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J .  PR0HÁ5ZKA OF SEVENTY

MICHELBERGER, P.*

János Prohászka, member of the e d ito r ia l board of our p e rio d ica l, 
general ed ito r of the technological series, has turned 70 in 1990. This 
special ed ition  is  intended to d irec t the readers' attention to the scien­
t i f i c  achievement of János Prohászka, to the school based on his work, f i r s t  
of a l l  because, in our view, h is special lin e  - research in m ateria l s c i­
ence - is  one of the most important factors of the economic development of 
our time.

János Prohászka was born in Budapest, 1920. He graduated as a mech­
anical engineer at the Technical University of Budapest in 1950. He added 
theore tica l studies to the e a r lie r  in d u s tr ia l experience when he was lec­
tu re r teaching mechanics and mathematics at the Economical and Technical 
Academy, an in s titu t io n  to stop the temporary gap in the education of 
engineers, fo r a year.

In 1953, he joined the research s ta f f  of Professor László G illemot in 
the Research In s titu te  of Iron Industry. The f ie ld  of his research a c t iv i­
tie s  included investigation of the e ffe c t l i  as an a lloying element on the 
cementation of steels as well as on the d iffus ion  rate of C in  low-carbon 
stee ls. He had w ritten a thesis on the resu lts  of his research work and 
became candidate fo r Ph.D. in  technical sciences in 1957.

From the year 1954 on, János Prohászka investigated the changes in 
the mechanical properties of tungsten at high temperatures, and the con­
d itio n s  of re c rys ta lliza tio n  of tungsten, f i r s t  in the Research In s t itu te  of 
telecommunication, a d iv is ion  of ÎUNGSRAM Corporation and then a fte r  1957, 
in the Research In s titu te  of Applied Physics of the Hungarian Academy of 
Sciences, founded in the same year.

Michelberger, Pál, H - l l l l  Budapest, Egry 3. u. 19-21, Hungary
X
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Prohászka's research work has been focussed on the re la tionsh ip  be­
tween the structure and macroproperties of metals and alloys ( f i r s t  of a l l  
stee ls) to discover, understand and define these properties and then to 
take th is  knowledge as a basis for the development of technological pro­
cesses - heat treatment and p lastic  deformation -  perm itting the structure 
o f metals to be changed e ithe r loca lly  or g lo b a lly  as required.

János Prohászka was appointed professor of the Department of Ma­
te r ia ls  Engineering in  E lec trica l Industry, Technical University of Buda­
pest, in 1964. In 1967, he became professor and head of department. The 
In s titu te  of Mechanical Technology and M ateria ls Science was organized at 
BME in 1972. Professor Prohászka was deputy d ire c to r then, between 1977 and 
1985, director of the In s t itu te .

In 1966-1967, Professor Prohászka spent two semesters at Harvard, 
USA. During th is  period, he continued research and as a resu lt, he devel­
oped (and patented) a high-speed annealing process for the heat treatment 
of low-carbon nonalloy steels with a view to improve not only the proper­
t ie s  of HSLA and dual-phase steels but also the thermal e ffic iency (above 
90%) of steelmaking w ithout the use of expensive a lloying elements.

Professor Prohászka's achievement in  the f ie ld  of research, edu­
cation and school founding has been appreciated both in the country and 
in te rna tion a lly . He was the f i r s t  in Hungary to w rite  an up-to-date scien­
t i f i c a l ly  established textbook on physical metal science published in  Hun­
garian language which had been w ritten at tha t time for postgraduate 
students but i t  has become part of the regular educational program fo r the 
students of mechanical and e lec tric  engineering. This book is  a summary of 
Professor Prohászka's ideas and philosophy.

In addition to orders awarded by the government, János Prohászka got 
President's reward from the Hungarian Academy o f Sciences in 1962. In 1970, 
he became corresponding member while in 1982, regular member of the Hun­
garian Academy of Sciences. Throughout two terms, he was member of the 
presidium of the Academy. He was member, executive or head of Academy and 
engineers' committees of quite a number. At present, he is  deputy president 
of the Department of Technical Sciences o f the Hungarian Academy of 
Sciences, co-president of the Committee of M ateria ls Science and Technology 
and president of the Technology of the S c ie n tif ic  Association of Mechanical 
Engineering.

As a resu lt of h is  in ternational repu ta tion , he had been included 
among the members o f CIRP in  1984 and awarded Rockwell Prize by the In te r ­
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national Technological In s t itu te  in 1986. As a State Prize winner in  1988, 
he was rewarded fo r his l i f e 's  work.

However, greatest regard and respect fo r Professor Prohászka have 
come, and are s t i l l  coming, from his students and collagues, many o f them 
being candidates fo r Ph.D. or holders of Ph.D. His s c ie n tif ic  achievement 
is  m ultip lied  in  the students' and colleagues' a c tiv it ie s  s t i l l  con tro lled  
by the advices and critiques of Professor Prohászka. We wish Professor Pro­
hászka long years in good health and stamina to continue his work success­
fu l ly  for the sake of progress in  the technical world.
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SURFACE F IN IS H  BY ME ANS OF HIGH POWER LASER
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Within the wide range of in d u s tr ia l app lica tions o f C0  ̂ gas lasers o f high power 
dens ity , methods to modify the surface q u a lity  o f components have been investiga ted  
by the authors. Special emphasis is  la id  on methods resu lting  in m artens itic  trans­
formation of s tee ls . In evaluation of the re su lts  o f experiments w ith cast iro n  com­
ponents, i t  was found that a s tructu re  other than the conventional cast iron  s truc tu re  
could be obtained as a resu lt o f heat treatment w ith  high power density. Methods lik e  
l ig h t  microscopy, scanning electromicroscopy, X-ray d iffra c tio n  and DTA were used as 
te s t methods in  the experiments.

In the recent decades, conventional metalworking techniques lik e  
casting, forging, ro ll in g , machining, welding, heat treatment e tc. have 
los t th e ir  e a rlie r monopolistic pos ition . New, never used technological 
processes have been find ing wide use in  industry, among them metalworking 
by electron beam, plasma or laser, manufacture of metalglass, m icrocrysta l­
line  and sintered materials, monocrystals, geometry-memorizing a lloys  etc. 
/1 /,  /5 / ,  /7 / .  However, in  the co lourfu l p ic tu re  of what is  new and la te s t 
in  technology, some trends can be d is t in c t ly  recognized along which these 
new technological processes are developing, perhaps most dynamically the 
processes of high power density including f i r s t  of a l l  electron beam, 
plasma and laser techniques. Discussed below are some of the resu lts  of in ­
vestigations in re la tion  to laser metalworking.

From among lasers of d iffe re n t wavelength and power, Сй£ gas lasers 
are most widely used in  the f ie ld  of m aterials science. Today С̂ 2  gas 
lasers have a power range of several k ilow atts  and thus the f ie ld  o f a p p li­
cation includes a wide range of in d u s tr ia l uses from precision mechanic to 
s truc tu ra l steel production.

*Bakondi, Káro ly, H-1026 Budapest, Trombitás u. 26, Hungary

**Buza, Gábor, H-1028 Budapest, Kazinczy u. 14-16, Hungary

Akadémiai Kiadó, Budapest



16 BAKONDI, К . -  BÚZA, G.

A TUNGSRAM CĈ  gas laser of a power of 1 kW is  operated by the 
Department of Machine Industry Technology, Faculty Transport Engineering, 
Technical University of Budapest. Research workers of the Department have 
been dealing with development of power lasers and th e ir increased in d u s tr ia l 
app lication in the country. In addition to many other technological problems 
(such as cu tting , boring, welding, marking e tc .) ,  investigated are the pos­
s ib i l i t ie s  to change and improve the surface q u a lity  of s tructu ra l elements 
and components.

Laser techniques are used to harden, re fine  or coat the surface of 
s tru c tu ra l elements and components exposed to stress, f i r s t  of a l l  with a 
view to improve the tr ib o lo g ic a l behaviour.

As compared with the conventional hardening techniques, short-tim e 
loca l surface fin ish in g  techniques by means of laser beam have advantages 
o f quite a number in respect of manufacturing technology. The loca l heat 
input allows of p o in tlik e  hardening, or hardening along a lin e , without ex­
posure of the surrounding material to heat re su ltin g  in s ig n ifica n t changes. 
In th is  way, the sp e c ific  energy consumption of heat treatment of the com­
ponents reduces and the process becomes economically more e ff ic ie n t.  By use 
of m irror systems, loca l hardening of otherwise inaccessible points becomes 
also possible. R eproducib ility , automatization, minimum load to the work- 
piece and as a re s u lt, minimum buckling are additional factors explaining 
the increasing importance of laser application in  th is  f ie ld .

I t  is  f i r s t  of a l l  the good dimensional s ta b il i ty  that allows of the 
surface fin ish ing  of components which could not have been worked so fa r by 
means of the conventional techniques.

C O ^ gas mixture is  used for hardening and coating of the surface of 
components in  case improvement of the tr ib o lo g ic a l characteris tics is  
necessary. Two types of laser surface fin is h in g  of workpieces can be used: 
m artensitic  hardening and fusion hardening.

Martensitic hardening

The surface of the workpiece is  heated by the laser beam to a tem­
perature ly ing  below the solidus point.

As soon as the rear edge of the focal spot reaches the surface, the 
heating phase of the process is  completed. As a resu lt of heating, the sur­
face of the workpiece becomes austen itic  and goes into carbon so lu tion .
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Then cooling of the surface s ta rts  immediately as a result of heat trans­
port taking place in  the material treated and/or between the surface and 
the atmosphere and, in  case of a s u f f ic ie n t ly  high rate o f cooling, 
martensite is  produced in  the material parts that have been aus ten itic  
e a r lie r . As a resu lt of th is  s truc tu ra l change, the surface of the work- 
piece becomes hard.

The thermal process w i l l  be successful i f  the c r i t ic a l cooling rate 
is  reached. Dissipation of heat w i l l  take place within a short time as a 
re su lt of the temperature gradient i f  heat extraction by the surrounding 
material is  appropriate and the heat capacity and thermal conductiv ity  of 
the workpiece are s u ff ic ie n tly  high. In th is  case, cooling resu lts  in  s e lf-  
hardening without the need fo r an external coolant.

F u s io n  h a r d e n in g

The power density of the laser beam is  increased u n t i l  the melting
5 7 2point of the workpiece is  reached (10 - 10 W/cm ) and fusion o f the sur­

face takes place fo r a short time. Cooling and/or s o lid if ic a t io n  s ta rts  
soon a fte r fusion.

The same process can be used also fo r  pu rifica tion  of the surface 
containing v o la t ile  im purities (m e ta llu rg ica l processes). Inc lus ions that 
can not be removed from the melt are d is tribu ted  more uniform ly because 
of the rapid thermal processes and they separate as fine p a rtic le s  in  the 
course of s o lid if ic a t io n .

C o a t in g

Coating is  a process s im ila r to fusion hardening. The workpiece can 
be made in  th is  case of an inexpensive but though material while the coat 
applied to the surface e.g. by thermal dispersion is  an expensive material 
resu lting  in  favourable properties. In th is  way, not only the tr ib o lo g ic a l 
behaviour but also the op tica l ch a ra c te ris tics , corrosion resistance and 
heat resistance of the component can be improved.

The parameters of the process sh a ll be selected so as to re su lt in 
fusion of the coat and the surface layer of the basic m ateria l. A metal- 
lu rg ic a lly  s u ff ic ie n t m eta llic  bond can be produced only in  th is  way. 
Should the power density of the laser beam used for heating be in s u ff ic ie n t-
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ly  low, the coat, although molten, w il l  separate from the ca rrie r m ateria l 
immediately a fte r the laser beam has been removed. On the other hand, a 
higher than desirable heat input s t ir s  up the melt of basic m ateria l 
because of the s ig n if ic a n t convection and thus the unfavourable mechanical 
properties can act throughout the melt up to  the surface. Therefore, the 
process shall be con tro lled  in such a way tha t the intermediate zone w i l l  
be s tirre d  up only s l ig h t ly .

The o r ig in a lly  porous disperse coat w i l l  become compact a fte r fusion. 
Optimum result can be achieved i f  the laser beam in tensity  and feed rate 
are adjusted to the properties and thickness o f the coat, material q u a lity  
and degree of po ros ity . Surface roughness, porosity  and in c lin a tio n  to 
crack formation sha ll be minimum. Reproducib ility of the coat production is  
a condition for re p e a ta b ility  of the resu lts .

In another version of the surface f in is h in g  process, the a lloy ing  
element is  introduced d ire c t ly  (e.g. in the form of powder or gas) in to  the 
melt. In contrast to the coating process, in tensive  agitation of the melt 
due to convection is  u t i l iz e d  to admix the a llo y in g  element with the basic 
m ateria l. Hence, the melt sha ll be s tirre d  up thoroughly. This method is  
advantageous in tha t no uncertainty in manufacture resulting from the in ­
s ta b i l i t y  of the layer thickness of the porous coat applied to the surface 
by thermal dispersion s h a ll be reckoned w ith.

An experiment series run by the Department demonstrates the wide 
range of a p p lic a b ility  o f power lasers and th e ir  special effects. The work- 
piece used in the experiments was a modular cast iron camshaft. This 
example has been selected from among experiments of a large number to 
demonstrate both versions of surface hardening mentioned above fo r the 
same workpiece, perm itting  thus a comparison o f the effects of both mecha­
nisms. Composition of the te s t material: C = 3.55, Si = 2.5, Mn = 0.35,
Ni = 1.5, Mg = 0.055% by weight. Mechanical characte ris tics  of the ty p i-

2
c a lly  p e a r lit ic  modular cast iron material of the workpiece: = 650 N/mm ,
Re = 480 N/mm2, A$ = 5%, HB = 230-285.

The optica l microphotograph of the metallographic specimen of part 
of the basic material is  shown in Fig. 1. The photograph in Fig. 2 shows a 
sectional metallographic specimen of the environment of the surface treated 
by laser beam of a power o f 500 W. As seen in  the photograph, the graphite 
nodules are surrounded by a "halo" not eroded o r, i f  indeed at a l l ,  only 
s l ig h t ly  eroded especia lly  near the surface. This can be clearly seen in  
the photograph of 500 fo ld  magnification given in  Fig. 3. Otherwise the 
s truc tu re  of the layer is  martensitic or shows austenitic residues.
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F ig . 1. O ptica l microphotograph of the metallographic specimen of the 
modular cast iron  camshaft investigated (M = 500x, 34 N ita l)

F ig. 2, E ffe c t o f 500 W laser l ig h t  beam on the surface layer 
(M = 500x, 3% N ita l)
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F in . 3. S tructure of the layer trea ted  by laser 
(M = 500x, 3% N ita l)

The white, non-eroded parts between the martensite, the austen itic  
matrix and the graphite nodes remind us in  th e ir  nature of the so-called 
fe r r i te  ghosts of the fe r r i t ic - p e a r l i t ic  nodular cast iron. However, white 
parts lik e  these can not be seen in parts of the material that have not 
been heat-treated (Figs 1 and 2). Hence, these white parts must have been 
brought about in the course of heat treatment. Further experiments were run 
therefore to detect how these white parts had been produced and what they 
are at a l l .
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I t  is  necessary to make clear that the material of these white parts 
can not be fe r r ite  because

(1) In the course of surface fin ish ing  with high power density, the 
material was exposed fo r too short a time ( <  1 sec) to temperatures where 
d iffus ion  of the carbon or other a lloying elements could have taken place 
at a s ign ifican t ra te . Therefore, dissolved carbon present in austenite 
could not have separated onto graphite nodes, resu lting  thus in  reduction 
of the carbon concentration as i t  would do in case of a fe r r i t ic - p e a r l i t ic  
nodular cast iron.

(2) Decarbonization could not have been responsible fo r the develop­
ment of fe r r ite  ghosts e ith e r, pa rtly  because also decarbonization is  a 
d iffus ion  process and p a rtly  since the material had not been decarobnized 
in  the immediate v ic in ity  of the surface. Last but no leas t, there is  no 
thermodynamical explanation of th is  process e ithe r.

(3) The values of microhardness measured in  the white parts using a 
load of 1-5 g range between 400 and 700 MHV, a hardness well over the usual 
hardness of fe r r ite  in  sp ite  of the considerable va ria tion .

In investigating the nature and way of production of the white 
parts, a phenomenon c la r ly  v is ib le  even in the op tica l microphotograph of 
an 500 fo ld  magnification sha ll be taken into consideration, namely that 
the martensite needles protrude in to  the white area i.e. there is  no sharp 
boundary between the white area and the m artensitic matrix.

The la tt ic e  structure of the material of the surface layer was in ­
vestigated by means of X-ray d if fra c tio n  analysis in an angular range of 
0 = 8 - 2 4  degrees using Mo of a wavelength of 0.709261 8 as a lin e - 
focus test ray. The change of the reflected rad ia tion in te n s ity  as a func­
tion  of angle 0 is  shown in  Fig. 4. Indicated in  the Figure are also the 
most important data from pages 6-696 and 23-298 of the ASTM catalogue. The 
X-ray d iffra c tio n  analysis detected a s ig n ifica n t amount of jj"-Fe in the 
skin of the casting.

On the basis of a comparison of the re la tive  in te n s ity  maxima, the 
'Ç  -Fe content is  estimated to l ie  well above 10%, th is  quantity exceeding 
the possible quantity of rest austenite between the martensite needles. 
Hence, also the material of the white parts around the graphite nodes ac­
cording to Figs 2 and 3 is  most lik e ly  ]j"-Fe.

To make sure, the specimen had been deep-frozen in  liq u id  nitrogen 
and then the structure developed in the course of deep-freezing was 
analyzed m etallographica lly, using now scanning-electronmicroscopy to
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F ig . 4, X-ray diffractogramm o f the layer treated by lase r (Mo-Koc, 50 kV, 44 mA)
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F ig . 5. SEM photograph of the layer treated by laser, 
taken a fte r  deep-freezing by n itrogen (3% N ita l)

F ig. 6. Optical microphotograph o f the metallographic specimen 
used fo r checking (M = lOOOx, 3% N ita l)
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increase the reso lu tion  (F ig . 5). As seen in  the Figure, also the material 
in  the immediate v ic in i t y  of the graphite nodes consists of needled 
martensite.

Since, according to  the results of scanning-electronmicroscopy, the 
white parts free from erosion ea rlie r transformed in to  needled martensite 
as a resu lt of deep-freezing, they must have been austen itic  before quench­
ing /4 / .  And th is  re s u lt raises additional questions to be answered:

- What is  the d iffe rence between the austenite in the environment of 
the graphite nodes, non-transformed in the course of heat treatment by 
laser and the austenite in  other parts of the sk in , transformed in  m ajority 
in to  martensite as a re s u lt of cooling a fte r heating?

- What explains the phenomenon that res t austenite appears in  every 
case in  the environment o f graphite nodes?

A possible answer to  the above questions is  that the austenite in  
m ateria l parts поп-eroded e a rlie r has been produced of melt by primary 
c ry s ta lliz a tio n  while in  other parts of p e a r lite  by solid phase trans­
formation .

This explains at the same time the ty p ic a l coexistence of these 
parts and graphite nodes. Namely, in the course o f heat treatment of hypo- 
eu tec tic  a lloys, the carbon content of the immediate environment of the 
graphite nodes is ,  due to d iffus ion , higher than that of the d is tan t parts 
and thus the liqu idus temperature of the microenvironment is  lowest at 
these places (see curve В-C  of the state diagram of Fe-C alloy system). 
Accordingly, the temperature of the heat-treated layer exceeded the overa ll 
so lidus temperature of the a lloy  in the course o f heat treatment but the 
m ateria l melted only p a r t ia l ly ,  indicating tha t the liquidus temperature 
had not been reached /6 / .

This explanation is  in  line  with the observation that the "halo" 
around the graphite nodes near the surface of the heat-treated layer is  
la rge r than that in  deeper parts because, due to  the lim ited thermal con­
d u c t iv ity  of the basic m ateria l, the deeper parts could not reach tempera­
ture  as high as the temperature of parts near the surface /2 / ,  /3 / .

Since only a fra c tio n  of the basic m ateria l has molten that is  i t s  
temperature exceeded only s lig h t ly  the overa ll so lidus temperature of the 
m a te ria l, i t  is  possible to  determine maximum achievable layer temperature, 
measurable otherwise only rather c ircum stan tia lly  in  the course of heat 
treatment by laser, in d ire c t ly  on the basis of the solidus temperature.
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A solidus temperature of 1135 °C has been measured fo r the basic 
material in the course of DTA (D iffe re n tia l Thermo Analysis).

Correctness of the DTA resu lt was checked experimentally. In the 
experiment, a 0 5x12 mm specimen of a wall thickness of 0.5 mm, made of 
поп-treated basic m ateria l, had been heated to a temperature of 1140 °C 
w ith in  1.8 sec (accuracy of PID-control: + 2 K), then, without holding, i t  
was cooled from 1140 °C to 500 °C w ithin 2.5 sec. A radio-frequency inductor 
was used fo r heating while argon gas stream fo r cooling. White parts 
iden tica l with those in  Fig. 3 can be seen around the graphite nodes in  the 
etched sectional metallographic specimen (F ig . 6). Hence, also the surface 
layer heated by laser reached a temperature of about 1140 °C in  a l l  
p ro b a b ility .

Summary

CO2  gas lasers are expected to find  wide use in industry in the near 
future although so far only laser-beam cu tting  and welding have been widely 
known from among the processes of high power density representing high-tech. 
Introduction of surface treatment by laser is  not l ik e ly  to take a long 
time e ithe r. An explanation of these expectations is  the ty p ic a lly  low 
spec ific  energy consumption of laser techniques in spite of the high power 
density.

Further advantage offered by power lasers are the good rep roduc ib il­
i t y ,  easy automatization, f le x ib i l i t y ,  environment-friendly nature etc.

As has been observed in the course of analysis of nodular cast iron , 
phenomena d iffe r in g  from those experienced in  the course of conventional 
heat treatment processes are inherent in  laser techniques. S im ilar phenom­
ena w i l l  ce rta in ly  contribute to a wide in d u s tr ia l use of lasers. The 
tests detected unambiguously a structura l feature of the material according 
to which the process of martensite transformation is  affected by the 
previous austen itic  state of the materia l. Namely, d iffe re n t resu lts  are 
obtained fo r the martensite transformation properties of austenite depending 
on whether the austenite resulted from p e a rlite  by phase transformation or 
from the melt by rapid cooling.
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EFFECT OF RAPID HEAT TREATMENT ON FATIGUE

BERKE, P .*- GALAMBOSI, F . * *  

(Received: 13 May 1990)

The properties of non-alloy low-carbon stee ls  resu lting  from rap id  heat tre a t­
ment increase the f ie ld  of app lica tion o f s te e l. The increased s treng th  o f such 
stee ls  permits the m ateria l to  be u t il iz e d  more economically.

I n t r o d u c t io n

Materials and processes where minimum expenditure of energy resu lts  
in s ig n ifica n t changes in the material properties have increasingly come to 
the fron t recently.

D iffe ren t methods are known to change the properties of s tee l /1 / ,  
/2 / .  Professor János Prohászka has an in te rna tiona l reputation in  the f ie ld  
of heat treatment. Mentioned here are only two basic works o f Professor 
Prohászka from among those of quite a number contributing to the in te r ­
national lite ra tu re , one dealing with the fundamentals of so-ca lled  rapid 
heat treatment /3 / while the other investigates the structure  of steel 
resu lting  from the transformation mechanism in  the course o f heat tre a t­
ment /4 /.

The economically more e ff ic ie n t u t i l iz a t io n  of m ateria ls and the 
load analysis of vehicles have points in  common which can be taken as a 
basis fo r the design of competitive products. In th is  f ie ld ,  s ig n if ic a n t 
resu lts have been achieved by the Department of Mechanics, Faculty Transport 
Engineering, Technical University of Budapest /5 / ,  /6 /,  /7 / .  In  e f fo r t  to 
extend theore tica l work to the p ra c tica l f ie ld ,  the f i r s t  step was to 
s ta rt fatigue experiments of steels a fte r  rapid heat treatment w ith  a view

X
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to  fin d  the p o s s ib il i t ie s  of practical app lica tion  in  vehicle production 
(IKARUS, GANZ-MÁVAG). The experiments described below were run to decide 
whether a more deta iled te s t series, taking in to  consideration a wide range 
o f technological p o s s ib il i t ie s ,  would be necessary and worth of the trouble 
or not.

T e s t  m a t e r i a l s ,  t e s t  p r o c e d u r e ,  t e s t  r e s u l t s

The test specimens were made of Grade RSt 27/2 C 0.1 Mn 0.3 Si 0.11 
P 0.015 S 0.021 stee l w ire of a diameter of 5.5 mm according to DIN 17100 
w ith  and without heat treatment.

The purpose of the te s t series was, on the one hand,
- to compare the fa tigue  strength of specimens with and without heat 

treatment and, on the o ther hand,
- to investigate the effect of d if fe re n t material combinations and 

heat treatment of the weld (tha t is jo in ing of heat-treated and non-treated 
m ateria ls by welding, followed by repeated heat treatment of the weld or 
omission of heat treatm ent) on the service l i f e .

The test section o f the 0 5.5 mm specimens was 4 mm. (Specimens of 
th is  type were ava ilab le  when the test series was started. Now we have 
qu ite  a choice of heat-trea ted  specimens.)

I t  was found tha t the specimens made of heat-treated and non-treated 
m ateria l could not be subjected to the same load in the fatigue te s t 
because the test had resu lted  in extremely high or extremely low number of 
cycles (or even elongation in  the la tte r  case), depending on whether the 
load had been selected fo r  non-treated or heat-treated material, respect­
iv e ly .

The specimens were subjected to the fo llow ing  loads in the fa tigue
te s t :

2
1. Non-treated specimens: Ó  ■ = 155.25 N/mm^ min „

d = 390.68 N/mmmax
22. Heat-treated specimens: 6  ■ -  176.43 N/mmmin г.

d = 444.74 N/mrrrmax
In spite of the increased fatigue te s t load applied to heat-treated 

specimens as compared w ith  non-treated specimens (the difference being 
about 14%), 3 of the 10 specimens of the heat-treated test sample endured 
the te s t without fra c tu re  (a fte r  a number of cycles of 6, 8, 10 x 10^, the
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tes t was discontinued). As demonstrated by the te s t, the fa tigue strength 
of heat-treated materials is  higher. The resu lts  are tabulated in  Table 1.

Table 1

Fatigue te s t resu lts  fo r specimens made of heat-treated and 

non-treated material

Non-treated: Heat-treated „
toad: 155.25 N/mm Load: 176.43 N/mm

390.68 N/mm 444.74 N/mm

1 205 300 1 1 362 600
2 170 600 2 2 532 300
3 355 300 3 6 156 700 Nt
4 167 000 4 1 827 600
5 242 300 5 2 190 800
6 112 000 6 8 535 900 Nt
7 242 000 7 10 611 000 Nt
8 396 600 8 2 057 100
9 97 600 9 612 200

10 101 300 10 995 600

Heat-treated and non-treated specimens - 0 5.5 mm wires - were 
welded together under C02 using VIH2 welding electrode (VIH2 electrode and 
Cü2 welding were chosen fo r the test fo r p ractica l reasons only although 
th is  electrode and th is  process are most widely used in the vehicle in ­
dustry) .

Possible material combinations:
-  jo in ing of heat-treated specimens by welding with and w ithout sub­

sequent heat-treatment of the weld,
-  jo in ing of non-treated specimens as well as
- non-treated and heat-treated specimens by welding w ith and without 

subsequent heat treatment of the weld.
On the basis of the test resu lts  -  because of the s ig n if ic a n t d i f ­

ferences in the number of cycles at d iffe re n t loads - fu rther investigation 
of the d iffe re n t material combinations described above seemed not to be 
reasonable.

In case of non-treated combinations, the service l i f e  which is  ex­
pected to be shorter than the service l i f e  of the basic m ateria l is  deter­
mined by the qua lity  of the weld and i t s  environment. In case of non- 
treated-heat treated combinations with repeated heat-treatment of the weld, 
i t  is  again the weld that a ffects the service l i f e  predominantly. In th is
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case, the service l i f e  o f the weld might be longer than that of the non- 
trea ted  material but th is  could not have been determined numerically 
because of fracture of the поп-treated m ateria l. The same was found for 
поп-trea ted  material combinations with repeated heat-treatment of the weld. 
These theoretica l considerations had been backed up by prelim inary experi­
ments and thus only heat-treated specimens with and without repeated heat-
treatment of the weld were subjected to fatigue tes ts .

? ?A load of 155.24 N/mm or 390.68 N/mm was selected fo r the fatigue 
te s t .  The welds were X-rayed. Aware of the fac t th a t, because of the 
c y lin d r ic  shape of the specimen and the expectable location of the fa u lt,  
answer to the question whether i t  is  worth to subject the specimens to 
fa tig u e  tests or not can be obtained only in case of very coarse defects, 
we decided to evaluate every case where no welding defect could be detected 
in  the fracture surface instead of preliminary so rting .

Table 2

Fatigue te s t re s u lts  fo r specimens made o f heat-treated and 

non-treated material

Non-•treated weld

Load: 155.25 N/mrru 
390.68 N/mm

Heat--treated weld

1 406 000 1 1 329 300
2 317 900 2 183 500
3 370 400 3 376 200
4 160 900 4 18 500 00 Nt
5 187 000 5 447 100 H
6 75 300 H 6 12 058 800 Nt
7 1 010 500 7 1 442 700
8 115 600 В 10 871 400 Nt
9 613 900 9 13 521 500 Nt

10 556 300 10 146 300 H
11 10 568 700
12 68 000
13 4 110 700
14 704 300

The test results are tabulated in Table 2 where Nt denotes the d is ­
continued fatigue test th a t is  specimens that survived the test without 
fra c tu re  while the welding defects detected in  the fracture surface are 
denoted by H. According to the Table, 4 of 10 specimens of the sample of 
heat-treated material w ith  repeated heat-treatment of the weld survived
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while in  case of heat-treated material without repeated heat-treatment of 
the weld, only 1 of 14 specimens endured fa tigue loading without fra c tu re . 
Obviously, some s ta t is t ic a l test could ce rta in ly  have been used i f  the 
optimum load equally suited fo r both cases had been found. However, ac­
cording to experience, i t  is  rather d i f f ic u l t  to find  such a test load. At 
the same time, the number of loading cycles is  conspicuously la rger fo r 
specimens with heat-treated weld, due to heat-treatment among other reasons, 
which was a rather simple process in  th is  case, dipping in cold water a fte r  
welding, considering that the simplest the technology, the greater the suc­
cess under operating conditions.

Summaг y

-  As compared with specimens made of the same material w ithout heat- 
treatment, specimens made of heat-treated material endure higher fa tigue  
load (the difference being about 14%),

- from among welded specimens made of heat-treated m ateria l, speci­
mens with heat-treated weld show a higher fa tigue endurance, in p a rtic u la r,
4 of 10 specimens endured the test without fracture  while only 1 of 14 
specimens without heat-treatment of the weld, subjected to the same fa tigue  
test load. (Of course, the number of loading cycles fo r specimens with 
heat-treated weld is  larger than in case of specimens without h e a t-tre a t­
ment of the weld as a resu lt of the 4 specimens surviving the te s t . )
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DISSOLUTION OF ALUMINIUM IN  GALLIUM
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The authors investigate  the development o f the gallium-aluminium system th a t is  
the k in e tics  and mechanism o f aluminium d isso lu tion  in  liq u id  ga llium .

D issolution of aluminium in gallium  was found to be a heterogeneous reaction . 
The ra te  of reaction and the value o f aluminium concentration can be described using 
the appropriate equation. The process depends on the maximum achieavable concen­
tra tio n  and constant of d isso lu tion  rate o f aluminium and thus on temperature, size 
o f the surface in  contact w ith  gallium  and on time. F irs t the ga llium  enters a t the 
grain boundaries o f the aluminium by d iffu s io n  and, breaking the co inc iden t la t t ic e  
bindings, i t  decomposes the aluminium in to  c ry s ta ll ite s , then d isso lves i t .  Hence, 
th is  d iffu s io n  process is  also a function of the aluminium s tru c tu re . The liq u id  
gallium-aluminium a llo y  is  a homogeneous system.

As is  well known, the gallium content of some thousandth % in 
bauxite dissolves in  the aluminate liq u o r of the Bayer process and i t  
reaches equilibrium  concentration in  the system, depending on the gallium 
content of the bauxite and on the extraction and mixing parameters /1 /.

Nowadays, the e a rlie r mercury and/or amalgam cathode processes are 
increasingly replaced with the d iffe re n t cementation and ex trac tion  pro­
cesses for environmental considerations and to protect health.

Included among cementation processes are methods where m eta llic  
aluminium is  used to reduce the gallium concentration of 0.2 - 0.3 g/dm^ in 
aluminate liquo r. As an example, and at the same time fo r the sake of 
comparison, two processes are presented which seem to d if fe r  from each 
other only in the way of in troduction of m eta llic  aluminium in to  the system 
but, at least as far as the k ine tics  and the mechanism of aluminium d is ­
so lu tion  are concerned, the difference between them is  s t i l l  considerable.
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In the f i r s t  process, granular aluminium is  introduced in to  the 
cementator or more p re c ise ly , to the surface of the liq u id  gallium bath at 
the bottom of the cementator through the aluminate liquo r /2 /.

Since the d isso lu tio n  of aluminium in  gallium  is  a process depending 
also on time as w i l l  be explained la te r, the gallium-aluminium system 
developing under the circumstances of the process is  a p r io r i a chemically 
and electro-chemically inhomogeneous two phase system (Ga and Al) and thus 
i t  can not be considered as a polyelectrode.

In the second process, granular aluminium is  dissolved in  iso la tion  
from the cementator tha t is  in  the aliquot part of the gallium bath with 
the aluminate liquo r excluded, in the so-called gallam-producer, and the 
aluminium concentration o f the gallium bath is  ensured by c ircu la tion  be­
tween the gallam-producer and the cementator /3 / .

The gallium-aluminium system called gallam, brought about in  the 
gallam-producer and cementator, is  a chemically and electro-chemically 
homogeneous system, e sse n tia lly  a polyelectrode where the electrode poten­
t i a l  is  determined by the less noble metal of more negative potentia l that 
is  by aluminium or aluminium concentration. In a system like  th is , the 
ga llium  acts both as a solvent and as a d ilu e n t, perm itting the uniform 
aluminium concentration and thus the required value of the electrode po­
te n t ia l  to be adjusted and s tab ilized .

The gross process tak ing place in  recovery of the gallium content 
o f aluminium liquor by m e ta llic  aluminium cementation is  described by the 
fo llow ing  formula (w ith  the secondary reactions le f t  out of consideration):

Investigation of cementation from a technological point of view re ­
qu ires that the gross process be theo re tica lly  decomposed with, however, 
the practica l im plica tions taken into consideration. In th is  case, the 
process is described by the following p a r t ia l reactions (Ga being the ga l­
lium  bath):

R e a c tio n s  t a k i n g  p la c e  in  c e m e n ta t io n  b y  a lu m in iu m

Al + (Ga/0H/4) Ga + (A l/0H /4)

Al + /Ga/ —> Al /Ga/ ( 1 )

( 2 )Al/Ga/ + 4 OH
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/Ga/ + (Ga/GH/4) + 3 e /Ga/ + Ga + 4 OH (3)

In the cementation process, the succession of the p a r t ia l reactions 
is  fixed , reactions ( l) ia n d  (2) being irreve rs ib le  while reaction (3) is  
revers ib le . In case of too low an aluminium concentration, not only a re ­
duction of the galla te  ion may f a i l  to occur but also a d isso lu tion  of the 
gallium charge may take place, depending on the value of the electrode po­
te n tia l .

Investigated in th is  work is  reaction (1) under the conditions ac­
cording to /3 / where, d iss im ila rly  to the other cementation process, re ­
action (1) takes place in  iso la tion  from reactions (2) and (3) both in 
space and time.

D is s o lu t io n  of a lu m in iu m  in  g a l l iu m

Dissolution of aluminium in liq u id  gallium has been investigated by 
several authors. Ihe percentage of maximum soluble aluminium or, b r ie f ly ,  
s o lu b il ity  is  3% according to Schreiter /4 / ,  measured under conditions not 
disclosed by the author while Gusarova et a l. measured a percentage of
0 . 52% at 40c,C 0.90% at 45°C and 1.28% at 60 °C in d ire c tly , on the basis 
of change of the value of the po ten tia l of gallam becoming poor in  a lu­
minium. Hence, the s o lu b il ity  of aluminium was found to be a function of 
temperature /5 /.  At the same time, no information on the rate o f disso­
lu tio n  of gallium, the parameters a ffec ting  i t  and mechanism of d isso lu tion  
was found in  the lite ra tu re .

1, K inetics of aluminium disso lu tion

Visual observation in  e a r lie r  experiments suggested tha t the d is ­
solution of aluminium granulate was speeded up by introduction of the 
granulate under the surface of the gallium bath that is  by increase of the 
surface of contact and by increase of the temperature. However, the e ffec t 
of the qua lity  of aluminium on d isso lu tion  has not been investigated 
e a r lie r .

1.1. Dependence of d isso lu tion on surface size

To investigate dependence on surface size, hard (te n s ile  strength: 
140-150 N/mm2) 0 12 x 10, 8, 4.5 mm aluminium wires (99.5% Al) were dipped



in  gallium of 1000 g each to a depth of 6 cm, at a temperature of 40 °C for 
3 hours. The mass of dissolved aluminium was measured by weighing of the 
aluminium wires a fte r removal of gallium adhered to the surfaces by means 
o f hot water. The average values are tabulated in  Table 1.

Table 1

R elationship between the mass and surface o f soluble A1
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Wire diameter, mm 12 10 В 4.5

2
Wire surface in  Ga ba th , cm 22.6 18.8 15.1 8.4
A l-d isso lu tio n , g/h ^ 1.33 1.13 0.90 0.51
A l-d isso lu tion , mg/h/cm 58.8 60.1 59.6 60.7

On the basis of the resu lts of the investiga tion , the extent of d is ­
so lu tion  of aluminium in  proportion to the surface is  constant, i t s  value 
being 0.06 g/h . cm in  case of given parameters and characteris tics def­
in i te ly  representing hard wires (to be discussed la te r ) .  I t  fo llows at 
the same time from the value obtained as a rate of d issolution (g/h) that 
a t given temperature, the mass of dissolved aluminium in proportion to 
time can be increased p roportiona lly  as the surface in contact with gallium 
increases.

1 .2 . Dependence of d isso lu tion  on aluminium qu a lity

The experiment was repeated under conditions according to part 1.1 
but w ith a d iffe re n t (99.99% Al) aluminium q u a lity . P rac tica lly  iden tica l

О

re su lts  have been obtained fo r the values of both g/h and g/h . cm of 
aluminium d isso lu tion . Hence, the rate of d isso lu tion  is  not affected by 
the qua lity  of aluminium at least as fa r as the range of 99.5 to 99.99% Al 
is  concerned.

1.3. Temperature dependence of dissolution
О

A 0 6 mm so ft ( te n s ile  strength: 40-50 N/mm ) aluminium wire (99.99% 
A l) o f a surface of 12 cm was dipped in gallium  of 1000 g at temperature 
o f 40°C, 60°C and 100°C. The change of the mass of the aluminium wire was 
measured at d e fin ite  in te rv a ls  and at the same time, the aluminium con­
centra tion  in gallium was determined. The values of aluminium concentration 
in  percentage by weight as a function of the product of reaction time and 
surface size - t  . A (h . cm ) are tabulated in  Table 2 and illu s tra te d  in 
F ig . 1.
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Table 2

Percentage of Al dissolved in gallium  as a function o f t  . A at d iffe re n t temperatures

t  . A 2 40 UC 60  uc 100 uc
h . cm A1 mass, \

12 _ _ 0.58
13.3 - 0 .42 -
18 0.25 - -
24 0.32 - 1.06
36 - - 1.45
42 0.50 - -
48 - - 1.79
60 - 1.01 2.01
66 0.65 - -
72 - - 2.28
84 0.73 - -
108 0.83 - -
160 - 1.40 3.05
174 1.00 - -
198 1.04 - -
240 - 1.50 -
264 - - 3.24
320 - 1.59 -

On the basis of the values in Table 2 and Fig. 1, both the maximum 
concentration ie s o lu b il ity  and the rate of dissolution of aluminium in 
gallium depends on temperature.

Accordingly, the d isso lu tion of aluminium in liq u id  ga llium  can be 
considered as a heterogeneous reaction of a rate described by equation

dCA1
dt = к • A(C.. -  C. , )Al,max A1 ( 4 )

where
2

A dissolved surface, cm
C.n maximum A1 concentration in  gallium at given temperature ieAl,max

s o lu b il ity ,  \  

t  reaction time, h
к d isso lu tion rate constant.
A fter in tegration of equation (4),  the instantaneous percentage of 

aluminium is  obtained as

(1 - e-k-A- t ) .^A1 ^Al,max (5)
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cA1 %

F ig . 1. Percentage of Al d isso lved  in  gallium as a function  o f t  • A at d iffe re n t temperatures
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On the basis of equations (4) and (5 ) , the rate of d isso lu tion  and 
the concentration of aluminium at constant temperature is a function of the 
aluminium surface in  contact with gallium . The values obtained fo r the 
constants in equation (5) a fte r regression calcu la tion with the data of 
Table 2 are tabulated in  Table 3.

Table 3

Maximum values of A1 and к , 
e f f

a t d if fe re n t  temperatures

Temperature

°C

c
A1,max k «  

- l e f f -2 
h cm

-2
40 u i 1.3 . 10
60 1.62 1.4 . 10 1

100 3.29 1.6 . 10

F ig . 2, Reaction rate  constant as a function  o f the reciprocal o f temperature
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С д |,  m ax°/°

I

2.5x10'3

----- ,------

ЗхКГ3
------- 1-------

3.5x1Cf3

1  к - '
T

F ig. 3. Maximum possible aluminium concentration as a function of the 
reciprocal o f temperature

As is  well known, the reaction ra te  constant is  a function of 
temperature that is

к кmax

Considering the data of Fig. 2 and w ith  the constants determined, 
re la tionsh ip

= 4 .9  • 1СГ2 • eк
-4.17-102/T
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Also the maximum possible aluminium concentration depends on tem­
perature. According to F ig. 3, the function o f the reciprocal of the tem­
perature can be lin e a r ly  approximated in the investigated temperature range 
of 40 - 100 °C:

CA1,max 14.9 4.37 • 103 
T ( 6)

As follows from the equation, there are two p o s s ib ilit ie s  of in ­
creasing the percentage of aluminium to be dissolved in proportion to time 
that is  the rate of d isso lu tion : increase of the value of к or C , by 
increase of the d isso lu tion  surface and the temperature, respective ly.

2, Mechanism of aluminium dissolution * 2

Hard aluminium wires were used in the experiments described in  parts
1.1 and 1.2 while the aluminium wire used in  the experiment according to
part 1.3 was so ft. The value of d isso lu tion o f aluminium in proportion to
the surface was, on the basis of Table 1, at a temperature of 40°C and

2
w ith in  a time of 3 hours 0.18 g/cm fo r hard wires while, on the basis of

2
Fig. 1, at the same temperature and w ith in  the same time 0.37 g/cm for 
the so ft w ire. That means that the rate of d isso lu tion  is  about twofold in 
the la t te r  case w ith the value of C., remaining unchanged. The anomalyA1 j ГПЭ X
was supposed to re su lt from the difference in  structure between the hard 
and the so ft aluminium w ire, each resu lting  from a d iffe re n t technology. 
This seems to be quite reasonable when the processes taking place in  the 
course of c ry s ta lliz a tio n  and p lastic  forming o f aluminium as well as the 
mechanism of aluminium dissolution in  gallium  are investigated in  combi­
nation.

C rys ta lliza tion  of aluminium takes place in  a regular cubic system. 
The atoms forming the elementary c e ll are located at the apexes of a cube 
and in  the centers of the side diagonals. The distance is  largest between 
the planes of a system p a ra lle l to the planes passing through the diagonal 
of three adjacent sides of the elementary c e l l  while the linkage force 
acting between them is  least. Thus displacement takes place along these 
planes in case of p la s tic  forming (Fig. 4 /a).

Crystal nucle i are formed f i r s t  and then th e ir growth of d iffe re n t 
o rien ta tion  takes place also in case of s o lid if ic a t io n  of liq u id  aluminium. 
The crys ta l ( c ry s ta ll i te )  growth discontinues at the point of concidence. 
The grain boundaries develop and a s tructu re  consisting of smaller or



42 SOMOSI, I .  -  VITÉZ, J .

F in . 4 /a . Elementary c e ll o f aluminium la t t ic e  
(a -  Size of elementary c e l l ,

(111) -  Index o f plane of minimum binding force in  the la t t ic e )

F ig. 4/b. Polyhedral development and boundary formation of c ry s ta ll ite s

la rge r c ry s ta llite s , depending on the rate of nuclei formation and growth 
as compared with each other, is  b u ilt  up (F ig . 4 /b).

P lastic forming o f aluminium and any additional deformation mean 
th a t the atomic planes mentioned are displaced as compared with each other, 
accompanied with d is loca tions and la t t ic e  d is to rtio n s . In addition to  d is ­
loca tions of increased number, also the grain structure changes consider­
ab ly. The grains become longer in the d irec tion  of metalworking, they d is ­
in teg ra te  and a typ ica l structure resu lting  from metalworking is  brought 
about. However, in  case of annealing, a re c rys ta lliza tio n  process takes 
place with the d is loca tions displacing and/or disappearing, new c rys ta l 
gra ins are formed and as a resu lt, a new structure is  b u i l t  up /6 /.
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2.1. Investigation of the morphology of aluminium dissolved in  gallium

In the knowledge of what has been said above, the difference in the 
rate of d isso lu tion in gallium between so ft and hard aluminium wires is  
assumed to resu lt from the d iffe re n t structures.

To prove th is  assumption, photomicrographic p ictures were taken from
the surface, ground and polished but chemically not etched, of the cross

2
section of a so ft aluminium wire (tens ile  strength: 40-50 N/mm ) previously 
dipped in  gallium and p a rtly  dissolved, using a Neophot-21 m eta llurg ica l 
microscope and a magnification hundred times natural size (F ig . 5).

The pictures c lea rly  show the geometry o f the aluminium structure 
and the arrangement of gallium , the l ig h t  area being aluminium while the 
dark area gallium and spots of c ry s ta ll ite  imperfection below the plane of 
exposure, fa ll in g  beyond the focal range of the m eta llurg ica l microscope.

Figure 5/a shows the in i t ia l  phase of d isso lu tion  that is  penetration 
of gallium at the grain boundaries of aluminium. In fa c t, the grain bound­
aries have become perceptible (they could be developed) as a resu lt of the 
e ffec t of gallium because no chemical etching resu lting  in p e rc e p tib ility  
of the s truc tu ra l d e ta ils , among them grain boundaries, had been used in 
preparation fo r the experiment.

Picutres 5/b and 5/c show the progress of d isso lu tion w ith time as 
illu s tra te d  by the increasing number of the spots of c ry s ta ll i te  imper­
fection (dark spots).

On the basis of the photomicrographic p ic tu res, the gallium seems 
to penetrate by intergranular d iffus ion  at the grain boundaries - so-called 
coincident boundaries -  in to  aluminium, breaking the la tt ic e  binding be­
tween the grains to decompose the aluminium in to  c ry s ta llite s  and then 
dissolving them.

To back up th is  statement, m icrostructural tests were carried out by 
Tatiana Tshurbakova, PhD and Imre Móricz (Central Laboratory of the Székes- 
fehérvár Light-metal Works) upon the authors' request. The test specimens 
were so ft and hard aluminium wires pa rtly  dissolved in  gallium lik e  those 
mentioned above. Both specimens had been mechanically ground and polished, 
then etched in 0 . 5 4  HF and/or electro-polished and photomicrographic 
p ictures were taken from them using a Neophot-32 m etallurg ical microscope. 
Thanks are epxressed fo r the e ffo r t  also at th is  place.

Also the pictures given in Fig. 6 show unambigously a structure  of 
the so ft aluminium wire consisting of c ry s ta ll ite s . The increasing d iffus ion  
of gallium  in to  aluminium can be c lea rly  observed. The grain structure
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с)
F ig . 5. Grain s truc tu re  o f ground and polished but not etched s o ft aluminium wire

M agnification: lOOx
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Fig. 6. Urain structure of ground, polished and etched soft aluminium wire 
(Magnification: a) 200x; b) lOOx; c) 200x)
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F ig . Z. Grain structure  o f (a ) e lectro -po lished  and (b , c) ground, polished and etched
hard aluminium wire

(M agn ifica tion : a) 250x; b) ld x ; c) lOOx)
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developing as a resu lt of (surface) d iffus ion  along the grain boundaries 
(Fig. 6/a,b) and la te r also the c ry s ta ll ite  imperfections - dark spots - 
(Fig. 6 /b ,c) become increasingly perceptible.

At the same time, in  addition to surface d iffus ion , also volume d i f ­
fusion can be c lea rly  recognized, especially in  Fig. 6/c, as proved on the 
one hand by the completely d iffe re n t erosion of the grains as compared with 
pure aluminium and, on the other hand, by the small-size (p o in tlik e ) seg­
regations (GaA^ phases). Ihe e ffec t of volume d iffus ion  of gallium  has 
been investigated also by microhardness measurement. Microhardness measure­
ments of more grains from one to the other end of the specimen (dark spots 
in Fig. 6/a) detected no systematic change whereas a value of 20-22 HV was 
obtained as an average. As compared with so ft A1 of technical q u a lity  with 
a typ ica l hardness of 18 HV, th is  value represents an increase of 10-20% 
in hardness and such an increase can be a ttr ibu ted  to the volume d iffus ion  
of gallium only.

The structure of hard, e lectro-polished, aluminium wire can be seen 
in the photographs of Fig. 7, Fig. 7/a showing the surface of the long i­
tudinal section, p a ra lle l to the d irection  of tension, of the specimen 
while the surface of the cross section of the specimen is  shown in Figs 
7/b,c. The pictures show a d islocation-type structure of the aluminium wire 
like  structures ty p ic a lly  resu lting  from cold forming. Penetration of ga l­
lium in to  a structure lik e  th is  (dark s tr ip s  and spots) takes place slowly 
and less evenly. A ll th is  suggests at the same time that gallium  pen­
e tra tion  resulted from d iffus ion  along d is locations. However, th is  remains 
to be proved electron-m icroscopically /7 /.

Thus our e a r lie r  assumption according to which the differences in 
the rate of d isso lu tion  of aluminium resu lting  from the d ifferences in 
structure depending on the metalworking techniques is  proved.
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There is  a d is t in c t  re la tionsh ip  between the phase or phases c o n s titu tin g  a 
m etallic m ateria l. The transformations can be followed on the basis o f the change of 
properties o f the phase(s). Dilatometry is  a method widely used to fo llo w  the changes 
in  spec ific  volume. The austenite transformation o f steels can be defined both 
q u a lita tiv e ly  and q u a n tita tiv e ly  on the basis of the d ila tom e tric  cooling curves. 
Changes of the heat content as a resu lt o f segregation and re laxa tion  can be de­
termined by d if fe re n t ia l analysis.

In t r o d u c t io n

The properties of m eta llic  materials depend on the m ateria l com­
position as well as on the qua lity , quantity, size and arrangement of the 
crysta ls  constitu ting  the material.

Although, a fte r a l l ,  respons ib ility  fo r so to say everything fa lls  
upon composition, some material properties are s t i l l  determined by the 
c rys ta l structure, the phases of the material and some properties depend 
on the size and arrangement of the crysta ls  constitu ting  the phase that is  
on the texture of the metal.

Like every c la s s if ic a tio n , also the above c la ss ifica tio n  is  somewhat 
a rb itra ry  and in f le x ib le . However, e.g., the spec ific  volume is  a property 
of the phase without doubt. The Aj a llo tro p ie  transformation of pure iron, 
called fe r r ite ,  in to  austenite is  accompanied with a reduction of the 
spec ific  volume. The grain size important in  respect of deep-drawing ca­
pacity is  essentia lly  an anisotropic property of the texture, which can not * **
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be evaluated in i t s e l f ,  in  the knowledge of the material composition and 
phases constituting the m a te ria l.

On the other hand, the phase is  an equilibrium  category and as 
such, independent of time and of what has happened before the phase is
developing. (In th is  respect, a theoretica l compromise is  necessary at
most in  case of ove rsa tu ra tion .)

Texture as a concept implies no c r ite r ia  in  re la tion  to equilibrium . 
Once determined, the tex tu re  reveals the complete h is tory of the a lloy .

The quality and quan tity  of the phases resu lting  in  the a llo y  is  i l ­
lu s tra te d  by the equ ilib rium  diagram of the phases.

Hence, to know the properties of m e ta llic  materials, i t  is  neces­
sary that the development and transformation of the phases be known.

Discussed below are the most important methods to investigate the
development of phases and the texture of pure metal and a lloys , namely,
thermal analysis and d ila tom etry .

H e a t  c o n t e n t  and s p e c i f i c  vo lum e

To follow transformations taking place in  metals and a lloys ( in ­
c lud ing c rys ta lliza tio n  as a classic example of the transformation process 
con tro lle d  by long-term d iffu s io n ) , measurement of the change of any 
property characteristic o f the phases of transformation, changing as trans­
form ation advances, measurable and resulting in  neg lig ib le  error of measure­
ment as compared with the extent of change, can be used as a suitable 
method.

Such properties are the heat content and the spec ific  volume and, in 
case one of the phases is  ferromagnetic, the magnetic properties that is  
p roperties  which are ty p ic a lly  "phase properties".

Time dependence s h a ll be taken in to  consideration in the in ve s ti­
gations and measurements since the processes take place as a function 
o f tim e.

In accordance w ith the laws of nature in  general, equilibrium  is  a 
u ltim a te  state independent o f time and h is to ry. The h is tory can thus be de­
termined only approximately in  metals and a lloys , especially in  the course 
o f measurements. Deviation from equilibrium is  a matter of consideration in 
any case. Hence, the parameters belonging together sha ll be investigated 
under two aspects: re la tio n sh ip  between the physical property and given
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parameter independently o f time, with respect to equilibrium  and extent of 
deviation from equilibrium  in  case of given measurement.

In the course of transformation, both the quantity and the qua lity  
of the phases may change. In case of isothermal phase change, the number of 
degrees of freedom is  zero and the composition remains unchanged in  the 
phases taking part in  the process. I f  the number of degrees of freedom of 
phase change is  one, the temperature w il l  change in the course of the pro­
cess and at the same time the composition of the phases may change as w ell.

Accordingly, the re la tionship between physical characte ris tics  and 
ra tio  of phases included in  the process can be easily  and unambiguously de­
termined in case of an isothermal process. In case of a monovariant process, 
the parameter investigated is  the temperature at the beginning and end of 
the process. At the same time, information can be obtained about the qual­
i t y  and ra tio  of the phases taking part in the process.

Nonvariant process are c rys ta lliza tio n  and a llo trop ie  transformation 
of pure metal and c ry s ta lliz a tio n  and eutectic or eutectoid formation of 
the binary process.

Isotherm indicates a nonvariant process in  any diagram where the 
temperature is  one of the variable independently of the nature of the other 
parameter.

The other parameter is  tim e ,e .g .,in  thermal analysis or the physical 
property to be measured, e.g.,expansion in dilatom etry (the time being here 
a measurement parameter, in s ig n ifica n t in  respect of equilibrium ).

Fii), i-
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Fig. 1 shows the temperature as a function of time in the course of 
c ry s ta lliz a tio n , a llo tro p ie  transformation, eutectic  c ry s ta lliz a tio n  and 
eutecto id  formation in  case of pure metals. On the basis of the simple 
a d d itive  nature of the heat content, each po in t of the isotherm between 
po in t 1 and 2 belongs to a de fin ite  ra tio  between the matrix and the 
product.

Hence, a d e fin ite  s ta te  of the pure metal or binary a lloy  belongs to 
each point of the isotherm denoted by 1 and 2.

Fig. 2 shows the change of the spec ific  volume in the course of the 
nonvariant process. Each point of the isotherm between points 1 and 2 
g ives, and belongs to , the specific  volume corresponding to the ra t io  of 
the matrix and the product.

The changes can be defined also in  case of monovariant processes.
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C rys ta lliza tion  of the melt of a binary a lloy  takes place at d i f ­
ferent temperatures tha t is  the temperature changes in the course of the 
process. That means at the same time that the composition of the two phases 
in equilibrium , the liq u id  phase and the c ry s ta llin e  phase, is  d iffe re n t.

In an a lloy  c ry s ta lliz in g  in to  a so lid  so lu tion at a temperature T , 
a reduction in  temperature resu lts in a s h if t  of the state of the a lloy  
towards quantita tive  growth of the solid phase. Hence, the composition of 
the so lid  phase is  equal to the composition of a lloy  No. 3 because tem­
perature TQ of th is  a lloy  is  the solidus temperature. S im ila rly , the liq u id  
phase of a lloy  No. 2 corresponds at th is  temperature to the composition of 
a lloy  No. 1 (F ig. 3). Hence, in the course of monovariant c ry s ta lliz a tio n  
of a binary a llo y , the composition of the melt corresponds to the compo­
s it io n  of an a lloy which would jus t s ta rt c ry s ta lliz in g  at th is  temperature 
while the composition of the c rys ta lline  phase is  equivalent to a compo­
s it io n  which would ju s t s ta rt melting at th is  temperature. Hence, the com­
position of the liq u id  phase can be found along the liqu idus curve while 
that of the c ry s ta llin e  phase along the so lid  curve, by means of isotherm 
in both cases.

Accordingly, each point of the cooling curve corresponds to the 
presence of liq u id  phase and c rys ta llin e  phase in  combination, w ith a d i f ­
ferent composition each. I f  the composition of the melt and c ry s ta llin e  
phases is  id e n tica l, c ry s ta lliz a tio n  w i l l  take place at invariab le  tem­
perature lik e  in case of pure metal, eutectic or a lloys where the liqu idus 
and solidus curves are in  contact. In the la t te r  case, the degree of free­
dom of one, cha rac te ris tic  of the c ry s ta lliz a tio n  of binary a llo ys , is  
fu rther reduced as a re su lt of the id e n tica l composition of the liq u id  
phase and c ry s ta llin e  phase in  equilibrium .

I f  a nonvariant process, e.g., the a llo tro p ie  transformation of pure 
metal, is  accompanied w ith a change in  spec ific  volume, the two phases, the 
curve ind ica ting  expansion of the matrix and product and the rapid change 
in length, ind ica ting  change in  specific  volume w i l l  appear in the d ila to -  
metric diagram. The two curves are almost s tra ig h t, the angular co e ffic ie n t 
being the co e ffic ie n t of linear expansion. The coe ffic ie n t of expansion is  
a basic property of the phase as suggested by the fact that the co e ffic ie n t 
of expansion of the austenite is  only s lig h t ly  affected, i f  indeed at a l l ,  
by the composition. There is  l i t t l e  difference between the co e ffic ie n ts  of 
expansion of the austenite in case of pure metal and sta in less s te e l. Also 
the co e ffic ie n t of expansion of fe r r ite  changes only s lig h t ly  while i ts
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-------- * -  T F ig . 4,

value is  approximately id e n tic a l for unalloyed s tee l, pure metal or chro­
mium stee l.

In the course of transformation taking place in metals or a lloys, 
the phase change is  accompanied with a change à l± in the length of the 
specimen (Fig. 4).

As has been mentioned e a rlie r, the ra t io  of phases cl and y changes 
between points 2 and 8, the phase of the materia l being a at point 2 while 
15“ at point 8 and each po in t corresponds to a d e fin ite  ra tio  of phases cl and 
y between 2 and 8.

Any of the three sections of the diagram can be considered as a 
reference curve as w ell.

This means that the re la tionsh ip  between change in the length of the 
specimen and temperature is  shown by curves 1 , 2 , 8  and 9.

A certain ra tio  of phases oi. and y belongs to point 5.
I f  the workpiece is  heated or cooled from th is  temprature in  such a 

way tha t the a llo tro p ie  transformation can be suppressed or hindered, ex­
pansion of the workpiece w i l l  be described by coe ffic ien t of expansion

(b = m /â ^  + n ß s  ,

where
m ra tio  of phase о4, 
n ra tio  of phase у  ,

(m+n21),
j b  coe ffic ien ts  of expansion of the d iffe re n t phases.
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Hence, the change in  length upon heating w i l l  be described by curves 
1, 2, 5, 6 i f  the transformation is  in terrupted at the transformation 
temperature to which point 5 belongs.

In case of cooling, the change in length can be described by points 
9, 8, 5 and 4 provided the transformation takes place only p a r t ia lly  (over 
the section before point 5).

Hence, the expansion curves can be lengthened by extrapolation in 
the d irection  of points 1, 2, 3 and 9, 8, 7, respective ly.

This assumption ce rta in ly  holds w ith in  ce rta in  lim its .
Evaluation of curves 4, 5, 6 of the diagram outlined above assumes, 

in  addition to supp ress ib ility  of the a llo tro p ie  transformation, that the 
co e ffic ie n t of expansion is  an additive quan tity . Obviously, th is  can be 
an approximation only as i t  depends e.g. on the arrangement of the crysta ls 
cons titu ting  the phase. Changes in length resu lting  from stresses due to 
the d iffe re n t expansion contribute to the e ffe c t.

D i la t o m e t r y  and th e r m a l a n a ly s is

Supercooling or superheating always necessary fo r an a llo tro p ie  
transformation is  the d riv ing  force of phase change. The change in  length 
accompanying the phase change in supercooled or superheated state is  d i f ­
fe rent from that in  the state of equilibrium , i t  depends on the value of 
the co e ffic ien t of expansion of the two phases and on whether the trans­
formation takes place at a temperature higher or lower than the equilibrium  
temperature that is  in the course of heating or cooling.

Dilatometry has become most s ig n ifica n t in  investigation of the con­
d itio n s  of transformation of steels. The change in spec ific  volume ac­
companying transformations is  measurable and permits the temperature of the 
transformation process to be determined as a function of the way and rate 
of heating or cooling.

The spec ific  volume of iron-carbon a lloys  increases monotonously 
w ith increasing temperatures up to temperature where the spec ific  
volume reduces as a re su lt of austen itic  transformation of p e a rlite . At 
temperatures above A  ̂ but below A ^ , the sp e c ific  volume is  rather d iver­
s if ie d .  The spec ific  volume of fe r r ite  and austenite equally increases 
whereas the spec ific  volume reduces with increasing quantities of austenite 
and reducing quantities of fe r r ite .
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The change in sp e c ific  volume of low-carbon alloys - in  the length of 
the specimen - as a function of time is  il lu s tra te d  in Fig. 5.

Isothermally, the p e a rlite  undergoes an austen itic  transformation at 
temperature A In p rac tice , the linear contraction takes place rather 
w ith in  narrow temperature l im its  than isothermally considering th a t, on the 
one hand, steel is  a multicomponent a llo y  and, on the other hand, the 
d r iv in g  force of aus ten itic  transformation is  a gradual superheating.

In an a lloy of higher carbon content, the austen itic  transformation 
of the pearlite  resu lts in  an au s te n ite -fe rrite  ra tio  in the texture which 
would develop in case of an a lloy  of lower carbon content at higher tem­
peratures only. Hence, the change in spec ific  volume is  s im ila r in  character 
w h ile , because of the lower temperature, the same ra tio  corresponds to a 
d if fe re n t specific volume.

Steel is  ty p ic a lly  an a lloy  where the a llo tro p ie  transformation can 
be re ta rted  in case of cooling. As a re s u lt, a b a in it ic , m artensitic , 
res idua l-austen itic  s tructure  is  brought about instead of a f e r r i t i c -  
p e a r l i t ic  structure.

In case of given s te e l, the rate of cooling determines the hysteresis 
of the transformation tha t is  essentia lly  the temperature or temperature 
in te rv a l where the transformation takes place while the temperature de­
termines the s truc tu ra l element or phase developing, the properties of 
which ( f i r s t  of a l l  the mechanical properties) being essentia lly  the charac­
te r is t ic s  of the stee l. The possible extent of the hysteresis is  determined, 
in  add ition  to the rate of cooling, by the composition of the austenite, 
the s ize of the austenite c rys ta ls .
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As a resu lt of transformation of the austenite, the stee l texture 
becomes fe r r i t ic - p e a r l i t ic ,  b a in it ic  or m artensitic . The fundamental phase 
of ba in ite  is  fe r r i te  with cementite appearing in i t  but also non-trans- 
formed austenite may occur in ba in ite . Essentia lly , the martensite sha ll be 
considered fe r r ite  strongly supersaturated with carbon. In the m artensitic  
s tructure , residual austenite is  necessarily present in any case.

Concerning co e ffic ie n t of expansion of the d iffe re n t s tru c tu ra l com­
ponents or phases, there is  l i t t l e  difference between martensite, ba in ite  
and fe r r ite .  The co e ffic ie n t of expansion of a material of m artensitic  
structure is  increased by residual austenite present in an amount depending 
mainly on the carbon content, the extent of increase depending on the 
quantity of residual austenite. The value of the coe ffic ien t of expansion 
of ba in ite  also lie s  near the value for fe r r i te .  Cementite present in  the 
fe r r i te  and the residual austenite mentioned changes the value of the coef­
f ic ie n t ,  the e ffec t of cementite being neg lig ib le  and that of the residual 
austenite is  s im ila r ly  in s ig n ifica n t as the quantity of residual austenite 
i t s e l f  is  in s ig n ific a n t.

Of course, austenite transformation is  always accompanied w ith an 
increase in spec ific  volume. According to what has been said, the lower the 
temperature of transformation, the higher the increase in sp e c ific  volume. 
Hence, martensitic transformation is  accompanied with maximum, b a in it ic  
transformation w ith medium while fe r r i t ic - p e a r l i t ic  transformation with 
minimum increase in the spec ific  volume.

/

T F ig . 6,
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The expansion and the temperature of transformation are a p r io r i 
an ind ica tor of the q u a lity  of the transformation product.

The distance between tangents drawn to the s ta rting  point and end 
po in t of the expansion curve, measured p a ra lle l to the axis of expansion, 
is  a good approximation to  the quantity of austenite undergoing trans fo r­
mation (Fig. 6).

The accurate value can not be specified because of the changes in 
composition and the stresses aris ing.

In case of more transformations taking place one a fte r the other, 
more stra ights can be drawn as tangents towards the same point. The trans­
formations can be d is tingu ished, the temperature is  unambiguously character­
i s t i c  of the way of transformation while the quantity of the texture devel­
oped can be estimated.

There is  a d iffe rence  of an order of magnitude between the change 
in  heat content accompanying the transformations and the change in c rys ta l­
l iz a t io n  heat, the la t te r  being 0.1 eV/atom while the former 0.01 eV/atom. 
Temperatures typ ica l of c ry s ta lliz a tio n  can be measured by thermal analysis 
while  d iffe re n tia l thermal analysis shall be used to investigate the con­
d it io n s  of transformations.

The difference between the specimen temperature and reference tem­
perature is  a function of reference temperature in  case the process re s u lt­
ing in  heat release or absorption fa ils  to take place in the specimen in 
the course of heating. The change in heat content resu lting  from segregation 
and relaxation appears as a deviation from the reference line  and the tem­
perature of the process can be unambiguously determined.
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INVESTIGATION OF THICK CYLINDRICAL SHELLS LINDER AXISYK*€TRIC LOADS 

BY ASYMPTOTIC INTEGRATION OF THE DUAL SYSTEM OF EQUATIONS

B ERTÖ TI, E . *

(R e c e iv e d :  20 N ovem ber 1 9 8 9 )

A three-dimensional, lin e a r she ll theory w ith stresses as con figura tion  variables 
is  applied to determine axisymmetric deformations o f c irc u la r c y lin d r ic a l she lls . 
Asymptotic in te g ra tio n  o f the dual equation system is  used as a numerical method. 
Using a computer program developed by the author fo r ca lcu la tio n , some numerical 
problems w ith ty p ic a l loads are presented. The solutions obtained by asymptotic 
in teg ra tion  of the dual equation system are compared w ith those obtained by use of 
the technical theory o f she lls . Since the asymptotic she ll theory can be applied to 
both th in  and th ic k  sh e lls , i t  is  possib le to  investigate  how the e rro r  o f the 
technica l theory o f she lls  increases w ith  increasing she ll thickness and whether 
approximation o f the d is tr ib u tio n  o f va riab les  along the thickness o f the sh e ll by 
lin e a r functions is  acceptable or not.

1 . In t r o d u c t io n

In  d u a l sy s tem  o f  e l a s t i c i t y  s t r e s s  fu n c t io n s  o r  s t r e s s e s  a r e  th e  

c o n f ig u r a t io n  v a r ia b le s  / 1 0 / .  A t h r e e  -d im e n s io n a l ,  l i n e a r  s h e l l  th e o r y  

w it h  s t r e s s e s  as c o n f ig u r a t io n  v a r ia b le s  and th e  a s y m p to tic  i n t e g r a t i o n  o f  

i t s  e q u a t io n s  a r e  p r e s e n te d  in  / 6 / ,  / 7 /  and / 2 / .  No p a r t i c u l a r  a s s u m p tio n s  

have  been in t r o d u c e d  i n t o  t h i s  s h e l l  th e o r y  and t h e r e f o r e  th e  s t r e s s e s  and 

s t r a i n s  can  be d e te r m in e d  a t  any p o in t  o f  th e  s h e l l  to  a r b i t r a r y  a c c u ra c y  

by a s y m p to t ic  in t e g r a t i o n  o f  th e  d u a l sy s tem  o f  e q u a t io n s  ( e q u i l i b r i u m  

e q u a t io n s ,  H o o k e 's  la w ,  in d e p e n d e n t c o m p a t i b i l i t y  e q u a t io n s )  f o r  b o th  t h in  

and t h ic k  s h e l l s .  D is p la c e m e n ts  can  be c a lc u la t e d  fro m  s t r a i n s  by i n ­

t e g r a t i o n .

A p p l ic a t io n  o f  th e  a b o v e -m e n t io n e d  th e o r y  to  a x is y m m e tr ic  d e fo r m a t io n  

o f  c y l i n d r i c a l  s h e l l s  h a s  been p r e s e n te d  i n  a p r e v io u s  p a p e r  / 1 / .  A f t e r  a 

b r i e f  r e v ie w  o f  p r e v io u s  r e s u l t s ,  t h i s  p a p e r  p r e s e n ts  th e  e q u a t io n s  o b -

*B e rtó ti,  Edgár, H-3535 M iskolc, Hegyalja ú t 215, Hungary

Akadémiai Kiadó, Budapest



ta ined in /1 / in  a numerically integrable form. Then the dual form fo r 
stress and displacement boundary conditions are given and the process of 
asymptotic in tegration is  presented.

Considering the asymptotic method as a numerical method, a computer 
program has been developed and numerical examples have been tested by the 
author. The resu lts  obtained by asymptotic in teg ra tion  of the dual system 
of equations are compared with those obtained by the technical theory of 
she lls  based on the K irchhoff-Love hypothesis. Since the asymptotic method 
can be applied also to th ic k  shells the examples show how the error of the 
techn ica l theory of sh e lls  increases with increasing shell thickness and 
whether approximations o f stresses, s tra ins and displacements by lin e a r 
functions along the thickness of the she ll is  acceptable or not.

62 BERTÚTI, E.

2 . Summary o f  r e s u l t s  o b ta in e d  f o r  c y l i n d r i c a l  s h e l l s  in  / 1 /

2.1 . Geometry

Let A+ and A denote the faces while A* and A* the la te ra l surfaces
o f the cy lin d rica l she ll o f thickness 2b and o f length l .  Let S denote the
middle surface of radius Rq and le t h* and h* denote the boundary curves
o f S (Fig. 1). The she ll middle surface S w ith a system of c y lin d r ic a l co- 

1 2  3ordinates x = s , x  = lf ,  x = z on i t  is  shown in  Fig. 2.

A* A" S

F ig . 1. C y lind rica l s h e ll,  no ta tion
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Let us introduce the non-dimensional coordinate

( 2.1)

measured along the normal to the middle surface and the non-dimensional 
parameter

(2.2)

Let so-called sh ifted  tensors defined at points P of the middle surface S 
be used to describe the three-dimensional deformation of the c y lin d r ica l 
s h e ll. Dependence of an a rb itra ry  sh ifted  tensor л on coordinate $ (on 
X ) can be expressed by a polynomial with terms of f in i te  number:

n
T fy  ( x 1 , X2 , X3 )  = ] T  (h i ) k ^ (x 1 , X2 )  Ç 1 ,

i = 0

(2.3)

F ig . 2, Middle surface, coordinate systems
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к 1 2where the three-dimensional tensors (h ,) n (x , x ) ;  ( i  = 0 ,1 ,2 ,__,n) are
к  ̂ *the surface factors of the tensor ih^ (see /2 / ,  /7 /)  .

2 .2 , Shell problems in  dual system

Configuration variab les of the lin e a r, dual sh e ll theory ( /6 / ,  /7 /)
к fapplied in th is  paper are the stress surface facto rs  (б () ъ The she ll is  

considered to be a homogeneous, iso trop ic , three-dimensional continuum and 
the follow ing dual system of equations should be f u l f i l le d  on the sh e ll's  
middle surface S:

-  equilibrium equations,
- Hooke's law,
- independent co m p a tib ility  equations and
- equations of co m p a tib ility  in the large.
Appearing as a dd ition a l variables in  the above equations are the 

s tra in  surface factors (c^) k ^ ; ( i  = 0 ,1 ,2 , . . . )  and the incom patib ility  
surface factors (n^) ^  ; ( i  = 0 ,1 ,2 , . . . ) .

I f  the number o f two -dimensional equations in  terms of surface 
fa c to rs  is  s u ff ic ie n tly  large then also the three-dimensional equations 
and boundary conditions w i l l  be sa tis fie d  to any desirable accuracy.

Displacement surface factors (u.). ; ( i  = 0 ,1 ,2 , . . . )  are not appear- 
ing as variables in  the dual system of equations. Displacements can be 
ca lcu la ted by in tegra tion  o f s tra ins (Cesaro's formula /2 / ) .

To solve the above dual system of equations, stress boundary con­
d it io n s  are prescribed on faces A+ and A while stress or/and displacement 
boundary conditions on la te ra l surfaces A* and A  ̂ of the she ll ( fo r de ta ils  
see Section 4). Stress boundary conditions prescribed on the faces are 
considered as f ie ld  equations (see /7 /,  /1 / ) .

2 .3 . Asymptotic in teg ra tion  of the dual system of equations

In accordance w ith the number of surface factors also the number of 
equations and boundary conditions in  terms o f surface factors may be 
in f in i t e ly  large. Asymptotic in tegration of the system of equations means 
determination of the approximations denoted by I ,  I I ,  I I I , . . .  .

Approximation is  s ta rted  any time with ca lcu la tion  of the basic 
so lu tio n  of equations o f f in i t e  number. In the knowledge of the basic 
s o lu tio n , surface factors o f higher order can be calculated to a rb itra ry  
order number.
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I n  a p p ro x im a t io n  I ,  th e  s t r e s s  b o u n d ary  c o n d i t io n s  on th e  fa c e s  a r e  

n o t  a c c u r a t e ly  s a t i s f i e d .  They s h a l l  t h e r e f o r e  be m o d if ie d  u s in g  th e  r e ­

s u l t s  o f  a p p ro x im a t io n  I .  I n  t h i s  w ay, we have  th e  e q u a t io n  sy s tem  o f  a p ­

p r o x im a t io n  I I .  A f t e r  d e te r m in a t io n  o f  th e  s u r f a c e  f a c t o r s  o f  lo w e r  and  

h ig h e r  o r d e r  f o r  a p p r o x im a t io n  I I  and m o d i f ic a t io n  o f  th e  b o u n d ary  c o n ­

d i t i o n s  on th e  f a c e s ,  a p p r o x im a t io n  I I I  can  be c a lc u l a t e d ,  and so o n .

M a in  i t e r a t i o n  o f  th e  a s y m p to tic  m ethod i s  th e  s e r ie s  o f  a p p r o x i ­

m a tio n s  I ,  I I ,  I I I ,  . . . ,  w h i le  d e te r m in a t io n  o f  th e  b a s ic  s o lu t io n  and s u r ­

fa c e  f a c t o r s  o f  h ig h e r  o r d e r  a r e  th e  s u b i t e r a t io n  o f  th e  m eth od . The num ber 

o f  b o th  th e  m ain i t e r a t i o n  and s u b i t e r a t io n  s te p s  can be d e te rm in e d  by i n ­

v e s t ig a t io n  o f  th e  o r d e r  o f  m a g n itu d e  o f  th e  s u r f a c e  f a c t o r s  (s e e  / 7 / ,  / 1 / ) .

As a r e s u l t  o f  a s y m p to t ic  in t e g r a t io n  o f  th e  d u a l e q u a t io n  s y s te m , 

th e  th r e e -d im e n s io n a l  d e fo r m a t io n  o f  th e  s h e l l  can  be d e te rm in e d  t o  any  

d e s i r a b l e  a c c u ra c y .

2 . 4 .  D u a l system  o f  e q u a t io n s  in  te rm s  o f  s u r f a c e  f a c t o r s  f o r  c y l i n d r i c a l  

s h e l l s

C o n s id e re d  now a r e  c y l i n d r i c a l  s h e l l s  u n d e r a x is y m m e tr ic  lo a d s ,  

u s in g  th e  p h y s ic a l  com ponents  o f  th e  t e n s o r s .  The s u r fa c e  f a c t o r s  depend  

o n ly  on c o o r d in a te  x^ = s .  D i f f e r e n t i a t i o n  w i t h  r e s p e c t  to  x^ = s i s  d e ­

n o te d  by a comma i n  s u p e r s c r ip t .

The p h y s ic a l  com ponents  o f  th e  s t r e s s  and s t r a i n  te n s o r s  a r e

‘ « V s - ( « ' iV <Ti>sz
(6 -.)4 1 2 i  = 1 , 2 , 2 , . . . ,

and

( e i ) s , ( £i ) ,  ( £i ) sz> ( £iV > i  = 0 , 1 , 2 , . . . ,

r e s p e c t i v e l y .  The s u r f a c e  f a c t o r s  o f  mass f o r c e s  a r e  d e n o te d  by ( q ^ ) s and  

( q ^ ) z ; ( i  = 0 ,1 ,2 , . . . ) .  The com ponents o f  s u r f a c e  lo a d s  on th e  fa c e s  a  and 

A~  a r e  d e n o ted  by ( p + ) s , ( p + ) z ancl ( p ~ ) s , ( p ~ ) z> r e s p e c t i v e ly .

2 . 4 . 1 .  E q u a tio n s  o f  a p p r o x im a t io n  I

The b a s ic  s o lu t io n  o f  a p p ro x im a t io n  I  i s  o b ta in e d  as a s o lu t io n  o f  

th e  d i f f e r e n t i a l  e q u a t io n  system  w r i t t e n  w i t h  s t r e s s  s u r fa c e  f a c t o r s
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< V s z ’ ( e'1) z , (2.4)

< V s z > N
s \ CNJ

T h e  system  o f  o r d in a r y  d i f f e r e n t i a l  e q u a t io n s  / 1 / :

<E0>S = V  * < V s z  * r A z  *  W s  •  » . ( 2 ' 5>1

(Е ( А  = R0 C ’’V s z  *  ( * V z  " Е +  * ‘ " l > z *  W z * ° - < 2 - 5 >2

<El W Sl i A  < V s z  ‘ V ^ V ^ ' ^ s z A ' V s  ■ » • <2- » 3  

<E1>Z ■ W i z  *  < ÿ l>z - 4 ( tS0>z - V V f  *

+ г 'Х  (  d 2 ) +
Z W z = 0 , (2 5)4

0 СЛ N

= ( l + V ) (  C
L. V z  -  ( ‘V ' f ] +

+ A  £ v (  6 -ĵ >s
+ v ( 6 x

>z -  < 5 l Â
l - o (2 5 ) 5

( V z »0 [ <  « -  v (  d
)> ;■  - ’ t t f o

2R0d +  v )  ( t 0 ) ; z +

A  [ ( « a -  V (  Ő -  v (
> z ]

= 0 (2 •5)6

( V s z + ( '’V s z 7  [ (p+)s -  ( p " ) e ]■ p i  ’
(2 . 5)7

< < V z + ( d 2 ) z  = 1 _ (p + ) z  - ( p _ ) z  . = p2 ’
(2 • 5)0

(  t l ) sz
=

?
_(P+) S - ( p _ ) s _ = P3 , (2 - 5 ) ?

< < i > z
= * _(P+)Z - ( p " ) z = p4 •

( 2 . з)10

S ig n  ~ above *| on th e  l e f t - -hand s id e  o f  th e e q u a t io n  ( 2 . 5)5 i n -

d i c a t e s  t h a t  ( 2 . 5)5 i s  o b ta in e d  fro m  th e  in d e p e n d e n t c o m p a t i b i l i t y  e q u a t io n  

C*J g )  gz = 0 a f t e r  i n t e g r a t i o n  w ith  r e s p e c t  to  s .  A c c o rd in g  to  / 1 / ,  t h i s  

e q u a t io n  i s  th e  s o - c a l l e d  e q u a t io n  o f  c o m p a t i b i l i t y  in  th e  l a r g e .
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I n  th e  k n o w le d g e  o f  th e  b a s ic  s o lu t io n  o b ta in e d  by i n t e g r a t i o n  o f  

( 2 . 5 ) ^ th e  s u r fa c e  f a c t o r s  o f  h ig h e r  o r d e r  can be c a lc u la t e d  by means 

o f  e q u a t io n s  n o t used so f a r , t h a t  i s  e q u i l ib r i u m  e q u a t io n s

i+ 2

( E i + 2 ) s = R0 ( Cii + 2 ) s z
j= o

( - 1)
i + 2 - j

( ТГ.) + J sz

+ ( i + 3 )  ^ ( 't i + 3 ) s z  + V W s  = 0
i+ 2

(' Ei+ 2 ^ z  R0 (' T i + 2 ) sz

V—  1 i +2 - j r
Y  [ ( V z  - ( бЛ
j= 0

( 2 .6),

+ ( i + 3 )  X (  r f i + 3 ) z  + R0(q i+ 2 ) z = о ; i  = o , i , 2 , . . . ,  ( 2 . 6 ) 2

and in d e p e n d e n t c o m p a t i b i l i t y  e q u a t io n s

C i l i i g  = ( Í + l ) ( Í + 2 )  X1 + l  (  t i + 2 ) ^  

i

+

+ ( - о 1 у  с -  X ) j  ( j + D  г 2< e j * P f  '  1 = 0  ’
( 2 . 7 ) 1

(_
)• II о )

г

(  т ^ ) ^  = ( i + D  ( i + 2 )  A Z (  t i + 2 )g  + Ro -

-  2 ( i + l ) X R 0 ( e i + 1 ) ; z  = o ; i  = 0 , 1,2 .................( 2 . 7 ) 2

The r e l a t i o n s h i p  b e tw ee n  th e  s t r a i n  and s t r e s s  s u r fa c e  f a c t o r s  i s  

g iv e n  by H o o k e 's  la w

i> s  = 2G 1+v  [ ( < V s  '  v (  ^ i )vf  - v ^ r ) z ]
( 2 . 8)1

i ) f ~~2G T + v  ‘V f  '  V (  '  V ( d i ) . ]  » ( 2 . 8 ) 2

i ) z  = 4 g i t ^  [ ( ^ z - ^ - i V i K d i ) , ]  , ( 2 . 8)3

i ) s z = (  £ i } zs  = “ 2C ( T i } sz  = " k  ( t i ) z s  ; i  = 0 ’ 1 ’ 2 > " - '
, ( 2 . 8)4

w h e re  v  i s  P o is s o n 's  r a t i o n  and G is  th e  s h e a r  m odu lus .
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2 . 4 . 2  D e te r m in a t io n  o f  a p p ro x im a t io n  I I ,  I I I ,  ___ e t c .

U s in g  th e  r e s u l t s  o f  a p p ro x im a t io n  I , s t r e s s  bo un dary  c o n d i t io n s  

s a t i s f i e d  a p p r o x im a te ly  on th e  fa c e s  o f  th e  s h e l l  w i t h  e q u a t io n s  ( 2 . 5 ) ^  

a r e  m o d if ie d  as f o l lo w s :

(1 V s z  + ( ^ s z  = P1 " ‘‘ 'V s z  ~ (?sz • "  ’

( rfg)z + ( = P2 "  ̂ ^4^z "  ̂ 6^z • "  >

^ l ^ s z  = p 3 “  ( r 3 } sz  "  ( T ^ s z  "  • • •  ’

^ i )z = P 4 - ^ 3 ) Z - ^ 5 ) z -  ••• •

The b a s ic  s o lu t io n  o f  a p p ro x im a t io n  I I  ca n  be o b ta in e d  from  ( 2 . 5 ) ^ _ £  and

( 2 . 9 )  ^_д . U s in g  e q u a t io n s  ( 2 . 6)  ̂ 2 , ( 2 .7 ) - ^  2 anci ( 2 . 8 )^_4 we can g e t  s u r ­

f a c e  f a c t o r s  o f  h ig h e r  o r d e r .

H a v in g  th e  r e s u l t s  o f  a p p ro x im a t io n  I I ,  we can m o d ify  s t r e s s  bo u n d ­

a r y  c o n d it io n s  on th e  fa c e s  in  th e  same way i . e .  by u s in g  e q u a t io n s

( 2 . 9 )   ̂ д . A p p ro x im a t io n  I I I , e t c .  can th e n  be c a lc u la t e d  a c c o r d in g ly .

( 2 . 9 )  1

( 2 . 9 )  2

( 2 . 9 )  j

( 2 . 9 )  4

3 . N u m e ric a l s o lu t io n  o f th e  d u a l system  o f  eq u a tio n s

3 . 1 .  C a lc u la t io n  o f  th e  b a s ic  s o lu t io n  

L e t new v a r i a b l e

( d g ) ^  = Rg(^g)^ (3.1)

an d  colum n m a tr ic e s

-1 = [ ^ ( P s   ̂ ^O^sz

and

Í 2  - [ < V z  « • »

b e  in t r o d u c e d ,  w h e re  T in d ic a t e s  th e  t r a n s p o s e d  m a t r ix .  L e t e q u a t io n s

( 2 . 5 ) i  be t r a n s fo r m e d  as fo l lo w s :
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S u b s t i t u t e  f i r s t  s u r f a c e  f a c t o r s

2^sz = P1 “ (  ^  cP s z  ’
( 3 . 4 )

z
= P2 -  (  d g ) z  , ( 3 . 4 )

l^ s z = p3 , ( 3 . 4 )

= P4
( 3 . 4 )

o b ta in e d  fro m  ( 2 . 5 ) ^  ^  i n t o  ( 2 . 5 ) 1 6 >  T h e n , s u r f a c e  f a c to r s  ( d g ) z  an d  ( d ^  

c a n  be e x p re s s e d  fro m  ( 2 . 5 ) ^  and ( 2 . 5 ) ^  a s  a f u n c t io n  o f  v a r ia b le s  ( 3 . 2 )  to  

f i n d  t h a t

w h ere

[ i ]  ■ i—
L' J 2 Y  .  2*1

-2  = = -1  + — >

0 2+ V 0 - > V  0

0 - 2 > ( l + v )  0 v ( 2 ^ 2+1)  0

( 3 . 3 ) ,

, ( 3 . 5 ) ,

M - 2 V  + 2+v
2 > 2p2+ > (1 - v )p 4+ >Rg [ p ^ ( q i) z]

3 J

2 ”Х(1+ v )p 2+(2 !X2v  +2v  +l)p4+(l+ v)Rg ^p-j+ Ц ) ^

( 3 . 5 )

T a k in g  i n t o  c o n s id e r a t io n "  a ls o  e q u a t io n s  ( 3 . 4 )^_4 and ( 3 . 5 ) ^ _ ^ ,  th e  r e ­

m a in in g  e q u a t io n s  ( 2 .5 ) ^ _ ^  and ( 2 . 5 ) ^  fo rm  a system  o f  d i f f e r e n t i a l  e q u ­

a t io n s  in  te rm s  o f  v a r ia b le s  ( 3 . 2 ) .  S eco nd  o r d e r  d i f f e r e n t i a l  e q u a t io n

( 2 . 5 )  6 can be r e p la c e d  w it h  two f i r s t  o r d e r  e q u a t io n s .  The s t e p s  a r e ,  as 

f o l lo w s  :

( a )  f i r s t  we c a lc u l a t e  th e  d e r i v a t i v e s  w it h  r e s p e c t  to  s  f o r  s u r -I I
f a c e  f a c t o r s  (<dq ) 4 '  > (< * q) z ' anc* ^ l ^ s  o b ta in e d  from  e q u a t io n s  ( 2 . 5 ) ^ ,

( 3 . 5 )   ̂ and ( 2 . 5 ) - j ,  r e s p e c t i v e ly ;

( b )  n e x t  we s u b s t i t u t e  b o th  th e  m e n t io n e d  s u r fa c e  f a c t o r s  an d  ( t g  )  ' 

e x p re s s e d  fro m  ( 2 . 5 )2 i n t o  ( 2 . 5 ) ^ ;
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( c )  m aking u s e  o f  th e  new v a r ia b le  ( 3 . 1 ) ,  th e  two f i r s t  o r d e r  d i f ­

f e r e n t i a l  e q u a t io n s  ca n  be o b ta in e d  from  e q u a t io n  ( 2 . 5 ) ^ .

Th e l a t t e r  tw o e q u a t io n s ,  to g e th e r  w i t h  e q u a t io n s  ( 2 .5 ) ^  3 , fo rm  an i n ­

hom ogeneous d i f f e r e n t i a l  e q u a t io n  system  f o r  v a r ia b le s  ( 3 . 2 ) .  T h is  s y s te m  

o f  e q u a t io n  can be w r i t t e n  as

Rg Ai - Q й . \  + -Î. > (3 .6 )x

w h e re

0 0 1 0 0

0 0 0 0 1

0 1 0 0 0 , ( 3 . 6 )2

0 0 CL 0 0

_0
d52

0 d 54 0 .

CL
-p> V̂

J = 2 X +
1
X î ( 3 . 6)3

= 2 ^ 2(1+ v>) f (4  3 2+3+ v )  ( 1 - v )  + l l  

52 (2 ) i 2 + 2 + v ) [ 2  } 2 + 2 -  V( l+  V ) ]

! = У, у  (1+ V ) Г4 ^ 4(1 -  V ) -2  'X2 ( y 2+3 V -6 )+ 8 -  V 2]

54 ( 2 ) 2 + 2 + v ) [ 2 ) 2 + 2 -  v (1 + v ) ]

Xp3 Rq ^4g)g

0

- ^P4 - Rg (Qg)z 

~2 ^ pl  “ p3 "  R0 4 } s

( 3 . 6 )6
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f c  = -------7------ - ---------------  | Г ( 2 > 2+1) ( V 2- V - 2 ) - ( 1+ v X 2+ V ) 1  b , -
5 2 \  + 2 - V  ( 1 + V  )  LL  J L

- > V ( 2 X 2+2+ v ) b 2+ Г ( 2 > 2+1) ( v 2- 2) - 2 ( 2+ v ) ]  p^+2 "X2 v 2R2pJ -

- Д  V ( 2  Я 2+ 2 )Я 0Рз+2 > 2 V R 2 p "+  > v ( 1 - v )R 2P ^  > v R j  p ^ ' +

+ j^ (2  Л 2+ 1 ) (  V 2- V - 2 ) - ( 2 + V ) ( l + V ) J  R0 ( q Q) z - v ( 2  \ 2+ 2 + v ) R 2( q 0 ) ' s +

+ A v 2 R2 ( q i ) ' s + ^ v Rq ( q ^ j  . ( 3 . 6 )7

Now, th e  b a s ic  s o lu t io n  o f  a p p r o x im a t io n  I  can be c a lc u l a t e d  as  

f o l lo w s  :

( a )  t a k in g  i n t o  c o n s id e r a t io n  th e  b o u n d a ry  c o n d it io n s  on th e  l a t e r a l  

s u r fa c e s  we can s o lv e  th e  d i f f e r e n t i a l  e q u a t io n  sy s tem  ( 3 .6 ) ^  ( f o r  e x a m p le  

by R u n g e -K u tta  m e th o d );

( b )  u s in g  fo rm u la e  ( 3 . 5 ) ^  ^ and ( 3 . 4 ) ^ ^ ,  th e  o th e r  s t r e s s  s u r f a c e  

f a c t o r s  o f  th e  b a s ic  s o lu t io n  can be c a lc u l a t e d ;

( c )  f i n a l l y ,  u s in g  ('2 . 8 )^ _ д , we g e t  th e  s t r a i n  s u r fa c e  f a c t o r s .  

D e te r m in a t io n  o f  th e  b a s ic  s o lu t io n  o f  a p p ro x im a t io n  I I . i s  s i m i l a r

to  t h a t  o f  a p p r o x im a t io n  I  w i t h ,  h o w e v e r, m o d i f ie d  v a lu e s  p ^ , p2 , p ^ , p^ 

on th e  r ig h t - h a n d  s id e  o f  ( 2 . 9 ) ^  s u b s t i t u t e d  h e re  in t o  e q u a t io n s  ( 3 . 4 ) ^ _ ^ ,

( 3 . 5 ) í  j  and ( 3 . 6 ) .

3 . 2 .  C a lc u la t io n  o f  s u r f a c e  f a c t o r s  o f  h ig h e r  o r d e r

In  th e  k n o w le d g e  o f  th e  b a s ic  s o l u t i o n ,  s u r fa c e  f a c t o r s  o f  h ig h e r  

o r d e r  can  be c a lc u la t e d  s te p  by s te p  fro m  e q u a t io n s  ( 2 .6 ) ^  2 and ( 2 . 7 ) ^  2 , 

t a k in g  in t o  c o n s id e r a t io n  H o o k e 's  la w  ( 2 . 8 ) д as  w e l l .

3 . 2 . 1 .  C a lc u la t io n  o f  th e  f i r s t  a p p ro x im a t io n

From in d e p e n d e n t c o m p a t ib i l i t y  e q u a t io n s  ( 2 . 7 ) ^  2 we o b t a in  s t r a i n  

s u r f a c e  f a c t o r s



72 BERTÚTI, E.

( 3.7 ) 2

From  H o o k e 's  law  ( 2 . 8 ) ^ _ 2 , s u b s t i t u t in g  i+ 2  f o r  i ,  s u r fa c e  f a c t o r s

( 3 . 8 )1

( 3.8 ) 2

i  = 0 , 1 , 2 , . . .

c a n  be e x p re s s e d . From  e q u i l ib r i u m  e q u a t io n s  ( 2 . 6 ) ^  2 s t r e s s  s u r f a c e  

f a c t o r s

a r e  o b ta in e d .

Thus , in  a c c o rd a n c e  w it h  th e  ab ove  e q u a t io n s ,  s u r fa c e  f a c t o r s  o f  

h ig h e r  o rd e r  f o r  a p p r o x im a t io n  I  can be c a lc u l a t e d  as f o l lo w s :

( a )  i  = 0 : u s in g  ( 3 . 7 )  ̂ 2 we g e t  ( L  ^ s  and ( £ 2 )^,  • T h e n , fro m

( 3 . 8 ) ^  2 we g e t ( i> ? ) s an d  ( d 2 ) ^  . F i n a l l y ,  u s in g  ( 3 . 9 ) ^  2 we o b t a in  s u r ­

f a c e  f a c t o r s  ( T j )  and ( б ^ )  .

( b )  i  = 1 : u s in g  fo r m u la e  (3 .7 ) -^  2 , ( 3 . 8 ) ^  2 , ( 3 . 9 ) ^  2 and th e  v a lu e s  

p r e v io u s ly  com puted, s u r f a c e  f a c t o r s  ( £  - j ) g and (Е .^ )^ >  , and

( T . )  as w e l l  as ( 6 . )  ca n  be o b ta in e d ,  r e s p e c t i v e ly .
S Z  ч  Z

i +2

+ , 9 )T T4 i + 2 ' s
( 3 . 9 )1

( 6 i + 3  z

i +2

i  = 0 , 1 , 2 , . . .
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W ith  t h i s  p ro c e d u re  r e p e a te d  in  s te p s  o f  a r b i t r a r y  number i ,  s t r e s s  and  

s t r a i n  s u r f a c e  f a c t o r s  o f  a r b i t r a r y  number ca n  be d e te rm in e d .

C a lc u la t io n  o f  th e  d e r iv a t i v e s  in  fo rm u la e  ( 3 . 7 )  ̂ 2 and ( 3 . 9 )  ̂ 2 i s  

based on e a r l i e r  e q u a t io n s  and t h e r e f o r e  a n u m e r ic a l d i f f e r e n t i a t i o n  is  

n o t  n e c e s s a r y . F o r e x am p le  in  th e  kn o w le d g e  o f  th e  b a s ic  s o l u t i o n ,  e q u a t io n

( 3 . 6 ) ^  g iv e s  th e  f i r s t  d e r i v a t i v e  o f  6^ w it h  r e s p e c t  to  s .  A f t e r  d i f f e r e n ­

t i a t i o n  o f  ( 3 . 6 ) ^  w it h  r e s p e c t  t o  s ,  we g e t  th e  second d e r i v a t i v e  o f  6 ^:

R0 - Ï  = = -1 + — • (ЗЛ0)

T h u s , t a k in g  th e  b a s ic  s o lu t io n  as a s t a r t i n g  p o in t ,  th e  n - t h  d e r i v a t i v e  

o f  6^  can  be c a lc u la t e d  by fo rm u la

R0 d [ n )  = g б { П~ 1 )  + f (n _ 1 )  ; ( 3 . 1 1 )

n = 1 , 2 , 3 , . . .  .

S i m i l a r l y ,  th e  n - t h  d e r i v a t i v e  o f  ^  ca n  be c a lc u la t e d  fro m  ( 3 . 5 ) - ^  as

- 2 П ) = -  - 1 П) + - ( n )  ! ( 3 . 1 2 )

n = 0 , 1 , 2 , . . . ,

w here  d j —  ̂ i s  g iv e n  by ( 3 . 1 1 ) .  The d e r iv a t i v e s  o f  colum n m a t r ic e s  f  and b 

on th e  r ig h t - h a n d  s id e  o f  ( 3 . 1 1 )  and ( 3 . 1 2 )  c o n ta in  th e  d e r i v a t i v e s  o f  

e x t e r n a l  ( g iv e n )  lo a d s .

I t  i s  t r u e  a ls o  in  g e n e r a l t h a t  th e  fo rm u la e  o b ta in e d  e a r l i e r  f o r  

th e  s u r f a c e  f a c t o r s  e n a b le  us to  c a l c u l a t e  th e  n - t h  d e r i v a t i v e  o f  th e  

a p p r o p r ia te  s u r fa c e  f a c t o r s .

3 . 2 . 2 .  C a lc u la t io n  o f  th e  se c o n d , t h i r d ,  e t c .  a p p ro x im a t io n s

In  a p p r o x im a t io n  I  o n ly  b o u n d ary  c o n d it io n s  f o r  s u r f a c e  f a c t o r s  

g iv in g  th e  b a s ic  s o lu t io n  have been ta k e n  i n t o  c o n s id e r a t io n  (b y  i n t e ­

g r a t io n  o f  d i f f e r e n t i a l  e q u a t io n  system  ( 3 . 6 ) ^  fro m  among th o s e  p r e s c r ib e d  

on l a t e r a l  s u r f a c e s .  B o u nd ary  c o n d it io n s  f o r  s u r fa c e  f a c t o r s  o f  h ig h e r  

o r d e r  a r e  s a t i s f i e d  in  a p p ro x im a t io n s  I I ,  I I I ,  . . . ,  in  p a r t i c u l a r ,  by 

r e a r ra n g e m e n t o f  e q u a t io n s  ( 3 . 8 ) ^  2 and ( 3 . 9 ) ^  2 to  c a l c u l a t e  s u r f a c e  

f a c t o r s  (Ó i + 2 ) s > ^ i + 3^sz » ( i  = 0 , 1 , 2 , —  )  by in t e g r a t io n .

W hat fo l lo w s  now a p p l ie s  to  a p p r o x im a t io n  I I .  A p p ro x im a tio n  I I I , e t c .  

can be c a lc u l a t e d  in  a s i m i l a r  way.
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S u b tra c t  ( 3 . 8 ) - ^  f r o m  ( 3 . 8) 2 - A f t e r  r e a r r a n g e m e n t  we o b ta in

= ( (ÿi+2)s+2G [ ( £ 1+2^ " (fci+2)s] ;

i = 0,1,2,... .

( 3 . 1 3 )

B y s u b s t i t u t in g  i+ 1  f o r  i  i n  ( 3 . 9 ) 2 , we f i n d  f o r  ( r ; + 3 ) g Z t h a t

R0 ( 't i + 3 ) sz = "  \  ( < ÿ i + 2 ) lf  + \  ( ^ i+ 2 ^ z  + ( 6<i + 3 ) f  "  ( 6’ i + 3 ) z  +

i+1

I
j=0

( 3 . 1 4 )

i+l-j
[ ( б о Ч  - ( d j }z ]  - a ^ ^ c d i V z - V ^ z  ;

i  = 0 ,1 ,2 ,... .

I f  we e x p re s s  ( 6l + 2 ) ^  f r o m  ( 3 . 9 ) ^  and i n s e r t  ( 3 . 9 ) ^  and ( 3 . 1 3 )  i n t o  ( 3 . 1 4 ) ,  

a s y s te m  o f  two f i r s t  o r d e r ,  l i n e a r ,  in h o m o g en eo u s  d i f f e r e n t i a l  e q u a t io n s  

w i l l  be o b ta in e d  f o r  v a r i a b l e s  (< ^ + 2 ) , ( + + 3 ) ^ :

i +2 3 i+2-j
R0 ( á i + 2) ;  = - ( i + 3 ) ^ ^ i + 3 ^ s z  - Z  ( - i } ( * V s z  - R0(c’ i + l ) s > ( 3 -15 )l

Rn( =

j=0

i+4
<rfi.2>= -2E(i+3) (X

~ i+1 1 i+l-j
(-3>

J j=0

i+ 4

[<< W ) >  L ( £ M ’ f  - | S « V

Л  " (  -  --------------
] f  J Z-1 ( i + з ) A

+ (<< )_
i +2 z

* d » v ’ l A  * (  '  ( i * * n ' d w ) “ *

1
( i + 3 ) > R0 ( q i + 2 ) z  ■ R0 ( q i+ 3 ' )z 5 i  = 0 , 1 , 2 , . (3.15),

A l l  te rm s  e x c e p t f o r  t h e  f i r s t  te rm  on th e  r ig h t - h a n d  s id e  o f  ( 3 . 1 5 ) ^  2 
a r e  known from  th e  b a s ic  s o lu t io n  o f  a p p r o x im a t io n  I I , o r  fro m  a p p r o x i ­

m a t io n  I .  The l a t t e r  t e r m s  a r e  marked w it h  I  i n  u p p e r  s u b s c r ip ts .
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S u r fa c e  f a c t o r s  o f  h ig h e r  o rd e r  can be c a lc u l a t e d  th e n ,  as  f o l lo w s :

( a )  i  = 0 :  u s in g  ( 3 . 7 ) ^  2 we g e t  ( t 9 ) s and ( e 2 \ p  • T h e n , t a k in g  

i n t o  a c c o u n t th e  b o u n d a ry  c o n d it io n s  p r e s c r ib e d  on th e  l a t e r a l  s u r f a c e s ,  

th e  d i f f e r e n t i a l  e q u a t io n  s y s tem  ( 3 .1 5 ) ^  2 f ° r  v a r ia b le s  ( f l ^ s  anc' ^T 3^sz  

ca n  be s o lv e d . M a k in g  u s e  o f  th e s e  s u r fa c e  f a c t o r s ,  (б ^Х р  and ( ó - j ) z can be 

o b ta in e d  from  ( 3 . 1 3 )  and ( 3 . 9 ) 2 , r e s p e c t i v e ly .

( b )  i  = 1 :  u s in g  ( 3 . 7 )  ̂ 2 we g e t  ( t j ) s and ( t - jX p  . T h e n , by i n t e ­

g r a t i n g  ( 3 .1 5 ) ^  2 , ( ^ j ) s and a re  o b ta in e d .  F i n a l l y ,  u s in g  ( 3 . 1 3 )  and

( 3 . 9 )2 we g e t (C i j ) ^  and ( 6^ ) z .

W ith  t h i s  p r o c e d u re  c o n t in u e d , s u r fa c e  f a c t o r s  o f  a r b i t r a r y  number 

ca n  be c a lc u la t e d .

A p p ro x im a tio n s  I I I ,  I V ,  . . .  e t c .  a r e  d e te r m in e d  in  a way s i m i l a r  to  

t h a t  in  case o f  a p p r o x im a t io n  I I ,  b u t h e re  I  s h a l l  be r e p la c e d  w i t h  I I ,  

I I I ,  . . .  e t c .  in  s u b s c r ip t .

The r e q u ir e d  num ber o f  i t e r a t i o n  s te p s  f o r  d e s i r a b le  a c c u ra c y  can  

be s e le c t e d  in  a d v a n c e  in  th e  kn ow ledge  o f  th e  s h e l l  g e o m e try  (s e e  / 1/ ,  

/ 7 / ) .

A. Boundary c o n d it io n s  p re s c rib e d  on th e  l a t e r a l  s u rfa c e s

4 . 1 .  S t r e s s  b o u n d ary  c o n d it io n s  

X f
L e t (p ^ )  -; ( i  = 0 , 1 , 2 , . . . )  d e n o te  th e  s u r f a c e  f a c t o r s  o f  lo a d s  

a c t in g  on th e  l a t e r a l  s u r f a c e s .  Th en , a c c o r d in g  to  / 2 /  and / 1 / ,  th e  s t r e s s

b o u n d a ry  c o n d it io n s on b o u n d a ry  c u rv e s h *  and h2 o f l a t e r a l  s u r f a c e s  A * and

A * ,  r e s p e c t i v e ly ,a r e g iv e n  by e q u a t io n

1

M I «I* ç1 ■ I ( p * ) 1  ç1 , ( 4 . 1 )

X i =0 i =0
w h e re

5 *  = - X B l  ;
x e  A* , ( 4 . 2 )1

and

Ô  “  -  Х . Я1 5
x £  A* ( 4 - 2)2

a r e  t h e  o u tw a rd  n o rm a l v e c to r s  o f  th e  l a t e r a l  s u r f a c e s ,  and
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C o e f f ic ie n t s  o f  p o w e rs  o f  on th e  l e f t -  and r ig h t - h a n d  s id e  o f

( 4 . 1 )  m ust be e q u a l .  T h e n , u s in g  now p h y s ic a l  co m p o n e n ts , s t r e s s  b o u n d ary  

c o n d i t io n s

( « л - 7 <P;>s > ( 4 - 3 ) i

(  V s z  = 7  ( p i } z ; i  = 1 , 2 , 3 , . . .  C 4 . 3 ) 2

c a n  b e  p r e s c r ib e d  in  c a s e  o f  te n s io n -c o m p r e s s io n ,  b e n d in g -s h e a r in g  p ro b le m s , 

r e s p e c t i v e l y  w ith  n e g a t iv e  s ig n  f o r  b o u n d ary  A? w h i le  p o s i t i v e  s ig n  f o r  

b o u n d a ry  A2<

4 . 2 .  D is p la c e m e n t b o u n d a ry  c o n d it io n s

S in c e  in  d u a l s y s te m  o f  e l a s t i c i t y  d is p la c e m e n ts  a r e  n o t  a p p e a r in g  

a s  v a r ia b le s ,  d is p la c e m e n t  b o u n d ary  c o n d i t io n s  s h o u ld  be r e p la c e d  w it h  

a p p r o p r ia t e  bo un dary  c o n d i t io n s  in  te rm s  o f  s t r a i n s  o r ,  th ro u g h  H o o k e 's  

la w  i n  te rm s  o f  s t r e s s e s .  L e t  (u * )^ t  ; ( i  = 0 , 1 , 2 , . . . )  d e n o te  th e  s u r fa c e  

f a c t o r s  o f  d is p la c e m e n ts  p r e s c r ib e d  on th e  l a t e r a l  s u r f a c e s .  T h e n , a c c o r d ­

in g  t o  / 2 / ,  / 7 / ,  th e  d is p la c e m e n t  b o u n d ary  c o n d it io n s  on b o u n d a ry  c u rv e s  

h *  an d  h *  o f  l a t e r a l  s u r f a c e s  A* and A * ,  r e s p e c t i v e ly ,  a r e  g iv e n  by

( £ i ) KL ( u i ) K :L  + ^ L r K
( 4 . 4 )1

( Ê i ) K L : l (  ^ I L i K = ( t i ) l K : L  “ (' Ui ) l :K L
( 4 . 4 )2

i  = 0 , 1 , 2 , .

w h e re  in d ic e s  К and L may o n ly  have th e  ra n g e  2 , 3 ,  a c o lo n  f o l lo w e d  by an 

in d e x  d e n o te s  th e  s u r f a c e  f a c t o r s  o f  th e  c o rr e s p o n d in g  c o v a r ia n t  d e r iv a ­

t i v e .  F o r  exam ple:

^ R0 ( t 0' ) 13 V

When c h an g in g  o v e r  t o  p h y s ic a l  co m p on ents  and d i f f e r e n t i a t i n g  in  

f o r m u la e  ( 4 . 4 ) ^  2 , we o b t a i n  d is p la c e m e n t b o u n d a ry  c o n d it io n s  in  te rm s  o f  

s t r a i n s .  From ( 4 . 4 )  ̂ we a r r i v e  a t

i  . .

( 4 i )̂ , ( 4 . 5 )1
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,  ,  \  Í +1 r  K Y
( £- i ) z = b ^ i + l ^ z

i  = 0 , 1 , 2 , . . . ( 4 . 5 ) ,

from  ( 4 , 4>2 e q u a t io n s

R0(

■ ■ i +1 ,
L l 1_j  1 \   1 1 + и

Z  j(-ÿ  (u*
j= o  j = i

i + l - j
) e = 0 ,  ( 4 . 5 ) ,

V u « , 2 ) s = o i ( 4 . 5 ) ,

i  = 0 , 1 , 2 , . . .

a r e  o b ta in e d .

In  case o f  s t r e s s  s u r f a c e  f a c t o r s ,  i t  i s  n e c e s s a ry  t h a t  th e  f o l l o w ­

in g  be ta k e n  in t o  c o n s id e r a t io n :

( a )  b o u n d ary  c o n d i t io n s  a s s o c ia te d  w i t h  d i f f e r e n t i a l  e q u a t io n  sy s tem

( 3 . 6 )1_7 s h o u ld  be g iv e n  in  te rm s  o f  s t r e s s  s u r fa c e  f a c t o r s  ( 3 . 2 ) ;

( b )  b o u n d ary  c o n d i t io n s  a s s o c ia te d  w i t h  d i f f e r e n t i a l  e q u a t io n  s y s te m  

( 3 . 1 5 ) ,  7 s h o u ld  be g iv e n  in  te rm s  o f  s t r e s s  s u r fa c e  f a c t o r s  (б '. ~ )  ,

(<r i + 3 W  ( i  = o-1^ , . . . ) .
E . g .  t o  c a lc u la t e  th e  b a s ic  s o lu t io n ,  s u b s t i t u t e  H o o k e 's  la w  ( 2 . 8 ) ^ _ ^  i n t o

( 4 . 5 ) j  and in t o  ( 4 . 5 ) ^ ,  th e  l a t t e r  m u l t i p l i e d  w i t h  V , and a d d . T h e n , u s in g

( 3 . 1 ) ,  r e la t io n s h ip

(1- v K ^ q)^  -  v RqÍ ő' q)^ 2^ r 0^sz " 2 ^ l - ' s z

: "  b ’ [ < “ l > e  + 2 ( lV s l
( 4 . 6 )

e x i s t s  b e tw een  th e  p r e s c r ib e d  d is p la c e m e n ts  and s t r e s s  s u r f a c e  f a c t o r s .  

Rem ark : D is p la c e m e n t s u r fa c e  f a c t o r  ( u q ) s  i s  n o t in c lu d e d  in  e q u a t io n s

( 4 . 5) 1- 4 . ^h u s > th e  d is p la c e m e n t o f  th e  m id d le  s u r fa c e  in  d i r e c t i o n  s 

i s  a ls o  p r e s c r ib e d ,  c o n d i t io n

( u 0>s

- i  I

s =0
- l

U 0 ) s  ds ( 4 . 7 )

s h o u ld  be ta k e n  i n t o  c o n s id e r a t io n  as  w e l l .
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5 .  N u m e ric a l r e s u l ts ,  com parisons

BERTŰTI, E.

I t  is  stressed again that stresses, s tra ins  and displacements at 
any point of the c y lin d r ic a l shell (considered to be a three-dimensional 
continuum) can be determined to any desirable accuracy by asymptotic in ­
teg ra tion  of the dual equation system. This is  also true to numerical 
ca lcu la tion  of the solution(disregarding e rrors resu lting  from the numerical 
method used and rounding e rro rs ).

To investigate d if fe re n t types of loads, a PASCAL program has been 
developed and used fo r problems of quite of number by the author. The 
primary objective has been a comparison of the technical theory o f she lls  
w ith  the asymptotic method.

Based on the Kirchhoff-Love hypothesis, the technical theory of 
sh e lls  yields acceptable resu lts for th in  sh e lls . Variables along the 
thickness of the she ll are linea rly  d is tribu ted  whereas transverse shears 
and normal stra ins are neglected (as a consequence of the Kirchhoff-Love 
hypothesis).

The asymptotic method sa tis fies  the equations and boundary con­
d it io n s  exactly. The d is tr ib u tio n  of variables along the thickness of the 
s h e ll are approximated by polynomials. The degrees of these polynomials 
equal to the number of the subiteration steps. I t  is  therefore possible to 
investiga te  the accuracy o f the solutions obtained fo r th ick she lls  by 
applying the technical theory of she lls . I t  can also be investigated 
whether approximation o f d is tr ib u tio n  along the thickness by linea r func­
tio n s  is  acceptable or not.

Presented below are fiv e  numerical examples. The solutions tha t are 
based on the technical theory of shells have been obtained by means of the 
program /5 /.

1. example: C y lind rica l concrete container

The fundamental equation of c y lin d r ic a l she lls  in terms of ra d ia l 
displacement is  considered in  /4 /. Paper /4 /  presents analytica l so lu tions 
fo r  d iffe re n t types o f loads and f in a lly ,  a c y lin d r ic a l concrete container 
(F ig . 3a) is  investigated as a numerical example. The height of th is  con­
ta in e r is  5 m, the thickness 250 mm, the radius of the middle surface 
10 m; E = 16 GPa and v = 0.2.

The inner face of the shell is  subjected to rad ia l pressure while 
the outer face to v e r t ic a l lin e  load. These loads are linea rly  d is tr ib u te d
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along the coordinate s (F ig. 3 a). At s = 0 the shell is  clamped, so the 
displacement boundary conditions are:

(ui }s = (u i } z = 0 ; i  = 0 ,1 ,2 ,... . (5.1)

The edge at s = {  is  free, so here

(pi }s = (pi }z = 0 ; 1 = 0 Д .2 , . . .  (5.2)

stress boundary conditions should be prescribed.

F ig , 3. C y lin d rica l concrete container
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From among the so lu tions obtained by means of the asymptotic method, 
there is  a good agreement between stresses 6 ^  and the results of /4 / .  For 
stress ( f  ( i ts  value on the outer face being shown in  Fig. 3b), d isplace­
ment uz and ro ta tio n  o f the middle surface re su lts  d iffe ren t from /4 / 
have been obtained .

Full lines in d ica te  the results obtained by asymptotic method. Re­
sponsibility fo r the d iffe rence  lies  mainly on the ve rtica l lin e  load ps 
acting  on the outer face . In /4 / th is  load is  considered as a lin e  load 
acting on the middle surface. For the sake o f comparison we considered the 
load ps to be body force (Qg)s acting on the middle surface. The solutions 
obtained in  th is  case (d o t-  and dashed lin e s  in  Figs 3b, c) are in  good 
agreement with those given in  /4 /. For instance, the maximum value of uz is  
1.23 mm in /4 / while 1.37 mm and 1.24 mm in  the f i r s t  and second case, re ­
spective ly , in ca lcu la tio n  w ith the asymptotic method.

Because the quo tien t У = Rg/b = 80, the c y lin d r ic a l container can be 
considered as a th in  s h e ll.  Thus, the d is tr ib u t io n  of the values along the 
thickness is approximately linear.

2. example: Constant ra d ia l loads acting on the faces

The technical theory of shells makes no d is tinc tion  between the 
loads acting on the ou te r and inner faces. In case of th ick she lls , the 
two d iffe ren t, s ta t ic a l ly  equivalent loads may re su lt d iffe ren t stresses 
in  a she ll. The d iffe rences are investigated in  th is  example by asymptotic 
method.

Consider a c y lin d r ic a l shell of length i  -  1 m. The radius of the 
middle surface is  Rg = 0.5 m, the thickness o f the shell 2b = 200 mm. 
Since Я = Rg/b = 5, th is  is  a thick sh e ll. At s = 0, the shell edge is  
clamped while the edge a t s = Í  is  free, so the boundary conditions (5.1) 
and (5.2) are va lid . A constant radial load of pQ = - 10 MPa is  acting on 
the faces (Figs 4a, b, c ) .  The shell materia l is  s tee l: F = 205 GPa and 
V = 0.3.

In Fig. 4, stress d is tribu tions  along the thickness are shown and 
compared. In Figs 4d and 4e d is tribu tions fo r  and at s = 0 (a t
the clamped edge) are shown, respectively. F u ll lines  indicate the so l­
u tions obtained by the technica l theory of s h e l ls , ----- о ----- lines  and
-----  + ----- lines ind ica te  the results obtained by the asymptotic method
w ith  £g acting on the outer and inner face, respective ly .
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Л = 5 --------------  te c h n ic a l th eo ry  o f s h e lls
E = 2 0 5 G P a  — •—  e x te r n a l lo a d in g
v = 0 .3  — ♦—  in te r n a l lo a d in g

------------- th ink  w a lle d  tu b e (F ig .f .a n d  g .)

F ig . 4. Constant ra d ia l loads acting on the ou ter and inner faces of the s h e l l . 
Comparison o f stress d is tr ib u tio n s  along the thickness of the she ll
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In Figs 4 f  and 4g, d is tribu tions  o f 6 ^  and tí at s = , in  Fig.
4h,. d is tr ib u tio n s  of shear stresses X  a t 5  = 0 are shown. Stresses 6sz z
are neglected in  the technical theory o f s h e lls . However, on the faces, 
6  is  equal to the ra d ia l load. In Fig. 4 h „  the d is tr ib u tio n  of shear 
stress T obtained from shearing force Q of the technical theory of
she lls  is  considered as a quadratic function .

The maxima o f displacement u f o r  the three s ta t ic a lly  equivalent 
loads given in  Figs 4a, b, c are -0.065 mm, -0.079 mm and -0.053 mm, 
respective ly .

Since the influence of the edge s = 0 disappear at s = i , the 
so lu tion  fo r load acting on the inner face is  comparable with the th ick  
walled tube's solu tions (see / 8 / ,  /1 / ) .  Dot- and dashed-line was used to 
p lo t the la tte r  re su lts  in  Figs 4f and 4g. The th ick walled tube was 
found to be an ideal model to approximate the stressed state at points 
being fa r enough from the clamped edge.

This examples warns at the same time to  calculate loads acting on 
the inner and outer faces of the shell simultaneously care fu lly .

3. example: Loads acting on a narrow s tr ip  of the outer face

According to Figs 5a, b, c, s ta t ic a lly  equivalent loads of constant, 
quadratic and lin e a r d is tr ib u tio n  are acting on a narrow s tr ip  of the outer 
face. Both edges of the she ll are clamped and thus displacement boundary 
conditions (5.1) are va lid  at both s = 0 and s = l. The she ll is  i  = 3 m 
long, 2b = 400 mm th ic k , the middle surface's radius is  RQ = 1 m,
\  = Rg/b = 5 (th ick  s h e ll) ,  E = 205 GPa and V = 0.3.

In a l l  three cases the loads are acting on a A s = 200 mm wide s t r ip  
in  the middle of the sh e ll. The in tens ity  o f the equivalent lin e  load is  
25.6 MN/m. Maximum values of the loads fo r constant, quadratic and lin e a r 
d is tr ib u tio n  are 128 MPa, 192 MPa and 256 MPa, respectively.

In Figs 5a, b and c, the d is tr ib u tio n  o f stresses d s , ő y  and <3̂  
along the thickness at s = 1 /2  = 1.5 m are shown. Results of_the technicaT 
theory of shells are il lu s tra te d  with dashed-line while the resu lts  of the 
asymptotic method w ith f u l l  lin e . The d is tr ib u t io n  of shear stresses T sz
along the thickness is  approximately parabo lic . The maximum values of X s z  

and ra d ia l displacement uz are shown in  Table 1.

Since stresses 6  cannot be neglected and because of the thickness 
o f the shell the d ifferences between the stresses obtained by the two d i f ­
fe re n t methods are s ig n if ic a n t.
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F ig . 5. Constant, quadratic and lin e a r d is tr ib u tio n  of s ta t ic a lly  equal loads acting on a narrow s t r ip  o f the outer face. 
Stress d is tr ib u tio n s  along the thickness of the she ll a t s - 1 / 2
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Table 1

Maximum values fo r shear stresses Ygz and ra d ia l displacements u^ in  example 3

Constant Quadratic Linear
Techn. Asympt. Techn. Asmypt. Techn. Asympt.
theory method theory method theory method

or sz max
38.1 40.1 38.3 34.6 38.4 44.2

MPa

u 0.32 0.47 0.32 0.48 0.32 0.61z max

[mm]

4. example: Bending moment acting on the edge

As is  well known, the thinner the sh e ll, the higher the accuracy of 
the so lu tion  obtained on the basis of the technical theory of she lls . To 
investiga te  the error caused by the technical theory of shells in  case of 
th ic k  she lls , assume tha t pure bending is  acting on one of the edges of 
the sh e ll (Fig. 6a). At s = 0 the she ll is  clamped, thus the displacement 
boundary condition (5.1) is  va lid . The edge at s = t  is  subjected to 
bending moment (F ig. 6 a ), which means tha t stress boundary conditions

(P j)s = à  M , (P*)s = 0 ; i  = 0 ,2 ,3 ,.. .
(5.3)

(P *)z = 0 ; i  = 0 ,1 ,2 ,.. .

s h a ll be prescribed together with the condition of equivalence

b

J (R0 + x3) б'м £ X /  P  dx3 = Mx .
-b

i f  the asymptotic method is  used (Fig. 6b ). Let the length of the she ll 
be - t = 1 m, the middle surface's radius Rg = 0.5 m; E = 208 GPa and 
V = 0.3.

A series of she lls  of d iffe re n t thickness have been investigated 
(F ig . 6c).

According to the numerical resu lts , the difference between the
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F ig . 6, Bending moment ac ting  on one of the edges o f the she lls  of d iffe re n t th ickness. 
Comparison between the technical theory o f s h e lls  and the asymptotic method

resu lts  of the techn ica l theory of she lls  and the asymptotic method is  
greatest fo r stresses 6  and Ó . The d iffe rence  between both methods in  
per cents for maximum stresses at point s = t ,  Ç = -1 are illu s tra te d  by 
column diagrams in  F ig . 6 c, the higher columns representing stresses o’ 
while the lower columns stresses <4 z> The maximum value for o ' obtained 
on the basis of the technical theory of she lls  is  denoted by a horizon ta l 
lin e . Heights of the columns are proportional to the maxima of stresses 
obtained by asymptotic method. Marked parts of the columns indicate the 
magnitude of the d iffe rence . Difference in  per cents for <5*ip is  calculated 
by means of formula
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ó  asympt — (S’techn. 100 (5 .4)
difference ' techn.

Percentages Ő are calculated as the quotient of 6  z  and the maximum 
stress  obtained by use of the technical theory of shells, m u ltip lie d  
by 100.

5. example: Shear force acting on the edge

The series of she lls  (series of !\) of d iffe re n t thickness in v e s t i­
gated in  the previous example are now subjected to shear force Q, at s = I  

(F ig . 7 .a). The stress boundary conditions at S = l  are:

(p *)s = 0 ; i  = 0 ,1 ,2 , . . .  ,

(p0}z " T Q ’ ^p2^z ’

( РРг = ° > i  = 1 ,3 ,4 ,5 ,. . .  ,

where the equivalence condition

f  Я  ̂^) ^  ̂ dx Q1

should also be s a tis fie d . The values and Yq have been selected in  such 
a way tha t the maximum stresses obtained by the technical theory o f she lls  
w i l l  be identica l (namely T  g\ A = const.).

According to the numerical resu lts , greatest difference between the 
re s u lts  of the technical theory of she lls  and the asymptotic method has 
been obtained for stresses d  î> and 6  z (the difference between stresses 
6  being 10% even fo r Л = 2). At po in t s = -C, Ç = -1 (a t maximum 
stresses), the d ifference in  per cents between the results of the two 
methods are illu s tra te d  as column diagrams in  Fig. 7c, higher columns 
representing stresses d^ while lower columns stresses <5̂ . In te rp re ta tio n  
o f F ig . 7c is  the same as fo r  Fig. 6x ( in  example 4 .).

A comparison of F ig . 6c and Fig. 7c shows that the e rro r o f the 
techn ica l theory of she lls  is  greater when the edge is  subjected to shear 
fo rc e .
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F ig . 7, Shear force acting on one of the edges o f the she lls  of d if fe re n t th ickness. 
Comparison between the technical theory o f  she lls  and the asymptotic method

Transverse shear deformations of the edge at s = 0 are shown fo r 
У  = 10 and = 4 in Figs 8a and 8b. According to the K irchhoff-Love 
hypothesis, the normal of the middle surface remains normal to the de­
formed middle surface (dashed l in e ) .  The actual deformation of the normal 
is  il lu s tra te d  with f u l l  lin e s . The equivalent loads are = 32 MN/m, 
T g = 475 MPa fo r У  = 10 and Q, = 125 MN/m, = 750 MPa fo r A = 4. Shell 
thickness: 100 mm and 250 mm fo r *X = 10 and У  -  4, respectively.



8 8 BERTÚTI, E.

л=ю

a s y m p to tic  m e th o d

Q 1=
1 2 5 M N /m

a ) b )

F ig . 8, Transverse shear deformations fo r  ^ = 1 0  and X= 4

The d ifference in  ro ta tion  between the middle surface normals is
0.4° fo r X = 4, a very small value while the difference between the 
stresses are s ig n if ic a n t (see Fig. 7c).

REFERENCES

1. B e r td t i,  E .: A pp lica tion  o f a dual she ll theory to  axisymmetric deformations of c y l in ­
d r ic a l she lls , P ub lica tion  o f the Technical U n ive rs ity  fo r  Heavy Industry Series C, ( in  
p r in t )

2. Béda, Gy. -  Kozák, I . :  Mechanics o f e la s tic  bodies ( in  Hung.), Műszaki Könyvkiadó, Buda­
pest, 1987

3. Béda, Gy. -  Kozák, I .  -  Verhás, J . :  Mechanics o f s o lid s  ( in  Hung.), Műszaki Könyvkiadó, 
Budapest, 1986



THICK CYLINDRICAL SHELLS 89

4 . Hemsley, J .A .: E la s tic  so lu tions fo r th in  c y lin d r ic a l she ll walls under axisymmetric 
loading, Proc. In s tn . C iv. Engrs, Part 2, 1987, Eß, M ar., 91-114

5. KIMHER computer program fo r  axisymmetrical deformations o f she lls , plates and disks and 
fo r plane structu res, Software catalogue o f NME, 1988. No. G-9-6

6 . Kozák, I . :  Theory o f th in  e la s tic  she lls  in  terms o f stresses ( in  Hung.), Theses fo r 
degree D. Sc., M iskolc, 1980

7 . Kozák, I . :  Construction o f an approximate lin e a r s h e ll theory by asymptotic in te g ra tio n  
o f the equations of e la s t ic i ty  in  terms of stresses, Advances in  Mechanics, 6,  1-2, 
(1983), 91-110

8. Kozák, I . :  Strength o f m ateria ls I I I  ( in  Hung.), Tankönyvkiadó, Budapest, 1981

9. Kozák, I . :  Strength o f m ateria ls V ( in  Hung.), Tankönyvkiadó, Budapest, 1979

10. Oden, J .T . -  Reddy, J .N .: On dual complementary v a r ia tio n a l p rinc ip les  in  mathematical 
physics, In t .  0. Engng. S e i., 12, (1974), 1-29





Acta Technics Acad. Sei. Hung., 103(2-3), pp. 91-102 (1990)

BOUNDS FOR THE DEFLECTION OF BEAMS OF VARIABLE CROSS-SECTION

ECSEDI, I . *

(Received: 2 A p ril 1990)

The ob jective  o f th is  paper is  to give a method fo r obtaining the upper and 
lower bounds fo r the end de flection  o f a beam o f va riab le  cross section treated as a 
generalised plane stress sta te  of a disk of v a ria b le  thickness. The m ateria l o f the 
beam is  lin e a r ly  e la s t ic ,  iso trop ic  and inhomogeneous. The bounding formulae are 
derived by means o f app lica tion  of the p r in c ip le s  o f minimum po ten tia l and com­
plementary energy o f the theory o f e la s t ic i ty .

1. The beam AB of length L and symmetrical cross-section w ith 
respect to axis y is  subject at i ts  end В to a concentrated load = Q 
The other end of the beam is  fixed. The shape of the beam is  given by 
thickness function h = h(x,y) (Fig. 1). Young's modulus E and Poisson's 
ra t io  V  are depending on coordinates x,y, i . e .

As a consequence of Eqs (1.1)^ 2, shear modulus G is  depending also 
on coordinates x ,y . I t  is  known that

The middle f irb re  of the beam considered as a disk of variable thickness 
is  plane xy. We investiga te  a rectangular region bounded by s tra ig h t 

lines  ^2®2’ ^ i^ i  > 2). The cross-sections of the beam-ends 
are A and B, resp. Boundary section B^B2  is  loaded by force Q in pos itive  
d ire c tio n  y, boundary sections Â B  ̂ and A2 B2  are trac tion -free , boundary 
section AjA2  is  fixed .

*Ecsedi, Is tvá n , H-3526 M iskolc, Klapka Gy. u. 36, IX /2 , Hungary

E = E(x,y) , v=  V ( X,у) . ( 1.1)

( 1 . 1 ) 3

Akadémiai Kiadó, Budapest
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The governing equations of the disk o f variab le  cross-section are 
as follows ( /1 /, / 2 / ,  /3 / ) :

(a) Equations of equilibrium  for the stress resultants:

(c) Relationships between the stress resu ltan t and s tra in :

Nx = ( £ x + V6y) , 0— x — L > -a —̂  y — a? ; (1 .4 ^

F ig . 2. Rectangular region

(b) Strain equations:
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£y) ’
0 í ~  X f ;  L , -а1<  у <  a2 ;(1 .4 ) 2

V i “ , ,  f - v  '
0  < X <_L , - a j— У — a2 .(1 .4 ) 3

In the present case, the fo llow ing boundary conditions should be 
sa tis fie d .

(a) Boundary conditions fo r tra c tio n :

NX(L, У) = 0 , - a 1 <  у <  a2  ; ( 1 . 5 ) 3

N (x, -  a ,) = 0 xy ’ 1
, Ny (x, a2) = 0  , 0 <  x <  L ; (1 .5 ) 2

Nxy (x, a2) = 0 , Ny (x, a2) = 0 , 0 < x < L  . 

(b) Boundary conditions fo r displacement:

(1 .5 ) 3

u ( 0 , у) = 0  , V (0, y) = 0 , ~ a \ —  V —a2 ; ( 1 . 6 ) 3

V (L, y) = f  , -a 1 < y < a 2  . ( 1 . 6 ) 2

Deflection f  of cross-section В is  caused by ve rtica l force Q. Q is  
given by the in te g ra l:

Q = Nyx (L ’ y) dy (1.7)

There w i l l  be two formulae used w ith s tra in  energy:
- s tra in  energy U, which is  a homogeneous quadratic function of the 

s tra in  components, can be obtained from the formula:

1

+ 2

2

f  Eh (J 1+  ̂ 1
r 26 xy

1

1 - V
2  v t

X

( 1 . 8 ) 1d x d y
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-  s tra in  energy V, which is  a homogeneous quadratic function of the 
stress resu ltants, can be obtained from the formula:

L

V = I  v 2
-a^ 0

+ -  2 V N N + 2 ( l+ v )  Idxdyy X y xy J ’ ( 1 .8),

The work performed by the trac tion  at boundary section is
equal to W. The magnitude of work W can be calculated as fo llow s:

W = 7  j NyX (L ,y) v (L ,y) dy = \ f  J NyX ( L » У ) dy -  j  Qf . (1.9)

“ al  " al

From the equa lity  of the eigenwork w ith the s tra in  energy, we get 
formulae ( 1 . 1 0 )^ 2

U = y  Qf , V = j  Qf . (1.10 ) 1  2

By using the p rinc ip le  of po ten tia l energy and the p rinc ip le  of 
complementary energy, we can establish a two-sided estimation fo r work W. 
The two-sided estimation is  given by in e q u a litie s :

W ^  U( i  , t  , ft ) ,x ’ y ’ uxy ’

W> fQ - V(N , N , N ) .x ’ y ’ xy

In re la tionships (1.11)^ 2 :

~ _ 3ij ~ _ Э v
£x '  Эх ’ У " Эу

'xy
Э V + Эи 
Эх Эу

( 1 . 11)1

( 1 . 11)2

( 1 . 12) 1,2

( 1 . 1 2 ) 3

where и = й (х,у) and v = v(x,y) are d iffe re n tia b le  functions which s a tis fy  
displacement boundary conditions (1 .6), 9 , and N , N , N = N are d i f -  
fe ren tiab le  functions which sa tis fy  d if fe re n t ia l equations of equilibrium
(1 .2 ), 9  -, and trac tion  boundary conditions (1 .5 ), ~ moreover Q is given 
by formula:
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-a
Nyx(L ,y) dy (1.13)

Functions u = u (x ,y ) , V = v(x ,y) are called kinem atically admis­
s ib le  displacement functions, and functions ff = N (x ,y ), N = N (x ,y ) ,  

/+> X X y  y
N = N = N (x ,y ) are called s ta t ic a lly  admissible stress résu ltan ts  

x y  y x  x y  ^

/ 5 / .  Equal signs in  re la tionsh ips (1.11), 9  apply whenever u, v and N , 
N , Nxy = Nyx , respective ly , are the actual solution functions to the 
boundary value problem formulated in  Eqs (1,2)^ 2  (1 .3 )^ 2  3 »

{-1 -4 ) l , 2 ,3 ’ ( 1 -5 ) 1 ,2 ,3 ’ ^ ‘ ^ 1 , 2 ’

2. Let inequa lity re la tionsh ip  (1.11)^ be applied to kinem atica lly 
adm issible displacement functions:

I  ( X- 1) f*- (L -x )z

v = — — -  f L - X (L - x)"
-  2

( 2 . 1 ),

-  X f  -  1 | .  ( 2 . 1 ) ,

In ( 2 . 1 ) 1  2, X is  an a rb itra ry  constant. By performing a simple 
c a lc u la tio n , we obtain upper bound re la tionsh ip :

c2 Г
W< W (X )  = —  

2

Q, ,  n 2 С 1 . 2D
9 ( X - D  - g  + -  >  - J

L° 2
( 2 . 2 )

where
a„ L 

= 1 1-a^ 0

a2  L

-a^ 0

E (x,y)h (x ,y) „  „
-------------------2  (L-x)^ yz dxdy ,
1 -  [ v ( x , y ) l

* /  /  « y  •

(2 .3 ),

(2 .3 ),
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The optimum value of X is  belonging to the minimum value of upper bound 
W. From the necessary condition of optimum:

we obtain

Эw( X ) 
ЭХ (2 .4 )

(2 .5 )

With Eq. (2.5) substitu ted in to  re la tionsh ip  (2 .2 ), the follow ing upper 
bound re la tionsh ip  is  yielded:

( 2 . 6)

From upper bound re la tionsh ip  (2.6) fo llows tha t

Q <  f  К = f  — ^— 1 ----- . (2 .7 )
2L_ Г  
D + 9C

I f  Q is  a prescribed value, then re la tionsh ip  (2 .7) yields the lower bound 
fo r deflection f .

3. S ta rting  from inequality re la tionsh ip  ( 1 . 1 1 ) 2 , we °'-|'':а:'-п re_ 
la tionsh ip :

f

f al

T(y)dy

a0  L

Í I
-a^ 0

(L -x ) 2  1 T ’ (у) 1 
2E(x,y) h (x ,y )

dxdy -

a 2  L

Í
-a^ 0

IT (v ) 1

2G(x,y) h (x ,у)
dxdy (3 .1 )

Nx = f (L -  x )T' (y) ( 3 . 2 ) 1

by choosing
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N = 0 ,
У (3 .2 ) 2

Nxy = N = fT (y ) . yx ’ (3 .2 ) 3

In  (3 .2 )^ 3, function T = T(y) w i l l  s a tis fy  boundary conditions:

T (-a-!^) = 0 , T(a2) = 0 . ( 3 * 3 ) 1 , 2

From re la tionsh ip  (3 .1 ), gives to us the upper bound fo r de flection  f  is  
y ie lded as fo llows:

i f  load Q is  a prescribed value.

4. We sha ll re s t r ic t  our considerations to a special case o f inhomo­
geneity and the non-uniform cross-section. The special case is  character­
ised by the fo llow ing form of thickness func tion :

h (x ,y) = Hgh^x) h2 (y)

and the e las tic  inhomogeneity is  given by formulae:

E(x,y) = Eq e^(x) e2 (y) ,

V ( x , y )  = V g  ^ ( x )  V 2 ( y )  .

N a tu ra lly , re la tionsh ip :

E0e (x) e2 (y)
G(x,y) = --------------------------------

2 ( 1 + Vg V L(x) V 2 (y ))

(4 .1 )

(4 .2 )  :

(4 .2 )  2

(4 .2 ) 3
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holds. Quantities Hg, Eg, vg are constants. Next, we choose the pos ition  
o f axis z so that equation:

ye2 (y) h2 (y) dy = 0 (4 .3)

be s a tis fie d . We define the follow ing quantities :

L

/
(L -  x )'

g e1 (x)h-L(x)
dx ,

1 "  j  e 1
dx

ITJFTjTxT ’
r -v1 (x)dx

^ 1  ~ J e, (x)h, (x) 
0  1 1

= j  У2  e2 (y) h2 (y) dy ,

У

S2(y) = J TJ e 2 (V ] ) h 2 ( v j )  dY]

■ Í-a.

l S2 ( y ) l ,
e2 (y)h 2 (y) y ’

f l s2( y ) l  v 2(y)= J e2 (y) h2 (y) dy •

From re la tionsh ip  (3 .4 ), by using function:

EoHnT(y) = -c f - M -  S7 (y) i 2  z

the fo llow ing bounding formula is  obtained:

(4 .4 )х

(4.4) 2,3

(4 .5 )x

(4 .5 ) 2

(4 .5 ) 3

(4 .5 ) 4

(4 .6)



1 0 0 ECSEDI, I .

f Еоно
v 0 R1 R 2 >] + 2 c l, <Q (4.7)

where c is  an a rb itra ry  constant. I t  may eas ily  be pointed out tha t bound­
ing formula (4.7) gives the best resu lt i f

c =
N 1  + I 2  (P1 P 2  + v 0 R1 R2 )

(4.8)

Introduction o f formula (4.8) in to  re la tionsh ip  (4.7) gives bounding 
formula :

QS:Kf E0H0I 2

T~2 <P1P2 * v 0 R1 R2 ')
(4.9)

5. Let us consider the case of a homogeneous beam of constant cross
section . In th is  case we have: 

h^(x) = 1  ,

e^(x) = 1  ,

Vx(x) = 1  ,

I t  follows from Eqs (5 .1 )^  2 3 4 5 6

H = H0 ’

оUJIIШ

3

l 2
- I  = 12 , (a = ax

N1

^
 

1 II P  E0H0I 0L

h 2 ( y )  = 1 , < 5 Л ) 1 , 2

e 2 ( y )  = 1 , ( 5 Л ) 3 > 4

v 2 ( y )  = 1 • ( 5 Л > 5 , 6

that

II

О ( 5 - 2 ! 1,2,3

a 2  ) > ( 5 . 2 ) 4

< 5 - 2 > 5 , <

I f  we neglect the e ffe c t of shear on de flec tion  f ,  then re la t io n ­
ships:

3 E 0  H 0  * 0  

(1 - v j )  L3
( 5 . 3 ) 1К
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К = E0 Ho * o C 5 .3  ) 2

are obtained from bounding formulae (2 .7) and (4 .9 ). By the app lica tion  
of the theory of strength of materials formula:

Q = 3 E 0  H 0 (5 .4)

can be derived in  th is  special case. I t  can be read out from formulae
(5.3)^ 2  aRd (5.4) that in case the e ffe c t of shear on the deformation is  
neglected and i f  Vg = 0 , then the resu lts  yielded by bounding formulae
(2 .7 ), and (4.9) w i l l  be iden tica l in the case of a homogeneous beam of 
constant cross-section.

6 . The basic idea of th is  paper is  borrowed from Reissner's paper 
/4 / ,  mainly to choose the suitable functions fo r obtaining the bounding 
formulae of end de flection . Reissner's work /4 /  is  concerning the laminated 
can tilever beam of constant cross-section . In /4 / ,  Young's moduli and 
Poisson's ra tio  are independent from coordinate x, the material o f the 
beam is  anisotropic, and the e las tic  constants are even functions of co­
ordinate y.

7. The resu lts  of th is  paper can be d ire c tly  used to solve some 
simple p rac tica l problems of composite beams, sandwich beams, laminated 
beams of variable cross-section.

The theory of beams is  widely used as a f i r s t  approximation to 
numerous problems in  practice. When the theory of composite beams is  
applied, the accuracy of the beam theory becomes problematic because 
several f le x ib le  couplings can occur that strongly influence the behaviour 
of composite beams. These coupling e ffe c ts , and the effect of shear stress 
on deformation should be reckoned with i f  the beam problem is  analysed as 
a disk of variable thickness. In th is  paper, a simple p ractica l problem 
il lu s tra te s  how we can use the governing equations of the disk of variab le  
thickness to solve beam-like problems in  a more exact form than tha t 
obtained by the application of the t ra d it io n a l theory of composite beams.

The f le x ib i l i t y  and s tiffness  c o e ffic ie n t of the end-loaded com­
posite beams of variable cross-section can be also calculated by using
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bounding formulae (2 .7 ) , (4 .9). I t  is  important that these coe fficen ts 
should be reckoned w ith  in  the solution of certa in  problems associated 
w ith materials and v ib ra tio n .
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ANALYTICAL SOLUTIONS FOR DISCRETE BOUNDARY VALUE PROBLEMS 

OF MACROSCOPICALLY ISOTROPIC HRENNIKOFF-TYPE GRIDS
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The paper deals w ith an a n a ly tica l method fo r  solving d iscrete boundary value 
problems o f p a r t ia l d iffe rence equations fo r  the stress functions o f macroscopically 
is o tro p ic  H rennikoff-type grids having two sets of analogous jo in ts .  This network 
property permits a lte rna tive  ways o f fo rm ula ting the problem: one when a d iffe re n ce  
equation o f variab le  co e ffic ie n ts  is  used fo r  one stress function and another when a 
system o f d iffe rence  equations o f constant co e ffic ie n ts  is  used fo r two s tress  
functions. The paper shows tha t the two ways lead to the same so lu tion  and th is  
so lu tio n  d if fe rs  from that obtained by the d iffe rence  method fo r the analogue d isc 
problem. I t  also presents an analysis fo r the same g rid  formulated in  a ro ta te d  co­
ord inate  system. The i l lu s t r a t iv e  example attached to  th is  analysis stows the e x is t­
ence o f boundary loads of a s e m i- in fin ite  Hrennikoff-type g rid  which produce bar 
forces only inside a one mesh th ick  boundary s t r ip .

1 . M a c ro s c D p ic a lly  is o t r o p ic  H r e n n ik o f f - ty p e  g r id s

Hrennikoff-type grids are plane grids w ith hinged jo in ts  and w ith  a 
regular network shown in Fig. 1. The g rid  is  called macroscopically homo­
geneous and iso trop ic  i f  a l l  the bars forming the squares and the diag­
onals, respective ly , are of the same cross-sectional area and the ra t io  of 
the cross-sectional area of bars forming the squares to that of the 
diagonals is  \ j 2 / 2 .

Iso trop ic  Hrennikoff-type grids are useful tools in numerical 
analysis as d iscrete replacements fo r in-plane loaded iso trop ic  p la tes , 
provided the mesh of the replacement g rid  is  less by magnitude than the 
ch a ra c te ris tic  measures of the plate /1 / .  A ctua lly , a detailed analysis 
can show tha t a one-to-one correspondence of connections between values 
characteriz ing the states of stress and s tra in  of homogeneous is o tro p ic  
plates and those of macroscopically iso tro p ic  Hrennikoff-type g rids  can

*Hegedűs, Is tván , H-2083 Solymár, Váci M ihály u. 10, Hungary

Akadémiai Kiadó, Budapest
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Fin. 1.

only found in cases of homogeneous states o f stress and stra in  and only i f  
Poisson's ra tio  o f the plate equals w ith 1/3, /2 / .  Hence, in  cases of 
varying states of stresses the accuracy o f the resu lts  obtained by a re ­
placement Hrennikoff-type grid  somehow depends on th is  va ria tion . The aim 
of the paper presented here is  to show an ana ly tica l formulation which 
enables us to analyse th is  question with the aid of e ff ic ie n t mathematical 
methods.

2 . S t re s s  fu n c t io n  o f  p lan e  g r id s  w ith  h inged jo in ts

For plane grids w ith hinged jo in ts  and w ith  general triangu la r net­
works there ex is ts  a d iscrete analogue o f A iry 's  stress function of in ­
plane loaded e la s tic  p lates /3 /.  I t  can be used to reduce the analysis of 
in te rn a l forces and deformations of plane g rids to boundary value problems 
fo r a stress function  in  a way analogous to  that in case of in-plane 
loaded plates, th a t is ,  i f  the boundary conditions of the grid  permit to 
take the boundary values of the stress func tion .

Stress function o f a plane grid w ith tr iangu la r network loaded by 
external forces at the boundary consists of lin e a r functions of the co­
ordinates of the plane of the grid which attach to each other at the net- 
lin e s  of the grid  w ith d iscontinu ités in  the f i r s t  derivatives. Hence, the 
diagram of the stress function is  an open polyhedron of triangu la r faces 
and the problem can be reduced to the determination of the values of the 
stress function a t the summits of th is  polyhedron. The diagram of the 
stress function v is ib ly  defines the bar forces of the grid in  a way tha t 
the changes in slope o f a broken surface lin e  which has a projection per­
pendicular to the bar axis containing the pro jection  of the kneeing point 
is  proportional w ith  the bar force acting at the bar in question.
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Summit values of the stress function can be computed by solving the 
system of com patib ility  equation of the e la s tic  bar extensions expressed 
in  terms of the stress function. In case of grids with regular networks 
and homogeneous r ig id i t ie s  the way o f the so lu tion  resembles very much to 
the f in i te  difference technics. C om patib ility  equations can be w ritten  
jo in t  by jo in t ,  analogously to those fo r nodal values of a regular network 
o f differences in f in i te  difference method, applying star-shaped operator 
diagrams of the com patib ility  equations /3 / .

Hrennikoff-type grids contain two analogous systems of jo in ts ,  that 
is ,  in case of macroscopically homogeneous Hrennikoff-type grids two d i f ­
ferent com patib ility  operators are to use: one fo r jo in ts  connecting eight 
bars, and another fo r those connecting only four ones. The star-shaped 
diagrams of both operators are shown in  F ig . 2.

Irre levan t constant m u ltip lie rs  have been omitted from the above 
operators. Both operators could also be divided by 2, however, th e ir  pre­
sented form refers better to the sp e c ia lity  of the two com pa tib ility  
operators: the averages of the respective operator-weights obtain those of 
the well-known "biharmonic" difference operator.

2

2 - 8  2
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2 - 8  2
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0
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3 .  The d i f f e r e n c e  e q u a t io n  o f  a H r e n n ik o f f - t y p e  g r id

There is  an a lte rna tive  way of defin ing com patib ility  conditions, 
using difference calculus fo r functions of d iscrete variables. Let s e r ia l 
numbers of rows and columns i  and j ,  respective ly , be integer variab les, 
so th a t any paris of i  and j  re fe r to jo in ts  tha t l ie  in the i - th  row at 
the j - t h  column. One system of analogous jo in ts  belongs to the even values 
another one belongs to the odd values of the sum i+ j.  The two d iffe re n t 
type com patib ility  equations defined by the sta r shaped operators in  Fig.
2  can be w ritten  in  an un ified  form of the fo llow ing equation:

D2H  + ( - l ) 1+j  D [ f]  = 0 (1)

where F = F ( i , j )  is  the stress function of d iscrete variabels i ,  and j  and 
higher order p a rtia l d ifference operators J, and D 
as polynomials of f i r s t  order difference operators 
which re fe r to f i r s t  centra l differences in  variables i  and j ,  respective ly

] .

Advantages of using d ifference calculus become obvious by taking in to  ac­
count the analogies between ana ly tica l methods fo r solving lin e a r d i f ­
fe re n t ia l,  and difference equations /4 / .

Despite of using d ifference calculus, Eq. 1 looks problematic in  
th is  respect because of variab le  co e ffic ie n t ( -1 )1+^. Variable co e ffic ie n ts  
do not permit to use in  a simple way discrete analogues of Lagrange's 
method fo r solving linea r d if fe re n t ia l equations of constant co e ffic ie n ts . 
Flowever, these methods can again be used i f  a method is  found which reduces 
the problem to another with a governing d ifference equation of constant 
c o e ffic ie n ts .

3.1. Reducing the equation to that of constant coe ffic ien ts

Eq. 1 can be reduced to another w ith constant coe ffic ien ts  in  the 
way as fo llows.

F irs t,  a generator function H is  introduced by the equation

"lean be expressed 

o 1L ]  , and S2[
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M(H) = F ,

where M is  a difference operator not yet known. I t  has to be chosen in  a 
way th a t by introducing Eq. 2 in to  Eq. 1

D2  [ m(H )] + ( - l ) 1+j  D [M(H)] = 0 (3)

the d ifference operator of the equation becomes o f constant coe ffic ien ts .
Taking in to  account tha t fo r a rb itra ry  functions X of d iscrete variables 

i ,  and j  equations

O2  [ ( - l ) 1+j  X ]=  ( - 1  ))1+j  ( d2  [ x]  + 16 D [ x ]  + 64 X } ,

D [ ( - D i+ j X ]  - ( - l ) i+ j  D [x  ]  , 

id e n tic a lly  hold, i t  is  easy to prove that

M[ ]= °2[ J+ 8 D [ ]+ (-1)1+̂ 0 [ ] (4)

meets th is  requirement. By introducing Eq. 4 in to  Eq. 3 difference equation 
of constant coe ffic ien ts  is  obtained:

{ D2  (D+8 ) 2  - D2 } [ h ]  = 0 . (3)

The difference operator o f Eq. 5 can be factorized in to  a product of two 
operators:

( d(D+8 ) + D }[ ] *  | d(D+8 ) -  D } [  ] ,

tha t is ,  solutions fo r Eq. 5 can be constructed as linea r combinations of 
the solutions of equations

D2  [ h ]  + 8  D [ h ]  + D [ h ]  = 0 , ( 6 a)
and

D2  [H ]  + 8  D [H J - 0 [H ]  = 0 . ( 6 b)

Solving Eq. 5 of Eqs 6 a, b needs boundary conditions fo r H. These can be 
obtained by expressing in  terms of differences of H the boundary loads as 
bar forces acting at the f ic t i t io u s  continuation of the g rid . However, in



most practica l cases complete discrete boundary value problems are not of 
the form favourable fo r  a n a ly tica l solu tion.

Complete a n a ly tica l solutions can be derived e.g. fo r g rids of the 
shape of in f in ite ly  long s tr ip s , or fo r se m i-in fin ite  grids loaded by 
pe riod ic  boundary loads. Their importance is  rather in the fa c t tha t ava il­
able analytica l solu tions q u a lita tiv e ly  show the behaviour of the structure 
in  cases of d iffe re n t types o f external loads.

3 .2 . An alternative method: using two stress functions

An a lte rnative  way o f formulating the problem in  d iffe rence equa­
tio n s  with constant co e ffic ie n ts  can be found by using two functions of 
d iscre te  variables F ^ ( i , j ) , and F2 ( i , j ) to obtain the stress function of 
the g rid . One which has to be interpreted only at jo in ts  where i+ j  is  an 
even, number and another at jo in ts  where i+ j  is  odd. By so doing, Eq. 1 
can be replaced fo r a system of two simultaneous difference equations as 
fo llow s :

10В HEGEDŰS, I .

where

D 1 1

1---I«“4 
Li_

1---
1 +

^ 1 2
= 0 J (7a)

° 2 1 W
+ d2 2  [ f2] = 0 » (7b)

h i  > d2L ]  + 6 L ]+ a c S fL ]♦ â2 C ] + 4 )  ,

° i 2[  ]■ ° 2 i [  1:= - 8 (S JL ] .  i ■ I t J+ 4) , ( 8 a-c)

^ 2 2  f- -J= d2[  ]■- S [ Ъ a ( S J [ ] + Ц 1  ] + 4 ) .

I t  may worth to mention that neither nor F2  are stress functions 
in  the o rig ina l sense of the word, moreover, they are d iffe re n tia b le  func­
tio n s  of two variables w ithout d iscon tinu ities  in  the deriva tives. Their 
diagrams are envelopes o f tha t of the stress function of the g r id , and only 
summits of the polyhedron diagram of the stress function l ie  on e ither 
envelopes. Eqs 7a, and 7b are physically interpreted only at jo in ts  
belong to even and odd values of i+ j ,  respectively, nevertheless, they can 
be met fo r any values of i ,  and j ,  i f  and F 2  are produced as ana ly tica l 
so lu tions  of the d ifference equation system.

The way of producing ana ly tica l solutions is  as follows /4 / .  F irs t,  
the characte ris tic  d iffe rence  equation fo r a generator function H is
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w ritten  as

^ 1 1 ^ 2 2  ~ ^ 1 2 ^2 1 ^ _ ^ > (9)

where the operator of the characte ris tic  d ifference equation equals with 
the operator determinant of the linear d ifference equation system. Then, 
Fp and F 2  a r e  produced by using the generator function as

where a, and b are a rb itra ry  numbers.
Taking in to  account the expressions fo r the difference operators 

given by Eqs 8 a-c, Eq. 9 can be w ritten as

This equation is  p e rfec tly  the same as Eq. 5, tha t is ,  the procedure of 
using of two functions to obtain the stress function of the grid  arrives 
at the same cha rac te ris tic  difference equation as the a lte rna tive  method 
presented in  Sec. 3.1. despite of the d iffe re n t physical in te rp re ta tions 
of the generator functions. Obviously, the boundary conditions fo r H can 
also be expressed in  the same mathematical form.

There exists a general method of analysis based on the d ifference 
equation system fo r the displacements of jo in ts . I t  can also be reduced 
to a discrete boundary value problem for a generator function that has to 
meet a charac te ris tic  d ifference equation and th is  equation is  also the 
same as Eq. 5.

Iso trop ic Hrennikoff-type grids are mostly used in another co­
ordinate system, where d irections of i  and j  are p a ra lle l with the squares 
of the network as shown in  Fig. 4.

In th is  case the simplest way of using d iscrete coordinates is  that 
integer values of i ,  and j  re fe r to the set o f jo in ts  that connect eight 
bars and those of fractures 0.3 refer to points of in tersection of diag­

Fx = a D2 2 [ H ]  - b D 1 2 [ H ]  , 

F2  = b Dn  [ и ]  - a D2 1  [ h ]  ,

( 1 0 a)

( 1 0 b)

4 .  H r e n n ik o f f - ty p e  g r id s  in  a r o ta te d  c o -o r d in a te  system



1 1 0 HEGEDŰS, I .

onals. Introducing functions F^ and F2  physica lly in terpreted fo r values of 
i ,  and j  of zero and o f 0.5 fractures, respective ly, com pa tib ility  con­
d it io n s  can again be epxressed by a system of p a r t ia l lin e a r difference 
equations of the form o f Eqs 7a, b, where

3llC  > ( 4  b 22 + 3 ( S i 2 + â 2 )  + 1 6 } [  J ,

3 2 2  П 3= ( b f +  Ь2  + l é}  [  ] , (П а-с)

° 1 2 Í  3 '  ° 2 1  ^ [  "  1 6  / Jl / J2 }^ ]•
J andyU2r j  re fe r to average operators in  variables i  and j ,  respectively. 

The solution can again be reduced to tha t of a cha rac te ris tic  difference 
equation for a generator function H:

c b; ь22 1
3  à i Ц )}  [ и ]  = о ( 12)

The factorized form of the operator shows tha t the solutions can be found 
using those of the equations

i|) [ h ] - 0 ,
and

( è 2 + hl+$b\ Ц) [ h ]  = 0  .

I t  may worth to mention tha t the "biharmonic" difference operator can also 
be interpreted in  the ro tated co-ordinate system used in  th is  section. I t  
y ie ld s  the charac te ris tic  difference equation as fo llows:

( b 2 + b 2 + |  à 2 à 2)2 Пн] = 0 , (13)

th a t is ,  solutions of Eq. 12 and Eq. 13 may s ig n if ic a n tly  d if fe r  from each 
other in  the cases when the e ffec t of operator term c> 2  b 2  is  not neg li­
g ib le .
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5 . I l l u s t r a t i v e  exam ple

Let us analyse the bar forces of the Hrennikoff-type g rid  shown 
in  Fig. 5. The grid  is  supposed in f in ite  in  d irections i  and the pos itive  
values of j  and i t s  boundary is  at j= 0 .

The boundary is  subject at the jo in ts  to normal forces P (i) of the magni­
tudes period ica lly  varying with a period n,

P ( Í )  = PgCOS (^T f i )  .

Boundary conditions fo r Fp and are as fo llows:

yUf^ 2  [F f ( T» ~ - 2 ^  *

/-*2 H ^  1 _  2 ^  2 -̂1 =  4"

These boundary conditions re fe r to zero bar forces at the diagonals 
and bar forces equal to the external loads at the squares of the f ic t i t io u s  
continuation of the g rid  over the boundary. We can also state as boundary 
conditions that both F p  and F 2  have to tend to zero when j  tends to the 
in f in i t y ,  that is ,  bar forces are neg lig ib ly  small outside a boundary zone. 
Generator function H fo r F  ̂ and F  ̂ can be supposed in the form

H = h( j ) n cos Tf i )  , (14)

where h ( j)  does not depend on i .  
Taking in to  account that
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b 2  [cos  (■— Tf i )  = -4 s in 2  (Jpj-) COS T T i )  ,

and introducing Eq. 14 in to  Eq. 12, we obtain a common linear d ifference 
equation for h ( j)  as fo llo w s :

{ (  bl -  <x ) (  b 2 -  o tn -  у  ocn b 2 ) }  [ h ( j ) n]  = 0 ,

where

й п = 4  s i n 2  Ф  '

Function h ( j)  can be supposed in  the form

h( j )  = A 0 2 + B r  j  J n n l n  n j n

where |2>n, and yn are so lu tions  of absolute values less than the un ity  fo r 
the algebraic equations

ßn -  < 2  - *n >  P>„ * 1  ■ 0  >
and

у 2  -  ( 2  + ot ^ ~ - )  Г + 1  = 0  ,ón п З - o t  ôn ’n

respective ly , and c o e ffic ie n ts  An, and Bn are to use fo r meeting boundary 
cond itions.

S im ilarly to H, stress functions Fp and F ^  also consist of two 
terms, one containing ßn and another containing The two terms re ­
present two d iffe re n t "spreadings" of periodic disturbances caused by the 
boundary loads.

This structure of the solution must bas ica lly  change i f  n = 3, 
because in th is  case oc = 3 and the second facto rized  operator term of the 
d iffe rence  equation fo r h ( j ) n becomes a constant m u ltip lie r . A detailed 
ana lys is  can show that in  th is  case there are components of the boundary 
loads which do not make r is e  "spreading" in te rn a l forces at a l l ,  tha t is ,  
th e ir  e ffec t is  lim ited  to  a one-step th ick  boundary zone. This strange 
behaviour is  absolutely un fam ilia r among those of continuous e la s tic  s truc­
tu re s , however, i t  is  also produced by the d iscre te  substitu ting  model fo r 
an iso tro p ic  disc represented by Eq. 13 in  the case of n = 2.
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6 .  C lo s in g  rem arks

The outlined analysis has shown tha t stress functions o f plane 
grids with triangu la r networks and hinged jo in ts  can also be used for 
obtaining ana ly tica l solutions in cases of regular networks when the number 
of sets of analogous jo in ts  d iffe rs  from one. The alternative form ulations 
presented in  Secs 3.1 and 3.2 y ie ld  the same characteris tic  d ifference 
equation, hence, the two formulations are only d iffe ren t in  in te rp re tin g  
the intermediate resu lts .

Both Eqs 5, and 12 show that period ic boundary loads make r is e  only 
boundary disturbances, and the "spreadings" of the disturbances depend on 
the length of the period. This behaviour is  analogous to that of iso trop ic  
p la tes, however, the analogy is  not pe rfect. F irs t ,  because the operator of 
Eq. 5 and also of Eq. 12 cannot be factorized into the square o f an 
operator, thus, they define two d iffe re n t quotients for the "spreadings", 
while the operator of A iry 's  d if fe re n t ia l equation is  the square of the 
Laplace operator, thus, i t  defines only one; secondly, because Eqs 5, and 
1 2  define substan tia lly  d iffe re n t "spreadings" of the boundary disturbances 
in  the cases of boundary loads with short periods, thus, the g r id  does not 
exh ib it isotropy. Both discrepancies of the analogy asym ptotically vanish 
i f  n tends to the in f in i t y ,  that is ,  i f  the mesh of the g rid  is  less by 
magnitudes than the characte ris tic  length of the boundary load.
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THE INFLUENCE OF THE DISPLACEMENT SPRING R IG ID ITY  

ON THE CRITICAL LOAD OF BARS
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When dimensioning frame-structure bars fo r  buckling, we can proceed -  in 
compliance w ith the re levant regulations -  the way th a t we examine only one bar 
at a time v iiile  s u b s titu tin g  the clamping e ffe c t o f the res t of the bars by 
springs. These can be e ith e r displacement springs or ro ta tio n  springs. L ite ra tu re  
has so fa r only considered displacement springs o f e ith e r zero or in f in i t e  r ig id ­
i t y ,  or ro ta tio n  springs o f f in i te  r ig id i t y .  The present a r t ic le  takes a step 
forward by considering -  besides ro ta tio n  springs o f f in i t e  r ig id i t y  -  d isp lace­
ment springs o f f in i t e  r ig id i t y ,  too.

The present paper goes beyond th e o re tica l so lu tions and provides tables 
which are o f high p ra c tica l value by g iv ing data fo r determining the c r i t ic a l  
strength of the bar.

1 . In tro d u c t io n

Although the l i n e a r  (and large deformation) s ta b il i ty  theory of 
e la s tic  bar-structures can already be thought of as a cleared subject, 
the widespread use of most of the solutions in  p rac tica l design can only be 
expected sometime in the fu ture . This delay is  p a rtly  accounted fo r  by the 
lack of proper software. But even u n t il then, there is  a need fo r a usable 
approximative method tha t meets the requirements of design.

With reinforced concrete structures, the p rinc ip le  on a regu- 
la tio n a l level / 1 0 /  is  tha t -  once a set of conditions are f u l f i l le d  - 
bars taken for s e p a ra te  ones are investigated in d iv id u a lly  instead of con­
sidering the whole frame in an approximate way. As i t  is  commonly known, 
the regulation provides approximate formulae on the basis of Gábory's 
paper /4 / fo r the ca lcu la tion  of buckling wavelength of bars f ix e d  against

*Jankó, László, H-1113 Budapest, Dávid F. u. 5, Hungary
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displacement (Fig. 1, —*- oo) and bars tha t sway (c^ = 0 ) .  For the
above two cases of f le x ib ly  fixed bars (fixed  and swaying) Nemestóthy pub­
lished  /7 /,  /13/ the precise re la tions about the ca lcu la tion of swaying 
wavelength, and made up diagrams of high u t i l i t y  in design. These diagrams 
show well how precise the approximation is  in  /4 /  and /10 /.

The basic equations in /13/ set up fo r the extreme cases 
(c^ —*- g o , = 0 ) o f c^ d isp lacem ent-rig id ity of springs (spring- 
constant) can also be obtained by way of lim it in g  process (from the con­
nection by Kollár /7 /  (see further in  (2.7) -  (2.13)) which holds for 
op tiona l values of c^. Relations in /7 / re fe r to the case of the model in 
F ig . 1 where one of the jo in ts  has no la te ra l displacement (e.g. сУ —*- oo).

Setting up a model which shows the buckling of a fram e  column 

more accurately would require  a th ird  spring fo r each column-end according 
to  1 1 1  and / 8 / ,  since the ip ro ta tion  of the column-end creates an 
horizon ta l force as w e ll. Further than th is , displacement of the column- 
end creates a bending moment of . The model of Fig. 1 suggests that ro­
ta t io n  only causes clamping moment, while displacement Ду ( only causes 
horizon ta l force. Determining the c r i t ic a l  force of the column supported by 
3 springs at each column-end is  possible on the basis of L ip ták 's  a r t ic le  
/ 8 / .  This method is  espec ia lly  recommended fo r taking in to  account f l e x i b l e  

f ix in g  effect of the ground  on the column. The a r t ic le  includes diagrams 
f i t  fo r  the purposes of designing columns w ith pinned upper end and f le x ­
ib ly  fixed lower end on the ground.

F ig . 1. The ca lcu la tion  model
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The present paper is  based on the model with 2  springs at both 
column-ends presented in  /7 / and /13 /.

The model provides us with the exact solution about the extreme 
cases of the spring constant against displacement (cy —*- oo, cy = 0 ) ,  as 
i t  is  very easy to see by comparing equations in  /13/ with those in  /1 5 /. 
Regarding the values between the extreme values of cy , numerical in v e s ti­
gations prove that the inaccuracy of the model as compared to / 8 /  does not 
exceed the lim its  of required exactitude in  engineering.

I f  the model is  not meant to re fe r to a frame column, but to an i n ­

d iv id u a l  b a r supported  by a c tu a l s p r in g s  as shown in  F ig .  1 , our so lu tion  
is  a c c u ra te ; otherwise the extent of our approximation depends on how much 
the springs' r ig id i ty  values involved can re a lis t ic a lly  re f le c t the f ix in g  
e ffec ts  represented by the environment of the frame column and some sup­
porting structure.

Our aim in  the fo llow ing is  to extend the procedure in  / 7 /  on pp 
7 -1 2  to even extrem e v a lu e s  o f  th e  d is p la ce m e n t s p r in g  c o n s ta n ts  (cy , cy) 
at jo in ts  as i t  is  shown by the model of Fig. 1. Besides th is , we w i l l  also 
try  to demonstrate the impact of the displacement spring constant on the 
c r i t ic a l  load with the help of diagrams and tables.

2 .  B asic  r e la t io n s

Figure 1 also shows the boundary conditions of the eigenvalue prob­
lem. I t  is  to be noted that the procedure in  /7 / and /13/ taken as basis 
f u l f i l s  the boundary conditions connected to the curvatures at the end of 
the bar.

2.1. A ux ilia ry  quantities

The ra tio  of the ro ta tion  spring constants:

b . 3 _ .

The eigenvalue parameter (N ^  = Nc r ):

ik
Ncr

T T "ik

(2.1)

£ = £ r r
V

(2.2)
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Auxiliary q u a n tit ie s :

Л а  - J  - h t  = Í

V= f t ^ 0

Ж  •
The enlarged ro ta tio n  spring constants:

c f  •
p = 1  lk

1  E - I . .ik

cf . /bL- Vik
E • I . ,  ik

The enlarged displacement spring constant:

У - сУ- 4
E • I., ik

(2.3a-b)

(2.4)

( 2 . 5a-b)

(2.6)

Relations (2.3a-b) are shown so they demonstrate the connection be­
tween as published in  the regulation / 1 0 / ,  and our enlarged ro ta tion
spring constants (2 ^, ^ k .

2 .2. Basic re la tions

Conscious of the fa c t that the deriva tion  of the buckling determinant 
( 2 - 8 ) in  /7 /, p 1 1  is  found in  lite ra tu re  tha t is  not easily ava ilab le , we 
f i r s t  publish the equations tha t f u l f i l  the conditions in  Fig. 1.

The d if fe re n t ia l equation of the problem (see also / 6 /  p 52):

E l.,ik N у er-' + Mik H X = 0

The eigenfunction:

у = A cos £ + В sin 6 ik

The conditional equations:
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I t  is  easy to see tha t the four condition equations (F ig . 1) have 
been expanded by

У'Ч i ik ) -  -
E I.ik E I.ik

curvature condition equation ( f i f t h  equation). Since the d if fe re n t ia l 
equation of the problem is  in fac t quadratic (/16 / p 51), the number of 
independent unknowns is  four (А, В, H, M ^ ). I t  seemed a sensible so lu tion , 
however, to introduce parameter kL^ as an independent f i f t h  unknown instead 
of w riting  the re la tion  between kL^ and Mk i in to  the o r ig in a l equation 
system with four unknowns.

This is  how the sa tis fac tion  of the curvature conditions becomes also 
obvious; the fu lfilm e n t of the loca l condition (x=0):

M.,
y-(0 ) = - - p f —

L iik

w i l l  be easily understood through applying the f i r s t  lin e  of the matrix.
From the buckling determinant being zero Kollár /7 / derived a tran­

scendent equation, which we brought to the follow ing form fo r the sake of 
our fu rthe r investigations:

where
A + A, sin L  + A0 cos t = 0 о 1 2 (2.7)

(2 .8)



1 2 0 OANKÚ, L . -  NAGY, Z.

2
a1 = t 2 (i+ á) + г 2 ( - Çk) cf ,

A2 = -2  ц к -  £ 3 (1+ b )  Cf  ,

(2.9)

(2.10)

(2.11)

In  the basis equation (2 .7 ) parameter t  according to (2.2) is  unknown.
These formulae hold fo r the version of the model seen on Fig. 1, 

where one of the jo in ts  is  not allowed la te ra l displacement, e.g. when the 
lower jo in t  is  of th is  type (H = с^Ду):

ci (2.12)

(2.13)

o f F ig . 2.2.
I t  can be shown th a t with the help of equations (2.7) -  (2.11) any 

o f the ways of support ever described in  special lite ra tu re  /1 / ,  /5 / ,  /1 2 /, 
/1 3 / ,  /15 /, /16 /, /17 / can be obtained. In the case of jo in ts  with no d is ­
placement (cy —*- oo) and swaying jo in ts  (c^ = 0 ) the equations published 
by Pflüger /15/ (/15 / p.341, a fte r /1 / and /9 /)  w i l l  re su lt. The equations 
by Nemestbthy /13/ are id e n tic a l with these.

3 . E x tens io n

F irs t of a l l  le t  us consider Fig. 2 which we made on the basis of 
/1 5 / and /16/.

Equations (2 .7) -  (2.11) suggest the p o s s ib ility  of extending the 
procedure to cover the general cases of displacement springs, according to 
F ig . 2.1 ( i.e .  the one presented in Fig. 1).

Equations (2.9) and (2.10) show tha t the size of the support a g a in s t  

d is p la c e m e n t depends on fa c to r /E q .(2 .11)/. This le ts  us conclude that 
i f  we apply the su b s titu tio n

я у Dy
s ik

p y
Л к (3.1)
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in the re la tio n  (2 .11), then the set of formulae (2.7) - (2.11) w i l l  give 
us the linea r (b ra n c h in g )  c r i t ic a l  load of the bar supported  a t  b o th  ends 

by springs of r ig id i t y  сУ and сУ. In th is  case
1 К

In the special case i f  сУ = ĉ  = cy (H = у  cy ■ Ay);

(3.2)

Sik = 7 (3.3)

(3.4)

The other special case characterized by (2.12) -  (2.13) corresponds to the 
o rig in a l solution of /7 / ,  i .e .  the unchanged form of (2.7) -  (2.11).

2.1

,< с>=су=с{ :

HÜ

F in . 2, C haracte ris tic  cases o f support against displacement
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4 . The e f f e c t  o f  th e  d is p la ce m e n t s p r in g  c o n s ta n t

JANKÓ, L. -  NAGY, Z.

I t  is  easy to see tha t the weaker is  the spring e ffe c t against 
ro ta tio n  (and the more the ro ta tiona l spring e ffec t of the two bar-ends 
d iverge), the more strongly the cy displacement spring constant influences 
the c r i t ic a l  load and the v  parameter of buckling wavelength ( ( 2 . 2 ),
(2 .4 ) ) .  When th is  e ffe c t tends to zero, equations (2.7) - (2.11) give the 
buckling condition

Cf  = 0 (3.5)

through the lim it in g  process — * -  0 (Cj :Eq. (2.11)) . By sub­
s t itu t in g  parameter <qy = p ( E q .  (3 .1 )) in to  (3 .5 ), we get the buckling 
wavelength parameter V (Eq. (2 .2 )). Of course we must be aware tha t in  th is  
case the value of V should not be lower than value 1, corresponding to the 
buckling of the common two-hinged Euler-bar (F ig . 3, f>^= q 0: q y Is  10).

Figure 3 provides fu rth e r information about the changes of the spring 
e ffe c t.  The resu lts  of the calculations that fo llow  the re s tr ic tio n s  in 
(2 .12 ), (2.13) are w ritte n  in  continuous lin e s . We equally produced the 
curve (broken lin e ) that fo llows the re s tr ic tio n s  in (3.3) fo r the enlarged 
spring constants against ro ta tion  ^ = 1. This lin e  may be pro­
duced through simple c o o rd in a te -t ra n s fo rm a tio n  as w ell: one of the v  o rd i­
nates of the continuous lin e  belonging to q y has to be drawn to abscissa 
2 . q y . The maximum d ifference between the continuous and the broken line  
in  th is  case is  approx. 25%. Fig. 3 shows the resu lts  of the so lu tion  re­
fe rr in g  to a swaying bar (c y = 0) and a f ix  one (cy — oo). These results 
p recise ly  correspond to what we find  in /13 /.

The diagrams advise the designer on which ç y , and domain 
i t  is  sensible and worthwhile to make a more accurate ca lcu la tion  than the 
one re fe rring  to the swaying and to the fixed case involving the displace­
ment spring constant.



F ig . 3, The e ffe c t o f the displacement spring r ig id i t y
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5 . T ab les

The tables in  the Appendix provide the designer with useful in fo r ­
mation. Parameters q k , ц у(/2 .5а-Ь /, /2 .6 /)  refer to a re la t iv e ly  
wide domain. However, the linear in te rpo la tion  re fe rring  to y is  not 
always exact. S im ilar is  the case w ith in a ce rta in  p ^ , ^ k domain.

More tables would be needed to increase the accuracy of the in te r ­
po la tion . This, however, is  outside the scope of th is  paper.

An important fa c t to  point out about the use of the tables is  that 
these re fer to the unchanged form of the equations (2.7) - (2 .13), i .e .  to 
the form where one of the jo in ts  is  fixed against displacement (F ig . 2.2 + 
ro ta tio n  springs = Fig. 3 case 2).

Accordingly, i f  both jo in ts  develop la te ra l displacements, and e.g. 
cY = ck = cy , then U = (2 .4 ) parameter w i l l  be found at 2 * ^ У> no't § У 
corresponding to cy . For instance, i f  (K = q  k = 1  and ^ y = Q k = ( У  = 2, 
then y=  1.9110, because i t  belongs to y - ( ) y = 1. The same is  true fo r the 
use of Fig. 3.

6 .  P r a c t ic a l  a s p e c ts

Checking s ta b i l i t y  f i r s t  of a l l  requires to find  out the spring 
constant. I f  the bar to be measured is  supported by actual springs of known 
resistance, no d i f f ic u l t y  arises.

In the event, however, when the bar is  part of a frame s tructu re , 
and spring constants have to be calculated on the basis of the data of the 
re s t of the bars, the task becomes fa ir ly  d i f f i c u l t .  Since Dulácska and 
K o llá r /2 /,  /7 / give a de ta iled  analysis of the connected problems, le t  us, 
a t th is  point merely re c a ll b r ie f ly  the essentia ls.

I f  enlarged ro ta tio n  spring constants ^  (? k are 
calculated to standard / 1 0 / ,  the smaller part of the inaccuracy of in ­
s ig n if ic a n t size comes from neglecting the secondary e ffec t tha t manifests 
i t s e l f  in  the change o f the bending r ig id i t y ,  which is  accounted fo r by 
the presence of the compressive force. The major part of the inaccuracy is  
caused by the fact tha t only in  special geometrical and load cases can one 
ca lcu la te  ro ta tiona l spring constants -  using the approximation method to 
standard / 1 0 /  -  on the basis of the data of the beams exerting re s tra in t 
on the bar.
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I t  is  an advantageous circumstance in  th is  respect tha t the extreme 
inaccuracy in the value of the parameters ( in  ce rta in  cases
amounting up to 50-100%) -  as our numerical investigations witness the 
fa c t -  a ffects the end resu lt only to a very s lig h t extent in  some large 
ç . ,  (э ^ domains. This is  especially true fo r domain (э  ̂ = gJ ^ = 10-j-oo 
(Fig . 3).

I t  is  worthwhile to mention tha t by supposing the f ix in g  conditions 
of the other weaker end at the more r ig id ly  fixed end of the bar is  a 
p lausib le  way of reducing the extent of the inaccuracy committed on the 
account of security.

Kollár /7 / provides detailed ins truc tions  for taking parameters 
/ а  / л , £  ■ (2.3a-b) in  a more re a lis t ic  way. Displacement spring constants 
o rig in a tin g  from the s u p p o rtin g  e f f e c t  of columns placed alongside one an­
other could only be determined by way o f exact procedures examining the 
whole of the frame; tha t is  why th is  e ffe c t cannot be taken in to  consider­
a tion  at th is  approximative leve l. In the absence of a support system the 
frame must be considered as a sway-frame (cy = 0 ).

In the event tha t e ithe r the frame or the column system is  s u p p o rted  

by a w a l l ,  we can a rrive  at the values of the d isp lacem ent s p r in g  c o n s ta n ts  

from the data of the wall in  the usual way.
Dulácska's theorem in  /3 / ,  /7 / shows how r ig id  the s u p p o rt w a lls  

need to be for the loaded columns supported by them to be considered as 
having fixed jo in ts  (cy —*- oo). This theorem is  found in  the form of a 
prescrip tion  in  po in t F2.3 of standard /1 1 /. I ts  application makes the 
designing of e.g. the support system of an o r ig in a lly  unstable (p re fa b ri­
cated) structure considerably easier.

A ll diagrams and tables published in  th is  paper apply through the 
above lim ita tio n s  fo r investigating the s ta b i l i ty  of fram e co lum ns. Our 
resu lts  are, however, pe rfec tly  va lid  fo r the model seen in  F ig . 1. There­
fore the designer can use these not only fo r analysing q u a lity  or concept 
or to decide about the necessity of a (more) accurate ca lcu la tion  between 
the extreme cases o f the swaying (cy = 0 ) and the fixed (cy —*- oo), but 
also fo r actual quantity analyses.

The designer can a l l  the more do so since the above-mentioned ap­
proximations connected to spring constants are included in  the Code of 
Practice /10 /, and, since with the same approximations our re su lts  can be 
taken fo r "in te rpo la tion s" between / 1 0 /  and the extreme cases prescribed 
/13 / and /17/ (fixe d  and swaying), even though the method is  more accurate 
than the one given in  the Code of Practice.
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To end i t  up we would like  to re c a ll the fac t that prescrip tion  
( /1 0 / F 4.1.3), which requires designers to  ca lcu la te  with an average sub­
s t i tu te  V value in  the case of swaying groups o f columns aims at reducing 
the inaccuracy in  parameters v of the in d iv id u a l columns. This way one can 
take i t  roughly in to  consideration that the whole e la s tica l frame s truc ­
tu re  can only buckle together, whereby the columns with less load w i l l  
support those with more load /7 /.
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Table 1

Values of V in  the

=

function of 

l.OOOOE-09

y
- 4 i *

1 .OE-09 1.OE-06 1 .OE-04 1.OE-03 1.OE-02 l.OE-Ol 1 .OE+OO 1.OE+01 1,0E+02 1.OE+03 1 .OE+04 1.0E+06 1 .OE+09

1 .OE-09 GD 99.4476 31.4623 10.0996 3.6516 2.1987 2.0200 2.0020 2.0002 2.0001 2.0000

1.OE-06 99.4476 31.4623 10.0996 3.6516 2.1987 2.0200 2.0020 2.0002 1.9999 1.9999

l.OE-04 94.8423 31.3120 10.0933 3.6512 2.1985 2.0199 2.0019 2.0001 1.9999 1.9999

1 .OE-03 99.4476 99.4476 94.8423 70.2422 29.9936 10.0469 3.6484 2.1976 2.0192 2.0012 1.9993 1.9992 1.9992

1.0E-02 31.4623 31.4623 31.3120 29.9936 22.2382 9.6023 3.6206 2.1890 2.0118 1.9940 1.9922 1.9919 1.9919
1.OE-01 10.0996 10.0996 10.0933 10.0469 9.6023 7.0827 3.3808 2.1086 1.9436 1.9269 1.9252 1.9250 1.9250
1 .OE+OO 3.6516 3.6516 3.6512 3.6484 3.6206 3.3808 2.4045 1.6752 1.5615 1.5498 1.5487 1.5485 1.5485

1.0E+01 2.1987 2.1987 2.1985 2.1976 2.1890 2.1086 1.6752 1.1956 1.1074 1.0984 1.0975 1.0974 1.0974

1.0E+02 2.0200 2.0200 2.0199 2.0192 2.0118 1.9436 1.5615 1.1074 1.0200 1.0110 1.0101 1.0100 1.0100

1.0E+03 2.0020 2.0020 2.0019 2.0012 1.9940 1.9269 1.5498 1.0984 1.0110 1.0020 1.0011 1.0010 1.0010

1.0E+04 2.0002 2.0002 2.0001 1.9993 1.9922 1.9252 1.5487 1.0975 1.0101 1.0011 1.0002 1.0001 1.0001

1.0E+06 2.0001 1.9999 1.9999 1.9992 1.9919 1.9250 1.5485 1.0974 1.0100 1.0010 1.0001 1.0000 1.0000

1.0E+09 2.0000 1.9999 1.9999 1.9992 1.9919 1.9250 1.5485 1.0974 1.0100 1.0010 1.0001 1.0000 1.0000

JANKÓ, 
L. 

- NAGY,



Table 2
y

Values o f V  in  the function o f (> , k

q  У = 1.0000E-03

4 « k 1.0E-09 1.0E-06 1.0E-04 1.0E-03 1.0E-02 1.0E-01 1.0E+00 1 .0E+01 1.0E+02 1.0E+03 1.0E+04 1.0E+06 1.0E+09

1.0E-09 99.3458 99.2782 94.7223 70.2516 29.9987 10.0483 3.6492 2.1982 2.0197 2.0017 1.9999 1.9997 1.9997

1.0E-06 99.2782 99.2406 94.6881 70.2328 29.9987 10.0479 3.6492 2.1982 2.0197 2.0017 1.9999 1.9997 1.9997

1.0E-04 94.7223 94.6881 90.6916 68.5613 29.8620 10.0429 3.6489 2.1981 2.0196 2.0016 1.9998 1.9996 1.9996

1.0E-03 70.2516 70.2328 68.5613 57.3557 28.7139 9.9954 3.6460 2.1972 2.0188 2.0009 1.9990 1.9989 1.9989

1.0E-02 29.9987 29.9987 29.8620 28.7139 21.6962 9.5574 3.6184 2.1885 2.0115 1.9936 1.9918 1.9916 1.9916

1.0E-01 10.0483 10.0479 10.0429 9.9954 9.5574 7.0654 3.3788 2.1082 1.9432 1.9266 1.9249 1.9247 1.9247

1.0E+00 3.6492 3.6492 3.6489 3.6460 3.6184 3.3788 2.4038 1.6750 1.5613 1.5497 1.5485 1.5484 1.5484

l.oe+oi 2.1982 2.1982 2.1981 2.1972 2.1885 2.1082 1.6750 1.1955 1.1074 1.0983 1.0974 1.0973 1.0973

i.o e +02 2.0197 2.0197 2.0196 2.0188 2.0115 1.9432 1.5613 1.1074 1.0199 1.0110 1.0101 1.0099 1.0100

1.0E+03 2.0017 2.0017 2.0016 2.0009 1.9936 1.9266 1.5497 1.0983 1.0110 1.0020 1.0011 1.0010 1.0010

1.0E+04 1.9999 1.9999 1.9998 1.9990 1.9918 1.9249 1.5485 1.0974 1.0101 1.0011 1.0002 1.0001 1.0001

1.0E+06 1.9997 1.9997 1.9996 1.9989 1.9916 1.9247 1.5484 1.0973 1.0099 1.0010 1.0001 1.0000 1.0000

1.0E+09 1.9997 1.9997 1.9996 1.9989 1.9916 1.9247 1.5484 1.0973 1.0100 1.0010 1.0001 1.0000 1.0000
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y
Values o f V  in  the function of q  , q  , q  ^ 

q y  = 1.0000E-02

Table 3

\ * K 1.0E-09 1.0E-06 1.0E-04 1.0E-03 1.0E-02 1.0E-01 1.0E+00 1.0E+01 1.0E+02 1.0E+03 1.0E+04 1.0E+06 1.0E+09

1.0E-09 31.4139 31.4152 31.2616 29.9542 22.2335 9.6152 3.6275 2.1940 2.0166 1.9987 1.9969 1.9967 1.9968

1.0E-06 31.4152 31.4114 31.2579 29.9542 22.2316 9.6152 3.6275 2.1940 2.0166 1.9987 1.9969 1.9967 1.9967

1.0E-04 31.2616 31.2579 31.1058 29.8179 22.1771 9.6106 3.6272 2.1939 2.0165 1.9986 1.9968 1.9966 1.9966

1.0E-03 29.9542 29.9542 29.8179 28.6794 21.6944 9.5692 3.6245 2.1930 2.0158 1.9979 1.9961 1.9959 1.9959

1.0E-02 22.2335 22.2316 22.1771 21.6944 18.1484 9.1827 3.5972 2.1843 2.0084 1.9907 1.9889 1.9887 1.9887

1.0E-01 9.6152 9.6152 9.6106 9.5692 9.1827 6.9099 3.3616 2.1044 1.9405 1.9239 1.9222 1.9221 1.9221

1.0E+00 3.6275 3.6275 3.6272 3.6245 3.5972 3.3616 2.3975 1.6731 1.5598 1.5482 1.5471 1.5470 1.5469

1.0E+01 2.1940 2.1940 2.1939 2.1930 2.1843 2.1044 1.6731 1.1948 1.1068 1.0978 1.0969 1.0968 1.0968

1.0E+02 2.0166 2.0166 2.0165 2.0158 2.0084 1.9405 1.5598 1.1068 1.0196 1.0106 1.0097 1.0096 1.0096

1.0E+03 1.9987 1.9987 1.9986 1.9979 1.9907 1.9239 1.5482 1.0978 1.0106 1.0016 1.0007 1.0006 1.0006

1.0E+04 1.9969 1.9969 1.9968 1.9961 1.9889 1.9222 1.5471 1.0969 1.0097 1.0007 0.9998 0.9997 0.9997

1.0E+06 1.9967 1.9967 1.9966 1.9959 1.9887 1.9221 1.5470 1.0968 1.0096 1.0006 0.9997 0.9996 0.9996

1.0E+09 1.9968 1.9967 1.9966 1.9959 1.9887 1.9221 1.5469 1.0968 1.0096 1.0006 0.9997 0.9996 0.9996
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Table 4

Values of V in  the function of 

<?Y = 1.0000E-01

S i ’ Sk

\ < k
S i \

1.0E-09 1.0E-06 1.0E-04 1.0E-03 1.0E-02 1.0E-01 1.0E+00 1.0E+01 1.0E+02 1.0E+03 1.0E+04 1.0E+06 1.0E+09

1.0E-09 9.9346 9.9344 9.9295 9.8853 9.4738 7.0830 3.4303 2.1531 1.9867 1.9698 1.9681 1.9679 1.9680

l.OE-Oé 9.9344 9.9344 9.9295 9.8853 9.4738 7.0830 3.4303 2.1531 1.9867 1.9698 1.9681 1.9679 1.9679

1.0E-04 9.9295 9.9295 9.9246 9.8805 9.4693 7.0810 3.4300 2.1530 1.9866 1.9698 1.9681 1.9679 1.9679

1.0E-03 9.8853 9.8853 9.8805 9.8367 9.4308 7.0644 3.4277 2.1521 1.9859 1.9691 1.9674 1.9672 1.9672

1.0E-02 9.4738 9.4738 9.4693 9.4308 9.0703 6.9046 3.4046 2.1439 1.9789 1.9621 1.9605 1.9603 1.9603

1.0E-01 7.0830 7.0830 7.0810 7.0644 6.9046 5.7674 3.2024 2.0680 1.9137 1.8980 1.8964 1.8962 1.8962

1.0E+00 3.4303 3.4303 3.4300 3.4277 3.4046 3.2024 2.3373 1.6539 1.5453 1.5341 1.5330 1.5329 1.5329

1.0E+01 2.1531 2.1531 2.1530 2.1521 2.1439 2.0680 1.6539 1.1877 1.1015 1.0927 1.0918 1.0917 1.0917

1.0E+02 1.9867 1.9867 1.9866 1.9859 1.9789 1.9137 1.5453 1.1015 1.0156 1.0067 1.0058 1.0058 1.0058

1.0E+03 1.9698 1.9698 1.9698 1.9691 1.9621 1.8980 1.5341 1.0927 1.0067 0.9979 0.9970 0.9969 0.9969

1.0E+04 1.9681 1.9681 1.9681 1.9674 1.9605 1.8964 1.5330 1.0918 1.0058 0.9970 0.9961 0.9960 0.9960

1 .0E+06 1.9679 1.9679 1.9679 1.9672 1.9603 1.8962 1.5329 1.0917 1.0058 0.9969 0.9960 0.9959 0.9959

1.0E+09 1.9680 1.9679 1.9679 1.9672 1.9603 1.8962 1.5329 1.0917 1.0058 0.9969 0.9960 0.9959 0.9959
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Taule 5
y

Values o f v i n  the function of <3 , , (3 k

Ç y = 0.5000

N\ “ k 0.10 0.20 0.30 0.40 0.60 0.80 1.00 2.00 3.00 4.00 5.00 6.00 8.00

0.10 3.7639 3.5341 3.3532 3.2067 2.9833 2.8204 2.6962 2.3527 2.1961 2.1071 2.0500 2.0102 1.9587

0.20 3.5341 3.3359 3.1776 3.0480 2.8478 2.7002 2.5867 2.2685 2.1217 2.0379 1.9838 1.9462 1.8973

0.30 3.3532 2.1776 3.0358 2.9186 2.7360 2.6001 2.4948 2.1966 2.0577 1.9779 1.9264 1.8905 1.8438

0.40 3.2067 3.0480 2.9186 2.8111 2.6421 2.5153 2.4166 2.1345 2.0019 1.9254 1.8760 1.8415 1.7966

0.60 2.9033 2.8478 2.7360 2.6421 2.4929 2.3795 2.2904 2.0324 1.9094 1.8381 1.7918 1.7594 1.7173

0.80 2.8204 2.7002 2.6001 2.5153 2.3795 2.2754 2.1931 1.9520 1.8359 1.7682 1.7242 1.6934 1.6532

1.00 2.6962 2.5867 2.4948 2.4166 2.2904 2.1931 2.1157 1.8872 1.7761 1.7112 1.6688 1.6391 1.6004

2.00 2.3527 2.2685 2.1966 2.1345 2.0324 1.9520 1.8872 1.6905 1.5922 1.5339 1.4957 1.4688 1.4337

3.00 2.1961 2.1217 2.0577 2.0019 1.9094 1.8359 1.7761 1.5922 1.4988 1.4430 1.4062 1.3803 1.3463

4.00 2.1071 2.0379 1.9779 1.9254 1.8381 1.7682 1.7112 1.5339 1.4430 1.3884 1.3522 1.3267 1.2932

5.00 2.0500 1.9838 1.9264 1.8760 1.7918 1.7242 1.6688 1.4957 1.4062 1.3522 1.3165 1.2911 1.2578

6.00 2.0102 1.9462 1.8905 1.8415 1.7594 1.6934 1.6391 1.4688 1.3803 1.3267 1.2911 1.2659 1.2326

0.00 1.9587 1.8973 1.8438 1.7966 1.7173 1.6532 1.6004 1.4337 1.3463 1.2932 1.2578 1.2326 1.1995
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Table 6
y

Values o f V  in  the function of ^  ̂  ^

i> y = 1.0000E+00

S i \
1.0E-09 1.0E-06 1.0E-04 1.0E-03 1.0E-02 1.0E-01 1.0E+00 1.0E+01 1.0E+02 1.0E+03 1.0E+04 1.0E+06 1.0E+O9

1.0E-09 3.1416 3.1416 3.1414 3.1400 3.1261 3.0001 2.3919 1.8414 1.7473 1.7375 1.7365 1.7364 1.7364

1.0E-06 3.1416 3.1416 3.1414 3.1400 3.1261 3.0001 2.3919 1.8414 1.7473 1.7375 1.7365 1.7364 1.7364

1.0E-04 3.1414 3.1414 3.1413 3.1399 3.1259 3.0000 2.3919 1.8413 1.7473 1.7374 1.7364 1.7363 1.7363

1.0E-03 3.1400 3.1400 3.1399 3.1385 3.1245 2.9987 2.3911 1.8408 1.7468 1.7369 1.7359 1.7358 1.7358

1.0E-02 3.1261 3.1261 3.1259 3.1245 3.1107 2.9861 2.3830 1.8355 1.7419 1.7321 1.7311 1.7310 1.7310

1.0E-01 3.0001 3.0001 3.0000 2.9987 2.9861 2.8719 2.3090 1.7860 1.6960 1.6865 1.6856 1.6855 1.6855

1 .0E+00 2.3919 2.3919 2.3919 2.3911 2.3830 2.3090 1.9110 1.4934 1.4194 1.4117 1.4110 1.4109 1.4109

1.0E+01 1.8414 1.8414 1.8413 1.8408 1.8355 1.7860 1.4934 1.1237 1.0523 1.0449 1.0442 1.0441 1.0441

1 .0E+02 1.7473 1.7473 1.7473 1.7468 1.7419 1.6960 1.4194 1.0523 0.9783 0.9707 0.9700 0.9699 0.9699

1.0E+03 1.7375 1.7375 1.7374 1.7369 1.7321 1.6865 1.4117 1.0449 0.9707 0.9631 0.9623 0.9622 0.9622

1.0E+04 1.7365 1.7365 0.7364 1.7359 1.7311 1.6856 1.4110 1.0442 0.9700 0.9623 0.9615 0.9614 0.9614

1.0E+06 1.7364 1.7364 1.7363 1.7358 1.7310 1.6855 1.4109 1.0441 0.9699 0.9622 0.9614 0.9614 0.9614

1.0E+09 1.7364 1.7364 1.7363 1.7358 1.7310 1.6855 1.4109 1.0441 0.9699 0.9622 0.9614 0.9614 0.9613
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Table 7

Values o f V in  the function o f , 

Q y = 2.0000

<?i’ Як

^ \ 7 k 0.10 0.20 0.30 0.40 0.60 0.80 1.00 2.00 3.00 4.00 5.00 6.00 8.00

0.10 2.1197 2.0762 2.0381 2.0045 1.9480 1.9026 1.8653 1.7495 1.6904 1.6550 1.6315 0.6149 1.5929

0.20 2.0762 2.0336 1.9963 1.9633 1.9079 1.8632 1.8265 1.7124 1.6540 1.6190 1.5959 1.5795 1.5578

0.30 2.0381 1.9963 1.9596 1.9272 1.8726 1.8286 1.7923 1.6795 1.6216 1.5870 1.5640 1.5478 1.5264

0.40 2.0045 1.9633 1.9272 1.8952 1.8414 1.7978 1.7619 1.6501 1.5926 1.5582 1.5355 1.5193 1.4981

0.60 1.9480 1.9079 1.8726 1.8414 1.7885 1.7457 1.7104 1.5998 1.5429 1.5088 1.4862 1.4703 1.4492

0.80 1.9026 1.8632 1.8286 1.7978 1.7457 1.7034 1.6684 1.5586 1.5019 1.4679 1.4454 1.4295 1.4086

1.00 1.8653 1.8265 1.7923 1.7619 1.7104 1.6684 1.6337 1.5243 1.4676 1.4336 1.4111 1.3952 1.3743

2.00 1.7495 1.7124 1.6795 1.6501 1.5998 1.5586 1.5243 1.4147 1.3571 1.3223 1.2993 1.2830 1.2615

3.00 1.6904 1.6540 1.6216 1.5926 1.5429 1.5019 1.4676 1.3571 1.2984 1.2627 1.2390 1.2222 1.2000

4.00 1.6550 1.6190 1.5870 1.5582 1.5088 1.4679 1.4336 1.3223 1.2627 1.2263 1.2020 1.1847 1.1620

5.00 1.6315 1.5959 1.5640 1.5355 1.4862 1.4454 1.4111 1.2993 1.2390 1.2020 1.1773 1.1597 1.1364

6.00 1.6149 1.5795 1.5478 1.5193 1.4703 1.4295 1.3952 1.2830 1.2222 1.1847 1.1597 1.1418 1.1182

8.00 1.5929 1.5578 1.5264 1.4981 1.4492 1.4086 1.3743 1.2615 1.2000 1.1620 1.1364 1.1182 1.0941
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Table 8

Values of V  in  the function of 

ç y = 4.0000

? У’ ? i-  Sk

\ ? k  
Hi  \

0.10 0.20 0.30 0.40 0.60 0.80 1.00 2.00 3.00 4.00 5.00 6.00 8.00

0.10 1.5336 1.5170 1.5023 1.4893 1.4672 1.4492 1.4345 1.3886 1.3653 1.3515 1.3424 1.3359 1.3274

0.20 1.5170 1.5001 1.4851 1.4717 1.4490 1.4306 1.4154 1.3682 1.3443 1.3301 1.3207 1.3141 1.3054

0.30 1.5023 1.4851 1.4697 1.4560 1.4328 1.4139 1.3983 1.3498 1.3252 1.3107 1.3011 1.2943 1.2854

0.40 1.4893 1.4717 1.4560 1.4421 1.4183 1.3990 1.3830 1.3332 1.3080 1.2930 1.2832 1.2763 1.2672

0.60 1.4672 1.4490 1.4328 1.4183 1.3937 1.3735 1.3568 1.3045 1.2780 1.2622 1.2519 1.2447 1.2352

0.80 1.4492 1.4306 1.4139 1.3990 1.3735 1.3526 1.3352 1.2807 1.2529 1.2364 1.2256 1.2180 1.2081

1.00 1.4345 1.4154 1.3983 1.3830 1.3568 1.3352 1.3173 1.2606 1.2316 1.2144 1.2031 1.1952 1.1849

2.00 1.3886 1.3682 1.3498 1.3332 1.3045 1.2807 1.2606 1.1960 1.1621 1.1419 1.1286 1.1192 1.1071

3.00 1.3653 1.3443 1.3252 1.3080 1.2780 1.2529 1.2316 1.1621 1.1250 1.1026 1.0878 1.0774 1.0638

4.00 1.3515 1.3301 1.3107 1.2930 1.2622 1.2364 1.2144 1.1419 1.1026 1.0787 1.0629 1.0517 1.0370

5.00 1.3424 1.3207 1.3011 1.2832 1.2519 1.2256 1.2031 1.1286 1.0878 1.0629 1.0462 1.0344 1.0190

6.00 1.3359 1.3141 1.2943 1.2763 1.2447 1.2180 1.1952 1.1192 1.0774 1.0517 1.0344 1.0222 1.0062

8.00 1.3274 1.3054 1.2854 1.2672 1.2352 1.2081 1.1849 1.1071 1.0638 1.0370 1.0190 1.0062 0.9893

ЧЛ

C
R

ITIC
AL LOAD OF BARS



Table 9

Values o f V in  the function of

(ЭУ = 10.0000

Si- Sk

\ 5 k
? i  \

0.10 0.20 0.30 0.40 0.60 0.80

0.10 0.9839 0.9829 0.9828 0.9828 0.9828 0.9828

0.20 0.9829 0.9749 0.9726 0.9719 0.9714 0.9713

0.30 0.9828 0.9726 0.9665 0.9638 0.9619 0.9612

0.40 0.9828 0.9719 0.9638 0.9587 0.9542 0.9525

0.60 0.9828 0.9714 0.9619 0.9542 0.9444 0.9396

0.80 0.9828 0.9713 0.9612 0.9525 0.9396 0.9317

1.00 0.9828 0.9712 0.9608 0.9517 0.9372 0.9271

2.00 0.9828 0.9710 0.9603 0.9505 0.9336 0.9197

3.00 0.9828 0.9710 0.9601 0.9502 0.9327 0.9180

4.00 0.9828 0.9709 0.9601 0.9500 0.9323 0.9172

5.00 0.9828 0.9709 0.9600 0.9499 0.9321 0.9168

6.00 0.9828 0.9709 0.9600 0.9499 0.9319 0.9165

8.00 0.9828 0.9709 0.9599 0.9498 0.9318 0.9162

1.00 2.00 3.00 4.00 5.00 6.00 8.00

0.9828 0.9828 0.9828 0.9828 0.9828 0.9828 0.9828

0.9712 0.9710 0.9710 0.9709 0.9709 0.9709 0.9709

0.9608 0.9603 0.9601 0.9601 0.9600 0.9600 0.9599

0.9517 0.9505 0.9502 0.9500 0.9499 0.9499 0.9498

0.9372 0.9336 0.9327 0.9323 0.9321 0.9319 0.9318

0.9271 0.9197 0.9180 0.9172 0.9168 0.9165 0.9162

0.9204 0.9085 0.9056 0.9044 0.9037 0.9033 0.9028

0.9085 0.8786 0.8682 0.8635 0.8609 0-8593 0.8574

0.9056 0.8682 0.8520 0.8441 0.8395 0.8367 0.8333

0.9044 0.8635 0.8441 0.8338 0.8278 0.8239 0.8192

0.9037 0.8609 0.8395 0.8278 0.8207 0.8160 0.8104

0.9033 0.8593 0.8367 0.8239 0.8160 0.8108 0.8044

0.9028 0.8574 0.8333 0.8192 0.8104 0.8044 0.7969
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Table 10
y

Values o f v  in  the function o f ç  , 

ç y = l.OOOOE+Ol

9 i ’ <?k

\ ç k
9 i \

1.0E-09 1.0E-06 1.0E-04 1.0E-03 1.0E-02 1.0E-01 1.0E+00 1.0E+01 1.0E+02 1.0E+03 1.0E+O4 1.0E+06 1.0E+09

1.0E-09 1.0000 1.0000 1.0000 0.9999 0.9991 0.9963 0.9957 0.9956 0.9956 0.9956 0.9956 0.9956 0.9956

1.0E-06 1.0000 1.0000 1.0000 0.9999 0.9991 0.9963 0.9957 0.9956 0.9956 0.9956 0.9956 0.9956 0.9956

1.0E-04 1.0000 1.0000 1.0000 0.9999 0.9991 0.9963 0.9957 0.9956 0.9956 0.9956 0.9956 0.9956 0.9956

1.0E-03 0.9999 0.9999 0.9999 0.9998 0.9990 0.9962 0.9956 0.9955 0.9955 0.9955 0.9955 0.9955 0.9955

1.0E-02 0.9991 0.9991 0.9991 0.9990 0.9980 0.9949 0.9943 0.9943 0.9943 0.9943 0.9943 0.9943 0.9943

1.0E-01 0.9963 0.9963 0.9963 0.9962 0.9949 0.9839 0.9828 0.9828 0.9828 0.9828 0.9828 0.9828 0.9828

1.0E+00 0.9957 0.9957 0.9957 0.9956 0.9943 0.9828 0.9204 0.9025 0.9015 0.9014 0.9014 0.9014 0.9014

l.OE+Ol 0.9956 0.9956 0.9956 0.9955 0.9943 0.9828 0.9025 0.7877 0.7714 0.7698 0.7697 0.7697 0.7697

1.0E+02 0.9956 0.9956 0.9956 0.9955 0.9943 0.9828 0.9015 0.7714 0.7484 0.7462 0.7460 0.7460 0.7460

1.0E+03 0.9956 0.9956 0.9956 0.9955 0.9943 0.9828 0.9014 0.7698 0.7462 0.7439 0.7437 0.7437 0.7437

1.0E+04 0.9956 0.9956 0.9956 0.9955 0.9943 0.9828 0.9014 0.7697 0.7460 0.7437 0.7434 0.7434 0.7434

1.0E+06 0.9956 0.9956 0.9956 0.9955 0.9943 0.9828 0.9014 0.7697 0.7460 0.7437 0.7434 0.7434 0.7434

1.0E+09 0.9956 0.9956 0.9956 0.9955 0.9943 0.9828 0.9014 0.7697 0.7460 0.7437 0.7434 0.7434 0.7434
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y
Values o f v  in the function o f ç  , ^

Ç y = 1.0000E+02

Table 11

N

1.0E-09 1.0E-06 1.0E-04 1.0E-03 1.0E-02 1.0E-01 1 .0E+00 1.0E+01 1.0E+O2 1.0E+03 1.0E+04 1.0E+06 1.0E+09

1.0E-09 1.0000 1.0000 1.0000 0.9999 0.9990 0.9902 0.9231 0.7663 0.7144 0.7084 0.7078 0.7078 0.7077

1.0E-06 1.0000 1.0000 1.0000 0.9999 0.9990 0.9902 0.9231 0.7663 0.7144 0.7084 0.7078 0.7078 0.7077

1.0E-04 1.0000 1.0000 1.0000 0.9999 0.9990 0.9902 0.9231 0.7663 0.7144 0.7084 0.7078 0.7077 0.7077

1.0E-03 0.9999 0.9999 0.9999 0.9998 0.99B9 0.9901 0.9231 0.7663 0.7144 0.7084 0.7078 0.7077 0.7077

1.0E-02 0.9990 0.9990 0.9990 0.9989 0.9980 0.9892 0.9222 0.7657 0.7138 0.7078 0.7072 0.7072 0.7071

1.0E-01 0.9992 0.9902 0.9902 0.9901 0.9892 0.9805 0.9146 0.7598 0.7085 0.7026 0.7020 0.7019 0.7019

1.0E+00 0.9231 0.9231 0.9231 0.9231 0.9222 0.9146 0.8553 0.7131 0.6660 0.6607 0.6601 0.6600 0.6600

1.0E+01 0.7663 0.7663 0.7663 0.7663 0.7657 0.7598 0.7131 0.5919 0.5508 0.5462 0.5458 0.5457 0.5457

1 .0E+02 0.7144 0.7144 0.7144 0.7144 0.7138 0.7085 0.6660 0.5508 0.5100 0.5055 0.5050 0.5050 0.5050

1.0E+03 0.7084 0.7084 0.7084 0.7084 0.7078 0.7026 0.6607 0.5462 0.5055 0.5010 0.5005 0.5005 0.5005

1.0E+04 0.7078 0.7078 0.7078 0.7078 0.7072 0.7020 0.6601 0.5458 0.5050 0.5005 0.5001 0.5000 0.5000

1.0E+06 0.7078 0.7078 0.7077 0.7077 0.7072 0.7019 0.6600 0.5457 0.5050 0.5005 0.5000 0.5000 0.5000

1.0E+09 0.7077 0.7077 0.7077 0.7077 0.7071 0.7019 0.6600 0.5457 0.5050 0.5005 0.5000 0.5000 0.5000
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Table 12
y

Values o f v  in  the function o f ^  ^  ,

g y = 1 .OOOOE+03

<?k

4
« 1  \

1.0E-09 1.0E-06 1.0E-04 1.0E-03 1.0E-02 1.0E-01 1.0E+00 1.0E+01 1.0E+02 1.0E+03 1.0E+04 1.0E+06 1.0E+09

1.0E-09 1.0000 1.0000 1.0000 0.9999 0.9990 0.9902 0.9225 0.7608 0.7068 0.7006 0.6999 0.6999 0.6999

1.0E-06 1.0000 1.0000 1.0000 0.9999 0.9990 0.9902 0.9225 0.7608 0.7068 0.7006 0.6999 0.6999 0.6999

1.0E-04 1.0000 1.0000 1.0000 0.9999 0.9990 0.9902 0.9225 0.7608 0.7068 0.7006 0.6999 0.6999 0.6999

1.0E-03 0.9999 0.9999 0.9999 0.9998 0.9989 0.9901 0.9225 0.7607 0.7067 0.7005 0.6999 0.6998 0.6998

1.0E-02 0.9990 0.9990 0.9990 0.9989 0.9980 0.9892 0.9217 0.7601 0.7062 0.7000 0.6994 0.6993 0.6993

1.0E-01 0.9902 0.9902 0.9902 0.9901 0.9892 0.9805 0.9141 0.7546 0.7014 0.6952 0.6946 0.6946 0.6946

l.OE+OO 0.9225 0.9225 0.9225 0.9225 0.9217 0.9141 0.8553 0.7105 0.6620 0.6565 0.6559 0.6559 0.6559

1.0E+01 0.7608 0.7608 0.7608 0.7607 0.7601 0.7546 0.7105 0.5919 0.5507 0.5461 0.5457 0.5456 0.5456

1.0E+02 0.7068 0.7068 0.7068 0.7067 0.7062 0.7014 0.6620 0.5507 0.5100 0.5055 0.5050 0.5050 0.5050

1.0E+03 0.7006 0.7006 0.7006 0.7005 0.7000 0.6952 0.6565 0.5461 0.5055 0.5010 0.5005 0.5005 0.5005

1.0E+04 0.6999 0.6999 0.6999 0.6999 0.6994 0.6946 0.6559 0.5457 0.5050 0.5005 0.5001 0.5000 0.5000

1.0E+06 0.6999 0.6999 0.6999 0.6998 0.6993 0.6946 0.6559 0.5456 0.5050 0.5005 0.5000 0.5000 0.5000

1.0E+09 0.6999 0.6999 0.6999 0.6998 0.6993 0.6946 0.6559 0.5456 0.5050 0.5005 0.5000 0.5000 0.5000
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Table 13
y

Values o f v  in  the function of (> , 

g y = 1.0000E+09

X *
? i  \

1.0E-09 1.0E-06 1.0E-04 1.0E-03 1.0E-02 1.0E-01 1.0E+00 1.0E+01 1.0E+02 1.0E+03 1.0E+04 1 .0E+06 1.0E+09

1.0E-09 1.0000 1.0000 1.0000 0.9999 0.9990 0.9902 0.9225 0.7603 0.7061 0.6998 0.6992 0.6992 0.6991

1.0E-06 1.0000 1.0000 1.0000 0.9999 0.9990 0.9902 0.9225 0.7603 0.7061 0.6998 0.6992 0.6992 0.6991

1.0E-04 1.0000 1.0000 1.0000 0.9999 0.9990 0.9902 0.9225 0.7602 0.7061 0.6998 0.6992 0.6991 0.6991

1.0E-03 0.9999 0.9999 0.9999 0.9998 0.9989 0.9901 0.9224 0.7602 0.7060 0.6998 0.6992 0.6991 0.6991

1.0E-02 0.9990 0.9990 0.9990 0.9989 0.9980 0.9892 0.9216 0.7596 0.7055 0.6993 0.6987 0.6986 0.6986

1 .0E-01 0.9902 0.9902 0.9902 0.9901 0.9892 0.9805 0.9140 0.7541 0.7007 0.6946 0.6940 0.6939 0.6939

1.0E+00 0.9225 0.9225 0.9225 0.9224 0.9216 0.9140 0.8553 0.7103 0.6617 0.6561 0.6556 0.6555 0.6555

1.0E+01 0.7603 0.7603 0.7602 0.7602 0.7596 0.7541 0.7103 0.5919 0.5507 0.5461 0.5457 0.5456 0.5456

1.0E+02 0.7061 0.7061 0.7061 0.7060 0.7055 0.7007 0.6617 0.5507 0.5100 0.5055 0.5050 0.5050 0.5050

1.0E+03 0.6998 0.6998 0.6998 0.6998 0.6993 0.6946 0.6561 0.5461 0.5055 0.5010 0.5005 0.5005 0.5005

1.0E+04 0.6992 0.6992 0.6992 0.6992 0.6987 0.6940 0.6556 0.5457 0.5050 0.5005 0.5001 0.5000 0.5000

1.0E+06 0.6992 0.6992 0.6991 0.6991 0.6986 0.6939 0.6555 0.5456 0.5050 0.5005 0.5000 0.5000 0.5000

1.0E+09 0.6991 0.6991 0.6991 0.6991 0.6986 0.6939 0.6555 0.5456 0.5050 0.5005 0.5000 0.5000 0.5000
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A NEW INVESTIGATION ON PARABOLIC WEIRS -  

PROPORTIONAL PARABOLIC WEIRS

KESHAVA MURTHY, K.* -  JAYARAM, N.** 

(Received: 28 August 1989)

This paper is  devoted to the consideration of the improved design o f Para­
b o lic  Weirs. This is  achieved by designing the weir as a "compensating weir" 
having a base. A deta iled  design is  given fo r the parabolic weir having a rec­
tangular base of width ' 2W' and depth 'a ' over which a designed complimentary weir 
is  f i t te d .  I t  is  shown that fo r th is  w e ir, the discharge is  p ropo rtiona l to  the 
square o f the head measured above a datum lin e  s ituated at (1/3) a below the crest 
o f the weir. The design is  fu rth e r improved by incorporating a d d itio na l advantages 
in  the form o f:

1. equal slope at the junction  o f the base weir and the complementary weir, 
and

2. constant indication accuracy ( A =1) i . e . ,  reference plane coinciding with 
the crest.

The equal slope condition vhich provides a smooth tra n s it io n  o f f l ^  has 
been achieved ^o r the weirs having the base in  the form o f + C2 X and
Y1 = Ci  + C2 * ' The second condition o f constant ind ica tion  accuracy has also been 
achieved fo r the above bases. In  the th ird  design both the above cond itions have 
been incoroporated simultaneously by taking the base weir o f the form 
Y1 = C + c2 Г '  *  C X \

I t  is  shown th a t fo r a l l  the weirs, the p ro f ile  of the complementary weir 
re ta ins  the s im p lic ity  o f the conventional parabolic weir in so fa r  as i t  rap id ly  
approaches the shape o f the conventional parabolic weir. A theorem connected with 
the r e a liz a b il i ty  o f the parabolic weir ( fo r  a l l  the bases) has been enunciated 
and proved. Also, i t  is  shown th a t the w idth o f the weir tends to  in f in i t y  as the 
depth of flow increases w ithout l im i t .

Experiments w ith f iv e  o f the nine designed weirs show e xce llen t agreement 
w ith the theory by g iv ing  a constant c o e ff ic ie n t o f discharge which va ries  fo r d i f ­
fe ren t weirs from 0.602 to 0.613.

*Keshava Murthy, K ., Indian In s t itu te  o f Sciences, Bangalore-560012, Ind ia  

**Jayaram, N., Indian In s t itu te  o f Sciences, Bangalore-560012, Ind ia

Akadémiai Kiadó, Budapest



NOTATIONS

a depth of base weir
b dimensional proportional constant

coe ffic ien t of discharge
c,d dimensional constants
eeg re la tive  e rro r in  calculating flow

re la tive  e rro r in  measuring head over the weir
f(h )  function of h
f ( x )  function of X = у (x)
g acceleration due to  gravity
H head measured from reference plane
h head measured from the weir crestc
h head from y-axis

1/2К 2C(_j(2g) = dimensional constant
^ datum parameter
m exponent
P parameter of parabola
Q discharge

dQ/dh = o'
W ha lf width of the base weir
XpX£ ve rtica l coordinates
YpY 2  horizontal coordinates

if> (h) function of h = J ^■~x -dx
о \j h-x

ip '(h) d if fe re n t ia l of 0  (h) with respect to ' h '.

14 4  KESHAVA MURTHY, K .  -  3AYARAM, N .

Introduction

Proportional weirs are well-known discharge measuring devices 
which find  application in  various f ie ld s  l ik e  Hydraulic Engineering, 
Sanitary Engineering, Chemical Engineering and Ir r ig a t io n  Engineering. For 
the past two decades extensive work has been done on these weirs. A gener­
a lized  theory fo r the design of weirs was given by Keshava Murthy and 
Seshagiri /11 /. Based on th is ,  a new c la s s if ic a tio n  was made by Keshava 
Murthy and P il la i /9 / .  Accordingly, the weirs are c lass ified  as 'Compen-
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sating weirs' and 'noncompensating weirs' depending on the discharge head 
re la tionsh ip  Q = bHm. When m > 3 /2  the weirs are called as noncompensating 
weirs which essentia lly  do not require a base weir fo r th e ir deisgn; the 
conventional rectangular weir, V-notch and parabolic weirs are w ell known 
examples. Weirs fo r which m < 3 /2  are ca lled  as compensating weirs, Sutro 
weir (Linear Proportional Weir) /2 /,  Quadratic Weir /5 , 7, 10/, Logarithmic 
Weir /3 /  are well-known examples of th is  category. These weirs inva riab ly  
require a base weir fo r th e ir  design. I t  was pointed out that the non- 
compensating weirs can also be designed w ith  bases with advantage. These 
are termed as "noncompensating base w e irs". Recently, Keshava Murthy and 
P i l la i  have designed a new class of weirs called 'Proportional V-notch 
Weirs' /9 / having d iffe re n t bases which give the same discharge-head 
re la tionsh ip  as tha t of the conventional V-notch. These weirs are ca lled 
as P-Vee weirs and the authors have shown tha t they have the advantages of 
both the V-notch, and the rectangular notch, in  that they have higher in d i­
cation accuracy besides having the advantage of horizontal crest.

Parabolic Weir which gives discharge proportional to the squre 
of the head is  supposed to have been invented by Lauritson* /4 / .  Consider­
able experimental work was done in the early part of the nineteenth 
century by Poncelet in  France, Francis a t the Massachusetts In s t itu te  in 
U.S.A. and Bazin in  Europe. Parabolic Weirs have two d is t in c t features 
which mark i t  as superior fo r the accurate measurement of wide va ria tions  
of flow namely, a re la tiv e ly  deeper section at small discharges and a 
re la t iv e ly  large section fo r a given depth, i .e .  the area is  small fo r low 
heads and increases faster than the depth. The coe ffic ien t of discharge is  
p ra c tic a lly  constant fo r a wide varia tions of head and the Parabolic Weir 
is  adaptable as a simple and accurate meter fo r measuring the discharge. 
Further, the Parabolic Weir can be used as o u tle t weirs in g r i t  chambers 
of tr iangu la r and trapezoidal cross-sections to maintain constant average 
ve lo c ity  fo r a l l  varia tions of depth.

In 1920, Greve /4 / did extensive work on both chamfered and un­
chamfered parabolic weirs at Purdue U n ive ris ty . Since then, to the authors' 
knowledge, very l i t t l e  work has been done on Parabolic Weirs.

Parabolic Weir suffers from the major lacuna in that the f ix in g  
and find ing  the in i t ia l  level of the weir is  d i f f ic u l t  as the vertex of the 
weir may not be so accurately defined in  practice, p a rtic u la r ly , as the

However, questioned by many authors. (Please re fe r the discussions on th is  paper)



146 KESHAVA MURTHY, K. -  JAYARAM, N.

curvature of the parabola is  changing so rap id ly  at that point and i t  
would seem that errors in  shaping the notch are more lik e ly  to occur here 
than at other parts of the outline . In th is  paper, the problem of parabolic 
weir is  reconsidered. In the present design, th is  lacuna is  removed by a 
providing horizonta l crest fo r the weir. In c id e n ta lly , i t  is  shown tha t 
the ind ica tion  accuracy fo r the weir is  greater than the conventional weir.

I t  is  well known that fo r every weir, there is  a minimum re lia b le  
depth /16/ below which the measurements are not to be made fo r a defined 
l im i t  of accuracy. For an allowable error of 1% in  the measurement of head 
and 2 4  in  the measurement of discharge, i t  can be shown that the minimum 
re lia b le  depth, ( hc)min> fo r parabolic weir is  4" (10 cm) below which i t  
is  not advisable to make measurements. This minimum re liab le  depth can be 
u t i l is e d  for providing a base fo r the parabolic weir.

M a th em a tic a l fo r m u la t io n

A Proportional Wier consists of a base weir and a complementary
weir. I t  is  required to design the complementary weir fo r a chosen base
weir and for a given discharge-head re la tionsh ip . For proportional para- 

2
b o lic  weir О» H , where Q = discharge and H = head measured above a datum. 
F ig. 1 shows the descriptions of the proportional parabolic weir.

X

Fig. 1. Nomenclature o f rectangular based p ropo rtiona l parabolic weir
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For mathematical s im p lic ity , a weir having a rectangular base of 
ha lf width 'W and depth 'a ' is  chosen over which a complementary weir 
y = f ( x ) ,  to be designed is  f i t te d .  The weir is  assumed to be symmetrical 
and sharp crested. However, the symmetry is  not necessary fo r the design. 
A common co e ffic ie n t of discharge has been assumed for both base weir and 
complementary weir.

Referring to Fig. 1, the to ta l discharge 'Q through the weir fo r 
flows above the base weir (h > 0 ) is  given by

Qb + Qc = Q (1)

where
Qb = discharge through the base weir acting as an o r if ic e .

= y  W Cd \[~2^ [(h+a ) 3 / 2  - h3/2]  (2)

and Qc = discharge through the complementary weir, above the base.

= 2 Cc 'j2g  Г \Jh-x f(x )  dx (3)
in which,

h = depth of flow above the o r ig in  'O ';
= co e ffic ie n t of discharge; 

and g = acceleration due to gravity .
For proportional parabolic weir, the to ta l discharge fo r  flows 

above the base is  proportional to the square of the head measured above a 
reference plane, i . e . ,  Q tx. (h+ Да) 2  where ' A ' is  the datum constant /11 / 
which fixe s  the reference plane of the w e ir. Hence we write,

h
у  WĈ  \J"2 g" [(h+a)3 ^ 2 -h 3 / / 2  J +2 Cd ^ 2 g J ^h -x  f(x)dx = bCh+Да)2, h> 0  (4)

о
where, b = p ropo rtiona lity  constant.

Evaluation of ' b 1 and ' A '

Le tting  20^ Â2g" = К Eq. 4 may be w ritte n  as 
h

j  WK ]^(h+a)3 ^ 2 -h 3 ^ 2  J + К j "  h-x f(x)dx = b (h+Да ) 2  , h >  0 (5)
о

The constants ' b ' and ' A ' are evaluated using the slope-discharge 
con tinu ity  theorem / 1 1 , 1 2 / .
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WK [ > . a) : i / 2 - h1/2]  4
Í

f(x )dx
'J h-x

= 2b [(h+  Aa)]

i . e .  f  = rh+ A n _ w r (h+a)l/2  _ hl/2T= ^(ь)> say
J (ГТГТ К

( 6)

and

= 3WK 
32^1T

A= 8/3

(7a)

(7b)

This means that the discharge is  proportional to the square o f the 
head measured above a reference plane or datum situated at (y) a below the 
cres t of the w eir. Eq. 6 is  in  the Abel's form of V o lte rrra 's  in te g ra l 
equation whose so lu tion  /6 /  is

X

f (x )  =
i f

Ф' Ch)dh
'jx-h

In tegra ting  a fte r subs titu ting  for iji(h) we get,

f ( x )  = у = W [ l  -  ^  tan 1 \Jx/a + ^ \ | x / a  J ( 8)

I t  may be of in te res t to note th a t the f i r s t  two terms of the 
above equation cons titu te  the Sutro weir equation /2 , 14/. P ro file  of the 
complementary weir given by the Eq. 8 is  given in the Table 1, under the 
weir type number 1 and i t s  coordinates are given in the column 2 of Table 
2. P ro file  equations and the coordinates o f d iffe re n t designed weirs are 
shown in  the Tables 1 and 2, respectively. The p ro file s  of the designed and 
experimented weirs are shown in Fig. 2 and F ig . 3, respectively. The pro­
f i l e  equations of the experimented weirs are shown in  Table 3.

Le tting  h = 0, in  equations 5 and 6 and so lv ing for ' b' and ' \  ' we get



Table 1 D e ta ils  o f the designed p ro p o rtio n a l p a ra b o lic  weirs

Weir Base weir ci
(3)

C2 s b
type
(1)

equation
(2) (4) (5) (6)

1 C1 + C2X 0 W - 1 WX
8 1/2 a

2 C1 + V 0 W/a - 5 WK_
12 1/2 a

3 г г 3/2 C1 + C2X 0 W/a3/2 - 9-rt WK
64 1/2 a

4 г г 2 C1 + C2X 0 W/a2 - 7 WK_
15 1/2

5 г г 1/2 C1 + C2X W1
-8 W1 w k 8
3 1/2 a 1/212a

W1
-5wi WjK

6 C1 + V 6a 9a1/2

7
-8W1 W^

г * г C1 + C2X W1 3 a3/2 Q 1/28a

8 p + г y2 W1
-TWi 2Ŵ K

C1 + C2X 3/2a ,q 1/2 13a

r  r  3/2 r  2 C1 + Ĉ x + Cy< W1
-4.321W1 3.58W1 0.091W1K

3/2a 2a 1/2a

X

(7)

Complerentary weir p ro f ile  y = f (x )

(8)_____________

4/3

4/3

2/3

4/7

2

2

•p-VÛ

PARABOLIC W
EIRS



Table 2 Coordinates o f points on the proportiona l parabolic weirs

Weir tvpe number
1 2 3 4 5 6 7 8 9

x/a Y/W Y/W Y/W Y/W Y/W Y/W: Y/W Y/W Y/W

0.00 1.0000 1.0000 1.0000 1.0000 0.5117 0.1667 0.1512 0.1250 0.2583
0.10 1.1070 1.1539 1.0035 0.9942 0.2503 0.3243 0.3559 0.3713 0.2928
0.20 1.1593 1.2583 1.0574 1.0545 0.2770 • 0.3638 0.4042 0.4265 0.3129
0.30 1.2040 1.3502 1.1125 1.1160 0.2943 0.3888 0.4340 0.4600 0.3279
0.40 1.2449 1.4342 1.664 1.1758 0.3077 0.4077 0.4562 0.4845 0.3404
0.50 1.2834 1.5125 1.2184 1.2333 0.3188 0.4232 0.4743 0.5043 0.3513
0.60 1.3201 1.5862 1.2686 1.2887 0.3286 0.4366 0.4898 0.5213 0.3611
0.70 1.3554 1.6562 1.3171 1.3419 0.3374 0.4487 0.5037 0.5364 0.3702
0.80 1.3996 1.7230 1.3640 1.3932 0.3456 0.4599 0.5165 0.5501 0.3787
0.90 1.4227 1.7871 1.4049 1.4427 0.3533 0.4703 0.5283 0.5629 0.3868
1.00 1.4549 1.8488 1.4534 1.4907 0.3606 0.4801 0.5395 0.5750 0.3945
1.10 1.4864 1.9084 1.4962 1.5372 0.3676 0.4895 0.5502 0.5864 0.4020
1.20 1.5171 1.9661 1.5378 1.5824 0.3743 0.4986 0.5605 0.5974 0.4092
1.30 1.5472 2.0221 1.5783 1.6263 0.3808 0.5073 0.5704 0.6081 0.4161
1.40 1.5766 2.0764 1.6179 1.6691 0.3871 0.5158 0.5799 0.6183 0.4229
1.50 1.6054 2.1294 1.6564 1.7914 0.3933 0.5241 0.5893 0.6283 0.4296
2.00 1.7423 2.3759 1.8374 1.9059 0.4221 0.5627 0.6328 0.6749 0.4608
4.00 2.2050 3.1739 2.4306 2.5481 0.5192 0.6922 0.7787 0.8306 0.5665
6.00 2.5858 3.8064 2.9049 3.0464 0.5999 0.7999 0.8999 0.9599 0.6545
8.00 2.9173 4.3481 3.3120 3.4793 0.6709 0.8946 1.0064 1.0734 0.7319

12.00 3.4869 5.2664 4.0040 4.2105 0.7940 1.0586 1.1909 1.2703 0.8661

150 
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F ig . 2. Shapes of the designed parabo lic weirs
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F ig . 3. Shapes of experimented parabo lic weirs

Complementary Weir

An in te resting  and s ig n ifica n t feature of a l l  the designed weirs 
is  tha t the p ro file  of the complementary weir approaches the shape of the 
corresponding conventional parabolic weir a fte r  even a small value of 
x/a = xq (say), i .e .  (y/w) oi.(x+ \ a ) ^ ^  or y/w = p(x+ (where ' p ’
is  a constant) as could be seen from Table 4. Hence the width of the weir 
is  very nearly proportional to the square root of the ordinates measured 
above the reference plane, fo r X >  Xq thus reta in ing the essentia l sim­
p l ic i t y  of the conventional weir. The apex of a l l  these parabolae w i l l  be 
a t the reference plane.



Table 3 D e ta ils  o f the experimented p ro p o rtio n a l p a rabo lic  w eirs

Weir
type

Base weir 
equation C1 C2 c3 b Complementary weir p ro f ile  у = f (x )

1
C1 + C2X° 0 w -

3 WK
8 1/2 

a
4/3

Г + Г xV2 0
W 9 WK

. [ « . f t f - j f ] ' ” ]C1 + C2X 3/2
a 64 1/2 

a
LI ->

3 г  г  3/2 
C1 + C2X W1

w
16 1
3 3/2 -

w к
1.178

wi [ 1- | tan' 1 \ [ f - ° - 51422 [ (1 + 7 )V 2 - (7 ) 3 / 2 -

w
33 _ I
24 2 

a

в wi K
9 1/2 

a

-  (J )1 /2 >  1.40783 \ ] J  ]

4 г  P  2  
C1 + C2X W1 1 ".ci-4ta"’1'[f*rOi*f)2<i-lMn'1 '(F-

64 W1
3 3/2 a

5 p  p 3/2 p 2
C1 + C2X + C3X W1

-33 w
8 2 

a

4WK
1/2a

1 wiL  i -  s  ta n -1 \ [ f ♦ %  [ c i + ÿ n -  < ÿ n -  § < V /:

- ^ [ a + f ) 2C l - | t a n - 1 N[ f ) - | \ J f ( ^ f ) ]  +

+ 3 2  

7 t
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R e a liza b ility

For a given base weir i t  may not be always possible to obtain a 
physica lly  rea lizab le  proportional weir. As in  the case of Logarithmic 
weir /1 , 3, 13/ w ith rectangular base or Quadratic weir with V-notch base, 
the function defin ing the complementary weir assumes negative values a fte r 
a certa in  height thus lim it in g  the range o f a p p lic a b ility . However, i t  can 
be proved that the proportional parabolic weir is  always realizable and the 
value of the function and hence the width of the weir approaches in f in i t y  
when the height increases without l im it .  These are expressed in  the fo llo w ­
ing theorem:

Statement

"For any phys ica lly  realizable base weir = F̂  (X^), defined in  
-a <  Xj <  0 , the function  у = f(x ) defin ing the complementary weir of the 
proportional parabolic weir is  always pos itive  in  0  ■< x cd  and f(x )  —*- oo 
as X —*- oo".

Proof_
1 . f ( x )  is  rea lizab le :

Let the proportiona l parabolic weir have the base in the form of 
Yf = F (xp  referred to the o rig in  0  ̂ (F ig. 4) to  a depth 'a ' over which the 
complementary weir у = f (x )  is  f i t te d  to produce the discharge-head re -

2

la tionsh ip  Q = b(h+ Ла) where ' b ' is  the p ro p o rtio n a lity  constant and ' A ' 
the datum constant.

The discharge equation for the weir can be w ritten as: 
a h

2 Cd l \ [ 2 g J \Jh+a-x1  F^X^dXj^ + 2 Cd 2  \[2 g |  h-x f(x)dx = b(h+Aa)* 2 , (9)
о о

h >  0

For s im p lic ity , assuming the c o e ff ic ie n t of discharge to be the 
same fo r both the base weir and the complementary weir i .e . ,  = Cd
( th is  condition is  not absolutely essentia l fo r  the proof) the discharge 
equation: fo r the p roportiona l parabolic weir can be w ritten as: 

h
Qd + К J  ^ h-x f(x )d x  = b(h+ !\a ) 2  

о
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= (h+ !\a )2 ( 10)

о
where, = discharge through the base weir acting as an o r if ic e .

D iffe ren tia ting  Eq. 10, with respect to ' h ' using Le ib n itz ' ru le  
(16), we have

/
f(x)dx 4b , L ^  2 , dQb,
(~h-x)l'̂ 2 = ~  ( ^ " К” ( dFT ^(h) заУ ( 11)

Applying the slope-discharge con tinu ity  theorem, Eq. 11 gives 0(0)=0. Equa­
tio n  11 is  in  the Abel's form of Volterra 's In teg ra l equation whose so lu tion

/6 / is  . * (p4h)dh

A

=  i < V  Ш J ^ C 2 b  -  d2Qb/dh2 ] dh (12)

Qb representing the discharge through the base weir is  a monotoni- 
c a lly  increasing single valued function of head defined by,

F ig . 4. D e fin it io n  sketch
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а

where h = h+a, head measured from the crest.
For large heads, X^/h^ and i t s  higher powers may be neglected so 

tha t is  approximately proportional to the square root of the head. 
Hence,

As h —»- oo , h —*■ oo’ c

Qb -  C(hc) 1/2

This is  physically obvious, as when the head increases, the ve lo c ity  is  
proportional to \J2gh, and area being constant, the discharge is  proportional 
to  the square root of the head.

= (S'

6  is  f in i te  at h = 0, 
6  = 0 at h —*- oo

Hence, 1 c i 1 is  pos itive  throughout 0 ^  h <  oo. Since 1 1 is  a
s ing le  valued function o f 'h 1, i t  is  a monotonically decreasing function of 
1 h '.  Hence, —= d2Q^/dh2 is  negative throughout 0 •< h <. oo and from Eq. 12 
ф ' (h ) = 2b - dzQb/dhz is  positive in  0 <. h <  oo. Therefore, the function 
f ( x )  can be in terpreted as the slope of the discharge curve fo r a notch 
whose p ro file  is  defined 2b- (d Q^/dh ), which is  always p o s itive , and 
hence f(x )  is  always pos itive  in 0 <  h <  oo.

2. f(x )  —*■ oo, as X —»- oo:

Assuming f(x )  and f ' ( x )  are of exponential order and at least piece- 
wise continuous, the f in a l  value theorem of Laplace transform (15) gives,
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Lim f(x )  = Lim SL ( f ( x ) }  (15)
X oo S — О

where ' L ' re fers to the Laplacian Operator defined by
oo

L f ( t )  = I  e-s t  f ( t ) d t  
0

Taking Laplace Transform on either side of Eq. 12, we get

L ( f ( x ) }  = ^  { f ( x -h ) -1/2 ф' (h)dh) (16)

Applying the Bore l's  theorem /15/ of the convolution integral to Eq. 16, we 
have,

L Í f ( x ) ) = i  ( x 1/21 L {Ф' (х>} ( П )

Since, L ( t ) '( x ) )  = SL { ф(х) } -  ф(0) in which (J(0) = 0 (Slope-

discharge con tinu ity  theorem) Eq. 17 reduces to ,

( IB )

= bim n ( ~T77 + ^aS 1 /2 ) -  n —  S1/2 Q’ ( 0 )  (19)
S ^ °  S172 S 0 K^rr” b

f(oo) = oo as 0^(0) is  f in i te .
Hence the width of the weir tends to in f in ity  as the depth in ­

creases without l im i t .
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Evaluation of C r it ic a l ' *  ' fo r equal slope

In general, there w i l l  be a kink a t the junction of base weir and 
the complementary weir. The condition of equal slope at the junction  w i l l  
overcome th is  lacuna and ensure a smooth tra n s it io n  of flow fa c i l i ta t in g  
easy cu tting  and improving the p o s s ib ilit ie s  o f higher coe ffic ien t of d is ­
charge. I t  is  not always possible to achieve th is  condition fo r a l l  bases,

1/2e .g ., fo r the base Y, = C, + C9X ' 1 is  imaginary for th is  cond ition .
1 1 L 3/2 2

However, fo r the two bases Ŷ  = and Ŷ  = + C2 X , c r i t ic a l
values of ' A ' have been obtained for the above condition.

Following the same procedure de ta iled  before in th is  a r t ic le ,  the
3/2complementary weir fo r the base Ŷ  = + C2  X in terms of ' \  ' can be

obtained as:

Y
W 1  -  -  tan - 1  тс

16 (4 -3 * )  
3ir (3 *  -2) [ a  ♦  | )

3/2 (1 )3/ 2 . 3 ^ 1/2 3 +

8  \| x/a
Л ЖЗЛ -2)

C2 16 (4-3 * )  1
1 Cx " 3rt (33k -2) ^372

( 20 )

Hence the equation of the base weir can be w ritte n  as:

Y
W

1 , 16 (4-3 * )
1  + 3^ (ЗЛ 22) Ф

3/2 (21)

D iffe re n tia tin g  Eqs (20) and (21), with respect to  X and Xp respective ly , 
and enforcing the condition of equal slope, a t x = 0 ,

i . e . , riX, a
dY I
dX I X = 0

re su lts  in ,
9 A2  -  14* + 4  = 0

Solving we get,

>= 0.38 or 1.18

\  -  0.38, resu lts  in  the base weir having negative coordinates which is  
phys ica lly  unrealizable and hence th is  value is  neglected. \  = 1.18 gives 
the ordinates of proportional parabolic weir w ith equal slope at the 
junc tion .
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Proportional parabolic weir with the base + C2 X can be
designed in  a s im ila r manner. I t  can be shown that the condition of equal 
slope resu lts  in ,

21 X2  -  32Л + 8  = 0 
solving we get, 0.31 or 1.21 .

However, only fo r Л = 1.21, pos itive  coordinates can be obtained fo r the 
above condition . The p ro file s  of these weirs are shown in Fig. 5(a) and 
6 (a ),respec tive ly .

2

(a) Equal slope

F ig . 5, P ro file s  o f p roportiona l parabolic weir fo r base Y^= C^+ Ĉ X
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(a) Equal slope

(b) Constant indication accuracy

Fig. 6, P ro f ile s  o f proportional parabolic weir fo r base Y^= C^+C^X
2
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Constant Ind ication accuracy

When the reference plane coincides w ith the crest, the head can
be measured from the crest as in conventional weirs. Further, i t  ensures
Constant Ind ication Accuracy /8 /  (explained la te r  in th is  paper). This is
achieved by putting У = 1 in  the p ro file  equations of the weir. However,
th is  advantage cannot be incorporated fo r a l l  the bases. For proportiona l

3/2 2parabolic weir having the base = Ĉ  + X and = С, + X , the 
above condition has been achieved with C~/C^ ~ 16/3 ft a3 and 35/24a2,
respective ly . These are shown in the Figs 3(b) and 6(b), respective ly .

Condition of Equal Slope with Constant Ind ica tion  Accuracy

These conditions enable the head to be measured d ire c tly  from the 
crest in  addition to having a smooth tra n s it io n  at the junction o f base 
weir and the complementary weir. I t  also ensures constant Ind ica tion  Ac­
curacy. These conditions are simultaneously achieved fo r the base weir of 
the form Y, = ^  + C? X3/2 + Cj X2 in  which С2/Сх = 64/3 a3/2 and C-j/Cj = 
= -35/8a2. This is  shown in  Fig. 7.

3/2 2
F ig . 7. P ro file  o f p roportiona l parabolic weir fo r base Y= +C^X
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Ind ication Error

Indication Error is  the error in  the measurement of discharge fo r 
a known error in the measurement of head /1 6 /.

The ind ica tion  e rro r or re la tive  e rro r, eg, in  measuring the rate 
o f flow with a weir depends mainly on the e rro r (e^) in the measurement of 
head (h ) over the weir. For a given discharge-head re la tionship , Q = f (h ) ,  
the re la tive  error in  discharge (eg) and re la t iv e  error in head (eh) may be 
mathematically expressed as:

e = me Q h(22)

where m is  the power of head in the discharge-head re la tionship .
A weir g iv ing lesser error in the computed discharge fo r the same 

e rro r in  the measurement of the head is  said to have higher ind ica tion  ac­
curacy over the other w eir.

Comparison of ind ica tion  accuracies

(a) Conventional Parabolic Weir:

Assuming the co e ffic ie n t of discharge to be the same fo r a given 
w eir, the discharge equation is

Q = bh2  (23)
where

b = £ -£ - \J"2g" \J2P"

C = discharge c o e ffic ie n t, and 
P = parametric constant of parabola Y2  = ^  2p x.

D iffe re n tia tin g  Eq. 23 w ith respect to h , we get

dQ = 2bh dh JL, c c
НП On

Relative error = e = 7 Д  = 2 (—Д ) q Q hc

eQ = 2 ehc (24)

I t  can be c learly  seen tha t fo r 1% error in  the measurement of head over a 
parabolic weir causes 2 % e rro r in  the measurement of discharge.

(b) Modified proportional parabolic weir:

The discharge equation is ,

Q = b(h + 3 ia ) 2

= b(hc + a( У  - l ) 2) (25)
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О 1.0 2.0 3.0 ДО

F ig . В. Non-dimensional head (Hc/a)

D iffe re n tia tin g  Eq. 24, w ith respect to hc and sim plify ing

.n dh
p - dQ - 9  c 
eQ " Q “ z (hc+ a < A -l))

2 ehe

(1 + TFT7ä7

(26)

I t  is  c lea rly  seen that the re la t iv e  error fo r the p roportiona l 
parabolic weir varies w ith the non-dimensional head (hc/a ). As A <-1.0 in 
several cases (1 and 5 to 9 of Table 1) the re la tive  error w i l l  be low at 
lower heads and is  always less than tha t of conventional parabolic weir. 
Fig. 8  shows the varia tion  of re la tive  e rro r (eg) with the (hc/a ) fo r  con­
ventional as well as for the modified parabolic weir. Since \ =  2, fo r  weir 
types 4-8 (Table 1), the re la tive  e rro r in  discharge varies from 1% at the 
minimum head to 2% at the in f in ite  head assuming1 egc = 1%. Hence the 
s e n s it iv ity  /16 / of these weirs is  higher than that of the conventional 
parabolic weir.
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Table 4 D e ta ils  of the complementary weir p ro file s  w ith co-ordinate points

(Y /W )2/ ( x + A a )  
Weir type nuirber

1 2 3 4 5 6 7 8 9

0.5 0.0898 0.0565 0.1272 0.07098 1.4849 1.1544 0.09880 0.1289 0.0722

1.0 0.0907 0.0563 0.1267 0.0707 1.4875 1.1538 0.09899 1.1284 0.0721

1.5 0.0910 0.0563 0.1266 0.0706 1.4880 1.1532 0.0990 0.1282 0.0721

2.0 0.0911 0.0563 0.1266 0.0706 1.4883 1.1530 0.0991 0.1282 0.0721

2.5 0.0911 0.0563 0.1266 0.0706 1.4885 1.1529 0.0991 0.1281 0.0721

3.0 0.0911 0.0563 0.1266 0.0706 1.4885 1.1529 0.0991 0.1281 0.0721

3.5 0.0911 0.0563 0.1266 0.0706 1.4886 1.1529 0.0991 0.1281 0.0721

4.0 0.0911 0.0563 0.1266 0.0706 1.4886 1.1529 0.0991 0.1281 0.0721

4.5 0.0911 0.0563 0.1266 0.0706 1.4886 1.1528 0.0991 0.1281 0.0721

5.0 0.0911 0.0563 0.1266 0.0706 1.4886 1.1528 0.0991 0.1281 0.0721

6.0 0.0911 0.0563 0.1266 0.0706 1.4886 1.528 0.0991 0.1281 0.0721

KESHAVA MURTHY, K
. 

- JAYARAM
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E xp erim en ts

Experiments were conducted on fiv e  proportional parabolic weirs 
(Table 3). As shown in Table 4, the tests  were conducted on symmetrical 
notches, with a l l  but one having horizonta l base to check the theory. Ex­
perimental set up is  shown in Fig. 9. The weirs were cut in 0.65 cm (6.5 mm) 
mild steel p lates. The boundary of the weir was care fu lly  marked by a 
scratch awl. The weir had a sharp edge of 0.15 cm (1.5 mm) w ith a 45% 
chamfer. The weir was fixed at the end of a rectangular channel 19.2 m 
long, 1.2 m wide and 1.1 m deep with i t s  crest 23 cm above the bed of the 
channel. The water was fed through a head tank measuring 2.25 m x 2.25 m x 
X 1.8 m, to which water was supplied by two pumps, having a combined 
capacity of 7.0 cfs ( “ 0.2 m"Vs). The head over the weir was measured with 
an e lectron ic point gauge having a least count of 0.0025 cm set 1.8 m apart 
upstream of the weir section. The discharges were measured vo lum etrica lly  
in  a tank measuring 4.52 m x 4.52 m x 1.5 m, through readings in  a persplex 
tube of 2 cm in te rna l diamter, connected to  the bottom at one end. They 
were measured by finding the time taken fo r the water to raise from one 
ind ica to r fixed in  the persplex tube to another fixed exactly at a height

,1.1m

E LE V A TIO N
(N o t to  s c a le )

Fig. 9, Experimental set-up
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Fig. 10a. Side-views o f flow through p roportiona l weir o f F ig. 3a
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F ig . 10b. Front-views of flow through p roportiona l weir of F ig. 3a

of 0.92 m. The ind ica to r points were connected to the leads o f an elec­
tro n ic  timer through the s ta rt and stop mechanism. As soon as the water 
touched the lower ind ica to r the timer was started and automatically stopped 
when the water touched the upper in d ica to r. The time to co lle c t the fixed 
volume of water was recorded with an accuracy of 0 . 0 1  sec fo r  each d is ­
charge. Each experiment was repeated th r ice  to ensure accuracy. At least 
15 min were allowed between the two sets of experiment to a llow  fo r the
water leve l to s ta b iliz e . The experimental de ta ils  are shown in  Figs 10a,

2

10b, and Fig. 11 shows the p lo t of the (h+ ^a ) versus actual discharge of 
the fiv e  weirs tested. I t  is  seen tha t the experimental set up shows a 
remarkable agreement with theory by g iv ing a constant c o e ffic ie n t of d is ­
charge.
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F ig . 11. Discharge versus head above datum

Table 5 Base weir dimensions o f tested  weirs

SI
No.

Weir type 
No.

(Table 3)

Top h a lf  width 
base w e ir 'W 

cm (mm)

Depth o f base 
weir ' a ' 
cm (mm)

Coeff. of 
discharge

Cd

Remarks

1 1 10(100) 5(50) 0.584 Sym

2 3 10(100) 5(50) 0.615 Sym

3 7 15.1(151) 5(50) 0.610 Sym

4 8 12.3(123) 5(50) 0.613 Sym

5 9 8.5(85) 5(50) 0.602 Sym
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C onclus ions

A new design of proportional weir having bases producing a d is ­
charge proportional to the square of the head measured above a reference 
plane is  given. Some of the weirs have a horizonta l base thus overcoming 
the inherent d i f f ic u l t y  of f ix in g  and find ing  the in i t ia l  level of the con­
ventional parabolic weir. The ind ica tion  accuracies of these weirs are 
found to be higher than the conventional weir. For the weir having the 
rectangular base, i t  is  seen that the value of \ =  4/3, so that the re fe r­
ence plane is  situated at 1/3 the depth of base weir below the c res t. 
Further, i t  is  s ig n ifica n t to note tha t the p ro file  of a l l  these weirs 
rap id ly approach the shape of the conventional weir even above a small 
height thus very much reta in ing the s im p lic ity  of the conventional weir.

The designs are fu rther improved by incorporating the add ition a l 
features v iz . ;  ( 1 ) equal slope at the junc tion  of base weir and complemen­
tary weir which ensures smooth tra n s itio n  of flow from base weir to the 
upper curved weir and (2) Constant in d ica tio n  accuracy (by making the
reference plane coincide with the crest, i . e . ,  \  -  1). These are achieved

3/2independently fo r the bases in the form of + C2X and Y-̂  =
= C, + C9 X^. Further, the above two conditions are simultaneously achieved

1 z 3/2 2by fo r the base in  the form of Ŷ  = + C2X ' + Ĉ X .
I t  is  s ig n ifica n t that the parabolic weir having rectangular base 

can be u t il is e d  even in  the rectangular base weir portion as the in d ica tio n  
accuracy in  the base weir portion is  higher than the parabolic w e ir. A 
theorem on the re a liz a b il ity  of the parabolic weir has been enunciated and 
proved which should prove useful to the designers.

Hydraulic tests on fiv e  designed weirs show excellent agreement 
with the theory by giving a constant average coe ffic ien t of discharge which 
varies fo r d iffe re n t weirs from 0.602 to 0.613.
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BUCKLING OF GENERALLY ANISOTROPIC (AEOLOTROPIC) 

SHALLOW SHELLS

KOLLÁR, L.P.*

(Received: 28 March 1989)

The paper deals with the stability analysis of doubly curved 
aeolotropic shallow shells. The governing equation system of 
buckling is derived for the general case of anisotropy (aeolotropy) 
and a closed form solution is shown for the buckling load which can 
be applied for a wide range of cases, among others for orthotropic 
shells. The results can be applied for laminated (composite), 
corrugated, folded, and eccentrically rib-stiffened shells as well.

1. Introduction

The buckling analysis of isotropic shells of different shapes can be 
find in the literature e.g. [10, 11, 12]. The stability of anisotropic 
shells were treated by several authors [17 - 22, 13], and there are works 
on their post-buckling behaviour and on the effect of initial inperfections 
as well [14-16]. The authors used different assumptions for the middle 
surface of the shell, for the buckling shape and for the characteristics of 
anisotropy.

Orthotropic shallow shells were also treated by several authors, e.g. 
in [10, 1, 2, 3, 4, 6]. Dulácska has dealt in his paper [2] with the 
buckling of shallow orthotropic hyperbolic paraboloidal shells provided 
that the principal axes of orthotropy are parallel with the generatrices. 
The same case was investigated in [1, 4, 6]. Dulácska assumed that the 
buckling shape is given by a trigonometrical function which satisfies the 
differential equation but not the boundary conditions, and derived an 
equation from which the critical load can be calculated minimizing with 
respect to two parameters. The results of Gergely [6] are similar, but 
Gergely took into consideration a buckling shape which satisfies the 
boundary conditions in one direction, and the differential equation 
approximately only, making use of the energy principles. In papers [1, 4]

* K o llá r , László P ., H-1122 Budapest, Кагар u. 9, Hungary

Akadémiai Kiadó, Budapest
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numerical analysis can be found.
Dulácska also investigated the stability of shallow orthotropic shells 

with arbitrary shapes assuming that the stiffness matrix of the 
constitutive equation system contains non-zero elements only in the main 
diagonal [3]. He derived an equation on the basis of which the buckling
load can be determined provided that the equation of the middle surface of 

2 2the shell is z = ax +by , the principal axes of the orthotropy are x and y 
and the buckling shape is given by the function w = V sinax sinßy, which 
contains two parameters a and ß . The buckling load can be calculated 
minimizing with respect to these parameters.

As far as we know, the stability of generally anisotropic 
(aeolotropic) shallow shells was not yet investigated. The aim of this 
paper is to generalize the previous results [2, 3, 6, 13] for these 
structures. We derive analytical solution for the buckling load if the 
equation of the middle surface of the shell is an arbitrary function of the 
second order, assuming that the buckling shape is given by double 
trigonometrical functions in a skew co-ordinate system.

In our derivations we shall use operator matrices, which results a 
relatively simple procedure that can be checked easily [8].

2. Basic assumptions and notations

The buckling load is considered to be the load which belongs to the 
bifurcation point of the load-displacement function.

We assume that the displacements are small and the material of the 
shell is homogeneous and linearly elastic. The middle surface of the shell 
is shallow, consequently, we can use the assumptions of shallow shell 
theory [5]. The equation of the surface is denoted by

z = z(x, y)

where x and y are the cartesian co-ordinates of the ground plane.
The internal forces acting on a shell element are shown in Fig. 1. 

These constitute the force vector
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n n
X

П
У

nxy
m

X

mу
mxy

( 2 . 1 )

The external loads acting on a shell element are p , p2 and рз 
(Fig. 1). It should be noted that the components of the load do not follow 
the co-ordinate axes x, у and z, but are tangents to the middle surface in 
planes parallel to the co-ordinate planes ( , p̂ ) and normal to the 
surface (P3)-

Fig. 1. Shell element
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The displacements of an arbitrary point of the middle surface Is 
described by the components u, v and w, which have the same directions as 
the load components P1-P2 and p̂ .

We shall use the load vector p and the displacement vector u defined 
by the expressions :

'  p l  '
,  U  = и

^2
V

P3
w

(2.2a,b)

We denote the in-plane deformations by c , c and y , and the changesX y xy
in curvature and twist of the middle surface by к , к and к . These

X у xy
constitute the deformation vector

e (2.3)

The connection between the internal forces and deformations is

n = M e (2.4)

where M is the stiffness matrix which is (even in the case of aeolotropic 
material) symmetrical :

T T T C С С
i l 12 13 i l 12 13T T Г C С С
12 22 23 21 22 23T T T C С С
13 23 33 31 32 33

C C C В В В
l i 21 31 i l 12 13c C C В В В
12 22 32 12 22 23c C C В В В
13 23 33 13 23 33

If the shell is orthotropic and the principal axis of orthotropy are x 
and y, than
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T
11

T
12

C
i l

С
12

(2.5)
T

12
T

22
T

33

C
21

С
22

С
33

c
11

c
21

В
11

В
12

c
12

c
22

C
33

В
12

В
22

В
33

Here T are the extenslonal (tensile) stiffnesses, В are the IJ U
flexural (bending) stiffnesses and C are the bending-stretching coupling 
stiffnesses of the shell [13].

A special case of orthotropy is when the stiffness matrix has the form
( 2 . 6 )

T / 2xy

В /2xy

This case was treated by Dulácska [2, 3, 10]. In the case of isotropic

she ils

M = Г vT 
vT T

T(l-v)/2

B vB 
vB B

B(l-v)/2

(2.7)

where

T = Et /( 1—b»2)
B = Et3/^12(1-v2) 
E
V

t

the tensile stiffness of the shell, 
the bending stiffness of the shell, 
Young’s modulus,
Poisson’s ratio, 
the shell thickness.

3. Differential equations of aeolotropic shallow shells

The equilibrium equations of shallow shells can be found e.g. in [5]. 
Eliminating the transverse shearing forces, three equations are obtained
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which can be written in matrix form :

p = 0 n (3.1)

where 0 is an operator matrix as follows :

0 = a
d x 0 a

ay
0 0 0

0
a
a y

_  d_ 
dx 0 0 0

a 2 z a 2 z 232 z a 2 a 2 2a 2

d x 2 a y 2 dxdy d x 2 a y 2 d xdy

The connection between the displacements and deformations, 
kinematic relations of the shallow shells are, according to [5]:

e = 0 u ,
where

i.e. the 

(3.3)

a 0 a 2z

dx d x 2

0 a a 2z

d y a y 2

a a 2 a z z

dy dx d x d y

0 0 _  a ^ _

d x 2

0 0
a y 2

0 0
г а 2

d x d y

is the adjoint of 0 [8].
(3.1), (3.3) and (2.4) constitute the differential equation system of 

the eight order of shallow shells. Eliminating the stresses and 
deformations, we obtain :

p = 0 И 0  u ( 3 . 5 )
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4. Governing equations of buckling

For the investigation of stability the change in geometry has to be 
taken into account.

The vector of internal forces before buckling is denoted by n̂ , and 
the middle surface of the shell is given by the function z q , which contains 
the deformations due to nQ as well. The displacements, deformations and 
internal forces during buckling are denoted by Uß> eß and nß respectively.

The shell is shallow, consequently, the function of the middle surface 
of the shell can be written in the following way :

z = z + w , (4.1)о в
where w is the third element of u . в . в

Operator matrices 0 and 0 depend on z. Splitting them into two parts, 
equations (3.1) and (3.3) become
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The internai forces in the shell are

n = n + nо в

(4.5a,b)

where n can be expressed by u , using equations (2.4) and (4.3) в в

(4.6)

n = M [0 + 0 (z + w )] u
B 1 2 0 B B

(4.7)

In the equilibrium equation we do not take into consideration the 
change of the external loads during buckling. Introducing (4.1) and (4.6) 
into (4.2), and making use of the linearity of operator 0̂ , we obtain

p = [0 + 0 (z + w ) ] (n + n ) =
1 2 о в  O B

[0 + 0 (z )) n + 0 (w ) n +
1 2 0 O 2 B 0

+ [ 0 + 0 (z + w ) ] M [ 0 + 0 (z + W )] U  .
1 2 0 B 1 2 O B B

(4.8)

The shell is in equilibrium before buckling, hence 

P

Omitting these terms from Eq. (4.8) we obtain

[0 + 0 (z ) ] n 
1 2 0 о

0 (w ) n + (0 + 0 (z )] M [0 + 0  (z ) ] u
2 В 0 1 2 0  1 2 0 В

+ 0 (W ) M [0 + 0  ( Z  ) ]  U  + [0 + 0 ( z  )] M 0 (w ) U  +
2 B B

0 ( w  ) M 0 ( w  )  U  
2 B 2 B B

0 . (4.9)
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This Is a Donnell-type equation for the equilibrium of aeolotropic 
shells.

The last three terms in this equation contain the second and third 
power terms of the displacements, which are negligible in the analysis of 
the bifurcation load. The first term in Eq. (4.9) can be written in the 
following form

where

(4.10)

(4.11)

and n , n and n are the elements of n . 
x0 y0 xyO о
Now we can obtain a homogeneous linear differential equation system 

from (4.9), on the basis of which the buckling load can be calculated :

[0 e ( z )  :
2 0

M [0 0 (z )] 
2 О

+ 0 u = 0 (4.12)

5. Determination of bifurcation load for aeolotropic 
shallow shells

We have determined the equation system (4. 12) of buckling. This is a 
differential equation system of the eight order with variable coefficients. 
As a rule we can solve this equation only numerically as is usual in the 
literature e.g. [1, 4, 12, 17, 22].

The coefficients of the differential equation system become constant 
if the membrane forces are constant and if the function of the middle

surface is of the second order, i.e.

zq = ax2 + by2 + cxy (5.1)

Let us introduce the following notations :

(5. 2a-c)
R dxdy
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Introducing them into (4.12) we obtain

a
dx 0 a

dy 0 0 0

0 a
a y

a
dx 0 0 0

1 l 1 a2 a2 г а 2

RX R
У

Rxy dx2 ay2 дхду

a 1
dx RX

a 1

a

dy

a

R
У

1
d y dx R

x y

0 0
_ a^_
dx2
я 2

0 0

a y 2

0 0
2d2

дхду

0 0 0

0 0 0

Г a20 0 - n  -- -n
x ° _  2 dx yO

23 2

u = 0 . в (5.3)

We assume the displacement functions in the following form in the skew 
co-ordinate system n (Fig. 2):

uв = и1
Я drcos-^ . 71sin-pT) - U2

» я c
sln7 f О О (Л n

*

€ V e, V

Vв = V1 s i n ^
яCOSj-T) - V2

П -
cos7 f S in­

71 € i')
wв = V1 sin7 ^

. яS 1 nj—T) + V2
77 d-cos] ^

ncos— '
71 € V

Fig. 2. The co-ordinate system
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where 1^ and 1^ are the half wavelengths of buckling in the Ç and T) 
directions respectively. These functions can be written with our cartesian 
co-ordinates, x and y as follows:

u = u cosa(x+c y) sinß(y+c x) - и sina(x+c y) cosß(y+c x), (5.4a)
B 1  1 2  2  1 2

V  =  V  sina(x+c y) cosß(y+c x) - v cosa(x+c y) sin0(y+c x), (5.4b)
B l  1 2  2  1 2

w = w sina(x+c y) sin/3(y+c x) + w cosa(x+c y) cos/3(y+c x), (5.4c)
В 1 1 2 2 1 2

where a, в, c and c are constants which can be calculated from 1-, 1 , 0
1 2 Ç V 1

and 0 .
2
These functions can be used for the investigation of local buckling of 

shallow shells, nevertheless, they satisfy the boundary conditions in 
several cases as well.

Let us introduce functions (5.4a-c) into (5.3). These satisfy the 
differential equation system only if the coefficients of each 
trigonometrical function vanish. Hence, we obtain from (5.3) six linear 
equations, which can be written in the following hypermatrix form :

where

(5.5)

0 0 0 
0 0 1
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T TA and C are the transposes of A and C. The set-up of M is identical with
О

(2.5) and that of M is the following :П
M = T c l ,  (5.8)T C

1 3 13
T C

2 3 23
T T c C

13 23 31 32
c В

3 1 13
C В

3 2 23
C C В В

13 23 13 23

provided that the stiffness matrix is

M = M + Mо n
Further

. , 2 „2 2, „, 2 „2 , ,„2 2 2, A = -n (a +ß с ) -n 2(a c +ß c ) - n (ß +a c )
1 xO 2  xyO 1 2  yO 1

(5.9)

(5.10a) 

(5.10b)

We can obtain the buckling (bifurcation) load from the condition of 
singularity of the coefficient matrix in Eq. (5.5) :

' '
А С М М > ч n н _ Л В л в

О п 1 2
С А м м Ст Ат л в л вn о 2 1

.

(5.11)

The buckling load calculated from (5.11) depends on four parameters :
a, 8, c and c . For the determination of buckling load we have to minimize 1 2
it with respect to these four parameters.



BUCKLING OF AEOLOTROPIC SHELLS 183

6. Special cases of anisotropy

6.1. Orthotropic shells

The investigation of orthotropic shells becomes relative simple if the 
surface is translational, the membrane shear force is zero and the 
principal axes of orthotropy are x and y. In this case

M = 0 , (6.la)П

(6.lb,c)

Assuming

condition (5.11) becomes

From this expression we obtain:

where

det

det D D
11 12

D D
12 22

(6.3)

(6.4a) 

(6.4b)

(6.4c) 

(6 .4d)

(6 .4e)
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(6 .4 f )

(We can apply these formulas for an
axially compressed cylindrical shell
(Fig.3) introducing n =0 and 1/R =0 

У *
into the expressions. In so doing, 
these results become identical with 
those of Jones [19, 20].)
We can derive a simple closed formula 
if in (2.5)

C = 0 , i, j = 1,2,3 .
U

After a lengthy but straightforward 
algebraic procedure we obtain from 
(6.3):

-nxo
Fig. 3. Cylinder

In the special case, if the stiffness matrix has non-zero elements 
only in the main diagonal (2.6), this result becomes more simple. 
Introducing
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into (6.5) we obtain :

A1 4a
T ~ ~y

2-2 + a ß 2
Txy TX

( 6 . 6 )

which is identical with the result of Dulácska [10. Eq.(7.7)].
Let us consider an orthotropic hyperbolic paraboloidal shell assuming 

that the principal axes of orthotropy are parallel with the generatrices. 
If we use simplifications in our Eq. (5.11) which can be found in [2], we 
obtain the result of Dulácska exactly [2, Eq. (18)].

6.2 Isotropic shells

Our results are obviously valid for isotropic shells as well. Assuming 
(6.1a-e) we can use formula (6.3), provided that

This expression becomes identical with formula (9.3) of Dulácska [3] in the 
case of i>=0.

On the basis of (6.7) we can derive easily formulas for some cases
which are well known in the literature.

Let us consider as an example an axially compressed cylinder shown in
Fig.3. Here n =0 and 1/R =0, consequently we obtain from (6.7) у X

1

X
2 ( 6 . 8 )

Introducing them into (6.3) we obtain, after arranging ,
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Let us minimize -n with respect to the expression
1

1

X

X

-.2
1

X

After arranging we obtain

-n = /  В T( 1-u2) = ~  ---- ------------  . (6.9)
y У /  3 В Ul-v2)

Eqs. (6.8) and (6.9) are identical with the expressions (2.8) and (2.11) of
[ 1 0 ] .

The buckling load of spherical and hyperbolic paraboloidal shells can 
be similarly determined from (6.7).

6.3 Laminated (composite) plates

We can apply our results for aeolotropic plates as well. Let us 
consider as an example an antisymmetric cross-ply laminate consists of an 
even number of orthotropic laminae laid on each other with principal 
material directions alternating at 0° and 90° to the laminate axes as in 
the simple example of Fig.4. The replacement stiffness matrix of 
the plate has a special form [9. Eq.4.51 and 4.52]:

Consider a rectangular plate that is simply supported along edges x=0,
x=a, y=0, y=b and subjected to uniform in plane forces -n and -n In

xO y0
this case the differential equation of the buckling and the boundary 
conditions can be satisfied with the functions (5.4a-c) provided that

0
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У

Fig. 4. Exploded (unbonded)
view of a two-layered regular antisymmetric cross-ply laminate

From Eq, (6.3) the following equation can be derived (provided that
1/R 1/R = 0) : у

( 6 . 1 1 )

These expression becomes identical with formula (5.81) of [9], if n =0,
yO

T =T and В = В . The last term in (6.11) shows the effect of coupling 
11 22 11 22

stiffness.

7. Possibilities of further applications

The main result of our paper is that we can take into consideration 
the coupling stiffnesses, i.e. the elements of the stiffness matrix out of 
the diagonal blocks (the C elements in (2.5)). The effect of these 
elements can be significant naturally in the case of laminated shells, but 
in the case of some other engineering structures as well, e.g. in the
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Fig. 5. Corrugated shell

Investigation of eccentrically stiffened shells, when e (or e ) causes n
X y  X

and m (or n and m ) [7]; or that of corrugated (Fig. 5) and folded shells,
ж y  y

when e causes not only n but m as well.
y  y  X
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DETERMINATION GF THE ERECTION SHAPE FOR A SINGLE-MAST ROTATIONALEY 

SYTtTETRICAL CABLE NET IN CASE OF A SPECIFIC  VARIATION OF THE

TENSILE FORCE

KOLLÁR, P.W.*

(Received: 3 February 1989)

In  th is  paper, the erection shape o f s truc tu res, consisting of ro ta t io n a lly  
symmetrical, meridional and annular cables, is  determined fo r values spec ified  
e ith e r fo r the meridional or fo r the annular cable tension. I t  is  also demonstrated 
between what l im its  the given structures can be constructed with constant m eridional 
or annular cable tension. Further on, a simple va ria tio n  in  the annular s p e c ific  
forces is  described, the use of which enables to construct a tent w ith an a rb itra ry  
boundary p o in t. F in a lly , the p o s s ib il ity  is  pointed out that the ca lc u la tio n  of 
compressed membrane shells is  also rendered possible with the use of th is  method.

In t r o d u c t io n

When designing suspended prestressed cable nets, the problem 
arises whether a structure with a prescribed varia tion  of the cable force 
could be designed. The fu lfilm e n t of th is  condition can be advantageous from 
the aspect of both design and erection. This condition can be spec ified  
only fo r e ither the meridional or fo r the annular cables of the te n t. I f  
the va ria tion  in  the tens ile  force is  prescribed fo r the cables in  one d i­
rec tion , then the forces aris ing in the cables in  the other d ire c tio n  can 
no longer be specified. A prescribed va ria tio n  of the tensile  force can 
require d iffe re n t tent-shapes depending on the loads acting upon the d i f ­
fe rent ten ts. In the fo llow ing, only the erection shape of the ten t w i l l  
be dealt w ith, on which only the prestressing forces act.

^K o llá r, Péter W., H-1026 Budapest, Sodrás u. 17, Hungary

Akadémiai Kiadó, Budapest
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Lia,.;-

B asic assum ptions

Let the structure  in  Fig. 1 consisting o f ro ta tiona lly  symmetrical, 
meridional and annular cables be examined f i r s t .  The cables are assumed to 
be id e a lly  e la s tic , but no pressure is  perm itted to arise w ith in them. The 
behaviour of the s tructu re  is  described by the membrane theory, and as a 
load, only the prestressing force P = 2 . T i . C acts. According to our 
notations in  Fig. 2, i f  the specific meridional force is  denoted by Nm, and 
th a t in  the annular d irec tion  by N , then, on the basis of /1 / ,  the fo llo w - 
ing equations are obtained:

where p = surface load in  normal d ire c tio n , and г ’
pm = surface load in  meridional d ire c tio n , m

With Nm expressed from equation (2) and introduced into (1), a fte r rea r­
ranging, the fo llow ing re la tionsh ip  is  obtained:

Since, according to our basic assumption, pf  = 0 and pffl = 0, therefore

(r . N ) - r ,  . N . cosif = -pm a i m  T m

( 2)

Nm

N C C ( 4)
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I
2

I F ig . 2.

and on the basis of (4) and ( 2 )

Na (5)

M ath em a tic a l s o lu t io n s

a) F irs t,  the cables of meridional d ire c tio n  are examined. I f  constant 
forces are supposed to act along these cables, then the follow ing equation 
can be w ritten  on the basis of (4):

C = Nm . 2 . К _ 2 ■ f t  . P . r  = ___P_
” 2  . i t  . г . s in  ip ’  sin p

This expression shows that the given cond ition  can be sa tis fied  only by
p

forces the slope of which is  iden tica l in  each point, i . e . ,  sin ip = .
Consequently, th is  ro ta tio n a lly  symmetrical surface w i l l  be a normal cone 
with a vertex angle of at = 90° - vp .



b) As a second case, the condition is  examined when the spec ific  annular
forces are constant, N = C . With the in troduction  of (4) in to  (5 ), andэ a
a fte r  s im p lify ing , the fo llow ing  re la tion  is  arrived at:

194 KOLLÄR, P.W.

u 7  [u 2 . \ J ( 1  + u2) ]  = - K x .

Since u 1 = du/dx, a fte r separating the variab les, the equation can be 
in tegra ted  as follows:

I-77JT77■
A fte r performing the in teg ra tion , the fo llow ing  equation is  arrived a t: 

-  \ j ( l  + u2) /  u = - (K^ . г + Cj) .

Hence, a fte r solving the equation fo r u, the following re la tionsh ip  is  
obtained :

1u
[(К , . г + C ^ 2 -  l ]  1/2

Hence :

r i  ■ S ln  f  = 2 . 5Г . c  = "  ~ k7  <' 6 a ')
3  J.

According to the re la tionsh ips obtained above

r :  = (1 + Z ,2 ) 3 /2 / z " ; S in 2 ^  = Z 12/ (  1 + Z ’ 2) .

In troducing these in to  (6a), and rearranging, the following d if fe re n t ia l 
equation is  obtained:

z " /  [ z |2 . \ j ( l  + z ' 2) J = -K^ (6b)

With the substitu tions: z 1 = u and z" = u " , we obtain:
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Since u = dz/d r, therefore, a fte r separating the variables again and per­
forming the in teg ra tion  of the equation, the fo llow ing solution fo r z w i l l  
be obtained:

1

— К
[ k x . \ j(K i c l ) + c„ (7a)

The domain of d e fin it io n  of the function is  not the f u l l  domain of r ,  but 
i t  is  lim ited  by two conditions: _________________ _

1 ) i t  is  required that \J(K^ . г + Ĉ ) 2  -  1  should be re a l, i . e . :
(Kj . г + -  1 ^  0 , which yie lds the condition: |к^ . г + j 2 ;  1 .

2 ) i t  is  required that the in e q u a lity : . г + +
+ \J(K1 . г  + Cx ) 2  -  1  > 0  holds.
From the diagram of th is  function, p lo tted  in  Fig. 3, i t  can be seen th a t, 
with the condition : . г + >  1  f u l f i l le d ,  c r ite r ia  1  and 2  are s a tis ­
fied  simultaneously.

F ig . 3,
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The question emerges whether, in  th is  lim ited  domain of values, 
there ex is ts  any so lu tion  in  the case o f po in t pairs R ;̂ Ẑ  and R2 ; Z2, 
de fin ing  an a rb itra ry  boundary condition, i f  К = К, = constant is  given. 
Introducing the given boundary conditions in to  (7a), the follow ing equation 
system of two unknowns is  obtained:

Z 1  = - I n К R1 + Cf + \ (K + Cx r  -  1 + c„ (I)

Z2 = - ^n к R2 + + Y:к r„ - 1 + cn ( I I )

Substracting ( I I )  from ( I )  y ie lds fo llow ing:

+ 1 Г t n n \i77n ^ 2Z1_Z2 = 1  - jT  [_ (K Rx + C1 + \  (K Rx + c p Z - 1

-  i n  ( K R 2 + C1 + | (K r2 + C j T  -  1

and, hence,

e±K( Zr Z2) =
К Rj + Cj t 

К R2 + Cj t

\  (K Rj + Cx) 2 -  1 

\ j (K  R2 + C l ) 2 -  1

(7b)

The le ft-hand side of equation (7b) is  a concrete number depending on the 
fixed  data, while i t s  right-hand side is  a function of C^. However, i t  can 
be seen that th is  function cannot take an a rb itra ry  value, because the 
constant has only a lim ited  domain of d e fin it io n  due to conditions 1  and 
2 mentioned above. The two l im it  points, as degenerated cases, are dea lt 
w ith  in  d e ta il in  connection w ith a numerical example.
c) In the th ird  case to be examined, the sp e c ific  annular force varies ac- 
cording to the function K2  = K-̂  (1 + z' ) .  This varia tion  of the te n s ile  
fo rce , as i t  w i l l  be seen la te r ,  resu lts in  a so lu tion which - contrary to 
the examined case b) -  permits to construct a tent-shape f i t t in g  two 
a rb itra ry  boundary points.
S ta rting  from ( 6 a), the d if fe re n t ia l equation can be w ritten  in  the fo llo w ­
ing form:

1 ) = -  kx
z

( 8 a)
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This d if fe re n t ia l equation can be solved in  a way analogous to tha t used 
in  the solution o f Eq. ( 6 b). The so lu tion is  given by the func tion :

. 2ж (К, г + С, Г  
Z = -  —  ■■

1  г

1  L
(Кхг + Сi> i<h

* Í  en (К ,г  + С, + \  (К ,г * С,)^ + 4 J  * Cj

г + с р  + 4 +
( 8 Ь,с)

where ( 8 b) is  the solution belonging to the positive  sign, while ( 8 c) is  
the so lu tion belonging to the negative sign. As i t  can be seen, the domain 
of d e fin it io n  of the function is  subject to no lim ita tio n , since cond ition  
(K^r + c p 2  + 4= ^0  is  always s a tis fie d , and, at the same time, i t  is  true 
that

(K^r Cl } 4 > К1Г

I t  is  advisable to find  the solution in  a numerical way, due to the d i f ­
f ic u l t  t re a ta b il ity  of the function.

N u m erica l exam ples

1) Determine the equation of the tent whose top boundary ring of a diameter 
2  m is  situated 1 2  m high, while i t s  bottom ring  of a dimater 2 2  m is  2  m 
high above the ground leve l (see Fig. 4). The specific  annular forces 
should vary according to the fo llow ing law:

С = 2 ^ г  (1 + z ' 2 ) " ^ 2  (case c) .

The boundary conditions are:

R 1
= 1 and

Z 1
= 1 2

r2 = 1 1 and
Z 2

= 2



198 KOLLÄR, P.W.

Consequently, the d if fe re n t ia l equation takes the form of ( 8 a):

z'4-Ц - + 1 ) = 1  

z 'Z

I t s  solution is  yielded by equations(8 b) br ( 8 c ) , respectively. The in te ­
gra tion  constants C-̂  and C2  are determined from a non-linear equation 
system with the aid of a computer. Eq. ( 8 c) has no solution fo r the given 
po in ts , while two constants can be calculated from ( 8 b):

= 4.4164123

C2  = 3.7027119

The shape of the ten t is  shown in  Fig. 5.
2) The boundary conditions of numerical example No. 1 were assumed a rb i­
t r a r i ly  in the p o s itive  domain. We could have also assumed the number 
pa irs .

R1 =
-1 Z1 =

12

r2 = -11 Z2 =
2
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which are situated symmetrically the previous point pairs w ith respect to 
axis z.
This boundary condition is  sa tis fied  by equation ( 8 c), and, o f course, the 
tent-shape obtained is  iden tica l with the mirror-image of the shape shown 
in  Fig. 5 with respect to axis z.

3) Let us reduce the annular forces of the given ten t. Let i t  be К = К. or, 
where o t < l .  The solutions fo r the tent-shape sa tis fy ing  th is  condition are 
represented in Fig. 6 .
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What resu lt is  y ie lded i f  л= 0? I f  constant = 0 is  substituted 
in to  ( 8 a), the fo llow ing re la tio n  is  obtained:

z '4-Ц - + 1 ) = 0  .
z U

A product is  equal to zero only i f  at least one of i t s  factors is  zero,
i . e .  :
a .  , —Ц -  + 1 = 0 ;  z ' 2 = -1

z u

This equation has no re a l so lu tion .
b .  , z" = 0; z ' = ; Z = C^r + .
Consequently, the so lu tion  w i l l  be given by a s tra ig h t line  passing through 
the two boundary poin ts.

The correctness o f th is  solution can be easily  checked even by 
v isu a l inspection, since there occurs no annular force i f  the meridional 
curve has no curvature, but th is  can be encountered only with a s tra igh t 
l in e .  But, at the same tim e, th is  includes tha t the meridional cable tension 
w i l l  be constant only i f  the annular force is  zero. Naturally, th is  yie lds 
a cone. This is  in  accordance with the re su lt of our assumption examined 
f i r s t .
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A) In the basic assumptions we allowed only structures in tension, accord­
ing to the users' aspects. However, from the theore tica l aspect, the examin­
ation of structures in  compression is  not lim ited  at a l l  e ith e r. Since, in 
the basic re la tions , neither the tension nor the compression of the s truc ­
tures was made use of anywhere, therefore the shape of the s tructu re  w i l l  
depend only on the sign of the constant meridional or annular forces, re­
spective ly. Due to th is ,  e.g. even the va ria tion  of the sp e c ific  annular 
compressive force can be specified in  a membrane she ll, and, depending on 
the specified va ria tio n , the solutions yielded and examined in  cases 2  and 
3, respectively, can also be obtained. N atura lly , the structures in  com­
pression show a curvature " in  the opposite d irec tion " as compared to  those 
in  tension, i .e .  the former ones w i l l  have a concave shape from underneath.

5) What can be the "height" of the structures constructed i f ,  in  the above 
example, a constant value of the spec ific  annular prestressing force is  
specified, and the ra d ii o f the top and bottom rings of the te n t, and con­
d it io n  К = constant = 1 are prescribed? Introducing the given values in to  
(7b), we obtain the fo llow ing:

Z

12

2
R fiS i.Ii.

In Fig. 7, the shapes belonging to both the structures in  tension 
and in compression are shown.

i l  + c:  + \ J ( i i  + cxr  -  1
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F=eí(z i" z2)

C i F ig . 8.

The function on the right-hand side is  p lo tted  in  Fig. 8 . I t  can be seen 
th a t the function takes i t s  maximum or minimum values, respectively, in 
pa in ts C ^/l/ = 0 and C^/2/ = oo . Hence, ten t-he igh ts and Z^  can be
calculated. I f  Z^  is  assumed to = 2 encountered in  the given example, 
then Ẑ max = 5.088971, and Z2 min = 2 m are yielded. Consequently, the 
"he ight" points of our s tructure  are marked by these two lim its .  In the 
f i r s t  case, the slope o f the tangent belonging to the curve increases in ­
f in i t e ly ,  while in  the second case the tangent remains horizontal a l l  along. 
However, in both cases, the sepcific  meridional force increases in f in i te ly ,  
and, consequently, these extreme points can be taken in to  consideration 
only as mathematical so lu tions .

However, those said above involve the fa c t that i f  the positions 
o f the top and bottom boundary rings of the ten t are fixed as in i t ia l  con­
d it io n s , then the value o f the annular, constant prestressing force can be 
specified only w ith in  a determined range. S im ila rly  to the case introduced 
in  numerical example No. 4, structures in  compression can be calculated 
also in  the case of constant specific forces.

The character o f the functions obtained as solutions is  very close 
to  tha t of the curves shown in  Fig. 7.
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NEW ASPECTS OF DRIP IR R IG A T IO N  HYDRAULICS
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The implementation o f d rip  i r r ig a t io n  technology requires three stages: 
design, in s ta l la t io n  and management. The design and management stages are in tensive 
in  numerical ca lc u la tio n . The purpose o f th is  paper is  to assemble the la s t in fo r ­
mation ava ilab le  as a technical too l and reference source, dealing w ith f r ic t io n a l  
head losses in  m u ltip le -o u tle t i r r ig a t io n  l in e s ,  including the primary losses caused 
by pipe f r ic t io n  and minor losses caused by em itte r barbs, pressure v a ria tio n  along 
the ir r ig a t io n  l in e ,  energy gradient along the la te ra l,  em itter flow  v a ria tio n  and 
u n ifo rm ity  o f em itte r flow. The paper does not address a l l  aspects o f d rip  i r r i ­
gation hydrau lics but includes a lo t  o f common techniques and models used.

NOTATION

L is t  of frequantly used symbols and units

Symbols Explanation Units

C Hazen W illim s roughness c o e ffic ie n t of pipe -
D Inside pipe dimater mm
e Number of em itters per em itter group -
EU Emission un ifo rm ity 0,0

EUa Absolute emission uniform ity 0,"0

f Pipe f r ic t io n  factor -
fe Emitter connection loss as an equivalent length m
F Reduction co e ffic ie n t fo r f r ic t io n  loss in  multiple o u tle t

pipe -

9 Acceleration of gravity m/s^
H Pressure head at the emitter m

*Sharaf, A. Gamal, GATE Vízgazd. és M elio rác iós Tnsz., H-2103 Gödölló, Nyisztor 
té r  1, Hungary

Akadémiai Kiadó, Budapest
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Symbols Explanation Units

HFe Emitter connection pressure loss m
Hi Pressure head a t a given length ra t io  i m
Hmax Maximum pressure head in  line m
Hmin Minimum pressure head in  line m
Ho Pressure head a t the head of the la te ra l lin e m
Hvar Pressure head va ria tio n m
H' Total energy m
HF Pressure head loss due to f r ic t io n  in  la te ra l m
HFi Pressure head loss due to f r ic t io n  at a given length ra t io  i m
HFx Pressure loss due to fr ic t io n  from X to the closed end m
HF' Pressure head gain or loss by slopes m
HF'i Pressure head gain or loss by slopes at a given length ra t io i  m
i Length ra t io  (1 /L ) -
J Pressure head loss gradient of la te ra l m/ 1 0 0

J ' Pressure head loss gradient of la te ra l w ith emitters m/ 1 0 0

к Constant of p ro p o rtio n a lity  of em itter flow -

i Given length measured from head end of the line m
L Total la te ra l l in e  length m
m Flow rate exponent in f r ic t io n  equation -
n Number of em itters -

q Emitter flow ra te ( 1 /h )
qavg Average em itte r flow ( 1 /h )

q i Emitter flow ra te  at a given length ra t io  i ( 1 /h )
qmax Maximum em itter flow rate ( 1 /h )
qmin Minimum em itter flow rate ( 1 /h )
qvar Variation of la te ra l lin e  flow 0,0

q ' var S ta tis tic a l d e f in it io n  of qvar 0.
0

q x Average of the highest 1/8 of em itte r flow rates ( 1 /h )

q' Mean em itter discharge ( 1 /h )

Q Lateral flow ra te ( 1 /h )

Re Reynolds number -
Ri F ric tion  energy drop ra tio -
R 'i Elevation energy gain or loss ra t io -
se Emitter spacings on la te ra l lin e m

Sj Slope of the j  section along the lin e m

Sm Standard devia tion  of emitter flow due to manufacturing ( 1 /h )
Sq Standard devia tion  of em itter flow due to hydraulics ( 1 /h )
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Symbols Explanation Units

Uc Chritiansen' s uniform ity
Us S ta tis t ic a l un iform ity
V Flow ve loc ity
Vm Coeffic ient of manufacturing va ria tion
Vq Coeffic ient of va ria tion  of em itter flow due to hydraulics 
Vt Total c o e ffic ie n t of varia tion  of em itter flow along the

m/s

la te ra l lin e
X Emitter discharge exponent
X Given length, measured from the closed end of the line
y Ir r ig a tio n  depth
y' Mean ir r ig a t io n  depth
dy' Mean deviation o f ir r ig a tio n  depth
z Elevation

m
m
mm
mm
m

Introduction

Drip ir r ig a t io n  is  a re la tive ly  new method that has developed mainly 
over the las t decade. Water is  applied by means of mains, manifolds and 
p la s tic  la te ra ls , usually la id  on the ground surface. Equally spaced along 
the la te ra ls  are em itte rs, operating at low in le t  pressure head (roughly 
10 m) and small discharges (fo r example 2, 4 and 8  1 /h). The water t r ic k lin g  
onto the ground surface enters the s o il p ro f ile  and percolates downwards 
and outwards. The re su lt is  a lim ited cone shaped volume of moist s o il sur­
rounding the plant root zone.

Current t r ic k le  ir r ig a tio n  design practice has evolved from methods 
and re lationships were developed fo r design o f other types of ir r ig a t io n  
systems. S im ilar p rinc ip les  apply in the design of both t r ic k le  and 
sprink le r ir r ig a t io n .  In both methods water is  applied by means of a net­
work of pipes and heads, placed at desired spacings and discharging given 
flow rates at selected pressure head. The differences l ie  in  the length of 
the spacings, the sizes of the discharges and operating pressure heads, and 
the duration of water application and ir r ig a t io n  in te rva ls .
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D evelopm ent of d r ip  i r r i g a t i o n

O rig ina lly , d rip  ir r ig a t io n  was developed as a subsurface i r r i ­
ga tion . The f i r s t  such experiment began in  Germany in 1869 where clay pipes 
were used in a combination of ir r ig a tio n  and drainage. The f i r s t  reported 
work in  the U.S.A. was made in  Colorado in  1913 indicated that the concept 
was expensive to use. Subsequent to 1920 perforated pipe was used in  Germany 
which made the concept feas ib le . Since then, various experiments have been 
s ta rted  (Jensen, 1980).

D r ip  i r r i g a t i o n  system  components

The drip ir r ig a t io n  system consists of em itters, la te ra l lin e s , 
main lines , and the head of control s ta tion  as shown in  Fig. 1.

Control station

F in . 1. Typical d rip  ir r ig a t io n  system

1 -  Emitters: they are mechanical devices located at selected points along 
the water delivery lin e s  to  control the flow and decrease the water pres­
sure head.
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2 - Latera l lines : they are the hydraulic l in k  between the supply lin e s  
and the em itters, have diameter of (9-19 mm) and usually made of p la s t ic .
3 -  Main lin e s : fo r carrying water to the la te ra l lines from the head.
4 - Control s ta tion : is  located where the water is  measured, f i l te re d  or 
screened, treated, and regulated as to pressure and timing of app lica tion .

The hydraulics characteris tics of em itters are d ire c tly  re la ted  to 
the mode of f lu id  motion (flow  regime) inside the emitter as characterized 
by the Reynolds number Re (Jensen, 1980). The flow regimes are usually 
characterized as (a) laminer R e <  2000; (b) instable 2000 -< Re <c = 4000; 
(c) p a r t ia l ly  turbulent 4000 -c  Re -<  = 100.000; (d) fu l ly  tu rbu len t
100.000 <  Re. Keller and Karmeli, 1974 c la ss ifie d  emitter cha rac te ris tics  
by flow regime, pressure d issipation , la te ra l connection, water d is t r i ­
bution, flow cross-section , cleaning cha rac te ris tics , pressure compen­
sation, and construction material.

In general, characteris tics of most d rip  emitters can represented 
in the em itting flow regime by an exponential equation of the form.

where q is  the em itter discharge ( 1 /h ) , к is  p roportiona lity  fac to r that 
characterized the em itter dimension, x is  em itter discharge exponent, and, 
H is  the operating pressure head (m).

The co e ffic ie n t к is  the intercept on a log - log p lo t of q versus 
H and the co e ffic ie n t x is  the slope of the lin e . I t  is  also possible to 
estimate x from the discharges from two d iffe re n t operating pressures as 
follow

where q^ and q2  are the em itter flows at pressure and respective ly  
(Balogh and Gergely, 1985; Nakayama, 1986).

The magnitude of x characterizes the discharge versus pressure 
re la tionsh ip . I t  is  the measure of how sensitive  the discharge is  to 
pressure. The value of x w i l l  typ ica lly  f a l l  between 1.0 and 0.1 depending 
on the design of the emission device (Braud and Soon, 1979).

Hydraulics of em itters

q = к H‘,x ( 1)

ln (q ,/q ?)
( 2 )
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The o r if ic e  and nozzel type usually have fixed area (Benami and 
Ofen, 1984). The flow and hydraulic pressure re la tion  is  shown to  be

q к H0.5
( 3)

This means that the discharge varies w ith the square root of the 
pressure head. Pressure compensating em itte rs are designed so that the flow 
area changes with respect to pressure (Nakayama and Bucks, 1986). The flow 
area and the hydraulic pressure are re la ted by

A = b H'V (4)

where A is  the o r if ic e  area and b, y are constants in power function and 
combining equation (3) and (4) the resu ltan t em itter flow function becomes

q = к Н°-5_У (5)

th is  shows that x value in  the power function  can be less than 1.5. I f  у 
value is  0.5, the emission exponent w i l l  be zero and thus means tha t the 
em itte r is  fu l ly  pressure compensating to give a constant flow ra te  even 
the hydraulic pressure changes.

The long flow path type can be represented by the flow o f a small 
microtube (Balogh, 1985). I f  the area o f the flow path is  fixe d , the 
em itte r flow function can be given as a simple power function

q = к Hx ( 6 )

in  which x = 1 fo r laminar flow, x = 0.75 when the flow is  considered as 
tu rbu len t flow in  smooth pipe, and x = 0.5 when the flow is  considered f u l l  
tu rbu len t in a small tube (Nakayama, 1986).

Hydraulics of drip  ir r ig a t io n  lines

Grip ir r ig a t io n  lines  made of p la s tic  are usually considered as 
smooth pipe. Both the Darcy -  Weisbach equation fo r pipe flow and Hazen- 
W illim s empirical equation can be used to  determine fr ic t io n  loss along 
the la te ra l lin e  and submain. F ric tion  loss is  usually evaluated using
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H a z e n -W il l im s  e q u a t io n  w it h  c v a lu e  e q u a l to  1 5 0 , due to  i t s  s i m p l i c i t y  

(M e s h k a t ,  1 9 8 5 )

HF = K (Q /C )1 -8 5 2  O '4 ' 87 L ( 7 )

in  w h ic h  HF i s  p ip e  f r i c t i o n  head lo s s  ( m ) ,  L i s  p ip e  le n g th  ( m ) ,  К i s  a 

c o n s ta n t  1 .2 1 E 1 0 ,  D i s  th e  in s id e  p ip e  d ia m e te r  (m m ), C i s  th e  H azen -  

W il l im s  f r i c t i o n  c o e f f i c i e n t ,  and Q i s  th e  f lo w  r a t e  ( 1 / s ) .

Many p ip e  m a n u fa c tu re rs  recommend a maximum v e lo c i t y  o f  1 . 5  m /s  in  

p l a s t i c  p ip e .  A t t h i s  v e lo c i t y  th e  v a lu e  o f  C t h a t  com pares b e s t  to  th e  

B la s iu s  e q u a t io n  w i l l  depend on p ip e  d ia m e t e r ,  w ith  C = 130 f o r  14 to  15 

mm p i p e ,  C = 140 f o r  18 to  19 mm p ip e ,  and C = 150 f o r  25 t o  27  mm p ip e  

(J e n s e n , 1 9 8 0 ) .

H a z e n -W il l im s  e q u a t io n  was o r i g i n a l l y  d e v e lo p e d  f o r  f lo w  o f  w a te r  

in  w a te r  d i s t r i b u t i o n  n e tw o rk  w here R e y n o ld s  numbers w ere  g r e a t e r  th a n  

1 0 0 .0 0 0 .  In  t r i c k l e  i r r i g a t i o n  s y s te m s , p a r t i c u l a r l y  in  s m a ll e m i t t e r  tu b e s  

and l a t e r a l  h o s e s , f lo w  ra n g e s  from  th e  la m in a r  r e g io n  up t o  R e y n o ld s  

number o f  o n ly  2 0 ,0 0 0  to  4 0 ,0 0 0  (W a t te r s  and K e l l e r ,  1 9 7 8 ) .

The D a rc y -W e is b a c h  e q u a t io n  a lo n g  w i t h  th e  Moody d ia g ra m  f o r  d e ­

te r m in in g  th e  f r i c t i o n  f a c t o r  i s  th e  m ost u n iv e r s a l ly  a p p l ic a b le  fo rm u la  

comm only used f o r  co m p u tin g  f r i c t i o n  head lo s s  in  t r i c k l e  i r r i g a t i o n  p ip e s

. 2
HF = f  ( j j )  ( ^ )  ( 8 )

w h ere  f  i s  th e  f r i c t i o n  f a c t o r  fro m  th e  Moody d ia g ra m , v i s  th e  v e l o c i t y  

i n  th e  p ip e  ( m /s ) ,  and g i s  th e  a c c e le r a t io n  o f  g r a v i t y .

The Moody d ia g ra m  F i g .  2 p e r m its  f in d in g  f  v a lu e s  when t h e  R e y n o ld s  

num ber o f  th e  f lo w  and th e  p ip e  ro u g h n e s s  a r e  known. The f r i c t i o n  f a c t o r  f  

ca n  a ls o  be fo u n d  f o r  th e  f lo w  re g im e  e x p e c te d  in  t r i c k l e  i r r i g a t i o n  

th ro u g h  use o f  th e  R eyn o ld s  num ber, Re fro m  th e  f o l lo w in g  e q u a t io n s  

(M e s h k a t and W a rn e r , 1 9 8 5 )

H a g e n - P o is e u i l le f  = 6 4 /R e Re < 2 0 0 0 ( 9 )

B la s iu s f  = 0 .3 1 6 /R e 0 - 25 2000 < R e  <  1 0 5 ( 1 0 )

N ik u ra d s e f  = 0 .1 3 /R e 0 ' 172 1 0 5< R e  < 1 0 7 ( 1 1 )

In  g e n e r a l ,  th e  f r i c t i o n  lo s s e s  f o r  p ip e  f lo w  have a s im p le  fo rm

HF = к  Qm L (12)
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F ig . 2. Moody diagram w ith  Darcy-Weisbach f r ic t io n  fa c to r v s . Reynolds number

I n  c a s e  o f  u s in g  D a rc y -W e is b a c h  e q u a t io n :

Re < 2 0 0 0  

2000 <  Re < 1 0 5 

1 0 5 < R e < 1 0 7

К = 4 - 1 0 3/D 4 m = 1

К = 7 .8 9  ■ 1 0 5 /D 4 - 75 m = 1 .7 5

К = 9 .4 7  • 1 0 5 /D 4 ,8 2 5 m = 1 .8 2 5

I n  c a s e  o f  u s in g  H a z e n -W il l im s  e q u a t io n  w it h  c c o e f f i c i e n t  15 0 :

К = 1 .1 3 5  • 1 0 6 /D 4 - 871  m = 1 .8 5 2 Re > 1 0 5

w h e re  HF i s  th e  p ip e  f r i c t i o n  head (m ) ,  Q i s  th e  t o t a l  f lo w  r a t e  ( 1 / s ) ,  D 

i s  t h e  in s id e  p ip e  d ia m e te r  (m m ), and L i s  t o t a l  p ip e  le n g th  (m ) .

Head lo s s e s  in  l a t e r a l s  and m a in fo ld s  w i t h  e v e n ly  sp aced  o u t l e t s  

e a c h  w i t h  u n ifo rm  d is c h a r g e  m ust in c lu d e  a r e d u c t io n  c o e f f i c i e n t  F n e c e s ­

s a r y  t o  com pensate th e  d is c h a r g e  a lo n g  th e  l i n e  (W a t te r s  and K e l l e r ,  1 9 7 8 ) .  

F v a lu e s  f o r  d i f f e r e n t  nu m b ers  o f  o u t le t s  a lo n g  th e  l i n e  a re  g iv e n  in  T a b le  

1 o r  c a n  be e s t im a te d  by t h e  fo l lo w in g  fo rm u la
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F = ( l / ( m + l )  + ( l / 2 n )  + ( ( m - l ) ° - 5/ 6 n 2 ) ( 1 3 )

w h ere  ш is  th e  f lo w  r a t e  e x p o n e n t and n i s  th e  num ber o f  e m i t t e r s .

Table 1 Reduction co e ffic ie n t F fo r m jl t ip le -o u t le t  p ipe line 

f r ic t io n  loss computations

No. o f 
o u tle ts

F-values
No. o f 
o u tle ts

F-values

1 1.00 9 0.42
2 0.65 10-11 0.41
3 0.55 12-15 0.40
4 0.50 16-20 0.39
5 0.47 21-30 0.37
6 0.45 31-70 0.37
7 0.44 70 0.36
8 0.43

E m itte rs  c o n n e c tio n  lo s s e s  (m inor lo s s e s )  in  l a t e r a ls

The e m i t t e r  c o n n e c to r  b a rb  p r o je c t s  i n t o  f lo w  in  l a t e r a l  hose c a u s e s  

a d d i t io n a l  t u r b u le n c e  o v e r  th e  above n o rm al p ip e  f r i c t i o n  t u r b u le n c e .  The  

a d d i t io n a l  head lo s s  m ust be com puted and c o m b in e d  w it h  th e  p ip e  f r i c t i o n  

head lo s s  to  r e p r e s e n t  th e  t o t a l  head lo s s  a lo n g  th e  l a t e r a l .  K a r m e li  and  

K e l l e r ,  1974 g iv e  tw o  m ethods f o r  c a lc u l a t in g  e m i t t e r  f r i c t i o n  lo s s ,  one  

b e in g  an e q u iv a le n t  in c r e a s e  o f  ro u g h n ess  ( c  v a lu e )  in  th e  p ip e  and th e  

o t h e r  b e in g  th e  d e t e r m in a t io n  o f  e q u iv a le n t  a d d i t io n a l  l a t e r a l  l e n g t h .

I f  th e  s p a c in g  o f  th e  e m it t e r s  i s  se  ( m ) ,  th e n  f o r  p u rp o s e  o f  com­

p u t in g  head lo s s ,  th e  le n g t h  o f  th e  l a t e r a l  L (m ) s h o u ld  be in c r e a s e d  to  

L e , and can be e x p re s s e d  as

Le
se + fe  

se
( 1 4 )

w h ere  Le i s  th e  e q u iv a le n t  le n g th  o f  th e  l a t e r a l  w it h  e m i t t e r s  (m ) ,  f e  i s  

th e  e m i t t e r  c o n n e c t io n  lo s s  as an e q u iv a le n t  le n g th  o f  l a t e r a l  ( m ) .

V a lu e s  o f  f e  f o r  d i f f e r e n t  s iz e  e m i t t e r  b a rb s  and v a r io u s  p ip e  s iz e s  

ca n  be o b ta in e d  fro m  F i g .  3 w h ich  i s  based on l a b o r a t o r y  s tu d ie s  p r e s e n te d  

by W a tte rs  and K e l l e r ,  1 9 7 8 . The fe  can a ls o  be e s t im a te d  a c c o rd in g  to  th e  

f o l lo w in g  fo r m u la s ,  as  g iv e n  by De P aco , 1 9 8 5 .
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E
a

7 8 9 10 15 20 25 30 AO

Inside diameter of the 
lateral D (mm)

On line emitters 
Dimensions (mm)

Size b
1-Large 5 0 7.6
2-Standard 5.0 5.0
3-Small 5.0 38
A- In line em itte r

„On line"

„In  l in e "

-La te ra l line

Fig. 3. Equivalent length of pipe

l - On-line large size connection
fe = 23.04/D1-84 (15)

2- On-line standard size connection
fe = 18.91/D1-07 (16)

3- On-line small size connection
fe = 14.38/D1-89 (17)

4- In -lin e  connection
fe = 0.23

where fe is  the equivalent length (m); and D is  the inside diameter (mm).
Terryan and F o rilan , 1978 estimated the fr ic t io n  losses due to 

e m itte r connection across seven types of emitters by using Hazen-Willims 
equation with c value 140 and pipe in te rna l diameter 14.7 mm.
The Hazen-Willims equation a fte r reduction and rearrangement becomes

fe = 0.384 HFe Q_1' 852 (18)

where HFe is  the em itter connection pressure loss (m), and Q is  the d is­
charge (1 /s).
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The v a lu e s  o f  f e  w ere  p l o t t e d  v e rs u s  Q on lo g  -  lo g  p a p e r ,  a f t e r  

d e te r m in in g  H Fe. A pow er f u n c t io n  was f i t  to  th e  d a ta  f o r  th e  e m i t t e r  w i t h  

th e  fo rm

fe = Ce QM (19)

where Ce and M are the intercept and slope, respectively. The re su lts  are 
represented in F i g .  4.

F ig . 4, Pressure losses across o n -line  
em itte rs expressed as equ iva lent length 

o f pipe

G en e ra l f r i c t i o n  cu rve  fo r  d r ip  i r r ig a t io n  l in e s

The head lo s s  a lo n g  any m u l t i p le  -  o u t l e t  p ip e  l i n e  w i t h  u n ifo rm  

o u t l e t  s p a c in g  and d is c h a rg e  can  be r e p r e s e n te d  by a s in g le  l i n e  on a 

d im e n s io n le s s  p l o t  o f  th e  r e l a t i v e  haed lo s s  and th e  p o s i t io n  (Wu and  

G i t l i n ,  1 9 7 4 ) .

W a tte rs  and K e l l e r ,  1978 have  shown t h a t  f o r  th e  s m a ll  d ia m e te r  

sm ooth p ip e s  used in  t r i c k l e  l a t e r a l s ,  th e  D a rc y -W e is b a c h  e q u a t io n  ( 1 8 )  

co m b ined  w it h  th e  B la s iu s  e q u a t io n  ( 1 0 )  f o r  F g iv e s  a c c u r a te  p r e d ic t i o n s  o f  

f r i c t i o n  head lo s s ,  as f o l lo w .
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F ig , 5, General f r ic t io n  curve fo r a m u lti-o u tle t p ip e lin e  w ith uniform pipe s ize , 
spacing between ou tle ts  and flow  per o u tle t

3  = 100 H F/L  = KCQ1* 7 5 / D 4 * 7 5 )  ( 2 0 )

W here  J i s  th e  head lo s s  g r a d ie n t  (m /1 0 0 m ), К i s  c o n s ta n t  7 .8 9 E 7 .

U s in g  th e  e q u iv a le n t  le n g th  m ethod to  e s t im a t e  th e  a d d i t i o n a l  head  

lo s s  due to  e m i t t e r  c o n n e c t io n s  a lo n g  th e  i r r i g a t i o n  l i n e

J ' = 3 ?e + ■—  ( 2 1 )
se

w h e re  J ' i s  th e  e q u iv a le n t  head lo s s  g r a d ie n t  o f  l a t e r a l  w ith  e m i t t e r s ,  se  

i s  th e  s p a c in g  b e tw e e n  e m i t t e r  c o n n e c tio n s  ( m ) ,  and f e  i s  th e  e q u iv a le n t  

l e n g t h  o f  e m i t t e r  c o n n e c t io n  lo s s .

Th en , head lo s s  c o m p u ta tio n  in  l a t e r a l s  w h ic h  have e v e n ly  sp ace d  

o u t l e t s  w ith  u n ifo rm  d is c h a r g e  from  e a c h  o u t l e t  can be e s t im a te d  by

HF = J'FL/100 ( 2 2 )
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combining equations 20, 21 and 22 yie lds

HFX
I7TÜÖ J ' F ( f )

2.75
(23)

where X is  the distance from the la te ra l closed end (m), HFX is  the head 
loss from X to the closed end, and L is  the to ta l length of the la te ra l.

Equation (23) defines the general f r ic t io n  curve Fig. 5, which is  
useful fo r graphical solutions to such problems as: locating the optimum 
manifold positions on sloped fie ld s ; determining the em itter pressure 
p ro file  along downhill la te ra ls ; and selecting optimum sets of pipe sizes 
fo r tapered manifolds on sloping f ie ld s  (Ke lle r and Radrigo, 1979).

The shape of the general f r ic t io n  curve can be plotted from an out­
le t  by ou tle t analysis of a typ ica l m ultip le  ou tle t line .

Energy g ra d ie n t  l i n e  fo r  d r ip  i r r i g a t i o n  l in e s

The to ta l sp e c ific  energy at any section of a t r ic k le  lin e  can be 
expressed by the energy equation

2
H' = z + H + ^  (24)

where H1 is  the to ta l energy (m), z is  the potentia l head (m), H is  the
2

pressure head (m), and (v /2g) is  the ve loc ity  head (m).
As the flow rate in  the lin e  decreases with respect to length, the 

energy gradient lin e  w i l l  not be a s tra ig h t lin e  but exponential type 
curve. The shape o f the energy gradient lin e  fo r leve l ir r ig a t io n  lines 
Fig. 6 can be expressed by a dimensionless pressure gradient l in e ,  since 
ve loc ity  head changes are neg lig ib le , as derived by Wu and G it l in ,  1974

Ri = l m  ( l - i ) m+1 (25)

where Ri is  energy drop ra tio  (HFi/HF), m is  the exponent of the flow  rate 
in the f r ic t io n  equation, HFi is  the pressure drop (m) at a length ra tio  
i  ( i = / / L ) ,  HF is  the to ta l energy drop at the end of the lin e , L is  the 
to ta l length and (  is  a given length measured from the head end of the 
lin e .
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Length  r a t io ,  l / L

F ig . 6 , Dimensionless curves showing the f r ic t io n  drop pa ttern  caused by laminar 
flow in  smooth p ipe , and complete tu rbu len t flow  in  the la te ra l lin e

The dimensionless energy gradient lin e  w i l l  serve to determine the 
energy gradient curve (pressure gradient curve) when the to ta l energy drop 
is  known.

P re s su re  v a r i a t io n  along a d r ip  i r r i g a t i o n  l in e

Jensen, 1980 ind ica ted  that the pressure d is tr ib u tio n  along a drip  
ir r ig a t io n  line  is  a lin e a r  combination of the lin e  slope and energy slope.

With the knowledge of length and slope o f a lin e , the pressure head 
gain or drop can be determined. The f r ic t io n  drop at any given length of 
l in e  can be determined when a to ta l pressure drop (HF) is  known. The pres­
sure d is tribu tion  along a d rip  irr ig a tio n  la te ra l i f  an in i t ia l  pressure is  
given can be determined as shown in Figs 7, 8.

The pressure v a r ia tio n  along a la te ra l can be expressed mathemat­
ic a l ly  as follow

H i = Ho -  HFi + H F 'i (26)
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-------- P ressu re  lo s s  b y  fr ic t io n
-------- Final p re s s u re  d is t r ib u t io n
-------  P re s s u re  lo s s  b y  s lo p e

— I------- 1------ 1---- 1--------- 1-------1-------«------- 1-------1---- »

0.1 0.2 0 3  0A 0.5 0.6 0.7 0 .8  0 3  1.0

Length  r a t io ,  l / L

F ig . 7. The pressure d is tr ib u tio n  along a d r ip  ir r ig a t io n  lin e  (upslope)

-------- P ressu re  lo s s  by fr ic t io n
-------- F ina l p re s s u re  d is tr ib u t io n
-------  P re s s u re  g a in  by s lo p e

0  0.1 0.2 0 3  0.A 0.5 0.6 0 .7  0.8 0.9 10 

L e n g th  r a t io .  I / L

Fig. 8 . The pressure d is tr ib u tio n  along a d r ip  ir r ig a t io n  lin e  (downslope)
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where Hi is  the pressure head at a given length ra tio  i ,  Ho is  the input 
pressure, H'Fi is  the pressure head gain or loss by slopes ("+ " sign for 
downslope, " - " s ig n  fo r upslope) at a given length ra tio  i ,  and HFi is  the 
to ta l f r ic t io n  drop at a given length ra t io  i .

Equation (26) can be expressed by using the pressure drop ra t io  Ri 
from the dimensionless pressure (energy) gradient line  and pressure head 
gain or loss ra tio  by slopes, R 'i (Wu and G it l in ,  1974)

Hi = Ho - Ri HF + R 'i HF' (27)

where Ri is  pressure drop ra t io  by f r ic t io n  = HFi/HF, and R 'i is  the pres­
sure drop (or gain) ra t io  by slopes = H F 'i/H F '.

Equation (26) can be used for both uniform and non-uniform slopes, 
fo r  uniform slopes, the R 'i is  the same as the length ra tio  1. The pres­
sure along the drip ir r ig a t io n  line  w i l l  then be given by

Hi = Ho - Ri HF + i  HF' (28)

In the case where the tr ic k le  ir r ig a t io n  line  is  la id  on non-uni­
form slopes the pressure along the ir r ig a t io n  lin e  can be expressed as

Hi = Ho - Ri HF + ф  sum Sj (29)

where Sj is  the slope of the j  section along the line  using "+" sign fo r
downslope (energy gain) and for upslope (energy loss).

E m itte r  f lo w  v a r ia t io n  and u n ifo r m ity  o f  e m it te r  flo w

The following is  a b r ie f review o f some of the more commonly used 
measures fo r ir r ig a tio n  un ifo rm ity  and em itte r.

As shown in eq. (1) the emitter flow  is  determined by the hydro­
s ta t ic  pressure H at the em itte r. This means whenever there is  a pressure 
v a r ia tio n  Hvar in the d rip  ir r ig a tio n  lin e  there w i l l  be an em itter flow 
v a r ia tio n  qvar.

Flow varia tion  w ith suggested m odifications fo r s ta t is t ic a lly  based 
ca lcu la tion s  summarized by B arits  and Wu, 1979 in  Table 2.
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Table 2 Uniform ity and em itter flow va ria tio n  equations

Common name O rig ina l form S ta t is t ic a l form

C hirstiansen's
Uniform ity (Uc) Uc = 100 ( l - d y ' / y ' )  Ucm = 100(1-,798Vq) (30)

S ta t is t ic a l
U niform ity (Us) Us = 100 (1-Vy) Us = 100 (1 -  Vq) ( J l)

Emission 
Uniform ity (EU)

Emitter Flow 
V aria tion  (qvar)

EU = 100 (1 Vm) same (32)^0.5 qavg

qvar = 100 -  ф11П) q ’ var= 100 (1 - (7 7 ^ ) )  (33)

where qmin, qavg, and qmax are the minimum, average, and maximum em itter 
flow , respectively, Vm is  the co e ffic ie n t of manufacturer's va ria tio n , Vq 
is  the co e ffic ie n t of va ria tion  of em itter flow, Vу is  the c o e ffic ie n t of 
va ria tion  of ir r ig a tio n  depth, dy' is  the mean deviation of ir r ig a t io n  
depth and y' is  mean ir r ig a t io n  depth, along the ir r ig a tio n  lin e . The 
re la tionsh ip  between pressure and em itter flow varia tion  are re la ted by 
the X value in equation (1) expressed by Keller and Karmeli, 1974 as fo llow

qvar = 1 -  (1-Hvar)* (34)
and

u Hmax - Hmin f - , c
Hvar = ------ Fimlx (35)

The re la tionsh ip  between qvar and Hvar for d iffe re n t x values is  p lo tted  in  
Fig. 9.

The em itter flow at any point q i along the la te ra l can be estimated 
by substitu ting  equation (26) in to  em itter flow equation (1) as indicated 
by Wu and G it l in ,  1975

qi = к (Ho - Ri Hf + R 'i HF')X (36)

Removing к by d ivid ing by the em itter flow at Ho yie lds

qi = qo (1- Ri HF 
Ho

R 'i H F \X 
Ho ; (37)

where qi is  the emitter flow at a given length ra t io  i ,  Ho is  the operation 
( inpu t) pressure, and qo is  the em itter flow at input pressure Ho.
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E m itte r  f lo w  v a r ia t io n , q var , (% )

F ig . 9. The re la tio n s h ip  between em itter flow  v a ria tio n  and pressure va ria tio n
fo r X values

Equation (37) used by Barits and Wu, 1979 to develop the co e ffic ien t 
of va ria tion  of em itter flow due to hydraulics Vq as fo llow

Vq = (38)
and

Sq = (^  sum (g i -  q ') 2)0,5 (39)

where Sq is  the standard deviation of em itter flow rate due to hydraulics 
(1 /h ), q1 is  the mean em itter discharge (1 /h ), and n is  the number of 
em itte rs.

Since no two em itters devices can be id e n tic a lly  manufactured, some 
va ria tio n  w i l l  e x is t from em itter to em itte r. Solomon, 1977 recommended 
adopting a measure of th is  varia tion  called the coe ffic ie n t of manufacturing 
va ria tio n  Vm given by the follow ing re la tionsh ip

Vm = ^  (40)q

where Sm is  the standard deviation of the flow rate due to manufacturing 
( 1 / h ) .
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B arits  et a l. ,  1981 introduced the fo llow ing equation to estimate 
the s ta t is t ic a l un iform ity Us fo r la te ra ls  or submains

Us = 100 (1-Vt) (41)
and

Vt2 = (Vq2 + Vm2) (42)

where Vt is  the to ta l coe ffic ie n t of va ria tion  of em itter flow along the 
la te ra l or submain.

The advantage of the above equation over the other presently used 
uniform ity measures is  that additional factors such as em itter plugging, 
la te ra l lin e  temperature and other varia tions can also be included in  the 
f in a l un iform ity co e ffic ie n t which is  the quantita tive  evaluation of the 
em itter flow va ria tion . The re lationship between the amitter flow varia tion  
and uniform ity co e ffic ie n t is  represented in Fig. 10.

F ig . 10. Relationship between em itter flow v a ria tio n  and un ifo rm ity  c o e ff ic ie n t



222

F ie ld  u n ifo r m ity  e s tim a tio n

SHARAF, A.

Several methods are used fo r estimating f ie ld  un ifo rm ity . A modi­
f ie d  form of equation (32) is  to consider the absolute emission un iform ity 
EUa as fo llow

where qx is  the average of the highest 1/8 of em itter flow rates.
For th is  method at leas t 8 pressure and 32 discharge volume readings 

are recommended. The general c r i te r ia  fo r EUa values are: 90% or greater, 
e x c e lle n t; 80 to 90% good; 70 to 80% fa ir ;  and less than 70% poor (B a rits  
and Elonald, 1983).

Another simple method fo r  f ie ld  evaluation of em itter emission un i­
fo rm ity  based on estimating em itter flow va ria tion  (Wu and G it l in ,  1975). 
In th is  approach the evaluation consists in  find ing  the maximum and minimum

F ig . 11. Nomograph fo r estim ating s ta t is t ic a l  un ifo rm ity  based on em itte r discharge rates

(A3)

0  50  100 150 2 0 0  25 0  30 0

S u m  o f  th e  s ix  lo w e s t t im e s  (T  m in )
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pressure in the submain u n it and then ca lcu la ting  qvar (em itter flew v a r i­
ation) as given in  equations (34) and (35). The general c r ite r ia  fo r qvar 
values are 10% or less, desirable; 10 to 20%, acceptable; and greater than 
20% not acceptable.

A th ird  method fo r estimating system uniform ity is  based upon the 
s ta t is t ic a l un ifo rm ity  coe ffic ien t given by equation (31). This method 
assumes that the d is tr ib u tio n  of em itter flow is  normal. I t  uses the highest 
one-sixth and lowerst one-sixth of the time needed to f i l l  18 containers 
from 18 emitters selected randomly in the submain unite (B ralts and Kenser, 
1982) and by using Fig. 11 the s ta t is t ic a l un iform ity can be estimated.

C onclus ions

In drip ir r ig a t io n  water is  carried in  pipe network to the points 
where i t  in f i l t r a te s  in to  the s o il.  A primary objective of good d rip  i r ­
riga tion  system design and management is  to provide su ffic ie n t system flow 
capacity to adequately ir r ig a te  a l l  the p lan ts . Uniformity of application 
depends on the un ifo rm ity  of emitter discharge. Non uniform ity of discharge 
is  caused prim arily  by pressure differences due to fr ic t io n  loss and elev­
a tion , varia tion  between emitters due to manufacturing tolerance, water 
temperature changes, and clogging.
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COUPLING ELEMENTS OF AUDIO-FREQUENCY CENTRAL CONTROL SYSTEMS

BESZE, J .4 -  Mrs. SÄNOOR, GY.**

(Received: 20 December 1988)

This paper describes a 120 kV, 160 MVA coupling developed by VEIKI, the f i r s t  
developed and manufactured in Hungary, serving to couple audio-frequency signa ls w ith 
the high-voltage e lec tric  energy d is tr ib u tio n  system. A fte r descrip tion o f the s e r ia l 
coupling c ir c u i t ,  the most important problems o f ra tin g  and p rac tica l app lica tion  
-  including the e ffe c t o f d if fe re n t  loads occurring simultaneously, to be taken in to  
consideration in  determination o f the capacitor ra tin g  -  are discussed in  d e ta i l .

Couplings are an important element of audio-frequency centra l 
control systems. The coupling is  a dual-function element. On the one hand, 
i t  serves to couple audio-frequency signals supplied by the transm itte r, 
usually signals below 1000 V, w ith the high-voltage power-frequency system 
for signal transmission with minimum energy loss a fte r the signals have 
been transformed to the required voltage le ve l. On the other hand, power- 
frequency interference signals fed back from the high-voltage system are 
suppressed by the coupling so that they w i l l  not resu lt in operating 
troubles of the transm itte r.

Described in  th is  paper are the c ir c u it  configurations that can be 
taken in to  account fo r the functions outlined above and also the problems 
of ra ting  and p rac tica l rea liza tion  are discussed. E ffo rts  to develop a 
120 kV se ria l coupling by VEIKI, the f i r s t  developed and manufactured in  
Hungary, are discussed in  d e ta il.

These e ffo r ts  included a complex work from investigation of the 
theoretica l problems through selection of the appropriate characte ris tics , 
determination o f the dimensions and ra ting as w ell as design and construc­
tion  of the d iffe re n t elements to testing . The re s u lt is  important in  tha t

Besze, Jenő, H - l l l l  Budapest, Budafoki u. 10/B, Hungary 

Sándor, Györgyné, H-1141 Budapest, Paskálmalom u. 7, Hungary
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the coupling developed and manufactured in  Hungary substitutes fo r  import. 
Namely, licences purchased to contribute to a wide use of audio-irequency 
centra l contro l, an important step towards economically e f f ic ie n t  energy 
d is tr ib u tio n , included only the system configuration as well as the trans­
m itte r and receiver but nothing about coupling.

1. Basic types o f coupling

Audio-frequency signals can be coupled with the high-voltage system 
capacitive ly or induc tive ly . In case o f capacitive coupling, the coupling 
element is  a su itab ly  selected capacitor while one of the windings of a 
transformer of su itab le  ra ting  is  connected to the system in  case of induc­
t iv e  coupling where coupling takes place thus magnetically.

Figures 1 and 2 show the operation of the two types of coupling in 
respect of the system to be supplied, i l lu s t ra t in g  also the schematic ar­
rangement and subs titu tion  c irc u it .

Capacitive coupling is  shown in  Fig. 1. I t  is  called p a ra lle l cou­
p ling  because according to Fig. l /а (su b s titu tio n  c ir c u it ) ,  the generator 
supplying the audio-frequency signal is  connected in p a ra lle l w ith the

F ig , 1. Block Diagram o f p a ra lle l coupling
(T : 220/120 kV power transform er, F: 120 kV consumer^ lin e s , P ^ :  P a ra lle l coupling,
.(C : Coupling capacitor, A: Audiofrequency tra n s m itte r, Z : Impedance o f co n tro lle d  system,
Z^: Impedance o f transformer T, Z^: Impedance o f h igh-voltage system behind the coupling)
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220 kV

F ig. 2, Block Diagram o f s e ria l coupling
(Sçj.: S eria l coupling, T_: 220/120 kV power transformer, F: 120 kV consumer lin e s , A: Audio­
frequency tran sm itte r, Z^: Impedance o f con tro lled  system, Z : Impedance o f transformer T,

Z : Impedance of h igh-voltage system behind the coupling)

impedance of the system to be contro lled as well as with the impedance of 
the feeding system and of the transformer connected in  series w ith i t .  
Hence, in case of pa ra lle l coupling, the signal leve l of the contro lled  
system (Uu) complies with the terminal voltage of coupling while the cou-

П

pling  current is  determined by the pa ra lle l resu ltant of impedances Zp and 
Z j  + Zp| fo r given terminal voltage.

The so-called se ria l coupling un it shown in  Fig. 2 results in  induc­
t iv e  coupling through the coupling transformer connected in  series w ith the 
current path of the power transformer. In th is  case, the impedance o f the 
system to be controlled (Zp) is  connected in  series w ith the impedance of 
the feeding system and tha t o f the power transformer as well as w ith the 
generator supplying the audio-frequency signal. Accordingly, signal leve l 
Up| of the system to be contro lled  lie s  always below terminal voltage Ugg of 
the coupling depending on the ra t io  of impedances Zp and Zy + Z^, coupling 
current Igg being determined by the sum of the above impedances.

Complicated calculations using both technical and economic pa­
rameters of a large number are required to decide which type of coupling 
should most reasonably be used fo r given supply po in t. Factors a ffec ting  
the decision are the impedance re la tions of the system to be contro lled  and 
of the feeding system, con tro l frequency, required inverte r power, con­
d itions  of operation, investment costs e tc ., problems that would require 
another paper to discuss them and not analyzed therefore in  d e ta il in 
th is  work.
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The f i r s t  120 kV system fo r which audio-frequency centra l control 
sh a ll be provided is  the Budapest network of the E le c tr ic ity  Works. Pre­
lim inary network ca lcu la tions  as well as economic considerations suggested 
to decide fo r s e r ia l coupling for most of the supply points as the best 
practice at the selected frequency of 216 2/3 Hz. Accordingly, development 
in  th is  f ie ld  has been focussed f i r s t  on s e r ia l coupling in  the country. 
This development work is  discussed in  d e ta il below.

2. P rin c ip le  of operation o f s e r ia l coupling

The audio-frequency signal is  applied by means of magnetic coupling 
to  the network to  be supplied when s e r ia l couplings are used. Therefore, 
the basic element o f s e r ia l coupling is  a su itab ly designed so-called 
coupling transformer the function of which is  to galvanica lly iso la te  the 
high-voltage network from the audio-frequency equipment of lower voltage 
by means of su itab le  insu la tion .

One of the high-voltage windings o f the coupling transformer is  con­
nected in series w ith  the current path o f the power transformer or trans­
mission line  fo r energy supply of the network. Accordingly, a fundamental 
requirement imposed upon coupling is  th a t, in  respect of the 50 Hz network, 
the equipment act l ik e  a low impedance re su ltin g  in  a voltage drop below
0.5 to 1.5% of mains phase voltage even in  case of rated operating load 
current. That is  the 50 Hz impedance of coupling measurable on the high- 
voltage side sha ll meet the following requirement:

ZCS sN 100
( 1)

where
f  permissible voltage drop, %
Uv |̂ rated lin e  voltage of the network supplied, kV

rated power of the power transformer or transmission lin e  co­
operating w ith  the coupling, MVA.

I t  follows from the p rinc ip le  of operation of se ria l coupling that 
the coupling forms an in teg ra l un it w ith the power transformer or trans­
mission line  connected in  series with i t .  Therefore m ultip le  current as 
compared with the rated current (10 to 25 times as much) is  fo llow ing in 
the high-voltage winding of the coupling in  case of a short c ir c u it  of the
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50 Hz high-voltage network, depending on the place of the short c ir c u it  as 
well as on the impedance voltage of the power transformer. Mechanical load 
is  applied to the high-voltage winding by th is  s h o rt-c irc u it current on the 
one hand while the voltage and current of any element of the coupling is  
increased by i t  s ig n if ic a n tly  as compared with the rated operating values 
on the other hand, the extent of voltage and current increase depending on 
the selected impedance. Accordingly, another fundamental requirement the 
coupling has to meet is  that any overload resu lting  from s h o rt-c irc u it 
current at the place of in s ta lla tio n  be endured by the coupling without 
breakdown from both a mechanical and an e le c tr ic a l point of view.

Hence, the higher the output (S^) and the s h o rt-c irc u it current ex­
pectable at the place of in s ta lla tio n  a t given mains voltage, the lower 
impedance shall be selected for the coupling to be used. However, the 
equipment supplied by the audio-frequency transm itter sha ll act a t the same 
time as a transformer suited for s igna l transmission with the loss remain­
ing w ith in  reasonable lim its .

Depending on the method used to  meet the above requirements, d is ­
tin c tio n s  shall be made between two basic types of se ria l couplings tha t is  
between current transformer type and transformer type coupling.

2.1 Current transformer type seria l coupling

The equipment is  schematically il lu s tra te d  in  Fig. 3. In th is  case, 
the coupling transformer has three windings and a se ria l o s c illa t in g  c i r ­
c u it tuned to 50 Hz, consisting of elements Lg - Cg and representing at 
th is  frequency an impedance corresponding to the loss resistance is  con­
nected to the terminals of one of these windings, the so-called s h o r t-c ir ­
cuited winding. Hence, the coupling transformer operating as a transformer 
suited fo r signal transmission due to  the audio-frequency winding and the 
high-voltage winding, acts at the same time as a current transformer te r ­
minated by the low loss resistance o f the o s c illa tin g  c irc u it  in  respect of 
50 Hz. Suitable ra ting  of the equipment w i l l  resu lt in  an impedance fo r the 
50 Hz energy transmission perm itting the voltage drop to remain w ith in  the 
permissible lim its .

In respect of the audio-frequency transm itte r, o s c illa tin g  c ir c u it  
Lg -  Cg acts lik e  inductance co n s titu tin g  a pa ra lle l o s c illa tin g  c ir c u it  
tuned to audio frequency with compensating capacitor connected in  para l­
le l  w ith  i t  and thus no load is  applied to the transm itter by the impedance 
of the o sc illa tin g  c ir c u it .
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Fig. 3. Block Diagram o f se ria l current transformer type coupling 
(T^r : Current transformer type coupling transformer, 1: High-voltage winding, 2: A ud io -fre ­
quency winding, 3: S h o rt-c ircu ite d  winding, L^, C : 50 Hz s e r ia l o s c illa t in g  c ir c u i t ,  e le ­
ments, CR: Compensating capacitor bank, K: S h o rt-c irc u itin g  sw itch, LR, C^: Audio-frequency

se ria l o s c illa t in g  c ir c u i t  elements, SZ^, SZ^: P ro tective  spark gaps)

In the in te rva ls  between transmissions, the terminals of the short- 
c ircu ite d  winding are closed by switch К and thus the transformer actua lly  
acts as a current transformer and in  the sho rt-c ircu ited  winding flows a 
constant 50 Hz current corresponding to the transformation ra tion , th is  
current sha ll be taken as a basis fo r ra ting  of the winding. At the same 
time, i t  is  only the currents of in te rm itten t operation occurring at the 
time of audio-frequency transmission that sha ll be taken in to  consideration 
fo r the elements of the 50 Hz se ria l o s c illa t in g  c irc u it  and thus an eco­
nomically more e f f ic ie n t  structure can be developed.

Ihe 50 Hz current flowing through the coupling results in  voltage 
drop also in  the audio-frequency winding, the magnitude of which depends on 
the transformation ra t io  and on the loss resistance of the se ria l o s c i l la t ­
ing c ir c u it .  I f  the load resu lting  in the transm itte r from th is  so-called 
p a ra s itic  current exceeds the permissible value, the se ria l o s c illa tin g  
c ir c u it  tuned to audio-frequency, denoted by LR - CR in the figu re , sha ll 
be b u i l t  in . In respect o f 50 Hz, th is  c ir c u it  acts lik e  a high impedance 
and sets thus lim its  to pa ras itic  current loads acting upon the trans­
m itte r.

In case of a short c irc u it  of the high-voltage network, current of 
a value corresponding to the transformation ra t io  is  forced to flow also
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through the short-c ircu ited  winding by the s h o rt-c irc u it current flow ing in  
the high-voltage winding o f the current transformer type coupling indepen­
dently of whether the switch is  on or o f f .  Should the s h o rt-c irc u it take 
place during audio-frequency transmission, s ig n if ic a n t overvoltages w i l l  
occur both in  the capacitor o f the 50 Hz s e r ia l o sc illa tin g  c irc u it  and the 
compensating capacitor. Spark gaps SẐ  and SZ2  provide protection against 
overvoltages of th is  type. Spark gap SẐ  is  the f i r s t  to respond and as a 
re su lt, tuning of the s e r ia l o s c illa tin g  c ir c u i t  is  discontinued. Then 
spark gap SZ2  responds and as a re su lt, s h o r t-c irc u it  current depending on 
the transformation ra tio  is  flowing through i t  u n t i l  i t  sho rt-c ircu ited  by 
switch К actuated by the overcurrent protection of the power transformer.

According to l ite ra tu re  /1 / ,  current transformer type coupling is  
used, fo r economic reasons, only fo r medium-voltage equipment of a re la ­
tiv e ly  lower output. Namely, high-voltage un its  (e.g. 120 kV) of an output 
above 10Ü MV A in general need large and expensive equipment fo r coupling 
(including the coupling transformer and inductance Lg of the s e ria l o s c il­
la ting  c ir c u it  fo r 50 Hz term ination), the costs and size of which are 
compatible with the transformer type se ria l coupling.

On the other hand, because of the transformation conditions o f the 
coupling transformer, the use of a f i l t e r  c ir c u i t  (Ц  - C )̂ can not be 
avoided e ith e r. In th is  case, a so-called transformer coupling discussed 
below seems to be an economically feasible choice.

2.2 Transformer type s e ria l coupling

The equipment is  schematically i l lu s tra te d  in  Fig. 4. An air-gap 
choke c o il is  provided fo r coupling transformer T^g and, d is s im ila r ly  to 
the usual iron-core transformers, an a p r io r i  low magnetic reactance is  
selected fo r i t  so tha t 50 Hz voltage drops of the coupling on the high- 
voltage side w i l l  not exceed the permissible value.

A compensating capacitor bank (C^,) is  connected in p a ra lle l w ith 
the low-voltage, so-ca lled  audio-frequency, winding of the coupling c i r ­
c u it, constitu ting  a p a ra lle l o s c illa tin g  c ir c u it  tuned to audio-frequency 
with the reactance of the coupling transformer. Thus no load is  applied to 
the transm itte r by the high magnetizing current of the coupling trans­
former, resu lting  from the necessarily low impedance.

50 Hz voltage the magnitude of which depends on 50 Hz mains curren t, 
impedance of the transformer and selected transformation ra tio  appears on
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F ig . 4, Block Diagram o f se ria l transform er type coupling 
( T ^ :  S eria l coupling transform er, 1: High-voltage w inding, 2: Audio-frequency winding, 
C^: Compensating capa c ito r, LR, C^: Seria l f i l t e r  c i r c u i t ,  A: Audio-frequency tra n sm itte r)

the audio-frequency winding of the coupling transformer. For the trans­
m itte r , th is  voltage could represent a s ig n if ic a n t parasitic  current load, 
therefore, a s e r ia l o s c illa t in g  c irc u it  (L^ -  C^) tuned to audio-frequency, 
already mentioned in  par 2.1, shall be b u i l t  in to  the transformer type 
coupling in  any case w ith a view to provide the required f i l t r a t io n .

Hence, in  respect of the 50 Hz network, the transformer type coupl­
ing acts as a series reactor. As compared w ith  rated voltage, the short- 
c ir c u i t  current flow ing through the high-voltage winding in  case o f a 
s h o rt-c irc u it of the high-voltage network re su lts  in  s ign ifican t overvo lt­
age in  the compensating capacitor bank connected to the audio-frequency 
winding. Overvoltage protection is  possible in  two ways. On the one hand, 
spark-gap sha ll be provided fo r the term inals o f the compensating capacitor 
s im ila r ly  to the method described in par 2.1. In th is  case, the s h o r t-c ir ­
c u it  current is  deflected to the audio-frequency winding of an otherwise 
lower current ra tin g . On the other hand, the impedance of the coupling 
transformer and the rated capacitor voltage s h a ll be selected in  such a way 
tha t overloads due to  s h o rt-c irc u it w i l l  not re s u lt in  breakdown.

Iwo 120 kV BBC couplings of th is  type, with an output of 260 MVA 
each, are operated by the E lectric  Works a t an OVIT substation near Buda­
pest. The units have been supplied under a BBC-VBKM contract fo r production 
of centra l control devices on the basis o f BBC licence.

Demand has arisen tha t coupling un its  be produced in  Hungary fo r  the 
cen tra l control system to  be developed in  the country. On the basis o f a 
contract concluded w ith VBKM, VEIKI has undertaken to develop, and manu-
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facture as a general contractor, 120 kV coupling un its  fo r the system. The 
f i r s t  step had been the development of 160 MVA s e r ia l units and the proto­
type was manufactured in  1983. Additional two un its  were put in to  service 
in 1985. Problems in  re la tio n  to development, ra tin g  and dimensions as well 
as construction of th is  equipment are discussed below in  d e ta il.

3 . D e v e lo p m e n t, r a t i n g  an d  c o n s t r u c t io n  o f  t h e  12 0  kV c o u p lin g  u n i t  o f  an  

o u tp u t  r a t i n g  o f  160 MVA d e v e lo p e d  in  H ungary

3.1 Requirements fo r the dimensioning

According to the princip les outlined in  Chapter 2, the parameters 
of s e r ia l coupling u n its  and the requirements imposed upon them are funda­
mentally determined by the parameters of the 50 HZ energy transmission 
system fo r which the coupling is  designed. These data have been taken as a 
basis fo r development o f the coupling u n its , taking in to  consideration the 
signal leve l to be provided by the coupling as well as the characte ris tics  
of the transm itter to be b u ilt  in.

2 -2 Y_ rajTsm î s_s io _§ itsJemj^arjscteri s tie s
A 220/120 kV OVIT substation in  Zugló d is t r ic t  of Budapest has been 

selected fo r in s ta lla t io n  of the f i r s t  coupling un its developed in  Hungary 
in the 1980 system plan of the Budapest HKV system. Three coupling units 
have been ins ta lled  a t the substation, each connected in  series with the 
120 kV winding of a GVM transformer of a rated power of 160 MVA. The rated 
current of th is  transformer is  733 A, the rated s h o rt-c irc u it voltage be­
ing 9.85%.

Maximum three-phase s h o rt-c irc u it power of the 120 kV busbar is  
5000 MVA with a s h o rt-c irc u it current of 23 kA. Because of the e ffec tive  
earthing of the Hungarian 120 kV system, the frequency single-phase and the 
less frequent three phase s h o rt-c irc u it current values are considered to be 
approximately id e n tic a l.

For determination of s h o rt-c irc u it current to be taken in to  con­
sideration in ca lcu la ting  for the ra tin g  o f the coupling un its  see Fig. 5. 
As can be seen, s h o r t-c irc u it current flow ing through the coupling depends 
on the point of substation where s h o r t-c irc u it  has taken place. Should a 
s h o rt-c irc u it take place at point А, 1д = 23 kA current associated with
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Fin- 5. C alculation o f s h o r t-c irc u it  current o f coupling transformer 
( T j , T2, Т у  Power transform ers, , T ^ ,  T ^ y  Coupling transformers)

5000 MVA w il l  appear at po in t A only while through the coupling trans­
formers, current d is tr ib u te d  in accordance with the s h o rt-c irc u it im­
pedances that is  = 1д2 = 1Д5 = 7.5 kA w i l l  be flow ing. Case A is  ca lled  
exte rna l sh o rt-c ircu it.

S hort-c ircu it current c r i t ic a l  in  respect of coupling ra tin g  w i l l  
flow  through the coupling i f  a s h o rt-c irc u it takes place e.g. at po in t B. 
Case В is  called in te rna l s h o r t-c irc u it .  In th is  case, current according to 
formula IQ2  = £ Ig - Iß2  is  flow ing through coupling transformer the
value o f which must not exceed 17.4 kA even in  the worst case. For Tgg^ and 

Tcs2 > ig2 = ^B3 aPProxi mat ely  iden tica l w ith the previous case.
For the sake of increased safety, a s h o r t-c irc u it current exceeding 

the calculated value, tha t is  20 kA, has been specified fo r the couplings. 
However, considering tha t a dangerous busbar section is  only that between 
coupling and power transformer and thus the p robab ility  of an in te rn a l 
s h o r t-c irc u it  is  minimum, use o f loads occurring in  case of external short- 
c ir c u its  as a basis fo r determining safe dimensions fo r the en tire  equip­
ment instead of th is  c r i t ic a l  value may require consideration from an eco­
nomic po in t of view in fu tu re  development. Namely, the price of the coupling 
is  s ig n if ic a n tly  affected by the s h o rt-c irc u it current ra ting as w i l l  be 

ou tlined  la te r in  d e ta il.
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On the basis of ca lcu la tions of the 1980 system plan, the follow ing 
data have been available fo r  the design of the coupling un its :

-  transmission frequency 216 2/3 Hz 217 Hz,
- busbar signal leve l 2.5%,
- expectable load current 54 A (requ iring  a terminal voltage of 

2540 V at the 120 V end of the coupling),
-  the f in a l configuration includes two transm itters of a u n it ca­

pacity of 375 kVA, a max. phase voltage of 550 V and a max. load current of 
300 A fo r each coupling to supply them,

- re la tive  duty time of audio-frequency transmission: 5%/l hour.

3.2 Rating and construction of the coupling units

The single-phase c ir c u it  diagram of the transformer type coupling 
un it of a ra ting  and construction according to data given in  par 3.1 is 
shown in  Fig. 6. The function of the d iffe re n t elements in  the Figure is  
described below:

The function of coupling transformer T ^  and compensating capacitor 
has been described in  par 2.2.

Switch К is  designed to galvanica lly iso la te  the capacitor and the 
equipment behind i t  from the transformer term inals i f  necessary (e.g. in 
case of breakdown or maintenance e tc .) .  Hence i t  is  neither designed to

120 kV

F ig . 6. Single-phase c ir c u it  diagram o f 160 MVA s e ria l transformer type coupling un it 
(T : Coupling transformer, TL: Overvoltage a rre s te r, Ĉ ,: Compensating capacitor bank, 
K: Iso la tin g  sw itch, F: Earthing is o la tin g  sw itch, T^: Matching transformer, L^, C^: Induct­
ance and capacitance o f s e ria l f i l t e r  c i r c u i t ,  M: Low-voltage sw itch, A: Audio-frequency

transm itte r)



switch audio-frequency current on or o ff nor to disconnect 50 Hz s h o rt-c ir ­
c u it  current resu lting  from s h o rt-c ircu its  of the coupling u n it.

Matching transformer serves to match the transm itter voltage with 
the transformation ra t io  o f the coupling transformer, to set l im its  to 
surge current occurring when the coupler is  switched on and to reduce over­
voltage in  case of s h o rt-c irc u its  of the 120 V system to protect the trans­
m itte r .

The function of s e r ia l f i l t e r  c irc u it  Ц  - Cp is  well known. I t  is  
essen tia lly  an accessory of the inverters supplying the coupling and thus 
independent of the coupling u n it.

The overvoltage a rres te r provided fo r the audio-frequency end of the 
coupling transformer serves to protect the audio-frequency winding of the 
transformer against atmospheric overvoltage.

Discussed below are the most important parameters of the d iffe re n t 
elements of the coupling u n it as well as some problems relevant to develop­
ment and design.
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The key problem o f the design of the coupling un it is  to select 
optimum values fo r inductance of the coupling transformer and/or capacity 
and/or rated voltage of the capacitor bank because the dimensions and thus 
also the price of the equipment are fundamentally determined by these 
parameters.

Let f i r s t  the 50 Hz impedance of the coupling, measurable at the
high-voltage end, be determined in  such a way tha t the requirement accord­
ing to  re lationship (1) w i l l  be met. Assuming an ideal tha t is  lossless 
transformer with zero s h o r t-c irc u it  impedances, 50 Hz reactance of the
c ir c u i t  shown in  Fig. 6, measurable in  the d irec tion  of terminals 1-2,
disregarding the detailed de riva tion , w i l l  be

where
a =

L a n d

50 L1 a
CS50

a2 - “  50 L1 CK
( 2 )

N1—  transformation ra t io ,
n2

no-load inductance of the coupling transformer 
measurable between terminals 1-2 and 3-4, re­
spective ly .
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Since CL forms a pa ra lle l o s c illa t in g  c ir c u it  tuned to audio-frequency withК
inductance L^  of the transformer,

Г I = г —  
Y ~2 uK 2a

?a zh
(3)

from which
(4)

With (4) substituted into (2) and reduced, we obtain

v j  “ 50 L1
*CS50 I  -  и.2

(5)

where
со 50к = --------  ,
со H

that is  the reactance of the coupling depends on inductance Ц  between 
terminals 1 - 2  and on the ra t io  between 51 Hz and audio-frequency exclu­
s ive ly  independently of the transformation ra tio  and size of the compensat­

ing capacitor.
Taking in to  consideration re lationships (1) and (5) as w ell as the 

permissible voltage drop of f  = 0.5 - 1.5% fo r the coupling, the reactance 
lim its  can be determined fo r the high-voltage end of the coupling trans­
former. In the present case where = 126 kV, = 160 MVA, к = 0.23,

с о = 0.47 . . .  1.4 ohm 

is  obtained fo r reactance.
Should a transformation ra tio  of 1:1 be selected on economic con­

siderations not discussed here in  d e ta il, also the capacity l im its  of the 
compensating capacitor can be determined on the basis of re la tionsh ip  (3 ).

Considering the selection of capacitors available , the question is  
now what a rated voltage and capacity of the capacitor is  required. To 
answer the question, le t  us see the loads to be taken in to  consideration 
fo r the compensating capacitor.
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3.2 .1 .1  Constant voltage stress acting upon the capacitor bank
Under rated operating conditions, 50 Hz (U ^g ) voltage that can be 

calculated on the basis o f the coupling parameters appears continuously 
while  audio-frequency voltage (U ^) depending on transmission time in te r ­
m itte n tly  on the capacitor bank.

In case of a selected transformation ra t io  of 1:1 and audio-fre­
quency parameters according to par 3.1.2,

UC50 = : iN XCS50 = 364 - 1092 V -

UCH = 2640 V , (6)

e = 4%/l hour,

where 1-^ = 733 A is  the rated primary current of the coupling.
The compensating capacitor bank is  usually set up of so called 

phase-correction capacitors designed fo r a constant 50 Hz rated voltage and 
curren t. In case of the above combined (continuous-in term ittent or 50 Hz- 
audio-frequency, respec tive ly ) operation, the e ffe c tive  value of voltage to 
be taken into consideration in  respect of capacitor insu la tion  is

UК (7)

the effective  value o f current to be taken in to  consideration in  respect 
o f thermal load being

where
Ke

C50 UC50 “ 50

CH = UCH “ H C

( 8)

6 re la tiv e  duty time,
C capacity o f the capacitor.
Given phase-correction capacitor of rated voltage U^g, rated cur­

ren t and capacity C w i l l  meet the requirements of continuous operation 
i f

UN 5 0 > UK = UC h f k? + 1  W
and
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: N50 — *Ke = UCH ( 10)

where
“ 50

“ h

™50
kl " CH

Since

TN50 UN50 “ 50 C ’

th is  can be substituted in to  (10) to obtain the second condition

UN50 â  — f  + k2 k2 . (12)

With the highest value, U^g = 1092 V, selected from re la tionsh ip  (6) and 
taking in to  consideration that к = 0.23, k^ = 0.43, e = 0.04 in  th is  case,

UN5q >  2764 V and UN5Q > 2463 V

w il l  be obtained fo r the rated voltage of the capacitor bank on the basis 
of re la tionsh ip  (9) and (12), respectively.

In respect of continuous loads in  operation, the adequate capacitor 
bank can be obtained i f  a rated voltage of 3.15 V as usually in  case of 
phase-correction capacitors, best approximating the numerical values 
obtained, is  selected.

3.2.1.2 Transient voltage stress acting upon the capacitor bank
In the course of development o f the coupling u n it, the rated v o lt ­

age defined by re lationships (9) and (12) alone was found to  be insu f­
f ic ie n t  as a voltage ra ting  specified fo r  the compensating capacitor bank. 
Namely, s ig n if ic a n t transient overvoltages and overcurrents appear on the 
capacitors in  case of a s h o rt-c irc u it o f the 120 kV system and these loads 
sha ll be taken in to  consideration.

As has been described in  par 3.1, current of an amperage 10 to 25 
times as much as the rated current is  flowing in  the high-voltage winding 
of the transformer in  case of a s h o rt-c irc u it of the 120 V system, depend-
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ing on the place of s h o r t-c irc u it.  As a re s u lt,  the voltage of the audio­
frequency winding and thus also the voltage appearing at the capacitor 
poles increase considerably as compared with operating voltage.

As a re su lt of the high current in te n s ity , the iron core of the 
coupling transformer is  saturated in  a way depending on the magnetizing 
curve. Thus the voltage appearing on the transformer would be strongly d is ­
to rted  i f  the capacitor were not connected to the audio-frequency winding. 
Such an oscillogram is  shown in  Fig. 7/a, obtained on the occasion of 
s h o rt-c irc u it current flow ing through the 120 kV winding of the coupling 
transformer while the voltage of the audio-frequency winding.

The impedance o f the high-voltage network is  much higher than tha t 
of the coupling. Therefore, in  respect of the coupling, th is  high impedance 
acts lik e  a quasi-ideal current generator. Hence, in  sp ite  of saturation, 
the theore tica l maximum of the voltage il lu s tra te d  in  the figure  is  given 
by the follow ing re la tionsh ip :

F ig . 7. S h o r t-c irc u it te s t o f 160 MVA coupling u n it
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UT (13)

where
I j  e ffe c tive  value of s h o rt-c irc u it current,
Ц  in i t ia l  value of non-linear inductance of the coupling trans­

former, associated with the range of rated currents.
I f  the network acts lik e  an other than ideal current generator, the 

voltage according to (13) w il l  be somewhat lower.
When the capacitor bank is  connected to the coupling transform, the 

non-linear inductance of the transformer and the capacity of the capacitor 
bank form an o s c illa tin g  c irc u it  the inductance of which varying as a 
function of the re la tive  permeability of the iron core at every in s ta n t. 
This system is  generated by s h o rt-c irc u it current in such a way tha t a 
transient o s c illa t io n  takes place twice w ith in  every half-period of 50 Hz 
that is  when the system becomes saturated and when saturation discontinues, 
th is  trans ien t o sc illa tio n  being superimposted on the 50 Hz constant v o lt ­
age associated with the non-saturated s ta te . The amplitude and frequency of 
the o s c illa tio n  vary depending on the magnitude of s h o rt-c irc u it current. 
As a re su lt of th is  complicated non-linear process, the voltage increases 
on the term inals of the capacitor bank as compared with the measurable no- 
load voltage while the high-frequency component resu lts  in  a capacitor bank 
current higher than what would be obtained in  case of a sinusoidal voltage 
of id e n tica l maximum.

An oscillogram obtained on the occasion of a s h o rt-c irc u it te s t of 
a coupling made in  Hungary is  given in  Fig. 7/b, the construction and la y ­
out of the coupling being illu s tra te d  in  Fig. 6. The oscillograms according 
to Figs 7/a and 7/b have been recorded fo r the same winding of the coupling 
transformer subjected to s h o rt-c irc u it te s t, the e ffec tive  value of current 
being 15 kA in  both cases and also the scale is  iden tica l. A fter the in ­
i t i a l  trans ien ts , values of 8 kV and 12.6 kV have been obtained fo r voltage 
U a s  a maximum incase a) and b), respective ly. That is  the increase in  
voltage has been 1.57 fo ld  as compared w ith the measurable value of no-load 
voltage.

During the te s t, switch M has been o ff  and thus f i l t e r  c ir c u i t  
Lpj - Cp and the transm itter have not been tested. The inductance o f match­
ing transformer T̂  being no load because of the break on transm itter side 
is  higher than the inductance of the coupling transformer, the d ifference



being about three orders of magnitude and thus i t  has not affected the 
phenomenon presented.

Because of non-linea rity  as well as the large number of parameters 
a ffec ting  the phenomenon, use of a computer is  necessary fo r ca lcu la tion  of 
the capacitor voltage. However, d i f f ic u l t ie s  are faced due to the fa c t tha t 
the magnitude of voltage is  strongly influenced by the attenuation of the 
o s c illa tin g  c ir c u it  consisting of the three-phase coupling transformer and 
the capacitor bank, which is  frequency dependent and non-linear depending 
presumably also on current. No resu lts  of measurements required to de­
termine the values of attenuation are ava ilab le  fo r the time being. There­
fo re , the capacitor voltage resu lting  from s h o rt-c irc u it current can be 
only estimated at present on the basis o f measurement resu lts obtained so 
fa r in  s h o r t-c irc u it tes ts .

Two tests of th is  type have been carried  out so fa r , the f i r s t  in ­
cluding a coupling u n it of an output of 360 MVA while the second a 160 MVA 
equipment. The resu lts  of both tests are tabulated in  Table 1, ind ica ting  
the maximum value of the sh o rt-c ircu it voltage of the capacitor as a func­
tio n  of the ra t io  of s h o rt-c irc u it current I v and rated current I,, as com-Z N
pared with the maximum value of non-load voltage measurable fo r the same 
current.
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Table 1

360 MVA coupling 160 MVA coupling

r z

(kA)

: z ucz
: z

(kA)

: z ucz

ZN Uü TN uü

2 1.15 1.09 2 2.73 1.1
5 2.89 1.11 10 13.69 1.52

10 5.77 1.8 15 20.46 1.57
20 11.54 1.37 20 27.3 1.74

As seen in  the Table, s h o rt-c ircu its  re su lt in  a d iffe re n t voltage 
increase fo r e ith e r of both equipment but the increase is  less than 1.8 
fo ld  in  both cases.

According to what has been said above, rated voltage U^g of the 
capacitor bank sha ll be selected in  such a way that even overvoltages of 
shortest time (some tenths of a second), resu lting  from maximum short-
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c ir c u it  current, w i l l  not exceed the value o f maximum test voltage speci­
fied  fo r the capacitor.

Two d iffe re n t test voltages are specified fo r capacitors in  the 
relevant standards, depending on whether the te s t takes place at 50 Hz or 
d.c. voltage. The e ffec tive  value of te s t voltage in  case of 60 Hz tes ts  is

Up50 = 2.15 UN50

while in  case of d.c. voltage tests

(14)

U =4 . 3  U.|t-n . pe N50 (15)

UCZAssuming a maximum value of 1.8 fo r ra t io  ^—  taking re la tionsh ip
(15) as a c r ite r io n , then T

1.8 f ~ 2 I z  ®5Q Ц  <b4.3 Un50 . (16)

With calculated from (16) we obtain

UN50- ° ’ 59 l l  “ 50 L1 (17)

as a rated voltage fo r the capacitor to be selected.
In tu rn , fo r a capacitor of given rated voltage, the reactance of 

the coupling transformer can be determined in  accordance with the fo llow ing  
re la tionsh ip  :

'50 4 * N50
0.59 I-

(18)

As is  well known, the price of the capacitor bank depends on the 
in s ta lle d  reactive power: the higher the reactive power, the higher is  the 
price o f the capacitor bank. Using re la tionsh ip  (17),

PC = UN50 
Making use of

“ 50 C 0.592 I 2 ( и 50 4 ) 2 ®50 C (19)

CL, =1 to 2. and к = 50
ЬН ШН

the fo llow ing re la tionship is  obtained fo r the capacity of the capacitor 
bank: n _ „  Co2 ,2 т2 шP = 0.592 к2 I 2 50 4 ( 20)
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As obviously shown by re lationship (20), the price of the capacitor 
bank increases quadra tica lly  with increasing e ffec tive  s h o rt-c irc u it cur­
rent while lin e a r ly  w ith  increasing impedance of the coupling transformer. 
The impedance of the coupling shall therefore reasonably be selected a t a 
value fa llin g  w ith in  the lim its  given in  par 3.2.1, possibly close to  the 
lower range.

Since the coupling transformer has to  be capable at the same time 
of transm itting given audio-frequency voltage and/or power, l im its  are set 
to reduction of the reactance by the fa c t th a t, below given reactance, the 
transformer dimensions and prices quite ir ra t io n a l.  Therefore, the param­
eters shall be co-ordinated so as to re s u lt in  an economically re la t iv e ly  
favourable compromise. However, reduction o f the e ffective  value of short- 
c ircu it-cu rre n t w ith in  reasonable lim its  a fte r  carefu l consideration of the 
p robab ility  of s h o r t-c irc u its  of d iffe re n t type w i l l  d e fin ite ly  re su lt in  
lower equipment prices.

3,3 Most important parameters of the equipment constructed

Based on the above considerations, the fo llow ing basic parameters 
have been selected fo r  the coupling of an output of 160 MVA developed in  
Hungary:

- 50 Hz reactance of coupling in  re la tio n  to audio-frequency winding
0.65 ohm _+ 10%

- capacitor bank: rated voltage 4.71 kV ; associated te s t voltage 
25.25 kV; capacitance 240^uF _+ 10%

- transformation ra t io  of coupling transformer about 1:1 suited fo r 
transmission of power supplied by two 375 kVA inverters at audio-frequency, 
including also coupling losses.

The above values would resu lt in  a maximum theoretical capacitor 
voltage of 12.4 V in  case of so-called external sh o rt-c ircu its , 28 V in  
case of s h o rt-c ircu its  o f extremely low p ro b a b ility , resu lting in  17.5 kA 
while 33 kV in  case of the specified s h o r t-c irc u it  current of 20 kA.

Thus, on the basis of c rite rio n  (17), a rated capacitor voltage of 
7.67 kV should have been selected. Since the o r ig in a l, ins ta lled  power of 
the capacitor is  1.7 MVAr per phase, any fu rth e r increase of the rated 
voltage of the capacitor bank seemed to be unreasonable considering tha t a 
voltage rating of 3.15 kV would meet the requirements.

I t  was therefore decided to build in  special spark gaps connected 
in  p a ra lle l with the audio-frequency winding to  protect the capacitor bank
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i f  the capacitor voltage exceeded the value of test voltage in  the course 
of actual s h o rt-c irc u it tests while the impedance of the transformer and 
the response voltage of the spark gap were determined in  such a way tha t a 
response could not take place below a s h o rt-c irc u it current of 10 kA even 
in  the most unfavourable case.

However, the capacitor voltage did not exceed the specified value of 
tes t voltage even in  case of a s h o rt-c irc u it current of 20 kA in the course 
of the s h o rt-c irc u it tests of the coupling u n it.  Therefore, i t  was unneces­
sary to bu ild  in  spark gaps and thus not only the costs of the equipment 
could be reduced but, by e lim ina ting  a possible source of fa u lts , also the 
safety of operation was increased.

3.JJ._ Mos t_ jQ P iî^^n t_ ch £ rjc te ri s tics_  uf_ other_ comporien ts_ o_f_ the _coupL inc^ 
unit_
Notation of the block diagram of Fig. 6 is  used. In accordance with 

the transmission voltage supplied and the output signal le ve l, the trans­
formation ra t io  of coupling transformer Tj is  5:1. The transformer windings 
have been designed for a re la tiv e  duty time of 4%, the audio-frequency 
s h o rt-c irc u it voltage drop being about 37% with a view to reduce the short- 
c ir c u it  current of the transm itte r.

Switch К is  an encapsulated iso la tin g  switch of a rated voltage of 
12 kV and a rated current of 800 A fo r indoor use, suited to break 50 Hz 
capacitive current of the b u i l t - in  capacitor bank of the coupling at given 
voltage.

TL is  a b u ilt - in  overvoltage arrester of a rated voltage o f 10 kV 
and a rated discharge current o f 5 kA. The 50 Hz spark-over voltage of TL 
has been selected so as to prevent the overvoltage arrester from operating 
even in  case of an overvoltage resu lting  from a s h o rt-c irc u it current of 
20 kA.

The capacitor bank sw itch, the coupling transformer and the over­
voltage arrester form an in te g ra l un it w ith the compensating capacitor 
bank, called compensating-matching un it.

The coupling un it consisting of coupling transformer and compen­
sating un it can be seen in  a photograph (F ig. 8) taken from the equipment 
on the s ite  of erection.

Serial f i l t e r  c ir c u it  ca lled otherwise coupling matching 
u n it has been constructed as an independent u n it the inductance of which 
being provided by a three-phase air-gap iron-core where the d if fe re n t phase



246 
BESZE, 

3. - M
rs. 

SÁNDOR, 
G

Y.

F ig . S■ Audio-frequency coupling un it



COUPLING ELEMENTS OF AFC CONTROL SYSTEMS 247

windings are e le c tr ic a lly  independent of each other. The un it is  discon­
nected from the coupling by a magnetic switch in  the in terva ls between 
transmissions and thus the transm itter is  connected to the coupling fo r  the 
time of transmission only.

The coupling matching un it is  suited fo r transmission of current 
supplied by an inve rte r and i t  is  therefore erected as an indoor u n it near 
the inve rte r.

F in a lly , manufacturers of the d if fe re n t elements of the equipment 
are lis te d  below:

GANZ Villamossági Művek: 
coupling transformer 
Csepeli Transzformátorgyár: 
matching transformer 
Dunakanyar Co-operative: 
choke-coil of se ria l f i l t e r  c ir c u it  
KAPSCH, Austria:
capacitors fo r compensating capacitor bank and coupling matching 
u n it .

4. Sumnary

As has been said in tro d u c to r ily , development of the coupling e le ­
ments of audio-frequency central contro l devices in Hungary had been 
necessary because of unava ila b ility  of licence or know-how concerning the 
construction of such elements.

Therefore, f i r s t  thing to do was to  c lear up the theore tica l prob­
lems. The resu lts  of thorough theore tica l investigations were then taken as 
a basis fo r development of the f i r s t  Hungarian coupling u n it, a s e r ia l 
coupler.

The resu lts  described here obviously re f le c t the nature and depth 
of works in  the d iffe re n t fie ld s  in  re la tio n  to the problem.

With f u l l  knowledge of the c ir c u it  problems, i t  was possible as 
early as in  the design phase to calculate fo r dimensions and ra ting  re s u lt­
ing in  best economies of scale fo r the en tire  coupling, based on data of 
the audio-frequency system (network data, s ignal le ve l, re la tive  duty time, 
e tc .)  and taking in to  consideration the in te ractions between the d if fe re n t 
coupling elements.
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The combined load resulting from high-frequency and audio-frequency 
voltages, acting upon the capacitors designed normally as phase-correction 
capacitors, had to be paid special a tten tion . Additional problems resulted 
from transients due to audio-frequency pulses in  the o sc illa tin g  c ir c u it  
brought about by the coupling elements.

The coupling transformer design had to  meet complex requirements 
considering the load resu lting  from two d iffe re n t voltages the two d i f ­
fe ren t types of power transmission. Because o f the special mode of oper­
a tio n , the coupling transformer has to endure also the s h o rt-c irc u it cur­
ren t of the high-voltage network. Therefore, works in  re la tion  to design of 
the coupling transformer were focussed on proper selection of the param­
eters as well as on s h o rt-c irc u it tests where the transformer was subjected 
to the same load as under operating conditions.
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SIMULATION OF POWLR PLANT C IR C U ITS  AND EOUIPMLNT STATE ESTIM ATION

(Part I )
SIMULATION
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Presented in  th is  work is  a module oriented sim ulation process fo r ca lcu la tion  
o f power p lant hea t-flow  diagrams. A ch a ra c te ris tic  feature o f the procedure is  th a t, 
d is s im ila rly  to  f irs t-g e n e ra tio n  modular procedures where a module stands fo r a 
device or equipment /3 / ,  the modules o f th is  procedure represent an elementary heat 
or material flow  conversion process each. In th is  sense, MODSIM can be considered a 
second-generation procedure suited fo r generation o f any a rb itra ry  flow  diagram. 
Since the program consists o f a small number o f elements o f d if fe re n t type, the 
memory demand is  sm all. A modified version o f the m u ltiva riab le  Wegstein method is  
used, a robust method re su ltin g  in  good convergence and requ iring  a short running 
time.

The ty p ic a l running time is  5-8 minutes in  case o f an IBM-PC AT machine tha t is  
the time required fo r  computation o f a flow  diagram consisting o f 60 modules and 100 
streams and having 20 ite ra t io n  variables.

The in te ra c tiv e  version o f MODSIM o ffe rs  convenient and simple program handling 
fo r the user and the LOTUS com pa tib ility  perm its the resu lts  o f computation to be 
displayed d e s c rip tiv e ly  and processed in  accordance w ith d if fe re n t requirements.

NOTATION

— i- t h  nonlinear balance equation of the flow-diagram model 

mod/а ,b / — module function

s.l
кX. 1

— relaxation fa c to r

— value o f i - t h  flow  va riab le  in  k -th  ite ra tio n  step

*Paláncz, 8é la , H-1085 Budapest, Salétrom u. 9, Hungary

Akadémiai Kiadó, Budapest
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Introduction

A procedure to  simulate the steady sta te  of a power p lant heat-flow 
diagram can be used fo r d iffe re n t problems such as e.g. fo r detection of 
the reasons of a reduction in  e le c tr ic ity  generation, monitoring of the 
thermodynamic state of power plant equipment, optimum selection of operat­
ing parameters of the power plant and fo r determination of the s ta rting  
values of dynamic sim ulation /1 / .

Although d iffe re n t simulation computer codes are known /2 —4/, 
almost every code has ce rta in  deficiencies, including cumbersomeness in 
producing a new version of flow diagram, s ig n if ic a n t memory demand, un­
c e rta in ty  of convergence, long running time e tc.

The modular s im ulator described here t r ie s  to reduce or elim inate 
a l l  these disadvantages. The p rinc ip le  adopted tha t is  modular description 
o f complex systems where a transformation of heat and material flow is  
tak ing  place is  not new as i t  was successfully applied to modelling of 
systems of chemical industry long before /5 /.

The MODSIM system

The d iffe ren t modules represent balance equations describing the 
d if fe re n t elementary m ateria l and energy transformation processes. Accord­
in g ly , the modular representation of a complex heat-flow diagram includes 
only a small number of elements of d iffe re n t type w ith, however, these 
elements repeated many times. Typically, the fo llow ing elements are in ­
cluded in  the MODSIM process:
SPLIT fo r decomposition o f the material flow and fo r use as a liq u id  

separator,
MIX fo r mixing of two streams and fo r pump and th ro t t le  valve modelling, 
TURB fo r simulation of expansion processes taking place in  turbine stages, 
CSHE1 fo r heat exchange between two streams without change of the phase, 
CSHE2 fo r heat exchange w ith  change of the phase,
PCOND fo r simulation of processes taking place in  the steam condenser.

The re la tion  between the modules is  determined by the knowledge of 
the inpu t and output streams o f the modules. Computation takes place in  a 
spec ified  sequential order w ith the output streams calculated on the basis 
of the input streams. Components of the d iffe re n t stream vectors are mass
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flow, steam content, temperature, pressure and enthalpy. The module param­
eters including capacity of heat transmission (kF), thermodynamic e f­
fic iency and Stodola number of the turbine stages are constant and/or 
specified function of some stream component.

Because of rec ircu la tion  streams l ik e  e.g. extraction streams of 
turbine stages, the sequential computation can not be carried out d ire c tly  
in general. Therefore, these rec ircu la tion  streams sha ll be cut up and the 
deviation between the (estimated and calculated) values associated w ith the 
places of cut sha ll be reduced below a specified l im it  using some ite ra tio n  
method. The MODSIM process uses the m u ltiva riab le  Wegstein method /6 / ,  a 
robust method of good convergence.

к
Let be the value of i - th  stream variab le  in  k-th  ite ra tio n  step. 

Then the value associated with the next ite ra tio n  step w i l l  be:

k+1 . г- / к к
x ^  -  t ^ F ^  x 2 ’  * .. xk) ♦ (1 - t . )  xk ) ( 1)

Calculation of re laxation factor t^ :

t.l

where

si  =

c (  k
F Í ( X1 ,

кч 
X )m F. (x1k-1 k-1

x2 ’

x k  -  X 1 1
k-1

k-1.
x )

( 2 )

(3)

On the basis of experience gained in  numerical investigations, the fo llow ­
ing choice sha ll reasonably be fo r the re laxa tion  factor:

6 i f  t^  >  6
t .  = . (4)

0.5 i f  t^  >  0.5

Introduction of the follow ing algorithm increases the s ta b i l i ty  of the 
ite ra tio n  process considerably:

=(x<k) + x^k” '1'^)/2 mod (k ,3 ) = 0 . (5)

Convergence condition specified fo r the d iffe re n t stream components:
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x (k+1) -  x (k) 1 1

X(k+1) + x (k )

10 -3 ( 6)

The procedure described above is  realized by WEGSTM convergence 
module. The special feature of the M00SIM code is  that instead of a speci­
f ie d  value, i t  uses a condenser pressure depending on the conditions of 
condenser and cooling water. A special Newton ite ra tio n  algorithm, realized 
by NEWT convergence module, is  used to determine the ultimate sta te  of 
th ro t t l in g  fo r the stage before the f i r s t  turbine stage in  th is  case.

A method consisting of rather e f f ic ie n t  fast algorithms is  used fo r 
computation of the thermodynamic variable /7 / .

Application example

The re la tiv e ly  simple heat-flow diagram of the old block No. 2 of 
Tisza Thermal Power Station has been simulated to i l lu s tra te  how the pro­
cedure can be applied. The Block Diagram is  given in  Fig. 1 while the ap­
p rop ria te  modular diagram can be seen in  Fig. 2.

The f i r s t  ite ra tio n  setup of computation is ,  as follows: 
a Recording of extraction  values
b Recording of the value of pressure of the stream entering the 

f i r s t  turbine stage
c Calculation of heat-flow diagram up to condenser 
d Testing whether the ou tle t pressure o f the las t stage complies 

with condenser pressure
e I f  not, m odification of pressure according to b) 
f  I f  the values of pressure comply w ith  each other, the flow rate 

of the medium leaving the f i r s t  high-pressure preheater to enter 
the deaerator sh a ll be recorded at the preheater jacket 

g Calculation fo r preheaters
h Testing whether the value according to  f )  is  correct. I f  i t  d i f ­

fers from the modified values, repeat g). 
i  I f  the value is  correct, tes t whether the values of extraction  

are correct.
к I f  these values d if fe r  from the recorded values, modify them and 

repeat the process from b).
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F ig . 2. Modular representation o f the heat-flow  diagram
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F ig . 3, Ite ra tio n  cycles
(1 -  ite ra t io n  o f the i n i t i a l  pressure o f expansion, 2 -  i te ra t io n  o f condensate re tu rn ing  

from the f i r s t  high-pressure preheater, 3 -  ite ra t io n  o f expansions)

As compared w ith a simultaneous ite ra tio n  of every unknown value, 
the above ite ra tio n  process is  advantageous in  tha t i t  o ffers high s ta b i l­
i t y  concerning convergence.

However, a disadvantage of the process is  tha t, because of repeated 
ca lcu la tion  of the heat-flow diagram, i t  might be quite slow.

The ite ra tiv e  cycles are shown in  Fig. 3.
Figure 4 shows the changes of condenser pressure and o u tle t steam 

pressure of the la s t stage as a function of the number of ite ra tio n s  fo r 
constant extraction.

In te ra c tiv ity

The wide use of personal computers resu lted in a s ig n ifica n t change 
of the man-machine system with an in te rac tive  system of dialogues, a ques­
tion-answer system becoming increasingly predominant over so-called batch 
processing methods tha t have been used so fa r .  Also MODSIM tr ie s  to meet 
th is  up-to-date requirement. I t  permits any a rb itra ry  heat-flow diagram to 
be simply generated and/or modified in  an in te ra c tive  way. Figure 5 shows 
the graphic record of the Block Diagram fo r the above example, appearing on 
the computer screen.
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Number of i te ra t ion s

F ig . 4. Changes o f condenser pressure and o u tle t pressure o f steam leaving the la s t stage 
as a function o f the number o f ite ra tio n s

The M0ÜSIM menus permit the actual user demands to be met. The In­
formation Menu shown in  F ig. 6 allows to d isplay the results of simulation 
in  d iffe re n t forms. MODSIM is  compatible w ith LOTUS 1-2-3, a product of 
Lotus Development Corporation, which permits the results of program running 
to be interpreted in  d iffe re n t ways graph ica lly  or in  the form of charts 
(see Figs 7 through 9).



F ig . 5. MDSIM heat-flow  diagram o f u n it 2 o f Tisza Thermal Power Station
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Information Menu 

Options

1 . Values o f a l l  Streams on Screen
2. Values o f a l l  Streams on Hard Copy
3. Evaluated Data o f the Plant Process
4. Expansion Line
5. Temperature E levation in  Preheaters
6. General Report
7. Return to Operation Menu

Enter Number ===;

F ig . 6. MODSIM Information Menu

MODSIM Version 1.0 (С) OTKA -  1986

C E1 E2 M E3 ЕЛ D E5 E6 
Flowsheet units

Fig, 7, Change o f feed water temperature in  preheaters, MODSIM -  LOTUS output

Temperature Elevation in Preheaters:

U n it Label Tube Side Shell Side

Condensato r C 30.84 24.33
Heater 1 El 38.74 54.39
Heater 2 E2 71.04 73.81
M ixing M 64.04
Heater 3 E3 90.91 97.09
Heater 4 E4 128.82 134.93
Deaerator D 147.01 174.16
Heater 5 E5 167.96 174.16
Heater 6 E6 201.69 209.05
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Expansion Line 
MODSIM Version 1.0(C) OTKA-1986

Entropy kJ/kg,K

Expansion Line

P: Pressure in  decibar TURB1: High Pressure Turbine 
T: Temp, in  Celsius TURB2: Low Pressure Turbine 
x: Vapor ra t io  in  gr/kg

Unit Label

Boyler В
TURB1 Stage 1 T ll

Stage 2 T12
Stage 3 T13
Stage 4 T14

TURB2 Stage 1 T21
Stage 2 T22

Condenser C

P T X

882.5 520.01 1000
187.19 332.66 1000
87.47 247.02 1000
31.23 145.81 1000
9.13 97.09 953
3.67 73.81 922
0.44 30.91 870
0.44 30.91 0

Fig. 8/a.
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M O D S IM  V e rs ion  1.0 ( C )  O T K A - 1 9 8 6

F in . 8 /a ., B/b. Expansion process in the tu rb ine  stages, MODSIM - LOTUS output
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Evaluated P lant Data

1. Output Power o f Turbines TURB1: High Pressure Turbine
TURB2: Low Pressure Turbine

Label Power (MW)

TURB1 Stage 1 T il 16.3
Stage 2 T12 7.1
Stage 3 T13 8.1
Stage 4 T14 7.1

TURB2 Stage 1 T21 4.4
Stage 2 T22 7.5

Tota l : 50.4

F ig . 9. Output o f the d iffe re n t turbine stages, MOOSIM -  LOTUS output
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SIMULATION OF POWLR PLANT CIRCUITS AND EQUIPMENT STATE ESTIMATION

(Part I I )
STATE ESI IMÁMON

PALÄNCZ, В .*

(Received: 20 December 1988)

This work describes a method to estimate the state of major equipment o f power 
p lant c ir c u its  based on balance equaliza tion  and parameter estim ation. The method 
permits the a cce p ta b ility  o f the resu lts  o f measurements to be investiga ted  and to 
id e n tify  the changed model parameters and thus the state of equipment o f the c ir c u i t  
to be estimated, using a linearized c ir c u it  model.

A p ra c tica l example, a block o f Tisza Power P lan t, is  used to i l lu s t r a te  a p p li­
ca tion . The method has been used also fo r  the 440 I'M blocks of Paks Nuclear Power 
S ta tio n .

NOTATION

A — Jacobi matrix fo r linea rized  system variab les

В — Jacobi matrix fo r linea rized  system parameters

F — nonlinear functiona l connection, vector-vector function 

I  — u n it matrix

J — weighted residua l in  parameter estimate

kF — thermal transmission fa c to r, kW/ C 

P — vector o f parameters

Q — weighted residual in  balance equalization

X — sta te  vector o f input variables

y — state vector o f output variables
2

X — Chi-square d is tr ib u tio n
2

<r — mean square deviation

Indices:

о — place o f lin e a riz a tio n

p — parameter estimate

*Paláncz, Béla, H-1085 Budapest, Salétrom u. 9, Hungary

Akadémiai Kiadó, Budapest
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1. Introduction

R e lia b ility  and e ffic iency range among the most important c r i te r ia  
of up-to-date operation o f plants where technological processes of indus­
t r i a l  chemistry and energy production are taking place. Of course, re ­
l i a b i l i t y  and e ffic ie n cy  are closely in te rre la te d  as a reduction in  the e f­
fic ie n cy  of major equipment, losses in  production due to unforeseen break­
down and increased costs of repair a ffe c t the economic e ffic iency equally 
unfavourably. Figure 1 shows the theore tica l re la tionsh ip  between mainten­
ance costs and a v a ila b il i ty .  In the Figure, preventive maintenance is  
minimum along section 'A ' and thus a v a ila b i l i ty  in  terms of percentage of 
actual hours of operation as compared w ith the planned hours reduces due to 
frequently occurring breakdowns, accompanied w ith  increasing costs re s u lt ­
ing from subsequent repa irs . The correct preventive maintenance schedule 
along section ' В1 resu lts  in  increasing a v a ila b i l i ty  with also the costs of 
preventive and subsequent maintenance ly in g  w e ll below the costs according 
to strategy 'A' .  At the same time, an over-estimated preventive maintenance 
demand lik e  in  strategy 'C  results in  increasing s ta n d s till tha t is  in  
reducing a v a ila b il ity  /1 / .  Hence, in  fa c t, the re lationship between a v a il­
a b i l i t y  and maintenance costs can be optimized although in  practice i t  is  
d i f f i c u l t  to express th is  optimum numerically.

The close co rre la tion  between r e l ia b i l i t y  and effic iency of oper­
a tion  comes in  focus especially i f  r e l ia b i l i t y  implies not only unforeseen

Пд. 1.
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s ta n d s till prevention but also control of disorders in  major equipment 
which, although not preventing the equipment from operating at given in ­
stant, may reduce the e ffic iency of operation considerably and resu lt 
sooner or la te r in  a temporary and p a rtica l reduction in  performance due to 
inevitab le  repair /2 / .

Measurements alone are not enough to determine reduction in  the e f­
fic iency of power p lant operation. Use of a mathematical model describing 
given process, usually together with m ateria l and energy balances, is  
therefore necessary /3 /.

2 .  S t a t e  e s t im a t io n

The energetic e ffic iency  of certa in equipment l ik e  turbines and heat 
exchangers may reduce during operation as a re su lt of leakage, contami­
nation etc. These changes are typ ica lly  slow and they have no d ire c t 
drastic  e ffec t upon operation.

A mathematical model describing the process is  used on the basis of 
measurement of ce rta in  typ ica l operating variables to investigate the state 
that is  to answer the question whether the d ifference between the measured 
values and those supplied by the model resulted from erroneous measurements 
or the state of some major equipment changed so tha t the model parameters 
characte ris tic  of tha t equipment were no longer v a lid . What we want to know 
is  what kind of change has occurred or is  about to develop in  which of the 
equipment.

The model parameters characte ris tic  of the energetic state of the 
equipment lik e  stage e ffic iency  or thermal transmission factor etc. are 
based essentia lly  on parameter estimation. However, balance equalization is  
necessary to decide whether new parameters have to be determined that is  
parameter estimation has to be carried out or the s ig n ifica n t d ifference 
between the calculated and measured values resulted from erroneous, fa i l in g  
measurements only /4 / .

3 . L in e a r  b a la n c e  e q u a l i z a t i o n

Values measured in  the course of operation include pressure, d i f ­
fe re n tia l pressure, temperature etc. For d if fe re n t reasons ( in s ta b il i ty  in
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tim e, error of measuring device, recurrent measuring error e tc . ) ,  the 
values so obtained are more or less erroneous. A condition fo r  accept­
a b i l i t y  of the measurements is  that they sa tis fy  the material and energy 
balances describing the process. The process is  usually described by the 
fo llow ing  nonlinear input-output model:

У = F(p, x) ( 1)

Linearized in  the environment of the state of operation according to input 
variab les of the model:

У = F(P0, xQ) + DF
□X P , x *0 ’ 0

(x-x0) ,

У = У0 + A(x-xo) .
( 2 )

E ssen tia lly , equalization is  a correction of the values less deviating from 
the measured values in  a ce rta in  sense and sa tis fy ing  at the same time the 
heat and material balances cons titu ting  the heat-flow diagram model. I t  is  
usua lly  minimization in  a weighted quadratic sense where the weight matrix 
is  a reciprocal of the diagonal matrix set up of mean square deviations.

New variables are introduced fo r the linearized model in  order to 
use the usual re la tionsh ips:

Y and b y -  Ax 
’  о  о (3)

Thus the o rig ina l linea r model can be w ritten  in  the fo llow ing form:

where

Let

WY - b = 0 

W = LA i - E ]  .

be the vector of measurement resu lts . 
Now quadratic form

Q ( Y )  = ( Y  -  Y m ) *  V 1 ( Y  -  Ym)

(4)

(5)

( 6)

( 7 )



STATE ESTIMATION OF POWER PLANT EQUIPMENTS 267

is  minimized by linea r balance equalization, where on the basis o f v a r i­
ation in  re la tion  to measurement of input and output variables, the weight 
matrix w i l l  be

5 2 
xml

( 8)

4 .  F i l t e r i n g  o u t o f  f a i l i n g  m easurem ents

On certa in assumptions, the measurements w il l  be acceptable i f  

Qmin = « W  *= *0 .95 ( ">

holds fo r  the residual associated with the re s u lt vector.
I f  not, th is  means that the measurements are recurrently erroneous 

or a change occurred in  the state of major equipment which made the value 
of parameter vector pQ used questionable.

Almásy's gamma index /4 / can be used to tes t whether or not a re ­
current major error is  ex is ting . Accordingly, measurement resu lts fo r  which 
the absolute value of Almásy's gamma lie s  in  the v ic in ity  of 1 are suspect 
of e rro r.

5 .  L in e a r  p a ra m e te r  e s t im a t io n

2
Hence, i f  the X Test is  negative but a value near 1 o f Almásy's 

gamma is  not obtained fo r any of the measured variables, i t  can be r ig h t ly  
assumed that a change has taken place in  the sta te  of the equipment, re s u lt­
ing in  a new state that can not be represented by the value of model param­
eter associated with the old state. E.g. also model parameter kF character­
is t ic  of the value of the thermal transmission factor for given heat ex­
changer sha ll be reduced accordingly fo r the sake of appropriate modelling 
in  case of contaminated heat transfer surfaces.

Since the changes are slow and thus d i f f i c u l t  to detect, a lin e a r-



ized model is  used again where linea riza tion  according to the model param­
eters is  also carried out now. That is
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where
У = У0 + A (x-xQ) + B(p-pQ)

Taking in to  consideration id e n tity

(10)

( ID

X = X + I (x-x ) о о

and introducing variables

where

model

Ax X + A  X and M = I 0
Ay P Ap A В

Дх = x-x 0
д у  = y-y 

y y O

Ар = p-p

Y = MX
P p

( 12)

(13)

(14)

(15)

is  obtained. As the layout of the variables shows (13), now not only param­
eter vector p but also the input vector are present on the r ig h t side tha t 
is  also the input vector sha ll be determined in  the course of the e s t i­
mation process.

With matrix V used again as a weight m atrix , the expression to  be 
minimized w il l  be

J(V  = (Yp ■ MV  v 1 (YP - MXp) • (16)

Note that in  p rac tice , use of an a rb itra ry  domain fo r m inim ization 
of ( lé )  is  usually not permissible. Namely, an unconditional lin e a r param­
e te r estimation can y ie ld  also a solution re su ltin g  in  minimum value fo r  J 
w ith , however, the phys ica lly  optimum values o f fa llin g  w ith in  the in ­
admissible domain (e .g . the active heat tra n s fe r coe ffic ien t increases).
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Therefore, i t  is  necessary that

(X ) . <  Xp nun — p (X ) p max

be s tipu la ted  fo r the minimization of (16).

(17)

6 . A p p l ic a t io n  e x a m p le

Consider un it I I  of Tisza Thermal Power Plant again. In the s im p li­
fied  Block Diagram given in Figure 2, the points of measurement o f the 
state variables that is  temperature, pressure and mass flow have been in ­
dicated (see Fig. 2).

Temperatures were measured by means of a Rosemount 78 S resistance 
thermometer. The error of temperature measurement was +_ 0.15%. A pressure 
transm itter of a c e ll factor of 1 mV/V was used fo r pressure measurements 
while the measuring o r if ic e s  used in  normal operation served fo r mass flow 
measurements. The pressure difference signals proportional to mass flow 
were fed to the data co llec ting  un its by a Rosemount C.719 transm itte r. 
Mass flow figures were calculated in accordance with DIN1952-82.

An AOTT Kempton flowmeter of an accuracy of _+ 2% as compared w ith 
the rated value, supplying a d ig ita l output s igna l, was used fo r measure­
ment of the condenser coolant flow. A ca lib ra tio n  type e le c tric  consumption 
meter was used to measure the wattage and the wattless component o f the 
generator output power. By means of th is  measuring device, each phase can 
be measured independently in case of the three-phase system and the resu lts  
can be summed to an accuracy of 0.2.

To obtain re lia b le  information about the steady state, the measured 
charac te ris tics  were collected by means o f 2 portable HP 2141 data c o lle c t­
ing un its  contro lled by a small HP 75 computer. This computer is  capable of 
evaluating the measured signals immediately. Measurements were made under 
the conditions of rated e le c tr ic ity  production, maximum e le c tr ic ity  produc­
tion  and e le c tr ic ity  production corresponding to 50% of the rated output.

On the basis of the measured input variables in case of rated load 
(Table 1), the rest of measured values has been determined by means of 
MODSIM /5 / .

The re la tive  difference between measured and calculated values is  
il lu s tra te d  in  Fig. 3. Although the d iffe rence  is  ins ign ifican t in  general,
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Table 1

Variable
Measured

values
Calculated

value
V aria tion of 
measurement

Instrument
e rro r

Overall
va ria tio n

1 Live steam flow  ra te , 
kg/s 48.1B0 inpu t 0.520 0.480 0.708

2 Live steam pressure, 
bar 88.250 inpu t 0.910 0.880 1.266

3 Coolant flow  ra te , 
kg/s 1006.320 input 10.200 10.000 14.284

4 Coolant in le t  
tempera tu re , C 15.600 input 1.100 0.500 1.208

3 Live steam temperature, 
°C 520.500 input 6.270 1.000 6.349

6 Bleed 1 temperature, 
°C 332.200 337.590 2.300 1.000 2.508

7 Bleed 1 pressure, 
bar 18.200 18.850 0.310 0.500 0.588

8 Bleed 2 temperature, 
°C 251.000 253.750 2.100 1.000 2.326

9 Bleed 2 pressure, 
bar 8.760 8.890 0.210 0.500 0.542

10 Bleed 3 temperature, 
°C 149.900 152.400 2.000 1.000 2.236

11 Bleed 3 pressure, bar 3.080 3.190 0.120 0.300 0.323

12 Bleed 4 temperature, 
°C 95.500 97.770 1.300 0.500 1.393

13 Bleed 4 pressure, bar 0.921 0.935 0.080 0.100 0.128

14 Bleed 5 temperature, 
°C 72.600 74.390 1.100 0.500 1.208

15 Bleed 5 pressure, bar 0.365 0.379 0.020 0.100 0.102

16 Condensate temperature,
°c 30.200 31.590 0.900 0.500 1.030

17 Condensate pressure, bar 47.100 46.430 2.000 5.000 5.385

18 Coolant o u tle t 
temperature, C 23.700 24.520 1.100 0.500 1.208

19 Preheater 1 in le t  
temperature, C 30.600 31.420 1.080 0.500 1.190

20 Preheater 1 o u tle t 
temperature, C 39.200 39.530 1.300 0.500 1.393

21 Preheater 2 o u tle t 
temperature, C 70.300 71.350 1.810 0.500 1.878

22 Preheater 3 in le t  
temperature, C 65.200 65.160 1.920 0.500 1.984
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Table 1 ( ra n t.)

Variab le Measured
values

Calculated
value

V a ria tion  o f 
measurement

Instrument
erro r

Overall
va ria tio n

23 Preheater 3 o u tle t
temperature, C 89.600 91.760 1.500 0.500 1.581

24 Preheater 4 o u tle t
temperature, C 127.01 129.400 2.000 1.000 2.236

25 Preheater 5 o u tle t
temperature, C 164.3 167.800 2.100 1.000 2.326

26 Preheater 6 o u tle t
temperature, C 194.9 201.470 1.850 1.000 2.103

27 E le c tr ic  power, MW 50.23 51.570 0.780 0.915 1.202

Before equa liza tion

No. of measured v a ria b le s

F ig . 3. Model e rro r
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With o rig ina l param eters

No. of measured va riab les  

F ig , 4■ Measurement error and model e rro r

A fte r lin e a r e q u a liz a tio n

No. of measured va ria b le s

F ig . 5. Model e rro r
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No. of m easured variables

F ig . 6. Result o f sta te  estimation

Almàsy - te s t

No. of measured variab les 

F ig . 7. Detection o f fa i l in g  measurements
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F ig . 8. Result o f parameter estim ation

No. of measured va riab les

F ig. 9, Model e rro r
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No. of m easured  va riab le  

F ig . 10, Measurement e rro r and model error

the error of the model was found to l ie  above the error of measurement fo r 
some variables in  a comparison of the measured and simulated values (Fig.
4 ). The differences a fte r  linea r equalization can be seen in  F ig. 5. The

2
X tes t was pos itive  fo r the residuum of equalization (see F ig. 6).

Therefore, Almásy's gamma index was calculated fo r every variable as shown2
in  Fig. 7 to see whether the pos itive  X can be a ttribu ted  to fa i l in g  
measurements or not.

No fa il in g  measurements could be detected. Hence, lin e a r parameter 
estimation was used as an additional p o s s ib ility  of reduction of the 
residuum. The values o f kF fo r the d if fe re n t preheaters and the condenser 
were considered as a parameter. The resu lts  of parameter estim ation are 
shown in  Fig. 8, ind ica ting  the values obtained fo r the parameter both un­
cond itiona lly  and cond itiona lly  (perm itting  reduction on ly). The model 
e rro r obtained in  ca lcu la tion  with the new parameters is  shown in  F ig. 9. 
As can be seen in  Fig. 6, the d ifferences between measurement and ca lcu l­
a tion  reduced a fte r parameter estimation in  spite of the fa c t tha t the 
linearized  model had been used fo r parameter estimation and thus the non­
lin e a r model had resulted in  a somewhat greater residuum.
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Fig. 11. State estimation process

F ina lly , Fig. 10 shows that a fte r parameter estimation, the error 
of measurement exceeds the error of the model fo r almost every variable.
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DEVELOPMENT OF FLOIDIZED-BED FIRING TECHNOLOGY IN THE 
TNSTITOTE FOR ELECTRIC POWER RESEARCH

REMÉNYI, К .*

(Received: 20 February 1991)

A new f ir in g  technology has been developed by the In s titu te  of E le c tr ic  Power 
Research (VEIKI). The new technology can be rea lized  on the basis o f a flu id ize d -b e d  
combustion system w ith cooled combustion chamber surfaces using a spec ia lly  designed, 
aerodynamically favourable free-board geometry perm itting  the en tire  volume o f the 
combustion chamber to  be u t il iz e d  as w ell as a simple but e ff ic ie n t w a ll coo ling  
system.

In the quick bed, a simple in je c tio n  system can be used due to the good mixing 
conditions and favourable p a rt ia l load cond itions. The required temperatue o f 800 to 
900 C can be reached even without the use o f coo ling surfaces and the space above 
the layer can be used fo r  combustion o f the coal p a rtic le s  blown in to  the chamber 
separately.

A so-called "hybrid " flu id ized-bed /pu lverized  coal f ir in g  technology where 
30-70% o f the heat input enters the combustion chamber through m ills  w ithout sepa­
ra to r and pulverized coal burners has also been tested in  practice. To reduce the 
sulphure dioxide emission, pulverized limestone or dolomite can be fed to  the 
f lu id iz e d  bed. This technology can be id e a lly  used fo r so ft or hard brown coals or 
waste m ateria ls.

Introduction

The In s titu te  fo r E lec tric  Power Research (VEIKI) has been dealing 
with the development of coal f ir in g  — inc lud ing both conventional (pu lver- 
ized-coal f ir in g )  and new (flu id ized-bed f i r in g )  techniques — fo r decades.

Experimentation in  the In s titu te  includes both laboratory and 
in d u s tr ia l scale experiments.

^Reményi, Károly, H-1014 Budapest, Úri u. 38. I I / I .  10, Hungary

Akadémiai Kiadó, Budapest
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Laboratory experiments

REMÉNYI, К .

Experimental equipment:
Three-draft fo rced-c ircu la tion  hot-water bo ile r of ind iv idua l 

design with atmospheric flu id iza tio n  fo r  p ilo tsca le  experiments (Figs 1 
and 2).

Boiler spec ifica tions :
e ffec tive  heat output 0.5 MW
flu id ized-bed temperature 750-900 °c
grain size o f bed material О CD 1 1—* Ю mm
max. grain diameter 6 mm
cooling water flow  rate 4 kg/s
average bed cross section 0.49 2m
bed cooling surface 1.39 2m

T 5 "  Ö Ü—
©

Fig. 1. Laboratory experimental set-up fo r  f lu id iz a t io n  experiments 
(1 -  s ta rtin g  burner, 2 -  secondary a ir ,  3 -  coa l, 4 -  bed cooling pipes, 5 -  a ir  nozzles,
6 -  a ir  box, 7 -  combustion chamber pipes, 8 -  heat exchanger, 9 -  cyclone, 10 -  bed m ateria l 
discharge, 11 -  coarse fly -a s h , 12 -  cyclone f ly -a s h , 13 -  ce ll-type  feeder, 14 -  flue-gas

exhaust, 13 -  gas ana lyzer)
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F ig . 2. Photograph o f experimental b o ile r
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convective heating surface 
outdoor cooling surface 
height of bed materia l 
rate of f lu id iz a t io n

4.83 m2 
0.628 m2

0.4-0.6 m 
1.5-2.3 m

Combustion a ir  supply takes place through the nozzles in  m ajority 
while a minor pa rt, the so-called "secondary a i r " ,  enters the combustion 
chamber through holes somewhat above the bed surface at a s im ila rly  con­
t ro l la b le  rate. Secondary a ir  supply is  necessary f i r s t  of a l l  because of 
burning of carbon monoxide.

The fue l supply system has a bin fo r  coal and a bin fo r add itives . 
The required feed rate and mixing ra tio  can be adjusted by means of a c e l l-  
type feeder of regulatable speed provided fo r  the bottom of e ithe r b in . 
From the ce ll-type  feeders, the coal and additives get through descent 
pipes onto a worm conveyor which feeds the coal and the mixture to the com­
bustion chamber at about h a lf height of the bed.

A cyclone and a f i l t e r  with te flon  bag, arranged a fte r the flu e  gas 
o u t le t,  provide fo r fly -ash  separation.

Three finned aluminium coolers serve fo r  recooling of the output 
water stream as required.

No automatic con tro l is  provided fo r the equipment fo r the time
being.

— environmental problems (e.g. SC ,̂ N0x emissions and th e ir  param­
e te r dependence and optim ization, experiments with additives e tc .) ,

— operating and constructional problems to  work out recommendations 
(such as e.g. cold s ta rtin g  and emergency shutdown strategy e tc .) .

Crushed coal from Ajka and Tatabánya has been used fo r the f i r in g  
experiments.

Бец emission
The temperature dependence of sp e c ific  su lfu r dioxide emission 

(re la ted  to to ta l s u lfu r)  is  shown in  Figs 3 and 4. I t  can be seen tha t 
maximum su lfu r separation (minimum emission) takes place at a temperature 
of 820 °C that is  below 880 °C, f i r s t  of a l l  because the equilibrium car- 
bondioxide point is  sh ifte d  by flu id iz a tio n  a ir .  In the range of higher 
temperatures, less su lfu r can be absorbed by the so-called "overburnt" 
calcium oxide.

R esu lts

Our investigations included two main f ie ld s ,  such as
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Fig. 3, S0„ temperature dependence ( fo r  coal from Tatabánya)

(1 -  w ith limestone feed, 2 -  w ith  dolomite feed, 3 -  excess a ir ,  4 -  w ithout a d d it iv e )

As suggested by the process, the bed temperature sha ll be adjusted 
to a value of about 820 °C i f  energetica lly  and economically reasonable. 
N0 emission

X
For s truc tu ra l reasons and with respect to slag m elting, the bed 

temperature had to be kept below 900 °C. Therefore, thermal and spontaneous 
N0x were present in  spots only.

In the course o f investigations, no c lear, s ig n ifica n t relationship 
could be detected between N0̂  emission and bed temperature or i f  indeed at 
a l l ,  the e ffec t was in s ig n ifica n t as compared with changes due to  other 
parameters.

There is  a close and definable re la tionsh ip  between nitrogen oxide 
emission and carbon monoxide developing in  the combustion chamber. For coal 
from Ajka, th is  re la tionsh ip  is  il lu s tra te d  in  Fig. 5 (assuming excess a ir  
of m = 1).
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Fig, 4, SÔ  temperature dependence ( fo r  coal from Ajka) 
(1 -  excess a ir )

The high CO is  not appearing at the flue-gas ou tle t of the b o ile r 
because i t  can be burnt w ith  secondary a ir  in  the upper region of the com­
bustion chamber without increase in NO content.

X

The above re la tionsh ip  suggests th a t, in  respect of N0 ,̂ the com­
bustion w i l l  be optimum i f  maximum CO, s t i l l  sa fe ly  burnt with secondary 
a ir ,  is  developing in  the combustion chamber. This requirements is  in  
agreement with experience in  re la tion  to N0  ̂ reduction in case of vacuum 
f i r i n g .

New flu id ized-bed f ir in g  equipment

Considering how long the princ ip le  of fluid ized-bed f ir in g  has 
been available, the technology i ts e lf  is  fin d in g  use at a su rpris ing ly  
slow ra te . However, in  add ition  to advantages o f quite a number offered by 
flu id ized-bed f ir in g ,  there are problems of a s im ila r ly  large number which 
explain the lim its  set to  the wide use of the technology. One of these 
problems, perhaps the most important one, is  the unpredictably low rate of
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F ig . 5. Relationship between combustion chamber CO and spec ific  NO

increase in  energy demand. Other problems are encountered in re la tio n  to 
the b o ile r fo r flu id ized-bed f ir in g .  The desirab le  high power s ta tion  u n it 
capacities have not been available yet. At the same time, in sp ite  o f a 
substantia l reduction in  size, the equipment prices have not reduced pro­
po rtiona lly  as compared with the conventional equipment furnished w ith  SO2  

and N0  ̂ separators. No appropriate equipment is  available fo r u t i l iz a t io n  
of the extremely high rate of heat transfer inherent in  the flu id ized  bed. 
Essentia lly , two major types of equipment have been used so far fo r atmo­
spheric flu id ized-bed combustion techniques, such as

— bubbling-fluidized-bed f ir in g  (BFB) p lan t and
— c ircu la ting -flu id ized -bed  f ir in g  (CFB) p lant.
In case of bubbling-bed f ir in g ,  l im its  are set to un it capacity by 

the bed size. In case of circulating-bed f i r in g ,  the capacity can be in ­
creased but generating sets (p rec ip ita to rs , feeders, conveyors b a ffle s ) of 
a special design sha ll be used.

Environmental considerations rage a t f i r s t  place among factors con­

tr ib u tin g  to a wide use of fluidized-bed combustion technology. Note tha t
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Fig. 6. Schematic i l lu s t r a t io n  of flu id ized -bed  f i r in g  using the VEIKI process 
(1 -  fa n -m ill w ith separator, 2 -  combustion chamber, 3 -  f lu e  gas resuction, 4 -  coa l-feeder, 
5 -  PC-ducts, 6 -  coal burner, 7 -  secondary a ir  d u c t, 8 -  wind box, 9 -  main a ir  ducts, 
10 -  fan m ill w ithout separa to r, 11 - spreader, 12 -  f lu e  gas resuction, 13 -  co a l-fe e d e r, 

14 -  PC-duct, 15 -  seconder a ir ,  16 -  bottom ash removal)

the competition between conventional steam b o ile rs  with SĈ , N0  ̂ separators 
and fluid ized-bed b o ile rs  is  s t i l l  in  the balance.

At the same time, elim ination of environmental p o llu tio n  by old 
p lants representing a substantial part o f the energy system remains a 
problem to be solved. That means that SĈ  and N0x separators sha ll be pro­
vided fo r the old p lants.

In the In s t itu te  fo r E lectric  Power Research (VEIKI), Hungary, a 
so -ca lled  hybrid flu id ized-bed combustion technology has been developed 
w ith  a view to reduce environmental p o llu t io n  by old pulverized-coal f ire d
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Fig. 7. A ir d is tr ib u tio n  according to the VEIKI process

bo ile rs  and, on the other hand, to develop new bo ile r types (Figs 6 
and 7).

The most important objects of the R&D program have been
— improvement of the conditions of combustion when coals o f v a r i­

able q u a lity  (7-12 MJ/kg, 35-50% ash content) are burnt,
— u t il iz a t io n  of by-products of coal mining ( in te r ts , ta i l in g s ) ,
— u t il iz a t io n  of the benefits of fluidized-bed combustion tech­

nology in  respect of environmental protection (reduction of SO2  and N0̂  
emissions) and

— use of the new technology w ith ex is ting  bo ilers.
In the course of design of the equipment fo r flu id ized-bed com­

bustion, the follow ing problems had to be solved:
— s ta rting  of flu id ized-bed f ir in g ,
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F ig- 8. Photograph o f VEIKI flu id -b e d  combustion at the Thermal Power Plant o f Tatabánya

— coal feed,
— appropriate a ir  in jec tion  and d is tr ib u tio n
— removal of excess material from the bed.

An o i l- f i r e d  flue-gas generator was used to s ta r t the process (that 
is  to  heat primary a ir  to  a temperature of approx. 400 °C) and an o i l - je t  
lance was directed down-ward to the bed.

Im p le m e n ta t io n  a t  th e  T h erm a l P ow er P la n t  o f  T a ta b á n y a

The f i r s t  b o ile r to  be reconstructed had been equipped o r ig in a lly  
w ith  four blowers of which two blowers had been used to support pulverized- 
coal f ir in g  in the b o ile r of o rig ina l construction while two blowers served 
to  feed the flu id ize d  bed a fte r reconstruction. The system is  schematically 
i l lu s tra te d  in  Fig. 8 (VEIKI patent).
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Introduction of the fluidized-bed technology at the Thermal Power 
Plant of Tatabánya resulted in  an advanced technological process a t an ex­
is t in g  old power s ta tion . Attempts have been made a l l  over the world to 
u t i l iz e  low-grade coal but no success in  balance with the expenditure has 
been achieved so fa r. Some sophisticated, rather expensive, methods to 
u t i l iz e d  low-grade coal are available, however. In case of the equipment 
developed by VEIKI, the spec ific  (cross-sectional) heat release increased 
two-to-threefo ld  as compared with other equipment in operation in  the 
world. The new practice is  unique also in  tha t i t  o ffers a technology tha t 
can be used e ither independently fo r flu id ized-bed f ir in g  or pulverized- 
coal f i r in g  or fo r both in  combination. The technology can be id e a lly  used 
fo r burning of by-products of coal mining and lig n ite s  and i t  helps to 
meet the environmental requirements even in  case of existing old b o ile rs .

The rate of so-called in te rna l and external secondary a ir  supply can 
be regulated separately.

O p e ra t in g  e x p e r ie n c e s ,  e x p e r im e n t a l  r e s u l t s

Experimental operation and tes ting  in  September—October 1986: 
In case of continuous operation, 40-70% of the coal enters the com­

bustion chamber through m ills  without separator while the rest through 
m ills  equipped with separator.

This "hybrid" combustion resulted from operation with at leas t one 
m il l  w ithout a ir  separator and the steam output was less than 40 t /h .  Most 
successful operation resulted from use o f m il l  No. 2 (without separator) 
and m il l  no. 3 (w ith separator). Other m ills  were also operated. Oue to the 
flu id iz e d  bed, the combustion chamber temperatures were lower and more 
homogeneous and the combustion i t s e l f  was stab le r than in case o f coal 
f i r in g .

In case of operation with one m il l  w ithout separator, the steam out­
put ranged between 12 and 28 t/h  (max. 18-24 MW in terms of coal-heat con­
version) as a resu lt of combustion in  f lu id iz e d  bed, equalling a sp e c ific

2
heat release of 4-5 MW/m from the bed. This value exceeds the typ ica l2
value of 1.5-2 MW/m fo r conventional flu id ized-bed f ir in g  considerably. 
The value includes also the e ffec t of a f te r - f ir in g  above the bed but the 
con tribu tion  of th is  e ffec t has a theo re tica l significance only.
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Temperatures below 850 °C were measured In the upper part of the 
combustion chamber by means of two temperature sensors. These temperatures 
are very close to bed temperatures, which means that the technology used 
resulted in  so-ca lled  "cold burning", a process rather favourable in  re ­
spect of environmental protection.

The b o ile r operation was easy to co n tro l. Thus the adequate method 
was used fo r temperature regulation.

Independently of the number of m ills  used, the operation was stab le , 
backfires did not occur during combustion. Except fo r the s ta rtin g  process, 
use of o i l  to  support combustion was not necessary. The capacity could be 
increased as compared w ith coal f ir in g ,  a s ig n if ic a n t advantage in  case of 
heating power s ta tions .

In case of tw o-m ill operation inc lud ing  m ill No. 3 (with separator), 
a steam output as high as 42-48 t/h  could be achieved. At the same time, 
temperatures of about 950 °C were measured in  the higher section of the 
combustion chamber. In the 1986/1987 w inter period, the steam output was 
s tab ilized  at 35-40 t /h  to avoid possible adverse effects of undesirably 
high temperatures.

Using the same coal of an ash content of 38-50% fo r both equipment, 
the VEIKI equipment proved to be more re lia b le  as compared with some im­
ported equipment fo r  fluidized-bed combustion which had to be shut down 
a fte r two or three days of operation because of accumulation of the bed 
m ate ria l.

As compared w ith conventional b o ile rs , the e ffic iency of combustion 
increased by 2-4%. At the same time, the flu e  gas losses were by about 0-1% 
higher. Accordingly, the actual increase in  e ffic iency  is  1.5-2.5%. By use 
of a method based on in-depth analysis developed by VEIKI, the e ffic ie n cy  
of flu id ized-bed bo ile rs  can be further improved.

After successful accomplishment o f development in the year 1986, 
the bo ile r fo r flu id ized-bed combustion was put in to  service and operated 
continuously at the Thermal Power Station o f Tatabánya during the w inter. 
In th is  period, the steam output did not exceed a value of 40 t /h  in  ac­
cordance with the contract concluded between VEIKI and the power s ta tio n .

M ills  No. 2 and 4 were operated w ithout separator (the la t te r  having 
been connected to the o r ig in a l burner).

To complete the program and upon request of the power p lant manage­
ment, also fu ll-c a p a c ity  bo ile r operation had to  be investigated. For th is  
purpose, the b o ile r has been operated as the only steam generating u n it of
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the power s ta tion  continuously fo r a week (steam output: 25-58 t /h ) .  The 
bo ile r e ffic iency  was about 86% and the losses in  both combustion and flu e  
gas reduced as compared with low-capacity operation.

Research is  continued. Within the framework of the National Scien­
t i f i c  Research Fund (OTKA), several problems o f a great importance from 
both a theo re tica l and a practica l point o f view (aerodynamics, heat ex­
change) have been investigated and, on the basis of a contract concluded 
between VEIKI and MVMT (Hungarian E le c tr ic ity  Board), research to optimize 
the su lfu r-d iox ide  re tention by limestone is  going on.

M odification o f the boilers of Ajka Thermal Power Plant

In ternationa l commitments (reduction o f SĈ  and N0x emissions) and 
the increasingly s t r ic t  national environmental regulations necessitate tha t 
new technologies resu lting  in  reduction o f damages to the environment be 
widely used. The fue l used fo r the steam generators of 100 t/h  operated at 
the Ajka Power Plant and especially the high CaO typ ica l of the ash content 
of the coal used o ffe r  a firm  basis fo r reduction of the s ig n ifica n t su lfu r 
emission. Preparatory series of experiments run by VEIKI proved tha t as a 
resu lt of appropriate co-ordination of lu id ized-bed f ir in g  and conventional 
pulverized-bed f i r in g ,  55 to 75% of the s u lfu r  could be absorbed th a t is ,  
both su lfu r-d iox ide  and, to a reduced exten t, n itrous gas emissions could 
be s ig n if ic a n tly  reduced.

In order to achieve the above re s u lts , the construction and the 
control system of the b o ile r as well as the f i r in g  process have to be modi­
fied  fundamentally fo r  the f i r s t  time in  the country.

Modification of b o ile r construction

The bottom of the bo ile r shall be reshaped to permit a new a ir  d is ­
tr ib u tio n  system, the key element in  f lu id iz a t io n ,  to be developed. A 
membrane bottom connected to the c irc u la tio n  system is  provided fo r  the 
membrane-walled b o ile r of natural c irc u la tio n , a perfectly  new design which 
provides continuous safe cooling fo r the bottom and, due to the a ir - r ig h t  
construction, reduces fa lse a ir in trus ion  considerably resu lting in  the
las t analysis in  improvement of the b o ile r e ffic ie n cy . Thus also the fue l 
consumption reduces and as a resu lt, harmful emissions reduce as w e ll.
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To improve the conditions of combustion and to increase the re s i­
dence time of fue l in  the combustion chamber so that the necessary reac­
tio n s  between calcium oxide and sulfure dioxide w i l l  take place, v e r t ic a l 
re c ircu la tio n  has been introduced in  the combustion chamber w ith d if fe re n t 
a ir  blow rates. A ir blow rates of 5-7 m/sec and 2-3 m/sec can be adjusted 
fo r  the central layer and outermost layers, respectively. According to  pre­
lim ina ry  ca lcu la tions, the additional fu e l load in  the combustion chamber 
due to the two v e r t ic a l rec ircu la tion  zones results in a much more homo­
geneous ve rtica l temperature d is tr ib u tio n  along the combustion chamber and 
in  a maximum combustion chamber temperature o f 1050 °C. This means a tem­
perature reduction of 300 °C as compared w ith  the present value, an obvious 
advantage in  respect of reduction of n itrous gas emission.

Another advantage is  that no slagging, typ ica l of b o ile r operation 
a t the Ajka Power P lant, is  required at th a t temperature. Thus use o f the 
equipment fo r slagging as well as shoot pipes can be avoided and the b o ile r 
jacke t can be made p e rfe c tly  a ir  t ig h t.

Fluidized-bed and conventional pulverized-coal f ir in g  can be used 
in  combination fo r bo ile rs  of a rated capacity of 100 t/h . In th is  case, 
the pulverized-coal burners are rearranged th a t is  removed from the corners 
and arranged along the fro n t wall and rear wall of the bo ile r to  supply 
both the flu id ized  bed and the layer above i t .  The new f ir in g  process re ­
quires that also the a ir  system be modified by introduction of delayed a ir  
feed in  accordance w ith the recent resu lts  of research, another c o n tr i­
bution to reduction of nitrogen oxide formation.

M odification of f i r in g  techniques

As compared w ith conventional pulverized-coal f ir in g ,  coarser coal 
grains are required fo r  fluid ized-bed combustion. Therefore, two of the 
coal m ills  sha ll be adjusted to coarse grind ing and thus the component fo r 
f in e  grinding, the so -ca lled  a ir  separator, becomes unnecessary. In th is  
way, not only energy can be saved but also the service l i f e  of the m ills  
increases fo u r- to - f iv e fo ld  and, in  the la s t analysis, the r e l ia b i l i t y  and 
a v a ila b il i ty  of the b o ile r  i t s e l f  increase.

In case of flu id ized-bed combustion, a minimum bo ile r load o f 40 
t /h  can be guaranteed w ithout the use of o i l  to support combustion. Thus 
also the o i l  system becomes unnecessary.
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For s ta rtin g  of a cold b o ile r, use of a flue-gas generator w ith 
i t s  own o i l  burner and automatic contro l system is  planned. By means o f the 
flue-gas generator, the mixture of a ir  and flue-gas entering the b o ile r  at 
the bottom is  heated to a temperature o f 450 °C together with the bed 
material fed to the bo ile r e a r lie r . Two o i l  burners provide fo r add itiona l 
heat required to reach ig n itio n  temperature depending on the q u a lity  of 
coal ava ilab le . According to ca lcu la tions, ig n it io n  takes place a t a tem­
perature of 650-700 °C. After coal feed has been started, the bed tempera­
ture sha ll be s tab ilized  at B50 °C. Then the burners used for s ta rtin g  can 
be switched o f f .

The low-grade coal from Ajka can be burnt in  the flu id iz e d  bed 
without any d i f f ic u l t y  fo r e le c tr ic ity  generation at the Ajka Power P lant. 
Use of a mixture of coals of d iffe re n t grade is  also possible, a practice  
find ing increasing use in  the Hungarian power system.

Coal spec ifica tions

The ash of coals from Ajka has a ty p ic a lly  high CaO, MgO, and 
^2 0  content. This composition is  advantageous in  that much of the s u lfu r 
is  absorbed by the ash i t s e l f  but at the same time disadvantageous because 
the heating surfaces are contaminated by the a lk a li components. Namely, the 
a lk a li resu lts  in  formation of eutectic mixtures of low melting tempera­
tures which, a fte r sublimation, condensate on the afterheating surfaces. 
The deposition process has been simulated in  laboratory. I t  was found tha t 
deposition started at temperatures above 950 °C and the rate of deposition 
on the surface of the probe of a temperature of 300 °C was maximum a t tem­
peratures o f about 1000 °C. No ash deposits on the heating surfaces have 
been detected so fa r in  the course of p ilo t-s c a le  experiment or normal 
operation w ith coal from Ajka in  the flu id iz e d  bed.

Coal specifications (design values):
w r 18.8%
А Г 34.9%
C 29.83%
H 1.4%
s 3.17%c
0 11.4%
N 0.4%
Heat value 9.643 MJ/kg
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Boiler spec ifica tions :
Outlet pressure of steam 
(a fte r superheater) 74 atg
Outlet temperature of steam 
(a fte r superheater)
Feed water temperature 
Maximum output (fo r 190 °C 
feed water) 100 t /h
Peak output 120 t /h
A ir preheating

Design data of b o ile r reconstruction:

73.6 bar

500 °C 
190 °C

27.8 kg/s 
33.3 kg/s

260 to 305 °C

Maximum output ( fo r  190 °C 
feed water)
Heat demand o f steam 
(2596 kJ/kg)
Fuel heat ( fo r  85% bo ile r 
e ffic iency)
Coal based heat fo r flu e ­
gas generation (fo r 89% 
heat trans fe r e ffic iency) 
Fuel flow ra te  fo r coal of 
a heat value of 9.643 MJ/kg

A lternative A A lte rna tive  8
120 t/h 100 t /h

33.3 kg/s 27.78 kg/s

86.533 MW 72.111 MW

101.7 MW 84.82 MW

97. 228 MW 81.024 MW
37 .97 t/h 31.67 t/h
10 .55 kg/s 8.8 kg/s

On the fu e llin g  process

The quick bed o f small cross-section re su lts  in  increased pulverized 
coal and gas c ircu la tio n  w ith in  the combustion chamber. At the same time, 
the flue-gas temperature is  homogenized a t a low value and the increased 
pulverized-coal concentrations and the re su lta n t increased heat trans fe r 
re s u lt  in  a heat absorption corresponding to  the evaporation heat of steam 
a t the walls. Not only should the technology be suited fo r use w ith low- 
grade coals and fo r increased output but i t  should be optimum also in  re ­
spect of reduction of su lfu re  dioxide emission. I t  is  therefore necessary 
th a t

— as much as possible coal and combustible su lfu r content of coal 
be released in  the bed,



F ig . 9. Block Diagram o f VEIKI flu id -bed  f ir in g  at the Thermal Power Plant o f Ajka 
coal b in , 2 -  e le c tr ic  fly -ash  p re c ip ita to r , A l, A2 -  coal feeders, Ml, М2 -  m ills ,  FV -  f lu id iz a t io n  blower)
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— the maximum temperatures in  the space above the bed be reduced as 
fa r  as possible and s ta b ilize d  at a uniform value below 880 °C,

— c ircu la tion  of pulverized coal in  the combustion chamber be 
speeded up and

— the thickness o f the bed be increased i f  combustion in  the bed 
can be in tens ified .

The above requirements are mutually dependent and thus in te n s ifie d  
combustion in  the bed requires that also the cooling and the c irc u la tio n  of 
pu lverized coal in  the combustion chamber be in tens ified .

According to the schematic diagram given in  Fig. 9, operation of the 
e x is tin g  m ills  without a ir  separator resu lts  in  a bed of coal grains of 
s u f f ic ie n t  size.

Two m ills  are usually suited fo r grind ing of the coal passed through 
them to supply the flu id iz e d  bed.

The majority of combustion a ir  gets under the flu id iz a tio n  a ir  d is ­
tr ib u to rs  while the res t enters the combustion chamber as secondary a ir  and 
through the m ills  provided they are operated.

From among the four m ills , two m ills  are operated without a ir  separ­
a to r while the a ir  separator of the other two m ills  is  adjusted to  maximum 
coarseness. One m ill can be operated w ithout while another m ill w ith  a ir  
separator in case of any coal grade, e.g. in  case of a grain size o f 0 to 
20 mm or, in case of an output of 100 t /h , two m ill can be operated w ithout 
a ir  separator. Exhaust o f the drying gas o f the fron t m ills  from the com­
bustion chamber takes place in  the same way as e a rlie r. The temperature 
before and a fte r the m il l  is  regulated by means of hot a ir  admixture. As 
compared with the e a r lie r  setup, a flue-gas exhaust pipe has been provided 
fo r  the section a fte r the economizer at the rear m ills .

At the Thermal Power Plant of Ajka, the f i r s t  bo ile r of a steam out­
put o f 100 t/h  was put in to  service in  October 1990. Since that time, the 
b o ile r  has been operating to f u l l  sa tis fa c tio n  of the user in  accordance 
w ith  the expectations. The prelim inary measurements detected a reduction in  
s u lfu r  and nitrogen oxide emissions. Evaluation cff the process is  based on 
comparison of the values of SO2  and N0  ̂ measured fo r the conventional 
b o ile r  and fo r the modified b o ile r.
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F ig , 10, Photograph o f 100 t /h  b o ile r  fo  Thermal Power Plant o f Ajka

Modified b o ile r Conventional bo ile r

Boiler load t/h 60 60
s o 2 mg/Nm̂ 2020 5050
NO

X
mg/Nfîi 230 500

Boiler load t/h 100 100

C
N

C
D

C
D mg/Nm̂ 2640 5540

NO
X

mg/Nm̂ 360 520

Note tha t the above results have been obtained without the use of 
additives. Increase of the Ca/S ra tio  tha t is  use of additives and adjust­
ment of the combustion process re su lt in  fu rthe r reduction of the po l­

lu tants.

LITERATURE

1. Porkoláb, L .: F lu id iza tio n  experiments to  reduce SO and N0 formation. VEIKI rep o rt, 
Budapest 1990

2. Reményi, К. -  Boross, L. -  Gerla i, T .: New flu id ized -bed  f ir in g  equipment. 9th In t .  Symp. 
Miedzyzdroie, Poland 1989

3. Boross, L. -  Maráz, I . :  M odification o f a 100 t / h  b o ile r  o f the Thermal Power P lan t o f A j­
ka to make i t  su itab le  fo r flu id ized-bed f i r in g .  F e a s ib ility  study. VEIKI re p o r t, Buda­
pest 1988





Acta Technica Acad.S e i.Hung., 103(4), pp. 299-317 (1990)

THE BASES OF THE PROGNOSIS OE ENERGY DEMANÜ W ITHIN THE 

RENEWING HUNGARIAN ECONOMY IN  THE MIRROR OF THE 

1 4 IH  ENERGY WORLD CONGRESS* *

SZERGÉNYI, I . * *

(Received: 12 February 1990)

The author's pub lica tions appeared in the la s t years as well as the lec tu re s  at 
the 14th Energy World Congress made i t  c lear tha t the energy demand and i t s  changing 
pace characterizes w ell the re la tio n s  between the formation o f economy and energy 
consumption. The author o f th is  a r t ic le  presents the home experiences w ith in  th is  
branch on the basis o f h is  con tribu tion  published at the above Congress.

In addition to the experiences the pub lica tion, implies the method o f the author 
concerning demand prognoses.

In such an economy, which renews in  i t s  bases as Hungary, where 
contrary to the practice of the e a r lie r  decades no producing a c t iv ity  
directed cen tra lly  w i l l  define the formation o f future energy consumption, 
there even the energy planners must seek fo r some new methods in  order to 
n o tify  better the probable energy demands and the tasks in  i ts  connection.

I t  is  a l l  the more necessary because the opinions of energy prog­
nosis producers and reviewers seems to move in  vacuum, in  the same way more 
or less, th is  time rather than formerly. Apart from the uncertainty of the 
in te rna tiona l comparedness of our nation-wide energy e ffec tiv ity /ene rgy  in ­
tensity'*' (considered d if fe re n tly  by several experts) some new d i f f ic u l t ie s  
has namely emerged. Partly by concluding the extensive development and 
s ta rtin g  the market economy, respectively, the concrete reducing ideas of 
energy consumers are no more known and the pace of the fu ture economy 
growth has become uncertain. On the other hand, one has not s u ff ic ie n t in ­
formation on the speed of modernization which reduce the growth of demands,

The present pub lica tion  has been made on the basis o f the author's co n trib u tio n  
handed down at the 14th Energy World Congress in  M ontreal, to which he also used the lectu res 
de livered by other authors at the same place l ik e  supplements.

**Szergényi, Is tván, H-1125 Budapest, Zalatnai u . 5, Hungary

*Energy in te n s ity  means the necessary energy consumption fo r the production value of 
one u n it .  Energy e fficacy  is  the rec iproca l o f energy in te n s ity .

Akadémiai Kiadó, Budapest



and energy in te n s ity  depends to a high extent on i t ,  surely i t  depends in
the highest degree on the exterior facto rs . I t  does in  the f i r s t  lin e  on

2
tha t in  which degree and which pace "the acting  cap ita l" which is  essen­
t i a l  in  acclimation of the up-to-date technology, w i l l  pa rtic ipa te  in  the 
renewal of economy.

These factors influence basicly the scope of action of energy 
demands. Therefore i t  is  practica l to form the prognosis of demand fo r ­
mation by means o f the varia tion  coming up concerning the speed of modern­
iza tio n  and economical growth, which must be re a lly  combined.

To judge our p o s s ib ilit ie s  of modernizing, one must also know our 
present e ffe c t iv ity  o f energy consumption, a t least approximately. Out of 
i t  one can namely get to  know i f  the present leve l of energy consumption 
presents any reserves (and how large ones) fo r  the growth of economy. But 
here one must remark th a t any access to the reserves is  more d i f f ic u l t  than 
one would think in  the f i r s t  moment. The m eloria tion of energy e fficacy of 
production means namely a complex problem, and spectacular resu lts  can be 
achieved only by long -las ting  e ffo rts . I ts  understanding is  the basic con­
d it io n  of being able to speak well-foundedly on energy demands and energy 
p o lic y .^

2
Here the func tion ing  ca p ita l means so much th a t i t  should not enter th is  country in  

the form of current currencies but as up-to-date techniques.

3In the opinion o f the author the energy p o lic y  means the accepted p rin c ip le  and 
s c ie n t i f ic  basis o f action  program-in smaller coun tries  mainly at government level-which 
through the series o f pa rt decisions ensures to have the indispensable energy fo r the undis­
turbed functioning o f the soc ie ty  and economy at d isposa l.

During i t s  form ation one must also consider economical, environmental, secu rity , 
production and in te rn a tio n a l cooperating respects. As s ta r t in g  out factors must be considered 
the energy demands to be expected. I ts  volume depends in  the f i r s t  lin e  on the growth o f pro­
duction , on the p o s s ib i l i t ie s  o f energy in te n s ity  decrease connected even with the structure  
change o f production, however, the population's consumption, the formation of in fra s tru c tu ra l 
demands as well mean im portant fac to rs . Such a ro le  is  also played by the success o f energy 
saving measures to be done in  every branch.

The energy policy may invo lve , because o f the complexity o f energy question outlined 
above, only the most fundamental objects. I t  must be defined the necessary conduct fo r solving 
the problems regarding sm aller or bigger energy questions a ris in g  among numerous, operative 
circumstances. To form the energy policy the most im portant respects are as fo llow s:

-  w ith in the assurance o f energy sources the de fin in g  p rinc ip le  o f the measure of 
energy dependence or the volume o f production leve l o f home energy,

-  provision o f sharing (d iv e rs if ic a tio n ) o f energy imports among the branches,
-  long-term program o f bu ild ing  up power p lan ts ,
-  system o f means ensuring the preva iling  harmony between demands and sources, in ­

cluded the energy prices as w e ll,
-  consideration o f respects o f society and environment as well as o f in te rn a tio n a l 

experiencies and circumstances.
Beyond the above-mentioned questions the ensurance o f harmony and "system o f means" 

as the marked economy goes forward in  the d irec tion  o f automatism. So th is  term as an ener­
g e tic  question may lose something of i t s  importance in  the course o f fu ture happenings.

300 SZERGÉNYI, I .
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The creation of energy resources must be adjusted to the demands 
which is  one o f the most responsible questions o f the energy p o lic y , but 
fo r the sake of defin ing the demands, i t  is  necessary to know the con­
nection of changing paces among energy consumption, energy growth and 
energy in te n s ity  in  an up-to-date comprehension. But fo r the la t te r  one the 
e ffec t of modernization in  every sphere (production, in fras truc tu re , e tc .)  
must be considered in  the f i r s t  place.

Therefore — a fte r having compared the summarizing indices o f the 
Hungarian (energy) economy with the in te rn a tio n a l data — we sha ll deal in  
an extra chapter with the connection between modernization and energy in ­
tens ity  decrease as w ell. Only then we intend to pass over onto making 
known the idea concerning the bases o f prognostization of the energy 
demands. Up to tha t point we draw the a tte n tio n  of the readers to  under­
stand also modernization fig u ra tive ly  under th is  concept, and m utually, 
whenever we speak on energy in tens ity  decrease.

1 . Comparison between th e  en e rg y  in t e n s i t y  o f Hungary 

and th e  developed in d u s t r i a l  c o u n tr ie s

The absolute leve l of energy in te n s ity  in  the developed in d u s tr ia l 
countries is  essen tia lly  more favourable (lower) than that in  Hungary (or 
those of the other "e x -soc ia lis t" countries). According to several experts 
i t  makes nonsense to compare them, however, others draw a pa ra lle l w illingly 
between the Hungarian and the developed cun tries ' energy in te n s ity . Those 
belonging to the f i r s t  group, re fe r to those possible uncertainties which 
can arise p a rtly  by probably d iffe re n t GDP reckoning of certain countries, 
pa rtly  by e rro r sources of conversion o f d if fe re n t national currencies to 
do lla r as to  the uniform basis of reference.

The author belongs rather to the second group jus t fo r the sake of 
at least approximate appreciation of the measure of the potentia l energy 
in tens ity  decrease. He remarks, of course, tha t there are lim its  o f com­
parativeness regarding the precision of numerical values. Especially then 
the comparativeness exis ts  i f  the pace o f changes of energy in te n s ity  is  
considered. But i t  is  an indicator of d ire c tio n  concerning the absolute 
numerical values as well because the d iffe rence  among the indices o f Hun­
gary and the developed countries is  so big tha t i t  can be hardly traced 
back to any methodical causes.
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According to the methodology of UNO In ternationa l Comparison Pro­
je c t  (ICP) which expresses the comparison o f GDP on the basis of purchas­
ing power p a rity , the to ta l energy in te n s ity  o f Hungary's economy is  about 
the double of the developed countries, however, in  the case of comparison 
a t o f f ic ia l  rate is  surpasses even i t s  quadruple (Table 1). Regarding the 
e le c tr ic  energy in te n s ity  the differences are somewhat more moderate.

The comparison by both methods, which singles the extreme values of 
the uncertainty, too, proves the high sta te  o f the Hungarian energy in ­
te n s ity . The re a lity  o f comparativeness between these two values is  to  be 
found near the data calculated by the IC P-like  index. I t  is  especia lly true 
i f  one thinks tha t our e ffo r ts  toward c o n v e r t ib il ity  — in long term — move 
away the energy in te n s ity  calculated on the basis of GDP according to  the 
ra te  in to  the d ire c tio n  of that calcu la ted in accordance w ith ICP.

Table 1. Hungary's energy in te n s ity  in  in te rn a tio n a l comparison

Total energy E le c tr ic  energy
fa ll in g  on one u n it o f GDP 

(Consumption in % o f the Hungarian index (1985) )

purchasing a t o f f i c ia l  purchasing at o f f ic ia l
power on p a rity  market p r ic e  power on p a rity  market p rice

(ICP)

Austria 50 24 76 36
United Kingdom 62 33 70 37
France 49 23 72 34
F.R.G. 65 30 81 37
United Nations o f 
America 79 31 94 37
Japan 43 18 68 28
Hungary 100 100 100 100

Sources: /9 / ,  /1 3 /

Remarks to the ta b le : In counting o f energy in te n s ity  index/energy/GDP the uncer­
ta in ty  is  caused by GDP va lue. Both methods app lied to  compare in te rn a tio n a lly  the GDP 
standard, tha t is ,  the ICP comparison of U.N.O. and reckoning with rates o f exchange give 
d iffe rence  resu lts . Both methods can give a d is to r t io n  o f  opposite d irec tion  a t the a p p li­
ca tion  o f purchasing power p a r ity  (ICP), that is ,  overestim ation of economy leve l o f the less 
developed countries but underestimation of the more developed ones. -  The app lica tion  o f ra te  
o f exchange d is to rts  ju s t in  the opposite d ire c t io n , moreover i t  is  supposed in  a greater 
degree. The re a li ty  is  probably between the two methods, in  addition in  a te r r i to r y  near the 
ICP measure. The author considers the comparison according to ICP to be rea l.
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Thus in  the case of dynamic ca lcu la tions which use the temporal 
pace of energy in tens ity  change, the app lica tion  of ICP-like method is  
more reasonable. (By the way, in  the pace of energy in tens ity  decrease 
calculated in  two d iffe re n t ways i t  does not appear that big d iffe rence 
which can be experienced at the absolute leve l of energy in te n s ity . ) 

The co lle c tive  average energy in te n s ity  of the European Nine showed 
a s lig h t ly  r is in g  tendency from 1965 up to 1973 (Fig. 1). But w ith in  the 
general r is in g  the indices of Great B r ita in , FRG and France decrease even 
then, too. Regarding i t ,  see la te r the diagram 8 (but since the f i r s t  o i l  
c r is is  (1973) occurred a considerable decrease ( in  average 2.1% per year). 
This decrease w ith in  the average was more intensive during a few years, 
then i t  decreased up to 1979. But at tha t time the second o i l  c r is is  gave 
a newer impulse to the energy in te n s ity  decrease which was again followed 
by moderation in  a few years (Fig. 1 does not show the absolute numbers but 
the values re lated by 1973). Whereas the e ffe c t of the f i r s t  o i l-p r ic e  ex­
plosion (1973) did not appear in  Hungary in  the pace of energy in te n s ity  
decrease.

On the contrary the " f in a l"  energy consumption^ (-2%/year) p ro j­
ected fo r the GDP un it lessened quicker between 1965 and 1973 (-1.3% per

4
In the so-called " f in a l"  energy consumption we do not consider the loss of 

transformation which arises in the course of e le c tr ic  energy production. Together with that 
the energy in tens ity  decrease at the national economy level was s t i l l  more moderate (1.1% 
per year).

Fig. 1. Energy in tensity  change between 1965 and 1986 (1973: 100)



Table 2. The formation o f fuel-energy in te n s ity  o f people'economy between 1973 and 1987

GDP (p rice  o f the year 1981), GFt Energy consumption. PJ Energy in te n s ity , kJ/Ft; kWh/Ft

1973 1980 1987 1973 1980 1987 1973 1980 1987

Indices o f people's economy 
le ve l projected on every 
energy (PJ)

РЛ, GFt
кЛ/Ft
Vyear

566 751 866 1025 1260 1348 1810 1677 1566

4.1 2.1 3.0 1.0 -1.1 -1.0

3.1 2.0 -1.1

Indices projected on f in a l 
to ta l energy consumption 
(РЛ)**

PJ,
kJ/Ft 845 1037 1084 1493 1381 1252

%/year 3.0 0.6 -1.1 -1.4

1.8 -1.3

Indices projected on 
e le c tr ic  energy accounted 
a t the leve l o f people's

,  . X X X
economy (.РЛ

PJ,
kJ/Ft 260 336 408 459 447 471

V  year 3.7 2.8 -0.4 +0.8

3.3 0.2

Energy consumption without 
the p ra c tica l heat value o f 
e le c tr ic  energy (РЛ)

PJ
kJ/Ft 765 924 940 1351 1230 1085

Vyear 2.7 0.2 -1.3 -1.8

1.5 -1.6

Comsunption o f e le c tr ic  
energy accounted in  kWh

109kWh
kWh/kFt
Vyear

22.3 31.1 40.0 39.4 41..7 46.2

4.9 3.7 0.8 1.5

4.3 1.1

304 
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year — Table 2) than between 1973 and 1987. Thus market re la tions  in  th is  
country did not influence the formation of index. In the e a r lie r  years the 
decrease of energy in tens ity  was due to the change in  energy s tructu re  
which started more strongly in  the middle of the s ix tie s .

Probably without the spreading of carbohydrogen heating o f be tte r 
e ffic iency  the formation of energy in te n s ity  of the period between 1965 
and 1973 would not have been more favourable. Because of the general lack 
of COMECON price p rinc ip le  regarding the energy bearers and that o f market 
economy, when the rearranging of energy structure was fin ished towards the 
energy sorts to be burned up with higher degree of e ffic iency , then the 
energy in tens ity  decrease is  losing i t s  wind. This is  ju s t contrary to the 
wishes. Any improvement can be awaited only by the creation o f market 
economy and by the essential change of production structure.

In Hungary the e le c tr ic  energy in te n s ity  grew in  the whole period 
(1.1% per year) what was only so possible tha t the spec ific  consumption of 
energy sorts outside of the e le c tr ic  energy lessened better than tha t of 
to ta l energy (1.6% per year — Table 2).

I t  is  to be remarked that concerning e le c tr ic  energy in te n s ity  a 
decrease of s lig h t degree can be experienced even in  the developed indus­
t r ia l  countries only in  the recent years (F ig. 2). This can be evidently 
a ttr ibu ted  to the fac t that the e ffec t of modernization presents i t s e l f  
d if fe re n tly  in the use of the fue l sorts and e le c tr ic  energy. One has to 
reckon with th is  phenomenon in  Hungary as w ell.

One can learn some fu rthe r information from those data which the 
energy in tens ity  can be traced from (energy consumption and GDP). The fo r ­
mation of these indices ( th is  time, too, regarding 1973 as comparing 
basis) can be seen in  Fig. 3. According to these the growth of GDP and 
energy consumption of the developed European countries up to 1973 grew at 
nearly s im ila r pace. From 1973 to 1979 there was a temporary decline, then 
the new boom was s im ila r ly  almost p a ra lle l. In p rinc ip le  i t  must be 
esteemed as a new important phenomenon tha t since 1979 the energy consump­
tio n  in  these countries has not grown essentia lly  but the production — es-

< -------- ; -------
The Integrated time sequences a t the price  leve l o f 1981 o f the summarizing indices 

regarding the development of people’ s economy 1950 to 1987. Volume, 1, 1989

The ( f in a l)  energy consumption without the loss o f transform ation. In  our case 
— fo r  the sake o f s im p lic ity  — only the biggest p ropos ition , that is ,  the loss o f e le c tr ic  
energy transformation was subtracted from among the to ta l energy. ***

***The heat quantity  required fo r producing the e le c tr ic  energy.
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F ig . 2, The decrease o f to ta l energy in te n s ity  and tha t o f e le c tr ic  energy in  U.S.A.

O O  О o

------ the consumption of
f in a l energy, 
European nine

°  — -  — GDP European nine □ □ □  the consumption of

о о о о GDP Hungary
fina l energy, 
Hungary

65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84 85 86

Fig. 3. The temporary change o f GDP and energy consumption in Hungary 
and with the European nine

(Sources: Agence Française pour la  M aitrise de l'E ne rg ie  (AFME), 1989, The integrated time 
sequences at the p rice  le v e l o f  1981 o f indices summarizing the development o f people's

economy I ,  ОТ, IpM, 1989)
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pec ia lly  from 1982 — has been again prospering. To the new energy s itu ­
ation these countries could conform w ith in  short time.

Contrary to i t ,  the GDP grew with undiminished force in  Hungary from 
1965 to 1977 (mainly the extensive development went on), and although in  a 
b i t  slower pace, but the growth of energy consumption was also continuous. 
But from 1977 on the GDP growth lessened durably, and in  consumption of 
a ll-energ ies a stagnation d ive rs ifie d  w ith flu c tua tion  followed.

2 . The e f f e c t  o f  m o d e rn iz a tio n  on energy in te n s i ty

In ternationa l comparisons show tha t there is  a diverse ra t io  be­
tween energy in te n s ity  and e ffic iency  of economy. As Fig. 4. shows on the 
basis of in te rna tiona l comparisons i t  can be rendered probable th a t Hun­
gary can decrease i t s  to ta l energy in te n s ity  to i ts  ha lf when the produc­
t iv i t y  of i t s  economy increases approximately to i t s  double and h a lf .  To 
reach th is  goal there are necessary 25-30 years even in the case o f the 
economy growth of 3-4%. This time could be shortened, too, i f  one would go 
forwards in  the modernization quicker than tha t was done by the countries 
considered today to be developed. To do so one ought to take over some 
ready technologies of l i t t l e  energy in te n s ity  in  large numbers. So one 
could spare the developing which the leading countries had to invest in  
the innovating chain. This suppose a quick in tegra tion  with the developed 
Western countries. By the way, ju s t the same has been done by the "newly 
coming" in d u s tr ia liz in g  developing countries. Contrary to them our d is ­
advantage consists in  the fa c t that we, who are developed in  mediocre way, 
are burdened by an out-of-date in d u s tr ia l s tructure . In order to overcome 
a l l  th is  i t  is  necessary not only to introduce the new one, however, but 
to elim inate the out-to-date measures as w e ll.

Expressing the modernization with pace of energy in te n s ity  de­
crease, Hungary should not only surpass, according to i t ,  the dynamic ex­
perienced with us e a r lie r , however, tha t of the developed countries as 
w e ll. Just the success of our renewing could be expressed i f  a rad ica l 
change happens in  the pace of energy in te n s ity  change. Besides th is  index 
i t  could be an ind ica ting  number of our modernizing the r is in g  share of 
inform atics w ith in  the GDP. Both p o s s ib il it ie s  are s im ila rly  considered 
the measure of modernization as on i t  J. Bouvet reported /10 / at the 14t.h 
Energy World Congress (F ig. 5).
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Fin. A. The connection between the energy in te ns ity  and the advanced state of 
economy according to the data of 1985 (Source: /9 / ,  /13/)

The follow ing formula expresses the average year's pace of energy 
in te n s ity  improvement among the d iffe re n t po in ts of time,

г
С. = с (1 + — ) t  (1)

1 0 100where
= energy in te n s ity  of the period 's end,

Co = energy in te n s ity  of the period 's beginning, 
r Q = average ye a r's  pace of energy in te n s ity , 
t  = duration o f the examined period.
When one speaks on energy in tens ity  decrease standing in  fro n t of 

us, one must consider or mention in the f i r s t  place the industry. Partly 
because i t  consumes the most energy, p a rtly  the modernization in  th is  

branch is realized in  the most quick way a l l  over the world.
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1975 1980 1985 1990 1995 2000

pro por- 
t ion

energy 9.8 S A 78 7.1 6.5 60
informa­
tion 2.8 3.3 5.5 8.7 8.2 10.0

F ig ■ 3. The proportion o f the value o f energy and in form atics in the GDP 
production o f the developed countries

F ig . 6. The change o f energy in te n s ity  o f in d u s tr ia l GDP production between 
1973 and 1985 (1973: 100)



Table 3. The formation o f fuel-energy in te n s ity  o f industry between 1973 and 1987

GOP’'(p r ic e  o f 1981), Gft Enerav consumption, PJ Energy In te n s ity  kO/Ft; kwh/Ft

1973 1980 1987 1973 1980 1987 1973 1980 1987

In d u s tr ia l indices pro­
jected on the f in a l energy

PJ, Gft 
kJ/Ft 177 249 288 417 496 463 2356 1992 1676

pj* m %/year 5.0 2.1 2.5 -1 -2.4 -2.4

3.5 +0.8 -2.4

In d u s tr ia l indices pro­
jected on energy con­
sumption a t the leve l 
o f people's economy PJ 
РЛ

541 637 615 3056 2558 2135

2.4 -0.5 -2.5 -2.5

1.0 -2.5

Indices projected on 
e le c tr ic  energy ac­
counted at people's 
economy leve l 
(P0)

160 186 203 90 75 70

2.2 1.2 -2.6 -1.0

1.7 -1.5

Energy consumption w ith ­
out the p ra c tic a l heat value 
o f e le c tr ic  energy 
(РЛ)

381 451 412 2152 1811 1431

2.4 -1.3 -2.4 -3.3

0.6 -2.9

E le c tr ic  energy con- 10.0 12.4 14.1 56.5 49.8 48.9
sumption accounted in  
kwh 3.1 1.8 -1.8 -0.3

2.5 -1

X  X X  X X X’ ’ See the in te rp re ta tio n  o f indices projected on the whole o f people s economy.
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According to in te rna tiona l comparisons, the energy in te n s ity  of 
industry of the more important Western countries of Europe decreased 
quicker than the national average, yearly between 2.5 and 4.5%, that 
measure of Japan did a t the pace of 6.5% (F ig . 6). The Hungarian index met 
the most moderate West-European one (2.5% per year) (Table 3). But because 
our energy e ffic iency  was even in  the s ta rtin g  period out-of-date, the in ­
d u s tr ia l energy in te n s ity  decrease must be considered as a very important 
concomitant phenomenon in the process of home modernization. In the 
fo llow ing part we touch upon that.

There is  the fo llow ing connection between the energy in te n s ity  of 
the whole of industry and the indus tria l branches,

n

i= l
where

Ĉ  = the energy in tens ity  of the industry,
c^ = the energy in te n s ity  of the in d u s tr ia l branches

- the p a rtic ip a tio n  of the single branches within the GDP.
In our standpoint we may reckon with two leve ls of modernization-in 

close connection of structure changes /8 / .  The higher level consists in  
the structure changes among the branches. The decrease in  rate of produc­
ing a c t iv ity  of branches of higher energy in te n s ity  also leads i t s e l f  to  
the improvement of in d u s tr ia l energy e ffic ie n cy . For th is  very reason, 
among other th ings, the developed in d u s tr ia l countries s tr ive  to get free 
of in d u s tr ia l a c t iv it ie s  of energy in te n s ity , and to get the productions 
of energy in tens ity  possibly on foreign markets.

The deeper leve l consists in  modernization of m icrostructure of 
economy which in d ire c tly  presents i t s e l f  at the improving pace of the own 
energy in tens ity  of the single branches. So, fo r example, the energy in ­
te n s ity  (being favourable in  advance) of machine industry improves a t the 
biggest pace in  Hungary, however, the chemical industry, too, proves 
s im ila r experiences. In the case of the la t te r  one experiences index-im­
provement of 5-6% per year in  the f i r s t  lin e  by concluding the extensive 
development and the gradual spreading of processing a c tiv ity  /4 / ,  /7 / .  
With the e ffec t of structure changes at these two levels B. Chateau and 
his co-authors dealt in  the 14th Energy World Congress as well /6 / .  They 
named the higher leve l "structure e ffe c t" , while the deeper one " in te n s ity  
e f fe c t" .



3 .  E s t im a t io n  o f  f u t u r e  g ro w th  o f  e n e rg y  demands 

M e th o d ic a l  reco m m en d atio n s  and c o n c lu s io n s

As already mentioned, i t  is  su itab le  so to prognosticate the energy 
demands that the prognosis should s im ila r ly  involve the economy growth and 
energy in tensity  decrease to be expected from the modernization. In the 
fo llow ing  part we want to make known a method which is  based on th is  
double access.

the corresponding indices of energy in te n s ity  regarding the past can 
be reckoned out of the s ta t is t ic  data. But regarding the future — a lte rna­
t iv e  economy — prognoses in  d iffe re n t varia tions can be made by the use of 
considerations of s tructu re  policy both fo r  the economical growth and the 
energy in tensity  decrease (modernization). By means of a proper connection, 
by the two kinds of prognoses the energy demand growth can be determined.

Among the change of economy growth, energy consumption and energy 
in te n s ity  the connection /3 /  is  va lid , th is  is  illu s tra te d  monographicly 
by the Fig. 7 /8 /.

3 1 2  SZERGÉNYI, I .

г a (3)
1 ___U

where 1 + юо

r g , r^  and г mean, one a fte r another, the average year's paces of the 
change of GDP, energy consumption and energy in tensity, respective ly.

the growing pace o f energy consumption can be defined from /3 / ,  in 
view of the re la tive  low value of energy in te n s ity  change through the 
fo llow ing  approaching connection,

г + г a c ( 4 )

Thus the growth of energy demands — using contracted macroindices — 
can be defined out of the growth of GDP and from energy in te n s ity  change 
w ith  formula 4 (or by means of monogram of Fig. 6).'"

I f ,  fo r instance, between 1989 and 2000 an energy growth o f yearly 1.9% can be re a l­
ized by energy in te n s ity  decrease o f yearly 1.1% then the energy consumption-growth were 
ye a rly  0.8%. By considering the previous data of the year 1989/GDP is  equal w ith  856 thousand 
m il l io n  fo r in t  at price  o f 1981, 32 m illio n  ton o f o i l  equivalent energy consumption), then 
the energy demand o f the year 2000 were 35 m illio n  ton o i l  equivalent while the GDP would 
amount to  1053 thousand m illio n  o f f o r in t .  With the same energy quantity 1210 thousand million 
f o r in t  (GDP) could be reached in  the case of the modernization governing energy in te n s ity  
decrease o f yearly 2.5% in  the year 2000.
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F ig . 7. The monographic connection o f the changing paces o f GOP, energy consumption and
energy in te n s ity

( r  -  the yearly average pace o f change of GDP consumption, r^  -  the yearly average pace of 
change o f energy consumption, r^  -  the yearly average change o f energy in te n s ity )

The most c r i t ic a l  part of the method is  the re fle c tio n  what energy 
in tens ity  decrease can be ordered ra tio n a lly  to the single economy growing 
a lternatives. A fte r a l l  the variations arisen out of the combinations 
created in  th is  way, form the probable zone of energy in te n s ity  growth.

Thus i t  is  necessary to th ink over those processes what a basic 
change in  the production w i l l  be caused by the Hungarian modernization to 
be carried out. In what proportion and pace the m o rtifica tion  of the 
technologies of out-of-date energy demands and introduction of up-to-date 
measures can be expected?

How can form the temporary change o f GDP, the energy in te n s ity  in 
the function of producing structure change (2nd formula) — as i t s  result? 
The publication does not become immersed in  th is  question but i t  ou tlines, 
in  three varia tions by means of the a lte rn a tive  formation of energy inten­
s ity  change in d ica to r, what chances we sh a ll have in  the case of d iffe re n t 
speeds of modernization to jo in  up, to remain ju s t on the surface or to 
get in to  danger concerning our competitiveness.



314 SZERGÉNYI, I .

® The yearly average pace of energy intensity 
ЕЯ Oil equivalent in ton

Fig. 8, The form ation o f energy in te n s ity  and the development 
(Source: Revue de l'é n e rg ie , n 413, novembre 1989)

On outlin ing the prognosis of formation of the future Hungarian 
energy in tens ity  decrease, we set out from our present s itua tion , experi­
ences, the in ternational comparisons and our European in tegration e ffo r ts .  
Let us look at Fig. 8 in  which one compares the Hungarian energy in ­
te n s ity  calculated by ICP method with those experienced in a few developed 
in d u s tr ia l countries and w ith  those experienced in  some newly in d u s tr ia l­
iz in g  countries, taking a longer space of time /1 4 /. Fig. 8 shows tha t 
our energy effic iency would remain unfavourable in  the case of pace o f our 
energy in tens ity  decrease up to the present, compared not only to the 
developed countries, but the newly indus tria lized  ones as well.

I t  can be supposed th a t temporarily the high energy costs have been 
balanced in  the competitiveness of several Hungarian wares by the low pro­
po rtio n  of wages.

Keeping the pace of our up-to-now energy in tens ity  decrease, in  the 
case o f home wage increase or unfavourable formation of some other pro­
ducing factors would jeopardize even our competitiveness compared to  the 
developing countries. Thus the yearly energy in tens ity  improvement of
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1-1.5% ( f i r s t  va ria tio n ) were fo r our economy only the most pessim istic 
a lte rna tive . This ought to be avoided possib ly!

More intensive — yearly 1.5-2.4% — energy in tens ity  decrease could 
be the sequence of processes of such rea l economy policy in  which re la ­
t iv e ly  rapid modernization s ta rts . Finding position w ith in the zone de­
pends on the speed of modernization. But th is  varia tion /2 / would not 
assure more than so much that the distance among the developed countries 
and us should not increase. But th is  is  only then va lid  i f  the upper part 
of the zone were rea lized. A more ambitious economy developing program 
should surpass even that i f  Hungary wants to approach the developed 
countries.

Although the p robab ility  of an energy in tens ity  decrease overcoming 
the in d u s tr ia l countries, too, — thus about 3% or a b i t  more s ig n if ic a n t 
than tha t — is  l i t t l e ,  however, i t  is  not to ta lly  impossible in  the case 
of the possible quick in tegra tion  of Hungary in to  the developed countries, 
moreover i t  were d ire c tly  desirable. To accomplish th is  va ria tion  /3 /  the 
whole arsenal of economy diplomacy and technical developing p o s s ib il it ie s  
must be combined.

According to the author's judgement the middle varia tion  has the 
greatest p robab ility  — mainly fo r a middle horizont of time — in  which, 
of course, the upper l im it  of zone were desirable (2.5% per year) — th is  
would mean the doubling of the pace of energy in tens ity  decrease up to  the 
present. I t  is  reasonable to form also the energy zone corresponding to i t .  
But i t  is recommendable to carry out this work consequently upon the methods 
put down above, and joined the economic development being formed ac tua lly  
(GDP growth). Thus one must make i t  running in  order to be able to  take 
in to  consideration the modernizing processes, that is ,  those otuside the 
energetics during "the maintenance" of energy demand prognosis. At the 
same time the information coming continuously w i l l  give ins truc tions  on 
the questions i f  the energy in tens ity  decrease switches over indeed to an 
other course.

On counting the energy demand growth one must consider s t i l l  one 
important factor so as to avoid a possible mistake in  the course o f adopt­
ing the formula /4 /  mechanically, that is ,  the energy consumption per man. 
According to the in te rna tiona l comparison (Table 4), except the ind ica to r 
re fe rring  to the Japan spec ific  to ta l energy consumption, one always meets 
higher values of energy consumption per man everywhere in  the developed 
in d u s tr ia l countries — p a rticu la rly  regarding the e le c tr ic  energy. From
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Table 4. Hungary's energy consumption per man in  in te rn a tio n a l comparison

SZERGÉNYI, I .

Per one head

Total energy E le c tr ic  energy

Consumption in  % o f the Hungarian index (1985) 
/9 /

Austria 103 159
United Kingdom 131 148
France 107 157
F.R.G. 173 190
United States o f A. 255 305
Japan 99 158
Hungary 100 100

th is  fa c t one can draw the conclusion tha t i t  is  not reasonable to d is ­
regard any — mainly e lectric-energy consumption growth even in  the case of 
in tens ive  modernization. We have already dea lt w ith th is  question e a r lie r ,  
and the statement was also proved by means of Fig. 3.

Then a greater challenge of energy in te n s ity  decrease than the about 
3% per year which could be ordered to the most intensive p rinc ip le  v a r i­
a tion  of modernization mentioned as the th ird  one e a r lie r , occurs i f  — for 
example -- on the part of environmental p ro tection  a newer pressure would 
step up. This would mean tasks to the in d u s tr ia l countries, which p a r t ic i­
pate in  about three-quarters proportion out o f the energy consumption of 
the world, corresponding to  roughly 8 thousand m illio n  ton of o i l .  I t  
could be imagined that these countries cannot use more energy fo r th e ir  
fu tu re  development, but they must decrease consumption. In th is  case some 
innovation waves can s ta r t  from them out of which we cannot wriggle us. 
But i t s  pondering exceeds the lim its  of th is  pub lica tion .

4. Sumnary

The functioning of the Hungarian economy is  of very energy demand. 
The decrease of our energy b i l l  is  imperatively necessary both in  respect 
of rou tine  energy costs and energetic investments that our production 
should be and become competitive, even in  the case of growth of probable 
cost shares regarding other production factors as w ell.

According to approximate calculations, the yearly average pace of
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decrease of our energy in tens ity  ought to be double compared to  the home 
one experienced continuously up to the present (-1.3% per year) tha t the 
distance should not grow between the developed indus tria l countries and 
us — at least.

I f  we want to lessen the distance among the developed countries and 
us then we ought to experience about yearly 3% energy in tens ity  decrease. 
But th is  wants the in troduction of the new and not "the put o f f "  tech­
nologies in  Hungary, integrated in to  Western-Europe.

Considering that the decrease of energy in tensity  ensues mainly as 
re su lt from modernization, therefore we must seek fo r the key o f so lu tion  
in  the accelerated making of the production structure up-to-date. We must 
keep close watch on th is  process, and w ith the continuous maintenance of 
our energy prognoses we have to review the energetic consequences from 
time to time.
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PROBABILITY D ISTR IB U TIO N  OF RANDOM LOAD OF ELECTRIC 

POWER SYSTEM IN T E R -T IE S

TÉRSZ TYÄNSZKY, T .*

(Received: 12 November 1988)

The study investiga tes the resu ltan t random load o f the in te r - t ie s  between two 
e le c tr ic  power systems. F irs t the d is tr ib u tio n  o f random load is  determined fo r  the 
general case where power s ta tion  un its  o f a la rge  number are in  operation in  both 
systems and then a method and a case study are presented fo r the case where the 
capacity of a 1000 MW power station u n it exceeds 5-10% o f the to ta l system capac ity .

1 .  R e s u lta n t  random  lo a d  o f  sy s tem  i n t e r - t i e s  in  ca se  o f  

p o w er s t a t io n  u n i t s  o f  a l a r g e  number

The load of e le c tr ic  power system in te r - t ie s  is  composed of deter­
m in is tic  loads and random loads, the random load being the resu ltan t of 
power transfers of some hours (days) taking place fo r economic reasons and 
power transfers of some seconds (minutes) based on engineering. Because of 
a possible system disconnection and i t s  consequences, the high values of 
power resu lting  from random loads endanger the security of interconnected 
system operation. Determined below are the characteris tics of resu ltan t 
load on the basis of p robab ility  theory fo r  planning of a secure in te r ­
connected system operation.

In determining the resultant of random loads of shorter or longer 
time, the p ro b a b ility  characteristics of both loads, e.g. va ria tion , are 
assumed to be determined a fte r matched averaging. Thus, i f  e.g. uncon­
tro lle d  power o sc illa tio n s  are investigated on the basis of hour's aver­
age, also the cha rac te ris tics  of power trans fe r in  case of a system d is ­
turbance and/or marginal energy exchange sh a ll be calculated as an average 
on an hourly basis.

*Tersztyánszky, T ibo r, H-1139 Budapest, Petneházy u . 35, Hungary

Akadémiai Kiadó, Budapest
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The most convenient method is  to determine the expectable value from 
among probability variab les. I f  the same strategy can be assumed fo r  both 
planning of power system reserves and power/frequency co n tro l, then 
i t  is  only the change as compared w ith long-term planning th a t sha ll 
be taken into consideration (e.g. e le c t r ic i ty  purchase or sale as a 
re s u lt of a delay in  power station construction as compared w ith  the 
p lan ). I f  there is  no change, the expectable value of short-term random 
load Z w il l  be E (Z) = 0.

To calculate the resu ltant value o f va ria tion , le t  the number of 
values measured per hour (half-hour, quarter-hour e tc .) be denoted by m 
while  the number of measurements per hour (ha lf-hour, quarter-hour etc. 
but d e fin ite ly  the same period as that used fo r m) by n. Thus the mean 
square deviation w i l l  be

where

1
n m

n m 

i= l j=m
lY ( 1)

Z ^  - resu ltan t random load taking place at time j  w ith in  hour 
(half-hour e tc . ) i ,

Z - average o f loads Z ...
Since the time in te rva ls  are matched in  the investigation of the 

two d iffe re n t random loads as has been assumed, the above equation can be

Fig. 1. D e te rm in is tic  and random (longer and sho rte r) loads of in te r - t ie s
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divided in  two parts:
n  m П

и и V1EC

l j  1  rnи•f-)

II•1—1 i = l

( z i  -  Z ) 2 ( 2)

where
Z  ̂ -  average load in  hour (ha lf-hour e tc .)  i .
The f i r s t  term o f the expression is  the variation of uncontrolled 

exchange power o s c illa t io n  while the second term stands fo r the va ria tio n  
of substitu tion  or marginal energy exchange in  case of a system d is ­
turbance. Thus

( 3)

where
<rn - varia tion  of short-time uncontrolled power o s c illa t io n , assumed 

to be (0.25-0.5) \Гр  ̂ according to reference /1 / ,
<Гр - varia tion  of mutual power trans fe r in  case of operating troubles 

and of an economically favourable energy purchase, assumed to be 
(1 .3-1 .7) V"Pj according to investigation /2 / ,

Pj -  load of the smaller system of those interconnected by the 
system lin k  investigated.

Hence, in  case of power s ta tion  un its  of a large number where the 
power of the largest u n it lie s  a t, or below, 5% of the in s ta lle d  system 
power, the resu ltant varia tion  of random load can be ca lcu la ted, using 
data from references, as follows:

= ( 1.2 1. 8) (4)

With the re su lt obtained, the maximum values of d ifferent, p ro b a b ili­
t ie s  endangering the interconnected system operation can be determined on 
the basis of the method published in  /3 / .

2. 1000 MW u n it is  a small system

I f ,  fo r d iffe re n t reasons, re la t iv e ly  large units, e.g. un its  o f a 
power above 5% of the system capacity are b u ilt  into a power s ta tion  
system, then the normal d is tr ib u tio n  based on the central l im i t  theorem
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w i l l  no longer be s u ff ic ie n t  as an approximation of permanent (hourly 
average) random load o f system links , representing mutual help in  case of 
operating troubles. In th is  case, because o f i t s  magnitude, the e ffe c t of 
the power sta tion u n it o f re la tive ly  high u n it  capacity shall be taken 
in to  consideration independently like  in  planning fo r the power s ta tio n  
system /4 /. A typ ica l example is  the Hungarian e le c tr ic  energy system at 
the turn of century when a 1000 MW nuclear power u n it is  expected to  be 
commisioned in the system of a to ta l capacity o f about 8000 MW.

The random load o f in te r- t ie s  is  a ffected by the 1000 MW u n it in  
th a t part of the lo s t power in  case of an forced outage is  replaced by the 
other power systems through the system interconnection lines at a ra te  
depending of the parameters of the interconnected systems. In addition to 
what has been described in  Chapter 1, the random load of system in te r - t ie s  
may be affected also by two independent fa c to rs , namely by the a v a il­
a b i l i t y  of the u n it and the ra tio  of system capacities.

In normal operation, the load of system in te r - t ie s  is  not affected 
by the 1000 MW u n it. However, in  case of i t s  forced outage, random load is  
appearing on the in te r - t ie s  at least temporarily as a substitution of the 
generator dropping. In th is  case a p ro b a b ility  model is  used fo r calcu­
la t io n ,  th is  e ffec t can be approximated by binomial d is tribu tion . Proba­
b i l i t y  of u n a va ila b ility  o f units of number к from among units of number n:

г, ( n ] п-к к .. .
Pr k M  к J P q (4a)

D is tr ib u tio n  function of the p robab ility  of u n a va ila b ility  of the u n it:
к

В( у ) = Pr ( ri с у )  = 2  I ? J pn_ÍqÍ (5)
i=0

where

У = kP,
P - capacity of 1000 MW units, 
n - number of u n its ,
к - number of unavailable unit investigated (k  = 0.1, . . . ,  n), 
q - forced outage ra te  of the un it, 
p -  r e l ia b i l i t y  of the un it.
U nava ilab ility  o f the high-capacity 1000 MW u n it and u n a va ila b ility  

of the d iffe ren t machines from among units of a large number according to 
Chapter 1 are an independent event each and thus the rule of the sum of
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dependent p robab ility  variables can be applied to resu ltant random load Zy 
occurring on the system in te r - t ie s  in  case of a coincidence /5 /.

Using normal d is tr ib u tio n , assumed and tested fo r random transfers 
of in te r - t ie  in  case of power station units of a large number and consumer 
load, denoted by D(Z), the d is tribu tion  function of resultant random 
transfers of in te r - t ie ,  G(Zy), w i l l  be

G(Z ) s D(Z) y B(y) . (6)

However, in  case of forced outage of the 1000 MW u n it, the fac t 
that the e le c tr ic  energy systems of pa ra lle l operation substitute fo r each 
other in the ra t io  of th e ir  capacity in  the f i r s t  instant sha ll also be 
taken in to  consideration /6 / .  This substitu tiona l process may continue fo r 
a longer time i f  there is  no s ign ifican t reduction in  frequency, there is  
no in te r - t ie  is  disconnection unless the power reserves are loaded or re­
ductions are set to consumption in the system emergency. I f  a smaller 
system P̂  is  connected in  p a ra lle l with a la rger system P ^ , then the ra tio  
of prompt subs titu tion  fo r a un it becoming unavailable in  the smaller 
system w i l l  be

h =
P, + P„

( 7)

Taking th is  in to  consideration a deta iled expansion of the convo­
lu tio n  fo r determination of the p robab ility  d is tr ib u tio n  of resu ltan t 
random substitu tion  load o f the system lin k  y ie lds

n , . . . (  Z - h .k . \

G ( z y )  =  2 ( к  I p q • ф - - - - - - - - - - - -  (8)
k=0 '  Z '

where
Ф - normal d is tr ib u tio n  function of values <r y and E(z) = 0,
P - к . P^ggg, to ta l capacity of 1000 MW un its ,
Zy - resu ltant random load of system in te r - t ie s  in  case of unavail­

a b i l i ty  of 1000 MW u n it(s ) ,  taking in to  consideration also su bs titu tion .
A computer convolution program has been developed on the basis of 

equation (8) to ca lcu la te  random load Zy re su ltin g  from u n a va ila b ility  of 
the 1000 MW u n it in  an interconnected e le c tr ic  power system. The input 
data include essen tia lly  the following quan titie s :
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1 Quantities describing the normal d is tr ib u tio n  representing mutual 
subs titu tion  in  case o f power s ta tion  un its  of a large number tha t is  
va ria tio n  o' and expectable value E(z) of the d is tr ib u tio n .

2 Values describing binomial d is tr ib u tio n  that is  the number of 
u n its  as well as the forced outage rate q of the un it in  respect o f random 
load of the system in te r t ie  as well as capacity.o f the un it in  MW.

3 Quantity describing the ra t io  of substitu tion , determined by the 
ra t io  of systems interconnected by the system links .

Index q expressing the forced outage rate of the u n it in  respect of 
random load of the system in te r - t ie  sha ll be corrected because, even in 
case of u n a va ila b ility  of the un it fo r time T^z , the time of random load 
o f the system in te r - t ie s  is  T  ̂ only as a resu lt of appropriate control 
measures to discontinue the overload of in te r - t ie s . The corrected forced 
outaged rate

(9)

Use of a value o f q*= 0.001 . . .  0.01 is  recommended by the author in 
on the basis of data co llec ted  over years on u nava ila b ility  of 800-1300 MW 
u n its  of PWR nuclear power stations in  the USA and France due to forced 
outages (7).

The follow ing data have been used in  a case study ca lcu la tions for 
random load of system in te r - t ie s ,  representing substitu tion  w ithout import 
in  case of system disturbances:

Binomial d is tr ib u t io n Normal d is tr ib u t io n
Substitu tion

E(Z) O'z
ra t io

1 X 1000 MW

P

2 X 1000 MW

0

130

h

1

150 0.8

0.01
X

q
0.001
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MW

Fig. 2. P ro b a b ility  d is tr ib u t io n  o f random load o f system in te r - t ie s  in case o f one 1000 PM 
power u n it is  added to a smaller system o f 5000 MW and 10 000 MW interconnected w ith  a larger 
system which is  in f in i t e ly  large or four times as la rge as the smaller system, respective ly
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The results of ca lcu la tions are diagrammatically illu s tra te d  in  
Figs 2 thru 4. The diagrams show the p ro b a b ility  of a load higher than 
the random load of a ce rta in  system in te r - t ie  according to the approximate 
method used for ca lcu la tion .

This case study permits d iffe re n t conclusions to be drawn. E.g. as 
seen in  F ig. 2, the la rger the smaller system, the less the p robab ility  of 
s u b s titu tio n  in case of system disturbances and the p robab ility  of sub­
s t i tu t io n  w i l l  reduce also i f  there is  not much difference in  capacity be­
tween the interconnected systems.

Fig. 3. Same as Fig. 2 but with two 1000 MW units added
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Fig. 4. E ffect o f p ro b a b ility  o f u n it u n a v a ila b il ity  upon the p ro b a b ility  d is t r ib u t io n  of 
random loads o f system in te r - t ie s  in case o f one or two 1000 MW u n it(s ) b u i l t  in to  a 5000 EM

system

The p robab ility  of load of in te r - t ie s  in  case of breakdown of the 
system varies also as a function of the number of 1000 MW un its  b u i l t  into 
the system (Fig. 4). Fig. 4 shows how do the d iffe ren t parameters a ffect 
each other. The s ig n ifica n t e ffe c t of the a v a ila b ility  o f a u n it (or 
un its ) on random load of system lin ks  is  worthy of note.
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BOOK REVI EW

Frigyes, I .  - Szabó, Z. -  Várnyai, P.: D ig ita l Microwave Transmission. 
Akadémiai Kiadó, Budapest, 1989

This book has been designed to provide information both fo r  people 
who want to learn the fundamentals and fo r experts who are interested in 
d e ta ils . Investigation of the technical problems i f  supported by an appro­
p ria te  mathematical background. Thus the te x t is  easy to read and under­
standable.

F irs t the fundamentals of d ig ita l transmission are treated: vector 
representation, b i t  e rro r p ro b a b ility , optimum receiver, m u ltile ve l en­
coding, band lim it in g , d is to rtio n  equalization, spectral p roperties, non­
l in e a r ity ,  noise, in terference, e tc ., followed by discussion of synchron­
iza tion  problems of microwave transmission: phase-locked loops, sequential 
f i l te r in g ,  ca rrie r recovery, clock recovery.

Properties of the microwave transmission path are dealt w ith: 
sources of fading, se lective multipath fading, outage p ro b a b ility , design 
fo r r e l ia b i l i t y ,  frequency re-use, s a te ll i te  systems. Then multipath 
countermeasures are discussed: error correction encoding, adaptive equal­
iza tio n , m u ltica rrie r transmission, space d ive rs ity , frequency d iv e rs ity .

In the second part of the book, de ta ils  of the equipment are 
presented. Modulators, transm itte r, demodulators, and receivers are dealt 
w ith. PSK, QAM, PRS, 0-QPSK, MSK, ASK, and FSK modulators and demodulators 
are discussed in  d e ta il.  Furthermore, the methods of baseband signal pro­
cessing, including, encoding, decoding, scrambling, error detection, etc. 
are described. F in a lly , a u x ilia ry  equipment fo r continuous monitoring of 
transmission performance, transmission of service information, stand-by 
channel systems are discussed.

The book of 423 pages is  rich  in  i l lu s tra t io n s  including figures, 
tables, and equations. The authors' in ten tion  that is  to discuss the 
theore tica l and p rac tica l problems encountered in  d ig ita l microwave trans­
mission in  d e ta il has been fu l ly  met by th e ir  work.

T. Berczeli

Akadémiai Kiadó, Budapest
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