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Sándor Kaliszky, the well-known professor of Mechanics at the Technical University of 
Budapest, member of the Hungarian Academy of Sciences becomes 70 in the middle of June 
1997. The same time, after more than 45 years of teaching at the Department of Civil 
Engineering Mechanics, he will be retired. The authors of this volume, namely, his former 
students, colleagues, co-authors or friends thought that the review of their newest scientific 
results would be the best way to express their thanks, respect and great honour to their master, 
quasi to illustrate and prove his role in painting of the panorama of the Structural Mechanics in 
the recent 40 years.
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GEOMETRICAL MODELLING OF GRANULAR ASSEMBLIES

BAGI, К ’

(Received 20 October 1996)

The aim of this paper is to establish the geometrical background of the correct definition 
of continuum-mechanical state variables for granular assemblies. Two complementary cell systems 
are introduced here; they provide the suitable equivalent continua to replace the granular assembly 
in continuum-mechanical analysis.

1. Introduction

This paper concentrates on the geometrical analysis of granular assemblies. Its aim 
is to provide the background for the application of continuum-mechanical state variables in 
case of this non-continuous, ‘discrete’ material.

The term ‘granular assembly’ is used here for a material consisting of randomly 
packed grains not fixed to each other (in contrast to the other type of granular materials 
referred to as ‘cemented’). The grains in it are able to slip or roll along each other, contacts 
can be deleted or new contacts created etc., so even the whole internal structure can be 
rearranged under the external mechanical loading effects. This phenomena makes the 
behaviour of granular assemblies so interesting both from theoretical and from practical 
engineering point of view.

The final goal of the mechanics of granular materials is to provide relationships 
between the external loads acting on the material and the resulting displacements. 
Traditionally, the effect of external loads is expressed by the continuum-mechanical state 
variable stress (relation between loads and the stress field is given by the equilibrium 
equations of continuum mechanics, for example the Cauchy-equations in the simplest case); 
deformations are reflected by the other continuum-mechanical state variable strain 
(geometrical equations set the link between displacements and the strain field). Stress and 
strain are related to each other through the constitutive equations (which are expected to 
contain all the necessary information about the mechanical characteristics of the material). 
The geometrical and equilibrium equations are clear in continuum-mechanics; but to find the 
proper constitutive equations for granular assemblies is not as simple at all: for many years, a 
large number of theoretical and experimental studies have been concerned with the problem, 
and the results seem to be rather limited.
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Recently there are two approaches that most of the researchers follow in order to 
solve this problem. Let us call the first one the continuum-mechanical, and the second one 
the microstructural approach.

The idea of continuum-mechanical approach is to consider the assembly as a 
continuous domain, accept the concept of an infinitesimally small representative volume 
element, and apply stress and strain as the fundamental variables that uniquely determine the 
state o f  the material in any point. Constitutive relations are searched for in such a way that 
they would not violate the fundamental laws of physics; and the parameters in the equations, 
expressing the specific properties of the material, are measured experimentally. This 
empirical method is the one used today for practical engineering problems.

The problem with this is the limited validity of the results. Experimentally determined 
relations easily become unreliable if the circumstances for which we want to apply them 
differ even slightly from those that existed during the experiments. (To improve the 
constitutive equations, either the mathematical form of the equations must be made more 
complicated by increasing the number of parameters; or additional state variables are 
introduced beside the traditional stress and strain.)

The microstructural approach is a relatively new method, and - in the long run - it 
may be an advantageous alternative to the previous one. The aim of the microstructural 
approach is to find macro-level state variables that are based on micro-variables such as 
contact forces, grain displacements, and local geometrical characteristics. Since it would 
reflect those characteristics of the material that are most significant in determining the 
macro-behaviour, and the relationships between its state variables would be strongly 
connected to the phenomena taking place in the microstructure, a microstructural theory is 
expected to be far more reliable and general than the existing continuum-mechanical models.

(It has to be mentioned that there exists a ‘microstructuraP approach within 
continuum-mechanics too (see [10] for instance): the representative volume in it has a finite 
size and can have deformations independently from the macro-level distortions. However, it 
was found by Füzy et al. [11] that the phenomena remain of boundary nature.)

Researchers generally accept today that - from practical reasons - even in the 
microstructural approach the continuum-mechanical state variables should be re-interpreted 
for the discrete material in a suitable and theoretically correct way; and they should be the 
state variables of the granular assemblies too. (This concept is, in fact, not self-evident at all. 
There are several doubts about the applicability of stress and strain that were originally 
defined for a domain without any internal structure, so they might be strongly insufficient for 
the description of the state-changes of this material whose most important characteristic is 
just its internal structure. Pioneering efforts can already be found in the literature to apply 
new methods as graph theory, fractal geometry, percolation theory etc. instead of 
continuum-mechanics. )

Our own researches [1], [2] in the last few years focused on the microstructural 
analysis o f granular assemblies. The survey of international literature showed that even the 
fundamental questions of this area were still unsolved: the microstructural definition o f stress 
and strain, and the interpretation o f their meaning from the point of view of micro-level 
variables were still missing. In other words: the transition between the discrete internal 
structure (micro-level analysis) and the continuum (macro-level analysis) was not 
established. Though there were good ideas for the definition of stress tensor [3], [4], their 
theoretical background was insufficient; and the problem of strain tensor was completely 
unsolved - mainly because of the lack of proper geometrical fundaments.
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The solution of the above problems was strongly inspired by the works of E. Tonti, 
an Italian mathematician who was searching for the reason of the common experience that 
physical theories having very different meaning show close analogies in the mathematical 
built-up of their basic equations [5]. He pointed out that the differential operators used in the 
mathematical equations correspond to a so-called coboundary process executed on two 
complementary cell systems and this fact leads to conclusions that give the explanation for 
the existence of the analogies. The two systems can be introduced as follows. To define the 
primal cell system, consider the analysed continuous region Q of the n-dimensional 
Euclidean space (for simplicity, this summary will be restricted to n=3 only, though the 
considerations are valid for smaller or larger n too). Subdivide f i  into small three- 
dimensional cells whose faces are formed by the co-ordinate surfaces of a co-ordinate 
system X1, x 2, x 3 ; these will be called as 3-cells. Every 3-cell is composed o f faces, edges 
and nodes that will be considered as 2-cells, 1-cells and О-cells. To construct the dual cell 
system, consider the centres o f the 3-cells; they become the nodes (О-cells) in the dual cell 
system that is built upon the dual nodes in the same way as seen above. Obviously, for every 
p-cell o f the primal system there corresponds a (n-p)-cell of the dual system and vice versa 
(see Figure 1). In general, in a physical theory if the geometrical and kinematical variables 
are referred to the p-cells of the primary system, the corresponding statical and dynamical 
variables are referred to the p-cells of the dual system.

( n )  A G r n n u l n r  A s s e m b l y  
( Du l l ed  l i n e  i n d i c a l e s  d u a l  p a r l i c l e s )

(b)  ( ' a r t i c l e -  a n d  V o i d - G r a p h s

Fig , 2

This concept is obviously well-suited for continuum mechanics. Here the cell size can 
be infinitesimally small, and the two cell systems - in a limit sense - slip onto each other. The 
granular material, however, does not make this transition possible: first, the grains have a 
finite size so an infinitesimally small cell size cannot be applied; second, a cell system defined 
according to the above way (faces and edges parallel to the co-ordinate surfaces and axes) is
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completely meaningless in case o f  the random internal structure of granular assemblies. So 
the concept of Tonti cannot directly be applied for the granular case.

However, the idea o f applying two complementary systems already arose in the 
micromechanics of granular assemblies, though in a very different way. In the graph- 
theoretical approach of Satake [6], [7] two complementary graphs (particle- and void-graph) 
are applied for the topological characterization of 2D random assemblies. As shown in 
Figure 2., the nodes in the particle graph correspond to loops in the void graph (representing 
the grains); branches of the two graphs correspond to each other (they represent the 
contacts); loops in the particle-graph correspond to nodes in the void-graph (voids). The 
topological structure of the graphs is expressed by two topological matrices. The 
equilibrium and compatibility equations of the system are compiled with the help of these 
matrices; and it was found by Satake that the topological matrices here have the same role as 
the Schaefer-operators in generalized continuum-mechanics [8]. (The correspondence 
between the topological matrices and Schaefer-operators can be understood with the help of 
Tonti’s results Tonti’s concept includes that the differential operators of continuum- 
mechanics show an analogy with the coboundary processes. Indeed, the topological matrices 
o f Satake could be considered as operators prescribing some kind of ‘coboundary 
processes’ in random granular assemblies.)

These preliminaries inspired our theoretical work whose geometrical background will 
be introduced in this paper.

The aim was to establish the transition between the discrete and continuous analysis: 
to define suitable equivalent continua for the replacement of the assemblies. Before 
introducing them in Chapters 2. and 3 ., let us shortly summarize those existing methods that 
can often be found in the literature for the representation of the internal structure.

Fig, .3

The widely-used Voronoi-tesselation can be applied in several ways. In the simplest 
case it is defined for a set o f discrete points given in the 2D or 3D Euclidean space. In the 
2D problem (see Figure 3.) the plane is subdivided into polygonal domains each of them 
containing exactly one point. The edges of the domains are the bisecting lines of those 
straight segments that connect the neighbouring points. (In 3D the system is similar: faces of 
polyhedral domains are given by the bisecting planes between neighbouring points.)
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Its generalized version can be applied for monosize assemblies o f circular or 
spherical grains. For 2D assemblies of equal circles (Figure 4.) the plane can be divided into 
polygons whose edges are the bisecting lines of straight segments joining the centres of 
neighbouring grains. (The same can be done for 3D too.) A cell system (‘Voronoi-cells’) 
results in such a way that there is exactly one grain in each cell. This system is especially 
suitable for the analysis of regular assemblies.

Dirichlel-tesselation, the next system we shall introduce here, has the main 
advantage to the Voronoi-tesselation that the grains do not necessarily have the same size. 
Consider a set of non-intersecting circular grains in 2D, or non-intersecting spherical grains 
in 3D. A domain can be assigned to each grain, consisting of those points which have a 
shorter or equal tangent to that grain than to any other grain (Figure 5 ). The common faces 
of the domains are the power lines (power planes in 3D) of neighbouring grains. (It may be 
worthwhile to mention that in case of monosize assemblies the Dirichlet- and Voronoi- 
tesselations are equivalent.) Similar tesselation was suggested by Gellatly and Finney [9] for 
the characterization of assemblies having circular grains with different sizes.
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The Dirichlet-tesselation, in principle, could be generalized for particles with 
arbitrary smooth convex shape, but as far as we know the problem was solved and 
construction algorithms were found only for grains and assemblies having very special 
regular geometry.

The Delaunay-network can also be a useful tool in characterizing granular systems 
Consider an assembly of circular or spherical grains; if the Dirichlet-cells of two grains have 
a common side, connect the two grain centres by a straight line. These connecting lines form 
the Delaunay-network of the assembly (Figure 6 ).

The definition can be modified to give a more physical meaning to the network if the 
centres of grains being in contact are connected (Figure 7 ). In this version the branches in 
the network correspond to the internal supports in the microstructure. However, the duality 
with the Dirichlet-tesselation does not necessarily holds in this case.

In Chapter 2. and 3. of the present paper two complementary geometrical systems 
will be introduced, as an alternative to the previous descriptions. They will be defined for 
assemblies of grains having arbitrary convex shape; and there will be a clear duality between 
them. Our opinion is that these advantages make the suggested cell systems more powerful 
for the modelling of granular assemblies than the presently applied Voronoi-, Dirichlet- and
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Delaunay-systems. The two complementary systems, namely the material cell system and the 
space cell system, served as equivalent continua for granular assemblies in our previous 
works [1], [2] in which continuum-mechanical derivations led to the physically and 
theoretically based microstructural definitions of stress and strain tensors. The derivations 
will not be repeated in the present paper since its aim is to give the geometrical background 
to the mechanical analysis; but the results will shortly be summarised in Chapter 4.

2. The material cell system

2.1. The material cells

Consider an assembly consisting of grains with convex but otherwise arbitrary shape 
in the 2D or 3D Euclidean space where the distance between two points is understood in the 
usual sense; and the PG distance between a point P and a grain G is the following:

1. If P is outside G or on its boundary, PGis the distance between P and that point of G 
which has the smallest distance from P. (This includes that for a Q boundary point of G 
the distance is zero: QG = 0.)

2. By definition, if P is inside G then PG is negative and its absolute value is the smallest 
distance between P and the boundary points of G.

Consider now a grain G0 and collect all those P points whose distance from G 0 is 
less or equal than from any other grain:

PG^SPG^ ( k * 0 )

These P points form a domain around the G0 grain. The domain has the following important 
characteristics:

-+ The internal and boundary points of G0 all belong to it.
-» If PG0 < PGk for all к * 0, then P is an internal point of the domain; if there exists a G( 

for which PG0 = PG; < PGt for all к * 0 and к *  i , then P is a boundary point o f the 
domains of G0 and G;.

Constructing these domains for all the grains the space is subdivided as illustrated in 
2D in Figure 8. below. Notice the following properties:

—> There is exactly one grain in each domain.
—» The domains are contiguous.
—» Grains on the boundary of the assembly have infinite domains while the domains are finite 

in the inside of the assembly.
—> Common face of neighbouring domains (belonging to the grains G, and G2) is the set of 

P points for which PG, = PG3 < PGk for all к * 1 and к * 2.
-*  If two grains have a contact point, the corresponding domains must have a common face 

that contains the contact point itself.
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Fie. 8

These domains will be referred to as material cells, and the total system given by 
them as the material cell system. The following terminology will be used in their 
characterisation:

a) in 3D: The common points o f neighbouring cells form faces; faces join each other on 
edges (note that if the face PG, = PG2 < PGk and the face PG2 = PG3 < PGk have a 
common edge, then the face PG, = PG3 < PGk also joins this edge); edges intersect with 
each other on nodes.

b) in 2D: The common points of neighbouring cells will also be referred to as faces 
(however, they are one-dimensional lines in this case); they intersect with each other on 
nodes.

Fig. ?,
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Any set o f grains having finite material cells will be called as a finite sub-assembly 
(the cells are not required to form a contiguous domain). The boundary of the finite sub- 
assembly consists o f finite faces, forming one or more closed surfaces (curves in 2D). Figure 
9. illustrates a possibility in 2D.

2.2. Modify the topology: Triangularisation

It may happen in case of special geometry that there are multiple nodes or edges in 
the system: in 3D, more than 4 edges joining a node or more than 3 faces joining an edge; in 
2D, more than 3 faces joining a node. In this case a small disturbance has to be added to the 
system to destroy the speciality of the geometry. The original topology (number of 
nodes/edges/faces, which node joins which edges, which grains are neighbouring etc.) has to 
be replaced by the topological data of this new assembly with disturbed geometry, and from 
now on, the new topology is considered in any further analysis. The multiple edges and nodes 
are split up this way.

Figure 10. illustrates an assembly where there is a node belonging to 4 edges (in the 
middle), and an other node belonging to 5 edges (left down). Figure 11. shows the effect of 
small disturbance.

Fig  11
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2.3. Add an imaginary grain in the infinity

This imaginary grain will be the neighbour of all those grains that have an infinite 
material cell (i.e. the grains on the boundary). So a boundary grain has a common face (in 
the infinity) with the imaginary grain; edges and nodes belonging to it are also formed (in the 
infinity) in the usual way.

This could be visualized for a 2D system in the following way: imagine the in-plane 
assembly as occupying a small portion of the surface of a sphere with infinitely large radius, 
and the imaginary grain is on the opposite side of the sphere; then the cell system is formed 
on the surface of the sphere. (Unfortunately, this is much more difficult to imagine for a 3D 
assembly, but the concept is just the same.)

The geometry and topology of the material cell system is now defined. It has to be 
noted that every point o f the space - apart from the set o f nodes, edges and faces, a zero- 
measure set - is covered exactly once by the material cell system. This fact makes the 
system suitable for the role of equivalent continuum of a granular assembly.

3. The space cell system

3.1, Definition

The construction of space cell system is directly based on the above definitions and
characteristics. Starting from an assembly and its material cell system, the space cell system
is defined by the following algorithm in 3D:

1. Nodes of the system are the grain centres (they correspond to the material cells).
2 If two material cells have a common face, the corresponding grain centres are connected 

with a straight line that will serve as an edge in the space cell system.
3. Consider now an edge in the material system. Three faces intersect on this edge. The 

three faces define three edges in the space cell system in such a way that they form a 
closed triangle; this triangle will be a face  in the space cell system.

4 Similarly, consider next a node in the material cell system; and consider the edges joining 
this node. As shown before, the edges in the material system correspond to faces in the 
space system; if the material-edges belong to the same node, the space-faces form a 
closed cell in the space system corresponding to the material-node

The definition is of course shorter in the 2D case:

1. Nodes o f the space cell system are the grain centres (they correspond to the material 
cells).

2. Where two material cells have a common face, the corresponding grain centres should be 
connected by a straight line, similarly to the 3D case; these lines will be the edges in the 
space cell system.

3. A node in the material system is the common point of three joining faces; the three 
corresponding edges in the space system form a closed cell.
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Note that in 2D the cells are triangles, and in 3D the cells are tetrahedrons so the space cell 
system consists of Simplexes in any case. Figure 12. shows the space cell system of a 2D 
assembly.

F ig-13.

3.2. Positive and negative space cells

The definition of positive and negative space cells is illustrated in 2D in Figure 13. First, 
consider the Лг, material-node, and the corresponding space cell that is given by the 
(и,,/72,«3) space-nodes:
—> going clockwise around material node : the material 

cells are found in the order C, -  C2 — C,
—> going clockwise in the corresponding space cell the space 

nodes are found in the order и, -  n2 -  пг . This is the 
same as the order o f the corresponding material cells: 

this is a positive space cell

Now consider the N 2 material-node, and the corresponding 
space cell that is also given by the (n,,w2,n3) space-nodes:
—» going clockwise around material node N 2 : the material 

cells are found in the order C, -  C3 -  C2 
—» going clockwise in the corresponding space cell the space 

nodes are found in the order и, —n2 -  n3. This is the 
opposite of the order of the corresponding material cells: 

this is a negative space cell
Ei& .1.3.
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The definition is more complicated in the 3D case:
Consider a material node in the material cell system of a 3D assembly, which belongs 

to the (G, ,G2,G3,G4) grains. There are four material-edges joining this node: £j that 
belongs to the (G2,G3,G4) grains; E 2 that belongs to the (G,,G3,G4) grains; £ 3 that 
belongs to the (G,,G2,G4) grains; and E t that belongs to the (G,,G2,G3) grains. 
Arbitrarily select one of the edges: E 4 for example. As the first step, from the direction of 
the analysed material-node look along the selected edge on an infinitesimally short distance. 
Three faces join this edge, separating the cells of the (G,,G2,G3) grains. Now (looking still 
from the direction of the node) go clockwise around the edge, and remember the order of 
the material cells. Second, consider the space cell corresponding to the analysed material- 
node. Find the face corresponding to the previously selected material-edge (in our case this 
is the space-face determined by the centres of (G,,G2,G3) grains). From the fourth node, 
look towards this face, and go clockwise around its nodes. Remember the order of space- 
nodes (grain centres).

Now compare the two orders. If they are the same, the space cell is positive by 
definition; if they are the opposite, the space cell is said to be negative.

Usually most of the space cells in an assembly are positive. But if the grains have a 
very elongated shape or the difference between the minimum and maximum size of the 
grains is very large, there may be several negative cells in the structure and they may even be 
embedded into each other several times. However, the following characteristic of the space 
cell system can be recognised:

Every point o f the space - apart from the set o f nodes, edges and faces - is covered 
exactly once by the space cell system, in the sense that every point is covered by one more 
positive than negative cell. This property makes the space cell system suitable for playing 
the role o f an equivalent continuum of granular assemblies.

4. Continuum-mechanical state variables

This chapter summarises the definition of stress and strain tensors: these macro
variables will be expressed with the help of micro-variables, namely, the branch vector, the 
complementary area vector, the contact force transmitted between neighbouring grains, and 
the relative translation of neighbouring grains (see [1] or [2] for details) First let us 
introduce the two geometrical micro-variables.

Fie. 14
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Consider a finite sub-assembly, and a material cell in it around a grain. Some of the 
faces of the cell belong to ‘real' grain-grain contacts; a face like this contains the contact 
point itself. The rest of the faces are considered to belong to ‘virtual’ contacts (there is no 
contact between the grain and its neighbour, but their material cells have a common face); in 
these cases an arbitrary internal point of the face has to be chosen as virtual contact point. 
The vector showing from the centre of grain into the grain’s c-th (real or virtual) contact 
point will be denoted as v ,°.

Assume that the G, and G2 grains have a (real or virtual) contact, c. The vectors 
v,'cand v(2c show from the corresponding grain centres to the contact point. The branch 
vector assigned to the contact is defined as

I c 1c 2c
l, = v, - v.

as illustrated in Figure 14. for 2D. In the special case when c is on the boundary o f the sub- 
assembly (so it is a contact between a grain and the neighbourhood of the sub-assembly), the 
branch vector is defined to be equal to v,.° (see Figure 14. again).

Now consider a space cell and number its nodes as 1, 2, ..., (D+l). (The cell is a 
simplex so it has (D+l) nodes.) Denote the faces of the cell by the number of that node 
which is not contained by the face (i.e. the k-th face contains all the nodes except the k-th 
node). Assign a vector b, to each face in the following way:
-> The magnitude of b* is equal to the area of the face (or length in 2D).

-+ The direction of is normal to the face, pointing outwards.
D+l

(It can easily be proved that 6,k = 0 for any cell, for 2D and 3D too.)
it*i

The next vector, a.k, is defined as

These vectors are illustrated in Figure 15. in 2D.

The a ,k vector is the basis of the definition of the most important geometrical micro
variable o f space cell system: the so-called complementary area vector. To construct it, 
consider a pair of grains, G, and G2, that have a (real or virtual) contact, so the two grain
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centres, 1 and 2, are connected in the space cell system. Collect now all those space cells 
that contain this edge. Assume that altogether T cells were found; denote them as cell(l), 
cell(2), ...cell(t), .. cell(T). In the next step calculate the difference a 'm - a ,2(0 separately in 
each cell from t=l to T; after summing up for all space cells containing the 1-2 edge, the 
complementary area vector

d, n = —  Y l a ^ - a ™ )  
' D +1 f*p I

is given. (Its dimension is area in 3D assemblies and length in 2D.) This vector characterize 
the local geometry of the neighbourhood of 1-2 edge.

Figure 16. is an illustration in 2D where the 1-2 edge belongs to two cells shown by solid 
lines. The direction of d ' 2 is as shown, and its magnitude is equal to the one-third of the 

dotted length. Similar - though more difficult to visualize - meaning can be found for d ' 2 in 
3D too.

The two geometrical micro-variables are of complementary nature in the sense that 
considering any finite sub-assembly, the sum of their scalar product for all edges of the space 
cell system is equal to the total volume of the space cells:

] T / X  = v
(«)

Now the state variables can already be defined. The stress tensor, the volume- 
weighted average of the stresses of material cells, can be expressed in terms of the branch 
vectors and the contact forces:

cti; = ± Y v 4 l = - Y / ^ f /V \ r  X—/ У \ r  i—j  1 J
V  ( L )  V  M

L: index of material cells 
c: index of the faces of material cell system 
Ft : contact force between neighbouring grains 
/  : branch vector
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Note that the summation with index V  runs above all faces of the material cells o f the 
considered finite sub-assembly (above the boundary faces too).

The average displacement gradient tensor of the space cells is, in terms of the 
complementary area vector and the relative translations:

*
ё„к = - У А < <  

V V ^  ;v  (c)

K: index of space cells 
c: index of the edges of space cell system 
Да, : relative translation of neighbouring grains 
d{ : complementary area vector
Note that the summation with index V  runs above all space edges of the considered finite 
sub-assemblies (all those edges whose both ends are within the sub-assembly).

The antimetric part of the average displacement gradient tensor expresses the 
average rigid-body rotation of the system. The symmetric part is related to the deformations 
of the material: by definition, this is the strain tensor of the assembly.

The two forms show a strong duality. Summation with index c runs through the 
same contacts in both cases (except from the boundary, see below); contact forces belong to 
the same pairs of grains as the relative displacements; and the two geometrical parameters 
are also dual to each other. But the duality is not complete since the two expressions can 
not belong to the same domain. The strain tensor is the average of the strains in the space 
cells; so the boundary of a domain where strain is meaningful has to go through the centres 
of the particles. On the other hand, the stress tensor is the average of stresses in the material 
cells so any domain where stress is defined is built up of material cells. As considering more 
and more grains and increasing the two domains further and further, the deviation between 
them, compared to the domain size, decreases. In the limit to infinity the difference tends to 
zero as the granular assembly tends to the continuum.

The fact that the two types of domains differ from each other seems to be a 
fundamental characteristic of granular assemblies in contrast to continua. Its physical 
meaning is that while the deformations of the material are carried on principally by the voids 
between the grains, the loads and stresses are transmitted by the grains themselves.

5. Summary

Two complementary cell systems, the material- and space-cell system, were 
introduced in this paper for the geometrical representation of granular assemblies. Both of 
them cover nearly-all points of the space exactly once; this property enables them to serve as 
equivalent continua to the material. The material cell system is the basis o f stress definition 
while the strain is defined with the help of the space cell system. This is in good agreement 
with the theoretical expectations, and also with the physical experience that while the forces 
acting on an assembly are resisted by the grains (represented by the material cells), the 
deformations are carried on by the internal structure and the voids (reflected by the 
distortions of the space cells).
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Beside their theoretical significance, the two systems can be applied for the 
modelling of any material having particulate internal structure. Their advantage to the 
recently used models (Voronoi etc.) is their much more general applicability.
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Elastic properties in the constitutive equations have a key role in the description of granular 
materials. This paper attempts to give an estimation for the value of elastic shear modulus (G) and 
Young-modulus (E) through the numerical analysis of microstructure in case of regular internal 
arrangements. The numerical method applied in the experiments, the geometrical structural models, 
and finally the results on the calculation of E and G will be introduced.

1. Introduction

Classical fenomenological (elastic, plastic, viscoplastic, fracture etc.) models of 
cemented granular materials require the knowledge of strength parameters that reflect the 
answer of the material to the external mechanical effects. Among these parameters the 
Young modulus (E) and the shear modulus (G) are generally considered to be the most 
important ones

Physicists and engineers working in the field o f material science usually accept that 
these macro-level parameters - as well as the other ones - are some kind of "averaged" 
characteristics of the behaviour of the microstmcture, and they are determined by the micro
level strength parameters and the internal geometry. From that point of view of material 
science the trouble is that the problem of setting the ’’exact link” between the internal 
microstructure, and the macro-level behaviour known by experience and considered in the 
practical engineering work has not been solved yet. The recently existing methods contain 
very strong estimations and are rather questionable. This is basically due to the complexity 
of the microstructure: even in the case of a theoretically "regular" single-crystal there are 
several dislocations that influence the behaviour and modify, distort macro-level elastic 
parameters to deviate from the theoretically predicted values. The situation is, o f course, 
even much more difficult in the case of a random irregular granular material: While for 
crystals at least an upper limit can be estimated assuming perfect geometrical order and 
considering the physical characteristics of the atoms, since not even an upper estimation can 
be given for the macro-level parameters.

Several authors have been dealing with the above problems. Among them, let us first 
mention the works of Bonzel whose monography [5] analysed different strength parameters
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of cemented granular materials, though without paying special attention on the internal 
granular structure. Carpinteri [6] concentrated on the effect of size on the strength 
parameters; Bagi [3] calculated the effect of the ratio of internal parameters of granular 
assemblies. Experiments and publications of Füzy [4] aimed to estimate the size of 
“representative volume” and to analyse the Cosserat-type behaviour of granular materials.

This paper concentrates on a special problem of this area. We would like to find a 
simple method to give an estimation for the macro-level strength parameter of a cemented 
granular material in terms of the micro-level geometrical data and the elastic characteristics 
o f the contacts between the individual grains. The macro-level parameter gained this way 
could already be applied in phenomenological constitutive equations. Our analysis here will 
deal with the two parameters mentioned above: the Young-modulus (E) and the shear 
modulus (G).

This problem has an aspect even more important from theoretical point of view. A 
fundamental question of micromechanics of granular materials is to find the AV 
representative volume (see for example Bazant, Oh [7]) that has a finite size in contrast to 
the infinitesimally small volume element of continuum-mechanics, since in the granular case 
an estimation is needed on how many grains should be considered in the analysis to reliably 
reflect the main characteristics of the material If the size of domain necessary to predict the 
macro-level strength were found, this AV could be estimated and then be applied as a 
material characteristic in the further engineering calculations.

Our researches were supported by numerical experiments executed by the algorithm 
PFC 2P (see chapter 2. for details). As a first try, different regular structures were simulated. 
The results verified the expectations: macro-level parameters could really be estimated on 
the basis o f microstructural characteristics.

2. The numerical model

There were several possibilities for the numerical analysis of this problem. Two- or 
three-dimensional versions of either a quasi-static model developed by ourselves, or a 
commercial dynamic model made by P. Cundall [1], [2] were at our disposal.

Since our aim was to decide whether an estimation of macro-parameters is possible at 
all or not, the simplest and fastest version was chosen: the two-dimensional dynamic model. 
Its main advantage is its high executional speed: assemblies of thousands of grains can be 
analysed with about an order of magnitude faster than by the quasistatic model. It has to be 
emphasized that the 2D model was selected only for the sake of simplicity and higher speed. 
In the future we are planning to run 3D tests too that would probably make our results more 
exact.

The material is modelled as an assembly of discs. Its behaviour is analysed with the 
help o f Newton's П. law; motion of each grain is followed in subsequent time-steps, 
according to the equations of dynamics. The micro-level strength and elastic parameters 
describing the materials of individual grains are considered as stiffness characteristics o f  the 
contacts between the grains. Tensional-compressional, shear and bending strength were 
assumed in our experiments. Walls may be defined to give boundaries of the assembly; they 
also have strength parameters, similarly to the grains.

The loads acting on the assembly cause contact forces between the grains according to 
the laws o f Newtonian mechanics. Their calculation requires several (sometimes thousands
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of) iterating time-steps, but the compilation and frequent modification of stiffness matrices 
of the quasistatic algorithms is avoided this way.

„ a r tic le  + w all p o s i t io n s  a n d  s e t  0f r n  

---------------------------------- —

L a w  o f  M o tio n F o r c e - D i s p l a c e m e n t  L a w

(a p p lie d  to  e a c h  partic le ) (ap p lied  to  e a c h  c o n ta c t)

• r e s u l ta n t  fo rc e  +  m o m e n t • re la tive  m otion

• co n stitu tive  law

Constitutive behaviour for contact occuring at a point:

Fig... I,
The numerical model

Figure 1. illustrates the above principles (definition of grain-grain and grain-wall 
contacts, basic equations of the model, micro-level constitutive equations characterising the 
contacts etc ), bending stiffness of the contacts represent the effect of relative rotation of 
neighbouring grains.

Note that the contacts are, naturally, broken if the contact forces exceed the 
corresponding strength limit; in this case the cemented material can fall into smaller parts

(a) normal component of contact force (b) shear component of contact force
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having only congressional and frictional resistance between them. But this type of failure 
had no significance in our case: the analysis remained under the strength limit and 
concentrated on the behaviour of the intact material.

3. Numerical experiments

The 2D numerical simulations focused on the analyses of shear elastic modulus (G) 
and tensional elastic modulus (E): so shear and tensional tests were run. The shear model is 
shown in Figure 2.:

R =  1.0
. , ■■ tfc.

Shear analysis

and the tensional model in Figure 3.:

Tensional analysis

As shown by the above sketches, the resultant of the external forces (R) is equal to 1 
in both cases. The boundary conditions: free edges, rigid fixed walls, and simple supported 
hinges, as denoted in the figures Stiffness characteristics of the contacts are the same in all 
examples:
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K „ = 1 0 10; K s = 109 ; = 108.

Length of the samples were taken in such a way that - to provide “sufficiently long” 
samples - the ratio //A would always be higher than 10. Different thickness of sample (A) and 
different radius of grains (r) were applied in the different tests. This enabled us to analyse 
nearly continuous transition from the very thin-layered sample to the material consisting of 
huge number of grains. The uniform diameter (2r) of the monosize assemblies took the 
values 0.1, 0.2, 0.3 and 0.4 in the different tests; the sample thickness (A) was chosen in such 
a way that there would be at least two layers of grains in the material. The effect of internal 
geometry was also analysed: two different regular structures were applied. Figure 4/a 
illustrate the quadratic, 4/b the hexagonal packing.

Fig. 4/b

During all tests, the iterations to find the equilibrated state were continued until the 
equilibrium error of contact forces (the magnitude of unbalanced forces acting on the 
individual grains) decreased under a pre-defined value ( lO"* in our cases). Figure 5/a shows
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a typical example on it. In one o f  the tensional tests 1342 iteration steps were necessary to 
approach the equilibrated state with the required exactness. The lower curve illustrates the 
decreasing of unbalanced forces (norm of equilibrium error) while the upper curve shows the 
evolution of average normal force (the stable state is reached when the norm of equilibrium 
error becomes smaller than the acceptable error norm magnitude). Figure 5/b belongs to the 
same test: displacement of a chosen grain is shown, and as the error norm decreases, the 
displacement becomes more and more stabilized near its final value. Horisontal axes show 
the number of iteration steps.

Next, examples will be introduced on how the internal forces change during the 
loading process. Results of a shear test on a hexagonal sample can be seen in Figure 6/a. 
Contact forces on the left part of the material are shown with their direction and magnitude; 
positive or negative sign of normal forces also distinct. Figure 6/b belongs to the same 
sample under tension; at both examples the middle of the sample was given.

Fig. 6/a Fig. 6/b
Contact force distribution

The evaluation of the results will start with the elastic shear modulus, G. Figure 7. 
belongs to the hexagonal arrangements:

Value of G was calculated from the horizontal displacement of the upper layer, due to 
unit horizontal shearing force. In case of minimal thickness (two layers) the value of G was 
orders o f magnitudes higher than in all other cases (see the arrows in the graph); then, after a 
"wave", as increasing the number of layers the value of G tended to the same limit, 
independently of the diameter o f grains.
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Hexagonal arrangement; shear test

The experiences in case of quadratic arrangement are shown in Figure 8 . :

Quadratic arrangement; shear test
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The changes are smoother here and all values are about the same order of magnitude. 
The limit value of macro-level shear modulus is the same for all diameters. However, 
magnitude of G0 is smaller now than at the hexagonal arrangements.

Hexagonal arrangement, tension test

The next figures, Figure 9. and 10. introduce the results of the analysis of E, the 
tensional elastic modulus. The speciality of the hexagonal structure is that E0 was constant, 
independently of the layer thickness and diameter.

Quadratic arrangement; tension test

The behaviour of rectangular structure (Figure 10.) is different: it was similar to that in 
Figure 8., and E0 was smaller here than at the hexagonal system, similarly to what was 
experienced about the shear modulus. It has to be emphasized that the results in Figure 10. 
do not follow from the Cosserat theory, and cannot derive from the relative rotations of 
neighbouring grains in diagonal directions. The explanation of this behaviour needs further 
analysis.
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4. Concluding remarks

The above numerical simulations led us to the following conclusions:
->• The main macro-level material strength parameters can be estimated on the basis of 

internal geometrical and strength characteristics of the microstructure.
-» In case of regular packings a definite/ (d, h, KN, К-j-, KM) function can be found for 

the calculation of E and G (KN> KT, KM are the local stiffness characteristics of the grain- 
grain contacts).

->■ The hexagonal microstructure has a more rigid macro-level behaviour than the 
rectangular arrangement

-> The hyperbolical-type functions found at the rectangular structures are very similar 
to the functions of parameter estimation of Cosserat continua. A detailed theoretical analysis 
may be found for this type of behaviour in the paper of Fiizy [4]. The limit-layer parameter 
of Cosserat, a basic variable in that theory, is unambiguously provided by our results.

-* Our experiments were restricted for the simplest cases only. Detailed analyses of the 
effect of micro-level strength parameters (KN, KT, KM ) is indispensable in the further work. 
Even more important and complicated is the analysis of randomly packed irregular 
assemblies with the evaluation of the effect of grain-size distribution is not sufficient to 
consider; the internal geometry should probably be characterised with some kind of special 
geometrical variable like, for instance, the fabric tensor.

-> A different question - leading already towards the analysis of the behaviour of non
elastic characteristics - is to see how the above experiences change if the contacts may break 
when reaching the strength limit, making microcracks in the material

ACKNOWLEDGEMENT

The above experiments were supported by the Hungarian Scientific Research Fund 
(OTKA), under grant No. T-014270.

REFERENCES

1. Cundall, P. A.: Distinct Element Models of Rock and Soil Structure. Analytical and Computational 
Methods in Engineering Rock Mechanics, ed. E. T. Brown (1987)

2. Cundall, P. A.: Numerical Experiments on Granular Assemblies. Deformation and Failure of Granular 
Materials, ed. H. Luger (1982)

3 Bagi, K. - Bojtár, I.: Numerical analysis of state changing processes in granular assemblies. Periodica 
Polytechnica. 33 (3-4), 183-196 (1989)

4 Fiizy, J. - Vas, J.: Proposed continuum model for simulating the behaviour of granular materials. Acta 
Technica, 95, 49-53 (1982)

5 Bonzel, A.: Variation of strength parameters in concrete. Scientific report, ЮТАМ, London (1965)
6. Carpinteri, A : Size effect in fracture toughness testing. Proc. Int. Conf. Analytical Fracture Mechanics, 

Rome, 23-27 (1980)
7. Bazant, Z. P. - Oh, В. H.: Crack band theory of concrete. Mater Struct., RICEM 93, 155-177 (1993)





Acta Technica Acad. Sei. Hung., 107 (1-2), pp. 27-36 (1995-96)

COMPARISON OF TENT STRUCTURES CALCULATION 
IN HUNGARY AND FRANCE

GALASKÓ, GY.* - GÁSPÁR, ZS. ’ - NOURI-BARANGER, T. ** 
LEON, J.C. *** - TROMPETTE, P. “ - VERON, P ***

(Received: 26 November 19%)

Tent structures are an interesting field of civil engineering, There exist special methods for 
their computation. There are only a few companies which arc specialized in the design and 
constructing of tent structures in Europe. This paper compares the basic ideas of two working groups, 
each of which developed its own methods of calculation from the idea of the architect until the final 
cutting patterns. One example demonstrates the results of the two methods. The F 96 program between 
the French and Hungarian government helped the authors of this paper.

1. Calculation of tent structures in Hungary

At the Technical University of Budapest there exists a small group which developed 
algorithms and computer programs applying the following theory.

Textile is not able to keep pressure therefore the tent structures need to be designed in 
such a way that they can carry every possible load without pressure. In practice the meteoro
logical and other possible loads are definitely more than the dead load, so the initial form is 
designed considering the unloaded structure. Under different loads, in some parts o f the 
structure the normal stress may be reduced. Wrinkles can be avoided if the unloaded structure 
has a state of self-stress. This is possible in the case of statically indeterminate (and kinema
tically overdeterminate) structures. (The kinematic overdeterminacy is released by the self 
stress field's secondary stiffening effect.)

Tent structures are membranes which are not able to carry bending moments, hence 
they are generally kinematically indeterminate (statically overdeterminate) structures and self
stresses exist only in the case of a special geometry. The architect has a preliminary idea about 
the form of the tent which can satisfy the different functional, aesthetical and other require
ments. The first step is to find a form which is nearest to the desire of the architect and has its 
own satisfactory stress field.

The question is, which stress distributions are satisfactory? The answer is that those 
which can avoid pressure in every part of the textile under all possible load combinations and 
the maximum stress is less than the limit. During the previous step (form finding) only static 
equilibrium was considered; in this step, involving the computation of the state-change o f the 
structure, already requires the consideration of constitutive and geometrical equations. The
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form finding generally results in a linear equation system, however, the computation of the 
state-change produces a non-linear system and requires information about the materials, as 
well.

The engineering practice suggests initial values for these parameters. After determining 
the values of the state variables in the first step results are checked and if modification of the 
input data is necessary then the calculation starts from the beginning.

If  the above process yields a satisfactory form and corresponding self-stress state, 
starting from which all new configurations (corresponding to various loads ) are satisfactory, it 
still remains an open question, how to produce the initial form. By cutting and gluing pieces of 
planar textile, the prescribed initial form can not be reached. By applying suitable changes to 
the locations of boundary points, stresses can be reduced to zero, however, the resulting 
surface is not developable. (The shape of the stress-free textile is not uniquely determined 
because of the kinematic indeterminacy, however, the admissible displacements do not change 
the developability.) The only realistic goal can be to find a cutting pattern resulting in a shape 
close to the previously determined initial shape.

During the last decades the research group at the TUB developed a program system for 
the solution of the above problems. This package contains computation and visualization 
modules. Computation modules can be divided into the following three groups:

a) the initial form
b) state change due to loads
c) cutting pattern and shape.

Let us review the models applied for the different goals, computation methods, their 
advantages and disadvantages.

1.1 Calculation of the initial form

We applied a developed version of the method suitable for the determination of 
equilibrium of a cable net, the projection of which is an orthogonal grid. (This method 
characterizes the shape o f the surface by the coordinates of the cable nodes, other points are 
computed by interpolation.)

In the first version [18,6] we applied the cable net model as well, with a relatively large 
choice of boundary conditions (rigid boundary with arbitrary shape, masts with prescribed 
locations, boundary cables). In those times the small memory capacity and low speed of 
computers represented a serious handicap, so the algorithm was based on the before mentioned 
assumption of the orthogonal projection. In this special case the horizontal equilibrium of the 
nodes yielded immediately the result that the horizontal components of the cable forces are 
constant. Fixing this two components the vertical equilibrium can be expressed by the 
following linear equations system

A X + X B = Q

where the matrices A and В depend on the distances between the cables and the prescribed 
horizontal force components. Matrix X describes the unknown heights of the nodes and Q is 
the load matrix. The size of this four matrices is n*m where n and m are the number of the
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cables in the two horizontal directions x and y. The spectral separation of the matrix A and В 
produces n*m simple equations for the components of X.

If the fix boundary is not rectangular and/or we apply masts as well, then the problem 
can be reduced to the previously described one by the repeated application of the method of 
singular loads. In the case of edge cables before the solution of the above mentioned process 
the horizontal coordinates of the edge cables can be computed from the horizontal equilibrium 
of the network and the magnitude of the horizontal components of the cables. Knowing the x 
and у coordinates of the edge cables the singular loads method produces the height at the 
surface as well.

Our present method relies on the higher speed and memory capacity of the computers. 
It abandons the singular load method and the uses one big linear equation system, which 
originates from the vertical equilibrium of every point (including the points of the edge cable), 
and provides the heights of the nodes. This program permits a large variety of different 
boundary conditions.

The results (the calculated points of the surface) are visualized with AUTOCAD 
program system giving good possibility to the architect and the structural engineer for spotting 
the weak parts of the structures and for the modification of it until the satisfactory shape is 
reached. Several independent ways of modification exist: The fix point coordinates (where the 
rigid boundary or/and the ring around the mast intersect a cable of the rectangular network); 
The coordinates of the endpoints of the edge cables; ordinates of the endpoints; The angle 
between the straight line connecting the endpoints of the edge cable and the initial tangent of 
the cable; The magnitude of the horizontal (stretching) forces. The last possibility, which 
allows different magnitude of each cable in the x or/and у direction, is useful in the case of 
valley cable(s). The program can handle two symmetry axes, reducing the computer time.

A mast means a singularity point of the tent surface, because the concentrated force 
there can be equalized very near to this point only with infinite stresses. Therefore in practice 
the textile is carried by a ring which hangs on the top o f the mast. In the case of our cable 
network model every cable which intersects this ring, provides a boundary point with the given 
height of the mast. In a typical (usual) case four points describe the top area well but often 
more points are applied. A usual joint point division can not produce enough smooth surface if 
the cutting patter calculation program requires the interpolation between the internal points.

To reduce this effect an other program was developed which calculates the initial form 
in the vicinity of the mast more precisely. Instead o f the rectangular cable network a polar 
system is applied. The inner points are the coordinates of the rigid ring with their fixed 
(previously defined) points, and the farest are interpolated points of the first shape. In this 
model the magnitude of the projected cable forces are prescribed as well (the forces o f  the 
rings and one radial direction are mathematically independent). From this input data every 
other force magnitude is computable by using the horizontal equilibrium of the structure. The 
vertical equilibrium of this polar system produces the height of the points at the intersection 
points of the radial and annual cables. This method results better form near to the mast but 
sometime produce a compatibility error at the end of the polar coordinate system. Sometime 
the increasing of the number of points in the rectangular system provides sufficient precision 
without applying this second program. At the same time this program offers the possibility of 
the calculation of the exact position of the mast. Because the points of the top ring are 
prescribed from the directions and magnitudes of the radial cables, the coordinates o f  the 
resultant are computable, and this is the theoretical position of the mast.

Nowadays an other program is being developed for the shape finding .applying tri
angulation of the membrane surface. This model uses the dynamic relaxation as the method [2].
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1.2 Computation of the state-change

The initial form is generally calculated without external loads, in spite of the fact that 
the algorithm allows the effect of arbitrary vertical force. This does not mean that it is 
sufficient to run the shape finding program twice (firstly on the unloaded structure, secondly 
the actual loads are calculated), because the two results describe two different problems. 
Therefore an other program is necessary to calculate the stresses and displacements o f  a tent 
structure.

Our model is the same as in the previous step: it is a cable network, furthermore this 
program allows fully general geometry from different materials. In the case of a real cable 
network the shear forces between the cables are supposed to be small, consequently, instead of 
the orthogonal arrangement the principal curvature [9] or geodesic line [17] applications are 
advisable. When modeling textile structures with cable nets the shear stresses are not very 
important, thus the simplest way is to keep the rectangular cable network of the form finding, 
because the same data structure offers big advantage.

What are the drawbacks o f the cable net model? In this model one member o f a cable 
has constant cross section, although the width of a textile strip is not constant. Theoretically it 
does not result an error because in the whole model the total elongation of the member is 
counted and the average width describes it in this respect well. In practice the width is 
calculated from the top projection plan, in spite of the fact that the real cross section area 
depends on the vertical angle too, however, this effect is neglected.

The stress-strain diagram of a textile is generally nonlinear. A short part of this diagram 
is nearly linear, so a polygon is applied in stead of the real diagram.

The material of the textile is anisotropic but in the stage of the calculation the fiber 
directions are unknown. The angle between this two main directions of the material and the 
direction of the member are neglected. The perpendicular cables cover the surface twice: the 
same material works in x and y directions as well and the behavior of the material in this two 
directions is not independent: the Poisson number gives the connection.

A rectangular part of the network may deform into rhomboids under load and shear 
stiffness of the textile influences this deformation, while in the applied model only the cable 
forces secondary stiffening effect limits this deformation. (The model allows diagonal members 
to model the shear effect but in practice they are not used because the most common textile in 
Hungary has low shear modulus. [20])

A part of the problems mentioned above originate from the model itself, therefore these 
problem can not be eliminated. Until recently we did not pay much attention to the applied 
width o f the strip because the uncertainty of the materials and the loads are high. In the textile 
only a few member types have been considered, but the different steel cables (edge cables or 
anchorage) have been described more precisely.

An other interesting question is the modeling o f the connection of the steel edge cable 
and the textile. The cable is placed at the pouch of the textile. The textile is fixed at two ends 
and only the friction between the textile and the cable prevents the relative displacement. 
Hoping that the stresses from the textile are almost perpendicular to the cable, the friction has 
been neglected.

The program allows concentrated force with arbitrary spatial directions at the joints. 
The two most important loading cases are the wind and the snow. The program automatically 
calculates the effect of the wind from arbitrary directions with an approximate form coefficient.

The actual status of the structure is computed by a modified Newton-Raphson iteration 
method [18]. Every step of the iteration calculates the unbalanced force from the equilibrium
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equations and the incompatibility of the members. The iteration is finished when both of the 
two errors of the calculation are less than a small given number. If the errors exceed the limits 
then the incompatibility lengths are converted into unbalanced forces at the node and the 
tangent stiffness matrix of the structure is recalculated from the actual nodal coordinates and 
internal forces. (During the iteration process some cable forces may be negative - pressure - 
which decrease the stiffness of the member and may produce numerical problem. Therefore 
only the tension forces are taken into account in the tangent stiffness matrix. This neglegation 
does not influence the final result because the error vectors are computed from the exact 
formulas.)

The tangent stiffness matrix and the summarized vector of the unbalanced forces 
produce a linear equation system. The solution of this system results new coordinates of the 
nodes. A useful improvement of the program is the limitation of the nodal displacement. If the 
equation system produces bigger displacement than the given limit then every displacement is 
reduced with same factor, which is computed from the ratio the maximum and the given limit. 
This simple modification speeds up the iteration.

The new internal forces of the cables are calculated from the new coordinates of the 
nodes with a linear formula. It produces definitely better convergence as if the cable forces 
were computed from the exact elongation.

1.3 Calculation of the cutting patterns

In our opinion the calculation of the cutting patterns is reasonable only if the shape is 
suitable for the architect and the structural engineer as well, namely the tent satisfies every 
functional and static requirement.

The textiles, which are produced by factories, have a given width and the next goal is to 
find the most economic 2D cutting patterns of the 3D shape. In practice developable surfaces 
are rarely applied when the flattening is simple. A typical surface with double curvature is 
undevelopable and the goal is the best approximation. In Hungary the triangle method is the 
most widespread [7]. The essential idea of this method supposes that the space length between 
two points of the real surface is the same than the distance measured on the strip of the textile 
in the plane.

The method requires two zigzag lines on the surface which define a sequence of 
triangles. If the space line requires internal points, then they are interpolated by using linear 
approximation. The flattening is based on the common nodes of these triangles.

Two main tent groups exist from the viewpoint of the cutting pattern. Generally it is a 
more simple case when the textile is stretched between fix boundaries. It is a typical application 
of this structures when the loads are carried by parallel arches. In this case the direction of the 
cutting patterns may be parallel or perpendicular to the plane of the arches. (It depends on the 
ratio of the spans.) In that case the rectangular cable network model describes the real behavior 
very well and the calculated points provide directly the strips of the cutting patterns.

The other frequently used tent structure applies mast(s) to support the textile. In this 
case a polar coordinate system is used around the mast and the radial lines give the edges of a 
strip, meanwhile the zigzag connects them. Around the center (mast) generally one central 
angel is applied, which sometime results very different width at the other and of the strip. We 
prefer this solution against the other one, which tries to optimize the maximum width at the 
wider end or uses the length at the edge. Especially the second solution can produce big 
difference in the angle o f  the center, which is not very attractive.
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The flattened cutting patterns often has big curvatures producing wider cutting pattern 
than the width of the material. In this case an other (smaller) central angel is necessary and the 
whole process starts again. Very small cutting patterns are not economic because of the lot of 
welding between the neighboring strips. This simple final step often requires much effort while 
the final form is developed.

2. Design and mechanical analysis of tent structures in France

Due to the multiple actors involved in the design process of a textile structure i.e.: the 
customer, the architect who designs the structure, following the requirements of the customer, 
the textiles manufacturers who must satisfy the architect's aesthetic criteria and minimize the 
fabric wasted, the engineering office which has to control the whole process from mechanical 
and structured point of view, an integrated approach has been set up to carry out efficient 
dialogues between all these persons. This dialogues is centered on the tasks of the engineering 
office and try to use the information exchanges with partners. It has been proposed to divide 
the design process in three main steps: the first one related to the definition of three 
dimensional shape of the textile structure, the second one focuses on the definition of its 
manufacturing features and the third is centered on the structural analysis of the textile and the 
metallic parts. The main idea is to build in next future a software package which makes 
possible the generation of a real design loop where the different users can interfere at each 
stage to modify their interior data and choices even if they are located at different geographic 
places.

2.1 Three-dimensional shape finding

At first a topological model o f the textile structure is defined both from its fixed parts: 
anchorage points, masts, bars, arches which contribute to maintain the membrane, and from the 
panels created from the previous fixed parts. Then this pure geometric support, node 
coordinates and connected nodes are the basic data of a topological mesh on which the force 
density method [16] is applied. This means that the equilibrium position of a cable net, which 
has the same topological definition than the geometric support, is obtained giving force 
densities in the cables, and constraining boundary points to be fixed or to move along the 
giving boundary. Afterwards, this cable net shape may be modified by the architect by changing 
the force densities values, until a convenient final shape is reached. Finally this polyhedral 
model is automatically converted into a Cl continuous surface model approximation containing 
Bezier patches. The surface decomposition into patches is related to the topological meshes 
initially created as each of the patches is computed to provide the best approximation of its bar 
network subset counterpart. Thus this surface model is defined as the basis of the subsequent 
phases.

2.2. Cutting Patterns

The second phase focuses on the creation of the manufacturing features of the textiles 
structure. The surface model of the textile structure previously defined allows the results o f the 
flattening technique to be independent from the parameter used during the first phase (for 
example the discretization used to build the polyhedral model). Thus the 3D cutting patterns 
boundaries are directly defined over the surface model according to the requirement of the
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architect, the designer and the manufacturer choices. Then an automatic flattening process 
produces 2D contours that will be cut in the fabric rolls. The user can choose one among 
several methods ranging from fast to robust ones in accordance with the quality desired [1,7, 
19]. Improvements of the quality of the cutting patterns obtained may be required when 2D 
shapes have global curvatures that are not acceptable from a manufacturing point of view, 
because they would generate large wastes of textiles or reduce the load capacity of the 
structure. A direct and interactive correction process applied to the boundaries o f 3D cutting 
pattern helps the user to modify the flattened 2D cutting patterns in the area of interest. Finally 
the engineering drawings are made after a length adjustment of the different pieces has taken 
place. Because the flattening process is carried out on an independent basis for each cutting 
pattern, the 2D boundaries obtained for two adjacent cutting patterns usually have different 
lengths. This justifies the length adjustment process previously mentioned. The two sets of 3D 
and 2D cutting pattern boundaries constitute the manufacturing model of the textile structure. 
Like in the first phase, the second one also makes it possible to go back to any o f the previous 
slates and to modify various parameters. The interactive and real time improvement o f the 2D 
cutting patterns is an important process to obtain the validation of the cutting patterns by 
different actors.

2.3. Mechanical behavior of the tent structure

Here again the surface model of the textile is used as an important parameter in order 
to ensure the independence of the data structures generated during the first phase with respect 
to the mesh used for the finite element computations. The latter is a subset o f mechanical 
models of the membrane part of the textile structure. The first step consists o f checking the 
equilibrium position of the textile stressed by different climatic loading, taking into account the 
initial stresses produced when we join all 2D cutting patterns and build 3D shapes. To this end, 
a finite element (F.E.) mesh is created from the surface model and the stress state computation 
helps to verify the textile structure which should be everywhere under an adequate level of 
tension. Then the boundary forces obtained from the previous computations are used for the 
dimensioning process of the metallic structure and civil engineering parts. This step can be 
made can be precise in the sense the F.E. calculations take into account the large membrane 
displacement theory, the initial stresses and the anisotropy of the constitutive fabric material.

2.4. Software architecture

Seeking compromises of agreements between the actors at various stages o f the design 
process through meetings and discussions requires a specific environment which include 
computer supported collaborative work tools [10] capable of exploiting computer objects to 
achieve collaborative work between actors [6]. The various sites are interconnected through a 
computer network. These collaborations are carried out with a multimedia software tool, that 
allows the users to simultaneously share a 3D graphic scene displayed on their respective 
workstations. The collaborations between actors that have different working themes require 
the use of dialogue objects which must be as realistic as possible and incorporate the data 
placed at the center o f the mediation.
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2.5. Conclusion and perspectives

The design methodology and the data architecture elaborated fit into the design process 
o f textile structures and incorporate the actors involved in this process as well as their know
how. The coupling between the geometry of the structure and the mechanical stress state o f its 
fabric has been treated through the decomposition of the knowledge of each actor. This 
decomposition has been worked out with the use of appropriate approximation methods and 
automatic conversions of the data between successive models. The identification and 
adaptation of the specific models (or views) of the structure to each of its definition levels and 
to each of the actors using it, is a key point of the methodology introduced. The collaborative 
environment developed participates in the convergence o f the design process and improves the 
efficiency of the dialogues between the actors by the use of shared graphic objects and 
annotation tools. However, further progress can be made in this area through the use of true 
design objects to ease the modifications specified during a dialogue. Future work will aim at 
developing an effective mechanical analysis view of the overall structure and an integrated 
view o f the whole design environment.

3. Example

The following example, so called "Chinese Hat", was calculated by the two program 
systems. Fig. 1. shows that the boundary conditions are simple: the lengths of the fix edges are 
4 meter and the height of the hoop is 2 meter. The diameter of this top ring is 50 cm.

The Hungarian program requires the magnitude o f the horizontal components o f the 
stretching forces. They are the same value: 1 kN in X and Y direction. The form was calculated 
by rectangular mesh while the Fig. 1. shows the interpolated points in polar system.

The model of the French program consisted initially 9 circles and 16 radial lines. The 
force density of the element at circles was always 1 and at the other elements is denoted by d. 
Fig. 2. shows a few variations. d=0.5 force density produced almost the same cross section at
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the diagonal of the tent as the Hungarian method. It may be an interesting new research area to 
compare the form finding methods. The d= 0.5 form was taken into account at the calculation 
o f the cutting patterns.

The cutting patterns are shown in Fig. 3. Their forms are significantly different at the 
middle line. The reason originated from the different technics of the two calculation methods. 
The Hungarian method divided the surface into two elements with a straight line in the top plan 
while the French program has a curve. It would be an other interesting topic o f our future 
common research to compare and develop together the calculation methods. Interesting 
aspects are the area and perimeter of the current cutting patters which are shown in the next 
tabulation.
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Fig. 2.

H u n g a r i a n F r e n c h
Pattern 1 Pattern 2 Total Pattem 1 Pattem 2 Total

Area [ m11 1.209 1.313 2.522 1.313 1.212 2.525
Perimeter 7.543 6.803 7.514 6.772
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APPLICATION OF GRÖBNER BASIS THEORY TO FIND GLOBAL EQUILIBRIUM
PATHS OF THE SIMPLE ARCH
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Application of the Gröbner basis theory is presented for finding the global equilibrium paths of 
the model of a simple arch. Gröbner basis calculations (with respect to pure lexicographic term 
ordering) make the solution of polynomial equation systems easier and may provide us with analytical 
results This makes possible the determination of the global equilibrium paths as explicit functions, and 
the examination of their exact parameter dependence. Even for this simple model unexpected solutions 
were found with symmetry breaking property or with negative bar length. The physical meaning of the 
latter is explained by means of non-homogenous bars with a certain internal structure.

1. Introduction

Structural engineers tend to consider the loads of a certain structure to be one- 
parametered. Starting from a known, stable equilibrium state, they try to determine the 
properties of the equilibrium states as a function of the unique load parameter. Generally they 
are satisfied by following the equilibrium path of the starting state up to the first critical (limit or 
bifurcation) point. For the characterization of the sensibility to the imperfectness, the 
determination of the type of the critical point and of the starting branches of the postcritical 
equilibrium paths may provide useful information.

Several recent papers [1,2] are devoted to the determination of the global equilibrium 
paths, when not only the starting branches of the postcritical paths are aimed by the calculations, 
but also their further segments together with the possible new limit or bifurcation points. 
Besides, it may be chosen as a goal to find, for a certain range of the state variables, the 
equilibrium paths not connected to the original one.

To this end we may apply e g. the simplex method [1,2], or the Gröbner basis 
calculations presented in this paper. While the simplex method is a numerical method applicable 
for a wide range of problems, the method based on the Gröbner basis theory is useful only for 
some special problems, but with the advantage of exact, analytical results, thus the examination 
of the parameter dependence also becomes possible.

Searching for the global equilibrium paths we must often cope with polynomial equation 
systems of several unknowns. Since we are interested in all the solutions of these equations, and 
we want to examine the dependence of the solutions on several parameters characterizing the
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system, we have to find the results using symbolical computations. The well-known traditional 
methods [3] can not give these results, since they can not handle undetermined parameters. 
However, application of the theory of Gröbner basis can provide us with all the solutions o f the 
polynomial equations and also allows us to carry out the computations without prescribing the 
parameter values in advance [4-7].

Elimination methods based on iterative exclusion of the variables from a set of 
polynomial equations has the property that “false roots” can occur in the final univariate 
equation which are not solutions of the original system. Gröbner basis calculations, based on 
recent results of modern algebra, assure that the transformed system and the original one are 
equivalent in the sense that they have only common solutions. Applying a special ordering of the 
terms of the polynomials, the so-called pure lexicographic term ordering, the Gröbner basis of 
the original set will consist of equations that can be solved one by one, since all of them contains 
only one new unknown. The theory of the Gröbner basis is not explained here in detail, it can be 
found e.g. in [7].

For finding equilibrium paths of structures described by polynomial equations the 
Gröbner basis calculation can be a good candidate. With its application one can obtain 
analytical results for the global equilibrium paths of structures, which enables us to examine 
their behaviour's parameter dependence. To demonstrate it we show the calculation of the 
global equilibrium paths of a model of the simple arch [8,9]. For this structure only some o f the 
symmetric equilibrium layouts have been known so far. With the application of the Gröbner 
basis we show that for a range of the parameter values we can have loaded shapes with 
symmetry breaking. We also show that allowing the concept of negative bar length these 
solutions always exist and more symmetric solutions can be found. We also explaine the physical 
meaning of the negative bar length by means of non-homogenous bars with a certain internal 
structure.

In Section 2 we introduce the model of the simple arch together with the mathematical 
equations describing its equilibrium states, and compute the corresponding Gröbner basis. Then 
we interpret the solutions in Section 3. Section 4 deals with the parameter dependence of the 
global equilibrium paths, while in Section 5 we draw our conclusions.

2. The model of a simple arch

Consider the structural system shown in Fig. 1 consisting of two elastic bars with equal 
initial length / and equal stiffness k , being pinned to each other and to rigid supports by ideal 
hinges. The distance between the abutments is taken as a. We want to find all the possible 
positions of the central hinge subjected to a vertical dead load of arbitrary magnitude F . Denote 
the horizontal position of the hinge by x  and the vertical position by y .

Due to the reflection symmetry of the structure and of the load with respect to the 
vertical axis x - a l l  we may expect solutions, i.e. equilibrium states of the structure, provided 
with the same symmetry property. However, it is not straigthforward that other solutions with 
symmetry breaking do not exist, and even the number of symmetric solutions is not apparent.

Denoting the new lengths of the beams after loading by L, and I 2, the geometrical 
equations, expressing that the bars will connect the abutments to the central hinge also after 
loading, are

х2+ у 2 = Ц,
( a - x ) 2 + y 2 = Ц .

(la)
(lb)
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Fig. 1. Layout of the model of the simple arch before loading. The bar lengths are /, the distance between the
abutments is a .

By the material equations we express that Hooke's law holds for arbitrarily large deflections. In 
this case it means a linear dependence between the elongation and the internal force of the bars 
in the following form:

k(L, — 1 ) = S,, (2a)
k(L2- l )  = S2. (2b)

Here S] and S2 are the internal forces of the bars. The fact that the deflections are not restricted 
in Hooke's law will lead to very interesting results, in fact it will increase the number of 
solutions, as we shall see later. The equilibrium equations

F  + f s , + f s 2 =0,
L\ 1̂

X V =  0

express the equilibria of the vertical and the horizontal force components at the central hinge, 
respectively These equations can be rewritten in the form of polynomial equations as

FLlL1+yS,L2+yS2Li =0, (3a)

x S ^ - а ^ Ц  +xS1Ll = 0. (3b)

We note that these equations are equivalent with the former ones, except for Ц = 0 or 
1^= 0. For convenience from now on we allow these values also by using Eqs. (3), although at 
this stage the meaning of such solutions, if there are any, is not apparent.

To prepare this system of six algebraic equations of six unknowns for solving, the 
Gröbner basis of the six polynomials was calculated with respect to the pure lexicographic term 
ordering. This provides us with six univariate equations each with only one unknown [7]. By 
means of the Gröbner basis theory, it is expected that the solutions obtained from the Gröbner 
basis are exactly the same as those of the original polynomial equation system. This enables us to 
look for the roots of the Gröbner basis which is a significantly easier problem
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The Gröbner basis o f this polynomial equation system was calculated by the computer 
algebra system MAPLE V [10]. The application of the command “GSOLVE” of MAPLE V 
leads us to the following collection of reduced lexicographic Gröbner basis:

[(41k V  + 4ak2!F2)L2 + (2 k V  + 4F2k2a2 + 2F4)x -  k V  -  2F2k V  -  4a3l2k4 -  aF \

(2 k V  + 4 k V F 2 + 2kF4)y -  kV F  + 4 k V F l2 -  2F3k V  -  F \

(k2a2 + F2)s, + (k 3a2 + 1cF2)l 2 -  kV l + klF2, S2-k L 2+kl, (40

( k V  + F2 ) L, + ( k V  + F2 ) L2 -  2 k V l ,

-8 a2lk4L2 + (4 k V  + 4k2F2)L2, -  k V  + 4a2l2k4 -  2 F W  -  F4]
Flere six subsystems between brackets are given. Each of them represents a system of six 
equations, in which the given polynomials are supposed to be equal to 0.

The first subsystem gives imaginary result for y ,  thus it is physically irrelevant. 
Subsystems (4c), (4d) and (4e) are included in (40 for special F  values. Thus we must examine 
only subsystems (4b) and (40 to find the global equilibrium paths of the model of Fig. 1.

The remaining two subsystems can be solved more easily than the original equation 
system This is the consequence of the application of the pure lexicographic term ordering in 
the calculation of the Gröbner basis. In the last equation o f the subsystems there is L2 as the 
only unknown, thus it can be easily determined. Since these equations are of degree 4 and 2 in 
the unknown L, in (4b) and (40, respectively, explicit algebraic solutions can be obtained. This 
provides us with the opportunity of the examination of the parameter dependence of the global 
equilibrium paths. After determining L2 from the last equation of the subsystems, and 
substituting it into the preceding equation we again find an univariate equation for the only 
unknown L,. Carrying on this procedure finally we can obtain the solution for all the unknowns 
x ,y ,S l,S2,L],L2 as explicit functions of the parameters F ,a ,k ,l .  The formulas determined this 
way are collected in the Appendix.

3. Global equilibrium paths of the simple arch

The new shape of the model of the simple arch after loading may be described by the 
coordinates (x ,y) of the central hinge. From the Gröbner basis we have calculated in the former 
section, one could determine them as explicit functions of the parameters (see Appendix). For a 
detailed examination of the equilibrium paths we set these parameter values as 1 = 5, a = 6 and 
к = 1 in arbitrary units. Thus we can follow the changing of the position (x,_p) of the central
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Fie. 2a. Global equilibrium paths of the simple arch for / = 5, a  = 6 and к  = 1, together with the corresponding 
layouts. Bars with negative length are painted black.

Fie. 2b Dependence of the vertical coordinate of the central hinge on the load parameter for / = 5, a  =  6 and 
к  -  1, together with the corresponding layouts. Bars with negative length are painted black



42 GÁSPÁR, ZS.-KÁROLYI, GY.-POPPER, GY.

Fig. 2c. Dependence of the horizontal coordinate of the central hinge on the load parameter for / = 5. a  = 6 and 
к = 1, together with the corresponding layouts. Bars with negative length are painted black.

hinge by varying the value of the load F . As the load varies between minus and plus infinity, the 
central hinge moves along one o f its equilibrium paths. This is illustrated in Fig 2a. Here the 
possible equilibrium positions of the central hinge are shown as a function of F  together with 
the corresponding structural layouts. It is obvious that there are solutions breaking the reflection 
symmetry of the original structure with respect to the x  = a / 2 line.

In fact the solutions shown in Fig. 2a are projections o f the six solutions of the Gröbner 
basis to the (x,y)  plane; recall that the two equations for L2 were of order two and four, thus 
they can have six different real solutions. The equations do have six real solutions for certain 
values o f F , and have four real solutions for other load values. This is illustrated in Figs. 2b and 
c, where the equilibrium coordinates of the central hinge are shown as a function of the load F .

Bars coloured black in the small layout figures indicate a special property of the 
corresponding solutions obtained from the Gröbner basis: for some load values these bars have 
large enough compression to decrease their length below zero: Ц < 0 (see Fig. 3). This property 
is included in the original equations describing the model, this is the result of the fact that the 
deflections were not restricted. The question arises whether these solutions may have physical 
meaning. In fact they can have, if the bars are not homogeneous, but have a certain internal 
structure illustrated in Fig. 4a. Here the supporting fixed hinge is connected to a tube 
somewhere along it, while an elastic spring connects the central hinge via the open end of the 
tube to its other end. Thus, applying large compressing load to the “end of the bar”, i.e. to the 
free end of the spring, it can move inside the tube further than the supporting hinge as is 
illustrated in Fig. 4b. If we define the new length of the bar as the original length / plus the 
deflection Al < - / ,  we clearly get a bar with negative length in accordance with the equations 
(1-3) describing the equilibrium state of the system.
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Fie. 3. Dependence of the bar lengths on the load parameter for / = 5, a  = 6 and к  =  1. Obviously for some parts 
of the global equilibrium paths the length of the bars may be negative

l

Fie. 4. Possible layout of the internal structure of a bar, which can have “negative length”, a) The initial layout of 
the structure set together from such bars, b) The length of the bar with substantial compression may decrease

below zero.

4. Parameter dependence of the global equilibrium paths

Recall that executing the solution procedure of Sec. 2 finally we were provided with all 
the unknows as explicit functions of the parameters. Changing the value of the parameter a 
denoting the distance between the supports, we only set the length scale of the structure. 
Choosing different values for the stiffness к only the unit of force is adjusted. Thus any change 
of a and к can be turned into a similarity transformation only by the appropriate choise of the 
values for / and F . Thus the system is uniquely described by the two parameters / and F .
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Varying F  for fixed value of / we scan the global equilibrium paths of the structure the 
way as we did it in Sec 3. This section is devoted to the changing of the equilibrium states as / 
varies.

For l > a l 2 the arch can be in equilibria in its original position for F  = 0 without any 
internal force. For / < a / 2 it is not possible, since without stretching the bars starting from the 
supports they can not reach each other. At the crossover value l - a  12 the global equilibrium 
paths o f the simple arch also change dramatically. This value is the borderline between two 
different states, where the number o f the solutions is different. As we have already seen in Sec. 3 
for l > a  /2  we could find six or four different real solutions, depending on the value of F . 
However, for / < a / 2 we definitely have only four different real solutions for any value of the 
load F . This is illustrated in Fig. 5 for the parameter values / = 2.5, a = 6 and к = 1. Comparing 
Figs. 2b and 5b it can be understood that those curves of Fig. 2b which have intersection with 
the axis outside the origin will be tangent to the same axis at the origin at the crossover value 
l = a /2 .

The four different lines of Fig. 5 illustrate all the possible positions of the central hinge in 
equilibrium state. Three of the lines now correspond to layouts where at least one of the bars has 
negative length. Note, that the loop of Fig. 2a according to the non-symmetric shapes now 
disappeared; for all the non-symmetric solutions now one of the bars must be of negative length 
after loading The border between the existence and non-existence of the loop at the non- 
symmetric solutions is again l = a ! 2  where the zero length is approached for F  —» 0, for other 
F  values one of the bars must be of negative length.

Fie. 5a. Global equilibrium paths of the simple arch for / = 2.5, a  = 6 and к  = 1, together with the 
corresponding layouts. Bars with negative length are painted black.
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Fig. 5b. Dependence of the vertical coordinate of the central hinge on the load parameter for / = 2.5, a  
к  = 1, together with the corresponding layouts. Bars with negative length are painted black.

= 6 and

Fig. 5c, Dependence of the horizontal coordinate of the central hinge on the load parameter for / = 2.5, a  =  6 
and к  = 1, together with the corresponding layouts. Bars with negative length are painted black.
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S. Conclusions

Application of Gröbner basis theory for determining global equilibrium paths was 
presented through a simple example. Due to the analytical results provided by the Gröbner basis 
calculations considerable insight was possible into the behaviour of the model of the simple arch. 
Even for this very simple example quite unexpected results were found such as equilibrium states 
with symmetry breaking property or with negative bar length. The explicit knowledge of the 
analytical solution thus could lead to deeper understanding of the behaviour of this kind of bar 
structures.

However, it must be noted, that the results of the Gröbner basis calculations often lead to 
equations with degree higher than four. These equations can not be solved analytically, thus we 
loose one great advantage o f this solution technique. But even in such cases the numerical 
solution is considerably easier due to the fact that the equations to be solved are univariate, and 
a drawback of other elimination methods is excluded, namely that we do not get any false 
solutions, i.e. the roots of the original polynomial system and of the Gröbner basis are the same.

General theorems guarantee that the Gröbner basis always exist for any polynomial 
equation system. However, it does not mean that it is easy to calculate, since the necessary 
computer time increases exponentially with the number of the variables [4-7].

In spite of these difficulties, the application of the Gröbner basis calculations can be 
suggested for examples where the number of variables is not too high, and analytical results are 
required.
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Appendix: Solutions of the univariate equations of the Gröbner basis

The sixth of Eqs. (4f) is o f second degree for the unknown 1^. Solving it we get two
solutions: ____________________________________

_ 2k W l  ± y[k6a 6 + F 6 + 3kWF*  + 3k W F 2 -  4 k W F 2l2 
^ "  2 k W + 2 k F 2

These two L, values are quite complicated, but explicit functions of the parameters. Substituting 
this expression into the fifth o f Eqs. (4f) we can obtain the corresponding Ц values as

2 k V l + V k V  + F6 + 3 k ¥ F 4 4- 3 k V F 2 -  4 k V F ;l2
2k V  +2kF2

From the third and fourth of Eqs. (4f) the corresponding S\ and S2 values may be derived, 
respectively, while from the second equation the value of y  for both Z, values is

F i +  2Flk2a2 -  4FPkW + Fk*ct*
У ~ 2k5aA +  4kWF2 +  2kFi

Finally, from the first of Eqs. (4f) x  can be expressed as

k V  + 2F2k V  + aF4 T 2alkVkV + F6 + 3k2a2F4 + 3k4a4F2 -  4k4a2F2l2
X =

2 k V  + 4F2k V  + 2F'
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These solutions correspond to the equilibrium states of the system with symmetry breaking.
For the Eqs. (4b) the same procedure could be followed. However, it is more 

advantageous to express the variables x,Ll,L2,St,S2 and F  with y  as the main parameter. The 
reason for this is that we always have two F  values for any y  value, but we may get two or four 
(real) y  values for some F , and the latter is quite difficult to handle during plotting the graphs 
of the resulting functions.

The results obtained from Eqs. (4b) in this manner are as follows:
x = a l  2,

F  = -2  ky ± 4 kly
■Já2 + 4 y 2

L, = L2 = ± ^ a 2+4y2

From the first of these equations it is obvious that these are the symmetric solutions
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USE OF FINITE ELEMENT METHOD FOR TESTING STRUCTURES FOR 
DYNAMICAL EFFECTS CAUSED BY MOVING VEHICLES

GYÖRGYI, J *

(Received: 11 July 1996)

In tests of bridge behaviour under influence of moving load, a quasi-harmonic vibration task 
should be solved if we want to take into consideration also the mass of the moving body. Use of finite 
element method requires analysis of systems of several degrees of freedom and this calls for 
appropriate numerical techniques. Both the effect of the external damping proportional to the velocity 
should be computed and the procedure must be able to consider also the structural damping. The 
method to be outlined in this paper allows the analysis of simultaneous effect of both the mass and 
stiffness matrix changing with time, and the external damping proportional to velocity and frequency- 
independent structural damping. The computation algorithm refers to a general case, however, the 
effect of moving mass regarded as a material point, the two-axle road vehicle and multiaxle railway 
vehicle is separately discussed.

1. Introduction

Among engineering vibration tasks, test of bridges under the effect of a moving load is 
an old problem. If we want to take into consideration also the mass of the moving body during 
tests, a quasi-harmonic vibration task should be solved. Before the appearance of computers, 
this problem could be analysed only by essential simplifications. One of the possible 
simplifications is neglect of the structure's mass. In another case a harmonic vibration task will 
be solved neglecting the mass of the moving body. The starting point for this test was the 
differential equation of the vibrating bar, and the solution of this equation was sought. The 
structural model could not be changed until the appearance of computers with sufficient 
capacity, however, already Fryba [1] analysed the simultaneous effect of load and mass. In these 
tests, the bridge was simulated by a beam of constant stiffness and tested as continuum. Later, as 
an advance, the vehicle was simulated not only as a moving mass but as a dynamical system of 
several degrees of freedom - like Green and Cebon [2] did it for road vehicles.

Application of the finite element method requires test of dynamical systems of several 
degrees of freedom and this calls for appropriate numerical methods For computing matrix 
differential equations of constant coefficient for given starting conditions, several 
methods have been developed, among others the Wilson-0 method described by Bathe 
and Wilson [3]. In their original forms these methods are - as to be illustrated below - for matrix 
differential equations with time-dependent coefficients rather computation-intensive, and fit only 
for solving very simple tasks. Inbanathan and Wieland [4] modelled the vehicle as asingle 
moving mass, and the effect o f damping was neglected both for structure and vehicle. However, 
it is well known that the dynamical overload is greatly influenced by damping, too. The known 
methods - reported e g. by Olsson [5] - are able to compute the effect of the external damping

’ Györgyi, József, H-1221 Budapest, Arany János út 96/b, Hungary
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proportional to the velocity, however, are not fit to take the structural damping into 
consideration. Györgyi [6] suggested a method for computing the structural damping as an 
external damping for which, as preparation, the eigenvalue problem belonging to the undamped 
dynamical system of several degrees of freedom must be solved. It is necessary because - as 
proved by Györgyi [7] - the appropriate size of the integration step can be determined only this 
way. All this makes the computations rather sophisticated and unfit for testing large-size systems. 
The problems mentioned necessitated the preparation of the method to be described below. The 
technique published in this paper allows the simultaneous analysis of both the mass and stiffness 
matrix changing with time and the external damping proportional to velocity and the frequency- 
independent structural damping.

2. Mechanical models of the task

2.1 Effect of a moving mass regarded as a material point

The simplest case of the task under test can be seen in Fig. 1 where the vehicle is 
modelled by a material point. Furthermore, in tests we assume that when moving, the vehicle is 
continuously supported by the system, thus, the mass point does not separate from the structure

------------- >■ 1/
m ____ L

t l m

—  ' ■ ■■■' .......... 1 ..........' .............±

Fig. 1. Mechanical model of a moving material point

In this case, the mass matrix of the structure will be extended according to the vehicle 
mass. Considering that the mass point moves, the supplementary mass will act on different 
elements in time. If the mass point is within one element, the relevant mass forces should be 
reduced to the neighbouring nodes. If we comprise in matrix Nf the values belonging to the 
given state of the mass point o f the displacement functions describing the relation between the 
displacement of the element's internal points and the displacement of the element’s different 
nodes, we can write the time-dependent supplementary elementary mass matrix in the following 
form:

M e,= N ,r M 0N ,.

Here Mo is the diagonal matrix in a size corresponding to the number of components of the 
internal point displacement, the value of elements belonging to displacements is m, while the 
others are zero. It often occurs when the mass moves on a horizontal surface in the direction of 
the axis of the bridge to be modelled as a straight beam. In this case, we can analyse a planar 
task. If the test aims at analysing bending in vertical plane, only one displacement component in 
each node should be reckoned with, thus, only one element of M0 matrix will be other than
zero.
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The weight force corresponding to the moving mass will appear at those nodes of the element 
where the mass point is. This is the elementary vector of force:

re/=  N J V

In vector r0, components of displacement's direction of the weight force corresponding to the 
given mass m are not zero. For a mass moving on a horizontal surface, the force will be 
perpendicular to the structure. Then, the differential equation of the task shown in Fig 1 will be 
as follows:

(MB +M ,(0)ü + K bu = r,(/) (1)

In this expression M B is the mass matrix of the structure, K B is the stiffiiess matrix of the 
structure and \  is the vector of node displacements, The moving mass did not change the task's 
sizes, its effect is express by mass matrix M ^ /) and vector of force Г[(7). Only those elements 
of them differ from zero in which the components of matrix Me/ and re, are displaced 
depending on the mass state. We can see that the mass matrix consists of two parts. If we 
introduce in the complete dynamical test the notation without index and the following 
expression:

M(/) = MB +M ,(0

for the matrices and vectors of load, equation (1) appears in the following form:

M(/)ü + Ku = r ( /) . (2)

2.2 Dynamical equation for a two-axle road vehicle

The vehicle model will be arranged after Green and Cebon [2] as depicted in Fig. 2. 
The vehicle is supported by the structure in points a and b, the vertical displacements of these 
points are identical with vertical displacements of a given point of the structure.

Fig, 2. Mechanical model of a road vehicle

We assume that points a and b do not displace and write the dynamical equations of the vehicle 
vibrating around the equilibrium state.
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M v.üv + C vúv + K viiv = 0  (3)

Here M v is the mass matrix of the vehicle, Cv the damping matrix corresponding to hydraulic 
dampers, and Kv the stiffness matrix of the vehicle. In this case, the displacement vector uv 
includes only the displacement components of the mass points, the rows and columns 
corresponding to supports can be deleted from the matrices. We obtain the following dynamical 
equations for the structure:

M B“ B + K BUB = r l ( 0  (4)

In the matrix equation the whole weight of the vehicle in the nodes of elements 
containing points a and b will be given by the help of the elementary force vectors re/ = N fr0 
as load in vector r j . When arranging the complete dynamical system, the displacements of the 
structure come in the first block of the displacement vector, and in the second one the 
displacement vector of the vehicle. Analysing the whole system, points a and b in the vehicle 
model will displace, and this displacement will be identical to the displacement of the given point 
of the finite element corresponding to the vehicle state. Accordingly, both matrix differential 
equations placed next to each other will join and the matrices and vectors will have the following 
structure:

M B

m v

0 К в ................

Cj(/) Í K | ( 0

C v K v

UB n (0

In matrices Ci(t) and Kj(/ )  place of elements will change with time according to the 
vehicle's movement. These matrices can be obtained by compilation from the elementary 
matrices C , C ^  and К , К ^  , respectively, belonging to the individual nodes. For 

computation of the elementary matrices, matrix N, already described above can be used, its 
elements are, of course, different in points a and b. For point a, eg.:

N,r N , - N f

-N,

C a  -  l-ei

N,r N , - N f

-N ,
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Here k a and ca mean the stiffness of the spring joining in point a, and damping coefficient 
of the damper, respectively. Thus, the matrix differential equation of the task demonstrated in 
Fig. 2. is as follows:

Mii +(Cc +C1(/))ù+(Kc + K 1(/))u = n(/). (5)

In this relationship, subscript C designates the matrices with constant elements. We note 
that in this model the mass matrix does not change with time. Writing the equation by the help 
of summed up matrices, we obtain

Mii + C(/)ú + K(r)u = r ( / ) . (6)

2.3 Analysis of the effect of multi-axle railway vehicles

Fig, 3, Mechanical model of the case of a railway vehicle

In this task, there are mass points of the vehicle also in contact points o f the structure. If 
we want to apply again the procedure described before, in the matrix equation of the vehicle 
these masses do not appear in the case of unmoving contact points. Nevertheless, as shown in 
point 1.1, the effect of these mass points will be expressed in the mass matrix o f the structure as 
a time-dependent component. Consequently, the dynamical equation system o f the coupled 
system is the following:

(Mc +M jCOJü +(Cc +C1(0)û + (K c + K 1(/))u = ri(0  

M ç is the time-independent mass matrix shown in 2.2:

m b

m v

(7)
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.M jö) and Г] (/) are matnx and load vectors of equation (1), respectively, containing, of 
course, several components M e/ and ref because there are several mass points. If we write the 
equation by summed up matrices as shown above, we obtain

M (O ü + C(/)ù + K(f)u = r ( 0 . (8)

The last one out of the three models introduced is the general model. In this case, all the 
interacting matrices and the load vector are time-dependent.

3. Solution of the matrix differential equation by direct integration

The dynamical analysis aims at solution of the matrix differential equation under initial 
conditions ù0,u0 belonging to a given time /0. and at computation of dynamical stresses 
knowing displacements Inbanathan and Wieland [4] and Olsson [5] successfully applied the 
Newmark procedure for computing displacements in simpler tasks, while Györgyi [8] showed 
that it was expedient to use the Wilson- в  procedure for solution. Wilson [3] assumes linear 
acceleration change between moments t and t+ 6A t - the procedure's convergence can be 
assured if #=1.4. In this case:

Assuming linear change of r(t) for the given time period, we get

r t +6'At = r t + e { r t + A t  -  r t )

and at the moment t + 6 Ы displacements can be obtained from the following relationship:

К 6 -M + -Í -C
вы( в ы ) 2

 ̂ г

ut+eAt = rt+e'At +M
у

6 2 U‘ + вы  U/ 2ii,
(«)

+ с (® 7 “- + 2“' + ^ “1 (14)

Afterwards, displacements, velocities and accelerations belonging to the moment t + At can be
calculated.

From the above we can deduce
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For constant M, C, K, the coefficient matrix

f \
A = K + - ^ - r M +

l  Ы
3

9At c

should be decomposed only once after having taken the time step At, while the right-side vector 
is time-dependent.

We have seen that in the tasks analysed, at least one matrix was time-dependent, thus, 
matrix A will be time-dependent, and the time-consuming decomposition should be carried out 
at every time step. Inbanathan and Wieland [4](who tested the model shown in 2.1 for a simply 
supported structure and one single mass point) took this way. If we want prevent time- 
dependence of matrix A, time-dependent components in equation (7) should be taken to the 
right-hand side of the equation. Further on, neglecting subscript C in the constant element 
matrices, we can write the dynamical task in the following form

Mü + Cú + Ku = r ,

where
r = r -  Mjii -  Cjú -  K]U .

In this case, displacements can be obtained from the relation

f \ f \
K +- 6 ,  M +

l  {OAtf
ut+OAt -  *t+0kt + M

V

+ 6 ú/ +2ut +

+C( Í 7U' +2Ú' + ^ Ü')’

where

•7+0Д/ -  rt+0At M lt+au
(6A<y

(u,+* / - u , ) - ^ ú , - 2 ü ,

(15)

- c ! 1+ш  - u>)-2ù‘ - S2 ' ù‘) - K i,+Ä i" /+ a / ( 16)

It can be seen that on the right-hand side of the equation, vector appears and its
computation calls for an iteration procedure. The solution is now faster than decomposing 
matrix A in every time step, however, Györgyi [8] experienced that convergence of the method 
could only be assured if the supplementary mass was not too large as compared to the structure's 
mass.
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4. Use of the modal analysis

4 1 Effect of a moving mass regarded as material point and that of internal damping

Györgyi [8] showed that the differential equation of motion was proportional to internal 
damping (when the damping constant of all the structural elements is the same):

Mii + | ^ v M v | - ^ - -и/Ки = r -  M ]ii. (17)

Here
4 у

4 + y 2
и = 4 - y 2

7 j£.
л  ’

In this relation, 9 is the logarithmic decrement of damping, a  r can be computed from the r-th
л

eigenvalue of the eigenvalue problem Kv = a  Mv belonging to the undamped case, while V is 
the matrix containing M-normed eigenvectors. Apparently, in the case of internal damping the 
direct integration must be preceded by the solution of an eigenvalue problem. Knowing the 
structure and the loading force, on the basis of Györgyi's paper [7] the number of eigenvectors 
needed for appropriately correct solution and the integration steps can be determined. All this 
supplies grounds for considering it when selecting the solution method for the dynamical task, 
and for trying to apply the modal analysis. In knowledge of the M-normed eigenvectors of the
eigenvalue problem Kv = cu2M v, the solution can be sought in the form of u = Vx. After 

substitution and multiplying by transported matrix V from the left, we obtain

V r MVx + vVr M V ( - ! - ) V 7’KVx + !/Vr KVx = q , (18)
\®ru/

where q = V r r - V r M,Vx = f  - B x (19)

Due to orthogonality, we may analyse n pieces of equations with one unknown. The r-th
equation is:

*r +Г®пА + й,т*г =4t- (20)

In this case T
Qlt+ebt = А+0Д/ гГ+0ДГ*/+ЙУ> (21)

Л,+6Д/ = fr, + ф б +Д( “ Л  ) >

ЬГ/+ЙД/ = Ь Г( +6{br/+Aí - Ь ч)
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According to the considerations before, we get

^ а, +^ 2 ^ + Ж 7 ^ + 2 ^  + 

+yCOnh k i  *Г/ + 2 *Г/ + ~2 ^*г,)- (22)

In equation (21) it can be seen that 4ft+0At contains the vector \ t+eAi’ thus, an iteration

procedure must be used. According to Györgyi’s experience [8 ] the iteration method does not 
converge always, therefore, it would be expedient to apply the direct solution of the following 
m-order equation system:

и ш + Ч +ш усо«№ )
rí+ÖAí

D + -
M

вl+OAt x t+0At =  f t+0At + ( В , +0Д/ +  E )
\(OAt)4 X' +A i X,+ 2 x ,

+
[OAI i ,  + 2 i , (23)

Here, D and G are diagonal matrices with the r-th element of cu? н— &-х-+-£-уи>m and ya>„,
(0At)2 Ш

respectively.

4.2 Solution in the case of combined external and internal damping

Out of the tasks analysed, the one in 2.3 is the most general. There are several problems 
in analysis. One of this is that the damping matrix is not proportional to the mass or stiffness 
matrix, thus, it cannot be diagonalized. Neither the coefficient of internal damping can be 
considered constant. Of course, its typical value is not identical for the structure and the vehicle 
Determination of the number of eigenvectors necessary for analysing the structure's displacement 
with proper accuracy is sophisticated by the appearance of the dynamical factors of the vehicle 
in the system. However, all these problems can be controlled if the matrix differential equation is 
generated in the way described in 2.3. Let us rewrite the relationship (7) in the following form:

M ^ü + K qu = -C ç ù  + r i ( / ) - M 1( / )ü -C i( / )ù -K i( / )u  (24)

The matrices on the right-hand side are hyperdiagonals. Accordingly, also the 
2eigenvalue problem K c v = со M ^v splits in two parts. If we generate some smallest 

eigenvectors both for the structure and the vehicle (mu for the structure and mv for the vehicle).
Collect the eigenvectors in matrix V, also matrix V becomes a hyperdiagonal (its blocks 

will be quadratic only in that case when all the eigenvectors both for the structure and the 
vehicle were computed).

If we seek the solution again in the form of u = Vx, the task becomes again 
diagonizable. Nothing will hamper the consideration of the proportional internal damping - 
different for the bridge structure and the vehicle.
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VB 0

0 Vv

As the individual blocks of the stiffness and mass matrices will be only multiplied by 
the V matrix blocks belonging to them due to the structure of K ç  and M ç and V, the internal 
friction may be different for the blocks. The relationship for calculation of vector x is the 
following:

D +
(0Л/)

В t+6'At + а Ь ( В С + H /+ßir) + Pt+9At [Н-0Д/ -

-  f t+OAt +  (B /+6>Af + E ) х ' + б£7* '+2* '
,(<9A/ ) 2

(g  + H c + H (+ÖAí ) |-^ -x/ + 2x, + -^ -x ,j .

(25)

Here vector x has the size of mB + mv and E is a unit matrix. Matrices D and G are 
hyperdiagonal matrices, in their first element mB with the characteristics of the structure, then 
those of the vehicle:

(0Д/)
^ y  +  Í 7 r B ® r u . - . ® s  +

[ е м ) *>■

’I'B^ni >■••> У V^su

Effect of masses in the supports of the vehicle is contained in B(r) It is clear that only block ii

generated by the eigenvectors of the structure of the size m ß x m ß is not zero.

i j

Vb4 ( ' ) vb 0

0
0
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The damping system of the vehicle proportional to the velocity appears, on the one hand, in 
matrix H e containing constant elements, on the other hand, in matrix H(/) expressing effect

of dampers joined to vehicle supports. Only block jj of matrix H q differs from zero, and this 
block can be computed from the following relationship:

HCjj = Vvrc cv v .

The block jj of matrix H(/) is zero, but this can be computed from the

H(/) = \ TC i( t ) \

relationship. Matrix P(r) expressing the effect of the vehicle springs joined to vehicle supports 

is similar to matrix H(/) :

P(i)= V 7K ,(/)V .

Also vector f(/) can be partitioned in two parts. The i-th block is time-dependent, while j-th 
block will be zero:

The road vehicle demonstrated in 2.2 will be simpler than this general model highlighted. In that 
case, matrix B(/) will be zero.

5. Numerical experience

5 1 Data of the structure and vehicle tested

During numerical tests, computations were carried out on a reality-like structure. Data 
of the bridge spanning 30 m are shown in Fig. 4 The internal damping factor у was 0 .1 .

L=30 m

A=3.12m2 

I I I 1=2.13 m4 

P = 2.5 t /m 5 
E=20000000 kN/m2

Fig, 4. Data of the structure tested

On the bridge, a railway vehicle was moving. Its internal friction factor was chosen 0.05, 
its stiffness, mass and damping data are contained in Fig. 5. Vehicle velocities were taken 
between 0 and 50 m/s in the different cases.
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m3> 0 з

mi =2,5 t , rri2 = 1 0  t , m3=50 t, 0 2 = 8  tm2 , 0 з =  1500 tm2 

ki= 3000 kN/m, k2= 2100 kN/m, ci= 20 kNs/m , c2 = 150 kNs/m 

Fig. 5. Data of the railway vehicle

5 2 Eigenvectors of the structure needed for the modal analysis

The dynamical task was solved by modal analysis. For determination of the number of 
eigenvectors needed for properly correct solution, a numerical experiment was performed. 
Displacement of the central point of the structure was examined reckoning with increasing 
numbers of eigenvectors. Due to the nature of loading, role of components belonging to even 
number (antimetric) vibration forms in solution is not considerable, the size of overload changes 
essentially with the appearance of the new odd one. Table 1 shows the percentages of excess 
displacements generated by the dynamical effect at different velocities.

Table 1 Additional displacement due to dynamical effect

number of eigenvectors —» 
velocitiesim/sl 1

1 3 5 7

10 2 .1 1 .0 0 .8 0.9
2 0 2.3 1.3 1 .2 1 .2

35 5.5 4.6 4.4 4.4
50 2 0 .2 18.8 18.7 18.7

The data above reveal that for the structure consideration of already five eigenvectors 
provides the additional dynamical displacements with sufficient accuracy, nevertheless, we 
calculated with 7 structural eigenvectors. As the vehicle model had six degrees of freedom, in 
this case we had to solve a system of equations with 13 unknowns in the individual steps, what 
did not require considerable computation time. The time step applied when solving the task was

T
reckoned with by a value of Á t = | (y on the basis of the smallest vibration time belonging to

the eigenvectors considered in the solution and in accordance with literature's recommendation. 
In the case tested, the vibration time belonging to the highest number eigenvector considered in 
the test was smaller than the smallest vibration time of the vehicle, thus, it was the structure that 
determined the time step size.
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5.3 Influence of damping on additional dynamical displacements

During tests, it was analysed how the change of the vehicle's damping system influences 
the dynamical excess displacements. The first row o f Table 2 contains the additional 
displacements computed with the initial damping value in the percentage of the static 
displacement. The second row shows the case when the coefficient of the vehicle's damping 
system decreased to the tenth of the original value. In the next row, the coefficient o f the 
damping structure is given with tenfold value. Finally, the last row underlines the importance of 
considering the internal friction of the structure. Without it, essentially higher additional 
displacements would be found than in reality. Values o f the table relate to two velocities. It can 
be seen that the damping effect is much stronger with a higher vehicle velocity than at an 
average speed. Tests revealed that the internal friction o f the vehicle in cases tested did not 
influence the movements of the structure.

Table 2. Effect of the dampers of the moving vehicle and the structure's internal friction

velocity of the vehicle —» 
damping!

v=20 m/s v=50 m/s

Yb , Vv , c 1.2 18.7

Yb , Yv , 0.1c 0.6 16.2

Yb , Yv , 10c 1.3 19.2

Yb  = 0 , yv , c
24 ™  1

6. Summary

The paper discusses the test of bridges under moving vehicle applying the finite element 
method, and shows a procedure able to compute the influence of the external damping 
proportional to velocity and, at the same time, is fit for considering structural damping, too. The 
computation algorithm relates to a general case, however, the effect of moving mass regarded as 
a material point, effect of two-axle road vehicle and multi-axle railway vehicle is extra dealt 
with. Application of modal analysis essentially reduced the computation time. The numerical 
results cited proved the efficiency of the algorithm for joint test of moving vehicle and the 
structure as well as the importance of taking the influence of the internal friction of the bridge 
structure into consideration. As per the numerical results, the possible most correct analysis of 
the interaction of the vehicle's damping structure and the bridge structure is necessary mainly in 
the case of high-speed vehicles.
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IMPERFECTION SENSITIVITY OF THE CLASSICAL STABLE-SYMMETRIC 
BIFURCATION PROBLEM MODIFIED BY BILINEAR MATERIAL

KURUTZ, M *

(Received: 15 July 1996)

In this paper, the effect of different cases of imperfections applied to the modified classical stable 
symmetric bifurcation problem is analysed. The classical bifurcation example is modified by bilinear 
elastic material behaviour, by taking Hencky-type elastic-plastic behaviour into consideration. Beside the 
classical geometric imperfections, certain material and some loading imperfections will also be 
considered. Perturbations in the elastic and plastic material characteristics, moreover, in the loading 
device is considered. Namely, it may happen in the practice that the nature of loading process is not 
perfectly "dead" being perfectly independent of the occurring deflections. The deviation from the dead 
loading program can as loading imperfection be considered.

The present analysis is based on the papers (3.4.5) of the author where the nonsmooth stability 
analysis have been introduced for those dead loaded structures which have polygonal material, 
consequently nonsmooth internal potential. In [6.7] these results have been extended to the cases of 
configuration-dependent conservative loading, by introducing polygonal loading functions yielding 
nonsmooth external potential.

The aim of this paper is to obtain the geometric, material and loading imperfection-sensitivity 
functions of the classical stable-symmetrical bifurcation problem modified by bilinear elastic material.

1. Introduction

The three classical examples of bifurcation, the stable and unstable symmetric and the 
asymmetric bifurcation classified by Koiter in 1945 are detailed in Thompson & Hunt and 
Bazant & Cedolin in [1, p. 5-20] and in [2, p. 238-256], respectively. These type o f dead loaded 
simple structures seen in Fig. l.a., b. and c., respectively, are assumed to be composed by a 
perfectly rigid element of length / pinned to a rigid foundation and connected to the support by 
linear elastic springs in which the material behaviour is concentrated.

The model of stable-symmetric bifurcation in Fig l.a., named “hinged cantilever” is 
supported by a rotational spring, while the model of unstable-symmetric bifurcation in Fig. 1 b., 
the “propped cantilever” is supported by a horizontal extensional spring. Finally, the model of 
asymmetric bifurcation in Fig. l .c. is supported by a skew extensional spring. Fig. 1 shows the 
three classical curves of bifurcation, respectively, namely, the associated postbifurcation 
equilibrium paths X(q) of the structures, respectively, by applying one parameter dead load 
F=F(X)=XF0 where F0=1, and X is the load parameter.

In this paper we deal with the first classical problem only, seen in Fig. l .a.

* Kurutz. Márta. H-l 118 Budapest. Serleg u. 8. Hungary

0864-8085/95-96/$ 5.00 © 1995-96 Akadémiai Kiadó. Budapest
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The functional finitization needs to introduce the generalised coordinates, namely, 
displacement parameters In these simple cases, the single generalised coordinate is the angle of 
rotation &=q at the support hinge, thus, the function u=/(l-cos q) of the vertical displacement of 
the top o f  the cantilever is used as compatibility condition. To analyse imperfection-sensitivity, 
perturbation or imperfection parameters e are introduced. The system corresponding to e=0 is 
perfect. Thus, for the potential energy function, we obtain k-%(qfk,z) having displacement, 
load and imperfection parameters as variables.

Three type of imperfection will be analysed: geometric, material and loading type one. 
Here we assume that the system is geometrically perfect in the sense that the springs are 
unstrained when the link is vertical. Geometric imperfection eg means an initial rotation at the 
support hinge

Fig. 1 The three classical bifurcation models

In the classical cases [1,2] the springs are linear and have a spring constant c. The spring 
moment represents the stress variable, while the deformation of the spring represents the strain 
variable. The classical cases assume that the elastic system is perfect if the stress-strain relation 
is М=сЭ. In [3] the equilibrium paths of linear elastic perfectly plastic, moreover, for perfectly 
rigid-plastic structures are detailed by using nonsmooth analysis. Thus, in this paper, the linear 
elastic-plastic or rigid-plastic system is assumed to be perfect, and in Fig 2.a. and b. the cases of 
material imperfections can be seen. The material imperfection can occur in two form: 
imperfection ee in the elastic modulus c, and imperfection sp in the plastic yield limit Mp. The 
material imperfections are specified by the functions (Fig.2.a. and b.)

f ( c -  £„)l9 in elastic state
M { 9 )  =  \  * . , , (1)M p + Ep  in plastic state

where £eand ep can be positive and negative, as well. Taking the geometric imperfection &g into 
account, the stresses in the elastic state form (Fig.2.c.)

M (9) = c (9 -E g) ( 2)
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elastic
a.

plastic
b.

geometric
c

Fie. 2. Material and geometric imperfections

Consider now the loading imperfection, where F  is the given external force load acting 
vertically on the top of the cantilevers in Fig. 1 If the force load F  is independent of the 
occurring displacement //, it is a dead load, while if it is in interaction with the displacement u, it 
is a configuration-dependent load. Some loading devices, for example the hydraulic loading, 
show certain deformation-sensitive characteristics leading to changes in the classical 
postbifurcation behaviour of structures. Here we assume that the load is perfect in sense of 
dead load, and, it is imperfect if the load shows some deformation-sensitive characteristics.

Fundamental aspects and classification of loading types is detailed in [2, p. 207 and p 
224]. Dead type conservative loading device supposes the applied load to be independent of the 
occurring deflections. This kind of loading process can be characterised by a constant load- 
deflection function F(X)=XF0, where X is the load parameter and F0 is the initial value of the 
load (Fig.3.a). Variable or configuration-dependent conservative loading process assumes the 
applied load to be dependent on the occurring deflections, but independent of the properties of 
the structure. This kind of loading device can be specified by a variable load-deflection function 
F(X,u)=XFn+f{u). In this case, the load is divided into two parts: the controllable (dead) part X 
F0 governed by the load parameter X, and the deformation-sensitive part f[u) specified as a 
linear or nonlinear function. In this paper, we consider linear loading functions F(X,u)=XF0+fii 
only, by assuming the loading modulus f= et to be the imperfection o f the loading device, thus 
(Fig.3 b):

F(X,u)=XF'0+s pi (3)

In [6 ] it has been shown that the deformation-sensitive part of the loading characterised 
by given load-deflection functions shows similarity to the material behaviour characterised by 
given stress-strain functions. Consequently, the variable loading can be handled in a similar way 
to that of the material. Obviously, in the tangent stiffness of the structure, beside the langem 
modulus o f  the material, the tangent modulus o f the load appears

It has been proved by the author in [3,4,5] that by approximating the nonlinear material 
functions by polygonal, and by using nonsmooth analysis, the equilibrium paths can be obtained 
as the envelope of the individual equilibrium paths related to each segment of the material 
polygon. In [6,7] the results of nonlinear material have been extended to the case of nonlinear 
loading programs.
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imperfect
b.

Fig. 3. Perfect and imperfect loading devices

Let us consider now the different cases of imperfection-sensitivity, namely, the 
modifications of the classical stable-symmetric postbifurcation equilibrium paths and the 
associated imperfection-sensitivity functions.

2. Geometric imperfection-sensitivity

The linear elastic material behaviour of the hinged cantilever seen in Fig.4.a. can be 
characterised by the stress-strain relation M=c9 where c is the spring constant, M  is the moment 
in the spring and 3 -q  is the angle o f rotation of the cantilever.

In the case of fully perfect structure, the postbiflircation equilibrium path is given by the 
classical expression

q
sin <7

(4)

which latter represents the stable symmetric point of bifurcation at the critical equilibrium state 
at q=0. For the associated function K(q) of the tangent stiffness we obtain

K,{q) = c{  1 - - 2 - )  (5)
tan q

In the case of perfectly elastic-plastic structure, the modified postbifurcation equilibrium paths 
form a set consisting of the following nonsmooth function [3]

4q) =
К

l sin <7
, c ( q - q 0)

/sin <7
M pl

for plastic loading if dq)0  

for elastic loading-unloading

/ sin q

(6 )

for plastic loading if dq( 0



seen in Fig 4 b. by applying c= l, Mpl=\, Mp2=-2, /= 1 and F0= 1. Here qQ represents the actual 
residual plastic rotation associated with the unloading/reloading material paths. In Fig.4,b the 
interval -1 .0 is illustrated only, by the steps Лс/о=0 1. Since infinite number of unloading
reloading paths can occur in -K<qa<K, the equilibrium paths form a set, bounded by the four 
curves associated with the plastic limits Mpl and Mp2.

The functions seen in Fig. 4.a. and b. represent the modified stable symmetric bifurcation 
problem, due to perfectly elastic-plastic material, detailed in [3]. However, in this analysis, the 
unloading is excluded, thus, a Hencky-type bilinearly elastic material is considered where the 
stress-strain diagram is similar to that of the elastic-plastic material, but here the unloading uses 
the paths of the loading, thus, no plastic strain occurs, as seen in Fig 5 a.
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b.

Fig. 4. Equilibrium paths of the perfect elastic-plastic stable symmetric bifurcation problem
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By considering a geometric imperfection eg , the equilibrium paths are modified to

Л(Ч'£х ) = 1Г

M ft
/sin q

c{q-£g)
/sing
M pl
/sin q

for plastic states if dq) 0  

for elastic states 

for plastic states if dq{0

( 7)

seen in Fig 5 b for different values of -1 < £ < +1 , by the steps 0.1 and by applying c = l, 
MpI= \, I 1 and Fa = 1. By comparing the geometric imperfection seen in Fig.2.c. and
the elastic-plastic unloading seen in Fig.4.a., moreover, the expressions (6 ) and (7), the 
conclusion can be drawn that the two cases seem to be similar. Thus, the equilibrium paths of a 
geometrically imperfect Hencky-type structure can be obtained in the same way that o f the 
elastic-plastic unloading/reloading paths.

In Fig. 5 b. the function of the classical elastic critical states are indicated by dotted lines, 
while the elastic-plastic critical states, namely, the intersection of the geometric imperfection 
paths and the plastic loading paths are indicated by heavy lines. Thus, the imperfection- 
sensitivity function consists of the classical and the plastic parts. By applying Taylor expansion 
for determining the critical states in term of the geometric imperfection, from the condition of 
the vanishing tangent stiffness, we obtain qcr = %J— 3eg , thus the function o f the geometric 

imperfection-sensitivity reads

*(**> Po

M p\
lsin(eg + M p]/ c ) 

c ( f ^ - e g) 

lsm(\l~3Eg )

ls\n(eg + M p2 / c)

for plastic states 

for elastic states 

for plastic states

( 8)

seen in Fig.5.c distinguished by heavy line. These functions are certain segments of (8 ), limited 
by the values

=
n
~2 c c (9)

and by &gJ and eg4 which represent the tangent points of the classical elastic and the plastic 
geometric imperfection-sensitivity functions. It can be concluded that the elastic and plastic 
imperfection-sensitivity functions are tangential to each other.

This fact can be observed in a more attractive way by applying different plastic moment 
values. Thus, consider now the material imperfections.
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a b

Fie. 5. Geometric imperfection-sensitivity
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a b
P L A S T IC  IM PERFECTION S E N S IT IU IT Y

Fig. 6. Plastic material imperfection-sensitivity
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3. Material imperfection-sensitivity

Consider first the case of plastic material imperfections with perfect geometry, for an 
elastic-plastic system seen in Fig.6  a. In this case, the equilibrium paths (7) are modified to

4<l,£p) Fn

Mpi+ep 
I sine/

eg
/ sin q 

M p2+ £p 
/ sin<y

for plastic states if dq )0  

for elastic states 

for plastic states if dq(0

( 10)

seen in Fig.6 ,b for -3 < tp < +3 , by the steps 0.5, and by applying c- 1, Mp, = 1, Mp2 ~~2, I \ 
and F0- l ,  as previously. The plastic imperfection-sensitivity function then reads

M p]+ep
I sin((Mp, + £p )l c)

Mp2 + £p
lsin((Mp2+£p)/c)

for -M pl <£P 

c n
for -— -M p2 < ip < - M p 2

( 1 1 )

seen in Fig.6 .c. where the fact can be seen that the imperfection-sensitivity functions are limited 
again, due to the possible critical states in the interval -n/2 < q < n/2 seen in Fig 6 .b.

Let us consider now the plastic material imperfection with a simultaneous geometric 
imperfection seen in Fig.7. By increasing the yield limits, the possible imperfection-sensitive 
domain - between the line A of classical limit points of geometric imperfection and the line В of 
limit points of plastic imperfection - changes, as seen in Fig.7.a.. Consequently, the actual 
segment of the imperfection-sensitivity function changes, too. This can be seen in Fig.7.b where 
imperfection-sensitivity functions belonging to different plastic moment values are illustrated. 
All the plastic curves are tangent to the classical elastic imperfection-sensitivity curve, or better, 
the elastic curve is the envelope of the plastic curves. Thus, the domain of valid imperfection 
sensitivity functions forms a set. The correspondence between the domain of possible critical 
states and that of the associated imperfection-sensitivity set, bordered both by lines A and В can 
clearly be seen in Fig.7.a and b.

Consider now the imperfection o f the elastic modulus of an elastic-plastic structure 
seen in Fig.8 .a. In this case the equilibrium path forms

Mq,£e)

M pl
/sin q

1 (c + £e)q
Fo / sin <7

M P2
1 sin q

for plastic states if dq) 0  

for elastic states 

for plastic states if dq( 0

( 12)



72 KURUTZ, M.

EQUILIBRIUM PftTHS

b.

Fig,7. Geometric and plastic imperfection-sensitivity
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Fig. 8. Elastic material imperfection-sensitivity
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seen in Fig.8 .b. for -1 < ee < +3 , by the steps 0.25 and by applying c l ,  M pl 1, M p } = - 2 ,  l - 1 
and F 0— 1, as previously. The associated elastic imperfection-sensitivity functions then reads

M £,)  = y
* n

M pi
l ú n ( M pXl(c  + ee))

for

MP2
ls\n(M 2I(c+ ee))

2 M p 1 -c < e„ < +00

for --

71

2  M n2
(13)

—C  <  £  <  +0O
л

seen in Fig 8  c Note that in this case the imperfection-sensitivity functions have a lower limit, 
due to the possible critical states in the interval -u/2 < q < л/2 again, seen in Fig 8 .b.

Consider now a Hencky-type perfectly rigid-plastic structure specified by the yield 
moments Mpi and Mp:, by assuming some hardening or softening imperfections seen in Fig.9 a. 
The hardening (softening) phenomenon is indicated by the positive (negative) sign of the 
hardening imperfection eh The functions of equilibrium paths are as follows

for hardening / softening states if dq) 0

for q = 0 , dq = 0  (14)

for hardening/ softening states if dq(0

МЧ,£,,) =

£h(q+ ~ )
_______£h

/sin

(-о с , +oo)

£■/,(<? +
M pi,
£h

/ sin q

seen in Fig.9.b. where the perfect structure is represented by the two curves belonging to 
M pl = 1 , and Mpy  -2 , and the illustrated imperfections are -1  < eh < + 1  , by the steps 0 .2  and by 
applying the previously used constants. The limit points in Fig 9.b. determine the functions o f 
hardening imperfection-sensitivity

£ ) , ( \
Ш Р\ M p\,
— -— + — ) 

£h sh

Л ( ъ )  =

3 M
/ sin (3/-— - )  

£h
Fn

£h(
, M pi

£h
+ — ) 

£h

I sin (З,3- ^ )  
£h

for
Mpi < eh < -к»

for
M P2 < £), < +00

(15)

seen in Fig.9.c. These functions are limited by the value of imperfections where the limit points 
vanish. Fig. 10.a. illustrates the case of the hardening/softening imperfections if having an elastic- 
plastic material. In this case the equilibrium paths are modified to
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for hardening/ softening states if dq) 0
/sin q

for hardening/ softening states if dq{0

for elastic state (16)

/ sin <7

seen in Fig. 10.b. for the case of Mpl = 1, Mp2=-2 with the softening/hardening imperfections as 
-1  < ah < +1 , by the steps 0 .2  and by applying other constants as used previously.

The function of the limit points associated with the imperfections seen in Fig. 10 b. limits 
the domain of the possible critical points occurring as intersection points of the elastic and 
plastic behaviour. Thus, we can see again that the imperfection-sensitivity functions are limited 
in the tangent points ahI and ah: with the hardening/softening imperfection-sensitivity functions 
(15) of the rigid-plastic case, seen in Fig. 10 c. The hardening softening imperfection-sensitivity 
functions are as follows

In Fig. 10.c. the hardening imperfection-sensitivity functions are illustrated. Obviously, the 
system is sensible for the softening material behaviour, namely, for the damaging material 
behaviour with decreasing stress-strain diagram. That is why the imperfection-sensitivity 
functions are located mainly in the negative region of the imperfections.

It happens in the practice that the loading device is not perfectly dead, namely it shows 
certain deformation-sensitive feature which may cause considerable change in the equilibrium 
paths of the structural system. In this paper, we take the variable characteristics as loading 
imperfection into consideration.

In the case of load imperfection seen in Fig. 11 a., the material is assumed to be perfectly 
elastic Thus, the equilibrium paths are smooth functions being written in the form [6,7]

fo r  -oo < £), < eh]
lVin\

( C - £ , , ) /  Sin(---— )
C -  Et,

(17)

fo r  -oo < Eh < £ , , 2

4. Loading imperfection-sensitivity

(18)
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Fig. 9. Hardening/softening material imperfection-sensitivity of rigid-plastic structure

3 . 1 4
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E Q U I L I B R I U M  PATHS

b.
a.

Fie. 10.a-c. Hardcning/softening material imperfection-sensitivity of elastic-plastic structure



78 KURUTZ, M.

Fie. lO.d. Hardening/softening material imperfection-sensitivity of elastic-plastic structure

with the same symmetric but not always stable point of bifurcation at the same critical point 
q=0, seen in Fig. 1 l.b. for different values of imperfection-1 <  e,<3 as load modulus, since e , =  

f .  From the graphs of the functions, the destabilising effect of the positive load modulus can be 
seen. Namely, from the vanishing associated tangent stiffness

KAq)  = c ( \ - ~ 3— ) -  a / 2 sin2 <7 = 0 (19)
tanq

the fact can be observed that at a certain positive value £,=c/3P of the load imperfection (load 
tangent modulus), the classical stable bifurcation becomes unstable. This fact is illustrated in 
Fig. 1 l.b. where the important fact can evidently be observed that by increasing the load 
imperfection (load modulus) step by step by As, =0.2, the classical stable characteristic of the 
symmetric bifurcation tends to be lost, and the bifurcation becomes unstable by the value e, 
=c/3P o f  the loading modulus. Thus, the value et =c/3P, by which the bifurcation mode 
changes, can as critical load modulus be considered. By connecting the critical (limit) points at 
cftO, belonging to the different values of load moduli, the obtained function represents the 
loading imperfection-sensitivity function  seen in Fig. 11 c.
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—  -Í, / (1 -C 0S (4  12------r) )
i£ _ 4 V e//_

7

( 20)

As a conclusion, we can state that the positive loading imperfection has a destabilising 
effect, while on the contrary, the negative loading perturbation has a stabilising effect. While 
the stable characteristic of the bifurcation mode changes due to the loading imperfection. 
Fig. 11 b demonstrates that the symmetric characteristic of the bifurcation type does not change 
in any perturbation of the loading process. The effect o f loading variability is analysed in details 
in other papers of the author [6,7].

However, the symmetric characteristic of the bifurcation mode rapidly changes in the 
presence of any small geometric perturbation. Let us compare Fig. 11 b. with Fig. 12.a where a 
geometric imperfection is assumed. The illustrated equilibrium paths are as follows

where eg=0.2. There is no critical state at (f=0 any more, and the single imperfection-sensitivity 
function in Fig. 11c. is separated to different branches

seen in Fig. 12.b. Thus, we can say that a structure with loading imperfection is very sensitive for 
any geometric perturbation.

Geometric, material and loading type imperfection-sensitivities are in the focus of the 
paper. The classical stable symmetric bifurcation problem modified by bilinear, Hencky-type 
elastic-plastic material is considered Global equilibrium paths and the associated imperfection- 
sensitivity functions are analysed. The presented method is based on the concept o f nonsmooth 
tangent modulus developed by the author for nonlinear materials and loading devices.

In contrast to the classical geometric imperfection-sensitivity function of the elastic 
structure, the elastic-plastic structure has an imperfection-sensitivity set bordered by the 
imperfection-sensitivity functions of the individual perfectly elastic and perfectly plastic 
structure.

( 21)

( 22)

5. Conclusion
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a. b.

с.

Fig. 11. Loading imperfection-sensitivity
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b.

Fig. 12. Loading imperfection-sensitivity with geometric imperfection
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Moreover, for imperfections in pair, the domain of possible critical states can be 
determined which leads to an imperfection-sensitivity set again.

As an important conclusion, evidently, a material softening or a loading hardening have 
a destabilising effect. On the contrary, material hardening or loading softening has a stabilising 
effect This question is analysed in a generally way in [6 ] based on the modification of the 
structural tangent stiffness matrix.
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MECHANICAL MODELS OF THE HUMAN SKULL-BRAIN SYSTEM

LOVAS, A *

(Received 25 September 1995)

The paper describes the development of a three-dimensional mechanical model of the human 
head presenting the modeling technique of a living structure from mechanical point of view. Finite 
Element Method (FEM) is probably the most powerful method for determining the stress patterns 
within the skull bone Boundary Element Method (BEM) is a newer technique that can simulate the 
behavior of the brain. This paper suggests that probably one of the best way to reduce the number of 
degree of freedom of the complex skull-brain structure required to solve the problem is to use mixed 
finite element - boundary element solution.

The presented numerical study illustrates the 3D static-dynamic FEM solution of the empty 
skull and 2D static BEM solution of the linked skull and brain system, in this moment separately. A 
parametric study was subsequently conducted to identify the model response where material properties 
of the cranical bone, and stiffness coefficients of the springs, as well as the impact site and the 
distribution of load were varied.

1. Introduction

Biomechanics is the study of the motion and effect forces on mechanical and functional 
behaviors of biological bodies in order to help the medical physicians diagnose diseases and 
make remedial decisions. In practical point of view we have to use approximate numerical 
solutions to get the response of complex biological systems due to static-dynamic loads. Finite 
Element Method and Boundary Element Method are good tools to take into account the 
complicated geometric shape and material properties of the living systems.

The human head is an extremely complex living biological system, that has attracted 
enormous attention because of its susceptibility to injury. Head injury constitutes approximately 
50% of all injuries sustained in automobile collisions, in pilot ejections, in sport accidents and 
other human activities. When the load is a direct impact, energy is transferred to the brain from 
the skull, a pressure gradient is formed in the brain with positive pressure at the impact site and 
negative pressure at the contre-coup site. The brain tissues can be lacerated by the compressive 
or tensile stresses resulting cerebral contusions or intracranial haematoma [3].

Experimental head injury models include those using subhuman primates, human 
cadavers, manikins and other physical models.

Following the early mathematical models, simple 2D plane strain and layered 
axisymmetric models (spherical and oval), simulating skull and brain were developed. Ward and 
Thompson's model [9] was one of the first finite element models that approximated the three 
dimensional anatomy of the brain, however, the skull was assumed to be rigid. Shugar's model 
[8 ] closely simulated the human head geometry, but the model was bilaterally symmetric. Hosey

* Lovas, Antal, H-1029 Budapest, Bercsényi u. 5, Hungary
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and Liu's model [4] was a very comprehensive one because it included many elements of the 
skull-brain-cervical-spine complex including dura folds and cord. Since it has only 922 nodes, it 
was not feasible to perform a detailed parametric study at that time. The model was run for only 
6 ms, on the other hand the impact duration was 4ms. Ruan, Khalil and King's finite element 
model [7] represented the skull, the facial bones and the brain as well, but the spinal cord and 
neck were not represented.

All models were linear, using mainly elastic homogeneous and isotropic materials. 
Mechanical properties of cranial-bone have been identified with a reasonable degree of 
confidence, but by contrast, properties of the living brain are not well known [5]. Usually, the 
brain was assumed to be nearly incompressible with a bulk modulus. Large discrepancies in 
skull strains and brain pressures o f the different models were not surprising because of the many 
approximations and assumptions made.

The modeling procedure and selection of material constants our model are described in 
following.

2. Mechanical models of the skull-brain system

Application of closed-form theories is limited to structures of relatively simple 
geometrical and material properties. FEM is probably the most powerful method for 
determining the stress patterns within the skull. A FEM model describes the four relevant 
aspects o f the a structure (loading conditions, geometry, material properties, boundary/interface 
conditions) in discrete, numerical form [10]. From an engineering mechanics point o f view, the 
human skull is a nearly closed shell structure. Therefore, during the finite element discretisation 
process, it is mathematically divided into a set of layered (represent the outer table, diploe and 
inner table) or simply nonlayered thin shell elements.

We obtain a final system of equations of the skull model that can be expressed in matrix
form:

Ksus = ts (1)

where s superscript marks the skull system, Ks is the stiffness matrix, us, ts are the nodal 
displacements, the total given consistent nodal forces vectors, respectively.

FEM needs the discretization of the whole brain into a series of block-like elements. 
Using twenty-node or minimum eight-node hexahedron elements, the finite element model of 
the brain has some thousands new points in addition of the skull nodes.

The basic idea underlying the BEM is that the governing differential equation o f the 
domain o f interest is transformed into an integral equation on the boundary of the domain [1]. 
Reduction of the dimension of the problem is one of the main features of the BEM. This 
reduction means that only the boundary and not the whole domain needs to be discretized. The 
boundary element models are simple to create even in 3D cases, as the mesh is defined only on 
the external surfaces.

Modeling the skull by FEM means that the geometry data of the connected surface are 
ready, because neglecting the half thickness of the cranial bone, the finite element nodes o f the 
thin shell problem are covering the closed brain. In this case there are advantages in combining 
finite and boundary element solution.

Let us treate the boundary element region as one finite element. Consider the two 
regions o f the head where the brain region expressed in terms of boundary solutions (where 
b superscript marks the brain system), and the skull region Rs discretized into finite elements.
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Let us suppose that S j and S2  are the external boundaries of Rb and Rs, respectively. The two 
regions are joined together at the interface S;, where i subscript marks the interface boundary. 

The boundary element matrices for Rb can be written as

Hbub = Gbpb + bb , (2)

where Hb and Gb are the so-called influence matrices, ub and pb are the displacements and 
surface tractions vector, respectively and bb is the term due to the body forces of the brain.

There are known functions, called fundamental solutions, which describe the 
displacement and traction fields (u* and t*). The integrals of the fundamental solutions u* and 
t*, multiplied by the interpolation functions give the series of coefficients gby and hbjj, 
respectively, which will be the elements of Gb and Hb square matrices. The element in the main 
diagonal of Hb have been increasing by a constant, which is 0.5 on a smooth boundary.

Notice that the values of the tractions pb in Eq. (2) are their actual values at the nodes. 
In finite elements these values are weighted and concentrated at the nodes. These values are 
represented by the vector ts of Eq. (1).

Hence we can always find a distribution matrix Nb such that tb generally can be written

tb = Nbpb (3 )

In order to combine (1) and (2) one can deduce a matrix that can be easily implemented 
in the finite element codes. We start by transforming Eq. (2) by inverting Gb, i.e.

Gb'  1 Hbub = pb + Gb " 1 bb. (4)

Next one can convert the values of tractions at the nodes into an equivalent nodal force 
vector of the type used in finite elements. So premultiply both sides by the distribution matrix 
Nb equation (4) can now be written as

NbGb " 1 Hbub = Nbpb + NbGb " 1 bb , (5)

where the right-hand side vectors have the same forms as in finite elements.
One can now define

K ^ N b G ^ H b ,  (6 )
tbb = NbGb' 1bb . (7)

Hence Eq. (5) has the following finite element form

K'ub = tb + tbb = tb 1 + tbj + tbb, (8 )

where tb j, tbj, tbb are the possible external forces, interface forces and nodal body forces 
vectors of the brain, respectively and K' is a stiffness matrix obtained from the boundary 
element formulation.

The main disadvantage is the fact that K ' is generally asymmetric due to the 
approximations involved in the discretization process and the choice of the assumed solution.
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This matrix can be made symmetric by calculating the average of the non symmetric off- 
diagonal terms, as the asymmetry is usually small especially in this case where there are not 
corner nodes and extra conditions on the interface as well.

This gives the final matrix o f the brain whose coefficients defined by

Kb = 0.5 * (K1 + K'T) , (9)

where K'T is the transpose matrix of K' and Eq. (8) can be expressed as

Kbub = tb i + t bj + tbb . (10)

Equation (1) can now be rewritten to the analogue form as

K sus = t s2  + tsj + , ( И )

where t s2 , t sj, tsb are the external forces, interface forces and nodal body forces vectors of the 
skull, respectively.

In order to join the two regions compatibility and equlibrium on Sj need to be satisfied, 
i.e.

where

ub[ = usj on S ;, (12)
tbj + tsj = 0 onSj. (13)

One can finally write the global equilibrium equation in matrix form

Ku = t (14)

К  = K s + Kb , (15)
u = us = ub , (16)
t = te + tSu + tbb , (17)

t e = ts2 + tb! , (18)

where t e is the vector of the external nodal forces loaded the head, tb j is usually a zero vector.
Notices that the total number of degree of freedom of the skull-brain system remains the 

degree o f freedom of the skull, although this method requires the inversion of the nonbanded 
Gb matrix and К is nonbanded too. The accuracy of the boundary element solution using 
quadratic elements is excellent even for the coarse discretisation. Using coarse mesh for the 
brain, i.e. neglecting the odd nodes o f the skull model one can reduce the dimension of Gb .

In the case of the head injury the role of the impact load is more important than the 
statical one, so the main goal is to expand the above method.

Similar matrices obtained for dynamic problem. The dynamic matrix equation of the
skull

Msiis + Ksus = ts (19)

where M s is the mass matrix of the skull, iis is the acceleration vector. 
In the case of the brain using boundary element approximation

Bbiib + Hbub = Gbpb ,
Bb = pb [ Gbqb - Hbvb ] Fb-> ,

(20)
(21)
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where pb is the density of the brain, iib is the acceleration vector, vb and qb are hipermatrices 
contain the values of the displacements and tractions due to the body forces field, the element of 
pb matrix are the values of the body forces functions at the boundary nodes giving the 
relationships between the accelerations and the body surface functions [2].

Eq. (20) has the same aspect as the finite element equilibrium equation.
Taking into account Eq. (3) - Eq. (9), can also be written similar as K'

M' = NbGb-lB b,
Mb = 0.5 * (M1 + M'T) ,

and Eq. (10) can be expressed as

Mbiib + Kbub = tb i + tbj . (24)

Taking into account Eq. (11) - Eq. (18), the global dynamic matrix equation combining 
Eq. (19) and Eq. (24) in matrix form

(22)
(23)

Mii + Ku = te , (25)
where

M = Ms + Mb , (26)
ü = iis = ii^. (27)

Finally, if Rayleigh damping is include Eq. (27) will become

Mii + (aK  + ßM)u + Ku = te , (28)

where a  and ß are the Rayleigh damping coefficients.

3. Numerical results

A case study is now presented to illustrate the FEM and BEM solution separately. 

Example No. 1

In the FEM solution the eight-node thin shell nonlayered elements represent the skull 
neglecting the facial bones. Data for the coordinates and the thicknesses of the anatomical 
points were based on 21 CT pictures created in the OTKA project. The empty skull finite 
element model consists 264 elements and 722 nodes with 229 given thickness data (Fig. 1).

The cranial bone was assumed to be linear elastic, homogeneous and isotrop. The 
elastic moduli was chosen E=4460MPa, Poisson ratio v=0.21 [5].

The head-neck junction was presented by 3 translational and 3 rotational spring 
elements. The stiffness data for the springs were more difficult to obtain [6]. The chosen 
translational coefficients are ptx=750N/cm, pty=750N/cm and ptz=5000N/cm, the chosen 
rotational coefficients are prx=40000Nrad/cm, Pry=35000Nrad/cm and prz=60000Nrad/cm.

The mass of the skull was calculated using the geometry and the bone density 
(1,41g/mm3). The mass of the brain was added to the nodal skull masses.
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A parametric study was conducted the material properties of the cranical bone, and the 
stiffness coefficients of the springs to identify the model response where the impact site (frontal, 
side, occipital), the distribution of load (concentrated, distributed on 4 elements, distributed on 
8 elements) were varied

Fig. 1. Skull finite element model

The Young's modulus of the skull bone was varied 1/10 and 10 times of its assumed 
values (briefly 0.1E, E, 10E). The spring coefficients were varied 10 times and 100 times of 
there assumed values (briefly г, Юг, lOOr). The load-displacement responses were determined. 
The load was applied on the frontal bone in the mid saggital plane. Fig. 2 shows the 
effectiveness of these parameters in the resultant displacement [cm] of the node 122 where the 
load was distributed on 4 elements. We note that the latter is more important because the 
restraining effect of the neck can vary in a wide range. By keeping the Young's modulus and 
raising r by a factor of 10 the above displacement will be more than five times smaller.

Spring coefficients: r, 10r, 100r

Fig. 2. Resultant displacement of the node 122



MECHANICAL MODELS OF THE HUMAN SKULL-BRAIN SYSTEM 89

Fig 3a and 3b show the displacement fields at the environment of the node 122 (7 and 5 
nodes in the directions X and Z, respectively) reduced by the rigid body movements when the 
load was concentrated and distributed on 4 elements. When the load was concentrated the peak 
value of the displacement is 30% bigger than the case of the distibuted load.
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In this study the resonant frequencies from the 1st to the 15th mode were extracted. 
There were calculated 9 different supposed structures by varying the Young's modulus (0.1E, E 
and 10E) and the spring coefficients (г, Юг, lOOr). Fig. 4 shows the influence of the material 
properties and spring coefficients on the frequencies where SI: OIE, r; S2: ОЛЕ, Юг; S3: 0.1E, 
lOOr; S4: E, r; S5: E, Юг; S6 : E, lOOr; S7: 10E, r; S8 : 10E, Юг; S9: 10E, lOOr. The 
frequencies from 1 to 6  belong on the rigid body movements, therefore there is a significant gap 
between the 6 th and 7th frequencies. The higher frequencies were not responsive to the spring 
coefficients. They were varied considerable as Young's modulus varied, but the Young's 
modulus o f the cranial bone is quite well defined.
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Fig. 4. Frequencies of the FEM model

100

50

0

о 9 108 a
Frequencies

□  Seriesl 

6 Series2

■  Series3 

G  Series4

□  Series5 

D  Series6 

Ш  Series7

■  Series8 

Ш  Series9

Example No. 2

In the first BEM solution 2D plane strain skull model was used on the basis of the 
material and spring's data of the FEM solution. The BEM model consists 97 nodes and 106 
quadratic boundary elements. Fig. 5 shows the BEM model with the supporting and loading 
systems.

Fig. 6  shows the Mises stress contours at the environment of the applied distributed
load.

Example No. 3

The 2D plane strain BEM model of the brain consists 50 nodes and 49 quadratic 
elements. The elastic moduli was chosen E=0.0667 MPa. The brain is slightly compressible 
with a Poisson's ratio ranging from v=0.48 to v=0.499 [4], [9]. The kinematic load was 
calculated from the previous solution of the 2D skull model (Fig. 7).

Fig. 8 shows the Mises stress contours in the brain.
The contours of the minimum principal stresses are shown Fig. 9a and Fig. 9b where the 

Poisson's ratios were 0.49 and 0.48, respectively. The figures show that a quite small difference 
o f the Poisson's ratio affected the brain pressure ranges and the peak value of the stresses more 
significantly.



“ Fig. 5. Skull 2D boundary element model



Fig, 6, Mises stress contours
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Fig. 7. Brain 2D boundary element model with the initial deformation of the brain
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Fie. 8. Mises stress contours in the brain
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Load set 1

Fig, 9a. Minimum principal stresses due to v=0.48
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Fig. 10 shows SI: maximum principal stresses, S2: minimum principal stresses, S3: 
Mises effective stresses variation in the internal points along the axis of the load approaching to 
the place of the load.

Mises

Maximum

Minimum

4. Conclusion

Finally, we note that the results reported here are preliminary and restricted by the 
assumptions of empty skull using non layered thin shell elements in the case of the FEM 
solutions and 2D plane strain model was used in the BEM solutions, but we are planning to 
remove each of these restrictions in the future.

Results of the first example pointed that the spring coefficients are the critical 
parameters of the input data, especially in the case of dynamical problems. The 2nd and the 
linked 3rd examples justified the efficiency of the BEM in the biomechanical problems. Due to 
the 2D plane strain solution the results are limited, but we can expand the analysis by removing 
this restriction, in particular in the case of the brain model.

ACKNOWLEDGEMENTS

This research was supported (in part) by the Hungarian Scientific Research Fund 
(OTKA 1/3-201). The author thanks the colleagues of the research group for the CT pictures to 
create the geometrical data and foe using the developed computer program. This research was 
also supported (in part) by the Royal Society research grant (UK). The author thanks the 
colleagues of the Wessex Institute of Technology and BEASY group for using the BEASY 
computer program.

Internal points from left to right

Fie. 10. Brain stresses along the horizontal axis



98 LOVAS, A.

REFERENCES

1. Brebbia, C. A.-Telles, J. C. F.-Wrobel, L. C.: Boundary Element Techniques, Theory and Application in 
Engineering. Springer-Verlag. Berlin, New York 1984

2. Dominguez, J.: Boundary Elements in Dynamics. Computational Mechanics Publications, Southampton, 
Boston 1993

3. Goldsmith, W.: Biomechanics of Head Injury, Biomechanics - Its Foundation and Objectives (ed. by Fung, 
Y. C.-Perrone, N.-Anliker, M ). Prentice-Hall Inc., Englewood Cliffs. New York (1972) 585-634

4. Hosey, R. R.-Liu, Y. K.: A Homeomorphic Finite Element Model of the Human Head and Neck, Finite 
Elements in Biomechanics (ed. by Gallagher, R. H.-Simon, B. R.-Johnson, P. С.-Gross, J. F ). John Wiley, 
(1982) 379-400

5. McElhaney, J. H.-Melvin, J. W.-Roberts, V. L.-Portnoy, H.: Dynamic Characteristics of the Tissue of the 
Head. Perspectives in Biomedical Engineering (ed. by Kenedi, R. M.), MacMillan Press. London (1973) 
215-222

6. Merril, Т.-Goldsmith, W.-Deng, Y. C.: Three-Dimensional Response of Lumped Parameter Head-Neck 
Model Due to Impact and Impulsive Loading, Journal of Biomechanics, 17 (2), (1984) 81-95

7. Ruan, J. S.-Khalil, Т.-King, A. I. (1994): Dynamic Response of the Human Head to Impact by Three- 
Dimensional Finite Element Analysis. Journal of Biomechanical Engineering, 116, (1994) 44-50

8. Shugar, T. A.-Katona, M. G.: Development of Finite Element of Head Injury Model. Journal ASCE, 101, 
(1975) 223-239

9. Ward, C. C.-Thompson, R. B.: The Development of a Detailed Finite Element Brain Model. In 19th Stapp 
Car Crash Conference Proceedings, 17-19 November 1975, San Diego, Calif., Warrendale, Pa.: Soc. Auto. 
Eng., (1975) 641-674

10. Zienkiewicz, O. C.: The Finite Element Method. 3rd ed., McGraw-Hill. New York 1977



ActaTechnica Acad. Sei. Hung., 107 (1-2), pp. 99-108, (1995-96)

ELASTIC-PLASTIC ANALYSIS OF FRAMES IN CASE GEOMETRICAL
NONLINEARITY

NÉDLI, P. *

(Received: 29 August 1996)

The one parameter load history analysis of elastic-plastic frames is studied taking into account 
geometrical nonlinearity. It is shown that using a discrete structural model, this analysis can be 
formulated as a series of nonlinear programming problems where each problem corresponds to the 
determination of the next active yield location(s). By using as objective function the work of the base 
load on the displacements, not only the limit point of the load displacement diagram can be 
determined but also the postcritical path can be followed. The solution of each nonlinear 
programming problem is used as the initial feasible solution of the next one. The problems were 
solved by the MINOS computer code.

1. Introduction

Rigid plastic limit analysis usually gives an optimistic estimate of the loadbearing 
capacity of a frame. Especially in case of sway frames, the displacements which develop 
during the load history influence unfavorably the loadbearing capacity of the structure. It is 
also frequent that the limit point of the equilibrium path is reached before a yield mechanism 
is formed. Therefore it is necessary to take into account the influence of geometrical 
nonlinearity to obtain a more realistic estimate of the loadbearing capacity of the structure.

In the sequel, the one parameter load history o f elastic plastic frames will be studied. 
A discrete structural model is used for the analysis. The state of the structure is described by 
the following finite dimensional vectors: q (nodal loads), t (generalized initial strains), v 
(nodal displacements), s (generalized stresses), <p (plastic potentials) and X (plastic 
multipliers). Plastic flow is restricted to critical sections which are taken at extremities of the 
members. For yield condition the classical plastic hinge approach is used (Fig. 1).

q>+

.q>~

0 0

0 0

N

T

M

EÍ&...1

For a general K-th critical section, the yield condition can be written in the following 
condensed form: q>K = NKsK-kK < 0, where NK denotes the matrix in Figure 1; sK is the vector 
of internal forces N,T,M; kK is the vector of plastic limit moments and index К refers to the 
section. Similarly, the yield condition can be written for a member and also for the whole 
structure in an analogous form: <p = Ns-k s 0, where matrix N has a bloc diagonal structure. 
The form of the flow rules associated with the given yield condition considering the whole 
structure is the following:
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I =  {i I ф; = 0},p = N^X,, X, >0, ф^Х, =0, ф] <0. Here I designates the set of the
indices o f  those elements of vector <p which value is 0 (these are the active yield locations). 
“I” used as index refers to the appropriate subvector or submatrix. Vector p stands for the 
generalized plastic strain rates.

In first order theory i.e. in a geometrically linear elastic-plastic problem, the one 
parameter load history analysis can be formulated as a parametric linear complementarity 
problem.

2. First order elastic-plastic analysis

Several important algorithmic elements of the geometrically linear elastic-plastic 
analysis can be used in the geometrically nonlinear case as well, so it seems useful to make a 
brief review of first order governing relations.

Due to the nature of the elastic-plastic constitutive law at a given state o f the load 
history, the governing relations are formulated for the rate (or increments) o f the variables 
( 2 . 1):

— 0, ф| 5- 0, A.j > 0, ф| Xj — 0 (2. 1)

The first equation is the equilibrium equation, the second one is the compatibility equation 
and the third one concerns the change of the plastic potential. G is the equilibrium matrix, F 
is the flexibility matrix of the structure and E, is an appropriate unit matrix. From the 
mathematical point of view (2.1) is a linear complementarity problem which can be solved 
by an algorithm based on the simplex method. Due to the discrete structural model and the 
linearized yield condition, as far as no new yielding happens and the load rate (q ,t)  is 
constant which is the case in one parameter loading, relation (2.1) is unchanged and the 
solution is constant as well. This fact makes possible another equivalent formulation in which 
instead o f the rate of the variables, the values of the variables belonging to the next yield 
location are used. This formulation has advantages and disadvantages as well. Its main 
advantage is that it can be extended more easily to the geometrically nonlinear case than the 
rate formulation as the rates are not constant if geometrical nonlinearity is involved. Its 
disadvantage is that the size of the governing relations is increased. This formulation can be 
summarized as follows.

Let us consider a known state where the equilibrium, compatibility and yield 
conditions are satisfied. The values of the variables belonging to this state are indexed by ‘0\  
Assuming a one parameter loading, the goal is to determine the values of the variables at the 
next yield location. This problem is described by the following relations:

( 2 .2)

MAGYAR
mDOMÁNYOS AKADÉMIA 
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Here qb, tb denote the so-called base load, so the actual load on the structure is the base load 
multiplied by ‘m ’ which is the load parameter System (2.2) can be solved also by an 
algorithm based on the simplex method. From the new state, the analysis can be continued. If 
the load parameter does not increase anymore, the limit state is reached.

3. Higher order elastic-plastic analysis

Considering large displacements but only small strains, when geometrical nonlinearity 
is taken into account in full precision, we speak about third order theory in case of frames. 
The discrete nature o f the problem can be kept in this case, too and the state of the structure 
can be characterized by vectors of the same size as in the first order theory. For the third 
order analysis, the approach elaborated in [2] for elastic frames is used in this study. Its main 
features can be summarized as follows. The local coordinate system of a member is fixed to 
its start node and moves with it. At the initial configuration, the direction of each local 
coordinate system coincides with the global coordinate system. The generalized stresses and 
strains are defined in the local coordinate systems o f the members. The generalized stresses 
are the internal forces at the starting cross-section of the member, the generalized strains are 
the relative displacements between the end cross-section and the end node of the member. 
The reason for this definition is that in this case the determination of the deformed shape of a 
member can be obtained by solving a system of nonlinear first order differential equations, a 
so called initial value problem. In the general case, this initial value problem can be solved 
only numerically, for example by a Runge-Kutta type method suitable for systems of 
differential equations.

The governing relations describing the determination of the next yielding starting 
from a known state differ from (2.2) in the following. The system of linear equations in 2.2/a 
is replaced by a system of nonlinear equations. In order to be able to follow the load history 
on the postcritical path, the objective function is changed from the load parameter to the 
work of the nodal base load on the nodal displacements:

b )  Io:{i|«po i=0}, I„:{i|<Poi < o};

c) A.| > A. J , Xj = X.0j ,
:  ' • ó d

ф < 0 ,  <p‘ (X .-A .o ) = 0;

d) q bv = max!

Here e, c, f  mean nonlinear vector-vector functions which determine the lefthand side 
of the equations. The equlibrium equation and the yield conditon can be written in a closed 
form at a given value of the variables (v, s, X, <p, m), but the compatibility equation cannot. 
It can be evaluated only by solving numerically the initial value problem for each member. 
The complete system gives a nonlinear programming problem.

It should be mentioned that this formulation has of course its limitations. The 
possibility of unloading in the plastic hinges is excluded on the path between two consecutive 
yield configurations. Bifurcation of the equilibrium path cannot be detected by this 
formulation. Relation 3.1 d) is a heuristic one which can be considered as kind of 
displacement control as it expresses the experience that the work of the base load on the 
displacements is monotonically increasing during the load history. It needs further study to 
determine that in which class of problems can these limitations be justified.

The use o f the third order theory is very expensive computationally, because the 
evaluation of the compatibility equation demands the numerical solution of an initial value 
problem for each member. When whithin one member the displacements are small, a good 
approximation can be obtained by the second order theory. This condition can be satisfied by

e(v,s, m) = 0 , 

a) c(v,s,X,m) = 0, 

f(v,s,X-,(p) = k;
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subdividing the structural elements into an appropriate number of members. Amongst the 
different second order approximations, the one used in this study is described in [3] (pp. 95- 
116) and based on the solution o f  the boundary value differential equation of a beam loaded 
axially, too. By using the so-called stability functions which are derived from the solution of 
the differential equation, the stiffness and the flexibility matrix of a member can be 
assembled. This way, the equilibrium and compatibility equations as well as the yield 
condition can be written in the form of matrix equations. The matrices in these equations are 
not constant as in the case of the first order theory but depend on the unknown variables. The 
mathematical programming problem to determine the next yield location is given by the 
following relations:

V

0 G(v) 0 © ■Q cr s 0

a) G T(v) F(s) NT(v) 0  t b X = 0

0 N(v) 0 - E  0 . Ф k_

m

b) I0; {i lq>oi -  o}> ï 0 :{i|9oi < °Ь

C) -̂I0 -  ^oi « — *

<p<0 , <pT( k - k o) = 0 ; 

d) q b v = max!

(3.2)

Summarizing, it can be seen that the determination of the next yield location leads to a fully 
nonlinear programming problem in the case of geometrical nonlinearity while in the case of 
the first order theory, it leads to a linear complementarity type problem. This difference does 
not influence the fact, that in both cases the determination of the load history can be broken 
down into a series of mathematical programming problems. The solution of each of these 
problems gives the state belonging to the next yield location(s). These solutions can be called 
as basic solutions of the load history. In the case of the first order theory, the linear 
interpolation between these states gives the exact value of the variables while in the 
geometrically nonlinear case, it is only an approximation.

4. Numerical solution and sample problem

It happens sometimes that an engineering issue leads to a mathematical problem for 
which there is not yet an available mathematical solution algorithm. An example for this is 
the finite element method where the engineering solution algorithm preceeded the 
mathematical one. The contrary is true, too. There are fields of the mathematics which are 
well elaborated including solution algorithms as well but they are not widely used in 
engineering. One of them is mathematical programming which was initiated to solve 
economical problems and presently it has reached such a developed state that commercial 
mathematical programming packages are available which can handle several thousand 
unknowns and constraints. In the present study, the MINOS (Modular In Core Optimization 
System) [4] was used to solve the mathematical programming problems described in points 2 
and 3.

This package uses Wolfe’s reduced gradient method to solve the nonlinear 
programming problem. It demands the user to write two FORTRAN subroutines. One for the 
description of the vector-vector function of the lefthand side of the constraints and its 
Jacobian, the other one is for the description of the objective function and its gradient. The 
Jacobian and the gradient need not be given. In this case, MINOS calculates them by 
numerical differentiation. In this study, this facility has been used.

For illustration, the solution of a problem is shown which was already studied by 
other authors [5]. The structure is shown in Fig. 2. The frame contains 14 nodes and 16
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members. The size of the unknown vector [v,s,A,<p,m]T is: 14*3+16*(3+4+4)+l = 219. The 
number of constrains is: 14*3 (equilibrium) + 16*3 (compatibility) + 16*4 (yield condition) 
+ 1 (normality) = 155.

Figs 3-5 show the comparison of the load-displacement diagrams and load-rotation 
diagrams in the plastic hinges obtained by the different theories. Fig. 6 . shows the 
displacement and bending moment diagrams belonging to the end of the load history. In the 
case of the first order theory, the load history ends at the plastic limit state. In the case of the 
geometrically nonlinear theories, the postcritical part (descending branch) of the equilibrium 
path can be studied, too. The deformation capacity of the plastic hinges limits the validity of 
the analysis. This was not examined in this study but the analysis was stopped after a certain 
number of steps. This means that in the geometrical nonlinear case, the endstate of the 
history does not have a special meaning for the given example.

WOOD’S FRAME P3=41.88kN

E = 13548 t/in2 = 21000 kN/cm2

4*144 in.
4*3.6576

MEMBER DATA:

Member A I M„
in2 cm2

■ 4 4in cm t.in. kNm
1 ,2 5.3 34.19 55.63 2315 244.0 61.98
3-8 7.35 47.42 122.34 5092 428.0 108.71
9,13 5.89 38.00 34.71 1445 205.3 52.15
10,14 7.37 47.55 43.69 1819 259.3 65.86
11,15 8.28 53.42 86.69 3608 393.5 99.95
12,16 10.32 66.58 115.06 4789 502.3 127.58
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LOAD-DISPLACEMENT DIAGRAM

ROTATIONS IN THE PLASTIC HINGES

Fig. 3. Is1 order theory results
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LOAD-DISPLACEMENT DIAGRAM

ROTATIONS IN THE PLASTIC HINGES

Fig. 4. 2nd order theory results
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LOAD-DISPLACEMENT DIAGRAM

ROTATIONS IN THE PLASTIC HINGES

Fig. 5. 3rd order theory results
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Theory; 1“ order 

Load parameter: 2.24

M 1 M  1 M  5.0 m 
scale

2 nd order

1.57

1 * 111 >11111 5.0 m 

DISPLACEMENTS

3rd order 

1.62

BENDING MOMENTS

Fig. 6 .
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GRÖBNER BASIS CALCULATIONS WITH APPLICATIONS TO MECHANICS

POPPER, GY * - KÁROLYI, GY.**

(Received: 12 August 1996)

Gröbner basis calculations provide a transformation of systems of polynomial equations to a 
more suitable form which enables exact statements on the solutions and helps finding them with 
arbitrary precision. Here most important features of the method are summarized, and its application is 
presented for a simple engineering mechanical problem, for the stability of the propped cantilever. The 
resulting global equilibrium paths of the structure together with the bifurcations are shown as results of 
the analytical calculations.

1. Introduction

In mechanics there are problems which can be formulated as to solve systems of 
multivariate polynomial equations [1]. Consider the system of polynomial equations in n 
variables

д ( х , = 0 ......= 0 . ( 1)

If you add to this set of equations a further equation

A +i U , - , * J  = 0,

where pkl] is a linear combination of the polynomials д (х ,......x„),/ = with polynomial
coefficients then you get an equivalent set of equations, i.e., one with all of the
original common solutions. Similarly, you can omit one equation of them if it is a linear 
combination of the others.

Consequently, every calculation of solutions must take place in the set

which is called ideal generated by the set of polynomials д , . . . , д  ; the set { д , . . . ,д 4} is said to 
form a basis for this ideal.

The set { д ,. . . ,д 4} is not the only basis for the ideal (p , . . . , p k). One can always 
perform a transformation {д , . . . ,a } {&.•••>&} in t0  an equivalent, so-called Gröbner basis
for the ideal (д  , . . . ,pk). In other words, the original set of equations (1) can be reduced into a
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set of equations
g (x 1, . . . , x j  = 0 ,... ,g (x 1, . . . , x j  = 0 (3)

with all of the original common zeros [2-5].
Such basis always exists, and it has the important property, that it allows exact 

conclusions on the solutions of sets of polynomial equations, such as
- to decide whether the given set is solvable,
- whether the set has (at most) finitely many solutions,
- to determine the exact number of solutions in case there are finitely many, and
- make easier their actual computation with arbitrary precision.

The concept of Gröbner bases were introduced by Buchberger about 1965. Buchberger 
also presented an algorithm to compute a Gröbner basis. Today, most modem algebra systems 
(e.g. Maple or Mathematica) include a “Gröbner basis package" based on the implementation 
of variants of Buchberger's algorithm [6 ].

2. Term orderings

Every (non-zero) polynomial in variables x], . . . ,xn can be written as a sum of terms of 
the form x,'1... x'n" multiplied by numbers (coefficients), where in are non-negative integers.
Definition I. An admissible term ordering < for the set of terms {x,'1_x„'"} is one which

satisfies the following two conditions:

(I) 1 < t for all t e{x ,'1. . .x ‘"}, where 1 = x,°.. .x ° ,

(II) s < t  implies < tv for all s ,t ,v g {x,*1.. .x,,1"}.

Each of the following is an admissible term ordering on {x,,|,...,xn'"}. Consider the 

polynomial
(x + y f  + X + у  + 1

and suppose that y  < x , that is, x  is more “principial” than у .
In the (pure) lexicographical term ordering this polynomial is written as

x2 + 2 x_y + x + _y2 +_y + l
because

x2 >L xy>L x > L y 2 >L у  > L 1

are the terms in decreasing ordering, where the >L notation is used for the lexicographical term 
ordering.

If the total degree of the term (i.e., the sum of the powers of the variables) is the most 
important property and if we use the lexicographical method to distinguish between terms of the 
same total degree, then the above polynomial is written as

x2 + 2 xy+_y2 +x + .y + l
because

* 2 >d xy > 0  y 2 >Dx > Dy > D 1

are the terms in decreasing ordering. Here the >D notation was used for the total degree, then 
lexicographical ordering.

The total degree, then inverse lexicographical ordering is also often used. In this system 
our polynom is written as
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у г +2xy + x 2 +_V + X + 1
because

У1<охУ <о х2> y<Dx> 
so that the terms in decreasing ordering are:

*2 >DXy >Dy 2 >D X >D У >D 1

3. Solution of systems of polynomial equations

Suppose, that every (non-zero) polynomial is written in decreasing ordering of its terms 
(according to a fixed term ordering <) as c(f, with c * 0 and t, > tM for every i . We call 
c,/, the leading monomial, and t, the leading term of the polynomial.
Theorem 1. Let G = {g,, . . . ,g, } be a Gröbner basis for the ideal Then the system of
algebraic equations ( 1 )

= 0 ......pt (x],...,x„) = 0

is unsolvable (has no solutions) if and only if G = {g,,..., g,} contains a constant (polynomial). 
Theorem 2. A system of polynomial equations has (at most) finitely many solutions over the 
complex numbers, if and only if each variable xt appears alone (such as x f )  in one of the 
leading terms of the corresponding Gröbner basis .

Therefore, having once obtained the Gröbner basis of a polynomial equation system, the 
rigorous statements can be made concerning its solvability. If this basis is computed with respect 
to a lexicographic ordering, you can determine all the solutions by the method illustrated by the 
following simple example.

4. Stability of the propped cantilever

Consider the propped cantilever shown in Fig. 1, comprising a rigid link of length 
/ = l(w) pinned to a rigid foundation and supported by a linear extensional spring of stiffness 
c= \(N  / m). The spnng is assumed to be capable of resisting both tension and compression and 
retains its horizontal orientation as the system deflects. Assume that the system is perfect in the 
sense that the spring is unstrained when the link is vertical.

The goal is to find the equilibrium paths of the structure loaded by a dead vertical force 
of magnitude F .

Fie. 1. Layout of the propped cantilever
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The geometrical equation x 2 + y 2 =1 and the equilibrium equation (moments around the 
origin) Sy = Fx, with spring force S  = cx, together implies a set of algebraic equations

x y - F x -  0, x2 +y2 -1  = 0, (4)

where x , y  are the indeterminates (unknown coordinates of the free end-point of cantilever) and 
F  is a parameter (the magnitude o f the vertical force).

To compute the reduced Gröbner basis of this set of polynomials, you can apply e g. the 
command

grobner[gbasis]({x * y  -  F  * х , х л 2 + у л2 -  l}, [дг ,y],plex)

in the “Gröbner Basis Package" o f the symbolic system Maple V, where [x , y ] is the list of 
indeterminates (not including parameters) which induces the ordering x > y ,  and plex means 
that the pure lexicographic term ordering is used The resulting reduced Gröbner basis is

[x2 + y 2 — 1, x y - F x , y 2 -  Fy2 -  y  + F ]  (5)

First of all you see that the Gröbner basis does not contain a constant (polynomial) and 
hence (by Theorem 1) the corresponding set of algebraic equations is solvable

If F  is considered to be a parameter (only x and y  are indeterminates) then x2 and y 2 
are the leading terms of the Gröbner basis (with respect not only to plex, but to any admissible 
term ordering) which contain the variables x and y  alone. Consequently (by Theorem 2) the 
corresponding system of polynomial equations has a finite number o f solutions, i.e., for any 
prescribed load there are finitely many equilibrium positions.

The algorithm for solving the Gröbner basis system (5) starts by that polynomial which 
contains only one indeterminate, the y . There are three solutions: y  = F  and y  = ±1. For each 
o f them you must solve the other equations.

1. For y  = F , the other equations become x2 +F2 -1  and 0 , thus the two solutions for x are

x = ±V 1 -  F 2 .
2. For y  = +1 the other equations become x2 and (F  ± l)x, and now there is only one solution 

for x  : x = 0 .

The basic idea of the solving algorithm says that, for each variable xk, it is both 
necessary and sufficient to consider the polynomial of lowest degree m that variable, such that 
its leading coefficient does not vanish for the values of xt+1, . . . ,x n being considered.

In our example, when y  = F , the leading coefficient of (y -  F)x vanishes, and you have 
to take x2 + y 2 - l .  However, for y  = ± 1, the leading coefficient does not vanish, and it is 
sufficient to take this polynomial, and to ignore x2 +y2 - 1 .

If F  is considered to be indeterminate, too, then the variable F  does not appear alone in 
one o f  the leading terms of the corresponding Gröbner basis, hence (by Theorem 2) there are 
infinitely many solutions.

To prepare the given system of algebraic equations for solving it is more advantageous 
to use the following command in the "Gröbner Basis Package"-.

grobner[gsolve]({x * y -  F  *х,хл2 + у л 2 -  l} ,[x ,y ,F ]).

The result is the following list o f  reduced subsystems whose roots are those of the original 
system, but whose variables have been successively eliminated and separated as far as possible: 

[[x2 + F 2 - l ,y - F ] , [ x ,y - l ] , [ x ,y  + l]].
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Fig. 2 illustrates the solution (in the interval -2  < F  < 2), and its bifurcations at 
( x , y ,F )  = (0 ,l,l) and at ( x , y ,F )  = (O, — 1, — 1 ). The x = 0 solutions correspond to the 
equilibrium states of the structure with vertical bar for any values of F . However, for -1 < F  < 1 
non-vertical layouts can also occur as equilibrium states.

Fig. 2. Equilibrium paths of the propped cantilever

S. Conclusions

Main features of Gröbner basis calculations were summarized together with an 
application for a simple example. Compared to other traditional, known methods based on 
successive elimination of variables [7], this method is advantageous for three reasons: the 
resulting new set of equations after the transformation has exactly the same solutions as the 
original set, this new set is very easy to solve and the unknown parameters of the polynomials 
do not have to be substituted by numbers before the calculations. The latter feature allows us to 
earn the results of the original equation system depending on several parameters. As in many 
other problems in mechanics, it was important in the example, where the goal of the 
investigation was to find the equilibrium state of a simple structure depending on a load 
parameter Knowing the explicit solutions of the corresponding equations expressed in terms of 
the parameter allowed the easy calculation of the global equilibrium paths. This very important 
property makes Gröbner basis calculations very useful in such problems.

We must note, however, that the number of steps in calculating the Gröbner basis is 
increasing exponentially with the number of unknowns. This can be a strong limit in its 
applications. However, for simpler problems one may expect interesting exact results due to the 
achieved analytical solutions.
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ON THE QUASI-INVERSE OF THE MATRIX OF A SYSTEM OF LINEAR
EQUATIONS

SZABÓ, J .* - TÁRNÁI, T.**

(Received: 26 June 1996)

In this paper we will define the term q u a s i - i n v e r s e  of the coefficient matrix o f a system of 
linear equations, and will show that by its use any ill-conditioned system of linear equations can be 
handled easily. Its basic properties will be illustrated by a numerical example.

1. Introduction

In the analysis of the theoretical bases of determination of the erection shape of cable 
nets by means of the equilibrium and compatibility equations of bar structures in a general form 
[3, 4], a need has arisen for a generally valid solution to the equilibrium equation formulated by 
a partial change in role of the usual independent and dependent variables [2]. Investigating 
stability problems Tamai [6 ] established that, in the neighbourhood of a critical state and then in 
the subsequent post-critical state, a finite mechanism-like behaviour of a bar structure becomes 
important. Therefore, it became necessary to formulate also a generalised solution of the 
compatibility differential equation similar to that o f the equilibrium equation [5].

In this paper we will define the quasi-inverse o f the coefficient matrix o f a system of 
linear equations, and show how to obtain the above-mentioned generalised solution of a system 
of linear equations by the quasi-inverse and what advantages the use of the quasi-inverse has 
(mainly for equations like the equilibrium and compatibility equations of simultaneously 
statically and kinematically indeterminate bar structures).

2. Meaning and use of the quasi-inverse

According to the elementary rules of the matrix arithmetic, by the linear expression

A • X + y = 0 (1)

due to an arbitrary r x c non-zero matrix A , to a c x l  non-zero matrix x (vector x )  there
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uniquely corresponds a г x 1 matrix у (vector у ) so that the sum of vectors A • x and у is 
equal to zero. Expression (1) requires that strict rules for the sizes of matrices A, x and у - with 
respect to multiplication and addition - should be fulfilled. Otherwise, to an arbitrary vector x 
there uniquely corresponds a vector у by Eq.(l).

At the applications of the theory of sets of linear equations, with respect to the possible 
solutions o f equation (1), very often two questions arise:

(a) How many elements o f vector у can (and must) be prescribed arbitrarily?
(b) In the case of smooth change of matrix A - at the change of the rank of A , and also 

in a neighbourhood o f change of rank - how can we make the relationship between 
the independent and dependent variables smooth?

By introducing the term quasi-inverse we can answer these two questions so that to equation 
( 1) we associate the equation

Q »v + u = 0

where matrix Q , which we call quasi-inverse, apart from rearrangement of rows and columns, 
is uniquely associated to matrix A ; the rank of Q , defined in accordance with computational 
interests, determines the number o f the elements of vector у whose values should be prescribed, 
and these elements of у appear in vector v (the rest of elements of v comes from x). In the 
case o f  a smooth change of matrix A , the matrix Q changes smoothly, and so the relationship 
between the independent v and the dependent u is smooth as well. These statements will be 
proved in the course of producing the quasi-inverse.

The first part of the procedure is the well-known dyadic decomposition o f matrix A 
working with complete pivoting with the following addition: if after the separation o f  the /th 
dyad the absolute value of the selected (;+l)st pivot is less than a prescribed value eQ, then the
dyadic decomposition is considered finished, and the rank of matrix A will be p  -  p{A) = i . 
The elements aKk (h = p±\, p±2, ... , г, к = pv  1, p+2, ..., c) of the non-decomposed submatrix
o f A will be the elements of a matrix denoted by A . If the matrix A is normed [1] - as in 
general the equilibrium matrix of bar-and-joint structures - then, to avoid the loss of digits in the 
computation, it is worth prescribing the value eQ = 10“3. (If A is not normed, then it can be 

normed.) It should be emphasized that the value of e Q is determined exclusively by
computational aspects, and this fact does not influence the validity of the relationships.

In course of the dyadic decomposition based on pivoting, the order of columns and/or 
rows o f  matrix A in general changes, and at the same time the order of the elements o f  vectors 
x and у also changes. If on a copy of the original matrix A , the rearrangements o f rows and 
columns are executed step by step, and the rearrangements of elements in the vectors x and у 
are also done, then a matrix C instead of A , a vector s instead of x , and a vector t instead of 
у is obtained. The equation

C» S + 1  = 0 (2)

replacing equation (1), considering its content, is identical to (1). The elements of vectors s and 
t are:

sT = [*„. -  * « ] .  t?  =  [ У / я  У щ  ••• У  f i r ] -



THE QUASI-INVERSE OF THE MATRIX OF A SYSTEM OF LINEAR EQUATIONS 117

The dyadic decomposition of matrix C is

C = U 21 +
"0 0 "

2 J [o a J (3)

where L, and U, are lower and upper non-singular triangular matrices of rank p, and A is a 
not decomposed submatrix of C such that the absolute value of each element of A is less than 
e Q. It is obvious that expression (3) produces the submatrices

C„ = L, • U, , C | 2 = L, • U 2 ,
Cj, = Lj • U, , C22 = L2 • U 2 + A

of matrix C :

C ,, is a non-singular submatrix of rank p  whose inverse, in the forthcoming investigations, will 
be denoted by Q n :

Qn = cr,' = U ‘‘ *L ;1.

In the second pari of the procedure, taking the partitioned form of equation (2)

C,, »s, + C I2 * s2 + t, = 0  (4a)
C21 *s, + C 22 * s2 + t 2 = 0  (4b)

with simple transformation we obtain the expression of the quasi-inverse Q . We will execute a 
transformation of the system of equations (4a, b) in the following two steps. First, we multiply 
(4a) from the left by Q n and we obtain:

Q „ . t | + Q , , . C l2 «s2 +s, =0, (5a)

second, we multiply (5a) from the left by C 2I and then subtract it from (4b) that yields:

-C 2, . Q „  »t,  +(C22 - C 21 »Q,, »CI2)»S2 + t 2 =0.

Equations (5a) and (5b) can be written in the form:

(5b)

( 6 )

or
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Q» v + u = 0 (7)

where

(It should be noted that for exact dyadic decomposition we have Q 22 = Л = 0.) The elements of 
the vectors in equation (6) are:

According to our statement, the values of vectors sp t2 corresponding to arbitrary 
vectors t , ,  s2 are uniquely determined by equation (6):

«,=-Q„*t,-Q, 2 *»2 l U = _Q. V
‘2 = -Q2. • ‘l - Q22 *S2j

and vectors

composed of the given vectors t,, s2 and of the calculated vectors s,, t2 satisfy equation (2), 
that is, equations (4a, b). One can be convinced about this by substitution:

3. Numerical example

To exemplify the results that can be obtained when a set of equations with an ill-
conditioned matrix is being dealt with, Rózsa [1] has shown the set of equations originated from 
Ralston:
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2 x, + 6 x 2 + y, = 0
2 x, + 6 .0 0 0 0 lx2 + y 2 = 0

whose solution for x, = 1, x 2 = 1 is y, = - 8 , y 2 = -8.00001. Then he has shown the set of 
equations

2x, + 6 x2 + y, = 0
2x, + 5.99999x2 + y 2 = 0

whose solution for x, = 1 0 , x 2 = - 2  is y l = - 8 , y2 = - 8 . 0 0 0 0 2 .
Now let us investigate how the relationship between the independent and the dependent 

variables can be described with the quasi-inverse in the case of a little change in a single element 
of the coefficient matrix. Let us write the above-mentioned sets of equations uniformly in the 
form A • x + y = 0 :

a „ ai2 • *1 + У\ = 0
Lű2I û22j U  j

that in scalar form is

2 x, + 6 x2 + y, = 0

2x, + (6  + »v)x2 + y 2 = 0  .

With respect to the simplicity of this example, we do not apply pivoting, and we accept a, , as a 
non-singular submatrix. Accordingly we have

that is,

Let

Qn = a n  =°-5 Q |2 = Qll , a i2 = 3
Qj, = - a 2i «Q„ = - l  Q22= w

3
w

' - 8 ' 1 Y
V =

1
and so u = -Q »  V =

- ( 8  + w)
, x =

1

-8
-(8 + w) J '

Obviously

A »x  + y
2 6 
2 6 + >v

-8
- ( 8  + tv)

=  0 .
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If  in accordance with the first set o f equations of Ralston w = 0.00001, y t = - 8 , x 2 = 1, then 
x, = 1, y 2 = -8.00001, in agreement with the results of Ralston. Similarly, for the second set of 
equations of Ralston with arbitrarily selected values w = -0.00001, y t = - 8 , x 2 = - 2 ,  we have 
X, = 1 0 ,  y 2 = -8.00002, and the agreement is complete.

This simple example presented here demonstrates that, with a smooth change of the 
elements of matrix A (or C), the quasi-inverse Q changes smoothly, and so does the relationship 
between the independent and dependent vectors.

4. Discussion

1. It is known from the theory of systems of linear equations that if the system of 
equations

a,,x, + a 12x 2 + ... + alcx c =y,  
a2, x , + a 22x 2+ ... + a2cx c = y 2

a, i*i +ar2x  2 + ... +arcx c =y,

has a coefficient matrix A :

a u «12

«21 <*22

A l a r2

/2____

of r rows, c columns and rank p  such that p e r  and p  < c , then the system of equations is 
indeterminate and overdeterminate at the same time. Let us suppose that, after suitable 
rearrangements, the p x p  submatrix AM determined by the first p  rows and the first p  
columns o f matrix A is not singular. In this case, for the usual solution, the following is hold.
(a) Variables xp+l, xp+2, ... , x c and y n y2........yp are considered as free parameters, and
unknowns X,, x2, ... , xp can be calculated.

(b) Variables yp+1, y............ y r cannot be selected arbitrarily because their values are

determined by the known variables x,, x 2, ... , x c and by the (p  + l)st, (p  + 2) nd, ... , r th 
equations.

It is easy to see that in this respect the quasi-inverse associated with A does not show 
anything new.

The most important role of the quasi-inverse is (although it makes also the general 
handling o f systems of linear equations possible) that it makes the handling of a system of 
equations "smooth" even in the neighbourhood of change of rank. This was shown by the 
presented very simple example.

2. We remark that for investigation of a set of linear differential equations
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В • du + dv = 0, (8)

the corresponding quasi-inverse provides possibilities similar to that for sets of linear equations. 
About our investigations in this respect we will report elsewhere [7].

3. If (1) is the equilibrium equation of a bar structure and (8) is the compatibility 
equation of the same bar structure, then

В = AT,

and the quasi-inverses of A and В can be determined from each other.
4. With respect to conditioning of sets of equations we have concluded that conditioning 

of a set o f linear equations, that is, its numerical handling, worsens to a greater extent if its 
coefficient matrix is "close" to a change of rank. "Closeness" is in part a subjective factor, but in 
part a measure determined by computing. It is not worth increasing the degree o f  accuracy of 
the residual term in the decomposition, as in forming the inverse of the coefficient matrix A , it 
worsens the inverse of the non-singular submatrix A,, having ordinarily normal properties. The 
quasi-inverse introduced in this paper can be a suitable means for numerical handling o f ill- 
conditioned sets of linear equations.

5. In our current research we want to make clear what advantages the quasi-inverse 
provides for the investigation of stability and change of post-critical state o f  spatial bar 
structures.
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PACKING OF EQUAL CIRCLES IN A SQUARE

TARN AI, T* - GÁSPÁR, ZS.**

(Received: 5 June 1996)

The problem of the densest packing of n  equal non-overlapping circles in a square is 
investigated. An improved packing for n = 19 is presented, and the proven and conjectured packings 
known so far are summarized up to n  =  20. Heuristic upper bounds of the maximum packing density 
are given, and their numerical values are listed up to n  = 40.

1. Introduction

A classical problem of discrete geometry is: To determine the greatest possible minimum 
distance dn between и points which can be distributed in the unit square; or what is the same, to 
determine the largest diameter dn of n equal circles which can be packed in a square of side 
1 + dn without overlapping.

Exact solution of this problem is known only for 2< n<, 9 and n = 14, 16, 25 and 36 
[2]. In 1970, Goldberg [5] published conjectured solutions for n < 27 and some sporadic results 
for n > 27. Since then many of his results have been improved: for n = 10 by Schlüter [12], for 
n = 11 and 13 by Mollard and Payan [8], for n = 14 by Wengerodt [15], and recently for 
n = 17 by Melissen and Schuur [7].

Density of packing, denoted by Dn, is defined as the ratio of the total area o f the circles 
to the area of the square: D„ = nd\n  I [4(1 + rf„)!] .

The aim of this paper is twofold: firstly, to show that for и = 19 Goldberg's packing 
configuration is not optimal, and to present a new configuration resulting in an improved lower 
bound on the maximum diameter of the circles, and so an improved lower bound on the 
maximum density of packing; secondly, to present an upper bound on the maximum packing 
density.
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2. Improvement of Goldberg's packing

We consider the circle packing version of the problem. The idea of improvement is 
based on the theory of rigidity o f graphs as developed by the authors [13] for packing of circles 
on a sphere and applied by Connelly [1] for packing of circles in a plane container. To an 
arrangement of equal non-overlapping circles there corresponds a graph. In the case of a 
general container, the graph of a circle packing defined by Connelly [1] has two different edge 
lengths. In the case of a square container, however, we can apply a simplification; and we define 
the graph in the following way: The vertices of the graph are the centres of the circles, and the 
edges of the graph are straight line segments joining the centres of the touching circles. Thus, all 
edges of the graph are of equal length, and all edges and vertices of the graph are contained in 
the closed unit square.

In the case of spherical circle packing Danzer [3] has considered the graph so that the 
edges can rotate freely around the vertices and the edge lengths can vary freely but 
simultaneously and in the same proportion. He has defined the graph to be rigid if the edge 
system with the mentioned properties cannot admit motions other than isometries. Danzer's idea 
is: If  the graph is not rigid then it can, in general, be improved.

As shown by Pólya [9], mechanical analogues can be useful in solving mathematical 
problems. We follow this way, and in our investigation the graph is modelled as a structure 
consisting of straight bars and frictionless pin joints. Analogously to [13], the bar-and-joint 
structure is characterized by its geometric or compatibility matrix G containing b rows and 
2j - c  columns where b is the number of bars (number of edges of the graph), j  is the number 
o f joints (number of vertices, that is, y = ri), and c is the number of supporting forces or reactions 
(number of kissing points of circles and sides of the square). A reaction force is passing through 
the point of a circle at which the side of the square is tangent to the circle and through the 
centre of that circle, so its line of action is perpendicular to the side of the square. (In the case of 
spherical circle packing c is constant: c = 3.) With the help of the geometric matrix of this 
structure, it is ascertained whether the bar lengths can simultaneously be increased in the same 
proportion without inner forces. If it is so then it can be done, e.g. due to a uniform increase in 
the temperature of the bars, until the distance between some of the vertices not connected by an 
edge will be equal to the increased edge length of the graph where new edges should be 
introduced. By appearing additional bars the further motions o f the structure will be prevented, 
i.e. the graph will be made rigid in Danzerian sense. If further increase in the temperature would 
cause a stable state of self-stress where all bars are in compression, then a local optimum is 
arrived at. The circle packing is, in general, improvable if one of the three properties holds:

b = r = 2 j - c ,  
b= r <2j  -  c, 

b > r , r < 2 j - c

in which r denotes the rank of G. The details of this "heating technique" can be found in [13].
Let us consider the arrangement constructed by Goldberg for 19 circles and apply the 

above-mentioned improving technique. Goldberg's packing and its graph is shown in Fig. la. 
The diameter of the circles in this packing, with seven-digit accuracy, is 0.2895365. The graph 
contains two isolated points. If we reckon that two edges are needed in order to fix an isolated 
point, then j  = 19, c = 11 and b = 27. Thus, 2j - c = b holds; that is, matrix G is quadratic. Due 
to the symmetry, the graph can have a state of self-stress of one parameter, and so the third
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a) b)

F i g .  I .  Packing of 19 circles in a square: (a) circle system and its graph due to Goldberg, (b) the improved 
configuration and its graph. (The figure composed of dashed lines is the unit square.)

property of the above three holds. In a state of self-stress, all bars can be in compression (or 
inactive), but the equilibrium is not stable, so the arrangement can be improved.

The graph can be deformed with a simultaneous increase in the edge length, without 
causing stresses in the edges, until the graph is supplemented by three edges which make the 
graph rigid. With a further increase in the temperature, the graph will have no edges in tension. 
Therefore, we have obtained a new packing in which the diameter of the circles is

=0.2895419

which is a local optimum. The packing and its graph is presented in Fig. lb.

3. Upper bounds on packing density

Let D  denote the maximum density of packing of n equal circles in a square. Fejes Tóth 
[4] has shown that the density of packing of at least two equal circles in a convex domain in the 
plane is always less than n  / -JÎ2 . Therefore,

С < Ж  (, )

Groemer [6] has sharpened Fejes Tóth's inequality, and his formula has resulted in the following 
upper estimate better than (1):

D  <
пк

^ 2 - y / 3 + ^ - K  + yÍ3(2n-6 + K)^
(2)

In what follows, we give a heuristic reasoning for further sharpening of Groemer's inequality 
(2), using the special properties of a square.
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F i g .  2 .  The Dirichlet cell of a circle (a) in the densest packing in the plane, (b) at the boundary of the square

Consider equal circles of diameter d  packed in a square of side length 1 + d. In this 
square the Dirichlet cell is defined as a domain which consists of all points of the square which 
are nearer to the centre of a particular circle of the packing than to any other centre. In the 
densest packing of equal circles in the plane, the circles form a hexagonal arrangement in which 
the Dirichlet cells are regular hexagons of side length d I -JÏ (Fig. 2a). The area (V 3/2)d2 of 
such a hexagon can be considered as space claim of a circle. If circles touching a side of the 
square are in a close arrangement then the Dirichlet cell of such a circle is a pentagon (Fig. 2b) 
whose area is larger than the space claim of the circle by d 2 (2 -  -s/З) / 4 , and this difference 
appears as the area of an extra interstice corresponding in fact to a semicircle laying in the 
domain of width dl2 around the unit square. The largest density occurs, if as many circles as 
possible are touching the boundary of the square, that is, the centres of circles are situated along 
the sides of the unit square with separation d  between them, and each vertex of the unit square is 
the centre of a circle (Fig. 3). Along a side of the unit square we cannot put more than int(l Id) 
semicircles, and at a vertex we can put additionally at most a quarter o f a circle (a half of a 
semicircle). [Here the symbol int(x) denotes the integer part o f the real number x.] If we add the 
areae o f  the extra interstices determined above along the boundary of the square, we obtain a 
lower bound on the real extra interstice area. This bound is even smaller if along the fractional 
distance 1 - int(l ld)d, the average extra interstice area is taken into account instead of the actual 
one. Therefore, a lower bound Ae o f the area of the sum of extra interstices is

Let A c be the space claim of n circles:

Ac + A e cannot be greater than the area of the square of side length 1 + d. Thus, we have the 
inequality
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F i g .  S . Arrangement of circles along a side of the square. A gap is at each of the sides

n^+Jrf+y^-VäjsO+rf)2.

From here d  can be expressed, and as D = nd 'n  ! [4(1 + d)2 ], we obtain an upper bound on the 
density D :

D< nn

2 -  л/з + ^ /3  + 2-Jb(n - 1) j
(3)

which is exact for n = 1, and which is better than (2) for every n.
Let us make the upper bound of packing density (3) sharper by calculating the area of 

the extra gaps along the boundary exactly. Doing so we have to consider also two additional 
dense arrangements of circles. Therefore, we have three different possibilities for dense packing 
of the circles along the boundary.

(a) The above-mentioned arrangement, that is, a circle is packed at each vertex o f  the 
square, the other circles are closely packed along the sides and a gap o f  width a -  l - int( 1 /d)d 
appears at each side. Consider the arrowhead-like domain composed of the rectangle ABCD 
and the triangle EFG (Fig. 4). Let its area be denoted by Aa. Then
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F i g .  4 . The gap at the side of the square

The area o f the extra gap Ag is obtained if the space claim of a semicircle (the area of the half 

o f a hexagon) is subtracted from the area of the arrowhead-like domain: Ag = Aa - J b d 2 / 4 , 
that is, as a function of a

Л («) (4)

Since on each side of the square there is a gap, the area inequality is obtained for n equal circles
as

n ~ d 2+ ^ m t [ ^ j + ^ j d 2{ 2 - ^ + 4 A g(a)<(l + d ) \  n> 5 .  (5)

(b) The gaps appear at two opposite vertices and two adjacent sides such that the gap 
arrangement is (can be) symmetrical with respect to a diagonal o f the square. Let us introduce 
the circle numbers л,, л2 along the sides and distances a,, a2, c in Fig. 5:

й, = 1 -  n{d,

c =

«2 =

к У

Vrf2- û i!

int

2 ’
'  d '  1 + —  c 

2

<>2 d+ ----С-ПМ .
2 2
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Fig. 5. A rra n g e m e n t o f  c irc le s  a lo n g  th e  s id es  o f  th e  sq u a re . G a p s  a re  a t  tw o  o p p o s ite  v e r t ic e s  a n d
a t tw o  a d ja c e n t s id es

The extra interstice area corresponding to a semicircle at the boundary, as previously obtained, 
is

So, the area of the extra interstices corresponding to the shaded area in Fig. 5 is 
(n, + +1 /  2)Al . The area of the polygon ABCDEFG in Fig. 6, at the vertex o f the square, is
(a, + c)d / 2 + (c + d / 2)a, 12. Subtracting the space claim of a quarter of a circle from that area 
we obtain the extra gap area Ay at a vertex of the square:

Fig. 6. T h e  g ap  a t a  v e r te x  o f  th e  sq u a re
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(6)

The extra gap area corresponding to the gap of width a2, obtained from the arrowhead-like 
domain by taking a = a2 in (4), is A g(a2) . The sum of the space claim of n equal circles and the 
extra gap areae cannot be larger than the area of the square of side 1 + d.

n— d2 + 21 - ^ A J +A,(at,c) + At (a1) < (l + d ) \  n> 2. (7)

(c) There are gaps at three vertices and at one o f the sides o f the square (Fig. 7). Here 
и,, ûp c, n2, a2, Ap At(at,c) denote the same quantities as in Subsection (b). Let us introduce 
the circle number n3 and distances c2, û3 in Fig. 7:

d
2 ’

« 3

flj

= int
1 - c - c ,

: 1 -c -C j -  n2d .

Consider the area of the extra gap at a side obtained by substituting a} for a in (4), and that at a 
vertex obtained by substituting a2 for a, and c2 for cin  (6): Ag(a}) and Av(a2,c2) . The places 
o f these extra gaps are indicated in Fig. 7. Then the area inequality takes the form

F i g .  7. Arrangement of circles along the sides of the square. Gaps are at three vertices and at a side of the square
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S d 2 +^2л, +п2 +пг + ^ А ,  + 2At(altc) + А ^ а г) + A ^ . C i )  <. (l + d)2, л £ 3. (8)

For given value of n, from (5), (7), (8) we can determine numerically an upper bound 
da, db, dc, respectively, on the diameter of the circles, whose maximum dm is an upper bound 
on the maximum diameter d\

d,„ = m ax(da,db,dc) > d .

and we obtain an upper bound of the maximum density D\

D S
ndlrt

4(1 +dm)2
(9)

which is better than (3). (The upper bound (9) is always less than the upper bound (3) as if 
circles can be packed along a side without gaps, then the centres of the circles lie on the side of 
the unit square, but if the other circles are packed in a regular triangular lattice packing then 
circle centres can never lie on the opposite side of the unit square, because the ratio of the side 
to the altitude of a regular triangle is an irrational number.) This upper bound is exact for n = 2 
(obtained from (7)), for n = 3 (obtained from (8)), and for n = 5 (obtained from (5)).

It remained to be shown that, if the gap on a side is not concentrated at one point on the 
side of the square but it is divided into two parts at two different points of the side, the upper 
bound of density cannot decrease, that is, for the function Ag(a) in (4), the inequality

Л К  +ai ) * A, M +Ai ( ai)

is valid if ak +a, < d . For this it is enough to show that Ag (а) к  0 and the second derivative of 

Ag{a) is not positive in the interval 0< a< d . Positivity of Ag(a) is obvious. The second 

derivative of Ag (a) is

d 2Ag
da2

3
4

< 0

since both terms in it are < 0. Therefore, the function Ag(a) is concave from below in the 
interval 0 < a <,d, that is, we obtain greater density if the gaps at a side are united into a single
gap

In the cases (b) and (c), there are gaps at vertices of the square, and also at some side 
there is a gap between circles touching the side. If at such a side, the circles are arranged so that 
the gap here joins the gap at the vertex, then the area of the extra gap calculated from the united 
gaps is larger than the sum of the area of the two separate extra gaps. This is so, because in the 
new position, the circle at the apex of the "arrowhead" corresponding to the gap at the side is at 
a larger distance from the side in question, since the other circle forming a part o f the boundary 
of the gap at the vertex does not touch the side in question. Therefore, we obtain greater density 
if the gaps at a side and at the vertex are separated.
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4. Conclusions

1. The improving technique applied in this paper for n = 19 can be applied also for some 
further packings of Goldberg [5]: for instance, for n = 22 and 26 (in the case n = 22 the graph 
can be decomposed into a set o f isolated points, in the case n = 26 the graph is not rigid), and 
probably for n = 21 (in this case the graph cannot be reconstructed with absolute certainty).

2. A survey of the results o f  packings of circles in a square last time was given in [2]. 
Since the list presented there contained minor mistakes and since recently some new results 
were published it is worth summarizing the results and giving an up-to-date list. The data of the 
proven and conjectured best packings known so far are collected in Table 1. The graphs of 
packings are presented in Fig. 8. The survey is given only up to n = 20 since, as mentioned, 
many o f  the packings known for n > 20 are not even locally optimal.

3. The upper bounds on the maximum packing density calculated by the formulae (2) 
and (3) as well as by (9), based on the maxima of the results obtained from (5), (7), (8), are 
given for up to n = 40 in Table 2. Contrary to the upper bound given by (3) the upper bound 
given by (9) is not monotonous with n. As to (9), for most values of n, from the three 
inequalities (5), (7), (8), inequality (5) provides an upper bound on the maximum packing 
density.

T a b l e  1 . Proven and conjectured densest packing of я equal circles in a square of side 1 +  d n (spreading 
of n  points in the unit square with the greatest minimum separation d n possible between them)

n Diameter dn Density £>„ Reference

2 1.4142136 0.5390121*
3 1.0352762 0.6096448*
4 1 0.7853981*
5 0.7071067 0.6737651*
6 0.6009252 0.6639569* Graham, cf [10]
7 0.5358983 0.6693108* Schaer, c f [10]
8 0.5176380 0.7309638* Schaer and Meir [11]
9 0.5 0.7853981* Schaer [10]
10 0.4212795 0.6900357 Schlüter [12]
11 0.3982073 0.7007415 Mollard and Payan [8]
12 0 3887301 0.7384682 Goldberg [5]
13 0 3660960 0.7332646 Mollard and Payan [8]
14 0.3489152 0.7356792* Wengerodt [15]
15 0.3410813 0.7620560 Goldberg [5]
16 0.3333333 0.7853981* Wengerodt [14]
17 0.3061539 0.7335502 Melissen and Schuur [7]
18 0.3004626 0.7546533 Goldberg [5]
19 0.2895419 0.7523079 this work
20 0.2866116 0.7794936 Goldberg [51

* It is proved that the density is a maximum
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I--------------------------1 1----------------------- I----------- (У-----------------1 Ô—
1 2  3 4

13 14 15 16

F i g .  8 . The graph of the proven and conjectured densest packing of n equal circles in a square (arrangement of n  
points in the unit square such that the minimum distance apart is as great as possible)
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T a b l e  2 . Upper bounds on the maximum density D  of packing of n  equal circles in a square

n
With Groemer’s 

formula (2)
With average 

extra interstice 
area, formula (3)

With exact extra 
gap area, formulae 

(5), (7), (8)
2 0.8724125 0.7955012 0.5390121*
3 0.8563422 0.8063246 0.6096448**
4 0.8519408 0.8146624 0.7854052*
5 0.8509826 0.8211847 0.6737651
6 0.8513033 0.8264434 0.6701081
7 0.8521455 0.8307966 0.7123433*
8 0.8531989 0.8344782 0.7375840
9 0.8543237 0.8376460 0.7930670
10 0.8554535 0.8404109 0.8131862
11 0.8565563 0.8428525 0.7767688
12 0.8576172 0.8450303 0.7641682
13 0.8586298 0.8469892 0.7639387
14 0.8595926 0.8487642 0.7903124*
15 0.8605062 0.8503828 0.7858901
16 0.8613728 0.8518670 0.8066345
17 0.8621948 0.8532347 0.8369299
18 0.8629750 0.8545007 0.8393169
19 0.8637163 0.8556772 0.8229551
20 0.8644212 0.8567744 0.8132350
21 0.8650924 0.8578009 0.8083586
22 0.8657323 0.8587642 0.8072574
23 0.8663430 0.8596706 0.8172430*
24 0.8669266 0.8605255 0.8185761*
25 0.8674850 0.8613338 0.8221864
26 0.8680198 0.8620995 0.8336828
27 0.8685326 0.8628264 0.8508564
28 0.8690249 0.8635176 0.8571610
29 0.8694979 0.8641761 0.8479190
30 0.8699529 0.8648043 0.8411183
31 0.8703910 0.8654046 0.8363717
32 0.8708132 0.8659790 0.8333982
33 0.8712203 0.8665293 0.8320005
34 0.8716134 0.8670572 0.8320529
35 0.8719932 0.8675642 0.8439693*
36 0.8723604 0.8680516 0.8389198*
37 0.8727157 0.8685207 0.8407982
38 0.8730597 0.8689727 0.8471696
39 0.8733930 0.8694085 0.8564647
40 0.8737162 0.8698291 0.8689143

* Density is due to (7),
** Density is due to (8).

All other densities not marked in the last column are due to (5).
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5. Remark

The main body of this paper was prepared for the Constructive Geometry Conference 
held in Balatonföldvár, in September 1993. Soon after this conference there appeared a nice 
paper by Peikert [16], in which, for « = 19, exactly the same solution was presented as we found 
independently. That time we thought that in that situation this paper is not worth publishing as it 
would be only a confirmation of Peikert's result. The reason why eventually we present it here is 
that in the meantime it became a problem to provide a sharp upper bound on the maximum 
density of packing of equal circles in particular containers in the plane (square, circle) and on a 
hemisphere, and in this paper, after revising the 1993 manuscript, we give upper heuristic 
estimates on the packing density in a square, which can be of interest.
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DYNAMIC ELASTO-PLASTIC ANALYSIS OF STRUCTURES BY 
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There are a number of methods for the plastic analysis of structures, but not all of them are 
suitable for the calculation with time dependent loading. Here a new method is presented which is 
based on nonlinear mathematical programming in the function space iA  The dissipative energy and 
the inertia forces are taken into consideration and the "dissipative forces" are characterized as internal 
variables. The original model which was created in function space A  is transformed into the vector- 
space during the calculation procedure and the results are transformed back after the computation. The 
theoretical results are illustrated by numerical example.

1. Introduction

Usually the mechanical models are given by different type of differential equations 
Their direct solution are obtained after a very difficult calculation or these problems have to 
solve on approximated way. During the 70-s the mathematical programming as a tool became 
primary importance in structural plasticity [3]. Dynamic problems usually are solved as an 
eigenvalue problem of the discretized structures [13]. Mathematically it leads to some type of 
direct time integration methods and most o f them are related to so-called "tangent stiffness" 
method in which the stiffness matrix of system is modified at every loading step [7,9].

Plasticity as a technical term is defined in mechanics as a certain determination of 
irreversible deformation of the structures caused by external actions. Due to the plastic 
deformation some kind of energy is always dissipated Generally, the theories used in structural 
mechanics for describing elasto-plastic change with time independent material flow are 
formulated on the basis of macroscopic observation of the material behaviour [4,8] The plastic 
problems are handled mostly as a rate independent one and the time parameter t measures the 
order of the events, rather than real time [6]. Dynamical and plastic problems are calculated 
together not very often and we have not found any method to take the dissipation into 
consideration
In this paper a new method is presented which based on nonlinear mathematical programming 
in the function space L^. The dissipative energy and the inertia forces are taken into 
consideration and the "dissipative forces" are characterized as internal variables. In that work 
the effect of damping is not considered. The original model which was created in function space 
L 2  is  transformed into the vector-space during the calculation procedure and the results are 
transformed back after the computation. The theoretical results are illustrated by numerical 
example.
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2. Formulation of the structural problem

Ordinarily the variational interpretation of a problem is created according to the type of 
differential equations that occur (including the initial boundary conditions), and then the 
approximation functions to be used have an appropriate order which follows from the type of 
each equation. In the approach presented here the unconstrained optimization problem that 
derives from the boundary problem is decomposed into a pair of constrained optimization 
problems. The individual material properties are included as functions of the state characteristics 
and this fact connects into a system the parts coming from the original equations. 
Decomposition of the unconstrained optimization problem into a constrained optimization 
problem is not unambiguous, but the different decompositions all must satisfy the same Euler- 
Lagrange equations. It is executed in such a way that the primal-dual problems have physical 
meanings. From the mathematical point of view, the primal and the dual variables are intensive 
and extensive mechanically and the objective function contains different types of energies.

The state variables (e g. stresses, strains, etc.) are given in vector space by vector-scalar 
functions in the case of equilibrium state. For a discretized structure that vector space is 
supposed to be an 3 dimensional space in a global coordinate system. Every node of the element 
is defined by a position vector. To each position vector a state vector described in the local 
coordinate system is attached. The number of the independent components depends on the 
freedom of the nodes and it equals n  times the dimension of the state vector.

In case of time-dependent problems the state functions are given in both local and 
global coordinate systems and are vector-vector functions which depend on the time Within the 
context of a small displacement theory, the position vectors are time independent.

In this paper the presented models include the theoretical results of the earlier studies 
[10,11,12]. It is supposed that the Euler and Lagrange descriptions of the structure correspond, 
that is the position vector does not depend on time. It means that the state characteristics can be 
given using function subspaces based on the local coordinate axes, and can be expressed via a 
linear combination of the (unknown) coefficients of basis-functions of these spaces.

In other words, the state variables (e.g.a(x,t)) are approximated by:

Cj(x,t)*Zx(t)-N(Ç) (1)
i=l

where N(Ç) notes the shape functions depend on the position vector (£) and the 
coefficients x(t) depend on time.

The state variables are given in both local and global co-ordinate systems as vector- 
vector functions which elements depend on time. This elements are described in a function 
space which is determined on the local co-ordinate axes. It means that the state variables can be 
given as a vector with function elements on the local co-ordinate axes in a function subspace 
The state variables (x(t)) can be expressed by the generalized Fourier series according to the 
basis o f the function subspace:

^ ( o = Z
/-1

ey . a tj eSR, /] ( /)  GÁ2, t e [ / , , t 2] (2)

where e'j (j=l,...,s): j-th unit vector of the local coordinate system ordered to the t  -th node,
s: number of degrees o f  freedom at the nodes, Pj(t): i-th element of basis of the 
function subspace (orthonormal polynomial system on [r, ,/2]),.
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The state variables are described on every node in the following space:
F = Ц  X X... X Lj and on the whole structure

F " = (í-2 X í-3 X... xLj )n (3)

where n is the number of the nodes s is the number of freedoms.

To describe the elasto-plastic process a nonlinear mathematical programming problem 
is created in space F n where the variables are the Fourier coefficients a  у . It has been proved 
elsewhere that the Kuhn-Tucker theorem and Wolfe's duality [1,2] are valid in space F n

Then the nonlinear mathematical programming problem exists in space F n in terms of 
elements (x(t)). The general description of the mathematical model and the verification of the 
theory can be found in [2].

The solution of the nonlinear programming problem is a stationer curve. The limitation 
of the presented model is: at least one continuous component has to be assumed, the small 
displacement theory is valid, stability problems are neglected. For the numerical solution it is 
necessary to transform the problem into the ( 2 space where the Kuhn-Tucker theorem is valid 
[2] and the results are mapped back to the space Fn.

2.1 Nonholonom system of the elasto-plastic state

To facilitate an interpretation for a problem it is necessary to describe what type of the 
energies are taken into consideration. In that type of computational model the strain energy and 
the dissipative energy are taken into account. The state variables are defined on the Gaussian 
points of the finite elements.

The constraints of the primal problem - concerning to the intensive state vanables - 
contains the equilibrium equations, the boundary conditions, the plastic yield conditions, the 
yield conditions of the dissipation capacity and switch equations which are described later. The 
objective function contains the sum of the complementary and the dissipative energies using 
theiradditive property.

The dual problem is formed by Wolfe's procedure. The results are: the compatibility 
equations which are expressed in terms of the extensive variables, the inequalities express the 
direction of the process, the boundary conditions and the sum of the different types of energies 
is obtained in the objective function.

In this way there is a possibility to check the primal model. The dual problem has to be 
clear from a physical point of view.

During the process the plastic nodes are in non-equilibrium state [5] in space F n. The 
state space Fn is extended by the internal variables acting on the Gaussian points. The course of 
the dissipation is described by the help of internal variables in the extended space. In extended 
space using internal variables the non-equilibrium state becomes equilibrium one.

The primal problem is:
[B]‘o (t)(p ) + [B]’ r(t) + p(t) = 0 ,  (4/a)

Boundary conditions, (4/b)

f,(ctk( t ),k = l .....z )£ 0 , i = ],...,G  (4/c)
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(4/d)

(4/e)

<Pi ( rk (t), k = l,...,z)<, 0, / = ,

f,(crk(t), к  = У,...,г)г1к(t) = 0, i = k = l , . . . , z ,

+ Vt, t e[t,,t2], (4/1)

where n is number of the nodes, s is the freedom of nodal displacements, G is total number of 
the Gaussian points defined on the elements, z is the freedom of the stresses defined on 
the Gaussian points, [B]* is the transfer matrix of the structure ( dimension is n.s.G.z), 
r(t) is the force type internal variable (dimension is n.s), <p> is the diagonal matrix of 
the Gaussian weights (dimension is G.z,G.z), o(t) is the vector of the stresses 
(dimension is G.z), p(t) is the vector of the external loads acting on the nodes 
(dimension is n.s), [F] is the flexibility matrix (dimension is G.z,G.z), [A] is the matrix 
of the dissipative property of the phenomena (dimension is G.z,G.z).

The mechanical interpretations of the problem (4.a-f) are: (4.a) is the equilibrium 
equations concern to time-functions of stresses and force type internal variables and external 
forces in the extended space (the number of the equation is n.s). The boundary conditions (4 b) 
are expressed by equality and/or inequality constraints. The plastic yield conditions on the 
Gaussian points of the structure are the inequalities (4.c). The inequalities (4.d) yield the size of 
the force type internal variables on the Gaussian points. The equalities (4.e) take a switch role. 
The objective function (4.f) is the sum of the complementary strain energy and the 
complementary dissipation energy.

The model (4 а-f) is "working" on the following way: A point is in elastic state, if the 
plastic yield condition holds the inequality in a given point. The value of the force type internal 
variables are zero owing to the switch conditions (4.e). In the equality equations the equal sign 
is valid in the space F n. If the plastic yield condition becomes an equality in a given point the 
force type internal variable can be appeared in equations (4.a). This comes from the equations 
(4.e) for every Gaussian point and every stress freedom. The force type internal variables are 
not zero that is the equations (4.a) become inequalities in the space Fn (there are no force type 
internal variables among the usual state variables in mechanics). This expresses the fact that the 
point being in plastic state is in non-equilibrium state. If the constraint (4.d) is an equality the 
energy dissipation capacity of the material reaches its maximum in a given Gaussian point. If the 
constraint (4,d) is an inequality the given Gaussian point of the structure is in either elastic state 
or plastic state and the material is able to dissipate.

The matrix [A] contains material constants which characterize the energy dissipation 
ability of the phenomena. Handling this type of energy is rather complicate because the lack of 
the material constants.

The Wolfe’s dual problem of (4.a-f) is formed as follows (the dual variables u(t), Á(t), T'(t) 
and x(t) belong to equalities (4.a), inequalities (4.c), (4.d) and equalities (4 .e), respectively, 
and the dual vectors have function elements ):

[B]u(t) + [ F ] c ( t ) ( p ) U ( t ) e  + i ( t ) ’ r ( t ) ^  = 0 , (5/a)

[B ]u (t)+ M /(t)-a<̂ r(t))  + x ( t ) * f ( o ( t ) )  + r(t)*[A ] = 0 , (5/b)
őr(t)

Boundary conditions, (5/c)
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X (t) ,f ,(a k(t),& = I .....г) = 0, / = 7..... G, (5/d)

(5/е)V (t)> 0  , V(t),<P,(rlt(t),A: = / ......z)  = 0, i = l  G,

^ (p )o ( t) '[F ]o ( t )  + ^ r ( t ) '[ A ] r ( t )  + u ( t) ’ [B ]a(t)(p) + u ( t) ' r ( t )  + 

+ u (t) 'p ( t)  + M t) 'f ( o ( t ) )  + vp(t)'cp(r(t)) + x ( t ) 'r ( t ) f (o ( t ) )  -»  max.

Vt, t e [ t , , t 2], (5/0

where u(t) is the vector of the displacements, \ ( t )  and 4^(t) are the plastic and dissipative 
multipliers, respectively.

The mechanical interpretations of the problem (5.a-f) are: (5.a) expresses the 
compatibility between the displacements and the strains (the number of the equations is G.z). 
(5.b) equations express the compatibility due to the dissipation (the number of the equations is 
G.z). The boundary conditions are saved in original form (5.c). The inequalities (5.d) and (5 e) 
give the sign constrain of the plastic and the dissipation multiplier, respectively. They show the 
direction of the process. (5.f) is the objective function.

Let's see the dual problem in details: Taking out the gradient vector ffom (5. a) the 
following equation system is obtained:

The 1st member means the nodal displacements of the element, the 2nd. member is the 
displacements due to the elastic stresses, the 3rd. member gives the displacements due to the 
plastic strains in the direction of the gradient of the plastic yield conditions. The measure of 
these displacements origins from two parts: one is the plastic multiplier and the other is the 
dissipation in the plastic zone.

In elastic state the equation system (5.b) does not exist since the force type internal 
variables are zero In plastic state the equation system (5 ,b) consists of the following parts: 1st 
member means the nodal displacements of the element, 2nd member contains the displacements 
on the direction of the gradients of the dissipation conditions, 3rd member is zero in plastic 
state since the function value of the plastic yield conditions become zero, 4th. member express 
the displacement type internal variables.

The interpretation of the objective function can be obtained after the following rearranging: 
multiplying the equations (5.a) and (5.b) by their dual vanables and substituting into the 
objective function and rewriting the maximum problem into a minimum the following function

The 1st. member expresses the strain energy, the 2nd. member is the dissipative energy 
and the 3rd. member gives the energy due to the external loads. The 4th. and 5th. members are 
zero, if the inequalities (4.c) less then zero the correspondent dual variables are zero due to the 
constraints (5.d) and (5 .e), if they become equalities the value of the yield functions are zero 
The sum of the 6th. and 7th. member is zero. The 8th., 9th. and the 10th. member are zero if

[B]u(t) + [F]o(t){p) + U ( t ) '  + x (t)* r( t)) Я М  t ) ) _ Q
âa{t)

is obtained: ^ ( /7)° ( t) , [/r ]o(t) + -  г(1)”[Л]гО)- u(t)"/>(t)- 

-A(t)- f ( o ( t ) ) - K tK  ̂ ( t ) ) - x ( t)V (t) /(o ( t) )  + x ( t)7 ( t) /(o ( t) )  +

+A(t)
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functions /  and (p are the homogeneous functions of the stresses and the force type internal 
variables [21]. The dual of the problem (4.a-f) is after the above-mentioned modifications:

[B]u(t) + [F ] a ( t ) ( p )  + (A,(t)* + x ( t ) *  r ( t ) ) ~ ^ ~ ^ y ^  =  0 . (6/a)

[B ]u (t)+ v /( t)’ ^ g ^  + i ( t ) * f ( o ( t ) )  + r(t)*[A ] = 0 , (6/b)
0T(t)

Boundary conditions, (6/c)

X ( t)> 0 , Á (t)i f i( o k(t),A = 1.....z) = 0 , / = ,G, (6/d)

v j/(t)> 0 , \)/(t)i (pi(r1.(t),fc = 7,...,z) = 0, / =J,...,G, (6/e)

- ^ ( p ) CT( t ) '[ F ] CT(t)  “ “ r ( t) '[A ]r( t)  + u ( t ) 'p ( t )  —» min. (6/f)

The objective function in problem (6) expresses the principle of energy conservation.

2.2. Computational model of the dynamic problem without damping

It is supposed that the mass and the flexibility of the structures are time independent 
and the structure has no motion at the time /, = 0. The external loads are decomposed into two 
parts: the first one (pt (t)) makes the deformations and the second one (pD(t)) moves the 
structure. The rate of pe(t) and pD(t) is unknown and it is changed in time. The internal forces 
are divided in a similar way. The dissipative forces as internal variables are handled as it 
happened in previous models.

The primal problem of the dynamic analysis can be written on the following way:

P,(O  + PD( t ) -p ( t )  = 0 , (7/a)

[ B ] 4 ( t ) ( p )  + [B]V(t) + pe(t) = 0 , (7/b)

[ y ] 4 ( t ) ( p }  + pD(t) = 0 ,  (7/c)

Boundary conditions, (7/d)

= 7.....z) < 0, / = /,..., G (7/e)

<Pi (rk (t), k = l .....z) < 0, / = /,... ,G , (7/f)

fi(okt(t). k = I ..... z)rlt(t) = 0, i = l ......G, к  = l,. . . ,z , (7/g)

| c r i (t) '[F ]cr,(t)(p ) + i r ( t ) , [ A ] r ( t ) + | |a < t ) V i [ M ] '' |a{i)d l(p)  -> min., Vt, t e [ t , , t 2],

(7/h)

where n is number of the nodes, s is the freedom of nodal displacements, G is total number of 
the Gaussian points defined on the elements, z is the freedom of the stresses defined on 
the Gaussian points, [B]* is the transfer matrix of the structure (dimension is n.s, G.z), 
r(t) is the force type internal variable (dimension is n.s), [SP] is the transfer matrix of
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the structure for dynamic effect( dimension is n.s,G.z),<p> is the diagonal matrix of the 
Gaussian weights (dimension is G.z,G.z), <T,(t)) is the vector of the stresses which are 
related with the deformations (dimension is G z), <rD(t)) is the vector of the stresses 
which are related with the motions (dimension is G.z), p(t) is the vector of the external 
loads acting on the nodes (dimension is n.s), [F] is the flexibility matrix (dimension is 
G.z,G.z), [A] is the matrix of the dissipative property of the phenomena (dimension is 
G.z,G.z), [m ] ' is the inverse of the mass matrix (dimension is G.z,G.z).

The unknowns are: pc(t) , стДt), er0(t) and r(t).

The mechanical interpretations of the problem (7.a-h) are: (7.a) is the decomposition of 
the external forces, (7.b) and (7.c) are the equilibrium equations concern to time-functions of 
stresses and force type internal variables and external forces in the extended space, respectively 
(the number of the equation is n.s). The boundary conditions (7.d) are expressed by equality 
and/or inequality constraints. The plastic yield conditions on the Gaussian points of the structure 
are the inequalities (7.e). The inequalities (7.f) yield the size of the force type internal variables 
on the Gaussian points The equalities (7.g) take a switch role. The objective function (7 h) is 
the sum of the complementary strain energy, the complementary dissipation energy and the 
kinetic energy due to the motion. The above mentioned form of the kinetic energy can be 
obtained in the following way: According to the Newton II.law it is known that

P dO )  =  M  «(0  ( 8)
Г

Integrating both side of eq. (8) one can obtain j* pd(t)dt = M  • ù(t). The kinetic energy can be
о

1 \ ' 1
expressed as - M  • ù2(t) = - J pd(t)dt • M~] J pd( l )d l . (9)

2 2 0 0

Using internal forces in eq. (9) the kinetic energy can be written in the following way:

U o A t ) d t  M  ' (10)
^ 0 0

3. Numerical example

As an illustration of the proposed computational methods, consider a three-supported 
beam with time dependent loading. The data of the structure can be seen in Fig. 1. The loads act 
on the nodes. The loads act on the nodes. The functions of the external loads are given by 

F(t) = 8 + 7t + 6 l2 + 5r3.

The loads are approximated by the Legendre polynomial system up to four members. The 
structure is divided into 6 members with 7 nodes. The unknowns are the moments and the shear 
forces at the Gaussian points of the members.

On the basis o f the general form, the statically admissible internal forces are determined 
by the equilibrium equations and force boundary conditions. The objective function contains the
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complementary potential energy, dissipative energy and kinetic energy. The displacement 
boundary conditions are taken into consideration in the objective function.

Ж
6 X 3.00 m

Fig. 1

The total and the decomposed (elastic and dynamic parts) loads are seen in Fig. 2. in 
totaly elastic case.

Load -time

time

Ftotal — ®---- F1ela — ■—  F2ela — ®—  F1dyn ------■—  F2dyn

Fig. 2.

To solve this problem we used a nonlinear mathematical programming system. The 
results can be seen in Figs 3-4. The bending moments (elastic and dynamic parts) above of the 
middle support can be seen in Fig. 3. and the elastic energy and the dynamic energy of the 
structure are shown in Fig. 4 One can see that this method and the traditional algorithms give 
the same result.
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Bending moment - Time

Time

M4ela — ■—  M4dyn

Fig. 3

If there are some restrictions for the internal forces they give inequalities in the 
mathematical programming problem. In our example, the Huber-Mises-Hencky yield condition 
is used. In Figs 5-7 one can follow the results of the case when the plastic hinges during the 
process make dissipative energy as well.
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Bending moment - Time

M4ela - - - a - -  M4dyn ---- ■— M4dis

Fig.6
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Fig. 7

4. Conclusion

The elastic, dynamic and dissipative energies are taken into consideration. According to 
our numerical experiments first the static after the dynamic energies are developed in the 
structures and finally the material is changed causing dissipation. The rates of the energies 
depend on the material constants and the mass of the structure.

The theorem mentioned above and algorithms of the nonlinear mathematical 
programming were used for the numerical solution.
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UNBOUNDED PLATE WITH TWO CIRCULAR-ARC 
CRACKS WITH COALESCED PLASTIC ZONES CLOSED 

BY VARIABLE PRESSURE

B h a rg a v a , R . R .* a n d  T y a g i, N . K .**

*Department of Mathematics, University ofRoorkee, Roorkee-247 667, India 
**Govt College, Roorkee-247 667, India

(Received: 15 October, 1997)

The problem of an infinite plate cut along two circular-arc cracks is investigated in this paper. The 
two circular cracks are situated along the circumference o f a circle. The cracks open in Mode I deforma
tions on account of remotely applied biaxial tension at infinity. The plastic zones are formed ahead of 
the tips o f the cracks and the plastic zones formed at interior tips o f the two cracks get coalesced. These 
plastic zones are closed by normal variable stress distribution acting perpendicular to the rims of the 
plastic zones. Problem is solved using complex variable technique. Analytical expressions are derived 
for the load required to close the plastic zones and for crack face opening displacements. A qualitative 
analysis is carried out to study the behaviour o f load required for closure o f cracks and crack opening 
displacement with respect to affecting parameters crack length, plastic zone length and crack radius.

1. Introduction

G e n e r a l fo rm u la tio n  o f  tw o -d im e n s io n a l c ir c u la r -a r c  cra ck  p r o b le m  is  g iv e n  by  
M iln e -T h o m so n  11 1, M u sk h e lish v ili  |2 ]  and  o th ers . T h e  p ro b lem  o f  a  c ir c u la r  crack  ly 
in g  a lo n g  the in ter fa ce  o f  a  c ircu lar  in c lu s io n  e m b e d d e d  in an  in f in ite  s o l id  h a s  b een  in 
v e s t ig a te d  b y  T o y a  [3 ] u s in g  c o m p le x  v a r ia b le  fo r m u la tio n . Z h a n g  [ 4 |  m a k in g  use  o f  
the b a s ic  th eo rem  o f  th e  p o le  po in t a n d  r e s id u e  g a v e  th e  g e n e r a l s o lu t io n  to  a c ircu la r-  
arc cr a c k  p rob lem  in  o p e n in g , s l id in g  a n d  tea r in g  m o d e s  in an in f in ite  p la n e . T h e  p lane  
p r o b le m  o f  tw o  arc c r a c k s  p la c e d  a lo n g  th e  c ir c u m fe r e n c e  o f  a  c ir c le  in  an  in f in ite  e la s 
tic  p la te  is  stu d ied  th e o r e t ic a lly  b y  G d o u to s  e t a l. [5 ] .  C o m p le x  p o te n t ia ls  are u sed  to  
s o lv e  th e  cu rv ed  c ir c u la r  cra ck  p ro b lem  in tw o -b o n d e d  h a lf -p la n e s  m a d e  o f  d is s im ila r  
m a te r ia ls  b y  C h en  and  H a s e b e  | 6 |. D u g d a le  m o d e l so lu t io n  is  o b ta in e d  fo r  a  c ircu lar-arc  
cra ck  in  an  in fin ite  p la te  b y  B h a rg a v a  and  K u m ar [7 ] .  C ra ck  o p e n in g  d isp la c e m e n t and  
s tr e ss - in te n s ity  fa c to rs  c a u s e d  b y  a c o n c e n tr a te d  lo a d  o u ts id e  a c ir c u la r  cra ck  h a v e  b een  
e v a lu a te d  b y  K arap etian  an d  H a n so n  [ 8 ] in term s o f  e le m e n ta r y  fu n c t io n s . C h en  [9 | 
o b ta in e d  th e  so lu tio n  o f  c ir c u la r -cra ck ed  p la te  p r o b le m  b y  u s in g  B u e c k n e r ’s w e ig h t  
fu n c t io n  fo rm u la tio n . A  c ir c u la r  d isk  c o n ta in in g  a  c o n c e n tr ic  arc  cra ck  is  s tu d ied  b y  X u  
[1 0 ]  u s in g  d is lo c a tio n  p ile -u p s  and s in g u la r  in teg ra l eq u a tio n  te c h n iq u e s . R e la ted  a lg o -
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r ith m s fo r  c o m p u tin g  M o d e  I a n d  M o d e  II s tr e s s - in te n s ity  fa c to r s  o f  th e  c u r v ilin e a r  
cr a c k  a r e  o b ta in e d  in  th is p a p er . T h e  in tera c tio n  b e tw e e n  th e  cra ck  tip s  o f  a  c irc u la r -a rc  
cr a c k  i s  s t u d ie d  b y  Shiah  an d  T s a i | I 1 ] d e v is in g  a n ew  c o n fo r m a l m a p p in g . T h e  stre ss  
c o n c e n tr a t io n  around a c irc u la r  in t e r fa c e  cra ck  b e tw e e n  tw o  d is s im ila r  e la s t ic  p la n e s  are 
a n a ly s e d  b y  M u rase  et a l. [ 12 ].

2. Fundamental equations

A s  is  w e ll- k n o w n  the c o m p o n e n t s  o f  s tre sse s  Py/j,j =  r,6 ) and  d is p la c e m e n ts  u,(i =  
r,0) m a y  b e  w ritten  in term s o f  t w o  c o m p le x  p o ten tia ls  Ф (г )  an d  Q{z)  as

Pn  + iP,e =  Ф(2 ) + Q( r 2 /  z ) + z[(z / R  2 ) -  (1 / z)]'K(z).

2 P  ^  { ( « ,  +  Щ  У в }  =  й [* ф (г )  - n ( R 2 /  z )  -  z [ ( z  /  R 2 ) -  ( l  /  z ) J f 0

( 1 )

(2)

w h e r e

4 z ) = K -  n ( z )  -  Щ  - — Ф '(4 (3)

and  z = X + iy =  re'". B ar o v e r  th e  fu n c t io n  d e n o te s  its c o m p le x  c o n ju g a t io n . S h ea r  
m o d u lu s  i s  d e n o te d  b y  /; , к =  ( 3 —4 v') fo r  p la n e  strain  c a s e  a n d  к = (3 —v ) / ( l + v )  fo r  g e n e r 
a l iz e d  p la n e  strain . P o is s o n ’ ra tio  i s  d e n o te d  b y  v.

C o n s id e r  an  in fin ite  tw o -d im e n s io n a l  e la s t ic  p la te  cu t a lo n g  n a rcs L, (i — 1 ,2  
w ith  e n d  p o in t s  a„  hi (i = T h e s e  arcs l ie  a lo n g  th e  c ir c u m fe r e n c e  o f  a  c ir c le  o f

П
ra d iu s  R . T h e  union o f  th ese  a r c s  is  d e n o te d  b y  L = [ J  Lj .

/=1
L e t t h e  r im s  o f  L be su b je c te d  t o  th e  stre ss  d istr ib u tio n  P * , P̂ e and  Pge =  0 . T h e  in

f in ite  b o u n d a r y  o f  the p la te  is  s u b j e c t e d  t o  n o  lo a d s. U s in g  c o n d it io n s  at th e  r im s o f  th e  
cr a c k  a n d  e q u a tio n  (1 ) fo l lo w in g  t w o  H ilb e r t  p ro b lem s are  o b ta in ed .

[ф(0-й(0]+-[ф(0-д(ОГ = 2«(4
on  L

[ф(0+д(о] +[ф(0+п(0Г = 2И4 (4)

U n d e r  th e  assu m p tio n  ;. j e - ' 0 /  R 2 ) -  ( l  /  /•) |t , ( z )J =  0. (5 )
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A n y  p o in t on  the r im s o f  th e  crack  is  d e n o te d  b y  t =  R e 0 and

4 { t ) = ^ - p - y ^ { p ; e - p r-e \

p{t) = \ ( K  + l'rr) + ^ ( K e  + Pre\ (6)

T h e su p erscr ip t +  d e n o te s  the v a lu e  o f  th e  fu n c t io n  at an y  p o in t t o n  L w h e n  ap 
p ro a ch ed  fro m  inner (r < R ) reg io n  an d  su p erscr ip t -  d e n o te s  the v a lu e  o f  th e  fu n ctio n  
w h e n  p o in t t is  a p p ro a ch ed  fro m  o u ter (/• >  R) r eg io n .

In a b se n c e  o f  th e  b o d y  fo r c e s  and  n o  s tr e sse s  a t in f in ity  th e  so lu tio n  o f  e q u a tio n  (4 )  
m a y  b e  w ritten  as

Ф ( г ) - « г ) =  1 | ^ , Л  + Д ,  (7 )

ф(г)+Q(l) ■ ̂  I +т Ь  { + T " + D ’

w h ere

and
/  =  1

/ ^ z ) = c 0z " + c , z " - 4 c 2z"-2

(Ю

(9 )

(10)

T h e c o n s ta n ts  D , ( /  =  0 ,  1 , 2 )  and C, (J =  0 ,  I, 2,... ,n)  are d eterm in ed  u s in g  b ou n d ary  
c o n d it io n s  o f  the p r o b lem .

S tr e s s - in te n s ity  fa c to r  a t a  tip  z =  a, o f  a  cra ck  L, ( /  =  0 ,1 ,2 , . . . , / / )  m a y  b e  co m p u ted  
u sin g  fo rm u la

K\ -  iK 2 =  2 y [ b t z {(z -  a, ) l/2 Ф (г )} . (1 1 )

In tro d u cin g

V ( z )  =  e '9 {z /,.(z )  +  /i<0 ( z ) } ,  ( 12)

and su b s titu tin g  th e  v a lu e  o f  Ф (г) and  Í2 (z ) fro m  e q u a t io n s  (7 )  and  ( 8 ) in to  e q u a tio n  (2 )  
o n e  o b ta in s

^ ( 0  = ^ { < И ' ) - ф Ч ' ) [  (13)

In teg ra tin g  w h ic h  V{t) is  o b ta in ed . C o n s e q u e n t ly  th e  crack  fa c e  o p e n in g  d is p la c e 
m en t ur is  o b ta in ed .
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3. Statement of problem

A n  in f in it e  h o m o g e n e o u s , is o tr o p ic  e la s t ic -p e r fe c t ly  p la s t ic  p la te  is  b o u n d e d  b y  xoy  
p la n e . T h e  p la te  is cu t a lo n g  t w o  c irc u la r -a rc  cra ck s ly in g  a lo n g  th e  c ir c u m fe n c e  o f  a  
c ir c le  o f  r a d iu s  R w ith  c e n tr e  ( 0 ,0 ) .  T h e se  cra ck s are d e n o te d  b y  L\ a n d  L2 a n d  o c c u p y  
th e  a r c u la r  in terval c p  (R,y) to  a t:(R,ß) and Ь |: ( /? ,2 я -Д )  to  d[\(R,2K-y),  r e sp e c t iv e ly .  
U n if o r m  b ia x ia l ten s io n  a p p lie d  a t in f in ite  b o u n d a ry  o f  th e  p la te  c a u se s  th e  o p e n in g  o f  
f a c e s  o f  th e  cra ck  in M o d e  I ty p e  d e fo r m a tio n s . T h e  p la s t ic  z o n e s  d e v e lo p , o n  a c c o u n t  
o f  th is  o p e n in g  o f  fa c e s  o f  th e  c r a c k , a h ea d  o f  th e  t ip s  o f  th e  crack . T h e  t w o  p la s t ic  
z o n e s  d e v e lo p e d  at tw o  a d ja c e n t in ter io r  tip s o f  th e  t w o  c r a c k s  g e t c o a le s c e d . T h u s, th e  
e n tir e  a r c u la r  reg io n  o f  in te r -c r a c k  d is ta n c e  fo rm s a  p la s t ic  z o n e  d e n o te d  b y  / j :  ly in g  
fr o m  ( /? ,2 т г -у )  to  (R,y). O th er  t w o  p la s t ic  z o n e s  d e v e lo p e d  at th e  tip s a\ is  d e n o te d  b y  Г 2 
an d  o c c u p ie s  th e  reg io n  {R,ß)  to  (R , a ) and  the th ird  p la s t ic  z o n e  / 3  at th e  t ip  b\ o c c u p ie s  
the in te r v a l (R, 2л -а )  to  [R ,2n-ß) .

T o  a rrest  the crack  fr o m  fu r th e r  o p e n in g  ea ch  rim  o f  th e  p la s tic  z o n e  / ’, ( / - 1 ,2 ,3 )  is  
s u b j e c te d  to  v ariab le  n o rm a l s t r e s s  d is tr ib u tio n  Pn =  <7vt.s in 0 , P,e = Pee =  0 . T h u s , th e  
c r a c k  i s  a rrested  from  fu rth er  o p e n in g . T h e  y ie ld  p o in t s tr e ss  is  d e n o te d  b y  a n. an d  в  is  
th e  a n g le  v a r in g  a lo n g  a rcu la r  le n g th  o f  th e  crack . T h e  e n tir e  c o n fig u r a tio n  is  d e p ic te d  
in F ig .  1.
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4. Solution of the problem

T h e so lu tio n  o f  a b o v e -s ta te d  p r o b le m  is  o b ta in e d  b y  su p e r p o s in g  th e  so lu t io n s  o f  
tw o -c o m p o n e n t  p ro b lem s co n tr ib u tin g  to w a r d  th e  str e ss  s in g u la r ity . T h e s e  p r o b le m s are 
a p p ro p r ia te ly  d er iv ed  fro m  th e  a b o v e  p r o b le m  an d  are term ed  a s  Problem I an d  Prob
lem II. T h e se  tw o  p r o b le m s a re  d is c u s s e d  b e lo w .

Problem l

A n  in f in ite  s tre ss -free  p la te  is  b o u n d e d  b y  xoy  p la n e . T h e p la te  is  c u t a lo n g  a  circu 
lar-arc crack  S ly in g  a lo n g  th e  c ir c u m fe r e n c e  o f  a  c ir c le  o f  rad iu s R a n d  c e n tr e  (0 ,0 ) . 
T h e  cra ck  S o c c u p ie s  th e  a rcu la r  in terv a l fro m  ( /? ,—« )  to  (R,a).  T h e  c r a c k  S is  form ed  
b y  the u n io n  o f f ,  ( /  =  1 ,2 ,3 )  and  L ; ( j  =  1 ,2 ) i.e . S = l ' ^ U L i U l  \UL\IJ1'2- T h e  boundary  
c o n d it io n s  o f  the p ro b lem  are:

( i)  R im s o f  the cr a c k  S  are a c te d  u p o n  b y  th e  u n iform  s tr e s s e s  P n =  <7«, and

P,e=  P e e -  0 .
( i i)  N o  s tr e sse s  a c t in g  at in f in ity .

( i i i )  D isp la c e m e n ts  are s in g le  v a lu e d  at th e  r im s o f  crack .
S o lu t io n  o f  a b o v e  p r o b le m  is  w ritten  d ir e c t ly  u s in g  M u sk h e lish v ili [2 ]  a s

d > ,(z )  =
( 3 - c o s a )

(z  -  R c o s a )
(1 4 )

Q , ( z )  =
(3  -  c o s  a )

(z  -  R c o s a )

X (z)
■ (2  -  c o s a ) (1 5 )

w h ere

X ( z )  =  ( z 2 -2RCOSCC + R 2)'12. (1 6 )

T h e o p e n in g  m o d e  s tr e ss - in te n s ity  fa c to r  at ( К /  j for Problem  /  a t th e  t ip  z =  a -  

R e a is  o b ta in ed  su b stitu tin g  <2>i(z) fo r  Ф (г) in eq u a tio n  (1 1 ) . T h is  m a y  b e  w r itte n  as

(К / ),, =  cr^ ^ (2 л /?  sin  a )  / ( 3 - c o s a ) .  (1 7 )

Problem 11

A n in f in ite  e la s t ic -p e r fe c t ly  p la s tic  p la te  is  b o u n d e d  b y  xoy  p la n e . T h e  p la te  is cut 
a lo n g  a s in g le  arc S (d e f in e d  a b o v e  in  Problem I ) a lo n g  the c ir c le  o f  r a d iu s  R  w ith  c e n 
tre (0 ,0 )  and  S = I \U L 2l lI '\UL\(Jr2. T h e  b o u n d a ry  c o n d it io n s  o f  the p r o b le m  are:
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( i )  E a c h  rim  o f  Г , (i =  1,2 ,3 )  i s  su b jec ted  to  n o rm a l s t r e s s  d istr ib u tio n  Prr =  crvt.s in 0 , 

P гв — P ее -  0.
( i i )  E a c h  rim o f  L, ( I - 1 ,2 )  a r e  s t r e s s  free.

( i i i )  N o  stresses are p r e s c r ib e d  a t in fin ity .
( i v )  D isp la c e m e n ts  are s in g le  v a lu e d  at the rim s o f  th e  c r a c k  S.

U s i n g  boundary  c o n d it io n s  ( i )  a n d  (ii)  and e q u a tio n  ( 1 )  f o l lo w in g  tw o  H ilb er t p ro b 
le m s  a r e  ob ta ined:

[Ф/ДО-п^Хф/ДО-П/ЛОГ=0’ 0 8 )

[ф„(о+п„(')Г +[ф//(о+п//(ог= 2 а У' s in 0 ’ (19)

3
o n  Г  =  (J Г, and t is a n y  p o in t  o n  Г. T h e  su bscrip t II d e n o te s  that th e  fu n c tio n  re fer s  to

i=i
Problem  II.

T h e  so lu tio n  o f  e q u a t io n s  ( 1 8 )  and (1 9 )  m a y  b e  w r itte n  u sin g  eq u a tio n s  (7 )  and
( 8 )  a s

(20)

w h e r e  X(z)  is the sam e a s  d e f in e d  in  eq u a tio n  (1 6 )  and

D 0 =  - f f ,, ^ +G7'
2 R

D , = 0,

D2 = 0,

C 0 = C 7

'g 5 - G 3G 7

(21)

( 22)

(2 3 )

(2 4 )

(2 5 )
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T h e  co n sta n ts  G , ( /  =  0 , 1 ,2 , . . . , 9 )  an d  /7, (/' =  1 ,2 ) d en o te

G0 = 2/ - и . - '  r * i K ' + ■ > . - * + « - '
b(a-b\ )  \  b(a — c, ) 2 y b ( a - d t) ^Ь( а - а , )

G,  = 4  Ri
Y . В H^ s in — -  /У, s i n —

G-,  =  —2; tan_, / ft, ^ -I 11 
1 1 1 - t a n  1 1 1

л — 6,

c , - f t  n---- + tan
I if — c ,

i К  - ь  - ,

у a  -  с/, у  a  -<7,
tf, - f t

G 3 = ( G ,  +  G 27? c o s a ) ,

C 4 =
277

G5 = ÄG02 + <̂ i

—  -  c o s  or
V Я У

f t ,
+  I —  -  c o s  or

+  -  — ( l  + c o s 2 a ) -  /?G () c o s a  +  G ,

/7

77G,
(l + cos" aH (+> + 1 —  G 2  c o s a

G ,
G ,

+  — =-j(ft, +  3 7 ? c o s a ) G ,  +  7 7 " (3 co s"  a -  i ) g 2 }] .
2/7

Go -
(Ci +g,) + G 4 + C 5

2/7 77G-,

G 7 =
/ / G ,  ( /У с т е й  -  G ,G f) -  2 /? G 2G 2 ) 

( /? 2G 2G 2 - K o j e ) ,  - 7 ? G 2G ,  +  G ,G 3 ) - 4 / ? 2G 2G 2

^8  = 'og,
( l - c o s a e  'V + 2 H le ‘ß 2 )(l - c o s a e ' 7 +  l H 2e , y 2 )(l -  c o s a e ' “  ) e ' l(^ 7 

|l -  c o s a t T ' 7 + 2 H 2e ,y ' )jl -  c o s a e '^  + 2 H xe^  " )jl -  c o s a e  )

G9 =log(.
( e ^ 2 + 2 / 7 , ) i - c o s a j j e ' y /2 |[e fr/2 +  2 / / 2 )| -  c o s a j

j e - '> /2 l( + " 2 + 2 h 2 ;( - c o s a j { e '^ /2 ( ^ /2 +  2 7 7 ,) | - c o s a j
(2 6 )
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/ / ,  = s i n ,/2
' a  + ß  '

s i n 1/2 i “ - n H 1 =  s i n l/:
' a  + y^ ■ i/г Г a - y ls i n ' ---------{ 2 J l  2  J { 2 J l  2  J

• (27)

T h e  o p e n in g  m o d e s t r e s s - in te n s i ty  fa c to r  (k ‘, ‘ j  fo r  th is  p r o b le m  su b stitu tin g  Фц(г) 

fr o m  e q u a t io n  (2 0 )  for <P(z) in to  e q u a t io n  ( 11 ) at tip  z =  a = R e a a s

( * , " )  = -
<7„.

(ttR s in  a )

1 G,

1/2
Re f \ - / Л

V2 R
-  c o s  a

RG-,
( l  +  c o s 2 a )

+ 2C| +
R

-  G-, c o s  a  + 2C„
G ,  2 R G ()

a + - ^ a ~ -----------
R a

(28)

5. Plastic zone length and crack opening displacement

P la s t ic  z o n e  len gth  fo r  th e  o r ig in a l  p ro b lem  is  o b ta in e d  b y  su p e r p o s in g  a p p ro p r ia te ly  
th e  s t r e s s - in te n s ity  fa c to rs  o b ta in e d  a t th e  tip  z = a = Re'a, u s in g  th e  c o n d it io n

(29)

,2 3 2 \n R  sin  a )  -  a ve (3  -  c o s  a )  R e

R G 7 t. ,  ч (  G

' l - / л

V?
- ( l  + c o s 2 a j  +  2C\  +

G ,

R
c o s  a

R
G , c o s  a  +  2 C n

G -,
a  h— —c r  -  ■ 

R

R - G n
(3 0 )

=  0.

D e te r m in in g  a  from  a b o v e  e q u a t io n , the p la s tic  z o n e ’s arcu la r  len g th  is  th en  c a lc u 
la te d  e v a lu a t in g  \R(a-ß)\.

T h e  D u g d a le  m od el cra ck  o p e n in g  d isp la c e m e n t иц at th e  c r a ck  fa c e  is  c a lc u la te d  by  
u s in g

u ‘R C O D  

<P(z) f r o m

uR(z )  =  ^ . u ' ( z ) ~

fo r  Problem / ,  o b ta in e d  u s in g  eq u ation  

eq u a tio n  (1 4 )

uR =  R e R ( z - a ) ' /2( z - b ) ' 12

4  ( 4  (3D

( 1 3 )  su b s titu tin g  v a lu e  o f  Ф\(г) for  

/{z (3 -c o sa )} j . (32)
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S im ila r ly  uR C O D  fo r  Problem II, su b s titu tin g  Фц(:) for Ф{:) fro m  e q u a t io n  (2 0 )  

in to  e q u a tio n  (1 3 )  an d  in teg ra tin g  o n e  o b ta in s

„ , lr ( 2R 2 - 2 zR c o s a  +  2 A V (z )
u« = Re -  ^  ® 1 ’~  {G8/? log, 

4л- 1

+  <—4  — - c o s a  -
2 \ R

RGq
(l +  c o s 2 a )  +  2 C, l l o g t, { 2 .V (z) +  2z - 2 / ( c o s a }  +

R
G9 c o s a  +  2C 0 j j .Y (z )  +  /? c o s  a lo g c { 2 .Y(z) + 2z - 2 ä  c o s a } | +  ^ 3 )

Go ( z  +  3 / í c o s a  
+ —2-

R
(z )  +  —  ( 3 c o s : a  -  l j lo g t, { 2 . V ( z ) - 2 z -

- 2 / i c o s a 1111
R

N o w  c a lc u la t in g  c r a ck  tip  o p e n in g  d is p la c e m e n t  at the actual cra ck  tip s  z  =  ci\=  Re^  

and  z = C| = Re'y is tr iv ia l ly  and o b ta in e d  su b s t itu t in g  u'R and uR in to  e q u a t io n  ( 3 1 )  for  

p r e sc r ib e d  a j a ye, ß, R an d  y.

6. Results

T h e  b eh a v io u r  o f  lo a d  required  to  c l o s e  th e  p la s t ic  z o n e s  w ith  re sp e c t to  th e  in crea se  
in  c r a c k  a n g le  and  c r a c k  radius is  p lo t te d  in  F ig s  2  and  3 , r e sp e c t iv e ly . It m a y  b e  o b 
s e r v e d  fro m  F ig . 2  a s  th e  crack  len g th  is  in c r e a s e d , k eep in g  th e  p la s t ic  z o n e  s iz e  Fixed  
th an  le s s  lo a d  is  r eq u ired  for  arrestin g  th e  c r a ck . A ls o  it is  seen  that fu rth er  le s s  lo a d  is 
req u ired  i f  th e  d is ta n c e  b e tw e e n  th e  t w o  c r a c k s  is  in crea sed  k e e p in g  c r a c k  a n d  p la s tic  
z o n e  le n g th s  f ix e d . F ig u r e  3 sh o w s  th e  v a r ia t io n  o f  load  ratio ( lo a d  a p p lie d  at in fin -  
i t y /y ie ld  p o in t s tr e ss )  w ith  resp ect to  c r a c k  ra d iu s . A s  th e  rad ius o f  th e  c ir c le  on  w h ich  
th e  c r a c k s  lie  is in c r e a s e d  the e ffe c t  o f  th e  cr a c k  o n  e a c h  other d im in ish e s .

T h e  varia tion  o f  c r a c k  o p en in g  d is p la c e m e n t  (C O D ) at the in ter ior  t ip  o f  th e  crack  
v e r su s  th e  in terior p la s t ic  z o n e  is s h o w n  in  F ig . 4 .  T h e  crack  o p e n s  m o r e  i f  th e  p la stic  
z o n e  s iz e  is  in c r e a se d , a s  e x p ec ted . F ig u r e  5  s h o w s  th e  variation  o f  C O D  at th e  ex ter io r  
tip  o f  th e  crack  v e r su s  le n g th  o f  the e x te r io r  p la s t ic  z o n e . H ere ca n  a ls o  b e  th a t fo r  b ig 
g e r  p la s t ic  z o n e  s iz e  th e  crack  o p en s m o r e .

In F ig . 6  C O D  at in ter ior  tip  is  p lo t te d  a g a in s t  in c r e a s in g  crack  le n g th . It is  in terest
in g  to  n o te  that i f  th e  c ra ck s are m o v e d  apart in c r e a s in g  the cra ck  r a d iu s , th e  crack  
o p e n in g  v a r ia tio n s s m o o th e n s  out.
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C ra c k  A n g le  ( i n  d e g r e e s )

F i t ; .  2 .  Variation of load ratio at the exterior tip o f the crack versus crack radius

R a d i u s

F ig . 3- Variation of load ratio at the exterior tip of the crack versus crack radius
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F i j ; .  4 .  Variation of crack opening displacem ent at the interior tip o f  the crack 
versus interior plastic zone length

E x t e r i o r  P l a s t i c  Z o n e

F ig. 5. Variation of crack opening displacem ent at the exterior tip o f the crack
versus exterior plastic zone length
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C r a c k  A n g le  ( i n  d e g r e e s )

F ig . 6. Variation of crack opening displacement at the interior tip o f the crack versus crack angle

F ig . 7. Variation of crack opening displacement at the exterior tip o f the crack versus crack angle
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8 .  Variation of crack opening displacement at the interior tip of the crack versus crack radius

9. Variation of crack opening displacement at the exterior tip o f the crack versus crack radius
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The effect o f increasing crack length on COD at the exterior tip is plotted in Fig. 7. 
It m ay be observed that at the exterior tip, since the effect o f the existing crack in 
neighbourhood is less, the CO D  variation is not as turbulent as in case of interior tip o f 
the crack.

F igures 8 and 9 show the behaviour o f COD at interior and exterior tips as the crack 
radius (the radius of the circle on circum ference o f w hich the cracks lie) is increased. In 
Fig. 8 the C O D  pattern is such that the COD at tw o interior tips of the two cracks tend 
to coalesce. The different plastic zone ratio, for which the graphs are drawn, is the ratio 
betw een exterior plastic zone to interior plastic zone. Figure 9 shows the same variation 
at ex terior tip  o f the crack. The C O D  at the exterior tip  increases as the size of crack ra 
dius is increased.
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The determination of rock fracture toughness is one of the most significant problems in fracture me
chanics. This paper suggests a method for determining the stress intensity factor (Kic) of limestone beams 
under three point bending.

This method is based on a model with new geometry. The regulations valid at present oblige us to use 
rectangular specimens, though these specimens are not always easy to be produced at rocks because of 
the material structure, and the number of failured beams is relatively high during creating. It seems to be 
more advantageous to choose an experimental form which is anyway available in the course of the boring 
sampling: the half-cylindrical specimen, simply made from cylindrical boring core with cutting it into two 
and with an artificial notch, is easier to be produced and has less loss than the rectangular one, and the 
three point bending subjection can be practicable in the same way.

This paper presents the laboratory and finite element investigations for the rectangular and half- 
cylindrical specimens, and finally suggests analytical formula for the calculation of the stress intensity 
factor based on the new geometry.

1. Introduction

A  sig n ifica n t f ie ld  o f  ro ck  m ec h a n ic s ’ r e se a r c h e s  is  the d eterm in a tio n  o f  m ater ia l 
p ro p erties , w h ich  is  n e c e s s a r y  for  the study o f  d is c ip l in e . T h e  resu lts  o f  c o n s id e r a tio n s  
c o n n e c te d  w ith  la b o ra to ry  in v e s tig a tio n s  and r e se a r c h - te c h n o lo g y  w ill a p p ear in e v e r y d a y  
p ra c tice  in a short t im e  h e lp in g  in m easu rin g  and  stru ctu re  p lan n in g  an d  su p p ortin g  the  
a sse ssm e n ta l and q u a li f ic a t io n  w ork  r e sp e c tiv e ly . M o r e  an d  m ore lab oratory  re se a r c h e s  
turn th eir  atten tion  to  e x a m in a tio n s  co n n ected  w ith  fra ctu re  and fa ilu re . T h e d eterm in a 
tio n  o f  stress  in ten sity  fa c to r , w h ich  is  the m ost u se fu l fo r  q u a lif ic a t io n  in q u iry  a m o n g  the  
fractu re  m ech a n ica l c h a r a c te r is t ic s , and its te c h n o lo g ic a l p ro b lem s a r ise  a s  resea rch  e x 
e r c ise .

It’s v ery  im portant th at w h a t kind o f  sp e c im e n s  w e  u se  or can  u se  for  lab oratory  e x 
p er im en ts b esid e  th e  q u e s t io n s :  w hat, w ith  w h at a n d  h o w . T h e  a v a ila b le  sa m p le  is  d e ter 
m in an t from  the p o in t o f  r e sea rch -tech n o lo g y . T h a t’s w h y  o n e  can  o n ly  a p p ly  su ch  ch a r
a c te r is tic s  for the a s s e s s m e n t  o f  m ateria l p ro p erties  that co n ta in  the co rrectio n  fa c to rs  
c o m in g  from  sh a p e  a n d  s iz e  e ffe c ts .
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164 BOJTÁR, I. et al.

T h e  m o s t  freq u en t sa m p le  o f  th e  la b o ra to ry  rock  m e c h a n ic s ’ in v e s t ig a t io n s  is  th e  co re  
o r ig in a t in g  fr o m  borin gs. T h e  d e e p e n in g  b o r in g s  p ro v id e  h ig h - le v e l k n o w le d g e  o f  rock  
e n v ir o n m e n t  o f  en g in eer in g  c o n s tr u c tio n s . L a rg e  n u m b er o f  ro ck  v a r ia tio n s  h a s  to  b e  a s 
s e s s e d  a n d  q u a lif ie d  w ith  the a v a ila b le  c o r e  m a ter ia l.

T h e  b o r in g  co re  m ateria l p r o v id e s  the e c o n o m ic a l a p p lica tio n  o f  the stan d ard  c y lin d r i
c a l s p e c im e n s  in r e se a r c h -te c h n o lo g ic a l re sp e c t . T h erefo re  -  and  not o n ly  fro m  th e o r e t i
c a l c o n s id e r a t io n s  -  in rock m e c h a n ic a l te s t in g  w o rk s w e  u se  so -c a lle d  stan d ard  c y lin d r i
c a l s p e c im e n s ,  w h ich  can  b e  m a d e  s im p ly  fro m  the b o rin g  c o r e  w ith  c u ttin g  in to  tw o . I f  
n e c e s s a r y  c y lin d r ic a l sp e c im e n s  c a n  b e  p ro d u ced  from  d ifferen t sa m p le s  g o t  in  other  
w a y s  ( e .g .  fr o m  rock  m a ss) w ith  u s in g  la b o ra to ry  b o r in g  m a ch in e .

F o r  d e te r m in in g  the str e ss  in te n s ity  fa c to r  a  resea rch  h a s  b een  sta n d a r d iz e d , that 
m a k e s  th e  in c lu sio n  o f  the K !c p o s s ib le  w ith  b en d in g  o f  the n o tch ed  b o r in g  co re  
(O u c h te r lo n y , 1 9 8 9 ). W e  a ls o  h a v e  p o s s ib il ity  to  p ro d u ce  so -c a lle d  “ m o d if ie d  d isc  
s p e c im e n s ” w ith  notched  d isk s  cu t fr o m  th e  b o r in g  co re  an d  to  tak e d o w n  th is  s ig n if ic a n t  
m a te r ia l p ro p er ty  w ith  the h e lp  o f  th e s e  sa m p le s . C z o b o ly  and  h is  c o -a u th o r s  (C z o b o ly ,  
1 9 8 6 )  g a v e  su g g e s tio n  for u s in g  th e s e  b o r in g  c o r e s .

A t g e o lo g ic a l  r e sea rch -b o r in g s  fo r  d e term in in g  the p etrograp h ic  and  se t tle m e n ta l  
p r o p e r tie s  th e  co r e s  o ften  h a v e  to  b e  cu t in to  tw o  a lo n g  th eir  lo n g itu d in a l a x is .  T h e se  
p r o p e r tie s  c a n  b e  m ore e a sy  to  a n a ly z e  at th e  cu t su r fa ce , and  o n e  o f  th e  c o r e ’s  h a lf  ca n  
b e  a p p lie d  fo r  tes tin g  and th e  o th e r  fo r  re ta in in g . T h e  n o tch ed  sa m p le  h a lf  a p p lie d  for  
te s t in g  is  s u ita b le  for  the d eterm in a tio n  o f  th e  c r it ic a l s tre ss  in ten sity  factor .

N a tu r a lly ,  the n ew  sh ap e o f  sp e c im e n  — co n tra ry  to  th e  trad ition al b e n d in g  m o d e l -  
r a is e s  a  la r g e  num ber o f  te c h n ic a l q u e s t io n s . T h is  p ap er  w ill  g iv e  a n sw e r s  fo r  th e m  w ith  
d e m o n s tr a tin g  th e  resu lts o f  the th e o r e t ic a l a n d  ex p er im en ta l research . T h e  p u r p o se  o f  our  
r e se a r c h  w o r k  w a s  to  m ak e the n e w  sp e c im e n s  -  w h ich  are  a v a ila b le  in  la r g e  q u a n tit ie s  
and  c a n  b e  p ro d u ced  e a s ily  -  s u ita b le  fo r  d e term in in g  fractu re m ech a n ica l p r o p e r tie s  and  
th u s th e y  c a n  b e  fitted  in to  th e  s y s te m  o f  th e  ro ck  m e c h a n ic s ’ lab oratory  resea rch .

2. Laboratory experiments

T h r e e  p o in t  b en d in g  te s ts  w e r e  d o n e  on  d ifferen t c r o s s -s e c t io n a l sp e c im e n s  in the  
la b o r a to r y  a t the D epartm ent o f  E n g in e e r in g  G e o lo g y  at T e c h n ic a l U n iv e r s ity  o f  B u d a 
p est. T h e  sp e c im e n s  w ere  m a d e  fr o m  sa n d sto n e , d e n se  a n d  c o a r se  lim e s to n e . A t  e a ch  
s to n e  f ir s t  rectangular,  then  half-cylindrical  sp e c im e n s  w e r e  broken . F or e x a m in a tio n  
s e r ie s  s u c h  ro c k s  w ere  c h o se n , th a t w a s  su ita b le  fo r  th e  h o m o g e n e o u s  and  is o tr o p ic  c o n 
d it io n s  in  e x a m in a tio n  resp ect. T h e  e x a m in a te d  ro ck s w ere:

-  dense  limestone (I) (B u d a p e s t , P e sth id e g k ú t, H u n g a ry ) w ith  c a rb o n a te  t i s s u e  and  
c o n ta in in g  c a lc i t e -  and c la y -v e in s  in  so m e  p la c e s ,

-  coarse  limestone (V r a c a , B u lg a r ia ) , f in e -g r a in e d , ca rb o n a tic  rock  w ith  b e e t  p o t-  
a sh ed  b o n d in g ,

-  sandstone  (M au lb ron n , G e r m a n y ) , a u b u rn , f in e -g r a in e d  rock  w ith  g lu e d  t is s u e  and  
s i l ic a te  b o n d in g ,
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- d e n s e  limestone (II) (V á c , H u n g a ry ) f in e -g r a in e d , co m p a ct rock w ith  m icro -cry sta l  
t is su e  an d  c o n ta in in g  c a lc ite -k n o ts .

T h e  a r tific ia l n o tch  c a u s in g  crack  and  “ c o l le c t in g ” te n s ile  stress  c o n c e n tr a tio n  w a s  the  
sa m e  at a ll ty p es  o f  m a ter ia l and g e o m e tr ic a l fo r m s. T h e  m ea su rem en ts w e r e  d o n e  on  
la b o ra to ry  air-dried  ro ck  p h y sica l sp e c im e n s .

T h e  g eo m e tr ic a l c h a r a c te r is tic s , d a ta  and th e  ty p e  o f  lo a d in g  ca n  b e  s e e n  in  F ig . 1 at 
rectangular  and  F ig . 2  at half-cylindrical s p e c im e n s . It is  im portant to  m e n t io n  that rec
ta n g u la r  sp e c im e n s  w e r e  m a d e fro m  the sa m e  c y lin d r ic a l co r e s  a s  w e  u se d  fo r  th e  pro
d u ctio n  o f  th e  h a lf -c y lin d r ic a l sa m p le s  w ith  c u tt in g  th em  in to  tw o  a lo n g  th e ir  lo n g itu d in a l 
a x is ,  th ere fo re  the g e o m e tr ic a l r e la tio n sh ip  b e tw e e n  the tw o  d ifferen t c r o s s -s e c t io n a l  
m o d e ls  ca n  b e  d irec t ly  an d  s im p ly  e s ta b lish e d . In e v e r y  c a s e  the e x a m in a tio n  apparatus  
w a s  a  u n iv ersa l c o m p r e s s  m a ch in e  ty p e  SZ F1 (A n y a g v iz s g á ló  K é s z ü lé k e k  G y á r a , B u d a 
p est).

T h e  b a s ic  stren gth  p ro p erties  (Y o u n g ’s m o d u lu s , P o is s o n ’s ratio) w e r e  a ls o  ga in ed  
fro m  th e  la b o ra to ry  e x p e r im e n ts  o f  a p p lied  ro ck s. T a b le  I sh o w s  th ese  v a lu e s  fo r  th e  four  
m a ter ia ls .

In th e  c o u r se  o f  la b o ra to ry  m ea su rem en ts  w e  d eterm in ed  the c r it ica l lo a d  n e e d e d  for  
b en d in g  fa ilu re . T o  e n su r e  the q u a s i-s ta t ic  n atu re o f  the lo a d in g  p ro ced u re , lo a d - in c r e a se  
w a s  d o n e  in su ch  a  w a y  that s tr e ss -in c r e a se  sp e e d  rem a in ed  b e lo w  1 M p a /s e c ,  a  fix ed  
v a lu e  in  the stan d ard  co n c e r n in g  b en d in g . T h e  g a in e d  cr it ica l lo a d s o f  rec ta n g u la r  and  
h a lf -c y lin d r ic a l sp e c im e n s  ca n  b e  se e n  in T a b le  2 .

Sample Lo
1 mm 1

w
|m m |

В
|m m |

a
|m m |

PI-1 100 33.5 36.7 4.36

PI-2 100 39.6 45.4 6.61

PI-3 100 38.7 39.4 3.63
PI-4 100 39.6 38.9 4.12
PI-5 100 39.8 39.2 4.90
PI-6 100 39.9 39.2 1.54

F i g .  I . The geometrical characteristics of the rectangular specimen and the type of loading
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Sample Ц Rnoin В a
|m m | |m m | |mm] |m m |

C l-l 100 43.3 83.8 2.42
CI-2 100 37.8 83.3 1.48
CI-3 100 38.0 83.2 2.79
CI-4 100 27.3 55.1 1.87
Cl-5 100 25.3 54.6 2.06
CI-6 100 26.9 58.9 1.64
CI-7 100 29.9 59.3 2.24
CII-I 100 37.5 63.4 3.80
CII-2 100 30.8 63.0 2.53
C1I-3 100 31.8 63.3 3.58
CII-4 100 32.0 63.5 3.06
CII-5 100 30.0 63.3 3.78
CII-6 100 30.9 62.6 2.93
CII-7 100 34.3 71.5 4.69
CII-8 100 21.3 53.9 4.96
Cll-9 100 26.1 55.1 3.99
CII-10 100 21.6 54.2 5.63
Cll-1 1 100 26.5 55.1 4.01

F i g .  2 .  The geometrical characteristics o f the half-cylindrical specimen and the type of loading

T a b l e  1
Strength properties

Sample Material Young’s m odulus (E) 
|N /m m 2|

Poisson’s ratio (v) 
[-1

PI-1, PI-2; Cl-l -  CI-3 Dense limestone (1) 26340 0.20
PI-3, PI-4; CI-4, CI-5 Coarse limestone 8430 0.25
PI-5, PI-6; CI-6, CI-7 Sandstone 7830 0.25
CII-1 - C l l - 1 1 Dense limestone (II) 35870 0.24

3 .  N u m e r ic a l  s o lu t io n s

T h e  reg u la tio n s  b a se d  on  fra ctu re  m e c h a n ic s ’ th e o r e t ic a l m eth o d s g iv e  p o s s ib i l 

ity  fo r  th e  d eterm in a tio n  o f  s tr e ss  in te n s ity  factor lim it w ith  th e  h elp  o f  cr it ica l lo a d  d e 

te rm in ed  b y  lab oratory  m e a su r e m e n ts . T h ese  r e la t io n s  a r e  b a se d  on  the Ir w in ’s th e o r y , 
that m o d if ie d  the K o lo s z o v - M u s z h e l i s v i l i - W e s t e r g a a r d ’s d is c -so lv in g  e x e c u te d  w ith  

c o m p le x  s t r e s s  fu n ctio n s. T h e se  d is c s  h ad  an a r tif ic ia l sh a rp  cra ck  and su p p o se d  in f in ite  

s iz e . O r ig in a l ly  Irw in  restr ic ted  th e  so lu tio n  v a lid  fo r  th e  w h o le  d isc  to  the im m ed ia te  su r

r o u n d in g s  o f  th e  crack  tip . T h e  s t r e s s  in ten sity  fa c to r  in tro d u ced  in the co u rse  o f  th is  r e 
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d u ctio n  is  used  for  m a th em a tica l d e sc r ip tio n  o f  singularity and p h y s ic a l d escr ip tio n  o f  

stress concentration  ( s e e  th e  g en era l w o r k s  lis te d  at R e feren ces, e .g .:  B r o e k , H ahn or 

A n d e r so n ), and its lim it ca n  b e  c o n s id e r e d  a s  a  m ater ia l con stan t at a  g iv e n  geo m etr ica l 

cr a c k  fa c e .
T h e  situ ation  at real stru ctu res is  m u ch  m o re  co m p lica ted  than a s  m e n t io n e d  above: 

b o u n d a ry  co n d it io n s  p ro v id ed  b y  fin ite  s iz e  a n d  co m p lica ted  g e o m e tr ic a l fo rm  is  b a si
c a lly  d ifferen t from  th e  a ssu m p tio n s  o f  th e  o r ig in a l so lu tion . In p ra c tica l c a s e s  th is  d iffi
c u lty  is  a b so lv e d  in su ch  a w a y  that s i z e -  an d  sh a p e-d ep en d en t c o r r e c t io n  fa c to r s  are in i
tia ted  to  m o d ify  th e  re su lts  d er iv ed  from  th e o r e t ic a l a ssu m p tion s. T h is  le a d s  to  the c o n se 
q u e n c e  that n ew  g e o m e tr ic a l co rrec tio n  fa c to r s  h a v e  to  b e  d eterm in ed  fo r  e a c h  n ew  ca se  
(e x c e l le n t  sum m ary ca n  b e  fou n d  fro m  th e  s tr e ss  in ten sity  fa cto rs o f  th e  d ifferen t real 
s iz e d  e le m e n ts  and  from  the g e o m e tr ic a l c o r r e c t io n  fu n ction s d e ta ile d  th e  fa c to r s ’ so lu 
t io n s  in e .g . the v o lu m e s  o f  “ S tr e ss  In ten sity  F a c to r s  H an d b ook ” p u b lish e d  in Japan and 
th e  U .S .A .) .

T a b l e  2
Critical load values

Sample Material Critical load (Pc) 
[N]

PI-1 Dense limestone (I) 2450
PI-2 Dense limestone (I) 5000
PI-3 Coarse limestone 410
PI-4 Coarse limestone 3X0
PI-5 Sandstone 1150
PI-6 Sandstone 1460
CM Dense limestone (I) 7650
CI-2 Dense limestone (I) 7400
CI-3 Dense limestone (I) 6X50
CI-4 Coarse limestone 190
CI-5 Coarse limestone 140
CI-6 Sandstone 760
CI-7 Sandstone X90

CII-I Dense limestone (II) 2920
CII-2 Dense limestone (II) 3400
CII-3 Dense limestone (II) 22X0
CII-4 Dense limestone (II) 3060
CII-5 Dense limestone (II) 2630
CII-6 Dense limestone (II) 39(H)
CII-7 Dense limestone (II) 4000
CI1-X Dense limestone (II) 900
CII-9 Dense limestone (II) 1720
CII-10 Dense limestone (II) X50
C ll- l l Dense limestone (II) 1750
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T able  .1
Stress intensity factors of rectangular specimens

Sample Material Stress intensity factor (Kic) 
[N/mm3/2]

PI-1 Dense limestone (I) 58.12
PI-2 Dense limestone (1) 83.86
PI-3 Coarse limestone 6.31
PI-4 Coarse limestone 5.99
PI-5 Sandstone 19.23
PI-6 Sandstone 14.56

T h e s e  e f f e c ts  issu ed  from  th e  g e o m e tr y  o f  sp e c im e n s  a r e  th e  rea so n s for the n e c e s s ity  

o f  th e  n u m e r ic a l ex a m in a tio n s  c o n n e c te d  to the e x p e r im e n ts  p er fo rm ed  by us, a s  th e  p r e s 

e n t  r e g u la t io n s  g iv e  the g e o m e t r ic a l  correction  fa c to r s ’ v a lu e  o n ly  for the rec ta n g u la r  

s p e c im e n s ’ three point b e n d in g  c a s e ,  s o  th ese  factors h a v e  to  b e  determ in ed  sep a ra te ly  at

4 -n o d e  te tra h ed ro n

W

L„/2 /  _ j V__________ B /2 I

71 /

F ig. .1. 3D finite element mesh of rectangular specimens

Acta Technica 107, 1995-96



DETERMINATION OF FRACTURE MECHANICAL PROPERTIES 169

RПО

F i g .  4 .  3D finite element mesh of half-cylindrical specimens

half-cylindrical specimens. The control of identification is expediently executed with the 
help of another numerical model for the sake of more unambiguous control. At the present 
examinations we used fracture mechanical applications provided by three dim ensional 
(3D) finite element analysis.

First we examined what kind of stress intensity factors the analytic fo rm u la  (in the 
case o f standard rectangular specimens) defined by the present current competent norms 
gave for result. Table 3 contains these values showing the applied formula [9].

Next we examined the results o f 3D finite elem ent analysis (excellent summary can 
be found on the fracture mechanical applications of finite element technology in the

compression zone 

neutral line

tensile zone

F i g .  5 .  The contour line picture of stress distribution in axis of rotation direction 
for half-cylindrical specimen
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170 BOJTÁR, I. et al.

works o f  Fiizy, Owen, Fawkes etc.). Figure 3 shows the finite element mesh for rectan
gular and Fig. 4 for half-cylindrical specimens.

Beside the finite element mesh a typical stress distribution of the vertical segment un
der the load can be seen for half-cylindrical specimens in Fig. 5.

D uring fracture mechanical solutions the finite elem ent examinations give estimation 
for the stress intensity factors with the application of displacement field (with the help of 
form ulas got for displacements from K oloszov-M uszhelisvili’s complex functional solu
tion) at the surroundings of crack tip (in the present case artificial notch). The connection 
of K |C values with displacements can be described with the following simple equation [3]:

where Vj is the displacement component in the direction o f notch, r, is a polar coordinate 
whose origin is at the crack tip, E is the Young’s modulus, v is the Poisson’s ratio. N atu
rally this relation is valid only far from the crack tip, so at the tip, at the singularity place 
we got the Kic value from the extrapolation of the other Kici values. Table 4  and Fig. 6 
show a sam ple for this extrapolation based on data o f C I-1 specimen.

The stress intensity factors got from the results o f 3D finite element solutions can be 
seen in T able 4 and Table 5.

200 -г- r,-KIci

CJ
ГО

ê  100 -  78.84
X 75 --

175
150
125

♦
50 4- 

0 5 10 15 20 26
r, (mm)

31 36 41

F ig . 6. A sample for the extrapolation of stress intensity factor (CI-1 specimen)
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T a b l e  4
Numerical values of an 

extrapolation example (see Fig. 6)

i ri [mm] K|ci [N/mmv:l

221 5.11 139.19
208 10.22 100.58
195 15.33 84.31
182 20.44 76.44
169 25.55 74.49
156 30.66 80.1 1
143 35.77 99.76
130 40.88 186.36

T a b l e  5
The extrapolated value

Sample Material Kk. [N/mmK ]

PI-1 65.43
PI-2 80.09
CI-1 Dense limestone (1) 78.84
CI-2 101.25
CI-3 95.75

Pl-3 7.53
PI-4 Coarse limestone 6.77
CI-4 8.18
Cl-5 7.56

PI-5 20.33
Pl-6 Sandstone 24.38
CI-6 31.98
CI-7 28.60

Cll-I 52.47
CII-2 96.86
CII-3 61.84
Cll-4 80.01
CII-5 84.10
CII-6 Dense limestone (II) 112.36
Cl 1-7 84.57
CII-8 94.96
CII-9 91.58
CII-10 88.64
CII-I 1 88.85

lt= 78.84 [N/mm3/2]
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4. Proposed connection for the solution of stress intensity factor

F ro m  th e  la b o ra to ry  e x p e r im e n ts  p resen ted  a b o v e , or rather from  the c r it ic a l lo a d s  
g iv e n  a s  th e  re su lts  o f  th e  e x p e r im e n ts , th e  stre ss  in te n s ity  fa c to rs co u ld  b e  d e term in ed  
w ith  th e  h e lp  o f  a n a ly t ic a l fo rm u la s  and  fin ite  e le m e n t c a lc u la t io n s . O ur n ex t ta sk  w a s  to  
d e te r m in e  a  n e w  a n a ly tic  fo rm u la  at the h a lf -c y lin d r ic a l sp e c im e n  to  g iv e  the sa m e  resu lt  
for  s tr e s s  in te n s ity  fa c to r  a s the rec ta n g u la r  s p e c im e n  a p p lie d  a s a g o o d  m eth o d  until 
n o w a d a y s , bu t b e in g  d if f ic u lt  to  p rod u ce .

A fte r  th e  a s s e ssm e n t an d  a n a ly s is  o f  th e  resu lts  w e  su g g e s t  the fo llo w in g  re la t io n  fo r  
the n e w  fo rm u la :

K ,c =  c ., ‘° • -\/4 ■ к  ■ a ■ У(а)  , w h e r e  a  =  ———
^  nom Rnom

Y  (a)  =  1.52 -  2 .2 0  • a  + 7.71 ■ a 2 -  13 .55  ■ a 3 +  14.25 • a 4

R nom is  th e  h e ig h t o f  the h a lf -c y lin d r ic a l sp e c im e n , L 0 is  th e  d ista n ce  b e tw e e n  th e  su p 
p orts , a  is  th e  cra ck  len gth  ( s e e  F ig . 2 )  and  P c is  th e  c r it ic a l load . T he str e ss  in te n s ity  
fa c to rs  so lu te d  from  th is n e w  fo rm u la  w ere  co m p a red  w ith  the resu lts o f  the o th er  m e th 
o d s ( s e e  T a b le  6 ).

T a b l e  6
The comparison of the numerical and analytical values

Sample New Klc 
(N /m m *)

K|t from num. solution
(N/mmJC)

Difference
%

Cl 1 73.73 78.84 6.48
CI-2 85.37 101.25 15.68
CI-3 103.12 95.75 7.15
CI-4 6.34 8.18 22.49
CI-5 6.09 7.56 19.44
CI-6 25.02 31.98 21.76
CI-7 24.61 28.60 13.95

Cll-l 52.18 52.47 0.55
CII-2 90.84 96.86 6.22
CII-3 64.34 61.84 3.89
CII-4 79.30 80.01 0.89
CII-5 90.07 84.10 6.63
CII-6 109.91 112.36 2.18
Cl 1-7 101.49 84.57 16.67
CII-8 95.33 94.96 0.39
CII-9 90.64 91.58 1.03
CII-10 91.96 88.64 3.61
C ll-l 1 88.39 88.85 0.52

Mean difference: 8.31%
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0 .0 5 0.1 0 .1 5

a/Rno

0.2 0 .2 5

F ig . 7. The effect of the crack length to the stress intensity factor

T h e lo w  erro r -p ercen ta g e  d iffe r e n c e  is sh o w n  in T a b le  6  re fers to  the se r v ic e a b ility  o f  the  
form u la .

In th e  la st step , b e s id e s  c h e c k in g  the co rrectio n  o f  the n ew  fo rm u la , w e  ex a m in ed  the  
e ffe c t  o f  cra ck  len g th  to  th e  co n n e c tio n  su g g e s te d  b y  us at h a lf -c y lin d r ic a l d en se  lim e 
sto n e  sp e c im e n s  (s ig n e d  С П -i, i =  1 -1 1 ) .  T h e r e su lts  o f  th is  e x a m in a tio n  ca n  b e  seen  in 
F ig . 7 . T h e v a lu e  o f  th e  s tr e ss  in ten sity  factor s t a b il iz e s  w ith  the in c r e a se  o f  the re la tiv e  
crack  len gth  at 0 .1 5 .  W e  d id  not ch e c k  th is sta tem en t a b o v e  0 .2 7 .

5. Conclusions

T h is  paper s u g g e s ts  a  n e w  a n a ly tic  form ula  fo r  th e  so lu tio n  o f  s tr e ss  in ten sity  factor  at 
a n ew  and m ore  e a s y  to  p ro d u ce  fo rm a b ility  sp e c im e n s  o f  ro ck s. F irst c r it ica l lo a d s w ere  
m ea su red  from  th ree p o in t b en d in g  te s ts  o f  sa n d sto n e , d e n se  and  c o a r se  lim esto n e  sa m 
p le s , then  stre ss  in te n s ity  p aram eters w ere  d e term in ed  w ith  th e  h e lp  o f  p resen tly  v a lid  
a n a ly tic  fo rm u la s at rec ta n g u la r  sp ec im en s, an d  th e  r e su lts  o f  a ll ex a m in a tio n s  w ere  
ch e c k e d  w ith  Finite e le m e n t m eth od . T h e resu lts  o f  th e  n e w  form u la  co n stru cted  w ith  the  
h elp  o f  data a s s e ssm e n t and  a n a ly s is  proved  its s e r v ic e a b il ity .
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When determining the state of stress and deformation of a shell, it is always a basic assumption that 
the boundaries behave exactly according to the assum ed theoretical ones (“rigid" or “semi-rigid” edge 
beams, tie rods without elongation, etc.). It can be easily seen, however, that this is not strictly correct, not 
least because of the finite dimensions of the cross-section o f the edge beam or tie rod. As a consequence, 
the deformations o f the boundary points will have values other than theoretically assumed. It is this de- 
formational incompatibility that we examine in this work.

The problem was approached numerically, where a large number of problems were analysed using a 
finite element program. Some design parameters were varied in order to analyse their respective influence 
on the state of stress and deformation. The dimensions o f the edge beam, the connection of adjacent edge 
beams, the cross-section of the tie rod and the direction o f the load were the parameters which were var
ied. The model whose results matched closest the theoretical solution was chosen as the basic model. The 
results obtained by changing the design parameters were compared to the basic model and the differences 
were plotted graphically. Based upon the analysis we have concluded that the deviation from the mem
brane stress state is caused rather by the displacement o f the supports or elongation of the tie rod than by 
the finite dimensions and the nature of the connection of the edge beams.

1. Introduction

T h e gen era l g o a l o f  resea rch  w a s  to  e x a m in e  th e  d eform ation a l in c o m p a tib ility  that 
e x is t s  b e tw e e n  e d g e  b e a m s  and  the sh e lls  in th e  m em b ra n e  stress  state. A s  th e  m eth o d  o f  
resea rch  w e  h a v e  c h o s e n  th e  f in ite  e lem en t e x a m in a t io n  o f  a large num ber o f  su ita b ly  d e 
fin ed  particu lar c a s e s  and  w e  h a v e  d er iv ed  th e o r e t ic a l co n c lu s io n s  fro m  th em . A s  th is 
m eth o d  ca n n o t y ie ld  g e n era l resu lts, w e  h a v e  c h o s e n  sev era l sp e c if ic  p ro b lem s; in  th is  
pap er w e  w ill p r e se n t th e  c o n c lu s io n s  o b ta in e d  fo r  th e  c a se  o f  h y p e r b o lic  p a ra b o lo id  
sh e lls  (F ig . 1 ).
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176 BÓDI, I. et al.

2. Review of the results of analysis

T h e  d a ta  w ere  varied  in su c h  w a y , that the e f f e c t s  o f  c h a n g e s  in the g e o m e tr y  o f  e d g e  
b e a m s  a n d  in  the support c o n d it io n s  (th e  tie  rod is  trea ted  a s  part o f  the e d g e  b e a m  s y s 
te m , t o o )  c a n  b e  traced. B a se d  u p o n  th is  the fo l lo w in g  s ta te m e n ts  co u ld  be m a d e.

T h e  m o s t  im portant s ta te m e n t is  that the m em b ra n e  so lu tio n  can  b e  rea ch ed  a p p r o x i
m a te ly  o n ly .  W ith  resp ect to  th e  im p o rta n ce  o f  th e  a b o v e  sta tem en t, w e  w ill d e s c r ib e  in 
d e ta il th o s e  a ssu m p tio n s u pon  w h ic h  w ere  u sed  in  th e  m o d e l.

A s  th e  s ig n  o f  the m em b ra n e  d efo rm a tio n  is  o p p o s ite  to  that o f  the su p p o rtin g  stru c 
tu re  ( e .g .  t ie  rod ), a c tiv e , e x te r n a l fo r c e s  h a v in g  th e  a p p ro p ria te  s ig n s w ere  e m p lo y e d  at 
th e  fo u r  c o r n e r s  o f  the stru ctu re  a c t in g  in the d ir e c t io n  o f  th e  d ia g o n a l, r e p la c in g  th e  re 
a c t io n s  o f  th e  h orizon ta l su p p o rt ( t ie  rod ). T he t e n s ile  s t if fn e s s  o f  the e d g e  b e a m  w a s  c h o 
se n  a s  in f in ite ly  large  ( in f in ite ly  la r g e  in  the n u m er ica l a n a ly s is  m ean s a v ery  la r g e  n u m 
b e r )  w h ic h  p rev en ts the c o m p r e s s iv e  d e fo rm a tio n s  o f  th e  e d g e  b ea m  on the o n e  h a n d , an d  
e n su r e  th a t th e  lon g itu d in a l in tern a l fo r c e s  o f  th e  a d ja c e n t sh e ll parts a p p ro a ch  z e r o  on  
th e  o th e r . T h e  vertica l b e n d in g  s t if fn e s s  o f  the e d g e  b e a m  is  c h o sen  to  b e  in f in ite ly  la rg e , 
w h ic h  is  to  s im u la te  the c o n t in u o u s  support; th e  h o r iz o n ta l b en d in g  s t if fn e ss  ( in  th e  p la n e  
o f  th e  s h e l l )  is  a lso  set to  in f in ity  to  p reserv e  the s tr a ig h tn e s s  o f  the

-42%

X

F i g .  2
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e d g e  b e a m . T h e c o n n e c tio n s  b e tw e e n  th e  e d g e  b e a m s are h in g ed , e n a b lin g  th e  sh ea r  d e 
fo r m a tio n s  in the co rn ers  o f  the sh e ll. In ord er  to  m in im ise  the d ev ia tio n  o f  r e su lts  due to  
the a p p ro x im a te  a ssu m p tio n s  o f  sh a llo w  s h e l ls ,  th e  load  is  set to  b e  a c t in g  p erp en d icu la r  
to  th e  su r fa c e  in stea d  o f  in the v ertica l d ir e c t io n . T h e sh ea r  stre sse s  N xy c a lc u la te d  for  the  
a b o v e  sy s te m  sh o w  a d ev ia t io n  from  th e  n o m in a l s tr e sse s  (a cco rd in g  to  th e  m em b ran e  
so lu tio n )  fro m  + 2 4 %  to  - 4 2 % ,  r e sp e c t iv e ly  (F ig . 2 ) .

T h e  in ternal fo r c e s  N x and N y, w h ich  a c t a lo n g  the straight g e n e r a tr ic e s , ca n  not 
c o u n te r b a la n c e  a n y  ex tern a l load , so  the d e v ia t io n  o f  the ca lcu la ted  s tr e s se s  N xy fro m  the  
n o m in a l o n e s  y ie ld s  that portion  o f  the lo a d  w h ic h  h a s  to  b e  carried  b y  b e n d in g  m o m en ts  
(p la te  a c t io n ) .

I f  a  d ia g o n a l t ie  rod is  a p p lied  in stea d  o f  th e  rea ctio n  fo rces  a c tin g  a s  e x te r n a l load s, 
th e  n atu re o f  the N xy str e ss  d istr ib u tion  d o e s  not c h a n g e  e s se n tia lly , o n ly  th e  m a g n itu d e  o f  
th e  d e v ia t io n s  from  the m em b ran e s tr e s s e s  in c r e a se  (F ig . 3 ) . T h e d e v ia t io n s  o f  the  
s tr e s se s  N xy b e c a m e  sm o o th  a g a in , i f  th e  e d g e  b ea m  corn er  co n n e c tio n s  a re  r ig id ly  c o n 
n e c te d  (in s te a d  o f  the h in g ed  co n n e c tio n , s e e  F ig . 4 ) .

In th is  la tter c a s e  th e  r ig id ly  c o n n e c te d  e d g e  b e a m s , h a v in g  a  s ig n if ic a n t  b e n d in g  s t if f 
n e s s , fo rm  a c lo s e d  fram e, w h ich  e lim in a te s  th e  n e c e s s ity  o f  the tie  rod . In th is  c a s e  a 
n e g lig ib le  h o r izo n ta l fo r c e  a r ise s  in the t ie  rod  o f  th e  m odel indeed . T h e  n atu re  o f  the  
d is tr ib u tio n  o f  sh ea r  s tr e sse s  d iffer  s ig n if ic a n t ly  fro m  the p rev io u s o n e s  in  th e s e  c a se s ,  
an d  th e  p o rtio n  o f  the load  p rod u cin g  p la te  m o m en ts  in c r e a se s  (s e e  the d a sh e d  lin e  in the 
f ig u r e ).

F ig u re  4  d e p ic ts  the c a s e  w h ere  the in f in ite ly  r ig id  b en d in g  s t if fn e ss  o f  th e  e d g e  b ea m s  
is  r ed u ced  to  z e r o  (but the te n s ile  s t if fn e s s  r em a in s  f in ite ) . N a tu ra lly , in  th is  c a s e  the tie  
rod  is  n e c e ss a r y  but e v e n  n o w  the a x ia l fo r c e  a r is in g  in the tie  rod a p p r o a c h e s  82%  to  
9 0 %  o f  th e  th eo re tica l v a lu e  from  d ep en d in g  on  w h eth er  the c o n n ec tio n  b e tw e e n  the ad
ja c e n t  e d g e  b ea m s are h in g ed  or r ig id . T h is  p h en o m en o n  refers to  that e v e n  in th is  c a s e  a 
fr a m e -lik e  a c tio n  d e v e lo p s  in the e d g e  b e a m s  d u e to  the co -o p era tio n  b e tw e e n  th e  shell 
an d  th e  e d g e  b ea m .
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Fig. 4
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b̂oundary ^ . p-т
^rmrTlTTTTTWÏÏTM_____:

X

F u rth erm ore , th e  d istr ib u tion  o f  the a x ia l  fo r c e  (norm al force - Nboumtoy) a r is in g  in the 
e d g e  b ea m  and  th e  p a ra lle l, norm al fo rce  o f  th e  a d jo in in g  sh ell ( N x) w ill b e  a n a ly z e d . T he  
resu lts  are  su m m a r iz e d  in F ig . 6.

In F ig . 6 /a  th e  d istr ib u tio n  o f  the n o rm a l fo r c e  is  sh ow n  in th e  c a s e  w h en  tw o  
h o r izo n ta l rea c tio n  fo r c e s  are actin g  in th e  d ia g o n a l d irection . F igu re 6 /b  d e p ic t s  th e  sam e  
c a s e  w ith  th e  d if fe r e n c e  that there are fo u r  r e a c tio n  fo rces  at the c o rn ers . T h e  c a s e  w hen  
the h o r izo n ta l b e n d in g  s t if fn e ss  o f  the e d g e  b e a m s  is  q u ite  large, the t e n s i le  s t if fn e s s  is  f i 
n ite and  th e  c o n n e c tio n  b e tw een  the e d g e  b e a m s  is  r ig id , is  sh ow n  in F ig . 6 /c .  O b v io u s ly ,  
th is c o in c id e s  w ith  the c a s e  w hen  four r e a c tio n  fo r c e s  are app lied , a  c lo s e d  fra m e action  
d e v e lo p s  an d  the a x ia l fo rce  in the tie  rod  is  p r a c tic a lly  n il. T he a d jo in in g
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p a r a lle l, n o rm a l (m em b ra n e) sh e ll fo r c e  is  a lso  sh o w n , w h ic h  fo l lo w s  the c o m p r e s s io n  o f  
the e d g e  b e a m  h a v in g  a  f in ite  t e n s i le  s t iffn e ss .

F ig u r e  6 /d  sh o w s  the c a s e , w h e n  th e  h o rizon ta l b e n d in g  s t if fn e s s  o f  the e d g e  b e a m  is  
set to  z e r o . D u e  to  th is, the fr a m e  e f f e c t  has to  b e  ta k en  o v e r  b y  the sh ell. D is to r t io n  o f  
th is  n a tu r e  c a n  b e  seen  both  in d is tr ib u tio n  o f  the a x ia l n o r m a l fo r c e  o f  the e d g e  b e a m  a n d  
in th e  d is tr ib u t io n  o f  the a d jo in in g  p a ra lle l norm al sh e ll fo r c e .  T h e ax ia l fo rce  o f  th e  t ie  
rod e q u a ls  8 5 %  o f t h a t  o f  th e  m e m b r a n e  so lu tio n , w h a t m e a n s  that 15% is  taken  o v e r  b y  
th e  in -p la n e  fr a m e -lik e  a c tio n  o f  th e  sh e ll.

F in a l ly ,  F ig . 6 /e  d ep ic ts  th e  c a s e  w h en  the d im e n s io n s  o f  th e  e d g e  b eam  are w ith in  th e  
lim its  o f  th e  r e a lisa b le  te c h n ic a l so lu tio n s . It can  b e  s e e n  th a t th e  d istribution  o f  th e  a x ia l  
fo r c e  d e v ia t e s  from  th e  m em b ra n e  so lu tio n  to  su ch  an  e x te n t  that it ev en  c h a n g e s  s ig n  
se v e r a l t im e s .

T h e  d is tr ib u t io n  o f  th e  sh e a r in g  s tr e s se s  for th is  c a s e  c a n  b e  seen  in F ig . 7 .

3. Summary

T h e  n u m e r ic a l a n a ly s is  h a s  sh o w n  that the m em b ra n e  so lu tio n  in the c a se  o f  h y p e r 
b o lic  p a r a b o lo id  sh e lls  ca n n o t b e  a c h ie v e d  ev en  w ith  id e a l is e d  a ssu m p tion s. F u rth erm ore, 
w ith in  th e  l im its  o f  re a lisa b le  te c h n ic a l so lu tio n s  th e  r e su lts  ob ta in ed  are s ig n if ic a n t ly  
d iffe r e n t fr o m  th e  o n e s  y ie ld e d  b y  th e  m em b ran e so lu tio n .

Acta Technica 107, 1995-96



Acta Technica Acad. Sei. Hung. 107 (3^t), pp. 181-194 (1995-96)

SEMI EMPIRICAL THEORY OF MASONRY STRENGTH
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N anjing Institute o f  T echnology, NIT, China  
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B a s in g  o n  a  la rg e  n u m b e r  o f  e x p e r im e n ta l  s tu d ie s  c o n d u c t e d  in C h in a  a n d  re f e r r in g  to  R u s s ia n  m a te 

r ia ls ,  a u th o r  t r i e s  t o  s u m m a r iz e  u p  p r e l im in a r i ly  a  m o r e  c o m p le t e  th e o ry  o f  m a s o n r y  s t r e n g th  ( 1 s t  d r a f t )  
fo r  d i s c u s s io n .  H e  h o p e s  t o  h a v e  th e  k in d  h e lp  f r o m  t h e  v a s t  m e m b e r s  o f  c o l le a g u e s  a t  h o m e  a n d  a b ro a d  

s o  a s  to  r e v i s e  c o n t in u o u s ly  f o r  s t r iv in g  to  a c h i e v e  m o r e  c o m p le te  a n d  m o re  p e r f e c t  o n e .  B e c a u s e  th e  

s tu d ie s  o n  b r ic k  m a s o n r y  w e re  th e  m o s t ,  h e n c e  in t h i s  a r t i c l e  it w il l  b e  ta k e n  a s  a  d o m i n a n t  t o  b e  i l lu s 

tr a te d .

1. Compressive strength of unreinforced masonry

1.1. Failure mechanism o f  masonry under com pression

B e c a u s e  o f  th e  n o n u n ifo r m ity  o f  m ortar, th e  u n its  is  m a so n ry  w ill b ea r  f le x u r a l and  

sh ea r in g  s tr e s se s  b e s id e  n o n u n ifo rm  c o m p r e s s iv e  stre ss . F ig u re  1 s h o w s  th e  sk e tc h  o f  
the c o m p lic a te d  str e ss  and  d e fo rm a tio n  (e x a g g e r a t e d  in to  2 0 0 - fo ld s )  s ta te s  o f  b r ick s  in 
m a so n r y  g iv e n  in  R u ss ia n  m ateria l [ 1 ].

b ) a = 2 . lOMPa <j= 3-14M Pa

Fig. I . In  m a s o n r y ,  b r ic k s  b e a r  n o n u n ifo r m  c o m p r e s s i v e  ( a ) ,  f le x u ra l  a n d  s h e a r in g  s t r e s s e s ,
a n d  th e i r  d e f o r m a t io n s  (b )
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F íí;. 2. F a i lu r e  o f  b r ic k  m a s o n r y  u n d e r  c o m p r e s s io n  ( e x p e r im e n ta l  p h o to  o f  N IT )

O w in g  to  b ea r in g  n o n u n ifo r m  c o m p r e s s iv e  s tr e ss  a n d  flex u ra l a s  w e ll a s  sh e a r in g  
s tr e s s e s  ( t h e  f le x u r a l an d  sh e a r in g  s tr e sse s  are c a u s e d  d u e  to  n o n u n ifo rm  c o m p r e s s iv e  
s tr e s s ) , m a s o n r y  stren gth  w ill b e  m u c h  lo w e r  th an  unit stren g th . B rick  m a so n ry  f a i ls  u n 
der c o m p r e s s io n  is  d u e  to  th e  in s ta b ility  o f  sm a ll c o lu m n s  w ith  th ic k n e ss  o f  Уг b r ic k ,  
sep a r a te d  b y  c o n t in u o u s  v er tica l c r a c k s  th rou gh  se v e r a l c o u r s e s  o f  b rick  u n d er f le x u r a l  
and s h e a r in g  s tr e sse s  (F ig . 2 ) . [2 ] ,  i .e . th e  b rick  s tr e n g th  h a s  not b een  fu lly  u t i liz e d . T h e  
s tren g th  o f  s to n e  m a so n ry  w ith  sm a ll s to n e  p a c k in g  p ie c e s  in m ortar jo in ts  is  lo w e r  th a n  
that w ith o u t  th e s e  p a c k in g  p ie c e s  [3 ] . B ut te s ts  s h o w e d  th e  m a so n ry  stren g th  s t ill  d e 
p e n d s  o n  th o s e  o f  its m a tr ice s  (u n it  an d  m o rta r), b e c a u s e  th e  h ig h er  the unit s tr e n g th  is ,  
the h ig h e r  th e  stren gth  o f  u n its a g a in s t  f le x u r e  a n d  sh e a r  is  a lso ; as the m ortar s tr e n g th  
is  h ig h e r , th e  fle x u r a l an d  sh e a r in g  s tr e s se s  c a u se d  in  u n it w ill  b e  sm aller .

B a s e d  o n  a  large  n u m b er  o f  te s t  r esu lts  o b ta in e d  in  C h in a , to  su m m a r izes  up th e s e  
h a s o b ta in e d  that the a v e r a g e  c o m p r e s s iv e  stren g th  o f  m a so n r y  is  a  c o m b in a t io n  o f  
th o se  o f  u n its  and  m ortar and  w ill b e  a d ju sted  w ith  th e  c h a n g e s  o f  m ortar s tr e n g th , th e  
g e n e r a l fo r m u la  [4];

L , = + 0.07 f 2)k2 ( 1 )

w h ere

fu f z  -  s tr e n g th s  o f  unit an d  m o rta r , r e sp e c t iv e ly , in  M P a ;
к I -  fa c to r , v a ry in g  w ith  th e  k in d s  o f  unit in  m a s o n r y  an d  la y in g  m eth o d s, s e e  T a b le

1, w h e r e  th e  k in d s o f  un it m e a n  w h eth er  th ere  a r e  h o le s  in un its or n o t, fo r  r o w -  
lo c k  c a v it y  w a ll, th e  v o id  ra tio  a tta in s 8 0 % , so  к \ is  v e r y  lo w  an d  eq u a l to  0 .1 3 ;  
fo r  r u b b le  m a so n ry , b e c a u s e  th e  lap  o f  ru b b le  in  m a so n r y  is  not g o o d , s o  kt is  
a ls o  lo w  an d  eq u a l to  0 .2 2 ; a s  fo r  th e  m a so n r y  o f  h o llo w  brick  w ith  v o id  r a tio  o f
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25 %  or so , but it is  c o n s id e r e d  a s  th at o f  a  s o l id  brick due to  n e g le c t in g  the fa 
v o u r a b le  in f lu e n c e  o f  its larger th ic k n e s s  o n  m a so n ry  strength; 

k2 -  further a d ju s tm e n t fa cto r  o f  m a s o n r y  s tren g th  d u e to  th e  c h a n g e  o f  m ortar  
stren gth  ( s e e  T a b le  1 and b e lo w );

a  -  u tiliz a tio n  fa c to r , b e in g  re la ted  to  th e  th ic k n e s s  o f  units, in r o w lo c k  c a v it y  w a ll, 
the th ic k n e ss  o f  a  c o u r se  in  m a so n r y  is  in c r e a se d  a s it is b u ilt o n  e d g e ,  s o a =  1.

ТаЫе I
A v e ra g e  v a lu e s  o f  a x ia l ly  c o m p r e s s iv e  s tr e n g th  (M P a )

S e q u e n c e K in d s  o f  m a s o n r y / , = * , / r ( l  +  0-0 7 / : ) * ,
a k2

1 c la y  b r ic k ,  h o l lo w  b r ic k ,  n o n c la y  s i l i c a te  b r ic k 0 .7 8 0 .5 a s />  ■_ 1, /t2 =  0 . 6 +  0 . 4 / 2

2 1 -b r ic k  th ic k  ro w - lo c k  c a v i ty  w a ll 0 .1 3 1.0 a s f 2 =  0 ,  * 2  =  0 .8

3 s m a l l  h o l lo w  c o n c r e t e  b lo c k 0 .4 6 0 .9 a s  / 2  =  0 ,  * 2 =  () .8

4 m e d iu m  b lo c k 0 .4 7 1.0 a s  f 2 >  5 , * 2 = 1 . 1 5 - 0 . 0 3 / 2

5 c r u d e - w o r k e d  s to n e 0 .7 9 0 .5 a s  f 2< 1, * 2  =  0 . 6  +  0 . 4 / 2

6 ru b b le 0 .2 2 0 .5 a s  / 2  <  2 .5 ,  * 2  =  0 .4  +  0 .2 4  f 2

R e m a r k :  I . a ll  k2 e x c lu d e d  th e  c o n d i t io n s  in T a b le  I a r e  e q u a l  to  I .

2 . / |  -  a v e r a g e  v a lu e  o f  c o m p re s s iv e  s t r e n g th  o f  u n i t s  (b r ic k ,  s to n e , b lo c k ) ,  f 2 -  a v e r a g e  v a lu e  o f  

m o r t a r ,  b o th  in  M P a .

F ro m  T a b le  1, it ca n  b e  se e n  that fo r  th e  m a s o n r y  b u ilt w ith th ick er  u n its , a  w ill  be  
g rea ter  a s  ( 0 .9 - 1 .0 ) ,  for  th e  o th ers , a =  0 .5 .

( l - 0 . 0 7 / 2)A:2 in  T a b le  1 sh o w s  the in f lu e n c e  o f  m ortar strength  on  m a s o n r y  stren gth ,
i .e . m a so n ry  stren g th  in c r e a se s  lin ea rly  w ith  th e  in c r e a se  o f  m ortar stren g th , but a s  f 2 < a 
d e f in ite  v a lu e , m a so n r y  stren gth  w ill d e c r e a s e  further, it is due to  th a t a s  u n its  are 
s tr e sse d  in teg ra lly  w ith  m ortar in m a so n r y , th e  la tera l d e fo rm a tio n s  o f  u n its  a n d  m ortar 
sh o u ld  b e  c o n s is te n t;  th e  lateral d e fo r m a tio n  o f  lo w -s tr e n g th  m ortar is  s o  la rg er  a s to  
c a u s e  a la tera l d e fo r m a tio n  in units la rg er  th a n  that th ey  are str e sse d  in  c o m p r e s s io n  
se p a r a te ly , it r e su lts  in  tra n sv erse ly  t e n s ile  s t r e s s  in  u n its, so  lead s to  d e c r e a s e  m a so n ry  
stren g th  further [5 ] ,  i.e . in th is  c a se , *2 <  1 ; b u t th e  m ortar is co n stra in ed  b y  u n its  in  m a 
so n r y  to  c a u se  tr a n s v e r se ly  c o m p r e s s iv e  s t r e s s  r e su lt in g  in a 3 -d im e n s io n a l c o m p r e s s iv e  
sta te  so  its  c o m p r e s s iv e  stren gth  is  in c r e a s e d  v e r y  g rea tly , thus, the m a s o n r y  strength  
w ith  lo w -s tr e n g th  m ortar is  greater  than m o rta r  stren g th , so  the m a so n r y  w ith  m M  =  0  
( in  n e w ly  b u ilt m a so n r y  or the m ortar s tr e n g th  in  fr e e z e -th o w  sta g e  a s  m a k in g  ch eck  
c a lc u la t io n  fo r  th e  m a so n r y  bu ilt w ith  w in te r  c o n str u c tio n ) has a d e f in it e  v a lu e s  o f  
stren g th  a n d  e la s t ic i ty  m o d u lu s  (c a p a c ity  a g a in s t  d e fo rm a tio n ) .

F or m e d iu m  b lo c k  m a so n ry , a s  f 2 >  5  M P a , k2 >  1, i.e . m ason ry  s tr e n g th  sh o u ld  be  
in c r e a se d , it is  s u g g e s te d  from  a n a ly z in g  te s t  r e su lts . W ritin g  the fo r m u la  o f  f m w ith  k2 
an d  f in d in g  d f j d f  =  0  g iv e s  (f2) =  1 2 .0 2 4  M P a  to  o b ta in  the m a x im u m  c a lc u la te d / , , ,  =
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1 .4 5 3  k\f\ ta k in g  (f2) =  12 M P a ; a s  f 2 >  12 M P a , th e  c a lc u la te d /; , ,  w ill b e  co n tr a r ily  d e 
c r e a se d . H e n c e ,  au thor p r o p o se d  t o  ta k e /„ , =  1.45  k\f\ [6 ] a s  f 2 >  12 M Pa.

F o r  th e  m a so n r ie s  o f  a ll k in d , a s  f 2 are not o v e r  th a n  th e  ab ou t b oundary  v a lu e s ,  th e  
in f lu e n c e  o f  m ortar is  th e  s a m e  a s  (1 +  0 .0 7  f 2), i f /2  =  2 .5 - 1 0  M P a, the m a so n r y  
s tren g th  w i l l  b e  in crea sed  e q u a lly  to  1 .4 5 -fo ld s . B u t f o l lo w in g  R u ssian  th e o r y , th e  in 
f lu e n c e s  o f  m ortar stren gth  a re , r e sp e c t iv e ly , in th e  o rd er: ru b b le  m a so n ry , b r ic k  m a 
so n r y , c o n c r e te  b lo c k  m a s o n r y  a n d  large b lo ck  m a s o n r y  (w it h  th ick n ess  o f  a  c o u r s e  b e 
ing  e q u a l t o  a n d  th ick er  th an  6 0 0  m m ), i f / ,  =  10 M P a  ( in  C h in e se  C o d e , th e  in f lu e n c e  
o f  m o rta r  stren g th  is in d e p e n d e n t  w ith  re la tio n  to  u n it s tr e n g th , but in R u ss ia n  th e o r y ,  
the in f lu e n c e  is  d ep en d en t o n  u n it stren g th ), as m ortar  s tr e n g th  is  in the a b o v e  f ie ld ,  th e  

in c r e a s e s  o f  m a so n ry  stren g th  a r e , r e sp e c t iv e ly , 1 .5 5 , 1 .4 2 , 1 .25 and 1 .0 , i .e . m o rta r  
s tren g th  h a s  n o  in f lu e n c e  o n  th e  stren g th  o f  large b lo c k  m a s o n r y .

F o r  t w o  b a tc h e s  o f  b r ic k s  w ith  th e  sa m e  c o m p r e s s iv e  stren g th , but o n e  w ith  h ig h e r  
f le x u r a l s tr e n g th , o f  w h ic h  th e  m a s o n r y  has a lso  h ig h  c o m p r e s s iv e  strength  th a n  th a t o f  
m a s o n r y  o f  b r ic k s  w ith  lo w e r  f le x u r a l strength . H e n c e  fo r  standard  bricks, b e s id e  c o m 
p r e s s iv e  s tr e n g th , a c o r r e s p o n d in g  req u irem en t o f  f le x u r a l strength  sh o u ld  b e  p r e 
sc r ib e d , i .e .  th e  flex u ra l stren g th  is  a ls o  an  im p o rta n t m e c h a n ic a l in d ex  o f  sta n d a rd  
b r ick s . F o r  th ick er  h o llo w  b r ic k s  and  b lo c k s , it is  u n n e c e s s a r y  to  su g g e s t  th e  r e q u ir e 
m en t o f  f le x u r a l strength .

1.2. O ther factors influencing com pressive strength o f  m asonry

T h e  fa c to r s  in f lu e n c in g  m a s o n r y  strength  are v e r y  m a n y , so m e  m ain s are  g iv e n  in  
the f o l lo w in g .

1 .2 .1 . R e g u la r ity  o f  u n its, d e n s ity  a n d  u n ifo rm ity  o f  m o r ta r  jo in ts

T h e s e  fa c to r s  are m u tu a lly  r e la t iv e . B e c a u se  th e  r e g u la r ity  o f  units in f lu e n c e s  th e  
u n ifo r m ity  o f  b u ilt m ortar j o in ts .  B o th  th e  d en sity  an d  u n ifo r m ity  o f  m ortar jo in t  w ill  in 
f lu e n c e  th e  u n ifo rm  d e g r e e  o f  c o m p r e s s iv e  stress  in  u n its  b u ilt  in m ason ry , i .e . w ill  r e 
la te  to  th e  f le x u r a l an d  sh e a r in g  s tr e sse s  ca u sed  in  u n its  b e in g  larger or sm a lle r , s o  f i 
n a lly  w il l  d e c id e  m a so n ry  stren g th .

F o r  a n  e x a m p le , i f  ta k in g  th e  stren g th  o f  c r u d e -w o r k e d  s to n e  m ason ry  a s  1 .0 , th e  
s tr e n g th s  o f  f in e -f in ish e d  s to n e  m a so n r y , s e m if in is h e d  s t o n e  m ason ry , r o u g h -f in is h e d  
s to n e  m a s o n r y  an d  the m a s o n r y  o f  s to n e  w ith  c lo s e d  c r a c k s  around e d g e s  w il l  b e , r e 
s p e c t iv e ly ,  1 .5 , 1.3 , 1.2 an d  0 .8  [7 ] .

T h e  d e n s ity  and u n ifo r m ity  o f  m ortar jo in ts  w ill  b e  im p r o v e d  under lo n g -te r m  c o m 
p r e s s io n  (m a in ly  in  ea r lier  s t a g e ) ,  s o  th e  m a so n ry  s tr e n g th  w ill  b e  in crea sed  [8 ]. B e s id e  
th e  q u a li ty  o f  m a so n ry  b u ilt  b y  h ig h - le v e l  b r ic k - la y e r s  b e in g  h ig h er , o n e  o f  th e  r e a s o n s  
o f  in c r e a s in g  stren gth  is a ls o  b e c a u s e  the n e w ly  b u ilt  m a s o n r y  is  co m p r e sse d  in  e a r lie r  
s ta g e  [9 ]  d u e  to  q u ic k e n e d  m a s o n r y  p a ce .
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Fig-3- fn  ! fm.k -  / ' ’ c u r v e

1 .2 .2 . F u lln e ss  o f  m ortar  jo in ts

T h e  fu l ln e s s  o f  m o rta r  jo in ts  d irec tly  in f lu e n c e s  th e  u n iform ity  o f  c o m p r e s s io n  in  
u nits an d  th e  q u a n tit ie s  o f  f lex u ra l and s h e a r in g  s t r e s s e s  ca u sed  in th e m , s o  f in a lly  in
f lu e n c e s  m a so n r y  stren g th .

B a se d  on  te s t  r e su lts , the B u ild in g s R e se a r c h  In stitu te  o f  S ich u an  P r o v in c e  g a v e  [ 1 0 1 :

frit ~ (0-2 +  0.8 F +  0 .4  F 2) / ^ t , (2 )

w h ere

F -  fu l ln e s s  o f  m o rta r  in  h or izo n ta l jo in ts , in  d e c im a l;

f ^ k -  c h a r a c te r is tic  v a lu e  o f  m a so n ry  s tr e n g th  in  D e s ig n  C o d e  G B J 3 -8 8 ,  d e term in ed  

f o l lo w in g  un it a n d  m ortar stren gth s.

F rom  E q. ( 2 ) ,  it ca n  b e  s e e n  that a s  F =  0 . 7 3 , /„ , w ill be eq u a l to  th e  v a lu e  g iv e n  in 
C o d e . C h in e se  T e c h n ic a l C o d e  o f  W ork  a n d  A c c e p t a n c e  for M a so n ry  E n g in e e r in g  [ 11 ] 
p rescr ib es  th e  fu l ln e s s  o f  m ortar jo in ts  sh o u ld  b e  n ot sm a lle r  than 0 .8 , it a l lo w s  fo r  un
fo r e se e n  c ir c u m sta n c e s .

T h e  c h a n g e  c u r v e  o f  f m /  f ' t -  F is  sh o w n  in F ig .  3.
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1 .2 .3 . T h ic k n e s s  o f  m ortar jo in ts

T h e  th ic k e r  the jo in t t h ic k n e s s  is ,  th e  g rea ter  th e  f le x u r a l and sh ea r in g  s t r e s s e s  

c a u s e d  b y  th e  e f fe c t  o f  b e a m s  o n  e la s t ic  fo u n d a t io n  w il l  b e c o m e , th en  th e  m a s o n r y  
s tr e n g th  w i l l  d ec r e a se  m o re  g r e a t ly . B a s in g  on  th e  s ta t is t ic s  o f  te s t  resu lts, H u n a n  U n i 
v e r s i ty  p r o p o s e d  p relim in ary  in f lu e n c e  fa cto r  a s f o l lo w s  18 j :

Wt =
1.4

1 +  0 .0 4 1
(3)

w h e r e  t  — j o in t  th ick n ess , in  m m .
T h e  c u r v e  o f  y/,-t is sh o w n  in  F ig .  4 .
It c a n  b e  s e e n  that the th in n e r  th e  th ic k n e ss  t is ,  th e  h ig h e r  th e  m a so n ry  s tr e n g th  w ill  

b e. T h e  s tr e n g th  o f  m a so n ry  o f  b r ic k s  w ith  tw o  b u ilt  su r fa c e s  to  be p o lish e d  is  m u c h  
g r e a te r  th a n  th e  ordinary b r ick  m a s o n r y  w ith  m o rta r  jo in t s  th ic k n e ss  o f  10 m m  (a t ta in 
in g  6 0 - 9 0 % )  [8 ].

B u t it sh o u ld  not o v e r e s t im a te  th e  fa v o u r a b le  in f lu e n c e  o f  v ery  th in  m ortar j o in t ,  b e 
c a u s e  th is  in f lu e n c e  d ep en d s o n  t h e  reg u la r ity  o f  b u ilt  s u r fa c e s  o f  units. I f  th e  b u ilt  su r
f a c e s  o f  u n its  are not regu lar, a s  th e  m ortar jo in ts  are to o  th in , the n o n u n ifo rm ity  o f  th e m  
w ill  b e  in c r e a s e d , the v ery  sm a ll s to n e s  in  sand  m ix e d  in  m ortar w ill p lay  a  r o le  o f  s t i f f  
p o in t s  in  j o in t s  to  ca u se  a d d it io n a l fle x u r a l and sh e a r in g  s tr e s se s  resu ltin g  in  a  c o m p r e s 
s iv e  s tr e n g th  d ecrea se  o f  m a so n r y . T h e  standard  jo in t  th ic k n e s s e s  are 8 - 1 2  m m  [8 ].
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1 .2 .4 . W a ter  c o n te n t ra tio  o f  b r ick s

T h e  w a ter  c o n te n t ra tio  w ill a ls o  in f lu e n c e  th e  c o m p r e s s iv e  stren gth  o f  m a so n r y . A s  
the w a ter  c o n te n t  ra tio  is  lo w , the w ater  r e te n t iv ity  o f  m ortar is  in f lu e n c e d , it w il l  in flu 
e n c e  b u ilt q u a lity  o f  m a so n r y  and  lea d  to  a  d e c r a s e  o f  th e  c o m p r e s s iv e  s tr e n g th  o f  m a 
son ry .

In ref. [ 8 ], b a se d  o n  te s ts  an in f lu e n c e  fa c to r  o f  w a ter  c o n ten t ratio  on  th e  c o m p r e s 
s iv e  s tren g th  o f  m a so n r y  w a s  p ro p o sed  a s f o l lo w s :

w h ere  — w a ter  c o n te n t  ra tio  o f  b r ick s a s b e in g  b u ilt , in 1 %.
F ig u re  5  s h o w s  yr„ -  c u r v e , a s  is  la rg er , th e  c o m p r e s s iv e  stren g th  o f  m a so n ry  

w ill b e  h ig h e r . It is  b e c a u s e  th e  w etter  th e  b r ic k s  a re , e v e n  there is  a f lo w in g  p h e n o m e 
n o n  o f  m o rta r  on  b r ick  su r fa c e s , but o w in g  to  s o  g o o d  m o b ility  o f  m ortar a s  to  b e  ab le  
to  p a v e  th in  u n ifo rm  jo in t s ,  th en  im p ro v e  th e  c o m p l ic a te d  stress state  in  m a s o n r y , then  
the m o re  c o m p r e s s iv e  stren g th  o f  m a so n ry  in c r e a s e s  | 8 |.

1 .2 .5 . P attern  o f  la p p e d  jo in ts

T h e  pattern  o f  la p p e d  jo in ts  o f  u n its is  a ls o  to  in f lu e n c e  the c o m p r e s s iv e  s tren g th  o f  
m a so n ry . A s  th e  h e ig h t o f  u n lap p ed  jo in ts  is  n o t o v e r  3  t im es o f  h a lf-b r ic k  le n g th , the  
in f lu e n c e  is  not g rea t, o th e r w is e  the c o m p r e s s iv e  s tren g th  w ill h a v e  a g rea ter  d e c r e a se

(4 )
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F o r  a  sq u a r e  brick  c o lu m n  w ith  s id e  o f  2 -b r ick  le n g th , it is  not a llo w a b le  to  b u ild  it 
in to  a  1-b r ic k  c o r e  and a V i-b rick  o u t s l e e v e  w ith o u t a n y  la p p in g  a lo n g  en tire  c o lu m n  
h e ig h t ,  w h ic h  is  ca lled  “ g h o s t  p u s h in g  m ills to n e s ”  (“ G u i- tu i-m o ” ).

1 .2 .6 . P u r e  c e m e n t  m ortar

B o th  t h e  w o rk a b ility  an d  w a te r -r e te n t iv ity  o f  p u re  c e m e n t  m ortar are n o t g o o d  as  
th o s e  o f  c o m p o  m ortar ( c e m e n t - l im e  m o rta r), u s in g  th is  m ortar to  b u ild  m a so n r y  is  d if 
f ic u lt  t o  p a v e ,  s o  it can n ot b u ild  m o r e  u n ifo rm  a n d  d e n s e  jo in ts , th en  th e  c o m p r e s s iv e  
s tr e n g th  o f  m a so n r y  w ill b e  d e c r e a s e d , g e n e r a lly  b y  15%  [ 8 ].

1 .2 .7 . S k i l l f u ln e s s  o f  b r ic k - la y e r s

T h e  s k i l l f u ln e s s  o f  b r ic k - la y e r s  w ill  d irec t ly  in f lu e n c e  m a so n ry  q u a lity , in c lu d in g  a ll 
fa c to r s  m e n t io n e d  in the a b o v e , s u c h  a s th e  fu l ln e s s  o f  m ortar jo in ts , the r e g u la r ity  and  
l e v e l in g ,  d e n s ity  and u n ifo rm ity  o f  m ortar, as w e ll  a s  th e  th ic k n e ss  o f  jo in t , e t c .  T h e  
m a s o n r y  m e m b e r s  su b jec ted  to  c o m p r e s s io n  bu ilt b y  u n sk ille d  b r ick -la y ers  m a y  b e  w ith  
a la r g e r  in it ia l  b en d in g , i .e . w ith  a  la rg er  e c c e n tr ic ity , m a y  a ls o  be w ith  in c o n s is t e n t  
q u a lity  in  t w o  s id e s  re su ltin g  in  a  g rea ter  d e v ia t io n  o f  p h y s ic a l cen ter  a x is  o f  g r a v ity ,  
e tc . w i l l  a ll  d e c r e a se  m a so n ry  s tr e n g th .

1 .2 .8 . M a s o n r y  in en g in e e r in g

T h e  b r ic k  m ason ry  s p e c im e n s  ta k e n  fro m  e x is te n t  b u ild in g  sh o w e d  under e q u a l b u ilt  
c o n d it io n s ,  th e  c o m p r e s s iv e  s tr e n g th  o f  m a so n ry  in  e n g in e e r in g  is  h ig h er  than th a t b u ilt  
in la b o r a t o r y  c o n d it io n s . It is  b e c a u s e  w ith  the p r o g r e s s io n  o f  b u ild in g  w o rk , o n  th e  
n e w ly  b u i l t  m a so n ry , the c o m p r e s s io n  fro m  d ead  lo a d  is  c o n t in u o u s ly  a p p lie d  s o  a s  to  
im p r o v e  th e  u n ifo rm ity  an d  d e n s i t y  o f  m ortar, th en  to  in c r e a se  the m a so n ry  s tr e n g th . 
T h e  t e s t s  in  lab oratory  under c o m p r e s s io n  at ea r ly  s ta g e  in d ica ted  a lso  th is  | 9 | .  G e n e r 
a lly  th e  in c r e a s e  is  about 15% .

1.3. C om pressive  elasticity m odulus o f  masonry

A  la r g e  n u m b er  o f  te s ts  c o n d u c te d  in  C h in a  s h o w e d  [1 3 ] ,  the e la s t ic ity  m o d u li  o f  
b r ick  a n d  b lo c k  m a so n ries  are  in  r e la t io n  to  th e ir  c o m p r e s s iv e  stren gth  and  r e d u c e  w ith  
the d e c r e a s e  o f  m ortar stren g th . H o w e v e r , fo r  s to n e  m a so n r y , b e c a u se  th e  e la s t ic i ty  
m o d u lu s  o f  s to n e  is m uch  h ig h e r  th a n  that o f  m ortar, th e  d e fo r m a tio n s  in  s to n e  m a s o n r y  
are m a in ly  c a u s e d  by m ortar j o in t s ,  s o  th e  e la s t ic ity  m o d u lu s  o f  sto n e  m a so n r y  is  o n ly  
in r e la t io n  t o  m ortar strength  a n d  r e d u c e s  w ith  th e  d e c r e a s e  o f  m ortar stren gth , th e  e la s 
t ic ity  m o d u l i  o f  f in e -f in ish e d  a n d  s e m if in is h e d  s to n e  m a so n r y  are in 3 - fo ld s  o f  t h o s e  o f  
r o u g h - f in is h e d  sto n e , c r u d e -w o r k e d  s to n e  and  ru b b le  m a so n r ie s .
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2. Strength of local compression

The increase o f local compression strength is both due to the confined effect and the 
spread o f  com pressive stress [ 14-16]. The failu re  o f  masonry under local compression 
does not occur directly at the place of local com pression, because the strength o f this 
place has been greatly increased due to the strong constraint of cushion plate (in prac
tice, the constraint of the above column or beam ), but it begins at the crack(s) occurring 
generally in the second or third course of m asonry. The uniform com pressive stress o„ 
on beams discharges due to the effect of “discharging arch” 116]. As < J „ /fm  < 0.4, a„ can 
be not considered, because this arch discharges the cr„ applying on beams to  both sides 
of their supports and to increase the confined effect to  the masonry on both sides.

3. Tensile and shearing strength of masonry

As the masonry built up with units and m ortar is stressed under axial tension, the 
force may be normal to horizontal joints (Fig. 6a) or parallel to them (Fig. 6b, c). In the 
former case, failure occurs in horizontal jo in t, the tension will be taken by the normal 
adhesion strength o f m ortar and bricks, but the deviation of this strength is too large so 
as to be unreliable, so it is not allowable to design m em bers bearing axial tension in en
gineering. As the strength of bricks is not too low, following Fig. 6b, failure will occur 
along toothed jo in t and the tension will be borne by the tangential adhesion strength of 
joints, so it is in relation to mortar strength.

I
a) b ) c )

F i g .  6. Masonry under axial tension norm al to horizontal joints

Based on a large num ber of the results of tests (am ount of specimens attained 1378) 
conducted in China, a series of statistical form ulas for determining average tensile and 
shearing strengths are given as follows |4 |:

-  average axial tensile strength of masonry:

f t .m  = *з ‘J f î  ■> (5)
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-  a v e r a g e  f le x u r a l te n s ile  stren g th  o f  m ason ry:

ftm .m  — к 4  • J f ï  ■>

-  a v e r a g e  s h e a r in g  stren gth  o f  m a so n r y :

■fv.nl — V / 2  5 (7)

(6 )

w h e r e  k^-ks a r e  lis ted  in T a b le  2 .
F r o m  T a b le  2 , it can  b e  s e e n  th at: ( i )  the a v e r a g e  a x ia l  te n s ile  strength  o f  b r ic k  m a 

so n r y  i s  h ig h e r  than its sh e a r in g  stren g th ; ( i i)  fo r  th e  o th e r  m a so n r ies , b o th  o f  th e s e  
s tr e n g th s  a r e  th e  sa m e, but fo r  r u b b le  m a so n ry , th e  s h e a r in g  fa ilu re  can n ot o c c u r  a lo n g  a 
h o r iz o n ta l stra ig h t jo in t, s o  its  a v e r a g e  sh ea r in g  s tr e n g th  is  m u ch  h ig h er  than  its  a v e r a g e  
a x ia l t e n s i le  stren gth .

T a b l e  2
A verage values o f axial tensile strength f u i l , flexural tensile s t r e n g t h a n d  shearing strength

Se
quence

Kinds of 
masonry

f m.m = k 3 J Ä =  A-.V7T f , „ = h J K
G

£5
along

toothed
joint

along
straight

joint

1 clay brick, 
hollow brick 0.141 0.250 0.125 0.125

2 small hollow 
concrete block 0.069 0.081 0.056 0.069

3 medium hollow 
concrete block 0.053 0.063 0.044 0.053

4 medium solid 
ash-fly block 0.034 0.041 0.028 0.034

5 rubble 0.075 0.113 - 0.188

B e s id e s ,  b e fo r e  a sh ea r in g  fa i lu r e , th e  sh ea r in g  d e fo r m a tio n  has b een  la r g e , s o  fr ic 
tio n  h a s  ta k e n  a part o f  sh ea r , so  in  th e  c a lc u la t io n  o f  sh e a r in g  a lo n g  a h o r iz o n ta l jo in t ,  
the in f lu e n c e  o f  fr ic tion  ca n  b e  c o n s id e r e d .

T h e  in f lu e n c e s  o f  c le a n l in e s s  o f  unit su r fa c e s , w e t n e s s  o f  un its and c o n s i s t e n c y  o f  
m o rta r  o n  ta n g e n t ia l a d h e s io n  s tr e n g th  are greater . T h e  o p tim u m  w ater c o n te n t r a t io  fo r  
a d h e s io n  s tr e n g th  is eq u a l to  8 % o r  so . In dry a n d  sa tu ra ted  m ason ry , th e  a d h e s io n  
s tr e n g th s  w i l l  d ec r e a se , r e s p e c t iv e ly ,  b y  2 0 % and 6 0 % '[ 8 ] .
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F i g .  7. Stressed in horizontal direction o f  reinforced masonry with fabrics

A s  th e  stren g th  o f  b r ic k s  is  lo w e r , the fa i lu r e  u n d er ten sio n  m ay  o c c u r  a lo n g  b rick s  
and v e r tic a l jo in ts  a s  sh o w n  in F ig . 6 c , in  th is  c a s e ,  the a v era g e  a x ia l t e n s i le  stren gth  
[1 8 ]  d e p e n d s  on  b r ick  stren g th  w ith o u t c o n s id e r a t io n  o f  vertica l jo in ts  [2 ].'

T h e  a v e r a g e  t e n s i le  s tren g th  a lo n g  units:

f m  =  0.212V7T (8)

F le x u r a l t e n s ile  s tren g th  is tak en  a s 1.5 f m :

f t t m .m  -  0 .3  1 (9 )

4. Reinforced masonry with steel fabrics

T h e s tren g th  in c r e a s e  o f  re in fo rced  m a s o n r y  w ith  s te e l fab rics is  not d u e  to  crea tin g  
3 -d im e n s io n a l c o m p r e s s io n  sta te , but is  b e c a u s e  an  in sta b ility  o f  th e  sm a ll '/2-b r ic k  c o l
u m n s sep a ra ted  b y  v e r tic a l cra ck s but t ie d  b y  th e  s t e e l fab rics are p r e v e n te d  fr o m  o c c u r 
ring in e a r lie r  t im e . B e fo r e  cra ck in g , it is  c e r ta in  th a t there o ccu rs  a 3 -d im e n s io n a l c o m 
p r e ss io n  sta te , i .e . in  th is  t im e  for  e q u il ib r iu m , s te e l stress asxr can  c a u s e  h o r izo n ta l 

c o m p r e s s iv e  str e ss  crv o n  m a so n ry  s e c t io n s  (F ig .  7 a ) ,  h en ce  it in crea ses  th e  c r a c k in g  c a 
p a c ity . B u t a fter  th e  v e r tic a l cra ck s o c c u r , o n  c r a c k e d  su rfa ces, it is  im p o s s ib le  to  pro
d u c e  (Tv, s o  th ere  d o e s  n ot o ccu r  a g a in  a  3 -d im e n s io n a l c o m p ress io n  sta te  [ 1 4 - 1 6 ,  2 0 ].

T h e  t e n s ile  s tr e ss  a, o f  fa b ric  in sm a ll c o r n e r  c o lu m n  is an ch o red  in  j o in t s  b y  b on d  
fo r c e  (th e r e  is  c o m p r e s s iv e  s tre ss  a p p ly in g  o n  j o in t s  to  in crea se  th is fo r c e  m u c h  m ore); 

(Tv on  b o th  s id e s  o f  sm a ll m id d le  co lu m n  w ill b e  b a la n c e d  by it s e lf  11 4 - 1 6 ,  2 0 ] .
In r e in fo r c e d  m a so n r y  w ith  fab ric , th e  v e r t ic a l c r a c k s  o ccu r  o ften  in  p a r tia l h e ig h t o f  

m a so n ry  (F ig . 8 ), it is  fa v o u r a b le  to  stren g th  in c r e a s e .
U n d e r  e c c e n tr ic a l c o m p r e s s io n  and  a s s le n d e r  ra tio  o f  m em b er is  g r e a te r , th e  e f fe c t  

o f  fa b r ic  r e in fo r c e m e n ts  d e c r e a se s , so  it is  n e c e s s a r y  to  lim it both  th e  e c c e n tr ic i t y  and  
s len d er  ra tio , i .e . to  p r e sc r ib e  the e c c e n tr ic ity  o n  sa fe  s id e  d o e s  not b e y o n d  th e  c o r e  o f  

se c t io n  (in  r e c ta n g u la r  s e c t io n  e <  /?/6 ), the  s le n d e r  ra tio  not o v er  16.

'in  vertical joints, the mortar is not fully filled, and owing to shrinkage influence, they are not consid
ered in calculation, but as taking care of filling fully, tests showed they can bear tension or shear 119|.
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Fi)>. tf. Failure of reinforced masonry with fabric (test photo of NIT)

5. M asonry with longitudinal reinforcem ents

T h e  s t r e s s e d  m e c h a n ism  o f  lo n g itu d in a lly  r e in fo r c e d  m a so n r y  (c o m p o s ite  m a s o n r y )  
is  s im ila r  to  re in fo rced  c o n c r e te  m e m b e r , te s ts  in d ic a te d  a ls o  th is [2 1 ] . A s  th e  s u r fa c e  
la y e r s  a r e  m a d e  o f  m ortar, c o n s id e r in g  w h en  th e s e  la y e r s  attain  fa ilu re m o m e n t , th e  
y ie ld in g  stra in  o f  c o m p r e s s iv e  b a r s  h a s  not r e a ch ed , s o  a  u tiliza tio n  factor rjs =  0 .9  o f  
s te e l s t r e n g th  sh o u ld  b e  in tr o d u c e d .

T h e  s t a b il i ty  fa cto r  ф o f  a x ia l ly  c o m p r e s s iv e  m a s o n r y  w ith  lo n g itu d in a l r e in f o r c e 
m e n ts  i s  d e te r m in e d  w ith  s le n d e r  ra tio  ß  and r e in fo r c e m e n t  ratio  p. It is e v id e n t th a t th e  
g rea ter  p  is ,  th e  greater  the ф w ill  b e . T h e  te s ts  o f  r e in fo r c e d  co n cre te  c o lu m n s  s h o w e d  
a ls o  t h is  [ 2 2 ] ,  but fo r  s im p lif ic a t io n , in  C h in e se  D e s ig n  C o d e  o f  C o n crete  S tr u c tu r e s  
(G B J  1 0 - 8 9 )  the in f lu e n c e  o f  p  o n  ф is  not c o n s id e r e d .

F o r  e c c e n tr ic a l  c o m p r e s s io n  m e m b e r s  the lo n g itu d in a l  f le x u r e  is  c o n s id e r e d  b y  
m e a n s  o f  a d d it io n a l e c c e n tr ic ity  e, [2 1 ] .

e,/h = ß 2 ( 1 -  0 .0 2 2 /3 ) /2 2 0 0 . ( 1 0 )

E q u a t io n  (1 0 )  can  b e  d e r iv e d  a s  f o l lo w s  [2 1 ]:  a c c o r d in g  to  the p la n e  s e c t io n  h y 
p o th e s is  a t u lt im a te  state (c o r r e s p o n d in g  to  N  —»max.), ta k in g  £v = f y/Es = 0 .0 0 1 6  ( a p 
p r o x im a te ly  co r r e sp o n d in g  to  b a rs  o f  s te e l grade I I ) , £mM =  0 .0 0 3  and d istr ib u tio n  fa c to r  
o f  c u r v a tu r e s  a lo n g  m em b er  h e ig h t  H 0 to  b e  I I ,  th en  12 1 ]
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w h e r e  - ß  x 1СГ4 is  e q u iv a le n t  to  the m o d if ic a t io n  fa c to r  £> to  c o n s id e r  s le n d e r  ratio  in 

f lu e n c e  in  C h in e se  D e s ig n  C o d e  o f  R e in fo r c e d  C o n c r e te  S tructures ( G B J 1 0 -8 9 ) .

e jh  -  ß  cu rve  is  s h o w n  in  F ig . 9 .

F ro m  the a b o v e , it ca n  b e  seen  that th ere  a r e  t w o  p o in ts w o rth y  to  b e  d is c u s s e d , ( i)  

ta k in g  e„,,„ and e v in  c a lc u la t io n  is  a s s u m in g  t o  b e  in  th e  c a se  o f  b a la n c e d  d e s ig n ,  g e n e r 
a lly , p  is  not g rea t, th e  s te e l b ars h a v e  u n d e r g o n e  a  d e fin ite  f lo w  d e fo r m a tio n  b e fo r e  a t
ta in in g  u ltim ate  s ta te , to  ta k e  e, for c a lc u la t in g  e, is  on  sm all s id e , th is  p r o b le m  e x is ts  

a ls o  in  th e  c a lc u la t io n  o f  p  (m a g n if ic a t io n  fa c t o r  o f  eccen tr ic ity  o f  a x ia l c o m p r e s s io n  

fo r  c o n s id e r in g  th e  lo n g itu d in a l f le x u r e  in  e c c e n tr ic a l  re in forced  c o n c r e te  c o m p r e s s io n  

m e m b e r s);  ( i i)  th e  c a lc u la t io n  o f  lo n g itu d in a l f le x u r e  o f  eccen tr ica l m e m b e r s  w ith o u t  

c o n s id e r in g  p  m a y  n o t c o n fo r m  to  th e  a c tu a l [ 2 2 ,  2 3 ]  and is a lso  in c o n s is t e n t  w ith  the  

d ete r m in a tio n  o f  th e  s ta b ility  factor  ф o f  a x ia l c o m p r e s s io n  m em b ers . B u t in  c o n c r e te

c o lu m n s , a fa cto r  ^  e—  is  in tro d u ced  to  m o d ify  the m a g n ific a t io n  fa c to r  p  o f  e c 

c e n tr ic ity  due to  lo n g itu d in a l f lex u re , a s  r  is  h ig h e r , the a x ia l c o m p r e s s io n  w ill be  

g rea ter , Ç\ then  p  w il l  b e  sm a lle r , i.e . u s in g  £) to  c o n s id e r  the in f lu e n c e  o f  p  o n  a d d i

tio n a l e c c e n tr ic ity .
A t th e  en d  o f  th is  a r t ic le , au thor sh o u ld  s a y  th a t o w in g  to  the lim ita tio n  o f  h is  le v e ls  

o n  th e o r y  and  p r a c tic e , th is  paper is  s t ill s u p e r f ic ia l  e v e n  rev ised  m a n y  t im e s ,  it ca n  b e  

o n ly  to  c o n s id e r  a s  th e  fir st draft. A u th o r  d o e s  h e a r ti ly  h op e the c o l le a g u e s  in  th is  f ie ld
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at h o m e  a n d  a b road  w o u ld  p r o v id e  k in d  h e lp  to  m a il th e  a u th o r  relevant m a te r ia ls  an d  
r e v is in g  o p in io n s ,  th en  au th or  w ill  m a k e  r e v is io n  fu r th er , s o  a s that it can  b e c o m e  m o r e  
c o m p le t e  a n d  p erfec t.
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MODELING THE INFLUENCE OF ENVIRONMENTAL 
PARAMETERS AND RESIDENCE TIME ON MICROBIAL 

DRINKING WATER QUALITY IN DISTRIBUTION
SYSTEMS

D o m b a y , G .- P ir io u , P h .-D u k a n , S .-K ie n e , L.

Lyonnaise des Eaux CIRSEE. 38 rue du Président-Wilson, 78230 Le Pecq, France

1. Introduction

D u r in g  its  d istr ib u tion  d rink ing  w a te r  u n d erg o es  sev era l q u a lity  c h a n g e s  w h ich  is  
a c c o u n te d  to  the a c tiv ity  o f  the d is tr ib u tio n  sy s te m  a s  a  co m p lex  p h y s ic o c h e m ic a l and  
b io lo g ic a l reactor . T h e se  p h en o m en a  c a n  b e  c la s s if ie d  a s d eter io ra tio n  o f  o rg a n o lep tic  
p a ra m eters , b a c te r io lo g ic a l w a ter  q u a lity  d eter io ra tio n , n itr ifica tio n , c o r r o s io n , p o st
p r e c ip ita tio n , and  d ep o sit fo rm a tio n . C o n se q u e n tly  the d esig n  and o p e r a tio n  o f  drinking  
w ater  d is tr ib u tio n  sy s te m s ca n n o t b e  c o n s id e r e d  o n ly  from  the h y d ra u lic  v ie w ,  but reactor  
th eo ry  a n d  p r o c e ss  e n g in e e r in g  m e a su r e s  a re  to  be in tegrated .

O f  th e  v a r io u s  c a u se s  o f  q u a lity  d e ter io ra tio n  in d istr ib u tion  sy s te m s , m ic r o b io lo g ic a l  
p a ra m eters are the m ost c lo s e ly  s tu d ie d  an d  m o n ito red , b eca u se  o f  th e  sh o r t-term  risks  
reg a rd in g  to  p u b lic  h ea lth . E ven  i f  h ig h  h etero tro p h ic  p late  co u n ts  (H P C ) d o  not 
n e c e s s a r ily  g iv e  r ise  to  a h ea lth  r isk , th ey  are th e  sign atu re o f  a  n e tw o r k  in w h ich  
u n d esira b le  m icro b ia l w ater  q u a lity  c h a n g e s  m a y  o c cu r  (D u k an  el a / . ,  19 9 6 ) .

In th e  d istr ib u tio n  sy s te m  bulk  w a te r  p h a se  rep resen ts  o n ly  a  sm a ll fra g m en t o f  the  
b a cter ia l a c t iv ity  (H erso n  et al., 1 9 9 1 ) . In the n etw o rk  b acter ia  c o lo n iz e s  su r fa c e s , th is  
a tta ch ed  b io m a ss  is  o ften  referred  a s  biofilm  (C h a ra ck lis  and M a rsh a ll, 1 9 9 0 ) . In b io 
f ilm s  b a c te r ia  is  em b ed d ed  in an e x tr a c e llu la r  p o ly m er  (E P S ) m a tr ix , fo r m in g  an in 
h o m o g e n iu s  la y er  on  the substratum . B a c te r io lo g ic a l w ater  q u a lity  d e te r io r a tio n  is  m ain ly  
a c c o u n te d  to  the b io f ilm  a c tiv ity  in th e  d is tr ib u tio n  sy s te m . T he p r e se n c e  o f  b io f ilm  can  
protect in d ica to r  an d /or p a th o g en ic  m ic r o o r g a n ism s (L eC h ev a llie r , 1 9 9 0 ) ,  it c a n  g en era te  
b io c o r r o s io n  (L e C h e v a llie r  et al„  1 9 9 3 ) ,  c a u s e  ta s te  and  odor p ro b lem s (B u r lin g a m e  and  
A n se lm e , 1 9 9 5 ) . S u b sta n tia l b io f ilm  a c t iv ity  in the n etw ork  m ight p ro m o te  th e  p resen ce  
o f  h ig h er  o rg a n ism s (fu n g i, y ea st , p r o to z o a , m icro zo o p la n k to n , in v e r te b r a te s )  in the  
n etw o rk , re su ltin g  further w a ter  q u a lity  d eter io ra tio n  (L e v y  et al., 1 9 8 6 ;  F a ss  et al., 
1 9 9 6 ) . P u b lic  h ea lth  risk ca n n o t o n ly  b e  ch a r a c te r iz e d  b y  acc id en ta l c o li fo r m  o ccu rren ce , 
but th ere  is  a  g r o w in g  b e l i e f  that so m e  h etero tro p h ic  b a cter ia  are o p p o r tu n is tic  p a th o g en s, 
and th e ir  g ro w th  sh ou ld  b e  c o n tr o lle d  (P a y m en t et al., 1 9 9 4 ). T h e se  r e se a r c h  resu lts
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in d ic a te  th e  im portance o f  u n d ersta n d in g  b a cter ia l r e g r o w th  p h en om en a  in the drin k in g  
w a ter  n etw o rk .

T o  und erstan d  and  d e s c r ib e  b a c ter ia l regrow th  p h e n o m e n a  in drinking w a ter  d is tr i
b u tio n  s y s te m s , d e term in is tic  m o d e lin g  is  o n e  o f  th e  m o s t  ap p rop ria te  to o ls  a v a ila b le  to  
r e se a r c h e r s  to  test h y p o th e s e s , a n d  to  en g in eers  to  im p le m e n t w ater  q u a lity  m a n a g em en t  
in  th e  n e tw o rk .

T h e  o b je c t iv e  o f  th is  a r t ic le  is  to  p resen t the m a jo r  c o n c e p ts  o f  b a cter ia l reg ro w th  
m o d e lin g  fo r  d istr ib u tion  s y s te m s  and  to  sh o w  a  p a r tic u la r  m o d e l ap p lica tio n . In th e  fir st  
part th e  a r tic le  d e sc r ib e s  th e  p r o c e s s e s  w h ich  w e r e  ta k e n  in to  a cco u n t b y  th e  b a cter ia l  
re g r o w th  m o d e l d e v e lo p e d  b y  th e  C IR S E E  resea rch  c e n te r  o f  the L y o n n a ise  d e s  E a u x  
g ro u p , a n d  p o in ts out th e  a s p e c t s  w h ich  are to  b e  in te g r a te d  in  the fo r th co m in g  m o d el 
d e v e lo p m e n t. In the se c o n d  part th e  a r tic le  sh o w s  h o w  m o d e lin g  can  co n tr ib u te  to  the  
u n d ersta n d in g  o f  the r e la t io n sh ip  b e tw een  e n v ir o n m e n ta l param eters (tem p eratu re, 
su b s tr a te  co n cen tra tio n , in le t  b a c te r ia  co n cen tra tio n ) a n d  b a cter ia l d y n a m ic s  in  the  
d r in k in g  w a ter  d istr ib u tion  s y s te m .

2. M odeling bacteria l regrowth phenom ena in the network

2.1. The influence o f  w ater qua lity  param eters on bacteria l dynam ics

F ro m  th e  reactor e n g in e e r in g  v ie w , b a cter ia l d y n a m ic s  in  th e  n etw ork  is  in f lu e n c e d  b y

— w a te r  q u a lity  c h a r a c te r is t ic s , determ in ed  b y  e n v ir o n m e n ta l p aram eters an d  treat
m en t te c h n o lo g y , and

— h y d ra u lic  c o n d it io n s , d e te r m in e d  b y  p ro p erties  a n d  o p era tio n  o f  the d istr ib u tio n  
sy s te m .

T h e  b e h a v io r  o f  a  b io f i lm  rea c to r  is  prim arily  in f lu e n c e d  b y  the actual w a ter  q u a lity  
p a ra m eters . T h ese  p a ra m eters d e term in e  the e n v iro n m en t fo r  the b acteria l p ro lifera tio n , 
th e  a c t iv ity  o f  the b io f ilm , h e n c e  th e  b acteria l reg ro w th  p h e n o m e n a  w h ich  is  r e sp o n s ib le  
for  th e  m icro b ia l d rink ing  w a te r  q u a lity  d eter ioration  in  th e  d istr ib u tion  sy stem . D rin k in g  
w a te r  q u a lity  param eters a r e  s e t  b y  the reso u rce  o f  th e  w a te r , m o d ified  b y  th e  treatm ent 
p r o c e s s e s ,  and  ch a n g in g  s p a t ia l ly  an d  in tim e during th e  d is tr ib u tio n .

T o  m o d e l b acteria l r e g r o w th  p h en o m en a  in d is tr ib u t io n  sy s tem s, h y d ro d y n a m ic  
m o d e lin g  h a s  to  b e  c o u p le d  w ith  b io f ilm  k in e tic s , to  d e s c r ib e  th e  p rop agation  and  rea ctio n  
o f  th e  w a te r  q u a lity  p a ra m eters .

T h e  m o d e l w a s  d e v e lo p e d  fo r  an id ea l p lu g - f lo w  rea c to r . T he a p p lied  transport 
e q u a tio n  fo r  the bulk  p h a se  is  th e  o n e -d im en sio n a l a x ia l-d is p e r s io n  m o d el, w h ere  o n ly  
c o n v e c t iv e  transport is  c o n s id e r e d :

d C t d C )
------- 1- V----- = reaction , , ( 1 )

d t  d y
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w h e r e  Q  [k g /m 3] is  the co n cen tra tio n  o f  a p a rticu la r  w a ter  q u a lity  p a ra m eter , v [m /s) is  
th e  m ea n  f lo w  v e lo c ity , y  |m |  is  the d is ta n c e  in th e  a x ia l d irectio n , reaction ] [k g /m 3s] is  
th e  rate  o f  rea ctio n  for  p aram eter  i.

In th e  b io f ilm  co n stitu en t transport o c c u r  d u e to  m o le c u la r  d iffu sion :

<j£i_
dt

- I ) ,
d 2c ,

b i o f

dx2
= reaction , , ( 2)

w h e r e  D biot [m 2/s ]  is  the e f f e c t iv e  d if fu s iv ity  c o e f f ic ie n t  in the b io f ilm , x  [m ] is  the 
d is ta n c e  in  the rad ial d irec tio n  from  th e  b io f ilm  su r fa ce .

M a jo r  p r o c e s s e s  in a b io f ilm  rea cto r  in c lu d e  g r o w th , death , a d h esio n  a n d  d eta ch m en t, 
w h ic h  rep resen ts  a h igh  g ra d e  o f  in tera c tio n s  b e tw e e n  su sp en ded  and  a tta c h e d  b io m a ss . 
T h e se  p r o c e s s e s  are taken  in to  a cco u n t b y  the m o d e l a cco rd in g  to  F ig . 1 (D u k a n  et al„ 
1 9 9 6 ) . F ix e d  b io m a ss  is  m o d e led  a s a la y er  u n ifo rm ly  d istr ibuted  o v e r  th e  p ip e  su rfa ce , 
e x p r e s s e d  a s  an e q u iv a len t th ic k n e ss  o f  a  ca rb o n  la y er . B y  th is w a y , it is  p o s s ib le  to  
d is tin g u ish  b e tw e e n  p h en o m en a  d ep en d in g  on  th eir  lo ca tio n s: rea ctio n s  in  th e  b u lk  w ater  
p h a se , rea ctio n  at the w a te r -b io f ilm  su r fa c e  in te r fa c e  and w ith in  th e  b io f ilm . M a ss  
b a la n c e  eq u a tio n s  are set fo r  su b stra te , su sp en d e d  b io m a ss  (to ta l |X |  a n d  a c t iv e  |X H )  
fr a c t io n ) , an d  fix e d  b io m a ss  (to ta l [ B | an d  a c t iv e  [ B ib ] fra ctio n ).

M ass balance equations in the bulk phase  [a p p ly in g  E q u ation  ( 1 )]:

S u b stra te  b a la n ce:

r e a c tio n s  =  - S  d iffu sio n  in to  the b io f ilm  +  r e le a se  b y  X H  -  c o n su m p tio n  b y  X H  (3 )  

F ree  b a c ter ia  b a lan ce:

r e a c tio n x =  +  g row th  o f  X H  +  d eta ch m en t o f  В -  d ep o sitio n  o f  X  (4 )

F ree  a c t iv e  b a cter ia  b a la n ce:

reactionXH =  +  g row th  o f  X H  +  d eta ch m en t o f  B ib  -  d ep o sitio n  o f  X H  —
- d e a t h  o f  X H  (5 )

M ass balance equations in the biofilm  [a p p ly in g  E q u a tio n  (2 )]:

S u b stra te  b a la n ce:

r e a c tio n s  =  -  co n su m p tio n  b y  B ib  +  r e le a se  b y  B ib  (6 )

F ix e d  b a c ter ia  b a la n ce:

r e a c tio n B =  +  g row th  o f  B ib  -  d e ta ch m en t o f  В +  d ep o sitio n  o f  X  (7 )

F ix e d  a c t iv e  b a cter ia  b a la n ce :

r e a c tio n Bib=  +  g row th  o f  B ib  -  d e ta ch m en t o f  B ib  -  death  o f  B ib  +
+  d e p o s it io n  o f  X H  ( 8 )
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flow velocity 
C IZ = >  residence tim e

F i g .  I . Processes of the model

M odeling  bacterial growth

F o r  hetero trop liic  (H P C ) b a c te r ia  substrate is  a v a ila b le  in  the drinking w a ter  a s  the  
b io d e g r a d a b le  fraction  o f  o r g a n ic  carb on  co m p o u n d s . T h e  b io d eg ra d a b le  d is s o lv e d  o r
g a n ic  ca rb o n  (B D O C ) is  g e n e r a lly  co n sid ered  the l im it in g  fa c to r  o f  b a cter ia l g ro w th  in 
d r in k in g  w a ter  (L e C h e v a llie r , 1 9 9 0 ) .  B a sed  on  th e  a ssu m p tio n  that the c o n cen tra tio n  o f  
o n e  s in g le  grow th  lim itin g  n u tr ien t d eterm in es the g r o w th  rate o f  b a cter ia l p ro lifera tio n , 
th e  m o d e l o f  M on od  is  m o st w id e ly  used:

C onsum ption = Vmax( T )— —  
»3 + К

■ active bacteria . (9 )

N u m e r o u s  stu d ies sh o w e d  c o r r e la t io n  b e tw een  B D O C  a n d  H P C  v a lu es  in d istr ib u tio n  
s y s te m s  (L au ren t et al., 1 9 9 3 ;  v a n  der K oo ij et al., 1 9 9 5 ) .  P ilo t  sc a le  e x p er im en ts  (C la rk  
et al., 1 9 9 4 ; P iriou  et al., 1 9 9 7 )  an d  m o d elin g  r e su lts  (D u k a n  et al., 1996; B o is  et al., 
1 9 9 7 ; L au ren t et al., 1 9 9 7 )  in d ic a te  that b io f ilm  e v o lu t io n  is  m a in ly  due to  its  g ro w th , 
re la ted  to  B D O C  co n c e n tr a tio n . P ey to n  (1 9 9 6 )  s h o w e d , th at s tea d y -sta te  b io f ilm  th ick 
n e s s  is  d ep en d en t on  su b s tr a te  lo a d in g  rate. In m o s t  o f  h is  ex p er im en ts th e  su b stra te  
u tiliz a t io n  rate w a s n ea r ly  e q u a l to  the substrate lo a d in g  rate. B a sed  on litera ture data , 
th e  a u th o r  e m p h a s iz e s  that o v e r  a  certa in  lev e l o f  su b s tr a te  lo a d in g  rate further in c r e a se s  
d o  not e f f e c t  stea d y -sta te  b io f i lm  th ick n ess .
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B a cter ia l g ro w th  is in flu en ced  b y  tem p era tu re . T em perature c h a n g e s  in  th e  d istr ib u 
tio n  sy s te m  o ccu r  d u e  to  se a so n a l v a r ia t io n s . B a se d  on  fu ll s c a le  e x p e r im e n ts , b acteria l 
reg ro w th  p ro b lem s are  freq u en tly  a s s o c ia te d  w ith  h igh  tem perature p e r io d s  (D o n la n  et 
a!., 19 9 4 ; M a th ieu  et al., 1995; A m b la rd  et al., 1 9 9 6 ) . C ontrary, Н Р С  p e a k s  in the net
w o rk  o b se r v e d  b y  K e r n e is  et al. ( 1 9 9 5 )  d id  not o c c u r  in the w a rm est p e r io d s . A cco rd in g  
to  th e  au th ors, h ig h  su sp en d ed  H P C  c o u n ts  c o u ld  not o n ly  b e  re la ted  to  w a ter  tem 
p eratu re, but o th er fa c to rs , su ch  a s B D O C  and  in le t H P C , as w e ll. B a se d  o n  in  situ  b io 
f i lm  e x a m in a tio n s  H o ld e n  et a i  ( 1 9 9 5 )  fou n d  that the in crea se  in tem p era tu re  am p lified  
b io f i lm  grow th . It w a s  n o ted  that m ea su red  su b stra te  co n cen tra tio n s  d e c r e a s e d  w ith  
in c r e a s in g  tem p eratu re, d u e to  the in c r e a se d  b a c ter ia l substrate  uptake.

T h e  e ffe c t  o f  tem p eratu re ca n  b e  ta k en  in to  a cco u n t in E q. (9 )  o n  th e  m axim u m  
g r o w th  rate (V max) o f  b a c ter ia  w ith  a  s ig m o id a l re la tio n sh ip  ( s e e  A p p e n d ix , A l ) .  A s  
F ig . 1 sh o w s  that th e  m o d el ta k es in to  a c c o u n t B D O C  co n su m p tio n  b y  a tta c h e d  and  fix ed  
b a c ter ia , and a ls o  B D O C  r e le a se  d u rin g  ly s is .  E q u a tio n s ( 3 ) - ( 8 )  are  b a s e d  o n  (9 )  in 
term s o f  b io m a ss  g ro w th  and  su b stra te  co n su m p tio n .

M o rta lity

Natural m ortality  ca n  b e  a c c o u n te d  to  s e n e s c e n c e  and g ra z in g  b y  m ic r o z o o p la n k to n s . 
It c a n  b e  m o d e led  fir st ord er in re la tio n  to  th e  q u a n tity  o f  a c tiv e  b a cter ia .

Chlorine induced mortality. T o  m itig a te  p u b lic  hea lth  risk , d u rin g  its  d istr ibution  
d rin k in g  w ater  sh o u ld  co n ta in  b io c id e  a g e n ts  in an  ad eq u ate  c o n c e n tr a tio n . C h lo r in e  is 
th e  m o st w id e ly  u se d  d is in fec ta n t in d r in k in g  w a ter . S in c e  the th orou gh  c h e m ic a l  k in etics  
o f  ch lo r in e  d e c a y  is  not k n o w n , c h lo r in e  d e c a y  m o d e ls  are g e n e r a lly  b a s e d  on  p seu d o-  
f ir st  order k in e t ic s , a ssu m in g , that th e  co n c e n tr a tio n  o f  the sp e c ie s  r e a c tin g  w ith  the 
c h lo r in e  are m u ch  grater  than that o f  c h lo r in e  (C h a m b ers  et al., 1 9 9 5 ) . T h e  m o d e l takes  
in to  a cco u n t c h lo r in e  d e c a y  k in e tic s  u nder th e  in f lu e n c e  o f  p H , tem p era tu re , h yd rau lics  
an d  p ip e  m a ter ia ls  (A  1 8). T h e ch lo r in e  in d u ced  m o rta lity  o f  free  b a c ter ia  is  e x p r e s s e d  by  
th e  in h ib itin g  a c t io n  o f  free  ch lo r in e  a s  th e  “ s u ic id e  inh ib itor” (D u k a n  et a l., 1 9 9 6 ) . The  
m o rta lity  rate ta k e s  in to  a cco u n t the d ifferen t fo rm s o f  ch lor in e  in w a te r  (H C IO /C IO  ) 
d ep en d in g  on pH  (A 2 0 ) .

In order to  e x p la in  the grea ter  r e s is ta n c e  to  c h lo r in e  o f  f ix e d  b a c te r ia  c o m p a r e d  w ith  
fr e e  b a cter ia  (L e C h e v a llie r  et al., 1 9 8 8 ) , th e  h y p o th e s is  w a s m ad e that c h lo r in e  d iffu sio n  
w ith in  the b io f ilm  ta k e s  p la c e  o v e r  a  v e r y  lo w  th ic k n e ss  o f  eq u iv a len t c a r b o n . H e n c e  the 
lo w  d if fu s iv ity  o f  free  ch lo r in e  in to  th e  b io f ilm  e n a b le s  the id e n t if ic a t io n  o f  2  b io film  
la y ers: a  c h lo r in a ted  la y er  and a la y e r  not a tta in ed  b y  ch lo r in e . T h is  la tter  la y er  is  
a c c o u n te d  to  the stro n g er  re s is ta n c e  o f  f ix e d  b a c ter ia  in relation  to  free  b a c te r ia  against 
ch lo r in e .

C o n se q u e n tly  th e  m a ss  b a la n c e  e q u a tio n s  ( 6 ) and  ( 8 ) for the b io f i lm  e x is t  in tw o  
fo r m s, for  the c h lo r in a ted  la y er , ( A 5 )  an d  ( A 1 6 ) ,  and  the n o n -ch lo r in a ted  la y e r , ( A 6 ) and 
(A  1 4 ). T h e  m o rta lity  is  e x p r e sse d  b y  (A  1 9 ).
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D e ta c h m e n t , d ep osition

D etachm ent is  the k e y  fa c to r  w h ic h

-  b a la n c e s  attached  m ic r o b ia l g ro w th  h en ce  g o v e r n s  th e  stea d y -sta te  b io f ilm  c o n d i
t io n , a n d

-  r e sp o n s ib le  for  the in c r e a s e  o f  su sp en ded  b a c te r ia  in  th e  netw ork .

F o r  th e  ch lorin ated  b io f i lm  la y e r  detachm ent rate  w a s  co n s id e r e d  proportional to  the  
n u m b e r  o f  f ix e d  b a cteria . F o r  th e  n o n -ch lo r in a ted  la y e r  d e ta c h m e n t rate is  p ro p o rtio n a l to  
th e  n u m b e r  o f  fix ed  b a c te r ia  a n d  th eir  grow th  ra te . ( D e ta i le d  e x p lica tio n  is  g iv e n  b y  
S te w a r t , 1993; D ukan et al., 1 9 9 6 .)

D eposition  is the in itia l p r o c e s s  o f  b io film  fo rm a tio n . U n d er  d yn am ic c o n d it io n s  in let  
to ta l a n d  a c t iv e  b acter ia  c o n c e n tr a t io n  h as an e ffe c t  o n  b a c te r ia l c o lo n iz a tio n  o f  su r fa c e s ,  
h e n c e  b io f i lm  form ation . T r a n sp o r t  co u ld  b e  a  rate l im it in g  step  in b acteria l c o lo n iz a t io n  
(W o lfa a r d t  and C lo ete , 1 9 9 2 ; M u e lle r , 1 9 9 6 ). P ir iou  et al. ( 1 9 9 7 )  ex a m in ed  the in f lu e n c e  
o f  in le t  b a c ter ia  c o n cen tra tio n  o n  b io f ilm  b eh a v io r  u s in g  a  p ip e  lo o p  p ilo t. T h e  re su lts  
in d ic a te  th at the in let to ta l b a c te r ia  h a s  a p o sit iv e  in f lu e n c e  on  b io f ilm  e v o lu tio n , but the  
in le t  a c t iv e  bacteria  h as n o  im p a c t  on  b io tllm  a c t iv ity . T h e y  co n c lu d e  that b a c ter ia  
d e p o s it io n  h a s  little  e f fe c t  o n  b io f i lm  ev o lu tio n  under s t e a d y -s ta te  con d ition .

A c c o r d in g  to C h a ra ck lis  a n d  M a rsh a ll (1 9 9 0 )  b a c te r ia l d ep o sitio n  can  b e  d e sc r ib e d  
b y  fir s t-o r d e r  k in etics in  r e la t io n  to  b acter ia  c o n c e n tr a tio n . B a se d  on  the a fo rem en tio n ed  
r e su lts  it is  to  be m en tio n ed  th at under d ynam ic c o n d it io n s  the first-order a ssu m p tio n  
m ig h t n o t d escr ib e  the d e p o s i t io n  p r o c e ss  a d eq u a te ly . D e p o s it io n  m o d e lin g  under d y 
n a m ic  c o n d it io n s  has to  b e  in v e s t ig a te d .

M o d e l eq u ation s are g iv e n  in  A p p en d ix , b a se d  o n  ( 3 ) - ( 8 )  m a ss  b a la n ce  e q u a tio n s , 
a n d  th e  d escr ib ed  k in etic  c o n s id e r a t io n s . (M o re  th o r o u g h  d e ta ils  o f  ea ch  p r o c e s s  are  
g iv e n  b y  D u k a n  et a l ., 1 9 9 6 .)

2 .2 .  T he influence o f  hydraulic param eters on bacteria! dynam ics

P r e s e n t ly  the d escr ib ed  b a c te r ia l  regrow th  m o d e l is  s o lv e d  for  a tubular rea cto r , in  
w h ic h  p lu g - f lo w  c o n d it io n s  p r e v a il .  F or the a p p lic a tio n  o f  th is  m od el to  d rink ing  w a ter  
d is tr ib u t io n  sy stem s cer ta in  d e v e lo p m e n ts  m ight b e  n e c e s s a r y  w h ich  take into a c c o u n t the  
e f f e c t  o f  n etw ork  h y d ro d y n a m ics

— o n  transport p r o c e ss e s  ( a x ia l  a n d  radial d iffu s io n , m ix in g ) ,  and
— o n  b io f ilm  k in etics.

B io f i lm s  are in flu en ced  b y  h y d r a u lic  co n d itio n s , a n d  in  turn, b io f ilm s  m a y  in f lu e n c e  
th e  h y d r o d y n a m ic  co n d it io n s  c l o s e  to  the surface o f  an d  w ith in  b io f ilm s  (W ild erer  et al., 
1 9 9 5 ) .  D u r in g  the o p era tio n  o f  a  drin k in g  w ater n e tw o r k  v a r io u s  hyd rau lic  c o n d it io n s  
o c c u r  in  th e  system , d e te r m in e d  b y  the actual w a te r  c o n su m p tio n  and the sta tu s  o f  
o p e r a t io n  (e .g . pum ping). F r o m  th e  b io f ilm  rea c to r ’s p o in t  o f  v ie w , the m a g n itu d e  and  
d y n a m ic  ra n g e  o f  h yd rau lic  p a r a m e te r s  can  be u n iq u e a n d  s ig n if ic a n t ly  d ifferen t fro m  a n y  
b io f i lm  r ea c to rs  used for  tr e a tm e n t p r o c e sse s  or a p p lie d  in  la b o ra to ry  e x a m in a tio n s .
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F lo w  v e lo c ity

In tubular rea cto rs in c r e a s in g  w ater  v e lo c ity  le a d s  to

-  an  in crease  o f  th e  c o n v e c t iv e  transport o f  b a c te r ia , su b stra te , c h lo r in e  and  other  
co n stitu en ts  in the rea c to r ,

-  an  in crease  in  tu rb u len t d iffu s io n ,
-  a  d ecrea se  o f  th e  th ic k n e ss  o f  the bou n d ary  la y e r  ca u s in g  a  red u ctio n  in the m a ss  

tran sfer  res ista n ce  to w a r d s  the b io f ilm ,
-  an  in crea se  o f  sh e a r  s tr e ss  at the p ip e  w a ll.

T ransport p r o c e s s e s  in  th e  b u lk  are co n tro lled  b y  c o n v e c tio n  and  tu rb u len t d iffu sio n , 
in th e  b io f ilm  b y  m o le c u la r  d iffu sio n . U n d er  tu rb u len t c o n d it io n s  in th e  b u lk  v irtu a lly  
th ere  is  n o  co n cen tra tio n  g ra d ien t in rad ial d irec t io n . T h e  co n cen tra tio n  g ra d ien t e v o lv e s  
in the con cen tra tio n  b o u n d a ry  layer  (C B L ) an d  r e a c h e s  its m a x im u m  at th e  b io f ilm  
su r fa c e  (L e w a n d o w sk i et al., 1 9 9 4 ). In the C B L  d if fu s io n  is  the p red o m in a n t m a ss  
tran sfer  m ech a n ism . T h e  v e lo c ity  p ro file  in the h y d ro d y n a m ic  b o u n d a ry  la y er  (H B L ), 
w h ere  the flo w  b e c o m e s  u n id irec tio n a l, is  u n certa in .

B ish o p  et at. ( 1 9 9 7 )  sh o w e d , that there is  a  s ig n if ic a n t  d iffe r e n c e  b e tw e e n  the hydro-  
d y n a m ic  boundary  la y e r  and  th e  co n cen tra tio n  b o u n d a ry  la y er  a b o v e  a  b io f ilm . C B L  
v a r ied  b e tw een  2 0 0 - 4 0 0  p m  d ep en d in g  on  the w a ter  v e lo c ity  in the b u lk . H B L  and flo w  
v e lo c ity  had o n ly  m in im a l r e la tio n sh ip , the th ic k n e ss  is  around 4 0 0 0 - 5 5 0 0  p m . In creas
in g  flu id  v e lo c ity  d e c r e a s e s  th e  th ick n ess  o f  th e  C B L , c a u s in g  a  d e c r e a se  in the m a ss  
tran sfer  re s ista n ce  (C h a r a c k lis  and  M a rsh a ll, 1 9 9 0 ) .

In drinking w a ter  d is tr ib u tio n  sy s tem s the b io f ilm  th ic k n e ss  is  lo w  (a ro u n d  1 0 - 3 0  p m , 
L ’H o s t is , 1 9 9 6 ) a n d  lik e ly  th ere  is  no transport lim ita tio n  in the b io f ilm . C o n se q u e n tly  it 
m igh t b e  a ssu m ed , th at v a r ia t io n  in su b stra te  tran sp ort due to  d ifferen t f lo w  v e lo c it ie s  
d o e s  not h a v e  a s ig n if ic a n t  e f fe c t  on b io f ilm  b e h a v io r . U n d er th e se  c o n d it io n s  it w o u ld  
not b e  n ecessa ry  to  m o d e l is e  th e  e ffe c t  o f  h y d ro d y n a m ics  on  su b stra te  transport.

B io f i lm  d etach m en t a n d  h y d ro d y n a m ics

D e sp ite  its s ig n if ic a n c e  an d  the num ber o f  reg a rd in g  stu d ie s , so  fa r  is  v ery  little  has  
b e e n  understood  a b o u t th e  m ech a n ism  o f  d eta ch m en t (P ey to n  et a!., 1 9 9 3 ; O h a sh i et al., 
1 9 9 6 ) . P resen tly  th e  e f f e c t s  o f  h y d ro d y n a m ics on  b io f ilm  d eta ch m en t a re  not c la r if ied . 
C u rren tly  a v a ila b le  a n a ly t ic a l tech n iq u es  p ro v id e  a  rather sta tic  p ic tu re , and  the d y n a m ic  
nature o f  b io film  s y s te m s  is  not a d eq u a te ly  r e so lv e d  (W ild e r e r  et a i ,  1 9 9 5 ) . For transien t 
h y d ro d y n a m ic  c o n d it io n s  P ey to n  and C h a ra ck lis  ( 1 9 9 3 )  p ro p o sed  a d eta ch m en t m o d el, 
b a se d  on  the resu lts  o f  B a k k e  (1 9 8 6 ) .  B ak k e s h o w e d  that the v a r ia tio n  o f  sh ea r  stress  
c a u s e s  in creased  d e ta c h m e n t, an d  after the tra n s ito ry  p er iod  d eta ch m en t returns to  its 
fo rm er v a lu e . H e n c e  in  th e  m o d el not the m a g n itu d e  o f  the sh ea r  s tr e ss  (x ) , but its 
d e r iv a t iv e  is in clu d ed :

^d  -  Rje + » ( 10)
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R J A  T

, lIt (,T ak d — , —  > 0
d dt dt

o. ^ < 0
di

( i l )

w h e r e  R d is  o v era ll d eta ch m en t r a te  [ s ’1] , R de is  d e ta ch m en t d u e to  e r o s io n  [ s ’1] ,  R dAt is  
d e ta c h m e n t  d u e to  transitory  sh e a r  s t r e s s  [s ’1], kd is  c o e f f ic ie n t  [d im e n s io n le ss ] ,

O h a s h i e t al. (1 9 9 6 )  e x a m in e d  th e  a d h esio n  stren gth  o f  b io f ilm s . A d h e s io n  stren g th  is 
th e  r e s is ta n c e  o f  the b io f ilm  v e r s u s  d eta ch m en t w h en  an  ex tern a l fo r c e  is  in d u ced . 
B io f i lm s  in  co n d u its  m ight b e  e x p o s e d  to  te n s ile  s tr e ss  ( o )  b y  lift fo r c e  b y  f lu id  d y n a m ic s  
d u e  to  h y d r o d y n a m ic  v ib ra tio n s  o r  p ressu re  flu c tu a tio n s . T h e  au th ors d eterm in ed  b io f ilm  
sh e a r  s tr e n g th  b y  c o llis io n  fo r c e , a n d  b io f ilm  te n s ile  s tren g th  b y  c en tr ifu g a tio n  fo r c e . T he  
r e su lts  in d ic a te  that shear stren g th  w a s  a ll the tim e m u ch  la rg er  than  te n s ile  stren g th  b y  a 
m a g n itu d e  o f  tw o  orders (2  lo g ) .  H e n c e  it is  su g g e s te d  that b io f ilm  d eta ch m en t is  m a in ly  
c a u s e d  b y  th e  d ec lin e  o f  a d h e s io n  stren g th  b y  te n s ile  fo r c e  rather than b y  sh ea r  fo rce . 
D u e  t o  th e  a p p lied  m eth od s, t h e s e  r e su lt  are rather a p p lic a b le  to  tran sitory  p h en o m en a .

B a s e d  o n  th is research  re su lt  w e  p ro p o se  the fo l lo w in g  m o d ific a t io n  o f  th e  (1 0 )  
tr a n s ito r y  b io f ilm  d etach m en t m o d e l:

R j — Rde +  RjAt +  RjAa ’

к do
d a

. i / a < o l
RjAo —

dt dt
d a

0 , —  > 0  
dt

( 12)

(1 3 )

w h e r e  R dA0 is  detachm ent d u e  to  tr a n s ito r y  te n s ile  s tr e ss  [ s ’1] , kdo is  c o e f f ic ie n t  [d im en 
s io n le s s ] .

T h e  m o d e l e x p r e sse s  that in c r e a s in g  te n s ile  s tre ss  to w a r d  the substratum  c a n n o t c a u se  
d e ta c h m e n t , but a d ecrea sin g  t e n s i le  s tr e ss  (e .g . p ressu re  d rop  or re la x a tio n ) ca n .

P r e s e n t ly  the v a lid a tio n  o f  th e  m o d e l is  p ro b lem a tica l d u e  to  the lack  o f  a d e q u a te  o n 
lin e  b io f i lm  m on itors. In a d d it io n , th e  e x a m in a tio n  o f  th e  a p p lic a b ility  o f  th e  m o d e l to  
d is tr ib u t io n  sy s te m s, and th e  d e sc r ip t io n  o f  the re la t io n sh ip  b e tw e e n  te n s ile  a n d  shear  
s t r e s s e s  o n  b io f ilm  d etach m en t a r e  fu tu re  research  ta sk s.

R e s id e n c e  t im e

W a te r  q u a lity  in the d is tr ib u tio n  sy s te m  c h a n g e s  sp a t ia lly  and  c h a n g e s  in  t im e . H y d 
r a u lic  c o n d it io n s  determ ine r e s id e n c e  tim e  and r e s id e n c e  t im e  d istr ib u tio n  in  th e  n et
w o rk . In b a c te r ia l regrow th  p h e n o m e n a  r e s id en ce  t im e  c e r ta in ly  in f lu e n c e s  b a cter ia l 
d y n a m ic s ,  s in c e  th ese  p r o c e s s e s  a r e  t im e  d ep en d en t. In d r in k in g  w a ter  n e tw o rk s n u m er
o u s  s t u d ie s  ex a m in e d  the e f f e c t  o f  r e s id e n c e  tim e  on  w a ter  q u a lity , and  its c o r r e la tio n  to
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v a r io u s  p aram eters su ch  a s  su b stra te  c o n c e n tr a t io n , H P C , and c h lo r in e  d e c a y  (e .g . 
H era u d  et al., 1 9 9 7 ; K ern e is  et al., 1995; v a n  d er  K o o ij , 1992; P révost et a l., 1 9 9 7 ) .

C o n s id e r in g  the c o m p le x ity  o f  the p h en o m en a  in flu en c in g  b acter ia l r e g r o w th  in the  
n etw o rk  (an d  tak en  in to  a cco u n t b y  the m o d e l)  it h a s to  be noted  that r e s id e n c e  tim e  
c a n n o t co rre la te  d irec t ly  w ith  m icro b ia l w a ter  q u a lity  param eters. C o n se q u e n t ly  it is  an  
e x c e s s iv e  s im p lif ic a tio n  to  c o n s id er  r e s id e n c e  t im e  a s a s in g le  d e c is iv e  p a ra m eter  in 
m ic r o b ia l w ater  q u a lity  c h a n g e s , reg a rd le ss  to  a c tu a l en v iron m en ta l p a ra m eters .

In C hapter 2  th e  e ffe c t  o f  res id en ce  t im e  o n  th e  re la tiv e  in flu en ce  o f  en v iro n m en ta l 
p a ra m eters is  e x a m in e d , b y  the a p p lica tio n  o f  th e  b a c ter ia l regrow th  m o d e l.

3. M odel application; quantifying the influence of environmental param eters  
and residence time on bacterial regrowth phenomena

T h e stu d y fo c u s e s  on  four w a ter  q u a lity  p a ra m eters  w h ich  thought to  b e  th e  m o st in- 
f lu e n tio u s , su ch  a s  in let to ta l and a c t iv e  b a c te r ia  co n cen tra tio n , su b stra te  co n cen tra tio n , 
a n d  tem perature. D u e  to  th eir  nature th ese  p a ra m eters  are referred a s  e n v ir o n m e n ta l p a
ra m eters. A s  d e sc r ib e d  in C h ap ter 1 .1 , the litera tu re  in d ica tes that th ere m ig h t b e  s ig 
n if ic a n t in tera ctio n s  b e tw e e n  th e se  p aram eters. D e s p ite  their p resu m ed  im p o r ta n c e , s o  far 
n o  effo r t h a s b een  m a d e  to  q u a n tify  th eir  r e la t iv e  in f lu e n c e  in a  co m p a ra b le  w a y .

T h e  g o a l o f  th e  stu d y  w a s  to  q u a n tify  th e  in f lu e n c e  o f  the a fo r e m e n tio n e d  en v iro n 
m en ta l p a ram eters an d  r e s id e n c e  tim e , as the m o st co n s id e r a b le  h y d ra u lic  p a ra m eter , on  
b a c ter ia l d y n a m ic s  in the d istr ib u tio n  sy s te m , u s in g  the d escr ib ed  b a c te r ia l regrow th  
m o d e l under s te a d y -s ta te  c o n d it io n s .

3.1. The applied method

In order to  q u a n tify  in f lu e n c e s  (e f fe c ts )  o f  th e s e  en v iron m en ta l p a ra m eters  on  
r e sp o n se  v a r ia b le s , a  c o m p le te  ex p er im en ta l d e s ig n  at tw o  le v e ls  w a s  a p p lie d  (S a d o  and  
S a d o , 1 9 9 1 ) . F or th e  a p p lica tio n  the fo l lo w in g  c r ite r ia  had  to b e  taken  in to  a cco u n t;

1. F our en v iro n m en ta l p aram eters w ere  to  b e  in v e s tig a te d , n a m ely  X , X H , S , and T. 
D u e  to  the e x p e c te d  h igh  le v e l o f  in tera c tio n s  b e tw e e n  th e se  p a ra m eters , fraction a l 
ex p e r im e n ta l d e s ig n s  w ere  not a p p lica b le . (W ith  fraction a l d e s ig n s  in te r a c tio n s  are  
c o n fo u n d e d  w ith  e f f e c ts  w h ic h  w o u ld  result in  a  n o n -q u a n tif ia b le  resu lt.)  C o n se q u e n tly  a 
c o m p le te  ex p er im en ta l d e s ig n  w a s  carried  out.

2 . T h e  e x p er im en ta l d e s ig n  w a s  im p lem en ted  at tw o  le v e ls . It m a d e  p o s s ib le  the  
q u a n tif ic a t io n  o f  the e f f e c ts  o f  p aram eters in  a  g iv e n  range h y p o th e s iz in g  a  lin earity  
b e tw e e n  the p aram eters and  re sp o n se  v a r ia b le s . B y  th is  approach  the 2 4 ex p er im en ta l  
d e s ig n  w a s  r e a liz e d  a s  sh o w n  in T a b le  1.

T h e  ex p er im en ta l ran ge w a s  d e fin ed  b y  c o m m o n  v a lu e s  ch a ra c ter iz in g  th e  drink ing  
w a ter . T em p eratu re  ran ge w a s  d e fin ed  in a w a y  to  w o rk  w ith  a c lo s e ly  lin e a r  se c t io n  o f  
th e  s ig m o id  cu rv e  (b e in g  T  =  18 °C  the s ig m o id  tem p eratu re). T he ran ge  fo r  e a c h  par
a m e te r s  is  g iv e n  b y  T a b le  1.
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T a b l e  I
The applied 24 experimental design

Experiment X XH s T

1
2 +

- - -

3 - + - -
4 + + - -
5 - - + -
6 + - + -
7 - + + -
8 + + + -
9 - - - +
10 + - - +
11 - + - +
12 + + - +
13 - - + +
14 + - + +
15 - + + +
16 + + + +

Level - 1()+ K)1 0.25 16
Level + I06 103 1.00 20

bacteria/ml bacteria/ml mg C/l °C

Residence time was taken into account up to 30 days 
with a 3-hour time step. Modeling was carried out with 
the absence of chlorine residual, for steady-state 
conditions.

3. Influences (effects) were exam ined for four response variables of the model, na
mely free  and fixed bacteria, both total and active fraction (X, XH, B, Bib).

The m atrix  of the experimental design is the H adam ard matrix (H), based in Table 1. 
The additional 11 columns of the matrix are com posed by the 6 first order, 4 second 
order, and  1 third order interactions of the four environm ental parameters, and the 12th 
colum n is the unity vector for the calculation of the m ean value (I).

For each  response variable a result matrix (Y x, Y XH, Y B, Y Bib) is composed. The rows 
of the response matrices include the values of the response variable of the actual 
experim ent («), calculated by the model. Each column corresponds to a particular 
residence time (rst). (E.g. the vector Y X h ( 7 ,rst) represents the evolution of free active 
bacteria  for the 7th experiment, where the environm ental parameters were X =104 * 
bacteria/m l, X H =103 bacteria/m l, S=1.00 mg C/l, and T=16°C .)

A  m atrix  of effects is calculated for each response variable:
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(1 4 )

at t -  TT H  Y ш  , 
1 о

(1 5 )

E r  -  —  И 1 Y h , ß 16 8 - (1 6 )

■Bib =  T 7  E i Yßlh  , 
1 ()

(1 7 )

w h ere  H 1 is  the tr a n sp o se d  H adam ard  m atr ix . (E a c h  row  o f  a  m atrix  o f  e f fe c ts  c o r 
resp o n d s to  the e f f e c t s ,  in tera c tio n s , and the m ea n  v a lu e , d eterm in ed  b y  the tra n sp o sed  

H ad am ard  m atr ix .)
T he r e la t iv e  e f f e c t s  o f  the en v iro n m en ta l p a ra m eters  are e x p r e sse d  in p ercen ta g e  

in re la tio n  to  the m e a n  v a lu e  [I(/\v/)=E j( 1 6 ,/'.?/)) fo r  e a c h  re s id e n c e  tim e  step . F or the i 
r e sp o n se  variab le:

RE;X (rst) = E' ( l r s l )  , %  
E, (16, rs t)

(1 8 )

R E ™ (rst)  =  £ < ( 2 ’ " °  , %  
Ei (16, rs t)

(1 9 )

R E f (rsl) = F" a r S l )  
E> (1 6 ,  rs t)

( 2 0 )

R E j(rs t)  =  * , ( 4 , r 5 / )  , % ,  
E, ( 16 , rst )

( 2 1 )

w h e r e  I =  {X , X H , B , B ib ) .
W ith  th is m eth o d  e f f e c t s  can  b e  stu d ied  in d ep en d en tly  to  the m a g n itu d e o f  the  

resp o n se  v ariab le .

3.2. Results and discussion  

E ffe c ts  on  a tta ch ed  b a c te r ia

T h e  e ffe c ts  on  active  attached biomass ca n  b e  s e e n  in F ig . 2 . T h e  e f fe c t  o f  su b stra te  
con cen tra tio n  is  su p e r io r , its  a lm o st 100% in f lu e n c e  is  s l ig h tly  d e c r e a s in g  in the c o u r se  o f  
re s id e n c e  tim e. In let a c t iv e  su sp en d ed  b a cter ia  h a s  v ir tu a lly  n o  in f lu en ce  for  the tes ted  
d ata  range. T h e se  in d ic a te  that b io f ilm  a c tiv ity  in  th e  n etw ork  is  g ro w th  d r iv en , the  
d ep o s itio n  o f  a c t iv e  b a c te r ia  p la y s  n o  part under s te a d y -s ta te  co n d itio n .
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100%

8 0 %

6 0 %

4 0 %

20%
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- 20%
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-8 0 %
residence time, day

F i g .  2 .  Relative effects on active attached bacteria

W h ile  b a c ter ia l grow th  is  in f lu e n c e d  b y  tem p eratu re, th e  p o s it iv e  an d  su b s ta n tia l in i
tia l e f f e c t  o f  tem perature is  e v id e n t . A s  ca n  b e  seen  in F ig . 2 , th is  in f lu e n c e  is  c h a r a c 
te r is t ic a l ly  d ecrea sin g  w ith  r e s id e n c e  t im e , a fter  2  d a y s  a ltern a te s  to  n e g a t iv e , a n d  s ta 
b i l iz in g  a fte r  about 3 w e e k s . It in d ic a te s  that h igh er  w a ter  tem p eratu re r e su lts  in  a  le s s  
s ig n if ic a n t  b io f ilm  a ctiv ity . T h is  v ir tu a l p a ra d o x  ca n  b e  e x p la in e d  b y  F ig . 3 . In th is  fig u re  
th e  r e s u l t s  o f  ex p erim en t 8 a n d  16 a re  sh o w n . A ll  p aram eters are id e n tic a l b u t te m 
p e r a tu r e . In  F ig . 3a  the d e c r e a se  in  B D O C  c o n cen tra tio n  is  p lo tted . A s  e x p e c te d , h ig h er  
w a te r  tem p era tu re  h en ce  h ig h er  b a c te r ia l a c t iv ity  c a u se s  a  m o re  rap id  su b s tra te  c o n 
su m p tio n . A s  b io f ilm  gro w th  is  v e r y  s tr o n g ly  su b stra te  d ep en d en t (a s  sh o w n  in  F ig . 2 ) ,  it 
is  v e r y  r e s p o n s iv e  to c h a n g e s  in  su b s tr a te  co n cen tra tio n . F ig u re  3 b  sh o w s  th at a lth o u g h  
h ig h e r  tem p era tu re  resu lts in a  m o r e  s ig n if ic a n t  b io f ilm  a c tiv ity  at lo w  r e s id e n c e  tim e , 
d u e  to  th e  rap id  B D O C  c o n su m p tio n , b io f ilm  a c tiv ity  is  c o n sta n tly  le s s  a fter  a  cer ta in  
p e r io d  o f  t im e . T h is p h en o m en a  e x p la in s  th e  n e g a tiv e  e f fe c t  o f  tem p eratu re  o n  a c t iv e  
a tta c h e d  b a c te r ia .

In le t  to ta l su sp en ded  b a c ter ia  o b v io u s ly  d o e s  not e f fe c t  b io f ilm  a c tiv ity .
T ota l a ttached bacteria  in c o r p o r a te s  a c t iv e  and  d ead  b io f ilm  b a cter ia . F ig u re  4  sh o w s  

th at its  a m o u n t is  m ain ly  d e te r m in e d  b y  su b stra te  co n cen tra tio n  h en ce  g ro w th . F o r  h ig h er  
r e s id e n c e  t im e s  d ep o sitio n  in c r e a s e s  to ta l a tta ch ed  b io m a ss , th is  e f fe c t  ca n  b e  e n tit le d  to  
th e  l e s s  s ig n if ic a n t  b io f ilm  g r o w th  at h ig h er  r e s id e n c e  t im es due to  the d im in u tio n  o f  
B D O C . C o n se q u e n tly  in let to ta l su s p e n d e d  b a c ter ia  h as an  e f f e c t  on  to ta l b io f i lm  m a ss . It 
is  to  b e  e m p h a s iz e d  that to ta l a tta c h e d  b io m a ss  d o e s  not im p o se  a  p u b lic  h ea lth  r isk , and  
in d is tr ib u t io n  sy stem s its a m o u n t d o e s  n o t c a u se  su b sta n tia l fr ic tio n  lo s s e s .

T h e  e f f e c t  o f  tem perature h a s  s im ila r  c h a r a c te r is tic s  a s  fo r  a c t iv e  a tta ch ed  b io m a ss ,  
a lth o u g h  th e  am ount o f  total b io m a s s  is  not c o n sta n tly  in fer io r  in c a s e  o f  h ig h e r  tem 
p e r a tu r e  a fte r  a  certain  r e s id e n c e  t im e , a s  in  th e  ex p er im en t after  12 d a y s  its  e ffe c t  
a lte r n a te s  to  p o s it iv e  a ga in . In le t a c t iv e  su sp e n d e d  b a cter ia  h a s n o  e ffe c t.
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a. Substrate concentration

b. Active attached bacteria

c. Active suspended bacteria

F ig .  .t
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F i g .  4 .  Effects on total attached bacteria

E ffe c ts  o n  su sp en d ed  b a c te r ia

A ctive suspended bacteria  is  th e  prim ary r e sp o n se  v a r ia b le  o f  the m o d e l, s in c e  b a c 
te r io lo g ic a l  p ro b lem s are  im p o se d  b y  th is  fraction .

F ig u r e  5 a  sh o w s th e  p er io d  o f  the in itia l 6  h o u rs  r e s id e n c e  tim e. A t th e  in le t , th e  
a m o u n t o f  th e  su sp en d ed  a c t iv e  b a c te r ia  is d e term in ed  b y  its  in le t con cen tra tion . Its e f f e c t  
is  r a p id ly  d e c r e a s in g  in an  e x p o n e n tia l w a y  in r e s id e n c e  t im e , su b stitu ted  b y  the e f f e c t  o f  
su b s tra te  c o n cen tra tio n . It in d ic a te s  that a c tiv e  b a c te r ia  con cen tra tio n  in the b u lk  is  
d e te r m in e d  b y  b io f ilm  a c t iv ity , n a m e ly  the d eta ch m en t o f  a c t iv e  b acter ia  fro m  th e  b io 
film . A s  c a n  b e  seen  in F ig . 5 b , in the lo n g  run the e f f e c t  o f  in itia l a c tiv e  su sp en d e d  b a c 
ter ia  is  z e r o , h en ce  in le t a c t iv e  b a c ter ia  has an in f lu e n c e  o n ly  in the in itia l f e w  h o u rs , 
d e p e n d in g  on  its ran ge. F o r  th e  c a lc u la t io n  lo w  in le t H P C  co u n ts  w ere  u sed , b e tw e e n  1 
lo g  a n d  3  lo g , o b v io u s ly  fo r  a  co n cen tra tio n  o f  6  lo g  Н Р С /m l its e ffe c t  co u ld  n o t b e  
n e g le c te d . (A lth o u g h  in p r a c tic e , w ith  d is in fec t io n , th is  c o n c e n tr a t io n  d o es not o c c u r .)

T h e s e  re su lts  sh o w  that b io lo g ic a l  sta b ility  o f  th e  d r in k in g  w ater  is not o n ly  a  r e la t iv e  
c o n c e p t  in  term s o f  in let H P C  c o n cen tra tio n  but d ep e n d s  o n  re s id e n c e  tim e a s w e ll.

T em p era tu re  h as a p o s i t iv e  e f f e c t  w h ich  is d e c r e a s in g  w ith  resid en ce  tim e. F ig u r e  3 c  
sh o w s  th e  in f lu en ce  o f  tem p era tu re  on  a c tiv e  su sp e n d e d  b a c te r ia  b a sed  on ex p e r im e n t 8 
and 16. D u e  to  the in it ia lly  h ig h e r  b io f ilm  a c tiv ity  H P C  co u n ts  reach  th eir  m a x im u m  
e a r lie r  in  c a s e  o f  h ig h er  tem p era tu re . T h e im p act o f  th e  m ore rapid B D O C  d e c r e a se  
resu lts  in  a  s lig h t d e c r e a se  o f  H P C  in the co u rse  o f  r e s id e n c e  tim e. T he graph sh o w s  that 
a c t iv e  su sp e n d e d  b a c te r ia  co n c e n tr a tio n  is  p r a c tic a lly  s ta b iliz in g  after a  f e w  d a y s  o f  
r e s id e n c e  tim e . It in d ic a te s  that lo n g er  re sid en ce  t im e s  d o  n ot n e c e sse r ily  resu lt in a  w o r se  
b a c te r io lo g ic a l w ater q u a lity . (T h e o r e tic a lly , for lo n g  e n o u g h  res id en ce  t im es, a fter  the  
c o n su m p tio n  o f  B D O C  h e n c e  th e  lack  o f  b acteria l g r o w th , b a c te r io lo g ic a l w a ter  q u a lity
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im p ro v es . T h is  d e c r e a se  in a c t iv e  su sp en d ed  b a c te r ia  ca n  b e  seen  in c a s e  o f  2 0  °C  in F ig . 
3 c .)

T h e  e f f e c ts  on  total suspended bacteria  ca n  b e  s e e n  in F ig . 6 . D u e  to  th e  h ig h  total 
in let b a c ter ia  co n c e n tr a tio n s  (4  and  6  lo g /m l) , th e  to ta l su sp en d ed  b a cter ia  co n cen tra tio n

100%

80%

60%

40%

20%

0%
О  T- CM CO •sr LO CO

residence time, h

5a. For the initial period of 6 hours residence time

X

XH

s
T

r e s id e n c e  t im e ,  d a y

5b. For the period of 30 days residence time

/'7,1'. .5. Effects on active suspended bacteria
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F i g .  6 .  Effects on total suspended bacteria

is  d e te r m in e d  by not o n ly  b io f i lm  a c tiv ity , but th is  in let con cen tra tio n  a s  w e ll .  D u e  to  
m o r ta lity  a n d  b io f ilm  d e ta c h m e n t, th e  in it ia lly  d e c is iv e  in f lu e n c e  o f  in let to ta l b a c te r ia  is  
d e c r e a s in g  in  resid en ce  tim e . In th is  ex p er im en t a fter  12 d a y s  o f  re s id e n c e  t im e  the  
in f lu e n c e  o f  th e  b io film  b e c o m e s  su p er io r , but s t ill v e r y  c lo s e  to  the in f lu en ce  o f  th e  in let  
c o n c e n tr a t io n .

F i g .  7 . Interactions between substrate concentration and temperature
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In teraction s b e tw e e n  p a ra m eters

S im u la tio n s  sh o w e d  a  s ig n ifica n t in tera ctio n  b e tw e e n  su b stra te  co n cen tra tio n  and  
tem perature. T h e se  fa c to rs  in flu en ce  m a in ly  th e  b a c ter ia l g ro w th , h en ce  b io f ilm  a c t iv ity , 
w h ich  is  the m ajor p h en o m en a  in b a cter ia l d y n a m ic s  in d istr ib u tio n  sy s tem s.

F ig u re  6  sh o w s  th e  in tera ctio n s  for the r e sp o n se  v a r ia b le s  o f  to ta l su sp en d ed  b a c ter ia , 
a c tiv e  su sp en d e d  b a c te r ia , tota l a ttach ed  b a c te r ia , and  a c t iv e  a ttach ed  b a cter ia . T h e se  
in tera ctio n s c h a n g e  a c c o r d in g  to  r e s id en ce  tim e . In tera ctio n s are m ore s ig n ific a n t fo r  the  
a c tiv e  fra c tio n s . F o r  su sp en d e d  b a cter ia  th e  in tera c tio n s  are p o s it iv e . In c a s e  o f  th e  a c t iv e  
a tta ch ed  b io m a ss  a fter  a  fe w  d a y s  o f  r e s id e n c e  tim e  there is  a  su b sta n tia l n e g a tiv e  
in teraction  b e tw e e n  B D O C  and tem p eratu re, w h ic h  ca n  b e  a ls o  e x p la in e d  b y  F ig . 3 a , b.

B a se d  o n  th e s e  r e su lts  it can  b e  seen  that th e  a p p lica tio n  o f  c o m p le te  ex p er im en ta l  
d e s ig n s  is  n e c e s s a r y  d u e  to  the h igh  le v e l o f  in tera c tio n s . T h is  m igh t im p o se  a  p ro b lem  in 
c a s e  o f  a  s e n s it iv ity  a n a ly s is , w h ere due to  th e  h ig h  n u m b er o f  co n sta n ts  a c o m p le te  p lan  
is  not a  fe a s ib le  so lu tio n .

4. Summary and conclusions

In crea s in g  le v e ls  o f  co n su m er  e x p e c ta t io n s  and  n ew  stan d ard s o f  reg u la tio n  n e c e s 
s ita te  to  c o n s id e r  d r in k in g  w a ter  su p p ly  sy s te m  a s  a  h o m o g e n e o u s  sy s tem , in c lu d in g  the  
w a ter  re so u rce , trea tm en t te c h n o lo g ie s  and  d is tr ib u tio n  c o n d it io n s . T o  o v e r c o m e  u n a c
c e p ta b le  m icro b ia l w a te r  q u a lity  d eg ra d a tio n , s y s te m  op ea rto rs sh o u ld  p ro v id e  d rin k in g  
w a ter  w ith  the le a s t  p o s s ib le  am ount o f  B D O C , and  m a in ta in in g  an a d eq u a te  c h lo r in e  
resid u a l le v e l in th e  n etw o rk . P o st-ch lo r in a tio n  s tr a te g ie s  ca n  o n ly  b e  carr ied  ou t w ith  
ch lo r in e  d e c a y  m o d e lin g  in the netw ork . T h e  in f lu e n c e  o f  in let d rink ing  w a ter  c h a r a c 
te r is tic s , p o s t -c h lo r in a tio n , and  n etw ork  c h a r a c te r is t ic s  on  the b a cter ia l d y n a m ic s  o f  the  
d istr ib u tio n  sy s te m s  ca n  o n ly  b e  a n a ly sed  b y  m o d e lin g  approach .

B a cter ia l reg ro w th  m o d e lin g  is  an in d isp e n sa b le  to o l to  stu d y  and a n a ly se s  sc e n a r io s  
o f  w a ter  q u a lity  c h a n g e s . T h e  m od el d e v e lo p e d  b y  th e  C ir se e  resea rch  cen ter  in co rp o ra tes  
the m ajor p h en o m en a  that g o v ern  b a cter ia l reg ro w th  p h en o m en a  in the n etw o rk . T h e  
d ev e lo p m en t o f  th e  m o d e l to  in c lu d e  the n e c e s s a r y  in fu e n c e s  o f  h y d ro d y n a m ics on  b io f ilm  
b eh a v io u r , fu rth erm ore  th e  m odel a p p lica tio n  under d y n a m ic  c o n d it io n s  are future  
research  ta sk s .

A s s o c ia t in g  th e  m o d e lin g  ap p roach  w ith  e x p e r im e n ta l d e s ig n  th eo ry , the q u a n tif ic a 
tion  o f  the r e la t iv e  in f lu e n c e  o f  en v iro n m en ta l p ara m eters w a s  carr ied  ou t, in th e  co u r se  
o f  r e s id e n c e  tim e . S im u la tio n s  sh o w ed  that

-  T he r e la t iv e  in f lu e n c e  o f  en v iro n m en ta l p a ra m eters  c h a n g e s  in r e s id en ce  tim e .
-  B io f ilm  a c t iv ity  is  p rim arily  in f lu en ced  b y  su b stra te  co n cen tra tio n  and  tem p eratu re.
-  H ig h er  w a ter  tem p era tu re  resu lts in  le s s  s ig n if ic a n t  b io f ilm  a c tiv ity  for lo n g e r  re

s id e n c e  t im e s , d u e  to  the rapid  d e crea se  o f  su b s tra te  co n su m p tio n , induced  b y  in c r e a se d  
b a cter ia l a c tiv ity .

ActaTechnica 107, 1995-96



212 DOMBAY, G. et al.

— U n d e r  s te a d y -s ta te  c o n d it io n , in le t  a c t iv e  b a c te r ia  h as an in f lu e n c e  o n  b a c te r ia l  
w a ter  q u a l i t y  o n ly  in a  r e la t iv e  w a y , w h ic h  d ep en d s on  its m a g n itu d e , r e s id e n c e  t im e  and  
b io f i lm  a c t iv it y  in  the n etw ork . S te a d y -s ta te  b io f ilm  b eh a v io r  is  v ir tu a lly  not e f f e c te d  b y  
a c t iv e  s u s p e n d e d  b a cteria .

— T h e  s im u la t io n s  sh o w ed  stro n g  in tera ctio n  b e tw e e n  tem perature and  B D O C  fo r  e a c h  
r e s p o n s e  v a r ia b le . B a se d  on  th e s e  re su lt  it is  to  b e  in d ica ted  that s e n s it iv ity  a n a - ly s e s  o f  
th e  b a c te r ia l  regrow th  m o d el h a s  to  b e  d o n e  in  th e  c o u rse  o f  r e s id e n c e  t im e , w ith  an  
a d e q u a te  e x p e r im e n ta l d e s ig n  to  p r e v e n t the c o n fo u n d in g  o f  e f f e c ts  w ith  s ig n if ic a n t  
in te r a c t io n s .

— D r in k in g  w ater ca n  b e  c o n s id e r e d  b io lo g ic a l ly  s ta b le  w h en  b a c ter ia l reg ro w th  
p h e n o m e n a  is  in s ig n ifica n t in th e  n e tw o r k . T h is  c o n c e p t d o e s  not o n ly  re fers to  a  s tr ic tly  
n u tr ien t l im ite d  m ilieu , but im p lie s  a  r e la t iv e  m ea su re . B a c ter ia l reg ro w th  c a n  b e  
c o n s id e r e d  in s ig n if ic a n t  in re la t io n  to  in le t  H P C  c o u n ts . T h is  in d ic a te s  an in d irec t in f lu 
e n c e  o f  in le t  a c t iv e  bacteria .
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Appendix

B a c ter ia l regrowth m odel equations  

T h e  e f f e c t  o f  tem perature

Ктах(7)  = ^тахГ/;,„,)-ехр

f ( T —1 opt r]
2 л

\
T -  7(, opt

Г»
' ) /

(A l )

M a s s  b a la n c e  eq u ation  in the b u lk

-  O r g a n ic  b io d eg ra d a b le  su b s ta n c e  (B D O C )  

dS(y, t)  , I7 dS(y,t) _ (S(y, t ) -  .Sch'(y, t )) ^
• +  V . ----г------- — —2 .  L ) s .-------------- - - - - - - -- - - - - - - - - - - - h Cl. [ A m o r t .+ r  (  V , t )J. X ( y ,  t  ) .  H ( y 91)

dt dy /.in!. R

Vm**.S(y,t).H(y,t).X(y,t)  
S(y,t) + К*

(A2)

— F r e e  b a c ter ia  c o n cen tra tio n

ÔX(  I'd) , ■ dX{y, t) r .V m a x .S (  V , / )
■ +  V , H ( y , t ) . X ( y , t )  +

(A3)

A c t iv e  free  b acter ia  c o n c e n tr a tio n

+

dX(y,t).H(y,t) dX(y, l) .H(y,t)  r.Vmax.S(y,l) U( 4 4
----------------------- +  У .----------- ------------ =  ----------- ----- — . n( y , t ) . Ä ( y , t )  +

dt dy S (jv,/)+/Cs

---. [ATdetl. B(y,t).Ib(y,t) +  Fdet2. t ). /ch( V. / )]. Z — Fdep . X  (jf, t ) H(y,t) — (A4)
R

-  [/G„ort+F(y,0 ] . H(y, t ) . X(y, t )

B D O C  b a la n c e  eq u a tio n  in  b io f ilm

-  M a s s  b a la n c e  e q u a tio n  in  c h lo r in a te d  b io f ilm

dSc\l(x,y,t) d 2Scn(x,y,t) Vmxi.Se\2(x,y,t).Ic\2(v,t).Z
■ — Dbiof.----------—11------ = ------------------- — ------— ---------- 1-

dt dx2 Scl2(x,y,t)  + Ks
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+  b. ( Kmnn + ( j {y ,  I)). /с 12( V, /) .  Z 

M a ss  b a la n ce  eq u a tio n  in n o n -ch lo r in a ted  b io f ilm

(A 5 )

+ b K m . H y , , ) Z  (A 6 >
dt

W ith:

d x 2

1 dSch(x,y ,t)^

dx

S b (x ,y , t )  +  Ks 

1 d S b (x .y J )

/fbint
dSc\i(x ,y ,t)  '

'  x = e ( y . l )dx

/  x = B (  y . l )  

= D s.

\ dx x = B ( y . t )

. S c l : « f . Q ,  v .Q  -  ,S '(c (v ./)■ > ’■/)

/vint

' dS b(x ,y ,t)

V Эхand

( A 8 )

F ix e d  b a c ter ia  b a la n c e  eq u a tio n

S,(z.y,i)
v ( x , y , / ) =  í j  V  . F m a x . " ^ ----------j — . I \ \ Z , y , t )  K d e X \

S i(z .v .t) + K,
c t  +

R X ( y , t )

W ith:

h ( y , t )  =  w .
C l2(y,t)
■ /a
1 + --------

V M +

■ С’/  2lim , e ( y , t )  =  B (y , t )  + h ( y , t )

an d

(A  12)

Kieú{z, y , t )  = Afdetl , L(Z,y,t) =  Ib(y,t) if Z  E [(). B{v, /)] 

K i < A \ ( z , y , t ) =  Кл<Л2  , L(z, y , t )  = I c l 2 ( y , t )  i f  z  €.\B(y,t),e(y,tj\

d e ( y j )

dt
= v ( e ( y , t ) , t )

A c t iv e  f ix e d  b a cter ia  b a la n c e  eq u a tio n  

-  in n o n -ch lo r in a ted  b io f ilm

(A 7 )

(A 9 )

(A  10)

( A l l )

(A 1 3 )
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Э /ь (у , 0  Э [1>(х, v , 0 . / b ( v , / ) |  ^
+ -------------г------------- = A (x , y , t ) . I b ( y , t )

d i Эх
(A  14)

W ith :

A(x,  v , t )  =  f ' . l V  Si ( x . y . l ) ------- Arje(i _  Kmnn
Sb(x ,y , t )  + Ks

( A 1 5 )

— in  ch lo r in a ted  b io f ilm

Э/с12(y, 1 )  Э| v(x,V, 0- /с!2(у? l  ) I
d t

W ith :

Эх
=  D(x,y,t). Ic\2(y, t )  +  ATdep. H(y-2 ( A  1 6 )

D ( x ,  V, t )  — Г * . V m a x . . ---------- ----- —-------------- Kdzt2 — Amort — ( j (  V. / )  ( A  1 7 )
<S’cl2( x ,y , 0  + Ka

C h lo r in e  d isa p p ea ra n ce  k in e tic

c i c h ( y j )  _  v  

d v
Kliclo -

h j ) 4

h  f i  +  ka

M o r ta l it y  o f  fix ed  b a cter ia

+  Kelő . J  _  K o

y И f i  +  ka

(  2
K w  H----. Kp I . c l  2 (y, t  )

v R

G ( y , t )  -  K i .

< ch{y,t) , лB.--------------------C l  21im

1 — exp
2.Ц + —  1

h  f i

l + A . - d í Ö 2 í > ------

2 | l +  I
h f i

( A  18)

(A  19)

M o r ta l ity  o f  free  bacteria

F(y,t) = K\.

' B ch(y, t)  \  

1 +
1 -  ex p

Иго

1 + A . c h (y , t )

1 +
k a

h f i + j

(A 2 0 )
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Nomenclature of the model

Constants:

R  = p ip e  rad ius (m )

Zmt. =  b ou n d ary  la y e r  (m )

/А  =  e f f e c t iv e  d if fu s iv ity  o f  su b stra te  in the in te r fa c e  ( n f . s 1) 

a  =  p ercen ta g e  o f  В  D O C  r e le a se d  /  ce ll 

b  =  p ercen ta g e  o f  В D O C  r e le a se d  /  ce ll 

Kmon =  b a cter ia l m o rta lity  rate  (s  ')

Fmax =  m a x im u m  g r o w th  ra te  at tem perature ( s '1)

Ks =  M o n o d  h a lf  sa tu ra tio n  c o e ff ic ie n t  (m g  C  .n r 3)

Dbiof =  e f f e c t iv e  d if fu s iv ity  o f  substrate  in the b io f i lm  ( n f . s 1) 

r  =  y ie ld  c o e ff ic ie n t  o f  fr e e  b a cter ia  

r  ' =  y ie ld  c o e ff ic ie n t  o f  f ix e d  b acteria  

/Oet =  d eta ch m en t rate c o e f f ic ie n t  ( s '1)

A  =  co n sta n t  

В  =  co n sta n t

K \  =  ch lo r in e  b a c te r ia l m o rta lity  o f  free  b a cter ia  ( s ' 1)

К г  -  ch lo r in e  b a c ter ia l m o rta lity  o f  f ix e d  b a c ter ia  ( s  ') 

кл =  d is so c ia t io n  c o n sta n t H O C I/C IO ’

c!2iim. =  ch lo r in e  lim itin g  con cen tra tio n  for  b a c te r ic id a l a c tio n  (pH  =  7  and  T  =  2 0  °C )  

Z  =  b io f ilm  m a ss  d e n s ity  (m g  C  .nr3)

V =  flu id  v e lo c ity  ( m s 1)

c =  c o e ff ic ie n t

(X = h y d ra u lic  co n sta n t

Topt =  op tim u m  tem p era tu re  (°C )

T> =  c o e ff ic ie n t  (°C )

w =  ch lo r in e  d if fu s io n  tra n sfer t constant (m )  

khc\o =  rea c tiv ity  c o n sta n t o f  h y p o ch lo ro u s a c id  ( s ' 1)

A'cio =  rea c tiv ity  c o n sta n t o f  h y p o ch lo r ite  ( s 1)
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K w = first order kinetic constant for chlorine consum ption due to water 

Kr = first order kinetic constant for chlorine consum ption due to pipes

C  = carbon 
F unctions:

S( y , t ) =  concentration of BD O C (mg C-nr3)

S b ( x , y , t )  = concentration o f BDOC in non-chlorinated biofilm (mg C-nrr3)

5b' ( y , t ) =  average concentration of BDOC in non-chlorinated biofilm (mg C -nr3) 

5 с12(х , y, t  ) = concentration o f BDOC in chlorinated biofilm (mg C-nr3)

Sen  ( y , t ) = average concentration of BDOC in chlorinated biofilm (mg C -nr3) 

X( y , t ) = free bacteria concentration (mg C -nr3)

X(y, t ) .H (y,t) = active free bacteria concentration (mg C-nr3) 

ch(y , t )  = chlorine concentration (mg.l ') 

h(y, t)  = chlorine diffusion depth (m)

B(y,t)  = non-chlorinated biofilm  thickness (m)

G(y , t ) =  M ortality rate for fixed bacteria caused by chlorine (s '1)

F(y, t )  = M ortality rate for free bacteria caused by chlorine (s_i)
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THE EFFECT OF DUCTILITY IN COMBINATION 
WITH THE P-А EFFECT, TO BE TAKEN 

INTO CONSIDERATION IN THE SEISMIC DESIGN 
OF COMPRESSED STRUCTURES

Dulácska, E.

Budapesti Műszaki Egyetem, Szilárdságtani és Tartószerkezeti Tanszék, 
Műegyetem rkp. 3, H-I52I Budapest, Hungary

(Received: 10 December 1995)

Investigating the earthquake stability of buildings, the effect of ductility, supposed to be favourable, is 
considered throughout the world: the force F substituting the horizontal earthquake impulse acting on the 
elastic system is devided by the p = A ductility factor. This ductility factor varies between 2 and 12, 
e.g. in the US for reinforced concrete structures p  = K. As a result, buildings are analysed on a low load 
level in elastic state, where displacements are small. Thus the unfavourable effect of the vertical load is 
either neglected or considered only approximately (as a linear effect). In fact, plasticity and buckling are 
both nonlinear and they must not be superposed. According to correct analysis, this is a serious mistake at 
the expense of safety. Due to this usual method, throughout the world many earthquake-engineered 
buildings fall or collapse, burying thousands of people under themselves. For more detailed analysis, we 
conducted different investigations considering the moment-increasing effect of the vertical load, applying 
a factual elasto-plastic model with a ductility factor p = 12. Calculations were made by the energy method 
and also by solving the differential equation of motion with step-by-step method. Results were checked by 
experiments. It can be seen from the results that the impulsive force has a critical value, thereafter the dis
placement is going to infinity, whereas the velocity is not decreasing to zero, thus vibration will not stop. 
The plastic spectrum curve (dynamic factor) is bending to infinity, whereas the elastic spectrum is de
creasing with the vibration period. Our investigations indicate that the earthquake design applied 
throughout the world is false. Certain formulas were derived for correct design. Design is proper if the fa
vourable effect of ductility that sometimes occurs is considered as a reserve and not taken into account. 
This paper prepared under OTKA project in the RC. Reseach Group of MTA.

1. Introduction

The fundamental problem in seismic design is to determine the loads due to the hori
zontal m ass forces resulting from earthquake. As long as the structure remains elastic, the 
usual dynamic methods can be used and the necessary calculations can be made, although 
quite lengthy calculations (usually by computer) are required.

Some decades ago it was found that considerable energy could be absorbed in certain 
cases by elastic deformation and this effect was introduced to the seismic design [1 ,2 , 3].

0864-8085/95-96/$ 5.00 © Akadémiai Kiadó, Budapest



220 DULACSKA, E.

a)

m  - f -

L

+

b)

F i j i .  I  ■ Model of the usual seismic design method taking ductility into consideration

T h e  p la s t ic  b eh a v io u r  o f  th e  stru ctu ra l m a ter ia ls  h a s  b e e n  c a lle d  d u ctility  a n d  th e  so -  
c a l le d  d u c t i l i ty  factor p , th e  q u o tie n t o f  lim it p la s t ic  d e fo rm a tio n  A u and lim it e la s t ic  d e 
fo r m a tio n  A e, that is

P = A „ /A (? (1)

h a s  b e e n  in trod u ced .
T h e  p h en o m en o n  d is c u s se d  is  illu s tra ted  in  F ig . 1, w h e r e  Fe is  the rep la ce m en t sta tic  

fo r c e  c a lc u la te d  on  the bar o f  e la s t ic  m a ter ia l, w h ic h  r e su lts  in  sta tic  d e fo rm a tio n  o f  a  
m a g n itu d e  id en tica l w ith  that c a u s e d  b y  th e  d y n a m ic  e f f e c t ,  in the c a s e  o f  on  im p u lse  e x 
c ita t io n  o f  co n sta n t v a lu e  d u rin g  th e  tim e  ?0. W e  k n o w  th at, =  ß-m-a,, b e in g  th e  c o n 
c e n tr a te d  m a s s  at the en d  o f  th e  b a r , a& the  e x c it in g  a c c e le r a tio n  w h ich , m u ltip lied  b y  th e  
m a s s , g iv e s  th e  fo rce  c a u s in g  th e  im p u lse , w h ile  ß  is  th e  d y n a m ic  factor . In th e  c a s e  o f  an  
e la s t ic  s tru c tu re , ß  = 2 i f  tJT  > 1 /2 ,  and  ß  = 2-sin n ■ tJ T  i f  to IT <  1 /2 , T b e in g  th e  p er io d  
o f  th e  stru c tu re . F urtherm ore, Fu is  th e  lim it p la s tic  fo r c e , Ae the lim it e la s t ic  d e fo r m a tio n  
o f  th e  id e a l ly  e la s t ic -p la s t ic  bar an d  A u th e  lim it p la s tic  d e fo rm a tio n . N o te  that a ls o  fo r  a 
bar o f  c o n t in u o u s  m ass d is tr ib u tio n , a  rep la cem en t m a ss  lo c a te d  at the en d  o f  th e  rod ca n  
b e  d e te r m in e d , w h ich  h e lp s  to  s im p lify  th e  d y n a m ic  c a lc u la t io n s . T h e structure sh o w n  in  
F ig . 1 i s  th e  s im p lest m o d e l o f  o n e  s in g le  m a ss  a n d  o n e  d e g r e e  o f  freed o m , s t ill  su ited , 
h o w e v e r , to  d escr ib e  the d y n a m ic  b e h a v io u r  o f  the b u ild in g .

T h e  e f f e c t  P -  A  rep resen ts  th e  fa c t  that i f  a  b a r  o f  e la s t ic  m ateria l is  a c ted  u pon  b y  a  
fo r c e  P,  th e n , due to  the d e fo r m a tio n  A , an  in crem en ta l b e n d in g  m om en t M -  P  A a ls o  
a r is e s  ( s e e  F ig . 2 /a ) , c a u s in g  fu rth er , ad d itio n a l d e fo rm a tio n . I f  th e  fo rce  P  a p p ro a ch es  
th e  E u le r  c r it ic a l force  Pa, th en  A  ten d s to w a rd s in f in ity  (F ig . 2 /b ) . A s  the d e fo r m a tio n  
in c r e a s e s  a n d  the stress in the b ar  r e a c h e s  the u ltim a te  s tr e ss , the bar fa ils .

A s s u m e  th at the a x ia l fo r c e  in  th e  bar is  P  =  0  a n d  that th e  h o rizo n ta l s ta tic  fo r c e  F 
c a u s e s  a  s ta t ic  d isp la cem en t A (l o f  th e  bar end. A s  a  ru le , in  se ism ic  in v e s t ig a t io n s , th e  
fo r c e  F  is  th e  product o f  th e  e x c it in g  a cc e le r a tio n  ap  r e p la c in g  the d yn am ic  e f f e c t s ,  an d  

the m a s s  m. N o te  that, i f  in s te a d  o f  m a ss  m, it is  th e  c la m p in g  c r o ss -se c t io n  o f  th e  bar
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which is excited by acceleration, then the force which excites the m ass m  as a result of 
acceleration will be F  = </„./» before displacement Д<Де is reached, while it will be /*u 
beyond this value of displacement, however, with a sign opposite to that valid in the case 
of a direct acceleration of mass m.

Should also a vertical axial force P act upon the bar, then deformation Д(> will in
crease to the value

where for the structure investigated, that is, for a cantilever structure clamped at the bot
tom, the critical force Pcr is

Pcr -  к  E l / ( 2 L ) 2 . (3)

Here E  is the modulus of elasticity and is the moment of inertia of the cross- section 
of the bar. This increase of До is called P -  A  effect. (Displacement Д will be denoted by 
и as is customary in analytical investigations.)

If, for the sake of simplification again, a rigid bar clamped by a spring at the bottom is 
used to replace the bar in question, then the spring constant of the bar has to be chosen in 
such a way as to describe the behaviour of the elasto-plastic bar. In this simplified case, 
the displacement caused by the force F  is До = F i k ,  and the critical force is P„ = k L.

As shown by theoretical studies so far, the behaviour of the structure differs in some 
cases from what has been described in the literature [3, 12, 13). The point in this behav
iour is that not only the vertical force but also the horizontal force has a critical

T ♦
T - -m ~ a T 7

7/////У

- +

L

+■

11

H - P A

F i j i .  2 .  Displacement o f the model under compression
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Tfj =  o<Fe zX-fb'F

H-

1 2. 3  4  yu

F i g .  .1. Use of load reduction factor a  to take the effect of ductility factor /r 
into consideration in the usual way

v a lu e . E ith e r  fo r c e  ab ove  th is c r it ic a l v a lu e  w ill cer ta in ly  c a u se  th e  c o lla p s e  o f  th e  stru c
ture. T h is  tw o -s id e d  e ffec t is  d u e  to  th e  v e r tic a l fo rce  P, and  th is  in f lu e n c e  h a s n ot b een  
p r o p e r ly  ta k e n  in to  co n sid era tio n  in  r e se a r c h  so  far. S in c e  th is  p h e n o m e n o n  h ad  not b een  
m e n t io n e d  in  th e  literature a v a ila b le  fo r  u s, w e  d eem ed  it a d v is a b le  to  in v e s t ig a te  th is  
p h e n o m e n o n  b y  ca lcu la tio n  and  a l s o  e x p e r im e n ta lly , tak in g  in to  co n s id e r a tio n  b o th  the  
e f fe c t  o f  fo r c e  P  and the p la stic  b e h a v io u r . T h is  in v es tig a tio n  is  d e a lt  w ith  in the ch a p ters  
to  f o l lo w .

T h e  s e i s m ic  a n a ly s is  o f  b u ild in g s  ta k e s  the e x p e c te d ly  fa v o u r a b le  e f fe c t  o f  d u c tility  
in to  c o n s id e r a t io n . In so  d o in g , fo r c e  Fc d e term in ed  for  the e la s t ic  structure is  m u ltip lied  
w ith  a  r e d u c in g  factor  a .  T h is r e d u c in g  m u ltip lie r  is  sp e c if ie d  in  th e  reg u la tio n s  [4 , 5 ] for  
the d if fe r e n t  m a ter ia ls . T he red u c in g  m u ltip lie r  a  has b een  o b ta in e d  b y  e q u a liz in g  the  
w o rk  Ee\ ( e la s t i c  w ork) p erform ed  b y  fo r c e  Fc and the w ork  Ep\ (p la s t ic  w ork ) p erform ed  
b y  fo r c e  Fu. In th is  w ay the red u c in g  fa c to r

h a s b e e n  o b ta in e d  [ 1, 2 ,  3 ]. I f  the d e fo r m a t io n s  are e q u a liz e d , th en  th e  re la tio n sh ip

w ill b e  a r r iv e d  at. A  com p arison  o f  th e  t w o  fa c to rs is  sh o w n  in  F ig . 3 . T h e  U S  se ism ic  
d e s ig n  r e g u la t io n s  use  the factor a b w ith  /j  =  8 [4 ] .

2. The usual ductile design procedure

(4 )
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The effect P — A  has been either neglected while limiting the deform ation, or it has 
been taken into consideration as a multiplier у/ of elastic buckling |4 |.  A ccordingly, the 
seismic force is calculated by means of the form ula

F  = / v a - у/. (6)

Note that different vibration patterns are possible in the case of m ultim ass structures 
and this necessitates a combined calculation. However, from the point of view  of our in
vestigation, it is enough to study the single-m ass system.

The usual calculation method described above is erroneous in that it super-imposes 
the results obtained for nonlinear systems, although a superposition can be used in the 
case of linear systems only. The erroneous calculation results in an approxim ation to the 
detrim ent o f  safety, in some cases quite considerably. Another problem o f the usual 
method is that, instead of using the effect o f  ductility to increase the resistance of the 
structure, it reduces the load, and thus the calculation results in small deform ations where 
the nonlinear effects are insignificant and thus the problem remains concealed in general.

3. The correct ductile design

As is well known, the critical state of an elasto-plastic structure can also  be as-sessed 
by looking for the critical transverse force Fcr which causes the structure to  go from the 
indifferent state to the instable state with continually increasing deform ation (see e.g. in 
[6]).

This phenomenon had been demonstrated by computer simulation studies of elasto- 
plastic systems in compliance with the methods of the probability theory [7] and it has 
been proved experimentally by shaking table tests [8].

Here the point is that, if a system undergoes plastic deformation (it yields) in one di
rection as a result o f the seismic shock, then the next yield would eventually take place as 
a result of a smaller seismic shock but in the direction of the original plastic deformation.

In this work, a single-mass system excited by a finitely small portion o f the shock, by 
the impulse F to, will be investigated, taking into consideration the work P s o f the force 
P  performed will in the course of vertical displacement л caused by horizontal displace
ment A. Here to is the finitely short time and s is the displacement of the bar end in the di
rection o f force P.

3.1. Investigation hy means o f  the energy m ethod

Let us consider the weightless, rigid cantilever bar shown in Fig. 4, stabilized by an 
elasto-plastic spring of the rigidity (spring constant) к at the lower end and having a mass 
m  at the upper end.
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*
S = A 2 / 2 L

к Sping constant

Fii;. 4. Simplified model of the verification test

On the basis o f the energy conservation law, the follow ing equation system can be 
written [9 1 :

п  -  П ex П,,, — F hn (7)

Here П  is the total potential energy, П ех is the potential energy of external forces, n in 
is the potential energy of internal forces, while £ kin is the kinetic energy. Note that П ех = 
Lexi (work of external forces) and П ш = L m (work of internal forces). The values of ener
gies are

П ех — Tex| 4- Lex2, (8)

where Lexi is the work of horizontal force F = m-a6, that is, Lex] = ■ m ■ c/A, as being
О

the exciting acceleration, m  the m ass, and A the path length. If ag and m are constant, then

Тех I =  as-m-A . (9/a)

If to is the time for which the constant force F = m at  is acting, then the impulse will 
be

I, = cig-m-to. ( 10)
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In the c a s e  o f  a  short im p u lse  tim e to {to -  7 7 5 ), the v e lo c ity  w ill b e  v =  IJm (w ith  the 
sm a ll w ork  perform ed  b y  th e  sp r in g  fo rce  du rin g  th is  tim e  n e g le c te d )  and  th u s , the w ork  

o f  the fo rce  c a u sin g  th e  im p u lse  ca n  b e  e x p r e sse d  a s  [ К ), II ] , w h ere  T  is  th e  period .

7-,.vi " a .  m t c V » 2 ■ m
(9 /b )

T h e seco n d  part Lex2 o f  th e  ex tern a l w ork  c a n  b e  d e scr ib ed  a s th e  w o rk  p erform ed  by  
fo r c e  P  on th e  su b s id e n c e  (v e r t ic a l)  path s, that is ,

P ç \2  — P 'S  » ( I D

w h e r e  P = m g  is  the g ra v ita tio n a l fo rce  w ith  g  a s  the g ra v ity  a c c e le r a tio n .
T h e  m a ss  m  m o v e s  a lo n g  a  c ircu la r  arc and  the v a lu e  s  ca n  b e  e x p r e s s e d  from  the  

eq u a tio n  Д  + ( L - s  ) = U  o f  the c ir c le . I f  w e  c o n f in e  us to  v a lu e s  Д  <  L  / 2 ,  then

s ~  A 2/  2 L .  (1 2 )

T a k in g  th is in to c o n s id e r a tio n , the ex tern a l w ork  w ill b e

/  -  L  + /  = ± + P ^ -l j ex ^ e x \  ^  l j ex2 ~ ^ 7 л 7 '2m 2 L
(1 3 )

In the c a se  o f  a  sh o r t-tim e  im p u lse  o f  co n sta n t v a lu e  -  a^.m.to, w h ile

= as m A + P ^ j . (1 4 )

in the c a se  o f  a sh o ck  o f  c o n sta n t in ten sity  and  lo n g e r  tim e. 
E x p ress io n

n,„ -  Pin,cl T P in,pi "F Pclump (1 5 )

c a n  b e  u sed  to  d e sc r ib e  th e  in ternal p oten tia l e n e r g y  w h ich  th e  stru ctu re e x e r ts  a g a in st the 
m o v em en t. H ere

Pin.el ~ 7 и, ‘ Д, (1 6 )

is  th e  internal e la s t ic  e n e r g y  stored  o v er  the e la s t ic  se c t io n  A  <  A e. F o rce  F,„ can  b e  e x 
p ressed  b y  the sp rin g  c o n sta n t k, thus Fm =  к A .

T h e internal p la s tic  e n e r g y  stored  o v er  the p la s t ic  se c t io n  A >  A e is

г

\
(1 7 )
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w h e r e  Fu =  к-Ae is the p la s tic  l im it  fo r c e . In the co u r se  o f  th e  m o v em en t o f  th e  structure, 
th e  in te r n a l p la s tic  en erg y  L jn-P| is  c o n v e r te d  in to  h eat a n d  th u s it d o e s  not r e su lts  e ith e r  in  
e la s t ic  e n e r g y  accu m u lation  o r  in  a  resto r in g  force.

fdarnp is  th e  en ergy  a b so r b e d  b y  th e  internal d a m p in g  o f  th e  sy s te m  w h ich  is  n e g le c te d  
in th is  in v e s t ig a t io n  b e c a u se  o f  it s  n e g lig ib ly  sm all v a lu e .

T h u s , o v e r  the e la s to -p la s t ic  s e c t io n , the internal p o te n tia l e n e r g y  is

П,п -  Lin -  Lin 1 +  2 -  — F ■ Ae +  Fu (1 8 )

w h ile  th e  k in e t ic  en ergy  is

b  k i n

1
—m ■ V ,
2

(1 9 )

w h e r e  г’ is  th e  first d er iv a tiv e  o f  Д  w ith  respect o f  tim e.
T h e  in v e s t ig a t io n  o f  the s ta te  o f  m o v em en t o f  the stru ctu re  le a d s  to  the fo l lo w in g  c o n 

c lu s io n s :  T a k e n  the co n d itio n  o f  e q u il ib r iu m  into c o n s id e r a tio n , th e  structure w ill m o v e  a s  
lo n g  a s

П  >  0 , (2 0 )

b e c a u s e  th e r e  is  k inetic  en erg y  p r e s e n t  in  the sy stem . I f

П  =  0 ,  (2 1 )

the s tr u c tu r e  w ill stop  m o v in g  a n d  th e  sta te  o f  eq u ilib r iu m  w ill s e t  in . W e  h a v e  n o w  to
d e te r m in e  w h eth er  the state  o f  e q u il ib r iu m  is sta b le  or in d ifferen t . I f  d n ex =  d n in, th at is ,
i f  in  th e  c o u r s e  o f  a sm all d is p la c e m e n t  dA , the ex tern a l w o rk  is  eq u a l to  the in tern a l e n 
er g y  s to r e d , th e  sy stem  w ill b e  in  a n  in d ifferen t sta te . T h is  s ta te  is  c a lle d  c r it ica l sta te  or 
c r it ic a l p o s i t io n , and the d is p la c e m e n t  A cr a sso c ia ted  w ith  th is  s ta te  is  c a lle d  c r it ic a l d is 
p la c e m e n t . I f  П  =  0  e x is ts  and  d l l  =  d n ex -  d IT n <  0 , th en  th e  sy s te m  in v e s t ig a te d  is  in  
e q u il ib r iu m  a n d  it w ill b e  s ta b le  b e c a u s e  after  a sm a ll d is p la c e m e n t it a ssu m e s  its  o r ig in a l  
p o s it io n  a g a in . H o w ev er , i f  П > 0  o r  i f  in  c a s e  o f  П  =  0 , dFI =  d n ex -  d lT ,, >  0 ,  th e  sy s te m  
is  in s ta b le  a n d  it w ill keep  on  m o v in g . H e n c e , to  find the c r it ic a l p o s it io n , c o n d it io n s  П  =  
0  an d  d id  =  0  h a v e  to be m et. T o  in v e s t ig a te  v a lu es  o f  d id , the d e r iv a tiv e  ca n  b e  u sed  in 
g e n e r a l.

W h a t  h a s  b een  sa id  a b o v e  is  i l lu s tr a te d  as a fu n ctio n  o f  d isp la c e m e n t in F ig . 5 . T h e  
e x te r n a l w o r k  L ex can  b e  s e e n  in  F ig .  5 /a .  I f  P -  0 , then  L e x  rem a in s  co n sta n t a fter  d is 
p la c e m e n t Д (to). H o w ev er , i f  th ere  e x i s t s  a  vertica l fo r c e  P,  th en  L ex w ill a ls o  in c r e a se  a s  
A in c r e a s e s .  T h e  internal e n e r g y  Lm c a n  b e  seen  in F ig . 5 /b . I f  th e  v a lu e  o f  th e  sp r in g  c o n 
stant к is  h ig h , then the internal e n e r g y  L,„ w ill a lso  b e  la rg er , w h ile  i f  a  v a lu e  o f  к is  lo w ,  
then  th e  in te r n a l en ergy  Lm w ill b e  s m a lle r  for  the sa m e  v a lu e  o f  A . F igu re  5 /c  s h o w s  the  
d if fe r e n c e  b e tw e e n  Lex and Lm w h ic h  is  th e  k in etic  e n e r g y  £ к|п. T h e  m o v em en t w ill  not 
stop  b e fo r e  th is  va lu e  b e c o m e s  z e r o .
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П ц .  5. Investigation by means of the energy method

In Fig. 5/d, a larger spring constant is associated with a smaller force P. Thus the two 
curves intersect and the structure stops moving. This case will alw ays take place in the 
case of P= 0 whenever the value of t0 is low. In the case of a larger force P or a reduced 
rigidity к of the spring, the case shown in Fig. 5/e occurs where, as seen, the two lines 
meet at the critical displacement ЛсГ. If P  increases further or к decreases further, then the 
two values will not intersect, so that some part of the kinetic energy £ kj„ still exists, that 
is, П > 0. Accordingly, the structure keeps on moving and thus it gets destroyed. Note 
that if P > PCT, the structure will buckle even without any horizontal force. Here Pa = к ■ 
L, the Euler force.

Investigated below are the effects o f a short-time impulse and those o f a longer shock 
lasting at least until Acr is reached, separately for the elastic and the elasto-plastic case.
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S in c e  w e  a r e  in terested  in th e  s ta te  w h e n  th e  structure sto p s  m o v in g , the v e lo c ity  is  v  =  0  
an d  th e  k in e t ic  en ergy  n eed  not b e  d e a lt  w ith . T hus the e n e r g y  eq u a tio n  is  L ex =  Tin-

L e t  f ir s t  the cases P = 0 investigated (T  b e in g  the p er io d ).

E , 0 ,  s  ( e la s t i c  bar, P = 0 , sh o r t-t im e  im p u lse ) . 

A s s u m e  th a t to <  T/5.

T h e  w o r k s  are:

r / ,  1

1 1Lin= - F A  = - k A 2. 
”  2 2

W ith  th e  t w o  v a lu e s  m ade eq u a l a n d  a fte r  s im p lifica tio n  w e  o b ta in

I, fm
( 22)

E , 0, t  ( e la s t i c  bar, P =  0 , lo n g er  s h o c k ) .

T h e  w o r k s  are: 

F rom  th e  t w o  v a lu es ,

Lex =  ag ■ m ■ A,

Lm =  - k - A - .

2 in ■ a n
(2 3 )

P I, 0 ,  s  (p la s t ic  bar, P -  0 , sh o r t - t im e  im p u lse ). A ssu m e  th a t / () <  T /5 ,  w h ere  T is  the  
p er io d  o f  th e  fr e e  vibration  and  Fu = k-Ae (th e  p lastic  fo rce ).

T h e  w o r k s  are:

W ith  th e  v a lu e s  o f  Lex and Lm m a d e  e q u a l and  after s im p lif ic a t io n  w e  ob ta in

I

r II 1 ^ и • 2—m a aJ ex 2 m 2 g

Lin II > 1

Ю
 1

^

A max =  ' A„ +
0 Tm ■ a' ■ t0

(2 4 )
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PI, 0, i  (plastic bar, P = 0, longer shock)

Lex =ag m-A,
The works are:

From the two values:

If aG m < F J 2 , we will have an elastic case, while if as m > F J 2, we will have a plas
tic case.

If > Fu, the structure will not stop moving because П > 0 and thus A —» °°.

Let now the cases P * 0  he investigated.

E, P, s (elastic bar, force P, short-time impulse)

is obtained.
If the denominator becomes zero, then A —> °°. This case will occur if P  = k-L. 

Therefore, d ll  = 0 in this case and thus P = Pa, the critical force.

E , P, t  (elastic bar, force P, long-time shock)

The works are:

With the two values made equal

(26)

Lex =  a g 1П А  +
21.The works are:
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F r o m  th e  tw o  v a lu es ,

A
2 a g m 2 a g m

(2 7 )max

L

A s  c a n  b e  seen , r e la t io n sh ip  ( 2 3 )  w ill b e  o b ta in e d  i f  P -  0 , w h ile  in th e  c r it ic a l c a s e  P 
=  Pcr, A  — i f  ag-m Ф 0 . T h e  d y n a m ic  fa c to r  is  ß  =  2 .

P I, P ,  s  (p la s t ic  bar, fo r c e  P, sh o r t-tim e  im p u lse )

,  1 2 t2 P  A2
Lex = - m a g t ~o

T h e  w o r k s  are:
(  A \

i m = Fu А - - Г -  .
V 2  y

S e t t in g  e q u a l the tw o  v a lu e s  w e  o b ta in  a se c o n d  d e g r e e  eq u a tio n  w h ich  y ie ld s

(2 8 )  •

• 9 9
T h is  r e m a in s  v a lid  a s lo n g  a s  m ■ a g ■ t 0 < Fu ■ Ae 

m a y  o c c u r  i f  Fu < P AC /L or P/Pa >  1,0.

— 1 L o th e r w ise  A —» °o. T h is

P I, P ,  t- (p l a s t ic  bar fo r c e  P, lo n g - t im e  sh o ck )

T h e  w o r k s  are:

Lex =  a g nv  A + P  ■

S e t t in g  e q u a l the tw o  e q u a tio n s , an d  s o lv in g  th e  se c o n d  d eg ree  eq u a tio n ,

(2 9 )

is  o b ta in e d , w h e r e

(3 0 )
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A s  lo n g  a s  i7v /и < —-  -, the stru ctu re  d e fo r m s e la s t ic a lly  o n ly . H o w e v e r , i f

the v a lu e  o f  a& m is  h ig h er , p la s tic  d efo rm a tio n  w ill  ta k e  p la ce  a s w e ll, and  i f

a g m >  Fu 1 - (3 1 )

the structure w ill not sto p  m o v in g , A >  В and  th u s A  —» In the c a se  o f  P >  Pcr = k-L, the
structure b u c k le s  a s  w e ll ,  b e c a u se  A —> °° a ls o  in th is  c a se .

O n  th e  b a s is  o f  the a b o v e  a n a ly se s , the b e h a v io u r  o f  the structure d e p e n d s  o b v io u s ly  
not on  w h eth er  the m a ter ia l o f  the structure ca n  e n d u r e  a re la tiv e ly  la rg e  p la s t ic  d e fo rm a 
tion  or n ot, but it d ep en d s on  the r ig id itie s  o f  th e  stru ctu re , on  the m a g n itu d e  an d  duration  
o f  the sh o c k , and fu rth erm ore, on  the v a lu e  o f  q u o tie n t  P/Pa, that is , on  th e  m a g n itu d e  o f  
the sa fe ty  a g a in st b u ck lin g . T h e  p la stic  d e fo r m a tio n  c a p a c ity  o f  the m a ter ia l s e t s  a  lim it 
o n ly  in the se n se  that i f  A „<A cr, then the stru ctu re w il l  c o lla p se s  ear lier , bu t th e  c o n d itio n  
A„ >  A cr w ill not in c r e a se  th e  d estru ctiv e  e f fe c t  at a ll .

W ith  th e  e n e r g y  eq u a tio n  w ritten  in the c a s e  o f  Pl, P, t  w e  obtain

A ssu m in g  an  arb itrary  v a lu e  o f  A <  A u w e  c a n  d eterm in e  from  the e q u a tio n  the per
ta in in g  v a lu e  o f  Fu w h ic h  sto p s  the structure m o v in g :

а P ' &  a„ ■ m ■ Ал -----------—
s  1 I

T h e structure is  p ro p erly  d esig n ed  i f  the v a lu e  o f  Fu b e c o m e s  a  m in im u m . T h is  m in i
m um  v a lu e  o f  Fu ca n  b e  c a lc u la te d  b y  m ea n s o f  e x tr e m u m  ca lcu la tio n  or it c a n  b e  ch o sen  
fro m  a m o n g  v a lu e s  o f  Fu c a lc u la te d  for d ifferen t v a lu e s  o f  A <  A„. T h is  so lu t io n  c o m p lie s  
w ith  the so lu tio n s  П  =  0  an d  d n  =  0 .

3.2. Investigation by means o f  equilibrium differential equation

W h e n  w ritin g  th e  eq u ilib r iu m -d e fo rm a tio n  d if fe r e n tia l eq u ation , d isp la c e m e n t w ill be  
d en o ted  b y  и a s  is  u sual in  a n a ly tica l c a lc u la t io n s . A c c o r d in g ly , A =  u. In th e  eq u a tio n , 
the term  e x p r e ss in g  the e f fe c t  o f  fo rce  P  is  P u/{L  — .v). A ssu m in g  a p a r a b o lic  m o v em en t s 
=  m2/ 2L  fo r  s  in s tea d  o f  th e  a ccu ra te  m o v em en t a lo n g  a  circu lar arc, th en  th e  error w ill be  
le s s  than  1% p ro v id ed  that и <  0 .5  L. M o r e o v e r , b e c a u se  o f  its sm all v a lu e , a ls o  the in
ternal d a m p in g  a r is in g  in  the e la s t ic  d o m a in  c a n  b e  n eg lec ted . T hus in th e  e la s t ic  dom ain , 
the eq u ilib r iu m  d ifferen tia l eq u a tio n  b e c o m e s

(3 2 )

(3 3 )

2
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m ■ a g -  m ■ ü -  к u +
P

L - s
и =  0. ( 3 4 /a )

In th e  p la s t ic  dom ain , th e  d if fe r e n c e  lie s  in th at a fter  r ea ch in g  the e la s t ic  lim it  ue, th e  
fo r c e  in  th e  b ar stops in c r e a s in g , a n d  the v a lu e  k ue =  Fu en te r s  the eq u ation  in s te a d  o f  the  
term  k u .  T h u s  the d ifferen tia l e q u a tio n  o f  the p la s t ic  d o m a in  w ill be

m a s ■ m ■ ü -  F„ + - ■ и =  0. (3 4 /b )

O f  c o u r s e ,  the tw o  e q u a tio n s  m u st jo in  ea ch  o th er  at и = ue. S h ou ld  the s  b e  n e g le c te d  
a s  c o m p a r e d  w ith  L, then th e  erro r  resu ltin g  from  th is  w il l  in crea se  q u a d ra -t ica lly  w ith  и 
a n d  it w i l l  rea ch  10% in th e  term  e x p r e ss in g  the e f f e c t  o f  th e  fo rce  i f  и <  0 .5  L. T a k in g  
th is  in to  c o n s id e r a tio n , th e  s  a s  c o m p a r e d  w ith  L w ill  b e  n e g le c te d .

T h e  a n a ly t ic a l so lu tio n  o f  e q u a t io n s  (3 4 )  is  u n k n o w n . D ifferen t num erica l “ s te p -b y -  
s te p ”  m e th o d s  h a v e  th erefo re  b e e n  d e v e lo p e d  to  s o lv e  e q u a tio n s  o f  th is typ e , a m o n g  th em  
e .g .  th e  a v e r a g e  a cce lera tio n  m e th o d  o f  N E W M A R K , w h ic h  u ses  an a c c e le r a tio n  o f  c o n 
stan t v a lu e  o v e r  the d iffe r e n tia lly  sm a ll sec tio n  in v e s t ig a te d  [1 2 ] ,  or the m eth od  o f  lin ea r  
a c c e le r a t io n  w h ere  the c h a n g e  in  a c c e le r a tio n  is c o n s id e r e d  to  b e  linear o v er  th e  d if fe r e n 
t ia l ly  s m a ll  se c t io n  in q u est io n  [ 1 3 ] . T h e se  m eth od s h a v e  b e e n  d ev e lo p ed  for  m a n u a l c a l
c u la t io n  u s in g  0 .1  to 0 .0 5  s e c  a s  a  step  o f  tim e. H o w e v e r , a  com p u ter is c a p a b le  o f  h a n 
d lin g  m u c h  sm a ller  steps at a  fa s t  ra te  and  thus th e  m e th o d  ca n  b e  re-garded  su f f ic ie n t ly  
a c c u r a te . T h ere fo re , in our e x a m p le ,  th e  so lu tio n  h a s  b e e n  p ro d u ced  b y  rew ritin g  th e  d if 
fe r e n t ia l e q u a tio n  so  as to  o b ta in  a  d if fe r e n c e  eq u a tio n  w h ic h  h a s  then b een  so lv e d  u sin g  
the s t e p -b y -s t e p  m ethod . T h u s , e s s e n t ia l ly ,  the so lu tio n  is  s im ila r  to the N E W M A R K  
m e th o d . C a r e  sh ou ld  b e  tak en  to  u s e  a  step  o f  tim e  n ot v e r g in g  on  the se n s it iv ity  lim it  o f  
th e  c o m p u te r  b e c a u se  in th is  c a s e  th e  a ccu ra cy  m ig h t b e  a f fe c te d  u n favou rab ly . U s e  o f  a  
step  o f  1 / 5 0 0  to  1 /1 0 0 0  s e c  r e su lts  in  a  su ffic ien t a c c u r a c y , a s  a  rule. C o n s id e r in g  that 
th e  c a lc u la t io n  o f  P / { L - s )  w ith  v a lu e  и in s in th e  d e n o m in a to r  w o u ld  h a v e  b e e n  m e a s 
u r e m e n ts , w e  u sed  an L -  s ~ L  a p p ro x im a tio n , ta k in g  in to  co n sid era tio n  w hat h a s  b e e n  
sa id  e a r lie r . T h is  ap p ro x im a tio n  w o u ld  resu lt in an  error o f  m a x . 5 -6  % w ith in  th e  lim its  
o f  th e  e x p e r im e n ta l m ea su rem en ts . T h u s the fo l lo w in g  d if fe r e n c e  eq u a tio n s h a v e  b e e n  
o b ta in e d :

D if f e r e n c e  eq u ation  o f  th e  e la s t ic  dom ain:

it: , -  2u, -  u,., , P
mci ( l ) - m ------------ — ---------------k, it, + —  u , = 0.

At ~ L
( 3 5 /a )

D if f e r e n c e  eq u ation  o f  the p la s t ic  dom ain:

lu, P
A r  ‘ L '

(3 5 /b )
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P ro b lem s w o u ld  a r ise  in  the so lu tio n  i f  e v e r y  v a lu e  w e r e  zero  at tim e  t =  0  b e c a u se , in 
th is  c a s e ,  the co m p u ta tio n  w o u ld  not start and  s o m e  tr ick  is  n ecessa ry  fo r  sta r tin g . S u ch  a 
p ro b lem  h as not b een  en co u n tered  in our c a s e  b e c a u s e  the a cce lera tio n  h a s  b e e n  c o n 
stant.

W ith  d ifferen ce  e q u a tio n s  (3 5 ) ,  the c o m p u ta tio n  c a n  b e  started b e c a u s e  h u_ i =  0 ,  u, = 
0; an d  u,.\ can  b e  c a lc u la te d . In the n ext s tep , th at is  at tim e At, o n ly  Mj_i =  0  c a n  b e  c a l
c u la te d , w h ile  from  the th ird  step  on , n e ith er  o f  th e  v a lu e s  is com p u ta b le . T h is  in trod u ces  
an error in the co m p u ta tio n  at the b eg in n in g , but th is  error is very  sm a ll b e c a u s e  th e  v a l
u es  o f  At  are v ery  sm a ll a s  w e ll.

T h e  co m p u ta tio n  w ill  c h a n g e  i f  in stead  o f  th e  m a s s  it is  the support w h ic h  is  e x c ite d . 
O v e r  th e  e la s t ic  d o m a in , the e ffe c t  o f  the su p p o rt a c c e le r a tio n  is the sa m e  a s  i f  th e  m a ss  
w ere  a c c e le r a te d  at th e  sa m e  rate in the o p p o s ite  d irec tio n  [1 4 ]. In th e  p la s t ic  dom ain , 
lim its  are  set to  e x c ita t io n  b y  the v a lu e  o f  Fu in th e  c a s e  o f  a^-ni- Fu.

4 . E x p e r im e n t s

T h e  th eo retica l in v e s t ig a t io n s  d is c u sse d  s o  fa r  h a v e  sh ow n  that, in c e r ta in  c a s e s ,  the  
b e h a v io u r  o f  the structure d iffers  from  w h a t h a s  b e e n  d escr ib ed  in th e  litera tu re  [3 , 12, 
1 3 ]. H ere  the poin t is  that not o n ly  the v e r tic a l fo r c e  but a lso  the h o r iz o n ta l fo r c e  has a 
c r it ica l v a lu e , c a u s in g  th e  structural to  c o lla p s e .  T h is  “ tw o -s id e d ” e f fe c t  r e su lts  fro m  v er
tica l fo r c e  P  w h ich  h a s not b een  co rrec tly  ta k e n  in to  co n sid era tio n  s o  far . C o n sid er in g  
that th is  p h en o m en o n  had  not b een  m en tio n ed  in  th e  literature k n ow n  to  u s, w e  fou n d  it 
n e c e s s a r y  to  in v e s t ig a te  the p h en om en on  e x p e r im e n ta lly  to  ch eck  w h e th e r  ou r  c a lc u la 
tio n s  w ere  correct. W e  th ou gh t su ffic ien t in  th e  f ir st s tep  to  in clu d e in th e  e x p e r im e n t the 
m o d e l in v estig a ted  th e o r e tic a lly .

4 .L  Planning o f  the experiments

O r ig in a lly , w e  w a n ted  to  u se  the sh a k in g  ta b le  o f  th e  D epartm ent o f  S tren g th  o f  M a te 
r ia ls  and  L o a d -b ea r in g  S tru ctu res o f  the T e c h n ic a l U n iv e r s ity  B u d a p est. H o w -e v e r , in the 
c o u r se  o f  d e ta iled  p la n n in g , the actu ator o f  th e  sh a k in g  tab le  p roved  t o b e  in ca p a b le  o f  
p ro d u c in g  the req u ired  im p u lses . T h ere fo re , a  sh o c k  transfer d e v ic e  w a s  d e v e lo p e d , 
w h e r e  the im p u lse  re su lted  from  the e n e r g y  o f  a  m a s s  fa llin g  from  a d e f in ite  h e ig h t h and  
c o n v er ted  in to a  h o r izo n ta l sh o ck  b y  m e a n s o fa  ro ck er  sy stem .

T h is  d e v ic e  is  sh o w n  in  F ig . 6 . T h e c a n t i le v e r  structure in v estig a ted  w a s  b u ilt o n to  the 
f ix e d  sh a k in g  ta b le . T h e  fram e structure h ad  a ls o  a  le g  h inged  a b o v e  a n d  b e lo w  parallel 
to  th e  bar c la m p ed  at th e  b o tto m , in order to  p r o v id e  room  for m a ss ni\ to  b e  p la c e d  on  the  
b e a m  o f  the fram e and  to  e lim in a te  the ro ta tio n a l in er tia  o f  the m a ss. S te e l d is k s  fa sten ed  
b y  b o lts  on  the b ea m  w e r e  u sed  to  b u ild  up th e  m a s s . T h e m easu rin g  d e v ic e  w a s  m ounted  
on  an  in d ep en d en t stan d  (n o t sh o w n  in F ig . 6 ) .

T h e  m a ss  m2 g iv in g  the im p u lse  w a s  fa s te n e d  on  the left arm  o f  th e  cr o ss -sh a p e d  
ro ck er  fa s ten ed  to  the b a se  on  the right s id e  ( s e e  F ig . 7 ) . T h is m a ss  c o n s is te d  o f  d is c -
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Д =  u
12 Steel weights 

of 18 kg/pcs

B ar fa llin g  a f te r  s c o c k  

- f ~ ° - 7 S m  - ф -  jo in t  pin

L =  1 ,0 5 m

0 .5 0 m

T yin g  u p

U n d e rp la te
_ C o n c r e t e  w e ig h t s  o f  

a b o u t  3 0  k g /p c s

F i g .  6 .  Schematic illustration of the experimental device

F i g .  7 .  Concrete weights resulting in mass m 2 F i g .  8 .  Tying up of the aim of the rocker
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F i g .  9. The experiment as adjusted together with the steel weight resulting in the bulk of mass

sh a p ed  co n cre te  w e ig h ts  w e ig h in g  3 0  k g  e a c h . T h e  im p u lse  strength  w a s  in c r e a se d  b y  in
c r e a s in g  the num ber o f  th e  co n crete  d is c s ,  w h ile  the duration o f  th e  im p u lse  ( /()) w as  
reg u la ted  b y  c h a n g in g  th e  h e ig h t o f  fa ll (/?). F iv e  and  9  p ieces  o f  c o n c r e te  w e ig h t w ere  
u sed  in the e x p er im en ts  and  the h e ig h t o f  fa l l w a s  0 .1 0  m  and 0 .1 5  m , r e sp e c t iv e ly . T he  
m a ss  o f  the bar and  rock er  arm s, p ro p er ly  tra n sfo rm ed  (in to  red u ced  m a s s ) ,  w a s  included  
in  th e  m a ss  (m i) on  the h o r izo n ta l bar an d  th u s a  m a ss  o f  m\ = 2 3 5  k g  r e su lte d . T h e right 
arm  o f  the rock er  w a s  tied  up (F ig . 8 ) ,  th en  u n tied  for im pulse p r o d u c tio n . T h e  in tercon
n e c tin g  bar w a s  d e s ig n e d  so  a s  to  d is e n g a g e  a fter  the sh ock  to  perm it th e  sy s te m  in v esti
g a te d  to  m o v e  free ly . T h e  ex p er im en t s e t -u p  is  sh o w n  in F ig . 9 .

In th e  e x p er im en ts , th e  h eigh t o f  fa l l a n d  th e  a cce lera tio n  w e r e  m e a s u r e d  w h ile  the 
v e lo c ity  w a s  d eterm in ed  b y  d ifferen tia tio n  o f  th e  h eigh t and in te g r a tio n  o f  the a cce lera 
tio n  (p rop erly  co o rd in a tin g  the tw o  c a lc u la t io n s ) .

4.2. Calculation o f  acceleration transferred to the test bar

T h e rock er  sy s te m  u sed  is  s im ila r  to  th e  A T W O O D  free-fa ll a p p a r a tu s  but it is  m ore 
so p h is tic a te d  a s  far a s  k in e tic s  is  c o n c e r n e d . T h e  m o d el show n in F ig . 10  w a s  u sed  to c a l
c u la te  the a cc e le r a tio n  transferred  to  m a s s  m\ o n  the test bar.
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m t = 2 3 э  ^

> 7 — +-
f = o , 7 S m

C iI (í/=ű) _____ СЦ (average)

Q j(u ey

úi 4 a -

^  - ^ / 2

U ‘C

Fia. H)-
a) Schem atic model of the experimental setup

b) C alculation model of the test impulse
c) C alculation of the values and averages o f  the test impulse and internal force, and determination of the (av

erage) accelerating excitation ие for the tim e 1»
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T h e geo m etry  o f  the m o d e l b e in g  sh o w n  in F ig . 1 0 /a , w h ile  the fo rces  a c tin g  upon  the 

m a s se s  a s  w e ll a s  the d y n a m ic  m od el are g iv e n  in F ig . 1 0 /b . T h e e ffe c t  o f  th e  rock er  w a s  

d eterm in ed  by m ea n s o f  th e  im p u lse  m om ent e q u ilib r iu m  eq u a tio n  w ritten  fo r  th e  cen tre  

o f  ro ta tion  C . A s  s e e n  in F ig . 1 0 /c , the a c c e le r a tio n  o f  m a ss  nt\ d e c r e a se s  first o v e r  the  

e la s t ic  d om ain  и < ue and  b e c o m e s  con stan t o v e r  th e  p la s t ic  d om ain  и > ue. T h e  a v er a g e  

v a lu e  o f  a cce lera tio n  c a n  b e  c a lc u la te d  b y  m ea n s o f  th e  e x p r e s s io n s  p resen ted . T h e  fo rce  

F a c tin g  upon the bar in c r e a s e s  first o v er  the e la s t ic  d o m a in  until Fu is  r ea ch ed . T h e r e a f

ter its  v a lu e  rem a in s c o n s ta n t , th e  a v era g e  b e in g  F.  B y  se ttin g  eq u a l the w o rk  o f  the a v 

er a g e  fo rce  F  to  that o f  th e  tra p ezo id a l d iagram , th e  v a lu e  o f  F  can  b e  c a lc u la te d . T he  

v a lu e  o f  the a c c e le r a tin g  fo r c e  ,S'| can  be o b ta in ed  a s  th e  su m  o f  F  and  o f  d ’A le m b e r t’s 

fo rce  p roduced  b y  m u lt ip ly in g  th e  a cce lera tio n  a  w ith  th e  m a ss  m i, and  th u s th e  a v era g e  

e x c it in g  a cce lera tio n  an d  e x c ita t io n  tim e to ca n  b e  c a lc u la te d . F or d e ta ils  o f  th e  c a lc u 

la tion  se e  F ig . 10 /c .
A  c o ld  ro lled  3 0  x  3 0  m m  square tube o f  a  w a ll th ic k n e ss  o f  2  m m  w a s  u sed  fo r  the  

ex p erim en t. O v er  th e  s e c t io n  w h ere  p la stic  d e fo rm a tio n  w a s  to  b e  e x p e c te d , th e  stee l tube  
w a s h ea ted  b y  f la m e  to  b e c o m e  so ft and thus c o m p a r a b le  w ith  the id e a lly  e la s to -p la s t ic  
m ateria l. T he fo r c e -d isp la c e m e n t d iagram  o f  th e  b ar o b ta in ed  e x p e r im e n ta lly  sh o w n  in 
F ig . 11. T h is  is , o f  c o u r se , not id ea lly  e la s to -p la s t ic  b e c a u s e  o f  the g rad u a l p la s t ic iz a t io n  
o f  the c r o ss -se c t io n . A t a  cer ta in  v a lu e  o f  d isp la c e m e n t , the w a ll o f  the tu b e  b u c k le d  and, 
a s a  resu lt, the r ig id ity  d ecrea sed  an d  th u s the cu rved  se c t io n  o f  the

F i g .  1 1 . Force-displacement diagram of the specimen, obtained in static experiment

Acta Technica 107, 1995-96



238 Dl I LACS KA, E.

F i g .  /2 . Specimen permanently curved after the experiment

d ia g r a m  sta r ted  to  b end  d o w n w a r d s . In th e  c a lc u la t io n s , th e  id e a liz e d  e la s to -p la s t ic  b i
lin ea r  l in e  ( s e e  the broken  lin e  in  F ig . 11) h a s  b e e n  ta k en  in to  co n sid era tio n  w ith  a  p la s t ic  
fo r c e  o f  Fu =  7 0 6 .5  N . T h u s ue =  0 .0 4 5  m  h as b een  o b ta in e d  for  the lim it o f  p la s t ic  d e 
fo r m a tio n .

A  lim it  d e fo rm a tio n  o f  mt =  0 .5 4  m  h a s b een  a ssu m ed , re su ltin g  in a d u c tility  fa c to r  o f  
p  =  0 .5 4 /0 .0 4 5  =  12. T h e y ie ld  p o in t o f  th e  so fte n e d  m a ter ia l o f  the bar h a s  b e e n  d eter 
m in ed  b y  a  t e n s ile  test w h ich  r e su lte d  in  o y =  3 6  N /m m ".

4.3. The experiments carried out

O r ig in a l ly ,  15 ex p er im en ts  h a v e  b e e n  p la n n ed  s o  that th e  cr it ica l p h en o m en o n  co u ld  
b e in c lu d e d  in  a range o f  p a ra m eters a d ju sted . U n fo r tu n a te ly , 4  ex p er im en ts  p r o v e d  to  b e  
u n su c c e s s fu l d u e  to  d ifferen t p r o b le m s (c o l lis io n  o f  p a rts , lo s s  o f  data b y  th e  c o n tr o llin g  
c o m p u te r ). T h u s  11 tests  resu lts  c o u ld  b e  e v a lu a ted . T h e  in crem en t o f  the te s t  im p u lse  
m a g n itu d e  w e r e  determ in ed  b y  th e  s i z e  o f  th e  co n c r e te  w e ig h ts  a v a ila b le . T o  in c r e a s e  th e  
f in e n e s s  o f  th e  step p in g , m a ss  m2 w a s  d rop p ed  fro m  tw o  d ifferen t h e ig h ts  h, 0 ,1 0  and
0 . 1 5  m .

T h e  d a ta  o f  the e x p er im en ts  w h ic h  co u ld  b e  e v a lu a te d  are c o m p ile d  in T a b le  1, 
sh o w in g  m a s s e s  m2 u sed , h e ig h t h, e x c ita t io n  path  u& o f  m a s s  m t w h en  drop p ed  fro m
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T a b l e  I
Initial accelerations a e and excitation times l n

Sign h
|m |

«g
|m |

m 2
|kgl

e *
1 m/sec" 1

to
|sec |

D, 0.10 0.0667 184 5.443 0.1565
D; 0.10 0.0667 215 5.743 0.1524

D, 0.10 0.0667 249 6.01 1 0.1489

d 4 0.15 0.10 249 6.249 0.1789

d 5 0.15 0.10 249 6.249 0.1789

D„ 0.15 0.10 215 5.970 0.1830

d 7 0.15 0.10 215 5.970 0.1830

Dk 0.15 0.10 215 5.970 0.1830
D., 0.15 0.10 215 5.970 0.1830

D,, 0.10 0.0667 280 6.214 0.1465

Du 0.15 0.10 152 5.257 0.1950

m, = 235 kg, к = 15,700 N/m, t(c = 0.045 m, f /e  = 1.5

height h , exciting acceleration computed according to Sect. 4.2 as well as excitation 
time r0 associated with it.

The experimental results were recorded by the measuring device at 0.02 sec intervals. 
For the check calculations according to Sect. 3.2, a time step of dt = 0.005 has been as
sumed. The values of displacement calculated (мса1) and obtained experimentally (иеХр) 
are shown at intervals of 0.2 sec in Table 2.

Data calculated for, and obtained experimentally in, one experiment before, and an
other experiment after, the critical state (D l  and D I I ,  respectively) are illustrated in 
Fig. 14 and 15. Indicated in the Figures are the impulsive exciting acceleration as well as 
the chronological history of acceleration a ,  velocity v and displacement u , of the mass m \ .  

Thick lines were used for the experimental results while thin broken lines for the calcu
lated values.

F i g .  1 3 .  The basis of the specimen, permanently yielded and buckled after the experiment
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T a b l e  2
Displacements и  in experiments D |- D |3

D ata; sec
Sign

D
m /s2

kg

t
—>| sec 1

0 0 .2 0.4 0 .6 O.X 1.0 1.2 1.4 max.

m

1
=  0 .1565  

a e =  5 .443 wc. 0 0 .0 9 0 0.177 0 .209 0.201 0.178 0.1X4 0.207 0.21
Q  =  1X4 
h =  0 .1 0

êxp 0 0 .093 0.1X6 0.219 0 .2 1 4 0.197 0.198 0 .214 0 .22

f0 =  0 .1 5 2 4
2 « g =  5 .743 "c 0 0 .0 9 4 0.1X6 0.226 0.231 0.212 0.206 0 .224 0.23

Q  =  215 
h =  0 .10

wexp 0 0 .0 7 2 0.175 0.207 0.1X8 0.157 0.1X6 0.204 0.21

to =  0.14X9
3 « с =  6.011 и , 0 0.09X 0.192 0.237 0 .252 0.243 0.231 0.23X 0.25

Q  =  249 
h =  0 .10

^exp 0 0 .0 7 6 0.179 0.211 0 .199 0.171 0.161 0.193 0.21

t„ = 0.17X9
4 a g =  6 .249 и . 0 0 .I0X 0.251 0 .370 0 .5 0 9 - - - oo

Q  =  249 
h =  0 .15

^exp 0 0.0X2 0.231 0.2 IX 0 .193 0.253 0.217 0.213 0 .2 6

to =  0.1X 30
5 « g =  6 .249 "c 0 0 .1 0 8 0.251 0 .370 0 .5 0 9 - - - OO

Q  =  249 
h = 0 .15

wexp 0 0.101 0.24X 0.340 - - - - -

to =  0.1X 30
6 tts =  5 .9 7 0 Uc 0 0 .103 0.242 0.351 0 .474 - - - oo

Q  =  215 
h =  0 .1 5

^exp 0 0 .1 0 6 0 .246 0.343 - - - - oo

t0 =  0.1X30
7 «5 =  5 .970 U c 0 0 .103 0 .242 0.351 0 .474 - - - oo

Q  =  215 
h  = 0 .15

^exp 0 0 .1 0 6 0 .246 0.343 - - - - oo

t„ =  0 .1 X30
X « g =  5 .9 7 0 Uc 0 0 .103 0.242 0.351 0 .474 - - - oo

Q  =  215 
h =  0 .1 5

êxp 0 0.101 0 .256 0.375 - - - - oo

to = 0 .1 X 3 0
9 «5 =  5 .9 7 0 Hc 0 0 .103 0.242 0.351 0 .474 - - - oo

Q  =  215 
h =  0 .1 5

^exp 0 0 .085 0.243 0.364 - - - - oo

to =  0 .1 4 6 5
11 «5 =  6 .2 1 4 Uc 0 0.101 0.202 0.259 0 .293 0.318 0.344 0.3X0 oo

Q  =  2X0 
h =  0 .1 0

^exp 0 0 .0 9 9 0.203 0.262 0 .297 0.324 0.353 - oo

to =  0 .1 9 5 0
13 « g =  5 .257 U c 0 0 .0 9 0 0 .216 0.303 0.385 0.495 - - oo

Q  =  152 
h =  0 .1 5

^exp 0 0 .0 7 2 0.21 1 0.312 - - - - oo

P  = 2350 N. P c ,  = 16,4X0 N. m  =  235 kg. L  = 1.05 m. t/e = 0.045 m. uT = 0 .54 m 
к  = 15.700 N/m. P / P „  = 0.1426; c = computed, exp = experimental
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F i g .  1 4 .  Acceleration, velocity and path (displacement) diagrams of m ass m \  
of specimen D l as functions of time excited by an impulse smaller than the critical impulse 

(experimental results: thick line, calculated results: thin broken line)

It ca n  b e  seen  in  the F ig u res  that, on  th e  o n e  hand, there is  a  sa t is fa c to r y  agreem ent 
b e tw e e n  the c a lc u la tio n  and  the ex p er im en t a n d , on  the other h a n d , th a t th e  critica l p h e
n o m en o n  d o es  e x is t .  In ex p er im en t D l ,  th e  v e lo c ity  d ecrea sed  to  z e r o  a t a b o u t 0 .7  sec  as  
a resu lt o f  an im p u lse  / ,  =  2 0 0  m k g /se c  a n d  th e  d isp la cem en t s to p p e d . H e n c e , the phe
n o m en o n  is  sta b le . H o w e v e r , in ex p er im en t D l  1, the v e lo c ity  d u e  to  th e  im p u lse  / ,  =  2 1 4  
d id  not d e crea se  to  z e r o  an d  the d isp la c e m e n t in creased  b e y o n d  a n y  lim it b o u n d lessly . 
T h at m ea n s that the p h en o m en o n  is  in s ta b le .

T h e cr itica l sta te  l ie s  b e tw e e n  the tw o  v a lu e s . A cco rd in g  to  r e la t io n sh ip  (2 8 )  and to  

co n d it io n  m a \  t 20 =  Fu ■ Ae(Pcr/ P -  1), th e  c r it ica l im p u lse  is  / ,  =  2 1 2  m k g /sec . T h ese

v a lu e s  sh o w  that th e  th eo re tica l c a lc u la t io n  is  r e lia b le .
F or the sa k e  o f  in terest, the v a lu e s  o f  d isp la cem en t h a v e  b e e n  c a lc u la te d  for an e x c i

ta tio n  tim e o f  Л) =  0 .1 5  an d  for d ifferen t v a lu e s  o f  a gi and illu s tra ted  in a  d ia g ra m  in
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, 0 1 1  analysis
experiment

t (sec)

t (sec)

t (sec)

D11

m=235kg, L=1.05m, 

k=15700N/m, 

P=2350N, 

Pcr=16480N,

P/Pcr=0.1426, 

ue= Де=0.045т, 

uu= Ди=0.54т.

ag = 6.21 m/sec2, 
tQ = 0.147 sec

t (sec)

F i g .  /5 . Acceleration, velocity and path (displacement) diagram s o f mass 
o f  specimen Dl 1 as functions of tim e excited by an impulse larger than the critical impulse 

(experimental results: thick line, calculated result: thin broken line)

F i g .  1 6 .  Maximum displacem ent of the elements investigated 
as a function o f the exciting acceleration
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F ig . 16. B e lo w  th e  e la s t ic  lim it, d isp la cem en t мшах is  p roportional to  ap  w h ile  b e y o n d  the 
e la s t ic  lim it, it in c r e a s e s  rap id ly  until the c r it ic a l e x c it in g  a cce lera tion  =  6 .2 2  m /se c  is  

rea ch ed  w h ere , th e o r e t ic a lly , the m o v in g  in c r e a s e s  in f in ite ly . O f  c o u rse , th e  in f in ite  v a lu e  
is  a resu lt o f  an a p p r o x im a tio n  s in c e , in fact, th e  e n d  o f  the bar m o v es a lo n g  a  c ir c u la r  arc 
(a n d  not p a r a b o lic a lly ) . an d  thus umm co u ld  b e  n o t h ig h e r  than L.

5. Conclusions

A s  c le a r ly  fo l lo w s  fro m  w hat has b een  s a id  s o  fa r , the usual c a lc u la t io n  m eth o d  o f  
lo a d  red u ction  w ith  th e  e f f e c t  o f  d u ctility  ta k en  in to  co n sid era tio n  is e r r o n e o u s  a n d  it re
su lts  in so m e  c a s e s  in  a  c o n s id era b le  u n d e r d im e n sio n in g . T he error is  a  r e su lt  o f  sev era l 
fa c to rs  d escr ib ed  b e lo w :

-  In stead  o f  u s in g  th e  e ffe c t  o f  d u ctility  to  in c r e a s e  the resistan ce  o f  th e  stru ctu re , it is  
u sed  to  red u ce the lo a d  in  th e  usual se ism ic  d e s ig n  m eth o d . A s  a resu lt, th e  d isp la c e m e n ts  
o f  the structure under red u ced  load , c a lc u la te d  b y  e la s t ic  d yn am ics, are  sm a ll en o u g h  to  
m a k e th e  d esig n er  to  b e l ie v e  that the e ffe c t  P  — A  c a n  b e  taken  into c o n s id e r a t io n  on  the 
b a s is  o f  the e la s t ic  p r in c ip le s . In fact, m uch  la r g e r  d isp la cem en ts tak e  p la c e  th an  th ose  
c a lc u la te d  in th is  w a y , an d  in the c a se  o f  th e s e  la r g e r  d isp la cem en ts, the e f f e c t  o f  P  -  A is  
s ig n ific a n t and c a n n o t b e  d escr ib ed  on the b a s i s  o f  th e  linear theory. T h u s  th e  u se  o f  a 
m o re a ccu ra te  p la s t ic  d y n a m ic  m ethod , ta k in g  th e  e f f e c t  o f  force  P a s  w e ll  a s  th e  e ffe c t  o f  
p la s tic ity  in to  c o n s id e r a tio n , se e m s to  be ju s t if ie d .

-  In the u su a l d e s ig n  m eth od , the c a lc u la t io n  is  b a se d  on the e la s t ic  r e sp o n s e  sp e c 
trum , and  the in tern a l fo r c e s  (and  from  th e s e  th e  d e fo rm a tio n s) are c a lc u la te d  in  general 
from  the a c c e le r a tio n  sp ectru m . T he e la s to -p la s t ic  re sp o n se  spectrum  d if fe r s  c o n s id e r a b ly  
from  the e la s t ic  o n e  an d  it in crea ses  in stea d  o f  d e c r e a s in g  as the p er io d  in c r e a s e s . T he  
d isp la cem en t a n sw e r  sp ectru m  ca lcu la ted  fo r  th e  e x p er im en ta l setup  is  sh o w n  in  F ig . 17. 
T h e d e c r e a s in g  e la s t ic  a n sw e r  spectrum  h a s le d  th e  d e s ig n er  to  b e lie v e  th at w ith  th e  dam 
a g e  ex p e r ie n c e d  b y  th e  structure (d eg ra d a tio n  in  stren gth  and r ig id ity ), a l s o  th e  internal 
fo r c e s  d e c r e a se . O n  th e  con trary , a certa in  r e d u c tio n  in  the p la stic  sy s te m  is  fo l lo w e d  by  
in c r e a se  ag a in  a s  a  resu lt o f  w h ich  the stru ctu re  u n d er in creased  fo rces  c o l la p s e s .  T h e a c 
ce le r a tio n  sp ectru m  c a n n o t b e  taken  a s a b a s is  fo r  d e s ig n  in the p la stic  s ta te  fo r  th e  very  
rea so n  that there is  n o  d e fin ite  relation  b e tw e e n  a c c e le r a tio n  and d isp la c e m e n t in  a p la stic  
structure and th ere fo re  se ism ic  d esig n  on  th e  b a s is  o f  the a cce lera tio n  sp e c tr u m  m ay  be  
co n s id e r a b ly  m is le a d in g .

-  In the c a s e  o f  a  p la s tic  sy stem , the b e h a v io u r  o f  the structure d e p e n d s  on  severa l 
fa c to rs, a m o n g  th em  e .g .  on  the rate o f  d u c tility , th e  ratio  b etw een  load  P  a n d  c r it ic a l load  
Per, the  re la t io n sh ip  b e tw e e n  the cr itica l lo a d  a n d  the p la stic  h orizontal lim it  fo r c e , the du
ration  o f  the sh o ck  im p u lse s  e tc . T h ese  data  b e c o m e  k n ow n  on ly  at the e n d  o f  th e  d esign  
proced u re  and  th u s th e  ca lcu la tio n  m ust b e  r e p e a te d  a g a in  and aga in  to  m a k e  su re  that the  
structure in q u e s t io n  is  su ited  for the actu a l in tern a l fo rces  and c o m p lie s  w ith  th e  d efo r
m a tio n  lim its.
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F i g .  1 7 .  Displacement spectra of elements T  o f different vibration periods 
(different spring constants) each in the elastic and elasto-plastic case, with and without compressive 

force P  (with an excitation o f an acceleration of a g =  6.22 m /sec2 for a time of t0  =  0.1 sec)

— In th e  c a s e  o f  re in fo rced  c o n c r e te  structures, r e p e a te d ly  a r is in g  internal fo r c e s  c a u s e  
a d e g r a d a t io n  in  strength  an d  r ig id ity  and thus a c o n s id e r a b le  reduction  in the r e s is ta n c e  
o f  th e  stru c tu re . H en ce  the b e h a v io u r  o f  the re in fo rced  c o n c r e te  structure is m o re  d is a d 
v a n ta g e o u s  than  that o f  the th e o r e t ic a l ly  e la s to -p la s t ic  stru ctu re .

— In th e  c a s e  o f  s tee l s tr u c tu r e s , the e lem en ts  o f  th e  c r o ss -se c t io n  a lw a y s  u n d e r g o  
b u c k lin g  u n d er  p la stic  (d u c t ile )  lo a d . A lth o u g h  th is b u c k lin g  d o e s  not n e c e ssa r ily  r e su lt  in  
a r e d u c t io n  in  strength , it a lw a y s  re su lts  in a  red u ctio n  in  r ig id ity . T h is a ffe c ts  th e  b e 
h a v io u r  o f  th e  structure u n fa v o u r a b ly  and  thus the q u e s t io n  a r is e s  w hether it is  a l lo w e d  to  
ta k e  in to  c o n s id e r a tio n  the e f f e c t  o f  d u c tility  in the c a s e  o f  s t e e l structures at a ll?

— W h i le  th e  e la s tic  sy s te m  r e sp o n d s  to  sh ort-tim e a n d  lo n g - t im e  sh ock s id e n t ic a lly , th e  
r e s p o n s e  o f  th e  e la s to -p la s t ic  s y s te m  to  sh o ck s o f  d if fe r e n t  duration  is  d ifferen t a n d , a s  
c o m p a r e d  w ith  the sh o rt-tim e sh o c k : a  lo n g -tim e  s h o c k  o f  a  m uch  low er  v a lu e  m a y  b e  
e n o u g h  t o  d e s tr o y  the structure.

— In  d u c t i l i ty  b a sed  d e s ig n m , in v e s t ig a t io n  o f  th e  v e lo c i t y  o f  m ovem en t o f  th e  s tr u c 
ture is  in d isp e n sa b le  b e c a u se  th e  s ta b ility  o f  the stru ctu re  d e p e n d s  on w hether the v e lo c i t y  
o f  m o v e m e n t  w ill b e  c o m e  z e r o  o r  n o t. T h erefore , sh o u ld  d u c tility  b e  taken in to  c o n s id 
e r a tio n , d e term in a tio n  o f  the v a lu e  o f  cr it ica l d isp la c e m e n t A cr ca n  hardly b e  a v o id e d . T h e  
lim it d u c t i le  d eform ation  p la y s  a  r o le  in  the p ro b lem  o n ly  in  that its va lu e m ust b e  h ig h e r  
than th e  v a lu e  o f  the cr itica l d e fo r m a tio n , that is . A u >  A cr is  requ ired .

O n  th e  b a s i s  o f  w hat h a s b e e n  s a id  a b o v e , the w id e ly  u se d  d u ctility  b a sed  m eth o d  o f  
s e is m ic  d e s ig n  seem s to  n eed  a  r e v is io n . D escr ib ed  b e lo w  b r ie f ly  is  a m ethod  o f  s e i s - m ic  
d e s ig n  w h ic h  is , in our o p in io n , m u c h  m ore  correct th an  th e  m eth o d  used today.
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6. Recommended method of seismic design

F irst o f  a il , it is  r e a so n a b le  to  c o n s id er  w h e th e r  it is  e c o n o m ic a lly  ju s t if ie d  to  m ake  
u se  o f  th e  lo a d  b ea rin g  c a p a c ity  re serv e  r e su lt in g  from  d u ctility . A ls o ,  w e  m u st re
m em b er  that a q u a k e o f  an  in ten sity  o f  /  =  5 - 6  e x e r ts  a load  to  the stru ctu re  o f  b u ild in g s  
w h ic h  is  a p p ro x im a te ly  eq u a l to  the load  c a u se d  b y  w in d . S in ce  the b u ild in g s  m u st b e  d e 
s ig n e d  at an y  rate for w in d lo a d , w e  n eed  not d e a l w ith  earthquakes b e lo w  an  in ten s ity  o f  
/  =  5 . W ith  a rather stron g  ea rth q u a k e o f  a  m a g n itu d e  o f  M  =  7 .5 . an in te n s ity  o f  / =  1 1 is 
a s s o c ia te d  in the ep icen tre  a cco rd in g  to  the 1 2 -d iv is io n  sca le . For an ea r th q u a k e  m ore 
in te n s iv e  than that, an a p p rop ria te  lo a d  b ea r in g  stru ctu re  cannot b e  d e s ig n e d  at a ll. A s  
co m p a r e d  w ith  an in ten sity  /  =  5 - 6 ,  se ism ic  d e s ig n  for  an earthquake o f  a n  in te n s ity  /  -  
11 m e a n s  d es ig n  for  a  lo a d  4 0  to  5 0  t im es a s  m u c h , h o w e v e r , the in c r e a se  in  c o s t s  is  on ly  
2 0  to  2 5 %  in the total c o s ts  o f  the b u ild in g . C o n s id e r in g  that the load  in c r e a s e s  q u ad rati- 
c a lly  w ith  the in ten sity , th e  in crea se  in c o s t s  c a n  b e  e stim a ted  at 5 -6 %  in  c a s e  o f  an in
te n s ity  / =  8 - 9 .

A  co rrect d es ig n  m a k in g  u se  o f  the d u c tility  w o u ld  result in sa v in g  h a l f  o f  th e  ad d i
t io n a l c o s ts  o f  m ax. 2 0 - 2 5 % . T h u s in h ig h ly  s e is m ic  r e g io n s , in v estm en ts c o s t s  a b o u t 1 0 -  
11% c o u ld  b e  sa v e d  i f  a co rrec t se ism ic  d e s ig n  o f  d u c tility , w ere  ap p lied .

T h e  structure o f  the b u ild in g  fo rced  to  u n d e r g o  d u ctile  d efo rm a tio n  su f fe r s  a per
m a n en t strain  after w h ich  a resto ra tio n  o f  th e  b u ild in g  is  u su a lly  im p o ss ib le . T h e  tim e o f  
recu rren ce  o f  large  ea rth q u a k es c o m p lie s  w ith  th e  life tim e  o f  the b u ild in g s  an d  thus the  
ea rth q u a k e  is  e x p e c te d  to  resu lt in ser io u s  d a m a g e s  to  at least 2 0  to  5 0 %  o f  th e  b u ild in g s . 
A n d  i f  the b u ild in g  m ust b e  d e m o lish ed , th is  w ill  a f f e c t  100%  o f  the v a lu e  o f  th e  b u ild in g . 
T h u s 2 0  to  50 %  o f  the v a lu e  o f  the b u ild in g s  c a n  b e  o p p o sed  a s a lo s s  to  s a v in g s  o f  1 0 -  

12% .

A t the sa m e tim e , th e  d e fo rm a tio n s  w ill b e  sm a ll i f  the b u ild in g  k e e p s  its  e la s t ic  state  
in th e  c a s e  o f  an  ea rth q u ak e. T h e d a m a g es  c a n  b e  rep a ired  sim p ly  s in c e  th e  lo a d  b earin g  
stru ctu re is  not d a m a g ed . T h e  situ ation  is  d if fe r e n t  in  a reg ion  w here th e  r e c u rren ce  tim e  
o f  ea rth q u a k es  is  m u ch  sh orter  than the l i f e t im e  o f  th e  b u ild in g s , In su c h  r e g io n s , the 
d u c tility  m igh t p o ss ib ly  b e  tak en  in to c o n s id e r a tio n  s in c e  the co st ra tio s  m ig h t b e  d iffer 
en t.

T a k in g  a ll w hat h as b e e n  sa id  a b o v e  in to  c o n s id e r a tio n , it can  b e  r e c o m m e n d e d  that 
th e  b u ild in g s  b e  not p erm itted  to  get in to  p la s t ic  (d u c t ile )  state under sta n d a rd  ea rth q u ak e  
c o n d it io n s . T he e ffe c t  o f  d u c tility , w h ich  m ig h t b e  fa v o u ra b le , sh a ll rem a in  a  re serv e  for  
s a v in g  hum an life . A lth o u g h  the c o n stru c tio n  c o s t s  o f  the b u ild in g s m a y  in c r e a s e  so m e 
w h a t, bu t the d a m a g es  d u e to  earth q u ak e w ill d e c r e a se  co n sid era b ly  fo r  th e  sa m e  period , 
a n d  cer ta in ly  m uch le s s  h um an  liv e s  w ill fa ll v ic t im  to  earthquake, N o te  th at o n  the b a sis  
o f  an  erro n eo u s a n a ly s is , th e  e f fe c ts  o f  d u c tility  h a v e  b een  o v erest im a ted  an d  u tiliz ed  for  
th e  e x is t in g  b u ild in g s  a ll o v e r  the w orld  at p resen t , and  thus the b e n e fits  o f  w h a t h a s  b een  
sa id  w o u ld  appear not b e fo r e  d eca d es .

R em em b er  that d u c tility  h as b een  in tro d u ced  to  s e ism ic  d esig n  b e c a u s e  o f  its  en erg y  
a b so r b in g  and  v ib ra tio n  d am p in g  e ffe c t . A n  e x a m in a tio n  o f  the d if fe r e n tia l eq u ation  
s h o w s  that th is  e f fe c t  is  s im ila r  to  the C o u lo m b  (fr ic tio n a l)  dam ping  e f f e c t .  B e s t  u se  can
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b e  m a d e  o f  th e  fa v o u ra b le  c o n s e q u e n c e s  w ith ou t u n fa v o u r a b le  s id e -e ffe c ts  i f  th e  d a m p in g  
s y s te m  is  sep a ra ted  from  th e  lo a d  b ea r in g  stru ctu res. B y  s o  d o in g  w e  do not e n d a n g e r  the  
s ta b ility  o f  th e  b u ild in g . O p tim u m  d am p in g  can  b e  a c h ie v e d  in th is w a y , and  in  th e  c a s e  
o f  a  p o s s ib le  d a m a g e , th e  fr ic t io n  b ra k es can  b e  r e p la c e d  in  a  re la tiv e ly  s im p le  w a y  an d  
at r e a s o n a b le  c o sts . T h is  s y s te m  is  s im ila r  to  a m o to r  v e h ic le  w h ere the b rak e s y s te m  is  
bu ilt in  in d ep en d en tly . W h o e v e r  w o u ld  th ink o f  red u c in g  th e  production  c o s ts  o f  a  m o to r  
v e h ic le  b y  b u ild in g  n o  b ra k e  in , r e ly in g  on  the v e h ic le  to  s to p  a n y w a y  w h en  it ru n s in to  a  
tree.

N o r  sh o u ld  w e  forget th at s o  fa r  b a se d  iso la tio n  s y s te m s  o f  q u ite  a num ber h a v e  b e e n  
d e v e lo p e d  w h ic h  are c a p a b le  o f  e lim in a tin g  7 0  to  8 0 %  o f  th e  lo a d  ex erted  to  th e  b u ild in g  
b y  ea r th q u a k e .

B y  u s in g  the d ifferen t m e th o d s  in  co m b in a tio n , d a m a g e s  d u e  to  earthquake c a n  b e  a l
m o st e n t ir e ly  a v o id ed .

7. Notation

a =  a c c e le r a tio n 4 =  a c c e le r a t io n  o f  im p u lse  e x c ita t io n

g =  g ra v ita tio n a l a c c e le r a tio n h =  h e ig h t o f  fa ll
к =  sp r in g  con stan t m - m a s s
s =  v e r t ic a l d isp la cem en t t =  tim e

to =  t im e  o f  im p u lse  e x c ita t io n u = A =  h o r iz o n ta l d isp la cem en t
V =  v e lo c i ty E =  e la s t ic  (Y o u n g ) m odulus

£ ( i ) =  e n e r g y £ k i n =  k in e t ic a l en ergy
F =  h o r iz o n ta l force Fe =  r e p la c e m e n t static  force

Fu =  p la c t ic  force 1 =  in te n s ity  o f  earthquake

/, =  im p u lse L =  len g th  o f  bar

Fex =  w o r k  o f  ex tern a l fo r c e E\n =  w o r k  o f  internal fo rces
м =  b e n d in g  m om ents P =  g r a v ita t io n  force

Per =  c r it ic a l force T =  v ib r a t io n  period
a =  r e d u c in g  factor ß =  d y n a m ic  factor

И =  d u c il ity  factor ° y =  y ie ld  stren gh t
Л = u =  h o r iz o n ta l d isp la cem en t 4 =  lim it o f  e la s t ic  d eform ation

At =  d e fo r m a tio n  w ith ou t P  fo r c e d u =  lim it o f  p la s tic  d eform ation
П =  p o te n t ia l en erg y Пех =  p o te n t ia l en erg y  o f  e x tern a l fo r c e s
Y' =  fa c to r  o f  b u ck lin g  d e fo r m a tio n n in =  p o te n t ia l en erg y  o f  in ternal fo r c e s
du /  dt  =  и * =  d ifferen tia l q u o tie n t o f  it d isp la cem en t b y  t t im e
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ON THE DIVISION OF THE KINETIC ENERGY 
(POWER) CONTENT IN TURBULENT FLOW 

(An Approximate Analytical Review)
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The kinetic energy (power) content in turbulent flow can be divided between the turbulent fluctua
tion and the main (mean) flow. In spite o f that the former one is a few per cent only o f the total one its 
role is significant in e.g. sediment carrying or pollutant dispersal (generally speaking: transport) capacity 
o f the flow. The approxim ate analytical review enlightens on the mutual interaction of the turbulent 
fluctuation and the main (m ean) flow. The most important result o f this review is the clear picture of the 
composition of the kinetic power. This shows that the kinetic power of the turbulent fluctuation consists 
not only of the generally known local and convective com ponents but also of a second convective term 
which indicates a kinetic energy convection of the turbulent fluctuation by the main (mean) flow veloc
ity. And depending on the signs of the space derivatives it can indicate energy transport in both direc
tions I either from the main (mean) flow to the turbulent fluctuation or vice versa|.

Notation

—  -  m a te r ia l (to ta l) d e r iv a tiv e
D t

e -  su b sc r ip t, refers to  e r g o d ic  s ta te

f -  /- th  c o m p o n e n t  o f  b o d y  fo r c e  o f  e le m e n ta r y  w a ter  b o d y  o f  unit
m a s s

i j =  1 , 2 , 3 -  su b sc r ip ts  refer  to  c o m p o n e n t s  p a ra lle l to  C a rtes ia n  c o o r d in a te  
a x e s  in  E u ler ian  d escr ip tio n

N -  n u m b e r  o f  e x p e r im e n ts  ( t e n d s  to  in f in ity )
P — in s ta n ta n e o u s  h y d ro sta tic  p r e ssu r e

P -  m a in  (t im e -m e a n ) part o f  h y d r o s ta t ic  p ressure

P in s ta n ta n e o u s  part o f  th e  h y d r o s ta t ic  pressu re b y  tu rb u len t f lu c 
tu a tio n

P, — n o rm a l part o f  R e y n o ld s  s t r e s s e s

t — ru n n in g  tim e  co o rd in a te

to -  d e f in ite  tim e  point
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T

Tj

T„,f

T„

Tr
T ,

T,f

U ; U \= u x, U2=UV, 
Uj=Uz, u „  U j  
U

ïï; », ; Ti j

t im e  lim it o f  t im e  sp a n  ( te n d s  to  in f in ity )
tim e  lim it  ( f in it e ,  in  o rd er  o f  m a g n itu d e  o f  m in u te s )  fo r  c a l
c u la t in g  t im e -m e a n  c h a r a c te r is t ic s  in  turbulent w a ter  f l o w  
k in e t ic  p o w e r  o f  e le m e n ta r y  b o d y  o f  unit m a ss  o f  m a in  (m e a n )  
tu rb u len t w a te r  f lo w
p er io d  t im e  o f  natural or m a n -m a d e  p e r io d ic ity  in  in s ta t io n a r y  
w ater  f lo w
r e la t iv e  tra n sp o r t c a p a c ity  o f  tu rb u len t w ater  f lo w  
p er io d  t im e (s )  o f  tu rb u len t f lu c tu a tio n
k in e tic  p o w e r  o f  e le m e n ta r y  b o d y  o f  unit m a ss  o f  (m e a n )  tur
b u len t f lu c tu a t io n  o f  w a ter  f lo w

in s ta n ta n e o u s  v e lo c ity ;  c o m p o n e n ts  a c c o r d in g  to  c o -o r d in a te  a x e s

m ain  v e lo c i t y  ( t im e -m e a n  o v e r  f in ite  t im e  span: 7 /)

m a in  (m e a n )  part o f  in s ta n ta n e o u s  v e lo c ity ;  and  /-th  a n d y - t h  c o m -

II ; », ; u.

X ,  Y ,  Z

-V, y, z
x„, y „ , z„
Xi, Xj  

£m
É» n, ç
d
S,J
и
V

P _ ___
а ч =  -  p  u, Uj

com ponents o f  it
-  instantaneous part of velocity by turbulent fluctuation; and /-th and 

y-th com ponents of it
-  limits o f  space spans (tend to infinite) of space coordinates
-  running space coordinates
-  space coordinates of a definite point
-  /-th,y’-th space coordinates
-  apparent, turbulent, eddy viscosity
-  space-spans according to лу y, z space coordinates
-  symbol of parcial derivative
-  Kronecker delta  (if j  Ф i then 8,, = 0 and if y = i then 8,, = 1 )
-  constant m olecular dynamic viscosity o f water
-  constant m olecular kinematic viscosity of water
-  constant density of water

-  Reynolds stresses

Z  -  su m  up sy m b o l
t  -  t im e  sp a n  a c c o r d in g  to  /  t im e  c o o r d in a te

1. Introduction

It is  w e l l  k n o w n  that in  h y d r a u lic  e n g in e e r in g  p ra c tice  both  th e  su p e r c r it i-  
c a l/s u b c r it ic a l  sta te  o f  f lo w  (in  o p e n  c h a n n e l f lo w )  a n d  th e  la m in a r/tu rb u len t b e h a v io u r  
o f  f l o w  h a v e  th e ir  s ig n if ic a n c e  in th e  r e le v a n t c a s e s .

W h e n  c o n s tr u c t in g  a ch u te  d u r in g  tra in in g  a  c r e e k  th e  sta te  o f  th e  f lo w  in  th e  h e a d 
w a ter  r a c e  m a y  b e  su b cr itica l w h ile  ru n n in g  d o w n  th e  c h u te  its sta te  m a y  b e  su p e r c r it i
c a l. A g a in  f o l lo w in g  th e  e n e r g y  d is s ip a to r  th e  sta te  o f  f lo w  m a y  b e  a lso  su b c r it ic a l in
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the ta ilw a te r  ra ce  o f  th e  tra in ed  creek . A lo n g  th e  p ath  d escr ib ed  a b o v e  th e  b e h a v io u r  o f  
f lo w  is  tu rb u len t. G e n e r a lly  “ open surface" f lo w  in  h yd rau lic  e n g in e e r in g  is  turbu len t. 
P ro b a b ly  th e  o n ly  e x c e p t io n  is  th e  “vail-like” w a te r f lo w  i f  the order o f  m a g n itu d e  o f  the  
v a il d ep th  is  not m o re  than m illim e te r  an d  th e  o rd er  o f  m a g n itu d e  o f  its  v e lo c i t y  is  not 
m o re  than  m ill im e tr e s  p er  se c o n d .

T h e  sta te  o f  w a ter  f lo w  in  c lo s e d  c o n d u its  is  g e n e r a lly  turbu len t. A n  im p o rta n t e x 
c e p tio n  is  s e e p a g e  f lo w  o f  w ater  in a  s y s te m  o f  c lo s e d  c o n d u its  w h ic h  h a s  a  range  
( s e e p a g e  f lo w  o f  D a r c y )  th e  sta te  o f  f lo w  o f  w h ic h  is  lam inar.

T h u s it ca n  b e  sta ted  that in p o in t o f  v ie w  o f  h y d ra u lic  e n g in e e r in g  th e  s ta te  o f  tur
b u le n c e  in  th e  w a ter  f lo w  is  e sse n tia l.

In fo r m u la tin g  a  g en era l d e fin it io n  r e g a r d in g  turbulent f lo w  the b e s t  sta r tin g  point 
ca n  b e  H in z e ’s (1 9 5 9 )  d e fin it io n . F o l lo w in g  h is  row  o f  th o u g h ts it c a n  b e  stated: 
“Turbulent flu id  motion is an irregular condition o f  flo w  in which the various quantities 
o f  the flu id  and  that o f  the flo w  show a random  variation with time and  space coordi
nates hut so that statistically distinct mean values can he discerned."

C o m p a r in g  th e  h y d ra u lic  e n g in e e r in g  a s p e c t s  w ith  the d e fin it io n  o f  th e  turbulent 
f lo w  a b o v e  a n d  n e g le c t in g  th e  e x c e p t io n s  it c a n  b e  sta ted  that w ater  f lo w  m a y  b e  treated  
a s an  in c o m p r e s s ib le  flu id  f lo w  w ith  v is c o s it y  c o n sta n t. T hus o n ly  th e  s ta t is t ic a l m ea n s  
o f  th e  f lo w  c h a r a c te r is t ic s  h a v e  a n y  r e le v a n c e .

T h ree  d if fe r e n t  sta tis t ica l m ea n s ca n  b e  d e f in e d  e .g . regard in g  f lo w  velocity  (K o r n -  
K orn , 1 9 6 8 ) .

(a )  T h e tim e-m ean  o f  v e lo c ity  in  a  d e f in ite  p o in t o f  th e  sp a c e  in a  stationary  turbu
len t f lo w  is  d e p e n d in g  o n ly  o f  the sp a c e  c o o r d in a te s :

in w h ic h  U  refers to  th e  in sta n ta n eo u s v e lo c i t y ,  x„, y„, z,„ -  sp a ce  c o o r d in a te s  o f  a d e f i
n ite  p o in t, t — th e  ru n n in g  tim e  c o o r d in a te , г — tim e  sp an  o v er  w h ic h  th e  s ta t is t ic a l m ean  
w ill  b e  c a lc u la te d , T  -  lim it  o f  r.

(b ) T h e  space-m ean  o f  v e lo c ity  in  a d e f in it e  t im e  point in a  hom ogeneous  turbulent 
f lo w  is  d e p e n d in g  o n ly  o f  the tim e  co o r d in a te : *

* Overbar indicates statistical mean, and the symbol above it refers to the quantity over which the statisti
cal mean is calculated.

2. Definitions and statem ents

( 1/a )
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lim —
X —» °° X

J u { x  +  £ , y  + Ц ,z  +  Ç;t0)dÇchjdÇ,

( 1/b )

in w h ic h  Ç, T] and Çrefer  to  th e  s p a c e - s p a n  o f  th e  r u n n in g  sp a c e  co o rd in a tes: x, y,  z  o v e r  
w h ic h  t h e  s ta tis t ic a l m ea n s  are c a lc u la te d , X, Y, Z  -  l im it  o f  r\, Ç, r e sp e c t iv e ly , a n d  t„ 
-  t im e  c o o r d in a t e  o f  a d e f in ite  t im e  p o in t.

( c )  I f  th e  turbu len t f lo w  is  n e ith e r  sta tio n a ry  n o r  h o m o g e n e o u s  then  th e  average-  
mean  c a n  b e  d e fin ed  as the m e a n  o f  N  e x p e r im e n ts  (p e r fo r m e d  a m o n g st id e n t ic a l c ir 
c u m s t a n c e s ) ,  e .g .

(d )  A c c o r d in g  to  the d e f in it io n  o f  th e  e r g o d ic  h y p o th e s is  o f  random  p h e n o m e n a  i f  
the f l o w  is  b o th  sta tion ary  an d  h o m o g e n e o u s  then  th e  t im e -m e a n  an d  the s p a c e -m e a n  to  
b e  e q u a l w it h  th e  a v e r a g e -m e a n . T h a t m ea n s

w h e r e  s u b s c r ip t  “e ” refers to  th e  e r g o d ic  state.

3. B asic  assumptions in interpreting the disorder o f  turbulence analytically
in hydraulic engineering

T h e  r e a l tu rb u len t f lo w  is  n e v e r  s ta tio n a ry  in th e  s tr ic t  s e n s e  o f  th e  w ord  b u t it c a n  
o fte n  b e  s u p p o s e d  as q u a s i-s ta t io n a r y  (d u rin g  sh o r t - t im e  sp a n s) b e c a u se  o f  th e  s lo w  
v a r ia n c e  o f  th e  f lo w  in  t im e . S im u lta n e o u s ly  the h o m o g e n e i ty  o f  tu rb u len ce  c a n n o t a ls o  
b e  s u p p o s e d  b e c a u se  at lea s t  a lo n g  th e  b o u n d a r ies  ( in  th e  la m in a r  and turbu len t sh e a r  
la y e r s )  th e  s ta t is t ic a l m ea n s o f  f l o w  c h a ra c ter istic s  p e r p e n d ic u la r  to  the b o u n d a ry  h a v e  
s ig n if ic a n t  g r a d ie n ts  s h o w in g  a n is o tr o p y  b a sed  o n  (g r a d u a l)  in h o m o g e n e ity . F u r th er 
m o r e , t h e  s ta t is t ic a l m ea n s o v e r  in f in it e  sp a n s ca n n o t b e  in terp re ted  in  practica l a p p lic a 
tio n s.

F o r  a n a ly s in g  tu rb u len ce  it s e e m s  to  b e  the m o s t  r e le v a n t  fa c t that the t im e -m e a n  
v a lu e s  s e r v e  th e  m o st v a lu a b le  in fo r m a tio n . F irst o f  a l l ,  it is  im p ortan t to  m e n t io n  th a t  
a c c o r d in g  to  th e  resu lts g a in e d  fr o m  ex p e r im e n ta l e v id e n c e  th e  p er io d  o f  turbu len t f lu c 
tu a tio n  ( T,)  v a r ie s  b e tw e e n  tw o  d is t in c t  l im its , n a m e ly

( 1/ c )

r  _  Ç.n.Ç _  a

U e (X0 ’ Уо ’ Z0 )  U eif o) U e (■*"(> ’ T o  ’ ^ 0  )

( 2)

K r 4 < 7 )  [sec ] <  1. (3)
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T h is  ra n g e  o f  t im e  e x c e e d s  e .g . w ith  m an y  o r d e r s  o f  m a g n itu d e  th e  p er io d  o f  c o ll is io n  
d u e  to  th e  B ro w n  m o tio n  in  g a se o u s  f lu id s  w h ic h  ca n  b e  ch a ra cter ized  a s  10  9 -r 10 10 
[ s e c ] . A t the sa m e  t im e , th e  p eriod  (T„) o f  n a tu ra l or m a n -m a d e  in s ta tio n a r ity  o f  w ater  
f lo w  is  w ith  m a n y  o rd ers  o f  m a g n itu d e  lo n g e r  b e c a u s e  its ch a ra cter istic  v a lu e  m a y  be  
hour.

T h u s , it is  p o s s ib le  to  f in d  a tim e  sp a n  w h ic h  is  m u c h  lo n g er  than  th e  lo n g e s t  p er io d  
o f  tu rb u len t f lu c tu a tio n  an d  m u ch  sh orter  th a n  th e  natural or m a n -m a d e  p e r io d  o f  in sta 
tio n a r ity  o f  w a ter  f lo w :

Т,„шл «  Tf  «  T„, (4 )

T h is  f in ite  Tf t im e -s p a n  (in  order o f  m a g n itu d e  o f  m in u te s)  ca n  b e  the b a s is  in  c a lc u la t
in g  t im e -m e a n  a n d  th is  c a n  b e  a c c e p te d  a s  c h a r a c te r is tic  m ea n  in a n a ly s in g  turbu len t 
f lo w  in  h y d ra u lic  e n g in e e r in g , thus ( e x e m p lif y in g  b y  v e lo c ity ) :

(5 )

H ere  and  in  th e  f o l lo w in g  overbar (without any superscript) indicates a time-mean 
value calculated over a finite T/time span d e f in e d  p r e v io u s ly .

In th e  f o l lo w in g  th e  in sta n ta n eo u s v a lu e  ( e x e m p lif ie d  b y  v e lo c ity )  w ill  b e  in d ica ted  
b y  U  w h ic h  is  th e  su m  o f  th e  ch a ra cter istic  m e a n  d e fin e d  b y  Eq. (5 )  a n d  in d ic a te d  b y  и 
p lu s  th e  in s ta n ta n e o u s  v a lu e  o f  tu rb u len t f lu c tu a t io n  d e s ig n e d  b y  u' thus

U -  и +  и (6 /a )

and  b y  d e fin it io n

U  — и a n d  s o  и =  0 . 4 (6/b, c )

4. Equilibrium  o f forces acting on an elem entary water body o f  unit mass

T h ere  are tw o  r e la t io n sh ip s  d e sc r ib in g  th e  in terre la tio n  b e tw e e n  th e  m o tio n  c h a r a c 
te r is tic s  o f  w a ter  f lo w  (in c o m p r e ss ib le  f lu id  w ith  v is c o s it y  co n sta n t): E q u a tio n  o f  c o n t i
n u ity  an d  N a v ie r —S to k e s  eq u a tio n  ( in te r r e la t in g  th e  a c tin g  fo r c e s  o n  a  w a ter  b o d y  o f  
unit m a ss ) . A p p ly in g  th e  C artesian  c o o r d in a te  s y s te m  and the E u lerian  d e sc r ip t io n  form  
the eq u a tio n  o f  c o n t in u ity  sa y s  ( i f  th ere  is  n o  s in k  or so u rce  in the f lo w  f ie ld )  ( H u g h e s -  
G a y  lord , 1 9 6 4 ):

^  Э U

I—l д  X,

and  th e  г-th  c o m p o n e n t  o f  the N a v ie r - S t o k e s  eq u a tio n :

(7 /a )
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— и ,
Dt

d u ,

d t
■ +

1 " ,
j =1

d U , .  1 d P  4p  d 2U,
------ 1 = f , --------------+  V >  -------- f
d x  p  d x , “ f  dx~j =1

(7/b)

where (/,, Uj [m/sec] -  /-th and j- th  com ponents o f  the instantaneous U velocity vector; t 
[sec] — independent time coordinate; x„ Xj [m] — /-th and /-th  components o f independent 
space coordinates; P  |N /m 2 = kg/m sec2] -  instantaneous hydrostatic pressure; p  [kg/m 3] 
-  constan t w ater density; v  = p /p  [nT/sec] -  constant kinem atic viscosity o f water; f  
[m /sec‘J -  /-th com ponent of body force vector: f  (acting on a water body of unit m ass). 
In this relationship  / =  1 ,2 ,3  and j  = 1 ,2 ,3  where 1 =  x  (flow direction, horizontal, 
forw ard); 2 = y  perpendicular to 1 =  jc, horizontal and left directed; 3 з  z  perpendicular 
to x , у  p lan , vertical, upward direction.

In th is equation system consisting of 1 + 3 = 4 equations there are four unknow n 
quantitities: U\ =  Ux, Un =  Uy, Ui = Uz and P, and if  the boundary and initial conditions 
are know n then  the equation system can be solved. B ecause any general solution does 
not exist, therefore numerical evaluation prevail first o f all in one- or tw o-dim entional 
approxim ations.

This equation  system is valid both fo r  subcriticallsupercritical flo w  and fo r  larni- 
narl turbu len t state o f  flow . Taking into account Eqs (5) and (6/a-c) it can be sen that 
this system  o f equations at turbulent state of flow  has to  be valid also for statistical 
mean values. This means that

Uj = и, +  и, ; Ц — Uj +  Uj-, P =  p  +  p (8 /a -c )

and in calcu la ting  means Eqs (6 /a-c) are to be applied.
The equation  of continuity for m ean values reads as follows

du,

dx,

3 ri з â\ и, + и', 1 3y  du , - У  V '7 у
Ь д х , d xi=1 UX1

Z j
i=1

(9/a)

As the consequence o f Eq. (9/a) it can be stated that

Q _  y  d u ,  _  y  <TuL y  duj^

£ í  d x i h  d x i T t  d x ,
(9 /b -d )

which m eans that equation of continuity is valid sim ultaneously both for instantaneous 
velocity com ponents and for tim e-m ean values of velocity components and for the in
stantaneous values of turbulent velocity fluctuation com ponents.

S im ilar to the equation of continuity the tim e-m ean form  of the Navier—Stokes 
equation can  also  be evaluated
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D U ,  D { u , + u \ ) d ( u ,  +//,’)
D l D t

=  / < -

d l X (M> +">)
d[u, + u, )

j =1 d x ,

<?(/> + /> )  ^
; + v ^ -

d x , dx;P

Taking into account Eqs (6 /a-c) and rearranging Eq. ( 10/a) it reads

D u ,  d û ,  V1 _ d», , 1 d p
L -  — L + У  i7 ~—L = /  +

/3  I ^ Л  У n  r ) v

3

I

D l  d l  1 d X j  J  ' p  d X j

(  \

/ I

d к . dtt
V-----7 - -  ti: — -

d x )  1 d X j

Adding the following terms 

-  to the second term, left side:

d ît.0 = > Tt, — J-

] = \  d x J

-  to the last but one term on the right side:

^  d %0 =  У  V-------J— .
7"1 dx,dxj

-  and to the last term on the right side:

ЧГ-Ч • dll0 = У - II: - 1 -
^  d x
j = \  u j

(10/a)

(10/b)

(H /a)

(11/b)

(М/с)

which (all the three) are special forms o f  continuity the following form ula will be got

3

D l  d l

Щ  _  d u ,  ,y  <?(»-»;)_  f  1 dp i
/ л  ^  J»- ' p  dxt,=i d x j

(i) (ii) (iii) (iv) (v)

♦ I
y=l d x

f  d û ,  d û ^

V d x j  d x i

-  " ,’<j

( 12/a)

(vi) (vii)
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w here (i) denotes the z'-th, to tal time-mean com ponent o f  acceleration due to the acting 
forces on a water body o f  unit m ass which equals the sum  o f (ii) the local and (iii) plus 
the convective acceleration. T he right-hand side o f the equation consists o f (iv) z'-th 
com ponent of the body forces acting  on a water body o f  unit mass and (v) acceleration 
due to  hydrostatic pressure. T he last two term on the right-hand side of the equation 
represen t the effect of resistance. The term (vi) indicates acceleration due to body de
form ation  by viscous forces and  (vii) acceleration by turbulen t velocity fluctuations.

Equation (12/a) clearly  indicates the effect o f  tu rbulen t fluctuation on the main 
(m ean) flow. This form has been  introduced first by O sborn Reynolds therefore its

characteristic  term is often called  as Reynolds stresses: or. =  —p ii/U j. J. Boussinesq has

been the first one who supposed  that resistive forces caused by the Reynolds stresses 
can be explained by the acceleration  due to the deform ation of the main (mean) flow 
(sim ilar to the viscous stresses), only instead of the m olecu lar viscosity coefficient (v  = 
p ip , m aterial characteristic) an “apparent”, “turbulent” or “eddy” viscosity coefficient 
has to  be introduced (designed b y  e„, \ m /sec] and it is “m otion characteristic” because 
it is effective only then if  m otion exists). Taking into account that Reynolds stresses in
clude norm al components, too, and  these can be characterized  by spherical symmetry, 
thus, they  can be expressed as

1 ^  dOjj

p  M  d x J

V d d u ,  d u .

, d x J  ,] = \  J  J = 1 d x  j 4-
—,

Hos P
p , (12/b)

in w hich -  besides the foregoing  explained ones -  <5;/ is the Kronecker delta (<5>> = 0 if 

j  Ф i and 8 , j  = 1 if j  = i) and p ,  [N /m 2 = kg/m sec2] -  norm al part of Reynolds stresses.
In a significant group o f  tu rbulen t water flows (w ide, shallow, open channel flow 

p t =  constant and £,„ = constan t supposition yields a reasonable agreement between 
theoretical and experimental results. But there are other situations at which higher- (e.g. 
fourth-) order tensor is needed instead of £,„ = constant, sca lar for acceptable agreement 
in sp ite  o f  that its correct physical meaning is not fully understood as yet.

Substituting Eq. (12/b) into Eq. (12/a) and rearranging it reads

Du, _ d u ,  | y  < ?(» /»> )_  1 d ( p  + p ,  )

D, dt  j *  d x j  ' p  dx,
12/c)

A s it is to  be seen p, and £,„ a re  completing the relevant original terms with physi

cal m eaning as p  and V. In w ide, shallow, open channel flow  p t = constant, scalar has 

the sam e order of magnitude as p  , at the same tim e in c losed  conduit under high over

pressure p ,  will probably be negligible. The eddy v iscosity  (£,„) compared to the m o
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lecular viscosity (v) may be of order(s) o f m agnitude higher in water flow . Using any 
experim ental m easurement(s) for recalculating the numerical value o f  eddy viscosity

and if  it results in a negative value (supposing reasonable numerical range o f p, ) then 
it proves that £,„ = constant, scalar supposition is not a solid one.

5. Kinetic energy (power) in turbulent water flow'

Starting with Eq. (12/a) expressing tim e-m ean equilibrium of forces acting on an 
elem entary water body of unit mass it is easy to  reach an equation w hich is the time- 
m ean equilibrium of kinetic energy, exactly speaking, equilibrium o f  kinetic power. 
Namely, it is well known that force multiplied by velocity with identical direction: re

sults in kinetic power. Thus, m ultiplying Eq. (12/a) with u, velocity the result will be 
the i-th component o f kinetic power o f time-mean equation o f main flow. Therefore after 
rearranging

1)
'  2 ' d '  2 ' d

Í  2 Ï

1 U  J 1 l » /  J + У 1 J
- - " i f i

11, d p

2 Dt 2 dt b 2 dXj P dx,

(0 0 0 (iii) (iv) ( v )

+1 -
7=1

(vi) (vii)

d d l l d llj ' d l l , Í  d n ,V it, — -|-- — +— -
d x ' j [ d X j dx, J *

[d x j

d —f • ' ^ d u A
+ — и, \ -  t e n ,

dx  j L v ’ J Jj 3 * t ]
(viti) (ix)

( 13/a)

In this relationship related to  the elem entary water body of unit m ass and time-mean 
value of the i-th com ponent (i) refers to the total kinetic power which is the sum of (ii) 
local and (iii) convective kinetic power. This sum is in equilibrium w ith the sum of ki
netic power terms o f (iv) body forces, (v) hydrostatic pressure (convective diffusion) 
and the sum of resistive forces, respectively. The sum of kinetic pow er o f the resistive 
forces consists of (vi) the kinetic power due to viscous deformation and  (vii) viscous 
dissipation furthermore with (viii) the convective transport o f the R eynolds stresses by 
the main (mean) flow velocity and (ix) the kinetic power due to the R eynolds stresses 
exerted on deformation of the main (mean) flow.

Similarly, Eq. (7/b) force-equilibrium  regarding the instantaneous values can be 
transform ed to instantaneous kinetic power equilibrium; and form ing its time-mean 
value for the z'-th com ponent it reads as follows
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\_D_
2~DÎ

2 T
—  + tt, ■------ —  + », + — V ------(il, + и, ) (» +«'■) =

2dt { u,  ' )  2 ■“  dxj  '  J>

= " if i
Ti, + u, d [ p  + p )

P dx.
V / -  . \ ^ 2(Mí + Ui )

+ v X p  +«.■)- dx j

(13/b)

A fter rearranging Eq. (13/a) m ay be subtracted, and then the residuum  shows the time- 
m ean equation o f  kinetic p ow er o f  the i-th component o f  turbulen t fluctuation  as follows

1 Du, 1 d u , 1 d  .2 , u, d p
------- — = ----- + -  > - — и, и , = — - - f —
2 Dt 2 d t  2 “  d x } 1 p  d x ,

(0  0 0  ' > )  (iv )

j =1

_d_
d x ,

f

V

dll) dll 
----L + ----;
d x , dx,1 ' У

dll) 

d x ,

'д м /  д м ’-' 
' + — -

d x ,V 1 • ;

(v) (v i)

1 d
2 d x  j

- I L I I

(Vii) (viii)

( 13/c)

This relationship  summarizes the i-th  time-mean com ponent o f  kinetic power exerted by 
the tu rbu len t fluctuation. Term  (i) expresses the total kinetic pow er of elementary water 
body o f  unit mass which is the sum  o f (ii) the local and (iii) the convective term s, re
spectively. And this is in equ ilib rium  with the sum of (iv) the kinetic power of turbulent 
fluctuation  o f  hydrostatic pressure (convective diffusion) and the sum of kinetic power 
resulted in by resistance; furtherm ore the extraordinary convective term of kinetic 
pow er. A m ong the resistance term s (v) expresses the viscous deformation and (vi) vis
cous dissipation  caused by tu rbu len t fluctuation and (viii) kinetic power exerted on the 
deform ation  of the main flow  by  the  turbulent fluctuation. And, last but not least, the 
(vii) extraordinary convective term : convection of turbulent energy by the main (mean) 
flow velocity .

E quation  ( 13/c) clearly show s how  much the kinetic pow er o f turbulent fluctuation 
is affected  by the main (m ean) flow . First, the extraordinary convective term [term (vii) 
in Eq. (13/c)] may have a double role. Depending on the signs of the space derivatives

of the k inetic  energy of the tu rbu len t fluctuation
■0

2
and the sign of the convective

main (m ean) flow velocity j  it can indicate pow er transport both from main flow

into the fluctuation or vice versa. Second, the kinetic pow er exerted on the viscous de
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fo r m a tio n  o f  the tu rb u len t flu c tu a tio n  [term  ( v )  in  E q . (1 3 /c ))  is c o m p le te d  b y  the k i
n e t ic  p o w e r  e x er ted  o n  the d e fo r m a tio n  o f  th e  m a in  f lo w  by the R e y n o ld s  s t r e s s e s  [term  
( v i i i )  in E q . (1 3 /c ) ] .  T h is  la ter  o n e  is  th e  c le a r  e x p la n a t io n  o f  the tr a n s it io n  fr o m  lam inar  

to  tu rb u len t f lo w . I f  m ain  f lo w  g ra d ien t in  th e  f l o w  d irectio n  is  p o s i t iv e  th e  R e y n o ld s  
n u m b er  in c r e a se s  a n d  at a  cer ta in  va ria tio n  th e  la m in a r  state o f  f lo w  w il l  g o  o v e r  turbu
len t sta te  (s im u lta n e o u s ly  th e  ex tra o rd in a ry  c o n v e c t iv e  term  o f  k in e tic  p o w e r  [term  (v ii)  
o f  E q . (1 3 /c ) ]  m ust a ls o  in c r e a s e  fo r  m a in ta in in g  eq u ilib r iu m ).

E q u a tio n  (1 3 /c )  e x p r e s s e s  -  a s  sta ted  a b o v e  -  th e  /-th  co m p o n e n t o f  th e  t im e -m e a n  
k in e t ic  p o w e r  o w in g  to  tu rb u len t f lu c tu a tio n . B u t th is  re la tio n sh ip  ca n  b e  rea rra n g ed  in 
a  m o re  c o n se r v a t iv e  fo rm  (R o d i, 1 9 8 4  and  R á tk y , 1 9 9 5 )  as

E q u a tio n  (1 3 /d )  c o r r e sp o n d s  to  P ra n d tl’s ( 1 9 4 5 )  tim e-m ea n  k in e tic  e n e r g y  transport 
e a u a tio n  o w in g  to  tu rb u len t f lu c tu a tio n . A c c o r d in g  to  h is e x p la n a t io n  ( c i t e d  b y  R od i, 

1 9 8 4 )  term  (i)  c o r r e sp o n d s  to  the total k in e t ic  p o w e r  o f  e lem en ta ry  b o d y  o f  un it m ass  
o w in g  to  tu rb u len t f lu c tu a tio n  w h ic h  is  th e  s u m  o f  term  ( ii)  the lo c a l a n d  term  ( i i i )  the 
c o n v e c t iv e  c o n st itu e n ts . A n d  th is  is  in  e q u il ib r iu m  w ith  the su m  o f  te r m  ( iv ):  th e  so -  
c a lle d  d if fu s iv e  tran sp ort, p lu s  term  (v ):  p r o d u c t io n  b y  sh ear and term  (v i) :  v is c o u s  d is
s ip a tio n  i f  th e  p resen t /-th  c o m p o n e n t is  s u m m e d  up  a cco rd in g  to  th e  C a r te s ia n  c o o r d i

n a te  a x e s  a s  \
t-4=\

T h is  rearran gem en t d o e s  not c a u se  a n y  m o d if ic a t io n  in the p h y s ic a l c o n te n t ,  it alters 
th e  d e n o m in a tio n  o f  th e  te r m s o n ly . In E q. ( 13 /d )  -  a cco rd in g  to  th e  k-epsilon  m o d e l -

3

* - S
/=1

( 13/e)

and

j =1 j =1
(13/d

a n d  b o th  term s ( iv )  p lu s  (v )  and  term  ( v i )  can only be approximated by  semiempirical 
formulas  and , th u s, th e  k-epsilon  m o d e l o f  th e  t im e -m e a n  k in e tic  e n e r g y  tran sp ort o w -
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in g  t o  tu rb u len t f lu c tu a tio n  c a n  n u m e r ic a lly  b e  s o lv e d  a s  e x e m p lif ie d  b y  a  r e c e n t E D F  
s tu d y  ( 1 9 9 6 /9 7 ) ,  to o , w h ic h  c o m p a r e d  the resu lts o f  various empirical approximations.

A  c o m p a r iso n  o f  term s ( i )  =  ( i i )  +  ( i ii)  in eq u a tio n  ( 1 3 / c  a n d  d) d eserv e  a  lit t le  m o r e  
a tte n tio n . T h e  d if fe r e n c e  c a n  b e  fo u n d  at tern ( i i i ) .  In  E q . ( 1 3 /c )  the factors o f  th e  c r o s s 
c o r r e la t io n  b e tw e e n  the v a r io u s  c o m p o n e n ts  b e lo n g  to  th e  sa m e  d o m a in  o f  th e  v e lo c i t y  
c o n s t itu e n ts :  turbulent f lu c tu a t io n , w h ile  in Eq. (1 3 /d )  th e  cr o ss -c o r r e la t io n  is  a  m ix e d  
u p  o n e  b e c a u s e  the c o n v e c t io n  o f  the turbulent f lu c tu a t io n  is  g en era ted  b y  th e  m a in  
(m e a n )  f l o w  and, th e r e fo r e , th e  e q u a tio n  (i)  =  ( i i)  +  ( i i i )  is  not true (it is  in v a lid ) . B y  
c h a n g in g  term  (iii)  w ith  th e  s e c o n d  part o f  term  ( iv )  in  E q . (1 3 /d )  the e q u ilib r iu m  is  re 
e s t a b lis h e d  and  -  in th is  c a s e  -  th e  d if fu s iv e  transport |t e r m  ( iv )  in Eq. ( 13 /d )] is  m ix e d  
up te r m . A n d  w e  arrived  to  th e  s a m e  c o n se q u e n c e s  w h ic h  are  e x p la in ed  r e g a r d in g  E q . 
( 13 /c )  b y  d e r iv in g , the tr a n s it io n  fr o m  lam inar to  tu r b u le n t f l o w  and v ic e  v ersa .

6. T ransport capacity of turbulent w ater flow

D iv id in g  th e  k in etic  p o w e r  o f  th e  turbulent f lo w  b e t w e e n  the c o n stitu e n ts  o f  th e  
f l o w ,  n a m e ly  b e tw e e n  th e  m a in  (m e a n ) f lo w  a n d  th e  tu rb u len t flu c tu a tio n  a  r e la t iv e  
tra n sp o r t c a p a c ity  term  m a y  b e  d e f in e d  as

T  =
I  m f + T tf

( 14 /a )

w h e r e  T, -  ( d im e n s io n le s s )  r e la t iv e  transport c a p a c i t y  o f  turbu len t f l o w ,  T„,f 
[k g  m 2/ s e c 3] -  k in etic  p o w e r  o f  m a in  (m ea n ) f lo w  in  tu rb u len t w ater f lo w  a n d  Г ,/ 
[k g  m 2/ s e c 3] -  k in etic  p o w e r  o f  tu r b u le n t f lu c tu a tio n  (m e a n )  in  turbulent w ater f lo w .

S u m m in g  up the i =  1 , 2 ,  3  e q u a t io n s  the to ta l k in e t ic  e n e r g y  o f  an e le m e n ta r y  w a te r  
b o d y  o f  un it m a ss  can  b e  g o t . D e n o t in g

and ( 1 4 /b ,  c )

7 7
w h e r e  e k [m  /s e c  ] r e p resen ts  t h e  k in e t ic  en erg y  o f  e le m e n ta r y  w ater  b o d y  o f  un it m a s s

in  th e  m a in  (m ea n ) w ater  f l o w  w h i le  e k [m 2/ s e c 2] is  th e  s a m e  fo r  turbulent f lu c tu a t io n  

( t im e - m e a n  v a lu e , to o ) . T h e  k in e t ic  p o w e r  o f  th e  sa m e  c o n s t itu e n ts  can  b e  d e f in e d  a s  
f o l lo w s :

I  mf —
Р е  к _ д е к 
Dt d t j=1 d x ,

(1 4 /d )
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and

( 1 4 /e )

T h u s, th e  r e la t iv e  tran sp ort c a p a c ity  o f  th e  f lo w  read s

-l

( 1 4 / 0

A n d  th e  k in e tic  p o w e r  o f  th e  c o n st itu e n ts  ca n  b e  e x p r e s s e d  a ls o  w ith  th e  r ig h t-h a n d  
term s o f  th e  re lev a n t r e la t io n sh ip s  a s  fo l lo w s :

B o th  E q. (1 4 /e )  and  E q . (1 4 /h )  p ro v e  that th e  k in e t ic  p o w e r  o f  e le m e n ta r y  w a ter  
b o d y  o f  un it m a ss  o f  th e  t im e -m e a n  o f  turbu len t f lu c tu a tio n  is  not o n ly  d e p e n d in g  o n  th e  

q u a n tit ie s  o f  f lu c tu a tio n  b u t a ls o  that o f  th e  m a in  (m e a n )  f lo w . In co n tra ry , the r e le v a n t  
r e la t io n sh ip s  o f  th e  m a in  (m e a n ) f lo w  |E q . (1 4 /d )  and  E q . (1 4 /g ) ]  d ep en d  (fo r m a lly )

o n ly  on  th e  q u a n tit ie s  o f  th e  m a in  (m ea n ) f lo w . B u t it m u st n o t b e  fo rg o tten  that p t an d  

e„, refer  to  the R e y n o ld s  s tr e s se s  w h ic h  e x p r e ss  th e  e f f e c t  o f  tu rb u len t f lu c tu a tio n  e x 

er ted  on  th e  m ain  (m e a n ) f lo w .

A p p ly in g  a  r e le v a n t, a p p r o x im a te  a n a ly tica l r e v ie w  o n  th e  e q u a tio n  sy s te m  (e q u a 
tio n  o f  c o n tin u ity  a n d  N a v ie r -S t o k e s  eq u a tio n ) o f  tu rb u len t w a ter  f lo w  th e  f o l lo w in g  
c o n c lu s io n s  m a y  b e  su m m a r ized :

( i)  T h e tu rb u len t w a ter  f lo w  m a y  b e  d iv id e d  in to  tw o  im a g in a ry  c o n stitu e n ts :  t im e -  
m e a n  eq u a tio n  o f  m a in  f lo w  and  tim e -m e a n  e q u a tio n  o f  tu rb u len t flu c tu a tio n .

( 1 4 /g )

and

(1 4 /h )

7. C onclusions
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( i i )  T h e  t im e -m e a n  e q u a tio n s  o f  th e  c o n s t itu e n ts  c le a r ly  in d ic a te  th at a  m u tu a l in ter
a c t io n  e x i s t s  b e tw e e n  the tw o  im a g in a r y  parts o f  th e  tu rb u len t w ater  f lo w .

( i i i )  T h e  /-th  c o m p o n e n t o f  th e  N a v ie r —S to k e s  eq u a tio n  (e x p r e s s e d  in  C a r te s ia n  c o 
o r d in a te s  w ith  E u lerian  d e sc r ip tio n  fo r m ) m u lt ip lie d  b y  the re le v a n t /-th  c o m p o n e n t  o f  
th e  v e lo c i t y  v e c to r  resu lts  in  th e  /- th  c o m p o n e n t  o f  th e  k in e tic  p o w e r  e q u a t io n . S u m 
m in g  u p  t h e s e  e q u a tio n s  a c c o r d in g  t o  th e  c o o r d in a te  a x e s  it resu lts  in  th e  k in e t ic  p o w er  
o f  e le m e n ta r y  w ater  b o d y  o f  un it m a s s . T h e  k in e t ic  p o w e r  o f  th e  m a in  (m e a n )  f lo w  c o n 
s is ts  o f  th e  w e ll-k n o w n  lo c a l an d  c o n v e c t iv e  te r m s [E q . (1 4 /d )]  w h ile  th a t o f  th e  m ea n  
f lo w  o f  tu r b u le n t f lu c tu a tio n  h a s  a n  e x tr a o r d in a r y  c o n v e c t iv e  term , to o , w h ic h  e x p r e s s e s  
a k in e t ic  e n e r g y  ( o f  tu rb u len t f lu c tu a t io n )  c o n v e c t io n  b y  the m ain  (m e a n )  f lo w  v e lo c ity  
[E q . ( 1 4 / e ) ] .

( iv )  T h e  k in e t ic  p o w e r  o f  th e  c o n s t itu e n ts  c a n  b e  e x p r e sse d  b y  th e  r e le v a n t  f lu id  and  
f lo w  c h a r a c te r is t ic s  [Tmf, E q . ( 1 4 /g )  fo r  m a in  (m e a n ) f lo w ; T,f, E q . (1 4 /h )  fo r  turb u len t 
(m e a n )  f lu c tu a t io n ] . T h e  r e la t io n sh ip  fo r  m a in  f lo w  c o n s is ts  o f  term s b y  c h a r a c te r is tic s  
o f  th e  f lu id  (c o n s ta n ts )  and  that o f  th e  m a in  f lo w , e x c e p t  th e  q u a n tit ie s  w h ic h  re fer  to  
the R e y n o ld s  s tr e sse s  ( pt and  T h e  r e la t io n sh ip  re ferr in g  to  the tu rb u len t f lu c tu a tio n  
is  s im ila r ly  c o n str u c te d  (c h a r a c te r is t ic s  b y  th e  f lu id  and  that o f  th e  tu rb u len t f lu c tu a tio n )  
e x c e p t  th a t  k in e t ic  p o w e r  b y  th e  R e y n o ld s  s tr e s se s  is  e x p r e s s e d  a s  d e fo r m a tio n  o f  the  
m a in  f lo w .  T h u s , the m utual in te r a c tio n  b e tw e e n  th e  c o n s t itu e n ts  is  fo r m a lly  d e m o n 
stra ted , to o .

( v )  In te r e s t in g  to  n ote  that w h ile  th e  k in e t ic  p o w e r  o f  tu rb u len t (m e a n )  flu c tu a tio n  
s h o w s  a  d ir e c t  d e p e n d e n c e  on  th e  m a in  (m e a n )  f lo w  su ch  a d irec t in te r a c tio n  fr o m  tur
b u len t ( m e a n )  f lu c tu a tio n  to  th e  m a in  (m e a n )  f lo w  d o e s  not e x is t . T h is  is  to  d e m o n str a te  
th e  p r im a r y  im p o r ta n c e  o f  th e  m a in  f lo w  ( e .g .  in  la m in a r  f lo w  a m a in  f lo w  d o e s  e x is t  
but a n y  tu r b u le n t  f lu c tu a tio n s  d o  n o t; b y  in c r e a s in g  m ain  f lo w  -  a fte r  tr a n s it io n  -  a ls o  
tu r b u le n t  f lu c tu a t io n  c o m e s  in to  e x i s t e n c e  a n d  th is  is  c r e a te d  -  la ter  o n  m a in ta in e d  -  
b y  th e  m a in  f lo w  itse lf;  th e  c o u n t e r - e f f e c t  is  th e  in c r e a se  in r e s is t iv e  fo r c e s  in  the  
m a in  f l o w ) .

8 . C lo s in g  r e m a r k s  a n d  f u t u r e  o u t lo o k s

B e r n o u ll i ,  D . p u b lish ed  th e  r e su lts  o f  h is  resea rch  on  m a th e m a tic s  a n d  p h y s ic s  in  
1 7 3 8 , a m o n g  o th e r s  on  th e  d y n a m ic  e q u a t io n  s y s te m  o f  an  in v is c id  f lu id  je t  b o u n d e d  b y  
s tr e a m lin e s . T h is  re la t io n sh ip  -  c a l le d  la ter  a s  B e r n o u lli eq u a tio n  -  e x p r e s s e d  th e  c o n 
s ta n c y  o f  e n e r g y  o f  e le m e n ta r y  f lu id  v o lu m e  o f  un it w e ig h t  v iz . a lo n g  its p a th  its e n e r g y  
c o n te n t  d id  n o t c h a n g e  o n ly  th e  r a t io (s )  o f  th e  e n e r g y  c o n st itu e n ts  (p o te n t ia l- ,  p ressu re-  
an d  k in e t ic  e n e r g y )  w a s  (w e r e )  v a r y in g .

E u le r , L . p u b lish e d  th e  th r e e -d im e n s io n a l e q u a tio n  sy s te m  o f  in v is c id  f lu id  f lo w  in 
1 7 5 5 . T h e  d e p e n d e n t v a r ia b le s  (th e  th r e e  c o m p o n e n ts  o f  th e  v e lo c i ty  v e c to r  a n d  the  
p r e ssu r e )  a r e  fu n c t io n s  o f  th e  in d e p e n d e n t  sp a c e  a n d  tim e  c o o r d in a te s . T h e  eq u a tio n  
s y s te m  w a s  c lo s e d  b e c a u se  th e  fo u rth  e q u a t io n  w a s  th e  eq u a tio n  o f  c o n t in u ity .
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T h e s e  th eo re tica l resu lts w e r e  fo r  th e  p r a c tic e  o f  n o  u se  b e c a u se  o f  th e  u n a c c e p ta b le  
d if fe r e n c e  b e tw e e n  the th eo re tica l fo r e c a s ts  a n d  th e  p ra ctica l m e a su r e m e n ts;  w h ic h  w a s  
the c o n s e q u e n c e  o f  th e  su p p o s it io n  o f  in v is c id ity .  T h e  resea rch ers w e r e  m is le d  b y  the 
c o in c id e n c e  b e tw e e n  th eo retica l fo r e c a s ts  an d  p ra ctica l m ea su rem en ts  r e g a r d in g  h y d ro 
s ta tics ; bu t m o le c u la r  structure o f  the f lu id  r e su lte d  in  in ternal and w a ll fr ic t io n  at m o 
t io n  a n d  th e  tu rb u len t b e h a v io u r  o f  th e  f l o w  p ro d u ced  further r e s is ta n c e ; a n d  w ith o u t  
c o n s id e r in g  th e s e  r e s is t iv e  fo r c e s  th e o r y  c o u ld  n ot m e e t th e  real p r o c e s s e s .

T h e  first -  se m ie m p ir ic a l -  resu lt w a s  a lrea d y  b orn  in  1 7 7 5 . C h é z y  p u b lish e d  
n a m e ly  h is  r e la t io n sh ip  b e tw e e n  f lo w  v e lo c i t y  an d  th e  h y d ra u lic  a n d  g e o m e tr ic a l  ch a r
a c te r is t ic s  o f  o p e n  ch a n n e l f lo w . T h e  e f f e c t  o f  a ll r e s is t iv e  fo rces  w a s  ta k e n  in to  a cco u n t  
b y  th e  e m p ir ic a l -  so -c a lle d  -  Chézy coefficient. N o b o d y  co u ld  o v e r p a s s  th is  a c h ie v e 
m en t t i ll to d a y .

N a v ie r , C . (1 8 2 6 )  and S to k e s , G . ( 1 8 4 7 )  -  s im ila r ly  but in d e p e n d e n t ly  to  e a c h  other
-  c o m p le te d  E u le r ’s eq u a tio n  sy s te m  w ith  term s e x p r e s s in g  in ternal fr ic t io n  c a u se d  by  
m o le c u la r  v is c o s ity . T h is  e x te n d e d  e q u a tio n  s y s te m  w a s  a p p lic a b le  in la m in a r  f lo w  and  
v e r y  far  fro m  a n y  r ig id  (s o lid )  b o u n d a ry , th e r e fo r e  -  in  p ractica l p o in t o f  v ie w  -  it has a 
v e r y  n arrow  b an d  o f  u se fu ln e ss  ( in  h y d r a u lic  e n g in e e r in g ) .

R e y n o ld s , O . w a s  w h o  r e c o g n iz e d  th at th e  tu rb u len t b e h a v io u r  o f  f l o w  e v o k e d  ad d i
tio n a l r e s is ta n c e  in  fo rm  o f  s tr e sse s ;  a n d  B o u s s in e s q , J. w a s  w h o  p r o p o se d  to  ta k e  into  
a c c o u n t th e  e f f e c t  o f  th is R e y n o ld s  s t r e s s e s  in  a s im ila r  w a y  a s the e f f e c t  o f  v is c o u s  
s tr e s se s  w e r e  ta k en  in to  a c c o u n t (1 8 7 7 ) .  T h e  resu lt o f  th is  w a y  o f  th o u g h t w a s  th e  intro
d u c in g  o f  a d d it io n a l term s o f  ap p aren t v is c o s it y  an d  p ressu re (e  and  p, ) , r e sp e c t iv e ly .  
T h e se  term s w e r e  th e  c o n s e q u e n c e s  o f  a  h y p o th e s is  w ith  not a n y  p h y s ic a l m e a n in g  or 

c o n te n t .
F or m o re  than  the next o n e  h u n d red  y e a r s  the b a s ic  research  in p h y s ic s  o f  f lu id  f lo w  

or th e  fu n d a m en ta l research  in  a p p lie d  f lu id  d y n a m ic s  tried  to  s o lv e  th e  rem a in in g  
p r o b le m s , e .g .
-  r eg a rd in g  w a ll fr ic tio n  (a s  o n e  o f  th e  b o d y  fo r c e s )  a lo n g  the r ig id  ( s o l id )  b ou n d ary  

and
-  to  f in d  a n y  re lev a n t and  r e lia b le  c a lc u la t io n  m e th o d  fo r  the B o u s s in e s q ’ s ad d itio n a l 

term s.
N e g le c t in g  so m e  sp ec ia l a ttem p ts  n o t to o  m a n y  p u b lic a tio n s  c o u ld  b e  fo u n d  o n  w all 

fr ic tio n  w h ic h  d id  not b a sed  on  C h é z y ’s th e o r e m . It se e m e d  that re se a r c h  c o u ld  not e x 
c e e d  so - fa r  C h é z y ’s c r ea tiv e  g e n iu s .

M a n y  a ttem p ts c o u ld  b e  fo u n d  in th e  litera tu re  w h ic h  p ro p o sed  v a r io u s  so lu t io n s  for  
c a lc u la t in g  th e  B o u s s in e s q ’s a d d it io n a l term s; but n e ith er  o f  th em  b r o u g h t c lo s e r  th is  
h y p o th e s is  to  p ra ctica l a p p lia tio n s  (R o d i, 1 9 8 4  and  R á tk y , 1 9 9 5 ).

T h u s  -  a c c o r d in g  to  the a u th o r ’s o p in io n  -  th is  w a y  o f  th o u g h ts  le d  to  a  d ea d lo ck  
and a  fu n d a m e n ta lly  n ew  resea rch  a ttem p t m u st b e  fo u n d . T h u s -  in  th e  a u th o r ’s  m od est 
v ie w  -  th e  fo r e g o in g  stu d y  (fr o m  In tro d u ctio n  to  C o n c lu s io n s )  is  a  su m m a r y  o f  th e  pre
sen t k n o w le d g e  w h ic h  sh o w s  th e  h o le  in  w h ic h  s c ie n c e  h as d ug  i t s e l f  a n d  fr o m  w h ic h  a  
fu n d a m e n ta lly  n ew  w a y  o f  th in k in g  c o u ld  lea d  to  further d e v e lo p m e n t. T h e  n e w  w a y  o f  
th in k in g  m u st p rob ab ly  ta k en  in to  a c c o u n t  the molecular structure o f  the fluids  instead
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of the E ulerian continuum  or Lagrangian substantial particle  (but this later one can 
probably lead in many cases farther than the E ulerian continuum  concept). And this 
needs a new  and young m aster mind in theoretical physics o f fluid flow and experi
m entalists who are able to prove (or disprove) the theoretical results.
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APPLICATION OF A NEW 
OPTIMIZATION PROCEDURE FOR THE DESIGN 

OF A PROPORTIONAL WEIR

K e sh a v a , M . K .a n d  S h e sh a , P. M . N .

D e p t ,  o f  C i v .  E t t g r g . ,  I n d i a n  I n s t ,  o f  S e i . ,  B a n g a l o r e  -  5 6 0  0 1 2 ,  I n d i a

(Received: 11 March, 1997)

A new general optimization technique to obtain the maximum linearity range in the head-discharge 
characteristics subject to a maximum permissible error, for flows through weirs which exhibit an ex
tended S  curve type theoretical head-discharge relationship is presented. It is shown that with this tech
nique it is possible to fix the terminal points o f linearity range exactly and thus obtain the maximum 
linearity range. This method incidentally is superior to the earlier methods used such as range of points 
or tangent point or graphical methods. The technique presented can be successfully used for the analysis 
of inverted V-notch or bell-mouth weir, etc. This procedure is adopted here for the analysis of the semi
circular weir (with the diam eter as its crest). It is shown that for all flows through the weir in the range 
of 0.38/? < It 1.19/?, the discharges are proportional to the heads reckoned from a reference plane situ
ated at 0.16/? above the crest. The usefulness o f this weir with a simple profile and linear characteristics 
in minor irrigation and open drainage is highlighted. Experiments with two weirs are in good compli
ance with the theory by giving a constant average coefficient o f discharge o f 0 .620-0623.

1. Introduction

O f  recen t, th ere  h a v e  b e e n  se v e r a l s tu d ie s  o n  g e o m e tr ic a lly  s im p le  w e ir s  e x h ib it in g  a 
near lin ea r  ch a ra c ter istic s: a p ra ctica l p ro p o rtio n a l w e ir  18 ] , q u ad ran t p la te  w e ir s  [6 ], in
verted  V -n o tc h , c h im n e y  w e ir , b e ll-m o u th  w e ir  1 1 - 3 ] ,  co n sta n t a c c u r a c y  p ra ctica l linear  
w eir , co n sta n t a c c u r a c y  c h im n e y  w e ir  [4 , 5 ]  are  a m o n g  the im p o rta n t o n e s  w h ic h  h ave  
b e e n  a n a ly se d . It h a s b e e n  sh o w n  that th e s e  w e ir s  e x h ib it  a n ear lin ea r  h ea d -d isch a rg e  
r e la t io n sh ip s  w ith in  cer ta in  ra n g es  o f  h ea d  a n d  w ith in  a  p r e fix e d  p e r m is s ib le  p ercen ta g e  
o f  error. T h e se  w e ir s  h a v e  th e ir  d is c h a r g e -h e a d  re la t io n sh ip  in th e  fo r m  o f  an  ex ten d ed  
S c u rv e  w ith  a p o in t o f  in f le c t io n . T h e  n ea r  lin ea r  c h a r a c te r is tic s  in th e  m id d le  portion  
h as b e e n  a n a ly se d  b y  th ree  p ro ced u res  p r e v io u s ly , v iz . ran ge  o f  p o in ts , ta n g en t po in ts  
[ 1 -3 ]  and  gra p h ica l m e th o d  [ 4 - 5 ] .  A lth o u g h  th e s e  p ro ced u res  are  a d e q u a te , th e y  are b a
s ic a lly  sea rch  m e th o d s  or trial and error m e th o d s , w h ic h  not o n ly  g iv e  s l ig h t ly  vary in g  
resu lts , bu t a lso , in v a r ia b ly  c o n su m e  a lot o f  C P U  (co m p u ter  p r o c e s s in g  u n it) tim e  on  
c o m p u te r s , w h ic h  is  h ig h ly  u n e c o n o m ic a l. H e n c e  th ere  w a s  a n e c e s s i ty  to  e v o lv e  an e x 
a ct p roced u re  w h ic h  w o u ld  e c o n o m is e  o n  C P U  tim e  and  g iv e  b etter  r e su lts . In w h at fo l-
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X
А

F i i ; .  / .  Typical inverted semicircular weir

lo w s  i s  g iv e n  an  a lg eb ra ic  p r o c e d u r e  w h ic h  has b e e n  a p p lie d  to  o n e  o f  th e  e x a m p le s  — 
v iz .  f l o w  th ro u g h  se m ic ir c u la r  w e ir  w ith  d iam eter  a s its  c re st .

2. D ischarge through the sem icircular weir

L e t u s  c o n s id e r  th e  d is c h a r g e  th r o u g h  th e  s e m ic ir c u la r  w e ir  w ith  a d ia m eter  ‘2 R ’ a s  
its c r e s t ,  s h o w n  in  F ig . 1 g iv e n  b y ,

и
q =  2 Cd y f lg  J \l  R 1 -  X2 y/h -  xc/x 0  < h < R  ( 1 )

0

w h e r e  q  =  to ta l d isch a rg e , h =  h e a d  a b o v e  the crest , g =  a c c e le r a t io n  d u e to  g r a v ity , C,i =  
c o e f f i c i e n t  o f  d isch a rg e .

F o r  sh a r p  crested  w e ir s  a n d  s tr e a m e d  lin ed  f lo w s , th e  c o e f f ic ie n t  o f  d is c h a r g e , Cj  
ca n  b e  a s s u m e d  to  b e  a c o n sta n t (w h ic h  w ill b e  c o n fir m e d  b y  e x p e r im e n ts ) .

F o r  c o n v e n ie n c e  Eq. 1 ca n  b e  e x p r e s s e d  in n o n d im e n s io n a l fo r m s  a s

и
y = / V 7 7  - X y l l - X 2</H 0 < H < \  (2 )

0
w h e r e

0  =  - ^ - ;  К  — 2C d J lg ' ,  X  = -  a n d  / /  =  - .
2 ’ R  R

K R 2

T h e a b o v e  in teg ra l has b een  e v a lu a t e d  b y  u sin g  stan d ard  IM S L  ro u tin es , in  C D 4 3 6 0  
u n ix  s y s t e m .  T h e  th e o r e tic a l h e a d -d is c h a r g e  cu r v e  is  s h o w n  in  F ig .  2 . It is  s e e n  fr o m
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F ig . 2  that th e  d is c h a r g e -h e a d  r e la t io n sh ip  is  n ea r  lin ea r  in a cer ta in  ra n g e s  o f  h ea d  b e 
y o n d  a  cer ta in  m in im u m  v a lu e . T h is  p rop erty  o f  th e  w e ir  is  e x p lo ite d  to  e v o lv e  a lin ear  
re la t io n sh ip  b e tw e e n  Q  an d  H  in a  cer ta in  ra n g e  o f  h ea d , su c h  that the r e la t iv e  p ercen t
a g e  d ev ia t io n  b e tw e e n  th e o r e tic a l d is c h a r g e  an d  th e  o n e  g iv e n  b y  lin ea r  re la tio n  d ie s  not 
e x c e e d  a  p r e fix e d  m a x im u m  p e r m iss ib le  error.

3. Procedure

Let

Ql = m H  + C (3 )

b e  the p ro p o se d  o p tim a l lin ea r  h e a d -d isc h a r g e  r e la t io n sh ip  (w h e r e  m  is  th e  co n sta n t o f  
p ro p o rtio n a lity  a n d  C  is  th e  d isch a rg e  in tercep t)  to  su b s titu te  th e  th e o r e tic a l h ea d -  
d isc h a r g e  re la t io n sh ip

Q = i \H )  (4 )

in  a  certa in  ra n g e . L e ttin g  K u = (  E ')
a n d  К , =

( E Л
1 +  — 1 - -------0c a

l  1 0 0  J
w h e r e  E is  th e  p re

f ix e d  m a x im u m  p e r m is s ib le  r e la t iv e  d e v ia t io n  o f  th e  p r o p o se d  lin ea r  fu n c t io n  an d  the  

th e o r e t ic a l h e a d -d is c h a r g e  fu n c t io n . T h e se  d e f in e  tw o  e x p l ic i t  c u r v e s  f\(H)  a n d / г (H)
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F ig . i .  Optimisation procedure

fo r m in g  th e  lo w e r  and upper b o u n d s  fo r  th e  lin ea r  fu n c tio n  a s  s h o w s  in  F ig . 3 . M a th e 
m a t ic a lly ,

f i (H)  = K„ f l H)  (5 a )

f 2(H) =  K j JiH)  (5 b )

S te p  1 : F in d  th e  p o in t o f  in f le c t io n  o f  th e  cu r v e  Q =f ( H)  g iv e n  b y  E q. 4  i.e .

Q"=f  ( / / )  =  o
••• H = H ,  (6 )

T h is  p r o c e d u r e  is  v a lid  o n ly  w h e n  th e r e  is  o n e  p o in t o f  in f le c t io n  a n d  th e  fu n c t io n  is  
c o n t in u o u s ly  in c r e a s in g  in 0  <  / /  <  °°  w h ic h  is  a lw a y s  true fo r  a n y  d is c h a r g e -h e a d  fu n c 
tio n .

S te p  2: C o n s id e r  the stra ig h t l in e  g iv e n  b y  E q. 3 to  b e  ta n g e n t ia l to  th e  tw o  b in d in g  
c u r v e s  f \ ( H)  a n d /г (Я )  at th e  p o in t s  T\  a n d  Ti,  r e sp e c t iv e ly . L e t it cu t th e  c u r v e s  / 2(Я )  
and f \ ( H)  a t th e  p o in ts  A and  В a s  s h o w n  in F ig . 3 . L et us a s s u m e  th at w ith  a  s lig h t  
v a r ia t io n  o f  ‘m ’, w e  g e t a  stra ig h t l in e  lo n g e r  than  th e  o n e  g iv e n  b y  E q . 3 ( A B ) , w ith  in  
the b in d in g  lim its .

Qi. =  (m ±  A m)H +  C (7 )
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B ut (m +  Am) sh ifts  th e  lin e  b e y o n d  the b o u n d a r y  f \ (H)  at T\ and (m -  Am) f o r / 2(W ) at 
T2. H e n c e  th e  v a lu e s  o f  m  is  the o p tim u m  v a lu e  w h ic h  y ie ld s  the stra ig h t l in e  o f  m a x i
m u m  len g th .

N o w  le t  us c o n s id e r  a sm a ll v ar ia tion  in  ‘C  a s  (C  ±  A C ) w ith  w h ic h  w e  g e t  a lo n g er  
stra igh t lin e  than  th e  o n e  g iv e n  b y  E q. 3 .

Ql = mH+(C ±AC) (8)

B ut (С + Д С ) sh ifts  th e  lin e  b e y o n d  the b o u n d a r y / ) ) / / )  at Г? and T2 and ( C  AC) fo r  f \ (H)  
at T\. H e n c e  th e  v a lu e  o f  C  is the o p tim u m  v a lu e  a lo n g  w ith  m w h ic h  y ie ld s  th e  straight 
lin e  o f  m a x im u m  le n g th . T h u s, th e  E q. 3 , g iv e s  us th e  straight lin e  o f  m a x im u m  len gth  
and  h e n c e  the m a x im u m  lin ea rity  ran ge.

S te p  3: T h e  e q u a tio n  o f  the stra igh t l in e  p a s s in g  th rou gh  T\ an d  T2 is

' Q l - a W ~ f z { H2) - f W

H - H x Я 2 - Я ,

•• Ql =
/ 2 ( ^ 2  ) - / , ( " . )

Я ,  - Я .
( / / - / / , )  + / , ( / / , )

or

Ql =
/ 2  ( / / 2  ) - / . ( " . ) ' 

H-, -  H,
H

f z  { ^ 2  ) — /1  {H\  ) 

H 2 - H .
/ / ,  + y , ( / / . )

( 10)

( I I )

C o m p a r in g  E q s 3  an d  11,

and

or

f z  ) - / , ( / / , )  

H 2

C - f \  (H\  ) -  # ,
H2 - H ,

c  = / , ( / / , ) - 1ИЯ, ( 1 2 )

E q u a tio n  4  ca n  b e  w ritten  in th e  im p lic it  fo r m s  a s

f \Q , H) = Q - J { H )  (1 3 )
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F i g .  4 .  Experimental setup

For a n y  p o in t  on  th e  c u r v e / ( H )

S im ila r ly ,

or

further

A Q , Н) = о ( 1 4 )

( 1 5 )

f 2\H2,M H 2) | =  o (1 6 )

■••/|[Я,,/,(Я,)] = /2[Я2, / 2(Я2)] (1 7 )

/>’[//,,/l(tfl)] =/2’[Я2, / 2(Я2)] (1 8 )

F rom  E q s  17 an d  18, w e  ca n  s o lv e  fo r  H\ an d  Hi a n d  th e n  fr o m  E q. 12 w e  g e t m an d  C. 
T h e fa c t  th at th e  E q s 15 a n d  16 h a v e  th e  real ro o ts , p r o v e s  th at there e x is ts  a  c o m m o n  
ta n g en t b e t w e e n  f \ (H)  and  / 2( Я )  c u r v e s .

S te p  4 : n o w  c o n s id e r in g  th e  e x tr e m e  p o in ts , A an d  B.
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(Q,.)a = mH a + C = Kd А Н  л) (1 9 )

and

(Q l) b =  mH в + C = K,< f [ HB) (2 0 )

F ro m  E q s 19 and 2 0  w e  g e t Ha and  Hb and

LR = Ha - H b (2 1 )

w h e r e  HA is  the b a s e f lo w  d e p th  or th e  m in im u m  d ep th  a b o v e  w h ic h  d is c h a r g e  has a 
n ea r  lin ea r  re la tio n sh ip  w ith  h ea d  a n d  Hb is  th e  term in a l p o in t o f  th e  lin e a r ity  range  
(LR).

E x p r e ss in g  f (H)  as

Q = f (H )  = K\ + K2H  + K 2H 2 + AT4/ / 3 (22)

a th ird  d eg ree  p o ly n o m ia l , K\, К2, K 2 and  K4 a re  e v a lu a te d  b y  r e g r e s s io n  a n a ly s is  as 
K t =  - 0 .0 0 3 2 8 3 3 8 8 6 ,  K2 =  0 .1 8 3 1 0 5 9 8 1 9 ,  K} =  0 .7 2 6 0 4 0 6 3 7  and K4 =  - 0 . 3 3 0 1 5 9 7 9 8 1. 
T h e  p o in t o f  in f le c tio n  / / ,  =  0 .7 3 3  and  w ith  E - 1 .5 , T\ -  0 .5 0 4 2 8 ,  T2 =  0 .9 1 1 6 8 ,  HA =
0 .3 7 6 ,  HB =  1 .1 9 0 , m =  0 .6 7 3 4 3 7 ,  and  C  =  - 0 .1 0 4 7 8 5 .

H e n c e  the p ro p o sed  lin e a r  d is c h a r g e -h e a d  r e la t io n sh ip  to  rep la ce  th e  th e o r e t ic a l on e  
g iv e n  b y  Eq. 2 0  is

Qi = ( 0 . 6 7 3 4 / / - 0 . 1 0 4 8 ) 0 .3 7 6  < H <  1 .1 9 0 (2 3 a )

Ql =  0 .6 7 ( Я  - 0 . 1 6 ) 0 .3 8  < H <  1 .19 (2 3 b )

or d im e n s io n a lly

3

q, = 0 .6 7 KR* (h -  0 1 6 « )  0 .3 8 «  <  H <  1 .19 «  (2 3 c )

4 . Experiments

T h e  w e ir s  c h o se n  fo r  th e  e x p e r im e n t h a v e  th e  radii «  =  c m  an d  «  =  3 0  cm . T he  
w e ir s  w ere  cu t from  6 .5  m m  M .S . p la te  a c c u r a te ly  u s in g  a n ib b lin g  m a c h in e  an d  ed g e s  
w e r e  ch a m fered  to  4 5 % . T h e  w e ir  w a s  p la c e d  at th e  en d  o f  th e  c h a n n e l a s  sh o w n  in the  
e x p e r im e n ta l se tu p  (F ig . 5 ) .  A n  e le c tr o n ic  p o in t g a u g e  w ith  a lea s t  c o u n t  o f  0 .0 1  m m  
w a s  u sed  at 4  m  u p strea m  o f  th e  w e ir  s e c t io n  to  m ea su re  the f lo w  d e p th . T h e  tim e re
q u ired  to  c o lle c t  a  f ix e d  v o lu m e  o f  w a ter  in the m e a su r in g  tank (4 .5 2  m  x  4 .5 2  m  x  1.5 m ) 
w a s  co m p u ted  from  an  e le c tr o n ic  tim er  tr ig g e r e d  a u to m a tic a lly  b y  s ig n a ls  from  an 
e le c tr o n ic  sw itc h  a tta ch ed  to  th e  le v e l in d ica to rs . F ig u re  6  sh o w s  th e  n a p p e  o f  th e  d is 
c h a r g in g  w eir .
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F ig . 5

Analysis o f  results

F ig u r e  7  sh o w s  th e  p lo t o f  Qactual v s  h ead  m e a su r e d  fr o m  th e  d atu m  s itu a ted  at
0 .1 5 5 6  R  a b o v e  th e  crest. T h e  s tr a ig h t  lin e  p ortion  o f  th e  p lo t  b e y o n d  a  cer ta in  h ea d , 
c o n f ir m s  th e  th eo ry . It is  a l s o  s e e n  that the c o e f f ic ie n t  o f  d is c h a r g e  Cj,  fo r  a n y  h ead  
w ith in  th e  f ix e d  range d o e s  n o t v a r y  b y  m ore than ±  1% o f  th e  a v e r a g e  c o e f f ic ie n t  o f  
d is c h a r g e  ( 0 .6 2 0 - 0 .6 2 3 )  w h ic h  s u p p o r ts  the a ssu m p tio n  o f  c o n s ta n t  C,i in our a n a ly s is .

5 .  C o n c lu d in g  r e m a r k s

A  n e w  g e n e r a l rational a lg e b r a ic  o p tim iza tio n  p r o c e d u r e  is  p resen ted  to  o b ta in  th e  
m a x im u m  lin ea r ity  range fo r  f l o w  th r o u g h  w eirs  e x h ib it in g  an  e x te n d e d  S cu r v e  ty p e  o f  
h e a d -d is c h a r g e  re la tio n sh ip , s u b j e c t  t o  a  m a x im u m  p e r m is s ib le  error. It is  sh o w n  that 
w ith  th is  te c h n iq u e  it is p o s s ib le  t o  f ix  the ex trem e p o in ts  o f  lin ea r ity  ran ge e x a c t ly  a n d  
th u s o b ta in  th e  m a x im u m  lin e a r ity  r a n g e . It is further s h o w n  th at th is  proced u re  is  s u p e 
rior to  th e  ea r lier  m eth o d s u se d  s u c h  a s range o f  p o in ts  o r  ta n g en t po in t or g r a p h ica l 
m e th o d , w h ic h  are e s s e n t ia l ly  s e a r c h  m eth o d s or a  tr ia l an d  error p ro ced u res , w h ic h  not 
o n ly  g i v e  v a r y in g  resu lts b u t a l s o  c o n s u m e  large C P U  tim e  o n  c o m p u te r s  and  h e n c e  are
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Head (in m )— ►

F i g .  6 .  Discharge-head variation (experimental)

u n e c o n o m ic a l. A s  an e x a m p le  th e  te c h n iq u e  is  a p p lie d  to  a n a ly s e  th e  f lo w  th rou gh  a  
se m ic ir c u la r  w e ir  to  sh o w  its e f f e c t iv e n e s s .  It is  sh o w n  that th e  d is c h a r g e  th ro u g h  the  
se m ic ir c u la r  w e ir  w ith  a  d ia m eter  o f  ‘2  R' a s  its  c r e st , is  p ro p o rtio n a l to  th e  lin ea r  p o w er  
o f  h ea d  m ea su red  fro m  a r e fe r e n c e  p la n e  lo c a te d  at 0 .1 5 6  R a b o v e  th e  c r e st  for a ll f lo w s  
in  th e  ra n g e  o f  0 .3 7 6  R < h <  1 .1 9 0  R w ith in  a  p r e f ix e d  m a x im u m  p e r m is s ib le  d e v ia t io n  

o f  ±  1.5 %  from  th e  th e o r e t ic a l d isch a rg e . T h e  ra tio  ß m a x /ß m in  w h ic h  is  th e  m ea su re  o f  
d isc h a r g in g  c a p a c ity  o f  th e  w e ir  is  4 .7 . E x p e r im e n ts  w ith  tw o  w e ir s  s h o w  a co n sta n t a v 
er a g e  c o e f f ic ie n t  o f  d is c h a r g e  v a ry in g  fro m  0 .6 2 0 - 0 .6 2 3 .  T h e  p re se n te d  te c h n iq u e  can  
a ls o  b e  s u c c e s s fu l ly  u se d  fo r  th e  a n a ly s is  o f  in v e r te d  V -n o tc h  or b e ll-m o u th  w e ir , e tc . It 
is  h o p ed  that th e  w e ir  p r e se n te d  h ere o f  c o n v e n t io n a l g e o m e tr ic a l sh a p e  w ith  s im p le  lin 
ea r  h ea d -d isc h a r g e  c h a r a c te r is tic s  w o u ld  b e  p r a c t ic a lly  u se fu l a s  a  s im p le  f lo w  reco rd er  
in  m in o r  irriga tion , h y d ra u lic  e n g in e e r in g  a n d  o p e n  d ra in a g e .
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0.05 0.10 0.15 0.20 0.25 0.30 0.35
Head (in m )------- ►

F i g .  7. Variation o f coefficient o f  discharge with head
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In order to design efficiently the shear walls o f  tall buildings their influences are to  be determined 
accurately. This paper shows a numerical method o f shear wall analysis written in an object-oriented en
vironment. Numerical examinations have been carried out to emphasize the im portance o f the own 
warping rigidity o f wall-groups.

1. Introduction

A rch itec tu ra l so lu t io n s  and  m o d ern  c o n s tr u c t io n  m eth o d s p r e se n tly  u s e d  w ith  tall 
b u ild in g s  req u ire  s lim m e r , m ore e f f ic ie n t  s tr u c tu r e s , th erefore  v a r io u s  e le m e n t s  o f  the 
structure a re  m o re  sh a rp ly  d ifferen tia ted  b y  th e ir  ro les; their d im e n s io n s  a re  a ls o  ap
p r o a c h in g  th e  m in im a l s iz e s  req u ired  b y  th e  la w s  o f  fo rce . W e m ust d e f in e  lo a d s  an d  in
f lu e n c e s  m o re  p r e c is e ly  w h en  d e s ig n in g  t h e s e  stru ctu ra l e lem en ts , th e r e fo r e  m o r e  a ccu 
rate, c o m p u te r iz e d  p ro ced u res  in v o lv in g  a  g r e a te r  a m o u n t o f  c a lc u la t io n s  a re  rep la c in g  
tra d itio n a l, m a n u a l m eth o d s .

T h e  lo a d  b e a r in g  structure o f  ta ll b u ild in g s  h a s  a  tw o fo ld  role: th e  ta s k  o f  s la b s  is to  
ta k e  an d  p a ss  o v e r  v er tica l lo a d s to  th e  v e r t ic a l lo a d -b ea r in g  s tr u c tu r e s , w h ile  shear  
w a lls  ta k e  o v e r  an d  p a ss  h o r izo n ta l in f lu e n c e s  an d  vertica l lo a d s to  th e  fo u n d a tio n . 
F o r c e s  d is tr ib u ted  to  cer ta in  sh ea r  w a lls  a n d  g r o u p s  o f  shear w a lls  (“ c o r e s ” ) m a y  be  
hard to  d e te r m in e  b y  in tu itio n . T h e  tr a d itio n a l c a lc u la t io n  m eth o d  d o e s  n o t d e r iv e  the  
a ccu ra te  resu lt d u e  to  c o m p le x  sh e a r -w a ll a rra n g em en ts  on o n e  s id e  a n d  b e c a u se  o f  
so m e  n e g le c te d  r ig id it ie s  on  the oth er.

In th is  s tu d y  w e  w ill presen t a  m o d ern  c o m p u te r  a p p lica tion  in  w h ic h  h orizon ta l 
lo a d s  a c t in g  on  th e  b u ild in g  are d istr ib u ted  o v e r  sh ea r  w a lls; the m e th o d  is  n o t o n ly  in
c r e a s in g  th e  a c c u r a c y  o f  th e  c a lc u la tio n  m o d e l b u t a ls o  p ro v id es a u s e r - fr ie n d ly , graph
ic s -o r ie n te d  p r o g r a m m in g  e n v iro n m en t fo r  th e  p la n n in g  en g in eer .
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2. Problem description

T he stiffening model o f ta ll  buildings has been an interesting topic of m any studies, 
the p rin c ip le  solution of the problem  can be found in w orks listed in the bibliography 
section under numbers [2, 3] and  [5J. The procedure presented here is also based  on 
concentrating  the shear walls o f  a building into an equivalent stiffening core. The 
strength  o f  the core is calculated from  the appropriate rigidities of walls and groups o f 
walls (hereinafter also “ w all-groups” ). Horizontal forces acting on the building are  a f
fecting the cantilever restrained in foundation at bottom  level -  the stiffening core. By 
calcu lating  the deformation o f the cantilever we can define forces acting on individual 
walls — as a function of the rig id ities of these walls.

W ith in  the model we have to  account for the shear, flexural and torsional rig id ity  of 
walls based  on the flexibility theory  of thin-walled, open-sectioned beams. C losed sec
tions can n o t be used in calculations and the model is lim ited to stable walls w hich do 
not ch an g e  their longitudinal cross-section (Fig. 2.1).

T he basic  assumption of the m ethod used in the m odel is that slabs -  as infinitely  
rigid in the ir plane, and infinitely flexible plates perpendicu lar to their middle surfaces -  
are ab le  to  secure the structure’s geometrical properties concerning its height.
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F i g .  2 . 2 .  Examples o f groups of shear walls

W e  h a v e  d iffe r e n tia te d  b e tw e e n  w a lls  an d  w a ll-g r o u p s  in the d e v e lo p e d  co m p u ter  
p ro g ra m . W a lls  are w a ll s e g m e n ts  w ith  a  stra ig h t a x is ,  o f  c o n sta n t w id th , a n d  h a v in g  
t w o  ch a ra c ter istic  jo in ts  (start and e n d  jo in ts ) .  A ll w a lls  w h ich  d o  n ot d e fo r m  in d ep en d 
e n t ly  o f  e a c h  o th er d u e  to  th e ir  c o n n e c t io n  c o m p o s e  a g rou p  o f  w a lls  (F ig .  2 .2 ) .

3. Differential equations of thin-walled, open-sectioned beams

T h e  ch a ra c ter istic  o f  th in -w a lle d , o p e n -s e c t io n e d  b ea m s is  th at o n e  d im e n s io n  o f  
th e ir  c r o s s -s e c t io n  -  w id th  — is  s ig n if ic a n t ly  sm a lle r  than the o th er  d im e n s io n . A t the  
s a m e  tim e , th e  d im e n s io n s  o f  the c r o s s - s e c t io n  are  sm all w h e n  c o m p a r e d  to  b eam  
le n g th . T h e  jo in ts  o f  a  g e n era l b ea m  in 3 - D  sp a c e  h a v e  a  d eg ree  o f  fr e e d o m  o f  s e v e n , as  
c o m p a r e d  to  so l id  b e a m s w ith  a d e g r e e  o f  fr e e d o m  o f  s ix . W ith  s o l id  b e a m s  the  
“ m is s in g ” d e g r e e  o f  fr e e d o m  is  a c tu a lly  d e sc r ib in g  th e  w a rp in g  e f f e c t .  T h e  w a rp in g  e f 
f e c t  m ea n s  that d u e  to  th e  in f lu e n c e  o f  a  g iv e n  to r s io n a l m o m en t, p a r tic le s  o f  th e  b e a m ’s 
c r o s s -s e c t io n  d o  not su ffe r  to r s io n  o n ly  (s im p le ,  free  or St. V en a n t ty p e  to r s io n )  but th ey  
a ls o  d e p la n e , i.e . d isp la c e  in  the d ir e c t io n  o f  th e  b e a m ’s a x is . T o  fo r m u la te  d iffe r e n tly , 
th in -w a lle d  s e c t io n s  are r e s is t in g  th e  to r s io n  not o n ly  w ith  th e ir  to r s io n a l r ig id ity  but 
a ls o  w ith  f lex u ra l r ig id ity . A s  a  resu lt o f  to r s io n , s tr e ss  in the d ir e c t io n  o f  th e  a x is  (n or
m a l s tr e ss )  is  g en era ted .

T h in -w a lle d  s e c t io n s  m a y  b e  o p e n  o r  c lo s e d . C lo s e d  se c t io n s  a re  “ r ig id  to  to r s io n ” ,
i .e .  o n ly  in f lu e n c e s  o f  s im p le  to rs io n  a re  d o m in a n t. T h e  s im p le  to r s io n a l r ig id ity  o f  op en  
s e c t io n s  is  s o  sm a ll that it m a y  b e  n e g le c te d  w h e n  co m p a red  to  w a r p in g  r ig id ity .

T h e  d ifferen tia l e q u a tio n s  o f  a th in -w a lle d , o p e n -s e c t io n e d  c a n t i le v e r  f ix e d  on  o n e  
e n d  w ith  lo a d s  u n ifo rm ly  d istr ib u ted  a lo n g  a n d  p erp en d icu la r  to  its  z  a x is  a re  a s  fo l lo w s  
14]:

EFw" =  0  (3 .1 )

E lyu""= p.y (3 .2 )
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El У "  = p y (3 .3 )

EInnÇ"" ~GI,(p" = nip ( 3 .4 )

w h e r e  x, у  are the p r in c ip a l a x e s ,
E  is  the f le x ib i l i ty  m o d u lu s ,
G  is  the sh ea r  f l e x ib i l i t y  m o d u lu s ,
F  is  th e  area  o f  th e  b e a m ’s  c r o s s -s e c t io n ,
/ ,  , I y are  m o m e n ts  o f  in e r t ia  ab ou t the .v a n d  y  a x is  o f  th e  s e c t io n , r e s p e c t iv e ly  
h in  , 11 are w a rp in g  a n d  fr e e  to rs io n a l m o m e n ts  o f  in er t ia  o f  th e  b e a m , r e sp e c 
t iv e ly ,
u,v,w  are d is p la c e m e n ts  o f  the s e c t io n ’s c r o s s - s e c t io n  area  in d ir e c t io n s  x, y  and  
z, r e sp e c t iv e ly ,
ç  is  th e  ro ta tion  o f  th e  c r o s s - s e c t io n  a b o u t a x is  z, th e  p o s it iv e  d irec t io n  is  c lo c k 
w is e  in a  le f t-h a n d e d  c o o r d in a te  sy s te m ,
p x, py are d is tr ib u ted  fo r c e s  a c tin g  on  th e  s e c t io n  in  d ir e c t io n s  x  and  y ,  r e sp e c 
t iv e ly ,
nio is  the d istr ib u ted  m o m e n t  o f  to rs io n  a c t in g  o n  th e  s e c t io n , and  
( )" , (  )""  in d ic a te  th e  s e c o n d  and fourth  d e r iv a t iv e s  w ith  re sp ec t to  z.

D iffe r e n t ia l eq u a tio n  ( 3 .1 )  d e sc r ib e s  in f lu e n c e s  in  th e  d ir e c t io n  o f  the a x is , e q u a tio n s  
( 3 .2 )  a n d  ( 3 .3 )  d escr ib e  in c lin e d  b e n d in g  and  e q u a tio n  ( 3 .4 )  d e sc r ib e s  to r s io n . T h e  a x ia l 
c o m p r e s s io n /te n s io n  and  in c l in e d  b en d in g  h a v e  b e e n  d is c u s s e d  in n u m ero u s s tu d ie s ,  
s e v e r a l c o m p u te r iz e d  p r o c e d u r e s  a re  a v a ila b le , th e r e fo r e  w e  d id  not w ant to  w o rk  out 
th e s e  t w o  c a s e s  in  m o re  d e ta il ( fo r  further data s e e  [3 , 4 ] ) .

E q u a tio n  (3 .4 )  is  k n o w n  a s  th e  d ifferen tia l e q u a tio n  o f  w a r p in g  to rs io n . B o u n d a ry  
c o n d it io n s  o f  th e  eq u a tio n  are  th e  fo l lo w in g :

z =  0  q> = 0,(p' = 0  (ro ta tio n  and w a r p in g  a re  restra in ed  for  z =  0 ),

z — l T = 0 ,  W = 0  (m o m e n t o f  to r s io n  a n d  b im o m e n t are z e r o  on  th e
n o n f ix e d  en d  o f  th e  c a n t i le v e r )

W e  s o lv e  eq u a tio n  ( 3 .4 )  b y  ta k in g  in to  c o n s id e r a tio n  b o u n d a r y  c o n d it io n s  a c c o r d in g

t o l l ] :

ç ( z )  = -------- 1>>и sh (£) +  :
v ’ GI,ch(k)[ к 2 к V ’

ch(/:) + — ch —
к к

(  b

/ )
(3 .5 )

w h ere к is  th e  T im o s h e n k o  p aram eter an d  

/ is  th e  le n g th  o f  th e  b ea m .
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T h e  la y o u t o f  sh ea r  w a lls  in tall b u ild in g s  u s u a l ly  fo l lo w s  o p en  s e c t io n s . T h e  s im p le  
to r s io n a l r ig id ity  o f  o p e n  w a ll-g r o u p s  m a y  b e  n e g le c t e d  w h en  co m p a red  to  w a r p in g  ri
g id ity , th ere fo re  к ~  0 .  S u b stitu tin g  th is  and  a n a ly z in g  the c r o s s -s e c t io n  at th e  le v e l  o f  
restra in t (z =  0 ), the  fou rth  d e r iv a t iv e  o f  th e  r o ta t io n  ca n  b e  ob ta ined:

B y  u s in g  e q u a tio n s  ( 3 .2 ) ,  (3 .3 )  and  (3 .6 )  w e  c a n  d eterm in e  fo r c e s  a c t in g  o n  w a ll-  
g ro u p s.

In ch a p ter  4  w e  w ill  b r ie f ly  su rv ey  the m o r e  im p o rta n t in te r d e p e n d e n c ie s  o f  th e  to r 
s io n  o f  th in -w a lle d  o p e n  s e c t io n s .

4.1. Shear center o f  the group o f walls

A fte r  h a v in g  d e f in e d  th e  cen ter  o f  the g r o u p  o f  w a lls , w e  ca lc u la te  th e  m o m e n t o f  
in ertia  w ith  re sp e c t to  a x e s  .v, у  ( />, / v) and th e  c e n tr ifu g a l m o m en t o f  in e r t ia  ( / vv). D u r
in g  th e  n ex t s tep  w e  h a v e  to  d e fin e  the se c to r ia l c o o r d in a te s  o f  the w a l ls ’ e n d p o in ts  b y  
c h o o s in g  a n y  p o in t P  fo r  th e  p o le  an d  a n y  p o in t  a s  th e  z e r o  point. S e c to r ia l c o o r d in a te  
tOp is  the ch a ra c ter istic  o f  p o in ts  in the c r o s s - s e c t io n ,  s im ila r ly  to  the c o o r d in a te s . W e  
c a lc u la te  it b y  u s in g  th e  f o l lo w in g  form ula:

w h e r e  S is  the m id - l in e  o f  the c r o s s -s e c t io n ,
hp is  th e  p erp e n d ic u la r  d is ta n ce  o f  th e  s e c t io n  from  th e  p o le , and  
in d ex  P in d ic a te s  th e  p o le .

S in c e  w e  h a v e  c a lc u la te d  th e  sec to r ia l c o o r d in a te s  fo r  all ch a ra cter istic  p o in t s  ( jo in ts ) ,  
w e  d e f in e  th e  se c to r ia l c e n tr ifu g a l m o m en t o f  th e  c r o s s -s e c t io n  from  th e  f o l lo w in g  fo r 
m u la e :

(3 .6 )

4. Examining the equivalent core

(4 .1 )

s

(4 .2 )

F

(4 .3 )
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W e  o b ta in  th e  sh ea r  cen ter  o f  th e  c r o s s - s e c t io n  fr o m  th e  fo rm u la e  g iv e n  b e lo w :

X C  — X p
' \(OfJ

T ~
and

Ус = Ур - -
уцр

ly

( 4 .4 )

( 4 .5 )

B y  ta k in g  th e  sh ea r  cen ter  o f  th e  g ro u p  o f  w a lls  a s  th e  p o le  w e  c a lc u la te  th e  s e c to r ia l  
c o o r d in a t e s  o f  th e  ch a ra c ter istic  p o in t s  -  w e  in d ic a te d  t h e s e  a s a t.

W h e n  d e r iv in g  d ifferen tia l e q u a t io n s  (3 .1 )  a n d  ( 3 .4 )  ( s e e  12 , 4 ] )  w e  h a v e  a s s u m e d  
that th e  s e c t o r ia l  sta tic  m o m e n t o f  th e  c r o s s - s e c t io n  is  e q u a l to  zero:

Sn =  J QdF =  0  , ( 4 .6 )

F

w h e r e  Í2 a r e  sec to r ia l c o o r d in a te s  fo r  th e  sh ea r  c e n te r  — th e ir  in tegral v a lu e  w ith  r e sp e c t  
to  th e  s u r f a c e  is  zero .

T h is  c o n d it io n  is  s t ill not s a t is f ie d  in ou r  c a s e  s in c e  th e  zero  p o in t -  fro m  w h ic h  w e  
s ta r ted  m e a s u r in g  our se c to r ia l c o o r d in a te s  -  h a s b e e n  arb itrarily  c h o se n . T h e r e fo r e , w e  
h a v e  t o  f in d  a  n e w  z e r o  p o in t fo r  w h ic h  eq u a tio n  ( 4 .6 )  h o ld s  true, i.e . se c to r ia l c o o r d i
n a te s  h a v e  to  b e  stan d ard ized :

w h e r e

and

со,, = -

C +Û >0 , ( 4 .7 )

s*
F ’ ( 4 .8 )

I со c cl F . ( 4 .9 )

A fte r w a r d s  o n ly  th e  g r o u p ’s se c to r ia l m o m e n t o f  in e r t ia  sh o u ld  b e  ca lcu la ted .

( 4 .1 0 )

4.2. S h ear cen ter o f  the equivalent core

In e r t ia  o f  w a ll-g r o u p s  ( / , ,  / v, Ixy) a s  w e ll a s  th e ir  d is ta n c e  from  e a ch  o th er in f lu e n c e s  
the p o s i t io n  o f  th e  l e v e l ’s sh ea r  c e n te r . D e r iv a tio n  c a n  b e  fo u n d  in [5 ] -  w e  w ill  o n ly  
print th e  fo r m u la e  here:
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vr  =

/ л т  - Z I v J X C j ) ~  7 . v ( r / ^  - V Q  ~ X / . v . - X o )

/ , / ,  -  / , . 2

h f o y j y C J  - n y j X c j j - ^ f i ^ j y c j  - 1 / , / f j )

/ . v / v - ^ w 2

(4.11)

(4.12)

w h e r e  xc.„  .Vc./ is  th e  d is ta n c e  o f  th e  shear c e n te r  o f  th e  i'h g rou p  o f  w a lls  fr o m  th e  o r i
g in  ( s e e  F ig . 4 .1  ), £  is  su m m in g  up w ith  resp ec t to  /  (b y  w a ll-g r o u p s) .

4 .3. Rigidity o f  the equivalent core

T h e  flex u ra l o r  c e n tr ifu g a l inertia  o f  th e  c o r e  e q u a ls  th e  sum  o f  in er tia  o f  w a ll-  
g ro u p s:

I.u= I / u  .
/ , ,  =  X /.v ,, (4 .1 3 )

/ . r v  =  2 / . V . V . Í  •

T h e  to rs io n a l in er tia  o f  th e  c o r e  is  eq u a l to  z e r o  s in c e  th e  s im p le  to r s io n a l r ig id ity  o f  
w a ll-g r o u p s  has b e e n  n e g le c te d . W e  c a lc u la te  th e  se c to r ia l inertia  o f  th e  c o r e  (w a r p in g  
r ig id ity )  b y  u sin g  th e  f o l lo w in g  form ula:

Fig. 4.1. T h e  g r a p h ic a l  in te rp r e ta t io n  o f  d i s t a n c e s  b e tw e e n  o r ig in  

a n d  th e  w a l l - g r o u p ’s s h e a r  c e n t e r

Acta T cchnica 107. 1995-96
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7ш =Zhi, +ZIXj { xc,i)~ - Z L y ^ y , ,  +Zly,i{yc,iY’ (4Л4)

w h e r e  x c  •, vr , is  the d is ta n c e  b e tw e e n  th e  e q u iv a le n t  c o r e  and the sh e a r  c e n te r s  o f  the

i'h g r o u p  o f  w a lls  (s e e  F ig . 4 .2 ) ,  Z  is  su m m in g  up w ith  r e sp e c t  to  i (b y  w a ll-g r o u p s ) .

T h e  f ir s t  e le m e n t o f  fo r m u la  ( 4 .1 4 )  is  the su m  o f  s e c to r ia l inertia  an d  th e  o th e r  c o m 
p o n e n ts  h a v e  th eir  o r ig in  in  th e  im p a c t o f  f le x u r a l r ig id ity  u se d  for  w a r p in g  th e  g r o u p  o f  
w a l ls  (c o m p a r e  to the S te in e r ’s c o m p o n e n t  o f  f le x u r a l in er tia ). T hus w e  h a v e  c a lc u la te d  
f ig u r e s  n e c e s s a r y  for s o lv in g  th e  d if fe r e n tia l e q u a tio n  o f  th e  th in -w a lle d , o p e n -s e c t io n e d  
b e a m s .

4.4. F orces distributed over wall-groups

L e t  u s  p la c e  th e  c o o r d in a te  s y s te m  in to  th e  sh e a r  cen ter . S in c e  th e  x  a n d  у  a re  no  
lo n g e r  p r in c ip a l a x e s , e q u a tio n s  ( 3 .1 )  and  (3 .2 )  a re  m o d if ie d  in  the f o l lo w in g  w a y :

E ly y U c " "  +  E l,y v c " "  = p.v 

E Ixx V c " "  +  E lxyU c""  = Py .

( 4 .1 5 )

w h e r e  uc  a n d  \>c are d is p la c e m e n t  c o m p o n e n ts  o f  th e  e q u iv a le n t  c o r e ’s sh e a r  c e n te r .

Fig. 4.2. T h e  in t e r p r e t a t i o n  o f  d i s ta n c e s  b e tw e e n  th e  e q u iv a le n t  c o r e ’s 
a n d  t h e  w a l l - g r o u p ’s s h e a r  c e n t e r
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W e  ca n  e x p r e ss  th e  fo u rth  d e r iv a t iv e s  o f  d is p la c e m e n ts  fro m  th e  t w o  e q u a t io n s  sh ow n  

a b o v e :

an d

Eue""
I  yyPx  -  l xyPy

E\’c
l .u  Py  -  I.xyPx

(4 .1 6 )

(4 .1 7 )

W e  ca n  ob ta in  th e  fo u rth  d e r iv a t iv e  o f  th e  c o r e ’s ro ta tion  from  e q u a tio n  (3 .6 ) :

E ( p " " = (4 .1 8 )  
I ПП

In fo rm u la tin g  th e  p r o b le m  w e  a ssu m e d  that h o r izo n ta l fo r c e s  a c t in g  o n  th e  b u ild in g  
a re  co n sta n t, i.e . th e ir  in te n s ity  d o e s  not c h a n g e  a lo n g  the h e ig h t  o f  th e  b u ild in g . B a sed  
o n  th is  w e  ca n  c o n c lu d e  that th e  fourth  d e r iv a t iv e  o f  th e  e q u iv a le n t  c o r e ’ s d isp la cem en t  
o r  rotation  a ls o  r em a in s  u n c h a n g e d  a lo n g  th e  h e ig h t.

T h e  fo l lo w in g  are tra n sla to r ic  d is p la c e m e n ts  o f  th e  w a ll-g r o u p s  in d ic a te d  by i (s e e  

F ig . 4 .3 ):

и, = uc  -  (fÿCJ

V, = v c  -  (p xC i (4 .1 9 )
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B y  su b s titu tin g  th e  fo u rth  d e r iv a t iv e s  o f  the a b o v e  g iv e n  sta tem en ts  in to  e q u a t io n s  
( 4 .1 6 )  a n d  (4 .1 7 )  w e  ca n  d e te r m in e  th e  fo rces  in  th e  sh e a r  c e n te r s  o f  w a ll-g r o u p s  (fo r  
m o r e  d e t a i ls  s e e  [2 ]):

p.\,i -  Elyyiuc"" — (p""’y a )  +  El.и. (vc"" + <p”" Xçj), ( 4 .2 0 )

Pyj  = E l,y ( uc"" -  (p J o )  +  EIXX (vc "" + <p"" x CJ), (4 .2 1  )

In e q u a t io n s  (4 .2 0 )  and ( 4 .2 1 )  w e  c a n  d ifferen tia te  b e tw e e n  fo r c e s  a c tin g  o n  th e  g ro u p  
o f  w a l l s :  fo r c e s  w h ich  a p p e a r  d u e  to  the flexu ra l r ig id ity  o f  th e  g ro u p  o f  w a lls  an d  
fo r c e s  w h ic h  resu lt from  th e  w a r p in g  r ig id ity  o f  th e  g r o u p  o f  w a lls . W e  tra n sfo rm  e q u a 
t io n s  ( 4 .2 0 )  and (4 .21  ):

Pu =  Elyy uc "" +  Elyy vc "" -  Elyy tp" '" Jc,/ +  EIxy tp' XCJ), ( 4 .2 2 )

Pyj =  EIxy uc"" +  EIXX vc"" — EIx, tp"" ' J o  +  E l ух tp' XCJ), ( 4 .2 3 )

In th e  a b o v e  sh o w n  fo rm u la e  th e  f ir s t  tw o  e le m e n ts  r e su lt  fr o m  flex u re  and  th e  s e c o n d  
tw o  e le m e n t s  represent c o m p o n e n t s  r e su ltin g  from  w a r p in g .

5. Object-oriented programming applied in the calculation 
o f influences of shear walls [7 ]

5.1. O bject-oriented  approach

O b je c t -o r ie n te d  p rogram s r e p r e s e n t  the lea d in g  s o f tw a r e  m e th o d o lo g y  o f  th e  '9 0 s . 
T h e y  p r o v id e  a  h igher le v e l o f  a b s tr a c t io n , w h ich  a l lo w s  u s to  w r ite  p rogram s th at are  
m u c h  e a s i e r  to  read, d eb u g , c o r r e c t  a n d  m aintain . D a ta  ty p e s  b u ilt  in su ch  p ro g ra m s are  
c a lle d  c la sses  w ith  objects a s  c la s s  in s ta n c e s .

O u r  g u id e l in e  w a s to b u ild  th e  sh e a r  w all program  in an  o b jec t-o r ien ted  m anner. E n ti
t ie s  a r is in g  in  the en g in eer in g  c a lc u la t io n  w ere  fo rm u la ted  a s  c la s s e s .  A s a  resu lt, w e  h a v e  
d e v e lo p e d  th e  fo llo w in g  c la s se s :  J o in t  c la s s , w h ich  d e sc r ib e s  a  jo in t  (x, y, secto r ia l c o o r 
d in a te ) , W a ll  c la s s  d escr ib es s tr a ig h t w a ll sectio n s (s ta r tin g , e n d in g  jo in t, th ic k n e ss , c e n 
tro id , a r e a ) , W allG rou p  c la s s  d e s c r ib e s  w a lls  built to g eth er  (c e n tr o id , shear cen ter).

A s  in p u t  d ata  for the c a lc u la t io n  w e  h a v e  a list o f  w a l ls ,  w h e r e  e a c h  w a ll is  re la ted  to  
the c o o r d in a t e s  o f  its en d s a n d  th e  th ic k n e s s . W a lls  are  g r o u p e d  in a fu n c tio n  w h e r e  th e  
J o in t a n d  W a llG r o u p  arrays a re  e s ta b lis h e d . T h is fu n c t io n  d e te r m in e s  w h ic h  w a lls  are  
c o n n e c t e d  a n d  a ls o  ex ten d s  to  t h o s e  sp e c ia l ca se s  in  w h ic h  t w o  w a lls  in ter sec t (a  n e w  
jo in t  a n d  t w o  m ore w a lls  are  c r e a te d )  or in w h ich  tw o  w a lls  la y  on  th e  sa m e  lin e  and  
h a v e  a  m u tu a l jo in t (th ey  are  m e r g e d ) ;  the fu n c tio n  a ls o  la b e ls  in tern a lly  th e  w a ll-  
g r o u p s . T h is  fu n ctio n  is c a lle d  w h e n e v e r  a  ch a n g e  to  a  w a ll  o c c u r s  su ch  a s w a ll tr a n s la 
tio n , d e le t io n ,  e tc .
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T h e  m ain  part o f  th e  p ro g ra m  is th e  part w ith  th e  a ctu a l e n g in e e r in g  c a lc u la t io n .  
C o m m o n  fu n c t io n s  fo r  d if fe r e n t  c la s s e s  are d e f in e d  w ith in  e a ch  c la s s  in d e p e n d e n t ly , but 
in  th e  m a in  p ro g ra m  th e ir  c a ll is  th e  sa m e , o n ly  a r g u m e n ts  are d ifferen t. F o r  in s ta n c e ,  
fu n c t io n s  that c a lc u la te  th e  c o o r d in a te s  o f  the c e n tr o id  are d e fin e d  both  in  th e  W a ll and  
W a llG ro u p  c la s s e s  h a v in g  th e  sa m e  n a m e, and  in  th e  m a in  program , o n ly  th e  fu n c t io n  
n a m e is  c a lle d . T h e  e n t ity  ch a r a c te r is tic s  re la ted  t o  a  s p e c if ic  c la s s  are b e in g  c a lc u la te d  
w ith in  that sp e c if ic  c la s s ,  and  w h at is  e v e n  m o r e  im p o rta n t, th ey  can  b e  a c c e s s e d  o n ly  
th ro u g h  th e  fu n c t io n s  o f  th is  c la s s . B u ild in g  th e  c o d e  in  th is  m anner, th e  s o u r c e  is  n o t a  
s in g le  p ro ced u re  in c lu d in g  a  lo t o f  lin e s  in w h ic h  e v e r y  v a r ia b le  h as to  b e  c a lc u la te d  o n e  
after  th e  o th er , but a  u n io n  o f  in d ep en d en t p r o c e d u r e s .

C la s s e s  a ls o  in c lu d e  fu n c t io n s  that h a n d le  th e  m o u s e  and  co n tro l th e  g r a p h ic a l o u t
put. T h e  Jo in t, W a ll and  W a llG ro u p  c la s se s  c o n ta in  th e  D ra w  and D ra w P r fu n c t io n s ,  
w h ic h  draw  to  th e  sc r e e n  or to  the printer jo in t s ,  w a l ls ,  w a ll-g r o u p s  in c lu d in g  th e ir  la 
b e ls , c e n tr o id s , sh ea r  c e n te r s , e tc . in a  c h o se n  e n la r g e m e n t  and  co lo r . T h e  M o u s e N e a r  
fu n c t io n  returns th e  e n t ity  ch a r a c te r is tic s  i f  the c u r s o r  n ea rs a jo in t or w a ll, a n d  i f  o n e  o f  
the e n t it ie s  (jo in t or w a ll)  is  d o u b le -c lic k e d , it w i l l  b e  s e le c te d .

T h e  fa ct that c la s s e s  c a n  b e  a c c e s s e d  o n ly  th r o u g h  fu n c t io n s  en su res th at c la s s  v a r i
a b le s  ca n  b e  re a c h e d  in  a  c o n tr o lle d  an d  fo r e s e e n  w a y . A s  a  resu lt, c la s s e s  a lr e a d y  c o n 
stru cted  and  p r o c e d u r e s  a lr e a d y  te s ted  b e c o m e  a  c lo s e d  structure, and in a  fu rth er  p ro 
gram  d e v e lo p m e n t th e ir  b e h a v io r  ca n  not b e  in te r fe r e d  w ith  b y  ch a n ce  (u n lik e  th e  c la s 
s ic a l p ro g ra m m in g  te c h n iq u e , w h ere  p u b lic  v a r ia b le s  and  arrays can  b e  a c c e s s e d  fro m  
a n y w h e r e  w ith in  th e  p ro g ra m ).

5 .2 .  The M icrosoft W indows™  as program environment

W h en  w e  sta rted  th e  d e v e lo p m e n t o f  the p r o g r a m , w e  had  the in ten tio n  o f  c r e a tin g  a  
u ser -fr ien d ly  e n v ir o n m e n t a s  w e ll a s  fa c ilita t in g  e n g in e e r in g  c a lc u la tio n s . A  n o w a d a y s  
c o m m o n ly  u sed  o p e r a tin g  s y s te m , th e  M ic r o so ft  W in d o w s , o ffer s  us a  w id e  v a r ie ty  o f  
to o ls  su ch  a s  g ra p h ic a l w in d o w s , m en u s , m o u s e  h a n d lin g , graph ic p r in to u t, stan d ard  
d ia lo g u e s , e tc . P ro g ra m s w ritten  under W in d o w s  m a y  run in d e p e n d e n tly  fro m  th e  
a m o u n t o f  R A M  an d  h a rd w a re  a v a ila b le  (v a r io u s  k in d s  o f  m o n ito rs, p r in ters); p r e c is e ly ,  
the o p era tin g  s y s te m  an d  not the p rogram m er s h o u ld  tak e  care  o f  c o m p a t ib il ity  p ro b 
lem s.

O ur p ro g ra m  is  w r itten  in  B orlan d  C + + ™ , u s in g  th e  z A p p ™  2 .2  a s  g r a p h ic a l in ter 
fa c e . T h e  p ro g ra m  is  m u lt il in g u a l, e n a b le s  th e  z o o m  co n tro l, se ttin g  th e  c o lo r s  o f  e n t i
t ie s , and  p rin tin g  o f  n u m e r ic a l and g ra p h ica l o u tp u ts .

T h e  W in d o w s  h a s  in tro d u ced  to  P C  u sers a  g r a p h ic a l en v iro n m en t, w h ic h  te n d s  to  
b e c o m e  a  standard . T h e  w r itten  program  f o l lo w s  th is  g u id e lin e : the p ro g r a m  w in d o w  
c o n ta in s  th e  m e n u , th e  to o lb a r  and th e  cen tra l w in d o w .

’ Microsoft, Microsoft Windows, Microsoft Word are registered trademarks of the M icrosoft Corpora
tion, Borland C++ is a registered trademark of Borland International, Inc., zApp is a registered trademark of 
Inmark Development Corporation.
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B e s id e s  u s in g  h o t-k e y s , c o m m a n d s  ca n  b e  a c c e s s e d  through  m en u s a n d /o r  th rou gh  
to o lb a r s .  T h e  m en u  c o m m a n d s  a re  o r g a n iz e d  in to  g r o u p s: main -  c o n n e c te d  t o  f i l e  and  
p r in t in g  fu n c t io n s , project -  fu n c t io n s  a s s o c ia te d  w ith  c a lc u la t io n s , options -  r e la te d  to  
th e  s c r e e n  d is p la y , a n d  th e  u su a l help  g ro u p . C o m m o n ly  u sed  fu n c tio n s , lik e  f i le  o p e n 
in g , s a v in g ,  p r in tin g  fu n c t io n s  a re  id e n t ic a l to  o th e r  W in d o w s  a p p lic a tio n s  ( l ik e  N o te 
p a d  o r  e v e n  W o r d ™ ), s o  th e  u ser  is  not b u r d e n e d  w ith  a d d itio n a l h e lp  in fo r m a tio n  c o n 
c e r n in g  t h e s e  c o m m a n d s .

T h e  c e n tr a l w in d o w  c o n ta in s  th e  f lo o r  p la n , o n  to p  an d  on  th e  le ft  are r u le r s  w h ic h  
g iv e  u s  a n  im p r e ss io n  o f  th e  z o o m  m a g n itu d e . S in c e  th e  real d ra w in g  c a n  b e  m u ch  
la r g e r  th a n  th e  v irtual o n e  d ra w n  o n  th e  s c r e e n , s c r o llb a r s  d e fin e  th e  p o r tio n  o f  th e  real 
d r a w in g  d e p ic te d  in th e  cen tra l w in d o w . T h e  s ta tu s  b a r  is  p la ced  at th e  lo w e r  p art o f  the  
w in d o w . T h is  lin e  c o n ta in s  s o m e  u se fu l in fo r m a tio n , l ik e  o n -lin e  h e lp , th e  j o in t  o r  w a ll 
n e a r e s t  t o  th e  m o u s e , th e  cu rren t g r id  and  th e  a c tu a l m o u s e  co o rd in a tes.

It is  in te r e s t in g  to  m e n t io n  th at at the t im e  th e  p ro g r a m  is  b e in g  d e v e lo p e d , th e  d is 
p la y  a r e a  ( s c r e e n  r e so lu tio n , w in d o w  s iz e , p r in tin g  s iz e )  is  not k n o w n . T h is  m e a n s  that 
g e n e r a l fu n c t io n s ,  w h ic h  d e te r m in e  d isp la y  p a r a m e te r s  at e v e r y  run, are to  b e  u se d . F or  
e v e r y  e n t i t y  w e  h a v e  to  d e te r m in e  w h eth er  th e  e n t i ty  is  w ith in  the d is p la y  s i z e  — in  
w h ic h  c a s e  it r e a lly  h as to  b e  d ra w n  -  or w h e th e r  it is  p la c e d  so m e w h e r e  o u ts id e .

T h e  p r o g r a m  is  m u lt il in g u a l, i .e .  m e n u s , m e s s a g e s ,  data  and resu lts  c a n  b e  w r itten  
out in  fo u r  la n g u a g e s . T h e  la n g u a g e , e n tity  c o lo r s  c h o s e n  and  other se t t in g s  a re  w r itten  
in a  s ta r t-u p  f i le ,  w h ic h  is  read  a t e v e r y  p ro g ra m  start.

T h e  W in d o w s  o p era tio n a l s y s te m  o p era te s  in  preem ptive multitasking, w h ic h  m ea n s  
that th e r e  h a s  to  b e  a c o -o p e r a t io n  b e tw e e n  th e  p r o g r a m s in order for th em  to  run  s i 
m u lt a n e o u s ly  w ith o u t error. T h e  ru n n in g  t im e  o f  e v e r y  fu n ctio n  is  o f  c r u c ia l im p o r 
ta n c e , b e c a u s e  a ll o th er ta sk s  h a v e  to  b e  p a u se d  fo r  th a t t im e . W h ile  th e  p ro g ra m  ru n s , it 
r e c e iv e s  a n d  se n d s  in fo rm a tio n  v ia  th e  o p e r a tin g  s y s te m , and  upon r e c e iv in g  in fo r m a 
tio n  it d e c id e s  a b o u t fu rth er s te p s . S u c h  m e s s a g e s  a r e , fo r  in sta n ce , p r e ss in g  o f  a  k ey , 
m o v in g  o r  c l ic k in g  o f  th e  m o u s e , c lo s in g  or p u ll in g  a  w in d o w  “ to  b a ck ” or c h a n g in g  o f  
a f i e ld  c o n te n t  in  a d ia lo g u e  b o x . T h a n k s to  th is  in fo r m a tio n  e x c h a n g e  s y s te m , t h e  p ro
g ra m  g a in s  c la r ity , s in c e  it c o n ta in s  e v e n t h a n d lin g  fu n c t io n s  rather than o n e  e n d le s s  
lo o p . E v e r y  o b je c t  su c h  a s  th e  m e n u , the to o lb a r  o r  th e  m a in  w in d o w  u t i l iz e s  it s  o w n  
m e s s a g e - a n a ly z in g  fu n c t io n . T h e  m o u s e  c l ic k  m e s s a g e  is  a lw a y s  tran sferred  b y  t h e  o p 
er a tio n  s y s t e m  to  th e  a c tu a l o b je c t  under th e  m o u s e  c u rso r .

A n  e x a m p le  o f  m e s s a g e - s e n d in g  or m e s s a g e - r e c e iv in g  is  the w a y  in  w h ic h  s c r e e n s  
are r e n d e r e d . W h e n  sc r e e n  r e p a in t in g  is  w a n te d  (a f te r  data  input or c a lc u la t io n s ) ,  the  
p r o g r a m  s e n d s  a  m e s s a g e  to  th e  o p era tio n a l s y s te m  s ta t in g  that so m e  o f  th e  m a in  w in 
d o w ’s a r e a  is  d irty , i .e . ,  s o m e  p a rticu la r  w in d o w  a r e a  sh o u ld  b e  redraw n. W in d o w s  th en  
c a l l s  th e  d r a w in g  fu n c t io n s  o f  o b je c t s  cu rren tly  p la c e d  o n  th e  a ffe c te d  a rea  a n d  th e s e  
o b je c t s  a r e  red raw n .

S u m m a r iz in g , our e x p e r ie n c e  is  th at th e  p r o g r a m m in g  o f  an o b je c t-o r ie n ta te d  W in 
d o w  a p p lic a t io n  is  p a y in g  o f f  -  a fter  th e  d if f ic u lt  f ir s t  s te p s  h a v e  b e e n  m a d e  — in  e a s y  
r e a d a b il ity  a n d  m a in te n a n c e  o f  th e  p ro g ra m  c o d e  o n  o n e  s id e , and  u s e r - fr ie n d lin e s s  on  
the o th e r .
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6. Sample problems for examining the effect of warping rigidity

Problem  6.1

In th is  p ro b lem  w e  w ill p resen t s t e p s  a p p lie d  in  the program  for d e te r m in in g  fo rces  
a f fe c t in g  w a ll-g r o u p s .

D e te r m in e  th e  fo r c e s  a r is in g  in  e a c h  sh e a r  w a ll sh o w n  in F ig . 6 .1 .
T h e  d e ta ile d  c a lc u la t io n s  o f  w a r p in g  c h a r a c te r is tic s  for  g ro u p  o f  w a l ls  N o . 2  is  

sh o w n  b e lo w .
L et us a ss u m e  that w e  h a v e  c a lc u la te d  th e  c e n tr o id  o f  the g ro u p , f le x u r a l in ertias, 

p r in c ip a l a x e s  and  th e  a n g le  b e tw e e n  a x is  ( 1 ) and  a x is  .v.

Xs = 1.265 m
ys = 1.38 m
/, = 2.5491 nf
/, = 2.5598 nf
l.xy = -0.0876 nf
a = -43.252°
h = 2.642 nf4
h = 2.467 nf4
A — 2.28 m2

0.24 2.00 5.04 3.08 5.00 0.24

3.00

3.76

0.24

px= 50 kN/m

F i j i .  6 / .  Arrangement o f the shear walls
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F i g .  6 . 2 .  Geom etry of the wall-group and the joint numbering

6.1.1. Transform ing coordinates

Since formulae used for determ ining sectorial coordinates are valid in the coordinate 
system  o f the principal axes, coordinates have to be transform ed in the following way:

X = X cos a  + y s in «  -  л..

y  — -X s in «  + y  cos «  -  y  s .

O riginal and transform ed coordinates are sum m arised in the following table:

X  |m | V 1 m 1 V |m | ,v |m |
Group 1 0 2.34 -1 .5 7 0.002
Group 2 (1 2.88 -1 .9 4 0.39
Group 3 0 0 0.03 -1 .7 0
Group 4 2.84 0 2.1 0.24

Group 5 2.84 0.32 1.88 0.47

Group 6 2.84 2.34 0.49 1.95
Group 7 2.84 1.72 0.92 1.50

6.1.2. C alculating sectorial coordinates

W e random ly chose the position of the pole and the position of the zero point. Let 
that be point I .
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( 4 .1 )  ft* =  oh =  ft* =  о т  =  0 ,

ft* =  - 2 .8 4 * 2 .3 4  =  - 6 . 6 5  m 2, 

ft* =  - 6 .6 5 - 2 .8 4 * 0 .3 2  =  - 7 . 5 5  m 2 

ft* =  2 .8 4 * 0 .6 2  =  1 .7 6  m 2

S e c to r ia l c e n tr ifu g a l m o m en t:

( 4 .2 )  1.ш =  ( 0 .2 4 * 2 .8 4 ) / 6 * [ - 6 .6 5 ( 2 * 2 .1 0 + 0 .0 3 )  ] + ( 0 .2 4 * 0 .3 2 ) /6 * [ - 6 .6 5 ( 2 * 2 .1 + 1 .8 8 ) -
- 7 .5 5 ( 2 *  1 .8 8 + 2 .1  ) ] + ( 0 .2 4 * 0 .6 2 ) /6 * [  1.7 2 (  1 .7 6 ( 2 * 0 .9 2 + 0 .4 9 ) ]  =  —4 .1 7 7  m s

( 4 .3 )  Iy(0=  ( 0 .2 4 * 2 .8 4 ) / 6 * l - 6 .6 5 ( 2 * 0 .2 4 - l  ,7 ) ] + ( 0 .2 4 * 0 .3 2 ) / 6 * [ - 6 .6 5 ( 2 * 0 .2 4 + 0 .4 7 ) -
- 7 .5 5 ( 2 * 0 .4 7 + 0 .2 4 ) ] + ( 0 .2 4 * 0 .6 2 ) /6 * [  1 .7 6 (2 * 1 .5 + 1 .9 5 ) ]  =  0 .9 4 3  m 5

T h e  a b o v e  sh o w n  in teg ra tio n  h a v e  b e e n  c a lc u la te d  b y  u sin g  c o m m o n ly  k n o w n  fo rm u la e  
o f  n u m e r ic  in tegration .

6 .1 .3 .  S h e a r  cen ter  o f  th e  g r o u p  o f  w a lls

In th e  c o o r d in a te  sy s te m  o f  th e  p r in c ip a l a x e s:

( 4 .4 )  jcc =  - 0 .9 4 3 /2 .4 6 7  =  - 0 .3 8 2 2  m

( 4 .5 )  y c  =  - 4 . 1 7 7 /2 .6 4 2  =  - 1 .5 8 1  m

in th e  г, _y co o rd in a te  sy s te m  th at w e  a ssu m ed :

arc = -0.3822 cosM3.252°) -  (-1.581 ) sin(-^3.252°) + 0 = -1.36 m 

yc = -0.3822 sin(-43.252°) + (-1.581 ) cosM3.252°) + 2.34 = 1.45 m

- 7 .5 5

1.76

F ig . 6 .3 . Sectorial coordinates a)/ |m'|
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6 .1 .4 .  S ta n d a rd iz in g  s e c to r ia l c o o r d in a te s

W e  h a v e  to  r e ca lcu la te  s e c t o r ia l  co o rd in a tes b y  ta k in g  th e  sh ea r  cen ter  a s  th e  n e w  
p o le :

( 4 .1 )  ft)/ =  0

ft* =  0 - 0 .5 4 * 1 .3 6  =  - 0 . 7 3 4  m 2

ft* =  0 + 2 .3 4 * 1 .3 6  =  3 .1 8  m 2

ft* =  3 .1 8 - 2 .8 4 * 1 .4 5  =  - 0 . 9 3 8  m 2

ft* =  - 0 .9 3 8 - 0 .3 2 * 4 .2  =  - 2 . 2 8  m 2

ft* =  0 + 2 .8 4 * 0 .8 9  =  2 .5 3  m 2

ft* =  2 .5 3 + 2 .8 4 * 0 .8 9 + 0 .6 2 * 4 .2  =  5 .1 3  m 2

( 4 .9 )  5 Ш =  ( 2 .3 4 * 0 .2 4 ) /2 * 3 .18 +  ( 0 .5 4 * 0 .2 4 ) /2 * ( - 0 .7 3 4 )  +  ( 2 .8 4 * 0 .2 4 ) /2 * 2 .5 3  +
+  ( 0 .6 2 * 0 .2 4 ) /2 * ( 2 .5 3 + 5 .13) +  ( 2 .8 4 * 0 .2 4 ) /2 * ( 3 .1 8 - 0 .9 3 8 )  +
+  ( 0 .3 2 * 0 .2 4 ) /2 * ( - 2 .2 8 - 0 .9 3 8 ) =  2 .9 1 8  m 4

( 4 .8 ) ft* = - 2 .9 1 8 / 2 .2 8  = - 1 . 2 7 9  m 2

( 4 .7 ) ft)/ — 0 - 1 . 2 7 9  =  - l . 2 7 9  m 2

ft* — - 0 . 7 3 4 - 1 . 2 7 9 =  - 2 . 0 1 3  m 2

ft* = 3 .1 8 - 1 .2 7 9  = 1.9 m 2

ft* = - 0 . 9 3 8 - 1 . 2 7 9 =  - 2 . 2 17 m 2

ft* = - 2 . 2 8 - 1 . 2 7 9  == - 3 . 5 5 9  m 2

ft*, - 2 . 5 3 - 1 .2 7 9  = 1 .2 5 1  m 2

ft* = 5 .1 3 - 1 . 2 7 9  = 3 .8 5  m 2
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6 .1 .5 .  C a lc u la t in g  se c to r ia l m o m en t o f  in er t ia

( 4 . 1 0 ) Inn = ( 2 .8 4 * 0 .2 4 ) /6 * | 1,9 * (2 *  1 . 9 - 2 . 2 17 ) - 2 . 2 17 ( 2 * - 2 .2 1 7 + 1 .9 ) ]  +

(2 .8 4 * 0 .2 4  ) / 6 * | - 1 .2 7 9 ( 2 * - 1 .2 7 9 + 1 .2 5 1  ) + l . 2 5 1 (2 *  1 .2 5 1 - 1 .2 7 9 ) ]  +  

(2 .8 8 * 0 .2 4  )/6 * | 1 .9 (2 *  1 .9 - 2 .0 1 3 ) - 2 . 0 1 3 ( 2 * - 2 . 1 0 3 + 1.9 )]  +

(0 .3 2 * 0 .2 4  ) / 6 * | - 2 . 2 17 ( 2 * - 2 . 2 17 - 3 . 5 5 9 ) - 3 . 5 5 9 * ( 2 * - 3 . 5 5 9 - 2 . 2 17 ) |  +  

( 0 .6 2 * 0 .2 4 )/6 * [ 1 .2 5 1 (2 * 1 .2 5 1  + 3 .8 5 )+ 3 .8 5 ( 2 * 3 .8 5 + 1 .2 5 1 ) | =  3 .9 3  m f’

T h u s , w e  h a v e  d e fin e d  th e  w a rp in g  c h a r a c te r is t ic s  o f  group N o . 2 .
L et us a ssu m e  that w e  h a v e  a lrea d y  c a lc u la te d  th e  g eo m etr ica l c h a r a c te r is t ic s  o f  the 

o th er  w a ll-g r o u p s  and  w e  su m m a r ise  th o s e  in  th e  fo l lo w in g  table:

-V, |m | vs |m | Л  |n r / ,  |m J | / ,  |m J| /,vlm J| x c  (m | У с  |m |
Group 1 0.43 1.94 1.74 5.104 0.602 -0.978 0.12 0.12

Group 2 8.53 3.39 2.28 2.55 2.56 -0.09 6.04 3.57

Group 3 7.86 6.88 1.2 0 2.5 0 7.86 6.88

Group 4 14.58 1.50 0.72 0.54 0 0 15.48 1.5

8.194 5.662 -1.065

C a lc u la te  th e  f o l lo w in g  v a lu es:

By.i*yc.i = 0 .0 7 2 + 9 .1 3 9 2 + 17 .2 + 0  =  2 6 .4 1  m \  

B x .i* x c .i =  0 .6 1 2 + 1 5 .4 + 0 + 8 .3 6  =  2 4 .3 7  m \  

I l ,y .i* x c .i =  - 0 .1 1 7 6 - 0 .5 4 3 6 + 0 + 0  =  - 0 . 6 6 1 2  m \  

B,y.,*yc., =  - 0 .1 1 7 6 - 0 .3 2 1 3 + 0 + 0  =  - 0 . 4 3 8 9  n r .

F ig. 6 .5 . Sectorial coordinates £2 [m5|
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6 .1 .6 . S h e a r  cen ter  o f  th e  e q u iv a le n t  core:

-  1 .065(26 .41  -  ( —0 . 6 6 1 2 ) ] - 5 .6 6 2 [ -  0 .4 3 8 9  -  2 4 .3 7 ]
( 4 .1 1 )  x c = -

8 .1 9 4  5 .6 6 2 - 1 .0 6 5 2

( 4 .1 2 )  y c  =
_  8 .1 9 4 (2 6 .4 1  -  ( - 0 . 6 6 1 2 ) ]  - ( - 1 . 0 6 5 ) [ -  0 .4 3 8 9  - 2 4 . 3 7 ]

8 .1 9 4 * 5 .6 6 2  - 1 .0 6 5

2 .4 7  m ,

= 4 .32  m .

6 .1 .7 .  R ig id it ie s  o f  the e q u iv a le n t  co re :

( 4 .1 3 )  I „ =  8 .1 9 4  m 4, 

l yy=  5 .6 6 2  m 4,

/.w =  - 1 .0 6 5  m 4.

W e  u se  the fo l lo w in g  ta b le  fo r  c a lc u la tin g  se c to r ia l in e r t ia  (w a rp in g  r ig id ity):

x c ,i  Iml V o l m l ' y y f ÿ c f  I mfil L v /  -Yc., * V c.i  1т '’1 / , , . /  x c f  Im ,’l V f  |m ,'l
Group 1 -2.35 -4 .2 10.62 -9 .673 28.19 0
G roup 2 3.57 -0 .75 1.44 0.24 32.50 3.93
G roup 3 5.39 2.56 16.384 0 0 0
G roup 4 13.01 -2 .82 0 0 91.4 0

28.44 -9 .433 152.09 3.93

( 4 .1 4 )  Inn =  3 .9 3  +  2 8 .4 4  -  2 * ( - 9 . 4 3 3 )  +  1 5 2 .0 9  =  2 0 3 .3 3  m 6 .

L o a d s  a f fe c t in g  th e  b u ild in g :

p x -  5 0  k N /m  

Ру -  6 0  k N /m

mD -  - 6 0  * 5 .3 3 - 5 0  * 0 .8 2  =  - 3 6 0 . 8  kN m /m

6 . 1 .8 . D isp la c e m e n t  o f  th e  e q u iv a le n t  core:

( 4 .1 6 )  Eu"" = ------------------------------------- -—  =  8.682 k N /m 5
8.194*5.662- 1.065-

„  8 .1 9 4 * 5 0 -(-1 .0 6 5 ) *60 л п л г л . KT< 5
( 4 .1 7 )  Ev"" = ------------------- ------------- ---  = 10.464 k N /m 5

8.194 * 5 .6 6 2 -1 .0 6 5  2

( 4 .1 8 )  Еф"' =
3 6 0 .8

2 0 3 .3 3
: - 1 . 7 7 4  k N /r n * m  .
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6 .1 .9 .  D istr ib u tio n  o f  fo r c e s  a c t in g  on  the w a ll-g r o u p s

L o a d  o f  th e  first group:

( 4 .2 0 )  p , . i  = 0 .6 0 2 * |  1 0 . 4 6 4 + M . 2 ) * ( - 1 .7 7 4 )]  +  ( - 0 .9 8 ) * [ 8 . 6 8 2 - ( - 2 . 3 5 ) * H . 7 7 4 ) ]  =  
3 6 2  kN /rn

(4 .2 1  ) pv. I =  ( - 0 .9 8 ) * [  1 0 .4 6 4 + (—4 .2 )* (—1 .7 7 4 )]  +  5 . 1 0 4 * [ 8 . 6 8 2 4 - 2 . 3 5 ) * ( - l  .7 7 4 ) ]  =  
5 .4 7 8  kN /rn

In a s im ila r  w a y  fo r  th e  o th er  w a ll-g ro u p s:

p.x.2 = 2 8 . 6 1 k N /m  

Pv,2 =  3 7 .3  k N /m

p.v,3 =  15 .3  k N /m  

Pv,3 =  0  k N /m

Pxa =  0  k N /m  

p v,4 =  1 7 .2 2  k N /m

Problem 6.2

In  this example we analyze the importance o f  the group’s own warping rigidity and  
the ways in which rigidity influences results.

6 .2 .1 .  L et us a n n u a lis e  th e  p ro b lem  sh o w n  in  | 6 ]:

2.00 2.00 2.00 2.00 2.00 2.00 10.00

u  1 1 1 1 \À -------------- \—

0 ,2  <1-2 Q.2 (K2

0-2 J© Xul Й —

© ©
-4 2 0

©

1 6.00 1 4.00 i2.00 12.00 1
1

Ф У
Py=364 kN

f

2.00

2.00

2.00

2.00

4.00

> »

P,= -I92 kN

Fig. 6 .6
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W e  h a v e  c a lc u la te d  fo r c e s  a c t in g  o n  w a ll-g r o u p s  b y  ta k in g  in to  a c c o u n t  th e ir  o w n  
w a r p in g  r ig id ity  or b y  n e g le c t in g  that; r e su lts  a re  su m m a r ise d  in  the fo l lo w in g  ta b le :

T a b l e  6 . 1

W arping rigidity o f wall groups Maximum

differenceNeglected Taken into account

P XJ 1 kN 1 F y . i  [kN] F.\. i [kN] P f J  1 kN 1 A |% |

Group 1 -3.1 12.6 -2 .9 12.1 6.4

Group 2 18.3 93.0 19.1 92.6 4.4

Group 3 18.3 163.0 19.1 163.4 4.4

Group 4 26.7 115.4 26.8 115.9 0.4

Group 5 -252.2 0 -254.1 0 0.7

-192.0 384.0 -192 .0 384.0

6 .2 .2 .  L e t  us a n a ly se  th e  e x a m p le  g iv e n  a b o v e  w ith  th e  d if fe r e n c e  th at w e  r e d u c e  the  
w id th  o f  w a l l s  N o . 1 , 4 ,  5 to  10 c m  a n d  in c r e a s e  th e  w id th  o f  w a lls  N o . 2 , 3  to  3 0  c m .

V У

F i g .  6 . 7 .  Differences between forces acting on shear walls (in | A | %)

Acta Technica 107, 1995-96



STIFFENING SYSTEM OF TALL BUILDINGS 297

2.00

2.00

2.00
P*= -192 kN

2.00

4.00

6.00

\F У

I 4,00 p.OO I_______________ 12.00

^  Py=364 kN

Fig. 6.H

W e have calculated forces acting on w all-groups by taking into account their own 
warping rigidity or by neglecting that; results are summarized in the fo llow ing table:

Table 6.2

Warping rigidity o f wall groups Maximum

differenceNeglected Taken into account

P x j  l kN 1 P y j  1 kN 1 P xj  1 kN 1 P y j  1 к N1 Д |% |

Group 1 2.9 -1 5 3.2 -16 10.3

Group 2 10.1 75.9 12.1 73.8 19.8

Group 3 10.1 253.2 12.1 255.3 19.8

Group 4 15.7 69.8 15.9 70.9 1.6

Group 5 -230.8 0 -235 .4 (1 2

-192.0 384.0 -192 .0 384.0
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V  У

F i t ; .  6 . 9 .  Differences between forces acting on shear walls (in IA | %)

6 .2 .3 .  L e t  us a n a ly se  th e  e x a m p le  g iv e n  a b o v e  w ith  th e  d if fe r e n c e  that w e  r e d u c e  th e  
len g th  o f  g r o u p  5  to  h a lf  o f  th e  o r ig in a l length .

W e  h a v e  c a lc u la te d  fo r c e s  a c t in g  on  w a ll-g r o u p s  b y  ta k in g  in to  a cco u n t th e ir  o w n  
w a r p in g  r ig id ity  or b y  n e g le c t in g  that; resu lts are su m m a r iz e d  in the f o l lo w in g  tab le:

T a b l e  6 3

W arping rigidity of wall groups Maximum

differenceNeglected Taken into account

P \ . i  |kN | P y j  [ kN 1 L ,  |kN  1 P y j  1 kN 1 A |% |
Group 1 12.7 -64 .9 13.7 -6 9 .6 7.9
Group 2 -7 9 .6 -3 3 .6 -7 9 -43 .5 29.5
Group 3 -7 9 .6 362.7 -7 9 372.6 4.3
Group 4 25.4 1 19.8 26.5 124.5 1.6
Group 5 -7 0 .9 0 -74.1 0 4.5

-192 .0 384.0 -192.0 384.0
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7.00
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Fi ig. 6 . 4 .  Differences between forces acting on shear walls (in | A | %)
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6.3. Evaluation o f  numerical examinations

B y  c o m p a r in g  ta b le s  6 . 1 , 6 . 2  an d  6 .3  w e  can  m a k e  th e  f o l lo w in g  c o n c lu s io n s :

-  n e g le c t in g  th e  w a rp in g  r ig id ity  o f  w a ll-g r o u p s  d o e s  n o t c a u se  a s ig n ific a n t c h a n g e  
(A < 1 0 % ) in the r e su lts  in  c a s e  o f  a g e o m e tr ic a lly  “ b a la n c e d ” sy s tem  o f  sh e a r  w a lls  
w ith  th e  n e c e ssa r y  n u m b er  o f  w a l ls  and  w ith  p ro p er  d im e n s io n s ;

-  i f  th e  g e o m e tr ic a l la y o u t ( s h e a r  w a lls  co n cen tra ted  a r o u n d  th e  shear cen ter , s e e  e x 
a m p le  6 .2 .3 ) ,  and d im e n s io n s  o f  w a lls  are su ch  th at th e  m a g n itu d e  o f  w a rp in g  r ig id ity  
a p p r o a c h e s  th e  fle x u r a l r ig id ity  o f  th e  g ro u p  o f  w a l ls  (sh o r t, th ick  w a lls , s e e  w a ll-  
g r o u p s  N o . 2  an d  3 in  e x a m p le  6 .2 .2 ,  6 .2 .3 ) ,  th an  n e g le c t in g  the w a ll-g r o u p s ’ o w n  
w a r p in g  r ig id ity  m ig h t c a u s e  s ig n if ic a n t  errors (Д  e v e n  3 0 % );

-  d u e  to  a  c o m p le x  g e o m e tr ic  la y o u t  n e ith er  th e  m a g n itu d e  o f  the error nor its  p o s it io n  
c a n  b e  d e term in ed  (in  e x a m p le  6 .2 .2  th e  g rea tes t d if f e r e n c e  occu rred  in fo r c e  p x w ith  
w a ll-g r o u p s  N o . 2  an d  3  a n d  in  e x a m p le  6 .2 .3  th e  g r e a te s t  d if fe r e n c e  w a s  sp o t te d  in  
Ру o f  th e  g ro u p  o f  w a lls  N o . 2 ) .

R e s u lt s  sh o w n  a b o v e  c a n  b e  e x p la in e d  b y  fo r m u la  ( 4 .1 4 ) .  T he c o n d it io n  u n d er  
w h ic h  th e  w a ll-g r o u p s ’ o w n  w a r p in g  r ig id ity  m a y  b e  n e g le c t e d  is w h en  th e  s e c o n d ,  
th ird  a n d  fou rth  c o m p o n e n t o f  th e  fo rm u la  is se v e r a l o r d e r s  o f  m a g n itu d es la rg er  than  
th e  f ir s t  c o m p o n e n t  (c o m p a r e  th e  m a g n itu d e  o f  w a r p in g  r ig id ity  n o ted  w ith  th e  g r o u p  o f  
w a lls  in  e x a m p le  6 .1 w ith  th e  r ig id ity  o f  the e q u iv a le n t  c o r e ) .  W e  can  a c h ie v e  th is  b y  
e v e n ly  d is tr ib u tin g  w a lls , p la c in g  th e m  a s far fro m  e a c h  o th e r  a s p o ss ib le  w ith in  th e  
p la n  ( in  th e  fo rm u la  w e  a re  u s in g  th e  squared  v a lu e  o f  th e  d is ta n c e  b e tw e e n  th e  w a ll-  
g r o u p s ’ a n d  th e  le v e l ’s sh ea r  c e n te r )  and le a v in g  th e  in e r t ia  o f  th e  w a lls  at a  m a x im u m  
le v e l  ( th e  le n g th  o f  th e  w a ll is  r a is e d  to  th e  third p o w e r ) .

7 . C o n c lu s io n

In th e  s tu d y  w e  h a v e  p r e se n te d  a  n u m erica l a n a ly s is  o f  in f lu e n c e s  a ctin g  on  th e  sh e a r  
w a lls  o f  ta ll b u ild in g s . B y  u s in g  th e  p resen ted  m e th o d  w e  c a n  c a lc u la te  sh ear w a ll  lo a d s  
in ta ll b u ild in g s  w ith  g rea ter  a c c u r a c y  than  b y  u s in g  th e  m a n u a l m eth od , th u s w a ll  d i
m e n s io n s  a n d  lo a d s  a c tin g  o n  fo u n d a t io n s  are m o re  r e l ia b le .  D u r in g  our n u m e r ic  e x 
a m in a t io n s  w e  h a v e  e m p h a s is e d  th e  im p ortan ce o f  th e  w a l l - g r o u p s ’ o w n  r ig id ity  a n d  e r 
rors d u e  to  n e g le c t in g  th e m . W e  h a v e  a lso  p re se n te d  th e  u se  o f  a p p lied  o b je c t-o r ie n te d  
p r o g r a m m in g .
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CONTINUUM MECHANICS 

(Summary and Comparison of Solid and Fluid Mechanics)

Kozák, I.

University o f Miskolc, Department of Mechanics, H-3515 Miskolc, Hungary

(Received: 18 March 1996)

The first part of the paper has a qualitative character, it emphasises the main features (according to 
the description methods, the strain and strain rate, the system of internal forces anti the influence of the 
environment) of three typical mechanical models such as rigid body, solid body and fluid. The second 
part has a quantitative character, it summarises the kinematics, the general laws and the constitutive 
equations of continua. Particular attention is devoted to the comparison of solid and fluid mechanics.

1. Introduction

At the meeting held on November 17th, 1994, the Hungarian N ational Committee of 
the International Union of Theoretical and Applied Mechanics (IUTAM ) has entrusted 
the author with delivering a lecture about continuum mechanics at the opening plenary 
session of the 7th H ungarian Conference of Mechanics. According to the requirements, 
the lecture was presented for scientists o f both fields (solid and fluid mechanics), demon
strating generality and validity of mechanics of continua both for solid bodies and for 
fluids.

Preparing for the lecture, the first guess of the author was about the theory of consti
tutive equations, later on he considered to give a historical view of the development of 
continuum mechanics, but he had to realise that these topics would exceed the limits of a 
one hour lecture. In the end he delivered his lecture, according to his knowledge based on 
his previous activity in mechanics of solid bodies and gave an overview o f the subject, in 
some cases presenting special features and underlining similarities and differences be
tween the models of solids and fluids.

After the lecture the author was asked by some of his colleagues to publish his lecture. 
The present paper is an attempt to meet these demands. The author has tried to overcome 
the formal difficulties caused by the technical differences between an oral lecture with 
projected transparencies and a published paper. This circumstance has to be emphasised, 
because the author has not attempted to write a detailed paper on the subject. Instead he 
intended, after an appropriate rearrangement, to supplement the projected m aterials with 
additional explanations.
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304 KOZÁK, I.

In accordance with the lecture the paper is organised into two parts. The first part is 
an qualita tive overview of the basic models such as rigid body, solid body and fluid, and 
of the structure of continuum m echanics. The second part has a quantitative character and 
it sum m arises those results of the m ain chapters of continuum mechanics which are re
garded by the author as most im portant and are also in accordance with the aims of the 
lecture. In view  of the aim and character of the paper proofs and references are omitted.

Rigid body, solid body and fluids are the three main models of mechanics. Under 
loading a solid body resists shear and volume deformation in all case. On the contrary 
fluids do not resist, in a static state, those effects enforcing them on shear deformation 
(for instance they follow the shape of a container). For rigid bodies the deformation 
(shear and  volume) are neglected.

Solid bodies (for which the deform ations are not omitted) and fluids are called con
tinua. R igid bodies, solid bodies and  the fluids are the three fundamental models o f me
chanics discussed here (of course there exist same other basic models such as material 
points, gases, composites, grained m aterials, bodies with m icrostructure, etc.).

In addition to illustrating the foregoing Fig. 1 also shows the structure of mechanics of 
rigid bodies and pays a special attention to the differences o f mathematical quantities and 
equations applied to the description o f the mechanical behaviour of rigid bodies and con
tinua.

2. Properties of three characteristic models of mechanics

R IG ID  BODIES
(M E C H A N I C S  O F  R IG ID  B O D I E S )

C O N T I N U A

(C O N T IN U U M  M E C H A N IC S )

K I N E M A T I C S  D IN A M IC S SOLID BODIES FLUIDS

S T A T IC S  K IN E T IC S

Point-valued time functions Tensor fields

depending on the position vector and

time

Global equations 

(For the whole body)

Local equations 

(For the continuum elements)

F ig .  I . Basic models of mechanics
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SYSTEM OF FORCES SURFACE FORCE

RIGID BODIES SOLID BODIES FLUIDS

NO DEFORMATION DETERMINED
BY THE ENVIRONMENT

F i g .  2 .  Characteristic forms of motion in comparison with environment 
(in static state)

In F ig . 2  the h e a v y  lin e s  represent the en v ir o n m e n t. In the first tw o  c a s e s ,  it is  a s 
su m ed  that the p o in ts  on  the b ottom  o f  e a ch  b o d y  a re  not a b le  to  m o v e  w ith  resp ec t to  the  
en v iro n m en t.

F ig u res  3  and 4  d em o n stra te  (a ) h o w  to  id e n t ify  th e  p o in ts  o f  a b o d y  an d  (b ) th e  re
la ted  d escr ip tio n  m eth o d s. It is  w orth  m e n tio n in g  that fo r  rig id  b o d ie s  and  flu id s , th e  p re
sen t co n fig u ra tio n  is  preferred . For r ig id  b o d ie s , h o w e v e r , the m ateria l d e sc r ip tio n , for  
f lu id s  th e  sp atia l d escr ip tio n  are used.

F or so lid  b o d ie s  in the in itia l co n fig u ra tio n  th e  L a g ra n g ia n  d escr ip tio n , in the p resen t 
co n fig u ra tio n  the sp a tia l or the m ateria l d e sc r ip tio n  are  em p lo y ed . It c a n  a ls o  b e  m en 
t io n ed  that for  the so lu tio n  o f  so m e  p ro b lem s o f  f lu id s , the sp a tia l-L a g ra n g ia n  m eth o d  is  
u se fu l. In th is  c a s e , for  a  short p eriod  o f  t im e , th e  v e lo c ity  o f  m ateria l p o in ts  is  d e fin e d  b y  

th e  sp a tia l v e lo c ity  fie ld .
In F ig . 5 and  F ig . 6  the d isp la cem en t and  th e  v e lo c ity  f ie ld  in F ig . 7  a n d  F ig . 8  the  

stra in  and  strain  rate f ie ld s  are com p ared  fo r  the th ree  b a s ic  m o d els .

R IG ID  B O D IES  S O L ID  B O D IE S

At all times

FLU ID S

N o

F i g .  3. Possibility of the identification of material points during the motion
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R IG ID  BO DIES S O L ID  B O D IES  FLU ID S

/  I- - - - - - - - - - * - i

P resen t R eferen ce  P resen t P resent

co n fig u r a tio n  co n fig u ra tio n  co n fig u ra tio n  con fig u ra tio n

M aterial Lagrangian Material Spatial
Spatial

___ I__________ I_____________ I___________I____
description,

tensors and tensor fields

F i g .  4 .  Description methods

F ig u r e  9  e m p h a s ise s  the C a u c h y  a ssu m p tio n  an d  s h o w s  the structures o f  th e  C a u c h y  
str e ss  te n s o r  T  d e fin ed  in the p resen t c o n fig u r a tio n . T j  d e n o te s  the stress  d e v ia to r , p  is  the  
h y d r o d y n a m ic  p ressu re , Tx is th e  v is c o u s  stre ss  ten so r , T"" is  the turbulent s tr e ss  ten so r . 
F ig u re  9  a l s o  illu s tra tes  th e  d e p e n d e n c y  o f  T  (w ith o u t th e  h eat e f fe c t)  and  th e  c h a r a c te r 
is t ic  s t r e s s  te n so r s .

In F ig .  10  th e  m eth od  o f  c a lc u la t io n  o f  s tre ss  p o w e r  is  p resen ted  ( in c lu d in g  th at that 
fo r  r ig id  b o d ie s  there is  n o t s tre ss  p o w e r  at a ll)  w ith  an  e m p h a s is  on  the c o n n e c tio n  o f  th e  
stre ss  p o w e r  to  the strain  rates.

R IG ID  BO DIES S O L ID  B O D IE S

I I
P o in t-v a lu e d  tim e T en so r  f ie ld s  o f  f in ite

fu n c t io n s  o f  fin ite  n u m b er d ep en d in g  on  th e  p osition

n u m b er vector and  tim e

F ig . 5 . Displacements

F L U ID S

I
?
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Point-valued time functions 
of finite number

RIGID BODIES

Material description

SOLID BODIES FLUIDS

Tensor fields of finite number 
depending on the position vector and time

I
Spatial description

Fig. 6. Velocities

I
Spatial description 
Material description

RIGID BODIES SOLID BODIES

Cannot be defined Volume change Distorsion

FLUIDS

Volume change

Stretch Stretch Angle change

Lagrangian Spatial
stretch and strain tensors stretch and strain tensors

Fig. 7. Deformation

RIGID BODIES SOLID BODIES FLUIDS

Cannot be 
defined

Rate of volume change Rate of distorsion

Stretching Stretching Rate of distorsion |

Lagrangian tensors Spatial tensors Spatial tensors

Fig. /i. Rates of deformation
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RIGID BODIES

Undeterminable

SOLID BODIES

T,
T  =  — I + T ,

3 ll

Determinable

Depends

on deform ations on rates
o f  deformation

T  =  - p I  + Tv +  (T"‘r)

I
Determinable

Depends

FLUIDS

on volume change on rates
o f deformation

II. Piola-Kirchhoff- 
stress tensor 

(Reference config.)

Cauchy 
stress tensor 

(Present config.)

Cauchy 
stress tensor 

(Present config.)

C a u c h y ’s h y p o th e s is :  p„ =  p „ (r ,n ;f) = 7 ’(r ;f)-n  

T  is  th e  C hauchy stress ten so r  

F i g .  9. Internal forces. Stress tensors

R IG ID  BODIES S O L ID  BODIES

Фм + T(f - D t,

/
1

Cannot be Rate of volume change  Rate of distorsion 
defined Elastic deform ation

FLUIDS

Фм = - P D\ + T V -D

Rate Rate
o f volum e change of distorsion

Elastic deform ation  Plastic deformation Viscous fluid

Elastic fluid Viscous fluid

ФМ = Т D

T is the C a u c h y  s tr e ss  tensor, D  is  the stra in  rate tensor

F i g .  1 0 .  Stress power per unit volume 
(Negative value of internal force)
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RIGID BODIES SOLID BODIES FLUIDS

Г
Cannot be defined Possible Cannot be Cavitation

defined

F i g .  I I .  Fracture. Plastic state

F ig u re  11 rep resen ts th e  p o s s ib il ity  o f  fractu re an d  e la s t ic -p la s t ic  d e fo r m a tio n . From  
th is  p o in t o f  v ie w  ca v ita tio n  ca n  b e  c a lle d  the fra ctu re  o f  flu id s.

F ig u re  12 sh o w s the e f fe c t  o f  en v iro n m en t fo r  th e  three b a s ic  m o d e ls .
In F ig . 13 the structure o f  c o n tin u u m  m ec h a n ic s  (m e c h a n ic s  o f  so lid  b o d ie s  and  flu ids) 

is  d e sc r ib e d  w ith ou t d e ta ilin g  th e  sp ec ia l th e o r ie s  o f  con tin u u m  m e c h a n ic s  (fo r  exam ple: 
e la s t ic i ty , sh e ll th eory , e tc .)  T h e  u n d erlin ed  e x p r e s s io n s  are v a lid  e q u a lly  fo r  so l id  b od ies  
an d  flu id s . It fo l lo w s  fro m  th e  nature o f  the m atter  that the k in em a tic s  o f  c o n tin u a  and the 
la w s  o f  c la s s ic a l p h y s ic s  are  re la ted  to  a ll co n tin u a , h o w ev er , d ep en d in g  o n  th e  w hat the 
m a ter ia l p rop erties are th e  c o n s t itu t iv e  e q u a tio n s  d iffer  from  e a ch  o th e r  ( fo r  exam ple: 
e la s t ic  b o d y , th erm o v isco u s  f lu id ).

3. Kinematics of continua

3.1. Nonlinear theory o f  deformation

L et the co -o rd in a te s  o f  th e  spatial points P °  an d  P b e

jc°* , JC02, Л'0  in the reference configuration
an d

X  , X  , X  in the present configuration.

R IG ID  BO DIES

Force and couple Constraints 
resultants

S O L ID  BO D IES

Force Heat Given
displacement

__________ and velocity
on the surface

the Volume

F L U ID S

Force Heat Given 
velocity 

direction 
on the surface

On the surface

Fig . 12. Influence of environment
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C O N T IN U U M  M E C H A N IC S

KINEMATICS

LAW  OF CLASSICAL PHYSIC’S

CONSTITUTIVE
EQUATIONS

Deformation Velocity Rates
field o f  deformation

J

Nonlinear
theory

Linearized
theory

Elastic body Plastic body Fluid

Ideal fluid Elastic fluid Viscous fluid

Cobservation of mass Momentum principles The first law The second law

of thermodynamics o f thermodynamics

Principle o f virtual pow er Principle o f  com plem entary virtual power

Principle o f virtual work Principle o f  com plem entary virtual work

Principle o f  virtual work 
in incremental formulation

F ig . 1 3 . The Continuum Mechanics

C o -o r d in a t e s  o f  the point P  o f  continuum  (c o n v e c t iv e  c o -o r d in a te s )  are d en o ted  b y  X 1,2 3 . J

X  , X  b o th  in the re feren ce  an d  p r e se n t  co n fig u ra tio n s .

I f  th e  p o sitio n  vecto rs o f  P  a r e  r° and r in the r e fe r e n c e  and  present co n fig u ra tio n  

th en  the motion o f continua is  g iv e n  b y

r = r(r°;r); xp = A f V V V ) ; . /  =
dx- 

dx°
>0.

T h e  p o in ts  o f  continua  a re  id e n t if ie d  b y  the p o s it io n  c o -o r d in a te s  in the re fe r e n c e  c o n 
f ig u r a tio n :  x

x ok = k°k(X 'X 2̂ ) .
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T h e  m o tio n  o f  the so lid  b o d y  can  a ls o  b e  g iv e n  b y  the displacement fie ld: 

r =  r °  +  u ° or r °  =  r +  ( - 11),

in which
-  the displacement field u° = u°(x° ,a°%v° ;r) is related to the reference configuration,
— the displacement field (-u ) = —u (x l pc2 pc3:t) is related to the present configuration 

and it holds that us = u.
G eom etrical m easures o f  deformation  are  understood as relations betw een the geo

metrical characteristics o f continuum elements. These are

i/r°, ds°, a 0, d  A°, d A °  and dV°

in the reference configuration and

dr, ds, a ,  d A, d A  and dV

in the present configuration, where

dr°  and dr  are material line element vectors, 
ds°  and ds  are scalar material line elem ents,
a°  and a  1 Г the angles formed | by two m aterial
d A °  and dA  >-and-s surface element vectors determined ?- line 
dA° and dA J scalar surface elem ents determined J element vectors,
dV° and dV  are the volume elements determ ined by three material line element vec
tors.

Two material line element vectors are related to each other by

d r  =  F  d r°:  . / = d e t[F ]  ) 0; d r °  = F~x d r .

The deform ation gradient F  and the inverse deformation gradient F ~ '  can be given 
in terms of the displacement gradient both in the reference and in the present configura

tions (V °  and V  are the Hamilton operators):

F  = /  + u°°V°; F ~ ' = /  + ( -  u)°V,

F~l- F = (I -  u » V )-(  /  +  u ° ° V °)  =  / .

The polar decom position  of the deformation gradient is of the form

F  =  R  U ° =  V  R ,
in which

R 1 =  / Г 1; (detIFI = 1 )  is the rotation tensor,
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U°\ { {U °Ÿ  =  U°) is the right stretch tensor,
V\ (V  = V) is the left stretch tensor.

The tensors U°  and V are positive definite.
In troducing

T 2the right Cauchy-Green strain tensor C° = F  • F  = (U°) and
the left Cauchy-Green strain tensor B  = F  F 1 = V 2 

for the m ateria l line element vectors we can write:

dr = R ■ (C °)l/2 ■ d r ° : dr° = R~' ■ B  U2 ■ dr.

If d r q = eQds, d r  = e d s  and |e° | = |e| = 1, then the stretch is

d s

~ds°
A . =  =  V e ° - C ° - e 0 =

-1

The extension assumes the form

1 =  Я -  1.

7 \ 2  ~
К I ̂ -s2

The change of a material surface element is given by

dA  =  J  ■ d \ 0 — J= J -*-R.(C) ■ dA,
' g°

d A °  =  — —  R  ' B 1/2 d A
8

where g B and  g are the determinant o f the metric tensor in the reference and the present 
configuration, respectively.

If d A °  =  n°£M °; d A  =  n  d A  and |n°| =  |n| =  1 , then for the ratio of scalar surface 

elem ents we obtain

dA 1
A, = —  = J  —  Jn° -iCY' n" = -  p _ .  .....

dA \  g° J \ g  sin В n

Acta Technica 107, 1995-96
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T h e  ra tio  o f  v o lu m e  e le m e n ts  is

T h e  v o lu m e  ch a n g e  is d e f in e d  by

£,. =
dV  -  d l)' dV

dV dV
\ = K -  1.

It is  a ls o  cu sto m a ry  to  u se  
the G reen-Lagrange strain tensor

E = —(c °  -  / ) =  — [u  о V °  + V  u  + ( V ” o u  ) ( u  o V ' j ]

and the A lm ansi-E u ler strain tensor

E  =  - В  1 )  =  i [ u  °  V  +  V  о и -  ( V  о u)  ■ (u  ° V )].

It h o ld s  that

(u  о V )  =  | u '  о V “ V  F ,

E =  ( F ) r  • E  ■ F; E  = F T E F.

It c a n  b e  p o in ted  out that the sca la r  m e a su r e s  o f  d eform ation  (A „  es, / [ г ,  Ад, Ar, £V) 
ca n  b e  c a lc u la te d  w ith  the stra in  ten so rs ( in  th e  r e feren ce  co n fig u ra tio n  u s in g  th e  ten sor  
C °  an d  in th e  p resen t co n fig u ra tio n  u sin g  th e  ten so r  11 ), but for the c o m p u ta tio n  o f  v e c to 
rial m e a su re  o f  d efo rm a tio n  ( d r °  <=> d r ,  d  A 0 <t=> d  A  ) both  the rotation  te n s o r  and  strain  
ten so rs  are  n e c e ssa r y . In th e  co rresp o n d in g  fo r m u la e  the ten sors C °  a n d  11 c a n  b e  re
p la c e d  b y  a n oth er strain  ten so rs .

3.2. linearized  theory o f  deformation  

(In th e  re fe r e n c e  c o n fig u ra tio n )

In th e  lin e a r iz e d  th eory  o f  d e fo rm a tio n  w e  n e g le c t  the sq u ares an d  p r o d u c ts  o f  the 

c o m p o n e n ts  o f  u ° о V" and u 'V  w h en  th ey  a re  co m p a red  w ith  their f ir s t  p o w e r . In th is
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case all quantities are regarded in the points of the reference configuration and the ex
pressions of the nonlinear theory are linearized. The displacement field

u = u “(x o|,x°2,x 3, / )  is sufficient for the description o f the motion of continuum.

The additive decomposition o f the displacement gradient takes the form

u" oV° =e° + 4 / \

( u °  o V ° + o u ° ) ; • r  = ! ( „ ■  o V - V o u * l
V r 2 '  '

in which

is the infinitesim al and symmetric strain tensor

/  + T  j  is the infinitesimal and skew symmetric rotation 

tensor.

The geometrical measure o f deformation for a m aterial line element is

d r  =  d r °  +  d u  = (/ + u° oV°)-£/r° = d r "  + e° ■ d r "  + 4 / ° ■ d r "  =  R  d r "  + e °  ■ d r  .

It is worth comparing the underlined expression above and the underlined expression 
of Section 3.1. According to the above formulae the rotation and the deformation o f a 
continuum  element are added up in the linearized theory o f  deformation. On the contrary 
the deform ed continuum elem ent takes part in the rotation in the nonlinear theory.

In the linearized theory o f deformation the other geom etrical measures can be calcu
lated as follows:

the stretch is As =  1 + e ” • • e ° ,

the extension is e s =  e • T  • e°,
the change of angle is y 12 = 2eJ • e  ■ e°2 , when ej ■ e 2 = 0,

the ratio of volume elem ents is X v  = 1 + e'j’,

the change of volume is £v = £° = u°- V°.
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3.3. Velocity fie ld . Rates o f  deform ation  

(In the present configuration)

The spatial velocity fie ld  and its gradient are

r = v (x ,v ,r , / ) ;  L = v ° V ;  (</r) = d \  = L d r .

The additive decomposition for the velocity gradient is of the form

L = \ o V  = D + W,

D = — (v о V + V о v); W = —(v о V — V ° v) = /  x со,2 V ) 2 v '

where

D. (d 1 = D) is the sym m etric strain rate tensor,

IV; (ff ' = - VV j is th e  s k e w  s y m m e t r ic  s p in  te n s o r ,

со = — V x v is the spin vector.
2

F or the various strain rates we m ay write

(dr) -  d \  = L  • dr =  W  dr + I) dr =  со x dr + I) dr ,

(</A ) = et) x d \  -  (D -  I l f  ) ■ d \ ,

(h iA j  = = e • D • e; (e .)  = (1 + e ,  )e D c ,
C I S

(y12) = 2c, • D ■ e 2, if e, • e 2 = 0,

. v Ш )
(1iiAa ) = 1 T / -  = D I - n  D n ,

dA

(In A,/) = í 5 - = ű , = v - V ;
dV

(ev )  = (1 + ev )DX.
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C o m p a r in g  the u n d erlin ed  e x p r e s s io n  w ritten  a b o v e  a n d  th e  underlined  e x p r e ss io n  o f  
S e c t io n  3 .2 ,  w e  ca n  c o n c lu d e  th at, fro m  m a th em a tica l p o in t  o f  v ie w , the lin e a r iz e d  th eo ry  
o f  d e fo r m a tio n  is sim ila r  to  th e  th e o r y  o f  rates o f  d e fo r m a tio n .

It is  a ls o  o b v io u s  that th e  s c a la r  rates o f  d e fo rm a tio n (InAJ,(e,)', (712) ,(1пАл),

(1i iAf ) , (e,,) can  b e  c a lc u la te d  u sin g  the strain rate te n so r  D , w h ile  for  the co m p u ta 

tion  o f  v e c to r ia l strain ra tes th e  v e c to r  CD is a lso  n eed ed .

3.4. Com patibility conditions

In the nonlinear theory o f  deformation  the m etric  te n so r , th at h as ch a n g ed  d u e to  the  
d e fo r m a tio n , is  the right C a u c h y -G r e e n  strain ten sor

/  +  u o V °  +  V °  c u "  + ( v °  o u ° )  ( u °  o V ° )  =  C \

It is  e a s y  to  re c o g n ise  th at te n so r  eq u a tio n  a b o v e  is  o v e r d e te r m in e d  for  the th ree  c o m 
p o n e n ts  o f  u °  s in ce  it is e q u iv a le n t  to  s ix  sca la r  e q u a tio n s  w h ic h  are, th erefore , not in d e 
p en d en t.

F o r  th e  u n iq u en ess o f  th e  d isp la c e m e n t f ie ld  c a lc u la te d  fro m  the ten sor f ie ld  C ° ,  up  to  
th e  r ig id  b o d y  m o v em en t, th e  s tra in  ten sor  fie ld  h as to  s a t is f y  th e  c o m p a tib ility  c o n d it io n .

In the nonlinear theory o f  deformation  th is c o n d it io n  m ea n s that the Riemann— 
Christoffel curvature tensor, b a s e d  on the ten sor f ie ld  C °  a s  th e  d eform ed  m etr ic  ten so r , 
h a s to  b e  z e r o , i.e ., the sp a c e  o f  co n tin u a  rem ain s E u c lid e a n  sp a c e  during the d e fo rm a -  
tion i/i the linearized theory o f  deformation  the sy s te m  o f  p artia l d ifferen tia l eq u a tio n s

u °  о V “ +  V ° о u ° =  2e°

is  a ls o  o v erd eterm in a ted  fo r  th e  th ree  co m p o n en ts o f  u ° . In th is  c a s e  the Saint-Venant 
com patibility condition  is

V ° X  e  X  V" = 0

For the strain rates
V о V + V о у = I D

is  th e  o v erd eterm in a ted  sy s te m  o f  p artia l d ifferen tia l e q u a t io n s  for  the three c o m p o n en ts  
o f  th e  v e lo c ity  v . T he c o r r e sp o n d in g  co m p a tib ility  c o n d it io n  a ssu m e s  the form

V x v x  V  -  2 D .
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T h e underlined  e x p r e s s io n s  c lea r ly  sh o w  th e  m a th em a tica l a n a lo g y  b e tw e e n  the lin e 
a r ize d  th eory  o f  d e fo rm a tio n  and the th eo ry  o f  stra in  rates.

T h e p ro b lem  o f  independent compatibility conditions o r ig in a te s  fr o m  the fact that the  
s ix  eq u a tio n s  o f  the a b o v e -m e n tio n e d  c o m p a tib ility  c o n d itio n  a re  n ot in d ep en d en t o f  each  
other. It can  b e  sh o w n  that three c o m p a tib ility  f ie ld  eq u a tio n s  an d  th e  co m p a tib ility  
b ou n d ary  co n d it io n s  are  n e c e ssa r y  and su ff ic ie n t  co n d it io n s  fo r  th e  c o m p a tib ility  o f  strain  
(stra in  rate) f ie ld . T h e  three in d ep en d en t c o m p a tib ility  f ie ld  e q u a tio n s  c a n  b e  ch o sen  in 
v a r io u s  w a y s  a c c o r d in g  to  a m a th em a tica l ru le , i .e . ,  th ey  are not arb itrary .

3.5. Time derivatives o f  tensors

In a cco rd a n ce  w ith  the three rem ark ab le  d escr ip tio n  m eth o d s th e  L a g ra n g ia n  tensor  

B \  the E u lerian  te n so r  H  and  the m ater ia l ten so r  G  are a ll fu n c t io n s  o f  th e  co rresp on d 

in g  c o -o r d in a te s  and  th e  tim e:

1-----------------------
L a g ra n g ia n  te n so r

~ T ~
E u ler ia n  te n s o r

1
M a ter ia l ten so r

В% хв'У \ х ° - \ { ) H (.x fx \x \t) 0 ( х \ х \ х г -,

Partial derivatives with respect to time are d en o ted  by

1
d B ° d H

1
dG

dt d t d t  ‘

Materia! time derivatives  are d en oted  and  g iv e n  b y

M -
dB

d t
H = —  + (H  ° V ) . v  

d t  K ’
( c )  =  ^
'  ’ d t

S o m e  rem ark ab le  m a ter ia l tim e  d e r iv a tiv e s  are:

r =  v ; (dr)' = L-dr,

F = L F .  (F~1)' = -F~'-L,

E = D  E L  -  LT E = I )  E D  -  D E  -  (E x  w  -  m  x  E),

(E°) = FTDF.
Physically (or m aterially) objective time derivatives  ( in  th e  p resen t con figu ration )  

are c la s s if ie d  a s  fo l lo w s :
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A. T he basic  system  of physically objective time derivatives, which is invariant un
der a rb itra ry  time dependent transform ations, is given below  for second order tensors 
and for various index positions being m arked by asterisks in the right hand side:

I. (//**)v = H  + L T + H  + H  • L  (Cotter-Rivlin rate),

II. ( / /  *)v = H  + L  H  + H  L ,

III. ( H * * f  = H ' + L T H - H  L T,

IV. ( / /  )v = H  - L  H - H  L T (Oldroyd rate).

B. T he physically objective tim e derivatives, which are invariant under time depend
ent o r th o g o n a l transformations on ly , are also given for second order tensors in symbolic 
notations; this results is independent o f  the index positions:

/ / V  =  / /  —  (  c d  X  / /  / /  с о )  ( J a u m a n n  r a t e ) .

For it holds that

(E » )V = E  + L T E  + E  L  = D  = (F~') ■ (E°)' ■ F~x.

For E  it holds that

E v = D - E  D - D  E .

3.6. M a te r ia l time derivatives o f  in tegra ls o f  tensor fie ld s

Let the in tegral of the tensor field H (x ' ,x2,x3;t) be

J  = J H dV.

F or the tim e derivative of the above integral we have

^  N .  I

Let the integral of the tensor fie ld  G {xxХ р съу) be

Acta Technica 107, 1995-96



CONTINUUM MECHANICS 319

J  J G d m  =  J G p d V .

(V) ( Г)

The material time derivative of this integral is as follows

(  VJ G d m  J G  dm  = J G  p d V .

y(V) J  (V) (V)

3.7. Relative m otion o f  continua

The co-ordinate systems and the co-ordinates used to describe the relative motion of a 
continuum are

the fix e d  co-ordinate system (X) (x) - ( x ‘ , jc2, x 3) ,

the grid co-ordinate system ( a ( « ) - ( § • ,§ 2 . í 3)a n d

the material co-ordinate system (X) ( x ) = ( x ' , X 2 . x ’ ) .

It is assumed that the grid co-ordinate system ( a  moves with respect to the fixed со-
ordinate system (x ) and the continuum itself moves with respect both to the grid co
ordinate system (Ç) and to the fixed co-ordinate system (л). The m aterial co-ordinate 
system (X) moves together with the continuum.

The corresponding motions are called and denoted as follows:

— motion of (<5) in (л), i.e., the motion o f  grid

x ’ = x r  - A  J)  0,

— motion of (X) in (л*), i.e., the relative or apparent motion o f  continuum

?  = ÇK( x \ X 2, X 3:t) ./)(),
c  V ' R

— motion of (X) in (x),  i.e., the absolute motion o f  continuum

x p = x p( x \ X 2 , X 3, t )  = x pU p( x '  , X 2, X 3; t ) 4 2(...),$>(...);/!: ./ = ././> 0.

If the positions o f a material point P  are denoted by P°, P ', and P  in the reference, 
intermediate and present configurations, respectively (see Fig. 14), then
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-  in the reference configuration,

^ = ^ ( x \ X 2, X 3;t); x°p = x p ( Ç \ Ç 2,Ç3;t0),

-  in the interm ediate configuration

ÇK = ^ K-, x'p = x p(t;°\£,°2, ^ - , t ) ,

-  a n d  in the present configuration

?  = ^ ( x \ X 2, X 3; t \  x p = x p( ? , Ç 2,Ç3;t).

F or th e  c o rresp o n d in g  p o s it io n  v e c to r s  and  d isp la cem en ts  w e  w r ite

r =  r° + u = r° + u + u = r ' +  u; r' =  r° +  u: u = u +  u ,
C G R

w h e r e

u i s  th e  a b so lu te  d isp la c e m e n t o f  th e  m ateria l p o in t,
c
u i s  th e  d isp la cem en t o f  th e  c o r r e sp o n d in g  grid  point a n d
G
u is  th e  re la tive  d isp la c e m e n t o f  th e  m ateria l point.
R

I f

F  is  th e  d eform ation  g ra d ien t fo r  th e  m otion  o f  the g r id  and
G
F  is  th e  deform ation  g ra d ien t fo r  th e  re la tiv e  m o tio n  o f  co n tin u u m , then  
R

the geom etrica l measure o f  de form ation  fo r  a materia / line e lem ent vector is  

d r  = F - d r °  = F  F-dr°- F  = F  F .
R G R G

V eloc ity  fie ld s in the p resen t configuration  are (th e  in d e x  put in  p a ren th eses  on  the  
le f t  s id e  d e n o te s  the co -o r d in a te  s y s t e m  in  w h ich  the q u a n tity  is  d e fin e d )

(*)v = (*) v + « )v;
G

In th e  n eigh b ou rh ood  o f  P  it h o ld s  that

(X)L M L +(S)L
G

d (x)x=(x)L p ■ dr= x> L P ■ dr+(̂  L P ■ dr=(x) DP ■ dr+(x> coP x dr + d l&v.
G  G G G
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The acceleration f ie ld  in the present configuration  is

w a=w a + (i)a + 2 (I)L (i)v.

In the neighbourhood o f P, if 1 ' 1D,, = 0 , it holds that

d (x)a - (X)
CO
G j p

X i/r+ (,vlû)X (v)ö)X d r  j  +2(x)cox d ^ 'x  + d <' ,a.

The m athem atical fo rm  o f  those equations rela ting  the material time deriva tives to 
each other depends on the position o f  indices:

I. [(5)Я„] =[(Х)Я]+(X)Lr //+// WL ,

II. [(i)//*„] = [(x)//[- ( X) L  H  +  H , X , L ,

III. [(*7/.' ] =[(Х)Я] + ( x ) L r - H  -  H - < x ) L r  ,

IV . [ ( i ) / / * * ]  = [ ( l ) H | - ( l ) L / / - H ' W L r .

If (x 11) = 0  then it holds independently of the position of indices that

— <x)ío X  H  +  H  X
G

(X) (0
G
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4. G en era l p rin c ip les  of co n tin u u m  m echanics.
L aw s of classical physics

4.1. In te rn a l forces. Stress tensors

T he follow ings are based on the Cauchy hypothesis  (see in Fig. 9).
S tre ss  tensors'.

T  is the Cauchy stress tensor in the present configuration,
K  = X V T  is the K irchhojf (o r  weighted C auchy) stress tensor in the present configu

ration,
T° is the II. P io la -K irch h o jf stress tensor  in the reference configuration and
&  is the stress tensor in the linearized theory o f  deformation (in the refer

ence configuration).

For T , T °  and К  it holds that

T  d \ = T  ■ d \ ° ;  T ° = X v F a t  = F a K - ( f a ) T .

Physically  objective time derivatives:

( / Г  * ) V = К  -  L  К -  К  ■ L T is the O ldroyd  tim e rate,

(t  j =  (A,.. ) T  + [ к  j is the Truesdell tim e rate.

4.2. B o u n d a ry  conditions

In the nonlinear theory o f deformation in the present configuration and in the line
arized theory  of deformation in the reference configuration

V =  V

V °  — v °

U =  ÏÏ

u ° = u °
T  n =  p
o e n ° =  p 2

л 'е  (/4,9,
A' e (A°v), are  the velocity boundary conditions,
x e  (Á„),
X e  (A2«), are  the displacement boundary conditions and 
A 6 (A,),

X e  (A2,), are  the stress boundary conditions.

In the present configuration the general forms o f the above mechanical boundary con
ditions are

(v  - v ) ( r  n - p )  X e  (A,.) ( u - u ) - ( r - n - p )  x  e  (A,.).
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For the strain rate tensor D  (in an arbitrary case) and for the strain tensor £° (in the 
linearized theory of deformation) the boundary conditions may be expressed as

the com patibility boundary condition: ( V  x  D  x  V ) - n  =  0; x  e  (A ,),

(V °  ж £° X V ° )-n °  = 0; .V e  (A°,), 
the strain rate boundary condition fo r  tensor D  on (A,.), 
the strain boundary condition fo r  tensor £° on (A°„), 
the connecting boundary condition  on the common curve of (A,), an d  (A, ) and

on the common curve of (A °,) and (A °„ ).

For the heat conduction problem the following boundary conditions can be prescribed: 

boundary condition fo r  the temperature: 0 - 0  x e ( A  0  ) an d

boundary condition fo r  the temperature gradient: ( 0 V )  n =  ű x  e  (A ,, )

Here 0  is the temperature field.

4.3. Conservation o f  mass. Continuity equation 

In the present configuration:

=  0Í Pch
V )  ,

(F ) is arbitrary

\ f d V + j ( p v d A )  = i
('')

dt
И

^  +  ( p v )  ■ V  =  0.

(V )  is arbitran

(idm) = 0; => p°dV° = pdV;

For incompressible continua: 

p-= 0; = V • V = D , =  0;

p° dV 
p ~ dV°

Яу =1.

=  Яу .

4.4. Momentum balance laws

According to the basic principles o f  dynamics, the kinetic vector system [of contin
uum] [o f  an arbitrary part o f continuum) is equivalent to the system o f external forces 
acting [on continuum] (on the part considered), i.e.,
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a pdV  X e  (V)"'
j q  d V  x e ( F ) l  

\T  ■ dA  x e ( A ) J
(F ) is arbitrary,

in w hich a  p  is the density o f  the kinetic vector system.
The conditions o f  equivalence  and the equations o f  motion  that follow from them  are

J a  pdV  =  J q  dV  +  J T ■ dA  => p a  =  T  V  +  q  x e  (F ) ,

Г ) ('') (-4)
/ .  Cauchy equation o f  motion,

J" г X a  pdV  =  J г X q  d V  +  J r x  T ■ dA  => T 7 =  T x  e  ( F ) ,

Ю (Г) H
II. Cauchy equation o f  motion.

The balan ce o f  mechanical energy  can be obtained by transforming I. Cauchy equa
tion o f m otion and then integrating the equation resulted

i

p v  • y  =  V • V • T  V  +  q

where

i

| p ( v 2 ) = - Ф л/ +  v - Г  - V  +  v - q  =>

Г = P B + P K,

Ф м = Т  D  = ± - T  ■■(£“)' 
Av

- r -  +  Td ~D,
3

T =  -  
2

J v~ p d V

(П

I'b = -  j  0 s ,d V
(r)

= j v q d C + j ,

is the stress pow er per unit volume,

is the stress power in terms of the stress and strain rate 

deviator,

i s  the kinetic energy o f  continuum,

is the pow er o f  the internal forces  and

is the pow er input (the power of the tractions and body 

forces).
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4.5. The first law o f  thermodynamics. The energy equation

H ere  and in th e  s e q u e l w e  w rite  

e/sp  fo r  the internal energy p er  unit volume,

E B = J eBpdV  fo r  the internal energy o f  continuum

h fo r  the density o f  heat flow ,

Ф ,, =  pr -  h V  fo r  the heat pow er p er  unit volume and

Pq -  J rpdA -  J h i /A  =  J Ф у с/U  is  the heat input.
(Г) (.4) (V)

The first law o f  thermodynamics and the energy equation  are  read  

( T  +  E B ) =  / \ -  +  Pq => p (e B )  =  Фд + Фм , 

p( eB) = T - D  + p r - h - V .

4.6. The second law o f  thermodynamics. The entropy inequality

Let

0 the temperature fie ld ,

p s b e the entropy p er  unit volume and

S = J spdV the entropy o f  continuum,

(П

r e sp e c t iv e ly . Further let

Фо =  Ф,и -  P (eB)  -  Os - T  D -  p (?b )  - O s > 0

b e  the dissipation pow er p er  unit volume.
The Clausius-Duhem inequality and th eir  lo c a l form  are a s f o l lo w s

h0
(>•)

pO s )pr  -  h • V  +

O)

h ( 0 V )

O
= Фд +

h ■ ( 0 V )

0
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In ano ther form

h • (0V)
Фп -------i----->- = T  D - p

0
(eB) - 0 s

h ■ (0V)
0

>0.

It holds tha t Ф п  > 0 and h (0 V ) < 0.

The energy equation can also be w ritten as p 0 s  -  Ф 0 + Ф п -

4.7. The en erg y  equation and the en tropy  inequality in the reference configuration

P ’ h )  7 "  ■'(*” ) + p V - h ’ V ,

r -  I r V  • [ ,  V  n  1  " ' Ю1 )  ~ P  [ ( е я )  - 0S

in w hich hL> is defined by

0
> 0 .

h • c/A = A ,,h • (f j ' ■ d \ °  = h° • c/A°.

4.8. The princip le  o f virtual p ow er

In  the p resen t configuration the principle takes the form

J  T  ■ S D c / V  =  J (q - p  a) • d s  clV + J p ô \  c /A  .

(П <r) (л )

The corresponding side conditions a re  as follows: Sv =  0 x e  (A v ) ,

S D  -̂(<5v о V  + V°<5v) x € ( l / )and

T 7 = T  X  € (F ) .

C onsequently  Г  ■ V +  q -  p a  = ft x e ( F ) ,

T  n =  p  X e  (Л, ).

In  to ta l Lagrangian fo rm u la tion

J  Г  • ô(e ° jd V °  =  J  Àv (q -  p a) • 8\d V °  +  j  A ,p ■ 5 \dA  °
(K)  (F") a;

is the form  o f the principle in the reference configuration.
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4.9. The principle o f  com plem entary virtual pow er

In the present configuration  the  p r in cip le  ta k es  th e  form

j ü  STdV =  | у  <5Г r/A.
( П  K )

T h e corresp o n d in g  s id e  c o n d it io n s  are a s  fo l lo w s :  ST  n  =  0  x e  (A ,)

д Г У  = 0  x e  (V)  and  

<5T T = S T  x e  (A,).
F rom  th e  p rin cip le  it fo l lo w s  3 co m p a tib ility  e q u a tio n s  on  (VO,

the co m p a tib ility  b o u n d a ry  c o n d it io n s  o n  ( A ,), 
the strain  rate b o u n d a ry  c o n d it io n s  on  (A ,.)  and  

the c o n n ec tin g  b o u n d a ry  co n d it io n  o n  th e  co m m o n  curve  

o f  (A ,)  a n d  ( A r).

4.10. The principle o f  virtual work

In the present configuration  th e  p r in cip le  h as th e  form

j"T S E 1 SV  f  (q  -  p a )  • SadV  +  f p  <5u</A. 

in  ('•-) (At)

T h e  corresp o n d in g  s id e  c o n d it io n s  are: <5u =  0  x e  (A u ),

SE 1 -  ÿ  (á ii ° V  +  V  о <5u) x  e  ( F ) a n d  

T T = T  x e ( V ) .

T h e eq u a tio n s that fo l lo w s  from  the p rin cip le  are  the th o se  fo l lo w in g  fr o m  the prin ci
p le  o f  virtual pow er.

In total Lagrangian form ulation

J T ° - 8 E d V  p » ) S u d V °  +  J A .A p ■ Sud A °

И  (к-)

is  the form  o f  the p r in c ip le  in the reference configuration.
In the linearized theory o f  deformation  w e  h a v e

J CT 5 e d V °  =  j ( q  - p  a  ) du d V  +  J p Su dA
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for w hich ő u 0 = О x g  ( a ‘ u j,

S e ° = j  (ő u 0 o V t V o  <5u ) X e  (V° ) and

<t "T =  a  x g (f °).

are the side conditions and from w hich it follows

C7° • V° +  q° -  p°a° = 0  x e ( r j ,

(T° n° = ji"  X e ( л ° \

4.11. T he  pricip le  o f  com plem entary virtual work in the linearized  theory o f  deform a
tion

In the  reference configuration  the principle is of the form

J e° ■ S o  dV° = J Y  -Sa* - d \ ° .

И

The corresponding side conditions a re  <5(7 n = 0  x g (,4°),

<5(7 - V  = 0  X g (F  ' Yand 

<5(7 T = 8 a  x g (f °Y

From the  principle it follows 3 com patibility equations on ( F 0 Y
the compatibility boundary conditions on (л,° j ,

the strain boundary conditions on (/1И j and

the connecting boundary condition on the common curve

o f ( л ; )  and (л ,;) .

4.12. T he  principle o f  virtual w ork in incremental total Lagrangian form ulation  
in the re ference  configuration

In accordance with Fig. 5 we shall assume that from the A-th state of continuum char

ac terised  by the displacement field  *A1 u ’, we can achieve the next state, for which there 

is no a  separate sign, using the increm en t o f  the d isplacem ent f ie ld  A  (A ,u ° .
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It h o ld s
for the d isp la c e m e n t f ie ld  that

(к) О A ( к ) £= ' ' u  + A ' ' u

for  the G r e e n -L a g r a n g e  strain  f ie ld  that

E = (k)E" +A{k)E" = - -V" + V" < V + ( 4 < * V )

I j v ' o p ^ u "  + ( a (*)u") J - 1 (* V  + ( 4 (t)u' ) ] ° V " J =  {k)E° +A[k)E°L +A{k)E"N,

A(k)E°L = -  
2 L

+ i j ( v ° o(<)u

A{k)E°" = -

p ' V ’j o V ’ + V ' o j / ' u - j  +

]  + [ v “o ( ^ u " ) ] . ( (‘-'u” o V ° ) j ,  

V"°(zl (A)u") • j / ' u  joV'

Z\(t)u " | o V

and fo r  th e  II. P io la -K ir c h h o f f  stress  f ie ld  that

7" = { k ) T "  + 4 (*’)T".

It is  a ssu m ed  that th e  virtual d isp la cem en t f ie ld  is

<5u = ő ( 4 (<r,u°),
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i.e., w e do not change the displacem ent field ,A ’ u . I f  this is the case for the virtual strain 
field w e can  write

Ő E ° =  Ő (л {k]E ° ) = 5  (zf11k)]E '°L ) + <5 (4 1[k)E'°N ),

where

<5(t (aV M = 1 <5ÍzlW u 0) o V o +  V °  o ^ i z l ^ u 0)
V ' 2 L V /  V /J

+

+  -  j v ° o ( t ) u j .  i j / ’ u j o V "  +  V ° ° < 5 ( z \ (<r)u 0) • ( (‘ ) U ° o V " )  ,

0 | 4 (* ^ ejv) = I V"o|4(t)u <5|4(iV | ° V + V“°<5U(i)iT 4 W i T | ° V

The form  for the principle of virtual work we have sought is

J (k'>T°+A{k)T

r

J [k]Xv + 4 ( t ) A(. ] q 0 u V / F °  +  j
S E °dV ° =

(k]XA + Â k]XA p • 8a°dA°.

Since the product A ^ T  ■ ■ S^A ^^E “ j is not linear in A^^T  , jzl*A*uüj°V  

neglect it. W e also neglect the term s A ^  kv q and Â k ' A A p . In this way we obtain

we

J A{k)T° •■ô(A(k)E°Ly V °  + J {k)T" ■ -ő(a ^ E ° n jc/F° =
-  f  {k]T° ■■5[A(k)E''L\clV ‘‘

n

+ ■<5(zl(Ar)u0)i/r + J (A:)A ,p -< s ( z l (Aiu °)<£4°.

Due to the neglections we have made the latter form of the principle of virtual work 
applies to  an unbalanced state o f the body and for this reason the solution (the equilib 
rium sta te  o f the body) can be sought, starting from a given state, by a series o f subse-
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quent iteration steps. We assume that the Л-th state precedes the A-th iteration step. For 
the iteration solution an error limit should be defined and an appropriate form o f the con
stitutive equations should also be chosen for the body under consideration.

In the first step, the field 11 u ° , and 11 *7' are given, the geometrical measures

of deformation are units ( (l'Я,, = = I ) and the displacement increment A  (l)u° is

the unknown.

In the А-th step of the iteration the displacement increment A  (<lu is the unknown 

while the increment of the stress tensor A ^  *7’ is calculated from the increment of the

strain tensor A ^ ]E  ' using a linear approximation .
After the A-th iteration step we have

( * + l )  0 (A) „ . (A) „' u = ' u + A  1 и ,

(k+] ) g °  — (*)£" + A (k)E °  =  (l)£  + ® E ° l +  A  (i)E oN ) ,
Í = 1

( Â- + 1  ) r p ' _  ( * ) y °  _ | _ ^ ( ^ ) / , 0

In the last expression the total increment A  (< (not only the linear part o f it) has to 

be calculated. The geometrical measures of deformation ,Ä 1 ’А,- and (< +1 Л have to be 

determined from ^ 1 ' u ° .

5 . C o n s t i t u t iv e  e q u a t io n s

Constitutive equations relate to each other the variables describing the macroscopic 
behaviour o f a continuum. These are the so-called phenomenological variables which de
pend on the material.

In the sequel we are concerned with thermomechanical models of m aterials.
At the point o f continuum, identified by the position vector r  in the reference con

figuration, the independent variables o f the constitutive equations are the motion

r = r^r’;t), the temperature field 0  = 0 ^ r  and those quantities being calculated

from these variables (for instance the strain tensors, the strain rate tensor, and the gradi
ent of the temperature field).
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The dependent variables o f  the constitutive equations are the stress tensor T  ^or T°  j ,

the heat flow per unit area h, the free e n e rg y /a n d  the entropy s (or the internal energy 
e B and the entropy 5 ).

The fr e e  energy per  unit vo lum e  related to eB a n d  s: f  = e B -  0  s .
It also holds that

<2>d =  Фд/ -  P (eB ) - O s  ] = <PM - p ( f  + s 0  ) = T  - D - p ( f  + 5 0  ) ,

Фд/ - p ( f  + s e  ) -
h ■ ( 0  V)

0
> 0 .

5.1. Therm oelastic body

The dissipative pow er is zero, i.e.,

Ф о =  <>•

T  D  -  p ( /  + 5 0  ) =  0 Г  • • ( £" )  - p °  ( /  + 5 0  ) = 0 .

The free energy depends on E  and 0  (or E  and 0  ) only: 

f  = f ( E \ e )  o r  f  = f ( E , e ) .

The constitutive equations  ( 11 scalar equations) assum e the form:

Т °  о  » d f  1 = p  ------ = p
dE°

f  = f ( E \ e ) ,

Г д е в Q  ds  Л

c ) E  d E  .

d f  ,
5  = --------and

d e

T  d f  
or / = p —  = p  

d E

f d e B Q d s л

d E  d E y 

the law of heat conduction for h.

The equation of heat conduction is

d \ fh V -  p 0
■ И

^ 0
d e 2

= o .
d e d E

In the linearized theory o f  deform ation  the constitutive equations may be expressed
as
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d f0 = 0  ,
de

s = ~ — , h =  - k- ( 0 V ) .
д в  V '

The constitutive equations for a geometrically and physically linear, anisotropic and 
thermoelastic body  are of the form

p" f ( e ° , o )  = ^ e °  ■■ {4)x"  - ß  - e “ ( в - е  ) - - с ( в - в  y ,

a  =  (4)C °  • E ° - ß ( e - 0 ° ) ,  p  s = ß  E° +  с ( 0 -  0  ) ,

h =  - j c- ( 0 V ) .

(4) оOnly 21 components of the fourth order tensor ' 'C  can be independent.
For geometrically and physically linear, isotropic and therm oelastic body  the con

stitutive equations become simplified:

p ° f ( e \ 0 )  =  p e ° - E ° + U ( £ ° l ) 2 - ß e \ (0 - 0  ) - I £ ( 0 - 0  ) 2 ,

<r" =  2 р е  + à e ; i - ß ( e - e ° ) / ;  p ° s = ß £ ° l + c ( e - e ° ) ,

h =  - f c ( 0 V ) .

£ =
2 P 2 p  +  ЗА

CT, ! + ------------( 0 - 0 . , ) /  •
2 p  + 3 A { 1

After being rewritten in terms of G  and v  the Hooke's law  takes the form

er = 2 G

£ =
2  G I +  v

a ] !  ] + a ( 0 - 0 „ ) / ,

in which

o \ = 2 K e \ - 3 / 3 ( 0  - 0 O),  e \  + 3 a ( 0 - 0 „ ) .
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5.2. E la stic  body

F o r  a n  e la s t ic  b od y  the entropy s is constant, V 0  = 0 a n d  h = 0.
I f  e B = e B(E°n , E \ 2, ■■■ , E  ; з ) ,  o r  eB = eB( E  u , E  12 ,• • • , £ 33) ,  th en  the constitu

tive eq u a tio n s  (6  sca lar e q u a tio n s )  m a y  b e  e x p r e sse d  a s

T ° =  p о  д е в
д Е °

o r  T = p
d e  н 
d E

In th e  g e n e r a l ca se

T  = a ° J  + a \ E °  + a \ [ e " j or T = a J + a ] E  + a 2E 2 ,

w h e r e  a  ° , a  J , a °2 and a a, a , ,  a  2 d ep en d  on  the sc a la r  in v a ria n ts .

F o r  a n  isotropie elastic body е в =  eB Í E \ , E \ l ,E  щ j, o r  е в — ев [е  , .  Е п , Е ш j.

F o r  th e  co n stitu tiv e  eq u a tio n s  f o r  a geom etrically and physically  linear elastic body 
w e  c a n  w r ite

CT° = (4)C° - - e 0; 

i f  the b o d y  is anisotropic and

(V- a  ,

a  = 2 p e °  + Л е 1 1 = 2G \ e +
\ - 2 v

о r■£, I

E =-
2p

a  -
Я

2 p  +  ЗЯ

о жa ,  I
2 G 1 +  v

о r( J , /

i f  the b o d y  is isotropic (H o o k e ’s l a w ) .

5.3. Therm oviscousflu ids

The stress  tensor is T = —p  I  +  T v .
The constitutive equations ( 1 2  s c a la r  eq u a tio n s) are

р  = р{в,р~х\  Tv = T v (0,V0,D,p-' ) ,  (Tv =0,  i f  D = 0),

r) f
f  =  f  (О . p ]). s  = -------—  and the la w  o f  h eat c o n d u c tio n  for  h.

' и ’ d e

T h e  d is s ip a t iv e  p ow er is Ф0 - T v ■ D.
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T h e eq u a tio n  o f  heat co n d u ctio n  is

h V  +  p G Í L Í ? D , - í U - e  1
р д в  d O 2

Г  D - r p  =  0 .

The Stokesian linear thermoviscous fluids: 
In anisotropic case:

P = P ( e . P -<).

f  =  f ( e , p - ' ) ,
d j _
d e

' v  =  {4]c y n .

and h = - t c ( V 0 ) ,

w h ere  = ^ C *  ( ö . p  ' j  and к - к ^ Э . р  1 j.

In iso tro p ic  c a se :

T l =  2 p  ' /> +  A' / J) ,  / ,

d f

р  = р ( в , р - ' ) ,

f  = f ( e . p - ' ) .
d e

and It =  -  i f ( V e ) ,

w h e r e  p ‘ = p '  (<9,p  A' - X '  ( f t p  ' )  a n d  к  = к(<Э.р

5.4. Isotherm viscous fluids

C o n stitu tiv e  eq u a tio n s  fo r  viscous, isotherm, nonlinear modeI o f  flu ids  m a y  b e  e x 
p ressed  as

P - p ( p  ') -  7’1 = a [ \ + a \  D + a'2 I)2,

w h ere  a \  = a \ { p , D x, D n , D m y

C o n stitu tiv e  eq u a tio n  fo r  viscous, isotherm, linear (Newton type) m odel o f  flu ids  are  

/  = - p I  + Xv I) +  2  p  r I): 3 A r  + 2  p r > 0 , p  v >  0 .

5 .5 .  Ideal fluids. Elastic fluids

For ideal flu ids  T l =  0  ,

T — — p  1\ p  =  co n sta  n t .
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F or elastic  flu ids T v = 0  an d  p *  constant,

T = - p i ,  p = p (p ~x) .

5.6. E la s tic , plastic body. F low  theory with isotropic k inem atic  hardening

It can  be assumed that the deformation can be decom posed to a plastic and an elastic 
part (see Fig. 16).

F  =  F e l - F pl- D  = D e l + D p l = ( D d e l + D iel) + D pl- D ip l= 0.

The y ie ld  condition  is of the form  (see Fig. 17)

Q - K ^ - s  Q { = K cll — .Vj =  0 ,

/ ( ß ) = 7 %  » V c F ß = , / § * ( 0 ),

where s is the shift of the centre of the yield surface, к  is a material constant (yield 
stress), Û  is the work o f  p lastic  deformation (per unit vo lum e) defined by:

t
iï = j Q - D pl d t .

0
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Prandtl—R euss type elastic equations o f plasticity are as follows: 

-  the elastic part of the strain rate tensor:

Die, = A  = ^ ( A " ) V; D M  = D j  - d p, = -L ( /r ;* )v ,
2(i

-  the plastic part o f the strain tensor:

„ - уШÖ" p l  ~  " d p i  ~ У =77̂ ----- /
' / ( C )

the velocity of the centre of the yield surface:

and the consistency condition:

1 d f ( Q )
Ï  =■ Г Г ; / /  =  —A t? )— ^  

3 v ’ t/t?H  d o

C onstitutive equation fo r  the K irchhoff s tress tensor in the present configuration  : 

(A T  ) V = {4)C ep ■ • (£■„ )V =  {A)C ep 1 ),

in which
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2 G f Q  ,  Q )
Я lAß) W ) J

,J>/ = ( g ' V ‘ + * ' V r ) ( ê , ° ê , ° g , " g , ) .

Я:
3 G

d k ( û )  d h (û )  

d û  d û

and in the reference configuration:

И “V - (V  ..
v"  ep ( E - ) ,

in w hich

( V °  -
^  ep -

O bserve  that the latter constitutive equations were determ ined using the approach of 
objective tim e derivatives.
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Nonsmooth characteristics of the tangent m odulus resulted both from irreversible behaviour of mate
rials and from polygonal approximation of nonlinear material behaviour will be analysed.

Stability analyses of inelastic irreversible systems are based on the concept of tangent modulus. The 
switch from loading to unloading in the material behaviour results nonsmooth material functions. On the 
other hand, for a load history analysis instantaneous tangent modulus is needed. Thus, by applying po
lygonal approximation, we obtain nonsmooth m aterial behaviour again. Naturally, originally polygonal 
material behaviour can also be happened. Consequently, for global stability analyses related to the total 
domain of possible deflections, nonsmooth tangent m odulus is needed.

In this paper, the concept of the tangent m odulus is extended to materials having nonsmooth charac
teristics due to both inelastic loading-unloading and polygonal form.

1. Introduction

The classical elastic stability analyses are  based on the convex and smooth elastic 
potential. The nearly also classical elastic-plastic stability analyses need also smooth and 
convex potential by using the concept of the linear comparison solid by reducing the 
problem to a quasi-elastic analysis. The m odern inelastic stability analyses including 
strain softening and damage are extended to nonconvex potentials by the generalization 
of the tangent modulus. However, the condition o f  smoothness is further on required by 
using the concept of linear comparison solid.

The nonsmooth characteristics of strain energy functionals can be derived from two 
facts. On the one hand, it can be caused by the change of material phases: the switch over 
of loading-unloading is an original nonsmooth characteristics of any inelastic behaviour. 
Even to avoid nonsmoothness, the concept o f linear comparison solid has been introduced 
by Hill [10]. On the other hand, the nonsmooth properties of strain energy can be resulted 
by nonsmooth functions of material laws directly, due to original or approxim ate polygo
nal constitutive laws.

By using the tools o f nonsmooth analysis, we can get over the difficulties of 
nonsmoothness of both type. In this paper an extension, the so-called nonsm ooth tangent
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modulus is  in tro d u ced . B y  th e  h e lp  o f  it, g lo b a l s ta b ility  a n a ly s e s  o f  n o n lin ea rly  in e la s t ic  
stru ctu res c a n  b e  in v estig a ted . E q u ilib r iu m  p ath s o f  s tru c tu res  h a v in g  arbitrary n o n lin e a r  
ir r e v e r s ib le  m a te r ia ls  ca n  b e  a n a ly s e d  b y  a p p ly in g  p o ly g o n a l ap p rox im ation .

2. Short history o f the tangent modulus

S in c e  th e  ta n g en t m o d u lu s p la y s  a  k ey  ro le  in d is s ip a t iv e  sta b ility  a n a ly se s , it s e e m s  to  
b e o b v io u s  to  run through the d e v e lo p m e n t o f  it. T h u s  w e  can  see  h ow  the ta n g e n t  
m o d u lu s  c h a n g e d  during a b o u t a  cen tu r y  lo n g  tim e  p e r io d  h o w  it b eca m e  from  a  s im p le  

m a ter ia l c o n s t a n t  to  an  in d ica to r  te n so r  o f  d is s ip a t iv e  s y s te m s .

2.1. A ppearan ce o f  the tangent modulus

T h e  c o n c e p t  o f  tan gen t m o d u lu s  is  resu lted  b y  th e  d e v e lo p m e n t o f  p la s tic ity , n a m e ly ,  
the p la s t ic  b ifu r c a tio n  p ro b lem s. In th e  h isto ry  o f  th e  ta n g e n t m od u lu s w e  fo l lo w  th e  s ta te  
o f  art g iv e n  b y  B ruhns in [6 ]. P la s t ic  co lu m n  b u c k lin g , th e  p o ss ib le  b ifu rca tio n  o f  th e  
stru ctu re  w a s  in  the fo c u s  o f  in terest  in  th e  p ast, h o w e v e r , th e  p ro g ress in the su b je c t w a s  
not sm o o th .

T h e  p r o b le m  to  ca lc u la te  the c r it ic a l v a lu e  o f  th e  lo a d  o n  the top  o f  the c o lu m n , w h e n  
the s tr a ig h t  c o n fig u r a tio n  b e c o m e s  u n sta b le , w a s  f ir st  s o lv e d  b y  E uler in 1 7 4 4 , b y  a s 
su m in g  l in e a r  e la s t ic  m a ter ia l. H o w e v e r  i f  the s tr e ss  in  th e  co lu m n  e x c e e d s  th e  y ie ld  
lim it, p la s t ic  f lo w  w ill o ccu r , and  th e  o r ig in a l e la s t ic  m o d u lu s  is  not v a lid  any m ore.

A  t y p ic a l  s tre ss-s tra in  cu rv e  a  =  a ( e )  ca n  b e  s e e n  in  F ig . l a  w h ere the s lo p e

E, -  d a  I d e  ( 1 )

o f  th e  c u r v e  b e y o n d  the e la s t ic  lim it  a 0 is  the ta n g en t m o d u lu s . T he tangent m o d u lu s  is  

still th e  fu n c t io n  o f  stra in s, s in c e  E , ( e ) =  d a (e )  /  d e , th u s  for  the stress-stra in  fu n c t io n ,  

a b il in e a r  id e a liz a t io n  se e n  in  F ig . lb  is  o ften  u sed . T h is  m o d e l seem s to  be a d v a n ta g e o u s  

s in c e  E t =  c o n s t , h o w ev er , the n o n sm o o th n e ss  in  <7 ( e ) , n a m ely , the jum p in th e  s lo p e  

p a ss in g  th ro u g h  the y ie ld  lim it, c a u s e s  d iff ic u ltie s .

T h e  f ir s t  r e v is e d  fo rm u la  for  th e  c r it ica l lo a d  w a s  s u g g e s te d  by E n g esser  in 1 8 8 9  b y  

u sin g  th e  ta n g e n t m od u lu s E, in th e  form u la  o f  E u ler . A  b it later, in 1891 b y  C o n s id è r e  

and in  1 8 9 4  b y  J a sin sk i, an im p ortan t o b se r v a tio n  w a s  m a d e  by p o in tin g  out th at in  a  

b u c k lin g  m o d e , in o n e  part o f  the s e c t io n  a p u rely  e la s t ic  stra in  reversa l w ill o c c u r , w h ile  

in th e  r e m a in in g  part, p la s tic  lo a d in g  w ill c o n tin u e . C o n s id è r e  introduced the s o - c a l le d  

r e d u c e d  m o d u lu s  Er for  w h ic h  E  > E r >  E , . S o m e  e x a m p le s  w ere perform ed  la te r  b y  

K á rm á n  in 1 9 1 0 .
T h e n , fo r  a  lo n g  p erio d , the red u ced  m o d u lu s th e o r y  w a s  a ccep ted  as the e x a c t  s o lu 

tion  o f  th e  p ro b lem , w h ile  th e  ta n g e n t m od u lu s th eo ry  w a s  co n sid ered  as an a p p r o x im a te  

a p p r o a c h . U n t il  1 9 4 6 - 4 7  [3 9 , 4 0 ]  th ere  w a s  n o  c o n s id e r a b le  p rogress in the su b jec t.
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£ £
a) b)

Fig. I . T h e  ta n g e n t  m o d u lu s  a n d  th e  b i l in e a r  id e a liza tio n

T h en , S h a n le y  in [4 0 ] ,  b y  the h e lp  o f  a  s im p le  m o d el dem onstrated  th e  im p ortan t d is
tin c tio n  b e tw e e n  u n iq u en ess  an d  s ta b ility . H e  r e c o g n is e d  that the ta n g en t m o d u lu s  load  is 
the lo w e s t  p o s s ib le  b ifu rca tio n  load . A t th is  lo a d , the straight c o n f ig u r a t io n  lo s e s  its 
u n iq u e n e ss  but not its s ta b ility . M o reo v er , S h a n le y  h a s  w ritten  the ta n g en t m o d u lu s  in the 
form  in  w h ic h  it is  u sed  in our tim e  too

B y  an  o th er  im portant o b serv a tio n  o f  S h a n le y  th at at the instant o f  b ifu r c a t io n  there is  
no c h a n g e  in  the lo a d , S h a n le y  q u a s i-m a d e  a n  a d v a n c e  o f  the grou n d s o f  th e  co n cep t o f  
lin ear  c o m p a r iso n  so lid  o f  H ill. H o w e v e r , it to o k  a n o th er  decade until th e  co n tin u u m  the
ory o f  b ifu r c a tio n  w a s  la id  d o w n  b y  the fu n d a m e n ta l paper o f  H ill in 1 9 5 8 .

2 .2 .  The tangent modulus in the continuum theory

U n til th e  fa m o u s pap er o f  H ill in 11 0 ], th e  ta n g en t m odulus w a s  c o n s id e r e d  a s the 
prop erty  o f  a  m ateria l po in t o n ly . H ill w a s  w h o  ex ten d ed  the c o n c e p t o f  th e  tangent 
m o d u lu s  to  th e  w h o le  b o d y  or structure b y  c h a r a c te r is in g  the “ r e s is ta n c e ”  o f  th e  b od y  by 

the ta n g en t m o d u lu s  11 1 - 1 3 ] .
B y  fo l lo w in g  B ruhns [6 ], here  w e  re fer  o n ly  to  th o se  results o f  H il l  w h ic h  are in 

c lo s e d  c o n n e c tio n  w ith  the tan gen t m o d u lu s. H ill  su g g e s te d  for the rate c o n s t itu t iv e  rela
tio n s o f  b o d ie s  w ith  e la s t ic -p la s t ic  m ateria l a n d  f in ite  d eform ation s a s f o l lo w s

in the c a s e  o f  sm o o th  y ie ld  su rfa ce  and a s s o c ia te d  p la s tic  d efo rm a tio n s . H e r e  a  is  the 

ten sor  o f  th e  so -c a lle d  o b je c t iv e  stress  in c r e m e n ts  a n d  E  is  the tensor o f  th e  in sta n ta n eo u s  

e la s t ic  m o d u li w h ile  X rep resen ts  the n o rm a ls  to  th e  y ie ld  h y p ersu rface in te r fa c e s  sep a 

rating th e  d o m a in s  o f  e la s t ic  and  p la stic  b e h a v io u r . H ere  a  is a p o s it iv e  fu n c t io n  o f  hard

en in g  a s  fo l lo w s

E Se fo r  e la s tic  lo a d in g  o r  e la s t ic -p la s t ic  u n lo a d in g  

E, 5e fo r  p la stic  lo a d in g
( 2)

à = Е е-  — (A é )A  =  à(è)
h

(3 )
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i l  i f  A e > О 

[O i f  A e { О

a s an in d ic a to r  o f  the r e g im e s  o f  p la s tic  load in g  an d  u n lo a d in g . W hen the s tr e ss  l ie s  
w ith in  th e  y ie ld  su rface, th e  m a te r ia l is  purely e la s t ic  th u s a  =  0 .

O n  th e  b a s is  o f  H i l l ’s  ta n g e n t m o d u lu s , a strain rate  p o te n t ia l

W(£) = - è E è - - - ( X è ) 2 
2 2 h

We(è) + fVp(è) ( 5 )

ca n  b e  in tro d u ced  as the p o te n t ia l fu n ctio n  o f  the str e ss  r a te s

dW (£)

dé
Е Ё - - Ш

h
(6)

H o w e v e r , th is fu n ction  is  n o n sm o o th  w ith resp ect to  th e  stra in  rates. It has c o n tin u o u s  
first d e r iv a t iv e  and se c t io n a lly  c o n tin u o u s  secon d  d e r iv a t iv e . T h e  jum p in the s e c o n d  d e 
r iv a t iv e  is  d u e  to  the ju m p  in  th e  in d ica to r  a. W ith o u t u s in g  th e  to o ls  o f  n o n sm o o th  a n a ly 
s is  th e  n o n sm o o th  p oten tia l fu n c t io n  (5 )  cannot b e  h a n d led .

H e r e  w e  reca ll the o b se r v a t io n  o f  S h a n ley  a c c o r d in g  to  w h ic h  in co lum n b u c k lin g  at 
the in sta n t o f  b ifu rcation  u n lo a d in g  is  absent. In th is  s e n s e  H il l  introduces a sp e c ia l m a te 
rial c a l le d  linear comparison so lid  o f  the n o n lin ea rly  in e la s t ic  m ateria l w ith  th e  p ro p er ty  
that u n lo a d in g  is  e x c lu d e d  th ro u g h  a  =  1. T hus, h e  c o u ld  a v o id  the n o n sm o o th n e ss  b y  
o b ta in in g  a  sm o o th  p oten tia l

W(ê) = — £/•.£ -  —  (Яг)2 = We {£) + W (è) (7)
2  2 h

H i l l ’ s  r e su lts  h a v e  a  g rea t im p o rta n ce . A n y  so lu tio n  o f  th e  rate boundary v a lu e  p r o b 
lem  fo r  th e  e la s t ic -p la s t ic  s o l id  is  u n iq u e w hen  the u n iq u e n e s s  o f  the a n a lo g o u s b o u n d a r y  
v a lu e  p r o b le m  for the c o m p a r iso n  so lid  is  assured.

H i l l ’s  r e su lts  are re la ted  to  e la s t ic -p la s t ic  b e h a v io u r . H o w e v e r , in m odern  s ta b ility  
a n a ly s e s  th e  strain  so fte n in g  a n d  d a m a g e , m oreover , th e  s tr a in  lo ca liza t io n  b e c a m e  e v e n  
m o re  im p o rta n t. T hus, th e  r e su lts  o f  H ill have r e c e n tly  b e e n  ex ten d ed  to th e se  c a s e s ,  o n  
the b a s is  o f  th e  th erm o d y n a m ics  a n d  b y  using the to o ls  o f  fu n c tio n a l a n a ly sis .

2.3. Thermodynamic generalization o f  the tangent m odulus

T h e  th erm o d y n a m ic  e x te n s io n  o f  the tangent m o d u lu s  i s  th e  m erit o f  N g u y e n  [ 2 8 ,  2 9 ] ,  
H a lp h e n  a n d  N g u y en  [9 ] b y  in tro d u c in g  the gen era lized  time-independent standard  
m aterial. T h is  co n cep t is  th e  b a s i s  o f  the m odern b ifu r c a t io n  th eories. T he m o st g e n e r a l  
c o n s t itu t iv e  re la tio n s o f  stra in  so f te n in g  m ateria ls is  g iv e n  b y  the authors R ic e , R a n ie c k i,  
R u d n ick i a n d  B ruhns in [ 3 4 ,  3 5 ,  3 6 ,  3 7 1. T he n e w e st m o d e r n  m athem atica l d e sc r ip tio n  is  
g iv e n  b y  B e n a lla l,  B iliá rd o n , G e y m o n a t and D ogh ri [3 ,  4 ,  5 ] .
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A ssu m in g  sm a ll iso th erm al stra ins a c c o r d in g  to  [3 , 4 ] ,  the b e h a v io u r  o f  the gen era l
iz e d  standard  m a ter ia ls  can  b e  ch a r a c te r ise d  b y  th e  free  energy an d  th e  domain o f re
versibility  and  the consistency condition.

G e n e r a lly  the free  energy  is  a fu n ctio n  o f  th e  stra in s £, the in ternal v a r ia b le s  a ,  and  

the tem p eratu re T
y/ =  y / ( e , a , T )  (8)

w h e r e  fu n ctio n  у/ is  the p o ten tia l fu n c tio n  o f  th e  th erm od yn am ic s ta te  v a r ia b le s , the 

s tr e s se s  a ,  the th erm o d y n a m ic  fo r c e s  A , an d  th e  en tro p y  s as fo l lo w s

a (9 )

T h e  irre v ersib le  b eh a v io u r  is  ch a r a c te r ise d  b y  th e  domain o f reversibility

C ( a )  =  { A  | / ( Л , а , Г ) < 0 }  (1 0 )

and  th e  potential o f  dissipation I f  A. à .  T) in  co n n e c tio n  w ith  the n o r m a lity  la w

á  = A —  = N  (A)  
dA c

(ID

w h ere  N C(A)  is  the ou ter norm al v ec to r  o f  th e  c o n v e x  set C(a)  at A .

T h e  n o n n eg a tiv e  m u ltip lier  A >  0  r e su lts  fro m  th e  consistency condition f  — 0 .

w h ere

and

( 12 )

II о SJ

d a  dA
(1 3 )

. d : yr 
P dotde d a d a

(1 4 )

H e r e  the sy m b o l °  d en o te s  the sca la r  p ro d u ct w h ile  ®  d en o tes th e  te n so r ia l product 
b e tw e e n  ten so rs . S y m b o l d en o te s  th e  d o u b le  ten so r  co n tra ctio n , a n d  < v >  =  max 
<x,0 >  en su res  th e  n o n n eg a tiv ity .

C o n sid e r in g  an isothermal p r o c e ss  o f  th e  e la s t ic -p la s t ic  d a m a g in g  s tra in  so ften in g  
m a ter ia l, the tem p eratu re and the en tro p y  c a n  b e  e lim in a ted , thus, th e  th erm o d y n a m ic  

sta te  la w s  (9 )  read
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у  = у / ( е , а )  о  = р —  А =  - р ~ —
де д а

( 15)

In th is  w a y ,  th e  isoth erm al m e c h a n ic a l b eh a v io u r  o f  th e  tim e-in d ep en d en t standard  d is s i 

p a tiv e  m a te r ia l ca n  b e  c h a r a c te r is e d  b y  three th e r m o d y n a m ic  poten tia l fu n c t io n s  
y / ( E , a ) , f ( A . a )  and F ( A , à ) . B y  the h elp  o f  th e se  fu n c t io n s  the m ost g en era l th er

m o d y n a m ic  fo rm  o f  the ta n g en t m o d u lu s  can  be o b ta in e d . T a k in g  the tim e d e r iv a t iv e  

ô  =  d o  /  dt  a s  q u a s i-s ta tic  v e lo c i t y  in to  accou n t, the ra te  c o n st itu t iv e  re la tio n  c a n  b e  

w ritten  in  th e  form

à  -  L ( e . a )  e  ( 1 6 )

w h ere  th e  o p era to r  L is  the ta n g e n t m o d u lu s  as fo l lo w s

in w h ic h

L  =
E

E -
(E  : a )  ®  (b  : E )  

h

i f  / ( A , a )  =  0  a n d  b : E : e  < 0  

i f  f ( A , a )  =  0  a n d  b : E : e  > 0

E = p д  V  

d £ d £

( 1 7 )

( 1 8 )

is  th e  te n s o r  o f  e la s tic  m od u li an d  th e  ten so rs

a  =  E “ 1 :Л Т о —  b =  —  о Л  : E -1 ( 1 9 )
дА дА

are re la ted  to  the d om ain  o f  r e v e r s ib il ity .
T h e  m o s t  gen era l fo rm  ( 1 5 )  o f  th e  tan gen t m o d u lu s  c o n ta in s  eq u a lly  an y  n o n lin ea r  

in e la s t ic  a n d  e v e n  strain s o f te n in g  or d am agin g  b e h a v io u r  o f  m a ter ia ls . Let us c o n s id e r  
n o w  th e  s p e c ia l c a se s .

In th e  c a s e  o f  elastic-plastic m aterials , function  t// is  th e  H e lm h o ltz  free  e n e r g y . A c 
co r d in g  to  [ 3 ] ,  for e la s t ic -p la s t ic  m a te r ia ls , tensors Л  -  П  =  E  , and fu n ction s f = F ,  s o  
a  =  b , c o n se q u e n t ly , the ta n g en t m o d u lu s  ( 17) is s im p lif ie d  to

E
<

E -
( E : a ) ® ( a : E )

if  f ( A , a )  = 0  a n d  a : E : é < 0  

i f  f ( A , a )  =  0  a n d  а : Е : ё > 0
( 20)

M o r e o v e r , in the c a se  o f  linearly elastic and perfectly  p lastic  materials, a  =  b =  1 

and d f  / d a  = 0 , c o n se q u e n t ly , th e  tan gen t m od u lu s rea d s

^  | E  fo r  e la s t ic  lo a d in g , e la s t ic - p la s t ic  u n lo a d in g  

} 0  fo r  p la s t ic  lo a d in g
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In the c a s e  o f  damaging materials, a sc a la r  d a m a g e  c o e ff ic ie n t  D  is  in tr o d u c e d  a m o n g  

th e  in ternal v a r ia b le s . A cco rd in g  to  [4 ] fo r  elastic-damaging m aterials, le t D be  

0  <  D < Dcr < + ° ° , fu lf il lin g  the b a s ic  c o n d it io n  that for  D  =  0 , the m a ter ia l is  p er fec tly

e la s t ic ,  and  for  D  -  D cr, the  m ateria l is  p e r fe c t ly  d a m a g ed . T he s t if fn e s s  o f  th e  m ateria l 

is  c h a ra c ter ised  b y  th e  fu n ctio n  g(D)E w h e r e  E is  th e  in itia l e la s tic  m o d u lu s . T h u s the  

rate  c o n st itu t iv e  la w  ca n  b e  w ritten  in the fo rm

e ( D )  Ее i f  О ( a(D)
a (D )  (2 2 )

g(D )E è + (e Ее) Ее i f  0  = a(D)
k'(D )

w h e r e  Q , 0  <  Q < a { D)  is  the d a m a g e in tern a l fo r c e , and a{D)  >  0  , a  ( D)  >  0  is  a 

g iv e n  fu n ctio n . M o r e o v e r , k( D)  =  - a ( D )  /  g  ( D ) .
F o r  a  v ery  s im p le  m o d el o f  the e la s t ic -d a m a g in g  m ateria l, [31 s u g g e s t  fo r  D  to  be

0 < D < 1 ,  and  fo r  the free  en erg y  p y / ( e . l ) )  =  ÿ ( l  -  D )  e. E . e , m o reo v er ,

k ( D )  = Qn + M D  w h ere  Q0 an d  M  are m a ter ia l c o n sta n ts . T hus th ey  s u g g e s t  th e  tangent 

m o d u lu s  as

L  =  ( l _ D ) E - M »  
M

(2 3 )

fo r  th e  e la s t ic -d a m a g in g  m ateria l.
O th er  tan gen t m o d u li are ob ta in ed  for  co n tin u u m  d a m a g e  m ateria l o n  th e  b a s is  o f  

fra ctu re  m ech a n ic s  b y  Ja n so n  and  H uit 114] a n d  D e l P iero  and S a m p a io  [8 ].

2.4. Application o f  the tangent modulus to discrete systems

T h e  d iscre te  v e r s io n  o f  the tan gen t m o d u lu s  is  a n a ly se d  in the m o n o g ra p h  o f  B a za n t  
an d  C e d o lin  [2 ] . B y  a p p ly in g  th e  co n cep t o f  th e  tangentially equivalent elastic structure 
an d  an  in crem en ta l q u a s i-e la s t ic  a n a ly s is , th ey  c a n  u se  the b a s ic  p r in c ip le s  o f  th erm o d y 
n a m ic s .

A c c o r d in g  to  the k in em a tic  d eg ree  o f  fr e e d o m  o f  th e  d iscre te  structure, b y  in tro d u cin g  

th e  g e n e r a liz e d  co o r d in a te s  q = {q, } ,  i -  1,2 , . . . ,n , the  ta n g en tia lly  e q u iv a le n t  e la s t ic  

v e r s io n  o f  the o r ig in a l in e la stic  structure ca n  b e  d e f in e d  b y  [2 , p. 6 3 5 ]:

c /f7 =  K r (i>) </q and df s =  К х (и )  Jq (2 4 )

in  w h ic h  f 7 and f s  are the internal fo r c e s  b e in g  w o rk -co m p a tib le  w ith  th e  k in em a tic  

p a ra m eters  q. M o r e o v e r  K r and К  v are th e  m a tr ic e s  o f  the tan gen t m o d u li, th e  so -  

c a lle d  structural tangent modulus for  iso th erm a l an d  isen tro p ic  c o n d it io n s , r e sp e c t iv e ly ,  

re la ted  to  the d irec tio n  v  o f  the dq.
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T h u s  th e  c o n c e p t  o f  th e  p o ten tia l e n e r g y  ca n  b e  e x te n d e d  to  the in e la stic  p r o b le m s fo r  
iso th erm a l an d  isen tro p ic  c a s e s  a s  fo l lo w s

KT = F - W  and n s = U - W  ( 2 5 )

w h ere  F  is  th e  H e lm h o ltz  free  e n e r g y , U is  the to ta l e n e r g y  and W is the e n e r g y  o f  th e  
ex tern a l fo r c e s  [2 , p . 6 3 8 ] .

A c c o r d in g  to  the c o n c e p t o f  ta n g e n t ia lly  e q u iv a le n t  e la s t ic  structure the in ternal fo r c e s  
f/ and  fs c a n  b e  d er iv ed  fro m  the p o ten tia l fu n c tio n s  F  a n d  U,  r e sp ec tiv e ly

f
T i = ------  and f  v

dq,

d U

dq,
( 2 6 )

In m e c h a n ic a l eq u ilib r iu m , th e  f ir st  v a r ia tio n  o f  th e  p o te n t ia l e n erg ie s  n T and  7is  m u st

v a n ish

8 k t =<5F= f 77 ő q -  P7c/q a n d  8 n s  =  <5t/ = fJ<5q- P i/q  (27)

in  w h ic h  P is  th e  ex tern a l lo a d  in w o r k -c o m p a tib ility  w ith  q. F or sta b ility  q u a lif ic a t io n  o f  
e q u ilib r iu m , th e  se c o n d  ord er  in crem en t o f  the p o te n t ia l e n e r g ie s  яу and 7Ts are  n e e d e d .  
T h e e q u il ib r iu m  sta te  at q is  s ta b le  if

S 2 n T = - 8 q, d  ■ 8 4 . =-(<5frr -<5Pr Wq =  - i / q r K T(uWq>0 
2 2 V ' 2

8 2n s = U q t^ ^ - 8 qj =~(<5fJ -<5P7)c/q = ÿ i/q r K s(u)c/q>0

w h ere  th e  m a tr ic e s

К  T (v)  — — —7Г- _  and
dq.dqj K  s ( v )

d ~ n s
d q ldqJ

(2 8 )

(2 9 )

r ep resen t th e  structural ta n g en tia l s t if fn e ss . T h e se  m a tr ic e s  are the H e ss ia n s  o f  th e  p o te n 

tia l fu n c t io n s  n T and n s for  iso th erm a l and is e n tr o p ic  c o n d it io n s , r e sp e c t iv e ly . I f  the  

e x te r n a l lo a d  P is  in d ep en d en t o f  q, then m a tr ic e s  K r and K s are e q u a l to  

K r a n d  К  s , r e sp e c t iv e ly .

3. The nonsmooth tangent modulus

A fte r  th e  short r e v ie w  o f  th e  ta n g en t m o d u lu s , w e  fo c u s  o u rse lv es  to  th e  n o n sm o o th  
c h a r a c te r is t ic s  o f  it. U n ia x ia l m ater ia l b eh a v io u r  w ill  b e  a n a ly sed . B efo re  d e ta ilin g  the  
c o n s e q u e n c e s  o f  th e  p o ly g o n a l m a ter ia l b e h a v io u r , th e  short h istory  o f  th e  n o n sm o o th  
p o te n tia l th eo ry  is  c o n s id ered .
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3.1. Developm ent o f  the nonsmooth potential theory

F or c o n se r v a t iv e  m e c h a n ic a l sy s tem s the s t a b il i ty  co n c lu s io n s  can  b e  d r a w n  sim p ly  
from  the p ro p erties  o f  the to ta l poten tia l e n e r g y  fu n c tio n a l, by  the L a g r a n g e —D ir ich le t  
th eo rem  [4 2 , 4 3 ] .  T h e  fu n d am en ta l s ta b ility  s ta te m e n ts  are b a sed  on the c la s s ic a l  p o ten 
tia l la w

o (e )
d W ( e )

d e
(3 0 )

w h ere  a  =  { ct^ }  and  e  =  jeM} are the stress  a n d  stra in  ten sors, r e sp e c t iv e ly . F u n ctio n a l

W ( e )  is  the sm o o th  an d  c o n v e x  strain en erg y  d e n s ity .

I f  fu n ctio n a l W(e)  is  n o n sm o o th  but the m a te r ia l is  r ev ersib le , the c la s s ic a l  p o ten tia l 
la w  (3 0 )  can  b e  e x te n d e d  to  p o ly g o n a l e la s tic  c a s e s .  P a n a g io to p o u lo s  p o in te d  o u t in [3 3 ,  
p. 8 5 ] that w h ile  th e  “ S m o o th  M e c h a n ic s” is  b a s e d  on  the notion  o f  the c la s s ic a l  p o ten 
t ia l, the “ N o n sm o o th  M e c h a n ic s ” is co n cern ed  w ith  th e  n onsm ooth  an d /or n o n f in ite  c o n 
v e x  or n o n co n v ex  su p erp o ten tia ls .

T h e g e n e r a liz a t io n  o f  th e  c la s s ic a l p o ten tia l la w  to  nonsm ooth  but c o n v e x  p o ten tia ls  
n a m ed  su p erp oten tia l w a s  in trod u ced  b y  M o rea u  [ 2 5 ,  2 6 ]  by using  the to o ls  o f  th e  c o n v e x  
a n a ly s is . T he c o n v e x ity  o f  an  en erg y  fu n ction  im p lie s  the m on oton ic ity  o f  th e  c o n c e r n in g  
stre ss-s tra in  re la tio n . V a r ia tio n a l p r in cip les r e la te d  to  such  kind o f  p r o b le m s h a v e  the  
form  o f  va r ia tio n a l in e q u a lit ie s . In order to  o v e r c o m e  th e  constrain t o f  m o n o to n ic ity , the  
n o tio n  o f  n o n c o n v e x  su p erp o ten tia l w a s  in tro d u ced  b y  P a n a g io to p o u lo s [3 0 ]  b y  u sin g  the  
g e n e r a liz e d  g ra d ien t o f  C la rk e  [7] and  the r e s u lts  o f  R o ck a fe lla r  [ 3 8 1 le a d in g  to  the  
h em iv a r ia tio n a l in e q u a lit ie s  in m ech a n ica l a p p lic a t io n s . In h is im portant b o o k  P a n a g io to 
p o u lo s  la id  d o w n  th e  fo u n d a tio n s  o f  the “ N o n s m o o th  M ech a n ic s” and e s ta b lis h e d  the  
su b sta tio n a r ity  la w s  o f  m e c h a n ic s  [3 2 ] . S o  h e  o b ta in e d  the g en era lized  su b s ta tio n a r ity  
p r in c ip le s  for  n o n c o n v e x  p o ten tia ls  [3 2 , pp. 61 — 1 6 0 ; 3 3 , pp. 1 0 7 -1 5 3 ] .  F u rth er  a p p lic a 
tio n s  are g iv e n  in [2 7 ] .

T h e  term  o f  n o n sm o o th n e ss  in se n se  o f  the d e f in it io n s  o f  P a n a g io to p o u lo s  [ 3 2 ,  pp. 3 — 

6 7 , 3 3 , pp. 8 5 - 9 5 ]  is  b a se d  on  the L ip sch itz ia n  p ro p er ty  o f  functions. S im p ly  s a y in g , for  

a b reak  typ e  d is c o n tin u ity  o f  a  fu n ction  f(x) at x ,  th e  L ip sch itz ia n  co n d it io n  at x  fu lf ils ,  

w h ile  for  a  ju m p  ty p e  d isco n tin u ity  it d o e s  not. T h e  e x is te n c e  o f  both  the su b d iffe r e n t ia l 

d f ( x )  and  the g e n e r a liz e d  gradient d f ( x )  r e q u ir e s  th e  L ip sch itz ia n  p ro p er ty  o f  the  

fu n ctio n  at x. A  p o in t x 0 is  c a lle d  a su b s ta tio n a r ity  p o in t o f  f(x)  i f  it is  a  so lu t io n  o f  the  

m u ltiv a lu ed  eq u a tio n

(>e < ? /(* )  (3 1 )

w h ere  th e  g e n e r a liz e d  g ra d ien t df ( x )  o f  C la rk e  is  a  se t  b e in g  n ever em p ty  i f f (x)  is  L ip 

sc h itz ia n  at л\ I f  f ix)  is  c o n v e x  then d f  ( x )  c o in c id e s  w ith  the su b d iffe r e n tia l:
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d f ( x )  =  { g r a d  f  (x)}. moreover if it is also continuously differentiable at x ,  then 
d f  (x) = g r a d f  (x).

If the materia] is reversible but the strain energy functional W { e )  is nonsmooth, the 
conservative stresses can be obtained from the inclusion

a  ( e ) e d f V ( e )  (32)
named superpotential law, introduced by Moreau in [26]. In (32) rW(£) is the subdiffer
ential of the superpotential W ( e ) ,  a multivalued mapping as the generalization of the clas
sical potential law (30).

Further generalization given by Panagiotopoulos in [30] aimed to extend the potential 
law to nonmonotone material behaviour. If the material has a nonmonotone constitutive 
law but the material is reversible, then the following nonconvex superpotential law is 
valid:

cr ( e ) e d W ( e )  (33)
by using the generalized gradient of Clarke. In this way, a wide range of decreasing and 
even a saw-tooth form material behaviour can be dealt with.

According to Panagiotopoulos [33], the classical linear elasticity laws can be replaced 
by nonlinear elasticity laws < j ( e )  = d W ( e )  / d e  or more generally, by the monotone 
nonsmooth law cr(£) € д Ще), and even by the nonmonotone nonsmooth law 
cr(e) edfV(e), if the material is reversible.

In his basic works, Panagiotopoulos deals also with the potential law of dissipative 
mechanical systems in [31—33]. From the view of the nonsmoothness and nonconvexity 
on thermodynamic bases, he obtain mainly the same stationarity conclusion as mentioned 
above. By introducing a general nonsmooth thermodynamic potential of dissipation and 
applying the superpotential law of Clarke, he gets to the generalization of the hypothesis 
of normal dissipation. He states that in the case of dissipation or unloading, an incre
mental analysis has to be applied. He deals generally with strongly nonmonotone and 
nonsmooth cases like saw-tooth behaviour and damage, but in aspect first of all the equi
librium and not the stability.

On the basis of the superpotential law, we can extend the concept of tangent modulus 
to the nonsmooth version of it, containing unloading and polygonal behaviour as well.

3.2. The nonsmooth tangent modulus in the case o f  break points in the material functions

Figure 2a shows a uniaxial stress-strain diagram a(e) representing a nonlinear inelas
tic material behaviour. By applying the concept of tangentially equivalent elastic struc
ture of Bazant and Cedolin [2, p. 635], the responses of an inelastic structure can be 
solved in small loading steps by a series of quasielastic incremental analysis, taking the 
inelastic constitutive law as a thermodynamic equation of state into account. Thus, for a 
small step d e ,  the increment of the strain energy can be considered elastic
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dfV(e) = o ( e )  de  (34)

th u s, th e  strain  en erg y  VT(£) at £  ca n  a s  th e  p o ten tia l function  o f  th e  s tr e s se s  o (e )  be  
c o n s id e r e d , that is , the c la s s ic a l  p o ten tia l la w

G(£) = д Щ е )
de

(35)

ca n  b e  ap p lied . S in c e  for  sm a ll lo a d in g  step , th e  m ater ia l b eh a v io u r  is  su p p o se d  to  b e  lin 
e a r  e la s t ic , the increm ent o f  the s tr e sse s  c o n s is t s  o f  first order term  o n ly ,  n a m e ly , in this 
c a s e

do (e .de)  = őo(e .8e)  = ^a ^  Se = —̂̂ p - 8 e  = k, (e ) 8e (36)
de d e 

in w h ich

_ d o  je)  _ d 2W(e) 
de d e 2

(37)

is  th e  tan gen t m o d u lu s re la ted  to  th e  linear comparison solid  in tro d u ced  b y  H ill [1 0 ]. 
T h e  ta n g en t m o d u lu s k,(e) in F ig . 2 a  is  th e  a c tu a l tangent o f  th e  s tr e ss -s tr a in  function  

o ( e ) at e.
T h e tan gen t m od u lu s (3 7 )  o f  th e  lin ea r  c o m p a r iso n  so lid  is  re la ted  to  a  sm o o th  stress- 

stra in  fu n c tio n s  o(e),  a s  th e  a ctu a l ta n g en t o f  th e  m ateria l fu n ctio n . T h e  in trod u ction  o f  
th e  lin ea r  co m p a riso n  so lid  a im ed  to  a v o id  th e  n o n sm o o th n ess  d u e  to  th e  sw itc h  from  
lo a d in g  to  u n load in g . In d eed , th e  c la s s ic a l  ta n g en t m od u lu s a im s to  g iv e  a  re la tio n  b e 
tw e e n  th e  stress  and strain  in crem en ts, s im ila r  to  th e  H o o k e ’s la w  o f  th e  e la s t ic  m ateria ls

d o  = K,(e)de  w h e r e  K,(e) =
k0 fo r  de <  0  (u n lo a d in g )  

к, fo r  de >  0  ( lo a d in g )
(38)

w h e r e  k„ is  the in itia l e la s t ic  m o d u lu s. T h e  p o in t de = 0 , at w h ich  th e  m a ter ia l ch a n g es  
fro m  lo a d in g  to  u n lo a d in g , is  e x c lu d e d  fro m  th is  e x p r e ss io n , s in c e  at de  = 0  the  function  
K,(e) h a s  a jum p. E ven  fo r  a v o id in g  th is  d isc o n tin u ity , H ill has in tro d u ced  th e  lin ea r  co m 
p a r iso n  so lid , c o n se q u e n t ly , the u n lo a d in g  h a s  b e e n  left out from  th e  a n a ly s e s .

I f  w e  w ant to  e x te n d  the ta n g en t m o d u lu s  to  the u n lo a d in g  to o , th e  fo llo w in g  
s tr e ss  fu n ctio n  in c lu d in g  th e  c a s e  de= 0  is  to  b e  a p p lied

Jcr()(£:) if de<()
I <7, (e) if de>( )

(39)

in  w h ich  the fu n ction  o„(e) c o n c e r n s  b o th  the e la s t ic -p la s t ic  or e la s t ic -p la s t ic -d a m a g e  
u n lo a d in g , w h ile  the fu n ctio n  o,(e) b e lo n g s  to  lo a d in g  o n ly , se e n  in F ig .  2 a . N o te  that 
fu n c tio n  o,(e) rep resen ts th e  lin ea r  c o m p a r iso n  so lid  o f  the or ig in a l n o n lin e a r  m ateria l.
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F i g .  2 .  The nonsm ooth multivalued tangent modulus

C o n s id e r in g  F ig . 2 a , fu n c t io n  ( 3 9 )  ca n  be w ritten  in  th e  fo rm  o f

i> o(e ) [e -e 0(e)] i f  d e <  0 
I Л : ,  ( £ ) [ f  -  e ,  ( £ ) ]  i f  d e  >  0

( 4 0 )

in w h ic h  k , ( e )  and k 0 { e )  are th e  lo a d in g  and u n load in g  m o d u li r e la ted  to the stra igh t lin e s  
< 7 , ( e )  a n d  &,,(£) at £ ,  r e s p e c t iv e ly . S tra in  va lu es cr,(£) a n d  cr„(£) are the in ter sec tio n s  o f  
th e  s tr a ig h t  lin e s  o , ( e )  and G 0 ( e )  w ith  the a x is  £, r e s p e c t iv e ly . A s  w e  can  se e  in  F ig . 2 a ,  
a ll t h e s e  v a lu e s  are point b y  p o in t  c h a n g in g , but at th e  stra in  v a lu e  £, they  are c o n sta n t  
th u s

[ k 0 { e  - £ „ )  i f  d e < 0  

I  k ,  ( £ - £ , )  i f  d e >  0
(4 1 )

H o w e v e r ,  th is function  c o n ta in in g  both  load in g  an d  u n lo a d in g  is a n o n sm o o th  fu n c 
t io n . C o n se q u e n t ly , for o b ta in in g  th e  tangent m o d u lu s fr o m  it , in stea d  o f  the re la tio n  in  
( 3 7 ) ,  su b d ifferen tia tio n  h as to  b e  a p p lie d
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d a  J e )  
de

i f  de < 0

K'{e) = a (e )  = <
d a  J e )  d a  J e )  

de ’ de
i f  de = () (4 2 )

da,(e)
de

i f  de>  0

r e su ltin g  a  m u ltiv a lu ed  fu n ctio n  fo rm in g  an  in terv a l at the co n d itio n  de = 0

K J e )  = - M J

A

i f  de  < 0  

i f  de = 0 
i f  de >  0

(4 3 )

y ie ld in g  th e  n o n sm o o th  tan gen t m o d u lu s s e e n  in  F ig . 2 b  w ith  an in terval o f  [к,, к„\ at de  =  
0 . H ere  k„ is  th e  in itia l e la s t ic  m o d u lu s a n d  k, -  k,(e) is  the actu a l ta n g en t o f  fu n ctio n  

o{e).
T h u s the a ctu a l o ccu rr in g  s t if fn e ss  К , ( e )  is  th e  e lem en t o f  the se t K, ( £ )  a s  fo l lo w s

H o w e v e r , the se t o f  the n on sm ooth  ta n g en t m o d u lu s  K, (e) is  c h a n g in g  w ith  c h a n g in g  

£  . I f  th e  m ateria l fu n ctio n  cr (£ ) is  n o n lin ea r  th en  th e  so lu tio n  is  m a th e m a tic a lly  very  

d if f ic u lt . T hat is  w h y  th e  id ea  o f  p o ly g o n a l a p p ro x im a tio n  se e m s to  b e  h ig h ly  r e a so n a b le . 

H o w e v e r , it le a d s  to  n o n sm o o th n ess  a g a in .
F ig u re  3 a  sh o w s  a  p o ly g o n a l a p p ro x im a tio n  o f  a n on lin ear  m a ter ia l fu n ctio n . N a tu 

r a lly , th e  p o ly g o n a l fu n ctio n  ca n  rep resen t an  o r ig in a lly  p o ly g o n a l m a ter ia l b eh a v io u r , 
to o . F o r  e x a m p le , the c o m p o s ite  m a ter ia ls  o r  th e  lo c k in g  b eh a v io u r  or th e  sa w -to o th  type  
b e h a v io u r  ca n  b e  ch a ra c ter ised  b y  a  p o ly g o n a l c o n st itu t iv e  law . In th is  c a s e ,  th e  so lu tio n  
g iv e s  th e  co rrect re su lts  not an a p p ro x im a tio n , o f  co u rse .

F irst w e  c o n s id e r  break  typ e  fu n ctio n s  w ith o u t ju m p s seen  in F ig . 3 . L a ter  w e  return to  
th e  ju m p s, to o . A s  w e  w ill s e e , to  h a n d le  th e  p o ly g o n a l b eh a v io u r  se e m s  to  b e  th e  sa m e  a s  
th at o f  th e  lo a d in g -u n lo a d in g , s in c e  the la tter  c a s e  h a s  a sim p le  p o ly g o n a l ch a r a c te r is tic , 

to o .
C o n sid er  first th e  lo a d in g  p h a se  o n ly . L et e a c h  seg m en t ; o f  the p o ly g o n a l m ateria l 

la w  in  F ig . 3 a  b e  sp e c if ie d  b y  the re la t in g  m o d u lu s  k\ a s the co n sta n t s lo p e  o f  th e  s e g 

m en t i and b y  th e  stra in  co n sta n t e\ a s th e  in te r se c tio n  o f  the seg m en t / and  th e  a x is  e. 
T h u s , a t the break  p o in t e = ç •, the m ater ia l fu n c tio n  a(e)  can  b e  w ritten  in  th e  fo rm  o f

K, (e) e  K, (e) (4 4 )
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F i g .  Я .  The nonsmooth tangent modulus of polygonal material

i* /-1 ( £ - £ / “ ')  if d e <  0

\ k ‘ ( £ - £ ' )  if d e >  0
(45)

which is equal to the function (40) if the segment preceding the break point £ = £\ can as 
unloading path be considered. Consequently, any path can as unloading path be handled 
if the sign o f  the strain increment d£  indicates the loading or unloading characteristics of 
the m aterial phases.

The nonsm ooth tangent modulus K t {e)' belonging to the point £ = £, and seen in 

Fig. 3b can be obtained by subdifferentiating the function <r(£)' at £ = £,

K ,(£ )‘ = d (G { £ )‘) = <

i-1
К

fc/дг1
к

if  d£  < 0  

if d£ = 0 

if d£  > 0

(46)
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re la tin g  to  both  lo a d in g  an d  u n lo a d in g  w h en  ta k in g  th e  p r eced in g  seg m en t / - 1  a s  u n lo a d 
ing path  in to  c o n s id e r a tio n . T h e lo a d in g  and u n lo a d in g  p a th s are in d ica ted  c le a r ly  b y  the  
s ig n  o f  d e >  0  and  d e  <  0 , r e sp e c t iv e ly .

A lte r n a t iv e ly  a c c o r d in g  to  (3 7 )  the n o n sm o o th  ta n g en t m o d u lu s  ca n  b e  o b ta in ed  b y  the  
se c o n d  su b d ifferen tia l at £  =  £ | o f  the n o n sm o o th  su p erp o ten tia l W(e),  to o

K, (e)' =  д  (дЩе) '  ) =  д  (а(еУ ) (4 7 )

T h u s, th e  co n cep t o f  the n o n sm o o th  tangent m o d u lu s  o f  p o ly g o n a l m ater ia l b eh a v io u r  ca n  

b e e x te n d e d  to  th e  stra in  so fte n in g , n a m ely , to  d a m a g e  p ro b lem s. In co n tra st to  th e  e la s 

t ic -p la s t ic  u n lo a d in g , in d a m a g in g  c a s e s , the u n lo a d in g  an d  re lo a d in g  m oduli are to  b e  

g iv e n  in d iv id u a lly . C o n s id e r  a  p o ly g o n a l fu n ctio n  o f  an  e la s t ic -p la s t ic -d a m a g in g  m ateria l 

se e n  in  F ig . 4 a . A ls o  in th e  c a s e  o f  d a m a g in g  m a te r ia ls , the u n lo a d in g  p ath s are lin ear, 

but in  co n tra st to  th e  p la s t ic  u n lo a d in g , w ith  d ifferen t e la s t ic  m o d u li. T h u s, the u n lo a d in g  

m o d u li k " are c h a n g in g  d ep en d in g  on  the actual stra in s . A s  a ty p ica l d a m a g e  p roperty , in 

the c a s e  o f  a c tiv e  d a m a g e  lo a d in g , the lo a d in g  m o d u li k \  a re  n e g a tiv e .

M o r e o v e r  the c o n c e p t  o f  the n o n sm o o th  ta n g en t m o d u lu s  ca n  b e  re la ted  to  the so -  
c a lle d  locking m aterials, to o  [ 4 1 1. T h e in itia l s t if f n e s s  o f  th is  m a ter ia ls  during a  lo a d in g  
p r o c e ss  in c r e a se s  an d  f in a lly , the m ateria l ca n  b e c o m e  e v e n  p e r fe c t ly  r ig id  seen  in F ig . 
4 b . In F ig . 4 c  the p e r fe c t ly  lo c k in g  b eh a v io u r  is  illu s tra ted . In sp ite  o f  the fa c t that th is  
ty p e  o f  m a ter ia ls  are  r e v e r s ib le , th ey  can  b e  h a n d led  s im ila r ly  to  th e  irrev ersib le  prob 
lem s. T h e  lo ck in g  b e h a v io u r  b e lo n g s  to  the fa m ily  o f  th e  s o -c a lle d  conditional joints  d e 
scr ib ed  fir st b y  K a lis z k y  in  [1 5 ] . Further g e n e r a liz a t io n  o f  the co n d it io n a l jo in ts  a s  su b 
d ifferen tia l m ateria l p ro p erty , and  a s  the dual v e r s io n  o f  the r e v e r s ib le  p la s tic  ch a ra cter 
is t ic s  w e r e  g iv en  b y  K u ru tz  1 17, 181. T he s ta b ility  c o n c lu s io n s  d u e to  n on sm ooth  b e h a v 
iour is  a n a ly se d  a ls o  b y  K u ru tz  in [ 1 9 - 2 4 ] .

F i g .  4 .  Polygonal damaging and locking materials
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3.3 The nonsm oo th  tangent m odulus in the case o f  jum ps in the m ateria! func tio n s

T h e r e  a r e  m a ter ia ls  ap p lied  r e c e n t ly , th e  stre ss-s tra in  or fo r c e -d isp la c e m e n t fu n c tio n s  
o f  w h ic h  s h o w  ju m p  type c h a r a c te r is t ic s . T h is  ten d en cy  ca n  o ccu r  in both  stra in  so fte n in g  
or stra in  h a r d e n in g  p h ases. T h e c o m p o s it e  m a ter ia ls  b e lo n g  to  the form er, an d  th e  lo c k in g  
m a te r ia ls  b e lo n g  to  the latter.

C o n s id e r  th e  ex a m p le  o f  the p e r fe c t  ju m p  in  F ig . 5 a , the d ia g ra m  o f  th e  p e r fe c t ly  r ig id  
p e r fe c t ly  p la s t ic  m ateria l. In th is  c a s e ,  th e  u n lo a d in g  and  re lo a d in g  ta k e  p la c e  in  a  p er
fe c t ly  r ig id  m a n n e r  b y  the c o n d it io n  d e  -  0 , m a n ife s te d  in a  jum p.

T h e  m a te r ia l b eh av iou r  is c h a r a c te r is e d  b y  th e  in c lu sio n

< 7 (£ )e  ( 7 ( e )  -

(7 2

< [cr2 , CT, ]

I er!

i f  d e  < 0  

i f  d e  — 0  

i f  d e  > 0

(4 8 )

a c c o r d in g  w h ic h , ind ep en d en tly  o f  e ,  th e  a ctu a l s tr e sse s  are th e  e le m e n ts  o f  th e  se t o f  
s tr e s se s  r e la t e d  e q u a lly  to lo a d in g , u n lo a d in g  and  re lo a d in g .

A c c o r d in g  to  (3 7 ) ,  for the n o n sm o o th  ta n g en t m o d u lu s, th is fu n ctio n  n e e d s  to  b e  su b 
d if fe r e n t ia te d . H o w e v e r , s in c e  th is  fu n c t io n  h a s  ju m p s at a n y  d e  =  0 , the L ip sc h itz  c o n d i
tion  d o e s  n o t fu lf i l ,  so  nor the su b d if fe r e n t ia l o f  M o rea u , nor th e  g e n e r a liz e d  g ra d ien t o f  
C la rk e  e x i s t s .  S t ill , i f  w e  w an t to  o b ta in  th e  ta n g en t m od u lu s in  su ch  k in d  o f  H e a v is id e  
ty p e  m a te r ia l fu n ctio n s , a d is tr ib u tio n a l d e r iv a t iv e  h as to  b e  a p p lied . T h u s th e  g e n e r a liz e d  
n o n sm o o th  ta n g en t m odulus is  a s  f o l lo w s

K , ( e )  =  d ( ( 7 ( e ) )  = j°
| ±  ( t r ,  -  a ,  ) S ( d e )

i f  d e  Ф  ü 

i f  d e  =  0
(4 9 )

w h e r e  b ( d e )  is  the D irac im p u lse  1 1 6 ]. F o r  the c o n d itio n  d e  -  0 ,  the ta n g en t m o d u lu s  
fo rm s a n  in te r v a l o f  indefin ite le n g th , n a m e ly , in the c a s e  o f  lo a d in g  (u n lo a d in g )  it tends  
to  th e  p o s i t iv e  (n e g a tiv e ) in fin ite .

CTA
л

d£>0 ' Oi d£<0

ld&0
\

d£=0
0

1
d£=0

£
£

\d& 0 ' d&O ,
£

<d£=0

d£<0 a, d£<o

a )

8

b)
F i g .  5. Jump like materials
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Naturally, an arbitrary  jum p |<7,_i,<7,| in the m aterial function can equally happen for 
a reversible or an irreversible material at any strain value. Consider now an elastic m ate
rial with a jump [cr,_i,<T/], both preceded and follow ed by elastic behaviour seen in Fig. 
5b. The nonsmooth tangent modulus at f  then reads

k'~ ' if d e  <  0

±(<7, - a , ^ ) 8 ( d e )  if d e - 0  (50)

k\ if d e  > 0

since the unloading paths are equal to the loading ones.
Construct now the nonsmooth tangent modulus related to a discrete structural model.

K(e)  = d(o{e))  = <

4. The nonsmooth structural tangent modulus

Let the bent structure be composed by perfectly rigid elements connected to each other 
(and to the support) by special springs in which the material behaviour is concentrated. 
The behaviour of each o f the springs is characterised by a one-dimensional stress-strain 
function being arbitrarily nonlinear or nonconvex. W e assume this functions to be ap
proximated with polygonal form.

Let a  =  {er,} and £ =  { £ ,} , /  = 1 ,2,...,a  be the vectors of stresses and strains, re

spectively, where the length a  of the vectors represents the number of all the stress and 
strain components over the structure. In our discrete model, the variables <7, and £,- are 
forces and deformations o f the springs being work-com patible with each other. Vector 
<7 = <7(e) = <J, {e, } contains the one-dimensional but arbitrary functions of the material 

behaviour.
Assume that the cinem atic state of the structure can be characterised by n number of 

independent kinematic parameters. Then the kinem atic parameters q = [q i } , i = 1 ,2 ,...,«

are the so-called generalized coordinates of the given numerical solution.
It is well known that the potential energy functional 7T (£,u) requires the com patibil

ity conditions as subsidiary conditions. By introducing the generalized kinematic coordi
nates q, the compatibility conditions form

u =  u (q ), thus e = e (u )  =  e (u (q ))  =  e (q ) (51)

consequently, the functional 7r(£,u) can be reduced to a scalar function 7r(q) which is 

kinematically adm issible at the same time. H ow ever, the variables e and u of the poten
tial energy function are no more scalar, consequently, the function 
?r(q) = 7r(£(u(q)), u (q )) is a compound function.
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W e assum e the compatibility transform ations u = u(q), e = e(u) or e = e(q) to b e  

smooth functions, while the constitutive laws a  = o ( e )  are allowed to be nonsmooth, 
consequently , the functions a  = cr(£(u(q))) = cr(q) can be nonsmooth. Thus, the internal 

potential can  be nonsmooth while the external potential is always smooth.
In any  case, by introducing any type of generalized coordinates, it is necessary to 

transform  the concerning state variables to be work-compatible with the chosen general
ized coordinates. So we obtain the reduced version of the stresses and external forces 
being work-com patible with the kinem atic param eters q. In order to obtain the structural 
tangent m odulus, we need the reduction of the stresses only. Thus, here we do not deal 
with the external load and external potential.

C onsider now the first- and second-order increments of the internal potential.
The first variation of the compound smooth  function я,,, (q ) = TC,n(e( u(q))) reads

8n,„ =
d n m(q) d n m (e )  de, (u ) du J (q)

д ч ,
-8q, =

de, d it. d q ,
8q , = a ( e ) ‘ Ő£ = f ( q ) r <Sq ( 5 2 )

while for the nonsmooth internal potential, we obtain

8 n ,n = d, 7r,„(q) Sq, = d, л ,n (e )  ^ / ( 11 > d 8({j =  g (e )7 Se = f (q)T<5q (53)
állj dq,

where the functions

f ( q ) t = { f t  (q )}r  -
d n ,n (e )  d e ,(u) d i i j ( q) 

de , d u , dq,
= <J,(e)

d e ,(u ) d it j jq )  

d u , dq,

and

f ( q ) 7 = { / , ( q ) } 7 = d ,n m (e )
d e ,(u )  d u  (q) d e ,( u ) d u  (q)

= a , ( e )
dll:

(5 4 )

(5 5 )
7  d q , diij dq ,

are the sm ooth and nonsmooth versions of the reduced stresses to be work-com patible 
with the chosen kinematic param eters q. Vector f  (q) consists of interval elem ents due to 

the set o f  stresses <7(e) obtained by the subdifferentiating of the nonsmooth strain  en
ergy к ,п ( e ) .

Functions f(q )a n d  f (q )a r e  the smooth and nonsmooth version of the smooth and 

nonsm ooth stresses a (e )  and <7(e) , respectively, being work-compatible with the cho

sen displacem ent parameters q. Functions f (q )a n d  f (q )  are the constitutive law s o f the 

structure, the so-called structural m aterial functions, since these functions unite the m a
terial behaviour of all the m aterial points of the structure. The nonsmooth function f (q )  

inherits the polygonal characteristics of the material laws of each point of the structure, 
due to  any break or jump in the m aterial polygonal.
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The structural functions f (q )a n d  f (q )  can be expressed in matrix form, so, for the 

smooth and nonsmooth reduced stresses we have

and
f (q )7 = o ( e ) '  A(u) B(q) = a ( e ) 1 M (q) = cr(e(u(q)))7 M (q) (5 6 )

f (q )7 s  a ( e ) '  A(u) B(q) =  a ( £ ) 7 M (q) =  <7(£(u(q)))' M (q ) (5 7 )

in which the m atrices A(u), B(q) and M(q) are  the derivatives of the smooth functions 
£(u) and u(q) as follows

A (u) = {flfÿ (u)} = |^ H )

and

moreover

B(q) = [ b y  (q)} = | < ?»,(q)l

t \

M(q) = {mlk (q)} = A(u) B(q) =
d e ,  (u) d t t j  (q) 

d u  d q k

(5 8 )

(5 9 )

(6 0 )

For qualifying the stability, we need the second-order increment of the internal poten
tial too, as follows for smooth cases

1 -  d 2 K i n ( q) _ 1 _ (q) d e n, ( u )  d 2 n , „ ( e )  d e , ( u )  d u k ( q )

2  d q , d q  2 d q m d u , ,  d e  „ d e ,  d u k d q }

(6 1 )

d u , { q ) f d n m ( e )  <?: £,(u)

дЧп d e ,  d u m d u k j

d u k (q)

d q ,

d n m { e )  d e , ( u) 
d e ,  d  u k

d \ (  q)
d q , d q

S q , = -<5f(q.Őq) <Sq
J 2

which can be expressed in matrix form, as well

<5: Tr,„ = | ő q , { \ l ( q ) / K ,(£ (u (q )))M (q) + B (q )7 (cr(£(u(q))) X (u(q))) B(q) +

(cr(£(u(q))) ' A(u(q))j Y(q)}<5q = ^<5f '(q.őq)őq

(6 2 )

while for nonsmooth cases, by applying repeated subdifferentiation or distributional de
rivatives, we have
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S 2 n m =  —őq,  d { d 7tm(q) ) 8 q =  - 8 q,
_ 1  \ d u , {  q )< ? £ „ ,(u ) 5  5  , ^ d e , ( u )  d u k(q)

i  d q n du„ d u k d q ]

(63)

d u , (  q )

d q n
d iK ,n(e)

<?: £ ,(u )

д и „ , д и , -

d u k {q)

d q
T _  Гсч * / ( ц ) 
8 m (w

j  V d u

d 2 uk (q)

к  У d q , d q .
8 q j  = -^8 i ( q ,8 q )T8 q

which in m atrix  form shows

S 2 Kin = ^ - ő q 7{ M ( q ) 7' K , ( e ( u ( q ) ) ) M ( q )  +  B ( q ) 7' ( a ( £ ( u ( q ) ) ) 7 X ( u ( q ) ) )  B ( q ) +

(64)

( c r ( £ ( u ( q ) ) ) 7 A ( u ( q ) ) )  Y ( q ) J ő q s i - ő f r ( q . ő q ) ő q

Here the m atrices X  and Y are three dimensional, namely, the second derivatives o f the 
smooth functions £(u ) in term of u  and u (q )  in term of q , respectively, as follows

Thus, fina lly  the matrix K,(£) in (60) is the smooth structural tangent modulus

while the interval matrix K , (e )  in (64) is the nonsmooth structural tangent modulus

K ,( £ )  =  ( Kj j ( e ) )  = ( d j {d  jKhl(£))J = ( d i i ë j i e ) ) )  ( 6 8 )

which a re  both  diagonal matrices since we assumed uniaxial behaviour for each m aterial 

point o f  the structure. The nonsm ooth structural tangent modulus K f (£) contains the 

nonsm ooth tangent moduli o f each m aterial points related to both loading and unloading.
N ote that the structural tangent moduli K ,(£ )  and K r (£) are included in the 

stresses c r ( £ ( u ( q ) ) )  and <7 ( £ ( u ( q ) ) ) , respectively, for even strain softening or damage. 

H ow ever, fo r a global analysis re la ted  to the total domain of possible deflections, the in
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s ta n ta n eo u s ly  c h a n g in g  tan gen t m oduli are n e e d e d . T hat is  w h y  p o ly g o n a l a p p ro x im a tio n  

is  u sed  in th e  m ater ia l fu n c tio n s  resu ltin g  b rea k  o r  ju m p  p o in ts in the stru ctu ra l m ateria l 

fu n ctio n .

T o  e x te n d  th e  a n a ly s is  to  the in s ta n ta n e o u s ly  c h a n g in g  tangent m o d u lu s , w e  a ssu m ed  

p o ly g o n a l m ater ia l and  c o n se q u e n t ly  p o ly g o n a l stru ctu ral b eh av iou r  w ith  b r e a k s  or ju m p s  

at p o in ts  q , or q  o f  the fu n ctio n  f ( q )  o f  th e  structural m ateria l b e h a v io u r . T h u s , fu n c

tio n  (5 7 )

f  r ( q ) y = f f ( £ ( u ( q ) ) ) ' J M (q )  (6 9 )

re la ted  to  th e  seg m en t o f  F( q )  b e tw een  the p o in ts  q , and  q ( are sm ooth , s in c e  th e  m ateria l 

p ro p erties  are c o n sta n ts  and  s o  the s tr e sse s  ( T ^ u ^ ) ) ) 1-7 are sm ooth  b e tw e e n  q, and  q,. 

B u t the fu n ctio n  f ( q )'-7 is  m u ltiv a lu ed  for a  ju m p  in the c r ( £ ( u ( q ) ) ) v at q , o r  q ,. S o  the 

s tr e s se s  ca n  b e  e x p r e s s e d  in term  o f  the ta n g en t m o d u lu s , b y  sep aratin g  th e m  in to  sm ooth  

parts

cr7 ( e ( u ( q ) ) ) ÿ = ( £ ( u ( q ) ) - e f ) 7 K f  for  q e i n t { q , , q y j  (7 0 )

an d  b y  u sin g  lo g ic a l p roduct “ o” for  the in te r v a ls , in to  n on sm ooth  parts

ä r ( £ ( u ( q ) ) ) *  s  ( e ( u ( q ) ) - £ *  ) T o K f  for  q e  f r o n t { q , ,q y } (7 1 )

w h e r e  K 1/ is  th e  sm o o th  w h ile  Kj is  the n o n sm o o th  structural tangent m o d u lu s . V ec to rs  

e f  and £ k are  th e  sm o o th  and n o n sm o o th  stra in  se c t io n s  d eta iled  in s e c t io n s  3 .2 .  and

3 .3 .  T h e n o ta tio n s  in t{ .}  and  fr o n t ) .)  are th e  in tern a l and  the frontier o f  th e  s e t  { . ) ,  re

sp e c t iv e ly .

In th is  w a y  the red u ced  s tr e sse s  F ( q ) c a n  b e  e x p r e sse d  in term  o f  th e  stru ctu ra l tan 

g en t m od u lu s

f r (q)'> = ( £ ( u ( q ) ) - £ f ) r K f  M ( q ) for q  6  in t{q , , q ;-J (7 2 )

III C 1 4 о n 2 fo r  q e  fr o n tjq , ,q  , } (7 3 )

T h e  red u ced  s tr e s se s  rep resen t the structural m a ter ia l b eh av iou r  w h ic h  d e te r m in e  the 
c h a r a c te r is tic s  o f  th e  eq u ilib r iu m  paths o f  th e  stru ctu re .

C o n sid er  n o w  the n u m erica l a p p lica tio n s .
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5 . A p p l ic a t io n  o f  th e  n o n s m o o th  t a n g e n t  m o d u lu s

E x a m p le s  b y  u sin g  th e  n o n sm o o th  tangent m o d u lu s  a r e  d eta iled  in the p ap ers o f  K u -  
rutz [ 1 9 - 2 4 ]  d e a lin g  w ith  s ta b ility  a n a ly s is  o f  stru c tu res  o f  n onsm ooth  en erg y  fu n c t io n 
a ls . E q u il ib r iu m  paths and  th e ir  s ta b ility  q u a lif ic a t io n s  a r e  p resen ted  in the m e n t io n e d  
p a p ers. G lo b a l  s ta b ility  a n a ly s is  re la ted  to  the to ta l d o m a in  o f  the p o ss ib le  d e f le c t io n s  is  
in v e s t ig a te d , th e  n o n sm o o th  fu n c t io n s  o f  the structural ta n g e n t s t iffn ess  is  a n a ly se d . R e 
v e r s ib le  a n d  irre v ersib le  p r o b le m s  are eq u a lly  d e ta ile d , lo a d in g -u n lo a d in g  and  p o ly g o n a l  
a p p r o x im a tio n  o f  h ig h ly  n o n lin e a r  p ro b lem s are a ls o  d e a lt  w ith . Strain so ften in g , d a m a g e  
and lo c a l iz a t io n ,  or cer ta in  c o m b in a tio n s  o f  m ater ia l b e h a v io u r  are in v estig a ted , to o .

T h u s , a  sh ort illu stra tio n  o f  th e  a d van tage  o f  the n o n sm o o th  tangent m o d u lu s is  p r e 
se n te d  h e r e .

It i s  fr e q u e n t ly  a p p lied  in  s ta b ility  a n a ly se s  th at th e  stru ctu re  is d iv id ed  in to  p e r fe c t ly  
r ig id  p a r ts , a n d  the m ater ia l p r o p er tie s  are co n cen tra ted  to  cer ta in  springs at the c o n n e c t 
ing  p o in t s ,  th e  jo in ts  o f  th e  stru ctu re  [1 ] . B y  u sin g  th is  k in d  o f  illu stra tive  e x a m p le s  th e  
a d v a n ta g e  o f  the n o n sm o o th  ta n g en t m od u lu s can  b e  m a d e  ev id en t.

F ig u r e  6 a sh o w s  the stru ctu re  o f  total length  /  c o n s is t in g  o f  tw o  rig id  e le m e n ts  o f  

len g th  /  /  2  , b y  a ssu m in g  th e  m id d le  jo in t to  b e  in  th e  h a l f  o f  the structural h e ig h t . T h e  

sy s te m  h a s  o n e  d eg ree  o f  k in e m a tic  freed om , s in c e  th e  g e o m e tr ic a l sta te  o f  th e  stru ctu re  

ca n  b e  c h a r a c te r iz e d  b y  a  s in g le  p aram eter  q. L et th is  p a ra m eter  be the a n g le  o f  r o ta t io n  

ű A a t th e  su p p ort jo in t A , s o  q  =  ?? , .

C o n s id e r  n o w  the v e c to r  u (q )  o f  the k in em a tica lly  a d m is s ib le  d isp la cem en t fu n c t io n s

11 fix I sin  q 12 н Л ч )

u = u B y
= /(1  -  c o s q)  1 2 = u 2 ( q )

" Dy _ /(1  -  c o s q) _ » 3 (<?)

= u(¥) ( 7 4 )

and  th e  v e c to r  o f  the stra in s £ ( u ( q ) )

4

e  = = 4

_&B _ } q _

£ (4 ) ( 7 5 )

A s  w e  c a n  s e e  the d isp la c e m e n t fu n c tio n s  u(q) a re  n o n lin e a r , w h ile  the stra in  fu n c t io n s  

e (q)  a r e  lin e a r  in  the c h o se n  p a ra m eter  q. W e  w ill s e e  th a t  d u e to  the strain  lin e a r ity , th e

fu n c t io n  o f  th e  reduced  s tr e s se s  f  (q)  is  segm en t b y  s e g m e n t  linear.
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F i f ; .  ( i .  The example for illustrating the nonsmooth tangent stiffness

T h e ex tern a l p o ten tia l o f  the dead  lo a d  A F j  =  A [() 0  F 0 ] is  nex{f\) =  - A  Fju(q), 
in th e  c a s e  o f  a  s in g le  v er tica l load  AF„ o n  th e  top  o f  the structure. T h u s , w e  h a v e

na (q) = -A  FJ(  1 -  cost/) (76)

T h e in ternal p o ten tia l d ep en d s on  th e  m a ter ia l b eh a v io u r  w h ich  is  c o n c e n tr a te d  to  the 
sp r in g s  a p p lied  at the jo in ts  A, В and  D  o f  the structure. T he sp r in g s  a r e  ch a ra cter ized  
e q u a lly  b y  the sa m e  p o ly g o n a l m o m en t-ro ta tio n  fu n ction  M (t? )  s e e n  in  F ig . 6 b . A  g en 
era l p o ly g o n a l s tre ss-s tra in  d ia g ra m  is  c o n s id e r e d . E ach  linear part i o f  it, in c lu d ed  the 
h o r izo n ta l and  v er tica l parts a s  w e ll ,  c a n  b e  ch a ra c ter ized  b y  tw o  d ata : th e  m o d u lu s o f  
e la s t ic i ty  c, and  th e  rela ted  rotation  d] a s  th e  ro ta tion  at the in ter sec tio n  o f  th e  segm en ts  
o f  th e  p o ly g o n  w ith  the co o rd in a te  a x is  . G e n era l e la s t ic -p la s t ic -d a m a g in g  b eh a v io u r  is 
m o d e lle d . T h e sp r in g  co n sta n t c is  v a r ia b le , it c h a n g e s  ste p w ise  l in e a r ly  w ith in  the inter
v a l o f  0  < c ( <  °°  in  a n y  seg m en t / o f  th e  m a ter ia l p o ly g o n  rep resen tin g  th e  a c tu a l e la s tic , 
r ig id , or e v e n  lo c k in g  or d a m a g in g  ch a r a c te r  o f  th e  m ateria l phase.

C o n sid er  fir st an  e la s t ic  n o n sm o o th  p ro b lem .
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F i g .  7. Stability analysis o f structures with nonlinear material by applying polygonal approximation

5.7. N onsm ooth  reversible p rob lem s

Figure 7a shows the diagram  M (ű )  of a linearly hardening elastic material applied 
uniformly to each spring of the structure. The concerning reduced stresses f(q )  are seen in 
Fig. 7b. The concerning equilibrium  paths A,(q) of the structure are seen in Fi. 7c. For the 
sake o f simplicity this time we follow  the behaviour of the structure in the right-hand side 
interval 0 < q < 7fonly.

W e have shown in papers K urutz 119-24] that the equilibrium  path of the structure 
having nonsmooth material can be obtained as the envelope of the component equilib
rium paths related to each segm ents of the reduced stresses, namely, the structural m ate
rial behaviour f(q).
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F i g .  К .  Stability analysis of structures with originally polygonal material

In the one dimensional case, the stability o f  equilibrium at the points o f the equilib
rium paths can be qualified by a simple sign control of the related functions o f the tangent 
stiffness. For qualifying the equilibrium paths, we need the second subdifferential of the 
total nonsmooth superpotential. The nonsmooth functions of the structural tangent stiff
ness K(q) are seen in Fig. 8d. For regular points the tangent stiffness is a single value, 
while for singular points it is an interval. In order to find the critical load, we consider the 
inclusion

O edct/f(< y) (77)

knowing that the determinant of an interval matrix forms an interval, too. In this one
dimensional case, this matrix has a single element, and, even if it is an interval, it is equal 
to its determinant in itself. W e can conclude that for material hardening (softening) the 
upper (lower) envelope of the component paths results in the nonsmooth equilibrium  path
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o f  th e  stru ctu re . T h is s ta tem en t c o in c id e s  w ith  th e  fa c t  th a t in  the c a s e  o f  th e  m a ter ia l 
s o f te n in g  (h a rd en in g ), the lo a d  b e a r in g  ca p a c ity  o f  th e  stru ctu re  d ec r e a se s  ( in c r e a se s ) .

F ig u r e  8 sh o w  the e x a m p le  o f  a  g en era l r e v e r s ib le  p o ly g o n a l b ehaviour: a  g ra d u a lly  
h a r d e n in g  m ater ia l la w  w ith  v e r t ic a l an d  h orizon ta l ju m p s . H e r e , to  ob ta in  the n o n sm o o th  
ta n g e n t  m o d u lu s  and the fu n c t io n s  o f  the structural ta n g e n t s t if fn e ss , d istr ib u tio n a l d e 
r iv a t iv e s  w e r e  app lied . In F ig . 8 d th e  in terva ls o f  in d e f in ite  len g th  are seen  re la ted  to  the  
ju m p s  in  th e  m ateria l b e h a v io u r  M( ű )  o f  ea ch  jo in t , an d , c o n se q u e n t ly , the ju m p s in  the  
stru c tu ra l m ater ia l b e h a v io u r / ) <7).

W e  c a n  co n c lu d e  that b y  a p p ly in g  p o ly g o n a l a p p r o x im a tio n  fo r  n o n lin ear c o n st itu t iv e  
la w s  a n d  b y  u sin g  the c o n c e p t  o f  n o n sm o o th  ta n g en t m o d u lu s , co n sid era b le  g o o d  s o lu 
t io n s  c a n  b e  ob ta in ed  for n o n lin e a r  p ro b lem s.

5.2. Nonsm ooth irreversible prob lem s

In  c o n tr a s t  to  the p la s tic  lim it a n a ly s is  w here the p la s t ic  h in g e s  e x h ib it  no so fte n in g , in  
m a n y  im p o rta n t c a se s , h o w e v e r , th e  a b se n c e  o f  so f te n in g  c a n n o t b e  gu aran teed . F o r  e x 
a m p le , in  p re -s tre ssed  r e in fo r c e m e n t co n cre te  b ea m s , th e  so f te n in g  o f  the h in g e  is  c a u se d  
b y  s tr a in  so fte n in g  o f  c o n c r e te  d u e  t o  m icro -fra ctu rin g .

L e t  th e  e la s t ic -p la s t ic -d a m a g in g  b eh a v io u r  o f  th e  jo in ts  b e  rep resen ted  b y  the m a ter ia l 
fu n c t io n  M( û)  seen  in F ig . 9 a . In c o n tr a s t  to  the p la s t ic  u n lo a d in g , in the d a m a g e  z o n e  the  
u n lo a d in g  m o d u li are s p e c if ie d  in d iv id u a lly . H ere w e  d o  n ot d eta il u n load in g  and  lo c a l
iz a t io n , t h e s e  q u estio n s  are a n a ly s e d  in  K urutz [2 3 , 2 4 ] .

F ig u r e  9 b  sh o w s the n o n sm o o th  fu n ctio n  f(q)  o f  th e  stru ctu ra l m ateria l b e h a v io u r  r e 
su lte d  b y  th e  s im u lta n eo u sly  d if fe r e n t  m ateria l p h a se s  o f  e a c h  jo in ts  A, В and D.  T h e  s i 
m u lta n e ity  o f  the d ifferen t m a te r ia l p h a se s  d ep en d s o n  th e  a c tu a l stra ins at the jo in ts  c o n 
tr o lle d  b y  th e  actual ro ta tio n s £(</), n a m ely , the c o m p a t ib il ity  tran sform ation s (7 5 ) .  T h u s  
w h ile  th e  jo in ts  A and D  h a v e  a  r o ta t io n  q  w ith  the m o d u lu s  Cj, the  m id d le  jo in t В su ffer s  
a r o ta t io n  tw ic e  larger u sin g  th e  m o d u lu s  q . T hus b y  a p p ly in g  o v era ll u n lo a d in g , th e  un
lo a d in g  m o d u li can  be d ifferen t i f  th e  jo in t В rea ch es  th e  d a m a g e  p h a se . In F ig . 9 c  a n d  d 
th e  n o n s m o o th  fu n ction s o f  th e  e q u il ib r iu m  paths À(q)  a n d  th e  co n cern in g  structural ta n 
g e n t ia l s t if f n e s s  fu n ctio n s K(q)  a r e  illu stra ted . D u e  to  th e  gra d u a l strain so fte n in g , the  
ta n g e n t ia l s t if fn e s s  tends to  b e  in d ic a tin g  in sta b ilit ie s .

A s  a  c o n c lu s io n  o f  the p r e se n te d  o n e -d im e n sio n a l e x a m p le s ,  w e  can  sta te  that b y  u s
in g  p o ly g o n a l  ap p ro x im a tio n  a n d  th e  n on sm ooth  ta n g en t m o d u lu s , an y  u n iax ia l n o n lin ea r  
a n d  ir r e v e r s ib le  m aterial b e h a v io u r  c a n  b e  han d led . H o w e v e r , in  the c a se  o f  h ig h er  d i
m e n s io n , th e  m ath em atica l d if f ic u l t i e s  in crease .
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F i g .  9 .  Stability analysis o f structures with damaging material by applying polygonal approximation

6. C onclusions

In this paper the m aterial and the structural tangent moduli are in focus. After a short 
historical review, where the century long development of the tangent modulus was de
tailed, we introduced the nonsmooth version of it.

For global stability analysis o f structures with nonlinear materials, the instantaneously 
changing tangent modulus is required. This leads to mathematical difficulties. By apply
ing polygonal approximation, nonsmooth problems are obtained. The nonsmooth tangent 
modulus of the polygonal behaviour can be considered as the nonsmooth tangent modulus 
of loading-unloading of irreversible materials.

As a conclusion, the tangent modulus containing both material loading and unloading 
is always multivalued. The nonsmooth tangent modulus related to the break points of a
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m a te r ia l p o ly g o n  form s in terv a ls  o f  f in ite  len g th , w h ile  re la ted  to  th e  ju m p  p o in ts  o f  a  
m a te r ia l p o ly g o n  form s in terv a ls  o f  in f in ite  len g th  c o n cern in g  to  the D ir a c - im p u ls e . T he  
n o n sm o o th  ta n g en t m od u lu s o f  p o ly g o n a l m a ter ia l b eh a v io u r  ca n  b e  a p p lied  to  th e  c a se s  
o f  s tr a in  so f te n in g  and d a m a g e , to o .

T h e  c o n c e p t  o f  n on sm ooth  ta n g e n t m o d u lu s  o f  the m ater ia l p o in t c o n ta in in g  e q u a lly  
lo a d in g  a n d  u n lo a d in g  or p o ly g o n a l a p p ro x im a tio n  o f  n o n lin ea r  m a te r ia ls , c a n  b e  e x 
te n d e d  to  th e  w h o le  structure, y ie ld in g  to  th e  n o n sm o o th  structural ta n g en t m o d u lu s . T he  
g e n e r a l iz e d  n o n sm o o th  structural ta n g e n t m o d u lu s  is  m u ltiv a lu ed . In th e  c a s e  o f  u n ia x ia l 
m a te r ia l b e h a v io u r , it form s a  d ia g o n a l in terv a l m a tr ix . F or a  b reak  (ju m p ) ty p e  m ater ia l 
d is c o n t in u ity ,  the in terva ls are f in ite  ( in f in ite ) .

F o r  s t a b il i ty  a n a ly se s  o f  in e la s t ic  sy s te m s , th e  c o n c e p t o f  ta n g e n tia lly  e q u iv a le n t  e la s 
tic  s tr u c tu r e  is  n eed ed  and  a  q u a s i - e la s t ic  a n a ly s is  is  in v estig a ted .

O n e -d im e n s io n a l illu s tra tio n s  fo r  s im p le  d is c r e te  structures w ith  u n ia x ia l m ateria l 
la w s  h e lp e d  to  p rove the a d v a n ta g e  o f  th e  n o n sm o o th  m ateria l an d  stru ctu ral tan gen t 
m o d u lu s .
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This work is designed to find a method perm itting microgeometrical imperfections occurring in the 
course o f construction and operation of structures to  be taken into consideration in structural analysis. 
We will show that possibilistic solutions can be found by solving linear programming problems. Since 
good program packages are available for solving this problem by computer, the estim ates are obtained 
quite simply.

1. Introduction

In th e  c o u r s e  o f  preparation  fo r  c o n s tr u c t io n , m anufacture o f  o p e r a tio n  o f  any  
stru ctu re , m a d e  o f  s te e l or b e in g  o f  m ix e d  c o n s tr u c t io n , im p e r fe c t io n s  o c c u r  w h ic h  can  
b e  in c lu d e d  in  f iv e  g r o u p s  arbitrarily:

-  m a c r o g e o m e tr ic a l im p e r fe c tio n s  (d e v ia t io n  fr o m  the straight o f  a s tr a ig h t rod , len gth  
o f  a  rod e le m e n t  o th er  than its n o m in a l v a lu e ,  e tc .) ;

-  m ic r o g e o m e tr ic a l im p e r fe c tio n s  (ra n d o m  c h a n g e s  in  w a ll th ic k n e ss , c h a n g e s  in  cro ss -  
se c t io n , e tc .) ;

-  im p e r fe c t io n s  r e su lt in g  from  d e v ia t io n  o f  th e  m a g n itu d e , p o s it io n  a n d  d ir e c t io n  o f  
lo a d  fro m  th e  p r e sc r ib e d  va lu es;

-  errors in b o u n d a ry  co n d it io n s;
-  m a ter ia l d e fe c ts .

D is t in c t io n  sh a ll b e  m a d e  b e tw e e n  tw o  c a s e s  a c c o r d in g  to  the o c c u r r e n c e  an d  d e te c 
tio n  o f  im p e r fe c t io n s .

-  In th e  first c a s e ,  th e  im p e r fe c tio n s  are d e te c t e d  b y  h ig h -a ccu ra cy  m e a s u r e m e n ts  in the  
c o u r se  o f  c o n s tr u c tio n  o f  the structure, a n d  th e n  th e  structure s o  d e f in e d  is  a n a ly zed . 
T h e  stru ctu re  d e f in e d  a n e w  b y  im p r o v in g  th e  d e v ia t io n s  -  e x c e p t  m a te r ia l d e fe c ts  -
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c a n  b e  r e c a lc u la te d , it d o e s  n o t  m e a n  a  n ew  p r o b le m . S u c h  d eterm in is tic  p r o c e d u r e  
c a n  t a k e  p la c e  in the c a se  o f  h ig h - v a lu e  in d iv id u a l s tr u c tu r e s .

-  In th e  s e c o n d  c a se , the im p e r fe c t io n s  ca n n o t b e  d e te c te d  a c c u r a te ly  b e c a u se  e ith e r  th e  
c o s t s  a r e  t o o  h ig h  or the im p e r fe c t io n s  resu lts fr o m  a  m a ter ia l d e fec t. A n  a c c u r a te  
d e f in i t io n  o f  a n y  im p e r fe c t io n  w i l l  b e  e sp e c ia lly  d if f ic u l t  i f  prod u cts o f  s e r ie s  p r o 
d u c t io n  a r e  in v es tig a ted , w h e r e  im p e r fe c t io n s  o c c u r  r a n d o m ly .

D i s c u s s e d  in  th is w ork  are r a n d o m  im p e r fe c t io n s  o c c u r r in g  in  prod u cts p r o d u c e d  in  
s e r ie s  b e c a u s e  b o th  the r e lia b ility  a n d  th e  se r v ic e  l i f e  o f  t h e s e  p ro d u cts d ep en d  o n  th e s e  
r a n d o m  p h e n o m e n a .

D if f e r e n t  im p e r fe c tio n s  in th e  s tru c tu re  m ay  h a v e  d if fe r e n t  c o n se q u e n c e s .
T h e  e f f e c t s  o f  m a c r o g e o m e tr ic a l im p e r fe c t io n s  o c c u r  in  s ta tis t ic a lly  in d e te r m in e d  

s tr u c tu r e s  o n ly  (n o  k in em atic  lo a d  r e su lts  from  m a c r o g e o m e tr ic a l im p er fec tio n s  in  s ta t i
c a lly  d e t e r m in e d  structures). T h is  r a n d o m  k in em a tic  lo a d  r e su lt in g  from  im p e r fe c t io n s  
o f  th is  k in d  h a s  b een  stu d ied  b y  m o r e  au th ors a s s u m in g  e ith e r  th e  d istr ib u tion  fu n c t io n  
o f  th e  im p e r fe c t io n s  or certa in  s ta t is t ic a l  in fo rm a tio n s  ( m o m e n ts )  [ 1 -3 ] .

F o r  c e r ta in  p ro b lem s, e .g . fo r  d e te r m in a tio n  o f  th e  s t r e s s e s  o f  r in g -sh a p ed  b e a m s  u n 
der in te r n a l o r  ex tern a l p ressu re  o r  a n y  other lo a d , th e r e  a re  w e ll-k n o w n  a n a ly t ic a l  
m e th o d s  a v a i la b le .  H o w e v e r , th e  g e o m e t r y  o f  the c r o s s - s e c t io n  m a y  ch a n g e  a s a  r e su lt  
o f  s o m e  m a c r o g e o m e tr ic a l error a n d  at th is  in stant, a ls o  th e  so lu t io n  to  the p r o b le m  w il l  
b e c o m p l e t e l y  d ifferen t, the r o ta t io n a l- sy m m e tr ic  s o lu t io n  b e in g  n o  lo n g er  v a lid  in  th e  
c a s e  in  q u e s t io n .

In [4 ]  t h e  c h a n g e s  in the c r it ic a l lo a d  o f  tu b es o f  e l l ip t ic  c r o s s -s e c t io n  under e x te r n a l  
p r e s s u r e  w e r e  in v estig a ted . It w a s  s h o w n  here that th e  v a lu e  o f  the cr itica l lo a d  d e 
c r e a s e s  e x t r e m e ly  rapid ly  i f  th e  d e v ia t io n  o f  the s m a ll- a x is - to - la r g e -a x is  ratio  in c r e a s e s .

M ic r o g e o m e tr ic a l  im p e r fe c t io n s  a f f e c t  the s tr e sse s  o f  th e  structure in c a s e  o f  b o th  
s t a t ic a l ly  d e te r m in e d  and in d e te r m in e d  structures. O b v io u s ly ,  w e  w ill o b ta in  s t r e s s e s  
o th er  th a n  t h e  ca lcu la ted  o n e s  i f  th e  c r o s s -s e c t io n a l d a ta  d if fe r  from  the c a lc u la te d  v a l 
u es. T h e  c a s e  o f  in d eterm in ed  s tr u c tu r e s  is  m ore c o m p l ic a te d  b e c a u se  h ere th e  m ic r o -  
g e o m e t r ic a l  im p e r fe c tio n  m a y  b e  c o m b in e d  w ith  th e  k in e m a t ic  load .

T h e  e f f e c t s  o f  random  m ic r o g e o m e tr ic a l  im p e r fe c t io n s  o n  rod structures a re  d i s 
c u s s e d  in  [ 5 —7 ] .

T h e  e f f e c t s  o f  random  m ic r o g e o m e tr ic a l  im p e r fe c t io n s  o n  th e  sta b ility  an d  s u p e r 
c r it ic a l b e h a v io u r  (b u ck lin g , p la s t ic  h in g e , e tc .)  h a v e  n o t b e e n  in v es tig a ted  y e t . T h is  
q u e s t io n  i s  e s p e c ia l ly  s ig n if ic a n t  in  th e  d escr ip tio n  o f  th e  b e h a v io u r  o f  stru ctu res in  a c 
c id e n t s  (o v e r tu r n in g , c o ll is io n  o f  v e h ic le s ) .  L o ca l d e v ia t io n s  m a y  c o n s id e r a b ly  a f f e c t  
th e  b e h a v io u r  o f  structures in  a c c id e n t s .

T h e  e f f e c t s  o f  random  d e v ia t io n s  o f  the p o s it io n , m a g n itu d e  and d irec tio n  o f  lo a d  
a c t in g  u p o n  t h e  structure h a v e  n o t b e e n  in v e s tig a te d  y e t  a t a ll .

I n t e r e s t in g ly ,  a s  a resu lt o f  r a n d o m  lo a d  im p e r fe c t io n s  th at is , d ev ia tio n  o f  th e  p o s i 
tion  a n d  d ir e c t io n  o f  load  fro m  th e  p re sc r ib e d  v a lu e , s tr e n g th  p ro b lem s m a y  fa c e  u s in  
c e r ta in  c a s e s  in stea d  o f  b ifu r c a tio n  s ta b ility  p ro b lem . F o r  e x a m p le  the d escr ip tio n  o f  th e  
b e h a v io u r  o f  a  straight rod u n d er  c e n tr a l c o m p r e s s io n  is  a  s ta b ility  p rob lem  w h ile  th e  
in v e s t ig a t io n  o f  a rod under e c c e n t r ic  p ressu re  is  a s tr e n g th  p ro b lem . H en ce , a  s ig n i f i 
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ca n t ran d om  d e v ia t io n  o f  th e  p o s it io n  o f  lo a d  fro m  c e n tr ic  p o s it io n  c h a n g e s  the nature  
o f  th e  p ro b lem  a s  w e ll .  A  s im ila r  p ro b lem  m a y  resu lt from  ra n d o m  d e v ia t io n s  o f  the  
lin e  o f  a c tio n  o f  lo a d ; e .g .  i f  th e  d ir e c t io n  o f  th e  a x ia l c o m p r e s s iv e  lo a d  o f  a c la m p e d  
rod is  o th er  than a x ia l .

L o a d  im p e r fe c t io n s  m a y  c lo s e ly  b ea r  u pon  part o f  th e  m a c r o g e o m e tr ic a l im p e r fe c 
tio n s: e .g . i f  th e  a x is  o f  a  stra igh t road d iffe r s  fro m  th e  s tr a ig h tn e s s , th en  th e  p ro b lem  
fa c in g  us is  rather a  stren gth  p ro b lem  th en  a  s ta b ility  p r o b lem .

T h e  so lu tio n  to  th e  p ro b lem  is  fu n d a m e n ta lly  a f fe c te d  b y  th e  b o u n d a ry  c o n d it io n s .  
“ P u re” b ou n d ary  c o n d it io n s  are u su a lly  d e f in e d  fo r  th e  m a th e m a tic a l so lu tio n s : n o  a n 
g u la r  d isp la c e m e n t is  p erm itted  b y  th e  b ra c in g  or n o  s in k in g  is  p erm itted  b y  th e  su p p o rt, 
e tc . In p ra c tice , c o m p le te ly  d ifferen t b o u n d a ry  c o n d it io n s  are u su a lly  p resen t in  c o m b i
n a tio n , th e  b ra c in g  b e in g , in  fa ct, a  partia l b ra c in g  ( e la s t ic  b r a c in g , e la s t ic  su p p o rt or  
e la s t ic a lly  e m b e d d e d  h in g e , e tc .)  o n ly . In c a s e  o f  th e  a c tu a l s tru ctu res m a d e on  h e  b a s is  
o f  a  p rescr ib ed  d o c u m e n ta tio n , v a r ia tio n s  m a y  o c c u r  a n d  th e  d ifferen t r e a liz e d  stru c
tu res o p era te  u n d er d iffe r e n t b o u n d a ry  c o n d it io n s  w ith  a  d if fe r e n t  so lu t io n  ser ie s  a s s o c i 
ated  w ith  ea ch .

A s  a ru le, th e  im p e r fe c t io n s  lis ted  co n tr ib u te  to  th e  d a m a g e  o f  th e  stru ctu res. T h e  re 
a liz e d  stru ctu res in  w h ic h  th e  im p e r fe c t io n s  m e n t io n e d  a b o v e  m a y  o c c u r  in c id e n ta lly  
b e c o m e  m o re  s e n s it iv e  w ith  their lo a d  c a p a c ity  a n d  r e lia b il ity  d e c r e a s in g  in  g e n e r a l and  
the ex ten t o f  r e d u c tio n  in  lo a d  c a p a c ity  and  r e lia b ility  c a n , an d  sh a ll, b e  d e term in ed  b y  
m e a n s  o f  so m e  m a th e m a tic a l m eth o d  (e .g . p ro b a b ility  th e o r y ) .

T h e  m ateria l c h a r a c te r is tic s  u sed  in th e  c a lc u la t io n s  are u sed  to  ta k e  the m ateria l d e 
fe c t s  in to  c o n s id e r a tio n . T h e  te n s ile  s tren g th  or th e  y ie ld  p o in t a n d /o r  the m o d u lu s  o f  
e la s t ic ity  are p r a c tic a lly  ch a ra c ter istic  o f  th e  m a ter ia l p o s s e s s in g  so m e  m ateria l d e fe c t  
and th u s th e  real stru ctu ra l c h a ra c ter istic s  are ta k en  in to  a c c o u n t in th e  c a lc u la t io n s . 
H e n c e , m ateria l d e fe c t s  are not d ea lt w ith  s p e c i f ic a l ly  in  th is  w o rk  and  th e y  are not in 
c lu d e d  a m o n g  th e  im p e r fe c t io n s  in v e s t ig a te d  in  th is  w o rk  a lth o u g h  th eir  in f lu e n c e  is  
c o n s id e r a b le .

A ffe c te d  b y  th e  im p e r fe c t io n s  d e sc r ib e d  is  n o t o n ly  th e  sta tic  but a ls o  the d y n a m ic  
b e h a v io u r  o f  th e  stru ctu re , m o r e o v e r , certa in  im p e r fe c t io n s  m a y  resu lt in n o n lin e a r it ie s  
in th e  sy s te m .

T h e  p ro p erties  o f  th e  stru ctu re a ls o  c h a n g e  a s  a  fu n c t io n  o f  t im e . W h a t w e  are ta lk 
in g  ab ou t is  not th e  s ta b iliz a t io n  o f  th e  sta te  a d ju s te d  in it ia lly  (w ith  th e  a n a ly s is  p er
fo rm ed  for th e se  c o n d it io n s )  but th e  o c c u r r e n c e  o f  a n y  im p e r fe c t io n  (w ea r , lo o s e n in g ,  
lo ca l c ra ck s, e tc .)  in  th e  c o u r se  o f  o p era tio n .

T h e  literature is  reach  in e x a c t or a p p ro x im a te  s o lu t io n s  to  te c h n ic a l p r o b le m s o f  
q u ite  a n um ber. A ls o  m e th o d s  to  in v e s t ig a te  th e  e f f e c t s  o f  d if fe r e n t  sp e c if ic  im p e r fe c 
t io n s  or d im e n s io n a l im p e r fe c t io n s  fa l l in g  w ith in  th e  s c o p e  o f  th is  s tu d y  are k n o w n  [8 ]. 
H o w e v e r , th e  s to c h a s t ic  im p lic a tio n s  o f  th is  th at is , th e  fa c t th at th e  d ifferen t im p e r fe c 
tio n s  o c c u r  ra n d o m ly  an d  e a c h  p rod u ct s h o w s  d iffe r e n t p ro p er tie s , h a v e  b een  in v e s t i
g a te d  o c c a s io n a lly  an d  not in  fu ll.
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2. Methods to treat microgeometrical imperfections

T h is  w o r k  is  d e s ig n e d  to  f in d  a  m e th o d  p erm ittin g  m ic r o g e o m e tr ic a l im p e r fe c t io n s  
o c c u r r in g  in  th e  co u r se  o f  c o n s tr u c t io n  a n d  o p e r a tio n  o f  stru ctu res to  b e  ta k en  in to  c o n 
s id e r a t io n  in  structural a n a ly s is .

M e th o d s  o f fe r in g  th e m s e lv e s  fo r  u se  in  stru ctu ra l a n a ly s is  are

-  p r o b a b il it y  c a lc u la t io n ,
-  in te r v a l a r ith m e tic ,
-  f u z z y  m e t h o d s  and  a m o n g  th e s e , s o - c a l le d  p o s s ib il is t ic  m e th o d s .

T h e  c o n d it io n s  an d /or  th e  a d v a n ta g e s  o f  th e  u se  o f  a n y  o f  th e s e  m e th o d s  ca n  b e  
s p e c i f ie d .

T o  u s e  m e th o d s  b a sed  o n  p r o b a b il ity  th e o r y , th e  d istr ib u tio n  or d e n s ity  fu n c t io n s  or  
at le a s t  s o m e  m o m e n ts  o f  th e  p r o b a b il ity  v a r ia b le s  m ust b e  k n o w n . D a ta  o f  a  large  
n u m b e r  a b o u t  th e  p h en o m en a  a s s o c ia te d  w ith  th e s e  im p e r fe c t io n s  sh o u ld  b e  a v a ila b le  to  
o b ta in  t h e s e  in fo r m a tio n s , h o w e v e r , su c h  d ata  are  se ld o m  a v a ila b le . T h u s  w h a t w e  e n 
c o u n te r  in  c a s e  o f  the p r o b a b ility  m o d e ls  a re  rather ex p ert o p in io n s  th a n  r e lia b le  s ta tis t i
ca l c h a r a c te r is t ic s . A n o th er  c o n s id e r a b le  d isa d v a n ta g e  o f  th e  p r o b a b ility  c a lc u la t io n  
m e th o d s  is  t h e  ex traord in ary  c o m p le x i t y  o f  th e  c a lc u la t io n s  (c a lc u la t io n  o f  m u lt ip le  in 
te g r a ls , s o lu t io n  o f  n o n lin ea r  s y s te m s  e v e n  in  c a s e  o f  lin ea r  p r o b le m s , e tc .) .  In p ra ctica l 
p r o b le m s , o n ly  f in ite  p ertu rb a tio n s in  th e  d a ta  are p o s s ib le  a n d  th u s s o - c a lle d  lim ite d  
d e n s ity  f u n c t io n s  m ust b e  u sed  fo r  th e  a c tu a l c a lc u la t io n s , th is  is  a ls o  a  p r o b le m  c o n 
tr ib u tin g  t o  th e  c o m p le x ity  o f  th e  c a lc u la t io n s .  A n o th e r  p r o b le m  is  th at th e  c o e f f ic ie n t s  
o f  th e  s t o c h a s t ic  eq u a tio n s  to  b e  s o lv e d  are  not in d ep en d en t ra n d o m  v a r ia b le s  e v e n  in 
c a s e  th e  p a r a m e te r s  o f  the d iffe r e n t im p e r fe c t io n s  ca n  b e  c o n s id e r e d  to  b e  in d e p e n d e n t.

T h e  a d v a n ta g e  o f  the in terv a l a r ith m e tic  is  that it is  e n o u g h  to  k n o w  e x p er t o p in io n  
o n ly  o n  th e  e x tr e m e  b o u n d s o f  th e  o c c u r r in g  im p e r fe c t io n s . T h e  c a lc u la t io n  m e th o d  is  
r e la t iv e ly  s im p le  a lth o u g h  se p a r a t io n  o f  c a s e s  o f  q u ite  a  n u m b er  is  r e q u ired  d e p e n d in g  
on  th e  s ig n  o f  th e  v a r ia b le s . A  d is a d v a n ta g e  is , h o w e v e r , that n o  in fo r m a tio n  ca n  b e  
o b ta in e d  a b o u t  th e  rate o f  th e  e r r o r -p r o p a g a t io n .

In f u z z y  m e th o d s  (e .g . [ 9 - 1 0 ] ) ,  th e  e x p e r t ’s e s t im a te  id e n t if ie s  n ot o n ly  th e  in terv a l 
w h e r e  th e  im p e r fe c t io n s  ca n  b e  m o v e  but a ls o  th e  e x p e c ta b le  r e lia b ility  o f  th is  in terv a l 
(th e h ig h e r  th e  v a lu e  o f  the m e m b e r s h ip  fu n c t io n , th e  m ore  th e  g iv e n  p o in t ca n  b e  e x 
p e c te d  t o  f a l l  w ith in  the p ertu rb a n ce  in te r v a l) . S im ila r ly , c h a n g e s  in  th e  se t  o f  p o s s ib le  
s o lu t io n s  c a n  b e  in v e s tig a te d  in  a c c o r d a n c e  w ith  th e  le v e l o f  a c c e p ta n c e  (v a lu e  o f  the  
m e m b e r s h ip  fu n c t io n ) . In th is  p a p er  w e  w ill  s h o w  that p o s s ib il is t ic  s o lu t io n s  ca n  b e  
fo u n d  b y  s o lv in g  lin ear p r o g r a m m in g  p r o b le m s . S in c e  g o o d  p ro g ra m  p a c k a g e s  are  
a v a ila b le  fo r  s o lv in g  th is p ro b lem  b y  c o m p u te r , th e  e s t im a te s  are  o b ta in e d  q u ite  s im p ly . 
T h e p r o b le m s  s o lv e d  under c o n d it io n s  a c c e p ta b le  o n  d ifferen t a c c e p ta b ility  le v e l s  su p 
p ly  in fo r m a t io n  on  the p ro p a g a tio n  ra te  o f  th e  im p e r fe c t io n s . M o r e o v e r , th e s e  m e th o d s  
d o  n o  ret r e q u ir e  th e  in d e p e n d e n c e  o f  th e  v a r ia b le s .
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3. Mathematical background of possihilistic estimates

3.1. The concept o f fuzzy numbers

Let X be a real variable. If £ is a real realization of a , the indicator function  o f  vari
able X will be

[ 1. =  £

[ 0 , i f  дг =

I f  th e  re a liz a tio n  o f  x  is  u n certa in , then  a  f u z z y  n u m b er m : 5 —> [1 , 11 c a n  b e  u sed  
to  g iv e  th e  p o s s ib il i ty  o f  a n y  poin t o f  the rea l lin e

W e  sa y  that p : 5 —» [0 ,  1] is  a fuzzy number o f  finite support if
1 ) p(x)  is  c o n tin u o u s  o n  §  ,
2 ) there e x is t s  a  triad  -  o o < b < a < c < o o  s u c h  that 

~  p(o) = 1 ;
~  p(x)  =  0  V x  e  (-с о , b) u  (c , <*>);
~  p(x)  is  s tr ic tly  in c r e a s in g  on  \b, a] a n d  s tr ic tly  d ecrea sin g  o n  | a,  с ] .

D u e  to  th e  a b o v e  c o n d it io n s , th e  su b se t C ,(m ) =  {a  6  §  : p(x) >  r )  o f  th e  rea l line  
c o n ta in in g  the p o in ts  fo r  w h ic h  th e  r e a liz a t io n  le v e l  is  at least r fo r m s a  U n ite  in terval 
fo r  a n y  g iv e n  0  <  /• <  1. [b, c ] is  the su p p o rt o f  th e  fu z z y  num ber fo r  w h ic h  [b , r ]  =  

{a  e  §  : p(x)  >  /1  (h ere  th e  o v e r lin e in g  in d ic a te s  th e  to p o lo g ic a l c lo su r e  o f  th e  se t ) .

H ere a fter  w e  u se  o n ly  fu z z y  n u m b ers o f  f in ite  su p p o rt, th erefore th e  a ttr ib u te  “ o f  f i 
n ite  su p p o rt” w ill b e  o m itte d  for  th e  m ost part.

In terv a ls  C,(p)  u n iq u e ly  d eterm in e  the s id e  fu n c t io n s

t(r)  =  in f |.v  €  §  : л 6  C,(p)\  

u(r) =  supj.v  e  5 : x  e  C,(p)  ) 

o f  th e  fu z z y  n u m b er  p  w h ic h  h a v e  th e  f o l lo w in g  p rop erties:

1. t {r)  is  c o n tin u o u s  a n d  str ic tly  in c r e a s in g  o n  [0 , 1];

2. €(0) = b ,T ( l )  = a;

3 . u(r) c o n tin u o u s  a n d  str ic tly  d e c r e a s in g  o n  |0 ,  1 ];

4 . и (0 )  =  с , u( 1 ) =  a.

C o n v e r se ly , a n y  pair  o f  fu n c tio n s  i,(r), u(r), h a v in g  the four p r o p er tie s  g iv e n  a b o v e , 
u n iq u e ly  d e te r m in e s  a  fu z z y  num ber:
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1,

0,
i f  X = a,
i f  X < b or X >  c,

su p jr  e  [0 , l] : /'(/') <  x}. i f  V e  [Л, c], 

i f  X e  [/>, а].s u p { / - e [ 0 , l]: u(r) > x | ,

L e t  F N  d e n o te  the se t  o f  f u z z y  n u m b ers .
L e t a  s p e c ia l  su b se t o f  f u z z y  n u m b e r s  be d e f in e d  in  t h e  fo l lo w in g  w ay:
L e t g(r)  b e  a  m o n o to n  d e c r e a s in g  co n tin u o u s f u n c t io n  o n  [0 , 1| w ith the b o u n d a r y  

p r o p e r t ie s  g ( 0 )  =  go  <  ° ° , g ( l )  =  0 . T h e fu z z y  n u m b e r s  d e fin e d  b y  s id e  f u n c t io n s  
/(/') = ~ 8 g(r)  + a, u(r) -  8g(r)  + a  w ill be c a lle d  g-induced  symmetric fuzzy numbers. 
(In th is  c a s e  a  = a, b = a  -  8 , c  =  a  + 8 . T he se t  o f  th e  g - in d u c e d  sy m m e tr ic a l f u z z y  
n u m b e r  w i l l  b e  d en o ted  b y  FNg.)

W ith  a  f ix e d  g  the g - in d u c e d  sy m m e tr ic a l fu z z y  n u m b e r  is  u n iq u e ly  d e te r m in e d  b y  
(a,  S), w h e r e  a  is  the c e n te r  a n d  Ô is  the spread  o f  th e  f u z z y  num ber. It is  q u ite  e a s y  to  
se e  th a t  fo r  th e  fu z z y  n u m b er  /л = (a,  S) e  FNg th e  m e m b e r s h ip  fu n ctio n  is g iv e n  b y

I f  ő = 0 ,  th en  / |(л )  =  X\a) f v)> w h e r e  Xa >s th e  c h a r a c te r is t ic  fu n ctio n  o f  the se t  A (F ig .  
la ) .

M o s t  fr e q u e n t ly , g e n era to r  fu n c t io n  g  is  c h o o s e n  a s  f o l lo w s :
a )  g ( r )  =  1 -  r.

In  th is  c a s e  go =  1 and
~  /л =  (a,  0 ) is  the c h a r a c te r is t ic  fu n ctio n  o f  th e  s in g le  p o in t se t j a]  i .e .  it is  th e  
d e sc r ip t io n  o f  th e  e x a c t  o f  a  (s e e  F ig . la ) .
~ F -  (ót, 8 ) is  the d e sc r ip t io n  o f  a tr ia n g u la r  f u z z y  num ber w ith  th e  c e n te r  a  
a n d  su p p o rt set f a  -  8 , a  +  5] ( s e e  F ig . lb ) .

1. i f x  =  a .

0, o th erw ise

0 5 o th erw ise

b )  g(r) =  л/ l  - r  (F ig . l c ) .
In th is  c a s e  g ( 0 )  =  1 and

\ x - a \
F ix )  = \ 1 g2 i f  a  -  8  < X < a  +  8 . 

o th erw ise0,
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c )g ( /‘) =  ( l  - f f ( F i g .  Id ). 
H ere  g (0 )  =  1 and

jU(-v)
Э,

if a  -  8 < X < a  + 8. 
otherwise

d ) g ( r )  =  >/ — ln ((l — Я )г +  Я) (F ig . le ) .  

In th is  c a se  go =  V -  In Я and

jU(.Y) V
1 - Я

T h is  fu n ctio n  is  o b ta in e d  fro m  th e  n o rm a l d e n s ity  fu n ction

/
-  a|~

2 82

s h if t in g  it b y  —Я and n o r m a liz in g  th e  o b ta in e d  fu n c t io n  su ch  that its  m a x im u m  to  be 1. 
T h e r e fo r e  th is fu z z y  n u m b e r  ca n  b e  c o n s id e r e d  a s  an a n a lo g y  o f  th e  n orm al d en sity  
fu n c t io n  cu t on the s ig n if ic a n c e  le v e l Я.

A  fu z z y  set ß  e  FN" o n  §  " w ill b e  c o n s id e r e d  an  a fu zzy  v e c to r  i f  it is  ob ta in ed  as  
a C a rtes ia n  product o f  fu z z y  n u m b ers  (F ig . l e ) ,  i.e .

ß(x) = ß(x\  , . . . л )  =  m in(^/(.* О ,. . .  ,ß(x„)).

3.2. Fuzzifiedfunctions and relations

L et f  . f  \ F"' —* F is  a  p o s s ib il is t ic  fu z z y  e x te n s io n  o f /  fo r  the fu zzy

v e c to r s  ß e  FN1" i f  th e  p o s s ib il is t ic  fu n c t io n  v a lu e  f  {ß)(v) = f  (ß \ , . . . , ß m) is  ca lcu la ted  

b y  th e  Z a d e h ’s e x te n s io n  p r in c ip le  [9]:
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a) b)

c) d)

e) f)

Fia. I
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Poss ( y = f ( f i ) )  =  / ( m )(.v) = / { Р ч - , И т ) ( у )

I sup f J - ( n )  if A(y) *  0
= \ oeA(y)

[(), otherwise

sup i f ^ ( y ) * 0
U«i...am)e (̂.v)
[o, otherwise

sup т т Ш а Л
\(«i...A„)^(y)
[(),

M 0 "’))’ if A ( y ) * 0 ,

otherwise
( 1 )

where A(_y) = (a = ( a \ , . . . , a „ , )  e : v = f l ß ) } -
11

Particularly, i f / is a linear function, i.e. / ( a , x )  = V  and assum e that the pos-
/=1

sibilistic values of the param eters a, are given by g-induced sym m etrical fuzzy number, 

i.e. jU/ = (cc„ dj), then it was proved in [1 11 that the possibilistic function  value /  (p, 
x)(y) at the point x e  § belongs also to FNX (Fig. 2), namely:

Fig-  2
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/  ( ß ,  X) =
(  ” и Л

X a ' x>
V 1=1 /=1 /

otherw ise

Poss У = ^ а , х ,
V i = i  J

= f  ( ß ,  x)(v) =

n
if y  =  Y J C C, X1

n

-1 /=1

/=1
\

I " .
i=1

if ̂  í/; |x71 ^  0 and
/=i

Y - ^ a . x ,
i=1

otherwise

^ g o » ï > , N

Let th e  possibilistic value o f  th e  equality of two fuzzy  num ber be defined by the 
fo llow ing  formula

Poss (/л =  v) = sup min (ß (x ),v (x)).
Л—V

It is easy  to see (( 111) that

POSS (jU =  V) =  POSS (jU -V , * | 0 )),

w here the  membership function o f  ß  = v  is computed by ( 1 ). Moreover, it is also obvi
ous that

Poss (ß  = x m )  = ß(0). 

If ß  -  (a , §) e  FNg and * |0| = (0, 0 ), then

Poss (/t -  * {0} ) - I
§

0,

" o p

v«5 ;

if a  =  0

if |a | < 5  and <5^0 

otherw ise
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3.3. Error estimation fo r  linear equation system s using possibilistic m ethods  

Let the linear system

П

Y j avxJ ~ a ' o = ()- , = 1..... (2)
7=1

be given, where the error tolerance of the coefficients is modelled by possibilistic meth
ods, i.e. fuzzy num bers d,j e  FNg, i -  1 âÿ -  («,„ d,j) are  considered
given instead of аи e  § . In that case the possibilistic value of the solution o f the system 
is a fuzzy set on 5  " with the membership function

ofx) = min <j/(x)

where

a , (x) =  Poss
w = >

*1")

\

У

1, if  Y j a 4X] ~ a '0 = 0
7=1

I
J=1

a ,jx J -  «,0

5 > , Ь И Г
7=1

if  d if |x ; j +  z/,0 ^  0 and
7=1

-  a ,o

0,

I
j 1
otherwise

M < > )
V 7=1

(3)

is the possibilistic value o f the satisfaction o f the /-th equation.
If x* is the solution o f the exact system (2), then ct,(x*) = 1 f o r e v e r y /e  ( l , . . . ,w ) .  
The conditions o f  the first and second row s in cr,(x) determine a neighbourhood of 

the solution of the exact system such that all interior points from this neighbourhood 
have positive possibility. For this reason, the solution set of the inequality system
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n I n \

^ a i j X j  - a i 0  <  g { X )  X^hNo (4)
/

describes the points which can be considered a solution with a possibility at least 0 < Я 
< 1, i.e. for which o;(x) > Я V/ e ( 1 (see Fig. 5 in the Example 2).

To find the possible perturbation interval for every coordinate of the solution let us 
consider the optimization problems

subject to (4). With Я = 0 the solutions of these problems define the lower and upper 
bounds of the perturbed solution of (2), that is these values define an /г-dimensional in
terval which comprises all the solutions of the perturbed system (Fig. 5).

The constraints of the optimization problems (5)—(4) are piecewise linear and there 
is no nonnegativity condition for the variables.

Flowever, problems (5)—(4) can be linearized introducing new variables. Let

Carrying out the substitutions and omitting the conditions U j V j = 0 one obaines 2n  linear 
programming problem, which differ only in their objective function. Therefore the com
plexity of the calculation can be reduced solving the duals of the problems (5)—(4), be
cause in this case the 2n  problems can be formulated by one common simplex tableau. 
In the course of the solution, condition m,v, = 0 can be taken into consideration when 
choosing the pivot element under condition that variables щ  and v, cannot get into the 
basis simultaneously. However, the disadvantage of this method is that the exclusion 
one of the pair щ ,  v } cannot be ensured automatically by every one of the LP packages 
and thus this must be ensured individually.

Besides the definition of the limits of error for each coordinate, also the limits of er
ror for any of the linear function of x can be determine without increasing the computa
tional complexity of the problem, since also here, the constraints conditions are the 
same as discussed above.

min.v, and max A'„ i  =  1,... , m (5)

Uj = max(0, X j )  and V j = max(0, — X j ) ,  j  =  1
Then

X j  -  U j  — V/, \ x j \  = U j  +  \> j, U j ,  V j  >  0 and u j V j  = 0.
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4. Calculation of rod systems

The fundamental equation o f  the road system  by matrix force m ethod is

B7RBx + B7Ra = 0, (6)

where

В -  matrix o f § it describes the displacements of the statically  determin
ed basic system  under unit loads on the points of the virtual intersection;

R -  blockdiagonal flexibility matrix of
a -  vector o f § it describes the displacem ents o f the basic system  under ex

ternal loads;
X — vector o f § " for the statically indetermined internal forces (moments)

acting on the points of virtual intersections;
L = Bx + a -  internal forces o f the indeterm ined structure;
m -  number of rod (beam  sections xk , where

к

for constant
for linear (bending m oments) 
for piecewise second degree 
internal force (m om ent) function

n -  degree o f redundancies.

The uncertain inform ations are given in the flexibility matrix R. The structure of this 
m atrix is

R = diag (г |М |,...,/- |М (),

where

C- i— /• = —— tor the bending moments under concentrated load, w hile r = — '■— tor 
' 6 IE  30IE

bending moments under distributed load of constant intensity per section, where

~ is the i-th section length;
~ IE  is the stiffness for bending;

к
-  M„ / = are sym m etric positive definite matrices and у  dim  M, = m. For

1 =  1

example,
~ M, = I (unit m atrix) for constant internal forces,

/ 2 П
tor linearly varying internal forces,M ,=

M ,=

1 2

( 4 2 - 1
2 16 2 

-1  2 4
for piecewise second order internal forces.
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E v e r y  М /  c a n  b e  d e c o m p o se d  in  t h e  fo r m  M , =  C fC ,- .  F o r  e x a m p le , i f  M , =

/  V J T T  л / з ^ Т

'2  Г  

J  2 ,

th en  C , = 2 2
л/з̂ Т ТзТТ

C o n s e q u e n t ly

R  =  d ia g  d i a g < n ) C | , . . . , C [  d ia g  (r * > C t. )

L e t  th e  m atrix  В  and the v e c to r  a  b e  partitioned a c c o r d in g  t o  the b lo ck  structure o f  R :

b t =[b [ , . . . b ;].

W ith  t h i s  p a rtitio n  w e  obta in

a = a , , . . . , a A .

B  R B  =  B ; C [ , . . . , B [ C (  d ia g  (d ia g  d ia g  (;-*))

and

B  ' R a  =  [В  [  C  f , . . . ,  В  [  С I  ] d ia g  (d ia g  ( n ) ........d ia g  </•*)>

I n t r o d u c in g  th e  notations

C ,B ,

C ,B A

C ,a ,

C t a A

В

c ,B ,  ■ C 1a 1
, a =

1 О я 1__
_

1 n u 1__
_

, R  =  d ia g  ( d ia g  d ia g  (/-t)>

th e  fu n d a m e n ta l  equation  w ill b e  o b ta in e d  in the form

B '  R ÏÏx +  b ' R a  =  0 ,  (7 )

w h e r e  R  is  n o w  a d ia g o n a l m a tr ix  c o n s is t in g  o f  the v a lu e s  r, o f  u n certa in  in fo r m a tio n  
a b o u t t h e  f le x ib i l i ty  m atrix o n ly .  T h u s  upon  in v e s t ig a t io n  o f  th e  error p ro p a g a tio n , n o  
d is t in c t io n s  n e e d  be m ade b e t w e e n  t h e  c a s e s  w ith  d ia g o n a l a n d  b lo c k d ia g o n a l f le x ib i l i ty  
m a tr ix  a s  th e  p ropagation  is  s t r u c tu r a lly  sim ila r . (H e r e in a fte r  w e  u se  n o  o v e r lin in g  fo r  
n o ta t io n  b y  w h ic h  w e  u n d ersta n d  e it h e r  the orig in a l o r  th e  tr a n s fo rm ed  В  and a  d e 
p e n d in g  o n  th e  f le x ib ility  m a tr ix .)
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Let

b,7' = [ b j i ...... b j ]  and a '  = [ a [ .......a [ ]

be denote the partitioned form of the /-th row vector o f matrix В and the vector a , re
spectively. W ith this notation the system of equations (6) has the following form:

S
7=1

(  k > к

Ê ( b " ’b 7.'l Г* Д7 + X | ( b L a .v)
V »-I 5=1

0. i = \ , . . . , n ( 8 )

where (•,•) denotes the scalar product of tw o vectors.
Assume that the uncertain values /у are given by the fuzzy numbers 

7) = (/• ,,£ ,/• )€  F N g , i.e. it is assumed that the possible perturbation o f the values /7 is

direct proportion to  the nominal values. Since the coefficients of (6) are linearly de
pendent on 77, these coefficients are also fuzzy num bers in FNK given by

(  t

V .v=l

and

//о  ~ X ( b L a v ) ':v .X |(b L a v)
V ,v=l

'</ =

7 = 1...... ».

Using the form ula (3) one can calculate the possibilistic value o f that the i-th equa
tion is being satisfied.

The conditions according to (4) can be obtained by substitutions

к
Щ = ^ ( b J s ,bJS)rs , i j =  1

S =  1

к

«D =  X ( b^’a ' b ’ / = l .........
5=1

4 / = Î | ( bL b„ )
,v=l

c e . i j  = 1

к

dm=  ^  l(b L >a  д) / =  1,..
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E s s e n t ia l ly ,  the perturbation  in te r v a l o f  th e  so lu t io n  ca n  b e  d e fin e d  w ith o u t in tro 
d u c in g  n e w  v a r ia b le s  i f  the s o lu t io n  a s s o c ia te d  w ith  th e  n o m in a l v a lu e  o f  r, or at le a s t  
the s ig n  o f  th e  c o o rd in a te s  o f  th e  s o lu t io n  is  k n o w n . T h is  la tter  is  o ften  im m e d ia te ly  
o b ta in e d  o n  th e  b a s is  o f  te c h n ic a l c o n s id e r a t io n s  w ith  regard  to  th e  fo r c e s  a c t in g  o n  th e  
p o in ts  o f  v ir tu a l in tersec tio n . In s u c h  c a s e s ,  th e  c o o r d in a te s  n e e d  to  b e  o p t im iz e d  o n ly  in  
that o r ta n t  in  w h ic h  the n o m in a l s o lu t io n  is  p resen t. T h is  p erm its  th e  sy m b o ls  fo r  a b s o 
lu te  v a lu e  t o  b e  re m o v e d  fro m  ( 4 ) .  S h o u ld  0  b e  o b ta in e d  fo r  o n e  o f  th e  p ertu rb a tio n  
l im its  o f  a n y  c o o rd in a te , it m u st b e  e x a m in e d  se p a ra te ly  w h e th e r  there is  a  s o lu t io n  in  
the o r ta n t p r o v id in g  an  o p p o s ite  s ig n  fo r  th is  c o o r d in a te . I f  s o ,  th e  sy s te m  c a n n o t n e c e s 
sary  b e  c o n s id e r e d  stab le.

T h e  f in a l  s tr e ss  o f  th e  red u n d a n t stru ctu re  ca n  a ls o  b e  e s t im a te d  b y  m e a n s  o f  th e  
a b o v e  m e t h o d .

L e t ßi  d e n o te  the z'-th r o w  v e c t o r  o f  th e  m atr ix  B. T h e n  th e  z'-th c o o r d in a te  o f  
L  =  Bx +  a  is  T,(x) =  (ß, x) +  a,. T h e  in te r v a l o f  th e  p o s s ib le  p ertu rb a tio n  o f  th e  d if fe r e n t  
fo r c e  c o o r d in a t e s  is  g iv e n  b y  [m in  T,(x), m a x  /,(x )], w h e r e  th e  m in im u m  a n d  m a x im u m  
sh o u ld  b e  ta k e n  subject to  th e  c o n s tr a in ts  g iv e n  b y  (4 ) . U p o n  s ta b ility  c o n s id e r a t io n s ,  
h ere  w e  in v e s t ig a t e  the d o m a in  w ith o u t  s ig n  rev ersa l o n ly .

N o t e  th a t  th e  perturbation  in te r v a l o b ta in e d  b y  th e  a b o v e  m e th o d  fo r  th e  f in a l in te r 
nal f o r c e  v e c t o r  is  in  g en era l n a r r o w e r  th an  it w o u ld  b e  o b ta in e d  i f  th e  e x tr e m e  v a lu e s  
o f  th e  f o r c e s  a sso c ia te d  w ith  th e  p o in t s  o f  th e  v irtu a l in te r se c t io n s  w ere  u sed  to  d e te r 
m in e  t h e  e x tr e m e  v a lu es  o f  th e  c o o r d in a t e s  o f  L  b e c a u se  th e  f e a s ib le  d o m a in  o f  th e  la t
ter p r o b le m  is  an  zz-d im ensional in te r v a l c o n ta in in g  th e  a c tu a l p o s s ib le  ran ge.

5 .  E x a m p le s

E xam ple 1

L e t u s  c o n s id e r  the structure il lu s tr a te d  in F ig . 3 .
T h e  p a r a m e te r s  o f  th e  stru ctu re  a r e  g iv e n  b y  th e  m a tr ic e s  B , R  and th e  v e c to r  a  a s  

f o l lo w s

O' '2  1 ' O'

2 1 2 0

1 2 1 0

2
, R  =

1 2
, »  =

8

2 4 2 0

4 2 4 16

2 7.5 0

2 15 8
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H ere  the n o m in a l v a lu e  o f  th e  uncerta in  f le x ib i l i t y  m a tr ix  param eters  

/'i =  l ,  /‘2 =  1, г3 =  2 , г4 — 7 .5 ,  /"5 — 15.

T h e  sy s te m  to  b e  s o lv e d , d ep e n d in g  o n  p a r a m e te r s  o f  the f le x ib ility  m a tr ix , is  

( 8 /-| +  H/*2 +  2 4 n  +  4/*4 +  4 / ‘s )л  +  (3 2 /* 2  +  9 6 /*3 +  1 6 / у )  =  0 ,  

that is  the n o m in a l s o lu t io n  is

jc* =  - 3 . 0 1 3 ,

and  th e  fin a l in tern a l fo r c e  v e c to r  b e lo n g in g  to  th e  n o m in a l so lu tio n  is

L 7 = | ( ) ,  - 6 . 0 2 6 ,  0 , 1 .1974 , 6 .0 2 6 , 3 .9 4 8 ,^ 6 .0 2 6 ,  T 9 7 4 |.

1 2 3 4 5

H e r e  the n u m b ers u n d er  th e  b ra ces in d ic a te  th e  s e c t io n  num bers.
L et th e  fu z z y  e le m e n ts  o f  the f le x ib i l i ty  m a tr ix  b e  triangu lar fu z z y  n u m b ers  ( i .e . 

g en era ted  b y  th e  s id e  fu n c t io n  g(l) -  1 - 1 g iv e n  b y

= ( ! , £ • ) ,  r2 =  ( 1, £ ), r3 =  (2 ,  2 e ) , =  ( 7 .5 ,  7 .5 т ), Г, =  ( 1 5 , 15 т ) ,

w h e r e  т <  1. T h e n  th e  fu z z y  eq u a tio n  to  b e  s o lv e d  is

(3 3 4 , 3 3 4 t ).v +  ( 7 0 4 ,  7 0 4 т )  =  0.

F ro m  th is  w e  o b ta in  th e  m e m b ersh ip  fu n c t io n  o f  th e  fu z z y  set o f  p o s s ib le  s o lu t io n s

cr(.v) =
I — J I M a +464j , i f  |L 5 4 .y +  4 6 4 |< ( 1 5 4 | . v| +  4 6 4 ) t . 

(1 5 4 |.y| +  4 6 4 ) t  1 I V I I  )

0 , o th e r w is e
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The pertu rba tion  interval obtained by optim ization is

1 +  e  . . 1 - e
--------.V* < X — -------- Л * .
1 - e  1 + e

For the vec to r o f  final internal forces we obtain that

H ere the num bers after the brackets refer to the corresponding section.
M arked ly , the domain o f im perfection obtained for the internal forces (bending m o

m ents or torsion) will not be sym m etric for the nom inal values even in this relatively 
sim ple case.

E xam ple 2

Let th e  exam ined structure be g iven in Fig. 4. 
H ere
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Tx~ ns ГЗ — 7^ r*= ri

F i g .  4

T h e e q u a tio n  sy s te m  d ep en d in g  o n  th e  u n c e r ta in  param eter o f  the f le x ib i l i ty  m atr ix  is

2('-| + >2 )

12

Xj 2 0 0 0 r2 ' o '
+ —

X2 4 0 0 0 /4 0

F or th e  n o m in a l v a lu e s  o f  the p a ra m eters w e  h a v e

Г| = 1, /’2 = 1 ,  /‘3 = 2.

T h en  th e  n o m in a l so lu tio n  w ill b e

X* =  - 3 4 7 .8 2 6 ,  x \  =  - 6 0 8 .6 9 7 ,

fu rth erm o re , fo r  th e  stre ss  v ec to r  b e lo n g in g  to  th e  n om in a l fo r c e s  w e  o b ta in

L ' =  [0 , - 3 4 7 . 8 2 6 , - 3 4 7 . 8 2 6 ,  1 3 9 1 . 3 0 3 , - 6 0 8 . 6 9 7 , 0 ]

I f  th e  tr ia n g u la r  fu z z y  n u m b ers

num ber o f  sections

6  = 0'i, O'i), r2 = ( r 2,e r 2), r3 =

are u se d  to  m o d e l th e  im p er fec t f le x ib i l i ty  m a tr ix  e le m e n ts , th e  m e m b e r sh ip  fu n c t io n  o f  
the fu z z y  so lu t io n  se t  w ill b e  d e te r m in e d  b y  th e  m in im a  o f  the fu z z y  se ts

and

(-vi , *2 ) =
|4.v, +  ;r2 +  2000) 

c (4 |.y i | + | . v2 | +  2 0 0 0 )

cr2(.v ,,.v2 ) =
|.v, +  1 ()jc2 +  4 0 0 0 | 

efljv,! +  4 |jc2| +  4 0 0 0 )
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C o n s e q u e n t ly ,  th e  co n str a in ts  s e t  ca n  b e  d e sc r ib e d  b y  th e  in e q u a lity  sy s te m

(s e e  F ig .  5  w ith  e  =  0 .1  ).
T h u s  i f  £ =  0 .1 ,  th en  th e  in te r v a ls

.Vi e [-501.340,-198.340], x2 e [-844.360, -439.085]

w ill b e  o b ta in e d  fo r  th e  p o s s ib il is t ic  p ertu rb ation  in te r v a ls  o f  th e  so lu tio n  v ecto r .
F ro m  h e n c e  th e  p o s s ib il is t ic  in te r v a ls  o f  the f in a l lo a d  c a n  b e  g iv e n  b y  the in c lu s io n

Ax I +  ,v2 -  4 d v , l  -  f k 2l <  —2 0 0 0 (  I -  e) 

- 4 л -1 -  л-2 -  Aáx \I -  £Ly2I <  2 0 0 0 (  1 +  e) 

X \  +  6 x2 — £tv 11 —  1 0 4 y2I <  - 4 ()()()( I -  e) 

—л , -  6ly2 -  elv ,! -  1 0 ä v 2l <  4 0 0 0 (  1 -  e)

sections

[«.(»]

Bx + a e

[-501.340, -198.340] 
[-501.340, -198.340]
[1156.640,1560.915] 
[-844.360, -439.085]

[0,0]

-844 .360

-501 .340

U = - 0 . 1 8 1 1-880  1 3 = —0.15X1 -5 1 4 .2 8 6

F i g .  5
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Exam ple 3

T h e  structure in v e s t ig a te d  in  th is  e x a m p le  is  g iv e n  in F ig . 6 . D a ta  m a tr ic e s  a s s o c i
a ted  w ith  th is  structure are

В =

V b en d in g  m o m e n ts

У norm al fo r c e s

R =  d ia g
If 2 Г '4 2' '2 Г '2 V '2 Г

V ’ , 2  4 y’ ,1 2 , ’ J  2 y J  2 y
60, 120, 60, 120. 60, 60, 60, 60, 60

L et th e  n o m in a l v a lu e s  o f  th e  f le x ib i l i ty  m a tr ix  e le m e n ts  be

/•| = 1, /*2 = 2, /7 =  1, r4 = 1, rj = 1, /7, = 60, r-i =  120, 

/'s = 60, n> = 120, no = П I = i'\2 =  г в = 60.

T h e n  th e  sy s te m  c o r r e sp o n d in g  to  (6 )  is  fo r m u la te d  a s  fo llo w s:
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F ro m  th is  s y s te m  w e  o b ta in  th e  n o m in a l so lu tio n

jci =  0 .0 5 4 ,  a-2 =  3 .1 5 7 , л'з =  - 1 . 2 5 6 ,

and  th e  c o r r e sp o n d in g  fin a l in te r n a l fo r c e  v ec to r

L 7 =  [0 ,  - 0 .7 1 3 ,  - 0 .6 .3 1 4 ,  - 6 . 3 1 4 ,  1.7 7 6 , 0 , - 5 . 6 0 1 , 0 ,  8 .0 9 0 ,  0 , - 0 .3 5 6 ,  - 3 . 15 7 ,  
0 .8 8 8 ,  3 .1 5 7 , 0 .5 8 1 ,  - 0 . 3 5 6 ,  0 .8 8 8 , - 1 .2 5 6 ] .

I f  th e  im p e r fe c t  f le x ib i li ty  m a tr ix  e le m e n t  are m o d e le d  b y  tr ia n g u la r  fu z z y  n u m b er  w ith  
the c e n te r  o f  th e ir  n o m in a l v a lu e s  a n d  sp read s eq u a l to  10%  o f  th e  n o m in a l v a lu e s , i .e .

Л = ' з = ' 4 = ' 5 = ( 1 .  °1), r2 = (2 , 0.2),

r6 = r % = Ло = r \ l = r \2  ~  Оз = (^0, 6), /'7 = /'9 = (120, 12),

th en  w e  h a v e  to  s o lv e  th e  p o s s ib i l is t ic  sy s te m  o f  e q u a tio n

(1 2 8 ,  12.8).vi +  ( - 5 . 6 5 7 ,  0 .5 6 6 ).v 2 +  (0 , 0 ) x 3 +  ( - 5 6 . 5 6 8 ,  5 .6 5 7 )  =  (0 , 0 )  
( - 5 .6 5 7 ,  0 .566).V | +  (3 0 4 ,  3 0 .4 ) .v 2 +  ( - 2 .8 2 8 ,  0 .2 8 3 ) .v 3 +  ( - 9 6 0 ,  9 6 ) =  (0 , 0 )

(0 ,  О)*, +  ( - 2 .8 2 8 ,  0 .2 8 3 ) x 2 +  ( 128 , 1 2 .8 )x 3 +  ( 1 6 9 .7 0 4 ,  1 6 .9 7 ) =  (0 , 0 )

E a ch  e q u a t io n  d e te r m in e s  a  f u z z y  se t  o f  th e  o w n  p o s s ib le  s o lu t io n s  w ith  th e  m e m b e r 
sh ip  fu n c t io n s

(•*) > *2 ’ ̂ з ) —  ̂

<y2 ( x ] , x 2 , x i )  =  l 

<73 ( x ] , X 2 , X 3 ) =  1

|l28x, -5 .656x2 -56 .56 |

12.8|x, I + 0.566|x, I -I- 5.656 
|— 5.657X, + 304x2 -  2.828x3 — 960|

0.566|x, I + 30.4|x2 I + 0.283|x31 + 96 
| -  2.828x2 + 128x3 + 169.704| 

0.283|x2| + 12.8|x3| + 16.97
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From here, taking into consideration the signs o f  the nominal solution, the inequality 
system

128( 1 -e)x\ -  5.656( 1 + e)x2 < 56.57( I + e)
- 1 28( 1 + e).V| +5.656( 1 -  e)x2 < 56.57( 1 -  e)

-5.65711 + e)x\ + 304( 1 -  e )x 2 +2.828( 1 -  e)y3 < 960( 1 + e)
5.567( 1 -  e).i| -  304( 1 -  e)x2 -  2.828( 1 -  e)y3 <  -960( 1 -  e)

-  2.828( 1 + e)x2 - 1 2 8 ( 1 +  e).ys < -169.704( I -  e)
2.828( 1 + e)x2 + 128(1 -  e)y3 < 169.704( 1 + e)

determ ine the perturbation range, where уз = - v 3 and £ = 0 . 1 .  Performing the optim iza
tion for the coordinates of the internal forces and final internal forces, respectively, we 
obtain

X, e  1 0 .4 5 6 ,0 .7 4 9 ] ,  x2 e  [ 2 .5 8 1 ,3 .8 6 7 ] ,  x 3 e  1 - 1 .5 6 4 , - 1 .0 2 7 8 ] ,

and

[ 0 , 0 ] л

[1 8 .9 4 , 19 .3 6 ]
1 1 2 .2 7 . 1 4 .8 5 ]

1 - 5 2 .2 7 ,  - 5 4 . 8 5 ]
161.45, 6 2 .2 1 1 V

1». «1
j

[ - 7 .0 1 ,  -  4 .2 0 ]
[0 , 0 ]

[6 .6 2 , 9 .9 0 ]

10, 0] J

[ - 0 .4 8 ,  -  0 .321 Л

[ - 3 .8 7 ,  - 2 . 5 8 ]
[ 0 .7 3 , 1 .1 1 |
[2 .5 8 . 3 .8 7 ] V
[0 .4 5 , 0 .7 5 ]

[ - 0 .4 8 .  - 0 .3 2 1
1 0 .7 3 . 1 .1 1|

[ - 1 .5 6 ,  - 1 .0 3 ] J

bending moments

normal forces
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F i s -  7

Exam ple 4

A lso the stability problem  can be studied on the structure  illustrated in Fig. 7. 
H ere the structural data are, as follows:

В =

1

7Г
1

7 Г
1

7T
1

71
1

■ 1
30

1
1 1

1 1
30 , a =

-11
VI 0

VI 0

The elem ents in the diagonal o f  the flexibility m atrix  mean at the same tim e the 
nominal values of the flexibility  matrix parameters. T hus the nominal solution o f the 
equation (6) is

x* = VI
31 + 30V2 '

and the vector of the corresponding final internal forces is

L_ 30 + 60У2 30 + 60V2 30+60У2 32 + 60V2 VI VI 
_3i +6oVI'3i + 6oVI'3i + 6oVI' 31 + 60V2 531 + 60VI 31 + 60VI

Should the flexibility m atrix be treated param etrically, the parametric equation to  be 
solved will be
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1 1 1 1
~rr\ +  T  Ç  +  “  r\ +  T r 4 +  , 5 +  r6

1

2 2 2 2

L et th e  fu z z y  p ara m eters o f  th e  f le x ib i l i ty  m atr ix  be

(/■/, ö v ) ,  / =  1 , . . . , 5 .

T h e n  the fu z z y  eq u a tio n  c o r r e sp o n d in g  to  ( 6 )  w ill b e

S '  S ' -  S '

— + i S , S
3 0

(  1 \  3 f
! H-----

3 0
X +

V I  31V I
3 0  ' 3 0

= (0, 0).

T h e  p o s s ib il it is t ic  fu z z y  so lu tio n  se t o f  th is  eq u a tio n  is d e f in e d  b y  th e  m em b ersh ip  
fu n c tio n

cr(x) =

|(31 + 6 0 V I)*  -  Ц  

-'|(з I + 60V2 |x | + 3 lVV j
, i f  X e  C

o th e r w is e

w h ere

lc 1 + e

is  th e  perturbation  in terv a l o f  th e  so lu tio n . O b v io u s ,  i f

, ,  , „  1 - 3 1 e  ^  1 +  3 1 e
( =  x e K : ------------- X <  X < -----------x

31

th en  th e  p o in t 0  w ill b e  c o n ta in e d  in th e  p ertu rb a tio n  in terval, w h ic h  m e a n s  that as a re
su lt o f  th e  im p e r fe c t io n s , th e  fo r c e  m a y  act in  th e  o p p o s ite  d ir e c t io n  a n d  th is  m ay  upset 
th e  s ta b ility  o f  th e  sy s te m . S im ila r ly , a r e v e r sa l m ay  take p la c e  in  th e  la s t  tw o  c o 
o rd in a te s  o f  the fin a l s tre ss  fo r  w h ic h  th e  fo l lo w in g  in terval v e c to r  is  o b ta in e d :

Acta Technica 107, 1995-96



394 NÁNDORI, E.-KOVACS, M.

References

1. M ichelberger, P.: Berechnung der du rch  die Fertigungsungenauigkeiten des Fahrgestells hervorgeru
fenen Montagespannungen mit Hilfe des M atrizen-Kraftgrössen-Verfahrens. Acta Technica Hung., 73 
(3 -4 ) :  3 35-347 , 1972

2. M ichelberger, P.: Auswirkung der F ertigungs- und Montierungsungenauigkeiten auf die Beanspruchung 
der Stabkonstruktionen. Acta Technica Hung., 75 (1-4): 301-308, 1973

3. M ichelberger, P.-Futó, Р.-Keresztes, A.: Analysis for stresses caused in vehicles with the aid o f statisti
cal m ethods. Acta Technica Hung., 83 ( 1-2): 93-101, 1976

4. M ichelberger, P.—Szilágyi, L.: Ein Näherungsverfahren zur Festigkeitsberechnung von dünnwandigen, 
e llip tischen  Rohren. VDI-Zeitschrift, 102 (26): 1235-1238, 1960

5. N ándori, E.: Deduction de la m odification à partir du problème général de liaison des structures sta
tiquem ent indéterminées. Periodica Politechnica, 3(1): 52-56, 1975

6. M ichelberger, P.-Nándori, E .-K ovács, M .: The influence of some nonlinearities for design of vehicle 
structures. Periodica Politechnica, 12 ( 1—2): 51- 57, 1984

7. M ichelberger, P.-Szabó, Z.: Load exam ination  of vehicle-body o f reinforced cylindrical shell in case o f 
k inem atic  load. In. Proc. 15th C ongress o f  International Council o f Aeronautical Sciences (ICAS), Lon
don, Vol. II, 1467-1474, 1986

8. M ichelberger, P.-Nándory, E .-K ovács, M .: Effect of the change o f cross-sectional characteristics on the 
force  distribution of vehicle frames. A cta Technica Ac. Sei. Hung., 98 (3 -4 ): 345-366, 1985

9. Z adeh , L. A.: Fuzzy sets. Inf. Control, 8: 338-353 , 1965
10. Dubois, D.-Prade, H.: Fuzzy Sets and System s. Theory and Applications. Academic Press, New York, 1980
11. K ovács, M.: A stable embedding o f  ill-posed linear systems into fuzzy systems. Fuzzy Sets and Sys

tem s, 45  (3) 305-312, 1992

Acta Technica 107, 1995-96



Acta Technica Acad. Sei. Hung., 107 (3-4), pp. 393-404 ( 1995-96)

THE UNDERGROUND WATERPROOFING 
OF THE UNIVERSITY SPORT CENTRE OF BUDAPEST
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The article focuses on the waterproofing of the underground structural elements o f the University 
Sports Centre which was designed to serve the purposes of the EXPO as well. The construction, which 
was stopped in 1997, will be completed in time to serve the millennium celebrations.

Due to the high groundwater level of the plot (Lágymányos) and the architectural concept that solved 
the contradiction between the strict building regulations and the design program by underground build
ings, the engineers designing the foundations and the waterproofing faced a difficult task. The ground 
water level (+101.60 maB) equals the parapet height o f the windows on the ground floor. If the water ta
ble risen above this level the building would have to be flooded, which would result in extraordinary 
stresses on the waterproofing. The curving contour of the sports hall and the effects o f precipitation on the 
roof surfaces covered with soil, at the ramps and slot presented further difficulties. On the slurry walls of 
the dressing and training facilities block active waterproofing was constructed.

The design of the waterproofing, due to the difficulty of the task and the high risk factor, was a result 
of the work of a group of design specialists. This indicates that in the future, according to the increasing 
complexity of design tasks, the architect’s team will have a new member: the building construction design 
specialist.

1. The design phases

The University Sport Centre — which was supposed to be used for the purposes of the 
EXPO first -  is being constructed in the 11th district of Budapest, in Lágymányos. The 
project was developed in the A & D Studio that is led by the two w inner architects of the 
competition held in 1993, Profs Antal Lázár and Péter Magyar.

The Architect Studio asked for the cooperation of subdesigners Sándor Horváth, Dr 
László Nagy, Rita Pataky and the author for the elaboration of the design of the water
proofing.

The article would like to describe the underground waterproofing.
The three main components of the centre are:

— the sports hall,
— the dressing and trainings rooms,
— the swimming pool,

0864-8085/95-96/$ 5.00 © 1995-96 Akadémiai Kiadó, Budapest
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w h ic h  a r e  c o n n e c te d  d irec tly  a n d  b y  a  p a ssa g e  c a lle d  “ th e  s lo t” that is  su n k  in to  th e  
g r o u n d  b u t  o p e n  on the top . T h e s e  b u ild in g s  a ll h a v e  th e ir  o w n  tran sform er b u ild in g s  that 
su p p ly  th e  e le c tr ic ity .

W e  p re p a r e d  the p lan s o f  th e  w a te r p r o o fin g  b e tw e e n  M a y  1 9 9 4  and  S e p tem b er  1 9 9 6  
in s e v e r a l  s ta g e s , co n tin u o u sly . T h e  co n stru ctio n  o f  th e  w a te r p r o o fin g  b eg a n  in  A u g u st  
1 9 9 5 .

In th e  su m m er  o f  1 9 9 7 , th e  ta s k  w a s  the tem porary s e a l in g  o f  the sp orts h a ll an d  the  
d r e s s in g  a n d  train ing b u ild in g s  a lr e a d y  con stru cted , until fu rth er  d ev e lo p m en t.

2. The factors influencing the waterproofing: the building 
and hydrological conditions

T h e  g r o u p  o f  b u ild in gs c o n ta in s  b o th  h a ll- and c e l l - l ik e  sp a c e s . T he m a s se s  -  d u e  to  
th e  s i t e  c o n c e p t io n  p lan -  are a ll  s itu a te d  m ain ly  u n d ergrou n d . O n ly  th e  c o v e r in g s  o f  the  
s w im m in g  p o o l and the sp orts h a ll w i l l  r is e  a b o v e  the g ro u n d  le v e l .

E v e r y  b u ild in g  is d ifferen t fr o m  th e  p o in ts  o f  v ie w  o f  a rch itec tu ra l d e s ig n , structure  
an d  fo u n d a t io n . T he sports h a ll o f  e l l ip t ic a l  flo o r  p lan , w h ic h  is  c o v e r e d  b y  a  re ticu la ted  
d o m e , h a s  a  re in forced  co n c r e te  ra ft  fo u n d a tio n , w h ile  th e  s p a c e s  around it and  the g ra n d 
sta n d  r e s t  o n  p ile  fo u n d a tio n s. T h e  e l l ip t ic  sid e  w in g s  h a v e  m a t fo u n d a tio n s . T h e  e n g i
n e e r s  d e s ig n e d  p iles  for the s w im m in g  p o o l (w h ich  is  sh a p e d  s im ila r ly  to  the sp orts h a ll)  
an d  th e  a d jo in in g  sp a ces and  g r a n d s ta n d s , and re in fo rced  c o n c r e te  raft fo u n d a tio n s  fo r  the  
s id e  w in g s  (F ig . 1 ).

F i g .  I . Connection of air duct to the hall (vertical section)
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U n d er th e  w estern  w in g  o f  the d ress in g  an d  tra in in g  ro o m s, a s  a re su lt o f  the m o d ifi
c a tio n  carried  out in the sp r in g  o f  1 9 9 5 , a c a . 5 5 0 0  n r  three sto rey  u n d ergrou n d  g a ra g e  
w a s  con stru cted  w ith  a sh ifted  sch ed u le . In th e  first p h a se  o n ly  o n e  le v e l w a s  ex e c u te d , 
the rem a in in g  tw o  w ill b e  d o n e  b y  m ea n s o f  m in in g . T h is  b lo ck  is  su p p o rted  b y  slurry  
w a lls  that e x te n d  in to  the w a tertig h t c la y  b a se  m a ter ia l. T h e tra n sfo rm er b u ild in g  h as a 
raft fou n d ation .

C o n stru ctin g  the ram p and  the “ s lo t” w a s  th e  m o st im portant a sp e c t  o f  th e  sta tic  d e 
s ig n , w h ile  th e  w a terp ro o fin g  (a g a in st grou n d  an d  ra in  w a ter ) w a s  th e  m o st cru cia l c o n 
stru ction a l p ro b lem  to  so lv e .

T h e  b lo c k s  w ith  d ifferen t fo u n d ation  ty p e s  are sep a ra ted  b y  e x p a n s io n  jo in ts , for  
m a k in g  the m o v em en t d if fe r e n c e s  p o ss ib le . A c c o r d in g  to  c a lc u la t io n s , th e  su b s id en ce  
d iffe r e n c e  b e tw e e n  the u n its w ith  p ile  and  raft fo u n d a tio n s , and  slurry w a ll  an d  raft fo u n 
d a tio n s d o e s  not e x c e e d  2 0  m m , e v en  in c a s e  o f  sa tu rated  so il. H o w e v e r , i f  the o b jec t h as  
to  b e  f lo o d ed  and  th e  w a ter  r ea ch es  the + 1 0 2 .0 0  m a B  le v e l , the su b s id e n c e  d ifferen ce  
m a y  b e  g reater  than the in d ica ted  v a lu e . T h e p red ic ted  m o v em en ts  o f  th e  b u ild in g  are in 
c lo s e  re la tio n  w ith  the c h a n g e s  o f  the h y d r o lo g ic a l c o n d it io n s .

In the w in ter  o f  1 9 9 3 /9 4 , w h en  the a rch itectu ra l d e s ig n  d e fin in g  th e  c o n c e p tio n  o f  the  
b u ild in g  b eg u n , the m a x im u m  w a ter  le v e l w a s  + 1 0 1 .0 0  m a B , eq u a l to  th e  e x is t in g  sports 
grou n d  lev e l. T h e g e o te c h n ic a l e x p e r t’s o p in io n  p rep ared  in the sp rin g  o f  1 9 9 4 , h o w ev er , 
p red icted  a h ig h er  p o s s ib le  w a ter  le v e l. T h e m a x im u m  w a ter  le v e l p red ic ted  for  1 0 0  y ea rs  
freq u en cy  is  1 0 3 .0 0  m a B , w h ic h , on the o th er  h an d , m ea n s a  d e s ig n  v a lu e  o f  + 1 0 3 .5 0  
m a B  to g eth er  w ith  the 5 0  c m  sa fe ty  m argin . T h e  c lie n t  -  a fter  c o n s id e r in g  the life tim e  o f  
the b u ild in g , the c y c le s  o f  ren ew a l and the f in a n c ia l a sp e c ts  o f  the d iffe r e n t so lu tio n s  -  
d ec id e d  to  h a v e  the le v e l o f  p ro tec tio n  a g a in st gro u n d  w a ter  on  + 1 0 1 .6 0  m a B . T h is  co rre
sp o n d s to  the parapet h e ig h ts  o f  the w in d o w s  o f  the tra in in g  ro o m s, so  in c a s e  o f  a  h igh er  
w a ter  lev e l the b u ild in g  h a s  to  b e  flo o d ed . T h e  grou n d  w a ter  is  m o d e r a te ly  a g r e ss iv e .

3. General design principles

In the ten d er  d o cu m en ta tio n  w e  d e fin ed  the req u irem en ts the w a te r p r o o fin g s  h a v e  to  
fu lf i l l ,  and m a d e a su g g e s t io n  to  a p p ly  a  cer ta in  ty p e  o f  w a terp ro o fin g . P ro tec tio n  a g a in st  
w a ter  p ressu re h ad  to  b e  u sed , in  the c a s e  o f  th e  b u ild in g  co n cern ed , up  to  the lev e l o f  
+  1 0 1 .6 0  m a B , a b o v e  w h ic h  D P C  w a s  a ls o  su f f ic ie n t . O n  the jo in in g  r o o f  su r fa c e s  c o v 
ered  w ith  s o il ,  on  th e  ram ps an d  in the “ s lo t” , th e  e f f e c t  o f  rain w ater  h a d  a ls o  to  b e  c o n 
sid ered .

T h e  w a terp ro o fin g  h a s  to  fu lf il l  the  fo l lo w in g  req u irem en ts:

-  it is w a te r p r o o f up to  th e  g iv e n  p ressu re ,
-  it r e s ists  the c h e m ic a l im p a ct o f  the grou n d  w a ter ,
-  it is  ro o t-p ro o f,
-  ca n  b e  e x e c u te d  a ls o  d u rin g  w in ter ,
-  q u ick  co n stru c tio n , e a s y  a sse m b ly  in to  sh e e ts ,
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— m in im a l n eed  for a u x ila ry  e q u ip m e n ts , e .g . in c a s e  o f  h ig h  w a lls ,
-  th e  b u ild in g s  that are c o n s tr u c te d  o n e  after  the o th er  a re  a b le  to  jo in  e a c h  o th er  in  a  

w a te r p r o o f  w a y  by pen etratin g  s h ie ld  or jo in ts ,
-  th e  j o in t s  that are su b jec t to  s e v e r e  lo a d in g  m a y  b e  s o lv e d  in  a  sa fe  w a y ,
-  th e  f in e  d eta ils  resu ltin g  fr o m  th e  g eo m etry  o f  th e  w a terp ro o fin g  m a y  b e  e x e c u te d  

e a s i ly ,
— th e  m a te r ia l is  cer tified  b y  “ E M I ” a s  u sa b le  for  th e  g iv e n  p u rp o se ,
— th e  s u g g e s te d  m ateria l w a s  a p p lie d  a g a in st p ressu re  w a te r  on  a  m o re  th an  3 0 0 0  n r  

r e fe r e n c e  su r fa c e  in H ungary.

4. M ateria ls o f the waterproofing

C o n s id e r in g  the req u irem en ts l i s t e d  a b o v e  w e  s u g g e s te d  th e  u se  o f  so f te n e d , w e ld a b le  
p la s t ic  m e m b r a n e  (P V C ) w a te r p r o o f in g , to g eth er  w ith  th e  n e c e ssa r y  p r o te c t iv e  and  
d e v id in g  la y e r s . T he p u rp o se  is  w e l l  serv ed  b y  th e  H u n g a r ia n -m a d e  H U N G I S O L -B  
m e m b r a n e . W e  prescrib ed  the f o l lo w in g  m ateria l th ic k n e sse s :

— in  c a s e  o f  p ressure w a ter  m in. 1.5 m m
— in  c a s e  o f  w ater vap ou r m in. 1 .0  m m
— a t th e  c o n n ec tin g  h o r izo n ta l s e c t io n s  m in. 1.5 m m

“ H U N G I S O L  F L E E C E ” (m in  3 2 0  g /m : ) w a s a p p lied  a s  a le v e llin g  la y e r  b e lo w  the  
is o la t io n . T h e  read y-m ad e w a te r p r o o f in g  is  p rotected  b y  H U N G I S O L  M V  sh e e ts  on  the  
h o r iz o n ta l a n d  vertica l su r fa ces .

T h e o r e t ic a l ly ,  other m a ter ia ls  w o u ld  h a v e  a ls o  b een  su ita b le  for  th e se  c o n d it io n s  and  
p la c e . H o w e v e r ,  w e  had to  ta k e  in to  a cco u n t other fa c to r s  b e s id e s  th eir  in d iv id u a l p er
fo r m a n c e  d ata : the m ater ia ls o f  th e  jo in e d  b u ild in g  stru ctu res , th e  p o s s ib le  r e a c tio n s  that 
m a y  o c c u r r e  at the tou ch in g  s u r f a c e s ,  an d  the en tire  sy s te m  o f  la y ers . It is  a  w e ll-k n o w n  
fa c t th a t a t n o n ch a n g ea b le  p la c e s ,  e .g .  under raft fo u n d a t io n s , o n ly  su ch  a  m a ter ia l is 
s u ita b le  w h ic h  has a life tim e  a s  lo n g  a s  the p rotected  stru ctu re , or e v e n  lo n g er . O n  the  
slu rry  w a l l  fo u n d a tio n s o f  the u n d erg ro u n d  g a ra g es  o f  th e  b lo c k  that c o n ta in s  th e  d r e ss in g  
an d  tr a in in g  ro o m s, due to  th e  r e q u ir e m e n ts  d ifferen t fro m  th o s e  o f  other p la c e s , w e  su g 
g e s t e d  a c t iv e  w a terp roofin g . O n  th e s e  se c t io n s  a  p la s t ic  drain  la y er  w a s  a p p lied  
( D Ö R K E N  M S ). In b e tw een  th e  h e a d -b e a m  and the s lu rry  w a ll fo u n d a tio n , in  ord er to  
a c h ie v e  a  lo a d -tra n sm ittin g  c o n n e c t io n , w e  d es ig n e d  a  sh e e t  s te e l w a terp ro o fin g  (F ig . 2 ) .

T h e  sta n d a rd  referring to  th e  d im e n s io n in g  o f  th erm al te c h n o lo g y  -  M S Z  0 4 - 1 4 0 -  
2 /1 9 9 1  — d e a ls  w ith  the e n e r g e t ic s  o f  a  b u ild in g  a s  a  un it, s o  th e  e x a c t  th ic k n e s se s  o f  the  
th erm a l in su la t io n s  are d e term in ed  b y  the su b d es ig n er  o f  e n e r g e tic s . A t sp e c ia l d e ta ils , 
b e s id e s  th e  g en era l en erg e tica l c a lc u la t io n s ,  the in d iv id u a l req u irem en ts a ls o  h a v e  to  b e  
s a t is f ie d  in  o rd er  to m in im a liz e  th e  c o ld -b r id g e  e ffe c t.
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/■’A'. 2. The expansion joint connection of the one storey high and deep basement blocks 
of the dressing and training unit

5. Requirem ents concerning dryness and protection against rainlall

In sid e  the sports h a ll and  the sw im m in g  p o o l, to ta l d ry n ess  is  req u ired , w h ich  ca lled  
fo r  a  w aterp ro o fin g . In th e  b lo c k  o f  the d r e ss in g  an d  tra in in g  ro o m s th ere  are d ifferen t  
p rescr ip tio n s  for the d r y n e ss  o f  the d ifferen t room s:

-  in c a s e  o f  the g y m s  an d  the co n n ec ted  s to r a g e  ro o m s, to ta l d r y n e ss  is  rea so n a b le , 

w h ile
-  in c a se  o f  the tu n n el o f  th e  p u b lic  w o rk s, at the ram p and in the g a r a g e , re la tiv e  dry

n e s s  is  su ffic ien t.

B oth  the ram ps an d  th e  s lo t  are op en  stru ctu res, su b jec t to  the e f f e c ts  o f  th e  rainw ater  
an d  th e  ris in g  g ro u n d w a ter , bu t g o in g  around w ith  the w a terp ro o fin g  fro m  a b o v e  and b e 
lo w  is  u n reason ab le . T h e  p ro tec tio n  o f  the stru ctu res a g a in s t flo a ta tio n  is  so lv e d  a cco rd 
in g  to  the sta tica l p la n s , th e  m o istu re  p ro tectio n  is  p ro v id ed  b y  the w a ter tig h t con crete . 
T h e p ro b lem s here w e r e  th e  m a k in g  o f  a su ff ic ie n t  sp a c e  fo r  w ork  an d  th e  ex p a n sio n  

jo in ts .
T h e  drain ing o f  th e  ra in w a ter  is  d on e b y  lif to v e r , a cc o r d in g  to  the sa n ita r y -e n g in e e r 

in g  p la n s .
In the transform er h o u se s  the req u irem ent o f  to ta l d ry n ess  h a s  to  b e  fu lf i l le d  b eca u se  

o f  th e  c e lls ' s e n s it iv ity  to  w a ter . T h e ra in w ater e n te r in g  the c irc u la r  in n er  co u rty a rd  m ight 
c a u se  the co rro sio n  o f  th e  raft fou n d ation  and the f lo o r  duct in s id e  it. E v e n tu a lly  it m ight 
f i ll th e  structure, w a terp ro o fed  ta n k -lik e  from  b e lo w , w ith  w a ter , so  p r e v e n tio n  n ecessa ry . 
W e  su g g es ted  that th e  structural co n cre te  sh o u ld  s lo p e  to w a rd  the g u lly  in  th e  courtyard. 
T h e c o lle c te d  w ater  is  ca rr ied  a w a y  b y  liftin g  o v e r  in to  a  c o n n e c tin g  p it. W e  a p p lied  c e 
m en t m ortar upgraded  w ith  sy n th e tic  resin  a g a in s t  th e  ra in w ater . T h e  c o v e r in g  c o n s its  o f  
c o m p r e sse d  co n crete  b lo c k s  la id  in sand .
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6. W aterproofing geom etry and solutions

T h e  s h e e t  w aterp roofin g  o f  th e  b u ild in g s  is  o ften  on  d iffe r e n t le v e ls ,  e v e n  w ith in  o n e  
unit. T h e  f lo o r  le v e ls  c o n n e c te d  to  th e  ex p a n s io n  jo in ts  a re  o ften  d ifferen t or c h a n g in g . 
T h e w a te r p r o o f in g  o f  the stru c tu res  a g a in s t  pressu re w a s  m a d e  on  the su p p o rtin g  w a lls ,  
th e  D P C  w a s  provided  w ith  a  p r o te c t iv e  structure su b se q u e n t ly . B e tw e e n  th e  v e r tic a l w a ll  
su r fa c e s  w ith  D P C  there a re  h o r iz o n ta l se c t io n s  that m a y  b e  v ie w e d  a s in te n s iv e  g reen  
r o o fs , s o  th e y  h a v e  to b e  e q u ip p e d  w ith  f ilter in g  and  d ra in  la y e r s , an d  th eir  d ra in a g e  h as  
to  b e  s o lv e d  (F ig . 3 ). D u e  to  th e  g e o m e tr y , 1 5 - 2 0  c m  th ic k  su p p ortin g  w a lls  h a d  to  b e  
b u ilt u p  to  th e  + 1 0 2 .8 9  m a B  le v e l  a t so m e  p la c e s , s o  th e  th ick er , 1.5 m m  P V C  sh e e ts  
w e r e  a p p l ie d  there.

J o in in g  to  the w a terp ro o f p la s t ic  sh e e t  o f  the o n e -s to r e y  h ig h  b lo c k  o f  d r e ss s in g  and  
tr a in in g  r o o m s , at the sec t io n  su rro u n d ed  b y  the slurry  w a ll  fo u n d a tio n , w e  a p p lied  an  a c 
t iv e  w a te r p r o o f in g  m ethod . T h ere  i s  a  sh ift in the h o r iz o n ta l flo o r  w a terp ro o fin g  o f  the  
+  1 0 0 .0 8  m a B  lev e l, after the e x p a n s io n  jo in t. A s  a  fo r c e  tra n sm ittin g  c o n n e c tio n  is  re
q u ired  b e tw e e n  the h ea d b ea m  a n d  th e  slurry  w all fo u n d a tio n , w h ich  n e c e s s ita te s  th e  re
in fo r c in g  b a r s  to  b e  lead  th ro u g h , th e  w a terp ro o fin g  a b o v e  th e  slurry  w a ll fo u n d a tio n  is  
m a d e  o f  s h e e t  stee l. T he p r o tec t io n  o f  th e  w a ll and th e  f lo o r  a g a in st m o is t in g  is  e x e c u te d  
b y  h ig h  c a p a c ity  surface d r a in a g e s , w h ic h  is  su p p lem en ted  on  the w a lls  o f  th e  ro o m s on  
th e  tr a in in g  ro o m s, requ iring  to ta l d r y n e s s , b y  further w a ll D P C  and a  lin in g  w a ll b u ilt  in 
fron t o f  it. In c a se  o f  the p u b lic  w o r k s ’ tunnel at th e  le v e l o f  th e  d ress in g  ro o m s a n d  the  
ra m p s th e r e  is  n o  need  for  c o m p le te  d r y n e ss , th erefo re  at th e s e  p la c e s  the su r fa c e  d ra in 
a g e  a n d  th e  15 cm  th ick  r e in fo r c e d  co n crete  lin in g  w a ll in front o f  it pro-

F i g .  j .  Joint of wall and roof waterproofing covered with earth
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F i g .  4 .  Expansion joint o f  hall and side wing

v id e s  su ffic ie n t p r o tec t io n . T h e p la stic  su r fa c e  d ra in a g e  runs d ow n  on  th e  en tire  w all 
su rfa ce  e x c e p t fo r  th e  b e a m  p o ck e ts  that s e r v e  a s  su p p o rts  for the s la b s , g u id in g  th e  o c c a 
s io n a lly  p en etra tin g  w a ter  b e lo w  the flo o r . F ro m  th e  dra in  layer under th e  f lo o r , th e  w ater  
is  d r iven  a w a y  b y  a  to ta l o f  6  w e lls  (2  in e v e r y  s e c t io n ) .

7. Expansion joints

A t the e x p a n s io n  jo in ts  (d ila ta tio n  g a p s ) , c o n n e c t io n s  o f  w a terp ro o fin g s  d ifferen t in 
m ateria l and in so lu tio n  had  to  b e  p rov id ed . T h e  p red icted  m o v em en t o f  th e  co n n ec ted  
b lo c k s  r e la t iv e  to  e a c h  o th er c a u se d  further d if f ic u l t ie s .  A t sec t io n s  w ith  m o is tu r e  p ro o f
in g  a  th ick er  sh e e t  o f  th e  D P C  m ateria l w a s  u se d  to  d ev e lo p  a  s o -c a lle d  sh ie ld e d  d ila ta 
tion  (F ig . 4 ) . A t th e  s e c t io n  su b jected  to  w a te r  p ressu re , the so lu tio n  is  a  d ila ta tio n  su p 
port strip  (T R O C A L -A F ) c la m p ed  in to  the r e in fo r c e d  co n crete  stru ctu re, m a d e  o f  high  
c a p a c ity  5 m m  th ick  P V C , and a  p ressure re d u c tio n  p ro file  (F ig . 5 ).

T h e d ila ta tio n  p r o f i le s  o f  the sh eet w a te r p r o o fin g  is  d riven  in to  the m a s s  c o n c r e te . T he  
w a ter tig h tn ess  is  so lv e d  a cco rd in g  to  the la b y r in th  prin cip le: the sh ee ts  are  e d g e d  b y  stee l 
p ro file s .
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F i g .  .5. Expansion joint subjected to the pressure o f groundwater

F i g .  6 .  Layout of electric cables between the dressing and training unit and the transformer block
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8. Penetration through the waterproofing

T h e p ile  fou n d a tio n s and  th e  p iers are  c o n n e c te d  b y  rein forcem en t in  m a n y  p la ces . 
T h e  w a terp ro o fin g  there is  sh ee t s tee l c o m p r e s s in g  e d g e s . A t the c o n n e c t io n  o f  P V C  
sh e e ts , th e  co m p ress io n  fo r c e  d eterm in ed  b y  c a lc u la t io n  w a s arrived  at b y  th e  p rescr ib ed  
t ig h te n in g  o f  the f ix in g  n u ts. T h e w a te r p r o o fin g  is  penetrated  b y  sa n ita r y -e n g in e e r in g  
d u cts  at d ifferen t le v e ls . T h e y  are in s ta lled  w ith  c o m p r e s s in g  ed g e s  an d  p a c k in g  b o x e s  at 
se c t io n s  o f  w a terp ressu re , an d  by c o lla r s  an d  sh ie ld s  m ad e o f  their o w n  m a ter ia l a b o v e  
th e  + 1 0 1 .6 0  m a ß  le v e l , a cc o r d in g  to  the req u irem en t o f  m oistu re p ro o fin g .

In b e tw e e n  the tran sform er b u ild in g  an d  th e  b lo c k  o f  d ress in g  r o o m s , in  the z o n e  o f  
gro u n d  m o istu re , a sto ck  o f  c a b le s  had  to  b e  d r iv en  throught the D P C . A s  th e  pen etration  
c r o s s e s  th e  ex p a n s io n  jo in t, tw o  sep a ra te  sh e e t  m eta l p ro tectiv e  b o x e s  h a d  to  b e  b u ilt in. 
T h e ir  in ternal sh ee tin g  an d  p ro tec tiv e  p ip in g  m a k e  d efo rm a tio n s and  th e  su b se q u e n t re
p la cem en t o f  c a b le s  p o s s ib le  (F ig . 6 ) .

9. The protection of the waterproofing in case of a staged construction
process or flooding

T h e w a terp ro o fin g  o f  th e  underground  b u ild in g  p a rts , a cco rd ig  to  th e  o r ig in a l b u ild in g  
c o n c e p t (sp o rts  h a ll u sed  fo r  E X P O  p u rp o ses  f ir st) w a s  b ased  on  th e  p la n  that ev ery  
b u ild in g  -  the sp orts h a ll, th e  tra in in g  ro o m s and  th e  sw im m in g  p o o l -  w o u ld  b e  bu ilt in 
m o re  or le s s  o n e , co n tin u o u s  p ro cess . A fte r  the c a ll in g  o f f  o f  the E X P O  p ro jec t it b eca m e  
o b v io u s  that sta g in g  m ay b e  e x p e c te d . I f  a  lo n g er  p a u se  e la p se s  b e tw e e n  th e  co n stru ctio n  
o f  u n its, th e  d an ger o f  the f lo o d in g  o f  a n y  e x is t in g  b u ild in g  from  the d ir e c t io n  o f  a not yet 
b u ilt  o n e  (in  c a se  o f  a  p o s s ib le  r ise  o f  th e  le v e l o f  the ground w a ter ) m u st not b e  n e
g le c te d . T h is  m ust b e  p rev en ted  b y  s e a lin g  th e  w a terp ro o fin g  o f  th e  a lr e a d y  b u ilt units, 
p ro v id in g  the p o ss ib ility  o f  a d eq u a te  su b se q u e n t c o n n e c tio n s  to  it at th e  sa m e  tim e.

T h e  w a terp ro o fin g  m a y  b e  su b jec ted  to  an  e x tr e m e ly  h igh p ressu re in  c a s e  it h a s  to  be  
f lo o d e d , w h ich  b e c o m e s  n e c e ss a r y  i f  th e  w a ter  le v e l is  h igh . T h is  m ust b e  a v o id e d  b y  all 
m e a n s , a s  lo n g  a s p o ss ib le . T h e  p ro tec tio n  o f  the b u ild in g  from  the g r o u n d  w a ter , a b o v e  
th e  le v e l o f  the door o p e n in g s  ( + 1 0 1 .0 0  m a ß )  up to  the lev e l o f  f lo a ta t io n , m u st b e  pro
v id e d  b y  tem p orary  so lu tio n s  (s a n d b a g s , e tc .) .  A fte r  flo o d in g , th e  d e w a te r in g  o f  the 
b u ild in g  u n its m ust be ca rr ied  out in su ch  a  w a y  that the su b s id e n c e  d if fe r e n c e  o f  the  

sep a ra te  un its sh o u ld  b e  a s  little  a s  p o s s ib le .

10. Summary

B e s id e s  the three v o lu m e s  o f  the ten d er  d o cu m en ta tio n , the four v o lu m e s  o f  w ork in g  
d r a w in g s , in c lu d in g  7 0  p a g e s  o f  tex t, 7 5  M = l : 2 5  s e c t io n s  and ab ou t 1 10  M  = 1 :5  d eta ils , 
p resen ted  the fo l lo w in g  in form ation  a b o u t the underground  w a terp ro o fin g  o f  th e  U n iv er 
s ity  S p o rts  C entre:
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-  s y s te m  o f  req u irem en ts,
-  is o la t io n  g eo m etry ,
-  la y e r s ,
-  ju n c t io n  d eta ils  and
-  m a te r ia l q u an tities .

T h e  d im e n s io n s  and  c o m p le x ity  o f  the b u ild in g s , th e  u n fa v o u ra b le  so il an d  grou n d  
w a te r  c o n d it io n s  and the a c c e le r a te d  d esig n  p r o c e ss  m en t a  g r e a t ch a llen g e  fo r  e v e r y  d e 
s ig n e r  in v o lv e d  in the p ro jec t, in c lu d in g  us.

T h e  c r e a to r s  o f  the w a te r p r o o f in g  a ll tea ch  b u ild in g  co n str u c tio n , and th eir  d e s ig n  
p r a c t ic e  is  o f  the sam e ty p e , a s  w e l l .  T h eir  ev ery d a y  p r a c tic e  ju s t if ie s  the r e c o g n it io n  that, 
a s  th e  d e s ig n  ta sk s b e c o m e  m o r e  a n d  m ore  c o m p le x , th e  te a m  o f  d esig n ers m ust in c lu d e  a  
n e w  m em b er: the su b d e s ig n e r  o f  b u ild in g  c o n stru c tio n . T h e  a rch itect is b u sy  w ith  the  
p r o b le m s  o f  form  and fu n c t io n , th e  structural e n g in e e r  is  r e sp o n s ib le  for the lo a d b ea r in g  
an d  s ta b il i ty ,  w h ile  the sa n ita ry  e n g in e e r  is r e sp o n s ib le  fo r  th e  se r v ic e s  o f  the b u ild in g . 
T h e  n e w  m em b er  o f  the te a m  m a y  co n tr ib u te  s u c c e s s fu l ly  in  tw o  w ays:

-  d e s ig n in g  the in d iv id u a l c o n s tr u c tio n s  and su b s tru c tu res  o f  the b u ild in g  a s  in  the  
c a s e  p r e se n te d  in this a r tic le ,

-  a c h ie v in g  the su ita b le  u n ity  o f  so lu tio n s , m a ter ia ls  a n d  te c h n o lo g ie s  o f  b u ild in g  c o n 
s tr u c tio n , w ith  ad justing  th e  p e r fo r m a n c e s  to th e  r e q u ir e m e n ts . In th is c a se  th e  b u ild in g  
c o n s tr u c t io n  sp e c ia lis t  c o o p e r a te s  w ith  the arch itect fro m  th e  co n c e p t ph ase until th e  d e 
ta il d r a w in g s  co n tin u o u s ly , h e lp in g  the birth o f  su ita b le , h ea lth y  or e v en  in te ll ig e n t  
b u ild in g s  w ith  h is /h er  sp e c ia l k n o w le d g e .
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A m á lia  Iv á n y i: Hysteresis models in  electromagnetic computation
A k a d é m ia i K ia d ó , B u d a p est, 1 9 9 7 , IS B N  9 6 3  7 4 1 6  0  

In E n g lish , 2 2 9  p a g e s , 17 x  2 5  c m , H a rd b o u n d

H y s te r e s is  in fe r r o m a g n e tic  m a ter ia ls  is  a  v e r y  in te r e s t in g  fro m  b o th  p ractica l and  
th e o r e tic a l po in t o f  v ie w . Its p ractica l im p o rta n ce  in  e le c tr ic a l e n g in e e r in g  (e s p e c ia l ly  in  
p o w e r  e n g in e e r in g  is  w e ll  k n o w n  in  e le c tr ic a l m a c h in e s , iron  c o r e s , sh ie ld in g  la y ers , 
e tc . F ro m  a th eo re tica l p o in t o f  v ie w  h y s te r e s is  is  a  n o n lin e a r  p r o c e ss  w ith  m em o ry  
w h ic h , a s  a  c o n se q u e n c e , c a n n o t b e  ch a ra cter ised  w ith  a  fu n c t io n  but m o re  so p h is tic a te d  
a p p ro a ch es  are req u ired . In m o st c a s e s  h y s te r e s is  is  a c c o m p a n ie d  b y  a n iso tr o p y  o f  th e  
m a ter ia l, too .

T h e  p h y sica l b a c k g r o u n d s  o f  h y ste r e s is  are d e a lt  in  th e  literature fro m  a p h y s ic is t  
p o in t o f  v ie w . T h e  c o m p u ta tio n a l m eth o d s to  b e  u se d  in e le c tr ic a l e n g in e e r in g  c a lc u la 
t io n s  ap p ea r  sca tered  in  v a r io u s  b o o k s  and  p ap ers. T h is  b o o k  a im s  to  g iv e  a  su r v e y  o f  
th e  d ifferen t m o d e ls  g iv in g  a  v e r y  short in tro d u ctio n  o n  th e  p h y s ic a l b a ck g ro u n d s and  a 
v e r y  d e ta iled  trea tise  o f  th e  a p p lie d  c a lc u la t io n  m e th o d . W e  g e t  not o n ly  a d e sc r ip tio n  o f  
th e  k n o w n  m o d e ls  an d  th e ir  a p p lic a tio n s  but a c r it ic a l d e sc r ip tio n  o f  th e ir  a d v a n ta g e s  
and  p o ss ib le  sh o r ta g e s , to o . T h e s e  are b a sed  not o n ly  o n  th e  d ifferen t p u b lic a tio n s  but 
o n  th e  a u th o r’s b oard  e x p e r ie n c e s  a t th e  c a lc u la t io n  o f  e le c tr o m a g n e t ic  p ro b lem s in 
v o lv in g  fe r r o m a g n e tic  m a te r ia ls .

T h e  b o o k  is  d iv id e d  in  tw o  parts, about 180  p a g e s  n et. It is  a c c o m p lis h e d  w ith  a v ery  
d e ta ile d  list o f  r e fe r e n c e s , a u th o rs  and  su b ject in d e x .

T h e  first part g iv e s  th e  c r it ic a l d escr ip tio n  o f  th e  d if fe r e n t  m o d e ls  o f  h y s te r e s is , in  
p a rticu la r  the “ a n a ly t ic a l” , th e  “ d y n a m ic ” , th e  L a n g e v in  ty p e , th e  P re isa c h  ty p e  (a  v ery  
d eta il d escr ip tio n ) , th e  S to n e r -W o h lfa h r t  ty p e  a n d  th e  C h u a  ty p e  m o d e l. A s  a lrea d y  
m e n tio n e d  w e  g e t n o t o n ly  th e  d escr ip tio n s  o f  th e  d if fe r e n t  m o d e ls  but th e ir  p ro p erties  
w ith  e m p h a s is  on  th e ir  a p p lic a tio n s  at n u m erica l e le c tr o m a g n e t ic  f ie ld  c a lc u la tio n .

T h e  se c o n d  part c o v e r s  th e  a u th o r’s o w n  s c ie n t i f ic  r e se a r c h e s . T h e y  p ro v id e  the ap 
p lic a t io n s  o f  the m o st im p o rta n t h y ste r e s is  m o d e ls  d e a lt  p r e v io u s ly . T h e  d is c u s se d  to p 
ic s  are  e n e r g y  in o r ie n te d  la m in a tio n , a  m a g n e t ic  s h ie ld in g , a n iso tr o p ic  m ater ia l in rota
tio n a l f ie ld . W e  g e t  h ere  an  in tro d u ctio n  in d ifferen t m e th o d s  fo r  th e  c a lc u la t io n  o f  s p e 
c ia l e le c tr o m a g n e tic  p r o b le m s  ( f ie ld  q u a n titie s , s c a la r  p o te n t ia l and  v e c to r  p o ten tia l a p 
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p r o a c h ) . In  th is  part w e  f in d  a l s o  s o m e  c o m p a r iso n  o f  th e  r e su lts  c a lc u la te d  b y  the  

a u th o r  a n d  th e  resu lts c a lc u la te d  o r  m e a su r e d  b y  o th er e x p e r ts . M o r e  su c h  c o m p a r iso n  
w o u ld  b e  u se fu l b e c a u se  it is  n o t e a s y  to  e s t im a te  th e  errors c a u s e d  b y  th e  n e c e s s a r y  
s im p li f i c a t io n s  and n e g le c t io n s  a p p lie d  d u r in g  th e  v a r io u s  c a lc u la t io n s .

S u m m a r is in g :  the b o o k  is  a n  e x c e l le n t  r e fe r e n c e  o f  its  to p ic . It c a n  b e  r e c o m m e n d e d  
fo r  e le c t r ic a l  and so ftw a r e  e n g in e e r s  in te r e ste d  in  e le c tr o m a g n e t ic  f ie ld  c a lc u la t io n s  in 
v o lv in g  fe r r o m a g n e tic  m a ter ia ls  w ith  h y s te r e s is  and  a n iso tro p y .

G . Fodor
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