is the minimum of \ô(jd)\ if \s/\ is fixed and \A\=k 
for Adstf!
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CENTRAL LIMIT THEOREMS FOR WEAKLY LACUNARY 
WALSH SERIES

by
ANTÓNIA FÖLDES

The statistical properties of lacunary Walsh series (like the trigonometric system) 
proved to be similar to that of the independent random variables (See [1], [2], [3]). 

Let
Rk(x) = sign (sin 2 кПх), O s r s  1

the k-th Rademacher function, and for an integer n = 2 ek^k (£& = 0, or e*= 1) let the 
Walsh functions {w„(x)} be defined as

w„(*) =  [J Rk+i(x), 0  s  л- s  1
£k=1

In [2] the following two theorems are proved.

T heorem  1. (Central limit theorem.) I f  {nk} is a sequence o f positive integers 
such that for every к ■ * 1

( 1)

and then

(2) lim PN -*• °°

1 + Л -
"к

N

N  2  2  W nk ( x )  S  U
1

f h i

U ___/*

/  2 dL

In turn for every there exists an {«*} satisfying (1) for which (2) is no longer 
valid.

T heorem  2. (Law o f the iterated logarithm.) I f  {nk} is a sequence o f positive 
integers such that for every к ё  1 (1) holds and 0 ^ a < — then we have for a.e. x£[0, 1]

(3) Ш  (2N  log log N) 2  w„k (x) =  1.

In a recent paper S. T a k a hashi [3] gave the following generalization of 
Theorem 2.

T heorem  2 A. Let {«*} be a sequence of positive integers such that for every k ^ \

(4) ^ ± ± •> 1  + cÂra c > 0 ,  0 s a ^ 4 -  nk 2
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and let further {ű*} be a sequence o f real numbers satisfying the following conditions:

and

( 5 ) aN = О

N  V

2  “II2 +  «

a n
1-fe

^'(log^jv) 2
as N-» oo, where e is a positive constant. Then we have for a.e. х£[0, 1]

hm (2A% log l o g 2 2  akw„k(x) = 1.
t=1

The aim of the present paper is to give a similar generalization of Theorem 1 : 
T heorem 1 A. Let {nk} be a sequence of positive integers such that for every

ÜLLL >  ] +  ck~* c > 0 , O g o t g i - .  
nk 2

Let further {ak} be a sequence o f real numbers satisfying the following conditions:

and

(6 )

Then we have
au = °  f e ]  as iV— .

( 7 ) lim P

N
2  akw„k(x)

k  +  1

2̂71 / 1 dt.

To prove this theorem we use some facts from Takahashi [3] and a theorem of 
M cLeish [4].

Let {Xn i; 0gi'g/„} be an array of random variables on the probability
'n

triple (Q, !F, P) and denote S„= 2 ^ « ,i-  Let 0^ i^ l„ )  be any triangular
;=o

array of sub-sigma fields of &  such that for each n and lSi'S/„.
We shall call the array {X„ti} a martingale difference array with respect to 
if X„ti is STn i measurable and E(An i|#„ii_1)= 0  a.s. for all n and /S i .

The theorem o f M cLeish [4] is the following :

Theorem 3. Let {X„ ,} be a martingale difference array satisfying
(a) max \X„ f| is uniformly bounded in Z.2 norm,

(b) oSîlîn1̂ * 1 t  0

(c) 2  K i y  Li=0
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Then S„ -* N(0, 1) (where and denote convergence in probability and weak
convergence (convergence in distribution)).

In what follows we consider the Walsh system as a sequence of random variables 
on a probability space (Q, SF, P) where ß  = [0, 1], SF if the er-field of all Borel-measur- 
able sets on Q and P is the Lebesgue measure on 3F. We assume further that {и*} 
and {ak} satisfy the conditions of Theorem 1A.

Following [3] let us put
P(0) =  0, p(k) = max {m, nm <  2k} (*=1, 2, ...),

( 8 )  p ( * + i )
4 W  =  2  amwnJ x )  and Bk = Ap(k+1) (k = 0, 1, 2,

m = p (k) + 1

With an easy computation ([3] formula (2.2)) we have

(9) p ik +  1)— p(k) = 0(pa(k)) as k-+oо
and thus (6) implies

p (* + D

2  K \ *
m =  p ( k ) + l

( 10)

Further on we need

... max |um|(/?(/c+l)-/i(/c)) =
p (k )< m S p ( I+ l)

0(p ‘(k)) = o(Bk) as к ■* -=°.

L emma 1. Under the conditions o f Theorem 1A we have

( П ) в к 2 2 4 W - 1
i =  0

= o(l) as к -* oo.

The proof of this lemma is the same as that of Lemma 3 in [3]. 
P r oof  of Theorem 1A. Suppose that

( 12)

Then

(13)

Put

(14)

p ( k ) ^ N s p ( k +  1).

Z N(x) =

N
2  amwnJ x )

m = l

An

p  2  A i (X )  2  a m W „J x )
П к - l  » =  0__________■ m = p (k ) - f l______________

■An Bk_ 1 An

At(x) к = 0,1, 2...
Xk,i = Bk i =  0, 1, 2, ... k.

( 15) s k — 2  x ki I.i = 0
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With these notations
N

д  2  amwnJ x )
(16) Z N(x) = -± z± Sk_1 + m=p<k)+1 ----------

a n a n

Therefore to prove our theorem it is enough to show that 

(i) Sk -J Щ 0,1),

(ii)

(iii)

B k - 1

N
2  amwnJ x )

m =  p ( k )  + 1 0 a.s.

Let 3Xk>i be the sub-sigma field of !F generated by the random variables {w2»(x): 
0Srz^i}. In this case clearly Xki is 3Xki measurable, and
E(Xk>i\&rkti_1)=0 a.s. for all к and /, that is {Xki} is a martingale difference array.

According to Theorem 3, for the proof of (i) we have to show that the above 
defined {Xkii} satisfy conditions (a), (b) and (c) of Theorem 3.

Using the orthogonality of the Walsh functions we get

Et e ? j * 4 a
E(max \А Щ *  

Bi

(17)
Ef 2  df(x)) 2  E(d?(x))

f o  S i sk  )   0 SiSk_______________

Bl
p(i +1)

Bl

2
-  я  _  1Ô i^k m = /7(0 +1

Bl Bl
which means that condition (a) is satisfied. 

To see (b) consider

max \Xk il = max
0  S i S *  ’ 0=5i=5 к

И.(-у)! Ä
Bk ~

Using (10) we get

< 18)

which proves (b).

p(i+l)
max sup |d;(x)| max У. \a„
0 —  ̂ ^  0 ^ ^m  = p(0+1

Bu Bk

p(.‘ + 1)
max У. \am\ max о (В,) 
0 ^ ‘^k  m = ̂ f) + 1 _  0S i sk

B„ Bk =  0 ( 1 )
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Moreover from Lemma 1 trivially follows that the {A'* ,} satisfy condition (c) 
of Theorem 3. Thus we proved (i).

To see (ii) it is sufficient to prove

(19)
Bk- 1 
Bk

1.

Clearly 1 B,k- 1
An

We show that

Bk-1 
Bk

= 0.

( 20)

1 - B L i
P(k + 1)

2  am
m = p(k) + 1

... max K l2{p(k+ l)-p{k)}p(k) < m ̂  p(k +1)

B l°
1 j Blp°(k) 

p2*(k) =  О
P4k)

by (6) and (9) which proves (20) and (ii) follows. 
Finally,

N
2  amwnJ x )

m = p(k) + l________
a n

p(M-l)
2  К

m = p(k) + 1

Bk- 1

=  - i - 0(Z?t) = o(l) a.s.
Bk-i

by (19) and (10) which proves (iii), and thus we proved our Theorem 1A.

Remark 1. To investigate the critical case a = -y too, P. E r d ő s  introduced 

(in the case of trigonometric system) the following gap condition

(21) — - >!-(-£*■ for a s-p r  where limct =  +°°.
v ' nk kx 2
We remark that using this gap condition instead of (9) we have
(22) p (k + \) -p (k )  = o(px(k))
as

2 >  Mp(k + 1) 
np(k) +1

P(I + 1)-1
77 (1 +  cmm~x) >

m = p(k) +1
>  l + cPa ) ( p (k + l) -p ( k ) - l ) -p
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which implies (22).
With the method of the proof of Theorem 1A it is easy to prove using (22) 

the following
Theorem IB. Under the gap condition (21), i f

1/2

-*■ °o and OffAn —
we have

N
2 ° lU=i - < # )

as N  —► oo for a

lim P
N -> oo

N
2  okwnfx )

I k = l_______ 1 ы J l
— 7 =  f  e 2Ÿ2Ü - Í

dt.

2
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MEAN OF OUTSTANDING ELEMENTS

by
A. N A G A B H U SH A N A M *, M . L. A G G A R W A L **, H. C. G U PT A **

§ 1. Introduction

The problem of record values was motivated by the frequency with which the 
record weather conditions are reported in the newspapers. We define an observation 
to be an upper (lower) record if it is greater (lower) than all the preceding obser
vations. Chandler [2] has obtained, for a semi-infinite series of independent obser
vations from the same population, the probability distribution of the serial number 
of the rth lower record; he also gives the distribution of the record value itself. 
Foster and Stuart [5] have obtained the joint distribution of the number of upper 
and lower records. D avid and Barton [4] have given the joint distribution of the 
epochs of occurrence of the records. Reference may also be made to a review paper 
by Barton and Mallows [1] for various combinatorial aspects involving records, 
amalgamation and Simon Newcomb problems. For a mathematical formulation of 
the problem we introduce the following notations.

Let xl t x2, ... be a sequence of independent observations from a continuous 
distribution (of the random variable X) with the density function / (  • ) and distri
bution function F( •). With N0=Nq = 1, we recursively define

Nq =  Min {j \ j  >  Nt _x, Xj >
and

N ' = Min {j \ j  > N'_!, Xj <

uq = x Nt and lq = x Nq are called the qth upper and lower records respectively 
occurring at epochs Nq, N ' in the original sequence of observations.

Since - lo g  [F ix ^ / FiXi) ] ^  - lo g  [FÇxJ/ F ix j)] and for i ^ j ,
—log [ F  (/,)]<: — log [F(/y)], we see that

(1) *j =  log[F(je,)/F(/,)],
is the y'th upper record value in the sequence

{log F(*i) — log F(x,)}, 1 — i — °°.
Similarly

{j = log [1 — F(Xj)/l — F(Uj)] 
is the yth upper record value in the sequence

{log (1 -  F(xj)) -  log (1 -  F(jc,))}, 1 S i< o o .

* D epartm en t o f M athem atics, Indian  Institu te  o f  Technology, Hauz K has, N ew  D eihi-29.

** D epartm en t o f M athem atical Statistics, U niversity o f  D elhi, Delhi-110007 (Ind ia).
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The corresponding values Zj and tj are called outstanding values in the sequel.
In this paper we derive the distribution of the mean of r outstanding values, na

mely the first r upper records in the sequence {log/г(;с1) —log Т(х,)} and that of 
the first s upper records in the sequence {log (l—F(x1)) — log (1—F(x,))}. It is found 
that these variables are independent and we derive the distribution of their ratio. 
We observe that the limiting distribution of the ratio r(r+l)(as+bsT)/2z is stan
dardized normal. Another problem treated in this paper is the distribution of the 
position of z amongst zlt ..., zr. Defining the random variable Y as the number 
of z's that exceed z we see that P{T ^r—i}=P{Z=-Zi}. It is interesting to note [1] 
that this is the distribution of “one less than the sum of r—i independently distri
buted random variables, each having uniform distribution in (0,1)” . Thus the 
moments of this distribution are readily available. This distribution also arises in 
the Simon-Newcomb problem in the theory of Non-parametric testing. A similar 
problem is the position amongst independent observations from a continuous po
pulation of their mean and is studied by many authors. In particular, when obser
vations are taken from N(fi, a) the probability that x  lies between xn_1:n and x„.„ 
known as Youden’s Demon problem has been determined by K endall [6]. Anot
her particular case namely when the observations are coming from an exponen
tial population was taken up by Sarkadi, V in c z e  and Schnell [7].

Using the vector notation, it is easily seen that if x  be the first observation, then

where F(I0) = F(x)—F(u„).
We observe that 1, u are not independent; they are related through the initial 

observation x.
Now the Jacobian of the transformation from (x, 1, u) to (x, z, t) given by (1) 

and (2) is

§ 2. Joint distribution of X, Z, T

(2) dP(x, I, u) = dP(x, /x, ..., /,., щ, ..., us) =

= f (  x ) dx JJ П
dljdUjfddfjUj)

F(li_x) d - F ( u j _1)Y

d(x, z, t) = ' * f(!j) f(Uj)
д(х, I, u) Mi j-x Ш ) {1 -  Huj)}

and

The region for which dP(x, I, u) is non-zero is given by

°° Ur >- Wr _ 1 >  ... >  Ux >  Xx lx > . . . = *  /, >  -  =  ;

and thus the region for which dP(x, z, t) is non-zero is

— oo -< x  <  °°, 0 <  zx <  ... <  zr ■< °°, 0 <  tx <  ... < ts <
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Hence from (2)

(3) dP(x, z, t) -  dP{x, 1, u)/ =

r s
=  /0 0  exp (—zr — ts) dx JJ dZi f ]  dtj,

i —l  j = 1

— -< X <  oo, 0 <  Zj <  ... <  Zr <  OO, 0 <  /j < . . . < / , <  oo.

Since the joint density function of x, z, t is the product of their marginal den
sities for the entire ranges (3) of the variables and these ranges are independent, it 
follows that X  and the random vectors Z, T are distributed independently of one 
another, and

dP(x) = /(x ) dx
(4) dP(z) =  exp (—zr) dz1dz2 ... dzr, 0 <  z1 -c z2 ... <zr <«>
(5) dP(i) = exp (— ts) dix dt2 ... dts, 0 <  tx -с /2 ... <  t, °o

From (4),

(6)

Hence by inversion

(7)

Distribution o fZ = Z 1 + ...+ Z r 

C(0) = E {ei0-}
oo

= f  f  ' /  exP [iO(zi+...zr) - z r\dz1...dzr
0 2l  Zr - 1

[(1 — /0) ( 1 — 2/0)... ( 1 — r/0)]-1.

oo oo

dP(z)
- u

C(0) • e~Ut dO =  

dz,
( _ J  y - J e - T / j j r - 2

j t 1 О - l ) !  (r-7 )! 
expressing C(0) by partial fractions and integrating. Similarly

(8)
s ( _ \ \ s - k  p - t / k u s - 2

Distribution o f TIZ
From (4) and (5), it is evident that Z and T  are independent. Hence by (7) and 

(8), the joint probability density of Z, T is

(9) Í  Í M I M V —
Â Â U - 1J U - 1 J

~ 2 ( —  \ y +s - j - k

r(r)T (s) exp
J

To find the distribution of T/Z we carry out the transformation
z —z, v=tlz.
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The joint probability density of Z, V is z times (9) expressed in terms of : 
This on integration over z from 0 to °° gives for the p.d.f. of V

<10) ( , - ! ) ! ( * - ! ) !  Д Л Ь - l J U - l l ---- ( » ' ---- '
Moments. From (4) we have

( r \  oo oo oo

П zi‘ =  / / • • •  /  e_z-zît...z?-dz1...dzr,
1=1 '  0 *1 z r - l

the region of integration being indicated by

(11) 00 == zr+\ — 2r — • • • — — zo = 0»

starting from z1 lying between 0 and On reversing the order, this region is the sí 
as that indicated by (11), starting from zr lying between 0 and Hence

( 12) E Я 2?'] =  /  / • • • /  e dzr ...dzy =

f  e~*'-z?1+ "+c‘r+r~1dzr
_  __________0____________________________ _

(aj + 1)(«1 + a2 + 2)... (ô  + ... +ocr_! + /■ — 1)

Г  f a  +  <*2 +  • ■ ■ +  <ХГ +  Г )

П  («1+... + a ( +  /)
i=l

Putting olj=0 for j ^ i  in (12) we get

E(zf<) =  Г(г +  а,)/(/-1)!(а, +  /) ...(а , +  г - 1 )  =  

=  Г (/+a,)/(i— 1)!

In particular, for a natural number a;,

E(z?0 =  /(/+ 1)... (i + af—1), a, = 1,2, ...
so that

*r(z,) =  E(z, — i)r = i f " ]
These give

Var (Zj) =  i (j +  1) —I2 =  j,

,~ U n o

tt,(Z,) = f(i+  l ) ( /+ 2 ) - 3 /2(/+  l) + 2/3 =  2i

Hi (Z,) =  í  (I +  1) (i+ 2) ( i  + 3) -  4i*(i +  1) ( / + 2) +  6 i 3 ( i  +  1) -  30 =  3/2 +  6 / .

S tu d ia  Sclentiarum  M athem aticarum  Hungarica 10 (1975)



A. NAGABHUSHANAM—M. L. AOGARWAL—H. C. GUPTA 151

Putting otj= 0 for j ^ k ,  m in (12) we get for k<m,

E(Zï*Z“>") =  Г (<xk + am + r)l(k — l)\ f j  ( j + <*k) П  0 '+ «* + «») =
j=k J*=m

= Г (a* + am + m)/(k — 1)! П  (•/+<**)■
j=t

In particular, for natural numbers p, q it is
E(z£4) =  k {k + \) ...{ k + p -\){m + p )...{m + p  + q - \ ) .

Co v(z£, ẑ ,) =  k (k + \) ...(k + p -\)[ {m + p )...( jn + p  + q - \ ) -  
-m (m + l) ...(m  + q -  1)],

Cov (Zk, Z*) = £[(m +l)...(m  + <7-l)(m + ?) — m (m +l)...(m  + £ —1)] 

Cov (Z*, Zm) = k, g (Zk, Z J  = fk/m.

Thus

and

Now

(13) 
say

(14)

E(Z) =  2 E (Z ,)  =  2 *  =  T r (r+ 1 ) =  - ű^ _1»i i ^

Var (Z) =  2  Var (Z() + 2 j? 2  [Cov (Z,, Z,)] =
У = 2 i = l

= 2 1 + 22 2 1 = 2 i + 2 ' 2~12 J U -  !)

=  2 ^  = ~г r(r+ l)(2r+l) = b~2 say.
i = l 6

Also

Cov (Z, Z,) =  E(ZZ.) -  E(Z) E(Z,) =  2 J + i r ~  ir(r+ 1)
j=i *

=  i - . / ( l +  /■-/* +  /).

Corresponding results for T, Tj are obtained on replacing i by j  and r by s.

Asymptotic Distributions 

Cr(0) =  E [exp {/0 (a, + brZ  )}] =

=  eWar JJ(l — kidb,)-1

From (6),

or

logCr(0) =  w \ar + br 2 к \ - ± Ь ? в *  Z k 2- ± b 3r03i( 1+e) 2 k 3, 
I * = 1 J к = 1 О k = l

where g is bounded for small 9.
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Hence from (13) and (14) for large r,

(151 log Cr(0) = —i- 0 2 +  O(T-1/2),

which shows that ar + brZ  is asymptoticallay normal. The same result holds for 
as + bsT.

We now make use of the following result [3] : If for finite a, finite non-zero b 
and finite positive h, к

x n ~  N(a, hlfn), Yn ~  N(b, k/fin),
then for large n

b(xn- a ) l ~ -  Yn ~ N (  0,1),
\n

irrespective of whether xn and Yn are independent or not.

Take X„ —  ̂ Yn = ^ ~ .
\ n  a r

These satisfy the above conditions with a= 0 , h= 1, b— — 1 and k = fid  if n=s=  
— cr ; and we conclude that

(16) K,s
as + bsT I 1 brZ

f i  I in  ar

= -^r{r+\){as + bsT)!Z

is asymptotically standardized normal.

§. 3 Distribution of position of z

We shall now determine the probability P(z>z,) that the mean of r outstanding 
values exceeds a specified outstanding value and establish that this gives the position 
of z amongst Zj,j=  1, r.

The distribution of z = (zlt , zr) is given by (4) and we evaluate the integral of 
(4) over the region z ^ z t . This on defining wk by

(17) zt + z2+ ... +zr + (r — k)wk =  rz-t 
is

“  zi zi 2i

(18) P(z s  Z;) = f  dzt J  dzx f  dz> -  I  dzi_1
о 0 z x Z j_ 2

Wf Wr -  2 Wr - 1
J  dzi+1 ... f  dzr_ I f  exp (— zr)dzr.

z i z r - 2 z r - 1
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The upper limit wk for zk+1 for r > k ^ i  follows from the considerations that for 
zk+1 to be maximum

r

zk+i =  zk+i f°r i = 2,3.......r —k  and 2  zj — rzi-
)= 1

The Wj s defined by (17) satisfy the recurrence relation

(19) U + l)W r- j- i= ß v ,- j+ zr-j, j  =  1,2, .... r - i - l .
Now writing G(x) = e~x and using (19)

K - 1 =  '] e~zrdzr = G(zr_1) — G(2wr_2 — zr_1)
z r - l

Wr - 2

I r - г  ~  J  I r - \ ^ z r - \  =
zr — 2

= G(zr_2)-G(vvr_2)+G(2wl._2- z l._2)-G (w r_2) =

= G(zr_2)-2 G  |y w r_ 3 -y Z r_2j+G (3w r_3-2 z r_2).

In general for /' < /< r it can be shown by induction that

(20) /,-=  f  Ij+ ldzJ+1 =

G[k-1{ ( r - j + \ ) w J_1- ( r - j - k + \ ) Z j } ] .
In particular,

X G [k-1{(r-i)w i- ( r - i - k ) z i+1}\.

?h  — J li+i dzi+1 —
2i

= o w - c w + f z r г щ Д ,( - |) ' " " ‘
x{G (w i)-G [k~ l {{k + i)zi - z l .{... -z,}]

d
Let x<i= 2 ß k d)x(k)’ where B(kd) are Stirling numbers of the second kind and in

fc =  0
particular Bid) = 1. Then

£<“> • c! =  ( £ -  I)c0d = Д  j ( -  l)c- 4 d,

Now

(21)
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so that on putting c= d—r — i,

1 ( r - i ) l
r — l

к ( - 1)'
r - i  — k K r - i

r - i - 1] ( r -z y -* -1
k - \ )  + (Г - / -1 ) !  •

Hence considering the sums over the two C-functions in (21) separately,

h = Gfa) +

+ ( ^ h r y . l

showing in virtue of (17) that (20) holds also for j= i. For 0 < /< /, let

h - j  = (У / 1] ( - 1)'G{Ä:“1((i +  Ä: +  / -7 ')zi - zi - - zi - i - /zo)}-

Then for 0 <y'<z — 1,

- z 1- . . . - z i_; _1)}-G{Ä:-1(/ + /c + / - j ) z i- z 1- . . . ( /+ l ) z i_>_1)}],

the additional value /=  — 1 only introducing a vanishing term. Further the argument 
of the first G( ) function is independent of / and its coefficients add up to
— (1 — iy=o.

Hence on writing / —1 for /,

f  Ii- jd z i_j =

j J ( ■)
=  J T  Д  ^ ] ( - 1)'G:{A:“ 1(0' + A: + / - y - l ) z i - z 1- . . . - z i_j_1- / z i_/ _1)} =

= I i- j - i ,  0 <  I — 1.
In particular, we have

A = -(|-Г2)! Д  (' w2j ( - l ) mG{/c-1[(/c + m + l)z i- ( m + l) z 1]},

icf-
/  /li/Zi 0-2)! m% (m  J (m+1)

2 ( - 1)" G fa )—G
k + m+ 41 -

Lastly

(22)

0 - 1 ) !  m̂o l

S tu d ia  Scientiarum  M athem aticarum  Hungarlca 10 (1975)



A. NAGABHUSHANAM—M. L. AGGARWAL—H. C. OUPTA 155

Also

(23) /  f  f  — /  G(zl)dzidz1...dzl. 1 =
0 0 0 x , _ a

Thus using (21) in (18) and simplifying in view of (23) and (22) we get

P(Z >  z() =  l - P ( Z s Z |)  =

(r — i — 1)! ( / - 1 ) !  i m k  + m [ k - \  J

i ' l - V )
( r - l —/)!(/—!)! A ii + k  

{ к - ) 1

( -1  y~ l
(г-1 )!

r - i
2 ( - V kkr- 1 * = 1

Г — 1
i+ k —11 ‘

With i = r —i —k, we get

<24) P(Z =- "■> =  (Г=Т)Г i f  < - 1)'  f  ;  ‘) ( ' - ' - Л ' - 1-

Defining У to be the number of z’s that exceed z we observe that 

P(z >  Zj) =  Р(У r ï  r — i )  =  H ( r —i), say,

so that (24) gives the distribution function of the discrete valued random variable У. 
We may write

P(z, <  Z <  Z(+1) =  P(y =  r - z )  =  H(r—i) — H(r—i — 1).

It is interesting to note that this distribution also arises in the Simon-Newcomb 
problem as the distribution of the number of strings that do not exceed m — r — i — 1 
in a given sequence xlt x2, ..., xn.

*
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THE THINNEST THREE DIMENSIONAL POINT LATTICE TRAPPING
A SPHERE*

by
M. N. BLEICHER

I. Introduction. The history of Discrete Geometry and the Geometry of Numbers 
are full of examples of the study of lattices which are extremal with respect to some 
covering or packing property. We give several examples:

Example 1. The densest lattice packing o f unit spheres.
The problem is to find the lattice of greatest density (least volume of the funda

mental domain) in which no two points are closer than 2. The two dimensional case 
was first solved by L a g r a n g e  [27] in 1773 in his work on the reduction of binary 
quadratic forms, but it waited for G auss [21] in 1831 to point out the geometric 
significance of L agrange  work. In the same paper G auss solved the 3-dimensional 
case. A number of workers, see R ogers [29, p. 3] or Bambah  [3] for more details, 
have attacked the problem in higher dimensions. The problem is now completely 
solved for all the dimensions through 8.

Example 2. The thinnest lattice covering by unit spheres.
The problem is to find the least dense lattice (maximal volume of the funda

mental domain) such that no point in space is at a distance greater than 1 from some 
lattice point. The two dimensional case seems to have been solved first by K ershner 
[26] in 1939. The three dimensional case was first solved by Bambah in 1954. A number 
of people including Bambah, Barnes, Bleicher, Coxeter, D avenport, D elone, 
D ickson, Erdős, Few , G ameckii, Rogers, and Ryskoff[1— 14, 17—21, 26, 29, 30], 
have simplified the proofs and worked on the problem in higher dimensions. The 
problem is now solved for dimensions 2, 3 and 4.

It is of interest to note that L. F ejes T óth  [15] has shown that the ellipse is the 
least efficient symmetric planar convex body for lattice covering.

Example 3. The “Minimal Visibility” lattice packing o f spheres.
In 1960— 61 Heppes [23] showed that in any lattice packing of spheres there are 

points from which one can look in certain directions without ever having one’s 
view blocked. This work was extended by Hortobágyi [24] when he proved that in 
any lattice packing of unit spheres one can pack an infinitely long cyclinder of radius
3 |/2" 

4 — 1= 0 .6 0 6 .... Horváth [25], has extended these results to higher dimensions.

* This research was initiated by a cooperative research project between American and Hungarian 
mathematicians sponsored by the National Science Foundation of the USA and the Institute for Cul
tural Relations in Hungary.
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Example 4. The thinnest поп-separable lattice o f unit spheres.
A lattice of unit sphere (a lattice with unit spheres centered at each lattice point) 

is called separable if there is a plane which has no interior points o f any sphere in it. 
M akai [28] has recently determined the density o f the thinnest non-separable packing 
in three dimensions.

M akai solved the problem by showing how a solution to the packing problem 
leads to a solution of the separable lattice problem and vice versa; however, the extre
me lattices are different. Thus this problem is solved for dimensions d= 2, 3, 4,

Example 5. Trapping a sphere with a lattice.
L. F ejes Tóth has recently asked the following question: What is the lattice 

of least density such that any closed unit sphere cannot move more than a finite 
distance without hitting a lattice point?

For the two dimensional case it is an easy exercise to prove that the lattice 
of points with even integral coordinates is the thinnest with density 1/4. In this paper 
we confirm the conjecture of L. F ejes T óth  that the least density in three dimensions

It is interesting to note that for d=2 Examples 1, 2 and 3 all have the same ex
treme lattice. For d—Ъ Examples 1 and 3 have the same solution.

In the next section we reinterpret the problem of Example 5 and reduce the prob
lem to that of finding the lattice of maximal volume subject to certain restrictions on 
the generating vectors. In the third section we prove the main theorem by solving the 
reduced problem. In the concluding section we give some related conjectures and 
open problems.

II. The reduction of the problem. We reformulate the problem as follows:
Reformulation 1. Find the lattice of closed spheres of greatest determinant 

such that the complement of the spheres has only bounded components.
It is clear that this problem is equivalent to the first since a sphere can move 

freely without touching a lattice point if and only if its center remains in the comple
ment of the sphere lattice.

Reformulation 2. Find the lattice of closed spheres of maximal determinant 
such that no point can move more than a bounded distance without touching the 
boundary of one of the spheres.

A lattice, of any determinant, which has the desired property is called a blocking 
lattice.

It is obvious (in any case it is a corollary of the work of H eppes and H ortobágyi 
[23, 24] that at least two of the lattice spheres of a blocking lattice must have a com-

5, 6, 7, 8.
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mon point. Thus there is a lattice vector A with \A |<2. We may suppose A is the 
shortest. If ±A  are the only lattice vector of length less than 2, then it would be 
possible to move a point along a path close to the sphere centered at the origin, say 
O, until it is near the sphere centered at A, since no other spheres except those at 
±Л have an inner point in common with the sphere at O. We can continue to move 
the point without being in or on a lattice sphere until it is near the sphere centered 
at 2A, then ЗА, etc.; thus the lattice is not a blocking lattice.

Thus there is a second lattice vector В not parallel to A with |£|<2. We suppose 
В is the shortest.

If all the vectors of length less than 2 are in the plane generated by A and B, 
then by a similar argument to the one above we may move a point as far as we like in 
a path close to the spheres centered in the plane of A and B. Thus there are vectors 
not in the plane of A and В which have length less than 2. Let C be the shortest. 
We summarize the above by

Lemma 1. In a blocking lattice there are three independent lattice vectors o f  length 
less than 2.

In the sequel S  denotes the surface of the sphere of radius 1 centered at О and 
S* denotes the convex hull of S'. S(A) denotes the tranlation of S by A.

We next show that in a maximal blocking lattice there are three lattice planes 
in independent directions which are completely covered by the spheres at the lattice 
points in that plane where by a lattice plane we mean a plane through the origin 
generated by two independent lattice vectors. The planes are in independent directions 
if the normal vectors are linearly independent.

We begin with several lemmas.
Lemma 2. The lattice generated by three vectors each o f  length e = - ^ - /7 +  /1 7I ______  2.

and every pair meeting at an angle a = 2  cos-1 — \  7 +  /Т 7 is a blocking lattice . 

The determinant o f  this lattice is ô0—^ ^ l \ A 2  +  1 8 0 2 /17 = 3 .7 7 2 ....

P ro o f . It is a simple calculation to see that the circumcircle of the triangle 
with two edges of length e meeting at the angle a has radius 1. Thus the fundamental 
region determined by these three vectors has every face covered by spheres of the 
lattice. Thus a point is trapped in whatever fundamental region it lies. The lemma 
is proved.

Lemma 3. No point o f  space can be in or on more than 4 spheres o f  a m axim al 
blocking lattice.

P r oof . Suppose there is such a point. If the certers are all coplanar*, there are 
five lattice points in a circle of radius 1. Consider the convex hull of these points. It 
is a polygon, say P. P is either a triangle, quadrilateral, or pentagon. If one draws all

•If the five (or more centers of the spheres containing this point do not all lie in a plane, 
then the determinant of the lattice they generate is bounded above by twice the area of the eguila- 
teral triangle inscribed in a  unit circle; i.e., by 2-3 /3  /4 =  2.59... ̂ (50= 3.77....
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the edges between these points one divides P into at least 3 triangles the vertices 
of which are lattice points. The area of P is at most the area of a regular pentagon 
inscribed in a unit unit sphere. Thus the smallest triangles, say д  EFG, has area at

most ^  sin 36°j . If we take E as the origin, then EF, EG and some other vec
tor say A with \A | < 2  generate the lattice. Thus the area of the fundamental 

domain is less than — sin 36°<-y<<50 = 3.77, where <50 is the density of the bloc
king lattice of Lemma 2. Thus then lattice under consideration is not optimal 
Lemma 3 is proved.

Lemma 4. Let P, Q be points o f the boundary o f the fundamental domain of a 
blocking lattice such that P — Q is a lattice point. I f  neither P nor Q are in or on the 
boundary o f any lattice sphere, then there is no path joining P and Q which has no 
point in common with three spheres and which has no points interior to any sphere.

Proof. This is a standard compactness argument. Since no sphere except those 
which the path touches can be closer to it than e for some e>0, one can construct a 
path from P to Q which is always within e of the original path and is just off the 
surface of any sphere upon which the original path lay. It follows that the lemma 
is true.

Lemma 5. In an optimal blocking lattice there is a point which is in at least 3 of 
the spheres.

Proof. Suppose that a sphere lattice has no point common to three lattice 
spheres. Let A and В be the vectors of Lemma 1. Let R' be that point on the inter
section of the spheres centered at О and A such that the foot of the perpendicular

A
from R ' to the plane of A and B, R(A, B), hits the plane at — . Let R be just past R'
on the extension of the perpendicular through P', but close enough that P is on no 
lattice sphere.

To complete the proof we construct a path from R to R + B consisting of the 
following parts in order:

1. The line segment joining R  to R'.
2. The arc of the circle S D S(A) joining R' to 7?"=5П5'(Т)ПР(/1, В).
3. Either the circular arc of P(A, B )(jS  joining P" to P(A, 2?)fjSHS(B), 

if no point of this arc is interior ot any other lattice sphere. Or, if other lattice spheres 
say S l7 S2, ..., Sk intersect this arc they do so on disjoint pieces since we are sup
posing no point is common to three spheres, to that for each such intersection we 
can take a detour on the semicircle above P(A, B) of the circle STlSj.

4. We repeat the above type procedure, symmetrically in reverse order to con
struct the rest of the path from P" to R' + B.

Lemma 4 says that this lattice is not a blocking lattice; thus Lemma 5 is esta
blished.

We note that if three spheres have a point in common, say the spheres S, S(A) 
and S(B )  then the plane P(A, B) is covered by the spheres centered at S(m A+nB ), 
m, n =  0, i l ,  i  2, ....
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Lemma 6. In an optimal blocking lattice, Л there is a basis A, B, C such that 
SDS(A)DS(B)p£0 and S n S (A )n S (C )? i0 .

Proof. Let A and В generate the lattice points in the blocking plane guaranteed 

by Lemma 5, so that S T l S ' ( / 4 ) n 0 .  We may suppose that 
by interchanging В and — В if necessary.

We first suppose there is a point С 6Л \Р(Л , В) such that S(C) meets the inter
section of two lattice spheres centered in В (A, B). By using translations and sym
metries we may suppose that 5П S(D)C\S(C)^ 0  where D = kA + lB ^ 0 ,k ^ 0  |/|^A\

Table 1

D A' B'

В В В
A + B A + B A
A - B A - B - B
A + 2B A + 2B В
A - 2 B A -2 B - В

Since W (4)s|det (A, D, C)| the determinant of these three points is at most

for it is at most twice the area of the parallelogram half of which is the

inscribed triangle a OA'B', and 3yT<2<50, we deduce that /=0, ±1 . There are 
5 possibilities for D (see Table 1) each of which gives rise to three vectors A', B', 
C which are independent and satify the desired intersection condition.

Since |det(y4r, B' Z ))|^3/3  <2<50 the vectors form a basis and the lemma holds 
if there is such a point C.

On the other hand if there is no such point C one can construct paths on the 
intersections of pairs of spheres centered in P(A, B) which go arbitrarily far from the 
initial point (i.e. walking through the passes between the peaks). By raising this 
path normally to the plane P{A, B), one obtains a path by which a point can be moved 
arbitrarily far without touching a sphere.

Lemma 6 is proved.
Lemma 7. Given an optimal lattice with a basis as in Lemma 6, then both 

5П5(Л + С ) = 0  and S C \S (A + B )= 0 .
Proof. It is sufficient to prove that 5П5'(Л-|-С)= 0 ,  because of the symmetry 

in В and C. Suppose 5П5(Л +  C )^  0 .  It follows that
П5(Л + С). Thus the parallelogram OA(A + C)C  is contained in a unit circle. 
If \A\=2a the area of the parallelogram is at most 4 a / l — a2. Since S'П5(Л)П 
П S(B)?± 0 ,  the height of В over the plane P(A, C) is at most 1 + ]/1 —a2. Let V= d(A ) 
be the volume of a Fundamental region. It follows that V ^4 a У l —a2( 1 +  Уl —a2) 
but a short calculation shows that for O ^ a ^ l, У-^4аУ\ — ű2(1 + У\ — a2)-=d0. 
This contradiction to the optimality of the lattice proves the lemma.
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This lemma implies that the angles <[AOC and <$AOB are both acute. We are 
now in a position to prove

L e m m a  8. I f  A is a lattice such that the spheres centered at the points o f A form 
an optimal blocking lattice then there is a basis, А, В, C o f A such that 5'П5'(Т)П 
D 5 ( f i ) ^ 0 ,  5 П 5 (Л )П 5 (С )И 0  and either 5П £(Я )П 5(С )^  0  or SC\S(B)C1 
n S ( - C )  7Í0 .

P r o o f . It is enough to exhibit three linearly independent lattice points, A, В and 
C which satisfy the intersection conditions, since if they were not a basis of A, the 
lattice they generate would be a blocking lattice with greater determinant.

Suppose we have an optimal blocking lattice. Let A, В and C be three indepen
dent lattice points, such that 5П 5(Т)П S(B)?± 0  and 5Т||5(Л)П5(С)И 0 .

In each of P(A, В), P(A, C) there is a point where three spheres intersect; 
the centers of these spheres form a triangle of lattice points all of which are inside a 
circle of radius 1 centered at the intersection point. This triangle has area at most 
equal to the equalateral triangle inscribed in a unit circle. Thus the area of the tri- 

3 Vbangle is at most . Since the lattice must have determinant at least equal to
<50 =  3.77.... It follows that the distance between parallel blocking planes is at least

>1.4.

We consider the infinite cyclinder, (6, bounded by the planes P (A, В ), P (A, В) + C, 
P(A, C), and P(A, C) + B. Since the distances between planes parallel to P(A, В) 
and P(A, C) are greater than one only spheres centered in the boundary planes meet 
this cylinder. Even the planes parallel to P(B, C) have a distance of at least <50/4> 
>.94.... Thus a given sphere on the cylinder can only intersect in the cylinder with 
the spheres centered in its own plane in the P(A, В) and P(A, C) directions and with 
spheres in its own or adjacent planes in the P(B, C) direction. Consider those spheres 
in the cylinder centered in P(A, B); they lie on the line ЛА or В + ЛА, — -f- CO,
Because the distance between P(A, C) and P(A, C) + B is greater than 1, no spheres 
on ЛА meet В+ЛА and vice versa. Let 1Р=(&Г\ (U {S(L):L£P(A, В)Г\ Л}), then, 
since P(A, B) is covered by the spheres centered in it, i f  is a surface in above 
P(A, B) and dividing the cylinder into two portion, the lower portion bounded below 
by P(A, B) and an upper portion bounded above by P(A, B) + C. The part of the 
surface meeting P(A, C) is from spheres centered on ЛА and the part meeting 
P(A, C) + B is from spheres centered on ÀA+B. Thus there is an infinity long path 
on i f  consisting entirely of intersection of spheres one of which is on ЛА and the 
other on ЛА+В which separates the part of Sf coming from ЛА from the part of 
i f  coming from В+ЛА. If none of these intersection meet a sphere from P(A, B) + C 
then this path can be raised slightly and the lattice would not be blocking. Thus some 
sphere centered in P(A, B) + C must meet some intersection ^X/cAjPl S(IA +B). 
By translation we may suppose k=0. From the remarks on the spacing of parallel 
planes we see that 1=0, ±1, ±2. But Lemma 7 eliminates /=1, which also 
eliminates 1=2. Since\A + B \^  \2A+B\ because <lAOB is acute. If / = — 2, then 
ЗГЩ .В -гЛ ) 7í 0  and S (-2 A )n S (B -2 A )  = S n S ( B ) - 2 A ^  0 ;  so that both
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distances from B —2A to 0 and B —2A to —2A are at most 2. It follows that

F s  -1 (4a)()/4—4a2)( 1 +

where the first three factors give half the area of the parallelogram 0, —2A, B —2A, 
B, and the last factor is an upper bound on the height of P(A, B) + C since 5'П5'С4)П 
f ïS ( C V 0 .  But we saw in the proof of Lemma 7 that the above expression is always 
less than 00, so that in an optimal lattice l= —2 is impossible. Thus the only inter
section with which we need be concerned are SC]S(B), and S n S (B -A )  and the 
translations by kA of these intersections. One of these intersections must meet a 
sphere centered at a point Q in P(A, B) + C, where Q has the form Q = C+kA  or 
Q=C+B+ÂA.

If Q — C+ÀA, then by the above analysis with В and C interchanged A=0 or 
Я =  — 1. If Q = B+C+2A  then by translation through — В we see that for S П S(B ) П 
П S(Q)T6 0 ,  2=0 or — 1 while for SC\S(B—A)CíS(Q )tí 0 , 2 =  — 1 or —2.

Table 2, below, gives the basis satisfying the lemma which arises from each of 
these cases. The “ ± ” column indicate when — C is used then rather than C is ful
filling the last intersection condition for Lemma 8 with the basis А', В', C . While 
verifying the table it is helpful to recall that sr\S(B)(~)S(B+C)?í 0  if and only if 
5 П 5 (Л )П 5 ( -С )^ 0 .

Table 2

Non-empty Intersection A' B' С ±

S n S fB )n S (C ) A В С +
S C \S (B )n S (C -A ) A В А - С —
S n S ( B - A ) D S ( C ) A С А - В —
S n S ( B - A ) n S ( C - A ) A A - В А - С +
S n S (B )r \S (B  + C) A В С -
S r\S (B )C \S (B + C —A) A А - С В +
SC\S(B — A )r \S (B + C —A) A С В - А —
S r \S ( B -A ) r \S ( B + C -2 A ) A - B А С - А -

Lemma 8 is established.
The converse of Lemma 8 is clearly true. Thus the maximal lattice trappings a 

sphere is the maximal lattice generated by three vectors А, В, C satisfying Lemma 8.
We now turn to the final lemma of the reduction.
L e m m a  9 .  In an optimal blocking lattice there are three generating vectors, 

А, В, C such that each o f the triangles a OAB, a 0A C  and one of AOBC or 
A( — B)OC have circumradius exactly 1. The angles at О o f the triangles o f circum
radius 1 are all acute.

P r o o f . Clearly at least one triangle must have circumradius 1 or we can enlarge 
the lattice by dilation and obtain a larger blocking lattice.

If none of the other triangles have circumradius 1 we may lengthen the basis 
vector involved in the smaller triangles without disturbing the blocking property of 
the lattice, thus the lattice is not optimal. We suppose therefore that two have cir
cumradius exactly 1.
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Finally suppose that exactly two of the three triangles with circumradius at most 
1 have circumradius exactly 1. By choosing a different vertex of the fundamental 
region as the origin we may suppose that AO AB and AO AC have circumradius 
1 and that either AOBC or AOB(B + C) has circumradius less than 1. We note 
that by translation л OB(B+C) is congruent to a (—B)OC.

There are two cases to consider :
Case 1. The plane P(A, B) is perpendicular to the plane P(A, C). In this case 

we show that the lattice cannot be optimal.
Because of the perpendicularity we may suppose that A = (2a, 0, 0) B=(blt b2, 0) 

and C=(ci, 0, c3). Since either \B — C \s2  or |Я + С |^ 2  we see that b\ + c\^A. Also 
since AOAB and a OAC have circumradius 1 we see that аШ 1, b3^ \  + Ÿ\~—a2 
and c3S l  + |/1 — a2. Thus

(1) V= 2ab2c3
and
(2) F ^ 2 fl( l +  f T ^ ) 8.
From the restriction on b\ + c\ we see that the product b2c3^ 2. Thus from (1) (50 = 4a

Ô Őwhence û ë -^ = .94  Bur for 1 the right hand side (RHS) of (2) has its
^ __  _

maximum at a = ~£ and we see that F<(50 since for that value of a 1 +  / 1 — a2< /2.
Therefore Case 1 cannot occur for an optimal lattice.

Case 2. The planes P(A, B) and P(A, C) are not perpendicular. In this case we 
can rotate the plane P(A, C) about A a small amount toward the perpendicular. 
This does not change either AO AB or AO AC  which still have circumradius 1. It 
may increase the circumradius of AOBC or A( — B)OC, but if the rotation is small 
the circumradius remains less than 1. On the other hand K=2s i-h c where s i  is 
the area of AO AB and h is the distance of C from the plane P(A, B). Since s i  is 
unchanged by the rotation while hc increases we see that the original lattice was 
not optimal.

Finally we turn to the angles. The fact that they are acute follows from Lemma 7.
Lemma 9 is proved.

III. The Main Theorem. In this section we prove the following:

T heorem . The unique lattice o f least density o f all those lattices which trap a unit

sphere is that lattice generated by three vectors of length / 7 + /1 7  
2 1.667...,

any two of which meet at an angle cos’ № = 67.0213...°. The density is

<5 =  -^ = 3 2 ^ /7 142+1802/ТУ =.26 508..., where V denotes the volume o f the funda

mental domain.
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P r o o f . In view of Lemma 9 it is sufficient to show that of all lattices generated 
by three vectors A, B, C such that the triangle A A BO, AACO and either ABCO or 
A( — B)OC  all have circumradius 1 and also such that the angles < / ( 0 5  and 
<$AOC and either <lBOC or < (  — B)OC are acute the lattice described in the 
theorem is maximal.

Since the triangles have circumradius 1 it is clear that the lengths of the three 
generating vectors determine the lattice once it is known which is the third acute 
angle. We proceed in each of the two cases to find a formula for the volume in terms 
of the lengths of the generating vectors.

Let \A\ — 2a, \B\ = 2b and |C| =  2c. Let x= <$BOC, ß= <$AOC and y= <$AOB. 
Let Rx be the circumcenter of ABOC or Д (  — B)OC, Rß that of AAOC  and Ry 
that of a AOB. Let q— <$RßOA = •$RvOA=cos~1a, a= <.RxO (±B)=  < RyOB= 
cos~1b and r=  <£RaOC= < RßOC=cos~lc. We note that also each of a, ß, у is 
positive otherwise the lattice is degenerate.

We may choose coordinates so that A = (2a, 0, 0), B=2b(x1, x2, 0), and C — 
= 2с(у1гу г, уз), where х? + х |=1  and y \+ y \+ y l^ \.

The volume of the fundamental domain is then given by

(3) V — Sabcx2y3.
From the fact that the three triangles have circumradius 1 we get

(4) A • В = \A\• |J?| cos у =  4ab cos (q + a)
(5) Л -С  = \A\-]C\cosß = 4ac cos (q + t)
(6) (± B )'C  =  |ß| • |C| cos a =  Abc cos (<t + t).

These equations reduce to
(7) Xj =  cos(e + a) =  cos y
(8) yX =  cos (q + т) =  cos ß
(9) ±  (хгУх + x2y2) = cos (<t + t) =  cos a.

Since (x1; x2, 0) and (y \, y2, y3) are unit vectors we may use equations (7), (8) and
(9) to solve for x2, y2 and y3 and obtain
(10) x2 =  sin у

( H ) У 2
■ cos a — cos у cos ß 

sin у

( 12) yl =
1 — cos2«  — cos2 ß — cos2 у ± 2  cos a cos ß cos у 

sin2 у
It follows from (3) that
(13) V2 = 64а2Ь2ег{1 — cos2a — cos2)? — cos2 у ±  2 cos a cos ̂  cos y}.

Since the angles are all acute and nonzero it follows that the maximum of V occurs 
when the “ ± ” is “ + ” in the term in braces in (13); this is the case when AOBC  
is the inscribed triangle.
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We next find the maximum of V. We point out now that this will also yield the 
corollary on the maximal, volume of a tetrahedron three faces of which have circum- 
radius at most 1.

From the definitions of a, ß, у, q, a, x it is straight forward to show that

(14) cos a = be — У1 — b2 \  1 — c2,

sin a = b i  1 — с2 +  сУ 1 — b2,

(15) cos ß = ас — У1 — a2 \  1 — c2,

and
sinß = a^ l — c2 + c Vl — a2,

(16) cos у = ab — У1 — а2 У1 — b2

sin y = a \  1 — b2 + b У1 — c2.

By straight forward calculation one can verify that

(17) V2 = 256a2b2c2{a b ( \-c 2) f T - b 2i \ - a 2+

+  a c ( \ - b 2) i ï ^ l / r ^ + b c { \ - a 2) f T ^ 2}/T^72-

- ( \ - а 2){ \-Ь 2) { \ - с 2)} =

= 256a2 b2 с2 /1 — b2 / l  —c2{a/l — a2sina +

+ (1 — a2) cos a}.

We note that the first form of (17) is symmetric and a, b and c while the second 
form emphasizes the dependence on a since a depends only on b and c.

From (17) we can compute the partial derivative, of W(a, b, c)= V2/256, to 
obtain

(18) =  ab2c2 \ l —b2\ \ —c2 1^— — -  sin a -f 2(1 — 2a2) cos a
oa \ ] / \ - d 2

dW dW
For or simply interchange the a and b or a and c respectively noting

that a becomes у or ß respectively. Since a is a positive acute angle we see from (18)
Ж  1 3

that is positive for and negative for a2ë  —. By symmetry this leads to,

(19) ^ a 2,b 2,c 2 < ^ ,
for a maximal lattice.

If we set the three partial derivatives equal to zero, after some simplification
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we see that for a maximal lattice a, b and c must satisfy
a(3 —4a2)

(20)

(21)

(22)

and

Let

/(* ) =

j / l - a 2(2a2- l )  
b(3 — 4b2)

/ l  — b2(2b2 — 1) 
c (3 — 4c2)

) / l - c 2(2c2- l )

x(3 —4c2) _1_ yT
/ l  —a2(2a2 —1) ’ y2 ^  A ^  2

= 2cota 

=  2cot/i 

=  2 cot y.

1 /3- =  <  y, Z  <  — .
]/2 2z ^ l - Z  + y ^ l - z 2 

The equations above can be summarized by
(23) f(x )  = g(y, z)
where x, y, z are replaced by the three cyclic permutations of a, b, c. 

Setting g(t)=g(t, t) we compute the following

(24) ./'(*) =  ——----r-1-  -— — 12 + :

(25)

(26)

f i x )  =

S'it) =

dg_ _ 
dy

(2jc2— 1) t 2x4 — 3x2 + 1
1

JC2(1 — лг2)3/2
(z уТ-У Ч уУ '! ■—z2)2+ (zy — У\ — z2 1 — V2)2

^ - / ( z j / l - Z  + y^l - z 2)2 
Consider the polynomial P(x) =  2x4—3x2+ 1 which occurs in (24). It has roots

at*2— y , 1 and is negative in the interval lj with minimum at x2 = -̂ -. Wenote

for future reference that

(/4M-(27)

1 3It is now clear that for — e x 2, y2, z2, t2^ — we have

(28)
(29)

(30)

f i x )  <  0 

S'il) > 0 
dg 
dy

0.

It is a straight forward calculation to verify that for a — b = c = — ̂ 7 +  j/l7 the 
three equations (20)—(22) hold. We wish to show that this is the only solution.
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Suppose for a solution it is necessary that a, b, с£(А(, Bt), where we know we may

take A0 = j / y  > Z?0 = then if (22) holds for x=a, y —b, z — c we deduce from
(30) tha t/(a)< g(5 i; Z?,). Setting Ai+1= f~1(g(Bi, Btj) we see that Ai+1<a. By sym
metry Ai+1<b, c. It follows that f{a)>g(Ai+1, Ai+1) or that a ,b ,c> B i+1= 
= f~ 1(g(Ai+1, A1+1)). If \Bi+1 — Ai+1\-+ 0, then there can be only the one solution
when a0 = b0=c0= ~ ^  1 + ^17.

In order to show that the interval lengths go to zero it is necessary to observe
i i / T  т / Тthat for all x, y, zÇ

since Л П

[ Я

l / ' M | -  / ' ( ] / | )

= 3 )T  Consider the following sequence of points (see Figure):

P t  =  i f ' 1 (S i  № )), *№ )) =  (во +  у щ  (B i -  fl0), g W ) j

P3 = { f - 1(g(Bi) , g ( f - 1(g(Bi)) =

= (/"4g W), № - flo)+«wj
Л  -  ( / - ‘W 1» , ^ - 1« )  =

= + flo, zK /“1 te№)))) = (Д+1, g(f-\g (B ,))))

where 9к^(А{, J5;), k = l ,  2, 3, 4.
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Thus |2?i+1 — а0|< е 2(Д( — a0). Similarly \Ai+1 — я0|< е 2(Л,— a0). Since £><1 we 
see there is precisely the one simultaneous solution of the three equation.*

Since there must exist a maximum and it cannot be at the boundary a=b = c=aa 
must be the maximum.

The theorem is proved.
Corollary. Of all tetrahedra three faces of which can be inscribed in circles of 

radius at most 1, the largest is the tetrahedra with base an equilateral triangle and
3 edges of length —уТ-|-/17 meeting at the apex with equal face angles of

: 67.02.

IV. Related problems. Problem 1. Suppose instead of a sphere we wish to trap 
a convex body, К  of more arbitrary shape. We then must specify if the permissible 
motions of К  are restricted to translation or allow rotation.

In the restricted case the problem is affine invariant and the theorem provides a 
solution in the case of ellipsoids, but the problem is open for more general shapes. 
Also the problem of the thinnest lattice which can trap any set of contsant width 
1 is of interest.

In the plane the restricted case again reduces to finding the maximal lattice with 
basis A, В such that KC\{K+ A ) ^ 0 and KC\{K+ B)?±0 which is not too difficult 
for a given body K.

For the unrestricted case it is clear that a lattice which traps the in-sphere (in
circle in the plane) traps the body, however this does not seem in general to be the 
most efficient method. In the plane the square lattice with an edge length w, where w 
denotes the least distance between parallel support line of K, traps K, but it is not 
clear if it is always best possible.

Problem 2. For a given determinant which lattice of spheres covers the greatest 
volume of space?

The two dimensional case of this problem has been settled. The best lattice is the 
lattice generated by an equallateral triangle. In fact the best lattice is known to be 
the best configuration even if non lattice arrangements are allowed. See L. F ejes 
T óth [16].

In this problem, as in so many in discrete geometry, there seems to be great 
difficulty in going from two to three dimensions. Tools are needed by which two di
mensional proofs can be changed to yield three (and higher) dimensional results.

* Professor H. G u n j i  through an ingeneous set of trigonometric substitutions has shown that 
the equations (20)—(22) can be reduced to

sin (q -  a)[2 cos (2g + 2a+ z) cos т] =  0

and the two similar equations obtained by permutation. Since 1/2g a ’, b2, 3/4 implies 45°S
SC, cr, t s 60°, cos (2q + 2ct+ t) is negative and the only solutions are when o = <r=r; i.e. a = b — c.

It then follows that a = b = c —— \ T + \\A .
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AN ISOPERIMETRIC PROBLEM FOR TESSELLATIONS

by
G. FEJES TÓTH

Let us recall the fact [1, pp. 84] that among the decompositions of the Euclidean 
plane into convex polygons of given equal area the average perimeter of the polygons 
attains its minimum for the regular hexagonal decomposition. In what follows we 
shall deal with the analogous problem if instead of polygons of equal area polygons 
of not too different areas are considered. Our result is contained in the following

T h e o r e m . I f  a convex polygon with at most six sides is decomposed into n convex 
polygons such that the quotient o f the areas o f any two is at least

::r f ̂ 6 tan 7г/6 — ]/l tan n jlŸ  _  Q31?
1^5 tan л/5 — ^6 tan n/6)

then the total perimeter o f the polygons is at least

1 УпНУ\2д 
l + iq

It easily follows: Decompose the plane into convex polygons o f average area 1
such that the quotient o f areas o f any two is at least q ^  0.317 I f  the average perimeter
p o f the polygons exists then

As to the definition of the average of a functional see [1, pp. 57].
In this inequality equality is attained if “almost all” polygons are regular hexa

gons of area / q and 1 \^q  such that the ratio of the numbers of the small and big 
hexagons is 1 : ]fq. We shall outline the construction of such a decomposition after 
the proof of the Theorem.

We shall denote a domain and its area with the same symbol.
Let Я  be a convex polygon with at most six sides. Decompose H  into convex 

polygons Plt .... Pn satisfying the condition of the Theorem. If p{ is the number of 
sides of Pt then, as a simple consequence of E u l e r ’s  polyhedron theorem, we have

П
2  Pi^6n. Let T be the total perimeter of the polygons. Then in view of the isoperi-

i=i
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metric property of the regular polygons we have

тш ZiPifipd,
i = 1

where f(p ) = 2}!p tan nip is the perimeter of a regular p-gon of area 1. Observe that 
/(3 ),/(4 ), ... is a decreasing convex sequence. Let us investigate the minimum

n ---- n ----  n
of the sum 2  V Pi f(pi) under the conditions 2  У Pi — H, 2  Pi — 6n and

i = l  i = l  i - k

* ^ [ /< 6 )- /(7 )  Г  
Pj -  q ~  1/(5)—/(6) J l , j  = 1,

Assume that for some j  we have 6. Then for some i we have Thus by 
the convexity of the sequence {/(/>)} we have

I/7. ^  /(6 ) - /(7 )  ^  / ( ^ - l ) - / ( p j )
ГЛ /(5 ) - /(6 )  Д а ) - / ( А + 1 ) ’

i.e.
(Д /(Л ) + yPjf(Pj) -  1^/0» ,+  1) + y?J/(P; -  1).

n __
Hence, replacing pt by p t+ 1 and pj by p j— 1, the sum 2  У Pi f(Pi) does not increase.

;=i
Continuing this process until all p;’s become less than or equal to 6 and subsequently 
replacing the p^s less than 6 by 6, we see that

2 2 y~Pi-
i = l  i =  l

" ,--  n
We continue to give a lower bound for 2  У Pi under the condition 2  УPi= H

i = l  _  ______  i = l

and Pi/Pj■=q. Since for 0 ^ x —h < x S y  we have Ух+Уу ^ х  — И + Ух + h, we may 
suppose that with the exception of at most one Pt all P;’s take only two values, P 
and P such that P/P = q. If the number of P,’s equal to P and P is n and n, respecti
vely and there is one P(= P  such that then we have to scrutinize the sum
S —пУР+Ур + пУр . Since n+ l+ n= n, nP+P + nP = H  and P/P =q, we have

s = n ] l ^ n + fP + n ] [ ^ l .I qn + n \ qn + n
This being a concave function of P, S attains its minimum if either P=P  or P —P. 
Thus our problem reduces to find the minimum of

S' =  ХпУ~Р + ( \ - Х) УР

when AP + ( 1—A) P = H/n, P/P = q, and In is an integer. Now we have

\X q + \-X
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A lower bound for S  will be obtained by dropping the condition that Xn is an integer. 
It is easily seen that for 0 ̂ Аё 1S is a convex function of X which attains its minimum

2 íq at X = - 1
1 + Ÿq 1 + íq

This completes the proof of the Theorem.
To conclude we construct a tessellation which shows that in the above inequality 

for the average perimeter equality can be attained.
In a regular hexagonal tessellation let / be a line containing a side of a hexagon. 

Let / be in a horizontal position. The line / bisects some of the hexagons. Replace 
the upper part of these hexagons by isosceles 
triangles based on the horizontal diagonal of 
the respective hexagons so as to obtain penta
gons having the same area as the hexagons.
Drawing the line through the vertices of 
the pentagons lying above / we obtain isos
celes trapezoids. It is easy to chek that these 
trapezoids also have the same area as the 
hexagons (Fig.).

It is obvious from this construction that we can decompose a parallel strip 
into equiareal convex polygons the bulk of which consists of regular hexagons. 
Decompose the plane into parallel strips which are decomposed in this manner 
alternatively into polygons of area iq  and l/^q. Let these strips be, in their natural 
order, ..., s_2, J-x, s„> slt s2, ••• so that the strips with even and odd indices contain
small and big polygons, respectively. Choosing the width wt of st so that lim ■ 2"+ - —I n-±~ W2n
=  —j= and wn = О (yn ) we obtain the required decomposition of the plane. In fact, the

Vq
condition that w„ — =» implies that almost all polygons are regular hexagons of area 
]fq and 1 lÿq. On the other hand, the additional condition that w„ = 0()//t) along

H2n+i _  j guarantees the existence of the average area and perimeter aswith lim
I— ± oo w2l

well as the proper ratio of the numbers of the small and big hexagons.
It can be taken for granted that in the Theorem the constant 0.317... can be 

replaced by a smaller one. The Archimedean tessellation (4, 6, 12) shows that with

the constant —-—  = 0.0893... the Theorem does not hold anymore.
It is conjectured that the Theorem continues to hold without the restriction of 

the convexity of the partial polygons but the proof seems to involve considerable 
difficulties.
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ON AVERAGING INTERPOLATION OF HERMITE-FEJ ÉR TYPE

by
P. VÉRTESI

1. Introduction. Recently M o t z k in , Sharm a  and Straus have introduced the 
concept of averaging interpolation of Lagrange type ([1]). Later it was proved that 
for many cases this process has the same convergence properties than the ordinary 
Lagrange interpolation (see e.g. [2], [3]). Now we wish to show that supposing some 
natural conditions we also cannot achieve a better uniform convergence estimation 
for the averaging interpolation of Hermite—Fejér type defined in [4] than for the 
usual one.

2. Notations and preliminary results. Lei, as usual,

(2.1) - 1  s  xn>„ <  ал_ 1>п < . . . <  *!,„ s  1 (и =  1,2, 3,...),
(2-2) co„(a) =  c (a -  x lt „)(a -  a2,„ ) ... (a -  a„, „),

0>„(a)
(2.3)

(2.4)

/ U W  "n(Ak.„ )(A -A k>„)

К  »W = шп (kk, n)

(k  =  1, 2, . . . ,  rí), 

lk.n(x),

(2-5) H n( f \ x ) =  Z f ( x kJ h k,n(x).
k =  1

As we know the degree of the Hermite—Fejér interpolatory polynomials Hm 
are not greater than 2n — 1, further

(2.6) # „ (/; x Kn) = f ( x k<n), h ;<J; xk,n) =  0 (k — 1,2, . . . ,  rí)
where / ( a) is defined on [—1, 1]. Let further

(2.7)
71

К =  2 Ч -1 )* -1k = l
Mn(xk,„)

K ( A k,„)]3

(2.8) s n(x) =  2  ( - ) k 1hk,n(x),

(2.9) An(f-, X)  =  н п( / ; х ) - Ц ±  2
Kn k = l \ Xk, n) \

(as (2.7)— (2.9), see [4]). In [4] R. B. Saxena proved
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T heorem 2.1. I f  Rn^  0 then An( f;x )  is the only polynomial o f degree s 2 n —2 
fo r  which
(2.8) An(f-,xk'„ )-A n( f ; x k + li „)=/(**, n)+ f(x k + 1,„) (k = 1 ,2 . . . . .n -1 ) ,

(2.9) A'„(f;xki„) = 0 (* =  1 ,2 ,...,« ) .
The name of A„ is averaging interpolatory polynomial of Hermite—Fejér type.

He also proved that lim ||A„(f; x)—/(x)||[_i x] =  0 if /€ C [— 1,1] (= / is  contin-
П —*•00

uous on [—1,1]) and a>„(x) = sin 9 sin (n— 1) 9 with x = cos 9 (||g(x)||[_i,i] = 
=  max |g(x)|).

3. New result. T heorem 3.1. Let us suppose that 

(3.1l xk,n =  -*„_*+!,» (к — 1, 2, ..., и).
Then for any odd n

Rn = 0 (л =  1 ,3 ,5 , ...).
I f  n is even, R„^ 0 and for  /£ С [—1, 1]

(3.2) ||tfB( / ;x ) - / ( x ) | |[_1,1] = 0(f)\H n( /; 0) —/ (0)| (n = 2nu 2n2,2n3, ...) 
then we have
(3.3)

l|tf„(/;* )-/(* )ll[-i,ii =  0 (1 ) ||Л (/(х )- /(х ) ||[_1>1] (n = 2nk,2n2, 2n3, ...). 
Proof. Using the definition of con(x) and (3.1) we have

(3.4)

(**,„) = (« = 1-2,3, . . . ;*  = 1,2,..., n, i = 0, 1,2).
So if n=2s + 1 we have (sometimes omitting the superfluous indices)

2s+1 ci>"(x,)
2  (-1)*"1— — -

to (xk) co (x2s+2_k)
= } I K W Ffc=l + ( - l )

[оУ(хк)Г -  

tó "0 3 + l)
[cu'(xs+1)]3

0 ( j =  1 , 2 , 3 , . . . )

because of oj"(x s+1) =  oj"(0 ) = 0  ( a f s + f x )  is an odd function). 
If n~2s then by (2.8), (2.3) and (2.4)

2s
S2s(0)=  2  ( - l ) k _ 1 A ik ( 0 )  =  J  ( - 1  ) * - 1 II( 0 )  +  i  ( - 1  ) ‘ “ 1 7 7 7 7 7  **4 ( 0 )

fc =  l  * = 1  k = 1 и  № 1

1 1
- CO (°) Д  ( 1) [ [ c u '^ x j 2 [со'(*2* + 1-*)*2, + 1-*]!

+ cu2(0 )2 ’ ( - l )
k = l

k-l co"(x2s+l_k)(Q"(xk)____________________
[o/(xk) fx k [o/(x2i.+ i_k)]3.v2s+i. =  0 .
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So we have by (2.9) and (2.5) that

A„(/; 0) =  H„( / ;  0) (11 =  2 ,4 ,6 ,...)  
from where we have (3.3) by (3.2).

4. Remark. Let us consider the roots of the Jacobi polynomials Pj,x,ß)(x) 
(a, ß> — 1). If aL — ß then we have (3.1) (see [5], 4.1). Moreover, using [5], (14.5.1),
(15.3.1) and (15.3.8) we have that ЛЙ,0[)̂ 0, (i.e. A £’x) ( / ;  x) exist) if — l < a ^ —j .
(We denote by the numbers Rn corresponding to the roots of P{n*-a) (x).
Similar meaning have A*,x’x) ( / ;  x).) We can prove that R(x'x) ^ 0  for other values of a 
but the proofs are not always so simple.

Let us see an example for (3.2). If we use the same roots and correspondence 
as above we have

I№ -> (I/|;jc)-W II i- 1.1] =  o[^] | - l < a = g - y ,  n = 2,3, 4, ... j
(see [6], (2.1)).

Further, using [5], (14.5.2), (8.21.10), (8.9.9) and (8.9.1) we get

It )
HÏ'* (|f I; 0) = 2  Л&<40) K J = 2  *£ï° ф)хк.

к = 1

И С ш
■ и

log и
<■ 2  «,.(0)ДГ».. =  -Э- 2  —  = < = ^  (» =  2 ,4 .6 ....)■и " - и

х к.п

I.e., we have (3.2) for |jc| and « = 2, 4, 6, ... | l  < a S  — .

The author is grateful to the referee, Professor O. Kis, for his valuable remarks.
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REMARKS ON A PAPER OF G. G. LORENTZ

by
G. PETRUSKA

1. Let (X, sé, fi) be a probability space, {/„} a sequence of ^/-measurable 
functions satisfying
(1) 0 S  1 p — a.e. x£X , n =  1, 2,... .
Let A — {n1, n2, ..., nk} be a finite set of positive integers, \A\—k. We put

П fnj = Tlfi f i l l  f )  Ф = P(^). p(A)l,W = m(A).
njtA A X \ A  )

We are going to find a subsequence N=  {nl5 n2, ...} of natural numbers such 
that m(A) behaves regularly on the finite subsets AczN.

Results of such types were proved by Visser [1], Sucheston [2] and in the most 
general form by Lorentz [3] :

Proposition. I f  the sequence {/„} satisfies (1) and for a fixed integer r ^ l

(2) lim f f n jn 2 ■■■firdp =  ar
X

(where я^-^-Ь00, independently for l ^ j ^ r ) ,  then for every e>0 there exists a sub- 
sequence {£„}c {/„} such that f  gni...g„dp^(\ -e)od for every n ^ n ^ . - . ^ n , ,

X
s=r, r + 1 , ....

This result is sharp in the sense that the factor (1 — e) can not be deleted in general. 
The proofs in [1]—[3] are based on the combinatorial Ramsey-theorem. The 

main tool in our argument is weak convergence which is inadequate if in an integral 
f  /л1---/П2Ф  many indices may move simultaneously to infinity.

X
2. Since the unit ball in L is weakly compact, by (1) there exists a weak-limit

point q>, p a.e. x£X ) for the set {/„}. Let

•S' =  { / : / =  1 or f = f , 1f , t . ..f ,k(pJ,n 1 < n i < .. .< n k, j  = 0 , l , . . .} .

S  is a countable subfamily, therefore there exists a subsequence {g„}c {/„}, which is 
weakly convergent to <p with respect to S' (i.e. for /6  S, J  gnfdp — J  tpfdp holds).

X  X
Thus (changing the symbols) we can assume that our sequence {/„} is weakly con
vergent with respect to the system S. In the sequel this will always be assumed.
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3. Lemma. Let g(x)^0 , h (x)^0  be bounded measurable functions on X, p?=0. 
Suppose

(i) f  gdp = о >  0;
X

(ii) f  hg dp
X

Then

p + 2
op*1.

(3) ( fh " e d p fKn+p+1) >  ( f / f ^ e d p ) 1,(n+p)
X  X

holds for every n = 1, 2 ,__
(If in (ii) we assume S , (3) holds with too.)

P r o o f . Put for brevity /„ =  ( У '/г"р ф )1/('1+р+1), ц=0, 1 , .... For n= 1, assertion
X

(3) holds by (ii). Suppose that >-/0 has already been proved. We recall
the well known fact that, for any probability measure X the mean]

M f f )  = { f r d x ) vt ( / >  o, / ^ 0 }

is a non-decreasing function of t. Taking dX = — qdp we obtaina

- ( / n + i)"+p + 2 =  [M„+1(A)]"+1 ^  [Mn(h)]" + 1 a
hence

( / n + i)"C 'l + P + 2) ^  —  ( / „ ) ( " + 1 )(" + P + 1) =  ( / „ ) ' ' ( " + P + 2) ^
a a

G

P + 1

(/„)" + P + 1 " , 

(/„)"("+ p + 2>,

where the latter inequality holds by the induction hypothesis / p + 1>/£ + 1 =  cr. Thus 
7„ + 1=-/n follows.

4. T heorem  1. Suppose that the weak limit point cp is not constant p a.e. Then 
there exists a subsequence N={nly ..., nk, ...} such that m(A) is monotone on N  in the 
following sense:

(i) i f  A a B a N  and max A<min (B \A ) then m(A)<m{B).
Proof. The sequence N  will be selected by induction. Since cp ^  c, the strict 

inequality

(4) f ( p 2 dp  <  [ J ' r p d p f
X  X

holds. Hence for n ^ n x we have

(5) /  (Pfndp >  [ f f ndp]2
X  X

as well. Let N± = {/7i}.
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Induction hypothesis. Suppose that Nk = {nk<n2< ...<nk} has been chosen and 
it satisfies

(6) m(A) <  m(B) 

if AczBc:Nk and max A <  min (B \A ) and

(7) m(A)l/*l+1<  f ^ J J f \ ( p d p  

for every AczNk.
If k=  1, i.e. Nk = {nk} then (7) reduces to (5). In order to find nk + 1 we apply our 

Lemma for every fixed A c N k, A^O  with q:= ]J f, h\=q>, p:—\A\ — l. Condition (7)
A

justifies the application of the Lemma. Taking n = 2 we have

( 8 )  [ / ( Я / )  </>2 Ф ] М | + 1  >  [  / ( Я / )  ^ ] w + ‘ .

Hence we can find an integer nk(A)>max И such that for every n ^ n k(A)

(9) [ / ( Я / ) / . ? Ф ] М|+1 >  [ / ( Я / ) Л Ф ] М|+а
and
(10) [ / ( Я / ) / яФ ] > ^ ( ^ ) М|+1

hold as well. In fact, the terms in (8) are the limits of the corresponding terms in (9) 
and by the same reason (7) implies (10).

Now we put
nk+1 = max (nk(A): A c  Nk, A ^  0}

and
hik+i = {«!, , nk, nk+l).

We have to verify properties (6) and (7) on Nk+1. Let A<zBaNk+1, max A c  
<min (B \A ). We can suppose пк + 1£В. (10) implies m (B \{nk+1})cm (B ) and the 
general case follows by transitivity. To verify (7) we can again suppose nk+1(zBaN k+1. 
If B?£{nk +1} then (9) implies J  JJ/<рф>тя(Л)1в1+1. If finally B={nk+1}, then by

X B
nk + 1>nk, (7) follows from (5). Thus the induction process provides the required 
sequence nk <  n2 < __

Corollary 1. If for a fixed integer r S l  the sequence f k, ... satisfies m{A) S c
(|Л| =  г) and it has non-constant weak limit point, then m(A)>c holds for every
every/íc N , |Л |>г for a suitable subsequence ./V. In particular, f  f„dp^c  (« = 1 ,2 ,...)

r ximplies I f ni - f„kdp>ck (k = 2, ...) for a suitable subsequence.
X
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Remark 1. Condition max (/l)<min (B \A )  can not be deleted from the mono
tonicity property. Let

x, O s r < l  ——,

/.(* ) =
0, 1 2» — x  —

n—1,2, .... Then/ , —jc weakly on [0, 1] with respect to the Lebesgue measure. If 
m(A) is fully monotone on a subsequence iV={n1< « 2< -• •} then

( / А /m, ••■/mk)1/*: + 1 S  [ f  f mi »1 <  "h <•••< Mk, т ,£К
о 0

Taking mk — + °°, ..., — +  °°, we obtain
1 1

( f  fn1(Pk^llk+1 — { / (pk)1,k for every k  = 1 ,2 ,__
о и

For k — + °°, this gives 1 — ̂ -= 1 .

Remark 2. The example f n(x) = c [l + ~ ]  ( 0 < c < l )  shows that m(A) can be
monotone decreasing (m(A)>m(B) if (p = c, and max ^<m in (B\A)). If <p =  c, 
our method (with slight modification) would give the following assertion :

Theorem 2. I f  q> = c, and a sequence efc—0 is given then there exists a
subsequence N={nk^ n ^ . . . }  such that AaBc^N , max /4<min (B \A ), min A ^ n k 
imply m(B)>{ 1 — г^'т{А), where t=  |Л|-1 —|Z?|_1.

We omit the proof.
Finally we show that a result like Cor. 1. still holds even if <p =  c.
THEORem 3. Suppose that, for a fixed r ^  l m (A) >d (\A\ = r) holds. Then there 

exists a subsequence N  such that m(A)>dfor every AciN, \A\^r.
Proof. If the sequence f lt ... has a non-constant weak-limit point, the

assertion holds by Corollary 1. Thus (p = c is supposed. From

//» , -fn rdp >  dr 
x

we obtain c f^d r if one after one иг —-f°°,..., nL — » , i.e. cr=d. (In particular, we have 
m (A )^d  for every \A \^r.) We are going to use an induction argument like in Theo
rem 1. Let ^ = { 1 ,2 ,  . . . ,r} and suppose that JVt = { l, ...,r , nr+1, ...,n k} has been 
selected with the property
(11) m(A) >  d (A a  Nk, \A\ r).

Let AczNk be fixed, \A\ = r. Then by

Jim f  ̂ n .fy„dp . = cp(A) s  dp (A) >  dMI+1
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we have for n ^ n k(A)
J  ( Я / ) / » Ф > ^ |+1.

Let nk+1=ma\ {nk(A): AczNk, \A \sr}  and jV*+1= {l, nk, n*+1}. Then the 
sequence defined by induction obviously satisfies our requirements.

Remark 3. The induction argument above would easily give the following result: 
If for a fixed r ^ l ; ;n(A)^d (\A\=r) holds and e>0 is given, then there exists a sub
sequence N  such that for every AczN, p(A)>( 1 —e)d\A\.
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PACKING AND COVERING PROPERTIES OF SPLIT DISKS

by
H. GROEMER and A. HEPPES

In this paper a disk is defined to be a compact convex subset of the euclidean 
plane that is centrally symmetric and has non-empty interior. If D is a disk, then 
every line through the center of D splits the disk in an obvious way into two congruent 
closed convex sets. Either of these two sets will be called a semidisk obtained from Dr 
The packing constant of a disk or semidisk X  (maximal packing density of sets 
congruent to X) will be denoted by b(X).

At a recent meeting on discrete geometry (Madison, Wisconsin, August 1974) 
L. F ejes T óth  has raised the question whether one can always obtain from a given 
disk D a semidisk D' so that ô(D)<ô(D') (for the case of circles see also [3]). In the 
present paper we shall answer this question and solve some related problems.

First, we note that there are obviously disks, for example parallelograms and 
centrally symmetric hexagons, with the property that all the related semidisks have 
the same packing constants as the original disks. On the other hand, it is also not 
difficult to find a disk D and a semidisk D' obtained from D so that <5(Т>)<<5 (D'). 
For example, let D be a centrally symmetric octagon with one diagonal, say d, paral
lel to one of its sides. Then, it is clear (see figure 1) that the two semidisks D', D" 
can be translated so as to form a centrally symmetric hexagon. Hence (5 (D) <  1, 
but 0(D ')= \.

Our further considerations are based on the well-known fact that for every 
disk D

where S  denotes a centrally symmetric hexagon (or parallelogram) that contains D 
and has minimal area. a(X) signifies the area of X. We shall also discuss coverings of 
the plane by disks congruent to a given disk D. For this purpose we define the cover
ing constant A (D) as the minimal density of coverings by disks congruent to D and 
subject to the condition that no two disks “cross” each other. Then, it can be shown 
that

Fig. 1

( 1) 0(D) = a(D)/a(S)

(2 ) A(D) = a(T)/a(D)
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where Г  is a centrally symmetric hexagon (or parallelogram) contained in D and of 
maximal area. For proofs and further details concerning the relations (1) and (2) see 
the books [1], [4] o f L. F ejes T óth, and the pertinent literature cited there.

Since the relations (1) and (2) reduce our problem to the study of circumscribed 
and inscribed hexagons, and since results of this type are of independent interest we 
consider, more generally, centrally symmetric 2n-gons (n = 2, 3, ...) which contain or 
cover) a disk or pair of semidisks. Our main result can be formulated in the fol
lowing way.

Theorem. Let n be an integer that is greater than 1, and let D be a disk which is 
not a 2n-gon. Furthermore, assume that P and Q are two centrally symmetric 2n-gons 
with the property that QciDczP and that the centers o f  Q, D and P coincide. Then, 
the following statements are true.

(i) There exist a semidisk Dx obtained from D and a centrally symmetric 2n-gon 
P such that a(P)-^a(P) and that P contains two non-overlapping congruent copies o f Dx.

(ii) There exist a semidisk D,, obtained from D and a centrally symmetric 2 n-gon 
Q such that a(Q) >a(Q) and that Q is contained in the union of two non-overlapping 
congruent copies o f D2.

Before we turn to the proof of this theorem we formulate as a corollary an 
answer to the above question about packings and include also a solution of the corre
sponding problem for coverings. This corollary is an obvious consequence of (1), (2), 
and the specials case л =  2, 3 of the Theorem.

Corollary. I f  D is a disk that is not a centrally symmetric hexagon or a paralle
logram there exist semidisks D ,, Z)2 obtained from D so that

ô m > ô ( D )
and

A(D2) < A(D).

P roof of the Theorem. First, we consider the case of a disk D that is contained in 
a 2«-gon P. Let /;, , p2, ■■■, pn and the images of these points in the center о of D be 
the vertices of P. Since D is not a 2«-gon there exists a point p on the boundary of P 
that is not in D. There is no loss in generality by assuming that p is a point of the 
open segment (p1, p2) and that the closed segment [рг, p2] is a side of P. Let now D' 
and D" be the two semidisks obtained from D by splitting D along the line which 
passes through о and p. The same line splits P into two semidisks P', P", where 
D'czP', D"czP". It will be shown that D' can be taken as the Dx of the theorem. 
Because of the convexity of D, and since p i D, either [p, or [p, p2] contains no point 
of D. We may assume that the notation has been chosen so that [p ,p j is a side of 
the polygon P' and that this side contains no points of D (see figure 2 for these and 
the following considerations). Then, it is obviously possible to cut off from P', 
using a line parallel to [p, p j ,  a quadrangle so that the resulting polygon, say P', 
has the same number of vertices as P', contains D', and has smaller area than P'. 
If the corresponding operation is performed on P" it is clear that P', and the resulting 
semidisk P" can be translated so as to form a new 2/i-gon P which has the desired 
properties with respect to the correspondingly translated disks D', D". We remark that 
the previously excluded case p= px could be settled by the same method.
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P” O' П»

P' O'
Fig. 2 Fig. 3

To prove part (ii) of the Theorem we assume that qx,q 2, , q„ and their images 
in о are the vertices of Q. Since D is not a 2n-gon we can infer that Q has a side, say 
[<7i , <72]> so that the open segment (q1, q2) contains no point of D. Let q be a 
point on (ql , q2) that is closer to q2 than to q1, and let D be a line containing о and q. 
Splitting D and Q along L yields two semidisks D', D" and two polygonal semidisks 
Q', Q" so that D 'cQ ', D"aQ". We may also assume that D' is the disk which con
tains qx. Using Q' one can now construct a new semidisk Q' by the following two 
modifications. First, we add to Q' a triangle with vertices at qx, q, and at a point 
X  on L  that is inside D but outside Q. Then, we remove from Q  a similar triangle 
along the side parallel to [q, q̂ \ (see figure 3). Since the area of the first triangle is 
larger then the area of the second one it follows that a(Q')>a(Q'). Furthermore, if x 
is chosen sufficiently close to q the semidisks Q' and Q' have the same number of 
vertices. It is now clear that Q' and an accordingly constructed semidisk Q" can be 
translated so that there results a disk Q which has the properties stated in the Theorem 
(D' can serve as D2).

We conclude with some additional remarks concerning the packing properties of 
disks and semidisks.

1. Let D be a disk and let и be a given direction. We say that и is “exceptional” 
with respect to the packing (covering) problem if a splitting of D by a line of direction 
и does not improve the packing (covering) constant. Our proof of the Theorem shows 
that every strictly convex disk has at most three (six) exceptional directions with 
respect to the packing (covering) problem. But the directions singled out by our proof 
are not always exceptional. For example, a circle has obviously no exceptional di
rection, or the line used to split the octagon of figure 1 does not correspond to an

exceptional direction with respect to the covering problem, although the method of 
proof of the Theorem would not be applicable for improving the covering constant 
in this case. In fact, it is not known to us whether there exist stricly convex disks, or 
any disks different from parallelograms and centrally symmetric hexagons, with 
exceptional directions.

Fig. 4 Fig. 5
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2. The demonstration of the above theorem gives an actual procedure for 
improving the packing or covering constants by splitting the given disk. However, 
it does not provide any method for finding the actual packing or covering constants 
of a semidisk even if the packing and covering properties of the original disk are 
completely known. For example, the packing constant of a semicircle and the corres
ponding densest packings are apparently not known. A rather dense packing is 
obtained by placing two semicircles in a hexagon as in figure 4 and by tiling the plane

7t
with such hexagons. The density of this packing is found to be

}fb + 5 tan
10

=  0,935..., as compared to the packing constant of circles which is —== =  0,906 ....

Another problem of this type would be to find those disks for which the increase 
in the packing constant (decrease in the covering constant) which can be achieved 
by splitting the disk is maximal.

3. Fejes Tóth’s original question can also be formulated for packings or cover
ings that are formed by the translates of a given disk or semidisk. However, it is to be 
expected that no improvement of the translative packing or covering constants can 
be achieved by splitting a given disk. As an example consider the case of a semicircle. 
The densest packing can be found by first centrally symmetrizing the semicircle, 
which yield the parallel domain of a line segment, and then by applying results of 
L. Fejes Tóth [2] regarding packings of such domains. One obtains a packing as

71indicated in figure 5 of density----- ==0,841__ This constitutes a considerable
2+1/3

71reduction of the packing constant ^==0,906... of circles.

4. It is quite possible that for dimensions greater than two the packing and 
covering constants of most centrally symmetric convex bodies can also be improved 
by suitable splittings. For example, consider the case of sphere packings in 3-space. 
In the usual cartesian (x, y, z)-coordinate system let В be the sphere defined by 
x 2+ y2 + z2S  1, and let Bx, B% be the semispheres consisting of those points of В with 
x s o  and a= 0, respectively. Furthermore, let L be the lattice generated by the vec
tors (/3, 0, 0), (0, 2, 0),(|/3/2, 0, 3/2), and define a translate L' of L by (0, 1, 0) + L. 
Then it is easy to prove that (B1+L)U(B2 + L') is a packing of semispheres of

4n
density —=  = 0,806 .... Since is has been shown by Rogers [5], [6] that the pac- 

9Í3
king constant of В is not grenter than 0,78 it follows that the packing constant of 
semispheres is larger than the packing constant of spheres.
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ON ESTIMATIONS OF JACKSON AND TIMAN TYPE

by
P. VÉRTESI

1. Introduction and preliminary results

1.1. Our starting point is a problem raised by R. D eV ore. “ D o there exist 
polynomials q0, qlt q„ of degree Шп such that the linear operators

l „ ( / ;* )  =  4k{x)
k = 0  ( П )

provide the Jackson estimates

\ \ f ( x ) - L „ ( f ; x ) \ \  =  0 ( l ) m [ / ;  l ]

where || • || is the sup norm on [0, 1] ?” (See [1], p. 581.) In his paper [2] J. Sza b a d o s  
gave an affirmative answer for this question applying intermediate approximating 
rational functions and then using a standard polynomial approximation to these 
rational functions.

Now we prove a theorem from which we can easily get another positive answer 
for the above mentioned problem. Our solution is constructive and we do not need 
any intermediate auxiliary functions. Further, we shall obtain a certain connection 
between the degree of the pointwise approximation and the minimal distance of the 
nodes. We use the following result from [3] :

2 k n
1.2. Let |* |S i, x=cos 3 further 

(1-1) h.n = c o s \„  with =

r. 2я +1

( 1.2)

s in ± ^ - ( 9 - 9 * .n)
Lk,„(x) =

(2n + l)sin g- ,?*•"

The fundamental Lagrange polynomials corresponding to xk n for k = 0,n  (which 
means k = 0, 1, are

(1.3)
If

I l . M  =  Lo.n(x),
U*.»W =  LK„{x) + L_kn{x)

uk,n(x) = 4Lkn(x) — 3Lkn(x)
fPo,n(x) = Щ.п(х),
\pk.n(x) = И*. „(*) + «_*,„(*)

(к  =  1 ,и ).

(k = -n,ri),

{k =T7n),
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def

then for the polynomials

I n ( f ; x ) =  Zf(<k.n)Pk,n(x)k = 0
of degree ^ 4n we have for each /£C [—1, 1] (= / is  continuous on [—1, 1]) 

T h e o r e m  1.1. (O. Kis—P. V é r t e s i ) .  I f /£ C [— 1, 1] then 

(1-4) In( f;  tKn) = f ( t k'„) (k = 0, n; n = 1 ,2 ,3 ,...)
further

(1.5) |/„ (/; * )- /(x ) | =  0(1) CO f ;
/ г з -

+C0 / ; (И =  1 ,2 , 3, ...)

(see [3]).

2. New results

Let us define the sequence o f  real numbers <p„ as follows 

(2.1) l S f t S " ,  (pn ^ (p n + 1 {n=  1 ,2 ,3 ,...).
W e have the following

T h e o r e m  2.1. For any fixed sequence {</>„} defined by (2.1) we /гаге a  node-system

- 1  <  <  лП1 _ lin,„n < . . .  <  x liB>(?(i < 1  ( b 1 S / i + 1 ; í i = 1 ,  2, 3, .. .)
and polynomials P*. „,„,„(*) (P =  1, ггх; и =1,2 , 3, ...) о/" degree ё4а  sac/г that for 
each/ 6 С[—1, 1] and the operators

kn, (pn( f , X') ^ Ty( f̂t,H,<pn)Pfttn,(pn(-̂ )
fc =  l

(2.2) |I* .* .( /;* )- /(* ) | =  0 (l)
where

a>\f;
Í T f . <Pn 

И2 (» =  1 ,2 ,3 ,...)

2mm„ "><*>> xk,n,<pn) ~  2̂ 1,2,3,...).

The special case of this theorem is a solution o f  the D eVore’s problem.

T heorem 2.2. ITe саг г choose the sequence {cpn} and the polynomials qki„(x) of 
degree ^ 4  n such that for each /€ C [—1, 1]

(2 .3) [ / ( * ) -  2 / | - i + ? | f t . . W I  =  0(1)0) / ; i |  (я =  1 ,2 ,3 ,...).*

if

* T o  have an  exact answ er w e rem ark  tha t by (2.3)

l / ( * )  — Д / í - l + ^ j  ß j , 4 „ W I  =

Qj,in(x) = (у =  0, 4, 8, . . . .  4я)
and equal to 0 otherwise.
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Our theorems are the best possible in the following sense. Let C(com) =  {f(x) ;com( f  ; t ) ^
tm

— flm( / ) wm(0} where rom(0) = 0, com(T)^com(t) if T ^ t ,  com(t) is continuous, — p-r
is monotone increasing (i^O), ct>m(i) is the m-th modulus of smoothness of f ( x ) on 
[— 1, 1], m ä l  is a fixed integer, We have

T heorem  2.3. I f  {<p„}, and Ln Vn a re  a.v afeoue then for any fixed a>(t)
we have a funtion fi£C(co) and a suitable subsequence {rj such that

(2-4) \ L „ , 1) - / i ( l ) |  >  w |^ r j  (и =  rlt r2, r3, ...).

By our theorems we can see that the pointwise convergence of the operator
"i
2 f ( xk.n) />*,„(*) generally strongly depends on the minimal distance of the nodes

fc=i
(see further 4.2).

3. Proofs

3.1. Proof of Theorem 2.1. 
Let

(3.1) dn(q>n) = ( " = 1 ,2 ,3 , . . . )
and

(3.2) \п,<рп = l - k d n((pn) (k =  1, n) if (p n 7± 0 { 1).

Let further for <p „ * 0 (  1)

т+ — {h.n, h , , ё О Д ё  (p n) ,

r_ — {fi, n ; - h ,n iT +},
s + =  Wit, n, <Pn; sup ({0}U T+) s  sKn̂ n- d n((pn)},

- s k,„ ,vSS +} (<Рп^О( 1)).
def

If T = К . „ } г =0 we define our nodes as follows

(3.4)
T  if cpn = 0(1),

j,n,<p„}jl=i 1T +U T _ U S +US_ if cp = 0(1).

Supposing that Xj ,Vn( lS y < iS « i) , we have

(3.5) dfi(Pn)

Indeed, by (3.1)—(3.4) we have to investigate only the case when xk, xk+1ÇT+ U T_ , 
(pn 5̂ 0 (1). (Sometimes we omit the superfluous indices.)
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By (1.1) and (2.4)

(3.6)
2српл 2((p„+1) 7Г mm (xk- x k+1) ~  cos——  - c o s

I  2и+1 2и+1

. 2ç>„ +1 . 1 <p„=  2 sin —----— n sin -——г л2л+1 2л +1

Let us define the polynomials 0,„,*„0) as follows. Pj + <Pn(x) = pJt„(x) ( j= 0, л)
if <p„ = 0 (  1). On the other hand

Pk,n(x) if х7€Г+ и г _  and xjt„ = tKn;
2  Pk,n(x) if Xj'„€S+ US'.

(3.7) 0> ,*„0)

Now we can prove our theorem by the operator

wh 0 € 0  if xj+1.» ■*= 0 „  s  */,» O' >  l),
wbere\*€Äi if x2>„ <  <  1 (<?„ и 0 (1)).

A,, *„(/;*) = 2  f(x j. „, *„) Pj, „, *„ O)-
J=i

(3.8)

Indeed, if cpn = 0 (  1) then Ln (Pn=Inand we have our theorem by (1.5). If (pn^ O (  1) then 

I/O) -  £„,„„(/; x)| s  I/O) -  /„ (/; x)| + |/„ (/; x) -  £„,„„(/; x)| =

=  0 ( 1)

Here by (3.1) — (3.4)

!/„(/; x ) -L „ ,^ ( / ;  x)|

+ ® / ’ + 17«( / ; *) -  A *„(/; *)l-

2 f ( (k)Pk(x)- 2 / 0 / 0 0 )
)=1

0)1=  1 2" t / 0 / 0 0 ) -  /0 * )P * O )]| =  0 ( l ) ( û ( f ; d n) 2 1 л ( - ’
| x j £ S + U S _  I k = 0

„
from where we get our statement considering that 2  \Pk „0)1 = 0(1) (see [3]).

k = 0
3.2. P roof of Theorem 2.2. We have to choose (p„=n and P0(x) =  Pn(x)= 0.

3.3. Proof of Theorem 2.3. By (3.7), (3.8) and (1.2)

0 0 ) =  2 1 0 , „,*„0)1 =  2 1л .„ 0)1 =Po,„0 ) = l.j =1 k—0

Using that 1— х1>п><г,п~ dn((pn)~(p„-n~2 we have our statement by [4], Theorem 1 if 
limo(i/co(i)) = 0. If cu(t)~f then we can apply [5], Lemma 2.1. choosing g„(x2) = 0,

gnO i)=  1 and g„((l + x 1)/2)=0. Using [6], Theorem 2.1, we have the desired result. 
We omit the details.
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4. Remarks

4.1. There are methods to prove the (1.5) Timan estimation using node-systems 
similar to (1.1). We can apply those to gain analogue theorems.

4.2. We can generalize our Theorem 2.3. Here is a possibility.

If {x* П}Е=1 c ( — 1, 1) is a point system for which rmn |jcä+1i„ — xk>n\ = dn>

|l -* i ,„ | = dn, Ln( f ; x ) =  2 f ( x k,n)lk,n(x) with 4 .-(* )€C [-l, 1] and 2 \ h A  1)1 =
k = 1 fc=l

=  0(1), then supposing that limo(t/cn(t)) = 0 we have for a suitable/^6C(co) and {n,}

Ln(f',  ! )—/ ( ! )  >  « W  (« =  »1. Щ, «3. •••)
(see [4] and [5]).

Another generalization is settled in [7].
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A PROOF OF THE SIEGEL LINEARIZATION THEOREM 
BY DILIBERTO BOUNDED DOMINANTS

by
BUCK WARE

In 1952 C arl S iegel proved his celebrated linearization theorem for analytic 
vectorfields : he showed that certain diophantine inequalities on the eigenvalues of 
the linear part are sufficient for a finite dimensional system of ordinary differential 
equations to admit an analytic linearization in the vicinity of a stationary point. 
In the 1970 volume of this journal I mre B ih a r i and Á . E lbert generalized S ie g e l ’s 
result in the two dimensional case by allowing the possibility of relations among the 
eigenvalues. The problem of relations was also treated by A leksandr  B r ju n o  
in his long 1971 paper.

Recently a number of people have succeeded in proving infinite dimensional 
versions of various well known theorems. For instance, C harles P u g h  [1969] and 
J acob  P alis [1968] independently proved the C ° linearization theorem of P h il ip  
H artm an  and D avid G robman for any Banach space, and M ichael Ir w in  extended 
the stable manifold theorem to Banach spaces in 1970.

The proof given here of the Siegel linearization theorem in a Banach space is an 
adaptation of a proof given by Steph en  D iliberto  in 1970 for the finite dimensional 
case. The method of D iliberto  bounded dominants is different from the popular 
accelerated convergence technique developed by J o h n  N ash, A ndrei K o lm o g o r o v , 
V la d im ir  A r nol’d , J ürgen  M oser, et al.

1. Notation. Let E, F be two complex Banach spaces. On the space 2 k(E, F) 
of all continuous symmetric k-linear maps

u: Ek -* F
we have the multilinear norm

|m| =  sup{|M(xl5 ..., л-*)| : |xj| = 1, Xj£E, 1 S j S l }
Restriction to the diagonal embeds 2k(E; F) into the space of continuous functions 
from E to F by

и I—► (x и-*- u(xk)), x£E,
and the image is called the space of ̂ -homogeneous polynomials on E with values in 
F, written F). On this space we still use the multilinear norm. If p is in tyk(E, F), 
its polar is the unique symmetric fc-linear map p such that

p(x) =  p(x‘)
for X in E, and its derivative at x  in E is

(Dp)x -a = kp(a, xk~1)
for a in E.
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By a formal powerseries on E with coefficients in F is meant a sequence f — 
=  (Pjc)i€N with pk a ^-homogeneous polynomial on E  with values in F. Its strict majo
rant is the formal powerseries

/  = (|Pjt|sfc)*eN
on R with coefficients in R, where £*: x^-xk for x in R. (If r is the radius of con
vergence o f/an d  ríha t o f/ ,  then r /e ^ rS r )  If g = (ßksk)kiN is a formal powerseries 
on R with coefficients in R, then the notation f< .g  means that \pk\s ß k for к  in N.

2. Formal Solution. Let £  be a Banach space and let /= и + /2 be a formal 
powerseries on E with coefficients in E, where и is a toplinear automorphism of E and 
the powerseries/ 2 has order S2. For each integer k = 2 define the linear endomorphism

Фк(и): %(E, E ) -  ф к(Е, E ) 
on /t-homogeneous polynomials q by

Фк(и): q ь— (Dq)-u
where (Dq) ■ и is the polynomial map defined by

(Dq)-u:x^*(Dq)x -u(x)
for X in E.

Now consider the endomorphism и*—Фк(и) defined by 

u* — Фк (м) : q >—*■ и • q — (Dq) • u.

P roposition . Suppose that there are no relations in the sense that и* — Фк(и) is 
invertible for each 2. Then there is a formal powerseries q> on E with coefficients 
in E  which has no constant term, has linear term idE, and which linearizes /  in the 
sense that

(u+f2)°(p = D(p • u.

We define recursively, for each integer i s 2, an homogeneous polynomial 
р* of degree к and a formal powerseries f k + 1 of order S; к + !. Suppose that f k has 
already been defined and define by

» Vk- D v k-ii =  ( / * ) * ,
that is,

Pk = {и*-Фк(й)У •(/*)*,

where ( /k)k denotes the homogeneous component of degree к of f k. Then define 
fk+i by

fk+i =  ( id -  Dpk)" •  (fko ( i d -  pk) -  (fk)k).

where (id—D p stands for the forma! powerseries

idE + Dpk + (Dpk) • (Dpk) +  ... 
on E  with coefficients in End (E).

We also define the nonhomogeneous polynomial maps cpk recursively by

<Pi = idE, <Pk = <Pk-i°(id-pk),
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and denote by (p = \im(pk the formal powerseries whose homogeneous component 
(<p)j of degree' j  is

(< P )j =  (< Pk)j
for all k ^ j .

We claim that q> linearizes the formal vectorfield u+ f2. Well, we’ve arranged 
our definitions so that we can prove by induction that

(u+ f2)°(pk =  (Dcpk)-(u+ fk+1).
The equation being trivial for k=  1, we assume it holds for k — 1 and compute, 
using the definitions of (pk, pk, f k+i, that

(u + f2)ocpk = ((u+f2)o(Pk_1)o (id -p k) =

= ((D<Pk-i) ■ (« +fki)°{id- Vk) =
= (D < P k ~ - i ) i d - Vk • (u -  upk + fkо ( id -  p*)) =

= (D(pk-i)id-Vk • (u -  (ifk)k + (OPt) • u) +fk° ( id -  Pk)) =
= (D4>k-i)id-Vk • (и -  (Яр*) -u + ( id -  Dpk) •f k+1)

= (D(pk-Oid-Vk-(id~Dpk) -(u+ fk+1) =

=  Dcpk • (и -f/*+i)-
But the homogeneous component of (u+f2)o(p of degree j ^ 2  is the same as the 

component of (u+f2)o(pk for any k ^ j ,  which by what we’ve just shown is the com
ponent of (Dcpk)-(u+ fk+1) of degree /. Since f k+1 is of order sfc+1, it is even the 
same as the component of Dcpk • u, which by the nature of cp is the /-th component 
of D(p • u.

3. Convergence. We retain the notation of section 2 and prove the following
T heorem . Suppose that the least majorant J  o f f  defines an analytic function 

with radius o f convergence greater than r2>0. Assume that the linear part u — (Df)0 
o f f  is non-Liouville in the sense that it satisfies the (additive) Siegel small divisor 
diophantine inequalities: there are constants c > 0, v> 0  such that

|(u* — Фк (u))*'| ^  ckv
for each k ^ 2 .  Then the formal powerseries <p has radius o f convergence Ш

r„ = exp ( - 0л2/6),
where

ß = v + 4 + log {crï1 f 2(r2)).

P r oof . Define recursively the radii rk, к ^ 2, by
rk+i = rk • exp ( - ß / ( k - \ f )

and observe that they converge monotonically down to /■«,. We claim that f k has 
radius of convergence and that we have the Diliberto bounded dominant 
relation

ckv+3rkkj\r k kf k(rk) <  1.
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This is satisfied for к =2 by our choice of ß. Our task is to prove by induction that it 
holds for all k, so we assume it for к  ̂ 2  and try to prove it for k + 1.

Well, by the Siegel condition and the definition of pft,

Ы  = |(к— ф » г  •(/*)*! S  æ \ ( f k)kIS

=  ckv 2  \(fk)k+j\ri = ckvrk kf k(rk),
j =о

and so
|pfe| <  k - ' r t f } 1

by the induction hypothesis. Hence

\(Dpk)\x = =§
S  k{k-*rrft')t\-+\ = k -2 <  1

for |х |< гй+1, which implies in particular that idE — (Dpk) is invertible on the disk 
rfc+1B with inverse satisfying

\(id-(D pk)x \ g  (1 -  к - 2)“1 <  exp((k2 — I)“1)
for |x| -■= rk+1.

We also observe that

|x -p * 0 0 | s  WO +  IpüIN*-1) s

SS rk+1( 1 + k - 3) <  rk+1ek~3 =
=  rkexp(k~3- ß / ( k - l ) 2) <  rk

(the exponent always being negative), so that id—pk sends the disk rk+гВ into rkВ 
and we can define the composition

fk°(id—pk).
These two facts already show that f k+1 is an analytic function defined on the disk 
rk + 1 B; it remains only to verify the D iU B E R T O  bounded dominance.

Write
f ko (id -p k) - { f k)k =

=  ((fk)k°(‘d — Pk) -  (fk)k) +  (  fk)H°(id -  Pfc),

where (Л )я = Л Ф /А  denotes the sum of the higher order terms. For the first term 
we have, in view of Isaac Newton’s binomial formula,

(fk )k (x-pk(x))-(fk)k(x) =

= 2  (y) (“  l )J(fk)k(xk~J, Pk(x)j),

and by taking multilinear norms we obtain the majorant relation

(fk)k°(id— pfc) — ( fk)k <

< 2  (y) l(7fc)fc! |pfc|-ieJ'<fc- 1)+fc =  |(Л)л1 ((e 4- |pfc[ efe)fc — ek).
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Hence by the mean value theorem

(fk)k°(id— Vk) -  (/*)* (rk+1)
s  |(/*)*l((',fc+i + |Ptl'i+l)t - ' k +i) s  |(Л)л1^(^+1+ IPfclHk-n)*-1 - IPfcl'fc+l ^  

S  r r ^ W ^ V I P ic K l  +  IpaK tD*-1 s  c - 'k -* -* k k -3rk+1( 1 + k~3f ~ \  
For the other term we have

(fk)H° ( i d - p k) - <  ( Л ) н ° ( е +  |p * l £ * )

and we use the Diliberto fact that (for 0S t Sr*)

С Ш 0 s  (!к+11Л+1)Шн(Гк) ^  (tk+1/rkk+1)7k(rk)
to obtain

(/*)h°(W - P*)0*+i) S  Ш н(гк+1 + |p*|/fc+1) S

^  ( ( ' í í í a + |рЛ ^ ;0 *+1)М +1)Л('») s  м м с - Ч с - ' - \ 1 + к - у + к
Combining these two inequalities yields

f k°{id-Vk) -  ( fk)k(rk+i) ^

s  c - ^ - ’- 4 +1( ( W ^ ( i + * - s)*+1+ f c - 4 i+ * - !0k- 1) S

Now

so

and

But

so

S  c -1k~',- 3rk+1(l + k~3)k+1( 1 + k ~2). 

fk+i = ( id -D k)*- • ( fko (id -  p*) -  (/*)*) 

fk+i < (id -D pk)~ -fko(id - pk) ~ ( f k)k 

fk+i(rk+1) =s (id -D p k)~(rk+1) fko (id -p k) - ( f k)k(rk+l). 

(id -D pk)~ = id+(Dpk)x + {Dpk)l+  ...

(id—D p^" = 1 + A:|p*|£*-1 + A:2|p*|2E2*_2 + ...
and

(id -D pkr ( r k+1) ^  l+ k ~ 3 + (k-*)3+ ...=  ( l + k - 3) - 1.'
Hence

Л 7Л Гк+г) S  ( l+A:-2) - ^ - ^  — 3r,+1( l + Â : - y +1(l+A:-2)

S  c- 1/c-v -3rfc+iexp(A:-2(l + 1/A:)) S  c~1k~'l~3rk+l exp (3/2/c2). 

So now we can estimate that

c(k +  l ) V + 3 / * + 2 r T + 1 1 fk + l(rk + l) —

S  ( l + k - y +3(rk+2/rk+1)kexp(3/2k3) <

<  exp((v + 3)/k — ß/k + 3/2k2) s  exp((l/fc)(v +  3 +  3/4-/3)),
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and our choice of ß  makes the exponent negative, completing the induction.
To complete the proof we need only verify that the sequence (<pk)ksi converges 

to  an analytic function. By the standard device of telescoping sums it is sufficient 
to show that the sequence ((pk — c p , is absolutely summable. Well, by the mean 
value theorem we have, for |_x|Si*+1,

\<Рк(х)-(рк-Лх)\ =  |ç>*-i(x-p*(x))-ç>*-1(x)| =  l|£%-lllr*,x-pfc(*)r|p*(*)| =

=  ||М-£>р2||Гзв* ||/í/-/)p 3 ||r4B---||W—£)pfc-illrtB ■|P*l'*+i S3

S  (1 + 2 -^ (1  +  З -2) ... (1 +  (fc -  <
<  е~*2,6к~3гк <  (r2e~n2,6)k~3, 

which is all we need, by comparison.
So (cpk)kBi converges uniformly on the disk / „B to some function cp, and by the 

convergence theorem of Karl Weierstraß cp is analytic. But the definition of cp is 
that, for y'Sk,

(Dk(p) о =  (Dk(Pj)o,
while on the other hand (Dkcp)0 = lim (Dkcpf0, so the formal powerseries cp defines

j -*- °°
the analytic function <p and the proof is complete.
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COMPLEXITY OF LATTICE-CONFIGURATIONS

by
T. G. TARJÁN

Introduction

Let Y= {yl , y 2, ■■■, yr\ and Z= {z1,z 2, ...,z s} be finite sets. Let us define the 
set of the discrete rectangles :

dt =  {R:R = UxV\U,Vx<Z> ;U œ Y ; FcZ }
where UXV  denotes the Cartesian product of U and V: UX V={(y, z): y£U, z£V}. 
For the power set SP=2(l' xZ> = {p: />c YXZ}  the relation holds. Let us denote
the complexity of the rectangle R = U X V  by n(R), which is defined by n(R) =
= \u \+ \v \.

Let us extend the complexity function л for SP in the following way: л(Р ) = 
=min { £  7Г(/î): âaSPt, 1J R —P) if P£(P. Further definitions: ^(r,s)=m axx(i’),

RÍ2 Rím P€á*
л(г) = тг(г, г).

These concepts arised in the switching theory (see e.g. [7]), but they have some 
interest in themselves, too.

The problem is to determine the values of л(Р) for certain sets P£SP and the 
value of n(r, s).

Hencefort I shall try to determine the complexity for three types of sets P and 
I shall give an asymptotic lower bound for л (r).

To the solution of the first problem I shall generalize a theorem of K a to n a  
[2], in which he has proved a conjecture of E hren feu ch t  and M ycielski. Moreover, 
I draw two corollaries from this generalization, which do not follow from K a t o n a ’s 
theorem. In this case л(/>1)~ г  • log2 r holds.

In solving the second problem I use the idea of K atona  and Szemerédi from the 
proof of Th. 1 in [3] and I get that n(P2)~ r-  log2 r.

The third problem is the complexity of the Hadamard-matrices [1]. This 
remained an open question. I shall give only the following lower bound: л (F3) ^
==(/•+l)f7.

The forth problem is the computing of the value of л (r). This is also an unsolved 
problem. Using L u pa n o v ’s Th. 4 in [5] I shall give only the following asymptotic

r2lower bound for л(г) without proof: л(г)>--------- ------;------ . Accordingly thelog2 r • log, log2 r
complexity of Px and P2 can not be maximal.
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204 T. G. TARJÁN

1. Complexity of diagonaliess squares

Assume Y—Z  and consider the set P1={p'-p=(yi,y ]), iAj, lSi',ySm}. What is 
the value of я

First I shall prove a lemma which is a generalization of Katona’s theorem in [2] 
and I shall draw two corollaries of it.

Lemma 1. Let A1,A 2, . . . , A m and B1,B 2, . . . ,B m be subsets o f X  (\X\=n), 
such that AiClBjA 0  ijf iA j  (1 Then

IC W  - 1 holds-
Proof. For arbitrary iA j, 1 S/, j= m  there exist distinct xk, x f X  for which 

xk£Aii]Bj and hold. Then there is no permutation of the elements
x lt x 2, ..., xnС-X  for which all the elements of At could precede the elements of Æ, 
and all the elements of Aj precede the elements of B j.

There are ( j ^ . | |Л;|!|2?;|!(и — \Ai\ — |5г|)! permutations of the elements
*i, x 2, ..., xn£X  in which all the elements of A t precede the elements of Bt. These 
permutations are different for different i’s therefore

2  ( \A i \ I  |Bi|) • Mil' Mil ! (И -  Mil -  Mil)! s  n !
holds which proves our lemma.

Take the particular case, when Bi = Aci = X \ A i. In this case the assumptions 
o f  the lemma have the form A/tfAj  (iAj).  That is, Lemma 1 gives the following

Corollary 1. (Lubell— M eshalkin— Y amamoto inequality [4], [6] and [8]) 
I f  A lt A2, ..., Am are subsets o f an л-element set, and A/CtAj (iAj)  then

Before the second corollary I shall prove a simple lemma. 
Lemma 2.

The function f  (x, y) =

! - < * > - < »  , <T> <*>
I'M + [y))
{ M  J

1 - - 0 0 ------ < y >

([x] + {y]  
l M

<x>-
Г

<У>

1 m  (M +  {>’}) 
M  J ' I

r{x} + [y])
w  J

if <*> +  <T>321 
<*><T>>0

if
O s -<x>- +  < y>  <1

is convex in the triangle 1 Sx, 1 Шу, x T y  = n, where
[z] = max a fz} = min a

a integer a integera^z аШг
(z) =  z —[z] <z>~ = { z } - z
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Moreover in case o f an arbitrary x0, l á x 0S n - l  /(x 0, y) is a strictly monotoni- 
eally decreasing function o f y in [1, n—x0]. Similarly, f(x , y0) is also a decreasing function 
o f X  in [1, w—j 0], where j 0 is fixed in [1, и — 1].

Proof. Since /(x , y) is a linear and continuous extension of , it is
efficient to show that

(i) for integer x0, 1 S x 0á í i - l , / ( r 0, у) is a convex function of y, j£ [ l ,  n —x„]
(ii) for integer y0, 1, f(x , y0) is a convex function of x, x€[l, и—j 0]

(iii) for integer x0, y0, 2 S x 0, 2^ j 0, x0+ j 0̂ « ,

f i x  о, y0) - f i x  о, Jo -  1 ) - f i x  о -  1, Jo) + '/(x0 -  1, Jo -  1 ) ^  0,
because for the plane

P(x, j)  = / ( x 0, Jo) +
/(x 0 + s, jo) / ( x 0, Jo) .. \ ,--------------- { A — X0) -f

s  / ( x 0, Jo) +f(x,  Jo) - / ( X 0, Jo) + Д х о, j )  - / (X o , Jo) 

holds (e =  l or —1) from (i) and (ii), and finally from (iii):

f ix ,  y) — p (x, y) f ix ,  j)  - f ( x 0, j )  - f i x ,  Jo) + /(x 0 ,Jo )s O
is true and equality holds if (x, j)  is equal to (x0, j 0), (x0 + e, y0) or (x0, j 0 + £).

0)
x0!j! x0! ( J  — 1)! x0! ( j — 1)!

-1  = -(*o+j)! (*o +  J - l ) l  (ло + J - l ) !  Uo + J

x0!j!x0 , x0! ( j— l)!x0 x0! ( j — l)!x0

*0! ( j~  l)--Yo 
(*o +  j)! ’

X -
^ o + J+1 

(ii) Similarly j 0

(хо +  J + l) !  (xo + j) !

Х +  Уо+ 1 

Jo+ 1

(^o+J+1)!
- l

> 0  if 2 s x .

(*o + j)!

x0+ y+ \
x0+  1

X

> 0  if 2 g  j .

(iii) x0!j0! (x0— 1)!Jo- x0! ( jo - l ) l  , (x0— l)!)(j0— 1)!
(*o + Jo)! (^о+ Jo - l) !  (-Vo + Jo-1)!

+  -

(xo-1 ) ! ( J o-D ! *oJo

(^o + Jo-2)! 

*o Jo
(^o + Jo-2)! U*o+Jo)(*o+J0- 1 )  Xo+Jo-1 x0 + J o - l 1 =

ХоУо - i f 0 + Jo)2 + (x0 + Jo)2 -  (x0 + Jo) ( X o - D ( jo - l ) - l

(X°x0- 1  2)(*o+Jo)(*o + J o - l )  (X°X o-l 2)(xo+Jo)(^o +  J o - 0
^  0,

if
2 ^ x 0
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206 T. G. TARJÁN

From the proof of the convexity you can also see the monotonity of f(x ,y ) .  The 
proof is completed.

Corollary 2. Let Ax, A2, , Am and Вг, B2, ..., Bm be subsets o f an n-element set,
such that A ; ПВjX  0  iff ix j .  Then

m

2  Mil
m

2 \B i  1
f

i= l i = l

{ m m -  ( Л ж  и«1’V \1  ̂  I ̂  m
maxl^i^m 'В-1Г

1

ProoF. Using Lemmas 2 and 1, we obtain

2  Mil 2 1 М.-l
i= 1 i =  1

m m ^  2 № i \ ,  mi=i l,

which gives our statement.

Lemma 3. Let U1,U i , . . . ,U n and V1,V 2, . . . , V n be non-empty subsets o f
n

Y — {yl9 y 2, ..., ym} such that Px= (J (UkX Vk) holds, where
k = l

Pl = {p -p =  (Ti, yj), i A j, 1 =2 I,y =s m)

(I  Д\ n
■X-, t v h 2  ( W k \ + \ V k \ ) = 'A • m holds, where

k = l
f( x ,  y) is defined in Lemma 2.

Proof. The following two statements are equivalent 

(i) Û (Uk X Vj)=.Pr=  {p :p = (j>i, yj), i Xj, 1S  i, j=m}.
k = l

(ii) The sets Ai—{k\yi^U k) and Bt= {k:yfi Vkj (1 S /Sm ) have the property, 
that A i fl В j A 0  iff i A j.

П
(i — ii) If i A j, \= i, j= m  then p = (yt, yj) is an element of Pk = (J (UkX V k),

ft=i
that is, there exists а к, 1 ^кШ п  for which y fi Uk and yj£ Vk. Thus k fA lC\Bi and so 
A ir\B j X  0 . On the other hand, if А{Г\В]Х 0 , then there exists a k, l ^ k ^ n  for which 
k^A iH B j that isp = (yt, yj) is an element of (UkX Vk) which means thatp = (yi, yj) € Pi 
and so i Xj.

(ii—i) Assume р = (у,, yj)£P k, for some 1 S i , j ^ m , i X j  follows. Thus, there 
exists a k, l ^ k ^ n  for which k^AiD Bj. Thenp =  (yf, yj) is an element of (UkX Vk)

П
which means that p i  (J (UkX Vk).

k = 1 
n

If  p = (y t, y j  € U (LkX Vk) then there exists a k , \ ^ k ^ n  for which (yt, yj)
ft=i

is an element of (UkX Vk). Thus k^AiO BjX  0  and so iX j, that is, p^P 1.
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Let us now suppose that .2  (|t4 | + |F*|)<A/Ti holds. Since 2  (1̂ 41 +  |F*|) =
k = 1 * =I

=  2  (Mil + 1-ßil) is true, using the notation
i=l

P =
2  (1̂ *1 +  l**l)k = 1

m

m = ■#4)>ЦИ)- /
2  Hi I 2 №li = l i=l

/72 772
ё  /17

hold because on the base of Lemma 2 f(x , у) is decreasing in both x  and y, just as

f(x ,  j>) is convex and symmetric (f(x, y)= f(y, *)) and so ~ Y ~ \  - / ( x> >’)•
Finally the last inequality follows from Corollary 2. This is a contradiction. The 
proof is completed.

Theorem 1. Put Y=Z, \Y\ = \Z\ = and Pi={P-P = (yt ,y j) ,  i* j ,

1 j=m}. Then the complexity of P1:n(PJ)  = l.

Proof. From Lemma 3 it follows n (P ^ )^X m .  This lower bound is the best
possible if A=/ is an integer. Namely let At ’s be all the j element subsets of the set

^= {1 ,2 , ...,/}  and Bi= Aci = X \ A i. Thus, for Ai’s and Bt’s (ii) of Lemma 3 holds- 
In this way for

uk = {yi:k£At}, Vk = {yi'.keBi}
l

(i) P1 — |J  (UkX Vk) also holds. Accordingly if X=l then
k = l

X • m = l •

1 ' 
l \
2 —(ИШ)= / / /

i
=  2  m  + K\)  S  n(Px) ё  X’tn, and so n(Pk) = X-m.

k = 1

The proof is completeed
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2. Complexity of isosceles right triangles

In case of Y = Z  and P2 = {p:p = (y;, yf), z< j,  1 ^ i , j ^ m }  let us compute the 
value of я (P2), defined in our introduction.

First I shall prove a lemma which uses the idea of Th. 1. in [3] and I shall draw 
two conclusions of it.

Lemma 4. Let Ax, A2, ..., Am and Bx, B2, ..., Bm be subsets o f an n-element set 
X, such that A tO B j^  0  iff i< j  (1 ^i,j=m ).

m
Then 2  + 1 holds.

=i
P roof. For arbitrary pair z</, (}=i,j=m) A iC lB j^  0  holds. Then there is no 

A a X ,  for which both AtczA, А ПД-= 0  and ^ с ^ , ^ П Л ~ 0  hold, because other
wise 0  AAiClBjCzAClBj—  0  would be true. Since there are 2(n~IA‘l~IBA sets A satis-

m
fying^jC^I a n d ^ n ^ i=  0 , thus 2  2Cn— — l̂ «l)ä 2" holds which gives our lemma.

i = l
Lemma 5. Let Ax, A2, ..., Am and Bx, B2, ..., Bm be subsets o f an n-element set 

X  such that AtÇ ] B j0  iff i<j  (1
m

Then m-\og2m ^  2  (Mil +  l#;D-
i = l

Proof: Since 2~x is a convex function and by Lemma 4

_ S (М<| + |Д<1) m
m • 2 ‘-1 m s  2 2-(Mil + W ) ^  1 hold,

;=i
which proves our lemma.

Lemma 6. Let Ux, U2, ..., U„ and Vx, V2, ..., Vn be non-empty subsets o f Y=
=  {yi ,  У2 , —,Ут} ™ch that

Û (ukX vk) =  P2 = {p:p = (yt,y f), i < J ,  1 S  i ,j  S  m).
k=1

Then 2  (Pk\ + \K\) S  m • log2 m.k = 1
P r oof . The following two statements are equivalent:

(i) Ű (UkXVk) = P2= {p :p =  (yi, yf], i<y, 1 23z, jSffl},
k=l

(ii) The sets At= {к :у ^  Uk) and If = [k: Lfc} ( l ^ f é /я) have the property,
that A i Г) В j 7̂  0  iff z < j.

The proof of this equivalence is the same as it was in Lemma 3, the only difference 
is, that instead of i / j  you have to think of i <j.

n m
Since 2  m  + \Vk\)= 2  (Mil+ Mil) is true, Lemma 5 gives our Lemma.

k=1 i=l
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Theorem 2. Put Y=Z, \Y\ — \Z\=2l=m and P2= {p:p=(yt,yj), i</, lä r ,  
jSm}. Then the complexity o f P2:n(P2) = l • 2l.

P r oof . From Lemma 6 it follows л ( Р 2) ^ т  • log2 m. This lower bound is the
/-1

best possible if log2 m —l is an integer. Namely let Y=  {0, 1}' and E= |J  {0, 1}* be.
1 = 0

If e=(elt 62, ...,ej)£E  let

^«0 =  {^e{0, 1}': 5 =  (<5i, ô 2 , ...,<5,), S j  =  ej ( l s j s  1), <5i+1 =  0}

WA = {ő£{0, 1 }‘:S = (Su  02, ..., 5,), Ô J = Ej ( I s i s  i), SM  = 1} be.

In this case P2 = U №oXlf«i) and Z  l^ol +  |ИУ =  / *2' trivially hold. The
e€ E

proof is completed.

3. Complexity of Hadamard-matrices

Assume now, that Y —Z = {  0,1}' and P3= {p-p = (yi, yj), yt*yj=0} (where
i

yi*yj =  2  Yik • Yj к (mod 2)). Let us compute the value n (P3), defined in our introducti-
t=i

on. Let us remark that P3 s are the Hadamard-matrices [1].
First I shall state a simple lemma and by means of it /  shall give only a lower 

bound for n(P3). We introduce some notations:
If U, V c Y , U *V= {u* v: u£U, v£V}.
If Wcz Y, let [W] be the subspace spanned by W, and finally dim lT=dim [IV].
Lemma 7. Let U, V be subsets o f  the vector space Y =  {0, 1}' satisfying U * V= 0. 

Then dim £/+dim holds.
P r o o f . U has dim U linearly independent vectors For arbitrary

*€{0, 1}' and x * U = 0 the х* и ( = 0 (mod 2) lS /S d im t/  system of equations 
holds, which has (/-dim U) linearly independent solutions by the Cramer rule. 
The proof is completed.

Theorem 3. Put F=Z ={0, 1}' and P3= {p 'p—(yi, yj), y-,*yj= 0 (mod 2)} 
/

(where y, * yj = Z1 Yik ' Уjk (mod 2)). Then the complexity of P3 :
k = l i_

л(Рз)  — (2* -F 1) 2 2.

P r o o f . Let Ux, U2, ..., U„ and Vlt V2, ..., Vn be non-empty subsets of Y, 
such that P3= (J (UkX Vk). Then ffj \Uk\ • | | ̂  |/*31. Thus the following inequality

k=l fc=l
holds:

k=l k=1

min (IUkl^k^n 1 - 1 + l^ |- 1) 2 Шk = 1 4 O-l Л 1-
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On the other hand.

(2) |t4 |-1 + |^ |-1 S  2_diml7k + 2_dimV'k s  2_diml'i< + 2_'+diml,k s  2^  ^
follows from Lemma 7.

Let us prove now
(3) |/*3| =  2,_1(2' + 1) by induction over /.

If /= l,then  |P8| =  3. Let us suppose that (3) is true for /— 1. If y it and yjt are
given and уц'У#=0 then f f y ikyjk=0 (mod 2) in 2i_2(2,_1+ l)  cases by our

л=1 i
inductional assumption. If y i{ • yJt=1 holds then J f y ikyJk=0 (mod 2) in —
— 2,_2(2,_1+1) cases. Since y aу# = 0 in 3 cases thus |_P3| = 3 • 2, - 2(2,_1 + 1) + 22(,_1)_
— 2,_2(2'~1+1) = 2, - 1(2 '+ 1) for /. From the formulas (1) — (3)

Z(\Uk\ + \Vk\ ) ^  min (|C4|- 1 + |F*|-1)1P3| s  21_Ь - ‘(2'+1).
k = l ISkSn

The proof is completed

4. Complexity of the most complex lattice-configurations

I shall formulate an asymptotic lower bound for n(m) which is a simple con- 
sea uence of L upanov’s Th. 4 in [5].

221 a
T heorem  4. n(2l) >  -7—.-----where а, й  b, iff lim inf -L ш 1./• log2/ i bt

Open problems

The problems of Theorems 3 and 4, which are only partially solved, remained 
open questions:

1. Let
Y = { h .h ,  — »Jty} =  {0, 1}'

and
Рз =  {Р'Р =  (Fí .Fj). 1 — Uj 2l, y t *yj  =  0 (mod 2)}

I
be where yt * yj = 2 y ikuyjk (mod 2) and let us give a system Ul9 U2, Un\

k = 1
Vl9 V2, Vn for which P=  U (Ukx v k) and

k = 1

È  +  \vk\) =  minimal,k = 1
where UkXVk is the Cartesian product of Uk and Vk.
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2. Let Y= {yx,y 2, . . . , y m} be and let us denote by n(m) the minimal number 
that for every Pcz(YX Y) there exists a system Ult U2, ..., U„; Vx, V2, ..., V„ such 
that

P =  LJ (£4 X Vk) andk = 1

я (т) a  2  (|C4| +  \Vk\) hold,
*=i

where (С/Х V) is the Cartesian product of U and V. What is the exact value of n(m)l 
I am greatly indebted to G. О. H. K atona  for his helpful advices.
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EIN SIMPLEXARTIGER LÖSUNGSALGORITHMIJS 
FÜR PSEUDOLINEARE OPTIMIERUNGSPROBLEME

von
HELGA HARTWIG

I. Einleitung

In der vorliegenden Arbeit soll ein Lösungsalgorithmus zu dem pseudolinearen 
Optimierungsproblem

entwickelt werden.
Der zulässige Bereich B= {x£R"|Ax =  b, x^O} von (P) sei eine nichtleere 

konvexe polyedrische Menge, über der die Zielfunktion F(x) pseudolinear (d.h. 
zugleich pseudokonvex und pseudokonkav) ist. Die wichtigsten Spezialfälle der 
pseudolinearen Optimierung sind neben den linearen die hyperbolischen Opti
mierungsaufgaben.

Die Funktion F(x) ist genau dann pseudolinear über B, wenn sie über einer В 
enthaltenden offenen Menge stetig differenzierbar ist und ferner für beliebige 
X1, x 2£ ß  gilt

In [2] wird gezeigt, daß bei einer über В pseudolinearen Funktion F(x) für beliebige 
X 1, x2ÇF sogar erfüllt ist

Eine pseudolineare Funktion ist stets auch streng quasikonvex und streng 
quasikonkav. Für das Problem (P) gilt deshalb nach M angasarian  [3]

1. Jedes lokale Minimum von F(x) über В ist bereits ein globales Minimum. 
Weiterhin haben wir nach M artos [5] bzw. als Folgerung aus einem allgemei

neren Satz bei Stoer/W itzg a ll  [6]
2. F(x) nimmt sein Minimum über В (falls es existiert) in einer Ecke von В an. 
Ist der zulässige Bereich В unbeschränkt, so ist auch die folgende, in [2] bewiesene

Aussage interessant:
3. Nimmt F(x) sein Infimum ц über В nicht (im Endlichen) auf В an, dann 

existiert eine unbeschränkte Kante von B, über der F(x) den Grenzwert ц besitzt.
Der bekannteste Spezialfall einer pseudolinearen Funktion ist die gebrochen 

lineare Funktion )

(P) F(x) = Min!, Ax =  b , x g ö

( 1 . 1 ) (X 1 -  X2) 1 grad F(x2) =  0 => Fix1) = F(x2).

( 1.2)

(1.3)
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mit z, nÇR" und z0,/loi® 1, die pseudolinear über jeder konvexen Menge K a  
a  {xÇ Rn[n rx+«0?íO} ist. Es lassen sich aber auch andere Beispielklassen pseudo
linearer Funktionen angeben. So ist, wie in [2] gezeigt wird,

mit beliebigen affin linearen Funktionen /, (х), /2(x) und /3(x) pseudolinear über jeder 
konvexen Menge

Die Eigenschaften 1 und 2 des pseudolinearen Optimierungsproblems lassen ein 
simplexartiges Lösungsverfahren für (P) als möglich erscheinen. Ein solcher Algo
rithmus ist tatsächlich anwendbar. Bei einem unbeschränkten zulässigen Bereich 
В kann man dabei aber — im Gegensatz zur linearen Optimierung — nicht in jedem 
Falle durch sukzessive Eckenübergänge mit jeweils fallender Zielfunktion zur 
Lösung gelangen. Dies wird am folgenden Beispiel ersichtlich :

Es sei ß c R 2 gegeben durch das System (vgl. Bild 1)

Wegen 2x1+ 1 >0 für alle xÇÆ ist F(x) pseudolinear über B. In der Ecke x3 nimmt die 
Funktion ihr Minimum 0 über В an, x3 ist aber von der Ecke x1 aus wegen Fix2) — 

2= 1 >-^-=  F(xr) nicht durch Eckenübergänge mit fallender Zielfunktion erreichbar.
Das vorliegende Beispiel ist ein Gegenbeispiel zu der Aussage von M artos in

[5], Corr. 5, wonach jedes lokale Eckpunktminimum einer pseudolinearen Funktion 
über einer (insbesondere auch unbeschränkten) konvexen polyedrischen Menge

(1.4)

(1.5)

— x 1 +  2x 2 S  2

( 1.6) x1 — 3x2 s  1

*1, x2 s  0,
und es sei

(1.7)

(0) в

bereits das globale Minimum ist, sofern 
letzteres existiert. Hier wird nämlich, da 
F(x) die Zielfunktionswerte der Nachbareck
en von x1 nicht übersteigt, in x1 ein loka
les Eckpunktminimum angenommen, welch
es nicht das globale Minimum ist.

Bild l

Das Beispiel demonstriert gleichzeitig 
das mögliche Versagen des Algorithmus von 
M artos [4] in der hyperbolischen Optimie
rung bei unbeschränkten zulässigen Berei-
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chen. Dieser Algorithmus würde an der Ecke x1 abbrechen und fälschlicherweise 
die Nichtexistenz des Minimums von F(x) über В konstatieren.

Untersuchen wir im Beispiel das Verhalten von F(x) nicht nur in den Ecken, 
sondern auch über den beiden unbeschränkten Kanten und S2 von B, so erhalten 
wir

( 1.8)

Fix1) = \  >  lim {F(x)|x€5'1} =  lim {^MIxCS^} =  4- >  F(x3) =  0.
J  Xj — oo 3 x x-* oo 4

Das heißt, die Niveaumenge {xÇF|F(x)^F(x1)} ist unbeschränkt, und es gibt einen 
’’Weg“ von x1 über Sx ins Unendliche und von dort zurück über S2 nach x3, auf 
dem die Eckpunktwerte bzw. Strahlgrenzwerte der Zielfunktion fallen. Diese Erkennt
nis spielt für unseren Lösungsalgorithmus zu (P) eine entscheidende Rolle. Wir lassen 
darin zu, daß neben Ecken u.U. auch unbeschränkte Kanten von В durchlaufen 
werden.

2. Basisdarstellung der Kanten einer konvexen polyedrischen Menge

Um im Algorithmus mit unbeschränkten Kanten (im weiteren stets Kanten
strahlen genannt) ähnlich wie mit Ecken arbeiten zu können, geben wir in diesem 
Abschnitt eine Basisdarstellung für Kanten und die benötigten Vorschriften für 
Übergänge zwischen Ecken und Kantenstrahlen sowie Kantenstrahlen untereinander 
an. Dazu betrachten wir das System

(2.1) Ax =  b

(2.2) x s O

der Nebenbedingungen von (P). Es sei A = ( a i) i = 1, .. .,„ mit a f £ R m und Rang A=m. 
Wir setzen {1, ..., и}.

Definition 1. Das Paar [x°, J]  mit x° £ R" und J e z J f  heißt Basislösung von
(2.1), wenn gilt

( 2 . 3 )  A x °  = b, \J\ =  m, R a n g ( a i ) i e ^  = m ,

je® = 0 für /£ = J f \ J .

Die xt mit /'€</ werden als Basisvariablen und die xt mit /€ •/' als Nichtbasis
variablen von [x°, J]  bezeichnet. x° ist der Basispunkt von [x°, J\.

Die Basislösung [x°,./] von (2.1) heißt zulässige Basislösung oder kurz Eckbasis 
von (2.1), (2.2), wenn gilt x°s0. Als kanonische Form von (2.1) bezüglich der Basis
lösung [x°, J]  wird das System x+A°x=b° bezeichnet, welches aus (2.1) durch 
Auflösung nach dem Vektor x der Basisvariablen hervorgeht (x ist der Vektor der 
Nichtbasis variablen). Es sei A ° = ( a " ) ieJ . - .
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Definition 2. Das Tripel [x°, J , er] heißt Kantenbasis von (2.1), (2.2), wenn gilt
1. Es ist [x°, eine Basislösung von (2.1) und o ^ J ' .
2. Das Intervall

(2.4) Л =  {AiER^As 0 ,b °-a °A i?  0}
ist nicht leer und nicht einpunktig.

xa ist die markierte und jedes x; mit i ^ ß —A i \ { J  Uer) 1 eine gewöhnliche 
Nichtbasisvariable von [x°, J ,  о]. Л heißt Zulässigkeitsintervall der Kantenbasis.

Ist [x°,. / ]  eine Eckbasis von (2.1), (2.2), so ist x° bekanntlich eine Ecke von B. 
Umgekehrt existiert zu jeder Ecke x° von В  ein J  C .J Í , so daß [x°,./] eine Eckbasis 
von (2.1), (2.2) ist. Eine analoge Aussage für Kantenbasen und Kanten liefert der 
folgende

Satz 1 : Ist [x°, , er] eine Kantenbasis von (2.1), (2.2), so ist die Menge
(2.5) S  =  {x Ç ß  ! А,- =  0 f ü r  i l f }  m it — J f \ ( J  U o)

eine Kante von B. Umgekehrt existiert zu jeder Kante S  von В eine Kantenbasis [x°, 
er] von (2.1), (2.2), die S gemäß (2.5) definiert.

Der Beweis des Satzes (ausgeführt in [2]) basiert auf der Darstellung

( 2 .6) {x£B\Xi 0 für *'€/} =
X = b°-a«A, 
Xi — 0 für

%a =  А, 1
/€ / ,л е л } '

Wir möchten bemerken, daß es — im Gegensatz zur Situation bei Ecken — zu 
einer gegebenen Kante von В auch im Falle der Nichtentartung i.a. mehrere ver
schiedene definierende Kantenbasen gibt.

Definition 3. Eine Kantenbasis von (2.1), (2.2) heißt (Kanten-) Strahlbasis, 
wenn ihr Zulässigkeitsintervall unbeschränkt ist.

Satz 2. Sei [x°, er] eine Kantenbasis von (2.1), (2.2). Dann sind die folgenden 
drei Aussagen äquivalent:

1. [ x ° , a] ist eine Strahlbasis von (2.1), (2.2).
2. Die Kante S — {xÇ ß|x; = 0 für i£fi} ist ein Kantenstrahl.
3. Für alle i ^ J  gilt

(2.7) ( -ű ? „ h ? )^ (0 ,0 )2.
Für den Beweis (siehe [2]) werden folgende Überlegungen benutzt: Die Un

beschränktheit von Л bzw. S  ist gleichbedeutend damit, daß A durch die Bedingung 
b° —a“ A^O nicht nach oben beschränkt wird. Letzteres ist genau mit (2.7) der Fall.

Da im Optimierungsverfahren zu (P) neben Ecken nur Kantenstrahlen von 
Interesse sind, schränken wir die folgenden Aussagen bereits auf Strahlbasen ein. 
Ähnlich wie das Benachbartsein zweier Eckbasen (die Indexmengen ihrer Basis
variablen unterscheiden sich in genau einem Element) definieren wir auch das Benach
bartsein zweier Strahlbasen :

1 Einpunktige Mengen sollen stets durch ihr Element symbolisiert werden.
2 Das Symbol “ bezeichnet die bekannte reflexive lexikographische Ordnung von Vektoren.
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Definition 4. Zwei Strahlbasen von (2.1), (2.2) heißen benachbart, wenn sich die 
Indexmengen ihrer Basisvariablen in höchstens einem und die Indexmengen ihrer 
gewöhnlichen Nichtbasisvariablen in genau einem Element unterscheiden.

Folgerung. Von einer gegebenen Strahlbasis [x1, A» erj kann man auf genau 
vier Arten zu einer benachbarten Strahlbasis [x2, A> a2] gelangen :

A. Die markierte Nichtbasisvariable bleibt fest. Dann gilt (notwendig) mit 
einem a £ A  und einem /?£A
(2.8) A  =  ( A \ /ö  Uoi, / 2 =  ( / i \ a )  U ß, <x2 = ox.

B. Die markierte Nichtbasisvariable wird Basisvariable. Dann gilt mit einem 
a £ A  und einem ß £ A
(2.9) A =  (A\/0 U (Tj, A  = (A\oc) U/i, ff2 -  a.

C. Die markierte wird zur gewöhnlichen Nichtbasisvariablen.
C.l. Die Basisvariablen bleiben fest. Dann gilt mit einem а 6 A

(2.10) А  =  А , Л =  ( А \ а ) U(Tj, <т2 = а.

С. 2. Die Basisvariablen ändern sich. Dann gilt mit einem а € A  und einem
/ ? € A
(2.11) А = (AMO и а, А  =  (AM) U erj, <r2 = ß.

Analog wie für Eckbasen und Ecken gilt nun

Sa tz  3. Sind zwei Strahlbasen von (2.1), (2.2) benachbart, so sind die beiden 
durch sie definierten Kantenstrahlen von В benachbart3 oder — höchstens bei Entar
tung — identisch.

Infolge der Verwendung beliebiger (also auch unzulässiger) Basislösungen für 
den Begriff der Strahlbasis kann man zu benachbarten Kantenstrahlen stets auch 
benachbarte definierende Strahlbasen finden.

Wir wollen zur Illustration der eingeführten Begriffe ein Beispiel betrachten: 
Es sei vScR* gegeben durch

— Xj+ -v2 +  x 3 =  1

(2.12) 2xx + 4x2 —x4 = 1

А" 1, Л*2, Л'з, Xj X 0.
Zur geometrischen Veranschaulichung transformieren wir В in den XjjXa-Raum 
(vgl. Ê in Bild 2).

В besitzt die beiden (benachbarten) Kantenstrahlen Sx— {x€B|x2 =  0} und 
S2= {xÇ5|x3 = 0} (vgl. und §2 in Bild 2). Sie lassen sich beide durch mehrere

( 1 3
Strahlbasen definieren — Sx etwa mit dem Basispunkt I —, 0, —, 0J (vgl. y1)

3 Das heißt, sie liegen auf ein und derselben zweidimensionalen Randfläche von B.
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und der markierten Nichtbasisvariabien x4 oder mit dem Basispunkt ( — 1, 0, 0, — 3)T 
(vgl. y3) und der markierten Nichtbasisvariablen x3. Als Basispunkt kommt jeder 
auf der Geraden durch den Kantenstrahl liegende (auch unzulässige) Schnittpunkt in

X2

Im Beispiel sind etwa die Strahlbasen

Frage. Unter den Nichtbasisvariablen 
der zugehörigen Basislösung wird genau 
diejenige markiert, die über dem Strahl 
unbeschränkt ist.

Um von einer Strahlbasis zu einer 
benachbarten zu gelangen, gehen wir (außer 
im Fall C .l, wo der Basispunkt beibehal
ten wird und sich nur die markierte Nicht
basisvariable ändert) von einem Basispunkt 
zu einem benachbarten über, wobei die 
markierte Nichtbasisvariable fest bleibt 
(Fall A) oder sich ändert (Fälle В und C.2).

[ ( í - o4 ° ) T-<'-3H  "nd [(--?• f
gemäß A bzw. die Strahlbasen [(—1,0,0, — 3)T, {1,4}, 3] und

[(— 1, 0, 0, —3)T, {1, 4}, 2] gemäß C.l benachbart. Ihnen entsprechen in Bild 2 
die Basispunkte y1 und z2 bzw. y3 und z3 = y3.

Das Beispiel zeigt die Notwendigkeit der Benutzung evtl, unzulässiger Basis
lösungen zur Darstellung der Kantenstrahlen. Ließen wir nur Eckbasen zu, so wären 
die die benachbarten Kantenstrahlen Sj und S2 definierenden Strahlbasen zwar 
eindeutig bestimmt, aber nicht benachbart — eine besitzt x 1 und x3, die andere 
x 2 und x4 als Basisvariablen (vgl. die Basispunkte y1 und z1 in Bild 2).

Definition 5. Eine Eckbasis und eine Strahlbasis von (2.1), (2.2) heißen inzident, 
wenn die Indexmenge der gewöhnlichen Nichtbasisvariablen der Strahlbasis in der 
Indexmenge der Nichtbasisvariablen der Eckbasis enthalten ist.

Folgerung 1. Von einer gegeben Eckbasis [x1, A ] kann man auf genau zwei 
Arten zu einer inzidenten Strahlbasis [x2, , <*] gelangen :

D.l. Eine Nichtbasisvariable wird zur markierten Nichtbasisvariablen. Dann 
gilt mit einem a Ç

(2.13) Л  =  Л .  /2  =  A /x\« , гг — et.

D.2. Eine Basisvariable wird zur markierten Nichtbasisvariablen. Dann gilt 
mit einem а 6 A  und einem /?£A

(2.14) А  =  ( / jV )  Uoc, А  =  A '\« ,  o = ß.

Folgerung 2. Von einer gegebenen Strahlbasis [x1, A> o] kann man auf genau 
zwei Arten zu einer inzidenten Eckbasis [x2, A l  gelangen :

E.l. Die markierte Nichtbasis variable bleibt Nichtbasisvariable. Dann gilt

(2.15) А  = А .Л ' =  A U  er.
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E.2. Die markierte Nichtbasisvariable wird Basisvariable. Dann gilt mit einem
ß & x
(2.16) Л  =  ( A \ 0 )  и  ff, А '  =  А  U/S.

Satz 4. £ни/ eine Eckbasis und eine Strahlbasis von (2.1), (2.2) inzident, so liegt 
die definierte Ecke auf dem definierten Kantenstrahl.

Zu einer gegebenen Strahlbasis findet man stets eine (bei Nichtentartung ein
deutig bestimmte) inzidente Eckbasis. Zu einer Eckbasis kann es mehrere (oder 
evtl, auch gar keine) inzidente Strahlbasen geben.

Wir kommen nun zu den Realisierungsbedingungen und Rechenregeln für die 
im Algorithmus benötigten Basisübergänge. Neben dem in bekannter Weise erfolgen
den Übergang von einer Eckbasis zu einer benachbarten Eckbasis müssen im Algo
rithmus die folgenden Basisübergänge ausgeführt werden :

E-S : von einer Eckbasis zu einer inzidenten Strahlbasis,
S-S : von einer Strahlbasis zu einer benachbarten Strahlbasis,
S-E: von einer Strahlbasis zu einer inzidenten Eckbasis.
Die Vorschriften hierfür werden anhand von Tableaus angegeben.
Eine Eckbasis [x°,./] mit der kanonischen Form x+A°x = b° von (2.1) wird wie 

üblich durch das Simplextableau

*m + 1 • • • Xn b°

X1 n° „0 Q1,m*1 * * * a1,n b?

xm a° . Qo ’ n»,m+1 * * m,n b°m

dargestellt. Dabei ist o.B.d.A. x = (xlt ..., xm)T und x =  (xm+1, ..., x„)T. Im Tableau 
gilt b°sO.

Eine Strahlbasis [ x ° , er] wird durch das Tableau
*

x m ( . i .  .  .  X 6 . .  . x n b °

x i Q î , n , f 1

o
*

-
О

b ?

. . . .
. .

0 0 0 , 0
x m Qm, m+1 • • • a m , 6  •  • ^ m , n b m

welches aus dem Simplextableau von (x°, J]  durch Markierung von xa mit 
hervorgeht, dargestellt. Entsprechend Satz 2 erfüllen die Elemente des Tableaus 
( — a°ia, 6? )^ (0, 0) für alle id J .

Realisierung des Übergangs E-S
Eine Eckbasis [x°, J]  sei durch ein Tableau der Gestalt (2.17) gegeben. 
V o r a u s s e t z u n g . E s  sei a°^0  für ein a f j ' .
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Behauptung. Dann erhalten wir durch die Markierung von x, in (2.17) eine zu 
[x°, gemäß D.l inzidente Strahlbasis.

Realisierung der Übergänge S-S
Eine Strahlbasis [x°, J ,  a] sei durch ein Tableau der Gestalt (2.18) gegeben 

Wir wählen ein beliebiges ot£ß aus und bezeichnen es als Übergangsindex.

Übergang S-S-l
Voraussetzung. Es sei а£ф0, d.h. а®я> 0  für gewisse i£ß . 

Behauptung. Bilden wir

(2.19)
n°аво
aßz dp*

— Lex. Min U.T, a'l >  0

so erhalten wir durch Umrechnung von (2.18) mit dem Pivotelement ajja eine zu 
[x°, J , er] gemäß A benachbarte Strahlbasis.

Übergang S-S-2
Voraussetzung. Es sei aJsO und (—a?a, è")-<(0, 0), d.h. a°x=0 und />?<0 für 

gewisse Uí-f.
Behauptung. Bilden wir

( 2 .20)
А . = Ш х 1ж

i£ß,  =  0, b°i <  0

so erhalten wir durch Löschen der Marke bei x a, Markierung von хя und Um
rechnung von (2.18) mit dem (negativen) Pivotelement a°ßa eine zu [ x ° , e r ]  gemäß В 
benachbarte Strahlbasis.

Übergang S-S-3
Voraussetzung. Es sei und ( -  cifx, Ь“)2г(0, 0) für alle i£J .
Behauptung. Durch Löschen der Marke bei xa und Markierung von хя erhalten 

wir aus (2.18) eine zu [x°, J , a] gemäß С. 1 benachbarte Strahibasis.
A nmerkung. Für jedes ist genau eine der drei Voraussetzungen für die 

Übergänge S-S-l/2/3 erfüllt. Mit jedem beliebigen « € ,/ als Übergangsindex läßt 
sich also ein Basisübergang S-S ausführen, und die Auswahl von a bestimmt bereits 
die Art dieses Übergangs.

Realisierung der Übergänge S-E
Eine Strahlbasis [x°, J ,  <r] sei durch ein Tableau der Gestalt (2.18) gegeben.
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Übergang S-E-l 
Voraussetzung. Es sei b°^0.
Behauptung. Durch Löschen der Marke bei xa erhalten wir aus (2.18) 

eine zu [x°, J , a] gemäß E.l inzidente Eckbasis.

Übergang S-E-2
Voraussetzung. Es sei b°^0, d.h. 0 für gewisse i£J .
Behauptung. Bilden wir

( 2 .21)
b l
a°ßa

Max bl i£S, bl °}’
so erhalten wir durch Löschen der Marke bei und Umrechnung von (2.18) mit dem 
(negativen) Pivotelement a \ eine zu [x°,./, er] gemäß E.2 inzidente Eckbasis.

Die Beweise dafür, daß unter den angegebenen Voraussetzungen und Rechen
vorschriften tatsächlich stets die behaupteten Strahl- bzw. Eckbasen erreicht werden, 
sind in [2] geführt.

3. Allgemeines Prinzip des Algorithmus

Wir wollen nun darlegen, wie das pseudolineare Optimierungsproblem 
(P) F(x) =Min!, Ax =  b, X ё  0

mittels einer simplexartigen Abstiegsmethode prinzipiell gelöst werden kann. Dabei 
zeigen wir auch eine Möglichkeit zur rechnerischen Realisierung der auftretenden 
Tests unter einer gewissen (schwachen) Zusatzbedingung an die pseudolineare Ziel
funktion auf. Wir setzen voraus, daß der zulässige Bereich B= {x£R"|Ax = b, x^O} 
von (P) nicht entartet ist.

Sei [ — x°, J] eine Basislösung von (2.1) mit der zugehörigen kanonischen Form 
x + A°x=b°. Wir definieren die Funktion
(3.1) /(x) =  F (x )|ï=bo_A»i.

Lemma 1. Für beliebige x1, x2Ç_B gilt
(3.2) (x1 -  x2)t grad F(x2) = (x1 -  x2)T grad/(x2).

3.1. Beginn des Algorithmus, Optimaltest und Übergang zu Strahlbasen
Wir gehen von einer Ecke x° von В aus. Die zugehörige Eckbasis [x°, sei durch 

das Tableau (2.17) gegeben. Wir bilden entsprechend (3.1) /(x) und

. . mit g = (gi)nj’.
x = 0

Fall E.l (Klassischer Optimaltest am Eckpunkt): g^O.

(3.3) B f . . .
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Behauptung. Dann nimmt F(x) in x° sein Minimum über В an. 
Beweis. Sei x'£A? beliebig. Nach Lemma 1 gilt wegen x '^ 0

(3.4) (x' — x°)T grad F(x°) =  (x' — x°)T grad/(x°) = x 'T g ^  0.

Da F(x) pseudolinear ist, folgt nach (1.2) F(x')^F(x°).

Fall E.2: g^O, d.h. 0 für gewisse «£ J '.

Dann wählen wir ein oc£ß' mit (zum Beispiel ga=Min {gt\i€ß'}) und
unterscheiden die Unterfälle

Fall E.2.1: а£ф0, d.h. a°a> 0 für gewisse i£ ß .
In diesem Falle bestimmen wir mit der Pivotspalte oc nach der üblichen Regel 

ein Pivotelement und rechnen damit das Tableau (2.17) um.

Behauptung. Für die erhaltene Nachbarecke x1 von x° gilt / г(х1) < / г(х°).

Beweis. Nach Lemma 1 gilt wegen der Nichtentartung von x°

nach (1.2) erhalten wir daraus F(x1)< F ’(x°).

Fall E.2.2: a»^o.
Dann führen wir durch die Markierung von xa den Übergang E-S zu einer 

inzidenten Strahlbasis aus.
Behauptung. Für den erhaltenen Kantenstrahl S’q gilt Inf {F’(x ) |x € 5 ,0} < F ,(x°). 

Beweis. Sei x'ÇS'oXx0 beliebig. Dann gilt x '> 0  und somit

Es sei im Algorithmus eine Strahlbasis [x°, «/, a] erreicht, die durch ein Tableau 
der Gestalt (2.18.) dargestellt wird. Analog zu (3.1) bilden wir/(x), außerdem definie
ren wir

(3.5) (x1 — x°)T grad F(x°) =  xlgx <  0,

(3.6) (x' — x°)T grad F(x°) =  x 'ga <  0.

Es folgt F(x')<F(x°) und daraus die Behauptung.

3.2. Verallgemeinerter Optimaltest, Basisübergänge S-S und S-E

(3.7)

(3.8) A0 =  Min{A€R4As 0, Ь°-а0А^0}.
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Sa sei der durch [x°, J , er] definierte Kantenstrahl. Mit dem durch

-a°ia für iÇ_J
(3.9) *? = 1 für i =  a

0 für i t /

gegebenen Vektor s° gilt ,S0= {xÇ R"|x = x° +As0, A^A0}. 

Fall S.O: Jim F(x° +  As°) =  — °°.

In diesem Falle wird das Verfahren wegen der Unbeschränktheit der Zielfunktion 
abgebrochen.

Wegen der Pseudolinearität von F(x) ist g „ (A) für A ̂  A0 entweder stets negativ 
oder stets positiv oder stets gleich Null. Tritt der Fall S.O nicht ein, so können wir 
daher die beiden Fälle S.l und S.2 unterscheiden.

Fall S .l:  Jim F(x° + As°)> — °° und ga(A)< 0  für AsA0.

Behauptung: Dann gilt

(3.10) Inf{F(x)|xg5'1} = lim F(x° + As0) <  F(x) für alle x£Sn.
X — oo

Beweis. Wir betrachten beliebige x ',x"£ S 0 mit x' = x° + A's° und x"=x° + A"s° 
für A">A'^A0. Dann haben wir

( 3.11) (x" -  x ')T grad F(x') = (Г  -  k')ga (A') <  0,

also F(x")<F(xO- Damit fällt F(x) längs S0 streng monoton, und es gilt (3.10). 
Wir zerlegen nun die Indexmenge ß  in die Teilmengen

(3.12) / +  =  {«€/ |«? $  0} und =  { /€ / |a? ^  0}

und führen den verallgemeinerten Optimaltest aus.

Verallgemeinerter Optimaltest: Es existiert eine Folge {A'}/=li2, ... mit A'sA№, 
und lim A' =  oo, die für alle i £ f  erfüllt

(3.13) g iß 1) S
für
für

Fall S .l.l:  Der verallgemeinerte Optimaltest sei erfüllt.
Behauptung. Dann gilt Jim F(x°+As°)«=F(x) für alle x£.ß. F(x) erreicht also

im uneigentlichen Punkt x0+°°*s0 sein endliches Infimum (verallgemeinertes Mini
mum) über B, ein Minimum im gewöhnlichen Sinne existiert nicht.
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Beweis. Sei x' £ В beliebig. Wir wählen ein x"£ S 0 mit 

(3.14)

Wegen (3.13), (3.14) und x 'S x  gilt dann

x" >  x'„ +  2  x'i u n d  * £  €{ '-'}• 
ie /-

(x' -  x")T grad F(x") = (x'„ -x " )g a(x") + 2  x igi(x '«)+ 2  x 'íSí(x 'Ó)
aß*  iejf-

(3.15) ^  K - < ) g , « ) +  2  x 'i8i(.x'0) =
i t f -

S  « - x " )  + 2  x 'i)ga(x 'á) >  0.
«€/-

Daraus folgt F(x')> F(x") und somit nach (3.10) die Behauptung.

Fall S.1.2: Der verallgemeinerte Optimaltest sei nicht erfüllt.

Hilfsbehauptung. Dann existiert eine Folge {Jui}l=li2,... mit Hl=X0 und 
lim die für ein aÇ.^ erfüllt■ l — o°

(3.16)
Í 0 für a e f  + 
\gc(ßl) für « Ç /- .

Beweis. Ist der verallgemeinerte Optimaltest nicht erfüllt, dann gibt es ein 
so daß zu jedem wenigstens ein i(ß )£ ^  existiert mit

f 0 für i (ß )£ f  +
<ЗЛ7) gi(l,)(ß) "  k(M ) für / ( p )€ / - .

Sei {v!}i = 1,2 eine beliebige Folge mit limv'=oo. Wegen der Endlichkeit von ß
l-t-oo

besitzt die Menge {/(v!)£ ,/|/£  {1, 2, ...}, vl^ ß '}  mindestens einen Häufungspunkt 
а Das heißt, es gibt eine Teilfolge {/гг}(=1,2, ... von {v(} mit

(3.18) ßl & /Е ^  1„, lim ß1 = °° und i’(/i!) = а,
l~* oo

woraus nach (3.17) die Behauptung folgt.
Wir wählen nun ein aÇ^/, das der Bedingung (3.16) genügt. Mit diesem Index 

а führen wir einen Übergang S-S von [x°,,/, er] zu einer benachbarten Strahl basis aus. 
Die erreichte Strahlbasis möge den Basispunkt x1 besitzen und einen Kantenstrahl 
Sx definieren. Die Größen und s1 seien zu ihr analog wie A0 und s° zur Ausgangs- 
Strahlbasis gebildet.

BEHaUPTUNG. E s g ilt

(3.19) Inf {F(x)|xÇ5'1} ä  Inf {F(x)|xÇlS’ü} =  lim F(x°+As0).

Beweis. Sei x '£S0 beliebig mit

(3.20) x a > Ax und x'ae{ß1}-
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a) a £ , /+: Dann existiert ein mit x" —x'„ und, da SQ nicht entartet ist,
jc" > 0. Wegen (3.16) und (3.20) gilt also
(3.21) (x"- x ')Tgrad F(x') = x"ga(x'a) <  0.

Folglich ist F(x")< F(x'), d.h. mit x/ =  x° +  x:'s0 und x" = x1 + x"s1 = x1+ x 's 1

(3.22) Fix1 + x'„s1) <  F(x° + x'„ s°).

b) ö té /“ : Dann existiert ein x"^S 1 mit x"=x'„ >0. Wegen (3.16), (3.20) und 
ga(x^ )< 0 haben wir folglich

(3.23) (x" -  x ')T grad F(x') =  (x" -  x'a)ga(x£ + x'aga(x'a) ë

s  x'a[ga(x'a) - g a(x'a)] <  o.

Also gilt wieder F(x") <  F(x') und damit, da x"=x1+ x 's 1,

(3.24) F ^  + x^s1) <  F(x° + x^s°).

Aus (3.22) und (3.24) folgt, da x' beliebig groß gewählt werden kann, mit (3.10) die 
Behauptung.

Fall S.2: lim F(x° + As0)>  — °° und g„(À)^0 für Я^Я0.

Dann wird ein Übergang S-E von [x°, У, a] zu einer inzidenten Eckbasis aus
geführt.

B e h a u ptu n g . Für die erreichte Ecke x1 gilt Fix1) = Min {F(x)|x€50}.
B ew eis . Sei x' £ S0 beliebig. Wegen x'a ^Я„=х* haben wir

(3.25) (x' -  x1)T grad Fix1) = (x' -  x J ) ga (xl) s  0, 

also Fix') = Fix1).

3.3. Gesamtablauf des Verfahrens
Im Optimierungsverfahren zu (P) werden, ausgehend von einer Eckbasis, nachein

ander jeweils Eck- und Strahlbasen nach dem im Ablaufschema (Bild 3) angegebenen 
Prinzip durchlaufen. Dabei gilt der folgende

E n d l i c h k e i t s s a t z : Der angegebene Algorithmus ist endlich.
B e w e is : Wir zeigen zunächst, daß im Algorithmus stets nur endlich viele Strahl

basen unmittelbar hintereinander durchlaufen werden. Dazu betrachten wir eine 
Kette direkt aufeinanderfolgender Strahlbasen

(3.26) [x1, Л , ffj, [x2, S 2, er2], ... ,  [xx, S x,a x], ... (*& 2)

mit den zugehörigen Größen Я1; Я2, ..., Ях, ... und den die Hilfsbehauptung von Fall 
S.1.2 erfüllenden Folgen {jx[}, {/4}, ..., {ß‘x}, ■■■ Nach dem Beweis der Hilfsbehaup
tung kann man diese Folgen sogar so bilden, daß gilt [ц[ }z>... z> {/4}z>....
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Angenommen, es wäre [x\ J x, ö-J =  [x x , crj. Dann hätten wir Fix1+ fis1) =
= F(x*+ßsx) für alle ц ^ Х 1 = Хх. Andererseits läßt sich aber ein ц* wählen mit

(3.27) u* & M ax{Аг|/^{2, ..., y}} und ju*€{/4-i} c  ... а{ц[}, 
für das nach (3.22) und (3.24) gilt

(3.28) Fix1 + f s 1) >  F(x2 + /t*s2) >  ... >  Fix* + /Fs*).

Bild 3 ( Ablauf schema)

Das widerspricht der Annahme, folglich müssen die Strahlbasen (3.26) alle vonein
ander verschieden sein. Da es nur endlich viele verschiedene Strahlbasen von (2.1),
(2.2) gibt, bricht die Kette (3.26) also nach endlich vielen Gliedern ab.

In der vom Algorithmus insgesamt erzeugten Kette von Ecken und Kantenstrah
len gilt für je zwei direkt aufeinanderfolgende Ecken x1, x2 stets F(x2)<  Fix1) und 
für je zwei durch Kantenstrahlen S 1, . . . , S k_1 (k^2) verbundene Ecken x1, x k

(3.29) Fixk) = Inf {F(x)lx€St _1} S  ... S  Inf(F(x)|x€5'1} <  Fix1),
also F(xk)< F(xr). Das heißt, die Zielfunktionswerte fallen von Ecke zu Ecke streng. 
Folglich enthält die Kette nur endlich viele Ecken und ist somit, da zwischen je zwei 
Ecken auch nur endlich viele Kantenstrahlen durchlaufen werden, insgesamt endlich.
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Der beschriebene Algorithmus liefert also nach endlich vielen Schritten die 
(gewöhnliche oder verallgemeinerte) Lösung von (P), sofern sie existiert. Eine be
merkenswerte Eigenschaft des Algorithmus ist die, daß trotz vorausgesetzter Nichten
tartung das Erfülltsein des verallgemeinerten Optimaltests für das Vorliegen eines 
verallgemeinerten Minimums nur hinreichend, aber nicht notwendig ist. Eine Ver
schärfung des Kriteriums ist nicht ohne weiteres möglich, da bei einem Übergang 
S-S stets zugelassen werden muß, daß der Strahlgrenzwert von F(x) nur schwach 
fällt — es gibt Beispiele, wo man andernfalls die Lösung nicht erreichen könnte.

3.4. Realisierung des verallgemeinerten Optimaltests mittels 
asymptotischer Entwicklungen

Der verallgemeinerte Optimaltest ist in der angegebenen Form nur sehr schwer 
zu realisieren. Schränken wir jedoch die Klasse der Zielfunktionen auf solche pseudo
lineare Funktionen ein, deren partielle Ableitungen g,(A) gewisse asymptotische 
Entwicklungen besitzen, so können wir aus den zugehörigen Entwicklungskoef
fizienten alle notwendigen Testgrößen gewinnen.

Ausführliche Darlegungen zu den folgenden Begriffen und Behauptungen sind 
z.B. bei Berg [1] zu finden.

Wir nennen eine über einem Intervall [A„, °°) definierte Funktionenfolge 
{<рДА)};=0Л> eine (asymptotische) Skala für A-*°°, wenn gilt

(3.30) q>jß) ^  0 und <joJ+i(A) =  о(фДА)) (А -  °°)

für уб{0, 1,...}.

Eine gegebene Funktion A (A) heißt für A-*-°° (asymptotisch) entwickelbar nach der 
Skala {<P;(A)}, wenn es Zahlen Cj (Jd {0, 1,...}) gibt mit

(3.31) 6 (A) = 2  c i < P i ( X )  + 0 ( ( P j ( X ) )  ( A - o o )
i=0

für jd{0, 1, ...}.
Wir schreiben dann

(3.32) А(Я) ~ Z c jcp jW  (A — °°).
j =о

Ist die Funktion A (A) für A—°° entwickelbar nach der Skala {<Pj (A)}, so gilt für die 
Entwicklungskoeffizienten Cj

6(A)(3.33) .......  jim
6 ( A ) -  2  c,'<Pi(A) 

1 =  0

(pjW

Lemma 2. Die Funktion h(X) sei für  A — °° entwickelbar nach einer Skala (<рДА)} 
mit (pj(A)>0 für alle j 6 {0,1,...} und alle AsA0. Es existiere ein j<z {0, 1, ...} mit 
Cj ̂  0 und c—0 für alle i~<j. Dann gilt für ein A*

(3.34) cj (<} 0 «=> 6(A){^} 0 für AsA*.
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Wir betrachten nun unser Problem (P). Im Falle der Unbeschränktheit des 
zulässigen Bereiches В möge F(x) die folgende Zusatzvoraussetzung (Z) erfüllen: 

(Z): Ist [ x ° , а] eine Strahlbasis von (2.1), (2.2), so existiert zu jedem id.f'  
eine Skala (<pj(A)} mit <p‘(A)>0 für allej£  (0, 1, ...} und АёА0, nach der die Funktion

(3.35)
J&(A) für г £ / + Uff
lft(A)-&,(A) für i e / -

für A-*-°° entwickelbar ist. Ist К (Я) ̂  0 für große Я, so soll die Funktion wenigstens 
einen nicht verschwindenden Entwicklungskoeffizienten besitzen.

Die gebrochen linearen Funktionen und speziellen Wurzelfunktionen (siehe (1.3) 
und (1.4)) genügen der Bedingung (Z). Hierfür läßt sich z.B. wählen ç>)(A) =  A_J’ für 
alle

Es sei im Algorithmus eine Strahlbasis [x°, J , a] erreicht. Wegen (Z) gibt es 
Folgen {c}}, so daß für obige /z;(A) gilt

(3.36) K W  ~  2  CjPjW  (A — °°)> »€•/'• i=о

Außerdem existiert zu jedem mit K W  ̂  0 für große Я ein (eindeutig bestimmtes) 
Д 0 €{0, 1, ...} mit
(3.37) c‘j (i) yí 0 und c‘j = 0 für j  <  j(i).

Wir bilden die Größen 

(3.38) ; {c‘j {i), falls j(i)  existiert 
0 sonst i e j ' .

Nach (Z) und Lemma 2 gibt es zu jedem /£</' ein A* mit

(3.39) rt = J = J 0 <=> ЛДЯ) J = J  0 für Я s  A‘.

Damit vereinfachen sich die Tests S.l und S.2 wie folgt:
Fall S.l: /•„<().

Fall S .l.l: r ,^ 0  für alle /€</■
Fall S .l.2: rx< 0 für ein 
Fall S.2: г„шО.
Die einzige Schwierigkeit des beschriebenen Vorgehens besteht offensichtlich 

darin, die Entwicklungskoeffizienten c)(i) zu bestimmen. Für die betrachteten speziel
len Zielfunktionen kann dies jedoch nach einfachen Regeln direkt im Tableau reali
siert werden.
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4. Realisierung des Algorithmus für Beispielklassen 
pseudolinearer Zielfunktionen

Der Algorithmus zur Lösung von (P) soll nun noch für zwei spezielle Zielfunkti
onen konkret realisiert werden.

4.1. Spezielle Wurzelfunktion als Zielfunktion 
Betrachtet wird das Problem (P) mit der Zielfunktion

(4.1) Fix) =  dTx + í/0+l/(dTx +  í/0)2 + eTx + é?0

mit d, e£R" und d0, sowie mit eTx + eo^ 0  und (eTx + eo>0 oder dTx +  <f„>0)
für alle x£B. Diese Funktion (vgl. (1.4) mit /3(x)= 1) ist pseudolinear über B.

Wir gehen von einer Eckbasis [x°, J]  aus und bilden zunächst analog zu (3.1) 
die auf die Nichtbasisvariablen x = (xm+1, ..., x„)T umgerechnete Zielfunktion

(4.2) 
Es gilt

(4.3)

fix )  =  dOTx +  i/o + ^(dOTx +  6?o)2 + eOTx + e(|.

d f  ...
®l = ä ^ (x) x = 0 2 r t « ! + eS

Daraus folgt für jedes i£ ./ '

(4.4) g, { = j  0 <=> 2d?(d§+ HdSr + eg') + e? {=j 0.

Wir stellen das Simplextableau zu [x°, J ]  auf und erweitern es um die drei 
Zeilen (d°) = (i/®+1, -dg), (e0) = (e° +1, ..., e°„, -eg)und(p°) = (p®+1, ...,p°n,p%)
mit

(4.5) P°0 = dS+UdS)2 + e l  P4 = 2d?pl + e4 für i f J ' .

Das erweiterte Tableau hat also die Gestalt

x m +1 •  • • *r> b°
*1 a 1 , m + 1 •  • • $

xm „0 * am, m*1 a ä .n b's

оTJ dm+1 . . . dS -d°o
e° e°Km+1 . . . « Ä - s
pO . . . О

 
C
 

Û
.

О
 О

 
û

.
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Der Optimaltest wird nun wie folgt ausgeführt: 

Fall F.7: 0 für alle id J '.
Dann ist x° für (P) optimal und F(x°)=p".

Fall E.2: für gewisse /€«/'.
Dann wählen wir ein aÇ.F' mit p"-=0 und unterscheiden

Fall E.2.1: а!|ф0, d.h. für gewisse
Dann rechnen wir mit der Pivotspalte a das Tableau (4.6) einschließlich der 

Zeilen (d°) und (e°) wie üblich um und gelangen zu einer benachbarten Eckbasis. 
Die beiden umgerechneten Zusatzzeilen haben für diese dieselbe Bedeutung wie 
(dn) und (e°) nach (4.2) für [x°, J]. Im erreichten Tableau wird die letzte Zeile (p1) 
nun aualog wie (p°) in (4.6) berechnet. Für die erhaltene Ecke x1 gilt F(x1)=pl<p% = 
=  F(x°).

Fall E.2.2: a®;=0.
Dann wird durch die Markierung von zu einer inzidenten Strahlbasis über

gegangen. Die Zeilen von Tableau (4.6) werden dabei außer der Zeile (p°) unverändert 
übernommen. Für den definierten Kantenstrahl S0 gilt Inf {F(x)jxÇ S0}<F(x0) =/>[].

Im Algorithmus sei eine Strahlbasis [x°, J , a] mit den zugehörigen (die Funktion 
/(x )  analog wie in (4.2) bestimmenden) Zeilen (d°) und (e°) erreicht. Wir bilden 
nach (ЗЛ)
(4.7) gi(i) = d?+ 2 dH<Pek + dg) + $  

2Í{d«l + d№ + elX + e l ’
Für den durch die Strahlbasis definierten Kantenstrahl Stt= {x £ R" [x= x® + As0, Я sA 0} 
haben wir
(4.8) F(x° +  As°) =  dl 1 + dt + i(d» X +  dH)2 + el X +  ̂ .
Da x° +  ;.s° für große Я in В  liegt, muß für große Я gelten e% Я + e® §  0. Das heißt, 
es ist (e®, ejj)^(0, 0). Wir machen nun eine vollständige Fallunterscheidung.

a) (d®, <?®)>(0, 0): Dann ist lim F(x0 + Яs®) =  °°, dieser Fall kann nicht eintreten.

b) (J®, e") = (0, 0): Dann haben wir

(4.9) F(x° +  Я8®) =  dl + HdSY + e l  g(j (Я) = 0.
c) (if®, <?®)-<(0, 0): Wegen e®^0 ist dann f/®<0 und

(4.10) Jim F(x° + Яв°) =  -

Die Funktionen gt(X) lassen sich für Я—°= nach der Skala {Я- -7} entwickeln. Das 
heißt, es gibt Zahlen c) mit

(4.11) g iß )  ~  ( Я - - ) ,  i £ S \
j = 0
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Die c'j erhalten wir nach (3.33) mittels
o _ po jo

(4.12) 4  =  Jim gi (Я) =  0, ci =  lim gi (Я) • Я =  -g‘ .я-=о 2(0")̂

Ist 4 = 0  und d f= 0, so folgt c“=0 und somit £((Я) = 0. Für alle /£ ,/ ' mjt = o und 
di 9 ^ 0  bestimmen wir

(4.13) 4 =  Нт&(Я)-Яа =  _ ^

Für jedes mit d °^  0 und cj =  c| =  0 gilt

d?e°-e4dS~-

(4.14) Л(Я) = d? 1 + sgn с?°Я + г/00 + 4
2d?J.

wegen 0 folgt daraus ^(Я)=0 für große Я. 
Insgesamt gilt also

(4.15) 2,(Я) =  4 + - ^  +  ° И  ( ^ ~ ) >

mit £,(Я) = 0 für große Я, falls с[ = 4° =  0 oder 4  = 4 = 0 . 
Wir definieren für jedes i £ f '

(4.16)

(4.17)

<& =
dS+\'(d№ + e"
__4

. 2d°a

für d° =  0 

für 4V 0 ,

9? =
4  = 4°4-4i/«  für 

4  = d ? 4 -4 4 ? - ^ £  für

u‘u 0 oder i/f = 0 

4  =  0 und 4° ^  0

und bilden das Tableau
*

x m+1 • • x 6 ■ • • • x n b °

X, a i . . a° . . . a ° b °1 , m+1 1 , n 1

xm a mf m+1 ’ • Qm,6 • * a m,n b°m

d ° j °
^ m + 1 . .  d °  . . . 4

о
 о

 
XJ 1

e° e m+1 • • 4  • • 4 t
о

 о

<7° 4°m+ 1 . . q °  .  . . q°n JD о
 о

indem wir das vorliegende Strahltableau um die Zeile (q°) =  (4 + n  ••• > 9o)
erweitern und jede Spalte / £ /  mit 4  =  4  mit “0” markieren. Die Tests nehmen dann 
(vgl. die Ergebnisse von Abschnitt 3.4) folgende Gestalt an:
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(4.19)

Fall S.l: 0.
Dann wird unterschieden 

Fall S .l.l: Für alle gilt
0, falls a“ $  0 oder i nicht mit “0“ markiert

9? ^ q°a, falls a - g ö  und i mit “0” markiert.
In diesem Falle liefert der Kantenstrahl S0 das verallgemeinerte Minimum 

lim F(x° + /s0) = q".

Fall S.l.2: Für ein gilt 

(4.20)
Í 0, falls ^  0 oder <x nicht mit “0” markiert 

falls a® ä  0 und a mit “0” markiert.

Dann führen wir mit dem Index a einen Übergang S-S aus und behandeln dabei 
die Zeilen (d°) und (e°) ebenso wie die anderen. Sie haben danach für die neue Strahl
basis dieselbe Bedeutung wie vorher für [x°, J ,  a]. Im erreichten Tableau wird die 
q-Zeile wieder analog wie in (4.18) bestimmt.

Fall S.2: q°a SO.

Wir führen dann einen Übergang S-E aus, wobei die Zeilen (d°) und (e°) mit 
transformiert werden. Im neuen Tableau wird, da eine Eckbasis vorliegt, die p-Zeile 
analog wie (p°) in (4.6) berechnet.

Damit ist das Verfahren zu (P) für den Fall der speziellen Zielfunktion (4.1) 
vollständig beschrieben. Alle darin benötigten Größen lassen sich nach einfachen 
Regeln direkt im Tableau bestimmen. Zur Illustration des Algorithmus geben wir 
noch ein Zahlenbeispiel an.

Beispiel. Es sei Bei R5 gegeben durch

(4.21)

*i + x3 — x4 =  1 
3*! — 4x3 — x5 — 6

— Хг + Х2 + x3 + xt = 2

und es sei 

(4.22)

Xi, x2, x3, x t , x5 0,

F(x) =  — y X i +  Xa + l/j-yA-jL + x-jj - 3x2- 5x3 + 5x4 + 9.

Es läßt sich zeigen, daß für alle xÇB gilt — 3x2 —5a3 + 5a4 +  9s 0, wobei die Unglei
chung für die x£B  mit — sogar streng erfüllt ist. Also ist F(x) pseudo
linear über B.
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Wir beginnen den Algorithmus mit der Anfangsecke x° —(0, 0, 2, 1, 14)T. 
Dann ist x= (x3, x4, x5)T, x= (x ls x2)T und

( 4 .2 3 )  /(x) =  - y X i  + X a+j/ ( - y x x + x2j + 5xx -  3 x 2 + 4 .

Das Anfangstableau hat damit die Gestalt

(4.24)

xi x2 b°

*3 -1 1 2

4 -2 1 1

xs -1 4 14

d° 5
2 1 0

e°! 5 -3 -A

P° -5 1 2

Wegen Pi — — 5<0 und a® = (—1, —2, — 1)T^ 0  tritt der Fall E.2.2 ein, und wir gehen 
durch die Markierung von xx zu einer Strahlbasis über. Dabei erhalten wir das Tableau

*
xi x2 b° Test

x3 -1 1 2 (1,2)

xi. -2 1 1 (2,1)

x 5 -1 И 14 . (14 )
d° 5

2 .1 0
e° 5 -3 -4

Q° 15
2

5
2 1

Es ist 4" = —y -< 0  (Fall S.l) und q l= — y < 0  mit а§ = (1, 1,4)т ф0. Daher gehen

wir nach Fall S.l.2 vor und führen einen Übergang S-S-l mit dem Index 2 aus. 
Hierzu bilden wir

(4.26) Lex. Min Í <*h
{ ah) i e <3 > 4 - 5 ' } = ( - ! ' ! ) •
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erhalten das Pivotelement a°2 und damit ein neues Tableau

*
»1 xs b1 Test

x3

x4

x2 ■ 
I 

I 
4"|

 —
 -

H 
-J 

t'lb
J 1

4
1
4
1
4

3
2
5
2
7
2

2
10
7

/
d 1 _ 1 

4
1
4

_7
2

e 1
17
4

3
4

13
2

«Ф1 253
144

5
2

17
18

253 ( 3 5 7 tT
Wegen 4Î= J44 = 0  (Fall S.2) und bl = (~y>  ~ y  > y j  í 0 erfolgt ein Übergang
S-E-2. Mittels

(4.28)
a 31

erhalten wir das negative Pivotelement a\x. Der Übergang liefert das Tableau

x3 »5 b2

xi
4
3

1
3 2

X4
7
3

1
3 1

X2
_ j_ 

3
J_
3 4

d 2 -3 1
2 1

_2 17 2e 3 3 - 2

p 2 f - f + l / T - 1  +\/эГ

Wegen 1,29^0 und p \ %0,06 SO haben wir damit das Optimum erreicht. F(x) 
nimmt also in der Ecke (2, 4, 0, 1, 0)T sein Minimum pl= —1 + ^3 über В an.

Wir veranschaulichen unser Vorgehen x°-► S* — x2 in Bild 4 im Raum der 
Nichtbasisvariablen x t und x 2 der Anfangs-Eckbasis. Die (gerundeten) Eckpunkt
werte bzw. Strahlgrenzwerte der Zielfunktion sind in Klammern angetragen.
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4.2. Gebrochen lineare Zielfunktion (Hyperbolische Optimierung)
Wir betrachten nun unser Problem (P) mit der gebrochen linearen Zielfunktion

(4.30) F(*) =
Z T X +  Z 0

пт х  +  и0

mit z, nÇR"; z0,n0eRx und nTx + n0>0 für alle x£ß. Für diese spezielle pseudo
lineare Zielfunktion nimmt der Algorithmus eine ähnlich einfache Gestalt wie im 
vorangegangenen Falle an.

Wir gehen von einer Eckbasis [x°, ./] aus und bilden die auf die Nichtbasis
variablen X umgerechnete Zielfunktion

(4.31) /(* ) =
z0Tx +  zg 
n0TX +  /7g'

Das Simplextableau zu [x°, J]  erweitern wir um die drei Zeilen (z°) = (zm+1, ... 
...,z°, -zg), (n°) =  (n °+1, ...,n°„, -ng) und (p°) =  (p2, + i, . . . ,p%,Po) mit

(4.32) Po =  4 ’ Pi = z°i «o“ «?zg für i£ j ' .
«o

Der Optimaltest wird nun ebenso wie unter 4.1. anhand der рУ (/£ ./') ausgeführt. 
Bei einem Basisübergang werden die Zeilen (z°) und (n°) wie die anderen im Tableau 
behandelt.

Haben wir eine Strahlbasis [x°, J , <r] mit den entsprechenden Zeilen (z°) und (n°) 
erreicht, so gelangen wir durch analoge Fallunterscheidungen wie für die speziellen 
Wurzelfunktionen und durch die Entwicklung der Funktionen

(4.33) gitt) =
(zf/l°-/l?Z °)A  +  zf;i§-7l?zg

WA + ng)2
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für A — °o nach der Skala {A J} zu den Größen

(4.34)

1f-°° für Я°; = 0 und < 0

Co II 1*8
\<

für nl = 0 und z« = 0

1кк für ni > 0

(4.35)
lu“ =  z'l n” — rf- z°„ für 

—И;2ц für
« 9 ^ 0  
u°i =  0 ’

Die Zeile (q°) fügen wir zum erreichten Tableau hinzu und markieren wieder jede 
Spalte mit mit “0” . Die Tests S.0, S.l und S.2 werden nun ebenso wie
unter 4.1. realisiert.

Damit haben wir für den Fall der gebrochen linearen Zielfunktion ein Lösungs
verfahren zu (P) erhalten, das bezüglich der reinen Eckenübergänge rechnerisch mit 
dem Verfahren von M artos  [4] zur hyperbolischen Optimierung übereinstimmt. 
Infolge des Einsatzes von Strahlbasen lassen sich damit aber auch hyperbolische 
Probleme mit unbeschränkten zulässigen Bereichen stets direkt und vollständig lösen.

Die beiden angegebenen konkreten Realisierungen des Algorithmus zum pseudo
linearen Optimierungsproblem (P) besitzen eine starke Ähnlichkeit mit dem Simplex
algorithmus aus der linearen Optimierung. Sie erfordern in jedem der endlich vielen 
Schritte kaum mehr Rechenaufwand als dieser und können daher als sehr effektive 
und zuverlässige Lösungsmethoden angesehen werden.
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BEMERKUNGEN ZUM BELEUCHTUNGSPROBLEM 
VON L. FEJES TÓTH

von
R. FISCHER

1. Wie muß man Lampen auf einer in beiden Richtungen unendlich langen 
Straße verteilen, damit die Helligkeit in dem am schlechtesten beleuchteten Punkt 
maximal ist, wenn die durchschnittliche Lampenanzahl pro 1 km vorgegeben ist? 
Dieses von L. F ejes T ó t h  stammende Problem führt unter idealisierenden Annahmen 
auf die Frage, für welche doppelseitigen Folgen ( . . .< x_2<.k_1<Xo<:*i < *2< " )  
mit beschränkter oberer asymptotischer Dichte die Zahl

inf 2 /(1* -*il)* e R ze z

maximal ist (“optimale Anordnungen”), / i s t  dabei die von der Lampenart abhängige 
sogenannte ’’Beleuchtungsfunktion“ d.h./(x) ist die von einer festen Lampe herrüh
rende Helligkeit im Abstand л: vom Fußpunkt der Lampe an (vgl. [1]). Wir Verlagen:

/ i s t  stetig, nirgends zunehmend und J f(x)dx<°°. In [2] wurde eine hinreichende
0

Bedingung angegeben, unter der die äquidistante Verteilung (= eindimensionales 
Punktegitter) stets eine optimale Anordnung ist. Hier sollen einige im Anschluß 
an [2] offen gebliebenen Fragen untersucht und ein Resultat für die physikalische

1Beleuchtung mit der Beleuchtungsfunktion /(x) =  - hergeleitet werden.
(h2 + x2)4

Die Bekanntschaft mit den Resultaten und der Notation in [2] wird vorausgesetzt.
2. In [2] wurde bereits vermutet, daß man für den Satz 2 die Bedingung der 

strikten Konvexität für / durch die der Konvexität ersetzen kann. Dies konnte jedoch 
mit der dort verwendeten Methode, die wesentlich auf der Eindeutigkeit der optimalen 
Anordnung im Falle einer Straße endlicher Länge fußte, nicht gezeigt werden. Es soll 
hier mit einer anderen Methode das Resultat von Lemma 4 in [2], in dem eine Straße 
endlicher Länge betrachtet wird, ohne die Voraussetzung der Striktheit der Konvexi
tät bewiesen werden, womit man dann auch Satz 2 von [2] ohne diese Voraussetzung 
erhält.

L emma 1. Es sei ax, a 2, ■■■ > an eine endliche Folge reeller Zahlen. Dann gibt es 
eine natürliche Zahl к mit O ^k^n , sodaß gilt: Für r = k + 1, k + 2, ..., n ist ak + 1 + ... 
...+ar^ 0  und für s= k, к — 1,..., 1 ist ак+ак- г + ...+ assO. (Leere Summe=0.)

B ew eis . Vollständige Induktion nach/2: Ist jede Partialsumme von ak + a2 + ...+ an 
nicht negativ, dann ist mit k= 0  alles gezeigt. Andernfalls gibt es 2 = min {v|a1 +  a2 +  --- 
... +  av <  0}. Auf die Zahlen ai+1,a i+2, ..., an wenden wir die Induktionsvoraussetzung
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an und erhalten: Es existiert к, i ^ k ^ n ,  sodaß jede Partialsumme von ak+1 + ... + a„ 
nicht negativ und jede Partialsumme von ak+ak_x + ...+ai+1 nicht positiv ist. 
Weiter ist wegen der Wahl von / jede Partialsumme von ak + ak^1+ ... + ax nicht 
positiv.

L e m m a  2 .  Im Falle einer konvexen Beleuchtungsfunktion gilt für Straßen endli
cher Länge mit stetiger Grundbeleuchtung g und mit r Lampen: Ist (xl , ..., xr) eine 
optimale Anordnung, so ist für jede andere Anordnung (xj, x2, ..., x'r) die Ungleichung

max mfx'x, ..., x ')  ë  m (xx, ..., .\'r)Oái^r
richtig.

B e w e i s . Es sei <5;=л^—x-, l s i ^ r .  Nach Lemma 1 gibt es k, O ^ksir, sodaß 
jede Partialsumme von Sk+1 + ök+2+ ... +Sr nicht negativ und jede von Sk + bk+1 + 
+ ... +  (5-l nicht positiv ist. Wir gehen von der Anordnung (xj, x2, ..., x') aus und 
betrachten die Beleuchtung im Intervall [x 'k, x ' +J . Wir wollen nun die x- mit 
i= k + 1, ..., r so in die entsprechenden x; schrittweise überführen, daß jede Bewegung 
eines x'i nach links durch eine Bewegung eines x) mit k + \= j< i nach rechts um 
mindestens den gleichen Betrag „ausgeglichen“ wird. Mit Hilfe von Zerlegungen 
dieser Bewegungen in Teilbewegungen sieht man, daß dies sicher möglich ist, da alle 
Teilsummen ás+1 + «5f[+2+ ... +  <5V̂ 0  sind (k + lá v S / ') .  Wegen der Konvexität von 
/ gilt für х ф к, x'k+1]:

/ ( \x -  (x'j + <5)|) + f(x  -  (xl -  (5)|) ä  f ( \x -  x'j\) + / ( \x -  x't\), Ô >  0,

d.h. bei jeder Teilbewegung wird die Helligkeit in jedem Punkt von [x’k, x'k+1] nicht 
größer, und damit auch bei der gesamten Verschiebung nicht. Durch eine analoge 
Betrachtung der Verschiebung der Punkte x[, x 2, . . . , x k in xx, . . . ,x k erhält man: 
Durch den Übergang (xx, ..., x'r)-^(x1, ..., xj) steigt die Beleuchtung in keinem 
Punkt des Intervalles [x'k, xk+1]. Wegen xk^x 'k^ x k+1^ x k+1 folgt daraus

max mjx'i, ...,x'r) S  mk(x[, ..., x'r) s  mk(xx, . . . ,x r) m(x1, . . . ,x r),

womit Lemma 2 bewiesen ist.
Lemma 2 entspricht genau Lemma 4 in [2].
In [2] wurde die Bedingung der Beschränktheit der oberen asymptotischen Dichte 

der Folgen (...< x_2< x_1< x 0< x 1< x 2-<...) so interpretiert:

limsup
П-+- ±  со

(d— „mittlerer Lampenabstand“), d.h. diese Bedingung wurde für jede Halbgerade 
verlangt. Die übliche Interpretation:

limsup ~  Д , N(R) = card {x;| - й ё Х ; ё к )
R-+ ©о 2 К ä

stellt eine schwächere Voraussetzung dar. Wir wollen Optimalität ab nun bezüglich 
dieser Bedingung verstehen.
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S a t z  1 .  Für konvexe Beleuchtungsfunktionen ist die gitterförmige Anordnung 
OÜnez mit xn= n-d  (i/> 0) optimal.

Der folgende Beweis ist eine Modifikation des Beweises von Satz 2 in [2], von 
wo auch die Notation übernommen wird.

B e w e i s . E s  sei ( yn)  eine Anordnung mit y0= 0 und oberer asymptotischer
Dichte S -т, sowie e>0. d

Wir werden zeigen :
S  m(d) + 5e.

i € Z

Wir wählen m injl, -^ |х 5 > 0 , 0 und n0€N so, daß gilt:

(1) m (d—ô — d-ô) S  m H O  +  e

(2) 7 ? (x ,y -á )  s  e für л

(3) Ы  ô 
W + l ”  2 für п s  п0.

Für 0 sei l(T)=  — min { /|^6[—T, Г]} und /- (Г ^ т а х  {/|уг€[— T, Г]}. 
Nun wird T  so groß gewählt, daß gilt:

(4) HT), r(T) ^  n0

N(T) I(T) + r(T) + 1 _ 1
2T 2T ~  d - ö

(6)

(7)

<5

<  <5.

Das letzte ist möglich, da lim x •/(*)=() ist, was aus der Monotonie von /  und
X — oo

J f(x)dx  <  oo folgt, 
о

Wir setzen

(8) h = max

und betrachten 7— [— T+h, Т—И].

К , inf/  1
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Für die yh die außerhalb von [—T, T] sind, gilt wegen (3) und (4): \yt\Ш 

S  |/| • j[y  ~ D e r  von diesen yt herrührende Anteil der Beleuchtung im Punkt xÇ/ 
ist höchstens gleich

- ^ — ( f Ç T + x ) + f ( T - x ) ) + R \ x - T ,  j - S j  +  Ä  í - x - Г ,  y - á j  .

Die Bedingungen (2) und (8) implizieren, daß diese Zahl kleiner als 4 • s ist.
Der mittllere Abstand d' bei jener äquidistanten Anordnung (x'j, für die gerade 

die Punkte x l i(r), х 1 , (г )+ 1 , . . . ,  х ' ( Г) in /  liegen, ist

d' = N(T) S ( d - á ) (  l-<5) — d - ô - d ô .

Hier wurde (5), (6) und (7) verwendet. Das Minimum m(d') zwischen aufeinander
folgenden x'„ ist nach (1) nicht größer als m(d) + s. Ersetzt man die x'n mit n>r(T) 
und —1{T) durch die entsprechenden y n, so ist das Minimum zwischen aufeinan
derfolgenden x'„ in /  nicht größer als m (d) +  5e. Werden nun die x'n mit —l(T ) S n ^ r (T )  
durch die entsprechenden y n ersetzt, so ist nach Lemma 2 das Minimum in /  noch 
immer nicht größer als m(d)  + 5E, womit der Satz bewiesen ist. Q.e.d.

Folgerung. E s  sei f  eine Beleuchtungsfunktion, die für x ^ a  konvex ist. Weiter 
sei d=~2a und bei der Gitterverteilung (x„), x„=«  • d, werde das Minimum der Helligkeit
im Punkt — angenommen. Dann ist diese Verteilung optimal.

Beweis. Es sei ß so gewählt, daß a - : ß < — gilt. Die rechtsseitige Ableitung von

/  in ß ist endlich, wir können daher /  im Intervall [0, ß] so verändern, daß die neue 
Funktion /, die mit /  in [ß, «>] übereinstimmt, eine konvexe Beleuchtungsfunktion 
ist und / ё /  gilt. Es gilt

inf 2/(1* “ *i!) = 2 7*£Ri6Z i£Z inf 2 / ( 1* -*il)-*eR;e Z
Da die Anordnung (x„) für /  optimal ist, ist sie es auch für /. Q.e.d.

3. Wir betrachten nun die „natürliche“ Beleuchtungsfunktion /(x) = 

Diese ist für xë-^- konvex.

1
¥

(/z2 + x2)2

Satz 2. Ist d=h, so ist die gitterförmige Anordnung (n • d)niz für die Beleuchtungs
funktion /(x) = ----- -— -  optimal.

(h2 +  x2)2
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Beweis. Ohne Beschränkung der Allgemeinheit nehmen wir h = 1 an. Der Beweis 

der obigen Folgerung zeigt: Da man /  im Intervall |o, y j  so vergrößern kann, daß 
insgesamt eine konvexe Funktion entsteht, genügt es zu zeigen: Für d ^  1 gilt:

(11) S (x ,d ) = f { x - id )  — Д / j y - w j  =  ^  ’ ^ | •

(Es ist ja / ( |x |)= /(jc)). Wegen Periodizität und Symmetrie ^bezüglich y j  genügt es

zu betrachten und weil ferner 5 für festes d bezüglich x  in [ y , i / —

konvex ist, reicht es hin, (11) für O SxSy  zu zeigen. Für das Folgende ist es notwen
dig, das Monotonieverhalten der Funktionen und f m genau zu kennen.

3 sBehauptung 1. Falls \x—/ |s 0 ,8  ist, so ist —  (x, d) für festes x eine in d mono-
3 ston fallende Funktion. Dies ergibt sich, indem man (x , d) nach d differenziert

und das Monotonieverhalten von f "  beachtet.

Behauptung 2. Für 0,2^л:^0,5 und d ^ l  gilt:

dS . .

Wegen Behauptung 1 können wir l ^ d s l , 3  voraussetzen. Es gilt

(x, d)  =  / '  (* ) - / ' ( d ~ x )  + Г  ( d + x ) - / ' (2d - Х )  +

+ 2 i f ' 0 d + x ) - f ' ( ( i +  l)-< /-x )] —
i =  2

s  f i x )  - f ' ( d ~  x)  + f ' ( d + x )  —f ' ( 2 d —x)  =:h(x,  d).
Es genügt also

(12) h(x,  </) s  0 

zu zeigen. Man überzeugt sich davon, daß

(13) J j(* ,r f )  SO

gilt, denn für d —x ^ ^  ist d ) ^ f " ( d —x ) + f " ( d + x ) ^ 0  und im Fall

S j  zeigt man, daß ^ )— —/'"  (y )  — 3 / ' " j SO gilt und muß dann nur noch

Y^(x, l ) ^ / ' ^ y j  — 2 /" |y j^ 0  zeigen. Die Ungleichung (13) erlaubt jetzt die Be-
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Schränkung auf d= 1 beim Beweis von (12). Mit t(x)=h(x, 1) gilt für 0,3^x^0,5, 
t ' (л:)^ f " (0,3) +f " (0,7) + 2 f"( 1,5) ̂  0 und damit ?(x)säl(0,5)=0. Im Bereich 0,2 sä x sä 
^ 0 ,3  gilt

<'(x) S  max Ит) + /" (  1, 2) + / " ( 1,8), \ f " (0, 2)1- 2f " 4)} 1,8

und da /(0,25)<—0,1 gilt, folgt daraus i(x )s0  für 0 ,2sxs0 ,3 . Damit ist die. 
Behauptung 2 bewiesen.

Offenbar muß noch folgendes gezeigt werden :
Behauptung 3. Für 0 ^ x ^ 0 ,2  gilt

S (x ,r f ) s s (y ,< * )
für jedes d= 1.

Da für 0säx^0,2 sicher d—x^0,8 gilt, gestattet Behauptung 1 die Annahme 
d — 1 beim Beweis der obigen Behauptung.

Es gilt:

S(x, 1) -  S [ i , 1 ) =  /(x ) + / (  1 -  X) + / (  1 + x) + / ( 2 — X) + 2 ( /  [-1] + / ( | ] j  +

+  i f ( i + x ) - f / ( o + . ) 4 ) -/(* '+  1- x )

s / ( * ) + / ( l - * ) + / ( l + * ) + / ( 2 - x ) - 2  ( / ( j ) + / ( ! ) )

Es genügt also, zu zeigen, daß für 0ёл:^0,2 r(x )s0  gilt. Dies kann man tun, indem 
man die Intervalle [0,0.1], [0.1,0.15], [0.15,0.2] getrennt betrachtet und r(x )£

= f(b)+ f(\ — a )+ /(l + a )+ /(2 - a ) - 2 ^ / ^ - ]  für x ^ a’b  ̂ verwendet,
wobei [a, b] die angeführten Intervalle durchläuft.
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ON THE L4-NORM OF ORTHONORMAL LAGUERRE
POLYNOMIALS

by
G. NÉMETH

î. Introduction. In this paper we shall deal with problem of monotonicity of 
L4-norm of Laguerre polynomials. A similar question for Hermite polynomials was 
raised by Z. C iesielski in [1]. Professor G. F r eu d  and the author have proved the 
total monotonicity of the L4-norm of Hermite polynomials in [2]. Here we shall prove 
the L4-norm of orthonormal Laguerre polynomials is a totally monotone decreasing 
sequence.

The author is indebted to Professor G. F r eu d  for several helpful discussions on 
this problem.

2. Monotonicity of the L4-norm. Let us denote by f„(x) the orthonormal Laguerre
functions:

( 1) =  

where

(2) L<*>(x) = L x -* e* £ ;(x”+'e-*),

(3) C„ У г е т ) ’ a > 1/2.

In this notation the fourth power of the L4-norm is the integral:

(4) = f  [fn(x)Ydx.
0

We prove the
T heorem . The sequence p*a) is totally monotone decreasing.
The proof is by direct construction of a nonnegative function s(t) for which

î
(5) ei,a) = f  t"s(t)dt, n =  0, 1,2, ...

о

and then the total monotonicity is the consequence of Hausdorff's theorem [3]. 
We prove three lemmas.
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Lemma 1. Let a >  — 1/2, then

(6) e w =  1 Г(а + 112) U m ~ J  (l/2)j (a + l/2)j
2 УлГ Г (a +  1) j=o (« —y) !2 y ! (a +  l)y 

where (я),- is the Pochhammer’s symbol :

(a)0 =  1, (a)j =  a(a+ 1)... ( a + j -  1), j  & 1.
P r o o f . We shall calculate a special generating function:

G (щ, u2) = Z  ui 2  uÍQkVn ôkfi = /  fk (x ) f2(x)dx. 

It is evident д},% = вп)-
Applying the generating function of HiLLe—Hardy [4], we get:

+ i  +x
G ( u 1 , U 2)  =  (  1 - щ )  1 “(1 — t/a) 1~a -

1

х / % “ ЮР{ - 4 | ± й + | ± ^ + ^ ^ + ^ . 1} * Л1Й1.^  l  L l - I ' l  1 - M 2 1 - M i  1 —  « 2  J  J
We can integrate by x and then by t2. By elementary calculation we get the following 
result

G(ult u2) = ^ ( 1  1 - n 2) - 1/2 f  t r 1/2( 1 - t i ) “"1/2X

X {( 1 -  w}'2 i # 2) +  4ni/2 iij72 / J  -  “ - 1/2 i/tt .

This integral is a hypergeometric function of ux-u2:

G (ux, u2) =  ^  (1 - Mi)_1/2(1 -  M*)~1/2̂ i  ( y  >a + y  ; « + 1 ; «1 • ”2) •

Expanding in power series of щ and u2 we arrive at formula (6).
L e m m a  2.

m  „(«> = J _  т М  Г (л + у + « + 1)Г (1/2) Г(и+У+1)Г (1/2)
K ün 2л2 Д> у!2 Г (и + у+ а +  3/2) ' Г(и+у+3/2) +

1 Г(а + 1 / 2 )  ~  (  1 / 2 ) j  ( « +  1 / 2 ) ;  Г2(п + j +  а  +  1 ) Г 2 ( 1 / 2 )

2тг5/2 ’ Г ( а + 1 )  ' Д  У! ( а + 1 ) , .  Г 2( и + у + а  +  3 / 2 )  ’

P r o o f . From (6) with aid of Euler’s beta integral we get:

1 ( 1 / 2 ) ,  Г  ( а + 1 / 2 )

Qn n3'~ n\ Г ( а + 1) Л

f  s - ll2( l - s ) - 1/2x  f  œn+*-ll\ l - w ) - 1/\ F 1\ - n , Y >y - n ;  S/ca\dœds.
о о К  ̂  ̂ )

S tu d ia  Scientiarum M athem atic arum  Hungarica 10 (1975)



ON THE L.-NORM 245

In this integral we can expand the binomial terms in power series 

where

Л 4  = I1- " ' 1 -  - n  -  л  ( -» .  T  -  '■ ' )  ■

From the above double integral follows by partial integration

/  A S M  dads  =  X

XI /  s‘~m f{s)ds+  f  .

Finally, taking into account

1 C/+1). ГС /+1/2)Г (1/2)I о y i v ;  b*.J -- -----------  * --------------------------
0/  ' " “ ■ Л »)*  =  7 Щ - - ■

Г'  +— /2Л ±1 <*» -  (/ + g+ 1)" П / + « + 1/2)Г(#.+ 1)
oj  7 U J  (1/2). Г(п + / + а + 3/2) ’

: ( 1/ 2), Г(и + / + « + 1)Г (1/2)
/Го / !  и +  / + у + « + 1  Г(и +  / +  а +  3/2) ’

we arrive at formula (7) by elementary calculations. From (7) we get easily

c.w =  2^2 / / ' ï +a( i - í i ) - 1/2/!0 - / . ) - 1/,.F i ( - j . y ;  i ;  »г• / . ) * ! * .+

+
1 1

/ /  t;+a( i - í i ) - 1/2í2+0[( i - / 2)"1/2x
1 Г (а + 1/2)

2л5'2 Г (а+  1) J -

X 2Fj - i , a + l ; a + l ; / 1.f1| Ä 1Ä1.

(8)

Lemma 3. For the function g (j)  =  i p2F1 | y , a  +  ÿ ;  а + 1 ; jj  i f / ? > — у , а >  — y  

/ /  í fd  -  t i ) - 1/2(l -  í2) - 1/2̂ (íi • /2) A , =
О О

= n f  ííg (/i)2Fi Ц -, а + у ;  1; 1 — /Х1 .
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P roof . Expanding the binomial terms in power series we can integrate by t2 
in the double integral. Proceeding than the summation we can arrive at formula (8).

Finally, when we apply the formula (8) to the above integrals, the proof of 
T heo rem  is complete.

We get
1

Qna) = f  t”s(t)dt,
0

(9) +

Г(а+  1/2)
Г(1/2) Г ( а + 1)2 1

^ , 1 12^i h r , а + —; а + 1;4
In (9) the hypergeometric functions are series in positive terms therefore the function 
^(t) is positive. Q.E.D.

3. An asymptotic formula. It is not difficult to derive an approximate formula 
for qW when

It is well known from theory of hypergeometric functions

1
1 - t ’ l - o ,

2F1|-T , a + -T ; a + l ; f Г ( а + 1) ln 1

and thus
Г (а + 1/2)Г (1/2) 1 - t 1- 0,

It follows by elementary calculations

1 In n
eP  ~  —2 - г г  > n
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A PORTEMANTEAU THEOREM FOR VAGUE CONVERGENCE*

by
B. B. WINTER

Let Q be a locally compact second countable space; then (see, e.g., Theorem 
7.6.1 in [1]) Í2 is a locally compact Polish space ; i.e., Í2 is locally compact and separable, 
and its topology can be metrized by a complete metric d. 03 is the <x-algebra of Bore) 
sets of Q, i.e. the smallest er-algebra containing all the open sets; ^#is the set of all 
Borel measures on J 1, i.e. all measures p such that p(K) < °° for each compact K, 
and J ir= {pdJ?:p(Q)< »}; <ßc is the set of all continuous functions Í2 — R having 
compact support, is the set of all continuous functions Í2 — R vanishing at infinity 
(i.e., for each e=-0, {x:\f(x)\^e} is compact), <£в is the set of all bounded continuous 
functions fi — R. If ( ß X  is a sequence in J l  then it converges vaguely to p0 (pn —~pn) 
iff f  fdpn-+f fdp0 for each/€<^с; if (цп) ” is a sequence in J tr then it converges weakly
to lioißn-^Vo) iff / /Ф л - / /Ф о for each f ^ B. If pn-^ p 0 and n X f o  then p0=/o, 
and likewise in the case of weak convergence. The support of /  will be denoted 
spt ( /) ;  IA is the indicator (or characteristic function) of the set A; the function 
<p:R — R is defined by

Í1 if * s  0
<p(x) = 1 — X if O s r s  l.

0 if i s  1

The well-known Portemanteau Theorem (Theorem 2.1 in [2]) states that if 
( ß X  is a sequence of probability measures then gn- ^ p 0o ïïm p n(C )^p0(C) for each 
closed set C-o-fim p„(U)^p0(U) for each open set Uop„(A)-+p0(A) whenever 
p0(dA) =0. It will be shown that something very similar to this is valid for vague 
convergence of sequences in JÍ.

(1) L emma. For any A ^ Q  and q > 0, let Ae= {xÇ.Q\d(x, A) = o}- I f  ft0€ ^  
and К is a compact subset o f Q then 3 r>0 such that the set

{e : 0 -= q <  r & Ke is compact & p0{3Ke) = 0}
is dense in (0, r).

P roof . Consider p 0£ J I  and К  compact. It is easily shown that, due to local 
compactness, 3 r> 0  such that Kr is compact. Put h(x)=d(x, K); then d K .c  
c  {x£Q:d(x, К) = е}=Н~1{д}. Put

A  =  f e : 0 < e < r  & p0(dKe) 3  1 /n}.

* Research partly supported by the National Research Council of Canada.
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If Ап has distinct elements Qlt q2, ... then, since dKejc.h 1{gj}c:Kr,
oo >  p0(Kr) S  /io(A-1W UA_1{e2}U.. .)  =  fi0h -1{Qi} + ti0h -1{Q2}+  ...

£  l/n+ l/n+ ... ;
oo

this shows that A„ must be finite. Therefore U Л„= {<?:0< e < r  & pn(dKQ)>0}
l

is countable, hence {^:0< e < r  & /i0(^Ä'e) = 0}isdensein(0, r).
(2) Lemma. Suppose that p0£Ji. I f  f£ fßc then BDcR such that D is dense 

and, for each y£D,
(a) Po(/-1M ) = 0 a n d
(b) pu{<Hx \f(x)=y}) = 0= p0(d{x:f(x)>y}).
Proof. Note that j? íO = > /-1 { j } c s p t ( / ) .  Put

A„ = {k r ^  ^  0 & Poif-H y}) з Д | .

If y£A„ then 1/лё/10(/~Чт})=Ло(8р1(/))<°°, hence A„ must be finite, and 
therefore {yÇR:;uo( /~ :t{>’}):=-0} is countable. Put Ű = R \ |J  An; then D is dense

l
in R and (a) is true for each y£D.

If A —f ~ l(—°°,y] then Acc f ~ 1[y, oo). By continuity of f  both of these inver
se images are closed; therefore

дА = АГ)АС c / _1(—oo, y\ fT /- 1[y, oo) = f~ '{y ).

Thus y£D  => p0c*/_1( — °°) у] =  0 and, similarly,
y£D=> po d f-'iy , °°) =  0. I

(3) Theorem. I f  (p„)f is a sequence in J t  then the following conditions are 
equivalent.

(i) Pn~~~*Po

{(a) lim pn(K) s  Po(K) for any compact set К 
(b) lim pn (U) a  fi0 (U) for any open set U

limpn(K) ä  p0(K) for any compact К  
lim u„(U) =  Pu(tJ) for any relatively compact open U 

(iii) pn(A) -*■ p0(A) for any relatively compact A such that p0(3A) = 0.
Proof. Suppose that (i) is true. Consider a compact К  and put f k(x) = 

= (p(k • d(x, K)), k£ N+. The support of f k is the closure of {x:kd(x, K)<  1}, so 
sp t( fk)cz {x:d(x, K )^ l/k ) .  For sufficiently large k, say kisk0, {x:d(x, K )^ l/k }  is 
compact and therefore f k is in (вс. Clearly k ^ k 0=r

Ik — fk — fka — I{x'.d{x, K) '■ l/k„) >
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therefore ц„(К)^ J f kdnn and

П т  цп(К) s  J™  f f kdfi„ = J f kdfi0.

Since К  is closed, f k\ I K; and J f kodnô n 0 {x:d(x, K )S  l/k0}< °° because //„ is a 
Borel measure. By the Dominated Convergence Theorem, J f kdn0-+ ц0(К) which 
shows that (ii.a) is satisfied.

Now, still supposing that (i) is true, consider a relatively compact_open set U. 
Let C =  Q \U  and put gk= 1 — (p{kd(x, C)). Then gk/ \  — Ic=Iu- Since U is compact, 
spt (gjcrspt (IV)=U  shows that gk<z&c- Therefore

Üm/ín(C) Uakfgkdfi„ =  / gkdfi0.
П -*■00

By the Monotone Convergence Theorem, f  gkdß0-»n0{U). Thus (ii.b) is satis
fied when U is relatively compact and open. — Now let U be an arbitrary open 
set. Note that (as is easily shown) if a locally compact space has a countable 
base W then 3 such that is a base consisting entirely of relatively compact
sets. Therefore U can be written as 1J Uj, with each Uj open and relatively compact.

1
m

Then, for any positive integer m, IJ U} is open and relatively compact; by what
1

was just shown,

s  Пт/л,n-+ 00 lim

Letting m /° °  shows that ^n(C/~)glim fir(U).
Obviously (ii)=>(ii)'. Now suppose^ that (ii)' is true and consider a relatively 

compact A such that ц0(дА) = 0. Since A = A°{JdA and A0 is relatively compact,

Vo(A) == Цо(А) = Ho (A0) Шп^„(Л°) =  Hin цп(А) S
— Ho(Â) = Ho(A°) S  Hoi A), 

which shows that (iii) is satisfied.
Suppose that (iii) is true and consider f ^ c and an arbitrary positive e. Let K= 

=  spt ( / ) ;  in view of (1), one can find q> 0 such that spt (f)<zKQ and Ka is compact 
and /r0(dA'e) = 0. Let D be as in (2). Since D is dense, one can find y0< yi<  ...< yk 
in D such that y0<f( x )S y k for each x£Q  and yJ—yJ- 1^£  for j=  1, 2, ..., k. Let 
A j= {x:yj - 1< f(x )^yJ}, 1 S/Sfc, and

f e ( x )  =  I  Z J j I a ^ x ^ ' I k ' Í x ) .

Note that \f(x )—/ £(x)|<e for each x£Q. Approximating / b y / ,  

(4) П т  IJ  fdn„ - J fd H  0| ё  П т  I f fd/ i„  -  f f c dfin | +
+ П т  j f f ,  dn„ -  f / s  duo| + П т  | f f e dfi0 -  f  /ф 0|
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The last term on the right of (4) is not more than

/  | / г - / |Ф о  = /  1/е-/1Ф о — £/h> (Ke) 

and the first term is not more than

fim J | /£- / |  ф „  =  Hm J |/e- / |  ф„ =á Шпец„(К(!) = ец0(Ке).

As to the middle term, note that д(АПВ)сдА UdB; then by (2), /t0(dAj) — 0 and 
consequently ц0д(KeП AJ) Zifi0(dKe)+fi0(dAJ) = 0. Therefore, as и — °°,

I f  Ф» =  Z  У j Bn (Ke П Aj) -* 2" У j Bo (Ke П Aj) =  / / ,  ф 0 • 
j=i j=i

In view of (4), the above shows that lim|Jfd\in— f  fdn0\s2en0(Ke). Since s is arbitrary 
and ц0(Кв) is finite, it follows that Jfd\in Jfd\ig. 1

In the case of weak convergence of probability measures, conditions (ii.a) and 
(ii.b) are equivalent because one can go from one to the other by complementation. 
But if the measures are not probabilities then nn(Q) can be “out of control“ and 
these two conditions are therefore not equivalent. For instance, with ß  = R, let /q = 
= ц3= ... be the uniform distribution on [0, 1] and /г2 =  ̂ 4= ... =2^x. If /г0 =  /А then 
(ii.b) is satisfied but (ii.a) fails with AT=[0, 1]; if ц0=ц2 then (ii.a) is satisfied but 
(ii.bi fails with U={0, 1).

Consider the special case ß  = Rm, with Borel sets SSm. According to (3), if 
р„(А)-»цд(А) for each bounded set A havingju0(dA) = 0 then цп —-ß0. Actually, it is 
not necessary to verify that p„(A)-+fi0(A) for all bounded ц0-null-boundary sets A ; 
it suffices to look at sets of the form (a, b\. [If х = (х г, ..., xm)ÇR"1 then (a, b] stands 
for {xÇRm: a ^ X i^ b i  for and (a, b) is defined similarly; all the а-’s and
bi s are finite.] This is stated and proved for R1 on pp. 79—80 of [4] and pp. 180—181 
o f [5] but those proofs would become awkward if extended to Rm. Instead, one can 
adapt the argument given on pp. 14—15 of [2]. The (adapted) argument is outlined 
below.

(5) T heorem . Let (/О о° be a sequence of Borel measures on 3Dm. If jin (a, b] — 
->/л0(а, b] whenever ца(д(а, b]) =  0 then — Bo•

P roof. Let °U be the class of all sets (a, b\ cz Rm which are such that ц0 (д (а, Z>]) = 0 
and let S'={v:€Rm:(7(0, x )<  1}, where d is the usual metric for Rm. For a£R, let 
a  =  (a, ..., a)ÇRm. If 0 < a < /?  then 0( —a, a] and d( — ß, ß] are disjoint. It follows that 
{a£ (0, 1): g0(d( —a, a]) > 0} is countable, henceonecan find oe>0 such that ( — a, a] 6 °l/ 
and 06 (—a, a )c (  — a, * ]c 5 . Except for changes in notation, one shows similarly 
that

if X is in the open set G then one can find some JX£°U such that x£ JxczJxaG. 
Consider a relatively compact open set G and, for each x£G, let Jx be as above. 
Then {Jx\x£G} is an open cover of G, hence has a countable subcover; let (Jk)“ be

such a subcover, so that G =  (J Jk; since Jk c  G, one has G=\J Jk.
1 1
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The next step is to notice that if J U then, as is easily proved by in
duction, '  1 '

^ |U  =  2 в ( А ) ~  2  H(Aiir\AiJ  +

+ 2  В(Ai±П AiaП Aia) ... + ( l)k+1 (A1П ... П A/).

If each At is in °U then so is each of the above intersections, because д(АПВ) а  
c d  AU dB and the intersection of two sets of the type (a, b] is again a set of that type. 
Since /r„(G)<°o, it follows (as in [2]) that /r0(G)slim  ц„ (G).

If AT is a compact subset of Rm then one can find some such that KczJ°. 
Put U = J°\K ;  then / i „ ( t / ) < a n d  K = J°\U , hence

Iim/i„(A0 ïïm цп(J°) + ÎTrh(—цп(£/)) 

si lim цп (J) — lim Bn (U)

S  ii0(7)-Aio(£/) =  n0(J°)-Ho(U)

= Bo = Bo (K).

By (ii)' in (3), Вп~Во- И
The next result is known but the simple proof given here may well be new. 

The result is stated and proved for R1 on pp. 79—80 of [4] and pp. 180—181 of [5] 
but the proofs given there would become extremely awkward if extended to Rm. 
The result is proved in a more general setting (assuming only that Q is locally compact 
and er-compact) in Theorem 7.5.5 of [1] but that proof relies on a fair amount of 
topology and is “less transparent“ than the proof given here for a locally compact 
Polish space.

(6) T h e o r e m . I f  (вп)о Is а sequence in Л , such that sup и =  1, 2, ...
...}<=», then each o f the conditions in (3) is equivalent to

(iv) f  fdBn f  fdpo for each / € # 0-

P r o o f . Since (€cc.<£0, (iv) implies Conversely, suppose that Bn~̂ ~Bo
and consider fç fé0 and an arbitrary e>0. Let K={x: |/(x)|êe}; in view of (1), 
one can find 0 such that Ka is compact and n0(dKe)= 0. Arguing as in the proof of
(3), choose Уо^Уг^■■■<)’к in D such that y0< f(x )^ y k for each each x£K  and yj — 
—yJ- 1<s for y = l, 2, ..., k. Let f c be as in the proof of (3). Again \f{x)—/ £(x)|<£ 
for each x£Q. Let ß =  sup {/i„(ß)}f and again consider the inequality (4). If then

I™ /  | / . - / |ф „  S  £ Пт цп (ß) =s eß
and, by (ii.b) in (3),

f \fe~f\dBo S  £Bo(G) S  s lim Bn(&) S  eß;

also, exactly as in the proof of (3 ), ffdn„-+ Jfd f.i0. In view of (4), since e is arbitrary 
and ß is finite, Jfdn„^Jfdyi0.
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If one is dealing with a bounded family of measures then vague convergence on 
ß  can be studied by relating it to weak convergence on the Alexandrov one-point 
compactification of ß. Put /?=sup {pn(Q): n —0, 1,2, ...} and suppose that /?<<*>; 
without loss of generality, assume that ß ^ l .  Let ß  =  ßU {*} be the Alexandrov 
compactification of ß, with Borel sets 33; it is easily seen that äß=33 U {B U { * } :BÇ33). 
Extend fin to a probability measure Д 33 by attaching the “missing mass“ 1 —pn(Q) 
to the point * ; i.e., for АЗ^ЗЗ, put

In the sequel, ß  is again assumed to be a locally compact Polish space.

( 7 )  L e m m a . Let ( / t „ ) ~  be a sequence on J t, such that s u p { / i „ ( i 3 ) } ^ ° S l .  Then

P r o o f . Suppose that Д„-~Д0 and consider / 6 ^ ( 1 2 ) .  Extend /  to a continuous 
function/: ß  — R, by pu tting /(* ) = 0 and f(x)= f(x )  if x f  31. Then fç /£B(Ù), hence

Conversely, suppose that p„-Hp0. Consider U, an open subset of ß. By (3), 
До(С)=/10(С)^!ш/г„(С) =  И т ß n ( U ) .  Next, consider U such that t/—{* } U (ß \A ) , 
where A is a compact subset of Q. Now pn(U)= 1 — pn(Q)+pn(Q \K )  =1 —pn(K) 
and therefore, by (3), ИтД„(1/)=1— limju„(A)^l— p0(K) — p0(U). Thus p0(U) s  
=Ша Д„(С) whenever U is an open subset of О ; by the Portemanteau Theorem for 
weak convergence, Д„-^Д0.

For an application of (7) note that if/C ^ 0(ß) and /  is defined as in the proof of
(7) then B(Q); thus (6) follows immediately from (7). For another application of
(7), let be a sequence in Jt, such that sup {/t„(ß)}f <°°. Since ß  is locally 
compact and second countable, so is ß  ; therefore (Д„)Г has a weakly convergent sub
sequence, hence (Д„)Г has a vaguely convergent subsequence. For a final application, 
let J tx(Q) and J tx(Q) be the set of all probability measures on 33 and à ,  respectively, 
and let Q be a metric on J t y (Q) such that Д(0„, 0O) -A) iff 0„-^0о- Such metrics exist; 
e.g., since ß  is again a Polish space, the P r o k h o r o v  metric has this property (see
[6]). The definition e(Pi, Ik) = ÚOh , Д2) makes о a metric on J tr (Ű) ; in view of (7), 
pn- ^ p 0 iff в(рп, аг0) — 0. This gives a quick proof of the metrizability of vague con
vergence in J#x(ß); a more complicated proof (see Theorem 7.8.4 in [1]) establishes 
the metrizability of vague convergence in Jt(Q).

Acknowledgment. I am grateful to Peter Major for calling my attention to the result stated 
in (7) and its applications. He also pointed out that (3) and (6), which I originally stated for Q — 
= R m, are valid whenever Q is locally compact Polish space.

if * $ A
ß n(A \{ * } )  + l - pn(Q) if *<EA'

V  - r e  ~  W ~Pn~~Po i f f  Pn — Po

le . Pn-^Po- I
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A THEOREM ON THE APPROXIMATION OF THE SPECTRUM 
OF A SELFADJOINT SYSTEM OF ORDINARY DIFFERENTIAL 

EQUATIONS BY THE LÁNCZOS PROCESS

by
K. MOSZYNSKI

1. The selfadjoint eigenvalue problem

Consider the system of m linear ordinary differential equations

(1) - ^ u (x )  = [A(x) +XB(x)]u(x)

with the boundary value conditions

(2) Mu (a) + Nu(b) = 0,

where u(x) is an m dimensional column vector, A, B, M, N  are mXm  real matrices 
and X ranges over the closed finite interval [a, b] of the real axis. Assume the matrices 
A and В to be continuous on [a, b] and the constant rectangular m X 2m matrix 
[M, A] to be of the rank m.

Those values of the parameter X, for which a non-zero solution of (1), (2) exists 
are the eigenvalues of the problem. The closure of the set of all eigenvalues is the 
spectrum of (1) (2). The non-zero solutions of (1) (2) are the eigenfunctions of the 
problem.

The problem (1) (2) is selfadjoint (see [3], [4]) if for any x€[u, b], there exists 
a non singular matrix T(x) for which the following conditions hold.

(3) -j^ T ( x) +  T(x)A(x) + At(x)T(x) — 0,
(4) T(x) В (x) + BT (x) T(x) =  0,

(5) M T -1(a)MT-N T ~ 1(b)NT = 0

(6) for any x£[a, b\, the matrix S(x)=T(x)T • B(x) is symmetric and positive semide- 
finite.

We assume the spectrum of (1) (2) not to be finite and not to contain zero.

2. Some properties of the problem (1) (2)

G. A. Bliss proved in his papers [3] and [4] that:
1° All eigenvalues of the selfadjoint problem (1) (2) are real, and it is always 

possible to choose the corresponding eigenfunctions to be real. The order of any 
eigenvalue coincides with the number of real independent eigenfunctions corres
ponding to this eigenvalue.
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2° The eigenvalues are zeros of some entire function, hence they form an at 
most countable set without finite accumulation points. Here we assume this set to be 
infinite.

3° It is possible to choose such eigenfunctions i//j to obtain an “orthonormal“ 
system in the sense that:

f  ФJ (x ) S(x)\jij(л) dx =  Ôij.
a

The matrix S plays the role of the weight function (though it can be singular!)
4° Let/be an integrable m dimensional vectorfuntion defined on [a, b\. Consider 

the generalized Fourier series

(7) f( x )  ~  2  сЖ (х)
V =  1

where

(8) cv = f  tl/J(x)S{x)f(x)dx.
a

T h e o r e m  2 . 1 .  I f  there exist two functions g and h such that the following equations 
are satisfied on [a, b] :

f ( x ) - A ( x ) f ( x )  = B(x)g(x)

~ g (x )~ A (x )g (x )  = B(x)h(x)

and both the functions f  and g satisfy the boundary conditions (2), h being continuous on 
[a, b\, then

f ix )  =  2
v =  l

und

f x K x)  = i / . - j / . W

Both series converge uniformely and absolutely on [a, b}.

3. Orthogonal polynomials on a countable set of points

3.1. Introduction. Let 51= {/rv, Л„}*=1,2,з,... be a countable (infinite) set of pairs 
of real numbers. Put a= in f jiv, /? =  sup gv. Assume that the sequence C = {h„}v=i,2,3,...

V V
does not contain any infinite subsequence of equal numbers, that Av^ 0  for any v, 
and that

2  Al = i>° <  H + \ß\ -- °°-
v =  1
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Let / and g be arbitrary real functions defined and bounded on (£, and put

( f g ) =  2  A*f(fl¥)g(p¥),
V =  1

l l / l l  =  Y U 7 )  s  o.
Let P1(x), P2(x), . . . ,P n+1(x) be arbitrary polynomials such that Pk is of the 

degree к — 1 (exactly), and P1 (x) =  1. Then there exist such constants anl, a n2, ... 
— an,n+i that а„,„+1^0 and

(9) an,n+iPn + i(a) = (a - an>„)P„(x)-  "Z «л.Л(a).
V =  1

Clearly, the formula (9) holds, because xPn(x) is of the degree n, {Px, P2, ..., P„+1) 
being the basis of the space of polynomials of the degree ^ n.

3.2. Definition o f polynomials orthogonal on the set 91. Let P0 (x) =  0, P1 (x) =  1.
Assume the polynomials P0, Pl , ..., P„ to be already defined. P„+1 is a poly

nomial of the degree n (exactly), such that

(0 ( i’n+i. Py) = <5(1 + 1,у for V = 0, 1, 2, ..., n+  1,
(ii) the coefficient'of x" in P„+1 is positive.

3.3. Some properties o f polynomials orthogonal on the set 91. Let us note that
m + 1

(Pk +1, W) = 0 for any polynomial W of the degree m <k, because W(x)= 2  ßj Pj(x),
j =  1Ш + 1

where the ßj are constants, and (Pkn, W) = 2  ßj(Pk+1> Pj)=0. Thus for the coeffici-
j = 1

ents anj of the formula (9) we obtain

( 10) anj =  2  A*vpvPn(liy)PM), j  =  0, 1, 2, ..., n
V =  1

( 11) < n + i =  2  A2vp2v[p„(pv) f  - a l „ -
V = 1

By symmetry it follows from the formula (10) that for y'=l, 2, 3 ,..., n xnJ =  ajn 
and oi„j=0 fory'=l, 2, 3, ..., n — 2.

In this case the formula (9) takes the following form

(i+1 Pn+1 (a) (a a„,„)P„(x) • &n,n — iPn—i(x')
where

an,n-l =  = J ” A\pv Pn (/Iv) Pn—\ (Pv)
V =  1

( 1 2 ) an,»= Z^vPv^niPv)]2
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Put Pn*+i(*)=(*—<*„,„) P„(-x)— iP„-i(-x), then <*„,„+!= ||P*+1|| SO, hence a„>n+1 
is always real.

The process defined by (12), determining the sequence of polynomials 
{P|t}fc = 1, 2,3... fails when ll-Pn+ill —d for some n,  It can occur only when the set ü  is 
finite, pv being zeros of the polynomial P *+1.

Let us observe that from the last formula of (12) we get

(13) Xn,n + 1 “b  X n> n *b & n,n— 1 2 ^ [ P „ ( / 0 ]2 sm ax{a2,/?2}.
V =  1

This inequality implies the uniform boundedness of the sequence of triads an<n_lr 
oc„ 'an>n+1 under the condition that a2, /?2<

Theorem 3.3.1 ([2]). All zeros of P„+1, n = 1, 2, ... are real, simple, and are con
tained in the open interval (a, ß).

P r o o f . Since Z  AlPn+1(pv)=0 and л>0, P„+1 changes sign in (a, ß). Let
П = 1

x x, x2, x3, ..., x( be the set of all different points of (a, ß) in which a change of sign 
occurs. Then the polynomial (x—Xj)...(x—x,)P„+1(x) has a constant sign in (a, ß),

if not equal to zero. Since l<n  would imply Z  dívÍPv- *i) ••• (P»~Xj) Pn+10rv)=O
V =  1

which is impossible, therefore l—n, and xx, x2, ..., x„ are simple zeros of the poly
nomial P„ + 1 (which is of the degree n).

T h e o r e m  3.3.2 ([2]). Let xx<Xi< ...<xn be the zeros o f the polynomial P„+1. 
Put x0 = a, xn+x—ß. Then any open interval (xv, xv+1) contains exactly one zero 
o fp : +2.

P r o o f . It is easy t o  see that

Л(*)ЛОО +  ■■■+K+i(x)Pn+i(y)

hence, letting y-»x:

P:+ 2 (x) Pn + 1(y)~Pn+i (x) P:+ 2 (y)
x — y

" z  p * ( x )  =  p ; i  2 ( x )  p „ + 1 ( x )  -  p * +  2 ( x )  p ; + j  ( x )
V =  1

and
Pn + 2 (x) P„ +l(^)- P„*+ 2 (x) Pn+ l(x) >  0

because Px(x)=l. Let £ and t] be two consecutive zeros of P„+i, and suppose £ < 17. 
Then

p;+i(H)p;+i(ri) <  0, 

p„*+ 2 © p ; + i ( £ )  <  0 , 

р:+М Р п+Лч) <  о,
therefore

P Z fZ P Z Z n )  <  0,
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hence the interval (£, rj) contains necessarily an odd number of zeros of P*+ 2. Put 
£=xn and rj=ß, then P,I+i(O>0 and P*+ t(£)-<0. But, simultanously, Л*+г(й> 0> 
hence the interval (£, rj) contains again an odd number of zeros. The analoguous 
argument may be applied in case £=а and ij= x Since the number of intervals 
(xv, xv+1) is n + 1 and the degree of P*+2 is n + 1, eah of the intervals contains exactly 
one zero.

Theorem 3.3.3 ([2]). Let {Pk}k=o,i,2,... be a system o f polynomials orthogonal on 
21, and х1г x2, x3, x n be all the zeros o f Pn+1. Take any polynomial q (x )  o f the 
degree ^ 2 n — 1. Then

(14)

where

oo П oo

Z  A le(n*) = Z  e(xj) Z  a V j (mJv=l j=l v=l

(15) l j ( x )  =
Pn + l (x)

K+1 (XjKx-Xj)
Proof. Let the polynomial L(x) of the degree n — 1 take the values q (x j )  at the 

points X j , j =  1, 2, ..., n. Then

and

further

Ц х )=  Z e (x j) i j(x )
j=1

Q(x) = L(x) + r(x),

Q ( X j )  =  L ( X j ) ,  r ( X j )  =  0, j  =  1, 2, . . . ,  n

and r(x)=(o (x)Pn+j (л), where со is a polynomial of the degree á n - 1. But

ZA leiP v) =

= Z ^ L ( p v)+  Z Ala>(Mv)Pn+i(ßv)=  Z AlL (Pv)v = l v=1 v=l
because the second member vanishes, со being of the degree S u - 1. In conclusion,

Z  a Iq(Pv) =  Z  Al Z  Q(Xj)lj(Pv) = Z  e(xj) Z  AVj(Pv)-
v =  l  V =  1 j — 1 j =  l V = 1

Theorem 3.3.4 ([2]).

and
b \ =  Z a 2M hJ =  Z a VУОО

V=1 V = 1

Z B )  = 1.
J=1

P r o o f . Put Q ( x ) = l f x )  in the formula (14); then

Z  A Vf(Pv)  =  Z  btj Z  AVj(Pv) = Z  W MV=1 7 = 1  v = l v=l
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and

2  Щ =  2  2  A  !j (Ду) =  2  а у 2  №*)■j = 1 j = 1 V =  1 v =  l  j = 1

The polynomial Q(x)= 21 h (■*) is of the degree ^n — 1 andQ(xj)=l for 7 =  1,2 ,...
j = 1 n

n. Hence g(.x)—1 vanishes at n different points thus Q(x) = \. Finally, 2  Щ =

= 2 A \ = l. J ' IV = 1
C orollary. The formula (14) for the polynomial q (x ) of the degree ^ 2 n  — 1 

can be now written as follows :

2 Ale( j“v) =  2 e ( x j ) B 2j
V =  1 J = 1

where

2  B2j = 1, B) >  0, j  =  1,2,
j=i

This means that for any polynomial of the degree S 2n— 1 the “nodes” pv, 
in the sum on the left hand side of (14) can be replaced by the zeros of Pn+1, and the 
“ weights” Av can be replaced by the new “weights” B j.

T heorem 3.3.5. ([2]). Given an arbitrary point pk; in any neighbourhood of pk 
there are zeros o f Pn+1,for n sufficiently great.

P roof. Let г>0 be an arbitrary number but so small that there are no points 
/rs£C, Ps^Pk in the interval [pk—e, рк+е]. Put

10 outside the closed interval [pk —e,pk + e]
~ I (a -  pk + e) (pk +  e -  x) inside [pk — e,pk + E].

Choose the number d> 0  (depending on e) such that

(16) 2  A v/O'v) = 2  Ak f2 >  >5 >  0.
V=1 rk,=rk

Since the function /  is continuous, by Weierstrass Theorem there is a polynomial 
Q of the degree m such that for all xf[a, b]

l/(*)-e(*)l <  4 -
ffl -j- J

Take /гё—-— and suppose that there are no zeros of Pn + 1 in the interval 

[pk — e, Pic + e], Obviously,

(17) 2  ^ v /O O -  2  Ale(Pv)
V =  1 V =  1

2  A! f 2-  2  Ale(ßv)
V = 1

^  2  Al\f(nJ-e(P v)\ s  4 -
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By Theorems 3.3.3 and 3.3.4 2  ^lQ(ßv) = 2,  where xl9 x2, xn are the
V=1 j=1

zeros of P„+1. Using the hypothesis: X j $ [ p k — e, pk + e] we obtain |g ( ^ ) |^ y  for 
j=  1 ,2 ,...,« , and by the Corollary to Theorem 3.3.4.

(18) 2  ^e(Mv)v = l
Finally by (16), (17), and (18)

u
2  Bj\e(Xj)\

d_ 
2 '

S_
2 2  2  Alte*

^ki=^k L *ki=l*k
2  A le (и.)V—l

A le2
/*к,=мк 2  A2veO*v)

This contradiction shows that the supposition that all the zeros are outside the 
interval [ßk—e, Дц+е] is false. |

Theorem 3.3.6. Let Ç and q be two elements o f the sequence (£={^v}v=12 
such that and there are no satisfying the inequality

Then the interval (£, q) contains at most one zero Xj o f the polynomial Pn+1, 
n= 1, 2, 3, ....

Proof. Assume the zeros xp+1, xp+2, ..., xp+s o f  Pn+1 to be in the interval 
(f, rj). Take the polynomial

б  ( * )  =  - ( *  -  x i Y  U  -  х 2У . . .  (ye -  x p f  ( x - 0 ( x - q ) ( x - x p + s + 1 f . . . ( x - x „ ) 2.

Observe that
(i) g is of the degree 2л —2л+ 2,
(ii) e(xj)= 0 fo ry= l, 2, . . . , p  a n d y = p + i+ l ....... n,

(iii) е(л)> 0  for q),
Civ) e(x)=SOfor x$(/;,q),
(v) 2«—2i + 2s 2« — 1 when л ^ 2.
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Suppose that 2; in this case we can use Theorem 3.3.3:

Z  А2д(ру) = Z  B2jQ(Xj)
V =  1 j= 1

where x l9 x2, ..., are the zeros of Pn+1. But 2  0> since ^(/x2) = 0 for any
V =  1

pvd(£. Moreover, by 3.3.4 and (i) — (v)

0 ^  Z  A2vg(pv) =  Z  B2jQ(xj)  = Z  B2jQ(xj) >  0
v =  l  j=1 j=P + 1

which is the contradiction. This proves that 2. |
Theorems 3.3.5 and 3.3.6 together imply the following
T heorem  3.3.7. (The Qualitative Convergence Theorem.) Assume p to be the 

unique accumulation point o f the sequence (f. Take an arbitrary positive number b and 
all elements o/(f outside the closed interval [p — b, ^+<5]. Order all different elements of 
this new finite set in such a way that

/'i >  И2 >  ki
Let £ satisfy the inequality

0 <  e <  min mini*j
I k i - b j  
1 2

-... >  Pd-

H i- ß - ö  P i-p  + b\
2  ’ 2  J  '

Then for any b and e satisfying all the above conditions, there is an integer N such 
that, for any n>N, each open interval (pi — e, Pi + c) i= \,2 , , d contains exactly
one zero x t o f the polynomial Pn+i- Moreover,

0 <  Pi — Xi <  s for Pi >  p,
0 <  x t — pi <  £ for Pi p,

i=  1,2, ..., d. A4 remaining zeros Xj o f Pn+1 satisfy the condition
\p -x j\  <  b.

P r o o f . Theorems 3.3.5 and 3.3.6 imply the existence of an integer N  such that, 
for any n >N, only one of the following three possibilities can occur (see the diagram 
for d —5, Fig. 2).

The following theorem is of a quantitative character and gives some idea on the 
rate of convergence.

T heorem  3.3.8. Let xs be the zero of Pn+i nearest to pfi^i. For n great enough:

(19)

and i f  ps = ot or ps = ß, then :

(20)

\X s - p s \ S
f 2 ( ß - z )  

n V Z  A l

\Xs~Ps\ ß ~ «  . .
~2n* Z  <

^Si=Ms
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1)

2 )

<2 =hi hu h3 hi h 1=P

- e p -
xi

C P -
X4

—WPi— -5 Э —
x3

------
X2 X1

°tÿFs P<. 
[—H

Яз
—----г~Ьз-

H2
____cd=i

Ft
----- r~b Л .

3)
at Ц Fs Fi Яз Я2 F t = P

- ё э -

Ihe i n terval  [ ц - b ,  )i + b j  

]  the i n t e r v a l s  [ f i i - t ^ j + E ]  i = 1(2 , . . . , d

Fi>. 2

Proof. Let x = ^ ^ -  +  ̂ - ~  cos 9. When 0 s 9 ^ 7 r , then o c ^ x ^ ß .  Let

*i x2 <  x3 < ... <  x„ ^he zeros of P„+x. Define 9j and ys as numbers from the
interval [0, n] such that:

ct+ß a — ß .Xj = — + -■ 2 cos 9j,

cc + ß a — ß
P, = ——  + —2~ c o sy ,,

and take the following polynomial q(x ) of the degree 2n — 1 o n r:

e(*) =

It is easy to see that

Using 3.3.3 we obtain

(21)

sin n(ys —3)
• ys- SSin——-r----

+
sin/i(ys + 3)

• ys +  S sin ——

eOO =
sin 2/1 ys

sinys + 4/ia s  4/12.

2 Аув(Ру) = 2  B2jQ(xj).
V=1 J= 1

Since among 9l5 52, 3rf*the number is the nearest to ys, we have

0=- |y.-g«l s  |y»-gjl g  £
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and

and, consequently,

|y ,-g ,l s  s  ly,-g»l 
2 ~  2 2 ’

sin ■ y s — & jsin —-----L

thus

By (21)

sin -Z i- i i sin

2

y«+fy

e(*j) s

4 2  AW  s  ^  Al e ( p ù ^  Z Ale (ß J =  2 ^  
".,=/'» /'«,=»•* v=° j=i

h V T
The last inequality implies

(22) • Vs —sin -■ „ s 1

Because of

Hs-Xs = (ß -* )

n / 2  2  A h
Osi = Vs

sin ys cos У*~А ■ Уз- ^ s■ sin - cos ys sin• y»-S ; П
(see the definition of xs and 9S) it follows from the formula (22) that

\P*-Xs\
V2(ß-<x)

" V  2  A l

When ns=a or ns=ß (then y5=0 or у5=л), then only the last term of the expression 
for ns—xs subsists, and

/* -«
2и2 2  4 /

Л̂ о/е. Theorems similar to 3.3.1, 3.3.2, 3.3.3, 3.3.4, 3.3.5, but for a continuous 
weight function can be found in Szegö’s book [2]. In the remaining theorems of this 
paragraph the assumption on the discrete character of the weights is essential.
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4. The Lánczos Process

4.1. Definition of the process. Let us come back to the self adjoint eigenvalue 
problem (1) (2). Put for any m dimensional vectorfunction и of the class C2 on [a, 6]

L[u] ( x )  =  - ^ u ( x )  — A(x)u(x).

The following process, defining the sequence of m dimensional vectorfunctions 
{m*}= U, is called the Lánczos Process:

(0) Let U_r be any m dimensional vectorfunction continuous on [a, b]. Define 
u0 as the solution of the following linear homogenous boundary value problem

L[m0] = Bu_1

Mu0(a) + Nu0(b) = 0.

(1) Define z0 as the solution of the similar boundary value problem:

L[Zg] = BUg

Mzg(a) + Nz0(b) =  0

and ux = azg with a constant, such that
ь

J  u{ (x) S(x) иг (x) dx — 1.
a

(2) Let the function zx be the solution of the boundary value problem

L[zj] = Bux 

Mzx(a) + Nzx(b) = 0,

and define u2 by the conditions

ßl2U2 + ßllUl = Z1
where

s
ßn =  f  uJ(x)S(x)z1(x)dx

ßi2  =  | /  f  zJ(x)S(x)z1(x)dx—ßh.

If ßii^O, then м2 is uniquely determined, if ß12=0, then the process fails at n= l.
Assume now the vectorfunctions ult u2, , uk of the sequence U to be already

defined in the first к steps of the process.
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(к + 1) Let zk be the solution of the boundary value problem
L[zk] = Buk 

Mzk(a) + Nzk(b) =  0,
we define uk+1 by the condition

where

k + 1
2  ßk.jUj = zk

j = 1

ßkj = j  Uj (x)S(x)zk(x) dx for j = l , 2 , . . . , k ;

ßk » - / / z к O) s  (x) zk (x) d x -  2  ß k . j -  °-
J= 1

If ßkyk + 1>0, then uk+1 is uniquely determined, if Bkik+1 = 0, then the process fails at 
n = k .  i

4.2 Properties o f the sequence U. Observe that the functions ul t ua, uk, ... 
form an orthonormal system in the sense that

b

f  u'[ (x) S(x) uj (x) dx = ôki j.
a

For k=  1 the orthonormality condition is obviously satisfied. Assume now the 
orthonormality conditions to be satisfied for щ, u2, ... ,u k. Note that

0 == Z k- 2  ßkjUj
j=1

=  f  \^ l (x) -  2  ßk, j uj (a)J 5” (л) jz* (A) -  2Jßk,jUj(x)^dx

= f  zl(x)S{x)zk(x )d x -2  2  ßh + 2  ßkißk,A
J j= 1 1,5= 1

= f  zU x)S(x)zk(x )d x -  2  ßl.j = Wßk,k+iUk+i\\2 = ßlk+i-
a J  =  1

Thus the coefficient ßk>k+1 is real (positive or zero), and
b

\\uk+i\\2 = f  uk + 1(x)S(x)uk+1(x)dx = 1.
a

Moreover, for j=  1, 2, ..., k,
ъ b

f  uk+1 (x) S  ( a )  Uj ( a )  dx — j  zk (x) S  (x) Uj (x) dx +

2 ßk.i f  UJ(x)S(x)Uj(x)dx =  ßk J -  2 ßk.A.j =  0 ,
i = i  J

к

Z
1=1

which proves the orthonormality of the system U.
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T h e o r e m  4 . 2 . 1 .  For uk£U, k = \,  2 ,  3 , . . . ,

щ(х) = 2  c f’iAvOO
(23)

s " > w  =  , 1 1ci" i ‘* -(x)
where the i//v(x) are othonormal, real eigenfunctions o f ( 1,) (2),

(24) c« = J  \j/l(x)S(x)uk(x)dx,

and the series ( 2 3 )  converge uniformely and absolutely on [a, b].
P roof. We need only to show the existence of the continuous vectorfunctions 

gk and hk such that, for к =  1, 2 ,  3 ,  . . . ,

L[uk] = Bgk

L[gk] =  Bhk

Muk(a) + Nuk(b) =  0 
Mgk(d) + Ngk(b) = 0.

(See paragraph 2).
For k=  1 we can take g1(x) = u0(x), h1(x) = u„1(x). Assume now that the condi

tion ( 2 5 )  is satisfied for k=  1,  2 ,  3 ,  . . . ,  i. Since

( 2 5 )

we have

Moreover,

Щ + i  =  7 i + i z ; +  2  У i u J
7=1

7 f + i  = ß i,i+i
ßi.

ßi,i + 1
— 7=1.2,  .... I,

£[«i+J = 7 i+ i^M +  2 ” Уу-Ци/] =
7=1

7 i + ! # « ;  +  2  ? 7 5 ? 7  =  B
7=1

7i  + i Mi +  2  У j8j
7=1

Vi + l  wi +  2  7 j S j
7=1

=  7 i + i ^ [ » ( ] +  2  7 7 В Д  =
7=1

=  7 1 + 1 - B & +  2  У )Bhj = В
7= 1

7 í + i £ í +  2  yjhj
7=1

í Í
and one can put gi+1 = 7i+iWi+ 2  7у£/ and //j+i =  yi+igj +  2  7jfy, the boundary

7=1 7=1
conditions being obviously satisfied.
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Now by theorem 4.2.1, for any uk£U, к —1, 2, 3, ...,

then

1)t+i
2  ßkj Uj 

j = l

k +  1

k + 1
=- 2  ßk,jL[uj] = Buk,

7=1

2  ßkj 2  =  в  2  4 k)'l'v,j=1 v = l v = l

but, since L[^v] = ÀvBij/v9 we have

в  2Ф *
k+1
2  ßkjtij> К - c l k>

7 = 1
= o,

and using the orthnormality condition for (pv, v= 1, 2, 3, ... we obtain finally

(26)
k +  2
2  ßkjclJ)-H vc p  = 0 Â: =  1,2,3,...

7= 1

where /iv = —  (/,„ ̂  0).
Av

We just proved the following
T heorem  4.2.2. The reciprocals pv o f the eigenvalues Av of the problem (1) (2) 

are the eigenvalues o f the infinite matrix

X„ =

'ßu.ßn,  0, 0, 0, ...)  
/̂ 21 > ßi2 ) ßiS î 0, 0, ... 
ßsl > ß:i2 ; /?33 > ßsi > 0> • • •

?/г<? corresponding infinite eigenvectors being the vectors o f the Fourier coefficients of 
the functions w1; u2, ... :

Let us observe that
r>(i) rm r (3) itL̂v >cv >••• J •

oo oo

f  ul (x)S(x)ul (x)dx = 2 2  c2  Cßl> f  Vo. (x)S(x)il/ß(x)dx
a=lß=l

= 2  2 c ? + V K ß = 2 < ik)cka) = ôkJ.
a = 1ß = l v = 1
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Thus the system of all the vectors [cfk), c p ,  c p ,  ...]r  for k =  1,2,... is ortho
normal. Assume now that the function u_x of the sequence U has been chosen in 
such a way that c f^ O  for all v = l, 2, 3, .... Put:

(27)

Av = c?>; 2 A \ =  Z c p *  = l,
V =  1 V =  1

—  {l*V! ^ v } v  =  l , 2 , 3 , . . . !  h\l —  ^  ( 2 V 7^  0))

and let Px, P2, Ps, ... be a system of orthogonal polynomials on 91. Observe that 
the sequence <£= {/rv}v = 1> 2. ... has exactly one accumulation point /1 = 0.

Theorem 4.2.3. Under the above definitions, for all v =  1, 2, 3, ...; к — 1, 2, 3, ...;  
j — 1> 2, ..., k + 1,

i f '  =  A  ( i f  i f  = Pk(ßv)A v
(28)

ßkj = %

where the ßkj and the akJ are, respectively, the coefficients o f the recurrence relations
for the sequence U and for the polynomials Pk, P2, P3, __ Hence, the matrix Xx
from Theorem 4.2.2 is symmetric and tridiagonal:

'« 1 1 . « 1 2 . o , 0 , 0 ,  . .

«21  > « 2 2 . « 2 3 . 0 , 0 , . .

0 , « 3 2 . « 3 3 . « 3 4 , 0 , . .

Proof. Since for any k = \ ,  2, 3, ...

L[zk\ =  Buk

and since the conditions of Theorem 2.1 are satisfied, for zk,

z k(x)  =  Z
V =  1

7 Ы  = Z  dlk)P bf] = Z  d'ff.BtJ/, = Buk = 2  i f '  Вф„
V =  1 V =  1 V =  1

and, in conclusion,

(29) d p  =  c f / i v.
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Now we start the induction with respect to к with an arbitrary but constant v. 
Because of Px— 1, the first formula of (28) is obviously satisfied for к —1. We have

a
ßn — f  ZI  (x) S  (x) иг (x) dx = 

ь

= 2  2 ^ c ^ d a t= Z n J 4 » r  =
a = l ß=l v = l

and
= 2 A l f t v[Pi(pJ\2 =  «и

v =  l

ß i z -  f  z'[(x)S(x)z1( x ) d x - ß l 1 =
a

=  2  =  2  ^v/i?[A(Mv)]2-« i i  =  aïs-
V = 1  V = 1

Assume now that the formulae(28) hold for Шк. From (28) and (12), and by the 
inductive hypothesis

0 =  a i, l_1cíi- 1) +  (aí>l-A tv)c í') + a í>l+1cíi+1) =

=  a i , i - i - P i - i ( / í v ) ^ 1 ) + ( a í> i- ^ v ) - P i O v ) c í 1 ) + a » , i + i í ,í i+ 1 )  =

=  ~ a i , i  +  l - f i  + l ( / i v )c v1) +  a i , i  + l c »‘ +  1 )>
hence

cii+1> =  Pi+ifßjc™ v =  l, 2, ....

Using (29) for j ^ i + 1 we obtain
b

ßi+i,j = /  1 (x) S (x) иj (x) dx =

and
=  2 h vi f +1) 4 0  =  2 AlnvPi+MPj(Mv) = “ i + i . j

i+1
ßi+i,i+2 = J  ZJ+i (x) S(x)zi+1 (x) dx — 2  ah i,j =

V =  1

/+1

2  «Î+1 ,j
7 = 1

2  A*tivPi+1(nv)Pi(ßv)
V =  1

1 + l
2  + 1 , J  + 1 , i +  2 >

7= 1

which completes the proof.
T heorem  4.2.4. Let X„ be the n dimensional tridiagonal symmetric matrix formed 

by the first n rows and columns o f the infinite matrix defined in the Lanczos Process 
(see Theorems 4.2.2 and 4.2.3).
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Take numbers ô >0, e>0 and >pd satisfying the hypotheses o f
Theorem 3.3.7. Denote by xs the eigenvalue o f X„ nearest to ps for 5= 1, 2 ,..., d. 

Then, there exists an integer N such that for n>N, 5= 1, 2, ..., d:
0 <  ps — xs -c £ for ps >  0,

0 < xs- p s < e for ps <  0,
and |x,|<ő for all remaining eigenvalues Xj o f X„ (we can assume n>d). 

Moreover,

and

\x ,-p ,\
n fR s

5 = 1,2, ..., d

\X, Ps\
ß — tx 
2WRt i f  Us = °r bs = ß,

where a = inf pv, /? =  sup pv, pv = -j- (Av are the eigenvalues o /( l)  (2))
V V Лу

R s=  Z A ; A v = d »(see (27)).

For the matrix the following estimation holds
+ S  max [a2, ß2].

P r o o f . The theorem is an obvious corollary of the previous theorems, because, 
as it is easy to see the eigenvalues of the n dimensional matrix X„ coincide with the 
zeros of the polynomial Pn+1.
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NEAR-RINGS WHOSE GENERATOR IS A LIE IDEAL

by
K. K. SRIVASTAVA

I. Introduction

If the set of endomorphisms and anti-endomorphisms of a non-commutative 
group is considered then this set is a group under addition, a semigroup under 
multiplication and the left distributive law holds. This system has been named as 
“Near-Ring”.

B lackett [2] and D eskins [5] have considered the problem of semi-simplicity 
and the radical for a certain class of near-rings. F r ö h lic h  [6] gave the ideal and 
representation theory for the class of distributively generated near-rings. Recently, 
the papers of C lay [3], J acobson [8], L axton [10], M axon [12], M alone [11], and 
R amakotaiah [13] have appeared.

In the paper [14] we have extended the notion of annihilators to near-rings.
The main result o f this paper is that if R is a simple distributively generated near

ring o f characteristic ^2 , then the generator o f R which is a Lie idea! must either be 
R itself or is contained in the center of R.

2. Preliminaries

A distributively generated (d.g.) near-ring is a system with two binary opera
tions, addition and multiplication, such that

(i) the elements of R form a group under one operation, say, addition,
(ii) the elements of R form a semigroup under the other operation, say, multi

plication,
(iii) x (y+ z)= xy+ xz  for all x,y , z£R,
(iv) 0x = 0 where 0 is the additive identity of R,
(v) R contains a multiplicative semigroup S  whose elements generate R+ and 

satisfy
(x-(-y)s =  xs+ys V X, y OR, s£S.

3.

(3.1) D efin itio n . We shall call a subset S  of R a Lie subnear-ring of R if S 
is an additive subgroup such that for a, b in S, ab—ba must also be in S. Similarly 
we define a subset S of R a Jordan subnear-ring of R if S is an additive subgroup 
such that for x, y  in S, xy+yx  must also be in S.
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274 К. К. SRIVASTAVA

(3.2) D efinition. Let S be a Lie subnear-ring of R. The additive subgroup 
Ucz S is said to be a Lie ideal of 5 if whenever u£U  and s£ S  then [и, .s] =  us — su 
is in U.

We similarly define the concept of a Jordan subnear-ring of R.

4.

We begin with the following
(4.1) L emma. I f  the generator U of R is a Jordan ideal o f R then for all a, b£U  

and x£R,
(ab + ba)x—x(ab + ba)£ U.

P roof. Since a£ U, for any xf_ R
a(xb— bx) + (xb — bx)a £ U.

But
a(xb — bx) + (xb — bx)a =

= {(ax — xa)b +  b (ax—xa)} + {x (ab + ba) — (ab + ba) x}.
The left hand side and the first term on the right hand side are in U, hence the 

lemma.
From this we now obtain :

(4.2) T heorem. Let R be a d.g. near-ring generated by U, in which 2x =  0 implies 
x —0 and suppose further that R has no non-zero nilpotent ideals. Then U contains a 
non-zero ideal of R.

P r o o f . Suppose a, b— U. By the above lemma (4.1), for any x f  R, xc — cxd U 
where c=ab+ba. However since c£ U, xc + exÇ U. Adding, we get 2xc£U  for 
all x, hence for

(2xc)y + y(2xc)£ U.
Since 2yxc£U  we obtain 2xcy£U, i.e. IRcRaU . Now 2RcR is an ideal of R, 
so we are done unless 2RcR — (0). If 2RcR — (0), by our assumption RcR = (0) 
and so (Rc)2=(0). Since R has no nilpotent ideals this forces c = 0, that is given 
a ,b£U  then ab+ba = 0.

Let 0 ?±aÇ.U; then for x£R , b = ax+xa£U  hence a(ax+xa) + (ax+xa)a — 0. 
That is, a2x+ xa2 + 2axa = 0.

Now for a€ U, 0 = a a+ aa = 2 a2 whence a2=0. The top relation then reduces 
to 2axa — 0 for all xÇR and so aRa=(0). But then aR^(0) is a nilpotent right 
ideal of R, contrary to assumption. In other words, we have shown that U contains 
a non-zero ideal of R.

We now turn to the case of Lie ideals.
(4.3) Lemma. Let R has no non-zero nilpotent ideals in which 2x = 0 implies 

x=0. Suppose that the generator U ̂  (0) is both a Lie ideal and a subnear-ring o f R. 
Then either UrzZ, the center o f R, or U contains a non-zero ideal o f R.

P r o o f . Suppose U is not commutative. Then for some x, yd U, x y —y x = 0. 
For any r£R, x (yr)—(yr)x£U, i.e.

(xy — yx) r + y (xr — rx) Ç U.
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The second member of this is in U since both y  and xr — rx£U  (since U is both a 
Lie ideal and a subnear-ring). The net result of all this is that

(xy—yx)R aU .
But then for r,sdR,

{(*У -  ух) r} .s- -  s {(*>’ - y x ) r } £ U  

leading to R (xy—yx)RczU.
We now have shown that the ideal R (xy—yx)R  is in U. If R (xy—yx)R  — 

= (0) then
{R(xy-yx)}2 =  (0)

contrary to the assumption. We have shown that the result is correct if U as a subnear- 
ring of R is not commutative.

So, suppose that U is commutative; we want to show that it lies in the center 
of R. Given a 6 17, R then ax—xaÇ_U so commutes with a.

Now, for x,yÇ.R,
a(a(xy)-(xy)a) =  (a(xy)-(xy)a)a.

Expanding a(xy)—(xy)a as
(ax—xa)y+ x(ay—y a)

and using that a commutes with this, with ax—xa and with ay—ya yields 

2(ax — xa)(ay — ya) =  0 \Jx,ydR.
Since 2r=0 forces r= 0 we obtain

(ax—xa)(ay — y a) = 0.
In this we put y=ax, this result is

(a x -xa )R (a x -xa )  =  (0).
Since R has no nilpotent ideals we conclude that a x—xa=0 and so, a must be in 
the center of R.

(4.4) Remark. In the proof of the above lemma we have also proved the 
following:

Let R be a near-ring (d.g.) having no non-zero nilpotent ideals in which 2x—0 
implies x=(). I f  aÇR commutes with all ax—xa', x£R  then a is in the center o f R. 

Lemma (4.3) immediately implies:
(4.5) Theorem. Let R be a simple d.g. near-ring o f characteristic 5^2. Then 

the generator U of R which is also a subnear-ring o f R must either be R-itself or is 
contained in the center of R.

(4.6) D efinition. Let T(U)= {x£R: [.r,Ä ]cl/J where the generator U is a 
Lie ideal.

(4.7) L emma. T(U) is both a subnear-ring and a Lie ideal of R; moreover, 
U c T(U).

P roof. Since U is a Lie ideal of R, Uc:T(R); since [T(U), R]ciUc:T(U); 
T(U) must certainly be a Lie ideal of R.
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276 К. К. SRIVASTAVA: NEAR RINGS WHOSE GENERATOR IS A LIE IDEAL

Now suppose that a, b£T(U), r£R. Then
(ab)r-r(ab) — {a(br) — (br)a}+ {b(ra) — (ra)b},

so since a,bdT(U), the right side is in £/. Therefore [ab, R]aU  that is ab£T(U). 
We now prove the
(4.8) Theorem. Let R be a simple d.g. near-ring o f characteristic Z 2  and let 

the generator U be a Lie ideal o f R. Then either U(zZ, the center o f R, or Uz) [7?, 7?].
P r oof . By theorem (4.5) and lemma (4.7), since T(U) is both a subnear-ring 

and a Lie ideal of R, either T(U)czZ or T(U) = R. If T(U) = R then by its very 
definition [7?, R]czU; if 7X1/) is contained in Z, since UcT(U), we obtain U aZ.

C orollary . I f  R is a non-commutative simple d.g. near-ring o f characteristic 
9^2, then the subnear-ring generated by [7?, 7?] is R.

P r oof . Any additive subgroup containing [7?, 7?] is, trivially, a Lie ideal of R. 
Hence the subnear-ring generated by [7?, R] is a Lie ideal thus, by theorem (4.5), 
it equals R or is in Z. If it is in Z then [7?, 7?]cZ. Thus for a£R a commutes with 
all a x—xa, x£R; by the sublemma we get that a€Z, that is R a Z .  Since we 
assumed R to be non-commutative, this is ruled out; hence the corollary.
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FURTHER STABILITY CONDITIONS FOR 
CONTROLLABLY PERIODIC PERTURBED SOLUTIONS

by
H. M. EL OWAIDY

This paper is extension to the work of M. Farkas (cf. [2], [3]) where a perturbed 
system containing a small parameter is considered. It was assumed that the un
perturbed system is autonomous and has a unique periodic solution, the perturba
tion is nonautonomous and is controllably periodic. M. Farkas gave a criterion 
for the stability of its unique periodic solution. Here another condition will be given 
if that due to M. Farkas fails to hold. An effective form is given to this stability 
criterion by using Poincaré’s method.

1. Notations

Let us consider the system :

( 1 . 1 )  dx/dt = f ( x ) + p g ^ ,  x, p, t J ,

where jc, / ,  g are w-dimensional vectors, and t, p and т are scalars. The function

(1.2) F { ~ ï ' x ’  Ц ,  t)  = f(x )+ p g \^ x ,  p, t j

is analytic in the region /,XÍ2X/„X/r where I,= {t: — =»}, Q is an open
and connected region in the n-dimensional space of x, 1ц={р: |/r|<oc} for some 
ooO, and /,=  {t : |t  — 0</?-=т0}; т„ will be defined later.

We assume also that the function F is periodic in t with period r.
It is assumed that the unperturbed system

(1.3) dx/dt = f(x)
has a unique periodic solution p(t) of period r0>0. The first variational system of
(1.3) corresponding to p(t) is

(1.4) dy/dt = f 'M t) )y -
The periodic function p(t) is a solution of (1.4). The fundamental matrix solu

tion of (1.4) is denoted by F„(i). It is assumed that one is a simple characteristic 
multiplier of the system (1.4). M. Farkas (cf. [2]) proved that for each small enough 
value of |/r| and the parameter |.9| (defined there), the system (1.1) has a unique- 
periodic solution cp (t ; p, 9) with unique period x (p, S) provided that т (p, 9) is substituted 
into (1.1) for T.

Studia Scientiarum M athem aticarum Hungarica 10 (1975X



278 H. M. EL OWAIDY

The first variational system of (1.1) corresponding to the solution <p(t; y ,  3) is

(1.5) dy/dt =  J / '  (x) + yg'x [ у , X, y, T)]x=i,(( ii 9) >’■

The fundamental matrix solution of (1.5) is denoted by Y(t;y,&) for which 
У(0; fi, 3) = U, U the unit matrix, holds. It is clear that for /r = 3 =  0 we have 
Y(t; 0, 0 )= y0(i) which is the fundamental matrix solution of (1.4). Also for y=0  
and all 3 we have
(1.6) (p{t; 0, 3) =  p ( r - 3 ) ,  

and Y0(t—3) is the fundamental matrix solution of

(1 .7 )  ÿ  = f * ( p ( t - 9 ) ) y .
Obviously
(1.8) Y(t; 0, 3) = У0(?—3) Yo- 1(—3).

Let Я(д, 3) be the characteristic multiplier of the system (1.5) (i.e. eigenvalue 
of the matrix C(y, 3)=  Y(r(y, 3); у, 3)) for which A(0, 0)=1 and A'(0, 0) the 
derivative of A(/r, 3) with respect to у evaluated at /г = 3=0. Assuming that the 
remaining и—1 characteristic multipliers of system (1.4) are in modulus less than 
one, M. Farkas (cf. [2]) proved that the solution q>(t; y ,  3) is asymptotically stable 
if |^| and |3| are small enough and у  satisfies the inequality

a . 9) 0) < o.

2. Stability theorem

If Ад(0, 0)=0 in M. F arkas’ theorem (cf. [2]) there exists no у  satisfying con
dition (1.9). Here we shall consider the periodic solution of the system (i.l) corre
sponding to the value 3 =  0. If A'(0, 0) = 0 and A";,(0, 0)^0, we have asymptotical 
stability or unstability for all sufficiently small \y\ according as the point y= 0  is 
a maximum or a minimum point of the function l(y ,  0). The following theorem 
bolds.

Theorem 1. Under the assumptions stated above, i f  the remaining n — 1 char
acteristic multipliers o f the system (1.4) are in modulus less than one, A' (0, 0) = 0 and

(2 .1) a;'„(o, o) <  o,
there exists 0 such that for

(2.2) 0 -= \y'\ <  Q, 3 = 0

the periodic solution (p(t; y, 0) o f the perturbed system (1.1) is asymptotically stable.
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P roof. Since the remaining characteristic multipliers of the matrix are in 
modulus less than one, С(ц, 0) is an analytic function of ц, and if A'(0, 0)=0 and 
A;„(0, 0)<0 then ц=0  is a maximum point of A(/i, 0). Since A(/r, 0) is an analytic 
function in a neighbourhood of (0, 0) with A(0, 0)=1, therefore

(2.3) k(ji, о) = 1 + y / i2a; ; (o, о ) + o ^ y

It follows that all the characteristic multipliers are in modulus less than one and 
thus the periodic solution cp(t;n, 0) of the system (1.1) is asymptotically stable 
for all sufficiently small non-zero |/r|, and by that the theorem is proved.

3. Expression for the stability criterion

Now we shall use Poincare’s method to obtain an effective form for the stability 
condition given in section 2.

Using the substitution
(3.1) t = 9+sz(ß, 9) 

the system (1.1) and its periodic solution reduces to

(3.2) dx/ds = r(fi, 9) [/(*)+/ig + x, ц, т(ц, 9)]] ,
and
(3.3) i/ф ;/*, 9) = <p(9 + ST0*; S); 7*, 9),

where ^(s; ß, 9) is obviously periodic in s with period one. Expanding the solu
tion IJ/(s; Ц, 9) of (3.2) and the function t(/<, 9) for fixed 9 by powers of ц, we obtain

(3.4) I/ Ф ;  т*, 9) = 2  / и ' Ч Ч * ;  9),k = 0

(3.5)
and we have

oo

4/*; 9) = 2  7*4(9),k = 0

(3.6) i/i°(s ; 9) = p (st0), T0(9) =  T0.

It is clear that the vectors ÿ k(s;9), k = 1,2, ... are periodic functions with period 
one. Substituting the expansions (3.4) and (3.5) into (3.2) we have the identity:

(3.7)
9) =

fc = 0 “S

= Д  7*4k(9)[/(i/r(s; /I, 9))-t-/ig[5 + — Э— ц, 9), /(, z(jx, 9 ) j | .
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280 H. M. EL OWAIDY

Equating the corresponding coefficients of ц on both sides we have: 

(3.8) d°‘ (s, 3) =  T0/ ( p ( s t 0)),

dip1
ds (s , 3 )  =

= Tofx{p(sT0))il/'(s, 3) + T0g ( s  + —, p (st0), 0,
V t0 /

d2- (s, 3) =  t0/ ' ( p (st0))^2(s. 3) +

+ y/**(p(sT0))i/ri2(s, 3)-f t,(3 )/;(p (.st0))i//'(s, 3)4- 

+  t2(3)/(p (st„)) +  t0g ifs +  - ,  p(sT0), 0, r0) i//(s, 3)4- 

+  T o (s +  , p (st0), 0, To)4-ToTj(3)g; (s + ~ , P (st0), 0, t„) -

Р  +  Г -’ p (st«X 0, T(l) 4* Tj g i s 4  ~~, p (st0), 0, t0) ,

and in general

d\hm
(3.9) pm: ( s ,  3) =  T„f'(p(sT„))r(s, 3)+Tm(3)/(p(sT0)) + F m ,

where F m depends on \j/j, j o n  and т,, j< m .
Apart from these equations it is also the case that

i/q(0, .3) =  0 i.e. thus ipi(0, 3) =  0, j  = 1, 2, ... .

Then the expressions for ip(s,p , 3) and т(р, 3) given by (3.4) and (3.5) are solu
tions of the system above. It can be proved that the system of equations given above 
determines \j/j and Xj uniquely, subject to the conditions ф{(0, 3)=0 and ipHs, 3) 
periodic in s of period one.

In formula (3.8) f xx denotes the third order tensor with components f"XkXl (the 
second partial derivatives of the components of the vector / ) ,  i , l , k —1,2, ..., n, 
and f xx ф'2 stands for the vector whose ith component is

(3.10) Z  f"xkx , ' P \ i  =  1 ,2 ,  . . . ,nk,l = l

where Ф1 and ф] are the ktb and Ith components of the vector ф1 respectively. Similar 
meanings are attached to higher derivatives and this notation is used extensively
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in the remainder of this paper. Since the characteristic matrix C(p, 9) of (1.5) cor
responding to its fundamental matrix solution Y(t; ц, 9) is

(3.11) С(р,9) =  У (т(р,9));р,9),

and since it is analytic, it can be expanded for fixed 9 by powers of p i.e.

(3.12) C(p, ,9) = C o W + p C ^ H ^ C ^ H ^ t f O i ,  9)

where R is analytic, C„(0) = C(0, 0)= 7 (t„, 0, 0)= Yu(t0).
An expression for C\(9) was given by M. Farkas (cf. [3]). Here we shall give 

an expression for C2(9) provided that the fundamental matrix of (1.4), ф1 (.?, 9), 
^ 2(s, 9), г ,(9) and t2(9) (in the expressions (3.4) and (3.5) respectively) are known. 
Differentiating the matrix C twice with respect to p, and evaluating the result at

c 2(9) =  c;;(/i, 9) =  У[т(р, 9), p, 9]T'ц2(р, 9) +

+ 27Дт(//, 9); fi, 9]t'( /i, 9) +

+ 7[t(/<, 9); p, 9]т"„(p, 9) +  Y"ß[ t(/г, 9); р, 9]](1=0 =

=  ÿ (T 0 , о, 9)т2(9)+2Уд (т„, 0, 9)т1(9) +

+ ÿ (r0,o, 9) т2(9)+ у; ; ( т0,0 , 9);
for 9 =  0 we have

(3.13) c 2(0) =  У(т0, о, 0)ч(0)+2у;(т0, о, o)+ÿ(r0, о, 0)г2(0)+у„;(т0, о, о).

We shall give now an explicit form for each term in (3.13). Since (1.8) is a solu
tion of (1.7) therefore

(3.14) Ÿ(f ; 0, 9) =  / ( (p(t — 9)) У0(Г — 9) У0- 1 (— 9), 
hence
(3.15) Y(r0; 0, 0) =  У„(т0) =П(р(т„)) • У„(т0).

Since the fundamental matrix solution Y(t, p, 9) satisfies the system (1.5) thus we 
can write

(3.16) Y(f,p, 9) =  \f'x(,x)+ps’x [—, x, p, т)| Y(t;p,9).

The first term in (3.13) can be obtained by differentiating (3.16) with respect to 1 at 
fi = 0 and 9 = 0; i.e.

Y(t; 0 ,  0 )  =  С /;,(р (0)р(0+ /Л Р ('))] У о ( ' ) .
For t = t0 we get

(3.17) У(т0, 0, 0) =  ÿu(r0) =  [/;,(р (т0))р(т0) + / ;2(p (t0))] У0(т0).
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Also the third term in (3.13) can be obtained by differentiating (3.16) with respect 
to p  at p=0, 9= 0  and t=x0, thus we have

(3.18) № ; 0 , o )  =
=  [ / xx(p (to)) ç̂ (t0; ° ’ o)+ S * 0 ’ К то). °> то)]^о(^о)+/х(р(т0) ) ^ ( т 0; 0, 0)

where

(3.19) F ;(t0; 0, 0) = 70(t0) /  Y0~ \i)B (t, 0) dt
0

and

(3.20) B(t, 0) =  [fL(p(t))<p'Áf, 0, 0) + g;  Pit), 0, To)] Уо(0.
It is clear that

(3.21) cp'^t; p, 9) =  | ~ p ( T|  • (т -9 )(т1 +  2рт2+Зр2т3+...)/[т(р, 9)]2} +

+  2V-V ( ф  g) > э) -  p21|À2 (~ - |y  , 9) (t -  9) (tx + 2pr2 + Зр2 t3 + .. -)/r2J 

where т=т(р, 9), thus

(3.22) cp’̂ f ,  0, 0) = v ( ~ ,  o j-p W -T ^ O ).\t0 ) t0

To obtain the last term in expansion (3.13), differentiating (3.16) with respect to p 
we get

ÿ ;(f;p ,9 ) =

=  [/*(<?>('; В,  S ))  +  pg;[-^-, q>(t; p ,  9); p ,  t) ]  r ; ( i ;  p, 9 )  +  N ( t ;  p ,  9)

N(t; p, 9) =

=  [/x*(<p(i; 9))<p'(t; p, 9) + g; ^ ,  cp(t; p, 9); p, t) +

+ pgxx (p(t; p, 9); p, t) <?'(/; p, 9) + p g < p ( t ;  p, 9); p, t) +

+ pg'xr[-^-, < P ( t \9); p, t) t'( p , 9 ) -

~P  [-^f g« <p(t; p, 9); p, rjj T(t; p, 9).

Thus Y '( t;p ,9 ) satisfies the nonhomogeneous matrix equation (3.23).

(3.23)

where
(3.24)
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Since Y(t ; p, 9) is the fundamental matrix solution of the homogeneous system 
corresponding to (3.23), we get by the method of the variation of constants that

t

y;(Y ,h, 9) = Y (t;p , 9) f  Y -^ s if i,  9)N(s; p, 9)ds.
0

Differentiating this formula with respect to p we get:

r dY"ß(t; p,9) = Yit; p, 9) f  —  [Г l is; p, 9)Nis; p, 9)]ds + 
o

t

+ r ; (/;/!, 9) f  1 (s; p, 9)N(s; p, 9)ds.
0

Thus

C ito ;  0, 0) =  У0(т0) f [ Y ; v (t; 0, 0)B{t, 0)+ Y ~ ^ t)K (t;  0, 0)] dt+
<3.25)

+ Г0(т0) f Y 0- l B(t, 0)dt f°Y 0- 1(s)B(s, 0) ds 
0 0

where
(3.26) N (t; 0, 0) =  B(t, 0) which was given by (3.20),

Y~l\ t ;  0, 0) =  0, 0)Y'^f, 0, 0)Г-Ч/, 0, 0) =

= -  Уо"1 (т0) Yl  (t ; 0,0) Y0-1 (/),
and N^it; 0, 0) is obtained by differentiating (3.24) with respect to p and evaluating 
at /i=0 and 9=0. Thus we get

K it -  o, 0) = U :xx{p {t))K \f, о, о )+Кх(р(0)ср'',(г, о, 0)+

+ 2gxx pit), 0, T0] K it;  0, 0)+2g"„ Í—, pit), 0, t 0) -

-  T  tú t  , Pit), 0, To) + g''x ( - ,  Pit), 0, t0)1 Y0it) +To Vt0 ) VT0 /J

+ [ /« (p (0 )-^ (f;  0, o )+ g; ( ^ , p i t ) ,  0, To)] y;(t; o, o)

where fxxx{pit)) К?it\ 0, 0) denotes the nXn  matrix with elements
n

2  fiXkXiXn^ln^Pmn^ i9 к  =  1, 2, П9 l,m=1
where cp'fß and (p'mf/*are the /th and mth components of the vector <p', and

t

Y'it; 0, 0) = Го(то) /  F-Hs; 0, 0) Bis, 0) ds.
О
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<p"lt can be obtained by differentiating (3.21) with respect to ц, and evaluating 
at [i=0 and S= 0; thus we get

(3.27)
\  T0 /4

The second term in the expression (3.12) was given by M. Farkas (cf. [3]) which is

(3.28) Q(0) =  Tj(0)fx(p(t0))F0(t0) + У0(t„) / Y~4f)B(t, 0) dt.
0

Now the first three terms in (3.12) were determined, so the second derivative 
of the eigenvalue ).(p, 0) (for which /.(0, 0)= 1 and A'(0, 0)=0) with respect to ц 
at ц= 0  will be given in an explicit form. Let the characteristic polynomial of 
С(ц; S) be denoted by

( -  1 )"d(A; [i, 9) = det [C(fi, 9)-XU],
U= the unit matrix. Now we can state and prove the following

Theorem 2. Under the conditions of theorem 1 :

(3.29) я;;(o,o) (— l)n+1 • 2
<*я(1»0,0)

c°—u1
C2 — U2

cï-U j 
c\ — u2

cf , — 111 ,

n — l n
У У det

cf
cf+ l-Mi + 1

+ Z  deti = l

cl-l — Ui-i

i = l j=1 + 1 cf

C j-l-U j-1
c)

cf+1 —Mi + 1

Cj + l-U j + 1
cf, — u„

c® — иun
where cf, cj, cf and ut are the ith row vectors of the nXn  matrices C0(0), C\(0)... 
C2(0) and U, respectively.

Proof. We have
( -1  )nd(X; [i, 0) =  det |C(ji, 0) — ДС/1 =

=  det

CÏ + [ic\ + H2 cf +[I3 rt — 2«! 
cl+цс\+ [d c\ + [i3 r2 — Ли2

cf,+рс1п+ц2с2п + ц3 r3„ -  Xun

*
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Here rt is the i th row vector of R. Differentiating this determinant twice with respect 
to /(, evaluating the resulting determinant at A=l, ц=0, and summing up we get

(3.30) (-1)V ;„(1,0, 0) =  2
n — 1 n
2  2  deti = l j=i +1

ci +1

cj - 1

cj+1

C°

f the polynomial

c“- « i
C% U 2

4-1 —Ui-i 
Ci

+ 2  det
i = 1

C°1~U  1

оCi
ci + l ~ u i + l

i/; (1,0,0) 7^0, hence Я (л, 0) can be expressed from equation d(X,fi,0)=0. Since 
A (j.i, 0) is an analytic function in a neighbourhood of (0,0) such that /.(0,0) =  1, therefore

а (л, 0) =  1 + K ( 0 , 0 )+ Ç  a; , ( o, 0)+o(ß%

А;(л, 0) is obtained from the relation d(X, ц, 0)=0 by differentiation i.e.

X ' M  0 )  -  - < ( Я ,  Ц , 0M ( A ,  H , 0 )  

and its second derivative satisfies the relation

X»ß(ß, 0 )  =  [-d"ß(X; ц, 0) df ( X;  /«, 0 )  +

+2d;x(X; Ц, 0 ) 1 / ; ( 1 ;  Ц, 9)di(X; ц, 0 ) -

- d l  я (А; л, O K 2 (Я; л, 0) М 8(А; л, 0).

If A ; ( 0 ,  0 ) = 0  i.e. i / ; ( A , 0 ) = 0 ,  then

(3.31) a;; (o, o) =  -  ( i , о, о м  (i,o , o).

Substituting from ( 3 . 3 0 )  in this expression we get the result ( 3 . 2 9 )  which was to be 
proved.
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ON PERTURBATIONS OF LIÉNARD’S EQUATION

by
H . M . EL  O W A ID Y

We shall consider the periodic solution of Liénard’s equation under small 
periodic perturbations. It is assumed that the perturbation is “controllably periodic”
i.e. its period can be chosen appropriately. Also it is assumed that the perturbed 
Liénard’s equation has a unique periodic solution. Poincare’s method is worked 
out for the determination of this solution up to the second approximation. Also 
a sufficient criterion will be given for the asymptotic stability of the perturbed periodic 
solution. The results are based on those of papers [3], [4] and [5], and are close to 
and generalizations of W . S. L o u d ’s result [8].

1. Notations

It is well known (cf. [7]) that Liénard’s differential eq.

( 1. 1)  M +  /j(u)ii +  fc(u) == 0 (' =  d/dt)

has a unique periodic solution u0(t)  with (least positive) period t0, (if h(u) is an even 
continuous function, k(u) is an odd differentiable function and the coefficients h(u)

и u

and k(u) of (1.1) are defined in (-«>, °=>), Я(м) =  J  h(s)ds, K(u)= J  k(s)ds, H(u)
a о

has a single positive zero ux with Я(м)<0 for Я(и) > 0 for и>щ ,
Я(м) is monotonie increasing for and Я(w) — °°, Я(м) —°° as и— + °°. Without 
loss of generality we select as origin of time a point for which

(1.2) «„(0) =  0, f/o(0) = a > 0 .
Introducing the notations

(1.3) x 1 =  u(t) ,  x 2 =  û (t) + H(u).

Eq. (1.1) is equivalent to the system

(1.4) x = f ( x )
where л:=со1 [x,, x>] and

(1.5) f ( x )  = col [x2- H ( Xl), - k ( Xl)].

The periodic solution of (1.4) corresponding to u0(t) is

p(t) =  col [i/o(0, йо(/) + Я(ио(0)].
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The first variational system of (1.4) is

(1.6) V = /;(p (o )y
where

(1.7) « ' » M Ä  »]■O'oCO)
The system (1.6) has the periodic solution pit) of period t„ which is given by:

(1.8) p(t) = col [й„(0, -fc(n0(i))].
The second solution of the system (1.6) that is linearly independent from the first 
and satisfies

(1.9) i’o(0) =  0, i0(0) =
1

is denoted by t’0(i).
Let Y0(t) denote the fundamental matrix solution of the system (1.6) for which 

У0(0)=[/, the unit matrix,

— il o(t) avo (t)
( 1. 10) y a(t)

k(u0(t)) ai „(/)

and У0(т„) the characteristic matrix

<u i )  ^ - [ J
The Wronskian determinant IV(t) (for which W(0)=l) according to Liouville’s 
formula is given by

t
(1.12) IV(t) =  u0(t)v0(t) + k(u0(t))v0(t) =  exp [ - J  h(u„(s)) ds] .

0
Thus the characteristic multipliers of (1.6) are 1 and

(1.13) И^То) =  avo(t0) = exp [ -  f  h(u0(t))dt].
0

Also, we define anottier fundamental matrix Y jit)  such that its first column 
is p(t) and such that У1_1(0)У1(т0) is diagonal. The relation between Yu(t) and
Уг(0 is i r« ( 0 = ï i ( 0 ï i - 1(0).

Thus

« o (0  f o ( 0 ~  . . м/ l ,  ч1“ о (0
У ( 0  =

- к ( и о(0) v0(t) +

a [ l-W (T 0)] 
»oW

and
a[ 1-1T (t0)]

-  ló

fc(«o(0)
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Let us consider the system adjoint to ÿ —fx{p{t))y which is 
(1.14) z
where * denotes the transpose. A fundamental matrix of (1.14) is Fi*_1(0  whose 
first column is z(t), the only periodic solution of (1.14) of period t 0 , and thus the 
first row of l i -1(f) is z*(t), which is given by

(1.15) =  [zí(0, 4 ( 0 }  =

^o(t0 )k(u0(Q)
a I 1-1L(t„)] ’ ~ vo(0 +

Vo(ro)ûo(0 1
a[ \ —(V ( t „)] J ’

and is periodic in t with period r0.
Let us now consider the perturbed Liénard’s equation

(1.16) ü + h(u)ù + k(u) =  py и, ù, и, •

It is assumed that the perturbation is controllable, у is periodic in t with period 
t  and ydC1 for all its arguments. M .  F a r k a s  and R  K a r i m  [ 6 ]  proved that, i f  the 
mean value of the periodic function A(m0(/)) (over a period) is different from zero, 
then to all sufficiently small |p| and |9| (defined there*), the perturbed equation
(1.16) has a unique periodic solution up(t; p, 9) with unique period x(p, 9). 

According to (1.3), equation (1.16) reduces to the perturbed system

(1.17) X =  /(х) + яя(^-> x > T) 
where f (x ) is as defined before, and

(1.18) X, //, tj  =  col [o, y |-£-, X, p, r j ] .
Let the right hand side of (1.17) be analytic (less stringent conditions would be 

sufficient) in the region / ,X f i X / „ X / t where I, = { t : — o o < í< o o } , Q is an open 
connected region in the u, ù plane, f„ = {p'- H < a}  for some a>0, /t={r: |t  — t 0 | < / ? }  

for some ß, 0</?<т„.

2. Determination of the periodic solution

Now Poincare’s method will be worked out for the approximate determina
tion of the periodic solution of the perturbed Eq. (1.16) up to the second approxi
mation.

Here the perturbed system (1.17) will be treated on basis of the unperturbed 
system corresponding to (1.17). It is assumed that we know

1) the unique periodic solution p(t) corresponding to u0(t);
2) the fundamental matrix solution of the first variational system of (1.4) cor

responding to p(t).

*See also [2] o r [3].
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L e t  q>(t; p, 9) d e n o t e  t h e  p e r io d ic  s o l u t i o n  w i t h  p e r io d  x(p, 9) o f  t h e  s y s te m
( 1 .1 7 )  c o r r e s p o n d in g  t o  t h e  p e r io d ic  s o lu t io n  up{f,p ,9 )  o f  ( 1 .1 6 ) .  I n t r o d u c in g  th e  
n e w  v a r ia b le  s d e f in e d  b y

( 2 . 1 )  t =  9+sx(p, 9),
t h e  s y s t e m  (1 .1 7 )  a n d  i t s  p e r io d ic  s o lu t io n  <p(t; p, 9) a s s u m e  t h e  f o r m s

( 2 . 2 )  dx/ds = x(p, 9) [/(*) + pg [ s  +  ^  ^  ,p,x(p, 9)j] 
a n d
( 2 . 3 )  il/(s\p,9) =  <p(s + 9x(p ,9);p ,9)
w h e r e  iJ/(s', p, 9) i s  p e r io d ic  in  .v w ith  p e r io d  o n e .  E x p a n d in g  th e  s o l u t i o n  ф(s; p, 9) 
o f  ( 2 .2 )  a n d  th e  f u n c t io n  x(p, 9) o f  f ix e d  9 in  p o w e r s  o f  p w e  g e t

( 2 .4 )  ф ( s  ; p, 9) = 2  bk V  («, 9),k = 0

( 2 . 5 )  т{ц, 9) =  2  цктк(9).
k = 0

F r o m  t h e  d e f in it io n  o f  9 i t  f o l lo w s  th a t  <p(t; 0 ,  9)= p(t—9), x0(9)=x(0, 9)=xn a n d

( 2 .6 )  IA °(s, 9) =  «A(s, 0 ,  9) = <p(9 +  sx0; 0 ,  9) = p(sx0).

S o  i f  w e  d e te r m in e d  t h e  u n k n o w n s  фк a n d  t* w h ic h  a r e  u n iq u e ly  d e t e r m in e d  
in  t h e  s a m e  m a n n e r  a s  in  [ 3 ] ,  t h e n  iJ/(s; p, 9) a n d  x(p, 9) c a n  b e  d e t e r m in e d  u n iq u e ly .

I t  i s  k n o w n  [4 ] t h a t  t h e  u n iq u e  p e r io d ic  s o l u t i o n  up(t;p ,9 )  o f  ( 1 .1 6 )  a n d  it s  
u n i q u e  p e r io d  x(p, 9) a r e  a n a ly t i c  in  a  n e i g h b o u r h o o d  o f  p=9 = 0 .

W e  sh a ll  a s s u m e  t h r o u g h o u t  th is  p a p e r  t h a t  1 i s  a  s im p le  c h a r a c t e r i s t i c  m u lt i 

p l i e r  o f  ( 1 .6 )  ( i .e .  J  h(u0(t))dt?±Qj).
0

T heorem  1. Under the assumptions stated before, the period and the periodic 
solution o f perturbed Liénard’s equation ( 1 .1 6 ) ,  corresponding to p and 9, are given by:
( 2 . 7 )  t (p, 9) =  t0( 9 ) + px1 (9) +  p2z2(9) +  о(p2) 
and

(2.8) u,(r,p,9) = • а)+ » < Л

with expressions for ф \,ф \, хг and x2 given by ( 2 .1 1 ) ,  ( 2 .1 4 ) ,  ( 2 .1 0 )  and ( 2 .1 3 ) ,  respec
tively.

P roof. L e t
ф1 =  c o l  [ф\, ф2] a n d  фг =  c o l  [ф\, ФЦ

S u b s t i t u t in g  f r o m  ( 2 .4 )  a n d  ( 2 .5 )  in  (2 .2 )  a n d  e q u a t i n g  c o e f f ic ie n ts  o f  p o n  b o t h  
s i d e s ,  w e  fin d  th a t  i^'(s, 9) s a t is f ie s  th e  i n h o m o g e n e o u s  e q u a t io n

( 2 .9 )  dz/ds =  T0/ ( ( p ( s T 0) ) z  +  T0 g  f s +  — , p(sx0), 0 , t0 ) +  Tj / ( p ( st0) ) .
v t0 /
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Since У0(лт0) is the fundamental matrix solution of the homogeneous equation 
corresponding to (2.9), for which Y0(0) — U where U is the unit matrix, thus the 
solution of this equation can be written in the form

ф = y0(sT0)cl + y 0(sTn) f  Y0 1(qr0)B1(qr0)dq,

where
C  = col [CÍ, C,1]

is a constant vector and will need to be determined too, and
=  ^(9) col [й0(?т0), - k ( u 0(qx0j)'] +

+ T0 col |o , 7 (<7+ y , и (qx0), ù0(qr0), 0, t „ ) J  .
Since ф\(0, 9)=0 therefore C}—0 and since the function i//'(s9) is periodic in s 
with period 1, therefore these two conditions determine î ( s ,  9) and Ti ($) uniquely. 
After calculations we get

Щ ч)г 1 — / J r M O á r ,
(2. 10)

(2. 11)

«[1-И^(то)] У Щг)

* A & ) = - f  zt(r)y(r)dr,
0

, , ,  пч I V ( t 0) v0 ( s t 0)  г ° у ( г )

*!(s- S) =  i - H i . )  /  — -u(r)‘lr+И''(г)

/ ~ у ( г) л’ У {Г)
- ^ ^ v 0(r)dr + vu(sr0) J - щ у у Ф )  dr,

where у(г)=у  ̂Г ^ , и0(г), й0(г), 0, T0j and Zg(r) is defined by (1.15).

In the same way, equating the coefficients of p2 on both sides, we find that 
i//2(s, 9) satisfies the equation:

y(r) .

(2. 12)

Here
y j  = z».fx ( P (st0)) z + T2(9)f(p(sTu))+ F.

F  =  y  / ^ P ( s t 0)i/'î +  T1/^(p(sT 0))i/i1 +

+ Tog' (s + y  > p (st0), 0, T0j ф1 + Tig (s + y , p (st0), 0, T„j -

-  g! is + , p(sz0), 0, t 0)  +
т0 V t0 /

+ 4 g l  Is + —, p (st0), 0, t 0 ] + t 0 t ,  g' is + —, p ( s T o ) ,  0, T o )
V Tq /  V T0 /
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where f xx stands for the vector whose ith component is

2  Лхкх,Ф1Ф}, i = 1, 2,к,1 = 1
andf'i//'  stands for the vector whose i th component is

2  fuk Ф1 ■k = 1
The complete solution of (2.13) is

S

i>2(s, 9) = y0(sT0)C 2 + y0(sT0) f  Ytí~1(qTa)B2(qz0) dq
0

where
В-Ляч) =  t2(9)/(p (?t0)) +  F

and
C2 -  col [Cf, Ci]

is a constant vector. Since фЦО, 9)=0 therefore C 2=0. Since ф2(я, 9) is periodic 
in s with period one, after calculations we obtain :

(2.13) r,(9) -дуд(ч)
Щ ч )

{[йо(г) h'(ии(г))ф1 (г, 9) +

+  v0( r ) k " (u 0(r))il>\2(r, 9)] +  тх[ - v0(r)h(ип(г))ф\{г, 9) +

+  ф\(г, 9) +  и0(г)к'(и0(г))ф{(г, 3 ) ]  -  [ т а у (г )  -  —  у', ( г )  +
то

+ т 0  у Д ( г )  + т„ Tl у ; ( г )  + 1 0 ( 7 ; ,  (/•) ф\+у'хг (г )  Ф1) v0  ( г ) }  dr
and

(2.14) IAï(s, 9) = av0(sT0)Ci +^~ f  {[m0(st0) • v0(r) +

+ t>0(sT0)fc(u0(r))] • [—^ к '(и 0(г)ф\2(г, 9) + т1к(и0(г)ф\(г, 9)4- 

+ Ф1(г, 9)] +[—M0(sr0K (r )+  (’„(.ST0)á0(r)] • [ - - X-  к"(и0(г))ф\2(г, 9) -
QT

— х1к'(и0(г))ф\(г, 9)+г1у (г )-  —  у',(г)+т0уХ1(г)ф{(г, 9) +
T0

+  *оУх.( ' • )Ф1 ( Г, 9) +  x0y'p(r) + TaTxy't ( r ) ] }  dr  +  x0s û 0( s r 0).

According to (1.3) and (1.5) the first component of the solution cp(t; ц, 9) of 
(2.2) is up{t\/(, 9), i.e.

up(9 + sr(n, 9); /(, 9) -  i//t (s; ц, 9).

Thus according to (2.4), (2.5) and (2.6) we get (2.8).
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3. Stability of the periodic solution

We shall give an explicit sufficient condition for the asymptotic stability of the 
periodic solution up(t; p, 9) of the perturbed Liénard’s equation. This can be done 
by applying theorems 2 and 4 of M. Farkas [4]. The nature of the transformation 
formula (1.3) which transforms the perturbed Liénard’s differential Eq. (1.16) into 
system (1.17) ensures that the asymptotic stability of the solution (p(t; p, 9) of the 
system (1.7) implies the asymptotic stability of the corresponding solution up(t; p, .9) 
of (1.16). The first variational system of (1.17) with respect to the solution (p(t; p, 9) is

(3.1)
d m .  * ( - ? w )i
-- ----------| - / t ------------ - --------------

d x  O X  J ;c = <p(f ; д, .V)
which reduces for /«=0, 9= 0  to the variational system (1.6). Let 2(p, 9) be the 
characteristic multiplier of the system (3.1) for which 2(0, 0)=1 holds and 2'(0, 0) 
the partial derivative of 2(/r, /9) with respect to p at /r =  9=0.

T heorem  2. Under the assumptions stated in section 2, there exist Qi>0 and 
Pa >0 such that in the region
(3.2) |/i| <  £l5 |9| <  <?2,
2 (p, 9) (for which 2 (0, 0) =  1 ) is a real valued analytic function of its arguments p 
and 9, and i f  the second characteristic multiplier o f ( 1.6) is in modulus less than one, 
then the periodic solution (p(t; p, 9) of the perturbed system (1.17) with period x = x(p, 9) 
is asymptotically stable for all (p, 9) satisfying (3.2) and the condition
(3.3) pX'p(0, 0) <  0 
where

(3.4) 2'(0, 0) =  -  / 4 ( 0 ? ; f - ,  «о(0, «о(0 ,0 , Ф ' -
I) '

Proof. The first part of the theorem is a consequence of M. Farkas’s theorem 
3 (cf. [2]) and only the formula (3.4) is left to be proved.

According to theorem 4 (cf. [4]) we need to calculate the matrices C°(0), C‘(0) 
and </д(1;0,0). We have

C ° ( 0 )  =
ai>o(To)l
1F(t„) J

where lF(T0) = det [ K0(r0)]= űtí>o(t0) and

thus

9 (2; 0,0) 1 -2  ас0(то)
0 1Е(т0) - 2  ’

( 3 . 5 )  t / д (  1 ; 0 ,  0 )  =  1 - 1 F ( t 0) ,  

and so according to Farkas’s theorem 4 (cf. [4])

(3.6) 2;o, o) =  c i ( 0)+ - ^ L  c i(o ) .
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To evaluate л'(О, 0) we need only the first column of Сх(0) which is given by

(3.7) 

where

(3.8) 
and

(3.9) 
Thus

(3.10)

СЧ0) =  тЛО)Я(рЫ )УоЫ+УоЫ f  Y0-Ht)B(t, 0) dt
0

B(t, 0) =  [f"x(p(0)<p;(t; 0 ,0) + g;  P(t), о, t0)] k„(o

K i t ; o ,0) = у  Í—, o ) - / p (0 — •VT0 / r0

and

(3.11) gi Í—, h0(0. “0(0, 0, r0) =  [ ® ?
Vz0 /  »7 * , y X2-

where y'Xl and y'x% are the partial derivatives of the function у i^-, xr, x2, p, t )

with respect to xv and x 2 evaluated at t= t0, ii=0 and x=p(t).
After simple calculations and by using (1.5) we get the following expression:

(3.12)

+

m  a z 1(0)vo(To) k , (0) ,
O) =  — r x( 0 ) n (0)-+---------- IV(т0) -  1---------+

f  z*(t) [/ix (p(t))K 0;  о, o )+ gi pit), o, r0jj pit) dt,

where the integrand is a scalar product.
By using (1.14), (1.15) and taking into account the periodicity of z*(/), f 'K(p(t)) 

and g pit), 0 ,  t 0) ,  it is easy to prove that

/  z* it) | / '*  (p (0) К  it ; 0 , 0) + g'x ^ , p it), 0 , t 0)  j pit) dt =

= , Л0) { т + ^ Ш } -  f z * ( t ) g; ( ^ ,  pit), о, t0) dt.

Thus by substituting this expression in (3.12) we get:
ю

(3.13)

and by this the theorem is proved.

;(o, o) =  -  /V ( f ) g i  Í - ,  Pit), o, t0) dt =

= -  f  ztiOy't Í— » Mo(0> Mo(0, 0, T0)  dt, 
о Uo '
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N o te . A special case arises from the above results if t (/i) = t0 i.e. the perturba
tion y is of period x0. Then the condition (3.13) of the asymptotic stability is in 
accordance with that due to W. S. L oud  [8].

If A'(0, 0)=0, we restrict the consideration to solutions of system (1.17) cor
responding to the case 9=0. The value of A"„(0, 0) can be calculated and if 
A",,(0, 0)-=0 then the characteristic multiplier т) of the variational system (3.1) 
is less than one for all small non-zero p. Thus if the latter condition holds and the 
second characteristic multiplier of (1.6) is in modulus less than one, then the periodic 
solution up(t; Ц, 0) of the perturbed Liénard’s equation (1.16) with period t(/i, 0) 
is asymptotically stable. An expression for /."„(0, 0) in a general case was given by 
the author (cf. [2]), also an expression for (0, 0) was given for the perturbed 
equation

. (2n )u + h(u)u+u — Ц sin /J

(see the author’s dissertation, Hungarian Academy of Sciences, Budapest, 1972).

Acknowledgements

The author wishes to express his appreciation to Prof. M. Farkas for several 
valuable discussions concerning these results.

REFERENCES

[1] C o d d i n g t o n , E. and L e v in s o n , N .: Theory o f  Ordinary Differential Equations, McGraw-Hill
Book Company, New York, 1955.

[2] El O w a i d y , H .: Further Stability Conditions for Controllably Periodic Perturbed Solutions,
Studio Sei. Math. Hung. 10 (1975), 000—000.

[3] F a r k a s , M . :  Controllably Periodic Perturbations of Autonomous Systems, Acta M ath. Acad.
Sei. Hungar. 22 (1971), 337—348.

[4] F a r k a s , M. : Determination of Controllably Periodic Perturbed Solutions by Poincaré’s Method,
Studia Sei. Math. Hungar. 7 (1972), 257—266.

[5] F a r k a s , I. and F a r k a s , M.: On Perturbations of Van der Pol’s Equation, Annales Univ. Sei.
Budapest, Sectio Math. 15 (1972) 155—164.

[6] F a r k a s , M. and K a r im , R. : Periodic Solution of Perturbed Liénard’s Equation, Periodica
Polytechnica, Electrical Eng. Hung., Vol. 16 No. 1. (1972), 41—45.

[7] L e v in s o n , N. and S m it h , O. K .:  A General Equation for Relaxation Oscillation, Duke Math.
Journal 9 (1942), 382—403.

[8] L o u d , W. S.: Periodic Solutions of a Perturbed Autonomous System, Ann Math. 70 (1959),
496—529.

Math. Dept. Faculty o f Science, A l Azhar University, Nasr City, Cairo, Egypt 

( Received March 2, 1973)

Studia Scientiarum  M athematicarum Hungarica 10 (1975)



t»



Studia Scientiarum Mathematicarwn Hungarica 10 (1975) 297— 308.

A CLASS OF SQUARE INTEGRABLE IRREDUCIBLE 
UNITARY REPRESENTATIONS OF SOME LINEAR GROUPS 

OVER COMMUTATIVE /»-FIELDS

by
R. G. LAHA

Introduction

Let к be a commutative /»-field which is not necessarily of characteristic 0 
(cf. W eil  [2]). We denote by 6, 0> and 6 * the unique maximal compact subring (that 
is, the ring of integers) of k, the unique maximal ideal contained in & and the group 
of invertible elements (that is, the unit group) of the ring 0 respectively. Let fc = (9/0> 
be the residue class field. Then к  is a finite field of characteristic /»>1 (/» being a 
prime number). Let и>1 be a fixed positive integer. Let G be the subgroup of 
GL(n, k) consisting of those elements whose determinant belongs to O*. Then К = 
GL(n,0) is a maximal compact subgroup of G. Recently Shintani [1] constructed 
some square integrable irreducible unitary representations of G which are induced 
by suitable irreducible unitary representations of K, where these representations 
of К can be “parametrized” by certain characters of suitable compact Cartan sub
groups of G which are contained in K. However, this construction is based on the 
assumption that («,/»)= 1, that is, n and p are relatively prime. In the present 
article we show that an interesting subclass of these representations of G can be 
constructed without the assumption that (n,p)=  1. We also give a more explicit 
description of the structure of these representations of G. In § 1 we present some 
preliminary results which are used in our investigation. In § 2 we construct some 
compact Cartan subgroups of G which are contained in К and which are in one-to- 
one correspondence with an unramified extension of к of degree n over k. In § 3 
we construct some irreducible unitary representation of К  which can be parametrized 
by certain characters of these compact Cartan subgroups of G and which induce 
square integrable irreducible unitary representations of G.

N ota tions . Let 01 be an arbitrary set of elements. We denote by „//(n1, :Щ 
the set of all nxXn2 matrices with elements belonging to 01. In particular, if nx = 
—n2=n, we write .£(n, n; 0t)=J{(n, 01). Suppose that M is a ring with identity. 
Then J{ (n, 0t) is a ring with identity which we denote by /„. In this case, we denote 
by diag(el t ax, ..., a„) (ajf (0: 1 ^ n) the diagonal matrix belonging to Ji(n. Ж)
whose diagonal elements are a, ( lS y g n). When 01 is a commutative ring, we 
denote by detx, the determinant of an element 0t).

This work was supported by the National Science Foundation through grant NSF-GP-35724X.
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§ 1. Presentation of some preliminary results

This section is of an expository nature. Here we present some preliminary 
results (mostly without proofs) which will be used in our investigation. For the 
proofs of these results, we refer to Shintani [1].

1.1. Let G be a finite group and let Я  be a subgroup of G. Let a be a representa
tion of Я  in a finite dimensional vector space У  over the field C of complex numbers. 
We denote by У„ the vector space consisting of the mappings /  of G into У  which 
satisfy the condition

f(hg) = <7(/0/(g)

for every h£H  and g£G. We then define a representation n of G in the space 
У„ by the formula

(rc(go)/)(g) =/(ggo) ( / € ^ ;  gigo€G).

Then we say that л is the representation of G induced by the representation a of H 
and we write 7i = Ind a.

Ht G
In particular, suppose that Я  is a normal subgroup of G. We denote by Я  the 

set of all one-dimensional representations of Я. Let g£G and yfH . We then 
define g -y^H  by the formula

(g-X)(h) = Z(g_1^g) (й€Я).
We set

G x  =  { g £ G ; g-X =  x}-
Then Gx is a subgroup of G containing Я  and is called the centralizer of у in G.

Lemma 1. (i) Let ydH. Let ax be an irreducible representation o f Gx in a finite 
dimensional vector space such that the restriction o f ax to H coincides with у • 1. 
Then Ind ox is an irreducible representation o f G.

Gx tG

(ii) Let a be an arbitrary irreducible representation of G in a finite dimensional 
vector space У. For every yfifl, let Ух be the sub space of У  defined by the formula

Ух = {о£У: o(h)v = y{h)v for every h£H).
Suppose that there exists a y0£Я such that Ух̂ { 0)- Let (9Xo={g-y.0£H: g€_G} 
be the G-orbit in H  containing y0. Then У= Ух- Moreover for every yfi@Xo, Ух

is a non-zero subspace o f T  which is invariant with respect to the subgroup Gx 
o f G. Let ax be the representation of Gx in the space Ух defined by the relation

o-*(g) =  ff(g)lyx ( g e c z).

Then cx is an irreducible representation o f Gx in the space Ух and moreover Ind ax
g x \ g

is equivalent to a.
1.2. We now present some results from the theory of infinite dimensional 

representations.
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Let G be a unimodular locally compact topological group with a countable 
base. Suppose that there exists a nontrivial compact open subgroup К  of G. We 
normalize Haar measures dg and dk on G and К respectively such that J dg= 
= fd k  = l. K

к
Let a be a continuous irreducible unitary representation of К in a Hilbert space 
Since К  is compact, we note that %  is finite dimensional. Let í4=dim c "К,. 

We denote by Жа the set of measurable mappings /  of G into if,  which satisfy the 
following two conditions:

(i) f(kg) = <r(k)f(g) 
for every k£K  and gÇG;

(Ü) f( f(g ),f(g ))r .d g <  + CO where ( ,  )r<T denotes the inner product in the
о

space i f .  Then is a Hilbert space with respect to the inner product

</i, h )  =  /  </i(g), /.(g)>r„ dg (Л, / ,€  *.)■
G

Let na be the representation of G in the space Жа defined by the relation 

(rc„(go)/)(g) =/(ggo) ( / € g> go€ G).

Then na is a continuous unitary representation of G in Ж„ and is said to be induced 
by the representation a of the subgroup K. We then write n„ = ind a.

K \ G
We now denote by ла\К the representation of К  in the space Ж„ which is obtained 

by restricting to the subgroup K. Let т be an arbitrary continuous irreducible unit
ary representation of K. We denote [ла\К: t ] the multiplicity of т  in ла\К.

Let л be an arbitrary continuous irreducible unitary representation of G in a 
Hilbert space Ж. Then n is said to be square integrable, if there exists a non zero 
vector Ç0ÇJf? such that f  \(n(g)Ç0, £0>12dg<+°°.

G
In this case, it is known that there exists a positive number AK (depending 

only on the equivalence class of л) such that the relation

/<K(gKi,f/i><rc(gK2,>Î2>rfg =
G

holds for all <̂1( ^2, r\x, г]г£Ж. Here the number An is called the formal degree of 
the representation л.

L e m m a  2 . ( i )  With the same notations as above, let na— In d  a. Suppose that
K\ G

[na\K: a] = 1. Then л„ is a squate-integrable irreducible unitary representation of 
G and moreover the formal degree o f the representation л„ coincides with da = d'm\c"K.

( i i )  Suppose that G is totally disconnected. Let (G ) be the space o f all complex
valued locally constant functions with compact support on G.

Assume that [л„\К: cr] = l and moreover for every irreducible unitary representa
tion t  of K, the multiplicity [ла\К: +
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Then for every OÇfé'f (G), the bounded linear operator na(6) in the space Жа 
defined by the formula

M 0) = /  9(g)n„(g)dg
G

is o f trace class and the trace is given by the formula

Tr n„(0) = / ( / 0 (g k g l)Tr o(k)dk) dg.
с к

1.3. Let k be a commutative /7-field. Let &, 3P, (9* be the maximal compact 
subring of k, the maximal ideal in (9 and the group of units in <9 respectively. Let n 
be a prime element of k  and let q be the module of k. Then and moreover
3P = n(9. The residue class field к —О/ЗР is a finite field of characteristic p containing 
q elements. For every v£Z, we write 3Pv—nv0 such that 3P°=(9.

For every positive integer m êl,w e set .^m =  (P/áam. Then &tm is a finite ring and 
moreover = к. We denote by Фт the canonical homomorphism of the ring (!) onto 
the ring 3ft. m. Then Ф,„ can be naturally extended to a homomorphism of the ring 
J /(n , (9) onto the ring Ji(n , .Mm). We denote this extension by Ф,„ also.

Let GL(n,k) be the group of all invertible elements belonging to the ring 
. //(/;, k). Let G be the subgroup of GL(n, k) consisting of those elements whose 
determinant belongs to (9*. We set K=GL(n, (9). Then G is a unimodular locally 
compact topological group with a countable base and K=GL{n, (9) is a maximal 
compact open subgroup of G. Moreover the group G is totally disconnected.

We also note the following important double coset decomposition of G with 
respect to К :

Let л: be a prime element of K. Let

and we set
m = (m1, m2, ..., m„)£ Z" 

nm = diag(7l"'i, птг, ..., л"'..)

for every Zn. We now write
n

Л„ =  {m $Z”: m1 ^  m2 ^ . . . ^  m„; 2  mj — 0}-
7=1

Then we have the decomposition

(*) G = U KnmK (disjoint union).

Let m — 1 be a positive integer. We set
Km = {kdK: к = /„ (mod &m) \

Then Km is a compact open normal subgroup df finite index in К and moreover 
the sequence KX̂ K 2Z)... forms a fundamental system of neighbourhoods of I„ 
in K.

Let /иё2 and Then the mapping х — л'~т(х— 1) defines an iso
morphism of the multiplicative group Km_i/Km onto the additive group of the
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ring Ji(n, Ф)1Л{п, 3?l) = J((n, di,). Hence we conclude that Km_,/Km is a finite 
commutative group having the same number of elements as Jl(n , .3?,).

1.4. Let X be a character of the additive group of к of order 0 (cf. [2]) that is, 
X is trivial on <9, but not trivial on 0>~l =n~10. Let X£J/(n,0). Let r g 2 be

a positive integer and let 5 = [y]- We now define the function x'x on K.r-s by the
formula

M k )  = x(n- rTr X (k -I fi)  ( f e e  Kr„s).

Lemma 3. (i) The function x'x ls a one-dimensional representation o f Kr^s which 
is trivial on Kr.

(ii) The mapping X —x'x defines a homomorphism o f the additive group o f J t  (n, 6) 
into the multiplicative group o f all one dimensional representations of Kr_s which are 
trivia! on Kr. Moreover the kernel of this homomorphism is J/(n,d?s).

(iii) For every kÇ K, let к • /'x be the function on Kr_s defined by

(k-xrxKh) = xrx(k~1hk) (heKr_s).
Then k -x rx=XkXk-»•

C orollary . Let xd.J/(n, dis). Let XÇ.// (n, 0) besuch that x=<Ps(X). We 
set Xx~Xx- Then the mapping x-*x'x (x£JÏ(n, difi) is an isomorphism o f the addi
tive group of M (n, difi onto the multiplicative group o f characters of the finite com
mutative group Kr _ JKr.

Let a be a nontrivial continuous irreducible unitary representation of К  in a 
Hilbert space iCThen У  is finite dimensional. Moreover since К is totally discon
nected, there exists a positive integer r=r(a) such that <r is trivial on Kr, but not 
trivial on A",-!- Hence a can be identified with an irreducible representation of 
the finite group K/Kr in a finite dimensional vector space У  Moreover we con
clude from Lemma 3 and its corollary that for every XZJS(n,<9) (respectively 
X£J({n, difi) the function x'x (respectively x'x) >s a one dimensional representation 
of the group Kr_JKr which is a commutative normal subgroup of the finite group 
K/Kr. We denote by Kx (respectively Kfi the centralizer of x'x (respectively x'x) 'n AT. 
Then it follows from Lemma 3 that

Kx =  {k f K: <PfikXk~l) = <Pfix)},
Kx =  {/c€ К: Ф,(к)хФ,(к)-' =  л}.

Let x£^ű(n, difi We define the subspace Ух of У  by the formula 

‘K  = {vfiy . o(k)v = x'x(k)v for every k£K r_J.
NVc set

Oa = {xiJ/(n,dtfi: Ух * ( 0)}.

Then the set Oa is not empty and moreover for every jc1( x.fiO„, we have
ГХ1ПУХ =(0).

We can now apply Lemma 1 to the above results and thus obtain
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L e m m a , (i) Let a be a continuous irreducible unitary representation o f К in a 

vector space Y  over C. Let r = r(o)S2 and Then the set Oa is not empty
and moreover the decomposition

Y  = 2  'K (direct sum)
*€0„

holds.
For every xÇ Oa, Yx is a non-zero subspace o f Y  which is invariant with respect 

to the subgroup Kx o f K. Let ax be the representation of Kx in the space Yx defined by 
the relation

ox(k) =  o(k)\ir (k£K x).

Then ox is an irreducible representation o f the group Kx and moreover Ind ox is 
equivalent with a. kx\k

(ii) Conversely, let X  G .Ji (n, &) besuchthat Ф1(Х)уО. Let X be an irreducible 
unitary representation o f Kx such that the restriction o f к to the subgroup ATr_s coincides 
with xrx ' 1. Then <тл=  Ind X is an irreducible unitary representation o f К such that
г= г{о ^  and Фг(Х)£0„х.

1.5. Next we consider some properties of the unitary representations of G which 
are induced by irreducible unitary representations of K.

Let a be an irreducible unitary representation of К in the space Ya (which is 
finite dimensional) and let 7r<r =  Ind a be the corresponding induced representation

x t c
of G in the Hilbert space Жа. We now consider the double coset decomposition (*) 
of G with respect to К as given in 1.3.

Let /и£Л0+. We set K m = КС\(пт)~1 Knm. Then we note that K m is a sub
group of finite index in K. We denote by om the representation of K m in the space 
Y„ defined by the formula

om(k) = o(nmk{nm)~i) (fc€ Km).
Let Ж"' be the subspace of the space Жа consisting of those elements 

which vanish outside the compact open subset Knm К  of G. Then Ж™ is a closed 
subspace of Жа and moreover Жа decomposes into the direct sum as follows: s

Ж„= 2
miiíj

We note that the subspace Ж"' is invariant with respect to the representation na\K 
of K. We denote by n"fK  the subrepresentation of К  defined by the subspace Y f .  
Then the following result holds:

L e m m a . Let x be an arbitrary irreducible unitary representation o f K. Then for
every mÇAg, the relation

W \K: r] =  [T|Km: <rm]
holds. Hence the relation

[na\K: г] = 2  [t|A m: <rm]

holds.
т£Л„
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1.6. Let j  be a positive integer such that 1 1. We define the subgroup
Nj of G by the relation

4
Then the following result holds.

L emma. Let т be an arbitrary irreducible unitary representation of K. Let m£A$ 
besuchthat [т| Km: (тш]>0. Moreover suppose that there exist some positive integers 
V and j  ( lS /S n  — 1) such that mj — mj+1^r(r) — v. Then the restriction o f a to the 
subgroup Nj П Kv contains the identity representation o f Nj П Кv.

1.7. Let r ë 2 and s= |^ - j. Let XÇ.J((n,0) be such that Ф1(Х )^0 . We

define the one dimensional representation /x  of the subgroup Kr_s which is trivial 
on Kr as described in 1.4. Let Kx be the centralizer of / x in K. Then Kr_sczKx . 
Let A be an irreducible unitary representation of Kx such that A coincides with f x • 1 
on Kr_s. Then we conclude from Lemma 4 that егд=  Ind A is an irreducible unitary

KX 1K
representation of К  such that r(o?)=r and Фа(Х)аО„х.

Lemma. With the same notations as above, suppose that the characteristic poly
nomial det ( /• 1„ — Ф1(Х)) o f Фг(Х) is irreducible over k. Let т£Л„ be such that 
A(m) = i maxjfflj—mj41) ^ l .  Then [o™\K: a f\ = 0. We now formulate the main
result in this section which is essentia! for our later investigation.

T heorem . With the same notations as above, suppose that there exists an 
XÇ^.H(n, 0) such that Ф1(Х) /=0 and moreover the characteristic polynomial o f Ф1(Х) 
is irreducible over Jc.

Then 7r<,A= Ind ax is a squaire integrable irreducible unitary representation o f
K1G

G. Moreover the formal degree o f is equal to the dimension of the space %..
For every dÇfêc (G), the operator n„J0) in the space is o f trace class.
P roof. We conclude from Lemma 7 that

Ы К т: a?) = 0
for every such т£Л/  for which A (m) = max (mt — m/+1) s l .  On the other
hand we note that A(m)< 1 that is, A(m)—0 if and only if = so that we 
have Km=K  and o™ =  c ; .

Hence we conclude at once from Lemma 5 that

K J * :  » J  -  [ax\K: ax] = 1.

Then it follows at once from Lemma 2 that is a square integrable irreducible 
unitary representation of G and moreover the formal degree of is equal to the 
dimension of the space

Next let г be an arbitrary irreducible unitary representation of K. Let m£A£ 
be such that

A(m) = max (m.—m i.,) 5  r ( t ) - r + l .lSjSn-l J 1
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We now proceed exactly in the same manner as in the proof of Lemma 7 by setting 
v = r(t) —1 and conclude that \x\Km: a"']=0. This implies that there exists only 
a finite subset P0c d 0+ such that [t|Km: crm] =  0 for all m$P0. Hence it follows 
at once from Lemma 5 that [n„\K: + Then the proof is an immediate con
sequence of Lemma 2.

§ 2. Explicit construction of some compact Cartan subgroups of G

A subgroup A of G is said to be a Cartan subgroup of G, if A satisfies the follow
ing conditions:

(i) A is a maximal commutative subgroup of G.
(ii) Every element of A is semisimple.
We note that two subgroups H1 and H2 of G are said to be conjugate, if there 

exists an element gdG such that gH1g 1 = H2. On the other hand, two extensions 
k ’ and k" of the field k are said to be conjugate, if there exists an isomorphism of k' 
onto k" over k.

It is shown by Shintani [1] that there exists a bijection of the set of all con- 
jugacy classes of compact Cartan subgroups of G onto the set of all conjugacy 
classes of extensions of the field k of degree n over k. Under this bijection, every 
compact Cartan subgroup of G is isomorphic with the group of units of the cor
responding extension of k.

We can describe this bijection more precisely as follows:
Let S  be a complete system of representatives of conjugacy classes of extensions 

of the field k of degree n over k. Then S is a finite set.
Let k'£S. We note that there exists an injective homomorphism x of k' into 

,4t (n, k), when both k' and ,//  (n, k) are considered as algebras over k. Let 0 'x be 
the group of units of O'. Then the corresponding compact Cartan subgroup A of 
G is given by the relation A = x(k')C\G = x(0 'x). Moreover the set {A: kk /i)  is 
a complete system of representative elements of conjugacy classes of compact Cartan 
subgroups of G.

We now carry out an explicit construction of a compact Cartan subgroup 
of G which corresponds to an unramified extension of k of degree n over k.

Let k' be an unramified extension of k of degree n over k. Let O’, ЗА' and 0 'x 
be the maximal compact subring of k', the maximal ideal in O’ and the group of 
units of 0' respectively. Then it is known (cf. [2]) that k' is generated over k by a 
primitive (qn —l)-th root of unity. We set q' = q". Let £ be a primitive (q '~  l)-th 
root of unity. Then £ €0 'x and moreover we have $ ' =  $[£[ and k' = k[Q.

Let G(k'/k) be the Galois group of k' over k. Then G(k'/k) is finite cyclic 
group of order n and moreover a generator a of this group which is called the Fro- 
benius automorphism of k' over k is determined uniquely by the formula er: £ — £«. 
We also note that the minimal polynomial of £ over k is given by

P(t )  — ( t —Ç)(t—aÇ) <7n-1£)

so that P is irreducible over k.
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For every positive integer m ê  1, we set 3$'т=Ф' 1&'т. We denote by Ф'т the 
canonical homomorphism of the ring (S’ onto the ring ä#'m. Then Ф'т can be extended 
naturally to a homomorphism of Л (п, &') onto Л (п , We denote this homo
morphism also by Ф'т. Since k ' is unramified over k, we conclude that the restric
tion Ф'т to 0a&' coincides with Ф,„. In particular, âl[=0'/é?'=k' is the residue 
class field of k' and is a cyclic extension of к of degree n over k. Moreover the Galois 
group G(k'/k) of k' over к is a finite cyclic group of order n which is generated 
by the automorphism à of k' over k, related with a by the formula

à ( ^ í  (-г)) =  Ф[(а{х)), xÇ
We set C=^í(0- Then we have k ’=k[l] and the minimal polynomial of l ^ k '  
over к is given by

so that P is irreducible over k. 
Next V 
We set

define an embedding T of k' into Л (п ,

1 C • £»»—Г

2T = 1 <rt .

Л e - 4 . g»- 1Ç--1
so that &£GL(n, O'). 

Let x£k'. We set

«(*) =

and then

a(x)

t(x) =  & -h(x)& .

£ Л (п , к')

Then we can verify easily that т is an injective homomorphism of k' into ,M(n, k), 
when both k' and J (  (n, k) are considered as algebras over k.

We then define the element Х£Л (п, 0) by the formula

X  = t ( Q  =

Since $'=$[£], we conclude that г(0 ')сЛ (п , 0). We now define the compact 
Cartan subgroup A by the formula А =т(/с')ПС=т($'*). Then clearly A а  К  and 
moreover XÇ.A.

L emma, (i) The characteristic polynomial del ( / • 1„ — Ф1(Х)) of Ф1(Х) is irre
ducible over k.

(ii) The centralizer o f X  in G is A.
P roof, (i) We note that

ФЛХ) =  Ф[(Х) =  Ф№)-'ФЩ {®)Ф&Х)
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so that we have
det (/-/„ — Ф! (A')) =  det ( / . / , -  Ф[ (I (0))

=  ( f - * í ( 0 ) ( f - # í ( * ö )  -  ((-Ф 'А ^-Ч ))

= p(t).
Hence this polynomial is irreducible over k.

(ii) Let Zx={g£G: gXg~x = X} be the centralizer of X  in G.
Let g(LZx . Then gÇ_G. Since X£A  and A is a maximal commutative sub

group of G, we conclude that g£A so that Zx a A . Conversely suppose that g£A. 
Since (!?'=$[(] and X = t (Q, we conclude that g can be expressed as a polynomial 
in X  with coefficients belonging to <9. Hence we have gX=Xg so that g f  Z x . There
fore A — Z x .

Corollary. The minimal polynomial of Ф1(Х) over к coincides with its char
acteristic polynomial and hence in particular it is of degree n.

This implies that the element X d J f ( n ,  0)  is quasiregular in the sense of Shin- 
TANI [1].

§ 3. Construction of irreducible unitary representations of К

In this section we shall construct some irreducible unitary representations of К 
which can be parametrized by certain characters of the compact Cartan subgroup 
A a К  and moreover which induce square integrable irreducible unitary representa
tions of G.

We now use the same notations as in §2. For every positive integer m è l, 
we define the subgroup â'm of the group of units O'* of the field k' by the formula

&m = {aeQ'x : a — 1 £ SP’"'}.
Then 2!m is a compact open subgroup of finite index in 0'*. Moreover since k' is 
totally disconnected, the subgroups °L’X zo Æ'2 ... form a fundamental system of
neighborhoods of the identity in O'*.

Let ft) be an arbitrary character of the multiplicative group &'* and let ;?'r 
be the conductor of ы (cf. [2]). We now assume that r ë 2 and we set s=  — I.

This implies that a> is a character of the compact group ®'* such that u> is trivial 
on â'T, but is not trivial on 2L'r- x- Let /  be a character of the additive group of к 
of order 0, that is, /  is trivial on G), but not trivial on àÿ_1 =  7t_16).

Since k' is unramified over k, we conclude (cf. [2]) that the different of k' over 
к is G' so that the mapping

* -  х(Тгк7*(х)), X 6 к'
defines a character of the additive group of k' of order 0 so that it is trivial on 
but not trivial on = Here we note that since ord*.(л) =  1, we take
л, which is a prime element of k, also to be a prime element of k'. Since the mapping

a — ns r(a —1), a£ Jr-s
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defines an isomorphism of the multiplicative group JZ'r-Jä, onto the additive group 
&'/!?'* we conclude from above that there exists an element such that the
relation

co(a) = х(Тг*'/*(я_гл:ш(а —1)))
holds for all ad£'r- s.

We shall call the character a> of O' * to be a primitive character, if the element 
хыаФ' is equal to £€$'* which is the primitive (q '~  l)th root of unity. Let ш 
be a primitive character of ®'* and let 0>'r be its conductor. Then the relation

to (a) =  у (я-г(Тгк-д С(а-1)))
holds for every aÇ J'_s.

We now set X = t(l) and define the one-dimensional representation yx on 
Kr_s by the formula

Xx(k) = x (n - ' (T rX (k - \ ) ) ) ,  lc£Kr_s.

We also note that А —т(Ф'*) is a compact Cartan subgroup of G such that 
AczK. We now define the character a> of the group A by the formula

w(t(u)) = ct)(a), a£<P,x .
Then we conclude at once that yrx defined above coincides with the character 

o) of A on AC\Kr_s. We now assume r is even so that r=2s and r—s=s. Then 
we conclude that ŷ x coincides with to on AC\KS. Since XÇ.~M(n, 6) is quasiregular 
we conclude from a result of Shintani that Kx = 2?х ■ Ks so that we conclude from 
Lemma 8 in § 2 that KX = A - Ks.

We now define the function Аш on KX = A ’KS by the formula

Аы(ак) = w(a)xx(l<), a £ A ,k £ K s.
Then we conclude that Аш is a one-dimensional representation of Kx which coincides 
with to on A and with хгх ’ 1 on K* — Kr-s- Hence it follows from Lemma 4 that 
aw= Tnd A<„ is a continuous irreducible unitary representation of K. Then the fol-

KxtK
lowing result holds.

T heorem . Let na<a=lnd am.
к to

Then is a square integrable irreducible unitary representation of G. Moreover 
for every 0Ç.WZ(G), the operator (0) is o f trace class.

The proof follows immediately from Theorem 1, using the fact that the char
acteristic polynomial of Ф, (X) is irreducible over k.

REFERENCES

[1] Shintani, T .: On Certain Square-integrable Irreducible Unitary Representations of Some
P-adic Linear Groups, Journal Math. Soc. Japan 20 (1968), 522—565.

[2] Weil, A.: Basic Number Theory. Springer-Verlag, New York, 1967.

Department o f Mathematics, Bowling Green State University, Bowling Green, Ohio 43403, U.S.A.

( Received June 4. 1973)

3* Stuclia Scientiarum Ma them atic  arum  Hungarica 10 (1975)





Studies Scientiarum Mathematic-arum Hungarica 10 (1975) 309— 316.

A CONTRIBUTION TO THE PROBLEM OF WEIGHTED 
POLYNOMIAL APPROXIMATION OF THE DERIVATIVE 

OF A FUNCTION BY THE DERIVATIVE OF ITS APPROXIMATING
POLYNOMIAL

by
NGUYEN-XUAN-KY 

§ 1. Introduction

It was proved by E. Stein  [9] that, iff{x) is 27r-periodic and к times continuously 
differentiable, Tn(x) is a trigonometric polynomial of best approximation of order 
n to f(x )  then T^k)(x) tends uniformly to f tk)(x). At the same time G. F r e u d  [2] 
and J. C ipszer—G. F r eu d  [1] discussed the problem of trigonometric approximation 
of the derivative of a function by the derivative of its approximating polynomial. 
Later G. F reu d  [7] considered this problem for weighted polynomial approximation
with the weight JV0(x)=e 2 on the real axis. In the present paper the weights

Wß(x)=\x\ße - (— ß=0) and Ux(x )= x2e 2 — - \
will be analysed. We apply the ideas o f G. Freud [4], [5], [6] and [7].

Let Lp(a, b) (1 Sp^<*>) be the Banach-space of integrable functions with norm
ь 1

ll/llp =  { J  \f(x)lpdx}p , l = = p < ~ ,
a

and for p=  oo the space of bounded measurable functions with norm

ll/ll- = vrai, sup |/(x)|.
a<jc<b

Let f /n be the set of polynomials of degree at most n. For every П £ we have 
niV ßeLp(-~> ,~) and nU aeLp[0, ~), (l==psi~). For Wßf i L p{ - ~ ,  ~>) and 
U*g£Ep[0, oo) we define

(1) / )  = Jnf" W ß(f-n )\\„

(2) E ^ ( U . ; g ) = m { W a(g -n ) \\p.

In this paper ck( x ; y ; z ; ...) denote constants, which depend only on x, y, z, ... 
(*=1,2, ...).

We are going to prove the following two theorems.
T heorem  A. Let 2=ïp^°°, and f(x) an even function on the interval ( -- OC>5 cô

satisfying the following conditions:
(i) f  is absolutely continuous in every finite subinterval o f (—°°, °°).

(ii) Wßf e L p( - ~ , ~ ) .
(»0 Lp(— oo, oo).
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Let further /7„ Ç P/n be even. I f

W ß( f - n „ ) \ \ „ ^ E n (и = 0 , 1 , . . . )
then

W ß( f ' - n ; ) \ \ p =£ c f i p ;  ß ) n 1/2En+ c 2(p-, ß ) E l t \ ( W f - n  (n =  0, 1, ...).

T heorem B. Let a ^ — —, 2SpS°°, a + —ё 0  and let g(t) be a function 
P P

defined on [0, °°) satisfying the following conditions:
(i) g(t) is absolutely continuous in every dosed finite subinterval o f [0,

(ii) U,g€Lp[0 , ~ ) ,
(iii) U,+1g fiL p[0, со).

n ,fit? n. I f
\\U fig-nn)\\p ^Q n (« =  0,1, . . . )

then

\\Ux + 1(g '-n 'n)\\p ^  c3<p; а)и1/2£?„ + с4<р; ct)E<i\(Ux+1-, g') (n = 0, 1, ...)•

In the case ß —О and l^ p S ° °  Theorem A was proved by G. Freud [7] for 
arbitrary (not necessarily even)/and П„. In the cases ß > 0  and p = °° this theo
rem was proved by M. Sallay [8] and she applied this result for a saturation problem.

§ 2. Lemmata on orthogonal polynomials

Let q(x) be a weight function on (a, b), We denote by

Pn(eix) =y„(Q)x*+. . .  (y„(e)>0)

the и-th orthonormal polynomial with respect to the weight q(x). Let

x“e~* for X = 0,
и fix) = I for X <  0 (a > - l ) .

Lemma 2.1. We have

(3)

(4)

x) =  pfiuß_1/2; X2), 
P*n+i F / ;  x) =  xp„(uß+1/2; X2),

dn(Wjh
vu +i(P7)

d n+f iW2) 
У2(п + 1)(^”)

=  (n + ß+l/2 )112,

=  (и  +  1 )1/2

( и  = 0, 1 , 2 ,  . . . ) .

S tu d ia  Scientiarum M athem aticárum  Hungarica 10 (1975)



WEIGHTED POLYNOMIAL APPROXIMATION 311

We have for every even k ^ 2 :

(5)

( 6)

K W ;  X) =  f t - # / ;  *),

» 7  W f tW ;  *) =  - 2^ r y [̂ W i,‘- l(^ : *)]'•

P roof. (3): See G. F reud  [5]. (4): This is a consequence of (1) and the following 
relation (see G. Szegő  [10]): 1 _ i

. Г 2(и + 1)Г 2(n + a + 1 )
УнЮ =  -------- n\

(5), (6): See M. Sallay [8]. 

Remark. If к is even, then we have

(7) к r ykm )  t  . 
2 L •

Let /(x) be a function on (-<», ■») and Wßfd L p( — °°) Since
ПnWp£ L q( — oo) Í— + — = l )  for every Ппе 0 >п, we have °°, <=°).

\ /? Í/ /
Let S (W $ \f\x )  be the generalized Fourier-series of /  with respect to the system 
{Pn(w ß\ *)}> i e-

where

Let

( 8)

/ ( a) ~  5 ( ^ 2; / ;  a) -  2  < * № /) /> * №  x)

C■*(»?; / )  =  /  Я 0 л №  О В Д  dt (fc =  0, 1, 2, ...).

s . №  f - , x )  =  Z  ck{ W f - f ) p k(W$- X) (/1 =  0, 1, 2, ...),

x) =  -  2  Sk(Wß ; f;  X) (n =* 1,2, ...), 
n *=0

»-0»7 ; / ;  *) = 2ain{w;--f-x)-<r„(irf;f;X) (n = 1, 2, ...).

Lemma 2.2. I f  f  is the function in Theorem A then 

(9) s ; № / ;  X) =  x) (и =  1, 2,...).

P roof. Since /  is even, we have

Sn№  / ;  x) =  2 *  ck(Wf ;f)p k(W}; x)
k = 0
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where the symbol Z* denotes that summation is taken only on even indices. Let

max WAx) — We(a).0̂ >X<oo и 1

In consequence of (iii) in Theorem A we have for х ё а , k = 0, 1, ... ,

(10) IX* W$ (x)f(x) I =  \x*W* (X) [/(«) +  / f \ t )  dt] I ^
a

^  \xkWß(x)f(a)\+xkWß(x) f  \Wß(t)f'(t)\dt S
a

S  o(\) + xkWß(.x)(x-ay-'">\\Wßf'\ \p = o(l) (X -  -)•

We have analogously
(П) xkW;~(x)f(x) = o( 1) ( x ------)•

By (i) of Theorem A we can apply integration by parts, and we have by (10), (11) 
and (6)

c * № / )  = / / ( 0 a №  t)w;-(,)dt = fO )Pk-rW -, t w № ) \

l  ' W O *  =
у к ( Щ )

Thus from (5) and (7) we obtain

( 12) s ;  W ;  / ;  X) =  2 *  ck{ W $ - f  )p'k(w$- x)
k=0

Q. e.d.

Lemma 2.3. //" Wßf£ L p(— °°, °°) ( I s °°) then

(13) ll**W ^2;/)llP ^ *</>; /?>||IF,/||p.

In the case when p=°°, we have more precisely

(14) wß(x)±- 2  I W 2; / ;  *)l S  c5<~; ß)\\wßf\\„.
П v =  0

P r o o f . In the case /1=0 (13) and (14) were proved by G. F r e u d  [5]. In the 
more general case, that is when ß>0, the proof is similar to the case /1=0. We 
apply only the following inequalities:

(i) 2  Р Ж ;  X) = c6{ß )n ^W ß- \ x )  (ß ё  0, п = 1, 2, ...)к = 0
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(see formula (2.19) of G . Freud [5]);

(ii) - c^ ß)n112 (n =  1’ 2’ - )
(see (4)).

Remark. We have by (8) and (13)

(15) W„»n(W?;f)\\p == c8(P, ß)\\Wßf\\p.

§ 3. A Markov-type inequality

T h e o r e m . Let For every even polynomial Я„ Ç 0>u , we have

( 1 6 )  \WßII'n\\P c 9( p ;  ß)n^\\Wßn n\\t .
P r o o f , a )  In  th e  c a s e  w h e n  p = ° ° ,  (16) w a s  p r o v e d  b y  G. F r e u d  [6 ]  f o r  e v e r y  

p o ly n o m ia l  ( n o t  o n ly  f o r  e v e n  o n e s ) .
b) Let p=2. Since

Sm(W l,n n) = n n, m ^ n ^ O ,  

we have by Parseval’s formula and (12), (4)
Н В Д ||2 =  \\WßSn{W*-П'„)\\2 =  

í " 11/2 í n 11/2=  2  4 Щ 2; K ) \  C9(2; ß)nl'*\ Z  n n)\ =

= c»(2; ß)nll2\\Wßn„\\2.
c) Let Wßf^ L p( —oo, °°) and / b e  even. We define the linear operators 7 / 

for и = 0, 1, 2, ... as follows:

T„<fVßf) = K(W?;f)Wß.
If Wßf£ L „ (—°o, oo), we have by (a) and (15)

W ßK<Wt\f)W~ ^  c 9< ~ ;  ß)n4*Wß9n(W ; f) \L  S

S c e<=o;^>c8<«.;/I>n1/W í /IU .
If \Vßf  £ L2(— h°°, °°), we have by (b) and (15)

W ßK<W }\f)h — c 9< 2 ;  /?) n1/2 ||H p ; / ) l l a  ^  c „ < 2 ;  /?>c8<2; ß)\\Wßf\\2.
By restricting the even functions to [0, °°), T„ is a (2, 2) and (°°, °°) type 

operator (see Theorem 1.11 in [11]). From the Riesz—Thorin interpolation theorem 
it follows that

(17) \Wf m - , f ) \ \ P^ c 9{p-,ß)n^\\Wt f\\p (2 < p < ~ )
for every IVßf£ L p(—°°, =»), /  even. Inserting an even polynomial П„ в t?„ for / i n  
(17) we obtain (16). Q. e. d.
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§ 4. Proof of Theorems A and В

P roof  of T heorem  A. We have by Lemma 2.2:

S'n(W j;f)  = Я  (n = l, 2,...).
Thus

1 2n~1 2и —1 n — 1
(18) s ' ( ^ ; / )  = -  2 ’ =  —И v=«-l « «

Since we have for every П„£&‘n 5„(lT|; П„) = П„ we get

(19) l l ^ [ / - 9 n(fP |;/)]||p si !|B/̂ „(fP/f ; / - ^ n)||p+ | | ^ ( / - n n)||p ^

^  2||^<72в( ^ ; / - Я п)||р+||^<тп( ^ ; / - П п)||р+ | | ^ ( / - Л 11)||р ^

^ с 10(р -р ) \ \Щ /-П п)\\р.
Thus also

(20) W „ lf-» n (W ? ;m \P S  c10<p; ß )E ^(W ß-f).
Furthermore from Sv(tVjj; ПП_1) = П„_1 (v =  n —1, и, и + 1, ...) and (10) we have 
for an arbitrary Пп_г

w , u ' - K < w î \ m r ^  w , { f - n n- - d i , + w , K W \ f - n M ,  ^

^ l ^ \ W 2n-ÄWß2; f ' - n H- j w x + ^ W ß<xn- 1( w t - J '- n „ - 1)h +

+ \\Wß( f ’- n n_1)\\p ^  cu (p; ß )W p{ f ' - n n_l)\\p.
Thus also

(21) \\wßm w $ \ f ) - n w p ^  cn (p ; ir>Ell\<fVt ;f').

It is a consequence of (21), (16) and (15) that

w ß( f ' - n 'M P ^  w ß[fr-9 M ß 2- , m P+ w ßi n ' „ - m 2-,f)]\\P s
S  eu (p; ß)E<,i\(Wß-,f')+cn (p; ^> п ^ ||^ [Я „-9„(1Р /;/)]||р ^

S  cu (p; ß)Eil\QVt ; f ')+ c lt(p; ß )n ^ { W ßU ~ K W t\f)] \\P+\Wß( f - ПП)\\Р} ^  

cn (p; ß)Eii\(Wß; n + c 13(p; ß)n^8„.
This completes our proof.

P roof  of T heorem  B. Let g(t) be the function in Theorem B. We introduce 
the function:

g*(x) =  g(*2)»

It is a consequence of (i), (ii) and (iii) in Theorem В that g*(x) satisfies conditions
(i), (ii) and (iii) in Theorem A with ß=<x-\— ^0.
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We get by the transformation t= x2

(22) W .(g-n„ )\\, = W x+i(g* -П*п)\\р.
p

and

(23) E t i h w h * Y )
P

Е(Л ( и а+1- g').

Thus we have by Theorem A

\\ua+1(g '-n 'n) \r = W a+1+i[ (g T -(n 'nr
p

= \ \w i[ ( g * y - ( n : n \p ^ai— *P

q. e. d.

S  cu <p; я)п2 p„-t-c15(p; ot)£'i„p21(fK+i: [g*]') S
P

1
= c14<p; a>n2pn + c15<p; a)E<t\(Ua+1; g'),

Remark. In Theorems A and В for one p it is not possible to replace c1(p; ß) 
and сг{р\ я) by a sequence tj„ for which 0 as « — °°. It is suficient to prove 
that the Markov-type inequality (16) can not be strengthened. To prove this, assume 
the contrary for some p ^ 4. Then, interpolating between p and °° for p < 4, and 
2 and p if p > 4, we obtain from the Riesz—Thorin theorem that (16) can be strength
ened also in the case p = 4. But this contradicts the fact that*

(24) W„[P*n(ut ; *)]'L ~  nxliW ßp*n{ux\ x)||4.

Indeed, (24) follows from (22) and the following relations:

(see G. N émeth [12]),
W apn(u„; *)||4

1 j  1 In n
!  7Г2  n (■

Pn(4^ X) ny«(u*)
yB-l(««+l)

(See formula (5.1.14) of G . Szegő [10]), and

ny«(ux)
V«-i(M«+x)

j.
~  n2

(see the relation in the proof of Lemma 2.1).

* The symbol An~B„ denotes that

where A and В are independent of n.

T. В
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A NEW PROOF OF A THEOREM OF PÓLYA

by
P. K. PATH A К

Summary

This note furnishes a new proof of a theorem of Pólya on characteristic func
tions concerning a sufficient condition for a function on the real line to be the char
acteristic function of a probability density.

The object of this note is to furnish a new proof of the following theorem of 
Pólya (cf. [4], p. 83):

T heorem  1. Let tp be a function defined on Rx and suppose that <p satisfies the 
following conditions: tp(0)—l, ç>(+°°)—0, for each t, (p(t)—(p{ — t) ,(p { t) ^ 0, and 
tp is decreasing and convex in [0, °°]. Then tp is the characteristic function o f an 
absolutely continuous probability measure.

In order to present a proof of this theorem we first present a few preliminary 
results.

L emma 1. Let tp be continuous, decreasing and convex in [0, °°] with tp( + °°)=o.
Then (a) lim ttp'(t)=0, (b) lim ttp'(t)—0, and (c) f  td(<p'(t)) = <p(Q), where tp'f-*-0 f-*- oo J  4 '

denotes the derivative o f tp from the right.

L emma 2. Let tp satisfy the hypotheses o f Theorem 1. Define, for each x  ̂  0,

Then /(x )S 0 and J f(x )d x= l.

P roof. Clearly f(x) is well-defined and non-negative since <p'(t) is increasing 
and right continuous. Also, for each x^O , f ( x )= f(—x). So

1. Introduction and Preliminaries

0

0

f  f {x ) dx =  2 J  f ix)  d x = ^ -  f  f
n ..0 " 0 0

(1— costx) ,, ,1---- ^ -!-d (c p 'i t) )d x .
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Since the integrand in the last expression is non-negative, we can interchange the 
order of integration. We thus get

f m  dx =  |  /  / (1~ g Stt) dx d (? '(0) = 
я  о  о л

= 4 / /^ —  «<«<î (v ' («))=
"  o u  “

= [ 4  / (1~ „ т “) *<] [ / "  »<*(«>'«))]= v ő ) = i. ■

Lemma 3. Let <p(7) be continuous with <p(0) = 1 and j  \(p(t)\dt<°°. Suppose 
that, for each x,

1 Л
/(x )  =  —  J exp (—itx)(p(t) dt S  0.

Then J  f(x)dx=  1 and tp (?) м í/ге characteristic function /(x).

P roof. Since /(x ) exp ( —x2/2я2) increases to /(x ) as я tends to infinity, we 
have, by the monotone convergence theorem,

/ /(x) d x  = lim f  f ( x )  exp (— x2/2n2) dx =
V /I oo «/

=  lim J  exp (—x2/2n2) J  exp (— itx)(p(t)  d í j  dx.

We can now interchange the order of integration since,

J J  exp ( — x 2/ 2 n 2) |< p ( i ) |  dr dx <  °°.
So

/  /(x) dx =  J i m  J  (p(t) /e x p  (— i/x) exp (“ / / )  dx] (,t.

Since the quantity within brackets is the inversion formula for the normal density, 
we have

// (x )d x  = lim /  ,p(t) [ - ^  exp ( - — )] d/ =  Jim - = . / > ( / )  exp ( - y )  du. 

By the continuity of cp and since f  \<p(t)\dt< °°, it follows that 

/ /(x) dx =  <p(0) |-~=r-/  exp у )  ^ы] =  = L

It is now a simple matter to see that cp(t) = J  exp (itx)f(x)dx. Actually this 
is a well-known result in Fourier integrals, namely if /  is the Fourier transform of 
an -function (p and if f  is also Lx then <p is the inverse Fourier transform of f
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(cf. [2], p. 16). Nevertheless we present here an alternative simpler proof. Since 

Iexp ( — f i x ) IS f{x )  and J f{x )d x=  1, we have, by the dominated convergence

theorem,

J  exp iitx)fix) dx — lim J  exp ( j f x ) / ( x )  exp dx =

= lim J  exp^i/x — J  exp (— isx)<p(s) Jsj dx.

We can now interchange the limits of integration since J  exp [  — ^ 2 ]  \<Pix)\dx ds< 

Therefore

J  exp(i'tx)f(x)dx = Jim f  j  exp ^ ( f—s ) x — с / х ]  q>(s)ds —

=  JLi /» < * ) [ 7 5 exp ( - í í í t ± ) |  *  -  

=  J ™ 7 g - / ' ' ( ' + 7 ) exp(“ T ) ,i”-

Again, continuity of (p and J \(p(t)\dt<°° imply that

/  exp (i/x)/(x) dx = (pit) [—==- f  exp = (PÍO- I

With these lemmas we can now present a proof of Theorem 1.

2. Proof of Polya’s theorem

Case 1. Suppose that (pit) of Theorem 1 satisfies the added condition 
f  \(pit)\dt<°°.

Then for each x ,  x^O,
00

J exp(— itx)(p(t)dt — 2 J  cos tx(pit)dt.
и

Since <p(+°°) = 0, we get on integrating by parts
°° ‘ t

J  exp(—itx)(pit)dt = 2 J  — ( — ( / ( / ) )  dt.
0 x

Again since Lemma 1 implies lim t 2(p\t)=0  and lim cp'(?)=0, we have on integra-r—0 r—°o
tion by parts a second time

f  exp(—itx)(p(t)dt - 2  j  —— C° S /Л> d((p'it)).
a x
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Since the right hand side above is non-negative, it follows from Lemma 3 that <p(t) 
is the characteristic function of the measure with density

ч 1 Г  (1 — c o s t x )  , ,  . . .V
A О л

Case 2. For the proof in the general case, let, for each пШ 1, ij/„{t) = 
=  ç>(r)exp(— |/|/и). Since for t>0, —il/'n(t)= —(p'(t) exp ( — t/ri) + ((p(t)/n) exp ( — ?/«) 
is non-negative and decreasing, it follows that ij/n satisfies the hypotheses of Theorem 1. 
In addition J  \ ij/n(t)\dt<°°. Consequently by Case 1, ij/n(t) is the characteristic 
function of the density function

1 “
gn(x)  =  — /

Tt У

2-----expn (— <р'(0 d t+ ^ (p ( t)  exp cfi] =

say. Now
— Tln T,ln + T3n,

j ™  r ' .  =  j ™  7  /  « P  ( - 7 )  ‘i f ' f t n )  =

= l j ^ ^ L d{v.w ) = m y

say, by the monotone convergence theorem. 
Next

lim T2n (1 — cos tx) 
nx2 (p'(t) dt.

Since the integrand here tends to zero as n tends to infinity, and J  \(p\t)\dt<^°°, it 
follows, by the dominated convergence theorem, that lim T2n=0.

n -*°°
Finally

.. -  I p  (1-costx) ( t )lim T3n — lim — / ----- — ---- e x p ----- \(p(t)dt =n~oo n—~со л J n1 2x2 V n)

1 л (1—cos mix)= lim — f
n -“  n у /IX -

q>(nii) exp (— //) du

where u=t/n. Since the integrand above is bounded by (2/ях2) exp ( — и) and 
J  exp ( —

lim T., = - / Un y b
.. (1—cos nux) , ’
l i m  - ------------------------- cp ( n u )nx“ exp (—u) du.
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Thus

lim g„(x) = f{x) = — f
n-*-oo 71 •f

1 л ( 1 — COS tx)
Xй d((p'it)).

It follows from Lemma 2 that J f(x)dx=  1.
Also, from Case 1, we have f  gn(x)dx= 1. Thus the sequence {gn: n ^ l}  of 

density functions converge pointwise for x^O  to a density function fix). Thus by 
S c h e f f é ’s  theorem [5 ]  and the Helly—Bray Lemma ([3])

(pit) — lim <pit) exp ( —1/|/«) =  lim / exp (itx) g,fx) dx = f  exp (itx)fix) dx.
П-+00 И-*- со J J

Consequently (pit) is the characteristic function of the density fix).

3. Remark

An approach similar to the one used here can also be used to prove the follow
ing important theorem in Fourier series (cf. [3], Theorem 7.3.1, p. 113):

T h e o r e m  2 .  Let {an\ 1} be a given sequence o f real numbers and suppose that

(i) an is decreasing;
(ii) lim nAa„ =  0, where Aan =  an—an+1;

П —*■ oo

(iii) 2  (n+ l)M2a„| < “ , where A2an = d (dan).
n =  0 n

Then there exists a function f(x), —т к х ^п , such that /(x )= /(  —x), J  |/(x)|i/x< °°
— It П

and an= J  fix )  cos nxdx.
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EXTREMAL NON-(/>, <y)-HAMILTONIAN GRAPHS

by
Z. SKUP1EN and A. P. WOJDA

There is proved a theorem announced in [9] on the structure of some extremal 
non-strongly-(p, </)-HamiItonian graphs G. Those graphs G are of maximal size 
|£(G)| for a given order |K(G)| and a given lower bound for the minimal degree 
0(G) of vertices of G, and are not strongly (p, gj-Hamiltonian. This theorem gener
alizes a result due to O r e , Bondy  and C h v á ta l , which concerns extremal non- 
Hamiltonian graphs.

•
1. T erm inology  a nd  n o ta tio n . We shall use the terminology and notation 

of [9]. For the sake of completeness, we recall some definitions. Throughout the 
paper, graph G means ordinary graph G = (V, E) with the vertex set V(G)=V  
and the edge set E(G)=E where E(G)Q{xy\ х ,у в У  and x ^ y ) .  We assume that 
n is the order of the graph G, n=\V(G)\. The number of edges incident to a vertex 
X in G, denoted by d(x, G), is the degree of x  in G, and

<5(G) = min {il(x, G): x£F(G)}.
The degree sequence of the graph G is a non-decreasing sequence formed from 
degrees of all vertices of G.

Given graphs G and Я, the symbol HQG  means that Я is a subgraph of G 
and also that G is a supergraph of Я. If at the same time V(H) = V(G) then Я  is 
a factor (spanned subgraph) of G and G is a counter-factor (spanned supergraph) 
of H. Given a subset Vt of vertices of G, the symbol GXFj denotes the subgraph 
of G that is induced by K(G)\K!. The maximal counter-factor of G is clearly a 
complete graph and is denoted by (G). A complete graph with n vertices is as usually 
denoted by Kn (possibly with a distinguishing superscript). Then K„, the comple
mentary graph of Kn, is a graph of order n and size 0. A path is a graph consisting 
of vertices and edges of a simple open chain. A graph whose all components are paths 
is called a path-system.

We write G* H to denote the join of G and Я  if and only if the graphs G and 
Я are disjoint. Then G*H  contains G, Я, and all possible edges connecting ver
tices of G to those of Я. Though the operation of join * is associative we assume that

G * H * F =  (G *H )(J(H *F)
for any three mutually disjoint graphs G, Я, and F, the symbol on the left-hand 
side being written only if G, Я and F denote mutually disjoint graphs.

In our previous paper [9] there are introduced the notions of (p, <7)-Hamiltonian, 
strongly (p, </)-Hamiltonian, and strongly (7-edge Hamiltonian graphs. These are 
generalizations of known notions of p-Hamiltonian, (7-edge Hamiltonian, and Ha-
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miltonian-connected graphs as well as generalizations or specializations of different 
known concepts of highly Hamiltonian-connected graphs (cf. [9]). The notions of 
/^-Hamiltonian, r/-edge Hamiltonian, and Hamiltonian-connected graphs are due 
to C hartrand, K apoor, and Lick [3], Kronk [6], and Ore [7], respectively.

A graph G is said to be strongly (p, </)-Hamiltonian (OSp^n — 3, OS î/ â /z —l, 
and p + q ^ n  — l) if, for any set Vt c  V(G) suchthat |КХ| S p  and for any path- 
system S, Sc .(G \V j), of size \E(S)\^q, there is in (PUS a Hamiltonian 
circuit containing S. Now, substituting here the symbol S c G \V l for S c :(G \V 1) 
one obtains the condition for G to be (p, ̂ -Hamiltonian. Any [strongly] (0, ^^Hamil
tonian graph is said to be [strongly] q-edge Hamiltonian.

Obviously, (p, 0)-Hamiltonian graphs are also strongly (p, 0)-Hamiltonian, and 
are precisely also /»-Hamiltonian. Notice also that Hamiltonian-connected graphs 
of order ^ 3  are precisely strongly (0, l)-Hamiltonian (i.e., strongly l-edge Hamil
tonian) graphs.

2. A generalization of Chvátal’s theorems. One of the most interesting 
conditions considered in Hamiltonian graph theory is the following condition 
being a slight modification of a condition due to C hvátal [4] (see also Berge [1]).

^ ns: For any (or equivalently: There is) an arrangement of vertices of a graph 
G with n vertices such that

d{xx, G) ^  d(x2, G) ^  ... =  d(xn, G) 

and for any integer i such that 1  ̂ 5 ,

either d(xt,G)>~i + s or d(x„-s-i, G) S  n — i.
Theorems proved in [9] imply the following result.

Theorem 1. Given non-negative integers p, q, and n such that O^p + q ^ n  —3 
(« S3), the condition (én<p+q is sufficient for a graph G to be strongly (p, q)-Hamil- 
tonian.

Moreover, the condition (£ns is best possible in the following sense.
Theorem 2. The degree sequence (d(xb G))"=1 o f a graph G which does not 

satisfy the condition 7f„v where 0 ^ s ^ n  — 3, is majorized by one of the following 
sequences
(2.1) k + s, k+s,  . . . ,  k + s, n — k —l,n  — k —l , . . . , n  — k —l, n— l , . . . , n — 1)

~ -V*- ' ~~ Л' Л'
к times n —s —2k times k + s  times

where к is an integer such that 1 ÿ  (n—s). Furthermore, the sequence (2.1) 

is the degree sequence o f the uniquely determined graph
K[" * K tl\*

which is not (p, q)-Hamiltonian (and therefore is not strongly (p, q)-Hamiltonian 
as well) for any two non-negative integers whose sunt is equal to s.

Proof. Let d1s d 2= ...sd„  be the degree sequence of a graph G which does 
not satisfy the condition with Q ^s^n  — 3. Therefore there is an integer к such
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that — (n—s), dk^ k + s ,  and c/„_s_k< n—k. Thus, the degree sequence
of G is majorized by the sequence (2.1). Now, if H=H(k) is a graph on n vertices 
with the degree sequence (2.1) then H  has k+ s  vertices of degree n — 1 and к 
vertices of minimal degree ő(H )=k+s. Since the deletion of all к vertices of degree 
0(H) results clearly in a complete subgraph (a graph on n—k vertices, each of which 
being of degree n — k — 1), the graph H exists and is unique, that is,

H = H(k) = H (k ; И,  s) = R P  *
Now, H  is not (p, </)-Hamiltonian for any two non-negative integers p and q 

such that p + q = s^ n — 3. To prove this, let H' be a subgraph of H  obtained by 
deletion of any p vertices of degree n— 1. Hence, since s —p = q, we have

н '  =  к р *  Kl%\ * K i \ _ 2k with KiVq S  KÍV.■

It clearly suffices to prove that H' is not <y-edge Hamiltonian. To do this, let 
S be a path of length q in the complete subgraph K $ 4 of H '. We shall show that 
there is no Hamiltonian circuit of H' passing through S. For the proof one can 
show that the graph H's_ (defined similarly as the graph GS- introduced for the 
similar purpose in [8]) is not Hamiltonian. We shall use another argument.

Let H "  be a subgraph of H ' obtained by deletion of all vertices of S  (together 
with all incident edges). Thus

H" =  K p  * K £ \ * KIV.-U with K it\ c  K l\ \ .
The subgraph H "  has no Hamiltonian path because the deletion of all к — 1 

vertices inducing (k—1^ 0) results in a graph in which the number of com
ponents (being & + l) exceeds by two the number of deleted vertices. Therefore 
H ' contains no Hamiltonian circuit passing through S. So H  is clearly non-(/?, q)- 
Hamiltonian, as stated in the theorem.

Remark 1. Theorems 1 and 2 generalize two theorems of Chvátal [4] and a 
related theorem of Berge [1], p. 204.

3. The main result. N ow we shall prove the following theorem.

T heorem  3. Let n, s, p, q, and d1 be integers such that

it — 3, s = p + q s n - 1, pS O,  0, dk <  - y - .

n — s +  4—■■- ■ lor even n — s,

a =  a-  =  ' n -S + l
-----  ----  otherwise.0

Now, if  G is a non-strongly-(p, q)-Hamiltonian graph on n vertices with ö (G )^d1+s 
and of maximal size then, for

d := max {1, r/j} <  (so n — s ^  2d +1 ë  3),

and let

(3 .1)
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either

or

and

(3.2)

G — K d* Kd+S* Kn_s_îd if d — ocns,

G = K T* Ks + T* K„_s_2r if =  <*ns

Moreover, for l ^ n — s =  2, any graph on n vertices, except K„ iff p S n  — 3, 
is non-(p, q)-Hami!tonian. Therefore, if G is a non-strongly-(p, q)-Hamiltonian graph, 
which is maximal with respect to the inclusion, then

G =  K 2* Kn_2 if 1 ë  /) — s 2, p S / i  —3,
G — Kn if p = n — 2 or p =  л -1 .

Proof. First assume that л —i ë 3. Let G be a non-strongly-(p, #)-Hamilto-
fl —$

nian graph on n vertices with 3(G )^d1+s and of maximal size. Now, if i/t ë  — —

then 3(G) ë n+s
2 , and therefore G would be strongly (p, </)-Hamiltonian by the

n —s
condition of D irac—Posa (cf. [9]), what is impossible. So dk< — —. Then the
graph G does not satisfy the condition (i ns of Chvátal type. Hence, by the maximality 
of |£(G)| and by Theorem 2, there is an integer k such that

1 ä  d k á  r ns,
(3.3) G = H  == H (k;n,s) = K™ * K&\ * K P s_tk, 
and IE(H)\ is maximal. Put

f(k ;n ,s )  := \E(H)\.
Hence, by (3.3), f(k ;  n, s) is the following square trinomial in к

f(k ;n ,s )  = \n 2 k}+ (k+ s)k
and therefore
(3.4) <P(d; n, s) := \E(G)\ = max {/(/c; n, s): d ^  к == zns}

=  max {f(d\ n, s), / ( t„s; n, s)}.
To obtain Ф in an explicit form, we consider the difference

2f ( d \n ,  s) -2 /( t; n, s) =  ( r -d )A
where

A — A (d, n, s) = 2n — 2s — 1 — 3d — 3r,
and t= t„s.

First suppose that n — s is even. Then

г =  ——^—— ё  1 and A = ~ { n  — s — (6d — 4)).
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Since, by our assumptions on n, s, d, there is 
n —s and n—s=»2d ^ 2, we have

(3.5) <P(d-,n,s) =

f(d ;n ,s ) for
' f(d ; n, s) =  /(3 d —3; n, s) for

for

For odd n—s, and 2 ^ 2 d< n—s, we have

T—d==0, therefor fore, even

6d — 4 <  n — s,
6d — 4 = n — s =» 2,

n — s < 6d — 4 <  3 (n — s) — 4.

and

(3.6)

T =  —---- ,  Л = y  ( w - S - ( 6 d - l ) ) ,

<I>(d; n, s) =

lf(d ;  n, s)
J /(d ; n, s) =  /(3d — 1 ; n, s)

for 6d— 1 <  /1 —s, 
for 6d— 1 =  n — s,

for n — s <  6d — 1 < 3 (n — s) — 1.

We can join the formulas (3.5) and (3.6). To do this, we convert /1 into the 
form A=3(tx — d) with a = a„s defined by (3.1).

Hence, by (3.5), (3.6) and (3.2), for 1 S d ër„s, we have

<f>(d; n, s) =
/(d ; n, s)
/(d ; n, s) = / ( t„; n, s) 
/(*«; n, s)

if d <  a,IS,
if d =  a„s,
if a M< i / S  t„s,

and, moreover, there is no other value of £, Ar^d, such that d>(d; n, s )— |£(G)| =  
= f(k \n ,s). So, either

G = H (d ,n ,s )  if if á  a,5, 
or

G = H(zKS;n,s) if d a a)ij
as stated in Theorem 3.

The case n—s g 2  is obvious. This completes the proof.
R emarks. 1. Jf p ^ n  —3 then, for n - s = l , 2 ,  the graph G is the same as 

for n —s= 3, that is G is a complete graph with one edge deleted.
n —s2. The graph G is not uniquely determined iff 1 ^d=<xns<—-—. By the defini

tion (3.1) of oc„s, it is the case iff 2< n—s=i (mod 6) with i= 2 or /= 5 .

O re in [7] described non-Hamiltonian graphs with maximal size. Bondy [2] 
(see also Chvátal [5]) proved the completness of Ore’s list. This result is the follow
ing corollary to Theorem 3.

C orollary 1. I f  G is a non-Hamiltonian graph on n ( ^ 3 )  vertices o f maximal 
size, then

G — A\* Aj* K„-2 ( n ^ 3 ) ,
or additionally

G — Ka* K2 if n =  5.

Studio Scientiarum M athem aticarum  Hungarica 10 (1975)



328 Z. SKUPIEN AND A. P. WOJDA: EXTREMAL NON-(/>, ч)-НAMILTONIAN GRAPHS

One can state two following other corollaries to Theorem 3.

Corollary 2. I f  s= p + q ^ n —3, 0, q^O and G is a non-strongly-(p, q)-
Hamiltonian graph on n vertices and o f maximal size, then

or additionally
G — Ki* Ki+S* Är„_s_2 

G = K 3*K 3+S if n — s = 5.

Corollary 3. I f  G is a non-Hamiltonian-connected graph on n vertices and of 
maximal size, then

G = K1* K 2*K n.  a
or

G =  K3* K3 if n = 6.

The two extremal non-Hamiltonian-connected graphs on n = 6 vertices are 
shown in Fig. 1.

Fig. 1
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ЧИСЛЕННОЕ ВЫДЕЛЕНИЕ ОГРАНИЧЕННЫХ РЕШЕНИЙ СИСТЕМ 
ОБЫКНОВЕННЫХ ДИФФЕРЕНЦИАЛЬНЫХ УРАВНЕНИЙ

А. А. АБРАМОВ, Е. С. БИРГЕР, Н. Б. КОНЮХОВА, В. И. УЛЬЯНОВА

Summary. The systems of ordinary differential equations with singularities or 
on the infinite interval are discussed. The boundedness of solution is taken as a 
boundary condition at the singularity (or infinity). The method of numerical segre
gation of all sets of the solutions bounded in vicinity of the singularity discussed is 
proposed. Such segregation is performed by means of a power series expansion 
which is more simple and convenient for computation in respect to an expansion 
of the individual solutions. The obtained expansions are used in passing from the 
starting singular problem to a similar one considered at the finite interval without 
singularities.

1°. В различных областях математической физики встречаются задачи, 
сводящиеся к решению систем обыкновенных дифференциальных уравнений, 
которые имеют особенности в каких-либо точках или рассматриваются на 
бесконечном интервале. При этом роль граничного условия в особой точке 
или на бесконечности выполняет требование ограниченности решения. Типич
ные примеры дает квантовая механика, где ряд задач имеет следующий вид. 
Нужно найти собственные числа и собственные функции оператора Шредин- 
гера

(1) Нф=Лф;

cl~здесь i/t =  i/t(r), Н —— -̂з- + £/(т), £/(т)— °° при т—0 и имеет заданное
поведение при Нужно найти те Я, для которых существует нетривиальное
решение i/t(r), удовлетворяющее условиям: \ф(т)\ ограничено при т— 0 и при 

При численном решении подобной задачи часто поступают следующим 
образом. Пользуясь разложением* [/(т) в окрестности т=0, отыскивается раз
ложение общего решения и выделяется то решение, которое является ограничен
ным. Тем самым получается разложение нужного решения в окрестности точки 
т=0. Аналогично отыскивается разложение нужного решения при т— «>. Далее 
интервал (0, °°) заменяется конечным интервалом (т0, -г«,), на котором и решает
ся численно уравнение (1), а для граничных условий в т0 и используются 
упомянутые разложения, соответственно, в окрестности т = 0 и при т—

*3десь и всюду далее для простоты изложения не делаем различия между асимптоти
ческими представлениями и сходящимися рядами. Для аккуратных формулировок нужно 
кроме учета такого различия еще зафиксировать непрерывность или определенную глад
кость используемых функций.
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В несложных случаях такой способ оказывается достаточным. Однако, он 
становится практически неприменимым, если необходимо решать громозд
кую задачу.

Возьмем, например, линейную однородную систему

(2) •^(0 у,
Уп

О <  t <  т.

Пусть матрица sJ(t) имеет в окрестности точки t = 0 разложение вида ,s/(í) = 
— t~z (,ç/() +  .í/jf + s tfj■ + ...), О <т-целое. Пусть нужно найти решение уравнения
(2), ограниченное при г—0 и удовлетворяющее каким-то заданным граничным 
условиям при t-+T. Попытка использовать прием, рассмотренный выше для 
уравнения (1), приведет к тому, что нужно будет найти разложения тех решений, 
которые ограничены при г—0. Это очень неприятная с вычислительной точки 
зрения задача. Во-первых, эти разложения отдельных решений очень гро
моздки и сложны по форме. Во-вторых, вид таких разложений зависит от зна
чений некоторых параметров, которые в свою очередь должны бымь вычис
лены (например, при т=1 разложения, как праивло, имеют вид y(t) = 
=  / (y« + ?Ji + 12у2 + ••■), но могут появиться еще логарифмы, если среди собст
венных чисел матрицы «я/0 есть пары, отличающиеся на целое число). Ясно, 
что для величин вычисляемых на машине, часто невозможно сказать, являются 
ли они целыми или только близки к целым. Тем самым такой метод численно 
неустойчив. Для уравнения (2) поведение отдельных решений в окрестности 
особой точки оказывается очень капризным и плохо изучаемым численными 
методами. Разумеется, еще сложнее обстоит дело для систем нелинейных 
уравнений, где построение отдельных решений, ограниченных в окрестности 
особой точки, является еще более громоздкой и неустойчивой вычислитель
ной задачей.

Поэтому для численного решения указанных задач желательно разрабо
тать методы, которые были бы лишены указанных выше недостатков.

В настоящем докладе излагаются некоторые результаты, полученные ав
торами и опубликованные в [1]—[20]*. Оказывается, для широкого класса сис
тем имеет место следующая картина. Если не интересоваться поведением от
дельных решений, а рассматривать все семейство решений, ограниченных в осо
бой точке (или на бесконечности), то это семейство может быть задано соотно
шениями, которые имеют сравнительно простой вид и могут быть получены 
численно устойчивыми способами. Зафиксируем какую-либо точку, близкую 
к особой. Семейство решений, ограниченных в окрестности особой точки, 
может быть выделено некоторыми граничными условиями в упомянутой зафик
сированной. Эти граничные условия получаются использованием разложений 
для семейства всех ограниченных решений. Таким образом, условие ограни
ченности решения в особой точке оказывается перенесенным в близкую точку. 
Если на другом конце интервала, на котором рассматривается система, 
также имеется особенность или интервал бесконечен, то тем же приемом

•Мы не рассматриваем сейчас других методов, развитых для более частных задач дру
гими авторами (см., например, [21,22]).
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переносятся условия ограниченности решения в некоторую точку. Тем самым 
исходная задача сведется к решению соответствующей краевой задачи для 
исходной системы на конечном интервале без особенностей. Подчеркнем еще 
раз, что поведение отдельных решений внутри самого семейства ограничен
ных решений для поставленной задачи совершенно несущественно.

2°. Покажем, как именно осуществляется перенос условия ограниченности 
решения.

Пусть на интервале Г < / < со рассматривается система нелинейных урав
нений

(3) t~Tf  = f ( t , y ) ,  y =
Ti

. / =
f l

0 S t -целое.
У n fn

Пусть f(t, у) имеет следующее поведение при больших t и малых |у| :
/(/, у) = s /y  + g(t, у ),

«(', у) =  2  с я,Р1.....», ”  .рп̂ 0, q*ÊO I
P l  "Ь ••• "Ь Рп "Ь 2<7— 2

Пусть, наконец, матрица s i  не имеет собственных чисел на мнимой оси. При
ведем матрицу s i  к квазидиагональному виду,

tX
*

*- X -*■ ■*-n — x~* 
0

tn — x 0t
где собственные числа s i+ лежат в правой полуплоскости, а собственные числа 
si_  лежат в левой полуплоскости. В соответствующей системе координат 
обозначим

У+
t
X /+

У -
-L  , /  =
n  — x 
* / -

Тогда для достаточно больших t условие

эквивалентно условию
|у| -► 0 при / — °о

У+ = S(t, у_),

Здесь функция S(t, z) удовлетворяет уравнению в частных производных 

(4) +  S(t, z), z) = f +(t, S(t, z), z)
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и условию
S(t,z)-+ß(z) при Í —

f )  /?
где ß(z) есть решение уравнения /_(<=о5 ß(z), z )= f+(°°, ß(z), z), представи
мое рядом

ß /V 3  —  V  ß • Pn-ß(z) = 2  ßPl....p ^ A 1- " 2^-*”-
P l ^ o ...........p „ - x s o

Р 1 + Р а + — + Р „ - И£  2

Эта функция S(t, z) раскладывается в ряд по целым степеням z, ~

S (t,z )=  2  Sq.n .....p„_„
р ^ О , . . . ,  р п _ х ^ 0 ,  О

Pi+Pa+--- + Pn-í,+ 2«s2

_Рх -P*-» ■̂1 • • • п̂ — х
71

Коэффициенты Sq,px, .... р„-у могут быть получены формальной подста
новкой ряда для S(t, z) в уравнение (4). При этом получается для этих коэффи
циентов последовательность систем линейных алгебраических уравнений вида

(5) LS = с р ,

„ п — х
где 5-столбец из тех 5,, ^  при фиксурованном для которых ^  pt одина-

i=1п — х
кова (р-многочлен от предыду щих коэффициентов, аЛ = Л — 2  h А/> //=  0-целые,

L  А  + j = 1 А  _
так что L-неособая матрица.

Отметим следующие удобства указанного разложения для практических 
вычислений.

1. В рассматриваемом случае граничное условие есть

\у\ -► 0 при

Поэтому для достаточно больших t соотношение

У + = S ( t ,y 2

нужно будет использовать лишь для малых \у_ |, а поэтому для практических 
вычислений можно и удобно пользоваться указанным разложением для S(t, z).

2. Разложение имеет вид ряда по целым степеням независимо от таких 
частных факторов, как, например, Жорданова структура матрицы .?/.

3. Коэффициенты разложения S ишутся из устойчиво решаемых систем 
линейных алгебраических уравнений. Для вычислений достаточно привести sé 
к упомянутому квазидиагональному виду.

3°. Для того случая, когда система (3) линейна, формулы очень упрощают
ся. В частности, S(t, z) принимает вид S(t, z) = M (t)z+  N(t), уравнение (4) 

заменяется системой обыкновенных дифференциальных уравнений для функ
ций M (t) и N(t). Соответственно упрощаются формулы (5).
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4°. В 2° было наложено ограничение: каждое собственное число матрицы 
л /  лежит или в правой или в левой полуплоскости. Это ограничение, грубо 
говоря, соответствует тому, что каждое отдельное решение при /— <=о или растет 
не медленнее некоторой экспоненты, или убывает не медленнее некоторой 
экспоненты. Промежуточная ситуация: л / имеет собственные числа, лежащие 
на мнимой оси, создает большие дополнительные трудности для исследования. 
Удалось получить только некоторые результаты для линейных систем урав
нений и, в частности, окончательный результат для того случая, когда /=<*>- 
правильная особая точка линейной системы.

5°. Укажем еще некоторые результаты, примыкающие к теме 2°—4°.
1. Пусть система

рассматривается на интервале (а, )?), где а <  0«=/У. Пусть в окрестности точки 
/= 0  p(t) имеет разложение вида

Нужно выделить множество решений, допускающих аналитическое продол
жение в нижнюю полуплоскость. Это выделение может быть осуществлено пе
ренесением граничного условия из точки а в точку ß по вещественной прямой. 
При этом в окрестности точки í —О перенос осуществляется специальными 
разложениями, имеющими те же удобства, что и ряды, используемые в 2°.

2. Иногда в качестве ответов нужны не решения линейной системы (2), 
а однородные функционалы вида

где Q(t) и R(t) — заданные квадратные матрицы. Можно дать способ вычисле
ния таких функционалов, не требующий вычисления самой функции y(t) и 
приводящий к решению некоторой вспомогательной системы дифференциаль
ных уравнений, для которой решается задача Коши, устойчивая именно в том 
направлении, в котором и нужно решать эти уравнения.

3. В 2° встретилась алгебраическая задача, представляющая интерес в раз
личных вычислительных задачах. Дана квадратная матрица л/, не имеющая 
собственных чисел на мнимой оси. Нужно привести ее к квазидиагональному 
виду

y"+P(t)y  =  0, у =
Уп

р(0 = — (Po + tPi+t2Pa + -~)-

л4+ О 
О л/_ ’
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где все собственные числа матрицы лежат в правой полуплоскости, в все 
собственные числа — в левой.

Можно дать способы такого приведения, не требующие отыскания от
дельных собственных чисел и собственных векторов матрицы, не зависящие от 
жордановой структуры и не использующие комплексных чисел, если мат
рица s4 вещественна.

6°. Авторы применяли методы, изложенные выше, к решению многих 
задач квантовой механики, радиофизики, гидромеханики. Результаты полу
чились хорошие.
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A NOTE ON SEQUENTIAL WEAK COMPACTNESS

by
C. L. DE VITO

G rothendieck , in his study of compactness in function spaces, constructs an 
example of a relatively sequentially compact set (defined below) whose closure 
is not even countably compact ([1], p. 170). An important setting for the study 
of sequential compactness is the weak topology of a locally convex topological 
vector space. Our purpose here is to show that, for the weak topology of a metriz- 
able locally convex space, the closure of a relatively sequentially compact set is 
sequentially compact.

Let £  denote a locally convex topological vector space over the field of real 
numbers. If we want to call attention to a specific, locally convex topology t on E 
we will write £[t], The vector space of all continuous linear functionals on E will 
be denoted by £ ', the weak topology on E by <r(£, £ ') , and the weak* topology on 
E' by o(E', E). A sequence of points of E which converges for the topology u(£, E') 
will be called o(E, £')-convergent. Similarly, we will speak of <x(£, £')-neighborhoods 
of a point, the o(E, £')-closure of a set, etc.

D efinition . Let A be a subset of a locally convex space E. We say A is sequen
tially weakly compact if every sequence of points of A has a subsequence which is 
o(E, E ')-convergent to a point of A. We say A is relatively sequentially weakly 
compact if every sequence of points of A has a subsequence which is a(E, E ')-con
vergent to a point of E.

L emma. Let E[t] be a metrizable locally convex space and let M be a relatively 
sequentially weakly compact subset o f E. I f  x0 is a point in the o(E, E')-closure o f 
M. then there is a sequence o f points in M which is <r(£, E’)-convergent to x0.

P roof. Since £[t] is metrizable there is a countable fundamental system of 
neighborhoods of zero in this space. Let {V„} be such a system. Then each of the 
sets К®={м in E '\ | m x | s 1 for all x  in V„} is a (£ ', £)-compact [3; § 20, 9(4), p. 248]

and clearly E'=  (J F®. It follows that the point x0 is in the <r(£, £')-closure
П = 1

of some countable subset TV of M  [3; §24, 1(6), p. 312]. Let G be the closed linear 
subspace of £  generated by the countable set A^U{x0}. Since a(G, G') = o(E, E')\G 
[2; Corollary to Prop. 1, p. 262], the lemma will be proved if we can find a sequence 
of points in N  which is a (G, G')-convergent to x0.

Now G with the topology t\G is a separable metrizable locally convex space. 
Hence G’ is u(G', G)-separable [3; § 21, 3(5), p. 259]. Let {w,} be a countable <r(G\ G)- 
dense subset of G’. For each positive integer n let x„ be a point of N  such that
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л'о)|<— for 1 ^ i ^ n .  Since N  is relatively sequentially weakly compact n
some subsequence {л*} of {x„} is a(G, (/^-convergent to a point у  of G. Our in
equality implies lim щхк= щ х0 for each fixed i and so щхй=щу for each i. But 
since {и,} is a{G', G)-dense in G' we must have x0=y.

T h e o r e m . Let E[t] be a metrizable locally convex space. Then the weak closure 
o f a relatively sequentially weakly compact subset o f  E is sequentially weakly compact.

P r o o f . Let M  be a relatively sequentially weakly compact subset of E and 
let {x„} be a sequence of points in the a(E, £')-closure of M. For each n we can 
choose a sequence {y„m} of points of M  which is o(E, E')-convergent to x„. Let H  be

the closed linear subspace of E  generated by the countable set [ |J  {ynm\m=\, 2 ,...}] U
Li=i J

U {x„\n = \, 2, ...}. We can restrict our attention to the separable metrizable locally 
convex space H[t \H] (see the last line in the first paragraph of the proof given above) 
and, furthermore, the space H ' is o(H', #)-separable (see the first two lines in the 
second paragraph of the proof given above). Let {u \i= 1, 2, ...} be <т(Н', H)-dense in
H '. For each fixed integer n the weak neighborhood K„={x in H\\u (x —x„)|<—for

l S /ё л }  of x„ contains a point of the sequence {>■„,„}; let zn denote such a point. 
In this way we obtain a sequence {z„} of points of M  which, because of our hypothesis 
on M, has a subsequence {zpj which is weakly convergent to a point z  of H. Clearly 
z is in the weak closure of M. We shall prove that the subsequence {xp} of {x„} has 
a subsequence {xr} which is weakly convergent to z. Let a circled, convex, weak 
neighborhood V of zero be given. We can choose a circled, convex, weak neighbor
hood U of zero such that U + U c V  [2; Theorem 1, p. 81]. For each integer n there 
is a point of the sequence {y„„,} which is in K„Cl(U+xn); let w„ be such a point. 
Now {и’,,} is in M  and hence there is a subsequence {wr} of {wp} which has a weak

2
limit w in H. Since \uizn — uiwn\^\u izn—uixn\ + \ulxn—uiwn\~<— for l s / g n  it

n
follows that, in particular, utw — lim Mivr(.=lim uizr = uiz for every i. But since {«,•} is 
o(H ', f/)-dense in H ' this says that w=z. Hence z —xr = (z—wr) + (wr — xr) isin 
U+U czV  for all r sufficiently large.

The author would like to thank the refereee for his many helpful suggestions.
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A NONLINEAR PERIODIC BOUNDARY VALUE PROBLEM 
FOR A SYSTEM OF EQUATIONS OF THE SECOND ORDER

by
G. G. HAMEDANI and B. MEHRI

In this paper we prove existence and uniqueness theorems for the solutions of 
a nonlinear periodic boundary value problem for a system of second order equa
tions.

Consider the vector boundary value problem

(1) x"+f(t, X, x ’) = 0,

(2) X (0) -  X (cu) =  x' (0) -  x' (cu) =  0, tó 6 [0, Г], 

where x=(xl5 x„) is an и-dimensional vector;

f ( t ,x ,y )  =  { M t ,  x l 5  . . . ,x n, уг, . . . ,yn), . . . , f n(t, X i ,  . . . , x n ,  уг, . . . , y n) )

is a vector-valued function defined for O ^ tsT , x ,y £ R n.
Throughout this paper as norm of x=(xl5 xn) and of A=(aik) it will 

betaken ||x|| =2! I*il and Mil =  2  la/fcl> respectively.
i i, к

In the sequel it is assumed that :
(A,) f(í, X, x ' )  is a vector-valued, continuous function with domain [0, T ]  XRln, 

T> 0,
(A2) there exist a matrix A = (aidik)", a(>0 for all i (Sik is the Kronecker delta), 

and a function H(t, r) with the following properties:
1° H (t,r) is piecewise continuous in i£[0, T\, r ê 0, continuous in t€[0, T ], 

and nondecreasing (for fixed /) with respect to r ^ 0,

2° \\A x-f(t,x ,x ')\\ s? H{t, M  + ||x'||), í€[0, T], (x ,x ')eR 2n.
3° 7гМг^ 2 ||/4_1||_1с for some constant c>0, where M .=  Max H(t, c). We

c <€[0,T]
have the following theorem.

Theorem 1. Under the above assumptions, there exists a positive real number 

tó0 (0 where a = Max fűi) such that for each co£ the problem

(1), (2) has at least one solution x{t) continuous for  0 — ~  satisfying ||x (t)||ëc,

a
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Proof. It is obvious that the problem (1), (2) is equivalent to

(3) x" + Ax = A x—f(t , X, x'),

(4) jc(0) — x(a>) — x'(0) — x'(co) = 0.

Problem (3), (4) is equivalent to
CO

(5) x(t) = f  G(t, x)[/fx(s)-/(x, x (s), x '(s))] ds,
о

where G{t, s) is Green’s matrix for the problem (3), (4),

2~г (УА)  ̂ i s i n / z i y  c o s j / ^ ^  +  s —ij for

(6) G(t, s) = -{
[{Уа)  1JsinJ//l-^j cos fOl 1 — sj for 0 S i S s S s i

where co£(°4 and the matrix functions sin У A t and cos) /! t are defined by

the matrix series (cf. [3], p. 118),

(7) (Va )2p+1
s i n  \'A t =  2  ( -  1) Р 7 3 ~ Г Т у Г  ?2Р+1’

p = о ( 2 р + 1 ) !

(В) ~  ( V Ä Y P
cos ŸAt = 21 l)p {2р-

Р  =  о  \ ^Р ) -

Using BiHARi’s Theorem 1, [1], we shall prove that (5) has at least one solution 
with the desired properties. First we assume that Mc=-0. It is easy to see that G(t, x) is
continuous and nonnegative in O S iS iS o  andin 0 ̂ t^ s ^ c o .  Since соб|о, y j ,  

it follows that a. ~  ç |o , y j .  Since a = Max f a,-, it follows that | a, ~  £ |o, y j  

for each /, and hence sin ] a; Уаг —  for each i involving

\№ ,s)\\ S  i — U - T - 1—  ,  ^f=1 2 fű; & 2со i=i at
\ “ i rsn 2

n 2  —  = П А̂ ^
2 (0

Now, we let

From 3°, it follows that
(On --=пЦА~1\\Мс 

2a c

0 < cun
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so that the interval | co0, actually exists. Moreover, it is easily seen that for any 

■“-] we have

Il G(t, s) II á n\\A-!\\
2 «0

a •c 
nMc '

Thus G(t,s) is continuous, bounded in O ^ s^ t^ c o  and in O ^t^s^ c o  for all 

cuÇ |m0, —j, and hence the first hypothesis of Bihari’s Theorem is satisfied.

From our assumptions it follows that the functions

F(t, X, x') = A x—f(t, X, x')

H(t, M + M )
i€ [0 , T], {x ,x ') iR ïn

satisfy the second hypothesis of Bihari’s Theorem. We also have

a • c
~nЖ

CO
f  H(s, c)ds S  —

J  7Г.nMr

which shows that the third hypothesis of Bihari’s Theorem is satisfied.
Finally, taking z(t)=0, we have shown that all the hypotheses of Bihari’s 

Theorem are satisfied, and hence conclusion of his theorem tells us that at 
least one solution *(i) of (5) (and hence of (1)) with the desired properties exists.

If Mc= 0, taking co0 to be any number in ^0, - -̂J, the proof trivially follows.
Thus the proof of our Theorem 1 is completed.

Corollary 1. Under the assumptions 1°, 2° and the assumption

4° nMc ^  a (2 —у )  | |/Л - 1|Г 1с for some constant c >  0, 

where
Mc =  Max H(t, c)Г610.Г] 4 ’

and
b = Min /űj,i

there exists a positive real number co„ such that for each <x>€ , oj,
there exists a solution x(t) o f (1), (2) satisfying ||x(i)||Sc, / 6[0, Г].
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2 71
P r o o f . Let G(t, s) be a s  i n  Theorem 1. Since | s i n t / | s ---- u+2 for — ̂ u S n ,

7Г 2
, n Inwe have tor — = a> — , b a

\\G(t, s)H S  2
1 1

l 2 ^  - ^ f h 2Tl L
2 ( —йсо +  27г)

=  Ф( со).

Now, we let

From 4°, it follows that

2 71 n2M Â=ï\\ Mc
a a2c

71 2 к__ <
b ~ C O , « — .

Furthermore, for any we have

Ф(со) Ф(ш0) = a • c 
2nMc '

Now the remaining part of the proof is similar to that of Theorem 1.
Corollary 2. I f  conditions o f Theorem 1 or o f Corollary 1 hold, and if  the 

vector-valued function f( t, x, x ' ) is m-periodic in /€[0, T], and satisfies the hypothesis 
o f uniqueness with a given initial conditions, then (1), (2) has co-periodic solution.

R emark. The results o f  this paper are generalizations o f those o f  [2].
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ÜBER DIE STARKE CESÀRO-SUMM1ERBARKEIT 
KONFORM-ÄQUIVALENTER REIHEN

von
R. WARLIMONT

§ 1. Einleitung

In der vorliegenden Arbeit werden die gemeinsam mit K.-H. In d lek o fer  be
gonnenen Untersuchungen ([5]) fortgesetzt.

Zunächst erläutern wir die im Titel genannten Begriffe.

1. Essei x^O  und O ^ g S l. Die Reihe

(1) 2 am (am komplex)

heißt summierbar im Sinne \C; x\Q, wenn ein komplexes a existiert derart, daß

1Í n + и j ~x " (n — m + x\
Z . a^ ~ aII n ) m = 0 V n — m )

1/8
=  0

gilt im Falle 0<£>= I und wenn

lim Í ” r  i | in — m+x~\
n+°o \ n / m = 0 { n — m )

gilt im Falle q=0.
Wir schreiben dann kurz

a

2  4m am — 0

Offenbar ist also \C; x\° gerade die üblicherweise mit (C; x) bezeichnete Cesàro- 
Summierbarkeit.

2. Es existiere

und es sei
kl <  1,

m  =  0

z  =  <i>(w), Ф ( 1 )  =  1

eine von der Identität verschiedene konforme Bijektivität der Einheitsscheibe auf sich. 

Bekanntlich ist Ф von der Gestalt

<P(w) = 1+1 W+Ç 
1+Ç l+ w |

mit 0 <  \Ç\ <  1.
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Die zur Reihe (1) bezüglich Ф konform-äquivalente Reihe 

(2) i  ая {Ф)m = 0
ist dann erklärt durch die Beziehung

/(Ф О )) =  2  am̂ ) w m, |w| <  1.
m = 0

Nunmehr können wir unser Problem formulieren: Zu fest vorgegebenen x0^0 , 
g„ (Ogß0S l) , Ф bestimme man die Menge

B{xo, 8o; Ф)
all jener Tupel (x, g), O ë g à l,  für welche die Aussage

„(1) summierbar im Sinne |C; х0|г» => (2) summierbar im Sinne |C; x \e“ 
richtig ist.

Túrán ([6]) erschloß diesen Problemkreis, als er (in unserer Terminologie)

(0, OH B(0, 0, Ф)
nachwies.

Der Fall g0 = 0 wurde in [5] erledigt. Nunmehr lösen wir den Fall

0 — É?o — 1/2.
Der ausstehende Fall

1/2 < q0 sä 1
scheint schwierig zu sein.

Unser Resultat lautet: Bedeutet B(x0) jenen abgeschlossenen Teilbereich des Halb
streifens

{ { x ,  q ) \ x  S  x 0 , 0  s  g  l } ,

der aus diesem durch Abtrennen des Dreiecks mit den Eckpunkten

hervorgeht, so ist 

(* ) B(x0, Q0,

(x0,0), (x0+l /2, 0), (x0, 1 /2)

B(x o)
B(x0) - ( x 0+ 1/2, 0)

für
für

1/2,
00 =  1/ 2.

Die Unabhängigkeit des Bereiches von Ф darf nicht zu einer Fehldeutung des 
Resultates verleiten:

Schreiben wir kurz ß(x0, q0) statt B(x0, д0, Ф) und sind die Größen x„, 
x, g0, g mit

(* , ö )€  B(x0, g0)

vorgegeben, dann existiert zu jedem Ф eine im Sinne |C; x j f  summierbare Reihe 
(1), deren bezüglich Ф konformes Äquivalent (2) nicht summierbar ist im Sinne 
|C; *|«.
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Ob es Reihen gibt, die sich gleichzeitig für alle Ф so verhalten, oder bei nur 
vorgegebenen %0, gleichzeitig für alle Ф und alle (x, g)$B(x0, g0) ist ein Problem, 
zu dem wir hier nichts beitragen (man vgl. aber [4] !).

Beim Beweis von (*) beschränken wir uns bequemlichkeitshalber auf den Fall 
xo — 0 und Ф mit zugehörigem reellen f.

Es gelten die folgenden Sätze.
Satz  1. Aus

folgt
2  am = a

m = 0

2  ая (Ф) = в IС; 0 Г  •
m =  0  V

Sa tz  2. Zu jedem Ф existiert eine Reihe (1) mit den Eigenschaften :
(1) ist summierbar im Sinne | C; 0|1/2,
(2) ist nicht summierbar im Sinne (C; 1/2).
Sa tz  3. Aus

2  am — а I |C ;  0 | 4  m it  0  =§ q <  1 /2  
m=o t )

folgt

2 а т(Ф) = а (C; 1/2).ni — O
Unser Satz 3 verschärft eines der beiden Hauptergebnisse A lpárs, nämlich [1], 

Théorème 1, der den Fall g—0 unseres Satzes wiedergibt. Obendrein ist Satz 3 
wegen Satz 2 auch optimal.

Fügen wir unseren Sätzen das zweite Hauptergebnis A lpárs ([1], Théorème 2), 
hinzu, also

„Zu jedem x, 0s»c<l/2, und Ф existiert eine konvergente Reihe (1), deren
bezüglich Ф konformes Äquivalent (2) nicht summierbar ist im Sinne ( C ;  x ) “ ,  

so folgt schließlich (*) für 5<0=0 aus alledem, kombiniert mit den Konsistenz
sätzen für das IC; ^-Verfahren ([2], [3]; diese Details, die schon in [5] vorkamen, 
sind dort eingehender dargestellt).

§ 2. Bezeichnungen und Hilfssätze

Es sei also

Ф(н>) =
Wir setzen noch

w + i  
1 +w£

1 - n

mit ç reell, 0 <  |£| <  1.

l - z £
tj := |ç|, q := , Q := q ~ \  'P(z) :=

z - t  ’
V(r) := max |Ф(и>)|, r(r) := min |Ф(и>)|, M(r) := max |*Р(г)|.
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Ohne Beweis notieren wir: Für 0 < rS l ist

( 1)

Es ist

(2)

V(r) =
r + rj
1 +17/ ’

v(r) _ \r-ri\
l —rt]

Mir) =

l +  n;
Г + Г]
1 — rrj
k —»fl

für r =  1

für 0 <  rS  1

Mit einer höchstens von £ abhängenden О-Konstanten gilt

(3) /-WO) =  1 + 0 ( ( r -1 )3) für r -  1 +
(4) rQM(r) = 1 +0((1 — r)3) für r —1—. 
Setzt man abkürzend

s := sign(г-1 )£ ,
so existiert eine höchstens von £ abhängende Konstante K>0 derart, daß

(5) |¥'(re‘>)| S  M(r)(l — K\\ — r | (1 + scos<p))

gilt für l/2^ r^3 /2 .
L e m m a  1 . Es sei g(z) holomorph für | z |  <  1 ,  es sei p>  0  und

t] ^  r -c 1.

Dann existieren höchstens von Ç abhängende Konstante Kj> 0 (j=  1, 2, 3) 
R, derart, daß

und

f  \8(Ф(ге*))\Ыср^К3 f  \g(Re'‘")\pd<p.

und ein

Nur der Fall p = 2 wird benötigt, welcher schon in [5] erledigt worden ist. 
Weil das Lemma vielleicht an sich interessiert, nutzen wir die Gelegenheit, 

dieses in voller Allgemeinheit vorzutragen.
Unser B e w e i s  beruht auf folgendem Sachverhalt ([7], VII, Theorem 7.12): Ist 

h (z) holomorph für |z |< l und ist p> 0, so wächst
2 k

f  \h(reiq,)\pdcp 
0

monoton in 0 < r< l .
Es sei » jS r< f< l.  Man setze

2 k

G(t) := /  |?(Ф(*е‘>))|М<р. 
0
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Dann ist
Г Г

G(r) Ш (F—r)-1 f  G W d t ^ f a r - r ) ) - 1 f  G{t)tdt
r r

=  / | g ( < f > ( v v ) ) | p i / u d t > ,
А

wobei
w = u + iv und А := {tv|r ^  |»v| S  r}

gesetzt wurde.
Die Funktionaldeterminante der Substitution

ist gleich

so daß

Wegen

ist

w = Ф 1(z), z = x + iy, 

d
dz Ф_10 ) == Q2,

G(r) ^ ( t] (r -r ))  lQ2 f  \g(z)\p dx dy.
4>(A)

Ф(А) Q В {z\v(r) â  |z | ä  F(r)} 

G(r) = (í7(r-f))_1ö 2 /  |gO)|M xdy =

Wählt man etwa

=  (»/(F-r))-1ß 2 f  t dt f  \g(te^)\pd(p
v(r) 0

g  6 V 1 F(^ (r)

f  := — (1 + r) und /? := K(r)

und beachtet noch (1), so folgt die Behauptung. 
Nun setze

$n * ^mi
m =  0

□
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und sei C ein Kreis mit Zentrum 0 und Radius r, 0 < r< l .  Dann ist

=  2^  / (  Д  am( í>(w))mj (1 - \ v ) - 3l2w-n- 1dw =

=  / [  Д  sm(4> (w ))m)  ( 1 - Ф ( уу) ) ( 1  — w ) - 3l2w - n~1dw.

Setzen wir

( 6 )  J„m =  / п т ( Ф )  : =  ^  f{<P(W))m( l - c P ( W) ) ( l - w ) - 3i*w-"-'dW, 

so gilt

(7) _ a  = ( " Î 71 ̂ 2) 2  Jnm(sm~a)V / m = 0

für beliebiges komplexes a .  In (6 )  substitutieren wir w=<P * (z )  und bekommen

(8) Jnm =  ( 1 - ç) (1 + ç) - 1/22 ^  (*))*( 1 - О 172 0  - z)- 1/2(z- £ ) - 1 dz,

wobei C ein Kreis ist mit Zentrum 0 und Radius r, //</•< 1.
Es folgen einige Abschätzungen von /„m.
Es gilt ([1], §5)

(9) 2 V J 2« l o  gmm = 0
Es sei ./4 — 1 und

n2 := [(<7+log~^n)n], n3 := [(ß-log-^n)«].

Dann gilt ([1], §9)

(10) Jnm<sz H Ö - ) ( ^ - ? ) l  für n2 S m S /? 3.

Die Ö-Konstanten hängen höchstens von ç und A ab.
Die Abschätzung (10) steht bei Alpär leider nicht explizit, sondern setzt sich 

aus in [1] §9 verstreuten Einzelresultaten zusammen. Obendrein hat Alpär nur 
A = 1; man überzeugt sich von der Richtigkeit von (10) für jedes Л ё  1.

Lemma 2. Es sei 

Dann gilt
n4 := [Qn] und 1 ^  p <  2.

2 | / J '
m  =  0

<äC П1~р/ 2

mit einer höchstens von ç und p abhängenden O-Konstanten.
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B e w e i s . Mit

wird die abzuschätzende Summe

Nach (9) ist

w e n n  w ir

wählen.
Nach (10) ist

«i := [qn]

— { 2 + 2 + 2 + 2 \̂ !Лш1р •= •s,1+ 5 2+ 5 3+ s4.
'•m =  0 m = n1 m = n2 m =  n./

( 00 \Pl2
s 2+ s ,  s  2  1Л,„12 (и io g - W - p/2 «  л1~р/2,'•m = 0 '

А := p (2 -p )~ l

S ,  «  n 1-p/2 — p/2
«

<k  n 1 - p / 2  J  ((Q—x)(x—q))~pl2dx<s: и 1 _ р / 2 .
Я

B ei d e r  Abschätzung von Sx v e r w e n d e n  w ir  A l p á r s  M e t h o d e  ( m a n  v g l .  [1 ]  § 6 ,  
in s b e s o n d e r e  F ig .  1 a u f  p .  1 1 6 ).

Es sei Cj der Kreis mit Zentrum 1 und Radius r1:=n~1 und es sei C2 der Kreis 
mit Zentrum 0 und Radius r2:= 1+я~1/3. Wir denken uns die z-Ebene längs der 
positiven reellen Achse aufgeschnitten. Unter C3 werde verstanden das Intervall 
[1 -t-/*!, r2], einmal aufgefaßt als Teil des „oberen Ufers“, ein andermal als ein Teil 
des „unteren Ufers“.

Aus (8) folgt bei passender Orientierung der C,

Km — f +  f  +  f  —•■ Kml +  Km*+KnmZ *

Mit

ist dann
Su := 2 \ K J P 0  =  1 , 2 , 3 )

m =  0

Sl <sz Sn + S12 +  513.

Abschätzung von Sn . Es ist

Лт1 «  UU 1/2(1+ и Г (тах  |V'(z)|)n.
Wegen *F(1) = 1 ist

max IV(z)\ = 1+00!),z tt 1
so daß

Лт1 «  Р1/2(1 + и Г
und folglich

■S'il «  Up /2  2  ( 1  + U ) mp «  r f / 2 - 1 ( l + r i ) " l P  «  nl - pl2.
m = 0
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Abschätzung von S12. Es ist
2ii

4 , 2  «  Г а  /  I ^  ( r 2 e í<p) | "  |< p |- 1 / 2 d < p .
О

Da die hieraus folgende triviale Abschätzung

4 . 2  «  ^ ( М ( Г 2 ) ) ”
nur für l^/>^4/3 zum Ziel führt, müssen wir uns mehr bemühen. Es werde M(r2) 
in ос angenommen. Dann ist a =  0 oder —n. Es sei 0< е^я/2 . Nach (5) ist

a + E  a + л

4 a  «  r%(M(r2))n ( f  \<p\-ll2d<p+(l-K(r2- l ) s 2)n f  \<p\-112d(p).
a—e a—n\(p — a\̂ £

Daher ist stets

4 a  «  г” (Af(r2))"(e1/2 + exp (-K n (r2-  l)e2)). 

e  := и~г/3, wobei 0 <= <5 <  1 

Jnm2«r? (M (r2))nei/2

Mit

wird
( П )

und folglich ist

S12 «  (.V/(r,1)'fpi:pl2 2  >'zP «  (M(r2))"',£',/2rSlP(r2- 1)“1 «  п -{гр)/в+1,3(г1М(г2)УР
m = 0

und wegen (3) ist dies <scn-(áp)l'e+1/3. Wählen wir

max (0, 3 — 4/p) <  <5 <  1,

S12 «  П1“^ 2.
Abschätzung von S13. Es ist

so ergibt sich

4 , 3 «  /  r - f M ^ 'C r - l J - ’^ r .

Sind a, Z> derart, daß
u >  0, b > (p - \) /p ,  a + b = 1/2,

so folgt mit der Hölderschen Ungleichung

so daß

Nach (3) ist

!4 ,з lp «  rp- 1~bp f  rmp(M(r))np( r - ] ) - apdr,
i+ri

rj
S13« r p- 1~bp J (i*M(r))np(r — \)~ap~1 dr.

l + r,

(r4M(r))np =  (1 + 0 (r2-  l)3)np = 0(1),
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und folglich

5 1 3 «  г Г 1~Ьр f  ( r - l ) - ap- 1d r ^ n 1~p/i.
i+ri

L e m m a  3 . Es sei
I

r3 :— \ —n~1/3 und £ := n~s/3 mit 0<<5<1.
Dann ist

J,„n «  рз ( М (r 3) ) " £ 1/2

mit einer höchstens von ç und ô abhängenden O-Konstanten.
B e w e i s . Ganz analog zu den Abschätzungen für J„m2, die (11) lieferten.

§ 3. Die Beweise der Sätze 1, 2, 3

B e w e is  v o n  S a t z  1. E s  se i

s„ : =  2  am und х„(Ф) := 2  ат{Ф).
Man setze

/ ( - )  : =  2  amZm, : =  2  (s„~a)zn, G(vv) 2  (5„(Ф)-а)н>".
Dann ist

Folglich ist 

und somit

G(w) =  (/(<i>(w ))-a)(l-w )-1 =
=  Е(Ф(\т))(1 — Ф(и>))(1 -w )_1 = / r(i>(w))(l — £)(1 +wç)_1.

|G(w)| ä <2|Е(Ф(№))| für |w| g  1

2^|5л(Ф )-а |2г2л =  —  f  \G(re^)\4<p« f  |^(Ф(ге'*))|*d<p

und also, nach Lemma 1,

«  f  \F(Reiv)\4<p = 2n У, k - e l 2* 2".

Aus der vorausgesetzten Beziehung
N

zusammen mit

folgt nunmehr

2  k , - a |2 =  o(N),

— к.,,

2  к (Ф )-а |2 = o(N).
n=0
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B e w e is  v o n  S a t z  2. Nach [3] p. 129 existiert eine unendliche Reihe

2  bm
tn = 0

mit folgenden Eigenschaften :
(i) sie ist summierbar im Sinne \C; 0|1/2,

(ii) sie ist nicht summierbar im Sinne (C; 1/2). 
Nun setze
(1) am := М Ф “ 1). 
Dann ist
(2) ат(Ф) = bm. 
Nach (i), (1) und Satz 1 ist

2  am summierbar im Sinne |C;0|1/2.
m = 0

Nach (ii), (2) ist

2  я,„(Ф) nicht summierbar im Sinne (C; 1/2).
m = 0

B e w e i s  v o n  S a t z  3 . E s  se i

Zu zeigen ist 

Nach (7) ist

2  \sm—a \1,e — °(n) wobei 0 <  Q -c 1/2.m = 0

lim =  a.

\tn- a \  «  n 1/2 2  S n  1/2 Í 2 +  2  I (Л,m = 0 'm = 0 т = Пл)
s m- a \ = : n  ^ ( S i  +  S a ) .

Nach Lemma 2 ist

(«4 V / "4 ti-s
2 1 |sM- e H  2 = «(n1/2)-

m = 0 ' \m = 0 '
Nach Lemma 3 ist

«  ( M ( r 3) ) ns 1/2 lsm -  «  i r ?  «

Mit
« (М (г3))"г1/2г"1<1 е)(1 - r 3)c 1 Í 2  lsm -« ll/e''?)

'‘/И = И4 '

S(n) s u p ( m + l )  1 2  ls fc — я |1/г
m ^ n ,  к =  0
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wird die Summe rechts

á  ( 1 — / 3) 2  f 2  к - а | 1/е) r? tS

S ( l - r 3) S ( n )  2  (m +  l)r$ =
m = n4

so daß 

nach (4) also 

Wählen wir 

so folgt

=  ( l - r 3)5 (n )rS 4 2  (n4 +  /c+  l)r§ =
k = 0

=  О -Г з Щ г О г ^ Ц О -Г з ^ + О -Г з ) -2) «  r%*nS(n), 

S2 «  (г£М(гз))пn~i/e+(1+2e)/3(S(n))e,

S2 «  n -Ä/e+<1 + 2i)/3(5(n))e. 

max (0, 4g — 1) <  <5 <  1,

S2 = o(n^).
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ON OSCILLATION AND ASYMPTOTIC NONOSCILLATION 
OF FUNCTIONAL RETARDED EQUATIONS

by
B. SINGH

1. Introduction

Certain physical mechanisms whose performance is related to their past per
formance, have lead to the study of differential difference equations [1]. Systems 
representing such mechanisms are mathematically represented by differential equa
tions carrying delay terms. One example of such a system is the pulse code modula
tion system in telephone network — Sm ith  [11].

The oscillatory behavior of these equations is an interesting phenomenon in 
regard to certain high speed mechanisms. A sudden burst of oscillations caused by 
the delay term may cause instability in them— see [8, P. 518].

The literature is rich with many oscillation criteria about differential-difference 
equations of various types—see [6, 9, 10, 12]. The goal in discovering these criteria 
so far has been to unify these results with similar results about ordinary differential 
equations when the delay term is set equal to zero. For example the equations

(1) yi2n\ t )  + p(t)y(t) =  0 
and
(la) yi2" \0 + P (t)y (i-H t))  = 0

have all their bounded solutions oscillatory if

J  t2"~1 2p(t) dt

provided 0 s l( í ) s M . See O nose [9] and Sin gh  [10]. When the delay term is bounded, 
then the two criteria are usually the same with the delay term playing no role. But 
the equation
(2) ÿ ' ( t ) - y ( t - n )  =  0

due to Bradley [3] tells a different story. Its solutions Sin t and Cos t impart it a dif
ferent behavior than the equation

(2a) y' \ t ) -y (t )  = 0

which is nonoscillatory. Obviously this variant behavior is being imposed upon 
equation (2) by the delay term.

Recently Ladas and L akshm ik antha n  [7] showed that if

p(t) >  0, p \t)  ^  0 and t2p(0 ^  2,
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then the bounded solutions of the equation

(3) y" if)-p i f )  У i t -т:) =  0

are oscillatory. The corresponding equation obtained by taking t= 0 and p(t) = 1 
iso bviously non-oscillatory.

The goal of theorem (2.1) in the second section of this paper is to improve and 
generalize this result of Ladas and Lakshmikanthan to a more general even order 
retarded equation

where is an integer and yt (t)= y (t — t), is a positive constant. An example 
at the end of this section highlights the use of this theorem.

The third section of this paper deals with the non-oscillation of equation
(4). Four theorems in this section actually characterize the non-oscillatory solutions 
of equation (4). Theorem (3.2) establishes a relationship between the oscillation of 
equation

and the nonoscillation of equation (4).
We now give definitions and assumptions that will hold in the remainder of this 

paper.
In what follows the term “solution” is going to apply to such functions as are 

solutions of equations under consideration and which are continuously extendable 
over some positive half line [T, °°], T =-0.

We call a function on C[T, °°] oscillatory if it has sequence of zeros converging 
to °°. Otherwise we call it non-oscillatory.

p(t)  is assumed to be positive and continuous on the whole real line R. г will 
remain a positive constant. The notation for differentiation will be as

(4) / 2' 4 t ) -P Í t )h (y r(t)) =  0

(5) / 2" Ч 0  +  р ( 0 % г ( 0 )  =  0

2. On oscillation

T heorem  2.1. Suppose that h : R-*R is continuous and 

(6) (A) Sgn h{pc) — Sgn x, h( — x ) = —h(x),
h (x)(7) (B) There exists a positive number ß such that ------  ‘ ß for all x,

• ' (t — s)2" 1 p (s) ds ___ 1
: (2n — 1)!

then all bounded solutions o f equation (4) are oscillatory.
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R em ark . If we take n = l, p '( t) s 0 and h(x)=x, then we obtain equation (3) 
and related result of L adas and L akshm ikanthan  (7). In fact for n = 1 from (C) we 
obtain ß= l and

' ' 1 
f  (t — s)p(s)ds ■= p(t) f  ( t-s )d s  =  — T2p ( i ) >  1.

Г- T  l -T

Thus this result of [7] is not only generalized but also improved in that differentiability 
of p(t) and p '(0= 0  are not required.

P roof of T heorem  2.1. Let y(t) be a nonoscillatory solution of equation (4). 
Without any loss we can assume that there exists a TY> T  such that for 

0 and yt(?)>0. From equation (4) and condition (A) of this theorem,

(9) y(2n\ t )  >  0, ( S T , .

Now suppose y(t) is bounded. Since j <2n_1)(t) is increasing, j <2B-1,(r) cannot be 
eventually positive because this will cause y(t) to be unbounded. The following con
clusion is now obvious.

(10) (-1 )У г°(0  ^ 0 ,  i — 1,2, ..., 2n — 1,

yx(t) >  0 and y(2n)(i) >  0 for some t ^ T '2> 7 '1.

By generalized mean value theorem and the fact that _e<2,,)(/)>0 for t ë T 2 we have 
for t ^ s ^ T 2

(s — (s — Ân — 1
y(s-T ) ^ y (t-T )  +  ( s - f ) / ( t - T ) + '  / /(7-т) +  ... +  ^2п— 1)! T(2"~1)(f-T).

From where we have

(11) yt(s) s  yt(o+(s-o>-:(o+-i£̂ p -  y?(o+... + ((2~1^)7  * - ц (о
from where we have

( 12)

У Ás)
h(yÁs)) h(yÁsj) — л (0 + (« -* Ж (0 +

(s-Q 2
2 ! ■УЛ 0 + -  +

(S - Z f - 1
(2п — 1)!

..(2 л  — 1) Ут (0-

From condition (В) and (12) we obtain

(13) jh (y ,( s ) )  S j>I(0+(a-/)j/t(0+-^2T~ ̂ ) +  -  +

Multiplying (13) by />(j ) and integrating with respect to s between t — z and t 
we have

j  f  y<2n)(s)ds = j  f  p(s)h(yr(s)) ds
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from where

j  f  y(2n)(s)ds ё  yt(t) f  p(s)ds + y[(t) f  (s-t)p (s)ds +
P  t - x  t - T  t - x

+ y"(.0 f  (s J p -  p(s)ds+... + ̂ 2n- 1) (0 f  (a n !- \ j r p(s)ds'

/ 2" - 1> ( 0 - v ( r2n- i > ( 0  >  ßУт̂п —1>( /)  ( 2 n l  t ) !  /  (s - t ) - n~1p(s)ds ,

since all the terms on the right hand side of (14) are non-negative due to conclusion
(10) and the fact that s ^ / .

From (15) we have

,16) ,■ -■ »(,),  - /» / .- -> ( ,)  [ f pM - j ■

But the left hand side of (16) is negative while due to condition (C) and conclusion 
(10), the right hand side is positive. This contradiction proves the result.

To justify the use of this theorem consider the following
Example 1. For the equation

ym (t) -y ( t-2 n )  = 0.

Sin t and Cos t are bounded oscillatory solutions. The conditions of the theorem 
are satisfied since

(14)

( 1 5 )

/  ( t - s )2- 1
, 1  (2n —1)!

p (s )d s -  f
t —2it 6

ds =  24 (2tt)4>  1.

3. On non-oscillation

The next two theorems throw light on the asymptotic nature of the nonoscillatory 
solutions of equation (4).

T heorem 3.1. Suppose fo r  every function F(t) that becomes negative eventually 
and every c>0, there exists points tc>c such that

F ^ \ t c)+p{tc)h (F ftc)) == 0.

Further suppose that conditions (A) and (B) o f theorem (2.1) hold and that / / > 0. 
Let y (t) be a поп-oscillatory solution of (4). Then either f (r ) | — °° or |_v (Г ) | - 0.

P roof . As in the proof of theorem (2.1) we can assume that y(t) is eventually 
positive and that there exists T2 (same as before in theorem (2.1)) such that if y(t) 
is bounded then for t ^ T a, (10) holds. Since all the derivatives are monotonie
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y(i)--a as t -+°о where a is finite or infinite. We only need to show that if a is 
finite then a=0. Suppose to the contrary that ot>0. Consider the function

(17) F(t) = y(t)—2a.

Since y(t) decreases to a, there exists a large ТЯ>Т., such that for t ^ T 3, y(t) 
3- ■ — a

_  2
Hence for t ^ T 3, F(t) in (17) is negative. Now from (17)

(18) F ^ \ t )  + p(t)h(Fft)) = /» '{О  + р т Ы Ъ - Н

Making use of equation (4) in (18) we have

F ^ \ t )  + p(t)h{Fft)) = p{t)[h(yz(t)-2a) + h{yz(t))] =

= 2 p(t)
^ h(yÁt)) + h(yr(t)-2 z )

2yx(t)—2a Ы  0 - a )  =

h{yÁO)-h(2oc-yt(t)) 1
yt( / ) - (2 a -y t (0) J

(yr(/)-a ) ё  0,

since yr(t) decreases to a and the expression in square bracket being positive by 
mean value theorem and the fact h' > 0.

But for T3 = c, this is a contradiction to the hypothesis of the theorem and the 
proof is complete.

R em ark . The above theorem suggests the following theorem.

T heorem  3.2. Suppose conditions (A) and (B) o f theorem (2,1) hold. Let

J  t2n 1 p(t) lit =  and h' >  0.

Let y ( t) be a non-oscillatory solution o f equation (4). Then either |y(t)| —°° or 
|y(/)|-*0 as (-•=».

P roof. We proceed as in the proof of theorem 2.1. Let T2 be large enough 
so that y(t) and yT(t) are positive (without any loss of generality) for t S T 2. By 
equation (4), y(2n)(?)>-0. Thus all the derivatives are monotonie and hence y(t) 
approaches a limit finite or infinite. We only need to show that if y (i)—oc, 0 ^ a <  
then a = 0. Suppose that a>0. Since y{t) is bounded, conclusion (10) of the proof 
of theorem (2.1) holds. Thus y '(r)<0 and y(t) decreases to a. As in the proof of 
theorem (3.1) we define

F(t) = y (/)-2a
and arrive at
(19) F<2n)(t) + p(t)h(Fft)) ë  0

for ië l i j .  Since F(t) is bounded and negative for t ^ T 3, (19) implies

(20) F(t) < 0. F'(t) S  0, F"(t) ë  0, F~(t) 0, ..., /г(2" -1Ч0 ^  0, F<2n’(0 >  0.
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Multiplying (19) by (t — t ) 2"  1 and dividing by FT(t) we get

(20)
F(2n)( t) ( t-r )2 h(FM )

F ( t - t) 7 Fz(t)
Integrating (20) between T3 and t and making use of

S  0.

we get

(21)

h ( m )  „
FA 0

F (2„ -!)(,)(;_  T)2»-1 -1) (Гз _  т)2„ - 1
F it- t) F{T3-  т)

Ir(2"~1)(s)(2n— l)(s —т)2я~2 
/^(s- т ) ds +

+  /
F<2n D(S)(5 — x)2'1

F-(s-T) ds + ß J  (s — t)2" 1 p(s)ds S  0.
T*

Now in (21), the first term is non-negative, the second is finite, fourth is positive 
due to (20) and last term tends to °° as t — °°, it follows from inequality (21) that

( 22)

Now

/  F (2"-i)(s)(s_ t)2" -2 j
l i m  / -----------^ -—  -------------- d s = ° o .

У  F(s — t)
1  3

Г F(2n- 1\s ) ( s -x )2n- 2 , F(2n- 2\ t ) ( t - x )2n- 2
J  --------- ------------------</s -/■(s- t) F {t-  x)

F(2n-2)(T3)(T3- x ) 2n̂ _ _  J  F(2“- 2) ( s ) (2и -  2)( s -  r)2n- 3 L |
T,F(T3 — x) TJ F (s -  x)

r F(2n- 2\s ) { s -x 'fn- 2F 'is -x )
+ I F A s -  x) ds

in which the first term is negative, second is finite, the fourth is negative. Therefore 
for (22) to hold

(23)
' p(2n 2>(s)(,s —t)2" 3 ds hm J  -----------------У-------- --- + ,

F (s-x)

Proceeding in this manner we find, that for inequality (21) to hold we must have

' F'(s)(24) Л™ / F (s-x)
ds =  — oo.
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Now by (20)

/  F'(s)
r{ n s ~  г) ds= I F '(s-x)

F (s-r)
ds =  In |F ( / - r ) |- ln  ^(Г з-т)! <  oo

a contradiction since |/r(i—1)| is bounded and increasing. The proof is now complete. 
To justify this theorem, consider the following examples.

E x a m p l e  2 .  The equation

(25) yUv)( t)-e ~ Ky ( t-n )  = 0

has the solution y= e ’ which goes to zero. Now from our theorem
oo

e n f  (s — n)3ds =°°
r,

satisfying the required condition.
E x a m p l e  3. The equation

(26) y°v)(t) -e*y(t -n)  = 0

has y=e‘ as solution that goes to Again the conditions of the theorem are 
satisfied.

C o r o l l a r y  3.1. Suppose all bounded solutions o f equation

(27) / M (t) +  P(t)h(yr(t)) =  0

are oscillatory. Further suppose that conditions o f theorem (3.2) are satisfied. Then 
the conclusion of (3.2) is true.

P r o o f . By theorems (1) and (2) of S i n g h  [10], it follows that

(28) /  t2n~1p(t)dt =°o.

The proof of theorem (3.2) remains true when

J  (t — r)2" 1p(t)d t= °°
is replaced by (28).

R e m a r k . The last two theorems of this section assumed that h be differentiable 
and h' > 0. In the next theorem this restriction is dropped and a stronger result 
is proved.

T h e o r e m  3 .3 .  Suppose conditions (A) and (B) o f theorem (2.1) hold. Let 

(29) /  t{ßp(t)-\)dt= ~> .

Suppose y(t) is a non-oscillatory solution of equation (4). Then either |_>’(r)| -►() or 
LKOI as i
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P roof. Without any loss, we can assume that y(t) is eventually positive. Since 
from equation (4), y<2n,(/) > 0, ац the preceeding derivatives are monotonie. This 
means that y(t) approaches a limit as f — The only thing we need to show that 
if the limit is finite, then it must be zero. Let then lim y(i) = oo>0.

t-*-oo

Due to boundedness of y{t), conclusion (10) holds and y(2n-1)(i)< 0  eventu
ally. Let T3 be the same as in proof of theorem (3.2) so that for t= T 3, conclusion 
(4) is true.

Define

(30) z(t) = y(2n~l\ t ) t  
y ( t-x ) ts= T,.

Then z ( t ) ^ 0. Also observe that y(2a~1>(t)-*0 due to (10) and non-negativeness of 
j ( t ) .  If a>0 then

(31) lim
t-*oo

y(-n- x\ t )
y ( t - T)

Differentiating (30) we obtain

y(2,,)(/)t y{in~1)( t)y '( t-z ) t y(2n- v (t)
y(t — T) >’2( / - t) + y(t — t)

tp{t)h (y{t-xj) y(2n v (t)y '( t-x ) t y{2n n (f) ^  
y ( t - x )  y2( t-x )  y(t — x) ~

_  о y '( t - x ) y (2n- 1)(0 t , y(2n v (0
s  M '>'---------- W Ï T Ï ------- 4 ÿ (ô

Now
/ ( / - т ) / 2- 1)(0 ^

"  y \ t - x )

in view of (31) for t ^ T x> T 3. Thus for

(гл-о/.ч
(32) z 4 0 _ i _ _ y _  ^  t(ß p (,)-  1).

Integrating (32) between Tt and t we get

(33) z ( 0 - z ( r 4) - - ^ [ / 2n- 2)( 0 - y (2"_2)(74)] = /  s(ßp(s)-\)ds.

The left hand side of (33) is either negative or bounded since a>0. Since the right 
hand side tends to +  oo as t — °°, this is the required contradiction that proves the 
theorem.

The proof of theorem (3.3) suggests the following
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T heorem  3.4. Let <p(t) be a positive differentiable function which has a positive 
bounded derivative on some positive halfline [Г4, °°]. Suppose

f  4>(t){ßp(J)-\)dt =°°. 
тх

Then the conclusion o f theorem (3.3) is true.
Proof. We set

z(t) = y ( t-x ) <p(()

and proceed as in theorem (3.3). The conclusion follows.
E xample 4. Consider example 3 as the following equation.

j 4 v ,)  ( ? )—e*y(t—7t) — 0

which has e* as a non-oscillatory solution.
Here let

<p(0 =  t, ß = l ;
then

У t(ßp(t)— l)dt = J  t(e*—\) dt =°° 
т, тл

thus satisfying conditions of theorem (3.3) or (3.4).
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THE ALGEBRAIC DERIVATIVE AND INTEGRAL IN THE 
DISCRETE OPERATIONAL CALCULUS, II

by
T. FÉNYES and P. KOSIK

Introduction

In paper [1] we defined the concept of the algebraic integral on the discrete 
Mikusinski operator field M  as the inverse of the algebraic derivative and have given 
the necessary and sufficient condition of the existence of it. Moreover, the linear, 
first order algebraic differential equation has been discussed in detail.

This paper consists of three parts. The brief summary of the elements of the 
discrete operational calculus is given in the first chapter. The alternative theorem 
related to the operational solutions of the linear, first order differential equation 
will be proved in the second chapter. This chapter contains the detailed operational 
discussion of the algebraic Bernoulli equation of the form

too. D denotes the symbol of the algebraic derivative, a,bdM , m is an arbitrary 
integer (tn t̂ O, 1).

The third chapter contains the application of the discrete operational calculus 
to the solution of difference equations with polynomial coefficients being the discrete 
analogue of the discussion of G esztelyi [2].

The operational notations and symbols of B u t z e r — Schulte  [3] will be gen
erally used.

1. The brief summary of the elements of the discrete operational calculus

The symbol a={a„\ denotes an arbitrary finite and real valued function defined 
in the discrete points n=0, 1, 2, . . . ,  of the positive half line. The symbol an denotes 
the values of the function {an} for и=0, 1, 2, ... . The set of the above functions is 
denoted by E. Two operations are defined in the set E.

The set E is a commutative ring with respect to addition and multiplication defined 
above. It has no divisors of zero and can be extended to a quotient field M. The

Dx + axA-bxm = 0, xd M,

Addition :
a + b = К Ж Ы  = К  + b„};

multiplication :
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elements of M  are called discrete convolution quotients or operators. They are of 
the form

Ш ,  {an},{b„}tE, {bn} 9* 0.

The field of the real numbers is denoted by K.
E  and К can be embedded isomorphic in the field M. The unit element of E 

is {<50n} where <50n denotes the Kronecker symbol. The unit element of E, M  and К 
can be identified algebraically. It is denoted by 1. Similarly the zero-element of 
E, M, К  will be denoted by 0 since it can be identified too.

Every number is also a function in the discrete operational calculus, the value 
of the null-th component of which equals the value of the given number, the other 
components are zero.

Special operators
T h e  s u m m i n g  o p e r a t o r . T h e  f u n c t io n  /? — { 1 }  h a v in g  t h e  v a lu e  1 f o r  e v e r y

I ” I
и =  0 ,  1 , . . .  , d e f in e s  t h e  s u m m in g  o p e r a t o r ,  s in c e  h{a„} = {1 } { « „ }  =  { 2  ak( f o r

!*=о J
К  }€£.

T h e  d if f e r e n c e  o p e r a t o r . The operator 

( 1 . 1 )  q 1
h - 1

defines the difference operator. Obviously q$E.  Its fundamental property is

4{a„) = {du„} + (l+<7)a0
where

{Aa„} = {a„+1-a„}.

More generally for the i-th difference the formula

( 1.2)

holds.
? 'K }  =  {A‘a„} + (1 +q) 2  1 vdvű0, i = 1

v =  0

The t r a n s l a t i o n  o p e r a t o r . The translation operator is defined by v=-
It holds that

1+q

(1 + ЧГ

=  {bn}, bn =  I  л0

Moreover v‘vj =vi+j for every integer i,j.

m =  0 ,1 ,2 ,.. .,
and

(1.3)
for n Ä m 
for 0 ä  n <  m.
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In the following the symbol a(v)={av,„}€■£, v = 0 , l , . . . ,  denotes a sequence 
of discrete functions. [3] defines a convergence in E  as follows:

Í « (v, =  Í K , „ }  =  { Í « v , |
v =  0 v =  0 vv =  0 >

The operational form of an arbitrary b = {b„}£E is

(1.4) ь = {b,,} = 2
v =  0

by

in the sense of convergence defined above. We can easily deduce that every operator 
ddM  can be written as

( 1 . 5 )  d = 2  7 7 ^ +  2 т т ^  = 2 т г г ^ ,v = x(l+<7) v = o(l+<7) v=x(l+^)
(av£K, к is a negative integer).

There are only a finite number of terms of ( 1 . 5 )  not contained in E (see also B e r g  [ 4 ] ) .  

An equivalent statement is the following: Every b^O  operator can be written as

(1.6) b -  (1 + q)N{o„) ({e„H E> Qo ^  °> N  is an integer).
If N^O, then b£E.
We have introduced in the ring E an operation by the definition

(1.7) Da =D{an} = {-na„}
(see [1]). It can be easily seen that

(1.8) D{an + b„} = D{an} + D{b„}, D[{an) {bn}] =  {an} D{bn) + {bn)D{a„).
The operation D will be termed the algebraic derivative (see also [5]). The definition 
of the algebraic derivative can be extended to M  by

„ a bDa—aDb , , „ ,(1.9) D— = ------ —------, (a, b£ E, b ^  0).

It is easy to verify that D retains properties (1.8) in M. If a £K, then Dx = 0. More
over, D is linear in M.

The algebraic derivative of the difference operator q is
(1.10) Dq = \+q,
(see [1]) or
(1.11) D(l+q) = l+q.
It is easy to verify by induction that for every integer v and xdM

D(x') = vx”- 1 £>(*),
holds.

Choosing X— \-\-q we obtain

(1.12) ű [ ( l+ 9r ] - v ( l  + 9r .
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From (1.5) and (1.12) we see that

(1.13) Dx = 2
v = x

- v a  у 
0+<7)v'

It can be seen that if D x—0, for xÇ_M, then x£K.
Let us consider now the exponential function defined in the ring E (see [1]). 

This has a role in the theory of algebraic differential equations.

еа = еЮ = 2 Щ ^ ~  (a£E).v=o v!
It can be easily seen that

e“eb = ea+b for a,b£E.
Moreover, the exponential function

(1.14) R } =  e{e»} 
has the following properties:

e0 = ea°, so ^  0,
Dea — (Da)ea, 

e ^ £ K ,  iff {an}GK
(see [1]).

The concept of the algebraic integral is defined as the inverse of D. If for an 
arbitrary x£M  there exists an y£M  suchthat Dy=x, then у is called the algebraic 
integral of x and is denoted by

(1.15) y = f x - 

The algebraic integral is linear in M, i.e.
(1.16) J (ocx + ßz) = o tf x + ß J z ,  (x, z£M , a, ß£K )

holds, provided that x, z are algebraic integrable. Two integrals of an operator — if 
they exist — differ from each other in an arbitrary number.

We have given a simple necessary and sufficient condition of the algebraic 
integrability (see [1]).

Let xÇM be an arbitrary operator given by

(1.17) x = ^
v = x

av

x  is algebraic integrable, if and only if, au = 0. If so, the formula

(1.18)
holds where 

(1.19)

f x  = Z by
v=x (1 +q)'

bv — ——p , for v ^ O  (b0 arbitrary).
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2. Algebraic differential equations

Let us consider now the linear, first order, algebraic differential equation

(2.1) Dx — wx = y

where w,y£M  are given. We have shown that the homogeneous equation

(2.2) Dx — wx — 0

has a solution х0^0, ifandonlyif, w={f„}£E and/0 is an arbitrary integer (see [1]). 
The general operational solution of (2.2) is

(2.3) X =  C(l+ qY°  exp [ /  ({/„}-/„)], (C£ K).

Moreover we have shown, that if х0^0  exists, then (2.1) is solvable in M, if 
and only if / — exists and a particular solution is of the form

By introducing the denotations

у  =  (i+ ? )iV{e»} teo^o),
{"„} =  Ы  exp [-/({/„}-/<>)] 

and defining the function G by the definition

=  for » * * - / .

G„ is arbitrary, for n =  N —f 0 

we obtained that the differential equation 

(2.4) D x - fx  =  y  (/€ E, / 0 is an integer)

is solvable in M, if and only if,

iV < /0, or A > / 0 and # * -/„  =  0, 

and a particular solution of (2.4) is of the form 

(2-5) X =  ( 1 + q)N exp [ f  ({/„} -/„)] {G„}.

The general solution of (2.4) is

X = [C( 1 + qY° + ( 1 + q)N{G„}] exp [ /  ({/„}-/„)]. 

provided that it exists.
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In [1] we have not discussed the case of non-integer f 0. In this case the homogene
ous equation has the only solution xo=0 and the inhomogeneous equation cannot 
be solved by the method of variation of parameters since the solution formula

looses its meaning.
Nevertheless the operator (2.5) exists also for non integer/„, and it can be easily 

shown that it is the only solution of

D x—fx  =  y.

So it holds the following operational
A l t e r n a t i v e  T h e o r e m . I f  the homogeneous algebraic differential equation

D x—f x  =  0 (f £ E )

has only the trivial solution ( f0 is not an integer), then the corresponding inhomogene
ous equation

D x—f x  = y (y£M )

always has one and only one solution in M. I f  the homogeneous equation has some 
non-trivial solutions (f0 is an integer), then the inhomogeneous differential equation 
has either no solution or an infinity o f solutions, depending on the given operator ydM.

R e m a r k . W h a t  c a n  b e  s a i d  o n  t h e  o p e r a t i o n a l  s o l u t i o n s  o f

(2.6) D x -w x  =  y

if w is not a function? Since the corresponding homogeneous equation has the 
only solution, x0=0 we see that (2.6) can have only one solution in M.

However we are not able to prove the existence of such a solution and cannot 
give the explicit operational form of it.

In the sequel we shall deal with the discrete operational Bernoulli equation of 
the form
(2.7) Dx + ax + bxm = 0.

Here a£E, bdM  are given, m is an arbitrary integer (m ^ 0, 1). If m is odd and 
x0£M  is a solution of (2.7), then —x0 is also a solution of the above equation. In 
the sequel we shall not distinguish between solutions differing from each other 
only by their signs.

By the formal application of the substitution

(2.8) z — x^~m

we can reduce (2.7) to the linear equation of the form

(2.9) Dz — (m — \)az = (m — 1)6.
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If (2.7) has a non-trivial solution in M, it can be seen from (2.8) that (2.9) is 
also solvable in M. The converse statement does not hold. If (2.9) has a solution 
z£M , we obtain

X
(2.10) X =  z1-"1
as a formal solution of (2.7). However (2.10) does not exist necessarily, since the 
operator field is not closed algebraically.

The formal solutions of the Bernoulli equation can be given explicitly and it 
holds the following

L e m m a . Let us consider the discrete operational Bernoulli equation

(2.11) Dx + ax+bxm =  0 (a£E ,b£M , in is an integer, m ^  0,1)
where

b = ( l+ q )N{g„} (qo7± 0).
Moreover let

h = (m—1 ){{>„} exp [ - J ({(m —l)a„} —( m - l )u 0)],

for » * Л Г - ( т - 1 ) « „

g„ is arbitrary, for n = N —(m — \)a0.

I f  a0 is not an integer, then (2.11) has the only formal solution

(2.12) X =  [ ( l + ^ i g n J J ^ ^ e x p  [ - / ( {« „ }~ ao )] .

I f  a0 is an integer, then (2.11) has formal solutions i f  and only if

N  <  (m — l)o0 
or

(m —l)u0
and

^N-(m-l)a0 =  0

holds. The format solutions can be written as follows

(2.13) X = [C(l +  d  + ^ { g n} ] - ^ e x p  [ - / ( K } - flo)]-

P r o o f . This lemma is a simple consequence of the operational theory of the 
linear algebraic differential equation. It arises now the following question. Under 
what conditions do the formal solutions represent proper solutions of the Bernoulli 
equation? In the following we are going to answer this question and give the neces
sary and sufficient condition guaranteeing the existence of the proper solution of (2.7).

It is well-known that the operator field is not closed algebraically. The algebraic 
equation
(2.14) x m = A
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can have no solution in the discrete operator field. Let A be given as

A =  (1 + #{© „} (0„И О) 
and we look for a solution of (2.14) in the form

* =  (1 +  <7)мШ  (3 „* 0 ).
Substituting this to (2.14) we have

(l +  9)Mra{Snr  =  (1+<7)l{6U
or

( l  +  9)Mm-z. =  J M .  =  {Ti}5 (To^ 0)

Since 0 О7±О, $0И0 it can be seen that the operator т is a function the null-th com
ponent of which is not zero. So

(2.15) Mm — L  = 0, M  L
must hold. If so,

m

Ш "  =  {©„}
will be obtained and finally we have

R }  =  У Ш -
For odd m {9,,} exists and is unique, for even m {5„} exists, if and only if, 0 o>O
m

(.90=  } 0 (l). Both signs of the root must be taken into account.
Consequently (2.14) is solvable in M, i f  and only i f  — is an integer and for evenm

m 00=^0 holds.
Let us consider the case where a0 is not an integer. The formal solution (2.12) 

is a proper solution of the differential equation (2.11), if and only if, the operator

(2.16) [ ( i + ^ H U r ^
exists. From the definition of {g„} we have

(m -l)Q 0P q0P(2.17) go = N — (m — l)a0 N
m — 1

where P is some positive number. From the above discussion follows that (2.16),
N(2.12) exist if and only if k = ---- - is an integer and for odd mm — 1

holds.

во
k - a 0
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If so, (2.12) can be written as

* =  (1 + exp [ - / ( K } - a „ ) ]  ,

and from the property of the translation operator we have that the proper solution
N

so obtained represents a function, if and only if k = ------r= 0 .m — 1
Now we discuss the case of integer a0.
We take into account naturally the cases, where the formal solutions (2.13) 

exist. For C = 0 (2.13) equals to (2.12). Let CVO. We have two cases, N > (m — l)a0 
and N<(m — l)a0.

I. If 7V>(m —l)a0, then (2.13) can be written as

(2 .18 ) X = [( l+q)N(C(l + q)°°(" - » - N + {gn} ) Y ^ I  e x p [ - f  ( { n „ } - u 0) ] .

Since C(1 +q)a«im~l)~N£E  is a function, the null-th component of which is zero,
Nfrom (2.17) we obtain that (2.13) represents operators, if and only, if A:=—— -  is an

integer and for odd m, -r-^-—> 0 holds.k - a 0
If so, the formal solution (2.13) is the proper general solution of (2.11) and can 

be written as

(2 .19 ) X  =  (1 +  9 ) - * ^ [ C ( l  +  0 )e,(m~ 1)~ N+ { g II}]~'"^r  exp [ —J* ( { « „ } - « . .) ] •

The well-known property of the translation operator shows that (2.19) is a function
Nfor every C if and only if k = ------- ê 0 .m — 1

II. If N<(m— l)a„, (2.13) is of the form

(2.20) л- = [( 1 + (C+ ( 1 +?)*-< '- 1)fl° { g ,,} ) ]^  exp [ - / (K )-flo )] •

Since

where the null-th component is 0, we obtain for even m that (2.20), (2.13) 
represent operators for every C, for odd m, if and only if C > 0. If so, the proper 
general operational solution of (2.11) reads as

(2.21) X =  (l + 9)~ao[C+(l + 9)'',- (m- 1)“o { g „ } ] ^ exp [ - / ({ « „ } -a 0)] •

From the property of the translation operator we have that (2.21) is a function 
for every allowable value of C if and only if a0SO. It holds the following

T heorem  1. Let us consider the algebraic Bernoulli equation

( 2.22) Dx + ax + bxm — 0,
a € £  \

b = (l + q)N{e„}, £?e ^oJ
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and let m be an arbitrary integer (m^O, 1). I f  a0 is not an integer, then (2.22) is non- 
trivially solvable in M, i f  and only if,

(2.23)

and for odd m

(2.24)

go
k - a 0

X

к = ----- - is an integerm — 1

0 holds. I f  so, (2.22) has the only non-trivial solution 

( Н - я Г 'Ч г Л ^  exp [ - / ({a„}-fl0) ] .

(2.24) is a function, i f  and only if  0.
I f  a0 is an integer and N>(m — l)a0, (2.22) is поп-trivially solvable in M, if and 

only i f  the following conditions are satisfied:

(2.25) fciv-(m-i)fl0 = 0, к is an integer
and for odd m

k — a0
I f  so, the general solution o f (2.22) is

(2.26) x = [ C ( l+ qr<”-» + ( l+ q )N{gn} f ^ e x p [ - f  ({a„}-a«)]

being a function for every real C, i f  and only if

I fa 0 is an integer and N <  (m — l)a0 the forma! genera! nontrivial solution o f (2.22)

(2.27) * = [C(l +  ?)°o(m- 1)+ (l + 9 ) * { g j r ^ e x p [ - y ‘ ({a„} —a0)]

represents a proper solution o f  (2.22) for every C>0. (2.27) is a proper solution of
(2.22) for every C<0, i f  and only if, m is even.

The operators so obtained are functions, i f  and only i f  a0= 0.
Finally, for C=0 (2.27) is a proper solution o f (2.22) i f  and only if к is an integer,

and for odd m, — —>0  holds. The solution represents a function, if and only if  k — a0
A: s=0.

In the case o f N —(m — \)a0 (2.22) has the only solution x=0.

R em ark . From practical point of view, the discrete algebraic Bernoulli equa
tion has some importance at the solution of non-linear recursions of the follow
ing type :
(2.28) {An} - {nf„}+ {Bn} - {/„}+ {C„} • {/„} • {/„} • W  ■ {/„} = 0
where the functions {An}, {B„}, {C„} are given and {/„} is unknown. (2.28) has the 
operational form

- Df+ * f + j fn' = 0-
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It can be seen from the above discussion that the operational method is useful
Í пЛ

if -7— f  is a function.

3. The application of the operational method to the solution of difference 
equations with polynomial coefficients

In this chapter we shall solve difference equations with polynomial coefficients 
by the application of the discrete operational method. Let us consider the difference 
equation

m
(3.1) 2 ( a l- b in)A,x„ =  (pn

(=0
where at and bt are given numbers, (p„ is a given function and x„ is the unknown 
function. The initial conditions x„, xl5 ..., xm_! are also given.

Operationally (3.1) can be written as

(3.2) 2  [я;4'-с+Ь;£>(Л'х)] =  <p.
1=0

Taking into account (1.2) and D(qi)= iq t+1(l + q) we have

D(A‘x) =

= qiDx + iqi~ï {\ + q )x - { \+ q ) \2, ( i -1  — v)^"*“Mvx0+ 2  (« -  v)<7i- ,-1 zTx0l . 

Substituting this in (3.2), the following linear equation will be obtained:

2  l(ai + ib,)qi + ibiq,~1]
(3.3) -------------------------- X =

2  q'i = 0

<P + (l+<7) 2  l 'É {ai + bi( i -v ) )q i- 1- vAyx0+ 2  bi( i - \ - v ) q i- i ~vAvx }
_  ______________ / = 0 ly  = ()____________________________________ v =  0________________________________

m

2
i =  0

i-1 i — 2
where 2  IS zero f°r and 2  {S zero f°r *<2. We can solve (3.3) only in

v =  0 V =  0
the case when the operator

2  ((а,- + 1 bi) q‘ + ibi q‘ ~x]
(3.4) /  =  —— --------=------------------

2  b q 1
i = 0

is a function.
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We need the following statement.
The operator

111
2  i f f

z = ------  (Л,*|€АГ, ym,ôn * 0 )
2i — О

is a function, if and only if m-^n. This may be easily seen since 2 can be written as

2 y ' i ( \  + 4)1
z = -4r------------  (vU%€K)

2 S Í V  + 9Yi=0
where ym = y'm, S'n = S„.

We have

(1  +  q)m 2  y'i0 ( 1 + 4)"

(\+ q)n 2  %
I

and
(3.5)

ifo * (l+ r/)'— 

z =  ( l + 9r-"{t„} ({t„}€£, to^ 0 ).

We see from (3.5) that the above statement is true. The numbers am,b m may 
not be zero simultaneously, because then the order of the difference equation would 
be lower than m.

If bm=0, om̂ 0 , the polynomial occuring in the numerator of (3.9) is of higher 
degree than that of the denominator, consequently (3.4) is not a function.

If bm?í0, the polynomial occuring in the denominator of (3.4) is of /n-th 
degree, the polynomial in the numerator is at most of m-th degree, so (3.4) is a 
function.

In the sequel we assume that bm7±0. The right-hand side of (3.3) is a func
tion. This follows from the fact that the polynomial occuring in the numerator 
of the right-hand side of (3.3) is at most of m-th degree. From (3.4) we have

/т { am + rnbm (am , ^
(3.0) / . = ------- —  =  - f c  +  mJ-

The solutions of (3.3) can be written explicitly by the aid of the formulas given 
in [1] and the preceding paragraph. Occasionally, it is more convenient to express 
the right hand side of (3.3) as a function of the operator q. We shall illustrate this 
on two simple examples.

We give now an operational proof of the following well-known fact. 
T heorem  2. Let us consider the difference equation (3.1) with the initial con

ditions x0, x 1, Let bm 0. I f  ~  is not a non-negative integer, then (3.1)
b ,„
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has exactly one solution satisfying the given initial conditions. (Regular case.) I f  
~  is a non-negative integer, then (3.1) has either no solution or an infinity o f solu-
bm
lions satisfying the given initial conditions. ( Singular case.)

P r o o f . Leet {*'} be an arbitrary function satisfying the initial conditions 
x0,x l5 By introducing the substitution

Ы  = { * Л - М
in (3.1) we obtain the difference equation

(3.7) 2  (ai- b in)Aiu„ =  фп
i = 0

where the initial conditions of {w„} are zero, {ф,,} is some function. 
From (3.3) it follows that (3.7) can be written operationally as

(3.8)
2  [(Ui + ib ^ f  + ib;q‘ 4 

Du+—  и
2  b i f  2  b i f
i = 0 i=0

First let be an integer. We obtain by (3.4), (3.6) that the general solution of 
the corresponding homogeneous equation is of the form

(3.9) uh =  C(l +  9) " t e +"')exp [ f  ( { /„ } - /0)].

We know that (3.8) is solvable in M, if and only if,

Ф(3.10) [ ----------------- (1  +  q ) bm e x p  [ - / ( { / „ } — / о ) ]
J 'S? L „Í2  b i f

(l+ q)mexists. Since —------ Ç£, it may be easily seen that the above algebraic integral

reads as 

(3.11)

2  b if
i =  0

/ ( 1  + ЯУ™ {/„} (X£E).

If 0, the integrand is a function the null-th component of which is zero, 
bm

so (3.11) exists. If ^ -& 0, (3.11) does not exist necessarily. We have from (3.5) bm
that is a function, the values of the first m components are zero. This

2  b i fi = U
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is also true for the right hand side of (3.8) and it can be written that

Ф = (1 + ? f k }  0(0^ 0 ,  N S - m ) .
Z  bi ч'i=0

In the case of existence of (3.11) a particular solution of (3.8) may be derived 
from (2.5) and is of the form

(3.12) uP = (1 + 9)" exp [У ({/„}—/о)] {GnY

Since N S —m, it can be seen that the values of the first m components of 
the solution so obtained are zero and (3.12) satisfies (3.7) and the vanishing initial 
conditions.

For -^-<0, (3.9) cannot be a function satisfying zero initial conditions. 
bm

Namely, for + 0 (3.9) is not a function. On the other hand
bm bm

if a„-0, (3.9) is a function for every value of C. However the valuesb„
of the first in components of (3.9) are not all zero (CVO).

Consequently, if -^ -< 0  (3.8) and (3.7) have only one solution being a func- 
bm

tion with m vanishing initial values.
If ~ - ^ 0 ,  (3.9) is a function for every value of C, the first m components 

bm
of which are zero.

So, if (3.8) has a solution, then it has an infinity of solutions satisfying the 
difference equation (3.7) with the vanishing initial conditions. The general solution 
of (3.7) is obtained as

и = up + uh.

Now let us consider the case where-7̂  is not integer. Then (3.12) is the only solu-
bm

tion of (3.8), consequently also of (3.7) satisfying the zero initial conditions.
So we have proved the Theorem in the case if the initial conditions 

x 0, Хг, . . . , x m- i  are zero.
If we rewrite the function {.v„} by

{*„} = K }  + {*n}
we have that {xn} satisfies the difference equation (3.1) and the given initial con
ditions. The Theorem is proved.

We end this paragraph whit some examples.

F irst example.

(3.13) (n + l)Axn + nx„ — n, x„ =  0.
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Since {«}= <7+1 , the operational form of (3.13) is

(3.14) 1 1
0Х +  - —— Х = -----r

1+9 <T

The null-th component of 

geneous equation is of the form

1
\ + 4

is zero, the general solution of the homo-

- Í —  —xh — Ce ' 1+« = Сег+ч. 

We look for a particular solution of (3.14) as

xp = CV +«.
Substituting this in (3.14) we have

(3.15) С * = - Ц Д .
It can be seen that

C* = !+«
and

Since

xp =  №  =  i i i  =  {i}.

xh = Се1+ч = C £ 1
v=o v! (1 ■+- qy -

the general solution of (3.14), (3.13) reads

х=(дг-| = {| + й '
From x0=0 we obtain C -  — 1 and

(3.16) W  =  { ' - i r } -

(3.16) is the only solution satisfying (3.13) with the given initial condition.
S e c o n d  e x a m p l e .

(3.17) ( п - 1 ) А х п + пх„ = n, х 0 — 1 .
Obviously

* p =  { 1 }

is a particular solution of (3.17). The general solution of (3.17) is the sum of x p 
and the general solution of the corresponding homogeneous equation with zero 
initial condition.
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The corresponding homogeneous equation with zero initial condition is of 
the following operational form

(3.18) D x + l í h x  = 0.\ + q
Since

1 +  2q
~ q \+ q

е е

we have /„=  — 2.
It can be seen by (2.3) that the general solution of (3.18) is

(3.19) xh = C (l+ q)~ 2exp 

C(1 + q)~2 exp 

C(1 + q)~2 exp

I/-
l / r f

KHS
-1  —2^ + 2 + 2<7

+ 2

1+ q

— C(1 +ic)“2exp | - щ | -

= c " + , r ‘ . I . T i V ^ F " c , ’ + , l “‘ ii ï r ) -

There are an infinite number of solutions satisfying the zero initial condition. Con
sequently (3.17) has also infinitely many solutions with the condition x0= l .  They 
are of the form

X = {*„}>

Xn

i,

l + C (-1  Г 2
(и —2)! ’

for n = 0, 1
. _ ( с е к ) .for n ê 2
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NEARBY ALTERNATING CHEBYSHEV APPROXIMATION*

by

CHARLES B. DUNHAM

Abstract. The best C hebyshev approxim ation  from  a n  a lte rn a tin g  family depends o n  the  
fun ctio n  being approxim ated, o n  the  dom ain, and on  the weight function . This dependence is c o n 
tin u o u s  in a neighbourhood o f  a  po in t where the best ap p ro x im atio n  is non-degenerate. A local 
existence result for varisolvent fam ilies is proven. It is show n th a t  non-existence or discontinuity  
occurs when the best ap p ro x im atio n  is degenerate and  the n u m b er o f  alternations is m inim al.

Let (F, P) be an alternating family of approximations on a closed interval 
[a, ß]. All functions considered will be continuous on [a, ß] and for such functions 
we define the norm on a non-empty closed subset Y  of [a, ß] to be

llgllr =  max{|g(x) : x£Y}.

(When Y is omitted, it is understood that 7=  [a, /?]). The Chebyshev problem on 
Y  is for a given continuous function /  and given continuous non-negative weight 
function w to find an element F(A*, •), A*£P, for which ;w ( f— F(A, • ))|]y attains 
its infimum g (f,Y ,w )  over AÇ.P. Such an element F(A*, • ) is called a best 
Chebyshev approximation to /o n  Y  with respect to w. It is unique if it exists. Denote 
it by T (f, Y, vv), defining the generalized Chebyshev mapping. In this paper is 
studied the dependence of T  on its arguments.

Some restrictions of this problem have already been studied. The classical 
Chebyshev operator is Г(*,[а, ß], 1). A study of it for varisolvent F appears in 
[1] and for general F appears in [3]. The subset mapping for fixed /  is T(f, • , 1). 
A study of it for general F and subsets filling out [a, ß] appears in [4] for varisolvent 
F and in [3] for general F. M aehly and W itzgall [5] considered varying /  and w 
jointly in approximation by ordinary rational functions on an interval [a, ß]. The 
behaviour of T  for approximation by finite dimensional linear families is con
sidered in [8].

A hitherto unstudied case in which continuity of T  is of interest, is where X  
is an alternant of the error curve of the best approximation on a larger set and 
the subsets Y are trial alternants used in the Remez algorithm. Continuity of T 
implies that if perturbations in /  and w are small enough and the trial alternant 
is close enough, the trial solution will be close to the best approximation on the 
alternant, which is the best approximation on the larger set.

To avoid trivial cases, we will assume that in all cases studied card {y:y£Y, 
w(x)>0} is not smaller than the degree of F.

* This work was assisted by a  g ran t from  the N ational R esea rch  C ouncil o f C anada.
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The following definition is given in [3] and agrees with the accepted definitions 
of degeneracy for polynomial rational families Rnm[ct, ß] and exponential sums.

D e f i n i t i o n . F is  degenerate at A (F(A, •) is degenerate) if every neighbourhood 
of F (A, •) contains elements of higher degree.

Clearly elements of maximum degree are non-degenerate. In most approximat
ing families of interest, including those of the two classes mentioned above, all 
elements not of maximum degree are degenerate. An example where this is not the 
case precedes Theorem 4 of [3].

D e f i n i t i o n . Let {g,gl5 ...}(= C[a, ß], {g*}-g means | |g - g J - 0 .
D e f i n i t i o n . For X, Y  non-empty closed subsets of [a, ß], define

dist (X, Y) — sup {inf {|x — y\ : Y} : x£ X},
d(X, Y) =  max {dist (X, Y), dist (Y, A')}.

D e f i n i t i o n . Let X, Xlt ... be non-empty closed subsets of [ot, ß]. We say 
{Xk) ~ x  if d(X,Xk)~  0.

L e m m a  1. Let F (A, •) be the best approximation to f  on X  with respect to w. Let 
{x„,..., xn} be an alternant o f w { f—F{A, •)) on X. Let\\v — w\\ max{||/— F {A, Ollx, U — 
Äg. Let ||t>|| II/— g||<e. Let и(х;)и>(х;)>0, г =  0, ..., n.

There exists such that if
|x {  — X;| <  ô, i — 0 ,  . . . ,  n,

and
(1) max {u (xi) I g (x'i) — F (В, х-)\ : i = 0, ..., n} si || w (f-F (A , .))||x +  3e
then
(2) sgn [ / ( х о ) - Т ( Л ,  Xo)](-1 )‘[F(B, x -)-F (A , x,')] ^ -бв/min {и(х{) : i = 0, ..., n}.

Proof. Assume without loss of generality that / (x 0) - F ( d ,  хо) ё 0 ,  and let E 
denote ||w (/— F(A, *))||x■ We have

w(Xi)[ f (Xi )-F(A,  X ;)] =  ( — l)‘E.

As w ( f—F(A, •)) is uniformly continuous on [a, ß], there exists <5>0
|X;-x;|«=<5,

( -1 ) 'w(x'i)( / (XÍ)- F(A , x0) S  E -e , i = 0 , ..., n.
By choice of v,

( -1 У V (xi) ( f  ( x i) -F  (A, x'i)) =  E —2e, i = 0, ..., n.
By choice of g,
(3) (-1  )iv(x'i)(g(x'i) -F (A , x-)) £  F -Зе, i = 0, ..., n. 
Inequality (1) can be rewritten as
(4) (— l)1 v(x'i)(g(x'i) — F(B, x-)) ш E+3e, i = 0, ..., n. 
Subtracting (4) from (3) gives

(— l)‘u(x,-)(F(B, xi) — F (A, x - ) )  S  -6e, i = 0, ..., n.

such that if
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Lemma. Let F be non-degenerate at A. Then for given e>0 there exists t)(g) 
such that IIF(A, •) — F(B, •)||<rç(e) if (2) holds and »/(e)—0 as e — 0.

This is Lemma 2 of [3].
L emma. Let F be o f degree m at Ak, k = 0, 1, ... and let {F(Ak, •)} converge 

pointwise to F(A0, •) on m distinct points. Then {F(Ak, •)} converges uniformly to 
F(A0, •)•

This is Theorem 3 of [3].
Best approximations may fail to exist. Further, numerical procedures may only 

give approximations which are near them. We therefore introduce nearly best approxi
mations, which do exist.

D efin itio n . F(A, •) is an e-nearly best approximation to /  on Y with respect 
to vp if IIw (f-F {A , -))llr^ß(/, Y, w)+£.

Best approximations are 0-nearly best approximations.

T heorem  1. Let T ( f  X, w) = F(A, •) and F be non-degenerate at A. Let { fk}—f,  
d(X, Л^)^0, {wfc}—w, and {e*}— 0. Let F(Ak, •) be ek-nearly best to f k with respect 
to wk on Xk. Then {F(Ak, •)} converges uniformly to F(A, •).

This is a consequence of Lemmas 1 and 2.
In case Fis varisolvent, a local existence result holds. A definition of varisolvence 

and theory for approximation on an interval is given in [6]. We assume that the 
difficulty of [2] does not occur.

T heorem 2. Let F be unisolvent of variable degree. Let T ( f  X, w) = F(A, •) 
and F be non-degenerate at A. There exists p, v such that if d(X, Y)<p, ||u — w|| ^  v, 
and INI II/— g||<v, then g has a (non-degenerate) best approximation on Y with 
respect to v. I f  {/*}-/, {Xk}^X , {wk}-w , then T ( fk, Xk, wk)-~ T (f X, w).

P roof. Let F  have degree n at A. By definition of degeneracy and the second 
corollary to Theorem 2 of [3], there exists A such that ||F(A, •) — F(B , O l l ^  
implies that F  is of degree n at B. Let x„, ..., xn be as in Lemma 1. By definition 
of solvency of degree n at A there exists y>0 such that if |j* — F(A, xt)|<y, 
к = 1, ..., n, then there exists a parameter В satisfying
(5) F(B, xk) =  yk k = l , ..., n, ||F(i4, — F(B, .)|| <  A.
By choice of Я, F  is unisolvent of degree n at any such B, and hence В is completely 
determined by (5). Choose e such that i/(e)<y/2, then by Lemma 1 and 2, if
\x't — *j|<<5 for i=0, ...,n  and

щах {u(x;)|g(x:,')-F(F, x,')| : i = 0, ..., n} \\f-F{A, .)||* + Зг
then

\\F(A, .)—F(B, .)|| <  y/2.
Now choose Y with d(X, У)<<5. Let {Bk} be a sequence of parameters such that

{||t>(g-F(F*, .))||} -  inf{||i;(g-F(C , .))||r : C€ F} := e(g, Y, v).
If e(g, Y,v) = \\v(g — F(A, • ))|| then F(A, •) is best to / on Y with respect to v. 
Otherwise choose лг/ёУ such that |Xj—дг/|<0, i= 0 ,...,n . We can assume that

max{y(xi)|g(x:;)-F(Ft,A;i,)| : i =  0, ..., n} S  ||w (/-F (/l, .))||x +  3e.
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It follows that IIF(A, •) — F(Bk, • )||-=y/2 and the л-tuples of values of F(Bk, •) 
at the points xk, xn form a bounded sequence with subsequence converging to 
an accumulation point (yk, ...,j„), which determines a parameter В at which F 
is unisolvent of degree n. Using Lemma 3 we can show that for all jc£ Y, 
|r(x)(g(x) — F{B, x )) |^e (g , Y,v) and so F(B, •) is a best approximation to g on 
Y  with respect to v. The first part of the theorem is proven. Now let { /} —/,  {Xk} ~X, 
and {w*} —w. Then for all к  sufficiently large, there is a best approximation F(Ak, •) 
to f k on Xk with respect to wk. From Lemmas 1 and 2 it follows immediately 
that II F(A, • ) — F(Ak, OII-0.

If T ( f  X, w) is degenerate, we may not have nearby existence. This is shown in 
[4] for the subset mapping. We now show that it may not hold for even the classical 
Chebyshev operator.

Example. Let n >  1 and X be a closed subset o f  [0, 1] containing at least 2и + 1 
points. Let

n
F(A, x) = 2  ak exp (an + kx ).

k = l
F is a varisolvent approximating function. Let / ( jc) =  0 and f k(x)=x/k. f k is a uni
form limit of approximations but is not itself an approximation, hence it has no best 
approximation on X.

Let us now consider the case where T (f, X, w) is degenerate. A special case, 
which we consider at length, is that in which/is an approximant F(A, •). It is well- 
known that the classical Chebishev operator T( •, [a, ß], 1) is continuous in this case. 
It is also obvious that the mapping T(f, •, •) is constant (hence continuous) in this 
case. However, as will be shown in the next example, T  may not be continuous. The 
most general result appears to be

T heorem  3. Lei f  be an approximant F(A, •). Let { fk}-»f, ek-»0 and {wk}~* 
—-w>0. Let F(Ak, •) be Ek-nearly best to f k on X  with respect to wk, then 
II F(Ak, •) -F (A , .)llx -0 .

The theorem is easily proven by standard arguments. The theorem is, however, 
not true if we also vary the domain.

E xam ple . Let us approximate by the family i?“[0, 1] of rational functions. Let 
w= 1. Let Xk = [l/k, 1] and X=[0, 1]. L e t/ = 0  and

f k(x) = 1/(1 +k2x) (x S  1 /к)
= 1/(1 +k) ( 0 è j c < 1  /к.)

We have T ( fk, Xk, vv) =1/(1 + k2x)+ T (f, X, w)=0.
Let us now consider the case where T(f, X, w) is degenerate and not equal to /. 

There do exist sequences { /} ^ / ,  [Xk}^X , {u’/£} - w such that T (fk, Xk, wk)->- 
-*T (f, X, w). In particular these sequences can be chosen such that T (fk, Xk, wk) = 
— T (f, X, w). However, the theory to date suggests that if Г(/, X, w) is degenerate 
and not equal to /  then suitably varying any one of the three arguments of T  is likely 
to cause failure of existence or failure of continuity of T. Let d(A) denote the degree 
of F at A. In most cases of interest, w (/— F(A, •)) alternates exactly d(A) times 
when A is best.
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T heorem  4. Let F be degenerate at A and w ( f— F(A, •)) alternate exactly d(A) 
times on X. There is a sequence {/*}—/  such that i f  T ( fk,X ,w ) exists, T ( fk, X, w)4* 
+  T (f,X ,w ).

To prove this, we use arguments similar to those of Lemma 6 and the second 
Theorem 8 of [3].

Define M(A) = {x: w (x)\f{x)-F(A, x ) |- | |w ( / - F ( / i ,  • ))||at}- If M(A) is 
“sufficiently large”, A best in X  implies that A is best on all sets near X. For example, 
let [a ,/?] =  [—1, 1], F(A, x)=ax exp (a2x), w = l, and

f ( x ) = - 1 - 1  X S  - 1/2

= 2x - 1/2 <  jc <  1/2

=  1 1/2 ^  x s  1.

0 is best on any subset of [ — 1,1] containing a point [ — 1, —1/2] and a point in 
[1/2, 1], since two such points form an alternant. However, in a typical case of approxi
mation, M(A) is nowhere dense.

T heorem  5. Let w ( f—F(A, •)) alternate exactly d(A) times on [a, ß] , F be 
degenerate at A and M(A) be nowhere dense. There exists a sequence {A/.} o f dosed 
subsets such that {Л'*.} —►[a, /?] and if  { T ( f X k,w)} exists, T ( f ,X k,w)~t* 
4>Г (/, [a, ß],w).

This is proven by arguments similar to those of Theorem 7 of [3]. A similar result 
can be given for finite X.

Lemma 4. Let F be degenerate at A and r’( f — F(A, •)) alternate exactly d(A) 
times on X. Then there is a sequence w such that either T { f  X, wk) does not
exist or i f  T ( f  X, wk) — F(Ck, •)> d(Ck)>d(A).

P r oof . By definition, there is Ak£P such that d(Ak)>d(A) and ||F(A, • )— 
-F (A k, • )«<  l /к. Define E(x) = w (x){f(x)-F (A , x)) and Y= {x: |£(дс)| S ||£||,/2}. 
It can be seen that (f(x) —F(A, x))/(f(x) —F(Ak, x)) — 1 uniformly on Y. Define

»kW =  w (x)(f(x)-F (A , x )) /( f(x )-F (A k, x)), xÇ Y.
By the Tietze extension theorem as given in the text of Dugundji [12, 149] there is 
a continuous extension of wk to [a, ß] such that Цн̂ —w||< | | — w||y-f l/fc— 0. 
We have

wk(x)(f(x )-F (A k, x)) = w(x)(f(x)—F(A, x)), x€ Y

and it is readily seen that for all к sufficiently large, ||wk( f — F(Ak, • ) ) | l x  =  
= || w ( f—F(A, - ))[|.v- It follows that wk( f — F(Ak, •)) alternates exactly d(A) times 
on X. Since d(Ak)>d(A), F(Ak, •) is not best to /  on X  with respect to wk. Let 
\\wk( f ~ F(B, •))||x< lM /- - F ( A ,  *))II.y 1 then F(B. -)-F (A k, •) alternates in 
sign on an alternant of w (f—F(A, •)), hence F(B, •) — F(Ak, •) has at least 
d(A) zeros. It follows that if Bk is best to / on X  with respect to wk, d(Bk)>d(A).

T heorem  6. Let F be degenerate at A and w ( f—F{A, •)) alternate exactly 
d(A) times on X. There is a sequence of weights {tvt} — w such that if  {T (f, X, vv*)} 
exists, T ( f  X, wk)-w T (f X, w).
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P r oof . Suppose T (f, X, wk)=F(Bk, •) for all k, then by the previous lemma, 
wk( f - F ( B k, •)) alternates at least d(A) + 1 times on X. Thus {wk( f — F(Bk, •))} 
cannot converge uniformly to w (f—F(A, •)), which alternates exactly cl (A) times.

In case a best approximation always exists in approximation with respect to a 
positive weight function, the preceding theorem guarantees discontinuity of T  by 
varying w. Such a case is that of approximation on an interval [a, ß] by ordinary 
rational functions R"„[<x, ß] or by F(A, x) = a, exp (a2x).

A simple example of discontinuity of T ( f  [a, ß], •) follows.

E x a m p l e . Let [a , / ? ] = [  — 1,1 ],f(x)=x, and F(A, x)~a} exp (a2x). Let iv= 1
Xand wk(x) = \+ 1r . As wf  alternates once, 0 is the best approximation to /  with/С

respect to w. As wkf  does not alternate, 0 is not a best approximation to /  with 
respect to wk and hence the best approximation F(Ak, •) t o /  with respect to wk 
must be of degree 2, hence wk( f — F(Ak, •)) alternates at least twice. If we had 
{74/, [a, ß], wk)} ^ T ( f ,  [a, ß], w), we would have [wk( f - F ( A k, -))} ^ и / But the 
sequence is composed of elements alternating at least twice, whereas н/ i s  monotone.

Example the same thing happens in approximation by the family of ordinary 
rational functions Rk[ — 1, 1], the families of ratios of constants p to first degree 
polynomials <jr, q> 0 on [—1,1].

It appears (see [3, examples on 104—105 and 106—107; 10, Section 5]) that 
special properties of F  must be used to obtain stronger discontinuity and local non
existence results. The property of irregularity has proven useful [9; 10; 11]. It would 
be of interest if this property could be proven useful in other cases, in particular with 
the weight variable (a general discontinuity result comparable to [11] would be 
desirable).

The continuity of g has not been seriously studied, even for some special cases. 
It is well known that g( - , X, w) must be continuous. However g ( f  •, w) need not 
be continuous [3, 100]. The behavior of g ( f,X ,  •) is completely unstudied, g is 
continuous where T is continuous, but may be continuous where T  is not continuous.

It is expected that comparable results hold for alternation with a fixed point [13]. 
The property corresponding to varisolvence is a special case of S-varisolvence, studied 
by K a u f m a n  and B e l f o r d  [14].

In the case that convergence does occur, the rate of convergence of T  and g 
is of interest. To get any results, it may be necessary to assume that (F, P) satisfy the 
hypotheses of Meinardus and Schwedt, given by Bu r k e  [16], or of Barrar  and L oeb 
[15]. Studies have been made of rates with/  varying [15] and of rates with discretiza
tion of an interval [16]. In the case of approximation by ordinary rational functions 
on an interval, a rate for / and w variable has been obtained by M aehly and W itzg a ll  
[5, 289—300]. However no study has been made of rates when varying X  always 
finite or always an interval, of rates when varying w, or of rates when varying all 
three arguments. A linear (first order) rate of convergence is expected under favorable 
circumstances. That this is best possible in general follows from consideration of 
approximation by constants and varying only/. It should be noted that in the special 
case of an interval, a quadratic (second order) rate occurs under circumstances gen
erally encountered in practical problems.
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COSTRICT RADICAL CLASSES OF ASSOCIATIVE RINGS

by
B. J. GARDNER and E. AHMED

This paper introduces a property of radical classes of rings which is at the 
same time a dualization and a generalization of strictness. One way of characterizing 
strict radical classes is in terms of their semi-simple rings: a radical class is strict if 
and only if subrings of semi-simple rings are semi-simple or equivalently, whenever В is 
semi-simple and there exists a ring monomorphism A-*B, A is semi-simple. A radical 
class will be called costrict if for every radical ring A and ring epimorphism A — В 
(the category-theoretical language is that of [4]), В is also radical. It turns out that 
strict radical classes are costrict, though the converse is false. Some characteriza
tions of costrict radicals and a construction of the lower costrict radical class (in the 
obvious sense) are given and some examples of costrict and non-costrict radical 
classes presented.

The basic references for radical theory are [3] and [14]. All rings considered are 
associative.

1. Epimorphisms

A ring homomorphism /  is an epimorphism if it satisfies the condition

g f=  hf=> g — h.
Any epimorphism /  has a factorization f —ip where i is injective, p is surjective 
and both i and p are epimorphisms. Thus we need only consider surjective and injec
tive epimorphisms, and in the latter case we shall be mainly concerned with inclusion 
maps. If A is a subring of a ring В such that the inclusion A —1? is an epimorphism, 
we call В an epimorphic extension of A and represent this by the notation Ac^B. 
Most of the literature on ring epimorphisms deals with the category R of rings 
with identity elements and identity-preserving homomorphisms. The relevant con
nections between that category and R, the category of rings and homomorphisms, 
in which we shall work, can be summarized briefly as follows. For any ring A, 
let A1 denote the ring obtained by adjoining an identity to A in the standard way.

(1) If / :  A-*B is a homomorphism, we define f 1: AX-*BX by f 1(a,n) = 
= ( /(a), rí). T hen/is an epimorphism in R if and only if/ 1 is an epimorphism in R.
(2) If g: A-*B is an epimorphism in R and A has an identity, then В has an 
identity and g is an epimorphism in R. (3) Any epimorphism h: Ä — S  in R is an 
epimorphism in R.
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(Proof of (3): Let к, / be homomorphisms in R such that kh = lh. Then к and / 
induce maps к', V to k(e) A k(e) = l (e) AI (e) where A is the range of к and l and e 
is the identity of S.)

If A and В are rings, we denote by dom (A, B) (the dominion of A in B) the 
subring of В consisting of those elements b of В for which f(b)=g(b) whenever two 
homomorphisms / ,  g : B-+R (any R) agree on A. dom (A, B) consists of all elements 
of В which have the form 
(* )  a + XPY
where aÇA, 3f is a 1 X m  matrix over В, P is an m X n  matrix over A1 and Y is an 
n X l matrix over В such that XP and PY  are matrices over A. When A has an identity, 
dom (A, B) consists of elements of the form

XPY
where P is a matrix over A and otherwise the symbols have the same meaning as 
before. Clearly А с  В if and only if dom (A ,B) = B. For more details see [7] 
and [8].

We conclude this section with a few results on preservation of properties by 
epimorphisms.

P r o p o s i t i o n  1.1. Let A be a commutative ring, f  : A-~B an epimorphism. Then 
В is commutative.

P r o o f . Clearly only the case where /  is an inclusion needs to be treated. In 
this case we have Axc B l, so by Proposition 1.3 of [12], В1 is commutative. Hence 
В is too. □

For a ring A, we denote by A<n>, A[x] the ring of n X n  matrices and the ring 
of polynomials over A. In A (n>, [a]  ̂represents the matrix with a in the (/,_/') position

n
and 0 in all the others, A (a) the matrix 2  Mu •

i = l
P r o p o s i t i o n  1.2. I f  Ac^B then A(n) <zBM, for ail n.
P r o o f . By (*), every element b of В has the form

b = a + 2  biOijbj
i,j

where aÇA, Ь{,Ь]^В, аи £А1, 2  ^iair 2  ПцЬ]£А. It follows that for any k, /,
i i

we have
[b]k, =  [a]u+ 2  [bilks*1 (aij)[bj\sl (any s)

UJ
where [a]kf A M, M L , [b'j]sf B M, 2 i biM  (ßij) = \_2biah] ks<LA(n) and 2 Л(Р1})[Ъ%,=

i i j
= [Za,jb  'j]sf A {"k Also (identifying (AM)1 with the subring of (A1)(n) generated by
Л(и) and the matrices A (n), n£Z) А(а^)^(Ам )1, for all /, /. Hence [è]t((;dom (A(n), B(">) 
for all bÇB and for all к, I. It follows that dom (Â(n), B(n,) = B(n>. □

P r o p o s i t i o n  1.3. I f  A cz B, then A [x]c B[x].
P r o o f . By a similar argument to the one just'given, one can show that b and 

bx" belong to dom (A [jc], B[x]) for all b^B  and for all n. □

StucLia Scientiarum M athem atic  arum Hungarica 10 (1975)



COSTRICT RADICAL CLASSES OF ASSOCIATIVE RINGS 391

2. Costrict radical classes

Recall that a radical class is strict if for every ring A, 0t(A) contains all .^-sub- 
rings of A. An equivalent characterization, more relevant to our present discus
sion, is the following: a radical class is strict if and only if the corresponding semi
simple class is closed under formation of subrings. (Further information concerning 
strict radical classes can be obtained from [11].) Since the monomorphisms of rings 
are precisely the injections, the following property of radical classes is, in a sense, 
dual to strictness. A radical class 0t will be called costrict if it satisfies:

If A^0t and / :  A —■ В is an epimorphism, then B^0t.
Since radical classes are homomorphically closed, we have immediately

P r o p o s i t i o n  2.1. A radical class is costrict i f  and only i f  it is dosed under forma
tion o f epimorphic extensions. □

From another point of view, costrictness is a generalization of strictness: 

Proposition 2.2. Strict radical classes are costrict.
Proof. Let A be a ring in a strict radical class Sfc. If Aç^B then 0t contains 

A*, the ideal of В generated by A [11]. But the natural map and the zero map from 
В to В/A* agree on A, so A* = B. □

Further characterizations of costrict radical classes are given by the following 
theorem.

Theorem 2.3. Let 01 be a radical class, Sf the corresponding semi-simple class. 
The following conditions are equivalent:

(i) M is costrict;
(ii) I f  Aç^BÇSA and AÇ_ât, then A= 0;

(iii) I f  A is a ring such that, for every non-zero homomorphic image A", there 
exists a chain

0 ? i / l c / <  A",
with R f0t, then A^0t.

Proof. (i)=>(ii) : This is clear.
(ii) =>(iii): Suppose A satisfies the condition but A$0t. Then A/0t(A)^O, so 

there is a chain
0 ? î â c / <  A/0t(A),

with R£dt. But /  is in £A, so this can’t happen.
(iii) =>(i): Let A be in 01, with AczB. If B/lA^O, then A% I (cf. Proposition 

2.2) so we have a commutative diagram

A ---------- -B

\ I
0 A!AC\I s* (A +  I) / I-*B/I

where A/ACM is in 9t and all maps are epimorphisms. By (iii), В belongs to 0t. □
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3. The lower costrict radical construction

In this section we define a construction, analogous to the lower radical con
struction, which yields the smallest costrict radical class containing a given class.

Let J i  be a non-empty class of rings. We define the classes J iw  inductively as 
follows:

J i (V)— {ä |3 an epimorphism A-+B with AÇ.J4}.
J i (x) = {5jFor every non-zero homomorphic image B" of B, 3 a chain 

0 7í R clI<\B" with R dJi(x) for some a</?}.

T h e o r e m  3.1. With the notation used above, [JJ4W is the smallest costrict radical
a

class containing JÍ.
P r o o f . It is straightforward to show that J i  («) =  whenever and that

each J i (a) is homomorphically closed, whence 1J J i (ai) is also.
a

Let В be a ring such that every non-zero homomorphic image B" has a chain
0 ?£ i c  / с  B"

with R£[J Let {ds\sf .S"} be the set of all non-zero ideals of B, and for each
a

s let
as = min{a|3 a chain 0 ^  R c_/< i B/Js with R£J4(x)}.

Then for any ß which is greater than all the <xs, we have B £Ji(ß)Q \JJ4{ar As a
a

special case, if every B " j 0 has a non-zero ideal in then В is in (J
a a

This, together with the fact that U is homomorphically closed, means that
a

(J J i (tC) is a radical class, while from the general case and Theorem 2.3, we see that
7.

1J J i w  is costrict.
a

Finally, if Ш is a costrict radical class containing J i,  a transfinite induction 
argument making use of Theorem 2.3 (iii) establishes that U М (Л) □

a
We shall call the radical class (J the lower costrict radical class defined

a
by J i  and represent it by the notation Lc(Ji).

4. Examples

As was shown in [7], every epimorphism A-~B, where A is (von Neumann) 
regular, is surjective. This provides some examples of costrict radical classes which 
are not strict.

E x a m p l e  4 . 1 . The (radical) class W [2 ]  of all regular rings, and all its radical 
subclasses, which include the semi-simple radical classes [10], are costrict. None
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of these is strict, however. For any radical class 0t, the class 3t*= {A\A[x]£.Ht} 
is also radical. If dt is strict, then M*=3t ([11], Proposition 3.1) while if 01 is hereditary 
and consists of idempotent rings, 0t* = {0} ([5], Theorem 10). Thus there are no 
hereditary strict radical classes ^{0} consisting of idempotent rings. A similar 
argument shows that no non-trivial radical subclass 0t of У  is strict, as we would 
then have 01 = ®*Я,Г* = {0}.

Some further examples are provided by the next result.
Proposition 4.2. Let Л  be a non-empty class o f rings such that

(i) J i  is homomorphically closed,
(ii) i f  / о  У<i A and Id J i , then the idea! I* o f A generated by I  is in J i , and

(iii) if 0 t±A<\ B czC and A dJi, then C has a non-zero ideal in Ji.
Then L(Ji), the lower radical class defined by J i, is costrict.

Proof. Let A be a ring such that for every non-zero homomorphic image A", 
there is a chain

0 ^  Ä c / <  A"
with RdL(Ji). Then this chain can be augmented by a finite number of terms to 
give a chain

Ä c / <  A”
where f d J i .  By (ii), R has a non-zero ideal Jd J i, so by (iii) /  has a non-zero 
ideal KdJi. We have A'o / о  A ", so by (ii) again, A " has a non-zero ideal in Ji. 
But A" is an arbitrary non-zero homomorphic image of A, so A is in L{Jt). By 
Theorem 2.3, L(J() is costrict. □

Corollary 4.3. Let J i  be a non-empty epimorphically dosed class o f rings with 
identity elements. Then L(.ii) is costrict.

Proof. Being idempotent, the rings in J i  satisfy condition (ii) of Proposition 
4.2. If A is in J i  and A<i BczC, then adjoining identities to В and C we get A<i Z?1 <z 
czC1. Since A has an identity, we can write B1—A® R  (ring direct sum). Let e 
be the identity of A ; then by Corollary 2.2 of [12], eC1e is an epimorphic extension 
of A and an ideal of C l. But eCxe ^ C ,  so rC xe< C . This establishes condition
(iii) of Proposition 4.2. □

A class can be closed under epimorphisms and yet define a lower radical class 
which is not costrict.

Example 4.4. The class of commutative rings is closed under epimorphisms 
(Proposition 1.1). Let Л  be its lower radical class. Then for any (commutative)

[0 K1 fA Ol  \ К КЛ
] and L Л ^ К ® К ,  so M contains I I. The latter

has the full matrix ring KX2) as an epimorphic extension ([8], p. 268) but K(2) clearly 
is not in Ht.

Proposition 4.5. Let 01 be a costrict radical class,
.Ht* =  {A\A[x]dât} and .Htn = {A\AXn)d3t}.

Then 0t* and 3tM are costrict radical classes.
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P r oof . 01* is a radical class ([5], Theorem 1) and so is each 01м  ([9], p. 61). 
The rest follows from propositions 1.2 and 1.3 □

Finally we give some examples of radical classes which are not costrict. In 
what follows,,/ is the Jacobson radical class, Ж  the corpoidal radical class [13].

P roposition  4.6. Let 0t be a radical class such that
/  g  0t i  ж.

Then 01 is not costrict.
2m

P r o o f . Let A be the ring of rational numbers of the form ------Then A2n +1
but the field Q of rational numbers is an epimorphic extension of A. I f f ,  g: Q-+R 
are non-zero homomorphisms which agree on A, then in particular 2/(l)= /(2) = 
=g(2) = 2g(l). The additive group of f(A)+ g(A ) is torsion-free and contains/(1) 
and g (1). Since 2 ( /( l )— g(l)) =  0, we conclude that /( l)= g (l) . Call this common 
value e. Then / and g have the same image — call it R = eRe — and may be regarded 
as isomorphisms from Q to R. For any integers m, n with nA 0 we have

/  ( - “)/(" ) =  / ( m) =  we =  g(w) =  g{~^j g(n) = g(-^-)/(w), 

s o j .  On the other hand, Ж(()) = 0. □

5. The lower costrict radical class defined by the class of zerorings

Let 2£ denote the class of zerorings. Clearly we have where
0S is the prime, Жд the generalized nil, radical class, since the latter is strict and 
hence (by Proposition 2.2) costrict. In this section we shall obtain a little more 
information about the position of Lc (i£) among other radical classes.

P roposition 5.1. £C(J?)^*^ .
P roof. The class '0  is closed under epimorphisms — nilpotent rings have no 

proper epimorphic extensions ([8], p. 267) — so we look at the classes ^ (a) of the 
construction in §3. Suppose Lc {0() contains a full matrix ring over a finite field; 
let ß be the least ordinal for which the corresponding contains such a ring 
and let X м  be in for a finite field K. Since K M is simple, there is a ring 
in some áf(í), with a<ß, such that Rc^K(n). Now R is not nilpotent, by the result 
quoted at the beginning of this proof, so, being finite, it has a semi-simple artinian 
image, necessarily in This violates the minimality condition on ß, so Lc(Ж) 
can contain no K (n). On the other hand, АГд contains them all. □

C orollary 5.2. LC{'Æ) is not strict. □
It is not known whether or not Lc(0 ) = iM. The next two results show, how

ever, that certain subclasses of âS are closed under epimorphisms. Let T  denote the 
class of commutative rings.

P roposition  5.3. .Af )T, is dosed under epimorphisms and SSC\T=Lc(АС) П T.
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P roof. J in ^ ^ T c(á f)fW £ .T £ n # = á in <íí’, while *€ is closed under epi- 
morphisms (Proposition 1.1) so Ьс(йOf)# is too. □

P roposition  5.4. I f  A is a (left or right) T-nilpotent ring, then so is any epi- 
morphic extension of A.

P roof. Suppose A is left T-nilpotent. This is equivalent to every non-zero 
homomorphic image of A having a non-zero left annihilator ([6], Theorem 1.2). 
If A c  В and B" is a non-zero homomorphic image of B, then as in the proof of 
Theorem 2.3, we have A"ç^B", where A" is a non-zero homomorphic image of A. 
Let (0: A") denote the left annihilator of A". As shown in § 1, every element in 
B” has the form а+Та,Т>г, where a and the belong to A" and the bt to B ”. Clearly 
(0: A ”) annihilates B". Hence В is left T-nilpotent. □

Using Proposition 4.5, it’s easy to show that if a ring R belongs to Lc(Sf), 
then so do Л[х] and R(n) for each n. If then for every RÇ_LC(2£) we
have A[x]C/, so by Lemmas 2J and 3J of [1], R is nil.
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LARGE a-CRITICAL GRAPHS WITH SMALL DEFICIENCY 
(ON LINE-CRITICAL GRAPHS II)

by
L. SURÁNYI

0. Introduction

If G is a graph, V(G), E(G) and a(G) denotes its vertex-, edge-set and the maxi
mum number of independent vertices in G, resp. ; G is a-critical if a (G) = a, but 
a(G -e)>a(G ) for all eeE(G).

(m, n, k)-<-n + l ((m, n, k)-{-n + l) means, that the following statement is true 
(false): For any graph G with m vertices and a(G )</i+/, there exists a subset X  of 
K(G), satisfying \Х\шк and a(G —X)<n.

This symbol was defined and first investigated by P. E r d ő s  in [2 ] .  (The equiv
alence of his definition and the one given here is proved in [7 ] ,  lemma 5.3.) This 
symbol was studied in [ 2 ] ,  [ 4 ] ,  [ 6 ] ,  [ 7 ] ,  [ 8 ] ;  [ 5 ]  studies the analogous question for 
/-graphs. Let /(и, к, /) =  max {m: (m, n, k)-~n + l}. (Clearly 1 ^ l ^ k ,  i S /г may
be assumed.) It was proved by Erdős, that f(n, k, l) — 2n + k — 2 for S l ^ k .
However the determination of/(«, 3, 1) seems to be more difficult. It was proved in
[6] and [7], that 2n + 3^/(n, 3, 1) — n + 9. In Theoreml.il. of this paper we

prove f(n, 3, 1) — 2n = o(n), in fact f(n, 3, 1)— 2«<10[f,/i] for all n ^ l .  We do 
not know whether lim (/(я , 3, 1)—2я) = °° or /(« , 3, 1)—2n—o(fn) holds. In
Theorem 4 we give a general non-trivial upper bound for f(n, k, /).

If one wants to verify (m, n, k)-»n+l for some m, n, к, I, one clearly may restrict 
oneself to the (« + /—l)-critical graphs having m vertices. On the other hand when
ever X  contains a vertex у  and all its neighbours in G, one always has a(G —X )< 
<a(G). That is why the investigation off(n, к, l) is related to the following (unsolved) 
problem :

Let 6 be any fixed number. Does there exist a number a0(c>) with the following 
property: Whenever G is a connected a-critical graph, a> a0(<“)), and <5 =  |F(G)| —
— 2a(G), we always find a vertex in G with degree ^2.

A theorem of H ajnal ([3], Theorem 1) shows that <5sO and a0(0) =  a0(l) —1, 
Andrásfai in [1] proved, that a0(2)=l. a0(3)S l2  was proved in [7], Theorem 5. 
It was also shown there, that an affirmative answer to this question implies \E{G)\ —
— |K(G)|^/(<5) (with some function/depending only on <5 = |F(G)|-2a(G), for all 
connected a-critical graphs G. This means, that if a — G is connected a-critical 
and <5=|F(G)|— 2a(G) is fixed, then “almost all’ vertices of G have degree 2. (See
[7] 4.2). There are several constructions known proving a0(<))=»о  <5 with different 
numerical constants c. (See e.g. [9], [10], [11], [6].) In Theorems 2.6 and 2.8 of

S2
this paper we prove a0(<5)^— for any even ô (i.e. а0(<5)ё y j  in general).
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We use the following non-standard notations :
E(G, A, B) =  {yz : ye A, ze B, yze  F^G)}, q(G, x)

is the degree of the vertex x in G, ■F' (ß, G) =  {Fez V(G) : F is independent in G, 
\F\ = ß}, J2r(G) = U #"(/?, G). C(q) denotes the set of residue classes modulo q; 

ß
we sometimes identify к  with the residue class of C(q) containing it, but this will 
cause no confusion. Also if there is no danger of confusion, we identify the set
A cz V(G) with the subgraph of G spanned by A. We put '?(г)=т ( r+ 1
for any integer r.

1. The construction

1.1. First we define the graph £%k for any odd кшЪ.
V(@k) = {</, p, q) : ie C(fc+1), p e  C(k), qe  C(2)};

E{ääk) =  {<(, p, 0><i + -^-^, p, 1) : ie C(k +  l), pe  C(/c)}U 

{<(, p, o ) ( i + ^ Y ~ ,  p, i> : ie c ( k + 1), pe c(fc)}u

{<i, P, q)(i + ̂ Y ~ ,  P+U q) : <€ C ( k + 1), peC(k), qe C(2)}.

This is the graph that will prove 1.11 (i). This graph is “almost” a Descartes-product 
of a 2k + 2-circuit and a A>circuit. (See in 2.7 the definition of (6k.) Note, that this 
graph is not symmetric, only anti-symmetric in q in the following sense: Ф0((г, p, q)) = 
= (i,p , 1— q) is not an isomorphism on 3Sk, only Ф, ((i, p, q))=( — i,p, 1 — <y) is 
one. To avoid the complications in the technical details of the proof this lack of 
symmetry would cause (see 1.9), we construct a graph Gk, symmetric and anti-sym
metric in q, that has following properties :

(*) x(Gk) =  2a(ääk) =  2k2.
(* * )  V{Gk) = 3Sk{0)(Jä3k(l) where both .3âk{0) and :%k(\) span a graph iso

morphic to Mk in Gk; ,Mk(0) and 2dk(\ ) are (vertex-) disjoint.
(*■**) Deleting any 2 vertices x and y from Gk, the graph Gk—x —y  contains 

2 disjoint independent sets with oc(Gk) vertices, each.
Now it is easy to see that in view of (*) and (*  *), the corresponding statement 

of (* * *) holds for ЗЙк, as well. This, however, yields 1.11 (i).
So we define Gk. It will be symmetric and anti-symmetric in q, but will look 

very much like 30k. Put for any p and qk\  and any integer /:
A,(p, q) = {(i, p, q) : ieC(l)} and A,(p) -  Afp, 0)1) A,(p, 1).

V(iBj) is the union of the sets Ak+1(p) for all p’s.

11 In this chapter p  and q — with or without indices — will always denote members of C(k)  
resp. C(2).
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Similarly to this we define

V(Gk)=  U Л2*+2(Р).
p€C№)

We want to prove t*  * *) in the following way: for any x, у we find an F and an 
Fx in &(2k-, Gk — X—y) such that Р’ПР'1=  0  and \(F\JF^)FiA2k + 2(p, q)\ = 2k. 
Now the fact that we have 2 more vertices in every A2k+2(p,q) — instead of 1, 
which would be the case if we considered &k — makes this possible in all cases, and 
this is the other point (besides the above mentioned symmetry) why we prove (* * *) 
for Gk instead of 3Sk. So we define

E{Gk) =

= {<'o,P,<7><'i, P, Я) : 'о. ii€C(2k + 2), p€C(k), </€C(2), i0— /х = k , k + 1 or k + 2}U 

U {(/, p, q)(i + k+ l, p+ l, q) : i£C(2/c + 2), p£C(k), q£C(2)}.

Now we prove (*) and (* *). Put

&k(q) = U ({<2/ +1, p, q) : 0 =s j  =§ k) U {(2), p , l - ? ) : 0 s j s  k}).
pec(k)

Then clearly á?*(0), â$k( 1) and äSk are isomorphic. This proves (* *). Next we 
show, that

1.2. x(Gk)^ 2 k \
Since a(Gt)^a(^f*(Ö)) + o((^,[(l)) = 2a(á?t), so we only have to prove
1.3. oc (&k) ^ k 2.

As we mentioned in 1.1, Л4+1(р) spans a circuit of length 2k+2 in iMk so 
& (k-\-\, Ак+1(р))—{Ак+1(р, 0), Лл+1(/>, 1)}. Let F be an independent set in âiïk. 
If \FC[Ak + 1(p)\^k  for all p, then |F |^ £ 2. So next assume | + j (/>)| =  A: +1. 
But then FÇ}AkJrl(p) = Ak+i(p, q) for some q. So we may assume because of 
obvious symmetries, that, PT')/lj£+i(0)=^)t+1(0, 0). Now Ak+1(p + \,q )\JA k + l (p,q) 
has 2k + 2 elements, spans a 1-factor, so \FC\(Ak+1(p,q)\JAk+1(p+ \,q ))\-^k  + \. 
So Fz)Ak + 1(0,0) implies FCÏAk+1(l, 0) = F(lAk + 1(—l, 0)= 0  and so

|F| =  |FrU*+i(0)|+ 2  |i?n ( 4 k+1(2 /,0 )U ^ +1(2J+l,0))| +

+ 2  \F n(A k+1( 2 j - l , l ) U A k+1(2 j,l) ) \^

á  \Ak+1( 0 ,0 ) \ + ^ - ( k  + l ) + ^ - ( k + l )  =  (k -l)(fc + l)  <  fc2.

This proves 1.3 and so 1.2.
1.4. Our next aim is to define certain elements of &  (2k2, Gk). This will also 

yield <x(Gk)=2k2 and a (@k)= k2.
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We need some notations. We put for each i£C(2k +2), p, q, 0 S r^2 k + 2  

I(p, q, i, r) =  {<i +  t, p, q) S  t S  '—~ г \ if r is odd,

l[p, q, i + Y  »•) =  {<«' +  ', P, q) ;- y + l  ^  ^  y }  if г is even.

So I(p , q, u, r) is the arc of A 2k+2(p, q) with length r and centre u.
The following observations are trivial consequences of the definitions:

1.5. Let 0 S r^ 2 k  + 2 and и such that u — q(r)£C(2k + 2). Then
(i) I ( p ,q ,u ,r ) { J I ( p , l~ q ,u , t ) ^ ( A 2k+2(p)) for all p, q, 0 ^ t ^ 2 k - r  if  

t = r (  2).
(ii) I (p ,q ,u ,r )U I(p + l,q ,u ,t)e ^ { A 2k+2(p ,q )U A ,k + 2(p + l,q)) for all p, q, 

0 ^ t ^ 2 k + 2 - r  if t = r (2).

For all p, q, 0 ^ r^2 lc  and for all и with u — q(r)£C(2k + 2) we put 

F„(q, u, r) = I(p, q, u, r)U/(p, 1 - q ,  u, 2k -r ) .

If O ^ t^ k ,  then t ’ denotes 1 or 0 corresponding to whether t is odd or even. Now 

for all q=0, 1 ; p\ ß= ±  1 we define

(hi) F°(p, q, u) =  LI Fp+t((t + q)*, u, 2t) = \ j  Fp_t((t + q)*, u, 21) =

= U Fp+t(q, M> 2í)U U Fp+t(q, u’ 2k —2t) if u— C(2k + 2),
t =  0 f= 0  £

t even io d d

(iv) F1{p,q, ú )=  U Fp+,((t + q)*, u, 2t+l) — |J Fp_x_t(\-(t+ q)*, u, 2t+l) =

= U Fp+t(q, u, 2f+l)U  U Fp+t(q, u, 2 k - 2 t - \ ) ,  if u£ C(2fc-f 2),
i  =  0  i =  0

t even t odd

(v) Fk(p,u,t0, ß) = U Fp+t(0,u+ß\t\,k)U  U Fp+t(0,u+ßto,k),
M~=‘° h* W-t 1

if u£C(2k+2).
Now we define the adiungant of any set F, and we denote it by Fk:

F! =  {<i, p, q) : <i + fc+l, p, 1 -tf>€ F}.

1.5. and trivial calculations yield, that

S tu d ia  Scientiarum M athem atic a ru m  Hungarica 10 (1975)



LARGE a-CRlTICAL GRAPHS WITH SMALL DEFICIENCY 401

1.6. (i) The sets defined in 1.5. (iii)—(v) belong to F  (2k2, Gk).
(ii) x(Gk) = 2k2, <x(Mk) = k2.

(iii) The following equations hold, whenever the left-hand sides are defined: 
F{(p, q, и) =  FJ(p, 1 - q ,  u + k+  1), F}(p, u, t0, ß) =  Fk(p, u, + k + \ , t 0, ß).
(iv) I f  F is a set defined by 1.5 (iii)—(v), then FC\FX = 0  and for some u0, ux

FD A2k+2(p, q) = {<(, p, 9) : Mo — * — i'i}- 
F1C\A2k+2(p, q) = {</, p, q) : ux + 2 ^  i 2k + u0}.

1.7. D efinition: We say a graph G has property u/ for some j, / s 0  if 
,F(<x(G),G — H) has j  disjoint elements whenever HczV(G) and \H\ — l.

1.8 .
(i) I f  G has property 11/ for some /SO, then G has property u f for all

О Ш'щ1, 1 s / s y .
(ii) I f  G has property 11/ /or some 1=0, /S i ,  then G has property u/+/.' for all 

0^У Щ ]-\.
(iii) Suppose that the spanned subgraphs Gi, i ^ i ^ m  satisfy V(Gt)C] V(GX) = 0

7M /W

/o r /V /', and let V(G) = (_) V(Gx), a(C) =  ̂  a(G,). Then G has property u/ ifi' all
1 1

(j-s Aat’e /7.

These assertions are trivial. Now we want to prove, that 6 / has property u ' . 
This will yield Theorem 1.11. However we prove more; we prove (* * *):

1.9. Gk has property u\fo r  all odd /с >  1.

Proof. Let x0=(i0, p, q), x i= (h ,p ',q ')  be 2 vertices of Gk. Without loss 
of generality we may assume 0 ^ |х—/0s fc + l. Applying the isomorphism
^ v ({k p ,q ))= (i- io ,p -p u,q -q o )  we may assume xo=<0,0 ,0>, xx= (i1,p 1,q 1)

к —lwith 0 is ; j /: + 1, Q^px^ k  — 1. If —-----<px<k, then using the isomorphism

к — 1Фх((i,p, q))=(i, —p, q), too, we can get 0 —. So we may assume
к _1

xo—(0, 0, 0), x1=(i1,p 1, qx), 0 ^ ix^ k + \ ,  0 —-—. We distinguish 4 cases:

Case a. q1 arbitrary;

Case b. QSpx< k —px^ k + l ,  qx arbitrary;
Case c. 0Spx<ixS k - p x, (pi)*=ql \
Cased. 0^ p 1< iiS k —p1, (px) * - 1 - q x.
In all this cases we will find an F defined by one of the equalities (iii)—(v) in 

1.5 such, that x„, XjC FUFX. (Fx is the adiungant of F.) 1.6 (i) and (iii) gives 
F, Fx£F(2k2, Gk) and 1.6 (iv) gives Ff)Fx~ 0 ,  so this will prove 1.9.

Case a. F— Fk |o, ^ ^  * , ix, 1 j. F is defined. FU Fxf] {*0, A'i}= 0 ,  because

(see 1.6 (iv))
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(FU F1) n ^ 2fc+2(0,0) =  {<i,0,0>: 1 or f c + 2 s i s 2 f e + l}
and

( - F U  F i ) H  A 2k+2(Pi,  <7t) =

= {(*> Pi> Я1) • (i "b 1 = i — i%~\~к or ïj + к + 2 =  1 =  ij + 2к +1}.

^Note that .J

Case b. Now F=Fk |o, k — ik + 1, — 1 j. F is defined, since 0 ï=A-

h + 1  =Pi
к -  1 . (FU Fj) П {.v0, a'j} = 0 ,  since we have

and
(F U F j)n ^ 2t+2(0, 0) =  {(i, 0 , 0 )  : 1 =S i :§ A, or A + 2 =s i s  2A+1}

(FU Fj) П ^ 2fc+2(Pi » <7i) —
= {(i, px, 9j> : — A +  i, ^  i S  i j -  1 or ÍJ+ 1 ä  i ä  jj + A}. 

|\Ve used 1.6 (iv) and OëA —/х+ 1

F is

always defined. Let [yJ =q. Then (tf + jy ]]  =  0' and 

F íT /í2i[+2(0,0) = F_j-„-j + j-£j +  ]) , —— , 2^—J+ y  —2 j |  П /42fc + 2(0, 0) =

= F0 (O, , i)j П A2k+2(0, 0) = {</, 0, 0) : 1 =  / = r}.

(We used O ^v^k  — 1.) 1.6 (iv) gives F1D ^2l.+2(0, 0) = {(/, 0, 0): v + 2 s i^ 2 k +  1} 
and this proves x0(£ FU Fy. On the other hand

Ffl А2к+2(р1, qk) —

ni+ n i+ p i
((^ + [y ]+ P x ) , 2 [y ] + 2^i + « -  2 [у ]  j П Ak(Pl, qk)

= рр \ я i,  —y ->  v + 2p^O A 2k + 2(p1, q j  =

=  {<*. Pi, 4i) : - P i + 1  =  < =  »  +  P i  =  «i -  О -

Here we used (? + [y ]+ F i)  =  ( [y ]  + [y ]  +Pi) = (2 [y ]  + P í) =Pi=‘h ,  and

this holds, since 0 s= |y jS 2  | y j  +p1̂ v+ p 1 = i1 — 1 SA — 1. 1.6 (iv) gives now 

FiC\A2k+2(pi,qi)= {(i,P i,qi): i1+ l ^ i ^ 2 k - p 1+ \}  proving x ^ F U F j.
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Cased. Put v = k - i1- p 1, |-̂ -j = q and F=F1 2ч(р) g. ~  ° ^  1 )•
Since O ^ v ^ k — 1 so we have

F H /i2t+2(0, 0) =  F r n + M  ( [ y ] \  » ) п л а + ,(0, 0) =

=  {</, 0 ,0 ) : - 1  s i s - u } .
So 1.6 (iv) gives Fi r\A2k + 2 (Q’ 0) = {(i, 0,0): 1шШ2к — о} and ï 0|F U F j . Using

+ P i^k  — 1 we haveИ
FC\A2k+2(p1, q4) = FPi ( ( ? + [y ]  + Pi) > ~~Y~> 2Pi+ pjri^s»+ 2(Pi, 4i)- 

Now we have ( í+ [ y ] + P i)  = ( í*  + [y ]  +pí) = 2 [y ]  +P*i=PÍ = 1 - f t ,  

0^ |-^ -Js2  f-̂ -1 1. Thus we get

^П Л 2*+2(Р1, <7,) = FPi | l  — <7i, v+2p^C\A2k + 2(pi, qk) =

since

=  ^(pi, 4i, —~ y ~ ’ 2 k - v - 2 p ^  =

=  {<«'.Pi> 4i) ■ ~k  + pi S  i ё  i j - l ) .
S o —according to 1.6 (iv) — we have F1C\A2k+2(p1,q 1)= {(i,p1,q 1): ij +  1 S iS  
= A:+/>!}, and jcĵ F U ^ .  This proves Cased., too. So we proved (* )—(* * *). 
In view of 1.8 (iii) this gives 1.10.

1.10. .JAk has property u|.
1.8 (ii) and 1.10 imply the first part o f the

1.11. Theorem, (i) (2k2+2k, k 2,3 )+ k2+ l for all odd fc ë l .
(ii) (2/J+ 10[y«] +  8, n, 3 )-к и + 1 for all integer / i ë l .

Proof, (i) means the existence o f  a graph G with 2k2+2k vertices having 
<x(G)=k2 and property u3x. But âSk is such a graph for A:>1 and K4 for k —l.

To prove (ii) let 1 be any integer, k = k(n) the unique odd number sat
isfying k2^n< (k  + 2)2 and put l(n) — n — k2(n). Then l(n)S(k + 2)2 — k2=4(k+  1)S 
s4 [ÿ n ]+ 4 . Let Xt be a K4 for all 2 ë is l(n ), Xk be a Ks with s — 10[/«] +12 — 
—2&—2/(л)ё4, X0=âSk if &>1, and Xa=K4 otherwise. (Х,Г\Х, = 0  if iVy.)

/(л)
Let the graph Gn be t j  Xt.

1 = 0l(n)
Clearly a{Gn)= 2  tx(Xj) = k 2 + l(n)=n, |L(G")| =  |K(áÉfk) |+ j  + 4/(/7)-4 = 2A:2 + 

(=0
-I- 2A: + 10[ (/«] +12 - 2k -  2l(n)+ 4/(я) -  4 = 2(k2 + /(«)) + 1 Of)7«] + 8 = 2n +10[ |//i] + 8. 
All the X'r s have property uj, so G" must have it, too (see 1.8 (iii)). This proves the 
Theorem.
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R em arks. 1. (i) gives an affirmative answer to a special case of the conjecture 
stated in [6]. The general case is settled in Theorem 3.1.

2. If we put K3 — Xi for 2Si'S/(n) and Ks= Xx with s=  14 [Уи] + 17 — 2k —
Н»)

— 3/(n)^5  then H"= U Aj- has property uf (since 36 k, Ks and Ks-^Kb have it.) 
0

This yields

1.12. For all integer values o f n there exists a graph H" o f 2n+ 14[)н] +12 
vertices such that a (H) = n and H" has property uf.

2. Consequences for line-critical graphs

2.1. D e f i n i t i o n s  ( i )  If EaE(G ) a n d  a ( C  — E)>ct(G) t h e n  w e  c a l l  E a critical 
set in G.

(ii) eÇ_E(G) is critical in G iff {e} is a critical set in G.
(ni) ô(G)=\V(G)\—2a(G) for any graph G.
2.2. In this chapter we investigate the 2/c--critical spanning subgraphs Tk of 

Gk. Of course our main interest lies in the special type of graphs Гк = Гки г к, where 
ГЦ is a spanning ^-critical subgraph of 36k(q). In 2.3 we prove that the edges of 
36k (q) are critical in Gk, and that Гк must contain almost all edges of Gk connecting 
different A2k + fp )  sets. The main consequences of this facts are summarized in Theo
rem 2.6. In 2.7—2.11 we give a construction of another type that gives a result, 
analogous to Theorem 2.6 (see Theorem 2.8). That k ^ 3  is odd is assumed through
out 2.3—2.6.

2.3. (i) Forall i£C(2k+2),p£C(k),q£C(2), the edge e= (i,p ,q )(i+ k ,p ,q + \)  
is critical in Gk.

(ii) Let i, p, q be as in (i), and 1 ^ t 0^ k ,  e0= (i,p, q ) ( i+ k + l,p — 1, q) ex = 
= (i+ 2t0, p, q)(i+2t0+ l+ k ,p — 1, q). Then the set {e0, c,} is a critical set in Gk.

P r o o f : (i) We may assume e=(0, 0, 0)(k, Q, 1). Put 

T = F k ( o , - ^ , 0 ,  l ) u  {(к, 0, 1».

Fk |o, ^  ̂ , 0, 1 j is independent and contains neither (2k+ l, 1;1) nor
(2 k + 1, — 1, 1), (2k, 0, 0), (2& +l,0,0) but it contains (2A +2, 0, 0> = (0, 0, 0). 
Since these are the 5 vertices connected to (к, 0, 1) in Gk, so we have E(Gk, T, T) = 
=  {e}, i.e. T ^ ( 2 k 2+ 1, Gk — e) proving (i).

(ii) Again we assume e = (0, 0, 0}(k+ 1, — 1,0) and ex=(2t0, 0, 0)(2/0 + A: +

+  1, —1,0), l ^ f 0= k  2  ̂ ' We put

T = {  U t0,2 (t + te) - l ) U (  U Ft((t)*, t0,2 (t + t0)+l))U.
-('o-i)srs-l osrsfc-(f0+i)

U l ( k - t 0, ( k - t or ,  r„,2k+l)
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Clearly |Г| =  2/с2+1. Our claim is E(Gk, T, T)= {e0, ej}. Once we proved this, 
we have a(Gk — {e„, e,})^ 17̂ | (<7fc), proving (ii).

It is clear that

u  F,((—t)*, 2(t + t0) —l) =  и  4 +2(Р)П Я ((1-а(1о-1)* .1о)
- ( r 0- i ) s i s - i  - ( » „ - D s t s - i

and
u  F,((t)*, t0, 2 ( t + t 0) + l )  =  ( и  Л*+2 (р ))П Л (-г0,(г„Г,г0),

OSISk- t0- l  O S p S k - ( l 0 + l )

so these sets are independent, and so is I(k — t„, (k — t„)*, t0, 2k + 1). So all we have 
to prove, is that I(k — t0,(k  — t0)*,t0,2 k+ l)  is not joined to ТГ\А2к+2(к — /0+ 1> 
(A -/0)*) and to Tf)A2k+2( k - t 0-\,(k - t„ )* );  and, that E(Gk, T f]A 2k+2(0), 
TP\A2k + 2(— l))={e0,e 1}. The second one is trivial from 1.6 (i); and 1.6 (ii) with

T O A ^ k - t o + h i k - t o T )  = Т П А 2к+г(-(10-1 ) ,  (t0- 1)*) =

= *■-,„_„((/о - 1 )*, to, l ) n A №+i( - ( t0- \ ) ,  ( to -1)*) =
=  / ( - (to- 1 ), (t0 -1 )* , t0, 1) =  I ( k -  to +1, (k -  to)*, to, 1)

and with
T f ] A 2k+2(k - ( to+ l ) ,  (k-to)*) =

— E<c—i0—1 ((Ac t0— 1) , to ,2k— 1 ) П 2* + 2(Ac tg — 1), 1— (к — /0 — l)+) =
=  /(fc -( i0+ l) , (k-to)*,t„, 1)

gives the first part of the proposition. This proves our claim and (ii).
The following observation is trivial.

2.4. If EczE(âSk(q)) for some cffC (2) and E is critical in Gk, then E is also 
critical in :Mk(q).

This is obvious: E is critical in Gk, and this means, that an F in ^"(2A:2+1, 
Gk — E) exists with \F(VMk(\ — q ) \^ k 2 since dSk(\ — q) spans the same sub
graph in Gk as in Gk — E, (we used EC\E(fSk( \ — q))= 0  and ct(i%k(l — q)) — 
= ot(3SL) = k2 (see 1.3).) So \F(~]@)k(q)\^.k2+\ proving u.(ääk(q) — £jëA :2+ L  
We note, that given any 2 edges e0, ek connecting &k(qo)C\A2k+2(p, q) and d8k(qg)C\ 
E\A2k+2(p —\, q) they can always be written in the form of 2.3 (ii). So 2.4 and 2.3 
gives

2.5. (i) Any edge of :Ak(q) is critical in dSk(q). (p£C(k), qdC(2).)
(ii) I f  ea, e, are 2 different edges connecting A2k+2(p, q) and A2k + 2(p —\, q) in 

ââk(qn) for some q, q0(zC(2), p£C(k), then {ea, <?]} is a critical set in âêk(q0).
Let now Гк be any &2-critical spanning subgraph of 3Sk(0). Since by 2.5, 

E[äSk (0)) — Е(Гк) contains no edge of á?*(0) and at most one edge connecting 
A2k + 2(p,q) to A2k + 2( p - \ ,  q), (peC(k), q£C(2)), we have

\E(ääk(0))—Е(Гк)\ ^  2k i.e. |£(Г*)| s  A(k + \)k -2 k  = 4k2 + 2k.
Finally we note that д(Гк, 3)^3 for all vertices of Гк:&(к2, r k — ({x}(JЕ(Гк, x)))= 0  
is trivial and ä?*(0) has property u|, and so property uj according to 1.10. How
ever this means |{x:}U£(rt , .r)|^4  and д(Гк, х ) ^ 3, as stated.

So we get the following theorem putting 0 = 2к (A: odd!) and Н3 = Гк if <5s6, 
H2=K<:
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2.6. Theorem. For any positive <5 = 2 mod A there exists a graph Ha with the 
following properties:

(i) Hô is connected and is 62/4-critical;
(ii) |F(tfÄ)|=y+<5, i.e. ô(Hâ)=ô;

(iii) \Е(На)\^02+0=\У(Н я) \+ ^ ;
(iv) Д, has no vertex o f valency -=2; and moreover
(v) H6 has property uj and so property u '.
R emarks: 1. The main interest of this theorem are (i), (ii), and (iv) together

(see introduction).
Let 6^3,  let Lô be the graph we get 

by substituting the vertex x of the graph 
on Fig. 1 with a Ks_2 and joining all the 
vertices of this Kó_2 to all y{ 1 = / =4. 
Then L& is 3-critical, 6(L0)=6  and

\E(Ls)\-\V (L 0) \ = - j - .

So / ( < 5 ) ^ ^ ^ j ,  showing that (iii) gives
no good information on f(6). We don’t

think / ( 5 ) S ^ 2 ^ |  to be a sharp result,
but as for now, do not know any better.

2. We did not derive Гк explicitely 
from â8k. Our next aim is to sketch a totally 
explicit construction of a Hó satisfying 
(i)—(iv) of theorem 2 for any <5 =  0 mod 4. :

2.7. Let 6 = 0 mod 4, <5>0 and put 6 = 2k. Then кш 2 is even. The graph 
3>k we are going to define is similar to 08k. (Its definition is motivated by the follow
ing graph Я!к, which is isomorphic to d8k for odd /с 3 :

V(Vk) = {</,/»> : ieC(2k + 2), peC(k)},

E(Vk) = { ( i,p )( i+ l,p )  : ieC(2k + 2), p€C(/c)}U

{(i, p)(i, P+l> : i€C(2fc+2), peC(k), p #  k}U

{<i,fc)<i +  fc + l, 1>: i<EC(2fc+2)}.

Let for any p£C (k+ 1), qdC (2),

Uk(p) = {(i,p):i£C{2k)}.

Fig. 1.
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We define 3>k as follows:

V { % ) =  U uk(p),
p€C<* + 1)

E (ßk) =  0)<2j, 0 > : l ä j S  *}U{<2/, 1><2/+1, 1> : l s j s  k} U
{<i, p )(i+ l,p ) : i£C(2k), 2 S p S  fe}U
{</, 0><i+fc, 1) : i6C(2/c)}U {(i, p)<i, p + l> : i€C(2fc), 1 ^ p =§ /c>.

We put t4(p, g)={<2/-?, />>:1^7'Sy| and Vk(p, q) = Uk(p, q)U Uk(p+  1, q).
Clearly Uk(p)~ Uk(p, 0){J Uk(p, 1). Uk(p) spans an alternating Uk(p, 0) Uk(p, 1) 
circuit of length 2k for 2^ p s k  in 3 k, Uk(0) and C/fc(l) spans a matching between 
Uk(0, 0) and Uk(0, 1) resp. Uk( 1, 0) and Uk( 1, 1) in 3 k, and Vk(p, q) spans a matching 
between Uk(p, q) and Uk(p + l,q ). Finally we mention, that Uk(0)U Uk(\) spans 
a circuit of length 4к in 3>k. We claim that 3 k is A2-critical. Suppose we have proved 
this. Since Ö — 2k, this proves the following theorem with Нь—3)к.

2.8. T heorem . For any positive integer ô with <5=0 mod 4 there exists a 
graph H6 which satisfies conditions (i)—(iv) of Theorem 2.6, with equality in (iii).

3)k is connected, \V{Sil)\= 2k2 + 2k — ̂ -+ ô , \E(3k)\ = 4k2 + 2k — ô2 + ô, and for

all X, a (3k, x) = 3. So nothing else, but our claim is left to be proved.
2.9. First we prove a (3k) ^ k 2. We use the same idea as in 1.3. Let F £ ^ ( 3 k).
a) |F n t/ t (p)|^A for some 2S p ^ k .  Then \FP\Uk(p)\=k and F(~]Uk(p) — 

= Uk(p, q) for some q£C(2), say, for q= 0, since Uk(p) spans a circuit of length 
2k in 3 k. Clearly

F = (FH Uk QO) U (FD (Uk (p—1, 0)) U (Ffl Uk (p +1, 0)) U 

U( U (FnKfc(p+2t,0)))U( U (F n K *(p + 2/-l,l))).
i s i s | - i  1 3 l ä |

But Vk(p+ j,q) spans a 1-factor in 3 k, so |Ffl Vk(p+j, g )|g
Uk(p, 0 )c F  implies FH Uk( p - 1, 0) =  Ffl Uk{p+ 1, 0)= 0 . All these together 
yield

\F \^ k  + [ ^ - l ] k  + j k ^ k 2.

b) IF |n i/k(/7) |^ Â :-l for all 2 ^ p ^ k .
If |FD(C/*(0)U£/fc( l) ) |^ 2A — 1, then we have

\F\= 2  \F n u k(p)\ + \FD(Uk(0)UUk( l ) ) \ ^ { k - l ) 2 + 2 k - l  = k2.
2̂  p^k

So we only have to consider the case, when |Fn(C/*(0)UC4(l))s2/c. In this case 
|Fn(t4(0)U t/k(l))|=2A- and FD (i/*(0)U C/fc(l))=  Uk(0, q)U Uk(l, 1 - q )  must hold 
with some q£C{2), say q - 0, because i/t (0)U C/t (l) spans a circuit of length
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4к. So we have FD Uk(0, l) =  Ffl Uk(], 0) =  /T l Uk(2, 1) = FD Uk(k, 0)= 0  and

|f| = W .0)l+W U )l+ 2  \FnVk(2t ,0)\+ 2  \FnVk( 2 t + l , l ) \ s
i s r s | - i  i a t s | - i

2k +2 { y -  l j  k = k2.

2.10. So only ^ ( k 2 + 1, 3>k — e)30  for all e ^ E (3 k) is left to be proved. To 
simplify the proof of this, let Ф be a function on V (3k) defined by Ф ((/, p)) = 
= ( i+ l ,  1 —p). Ф is clearly an isomorphism on 3>k, and so is Ф]. But Ф '((/,pj) = 
=  (i +  j,  1 —p) if/ is odd and ={i+j,p) if/ is even. So to prove.F (7c2 +1 , 3 k — e)3<Z> 
for all e of the type ( j, p ) ( j+ 1, p), we may restrict ourselves to the type 
e =  <0, p) (1, p). ( 1 — p  is ranging over C (k + 1 ) ifp is so.) So let e = (0, p0)( 1, p0) £ E {3k) 
i.e. 1 ^ p 0^ k .

a. p0 is odd. We define F by

FO Uk(0) = {<27- i,o> : 1 — 7 — y  j  U {<2/, 0) : у  +1 ^  /  ё к j  ;

ЕП Uk(p) = {<27-1,P) - 1 — 7 — у  j U{<2/, p) : y+1 Sj si k—l j ,

if 1 SpS к — 1, p odd;

FD Uk(p) = {<2Л P) : 1 —7 =y}u{<27 + !, T> :y+! —7 — к — 11,
if 1 Spâk,p even.

One can easily check that FÇ.3F(k2, 3 k). If p0 is odd, 1 ^p„^k, then the vertices 
connected to (2k,p0) —(0,p0) in 3 k are contained in the set

T =  {(k, 0> , <1, p0>} U {< 0 , p) : 1 p  si k}U
{(2k—l, p) : 1 S  p S  к — 1, p odd}.

TC\F— {(l,p0)} so E (3k, Fll{(0,p0)}, proving TU{<0,p0>}€
e ^ ( k * +  l , % - e 0).

b. p0 is even. Then 2^ p 0̂ k .  We define F' by

F' П Uk(0) = {<2j, 0> : 1 | } u { < 2 / - l ,  0>: | + 1  si k};

uk(p) =  {<2j, 1} U {<2/ — 1, p) : j  + l ^  j  ss k}

if l ^ p g k  - \, p odd;

Uk(p) =  {(2/ — 1, p) : 1 si j  S  |} и { < 2 /, p) : у  +1 = 7 = к — l} 

if 1 g p á k  even.
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One can easily check again that F '£ ^ (k 2, ^ k). If /?0 is even, 2 ^p 0s k ,  then the vertices 
connected to (2k,p„)—(0,p0) in 3)k are contained in the set

T ' = {<l,Po»U{(2fc - l, p) : 2 ^  p ^  k, p even}U« 0, p) : 0 ^  p ^  k).

Since Г П Г  = {{1,/)0)}, so again we have F 'U{(0,p0)}£ ^ (k2 + 1, 3>k — e„).
2.11. To complete our proof we have to prove ^ ( k 2+ 1,2 k—e)^  0  for any 

e£E(Vk(p, q)) if peC(k + l),qeC(2). We define Fp(q) by

Fp( q ) =  U  t / * i p  +  / + l , < 7  +  r - 2 [ 4 l )  =
0 ^ t ^ k - l  V LZ J /

= uk(p+  1, t f )U  uk(p + 2, 1 — <?)U Uk(p + 3, q)ö . . .UUk(p + k, 1 -q ) .

Fp(q )& (k 2, @k) is immediate. If e£E(Vk(p, q)), then e has the form 
e= (i,p)(j,p  + 1). (i,p) is only connected to some vertices of Uk(p, 1 — q), Uk(p — 1, q) — 
= Uk(P +k,q), and to this (y,/> + 1). (y=i if p?i0 ,j= i+ k  if p = 0.) But Fp(q)П 
C\(Uk(p)\JUk(p+k, q ))= 0 , yielding Fp(q)lJ { { i ,p )} ^ { k 2+ 1, 2>k-e ) .  Thiscom- 
pletes the proof of Theorem 2.8.

3. The general case of the arrow symbol

3.1. T heorem , (i) (4lk2+4lk, 2k2- t + 1,2//+ l)-t*2k2+ l for any t, / s i ,  
k ^ l  odd.

(ii) (m(n, к, I), n, k)-\~n + l for every & >1, k=  1 mod 2/, /S i ,  where 

m(n, к, = (n + l— l )  + 4(Ar — 1)[]/2(л + /— 1)] + ~ j~ ~  (У2(л + /— 1)]. So in 
this case we have f(n, k, l)-<m(n, k, /).

C orollaries: (iii) (2kn+10/r [ f 2/7], n, 2k + l -k/i + 1) for иё1 , fc s l .
(iv) (2(w+/—1) + 8/+ 2) [ / 2(и + /—1)], n, 2/ + 1)> л  + / for n, / s i .
R emarks. I. It was proved in [7] Theorem 6, that (2я + 2 /+ 1, n, 21+ l)y-n + l 

for л>я„(/). So we have 3s /(« , 2/+1, /)—2(n+ l— l)s(8/+2)[v'2(/z +  / — 1)].
(iv) is the first proof of f(n, 21+1, /) — 2и — o(n) (/ fixed). We do not know, 

whether lim f(n, 2/+1, /)=■=> holds. (This would be a consequence of the existencen-+oo l fixed
of a finite a„(<5) for all 6 in the problem of the Introduction. See [7] 5.5.)

(iv) was conjectured in [6].
2. (iii) gives the best known upper bound for f(n, 2k + l , l )  if Ar>l. (For 

k =  l see Theorem 1.11.) The only general lower bound on f(n ,2k + l, 1) can be
found in [4]: f(n, 2k+ 1, \)^2n  + 2k— 1 +A(k) with J(&) = max

P r o o f : (ii)=>(i) can be proved in the same way as in Theorem 1.
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To prove (i) we generalize the construction of Gk. Let к be odd, / s i ,  к S3. 
We define a graph Gkl as follows:

F(Gkit) = U  Ащк+1)(р)
P e c(k)

E(Gktl) = {</, p, q )(j, p, q) : i+2k+2 i + 2 ( l - l)(fc + 1)}U

{</, P, q )(j, p , l - q ) ' - i  + k s j  S  i +  2i+(2/-l)fc}U
{</, p, q )(j, p + 1, q) : i + fc+1 S j g  i + ( 2 l - l)(fc + 1)}.

Clearly Gkil=Gk.
Gkj  will prove (i).

First we show that
3.2. u(GkJ)^ 2 k \

We claim that

(i) & (2k+ l, Ащк + 1)(р)) = U & (2 k+ l, Aa(k+1)(p, q))
q=о

and
(ii) 3?(2k + 3, A2lik+1)(p,q){JAç,Kk+1)(p + l, q)) =

3?(2k + 3, АЩк+1)(р, q))U&r(2k+3, АЩк + 1)(р + 1, q)) = 0.

Suppose we proved this. Then we prove 3.2 as follows: Let FÇ.& (Gkw7). If 
|F n ^ 2i(fc+i)0 ’) | s 2fc for all p£C(k), then \F \^2k2. So suppose |ТПЛ2,(к+1)(р)|s  
s2fc +  l for some p. Then according to (i)

FC A 2i(k+i)(p) =  FM Аоцк+1)(р, q)
for some q. Because of obvious symmetries we may assume p = 0, q=0. Put for all 
P, q FÇ\A2l(к+!)(р, q) = F(p, q). We have

|F(0,0)| S2/C+1, |F(0, 1)1=0,
and — according to (ii) —

\F(l, 0)|, |F(—1, 0)] ^  2/c +  2 —|F(0, 0)|,

\F(2j, 0)UF(2j +1, 0)| ё  2/c + 2 for j  =

\F(2j—l, l)U F(2j, 1)| S  2/c+2 for j  =

So we have
|F| =  |F(0,0)| +  |F(0, 1)| + |F (-1 ,0 ) | + 1F(1,0)[ +

fc -3  k —1

+ Í  \F(2j, 0 )U F(2j +1, 0)|+ J  |F(2/'—1, 1)UF(2), 1)| ^
j = 1 j' = i

â  2L +  2 +  l +  (/c-2)(2/c+2) =  2/c2- l  <  2/c2.
This proves 3.2.
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So we only have to prove (i) and (ii). To do this we define the following bipartite 
graph

V W )  =  {</, q) : ieC(t), qeC (2)},

W )  -  {<*> 0>0', 1> : 0 S i - j s v ,  i,j£C(t)}.
We denote by P,(q) = {(i, q): i'ÇC(t)}. Our claim is that the following lemma 
holds:

3.3. Let Fd&r(0>tv) and suppose Ff]Pt(q)X 0  for q=0,1- Then | F | s t —v.
The edges between А.,цк+1)(р, 0) and A2l(k+1)(p, 1) span a bipartite graph iso

morphic to ^*я(к+1)-1)*» so 3.3 gives 3.2 (i). The edges between A2l(k + 1)(p, q) and 
A 2i(k+i)(,P+ T </) span a bipartite graph isomorphic to This proves 3.2 (ii).
So 3.2 is proved if we prove 3.3. As a matter of fact 3.3 is the same as the Lemma in 
(6]. We give a short proof of it. (Note that this lemma is trivial for v = l,  2.) Let F 
be as in the lemma; we want to prove this lemma by induction on the number / of 
the elements in Ff]P,(0) =  F0. f e l  and if /=1 the lemma is trivial. So suppose 
that / s 2  and the lemma holds for /—1. We may suppose that

<*) Fi =  P,(l) =  Л 0 ) - { *  : 3y€F 0(xyZE(&n)}-
So F19i S3 and То^ 0  give P,(l) — F1?±0, too. So there exists some vertex * 
such that x=(i, 1)6 F and x '= (i— 1, 1)$Fk. (i, 1)£F implies ( i+ w, 0) $ F0 for 
OSkS d. So if y= (i— 1, 0)$ F0, then x '= ( i— 1, 1) would not be connected to 
F„ in SPf and then x'£F0 would follow by (*). So we have ydF0, and the only 
edge connecting x' to F„ in is x'y. This means that

F' = {FX U {*'}) U (F0 — {>'})€ SF {»!)■
F' and F have the same cardinality, F' has verices both in P, (0) and Pt (1), it has 
l —l vertices in P,(0) so the induction hypothesis applies to it. So we get |F| =
=  1̂ 1« / - » .

3.4. Now, in what follows, we only sketch the proof of 3.1 (i), since it goes on 
the same way as the proof of 1.10 (i) in 1. If in 1.4—1.5 we put C(2/(F-H)), 
А-2Цк+1 )(Р, d), A2l(k + i)(p) instead of C(2k + 2) A2k + 2{p,q) A2k+2(p) resp., every
thing remains valid. Now we may define the j 'th  adiungant F} of any set F by 
(Fj_1) = FJ for j= 2, ...,2 l or otherwise

fj =  i ( j (k + 1 ) + i,P, (q + / ) * >  : (U P, q) €  F} .

Clearly F2l+j = Fj, F0=F. F1, . . . ,F 2l are pairwise disjoint. Fj £^'(2k2, GkJ) and 
the analogue of (1.6) (i)—(iv) can be easily found and proved.

Let |Z |ë 2 /. Then we clearly have 2 elements x0=(i0,p0, q0) and x k= (ik, px, qk) 
in X  such that O^ij,—i ^ k + l .  Now the argument of 1.9 gives without any change 
an F with its 2/—1 pairwise disjoint adiungants all contained in !F(2k2, GkJ). 
(This proves that Gkl has property U2l.) So if \X \^2 l and a(Gktt—X ) s 2 k 2—t, 
then \{X— {y„, JrJjflF jls t must hold for / =  1, ..., 2/. The sets F; are pairwise 
disjoint, and none of them contains x0 or xl5 so \X \^2lt + 2 must also hold. This 
completes the proof of 3.1 (i).

Added i n  proof. Lovász recently proved that a0(0)s2c6\
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STEADY STATE HEAT FLOW IN A SHELL ENCLOSED BETWEEN 
TWO PROLATE SPHEROIDS

by
S. N. PANDEY

1.

In the study of the temperature distribution within various types of shells the 
expansions in terms of orthogonal polynomials have been widely used. It is well 
known that the study of the diffusion of heat, produced by any means in the solids, 
has several important applications (see [2], pp. 12—13) in Mathematical Physics 
and Engineering sciences.

The temperature distribution in a spherical shell, for example, is already known 
[6], p. 329. An analogous problem for the prolate spheroidal shell has been discussed 
by B h o n s l e  [1].

It is known that (see [5], p. 213) prolate spheroidal coordinates a, ß, <p are 
related to the rectangular coordinates x, y, z by the relations:

X — c sinh a sin ß cos cp,
( 1.1) y — c sinh a sin ß sin ip,

z = c cosh a cos ß,
where 0^a<°o, O ^ß^iz, —n < q x n  and c>0 is a scalar factor.

It may be mentioned here that Bhonsle (loc. cit.) in his study of this problem, 
assumed that

71

Ln = f  f(ß)P„(cos ß) sin ßdB
О

is bounded and monotonically decreasing, where f(ß) is the temperature distribu
tion function and Pn(cos ß) is the nth Legendre polynomial. The proof, in fact, 
depends on the inequality

Pn (cos ß) 1,

which holds uniformly in the range O ^ß^n . It is interesting to note that in the 
interior of the interval (0 ,7r), we may use more convenient order estimates (see [7], 
p. 167) for Pn(cos /?),

The object of this paper is to study the problem of temperature distribution 
within a prolate spheroidal shell from a different angle, making use of the convolu
tion structure formula defined by G a s p e r  [4 ] .  Instead of imposing any condition on 
L„, we start from the temperature distribution function /(/?), satisfying certain con
ditions, and discuss the solution of the problem in a straightforward way.
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2. Statement of the problem

We consider the temperature distribution for the set of points /(otj <oc<a2), 
when Z?(a =  a2) is kept at the temperature u(a2,/?) =  0 and Л(а = а1), is kept at 
the temperature u(sc1, ß) = cp (cos ß)=f(ß) say, such that

(1.2) f №  Up*3 -

We shall use the following lemmas in the solution of the problem:

Lemma 1. The n,h partial sum Sn(x) o f the series expansion

(2 . 1)

is given by 

(2.2)  

where

2  a„P„(x)

SH(x )-(p (x )=  f  il/(z)K„(z)dz, 
-1

а" =  (и + т )  /  dy>

'K z) =  1K x ,z ) =  f  [<p(y)-(p(x)]K(x, y, z) dy, 
-1

K(x, y, z) =  (1 — X2 — y2 — z2 + 2xyz) 2
and

K„(z) =  \{P 'Á z) + P'n+Áz)}.
P roof. We have

Sn(x)-<p(x) = 2  akPk(x)
k =  0

=  f  [<p(y)~<p(x)] { Д  ( f c + y )  Pk^ p^ ) } dy

= f  f  [<P(y)-<P(x)]-K(x, y, z) | Д  (k+^-j Pk(z)^dydz  

(see [4], Theorem 1, for a=/?=0)

= /  /  [<p(y)~<P(x)]-K(x, y, z)dy--^[P'n(z)+P'n+i(z)]dz

1
= J  il/(z)K„(z)dz. 

-1
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L e m m a  2 .

/03)6 lip* ̂  implies i/i(z)€ lip*-^-.
P r o o f . We have

1
ф(г + т)-ф(г) =  f  [<p(y)-(p(x)]{K(x, y, z + r)-K (x , y, z)} dy

= f  [<p(x + t) — (p(x)\{K(x, x  + t, z + t) -K (x , x  + t, z)} dt.
- 1 - x

Substituting x=cos ß, x+ t= cos в and 0= ß—y we find that

ß
\ф(г+т)-ф(г)\ =  I f  [<p{cos(ß у)} (p(cos/3)]• {K[cosß, cos(/?-y)z +  r ] -ß-n

-  К [cos ß, cos (ß-y),z]}dy\ ß
^  s u p  \(p{cos(ß — y )}  — < p (co sj3 ) | J  \K{cosß,  c o s  (ß — y ) ,  z +  t } —

ß - x

— К {cos ß , cos 03 — y), z I dy 

= A SUP {\f(ß—y)—f{ß)\},

where A is a positive constant, not necessarily the same at each occurrence.
Thus we infer that, for |т| =  |у|

* (r)€ lip * .I .

3. Solution of the problem

In view of the azimuthal symmetry the equation satisfied by the temperature 
function и (a, ß), may be written as

/э i\ 1 & ( ■ и , 1 Ü ( ■ о #/0 n(3.1) г— г— I smh a -3— I + —:—-  • I sin /3 I =  0.smh a da V da /  sin ß dß \ dß)

The solution of this equation is given by (see [5], p. 216)

( 3 . 2 ) и (a, ß) = £  [Mn /’„(cosh a) + jV„0 „(cosh a)] • /’„(cos ß).

Using the boundary condition at B, we get

N .= —M /’„(cosh a2) 
" Q„(cosha2)
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Substituting the expression for Nn in (3.2), we have

(3.3) „(«,/>) = ÍA f ,f ,( c o s f f i -  n ( ^ b . ) g .(Co ^ ) - e , ( c o s h „ ) P,(,QSh«,) 

Now on account of the boundary condition at A, we find that

(3.4) m  = i  w • f.(cos W ■ /,-(cosh «Jgacosb  « .» -eacosh  «,) л.«*»). »,)
n=o y „ (c o s h  a2)

Finally, using the orthogonal property of the Legendre polynomials, we have

( ” + t ) £"(cosh ^  f  f ( f t P*(cos ß) siil ß dß
Pn (cosh a j  Qn (cosh a2) — Q„ (cosh a, ) P„ (cosh a2) 

Thus the series (3.3) may be rewritten in the form

M =

n  , ,  , m y  / n[Fn(cosh«)g„(cosha,)-g„(cosha)/,„(cosha,)] ,
n=o [Pn(cosh ocj)Qn(cosh a2) - Qn(cosh cc1)P„(cosh a2)]

where

f n = (h+-j ) / f(ß )P n(cosß)s'm ß jß  = (и+ y ) f  V(y)Pn(y)dy. 

Convergence of the Series in (3.5)

2  f n ( P n ( * ) )  =  2  [ " + 4 )  /  V W P" W  P " O O  dy
п =  0 n =  О V -1

= Jj, (« + 4 ‘) f  f  <р(у)к (х ’ y, z)-P„(z)dydz.

(See [4], theorem 1, for a = ß — 0.)
By Lemma 1, the «th partial sum of the series (3.6) is given by

1

Sn(x)~<p{x) = f  I]/(=)■ Kn(')  dz

Sn(x)-[<р(х) + ф( 1)] = f  [ф (г)-ф ( 1 )] • K„(z)dz 
-1

that is
и

(3.7) S„(cos ß )~ [f(ß ) + (1)] = f  x(m)A:„(cosa>)sincoi/ca
0

where
X(m) =  iMcosw)-iA(l).

We have

(3.6)
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By Lemma 2, it can be easily seen that

( 3 .8 )  / ( c n ) e l i p * ^ .

Du P l e s s is  [3 ] , h a s  p r o v e d  t h a t  u n d e r  t h e  c o n d i t i o n  ( 3 .8 )  t h e  e x p r e s s io n  o n  th e  
r ig h t  h a n d  s id e  o f  ( 3 .7 )  is  0 ( 1 )  a s  n -~°° th u s ,  it  f o l l o w s  t h a t  t h e  s e q u e n c e  { x „ (c o s  ß)}  
is  u n i fo r m ly  b o u n d e d .

Also, on the lines of Bhonsle (loc. cit.) it can be easily seen that if where
w0 is a suitable integer, then

/’„(cosh a.) Qn (cosh a2) — ß„(cosh a ) /’„(cosh a2)
/„(cosh cq )^  (cosh a2) —ô„(cosh a1)/„(cosh a2)

is a positive function of n and tends steadily to zero as я — ».
Hence, by virtue of Dirichlet’s criterion (see [8], p. 4) for uniform convergence, 

the series (3.5) converges uniformly for a1<a-=a2, and O ^ß S n  and we infer 
that the temperature distribution function it (a, ß) is a continuous function of a 
and ß.

Finally it is interesting to note that Du Plesis (loc. cit.) by means of an example, 
has shown that for the convergence of the sequence {5„(cos ß)}  the condition ( 3 .8 )  is 
the best possible. This implies that for the solution of our problem any improvement 
in the condition (1.2) is not possible.

I wish to express my very deep gratitude to professor D. P. Gupta for his valu
able suggestions in the preparation of this paper.
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DELAYED AVERAGES OF A STATIONARY GAUSSIAN 
SEQUENCE

by
C. M. DEO

T. L. Lai (1974) has proved an interesting limit theorem for the so-called delayed 
averages of independent random variables. It is apparent from his proof that his 
theorem would apply to a stationary but dependent sequence of random variables 
only if one would impose fairly stringent conditions on the moments and depend
ence structure of the sequence. In this note we deal with a stationary Gaussian 
sequence and show that such a sequence obeys Lai’s theorem under a simple con
dition on the correlation sequence. It was shown, in D eo (1974) that under the same 
sufficient condition a stationary Gaussian sequence obeys Strassen’s law of iterated 
logarithm. Also Example 3 in D eo  (1974) indicates that this condition cannot be 
significantly weakened even for Lai’s theorem.

Let {{„ : Osn<°»} be a stationary Gaussian sequence with E(£$)=l, E(Ç0Çj)= 
— Tj, y=0. We will assume that

(1) lim n1+ irn = 0 for some /1 >  0.
!»-*■ oo

M
Let 0<<x-=l. Let S„ be the partial sum £/> and let Тя denote the “delayed”

j=г
я + 1л*] —1

partial sum 2  £/• Here, as usual, [•] is the greatest integer function. Under
j = n oo oo

condition (1) the series 2  rn converges absolutely and we write <r2= l + 2  2  V
n = l  n = l

We will assume that a> 0 ; although by a straightforward adaptation of the proof 
given below it is easy to see that the theorem in this note remains true even when 
cr = 0.

T heorem . Assume (1). Then for each at, 0 < a < l ,  relations (2) and (3) below 
hold with probability one.

(2) lim sup{2(1 —a)n“ log п}~1,гТ„ = о.
Л-*- oo

(3) lim inf {2(1 — a)n*logn}_1/a7’n = — a.
И-+00

P roof. It suffices to prove (2), since (3) follows from (2) by considering the 
sequence {— £„}.

Note that variance of T„ is asymptotically equal to n*o'-. We first show that
l_

the limsup in (2) is at least cr. Let nk = [ / Me w h e r e  we choose 2>0 large enough
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so that for all large k, nk+1—(nk + nl)>/.k1- y. For such X it is easy to see that 
we can find an integer k0 such that nk+p—(nk + nk)>p for all k = k f) and all рШ 1. 
Let now d„ = sup |/-*|. Then, by (1), we can find a finite positive number A such

k̂ n
that n1+ßö„<A and 2  Sj<An~ß for all и. Let us write Yk=np'z,2<T~1 T„k.

Note that E(Yk) = 0, E (Y£)~ \. We next show that \E(YkYk+p)\<Bp~ß, 
\ / k ^ k 0 and V  ̂=  l where the constant В is independent of к and p. We have

(4) \E(YkYk + p)\ = (<г*ПкПк+Р) 1/2
" b + K l - r  «t + p + K + p l - i

2  z  т ы
i = n k  j = n k + P

{ "k+p-”k-l  00 1Z  jà j + rik Z  á,j-
'̂ = и|с + р-(%+["Й) j = nk + p-"k '

Now the first sum in the brackets has [nk] terms each of which is less than Ap~ß. 
This follows from the fact that nk+p—(nk+[nk])>p and jbj -^Aj~ß. Also the second 
sum above is less than Ap~ß. Combining this with nk + p>nk we see that the entire 
expression above is dominated by 2Ao~2p~ß. Thus \E(YkYk+p)\<Bp~ß, Vk=k0 
and V p=l where В can be taken to be 2Aa~2. We can now apply Lemma 1 in 
D eo  (1973) to conclude that, for each d>0, Yk exceeds (1 —d)(2 log k)1'2 infinitely 
often with probability one. This is equivalent to asserting that T„k exceeds 
<t(1 — ô)(2nxk(l — a) log nk) 1/2 for infinitely many к with probability one. Thus the 
limsup in (2) is at least a.

We now show that the limsup in (2) is no greater than a. Again, as in Lai (1974), 
г

let mfc =  [(k/log k)1-*. For a standard normal variable Z,

(5) P[Z >  x] ~  (2nx2) 1/8 exp -ÿ x2j  as x — °°.

Let now £>0. Using (5) it is easy to see that the probability P[TMk> 
>Q.+E)a{2mk(\ —a) log mk}112] is, for large k, dominated by k~y for some y> l. 
Flence by Borel—Cantelli lemma TrlJk exceeds (1 + E ) a  {2mk(\ —a) log /»(}'- only 
finitely often with probability one.

Note that {2w£(l — a) log /%}~{2т£+1(1 — a) log mk+1}. Flence to complete 
the proof it suffices to show that, for each <5>0, max \Tn—Tm \ exceeds

mk — n — mk + l
erő {2(1 — z)nfk log mk}112 only finitely often a.s. This in turn is implied by

00 wk + i
(6) 2  2  E\\Tn~ T mk\ >  öa{2(l—<x)mk log mk}112] <

Л =  1 n =  tnk
<x 1

It remains to prove (6). Let us note that mk+1 — mk~ k 1-<* (log k) 1~x. Flence 
mk+[mk]>mk+l for large k. Now T„ — Tmk is a sum of £'• some occuring with a 
positive sign and some with negative sign. The total number of f'-s involved in this 
sum is (n — mk) + (n + [ t f \  — mk — [mk\) which is easily seen to be less than 3 (mk +1 — mk).
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Thus the variance of Tn — Tmk is asymptotically at most 3o2(mk+l—ntk). Hence, by 
(5) again, for large k,

P[\Tn~ Tmi\  >  <5(7{2(1 — a)mjfc logm*}1/2] >  exp J 
where 0<<5'<<5. Again use the fact that

(1 — a) nfk log mk _ 
3(mk+1- m k) J

and

and conclude that

q 1
mk+1- m k ~  f c i - « ( l o g f c ) _ i - «

a 1 —2q
m*( 1 —a) log mk ~  к1~<x (log A:)1-«

mk + i
2  P[\Tn- T mk\ >  (5(7{2(l-a)m Jogm *}1/2]=S

ё  fc1-“ (log fe) 1_,r exp <5/2(log A:)2

This proves (6) and hence the theorem.
In conclusion it would be interesting to find out if the hypotheses of the theo

rem are sufficient for a Strassen-type functional form of this theorem.
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SOME REGULARITY PROPERTIES OF THE L1 AND L2 METRICS 
ON PROBABILITY MEASURES

by
M. KANTER

1. Introduction

In this paper we study monotonicity and continuity properties of two equivalent 
metrics on probability measures for a class of Markov processes which include 
the “semi-stable” processes of Lamperti as well as stable stochastic processes.

2. General Result

Letting âS represent a c-field of subsets of an abstract set Q, we consider two 
probability measures p and v defined on 3d and define Hk(p, v) as follows:

*2.1) «h v) -/КжГЧжГТ“
where A is any non-negative measure on В which dominates both p and v.

We will consider Hk(p, v) only for k=  1 or k = 2. When k =  1, Hk(p, v) 
is the usual total variation metric on probability measures, while for к =2, 
Hk,2(p, v) is a metric on probability measures which is equivalent to the total varia
tion metric as shown in [6]. We call these two metrics respectively the L1 and U  
metrics.

We now make a simple but useful observation. We define
(2.2) f k(p ,V) = l-( l/2 )H k(p,v) 
and we notice that for к =  1 we can rewrite (2.2) as

(2.3) ЛОI, v) =  f  m in j-^ , J f } d l

while for к =2 we can rewrite (2.2) as

(2.4)

Remembering that both the functions /a  • b and min {a, b) are non-negative definite 
on (0, oo) X (0, °°) we conclude the following lemma.

L emma 2.1. I f  {n,\t£T} is any set o f probability measures on (Q, B) then the 
functions f k(Pt>ils) are non-negative definite on T X T  for k=  1 or 2.

We shall need the following basic lemma in the proof of our main result.
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L e m m a  2 .2 . Let P (A, w) be a Markov kernel on (Q, Ж). Let and v2 be prob
ability measures. Then for k = \ or к = 2 we have

for а  еж.

Proof. Let ç>x(a:)= |1 —jc| and let (pfx)=2—2\fx. Then we have v2) =
=  I,Pk ( v’j , v2) where for any function (p(x): [0, we define

Now the main theorem of [3] states that if cp (x) is a convex function on [0, <*>] 
then Vj, v2) (Po vj, Po v2) for any Markov kernel PX(A, w). To get the 
result of the lemma, we just apply this fact to the particular convex functions q>y and 
cp2. Q. e. d.

We shall call a set of measures {p,\td(0, °°)} a screw process of order к if 
Hk(pts, pts) = Hk(p,, pr) for all t, t', s in (0, oo ). If, furthermore, the measures pt 
are the marginal distributions of some Markov process (T(r)|i€(0, »)) with sta
tionary transition probability kernel and with state space (Q, Ж) then we shall 
call the process {p,\td(0, =>°)} a screw Markov process of order k. The following is 
our main result.

T h e o r e m  2 .1 .  Let {pt\ > 0 }  be a non-constant screw Markov process. Then, if 
к =1 or 2, the function Hk (py, pt) is a unimodal function on (0, °°) with unique mini
mum at t — 1. Furthermore Hk(py, pt) is continuous on (0, 1)U(1, °°) and symmetric 
in the sense that Hk(py, pt) = Hk(p1, pt — 1).

R e m a r k . Before we start the proof of Theorem 2.1 we remember that a real
valued function /  defined on a sub-interval J  of R, the real line, is said to be uni
modal if there exists some t in J  such that / i s  monoton on (—°°, i ) f j /  and on 
(Л °°) П /.

Proof. Let к — 1 or 2. The fact that Hk(py, p,) = Hk(py, pt — 1) is obvious 
using the fact that Hk(p, v) = Hk(v, p) and the screw property of {/r,|/>0}.

We now prove unimodality. By symmetry we need only show that Hk(py, p,) 
is increasing with t on (1, =»).

Let x>0. We use the fact that p, are the marginals of a Markov process with 
stationary transition probability kernel and Lemma 2 . 2  to conclude that Hk(py, /О — 
&Hk(p1+X,p t+X). By our assumptions we know Hk(p1+X, pt+x) = Hk(py, p(t+x)a+x)-i). 
Now if 1 then setting x '= (t — / ) ( /  — l)“1 we have (r+ x ')(l +x')~1 = t'
hence we can conclude that Ffk(py, pi) = FIk{pi, pt ). This finishes the proof of 
unimodality.

Hk(Povi, Pov2) ^  Hk(vx, v2)

where, for any measure p, we let Pop denote the measure with values

Pop(A) = J  P(A,w)dp(w)
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To prove continuity note that f k(ßi, Rts-i) >s a non-negative definite function 
of s and t on (0, °°) X(0, °°). From [8] it follows that f k (pk, peX) is a.e. equal to 
some characteristic function f(x )=  f elxydF(y) where F is a probability distribu-

R
tion on R. We claim th a t/^ /q , pe*) is continuous in any open interval (a, b) which 
does not contain 0. To prove this claim we note that f k(pi , / v )  is monotone on 
(a, b) by unimodality. If for some x£(a,b) we have lim f k(pi, pey)X lim f k(nk, pey)

У  t  X

then it also follows that lim f ( y )^lim  f(y), which contradicts the fact that /  is
y  t X  y  J X

continuous. By monotonicity we conclude that lim f k(pk, pey)=fk(Pi, pe*) and our
y ~ x

claim is proved. We conclude that f k(gk, pe*) is continuous except possibly to x = 0.
All that is left to prove is that the point t= \ is the unique minimum value of 

Нк(цi, /(,)• If n°t then f k(ni, peX) is equal to 1 in a non-empty open interval about 
x =  0 which implies f k(px, pe*) = 1 for all x. It then follows that р,= рк f°r all 
t, which contradicts the assumption that {g,|/>0} is not constant. Q. e. d.

3. Applications and Examples

Suppose (Q, M) is a measurable linear space, by which we mean that the opera
tion of addition (x,y)-»x+y  from QXQ into Q is measurable with respect to 
dSXââ, while the operation of scalar multiplication (a, x)—ax from R X Q  into 
Q is measurable with respect to 3äRXää, where denotes the Borel subsets of R.

D e f i n it i o n  3 .1 . A random process (jf(/)|fÇ(0, °°)) with state space (Q, 
is said to be semi-stable o f index a if for all a >-0 the process (X(at)\t(i(0, °°)) 
has the same joint distributions as the process (e^,aX{t)\tÇ.(0, °°)). L a m p e r t i  has 
studied semi-stable processes in [5], in the special case when Q equals R. A semi
stable process with stationary and independent increments is called a “stable con
volution semi-group”.

L e m m a  3 .1 . If { / i , j / > 0 }  are the marginal distributions o f a semi-stable Markov 
process o f index a, then {//,|t>0} is a screw Markov process o f order k, where k  = 1 
or 2.

P r o o f . Let S„ : Q—Q stand for the 1 -1 , bimeasurable map sending x  into 
al/xx , where a£(0, °°) and x£ß . We can express p al as p , o S ~ l by the hypotheses 
of theorem. We wish to show that Hk(ßt, |ís) = i4 0 í«oS'ö"1> gjoSj"1). However 
if Я dominates p, and p s then Яо S'“1 dominates p ,o  S ~ x and pso S f 1. Further

more a simple computation shows that the function is a version of

, „  , . . . .  , . duo S, . 1the Radon—Nikodym derivative —r.——dkoSa 1
trivially by the general formula

The asserted equality now follows

(3.1) /  f o  S '1 (y) dkoS- 1 (>’) =  /  /0 0  dk (y)
Si Si

which is valid for any non-negative and measurable function /. Q. e. d.
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To construct a screw Markov process which is not semi-stable, let 
with state space ( ß j , ^ )  and (X2(í)|í>0) with state space (ß2, :M2) be two semi
stable and mutually independent stochastic processes of index ах and a2 respectively 
with otj5̂ a2. Consider the new process (Ar(í) |t> 0 ) = ((Ar1(í), Z2(i))|i>0)) with 
state space f i= ß 1Xfi2 and ^ = ^ xX ^2. The process (Z(r)|/>0) is clearly not 
semi-stable, however it is a screw Markov process of order к where k=  1 or 2. 
This follows by the proof of Lemma 3.1 where Sa: ß jX ß 2—ß iX ß 2 is
(3.2) Sa{x, у )  =  а 1 / я 1 X,  allx*y)

for (x, y)6ß xX ß2.
We end this paper with some remarks on stable distributions. A measure /t 

on Rn is called stable of index a in (0, 2] if for all a, b >0 we have

H oSâ1* n o S k1 =  д о  S ç 1

for c=(a*+b*)llx, where * denotes convolution. It is easy to see that a stable 
measure ц on R" of index a can be imbedded into a stable convolution semi-group 
{/i(|i>0} of index a so that /r= .  We conclude that for any stable measure /I 
on (Rn, âSR„) the function f(a ) = Нк(ц, p.oS~r) is a unimodal function of a. (In [4] 
this fact was established when ц was either (1) a symmetric stable measure on R or 
(2) a stable measure on (0, °°).)

REFERENCES

[1] Berman, S.: A New Characterization of Characteristic Functions of Absolutely Continuous
Distributions, Pacific Journal o f Math, (to appear).

[2] Csiszár, I.: Über Topologische und Metrische Eigenschaften der Relativen Information der
Ordnung a, Trans, o f  the 3rd Prague Conference on Information Theory (1964), 
63—75.

[3] Csiszár, I. : Eine informationstheoretische Ungleichung und ihre Anwendung auf den Beweis
der Ergodizität von Markoffschen Ketten, Publ. Math. Inst. Hung. Acad. Sei. A8 
(1963), 85— 108.

[4] Kanter, M.: Stable Densities Under Change of Scale and Total Variation Inequalities, Annals
o f Probability (1975), 697—707.

[5] Lamperti, L. : Semi-stable M arkov Processes I, Zeitschr. f .  Wahrscheinlichkeitstheorie и. Verw.
Geb. 22 (1972), 205—225.

[6] LeCam, L. : On the Assumptions Used to Prove Asymptotic Normality of Maximum Likeli
hood Estimates, Ann. Math. Stat. (1970), 802—828.

17] Loève, M. : Probability Theory. 3rd ed., Van Nostrand, New York, 1963.
[8] R iesz, F.: Über Sätze von Stone und Bodmer, Acta Sei. M ath Szeged 6 1933, 184— 198.

Sir George Williams University and University o f  New South Wales 

(  Received October 15, 1975)

Studia Scientiarum Mathematicarum Hungarica 10 (1975)



Studia Scientiarum Mathemalicarum Hungarica 10 (1975) 427— 434.

A STRONG APPROXIMATION OF THE MULTIVARIATE 
EMPIRICAL PROCESS

by
M. CSÖRGŐ1 and P. RÉVÉSZ

§ 1. Introduction

In order to study the properties of the one-dimensional empirical distribution 
function (e.d.f.) the following approximation theorem is fundamental:

T heorem  A. ([1]) Let X1,X 2, . . .  be a sequence of independent, uniform — 
[0, 1] r.v.'s defined on a rich enough probability space. Further, let E„{x) (O sx S l)  
be the e.d.f. based on the sample X1, X2, ..., X„ and let a„(x) = y n (En(x) — x) be 
the Empirical Process (E. P.). Then one can define a sequence {Ä„(x)} o f Brownian 
Bridges (B. B.’s) and a Kiefer Process (K.P.) K(x; y) (O ëxS l, °°) such that

sup \ctn(x) — B„(x)\ == 0(n  2 log n)
and

sup \^nx„(x)-K(,x\ n)| =  О (log2 n).

The precise meaning of “rich enough” will not be formulated from time to 
time; it will, however, be enough to assume all the time that an independent sequence 
of Wiener Processes (W.P.’s) {Wn(x)}, which is independent of the originally given 
i.i.d. sequence {Xn}, can be constructed on the assumed probability space. From 
now on it will be assumed that the underlying probability space is rich enough in 
this sense.

It is natural to ask how these results can be extended to the multidimensional 
case. An answer to this question is the following:

T heorem  B. ([2]) Let Xl5 X2, ... be a sequence o f independent r.v.'s uniformly 
distributed over the unit cube Id o f the d-dimensional Euclidean space. Then one can 
define a sequence (Æ„(x)} of B.B.’s and a K.P. K(x; y) (x£ /d, 0Sy<°=) such that

sup |a„(x)-Bn(x)| = ' 0(n~ 2(d+1> (log n)2), 
x a«1

where the E.P. a„(x)=a„(x1, x2, ..., x fi—n 2 (En(x)—x 1x2...xd) and E„(x) is the e.d.f. 
based on the sample X1; X2, ..., X„.

1 Research partially supported by a Canadian N.R.C. Grant.
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(The definition of B„(x) and K(x;n) is given in paragraph 2.)
Up to now we investigated only the case when the sample is coming from the 

uniform law. In the one dimensional case Theorem A immediately implies :
T heorem  C. Let Y ,, Y.,, ... be a sequence o f i.i.d.r.v.’s having a continuous 

distribution function F(x). Then one can define a sequence {Bn (x)} o f B.B.’s and a K.P. 
K(x; y) such that

sup Iß„(x)-B„(F(x))\ =  0(n~* logn),
— oo <  jc< oo

sup \n* ß„(x)-K(F(x); и)I = ' 6>(log2n)

where the E.P. [in (x) = n 2 ( Fn (x) — F(x)) and F„(x) is the e.d.f based on the sample 
Yi, Y2, Y„.

In order to prove Theorem C, one only notes that i^Yj), F(Y2), ... are inde
pendent, uniform —[0, 1] r.v.’s.

A two-dimensional analogue of Theorem C is given in [3], where the more 
general problem of strong approximation of the two-dimensional empirical measure 
over sets with smooth boundaries is studied. Applying then the result on the approxi
mation of the empirical measure, in [3] there is given a strong approximation 
of the two-dimensional E. P. with a somewhat weaker rate of convergence than in our 
Theorem 1. It is not immediate how the method of [3] could be generalized to 
more than two dimensions, which would be of interest in itself.

The aim of our present paper is to study the problem of strong approximation 
of the multivariate empirical process directly for arbitrary dimensions and for 
arbitrary continuous distribution functions and to retain the rate of convergence of 
Theorem В while doing so.

The multivariate weak approximation problem of the E.P. was first studied by 
D u dley  ([4]).

§ 2. The result and notations

First some notations and definitions:
D. 1. Wiener Process (W.P.): A separable Gaussian Process (G.P.) W(x) — 

=  {W(x1, x2, ..., xd); /=1, 2 ,..., d} with EW(x)=0 and

B(x j ,  x2) =  EW(xx)W(x2) = f i  min (xu , x2i),
i — 1

x1 —  ( Х ц  , X 12 , -  T u l l  X 2  =  ( X 21 ’ X 22 ■>■■■•> X 2 d )‘

D. 2. B.B. :

B(x) = В(хг, x 2, . . . ,x d) = W (x )-x 1x2, . . . ,x dW( 1, 1, ..., 1)

(0 == x, S  1; /' =  1, 2, ...,d )
where W(x) is a W.P.
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D. 3. K.P.:
K(x;y) =  K(xl , x2, xd; y) = lV(x1,x 2, ..., xd, y ) - x 1x2...xdfV(l, 1 , 1 , y)

where И/ (x1, x2, xd, у) is a W.P. of (c/+ 1 )-dimensions.
D. 4. Set

Ab i2 id =  | ( Xl5 X2i ••• » xd) ■ ~  — Xk ^  , к =  1, 2, ... , ifj

where 4 = 0, 1, 2, ..., r — 1 ; k=  1, 2, d.
D. 5. For any set 4 c / J = [0, 1]X[0. I]X...X[0, 1] and integer r, let:

(о л ( о  = 2 <(ч а ......и
where union I a> is taken over all ....iac  A,

(ii) Л (0) = 2 '(,,,А<Д ...... id
where union £ ((<) is taken over all 1^]г.... idc: Д,

(iii) Ar(b) = ÄXÖn A M
and Ä = Id — A.

D. 6. Any set A czld is said to be an element of the class of sets Sd(C) (C >0) 
if A(Ar(b))^Cr~1 for any integer r, where Я(-) is the Lebesgue measure.

D. 7. For any finite set S, let N (S ) be the number of elements of S.
D. 8. For any r (r= 1,2, ...), the Wiener measure ....*s defined the

usual (inclusion-exclusion) way, whence lV(Ar(i)) can be also defined by additivity. 
For any set AdSd(C), we define

W(A) = lim IV(AJi)).
П-*оо V '

It is quite easy to prove that this limit exists a.s.
D. 9. For any AÇ.Sd(C), let

B(A) = Щ А )-Ц А )Щ 1, 1, ..., 1).
D. 10. For any A(=Sd(C), let K(A ; y)= W(A, y )-k (A ) IV(\, l, ..., 1, y), 

where W(A,y) is defined via D. 8., using the fact that for every fixed y,
_i_

у  2 W(Xi, x2, ..., xd, y) is a ^-dimensional W.P.
D. 11. For any x =  (xl5 x2, ..., xd), set

D* =  {(öj, a2, ...,a d) : я, =  x, (i =  1, 2, ...,d)}.
D. 12. Let Y= (F i, Y2, ..., Yd) be a r.v. with a continuous distribution function

F(y)= F(ylt y2, . . . ,y d) = P(Yx <  yl5 Y2 <  y2, ..., Yd •< yd)
and set

F1(y1) = P(Y1 <  y j ,

Fiiyily^y» , , У.-i) =  P(Yi < >’,-1̂ ! =  ylt Y2 = y2, . .. ,Y i_l =  y7, — j)

(/ = 2, 3,
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D. 13. Let F(y) — F(y1, y 2, ..., yd) be a distribution function and define the 
transformations

Tt(F) — Т-, — Ti(y1, y2, . . . , y L) =

=  (FAyù, F2(^2|yi), ..., Fßy^y^ y2, ...,yi--d) (i =  1, 2,
Now we can formulate our main result:
T h e o r e m  1. Let Yx, Y2, ... be d-dimensional i.i.d.r.v.'s with a continuous distribu

tion function F(y). Assume that Ft (i= l, 2, ..., d) are continuous, strictly monotone 
distribution functions for any fixed  yy, y2, ..., yt _ г ( see D.\2.) and satisfy the follow
ing conditions:
the functions

Р Ы ТГ -\(Х г, x 2, ..., x;_i)) (i =  1, 2, . . . ,  d)

are differentiable with respect to jcl5 x2, ..., х ^ у over the interior o f / ‘-1 and

(!) 2  f  Fi(yi\TiJ 1(x1, x2, ..., x,_i))
7 = 1  j i - l  O X j

dx2dx2 ... S К

where К  is a positive constant (for Tt see D. 13 J .  Let ßn (у) = л2 (Fn (у) — F (у)) 
where Fn(у) is the e.d.f. based on the sample Yx, Y2, ..., Yd.

Then we can define a sequence (Д,(х)} ( x f l d) o f B.B.'s and a K.P. K (x;y) 
(xÇ /d; °°) such that

(2) sup \ßn(y) -  Bn( T M  =  0 (гГ * & Ъ  (log nfi)
yiR*

and

(3)

R e m a r k  1. A s  a  c o n s e q u e n c e  o f  c o n d it io n  ( 1 ) ,  TdDyf  S d(d(K+2)), w h e n c e  
B„(TdDy) a n d  K(TdDy; ri) a r e  d e f in e d .

This remark is implied by the following elementary

P r o p o s i t i o n . Let / ( x )  ( x £ / d - 1 )  be a differentiable function in the interior o f I d \  
and assume that

4- 1 ..
2  /

i =  1 J d - 1

J L
dxi dx1dx2... dxd^x = К

for some K> 0. Then the graph o f f  intersects at most (K+2)rd 1 of the rd cubes 
Ii[rX .... «„ o f D. 4.

R e m a r k  2. It is of interest to formulate Theorem 1 for R2; then (1) simpli
fies to

/  F2{y2\F fl (Xl))дхг dxo S  K.
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R emark 3. Condition (1) can be easily checked for any given distribution 
function F(\) (x€/?''). For example it is satisfied when F is  the multi-dimensional 
normal distribution function with any covariance matrix.

The proof of our Theorem 1 is quite similar to those of Lemmas 11 and 12 of
[3]. Therefore we take the freedom of omitting some details of the present proof. 
In fact, in [3] a fundamental tool is the simple Lemma 1, which says that, in a sense, 
there are not too many polygons in the unit-square. The analogous lemma in our 
present paper is the elementary Lemma 2, which says in the same sense that there 
are not too many sets in the class {TdDx: x€Rd}. Roughly speaking, the proof of 
our Theorem 1 can be obtained if we repeat the proofs of Lemmas 11 and 12 of [3], 
but we apply our present Lemma 2 instead of Lemma 1 of [3].

§ 3. Proof of theorem 1

F ir s t ,  w e  l is t  a  n u m b e r  o f  r e s u lts  w h ic h  a r e  g o i n g  t o  b e  u s e d  in  t h e  s e q u e l .

T h e o r e m  D. ( [5 ] )  For each d and e > 0 ,  there is a constant c ( e ,  d) such that, 
for all d-dimensional distribution functions F( • ) and z ê 0, we have

P { s u p  \ßn(x)\ ê z } ë  c ( e ,  d )e-(i~t)z\
x ( R d

where ßn (x) is the E.P. based on a sample coming from F.
T heorem E . ( [2 ] )  Let r be an integer and let N-,j ( i ,j— 1, 2 , ..., r) be a double 

array of independent standard norma! r.v.'s. Then there exists a W.P.

{H'(x1, Xjj); 0 S  x lf x 2 ^  1}
such that

W(i/r,j/r) = ~  2  N kh- 
Г ksi 

h s j

T h is  is  L e m m a  6  o f  [2 ] ,  a n d  a  z f -d im e n s io n a l v e r s io n  o f  th is  r e s u lt  is  i m m e d ia t e .

T h e o r e m  F .  ( [ 2 ] )  Let 0-суг-<уя-<... be a sequence of real numbers and let 
{Rj(x)} (x f /2) be a sequence o f independent B.B.'s. Then there exists a K.P. K(x; y) 
(x€ /2; such that

*(x; y,) =  ÿ J iBl (x) + У у 2-  у л B2 (x) + ...  +  y  yt -  У! - J Д (x).

T h is  is  L e m m a  7  o f  [2 ]  a n d  a  z /-d im e n s io n a l  v e r s io n  o f  th is  r e s u lt  is  im m e d ia t e .

T h e o r e m  G. ( [1 ] )  Let P i,p2, ... be independent Poisson r.v.'s with mean 1. Put 
n„=Pi+P2 ~\~ ...+p„. Then there exists a W.P. {W(t); ZëO} and positive constants 
С, К and к such that for every z

P{ s u p  \(nk-k )-W (k )\  >  C l o g n  + c} <  Ке~Хг. 
i m k s n

N o w  w e  g iv e  s o m e  le m m a s :
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L e m m a  1. Let Yls Y2, ... be as in Theorem 1 and let p1,p2, ... be independent 
Poisson r.v.'s with mean 1 , which are independent from {Y,}. Then for о 2

(5) f Í sup \ßn( x ) - ß n,t(x)\ — °gu^  I =  0 (n ~ ~ )
I  x £ R d  П  J

where Пп=р1+р2+ ...+p„.
P roof. Let A(n) be the event of the probability statement of (5) and put an =  

— n — c(n log и)1/2, b„=n + c(n log n)l/2. Then

(6) P(A(n)) ä  Р{\П„ — п\ =- c(n logn)u-} + P{A(n), \П„ — п\ ^  c(n log/i),/2}

S  0(n~c*l2) + p \  sup sup \ßn(x) ßk(x) Ĉ l0g1^ ---}
'a„Sk^bn xCRd n ’

S  0(n~cl/2) + 2c(nlogn)1/2p {  sup \ß„(x)-ßbn(x)\ -■ - -—f 'P— }.l x £ /(d  n )
Since

(7) A .W - A W  =  c,:= ( ^ P j ‘ V  -» )■ '■ (/.,.„ (* )-№ )) :

where Fn hn(x) stands for the e.d.f. based on the random sample Y„+1, YB+2, , Ybn,
and 0( • ) of (7) is independent of x and by Theorem D

( 8)

( 9 )

Í ( l02p  (c1/2 ) (bn- n ) 112 sup [Fn>br (x)-  F(x)I
c (log n)3,i

.1 /4 } = o ( , r £‘ r-

РЮ m ,ß (.1 /2  r  ,  ,  r?{ \  j C G o g  n ) 3 / 4 | ,  - Ï V - * )blnl2sup \F„n(x)-F (x)\ >  — — \ = 0{n )

Lemma 1 follows from (6), (7), (8) and (9).
The next lemma follows from a simple combinatorial argument, and its proof 

will be omitted.
L e m m a  2 .  The number o f the elements o f the class o f the sets (Тл Dx)r(i) ( x £  Rd)

d(d + 1)

is less than or equal to r 2 , i.e.
d(d + l )

N{TdDx)r(i) : xÇ_ Rd} =£ r 2

for any fixed distribution function F(x) (xÇ RJ).
Using the notations of Lemma 1 and Theorem G, we get from Theorem G 

immediately:
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L e m m a  3 . Let r=r„ =  o(nlld) be a sequence o f integers. Then for every
n (n = 1, 2, ...) one can construct a set o f independent standard normal r.v.'s .....
(ij—0, 1, 2, r— 1 ; j= l ,  2, d) such that

р { У 'гК { Т Т 1П Х ....O - K l .....<J S  rJ,2Cl°y"i + Z\  S  Ke~Xz
where

ßnn(A) =  H" ^ A) -Р (Л ))

(A is a Bor el set o f Rd) and HnfA )  is the number o f the elements o f the sample 
Yx, Y2, ..., \ Пп lying in the set Ac:RJ.

Let lV„(x)=lVn(x1, x2, ..., xd) be a W.P. for which

( 10) WÁ ~ ’ T-’ ”• ’ 7") = r~d'2 ....и (1 = 1,2,...,d)V '  ' '  '  j,si,
(by Theorem E there exists such a W. P.).

Let T=Td(F), and for any x£R d consider the following sets Dx, TDX, (TDx)r(i), 
T ~ l((TDx)r(ij). Studying the differences between the measures of these sets onecan say:

L emma 4. For any p > 0  there exists a C > 0 depending only on F( • ) such that

(11) p js u p \w„((TDx)r( i ) ) -ß n n(T’- 1((7Y>x)r(i)))| S  CV ° ë f f i2rdn ÿ g

(12) P {sup \ ß n n( D x) - ß n n { T - i ( ( T D x)r ( i ) j ) \ — Cr"1/2 log n} S n ~ f

(13) P{sup |^„(7’/)x) - i r „ ( ( r a x)r(0)| ^  Cr- 1/2log и} ^  n -r

P r o o f . (1 1 )  follows from Lemmas 2 and 3. (For details see the method of proof 
of Lemma 8 of [2]). Our statements (12) and (13) follow from condition (1) and 
Lemma 2. In fact condition (1) implies that TDx£SJ(d(K+2))fi.e. X(TDx — (TDx)r(i))= 
0(;-_1). (For details see the method of proof of Lemma 2 of [3]).

L e m m a  5 . For any / ( > 0 ,  there exists a C >  0  depending only on F( ■ ) suchthat

(14)

where
P{sup \ß„(x) — Bn(TDy)\ S  C(log n)3l2n *(4+D } ^  n-" 

yCR‘‘

£„(x) =  l^ ( x ) - ^ i^2 xdW„( 1, 1, 1), x£ Id,

and W„(’) is defined by (10).
P r o o f . Applying (1 1 )  f o r  Dy — Rd, we get

(15) p { \K (Id) - ß n n(R“
C(log n)3'2rd/2

fn
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also we clearly have

( 1 6 )  [ßnn( A ) - ^ p -  F (A ) ] -ßnn(A) =  ß„n(A) ]/WÇ }/n- .
'  yn > \n

1
Now choosing r= nä+1, we get (14) as a consequence of Lemmas 1, 4 and 

(15) and (16).
The inequality (14) clearly implies statement (2) of our Theorem 1.
P r o o f  o f  (3 ) .  Let nk= kd+2 and >nk=nk—nk_1. Denote b y  ßk(y )  the E .P .  

based on the sample Y „k_1+1, Y„kl+2, Y„fc. Further let Bk(x) be a B.B. for 
which

(17) P {sup \ßk( y ) - ß k(TDy)\ §= C(log n)3/2„-2(dW} ^  „-F
У

(by Lemma 5 there exists such a B.B.).
By Theorem F there exists a K.P. such that

K (x\nk) =  }/ n 1B 1( x ) + ) /  m 2B 2( x )  + . . .  + /  mkÊk(x).

Since ß„k(y)=Y'n1ß1(y)+ \fm2ß2(y)+ . . .+ fm kßk(y), (17) easily implies (3). (For de
tails see the proof of Lemma 12 of [3]).
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UNTERSUCHUNGEN ÜBER RICHTUNGSSTRUKTUREN, I. 
WEITERE BEZIEHUNGEN DER RICHTUNGSDIMENSION 

ZU DEN KLASSISCHEN DIMENSIONEN* FÜR GEWISSE KLASSEN 
TOPOLOGISCHER RÄUME

von
E. DEÁK

Einleitung

Die „Richtungsdimension“ Dim X eines Raumes X, um die es sich in diesem 
Artikel handelt, ist ein in [J] und [5] eingeführter neuer topologischer Dimensions
begriff. (Die bequemste Übersicht (und auch weitere Literaturangaben) über 
einen — auch die Theorie der Richtungsdimension umfassenden — Teil der seit 
damals entwickelten Theorie der sog. Richtungsstrukturen bietet der Bericht ohne 
Beweise [8].) Das Hauptergebnis von [5] lautet so: ein separabler metrisierbarer 
Raum X  ist dann und nur dann in den n-dimensional en euklidischen Raum topologisch 
einbettbar, wenn Dim X ^ n  gilt. (Ein anderer Beweis dieses Satzes ist — bisher 
nur in ungarischer Sprache — in [7] erschienen.)

Es folgt daraus (man beachte, daß im Bereich der separablen metrisierbaren 
Räume die drei klassischen Dimensionen miteinander äquivalent sind), daß für 
jeden separablen metrisierbaren Raum X, dessen Dimension endlich (im Sinne 
irgendeiner der hier behandelten vier Dimensionsbegriffe) ist,

ind A')
Ind X Dim X, 
dim A')

und es erhob sich ganz natürlich die Frage, ob noch weitere (d. h. sich auf andere 
Klassen von Räumen beziehende) ähnliche Abschätzungen nach oben einer klassi-

* Bezeichnungen und Wortgebrauch
Unter „Raum” wird durchwegs ein nichtleerer allgemeiner topologischer Raum verstanden. 

Die „klassischen Dimensionen” eines Raumes X  sind : die (Menger—Urysohnsche) kleine induktive 
Dimension ind X, die (Cechsche) große induktive Dimension Ind X  und die (Lebesguesche) Über
deckungsdimension dim X. \A\ ist die Mächtigkeit einer Menge A . Für eine Teilmenge A eines Raumes 
В bedeutet A~(B) (evtl, einfach A~)  bzw. GrBA (evtl, einfach Gr A) die abgeschlossene Hülle bzw. 
die Begrenzung von A in B. Für zwei Überdeckungen áll und ^ b ed e u te t daß útí  eine Ver
feinerung von У  ist. Eine Basis bzw. Subbasis eines Raumes bedeutet eine offene Basis bzw. Sub
basis. „Kompakt“ wird im Sinne „bikompakt“ gebraucht; „regulär“ , „normal“ , „kompakt“ , para
kompakt” u. ä. nt. sind ohne Voraussetzung auch nur des Tc-Axioms gemeint. Das Zeichen c  wird 
im Sinne „echte Teilmenge” gebraucht.

Was die Literaturhinweise (Zahlen in eckigen Klammern) betrifft: ist die Zahl aus Antiqua 
gesetzt, so verweist das auf irgendeine leicht zugängliche Quelle; kursivierte Zahlen deuten die 
Urquelle (wenn uns diese überhaupt bekannt ist) an.
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sehen Dimension eines Raumes durch die Richtungsdimension desselben zu er
mitteln sind.

Nach einem in [4] (wo übrigens auch einige wesentliche Berichtigungen zu
[3] gegeben wurden) nur andeutungsweise bewiesenen Satz dieser Art haben wir 
dann in [6] tatsächlich nicht nur den Beweis dieses Satzes nachgeholt, sondern 
eine ganze Reihe solcher Sätze bewiesen. (Einige von ihnen werden wir im § 0 dieser 
Arbeit anführen.)

Mit der vorliegenden Arbeit haben wir das Ziel, diese Untersuchungen weiter
zuführen. Unsere hiesigen Ergebnisse sind sämtlich Verallgemeinerungen oder 
Verschärfungen (oder beides auf einmal) gewisser Sätze aus [6] (darauf soll auch 
der Titel dieses Artikels hinweisen).

Unsere Hauptergebnisse finden sich im §2; die zu ihrem Beweis nötigen Hilfs
sätze hat § 1 zum Gegenstand; im § 3 werden einige Spezialfälle und Konsequenzen 
der Fundamentalsätze aus § 2 — zum Teil mit eigenen Beweisen — hervorgehoben.

Zunächst seien — im § 0 — die anzuwendenden Begriffe, Sätze und andere 
Hilfsmittel aus der Theorie der Richtungsstrukturen (ohne Beweise) angeführt.

§ 0. Zusammenstellung der nötigen Hilfsmittel aus der Theorie der 
Richtungsstrukturen*

(0.1) D efinition . E s sei X  eine nichtleere Menge.
(a) Eine Richtung der Menge X  ist ein System tM von geordneten Paaren (G, F) 

mit GÇz FÇF X und mit

(I) ( 0 , 0 ) ,  ( X , x ) e & ,

(II) (Gu  Fi), (G2, F2) € Ft, (Glf Fi) 7* (G2, F2 =>F,Q G2VF2 Q G, 
und weiter

(III) U{G: Ge<Z*}e<3(ät) ( 0  <==%(.%)),
(IV) П {F: Fi3?*}£d?{M) (0 jt 2F* g

wo *&(&%) bzw. êF ((Щ die Familie der ersten bzw. zweiten Komponenten der Ele
mente von Ft bedeutet.

(b) Die Elemente von und die Komplemente der Mengen aus S 'iß )
bzw. die Elemente von FF (FF) sowie die Komplemente der Mengen aus *&(Ж) werden 
die Ft-offenen bzw. Ft-abgeschlossenen Halbmengen von X  genannt.

(0.2) Bezeich n u n g en , (a) Die Beziehung (G, F) f FA wird — bei festgesetztem 
Ffi — auch durch die zwar nicht immer eindeutigen (weil es nämlich verschiedene 
Paare (Gx, Fi), (G2, F.z)Ç_Fi mit G1 = G2 oder F1 — F2 geben kann) aber immer 
höchstens zweideutigen Symbole G = G(F) oder F=F(G) ausgedrückt.

(b) Mit G(F) bzw. G(F) wird die kleinere bzw. größere Menge G(F) und 
mit F(G) bzw. F (G) die kleinere bzw. größere Menge F(G) bezeichnet.

* Die hiesige Terminologie stimmt nicht ganz mit jener von [5] überein (wohl aber mit jener 
des Artikels [8], der allerdings englisch abgefaßt ist) ; das hat aber bloß bezeichnungs- und beweis
technische Gründe und ist sonst belanglos.

S tu d ia  Scientiarum  M athem aticarum  Hungarica 10 (1975)



WEITERE BEZIEHUNGEN DER RICHTUNGSDIMENSION 437

(c) Soll auch auf die Richtung 0  hingewiesen werden (vgl. die Bemerkung 
weiter unten (0.4),(a)), so benutzen wir die entsprechenden Symbole

G (0;F ), G(0; F), F(0;G ), F{01\ G).
(0.3) Definition. Ist eine Menge X  mit einer Richtung 0  versehen, so werden 

die Mengen
F \G  ((G, F)£0, G *  F)

die 0 -Ebenen von X  genannt; ihre Familie wird mit SF{0) bezeichnet.
(0.4) Bemerkungen, (a) Verschiedene Richtungen ein und derselben Menge 

können gemeinsame Elemente haben; d. h. wenn 0 X und 0 2 beide Richtungen 
einer Menge X  sind und 0 xj±02 ist, so kann es doch Teilmengen G und F von 
X  mit (G, F )£ 0 X und gleichzeitig (G, F )£02 geben.

(b) Ist 0  eine Richtung einer Menge X, so gilt
Sx, S2Í0>(0), Sx и  S2=>S1f]S2 = 0 .

(0.5) D efinition, (a) Eine Richtungsstruktur (RS) einer Menge X  ist eine nicht
leere Familie 91 von Richtungen 01 dieser Menge.

(b) Wir gebrauchen die Bezeichnungen

#(9l) =  U {У (Д) : Я  € 9?}, У  (9?) =  U {3? (Я) : Я  Ç 91}.
(c) Für eine RS 91 einer Menge X nennen wir alle ^-Ebenen (á2£91) auch 

91-Ebenen von X; es wird das Symbol

^(91) = U {Sf(0t): á?€91}
gebraucht.

(d) Eine 9\-offene bzw. 9^-abgeschlossene Halbmenge einer Menge X, 91 eine 
RS von X, ist eine .^-offene bzw. ^-abgeschlossene Halbmenge dieser Menge 
(Я €91).

(0.6) Die Spur 0t\ X* bzw. 91JA'* einer Richtung 0. bzw. einer RS  9? einer 
Menge X  auf einer Teilmenge X* ist das System

{(GDX*, FC\ X*): (G, F )£0}
bzw.

{0\X*: ЛеЯ}.
(0.7) Bemerkungen, (a) Die Definition unter (0.5),(a) schließt den Fall nicht 

aus, daß eine RS einer Menge mehrere — etwa durch irgendwelche Parameter 
oder Indizes voneinander abweichende, also nur in der Bezeichnung verschiedene 
— Exemplare ein und derselben Richtung enthält.

(b) Andererseits kann es Vorkommen, daß die Spuren 0 x\X*, 0 2\X* (wo 
0 X und 0t2 Richtungen einer Menge X  sind) für ein X* mit 
zusammenfallen, obwohl 0 хт^02 ist.

(0.8) Definition. Die trivialen Richtungen einer beliebigen Menge X  sind die 
beiden Systeme von Paaren

{(0, 0 ) , (X, V)}, {(0 , 0 ), ( 0 , X), (X, *)}.
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(0.9) D e f in it io n . Eine Richtungsstruktur (RS) 9? (eine Richtung PA) eines 
Raumes X  ist eine RS (eine Richtung) der Trägermenge X  des Raumes, für welche 
jede 91-offene bzw. ^-abgeschlossene (.^-offene bzw. ^-abgeschlossene) Halbmenge 
offen bzw. abgeschlossen im Sinne der Topologie von X  ist — und übrigens in 
diesem Zusammenhang auch 9?-offener bzw. 91-abgeschlossener (01-offener bzw. 
01-abgeschlossener) Halbraum des Raumes X  genannt wird.

(0.10) D e f i n it i o n e n , (a) Die durch eine Richtung 01 bzw. RS  91 einer Menge 
X  auf dieser Menge induzierte Topologie S '{0t) bzw. (91) ist diejenige, für welche 
die ^-offenen bzw. 91-offenen Halbmengen eine Subbasis bilden.

(b) Eine RS 91 eines Raumes X  wird eine kompatible RS  (KRS) des Raumes 
genannt, wenn ^"(91) mit der Topologie des Raumes übereinstimmt.

(Nach (0.9) ist ^(91) immer gröber als die Topologie von X.)
(0.11) D e f i n it i o n e n , (a) Die — mit Dim X  bezeichnete — Richtungsdimension 

(RD) eines Raumes X  ist das Minimum der Mächtigkeiten seiner KRS-en, triviale 
Richtungen nicht miteingerechnet.

(Die letztere Bestimmung hat natürlich nur bei endlicher RD Bedeutung.)
(b) Eine minimale KRS (MKRS) eines Raumes X  ist eine KRS 91 des letzteren 

mit |91| =  Dim X.
(c) Wir vereinbaren noch, daß Dim 0 = 0  sein soll.
(0.12) B e m e r k u n g e n , (a) Jeder Raum X  hat KRS-en und somit auch eine 

RD Dim X; das ist eine — dem Raum eindeutig zugeordnete — Kardinalzahl mit

0 ä  Dim X S  w(X),
wo w(X)  das topologische Gewicht des Raumes X  bedeutet.

(Nebenbei bemerkt: zu jeder beliebigen Kardinalzahl n gibt es topologische 
Räume X  mit DimX=n.

(b) Da eine KRS (ja überhaupt jede RS) eines trivialen (indiskreten) Raumes 
nur aus trivialen Richtungen bestehen kann (und, nebenbei: solche Räume lassen 
überhaupt keine anderen als kompatible RS-en zu), gilt nach (0.11),(a) für jeden 
trivialen Raum X notwendig Dirn X=Q.

Cb') Ebenso selbstverständlich ist für jeden nichttrivialen Raum X  Dim T 5 l .
(c) Die Spur einer KRS eines Raumes X  auf einer Menge X*(zX  ist jeweils 

eine KRS des Teilraumes X*.
(d) Wegen (c) ist die RD monoton, d. h.

Dim X* S  Dim X {X* c  X).

(e) Für jede KRS 91 eines Raumes X  gibt es einen Teil 91" Q 91 mit paarweise 
verschiedenen Richtungen (vgl. (0.7), (a)), der gleichfalls eine KRS dieses Raumes ist.

(Diese Bemerkung ist sogar für MKRS-en nicht belanglos; eine endliche 
MKRS kann allerdings selbstverständlich nur aus paarweise verschiedenen Rich
tungen bestehen.)

( 0 .1 3 )  D e f i n it i o n e n , (a) Für eine RS 91 einer Menge b z w . eines Raumes X  
und für 0^91*^91 mit |91*|-=B0 wird jede Menge

/  =  П { M \ N :  M, N4<S{0t)\S&{0t\ Pteft*}
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(eigentlich sollte M (ß)\N (& )  mit М(Я), N (ß t)^ (ß t) 0 Я ( Я  (i*£9T) geschrieben 
werden, es ist auch so gemeint) ein 91-Intervall von X  genannt.

(b) Im Falle
М ^ ( Я ) ,  N<L&(Я) (á?£9T)

bzw.
М ^Я {Я ), Nd<S{m (:Я£9Г)

heißt /  ein 'il-offenes bzw. Ш-abgeschlossenes Intervall von X.
(c) Die Familie aller 'Л-offener Intervalle wird mit ./(9Î) bezeichnet.
(0.14) Bemerkungen, (a) Wenn es sich um eine RS 91 eines Raumes X  handelt, 

so ist die Menge /  unter (0.13),(a), im Falle unter (0.13),(b) auch bezüglich der 
Topologie von X  eine offene bzw. abgeschlossene Menge.

(b) Jede 91-offene bzw. 9I-abgeschlossene Halbmenge, 9Î eine RS einer Menge, 
X , ist ein 9?-offenes bzw. ^-abgeschlossenes Intervall.

(c) Jede Л-Ebene ist ein 9î-abgeschlossenes Intervall.
(d) Die Kompatibilität einer RS 91 eines Raumes X  (vgl. (0.10), (b)) kann 

auch so definiert werden: ./(9?) ist eine Basis für die Topologie von X.
(0.15) Bemerkung. Für ein 9I-Intervall /  wie unter (0.13) (im topologischen 

Fall) und mit den Bezeichnungen
91* =  {á?£9T: М ^ { Я )} ,
9I| =  {^£9Г: М еЯ  {Я)},
9I| =  {â?£9î*: N£&(ât)},
9 I J  =  { ^ £ 9 1 * :  N<i&(ß)}

gilt allgemein
G r/ g  U {F(ât-,M )\M : ^£9IJ}U 

U U { M \G (^ ; M): à?£9î2*}U 

U U {£ №  N )\N :  ^£9î*}u 
UU{W\G(i»;W): ^£9IÎ};

im Falle
M£Sf(ál), F£ Я  (ât) (á?£9T)

hat man einfach

Gr IQ  U {(£(^: M )\M ){ j(N \G (£ ;  N)): ^ £  91*}.
(0.16) Satz. Es seien 9Î eine KRS eines Raumes X  mit paarweise verschiedenen 

Richtungen, 0  ^  9Î * £  91 und
(0.16.1) 8{Я)£Я(Я) (á?£9I*).

(a) Es gilt dann
Dim f){S  (£%)'■ à?£9î*} S |9î|-|9î*|.

([J] 36; berichtigt: [4] 303.)
(b) Mit der Bezeichnung unter (0.16.1) ist П {S(Я) : à?£9î} als Teilraum von 

X in jedem Fall indiskret.
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(Man stelle das (a) und (0.12),(b) gegenüber.)
( 0 .1 7 )  Summensatz. Es  seien В eine nichtleere Indexmenge und

x = 2 { X ß -  ß tB }
die topologische Summe von Räumen Xß.

(a) Ist jedes Xß ein trivialer Raum, so gilt
Dim X s  1.

(b) Gibt es ein ß0£B so, daß Xßo nicht-trivial ist, so haben wir
Dim X  — sup {Dim Xß: ß£B}.

(0.18) Bemerkung. Es sind nur ganz schwache Sätze über die RD von Ver
einigungen von Teilräumen bekannt, und das hat wohl den Grund, daß diese Sache 
tatsächlich schlecht steht: als besonders krasses (zugleich aber sehr einfaches) 
Beispiel sei erwähnt, daß die RD eines Zahlenintervalls (und überhaupt der Zahlen
gerade) gleich 1, die RD der Kreislinie (die ja topologisch aufgefaßt die Vereinigung 
von zwei abgeschlossenen Zahlen-intervallen ist) jedoch 2 beträgt (s. den in der 
Einleitung hervorgehobenen Einbettungssatz).

Es folgt eine Auswahl aus den bisher gewonnenen Ergebnissen, die sich auf 
das Verhalten der RD zu irgendeiner klassischen Dimension beziehen. Es werden 
hauptsächlich solche Sätze angeführt, mit denen die Ergebnisse der vorliegenden 
Arbeit in einen leicht erkennbaren Zusammenhang gebracht werden können.

(0.19) Satz. Für einen Raum X m it Dim X —\ gilt ind X^á 1 ([6] 251).
( 0 .2 0 )  S a t z . Für einen Raum X  mit D im  X=  1 gilt d im  1 ( [6 ]  2 5 6 ) .

( 0 .2 1 )  Satz. Für einen Raum X  mit Dirn X = \ gilt I n d  X ^ l  ([6] 2 5 6 ) .

( 0 .2 2 )  Bemerkung. Dem Fall Dim2f=l kommt — abgesehen von den vor
hergehenden drei Sätzen — eine besondere Bedeutung zu, weil er bei je einer voll
ständigen Charakterisierung der Klasse der zusammenhängenden ordnungsfähigen 
(ordnungstopologischen) und der unterordnungsfähigen (d. h. in einen ordnung
sfähigen Raum topologisch einbettbaren) Räume die Hauptrolle spielt:

(a) Ein Tx-Raum X  mit \X\> 1 ist genau dann unterordnungsfähig, wenn 
D im 2f= l gilt.

(b) Ein zusammenhängender 7\ - Raum X  mit \X\>  1 ist genau dann ordnungs
fähig, wenn Dim X=  1 gilt.

(Für weiteres darüber s. [8] 188—192.)

( 0 .2 3 )  B e z e i c h n u n g . E s s e ie n  0 * = 0  u n d

n* = n [(n -l)*  + 1] (и =  1,2, ...).
({и*: 1, 2, ...} ist also eine (streng) monoton wachsende Folge natürlicher Zahlen.)

( 0 .2 4 )  Satz. Für einen vollständig normalen T2-Raum X  endlicher RD gilt
ind X  sS (Dim X)*.
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(0.25) 
RD gilt

Satz. Für einen vollständig normalen, kompakten T2-Raum X  endlicher 

Ind X  ^  (Dim X)*.

(0.26) Satz. Für einen lokalkompakten metrisierbaren Raum X  endlicher 
RD gilt
(0.26.1) dim X  s  Dim X.

(0.27) 
RD gilt

Satz. Für einen vollkommen normalen Lindelöf sehen T2-Raum endlicher 

dim X  S  Dim X.

(0.28) Bemerkung. Man könnte die Sätze (0.26) und (0.27) — die in dieser 
Fassung in [6] bewiesen wurden — anstelle der Voraussetzung „Dim X  ist endlich“ 
auch mit der Voraussetzung „dim X  ist endlich“ formulieren.

Ist nämlich, bei dimV<=°°, DimJF<K0, so gilt unter den Bedingungen des 
Satzes (0.26) bzw. (0.27) die Ungleichung (0.26.1), die für Dim-T^K,, zu einer 
Trivialität wird.

§ I. Hilfssätze

(1.1) D efinition. Ein Raum wird total-parakompakt genannt, wenn sich aus 
jeder Basis des Raumes eine lokal-endliche Überdeckung desselben auswählen 
läßt.

(1.2) Bemerkungen, (a) R. M. Ford bewies in [77] den folgenden Satz: 
Für jeden total-parakompakten metrisierbaren Raum X  mit ind °° gilt

Ind X — ind X.
(Das war der Anlaß zur Einführung des Begriffs der Total-Parakompaktheit.)

(b) Mit der unter (1.1) angeführten Begriffsbildung im Jahre 1963 — eine 
eigentlich sehr naheliegende Verallgemeinerung der Kompaktheit und zugleich 
Spezialisierung der Parakompaktheit — nahmen die auf das Verhältnis der beiden 
klassischen induktiven Dimensionen gerichteten Forschungen einen neuen, bedeu
tenden Aufschwung. Dem Satz unter (a) folgten ziemlich viele weitere Sätze, die 
für gewisse Klassen von Räumen die Äquivalenz dieser beiden Dimensionen 
aussagen; der Begriff der Total-Parakompaktheit selbst hat seither viele Verall
gemeinerungen und Abänderungen erfahren.

(c) Es ist hier nicht der Ort, über all dies zu berichten. Wir bemerken aber, 
daß jeder Satz vom Typ jenes unter (a) auch für den Gegenstand der vorliegenden 
Arbeit von Bedeutung ist, weil er nämlich mit unserem weiter unten folgenden 
Satz (2.1) kombiniert werden kann.

(1.3) H ilfssatz. Es seien X  ein total-parakompakter Raum, 0т±Н<~Х eine 
abgeschlossene Menge, W  ein System offener Mengen mit

und di eine beliebige Basis der Topologie des Raumes X.
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Dann gibt es ein lokal-endliches System
(1.3.1) SS* g  SS
mit
(1.3.2) V*«

und
(1.3.3) H Q  U{£: BiSS*}.

B e w e i s . Mit der Bezeichnung
i r  = i r \ J { X \H )

ist auch der Teil
= {B£äS: 3W £iT', B Q W }

von SS eine Basis für den Raum X. Auf Grund der Total-Parakompaktheit des 
letzteren gibt es einen lokal-endlichen Teil

Я
dieser Basis mit

Х = 1Д Я :

und das um so mehr lokal-endliche System
SS* =  BC\H ^  0 }

entspricht den Forderungen (1.3.1), (1.3.2) und (1.3.3). □
(1.4) D efinition. Es seien X  eine nichtleere Menge, MQX, 91 eine RS der 

Menge X  und m eine Kardinalzahl mit m s|9 l|.
Die Menge M  soll eine (m; 9l)-k leine Teilmenge von X  heißen, wenn es ein 

System 91*^91 mit |9î*|ëm  und je eine á?-Ebene

S ( ß ) & ( ß )  (SAÇ9V)
mit
(1.4.1) М Я  f |  {$(£): ^€91*}
gibt.

(1.5) Bemerkungen, (a) Für zwei Kardinalzahlen mx, m2 mit m ^ m ,  ist — 
unter den Bedingungen der vorigen Definition — jede (m2; 91)-kleine Menge M  
auch (mx; 91)-klein.

(b) Jede Menge M  ist unter allen Umständen (0; 9l)-klein ; man nimmt eben 
91 * — 0  unter (1.4.1) (um das zu ermöglichen wurde ja auch für 91* unter (1.4) 
nicht das Wort „Richtungsstruktur“ gebraucht — vgl. die Definition (0.5),(a)).

(c) Die Menge 0 ist in jedem Fall (|91| ; 91)-klein.
(d) Wir werden diesen „Kleinheitsgrad-Begriff“ in der vorliegenden Arbeit 

zwar nur auf endliche RS-en anwenden, doch hätte es wegen anderwärtiger An
wendungen keinen Sinn, die Definition derart einzuschränken.

(1.6) D efinition. Unter den Bedingungen der Definition (1.4) wird die Kar
dinalzahl

m =  sup {m': M  ist (m'; 91)-klein}
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als der 'R-Kleinheitsgrad der Menge M  (in der Grundmenge X) bezeichnet. Ist die 
Menge M  für dieses m (m; 9I)-klein (was insbesondere für immer der Fall
ist), so kann man sie auch genau (m; 1R)-klein nennen.

(1.7) Bemerkungen, (a) Der 9I-Kleinheitsgrad ist eine monotone Mächtig
keitsfunktion: der 9?-Kleinheitsgrad einer Menge M *cM  kann nicht kleiner 
sein als jener von M. (Daß jeder Menge ein 9l-Kleinheitsgrad zukommt, folgt aus 
<1.5), (b).)

(b) Die Menge 0  hat unter allen Umständen den 9I-Kleinheitsgrad |9I|.
(c) Als 9?-Kleinheitsgrad einer nichtleeren Menge M Q X  kann jede der Kar

dinalzahlen 0, 1, 2, ..., |9Î| auftreten (es kommt auf die Menge M und die RS 9? an).
(1.8) Bemerkung. Die Begrenzung eines jeden ЧЯ-Intervalls, 91 eine RS eines 

Raumes X, ist die endliche Vereinigung von abgeschlossenen (1 ; 9Î)-kleinen Mengen.
Das folgt unmittelbar aus (0.15), (0.16),(a) und (1.7),(b). □
(1.9) Hilfssatz. Für eine beliebige KRS 91 und für
(a) jede einelementige Menge H={x} (x£X) eines beliebigen Raumes und
(b) jede nichtleere abgeschlossene Menge FI eines total-parakompakten Raumes 

X besitzt das Umgebungssystem °U von H eine solche Basis Ш *, daß die Begrenzung 
einer jeden Menge aus aU* die Vereinigung einer lokal-endlichen (im Fall (a) 
sogar endlichen) Familie abgeschlossener (1; 4R)-k/einer Mengen ist.

Beweis. 1° Die Behauptung für den Fall (a) folgt aus (1.8) und (0.14), (d). 
2° Was den Fall (b) betrifft: Es seien J  eine Basis des Raumes X  bestehend 

aus 91-offenen Intervallen aus ,/(91) (etwa ,/(91) selbst, vgl. (0.14),(b)),

Л Е /  (Ut®)
je ein lokal-endliches System und

H Q Jv = U (UÇ.W),
mit der Bezeichnung

Ju = U{I-
(die Existenz der J u ist durch (1.3) gesichert).

Nun haben wir wegen der Lokal-Endlichkeit der Systeme J v

G r / ^ i U i G r / :  /€•/„}
woraus nach (1.8) die Behauptung folgt:

№  =  {Jv: Ui
ist eine Umgebungsbasis von H  in X  mit den gewünschten Eigenschaften. □

(1.10) H ilfssatz. Es seien X  ein Raum, {Ya:x£A} ein lokal-endliches Mengen
system im Raume X  und

{Zf: ß£B„} (a€A)
je ein lokal-endliches Mengensystem in X  mit

Z Ï Q Y '  0?€Яа,а€Л).
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Dann ist auch das Mengensystem

{Z£: ßZB„atA}lokal-endlich. □
Wir übergehen den Beweis dieser elementaren Tatsache.

§ 2. Die Fundamentalsätze

Es handelt sich hier eigentlich um zwei verschiedene Sätze ((2.1),(a) und (2.1), 
(b)) die aber im wesentlichen mit ein und demselben Verfahren bewiesen werden 
können. Wir werden also unter (2.1) einen einheitlichen Beweis geben, der nur 
an einigen Zwischenstellen einer Zweiteilung bedarf.

(2.1) Satz. Es sei X  ein Raum mit Dim &0.
(a) Dann gilt

(2.1.1) ind I S  Dim X.

(b) Ist X  obendrein total-parakompakt, so gilt auch noch
(2.1.2) Ind V ä  Dim X.

Beweis. 1° Teil (a) bzw. (b) des Satzes kann auf den Teil (a') bzw. (b') des fol
genden Satzes zurückgeführt werden :

Es seien n eine natürliche Zahl, SR = ..., .^„} eine KRS eines Raumes
X  (mit notwendigerweise Dirn J S n J  und К die Vereinigung einer lokal-endlichen* 
Familie Ж  abgeschlossener (1 ; 4R)-kleiner Mengen in X.

(a() Es gilt dann
ind К s. /1 — 1.

(b') Im Falle, daß X  total-parakompakt ist, gilt auch noch

Ind К ^  n — 1.
Tatsächlich: nimmt man n — DimX, so folgt (a) bzw. (b) auf Grund des 

Hilfssatzes (1.9) aus (a') bzw. (b')-
2° Nun ist aber auch (a() bzw. (b') bloß ein Spezialfall des folgenden Satzes 

(a") bzw. (b") (und man kann diese Verallgemeinerung — bei einem induktiven 
Beweisverfahren — auch gar nicht umgehen):

Es seien
(2.1.3) n, 1 S  к ^  n 
natürliche Zahlen,

SR =

* Im Falle (a') könnte man anstelle von „Ж  lokal-endlich“ auch „ Ж  endlich“ setzen; wegen 
der lokalen Beschaffenheit der kleinen induktiven Dimension würde das keine Einschränkung 
des Satzes bewirken. Wir werden uns dennoch — lediglich der Einheitlichkeit wegen — an die 
obige Formulierung halten. (Dieselbe Bemerkung bezieht sich auch auf die Formulierung des. 
weiter unten folgenden Satzes (a").)
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eine KRS eines Raumes X  (mit notwendigerweise Dim Хг^п),
Ж={К„: pdM)

eine lokal-endliche Familie von abgeschlossenen, (k; ty -k  leinen Mengen Kß 
und

(a") Es gilt dann
*  = U {K„: /I€M}. 

ind K s  n — k.

in X

(Zur Erläuterung dieses Satzes sei zweierlei bemerkt:
(1) Nach (0.4), (a) sind die k 9?-Ebenen, deren Durchschnitt ein Kß laut Defini

tion (1.4) als Teilmenge enthält, nicht notwendig paarweise verschiedene Mengen 
im Raume X. Der Kleinheitsgrad einer solchen Menge Kß kann also kleiner 
als k  sein. Wir erwähnen diese Tatsache übrigens nur zur Klärung der Sachlage; 
für die folgenden Ausführungen ist sie belanglos.

(2) Auf Grund von (1.5),3° gilt

Dim Kß ^ n  — k (p£M);
dennoch kann

Dirn К > n — k

sein, obwohl sämtliche Kfl abgeschlossene Mengen des Teilraumes К von X  sind 
(man vergleiche die Bemerkung (0.18)). Das Wesentliche des Inhalts von (a") ist 
also die Tatsache, daß sich die kleine induktive Dimension — im Gegensatz zur 
RD — bei Vereinigungen der besagten Art nicht vergrößert.)

(b") Ist unter denselben Bedingungen wie diejenigen von (а") X  obendrein ein 
total-parakompakter Raum, so gilt auch noch

Ind К n — k.
Tatsächlich geht (a") bzw. (b") für k = 1 in (a') bzw. (b') über. Es kommt 

also nunmehr darauf an, (a") und (b") zu beweisen. Aus beweistechnischen Gründen 
setzen wir dabei
(2.1.4) Kßl *  Kßi ( p ^ p ^ M , Hí p2) 
voraus.

3° Es ist ein leichtes die Gültigkeit von (a") und (b") im Spezialfall k = n nach
zuweisen. Nach (0.16),(b) ist nämlich in diesem Fall jedes Kß (p£M)  — wenn es 
nicht die leere Menge ist — als Teilraum von X  und daher auch als Teilraum von 
К indiskret, und es gelten somit

(2.1.5) ind Kß ^  0, Ind/f„3S0 (p£M).
Wegen

K r x  П K „ t  =  0  (hl ,  B i t .  M ,  p 2 )

(was unter diesen Umständen aus (2.1.4) folgt) und daher

Kß =  K \ U { ^ :  p' ft p} (p£M)
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ist nun aber jedes K„ (ц£М)  nicht nur eine abgeschlossene, sondern — auf Grund 
der Lokal-Endlichkeit von Ж  — auch eine offene Teilmenge des Raumes К, und 
К ist somit die topologische Summe der Mengen aus Ж. Wir haben deshalb, auf 
Grund von (2.1.5),

ind K S  0 (= n — n) bzw. Ind Á á O  { = n — n)
w. z. b. w.

4° der soeben erledigte Fall k=n  impliziert nach (2.1.3) auch den Fall n — 1*. 
Wir nehmen darum

n S  2

an und führen den Beweis mittels Induktion „von oben nach unten“ bezüglich 
к weiter; d. h. wir beweisen, daß die Gültigkeit des Satzes (a") bzw. (b") für ein 
к mit 2 ^ fc s«  dieselbe für к — 1 nach sich zieht.

5° Es seien also (a") und (b") für ein к mit

2
als schon bewiesen angenommen. Demgemäß seien sämtliche abgeschlossenen 
Mengen Кц (ц£М) (k— 1 ; 9l)-klein, d. h.

(2.1.6) Kß QD ß
wobei
(2.1.7) * =  1,2, . . . , k - l }  Qt€M) 
ist mit

v (x ,p )€ { i,2 ,...,«},

(x =  1,2, ..., k — 1, ц £ М)
und

v(*i,lO ^  v{x2,^ )

(*i, {1, 2, ..., fc-1}, Xi 5̂  x2, ц£М).
Es kann noch

(2.1.8) {(v(x,/Ti), x =  1,2, ,... k - l }  *

И {(v(x, ц2), s ^ > ) :  x =  1,2, . .. ,fc - l}
(И1 ,Иг£М, цг 7* ц2)

angenommen werden. (Wäre nämlich (2.1.8) nicht allgemein der Fall, so könnte 
man auf Grund der Relation

R = (2.1.8) gilt nicht},
die offensichtlich eine Äquivalenzrelation ist,

M  — {R[/t]: ц£М}

* F ür Dim X=  1 haben wir (2.1.1) und (2.1.2) ohnehin schon bewiesen, u. zw. auch (2.1.2) 
ohne jedwelche zusätzliche Voraussetzungen über den Raum X  s. ((0.19) und (0.21)).
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anstelle von M und dementsprechend

Ж = {Kfi: £€M}
— mit

** =  № * - :  /е /г}  (Д€М) -
anstelle von Ж einführen. Es wird ja auch Ж eine lokal-endliche Familie von 
abgeschlossenen, (к — 1 ; 'Jî)-kleinen Mengen mit

i = U № :  ßeM}
sein, wo aber obendrein noch die (2.1.8) entsprechende Bedingung 

{(v(x, /tj), S^ß[ßl)): x = 1, 2, ..., k -  1} ^

^  {(v(x, Д2), S № * ): к = 1, 2, ..., /c-1}

(Дг, Д2€М, Д1 ^  Д2)
sichlerlich erfüllt ist.)

Weiter seien Я  eine beliebige einelementige (für den Fall (a")) bzw. nichtleere 
abgeschlossene (für den Fall (b")) Menge im Teilraum К  von X und U eine Umgebung 
von H  in К d. h.

и  = к г и \
wo U' eine Umgebung von H im Raume X  ist.

6° Jedem Punkt x ^ H  kann eine Umgebung Vx von x in X  mit

Vx i  U' (x£H)
derart zugeordnet werden, daß Vx mit höchstens endlich vielen Elementen der 
Familie Ж Punkte gemeinsam hat. Dann ist auch

(2.1.9) Wx =  FX\U { * „ : v W ,  K J
eine Umgebung von x  in X  (x£H)  — weil ja der Subtrahend eine abgeschlossene 
Menge ist — und wir haben
(2.1.10) WxO K Q U  (x£H).

Da das System Ж  — wegen seiner Lokal-Endlichkeit — punktal-endlich ist,, 
muß jedes
(2.1.11) M(x)  = {/rÇM: x d K j  (*€ //) 
eine endliche Telmenge von M  sein, und es gilt nach (2.1.9)

(2.1.12) M(x) = WxnK„ ^  0 }  (х£Н).
7° Es seien nun x £ H  festgesetzt und

/€У(Я)
mit
(2.1.13)
sonst beliebig. (Es kommt im folgenden tatsächlich nur auf (2.1.13), an es braucht 
also nicht etwa x £ l  zu sein.)
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Dann haben wir nach (2.1.11), (2.1.12) und (2.1.13)

(2.1.14) M(:c) i  {ц£М: 1ПК, *  0}.
Weiter gilt dann
(2.1.15) Gr* (1ПК) =

= GrK( U { / n ^ :  ^ N ( x ) } ) Q  
=  U{GrK (7ПKß) : /t€W(x)} (*€#),

mit der Bezeichnung
N(x) =  {ц£M : IGKß и  0},

wobei es sich um endliche Vereinigungen handelt (weil auch die N(x)  endliche 
Mengen sind), und es müssen also zunächst die Mengen GrK ( /П Kß) unter (2.1.15) 
einzeln untersucht werden.

Zu diesem Zweck führen wir noch die folgenden Bezeichnungen ein:

(2.1.16) =  U {*„<: /6 М , /  *  aí} (pZM),
(2.1.17) Qtl = PßC\Kß (n£M).

8° Es sei also jetzt
l i £ N ( x )

(beliebig, aber) festgesetzt, und wir behaupten:

(2.1.18) Gr* (7П Kß) Q (Kß П Gr* I) U Qß *
Um dies zu beweisen setzen wir

(2.1.19) У e GrK ( i n  K ,)\Q ^
(sonst beliebig), und zeigen, daß
(2.1.20) у £ Kßf) Gr XI
ist, was — da offensichtlich y(zKfl und yÇj~{K) — darauf hinausläuft,
(2.1.21) y i l
zu beweisen.

Nun ist aber y(iKß\ Q ß und daher

y * P ß-
Wäre also y£l, so müßte, da Pß eine abgeschlossene Menge ist,

G =  ( I G K ) \ P ß

* Hierzu zwei Bemerkungen:
(1) Daß man auf der rechten Seite der Inklusion (2.1.18) zur Menge Ä ^nG r*  I  überhaupt 

irgend etwas hinzunehmen muß, erhellt daraus, daß IC) Kß keine offene Menge in der Topologie 
des Teilraumes К  zu sein braucht.

(2) Unter Voraussetzung der Regularität des Raumes X  wäre der Beweis etwas einfacher 
zu führen, weil man sich dann nämlich auf „so kleine“ 1 beschränken könnte, daß sogar die /~ <K> 
keine der Mengen Kß. ( jC C M \N (x )  schneiden. Da nun aber unser Satz dieser Einschränkung 
nicht bedarf, wollen wir auf diese Variante nicht eingehen.
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eine offene Menge des Raumes К sein, für die

gilt; das würde bedeuten, daß у  ein innerer Punkt der Menge /ПЛТ„ bezüglich der 
Topologie von К ist, was aber der Annahme unter (2.1.19) widerspricht.

Damit ist — über (2.1.21) und (2.1.20) — (2.1.18) bewiesen.*
9° Untersuchen wir zunächst das zweite Glied der rechten Seite der Inklusion 

unter (2.1.18).
Wir behaupten, daß die Menge Qfl als Vereinigung einer lokal-endlichen Familie 

von abgeschlossenen, (к ; 9î)-kleinen Mengen darstellbar ist.
Tatsächlich gibt es ja nach (2.1.8) für jedes Paar

V t M ,  f i ' i M \ { f i )
einen Index

x[fi\  /*]€ {1, 2, ..., k —l }
mit entweder

v (* [/, fi], fi') ^  v(x, fi) (x = 1, 2, ..., k — l)
oder — im Falle, daß

einen solchen mit 

und daher (s. (0.4),(b))

v(x, fi') =  v(x, fi) ( x =  1,2, . . . , / c - l )  -

e v ( x |> ' , д ] ,д ')  ^ 0х[д',д],д

о у ( х [д ', /1 ] ,д ')  r \  o v ( x [ д '. /О .д )  —  г*
1 1 ^ х [ р ' , р ] , р  *

Somit ist — auch (1.5),(c) beachtend — diese Behauptung bewiesen.
10° Jetzt fassen wir das erste Glied der rechten Seite unter (2.1.18) ins Auge. 
Wir haben

(2.1.22) t f „ n G r * / g

= U {•£»,./,/*[*]•' v = 1. 2, ..., n; j  = 1, 2} 
mit
(2.1.23)

=  ^ ] f l ( n f ö ' f ) : x  =  1, 2 , . . . .  f c - 1 } )  
(v =  1 , 2, j  = 1 , 2),

* Die Beziehung unter (2.1.18) kann, etwas formaler, etwa auch so hergeleitet werden: es 
gilt — mit der Bezeichnung unter (2.1.16) —

K \ ( I  П  K J  g  ( K J \ I )  U  P „ ,

wobei hervorgehoben sei, daß auf der rechten Seite eine abgeschlossene Menge des Raumes К 
steht, und wir haben daher (wegen der Lokal-Endlichkeit von Ж  in К )

GrK( / П K J  =  GrK[A " \( /П А ) ,) ]  g  ( K J \ I )  U  P h ,
woraus wegen

G r K ( / n ^ )  g  / - <К>П Л Г„
tatsächlich (2.1.18) folgt.
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und zwar so, daß — sofern S j [ x \ ^ 0  —

а д е ^ ( Л У) (V =  1, 2, j  = 1, 2)
und — selbstverständlich —

(2.1.24) m S ] [ x \ = 0  (v =  1, 2, j  = 1, 2).
Da nun aber nach (2.1.6), (2.1.7) und (2.1.14)

*  0  (* =  l ,2 , . . . , f c - l )  
und daher, auf Grund von (2.1.24)

SJM  *  S i f r »
(v =  1 , 2, ..., n; j  = 1 , 2; и =  1, 2, ..., k - l )  

ist, ergibt sich, wegen (0.4), (b), für jedes zulässige Paar v, x unter (2.1.23) mit

v =  v ( x ,  ц )

notwendigerweise
=  0  O '= 1 ,2 ).

Auf der rechten Seite der Inklusion unter (2.1.22) haben wir also die Vereinigung 
von endlich vielen Mengen, deren jede — wenn nicht die leere Menge — der Durch
schnitt von к 91-Ebenen ist, die aus к Ebenenscharen mit paarweise ver
schiedenen Indizes v stammen, und das bedeutet, daß die Menge A ^D G r*/ als 
Vereinigung von endlich vielen, abgeschlossenen, (k; (R)-kleinen Mengen dargestellt 
werden kann.

11° Die Ergebnisse unter 9° und 10° zusammenfassend finden wir also auf 
Grund von (2.1.18), daß die Menge GrK(/fl Ktl) eine Darstellung als Vereinigung 
einer lokal-endlichen Familie abgeschlossener Mengen, deren jede (k; 5R)-klein ist, 
zuläßt.

Da es sich weiter unter (2.1.15) um eine endliche Vereinigung handelt, gilt 
— die Festsetzung von f idM(x)  aufgehoben — dieselbe Aussage auch auf die Menge 
G rK( /D K)  bezogen.

Bisher waren aber auch noch xÇH und / ej Wx (s. 6°) festgesetzt. Jetzt soll 
auch das aufgehoben werden.

12° Durch Anwendung des Hilfssatzes (1.3) auf X  und H  (was nur im Fall 
(b") möglich, im Fall (a") aber auch unnötig ist), mit

(s. 6°) und
тГ= {IVX: xeH}

® = ^ (« ) ,

ergibt sich die Existenz eines lokal-endlichen Systems

(2.1.25) / g ^ ( 5 R )  
mit
(2.1.26)
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weiter — nach (1.3) und (2.1.10) —

H Q J D K g  U, 
wo

• / = №  /€ / }

bedeutet, und wobei — nach (2.1.25), (2.1.26) und 7° — für jedes die Schluß
folgerung unter 11° gilt. (Im Falle (a") nimmt man einfach ein einziges /Ç./(9l) 
mit H Q I QWX und setzt ß  -- {/}.)

Die Mengensysteme

{/ПК: /£ /} ,  {Gr* (/П К ): / € / }
sind dann ebenfalls lokal-endlich.

13° Nunmehr haben wir

О г*(./П /о = Сгк (и{/ГЖ : / € / } ) g

^U {G rK( /n ^ ) :  /€ /} .

Nach Hilfssatz (1.10) und dem Ergebnis unter 11° ist also auch die Menge GrK (/ П K) 
als Vereinigung einer lokal-endlichen Familie von abgeschlossenen, (k; 9l)-kleinen 
Mengen darstellbar.

Nach der Induktionsvoraussetzung unter 5° gilt daher

ind GrK (/ПК) ^  n — к
dzw.

IndGrK(/ПК) S  n - k

(für den Fall (a") bzw. (b")), woraus endlich — nach (2.1.10) und weil H und U 
unter 5° beliebig gewählt worden waren —

ind K â  (n — k) + 1 (=  n — ( k— 1))
dzw.

In d /CS (n-Jk)+l (=  n —(к— 1))

(also (a") bzw. (b")) folgt, und damit ist der Satz bewiesen. □
(2.2) B e m e r k u n g . Die Bemerkung unter (0.28) kann sinngemäß auch auf 

die Sätze (2.1),(a) und (2.1),(b) sowie auf die weiteren Sätze dieser Art im § 3 bezogen 
werden; bei diesen Sätzen kommt es darauf an, daß man die induktiven Dimensio
nen, falls sie endlich sind (es gibt ja auch eine transfinite Erweiterung ihrer Defini
tion, s. [14] 50), als Kardinalzahlen betrachtet, obwohl sie eigentlich als Ordinal
zahlen definiert werden.

(2.3) Es sei noch bemerkt, daß beide Sätze (2.1),(a) und (2.1),(b) Verschär
fungen (indem Dim X  an Stelle von (DimK)* tretet) und zugleich Verallgemeine
rungen (indem die Voraussetzungen bedeutend abgeschwächt wurden) der ent
sprechenden Sätze (0.24) und (0.25) sind; mit (2.1),(a) haben wir sogar die weit
gehendste überhaupt mögliche Verallgemeinerung von (0.24) erreicht.
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§ 3. Einige nennenswerte Spezialfälle der Fundamentalsätze

Es werden in diesem Paragraphen einige Sätze angeführt, die sämtlich ent
weder unmittelbare Spezialfälle der Sätze unter (2.1) sind oder sich durch Kom
bination der letzteren mit bekannten dimensions-theoretischen Sätzen leicht 
beweisen lassen. „Nennenswert“ sind diese Sätze, weil sie sich auf wohlbekannte 
und vielbehandelte Klassen von Räumen beziehen; darüber hinaus können wir 
für einige von ihnen auch selbständige (d. h. die ziemlich schwierig bewiesenen 
Sätze unter (2.1) umgehende) Beweise geben.

(3.1) S a t z . Für einen total-paralcompakten T2-Raum X  endlicher RD gilt
dim X  -  Dim X.

B e w e i s . Nach einem Satz von N. B. W e d e n i s o f f  ([22] ; [17] 56) gilt für jeden 
normalen 7",-Raum dim Wsí Ind X. Da jeder total-parakompakte 7k-Raum 
(eigentlich sogar — wie bekannt — jeder parakompakte 77-Raum) normal ist, 
kann nun der erwähnte Satz mit unserem Satz (2. l),(b) kombiniert werden, wo
durch sich der Beweis der vorliegenden Satzes ergibt. □

(3.2) S a t z . Für einen kompakten Raum X  endlicher RD gilt
Ind X  '■ Dim X.

B e w e i s . E s  ist ein Spezialfall von (2.1.),(b). □
(3.3) S a t z . Für einen kompakten 77 - Raum X  endlicher RD gilt

dim X  - Dim X.
1. B e w e i s . E s handelt sich um einen Spezialfall von (3.1). □
2. B e w e i s . Man verbindet den Satz von P. S. A l e x a n d r o f f  ([7]), nach dem 

für jeden kompakten 77-Raum X  dim Wssind X  gilt, mit unserem Satz (3.2) 
oder unmittelbar mit (2.1),(a). □

(3.4) H i l f s s a t z . Es seien 91 eine endliche KRS eines Tx-Raumes Y  (mit not
wendigerweise endlicher RD) und
(3.4.1) dim F >  0.

Dann gibt es ein â?ç9î und ein (G, F)ÇJM mit G Y 0  und Y \  F X 0 .  
B e w e i s . Wären

G = 0  V F =  Y 

((G, F)çà?, œem),
so müßte

Щ  <  «0 (Re 91)

sein (man sieht nämlich sofort, daß dann — von trivialen Richtungen abgesehen 
— überhaupt nur Richtungen der Art

{(0, 0 ) ,  (G,Y),  (F,K)} ( C Ï 7 ) ,
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{(0, 0 ) ,  ( 0 , 0 ,  (Y,Y)} ( <Z^ F<g Y)
oder

{ ( 0 ,  0 ) ,  ( 0 , F ) ,  ( С ,  П  ( П П }
( 0 ^ f g c c y )

als Elemente von 9? auftreten können), und wegen |9 l|< 80 würde das и>(У)<К0 
nach sich ziehen; da Y ein 7)-Raum ist, müßte er daher indiskret sein, was aber
(3.4.1) widerspricht. □

(3.5) Satz. Für jeden kompakten T2-Raum X  mit dim °° gilt
(3.5.1) dim X  ^  Dim X.

Beweis. 1° In den Trivialfällen
dim X  =  0, dim X  =  1, Dim X  — О

gilt (3.5.1) einfach wegen (0.12),(а), (0.12),(b) bzw. (0.12),(b),(b').*
Der Beweis unseres Satzes erfolgt nunmehr induktiv, u. zw. ganz unabhängig 

vom Fundamentalsatz (2.1).
2° Es sei

k ^ 2

eine natürliche Zahl, und nehmen wir — auf Grund von 1° — als Induktionsvor- 
aussetzung an, daß die Behauptung (3.5.1) für

und für
dim X — 0, 1, ..., к — 1 

Dim X — 0, ..., к — 2

schon bewiesen ist; wir haben zu zeigen, daß dann (3.5.1) auch für die Fälle

dim X = к, Dim X = к — 1
gültig ist.

3° Ein Satz von W. H urewicz und K. Menger ([/J], [16] 217; mit einer 
leichten Abänderung — wie K. N agami in [17] bemerkte — kann auch der 
Beweis in [14], S. 94, benutzt werden, obwohl der Satz dort auf metrisierbare (kom
pakte) Räume bezogen ist) besagt, daß jeder kompakte Ta'Ra1™ X  mit àimX=n  
( n s l)  eine Cantorsche «-Mannigfaltigkeit C als Teilraum enthält.

(Der von P. S. U rysohn in [20], S. 124, geprägte Begriff einer Cantorschen 
n-Mannigfaltigkeit hat seine traditionelle Benennung his heute behalten, obwohl 
die Sache kaum etwas mit den üblichen Bedeutungs-varianten des Fachwortes 
„Mannigfaltigkeit“ zu tun hat; es handelt sich nämlich um diejenigen kompakten

* Eigentlich ist auch der Fall Dim X=  1 — nämlich durch unseren Satz (0.20) — schon er
ledigt; das folgende Beweisverfahren ist aber derart aufgebaut, daß es unnötig ist, sich auf den — 
nicht gerade leicht bewiesenen und für den hiesigen Zweck überdies auch viel zu allgemeinen — 
Satz (0.20) zu berufen.

Es wäre auch nicht stilgerecht, den Satz (3.3) heranzuziehen, weil in dessen Beweis der Satz 
(2.1) benutzt wird, den wir jetzt eben umgehen wollen.
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71,-Räume C mit dim C=n, n ^ l ,  deren jeder Teilraum C*QC zusammen
hängend ist, wenn nur dim ( C \ C * ) ^ n  — 2 gilt.)

Auch der besagte Hurewicz—Mengersche Satz wurde durch ähnliche Sätze 
([20]) und eine Fragestellung ([21] 285) Urysohns angeregt.)

4° Flaben wir nun einen kompakten 72-Raum X  mit

(3.5.2) dim X = к,

so gibt es unter den Teilräumen von X  eine Cantorsche /(-Mannigfaltigkeit C.
Wäre — im Gegensatz zu unserer Behauptung — D'\m X ^ k — 1, so hätten 

wir nach (0.12),(d) auch Dim C ^ k  — 1, und es gäbe — nach dem Hilfssatz (3.4), 
der hier wegen (3.5.2) mit Y = C  anwendbar ist — für jede MKRS 9? von C ein 

und ein (G, F)£ä# mit G 7^0  und gleichzeitig C \F ? ± 0 ,  so daß also der 
Teilraum C \(F \G )  von C wegen GQF (s. (0.1)) nicht zusammenhängend ist, 
obwohl laut Induktionsvoraussetzung (die auf den Teilraum F \G  von C, weil 
er als abgeschlossene Teilmenge eines kompakten Raumes kompakt ist und weil 
nach (0.16),(a) die RD dieses Teilraumes höchstens k — 2 beträgt, angewendet werden 
kann)

dim (F \G ) s  Dirn (F \G )  3= k - 2

wäre. Mit diesem Widerspruch ist die Behauptung für den Fall (3.5.2) bewiesen. 
5° Ist aber X  ein kompakter 7^-Raum mit

(3.5.3) Dim X = к —l

und wäre — im Gegensatz zur Behauptung (3.5.1) —

(3.5.4) dim X  = j  S  k+  1

(dim X  wurde als endlich vorausgesetzt, und dim X = k  ist durch das Ergebnis 
von 4° schon als unvereinbar mit (3.5.3) erkannt worden), so gäbe es eine Cantorsche 
/-Mannigfaltigkeit C mit Dim C ^ k — 1.

Wieder folgt (genau wie unter 4°) aus dem Hilfssatz (3.4) für eine beliebige 
MKRS 9Î von C, die Existenz eines und eines (G, F)dâi mit

(3.5.5) Dim (F\G)  k - 2 ,

so daß der Raum C \( F \G )  in die zwei disjunkte nichtleere offene Teilmengen 
G und C \ F  zerlegt werden könnte und daher

(3.5.6) dim (F \G ) £_/ — 1

sein müßte, obwohl aus (3.5.5) laut Induktionsvoraussetzung

(3.5.7) dim (F \G ) = /  —3
folgt.

Mit dem Widerspruch zwischen (3.5.6) und (3.5.7) ist nun die Behauptung 
auch im Falle (3.5.3) bewiesen. □
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( 3 . 6 )  B e m e r k u n g . Auf die Bemerkungen ( 0 . 2 7 )  und ( 2 . 2 )  zurückverweisend 
muß geklärt werden, daß, für irgendeine Klassse 3C von Räumen,

[dim X  <  °° => dim X  s  Dim X (XÇZf)] Ф>

+> [Dim X  <  N0 => dim X  Dim X {X^SCj]
(obwohl

[Dim X  <  «о => dim X  S  Dim X (ХеЗГ)] =>

=► [dim Z  <  со => dim X ^  Dim X  (Z€âT)]).

In der Formulierung des Satzes (3.5) kann also die Voraussetzung „dim X 
ist endlich“ nicht ohne weiteres durch die Voraussetzung „Dim X  ist endlich“ 
ersetzt werden. M. a. W. : (3.3) impliziert (3.5), aber (3.5) impliziert nicht (jedenfalls 
nicht so unmittelbar) den Satz (3.3).

gilt
(3.7) Satz. Für jeden lokalkompakten, parakompakten Raum X  endlicher RD

Ind X  S  Dim X.

Beweis. Nach R. Telgársky [19] ist jeder lokalkompakte, parakompakte 
Raum total-parakompakt (Telgársky beweist eigentlich eine noch schärfere Aussage); 
es handelt sich also um einen Spezialfall von (2.1),(b). □

Der folgende Satz ist, da für den — normalen — T^-Raum X  d im V ^IndV  
gilt (wir haben uns darauf schon unter (3.1) berufen), eigentlich ein Spezialfall 
von (3.7) (man beachte auch (0.27)), dessen eigene Formulierung damit gerecht
fertigt ist, daß wir auch einen eigenen — d. h. unseren Fundamentalsatz (2.1),(b) 
und überhaupt den Begriff der Total-Parakompaktheit vermeidenden — Beweis 
geben.

(3.8) Satz. Für jeden lokalkompakten, parakompakten T2-Raum X  endlicher 
RD gilt
(3.8.1) dim X  s  Dim X.

Beweis. 1° Bekanntlich (s. etwa [19] 286) ist ein lokalkompakter J^-Raum 
genau dann parakompakt, wenn er die topologische Summe von <T-kompakten 
Räumen ist. Wir haben also

(3.8.2) X  =  2 * 0 ,  X .=  £ )Y l (а £A),
tx € Л i =  1

wo yj für jedes Paar a ÇA, г =  1,2, ... kompakt ist.
2° Wegen der Monotonie der RD haben wir

Dim yj s  Dim X  (aÇA, i = 1,2, ...),

woraus nach Satz (3.5) (dessen Beweis unabhängig von (2.1) war!)

(3.8.3) dim yj g  Dim X  (aÇA, i = 1,2, ...) 
folgt.
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3° Ein Satz von E. Cech ([2], [17] 53) besagt, daß die Überdeckungs
dimension eines normalen T2 -Raumes, der als Vereinigung abzählbar vieler ab
geschlossener Teilräume dargestellt werden kann, gleich dem Supremum der Über
deckungsdimensionen dieser Teilräume ist.

Aus (3.8.3) folgt demnach
dim Xx s  Dim X (a £A),

und weiter, da es sich unter (3.8.2) um eine topologische Summe handelt, deren 
Überdeckungsdimension trivialerweise gleich dem Supremum der Überdeckungs
dimensionen der Summanden ist, die Behauptung (3.8.1) des Satzes. □

(3.9) Bemerkungen. 1° Was das Verhältnis der bisherigen Ergebnisse dieses 
Paragraphen zu jenen in [6] betrifft: man sieht sofort, daß mit den Sätzen (3.2) 
und (3.7) Fortschritte gegenüber (0.25) und mit den Sätzen (3.1) (hier beachte man 
wieder den schon unter (3.7) angeführten Satz von Telgársky) und (3.8) Fortschritte 
gegenüber (0.26) gemacht wurden.

2° Satz (3.5) stellt ein völlig neues Ergebnis gegenüber jenen in [6] dar.
3° Was endlich (0.27) betrifft: dieser Satz ist durch unseren Fundamental

satz (2.1),(a) überhaupt belanglos geworden, da nach dem Satz von K. N a g a m i  

([75] 289), für o-total-parakompakte*, total-normale** T2-Räume X, Ind 37= 
=  ind X  gilt (und da offensichtlich jeder Lindelöfsche Raum u-total-parakompakt 
und jeder vollkommen normale Raum total-normal ist). Damit haben wir nicht 
nur eine Verallgemeinerung sondern gleichzeitig auch eine Verschärfung (wegen 
Ind V ^dim  X  für normale Räume X) des Satzes (0.27) gewonnen. Es gilt sogar 
die folgende gemeinsame Verallgemeinerung der Sätze (0,27) und (3.3):

(3.10) S a t z . Für einen Lindelöf,'sehen, regulären T2-Raum X  endlicher RD gilt

dim X  ü  Dim X.

B e w e i s . Man verbindet Satz (2.1,(a) mit dem Satz von K. M o r i t a  [15], nach 
dem für Lindelöfsche, reguläre TVRäume X  dim X âin d  X  gilt. □
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D IM E N S IO N  A N D  M E T R IZ A T IO N  O F  U N IF O R M  S P A C E S

by
SVETLANA BÚZÁSI

In this paper Theorem 2. gives a characterization of the “large covering” 
dimension AdX of metrizable uniform space X  by the property of its (uniformity 
preserving) metric. Theorem 1. states that X  admits the uniformity preserving metric 
of property Nag”, if A dX ^n. These results correspond to I. N a g a t a ’s  and
P. O s t r a n d ’s  theorems where topological spaces are characterized in such way 
(see [1], p. 138 and [2]). As a corollary we have that the covering dimension of 
metrizable topological space X  (dim X) is the minimum of A d(X, p) for all to
pology preserving metrizable uniformities p on X  (Theorem 15 in [3], p. 153).

By A dX we denote the large covering dimension of a uniform space X  (see [3]), 
by dim X  we mean the topological covering dimension of X  considered with uniform 
topology.

For A c X  and a covering of X  let 
I A, if t = 0,

S'(A, 4i) =  <{ U {u\ue®,  u n  A *  0 } if i = l ,
^ ( S '" 1̂ , 1#), W) if 1,

\ Щ  =  {S'CU Щ А ^ Щ ,  [Щ1 = Щ.
We put S s= {•S’jO'O |x€X} where e>0 is a real number and S t(x) an open e-ball, 
in a metric space X.

L e m m a  1. Let X  be a metric uniform space and AdXsn.  For each positive 
integer j  and an arbitrary fixed positive integer t there exist n +1 uniformly discrete 
families o f sets аЩ, Щ +1 such that for each j:

Я +  1
(1) °Uj =  (J Щ covers X]

i =  1
(2) mesh <  (2t)~J;
(3) refines %;
(4) i f  j<.k and 1 ^  г ̂  и +1, each member o f meets at most one member

of °Щ.
P r o o f . Since each uniform covering of X  can be refined by an uniform covering 

consisting of я + 1 uniformly discrete families (see [3], p. 67) we can construct the 
sequence (j=  1 ,2 ,...) by induction. Begin with ■i/'j_>aU1 and if we already

4f

have aU1, . . . ,aUj which satisfy the (1)—(4) of lemma 1, let ° l l tJ >%+i
IT

where ^ .(x ) meets at most one member of aKj for all xZX.
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Theorem 1. I f  AdX^n  for a metrizable uniform space X, then X  admits a 
metric d compatible with the uniformity which satisfies the condition Nag": For any 
n + 3 points X, y i , y n+2 o f X  there exist distinct indices i, j  such that d(x, yfi ë  
^ d(y„  yj).

Proof. We shall make use of Ostrand’s construction of [2], working with 
uniform coverings ; in this way the new metric d induces the uniformity of X  origi
nally generated by a metric q. We get a sequence of uniform coverings Qlj (y=  1, 2, ...) 
in (X, g) satisfying conditions (1)—(4) of [2] applying Lemma 1. with / =  32. Then

t  9
for each dyadic rational m =  2~ть where 1 the covering £fm

* = 1

can be constructed from the sequence °Uj (7= 1, 2, ...) and then a metric d of 
the property Nag" can be defined in the same way as in [2]. To show that d is com
patible with the uniformity of (X, g) we need the following

t
Lemma 2. For each m — fF 2~m>< where 1 <mx we have úU,n. <  ffm<  úUmL _ j .

k = 1
Proof of Lemma 2. The relation allmx is clear from the definition of 

in [2]. For any A c X  and each Щ we have

S 31(A, %  + 1) c  S(A, [% + 1l30) c  5{T, %■),

so the coverings *°Uj from [2] satisfy

%  <  *°Uj < [%].
Hence for any A c X  we get

S(A, *%) c  S 3(A, %■), S3(A, *%) c  S9(A, %).

Let now consider the set T(A, i, j ) defined in [2] which can be also written as follows: 

T(A, i , j ) =  ...=  5(5(T, *^j), *®j+1)..„

that is we form stars of A relative to families *ÚU) , *4ä/j+1, .... Finishing the star
forming after k -\-1 steps we get T k(A, i, j). Note that for families with the property 
[%+i\m< %  and for any A c X  we have

(6) Ski . . . S k* (Ski (A, %), % ) c  5 b +1 (A, %)

if k 2, ..., kr^ m  (easy to prove by induction on r). Hence for each /c=-0

Tk(A, i , j )  = S(. . .S(S(A,*Wj),  ^ j + 1)...), *^}+k)cz

c S ( . . . S ( S ( A , * %) ,  *%+1)...), *%+k) a

c  5 3(... 5 3(5 3(T, %), % +1)...), % +k) c  S 4(A, %),
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and so T(A, i, j)cz S i (A, %). Let now m= 2  2~m«, l-=Wi, iv m£.Sf,j,
* = 1 1

(see [2]). Then
iv m = T(S3(... T ( S 3(T(U, i, mj+1), *4iJ, i, ms) ...,  *4*J, i, mt) c  

c  54(Se(... S \S » (S \U , 4tmi+1), c

c  5 13( . . .  5 13( S 4( t / ,  4tmi+1),

<= S 14(S4W  ^ mi+1), « J  c  S18(U, Wmi+1).
So we get for each i, lS i’S /z+ l,

Sin <

which completes the proof of Lemma 2.
Now we can easily show that q and d generate the same uniformity in X. Let

t
d(x, y)~=m where m= 2~m*. By the definition of d for some dyadic rational

p, 0<p<m,yeS(x,  Sp), b u t s o  y£S(x,  ^ mi_x) and hence 
<(2-32)_mi+1=26(1_mi>. In the proof of Lemma 1. we got the sequence 
Sj ( /=  1, 2 ,...) where e1,e2, . . .— 0 and sUj >SftJ. Let now q(x, y ) < e; for some 
1 < /  Then yd S(x, 41j ) d S ( x , Sm) is true for each m with m1=j. Hence we have

d(x, y )= ^ j  <  2J-1 ’ completes the proof of Theorem 1.

Theorem 2. A metrizable uniform space X  is o f A dX ^n  iff X  admits a metric 
q compatible with the uniformity such that for every e>0 and for every point xÇX

(* ) e(Ss (x), y )  <  e, i = l, n+2
2

imply ß(yi, yj) <  e for some i, j  with i Xj.
Proof. Let (X, d) be a metric uniform space with AdX^n. Using Lemma 1 

with t= l  we get a sequence 4ls ( /=  1, 2, ...) of uniform coverings of X  such 
that for each j:

(2) mesh 4lj <  2 -  *J,
(3) [%+1]6 refines 4lj,
(4) each member of [adJ+lY' meets at most n+ 1 members of 4t,.

From (2) it follows that {S(x,4ej)\j= \,2 , ...} is a neighborhood base at each 
x£ X  in the topology induced by d in X. We shall show that for each j  and x£X  
the set S 2(x, [4£J+1]) meets at most n + 1 members of 4tj. Let xÇ.U£4tj+1 then 
S(x , [%+i] )^Ss(U,4lJ+1), so S2(x, [%+i])^S*(U,4l j+1)e[%+ir  and from (3) 
and (4) we get our statement. Now it is clear that the sequence aUj ( /= 1 ,2 , ...) 
is suitable for N a g a t a ’s  construction of Theorem V. 3 (see [1], page 138). For 
integers l^ m 1<w 2< ...< m p and U£4tmi the set Smim_ m (U) is defined as 
follows:

5 t m  = \u if p = ]
т,т,- тЛ ;  j  S2 ( . . .  S2 (S2 ( U,4(mJ,4tm) 4lm̂ ) if P > 1 .
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From the definition and (6) follows

mp(U) c  SHU, %пг) c  S(U, [%mJ) c  S(U, %ni).
So we have for 1

(7)
where

The metric g defined in Theorem V. 3. by means of coverings omi... is compatible 
with the uniformity of (X, d). This can be proved with the help of (5) and (7) in the 
same manner as in Theorem 1.

Conversely, let the uniformity of X  be generated by a metric g with the pro
perty described in Theorem 2. Let be a uniform covering of X  and <5 >0 a real

3 £
number such that Put and let M be a maximal set in X  with the

property: x,y£M,  xXy=>g(x, y )^s .  The covering £ffI={Si (x) \x fM}  is a sub
covering of 9'b and since it is a uniform covering of X. The properties

2
of g and M  garantee that ord S f s n  + l so we have AdX^n  which completes 
the proof of Theorem 2.

C o r o l l a r y . I f  d i m  X  o f a metrizable topological space X  is finite, d im  X  is 
the minimum of A d(X, fi) for all topology preserving metrizable uniformities p on X.

P r o o f . From N a g a t a ’s  Theorem V. 3. ([1], p. 138) and Theorem 1. above 
it follows that dim X ^ Ad ( X ,  pi). If dim X ^ n  we can introduce a topology pre
serving metric q which has the property (*), but the second part of the proof of 
Theorem 2. shows that the metric of such property generates a uniformity p on 
X  with Ad(X, p)=n.
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DISCRETE AND EQUAL CONVERGENCE

by
Á. CSÁSZÁR and M. LACZKOVICH

1.

Let X be a non-empty set and let f„, f  be real valued functions defined on X. 
We say that / i s  the discrete limit of the sequence (/„) if, for every x£X,  there exists 
n0=n0(x) such that / (x) =/„ (x) for и ёи 0. The terminology is motivated by 
the fact that this condition means precisely the convergence of (f„(x)) to f(x ) with 
respect to the discrete topology of the real line.

/  is said to be the equal limit of the sequence (/„) if there is a sequence of 
positive numbers e„—0 such that, for every x£X,  there exists nn=nn{x) with 
! / ( * ) - / ,  (*)!<«„ for « ë n 0.

Let Ф be an arbitrary class of functions defined on X. We denote by Фя, Фл, 
and Фе the classes of all functions defined on X  which are pointwise limits, discrete 
limits, and equal limits of sequences of functions belonging to Ф, respectively.

In this paper we are going to examine the classes Фd and Фе for certain classes 
Ф. We give a description of Фл if Ф = С(X) where X  is a topological space fulfilling 
some restrictions (Corollary 14, Theorem 15). In 2. we define the “Baire classes” 
with respect to the pointwise, discrete, and equal convergence. We describe the 
“discrete Baire functions” (Theorem 7) and applying some results of the theory 
of Baire functions we examine the relations among these classes.

Finally we characterize those classes Ф which are used as natural starting 
points in the above mentioned Baire classification (Theorem 16).

It is obvious that Ф ^сФ 'сФ 1 for every Ф. First we give a sufficient condi
tion to have Фл = Фе. We remark that if /£Ф е, i.e. if, for a suitable sequence (s„) 
satisfying £„>0, £„—0, there are /„£Ф such that, for every xdX,  we have 
|/ ( x ) —/,(x)|<£„ if n is sufficiently large, then the same condition holds for an 
arbitrary sequence (tj„) satisfying //„—0 and a suitable subsequence ( fkJ
of (/„) (in fact, one has to take k„ such that екпо 1„).

T heorem 1. Suppose that Ф is a subtract ive lattice (that is Ф contains the 
constants and, for every /  gÇ_ Ф we have / — g, max (/, g)£4>). In addition suppose 
Ф to be complete (that is if /„£Ф and (/„) converges to /  uniformly then ДФ). 
Then Фл = Фе.

P roof. It is enough to prove Ф 'сФ '. Let / £ Ф е, then there are / Я£Ф  such 
that, for every x£X,  there exists n„=n0(x) with | / ( jc)—/„(x)|^2~" if n ^n 0.

We put
Ak =  {*€*: \ f ( x ) - fn(x)\ == 2-" for и ё  к},

oo

then and IJ Ak=X.  We show that, for every к , there exists срк£Ф
k = 1
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such that (pk\Ak—f \ A k. Then / i s  the discrete limit of the sequence (cpk) so that 
fd<Pd will be proved.

Let к  be fixed and let

go=f l ,  gn=fn+l~fn (n = 1 ,2 ,...).
oo

Then f  = 2  Sn and for every xÇAk and nísk we have
п = 0

|g»WI s  \fn+1(x)- f (x) \  + \fn(x)-f(x)\  =§ 2 -" -1+ 2-"  <  2_n+1.
Put

hn = gn for n <  к
and

hn = med (g„, 2_n+1, — 2~n+1) = max (min (g„, 2~n+1), — 2~n+1) for n ^  k.

Since Ф is a subtractive lattice, /;„ Ç Ф for every n. The series ^  converges uni-
n = 0

formly so that the completeness of Ф implies that <pk = 2  кп£Ф.
n =  0

If x £ A k then h„(x)=gn(x) for every n, hence cpk(x)= 2  &,(*)=/(*) that
11 =  0

is <pk \Ak= f \ A k which proves the theorem.

C o r o l l a r y  2. If X  is a topological space and Ф =  С(Х) then Ф'1 =  Фе.
We say that Ф is an ordinary system if it is a subtractive lattice and f  g € Ф 

implies fg(LФ and, in the case g(x)^-0 for xÇX,  also f /g€ Ф.

P r o p o s i t i o n  3 . If Ф is an ordinary system then so are Фй and Фе.

P r o o f . It is obvious that Ф‘1 and Фе are subtractive lattices and that f  gf_ Фл 
implies fg £  Фл. Let 0 for x£X,  then / i s  the discrete limit of the se
quence (/„), where/„£Ф. We put gn= max|/„2,-^-j, then gn£Ф, g„>0 and / “2 is
the discrete limit of g~1£Ф. Hence f ~ 2£Фd so that / _1= / - / _2£Ф‘'.

Suppose/, gÇ_ Фе, we prove jgf^Pe. There are functions /„, gn £ Ф such that 
! / ( * ) - / , (*)|<и~2 and \g(x)—g„(x)\<n~i for every x £ X  and n ^n 0(x). Hence

\ f (x)g(x)-fn(x)gn(x)\ S  \ f(x)~fn(x)\-\gn(x)\ +

+  l / ( * ) M g ( * ) - g n ( * ) l  <  K _ 2( | g ( * ) l  +  i ) + l / ( * ) l - n “ 2 <  n _1
if и > т а х  (n0(x), 2|/(x)|, 2 |g(x)|+2). That is fg  is the equal limit of ( f ngn) with 

f g ^ e-
Let / £  Фе, f  {x)X 0 for xf_X, then / 2£ Фе hence there are /„  f: Ф such that

I/ . ( * ) - / <X)2I<«~3 if ns=n0(x). If g„ —max[/„, —) then gn€Ф, g„ a n d
\gn(x)—f  (x)2\<n~3 whenever n^m ax (nQ(x), 2 - f  (x)~i) =  nl (x). Thus for hn—g~x 
we have hn £ Ф and

\K(.x)-f(x)~s\ =  \ g„ (x ) - f (xy \ .gn(x ) - i - f (x r*  <  n~3-nn =  n “ 1
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if n^ni(x)  which gives /  2£ФС whence

/ - 1 = / - / " 2€Фе,
q. e. d.

R e m a r k  4. It is well-known that Фл is a complete ordinary system whenever 
Ф is an ordinary system ([1], 5.6.3.3). We show that Ф may be a complete ordinary 
system without Фа=Фе being complete.

For instance let Ф = С([0, 1]) and let the set D= {x„:n= 1, 2, ...} be every
where dense in [0, 1]. Then the function

/ м - Н  if * = **'
(0 if x€[0, l]-£> 

is the uniform limit of the functions

fn(x) =
if X = xk, к ё  n, 

if x€[0, 1]— {лгх, , jc„}.
Now it is obvious that /„бФ“' but f<l Ф* (see Theorem 13).

In addition in this case (Ф1,)‘,^(Ф‘')е (see Corollary 12).

2 .

During this section we suppose that Ф is a complete ordinary system.
On the analogy of the Baire classification we define the classes Фа, Ф[й), and 

Ф‘е), for every countable ordinal a. as follows.
Let Ф„=Ф, Фр+ 1  = Фр and for a limit ordinal a let Фх be the smallest complete 

ordinary system containing the class 1J Ф„. (That is let Фа be the intersection
4-=a

of all complete ordinary systems containing U Фр. See [1], 5.6.6.)
The classes Фх are complete ordinary systems for every ж  со, and for the 

class ФШ1= U Фх we have Ф ^-Ф 0>1.
â (o1

The relation between the classes Фх and the classes of Baire given by the other 
usual (and perhaps more natural) definition (Ф* = Ф, Ф*—( (J Ф*р)х) is the

ß-<a
following:

ф =  ф* if a is finite,

(2.1) ф . . =  Ф*ot +1 if a S C O ,

Hence ФШ1= (J Ф*.
Ф а  Ф* if a is a limit ordinal.

а -< со I

In order to show (2.1) we shortly summarize the basic properties of the 
classes Фа.
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Denote by {/>c} and [ f=c]  the sets

{x£X: f ( x ) >■ c} and {x£ X: f (x)  S  c} 

respectively. For an arbitrary class W of real valued functions let

ÜW* = { { f > c } : f e v ,  C€R}
and

9lr = { { f . * c } : f £ V ,  c€R}.
Conversely, if 9JÍ and 91 are arbitrary classes of subsets of X  then let [9Л, 91] denote 
the class of all functions defined on X  and satisfying {/>c}-9Ji, {/=c}CJt for 
every c£R.

It is known that, for every complete ordinary system W, we have 
¥' =  [ 9 J 9 t y ]  ([1], 5.6.5.1). The classes Фх are complete ordinary systems so that
(2.2) Ф, =  [9Л., 9tJ, 
where

8R« = 9Jl*., 91, = 91*..
On the other hand, if W is an ordinary system, then

Ч1'- = [(9^)",
where S '7 and &  denote, respectively, the classes of all sets of the form IJ S, and

i=1
n  S, (S,€ S) (see [2], p. 241, IX.).

i=i
It follows that

(2.3) 9W. =  (U  Я ,?  and 9ta =  ( U ЯП,У
ß <cc ß <<z

for I S a< (« 1. In fact, if oc = ß + 1, then we have 9Л3 =  (91/,)" = (9t/J)'T since 
(91//)'5 =  Slß for the complete ordinary system Ф/( ([1], 5.6.5). Similarly 9li =(®li)i 
and because the classes 9Ла, 9îa are increasing, we have (2.3). If a is a limit ordinal, 
then the definition of Фх and [1], 5.6.5 give (2.3), taking into account that now 
(J Шц =  1J 91,, as a consequence of the inclusions

9Я, с  Щ  =  91/j+1, Щ а  Щ = Щ +1.
Now we prove (2.1) by transfinite induction. The cases a=0, 1,2, ... are 

obvious. If (2.1) holds for every and a is a limit ordinal, then ФхаФ*
follows from the fact that Ф* is a complete ordinary system and

ф ^ и Ф ; = и  ф, .
ß < a  /?<а

Let W = (J Фр, then by [1], 5.6.5 we have

Фа = № ,  9$]
and hence

Ф«+1 = К  = [ ( ( ^ ) är ,  ( W f f l  =  Ж Г ,  О В Д  =  Vх = Ф1
which is the second statement of (2.1). If oc=/?+l, then Фв+1 = (Ф0+1)л = (Ф)|)А =  
= Ф*, q. e. d.
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The validity of the formulas (2.3) motivates the somewhat artificial defini
tion of the classes <Pa.

Now we define the classes let Ф̂ Л) = Ф and Ф ^= ( IJ Ф ^У  for every 

okcdj. For the class Ф ^ = U ^ id) we have ( Ф^ У—Ф^.a<w1
The class Ф(аУ is that of the “discrete Baire functions”.
The definition of the classes Ф*е) is similar: Ф'С) = Ф and ф£е)= ( и  Фре))е

ß^a
for every a ̂ u>1. It follows from Proposition 3 that the classes Ф<У) and Ф*е) are 
ordinary systems for every a.

In order to describe the connection between the classes Ф</ > and we need 
the following lemmas.

Lemma 5. Let a>0. Then the class has the reduction property, i.e. for 
every Ai, ..., А„£ШЯ there exist pairwise disjoint sets Q , C „ € 3 R e such that
CiCzAi, ...,C n<zAn and (J C , =  IJ At.

i = l  i = l
P roof. We prove it by induction. The case и=1 is obvious. Suppose the 

assertion is true for n — 1 and let Ax, ..., А„£ШХ. By the hypothesis there are dis
joint sets Clt with CjC/4,- (i— 1, ..., n — 1) and

n—1 n — 1
и  С, =  и  a , =  B.
i=i ( = i

By (2.3)

An =  (J A  and В = 0  Bk
k=1 k=l

where Dk, Bk£ U Let
ß<a

A  =  Ü ( A "  U B,)t B' = (J ( A - T j  A).
* =  1 i =  l  fc =  1 i — 1

Since 91̂  and SHß are lattices for every ß ([1], 5.6.3.1), the elements of are the 
complements of the elements of s))lß, and Эй^сЛ,, (ß<a), we have
Сп,5'€а)га, Cnc:An, B ' d B , СпГ\В' = 0, C„UB' = AnUB. Thus the sets C\ = 
— CiClB' ( i= l, ...,n  —1), C„ satisfy the requirements of the lemma.

Lemma 6. I f  A ( L П Л^ then the characteristic function kA£ ФУ’.
P roof. First we prove that for a > 0  and for A, BÇ9lx, A(~)B = 0, there is 

а иб'-ШаП'Ля such that A d D  and DC\B=0. By [1], 5.6.3.1 we have X —A, 
Х —В(:Шх, hence by Lemma 5 there exist C d X —A, D a X —B, С П /)=0, 
CD D = ( X - A ) U ( X - B )  = X  and C,DCmx. Thus AczD, BDD=0  and D = X -  
-С О Ж .П Л ,.

Now we prove кл£ Ф[Л) by transfinite induction. If a=0, then Л£Л10ПЛ0 
and (2.2) imply кл £Ф = Ф(0Л). If a = l,  then by (2.3)

(2.4) A = \JA„, X - A  = {JB„
n=1 Л = 1

where A„, .б„£Л0. Since Л0 is a lattice, we can suppose Akc A 2с . . . ,  Bkc:B2c:.... 
For every n there are f n, gn^Ф satisfying /,(л:) =  0 for x£An,f„(x)>0 for x £ X — A„,
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£.(*) =  0 for хев„, gn(x) > 0 for х е х - в п. Then hn=gn/(fn+gn)£4> and k A is 
the discrete limit of (A„).

Assume now I, and suppose that the lemma is proved for /?<a. We 
have again (2.4) with A„ , Bn 6 (J 91 ,̂ and the latter system being a lattice, we can

ß <ct
suppose as above A 1c A 2c z B1<̂ B2cz.... For every n we have a set Z>„€ (J

/?<CC
(9Л^П Sip) for which A„czDn, DnC\Bn = Q. By the induction hypothesis
kDn£ U Фд°. Since kA is the discrete limit of k„n we have кАгФ(/ ), q. e. d.

ß<a
T heorem 7. / €  i f  and only i f  / €  Фоп and  there are a decomposition 

X =  [J A„ and functions f f  Ф such that f \ A „ = f n \A„ (и = 1,2,...).
n =  1

Proof. We prove the part “only if” by transfinite induction. If f£<l>\f ) = Ф 
then trivially f£4>011 and the decomposition X= A  will do. If the assertion holds 
for every /?<a and /£  <Pf] then there are functions f f  (J <P(ßä) suchthat /  is the

00 ß<ct
discrete limit of /„. Hence X — 1J Bn where Bn= { x £ X : f  (x )= fn(x)}. By the in-

n = 1
duction hypothesis /„Ç ФШ1 and thus /€  Ф1, = ФЫ1> and there exist decompositions 
X=  U Л ; and functions gnie<P such that f„ \A ni= g ni\A ni (и, i= l,  2, ...). Con-

1 = 1 oo

sequently for the decomposition X — (J (BnП A ni) we have f  \B„C) A ni~  
=gni\Bn^ A ni, q.e.d. n’i=1

The part “if” : suppose X  = \J  A„, / П€Ф, /€ Ф М1 and f \ A n= f„ \A n. Since 
/,/п€Ф Ю1, the set ”=1

B„ =  { x £ X : f ( x )  = f„ (x )}
П  —  1  oo

belongs to IJ 91«. Let — U then X — (J C„ is a disjoint decomposi-
a<co1 i = 1 п = 1

tion for which C„6 U 91,, and / |C n=/JC „. Consequently / i s  the discrete limit
a<co1n

of the functions g„= 2  f ’ ^c, ■ If C« € 9 / then C; Ç 9Л« + 1П 9 / +1 so that by Lemma 6 
1 = 1

kc, € Ф)+i ■ Since 0)+*, is an ordinary system we have gn<z Ф)+\ and hence 
/ € Ф&?, q .e.d .

Corollary 8. I f  X  is a topological space and Ф = С (Х ) then i f  and
only i f  f  is Baire measurable and if  the graph o f f  can be covered by countable many 
graphs o f functions belonging to C(X) .

Corollary 9. I f  Ф=С([0, 1]) then there are Baire 1 functions not belonging 
to Ф w .

Proof. Let /b e  monotone on [0, 1] such that the discontinuities of /  are every
where dense in [0, 1]; /  is a Baire 1 function. If g(x) is an arbitrary continuous 
function on [0, 1] then the set (x€[0, 1 ]' f (x)=g(x)}  is nowhere dense on [0, 1]. 
Hence for every sequence of continuous functions/„ the sets {x€[0, 1]: f  (x) =f„(x)j 
cannot cover [0, 1] by the Baire category theorem. Thus by Theorem 7 /$  Ф},?’ .
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Theorem 10. For every x~=a)1 we have Фя с  

Proof. Let /€ Ф „ , n be a natural number. The sets
A =  {*€ X: f{x)  < — n or /( .* )>  n},

(—w2s i s n 2) belong to 93ta, hence by Lemma 5 there are pairwise disjoint sets 
С, С*4€90ia such that C c A ,  CjC/l, (—n2S i ^ n 2) and

X  — U A , U A =  U C, U C.
i---«2 i=-n2

Thus С, С,€®1,ПЯ..
n2 j

Let / , =  У. — &c , then Lemma 6 implies / ,€  Ф!г '.  It is easy to see that
i = — Л2 ^

/  is the equal limit of /„, thus f€(<Pld))e, q. e. d.
Corollary 11. For every a<<ul5 we have Ф*е)сФ а+1с Ф ^ 2; hence 

<p(‘ ) =  <p<-0\ £I>1 *

Proof. Ф ^ а Ф ^ с Ф *  can be easily proved by transfinite induction. Thus 
by Theorem 10 Ф<е)с  Ф*с Ф1+1с;(Ф< )̂1)ес(Ф ^)1)е = Ф<^2.

Corollary 12. Ф = С([0, 1]) then {ФЛУ т±(Фл)е.
Proof. For the class Ф1 (the class of Baire 1 functions) Ф1с(Ф‘1)е by Theorem 

10, but Ф1ф(ФаУ by Corollary 9.

3.

It is well-known that the functions of the first Baire class (С(Х))х= С л(Х) 
can be characterized, under suitable hypotheses on the topological space X,  by 
the fact that f \ A  has at least one point of continuity for each closed set 0  ^AczX.  
Our purpose is to prove a similar characterization theorem for the first discrete 
Baire class (C(X))d=Cd(X).

Theorem 13. I f  X  is a Baire space and /£  Cd (X), then the points of discontinuity 
o f f  constitute a rare (nowhere dense) subset o f X.

Proof. Assume f„£C(X), X = \ J  A„, А ^ А гc . . . ,  f„\A„=f\An. For an
n=l _

arbitrary open set G^Q, there is an open set Q^G'czG  suchthat G'cA„  for 
a suitable integer n. Since f k\A„=f„\An for k ^ n ,  clearly f k\G'=f„\G' (k^ri) 
by the continuity of f k a n d /,, and then f \G '—f„\G'. Hence /h a s  no point of dis
continuity in G', q. e. d.

Corollary 14. I f  X  is a Hausdorff space and /€  Cd(T), then, for any compact 
subspace K(zX, the points o f discontinuity o f the restriction f \K  constitute a rare 
subset o f the subspace K.

Now this statement admits the following converse:
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T heorem 15. Let X  be a a-compact, perfectly normal Hausdorffspace and f  
a real valued function on X  such that, for any compact set KczX, the points o f dis
continuity o f f \ K  constitute a rare set in the subspace K. Then f f C d(X).

Proof. Let K a X  be compact. Define K0=K, and if the compact sets Kß 
are defined for /J<a and Kßl id Kßi for define Kx to be the closure
of the set of the points of discontinuity of the restriction

/ i n  K„.
ß< a

Then clearly Kxcz Kß for /?<a and Kx is compact. Moreover, Kx--gKß for ß<a 
if ß-ca  implies Kß^<b since, by hypothesis, Kx is a rare subset of the (non
empty) compact set f) Kß.

и «
Therefore the sets Kx must be empty from a certain ordinal on; let y = y ( f  K) 

be the smallest ordinal such that Ky=Q.
We show f \ K f C d(K) for any compact K a X  by means of transfinite induc

tion with respect to y ( f  K). This is true if y ( f  A') = 0 (since then ÄT=0) and 
for y( f ,  K) — \ (since then f \KfC{K)).  Assume that the assertion holds for 
у ( / ,  A )< a  and suppose y ( f K )  = a. Then f \ F  is continuous where

F = П K, *  0.
ß <cc

If K' czK—F is compact, then K'ß = (K')ß c: Kß П К'  is proved by an easy trans- 
finite induction for each ordinal ß, hence

n  к;  с  П Kß n  K' = FO K'  = 0
/?< a  ß< a

which implies Kß=$ for а jß<a so that y ( f  K')<oc and f \ K ’f C d{K') by 
the induction hypothesis.

By the perfect normality of X  we have

K - F =  U C„n = l
where C„ is compact and C \ a C 2c i , moreover

(3.1) Cn = f ) G nJ
i= l

where Gn i is open and GnAZ}G„>2Z).... Since f \  C„fCd(C„), there are functions 
/„if C(C„) such that f \C„ is the discrete limit of f ni for i-* » . By the Tietze— 
Urysohn theorem there is gifC(K)  satisfying
(3.2) gi|Ci —f u ,  %i\Ck — Gk_lti = f ki\Ck- G k. hi 
for к  =  2, . .. ,/ ,  and

gt\F=f\F.
Clearly / 1К  is the discrete limit of the sequence (gt), whence f f C d(K).

Now by the e-compactness of X  we have

X  = Ü C„n = l
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where C„ is compact and Cl czC2a ..., and (3.1) is again valid with open sets Ge
such that Gn>1DG„j2=3.... A similar construction as above furnishes functions 
g,Ç.C(X) satisfying (3.2) for k = 2, then / i s  the discrete limit of (g,), hence
f f C “(X). Q. e. d.

The hypotheses of Theorem 15 are fulfilled e.g. if X  is a cr-compact metrizable 
space. It would be interesting to know whether a similar statement holds for larger 
classes of topological spaces, possibly by replacing compact subspaces by other 
ones (closed, Baire, etc.).

In this direction, the following example may be useful. Let X  be an uncountable 
set, p£X,  let the points x f X — {p} be isolated, and the neighbourhoods of p be 
the sets V such that p f  V and X — V is countable. Then X  is a Lindelöf T^-space.

oo

Moreover, if F„ (« =  1, 2, ...) is a neighbourhood of p, then f) V„ is a neigh-
n = 1

bourhood of p as well, and p is an accumulation point of X. Hence f f C ( X )  iff the 
real valued function /  is constant on a neighbourhood of p. Consequently

C*(X) = Cd(X) =  C(X).
However, each real valued function defined on X  fulfils the condition that the 
points of discontinuity of f \ A  constitute, for every subspace AczX, a rare set 
in A.

4.

In the theory of Baire classes and discrete Baire classes, a fundamental role 
was played by complete ordinary systems. As we mentioned above, we know from 
[1] that these systems admit a characterization by means of the sets {x£X: f(x)>c}  
and f ( x)^c} .  Now we will add to this further characterizations by means
of the notion of a composition-closed class, introduced by the first of the authors. 
For our purposes, it suffices to recall the following definitions (see [3]): a class Ф 
of real valued functions defined on X  is said to be countably strongly composition- 
closed if the following is true: whenever /€ Ф  (/= 1 ,2 ,...) , h:X~*RN is defined 
by h(x)=(f(x)),  and k:h(X) — R is continuous, then kohd<P. Similarly, Ф is 
said to be finitely strongly composition-closed if the same is true for n£N,
(/ = 1, ...,и), h : X ^ R" defined again by A(x) = (/(x)), and k£C(h(Xj).  Finally 
Ф is said to be finitely composition-dosed if «ÇN, / € Ф ( i = \ , n ) ,  h:X--R",  
h(x)=(f(x)), kÇC(Rn) implies кок^Ф.

Now we can prove the following
Theorem 16. Let Ф be a class o f real valued functions defined on X. The following 

statements are equivalent:
(a) Ф is a complete ordinary system,
(b) there is a a-lattice 9Л in X  such that /€Ф  iff

{*€ f{x)  >  с}€9Л, {*€ X: f ( x )  <  c}€®l
for each efR,

(c) Ф is countably strongly composition-closed,
(d) Ф is finitely strongly composition-closed and complete,
(e) Ф is finitely composition-dosed, complete, and /€Ф, / ( x ) FO for x£X  im

plies 1 //£  Ф,
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(f) Ф is complete, it contains all constants, f ,  g £Ф implies f f  g, fg(z Ф, and / с Ф, 
/(х)т^О for x fX  implies \ / f Ç (l>.

Remark. (a)<=>(b) was proved in [1], 5.6.3.1 and 5.6.5, and ( e ) o ( f )  in [4], 1.14. 
Proof. (a)=>(b): [1], 5.6.3.1 and 5.6.5.
(b) =>(c): Let/|€Ф  (/'€N), Л:Х—RN, k:h(X)-*R be as in the definition. We 

show
{x£X: k(h(x)) >  с}бЗИ, {x£X: k(h{x)) <  c}€ä)l 

for cÇR. Clearly these sets have the form
h - ^ G  П h(X)) = h~1(G)

where
G П h( X)  =  {yeh(X): k(y) >  c} 

or
G П h(X)  = {y e h ( X ): k(y) <  c} 

respectively, and G is open in RN. Now

G =  U C„, Gn = X Ini
n=l 1=1

where Ini = (ani, bni) for i£ F, 1„~ R  for i£N — F, and F  is a finite subset of N. 
H  рпрр

h~4G„) = П (Anin B ni),
id F

Ani = {x£ X: fi(x) >  ani}€9W,
Bni =  { x e X : M x ) ^ b ni} m ,

so that and h~1(G) = Q /r^ G je U l.
n = l

(c) =>-(d): Countable strong composition-closedness clearly implies finite strong 
composition-closedness, and also the completeness by [3], (2.7) and (2.11) (in fact,
(2.11) holds for countably weakly composition-closed classes and a fortiori for 
countably strongly composition-closed ones).

(d) =>-(e)=>(f): Obvious.
(f)=>-(a): It suffices to show that Ф is a lattice under the hypotheses of (f) or, 

more precisely, that /£Ф  implies |/]£Ф. Now if /  is bounded, | / | s c ,  then the 
function |w| is the limit of a uniformly convergent sequence of polynomials p„(u) 
on [ —c, c]; thus р„о/£Ф fo r/£Ф  and by the completeness | / | € Ф- In the general 
case we take g=f/(l + / 2)€ Ф, then |g |=  |/|/(1 + / 2)€ Ф and | / |  = (1 + / 2)Ы£Ф.
Q.e. d.
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