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J. PROHAS5ZKA OF SEVENTY

MICHELBERGER, P.*

Janos Prohaszka, member of the editorial board of our periodical,
general editor of the technological series, has turned 70 in 1990. This
special edition is intended to direct the readers' attention to the scien-
tific achievement of Janos Prohaszka, to the school based on his work, first
of all because, in our view, his special line - research in material sci-
ence - is one of the most important factors of the economic development of
our time.

Janos Prohaszka was born in Budapest, 1920. He graduated as a mech-
anical engineer at the Technical University of Budapest in 1950. He added
theoretical studies to the earlier industrial experience when he was lec-
turer teaching mechanics and mathematics at the Economical and Technical
Academy, an institution to stop the temporary gap in the education of
engineers, for a year.

In 1953, he joined the research staff of Professor Laszl6 Gillemot in
the Research Institute of Iron Industry. The field of his research activi-
ties included investigation of the effect |i as an alloying element on the
cementation of steels as well as on the diffusion rate of C in low-carbon
steels. He had written a thesis on the results of his research work and
became candidate for Ph.D. in technical sciences in 1957.

From the year 1954 on, Janos Prohaszka investigated the changes in
the mechanical properties of tungsten at high temperatures, and the con-
ditions of recrystallization of tungsten, first in the Research Institute of
telecommunication, a division of TUNGSRAM Corporation and then after 1957,
in the Research Institute of Applied Physics of the Hungarian Academy of
Sciences, founded in the same year.

X
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Prohaszka's research work has been focussed on the relationship be-
tween the structure and macroproperties of metals and alloys (first of all
steels) to discover, understand and define these properties and then to
take this knowledge as a basis for the development of technological pro-
cesses - heat treatment and plastic deformation - permitting the structure
of metals to be changed either locally or globally as required.

Janos Prohaszka was appointed professor of the Department of Ma-
terials Engineering in Electrical Industry, Technical University of Buda-
pest, in 1964. In 1967, he became professor and head of department. The
Institute of Mechanical Technology and Materials Science was organized at
BVE in 1972. Professor Prohaszka wes deputy director then, between 1977 and
1985, director of the Institute.

In 1966-1967, Professor Prohdszka spent two semesters at Harvard,
USA. During this period, he continued research and as a result, he devel-
oped (and patented) a high-speed annealing process for the heat treatment
of low-carbon nonalloy steels with a view to improve not only the proper-
ties of HIA and dual-phase steels but also the thermal efficiency (above
90%) of steelmaking without the use of expensive alloying elements.

Professor Prohaszka's achievement in the field of research, edu-
cation and school founding has been appreciated both in the country and
internationally. He was the first in Hungary to write an up-to-date scien-
tifically established textbook on physical metal science published in Hun-
garian language which had been written at that time for postgraduate
students but it has become part of the regular educational program for the
students of mechanical and electric engineering. This book is a summary of
Professor Prohaszka's ideas and philosophy.

In addition to orders awarded by the government, Janos Prohaszka got
President's reward from the Hungarian Academy of Sciences in 1962. In 1970,
he became corresponding member while in 1982, regular member of the Hun-
garian Academy of Sciences. Throughout two terms, he was member of the
presidium of the Academy. He was member, executive or head of Academy and
engineers' committees of quite a number. At present, he is deputy president
of the Department of Technical Sciences of the Hungarian Academy of
Sciences, co-president of the Committee of Materials Science and Technology
and president of the Technology of the Scientific Association of Mechanical
Engineering.

As a result of his international reputation, he had been included
among the members of CIRP in 1984 and awarded Rockwell Prize by the Inter-



national Technological Institute in 1986. As a State Prize winner in 1988,

he was rewarded for his life's work.

However, greatest regard and respect for Professor Prohaszka have

come, and are still coming, from his students and collagues, many of them

being candidates for Ph.D. or holders of Ph.D. His scientific achievement

is

multiplied in the students' and colleagues' activities still controlled

by the advices and critiques of Professor Prohaszka. We wish Professor Pro-
haszka long years in good health and stamina to continue his work success-

fully for the sake of progress in the technical world.
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SURFACE FINISH BY MEANS OF HIGH POWER LASER

BAKONOI, K.*, BUZA, G.**

(Received: 5 May 1990)

Within the wide range of industrial applications of CO" gas lasers of high power
density, methods to modify the surface quality of components have been investigated
by the authors. Special emphasis is laid on methods resulting in martensitic trans-
formation of steels. In evaluation of the results of experiments with cast iron com-
ponents, it was found that a structure other than the conventional cast iron structure
could be obtained as a result of heat treatment with high power density. Methods like
light microscopy, scanning electromicroscopy, X-ray diffraction and DIA were used as
test methods in the experiments.

In the recent decades, conventional metalworking techniques like
casting, forging, rolling, machining, welding, heat treatment etc. have
lost their earlier monopolistic position. New, never used technological
processes have been finding wide use in industry, among them metalworking
by electron beam, plasma or laser, manufacture of metalglass, microcrystal-
line and sintered materials, monocrystals, geometry-memorizing alloys etc.
/1/, I5/, I7/. However, in the colourful picture of what is new and latest
in technology, some trends can be distinctly recognized along which these
new technological processes are developing, perhaps most dynamically the
processes of high power density including first of all electron beam,
plasma and laser techniques. Discussed below are some of the results of in-
vestigations in relation to laser metalworking.

From among lasers of different wavelength and power, Gi£ gas lasers
are most widely used in the field of materials science. Today C. gas
lasers have a power range of several kilowatts and thus the field of appli-
cation includes a wide range of industrial uses from precision mechanic to
structural steel production.

*Bakondi, Kéaroly, H-1026 Budapest, Trombitds u. 26, Hungary

**Buza, Gabor, H-1028 Budapest, Kazinczy u. 14-16, Hungary
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A TUNGSRAM CC* gas laser of a power of 1 KW is operated by the
Department of Machine Industry Technology, Faculty Transport Engineering,
Technical University of Budapest. Research workers of the Department have
been dealing with development of power lasers and their increased industrial
application in the country. In addition to many other technological problems
(such as cutting, boring, welding, marking etc.), investigated are the pos-
sibilities to change and improve the surface quality of structural elements
and components.

Laser techniques are used to harden, refine or coat the surface of
structural elements and components exposed to stress, first of all with a
view to improve the tribological behaviour.

As compared with the conventional hardening techniques, short-time
local surface finishing techniques by means of laser beam have advantages
of quite a number in respect of manufacturing technology. The local heat
input allows of pointlike hardening, or hardening along a line, without ex-
posure of the surrounding material to heat resulting in significant changes.
In this way, the specific energy consumption of heat treatment of the com
ponents reduces and the process becomes economically more efficient. By use
of mirror systems, local hardening of otherwise inaccessible points becomes
also possible. Reproducibility, automatization, minimum load to the work-
piece and as a result, minimum buckling are additional factors explaining
the increasing importance of laser application in this field.

It is first of all the good dimensional stability that allows of the
surface finishing of components which could not have been worked so far by
means of the conventional techniques.

cor gas mixture is used for hardening and coating of the surface of
components in case improvement of the tribological characteristics is
necessary. Two types of laser surface finishing of workpieces can be used:
martensitic hardening and fusion hardening.

Martensitic hardening

The surface of the workpiece is heated by the laser beam to a tem-
perature lying below the solidus point.

As soon as the rear edge of the focal spot reaches the surface, the
heating phase of the process is completed. As a result of heating, the sur-
face of the workpiece becomes austenitic and goes into carbon solution.
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Then cooling of the surface starts immediately as a result of heat trans-
port taking place in the material treated and/or between the surface and
the atmosphere and, in case of a sufficiently high rate of cooling,
martensite is produced in the material parts that have been austenitic
earlier. As a result of this structural change, the surface of the work-
piece becomes hard.

The thermal process will be successful if the critical cooling rate
is reached. Dissipation of heat will take place within a short time as a
result of the temperature gradient if heat extraction by the surrounding
material is appropriate and the heat capacity and thermal conductivity of
the workpiece are sufficiently high. In this case, cooling results in self-
hardening without the need for an external coolant.

Fusion hardening

The power density of the laser beam is increased until the melting
5. 107 Wcm2) and fusion of the sur-
face takes place for a short time. Cooling and/or solidification starts

point of the workpiece is reached (10

soon after fusion.

The same process can be used also for purification of the surface
containing volatile impurities (metallurgical processes). Inclusions that
can not be removed from the melt are distributed more uniformly because
of the rapid thermal processes and they separate as fine particles in the
course of solidification.

Coating

Coating is a process similar to fusion hardening. The workpiece can
be made in this case of an inexpensive but though material while the coat
applied to the surface e.g. by thermal dispersion is an expensive material
resulting in favourable properties. In this way, not only the tribological
behaviour but also the optical characteristics, corrosion resistance and
heat resistance of the component can be improved.

The parameters of the process shall be selected so as to result in
fusion of the coat and the surface layer of the basic material. A metal-
lurgically sufficient metallic bond can be produced only in this way.
Should the power density of the laser beam used for heating be insufficient-
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ly low, the coat, although molten, will separate from the carrier material
immediately after the laser beam has been removed. On the other hand, a
higher than desirable heat input stirs up the melt of basic material
because of the significant convection and thus the unfavourable mechanical
properties can act throughout the melt up to the surface. Therefore, the
process shall be controlled in such a way that the intermediate zone will
be stirred up only slightly.

The originally porous disperse coat w ill become compact after fusion.
Optimum result can be achieved if the laser beam intensity and feed rate
are adjusted to the properties and thickness of the coat, material quality
and degree of porosity. Surface roughness, porosity and inclination to
crack formation shall be minimum. Reproducibility of the coat production is
a condition for repeatability of the results.

In another version of the surface finishing process, the alloying
element is introduced directly (e.g. in the form of powder or gas) into the
melt. In contrast to the coating process, intensive agitation of the melt
due to convection is utilized to admix the alloying element with the basic
material. Hence, the melt shall be stirred up thoroughly. This method is
advantageous in that no uncertainty in manufacture resulting from the in-
stability of the layer thickness of the porous coat applied to the surface
by thermal dispersion shall be reckoned with.

An experiment series run by the Department demonstrates the wide
range of applicability of power lasers and their special effects. The work-
piece wused in the experiments was a modular cast iron camshaft. This
example has been selected from among experiments of a large number to
demonstrate both versions of surface hardening mentioned above for the
same workpiece, permitting thus a comparison of the effects of both mecha-
nisms. Composition of the test material: C = 3.55, Si = 2.5, Mh = 0.35,
Ni = 1.5, My = 0.055% by weight. Mechanical characteristics of the typi-
cally pearlitic modular cast iron material of the workpiece: = 650 Nmm
Re = 480 Nm2, A$ = 5% HB = 230-285.

The optical microphotograph of the metallographic specimen of part
of the basic material is shown in Fig. 1. The photograph in Fig. 2 shows a
sectional metallographic specimen of the environment of the surface treated
by laser beam of a power of 500 W As seen in the photograph, the graphite
nodules are surrounded by a "halo" not eroded or, if indeed at all, only
slightly eroded especially near the surface. This can be clearly seen in
the photograph of 500 fold magnification given in Fig. 3. Otherwise the
structure of the layer is martensitic or shows austenitic residues.
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Fig. 1. Optical microphotograph of the metallographic specimen of the
modular cast iron camshaft investigated (M = 500x, 34 Nital)

Fig. 2, Effect of 500 Wlaser light beam on the surface layer
(M = 500x, 3% Nital)
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Fin. 3. Structure of the layer treated by laser
(M = 500x, 3 Nital)

The white, non-eroded parts between the martensite, the austenitic
matrix and the graphite nodes remind us in their nature of the so-called
ferrite ghosts of the ferritic-pearlitic nodular cast iron. However, white
parts like these can not be seen in parts of the material that have not
been heat-treated (Figs 1 and 2). Hence, these white parts must have been
brought about in the course of heat treatment. Further experiments were run
therefore to detect how these white parts had been produced and what they
are at all.
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It is necessary to make clear that the material of these white parts
can not be ferrite because

(1) In the course of surface finishing with high power density, the
material was exposed for too short a time ( < 1 sec) to temperatures where
diffusion of the carbon or other alloying elements could have taken place
at a significant rate. Therefore, dissolved carbon present in austenite
could not have separated onto graphite nodes, resulting thus in reduction
of the carbon concentration as it would do in case of a ferritic-pearlitic
nodular cast iron.

(2) Decarbonization could not have been responsible for the develop-
ment of ferrite ghosts either, partly because also decarbonization is a
diffusion process and partly since the material had not been decarobnized
in the immediate vicinity of the surface. Last but no least, there is no
thermodynamical explanation of this process either.

(3) The values of microhardness measured in the white parts using a
load of 1-5 g range between 400 and 700 MHV, a hardness well over the usual
hardness of ferrite in spite of the considerable variation.

In investigating the nature and way of production of the white
parts, a phenomenon clarly visible even in the optical microphotograph of
an 500 fold magnification shall be taken into consideration, namely that
the martensite needles protrude into the white area i.e. there is no sharp
boundary between the white area and the martensitic matrix.

The lattice structure of the material of the surface layer was in-
vestigated by means of X-ray diffraction analysis in an angular range of
O =8-24 degrees using Mo of a wavelength of 0.709261 8 as a line-
focus test ray. The change of the reflected radiation intensity as a func-
tion of angle O is shown in Fig. 4. Indicated in the Figure are also the
most important data from pages 6-696 and 23-298 of the ASIM catalogue. The
X-ray diffraction analysis detected a significant amount of jj"-Fe in the
skin of the casting.

On the basis of a comparison of the relative intensity maxima, the
‘¢ -Fe content is estimated to lie well above 10% this quantity exceeding
the possible quantity of rest austenite between the martensite needles.
Hence, also the material of the white parts around the graphite nodes ac-
cording to Figs 2 and 3 is most likely Jj"-Fe.

To meke sure, the specimen had been deep-frozen in liquid nitrogen
and then the structure developed in the course of deep-freezing wes
analyzed metallographically, using now scanning-electronmicroscopy to
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Fig. 4, X-ray diffractogramm of the layer treated by laser (Mo-Koc, 50 kV, 44 mA)
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Fig. 5. SBM photograph of the layer treated by laser,
taken after deep-freezing by nitrogen (3% Nital)

Fig. 6. Optical microphotograph of the metallographic specimen
used for checking (M = IOOOx, 3 Nital)
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increase the resolution (Fig. 5). As seen in the Figure, also the material
in the immediate vicinity of the graphite nodes consists of needled
martensite.

Since, according to the results of scanning-electronmicroscopy, the
white parts free from erosion earlier transformed into needled martensite
as a result of deep-freezing, they must have been austenitic before quench-
ing /4/. And this result raises additional questions to be answered:

- What is the difference between the austenite in the environment of
the graphite nodes, non-transformed in the course of heat treatment by
laser and the austenite in other parts of the skin, transformed in majority
into martensite as a result of cooling after heating?

- What explains the phenomenon that rest austenite appears in every
case in the environment of graphite nodes?

A possible answer to the above questions is that the austenite in
material parts non-eroded earlier has been produced of melt by primary
crystallization while in other parts of pearlite by solid phase trans-
formation .

This explains at the same time the typical coexistence of these
parts and graphite nodes. Namely, in the course of heat treatment of hypo-
eutectic alloys, the carbon content of the immediate environment of the
graphite nodes is, due to diffusion, higher than that of the distant parts
and thus the liquidus temperature of the microenvironment is lowest at
these places (see curve B-C of the state diagram of Fe-C alloy system).
Accordingly, the temperature of the heat-treated layer exceeded the overall
solidus temperature of the alloy in the course of heat treatment but the
material melted only partially, indicating that the liquidus temperature
had not been reached /6/.

This explanation is in line with the observation that the "halo"
around the graphite nodes near the surface of the heat-treated layer is
larger than that in deeper parts because, due to the limited thermal con-
ductivity of the basic material, the deeper parts could not reach tempera-
ture as high as the temperature of parts near the surface /2/, /3/.

Since only a fraction of the basic material has molten that is its
temperature exceeded only slightly the overall solidus temperature of the
material, it is possible to determine maximum achievable layer temperature,
measurable otherwise only rather circumstantially in the course of heat
treatment by laser, indirectly on the basis of the solidus temperature.
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A solidus temperature of 1135 °C has been measured for the basic
material in the course of DIA (Differential Thermo Analysis).

Correctness of the DIA result was checked experimentally. In the
experiment, a 0 5x12 mm specimen of a wall thickness of 0.5 mm made of
non-treated basic material, had been heated to a temperature of 1140 °C
within 1.8 sec (accuracy of PID-control: + 2 K), then, without holding, it
was cooled from 1140 °C to 500 °C within 2.5 sec. A radio-frequency inductor
was used for heating while argon gas stream for cooling. White parts
identical with those in Fig. 3 can be seen around the graphite nodes in the
etched sectional metallographic specimen (Fig. 6). Hence, also the surface
layer heated by laser reached a temperature of about 1140 °C in all
probability.

Summary

Q0 gas lasers are expected to find wide use in industry in the near
future although so far only laser-beam cutting and welding have been widely
known from among the processes of high power density representing high-tech.
Introduction of surface treatment by laser is not likely to take a long
time either. An explanation of these expectations is the typically low
specific energy consumption of laser techniques in spite of the high power
density.

Further advantage offered by power lasers are the good reproducibil-
ity, easy automatization, flexibility, environment-friendly nature etc.

As has been observed in the course of analysis of nodular cast iron,
phenomena differing from those experienced in the course of conventional
heat treatment processes are inherent in laser techniques. Similar phenom-
ena will certainly contribute to a wide industrial use of lasers. The
tests detected unambiguously a structural feature of the material according
to which the process of martensite transformation is affected by the
previous austenitic state of the material. Namely, different results are
obtained for the martensite transformation properties of austenite depending
on whether the austenite resulted from pearlite by phase transformation or
from the melt by rapid cooling.
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EFFECT OF RAPID HEAT TREATMENT ON FATIGUE

BERKE, P.*- GALAMBOSI, F.*+

(Received: 13 May 1990)

The properties of non-alloy low-carbon steels resulting from rapid heat treat-
ment increase the field of application of steel. The increased strength of such
steels permits the material to be utilized more economically.

Introduction

Materials and processes where minimum expenditure of energy results
in significant changes in the material properties have increasingly come to
the front recently.

Different methods are known to change the properties of steel /1/,
/2/. Professor Janos Prohaszka has an international reputation in the field
of heat treatment. Mentioned here are only two basic works of Professor
Prohaszka from among those of quite a number contributing to the inter-
national literature, one dealing with the fundamentals of so-called rapid
heat treatment /3/ while the other investigates the structure of steel
resulting from the transformation mechanism in the course of heat treat-
ment /4/.

The economically more efficient utilization of materials and the
load analysis of vehicles have points in connon which can be taken as a
basis for the design of competitive products. In this field, significant
results have been achieved by the Department of Mechanics, Faculty Transport
Engineering, Technical University of Budapest /5/, /6/, /7/. In effort to
extend theoretical work to the practical field, the first step was to
start fatigue experiments of steels after rapid heat treatment with a view

X
Berke, Péter, H-1119 Budapest, Nandorfehérvari u. 7, Hungary
**Galambosi, Frigyes, H-1037 Budapest, Erd6alja u. 110/b, Hungary

Akadémiai Kiadé, Budapest



28 BERKE, P. - GALAMBOSI, F.

to find the possibilities of practical application in vehicle production
(IKARUS, GANZ-MAVAG). The experiments described below were run to decide
whether a more detailed test series, taking into consideration a wide range
of technological possibilities, would be necessary and worth of the trouble
or not.

Test materials, test procedure, test results

The test specimens were mede of Grade RSt 27/2 C 0.1 Mh 0.3 Si 0.11
P 0.015 S 0.021 steel wire of a diameter of 5.5 mm according to DIN 17100
with and without heat treatment.

The purpose of the test series was, on the one hand,

- to compare the fatigue strength of specimens with and without heat
treatment and, on the other hand,

- to investigate the effect of different material combinations and
heat treatment of the weld (that is joining of heat-treated and non-treated
materials by welding, followed by repeated heat treatment of the weld or
omission of heat treatment) on the service life.

The test section of the 0 5.5 mm specimens was 4 mm (Specimens of
this type were available when the test series was started. Now we have
quite a choice of heat-treated specimens.)

It was found that the specimens mede of heat-treated and non-treated
material could not be subjected to the same load in the fatigue test
because the test had resulted in extremely high or extremely low number of
cycles (or even elongation in the latter case), depending on whether the
load had been selected for non-treated or heat-treated material, respect-

ively.
The specimens were subjected to the following loads in the fatigue
test:
2
1. Non-treated specimens: Oan = 155.25 Nmm
dmax: 390.68 N/n‘m2
2. Heat-treated specimens: 6l - 176.43 N/rrmr

d o = 444.74 Nimnr
In spite of the increased fatigue test load applied to heat-treated
specimens as compared with non-treated specimens (the difference being
about 14%), 3 of the 10 specimens of the heat-treated test sample endured
the test without fracture (after a number of cycles of 6, 8 10 x 10", the
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test was discontinued). As demonstrated by the test, the fatigue strength
of heat-treated materials is higher. The results are tabulated in Table 1.

Table 1
Fatigue test results for specimens made of heat-treated and

non-treated material

Non-treated: Heat-treated
toad: 155.25 Nmm Load: 176.43 Nmm
390.68 Nmm 444.74 Nmm
1 205 300 1 1362 600
2 170 600 2 253 300
3 355 300 3 6 156 700 Nt
4 167 000 4 1827 600
5 242 300 5 2 190 800
6 112 000 6 8 535 900 Nt
7 242 000 7 10 611 000 Nt
8 396 600 8 2 057 100
9 97 600 9 612 200
10 101 300 10 995 600
Heat-treated and non-treated specimens - 0 55 mm wires - were

welded together under CO2 using VIH2 welding electrode (VIH2 electrode and
Cl2 welding were chosen for the test for practical reasons only although
this electrode and this process are most widely used in the vehicle in-
dustry) .

Possible material combinations:

- joining of heat-treated specimens by welding with and without sub-
sequent heat-treatment of the weld,

- joining of non-treated specimens as well as

- non-treated and heat-treated specimens by welding with and without
subsequent heat treatment of the weld.

On the basis of the test results - because of the significant dif-
ferences in the number of cycles at different loads - further investigation
of the different material combinations described above seemed not to be
reasonable.

In case of non-treated combinations, the service life which is ex-
pected to be shorter than the service life of the basic material is deter-
mined by the quality of the weld and its environment. In case of non-
treated-heat treated combinations with repeated heat-treatment of the weld,
it is again the weld that affects the service life predominantly. In this
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case, the service life of the weld might be longer than that of the non-
treated material but this could not have been determined numerically
because of fracture of the non-treated material. The same was found for
non-treated material combinations with repeated heat-treatment of the weld.
These theoretical considerations had been backed up by preliminary experi-
ments and thus only heat-treated specimens with and without repeated heat-
treatment of the weld were subjected to fatigue tests.

A load of 15524 Nmm’ or 390.68 Nimm was selected for the fatigue
test. The welds were X-rayed. Aware of the fact that, because of the
cylindric shape of the specimen and the expectable location of the fault,
answer to the question whether it is worth to subject the specimens to
fatigue tests or not can be obtained only in case of very coarse defects,
we decided to evaluate every case where no welding defect could be detected
in the fracture surface instead of preliminary sorting.

Table 2
Fatigue test results for specimens made of heat-treated and

non-treated material

Load: 155.25 Nmrmu

390.68 Nnm
Non-streated weld Heat--treated weld
1 406 000 1 1 329 300
2 317 900 2 183 500
3 370 400 3 376 200
4 160 900 4 18 500 00 Nt
5 187 000 5 447 100 H
6 75 300 H 6 12 058 800 Nt
7 1 010 500 7 1 442 700
8 115 600 B 10 871 400 Nt
9 613 900 9 13 521 500 Nt
10 556 300 10 146 300 H
11 10 568 700
12 68 000
13 4 110 700
14 704 300

The test results are tabulated in Table 2 where Nt denotes the dis-
continued fatigue test that is specimens that survived the test without
fracture while the welding defects detected in the fracture surface are
denoted by H. According to the Table, 4 of 10 specimens of the sample of
heat-treated material with repeated heat-treatment of the weld survived
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while in case of heat-treated material without repeated heat-treatment of
the weld, only 1 of 14 specimens endured fatigue loading without fracture.
Obviously, some statistical test could certainly have been used if the
optimum load equally suited for both cases had been found. However, ac-
cording to experience, it is rather difficult to find such a test load. At
the same time, the number of loading cycles is conspicuously larger for
specimens with heat-treated weld, due to heat-treatment among other reasons,
which was a rather simple process in this case, dipping in cold water after
welding, considering that the simplest the technology, the greater the suc-
cess under operating conditions.

Summary

- As compared with specimens nmede of the same material without heat-
treatment, specimens made of heat-treated material endure higher fatigue
load (the difference being about 14%),

- from among welded specimens made of heat-treated material, speci-
mens with heat-treated weld show a higher fatigue endurance, in particular,
4 of 10 specimens endured the test without fracture while only 1 of 14
specimens without heat-treatment of the weld, subjected to the same fatigue
test load. (Of course, the number of loading cycles for specimens with
heat-treated weld is larger than in case of specimens without heat-treat-
ment of the weld as a result of the 4 specimens surviving the test.)
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DISSOLUTION OF ALUMINIUM IN GALLIUM

SOMOSI, |.*- VITEZ, J.**

(Received: 15 May 1990)

The authors investigate the development of the gallium-aluminium system that is
the kinetics and mechanism of aluminium dissolution in liquid gallium.

Dissolution of aluminium in gallium was found to be a heterogeneous reaction.
The rate of reaction and the value of aluminium concentration can be described using
the appropriate equation. The process depends on the maximum achieavable concen-
tration and constant of dissolution rate of aluminium and thus on temperature, size
of the surface in contact with gallium and on time. First the gallium enters at the
grain boundaries of the aluminium by diffusion and, breaking the coincident lattice
bindings, it decomposes the aluminium into crystallites, then dissolves it. Hence,
this diffusion process is also a function of the aluminium structure. The liquid
gallium-aluminium alloy is a homogeneous system.

As is well known, the gallium content of some thousandth % in
bauxite dissolves in the aluminate liquor of the Bayer process and it
reaches equilibrium concentration in the system, depending on the gallium
content of the bauxite and on the extraction and mixing parameters /1/.

Nowadays, the earlier mercury and/or amalgam cathode processes are
increasingly replaced with the different cementation and extraction pro-
cesses for environmental considerations and to protect health.

Included among cementation processes are methods where metallic
aluminium is used to reduce the gallium concentration of 0.2 - 0.3 g/dm" in
aluminate liquor. As an example, and at the same time for the sake of
comparison, two processes are presented which seem to differ from each
other only in the way of introduction of metallic aluminium into the system
but, at least as far as the kinetics and the mechanism of aluminium dis-
solution are concerned, the difference between them is s till considerable.
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In the first process, granular aluminium is introduced into the
cementator or more precisely, to the surface of the liquid gallium bath at
the bottom of the cementator through the aluminate liquor /2/.

Since the dissolution of aluminium in gallium is a process depending
also on time as will be explained later, the gallium-aluminium system
developing under the circumstances of the process is a priori a chemically
and electro-chemically inhomogeneous two phase system (Ga and Al) and thus
it can not be considered as a polyelectrode.

In the second process, granular aluminium is dissolved in isolation
from the cementator that is in the aliquot part of the gallium bath with
the aluminate liguor excluded, in the so-called gallam-producer, and the
aluminium concentration of the gallium bath is ensured by circulation be-
tween the gallam-producer and the cementator /3/.

The gallium-aluminium system called gallam, brought about in the
gallam-producer and cementator, is a chemically and electro-chemically
homogeneous system, essentially a polyelectrode where the electrode poten-
tial is determined by the less noble metal of more negative potential that
is by aluminium or aluminium concentration. In a system like this, the
gallium acts both as a solvent and as a diluent, permitting the uniform
aluminium concentration and thus the required value of the electrode po-
tential to be adjusted and stabilized.

Reactions taking place in cementation by aluminium

The gross process taking place in recovery of the gallium content
of aluminium liguor by metallic aluminium cementation is described by the
following formula (with the secondary reactions le ft out of consideration):

Al + (Gal/OH/4) G + (Al/OH/4)

Investigation of cementation from a technological point of view re-
quires that the gross process be theoretically decomposed with, however,
the practical implications taken into consideration. In this case, the
process is described by the following partial reactions (Ga being the gal-
lium bath):

Al +/Gal —> Al /Gal (1)
Al/Gal + 4 CH (2)



DISSOLUTION CF ALUMINIUM IN GALLIUM 35

/Gal + (Ga/GH/4) + 3 e /IGal + @ +4 H (3)

In the cementation process, the succession of the partial reactions
is fixed, reactions (l)iand (2) being irreversible while reaction (3) is
reversible. In case of too low an aluminium concentration, not only a re-
duction of the gallate ion may fail to occur but also a dissolution of the
gallium charge mey take place, depending on the value of the electrode po-
tential .

Investigated in this work is reaction (1) under the conditions ac-
cording to /3/ where, dissimilarly to the other cementation process, re-
action (1) takes place in isolation from reactions (2) and (3) both in
space and time.

Dissolution Of aluminium in gallium

Dissolution of aluminium in liquid gallium has been investigated by
several authors. lhe percentage of maximum soluble aluminium or, briefly,
solubility is 3o according to Schreiter /4/, measured under conditions not
disclosed by the author while Gusarova et al. measured a percentage of
0.5%6 at 40cC 0.90% at 45°C and 1.28% at 60 °C indirectly, on the basis
of change of the value of the potential of gallam becoming poor in alu-
minium. Hence, the solubility of aluminium was found to be a function of
temperature /5/. At the same time, no information on the rate of disso-
lution of gallium, the parameters affecting it and mechanism of dissolution
was found in the literature.

1, Kinetics of aluminium dissolution

Visual observation in earlier experiments suggested that the dis-
solution of aluminium granulate was speeded up by introduction of the
granulate under the surface of the gallium bath that is by increase of the
surface of contact and by increase of the temperature. However, the effect
of the quality of aluminium on dissolution has not been investigated
earlier.

1.1. Dependence of dissolution on surface size

To investigate dependence on surface size, hard (tensile strength:
140-150 NnmR2) 0 12 x 10, 8, 4.5 mm aluminium wires (99.5% Al) were dipped
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in gallium of 1000 g each to a depth of 6 cm, at a temperature of 40°C for
3 hours. The mass of dissolved aluminium was measured by weighing of the
aluminium wires after removal of gallium adhered to the surfaces by means
of hot water. The average values are tabulated in Table 1.

Table 1

Relationship between the mass and surface of soluble Al

Wire diameter, nm 12 10 B 4.5
] . 2

Wire surface in Ga bath, cm 22.6 18.8 15.1 8.4

Al-dissolution, g/h n 1.33 1.13 0.90 0.51

Al-dissolution, mg/h/cm 58.8 60.1 59.6 60.7

On the basis of the results of the investigation, the extent of dis-
solution of aluminium in proportion to the surface is constant, its value
being 0.06 g/h . om in case of given parameters and characteristics def-
initely representing hard wires (to be discussed later). It follows at
the same time from the value obtained as a rate of dissolution (g/h) that
at given temperature, the mass of dissolved aluminium in proportion to
time can be increased proportionally as the surface in contact with gallium
increases.

1.2. Dependence of dissolution on aluminium quality

The experiment was repeated under conditions according to part 1.1
but with a different (99.99% Al) aluminium quality. Practically identical
results have been obtained for the values of both g/h and g/h . an of
aluminium dissolution. Hence, the rate of dissolution is not affected by
the quality of aluminium at least as far as the range of 99.5 to 99.99% Al
is concerned.

1.3. Temperature dependence of dissolution

A 0 6 mmsoft (tensile strength: 40-50 N/rrmo) aluminium wire (99.99%
Al) of a surface of 12 cm was dipped in gallium of 1000 g at temperature
of 40°C, 60°C and 100°C. The change of the mass of the aluminium wire was
measured at definite intervals and at the same time, the aluminium con-
centration in gallium was determined. The values of aluminium concentration
in percentage by weight as a function of the product of reaction time and
surface size -t . A (h . om ) are tabulated in Table 2 and illustrated in
Fig. 1.
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Table 2

Percentage of Al dissolved in gallium as a function of t . A at different temperatures

t . A2 40 UC 60 UuC 100 uc
h . om Al mass, \

12 — — 0.58
13.3 - 0 .42 -
18 0.25 - -
24 0.32 - 1.06
36 - - 1.45
42 0.50 - -
48 - - 1.79
60 - 1.01 2.01
66 0.65 - -
72 - - 2.28
84 0.73 - -
108 0.83 - -
160 - 1.40 3.05
174 1.00 - -
198 1.04 - -
240 - 1.50 -
264 - - 3.24
320 - 1.59 -

On the basis of the values in Table 2 and Fig. 1, both the maximum
concentration ie solubility and the rate of dissolution of aluminium in
gallium depends on temperature.

Accordingly, the dissolution of aluminium in liquid gallium can be
considered as a heterogeneous reaction of a rate described by equation

CCA1
de =% ° A((:A'I,max ) CAl) (4)
where
A dissolved surface, cm2
CAP,max maximum Al concentration in gallium at given temperature ie
solubility, 1\
t reaction time, h
K dissolution rate constant.

After integration of equation (4), the instantaneous percentage of
aluminium is obtained as

AL "Al,max (1 - e ) . (5)
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cA%

Fig. 1. Percentage of Al dissolved in gallium as a function of t « A at different temperatures
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On the basis of equations (4) and (5), the rate of dissolution and
the concentration of aluminium at constant temperature is a function of the
aluminium surface in contact with gallium. The values obtained for the
constants in equation (5) after regression calculation with the data of

Table 2 are tabulated in Table 3.

Table 3

Maximum values of Al and Kerf at different temperatures

C
Temperature AL max K «
-le ff-2
°C h ~am
40 u i 13 .10
60 1.62 14 . 101
100 3.29 16 . 10

Fig. 2, Reaction rate constant as a function of the reciprocal of temperature
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Cpal, max°/°

[ L — f —
2.5x10'3 3xKIr3 3.5x1Cf3

1 k-
T

Fig. 3. Maximum possible aluminium concentration as a function of the
reciprocal of temperature

As is well known, the reaction rate constant is a function of
temperature that is

K K
max

Considering the data of Fig. 2 and with the constants determined,
relationship

=40 .+ 1cra . g"4-17-102T
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Also the maximum possible aluminium concentration depends on tem-
perature. According to Fig. 3, the function of the reciprocal of the tem-
perature can be linearly approximated in the investigated temperature range
of 40 - 100 °C:

437 - 103
Carmax 149 T (6)

As follows from the equation, there are two possibilities of in-
creasing the percentage of aluminium to be dissolved in proportion to time
that is the rate of dissolution: increase of the value of k or C, by
increase of the dissolution surface and the temperature, respectively.

2, Mechanism of aluminium dissolution?

Hard aluminium wires were used in the experiments described in parts
1.1 and 1.2 while the aluminium wire used in the experiment according to
part 1.3 was soft. The value of dissolution of aluminium in proportion to
the surface was, on the basis of Table 1, at a temperature of 40°C and
within a time of 3 hours 0.18 g/cm2 for hard wires while, on the basis of
Fig. 1, at the same temperature and within the same time 0.37 g/lcm for
the soft wire. That means that the rate of dissolution is about twofold in
the latter case with the value of CA':Ljrer remaining unchanged. The anomaly
was supposed to result from the difference in structure between the hard
and the soft aluminium wire, each resulting from a different technology.
This seems to be quite reasonable when the processes taking place in the
course of crystallization and plastic forming of aluminium as well as the
mechanism of aluminium dissolution in gallium are investigated in combi-
nation.

Crystallization of aluminium takes place in a regular cubic system.
The atoms forming the elementary cell are located at the apexes of a cube
and in the centers of the side diagonals. The distance is largest between
the planes of a system parallel to the planes passing through the diagonal
of three adjacent sides of the elementary cell while the linkage force
acting between them is least. Thus displacement takes place along these
planes in case of plastic forming (Fig. 4/a).

Crystal nuclei are formed first and then their growth of different
orientation takes place also in case of solidification of liquid aluminium.
The crystal (crystallite) growth discontinues at the point of concidence.
The grain boundaries develop and a structure consisting of smaller or
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Fin. 4/a. Elementary cell of aluminium lattice
(a - Size of elementary cell,
(111) - Index of plane of minimum binding force in the lattice)

Fig. 4/b. Polyhedral development and boundary formation of crystallites

larger crystallites, depending on the rate of nuclei formation and growth
as compared with each other, is built up (Fig. 4/b).

Plastic forming of aluminium and any additional deformation mean
that the atomic planes mentioned are displaced as compared with each other,
accompanied with dislocations and lattice distortions. In addition to dis-
locations of increased number, also the grain structure changes consider-
ably. The grains become longer in the direction of metalworking, they dis-
integrate and a typical structure resulting from metalworking is brought
about. However, in case of annealing, a recrystallization process takes
place with the dislocations displacing and/or disappearing, new crystal
grains are formed and as a result, a new structure is built up /6/.
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2.1. Investigation of the morphology of aluminium dissolved in gallium

In the knowledge of what has been said above, the difference in the
rate of dissolution in gallium between soft and hard aluminium wires is
assumed to result from the different structures.

To prove this assumption, photomicrographic pictures were taken from
the surface, ground and polished but chemically not etched, of the cross
section of a soft aluminium wire (tensile strength: 40-50 Nn‘mz) previously
dipped in gallium and partly dissolved, using a Neophot-21 metallurgical
microscope and a magnification hundred times natural size (Fig. 5).

The pictures clearly show the geometry of the aluminium structure
and the arrangement of gallium, the light area being aluminium while the
dark area gallium and spots of crystallite imperfection below the plane of
exposure, falling beyond the focal range of the metallurgical microscope.

Figure 5/a shows the initial phase of dissolution that is penetration
of gallium at the grain boundaries of aluminium. In fact, the grain bound-
aries have become perceptible (they could be developed) as a result of the
effect of gallium because no chemical etching resulting in perceptibility
of the structural details, among them grain boundaries, had been used in
preparation for the experiment.

Picutres 5/b and 5/c show the progress of dissolution with time as
illustrated by the increasing number of the spots of crystallite imper-
fection (dark spots).

On the basis of the photomicrographic pictures, the gallium seems
to penetrate by intergranular diffusion at the grain boundaries - so-called
coincident boundaries - into aluminium, breaking the lattice binding be-
tween the grains to decompose the aluminium into crystallites and then
dissolving them.

To back up this statement, microstructural tests were carried out by
Tatiana Tshurbakova, PhD and Imre Moricz (Central Laboratory of the Székes-
fehérvar Light-metal Works) upon the authors' request. The test specimens
were soft and hard aluminium wires partly dissolved in gallium like those
mentioned above. Both specimens had been mechanically ground and polished,
then etched in o0.54 H and/or electro-polished and photomicrographic
pictures were taken from them using a Neophot-32 metallurgical microscope.
Thanks are epxressed for the effort also at this place.

Also the pictures given in Fig. 6 show unambigously a structure of
the soft aluminium wire consisting of crystallites. The increasing diffusion
of gallium into aluminium can be clearly observed. The grain structure
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c)
Fig. 5. Grain structure of ground and polished but not etched soft aluminium wire
Magnification: I0Ox
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Fig. 6. Urain structure of ground, polished and etched soft aluminium wire
(Magnification: a) 200x; b) 100x; c) 200x)

45
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Fig. Z. Grain structure of (a) electro-polished and (b, c¢) ground, polished and etched
hard aluminium wire
(Magnification: a) 250x; b) Idx; c) 100x)
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developing as a result of (surface) diffusion along the grain boundaries
(Fig. 6/a,b) and later also the crystallite imperfections - dark spots -
(Fig. 6/b,c) become increasingly perceptible.

At the same time, in addition to surface diffusion, also volume dif-
fusion can be clearly recognized, especially in Fig. 6/c, as proved on the
one hand by the completely different erosion of the grains as compared with
pure aluminium and, on the other hand, by the small-size (pointlike) seg-
regations (GaA” phases). lhe effect of volume diffusion of gallium has
been investigated also by microhardness measurement. Microhardness measure-
ments of more grains from one to the other end of the specimen (dark spots
in Fig. 6/a) detected no systematic change whereas a value of 20-22 HV was
obtained as an average. As compared with soft Al of technical quality with
a typical hardness of 18 HV, this value represents an increase of 10-20%
in hardness and such an increase can be attributed to the volume diffusion
of gallium only.

The structure of hard, electro-polished, aluminium wire can be seen
in the photographs of Fig. 7, Fig. 7/a showing the surface of the longi-
tudinal section, parallel to the direction of tension, of the specimen
while the surface of the cross section of the specimen is shown in Figs
7/b,c. The pictures show a dislocation-type structure of the aluminium wire
like structures typically resulting from cold forming. Penetration of gal-
lium into a structure like this (dark strips and spots) takes place slowly
and less evenly. All this suggests at the same time that gallium pen-
etration resulted from diffusion along dislocations. However, this remains
to be proved electron-microscopically /7/.

Thus our earlier assumption according to which the differences in
the rate of dissolution of aluminium resulting from the differences in
structure depending on the metalworking techniques is proved.
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There is a distinct relationship between the phase or phases constituting a
metallic material. The transformations can be followed on the basis of the change of
properties of the phase(s). Dilatometry is a method widely used to follow the changes
in specific volume. The austenite transformation of steels can be defined both
qualitatively and quantitatively on the basis of the dilatometric cooling curves.
Changes of the heat content as a result of segregation and relaxation can be de-
termined by differential analysis.

Introduction

The properties of metallic materials depend on the material com
position as well as on the quality, quantity, size and arrangement of the
crystals constituting the material.

Although, after all, responsibility for so to say everything falls
upon composition, some material properties are still determined by the
crystal structure, the phases of the material and some properties depend
on the size and arrangement of the crystals constituting the phase that is
on the texture of the metal.

Like every classification, also the above classification is somewhat
arbitrary and inflexible. However, e.g., the specific volume is a property
of the phase without doubt. The Aj allotropie transformation of pure iron,
called ferrite, into austenite is accompanied with a reduction of the
specific volume. The grain size important in respect of deep-drawing ca-
pacity is essentially an anisotropic property of the texture, which can not*
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be evaluated in itself, in the knowledge of the material composition and
phases constituting the material.

On the other hand, the phase is an equilibrium category and as
such, independent of time andof what has happened before the phase is
developing. (In this respect,a theoretical compromise is necessary at
most in case of oversaturation.)

Texture as a concept implies no criteria in relation to equilibrium.
Once determined, the texture reveals the complete history of the alloy.

The quality and quantity of the phases resulting in the alloy is il-
lustrated by the equilibrium diagram of the phases.

Hence, to know the properties of metallic materials, it is neces-
sary that the development and transformation of the phases be known.

Discussed below are the most important methods to investigate the
development of phases and the texture of pure metal and alloys, namely,
thermal analysis and dilatometry.

Heat content and specific volume

To follow transformations taking place in metals and alloys (in-
cluding crystallization as a classic example of the transformation process
controlled by long-term diffusion), measurement of the change of any
property characteristic of the phases of transformation, changing as trans-
formation advances, measurable and resulting in negligible error of measure-
ment as compared with the extent of change, can be used as a suitable
method.

Such properties are the heat content and the specific volume and, in
case one of the phases is ferromagnetic, the magnetic properties that is
properties which are typically "phase properties".

Time dependence shall be taken into consideration in the investi-
gations and measurements since the processes take place as a function
of time.

In accordance with the laws of nature in general, equilibrium is a
ultimate state independent of time and history. The history can thus be de-
termined only approximately in metals and alloys, especially in the course
of measurements. Deviation from equilibrium is a matter of consideration in
any case. Hence, the parameters belonging together shall be investigated
under two aspects: relationship between the physical property and given
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parameter independently of time, with respect to equilibrium and extent of
deviation from equilibrium in case of given measurement.

In the course of transformation, both the quantity and the quality
of the phases may change. In case of isothermal phase change, the number of
degrees of freedom is zero and the composition remains unchanged in the
phases taking part in the process. If the number of degrees of freedom of
phase change is one, the temperature will change in the course of the pro-
cess and at the same time the composition of the phases may change as well.

Accordingly, the relationship between physical characteristics and
ratio of phases included in the process can be easily and unambiguously de-
termined in case of an isothermal process. In case of a monovariant process,
the parameter investigated is the temperature at the beginning and end of
the process. At the same time, information can be obtained about the qual-
ity and ratio of the phases taking part in the process.

Nonvariant process are crystallization and allotropie transformation
of pure metal and crystallization and eutectic or eutectoid formation of
the binary process.

Isotherm indicates a nonvariant process in any diagram where the
temperature is one of the variable independently of the nature of the other
parameter.

The other parameter is time,e.g.,in thermal analysis or the physical
property to be measured, e.g.,expansion in dilatometry (the time being here
a measurement parameter, insignificant in respect of equilibrium).

Fii), i-
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Fig. 1 shows the temperature as a function of time in the course of
crystallization, allotropie transformation, eutectic crystallization and
eutectoid formation in case of pure metals. On the basis of the simple
additive nature of the heat content, each point of the isotherm between
point 1 and 2 belongs to a definite ratio between the matrix and the
product.

Hence, a definite state of the pure metal or binary alloy belongs to
each point of the isotherm denoted by 1 and 2.

Fig. 2 shows the change of the specific volume in the course of the
nonvariant process. Each point of the isotherm between points 1 and 2
gives, and belongs to, the specific volume corresponding to the ratio of
the matrix and the product.

The changes can be defined also in case of monovariant processes.
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Crystallization of the melt of a binary alloy takes place at dif-
ferent temperatures that is the temperature changes in the course of the
process. That means at the same time that the composition of the two phases
in equilibrium, the liquid phase and the crystalline phase, is different.

In an alloy crystallizing into a solid solution at a temperature T ,
a reduction in temperature results in a shift of the state of the alloy
towards quantitative growth of the solid phase. Hence, the composition of
the solid phase is equal to the composition of alloy No. 3 because tem-
perature TQ of this alloy is the solidus temperature. Similarly, the liquid
phase of alloy No. 2 corresponds at this temperature to the composition of
alloy No. 1 (Fig. 3). Hence, in the course of monovariant crystallization
of a binary alloy, the composition of the melt corresponds to the compo-
sition of an alloy which would just start crystallizing at this temperature
while the composition of the crystalline phase is equivalent to a compo-
sition which would just start melting at this temperature. Hence, the com
position of the liquid phase can be found along the liquidus curve while
that of the crystalline phase along the solid curve, by means of isotherm
in both cases.

Accordingly, each point of the cooling curve corresponds to the
presence of liquid phase and crystalline phase in combination, with a dif-
ferent composition each. If the composition of the melt and crystalline
phases is identical, crystallization will take place at invariable tem-
perature like in case of pure metal, eutectic or alloys where the liquidus
and solidus curves are in contact. In the latter case, the degree of free-
dom of one, characteristic of the crystallization of binary alloys, is
further reduced as a result of the identical composition of the liquid
phase and crystalline phase in equilibrium.

If a nonvariant process, e.g., the allotropie transformation of pure
metal, is accompanied with a change in specific volume, the two phases, the
curve indicating expansion of the matrix and product and the rapid change
in length, indicating change in specific volume will appear in the dilato-
metric diagram. The two curves are almost straight, the angular coefficient
being the coefficient of linear expansion. The coefficient of expansion is
a basic property of the phase as suggested by the fact that the coefficient
of expansion of the austenite is only slightly affected, if indeed at all,
by the composition. There is little difference between the coefficients of
expansion of the austenite in case of pure metal and stainless steel. Also
the coefficient of expansion of ferrite changes only slightly while its
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________ T Fig. 4,

value is approximately identical for unalloyed steel, pure metal or chro-
mium steel.

In the course of transformation taking place in metals or alloys,
the phase change is accompanied with a change é.'iin the length of the
specimen (Fig. 4).

As has been mentioned earlier, the ratio of phases <1 and y changes
between points 2 and 8, the phase of the material being a at point 2 while
B at point 8 and each point corresponds to a definite ratio of phases c and
y between 2 and 8.

Any of the three sections of the diagram can be considered as a
reference curve as well.

This means that the relationship between change in the length of the
specimen and temperature is shown by curves 1,2,8 and 9.

A certain ratio of phases d.and y belongs to point 5.

If the workpiece is heated or cooled from this temprature in such a
way that the allotropie transformation can be suppressed or hindered, ex-
pansion of the workpiece will be described by coefficient of expansion

(b = m/ad + nBs

where
m ratio of phase o4,
n ratio of phase y ,
(m+n21),
jbp coefficients of expansion of the different phases.
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Hence, the change in length upon heating will be described by curves
1, 2, 5 6 if the transformation is interrupted at the transformation
temperature to which point 5 belongs.

In case of cooling, the change in length can be described by points
9, 8, 5 and 4 provided the transformation takes place only partially (over
the section before point 5).

Hence, the expansion curves can be lengthened by extrapolation in
the direction of points 1, 2, 3 and 9, 8, 7, respectively.

This assumption certainly holds within certain limits.

Evaluation of curves 4, 5, 6 of the diagram outlined above assumes,
in addition to suppressibility of the allotropie transformation, that the
coefficient of expansion is an additive quantity. Obviously, this can be
an approximation only as it depends e.g. on the arrangement of the crystals
constituting the phase. Changes in length resulting from stresses due to
the different expansion contribute to the effect.

Dilatometry and thermal analysis

Supercooling or superheating always necessary for an allotropie
transformation is the driving force of phase change. The change in length
accompanying the phase change in supercooled or superheated state is dif-
ferent from that in the state of equilibrium, it depends on the value of
the coefficient of expansion of the two phases and on whether the trans-
formation takes place at a temperature higher or lower than the equilibrium
temperature that is in the course of heating or cooling.

Dilatometry has become most significant in investigation of the con-
ditions of transformation of steels. The change in specific volume ac-
companying transformations is measurable and permits the temperature of the
transformation process to be determined as a function of the way and rate
of heating or cooling.

The specific volume of iron-carbon alloys increases monotonously
with increasing temperatures up to temperature where the specific
volume reduces as a result of austenitic transformation of pearlite. At
temperatures above A " but below A”, the specific volume is rather diver-
sified. The specific volume of ferrite and austenite equally increases
whereas the specific volume reduces with increasing quantities of austenite
and reducing quantities of ferrite.
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The change in specific volume of low-carbon alloys - in the length of
the specimen - as a function of time is illustrated in Fig. 5.

Isothermally, the pearlite undergoes an austenitic transformation at
temperature A In practice, the linear contraction takes place rather
within narrow temperature limits than isothermally considering that, on the
one hand, steel is a multicomponent alloy and, on the other hand, the
driving force of austenitic transformation is a gradual superheating.

In an alloy of higher carbon content, the austenitic transformation
of the pearlite results in an austenite-ferrite ratio in the texture which
would develop in case of an alloy of lower carbon content at higher tem-
peratures only. Hence, the change in specific volume is similar in character
while, because of the lower temperature, the same ratio corresponds to a
different specific volume.

Steel is typically an alloy where the allotropie transformation can
be retarted in case of cooling. As a result, a bainitic, martensitic,
residual-austenitic structure is brought about instead of a ferritic-
pearlitic structure.

In case of given steel, the rate of cooling determines the hysteresis
of the transformation that is essentially the temperature or temperature
interval where the transformation takes place while the temperature de-
termines the structural element or phase developing, the properties of
which (first of all the mechanical properties) being essentially the charac-
teristics of the steel. The possible extent of the hysteresis is determined,
in addition to the rate of cooling, by the composition of the austenite,
the size of the austenite crystals.
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As a result of transformation of the austenite, the steel texture
becomes ferritic-pearlitic, bainitic or martensitic. The fundamental phase
of bainite is ferrite with cementite appearing in it but also non-trans-
formed austenite may occur in bainite. Essentially, the martensite shall be
considered ferrite strongly supersaturated with carbon. In the martensitic
structure, residual austenite is necessarily present in any case.

Concerning coefficient of expansion of the different structural com
ponents or phases, there is little difference between martensite, bainite
and ferrite. The coefficient of expansion of a material of martensitic
structure is increased by residual austenite present in an amount depending
mainly on the carbon content, the extent of increase depending on the
guantity of residual austenite. The value of the coefficient of expansion
of bainite also lies near the value for ferrite. Cementite present in the
ferrite and the residual austenite mentioned changes the value of the coef-
ficient, the effect of cementite being negligible and that of the residual
austenite is similarly insignificant as the quantity of residual austenite
itself is insignificant.

Of course, austenite transformation is always accompanied with an
increase in specific volume. According to what has been said, the lower the
temperature of transformation, the higher the increase in specific volume.
Hence, martensitic transformation is accompanied with maximum, bainitic
transformation with medium while ferritic-pearlitic transformation with
minimum increase in the specific volume.

T Fig. 6,
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The expansion and the temperature of transformation are a priori
an indicator of the quality of the transformation product.

The distance between tangents drawn to the starting point and end
point of the expansion curve, measured parallel to the axis of expansion,
is a good approximation to the quantity of austenite undergoing transfor-
mation (Fig. 6).

The accurate value can not be specified because of the changes in
composition and the stresses arising.

In case of more transformations taking place one after the other,
more straights can be drawn as tangents towards the same point. The trans-
formations can be distinguished, the temperature is unambiguously character-
istic of the way of transformation while the quantity of the texture devel-
oped can be estimated.

There is a difference of an order of magnitude between the change
in heat content accompanying the transformations and the change in crystal-
lization heat, the latter being 0.1 eV/atom while the former 0.01 eV/atom.
Temperatures typical of crystallization can be measured by thermal analysis
while differential thermal analysis shall be used to investigate the con-
ditions of transformations.

The difference between the specimen temperature and reference tem-
perature is a function of reference temperature in case the process result-
ing in heat release or absorption fails to take place in the specimen in
the course of heating. The change in heat content resulting from segregation
and relaxation appears as a deviation from the reference line and the tem-
perature of the process can be unambiguously determined.
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INVESTIGATION OF THICK CYLINDRICAL SHELLS LINDER AXISYK*€TRIC LOADS
BY ASYMPTOTIC INTEGRATION OF THE DUAL SYSTEM OF EQUATIONS

BERTOTI, E.*

(Received: 20 November 1989)

A three-dimensional, linear shell theory with stresses as configuration variables
is applied to determine axisymmetric deformations of circular cylindrical shells.
Asymptotic integration of the dual equation system is used as a numerical method.
Using a computer program developed by the author for calculation, some numerical
problems with typical loads are presented. The solutions obtained by asymptotic
integration of the dual equation system are compared with those obtained by use of
the technical theory of shells. Since the asymptotic shell theory can be applied to
both thin and thick shells, it is possible to investigate how the error of the
technical theory of shells increases with increasing shell thickness and whether
approximation of the distribution of variables along the thickness of the shell by
linear functions is acceptable or not.

1. Introduction

In dual system of elasticity stress functions or stresses are the
configuration variables /10/. A three -dimensional, linear shell theory
with stresses as configuration variables and the asymptotic integration of
its equations are presented in /6/, /7/ and /2/. No particular assumptions
have been introduced into this shell theory and therefore the stresses and
strains can be determined at any point of the shell to arbitrary accuracy
by asymptotic integration of the dual system of equations (equilibrium
equations, Hooke's law, independent com patibility equations) for both thin
and thick shells. Displacements can be calculated from strains by in-
tegration.

Application of the above-mentioned theory to axisymmetric deformation
of cylindrical shells has been presented in a previous paper /1/. After a

brief review of previous results, this paper presents the equations ob-

*Bertoti, Edgar, H-3535 Miskolc, Hegyalja Gt 215, Hungary

Akadémiai Kiad6, Budapest
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tained in /1/ in a numerically integrable form. Then the dual form for
stress and displacement boundary conditions are given and the process of
asymptotic integration is presented.

Considering the asymptotic method as a numerical method, a computer
program has been developed and numerical examples have been tested by the
author. The results obtained by asymptotic integration of the dual system
of equations are compared with those obtained by the technical theory of
shells based on the Kirchhoff-Love hypothesis. Since the asymptotic method
can be applied also to thick shells the examples show how the error of the
technical theory of shells increases with increasing shell thickness and
whether approximations of stresses, strains and displacements by linear
functions along the thickness of the shell is acceptable or not.

2. Summary of results obtained for cylindrical shells in /1/

2.1. Geometry

Let A+ and A denote the faces while A* and A* the lateral surfaces
of the cylindrical shell of thickness 2b and of length 1. Let S denote the
middle surface of radius Rg and let h* and h* denote the boundary curves
of S (Fig. 1). The shell middle surface S with a system of cylindrical co-

ordinates x1 =32,x =If, x3 =z on it is shown in Fig. 2.

A* A" S

Fig. 1. Cylindrical shell, notation
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Fig. 2, Middle surface, coordinate systems
Let us introduce the non-dimensional coordinate
(2.1

measured along the normal to the middle surface and the non-dimensional
parameter

@2)

Let so-called shifted tensors defined at points P of the middle surface S
be used to describe the three-dimensional deformation of the cylindrical
shell. Dependence of an arbitrary shifted tensor n on coordinate $ (on
X ') can be expressed by a polynomial with terms of finite number:
n
Tfy (x1, x2, x3) = ]T (hi)k~(x1, x2) ¢1 . (2.3)

i=0
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where the three-dimensional tensors (h,)Kn (x1,2x ); (i =0,1,2,__,n) are
A *
the surface factors of the tensor ih¥ (see 12/, I71) .

2.2, Shell problems in dual system

Configuration variables of the linear, dual shell theory (/6/, /7/)
applied in this paper are the stress surface factors (6()K L The shell is
considered to be a homogeneous, isotropic, three-dimensional continuum and
the following dual system of equations should be fulfilled on the shell's
middle surface S

- equilibrium equations,

- Hooke's law,

- independent com patibility equations and

- equations of compatibility in the large.

Appearing as additional variables in the above equations are the
strain surface factors (c®) k» ; (i =0,1,2,...) and the incompatibility
surface factors (n*) ~ ; (i =0,1,2,...).

If the number of two -dimensional equations in terms of surface
factors is sufficiently large then also the three-dimensional equations
and boundary conditions will be satisfied to any desirable accuracy.

Displacement surface factors (u.). ; (i =0,1,2,...) are not appear-
ing as variables in the dual system of equations. Displacements can be
calculated by integration of strains (Cesaro's formula /27/).

To solve the above dual system of equations, stress boundary con-
ditions are prescribed on faces A+ and A while stress or/and displacement
boundary conditions on lateral surfaces A* and A" of the shell (for details
see Section 4). Stress boundary conditions prescribed on the faces are
considered as field equations (see /7/, /11/).

2.3. Asymptotic integration of the dual system of equations

In accordance with the number of surface factors also the number of
equations and boundary conditions in terms of surface factors may be
infinitely large. Asymptotic integration of the system of equations means
determination of the approximations denoted by I, II, I11,...

Approximation is started any time with calculation of the basic
solution of equations of finite number. In the knowledge of the basic
solution, surface factors of higher order can be calculated to arbitrary
order number.
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In approximation |, the stress boundary conditions on the faces are

not accurately satisfied. They shall therefore be modified using the re-

sults of approximation |. In this way, we have the equation system of ap-
proximation II. After determination of the surface factors of lower and
higher order for approximation Il and modification of the boundary con-
ditions on the faces, approximation IIl can be calculated, and so on.

Main iteration of the asymptotic method is the series of approxi-
mations I, Il, Ill, ..., while determination of the basic solution and sur-
face factors of higher order are the subiteration of the method. The number
of both the main iteration and subiteration steps can be determined by in-
vestigation of the order of magnitude of the surface factors (see /7/, [11/).

As a result of asymptotic integration of the dual equation system,
the three-dimensional deformation of the shell can be determined to any

desirable accuracy.

2.4. Dual system of equations in terms of surface factors for cylindrical

shells

Considered now are cylindrical shells under axisymmetric loads,
using the physical components of the tensors. The surface factors depend
only on coordinate x* = s. Differentiation with respect to x* = s is de-
noted by a comma in superscript.

The physical components of the stress and strain tensors are

“«Vs- («'iV <Ti>sz B0 i =1,2,2,...,
and

(eiys, ((£i), (E£i)sz>( £&iv> i =0.1.2,..,

respectively. The surface factors of mass forces are denoted by (q”)s and
(a~)z; (i = 0,1,2,...). The components of surface loads on the faces a and

A~ are denoted by (p+)s, (p+)z ancl (p~)s, (p~)z> respectively.

2.4.1. Equations of approximation |

The basic solution of approximation | is obtained as a solution of

the differential equation system written with stress surface factors
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<vsz (€1)z, (2.4)
(2]
<Vsz> g=

The system of ordinary differential equations /1 /:

<E0>S = V * <Vsz * rAz *W s ¢ » . (2'5>1
(E(A = ROC" sz * (*Vz " E +oF s 2k W z ¥°-< 2-5>2
<E W SITA <Vsz 'V AV ANAN'"Ns zA 'Vs m» e <2-»3

<El>Z mW iz * <yl>z - 4 (tS0>z - v Vv f *

X o(d2), f =0 (25)4

FAEV( B v V(Bx_ o g l-0 @ 55
(v z »0 [< « TV e o 2ROd + v) (t0);z *

A [(ca V(O sv( =0 @ e
(Vsz + ("Wsz 7 [(p+)s ~ (p")e]. pi 2.5)7
cev, Fd2z = 6Nz oy, =Py @2+5)0
(t1)sz T, POS- s - P3 @-5)2
<<is>z =% (PHYZ- (pmz  =pg . (2. 310

Sign ~ above *| on the left--hand side of the equation (2.5)5 in-
dicates that (2.5)5 is obtained from the independent com patibility equation
CJ g) gz = 0 after integration with respect to s. According to /1/, this

equation is the so-called equation of compatibility in the large.
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In the knowledge of the basic solution obtained by integration of
(2 .5 )~ the surface factors of higher order can be calculated by means

of equations not used so far,that is equilibrium equations

i+2
i+2-j
(Ei+2)s = RO( Cii+2)s Z (- (TG')sz *
j=o
+ (i+3) ~('ti+3)sz + V W s =0 (2.6),
i+2 . .
V— 1i+2-jr
(Ei+27z RO(Ti+2)sz Y [(VZ - (6ﬂ
j=0
+ (i+3) X ( rfi+3)z + RO(qi+2)z = o ; i =0,i,2,..., (2.6)2
and independent com patibility equations
Ciliig = (I+1)(i+2) X1+l ( ti+2)~ +
i
+ (-0ly c- X )j (i+Db r2<ej*Pf Y -0 , (2.7)1
o
(TA)N = (i+D (i+2) AZ (ti+2)g + g i
- 2(i+1)XRO (e i+l);z = o ; i =0,1,2. e (2.7)2
The relationship between the strain and stress surface factors is
given by Hooke's law
. . (2.8)1
i>s = 2G 1+v [( <Vs " v("MNiwf -v~rr)z]
i)f ~2G T+v vof "V ( TV (di).] » (2.8)2
i)z =49t [ (7~ z -~ -iv ik d i), 1 , (2.8)3
i)sz = ( £i}zs =%“2C (Ti}sz ="k (ti)zs ; i =0'1'2>"-" (2.8)4

where v is Poisson's ration and G is the shear modulus.
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2.4.2 Determination of approximation I, 1I1, etc.

Using the results of approximation |, stress boundary conditions
satisfied approximately on the faces of the shell with equations (2.5)"

are modified as follows:

(1vsz + (~sz =P1L" “'Vsz ~ (?sz " (2.9) 1
(rfg)z + ( = P2 " ANMAZ " A BAZ et > (2.9) 2
NINsz = p3 “ (r 3}sz " (TNhsz " eee ’ (2.9) i
Ni)z=P 4-7"3)Z-"5 )z - eee o (2.9) 4
The basic solution of approximation Il can be obtained from (2.5)~_£ and

(2.9) ~_p. Using equations (2.6)~ 2, (2.7)-~ 2 anci (2.8)™ 4 we can get sur-

face factors of higher order.

Having the results of approximation |1, we can modify stress bound-
ary conditions on the faces in the same way i.e. by using equations
(2.9) ~ p. Approximation 111, etc. can then be calculated accordingly.

3. Numerical solution of the dual system of equations

3.1. Calculation of the basic solution

Let new variable

(dg)” = Rg("" G.D
and column matrices
-1 =[~(Ps ~NONsz
and
i2 - [ <V z « o »

be introduced, where T indicates the transposed matrix. Let equations

(2.5)i be transformed as follows:
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Substitute first surface factors

(3.4)

2rsz = Pl % (~AdPsz
, = P2 - (dg)z (3.4)
Insz = P3 (3-4)
(3.4)

obtained from (2.5)» ~ into (2.5)16> Then, surface factors (dg)z and (d

can be expressed from (2.5)" and (2.5)» as a function of variables (3.2) to

find that
-2 ==-1 +— > (3-3).
where
Li] - — 0 2+ V 0 - >V 0
J 2y 2*1 . (3.5),
0 -2>(l+v) o0 v (27 2+1) 0
M 2 >2p2+>(1- v)p4+>Rg [p "~ (gi)Z]
- 2V + 2+v

2AL+v)p2+(2 Dev +2v +1)p4+(l+ vV)RG Ap-j+ L)~

(3.5)3J
Taking into consideration" also equations (3.4)”_4 and (3.5)_~, the re-

maining equations (2.5)*_~ and (2.5) form a system of differential equ-
ations in terms of variables (3.2). Second order differential equation
(2.5) 6 can be replaced with two first order equations. The steps are, as
follows :

(a) first we calculate the derivlziltives with respect to s for sur-
face factors (<dq)4' > (<*q)z' anc* "I~s obtained from equations (2.5)",
(3.5) ~ and (2.5)-j, respectively;

(b) next we substitute both the mentioned surface factors and (tg )"’

expressed from (2.5)2 into (2.5)";
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making use of the new variable (3.1), the

equations can be obtained from equation (2.5)".

of equation can be written as

where

52

RgAi - Qi +-1 >

0 0 1 0 0
0 0 0 0 1
0 1 0 0 0
0 0 3 0 0
-0 ds52 0 dsa O
1
deg = 2X + N 7

272(1+ ) f(4 32+43+v) (1-v) + Il
(2)i2 + 2 +v)[2 }2 + 2 - V(I+ V)]

Yy (1+ V) r4"4(1-V)-2 'X2 (y 2+3V-6)+8- V2
(2)2 +2+v) [2)2+2- v(1+v)]
Xp3  Rg "4g)g

0

- "P4 - Ry (QQ)z

~27pl “ p3 " RO 4 }s

two first order

form

This

an in-

system

(3.6)x

(3.6)2

(3.6)3

(3.6)6

dif-
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fc = e A — [T(2>2+1) (v2-V -2)-(1+v X 2+V)1 b, -
5 2\ +2-V (1+V) LL J L
- >V (2X2+2+v)b2+ [ (2>2+1) (v2-2)-2(2+v)] pPH2"Rv2RpI -

-0 V(2 A2+2)A0Ps+2 >2VR2 p"+

>v (1 -v)R2P~ >VRj pnN'+

+ AR N241)(V 2-V -2)-(2+ V) (l1+V)J

RO(qQ)z-v (2 \ 2+2+V)R2(g0)'s +

~

+ Av2 R2 (qgi)'s + “v Rag (g j

(3.6)7

Now, the basic solution of approximation | can be calculated as
follows :

(a) taking into consideration the boundary conditions on the lateral
surfaces we can solve the differential equation system (3.6)~ (for example
by Runge-Kutta method);

(b) using formulae (3.5) ”~ and (3.4)~7~, the other stress surface
factors of the basic solution can be calculated;

(c) finally, wusing ('2.8)~_a, we get the strain surface factors.
Determination of the basic solution of approximation Il.is similar
to that of approximation | with, however, modified values p”, p2, p”», p°
on the right-hand side of (2.9 )7~ substituted here into equations (3.4)"_",
(3.5)i j and (3.6) .
3.2.

Calculation of surface factors of higher

order
In the knowledge of the basic solution, surface
order can be calculated step by step from equations
taking

into consideration Hooke's

factors
(2.6)~
(2.8)p as well.

of higher

2 and (2.7)~ 2,
law

3.2.1. Calculation of the first

approximation
From independent compatibility equations (2.7) 2 we obtain strain
surface factors
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(3.7)2
From Hooke's law (2.8)~_2, substituting i+2 for i, surface factors
(3.8)1
(3.8)2
i =0,1,2,...
can be expressed. From equilibrium equations (2.6)" 2 stress surface
factors
i+2
3.9)1
*OTT4i+Ds ( )
(6i+3 z
i+2
i =0,1,2,
are obtained.
Thus, in accordance with the above equations, surface factors of
higher order for approximation | can be calculated as follows:
(a) i = 0: using (3.7)" 2 we get (L~ s and (£ 2)", « Then, from
(3.8)~ 2 we get (i>?)s and (d 2)" Finally, using (3.9)» 2 we obtain sur-
face factors (Tj) and (6 7)
(b) i = 1: using formulae (3.7)-~ 2, (3.8) 2, (3.9) 2 and the values
previously computed, surface factors (£ -j)g and (E.M)"> and
(T.) sz as well as (6.) can be obtained, respectively.
Y
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With this procedure repeated in steps of arbitrary number i, stress and
strain surface factors of arbitrary number can be determined.

Calculation of the derivatives in formulae (3.7) 2 and (3.9)" 2 is
based on earlier equations and therefore a numerical differentiation s
not necessary. For example in the knowledge of the basic solution, equation
(3.6)~ gives the first derivative of 6~ with respect to s. After differen-

tiation of (3.6)~ with respect to s, we get the second derivative of 67:

m_T ==-1 +— . (3”0)

Thus, taking the basic solution as a starting point, the n-th derivative

of 6~ can be calculated by formula
RO d[n) = g 6{MN~1) + f(n_1) ; (3.11)

n=1,2,3,...

Similarly, the n-th derivative of ~ can be calculated from (3.5)-~ as

-20) = - -1M0) +-(n) ! (3.12)

E}
I
o
I
N

where dj—" is given by (3.11). The derivatives of column matrices f and b
on the right-hand side of (3.11) and (3.12) contain the derivatives of
external (given) loads.

It is true also in general that the formulae obtained earlier for
the surface factors enable us to calculate the n-th derivative of the

appropriate surface factors.

3.2.2. Calculation of the second, third, etc. approximations

In approximation | only boundary conditions for surface factors
giving the basic solution have been taken into consideration (by inte-
gration of differential equation system (3.6)" from among those prescribed
on lateral surfaces. Boundary conditions for surface factors of higher
order are satisfied in approximations 11, [I11, ..., in particular, by
rearrangement of equations (3.8)* 2 and (3.9) 2 to calculate surface
factors (Oi+2)s> ~i+ 3%sz » (i = 0,1,2,— ) by integration.

What follows now applies to approximation |l. Approximation Ill,etc.

can be calculated in a similar way.
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Subtract (3.8)-~ from (3.8)2- After rearrangement we obtain

= (@i+2)s+26 [ (£1+2~ " (fci+2)s] (3.13)
i =0,1,2,... -
By substituting i+1 for i in (3.9)2, we find for (r;+3)gZ that
RO('ti+3)sz = " \ (<yi+2)If + \ ( "Ni+27z + ( 6<4+3)f " (6i+3)z +
i1 (3.14)
i+1-j
| [(604Y - (djlz] -a~~cdiVz-V~rz ;
=0
i =0,1,2,...

If we express (6l +2)~ from (3.9)" and insert (3.9)" and (3.13) into (3.14),

a system of two first order, linear, inhomogeneous differential equations
w ill be obtained for variables (<"+2) , (++ 3)":
i+2 - -
3 i+2-]
RO(4& i+2); = -(i+3)~""i+3~rsz - Z (- i} (*Vsz -RO(i+1)s > (3-15)I
J=0
Rn( i+4 i+4
n = A -
(i+3) <rfi.2>= _2E<W)> [{E M f -]S « V
~ i+l 1 ielei
i+l-
1 + (<
" - e i+
. (-3> v+ "C 5 za  Twma 1127
J j=
* d » v 1 A * C(i**n " dw )« o*
1 . o i =0,1,2,. 3-15),
(i+3)> RO (qi+2)z m RO(gqi+3'z 5
All terms except for the first term on the right-hand side of (3.15)" 2
are known from the basic solution of approximation 11, or from approxi-

mation |. The latter terms are marked with | in upper subscripts.
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Surface factors of higher order can be calculated then, as follows:

(a) i = 0: wusing (3.7) 2 we get (t9)s and (e2\p =+ Then, taking
into account the boundary conditions prescribed on the lateral surfaces,
the differential equation system (3.15) 2 f°r variables (fl*s anc' ~T3%sz
can be solved. Making use of these surface factors, (672Xp and (6-j)z can be
obtained from (3.13) and (3.9)2, respectively.

(b) i = 1: using (3.7)" 2 we get (tj)s and (t-jXp . Then, by inte-
grating (3.15)» 2, (~j)s and are obtained. Finally, using (3.13) and
(3.9)2 we get (Cij)» and (67)z.

With this procedure continued, surface factors of arbitrary number
can be calculated.

Approximations II1l, IV, ... etc. are determined in a way similar to
that in case of approximation |1, but here | shall be replaced with 11,
I, ... etc. in subscript.

The required number of iteration steps for desirable accuracy can
be selected in advance in the knowledge of the shell geometry (see /1/,

171).

A. Boundary conditions prescribed on the lateral surfaces

4.1. Stress boundary conditions

f

Let (p’)\s 5 (i = 0,1,2,...) denote the surface factors of loads
acting on the lateral surfaces. Then, according to /2/ and /1/, the stress
boundary conditions on boundary curves h* and h2 of lateral surfaces A* and

A*, respectively,are given by equation

' *
M | ((I g. I (p*)1 Ql ’ (4.1)
X i =0 i =0
where
e A* 4.2)1
5 * = -XBI ; X ' ( )
and
x £ A* (4-2)2
0« - X.A1 5

are the outward normal vectors of the lateral surfaces, and
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Coefficients of powers of on the left- and right-hand side of
(4.1) must be equal. Then, using now physical components, stress boundary

conditions

(«n -7 P> > (4-3)i
(Vsz =7 (pitz ; i =1,2,3,... C4.3)2

can be prescribed in case of tension-compression, bending-shearing problems,
respectively with negative sign for boundary A? while positive sign for

boundary A2<

4.2. Displacement boundary conditions

Since in dual system of elasticity displacements are not appearing
as variables, displacement boundary conditions should be replaced with
appropriate boundary conditions in terms of strains or, through Hooke's
law in terms of stresses. Let (u*)~t ; (i = 0,1,2,...) denote the surface
factors of displacements prescribed on the lateral surfaces. Then, accord-
ing to /2/, /7/, the displacement boundary conditions on boundary curves

h* and h* of lateral surfaces A* and A*, respectively, are given by

(£i)KL (Ui)K:L + ~ L rK (4.4)1

(Ei)KL:I(~ IL iK = (ti)lK:L “ (Ui)l:KL (4.4)2

where indices K and L may only have the range 2,3, a colon followed by an
index denotes the surface factors of the corresponding covariant deriva-

tive. For example:

A RO(t 013 V

When changing over to physical components and differentiating in
formulae (4.4)~ 2, we obtain displacement boundary conditions in terms of
strains. From (4.4)" we arrive at

i

(4ix (4.5)1
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LN i+1 r K Y

i =0,1,2, ... 4.5),
(£i)z = b A~i+lrz ' (4%

from (4 ,4>2 equations

L 11 1\ 1017

RO( | Z J('y (u\-)e =0, (4.5),

Vu«,2)s =0 i (4.5),

i =20,1,2,...
are obtained.
In case of stress surface factors, it is necessary that the follow-
ing be taken into consideration:
(a) boundary conditions associated with differential equation system
(3.6)1_7 should be given in terms of stress surface factors (3.2);
(b) boundary conditions associated with differential equation system

(3.15), 7 should be given in terms of stress surface factors (6" ~)

@i+3 W (i = 0-1M,...).
E.g. to calculate the basic solution, substitute Hooke's law (2.8)~_~ into
(4.5)j and into (4.5)”~, the latter multiplied with V, and add. Then, using

(3.1), relationship

(1-vK A" - vRgi8ag)* 271 Osz " 2 Al-'sz

(4.6)
" b’ [<“l>e + 2 (v s |

exists between the prescribed displacements and stress surface factors.
Remark : Displacement surface factor (uq)s is not included in equations
(4.5)1-4. ~hus> the displacement of the middle surface in direction s

is also prescribed, condition

(u0>s U 0)s ds (4.7)
s=0

should be taken into consideration as well.
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5. Numerical results, comparisons

It is stressed again that stresses, strains and displacements at
any point of the cylindrical shell (considered to be a three-dimensional
continuum) can be determined to any desirable accuracy by asymptotic in-
tegration of the dual equation system. This is also true to numerical
calculation of the solution(disregarding errors resulting from the numerical
method used and rounding errors).

To investigate different types of loads, a PASCAL program has been
developed and used for problems of quite of number by the author. The
primary objective has been a comparison of the technical theory of shells
with the asymptotic method.

Based on the Kirchhoff-Love hypothesis, the technical theory of
shells yields acceptable results for thin shells. Variables along the
thickness of the shell are linearly distributed whereas transverse shears
and normal strains are neglected (as a consequence of the Kirchhoff-Love
hypothesis).

The asymptotic method satisfies the equations and boundary con-
ditions exactly. The distribution of variables along the thickness of the
shell are approximated by polynomials. The degrees of these polynomials
equal to the number of the subiteration steps. It is therefore possible to
investigate the accuracy of the solutions obtained for thick shells by
applying the technical theory of shells. It can also be investigated
whether approximation of distribution along the thickness by linear func-
tions is acceptable or not.

Presented below are five numerical examples. The solutions that are
based on the technical theory of shells have been obtained by means of the
program /5/.

1. example: Cylindrical concrete container

The fundamental equation of cylindrical shells in terms of radial
displacement is considered in /4/. Paper /4/ presents analytical solutions
for different types of loads and finally, a cylindrical concrete container
(Fig. 3a) is investigated as a numerical example. The height of this con-
tainer is 5 m the thickness 250 nm the radius of the middle surface
10 m E=16 GPa and v = 0.2.

The inner face of the shell is subjected to radial pressure while
the outer face to vertical line load. These loads are linearly distributed
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Fig, 3. Cylindrical concrete container

along the coordinate s (Fig. 3 a). At s = 0 the shell is clamped, so the
displacement boundary conditions are:

(ui}s = (ui}z =0 ; i =0,1,2,... . (5.1)

The edge at s ={ is free, so here

(pi}s = (pi}z =0 ; 1=04.2,... (5.2)

stress boundary conditions should be prescribed.
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From anong the solutions obtained by means of the asymptotic method,
there is a good agreement between stresses 6~ and the results of /4/. For
stress (f (its value on the outer face being shown in Fig. 3b), displace-
ment uz and rotation of the middle surface results different from /4/
have been obtained .

Full lines indicate the results obtained by asymptotic method. Re-
sponsibility for the difference lies mainly on the vertical line load ps
acting on the outer face. In /4/ this load is considered as a line load
acting on the middle surface. For the sake of comparison we considered the
load ps to be body force (Qg)s acting on the middle surface. The solutions
obtained in this case (dot- and dashed lines in Figs 3b, c¢) are in good
agreement with those given in /4/. For instance, the maximum value of uz is
1.23 mmin /4/ while 1.37 mmand 1.24 mmin the first and second case, re-
spectively, in calculation with the asymptotic method.

Because the quotient v = Rg/b = 80, the cylindrical container can be
considered as a thin shell. Thus, the distribution of the values along the
thickness is approximately linear.

2. example: Constant radial loads acting on the faces

The technical theory of shells makes no distinction between the
loads acting on the outer and inner faces. In case of thick shells, the
two different, statically equivalent loads may result different stresses
in a shell. The differences are investigated in this example by asymptotic
method.

Consider a cylindrical shell of length i - 1 m The radius of the
middle surface is Ry = 0.5 m the thickness of the shell 2b = 200 nm
Since 4 = Rglb = 5, this is a thick shell. At s = 0, the shell edge is
clamped while the edge at s =i is free, so the boundary conditions (5.1)
and (5.2) are valid. A constant radial load of pQ = - 10 MPa is acting on
the faces (Figs 4a, b, c). The shell material is steel: F = 205 GPa and
V = 0.3.

In Fig. 4, stress distributions along the thickness are shown and
compared. In Figs 4d and 4e distributions for and at s = 0 (at
the clamped edge) are shown, respectively. Full lines indicate the sol-
utions obtained by the technical theory of shells, --—-- 0 ----- lines and
----- + -—-- lines indicate the results obtained by the asymptotic method
with £g acting on the outer and inner face, respectively.
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n=5 - ---- technical theory of shells
E=205GPa — +— external loading
v=0.3 — ¢— internal loading

————————————— think walled tube(Fig.f.and g )

Fig. 4. Constant radial loads acting on the outer and inner faces of the shell.
Comparison of stress distributions along the thickness of the shell

81
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In Figs 4f and 4g, distributions of ¢ ~ andti ats = , in Fig.
4h,. distributions of shear stresses x sz at s = 0 are shown. Stresses 6
are neglected in the technical theory of shells. However, on the faces,
6 is equal to the radial load. In Fig. 4h, the distribution of shear
stress T obtained from shearing force Q of the technical theory of
shells is considered as a quadratic function.

The maxima of displacement ufor the three statically equivalent
loads given in Figs 4a, b, c are -0.065 nmm -0.079 mm and -0.053 nm
respectively.

Since the influence of the edge s = 0 disappear at s =i, the
solution for load acting on the inner face is comparable with the thick
walled tube's solutions (see /s/, /1/). Dot- and dashed-line was used to
plot the latter results in Figs 4f and 4g. The thick walled tube was
found to be an ideal model to approximate the stressed state at points
being far enough from the clamped edge.

This examples warns at the same time to calculate loads acting on
the inner and outer faces of the shell simultaneously carefully.

3. example: Loads acting on a narrow strip of the outer face

According to Figs 5a, b, ¢, statically equivalent loads of constant,
guadratic and linear distribution are acting on a narrow strip of the outer
face. Both edges of the shell are clamped and thus displacement boundary
conditions (5.1) are valid at both s = 0 and s = |. The shell is 1 = 3 m
long, 2b =400 mmthick, the middle surface's radius is RQ=1m
\ = Rg/b =5 (thick shell), E=205 GPa and V = 0.3.

In all three cases the loads are acting on a A s = 200 nm wide strip

in the middle of the shell. The intensity of the equivalent line load is
25.6 MNm. Maximum values of the loads for constant, quadratic and linear
distribution are 128 MPa, 192 MPa and 256 MPa, respectively.

In Figs 5a, b and c, the distribution of stresses ds, 6y and <3\
along the thickness at s =1/2 = 1.5 mare shown. Results of_the technicaT
theory of shells are illustrated with dashed-line while the results of the
asymptotic method with full line. The distribution of shear stresses TSZ
along the thickness is approximately parabolic. The maximum values of Xs:z
and radial displacement uz are shown in Table 1.

Since stresses 6 cannot be neglected and because of the thickness
of the shell the differences between the stresses obtained by the two dif-
ferent methods are significant.



2b=A00 mm

Fig. 5. Constant, quadratic and linear distribution of statically equal loads acting on a narrow strip of the outer face.
Stress distributions along the thickness of the shell at s -1/2

STIEHS TVOIJANIAD MOIHL
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Table 1

Maximum values for shear stresses Ygz and radial displacements u® in example 3

Constant Quadratic Linear
Techn. Asympt. Techn. Asmypt. Techn. Asympt.
theory method theory method theory method
or 38.1 40.1 38.3 34.6 38.4 44.2
Sz max
MPa
u 0.32 0.47 0.32 0.48 0.32 0.61
z max
[mm]

4. example: Bending moment acting on the edge

As is well known, the thinner the shell, the higher the accuracy of
the solution obtained on the basis of the technical theory of shells. To
investigate the error caused by the technical theory of shells in case of
thick shells, assume that pure bending is acting on one of the edges of
the shell (Fig. 6a). At s = 0 the shell is clamped, thus the displacement

boundary condition (5.1) is valid. The edge at s =t is subjected to
bending moment (Fig. 6a), which means that stress boundary conditions
(Pj)s= a M , (P¥)s =0 ; i =0,2,3,...
(5.3)
(P*)z =0 ; i =0,1,2,...

shall be prescribed together with the condition of equivalence

b

J (RO + x3) 6M £ X/ P dx3 = M

-b
if the asymptotic method is used (Fig. 6b). Let the length of the shell
be -t = 1 m the middle surface's radius Rg = 0.5 m E = 208 GPa and

V = 0.3.

A series of shells of different thickness have been investigated
(Fig. 6¢c).

According to the numerical results, the difference between the
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»Z

E=208 GPa
y =0.3
1 =1m
a) b)
Boundary
condition
E
m
@)
tys=1;f=-1
§y 1.7 O)) 7ov. 1
s=I.[/=
AOH. o
104 o5y, 30V. >,
2V. 3V. b5V. " H ] A max
204 30V.

R A T

J = 100 50 20 10 5
c)

Fig. 6, Bending moment acting on one of the edges of the shells of different thickness.
Comparison between the technical theory of shells and the asymptotic method

results of the technical theory of shells and the asymptotic method is
greatest for stresses 6 and 6 . The difference between both methods in
per cents for maximum stresses at point s =t, C = -1 are illustrated by
column diagrams in Fig. 6c, the higher columns representing stresses o

while the lower columns stresses « z> The maximum value for o 'obtained
on the basis of the technical theory of shells is denoted by a horizontal
line. Heights of the columns are proportional to the maxima of stresses
obtained by asymptotic method. Marked parts of the columns indicate the
magnitude of the difference. Difference in per cents for Bip is calculated

by means of formula
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6 asympt — @echn. 100 (5.4)

difference ‘techn.

Percentages 6 are calculated as the quotient of 6 z and the maximum
stress obtained by use of the technical theory of shells, multiplied
by 100.

5. example: Shear force acting on the edge

The series of shells (series of I\) of different thickness investi-
gated in the previous example are now subjected to shear force Q at s =1

(Fig. 7.a). The stress boundary conditions at S =1 are:
(p*)s =0 ; i =0,1,2,... |,
(pO}z "TQ*  "p2z :
(PPr =° > i =1,3,4,5,.. ,

where the equivalence condition

f ﬂ/\/\) /\/\d( Q—

should also be satisfied. The values and Yqg have been selected in such
a way that the maximum stresses obtained by the technical theory of shells
w ill be identical (namely T g\ A = const.).

According to the numerical results, greatest difference between the
results of the technical theory of shells and the asymptotic method has
been obtained for stresses d > and ¢ z (the difference between stresses
6 being 10% even for /1 = 2). At point s = G C = -1 (at maximum
stresses), the difference in per cents between the results of the two
methods are illustrated as column diagrams in Fig. 7c, higher columns
representing stresses d* while lower columns stresses <G\ Interpretation
of Fig. 7c is the same as for Fig. 6x (in example 4.).

A comparison of Fig. 6c and Fig. 7c shows that the error of the
technical theory of shells is greater when the edge is subjected to shear
force.
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&7/, a

60*/. m b

AS5V. =

20V. 1 2

3V. 5V. | 1 %
50V. o

o

N o

v, 29 Al TOL &% D 61=0 £

A= OO0 50 20 1O 5

c)

Fig. 7, Shear force acting on one of the edges of the shells of different thickness.
Comparison between the technical theory of shells and the asymptotic method

Transverse shear deformations of the edge at s = 0 are shown for
y = 10 and = 4 in Figs 8a and 8b. According to the Kirchhoff-Love
hypothesis, the normal of the middle surface remains normal to the de-
formed middle surface (dashed line). The actual deformation of the normal
is illustrated with full lines. The equivalent loads are = 32 MNm,
T g =475 MPa for vy =10 and Q = 125 MN/m, = 750 MPa for A = 4. Shell
thickness: 100 mmand 250 nm for *X = 10 and v - 4, respectively.
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Q1=
125MN/m

asymptotic method

a) b)

Fig. 8, Transverse shear deformations for =10 and X= 4

The difference in rotation between the middle surface normals is

0.4° for X = 4, a very small value while the difference between the

stresses are significant (see Fig. 7c).
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BOUNDS FOR THE DEFLECTION OF BEAMS OF VARIABLE CROSS-SECTION

ECSEDI, |.*

(Received: 2 April 1990)

The objective of this paper is to give a method for obtaining the upper and
lower bounds for the end deflection of a beam of variable cross section treated as a
generalised plane stress state of a disk of variable thickness. The material of the
beam is linearly elastic, isotropic and inhomogeneous. The bounding formulae are
derived by means of application of the principles of minimum potential and com-
plementary energy of the theory of elasticity.

1. The beam AB of length L and symmetrical cross-section
respect to axis y is subject at its end B to a concentrated load =Q
The other end of the beam is fixed. The shape of the beam is given by
thickness function h = h(x,y) (Fig. 1). Young's modulus E and Poisson's
ratio v are depending on coordinates x,y, i.e.

E=EXyY) , v=V (X)y) . (1.1)

As a consequence of Egs (1.1)" 2, shear modulus G is depending also
on coordinates x,y. It is known that

(1.1)3

The middle firbre of the beam considered as a disk of variable thickness
is plane xy. We investigate a rectangular region bounded by straight

lines 22" Nini > 2). The cross-sections of the beam-ends
are A and B, resp. Boundary section B"B. is loaded by force Qin positive
direction vy, boundary sections AB* and A B. are traction-free, boundary
section AjA is fixed.

*Ecsedi, Istvan, H-3526 Miskolc, Klapka Gy. u. 36, 1X/2, Hungary
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Fig. 2. Rectangular region
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The governing equations of the disk of variable cross-section are

as follows (/1/, 12/, 13]/):
(a) Equations of equilibrium for the stress resultants:

(b) Strain equations:

(c) Relationships between the stress resultant and strain:

Nk = (£x + Vey) , 0—x—L > -ar~ y—a?

(1.47
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oi~ xf; L , -al< y< a ;(1.4):

0 < X <_|_ y -aj— Y— a .(1.4)3

In the present case, the following boundary conditions should be
satisfied.
(a) Boundary conditions for traction:

NXL, ¥) =0 |, -cal< y< a (1.5)s
ny(x” - al,) =0 , N (x, @2) =0 , O<x<lLlL ; (1.5)-
Nxy (x, a2) =0 , N (x, a2) =0 , O<x<L . (1.5

(b) Boundary conditions for displacement:
U,y =o ’ v (0, y) =0 ~a\— V—a2 ; (1.6)s
VL, y =f , cai<y<a. . (.62

Deflection f of cross-section Bis caused by vertical force Q. Qis
given by the integral:

Q= Nyx (L' y) dy a.7)

There will be two formulae used with strain energy:
- strain energy U, which is a homogeneous quadratic function of the
strain components, can be obtained from the formula:

J L

+2 Exy dxdy (1.8)1
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- strain energy V, which is a homogeneous quadratic function of the
stress resultants, can be obtained from the formula:

L

§//:I2 + vy 2V NXI\£/+2(I+V) xy!JdXdy (1.8),
-at o

The work performed by the traction at boundary section is

equal to W The magnitude of work W can be calculated as follows:

w=7 | XLy v (Ly) dy e d NyX (L) dy - ] Of .  (1.9)

“ "

al al

From the equality of the eigenwork with the strain energy, we get
formulae (i .10)" 2

U=y Qf , V=i Qf . (1.10): -
By using the principle of potential energy and the principle of

complementary energy, we can establish a two-sided estimation for work W
The two-sided estimation is given by inequalities:

WA Uty figy) (1.11)1
W> Q - VN, '\{/ '\L(y) . (1.11)2
In relationships (1.11)» . :
;x " ;: ' ~y: 2)\// (1.12)1’2
: M (i.12)s
Xy Y

where n = ii(x,y) and v = v(x,y) are differentiable functions which satisfy
displacement boundary conditions (1.6), 9, and N, N, N =N are dif-
ferentiable functions which satisfy differential equations of equilibrium
(1.2), + 5 and traction boundary conditions (1.5), ~ moreover Q is given

by formula:
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Nyx(L,y) dy (1.13)

Functions u = u(x,y), V = v(x,y) are called kinematically admis-
sible displacement functions, and functions ffX = Nx(x,y), N = N (x,y),
y

>

ny = NyX = ny(x,y) are called statically admissible stress résultants
/5/. Equal signs in relationships (1.11), . apply whenever u, v and N ,

N, Nxy = Nyx, respectively, are the actual solution functions to the
boundary value problem formulated in Egs (1,2)" . (1.3)" 2 s»

£:-0)01,2,37 (1-5)1,2,3° A AL,

2. Let inequality relationship (1.11)* be applied to kinematically
admissible displacement functions:

| (X- 1) f= ()2 )

L-XxX - 5 Xf S 1 (2.1),

In (-..): 2, X is an arbitrary constant. By performing a simple
calculation, we obtain upper bound relationship:

Czrg n2Cc 1. 2D

W< W(X) =— (x-D"-g +- >"2J (2.2)
2 L 2
where
a, L
E(x,y)h(x,y) -
------------------- . (L-x)" yz dxdy (2.3),
=3 1 1
& L
* / «y . (2.3),

-anh 0
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The optimum value of X is belonging to the minimum value of upper bound
W. From the necessary condition of optimum:

aw( X)
L (2.4)

we obtain

(2.5)

With Eg. (2.5) substituted into relationship (2.2), the following upper
bound relationship is yielded:

(2.6)
From upper bound relationship (2.6) follows that
Q< f K=f - n~ 1 . (2.7)
2L T
D +C

If Qis a prescribed value, then relationship (2.7) yields the lower bound
for deflection f.

3. Starting from inequality relationship (:.:1)., we °-|"an re_
lationship:
f Qo L

T(y)dy I’ I (L-X)z 1T‘(y) 1 dXdy _
J b 2Exy) nxy)

f al
a2 L
I' IT(v): dxdy (3.1)
R 2G(xy) h (x.y)
-a 0
by choosing

Nx = f(L - x)T'(y) (3.2)1
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'\g/ =0 y (3.2)2
N = = . 3
Ly l\g,)< fT(y) (3.2
In (3.2)" 3, function T = T(y) will satisfy boundary conditions:
T =0 T(@2) =0 . (3*3):.2

From relationship (3.1), gives to us the upper bound for deflection f is
yielded as follows:

if load Qis a prescribed value.

4. W shall restrict our considerations to a special case of inhomo-
geneity and the non-uniform cross-section. The special case is character-
ised by the following form of thickness function:

h(x,y) =Hgh"x) h:(y) (4.1)
and the elastic inhomogeneity is given by formulae:
E(x,y) = Eq e?(x) e:(y) (4.2)
V(x,y) =Vg ~A(x) V2(y) . (4.2) -
Naturally, relationship:
EOe (x) e:(y)

G(X,y) = (4.2)3
2 (++Vg VL(X) V:2(y))
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holds. Quantities Hg, Eg, vg are constants. Next, we choose the position
of axis z so that equation:

ye: (y) h:(y) dy =0 (4.3)

be satisfied. W define the following quantities:

L
G- e, (4.4)x
{; e: (x)h-L(x)
dx ro-vi (X)dx
1 elUTIFTIXT o~ e oh, ) (4-4)5 5
0 1 1
= j Y. e:(y) h.(y) dy , (4.5)x
S2(y) = J Te2(V]) h2(vj) dv] (4.5)-
1S2(y)l :
mj cWhm Y (4.5
_ Is2(y)l  v2(y)
- f e:(y) hi(y) dy - (45
From relationship (3.4), by using function:
) = -cf T sy (4.6)

the following bounding formula is obtained:
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vOR1R2>] +.cl, <Q 4.7)

where c is an arbitrary constant. It may easily be pointed out that bound-
ing formula (4.7) gives the best result if

(4.8)
YERE S (P1P2 +V0R1R)

Introduction of formula (4.8) into relationship (4.7) gives bounding
formula :

QSKf EOHOI 2

(4.9)
T2 <P1P2 * voRR)

5. Let us consider the case of a homogeneous beam of constant cross
section. In this case we have:
R =+ h2(y) =1 <5n)1,2
eA(X) =1 ’ e2(y) =1 , (5”)3>4
VX(X) =1 va(y) =1 - (51 >5,6
It follows from Egs (5.1)* 23456 that
H=p "o - (+-11,2,3
3
o L PR (a=ax .,y > (5.2)4
>
_ + EOHOIOL
N1 <5-2>5,<

If we neglect the effect of shear on deflection f,

then relation-
ships:

3EO0 HO *oO
K

(5.3)1
(1 -vj) L3
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*
K = ED Ho *o 5.3)2

are obtained from bounding formulae (2.7) and (4.9). By the application
of the theory of strength of materials formula:

Q:3EO HO0 (5.4)

can be derived in this special case. It can be read out from formulae
(5.3)* . aRd (5.4) that in case the effect of shear on the deformation is
neglected and if Vg = ., then the results yielded by bounding formulae
(2.7), and (4.9) will be identical in the case of a homogeneous beam of
constant cross-section.

s . The basic idea of this paper is borrowed from Reissner's paper
/4], mainly to choose the suitable functions for obtaining the bounding
formulae of end deflection. Reissner's work /4/ is concerning the laminated
cantilever beam of constant cross-section. In /4/, Young's moduli and
Poisson's ratio are independent from coordinate x, the material of the
beam is anisotropic, and the elastic constants are even functions of co-
ordinate .

7. The results of this paper can be directly used to solve some
simple practical problems of composite beams, sandwich beams, laminated
beams of variable cross-section.

The theory of beams is widely used as a first approximation to
numerous problems in practice. When the theory of composite beams is
applied, the accuracy of the beam theory becomes problematic because
several flexible couplings can occur that strongly influence the behaviour
of composite beams. These coupling effects, and the effect of shear stress
on deformation should be reckoned with if the beam problem is analysed as
a disk of variable thickness. In this paper, a simple practical problem
illustrates how we can use the governing equations of the disk of variable
thickness to solve beam-like problems in a more exact form than that
obtained by the application of the traditional theory of composite beams.

The flexibility and stiffness coefficient of the end-loaded com-
posite beams of variable cross-section can be also calculated by using
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bounding formulae (2.7), (4.9). It is important that these coefficents
should be reckoned with in the solution of certain problems associated
with materials and vibration.
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ANALYTICAL SOLUTIONS FOR DISCRETE BOUNDARY VALUE PROBLEMS
OF MACROSCOPICALLY ISOTROPIC HRENNIKOFF-TYPE GRIDS

HEGEDUS, 1.'*
(Received: 25 January 1990)

The paper deals with an analytical method for solving discrete boundary value
problems of partial difference equations for the stress functions of macroscopically
isotropic Hrennikoff-type grids having two sets of analogous joints. This network
property permits alternative ways of formulating the problem: one when a difference
equation of variable coefficients is used for one stress function and another when a
system of difference equations of constant coefficients is used for two stress
functions. The paper shows that the two ways lead to the same solution and this
solution differs from that obtained by the difference method for the analogue disc
problem. It also presents an analysis for the same grid formulated in a rotated co-
ordinate system. The illustrative example attached to this analysis stows the exist-
ence of boundary loads of a semi-infinite Hrennikoff-type grid which produce bar
forces only inside a one mesh thick boundary strip.

1. MacroscDpically isotropic Hrennikoff-type grids

Hrennikoff-type grids are plane grids with hinged joints and with a
regular network shown in Fig. 1. The grid is called macroscopically homo-
geneous and isotropic if all the bars forming the squares and the diag-
onals, respectively, are of the same cross-sectional area and the ratio of
the cross-sectional area of bars forming the squares to that of the
diagonals is \j./. .

Isotropic Hrennikoff-type grids are wuseful tools in numerical
analysis as discrete replacements for in-plane loaded isotropic plates,
provided the mesh of the replacement grid is less by magnitude than the
characteristic measures of the plate /1/. Actually, a detailed analysis
can show that a one-to-one correspondence of connections between values
characterizing the states of stress and strain of homogeneous isotropic
plates and those of macroscopically isotropic Hrennikoff-type grids can

*Heged(s, Istvan, H-2083 Solymar, Vaci Mihaly u. 10, Hungary

Akadémiai Kiad6, Budapest
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Fin. 1.

only found in cases of homogeneous states of stress and strain and only if
Poisson's ratio of the plate equals with 1/3, /2/. Hence, in cases of
varying states of stresses the accuracy of the results obtained by a re-
placement Hrennikoff-type grid somehow depends on this variation. The aim
of the paper presented here is to show an analytical formulation which
enables us to analyse this question with the aid of efficient mathematical
methods.

2. Stress function of plane grids with hinged joints

For plane grids with hinged joints and with general triangular net-
works there exists a discrete analogue of Airy's stress function of in-
plane loaded elastic plates /3/. It can be used to reduce the analysis of
internal forces and deformations of plane grids to boundary value problems
for a stress function in a way analogous to that in case of in-plane
loaded plates, that is, if the boundary conditions of the grid permit to
take the boundary values of the stress function.

Stress function of a plane grid with triangular network loaded by
external forces at the boundary consists of linear functions of the co-
ordinates of the plane of the grid which attach to each other at the net-
lines of the grid with discontinuités in the first derivatives. Hence, the
diagram of the stress function is an open polyhedron of triangular faces
and the problem can be reduced to the determination of the values of the
stress function at the summits of this polyhedron. The diagram of the
stress function visibly defines the bar forces of the grid in a way that
the changes in slope of a broken surface line which has a projection per-
pendicular to the bar axis containing the projection of the kneeing point
is proportional with the bar force acting at the bar in question.
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Summit values of the stress function can be computed by solving the
system of compatibility equation of the elastic bar extensions expressed
in terms of the stress function. In case of grids with regular networks
and homogeneous rigidities the way of the solution resembles very much to
the finite difference technics. Compatibility equations can be written
joint by joint, analogously to those for nodal values of a regular network
of differences in finite difference method, applying star-shaped operator
diagrams of the compatibility equations /3/.

Hrennikoff-type grids contain two analogous systems of joints, that
is, in case of macroscopically homogeneous Hrennikoff-type grids two dif-
ferent compatibility operators are to use: one for joints connecting eight
bars, and another for those connecting only four ones. The star-shaped
diagrams of both operators are shown in Fig. 2.

2 0
2 - s 2 2 s 2
2 s 16 8 2 0 s 24 8 0
2-8 2 PR 2
2 0
Ha--?.,

Irrelevant constant multipliers have been omitted from the above
operators. Both operators could also be divided by 2, however, their pre-
sented form refers better to the speciality of the two compatibility
operators: the averages of the respective operator-weights obtain those of
the well-known "biharmonic" difference operator.
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3. The difference equation of a Hrennikoff-type grid

There is an alternative way of defining compatibility conditions,
using difference calculus for functions of discrete variables. Let serial
numbers of rows and columns i and j, respectively, be integer variables,
so that any paris of i and j refer to joints that lie in the i-th row at
the j-th column. One system of analogous joints belongs to the even values
another one belongs to the odd values of the sum i+j. The two different
type compatibility equations defined by the star shaped operators in Fig.
. can be written in an unified form of the following equation:

D2H + (-1)14 D[] =0 1)
where F = F (i,j) is the stress function of discrete variabels i, and j and
higher order partial difference operators J, and D ‘"lean be expressed

as polynomials of first order difference operators olL ] , and SZ2
which refer to first central differences in variables i and j, respectively

Advantages of using difference calculus become obvious by taking into ac-
count the analogies between analytical methods for solving linear dif-
ferential, and difference equations /4/.

Despite of using difference calculus, Eg. 1 looks problematic in
this respect because of variable coefficient (-1)1+*. Variable coefficients
do not permit to use in a simple way discrete analogues of Lagrange's
method for solving linear differential equations of constant coefficients.
Flowever, these methods can again be used if a method is found which reduces
the problem to another with a governing difference equation of constant
coefficients.

3.1. Reducing the equation to that of constant coefficients

Eg. 1 can be reduced to another with constant coefficients in the
way as follows.
First, a generator function H is introduced by the equation
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MH =F

where M is a difference operator not yet known. It has to be chosen in a
way that by introducing Eq. 2 into Eq. 1

D [m(H)] + (-1)14 D[M(H)] =0 (3)
the difference operator of the equation becomes of constant coefficients.
Taking into account that for arbitrary functions X of discrete variables
i, and j equations
Q [(-1)14 X]= 1+ N1+ (e [x] + 16 D[x] + 64 X} ,
D [(-Di+j X] - (-I)i+j D[x ] ,
identically hold, it is easy to prove that

M 1=°2[ #80 F()BO[ ] @

meets this requirement. By introducing Eq. 4 into Eqg. 3 difference equation
of constant coefficients is obtained:

{Dz (D+s)2 -DQ} [h] =0 . (3)

The difference operator of Eq. 5 can be factorized into a product of two
operators:

(d(@+) + D} 1* [d(D+) - D} 1,

that is, solutions for Eg. 5 can be constructed as linear combinations of
the solutions of equations

1
o

D [h] +s D[h] + D[h] , (sa)

and
D [H] +s DHJ - O[H]

1
o

(s« b)

Solving Eg. 5 of Egs sa, b needs boundary conditions for H. These can be
obtained by expressing in terms of differences of H the boundary loads as
bar forces acting at the fictitious continuation of the grid. However, in
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most practical cases complete discrete boundary value problems are not of
the form favourable for analytical solution.

Complete analytical solutions can be derived e.g. for grids of the
shape of infinitely long strips, or for semi-infinite grids loaded by
periodic boundary loads. Their importance is rather in the fact that avail-
able analytical solutions qualitatively show the behaviour of the structure
in cases of different types of external loads.

3.2. An alternative method: using two stress functions

An alternative way of formulating the problem in difference equa-
tions with constant coefficients can be found by using two functions of
discrete variables F ~(i,j), and F (i,j) to obtain the stress function of
the grid. One which has to be interpreted only at joints where i+j is an
even, number and another at joints where i+j is odd. By so doing, Eq. 1
can be replaced for a system of two simultaneous difference equations as

follows :
’-.:':»:r + =0 7a
D11 »—-'l ﬁ— A2 J ( )
RRYY tdeo [F2] =0 » (7b)
where
hi s> 9L 1+,L ]+ acSfL ]e a2C ]+4)
il Jm i 1F-0 (SIL ] i v 4 (sa-c)
a2 f- FE d2[ ].'S[ b a(SJ[ ]+ U1 ]+4)
It may worth to mention that neither nor F. are stress functions

in the original sense of the word, moreover, they are differentiable func-
tions of two variables without discontinuities in the derivatives. Their
diagrams are envelopes of that of the stress function of the grid, and only
summits of the polyhedron diagram of the stress function lie on either
envelopes. Egs 7a, and 7b are physically interpreted only at joints
belong to even and odd values of i+j, respectively, nevertheless, they can
be met for any values of i, and j, if and F. are produced as analytical
solutions of the difference equation system.

The way of producing analytical solutions is as follows /4/. First,
the characteristic difference equation for a generator function H is
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written as

AN inp, ~ NN N A (9

where the operator of the characteristic difference equation equals with
the operator determinant of the linear difference equation system. Then,
Fp and F. are produced by using the generator function as

Fx

aDZ[H] 'bDlZ[H] , (1oa)

F. b Dn [l/l] - aD1[h] , (1ob)

where a, and b are arbitrary numbers.
Taking into account the expressions for the difference operators
given by Egs sa-c, EQ. 9 can be written as

This equation is perfectly the same as Eq. 5, that is, the procedure of
using of two functions to obtain the stress function of the grid arrives
at the same characteristic difference equation as the alternative method
presented in Sec. 3.1. despite of the different physical interpretations
of the generator functions. Obviously, the boundary conditions for H can
also be expressed in the same mathematical form.

There exists a general method of analysis based on the difference
equation system for the displacements of joints. It can also be reduced
to a discrete boundary value problem for a generator function that has to
meet a characteristic difference equation and this equation is also the
same as Eq. 5.

4. Hrennikoff-type grids in a rotated co-ordinate system

Isotropic Hrennikoff-type grids are mostly used in another co-
ordinate system, where directions of i and j are parallel with the squares
of the network as shown in Fig. 4.

In this case the simplest way of using discrete coordinates is that
integer values of i, and j refer to the set of joints that connect eight
bars and those of fractures 0.3 refer to points of intersection of diag-
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onals. Introducing functions F* and F. physically interpreted for values of
i, and j of zero and of 0.5 fractures, respectively, compatibility con-
ditions can again be epxressed by a system of partial linear difference
equations of the form of Eqgs 7a, b, where

3IcC > (4 b2 +3(Si2+ a2) +16} J,
322 [1 3= (bf+ b. + |é}[ ], (I'Ia-c)

120 3" - N TR AN VAN S
J andyU2r j refer to average operators in variables i and j, respectively.
The solution can again be reduced to that of a characteristic difference
equation for a generator function H:

b b2 Tai WY o= (12)

The factorized form of the operator shows that the solutions can be found

using those of the equations

iD [r]1 -0,

(e 2+ hl+$b\ Lll) [h] =0

It may worth to mention that the "biharmonic" difference operator can also

and

be interpreted in the rotated co-ordinate system used in this section. It
yields the characteristic difference equation as follows:

(b2 + b2+] a2 az2)2 nu] =0 , a3)
that is, solutions of Eq. 12 and Eq. 13 may significantly differ from each

other in the cases when the effect of operator term c¢. b. is not negli-
gible.
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5. Illustrative example

Let us analyse the bar forces of the Hrennikoff-type grid shown
in Fig. 5. The grid is supposed infinite in directions i and the positive

values of j and its boundary is at j=. .

The boundary is subject at the joints to normal forces P (i) of the magni-
tudes periodically varying with a period n,

P(l) = PgCos (~Tfi)
Boundary conditions for Fp and are as follows:
yUf. . [Ff (T» ~ -
/2 H-1 C e ™1 4

These boundary conditions refer to zero bar forces at the diagonals
and bar forces equal to the external loads at the squares of the fictitious
continuation of the grid over the boundary. We can also state as boundary
conditions that both Fp and F. have to tend to zero when j tends to the
infinity, that is, bar forces are negligibly small outside a boundary zone.
Generator function H for FP* and F* can be supposed in the form

H=nh(j)ncos  TFi) |, (14)

where h(j) does not depend on i.
Taking into account that
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b. [cos @—Tfi) =-4 sin. (Jp-) cos TTi)

and introducing Eq. 14 into Eg. 12, we obtain a common linear difference
equation for h(j) as follows:

{( H-«) (b2 - otn -y ocn b2)} [h(j)n] =0
where

Vln:45.nzq) '

Function h(j) can be supposed in the form

h(Hn =M 2 + B, jrnj

where }bx, and yn are solutions of absolute values less than the unity for
the algebraic equations

Bn - <2 -*n> P>, * . m, >
and

_ A~ =
¥R ‘2+Otn3-otn) bn -1 o

respectively, and coefficients An, and Bn are to use for meeting boundary
conditions.

Similarly to H, stress functions Fp and r» also consist of two
terms, one containing RBn and another containing The two terms re-
present two different "spreadings" of periodic disturbances caused by the
boundary loads.

This structure of the solution must basically change if n = 3,
because in this case ac = 3 and the second factorized operator term of the
difference equation for h (j)n becomes a constant multiplier. A detailed
analysis can show that in this case there are components of the boundary
loads which do not make rise "spreading" internal forces at all, that is,
their effect is limited to a one-step thick boundary zone. This strange
behaviour is absolutely unfamiliar among those of continuous elastic struc-
tures, however, it is also produced by the discrete substituting model for
an isotropic disc represented by Eq. 13 in the case of n = 2.
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6. Closing remarks

The outlined analysis has shown that stress functions of plane
grids with triangular networks and hinged joints can also be used for
obtaining analytical solutions in cases of regular networks when the number
of sets of analogous joints differs from one. The alternative formulations
presented in Secs 3.1 and 3.2 yield the same characteristic difference
equation, hence, the two formulations are only different in interpreting
the intermediate results.

Both Eqgs 5, and 12 show that periodic boundary loads make rise only
boundary disturbances, and the "spreadings" of the disturbances depend on
the length of the period. This behaviour is analogous to that of isotropic
plates, however, the analogy is not perfect. First, because the operator of
Eq. 5 and also of Eg. 12 cannot be factorized into the square of an
operator, thus, they define two different quotients for the "spreadings"”,
while the operator of Airy's differential equation is the square of the
Laplace operator, thus, it defines only one; secondly, because Egs 5, and
1. define substantially different "spreadings" of the boundary disturbances
in the cases of boundary loads with short periods, thus, the grid does not
exhibit isotropy. Both discrepancies of the analogy asymptotically vanish
if n tends to the infinity, that is, if the mesh of the grid is less by
magnitudes than the characteristic length of the boundary load.
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THE INFLUENCE OF THE DISPLACEMENT SPRING RIGIDITY

ON THE CRITICAL LOAD OF BARS
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(Received: 3 March 1988)

When dimensioning frame-structure bars for buckling, we can proceed - in
compliance with the relevant regulations - the way that we examine only one bar
at a time viiile substituting the clamping effect of the rest of the bars by
springs. These can be either displacement springs or rotation springs. Literature
has so far only considered displacement springs of either zero or infinite rigid-
ity, or rotation springs of finite rigidity. The present article takes a step
forward by considering - besides rotation springs of finite rigidity - displace-
ment springs of finite rigidity, too.

The present paper goes beyond theoretical solutions and provides tables
which are of high practical value by giving data for determining the critical
strength of the bar.

1. Introduction

Although the linear (and large deformation) stability theory of
elastic bar-structures can already be thought of as a cleared subject,
the widespread use of most of the solutions in practical design can only be
expected sometime in the future. This delay is partly accounted for by the
lack of proper software. But even until then, there is a need for a usable
approximative method that meets the requirements of design.

With reinforced concrete structures, the principle on a regu-
lational level /../ is that - once a set of conditions are fulfilled -
bars taken for separate ones are investigated individually instead of con-
sidering the whole frame in an approximate way. As it is commonly known,
the regulation provides approximate formulae on the basis of Gabory's
paper /4/ for the calculation of buckling wavelength of bars fixed against
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displacement (Fig. 1, —*-  00) and bars that sway (c® = 0). For the
above two cases of flexibly fixed bars (fixed and swaying) Nemestothy pub-
lished /7/, /13/ the precise relations about the calculation of swaying
wavelength, and made up diagrams of high utility in design. These diagrams
show well how precise the approximation is in /4/ and /10/.

The basic equations in /13/ set up for the extreme cases
(ch —*-  go, = ,) of c" displacement-rigidity of springs (spring-
constant) can also be obtained by way of limiting process (from the con-
nection by Kollar /7/ (see further in (2.7) - (2.13)) which holds for
optional values of c”. Relations in /7/ refer to the case of the model in
Fig. 1 where one of the joints has no lateral displacement (e.g. c¥Y —*- 00).

Setting up a model which shows the buckling of a frame column
more accurately would require a third spring for each column-end according
to 111 and /s/, since the ip rotation of the column-end creates an
horizontal force as well. Further than this, displacement of the column-
end creates a bending moment of . The model of Fig. 1 suggests that ro-
tation only causes clamping moment, while displacement Ay ( only causes
horizontal force. Determining the critical force of the column supported by
3 springs at each column-end is possible on the basis of Liptak's article
/s/. This method is especially recommended for taking into account flexible
fixing effect of the ground on the column. The article includes diagrams
fit for the purposes of designing columns with pinned upper end and flex-
ibly fixed lower end on the ground.

Fig. 1. The calculation model
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The present paper is based on the model with . springs at both
column-ends presented in /7/ and /13/.

The model provides us with the exact solution about the extreme
cases of the spring constant against displacement (cy —* 00, cy =), as
it is very easy to see by comparing equations in /13/ with those in /15/.
Regarding the values between the extreme values of cy, numerical investi-
gations prove that the inaccuracy of the model as compared to /s/ does not
exceed the limits of required exactitude in engineering.

If the model is not meant to refer to a frame column, but to an in-
dividual bar supported by actual springs as shown in Fig. 1, our solution
is accurate; otherwise the extent of our approximation depends on how much
the springs' rigidity values involved can realistically reflect the fixing
effects represented by the environment of the frame column and some sup-
porting structure.

Our aim in the following is to extend the procedure in /7/ on pp
7-12 t0 even extreme values of the displacement spring constants (CYy, CY)
at joints as it is shown by the model of Fig. 1. Besides this, we will also
try to demonstrate the impact of the displacement spring constant on the
critical load with the help of diagrams and tables.

2. Basic relations

Figure 1 also shows the boundary conditions of the eigenvalue prob-
lem. It is to be noted that the procedure in /7/ and /13/ taken as basis
fulfils the boundary conditions connected to the curvatures at the end of
the bar.

2.1. Auxiliary quantities

The ratio of the rotation spring constants:

b.3 _ . (2.2

The eigenvalue parameter (N~ = Ncr):

_ ' cr
£=£ik v T @2)
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Auxiliary quantities:

Na - - b= (2.3a-b)
ft "o
V= 2.4
W . (2.4)
The enlarged rotation spring constants:
cf - B {;
po= Ik ik (: .5a-b)
The enlarged displacement spring constant:
y. c¢cY-4
Ee Ly @ 56)

Relations (2.3a-b) are shown so they demonstrate the connection be-
tween as published in the regulation /../, and our enlarged rotation

spring constants ¢, k.

2.2. Basic relations

Conscious of the fact that the derivation of the buckling determinant
(2-s) in /7], p .+ is found in literature that is not easily available, we
first publish the equations that fu lfil the conditions in Fig. 1.

The differential equation of the problem (see also /s«/ p 52):

El Ny +M, HX=0

ik
The eigenfunction:

y = AcosE + Bsins

The conditional equations:
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It is easy to see that the four condition equations (Fig. 1) have
been expanded by

YU iik) - -
E I

ik E Lk
curvature condition equation (fifth equation). Since the differential
equation of the problem is in fact quadratic (/16/ p 51), the number of
independent unknowns is four (A, B, H,L M”7). It seemed a sensible solution,
however, to introduce parameter kL™ as an independent fifth unknown instead
of writing the relation between kL® and Mi into the original equation
system with four unknowns.

This is how the satisfaction of the curvature conditions becomes also
obvious; the fulfiiment of the local condition (x=0):

M

y-(0) =- -pf—
Liik

will be easily understood through applying the first line of the matrix.

From the buckling determinant being zero Kollar /7/ derived a tran-
scendent equation, which we brought to the following form for the sake of
our further investigations:

Ao + A1 sinL + AQ cost =0 (2.7)
where
(2.8)
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al=1t2(i+4a) + r2( - CK) cf (2.9)
A2 =-2 1 k- £3 (1+b) Cf @ 10)

(2.11)

In the basis equation (2.7) parameter t according to (2.2) is unknown.

These formulae hold for the version of the model seen on Fig. 1,
where one of the joints is not allowed lateral displacement, e.g. when the
lower joint is of this type (H = CMy):

ci (2.12)

(2.13)

of Fig. 2.2.

It can be shown that with the help of equations (2.7) - (2.11) any
of the ways of support ever described in special literature /1/, /5/, /12/,
/13/, /15/, /16/, /17/ can be obtained. In the case of joints with no dis-
placement (cy —* o00) and swaying joints (c® = .) the equations published
by Pfliger /15/ (/15/ p.341, after /1/ and /9/) will result. The equations
by Nemestbthy /13/ are identical with these.

3. Extension

First of all let us consider Fig. 2 which we maede on the basis of
/15/ and /16/.

Equations (2.7) - (2.11) suggest the possibility of extending the
procedure to cover the general cases of displacement springs, according to
Fig. 2.1 (i.e. the one presented in Fig. 1).

Equations (2.9) and (2.10) show that the size of the support against
displacement depends on factor /Eq.(2.11)/. This lets us conclude that
if we apply the substitution

Dy ne (3.1)

ay
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in the relation (2.11), then the set of formulae (2.7) - (2.11) will give
us the linear (branching) critical load of the bar supported at both ends

by springs of rigidity C}’and C%’ In this case

(3.2)
In the special case if &Y =C* =cy H =y CysAy);
Sik =7 (3.3
(3.4)
The other special case characterized by (2.12) - (2.13) corresponds tothe

original solution of /7/, i.e. the unchanged form of (2.7) - (2.11).

21 |_U

< c>=cy=c{:

Fin. 2, Characteristic cases of support against displacement
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4. The effect of the displacement spring constant

It is easy to see that the weaker is the spring effect against
rotation (and the more the rotational spring effect of the two bar-ends
diverge), the more strongly the cy displacement spring constant influences
the critical load and the v parameter of buckling wavelength ((- .2),
(2.4)). When this effect tends to zero, equations (2.7) - (2.11) give the
buckling condition

O =0 (3.5)

through the limiting process —* 0 (Cj:Eq.(2.11)) . By sub-
stituting parameter <gy = p(Eqg. (3.1)) into (3.5), we get the buckling
wavelength parameter V(Eq. (2.2)). Of course we must be aware that in this
case the value of V should not be lower than value 1, corresponding to the
buckling of the common two-hinged Euler-bar (Fig. 3, "= ¢ 0: qy I1s 10).

Figure 3 provides further information about the changes of the spring
effect. The results of the calculations that follow the restrictions in
(2.12), (2.13) are written in continuous lines. W equally produced the
curve (broken line) that follows the restrictions in (3.3) for the enlarged
spring constants against rotation N = 1. This line may be pro-
duced through simple coordinate-transformation as well: one of the v ordi-
nates of the continuous line belonging to qy has to be drawn to abscissa
2 . qy. The maximum difference between the continuous and the broken line
in this case is approx. 25%. Fig. 3 shows the results of the solution re-
ferring to a swaying bar (cy = 0) and a fix one (cy — 00). These results
precisely correspond to what we find in /13/.

The diagrams advise the designer on which ¢y, and domain
it is sensible and worthwhile to meke a more accurate calculation than the
one referring to the swaying and to the fixed case involving the displace-
ment spring constant.



Fig. 3, The effect of the displacement spring rigidity

Sdvd 40 QvO1 TVOILLIFID
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5. Tables

The tables in the Appendix provide the designer with useful infor-
mation. Parameters gk, wuy(/2.5a-b/, /12.6/) refer to a relatively
wide domain. However, the linear interpolation referring to y is not
always exact. Similar is the case within a certain pA, Nk domain.

More tables would be needed to increase the accuracy of the inter-
polation. This, however, is outside the scope of this paper.

An important fact to point out about the use of the tables is that
these refer to the unchanged form of the equations (2.7) - (2.13), i.e. to
the form where one of the joints is fixed against displacement (Fig. 2.2 +
rotation springs = Fig. 3 case 2).

Accordingly, if both joints develop lateral displacements, and e.qg.
cY =ck =cy, then U= (2.4) parameter will be found at . **¥> not §Y
corresponding to cy. For instance, if (K =gk =: and "y = Qk =(y = 2,
then y= 1.9110, because it belongs to y-()y = 1. The sane is true for the
use of Fig. 3.

6. Practical aspects

Checking stability first of all requires to find out the spring
constant. If the bar to be measured is supported by actual springs of known
resistance, no difficulty arises.

In the event, however, when the bar is part of a frame structure,
and spring constants have to be calculated on the basis of the data of the
rest of the bars, the task becomes fairly difficult. Since Dulacska and
Kollar /27, /7] give a detailed analysis of the connected problems, let us,
at this point merely recall briefly the essentials.

If enlarged rotation spring constants ~ (?k are
calculated to standard /../, the smaller part of the inaccuracy of in-
significant size comes from neglecting the secondary effect that manifests
itself in the change of the bending rigidity, which is accounted for by
the presence of the compressive force. The major part of the inaccuracy is
caused by the fact that only in special geometrical and load cases can one
calculate rotational spring constants - using the approximation method to
standard /../ - on the basis of the data of the beams exerting restraint
on the bar.
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It is an advantageous circumstance in this respect that the extreme

inaccuracy in the value of the parameters (in certain cases
amounting up to 50-100%) - as our numerical investigations witness the
fact - affects the end result only to a very slight extent in some large
¢., (" domains. This is especially true for doman @ = @ = 10w
(Fig. 3).

It is worthwhile to mention that by supposing the fixing conditions
of the other weaker end at the more rigidly fixed end of the bar is a
plausible way of reducing the extent of the inaccuracy committed on the
account of security.

Kollar /7/ provides detailed instructions for taking parameters
la In,£ m (2.3a-b) in a more realistic way. Displacement spring constants
originating from the supporting effect of columns placed alongside one an-
other could only be determined by way of exact procedures examining the
whole of the frame; that is why this effect cannot be taken into consider-
ation at this approximative level. In the absence of a support system the
frame must be considered as a sway-frame (cy = ).

In the event that either the frame or the column system is supported
by a wall, we can arrive at the values of the displacement spring constants
from the data of the wall in the usual way.

Dulacska's theorem in /3/, /7/ shows how rigid the support walls
need to be for the loaded columns supported by them to be considered as
having fixed joints (cy —* o00). This theorem is found in the form of a
prescription in point F2.3 of standard /11/. Its application makes the
designing of e.g. the support system of an originally unstable (prefabri-
cated) structure considerably easier.

All diagrams and tables published in this paper apply through the
above limitations for investigating the stability of frame columns. Our
results are, however, perfectly valid for the model seen in Fig. 1. There-
fore the designer can use these not only for analysing quality or concept
or to decide about the necessity of a (more) accurate calculation between
the extreme cases of the swaying (cy = .) and the fixed (cy —*- 00), but
also for actual quantity analyses.

The designer can all the more do so since the above-mentioned ap-
proximations connected to spring constants are included in the Code of
Practice /10/, and, since with the same approximations our results can be
taken for "interpolations" between /../ and the extreme cases prescribed
/13/ and /17/ (fixed and swaying), even though the method is more accurate
than the one given in the Code of Practice.
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To end it up we would like to recall the fact that prescription
(/10/ F 4.1.3), which requires designers to calculate with an average sub-
stitute V value in the case of swaying groups of columns aims at reducing
the inaccuracy in parameters v of the individual columns. This way one can
take it roughly into consideration that the whole elastical frame struc-
ture can only buckle together, whereby the columns with less load will
support those with more load /7/.
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1.0E-09
1.0E-06
.OE-04
1.0E-03
1.0E-02
1.0E-01
1.0e#00
1.0E+01
1.0E+02
1.0E+03
1.0E+04
1.0E+06
1.0E+09

1.0E-09

99.4476
31.4623
10.0996
3.6516
2.1987
2.0200
2.0020
2.0002
2.0001
2.0000

1.0E-06

99.4476
31.4623
10.0996
3.6516
2.1987
2.0200
2.0020
2.0002
1.9999
1.9999

1.0E-04

94.8423
31.3120
10.0933
3.6512
2.1985
2.0199
2.0019
2.0001
1.9999
1.9999

1.0E-03

99.4476
99.4476
94.8423
70.2422
29.9936
10.0469
3.6484
2.1976
2.0192
2.0012
1.9993
1.9992
1.9992

Values of V in the function of

1.0E-02

31.4623
31.4623
31.3120
29.9936
22.2382
9.6023
3.6206
2.1890
2.0118
1.9940
1.9922
1.9919
1.9919

Table 1

_ |.OOOOE-09

I.OE-Ol

10.0996
10.0996
10.0933
10.0469
9.6023
7.0827
3.3808
2.1086
1.9436
1.9269
1.9252
1.9250
1.9250

1.C&t00

3.6516
3.6516
3.6512
3.6484
3.6206
3.3808
2.4045
1.6752
1.5615
1.5498
1.5487
1.5485

1.5485

y
-4

1.0e+01

2.1987
2.1987
2.1985
2.1976
2.1890
2.1086
1.6752
1.1956
1.1074
1.0984
1.0975
1.0974
1.0974

1,0E+02

2.0200
2.0200
2.0199
2.0192
2.0118
1.9436
1.5615
1.1074
1.0200
1.0110
1.0101
1.0100
1.0100

1.0E+03

2.0020
2.0020
2.0019
2.0012
1.9940
1.9269
1.5498
1.0984
1.0110
1.0020
1.0011
1.0010
1.0010

1.0E+04

2.0002
2.0002
2.0001
1.9993
1.9922
1.9252
1.5487
1.0975
1.0101
1.0011
1.0002
1.0001
1.0001

1.0E+06

2.0001
1.9999
1.9999
1.9992
1.9919
1.9250
1.5485
1.0974
1.0100
1.0010
1.0001
1.0000
1.0000

1.0E+09

2.0000
1.9999
1.9999
1.9992
1.9919
1.9250
1.5485
1.0974
1.0100
1.0010
1.0001
1.0000
1.0000
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1.0E-09
1.0E-06
1.0E-04
1.0E-03
1.0E-02
1.0E-01
1.0E+00
l.oe+oi
i.oe+02
1.0E+03
1.0E+04
1.0E+06
1.0E+09

1.0E-09

99.3458
99.2782
94.7223
70.2516
29.9987
10.0483
3.6492
2.1982
2.0197
2.0017
1.9999
1.9997
1.9997

1.0E-06

99.2782
99.2406
94.6881
70.2328
29.9987
10.0479
3.6492
2.1982
2.0197
2.0017
1.9999
1.9997
1.9997

1.0E-04

94.7223
94.6881
90.6916
68.5613
29.8620
10.0429
3.6489
2.1981
2.0196
2.0016
1.9998
1.9996
1.9996

1.0E-03

70.2516
70.2328
68.5613
57.3557
28.7139
9.9954
3.6460
2.1972
2.0188
2.0009
1.9990
1.9989
1.9989

Table 2

Values of V in the function of

1.0E-02

29.9987
29.9987
29.8620
28.7139
21.6962
9.5574
3.6184
2.1885
2.0115
1.9936
1.9918
1.9916
1.9916

q Y = 1.0000E-03

1.0E-01

10.0483
10.0479
10.0429
9.9954
9.5574
7.0654
3.3788
2.1082
1.9432
1.9266
1.9249
1.9247
1.9247

1.0E+00

3.6492
3.6492
3.6489
3.6460
3.6184
3.3788
2.4038
1.6750
1.5613
1.5497
1.5485
1.5484
1.5484

o’

1.0E+01

2.1982
2.1982
2.1981
2.1972
2.1885
2.1082
1.6750
1.1955
1.1074
1.0983
1.0974
1.0973
1.0973

1.0E+02

2.0197
2.0197
2.0196
2.0188
2.0115
1.9432
1.5613
1.1074
1.0199
1.0110
1.0101
1.0099
1.0100

1.0E+03

2.0017
2.0017
2.0016
2.0009
1.9936
1.9266
1.5497
1.0983
1.0110
1.0020
1.0011
1.0010
1.0010

1.0E+04

1.9999
1.9999
1.9998
1.9990
1.9918
1.9249
1.5485
1.0974
1.0101
1.0011
1.0002
1.0001
1.0001

1.0E+06

1.9997
1.9997
1.9996
1.9989
1.9916
1.9247
1.5484
1.0973
1.0099
1.0010
1.0001
1.0000
1.0000

1.0E+09

1.9997
1.9997
1.9996
1.9989
1.9916
1.9247
1.5484
1.0973
1.0100
1.0010
1.0001
1.0000
1.0000
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1.0E-09
1.0E-06
1.0E-04
1.0E-03
1.0E-02
1.0E-01
1.0E+00
1.0E+01
1.0E+02
1.0E+03
1.0E+04
1.0E+06
1.0E+09

1.0E-09

31.4139
31.4152
31.2616
29.9542
22.2335
9.6152
3.6275
2.1940
2.0166
1.9987
1.9969
1.9967
1.9968

1.0E-06

31.4152
31.4114
31.2579
29.9542
22.2316
9.6152
3.6275
2.1940
2.0166
1.9987
1.9969
1.9967
1.9967

1.0E-04

31.2616
31.2579
31.1058
29.8179
221771
9.6106
3.6272
2.1939
2.0165
1.9986
1.9968
1.9966
1.9966

Table 3

Values of V in the function of

1.0E-03

29.9542
29.9542
29.8179
28.6794
21.6944
9.5692
3.6245
2.1930
2.0158
1.9979
1.9961
1.9959
1.9959

1.0E-02

22.2335
22.2316
221771
21.6944
18.1484
9.1827
3.5972
2.1843
2.0084
1.9907
1.9889
1.9887
1.9887

q y = 1.0000E-02

1.0E-01

9.6152
9.6152
9.6106
9.5692
9.1827
6.9099
3.3616
2.1044
1.9405
1.9239
1.9222
1.9221
1.9221

1.0E+00

3.6275
3.6275
3.6272
3.6245
3.5972
3.3616
2.3975
1.6731
1.5598
1.5482
1.5471
1.5470
1.5469

q

y
» q

1.0E+01

2.1940
2.1940
2.1939
2.1930
2.1843
2.1044
1.6731
1.1948
1.1068
1.0978
1.0969
1.0968
1.0968

1.0E+02

2.0166
2.0166
2.0165
2.0158
2.0084
1.9405
1.5598
1.1068
1.0196
1.0106
1.0097
1.0096
1.0096

1.0E+03

1.9987
1.9987
1.9986
1.9979
1.9907
1.9239
1.5482
1.0978
1.0106
1.0016
1.0007
1.0006
1.0006

1.0E+04

1.9969
1.9969
1.9968
1.9961
1.9889
1.9222
1.5471
1.0969
1.0097
1.0007
0.9998
0.9997
0.9997

1.0E+06

1.9967
1.9967
1.9966
1.9959
1.9887
1.9221
1.5470
1.0968
1.0096
1.0006
0.9997
0.9996
0.9996

1.0E+09

1.9968
1.9967
1.9966
1.9959
1.9887
1.9221
1.5469
1.0968
1.0096
1.0006
0.9997
0.9996
0.9996
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\' < k
S i\

1.0E-09
|.OE-Oé
1.0E-04
1.0E-03
1.0E-02
1.0E-01
1.0E+00
1.0E+01
1.0E+02
1.0E+03
1.0E+04
1.0E+06
1.0E+09

1.0E-09

9.9346
9.9344
9.9295
9.8853
9.4738
7.0830
3.4303
2.1531
1.9867
1.9698
1.9681
1.9679
1.9680

1.0E-06

9.9344
9.9344
9.9295
9.8853
9.4738
7.0830
3.4303
2.1531
1.9867
1.9698
1.9681
1.9679
1.9679

1.0E-04

9.9295
9.9295
9.9246
9.8805
9.4693
7.0810
3.4300
2.1530
1.9866
1.9698
1.9681
1.9679
1.9679

Table 4

Values of Vin the function of

1.0E-03

9.8853
9.8853
9.8805
9.8367
9.4308
7.0644
3.4277
2.1521
1.9859
1.9691
1.9674
1.9672
1.9672

1.0E-02

9.4738
9.4738
9.4693
9.4308
9.0703
6.9046
3.4046
2.1439
1.9789
1.9621
1.9605
1.9603
1.9603

<?Y¥ = 1.0000E-01

1.0E-01

7.0830
7.0830
7.0810
7.0644
6.9046
5.7674
3.2024
2.0680
1.9137
1.8980
1.8964
1.8962
1.8962

1.0E+00

3.4303
3.4303
3.4300
3.4277
3.4046
3.2024
2.3373
1.6539
1.5453
1.5341
1.5330
1.5329
1.5329

S

1.0E+01

2.1531
2.1531
2.1530
2.1521
2.1439
2.0680
1.6539
1.1877
1.1015
1.0927
1.0918
1.0917
1.0917

Sk

1.0E+02

1.9867
1.9867
1.9866
1.9859
1.9789
1.9137
1.5453
1.1015
1.0156
1.0067
1.0058
1.0058
1.0058

1.0E+03

1.9698
1.9698
1.9698
1.9691
1.9621
1.8980
1.5341
1.0927
1.0067
0.9979
0.9970
0.9969
0.9969

1.0E+04

1.9681
1.9681
1.9681
1.9674
1.9605
1.8964
1.5330
1.0918
1.0058
0.9970
0.9961
0.9960
0.9960

1.0E+06

1.9679
1.9679
1.9679
1.9672
1.9603
1.8962
1.5329
1.0917
1.0058
0.9969
0.9960
0.9959
0.9959

1.0E+09

1.9680
1.9679
1.9679
1.9672
1.9603
1.8962
1.5329
1.0917
1.0058
0.9969
0.9960
0.9959
0.9959
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N\

0.10
0.20
0.30
0.40
0.60
0.80
1.00
2.00
3.00
4.00
5.00
6.00

0.00

3.7639
3.5341
3.3532
3.2067
2.9033
2.8204
2.6962
2.3527
2.1961
2.1071
2.0500
2.0102
1.9587

3.5341

3.3359

2.1776

3.0480

2.8478

2.7002

2.5867

2.2685

2.1217

2.0379

1.9838

1.9462
1.8973

3.3532

3.1776

3.0358

2.9186

2.7360

2.6001

2.4948

2.1966

2.0577

1.9779

1.9264

1.8905

1.8438

Values of vin

0.40

3.2067

3.0480

2.9186

2.8111

2.6421

2.5153

2.4166

2.1345

2.0019

1.9254

1.8760

1.8415

1.7966

0.60

2.9833

2.8478

2.7360

2.6421

2.4929

2.3795

2.2904

2.0324

1.9094

1.8381

1.7918

1.7594

1.7173

Taule 5

the function of

Cy = 0.5000
0.80 1.00

2.8204  2.6962
27002 25867
26001  2.4948
25153  2.4166
23795  2.2904
22754  2.1931
21931 21157
1.9520  1.8872
1.8359  1.7761
17682  1.7112
1.7242  1.6688
1.6934  1.6391
16532  1.6004

<3y

2.00

2.3527

2.2685

2.1966

2.1345

2.0324

1.9520

1.8872

1.6905

1.5922

1.5339

1.4957

1.4688
1.4337

@Bk

3.00

2.1961
2.1217
2.0577
2.0019
1.9094
1.8359
1.7761
1.5922
1.4988
1.4430
1.4062
1.3803
1.3463

4.00

2.1071

2.0379

1.9779

1.9254

1.8381

1.7682

1.7112

1.5339

1.4430

1.3884

1.3522

1.3267

1.2932

5.00

2.0500

1.9838

1.9264

1.8760

1.7918

1.7242

1.6688

1.4957

1.4062

1.3522

1.3165

1.2911

1.2578

6.00

2.0102

1.9462

1.8905

1.8415

1.7594

1.6934

1.6391

1.4688

1.3803

1.3267

1.2911

1.2659
1.2326

1.9587

1.8973

1.8438

1.7966

1.7173

1.6532

1.6004

1.4337

1.3463

1.2932

1.2578

1.2326
1.1995

ceT
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S i\
1.0E-09
1.0E-06
1.0E-04
1.0E-03
1.0E-02
1.0E-01
1.0E+00
1.0E+01
1.0E+02
1.0E+03
1.0E+04
1.0E+06
1.0E+09

1.0E-09

3.1416
3.1416
3.1414
3.1400
3.1261
3.0001
2.3919
1.8414
1.7473
1.7375
1.7365
1.7364
1.7364

1.0E-06

3.1416
3.1416
3.1414
3.1400
3.1261
3.0001
2.3919
1.8414
1.7473
1.7375
1.7365
1.7364
1.7364

1.0E-04

3.1414
3.1414
3.1413
3.1399
3.1259
3.0000
2.3919
1.8413
1.7473
1.7374
0.7364
1.7363
1.7363

1.0E-03

3.1400
3.1400
3.1399
3.1385
3.1245
2.9987
2.3911
1.8408
1.7468
1.7369
1.7359
1.7358
1.7358

Table 6

Values of V in the function of

1.0E-02

3.1261
3.1261
3.1259
3.1245
3.1107
2.9861
2.3830
1.8355
1.7419
1.7321
1.7311
1.7310
1.7310

i>y = 1.0000E+00

1.0E-01

3.0001
3.0001
3.0000
2.9987
2.9861
2.8719
2.3090
1.7860
1.6960
1.6865
1.6856
1.6855
1.6855

1.0E+00

2.3919
2.3919
2.3919
2.3911
2.3830
2.3090
1.9110
1.4934
1.4194
1.4117
1.4110
1.4109
1.4109

1.0E+01

1.8414
1.8414
1.8413
1.8408
1.8355
1.7860
1.4934
1.1237
1.0523
1.0449
1.0442
1.0441
1.0441

1.0E+02

1.7473
1.7473
1.7473
1.7468
1.7419
1.6960
1.4194
1.0523
0.9783
0.9707
0.9700
0.9699
0.9699

1.0E+03

1.7375
1.7375
1.7374
1.7369
1.7321
1.6865
1.4117
1.0449
0.9707
0.9631
0.9623
0.9622
0.9622

1.0E+04

1.7365
1.7365
1.7364
1.7359
1.7311
1.6856
1.4110
1.0442
0.9700
0.9623
0.9615
0.9614
0.9614

1.0E+06

1.7364
1.7364
1.7363
1.7358
1.7310
1.6855
1.4109
1.0441
0.9699
0.9622
0.9614
0.9614
0.9614

1.0E+09

1.7364
1.7364
1.7363
1.7358
1.7310
1.6855
1.4109
1.0441
0.9699
0.9622
0.9614
0.9614
0.9613
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ATk

0.20
0.30
0.40
0.60
0.80
1.00
2.00
3.00
4.00
5.00
6.00
8.00

0.10

2.1197
2.0762
2.0381
2.0045
1.9480
1.9026
1.8653
1.7495
1.6904
1.6550
1.6315
1.6149
1.5929

2.0762
2.0336
1.9963
1.9633
1.9079
1.8632
1.8265
1.7124
1.6540
1.6190
1.5959
1.5795
1.5578

0.30

2.0381
1.9963
1.9596
1.9272
1.8726
1.8286
1.7923
1.6795
1.6216
1.5870
1.5640
1.5478
1.5264

Table 7

Values of Vin the function of

0.40

2.0045
1.9633
1.9272
1.8952
1.8414
1.7978
1.7619
1.6501
1.5926
1.5582
1.5355
1.5193
1.4981

1.9480
1.9079
1.8726
1.8414
1.7885
1.7457
1.7104
1.5998
1.5429
1.5088
1.4862
1.4703
1.4492

Q y = 2.0000
0.80 1.00

1.9026  1.8653
1.8632  1.8265
1.8286  1.7923
17978  1.7619
1.7457  1.7104
1.7034  1.6684
1.6684  1.6337
15586  1.5243
15019  1.4676
1.4679  1.4336
14454 14111
14295  1.3952
1.4086  1.3743

T

2.00

1.7495
1.7124
1.6795
1.6501
1.5998
1.5586
1.5243
1.4147
1.3571
1.3223
1.2993
1.2830
1.2615

Ak

3.00

1.6904
1.6540
1.6216
1.5926
1.5429
1.5019
1.4676
1.3571
1.2984
1.2627
1.2390
1.2222
1.2000

4.00

1.6550
1.6190
1.5870
1.5582
1.5088
1.4679
1.4336
1.3223
1.2627
1.2263
1.2020
1.1847
1.1620

5.00

1.6315
1.5959
1.5640
1.5355
1.4862
1.4454
1.4111
1.2993
1.2390
1.2020
1.1773
1.1597
1.1364

6.00

0.6149
1.5795
1.5478
1.5193
1.4703
1.4295
1.3952
1.2830
1.2222
1.1847
1.1597
1.1418
1.1182

1.5929
1.5578
1.5264
1.4981
1.4492
1.4086
1.3743
1.2615
1.2000
1.1620
1.1364
1.1182
1.0941
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\ 2
Hi
0.10
0.20
0.30
0.40
0.60
0.80
1.00
2.00
3.00
4.00
5.00
6.00
8.00

k
\

0.10

1.5336
1.5170
1.5023
1.4893
1.4672
1.4492
1.4345
1.3886
1.3653
1.3515
1.3424
1.3359
1.3274

0.20

1.5170
1.5001
1.4851
1.4717
1.4490
1.4306
1.4154
1.3682
1.3443
1.3301
1.3207
1.3141

1.3054

0.30

1.5023
1.4851
1.4697
1.4560
1.4328
1.4139
1.3983
1.3498
1.3252
1.3107
1.3011
1.2943
1.2854

Table 8

Values of V in the function of

0.40

1.4893
1.4717
1.4560
1.4421
1.4183
1.3990
1.3830
1.3332
1.3080
1.2930
1.2832
1.2763
1.2672

0.60

1.4672
1.4490
1.4328
1.4183
1.3937
1.3735
1.3568
1.3045
1.2780
1.2622
1.2519
1.2447
1.2352

¢y = 4.0000
0.80 1.00

1.4492  1.4345
1.4306  1.4154
14139  1.3983
1.3990  1.3830
1.3735  1.3568
1.3526  1.3352
13352  1.3173
1.2807  1.2606
12529 12316
1.2364  1.2144
1.2256  1.2031
1.2180  1.1952
12081  1.1849

2y ?i-

2.00

1.3886
1.3682
1.3498
1.3332
1.3045
1.2807
1.2606
1.1960
1.1621
1.1419
1.1286
1.1192
1.1071

Sk

3.00

1.3653
1.3443
1.3252
1.3080
1.2780
1.2529
1.2316
1.1621
1.1250
1.1026
1.0878
1.0774
1.0638

4.00

1.3515
1.3301
1.3107
1.2930
1.2622
1.2364
1.2144
1.1419
1.1026
1.0787
1.0629
1.0517
1.0370

5.00

1.3424
1.3207
1.3011
1.2832
1.2519
1.2256
1.2031
1.1286
1.0878
1.0629
1.0462
1.0344
1.0190

6.00

1.3359
1.3141
1.2943
1.2763
1.2447
1.2180
1.1952
1.1192
1.0774
1.0517
1.0344
1.0222
1.0062

8.00

1.3274
1.3054
1.2854
1.2672
1.2352
1.2081
1.1849
1.1071
1.0638
1.0370
1.0190
1.0062
0.9893
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0.20
0.30
0.40
0.60
0.80
1.00
2.00
3.00
4.00
5.00
6.00

8.00

0.10

0.9839
0.9829
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828

0.9828

0.20

0.9829
0.9749
0.9726
0.9719
0.9714
0.9713
0.9712
0.9710
0.9710
0.9709
0.9709
0.9709

0.9709

0.30

0.9828
0.9726
0.9665
0.9638
0.9619
0.9612
0.9608
0.9603
0.9601
0.9601
0.9600
0.9600
0.9599

Table 9

Values of V in the function of

0.40

0.9828
0.9719
0.9638
0.9587
0.9542
0.9525
0.9517
0.9505
0.9502
0.9500
0.9499
0.9499

0.9498

0.60

0.9828
0.9714
0.9619
0.9542
0.9444
0.9396
0.9372
0.9336
0.9327
0.9323
0.9321
0.9319
0.9318

(3y = 10.0000
0.80 1.00
0.9828 0.9828
0.9713 0.9712
0.9612 0.9608
0.9525 0.9517
0.9396 0.9372
0.9317 0.9271
0.9271 0.9204
0.9197 0.9085
0.9180 0.9056
0.9172 0.9044
0.9168 0.9037
0.9165 0.9033
0.9162 0.9028

Si-

2.00

0.9828
0.9710
0.9603
0.9505
0.9336
0.9197
0.9085
0.8786
0.8682
0.8635
0.8609
0.8593
0.8574

K

3.00

0.9828
0.9710
0.9601
0.9502
0.9327
0.9180
0.9056
0.8682
0.8520
0.8441
0.8395
0.8367

0.8333

4.00

0.9828
0.9709
0.9601
0.9500
0.9323
0.9172
0.9044
0.8635
0.8441
0.8338
0.8278
0.8239

0.8192

5.00

0.9828
0.9709
0.9600
0.9499
0.9321
0.9168
0.9037
0.8609
0.8395
0.8278
0.8207
0.8160
0.8104

6.00

0.9828
0.9709
0.9600
0.9499
0.9319
0.9165
0.9033
0-8593
0.8367
0.8239
0.8160
0.8108
0.8044

8.00

0.9828
0.9709
0.9599
0.9498
0.9318
0.9162
0.9028
0.8574
0.8333
0.8192
0.8104
0.8044

0.7969
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\ ¢

9 i \
1.0E-09
1.0E-06
1.0E-04
1.0E-03
1.0E-02
1.0E-01
1.0E+00
LOE+OI
1.0E+02
1.0E+03
1.0E+04
1.0E+06
1.0E+09

k 1.0E-09

1.0000
1.0000
1.0000
0.9999
0.9991
0.9963
0.9957
0.9956
0.9956
0.9956
0.9956
0.9956
0.9956

1.0E-06

1.0000
1.0000
1.0000
0.9999
0.9991
0.9963
0.9957
0.9956
0.9956
0.9956
0.9956
0.9956
0.9956

1.0E-04

1.0000
1.0000
1.0000
0.9999
0.9991
0.9963
0.9957
0.9956
0.9956
0.9956
0.9956
0.9956
0.9956

Table 10

Values of v in the function of

1.0E-03

0.9999
0.9999
0.9999
0.9998
0.9990
0.9962
0.9956
0.9955
0.9955
0.9955
0.9955
0.9955
0.9955

1.0E-02

0.9991
0.9991
0.9991
0.9990
0.9980
0.9949
0.9943
0.9943
0.9943
0.9943
0.9943
0.9943
0.9943

¢ y = LOOOOE+OI

1.0E-01

0.9963
0.9963
0.9963
0.9962
0.9949
0.9839
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828
0.9828

1.0E+00

0.9957
0.9957
0.9957
0.9956
0.9943
0.9828
0.9204
0.9025
0.9015
0.9014
0.9014
0.9014
0.9014

1.0E+01

0.9956
0.9956
0.9956
0.9955
0.9943
0.9828
0.9025
0.7877
0.7714
0.7698
0.7697
0.7697
0.7697

1.0E+02

0.9956
0.9956
0.9956
0.9955
0.9943
0.9828
0.9015
0.7714
0.7484
0.7462
0.7460
0.7460
0.7460

1.0E+03

0.9956
0.9956
0.9956
0.9955
0.9943
0.9828
0.9014
0.7698
0.7462
0.7439
0.7437
0.7437
0.7437

1.0E+0O4

0.9956
0.9956
0.9956
0.9955
0.9943
0.9828
0.9014
0.7697
0.7460
0.7437
0.7434
0.7434
0.7434

1.0E+06

0.9956
0.9956
0.9956
0.9955
0.9943
0.9828
0.9014
0.7697
0.7460
0.7437
0.7434
0.7434
0.7434

1.0E+09

0.9956
0.9956
0.9956
0.9955
0.9943
0.9828
0.9014
0.7697
0.7460
0.7437
0.7434
0.7434
0.7434
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N

1.0E-09
1.0E-06
1.0E-04
1.0E-03
1.0E-02
1.0E-01
1.0E+00
1.0E+01
1.0E+02
1.0E+03
1.0E+04
1.0E+06
1.0E+09

1.0E-09

1.0000
1.0000
1.0000
0.9999
0.9990
0.9992
0.9231
0.7663
0.7144
0.7084
0.7078
0.7078
0.7077

1.0E-06

1.0000
1.0000
1.0000
0.9999
0.9990
0.9902
0.9231
0.7663
0.7144
0.7084
0.7078
0.7078
0.7077

1.0E-04

1.0000
1.0000
1.0000
0.9999
0.9990
0.9902
0.9231
0.7663
0.7144
0.7084
0.7078
0.7077
0.7077

Table 11

Values of v in the function of

1.0E-03

0.9999
0.9999
0.9999
0.9998
0.9989
0.9901
0.9231
0.7663
0.7144
0.7084
0.7078
0.7077
0.7077

1.0E-02

0.9990
0.9990
0.9990
0.99B9
0.9980
0.9892
0.9222
0.7657
0.7138
0.7078
0.7072
0.7072
0.7071

Cy = 1.0000E+02

1.0E-01

0.9902
0.9902
0.9902
0.9901
0.9892
0.9805
0.9146
0.7598
0.7085
0.7026
0.7020
0.7019

0.7019

1.0E+00

0.9231
0.9231
0.9231
0.9231
0.9222
0.9146
0.8553
0.7131
0.6660
0.6607
0.6601
0.6600
0.6600

1.0E+01

0.7663
0.7663
0.7663
0.7663
0.7657
0.7598
0.7131
0.5919
0.5508
0.5462
0.5458
0.5457
0.5457

1.0E+O2

0.7144
0.7144
0.7144
0.7144

0.7138
0.7085

0.6660
0.5508
0.5100
0.5055
0.5050
0.5050
0.5050

1.0E+03

0.7084
0.7084
0.7084
0.7084
0.7078
0.7026
0.6607
0.5462
0.5055
0.5010
0.5005
0.5005
0.5005

1.0E+04

0.7078
0.7078
0.7078
0.7078
0.7072
0.7020
0.6601
0.5458
0.5050
0.5005
0.5001
0.5000
0.5000

1.0E+06

0.7078
0.7078
0.7077
0.7077
0.7072
0.7019
0.6600
0.5457
0.5050
0.5005
0.5000
0.5000
0.5000

1.0E+09

0.7077

0.7077

0.7077

0.7077

0.7071
0.7019

0.6600

0.5457

0.5050

0.5005

0.5000

0.5000
0.5000
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«l \
1.0E-09
1.0E-06
1.0E-04
1.0E-03
1.0E-02
1.0E-01
.OE+O0
1.0E+01
1.0E+02
1.0E+03
1.0E+04
1.0E+06
1.0E+09

1.0E-09

1.0000
1.0000
1.0000
0.9999
0.9990
0.9902
0.9225
0.7608
0.7068
0.7006
0.6999
0.6999
0.6999

1.0E-06

1.0000
1.0000
1.0000
0.9999
0.9990
0.9902
0.9225
0.7608
0.7068
0.7006
0.6999
0.6999
0.6999

1.0E-04

1.0000
1.0000
1.0000
0.9999
0.9990
0.9902
0.9225
0.7608
0.7068
0.7006
0.6999
0.6999
0.6999

Table 12

Values of v in the function of

1.0E-03

0.9999
0.9999
0.9999
0.9998
0.9989
0.9901
0.9225
0.7607
0.7067
0.7005
0.6999
0.6998
0.6998

1.0E-02

0.9990
0.9990
0.9990
0.9989
0.9980
0.9892
0.9217
0.7601
0.7062
0.7000
0.6994
0.6993
0.6993

gy = 1.0000E+3

1.0E-01

0.9902
0.9902
0.9902
0.9901
0.9892
0.9805
0.9141
0.7546
0.7014
0.6952
0.6946
0.6946
0.6946

1.0E+00

0.9225
0.9225
0.9225
0.9225
0.9217
0.9141
0.8553
0.7105
0.6620
0.6565
0.6559
0.6559
0.6559

1.0E+01

0.7608
0.7608
0.7608
0.7607
0.7601
0.7546
0.7105
0.5919
0.5507
0.5461
0.5457
0.5456
0.5456

1.0E+02

0.7068
0.7068
0.7068
0.7067
0.7062
0.7014
0.6620
0.5507
0.5100
0.5055
0.5050
0.5050
0.5050

1.0E+03

0.7006
0.7006
0.7006
0.7005
0.7000
0.6952
0.6565
0.5461
0.5055
0.5010
0.5005
0.5005
0.5005

1.0E+04

0.6999
0.6999
0.6999
0.6999
0.6994
0.6946
0.6559
0.5457
0.5050
0.5005
0.5001
0.5000
0.5000

1.0E+06

0.6999
0.6999
0.6999
0.6998
0.6993
0.6946
0.6559
0.5456
0.5050
0.5005
0.5000
0.5000
0.5000

1.0E+09

0.6999
0.6999
0.6999
0.6998
0.6993
0.6946
0.6559
0.5456
0.5050
0.5005
0.5000
0.5000
0.5000
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X *
?2i 0\
1.0E-09
1.0E-06
1.0E-04
1.0E-03
1.0E-02
1.0E-01
1.0E+00
1.0E+01
1.0E+02
1.0E+03
1.0E+04
1.0E+06
1.0E+09

1.0E-09

1.0000
1.0000
1.0000
0.9999
0.9990
0.9902
0.9225
0.7603
0.7061
0.6998
0.6992
0.6992
0.6991

1.0E-06

1.0000
1.0000
1.0000
0.9999
0.9990
0.9902
0.9225
0.7603
0.7061
0.6998
0.6992
0.6992
0.6991

1.0E-04

1.0000
1.0000
1.0000
0.9999
0.9990
0.9902
0.9225
0.7602
0.7061
0.6998
0.6992
0.6991
0.6991

Table 13

Values of v in the function of

1.0E-03

0.9999
0.9999
0.9999
0.9998
0.9989
0.9901
0.9224
0.7602
0.7060
0.6998
0.6992
0.6991
0.6991

1.0E-02

0.9990
0.9990
0.9990
0.9989
0.9980
0.9892
0.9216
0.7596
0.7055
0.6993
0.6987
0.6986
0.6986

g y = 1.0000E+09

1.0E-01

0.9902
0.9902
0.9902
0.9901
0.9892
0.9805
0.9140
0.7541
0.7007
0.6946
0.6940
0.6939
0.6939

1.0E+00

0.9225
0.9225
0.9225
0.9224
0.9216
0.9140
0.8553
0.7103
0.6617
0.6561
0.6556
0.6555
0.6555

(6

1.0E+01

0.7603
0.7603
0.7602
0.7602
0.7596
0.7541
0.7103
0.5919
0.5507
0.5461
0.5457
0.5456
0.5456

1.0E+02

0.7061
0.7061
0.7061
0.7060
0.7055
0.7007
0.6617
0.5507
0.5100
0.5055
0.5050
0.5050
0.5050

1.0E+03

0.6998
0.6998
0.6998
0.6998
0.6993
0.6946
0.6561
0.5461
0.5055
0.5010
0.5005
0.5005
0.5005

1.0E+04

0.6992
0.6992
0.6992
0.6992
0.6987
0.6940
0.6556
0.5457
0.5050
0.5005
0.5001
0.5000
0.5000

1.0E+06

0.6992
0.6992
0.6991
0.6991
0.6986
0.6939
0.6555
0.5456
0.5050
0.5005
0.5000
0.5000
0.5000

1.0E+09

0.6991
0.6991
0.6991
0.6991
0.6986
0.6939
0.6555
0.5456
0.5050
0.5005
0.5000
0.5000
0.5000

orT

7 OINVE

AN



10.

11.

12.
13.

14.

15.

16.

17.

CRITICAL LOAD CF BARS 141

REFERENCES

. Altenbach, J. - Garz, K.F.. Wissensch. Zeitschrift der Hochschule fiir Schwermasch.,

Magdeburg, 111, (1959), 19

. Dulacska, E. - Kollar, L.: Angenahrte Berechnung des Momentenzuwachses und der Stabilitat

von gedriickten Rahmenstielen, Die Bautechnik, H.3, (1960), 98-100

. Dulacska, E.: Design problems of reinforced concrete wall-beams, Mélyépitéstudomanyi

Szemle (in Hungarian), 1966/10, 466-475

. Gébory, P.: Dimensioning eccentrically compressed, elastically fixed reinforced concrete

columns with a straight axis taking buckling into consideration (in Hungarian), ETI Tu-
doméanyos Kozlemények, 1951/5, 5-26

. Handbook of Structural Stability, Corona Publishing Company, Tokyo, 1971
. Horn, M.R. - Merchant, W.: The Stability of Frames. Pergamon Press, Oxford, 1965

. Kollar, L.: Stability of frame structures and column systems (in Hungarian), BVIV

Technical Dep. 1972, 8-12

. Liptdk, L.: Elastic buckling of prismatic straight-axis bars under optional fixing con-

ditions (in Hungarian), Epités- és Kozlekedéstudomanyi Kozlemények 4, (1960), 621-626

. Mayer, R.: Oie Knickfestigkeit, Berlin, 1921, 5

M¥Z 15022/1-86 Static design of load bearing structures of buildings. Reinforced Con-
crete Structures, Chapter F4 (in Hungarian)

M 15022/4-86 Static design of load bearing structures of buildings. Concrete, rein-
forced concrete and prestressed concrete precast structures, Chapter F2 (in Hungarian)

Mudrak, W.: Die Knickbedingungen fur den geraden Stab, Der Bauingenieur, 1941, 153

Nemestdthy, E.: Buckling lengths of elastically fixed columns (in Hungarian), Magyar Epi-
téipar, 1972, 576-5B0

Petersen, Ch.: Statik und Stabilitdt der Baukonstruktionen. Vieweg u. Sohn, Braun-
schweig/Wiesbaden, 1982

Pfluiger, A.: Stabilitatsprobleme der Elastostatik. 3. Aufl. Berlin-Goéttingen-Heidelberg,
Springer-V., (1975), 341, 371

Timoshenko, S.P.- Gere, D.M.: Theory of Elastic Stability, McGraw-Hill Book Company, New
York-Toronto-London, (1961), 82

Wood, R.H.: Effective Lengths of Columns in Multistorey Buildings, Partsl-3, The Struc-
tural Engineer, 52, (1974)






Acta Technica Acad. Sei. Hung., 103(2-3), pp. 143-170 (1990)

A NEW INVESTIGATION ON PARABOLIC WEIRS -
PROPORTIONAL PARABOLIC WEIRS

KESHAVA MURTHY, K.* - JAYARAM, N.**

(Received: 28 August 1989)

This paper is devoted to the consideration of the improved design of Para-
bolic Weirs. This is achieved by designing the weir as a "compensating weir"
having a base. A detailed design is given for the parabolic weir having a rec-
tangular base of width '2W and depth 'a' over which a designed complimentary weir
is fitted. It is shown that for this weir, the discharge is proportional to the
square of the head measured above a datum line situated at (1/3) a below the crest
of the weir. The design is further improved by incorporating additional advantages
in the form of:

1. equal slope at the junction of the base weir and the complementary weir,
and

2. constant indication accuracy ( A=1) i.e., reference plane coinciding with
the crest.

The equal slope condition vhich provides a smooth transition of fl~ has
been achieved "or the weirs having the base in the form of + 2 X and
Yl =C + C * ' The second condition of constant indication accuracy has also been
achieved for the above bases. In the third design both the above conditions have
been incoroporated simultaneously by taking the base weir of the form
YL=C +C2T ' *C X\

It is shown that for all the weirs, the profile of the complementary weir
retains the simplicity of the conventional parabolic weir in so far as it rapidly
approaches the shape of the conventional parabolic weir. A theorem connected with
the realizability of the parabolic weir (for all the bases) has been enunciated
and proved. Also, it is shown that the width of the weir tends to infinity as the
depth of flow increases without lim it.

Experiments with five of the nine designed weirs show excellent agreement
with the theory by giving a constant coefficient of discharge which varies for dif-
ferent weirs from 0.602 to 0.613.

*Keshava Murthy, K., Indian Institute of Sciences, Bangalore-560012, India

**Jayaram, N., Indian Institute of Sciences, Bangalore-560012, India

Akadémiai Kiadd, Budapest
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NOTATIONS
depth of base weir
b dimensional proportional constant
coefficient of discharge
c,d dimensional constants
eeg relative error in calculating flow

relative error in measuring head over the weir
f(h) function of h
f(x) function of X =y (x)

g acceleration due to gravity
H head measured from reference plane
hC head measured from the weir crest
h head from y-axis
K 2q_i(29)1/2 = dimensional constant
N datum parameter
m exponent
P parameter of parabola
Q discharge
dQ/dh =o'
w half width of the base weir

XpX£ vertical coordinates
YpY. horizontal coordinates

> (h) function of h =J "mx-dx
0 \j h-x

ip'(h) differential of « (h) with respect to 'h'.

Introduction

Proportional weirs are well-known discharge measuring devices
which find application in various fields like Hydraulic Engineering,
Sanitary Engineering, Chemical Engineering and Irrigation Engineering. For
the past two decades extensive work has been done on these weirs. A gener-
alized theory for the design of weirs was given by Keshava Murthy and
Seshagiri /11/. Based on this, a new classification was made by Keshava
Murthy and Pillai /9/. Accordingly, the weirs are classified as 'Compen-
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sating weirs' and 'noncompensating weirs' depending on the discharge head
relationship Q = bHm When m>3/2 the weirs are called as noncompensating
weirs which essentially do not require a base weir for their deisgn; the
conventional rectangular weir, V-notch and parabolic weirs are well known
examples. Weirs for which m<3/2 are called as compensating weirs, Sutro
weir (Linear Proportional Weir) /2/, Quadratic Weir /5, 7, 10/, Logarithmic
Weir /3/ are well-known examples of this category. These weirs invariably
require a base weir for their design. It was pointed out that the non-
compensating weirs can also be designed with bases with advantage. These
are termed as "noncompensating base weirs". Recently, Keshava Murthy and
Pillai have designed a new class of weirs called 'Proportional V-notch
Weirs' /9/ having different bases which give the same discharge-head
relationship as that of the conventional V-notch. These weirs are called
as P-Vee weirs and the authors have shown that they have the advantages of
both the V-notch, and the rectangular notch, in that they have higher indi-
cation accuracy besides having the advantage of horizontal crest.

Parabolic Weir which gives discharge proportional to the squre
of the head is supposed to have been invented by Lauritson* /4/. Consider-
able experimental work was done in the early part of the nineteenth
century by Poncelet in France, Francis at the Massachusetts Institute in
U.S.A. and Bazin in Europe. Parabolic Weirs have two distinct features
which mark it as superior for the accurate measurement of wide variations
of flow namely, a relatively deeper section at small discharges and a
relatively large section for a given depth, i.e. the area is small for low
heads and increases faster than the depth. The coefficient of discharge is
practically constant for a wide variations of head and the Parabolic Weir
is adaptable as a simple and accurate meter for measuring the discharge.
Further, the Parabolic Weir can be used as outlet weirs in grit chambers
of triangular and trapezoidal cross-sections to maintain constant average
velocity for all variations of depth.

In 1920, Greve /4/ did extensive work on both chamfered and un-
chamfered parabolic weirs at Purdue Univeristy. Since then, to the authors’
knowledge, very little work has been done on Parabolic Weirs.

Parabolic Weir suffers from the major lacuna in that the fixing
and finding the initial level of the weir is difficult as the vertex of the
weir may not be so accurately defined in practice, particularly, as the

However, questioned by many authors. (Please refer the discussions on this paper)
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curvature of the parabola is changing so rapidly at that point and it
would seem that errors in shaping the notch are more likely to occur here
than at other parts of the outline. In this paper, the problem of parabolic
weir is reconsidered. In the present design, this lacuna is removed by a
providing horizontal crest for the weir. Incidentally, it is shown that
the indication accuracy for the weir is greater than the conventional weir.

It is well known that for every weir, there is a minimum reliable
depth /16/ below which the measurements are not to be mede for a defined
lim it of accuracy. For an allowable error of 1% in the measurement of head
and 24 in the measurement of discharge, it can be shown that the minimum
reliable depth, (hc)min> for parabolic weir is 4" (10 cm) below which it
is not advisable to make measurements. This minimum reliable depth can be
utilised for providing a base for the parabolic weir.

Mathematical formulation

A Proportional Wier consists of a base weir and a complementary
weir. It is required to design the complementary weir for a chosen base
weir and for a given discharge-head relationship. For proportional para-
bolic weir O» H , where Q = discharge and H = head measured above a datum.
Fig. 1 shows the descriptions of the proportional parabolic weir.

X

Fig. 1. Nomenclature of rectangular based proportional parabolic weir
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For mathematical simplicity, a weir having a rectangular base of
half width 'W and depth 'a' is chosen over which a complementary weir
y = f(x), to be designed is fitted. The weir is assumed to be symmetrical
and sharp crested. However, the symmetry is not necessary for the design.
A comon coefficient of discharge has been assumed for both base weir and
complementary weir.

Referring to Fig. 1, the total discharge 'Q through the weir for
flows above the base weir (h > o) is given by

@+Q@=Q @)
where
@ = discharge through the base weir acting as an orifice.
=y WA \[~2" [(h+a)s/. - h3/2] (2)
and @ = discharge through the complementary weir, above the base.
=2 Q@'j2g 1 \Jh-x f(x) dx (3)
in which,
h = depth of flow above the origin 'O’
= coefficient of discharge;
and g = acceleration due to gravity.

For proportional parabolic weir, the total discharge for flows
above the base is proportional to the square of the head measured above a
reference plane, i.e., Q% (h+ Oa . where ' A' is the datum constant /11/
which fixes the reference plane of the weir. Hence we write,

y WC \J% g' [(h+a)3/\2 -hsi2J + Azg J—‘ Ah-x f(X)dX = bCh+£l,a)2, h- o (4)
0
where, b = proportionality constant.

Evaluation of 'b. and ' A’

Letting 20" Ag' = KEg. 4 may be written as
h
i WKM(h+a)s”.-hs»>J + K j h-x f(x)dx =b(h+4a. , h>0 (5)
0
The constants 'b' and ' A' are evaluated using the slope-discharge
continuity theorem /.., :1./.
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Differentiating Eq. 5 using Leibnitz's rule /13/ and rearranging we get,

WK[> .a):ii2-h1/2] 4 fFOAAX 2 oh [(h+ Aa)]
‘Jh-x
i.e. f = rh+ An _ wr (h+a)l/2 _ hl/2T= "~(b)> say (6)
J (T K
Letting h = 0, in equations 5 and 6 and solving for 'b' and '\ ' we get
= 3K (7a)
327MT
and
A= 8/3 (7b)

This means that the discharge is proportional to the square of the
head measured above a reference plane or datum situated at (y) a below the
crest of the weir. Eq. 6 is in the Abel's form of Volterrra's integral
equation whose solution /6/ is

X
@ Chydh

f(x) =
i f  jx-h
Integrating after substituting for iji(h) we get,

f(x) =y = W[l -~ tan 1\Jx/a + *\|x/a J (8)

It may be of interest to note that the first two terms of the
above equation constitute the Sutro weir equation /2, 14/. Profile of the
complementary weir given by the Eg. 8 is given in the Table 1, under the
weir type number 1 and its coordinates are given in the column 2 of Table
2. Profile equations and the coordinates of different designed weirs are
shown in the Tables1l and 2,respectively. The profiles of the designed and
experimented weirs are shown in Fig. 2 and Fig. 3, respectively. The pro-
file equations of the experimented weirs are shown in Table 3.



Table 1 Details of the designed proportional parabolic weirs

Weir Base weir ci 2 s b X Complerentary weir profile y = f(x)
tHye equation
() &) ©)) @ ©)] ® @ (8)
1 W
1 Cl+ X 0 W - 8 112 4/
5 WK
2 Cl+V 0 Wa - 2 ayz 4/3
r r. R Srt UK
3 &1+ 6% 0 Waz/r2 - 61 aw 2/3
7 WK
r r2 —
4 &1+ &x 0 Wa2 - 5 1P 4/7
wk8
5 &+ &M w3 ) 2
* a 128
. i YK ,
Cl+V w1l 6a oal/?
-8NM WA
7 *
b Ex L, e
Wi MK
8 I
81 + CZ}A,2 Wi aw 1511/2

-4.321W1 358  0.09wWIK

3/2 2
Cl + O0/2+ By w o 5 v
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x/a

0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
1.10
1.20
1.30
1.40
1.50
2.00
4.00
6.00
8.00
12.00

YW

1.0000
1.1070
1.1593
1.2040
1.2449
1.2834
1.3201
1.3554
1.3996
1.4227
1.4549
1.4864
15171
1.5472
1.5766
1.6054
1.7423
2.2050
2.5858
2.9173
3.4869

Table 2 Coordinates of points on the proportional parabolic weirs

YW

1.0000
1.1539
1.2583
1.3502
1.4342
1.5125
1.5862
1.6562
1.7230
1.7871
1.8488
1.9084
1.9661
2.0221
2.0764
2.1294
2.3759
3.1739
3.8064
4.3481
5.2664

YW

1.0000
1.0035
1.0574
1.1125
1.664

1.2184
1.2686
1.3171
1.3640
1.4049
1.4534
1.4962
1.5378
1.5783
1.6179
1.6564
1.8374
2.4306
2.9049
3.3120
4.0040

Weir tvpe number

4
YW

1.0000
0.9942
1.0545
1.1160
1.1758
1.2333
1.2887
1.3419
1.3932
1.4427
1.4907
1.5372
1.5824
1.6263
1.6691
1.7914
1.9059
2.5481
3.0464
3.4793
4.2105

5
YW

0.5117
0.2503
0.2770
0.2943
0.3077
0.3188
0.3286
0.3374
0.3456
0.3533
0.3606
0.3676
0.3743
0.3808
0.3871
0.3933
0.4221
0.5192
0.5999
0.6709
0.7940

YIW:

0.1667
0.3243
0.3638
0.3888
0.4077
0.4232
0.4366
0.4487
0.4599
0.4703
0.4801
0.4895
0.4986
0.5073
0.5158
0.5241
0.5627
0.6922
0.7999
0.8946
1.0586

YW

0.1512
0.3559
0.4042
0.4340
0.4562
0.4743
0.4898
0.5037
0.5165
0.5283
0.5395
0.5502
0.5605
0.5704
0.5799
0.5893
0.6328
0.7787
0.8999
1.0064
1.1909

YW

0.1250
0.3713
0.4265
0.4600
0.4845
0.5043
0.5213
0.5364
0.5501
0.5629
0.5750
0.5864
0.5974
0.6081
0.6183
0.6283
0.6749
0.8306
0.9599
1.0734
1.2703

YW

0.2583
0.2928
0.3129
0.3279
0.3404
0.3513
0.3611
0.3702
0.3787
0.3868
0.3945
0.4020
0.4092
0.4161
0.4229
0.4296
0.4608
0.5665
0.6545
0.7319
0.8661

0ST
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Fig. 2. Shapes of the designed parabolic weirs
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Fig. 3. Shapes of experimented parabolic weirs

Complementary Weir

An interesting and
is that the profile of the
corresponding conventional
x/la = xq (say), i.e. (y/w)
is a constant) as could be

significant feature of all the designed weirs
complementary weir approaches the shape of the
parabolic weir after even a small value of
oi.(x+ \a)rr or ylw = p(x+ (where 'p’
seen from Table 4. Hence the width of the weir

is very nearly proportional to the square root of the ordinates measured

above the reference plane,

for X > Xqg thus retaining the essential sim-

plicity of the conventional weir. The apex of all these parabolae will be

at the reference plane.



Weir
type

Base weir
equation

Cl + a2X°

r P
Cl + C2X

Table 3 Details of the experimented proportional parabolic weirs

64 W -33 W
3 32 8 2
a a

3 W
8 1/2
a

9 W
64 1/2
a

WK

B wiK
9 1/2
a

MK
1/2
a

4/3

1.178

Complementary weir profile y = f(x)

[« . ftf-jf]" "]

W[l | tan'1\[f-°-51422[ (1+7)V2-(7)3/2-

- (J)1/2> 1.40783 \]1J

G PO 2 | VIR

wiL i-s tan-1\[fe% [ci+y n-<yn-8<V/

-~ la +f)2CI-|tan-1 Nf)-[\J f(~f)]+

+ 32
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Realizability

For a given base weir it may not be always possible to obtain a
physically realizable proportional weir. As in the case of Logarithmic
weir /1, 3, 13/ with rectangular base or Quadratic weir with V-notch base,
the function defining the complementary weir assumes negative values after
a certain height thus limiting the range of applicability. However, it can
be proved that the proportional parabolic weir is always realizable and the
value of the function and hence the width of the weir approaches infinity
when the height increases without limit. These are expressed in the follow-
ing theorem:

Statement

"For any physically realizable base weir = P (X)), defined in
-a < Xj < o, the function y = f(x) defining the complementary weir of the
proportional parabolic weir is always positive in o s< X s and f(x) — oo

as X — 00"

Proof_
1. f(x) is realizable:

Let the proportional parabolic weir have the base in the form of
Yf = F(xp referred to the origin 0* (Fig. 4) to a depth 'a' over which the
complementary weir y = f(x) is fitted to produce the discharge-head re-
lationship Q = b(h+ ﬂa)2 where 'b' is the proportionality constant and ' A"
the datum constant.

The discharge equation for the weir can be written as:

h

Al \[og V¥ \Jh+a-xa FAXMAXN +.G. \[.g | h-x f(x)dx = b(h+Aa)2, 9)

(o] (0]

h> o

For simplicity, assuming the coefficient of discharge to be the
same for both the base weir and the complementary weir i.e ., =d
(this condition is not absolutely essential for the proof) the discharge
equation: for the proportional parabolic weir can be written as:

h
@ + Ky ~h-x f(x)dx = b(h+ N\a,.
0
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Fig. 4. Definition sketch

= (h+Na)2 (10)
0
where, = discharge through the base weir acting as an orifice.
Differentiating Eq. 10, with respect to 'h' using Leibnitz' rule
(16), we have

f(x)dx 4 L ~ 2

, dQp,
| hx)m2 =~ ( ~ "K(dFT ~(h) 3ay (11)

Applying the slope-discharge continuity theorem, Eq. 11 gives 0(0)=0. Equa-
tion 11 is in the Abel's form of Volterra's Integral equation whose solution

161 is . * (pah)dh

|.|.|\T ¢ 2o - d2Q/dh2] dh (12

(b representing the discharge through the base weir is a monotoni-
cally increasing single valued function of head defined by,
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where h = h+a, head measured from the crest.

For large heads, X*h” and its higher powers may be neglected so
that is approximately proportional to the square root of the head.
Hence,

As h— oo , hCJI 00

@- C(he)1/2

This is physically obvious, as when the head increases, the velocity is
proportional to \J2gh, and area being constant, the discharge is proportional
to the square root of the head.

=6

6 is finite at h =0,
6 =0at h—=* oo

Hence, 1¢i 1 is positive throughout 0~ h< oo Since 1 1is a
single valued function of 'h1, it is a monotonically decreasing function of
1h'. Hence, —= d2Q"/dh2 is negative throughout 0 «<<h <. 00 and from Eq. 12
@' (h) = 2b - dzQ/dhz is positive in 0<. h < oo. Therefore, the function
f(x) can be interpreted as the slope of the discharge curve for a notch
whose profile is defined 2b- (d Q™dh ), which is always positive, and
hence f(x) is always positive in 0< h< oo

2. f(x) —m o0, as X — 00

Assuming f(x) and f'(x) are of exponential order and at least piece-
wise continuous, the final value theorem of Laplace transform (15) gives,



PARABOLIC WEIRS 157

Lim f(x) = Lim SL (f(x)} (15)
X o S— O

where 'L' refers to the Laplacian Operator defined by
(00}
L f(t) =1 e-st f(t)dt
0
Taking Laplace Transform on either side of Eq. 12, we get

L (f(x)} =" {f(x-h)-1/2 ¢ (h)dh) (16)

Applying the Borel's theorem /15/ of the convolution integral to Eq. 16, we
have,

L If(x)) =i (x1/21 L {®'(x>3} ()

Since, L(t)'(x)) =SL{dx) } - d0) in which J(O) =0 (Slope-
discharge continuity theorem) Eg. 17 reduces to,

(1B)

= bim n ( ~T77 + "~aS1/2) - n — S1/2 Q(0) (19)
S~ S172 S 0 K*rr b
f(oo) = oo as 07(0) is finite.
Hence the width of the weir tends to infinity as the depth in-
creases without lim it.



158 KESHAVA MURTHY, K. - JAYARAM, N.
Evaluation of Critical '* ' for equal slope

In general, there will be a kink at the junction of base weir and
the complementary weir. The condition of equal slope at the junction wiill
overcome this lacuna and ensure a smooth transition of flow facilitating
easy cutting and improving the possibilities of higher coefficient of dis-
charge. It is not always possible to achieve this condition for all bases,

e.g., for the base Y, = C, + C9Xl/2 ' 1 is imaginary for this condition.

However, for the twolbases1 A e 3/2 and YA = + GX 7, critical
values of 'A' have been obtained for the above condition.

Following the same procedure detailed before in this article, the

complementary weir for the base Y* = + G XS/2 in terms of '\ ' can be
obtained as:
Y o . tan. 16 (4-3%) 32 (1)3/2. 3" 123 +
w T 3ir (3* -2) [a + 1

s \| x/a

N X371 -2) (20)

Q 16 (4-3%*) 1

+ Cx " 3rt (33 -2) 7372

Hence the equation of the base weir can be written as:
Y, 16 (4-3%) 302
’ (21)

W . + 37 (3122

Differentiating Egs (20) and (21), with respect to X and Xp respectively,
and enforcing the condition of equal slope, at x =,

i e ) dy |
Yo riX, a dXIl X=0

results in,
9 A - 14* +4 =,

Solving we get,

>= 0.38 or 1.18

\ - 0.38, results in the base weir having negative coordinates which is
physically unrealizable and hence this value is neglected. \ = 1.18 gives
the ordinates of proportional parabolic weir with equal slope at the
junction.



PARABOLIC WEIRS 159

Proportional parabolic weir with the base + X can be
designed in a similar manner. It can be shown that the condition of equal

slope results in,
21 X. - 321 +: =0

solving we get, 0.31 or 1.21
However, only for J1= 1.21, positive coordinates can be obtained for the
above condition. The profiles of these weirs are shown in Fig. 5(a) and

s (a),respectively.

(a) Equal slope

Fig. 5, Profiles of proportional parabolic weir for base Y= C™ C™X
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(@) Equal slope

(b) Constant indication accuracy

. . . ) ’ 2
Fig. 6, Profiles of proportional parabolic weir for base Y= CMHCX
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Constant Indication accuracy

When the reference plane coincides with the crest, the head can
be measured from the crest as in conventional weirs. Further, it ensures
Constant Indication Accuracy /8/ (explained later in this paper). This is
achieved by putting vy = 1 in the profile equations of the weir. However,
this advantage cannot be incorporated for all the bases. For proportional
parabolic weir having the base =C + X3/2 and =C + , the
above condition has been achieved with C~/C* -~ 16/3 ft a3 and 35/24a2,
respectively. These are shown in the Figs 3(b) and 6(b), respectively.

Condition of Equal Slope with Constant Indication Accuracy

These conditions enable the head to be measured directly from the
crest in addition to having a smooth transition at the junction of base
weir and the complementary weir. It also ensures constant Indication Ac-
curacy. These conditions are simultaneously achieved for the base weir of
the form Y, =~ + c? X3/2 + Cj X2 in which C/Cx = 64/3 a3/2 and Gj/Cj =
= -35/8a2. This is shown in Fig. 7.

3/2 2
Fig. 7. Profile of proportional parabolic weir for base Y= +CX
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Indication Error

Indication Error is the error in the measurement of discharge for
a known error in the measurement of head /16/.

The indication error or relative error, eg, in measuring the rate
of flow with a weir depends mainly on the error (e”) in the measurement of
head (h ) over the weir. For a given discharge-head relationship, Q= f(h),
the relative error in discharge (eg) and relative error in head (eh) may be

mathematically expressed as:
e =nme Q h(22)

where mis the power of head in the discharge-head relationship.

A weir giving lesser error in the computed discharge for the same
error in the measurement of the head is said to have higher indication ac-
curacy over the other weir.

Comparison of indication accuracies
(a) Conventional Parabolic Weir:

Assuming the coefficient of discharge to be the same for a given

weir, the discharge equation is

Q = bh. (23)
where
b =£-£- \J'2g" \J2P"

C = discharge coefficient, and
P = parametric constant of parabola Y. = " 2p x.
Differentiating Eq. 23 with respect to h , we get

= 2bh_ dh
c cC

Relati HI1 2 On
elative error = e_ =~ =
q~¢ =% R

eQ = .ehc (24)

It can be clearly seen that for %%error in the measurement of head over a
parabolic weir causes .%error in the measurement of discharge.

(b) Modified proportional parabolic weir:
The discharge equation is,

Q: b(h + aia)z
b(hc + a(y -1)2) (25)
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o 10 20 30 JO

Fig. B. Non-dimensional head (Hc/a)

Differentiating Eq. 24, with respect to hc and simplifying

cg dh
- -9 C
gQ "Q " z (hcta<A-l))
2 €
he (26)
(1 + TFT747

It is clearly seen that the relative error for the proportional
parabolic weir varies with the non-dimensional head (hc/a). As A <-1.0 in
several cases (1 and 5 to 9 of Table 1) the relative error will be low at
lower heads and is always less than that of conventional parabolic weir.
Fig. s shows the variation of relative error (eg) with the (hc/a) for con-
ventional as well as for the modified parabolic weir. Since \= 2, for weir
types 4-8 (Table 1), the relative error in discharge varies from 1% at the
minimum head to 26 at the infinite head assuming. egc = 1% Hence the
sensitivity /16/ of these weirs is higher than that of the conventional

parabolic weir.
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2.0
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0.0907
0.0910
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Table 4 Details of the complementary weir profiles with co-ordinate points
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0.0563
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0.0563
0.0563
0.0563
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0.0706
0.0706
0.0706
0.0706
0.0706
0.0706
0.0706
0.0706
0.0706

(Y/IW)2/ (x + Aa)
Weir type nuirber

5

1.4849
1.4875
1.4880
1.4883
1.4885
1.4885
1.4886
1.4886
1.4886
1.4886
1.4886
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1.1538
1.1532
1.1530
1.1529
1.1529
1.1529
1.1529
1.1528
1.1528
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0.09899
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0.0991
0.0991
0.0991
0.0991
0.0991
0.0991
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0.1281
0.1281
0.1281
0.1281
0.1281
0.1281
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0.0721
0.0721
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0.0721
0.0721
0.0721
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Experiments

Experiments were conducted on five proportional parabolic weirs
(Table 3). As shown in Table 4, the tests were conducted on symmetrical
notches, with all but one having horizontal base to check the theory. Ex-
perimental set up is shown in Fig. 9. The weirs were cut in 0.65 cm (6.5 mMm
mild steel plates. The boundary of the weir was carefully marked by a
scratch awl. The weir had a sharp edge of 0.15 an (1.5 nm) with a 45%
chamfer. The weir was fixed at the end of a rectangular channel 19.2 m
long, 1.2 mwide and 1.1 mdeep with its crest 23 can above the bed of the
channel. The water was fed through a head tank measuring 2.25 mx 2.25 mx
x 1.8 m to which water was supplied by two pumps, having a combined
capacity of 7.0 cfs (“ 0.2 m"Vs). The head over the weir was measured with
an electronic point gauge having a least count of 0.0025 cn set 1.8 m apart
upstream of the weir section. The discharges were measured volumetrically
in a tank measuring 4.52 mx 4.52 mx 1.5 m through readings in a persplex
tube of 2 an internal diamter, connected to the bottom at one end. They
were measured by finding the time taken for the water to raise from one
indicator fixed in the persplex tube to another fixed exactly at a height

,1Im

(Not to scale)
ELEVATION

Fig. 9, Experimental set-up



166

KESHAVA MURTHY, K. - JAYARAM, N.

Fig. 10a. Side-views of flow through proportional weir of Fig. 3a
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Fig. 10b. Front-views of flow through proportional weir of Fig. 3a

of 0.92 m The indicator points were connected to the leads of an elec-
tronic timer through the start and stop mechanism. As soon as the water
touched the lower indicator the timer was started and automatically stopped
when the water touched the upper indicator. The time to collect the fixed
volume of water was recorded with an accuracy of ... sec for each dis-
charge. Each experiment was repeated thrice to ensure accuracy. At least
15 min were allowed between the two sets of experiment to allow for the
water level to stabilize. The experimental details are shown in Figs 10a,
10b, and Fig. 11 shows the plot of the (h+ "a)2 versus actual discharge of
the five weirs tested. It is seen that the experimental set up shows a

remarkable agreement with theory by giving a constant coefficient of dis-
charge.
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No.
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Weir type
No.
(Table 3)
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Fig. 11. Discharge versus head above datum

Table 5 Base weir dimensions of tested weirs

Top half width Depth of base Coeff. of

base weir 'W weir 'a’ discharge Remarks
cm (mm) cm (mm) o
10(100) 5(50) 0.584 Sym
10(100) 5(50) 0.615 Sym
15.1(151) 5(50) 0.610 Sym
12.3(123) 5(50) 0.613 sym
8.5(85) 5(50) 0.602 Sym
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Conclusions

A new design of proportional weir having bases producing a dis-
charge proportional to the square of the head measured above a reference
plane is given. Some of the weirs have a horizontal base thus overcoming
the inherent difficulty of fixing and finding the initial level of the con-
ventional parabolic weir. The indication accuracies of these weirs are
found to be higher than the conventional weir. For the weir having the
rectangular base, it is seen that the value of \= 4/3, so that the refer-
ence plane is situated at 1/3 the depth of base weir below the crest.
Further, it is significant to note that the profile of all these weirs
rapidly approach the shape of the conventional weir even above a small
height thus very much retaining the simplicity of the conventional weir.

The designs are further improved by incorporating the additional
features viz.; (.) equal slope at the junction of base weir and complemen-
tary weir which ensures smooth transition of flow from base weir to the
upper curved weir and (2) Constant indication accuracy (by making the
reference plane coincide with the crest, i.e., \ - 1). These are achieved
independently for the bases in the form of + C2X3/2 and YA =
=C, + GX". Further, the above two conditions are simultaneously achieved
by %or thze base in the form of Y* = + C2X3/2 + C’\XZ.

It is significant that the parabolic weir having rectangular base
can be utilised even in the rectangular base weir portion as the indication
accuracy in the base weir portion is higher than the parabolic weir. A
theorem on the realizability of the parabolic weir has been enunciated and
proved which should prove useful to the designers.

Hydraulic tests on five designed weirs show excellent agreement
with the theory by giving a constant average coefficient of discharge which
varies for different weirs from 0.602 to 0.613.
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BUCKLING OF GENERALLY ANISOTROPIC (AEOLOTROPIC)

SHALLOW SHELLS

KOLLAR, L.P.*

(Received: 28 March 1989)

The paper deals with the stability analysis of doubly curved
aeolotropic shallow shells. The governing equation system of
buckling is derived for the general case of anisotropy (aeolotropy)
and a closed form solution is shown for the buckling load which can
be applied for a wide range of cases, among others for orthotropic
shells. The results can be applied for laminated (composite),
corrugated, folded, and eccentrically rib-stiffened shells as well.

1. Introduction

The buckling analysis of isotropic shells of different shapes can be
find in the literature e.g. [10, 11, 12]. The stability of anisotropic
shells were treated by several authors [17 - 22, 13], and there are works
on their post-buckling behaviour and on the effect of initial inperfections
as well [14-16]. The authors used different assumptions for the middle
surface of the shell, for the buckling shape and for the characteristics of
anisotropy.

Orthotropic shallow shells were also treated by several authors, e.g.
in [10, 1, 2, 3, 4, 6]. Dulacska has dealt 1in his paper [2] with the
buckling of shallow orthotropic hyperbolic paraboloidal shells provided
that the principal axes of orthotropy are parallel with the generatrices.
The same case was investigated in [1, 4, 6]. Duléacska assumed that the
buckling shape is given by a trigonometrical function which satisfies the
differential equation but not the boundary conditions, and derived an
equation from which the critical load can be calculated minimizing with
respect to two parameters. The results of Gergely [6] are similar, but
Gergely took into consideration a buckling shape which satisfies the
boundary conditions in one direction, and the differential equation

approximately only, making use of the energy principles. In papers [1, 4]

*Kollar, Laszl6 P., H-1122 Budapest, Karap u. 9, Hungary

Akadémiai Kiad6, Budapest
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numerical analysis can be found.

Dulacska also investigated the stability of shallow orthotropic shells
with arbitrary shapes assuming that the stiffness matrix of the
constitutive equation system contains non-zero elements only in the main
diagonal [3]. He derived an equation on the basis of which the buckling
load can be determined provided that the equation of the middle surface of
the shell is z = ax2+by2, the principal axes of the orthotropy are x and y
and the buckling shape is given by the function w = V sinax sinBy, which
contains two parameters a and B . The buckling load can be calculated
minimizing with respect to these parameters.

As far as we know, the stability of generally anisotropic
(aeolotropic) shallow shells was not yet investigated. The aim of this
paper 1is to generalize the previous results [2, 3, 6, 13] for these
structures. We derive analytical solution for the buckling load if the
equation of the middle surface of the shell is an arbitrary function of the
second order, assuming that the buckling shape is given by double
trigonometrical functions in a skew co-ordinate system.

In our derivations we shall use operator matrices, which results a

relatively simple procedure that can be checked easily [8].
2. Basic assumptions and notations

The buckling load is considered to be the load which belongs to the
bifurcation point of the load-displacement function.

We assume that the displacements are small and the material of the
shell 1is homogeneous and linearly elastic. The middle surface of the shell
is shallow, consequently, we can use the assumptions of shallow shell

theory [5]. The equation of the surface is denoted by
z = z(X, Y)

where x and y are the cartesian co-ordinates of the ground plane.
The internal forces acting on a shell element are shown in Fig. 1.

These constitute the force vector
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(2.1

= =

The external loads acting on a shell element are p , p2 and p3
(Fig. 1). It should be noted that the components of the load do not follow
the co-ordinate axes x, y and z, but are tangents to the middle surface in

planes parallel to the co-ordinate planes ( , pY and normal to the

surface (P3)-

Fig. 1. Shell element
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The displacements of an arbitrary point of the middle surface Is
described by the components u, v and w, which have the same directions as
the load components P1-P2 and p™

We shall use the load vector p and the displacement vector u defined

by the expressions :

. L (2.2a.b)
I\2 V

w
P3

X
in curvature and twist of the middle surface by k , Ky and ny. These
X

We denote the in-plane deformations by c_, Cy and XW' and the changes

constitute the deformation vector

e 2.3)

The connection between the internal forces and deformations is

n = Me 2.4)

where M is the stiffness matrix which is (even in the case of aeolotropic

material) symmetrical :

OO0 g1
S M
g g
R0
U0
U0

If the shell is orthotropic and the principal axis of orthotropy are X

and y, than
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TJ_1 12 il €12 @-5)
12 T22 €a 2
T33 Ca3
°u Ca B'11 Blz
€10 %2 Blz Bzz
C33 B33
Here TIJ are the extenslonal (tensile) stiffnesses, BU are the
flexural (bending) stiffnesses and C are the bending-stretching coupling

stiffnesses of the shell

[13].

A special case of orthotropy is when the stiffness matrix has the form

(2.6)
T /2
Xy
B /2
Xy
This case was treated by Dulacska [2, 3, 10]. In the case of Iisotropic
sheils
M= VT Q.7
vl T
T(I-v)/2
B VB
vB B
B(1-v)/2
where
T = Et /7(1-b2) the tensile stiffness of the shell,
B = Et3/7°12(1-v2) the bending stiffness of the shell,
E Young’s modulus,
\ Poisson’s ratio,
t the shell thickness.
3. Differential equations of aeolotropic shallow shells
The equilibrium equations of shallow shells can be found e.g. in [5]-

Eliminating the transverse shearing forces, three equations are obtained
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which can be written in matrix form :

p = 0n (3.1
where 0 is an operator matrix as follows

a a

0 = 0 0 0 0
dx ay
0 a - d 0 0 0
ay dx
a2z a2z 2322 az2 az2 2a2
dx2 ay?2 dxdy dx2 ay2 dxdy

The connection between the displacements and deformations, 1i.e. the

kinematic relations of the shallow shells are, according to [5]:

e=0 u , (3.3
where
a 0 az2z
dx dx2
0 a a2z
dy ay?2
a a 2azz

dy dx dxdy

N
0 o -%-
dx2
0 0
ay2
0 0 raz2
dxdy

is the adjoint of 0 [8].
(3.1), (3.3) and (2.4) constitute the differential equation system of

the eight order of shallow shells. Eliminating the stresses and

deformations, we obtain

Pp=0UNO0 u (3.5)
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4. Governing equations of buckling

For the investigation of stability the change in geometry has to be
taken into account.

The vector of internal forces before buckling is denoted by n®, and
the middle surface of the shell is given by the function :q, which contains
the deformations due to nQ as well. The displacements, deformations and
internal forces during buckling are denoted by UR> e and nB respectively.

The shell is shallow, consequently, the function of the middle surface

of the shell can be written in the following way :

z = oz 4wy . “4.1)
where W is the third element of ug -
Operator matrices O and O depend on z. Splitting them into two parts,

equations (3.1) and (3.3) become
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(4.5a,b)
The internai forces in the shell are
n = ng+n (4.6)
where n. can be expressed by u, using equations (2.4) and (4.3)
ng = M [01 + 02 (z0 + wB)] Ug @.7n

In the equilibrium equation we do not take into consideration the
change of the external loads during buckling. Introducing (4.1) and (4.6)

into (4.2), and making use of the linearity of operator 0%, we obtain
p = [0, +0,(z, + W)l (g +gn) =
[01 * 02(20)) Mo * OZ(WB) M *
+ [0l + Oz(z0 + wB)] M [Ol + 02 (zO + wB)] Ug: 4.8)
The shell is in equilibrium before buckling, hence
P [0, +0,()>1n,

Omitting these terms from Eq. (4.8) we obtain

OZ(WB) n0+(Ol+02(g A M [Ol +02 (zo)] uB
+ OMW)YMIO +0 (z) u + [0 + 0 (z )]MOZ(WB)UB"'

OZ(WB) M 02 (wg) Ug 0. (4.9



BUCKLING OF AEOLOTROPIC SHELLS 1

This 1Is a Donnell-type equation for the equilibrium of aeolotropic
shells.

The last three terms in this equation contain the second and third
power terms of the displacements, which are negligible in the analysis of
the bifurcation load. The first term in Eq. (4.9) can be written in the

following form
(4.10)
where

(4.11)

and n , n_ and n are the elements of n .
x0 yo xyO (o]
Now we can obtain a homogeneous linear differential equation system

from (4.9), on the basis of which the buckling load can be calculated :

[o efz) MO 0, )1 * 0 u =0 (4.12)

5. Determination of bifurcation load for aeolotropic

shallow shells

We have determined the equation system (4. 12) of buckling. This is a
differential equation system of the eight order with variable coefficients.
As a rule we can solve this equation only numerically as is usual in the
literature e.g. [1, 4, 12, 17, 22].

The coefficients of the differential equation system become constant

if the membrane forces are constant and if the function of the middle
surface is of the second order, i.e.

zq = ax2 + by2 + cxy (5.1)

Let us introduce the following notations

(5. 2a-c¢)
R dxdy
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Introducing them into (4.12) we obtain

a a a 1
dx 0 dy 0 0 0 dx RX
a a a 1
0 ay dx 0 0 0 dy R
y
1 1 az2 a2 ra2 a a 1
d dx R
Ry Ry ny dx2 ay2 axay Y Xy
an
0 o — -
dx2
a2
0 0
ay2
2d2
0 0
oxapy
0 0 0 ug = 0o . G.3)
0 0 0
0 0 r—n 0a_2 -n 232
xdxz yoO

We assume the displacement functions in the following form in the skew

co-ordinate system n (Fig- 2):

— _/d‘ P _ » A C x
ug I/I1 cod sm?ﬂ) U2 sin7 f [ee=4 c

€ \ e \

_ A n - ..

VB - V1 sinn COSIFD - V2 cos7 f Sin-
s € y)
— g s n.

wB = Vl sin7 A SIiny-7O + 2 cos]” cos—

s € \

Fig. 2. The co-ordinate system
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where 1~ and 1~ are the half wavelengths of buckling in the ¢ and T
directions respectively. These functions can be written with our cartesian

co-ordinates, x and y as follows:

u, Su cosa(x+cp0 si?B(y+c xX) - " sina(x+%y) cosB(y+%x), (5.4a)
Vg TV sina(x+cpo cosB(y+% xX) - y cosa(x+%y) sigO(y+cx), (5.4b)
w,oo=w sina(x+c1y) sin/3(y+(2: xX) + w cosa(x+cly) cos/3(y+02x), (5.4¢)

where a, B, c1 and 02 are constants which can be calculated from 16’ lv, O1
and 02.

These functions can be used for the investigation of local buckling of
shallow shells, nevertheless, they satisfy the boundary conditions in
several cases as well.

Let us introduce Tfunctions (56.4a-c) into (5.3). These satisfy the
differential equation system only if the coefficients of each
trigonometrical Tfunction vanish. Hence, we obtain from (56.3) six linear

equations, which can be written in the following hypermatrix form :

(5.5)

where
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T T
A and C are the transposes of A and C. The set-up of M is identical with
o

(2.5) and that of Mrlis the following :

Moo= T, et . (5.8)

23 23

T T ¢ C

13 23 31 32
¢ B
31 13
C B
32 23

c.c B B

13 23 13 23

provided that the stiffness matrix is

Moo= MM G.9)
Further
_ 2. .2 2 2 2 2.2 2
Al =-n_ {a"+r c, anOZEa c R c ) nyO(B +a’c, (5.10a)
(5.10b)

We can obtain the buckling (bifurcation) load from the condition of

singularity of the coefficient matrix in Eq. (5.5) :

cCoMoM = nB e (5.11)

Mn M0 Ct AT nzB nlB

The buckling load calculated from (5.11) depends on four parameters :
a, 8, Cl anﬂ c . For the determination of buckling load we have to minimize

it with respect to these four parameters.
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6. Special cases of anisotropy
6.1. Orthotropic shells

The investigation of orthotropic shells becomes relative simple if the
surface is translational, the membrane shear force is zero and the

principal axes of orthotropy are x and y. In this case

MrI =0 , (6.1
(6.1b,c)
Assuming
condition (5.11) becomes
From this expression we obtain:
det
(6.3)
det D11 D12
D
12 22
where
(6.4a)
(6-4b)
(6.4c)
(6.4d)

(6.4e)
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(6.41)

(We can apply these formulas for an
axially compressed cylindrical shell
(Fig.3) introducing n =0 and l/R*:O
into the expressions.y In so doing,
these results become identical with
those of Jones [19, 20].)

We can derive a simple closed formula
if in (2.5)

C = o0 , i.j = 1,2,3 .

U
After a lengthy but straightforward

algebraic procedure we obtain from

(6.3):

-nXxo

Fig. 3. Cylinder

In the special case, if the stiffness matrix has non-zero elements

only in the main diagonal (2.6), this result becomes more simple.

Introducing
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into (6.5) we obtain

1 4 (6.6)
y Txy X

which is identical with the result of Dulacska [10. Eq.-(7-7)]-

Let us consider an orthotropic hyperbolic paraboloidal shell assuming

that the principal axes of orthotropy are parallel with the generatrices.

If we use simplifications in our Eq. (56.11) which can be found in [2],

we
obtain the result of Dulacska exactly [2, Eq. (18)]-
6.2 Isotropic shells
Our results are obviously valid for isotropic shells as well. Assuming
(6.1la-e) we can use formula (6.3), provided that
Introducing them into (6.3) we obtain, after arranging ,
This expression becomes identical with formula (9.3) of Dulacska [3] in the

case of 0.

On the basis of (6.7) we can derive easily formulas for some cases

which are well known in the literature.

Let us consider as an example an axially compressed cylinder shown in

Fig-3. Here n =0 and 1/RX=0, consequently we obtain from (6.7)
y

6.8
2 ( )
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Let us minimize -n with respect to the expression

After arranging we obtain

-n = / B T(1-u2) =~ . (6.9)
y y / 3 BUI-v2)
Egs. (6-8) and (6.9) are identical with the expressions (2.8) and (2.11) of
[10].
The buckling load of spherical and hyperbolic paraboloidal shells can

be similarly determined from (6.7).

6.3 Laminated (composite) plates

We can apply our results for aeolotropic plates as well. Let us
consider as an example an antisymmetric cross-ply laminate consists of an
even number of orthotropic laminae laid on each other with principal
material directions alternating at 0° and 90° to the laminate axes as in
the simple example of Fig.4. The replacement stiffness matrix of

the plate has a special form [9. Eq.4.51 and 4.52]:

Consider a rectangular plate that is simply supported along edges x=0,

x=a, y=0, y=b and subjected to uniform in plane forces —nO and —n0 In
x y

this case the differential equation of the buckling and the boundary

conditions can be satisfied with the functions (5.4a-c) provided that



BUCKLING COF AEOLOIROPIC SHELLS 187

Fig. 4. Exploded (unbonded)
view of a two-layered regular antisymmetric cross-ply laminate

From Eq, (6.3) the following equation can be derived (provided that
1/R l/Ry =0) :

(6.11)

These expression becomes identical with formula (5.81) of [9], if nO=O,
y

T =T__ and B_= B__. The last term in (6.11) shows the effect of coupling

1 22 1 22

stiffness.
7. Possibilities of further applications

The main result of our paper is that we can take into consideration
the coupling stiffnesses, i.e. the elements of the stiffness matrix out of
the diagonal blocks (the C elements in (2.5)). The effect of these
elements can be significant naturally in the case of laminated shells, but

in the case of some other engineering structures as well, e.g. in the
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Fig. 5. Corrugated shell

Investigation of eccentrically stiffened shells, when e (or e ) causes n
X y X

and m (or ny and my) [7]1; or that of corrugated (Fig.5) and folded shells,

when e causes not only n but mX as well.
y y

References

Banavalkar, P. V. and Gergely, P. : Analysis of Thin-Steel Hyperbolic
Paraboloid Shells. Proc. ASCE 98. (1972), Structural Division,
2605-2621.

Dulacska, E. : Stability of anisotropic hyperbolic paraboloidal
shells. Acta Techn. Hung. 59. (1967), 123-130.

Dulacska, E. : Vibration and stability of anisotropic shallow shells.
Acta Techn. Hung. 65., (1969), 225-260.

Fischer, M. : Das Beulproblem der flachen, orthotropen, hyperbolischen
Paraboloidschale. Der Stahlbau. 43. (1974), 52-61.

Fligge, W. : Stresses in Shells . 2nd edition. Springer, Berlin etc.
1973.

Gergely, P. : Buckling of Orthotropic Paraboloid Shells. Proc. ASCE

98. (1972), Structural Division, 395-398.



10.

11.

14.

16.

17.

18.

19.

20.

21.

22.

BUCKLING OF AEOLOTROPIC SHELLS 189

Glencke, E. : Die Grundgleichungen fur die orthotrope Platten mit
excentrlshen Steifen. Stahlbau. 24., (1955), 128-129.

Kollar, L and Hegedls, 1. : Analysis and Design of Space Frames by the
Continuum Method. Elsevier Science Publishers, Amsterdam. 1985.

Jones, R. M. Mechanics of Composite Materials. McGrow-HITl, NewYork
etc., 1975.

Kollar, L. and Duléacska, E. Buckling of Shells for Engineers. J.
Whiley & Sons, Chichester etc. and Akadémiai Kiad6, Budapest, 1984.

Ralston, A. : On the Problem of Buckling of Hyperbolic Paraboloidal
Shell Loaded by Its Own Weight. Journ. Math. Phys. 35. (1956), 53-59.
Relssner, E. : On some Aspects of theTheory of Thin Elastic Shells.
Journal Boston Soc. of Civ. Eng. 42. (1955), 100-133.

Vinson, J. R. and Slerakowskl, R. L. : The behaviour of structures
composed of composite materials. MartinusNijhoff Publishers,
Dordrecht etc., 1986.

Abu-Farsakh, G. A. F. R. and Lusher, J. K. : Buckling of
Glass-Reinforced Plastic Cylindrical Shells Under Combined Axial
Compression and External Pressure. AIlIAA Journal, 23. (1985),
1946-1951.

SImitses, G. J., Shaw, D. and Sheinman, 1. : Stability of Imperfect

Laminated Cylinders : A Comparison Between Theory and Experiment. AIAA
Journal, 23. (1985), 1086-1092.

SImitses, G. J. and Shaw, D. Imperfection Sensitivity of Laminated
Cylindrical Shells In Torsion and Axial Compression. Composite
Structures. 4. (1985), 335-360.

Bauchau, 0. A., Krafchack, T. M. and Hayes, J. F. : Torsional Buckling
Analysis af Graph!te/Epoxy Shafts. Journal of Composite Materials. 22.
(1988), 258-270.

Hlrano, Y. : Buckling of Angle-Ply Laminated Circular Cylindrical
Shells. Journal of Applied Mechanics. 46. (1979),233-234.

Jones, R. M. Buckling of Circular Cylindrical Shells with Multiple
Orthotropic Layers and Eccentric Stiffeners. AIAA Journal, 6. (1968),
2301-2305.

Jones, R. M. and Morgan, H. S. :Buckling and Vibration of Cross-Ply
Laminated Circular Cylindrical Shells. AlAA Journal, 13. (1975),
664-671

Tasi, J. : Effect of Heterogenlty on the Stability of Composite
Cylindrical Shells under Axial Compression. AIAA Journal, 4. (1966),
1058-1061.

Whitney J. M. : Buckling of Anisotropic Laminated Cylindrical Plates.
AIAA Journal, 11. (1984), 1641-1645






Acta Technica Acad. Sei. Hung., 103(2-3), pp. 191-202 (1990)

DETERMINATION GF THE ERECTION SHAPE FOR A SINGLE-MAST ROTATIONALEY
SYTITETRICAL CABLE NET IN CASE OF A SPECIFIC VARIATION OF THE
TENSILE FORCE

KOLLAR, P.W.*

(Received: 3 February 1989)

In this paper, the erection shape of structures, consisting of rotationally
symmetrical, meridional and annular cables, is determined for values specified
either for the meridional or for the annular cable tension. It is also demonstrated
between what limits the given structures can be constructed with constant meridional
or annular cable tension. Further on, a simple variation in the annular specific
forces is described, the use of which enables to construct a tent with an arbitrary
boundary point. Finally, the possibility is pointed out that the calculation of
compressed membrane shells is also rendered possible with the use of this method.

Introduction

When designing suspended prestressed cable nets, the problem
arises whether a structure with a prescribed variation of the cable force
could be designed. The fulfilment of this condition can be advantageous from
the aspect of both design and erection. This condition can be specified
only for either the meridional or for the annular cables of the tent. If
the variation in the tensile force is prescribed for the cables in one di-
rection, then the forces arising in the cables in the other direction can
no longer be specified. A prescribed variation of the tensile force can
require different tent-shapes depending on the loads acting upon the dif-
ferent tents. In the following, only the erection shape of the tent will
be dealt with, on which only the prestressing forces act.

AKollar, Péter W., H-1026 Budapest, Sodras u. 17, Hungary

Akadémiai Kiadd, Budapest
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Lia,.;-

Basic assumptions

Let the structure in Fig. 1 consisting of rotationally symmetrical,
meridional and annular cables be examined first. The cables are assumed to
be ideally elastic, but no pressure is permitted to arise within them. The
behaviour of the structure is described by the membrane theory, and as a
load, only the prestressing force P =2 . Ti . C acts. According to our
notations in Fig. 2, if the specific meridional force is denoted by Nm and
that in the annular direction by N, then, on the basis of /1/, the follow-
ing equations are obtained:

(r . N) -iry,- N . cosif =-ppg
(2)

where P = surface load in normal direction, and

PR = surface load in meridional direction,
With Nm expressed from equation (2) and introduced into (1), after rear-
ranging, the following relationship is obtained:

Nn

Since, according to our basic assumption, pf = 0 and pfi = 0, therefore

N C C (4)
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2

I Fig. 2.
and on the basis of (4) and (:)

N, (5)

Mathematical solutions

a) First, the cables of meridional direction are examined. If constant
forces are supposed to act along these cables, then the following equation
can be written on the basis of (4):
_ 2 mft . P.r = P_

C=Nn.2.K ~», it . T . sinip ' sinp
This expression shows that the given condition can be satisfied only by
forces the slope of which is identical in each point, i.e., sinip = P
Consequently, this rotationally symmetrical surface will be a normal cone
with a vertex angle of at = 90° - wp .
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b) As a second case, the condition is examined when the specific annular
forces are constant, N3 = Ca With the introduction of (4) into (5), and
after simplifying, the following relation is arrived at:

Hence :
ri mSIinf = 2 .5 .¢c =" ~k7 ¢6a’)
According to the relationships obtained above
r: = (1 + 2,2)3/2/z" ; Sin2~ = 712/(1 + Z'2)

Introducing these into (6a), and rearranging, the following differential
equation is obtained:

2" [z]2 . \j(l +2'2)3 = K~ (6b)

With the substitutions: z1 =u and z" = u", we obtain:

1 +Uu2)] = -Kx

u7 [u2 . U

Since ul = du/dx, after separating the variables, the equation can be
integrated as follows:

-773T77m

After performing the integration, the following equation is arrived at:
-\l +u2)y f/u=- (K~ . r +Cj

Hence, after solving the equation for u, the following relationship is
obtained :

1

[(K, .1 +C"2-1] 112
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Since u = dz/dr, therefore, after separating the variables again and per-
forming the integration of the equation, the following solution for z will
be obtained:

1

. [kx . \i(Ki oh +G, (7a)

The domain of definition of the function is not the full domain of r, but
it is limited by two conditions: )

1) it is required that \JJ(K» . r + C,. - : should be real, i.e.:
(Kj . r + - 1+ o, which yields the condition: |k» . 1 + jo; 1.

.) it is required that the inequality: LT+ +
+ \JK1 .1 +Cyh:. - :15>0 holds.
From the diagram of this function, plotted in Fig. 3, it can be seen that,
with the condition: LT+ > 1 fulfilled, criteria . and . are satis-
fied simultaneously.

Fig. 3,
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The question emerges whether, in this limited domain of values,
there exists any solution in the case of point pairs RY, Z2*8 and R; Z2,
defining an arbitrary boundary condition, if K = K, = constant is given.
Introducing the given boundary conditions into (7a), the following equation
system of two unknowns is obtained:

In Kri+Cf+\ (kK +cxr -1 +G6, Q)

7 = Mm KR+ +Y:Kr,, 1 +cn (1

Substracting (1) from (1) yields following:
+ ' n
7172 =, -H‘ [t « B+ D4 N?(Z@tx +chz-1
- in (KR2 +Cl + | (Kr2+ CjT -1

and, hence,
KRj +C t\ (KRj +X)2-1
exK(Zr 22) = (7b)
KR+ Cjt \[((KR+Cl2-1

The left-hand side of equation (7b) is a concrete number depending on the
fixed data, while its right-hand side is a function of C* However, it can
be seen that this function cannot take an arbitrary value, because the
constant has only a limited domain of definition due to conditions . and
2 mentioned above. The two lim it points, as degenerated cases, are dealt
with in detail in connection with a numerical example.

c) In the third case to be examined, the specific annular force varies ac-
cording to the function K. = KA (1 + z' ). This variation of the tensile
force, as it will be seen later, results in a solution which - contrary to
the examined case b) - permits to construct a tent-shape fitting two
arbitrary boundary points.

Starting from (sa), the differential equation can be written in the follow-
ing form:

1):-kx (sa)
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This differential equation can be solved in a way analogous to that used
in the solution of Eg. (s«b). The solution is given by the function:
X (K,r +CT 1 r
Z=- — | (Kxr +Ci> i<h™ *¢cp +4 +
oL (s b.C)
*Ten (K,r +C, +\ (K,r * C)M +4 J* Cj

where (sb) is the solution belonging to the positive sign, while (sc) is
the solution belonging to the negative sign. As it can be seen, the domain
of definition of the function is subject to no limitation, since condition
(KAr + cp. + 4="0 is always satisfied, and, at the same time, it is true
that

KT qy A7 xar

It is advisable to find the solution in a numerical way, due to the dif-
ficult treatability of the function.

Numerical examples
1) Determine the equation of the tent whose top boundary ring of a diameter
. mis situated .. mhigh, while its bottom ring of a dimater .. mis > m
high above the ground level (see Fig. 4). The specific annular forces

should vary according to the following law:

C=r A +2z:-~. (case c)
The boundary conditions are:

R1 z1

z2
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Consequently, the differential equation takes the form of (sa):
ZI4-L||- + 1) =1
z'Z

Its solution is yielded by equations(:b) br (sc), respectively. The inte-
gration constants C* and G are determined from a non-linear equation
system with the aid of a computer. Eg. (sc) has no solution for the given
points, while two constants can be calculated from (sb):

= 4.4164123

G =3.7027119

The shape of the tent is shown in Fig. 5.
2) The boundary conditions of numerical example No. 1 were assumed arbi-
trarily in the positive domain. We could have also assumed the number

pairs.
-1 12

2 - -11 2
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which are situated symmetrically the previous point pairs with

respect to
axis z.

This boundary condition is satisfied by equation (sc), and, of course, the

tent-shape obtained is identical with the mirror-image of the shape shown
in Fig. 5 with respect to axis z.

3) Let us reduce the annular forces of the given tent. Let it be K

= K. or,
where ot<|.

The solutions for the tent-shape satisfying this condition are
represented in Fig. s .
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What result is yielded if n= 0? If constant =0 is substituted
into (sa), the following relation is obtained:

z'4-U-+.) =o
z U

A product is equal to zero only if at least one of its factors is zero,
i.e.:
a. , —U-+1=0; z'2 = -1

Zu
This equation has no real solution.
b. ,z" =0,z = ;z=CN\N +
Consequently, the solution will be given by a straight line passing through
the two boundary points.

The correctness of this solution can be easily checked even by
visual inspection, since there occurs no annular force if the meridional
curve has no curvature, but this can be encountered only with a straight
line. But, at the same time, this includes that the meridional cable tension
w ill be constant only if the annular force is zero. Naturally, this yields
a cone. This is in accordance with the result of our assumption examined
first.
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A) In the basic assumptions we allowed only structures in tension, accord-
ing to the users' aspects. However, from the theoretical aspect, the examin-
ation of structures in compression is not limited at all either. Since, in
the basic relations, neither the tension nor the compression of the struc-
tures was made use of anywhere, therefore the shape of the structure will
depend only on the sign of the constant meridional or annular forces, re-
spectively. Due to this, e.g. even the variation of the specific annular
compressive force can be specified in a membrane shell, and, depending on
the specified variation, the solutions yielded and examined in cases . and
3, respectively, can also be obtained. Naturally, the structures in com
pression show a curvature "in the opposite direction” as compared to those
in tension, i.e. the former ones will have a concave shape from underneath.

R fiSi.li.

In Fig. 7, the shapes belonging to both the structures in tension
and in compression are shown.

5) What can be the "height" of the structures constructed if, in the above
example, a constant value of the specific annular prestressing force is
specified, and the radii of the top and bottom rings of the tent, and con-
dition K = constant = 1 are prescribed? Introducing the given values into
(7b), we obtain the following:

il +c: + \J(ii +cxr - .
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F=ei(zi"z2)

Ci  Fig. 8.

The function on the right-hand side is plotted in Fig. s. It can be seen
that the function takes its maxdimum or minimum values, respectively, in
paints C*/l/ = 0 and C~2/ = oo . Hence, tent-heights and Z~ can be
calculated. If 20 is assumed to = 2 encountered in the given example,
then Z'ymex = 5.088971, and Zmin = 2 m are yielded. Consequently, the
"height" points of our structure are marked by these two limits. In the
first case, the slope of the tangent belonging to the curve increases in-
finitely, while in the second case the tangent remains horizontal all along.
However, in both cases, the sepcific meridional force increases infinitely,
and, consequently, these extreme points can be taken into consideration
only as mathematical solutions.

However, those said above involve the fact that if the positions
of the top and bottom boundary rings of the tent are fixed as initial con-
ditions, then the value of the annular, constant prestressing force can be
specified only within a determined range. Similarly to the case introduced
in numerical example No. 4, structures in compression can be calculated
also in the case of constant specific forces.

The character of the functions obtained as solutions is very close
to that of the curves shown in Fig. 7.
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NEW ASPECTS OF DRIP IRRIGATION HYDRAULICS
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The implementation of drip irrigation technology requires three stages:
design, installation and management. The design and management stages are intensive
in numerical calculation. The purpose of this paper is to assemble the last infor-
mation available as a technical tool and reference source, dealing with frictional
head losses in multiple-outlet irrigation lines, including the primary losses caused
by pipe friction and minor losses caused by emitter barbs, pressure variation along
the irrigation line, energy gradient along the lateral, emitter flow variation and
uniformity of emitter flow. The paper does not address all aspects of drip irri-
gation hydraulics but includes a lot of conmon techniques and models used.

NOTATION

List of frequantly used symbols and units

Symbols Explanation Units
C Hazen Willims roughness coefficient of pipe -
D Inside pipe dimater nm
e Number of emitters per emitter group -
BJ  Emission uniformity %
ElUa  Absolute emission uniformity R
f Pipe friction factor -
fe Emitter connection loss as an equivalent length m
F Reduction coefficient for friction loss in multiple outlet

pipe -
9 Acceleration of gravity m/sh
H Pressure head at the emitter m

*Sharaf, A. Gamal, GATE Vizgazd. és Melioraciés Tnsz., H-2103 Go6dolld, Nyisztor
tér 1, Hungary

Akadémiai Kiad6, Budapest
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Symbols

HFe
Hi
Hmex
Hmin
Ho
Hvar
H
H-
HFi
HFx
HF'
HF'i

5 3 - ==

o)

qavg
qi
gmax
gmin
gvar
q'var

& O

Ri
R'i
se

J )

HRE A
Explanation

Emitter connection pressure loss

Pressure head at a given length ratio i

Maximum pressure head in line

Minimum pressure head in line

Pressure head at the head of the lateral line

Pressure head variation

Total energy

Pressure head loss due to friction in lateral

Pressure head loss due to friction at a given length ratio i
Pressure loss due to friction from X to the closed end
Pressure head gain or loss by slopes

Pressure head gain or loss by slopes at a given length ratio
Length ratio (1/L)

Pressure head loss gradient of lateral

Pressure head loss gradient of lateral with emitters
Constant of proportionality of emitter flow

Given length measured from head end of the line

Total lateral line length

Flow rate exponent in friction equation

Number of emitters

Emitter flow rate

Average emitter flow

Emitter flow rate at a given length ratio i

Maximum emitter flow rate

Minimum emitter flow rate

Variation of lateral line flow

Statistical definition of qvar

Average of the highest 1/8 of emitter flow rates

Mean emitter discharge

Lateral flow rate

Reynolds number

Friction energy drop ratio

Elevation energy gain or loss ratio

Emitter spacings on lateral line

Slope of the j section along the line

Standard deviation of emitter flow due to manufacturing
Standard deviation of emitter flow due to hydraulics

Units

3

3 3333333333

Mioo
Mioo

(+/h)
(+7h)



ORIP IRRIGATION HYDRAULICS 205
Symbols Explanation Units

Uc Chritiansen's uniformity
Us Statistical uniformity
\% Flow velocity m/s
\in Coefficient of manufacturing variation
Vg Coefficient of variation of emitter flow due to hydraulics
Vit Total coefficient of variation of emitter flow along the
lateral line

X Emitter discharge exponent

X Given length, measured from the closed end of the line m
y Irrigation depth m
y' Mean irrigation depth nm
dy' Mean deviation of irrigation depth nm
z Elevation m

Introduction

Drip irrigation is a relatively new method that has developed mainly
over the last decade. Water is applied by means of mains, manifolds and
plastic laterals, usually laid on the ground surface. Equally spaced along
the laterals are emitters, operating at low inlet pressure head (roughly
10 m) and small discharges (for example 2, 4 and s 1/h). The water trickling
onto the ground surface enters the soil profile and percolates downwards
and outwards. The result is a limited cone shaped volume of moist soil sur-
rounding the plant root zone.

Current trickle irrigation design practice has evolved from methods
and relationships were developed for design of other types of irrigation
systems. Similar principles apply in the design of both trickle and
sprinkler irrigation. In both methods water is applied by means of a net-
work of pipes and heads, placed at desired spacings and discharging given
flow rates at selected pressure head. The differences lie in the length of
the spacings, the sizes of the discharges and operating pressure heads, and
the duration of water application and irrigation intervals.
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Development Of drip irrigation

Originally, drip irrigation was developed as a subsurface irri-
gation. The first such experiment began in Germany in 1869 where clay pipes
were used in a combination of irrigation and drainage. The first reported
work in the U.S.A. was made in Colorado in 1913 indicated that the concept
was expensive to use. Subsequent to 1920 perforated pipe was used in Germany
which mede the concept feasible. Since then, various experiments have been
started (Jensen, 1980).

Drip irrigation system components

The drip irrigation system consists of emitters, lateral lines,
main lines, and the head of control station as shown in Fig. 1.

Control station
Fin. 1. Typical drip irrigation system
1 - Emitters: they are mechanical devices located at selected points along

the water delivery lines to control the flow and decrease the water pres-
sure head.
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2 - Lateral lines: they are the hydraulic link between the supply lines
and the emitters, have diameter of (9-19 nm) and usually mede of plastic.
3 - Main lines: for carrying water to the lateral lines from the head.
4 - Control station: is located where the water is measured, filtered or
screened, treated, and regulated as to pressure and timing of application.

Hydraulics of emitters

The hydraulics characteristics of emitters are directly related to
the node of fluid motion (flow regime) inside the emitter as characterized
by the Reynolds number Re (Jensen, 1980). The flow regimes are usually
characterized as (a) laminer Re< 2000; (b) instable 2000 -< Re <c = 4000;
(c) partially turbulent 4000 -c Re -< = 100.000; (d) fully turbulent
100.000 < Re. Keller and Karmeli, 1974 classified emitter characteristics
by flow regime, pressure dissipation, lateral connection, water distri-
bution, flow cross-section, cleaning characteristics, pressure compen-
sation, and construction material.

In general, characteristics of most drip emitters can represented
in the emitting flow regime by an exponential equation of the form.

qg=kH (1)

where q is the emitter discharge (./h), k is proportionality factor that
characterized the emitter dimension, x is emitter discharge exponent, and,
His the operating pressure head (m).

The coefficient k is the intercept on a log - log plot of g versus
H and the coefficient x is the slope of the line. It is also possible to
estimate x from the discharges from two different operating pressures as
follow

In(q,/q?) 2)

where g* and . are the emitter flows at pressure and respectively
(Balogh and Gergely, 1985; Nakayama, 1986).

The magnitude of x characterizes the discharge versus pressure
relationship. It is the measure of how sensitive the discharge is to
pressure. The value of x will typically fall between 1.0 and 0.1 depending
on the design of the emission device (Braud and Soon, 1979).
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The orifice and nozzel type usually have fixed area (Benami and
Ofen, 1984). The flow and hydraulic pressure relation is shown to be

q «H?® (3)

This means that the discharge varies with the square root of the
pressure head. Pressure compensating emitters are designed so that the flow
area changes with respect to pressure (Nakayama and Bucks, 1986). The flow
area and the hydraulic pressure are related by

A=b HV (4)

where A is the orifice area and b, y are constants in power function and
combining equation (3) and (4) the resultant emitter flow function becomes

q =K H°-5Y (5)

this shows that x value in the power function can be less than 1.5. If y
value is 0.5, the emission exponent will be zero and thus means that the
emitter is fully pressure compensating to give a constant flow rate even
the hydraulic pressure changes.

The long flow path type can be represented by the flow of a small
microtube (Balogh, 1985). If the area of the flow path is fixed, the
emitter flow function can be given as a simple power function

q =K (+)

in which x = 1 for laminar flow, x = 0.75 when the flow is considered as
turbulent flow in smooth pipe, and x = 0.5 when the flow is considered full
turbulent in a small tube (Nakayama, 1986).

Hydraulics of drip irrigation lines

Grip irrigation lines mede of plastic are usually considered as
smooth pipe. Both the Darcy - Weisbach equation for pipe flow and Hazen-
Willims empirical equation can be used to determine friction loss along
the lateral line and submain. Friction loss is usually evaluated using



DRIP IRRIGATION HYDRAULICS 209

Hazen-Willims equation with ¢ value equal to 150, due to its simplicity

(Meshkat, 1985)
HF = K(Q/C)1-852 0'4'87 L (7)

in which HF is pipe friction head loss (m), L is pipe length (m), K is a
constant 1.21E10, D is the inside pipe diameter (mm), C is the Hazen -
Willims friction coefficient, and Q is the flow rate (1/s).

Many pipe manufacturers recommend a maximum velocity of 1.5 m/s in
plastic pipe. At this velocity the value of C that compares best to the
Blasius equation w ill depend on pipe diameter, with C = 130 for 14 to 15
mm pipe, C = 140 for 18 to 19 mm pipe, and C = 150 for 25 to 27 nm pipe
(Jensen, 1980).

Hazen-Willims equation was originally developed for flow of water
in water distribution network where Reynolds numbers were greater than
100.000. In trickle irrigation systems, particularly in small emitter tubes
and lateral hoses, flow ranges from the laminar region up to Reynolds
number of only 20,000 to 40,000 (W atters and Keller, 1978).

The Darcy-Weisbach equation along with the Moody diagram for de-
termining the friction factor is the most universally applicable formula
commonly used for computing friction head loss in trickle irrigation pipes

. 2
HF = f (i) (~) (8)

where f is the friction factor from the Moody diagram, v is the velocity
in the pipe (m/s), and g is the acceleration of gravity.

The Moody diagram Fig. 2 permits finding f values when the Reynolds
number of the flow and the pipe roughness are known. The friction factor f
can also be found for the flow regime expected in trickle irrigation
through use of the Reynolds number, Re from the following -equations

(Meshkat and Warner, 1985)

Hagen-Poiseuille f = 64/Re Re <2000 (9)
Blasius f = 0.316/Re0-25 2000 <Re < 105 (10)
Nikuradse f = 0.13/Re0'172 105<Re <107 (11)

In general, the friction losses for pipe flow have a simple form

HF = k Qm L (12)
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Relative roughness e/D

Fig. 2. Moody diagram with Darcy-Weisbach friction factor vs. Reynolds number

In case of using Darcy-Weisbach equation:

K = 4 -103/D4 m=1 Re <2000
K = 7.89 m105/D4-75 m= 1.75 2000< Re<105
K = 9.47 =« 105/D4,825 m= 1.825 105< Re<107

In case of using Hazen-Willims equation with ¢ coefficient 150:

K = 1.135 + 106/D4-871 m = 1.852 Re>105

where HF is the pipe friction head (m), Q is the total flow rate (1/s), D
is the inside pipe diameter (mm), and L is total pipe length (m).

Head losses in laterals and mainfolds with evenly spaced outlets
each with uniform discharge must include a reduction coefficient F neces-
sary to compensate the discharge along the line (Watters and Keller, 1978).
F values for different numbers of outlets along the line are given in Table

1 or can be estimated by the following formula
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F=(/(m+1) + (I/2n) + ((m -1)°-5/6n2) (13)

where w is the flow rate exponent and n is the number of emitters.

Table 1 Reduction coefficient F for mjltiple-outlet pipeline

friction loss computations

No. of No. of

F-values F-values
outlets outlets

1 1.00 9 0.42
2 0.65 10-11 0.41
3 0.55 12-15 0.40
4 0.50 16-20 0.39
5 0.47 21-30 0.37
6 0.45 31-70 0.37
7 0.44 70 0.36
8 0.43

Emitters connection losses (minor losses) in laterals

The emitter connector barb projects into flow in lateral hose causes
additional turbulence over the above normal pipe friction turbulence. The
additional head loss must be computed and combined with the pipe friction
head loss to represent the total head loss along the lateral. Karmeli and
Keller, 1974 give two methods for calculating emitter friction loss, one
being an equivalent increase of roughness (c value) in the pipe and the
other being the determination of equivalent additional lateral length.

If the spacing of the emitters is se (m), then for purpose of com-
puting head loss, the length of the lateral L (m) should be increased to
Le, and can be expressed as

Le se + fe (14)

se
where Le is the equivalent length of the lateral with emitters (m), fe s
the emitter connection loss as an equivalent length of lateral (m).

Values of fe for different size emitter barbs and various pipe sizes
can be obtained from Fig. 3 which is based on laboratory studies presented
by Watters and Keller, 1978. The fe can also be estimated according to the

following formulas, as given by De Paco, 1985.
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On line emitters
Dimensions (mm)
Size b

1-Large 50 76
2-Standard 5.0 5.0

3-Small 5.0 38
E A-In line emitter
a .
,On line"
Jn line”
78910 15 20 25 30 AO
Inside diameter of the -Lateral line

lateral D (mm)

Fig. 3. Equivalent length of pipe

- On-line large size connection

fe = 23.04/D1-84 (15)
2- On-line standard size connection
fe = 18.91/D1-07 (16)
3- On-line small size connection
fe = 14.38/D1-89 a7
4- In-line connection
fe =0.23

where fe is the equivalent length (m); and D is the inside diameter (mm).
Terryan and Forilan, 1978 estimated the friction losses due to

emitter connection across seven types of emitters by using Hazen-Willims

equation with ¢ value 140 and pipe internal diameter 14.7 mm

The Hazen-Willims equation after reduction and rearrangement becomes

fe = 0.384 He Q_1'852 (18)

where Hre is the emitter connection pressure loss (m), and Q is the dis-
charge (1/s).
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The values of fe were plotted versus Q on log - log paper, after
determining HFe. A power function was fit to the data for the emitter with

the form

fe = ce QM (19)

where Ce and M are the intercept and slope, respectively. The results are
represented in rFig. 4.

Fig. 4, Pressure losses across on-line
emitters expressed as equivalent length
of pipe

General friction curve for drip irrigation lines

The head loss along any multiple - outlet pipe line with wuniform
outlet spacing and discharge can be represented by a single line on a
dimensionless plot of the relative haed loss and the position (Wu and
G itlin, 1974).

W atters and Keller, 1978 have shown that for the small diameter
smooth pipes wused in trickle laterals, the Darcy-Weisbach equation (18)
combined with the Blasius equation (10) for F gives accurate predictions of

friction head loss, as follow.
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Fig, 5, General friction curve for a multi-outlet pipeline with uniform pipe size,
spacing between outlets and flow per outlet

3 = 100 HF/L = KOQL*75/D 4 *75) (20)
Where J is the head loss gradient (m/100m), K is constant 7.89E7.
Using the equivalent length method to estimate the additional head

loss due to emitter connections along the irrigation line

J' =3 % + = (21)
se

where J' is the equivalent head loss gradient of lateral with emitters, se
is the spacing between emitter connections (m), and fe is the equivalent
length of emitter connection loss.

Then, head loss computation in laterals which have evenly spaced

outlets with uniform discharge from each outlet can be estimated by

HF = J'FL/100 (22)



DRIP IRRIGATION HYDRAULICS 215

combining equations 20, 21 and 22 yields

2.75

X e (23)

I7TUO

where X is the distance from the lateral closed end (m), HFX is the head
loss from X to the closed end, and L is the total length of the lateral.

Equation (23) defines the general friction curve Fig. 5, which is
useful for graphical solutions to such problems as: locating the optimum
manifold positions on sloped fields; determining the emitter pressure
profile along downhill laterals; and selecting optimum sets of pipe sizes
for tapered manifolds on sloping fields (Keller and Radrigo, 1979).

The shape of the general friction curve can be plotted from an out-
let by outlet analysis of a typical multiple outlet line.

Energy gradient line for drip irrigation lines

The total specific energy at any section of a trickle line can be
expressed by the energy equation

2
H =z +H+~2 (24)

where H1 is the total energy (m), z is the potential head (m), H is the
pressure head (m), and (v /2g) is the velocity head (m).

As the flow rate in the line decreases with respect to length, the
energy gradient line will not be a straight line but exponential type
curve. The shape of the energy gradient line for level irrigation lines
Fig. 6 can be expressed by a dimensionless pressure gradient line, since
velocity head changes are negligible, as derived by Wi and G itlin, 1974

Ri =im (l-i)md (25)

where Ri is energy drop ratio (HFi/HF), mis the exponent of the flow rate
in the friction equation, HFi is the pressure drop (m) at a length ratio
i (i=//L), H is the total energy drop at the end of the line, L is the
total length and ( is a given length measured from the head end of the
line.
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Length ratio, I/L

Fig. 6, Dimensionless curves showing the friction drop pattern caused by laminar
flow in smooth pipe, and complete turbulent flow in the lateral line

The dimensionless energy gradient line will serve to determine the
energy gradient curve (pressure gradient curve) when the total energy drop
is known.

Pressure variation along a drip irrigation line

Jensen, 1980 indicated that the pressure distribution along a drip
irrigation line is a linear combination of the line slope and energy slope.

With the knowledge of length and slope of a line, the pressure head
gain or drop can be determined. The friction drop at any given length of
line can be determined when a total pressure drop (HF) is known. The pres-
sure distribution along a drip irrigation lateral if an initial pressure is
given can be determined as shown in Figs 7, 8.

The pressure variation along a lateral can be expressed mathemat-
ically as follow

Hi = Ho - HFi + HF'i (26)
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Pressure loss by friction
Final pressure distribution

——————— Pressure loss by slope

Pressure head,

L O 1 e ! Fommmee —»

Length ratio, I/L

7. The pressure distribution along a drip irrigation line (upslope)

———————— Pressure loss by friction

——————— Pressure gain by slope

0O 01 0.2 03 0OA 05 06 0.7 0.8 09 10

Length ratio. I/L

Final pressure distribution

The pressure distribution along a drip irrigation line (downslope)

217
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where Hi is the pressure head at a given length ratio i, Ho is the input
pressure, H'Fi is the pressure head gain or loss by slopes ("+" sign for
downslope, "-"sign for upslope) at a given length ratio i, and HFi is the
total friction drop at a given length ratio i.

Equation (26) can be expressed by using the pressure drop ratio Ri
from the dimensionless pressure (energy) gradient line and pressure head
gain or loss ratio by slopes, R'i (Wi and G itlin, 1974)

Hi =Ho - Ri HF + R'i HF (27)

where Ri is pressure drop ratio by friction = HFi/HF, and R'i is the pres-
sure drop (or gain) ratio by slopes = HF'i/HF".

Equation (26) can be used for both uniform and non-uniform slopes,
for uniform slopes, the R'i is the same as the length ratio 1. The pres-
sure along the drip irrigation line will then be given by

Hi =Ho - Ri HF + i HF (28)

In the case where the trickle irrigation line islaid on non-uni-
form slopesthe pressure along the irrigation line can beexpressed as

Hi=Ho- RiHF+d sm Sj (29)

where Sj isthe slope ofthe j section along the line using "+" sign for
downslope (energy gain) and for upslope (energy loss).

Emitter flow variation and uniformity of emitter flow

The following is a brief review of some of the more commonly used
measures for irrigation uniformity and emitter.

As shown in eq. (1) the emitter flow is determined by the hydro-
static pressure H at the emitter. This means whenever there is a pressure
variation Hvar in the drip irrigation line there will be an emitter flow
variation qvar.

Flow variation with suggested modifications for statistically based
calculations summarized by Barits and Wu, 1979 in Table 2.
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Table 2 Uniformity and emitter flow variation equations

Common name Original form Statistical form

Chirstiansen's

Uniformity (Uc) Uc = 100 (I-dy'ly") Ucm = 100(1-,798VQ) (30)
Statistical

Uniformity (Us) Us = 100 (1-Vy) Us =100 (1 - Vaq) an
Emission

Uniformity (EV) EU = 100 (1 "5 Vim) qavg same (32)

Emitter Flow
Variation (gvar) gvar = 100 - gl g'var= 100 (1 -(77")) (33)

where gmin, gavg, and gmax are the minimum, average, and maximum emitter
flow, respectively, Mn is the coefficient of manufacturer's variation, \q
is the coefficient of variation of emitter flow, W is the coefficient of
variation of irrigation depth, dy' is the mean deviation of irrigation
depth and y' is mean irrigation depth, along the irrigation line. The
relationship between pressure and emitter flow variation are related by
the X value in equation (1) expressed by Keller and Karmeli, 1974 as follow

gvar = 1 - (1-Hvar)* (34)
and

u Hrex - Hmin f-c

Hvar = ------ Fimix (35)

The relationship between gvar and Hvar for different x values is plotted in
Fig. 9.

The emitter flow at any point qi along the lateral can be estimated
by substituting equation (26) into emitter flow equation (1) as indicated
by Wi and Gitlin, 1975

gi =k (Ho - Ri Hf + R'i HF)X (36)

Removing k by dividing by the emitter flow at Ho yields

Ri HH R' i HF\X

ql = Qo (l' Ho Ho (37)

where qi is the emitter flow at a given length ratio i, Ho is the operation
(input) pressure, and go is the emitter flow at input pressure Ho.
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U-l O ©°o

n o

Emitter flow variation, qvar , (%)

Fig. 9. The relationship between emitter flow variation and pressure variation
for X values

Equation (37) used by Barits and WU, 1979 to develop the coefficient
of variation of emitter flow due to hydraulics Vg as follow

g = (38)
and
Sq = (® sum (gi- q')2)0,5 (39)

where Sq is the standard deviation of emitter flow rate due to hydraulics
(1/h), gl is the mean emitter discharge (1/h), and n is the number of
emitters.

Since no two emitters devices can be identically manufactured, some
variation will exist from emitter to emitter. Solomon, 1977 recommended
adopting a measure of this variation called the coefficient of manufacturing
variation i given by the following relationship

Vin =4 40
q (40)

where Sn is the standard deviation of the flow rate due to manufacturing
(1/h).
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Barits et al., 1981 introduced the following equation to estimate
the statistical uniformity Us for laterals or submains

Us

100 (1-Vt) (41)
and

V2 = (Vg2 + i) (42)

where Vt is the total coefficient of variation of emitter flow along the
lateral or submain.

The advantage of the above equation over the other presently used
uniformity measures is that additional factors such as emitter plugging,
lateral line temperature and other variations can also be included in the
final uniformity coefficient which is the quantitative evaluation of the
emitter flow variation. The relationship between the amitter flow variation
and uniformity coefficient is represented in Fig. 10.

Fig. 10. Relationship between emitter flow variation and uniformity coefficient
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Field uniformity estimation

Several methods are used for estimating field uniformity. A modi-
fied form of equation (32) is to consider the absolute emission uniformity
EUa as follow

(A3)

where gx is the average of the highest 1/8 of emitter flow rates.

For this method at least 8 pressure and 32 discharge volume readings
are recommended. The general criteria for BUa values are: 9% or greater,
excellent; 80 to 9% good; 70 to 8% fair; and less than 70% poor (Barits
and Elonald, 1983).

Another simple method for field evaluation of emitter emission uni-
formity based on estimating emitter flow variation (Wi and G itlin, 1975).
In this approach the evaluation consists in finding the maximum and minimum

0 50 100 150 200 250 300

Sum of the six lowest times (T min)
Fig. 11. Nomograph for estimating statistical uniformity based on emitter discharge rates
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pressure in the submain unit and then calculating qvar (emitter flew vari-
ation) as given in equations (34) and (35). The general criteria for qvar
values are 10% or less, desirable; 10 to 20%, acceptable; and greater than
2% not acceptable.

A third method for estimating system uniformity is based upon the
statistical uniformity coefficient given by equation (31). This method
assumes that the distribution of emitter flow is normal. It uses the highest
one-sixth and lowerst one-sixth of the time needed to fill 18 containers
from 18 emitters selected randomly in the submain unite (Bralts and Kenser,
1982) and by using Fig. 11 the statistical uniformity can be estimated.

Conclusions

In drip irrigation water is carried in pipe network to the points
where it infiltrates into the soil. A primary objective of good drip ir-
rigation system design and management is to provide sufficient system flow
capacity to adequately irrigate all the plants. Uniformity of application
depends on the uniformity of emitter discharge. Non uniformity of discharge
is caused primarily by pressure differences due to friction loss and elev-
ation, variation between emitters due to manufacturing tolerance, water
temperature changes, and clogging.
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COUPLING ELEMENTS OF AUDIO-FREQUENCY CENTRAL CONTROL SYSTEMS

BESZE, J.4 - Mrs. SANOOR, GY.**

(Received: 20 December 1988)

This paper describes a 120 kV, 160 MVA coupling developed by VEIKI, the first
developed and manufactured in Hungary, serving to couple audio-frequency signals with
the high-voltage electric energy distribution system. After description of the serial
coupling circuit, the most important problems of rating and practical application
- including the effect of different loads occurring simultaneously, to be taken into
consideration in determination of the capacitor rating - are discussed in detail.

Couplings are an important element of audio-frequency central
control systems. The coupling is a dual-function element. On the one hand,
it serves to couple audio-frequency signals supplied by the transmitter,
usually signals below 1000 V, with the high-voltage power-frequency system
for signal transmission with minimum energy loss after the signals have
been transformed to the required voltage level. On the other hand, power-
frequency interference signals fed back from the high-voltage system are
suppressed by the coupling so that they will not result in operating
troubles of the transmitter.

Described in this paper are the circuit configurations that can be
taken into account for the functions outlined above and also the problems
of rating and practical realization are discussed. Efforts to develop a
120 kV serial coupling by VEIKI, the first developed and manufactured in
Hungary, are discussed in detail.

These efforts included a complex work from investigation of the
theoretical problems through selection of the appropriate characteristics,
determination of the dimensions and rating as well as design and construc-
tion of the different elements to testing. The result is important in that

Besze, Jen6, H -1l Budapest, Budafoki u. 10/B, Hungary
Sandor, Gydérgyné, H-1141 Budapest, Paskdlmalom u. 7, Hungary

Akadémiai Kiadd, Budapest



226 BOSZE, 3. - Mrs. SANDOR, GY.

the coupling developed and manufactured in Hungary substitutes for import.
Namely, licences purchased to contribute to a wide use of audio-irequency
central control, an important step towards economically efficient energy
distribution, included only the system configuration as well as the trans-
mitter and receiver but nothing about coupling.

1. Basic types of coupling

Audio-frequency signals can be coupled with the high-voltage system
capacitively or inductively. In case of capacitive coupling, the coupling
element is a suitably selected capacitor while one of the windings of a
transformer of suitable rating is connected to the system in case of induc-
tive coupling where coupling takes place thus magnetically.

Figures 1 and 2 show the operation of the two types of coupling in
respect of the system to be supplied, illustrating also the schematic ar-
rangement and substitution circuit.

Capacitive coupling is shown in Fig. 1. It is called parallel cou-
pling because according to Fig. |/a (substitution circuit), the generator
supplying the audio-frequency signal is connected in parallel with the

Fig, 1. Block Diagram of parallel coupling
(T: 220/120 KV power transformer, F: 120 kV consumer® lines, P~: Parallel coupling,
.(C : Coupling capacitor, A: Audiofrequency transmitter, Z : Impedance of controlled system,
Z™: Impedance of transformer T, Z”: Impedance of high-voltage system behind the coupling)
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220 kv

Fig. 2, Block Diagram of serial coupling
(S¢j.: Serial coupling, T: 220/120 kV power transformer, F: 120 kV consumer lines, A: Audio-
frequency transmitter, Z”: Impedance of controlled system, Z : Impedance of transformer T,
Z : Impedance of high-voltage system behind the coupling)

impedance of the system to be controlled as well as with the impedance of
the feeding system and of the transformer connected in series with it.
Hence, in case of parallel coupling, the signal level of the controlled
system (UH) complies with the terminal voltage of coupling while the cou-
pling current is determined by the parallel resultant of impedances Zp and
zj + 4 for given terminal voltage.

The so-called serial coupling unit shown in Fig. 2 results in induc-
tive coupling through the coupling transformer connected in series with the
current path of the power transformer. In this case, the impedance of the
system to be controlled (Zp) is connected in series with the impedance of
the feeding system and that of the power transformer as well as with the
generator supplying the audio-frequency signal. Accordingly, signal level
Y of the system to be controlled lies always below terminal voltage Ugg of
the coupling depending on the ratio of impedances Zp and Zy + Z*, coupling
current Igg being determined by the sum of the above impedances.

Complicated calculations using both technical and economic pa-
rameters of a large number are required to decide which type of coupling
should most reasonably be used for given supply point. Factors affecting
the decision are the impedance relations of the system to be controlled and
of the feeding system, control frequency, required inverter power, con-
ditions of operation, investment costs etc., problems that would require
another paper to discuss them and not analyzed therefore in detail in
this work.
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The first 120 kV system for which audio-frequency central control
shall be provided is the Budapest network of the Electricity Works. Pre-
liminary network calculations as well as economic considerations suggested
to decide for serial coupling for most of the supply points as the best
practice at the selected frequency of 216 2/3 Hz. Accordingly, development
in this field has been focussed first on serial coupling in the country.
This development work is discussed in detail below.

2. Principle of operation of serial coupling

The audio-frequency signal is applied by means of magnetic coupling
to the network to be supplied when serial couplings are used. Therefore,
the basic element of serial coupling is a suitably designed so-called
coupling transformer the function of which is to galvanically isolate the
high-voltage network from the audio-frequency equipment of lower voltage
by means of suitable insulation.

Qe of the high-voltage windings of the coupling transformer is con-
nected in series with the current path of the power transformer or trans-
mission line for energy supply of the network. Accordingly, a fundamental
requirement imposed upon coupling is that, in respect of the 50 Hz network,
the equipment act like a low impedance resulting in a voltage drop below
0.5 to 15% of mains phase voltage even in case of rated operating load
current. That is the 50 Hz impedance of coupling measurable on the high-
voltage side shall meet the following requirement:

% (1)

sN 100

where
f permissible voltage drop, %
UA rated line voltage of the network supplied, kv
rated power of the power transformer or transmission line co-
operating with the coupling, MVA
It follows from the principle of operation of serial coupling that
the coupling forms an integral unit with the power transformer or trans-
mission line connected in series with it. Therefore multiple current as
compared with the rated current (10 to 25 times as much) is following in
the high-voltage winding of the coupling in case of a short circuit of the
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50 Hz high-voltage network, depending on the place of the short circuit as
well as on the impedance voltage of the power transformer. Mechanical load
is applied to the high-voltage winding by this short-circuit current on the
one hand while the voltage and current of any element of the coupling is
increased by it significantly as compared with the rated operating values
on the other hand, the extent of voltage and current increase depending on
the selected impedance. Accordingly, another fundamental requirement the
coupling has to meet is that any overload resulting from short-circuit
current at the place of installation be endured by the coupling without
breakdown from both a mechanical and an electrical point of view.

Hence, the higher the output (S”) and the short-circuit current ex-
pectable at the place of installation at given mains voltage, the lower
impedance shall be selected for the coupling to be used. However, the
equipment supplied by the audio-frequency transmitter shall act at the same
time as a transformer suited for signal transmission with the loss remain-
ing within reasonable limits.

Depending on the method used to meet the above requirements, dis-
tinctions shall be made between two basic types of serial couplings that is
between current transformer type and transformer type coupling.

2.1 Current transformer type serial coupling

The equipment is schematically illustrated in Fig. 3. In this case,
the coupling transformer has three windings and a serial oscillating cir-
cuit tuned to 50 Hz, consisting of elements Lg - Gy and representing at
this frequency an impedance corresponding to the loss resistance is con-
nected to the terminals of one of these windings, the so-called short-cir-
cuited winding. Hence, the coupling transformer operating as a transformer
suited for signal transmission due to the audio-frequency winding and the
high-voltage winding, acts at the same time as a current transformer ter-
minated by the low loss resistance of the oscillating circuit in respect of
50 Hz. Suitable rating of the equipment will result in an impedance for the
50 Hz energy transmission permitting the voltage drop to remain within the
permissible limits.

In respect of the audio-frequency transmitter, oscillating circuit
Lg - Cg acts like inductance constituting a parallel oscillating circuit
tuned to audio frequency with compensating capacitor connected in paral-
lel with it and thus no load is applied to the transmitter by the impedance
of the oscillating circuit.
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120
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Fig. 3. Block Diagram of serial current transformer type coupling
(T~r: Current transformer type coupling transformer, 1: High-voltage winding, 2: Audio-fre-
quency winding, 3: Short-circuited winding, L®, C : 50 Hz serial oscillating circuit, ele-
ments, CR: Compensating capacitor bank, K: Short-circuiting switch, LR, C™ Audio-frequency
serial oscillating circuit elements, SZ*» SZ* Protective spark gaps)

In the intervals between transmissions, the terminals of the short-
circuited winding are closed by switch K and thus the transformer actually
acts as a current transformer and in the short-circuited winding flows a
constant 50 Hz current corresponding to the transformation ration, this
current shall be taken as a basis for rating of the winding. At the same
time, it is only the currents of intermittent operation occurring at the
time of audio-frequency transmission that shall be taken into consideration
for the elements of the 50 Hz serial oscillating circuit and thus an eco-
nomically more efficient structure can be developed.

lhe 50 Hz current flowing through the coupling results in voltage
drop also in the audio-frequency winding, the magnitude of which depends on
the transformation ratio and on the loss resistance of the serial oscillat-
ing circuit. If the load resulting in the transmitter from this so-called
parasitic current exceeds the permissible value, the serial oscillating
circuit tuned to audio-frequency, denoted by LR - CR in the figure, shall
be built in. In respect of 50 Hz, this circuit acts like a high impedance
and sets thus limits to parasitic current loads acting upon the trans-
mitter.

In case of a short circuit of the high-voltage network, current of
a value corresponding to the transformation ratio is forced to flow also
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through the short-circuited winding by the short-circuit current flowing in
the high-voltage winding of the current transformer type coupling indepen-
dently of whether the switch is on or off. Should the short-circuit take
place during audio-frequency transmission, significant overvoltages w ill
occur both in the capacitor of the 50 Hz serial oscillating circuit and the
compensating capacitor. Spark gaps SZ* and SZ. provide protection against
overvoltages of this type. Spark gap SZ* is the first to respond and as a
result, tuning of the serial oscillating circuit is discontinued. Then
spark gap SZ responds and as a result, short-circuit current depending on
the transformation ratio is flowing through it until it short-circuited by
switch K actuated by the overcurrent protection of the power transformer.

According to literature /1/, current transformer type coupling is
used, for economic reasons, only for medium-voltage equipment of a rela-
tively lower output. Namely, high-voltage units (e.g. 120 kV) of an output
above 10U MVA in general need large and expensive equipment for coupling
(including the coupling transformer and inductance Lg of the serial oscil-
lating circuit for 50 Hz termination), the costs and size of which are
compatible with the transformer type serial coupling.

On the other hand, because of the transformation conditions of the
coupling transformer, the use of a filter circuit (4 - C% can not be
avoided either. In this case, a so-called transformer coupling discussed
below seems to be an economically feasible choice.

2.2 Transformer type serial coupling

The equipment is schematically illustrated in Fig. 4. An air-gap
choke coil is provided for coupling transformer T°g and, dissimilarly to
the usual iron-core transformers, an a priori low magnetic reactance is
selected for it so that 50 Hz voltage drops of the coupling on the high-
voltage side will not exceed the permissible value.

A compensating capacitor bank (C“) is connected in parallel with
the low-voltage, so-called audio-frequency, winding of the coupling cir-
cuit, constituting a parallel oscillating circuit tuned to audio-frequency
with the reactance of the coupling transformer. Thus no load is applied to
the transmitter by the high magnetizing current of the coupling trans-
former, resulting from the necessarily low impedance.

50 Hz voltage the magnitude of which depends on 50 Hz mains current,
impedance of the transformer and selected transformation ratio appears on
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120k V

Fig. 4, Block Diagram of serial transformer type coupling
(T~: Serial coupling transformer, 1: High-voltage winding, 2: Audio-frequency winding,
C»: Compensating capacitor, LR, C™ Serial filter circuit, A: Audio-frequency transmitter)

the audio-frequency winding of the coupling transformer. For the trans-
mitter, this voltage could represent a significant parasitic current load,
therefore, a serial oscillating circuit (L - C") tuned to audio-frequency,
already mentioned in par 2.1, shall be built into the transformer type
coupling in any case with a view to provide the required filtration.

Hence, in respect of the 50 Hz network, the transformer type coupl-
ing acts as a series reactor. As compared with rated voltage, the short-
circuit current flowing through the high-voltage winding in case of a
short-circuit of the high-voltage network results in significant overvolt-
age in the compensating capacitor bank connected to the audio-frequency
winding. Overvoltage protection is possible in two ways. On the one hand,
spark-gap shall be provided for the terminals of the compensating capacitor
similarly to the method described in par 2.1. In this case, the short-cir-
cuit current is deflected to the audio-frequency winding of an otherwise
lower current rating. On the other hand, the impedance of the coupling
transformer and the rated capacitor voltage shall be selected in such a way
that overloads due to short-circuit will not result in breakdown.

lwo 120 kV BBC couplings of this type, with an output of 260 MA
each, are operated by the Electric Works at an OVIT substation near Buda-
pest. The units have been supplied under a BBCVBKM contract for production
of central control devices on the basis of BBC licence.

Demand has arisen that coupling units be produced in Hungary for the
central control system to be developed in the country. On the basis of a
contract concluded with VBKM, VEIKI has undertaken to develop, and manu-
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facture as a general contractor, 120 kV coupling units for the system. The
first step had been the development of 160 MVA serial units and the proto-
type was manufactured in 1983. Additional two units were put into service
in 1985. Problems in relation to development, rating and dimensions as well
as construction of this equipment are discussed below in detail.

3. Development, rating and construction of the 120 kV coupling unit of an

output rating of 160 MVA developed in Hungary

3.1 Requirements for the dimensioning

According to the principles outlined in Chapter 2, the parameters
of serial coupling units and the requirements imposed upon them are funda-
mentally determined by the parameters of the 50 HZ energy transmission
system for which the coupling is designed. These data have been taken as a
basis for development of the coupling units, taking into consideration the
signal level to be provided by the coupling as well as the characteristics
of the transmitter to be built in.

2-2 Y rajTsmissio _SitsJemjrarjscteristies

A 220/120 kv OVIT substation in Zuglé district of Budapest has been
selected for installation of the first coupling units developed in Hungary
in the 1980 system plan of the Budapest HKV system. Three coupling units
have been installed at the substation, each connected in series with the
120 kv winding of a GW transformer of a rated power of 160 MVA The rated
current of this transformer is 733 A, the rated short-circuit voltage be-
ing 9.85%.

Maximum three-phase short-circuit power of the 120 kV busbar is
5000 MVA with a short-circuit current of 23 kKA. Because of the effective
earthing of the Hungarian 120 kV system, the frequency single-phase and the
less frequent three phase short-circuit current values are considered to be
approximately identical.

For determination of short-circuit current to be taken into con-
sideration in calculating for the rating of the coupling units see Fig. 5.
As can be seen, short-circuit current flowing through the coupling depends
on the point of substation where short-circuit has taken place. Should a
short-circuit take place at point A, 1n = 23 kA current associated with
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Fin- 5. Calculation of short-circuit current of coupling transformer
(Tj, T2, Ty Power transformers, , T~, T~y Coupling transformers)

5000 MVA will appear at point A only while through the coupling trans-
formers, current distributed in accordance with the short-circuit im-
pedances that is =102 = 15 = 7.5 kA will be flowing. Case A is called
external short-circuit.

Short-circuit current critical in respect of coupling rating will
flow through the coupling if a short-circuit takes place e.g. at point B.
Case B is called internal short-circuit. In this case, current according to
formula 1Q. =£ Ig - IB. is flowing through coupling transformer the
value of which must not exceed 17.4 kA even in the worst case. For Tgg* and
Tecs: > ig2 = "B3 aPProximately identical with the previous case.

For the sake of increased safety, a short-circuit current exceeding
the calculated value, that is 20 kA, has been specified for the couplings.
However, considering that a dangerous busbar section is only that between
coupling and power transformer and thus the probability of an internal
short-circuit is minimum, use of loads occurring in case of external short-
circuits as a basis for determining safe dimensions for the entire equip-
ment instead of this critical value maey require consideration from an eco-
nomic point of view in future development. Namely, the price of the coupling
is significantly affected by the short-circuit current rating as will be

outlined later in detail.
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On the basis of calculations of the 1980 system plan, the following
data have been available for the design of the coupling units:

- transmission frequency 216 2/3 Hz 217 Hz,

- busbar signal level 2.5%,

- expectable load current 54 A (requiring a terminal voltage of
2540 V at the 120 V end of the coupling),

- the final configuration includes two transmitters of a unit ca-
pacity of 375 kVA, a max. phase voltage of 550 V and a max. load current of
300 A for each coupling to supply them,

- relative duty time of audio-frequency transmission: 5%/l hour.

3.2 Rating and construction of the coupling units

The single-phase circuit diagram of the transformer type coupling
unit of a rating and construction according to data given in par 3.1 is
shown in Fig. 6. The function of the different elements in the Figure is
described below:

The function of coupling transformer T/ and compensating capacitor

has been described in par 2.2.

Switch K is designed to galvanically isolate the capacitor and the
equipment behind it from the transformer terminals if necessary (e.g. in
case of breakdown or maintenance etc.). Hence it is neither designed to

120 kv

Fig. 6. Single-phase circuit diagram of 160 MVA serial transformer type coupling unit
(T : Coupling transformer, TL: Overvoltage arrester, C\: Compensating capacitor bank,
K: Isolating switch, F: Earthing isolating switch, T~: Matching transformer, L”, C™ Induct-
ance and capacitance of serial filter circuit, M Low-voltage switch, A: Audio-frequency
transmitter)



236 BESZE, J. - Mrs. SANDOR, GY.

switch audio-frequency current on or off nor to disconnect 50 Hz short-cir-
cuit current resulting from short-circuits of the coupling unit.

Matching transformer serves to match the transmitter voltage with
the transformation ratio of the coupling transformer, to set limits to
surge current occurring when the coupler is switched on and to reduce over-
voltage in case of short-circuits of the 120 V system to protect the trans-
mitter.

The function of serial filter circuit L - O is well known. It is
essentially an accessory of the inverters supplying the coupling and thus
independent of the coupling unit.

The overvoltage arrester provided for the audio-frequency end of the
coupling transformer serves to protect the audio-frequency winding of the
transformer against atmospheric overvoltage.

Discussed below are the most important parameters of the different
elements of the coupling unit as well as some problems relevant to develop-
ment and design.

3. . 2JL_CoyE_nNnp_teansfrormer_and__comgensating _cayacit or_:_des_ign__directives

The key problem of the design of the coupling unit is to select
optimum values for inductance of the coupling transformer and/or capacity
and/or rated voltage of the capacitor bank because the dimensions and thus
also the price of the equipment are fundamentally determined by these
parameters.

Let first the 50 Hz impedance of the coupling, measurable at the
high-voltage end, be determined in such a waythat the requirement accord-
ing to relationship (1) will be met. Assuming an ideal that is lossless
transformer with zero short-circuit impedances, 50 Hz reactance ofthe
circuit shown in Fig. 6, measurable in the direction of terminals 1-2,
disregarding the detailed derivation, will be

5 L1 a
CS50 (2)
a2 - “ 50 L1 &K
where

N1 . .
a = — transformation ratio,

n2
Land no-load inductance of the coupling transformer

measurable between terminals 1-2 and 3-4, re-
spectively.
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Since qz forms a parallel oscillating circuit tuned to audio-frequency with
inductance L» of the transformer,

r1 r — (3)
Y~2 uK a2 a;h

from which

4)

With (4) substituted into (2) and reduced, we obtain

v i “50 L1

5
*CS50 I - n2 ®)

where

®H
that is the reactance of the coupling depends on inductance L, between
terminals 1 -2 and on the ratio between 51 Hz and audio-frequency exclu-
sively independently of the transformation ratio and size of the compensat-
ing capacitor.

Taking into consideration relationships (1) and (5) as well as the
permissible voltage drop of f =0.5 - 15% for the coupling, the reactance
limits can be determined for the high-voltage end of the coupling trans-
former. In the present case where = 126 kV, = 160 MVA k = 0.23,

c o =047 ... 1.4 om

is obtained for reactance.

Should a transformation ratio of 1:1 be selected on economic con-
siderations not discussed here in detail, also the capacity limits of the
compensating capacitor can be determined on the basis of relationship (3).

Considering the selection of capacitors available, the question is
now what a rated voltage and capacity of the capacitor is required. To
answer the question, let us see the loads to be taken into consideration
for the compensating capacitor.
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3.2.1.1 Constant voltage stress acting upon the capacitor bank

Under rated operating conditions, 50 Hz (U”g) voltage that can be
calculated on the basis of the coupling parameters appears continuously
while audio-frequency voltage (U”) depending on transmission time inter-

mittently on the capacitor bank.
In case of a selected transformation ratio of 1:1 and audio-fre-

guency parameters according to par 3.1.2,

UC50 = :iN XCSB0 = 364 - 1092 V -

Uy =260V (6)

€ = 4%/l hour,

where 1-» =733 A is the rated primary current of the coupling.

The compensating capacitor bank is usually set up of so called
phase-correction capacitors designed for a constant 50 Hz rated voltage and
current. In case of the above combined (continuous-intermittent or 50 Hz-
audio-frequency, respectively) operation, the effective value of voltage to
be taken into consideration in respect of capacitor insulation is

Ug (7)

the effective value of current to be taken into consideration in respect

of thermal load being

(8)

Ke

where

C0 UC “ 50

H =UH "“HC

6 relative duty time,

C capacity of the capacitor.

Given phase-correction capacitor of rated voltage U”g, rated cur-
rent and capacity C will meet the requirements of continuous operation

if
INS50>WK =Uh f k? +1 W
and
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‘NBD — *Ke = UH (10)
where
« 50
“h
™50
kI H
Since
NSO WNSO “50 C
this can be substituted into (10) to obtain the second condition
NSO & — f + k2 k2 . (12)

With the highest value, U~g = 1092 V, selected from relationship (6) and
taking into consideration that k = 0.23, k* = 0.43, e=0.04 in this case,

UNbg > 2764 V and UNBQ > 2463 V

will be obtained for the rated voltage of the capacitor bank on the basis
of relationship (9) and (12), respectively.

In respect of continuous loads in operation, the adequate capacitor
bank can be obtained if a rated voltage of 3.15 V as usually in case of
phase-correction capacitors, best approximating the numerical values
obtained, is selected.

3.2.1.2 Transient voltage stress acting upon the capacitor bank

In the course of development of the coupling unit, the rated volt-
age defined by relationships (9) and (12) alone was found to be insuf-
ficient as a voltage rating specified for the compensating capacitor bank.
Namely, significant transient overvoltages and overcurrents appear on the
capacitors in case of a short-circuit of the 120 kV system and these loads
shall be taken into consideration.

As has been described in par 3.1, current of an amperage 10 to 25
times as much as the rated current is flowing in the high-voltage winding
of the transformer in case of a short-circuit of the 120 V system, depend-
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ing on the place of short-circuit. As a result, the voltage of the audio-
frequency winding and thus also the voltage appearing at the capacitor
poles increase considerably as compared with operating voltage.

As a result of the high current intensity, the iron core of the
coupling transformer is saturated in a way depending on the magnetizing
curve. Thus the voltage appearing on the transformer would be strongly dis-
torted if the capacitor were not connected to the audio-frequency winding.
Such an oscillogram is shown in Fig. 7/a, obtained on the occasion of
short-circuit current flowing through the 120 kV winding of the coupling
transformer while the voltage of the audio-frequency winding.

The impedance of the high-voltage network is much higher than that
of the coupling. Therefore, in respect of the coupling, this high impedance
acts like a quasi-ideal current generator. Hence, in spite of saturation,
the theoretical maximum of the voltage illustrated in the figure is given
by the following relationship:

Fig. 7. Short-circuit test of 160 MVA coupling unit
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Ur (13)

where

1j effective value of short-circuit current,

LI initial value of non-linear inductance of the coupling trans-

former, associated with the range of rated currents.

If the network acts like an other than ideal current generator, the
voltage according to (13) will be somewhat lower.

When the capacitor bank is connected to the coupling transform, the
non-linear inductance of the transformer and the capacity of the capacitor
bank form an oscillating circuit the inductance of which varying as a
function of the relative permeability of the iron core at every instant.
This system is generated by short-circuit current in such a way that a
transient oscillation takes place twice within every half-period of 50 Hz
that is when the system becomes saturated and when saturation discontinues,
this transient oscillation being superimposted on the 50 Hz constant volt-
age associated with the non-saturated state. The amplitude and frequency of
the oscillation vary depending on the magnitude of short-circuit current.
As a result of this complicated non-linear process, the voltage increases
on the terminals of the capacitor bank as compared with the measurable no-
load voltage while the high-frequency component results in a capacitor bank
current higher than what would be obtained in case of a sinusoidal voltage
of identical maximum.

An oscillogram obtained on the occasion of a short-circuit test of
a coupling made in Hungary is given in Fig. 7/b, the construction and lay-
out of the coupling being illustrated in Fig. 6. The oscillograms according
to Figs 7/a and 7/b have been recorded for the same winding of the coupling
transformer subjected to short-circuit test, the effective value of current
being 15 kA in both cases and also the scale is identical. After the in-
itial transients, values of 8 kV and 12.6 kV have been obtained for voltage
U a s a maxiimum incase a) and b), respectively. That is the increase in
voltage has been 1.57 fold as compared with the measurable value of no-load
voltage.

During the test, switch M has been off and thus filter circuit
Lp - O and the transmitter have not been tested. The inductance of match-
ing transformer T" being no load because of the break on transmitter side
is higher than the inductance of the coupling transformer, the difference
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being about three orders of magnitude and thus it has not affected the
phenomenon presented.

Because of non-linearity as well as the large number of parameters
affecting the phenomenon, use of a computer is necessary for calculation of
the capacitor voltage. However, difficulties are faced due to the fact that
the magnitude of voltage is strongly influenced by the attenuation of the
oscillating circuit consisting of the three-phase coupling transformer and
the capacitor bank, which is frequency dependent and non-linear depending
presumably also on current. No results of measurements required to de-
termine the values of attenuation are available for the time being. There-
fore, the capacitor voltage resulting from short-circuit current can be
only estimated at present on the basis of measurement results obtained so
far in short-circuit tests.

Two tests of this type have been carried out so far, the first in-
cluding a coupling unit of an output of 360 MVA while the second a 160 MVA
equipment. The results of both tests are tabulated in Table 1, indicating
the maximum value of the short-circuit voltage of the capacitor as a func-
tion of the ratio of short-circuit current IZ and rated current I,N as com-
pared with the maximum value of non-load voltage measurable for the same

current.

Table 1
360 MVA coupling 160 MVA coupling
1z ucz 1z ucz
rz N Ui z N ud
(kA) (kA)
2 1.15 1.09 2 2.73 1.1
5 2.89 1.11 10 13.69 1.52
10 5.77 1.8 15 20.46 1.57
20 11.54 1.37 20 27.3 1.74

As seen in the Table, short-circuits result in a different voltage
increase for either of both equipment but the increase is less than 1.8
fold in both cases.

According to what has been said above, rated voltage U"g of the
capacitor bank shall be selected in such a way that even overvoltages of
shortest time (some tenths of a second), resulting from maximum short-
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circuit current, will not exceed the value of maxinum test voltage speci-
fied for the capacitor.

Two different test voltages are specified for capacitors in the
relevant standards, depending on whether the test takes place at 50 Hz or
d.c. voltage. The effective value of test voltage in case of 60 Hz tests is

Uso = 215 Ugp (14)

while in case of d.c. voltage tests

Upe =4.3 Ugn - (15)

v
Assuming a maximum value of 1.8 for ratio < taking relationship

(15) as a criterion, then T

1.8 f-21z ®Q L, 4.3 U0 . (16)
With calculated from (16) we obtain

UN50- °'59 11 “50 L1 17

as a rated voltage for the capacitor to be selected.

In turn, for a capacitor of given rated voltage, the reactance of
the coupling transformer can be determined in accordance with the following
relationship :

N0
: * (18)
50 4 % 459 1.
As is well known, the price of the capacitor bank depends on the
installed reactive power: the higher the reactive power, the higher is the
price of the capacitor bank. Using relationship (17),

19
PC =0 “50C 059212 ( n50 4)2 ®0 C (29)
Making use of
CL1 = and Kk = 0
Cf LH

the following relationship is obtained for the capacity of the capacitor

bank: BP=0582&1T2 Yo 4 (20)
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As obviously shown by relationship (20), the price of the capacitor
bank increases quadratically with increasing effective short-circuit cur-
rent while linearly with increasing impedance of the coupling transformer.
The impedance of the coupling shall therefore reasonably be selected at a
value falling within the limits given in par 3.2.1, possibly close to the
lower range.

Since the coupling transformer has to be capable at the same time
of transmitting given audio-frequency voltage and/or power, limits are set
to reduction of the reactance by the fact that, below given reactance, the
transformer dimensions and prices quite irrational. Therefore, the param-
eters shall be co-ordinated so as to result in an economically relatively
favourable compromise. However, reduction of the effective value of short-
circuit-current within reasonable limits after careful consideration of the
probability of short-circuits of different type will definitely result in
lower equipment prices.

3,3 Most important parameters of the equipment constructed

Based on the above considerations, the following basic parameters
have been selected for the coupling of an output of 160 MVA developed in
Hungary:

- 50 Hz reactance of coupling in relation to audio-frequency winding
0.65 om _+ 10%

- capacitor bank: rated voltage 4.71 kV; associated test voltage
25.25 kV; capacitance 240"uF + 10%

- transformation ratio of coupling transformer about 1:1 suited for
transmission of power supplied by two 375 kVA inverters at audio-frequency,
including also coupling losses.

The above values would result in a maximum theoretical capacitor
voltage of 12.4 V in case of so-called external short-circuits, 28 V in
case of short-circuits of extremely low probability, resulting in 17.5 kA
while 33 KV in case of the specified short-circuit current of 20 kA.

Thus, on the basis of criterion (17), a rated capacitor voltage of
7.67 kV should have been selected. Since the original, installed power of
the capacitor is 1.7 MVAr per phase, any further increase of the rated
voltage of the capacitor bank seemed to be unreasonable considering that a
voltage rating of 3.15 kV would meet the requirements.

It was therefore decided to build in special spark gaps connected
in parallel with the audio-frequency winding to protect the capacitor bank
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if the capacitor voltage exceeded the value of test voltage in the course
of actual short-circuit tests while the impedance of the transformer and
the response voltage of the spark gap were determined in such a way that a
response could not take place below a short-circuit current of 10 kA even
in the most unfavourable case.

However, the capacitor voltage did not exceed the specified value of
test voltage even in case of a short-circuit current of 20 kA in the course
of the short-circuit tests of the coupling unit. Therefore, it was unneces-
sary to build in spark gaps and thus not only the costs of the equipment
could be reduced but, by eliminating a possible source of faults, also the
safety of operation was increased.

3.JJ._ Most_ jQPi""nt_ch£rjcteristics_ uf_other_ comporients_ o f the _coupLinc®
unit_

Notation of the block diagram of Fig. 6 is used. In accordance with
the transmission voltage supplied and the output signal level, the trans-
formation ratio of coupling transformer Tj is 5:1. The transformer windings
have been designed for a relative duty time of 4% the audio-frequency
short-circuit voltage drop being about 3®6 with a view to reduce the short-
circuit current of the transmitter.

Switch K is an encapsulated isolating switch of a rated voltage of
12 KV and a rated current of 800 A for indoor use, suited to break 50 Hz
capacitive current of the built-in capacitor bank of the coupling at given
voltage.

TL is a built-in overvoltage arrester of a rated voltage of 10 kV
and a rated discharge current of 5 kA. The 50 Hz spark-over voltage of TL
has been selected so as to prevent the overvoltage arrester from operating
even in case of an overvoltage resulting from a short-circuit current of
20 KA.

The capacitor bank switch, the coupling transformer and the over-
voltage arrester form an integral unit with the compensating capacitor
bank, called compensating-matching unit.

The coupling unit consisting of coupling transformer and compen-
sating unit can be seen in a photograph (Fig. 8) taken from the equipment
on the site of erection.

Serial filter circuit called otherwise coupling matching
unit has been constructed as an independent unit the inductance of which
being provided by a three-phase air-gap iron-core where the different phase



Fig. Sm Audio-frequency coupling unit
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windings are electrically independent of each other. The unit is discon-
nected from the coupling by a magnetic switch in the intervals between
transmissions and thus the transmitter is connected to the coupling for the
time of transmission only.

The coupling matching unit is suited for transmission of current
supplied by an inverter and it is therefore erected as an indoor unit near
the inverter.

Finally, manufacturers of the different elements of the equipment
are listed below:

GANZ Villamossagi Mvek:

coupling transformer

Csepeli Transzformatorgyar:

matching transformer

Dunakanyar Co-operative:

choke-coil of serial filter circuit

KAPSCH, Austria:

capacitors for compensating capacitor bank and coupling matching

unit.

4. Sumnary

As has been said introductorily, development of the coupling ele-
ments of audio-frequency central control devices in Hungary had been
necessary because of unavailability of licence or know-how concerning the
construction of such elements.

Therefore, first thing to do was to clear up the theoretical prob-
lems. The results of thorough theoretical investigations were then taken as
a basis for development of the first Hungarian coupling unit, a serial
coupler.

The results described here obviously reflect the nature and depth
of works in the different fields in relation to the problem.

With full knowledge of the circuit problems, it was possible as
early as in the design phase to calculate for dimensions and rating result-
ing in best economies of scale for the entire coupling, based on data of
the audio-frequency system (network data, signal level, relative duty time,
etc.) and taking into consideration the interactions between the different
coupling elements.
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The combined load resulting from high-frequency and audio-frequency
voltages, acting upon the capacitors designed normally as phase-correction
capacitors, had to be paid special attention. Additional problems resulted
from transients due to audio-frequency pulses in the oscillating circuit
brought about by the coupling elements.

The coupling transformer design had to meet complex requirements
considering the load resulting from two different voltages the two dif-
ferent types of power transmission. Because of the special mode of oper-
ation, the coupling transformer has to endure also the short-circuit cur-
rent of the high-voltage network. Therefore, works in relation to design of
the coupling transformer were focussed on proper selection of the param-
eters as well as on short-circuit tests where the transformer was subjected
to the same load as under operating conditions.
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Presented in this work is a module oriented simulation process for calculation
of power plant heat-flow diagrams. A characteristic feature of the procedure is that,
dissimilarly to first-generation modular procedures where a module stands for a
device or equipment /3/, the modules of this procedure represent an elementary heat
or material flow conversion process each. In this sense, MODSM can be considered a
second-generation procedure suited for generation of any arbitrary flow diagram.
Since the program consists of a small number of elements of different type, the
memory demand is small. A modified version of the multivariable Wegstein method is
used, a robust method resulting in good convergence and requiring a short running
time.

The typical running time is 5-8 minutes in case of an IBM-PC AT machine that is
the time required for computation of a flow diagram consisting of 60 modules and 100
streams and having 20 iteration variables.

The interactive version of MODSIM offers convenient and simple program handling
for the user and the LOTUS compatibility permits the results of computation to be
displayed descriptively and processed in accordance with different requirements.

NOTATION
— i-th nonlinear balance equation of the flow-diagram model

— module function

—relaxation factor

—value of i-th flow variable in k-th iteration step

*Palancz, 8éla, H-1085 Budapest, Salétrom u. 9, Hungary

Akadémiai Kiad6, Budapest
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Introduction

A procedure to simulate the steady state of a power plant heat-flow
diagram can be used for different problems such as e.g. for detection of
the reasons of a reduction in electricity generation, monitoring of the
thermodynamic state of power plant equipment, optimum selection of operat-
ing parameters of the power plant and for determination of the starting
values of dynamic simulation /1/.

Although different simulation computer codes are known /2—4/,
almost every code has certain deficiencies, including cumbersomeness in
producing a new version of flow diagram, significant memory demand, un-
certainty of convergence, long running time etc.

The modular simulator described here tries to reduce or eliminate
all these disadvantages. The principle adopted that is modular description
of complex systems where a transformation of heat and material flow is
taking place is not new as it was successfully applied to modelling of
systems of chemical industry long before /5/.

The MODSM system

The different modules represent balance equations describing the
different elementary material and energy transformation processes. Accord-
ingly, the modular representation of a complex heat-flow diagram includes
only a small number of elements of different type with, however, these
elements repeated many times. Typically, the following elements are in-
cluded in the MODSM process:

SPLIT for decomposition of the material flow and for use as a liquid
separator,

MIX for mixing of two streams and for punp and throttle valve modelling,

TURB  for simulation of expansion processes taking place in turbine stages,

CSHEL for heat exchange between two streams without change of the phase,

CSHE2 for heat exchange with change of the phase,

POOND for simulation of processes taking place in the steam condenser.

The relation between the modules is determined by the knowledge of
the input and output streams of the modules. Computation takes place in a
specified sequential order with the output streams calculated on the basis
of the input streams. Components of the different stream vectors are mass
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flow, steam content, temperature, pressure and enthalpy. The module param-
eters including capacity of heat transmission (kF), thermodynamic ef-
ficiency and Stodola number of the turbine stages are constant and/or
specified function of some stream component.

Because of recirculation streams like e.g. extraction streams of
turbine stages, the sequential computation can not be carried out directly
in general. Therefore, these recirculation streams shall be cut up and the
deviation between the (estimated and calculated) values associated with the
places of cut shall be reduced below a specified limit using some iteration
method. The MODSIM process uses the multivariable Wegstein method /6/, a
robust method of good convergence.

Let « be the value of i-th stream variable in k-th iteration step.
Then the value associated with the next iteration step will be:

AL KL xk) e @ - t) %K) (1)
Calculation of relaxation factor t”:

1 (2)

where
Eibd, ST ROt Sl &1y
si = k-1 )
X

On the basis of experience gained in numerical investigations, the follow-
ing choice shall reasonably be for the relaxation factor:

6if th > 6
t. = . (4)

0.5 if t~ > 0.5

Introduction of the following algorithm increases the stability of the
iteration process considerably:

=(x<k) + X"k '1)/2 mod (k,3) =0 . (5)

Convergence condition specified for the different stream components:
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X(k+1) - x(k)
{ { 103 -

X(k+1) + x(k)

The procedure described above is realized by WHESSIM convergence
module. The special feature of the MOOSIM code is that instead of a speci-
fied value, it uses a condenser pressure depending on the conditions of
condenser and cooling water. A special Newton iteration algorithm, realized
by NBAT convergence module, is used to determine the ultimate state of
throttling for the stage before the first turbine stage in this case.

A method consisting of rather efficient fast algorithms is used for
computation of the thermodynamic variable /7/.

Application example

The relatively simple heat-flow diagram of the old block No. 2 of
Tisza Thermal Power Station has been simulated to illustrate how the pro-
cedure can be applied. The Block Diagram is given in Fig. 1 while the ap-
propriate modular diagram can be seen in Fig. 2.

The first iteration setup of computation is, as follows:

a Recording of extraction values

b Recording of the value of pressure of the stream entering the
first turbine stage
Calculation of heat-flow diagram up to condenser
Testing whether the outlet pressure of the last stage complies
with condenser pressure

e If not, modification of pressure according to b)

f If the values of pressure comply with each other, the flow rate
of the medium leaving the first high-pressure preheater to enter
the deaerator shall be recorded at the preheater jacket

g Calculation for preheaters

h Testing whether the value according to f) is correct. If it dif-
fers from the modified values, repeat g).

i If the value is correct, test whether the values of extraction
are correct.

kK If these values differ from the recorded values, modify them and
repeat the process from b).



Fig. 1. Simplified Block Diagram of unit 2 of Tisza Thermal Power Station
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Fig. 2. Modular representation of the heat-flow diagram
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Fig. 3, lteration cycles
(1 - iteration of the initial pressure of expansion, 2 - iteration of condensate returning
from the first high-pressure preheater, 3 - iteration of expansions)

As compared with a simultaneous iteration of every unknown value,
the above iteration process is advantageous in that it offers high stabil-
ity concerning convergence.

However, a disadvantage of the process is that, because of repeated
calculation of the heat-flow diagram, it might be quite slow.

The iterative cycles are shown in Fig. 3.

Figure 4 shows the changes of condenser pressure and outlet steam
pressure of the last stage as a function of the number of iterations for
constant extraction.

Interactivity

The wide use of personal computers resulted in a significant change
of the man-machine system with an interactive system of dialogues, a ques-
tion-answer system becoming increasingly predominant over so-called batch
processing methods that have been used so far. Also MODSM tries to meet
this up-to-date requirement. It permits any arbitrary heat-flow diagram to
be simply generated and/or modified in an interactive way. Figure 5 shows
the graphic record of the Block Diagram for the above example, appearing on
the computer screen.
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Number of iterations

Fig. 4. Changes of condenser pressure and outlet pressure of steam leaving the last stage
as a function of the number of iterations

The MOUSIM menus permit the actual user demands to be met. The In-
formation Menu shown in Fig. 6 allows to display the results of simulation
in different forms. MODSM is compatible with LOTUS 1-2-3, a product of
Lotus Development Corporation, which permits the results of program running

to be interpreted in different ways graphically or in the form of charts
(see Figs 7 through 9).



Fig. 5. MDSIM heat-flow diagram of unit 2 of Tisza Thermal Power Station
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Information Menu
Options

. Values of all Streams on Screen
Values of all Streams on Hard Copy
Evaluated Data of the Plant Process
Expansion Line

Temperature Elevation in Preheaters
. General Report

Return to Operation Menu

Enter Number =—=

Fig. 6. MODSIM Information Menu

MODSIM Version 10 (C) OTKA - 1986

Temperature ("C)

C E1 E2 M E3 EN D ES
Flowsheet units

Fig, 7, Change of feed water temperature in preheaters, MODSM - LOTUS output

Temperature Elevation in Preheaters:

Unit Label Tube Side Shell Side
Condensator C 30.84 24.33
Heater 1 El 38.74 54.39
Heater 2 B2 71.04 73.81
Mixing M 64.04
Heater 3 E3 90.91 97.09
Heater 4 E4 128.82 134.93
Deaerator D 147.01 174.16
Heater 5 B 167.96 174.16
Heater 6 E6 201.69 209.05



Expansion Line

SIMULATION CF POAER PLANT

Expansion Line

MODSIM Version 1.0(C) OTKA-1986

Entropy kJ/kg,K

P: Pressure in decibar TURB1: High Pressure Turbine
TURB2: Low Pressure Turbine

T: Temp, in Celsius

x: Vapor ratio in gr/kg

Boyler
TURBL

TURB2

Condenser

Unit

Stage
Stage
Stage
Stage
Stage
Stage

NEFE DMWNER

Label

B
T
T12
T13
Ti4
T21
T22

C

P

882.5
187.19
87.47
31.23
9.13
3.67
0.44
0.44

T

520.01
332.66
247.02
145.81
97.09
73.81
30.91
30.91

Fig. 8/a.

1000
1000
1000
1000
953
922
870
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MODSIM Version 1.0 (C) OTKA-1986

(dbar:Cels:gr/kg)

rat.
(Thou sands )

Press./Temp./ Vap.

Fin. 8/a., B/b. Expansion process in the turbine stages, MODSM - LOTUS output
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Evaluated Plant Data

1. Output Power of Turbines TURBL: High Pressure Turbine
TURB2: Low Pressure Turbine
Label Power (MA)
TURBL Stage 1 Til 16.3
Stage 2 T12 7.1
Stage 3 T13 8.1
Stage 4 Ti4 7.1
TURB2 Stage 1 T21 4.4
Stage 2 T22 7.5
Total : 50.4

Fig. 9. Output of the different turbine stages, MOOSIM - LOTUS output
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SIMULATION OF POMR PLANT CIRCUITS AND EQUIPMENT STATE ESTIMATION

(Part 11)
STATE ESI IMAMON

PALANCZ, B.*

(Received: 20 December 1988)

This work describes a method to estimate the state of major equipment of power
plant circuits based on balance equalization and parameter estimation. The method
permits the acceptability of the results of measurements to be investigated and to
identify the changed model parameters and thus the state of equipment of the circuit
to be estimated, using a linearized circuit model.

A practical example, a block of Tisza Power Plant, is used to illustrate appli-
cation. The method has been used also for the 440 IM blocks of Paks Nuclear Power
Station.

NOTATION

Jacobi matrix for linearized system variables
Jacobi matrix for linearized system parameters
nonlinear functional connection, vector-vector function
unit matrix

weighted residual in parameter estimate
thermal transmission factor, kW/ C

vector of parameters

weighted residual in balance equalization
state vector of input variables

state vector of output variables

Chi-square distribution

mean square deviation

place of linearization

parameter estimate
*Palancz, Béla, H-1085 Budapest, Salétrom u. 9, Hungary

Akadémiai Kiadd, Budapest
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1. Introduction

Reliability and efficiency range among the most important criteria
of up-to-date operation of plants where technological processes of indus-
trial chemistry and energy production are taking place. Of course, re-
liability and efficiency are closely interrelated as a reduction in the ef-
ficiency of major equipment, losses in production due to unforeseen break-
down and increased costs of repair affect the economic efficiency equally
unfavourably. Figure 1 shows the theoretical relationship between mainten-
ance costs and availability. In the Figure, preventive maintenance is
minimum along section 'A' and thus availability in terms of percentage of
actual hours of operation as compared with the planned hours reduces due to
frequently occurring breakdowns, accompanied with increasing costs result-
ing from subsequent repairs. The correct preventive maintenance schedule
along section 'Blresults in increasing availability with also the costs of
preventive and subsequent maintenance lying well below the costs according
to strategy 'A'. At the same time, an over-estimated preventive maintenance
demand like in strategy 'C results in increasing standstill that is in
reducing availability /1/. Hence, in fact, the relationship between avail-
ability and maintenance costs can be optimized although in practice it is
difficult to express this optimum numerically.

The close correlation between reliability and efficiency of oper-
ation comes in focus especially if reliability implies not only unforeseen

na. 1
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standstill prevention but also control of disorders in major equipment
which, although not preventing the equipment from operating at given in-
stant, may reduce the efficiency of operation considerably and result
sooner or later in a temporary and partical reduction in performance due to
inevitable repair /2/.

Measurements alone are not enough to determine reduction in the ef-
ficiency of power plant operation. Use of a mathematical model describing
given process, usually together with material and energy balances, is
therefore necessary /3/.

2. State estimation

The energetic efficiency of certain equipment like turbines and heat
exchangers mey reduce during operation as a result of leakage, contami-
nation etc. These changes are typically slow and they have no direct
drastic effect upon operation.

A mathematical model describing the process is used on the basis of
measurement of certain typical operating variables to investigate the state
that is to answer the question whether the difference between the measured
values and those supplied by the model resulted from erroneous measurements
or the state of some major equipment changed so that the model parameters
characteristic of that equipment were no longer valid. What we want to know
is what kind of change has occurred or is about to develop in which of the
equipment.

The model parameters characteristic of the energetic state of the
equipment like stage efficiency or thermal transmission factor etc. are
based essentially on parameter estimation. However, balance equalization is
necessary to decide whether new parameters have to be determined that is
parameter estimation has to be carried out or the significant difference
between the calculated and measured values resulted from erroneous, failing
measurements only /4/.

3. Linear balance equalization

Values measured in the course of operation include pressure, dif-
ferential pressure, temperature etc. For different reasons (instability in
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time, error of measuring device, recurrent measuring error etc.), the
values so obtained are more or less erroneous. A condition for accept-
ability of the measurements is that they satisfy the material and energy
balances describing the process. The process is usually described by the
following nonlinear input-output model:

Y =F(@p, X) (1)

Linearized in the environment of the state of operation according to input
variables of the model:

F(PO, xQ + (x-x0) ,
PO! XO (2)

<
1l

Y = YO + A(X-x0)

Essentially, equalization is a correction of the values less deviating from
the measured values in a certain sense and satisfying at the same time the
heat and material balances constituting the heat-flow diagram model. It is
usually minimization in a weighted quadratic sense where the weight matrix
is a reciprocal of the diagonal matrix set up of mean square deviations.

New variables are introduced for the linearized model in order to
use the usual relationships:

Y and by - AX 3)

Thus the original linear model can be written in the following form:

W-b=0 4)
where
W=LAI - E] . ()
Let
(6)

be the vector of measurement results.
Now quadratic form

Q(Y) = (Y - Ym* V1 (Y - Ym (7)
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is minimized by linear balance equalization, where on the basis of vari-
ation in relation to measurement of input and output variables, the weight
matrix will be

52
xml

(8)

4. Filtering out of failing measurements

On certain assumptions, the measurements will be acceptable if

Qnmin =« W *= *0.95(">

holds for the residual associated with the result vector.

If not, this means that the measurements are recurrently erroneous
or a change occurred in the state of major equipment which made the value
of parameter vector pQ used questionable.

Almasy's ganma index /4/ can be used to test whether or not a re-
current major error is existing. Accordingly, measurement results for which
the absolute value of Almasy's gammma lies in the vicinity of 1 are suspect
of error.

5. Linear parameter estimation

Hence, if the x2 Test is negative but a value near 1 of Almasy's
gamma is not obtained for any of the measured variables, it can be rightly
assumed that a change has taken place in the state of the equipment, result-
ing in a new state that can not be represented by the value of model param-
eter associated with the old state. E.g. also model parameter kF character-
istic of the value of the thermal transmission factor for given heat ex-
changer shall be reduced accordingly for the sake of appropriate modelling
in case of contaminated heat transfer surfaces.

Since the changes are slow and thus difficult to detect, a linear-
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ized model is used again where linearization according to the model param-
eters is also carried out now. That is

Y = Y0 + A (x-xQ + B(p-pQ) (10)
where
(ID
Taking into consideration identity
X=X+ | (x-x ) (12

and introducing variables

M+ A X g m= O (13)
Ay Ap AB
where
Ox = X-Xq
AY =YY, (14)
Ap = p-p
model
YP = M;(p (15)

is obtained. As the layout of the variables shows (13), now not only param-
eter vector p but also the input vector are present on the right side that
is also the input vector shall be determined in the course of the esti-
mation process.

With matrix V used again as a weight matrix, the expression to be
minimized w ill be

JV =(YpeW v 1(YP-Mp - (16)

Note that in practice, use of an arbitrary domain for minimization
of (lé) is usually not permissible. Namely, an unconditional linear param-
eter estimation can yield also a solution resulting in minimum value for J
with, however, the physically optimum values of falling within the in-
admissible domain (e.g. the active heat transfer coefficient increases).
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Therefore, it is necessary that

Kdnan <% %) (17)

be stipulated for the minimization of (16).

6. Application example

Consider unit Il of Tisza Thermal Power Plant again. In the simpli-
fied Block Diagram given in Figure 2, the points of measurement of the
state variables that is temperature, pressure and mass flow have been in-
dicated (see Fig. 2).

Temperatures were measured by means of a Rosemount 78 S resistance
thermometer. The error of temperature measurement was + 0.15%. A pressure
transmitter of a cell factor of 1 mV/V was used for pressure measurements
while the measuring orifices used in normal operation served for mass flow
measurements. The pressure difference signals proportional to mass flow
were fed to the data collecting units by a Rosemount C.719 transmitter.
Mass flow figures were calculated in accordance with DIN1952-82.

An AOTT Kempton flowmeter of an accuracy of + 26 as compared with
the rated value, supplying a digital output signal, was used for measure-
ment of the condenser coolant flow. A calibration type electric consumption
meter was used to measure the wattage and the wattless component of the
generator output power. By means of this measuring device, each phase can
be measured independently in case of the three-phase system and the results
can be summed to an accuracy of 0.2.

To obtain reliable information about the steady state, the measured
characteristics were collected by means of 2 portable HP 2141 data collect-
ing units controlled by a small H°? 75 computer. This computer is capable of
evaluating the measured signals immediately. Measurements were made under
the conditions of rated electricity production, maximum electricity produc-
tion and electricity production corresponding to 5% of the rated output.

On the basis of the measured input variables in case of rated load
(Table 1), the rest of measured values has been determined by means of
MODSIM /5/.

The relative difference between measured and calculated values is
illustrated in Fig. 3. Although the difference is insignificant in general,
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Variable Measured
values

Live steam flow rate,

kgls 48.1B0

Live steam pressure,

bar 88.250

Coolant flow rate,

kg/s 1006.320

Coolant inlet

temperature, C 15.600

Live steam temperature,

°C 520.500

Bleed 1 temperature,

°C 332.200

Bleed 1 pressure,

bar 18.200

Bleed 2 temperature,

°C 251.000

Bleed 2 pressure,

bar 8.760

Bleed 3 temperature,

°C 149.900

Bleed 3 pressure, bar 3.080

Bleed 4 temperature,

°C 95.500

Bleed 4 pressure, bar 0.921

Bleed 5 temperature,

°C 72.600

Bleed 5 pressure, bar 0.365

Condensate temperature,

°c 30.200

Condensate pressure, bar 47.100

Coolant outlet
temperature, C

Preheater 1 inlet
temperature, C

Preheater 1 outlet
temperature, C

Preheater 2 outlet
temperature, C

Preheater 3 inlet
temperature, C

23.700

30.600

39.200

70.300

65.200

Table 1

Calculated

value

input

input

input

input

input

337.590

18.850

253.750

8.890

152.400

3.190

97.770
0.935

74.390
0.379

31.590

46.430

24.520

31.420

39.530

71.350

65.160

Variation of
measurement

0.520

0.910

10.200

1.100

6.270

2.300

0.310

2.100

0.210

2.000

0.120

1.300
0.080

1.100
0.020

0.900

2.000

1.100

1.080

1.300

1.810

1.920

Instrument

error

0.480

0.880

10.000

0.500

1.000

1.000

0.500

1.000

0.500

1.000
0.300

0.500
0.100

0.500
0.100

0.500
5.000

0.500

0.500

0.500

0.500

0.500

271

Overall
variation

0.708

1.266

14.284

1.208

6.349

2.508

0.588

2.326

0.542

2.236
0.323

1.393
0.128

1.208
0.102

1.030
5.385

1.208

1.190

1.393

1.878

1.984
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Table 1 (rant.)

Variable Measured Calculated Variation of Instrument Overall
values value measurement error variation
23 Preheater 3 outlet
temperature, C 89.600 91.760 1.500 0.500 1.581
24 Preheater 4 outlet
temperature, C 127.01 129.400 2.000 1.000 2.236
25 Preheater 5 outlet
temperature, C 164.3 167.800 2.100 1.000 2.326
26 Preheater 6 outlet
temperature, C 194.9 201.470 1.850 1.000 2.103
27 Electric power, MV 50.23 51.570 0.780 0.915 1.202

Before equalization

No. of measured variables

Fig. 3. Model error
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With original parameters

No. of measured variables

Fig, 4m Measurement error and model error

After linear equalization

No. of measured variables

Fig. 5. Model error
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Almasy’s gamma index (-)
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No. of measured variables

Fig. 6. Result of state estimation

Almasy -test

No. of measured variables

Fig. 7. Detection of failing measurements
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Fig. 8. Result of parameter estimation

No. of measured variables

Fig. 9, Model error
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No. of measured variable

Fig. 10, Measurement error and model error

the error of the model was found to lie above the error of measurement for
some variables in a comparison of the measured and simulated values (Fig.
4). The differences after linear equalization can be seen in Fig. 5. The
x2 test was positive for the residuum of equalization (see Fig. 6).
Therefore, Almasy's gamma index was calculated for every variable as shown
in Fig. 7 to see whether the positive x can be attributed to failing
measurements or not.

No failing measurements could be detected. Hence, linear parameter
estimation was used as an additional possibility of reduction of the
residuum. The values of kF for the different preheaters and the condenser
were considered as a parameter. The results of parameter estimation are
shown in Fig. 8, indicating the values obtained for the parameter both un-
conditionally and conditionally (permitting reduction only). The model
error obtained in calculation with the new parameters is shown in Fig. 9.
As can be seen in Fig. 6, the differences between measurement and calcul-
ation reduced after parameter estimation in spite of the fact that the
linearized model had been used for parameter estimation and thus the non-
linear model had resulted in a somewhat greater residuum.
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Measurement *

Nonlinear
simulation

Measurement errors''--
__exceeding model errors™®

JTno

Change of state Linearization
not detectable

Equalization

=C”_ji*test negativeres»
INo

Y ‘hailing measurement

R .
Failing measurenNeoil> ASimulation input?

Linearization

Parameter
estimation

Fig. 11. State estimation process

Finally, Fig. 10 shows that after parameter estimation, the error

of measurement exceeds the error of the model for almost every variable.
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DEVELCPVENT CF FLOIDIZED-BED FIRING TECHNOLOGY IN THE
TNSTITOTE FOR ELECTRIC PFOAER RESEARCH

REMENYI, K.*

(Received: 20 February 1991)

A new firing technology has been developed by the Institute of Electric Power
Research (VEIKI). The new technology can be realized on the basis of a fluidized-bed
combustion system with cooled combustion chamber surfaces using a specially designed,
aerodynamically favourable free-board geometry permitting the entire volume of the
combustion chamber to be utilized as well as a simple but efficient wall cooling
system.

In the quick bed, a simple injection system can be used due to the good mixing
conditions and favourable partial load conditions. The required temperatue of 800 to
900 Ccan be reached even without the use of cooling surfaces and the space above
the layer can be used for combustion of the coal particles blown into the chamber
separately.

A so-called "hybrid" fluidized-bed/pulverized coal firing technology where
30-70% of the heat input enters the combustion chamber through mills without sepa-
rator and pulverized coal burners has also been tested in practice. To reduce the
sulphure dioxide emission, pulverized limestone or dolomite can be fed to the
fluidized bed. This technology can be ideally used for soft or hard brown coals or
waste materials.

Introduction

The Institute for Electric Power Research (VEIKI) has been dealing
with the development of coal firing — including both conventional (pulver-
ized-coal firing) and new (fluidized-bed firing) techniques — for decades.

Experimentation in the Institute includes both Ilaboratory and
industrial scale experiments.

AReményi, Karoly, H-1014 Budapest, Uri u. 38. I1/1. 10, Hungary

Akadémiai Kiad6, Budapest
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Laboratory experiments

Experimental equipment:

Three-draft forced-circulation hot-water boiler of individual
design with atmospheric fluidization for pilotscale experiments (Figs 1
and 2).

Boiler specifications:

effective heat output 0.5 W
fluidized-bed temperature 750-900 °c
grain size of bed material ot mm
max. grain diameter 6 nm
cooling water flow rate 4 kgls
average bed cross section 0.49 ng
bed cooling surface 1.39 rr?

©
T5" 0O U—

Fig. 1. Laboratory experimental set-up for fluidization experiments
(1 - starting burner, 2 - secondary air, 3 - coal, 4 - bed cooling pipes, 5 - air nozzles,
6 - air box, 7 - combustion chamber pipes, 8 - heat exchanger, 9 - cyclone, 10 - bed material
discharge, 11 - coarse fly-ash, 12 - cyclone fly-ash, 13 - cell-type feeder, 14 - flue-gas
exhaust, 13 - gas analyzer)



Fig. 2. Photograph of experimental boiler

ANONH NI ADOTONHOAL ONIYId aB&-a3zidinTd
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convective heating surface 483 n?
outdoor cooling surface 0.628 n2
height of bed material 0.4-0.6 m
rate of fluidization 1.5-23 m

Combustion air supply takes place through the nozzles in majority
while a minor part, the so-called "secondary air", enters the combustion
chamber through holes somewhat above the bed surface at a similarly con-
trollable rate. Secondary air supply is necessary first of all because of
burning of carbon monoxide.

The fuel supply system has a bin for coal and a bin for additives.
The required feed rate and mixing ratio can be adjusted by means of a cell-
type feeder of regulatable speed provided for the bottom of either bin.
From the cell-type feeders, the coal and additives get through descent
pipes onto a worm conveyor which feeds the coal and the mixture to the com-
bustion chamber at about half height of the bed.

A cyclone and a filter with teflon bag, arranged after the flue gas
outlet, provide for fly-ash separation.

Three finned aluminium coolers serve for recooling of the output
water stream as required.

No automatic control is provided for the equipment for the time
being.

Results

Our investigations included two main fields, such as

— environmental problems (e.g. SC* NOx emissions and their param-
eter dependence and optimization, experiments with additives etc.),

— operating and constructional problems to work out recommendations
(such as e.g. cold starting and emergency shutdown strategy etc.).

Crushed coal from Ajka and Tatabanya has been used for the firing
experiments.

Bel, emission

The temperature dependence of specific sulfur dioxide emission
(related to total sulfur) is shown in Figs 3 and 4. It can be seen that
maximum sulfur separation (minimum emission) takes place at a temperature
of 820 °C that is below 880 °C, first of all because the equilibrium car-
bondioxide point is shifted by fluidization air. In the range of higher

temperatures, less sulfur can be absorbed by the so-called "overburnt”
calcium oxide.
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Fig. 3, SO, temperature dependence (for coal from Tatabanya)

(1 - with limestone feed, 2 - with dolomite feed, 3 - excess air, 4 - without additive)

As suggested by the process, the bed temperature shall be adjusted
to a value of about 820 °C if energetically and economically reasonable.
I\DX emission

For structural reasons and with respect to slag melting, the bed
temperature had to be kept below 900 °C. Therefore, thermal and spontaneous
NOx were present in spots only.

In the course of investigations, no clear, significant relationship
could be detected between NO" emission and bed temperature or if indeed at
all, the effect was insignificant as compared with changes due to other
parameters.

There is a close and definable relationship between nitrogen oxide
emission and carbon monoxide developing in the combustion chamber. For coal
from Ajka, this relationship is illustrated in Fig. 5 (assuming excess air
of m=1).
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Fig, 4, SO temperature dependence (for coal from Ajka)
(1 - excess air)

The high @ is not appearing at the flue-gas outlet of the boiler
because it can be burnt with secondary air in the upper region of the com-
bustion chamber without increase in N:)X content.

The above relationship suggests that, in respect of NOY the com
bustion will be optimum if maximum GO, s till safely burnt with secondary
air, is developing in the combustion chamber. This requirements is in
agreement with experience in relation to NO" reduction in case of vacuum
firing.

New fluidized-bed firing equipment

Considering how long the principle of fluidized-bed firing has
been available, the technology itself is finding use at a surprisingly
slow rate. However, in addition to advantages of quite a number offered by
fluidized-bed firing, there are problems of a similarly large number which
explain the limits set to the wide use of the technology. Oe of these
problems, perhaps the most important one, is the unpredictably low rate of
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Fig. 5. Relationship between combustion chamber QO and specific ND

increase in energy demand. Other problems are encountered in relation to
the boiler for fluidized-bed firing. The desirable high power station unit
capacities have not been available yet. At the same time, in spite of a
substantial reduction in size, the equipment prices have not reduced pro-
portionally as compared with the conventional equipment furnished with SO
and NO separators. No appropriate equipment is available for utilization
of the extremely high rate of heat transfer inherent in the fluidized bed.
Essentially, two major types of equipment have been used so far for atmo-
spheric fluidized-bed combustion techniques, such as

— bubbling-fluidized-bed firing (BFB) plant and

— circulating-fluidized-bed firing (CFB) plant.

In case of bubbling-bed firing, limits are set to unit capacity by
the bed size. In case of circulating-bed firing, the capacity can be in-
creased but generating sets (precipitators, feeders, conveyors baffles) of
a special design shall be used.

Environmental considerations rage at first place among factors con-
tributing to a wide use of fluidized-bed combustion technology. Note that
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Fig. 6. Schematic illustration of fluidized-bed firing using the VEIKI process
(1 - fan-mill with separator, 2 - combustion chamber, 3 - flue gas resuction, 4 - coal-feeder,
5 - PC-ducts, 6 - coal burner, 7 - secondary air duct, 8 - wind box, 9 - main air ducts,
10 - fan mill without separator, 11 - spreader, 12 - flue gas resuction, 13 - coal-feeder,
14 - PC-duct, 15 - seconder air, 16 - bottom ash removal)

the competition between conventional steam boilers with SC"\ NO" separators
and fluidized-bed boilers is still in the balance.

At the same time, elimination of environmental pollution by old
plants representing a substantial part of the energy system remains a
problem to be solved. That means that SC* and NOx separators shall be pro-
vided for the old plants.

In the Institute for Electric Power Research (VEIKI), Hungary, a
so-called hybrid fluidized-bed combustion technology has been developed
with a view to reduce environmental pollution by old pulverized-coal fired
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Fig. 7. Air distribution according to the VEIKI process

boilers and, on the other hand, to develop new boiler types (Figs 6
and 7).

The most important objects of the R&D program have been

— improvement of the conditions of combustion when coals of vari-
able quality (7-12 MJ/kg, 35-50% ash content) are burnt,

— utilization of by-products of coal mining (interts, tailings),

— utilization of the benefits of fluidized-bed combustion tech-
nology in respect of environmental protection (reduction of SO and NO*
emissions) and

— use of the new technology with existing boilers.

In the course of design of the equipment for fluidized-bed com
bustion, the following problems had to be solved:

— starting of fluidized-bed firing,



288 REMENYI, K.

Fig- 8. Photograph of VEIKI fluid-bed combustion at the Thermal Power Plant of Tatabanya

— coal feed,

— appropriate air injection and distribution

— removal of excess material from the bed.

An oil-fired flue-gas generator was used to start the process (that
is to heat primary air to a temperature of approx. 400 °C) and an oil-jet
lance was directed down-ward to the bed.

Implementation at the Thermal Power Plant of Tatabanya

The first boiler to be reconstructed had been equipped originally
with four blowers of which two blowers had been used to support pulverized-
coal firing in the boiler of original construction while two blowers served
to feed the fluidized bed after reconstruction. The system is schematically
illustrated in Fig. 8 (VEIKI patent).
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Introduction of the fluidized-bed technology at the Thermal Power
Plant of Tatabanya resulted in an advanced technological process at an ex-
isting old power station. Attempts have been made all over the world to
utilize low-grade coal but no success in balance with the expenditure has
been achieved so far. Some sophisticated, rather expensive, methods to
utilized low-grade coal are available, however. In case of the equipment
developed by VEIKI, the specific (cross-sectional) heat release increased
two-to-threefold as compared with other equipment in operation in the
world. The new practice is unique also in that it offers a technology that
can be used either independently for fluidized-bed firing or pulverized-
coal firing or for both in combination. The technology can be ideally used
for burning of by-products of coal mining and lignites and it helps to
meet the environmental requirements even in case of existing old boilers.

The rate of so-called internal and external secondary air supply can
be regulated separately.

Operating experiences, experimental results

Experimental operation and testing in September—October 1986:

In case of continuous operation, 40-70% of the coal enters the com-
bustion chamber through mills without separator while the rest through
mills equipped with separator.

This "hybrid" combustion resulted from operation with at least one
mill without air separator and the steam output was less than 40 t/h. Most
successful operation resulted from use of mill No. 2 (without separator)
and mill no. 3 (with separator). Other mills were also operated. Oue to the
fluidized bed, the combustion chamber temperatures were lower and more
homogeneous and the combustion itself was stabler than in case of coal
firing.

In case of operation with one mill without separator, the steam out-
put ranged between 12 and 28 t/h (max. 18-24 MNin terms of coal-heat con-
version) as a result of combustion in fluidized bed, equalling a specific
heat release of 4-5 I\/Wm2 from the bed. This value exceeds the typical
value of 1.5-2 MAMm for conventional fluidized-bed firing considerably.
The value includes also the effect of after-firing above the bed but the
contribution of this effect has a theoretical significance only.
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Temperatures below 850 °C were measured In the upper part of the
combustion chamber by means of two temperature sensors. These temperatures
are very close to bed temperatures, which means that the technology used
resulted in so-called "cold burning", a process rather favourable in re-
spect of environmental protection.

The boiler operation was easy to control. Thus the adequate method
was used for temperature regulation.

Independently of the number of mills used, the operation was stable,
backfires did not occur during combustion. Except for the starting process,
use of oil to support combustion was not necessary. The capacity could be
increased as compared with coal firing, a significant advantage in case of
heating power stations.

In case of two-mill operation including mill No. 3 (with separator),
a steam output as high as 42-48 t/h could be achieved. At the same time,
temperatures of about 950 °C were measured in the higher section of the
combustion chamber. In the 1986/1987 winter period, the steam output was
stabilized at 35-40 t/h to avoid possible adverse effects of undesirably
high temperatures.

Using the same coal of an ash content of 3850% for both equipment,
the VEIKI equipment proved to be more reliable as compared with some im-
ported equipment for fluidized-bed combustion which had to be shut down
after two or three days of operation because of accumulation of the bed
material.

As compared with conventional boilers, the efficiency of combustion
increased by 2-4%. At the same time, the flue gas losses were by about 0-1%
higher. Accordingly, the actual increase in efficiency is 1.5-2.5%. By use
of a method based on in-depth analysis developed by VEIKI, the efficiency
of fluidized-bed boilers can be further improved.

After successful accomplishment of development in the year 1986,
the boiler for fluidized-bed combustion was put into service and operated
continuously at the Thermal Power Station of Tatabanya during the winter.
In this period, the steam output did not exceed a value of 40 t/h in ac-
cordance with the contract concluded between VEIKI and the power station.

Mills No. 2 and 4 were operated without separator (the latter having
been connected to the original burner).

To complete the program and upon request of the power plant manage-
ment, also full-capacity boiler operation had to be investigated. For this
purpose, the boiler has been operated as the only steam generating unit of
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the power station continuously for a week (steam output: 25-58 t/h). The
boiler efficiency was about 8% and the losses in both combustion and flue
gas reduced as compared with low-capacity operation.

Research is continued. Within the framework of the National Scien-
tific Research Fund (OTKA), several problems of a great importance from
both a theoretical and a practical point of view (aerodynamics, heat ex-
change) have been investigated and, on the basis of a contract concluded
between VEIKI and MMMI (Hungarian Electricity Board), research to optimize
the sulfur-dioxide retention by limestone is going on.

Modification of the boilers of Ajka Thermal Power Plant

International commitments (reduction of SC* and NOx emissions) and
the increasingly strict national environmental regulations necessitate that
new technologies resulting in reduction of damages to the environment be
widely used. The fuel used for the steam generators of 100 t/h operated at
the Ajka Power Plant and especially the high CaO typical of the ash content
of the coal used offer a firm basis for reduction of the significant sulfur
emission. Preparatory series of experiments run by VEIKI proved that as a
result of appropriate co-ordination of luidized-bed firing and conventional
pulverized-bed firing, 55 to 73 of the sulfur could be absorbed that is,
both sulfur-dioxide and, to a reduced extent, nitrous gas emissions could
be significantly reduced.

In order to achieve the above results, the construction and the
control system of the boiler as well as the firing process have to be modi-
fied fundamentally for the first time in the country.

Modification of boiler construction

The bottom of the boiler shall be reshaped to permit a new air dis-
tribution system, the key element in fluidization, to be developed. A
membrane bottom connected to the circulation system is provided for the
membrane-walled boiler of natural circulation, a perfectly new design which
provides continuous safe cooling for the bottom and, due to the air-right
construction, reduces false air intrusion considerably resulting in the

last analysis in improvement of the boiler efficiency. Thus also the fuel
consumption reduces and as a result, harmful emissions reduce as well.
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To improve the conditions of combustion and to increase the resi-
dence time of fuel in the combustion chamber so that the necessary reac-
tions between calcium oxide and sulfure dioxide will take place, vertical
recirculation has been introduced in the combustion chamber with different
air blow rates. Air blow rates of 5-7 m/sec and 2-3 m/sec can be adjusted
for the central layer and outermost layers, respectively. According to pre-
liminary calculations, the additional fuel load in the combustion chamber
due to the two vertical recirculation zones results in a much more homo-
geneous vertical temperature distribution along the combustion chamber and
in a maximum combustion chamber temperature of 1050 °C. This means a tem-
perature reduction of 300 °C as compared with the present value, an obvious
advantage in respect of reduction of nitrous gas emission.

Another advantage is that no slagging, typical of boiler operation
at the Ajka Power Plant, is required at that temperature. Thus use of the
equipment for slagging as well as shoot pipes can be avoided and the boiler
jacket can be mede perfectly air tight.

Fluidized-bed and conventional pulverized-coal firing can be used
in combination for boilers of a rated capacity of 100 t/h. In this case,
the pulverized-coal burners are rearranged that is removed from the corners
and arranged along the front wall and rear wall of the boiler to supply
both the fluidized bed and the layer above it. The new firing process re-
quires that also the air system be modified by introduction of delayed air
feed in accordance with the recent results of research, another contri-
bution to reduction of nitrogen oxide formation.

Modification of firing techniques

As compared with conventional pulverized-coal firing, coarser coal
grains are required for fluidized-bed combustion. Therefore, two of the
coal mills shall be adjusted to coarse grinding and thus the component for
fine grinding, the so-called air separator, becomes unnecessary. In this
way, not only energy can be saved but also the service life of the mills
increases four-to-fivefold and, in the last analysis, the reliability and
availability of the boiler itself increase.

In case of fluidized-bed combustion, a minimum boiler load of 40
t/h can be guaranteed without the use of oil to support combustion. Thus
also the oil system becomes unnecessary.
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For starting of a cold boiler, use of a flue-gas generator with
its om oil burner and automatic control system is planned. By means of the
flue-gas generator, the mixture of air and flue-gas entering the boiler at
the bottom is heated to a temperature of 450 °C together with the bed
material fed to the boiler earlier. Two oil burners provide for additional
heat required to reach ignition temperature depending on the quality of
coal available. According to calculations, ignition takes place at a tem-
perature of 650-700 °C. After coal feed has been started, the bed tempera-
ture shall be stabilized at B50 °C. Then the burners used for starting can
be switched off.

The low-grade coal from Ajka can be burnt in the fluidized bed
without any difficulty for electricity generation at the Ajka Power Plant.
Use of a mixture of coals of different grade is also possible, a practice
finding increasing use in the Hungarian power system.

Coal specifications

The ash of coals from Ajka has a typically high CaO MO, and
A20 content. This composition is advantageous in that much of the sulfur
is absorbed by the ash itself but at the same time disadvantageous because
the heating surfaces are contaminated by the alkali components. Namely, the
alkali results in formation of eutectic mixtures of low melting tempera-
tures which, after sublimation, condensate on the afterheating surfaces.
The deposition process has been simulated in laboratory. It was found that
deposition started at temperatures above 950 °C and the rate of deposition
on the surface of the probe of a temperature of 300 °C was maximum at tem-
peratures of about 1000 °C. No ash deposits on the heating surfaces have
been detected so far in the course of pilot-scale experiment or normal
operation with coal from Ajka in the fluidized bed.

Coal specifications (design values):

wr 18.8%
AT 34.9%
c 29.83%
H 1.4%
S¢ 3.17%
0 11.4%
N 0.4%

Heat value 9.643 MJ/kg
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Boiler specifications:
Outlet pressure of steam
(after superheater) 74 atg 73.6 bar
Outlet temperature of steam
(after superheater) 500 °C
Feed water temperature 190 °C
Maximum output (for 190 °C
feed water) 100 t/h 27.8 kgl/s
Peak output 120 t/h 33.3 kg/s
Air preheating 260 to 305 °C
Design data of boiler reconstruction:
Alternative A Alternative 8

Maximum output (for 190 °C 120 t/h 100 t/h
feed water) 33.3 kgls 27.78 kg/s
Heat demand of steam

(2596 kJ/kg) 86.533 MV 72.111 MV
Fuel heat (for 8% boiler

efficiency) 101.7 MV 84.82 W

Coal based heat for flue-
gas generation (for 8%

heat transfer efficiency) 97. 228 MV 81.024 MV
Fuel flow rate for coal of 37.97 t/h 31.67 t/h
a heat value of 9.643 MJ/kg 10.55 kg/s 8.8 Kkg/s

On the fuelling process

The quick bed of small cross-section results in increased pulverized
coal and gas circulation within the combustion chamber. At the same time,
the flue-gas temperature is homogenized at a low value and the increased
pulverized-coal concentrations and the resultant increased heat transfer
result in a heat absorption corresponding to the evaporation heat of steam
at the walls. Not only should the technology be suited for use with low-
grade coals and for increased output but it should be optimum also in re-
spect of reduction of sulfure dioxide emission. It is therefore necessary
that

— as much as possible coal and combustible sulfur content of coal
be released in the bed,



Fig. 9. Block Diagram of VEIKI fluid-bed firing at the Thermal Power Plant of Ajka
coal bin, 2 - electric fly-ash precipitator, Al, A2 - coal feeders, MI, M - mills, FV - fluidization blower)
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— the maximum temperatures in the space above the bed be reduced as
far as possible and stabilized at a uniform value below 880 °C,

— circulation of pulverized coal in the combustion chamber be
speeded up and

— the thickness of the bed be increased if combustion in the bed
can be intensified.

The above requirements are mutually dependent and thus intensified
combustion in the bed requires that also the cooling and the circulation of
pulverized coal in the combustion chamber be intensified.

According to the schematic diagram given in Fig. 9, operation of the
existing mills without air separator results in a bed of coal grains of
sufficient size.

Two mills are usually suited for grinding of the coal passed through
them to supply the fluidized bed.

The majority of combustion air gets under the fluidization air dis-
tributors while the rest enters the combustion chamber as secondary air and
through the mills provided they are operated.

From among the four mills, two mills are operated without air separ-
ator while the air separator of the other two mills is adjusted to maximum
coarseness. Oe mill can be operated without while another mill with air
separator in case of any coal grade, e.g. in case of a grain size of 0 to
20 mm or, in case of an output of 100 t/h, two mill can be operated without
air separator. Exhaust of the drying gas of the front mills from the com-
bustion chamber takes place in the same way as earlier. The temperature
before and after the mill is regulated by means of hot air admixture. As
compared with the earlier setup, a flue-gas exhaust pipe has been provided
for the section after the economizer at the rear mills.

At the Thermal Power Plant of Ajka, the first boiler of a steam out-
put of 100 t/h was put into service in October 1990. Since that time, the
boiler has been operating to full satisfaction of the user in accordance
with the expectations. The preliminary measurements detected a reduction in
sulfur and nitrogen oxide emissions. Evaluation cff the process is based on
comparison of the values of SO and NO® measured for the conventional
boiler and for the modified boiler.
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THE BASES OF THE PROGNOSIS OE ENERGY DEMANU WITHIN THE
RENEWING HUNGARIAN ECONOMY IN THE MIRROR OF THE
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The author's publications appeared in the last years as well as the lectures at
the 14th Energy World Congress made it clear that the energy demand and its changing
pace characterizes well the relations between the formation of economy and energy
consumption. The author of this article presents the home experiences within this
branch on the basis of his contribution published at the above Congress.

In addition to the experiences the publication, implies the method of the author
concerning demand prognoses.

In such an economy, which renews in its bases as Hungary, where
contrary to the practice of the earlier decades no producing activity
directed centrally will define the formation of future energy consumption,
there even the energy planners must seek for some new methods in order to
notify better the probable energy demands and the tasks in its connection.

It is all the more necessary because the opinions of energy prog-
nosis producers and reviewers seems to move in vacuum, in the same way more
or less, this time rather than formerly. Apart from the uncertainty of the
international comparedness of our nation-wide energy effectivity/energy in-
tensity™' (considered differently by several experts) some new difficulties
has namely emerged. Partly by concluding the extensive development and
starting the market economy, respectively, the concrete reducing ideas of
energy consumers are no more known and the pace of the future economy
growth has become uncertain. On the other hand, one has not sufficient in-
formation on the speed of modernization which reduce the growth of demands,

The present publication has been made on the basis of the author's contribution
handed down at the 14th Energy World Congress in Montreal, to which he also used the lectures
delivered by other authors at the same place like supplements.

**Szergényi, Istvan, H-1125 Budapest, Zalatnai u. 5, Hungary
*Energy intensity means the necessary energy consumption for the production value of

one unit. Energy efficacy is the reciprocal of energy intensity.

Akadémiai Kiad6, Budapest
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and energy intensity depends to a high extent on it, surely it depends in
the highest degree on the exterior factors. It does in the first line on
that in which degree and which pace "the acting capital"2 which is essen-
tial in acclimation of the up-to-date technology, will participate in the
renewal of economy.

These factors influence basicly the scope of action of energy
demands. Therefore it is practical to form the prognosis of demand for-
mation by means of the variation coming up concerning the speed of modern-
ization and economical growth, which must be really combined.

To judge our possibilities of modernizing, one must also know our
present effectivity of energy consumption, at least approximately. Out of
it one can namely get to know if the present level of energy consumption
presents any reserves (and how large ones) for the growth of economy. But
here one must remark that any access to the reserves is more difficult than
one would think in the first moment. The meloriation of energy efficacy of
production means namely a complex problem, and spectacular results can be
achieved only by long-lasting efforts. Its understanding is the basic con-
dition of being able to speak well-foundedly on energy demands and energy
policy.”

2 S . ) ) .
Here the functioning capital means so much that it should not enter this country in
the form of current currencies but as up-to-date techniques.

3In the opinion of the author the energy policy means the accepted principle and
scientific basis of action program-in smaller countries mainly at government level-which
through the series of part decisions ensures to have the indispensable energy for the undis-
turbed functioning of the society and economy at disposal.

During its formation one must also consider economical, environmental, security,
production and international cooperating respects. As starting out factors must be considered
the energy demands to be expected. Its volume depends in the first line on the growth of pro-
duction, on the possibilities of energy intensity decrease connected even with the structure
change of production, however, the population's consumption, the formation of infrastructural
demands as well mean important factors. Such a role is also played by the success of energy
saving measures to be done in every branch.

The energy policy may involve, because of the complexity of energy question outlined
above, only the most fundamental objects. It must be defined the necessary conduct for solving
the problems regarding smaller or bigger energy questions arising among numerous, operative
circumstances. To form the energy policy the most important respects are as follows:

- within the assurance of energy sources the defining principle of the measure of
energy dependence or the volume of production level of home energy,

- provision of sharing (diversification) of energy imports among the branches,

- long-term program of building up power plants,

- system of means ensuring the prevailing harmony between demands and sources, in-
cluded the energy prices as well,

- consideration of respects of society and environment as well as of international
experiencies and circumstances.

Beyond the above-mentioned questions the ensurance of harmony and "system of means"
as the marked economy goes forward in the direction of automatism. So this term as an ener-
getic question may lose something of its importance in the course of future happenings.
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The creation of energy resources must be adjusted to the demands
which is one of the most responsible questions of the energy policy, but
for the sake of defining the demands, it is necessary to know the con-
nection of changing paces among energy consumption, energy growth and
energy intensity in an up-to-date comprehension. But for the latter one the
effect of modernization in every sphere (production, infrastructure, etc.)
must be considered in the first place.

Therefore — after having compared the summarizing indices of the
Hungarian (energy) economy with the international data — we shall deal in
an extra chapter with the connection between modernization and energy in-
tensity decrease as well. Only then we intend to pass over onto making
known the idea concerning the bases of prognostization of the energy
demands. Up to that point we draw the attention of the readers to under-
stand also modernization figuratively under this concept, and mutually,
whenever we speak on energy intensity decrease.

1. Comparison between the energy intensity of Hungary

and the developed industrial countries

The absolute level of energy intensity in the developed industrial
countries is essentially more favourable (lower) than that in Hungary (or
those of the other "ex-socialist" countries). According to several experts
it makes nonsense to compare them, however, others draw a parallel willingly
between the Hungarian and the developed cuntries' energy intensity. Those
belonging to the first group, refer to those possible uncertainties which
can arise partly by probably different GP reckoning of certain countries,
partly by error sources of conversion of different national currencies to
dollar as to the uniform basis of reference.

The author belongs rather to the second group just for the sake of
at least approximate appreciation of the measure of the potential energy
intensity decrease. He remarks, of course, that there are limits of com
parativeness regarding the precision of numerical values. Especially then
the comparativeness exists if the pace of changes of energy intensity is
considered. But it is an indicator of direction concerning the absolute
numerical values as well because the difference among the indices of Hun-
gary and the developed countries is so big that it can be hardly traced
back to any methodical causes.
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According to the methodology of UNO International Comparison Pro-
ject (ICP) which expresses the comparison of GOP on the basis of purchas-
ing power parity, the total energy intensity of Hungary's economy is about
the double of the developed countries, however, in the case of comparison
at official rate is surpasses even its quadruple (Table 1). Regarding the
electric energy intensity the differences are somewhat more moderate.

The comparison by both methods, which singles the extreme values of
the uncertainty, too, proves the high state of the Hungarian energy in-
tensity. The reality of comparativeness between these two values is to be
found near the data calculated by the ICP-like index. It is especially true
if one thinks that our efforts toward convertibility —in long term — move
away the energy intensity calculated on the basis of P according to the
rate into the direction of that calculated in accordance with ICP.

Table 1. Hungary's energy intensity in international comparison

Total energy Electric energy
falling on one unit of @P
(Consumption in % of the Hungarian index (1985) )

purchasing at official purchasing at official
power on parity market price power on parity market price
(ICcP)
Austria 50 24 76 36
United Kingdom 62 33 70 37
France 49 23 72 34
F.R.G. 65 30 81 37
United Nations of
America 9 31 A 37
Japan 43 18 68 28
Hungary 100 100 100 100

Sources: /9/, /13/

Remarks to the table: In counting of energy intensity index/energy/GDP the uncer-
tainty is caused by GDP value. Both methods applied to compare internationally the GP
standard, that is, the ICP comparison of U.N.O. and reckoning with rates of exchange give
difference results. Both methods can give a distortion of opposite direction at the appli-
cation of purchasing power parity (ICP), that is, overestimation of economy level of the less
developed countries but underestimation of the more developed ones. - The application of rate
of exchange distorts just in the opposite direction, moreover it is supposed in a greater
degree. The reality is probably between the two methods, in addition in a territory near the
ICP measure. The author considers the comparison according to ICP to be real.
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Thus in the case of dynamic calculations which use the temporal
pace of energy intensity change, the application of ICP-like method is
more reasonable. (By the way, in the pace of energy intensity decrease
calculated in two different ways it does not appear that big difference
which can be experienced at the absolute level of energy intensity.)

The collective average energy intensity of the European Nine showed
a slightly rising tendency from 1965 up to 1973 (Fig. 1). But within the
general rising the indices of Great Britain, FRG and France decrease even
then, too. Regarding it, see later the diagram 8 (but since the first oil
crisis (1973) occurred a considerable decrease (in average 2.1% per year).
This decrease within the average was more intensive during a few years,
then it decreased up to 1979. But at that time the second oil crisis gave
a newer impulse to the energy intensity decrease which was again followed
by moderation in a few years (Fig. 1 does not show the absolute numbers but
the values related by 1973). Whereas the effect of the first oil-price ex-
plosion (1973) did not appear in Hungary in the pace of energy intensity
decrease.

On the contrary the "final" energy consumption® (-2%/year) proj-
ected for the QP unit lessened quicker between 1965 and 1973 (-1.3% per

Fig. 1. Energy intensity change between 1965 and 1986 (1973: 100)

In the so-called "final" energy consumption we do not consider the loss of
transformation which arises in the course of electric energy production. Together with that
the energy intensity decrease at the national economy level was still more moderate (1.1%

per year).



Table 2. The formation of fuel-energy intensity of people’economy between 1973 and 1987

Indices of people's economy
level projected on every
energy (PJ)

Indices projected on final
total energy consumption
(PTy**

Indices projected on
electric energy accounted
at the level of people's
economy (.P}‘I‘( M

Energy consumption without
the practical heat value of
electric energy (PJ)

Comsunption of electric
energy accounted in KAh

PN, &
KJ/Ft
Vyear

PJ,
kJ/Ft

%lyear

PJ,
kJ/Ft

V year

PJ
kJ/Ft

Vyear

109KWh
KWh/kFt
Vyear

@P (price of the year 1981), GFt Energy consumption. PJ Energy intensity, kJ/Ft
1973 1980 1987 1973 1980 1987 1973 1980
566 751 866 1025 1260 1348 1810 1677
4.1 2.1 3.0 1.0 -1.1 -1.0
3.1 2.0 -1.1
845 1037 1084 1493 1381
3.0 0.6 -1.1 -1.4
1.8 -1.3
260 336 408 459 447
3.7 2.8 -0.4 +0.8
3.3 0.2
765 924 940 1351 1230
2.7 0.2 -1.3 -1.8
1.5 -1.6
22.3 31.1 40.0 39.4 41.7
4.9 3.7 0.8 1.5

4.3 1.1
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1987
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year — Table 2) than between 1973 and 1987. Thus market relations in this
country did not influence the formation of index. In the earlier years the
decrease of energy intensity was due to the change in energy structure
which started more strongly in the middle of the sixties.

Probably without the spreading of carbohydrogen heating of better
efficiency the formation of energy intensity of the period between 1965
and 1973 would not have been more favourable. Because of the general lack
of GOVEOON price principle regarding the energy bearers and that of market
economy, when the rearranging of energy structure was finished towards the
energy sorts to be burned up with higher degree of efficiency, then the
energy intensity decrease is losing its wind. This is just contrary to the
wishes. Any improvement can be awaited only by the creation of market
economy and by the essential change of production structure.

In Hungary the electric energy intensity grew in the whole period
(1.1% per year) what was only so possible that the specific consumption of
energy sorts outside of the electric energy lessened better than that of
total energy (1.6% per year — Table 2).

It is to be remarked that concerning electric energy intensity a
decrease of slight degree can be experienced even in the developed indus-
trial countries only in the recent years (Fig. 2). This can be evidently
attributed to the fact that the effect of modernization presents itself
differently in the use of the fuel sorts and electric energy. One has to
reckon with this phenomenon in Hungary as well.

Oe can learn some further information from those data which the
energy intensity can be traced from (energy consumption and GDP). The for-
mation of these indices (this time, too, regarding 1973 as comparing
basis) can be seen in Fig. 3. According to these the growth of GDP and
energy consumption of the developed European countries up to 1973 grew at
nearly similar pace. From 1973 to 1979 there was a temporary decline, then
the new boom was similarly almost parallel. In principle it must be
esteemed as a new important phenomenon that since 1979 the energy consump-
tion in these countries has not grown essentially but the production — es-

"The Integrated time sequences at the price level of 1981 of the summarizing indices
regarding the development of people’s economy 1950 to 1987. Volume, 1, 1989

The (final) energy consumption without the loss of transformation. In our case
— for the sake of simplicity — only the biggest proposition, that is, the loss of electric
energy transformation was subtracted from among the total energy.*

***The heat quantity required for producing the electric energy.
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Fig. 2, The decrease of total energy intensity and that of electric energy in U.S.A.
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Fig. 3. The temporary change of (DP and energy consumption in Hungary
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(Sources: Agence Francaise pour la Maitrise de I'Energie (AFME), 1989, The integrated time
sequences at the price level of 1981 of indices summarizing the development of people's
economy |, QOT, IpM, 1989)
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pecially from 1982 — has been again prospering. To the new energy situ-
ation these countries could conform within short time.

Contrary to it, the P grew with undiminished force in Hungary from
1965 to 1977 (mainly the extensive development went on), and although in a
bit slower pace, but the growth of energy consumption was also continuous.
But from 1977 on the @P growth lessened durably, and in consumption of
all-energies a stagnation diversified with fluctuation followed.

2. The effect of modernization on energy intensity

International comparisons show that there is a diverse ratio be-
tween energy intensity and efficiency of economy. As Fig. 4. shows on the
basis of international comparisons it can be rendered probable that Hun-
gary can decrease its total energy intensity to its half when the produc-
tivity of its economy increases approximately to its double and half. To
reach this goal there are necessary 25-30 years even in the case of the
economy growth of 3-4%. This time could be shortened, too, if one would go
forwards in the modernization quicker than that was done by the countries
considered today to be developed. To do so one ought to take over some
ready technologies of little energy intensity in large numbers. So one
could spare the developing which the leading countries had to invest in
the innovating chain. This suppose a quick integration with the developed
Western countries. By the way, just the same has been done by the "newly
coming" industrializing developing countries. Contrary to them our dis-
advantage consists in the fact that we, who are developed in mediocre way,
are burdened by an out-of-date industrial structure. In order to overcome
all this it is necessary not only to introduce the new one, however, but
to eliminate the out-to-date measures as well.

Expressing the modernization with pace of energy intensity de-
crease, Hungary should not only surpass, according to it, the dynamic ex-
perienced with us earlier, however, that of the developed countries as
well. Just the success of our renewing could be expressed if a radical
change happens in the pace of energy intensity change. Besides this index
it could be an indicating number of our modernizing the rising share of
informatics within the GDP. Both possibilities are similarly considered
the measure of modernization as on it J. Bouvet reported /10/ at the 14th
Energy World Congress (Fig. 5).
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Fin. A. The connection between the energy intensity and the advanced state of
economy according to the data of 1985 (Source: /9/, /13/)

The following formula expresses the average year's pace of energy
intensity improvement among the different points of time,

;
C=c@+— )t (1)
1

0 100
where

energy intensity of the period's end,
@ = energy intensity of the period's beginning,
rQ

t = duration of the examined period.

average year's pace of energy intensity,

When one speaks on energy intensity decrease standing in front of
us, one must consider or mention in the first place the industry. Partly
because it consumes the most energy, partly the modernization in this

branch is realized in the most quick way all over the world.
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1975 1980 1985 1990 19% 2000
propa- energy 9.8 SA 78 71 65 60
tion Informa- 5g 33 55 87 82 100

Figm 3. The proportion of the value of energy and informatics in the GDP
production of the developed countries

Fig. 6. The change of energy intensity of industrial GP production between
1973 and 1985 (1973: 100)
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Table 3. The formation of fuel-energy intensity of industry between 1973 and 1987 E
QOP'(price of 1981), Git Enerav consumption, PJ Energy Intensity kO/Ft; kwh/Ft
1973 1980 1987 1973 1980 1987 1973 1980 1987
Industrial indices pro- PJ, Gt 177 249 288 417 496 463 2356 1992 1676
jected on the final energy kJ/Ft
ix
paTm %lyear 5.0 2.1 25 -1 2.4 2.4
3.5 +0.8 -2.4
Industrial indices pro- 541 637 615 3056 2558 2135
jected on energy con-
sumption at the level 2.4 -0.5 -2.5 -2.5
of people's economy PJ
Pn 1.0 -2.5 fﬁ
Indices projected on 160 186 203 0 75 70 §
electric energy ac- %
counted at people's 2.2 1.2 -2.6 -1.0 °
economy level
(PO) 1.7 -1.5
Energy consumption with- 381 451 412 2152 1811 1431
out the practical heat value
of electric energy 2.4 -1.3 -2.4 -3.3
(P
0.6 -2.9
Electric energy con- 10.0 12.4 14.1 56.5 49.8 48.9
sumption accounted in
kwh 3.1 1.8 -1.8 -0.3
25 -1

"' See the interpretation of indices projected on the whole of people s economy.
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According to international comparisons, the energy intensity of
industry of the more important Western countries of Europe decreased
quicker than the national average, yearly between 2.5 and 4.5%, that
measure of Japan did at the pace of 6.5% (Fig. 6). The Hungarian index met
the most moderate West-European one (2.5% per year) (Table 3). But because
our energy efficiency was even in the starting period out-of-date, the in-
dustrial energy intensity decrease must be considered as a very important
concomitant phenomenon in the process of home modernization. In the
following part we touch upon that.

There is the following connection between the energy intensity of
the whole of industry and the industrial branches,

n

i=l
where
C* = the energy intensity of the industry,

the energy intensity of the industrial branches

C/\
- the participation of the single branches within the GDP.

In our standpoint we may reckon with two levels of modernization-in
close connection of structure changes /8/. The higher level consists in
the structure changes among the branches. The decrease in rate of produc-
ing activity of branches of higher energy intensity also leads itself to
the improvement of industrial energy efficiency. For this very reason,
among other things, the developed industrial countries strive to get free
of industrial activities of energy intensity, and to get the productions
of energy intensity possibly on foreign markets.

The deeper level consists in modernization of microstructure of
economy which indirectly presents itself at the improving pace of the own
energy intensity of the single branches. So, for example, the energy in-
tensity (being favourable in advance) of machine industry improves at the
biggest pace in Hungary, however, the chemical industry, too, proves
similar experiences. In the case of the latter one experiences index-im-
provement of 56% per year in the first line by concluding the extensive
development and the gradual spreading of processing activity /4/, [7].
With the effect of structure changes at these two levels B. Chateau and
his co-authors dealt in the 14th Energy World Congress as well /6/. They
named the higher level "structure effect”, while the deeper one "intensity
effect”.



312 SZERGENYI, | .

3. Estimation of future growth of energy demands

Methodical recommendations and conclusions

As already mentioned, it is suitable so to prognosticate the energy
demands that the prognosis should similarly involve the economy growth and
energy intensity decrease to be expected from the modernization. In the
following part we want to make known a method which is based on this
double access.

the corresponding indices of energy intensity regarding the past can
be reckoned out of the statistic data. But regarding the future — alterna-
tive economy — prognoses in different variations can be mede by the use of
considerations of structure policy both for the economical growth and the
energy intensity decrease (modernization). By means of a proper connection,
by the two kinds of prognoses the energy demand growth can be determined.

Among the change of economy growth, energy consumption and energy
intensity the connection /3/ is valid, this is illustrated monographicly
by the Fig. 7 /8/.

Mg (3)
1 U
where 1 + wo

rg, r~ and r mean, one after another, the average year's paces of the
change of GDP, energy consumption and energy intensity, respectively.

the growing pace of energy consumption can be defined from /3/, in
view of the relative low value of energy intensity change through the
following approaching connection,

r,+r (4)

Thus the growth of energy demands — using contracted macroindices —
can be defined out of the growth of (P and from energy intensity change
with formula 4 (or by means of monogram of Fig. 6)."

If, for instance, between 1989 and 2000 an energy growth of yearly 1.9% can be real-
ized by energy intensity decrease of yearly 1.1% then the energy consumption-growth were
yearly 0.8%. By considering the previous data of the year 1989/GDP is equal with 856 thousand
million forint at price of 1981, 32 million ton of oil equivalent energy consumption), then
the energy demand of the year 2000 were 35 million ton oil equivalent while the GDP would
amount to 1053 thousand million of forint. With the same energy quantity 1210 thousand million
forint (GDP) could be reached in the case of the modernization governing energy intensity
decrease of yearly 25% in the year 2000.
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Fig. 7. The monographic connection of the changing paces of GOP, energy consumption and
energy intensity
(r - the yearly average pace of change of GOP consumption, r* - the yearly average pace of
change of energy consumption, r* - the yearly average change of energy intensity)

The most critical part of the method is the reflection what energy
intensity decrease can be ordered rationally to the single economy growing
alternatives. After all the variations arisen out of the combinations
created in this way, form the probable zone of energy intensity growth.

Thus it is necessary to think over those processes what a basic
change in the production will be caused by the Hungarian modernization to
be carried out. In what proportion and pace the mortification of the
technologies of out-of-date energy demands and introduction of up-to-date
measures can be expected?

How can form the temporary change of GDP, the energy intensity in
the function of producing structure change (2nd formula) — as its result?
The publication does not become immersed in this question but it outlines,
in three variations by means of the alternative formation of energy inten-
sity change indicator, what chances we shall have in the case of different
speeds of modernization to join up, to remain just on the surface or to
get into danger concerning our competitiveness.
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® The yearly average pace of energy intensity
EA Oil equivalent in ton

Fig. 8, The formation of energy intensity and the development
(Source: Revue de I'énergie, n 413, novembre 1989)

On outlining the prognosis of formation of the future Hungarian
energy intensity decrease, we set out from our present situation, experi-
ences, the international comparisons and our European integration efforts.
Let us look at Fig. 8 in which one compares the Hungarian energy in-
tensity calculated by ICP method with those experienced in a few developed
industrial countries and with those experienced in some newly industrial-
izing countries, taking a longer space of time /14/. Fig. 8 shows that
our energy efficiency would remain unfavourable in the case of pace of our
energy intensity decrease up to the present, compared not only to the
developed countries, but the newly industrialized ones as well.

It can be supposed that temporarily the high energy costs have been
balanced in the competitiveness of several Hungarian wares by the low pro-
portion of wages.

Keeping the pace of our up-to-now energy intensity decrease, in the
case of home wage increase or unfavourable formation of some other pro-
ducing factors would jeopardize even our competitiveness compared to the
developing countries. Thus the yearly energy intensity improvement of
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1-15% (first variation) were for our economy only the most pessimistic
alternative. This ought to be avoided possibly!

More intensive — yearly 1.5-2.4% — energy intensity decrease could
be the sequence of processes of such real economy policy in which rela-
tively rapid modernization starts. Finding position within the zone de-
pends on the speed of modernization. But this variation /2/ would not
assure more than so much that the distance among the developed countries
and us should not increase. But this is only then valid if the upper part
of the zone were realized. A more ambitious economy developing program
should surpass even that if Hungary wants to approach the developed
countries.

Although the probability of an energy intensity decrease overcoming
the industrial countries, too, — thus about 36 or a bit more significant
than that — is little , however, it is not totally impossible in the case
of the possible quick integration of Hungary into the developed countries,
moreover it were directly desirable. To accomplish this variation /3/ the
whole arsenal of economy diplomacy and technical developing possibilities
must be combined.

According to the author's judgement the middle variation has the
greatest probability — mainly for a middle horizont of time — in which,
of course, the upper limit of zone were desirable (2.5% per year) — this
would mean the doubling of the pace of energy intensity decrease up to the
present. It is reasonable to form also the energy zone corresponding to it.
But it is recommendable to carry out this work consequently upon the methods
put down above, and joined the economic development being formed actually
(GDP growth). Thus one must make it running in order to be able to take
into consideration the modernizing processes, that is, those otuside the
energetics during "the maintenance"” of energy demand prognosis. At the
same time the information coming continuously will give instructions on
the questions if the energy intensity decrease switches over indeed to an
other course.

On counting the energy demand growth one must consider s till one
important factor so as to avoid a possible mistake in the course of adopt-
ing the formula /4/ mechanically, that is, the energy consumption per man.
According to the international comparison (Table 4), except the indicator
referring to the Japan specific total energy consumption, one always meets
higher values of energy consumption per men everywhere in the developed
industrial countries — particularly regarding the electric energy. From
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Table 4. Hungary's energy consumption per men in international comparison

Per one head
Total energy Electric energy

Consumption in %of the Hungarian index (1985)
191/

Austria 103 159
United Kingdom 131 148
France 107 157
F.R.G. 173 190
United States of A. 255 305
Japan 9 158
Hungary 100 100

this fact one can draw the conclusion that it is not reasonable to dis-
regard any — mainly electric-energy consumption growth even in the case of
intensive modernization. We have already dealt with this question earlier,
and the statement was also proved by means of Fig. 3.

Then a greater challenge of energy intensity decrease than the about
P per year which could be ordered to the most intensive principle vari-
ation of modernization mentioned as the third one earlier, occurs if — for
example -- on the part of environmental protection a newer pressure would
step up. This would mean tasks to the industrial countries, which partici-
pate in about three-quarters proportion out of the energy consumption of
the world, corresponding to roughly 8 thousand million ton of oil. It
could be imagined that these countries cannot use more energy for their
future development, but they must decrease consumption. In this case some
innovation waves can start from them out of which we cannot wriggle us.
But its pondering exceeds the limits of this publication.

4. Sumnary

The functioning of the Hungarian economy is of very energy demand.
The decrease of our energy bill is imperatively necessary both in respect
of routine energy costs and energetic investments that our production
should be and become competitive, even in the case of growth of probable
cost shares regarding other production factors as well.

According to approximate calculations, the yearly average pace of
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decrease of our energy intensity ought to be double compared to the home
one experienced continuously up to the present (-1.3% per year) that the
distance should not grow between the developed industrial countries and
us — at least.

If we want to lessen the distance among the developed countries and
us then we ought to experience about yearly 3% energy intensity decrease.
But this wants the introduction of the new and not "the put off" tech-
nologies in Hungary, integrated into Western-Europe.

Considering that the decrease of energy intensity ensues mainly as
result from modernization, therefore we must seek for the key of solution
in the accelerated making of the production structure up-to-date. We must
keep close watch on this process, and with the continuous maintenance of
our energy prognoses we have to review the energetic consequences from
time to time.
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PROBABILITY DISTRIBUTION OF RANDOM LOAD OF ELECTRIC

POWER SYSTEM INTER-TIES

TERSZTYANSZKY, T.*

(Received: 12 November 1988)

The study investigates the resultant random load of the inter-ties between two
electric power systems. First the distribution of random load is determined for the
general case where power station units of a large number are in operation in both
systems and then a method and a case study are presented for the case where the
capacity of a 1000 MV power station unit exceeds 5-10% of the total system capacity.

1. Resultant random load of system inter-ties in case of

power station units of a large number

The load of electric power system inter-ties is composed of deter-
ministic loads and random loads, the random load being the resultant of
power transfers of some hours (days) taking place for economic reasons and
power transfers of some seconds (minutes) based on engineering. Because of
a possible system disconnection and its consequences, the high values of
power resulting from random loads endanger the security of interconnected
system operation. Determined below are the characteristics of resultant
load on the basis of probability theory for planning of a secure inter-
connected system operation.

In determining the resultant of random loads of shorter or longer
time, the probability characteristics of both loads, e.g. variation, are
assumed to be determined after matched averaging. Thus, if e.g. uncon-
trolled power oscillations are investigated on the basis of hour's aver-
age, also the characteristics of power transfer in case of a system dis-
turbance and/or marginal energy exchange shall be calculated as an average
on an hourly basis.

*Tersztyanszky, Tibor, H-1139 Budapest, Petnehazy u. 35, Hungary

Akadémiai Kiad6, Budapest
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The most convenient method is to determine the expectable value from
among probability variables. If the same strategy can be assumed for both
planning of power system reserves and power/frequency control, then
it is only the change as compared with long-term planning that shall
be taken into consideration (e.g. electricity purchase or sale as a
result of a delay in power station construction as compared with the
plan). If there is no change, the expectable value of short-term random
load Z will be E (Z) = 0.

To calculate the resultant value of variation, let the number of
values measured per hour (half-hour, quarter-hour etc.) be denoted by m
while the number of measurements per hour (half-hour, quarter-hour etc.
but definitely the same period as that used for m) by n. Thus the mean
square deviation will be

n m
nlm Y (1)
i=l  j=m
where
Z"N - resultant random load taking place at time j within hour
(half-hour etc.) i,
Z - average of loads Z...

Since the time intervals are matched in the investigation of the
two different random loads as has been assumed, the above equation can be

Fig. 1. Deterministic and random (longer and shorter) loads of inter-ties
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divided in two parts:
- = ) ! (zi - 2)2 (2)

where

Z™ - average load in hour (half-hour etc.) i.

The first term of the expression is the variation of uncontrolled
exchange power oscillation while the second term stands for the variation
of substitution or marginal energy exchange in case of a system dis-
turbance. Thus

(3)

where

<an - variation of short-time uncontrolled power oscillation, assumed
to be (0.25-0.5) \rp* according to reference /1/,

dp - variation of mutual power transfer in case of operating troubles
and of an economically favourable energy purchase, assumed to be
(1.3-1.7) VP according to investigation /2/,

Pj - load of the smaller system of those interconnected by the
system link investigated.

Hence, in case of power station units of a large number where the
power of the largest unit lies at, or below, 9% of the installed system
power, the resultant variation of random load can be calculated, using
data from references, as follows:

- (1.2 1.8) 4)
With the result obtained, the maximum values of different, probabili-
ties endangering the interconnected system operation can be determined on
the basis of the method published in /3/.
2. 1000 MNWunit is a small system
If, for different reasons, relatively large units, e.g. units of a

power above 3% of the system capacity are built into a power station
system, then the normal distribution based on the central lim it theorem
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will no longer be sufficient as an approximation of permanent (hourly
average) random load of system links, representing mutual help in case of
operating troubles. In this case, because of its magnitude, the effect of
the power station unit of relatively high unit capacity shall be taken
into consideration independently like in planning for the power station
system /4/. A typical example is the Hungarian electric energy system at
the turn of century when a 1000 MV nuclear power unit is expected to be
commisioned in the system of a total capacity of about 8000 MN

The random load of inter-ties is affected by the 1000 MV unit in
that part of the lost power in case of an forced outage is replaced by the
other power systems through the system interconnection lines at a rate
depending of the parameters of the interconnected systems. In addition to
what has been described in Chapter 1, the random load of system inter-ties
may be affected also by two independent factors, namely by the avail-
ability of the unit and the ratio of system capacities.

In normal operation, the load of system inter-ties is not affected
by the 1000 MVunit. However, in case of its forced outage, random load is
appearing on the inter-ties at least temporarily as a substitution of the
generator dropping. In this case a probability model is used for calcu-
lation, this effect can be approximated by binomial distribution. Proba-
bility of unavailability of units of number k from among units of number n:

T, (n] nk K e
Pk M k JP q (4a)

Distribution function of the probability of unavailability of the unit:
K
By) =Pr (ricy) =2 1?J pn_iqi (5)
i=0
where
Y = kP,
P - capacity of 1000 MV units,
n - number of units,
K - number of unavailable unit investigated (k =0.1, ..., n),
g - forced outage rate of the unit,
p - reliability of the unit.
Unavailability of the high-capacity 1000 MV unit and unavailability
of the different machines from among units of a large number according to
Chapter 1 are an independent event each and thus the rule of the sum of
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dependent probability variables can be applied to resultant random load Zzy
occurring on the system inter-ties in case of a coincidence /5/.

Using normal distribution, assumed and tested for random transfers
of inter-tie in case of power station units of a large number and consumer
load, denoted by D(Z), the distribution function of resultant random
transfers of inter-tie, G(Zy), will be

Gz ) s D2) y B(y) . (6)

However, in case of forced outage of the 1000 MV unit, the fact
that the electric energy systems of parallel operation substitute for each
other in the ratio of their capacity in the first instant shall also be
taken into consideration /6/. This substitutional process may continue for
a longer time if there is no significant reduction in frequency, there is
no inter-tie is disconnection unless the power reserves are loaded or re-
ductions are set to consumption in the system emergency. If a smaller
system PM is connected in parallel with a larger system p», then the ratio
of prompt substitution for a unit becoming unavailable in the smaller
system w ill be

h = (7)
P, +P,
Taking this into consideration a detailed expansion of the convo-
lution for determination of the probability distribution of resultant
random substitution load of the system link yields

n , . . . (Z - h.k.
Gzy) - 2 (k1 p g +p o (8)
k=0 ' z '
where
® - normal distribution function of values <«y and E(z) = 0,
P - k . P"ggg, total capacity of 1000 MV units,
Zy - resultant random load of system inter-ties in case of unavail-
ability of 1000 MV unit(s), taking into consideration also substitution.
A computer convolution program has been developed on the basis of
equation (8) to calculate random load Zy resulting from unavailability of
the 1000 MW unit in an interconnected electric power system. The input
data include essentially the following quantities:
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1 Quantities describing the normal distribution representing mutual
substitution in case of power station units of a large number that is
variation d and expectable value E(z) of the distribution.

2 Values describing binomial distribution that is the number of
units as well as the forced outage rate g of the unit in respect of random
load of the system intertie as well as capacity.of the unit in MA

3 Quantity describing the ratio of substitution, determined by the
ratio of systems interconnected by the system links.

Index q expressing the forced outage rate of the unit in respect of
random load of the system inter-tie shall be corrected because, even in
case of unavailability of the unit for time T~z, the time of random load
of the system inter-ties is T " only as a result of appropriate control
measures to discontinue the overload of inter-ties. The corrected forced
outaged rate

9)

Use of a value of g*= 0.001 ... 0.01 is recommended by the author in
on the basis of data collected over years on unavailability of 800-1300 MV
units of PAR nuclear power stations in the USA and France due to forced
outages (7).

The following data have been used in a case study calculations for
random load of system inter-ties, representing substitution without import
in case of system disturbances:

Normal distribution

Binomial distribution Substitution
ratio
E(2) Oz
1 x 1000 MV
P 130 1
2 x 1000 MV
0 h
150 0.8
0.01

0.001
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MW

Fig. 2. Probability distribution of random load of system inter-ties in case of one 1000 FV
power unit is added to a smaller system of 5000 MV and 10 000 MV interconnected with a larger
system which is infinitely large or four times as large as the smaller system, respectively
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Fig. 3. Same as Fig. 2 but with two 1000 MW units added

The results of calculations are diagrammatically illustrated in
Figs 2 thru 4. The diagrams show the probability of a load higher than
the random load of a certain system inter-tie according to the approximate
method used for calculation.

This case study permits different conclusions to be drawn. E.g. as
seen in Fig. 2, the larger the smaller system, the less the probability of
substitution in case of system disturbances and the probability of sub-
stitution will reduce also if there is not much difference in capacity be-

tween the interconnected systems.
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Fig. 4. Effect of probability of unit unavailability upon the probability distribution of
random loads of system inter-ties in case of one or two 1000 MVunit(s) built into a 5000 BV
system

The probability of load of inter-ties in case of breakdown of the
system varies also as a function of the number of 1000 MVunits built into
the system (Fig. 4). Fig. 4 shows how do the different parameters affect
each other. The significant effect of the availability of a unit (or
units) on random load of system links is worthy of note.
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BOOK REVIEW

Frigyes, |. - Szab6, Z. - Varnyai, P.: Digital Microwave Transmission.
Akadémiai Kiadd, Budapest, 1989

This book has been designed to provide information both for people
who want to learn the fundamentals and for experts who are interested in
details. Investigation of the technical problems if supported by an appro-
priate mathematical background. Thus the text is easy to read and under-
standable.

First the fundamentals of digital transmission are treated: vector
representation, bit error probability, optimum receiver, multilevel en-
coding, band limiting, distortion equalization, spectral properties, non-
linearity, noise, interference, etc., followed by discussion of synchron-
ization problems of microwave transmission: phase-locked loops, sequential
filtering, carrier recovery, clock recovery.

Properties of the microwave transmission path are dealt with:
sources of fading, selective multipath fading, outage probability, design
for reliability, frequency re-use, satellite systems. Then multipath
countermeasures are discussed: error correction encoding, adaptive equal-
ization, multicarrier transmission, space diversity, frequency diversity.

In the second part of the book, details of the equipment are
presented. Modulators, transmitter, demodulators, and receivers are dealt
with. PSK, QMM PRS, 0-QPSK, MSK, ASK, and FSK modulators and demodulators
are discussed in detail. Furthermore, the methods of baseband signhal pro-
cessing, including, encoding, decoding, scrambling, error detection, etc.
are described. Finally, auxiliary equipment for continuous monitoring of
transmission performance, transmission of service information, stand-by
channel systems are discussed.

The book of 423 pages is rich in illustrations including figures,
tables, and equations. The authors' intention that is to discuss the
theoretical and practical problems encountered in digital microwave trans-
mission in detail has been fully met by their work.

T. Berczeli

Akadémiai Kiadé, Budapest
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