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A NEW METHOD FOR SOLVING ORTHOTROPIC 
RECTANGULAR PLATES

Dedicated to Dr.-Eng. Kázmer Szmodits 
on the occasion of his 70-th anniversary

M. V. SOARE*
DOCTOR OF TECHN. SCI.

[Manuscript received: February 12, 1980]

The partial differential equation of orthotropic plates based on the smoothing 
of the stiffeners in two orthogonal directions is considered. I t  is completed with terms 
representing the effect of the supporting on an elastic subgrade of Winkler type, as 
well as the consideration of the friction between the plate and the foundation. The 
solution is based on the use of double series of characteristic functions and leads to 
the solution of a linear system with an infinity of equations and unknowns.

1. Introduction

O rth o tro p ic  p la te s  w ith  v a rio u s  su p p o rtin g  co n d itions h av e  been  d ea lt 
w ith  in  l i te ra tu re  in  an  ex ten s iv e  m an n er.

Two p ro ced u res  are  to  be  d is tin g u ish ed  fo r th e  ap p ro ach  an d  n am ely :
a) co n sid e ra tio n  of th e  d isc re te  s tru c tu re , co n sisting  of th e  p ro p e r  p la te  

a n d  th e  s tiffen ers  (d is tr ib u te d  in  one or tw o d irec tio n s) rep re sen tin g  a reg u la r  
co n fig u ra tio n ;

b) th e  sm o o th in g  o f th e  stiffeners over th e  a ffe ren t len g th  in  o rd e r to  
o b ta in  an  e q u iv a le n t e lastic  co n tin u u m  [3], [10], [13].

R e ta in in g  th e  la t te r  a p p ro ach , th e  basic  p a r t ia l  d iffe ren tia l e q u a tio n  
o f o rth o tro p ic  p la te s  re s tin g  on an  elastic  fo u n d a tio n  w ill be w ritte n  as:

k J - ^ L + 2 H
dx*

d*w „  d4ie d2u
dx2dy2 dyi dx2

- k .
d2w

dy2
-f- kw  =  Z ( x , y )  (1.1)

w here  w re p re se n ts  th e  d e flec tio n  of th e  p la te  in  a  ty p ic a l section  (x, y ) ,
K x, K y  f le x u ra l rig id ities  o f th e  o rth o tro p ic  p la te  in  th e  x  an d  y  d irec tio n s, 

resp ec tiv e ly ,
H  to rs io n a l rig id ity  o f  th e  o rth o tro p ic  p la te , 
к m o d u lu s o f th e  fo u n d a tio n  (or W in k le r ty p e ),

* Prof. Dr. Mircea V. S o a r e , Str. Pictor Bancila 22, Bucureçti 5, Sector 6,R-76327, 
Romania.
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4 SOARE, M. V.

k x, ky  c o n s ta n ts  w hich  in tro d u c e  th e  fr ic tio n  betw een  th e  p la te  a n d  th e  
fo u n d a tio n  an d  inc lude  th e  d iffe re n t e las tic  p ro p ertie s  (due to  o r th o tro p y )  
in  th e  X  a n d  у  d irec tions,

Z ( x ,  y )  n o rm al d is tr ib u te d  lo ad  p e r u n i t  a rea .
A ssu m in g  th a t  K x, K y, H , k , k x, ky are  c o n s ta n t, th e  p a r tia l  d iffe ren tia l 

e q u a tio n  (1.1) has c o n s ta n t co effic ien ts  a n d  so lu tions can  he o b ta in e d , for 
p a r t ic u la r  su p p o rtin g  co n d itio n s , b y  using  th e  m e th o d  of v a riab le  se p a ra tio n .

I n  th e  case of th e  re c ta n g u la r  p lan -fo rm , th e  N av ier ty p e  so lu tio n  of 
d o u b le  tr ig o n o m e tr ia i series is w ell k n o w n , i f  th e  fo u r sides are  s im p ly  su p p o rte d  
a n d  th e  L e v y  ty p e  so lu tio n  u s in g  sim ple tr ig o n o m e tric a l series w ith  v a ria b le  
c o e ffic ien ts , w hen tw o  o p p o site  sides are  s im p ly  su p p o rted  an d  th e  o th e r  tw o 
sides a re  a rb itra r ily  su p p o rte d .

V a r ia tio n a l an d  n u m e ric a l so lu tions a re  also know n, h u t  i t  is n o t  th e  
p u rp o s e  o f  th e  p re se n t p a p e r  to  a p p ly  th e m .

L e t  us p a r tic u la r ly  m e n tio n  a  p a p e r  b y  P . L a r d y  [5]; th e  id e a  o f th e  
s o lu tio n  is q u ite  sim ple an d  co n sis ts  in  th e  in tro d u c tio n  of c e r ta in  fu n c tio n s  
w h ich  r ig o ro u sly  sa tis fy  th e  lim it  co n d itio n s on th e  tw o p a irs  of o p p o site  sides 
o f th e  p la te .  These fu n c tio n s  ca lled  characteristic func tions  are d ed u ced  from  
th e  s tu d y  o f free la te ra l  v ib ra tio n s  o f p rism a tic  b a rs  (see §3).

I n  th e  m an n er exposed  in  th e  p rev io u sly  m en tio n ed  p ap e r b y  P . L a r d y , 

th e  c h a ra c te r is tic  fu n c tio n s , ap p lie d  to  th e  iso tro p ic  re c ta n g u la r  p la te  c lam ped  
on th e  fo u r  sides, co rresp o n d  to  th e  m e th o d  of doub le  tr ig o n o m e tric a l series 
u se d  fo r  so lv ing  re c ta n g u la r  p la te s  sim p ly  su p p o rte d  along th e  w hole b o u n d a ry .

T h e  pu rpose  o f th e  p re se n t p a p e r is to  generalize  L a rd y ’s re su lts  and , 
n a m e ly :

— th e  four sides can  be a rb itra r i ly  su p p o rte d  (w ith  th e  re s tr ic tio n s  m en 
t io n e d  in  §7);

— th e  p la te  is o r th o tro p ic  ( th e  iso tro p ic  p la te  on ly  rep re sen ts  a p a r tic u la r
case );

— th e  su p p o rtin g  on an  e la stic  fo u n d a tio n  is inc luded , ch a ra c te riz e d  
b y  tw o  m od u li of fo u n d a tio n  ( th e  f i r s t  one considering  th e  n o rm al p re ssu re  of 
W in k le r  ty p e  and  th e  second  th e  fr ic tio n  b e tw een  p la te  an d  fo u n d a tio n )* .

I n  th e  n e x t p a ra g ra p h , e q u a tio n  (1.1) w ill be red u ced  to  a  canonical 
fo r m ,  u n d e rlin in g  v a rio u s  p a r t ic u la r  cases m e t w ith  in  p rac tice ; in  th e  3rd 
p a ra g ra p h  w ill be defin ed  th e  c h a ra c te r is tic  fu n c tio n s an d  som e o f th e ir  
p ro p e r tie s .

I n  p a ra g ra p h s  4 a n d  5 th e  e x a c t a n a ly tic a l so lu tion  an d  a  v a r ia tio n a l 
a p p ro a c h  w ill be p re se n te d  re sp ec tiv e ly , a n d  in  th e  n e x t p a ra g ra p h  som e 
p a r t ic u la r  cases w ill be ex am in ed . F in a l o b se rv a tio n s  conclude th e  p ap e r.

*T he derivation of equation (1.1) is given in Appendix 2.

Acta Technica Academiae Scientiarum Hungaricae 92t 1981



ORTHOTROPIC RECTANGULAR PLATES 5

The canonical equation o f orthotropic plates

In  eq u a tio n  (1.1) we shall d iv ide  all th e  te rm s  b y  one o f th e  flex u ra l 
rig id itie s , le t i t  be  K x

and w ill carry, according to  S. K rug and P . St e in  [4] an affine change of 
one o f the independent variables

У =  у / .
dy  d y ' ’

(2.1)

T he prev ious e q u a tio n  becom es

d*w  „ H  d*w K y d*w kx d2w

dx* к х д * ? д у '2 к х ду'* к х ы

_  f k y  d2w к w Z(x, dy')
K x d y '2 K x K x

(2.2)

T h e p a ra m e te r  у  in  (2.1) can  be d e te rm in ed  in  such  a m a n n e r  th a t  the  
coeffic ien t of d*u)/dy’* becom es eq u a l to  u n ity , i.e .

. К»  .
K r

we deduce

- f e -  < ■ - !
K x (2.3)

W ith  th is  v a lu e , eq u a tio n  (2.2) is w rit te n :

d* tv 2 H d* w
+

d* w k z \d2 w
dx* \ к х к  у d*2d y '2 d y ’* k x dx2

ky (Pu> к  Z ( x , y y ' )

1 K x K y d y '2 K x K x
(2.4)

W e shall d en o te

X =
H

1
th e  p a ra m e te r  o f  th e  o r th o tro p ic  p la te ,  (2.5)

Acta Technica Academiae Scientiarum Hungaricae 92, 1981
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к
feix —

kly Y K X K v
, =

IC
( 2 .6)

t r a n s fo rm e d  m oduli o f fo u n d a tio n .
F o r  th e  sake of s im p lic ity  we shall also tra n s fo rm  th e  n o ta tio n s  acco rd 

in g  to  t h e  following:

у  *■ у , K x *- К ,  k íx *■ ky, k y —*■ ky , k^ - k  .

E q u a t io n  (2.4) is th e n  w r i t te n  in  th e  canonical fo rm

di u> di w д*ю . d2iv d2tv . Z(x,y)
----------\- 2 y.----------------------------- k x ------------k v -----------1-  kiv =  —-— —  .
№  Ы  ()y2 dy4 dx2 y ду2 к

(2.7)

N o te  th a t  in (2.7) у  r e p re s e n ts  a tran sfo rm ed  co o rd in a te , w hile Z  a n d  w 
a re  fu n c tio n s  of the  actual c o o rd in a te  x  and  of th e  transformed  c o o rd in a te  y .

F o r  ap p ro p ria te  v a lu e s  o f  «, k , kx an d  ky e q u a tio n  (2.7) is re d u ced  to  
c la ss ic a l eq u a tio n s; th e y  w ill b e  exam ined  in  p a ra g ra p h  6 .

Characteristic functions

I t  is  know n )see fo r in s ta n c e  [2]) th a t  th e  d y n am ic  d eflec tio n  o f  a p ris 
m a tic  b a r  undergoing free la te r a l  v ib ra tio n s  is p ro p o rtio n a l to  a fu n c tio n  X (x )  
w h ich  sa tis f ie s  th e  o rd in a ry  d iffe re n tia l eq u a tio n :

d x X

d x 4.
X  =  0 , (3.1)

w h e re  a  rep re sen ts  th e  sp a n  o f  th e  b a r  (beam ), x  an  e igenva lue  to  be d e te rm in ed  
fro m  a  co m p a tib ility  c o n d itio n .

T h e  general so lu tion  o f  e q u a tio n  (3.1) is

X ( x )  — Cj cosh x ------b C2 cos x ------1-  C3 s in h  x ------j- C4 sin  x  — ,
a a a a

w h ere  C15 C2, C3, C4 re p re se n t a r b i t r a r y  co n stan ts .
F o r  various su p p o rtin g  co n d itio n s  of th e  beam , one o b ta in s  a sy s tem  of 

fo u r  l in e a r  an d  hom ogeneous e q u a tio n s ; expressing  th a t  th e  m ain  d e te rm in a n t 
o f th e  sy s te m  vanishes, th e r e  re su lts  th e  p rev io u sly  m en tio n ed  co n d itio n  of 
c o m p a t ib i l i ty  which is a t r a n s c e n d e n t  equa tions in  x .  T h ere  re su lts  t h a t  th is  
e q u a tio n  h as  an in fin ity  o f  ro o ts  x m (m  =  1, 2, 3, . . .), th e re fo re , th e re  are  an 
in f in i ty  o f  functions X m(x). T h u s , th e  general so lu tio n  o f eq u a tio n  (3.1) m ay  
be  c o n s id e re d  as a series e x p a n s io n  of c h a ra c te ris tic  fu n c tio n s  X m(x), each 
te rm  sa tis fy in g  the  b o u n d a ry  cond itio n s.

Acta Technica Academiae Scientiarum Hungaricae 92, 1981



ORTHOTROPIC RECTANGULAR PLATES 7

T he trig o n o m etric  lin es  sin  an d  cos a re  p a r tic u la r  cases o f  c h a ra c te ris tic  
fu nc tions, co rrespond ing  to  th e  sim ply  su p p o rte d  beam .

One o f th e  im p o r ta n t p a rtic u la r itie s  o f th ese  fu n c tio n s is th e  p ro p e rty  
of o r th o g o n a lity , i.e. th e  e q u a tio n

P  X ,  X j d x  =  0 (for an y  i =7± j ) (3.2)

holds.
I f  we den o te

d X m ocm v , d2X m -y* (3.3)
dx  a dx2 Æm » • • •

er

th e re  re su lt th e  im p o r ta n t e q u a tio n

V""-Л-т =  x m (3.4)

w hich expresses th a t  b y  fo u r  tim es  d iffe ren tia tio n , th e  in itia l fu n c tio n  is ob
ta in ed .

C h a rac te ris tic  fu n c tio n s  h a v e  been ta b u la te d  fo r v a rio u s co m b in a tio n s 
of hom ogeneous su p p o rtin g  co n d itions (sim ply  su p p o rted , c lam p ed  o r free 
end ); th e  n u m erica l tab les  b y  D . Y o u n g  an d  R . P . F e l g a r  j r .  [16] a re  to  be 
specially  m en tio n ed , w here th e  p a r tic u la r  fo rm  o f th e  c h a ra c te r is tic  fu n c tio n s 
has been chosen  in  such a m a n n e r  th a t  th e  follow ing equa tio n *

j  x f  dx  =  a  (3.5)

is to  be sa tis fied .
A sy n th es is  o f th e  re su lts  is given in  A p p e n d ix  3 [12].
In  w h a t follows we sh a ll assum e th a t  a  g iven fu n c tio n  p (x )  c a n  be  ex p res

sed in th e  in te rv a l (0 , a) b y  a  series o f c h a ra c te ris tic  fu n c tio n s

p{x)  =  2 Pm X m (*) (m =  1, 2, 3, . . .) (3.6a)
m

w here fu n c tio n s  X m(x) s a tis fy  th e  p rescribed  b o u n d a ry  co n d itio n s a n d

Pm =  —  f  Pi*) X m(x) d x .  (3.6b)
a Jo

T here  in  p a r tic u la r  i t  w ou ld  be useful to  ex p an d  in  a  series o f  ch a ra c 
te ris tic  fu n c tio n s  th e  d e r iv a tiv e  o f second o rd e r o f such  a fu n c tio n  le t X%,:

X'm =  2  hm.‘ X ‘ ’ ( i  =  1, 2, 3, . . .) (3.7a)
i

* The case of trigonometric lines is excepted, for which the second member results
in a/2.
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8 SOARE, M. V.

or d ev e lo p ed

X"m — hm/1X i  +  hm 2 X 2 +  . . . +  hmj X j  +  • • • (3.7b)

w h e re  hm t (i =  1, 2, 3, . . .) a re  co n stan ts  to  be d e te rm in ed . T h e  d irec t a p p li
c a tio n  o f  form ula (3.6b) le a d s  to

hmj  =  —  f" X"m X j  dx  ; (3.8a)
a Jo

th e  in te g ra l  can be p e rfo rm e d  com pletely , k eep in g  in  m in d  th e  p a r tic u la r  
ex p re ss io n s  of fu n c tio n s X m a n d  X j .  T hus one gets

hm,i

— fo r i m

1
a 2m(«, X m X I  -  <xm X j  X'm) +  a? (a , X ;n X '"  -  a m X "  X '")

0 (3.8b)

^ m,m

— fo r i — m

1
4a„

X V ' I V " V'"  m Л-т r  -̂ -m -^ma -  -7  (Xm -  2X m X ’m +  X 2 ) x- a ■ 
0 4

T h e  p a rticu la r  ex p re ss io n s  o f th e  coeffic ien ts hm ( an d  hm m for th e  con
s id e re d  sup p o rtin g  cases a re  g iven  in  A p p e n d ix  3.

F o r  b id im ensional p ro b le m s  th e  c h a ra c te ris tic  fu n c tio n s  can  be com bined , 
co rre sp o n d in g  to  th e  p re sc r ib e d  b o u n d a ry  co n d itio n s , fo r ex am p le ,an  a rb itra ry  
lo a d  Z ( x  ,y) d is tr ib u te d  p e r  u n i t  are will be ex p ressed  in  th e  re c ta n g u la r  
d o m a in  a • b by  m eans o f  th e  double  series

Z ( x ,  y )  =  2  2 p m n  X m(x) Y n(y)  (3.9)
m n

w h ere

X X  X
X m(x)  =  Сш  cosh a m —  - f  C2m cos a m----- C3m s in h  ocm ---------b Cim

a a a
sin a m

X

a

(3.10a)

Yn{y) =  D ln cosh ß n 2 -  +  D 2n cos ßn ^ - +  D 3n s in h  ß n ^~  +  D in sin ß n 2 -  
0 0 0 0

(3.10b)
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ORTHOTROPIC RECTANGULAR PLATES 9

an d

Pmn =  ~^T  I j P(X, У) X m(x) Y n ( j )d x  d y  . 
ao Jo Jo

(3.10c)

A nalogously  to  expressions (3.3) we shall n o te

dY n ßn v .

dy b
d*Yn

dy2 b2 "  ’
(3.11a)

a n d  o b ta in  th a t  b y  four tim es d iffe re n tia tio n , fu n c tio n  Y n a n d  its  successive 
d e riv a tiv e s  are rep ro d u ced , t h a t  is

Y T  =  Y n . (3.11b)

The second d e riv a tiv e  of Y n w ill be expressed  in  a s im ila r m a n n e r  to  
(3 .7a) or (3.7b):

Yn  =  2  < J  Y j , ( j  =  1, 2, 3, . . .) (3.12a)
i

or developed

Y'n =  К л  Y\  +  h na  У 2 +  . . . +  K , j  Y j + . . .  (3.12Ь)

w h ere  coeffic ien ts h n j  and  h n n a re  deduced  from  expressions (3.8) b y  th e  
su b s titu tio n s

m  —+ n, i — j ,  a -*  6, x m —  ß n, a , -*• ßj, X m — Y„, X J, — Y n a .s.o .

I t  should  b e  underlined  t h a t  a ll th ese  coefficien ts hm ,■ a n d  h n j c an  be 
d e te rm in e d  once fo r  ever, d ep en d in g  on th e  su p p o rtin g  co n d itio n s  an d  in d e
p e n d e n tly  of th e  o rth o tro p ic  p la te  p a ra m e te r  «.

U se o f double series o f  characteristic functions

T he get a so lu tio n  of th e  p a r t ia l  d iffe ren tia l eq u a tio n  (2 .7), we shall 
a ssu m e  th a t  th e  ap p lied  load ca n  be  expressed  b y  m eans o f fo rm u la  (3.9); 
th e re  resu lts

d*u> , 0 tVw t d*ív , d2w , d2w
--------- \- Z X ---------— 4--------- — Kx ------------ Kv ---------- Г

dx* J)x2 dy2 dy* dx2 dy2

4- kiv =  —  £  2  P ™  X
m n

m Yn (4.1)
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10 SOARE, M. V.

T h e  fo rm  o f th e  second  m em ber suggests fo r us to  search  fo r a so lu tio n  
h a v in g  th e  sam e s tru c tu re :

=  22 «>mnXm Y n (4.2)

in  w h ich  th e  d im ensional coeffic ien ts  wmn are to  be d e te rm in e d  in  th e  follow ing. 
In tro d u c in g  e q u a tio n  (4.2) in  (4.1), we ge t

f t
2  2  К »  4 x r  Y " +  Wmn m  y "" +  kw ™  x -  y " +m n  V a b

+  2 « 4 ^ - X m Y - „ - k x u,mn^ - X ' ^ Y n
ar b1 a1

R2 1^ r n  у  y _ _  у  У
y w mn j 0 1 n  __ P m n -^m  1 n

62 к 0 ,

or, k eep in g  in  m ind  t h a t  X "  =  X m an d  Ym" =  Y n a n d  co n v en ien tly  g ro u p 
in g  th e  te rm s :

22 ^ -  +  - ^ -  +  k P m n

a4 bx К
X m Y n +  2 y.Wn

hx ~  X'm Y n ^ - k y - ^ - X m  Y x 
a1 b1

a W

0 .

X"m y :

(4.3)

O ne can  s ta te  t h a t  in  (4.3) th e  p ro d u c t X m Y n c an n o t be fac to rized , a 
fa c t w h ich  does n o t allow  th e  d irec t d e te rm in a tio n  o f w mn for each ran g e  m, n.

W e sha ll th e re fo re  ex p ress , accord ing  to  P . La r d y  [5] th e  te rm s  X'L 
a n d  Y ’n b y  m eans of th e  ex p ansions in  series (3 .7b) an d  (3.12b), th e  coefficients 
hm hm m, hn j, hn n b e in g  supposed  in  th e  fo llow ing , as is know n.

W o have , th u s

X ’m Y'n =  p  hm, , X ,)  [ 2  К  j  T ;) - ( h m i lX 1 + h m<iX 2 + . . .

• • • +  hm i X i  +  • • •)(hriilY 1 hn 2 Y 2 +  . . . +  hn j Y j - \ -  . . .) (4.4a)

or dev e lo p ed

X m Y - n =  hm tlhn_1X i Y i +

+  1 ^n, 2 X i y 2 +  hm,2 hn,i X 2 Y l +

+  hm i h llt3X l Y 3 +  hm 2hn 2 X 2 Y 2 +  hm 3 hn l X 3 Vj +  . . . (4.4b)

w here  in  each  line a p p e a r  fu n c tio n s X , an d  Y j  so t h a t  i -f- j =  const.
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ORTHOTROPIC RECTANGULAR PLATES 11

In  a sim pler m an n er we h av e

X'mY n =  Y n =  hm A X x Y n +  hm<2X 2 Y n +  . . .  +  hmJ X t Y n +

(4.5a)

X mY ,, — ^ 2  k n j  Yyj X m — hn 1X m Y x-\- h,u2X m У , +  • • • +  Aniy X m У / +  •••

(4.5b)

In tro d u c in g  now  expressions (4 .4a), (4 .5a) an d  (4.5b) in  (4 .3), we get:

^ 2 " +  A + k \ X m Y n + 2 x «inßn
а Ч 4

X \ 2 hn.J Y1\ - k^ \ 2 hm,iX

2 hm ,iX l
i

Y n -  K ^ r  X

X

A2

X 2 K i  Y\ x '.1 =  1 ^ 2 2  m n
P m n Y n • (4.6)

T h e  te rm s can  be ra ra n g e d  acco rd in g  to  th e  p roduc ts X ( Y j .  E q u a tin g  
to  zero th e  coeffic ien ts of all d is tin c t p ro d u c ts  th e re  resu lts an  in f in i te  linear 
sy s tem  w hich  de te rm in es all th e  u n k n o w n s w mn (m, n  =  1, 2, 3, . . .).

In  a condensed  form  th e  sy s tem  can  be w ritte n  as follow s:

ßt a m ß\
- ±  +  ^ ~ + k \ W‘J + 2* ^  2  - 3 i r  <  w

—  k x
Щ

7  a 2 A2

2 л » .  » x > Y » - k y - j r x m \ 2  < >  Y i
m U

=  PlL
K

(4.7)

w here  m , n  =  1, 2, 3, . . . in  each  e q u a tio n ,
i , j  =  1, 2, 3, . . . ch a ra c te riz e  th e  sy s te m  equations.

T h e  genera l e q u a tio n  (4.7) can  also  be  w ritte n  in  such a m a n n e r  as to  
e v id e n tia te  th e  te rm  on th e  m ain  d iag o n a l:

ßt
A4

’Î .  +  X L - +  2x —~ r r  А/,t h j j  — K  —  K t  -  fcv-^-A
„2 ft- 
Xi P j

а Ч 2

* l ß l

ß)
j . i w ij  +

+  2 * 2  2 ^ T T t h'nJh»J Wmn -  K 2 ~ h m,ttn n a- bl m a1

-  к  2  —  К , щ п =  - ^ L
i ?  A2 J К

vmj

(4.8)

(w here m i an d  n j  co n co m itan tly /) .
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12 SOARE, M. V.

T h e  sy s tem  of e q u a tio n s  th u s  o b ta in ed  h as  coeffic ien ts , th e  m a g n itu d e  
o f w h ich  decreases ra p id ly . F ro m  th e  p ra c tic a l p o in t  o f view , th e  sy s te m  can

1 st step 
2nd step 
3rd step 
U th step

F ig. 1

be so lv ed  s te p  b y  s tep , p rog ressin g  along th e  m a in  d iagonal as in d ic a te d  in  
fig . 1.

T h e  a p p ro x im a tio n  can  be  followed acco rd in g  to  th e  desired deg ree  o f 
acc u ra cy .

S ince  th e  d e te rm in a tio n  o f  th e  in fin ite  sy s te m  o f equations w as r a th e r  
le n g th y , in  th e  fo llow ing p a ra g ra p h  we sh a ll also  exam ine th e  v a r ia t io n a l  
a p p ro a c h  o f  th e  p rob lem .

W,2 W,3 Wk
W,, w?? w23 w24
Wî, w32 W33 W*
W« Wt2 W« Wu

Variational approach

W e sh a ll rew rite  th e  p a r t ia l  d iffe ren tia l e q u a tio n  (2.7) u n d er th e  fo rm

Ф(х, y ,  w)
Э4 tv di iv d4 w

------------- j- 2  >t-------------------г
d x i  dx2 by1 d y 4.

+  k x
d2 tv

-f- kiv —

+

(5.1)

a ssu m in g  hom ogeneous b o u n d a ry  cond itions, a n d  sh a ll search  for an  a p p ro x i
m a te  so lu tio n  using  c h a ra c te r is tic  fu n c tio n s; th u s  th e  b o u n d ary  c o n d itio n s  
a re  fu lf ille d  fo r each p a ir  o f  fu n c tio n s X mY n.

L e t

w * =  Y n (5-2)

be th e  p ro p o sed  so lu tio n  w h ich  differs from  (4.2) b y  th e  in itia l a s su m p tio n  
th a t  th e  doub le  sum  is f in i te ;  w mn rep resen ts  as p rev io u sly  d im ensional co e ffi
c ien ts  w h ich  are to  be  d e te rm in ed .

T o  estab lish  th e ir  v a lu e s  we shall ad h ere  to  th e  o rth o g o n a lisa tio n  m e th o d  
w h ich  is a  com ple te ly  g en era l m eth o d .

I f  u>* rep re sen ted  th e  e x a c t so lu tion , th e  o p e ra to r  Ф defined  b y  (5.1) 
w ou ld  be  id e n tic a lly  e q u a l to  zero, and  th is  co n d itio n  is e q u iv a len t to  th e  
e x p re ss io n  Ф* being  o r th o g o n a l w ith  re sp ec t to  a ll th e  functions (X,- Y j) .  B u t 
since w e h av e  on ly  a l im ite d  n u m b er of p a ra m e te rs  (icu , w12, m>21, . . ., w mn) 
we a re  g en era lly  u n ab le  to  sa tis fy  m ore th a n  m n  con d itio n s of o r th o g o n a lity .
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ORTHOTROPIC RECTANGULAR PLATES 13

S e ttin g  dow n th ese  co n d itio n s , we get th e  fo llow ing sy stem  o f e q u a tio n s

П f Ф* X , Y j  d x d y  = Г f Ф Í 2 2  X ™ Y" X ‘ Y J dxdy  = 0 (5-3)
J  0 J  0 J  0 J  0 m n

( i , j  =  1, 2, 3, . . .)

w hich  enab les us to  d e te rm in e  th e  co effic ien ts  wmn. T he  d iffe ren tia l o p e ra to r  
be ing  lin ea r , th e  ensu ing  sy s tem  of e q u a tio n  is lin ea r too.

W h en  ap p lied  to  p rob lem s in  M echan ics, th e  o rth o g o n a lisa tio n  m e th o d  
m u st be reg a rd ed  as an  a p p ro x im a te  a p p lic a tio n  of the princip le  o f  virtual  
displacements.

In  th is  co n n ec tio n , n o te  th a t  th e  o p e ra to r  Ф, w hich c o n s titu te s  th e  le ft 
h a n d  side o f th e  p a r tia l d iffe ren tia l e q u a tio n  o f  th e  equ ilib rium , re p re se n ts  th e  
re s u lta n t  o f a ll th e  e x te rn a l forces, as w ell th e  in te rn a l forces ac tin g  on  a  p la te  
e lem en t; X t Y j  (regard less o f th e  c o n s ta n t fa c to r  iVjj) rep resen ts  th e  v ir tu a l 
d isp lacem en t o f th is  sam e elem ent.

E q u a tio n  (5.3) is an  ap p ro x im a te  ex p ressio n  fo r th e  fac t t h a t  th e  to ta l  
w ork  done in  p ro d u c in g  th e  v ir tu a l d isp lacem en ts  X t Y j  th ro u g h o u t th e  o r th o 
tro p ic  p la te  is equal to  zero .

*

R ep lac in g  in  (5.1) — w here Z  is co n sid e red  u n d er th e  fo rm  (5.2)
we get

+  2xvJmn X"m Y'n -  wmn
аг 6”

■ am у  « y -  I T ß r±  y  V" 
к х  ,  1 к у „  л т  ■* пer Ь2

T he v a r ia tio n a l co n d itio n s (5.3) a re  w r itte n :

J~a r b  r a  Г1

0 * X l YJdXdy =  2 2 \
0 J o  m n J  0 J  C

a fb
Wn ? k  +  K  +  lt I -

a 4 Í»4 '

Pm n

К
X m X l Y n Y j +  2 x w r

— tvn

xfnßl  
а Ч 2

02

X'm X j  Y 'n Y j  —

(5.4)

kx X'm X ‘ Y n Y j +  k y ÊZ- X mX t Y n Y \  dxdy  =  0 . (5.5)
az bz

K eep in g  in  m ind  th a t

X m X i d x  =  0
Jo

j*  y„ Yj d y  =  0

for

for

m  i  a n d

n ^  j  a n d
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14 SOARE, M. V.

e q u a tio n  (5.5) is reduced  to  th e  follow ing

Wjj l i 4 -  +  Ê L + k }  - ü y . +  2 ^ 2 2 —  —  { “x ' m X i d x x  
J \ a4 b4 j к  ' f r  a2 b2 a Jo

X - f f  X n Y j d y  ■ w mn — — 
b Jo a

2  o2
a m  Pn 1  r a

a2 b2 a Jo

* m  Г
5  w mn
\ a2 J o

A
b2 f  y; у

Jo
d y  =  0 . (5.6)

C o n sid erin g  re la tio n s (3.7b) an d  (3.12b) w h ich  in tro d u ce  th e  co effic ien ts  
/im>, a n d  Л„ -, th e  re su lts  are t h a t  eq u a tio n  (5.6) can  be w ritte n  in  th e  g enera l 
form

4  +  Т Г  +  k \ WU +  2x 2  2  h” -‘ < 1  wmnb4 a2 b2

-  K 2 w ßn h  — -Рбmn 62 V ,  K (5.7)

w h ich  co inc ides w ith  (4.7) o b ta in e d  b y  u sin g  th e  ex ac t m eth o d .
T a k in g  i ,  j  =  1, 2, 3, . . . th e  sy stem  so u g h t fo r is o b ta in ed .
I f  th e  n u m b e r of a p p ro x im a tio n  fu n c tio n s  (X,- Y  J  is increased  in d e fin ite ly  

(an d  th e  d o u b le  sum  is tra n s fo rm e d  in to  a d o u b le  series of c h a ra c te r is tic  fu n c 
tio n s) w e can  recognize th a t  th e  v a r ia tio n a l so lu tio n  rep resen ts  th e  p ro p e r  
e x a c t so lu tio n .

N o te  t h a t  th e  d e riv a tio n  o f th is  so lu tio n  is sim pler an d  m ore  d ire c t.

Particular cases

I n  w h a t follows we sh a ll u n d erlin e  som e im p o r ta n t p a r tic u la r  cases.
T h e  case k x =  ky =  0 co rresp o n d s to  th e  absence of fric tio n  b e tw een  

th e  p la te  a n d  th e  fo u n d a tio n  (W in k ler ty p e  su p p o rtin g  on th e  e lastic  fo u n d a 
tio n ). T h e  co rrespond ing  p a r t ia l  d iffe ren tia l e q u a tio n  is derived  fro m  (2.7) 
b y  th e  can ce lla tio n  of k x a n d  ky :

d i w  d 4w
--------- \- 2 x  — ------

dx4 dx2 by2
+  kiv =  -z ( x !  У)

К
( 6 .1)

I n  so lv ing  th e  p rob lem  on ly  th e  co effic ien ts  s itu a te d  on th e  m ain  d iag o 
na l a re  a ffec ted .

T h e  case k x =  ky =  0 a n d  к  =  0 co rresp o n d s to  th e  absence o f  th e  
e la s tic  fo u n d a tio n . T he co rresp o n d in g  p a r t ia l  d iffe ren tia l e q u a tio n  is d e riv ed  
fro m  (6 .1) b y  th e  can ce lla tio n  o f k:

d4iv 2’̂  I _  Z ( x , y )
dx4 ‘ dx2 dy2 b y4 К

(6.2)
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ORTHOTROPIC RECTANGULAR PLATES 15

and th is coincides w ith  th at which w as stated  by S. K rug and P . Stein  [4].
In  so lv ing  th e  p rob lem  only  th e  coeffic ien ts s i tu a te d  on th e  m ain  diago

n a l are a ffec ted .
W ith  th e  su b se q u e n t p a rtic u la r isa tio n  of v. we get th e  fo llow ing cases.
a) V.  =  0. T h is case co rresponds to  a zero to rs io n a l r ig id ity  o f  th e  o rth o 

tro p ic  p la te , o r to  a grid  o f o rth o g o n al beam s ( in te rco n n ec ted  b y  m eans of 
hinges) or, f in a lly , to  th e  e q u iv a len t c o n tin u u m  o f a  d o u b le -lay e r parallel 
sq u are  m esh  g rid ; th e  co rrespond ing  p a r tia l  d iffe ren tia l e q u a tio n  is derived 
from  (6 .2):

d4u> d4 w Z  
dy4 ~  ~K

(6.3)

and th is coincides w ith  the equations established b y  M. V . Soare [8], 
K . Szmodits [13] and O. Zanaboni [17].

O b serv ing  th a t  all th e  secondary  coeffic ien ts (no t s i tu a te d  on th e  m ain 
d iagonal o f th e  sy stem ) have  x  as a fa c to r , v an ish .

E ach  u n k n o w n  u>mn d irec tly  re su lts  u n d e r th e  form

_  Pmn 1
тп К am I ËL

a4 + 64

(6.4)

as found  b y  P . La r d y  [5] for grids an d  b y  M. V. Soare [8 ] fo r doub le-layer 
p ara lle l sq u a re  m esh  grids.

S im ilar re su lts  are  o b ta in ed  in  th e  m ore genera l case w hen  к  ^  0:

d4ic d4w>
dx* dy4

2
kw  =  -—

К

w ith  th e  so lu tio n  fo r th e  unknow n  coeffic ien ts:

Pmn
К ^ k  +  Ê L +  k

a4 b*

(6.5)

( 6.6)

b) X =  1. T h is case co rresponds to  iso trop ic  p la te s  or to  o rth o tro p ic  
p la te s  fo r w h ich  H 2 — K xK y =  0; th e  govern ing  e q u a tio n  is d e riv ed  from  (6.2):

d4to ^ 2  d4 w d4ic Z
dx4 dx2 dy2 dy4 К
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16 SOARE, M. V.

T h e re  re su lts  only  a  fo rm a l s im plifica tion  o f th e  coeffic ien ts o f th e  in f i
n ite  s y s te m . T hus was s tu d ie d  in  m ore  deta il b y  P . L a r d y  [5] fo r th e  r e c ta n 
g u la r p la te  b u i l t - i n  a long  th e  fo u r  sides. H e u n d e rlin e d  th e  a d v a n ta g e  o f 
th e  m e th o d  w hich consists in  re d u c in g  th e  so lu tio n  o f  tw o  in ifn ite  system s 
o f e q u a tio n s  to  a single one.

с) к  =  3. This case co rre sp o n d s  to  th e  e q u iv a le n t co n tin u u m  o f a do u b le 
la y e r  o b liq u e  square  m esh g rid  [9 ]. T h e  governing e q u a tio n  is derived  from  (6.2):

d4tv , g d4w di w _  Z  

d x * d y 2 ^

I n  so lv ing  th e  p rob lem  o f th e  unknow ns wmn o n ly  th e  coeffic ien ts s itu a te d  
on th e  m a in  diagonal are a ffec ted .

( 6 .8)

Concluding remarks

I t  is easy  to  see th a t  a  s im p ly  su p p o rted  or c lam p ed  side im plies tw'o 
b o u n d a ry  cond itions w ith  re sp e c t to  th e  sam e v a r ia b le  (x  o r y ) .  F o r exam ple , 
i f  th e  s im p ly  su p p o rted  side x  =  0 is concerned, th e  co n d itions w =  0 an d  
fthvjdx2 =  0 are  reduced  to  th e  con d itio n s X  =  0 a n d  X "  =  0.

S im ila r ly  for th e  c lam p ed  side x  =  0, th e  co n d itio n s  w =  0 an d  du>ldx=0 
lead  to  th e  conditions X  =  0 , X '  = 0.

T h e  vario u s su p p o rtin g  cases fo r w hich th e  use  o f sim ple or doub le  
tr ig o n o m e tr ic  series is possib le  a n d  efficien t h av e  b een  rep re se n te d  in  F ig . 2a ; 
th e  s u p p o r t in g  cases fo r w h ic h  th e  use of c h a ra c te r is tic  fu n c tio n s do n o t  
p re se n t in tr ic a te  p roblem s h a v e  b een  rep resen ted  in  F ig . 2b .

a) /// //// //// /

///////////. '////////////

Y77777777?.

V777777777Z

----------------  simply supported edge
damped edge 

----------------free edge

Fig. 2
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ORTHOTROPIC RECTANGULAR PLATES 17

A free side req u ires  co n d itio n s of van ish in g  b en d in g  m o m en t an d  gener
alized  tra n sv e rse  sh ea r force; in  th is  case, th e  b o u n d a ry  co n d itions invo lve  
b o th  v ariab les  x  an d  y ,  i.e . a  co rre la tio n  betw een  fu n c tio n s  X , Y  an d  th e ir  
successive d e riv a tiv e s . C onseq u en tly  from  th is  p o in t o f view  th e  p rob lem  
rem ain s open.

L im itin g  ourselves to  th e  o rth o tro p ic  p la te  w ith o u t su p p o rtin g  on an  
e lastic  fo u n d a tio n  — e q u a tio n  (6 .2) — th e  use o f ta b le s  an d  g raphs o f th e  
ty p e  of in flu en ce  su rfaces as th o se  pub lished  b y  S. K rug  an d  P . Stein  [4] 
is possible. B esides th e  o rth o tro p ic  p la te  p a ra m e te r  x  a second  p a ra m e te r  s 
w ill in te rv en e  re p re se n tin g  th e  ra tio  of th e  tra n s fo rm e d  side len g th s :

*____
К
Ky

F in a lly  th e  use of doub le  series o f c h a ra c te ris tic  fu n c tio n s  m ay  p rove 
ex trem e ly  e ffic ien t in  th e  s tu d y  o f in s ta b ility  an d  la rg e  d e fo rm atio n  o f iso 
tro p ic  and  o rth o tro p ic  p la te s .

Notations

a, b sides of the rectangular plate,
ex, ву position of the centroidal planes in the x and y directions, with respect to the

bottom plane,
f  coefficient of friction,
H  torsional rigidity of the orthotropic plate,
к modulus of the foundation (of Winkler type),
kx, ky constants which introduce the friction between the plate and the foundation, 
K x, Ky flexural rigidities of the orthotropic plate in the x  and у directions, respectively,
p  reaction of the subgrade,
Ptxi Ply friction between the plate and the foundation, in the x and у directions, respectively, 

per unit area, 
w deflection,
7, normal distributed load per unit area,
a, ß eigenvalues of the characteristic functions,
у  parameter of affine transformation of the coordinate y,
r ratio of the transformed side lengths,
x parameter of the orthotropic plate.

APPEND IX  2

Derivation of the partial differential equation (1.1)

B y  a p la te  w ith  o r th o tro p y  o f m a te ria l o r w ith  g eo m etrica l o r th o tro p y , 
we d istin g u ish  tw o c e n tro id a l p lan es co rrespond ing  to  th e  d irec tio n s  x  an d  y .  
T h e ir  positions are  defined  b y  th e  d istances ex an d  ey w ith  re sp e c t to  th e  b o tto m  
p lan e  o f th e  p la te ;  g en era lly  ex ^  ey if  th e  elastic  p ro p e rtie s  o f th e  m a te ria l 
or th e  stiffeners in  th e  x  an d  у  d irec tio n s a re  d iffe ren t.

T he ap p lied  loads a c tin g  on a p la te  e lem ents are  (F ig . А .1 .):
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Z  normal load per un it area (directed downwards),
p  =  ktv reaction of the subgrade, per unit area (directed upwards),
Ptx = f u b friction between the plate and the foundation, in the x  direction, supposed 

to be proportional w ith the displacement ub a t the bottom , 
p ty = fo i , friction between the plate and the foundation, in  th e y  direction, suppos

ed to be proportional with the displacement vb a t the bottom.

T h e  geom etrical e q u a tio n s  ho ld

dw
и Ь — ex ~  1ny

dw
vb =  ey ~^ • dy

(A .l)

R ed u c in g  th e  fr ic tio n  forces in  th e  cen tro id a l p lan es an d  neg lecting  
th e i r  in -p lan e  effects, th e re  re su lt th e  m om ents

m x — p ix ex —

m v =  — p ty ey -- , г  г dw
+  f eь a ;dy

(A.2)

in tro d u c in g  th e  new c o n s ta n ts

К  -  /4  » ky  — fey ? (A.3)

w e g e t

, , dw
m x =  +  «X—  » 

d x

, , dw
m y =  +  • dy

(A.4)
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ORTHOTROPIC RECTANGULAR PLATES 19

Now th e  e q u ilib riu m  eq u a tio n s o f  th e  p la te  elem ent can  be w r itte n  as 
follows:

d M y d M yx 

dx dy
m x =  T x->

dMxy , dMy
dx dy

дТх дТу
дх dy

ту =  Ту,

— Z  +  ки>.

(А.5)

E lim in a tin g  th e  tran sv e rse  sh ear fo rces Tx, Ty betw een  (A .5) w e o b ta in  
(w ith  XIxy ^  M yx) :

d2 M xy d2 M yx d2 M y __ d m x_____ r)my ^ ^  _  у  ^

dx2 d y  dx dy dy2 d x  dy

W e can  fu r th e r  rep resen t th e  b e n d in g  an d  tw is tin g  m o m en ts  in  te rm s  
of th e  d e flec tio n s iv o f th e  p la te  in  th e  fo rm :

M x = - K x

M v  =  -  K v

d2w d2w
+ I ‘” U

d2iv

dx2 

d2 iv

M xy —

Myx =

- 2  К

2 К

dy2

d2w  

dx dy  

d2iv

Их
dx2

xy

yx
dx  dy

(A.7)

w here th e  f le x u ra l rig id ities  K x, K y, th e  to rs io n a l rig id ities K xy, K yx a n d  th e  
P oisson’s ty p e  coeffic ien ts  рх, цу are  to  b e  d e te rm in ed  se p a ra te ly  in  v a rio u s  
specific cases.

In tro d u c in g  eq u a tio n s  (A.7) an d  (A .4) in  (A .6) we fin a lly  get

Kv —  +  (КхИу  +  К у[гх +  2 K Xy +  2 K yx) +
dx*

К. d*w ,  d2w  2 w
у ^ Г Т -  Я — - / «dy*

d2w

dy2

dx?dy2

+  kw  — Z  ; (A.8)

in tro d u c in g  th e  n o ta tio n s  I I  and  k x, ky, e q u a tio n  (A .8) coincides w ith  e q u a 
tion  (1.1):

2H  =  K x +  K y цх +  2K Xy -f- 2K y x . (A .9)
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A PPEND IX  3
Characteristic functions for three typical supporting cases

Clamped — simply supported Clamped — clamped

A N ?

a о

Supportbg

Boundary
conditions

Characteristic
equation

Roots am and 
coefficients x„

Characteristic 
functions and 
their successive 
derivatives

Clamped — Free

h -

x =  0; X ( 0 ) =  0: X '(0) =  0, ж =  0; X(0) =  0; X '(0) =  0, ж =  0; X  (0) =  0; X ' (0) =  0,
x =  a; X  (a) =  0; X '(0) =  0. X  =  a: X(o) =  0; X'(a) =  0. X =  a: X ’  (a) =  0; X m (a) =  0.

tan a =  tanh a cos a • cosh a =  1 cos a • cosh a  =  —1

a, =  3,92660 x4 =  ] ,00078 otj =  4,73004 x4 =  0,98250 otj =  1,87510 X, =  0,73410
a2 =  7,06858 x2 =  1,00000 a2 =  7,85320 x2 =  1,00078 a2=  4,69409 x2=  1,01847
a , =  10,21018 x3 =  1 a3 =  10,99561 x8 =  0,99997 x s =  7,85457 x4 =  0,99922
oc4 =  13,35177 x4= l a4 =  14,13717 x4 =  1,00000 a4 =  10,99554 x, =  1„00003

am ~ ( ”» +  - j j  я  xm ^  1 « m ^ (m  +  y j  л  «m^ 1 ( mm ~  у  ) 71

to
О

£
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SO
A

R
E,



A
cta 

Technica 
A

cadem
iae 

Scientiarum
 

llungarica« 
92, 

1981

Series expansion 
for a typical 
load

p(x) --

Coefficients pm 
for uniform 
load (p =
=  const.)

Pm =  ~ [(^m)x-a 2 *m] p 

(m =  1, 2 , 3 , . . . )

Series expansion 
of the second 
order deriva
tive

Y"■Л-т

^m, l an  ̂}*т, m 
coefficients к — *m — V *m, m — xm

am

km,l = 4 , (xm“m */«/) 
“m -  a?

(m ^  i)

to
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E in neues Verfahren zur Lösung rechtwinkliger orthotroper Platten. — Es wird von der 
partiellen Differentialgleichung orthotroper Platten, gestützt auf die Verschmierung der 
Rippen in  zwei orthogonalen Richtungen, ausgegangen. Diese Gleichung wird mit den Gliedern 
ergäntzt, die die Wirkung der Lagerung auf eine elastische W inkler-Bettung und die Berück
sichtigung der Reibung zwischen P latte und elastischer Bettung ausdrücken. Die auf der 
Anwendung doppelter Reihen von Fundamentalfunktionen beruhende Aufgabe führt zur 
Aufstellung und Lösung eines linearen Systems unendlich vieler Gleichungen und Unbekannten.
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EFFECT OF RAPID HEAT TREATMENT ON 
THE MICROSTRUCTURE AND TENSIUE 

PROPERTIES OF COLD DRAWN 
RORON-TREATED STEEL (ZF7)

PART I.

M. A. ABD ELHADY*
MASTER OF TECHN. SCI. 

and

J. PROHÁSZKA*
CORR. MEMBER OF THE HUNG. AC. OF SCI.

[Manuscript received: 3 March 1980]

This paper describes three methods of heat treatment for high hardenabilitv 
boron-treated steel. The object of this work is to determine the change in microstructure 
and tensile properties due to these different heat treatm ent operations. The present 
paper is to be considered the first report on the heat treatm ent of cold drawn boron 
treated  steel and will be followed by subsequent works in order to select a new technol
ogy for the heat treatm ent of ZF, steel.

1. Introduction

B o ro n -tre a te d  stee l is one o f th e  h ig h  h a rd e n a b ility  steels, th e  e ffec t o f 
boron  on  d iffe ren t m echn ical p ro p ertie s  d e p e n d s  on th e  s ta te  of b o ro n  in  th e  
stee l since b o ron  ap p ears  in  tw o s ta te s : (i) co m p o u n d  s ta te , (ii) d isso lv ed  in 
th e  so lid  so lu tio n  as in te rs ti t ia l  e lem ent (0 ,87 Â  rad ius). We assum e t h a t  in 
Z F , s te e l b o ro n  disso lved  in  solid  so lu tio n  d u e  to  th e  insuffic ien t a m o u n ts  
of b o ro n  an d  also to  th e  sm all am o u n ts  o f  1 a n d  lr  in  th e  steel, th is  b e s id e  th e  
presence  o f A1 in  th e  steel.

T h e  h a rd e n a b ili ty  o f b o ro n -tre a te d  s tee ls  has long been a  s u b je c t  o f 
research  from  b o th  th e  fu n d am en ta l a n d  p ra c tic a l po in ts  o f v iew  [1 — 5]. 
T here  are  sev era l fac to rs  w hich affect th e  h a rd e n a b ili ty  of b o ro n -tre a te d  stee ls 
th e rm a l a n d  m echan ica l h is to ry , a u s te n itiz in g  tim e  an d  te m p e ra tu re , ch em ica l 
com position  e tc . A m ong those  fac to rs , su ch  e lem en ts  as a lum in ium , t i ta n iu m  
an d  n itro g e n  p la y  a v e ry  im p o r ta n t role in  co n tro llin g  th e  effect o f b o ro n  on 
th e  h a rd e n a b ili ty  of b o ro n -tre a te d  steels [6 ].

T h e re  is m uch  c o n tro v e rsy  ab o u t th e  e ffec t of boron on th e  b r it t le n e s s  
of s tee l. Som e w orkers [7] h av e  sugg ested  t h a t  boron  m ay  n o t h a v e  an y  
effect on e m b rittlin g  su scep tib ility , b u t o th e rs  [8 ] re p o rt th a t ,  bo ron  p ro m o te s

* Institu te for Technology and Materials Science, Technical University Budapest«
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te m p e r  b rittle n e ss . T hese c o n tra d ic to ry  o b se rv a tio n s  can possible be reco n c iled  
w ith  th e  w o rk  o f B e r n s t e in  [9] who fo u n d  t h a t ,  th e  degree of e m b r itt le m e n t 
is n o t  s u b s ta n tia lly  a ffec ted  b y  th e  a d d itio n  o f  boron  up to  0 ,45%  fo r low  
a u s te n it iz in g  te m p e ra tu re  (850 °C), and  t h a t  (ii) for h igher a u s te n itiz in g  
te m p e r a tu r e  (1200 °C) a sm all add itio n  o f b o ro n  (0,05% ) reduces th e  su sc e p 
t ib i l i ty  o f  steel an d  a t  h ig h er boron  c o n te n ts  th e  degree of e m b ritt le m e n t 
in c rea se s .

2. M aterial and experim ental procedures

T h e  m a te ria l u sed  is Z F 7 steel, MSZ 4337 — 71. This m a te ria l w as h o t  
ro lled  in  th e  form  o f ro d s h av in g  a 10 m m  d ia m e te r . A fter th a t  i t  w as co ld  
d ra w n  f ro m  10 m m D  to  0,3 m m D  a t d iffe ren t s tep s , and  betw een  som e s te p s  
an d  th e  o th e rs , i t  w as an n ea led  a t 650 °C fo r  30 m in t, and fin a lly  i t  w as co ld  
d ra w n  f ro m  3,2 to  1,46 m m  d iam eter.

Chemical composition

Steel
Chemical composition %

grade
C Mn Si P S Cr В Al

z f 7 0,16 1,00 0,15 0,035 0,035 1,00 0,006 0,03
0,20 1,30 0,40 1,30 0,007

3. Experimental procedures

I /A . R ap id  h e a t t r e a tm e n t  of cold d ra w n  s te e l (tim e =  2 sec) w ith  d iffe r
e n t e le c tr ic a l energies (K W /cm 3). T he h e a tin g  a n d  cooling w as done u n d e r  
c o n tro lle d  a tm o sp h ere  (30%  H  -|- 70%  N ).

I /B .  (i) A nnealing  of cold d raw n s te e l (tim e  15 min) in  a le a d  b a th  
fo llow ed  b y  cooling in  a ir  (a t  650 °C +  10).

(ii) R a p id  h e a t t r e a tm e n t  of th e  a n n e a le d  stee l (tim e 2 sec) a t  d iffe re n t 
e le c tr ic a l energies w ith  h e a tin g  and  cooling a tm o sp h e re  as in  I/A .

I/C . T h is is n o rm a l an nea ling  of cold d ra w n  stee l a t d ifferen t te m p e ra tu re s  
in  a  le a d  b o th  for 15 m in ts . The te s tin g  m e th o d s  used are m e ta llo g rap liic  
an d  te n s io n  te s t  to  s tu d y  th e  change in  m ic ro s tru c tu re  and ten sil p ro p e rtie s  
due to  th o se  d iffe ren t h e a t  t re a tm e n t m e th o d s .

Acta Technica Academiae Scientiarum Hungaricae 92, 1981



EFFECT OF RAPID HEAT TREATMENT 25

4. Summary od resu lts and discussion

I / A .  exper im en ts

P ic tu re s  1, 2, 3, 4 , 5, 6 show  th e  c h a n g e  in  m ic ro stru c tu re  p ro d u c e d  due 
to  in creasin g  th e  e lec trical energies f ro m  0 to  6,206 K W /cm 3.

F ig . 1 show s how  th e  tensile  p ro p e r tie s  change w ith  th e  ch an g e  in  e lectrical 
energies.

T hus, i t  is c lea r from  th e  m ic ro s tru c tu re s  and  tensile  p ro p e rtie s  s tu d y  th a t :  

F rom  0 to 2,359 K W / c m 3

T he m ic ro s tru c tu re s  are d efo rm ed  g ra in s  e longated  in  th e  d ire c tio n  of 
co ld  d raw in g  (P ic tu re s  1, 2) T he e ffec t o f  th is  range on te n s ile  p ro p ertie s  
is n o t so m u ch .

From  2,359 to 4,321 K W /c m 3

R e c ry s ta lliz a tio n  process ta k e s  p la c e . This was p roved  f ro m  p ic tu res  
2, 3, 4 an d  from  th e  tensile  p ro p e rtie s  te s ts  w ith  values g iven  b esid e  each 
p ic tu re .

From  4,629 to 5,064 K W /c m 3

T his e lec trica l energy  range, h e a t in g  th e  sam ples be tw een  A 1 an d  A 3 
a re  c ritica l te m p e ra tu re s .

engfgy
kw/cnr>3

The charge in tensile properties at different 
electrical energy during rapid heat treatment 
of cold drawn stell 11 /А ]

Fig. 1
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Picture 3
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Picture 5

Picture 6
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T h u s , i t  is clear from  P ic tu re  5 and  F ig . 1 t h a t :  T he increase  of e lectrical 
e n e rg y  from  4,629 to  5,064 K W /c m 3 w as accom pan ied  h y  th e  increase  in  s tre n g th  
p ro p e r t ie s  and  decrease in  p la s tic  p ro p erties  w hich  m ay  be due to  m arten s itic  
tra n s fo rm a tio n .

F r o m  5,173 to 7.082 K W / c m 3

F ro m  p ic tu re  6 a n d  F ig . 1 i t  is clear th a t  h e a tin g  th e  sam ples in  th is  
ra n g e  w ill raise th e  te m p e ra tu re  above A 3 an d  so m a rte n s itic  tra n s fo rm a tio n  
m a y  b e  induced .

I / B .  experiments

P ic tu re s  7, 8, 9 show  th e  change in  m ic ro s tru c tu re  p ro d u ced  due to  
in c re a s in g  th e  electrical e n e rg y  fro m  2,177 to  6,164 K W /cm 3.

F ig . 2 shows how  th e  te n s ile  p ro p ertie s  v a rie d  w ith  th e  e lec trica l energy . 
T h u s , i t  is c lear fro m  th e  m ic ro s tru c tu re  s tu d y  a n d  tensile  p ro p ertie s  

s tu d y  th a t :

F r o m  0,920  to 4,032 K W / c m 3

I n  th is  range th e re  is  no  s ign ifican t d ifference in  ten sile  p ro p ertie s  
(F ig . 2 ). T he only d iffe ren t m a y  be a  sm all change in  g ra in  size.

So, th is  applied  en e rg y  ran g e  h ea ted  th e  sam ples a t  te m p e ra tu re s  
b e lo w  A v

kw/cm3

The change in tensile properties at different 
electrical energy during rapid heat treatment 
of annealed steel [ l /B ]

Fig. 2
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Picture 7

Picture 8

Picture 9
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Temperature
°C

The change in tensile properties with the change 
in annealing temperature [ l/C 1

Fig. 3

F r o m  4,921  to 5,436 K W f c m 3

C onsidering  m ic ro s tru c tu re s  (P ic tu re  8) a n d  te n s ile  p ro p ertie s  (F ig . 2). 
I t  is  c le a r  th a t  the  sam ples w e re  h ea ted  a t te m p e ra tu re s  betw een  А г a n d  A s.

A b o v e  5 ,4 3 6  K W /cm 3

T h e  structu re  is m a r te n s i t ic  and so th e  m e ta l  w as h ea ted  ab o v e  A a.

I \C .  experiments

P ic tu re s  10, 11, 12 sh o w  how  th e  m ic ro s tru c tu re s  change b y  in c reasin g  
th e  a n n e a lin g  te m p e ra tu re s . F ig . 3 shows how  th e  ten s ile  p ro p e rtie s  v a ried  
w ith  t h e  annealing te m p e ra tu re s .

5. Conclusions

1. A nnealing of a co ld  d ra w n  specim en befo re  ra p id  h e a t t r e a tm e n t  does 
n o t  p ro d u c e  significant e f fe c t on  th e  tensile  p ro p e rtie s .

2 . T he required  e le c tr ic a l  energy for re c ry s ta lliz a tio n  o f cold  d raw n  
s tee l is  in  th e  range 4,321 to  4 ,6 2 9  K W /cm 3.

3 . H ea tin g  the  cold  d r a w n  steel w ith  h ig h e r e lec trica l energy  p roduces 
m a r te n s i t ic  tran sfo rm atio n .

4 . T here  is not v isib le  d iffe ren ce  in  th is  w ork  b e tw een  th e  n o rm al a n n e a l
in g  o f  co ld  draw n steel a n d  r a p id  h ea t tre a tm e n t o f  th is  sam e steel.
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Picture 11

Picture 12
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T h e  o n ly  difference is th e  n ecessary  tim e  fo r  re c ry s ta lliz a tio n  w h ich  is 
2 sec a t  4 ,321 K W /cm 3 ra p id  h e a t  tre a tm e n t an d  15 m in t a t 650 °C in  n o rm a l 
a n n e a lin g .
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la tio n  No 3855

Einwirkung der schnellen Wärmebehandlung auf die Mikrostruktur und auf die Zug
festigkeit des kaltgezogenen Borstahls (ZF7). I. Teil. — Es werden drei Methoden der W ärme
behandlung des borhehandelten Stahls von hoher Härte erörtert. Das Anliegen der A bhand
lung is t die Ermittlung der Änderung der Mikrostruktur und der Zugfestigkeitseigenschaften 
infolge der verschiedenen Wärmebehandlungsmethoden. Diese Abhandlung ist als der erste 
Bericht über die Wärmebehandlung vom  kaltgezogenen borbehandelten Stahl zu betrachten. 
Die Auswahl einer neuen Wärmebehandlungstechnologie des ZF7 Stahls wird in den folgenden 
Berichten behandelt.
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STABILITY OF A BAR ELASTICALLY BUILT-IN  
AT ONE OF ITS EXTREMITIES

P. CSONKA*
DOCTOR OF TECHN. SCI.

[Manuscript received 1 September, 1980]

Paper deals with the buckling caused by the dead load of a prismatic bar of 
vertical axis, made of elastic material. I t  assumes th a t the lover end of the bar is elasti
cally built-in while its top end is entirely free. The critical load of the bar is determined 
by Timoshenko’s approximate method. The deflected shape of the bar axis is approach
ed by a third-degree polynome. In  the extreme case when the foot of the bar is 
rigidly fixed, this assumption leads to a result hardly differing from the correct one, 
while in the other extreme case when the bar is absolutely rigid, it yields the exact 
result.

1. In tro d u c tio n

T he b u ck ling  of an  e lastic  b a r  o f v e r tic a l ax is whose low er e x tre m ity  is 
r ig id ly  fix ed , th e  u p p e r en d  being  e n tire ly  free  has been tre a te d  b y  n u m ero u s  
a u th o rs , am ong th e m  b y  T imoshenko  [1] in  h is excellen t m o n o g rap h y . T he 
s ta b i l i ty  p ro b lem  o f a p rism atic  b a r  lo a d  a t  i ts  ex trem ities  an d  su p p o r te d  in  
d iffe re n t w ays h as  been t r e a te d  b y  W . Mu d r a k  [2] and  L. Liptak  [6]. S ev era l 
p a p e rs  also d e a lt w ith  th e  p rob lem  how  h igh  can  a colum n of v e r tic a l ax is  be 
b u il t  o u t o f a  given q u a n ti ty  o f m a te r ia l  w ith o u t th e  danger o f b u ck lin g , 
a ssu m in g  th a t  th e  co lum n is r ig id ly  f ix e d  a t  i ts  low er, and  q u ite  free  a t  its  
u p p e r  end . T h u s, J .  B . K eller  [4] an d  th e n  I .  Tadjbakhsh  and  J .  B . K eller  
[5] s tu d ie d  th e  buck ling  o f a  co lum n fix e d  a t  i ts  low er end an d  o n ly  lo ad ed  
a t  th e  to p  of th e  colum n. O n th e  o th e r  en d , J .  B . K eller and T . J .  N io rdso n  
[7] in v e s tig a te d  th e  m ost a p p ro p ria te  sh ap e  o f  a co lum n rig id ly  f ix e d  a t  its  
low er end  c a rry in g  its  ow n w eight an d  i ts  to p  en d  load.

S im ilar s ta b ili ty  prob lem s m ig h t occu r also in  th e  case o f h igh , s len d er 
p ro je c ts  (such as ch im neys an d  tow ers). S uch  a  p rob lem  was f irs t  t r e a te d  by
I .  Me n y h á r d , n am ely  in  connection  w ith  th e  c o n stru c tio n  of th e  100 m  h igh  
ch im n ey  of th e  pow er p la n t  in  S z á z h a lo m b a tta . A  sim ilar p rob lem , i.e ., th e  
s ta b il i ty  o f co n stru c tio n s  w ith  a h igh  c e n tre  o f  g ra v ity  has been  s tu d ie d  b y

* Prof. P. Cs o n k a , Bartók В. ú t  31. H —1114 Budapest, Hungary
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E . D ulÁCSKA [3], w ho also considered the in cid en ta l eccentricity of th e  vertical 
loads, as w ell as the effect o f the wind load and th e  fact that in the deviated  
position  o f the structure the foundation m igh t not be supported on its full 
surface b y  the elastic soil.

T h is  p a p e r deals w ith  th e  buckling  o f a  p r ism a tic  b a r of elastic  m a te r ia l, 
w ith  th e  a ssu m p tio n  t h a t  i t  is e lastica lly  b u il t- in  a t  its  lower end , b u t  b e ing  
e n tire ly  free  a t  its  u p p e r  end . The b a r  is lo a d e d  along  its  axis b y  u n ifo rm ly  
d is tr ib u te d  sy s tem  o f v e r tic a l forces (i.e. b y  i ts  d e a d  w eight). T he lo ad  w h ich  
causes th e  b u ck ling  o f th e  b a r , th e  so-called critical load is tre a te d  b y  T im o sh en 
k o ’s method o f  energy [1] c u rre n tly  used in  th e  th e o ry  of s tru c tu ra l m ech an ics  
w h ich  fu rn ish es  an  u p p e r  lim it of th e  c ritic a l lo a d . T he calcu lations are  based  
on th e  a ssu m p tio n  t h a t  th e  f ix a tio n  of th e  b a r  is fu lly  efficient also a t  th e  
m o m en t w hen  b u ck lin g  ta k e s  place.

2. Notations

In  th e  p ap e r, besid e  th e  designations d e fin e d  in  the te x t , th e  fo llow ing 
sym bo ls are  used :

l — length of the bar
E  — modulus of elasticity
I  — moment of inertia
q — vertical load per unit length of bar axis
M  — bending moment
M 0 — fixed end bending moment
c — moment causing unit rotation of the foundation 
qj — angle of rotation of the foundation 
U — bending energy at of the deflected bar axis 
V — restraining energy at the fixed end 
W  — work performed by the applied forces during buckling

3. Fundamental relationships

B y  ap p ly in g  T im o sh en k o ’s m e th o d  o f en e rg y  [1] i t  will be assu m ed  
th a t  th e  shape  o f th e  s lig h tly  deflected  b a r  ax is  can  be a p p ro x im a ted  b y  th e  
p o lynom e

( 1 )

w here in  x , y  are  th e  ax es o f th e  o rth o g o n a l sy s te m  of coord inates to  be seen 
in  F ig . 1, w hile A  a n d  В  being d isp lacem en t va lu es  in te rp re te d  in  F ig . 1. 

A ccord ing  to  re la tio n sh ip  (1), a t th e  to p  en d  of th e  bar, th a t  is a t  * =  l,

M  E l
d2y
d x2

0 ,
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x

w h ich  co rresponds w ith  th e  p re lim in ary  a ssu m p tio n  th a t  th is en d  o f  th e  b a r  
is e n tire ly  free.

T he b en d in g  m o m en t M  app lied  to  th e  cross section o f o rd in a te  x  of 
th e  deflec ted  b a r  m ay  be expressed as fo llow s

M = J q(v — y)d£ .

T h e  va lu e  o f y  e n te r in g  in  th e  above fo rm u la  can  be determ ined  b y  fo rm u la  
(1) an d  th a t  o f rj b y  th e  re la tionsh ip

, I  , 3 B7] =  Л  —  +

T h u s ,

M  =
- J , f ( « - * )

l 2 P  

3 В

t3
52 — —  

31

212
£2 — X -  —

| 3  _  x 3

31
d t .

B y p erfo rm in g  th e  p rescribed  o p era tio n s M  m ay  he devided in to  tw o  p a r ts :

M  =  M 1 +  M 2 ,
w here in

M , =  A  —
l

—  -  lx  +  —
2 2

3* Acta Technica Academiae Scientiarurn Hungaricae 92, 1981

(2 )



36 CSONKA, P.

h . P X.3_  -.2 1 ___
21 4

X
3/

( 3)

A t th e  f ix e d -e n d  i.e ., a t  th e  p o in t x  =  0, th e  b e n d in g  m om ent is

M 0 =  A - & - +  B ^ 1-  .
2 8

(4)

4. Energy and work values

F o r  a p p ly in g  T im o sh en k o ’s m eth o d  o f en e rg y , th e  w ork a c c u m u la te d  
in  th e  d e f le c te d  b a r, fu r th e r  th e  re s tra in in g  e n e rg y  o f th e  fix a tio n , as w ell as 
th e  w o rk  p e rfo rm ed  b y  th e  ap p lied  forces d u rin g  b u ck lin g  should be d e te rm in e d  
one b y  one.

4 .1 . The f le x u ra l  energy

T h is  k in d  of energy  m a y  be  ca lcu la ted  in  th e  following w ay:

U  =X 2Î T ^  '  iX  =  2Í I / »  (M l +  ■

D iv id in g  th is  fo rm u la  in to  p a r ts , yields

U  =  — И 1 M l  - d x  +  f  2 M 1 M 2 - d x  +  f  M | • dx
2 E l  I J o  J o  J o

( 5 )

In  o rd e r  to  d e te rm in e  th e  va lu es  of th e se  in te g ra l  expressions, re la tio n s  (2) 
a n d  (3) v ili be  in tro d u ced . T h u s , th e  v a lu e  o f  th e  f ir s t  in teg ra l becom es

C  W  d r  A2q2
'  P x P x 2 P x 3 IxP

+  * ■ ] 
[20 J,Jo 1 ” P 4 2 2 4

A 2 q2 l3 
20

(6a)

th e  v a lu e  o f  th e  second in te g ra l expression  is

6 A B q 2
2M , Mo ■ d x  =

о l3

P x
8

T x 2 P:
■ +

1 3 1 ^

40 +  8 56/

8 8 8

27 A B q 2P 

280
(6b)
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an d  th e  v a lu e  o f  th e  th ird  in teg ra l exp ression  w ill be:

I.
M i  ■ d x  = -------—

0 4 l4
l*_x
16

/4*3 i l3 x* | IPx*

Зх1

14 1 6 /
+

144 /2

40

107 B 2g2/3 
2240

(6c)

P u tt in g  va lu es  (6a), (6b), (6c) in to  E q . (5), th e  v alue  of th e  b en d in g  energy  
can  be ex p ressed  as follow s:

U  -
д Ч 3 I A 2 27 A B  107 В 2 
2 E I  20 +  140 2240

(7)

4.2. The restraining energy

U n d er th e  effect o f m om en t M 0 th e  c lam p in g  s tru c tu re  o f th e  b a r  is 
su b m itte d  to  a  ro ta tio n

?  =
M n

A ccord ingly , th e  re s tra in in g  energy  a t  th e  b u ilt- in  end  of th e  b a r  w ill be

т/ М й<р M l
2 2c

T h u s , c a rry in g  o u t th e  su b s titu tio n  (4) a n d  ta k in g  th e  re la tio n sh ip

A
<p =

l

in to  acco u n t, th e  re s tra in in g  energy  can  b e  expressed  b y  fo rm u la

V  1 M 2g2/2 3 A B q 4 2 9 B V Í 2 I
2c 1 4 8 64 J

w hich , a f te r  re d u c tio n  m ay  be w ritte n  as follow s:

f _ P f A ^  З А В  9 В2 I

“ e l e  16 +  128 J (8)
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4.3. The w ork o f  the applied  forces

D u rin g  buckling  o f th e  b a r  ax is, th e  e le m e n ta ry  section  dx  o f th e  b a r  
ly in g  b e tw e e n  cross-sections x  a n d  x  +  dx  d ev ia te s  b y  an  angle dy[dx, a n d  so 
th e  p a r t  o f  th e  b a r  of le n g th  (Z — x)  ly ing  above  th e  e lem en ta ry  sec to r d x  will 
u n d e rg o  a  dow nw ard  d isp lacem en t equal to

1

2
d y \ 2
d x  j

d x  .

D u rin g  s in k in g  dow n, th e  lo a d in g  forces q(l — x)  ap p lied  on th e  len g th  (Z — x) 
o f  th e  b a r  above th e  sec to r d x  c a r ry  ou t th e  e le m e n ta ry  w ork

d W = q ( l  -  x) ■ —
2 \ d x

d x

T h e  to t a l  w o rk  p erfo rm ed  b y  th e  lo ad in g  forces ap p lied  to  th e  w hole le n g th  Z 
o f  th e  b a r  is th e  in teg ra l o f th e  e lem en ta ry  w orks:

I n  th is  fo rm ula , in  consequence  of re la tio n sh ip  (1)

dy
d x

A

l
3 B x  3 B  x 2

Z2 l3

w h e re fro m , th e  w ork o f th e  a p p lie d  forces is

3*2 3 x3

i.e .,

w  — ® 1a A  x
X2

2 b 2Z2

Б 2 /2 4  *3 35 x
‘ 8 1 l3 Z4

+  A B
Z2 l3

+
3xf_

4Z1

4 18 A5 3 x e

W = q

Z5

,42 З А В
8

+
З Б 2
16

(9)

5. T he c ritica l load

T h e  specific  value o f th e  c r itic a l lo ad  (b e tte r  to  say , its  u p p er lim it) m a v  
be  d e te rm in e d  b y  eq u a tio n

u + V = w
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w hich expresses th e  eq u a lity  of th e  d e fo rm a tio n  energy  and  th e  w o rk  o f  th e  
app lied  forces. T h is  eq u a tio n  by  re p la c e m en t o f  (7), (8), (9) becom es

q2P I A2
2 E l  20

27 A B 107 B 2

280 2240
+

„2 12 q 1~2 '2 А 2 З А В  9 В 2
—— I----——• +
8 16 128

=  9
A2 3 A B  3 В 2

V  8 16

F ro m  th e  ab o v e  eq u a tio n  th e  follow ing fo rm u la  m ay  be deduced  as th e  specific  
v a lu e  of th e  c ritic a l load of th e  b ar:

Чсг

А 2 З А В  ( 3 B 2

4 8 H 16

P I A 2 27A  В  ( 107 B 2 

E l  [ 4(T ' 560 * 4480

l2 I А 2 З А В  9 В 2
+  —  I------- ------------- ---------

с I 8 16 128

( 10)

A sligh t tra n s fo rm a tio n  o f E q . (10) y ie ld s

E l  1120 A 2 +  1680A B  +  840 В 2
Чсг »Q L* Г

1 112+ 2 +  216Л В  +  107В 2 +  — - (560 А 2 +  840 A B  - f  315 В 2)
cl

, (10a)

or, w ritte n  in  a n o th e r  form :

<1er =  —  ■
1120 A 2 +  1680 A B  +  840 В 2 . (10b)

12 —  (112A 2 +  216A B  +  107В 2) +  (560A 2 +  840A B  +  315 В 2)
E I

To d e te rm in e  th e  c ritica l load  v a lu e , n o ta tio n s

±  =  z Æ L = h
A  ’ cl

w ill be in tro d u c e d . T h u s, form ulae  (10a) a n d  (10b) m ay  be tra n s fo rm e d  in to  

280 E l  4 +  6z  +  3 22
Чсг

or

Чсг

P  (112 +  560Я ) +  (216 +  8 4 0 Я ) z +  (107 +  3 1 5 Я ) 22 

280 Я ( 4 +  6г +  Зг2)

( l i a )

P  (112 +  5 60Я ) +  (216 +  8 4 0 Я )г  +  (107 +  3 1 5 Я ) г2
• (H b )
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N ow  such  a v a lu e  of z is to  be d e te rm in e d , b y  th e  use of w hich exp ressions 
(11) t a k e  th e ir  m in im um . T he p re lim in a ry  co n d itio n  of th e  desired  ex tre m e  
v a lu e  is  t h a t

dqcrldz  =  0 ,
w h ich  w ill be  sa tisfied  w hen

[(112 +  5 6 0 # )  +  (216 +  8 4 0 # )г  +  (107 +  3 1 5 # )г2](6 +  6z) -  

— (4 +  62 +  3z)2[(216 +  8 4 0 # )  +  (214 +  6 3 0 # )г ] =  0 ,

T he a b o v e  eq u a tio n  m ay  be reduced  to  th e  fo rm

(3 +  3 1 5 # )  s2 +  ( - 9 2  +  4 2 0 # )  2 -  96 =  0 .

F ro m  b o th  ro o ts  of th e  above second-degree e q u a tio n  th e  positive one fu rn ish es  
th e  m in im u m  of expressions (11). T his ro o t, i.e ., th e  desired  q u o tien t 2 =  B / A  
is e x p re sse d  b y  fo rm u la

92 -  4 2 0 #  +  1 9616 + ‘4 3 6 8 0 #  +  176400 I P  , 79v
Z ~  6 +  630 #  ' 1

A f te r  d e te rm in a tio n  o f th e  va lu e  2, th e  c ritic a l lo a d  value (b e tte r  to  say , its  
u p p e r  l im it)  m ay  be ca lcu la ted  a t  w ill b y  u sin g  w h e th e r  fo rm ula  (11a) or ( l i b ) .

I n  th e  ex trem e  case o f #  =  0, fo rm u la  (12) leads to  th e  v a lu e  
2 = 3 1 ,6 7 6  866 in s te a d  of th e  a c c u ra te  one 2 =  00. T h is a b su rd ity  is th e  co n se
q u en ce  o f  th e  ap p ro x im a te  c h a ra c te r  of fo rm u la  (1) , an d  has a reduc ing  e ffec t 
on th e  r ig id ity  co n d itions of th e  b a r  an d  on th e  v a lu e  of th e  force o b ta in e d  
as c r it ic a l  lo ad . A nyhow , th e  ap p ro x im a te  v a lu e  o f th e  critica l load  to  be 
c a lc u la te d  b y  m ak in g  use o f fo rm u la  (11a), h a rd ly  differs from  th e  a c c u ra te  
one. N a m e ly , fo rm u la  (11a) y ie lds, in  th e  case o f  #  =  0, th e  value

qcr =  7,84 822
E l

P  ’

w hile th e  th e o re tic a lly  a c cu ra te  v a lu e  m a y  be  expressed  b y  th e  m in im u m  
p o s itiv e  ro o t  o f th e  eq u a tio n

--------- 1-----------------------------------------1---------------------------—• +  . . . =  0 .
114 2! 4 -1 0  3!4 • 10 • 16 4! 4 ,1 0 - 1 6 - 2 2

D e n o tin g  th e  m in im um  po sitiv e  ro o t b y  s6, th e  a c c u ra te  value is

Qcr
3 E l  

2 P

o p r
5,224 898 _ z _

2 Z3
7,83735

E l

P
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Table 1 Table 2 Table 3
Quotient z Critical load Ratio IJl

H =  EI/cl X H =  EI/cl EI/lf c c r H =  EI/cl U/1

0,001 28,637 188 0,001 7,8247 0,0078 0,001 1,123
0,003 24,014 591 0,003 7,7779 0,0233 0,003 1,126
0,01 15,296 876 0,001 7,6173 0,0762 0,01 1,138
0,03 7,417 112 0,03 7,1830 0,2155 0,03 t 1,172
0,1 2,543 347 0,1 5,9261 0,5986 0,01 1,129
0,3 0,833 108 0,3 3,9267 1,1780 0,3 1,585

1,0 0,237 840 1,0 1,6547 1,6547 1.0 2,442

3,0 0,077 337 3,0 0,6244 1,8732 3,0 3,976
10,0 0,022 964 10 0,1961 1,9606 10,0 7,094
30 0,007 631 30 0,0662 1,9867 30 12,210

100 0,002 287 100 0,0200 1,9960 100 22,214
300 0,000 762 300 0,0067 1,9987 300 38,381

1000 0,000 229 1000 0,0020 1,9996 1000 70,248

T he a p p ro x im a te  value  to  be  ca lc u la ted  b y  using  fo rm u la  ( l i b )  is on ly  by  
0,14 p e r  cen t h igher th a n  th e  ab o v e  one.

In  th e  ex trem e case o f H  — oo, th e  c ritica l load  v a lu e  ca lc u la ted  by  
m ak in g  use of fo rm ula ( l i b )  is

2c

■which p rec ise ly  agrees w ith  th e  th eo re tica lly  accu ra te  va lue .

X X

Fig. 2. Extreme cases
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Z

l2/c
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Fig. 3. The quotient z

Fig. 4. Diagram of the critical load

Fig. 5. Diagram of the critical load
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T he values o f  th e  q u o tie n t z fo r d iffe ren t co n d itions of rig id ity  a re  p re s e n t
ed in  T ab le  1. T h e  co rrespond ing  d ia g ra m  is d ep ic ted  in  F ig . 3.

T he values o f  th e  c ritica l load fo r d iffe ren t va lues o f ra tio  H  a re  su m m a 
rized  in  T ab le  2. These values are  p lo tte d  in  F igs 4 an d  5 re sp ec tiv e ly .

F in a lly , T ab le  3 gives answ er to  th e  q u es tio n , w h a t len g th  sh o u ld  h av e  
a b a r  h inged  a t  b o th  ends, i f  it  is desired  t h a t  its  c r itic a l load  shou ld  be th e  sam e 
as th a t  o f th e  b a r  tre a te d  above. T h is b a r  le n g th  le m ay  be c a lc u la te d  from  
re la tio n sh ip

, л 2 E l
q - ' l = — r

expressing  th e  e q u a lity  o f th e  tw o  c ritic a l laods.
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Stabilität des an einem Ende elastisch eingespannten Stabes. — Der Aufsatz beschäftigt 
sich m it der Knickung eines vertikalen prismatischen Stabes, dessen unteres Ende elastisch 
eingespannt, während sein oberes Ende ganz frei ist. Die Belastung ist ein längs der Stabachse 
gleichmäßig verteiltes, vertikales Kraftsystem. Der kritische Wert der Belastung wird mit 
Timoshenkos Energiemethode bestimmt. Die Form der ausgeknickten Stabachse wird mit 
einem Polygon dritten Grades approximiert. In  dem Sonderfall, wo das untere Ende des Stabes 
fest eingespannt ist, liefert die angegebene Methode ein fast korrektes Resultat. In  dem anderen 
Sonderfall, wo der Stab vollkommen steif ist, ergibt sich ein absolut exaktes Ergebnis.
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REMARKS AND CONTRIBUTIONS TO THE  
VARIATIONAL PRINCIPLES OF THE LINEARIZED  

THEORY OF ELASTICITY IN TERMS OF 
THE STRESS FUNCTIONS
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[Manuscript received: 3 March 1980]

The paper gives a definition of such functionals in which the stress function 
tensor has only three (suitably selected) non-zero coordinates, and which makes the 
detailed investigation of the boundary conditions possible. From the  introduced dual 
functionals, by the variation of the stress function tensor, three com patibility field 
equations and the com patibility boundary conditions are obtained, as the sufficient 
and necessary conditions of the compatibility of the strain field.

1. Introductions, Remarks

1.1 T he stress fie ld s, d e te rm in ed  from  stress fu n c tio n s, s a t is fy  th e  equi
lib r iu m  eq u a tio n  o f th e  co n tin u u m m ech an ics

tk!ik +  q‘ =  o .  ( l . i )

tk th e  stress  ten so r, ql th e  b o d y  force v ec to r, th e  sem icolon is th e  n o ta tio n  
o f  th e  co v a rian t d iffe re n tia tio n .

T he co o rd in a te  sy s te m  x 1, x 2, я;3 is assum ed  to  be a r b i t r a r y  a n d  curv i
lin e a r . A ll th ree  co o rd in a tes  a re  d en o ted  b y  x.

L e t th e  b o d y  b o u n d ed  b y  a  single closed surface a n d  le t  tkl be a p a rtic 
u la r  so lu tion  of (1.1). In  su ch  a case an  a rb itra ry  stress f ie ld , w h ich  satisfies 
th e  eq u a tio n  (1.1) can  be d e te rm in e d  b y  th e  stress fu n c tio n  te n s o r  f rs, as was 
p o in te d  o u t b y  F inzi В . [1] a n d  B loh, У. I. [2]:

* " - * " =  ekrmElsP f rs.mp. (1.2)

(ekTm is the perm utation tensor.) B loh has also pointed out th e  fact, that it 
is sufficient — w ithout v io lation  of the universality — th a t am ong the six 
independent coordinates o f / rs, there should be only three su ita b ly  selected  non

* Prof. Dr. I. K o z á k , Dózsa Gy. u. 14. H-3525 Miskolc, Hungary
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zero  c o o rd in a te s . Let us d e n o te  th e m , as stress fu n c tio n s  f RS =  f SR, and  le t 
f AB =  f BA be the  zero c o o rd in a te s  o f the  stress fu n c tio n  te n so r. (In  those  in d ex  
p a ir s ,  w h ic h  are denoted  b y  c a p i ta l  le tte rs , th e  in d ice s  ta k e  up  — from  th e  
u s u a l v a lu e s  1, 2, 3 — o n ly  s e le c te d  values). The in d e x  p a irs  o f th e  coo rd inates 
f AB c a n  b e  such, th a t  b y  c h a n g in g  from  the  all possib le  v a r ia tio n s  of th e  index  
p a irs  rs , on  which th e  e q u a t io n

ß ( A -  В )  —  —  ( / а ; В  +  ß ß ;  л )  & А в ( х )  ( 1 - 3 )

h as  a  so lu tio n  on th e  v e c to r  f ie ld  ßk(x), in  th e  case  o f  a rb itra ry  fu n c tio n s 
x a b ( x ) -  (In d ices  in sp h erica l p a ren th es is  deno te  th e  sy m m etric  p a r t  of th e  
te n s o r  i.e . th e y  denote th e  c o o rd in a te s  of th e  sy m m e tr ic  p a r t.)  A fter, th e  
in d e x  p a ir s  R S  should be  c h o se n  in  such a w ay, t h a t  th e  in d ex  pairs d B ,  B A  
a n d  R S ,  S R  give all th e  p o s s ib le  index  pairs of f r&. F o r  in s tan ce , in  th e  case 
o f  M a x w e l l  stress fu n c tio n s :

fR S =  f i l l  / 22’ / s 3  an£l JA B  =  /1 2  =  f i 3  =  J 31 =  0  , 

w h ile  in  th e  case of Mo réra  stress functions:

Í r s  —  / 125/ 23’ f i i  a n ( l  / a b  —  f i  —  У22 —  f s з  —  О 

is th e  s t ru c tu re  of th e  te n s o r  f rs.
I t  can  be shown, t h a t  th e r e  are m axim um  21 w a y s  o f selections of th re e  

n o n  z e ro  independen t c o o rd in a te s  in  the stress fu n c tio n  ten so r, w hich can be 
s tre s s  fu n c tio n s , accord ing  to  fo rm u la  (1.2).

1.2 A s i t  is know n, f ro m  th e  k ind  of v a ria tio n a l p rin c ip le s  of th e  linearized  
th e o r y  o f  e lastosta tics, — w h ic h  has stress fu n c tio n s  in  th e ir  functionals  — 
w e c a n  d e te rm in e  the  c o m p a tib i l i ty  conditions o f th e  s tr a in  fie ld  by  th e  v a r ia 
tio n  o f  th e  stress fu n c tio n s .

W e  call the  s tra in  f ie ld , a kl(x) as com patib le , i f  to  th e  given rig id  b o d y  
m o tio n  a n d  to  the single v a lu e d ,  a t  least tw o tim es  d iffe ren tiab le  fie ld  akl(x) 
o f  th e  b o d y , the  form ula Cesaro  determ ines a single v a lu e d  d isp lacem ent fie ld  
u k(x)  o f  th e  body.

F o r  th e  sake of th e  fo llo w in g  le t  us in tro d u ce  th e  sy m m etric  in co m p atib le  
(d is lo c a tio n )  tensor field  eab(x)  w hich  is form ed fro m  th e  s tra in  fie ld  akl(x):

e ab =  £akm e blp akt mp ' ( 1 . 4 )

T h e  e q u a tio n s  eab =  0 g ive t h e  p rev iously  in tro d u c e d  c o m p a tib ility  cond itions 
o f  th e  s t r a in  field, i.e. th e  s ix  S a in t-V enan t c o m p a tib il i ty  equations.

F o r  th e  d e te rm in a tio n  o f  th e  co m p atib ility  e q u a tio n s  from  th e  v a r ia 
t io n a l  p rin c ip le  co n c re te ly  f ro m  the  princip le o f m in im u m  com plem en tary
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en e rg y  stress fu n c tio n s  w ere ap p lied  f ir s t  b y  Southw ell, R . V. [3]. I t  was 
fo u n d  th a t  in th is  w ay , w ith  th e  M axw ell s tre ss  fu n c tions, on ly  th re e  com pa
t ib i l i ty  eq u a tio n s, e11 =  e22 =  e33 =  0 can  be o b ta in ed , an d  th e  o th e r  th ree  
co m p a tib ility  e q u a tio n s  e12 =  e23 =  e31 =  0 can be o b ta in ed  b y  th e  M oréra 
s tre s s  functions. I n  th is  w ay  cam e in to  b e in g  th e  “ S o u th w e ll-p a rad o x ”  due to  
w h ich  th e  six S a in t-V enan t c o m p a tib ility  fie ld  equ a tio n s can  he o b ta in e d  from  
th e  p rincip le  o f m in im u m  co m p le m e n ta ry  energy  only  in  such  a  m an n e r, if  
b o th  th e  M axw ell an d  th e  M oréra  s tre ss  fu n c tio n s are  co n sid e red , how ever, 
a rb i t r a ry  stress fie ld  can  be fo rm ed  e ith e r  sep a ra te ly  b y  th e  M axw ell, or 
s e p a ra te ly  by  th e  M oréra  stress fu n c tio n s .

T he above fo rm u la te d  “ S o u th w e ll-p a rad o x ”  can he g en era lized  in  such 
a w ay , th a t  b y  se lec ting  an y  k in d  o f th re e  stress fu n c tio n s w e o b ta in  only 
th r e e  S a in t-V en an t c o m p a tib ility  f ie ld  eq u a tio n s  from  th e  p rin c ip le  of m in i
m u m  co m p lem en ta ry  energy .

M eanw hile fu r th e r  v a r ia tio n a l p rinc ip les have  also been  fo rm u la ted  
in  th e  te rm s of s tre ss  fu n c tio n s in  th e  linearized  e las tic ity , fo r ex am p le  b y  
T o n t i, E . [4], Od e n , J .  T . — R e d d y , J .  N . [5] and  Abo vsk ij, N . P . — A n d r eev , 
N . P . — D eruga , A . P . [6]. T hese v a r ia tio n a l p rincip les h av e  th e  com m on fea
tu r e  — to  avoid  th e  “ S o u th w e ll-p a rad o x ”  — th a t  all o f th e  six  in d ep en d en t 
co o rd in a te s  of th e  s tre ss  fu n c tio n  te n so r  are  ta k e n  to  be non -zero  a n d  varied . 
A c tu a lly , due to  th e  m ean ing  o f p a ra g ra p h  1.1, in  th e  case o f  w ell fo rm u la ted  
v a r ia tio n a l p rin c ip les , th re e  s tre ss  fu n c tio n s  should  be su ffic ien t to  prove 
th e  c o m p a tib ility  o f th e  s tra in  f ie ld , b y  considering  all of th e  possib le  v a r ia 
tio n s  o f th e  s tre ss  fu n c tio n s.

1.3 A ctu a lly , on com p le tio n  o f  th e  p a r tia l  so lu tion  o f W a sh iz u , K . [7], 
b y  m ak in g  use o f th e  B ian ch i’s id e n ti ty ,  i t  w as show n by  th e  a u th o r  [8 ] th a t ,  if

e R S  _  g S R  =  0; X  £ V  (1-5)!

a lso , a lto g e th e r th re e  su ita b ly  se lec ted  S a in t-V en an t c o m p a tib ility  f ie ld  eq u a 
tio n s  an d  fu r th e r ,

n b eab =  0; * f  S , (1.5)2

ti l  e so-called c o m p a tib ility  b o u n d a ry  co n d itio n s are va lid , th e n  th e  rem ain in g  
th re e  S a in t-V en an t c o m p a tib ility  e q u a tio n s  are also va lid :

e A B  =  e BA  =  0 ;  x ^ V  .

V  is th e  volum e reg ion  o f th e  b o d y , S  is its  single co nnec ted  b o u n d a ry  and 
n b is its  o u te r n o rm al.

In  (1.5)! th e  th re e  R S  in d ex  p a irs  can  he chosen in  th e  sam e  w ay, as 
th o se  th ree  non-zero  co o rd in a tes  o f th e  s tre ss  function  te n so r  w hich  can  be 
ta k e n  to  be s tress fu n c tions.
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(1.5)]_ an d  (1.5)2 a re  to g e th e r  th e  su ffic ien t a n d  n ecessary  cond itions o f 
th e  c o m p a tib il i ty  of th e  s tr a in  fie ld . B y  th e  s tip u la tio n  th a t  am ong th e  on ly  
th re e  S a in t-V en an t c o m p a tib il i ty  equa tions sh o u ld  be  n ecessary , th e  “ S o u th 
w ell’s p a ra d o x ”  has been  so lved , b u t  only fo r th e  reaso n  th a t  also th e  fu lf il
m e n t o f  th e  c o m p a tib ility  b o u n d a ry  cond itions (1 .5 )2 m u s t be assured . I t  w as 
sh o w n  b y  th e  a u th o r [9], t h a t  in  th e  case of fu lf ilm e n t o f th e  p rincip le  of m in i
m u m  co m p le m e n ta ry  en e rg y  as v a ria tio n a l p rin c ip le , n o t on ly  th e  c o m p a tib i
l i ty  f ie ld  equ a tio n s (1 .5 ^  b u t  th e  c o m p ta ib ility  b o u n d a ry  cond itions (1 .5)2 
are  fu lf ille d .

A lso , i t  follows t h a t  th e  p rinc ip le  of m in im u m  co m p lem en ta ry  energy  
is a c o r re c tly  fo rm u la ted  v a r ia tio n a l p rincip le .

1.4  S um m erizing , w h a t h a s  been said  ab o v e , fo r  th e  in v es tig a tio n  o f th e  
c o m p a tib i l i ty  of th e  s tra in  f ie ld  b y  v a r ia tio n a l p rin c ip le , tw o req u irem en ts  
sh o u ld  b e  se t up.

I .  T h ese  k ind  of s tre ss  fu n c tio n  ten so r sh o u ld  be ap p lied , w hich has on ly  
th re e  (su ita b ly  selected) n o n  zero  coord inates.

I I .  C onditions of th e  b o d y  b o u n d a ry  sh o u ld  be an a ly sed  p a r tic u la rly .
T h e  v a ria tio n a l p rin c ip les  o f th e  papers [4], [5], [6], inc lud ing  s tress

fu n c tio n s  do n o t sa tis fy  e ith e r  th e  f irs t , or th e  second  req u irem en t. T he sam e 
k in d  o f  v a r ia tio n a l p rin c ip les  o f  th e  te x t  [7] s a tis fy  on ly  th e  second re q u ire 
m e n t.

1.5 T h e  p resen t p a p e r  g ives co n trib u tio n s  — w h ich  has been n o ted  in  th e  
t i t le  — in  respects  of th e  a b o v e  m en tioned  re q u ire m e n ts , to  th e  d u a l sy stem  
of e q u a tio n s  invo lv ing  s tre ss  fu n c tio n s  an d  to  th e  v a r ia tio n a l p rincip les, be ing  
o rd e re d  to  th e m , as i t  w as w r i t te n  in  th e  p a p e r o f  Od e n  an d  R ed d y  [5]. F o r  
th is  r e a s o n  in  th e  fo llow ing f i r s t  we sum m arize  b r ie f ly  th e  m ost im p o r ta n t 
co n c lu s io n s  o f  [5].

O n  th e  base of T o n ti, E . ’ s  w ork  [10], Od e n  a n d  R e d d y  m ade g enera l 
s ta te m e n ts  on th e  v a riab le s  o f  p h ysica l p ro b lem s, on th e  p rim a l an d  d u a l 
sy s te m s  o f equa tions a n d  on th e  functionals  o f v a r ia tio n a l p rincip les w hich  
can  b e  o rd e re d  to  th e m . T h e  lin e a r  (classical) e la s tic ity  occurs as an  exam ple .

O w ing  to  th e  la te s t ,  b y  th e  d isp lacem en t v e c to r  uk — as b y  c o n fig u ra 
tio n  v a r ia b le  — b y  th e  s tra in  te n so r  akl an d  s tre ss  te n so r  tkl — as b y  a  p a ir  o f 
in te rm e d ia te  variab les — a n d  b y  th e  bo d y  force v e c to r  ql — as b y  th e  source 
v a r ia b le  — the p r im a l  system o f  equations o f th e  lin e a r  e la s tic ity  can be fo rm u 
la te d  in  th e  follow ing fo rm

~ ( u k;t +  u l;k) =  akl » ( l - 6)lz
u k =  “ (ti X  £ S u  , (1»6)2

bklpq apq~  tkl, (1.7)
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=  О ,  (1.8)!

n k tkl =  i l , X £ S t  , (1.8)j

w here (1.6)! is th e  k in e m a tic a l eq u a tio n , (1.62) is th e  d isp lacem en t b o u n d a ry  
co n d itio n , (1.7) is th e  c o n s titu tiv e  eq u a tio n , (1.8)! is th e  e q u ilib riu m  eq u a tio n  
(balance e q u a tio n ), (1.8)2 is th e  stress b o u n d a ry  c o n d itio n , bkIpq is th e  ten so r 
invo lv in g  th e  m a te ria l c o n s ta n ts , й к is th e  g iven d isp lacem en ts  on th e  b o u n d a ry  
p a r t  S u  a n d  V is th e  g iven  tr a c t io n  of th e  b o u n d a ry  p a r t  St.

To th e  p rim al sy s tem  (1.6) (1.8) is a tta c h e d  — as p r im a l v a ria tio n a l
p rincip les an d  fu n c tio n a ls  — th e  H u -W ash izu  p rinc ip le  an d  i ts  fu n c tio n a l, th e  
H e llin g e r— R eissner p rin c ip le  an d  its  fu n c tio n a l, th e  L ag ran g e  p rin c ip le  and  
its  fu n c tio n a l (th e  to ta l  p o te n tia l  energy), an d  th e  G astig liano  p rin c ip le  and  
its  fu n c tio n a l (th e  to ta l  co m p le m e n ta ry  energy).

T he c o n fig u ra tio n  v a r ia b le  o f th e  dual system  o f e q u a tio n s  is  th e  stress 
fu n c tio n  te n so r, f rs i ts  p a ir  o f  in te rm e d ia te  v ariab les  are  th e  te n so rs  akl an d  tkl 
an d  th e  source v a riab le  is th e  in c o m p a tib ility  (d islocation) te n s o r  eab.

As in  th e  case of a p rim a l sy s tem  th e  q u a n ti ty  ql c h a rac te rize s  th e  m easure 
o f th e  u n b a lan ce  o f th e  fie ld  tk\ x ) ,  likely  in  th e  case o f a  d u a l sy s tem , th e  
q u a n ti ty  eab can  be co nsidered  to  be a v a riab le  ch a ra c te riz in g  th e  in co m p a
tib il i ty  o f th e  field  akl(x). D ue to  fu r th e r  analogy  nk tkt =  t l; x  £ S  a re  th e  surface 
forces on th e  b o u n d a ry ; w hile naeba — eb; x  £ S  is th e  su rface  in c o m p a tib ility  
fie ld  on th e  b o u n d a ry . W h en  th e  s tra in  fie ld  is co m p a tib le , th e n  eab =  0. 
T he d u a l sy s tem  of e q u a tio n s  itse lf , due to  O d e n  an d  R e d d y :

skrme,spf rs;mp =  tkl , (1.9)

cklpq tM  —  a kl ’  ( 1 * 1 0 )

eakm sblp akl;mp =  e°b , (1.11)

cktpk is th e  inverse  of th e  te n so r  Ьк1рч.
I t  is to  be n o ted  th a t  th e  d u a l equ a tio n s (1.9) — (1.11) do n o t  invo lve 

b o u n d a ry  co n d itions in  co m p ariso n  w ith  th e  eq u a tio n s  (1.6) — (1.8), w h ich  do. 
D ue to  th is  fa c t th e re  a re  no su rface  in teg ra ls  in  th e  d u a l fu n c tio n a ls  — being  
fo rm u la ted  to  th e  e q u a tio n s  (1.9) — (1.11) e ith e r. A ll o f th e se  su g g est, th a t  
th e  du a l sy s tem  of e q u a tio n s  an d  th e  d u a l v a r ia tio n a l p rin c ip les  o f O d e n  

an d  R e d d y  do n o t m ake th e  in v es tig a tio n  of th e  c o m p a tib ility  o f  th e  s tra in  
fie ld  in  th e  sense of p a ra g ra p h  1.4 possible.

1.6 T h e  p a ra g ra p h  2. o f th is  p ap e r m odifies th e  d u a l sy s tem  o f eq u a tio n s
(1.9) —(1.11) in  such a w ay , t h a t  th e y  assure th e  c o m p a tib ility  o f  th e  s tra in  
fie ld  also in  th a t  case, w hen  th e  stress fu n c tio n  te n so r  h as  th e  s tru c tu re : 
f RS ^  O’ J a b  — 0. F o r th is  p u rp o se , th e  n u m b er o f th e  sca la r e q u a tio n s  (1.11) 
shou ld  be red u ced  from  six  to  th re e , an d  b y  th e  c o n tr ib u tio n  o f su ita b le  b o u n d 
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a ry  c o n d itio n s  to  th e  s y s te m  o f equ a tio n s (1.9) — (1.10) th e  fu lfilm en t of th e  
c o m p a tib i l i ty  b o u n d a ry  c o n d itio n s  bo th  on th e  b o u n d a ry  p a r t  St  and  S u  
h a d  to  be assured.

P a ra g ra p h  3. in tro d u c e s  du a l functionals  h a v in g  v a r ia tio n s  re su ltin g  
th e  m o d ified  and c o n tr ib u te d  d u a l system  o f e q u a tio n s  as w as w ritte n  in 
p a ra g ra p h  2. F or th e  v a r ia t io n  due to  th e  s tress fu n c tio n s , th e  in v en tio n  is 
fu n d a m e n ta l ,  th a t  th e  s tre s s  fu n c tio n  tenso r, w hich  fu lfils  th e  s tress b o u n d ary  
c o n d it io n  can also be v a r ie d  on th e  b o u n d ary  p a r t  St.

2. The m od ified  and contributed dual system  of 
equations of the linearized elasticity

2.1 L et in th e  a r b i t r a r y  cu rv ilinear c o o rd in a te  sy s tem  x 1, x 2, x 3 be th e  
e q u a t io n  of the  b o u n d a ry  su rfa c e  S  as xk =  x k ( f 1, f 2), ( I 1, £2 are  surface p a ra m 
e te rs ) ,  and  let us in tro d u c e  on th e  b o u n d a ry  S  an d  in  its  ne ighbourhood  

th e  coord inate  sy s te m  I 1, | 2, | 3, in  w hich f 3 is th e  d irec ted  d is tan ce  along 
th e  o u te r  norm al of S a n d  on  S  | 3 =  0. F u r th e r , le t  us d en o te  th e  coo rd in a te  
s y s te m  x 1, x2, X3 b y  (л:) a n d  th e  coo rd inate  sy s te m  ( I 1, f 2, | 3) b y  (£). This 
l a s t  is  called  coo rd ina te  s y s te m  bounded  to  th e  b o u n d a ry .

In  th e  following, th e  q u a n tit ie s  and th e ir  d e r iv a tiv e s , be ing  u n d ersto o d  
in  th e  reg ion  Vs an d  on th e  b o u n d a ry  S, are g iven a n d  w ritte n  in  th e  coo rd ina te  
s y s te m  (I) , w ithou t d ra w in g  special a tte n tio n . F o r  in s ta n c e , th e  coord inates 
o f  t h e  o u te r norm al o f  S:  0 and  n3 =  1; o r  n k tkl =  n3 t il — t 31.

W e shall in tro d u c e , t h a t  in  th e  co o rd in a te  sy s te m  ( | )  th e  G reek le tte r  
in d ic e s  can  tak e  up  o n ly  th e  values 1, 2 .

L e t th e  tra n s fo rm a tio n  fo rm u la  betw een  th e  te n so rs  w r it te n  in th e  tw o 
c o o rd in a te  system  as

Gd(! )  =  Tek rjd c j(x )  , 
— 1

(2 .1)

d e t  тек 0 ; xek zj? =  ôd , (2 .1):
—l

a n d  ck (x) is an a rb i t r a ry  te n s o r  w ritten  in  th e  c o o rd in a te  sy stem  (*) and 
(5J is th e  K ronecker sy m b o l.

2.2 On the  s tre ss  fu n c tio n  ten so r f rs, th e  tra n s fo rm a tio n  fo rm ula  due to
(2 .1) is  th e  following:

fed(£) =  G r 4 s f rs{x) • (2 -2)

B ecause d u ring  th e  tra n s fo rm a tio n , th e  s t ru c tu re  o f th e  stress func tion  
te n s o r  changes (its zero  a n d  n o n  zero coo rd in a tes) an d  because  th e  s tru c tu re  
o f  th e  stress func tion  te n s o r  in  th e  region V s  need  n o t be th e  sam e as th e
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s tru c tu re  of f rs(x),  in  th e  follow ing w e d en o te  th e  s tress fu n c tio n  tensors
— being  u n d e rs to o d  in  th e  region V s  — b y  a n o th e r le t te r ,  th is  being  hed(£).

I t  is p ra c tic a l to  choose hed(£) in  such  a w ay , th a t  its  co o rd in a te s  he3 should 
be zero , b u t Лчв( | )  ^  0. B etw een th e  te n so rs  hed(£) a n d /„ ( я )  — in  th e  case of 
a n y  possible s t ru c tu re  o f f rs(x) — w ith  th e  a id  o f (2 .1)1 th e  fo llow ing  equations 
can  be w ritten :

~  r r[ f r s ( x ) +  ß(.r); $)(£) 1 (2-3)i

U f l  =  T 'er г'з f r s ( x )  +  /3(в;з)(1) =  0 , (2.3)2

T he v ec to r  f ie ld  ß e(£) should  be chosen , so th a t  th e  e q u a tio n  (2.3)2 is 
v a lid . This la s t p ro b le m  can  alw ays be so lved . O f course, th e  s tru c tu re  U « )  
can  be chosen in  a n o th e r  w ay  as well.

T he eq u a tio n  (2 .3 )1 can  also be co n sid e red  in  such a w ay , as a mutual  
an d  a f te r  th e  d e te rm in a tio n  of ße(£) a unique relation b e tw een  th e  th ree  non 
zero  stress fu n c tio n s  h  0(£) in  th e  co o rd in a te  system  (£) an d  also  th e  th ree  
non  zero stress fu n c tio n s  f Ks(x ) in  th e  c o o rd in a te  sy stem  (x).

T he a d d itio n  o f  th e  te rm  /?(<>. dj(f) to  th e  ten so r f ed(£) — w hich was 
o b ta in e d  by th e  tra n s fo rm a tio n  (2 .2) — does n o t change th e  te n so r field 
tkl(£), because

£ktm e,dPß(e; p);mp =  ~  (ße;ämP +  ßä;emP) =  0 •
<U

2.3 The d u a l sy s te m  o f equ a tio n s o f th e  b o u n d a ry  p ro b lem  (1,6) — (1.8) 
w hich  give th e  p r im a l sy stem  of eq u a tio n s , w ill be fo rm u la te d  b y  th e  n ex t 
basic assumption and  requirement.

Basic a ssu m p t io n :

— D ue to  p a ra g ra p h  1.1,th e  co o rd in a te s  f RS =  f SR o f th e  s tre s s  func tion  
te n so r  f rs(x) are  d iffe re n t from  zero, b u t  i ts  co o rd in a tes  f AB — f BA are zero;

th e  c o o rd in a te s  h ^  o f th e  s tre ss  fu n c tio n  ten so r hed( | )  w hich  was 
in tro d u c e d  in  p a ra g ra p h  2 .2, are d iffe ren t from  zero, b u t th e  co o rd in a te s  
are  zero.

Basic  requirement:

— th e  s tra in  fie ld  akl(x) should  be co m p a tib le .

A ccording to  th e  ab o v e  assum ptions a n d  req u irem en t th e  d u a l equa tion  
sy s tem  can be w r i t te n  in  th e  follow ing w ay :

ekrnt e,sp f rs. mp=  tkl — tkl, (2.4) ,

~  es =  hrfl'3, £ Ç St , (2>4)2
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®klpq a kl » (2.5)
g R ftm  g sip aM.mp —  eRS =  eSR =  0  , ( 2 . 6 ) ,

es w  sbdp =  е з »  =  еьз =  0  ,
1  €  S t , ( 2 - 6 ) ,

G'rft ^ ( 77; t>) ’ ç  d S u , ( 2 . 6 ) ,

3  a rj3; t> а зъ rj3 =  U3\ VJÙ ’ £  £  S u . ( 2 »6 ) 4

B e s id e  th e  n o ta tio n s , w h ic h  w ere p rev iously  in tro d u c e d , th e  fu n c tio n s  

M l 1, I2), ~hn9.3d 1, £2), Лй ( | х, I 2) =  he3.3{P, I2) =  0 s a tis fy  th e  follow ing e q u a 
tio n  on  b o u n d a ry  p a r t  St  w h ic h  c a n  be w ritten  on th e  base  of (1.8)2:

t31 -  t3' =  s 3w e,dP hvd. pil =  V  -  t 3' ; I  £ Si . (2.7)

I n  th e  case of a c o m p a tib le  s tra in  field , for w h ich  th e  eq u a tio n  sy s tem
(2.4) — (2 .6) concerns due to  th e  b asic  req u irem en t, eRS =  0, x  £ V  a n d  eab =  0 
l<E S .

I n  th e  dual system  of e q u a tio n s , due to  (2.4)2 a n d  (2.7) th e  s tre ss  b o u n d 
a ry  c o n d itio n s  are fulfilled . (2 .5) is th e  c o n s titu tiv e  eq u a tio n .

D u e  to  p a rag rap h  1.3 th e  e q u a tio n s  (2.6) a ssu re  th e  c o m p a tib ility  o f th e  
s t r a in  f ie ld  a*/. T h a t is , b e c a u se  (2 .6 ), is equal to  (1 .5)2, (2 .6)2 is eq u a l to  (1 .5)2 
o n  th e  b o u n d a ry  p a r t  St,  w h ile  (2 .6 )3j4 eq u iv a len t to  (1.5)2 on th e  b o u n d a ry  
p a r t  S u ,  w here  ue =  й е is th e  p rescrib ed  d isp lacem en t. T his la s t sh o u ld  be 
p ro v e d .

D u e  to  th e  (1.4) in te rp re ta t io n  of th e  in c o m p a tib ility  ten so r i t  is v a lid  
on  th e  w ho le  b o u n d ary  S:

a n d
„ 3 3  _  ~3vp „3Л-1 ,,s ат$; цл ( 2.8) ,

p3/3 =  s3W e^ 3 (a."гр\3ц ; if/л) ( 2 .8 ) ,

B y  th e  s u b s titu tio n  of (2 .6)3 in to  (2 .8 ), an d  (2.6)4 in to  (2.8)2, we re a lly  o b ta in , 
t h a t  (1 .5 )2 is also fu lfilled  on  th e  b o u n d a ry  p a r t  S u :

e 33 =  _L  £ 3W  e 3*”( ü v ; t  +  ü i;v ) :iin =  0 , 
Z

(2-9),

e3ß =  £зт  e ^ 3(G3. ^  +  a3{. r) . p =  0 . (2 .9 );

T h e  fo rm ula Cesaro d e te rm in e s  a un ique  v a lu e d  d isp lacem en t f ie ld  to  
th e  s t r a in  fie ld  akl(x) o f th e  d u a l sy stem  (2.4) — (2.6) an d  to  th e  g iv en  rig id  
b o d y  m o tio n  of th e  b o d y .

2 .4  W e get th e  basic  s y s te m  of eq u a tio n s , in  te rm s  of s tresses tkl(x), 
f ro m  th e  equa tions sy s tem  (2.4) — (2.6), i f  we w rite  th e  eq u ilib riu m  e q u a tio n
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in s te a d  o f (2 .4 ^  a n d  th e  s tress b o u n d a ry  co n d itio n  in s te a d  o f (2.4)2:

(*" -  =  0 , (2 .10)! 

t3/ =  t i i e s t ,  (2 .10)

an d  th e  e q u a tio n s  (2.5) —(2.6) are  allow ed to  be u n a lte re d  [9]. In  th is  w ay  
to  th e  d e te rm in a tio n  o f th e  six  in d e p e n d e n t co o rd in a tes  o f th e  s tre ss  ten so r, 
we h av e  (2 .10)! a n d  (2 .6)l5 also six  sca la r fie ld  eq u a tio n s a lto g e th e r.

3. The contributed dual variational principles 
of the linearized elastostatics

3.1 F o rm u la tin g  th e  E u le r  e q u a tio n s  a n d  th e  b o u n d a ry  c o n d itio n s  of 
th e  d u a l fu n c tio n a ls  th e  re la tio n

ekrm e,spaklô frs;mpd V  =  

ekrm e>'Pakl;mp Ôf rsd V  +  

s’"'3 e'dp (axI ôhvd. p — ax,.p ôhvd) dS

— w hich  can  be  w r itte n  b y  m ak in g  use o f  th e  id e n tity  

ekrm e‘°P akl Ôf rs.mp =

=  ek™ e“P akl;mp ôf rs -  (akl;p Ôf rs);m +

’ f  (в/t; à f rs- p)-m

(3.1)

th e  G auss — O stro g rad sk i- th eo rem  an d  th e  tra n s fo rm a tio n  fo rm u la  (2.1) — 
has a basic  im p o rta n c e  (<5 d eno tes v a ria tio n ) .

3.2 To th e  tra n s fo rm a tio n  of th e  su rface  in teg ra ls  th e  S to k es’ th e o re m  
w ill also be n eed ed . F o r  th is  p u rpose , le t th e  surface o f th e  b o d y  be d iv id ed  
in to  p a r ts  d en o ted  b y  S A and  S B, an d  le t q be th e  com m on curve  o f S A a n d  S B
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(F ig u re  1 .). L e t s be th e  le n g th  a long  th e  cu rv e  q in  th e  d raw n  d irec tio n  an d  
le t Í»“ b e  th e  su itab le  u n it  v e c to r . D ue to  S to k es’ th eo rem , on th e  v e c to r  fie ld  
ca( I 1, I 2) — w hich is a rb itr a ry  o n  S A, or on S B or on b o th  S A an d  S B — th e  
fo llo w in g  eq u a tio n s  are v a lid :

Г  é * c . . p d S ' = - i f )  ( 6 a  c a ) A  ds  ,
' ( S A) J  (9 )

Г  e*0*ca. ß d S =  ( f )  ( 6 a  Ca) B ds .
' (SB) J (9)

(3 .2) i

(3 .2) ,

T h e  n o ta tio n s  A  an d  В  em p h asize  in  th e  line  in teg ra ls , th a t  th e  in te g ra n d s  
a re  th o u g h t  of on th e  b o u n d a ry  p a r t  S A or S B.

3 .3  T h e  d u a l fu n c tio n a ls  w ill be fo rm u la te d  b y  com plete  s tress fu n c tio n  
te n s o rs  f rs(x) an d  hed( f ) , an d  th e  v a ria tio n s  o f  th e  fu n c tio n a ls  w ill be fo rm ed  in 
th e  s a m e  w ay . The basic a s su m p tio n s  and  th e  basic  req u irem en t co n cern in g  
th e  s t r a in  te n so r  — w hich  w as in tro d u c e d  a t  th e  beg inn ing  of p a ra g ra p h  2.3 
—■ w ill o n ly  be considered a f te r  fo rm in g  of th e  v a ria tio n s .

A n d  now , le t us fo rm u la te  — to  th e  d u a l sy stem  of eq u a tio n s  o f th e  
b o u n d a r y  problem s (1.6) — (1-8) o f th e  lin ea rized  e la s tic ity  — th e  fo llow ing 
d u a l fu n c tio n a ls .

I .  I f  previously there is no prescription to the fu l f i lm e n t  o f  any  equa tion:

w h e re
L ( f rs, tkI, apq) = L V + L T +  L "  +  L*  , 

L V =  [  ~  tkl ckipq tpq d V  — Г ersf rs d V  —
J ( V )  4  J (V )

-  f  akl (tkl -  Í*' -  c ^ f rs]mp) d V ;  
J(.V)

L T =  Г e’"’3 £ldp [ ~ ( h vd;P -  K b  p ) a*i +
J  (St)

+  (Kd~ Kd) axl; p] dS ?

L u =  Г щ (s "«  е1“Р hvd. p -  h“') d S  =
J (Su)

=  -  Г t3' й1 d S  ;
J ( S u )

b « = ( f )  { b 4 ü , ) u e“1P(hr]d;p- K d - , P) +
J(q)

+  b* exri3 ] [й 3;х — a3x)u (hrfi — h ^ )  — 

— {Щг,х])и  (hv3 — К з)]}  ds •

(3 .3 ),

(3 .3),

(З.З)з

(3 .3 )4

(3 .3 )5
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T h e  fu n c tio n s hed( ^ 1, f 2), hed.3(£ l , <f2), b e ing  in  (3.3)35 sa tis fy  th e  stress 
b o u n d a ry  cond itio n  (2.7), b u t  th e y  a re  n o t  fix ed , so can be v a ried . (See fo rm ula  
(3 .15)). T h e  fu n c tio n  й Д !1, | 2) in  th e  in te g ra l (3 .3)4 is th e  p resc rib ed  d isp lace
m e n t on th e  b o u n d a ry  p a r t  Su .  T h e  line  in te g ra l should  be ta k e n  a long  the  
com m on  cu rve  q. S t  agrees w ith  S A a n d  S B agrees w ith  Su .  (In  th e  in te g ra n d  
o f  th e  line in te g ra l U  or T  den o te  — la te r  on , to o  — th a t  th e  g iven  q u a n t i ty  
sh o u ld  be ta k e n  e ith e r on th e  b o u n d a ry  p a r t  S u  or on th e  b o u n d a ry  p a r t  St 
a n d , o f course, on th e  cu rv e  q.) T h e  ind ices in  th e  square  p a re n th e s is  den o te  
in  th e  fo rm u la  (3 .3)5 accord ing  to  th e  re la tio n

Щ;х =  +  Щ»;х]

th e  skew  sy m m etric  p a r t  o f th e  g iven  te n so r.

I I .  I f  the constitutive equation  (1.7) is va lid :

w here

M ( f s  ; a„ )  =  M v  - f  M T +  M u  +  M « , (3.4)!

M v  =  - Г  - i - a ki Ьк1рч dpq d V  — f  e” f rsd V  +
/(V) 2 J (Vq

+  J
a ki ( h i  +  e"rm e,spf rs.mp) d V ;

V̂)
(3 .4 )2

M T =  L T; M u =  L u  u n d  M<? =  L Q, (3.4)з,4,5

or b y  th e  su b s titu tio n  o f akl =  cklpqtpq:

M *  ( f s  ; tpq) — . . .  . (3.5)

I I I .  I f  the constitutive equation, the equation  (2.4)4 and the stress boundary
condition  (2 .4)2 are valid, i.e . th e  e q u a tio n

e3,lp eldp (hvd. pp — h ^ .  p f)  =  0; U  St (3 .6 )1

is t r u e  (here  th e  fu n c tio n s, d en o ted  b y  w a v y  lines are fixed):

w here

K { f r s )  =  K v  - f  K u  , (3 .6)2

K v =  f  ^ - t ^ c ^ t ^ d V - i  ers f rs d V ,
J(V) 2 /  /  J(v>

(3 .6 ) ,

d
'II«

(3 .6 )4
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an d

tk, =  °t kl +  skrm elspfrs)m p. (3 .6)5

T h e  volum e p a r ts  o f  th e  functionals  (3 .3), (3.4) an d  (3.6) agree in  o rd er 
w ith  th e  fu n c tio n a ls  (4 .20), (4.21) and  (4.19) o f th e  p a p e r  [5] w ritten  b y  O d e n  

an d  R e d d y .

3.4 T h e  fu n c tio n a ls  (3 .3), (3.4) and  (3.6) s a tis fy  th e  purpose of p a ra g ra p h  
1.6 acco rd in g  to  w h ich , th e  v a ria tio n s  of th e  fu n c tio n a ls  — to g e th e r w ith  
th o se  e q u a tio n s , p re v io u s ly  p rescribed  as su b s id ia ry  cond itions — give th e  
m o d ified  an d  c o n tr ib u te d  d u a l system  of e q u a tio n s . To prove th is , le t fo rm  
f ir s t ly  th e  d iffe ren t v a r ia tio n s  o f th e  fu n c tio n a l (3 .3). N ex t to  th e  m a rk  of 
th e  v a r ia tio n  a sm all l e t te r  deno tes th e  v a r ia b le , to  w hich th e  v a r ia tio n  is 
to  be fo rm ed :

w here

(3.7)
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б , ц  =  ôh L$ +  ô-h L $  =

( 6  {b’’ (ül) " e"1P(ôhrid;p- ô h rid.'P) +
J  (q)

+  bÙ e*”3 [(ü3;x — «3*)U (àV  “  àV )  —

+  («[**]) {ôhv3 -  . (3-9),

N e x t to  th e  m a rk  o f th e  v a ria tio n , th e  in d e x  h  or h denotes, w h e th e r th e  variab le  
K d i t )  o r hed( I) is v a ried  in  th e  co n cern in g  in te g ra l.

3.5 F ro m  th e  d u a l v a ria tio n a l p rin c ip le

ót L  ( f rs, tkl, apq) =  0 (3.10)

fo rm ed  b y  (3.7) — considering , th a t  ôlkl c a n  be  a rb itra ry  on th e  reg io n  V  — 
follow s th e  c o n s titu tiv e  e q u a tio n  (2.5) o f  th e  d u a l system .

3.6 F ro m  th e  d u a l v a ria tio n a l p r in c ip le

ôaL ( f rs, t k' , a pq) =  0 (3.11)

fo rm ed  b y  (3.8), considering  th a t  ôakl on V,  an d  daxX and ôaxk. 3 on S t  can  he 
a rb itra ry , follow  th e  n e x t  equ a tio n s o f  th e  d u a l system : th e  e q u a tio n  (2.4),, 
th e  s tress b o u n d a ry  cond itions

b-rfi — h^ .3 =  Л ^ ;3; he3 =  he3; |  6 St, (3.12)1

w hich  agree w ith  (2 .4 )2 an d  th e  co n d itio n  a long  th e  curve q

V  =  К  ; f  € ? • (3.12)2

3.7 T he in te g ra ls  of th e  dual v a r ia t io n a l  p rincip le

0 j L { f rs, tk>, apq) =  0 (3.13)

fo rm ed  b y  (3.9), need  fu r th e r  tra n s fo rm a tio n s .
T he vo lum e p a r t  d jL Y can  be tra n s fo rm e d  in to  th e  follow ing fo rm  w ith  

th e  a id  of (3.1)
Ь} ц =  d jL Y  +  df L j % ,  (3.14),

w here

d} L Y  =  Г (e*™ e“P akl;mp -  e " )  ôfrs d V  , (3.14),
J { V )

à / L y o  =  <5/i i'v o  +  àh L yo  =

=  ( e’"’3 eldP(axl ôhvd.p — ax,.p ôhvd) d S .  (3.14)3
J  (S)
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T he in d e x  T U  denotes, th a t  th e  in te g ra l should  he ta k e n  on th e  whole b o u n d a ry  
S  =  S t  +  S u .

V a ry in g  th e  fu n c tio n a l L ( f r6, tpq, apq) due to  th e  stress function  te n so r , 
it  sh o u ld  a lso  be considered , t h a t  due to  (2.7) th e  s tre ss  b o u n d ary  co n d itio n  
does n o t  d e te rm in e  th e  te n so r  h ed a n d  its  d e riv a tiv e s , i .e .  hed can also be v a r ie d  
th e re . T h e  v a ria tio n s  hed( | )  fo rm e d  on S t due to  (2.7) m u s t fulfil th e  fo llow ing  
e q u a tio n :

e”» e ,dP 0hvd;px =  0 ;  |  £ S t . (3.15)

T he g e n e ra l  so lu tion  of (3.15) is g iven  b y  th e  sy m m e tr ic  p a r t  of th e  g ra d ie n t 
o f an  a r b i t r a r y  vector fie ld  ôve(£):

àhed , ,,/)

I n tro d u c in g  th e  n o ta tio n

ô u i' =  ô  w l( ^ )

th e  c o rre c tn e s s  of th e  fo rm u las

=  ôvd.v +  Edvn àwn , (3 .18)!

e ,d p  ô h v d . p  =  - ô u l v  (3 .18 ),

у ( ^ е;1< +  ô v d;e) . (3.16)

=  -  У  e IdP ô v d. p (3.17)

can  b e  seen , too .
T h e  fo rm ulas (3.18) re m a in  va lid , if  he3 =  0 is assum ed to  be v a lid . In  

th is  c a se , d u e  to  (3.16), th e  e q u a tio n s

Ôvv.3 =  — ôv3;v an d  ôv3;3 = 0  I  £ S t

sh o u ld  b e  v a lid , how ever, th e  fu n c tio n  | 2), o r Ôw ( I 1, | 2) in  th is  case
re m a in  a rb i t r a ry ,  as w ell as on  th e  b o u n d a ry  p a r t  St.

T h e  second te rm  o f th e  fo rm u la  (3.9)s c a n  be  tran sfo rm ed  in to  a  new  
fo rm  o n  th e  base of th e  ab o v e , b y  th e  re la tions (3.18) an d  th e  S tokes’ th e o re m
(3 .2 ),:

dhL l =  ôh L T  +  ôh L $ ,  (3.19)!

w here
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To th e  tra n s fo rm a tio n s  o f th e  fo rm ulas (3 .9)4 th e  S to k es’ th eo rem  (3.2), 
is re p e a te d ly  ap p lied :

Lg =  ôh L y i  -|- ôh L (y и  ,
w here

à h L i =  Г s’”13 ед*3 [—ü3.xX ô h ^  — й а .я)
J  (Su)

+  ü(x;x) àh^. f  — û[x;*[;i àhv3] d S  ,

ôh L%  =  (f) { - b "  ü, е'“Р ô \ d, -
T  (a)

ô/lrjù; 3

— b* e*''3 [i/3;)( ôhvi) — ù[ÿ.x] öhrß] y  ds

(3.20),

(3.20)2

(3.20)3

T he te rm  ô jL y 0 in  (3.14)3 can  fu r th e r  be tra n sfo rm e d  b y  th e  S tokes 
th e o re m  (3.2)2

<5/1 L y u =  ôh L y 1 +  ôh L y y  , (3.21),
w here

àh^ v i  =  Г e*43 £W3 [(о3х;Х - f  a3x.x -  ax3.k -  xK3) ôhvi +
J ( S u )

+  «a* àh^ g  -  axX ôhv3ii +  a x,  Óhv3\ d S  ; (3.21)2

\ L %  =  (f) №  e”>3 a3x 6 h ^ ] u  ds  . (3.21)3
J  ( 4 )

A nd now a f te r  th e  tra n sfo rm a tio n s , going  b ack  to  th e  v a r ia tio n a l p rin c i
ple (3.13), w hich w as fo rm ed  by  (3.9):

ô j L ( f rs, tkl, apq) =  d jL v  -f- ôhL T +  à-h L l -|- ôh L u  -f-

+  d„L« +  àh L (l  =  0 ,  (3 .22),
w here

à j L v  =  d j L X ,  (3.22)2

ôh L T =  ôh V0 +  d„ L TV0 ; <5* V  = ô h L l ,  (3.22)3 4

ôhL u  — ôh L i  -f- d , ,L y , , (3.22)s

ô„LV =  ô h -f- ôhlJyu  -f- (3.22)e

ôh L * =  &h L $  +  ôh L<i. (3.22),

T he in te g ra n d s  in  th e  in teg ra ls  o f eq u a tio n  (3 .22), co nsist o f such  sum s of 
p ro d u c ts  in  w hich one o f th e  fac to rs  can  be free ly  v a ried . I t  follow s, th a t  
th e  fu lfilm en t o f th e  eq u a tio n  (3.22), can  be t ru e  in  th e  case i f  th e  in teg ra ls
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in  (3 .22 )4 a re  sep a ra te ly  eq u a l to  zero . M aking o rder in  th e  s e p a ra te  in te g ra ls  
a n d  m a k in g  v a lid  th e  basic  a s s u m p tio n  of p a ra g ra p h  2.4 on th e  s tru c tu re  of 
th e  s tre s s  fu n c tio n  ten so r, a n d  co n sid e rin g , th a t  th e  ten so rs  f rs(x) an d  U ^ )  
a re  t r a n s fo rm e d  due to  fo rm u la  (2 .3 ), we can  m ake th e  fo llow ing s ta te m e n ts :

a) D u e  to  equa tion  b fL v  —  0, w hich  can he w r itte n  on th e  b ase  of
(3 .22) 2, (3 .14 )2, because ôfys{x ) c a n  b e  a rb itra ry :

eRkm e S i p  a kl;mp =  eRS , x £ V .  (3.23)

b ) T h e  eq u a tio n  ôhL r  = 0  — w h ich  can  be w ritte n  on th e  base  o f (3.22)3,
(3 .9 )3 a n d  (3 .14)4 — is id e n tic a lly  tru e .

c) D u e  to  equa tion  ô^LT =  0 , w h ich  can  he w ritte n  on th e  basis  o f (3.22)4 
a n d  (3 .19 )2, because ôva( | )  c an  b e  a rb itr a ry  on th e  b o u n d a ry  p a r t  St:

g3*t edip a kl. — e3d =  0 ; £ 6 St  . (3.24)

d ) D u e  to  th e  eq u a tio n  dhL u  =  0, w hich  can be w ritte n  on th e  b ase  of
(3 .22) 5, (3 .2 0 )2 and  (3.21)z, e x is t  th e  follow ing e q u a tio n s

axx — “ a,*) ~ y  (% ;* +  й*д) ; U  S u , (3.25),

a 3 x \ \  a xX;3  = й-з:х\ азх-,х 5 1 € S u  , (3.25).

n _
e  a xk ;  i> — y «*3 (S *;. - (3.25);

b e c a u se  on  S u  <5í3í, follow ing in  th e  sam e place

e*’’3 ex1>3 óhT/0 an d  F*ri3 gAi>3 (5/iW;3
can  b e  a rb itra ry .
T h e  e q u a t io n  (3.25)3, follow ing f ro m  th e  coeffic ien t o f th e  co o rd in a te  <5h ^ ,  is 
id e n t ic a l ly  t r u e  if  (3.25)4, is v a lid . So rea lly , we do n o t lose a  v a lu ab le  eq u a tio n , 
i f  th e  c a se  — 0 is chosen in  acco rd an ce  w ith  th e  basic  a ssu m p tio n .

e) T h e  equa tion  öplß  =  0 , w h ich  can be w ritte n  on th e  base  of (3.22)e,
(3 .9 )5, (3 .21)3, and  (3.20)3 is id e n tic a lly  tru e .

f)  O n  th e  base of fo rm u la s  (3 .22)7, (3.9)5 and  (3.19)3 considering  (3.18) 
th e  fo llo w in g  equation  can b e  w r it te n :

öfiL«  =  (f) [(б’’ atl ôwl)T +  {b* £ldp о si; p bvd)T +
J i.4)

+  Ь ^ й , ) 0 { ô w ' . v ) T  —  Ь Ц й ,3.x] —  a 3x) u  Exri3( ô v v . s  +  e 7 t i3 ô w 3) T  +

+  (üis;i))u ^ 3(ôv3.v +  E3riv <5w’)r ] ds =  0 . (3.26)
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D uring  th e  fu r th e r  tra n sfo rm a tio n  o f e q u a tio n  (3.26) we can  ta k e  th e  
n e x t id e n tity  in to  co n sid e ra tio n :

Щ Ы  =  (щ-х — К-,») =  —  «л.3
Li £

(3.27)

A fter th e  in te g ra tio n s  along th e  cu rv e  q an d  tra n s fo rm a tio n s  th e  follow 
in g  is o b ta in ed :

àf, L Q =  ф  í j {(^ an )T —  [йЛ;0) Ь°]и }  <5м>л

+  {(bù а п )т -  (bù a3i)V} ôw> +

+  { [e*’’3 b* (a^ .3 — a ^ . y  — [ e*''3 b* (a3x;i> — ù3;XÎ) ] u } öv,, +

+ [e*43 Ь* а1Ы;У  + —  s*43
Z

ds — 0 (3.28)

D ue to  e q u a tio n  (3.28) — because ôwl a n d  ôve on th e  cu rv e  q can  be a rb it
r a ry  — th e  n e x t  e q u a tio n s  are  tru e :

(Ь*«»х)Г =  Р 'Я с л ;« ] ;  £ € ? ,  (3.29),

(b*aM)T =  (Ь>а3У  ; £ € ? ,  (3.29),

[** s*"3 («лез -  «*>;„)]Г =  eW,3(asx;i -  йз;х, ) ] и ; I  € q, (3.29)3

s ’"'3 r  =  Y  [s’"’3 П ü ; f  € q • (3 .29),

I f  in  th e  fu n c tio n a l (3.3) and  in  th e  v a r ia tio n a l p rinc ip le  (3.13) we p u t 
th e  su b s titu tio n  eRS =  0 , th e  equ a tio n s d e te rm in e d  from  th e  v a r ia tio n a l p r in 
cip le  (3.13) ge t th e  fo llow ing m eanings:

— th e  e q u a tio n  (3.23) agrees w ith  th e  c o m p a tib ility  fie ld  eq u a tio n  (2.6), 
o f  th e  dual sy s te m :

— th e  e q u a tio n  (3.24) agrees w ith  th e  c o m p a tib ility  b o u n d a ry  cond i
tio n  (2.6)2 ° f  th e  d u a l sy s te m  on th e  b o u n d a ry  p a r t  St:

— th e  e q u a tio n s  (3.25) agree w ith  th e  d isp lacem en t b o u n d a ry  cond itions
(2 .6 )3j4 on th e  b o u n d a ry  p a r t  Su .  F ro m  th e se  la s t  i t  follow s th a t  due to  (2 .8) 
an d  (2.9) th e  c o m p a tib il i ty  b o u n d a ry  co n d itio n  w ill be tru e  on th e  b o u n d a ry  
p a r t  S u ,  as w ell.

O n th e  b ase  o f re su lts  of p a rag rap h  3.7 we can  conclude , th a t  from  th e  
v a ria tio n s  of th e  d u a l fu n c tio n a l (3.3) follow s th e  to ta l  d u a l sy s te m  o f eq u a 
tio n s  (2.4) —(2.6.)
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T h e  eq u a tio n s  (3.29) ex p re ss  — b y  ta k in g  (3.25) also in to  co n sid e ra tio n  
— t h a t  t h e  d isp lacem ent f ie ld  a n d  th e  d e riv a tiv e  o f th e  ro ta tio n  f ie ld  along 
th e  c u rv e  q , i.e . th e  d isp lacem en t fie ld  an d  th e  ro ta tio n  fie ld  th em se lv es  along 
th e  c u rv e  q, are th e  sam e e i th e r  lo ok ing  from  th e  b o u n d a ry  p a r t  Sit, o r from  
th e  b o u n d a ry  p a r t St.

3.8  F ro m  th e  dual v a r ia t io n a l  princip les

bein g  fo rm e d  b y  th e  d u a l fu n c tio n a l (3.4), th e  to ta l  d u a l eq u a tio n  sy s tem  can  
he o b ta in e d , except th e  c o n s ti tu t iv e  eq u a tio n , if  we re p e a t th e  ch a in  o f ideas 
of p a ra g ra p h s  3.6 — 3.7. N o d e ta ils  a re  given here.

3 .9  T o  th e  dual fu n c tio n a l (3 .6)2 invo lv ing  th e  fu lf ilm en t of th e  c o n s ti tu 
tiv e  e q u a t io n  and  eq u a tio n s  (2 .4) ^ 2, th e  dual v a r ia tio n a l p rin c ip le  re la te s :

B y  su b s titu tio n  of ers =  0 , K ( f rs) gives th e  to ta l  co m p lem en ta ry  energy , 
an d  (3 .32) is  th e  C astig liano’s v a r ia t io n a l  p rinc ip le  (p rinc ip le  of m in im u m  com 
p le m e n ta ry  energy). F u r th e r  erb — 0.

L e a v in g  th e  d is tin c t n o ta t io n  f ,  on th e  base o f (3 .6)2 th e  eq u a tio n

à a M ( f rs, apq) =  0 ,

Ôf  M ( f r s ,  a pq) =  0

(3.30)

(3.31)

ôf K ( f rs) =  0 . (3.32)

à K ( f rs) =  ÔKX +  à K ÿ  =  0 (3.33)!

can  b e  w r it te n ,  w here due  to  (3 .6)3 _ an d  (3.1)

<5K *  =  ÔKV +  b K l ,  +  d K &  , (3.33)2

(З.ЗЗ)з

àK $0 =  e’"'3 e,dP (ax, ôhvd. p — a xl. p ôhvd) d S , 3.33)5
(SO

ôKvo =  I e*r'3 e'dp (ax, àh ^ .  p — axl. p ô h ^ )  dS , (3 .33)5
J(Su)

and  f u r th e r  due to  (3.6),,, (3 .3 )4, (3 .9)d and  (3.20)

ÔKÿ =  àhU  =  àhL[J +  àhL%. (3 .33)e
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In  th e  p re se n t case th e  fu n c tio n s  *<>d(£\ £2) and  £2) a re  fixed ,
also th e  v a r ia tio n s  ôhcd(£) shou ld  sa tis fy  th e  follow ing eq u a tio n , w h ich  com es 
fro m  (3.6)!:

e*"3 e'dp àhvd;px =  0 .

C om paring  th is  la te s t  eq u a tio n  w ith  (3 .15), w e can  realize, th a t  th e  tra n s fo r 
m a tio n  o f th e  expression  (3.33)4 can  be  c a rr ie d  ou t in  th e  sam e w a y  as th a t  
of th e  second  te rm  of th e  expression (3 .9)3. T ak in g  (3.19) also in to  co n sid e ra 
tio n , th e  fo llow ing e q u a tio n  can  be w r it te n :

ÔKÇ0 =  ôh K ? +  ôh K ? ,  (3.34)!

w here

ôh K [ = ô h L j  a n d  0н К $ = 0 ь Ь * .  (3.34)23

C om paring  (3 .33)5 an d  (З.14)3 we o b ta in  likew ise  — tak in g  in to  c o n s id e ra tio n  
(3.21) as well — th a t ,

ô K y 0 — àhL ÿ ü — dhL y 1 ôh L ÿ u  . (3.34)4

As a re su lt o f th e  tra n sfo rm a tio n s  th e  v a r ia tio n a l p rincip le (3.32) c a n  be w rit
te n  in  th e  fo llow ing m an n er:

ô K ( f rs) =  ÔKV +  öh K r  +  <5„ L &  +  ôh L t  +

+  ôf, K j!  -(- ô /jL ^  +  àh L'y y  =  0 . (3.35)

B ecause  th e  in teg ra ls , concern ing  th e  reg ions V, St, S u  and  q c a n  b e  tak en  
se p a ra te ly  to  be eq u a l zero, an d  ta k in g  th e  basic  assum ptions o f th e  b eg inn ing  
o f p a ra g ra p h  2.3 on th e  s tru c tu re  o f th e  s tre ss  function  te n so r to  be  valid  
ag a in , an d  also th e  tra n sfo rm a tio n  fo rm u la  (2.3), we can fin d  th e  n e x t  s ta te 
m en ts :

a) D ue  to  eq u a tio n  ô K v =  0, w hich  can  be w ritten  on th e  b ase  o f  (3.33)8, 
because  ôfKS(x) can  be a r tb i tra ry :

eRkm eSdP axi.mp =  0 ; x  £ V  . (3.36)

b) D ue to  eq u a tio n s  ôdK r  =  ô h K {  — àpL \  =  0, w hich can be w r it te n  on 
th e  base  o f  th e  fo rm ulas (3.34) and  (3 .19)2, because ôvd( i)  can  be  a rb itr a ry  
on th e  su rface  p a r t  St:

e™ eldp axl; prj =  0 ;  £ £ S t . (3.37)
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c)  D u e  to  eq u a tio n  ô K u  =  ôhL u =  àhL y 1 -f- ôhL^ =  0, w hich c a n  be  
w r i t te n  o n  th e  base of th e  fo rm u la s  (3.21)2, (3 .2 0 )2 an d  (3.22)s, th e  fo rm u la s  
(3.25) a re  v a lid  on th e  b o u n d a ry  p a r t  Su.

d) O n  th e  base of th e  fo rm u las  (3.34)3, (3 .19)3, (3.20)3 and  (3.21)3 th e  
fo llo w in g  e q u a tio n  can be w r it te n :

ÔKQ = 0 h K ? +  <5„ L%  +  öhL %  =

=  ( f)  {(b* am ôw‘)T +  (bù sldP am. p ôvd)T —
J  (?)

-  ü, eldP dhvd. p) —

-  №  e**13 (m 3;„ — a3x) 0к^]и +
+  [b* щы  ô h ^ }  ds =  0 . (3.38)

A ssu m in g  la te r  t h a t  a lo n g  th e  cu rve  q

(eldP ôhvd. ру У =  (sIdP ôhvd. py  , I  e q , (3 .39 ),

(Ó hvdY  =  ( 0 \ dY,  U q ,  (3 .3 9 )2

an d  ta k in g  in to  co n sid e ra tio n  th e  form ulas (3 .18), th e  id e n tity  of e q u a tio n s  
(3.38) a n d  (3.26) tu rn s  o u t to  b e  a t once. So, fo llow ing  from  eq u a tio n  (3 .38), 
th e  e q u a t io n s  (3.29) are also v a lid  along th e  c u rv e  q.

O n  th e  base of th e  re s u lt  o f  p a ra g ra p h  3.9 w e can  sum m erize, t h a t  fro m  
th e  d u a l  v a r ia tio n a l p rin c ip le  ÔK  =  0 being  fo rm e d  b y  th e  fu n c tio n a l d u e  to
(3.6) — th e  co m p a tib ility  c o n d itio n s  of th e  d u a l sy s te m , i.e. th e  c o m p a tib ility  
c o n d itio n s  o f th e  s tra in  fie ld

a p q  =  c p q k l ( s k r m  £ l S P  f r s : m p  +  * " )

are  d e r iv e d . T hey  are: c o m p a tib il i ty  fie ld  e q u a tio n s  (3.36), c o m p a tib ility  
b o u n d a r y  co n d itio n  (3.37) on  th e  b o u n d a ry  p a r t  St,  and  th e  d isp lacem en t 
b o u n d a ry  cond itio n  (3.25) on  th e  b o u n d a ry  p a r t  S u ,  w hich sa tisfy  a t  th e  
sam e  p la c e  th e  c o m p a tib ility  b o u n d a ry  co n d itio n s .
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Bemerkungen und Beitrag zu den Variationsprinzipien der linearisierten Theorie der 
Elastizität ausgedrückt mit Hilfe von Spannungsfunktionen. Die Abhandlung gibt eine 
Definition von Funktionalen, in welchen der Tensor der Spannungsfunktion nur drei nicht 
verschwindende (zweckmäßig ausgewählte) Koordinaten besitzt, und eine ausführliche Un
tersuchung der Randbedingungen ermöglicht. Von den eingeführten Dualfunktionalen können 
durch die Variation des Spannungsfunktionstensors drei Kompabilitätsgleichungen und die 
Kompatibilitätsrandbedingungen, als notwendige und hinreichende Kompatibilitätsbedingun
gen abgeleitet werden.
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EXISTENCE AND UNIQUENESS CRITERIA OF THE 
MEMBRANE STATE OF SHELLS 

I I .  P A R A B O L IC  S H E L L S

T. TARNAI*

[Manuscript received 1 June, 1977]

Criteria of support will be considered, needed or allowed to be specified in the 
edges of a shell under vertical loads of arbitrary distribution in order to have the shell 
in a statically determinate membrane state. P art I of this paper published earlier 
considered criteria of existence and uniqueness of the solution of the membrane shell 
equation in connection with hyperbolic shells. This P art II extends the analysis to para
bolic shells.

1. Introduction

T he e q u ilib riu m  o f m em brane shells is described  in  th e  o rthogonal 
co o rd in a te  system  x y z  by

p p  d2z d2 F  „ d2z d2 F  , d2z d2 F
---  --------- ----------- ---  Z  -------------  -------------  —p  ---------- ---------- ---- ---- £

by2 dx2 dx  dy dx  dy dx2 dy2
( 1 )

w here z  =  z(x, y )  is th e  eq u a tio n  of th e  m idd le  su rface  o f th e  shell,

d2z d2 _ 2 d2z d2

d y2 dx2
+

d2z d2

dxdy dx dy dx2 dy2

is th e  P u ch e r o p e ra to r , g  =  g(x, y )  is th e  in te n s ity  fu n c tio n  o f  an  ex te rn a l 
load  p a ra lle l to  th e  z-ax is (vertica l), and  F (x ,  y )  th e  un k n o w n  s tre ss  function  
y ield ing  th e  reduced  in te rn a l forces as follow s:

d2 F
dy2

d2 F  
dx dy

d2 F
dx2

T he f irs t p a r t  o f th is  p ap er [9] pu b lish ed  earlie r ex am in ed  th e  c rite ria  
of ex istence  an d  u n iq u en ess  of th e  so lu tion  o f E q . (1) o f m em b ran e  shells

* Dr. T . T á r n á i , Kolostor u. 17. H —1037 Budapest, Hungary
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h y p e rb o lic  a t  all po in ts o f th e  d o m a in  of d e fin itio n , a n d  su b jec ted  to  v e r tic a l 
lo a d s . T h is  p a r t  will con sid er th e  c rite r ia  a t  w hich th e re  ex ists  a  u n iq u e  so lu 
tio n  o f  E q .  (1) for a shell p a ra b o lic  a t  all p o in ts  of its  g ro u n d  p lan  co n fig u ra tio n , 
i.e ., d isc r im in a n t

d2z if-z 
d x2 dy2

d2 z  | 2 

dx dy

is th r o u g h o u t  zero.
T h e  m ath em atica l l i t e r a tu r e  a lm ost n ev er co n cern s itse lf  in  ex am in in g  

th e  s o lv a b ili ty  of th e  p a ra b o lic  d iffe ren tia l eq u a tio n  in  th e  case w here  f irs t  
d e r iv a tiv e s  o f the  unknow n  fu n c tio n  do no t occur in  th e  e q u a tio n . F o r in s tan ce , 
m o n o g ra p h y  [5], ra th e r  d e ta i le d  a b o u t parabo lic  e q u a tio n s , does n o t m en tio n  
th is  e q u a tio n , p robab ly  b e c a u se  o f i ts  ra th e r  sim ple b u ilt-u p .

G e n e ra l solution of a  p a ra b o lic  equa tion  in  th e  canon ica l form

Э2 и 

Эх2
= f ( x,y) ( 2)

m a y  b e  p ro d u ced  by  tw ice in te g ra t in g  w ith  re sp ec t to  x ,  to  y ield :

u (x ,y )  =J j f ( x , y )  dx dx  +  Cl (y) x  +  C2 (y)

w h e re  Cx(y)  and C2(y) a re  fu n c tio n s  of in te g ra tio n .
S o lu tio n s tw ice c o n tin u o u s ly  d ifferen tiab le  a re  so u g h t for, re q u ir in g  

fu n c t io n  f ( x ,  y )  to  be c o n tin u o u s  a t  an y  p o in t (x , y )  o f th e  given d o m ain , an d  
tw ic e  c o n tin u o u sly  d iffe re n tia b le  w ith  respect to  v a ria b le  y .  Also fu n c tio n s  
C\{y) a n d  C2(y) have to  be  tw ic e  con tin u o u sly  d iffe ren tiab le .

A ssu m in g  function  f ( x , y )  to  be con tinuous w ith  re sp ec t to  v a ria b le  x, 
a n d  p iece-w ise  tw ice c o n tin u o u s ly  d ifferen tiab le  w ith  re sp ec t to  v a ria b le  y ,  
w h ile  fu n c tio n s  Cx(y) an d  C2(y)  to  be piece-wise tw ice co n tin u o u sly  d iffe ren tiab le  
th e n  d2u /d x 2 and  d2ul(dxdy)  w ill be  con tinuous, w hile  p a r t ia l  d e riv a tiv e  d2ujdy2 
w ill h a v e  d iscon tinu ities. F o r  и =  F  and  /  =  —g, E q . (2) describes th e  eq u i
lib r iu m  o f  th e  vau lt shell o f  e q u a tio n  z =  y 2/ 2. W ith  th e  above a ssu m p tio n s , 
th is  sh e ll is in  m em brane s t a te ,  since ny and  nxy a re  c o n tin u o u s , w hile nx m ay  
be d isc o n tin u o u s  along a f in i te  n u m b e r of s tra ig h t lin es  described  b y  y  =  const. 
S u ch  d isco n tin u itie s  do n o t a ffe c t th e  eq u ilib riu m  o f in te rn a l forces.

I n  th is  discussion, a  b o u n d a ry  will be u n d e rs to o d  as a  p ro jec tio n  on th e  
g ro u n d  p la n  x y  of th e  rea l ed g e  line  of th e  shell. R ea l edge line o f th e  shell 
w ill b e  d e n o ted  by  S,  i ts  p ro je c tio n  on th e  g ro u n d  p la n  b y  S.
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2. In itia l-v a lu e  problem  in  th e  p arab o lic  case (C auchy p rob lem )

As an  in tro d u c tio n  le t us m en tion  th a t ,  in  th e  li te ra tu re , C auchy  p ro b lem  
of a parabo lic  e q u a tio n  is generally  u n d e rs to o d  o th e r (p. 344 in  [7]) th a n  th a t  
of q u asilin ea r e q u a tio n s  (p. 134 in  [3]) o r o f hyperbo lic  eq u a tio n s . In  th is  
p a p e r, th e  te rm  “ C auchy  prob lem ”  w ill be app lied  for p arab o lic  eq u a tio n  
w ith  th e  sam e m e a n in g  as for e.g. h y p e rb o lic  eq u a tio n s.

L et us f i r s t  con sid er th e  sim p lest o f in it ia l  v a lue  p rob lem s. B e J  an  
in te rv a l w ith  en d  p o in ts  <q, a2 along th e y -a x is .  L e t us fin d  a  tw ice  co n tin u o u sly  
d iffe ren tiab le  so lu tio n  u(x, y )  of E q . (2) w h ere :

u (0, y ) =  ^ ( y ) ,  <q <  y  <  a2 , 

d u (0,y )
----- ------ =  <Pv\yh «1 <  У <  «2 >

OX

(p1 an d  tp2 be ing  g iv en , tw ice  co n tin u o u sly  d iffe ren tiab le  fu n c tio n s . Also f ( x ,  y ) 
in  E q . (2) is s t ip u la te d  to  be con tin u o u s a n d  tw ice  co n tin u o u sly  d iffe ren tiab le  
w ith  resp ec t to  y .

N ow , E q . (2) h as  a so lu tion  u n d e r  co n d itio n s  (3). N am ely , in te g ra tin g  
(2) tw ice w ith  re sp e c t to  va riab le  x :

(3 )

я' T rT~u(£,y)
Эх2

d£ d r I I f ( t , y ) d £ d r
Jo Jo

leads to

u{x, у )  =  и(0, у )  +  X
Эи{ 0, у )

Эх
- + y )d £ d r

S u b s titu tin g  th e re  co n d itio n s (3) y ie ld  th e  so lu tio n :

u{x, y )  =  (pi(y) +  X(p2(y) +  Г  Г  / ( £ ,  y )d  Ыт
Jo Jo

(4 )

defined  in  th e  in f in i te  s tr ip  betw een  s tr a ig h t  lines у  =  eq an d  у  =  a2.
T his so lu tio n  is u n iq u e . N am ely , i f  fu n c tio n s  iq  and  u2 sa tis fy in g  E q . (2) 

an d  m eeting  c o n d itio n s  (3) w ould e x is t, th e y  ou g h t to  ta k e  th e  fo rm  (4). 
S u b tra c tin g  fo rm s (4) w ritte n  for iq an d  u2 f ro m  each o th e r, y ie ld s  iq  — u2 =  0, 
hence iq =  u2.

T he so lu tio n  is co n tin u o u sly  d e p e n d e n t on th e  in itia l co n d itio n s. N am ely , 
fo r f ix e d y , E q . (2) is an  o rd in a ry  lin ea r d iffe re n tia l e q u a tio n  t h a t  can  be red u ced

Acta Technica Academiaв Scientiarum Hungaricae 92, 1981



70 TÁRNÁI, T.

to  a s y s te m  o f linear d iffe re n tia l e q u a tio n s  (p. 139 in  [8 ]) co n tin u o u sly  d e p e n 
d e n t  o n  th e  in itia l values (p. 182 in  [8]). T h u s, th e  p ro b lem  is p ro p e rly  posed .

L e t  us generalize th is  p ro b lem . R a th e r  th a n  in  th e  in te rv a l J  on th e  
у -a x is , w ith  end poin ts an d  a 2, in itia l-v a lu es  will be given along a cu rv e  w ith  
en d  p o in ts  on s tra ig h t lines y  — ax an d  y  =  o2, s ing le-valued  in  y .  T h e  cu rv e  
h a s  to  b e  in d ic a te d  so th a t  th e  new  in itia l-v a lu e  p rob lem  can  be red u ced  to  th e  
o r ig in a l o n e , th a t  is, if  th e  fu n c tio n  in d ic a te d  on th e  cu rv e  is tw ice co n tin u o u s ly  
d if fe re n tia b le  w ith  resp ec t to  th e  arc  len g th , th e n  th is  fu n c tio n  has also  to  
be  tw ic e  co n tin u o u sly  d iffe re n tia b le  w ith  re sp ec t to  v a riab le  y .  Be s th e  arc 
le n g th  p a ra m e te r . Be th e  e q u a tio n  of th e  b o u n d a ry  cu rve  h =  h (y ), a n d  be 
g iv e n  a  fu n c tio n  cp(s) tw ice  c o n tin u o u s ly  d iffe ren tiab le  w ith  re sp ec t to  s on 
th is  c u rv e . cp(s(y)) is w a n te d  to  be  tw ice  c o n tin u o u sly  d iffe ren tiab le  w ith  re s 
p e c t  to  y .  T h e  arc leng th  is g iv en  b y  th e  w ell-know n fo rm u la

s =  j ^1 -f- h '2(rj)dr1 

J at

w h e re  su p e rs r ip t  com m a d e n o te s  d e riv a tio n  w ith  re sp ec t to  y .  L e t us now  
d if fe re n t ia te  <p(s(y)) tw ice w ith  re sp e c t to  y ,  to  o b ta in :

<P" (1 + h*)*l + -™L. JL.
ds2 \ \  -|- h'2 ds

T h is  re la tio n sh ip  also in c lu d es h ' a n d  h". T h u s, in  o rd e r th a t  cp be tw ice  co n 
t in u o u s ly  d iffe ren tiab le  also  in  re sp ec t to  v a riab le  y  i t  is n ecessary  th a t  
a lso  h (y )  be  tw ice co n tin u o sly  d iffe ren tiab le . N ow , also h' has to  be  f in ite , 
i .e ., c u rv e  h =  h(y) m u st n o t  h a v e  p o in ts  w here th e  ta n g e n t is p a ra lle l to  th e  
ж-a x is . O th erw ise , curve h =  h(y)  c a n n o t h av e  a ta n g e n t p ara lle l to  th e  ж-axis 
since  b y  g iv in g  th e  u value  on th e  c u rv e , also th e  du/dx  va lu e  has been u n a m b ig 
u o u s ly  g iv en  a t  th e  c o n ta c t p o in t. T h u s, here  no a rb itr a ry  value o f d e r iv a tiv e  
d u /d x  c a n  be prescribed .

I f  fu n c tio n  z =  z (x , y )  o f  th e  m idd le  surface is fo u r tim es co n tin u o u s ly  
d if fe re n tia b le , th e n  a tra n s fo rm a tio n  tw ice c o n tin u o u sly  d iffe ren tiab le  b r in g 
in g  E q .  (1) to  canonical fo rm  is k n o w n  to  ex is t (p. 64 in  [7]). I f  a fu n c tio n  is 
tw ic e  c o n tin u o u s ly  d iffe re n tia b le  th e n  i t  rem ain s so even a f te r  can o n ica l 
t r a n s fo rm a tio n .

A cco rd in g  to  th e  ab o v e , th e  generalized  C auchy  prob lem  for E q . (1) 
c a n  b e  fo rm u la te d  in th e  p a ra b o lic  case.

B e  S  a shell edge p a r t  b o u n d e d  by  p o in ts  A  an d  В in g round  p lan  p ro je c 
t io n  (in  th e  p lane xy)  and  he i t  g iven  a d irec tio n  i (u n it v ecto r) a t  ev e ry  p o in t 
o f  th e  b o u n d a ry  curve S. L e t s tre s s  fu n c tio n  F  on b o u n d a ry  S  assum e v a lu es  
d e f in e d  b y  a given fu n c tio n  cp a n d  le t its  d e riv a tiv e  in  d irec tion  i h av e  v a lu es
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defined  b y  a  g iven  fu n c tio n  y .  Now, th e  C auchy  problem

W  =  - g ,  

f )F
F I« = <P-

di

(5a)

(5b)

has a tw ice co n tin u o u sly  d ifferen tiab le  so lu tio n  un iquely  d e te rm in e d  in  th e  
in fin ite  s tr ip  b o u n d ed  b y  c h a rac te ris tic s  p assin g  th ro u g h  p o in ts  A  a n d  В  
(F ig . la )  i f  th e  fo llow ing cond itions are  sa tis f ie d :

a) th e  b o u n d a ry  curve  S  lies in  th e  do m ain  of defin ition  o f  E q . (5a);
b) each  c h a ra c te r is tic  in te rsec ts  th e  b o u n d a ry  curve S  a t  m o s t a t  one 

p o in t;
c) n o t one c h a rac te ris tic  is ta n g e n t to  th e  b o u n d ary  curve  S ;
d) S is tw ice  co n tinuously  d iffe ren tiab le ;
e) in  ev e ry  p o in t of th e  b o u n d a ry  c u rv e  S  th e  d irection  i is ta n g e n t  to  

I lie c h a ra c te r is tic  passing  th ro u g h  th e  p o in t;
f ) g(x, y )  is co n tin u o u s and  tw ice c o n tin u o u s ly  d iffe ren tiab le  n o rm a lly  

to  th e  c h a ra c te r is tic s ;
g) (p a n d  a re  tw ice con tin u o u sly  d iffe ren tiab le ;
h) z (x , y )  is four tim es co n tin u o u sly  d iffe ren tiab le .
N ow , o th e r  b o u n d a ry  sections of th e  shell have to  he in th e  h a lf  s tr ip  

be tw een  c h a ra c te r is tic s  passing  th ro u g h  p o in ts  A  and  B ,  e ith e r to  th e  r ig h t

Fig. 1. a) Domain of solution of the initial-value problem; b) Vault shell of 
parabolic directrix with a free edge part; c) Apse-like shell formed from a cone surface; 

(D free edge part; ©  fully supported edge part

Acta Technica Academiae Scienliarum Hungaricae 92% 1981



72 TÁRNÁI, T.

or to  th e  le ft o f S.  No co n d itio n  can be sp ec ified  on these  b o u n d ary  sec tio n s. 
H e re  th e  su p p o rts  h av e  to  c a rry  b o th  in te rn a l fo rces tra n sm itte d  b y  th e  shell.

In  th is  p rob lem , d e r iv a tiv e  in d irec tion  i on  th e  b o u n d ary  m ay be re p la c 
ed  b y  t h a t  in  th e  n o rm a l n. T h e  tw o d a ta  a re , how ever, n o t fu lly  e q u iv a le n t. 
N a m e ly , since F  can  be d iffe re n tia ted  c o n tin u o u s ly  tw ice on th e  b o u n d a ry , 
d e r iv a t iv e  d F /d t  in  th e  d ire c tio n  of th e  ta n g e n t  can  b u t  once be c o n tin u o u s ly  
d if fe re n tia te d . A ccord ing  to  cond itions c), d) a n d  e), th e  norm al d e r iv a tiv e  
d F / d n  m a y  be expressed  in  te rm s of d e r iv a tiv e s  dF /d t  and  d F /d i  h u t  since 
d F /d t  is b u t  once co n tin u o u s ly  d iffe ren tiab le , so w ill be dF/dn .  C ond itio n s 
F \s , d F /d i \ s  an d  F |s , dF jd n \s  w ill be e q u iv a len t i f  F  is th ree  tim es co n tin u o u s ly  
d if fe re n tia b le  on th e  b o u n d a ry .

In  p ro b lem  (5a, b) th e  edge m ay be sp ec ified  as being free, n am e ly , th e n  
F \s  =  0 , d F /d x Js =  0, d F jd y \s  =  0 hence d F /d i \s  =  0- T hus, in c o n d itio n  
(5b) ed g e  freedom  can be specified  b y  s u b s ti tu t in g  cp =  0, f  =  0. A p a ra b o lic  
v a u l t  sh e ll an d  an  apse-like cone shell w ith  su ch  a free edge p a r t  can  be  seen 
in  F ig s  ( lb )  and  ( lc ).

I f  b o u n d a ry  S  is s tr a ig h t ,  th en  also n o rm a l and  ta n g e n tia l in te rn a l  
fo rces  c a n  be given th e re  [9]. These have  to  b e  co n tinuously  d iffe ren tiab le . 
In  e i th e r  case, th e  shell is in  a un iq u e ly  d e te rm in e d  m em brane s ta te . B o u n d a ry  
c o n d itio n s  for in te rn a l forces u n iq u e ly  d e te rm in e  th e  in te rn a l forces of th e  shell.

T h e  shell rem ains in  a m em b ran e  s ta te  i f  fu n c tio n s in  cond itions d ), f) 
a n d  g) a re  req u ired  piece-w ise tw ice co n tin u o u s  d iffe ren tiab ility  r a th e r  th a n  
tw ic e  c o n tin u o u s  d iffe re n tia b ility . (Also in  th is  case, functions h av e  to  be  
once c o n tin u o u s ly  d iffe ren tiab le .)  Now, n o rm a l forces in  th e  d irec tion  o f th e  
c h a ra c te r is tic s  w ill be d isco n tin u o u s a long  c h a ra c te r is tic s  passing  th ro u g h  
p o in ts  w h ere  second d e r iv a tiv e s  of th e  m e n tio n e d  func tions are d isco n tin u o u s . 
In  case  o f  low er re q u ire m e n ts  fo r an y  of th e  m en tio n ed  functions (e.g. p iece- 
w ise once  con tin u o u s d iffe re n tia b ility ) , th e  sh e ll c an n o t be in a m e m b ra n e  
s ta te  a n y  longer, as a ru le .

T h ese  s ta te m e n ts  w ill be  illu s tra te d  on a sim p le  exam ple. Be th e  m id d le  
su rfa c e  o f  th e  shell th e  p a ra b o lic  v a u lt o f fu n c tio n  z ■= ( l/2 )y2. L et th e  shell

Fig. 2. Ground plan of the vault shell with a free edge part. Ground plan projection of the free 
edge part consists of straight parts Sx and S2
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Fig. 3. Ground plan of the vault shell with a free edge part. Ground plan projection of the 
free edge part consists of straight line S, and circular arc S2

be su b je c te d  to  a un ifo rm  load  g  =  const.  B e its  edge S  free. L e t  edge S  con
s is t o f tw o  a d ja c e n t cu rve  p a r ts  S x a n d  S 2. L et us find  th e  so lu tio n  fo r the  
C auchy  p ro b lem

f)2F

dx2
=  — (6a)

F\s =  0 ,
i )F
f)x

(6b)

(Shell edge p a r ts  A D  and  DC  o u ts id e  S  (F igs 2 and  3) a re  fu lly  su p p o rted .)

2.1. F irst let boundary S  =  Sj US2 be piece-wise once continuously differentiable.

L et co n n ec tio n  p o in t В  of cu rv es  an d  S 2 be a knee p o in t. F o r  th e  sake 
o f s im p lic ity , le t b o u n d a ry  sec tions S 1 a n d  S 2 be s tra ig h t (F ig . 2).

E q u a tio n  of x  =  -  

w hile  e q u a tio n  o f S 2: x  =  —

a — b

e

b — c

(y -  « ) .

( y - b )  +  d .

S o lu tion  o f p ro b lem  (6a, b) w ill be  p ro d u c e d  according to  [2]. A ccord ing ly , 
in  th e  s tr ip  b e tw een  c h a rac te ris tic s  o f  eq u a tio n s  у  =  a and  y  =  b passing  
th ro u g h  end  p o in ts  A  and  В  of b o u n d a ry  section  th e  s tre ss  fu n c tio n  has 
an  e q u a tio n :

( y  — a) +  xF j  =  —
2

an d  in  th e  s tr ip  be tw een  c h a ra c te r is tic s  o f  equ a tio n s y  =  b an d  у  =  c passing  
th ro u g h  th e  en d  p o in ts  В  an d  C o f  b o u n d a ry  section S2:

----- ( y  — b) — d  +  x  .if _ ê
F * - ~ T
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R ed u ced  in te rn a l  forces in  th e  s tr ip  c o n ta in in g  b o u n d a ry  section Sx a re :

-<i>_

„ш _
"xy

n{y'  =

d2 t \

f)y2

dx  <)y

<)- F ,
dx*

~ g

=  g  

~ g

a — b 

d

a — b

and  in  t h a t  c o n ta in in g  S 2:

, ( 2 )

, <2) —lxy  ----

,(2) _

d2 F 2 

d r 2 

d2 F о 
()x dy  

d2 F 2
dx-

b — c 

e

A p p a re n tly , forces nx a n d  nxy are d isc o n tin u o u s  along th e  line y  =  b. 
B ecause  o f  th e  d isco n tin u ity  o f n xy, th e  in te rn a l fo rces c a n n o t be in eq u ilib rium , 
hence th e  shell its e lf  c a n n o t be  in  a m em brane s ta te .

I t  is w o rth  m en tion ing  th a t  a sim ilar a n a ly s is  o f a hyperbolic shell ot 
free edge w ith  a knee d e m o n s tra te d  th e  shell to  be in  a  m em brane s ta te  in  sp ite  
o f th e  k n e e  o f  its  edge cu rv e  [9].

2.2. B e  boundary  S  =  US2 piece-wise twice con tinuously  differentiable.

I t  is k n o w n  to  req u ire  a once con tinuous d iffe re n tia b ility  of th e  b o u n d a ry  
cu rv e . N ow  le t b o u n d a ry  sec tio n  S 2 jo in  ta n g e n tia l ly , w ithou t knee, edge 

e x p re sse d  by :

d t \* = ------------ - ( у  — a) .
a — b

B e  b o u n d a ry  sec tion  S 2 e.g . a c ircu lar arc  w ith  cen tre  on th e  я -ax is , 
an d  jo in in g  a t  В  (F ig. 3) exp ressed  by:

/ L2 1
X  =  b2 -\------- (a — b)2 — y2 -f- d ---------(a — b).

d2 d

In  th e  s tr ip  co n ta in in g  b o u n d a ry  sec tion  S x, th e  stress function  is th e  
sam e as fu n c tio n  F 1 u n d e r 2 .1 . In  th e  s tr ip  b e tw e e n  charac teris tics  p ass in g  
th ro u g h  e n d  p o in ts  В  an d  C o f th e  c ircu la r arc S 2, th e  s tre ss  function  becom es:
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F 2 =
f f f

d*
(a -  b f - f  + d  - X .

* 2

B ecause of th e  co m p lex ity  o f f 2, th e  reduced  in te rn a l fo rces w ill n o t be 
w ritte n  in  th e  s tr ip  c o n ta in in g  b o u n d a ry  sec tion  S2 b u t on ly  a lo n g  th e  connec
tio n  line y  =  b such as:

" x ’ly-ft =  - g
(a — b)2 b ( a - b ) 3

n%\ у^ь =  g  -

п у )]\у=ь  =  —g

A m ong th e  reduced  in te rn a l fo rces, on ly  n x is seen to  be d isco n tin u o u s 
a long  th e  c h a ra c te ris tic  y  — b, b u t  i t  is also con tinuous a t  x  =  d, i.e. the  
jo in in g  p o in t o f b o u n d a ry  cu rves Sj an d  S2. In  sp ite  of th e  d is c o n tin u ity  of 
n x, in te rn a l forces are in  e q u ilib riu m , hence  th e  shell is in  a m e m b ra n e  s ta te .

2.3. Be boundary S  =  S i US2 twice continuously  differentiable.

T his is th e  case e.g. w here b o u n d a ry  is also now  co n sid e red  to  be a 
s tra ig h t line ta n g e n tia lly  jo in ed  a t  В  b y  a th ird  or h igher degree a lg eb ra ic  curve 
such  as cu rve  S2. N ow , s tip u la tio n s  m ade in  th e  general fo rm u la tio n  of the 
C auchy  p rob lem  are  sa tis fied , an d  all in te rn a l forces w ill be c o n tin u o u s . I t  
cou ld  be d e m o n s tra te d  by  a sim ple  ca lcu la tio n  sim ilar to  th e  ab o v e  one.

N otice  th a t ,  s im ila r to  h y p erb o lic  shells (7.2. in [9]), in i t ia l  cond itions 
fo r edge S o f p arab o lic  shells can  be g iven  so th a t  th e  shell h a s  sev era l no t 
o v erlap p in g  free edge p a r ts  on edge S. I f  th e  shell has sev era l edge  p a r ts  not 
f i t t in g  a piece-w ise tw ice co n tin u o u s ly  d iffe ren tiab le  cu rv e  s a tis fy in g  condi
tio n s  b) and  c) th e n  th e  shell c a n n o t be in  a  m em brane s ta te . T h o u g h , if  th ere  
is such  a cu rve  b u t only  b o u n d a ry  va lu es  r a th e r  th a n  sm o o th ly  jo in in g  in itia l 
va lues or n o th in g  are  specified  fo r cu rv e  p a r ts  betw een free edge p a r ts , th en  
th e  shell is in  — th o u g h  n o t u n iq u e  — m em b ran e  s ta te .

3. Boundary-value problems in the parabolic case

L et us again  consider E q . (2) in  a canon ica l form . T h is p a r t ia l  d iffe ren tia l 
eq u a tio n  becom es an  o rd in a ry  d iffe re n tia l e q u a tio n  for an y  f ix e d  x ,  so lved in 
th e  form :

u(x) =  k(x)  -f- Ctx  C2 .
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T h is  e q u a tio n  is know n to  y ie ld  un ique  c o n s ta n ts  Cx a n d  C2 from  th e  b o u n d a ry  
c o n d itio n s  i f  th e  sy s tem  o f l in e a r  equations w r it te n  acco rd in g  to  th e  co n d itions 
fo r  u n k n o w n s C1 an d  C2 h a s  a  u n iq u e  so lu tion , a case  occurring  i f  th e  sy stem  
h a s  a non-zero  d e te rm in a n t. I f  th e re  is a u n iq u e  so lu tio n , i t  co n tinuously  d e 
p e n d s  on th e  b o u n d a ry  v a lu e s , since solu tion  o f  b o u n d a ry -v a lu e  problem s can  
b e  co m posed  from  th e  l in e a r  com bination  o f th e  so lu tio n s of tw o , lin ea rly  
in d e p e n d e n t in itia l-v a lu e  p ro b lem s. T hough , th e  so lu tio n  of in itia l-v a lu e  
p ro b le m s — in c o n fo rm ity  w ith  th e  s ta te m e n t in  C h a p te r  2 — is a con tin u o u s 
fu n c tio n  o f th e  in itia l v a lu e s . N ow  th e  p ro b lem s a re  p ro p erly  posed  ones.

L e t us en u m era te  th e  m a jo r  possibilities.
(i) L e t th e  u(x)  v a lu e  b e  given a t tw o  d iffe re n t p o in ts  x  =  a and  x  =  b. 

N ow , th e  equa tion  sy s te m  h a s  a non-zero d e te rm in a n t:

a

b
-  b.

T h u s , th is  b o u n d a ry  v a lu e  p ro b le m  has a u n iq u e  so lu tio n .
(ii) L e t th e  u(x)  v a lu e  b e  given a t p o in t x  =  a an d  th a t  of du/dx  a t  

x  =  b. N ow , d e te rm in a n t o f  th e  equation  sy s te m  is:

a
1

1
0

- 1  .

A lso th is  b o u n d a ry -v a lu e  p ro b le m  has a u n iq u e  so lu tio n .
(iii) L e t th e  du jdx  v a lu e  b e  given in  tw o  d iffe re n t p o in ts  x  =  a an d  x  =  b. 

N ow , d e te rm in a n t o f th e  e q u a tio n  system  is:

1
1

0
0

=  0 .

T h u s , th is  p rob lem  h as n o  u n iq u e  solu tion .

(iv) L et values o f  l in e a r  com binations x ^ d u /d x )  -j- Д м  and  x 2(du]dx) +  
+  ß2u  be  given a t  x  =  a a n d  x  =  b, re sp ec tiv e ly . N ow , d e te rm in a n t o f th e  
e q u a tio n  system  is:

Xi +  aßl  ß 1

X2 H” ßz
(о — b) ß1 ß2 +  a i  ß 2 — x 2 f t .

T h u s , th is  p roblem  h as a  u n iq u e  solu tion  on ly  fo r

(a — b)ßx ß2 - f  ax ß2 — x 2 ßx -Ф 0 .
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In  case (i), (ii) an d  to  a  degree, (iv) c o n s ta n ts  Ci an d  C2 can  be d e te rm in ed  
fo r an y  fix e d  y ,  p e rm ittin g  th e  so lu tion  o f  th e  p rob lem  — tw ice co n tin u o u sly  
d iffe ren tiab le  w ith  re sp ec t to  x  if  f ( x , y )  is co n tin u o u s.

L e t us co n sid er sections o f s tra ig h t  lines x  =  a an d  x  — b be tw een  
y  =  ai a n d  y  =  a2. Be fu n c tio n  f ( x ,  y ) in  (2) c o n tin u o u s  an d  tw ice  co n tin u o u sly  
d iffe ren tiab le  w ith  re sp ec t to  v a riab le  y .

O bviously , in d ic a tin g  th e  v alue  o f th e  so u g h t fu n c tio n  u(x, y )  in  (2) 
for fix ed  x  =  a an d  x  =  b, so th a t  i t  is tw ice  c o n tin u o u sly  d iffe ren tiab le  w ith  
re sp ec t to  v a riab le  y ,  th e n  also fu n c tio n s Cx(y) an d  C2(y) w ill be tw ice c o n tin 
uously  d iffe ren tiab le .

T h u s , specify ing  th e  value  o f fu n c tio n  u(x, y )  a long  lines x  =  a and  
x  =  b in  th e  in te rv a l [y  =  av y  — a2] so th a t  i t  is tw ice c o n tin u o u sly  d iffe re n tia 
ble w ith  re sp ec t to  v a riab le  y , th e n  E q . (2) has a u n iq u e  so lu tion  h av in g  th e  
g iven va lu es  in  th e  in te rv a l [y =  av у  =  a 2] o f lines x  =  a an d  x  =  6.

T h e  sam e refers to  th e  case of g iv ing  th e  fu n c tio n  va lu e  in  one in te rv a l, 
an d  th e  p a r t ia l  d e r iv a tiv e  w ith  re sp ec t to  v a ria b le  x  of th e  fu n c tio n  in  th e  o th e r 
one (or th e  lin ea r  co m b in a tio n  x(dujdx)  +  ßu)  b o th  so th a t  th e y  are  tw ice 
co n tin u o u sly  d iffe ren tiab le  w ith  re sp ec t to  v a ria b le  y .

S im ila r to  th e  in itia l-v a lu e  p ro b lem , th e se  tw o  (or th ree )  p rob lem s can 
be genera lized  in  th e  m ean ing  th a t  th e  b o u n d a ry  values are specified  for 
curves r a th e r  th a n  fo r s tra ig h t sections. O n th is  basis, generalized  b o u n d a ry - 
v a lue  p rob lem s fo r E q . (1) can  he fo rm u la te d .

3.1. F irs t  boundary-value problem fo r  the parabolic Pucker differential equation

L e t edge S  (in  g ro u n d  p lan  p ro jec tio n ) co nsist o f tw o  cu rv ed  p a r ts  S 1 
an d  S 2 w ith  no com m on p o in t. L et s tress fu n c tio n  assum e va lu es  cp an d  ip on 
b o u n d a ry  sec tions Si an d  S2, re sp ec tiv e ly . L e t us now  solve th e  b o u n d a ry - 
v a lue  p ro b lem

% F  =  —g , j (7a)

F \sr =  <P » F \St =  y  . J (7b)

P ro b lem  (7a, b) has a u n ique , tw ice co n tin u o u sly  d iffe ren tiab le  so lu tion  
in  th e  “ q u a d ra n g le ”  A B C D  defined  b y  th e  en d  p o in ts  o f th e  b o u n d a ry  curves 
(F ig . 4a), p ro v id ed  th e  follow ing co n d itions a re  sa tis fied :

a) b o u n d a ry  cu rv es SL an d  S 2 are  in  th e  dom ain  of d e fin itio n  o f E q . (7a);
b) c h a ra c te r is tic s  in te rse c t b o u n d a ry  cu rves S x an d  S 2 in  a t  th e  m ost 

one p o in t each;
c) no  c h a ra c te r is tic  is ta n g e n t to  cu rv es  Sx an d  S 2;
d) Sx an d  S 2 a re  tw ice  co n tin u o u sly  d iffe ren tiab le ;
e) co rresp o n d in g  en d  po in ts  of cu rv es  S x an d  S 2 (A ,  D  an d  В ,  C) are  on 

th e  sam e c h a ra c te ris tic  (F ig . 4a);
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f)  g(x ,  y )  is con tin u o u s, a n d  tw ice co n tin u o u sly  d iffe ren tiab le  n o rm ally  
to  th e  c h a ra c te ris tic s ;

g) rp a n d  y  are tw ice c o n tin u o u s ly  d iffe ren tiab le ;
h) z(x ,  y )  is four tim es c o n tin u o u s ly  d iffe ren tiab le .
C o n d itio n  h) p rov ides fo r  th e  canon ical tra n s fo rm a tio n  of E q . (7a). 

D u r in g  can o n ica l tra n s fo rm a tio n , th e  q u o ted  fu n c tio n s keep  p ro p ertie s  se ttle d  
u n d e r  th e  cond itions. N ow , tra n s fo rm in g  th e  b o u n d a ry  curves acco rd in g  to  
p. 870  in  [4], th e  prob lem  in  a can o n ica l form  can  be in te rp re te d  in  a re c ta n g u la r  
d o m a in . T h is  problem  — as is show n in item  (i) in tro d u c in g  C h ap te r 3 — has 
a u n iq u e  so lu tion  tw ice c o n tin u o u s ly  d iffe ren tiab le  in  co n fo rm ity  w ith  th e  
c o n d itio n s .

O b v io u sly , no co n d itio n  can  be specified  on edge p a r ts  o f th e  shell 
c o n n e c tin g  po in ts  A  and  D , В  an d  C, ly in g  on c h a rac te ris tic s .

V a lu e  of stress fu n c tio n  F  on b o u n d aries  Sj and  S 2 m ay  be g iven so as 
to  m a k e  i t  a p lane cu rve . I t  is know n to  physica lly  m ean  th a t  edge beam s 
a lo n g  edges Sx and  S2 are  v e r tic a lly  su p p o rted . In  shell edge p a r ts  A D  an d  
BC, ed g e  beam s have to  c a r ry  an y  force tr a n s m itte d  b y  th e  shell. A shell 
s u p p o r te d  in  th is  w ay m ay  b e  exem plified  by  th e  con ical shell o f p arab o lic  
d ir e c tr ix  seen in  Fig. 4b. I f  b o u n d a ry  sections Sj an d  S2 a re  s tra ig h t lines th e n  
also  th e  v a lu e  of th e  n o rm al fo rces on th e  edge can be specified , th a t  m a y  be 
zero  in  a  p a r tic u la r  case k eep in g  edges an d  S2 ex em p t from  la te ra l p ressu re . 
T h e  m e m b ra n e  s ta te  of th e  shell is , how ever, n o t u n iq u e  in  e ith e r  case. B o u n d a ry  
c o n d itio n s  fail to  un iquely  d e te rm in e  in te rn a l forces o f th e  shell. N am ely  — 
a lth o u g h  th e  b o u n d ary -v a lu e  p ro b lem  (7a, b) has a u n iq u e  so lu tion  for an y  
f ix e d  b o u n d a ry  value, — th e  b o u n d a ry  co n d itions s till inc lude  free c o n s ta n ts  
o f a r b i t r a r y  value, lead ing  to  an  in f in ity  o f so lu tions. Cases w here cu rves Sx 
a n d  S 2 h a v e  a com m on p o in t, w here  F  is co n tin u o u s, are  excep tions.

I t  shou ld  be stressed  — as fo r th e  C auchy p rob lem  — th a t  a p a rab o lic  
she ll m a y  be in  a m em b ran e  s ta te  even if  th e  fu n c tio n  of th e  n o rm al force

Fig. 4. a) Domain[of solution of boundary-value problems; b) cone shell of parabolic directrix 
with arched edge parts in ground plan; ®  fully supported edge part, ©  edge part with verti

cally supported edge beam
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in  th e  d irec tio n  o f  th e  ch a rac te ris tic s  h as  d isco n tin u itie s  a long  a f in ite  n u m b er 
o f ch a ra c te ris tic s . T h is  is w hy a m ere p iece-w ise tw ice co n tin u o u s d iffe re n tia 
b ility  o f fu n c tio n s  u n d e r  cond itions d ), f) a n d  g) m ay  be a d m itte d  on th e  self
in te n d e d  co n d itio n  to  be once co n tin u o u s ly  d iffe ren tiab le .

3.2. Second boundary-value problem fo r  the parabolic Pucker differential equation

T his p ro b lem  w here  d e riv a tiv es  o f s tre ss  fu n c tio n  F  in  th e  d irec tio n  of 
c h a rac te ris tic s  on b o u n d a rie s  Sj an d  S 2 a re  g iven (F ig . 4a) has, in  general, 
none or no u n iq u e  so lu tio n . The t r u th  o f  th is  s ta te m e n t a f te r  canon ical t r a n s 
fo rm atio n  follow s from  item  (iii) in C h a p te r  3.

Fig. 5. Cylindrical shell over rectangular ground plan a) ground plane; b) axonometric view, 
©  fully supported edge part, @ edge part free from shear forces

O therw ise, also  s tru c tu ra l co n sid e ra tio n s  p o in t to  th a t ,  th is  p rob lem  
is an  ill-posed one. L e t us consider a cy lin d rica l shell concluded  b y  s tra ig h t 
b o u n d aries  S x a n d  S 2 no rm al to  th e  g en e ra tr ice s  (Fig. 5).

L et us spec ify  th e  d e riv a tiv es  o f th e  s tre ss  fu nc tion  in  d irec tio n  x  on 
b o u n d aries  an d  S 2. Be

d F

d x

d F
=  o ,

d F d F

Si dn s, d x  |Si dn
=  0 .

T hese co n d itions a re  know n to  m ean  no sh e a r  forces in  edges an d  S 2. T hus, 
e x te rn a l loads can  on ly  raise n o rm al fo rces in  th e  edges Sj an d  S 2. Such a 
su p p o rt p e rm its  d isp lacem en t of shell edge p o in ts  along y ,  hence in ex ten s io n a l 
d efo rm atio n  o f  th e  shell [6 ]. In  genera l, how ever, a shell ab le to  in ex ten sio n a l 
d efo rm atio n  c a n n o t be in  a m em brane s ta te .

3.3 Third  boundary-value problem fo r  the parabolic Pucher differential equation

T his p ro b lem  w ill n o t be con sid ered , in  general, since th e re  is on ly  a 
single curve k n o w n  w here th e  th ird  b o u n d a ry  cond itio n  of th e  form  ot(dF/dn) -f- 

ß F  can  be in te rp re te d . This cu rve  is a  c ircu la r arc of rad iu s  R  w here th e
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sh e a r  fo rc e  va lu e  can be g iven  b y  a  fu n c tio n  y. T h is co n d itio n  m ay  be fo rm u 
la te d  as  in  [9]:

w h ere  s  is  th e  arc leng th  p a ra m e te r  o f th e  c ircu la r arc , an d  c is a c o n s ta n t. 
T h e  e x e m p tn e s s  of th e  c irc u la r  a rc  edge from  sh ea r is expressed  b y :

_ i £  +  J _ F  =  c .
d n  R

L e t  u s  consider a case w h e re  no rm als  of th e  c ircu la r arc  p o in t a re  in  
th e  d ire c t io n  of th e  c h a ra c te r is tic s . T ak in g  a cone (n o t ab so lu te ly  a  r ig h t 
c irc u la r  cone) w ith  its  v e r te x  on  th e  2-ax is a n d  w ith  a  p a r t  th e  p ro je c tio n  of 
w h ich  o n  th e  p lane x y  is an  a n n u la r  sec to r con fined  b y  c ircu la r arcs o f ra d ii 
R x a n d  i ?2 a n d  by  rad ii (c h a ra c te ris tic s )  passing  th ro u g h  th e ir  end  p o in ts  
(F ig . 6a ). B e these  circu lar arc edges ex em p t from  e.g. sh ea r, a case i l lu s tra te d  
in  F ig . 6b  on  a rig h t c ircu la r co n e  shell for th e  sake  o f s im p lic ity .

N o w , le t  us find  a so lu tio n  o f  th e  p rob lem

Z F  =  - g ,

d F  1 „\------------1------ F =  ci>
d n  R x s,

d F  , 1 Л--------- + - — F =  C2
d n  J?2 s.

to  be  d e te rm in e d  by  p roceed ing  fro m  c h a ra c te ris tic  to  c h a ra c te ris tic  — w ith o u t 
c a n o n ic a l tra n sfo rm a tio n  of th e  e q u a tio n . L e t us now  consider th e  ex is ten ce  
o f th e  so lu tio n  to  th is  p ro b lem . T a k in g  th e  c h a ra c te r is tic  as co inc iden t w ith  
th e  x -a x is  — involv ing  y  =  0 h en ce  zero coeffic ien t o f d2F /d y2 an dd2 Fj(dxdy) 
in  E q . (1) in  conform ity  w ith  i te m  (iv) in  C h ap te r 3, th e  p rob lem  has a u n iq u e  
so lu tio n  i f

(a —  b)ßx ß2 +  <xx ß2 — a 2  ßx ^  0  .

I n  o u r  case ос, =  a 2 — — 1,

ßx =  l  IRX, ß2= l  / Д 2 ,  a =  R x , b =  R 2 .

S u b s t i tu t io n  of th ese  v a lu e s  leads to  u n com pliance  w ith  th e  q u o te d  
c o n d itio n , th e  value of th e  in d ic a te d  expression  being  zero. T hus, th e re  is  no  
so lu tio n  a lo n g  th e  exam ined  c h a ra c te r is tic . S im ilar ou tcom es re su lt fo r th e
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o th e r c h a ra c te ris tic s , since, b y  ro ta tin g  th e  c o o rd in a te  sy stem  a b o u t its  z-axis, 
th e  te s te d  c h a ra c te r is tic  can  be m ade to  co incide  w ith  th e  # -ax is. In  a fin a l 
a cco u n t, th e  th ird  b o u n d a ry -v a lu e  p rob lem  s ta te d  above can be sa id  n o t to  
have  a  un iq u e  so lu tio n , th e  shell c an n o t be  in  a un iq u e  m em b ran e  s ta te . 
T h ere  is e ith e r  n one  or no  un ique  m em b ran e  s ta te .

I f  th e  n o rm als  to  th e  c ircu la r arcs a re  n o t  p a ra lle l to  th e  c h a ra c te ris tic s , 
th e n  th e  d e te rm in a tio n  o f th e  unknow n  fu n c tio n s  of in te g ra tio n  fro m  th e  
th ird  b o u n d a ry  co n d itio n s  w ill, in  a g enera l case, be b y  solving a sy s tem  of 
lin ea r  inhom ogeneous d iffe ren tia l e q u a tio n s , th e  so lv ab ility  o f w h ich  th e  
so lv a b ility  of th e  b o u n d a ry -v a lu e  p rob lem  d ep en d s on, a p rob lem  n o t to  be 
considered  here.

3.4. M ix e d  boundary-value problem fo r  the parabolic Pucher differential equation

T ak e  an  edge S  consisting  (in g round  p la n  p ro jec tion ) o f tw o  b o u n d a ry  
sec tions an d  S 2 w ith  no  com m on p o in t. A ssign  a d irec tion  i (u n it vecto r) 
to  each  p o in t of cu rv e  S 2. L et th e  value  o f  s tre ss  fu n c tio n  F  be g iven  b y  a 
fu n c tio n  rp on b o u n d a ry  S v  while th e  v alue  o f  th e  d e riv a tiv e  of s tre ss  fu n c tio n  
F  in  d irec tio n  i be g iven  b y  a func tion  гр on b o u n d a ry  S2. S o lu tion  o f b o u n d a ry - 
va lu e  p rob lem

£  F  =  — ,

F k  =  <P ■
dF
di

=  V
s,

(8a)

(8b)

has to  be fo und .
P ro b lem  (8a, b) h as  a un ique  tw ice c o n tin u o u s ly  d iffe ren tiab le  so lu tion  

in  th e  “ q u ad ra n g le ”  A  B C D  defined  b y  th e  en d  p o in ts  o f th e  b o u n d a ry  curves 
(F ig . 4a) if  co n d itio n s  a) to  h) u n d er 3.1 a re  sa tis fied , and  i f  d irec tio n  i is 
ta n g e n t to  th e  c h a ra c te r is tic  a t every  p o in t o f  b o u n d a ry  cu rv e  S 2.

N am ely , acco rd in g  to  cond ition  h), E q . (8a) can  be b ro u g h t to  a canon ica l 
fo rm . A fte r th is  tra n s fo rm a tio n , d irec tio n  i will be para lle l to  th e  r-a x is . 
The re su ltin g  p ro b lem  h as a un ique  so lu tio n  in  co n fo rm ity  w ith  i te m  (ii) in  
C h ap te r  3. T he so lu tio n  is tw ice c o n tin u o u sly  d iffe ren tiab le , since canon ica l 
tra n s fo rm a tio n  does n o t affect d iffe re n tia b ility  o f func tions in v o lv ed  in  th e  
cond itions.

N o co n d itio n  can  be p rescribed  on th e  b o u n d a ry  sections co n n ec tin g  p o in ts  
A  an d  D , В  an d  C, ly in g  on charac te ris tic s . T hese  edge p a r ts  h av e  to  be  fu lly  
su p p o rted .

C onsidering again  th e  exam ple of a cy lin d rica l shell u n d e r 3.2 (F ig . 5), 
u n d e r b o u n d a ry  co n d itio n s

F |Sl =  0 , dFjdx\s, =  dF/dn\s, =  0
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edges Sq an d  S2 of th e  cy lin d ric a l shell a re  free fro m  n o rm al forces, an d  sh ea rs , 
re sp e c tiv e ly . The b o u n d a rie s  be ing  s tra ig h t lines, even non-zero  n o rm a l an d  
sh e a r  fo rce  values m ay  be specified  fo r edges S 1 an d  S 2, resp. These b o u n d a ry  
c o n d itio n s  un iquely  d e te rm in e  th e  in te rn a l forces o f th e  shell. T hus, th e  shell 
is u n iq u e ly  in a m em b ran e  s ta te .

Fig. 6. a) Cone shell ground plan; b) shell surface cut out from a right circular cone; ©  fully 
supported edge part; ©  edge part free from shear forces

T h e  cone shell p ro b le m  u n d e r 3.3 (F ig . 6) becom es a p ro p e rly  posed  
p ro b le m  b y  in d ica tin g  th e  f ir s t  r a th e r  th a n  th e  th ird  b o u n d a ry  v a lu e  on 
b o u n d a ry  S j, lead ing  to  a m ix ed  b o u n d a ry -v a lu e  prob lem . U n d er c o n d itio n s

F |s, =  «11-RÏ — У2 +  b j j  +  U »

d if fe re n tia l  eq u a tio n  o f th e  cone shell has u n iq u e  so lu tions for a n y  fix ed  
c o n s ta n t  av  63, cv  c2. N ow , edge beam  o f edge w ill be v e rtica lly  su p p o rte d , 
a n d  ed g e  S 2 w ill be free  fro m  sh ea r forces R em em b er th a t  even non-zero  sh ea r 
fo rces on  c ircu lar arc  S 2 m a y  be specified . T h is p ro b lem  m ay  h av e  a so lu tio n  
since  b o u n d a ry  con d itio n s s a tis fy  co n d itio n  (iv) in  C h ap te r 3 fo r an y  c h a ra c 
te r is t ic .  N am ely , now :

th u s

x l =  0 , cc2 l ,  f t = i ,  ß 2 =  — , 

R ,, b =  R ,

(a — b)ß1ß2 +  oc1ß2 — x 2ß1 =  (Rj Ry
r 2

A p a r t  fro m  th e  case o f ro ta t io n a l  sy m m etry , th e  p rob lem  can  be so lved  for 
a n y  lo a d  excep t for R x 0, t h a t  is, if  also th e  cone v e r te x  belongs to  th e  dom ain  
o f d e f in itio n . N otice t h a t  in  th is  p rob lem  cu rv e  Sx m ay  be o th e r th a n  a c ir 
c u la r  a rc .
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In  th is  p rob lem , for R l ^  0, th e  cone m ay  alw ays be in  a  m em brane 
s ta te  b u t  b o u n d a ry  co n d itio n s fail to  u n iq u e ly  d e te rm in e  th e  in te rn a l forces. 
T he shell is no t in  u n iq u e  m em b ran e  s ta te .

A d m ittin g  th e  n o rm al force p o in tin g  in th e  d irec tio n  o f th e  ch a rac te ris tic s  
to  be d iscon tinuous a long  a f in ite  n u m b er o f c h a ra c te ris tic s , th e n  curves 
S j, S2, func tions cp an d  y> as well as load  fu n c tio n  g  m ay  on ly  be re q u ire d  piece- 
w ise tw ice c o n tin u o u sly  d iffe ren tiab le  r a th e r  th a n  tw ice co n tin u o u s ly  d iffe ren ti
able.

4. P roblem  o f a  closed edge curve

S im ilar to  h y p erb o lic  shells, cond itions p rescribed  on th e  closed edge 
cu rve  often  leads to  o v e rd e te rm in acy  in  p arab o lic  shell p ro b lem s. In  certa in  
cases, how ever, a so lu tio n  ex ists  even for closed edge cu rves.

A m ong n o n -se lf-in te rsec tin g , tw ice co n tin u o u sly  d iffe ren tiab le , closed 
curves in  th e  m idd le  su rface  of th e  shell, le t us consider th o se  in te rse c te d  in  a 
m in im um  of po in ts  b y  a sy m p to tic  lines ( th e ir  p ro jec tio n s  on th e  x y  p lane  are 
th e  c h a rac te ris tic s). T hese cu rves m ay  be fu n d a m e n ta lly  o f tw o  k inds. One 
ty p e  of curves is n o t in te rse c te d  b y  an y  asy m p to tic  line  o f th e  su rface , b u t 
if  one does, th e n  a t  tw o  p o in ts , a p a r t  from  th e  c o n ta c t p o in ts . C urves of th e  
o th e r ty p e  are  in te rse c te d  by  an y  asy m p to tic  line a t  e x a c tly  one p o in t. This 
ty p e  only  occurs fo r cy linders an d  cones o f closed d ire c tr ix .

4.1. In it ia l-va lue  problem fo r  a closed boundary curve

Be b o u n d a ry  S  th e  g round  p lan  p ro jec tio n  of a closed cu rv e  o f th e  f irs t 
ty p e , th en  — co n d itio n s b) and  c) in  C h ap te r 2 n o t b e ing  sa tis f ied  — in itia l- 
v a lu e  prob lem  (5a, b) has no so lu tion . T his is w h y  no cy lin d rica l or cone shell 
w ith  a free-edged open in g  can  be in  a m em b ran e  s ta te .

Be b o u n d a ry  S  th e  g round  p lan  p ro jec tio n  of a cu rv e  o f th e  second ty p e  
an d  also be co n d itio n s e) to  h) in  C h ap te r 2 sa tis fied , th e n  in itia l-v a lu e  p roblem  
(5a, b) has a u n iq u e  so lu tio n . F o r in s tan ce , a closed cone shell (F ig . 7a) w ith

Fig. 7. a) Cone shell with closed directrix; b) cylindrical shell with closed directrix; ©  free
edge; ©  fully supported edge
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a  free  s p a tia l  curve edge a t  o n e  en d  sa tisfy in g  co n d itio n s in  C h ap te r  2 m ay  be 
in  u n iq u e  m em brane s ta te . O f co u rse , no cond itions m ay  be p rescribed  on th e  
o th e r  sh e ll edge. H ere th e  ed g e  b eam  has to  c a rry  a n y  in te rn a l  force. In  F ig . 
7a , th e  u p p e r  edge is q u ite  fre e , an d  th e  low er one is fu lly  su p p o rte d , h u t  it  
m a y  a lso  be reversed : th e  u p p e r  edge fu lly  su p p o rte d  an d  th e  low er one free. 
F o r  a  tw o -v a lu ed  m idd le  su rfa c e  fu n c tio n  (such as fo r a h o riz o n ta l cy linder 
o r c o n e ), cond itions b) an d  c) in  C h ap te r 2 do n o t seem  to  be sa tisfied . The 
edge c u rv e  (in pro jec tion) is in te rse c te d  a t  tw o  p o in ts  b y  th e  c h a rac te ris tic s , 
a n d  is  ta n g e n t to  those  on th e  co n to u r. C ondition  b) m ay  be sa tisfied  by  
s e p a ra te ly  hand ling  low er a n d  u p p e r  po in ts of th e  su rface . N ow , b o u n d a ry  curve  
p a r t s  b e lo n g in g  to  th e  low er a n d  u p p e r  surface p a r t ,  w ill each  be in te rse c te d  
b y  th e  ch a rac te ris tic s  a t  a sing le  p o in t. C ondition  c) w ill be rep laced  b y  th e  
re q u ire m e n t  th a t  no a sy m p to tic  lin e  m ay  be ta n g e n t to  th e  rea l edge curve  S 
(on  th e  m idd le  surface) of th e  shell. These co n d itio n s a re , how ever, n o t y e t 
s u f f ic ie n t fo r th e  shell to  be in  m em b ran e  s ta te . T he shell w ill be in  a  m em b ran e  
s ta te  u n d e r  loads (ac tu a lly , o f  tw o -v a lu ed  fu n c tio n ) such  th a t  sh ea r forces 
a n d  a n n u la r  norm al forces a lo n g  th e  ju n c tio n  line (ch a rac te ris tic ) of th e  low er 
a n d  u p p e r  shell p a r t  are in  eq u ilib riu m . T his co n d itio n  is alw ays sa tisfied  for 
e .g . c y lin d ric a l shells (F ig . 7b) i f  a long  th e  ju n c tio n  c h a ra c te r is tic , load  function  
g  w i th  i t s  f ir s t  deriv a tiv es  is  b o u n d e d . In  case o f u n b o u n d e d  loads (e.g. self 
w e ig h t)  th e  P ucher e q u a tio n  is u n if i t  to  ascerta in  th e  ex is ten ce  of th e  m em b ran e  
s ta te .  N o w  reduced  in te rn a l  fo rces are  ad v isab ly  rep laced  b y  re a l ones and  
th e  p ro b le m  exam ined  in  a n a tu r a l  coo rd in a te  sy s tem  [10], is n o t to  be consid 
e red  h e re .

4.2. Boundary-va lue  problems fo r  closed boundary curves

4 .2 .1 . F o r th e  f irs t  b o u n d a ry -v a lu e  p rob lem , no  com m on p o in t of b o u n d 
a ry  c u rv e s  S 1 and  S2, th e  c o n d itio n s  w ere specified  fo r, w as s tip u la te d , in  
o rd e r  t h a t  b o u n d a ry  va lu es  c a n  be  given se p a ra te ly  fo r b o u n d a ry  curves Sx 
a n d  S 2. N am ely , if  th e y  h a v e  a  com m on p o in t, i t  w ill be com m on even  a fte r  
c a n o n ic a l tran sfo rm a tio n . T h u s , a long  th e  c h a ra c te r is tic  passing  th ro u g h  th is  
p o in t  d e te rm in a n t u n d e r (i) in  C h ap te r 3 is zero, hence  a t  th is  p o in t and 
a lo n g  th e  ch a rac te ris tic  p a ss in g  th ro u g h  it ,  th e re  is e ith e r  none or no un iq u e  
so lu tio n . T his considera tion  w o u ld  involve th a t  p o in ts  A  an d  £), В  an d  C 
in  th e  so lu tio n  dom ain  in  F ig . 4 a  m a y  be in fin ite ly  close b u t  n o t co inc iden t. 
A  f u r th e r  s tip u la tio n  fo r th e  sa k e  o f so lvab ility , w as to  h a v e  no c h a ra c te ris tic  
t a n g e n t  to  th e  b o u n d a ry  c u rv e s . A ccordingly , i f  th e  b o u n d a ry  is g round  
p la n  p ro je c tio n  of a closed c u rv e  ty p e  1, th e n  v a lu e  o f s tre ss  fu n c tio n  F  can  
be  p re sc r ib e d  on th e  cu rv e , sav e  a t  co n tac t p o in ts  (F ig . 8a).

T h is  is n o t qu ite  t r u e  fo r  p ra c tic a l p rob lem s. T h e  s tress fu n c tio n  is 
r e q u ire d  to  be con tinuous also  a lo n g  th e  b o u n d a ry , th u s ,  in  th e  com m on p o in t
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Fig. 8. a) Closed edge curve of the first type; b) Parabolic cylinder over elliptic ground plan

of a n d  S 2, th e  b o u n d a ry  values h a v e  to  h e  id en tica l. T hus, th e re  ex is ts  a 
so lu tio n  a lo n g  th e  ch a rac te ris tic  p a ss in g  th ro u g h  th e  com m on b o u n d a ry  
p o in t, b u t  o u ts id e  i t  th e  so lu tion  will n o t  be  u n iq u e , irre lev an t to  o u r  p ro b lem  
w here th e  so lu tio n  is sough t for in  th e  b o u n d e d  dom ain  su rro u n d e d  b y  th e  
b o u n d a ry  cu rv es , an d  its  behav iou r o u ts id e  th is  dom ain  is u n im p o r ta n t . T h u s 
th e  ex is ten ce  o f a ch a rac te ris tic  along w h ich  th e  so lu tion  is n o t u n iq u e  b u t  on ly  
a t one p o in t is irre le v a n t. Also b o u n d a ry  cu rves and  S2 m ay  be  p e rm itte d  
to  be ta n g e n t to  a  ch a rac te ris tic  a t  th e  com m on p o in t. N ow , b a se d  on th e  
co n tin u o u s  d iffe re n tia b ility  of stress fu n c tio n  F ,  m erely  id e n tity  o f  d e r iv a tiv e s  
of b o u n d a ry  v a lu e  fu n c tio n s given on a n d  S2 a t  th e  com m on c o n ta c t  p o in t 
has to  be re q u ire d . F o r th e  sake o f a tw ice  c o n tin u o u sly  d iffe ren tiab le  so lu tio n , 
id e n ti ty  o f b o th  f ir s t  an d  second d e r iv a tiv e s  o f th e  quo ted  fu n c tio n s  a t  th e  
com m on c o n ta c t p o in t has to  be req u ired .

N ow , a h o riz o n ta l parabo lic  shell o v e r an  ellip tic  g round  p la n  su b je c te d  
to  a v e r tic a l lo ad  is in  un ique  m em b ran e  s ta te  i f  cond ition  F ls =  0 is specified  
all a ro u n d  th e  b o u n d a ry  (Fig. 8b) [1].

T h e  shell edge m ay  also consist o f  tw o  closed curves o f ty p e  2 , w ith  no 
com m on p a r t .  P ro v id e d  cond itions u n d e r  3.1 are  sa tisfied  — w ith  co m p le tio n s  
u n d e r 4.1  fo r edge curves — th e n  th e  sh e ll m a y  he in  m em brane s ta te  even  for 
closed edge cu rv es. F o r in stan ce , cy lin d ric a l an d  cone shells in  F ig . 7 a re  in
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Fig. 9. Cone shell over rectangular ground plan

Fig. 10. Cylindrical shell; a) ground plan; b) axonometric view; (3) edge part with fully 
supported edge beam; (4) edge part free from  shear forces

m e m b ra n e  s ta te  if  th e ir  edges (7) an d  (? ) a re  b o rd e re d  by  an  a n n u la r  c losed  
edge b e a m  v e rtic a lly  su p p o rte d . N ow , s tress fu n c tio n  values on th e  b o u n d a rie s  
h a v e  to  b e  specified  so as to  re su lt in  s e p a ra te  p la n e  curves. Cone has, in  f a c t ,  
its  lo w e r edge su p p o rted , b u t  som e v e r tic a l fo rces h av e  also to  he ap p lied  on 
th e  to p  edge so th a t  th e  to p  edge ring  be a fu n ic u la r  cu rve  of th e  app lied  forces. 
In  an  e x tre m e  case, th e  to p  edge rin g  m ay  sh r in k  to  a po in t, th e  cone v e r te x , 
p ro v id e d  fo r  b y  th e  non-zero  d e te rm in a n t u n d e r  (i) in  C hap ter 3. F o r in s ta n c e , 
even  a  co n e  w ith  a v e rtic a l ax is over a  po ly g o n a l g ro u n d  p lan  (F ig. 9) m a y  be  
in  m e m b ra n e  s ta te  if  po lygon corners are  ro u n d e d  off, and  th e  closed edge 
b e a m  is  v e r tic a lly  su p p o rted . M em brane s ta te  o f  th e se  shells is, in  g en e ra l, 
n o t u n iq u e , since th e  b o u n d a ry  co n d itions in v o lv e  free co n stan ts .

4 .2 .2 .  The second boundary-value problem , and  th e  case we s tu d ie d  o f  
the th ird  boundary-value problem  h av e  no u n iq u e  so lu tio n  for closed b o u n d a ry  
cu rv es .

4 .2 .3 .  M ixed  boundary-value problems , in  g en era l, have a so lu tion  ev en  fo r 
closed  b o u n d a ry  curves. L e t us consider th e  g ro u n d  p lan  of th e  cy lin d e r in  
F ig . 5 a . B e b o u n d a ry  S2 f ix ed , an d  b o u n d a ry  assu m ed  to  have its  end  p o in ts  
co m m o n  w ith  tho se  o f S2 (F ig . 10a), in te rse c te d  a t  m ost once b y  each  c h a ra c 
te r is t ic , a n d  be i t  tw ice c o n tin u o u sly  d iffe re n tia b le . L e t us prescribe th e  v a lu e  
o f s tre s s  fu n c tio n  F  on cu rve  Sx, an d  th e  v a lu e  o f no rm al d e riv a tiv e  clFjilx  
on s t r a ig h t  line  S2. T his p rob lem  has a u n iq u e  so lu tio n , since d e te rm in a n t u n d e r  
(ii) o f  C h a p te r  3 w ill be non-zero  fo r an y  c h a ra c te r is tic . T hereby  edge S x m a y
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be re q u ire d  to  h a v e  a v ertica lly  s u p p o r te d  edge beam , edge S 2 to  be free from  
sh ea r forces, a n d  th e  shell will be in  m e m b ra n e  s ta te  (Fig. 10b). T h e  m em b ran e  
s ta te  is, how ever, n o t un ique because  o f  th e  free co n stan t in  th e  b o u n d a ry  
co n d itio n s. U n iq u en ess  is only possib le  i f  Sj and  S 2 n o rm ally  jo in  a t  one of 
th e  end  p o in ts . O therw ise , a non-zero  sh e a r  force value m ay  be sp ec ified  on 
edge S 2.

A sim ila r p ro b lem  m ay  be s ta te d  fo r  a  cone shell. L et us co n sid e r th e  
cone g round  p la n  in  F ig . 6a. Be edge S 2 f ix e d , and  assum e edge Sj to  be as 
befo re , lead ing  to  th e  g round p lan  in  F ig . 11a. L et us specify th e  F  v a lu e  on 
cu rv e  S v  an d  th e  va lu e  of th e  lin ea r  c o m b in a tio n

i)F

dn
F

on c ircu la r a rc  S 2. A lso th is  p rob lem  h a s  a  u n iq u e  solu tion , d e te rm in a n t un d er 
(iv) o f C h ap te r  3 b e ing  non-zero fo r a n y  ch arac te ris tic , n am ely  n o w :

^ 9 ^ 2  1  9 ßx --  ^ ’ / ^ 2  --  9 H 9 6  -- R 2
R 0

and

(a — b)ßl ß2 +  oo1ß 2 ~  ac2ßl
R 9

Q u o tien t a /R 2 w ill be, how ever, n o n -ze ro  for any  possible a v a lu e , hence 
also fo r a =  R 2. A lso in  th is  p ro b lem , edge beam  of Sx m ay  be re q u ire d  to  be 
v e rtic a lly  s u p p o r te d , an d  edge S 2 to  be  free  from  shear forces (F ig . l i b ) .  
A lso non-zero  sh e a r  forces m ay  be sp ec ified  fo r edge S2. F ree  c o n s ta n t  invo lved  
in  th e  b o u n d a ry  co n d itio n  causes as a  ru le  non-uniqueness o f th e  m em b ran e  
s ta te . U n iqueness is only  possible if  S x a n d  S 2 norm ally  jo in  a t  one o f  th e  end 
p o in ts .

Fig. 11. Cone shell; a) ground plan; b) axonometric view; ©  edge part with vertically supported 
edge beam; ®  edge p art w ith no shear forces
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M ix ed  b o u n d a ry -v a lu e  p ro b lem  u n d e r 3.4 c a n  be ex tended  to  cy lin d e rs  
o r c o n es  o f  closed d ire c tr ix . N ow , ac tu a l shell edges and  S2 (curves 
a n d  S 2 b e in g  p ro jec tions on th e  p lan e  x y ) h av e  to  be  tw ice  con tinuously  d iffe r
e n tia b le  closed  curves in te rse c te d  b y  an y  a sy m p to tic a l line a t a single p o in t 
a n d  n o n  ta n g e n t to  a n y  a sy m p to tic a l line.

S u p p le m e n tin g  th e  cone g ro u n d  p lan  in  F ig . 6a to  a fu ll c ircu la r r in g , 
a c c o rd in g  to  th e  above an d  to  th o se  u n d e r 3 .4 , cone edge m ay be re q u ire d  
to  b e  v e r t ic a l ly  su p p o rted , a n d  edge S 2 to  be free  fro m  sh ear forces. N am e ly , 
d e te rm in a n t  u n d e r (iv) in  C h a p te r  3 w ill be R J R z  hence non-zero fo r a n y  
c h a ra c te r is t ic .  I t  w ill on ly  be  zero  fo r _RX =  0 hen ce  a  fu ll ra th e r  th a n  a  t r u n 
c a te d  co n e . T hus, a full cone o v e r c ircu lar g ro u n d  p la n  w ith  a vertex  h av in g  a 
p ro je c tio n  on th e  g round  p la n  co inciden t w ith  th e  cen tre  of th e  circle a n d  
e x p o se d  to  v e rtic a l loads, c a n n o t be k e p t in  e q u ilib riu m  b y  norm al fo rces 
(o f g e n e ra tr ix  d irection) a c tin g  on th e  edge. E q u ilib r iu m  is know n to  be possib le  
in  t h a t  ex cep tio n a l case i f  r e s u l ta n t  from  o u te r  fo rces passes th ro u g h  th e  v e r 
te x . I n  th is  case, how ever, th e  p ro b lem  becom es a  s ta tic a lly  in d e te rm in a te  one, 
th e  s t a t e  o f  equ ilib rium , i.e . th e  m em b ran e  s ta te  o f  th e  shell is n o t a u n iq u e  
one. U n iq u e  so lu tion  is o n ly  possib le  if  b o th  th e  cone an d  th e  o u te r lo a d , 
h en ce  a lso  th e  stress fu n c tio n  are  ro ta tio n a l sy m m e tric .
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Über die Existenz- und Eindcutigkeitshedingungen des Membranzustandes der Schalen. 
II. Parabolische Schalen. — In diesem Aufsatz wird die Frage behandelt, welche Stützbedin
gungen an  Rändern einer Schale unter lotrechten Lasten von beliebiger Verteilung vorge
schrieben werden sollen oder dürfen, damit die Schale in statisch bestimmten Membranzustand 
sei. Der früher erschienene erste Teil dieses Aufsatzes untersuchte die Existenz- und Eindeutig
keitsbedingungen der Lösung der Membranschalengleichung für hyperbolische Schalen. 
Dieser zweite Teil ist eine Fortsetzung der Untersuchungen an parabolischen Schalen.
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P re fa to ry  no te

General problems o f  build ing in  developing countries

B efore expound ing  o u r p ro p o s itio n  for a bu ild ing  tech n o lo g y  fo r m ass- 
liousing  in  su b tro p ica l or a rid  tro p ic a l a reas i t  seems im p o r ta n t to  co n c e n tra te  
h ere  as a  p re lim in ary  on one to p ic , t h a t  is the problem o f  build ing in  developing  
countries. T h is them e has been d e a lt w ith  m an y  tim es a t d iffe ren t in te rn a tio n a l 
congresses an d  sym posia. A lm ost fif te en  y ea rs  ago a t  a congress in  C openha
gen G u n n a r M y r d a l  in  his open in g  ad d ress , e n titled  “ N eeds V ersus C ap ac ity ” , 
w ro te  as follow s: “ W e need m ore  an d  b e t te r  shelter. This is th e  cha llenge  of 
h u m a n ity  to  bu ild ing  resea rch  an d  th e  in d u s try .”  T hen, la te r  h e  co n tin u ed : 
“ A ll th is  now  adds u p  to  an  eno rm o u s d em an d  for c o n s tru c tio n , a dem and  
t h a t  is c o n s ta n tly  rising  an d  te n d s  to  overw helm  an y  rise in  b u ild in g  c a p a c ity ” .

T hese  are  clear w ords an d  n o th in g  can  be added to  th e m . A s we all 
kno w  th e  s itu a tio n  so fa r in  m a n y  develop ing  coun tries has even  g row n  worse 
a n d  one c a n n o t help feeling a  so r t o f uneasiness, th a t  we m ay  e a s ily  w itness 
ag a in  to  a  new  decade o f f ru s tra tio n .

W e th in k  it  is an  im p o r ta n t  ta s k  of in te g ra te d  tech n o lo g ica l, econom ic 
a n d  social research  to  rean a ly se  in  its  rea lly  com plex in te rd e p e n d e n c e  th e  
fu n d a m e n ta l in n e r c o n tra d ic tio n  o f b u ild in g  in  developing c o u n tr ie s , w hich 
is v e ry  o ften  and  m islead ingly  sim p lified  b y  th e  cliche “ c ap ita l- in ten s iv en ess  
v e rsu s  lab o u r-in ten siv en ess” .

W e a ll know  th a t ,  considered  from  th e  social and  econom ic  p o in t of 
v iew , th e  ty p e  and  e x te n t of b u ild in g  n ecessary  in  th e  develop ing  a re a s  c rea tes 
a fu n d a m e n ta lly  new techno log ica l p ro b lem , a problem  rea lly  u n p re c e d e n te d

* This report was compiled by the Institu te for Building Constructions, Faculty of 
Architecture, Technical University Budapest on the invitation of the Industrial Operations 
Division UNIDO Vienna. The theme was elaborated by Mihály P á r k á n y i  D. Sei. and his 
co-workers: Dr. L. H a j d ú , J .  B a r c z a , M s . R .  K ö v e s d i  and L. R a j k . Consultants were 
Prof. L. G á b o r  academician, A. Z ö l d  C. S c . ,  L. G a r a y  C. Sei.

**Dr. М. P á r k á n y i , Kandó K. u. 6., H —1027 Budapest, Hungary

Acta Technica Academiae Scientiarum Hungaricae 92, 1981



90 PÁRKÁNYI, M.

in  h is to ry  of m ank ind , th e  so lu tio n  of w hich c a n n o t be  d ire c tly  derived  from  th e  
ex p erien ce  of developed n a tio n s . The recogn ition  o f  th is  fa c t, how ever, can  by  
no  m ean s be eq u iv a len t to  o u r  accepting  th e  v iew  t h a t  tra d itio n a l m eth o d s 
can  show  us a w ay o u t, i t  is also  no t eq u iv a len t to  accep tin g  th e  v iew  th a t  
te c h n o lo g y  desp ite  its  p re d o m in a n t role in  th e  w o rld  o f to d a y , is n o t a p p ro 
p r ia te  to  th e  needs of d ev e lo p in g  countries. I t  is o u r  f irm  conviction  th a t  th e  
m a jo r  b re a k th ro u g h  in  m ass-p ro d u c tio n  of ho u sin g  w ill com e from  th e  te c h n o 
lo g ica l fie ld .

W e com pletely  k n o w  t h a t  research  in  itse lf , is  n o t a so lu tion  to  th ese  
p ro b le m s, and  th a t  th e re  is n o  solution in  t r a n s p la n ta t io n  of research  an d  
te c h n o lo g y  and  ex is tin g  re a d y -m a d e  so lu tions f ro m  one group of co u n trie s  
to  th e  o th e r, b u t we d e f in ite ly  d o u b t th e  view  — p ro c la im ed  by  so m an y  to d a y  
— t h a t  th e  ad eq u a te  h o u s in g  s itu a tio n  can o n ly  a n d  exclusively  be solved b y  
an  economic revolution, f i r s t ly  because i t  m a y  t r a n s p la n t  th e  search  fo r a 
so lu tio n  in to  an u n k n o w n , p e rh a p s  d is tan t fu tu re  a n d  m ay  ten d , as a  re su lt 
o f  o u r  su b seq u en t f ru s tra t io n s ,  to  a loss o f f a i th  in  engineering  in g en u ity , 
a n d  second ly  because w e th in k  th a t  th e  technological possibilities  in th is  p a r t ic 
u la r  fie ld  have no t y e t  b een  explo ited  by  a  lo n g  w ay.

Considera tions: Analysis  o f  requirements

T h e  reason w hy th e  s itu a tio n  in th e  f ie ld  o f  co n s tru c tio n  has grow n so 
m u c h  w orse in  course o f th e s e  y ears , w hy th e  ch a llen g e  ev er since rem ain ed  an 
a lm o s t insoluble p ro b lem , becom es im m ed ia te ly  e v id e n t i f  we t r y  to  ana lyse  
a t  le a s t th e  m ost im p o r ta n t  req u irem en ts  to  be s a tis f ie d  b y  a bu ild ing  te c h n o l
ogy  i f  i t  is really  su p p o sed  to  be applicable to  c o n d itio n s  in  developing a reas, 
b o th  from  techno log ica l a n d  from  social, econom ic  p o in ts  of view.

F ro m  th e  technological p o in t of view, i t  is e x tre m e ly  im p o rta n t th a t  th e  
te c h n o lo g y  to  be ap p lie d , on  th e  one h an d , be in d u s tr ia liz e d  to  be ab le  to  
cope w ith  problem s o f m ass-co n stru c tio n ; on th e  o th e r  han d , bu ild  on th e  
e x is tin g  fo u nda tions; b e  b a se d  on the  use o f loca l m a te ria ls ; be a d a p ta b le  to  
v a r ia b le  a rc h ite c tu ra l a n d  fu n c tio n a l req u irem en ts  in c lu d in g  housing, schools, 
c o m m u n ity  cen tres, in d u s tr ia l  w orkshops e tc . in  u rb a n  a n d  ru ra l areas as w ell; 
be ap p licab le  to  v a r ia b le  geographic and  c lim a tic  cond itions ran g in g  from  
e a r th q u a k e  safeness u p  to  ad v an tag eo u s b u ild in g  p h y s ica l p ro p ertie s ; in  one 
w o rd : be as open as p o ssib le , th a t  is to  e s tab lish  a n  open  system  in d u s tr ia l
iz a tio n .

F ro m  th e  social p o in t o f view, w hen in tro d u c in g  th e  techno logy  i t  is 
e q u a lly  im p o rta n t t h a t  d u e  a tte n tio n  be p a id  to  th e  use o f re la tiv e ly  unsk illed  
la b o r , t h a t  only a few  en g in ee rs  and techn ic ians b e  n eed ed ; to  help th e  w o rk er 
to  leav e  th e  b ack w ard  w o rld  o f trad itio n a l b u ild in g  th u s  m aking  new  h an d s  
g e t u sed  to  m achines a n d  ac q u ire  the  reflexes a n d  m e n ta li ty , w hich help  th e m
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to  e n te r  in to  th e  m odern  w orld; to  s t im u la te  grow th of c e n tre s  o th e r  th a n  
c itie s ; to  c re a te  fie lds w here self-help  c a n  be applied  as one o f  th e  m ean s of 
so lv ing  p rob lem s o f m ass-housing  on th e  sp o t;  e tc . etc.

F ro m  th e  economic p o in t o f v iew , i t  is alm ost a p re c o n d itio n  th a t  the  
te ch n o lo g y  shou ld  n o t be bound  to  a b u i l t  o u t in fra s tru c tu re , in  o th e r  w ords: 
to  av o id  req u ir in g  huge p lan ted  fa c to r ie s ; to  e lim inate  th e  use o f  h e a v y  t r a n s 
p o r ta t io n  fac ilities , tra ile rs , c ranes a n d  o th e r  soph istica ted  e q u ip m e n ts ; to  
p ro m o te  an  easy  tra n s itio n  from  p re se n t tra d it io n a l  m ethods to  fu tu re  m ech an i
z a tio n ; to  s tim u la te  new  m ethods o th e r  th a n  concen tra tion  fo r th e  o rg an iza
tio n  o f  b u ild in g  a c tiv ity  in d ev e lop ing  co u n trie s ; and, la s t b u t  n o t  le a s t, to  
ach ieve  an  e x trem e ly  s ign ifican t re d u c tio n  of costs in each in d iv id u a l field 
s ta r t in g  from  in v es tm en t costs up  to  th e  v e ry  cost of b u ild in g , e tc .

Conclusion: O utline o f  problem-solving

T o p o s tu la te  req u irem en ts  of a  b u ild in g  technology is a lw ay s  a  re la tiv e ly  
“ s im p le r”  ta sk , th e  basic d ifficu lty  in  tech n o lo g y  spells p ro b lem -so lv in g , th a t  
is to  re p ly  th e  q u estio n  of how to  re a c h  th e  aim  requested , w h a t  we h av e  to  
do to  ca ll in to  being  a t least th e  p re c o n d itio n s  of th e  ap p licab ility  o f  a bu ild ing  
tech n o lo g y . B earin g  in  m ind, th a t  th e  a d a p ta b ili ty  of a b u ild in g  techno logy  
to  d eve lop ing  co u n trie s  can  only  be sca led  b y  th e  degree w ith  w h ich  i t  satisfies 
th e  m an ifo ld  an d  often  c o n tra s tin g  d e m a n d s  enum erated  ab o v e , we se t out 
fro m  a  th o ro u g h  analysis o f th e  c o n te m p o ra ry  build ing  tech n o lo g ies . T h is  lead 
us to  in te re s tin g  resu lts . The analy sis  o f  th e  ex isting  in d u stria liz ed  technologies, 
n a m e ly , c learly  p roved  th a t  th e re  is n o n e  am ong them , w hich  cou ld  in  itse lf 
m ee t a t  least th e  m a jo rity  of th e  d e m a n d s , and  th is  was th e  re a so n  th a t  called 
o u r a t te n tio n  m an y  years ago to  lo o k in g  fo r basically neiv b u ild in g  m eth o d s for 
so lv in g  p rob lem s of m ass-housing  in  th e s e  areas.

N ow , in  o rd e r to  estab lish  a  fu n d a m e n ta lly  new b u ild in g  techno logy  
cap a b le  of m ee tin g  all th e  re q u ire m e n ts , -we s ta rte d  ou t from  a  fu n d a m e n ta l 
law  in  tech n o lo g y  accord ing  to  w h ich  estab lish in g  a real re v o lu tio n a ry , th a t  
is q u a lita tiv e  change in  techno logy  is a lw ay s equ ivalen t to  c re a tin g  an  axiom 
atic change, w h ich  in tu rn , is c h a ra c te r iz e d  by carry ing  o u t  th e  p rincip le  
o f do in g  “ the same thing in  a d iffe ren t w a y " . T hus we knew  fro m  th e  very  
b eg in n in g , th a t  i t  w as n o t th e  f u r th e r  developm ent b u t th e  tra n s fo rm a tio n  
o f  th e  old, t h a t  w ould  ch a rac te rize  th e  ax iom atic  change. T h e  G u ten b erg  
ty p o g ra p h y , th e  p rin tin g  from  m o v a b le  ty p e s  is no m ore a  f u r th e r  develop
m e n t o f h a n d w ritin g  as a gun is a f u r th e r  developm ent o f th e  a rro w , and  -  
acco rd in g ly  th e  solu tion  we e la b o ra te d , the non-lectonic system , t h a t  is th e  
fu n d a m e n ta lly  new  build ing  m eth o d  is  not a further development but a transform a
tion  o f  industria liza tion  o f  build ing, as w ill be expounded a n d  il lu s tra te d  on 
th e  fo rth co m in g  pages.
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F ir s t  we in tro d u c e  in  v e ry  b ro ad  lines th e  th e o re tic a l and  sc ien tific  
fo u n d a tio n s  of th e  sy s tem  (S ection  1), th is  is fo llow ed  b y  a b rief rep o rt on th e  
te s ts  c a r r ie d  o u t an d  th e  re su lts  achieved (S ec tio n  2 ), th e  fina l section  is  a  
su m m a ry  o f  th e  a d v a n ta g e s  an d  in h e ren t p o ss ib ilitie s  of th e  n o n -tec to n ic  
sy s te m s .
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Section  1

TECTONIC STRUCTURES

THE PRINCIPLE OF TECTONICS: 
BUILDING WITH LOADBEARING 
STRUCTURAL ELEMENTS

NON-TECTONIC SYSTEMS 

B reaking  with Tectonics

A s we all know , b o th  tr a d itio n a l 
a n d  in d u s tr ia liz ed  b u ild in g  as a process 
is b a se d  on th e  axiom  o f  tectonics. This 
s im p ly  m eans th a t  y o u  f i r s t  p u t  dow n 
a n  e lem en t (i.e. a piece o f s to n e , a 
m a n u fa c tu re d  large p an e l) s tro n g  
en o u g h  to  su p p o rt a lo a d  a n d  th en  
y o u  p lace  on i t  a n o th e r  e lem en t (a 
b e a m , a  m an u fac tu red  flo o r s lab , etc.) 
to  be  su p p o rted .

T h e  princip le  of b u ild in g  w ith  load- 
b e a r in g  s tru c tu ra l e lem en ts , in  o th e r 
w o rd s : th e  sim ple p rin c ip le  o f p u ttin g  
lo a d -b e a rin g  — i.e. tectonic  — struc
tu ra l  e lem ents on one a n o th e r  (acco rd 
in g  to  a ce rta in  o rder, o f co u rse), th is  
is  th e  essence o f every  tectonic  s tru c tu re , 
be  i t  tra d itio n a l or in d u s tr ia liz e d .

In  traditional tectonic s tru c tu re s  em 
p h a s is  is on th e  lo ad -b ea rin g  e lem ents 
a n d  irre sp ec tiv e  w h e th e r th e y  are f i 
n a lly  sh ap ed  in  form  an d  size (i.e. bricks) 
o r  n o t  f in a lly  shaped  (i.e. pieces of 
s to n e ) th e y  are a lw ays in d iv id u a lly  
w o rk ab le  and  have an  im m e d ia te  load- 
bearing  c ap ac ity , th e re fo re , a rc h ite c 
tu r a l  v a r ia b ility  is ju s t  b o u n d less  (as 
p ro v e n  by  h is to ry  o f tr a d i t io n a l  b u ild 
ing ) because i t  is c re a te d  th ro u g h  a d 
d i t iv i ty  of in d iv id u a lly  workable  tec to n ic  
e lem en ts .

M anufactured  tectonic sy s tem s p u t 
th e  em phasis  on th e  u su a l m a n u fa c tu re  
o f  th e  com ponen ts of th e  load-bearing  
s t ru c tu re  (such as b eam s, p an e ls , box- 
u n its ,  e tc .) an d  since all th e se  e lem ents 
a re  f in a lly  shaped  in  fo rm  an d  size,
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NON TE C TO N IC  STRUCTURES

THE PR IN C IPL E OF SURFACE: 
BUILDING WITH NON-LOADBEARING 
SURFACE ELEMENTS

th e re fo re  a rc h ite c tu ra l v a r ia b ili ty  is 
v e ry  l im ite d  (as p roven  b y  p ra c tic e )  
because i t  can  only be based  on th e  
a d d itiv ity  o f  in d iv id u a lly  um vorkable  
tec to n ic  b u ild in g  com ponents.

T he non-tectonic  system s b re a k  w ith  
th e  ax io m  o f tec to n ics  an d  s u b s t i tu te  
i t  for th e  p rin c ip le  o f  surface. T h is  
sim ply  m ean s th a t  in stead  of w o rk in g  
w ith  s t ru c tu ra l  elem ents, th e y  w o rk  
w ith  su rface  elem ents.

*
The surface elements of the loadbearing 

structure are of low specific gravity (they are 
mostly made of gypsum) consequently they 
have no carrying capacity; they are very thin, 
after all they are skin construction conse
quently they have no immediate stability either. 
In brief: they are non-loadbearing, non-tectonic 
elements to be kept in position by simple re- 
gainable auxiliary structures during concreting.

As a consequence of the moisture absorbing 
capacity of the gypsum, the concrete — 
poured into the very thin cavities and channels 
arising between the surface elements — becomes 
stabilized almost immediately: if freezes on 
the gypsum.

The new — non-tectonic — construction aris
ing as a result of this process is a light-weight, 
silicate-based, rigid, monolithic r.c. structure 
and as such it is really unique in the industrial
ized building.

*

The p rin c ip le  of bu ild ing  w ith  n o n 
lo ad b ea rin g  su rface  elem ents, in  o th e r  
w ords: th e  sim ple p rincip le  of v e r t ic a l  
and  h o riz o n ta l a lignm en t of n o n -lo a d 
bearin g  — i.e . non-tectonic — surface  
e lem ents n e x t  to  one an o th e r (a c c o rd 
ing to  a c e r ta in  order, of course) a n d  
u n itin g  th e m  in to  a m onolith ic  s t ru c tu re  
(th ro u g h  p o u rin g  concrete  in to  th e  
cav itie s  a n d  ch anne ls arising  b e tw e e n , 
w ith in  or on to p  of these  surface e le 
m ents) — th is  is th e  essence of e v e ry  
non-tectonic  s tru c tu re , be i t  done b y  
h a n d ic ra f t fo rm s of p ro d u c tio n  or b y  
an y  h ig h er level of in d u s tr ia liz a tio n .

Acta Technica Academiae Scientiarum Hungaricae 92, 1981



NON-TECTONIC SYSTEMS 95

C hanging the p rin c ip les  o f  design , m anu facture  and construction

T he ch an g e-o v er from  th e  p re se n t te c to n ic  s tru c tu re s  to  n o n -te c to n ic  
sy stem s is a rea l ax io m a tic  change, w hich co m p le te ly  transfo rm s each  in d iv id u a l 
p rin c ip le  of design , m a n u fac tu re  and  c o n s tru c tio n , and  th e reb y  — as w e shall 
see — i t  tra n s fo rm s  a t  th e  sam e tim e  th e  v e ry  s tru c tu re  of b u ild in g  in d u s try  
as well.

THE AESTHETIC NEUTRALITY

1. Principles o f Design

a. Som e architectural aspects: 
— the aesthetic neutra lity

T h e  p rincip le  of b u ild in g  w ith  n o n 
lo a d b e a rin g  surface e lem en ts  changes 
f i r s t  o f  all th e  architectural a sp e c t of 
in d u s tr ia liz a tio n  of b u ild in g . T h e  ele
m e n ts  o f th e  fin ished  su rfa c e , n am ely  
a re  ab so lu te ly  neutral from  a n  a e s th e tic , 
a rc h ite c tu ra l  p o in t of v iew . T h e  non- 
te c to n ic  elem ents w ith  th e i r  glass- 
sm o o th  surface on th e ir  f in a l  v isib le  
s id e  n e v e r “ b e tra y ”  w h a t th e y  a re  th e  
su rfa c e  of. Y ou never can  te ll  from  th is  
su rfa c e , w heth er i t  will b eco m e  a su r
face  o f a dwelling, or t h a t  o f  an  in 
d u s tr ia l  hall, w hether i t  w ill becom e 
a  su rface  of a wall, or t h a t  o f  a floor, 
th e  surface being the sam e  in  a ll these  
cases .

T h is  fac t is very  im p o r ta n t  because 
th is  k in d  of aesthetic n e u t r a l i ty  is 
e x tre m e ly  favourab le  f ro m  [>oint of 
v iew  o f a rch itec tu ra l design . T h e  n eu 
t r a l i ty  of th e  elem ents, n a m e ly , a lm ost 
“ c a lls”  for calling in to  b e in g  re a l open 
system s o f  construction  a n d  th is  in  tu rn , 
is a fu n d am en ta l architectural p reco n d i
t io n  o f p la n n in g  fo r  change.

W e h av e  th u s  seen th a t  in  th e  n o n -te c to n ic  system s th e  su rfa c e  e lem ents 
a re  sem antically  m eaningless since th e y  a re  n o t  b o und  to  any  p a r t ic u la r  loca tio n  
in  an y  p a r tic u la r  b u ild ing . T his how ever m ean s th a t  th e  n o n -te c to n ic  b u ild ing  
m e th o d  a c tu a lly  tra n s p la n ts  th e  well k n o w n  Gutenberg-principle to  th e  in d u s
tria liz ed  bu ild ing .

THE NEUTRALITY OF THE SURFACE
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THE NON-TECTONIC BRICKS:
LETTERS OF A STRUCTURAL SYSTEM

— the Gutenberg-principle

S im ila rly  to  th e  letters o f th e  p h o n e tic  
a lp h a b e t, o r  m ore accu ra te ly : s im ila r ly  
to  th e  ty p e s  o f th e  p rin ted  a lp h a b e t , 
w hich  in  th em se lv es  have no m e a n in g  
y e t  a llow  a n y  k ind  of te x ts  to  be  
p r in te d ;

th e  su rfa c e  elem ents of th e  n o n -  
te c to n ic  sy s te m  — th e  so-called n o n - 
te c to n ic  b r ic k s  — are no s tru c tu re s  
th em se lv es  y e t  th e y  p erm it to  assem b le  
an y  k in d  o f  bu ild ings.

T h e  non-tectonic bricks are  a c tu a lly  
n o th in g  else b u t  le tte rs  of a s t r u c tu r a l  
sy s tem  a n d , as such, th e y  can  e q u a lly  
be u sed  fo r  housing , schools, c o m m u n a l 
bu ild in g s, in d u s tr ia l  halls, e tc ;

REPETITION OF BUILDINGS

PLANNING FOR CHANGE

— v a r ia b ility  versus repetition o f  
build ings

T his e x p la in s  w hy in  th e  G u te n b e rg - 
p rin c ip led  b u ild in g  th ere  is f in a lly  n o  
reason  fo r  ty p if ic a tio n  of an y  k in d , 
since in s te a d  o f  aim ing a t  th e  r e p e ti t io n  
of ty p ifie d  bu ild in g s, th e  n o n -te c to n ic  
system s a im  a t  estab lish ing  a re a l v a r i
ab ility  o f  f in a l  p roduc ts.

T he n o n -te c to n ic  surface e le m e n ts  
w ith  th e i r  m o s t variab le  overall d im e n 
sions, fo rm s , th icknesses, e tc ., w h ich  
can  be u se d  fo r  th e  m ost v a riab le  k in d s  
of b u ild in g s , ac tu a lly  c rea te  e v e ry  
a rc h ite c tu ra l  p recond ition  of p la n n in g  
fo r  change.

Acta Technica Academiae Scientiarum Hungaricae 92, 1981



NON-TECTONIC SYSTEMS 97

b. P lann ing  fo r  Change

— open, light-weight systems versus closed, heavy-weight system s

Mechanization based building as it is known s ta rts  out immediately from a definite final 
product, the building, and breaks it up into large sized, heavy-weight, loadbearing — i.e. 
tectonic — structural elements: the large panels.

T h e  e lem en ta ry  p a rt — the 
p a n e l  — is ac tua lly  n o th in g  else  th a n  
a  la rg e  sized m anufactured tectonic 
brick  b u t  as such, it  is not n eu tra l from  
an  a rc h ite c tu ra l  po in t of v iew . O n th e  
c o n tr a ry ,  i t  is semantically m ea n in g fu l 
s in ce  — as opposed to  th e  tr a d i t io n a l  
b r ic k  — i t  is n o t only a p a r t  o f  a  b u ild 
in g , h u t  a  determined part o f  a de term in 
ed b u ild in g , consequently  i t  d e f in ite ly  
in f lu e n c e s  th e  fina l shape o f  th e  b u ild 
ing .

Systems of tectonic bricks inevitably create closed, heavy-weight systems, since the large 
size structural elements they work with, are definitely bound to determined location in  deter
mined buildings.

This, however, does not apply to the Gutenberg-principled building.
Gutenberg-principled building starts out from  an undetermined final product, more 

accurately: it starts out from the surface of undeterm ined buildings and breaks up this surface 
into medium size, light-weight, non-loadbearing — i.e. non-teclonic — elements. The Gutenberg- 
principled building conceives the surface as a mould, th a t is the negative of the final load- 
bearing structure.

T h e  e le m e n ta ry  p a rt — the surface  
elem ent —  is a sim ple skin c o n s tru c tio n  
a  lo s t  ca s in g  elem ent in  g y p su m . I t  is 
a c tu a l ly  n o th in g  else th a n  a  m a n u 
fa c tu re d  non-tectonic brick a n d  as such  
i t  is r e a l ly  neutral from  an a r c h i te c tu ra l  
p o in t o f  v iew , since — sim ila rly  to  th e  
t r a d i t io n a l  b rick  — i t  is sem a n tica lly  
m eaning less. I t  is really  on ly  a  p a r t  of 
a b u ild in g , m ore accu ra tely : i t  is o n ly  an 
u ndeterm ined  p art o f  an undeterm ined  
b u ild in g , consequen tly  i t  does n o t  in 
f lu en ce  th e  f in a l shape of th e  b u ild in g .

Systems of non-tectonic bricks inevitably call into being open, light-weight systems since the 
medium size surface elements they work with, are definitely not bound to any determined 
location in any determined building.

Gutenberg-principled building aims at planning fo r  change.

: : ш  a  :
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. . .GUTENBERG-PRINCIPLED BUILDING

MECHANIZATION BASED BUILDING...
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MECHANI ZATI ON BASED BUILDING: 
THE HOUSI NG FACTORIES 
„S E E "  T H E  FINAL PRODUCT

g r id s  in s e c t i o n

GUTENBERG-PRINCIPLED BUILDING:
THE FACTORIES DO NOT SEE THE FINAL 
PRODUCT ,  THE MANUFACTURE IS BLIND

2. Principles of Manufacture

a. “ B lin d  m anufacture’''

— a n  approach to producing  lig h t
w eig h t, silicate-based open system s

B re a k in g  w ith  the  axiom  o f te c to n ic s  
an d  s u b s t i tu t in g  it  for th e  p r in c ip le  
of su rfa c e , com pletely ch an g es  th e  
p rin c ip le  o f  m anufactu re  as w ell.

M ech a n iza tio n  based bu ild ing  — as 
we h a v e  seen  — operates w ith  c lo sed  
sy s tem s  o f  h eav y  tectonic b r ic k s . Y o u  
can n o t  s t a r t ,  however, th e  m a n u fa c 
ture  o f  th e s e  large elem ents u n le ss  y o u  
see th e  com ple ted  whole, t h a t  is  th e  
b u ild in g  to  be erected, know  th e  g ro u n d  
p lan s , sec tio n s  w ith all th e ir  le a s t  d e 
ta ils . T h e  housing fac to ries h a v e  to  
see th e  f in a l  p roduct, since o th e rw ise  
th e  la rg e  size tectonic e lem en ts  (th e se  
d e te rm in e d  structural e lem ents to  d e te r 
m in ed  lo ca tio n s  in  d e te rm in ed  b u ild 
ings) w o u ld n ’t  m atch  and so th e y  cou ld  
n o t f i t  in to  th e  building. A s o p p o sed  
to  th is :

T he G utenberg-principled b u ild in g  o p 
e ra te s  w ith  open system s o f l ig h t 
w e ig h t non-tectonic b ricks. H e re  th e  
b u ild in g  is  undeterm ined  a n d  so th e  
k n o w led g e  of the  final p ro d u c t is n o t 
a p re c o n d itio n  of m anufacture. A ll you  
h a v e  to  know  is th e  sy s tem  o f  grids 
on p la n  a n d  in  section, since th e  non- 
te c to n ic  e lem ents (these u n d e te rm in e d  
surface  e lem en ts to  u n d e te rm in e d  lo ca 
tio n s  in  und e te rm in ed  b u ild in g s)  w ill 
f i t  in to  t h a t  grid system  a n y w a y . T he 
fa c to r ie s  do no t have to  see th e  f in a l 
p ro d u c t .

T h is  ty p e  of m an u fac tu re , h o w ev e r, 
is o f  a  com plete ly  d ifferen t c h a ra c te r . 
I t  is b lin d  manufacture.
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MANUFACTURE OF LOADBEARING B lin d  m anufacture  is a fu n d a m e n ta lly  
new  a p p ro ach  to  m ass-p ro d u c in g  lig h t
w e ig h t, s ilica te -based , o pen  system s of 
co n s tru c tio n .

As opposed  to  a n y  o th e r  m a n u fa c tu r
ed  tectonic  sy stem , in  w h ich  th e  em p h a 
sis is a lw ays p u t  on th e  m a n u fac tu re  
o f th e  com ponen ts o f th e  load-bearing 
structure;

th e  non-tectonic sy s tem  p u ts  th e  em 
p h asis  o f  m a n u fac tu re  on th e  surface, 
th a t  is on  th e  m a n u fa c tu re  o f th e  n o n 
lo a d b e a rin g  su rface  e lem en ts  an d  in 
s te a d  o f  m an u fa c tu rin g  h e a v y , load- 
b ea rin g , tec to n ic  beam s, w all or floor 
e lem en ts , e tc . lig h t, non-loadbearing  
n o n -te c to n ic  surfaces o f b eam s, walls, 
floors e tc . are  m ass-p ro d u ced .

THE TECHNOLOGICAL NEUTRALITY

— a technological aspect:
the neutra lity  o f  the m achine

T h e  p rincip le  o f b u ild in g  w ith  non 
lo a d b e a rin g  su rface o f b e a m , w all or 
flo o r e lem en ts  co m p le te ly  changes the  
technological a spec t of in d u s tr ia liz a tio n  
as w ell. T hese e lem en ts, n am ely , are 
ab so lu te ly  neutral from  a techno log ica l 
p o in t o f  view : th e y  do n o t  req u ire  
specific  ap p a ra tu se s  fo r b eam s, w alls, 
f lo o rs , th e y  can be p ro d u c e d  b y  th e  
sam e co n v ertib le  m ach in e , th e  fin a l 
v isib le  surface being the sam e  in  all th e  
cases.

T h is fac t is v e ry  im p o r ta n t  because 
th is  k in d  o f technological n e u tra l i ty , th e  
n e u tra l i ty  o f th e  m ach in e  is  v e ry  fa 
v o u rab le  from  p o in t o f v iew  o f mass- 
production  o f surface e lem en ts , i t  a lm ost 
calls fo r open system  industria liza tion  
w h ich  in  tu rn ,  is th e  techno log ica l 
p reco n d itio n  o f producing  fo r  change.
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A RCHITECTURAL VARIABILITY 
IN M ECHANIZATION BASEO BUILDING: 
REPETITION OF THE FINAL PRODUCT

c o n v e r t i b i l i t y  o f  m a c h i n e  ( p l a n )

A RCHITECTURAL VARIABILITY IN 
GUTENBERG-PRINCIPLED BUILDING: 
PRODUCING FOR CHANGE

b. Producing fo r  Change
— w orkability  o f  structure and  con

vertib ility  o f  machine  
N ow , in  o rd e r to  be able to  m ake 

th e  n o n -tec to n ic  su rface e lem en ts  f i t  
in to  th e  m o d u la r  g rid  sy stem  o f a n y  
u n d e te rm in ed  bu ild in g  a t  a ll ev en ts  
— b lin d  m a n u fa c tu re  com bines th e  
shap ing  o f th e  bu ild ing , or r a th e r ,  th e  
w o rk ab ility  o f th e  s tru c tu re  (w hich  
is a p reco n d itio n  o f p lan n in g  fo r change) 
w ith  th e  c o n v e rtib ility  of th e  m ach in e  
(w hich, in  tu r n ,  is a  p reco n d itio n  o f 
p roduc ing  fo r change).

W hereas in  a n y  m ech an iza tio n  b ased  
tec to n ic  sy s tem , th e  shap in g  o f th e  
bu ild ing , t h a t  is , th e  a rc h ite c tu ra l 
v a r ia b ility  is  n ecessarily  lim ite d  since 
it  can  on ly  he  b ased  on th e  a d d i t iv i ty  
of h eav y , te c to n ic  s tru c tu ra l e lem en ts  
f in a lly  sh a p e d  in  fo rm  an d  size, as 
show n b y  f ig u re  above;

th e  G u ten b erg -p rin c ip led  b u ild in g  
offers p ra c tic a lly  u n riv a lled  p o ssib ili
ties to  in c rease  a rc h ite c tu ra l v a r ia b ility .

In  th e  n o n -te c to n ic  system s th e  sh a p 
ing of th e  b u ild in g , t h a t  is, a rc h ite c tu ra l 
v a r ia b ility  is p ra c tic a lly  u n lim ite d , 
f ir s t :  because  i t  is b ased  on th e  a d d it iv 
i ty  of lig h t-w e ig h t n o n -tec to n ic  s u r 
face e lem en ts , second: because  in  th e  
n o n -tec to n ic  sy stem s th e  su rface  e le
m en ts th em se lv es  becom e v a ria b le : in  
b lind  m a n u fa c tu re  th e  v a r ia b ili ty  of 
th e  e lem en ts  is b ased  on th e  c o n v e r ti
b ility  o f  th e  m ach ines, an d  th e re b y  
th e  sizes a n d  fo rm s se lec tab le  fo r th e  
e lem ents m a y  re a c h  a m ax im u m .

A rc h ite c tu ra l v a r ia b ility  in  th e  non- 
tec to n ic  sy s tem s is founded  on  a s im u l
tan eo u s  w o rk a b ility  of th e  s tru c tu re  
and  c o n v e rtib ility  o f th e  m ach in e .
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— transplantable workshops versus p lan ted  factories;
decentralization versus concentration o f  bu ild ing  ind u stry

B lind m a n u fa c tu re , th is  new  ap p ro ach  to  open sy s te m  in d u stria liz a tio n  
com plete ly  tra n s fo rm s  fin a lly  th e  v e ry  s tru c tu re  o f b u ild in g  in d u s try  b o th  
from  tech n o lo g ica l an d  from  socio-econom ic p o in ts  o f  v iew .

MECHANIZATION BASED BUILDING 
MANUFACTURES IN PLANTED FACTORIES 
AND TENDS TOWARDS CONCENTRATION 
OF INDUSTRY

GUTENBERG PRINCIPLED BUILDING 
MANUFACTURES IN TRANSPLANTABLE 
WORKSHOPS AND TENDS TOWARDS 
DECENTRALIZATION OF INDUSTRY

As opposed to mechanization based building 
in which the mechanized production of heavy 
structural elements requires huge planted fac
tories established a t enormous costs and which 
therefore, aims a t the concentration of building 
industry mainly around urban areas;

the Gutenberg-principled building aims a t 
decentralization. The blind manufacture of the 
light-weight surface elements, namely is found
ed on a system of transplantable workshops. 
These elementary factories can be scattered 
throughout the country, require low investment 
costs, work with cheap, small, convertible, 
transportable and transplantable manufactur
ing apparatuses which can be operated even 
by unskilled workers.

3, P rincip l es o f C onstruction

„BEAM LONGER THAN SPAN"

a

„SPAN EQUALS BEAMLENGTH"

a. U nique fea tures o f  non-tectonic 
structures

T he sim ple fa c t t h a t  in  th e  non- 
te c to n ic  system s th e  v e rtic a lly  an d  
h o rizo n ta lly  a lig n ed  su rface  elem ents 
(w hich have  no  c a rry in g  cap ac ity  an d  
no im m ed ia te  s ta b ili ty )  are  alw ays p u t  
n e x t to  one a n o th e r  (an d  n o t on to p  
o f  each  o th er) re n d e rs  th e  non-tec ton ic  
s tru c tu re s  q u ite  a series of un ique  
fea tu re s . H ere a re  som e:

— “span equals beamlengtli’’’
As opposed  to  te c to n ic  s tru c tu re s , 

w here  th e  len g th  o f  th e  ho rizon ta l 
s tru c tu ra l  e lem en t — i.e . th e  len g th  
o f a beam  — is a lw ay s  longer th a n  th e  
sp an  (o therw ise  i t  cou ld  n o t be sup 
p o rte d ),

in  th e  n o n -tec to n ic  s tru c tu re s  “ span  
equals b e am len g th ”  since we w ork w ith  
th e  surface of th e  lo ad b ea rin g  s tru c tu re ;
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TECTONIC JUNCTION

NON-TECTONIC JUNCTION

TWO BASIC TYPES OF NON-TECTONIC 
JUNCTIONS

— non-tectonic ju n c tio n s

T ectonic  ju n c tio n s  spell v e rtic a l (“ on 
to p  o f” ) co n n ec tio n  b e tw een  su p e r
im posed  lo a d b e a rin g  s tru c tu ra l  e le
m en ts . This k in d  o f  “ lo ad -su p p o rtin g - 
lo ad -tran sfe rrin g ”  ju n c tio n  can  n o t 
arise in  th e  n o n -te c to n ic  sy stem s, 
w here we w ork  w ith  th e  su rface  of 
th e  s tru c tu re .

N on-tec ton ic  ju n c tio n s  spell h o rizo n 
ta l  (“ n e x t to ” ) co n n ec tio n  betw een  th e  
v e rtic a lly  a ligned  and  h o rizo n ta lly  
aligned surface e lem en ts , as sc h e m a ti
cally  show n b y  fig u re .

— two basic types o f  non-tectonic 
junc tions

Homogeneous ju n c tio n :  th a t  is a
m onolith ic  re in fo rced  concre te  ju n c 
tio n  c rea ted  b y  p o u rin g  concre te  in to  
th e  cav ities or ch an n e ls  arising  b e tw een  
th e  aligned su rface  elem en ts.

Heterogeneous ju n c tio n  c re a te d  b y  
stee l jo in tin g  p o in ts  used  for c rea tin g  
s tru c tu ra l co n n ec tio n  b e tw een  th e  a d ja 
cen t v e rtica l an d  h o riz o n ta l m ono lith ic  
re inforced  co n cre te  s tru c tu re s , as sche
m atica lly  show n b y  fig u re .
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— creating m onolithic structure  
through the a dd itiv ity  o f  surface  
elements

The fact that in the non-tectonic systems 
the architectural variability — or more accu
rately said: the shaping of the building, th a t is 
the construction of modular spaces required for 
housing, communal and other buildings — is 
based on the additive quality of surface ele
m ents is an important factor from construction 
point of view, because it makes something 
possible tha t we could never totally  realize in 
manufactured reinforced concrete structures, 
namely, to combine monolithic structure with 
the additive principle of construction, and 
thereby

— to produce buildings th a t are structur
ally monolithic, rigid and earthquake resistant; 
and

to produce structures tha t are not bound to 
definite spans.

CREATING MONOLITHIC STRUCTURE 
THROUGH THE ADDITIVITY OF SURFACE 
ELEMENTS
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M A N U F A C T U R E D  TECTONIC ST RU C TU R ES 
ARE B O U N D  TO DEFINITE SPANS

T R A D IT IO N A L FORMWORK RESISTS 
HYDROSTATIC PRESSURE

GYPSUM ELEM ENTS ELIMINATE 
HYDROSTATIC PRESSURE: FROZEN 
REINFORCED CONCRETE STRUCTURES

— “ sp a n -in d iffe re n t” structures

W h ereas  in  th e  te c to n ic  sy stem s th e  
m a n u fa c tu re d  ho rizo n ta l, lo a d b ea rin g  
re in fo rced  co n cre te  s tru c tu ra l e lem en ts  
are u n a m b ig u o u s ly  b o und  to  d e te rm in 
ed sp a n s ;

th e  n o n -te c to n ic  s tru c tu re s  are  
“ s p a n - in d if fe re n t” ; by  keep ing  th e  
su rface  e le m e n ts  of th e  h o rizo n ta l lo ad - 
b ea rin g  s t ru c tu re  below  p a ra m e te r  size, 
th e  n o n - te c to n ic  system s m ak e  th e  
sp an  r e la t iv e ly  in d ep en d en t o f th e  
s tru c tu re , th e  span , n am ely , is n o t  a 
q u e s tio n  o f  m an u fac tu re  b u t  o f  th e  
a d d i t iv i ty  o f surface elem ents. I n s te a d  
of m a n u fa c tu r in g  one large b eam , or 
f lo o rs lab , th e  n o n -tec ton ic  sy s tem s 
ach ieve th e  sam e by  th e  a lig n m en t o f 
m ed iu m size  surface elem ents.

— fr o z e n  reinforced concrete structures

As o p p o sed  to  tra d itio n a l r.c . s t r u c 
tu re s  w h e re  th e  form w ork  has to  re s is t 
en o rm o u s side  pressure, in  th e  n o n - 
te c to n ic  sy s te m  th e  h y d ro s ta tic  p re s 
sure o f th e  co n cre te  can be to ta l ly  e lim 
in a te d  i f  p ro p e rly  chosen co n c re te  
is p o u re d  in  betw een  p ro p erly  fo rm ed  
gy p su m  la y e rs .

G yp su m  b y  i ts  p o u rab ility , p o ro s ity , 
low  sp ec if ic  g rav ity , cheapness a n d  
a v a ila b ili ty  h as  rea lly  u n riv a lled  e n 
d o w m en ts .

T h e  a r is in g  new  co n stru c tio n s , th e  
frozen  r.c . structures are v e ry  th in  
m em b ra n e s , th e y  com bine th e  h ig h e s t 
s t ru c tu ra l  q u a litie s  w ith  an  u tm o s t  
re d u c tio n  o f  w eigh t o f s tru c tu re  th r o ’ 
re d u c tio n  in  m a te ria l. T h e ir a p p lic a 
tio n  fo r m ass-h o u sin g  is seem ingly  v e ry  
p ro m is in g .
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CREATING REFERENCE BETWEEN 
STRUCTURAL THICKNESSES AND 
PARAMETERS

v a r i a b l e  s u b m o d u l a r  t h i c k n e s s e s

W  51K >| j<

s u b m o d u l a r  
g r id c h a n n e l s  t i s s u e

DOUBLE CO ORDI NATED STRUCTURES

— creating reference between sub
m odular structural th icknesses and  
m odular structural param eters  

N ow , in  order to  be ab le  to  com bine 
w o rk a b ility  of s tru c tu re  (a p reco n d i
tio n  o f p lan n in g  for ch an g e) w ith  th e  
c o n v e r tib il i ty  of m ach ine  (in  tu rn ,  a 
p re c o n d itio n  of p ro d u c in g  fo r change) 
th e  n o n -tec to n ic  sy stem s re la te  th e  
v a r ia b le  m odular param eters  (spans, 
h e ig h ts  e tc .) to  th e  v a ria b le  subm odular  
th icknesses  (s tru c tu ra l th ick n esse s , 
th ick n esse s  of e lem ents, e tc .)  a n d  th e re 
b y  th e  no n -tec to n ic  sy s tem s e s tab lish  

on th e  one h and  a m odular  re ference  
b e tw een  th e  elements a n d  th e  m odular 
(param eter)grids  on th e  b u ild in g  s ite , and  

on th e  o th e r h and  a subm odular  re fe r
ence b e tw een  th e  th icknesses  a n d  th e  
subm odular (m icro ) grid  b u i l t  in to  th e  
m a n u fa c tu r in g  a p p a ra tu s .

T h e  ra tio  of m odu lar to  su b m o d u la r  
g rid s can  be expressed in  a  sim p le  m a
th e m a tic a l  form . This fo rm u la  o f  double- 
coordination  in  our case is 3 M =  8 me 
as sy m bo lica lly  i llu s tra te d  b y  th e  fig 
u re . T h is fo rm ula  m eans t h a t  3 basic 
m odu le  g rid  u n its  (M — m o d u le  =  
10 cm ) w ith in  th e  s t ru c tu ra l  sy stem  
co rre sp o n d  to  8 m icro g rid  u n its  (m e =  
m icrocell =  37,5 mm) w ith in  th e  m a n u 
fa c tu r in g  ap p a ra tu s .

T h ro u g h  th is  un ique  d o u b le -re fe ren ce  
sy s te m , w hich  can n o t he  rea lized  in 
s ilica te -b ased  m a n u fa c tu re d , closed, 
te c to n ic  system s, we rea lize  an  opti
m u m  structural engineering perform ance  
in  w h ich  th e  variab le  lo ad s  a n d  all th e  
v a r ia b le  m o d u la r an d  su b m o d u la r  d i
m ensions of th e  lo a d b e a rin g , frozen  
re in fo rced  concrete  s tru c tu re  a re  s tr ic tly  
re la te d  to  one an o th e r.
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LIGHT-WEIGHT, SILICATE-BASED 
HEAT-STORING STRUCTURES

— light-w eight, silicate-based, heat
storing  préfabrication system s

L a s t b u t  n o t  least: if  th e  bu ild in g s 
req u ire  th e rm a l  s tab iliza tio n , th e n  th e  
n o n -te c to n ic  system s m ay  in c o rp o ra te  
p ro p e r e q u ip m e n ts , th a t  is : sea led
reg is te rs  c o n ta in in g  a phase change m a 
te r ia l  (PCM ) in to  th e  surface e lem en ts  
th em se lv es  a n d  th e reb y  th e y  call in to  
being  h e a t-s to r in g  p ré fab rica tio n  sy s
tem s w ith o u t g iv ing  up an y  p rin c ip le  of 
design , m a n u fa c tu re  and  c o n s tru c tio n .

B y  in c reas in g  th e  h e a t-s to r in g  
c a p a c ity  o f  th e  ligh t-w eigh t c o n s tru c 
tio n  p ra c tic a l ly  w ith o u t in c reasin g  its  
w eight i t  becom es possible to  decrease 
th e  h e a tin g  an d /o r cooling lo ad  an d  
th e re b y  to  red u ce  prim e, en erg y  an d  
ru n n in g  co s ts .

T he m e d ia  fo r  h ea t-s to rag e  are  phase- 
change m a te r ia ls  (PCMs). T he te m p e r 
a tu re  lev e l a t  w hich h ea t can  a n d  has 
to  be s to re d  can  be chosen acco rd in g  
to  a c tu a l  co n d itio n s.

T h e  PCM s have a h igh  specific  
hea t c a p a c ity  an d  low v ap o u r p ressu re . 
T hey  a re  non -co rrosive , n o n -to x ic , in 
f la m m a b le , chem ically  in e r t an d  s tab le , 
th e re  is n o  d an g e r of fra c tu r in g  th e ir  
c o n ta in e r .

T he b u il t- in , sealed reg is te rs  are  
p las tic  tu b e s  o r specific reservo irs  m ad e  
by  p o lim eriza tio n .

B y  th e  u se  of th e  h e a t-s ta b iliz in g  
e q u ip m e n t b u i l t  in to  th e  s tru c tu re  an d  
o p e ra te d  on a  physico-chem ical m e th 
od, th e  lig h t-w e ig h t, silica te -based  co n 
s tru c tio n s  ca n  be ren d ered  a lm o st 
e q u iv a le n t to  heavy-w eigh t c o n s tru c 
tions fro m  p o in t of view  o f b u ild in g  
physics b y  s to rin g  solar h e a t ga in  in  
th e  p h a se  ch an g e  m ateria l.
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TRANSLATION OF THE LANGUAGE OF 
STEEL STRUCTURES TO THE LANGUAGE 
OF REINFORCED CONCRETE STRUCTURES

C  I  1

a b c

SWITCHING OVER FROM THE TRADITIONAL 
REINFORCED CONCRETE STRUCTURES TO 
THE MODERN FOLDED SHELL AND TISSUE 
CONSTRUCTIONS

— the transla tion  o f  the language o f  
steel structures to the language o f  
reinforced concrete structures

A ccording to  th e  g e n e ra l th eo ry  of 
techno logy , each  te c h n o lo g y  can be 
conceived as a  p a r t ic u la r  language 
w hich can be tra n s la te d  to  th e  language 
of o th e r techno log ies. T h e  non-tecto- 
n ic  bu ild ing  m e th o d  w as conceived  as 
a tra n s la tio n  of th e  la n g u a g e  of steel 
s tru c tu re s  to  th e  la n g u a g e  of re in 
forced  concrete  s t ru c tu re s .

S ta r tin g  ou t fro m  th is  considera tion  
th e  n o n -tec ton ic  sy s te m s  tra n s fo rm  the 
tra d itio n a l re in fo rced  co n c re te  s tru c 
tu re s  in such a w ay , t h a t

f irs tly : th e y  tr a n s la te  th e  w ell-know n 
fo rm s  (profiles, se c tio n s  e tc .) so well 
p roved  in  steel s tru c tu re s  in to  th e  lan 
guage of re in fo rced  c o n c re te  s tru c tu res  
b y  sw itch ing  over fro m  th e  tra d itio n a l 
r .c . s tru c tu re s  to  th e  r .c . fo lded  shell 
co n stru c tio n s (as sc h e m a tic a lly  shown 
b y  figures a, b , c a n d  f u r th e r  expound
ed on page to  fo llow );

secondly : th e y  t r a n s la te  th e  well- 
know n m ethods o f  jo in t in g  so well 
p roved  in  steel s tru c tu re s  (d . riv e tin g ; 
e. w elding) in to  th e  lan g u a g e  of the 
rein fo rced  concre te  tissu e  (f.).

T his tra n s la tio n , th is  tra n s fo rm a tio n  
o f th e  tra d itio n a l re in fo rc e d  concrete 
techno logy  — th is  is f in a lly  th e  ch a r
ac te ris tic  fea tu re  o f  th e  fro zen  reinforc
ed concre te  c o n s tru c tio n s .
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T R A D IT IO N A L  R.C. STRUCTURES

TWO BASIC  TYPES OF FROZEN R.C. 
S T R U C T U R E S

b. Two basic typ es  o f  frozen  reinforced 
concrete structures 

— the fo ld ed  shell and the tissue

As opposed  to  trad itional r .c . s tru c 
tu res re p re se n tin g  th e  hom ogeneous, 
iso trop ic , m o n o lith ic  co n stru c tio n s, th e  
frozen  r .c . c o n s tru c tio n s  c rea ted  b y  th e  
n on -tec ton ic  sy s te m s  are  inhom ogene
ous, an iso tro p ic , m o n o lith ic  co n s tru c 
tions. T hey  a re

inhomogeneous, in so far as the final structure 
is composed mostly of two materials (reinforced 
concrete stabilized between, within or on top 
of surface elements of low specific gravity);
anisotropic, since the physical property of the 
final r.c. structure varies with the direction 
in the body;
monolithic, because the additivity of surface 
elements leads to creating continuous struc
tures.

Frozen  re in fo rc e d  concre te  s tru c tu re s  
have tw o  b as ic  ty p e s :

The folded shell: the reinforced concrete 
visible primary structure — or, rather, cellular 
structure — stabilized between the surface 
elements. Its form  is th a t of a closed or open 
steel section (I; T ; U-profiles) or, rather, of 
a cardboard carton w ith reinforcement led 
around the corners. The frozen shell is, namely, 
a thin folded r.c. membrane.

The tissue: the hidden reinforced concrete 
microstructure — or, rather, microcellular struc
ture — stabilized w ithin the two-way channel 
system of the surface elements always appear
ing in the form of a r.c. grid reminding on the 
form of tissue of a woven cloth. Hence its name.
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TECTONIC STRUCTURES c. Tw o basic p rinc ip les o f  fro zen  
reinforced concrete structures

— the p rin c ip le  o f  cell and  the p r in 
ciple o f  microcell

In  o rd e r to  be ab le  to  sa tis fy  all 
possib le  (a rc h ite c tu ra l, fu n c tio n a l, te c h 
nological, socio-econom ic e tc .)  dem ands 
th e  n o n -tec to n ic  sy stem s d e f in ite ly  aim  
a t  en o rm o u sly  in c reasin g  th e  n u m b er 
of v a r ia tio n s  n o t on ly  on p la n  an d  in 
sec tion  h u t  in  th e  v e ry  fo rm  o f con
s tru c tio n  as well.

Since the analysis of the large panel systems 
clearly shows, tha t the inevitable tendency 
towards increasing the span is incompatible 
with maintaining the slab as principle of con
struction; and

since the analysis of heavy, space-unit build
ing method clearly shows, th a t the tendency 
towards increasing the sizes of the parameters 
runs counter the box as principle of construc
tion.

TWO BASIC PRINCIPLES OF FROZEN 
REINFORCED CONCRETE STRUCTURES

T h ere fo re : th e  n o n -te c to n ic  system s 
give u p  th e  id ea  o f w o rk in g  e ith e r  w ith  
th e  s lab , o r w ith  th e  b o x  as princip les 
o f c o n s tru c tio n  an d  as o p posed  to  
th e se  c h a ra c te r is tic  p rin c ip le s  o f con
te m p o ra ry , m a n u fa c tu re d , silicate- 
b ased , h ea v y , closed sy s tem s , th e y  
in tro d u ce

f ir s t :  w ork ing  w ith  th e  cell as p rin 
ciple o f c o n s tru c tio n  fo r th e  frozen, 
re in fo rced  concre te  p r im a r y  structure 
(w hich  m eans th e  use o f  m a n y  d iffer
e n t fo rm s o f th e  fo lded  shells)  ;

th e n :  w ork ing  w ith  th e  microcell as 
p rin c ip le  o f c o n s tru c tio n  fo r  th e  fro 
zen re in fo rced  co n cre te  m icrostructure  
(w hich, in  tu rn ,  m ean s th e  use  o f m any  
d iffe ren t form s of tissue-structures).
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CE L L UL AR STRUCTURES d. Two basic fo rm s  o f  fro zen  reinforced  
concrete structures

— the cellular and the microcellular 
system s

T he tw o  basic  form s of fro zen  re in 
forced co n c re te  s tru c tu re s  — th e  cell
u la r an d  m icroce llu la r sy stem s — 
w hich m o s tly  arise  as a c o m b in a tio n  of 
some fo rm  o f  r .c . fo lded  shell an d  r.c . 
tissue , o ffer a v e ry  w ide ra n g e  for 
sa tisfy ing  d iffe ren t re q u ire m e n ts  by 
ren d erin g  i t  possib le to  se lect q u ite  a 
series o f d iffe re n t s tru c tu ra l so lu tions 
for th e  sam e p lan s, fu n c tio n a l a rra n g e 
m en ts, e tc .

Cellular sy stem s m ay  o p e ra te  w ith  
beam s, b eam g rid s , or w ith  th e  room  
u n its  (room -cells) them selves. These 
form s re p re se n t th e  visible fo rm s of 
n o n -tec to n ic  s tru c tu re s .

MI CROCELLULAR STRUCTURES
w a l l s  ( h o r i z o n t a l  s e c t i o n )  f l o o r s  ( v e r t i c a l  s e c t i o n )

TWO BASIC FORMS OF FROZEN 
R E I NF OR C E D CONCRETE STRUCTURES

T he th in  a n d  d e lica te  microcellular 
s tru c tu re s  — irresp ec tiv e  w h e th e r th e y  
are u sed  fo r w alls or floors, or w h e th e r 
th ey  are  m a d e  of r.c . tissu e , or o f a 
co m b in a tio n  o f r .c . tissue  an d  r.c . shell 
alw ays re m a in  h id d en  b eh in d  th e  s u r 
face.

In  case of walls e.g. we m ay use tissue exclus
ively, th e  tissue can be “ loose”  or “ dense” 
(a, b), or com binations of tissue and  shell 
(c, d) com binations of ribs, hidden beam s or 
beamgrids w ith  shell (e), or com binations of 
ribs and double shell (f) etc.

In  case of floors e.g. if the cellular system  
works w ith  beam s or beamgrids we m ay again 
use r.c. tissue (a, b), combinations of tissue and 
shell (c, d), if  room-cells are applied th en  we 
m ay again use e.g. combinations of ribs, tissue 
and shell (e,.f), th e  heat-stabilizing equipm ents 
in this case m ay  be hidden w ithin th e  surface 
elements (f), etc. etc.
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„LIFTING" METHODS

„IN-SITU" METHODS

i —^ГгЭ 1

_ _ /  e r e c t i o n  o f  w a l l s

TWO BASIC METHODS OF NON-TECTONIC 
BUILDING

e. Tw o basic methods o f  non-tectonic  
build ing

— the lifting  and the in -s itu  build ing  
methods

N o n -tec to n ic  system s m a y  a p p ly  tw o 
b asic  ty p e s  of b u ild ing  m e th o d s .

In  case of th e  so-called l i f t in g  methods 
th e  h o rizo n ta l lo a d -b e a rin g  s tru c tu re  
— e.g. th e  beam -grid  — is b u i l t  e x a c tly  
u n d e rn e a th  th e  f in a l “ in - s i tu ”  position  
a n d  i t  can  be lifted  in to  f in a l  position  
even  b y  h an d , th ro u g h  m ech an ica l 
tran sm iss io n . No c ranes a re  u sed . The 
lif tin g  ap p a ra tu se s  in te g ra te d  w ith  the  
v e r tic a l load -bearing  s t ru c tu re  a re  a l
w ay s m o u n ted  on to p  o f  th e  fo lded 
shell w alls or p illars.

I f  th e  h o rizon ta l lo a d -b e a rin g  s tru c 
tu r e  is b u ilt  and  lif ted  in  p a r ts ,  th en  
th e  m e th o d  is called  “lift-g r id ” , if  it  
is b u ilt  an d  lifted  a t  one go, th e  m e th o d  
is called  “lift-fie ld” .

In  case of th e  “ in -s itu ”  bu ild in g  
m e th o d s  th e  ch ronological a n d  logical 
o rd e r o f th e  b u ild ing  p ro cess  itse lf  
co rresp o n d s to  th a t  o f m e c h a n iz a tio n  
b ased  tec to n ic  b u ild ing , in  so fa r  as 
th e  b u ild in g  is e rec ted  “ f ro m  below  
u p w a rd s” , each s tru c tu re  is b u il t  in 
its  f in a l position , floors fo llo w in g  th e  
e rec tio n  of walls an d  th e  p ro cess  is 
re p e tit iv e .

T h e  in d iv id u a l te ch n o lo g ica l cycles 
o f th e  n o n -tec ton ic  b u ild in g  process, 
h o w ev er, are com plete ly  d if fe re n t, th e  
seq u en ce  of opera tio n s, th e  ju n c tio n s  
a n d  con seq u en tly  all th e  d e ta ils  follow 
th e  n o n -tec to n ic  p rin c ip le  as w e shall 
see. H e a v y , so p h is tica ted  e q u ip m e n ts  
o f  tra n s p o r ta tio n  an d  h o is tin g  a re  com 
p le te ly  elim inated , h e a v y  scaffo ld ing  
is n o t  used  e ither.
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FACTORY OPERATIONS f. The process o f  non-tectonic bu ild ing
— estab lishm ent o f  a com plem entary  

b u ild in g  method

In. n o n - te c to n ic  system s, b u ild in g  is 
a c o m p le m e n ta ry  process th a t  is a 
process co m b in in g  th e  factory  p ro d u c 
tio n  o f  su rfa c e  elem ents w ith  an  in -s itu  
te ch n o lo g y  o f  pou ring . In  v e ry  b ro a d  
lines:

I n  the fa c to ry  th e re  are tw o  basic  
o p e ra tio n s :

M a n u fa c tu re  o f surface e lem en ts ; 
w h ereb y  w e a c tu a lly  p roduce th e  to ta l  
sy s tem  o f n o n -te c to n ic  b ricks.

M a n u fa c tu re  o f s tru c tu ra l e lem en ts; 
in  th is  o p e ra tio n  re in fo rcem en t is loc
a ted  w ith  in  th e  channels of th e  su rface  
e lem en ts  a n d  th e n  th e  channels are  
p o u red  o u t  to  c rea te  th e  m ic ro s tru c 
tu re , t h a t  is th e  s tru c tu ra l tissu e  w ith in  
th e  e le m e n ts .

SITE OPERATIONS

Assembly of auxiliary structures

Assembly of the surface

THE PROCESSOF NON-TECTONIC BUILDING

On the site  th e re  are th ree  basic  
o p e ra tio n s :

A ssem b ly  o f  au x ilia ry  s tru c tu re s ;  to  
keep th e  su rfa c e  elem ents (w hich  in  
th em se lv es  h a v e  no carry ing  c a p a c ity  
and  no  s ta b ili ty )  in  position  d u rin g  
co n cre tin g .

A ssem b ly  o f th e  surface; w h e reb y  we 
a c tu a lly  c re a te  th e  n egative  of th e  lo ad - 
b ea rin g  s t ru c tu re  th ro u g h  th e  v e r tic a l 
and  h o r iz o n ta l  a lignm en t o f th e  no n - 
te c to n ic  su rfa c e  elem ents, an d  f in a lly :

T he cy c le  o f pou ring ; w h ereb y  we 
a c tu a lly  u n i te  th e  aligned su rface  ele
m en ts  b y  th e  re in fo rced  co n cre te  p r i 
m ary  s t r u c tu r e  poured  in  b e tw een , 
w ith in , o r to p  of th e  surface e lem en ts .
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S ection  2.

EXPERIMENTAL STRUCTURAL UNIT TH E TEST-UNITS AND BUILDINGS

In  course of our research work five experi
m ental programs have been completed. This 
section gives a very condensed report on the 
tests carried out and the results achieved.

1. E xperim en ta l structural u n it

T h e  f ir s t  te s t, an  e x p e r im e n ta l s tru c 
tu r a l  u n it  realized  on la b o r a to r y  level 
is  f i r s t  o f all d estined  to  g iv e  a  clear 
in d ic a tio n  o f how n o n -te c to n ic  system s 
c a n  be  conceived. T he e m p h a s is  o f th e  
e x p e rim e n ts  th ere fo re  w a s  la id  on 
show in g  th e  princip les o f d e s ig n , m a n u 
fa c tu re  an d  assem bly.

I n  o rd e r to  show b o th  th e  s tru c tu ra l  
s y s te m  an d  th e  process o f  c o n s tru c tio n  
th e  te s t-u n it  is d iv ided  in  tw o  p a r ts  
th e  one is th e  v e ry  sy s te m , th e  second 
p a r t  is b u ilt  in  a full size m o d e l d ire c tly  
e x h ib itin g  th e  in te r io r  s t r u c tu r e  as 
show n  b y  th e  figures a n d  p h o to s .

T h e  s tru c tu ra l u n it i ts e lf  is  com posed  
o f  v e ry  th in  U -shaped  re in fo rc e d  co n 
c re te  fo lded  shell w a ll-p illa rs , r .c . shell 
b e a m s an d  tissue s t ru c tu ra l  f lo o rs .

T h e  b es t succeeded in  p ro v in g  th a t  
th e  n o n -tec to n ic  system s m a y  red u ce  
th e  w e ig h t o f s tru c tu re  e x tre m e ly  sig n if
ic a n t ly  an d  th a t  to d a y  th e y  re p re se n t 
th e  lightest weight structures w h ich  can 
be realized on the silicate basis .
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EXPERIMENTAL MAISONETTE

m  т t т т î г г T T T î  □
2. E x p e r im e n ta l non-tectonic m aisonette

T he t e s t  b u ild in g  is a one fa m ily  
house, a n  e x p e rim e n ta l m a iso n e tte  in  
n o n -te c to n ic  c o n stru c tio n  hav ing  a to ta l  
a rea  o f  219 ,68  m2 and  a to ta l  vo lu m e 
of 605,88 m 3.

T he t e s t  b u ild in g  was f irs t of all 
d e s tin ed  to  g ive a proof of th e  u n i
v e rsa lity  o f  th e  open, n o n -tec to n ic  
s t ru c tu ra l  sy s te m , so we e lab o ra ted  an  
a rc h ite c tu ra l  an d  technological v a r ia 
tio n  on a  s y s te m  o f non -tec ton ic  b ric k s . 
The p ro d u c t  — th e  exp erim en ta l m a i
so n e tte  — goes fa r beyond i l lu s tra tin g  
a s t ru c tu ra l  p rinc ip le  since i t  c le a rly  
proves t h a t  th e  non-tec ton ic  s tru c tu re s  
m ay  o pen  a possib le  w ay to w ard s o p en - 
sy stem  in d u s tr ia liz a tio n  in  b u ild in g .

In  o rd e r  to  prove s im u ltan eo u sly  
th e  o p en n ess  a n d  u n iv e rsa lity  of th e  
s tru c tu re  a n d  th e  a rc h ite c tu ra l a n d  
tech n o lo g ica l efficiency of th e  no n - 
te c to n ic  sy s te m s , th e  te s t b u ild in g  — 
th a t  is th e  m a iso n e tte  co n ta in in g  one 
tw o-level dw elling  — was designed  to  
in c lude  a t  le a s t  one exam ple fo r e v e ry  
e ssen tia l s t ru c tu ra l  de ta il occu rrin g  in  
a re s id e n tia l  u n it . A ccording to  th is ,  
sim ple a n d  com posed  spaces, s tiffen ed  
and  u n s tif fe n e d  w alls, in te rm e d ia te  a n d  
to p  f lo o rs , sm alle r and  longer sp a n s  
b eam -g rid s  an d  beam -w alls, p ro file  
p rin c ip le d  w alls  an d  slab p r in c ip le d  
w alls, sm a lle r  an d  bigger h e ig h ts , c a n 
tile v e r  a n d  lo g g ia  s tru c tu res  can  e q u a lly  
he fo u n d  in  th e  build ing.

T h e  t e s t  succeeded  in  prov ing , t h a t  th e  
n o n - te c to n ic  sy s tem  is an open system  in  
w hich  fu n c tio n , fo rm ation  of b u ild in g s  
can be  fre e ly  chosen  since all c h a ra c te r is 
tic  d im e n s io n s  inc lud ing  spans, h e ig h ts , 
th ick n esse s  can  be abso lu te ly  v a r ia b le .
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„LIFT FIELD EXPERIMENTAL HALL 3. il'L ift- fie ld ” experim enta l non-tectonic  
hall

T h e  te s t  bu ild ing  — th e  “ lif t-f ie ld ” 
e x p e rim e n ta l hall — is a n  u n d iv id ed  
large  space , a  se lf-co n ta in ed  s tru c tu ra l  
u n it ,  a  no n -tec to n ic  ce llu la r  c o n s tru c 
tio n  o f  a to ta l  a rea  o f 284 m 2 an d  a 
to ta l  vo lum e of 1108 m 3.

T h e  p ro je c t was p r im a r ily  in te n d e d  
to  give a  s im u ltaneous p ro o f  o f  th e  re la 
tiv e  span -ind ifference  in  tw o  d irec tio n s  
o f c e llu la r  system s, a n d  o f  th e  feasi
b ility  o f  th e  “ lift-fie ld ” -m e th o d .

B y  c re a tin g  a b eam  g rid  s tru c tu re  
w ith  la rg e  spans an d  c a n tile v e rs  in 
tw o d irec tio n s  i t  has b een  p ro v e n  th a t  
ce llu la r sy stem s b u ilt u n d e rn e a th  fina l 
p o s itio n  can  be lifted  in to  f in a l  posi
tio n  ev en  b y  h an d , th ro u g h  m ech an ica l 
tran sm iss io n .

T he s tru c tu ra l  and  te c h n o lo g ic a l con
cep t w as em bodied  in  a s in g le -s to rey  
s tru c tu re  an  u n d iv id ed  la rg e  space 
rea lized  on sem i-w orkshop lev e l. The 
v e r tic a l load -b earin g  s t ru c tu re  consists  
o f fo u r  U -shaped  r.c . fo ld ed  sh e ll p illa rs  
b u ilt  in  s itu , w hereas th e  h o riz o n ta l 
one o f a  single, large-size  r .c . frozen  
shell beam -g rid  w ith  la rg e  s p a n  and  
c a n tilev e rs  in  tw o d ire c tio n  b u i l t  u n 
d e rn e a th  f in a l position , l i f te d  g ra d u a lly  
b y  h a n d  w ith  lif tin g  m ech an ism s 
m o u n te d  on to p  o f p illa rs  a n d  fixed  
in  f in a l positio n  b y  h e te ro g en eo u s  ju n c 
tio n s.

T h e  t e s t  f in a lly  p ra c tic a lly  p ro v ed  
th e  a d a p ta b il i ty  o f n o n -te c to n ic  s tru c 
tu re s  to  com m unal a n d  in d u s tr ia l  
b u ild in g s an d  revealed  in h e re n t  possi
b ilities  o f  th e  relative sp an-ind ifference .
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EXPERIMENTAL TWIN COTTAGE 5. E x p e r im e n ta l tw in  cottage

T he t e s t  b u ild in g  is a tw o  level 
a rra n g e m e n t, an  ex p e rim en ta l tw in  
co ttag e  h a v in g  a to ta l  a rea  of 146 m2 
and  a  t o ta l  vo lu m e of 358 m 3.

T he t e s t  b u ild in g  e rec ted  in  a re m o te  
wood e x em p lif ie s  an  a d a p ta tio n  o f  th e  
“ do i t  y o u rs e lf”  m ethod  to  th e  non- 
te c to n ic  sy s te m s . I t  w as f i r s t  o f  all 
d e s tin ed  to  g ive  an  unam b ig u o u s p ro o f 
of th e  econom icalness of th e  n o n -tec - 
ton ic  b u ild in g  m ethod .

F o r th is  p u rp o se  an  u tm o s t re d u c 
tio n  o f  w e ig h t w as ach ieved  th ro u g h  
red u c tio n s  in  m a te ria l, th e  m a n u fa c tu r 
ing  a p p a ra tu s e s  w ere designed to  la s t 
only  as lo n g  as th e  bu ild ing  w as com 
p le ted  so as to  be  as cheap as p o ssib le , 
th e  t im b e r  a u x ilia ry  s tru c tu re s  w ere 
la te r  t ra n s fo rm e d  in to  doors, w indow s, 
cu p b o a rd s , fram es ra iling  an d  s ta irs .

In  o rd e r  to  p rove  th e  a d a p ta b il i ty  
of th e  b u ild in g  techno logy  to  ru ra l 
areas in  d ev e lo p in g  co u n trie s , ex c lu 
sively u n sk ille d  lab o r w as used .

T he t e s t  b u ild in g  itse lf  is com posed  
of six  r .c . fo ld e d  shell p illars ( s tru c tu ra l  
th ick n ess : 25 m m ), th e  h o riz o n ta l load- 
b ea rin g  s t ru c tu re  is a r.c . fro zen  shell 
b eam -g rid  b u i l t  in -s itu , th e  flo o rs  are 
t is s u e -s tru c tu ra l.

T h e  t e s t  u n i t  f in a lly  succeeded  in  
red u c in g  th e  co s t of bu ild ing  e x tre m e ly  
s ig n if ic a n tly . T h e  to ta l  cost w as a p p ro x 
im a te ly  fo u r  tim es less, as i f  i t  h a d  
been b u i l t  w ith  tra d itio n a l b u ild in g  
m e th o d s .
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ж

□ □

6. “ Therm onontec”  experim en ta l 
structura l u n it

T h e  h e a t s to rag e  offers th e  p o ss ib ility  
o f  r a tio n a l h e a tin g  an d  coo ling . The 
th e rm a l c a p ac ity  o f l ig h t w e ig h t con
s tru c tio n s  is low, c o n se q u e n tly  h e a tin g  
o r cooling  system s o f a b ig  m ax im u m  
c a p a c ity  are req u ired  to  p ro v id e  a fix  
in d o o r  te m p e ra tu re .

T h e  “ T h e rm o n o n tec”  e x p e rim e n ta l 
s t ru c tu ra l  u n it, a s im ple ro o m -ce ll u n it 
co m posed  of four v e ry  th in  r .c . shell 
p illa rs  tissu e  s t ru c tu ra l  f lo o rs  w ith  
th e  b u ilt- in  h e a t s tab iliz in g  eq u ip m e n ts  
c o n ta in in g  th e  p h ase  c h an g e  m a te r ia l 
(PC M ), th e  m edia for h e a t  s to ra g e , and  
w alls  c o n s tru c te d  o f a c o m b in a tio n  of 
r ib s  a n d  r.c . shells w as d e s tin e d  to  offer 
a  re la tiv e ly  un ex p en siv e  a n d  sim ple 
m e th o d  fo r s to ring  th e  in c id e n t  excess 
en e rg y  an d  for ac tiv iz in g  th e  h e a t  accu 
m u la te d  in  th e  n o n -te c to n ic  s tru c tu re .

B y  in co rp o ra tin g  a sm a ll q u a n t i ty  
(a p p r . 20 — 30 kg/m 2) o f th e  PCM  th e  
th e rm a l in e r tia  o f th e  l ig h t  w eigh t 
c o n s tru c tio n  increases to  th e  ten fo ld , 
th e re fo re  th e  passive p h a se  change 
p rocess (PC P) in  i ts e lf  p ro v id e s  for 
th e  th e rm a l com fort w ith o u t a  m ech an 
ica l a ir-con d itio n in g  sy s te m .

T h e  “ T h erm o n o n tec”  t e s t  success
fu lly  p ro v ed  f irs tly , t h a t  th e  non- 
te c to n ic  system s m ay  e a s ily  in te g ra te  
th e  h ea t-s tab iliz in g  e q u ip m e n ts  in to  
th e  v e ry  s tru c tu re  w ith o u t g iv in g  up 
a n y  p rin c ip le  of design , m a n u fa c tu re  
a n d  co n stru c tio n , a n d  seco n d ly , th a t  
th e re b y  th e y  can  ren d e r th e  l ig h t  w eig h t 
c o n s tru c tio n s  a lm ost e q u iv a le n t  to  
h e a v y  w eigh t c o n s tru c tio n s  fro m  p o in t 
o f  v iew  o f bu ild ing  ph y sics .
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Let us mention finally that together with 
the experimentations in Hungary, quite a series 
of preliminary studies and detailed plans have 
been elaborated for different countries in hot 
arid tropical and subtropical areas. This work 
included among others ten settlement studies 
for Egypt, low-cost housing units and school- 
units for Mogadiscio (Somalia), a residential 
estate composed of four level apartm ent houses 
for Bagdad (Iraq), variations on bachelor- 
houses for Dubai (U.A.E.), sample houses for 
Abu Dhabi (U.A.E.), industrial hall for Chalis 
(Iraq).
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Section  3.

SUMMARY

The advantages and  inherent possib ilities o f  the non-tectonic b u ild in g  methods
in  developing countries

C onsidering th e  re su lts  ach ieved  h ith e r to , th e  system  seem s to  be very  
p ro m isin g  for use in  h o t a rid  co u n trie s  (w here gypsum  is av a ila b le )  fo r low- 
co st housing , c o m m u n ity  cen tres , in d u s tr ia l  w orkshops ru ra l  h e a lth  centres 
fo r m a n y  reasons:

1. because th e  sy s tem  w hich calls in to  being th e  lig h t-w e ig h t, silicate- 
b a se d  co n stru c tio n s is an  open  sy stem , i t  is eq u a lly  applicab le  to  v a rio u s  types 
o f  b u ild ings: th e  g ro u n d -p lan s , a rra n g e m en ts , functions, fo rm a tio n  of the 
b u d d in g s , n am ely , can  he  free ly  chosen  since all c h a ra c te r is tic  dim ensions 
(inc lud ing : spans, h e ig h ts , s tru c tu ra l th ick n esses , overall d im en sio n s  of the 
e lem en ts , th icknesses o f e lem en ts, e tc .) can  be  variab le  w ith o u t g iv in g  u p  any 
p rin c ip le  of design , m a n u fa c tu re  an d  c o n s tru c tio n ;

2 . because th e  m a te ria ls  app lied  a re  tra d itio n a l h y d ra u lic  s ilic a te  m a te 
r ia ls  w hich  can be  fo u n d  in  a b u n d an ce  in  th e se  areas;

3. because th e  v e ry  s ig n ifican t re d u c tio n  in  w eight o f b u ild in g s  th ro u g h  
red u c tio n s  in  m a te r ia l ab so lu te ly  e lim in a tes  h eav y  t r a n s p o r ta t io n  a n d  lifting  
eq u ip m en ts ; n o n -tec to n ic  system s a re  n o t b o u n d  to  a b u ilt  o u t in f ra s tru c tu re ;

4. because in s te a d  o f  req u irin g  h uge  fac to ries, th e  in v e s tm e n t costs of 
w h ich  a re  la rge , th e  s tru c tu re  o f th e  b u ild in g  in d u s try  can  b e  fo u n d e d  on a 
sy s te m  of tr a n s p la n ta b le  e lem en ta ry  fac to rie s , th e  sim ple d ev ices  o f w hich 
can  be  o p era ted  even  b y  u n sk d led  w o rk ers  an d  because, la s t  b u t  n o t least, 
s ite  w ork  does n o t req u ire  th e  use o f sk illed  lab o r e ither;

5. because b y  th e  use o f th e  h e a t s tab iliz in g  eq u ip m en t b u i l t  in to  the  
s tru c tu re  and  o p e ra te d  on a  p h y sica l-ch em ica l m ethod  th e  l ig h t  w e ig h t con
s tru c tio n s  can be re n d e re d  a lm o st e q u iv a le n t to  heavy  w e ig h t co n stru c tio n s  
fro m  p o in t of v iew  o f b u ild in g  physics b y  s to rin g  solar h e a t g a in  in  th e  phase 
ch an g e  m a te iia l.

REFERENCES

The publications enumerated below are only those immediately related to the subject 
m atter.

1. P á r k á n y i, M.: The Inherent Contradictions of the Closed Systems of Préfabrication and
the Future. Trends of Evolution. Contribution a t the third CIB Congress. Published 
in “Towards Industrialized Building” . Elsevier Publishing Company Amsterdam 1965.

2. P á r k á n y i, M.: Préfabrication with Gypsum. Meeting on Préfabrication in  Africa and the
Middle East. 17 — 29 April 1972 Budapest, Hungary; Bucharest, Roum ania, ID/WG 
122/20 March 1972 pp 5

3. P á r k á n y i, M.: Non-tectonic Systems. Periodica Politechnica. Architecture. Vol. 17 No. 4.
1973. pp 122-165

4. P á r k á n y i, M.: Experimental Non-tectonic Maisonette. Per. Pol Arch. Vol. 18 No. 3—4.
pp 189-214

Acta Technica Academiae Scientiarum Hungáriáié 921 1981



120 p á b k An y i , m .

5. G a r a y , L., PArkányi, M.: Trends Towards Synthesis in S tructural Engineering. CIB 6th
Congress, Budapest, 1974. S ubject Theme II/3 pp 453 — 463

6. PAr k An y i, M.: Final Report o f the  Expert on Manufacture of Prefabricated Gypsum
W all Panels. Somalia, F ebruary  1974. Manuscript. Prepared for UNIDO 70 pp. 
Restricted.

7. PAr k An y i , M.: “Lift-field” Experim ental Non-tectonic Hall. Per. Pol. Arch. Yol. 22. No. 1
1978. pp 21-48

8. PAr k An y i , M.: Proposition for a Building Technology for Mass Housing in Subtropical or
A rid Tropical Areas. CIB 6 th  Congress, 1974 Budapest, Subject Theme VI/2. Discussion, 
pp 406—407. Elsevier Publishing Company. Amsterdam 1976

9. Non-tectonic System developed. UNIDO Newsletter, 132 (1979) April pp 2 — 3. Vienna,
A ustria

Nicht-tektonische Systeme. E in  illustrierter Bericht über die silikatbasischen W ärm e
speichernden Bausysteme. — Die Abhandlung ist eine kurzgefasste Zusammenfassung einer 
technologischen Yersuchsforschungsarbeit, durchgeführt im B auinstitu t der Technischen Uni
v ers itä t in  Budapest seit dem Ja h re  1971 auf dem Gebiet der silikat-basischen, nicht tek
tonischen Baumethode, d.h., einer Baumethode, worin das E ndprodukt (das Gebäude) durch 
ein spezifisches Verfahren hergestellt wird. Dieses Verfahren besteht darin, daß die A dditivität 
(d .h ., das axiomatische Bauprinzip) auf die Nicht-Tragfähigkeit und auf die zugleich vor
übergehende Instabilität der nicht-tragendenj (nicht-tektonischen), schemantisch unbedeut
enden (dem Gutenberg-Prinzip folgenden) Flächenelemente realisiert wird. Deshalb ist das 
unm ittelbare Ziel der Fertigung in  diesem Bauverfahren n icht eine tragfähige Konstruktion, 
sondern die Oberfläche derselben. Folglich wird die Fluchtführung der waagerechten und der 
senkrechten Elemente der K onstruktionen nicht zu unm ittelbaren tragfähigen lastübertra
genden (tektonischen) Verbindungen zwischen den Oberflächen Elementen führen.
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ОСЕСИММЕТРИЧНАЯ КОНТАКТНАЯ ЗАДАЧА 
В ЛИНЕЙНОЙ МОМЕНТНОЙ ТЕОРИИ УПРУГОСТИ

Г. СЕЙДЛ*

Поступила: 21. 2. 1979.

В работе рассматривается задача о вдавливании круглого жесткого штампа 
в полупространство с учетом влияния моментных напряжений. Решение полу
ченной смешанной граничной задачи, аналогично классическому случаю, приводит
ся к парным интегральным уравнениям. В работе доказывается, что для двух пре
дельных значений упругой постоянной I2 (Р = 0 и Í1 -*■ дается классическое рас
пределение нормальных напряжений под основанием плоского штампа. Другое ре
шение основано на принципе минимума дополнительной работы. Минимизация до
полнительной энергии проводится по методу Ритца. Численный пример относится к 
плоскому штампу. На показанных диаграммах хорошо видны отличия от классичес
кого случая.

1. Введение

Насколько известно автору, решению контактных задач в линейной мо- 
ментной теории упругости до сих пор посвящена только работа [1]. В работе 
[1] дается решение для напряженного состояния в упругой полуплоскости, 
создаваемого прижатым к ее границе жестким гладким штампом. Однако, 
решение — в отличие от классического случая — не ведет к замкнутому виду.

В настоящей работе, с учетом влияния моментных напряжений, рас
сматривается статическая осесимметричная контактная задача о вдавлива
нии кругового жестого штампа в упругое полупространство. Трение между 
штампом и полупространством не учитывается. При решении приняты основ
ные предположения линейной моментной теории упругости. Численное ре
шение основано на принципе дополнительной работы в силу механической 
наглядности этой теоремы. В связи с этим коротко покажем возможности 
применения принципа минимума дополнительной работы для тех смешанных 
граничных задач в линейной моментной теории упругости, которые по харак
теру совпадают с указанной контактной задачей.

Аналогичные задачи классической теории упругости и их решения под
робно изложены в монографиях по теории упругости, например, в книге 
СНЕДЦОНА [13].

* Dr. Gy. SzElDb, Rá ez Á. u. 2., H —3532 Miskolc
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2. Приведение контактной задачи к парным интегральным уравнениям

В случае рассматриваемой граничной задачи целесообразно записывать 
уравнения в цилиндрической системе координат г, », z (рис. 1.). Пусть плос
кость 2 =  0 является плоскостью, ограничивающей полупространство. Во 
введенной цилиндрической системе координат ип  0 , u v — обозначают компо
ненты вектора перемещений; a rr, avv, ozz, г гп тгг — не нулевые составля
ющие тензора напряжений; fizv, ц„г [irv, fivr — составляющие тензора момент- 
ных напряжений, которые не равны тождественно нулю. Граничные условия 
на плоскости, ограничивающей полупространство, имеют следующий вид:

иг(0, г) =  û z =  ô — w 0(r) ; 0 < ; г <  а

& zz (о, г) =  0 ; о <  г

тгг (0» т) =  0  =  0 ; о < ; Г

(2 .1-1,2)

(2.1-3,4)

Здесь <5 =  const, а — радиус штампа, a w0(r) — гладкая функция, определя
ющая форму поверхности основания штампа.

Предполагается, что перемещения и напряжения в случае г - ю о и  z-*oо 
исчезают.

В работе [4] построено решение осесимметричной граничной задачи 
линейной моментной теории упругости для полупространства, когда на 
плоскости z =  0 действует известная распределенная нагрузка. Граничные 
условия, соответствующие задаче рассмотренной в работе [4] отличаются от 
выше указанных только тем, что на месте зависимостей (2.1 —1,2) стоит 
уравнение

агг(0, г) =  р (г)  (2.2)

где р(г) является заданной функцией.
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Отсюда следует, что можно применять все формулы для перемещений 
u r, u z, напряжений arn avv, агг, хгг, тгг и моментных напряжений р ги, p vr из 
[4] и в настоящем случае, если известно распределение нормальных напря
жений, р(г) под штампом. Для определения последнего — то есть р(г) — 
на основании формул (4.10—2,6) из [4] с использованием неудовлетворитель
ных граничных условий (2.1 —1,2) получаем следующие парные интеграль
ные уравнения:

ô — w J r )  ==
Г'са Я +  2(х р(к)

2/*(Я +  р )  J I 2Í 2fc2 i l___—
Я +  /х

ozz (0, г) =  0 =  J  кр(к) J 0 (кг) dk;

J 0(kr) d k  ;

О < r < a  

a <i г

(2.3-1)
(2.3-2)

Здесь приняты следующие обозначения: J 0(kr)  — функция Бесселя нулевого 
порядка, Я, /л, I2 — постоянные, характеризующие упругие свойства мате
риала, р( к)  — преобразование Ханкеля нулевого порядка функции р(г),  
п2 =  к2 +  1/Í2.

Преобразование Ханкеля функции р(г) и его обращение определяются 
формулами

p ( f c ) = i  rp(r) J n(kr) dr  , p(r)  =  Г  kp(k)  J 0(kr) d k  (2.4)
J o  J o

где учтено и (2.1—2).
Если в (2.3), (2.4) произвести замены переменных и ввести обозначения 

по формулам

г/а =  д; ак  =  L2 =  l2\a2; N 2 =  t 2L 2 +  1; 

то эти уравнения примут вид

- ( A  -  W0(q) ) = T p (  1) [1 +  С ( Щ ]  J 0( | e)áÉ; o <  e <  1 (2.5-1)

a20zÂe)  = £ ” è m  M £ q) d t )  =  0; 1 <  e (2.5-2)

(2.6-1)
1 +  2aL2i 2(l -  IL/1V)

W 0( q) -- aßw0( q) ; А =  aß6
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И

а
Я -(- 2ц 
Я +  ц

=  2 (1  — v); ß =  2 ц 2Я -(- Зц 
Я +  2jU

3 2i>

2(1 -  v)

(Е — модуль Юнга, v — коэффициент Пуссона).
Нетрудно видеть, что lim  G(u) =  0, и =  £L.

ÍZ—► со
Впервые задача о парных интегральных уравнениях вида (2.5— 1,2) 

изучена ТРАНТЕРОМ [5]. В работе КУКА предложен метод сведения пар
ных интегральных уравнений к интегральному уравнению Фредгольма 
второго рода.

В настоящей работе метод решения парных интегральных уравнений 
излагается на основании [7, 9]. Отметим однако, что методы, найденные в 
[б, 7] являются эквивалентными. Теория парных интегральных уравнений 
подробно изложена в монографии СНЕДДОНА [14].

3. Решение парных интегральных уравнений

Решение парных уравнений (2.5—1,2) будем искать в виде:

<p(rj) cos Iг] dr] (3.1)

где (р(г)) является новой неизвестной функцией. Представление решения р(£) 
по этой форме тождественно удовлетворяет уравнению (2.5—2). Чтобы убе
диться в этом, подставим (3.1) в (3.2) и проинтегрируем по частям с учетом ра
венства ([15], 6.671 — 1):

sin  £17 J0(£e) d £ = W - Q 2) - *
О

в <  V
Q > ï ]

(а)

Для определения ср(г]), после подстановки (3.1) в (2.5—1) с использова
нием формулы ([15], 6.671 — 1):

найдем, что

J^° cos £r]J0{£e)d£

<p{v)

0 Q >  Г]

(q2 — rfV* Q < V
( b )

0 Q2 -  V2
dr] + <p(rj) Г G(|L) cos £r]J0(t;Q) d£ dr] —

0 J  0
w 0(Q) - A ;  0 < ; e <  1
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Если в первом интеграле правой части на основании соотношения г] == gsiny 
перейдем к новой переменной, а во втором подставим известное представление 
функции Бесселя ([15], 8.411—2):

2 г л/2
Jo(le) =  — cos (pf sin y) dip 

л  Jo
то приходим к уравнению

ря/2  Г 2 Г “  “I
ç>(esiny)-|-----g?(77) I G(£L) cos cos (le  sin 9>)<d<Í77 =

J o L  n  J o  J o  J
=  JF0(e ) -  A  (3 .2-1)

которое является интегральным уравнением ШЛЕМИЛЬХА [7, 16]:

J " /2 F( q sin гр) dxp =  W{o) =  ÍF0(o) -  Л (3.2-2)

Подставляя в решение уравнения

F (e )  =  -
Л

W ( 0 )  4 - е j  iF '(e  sin у) dtp =  Ще) (3.3)

значение F(e) на основании (3.2—1) приходим к интегральному уравнению 
Фредгольма второго рода с симметричным ядром относительно новой неиз
вестной функции ?>(е):

?{q) —  í  4>(v) к (Vi е) drl =  Щб)
л  J о

K(rj, е ) =  ú(r] +  е) +  <2(v — (?) 

(?(*?) =  Г  G(£L) cos f y d Ç .

(3.4)

Исходя из (2.3—2), (3.1) можем проверить, с учетом (а), что распреде
ление нормальных напряжений под штампом и осевая сила, вдавливающая 
штамп в полупространство имеют следующий вид:

О2 О’гг(е)
ffU)

]/\ -  е2
Ь )

r f  — е2

р  =

(3.5)

(3.6)
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В случае неполного погружения штампа с неплоским основанием нор
мальное напряжение агг является непрерывным на плоскости z =  0. Из этого 
вытекает, что

<р( 1) =  0 (3.7)

Если известна вдавливающая сила Р, на основании (3.6) и (3.7) можно опре
делить погружение штампа 8 и радиус контактной площадки штампа а.

4. Сравнение с классическим решением и вопрос разрешимости

Пусть штамп имеет плоское основание (w0(r) =  0). Покажем, что реше
ние интегрального уравнения (3.4) в случае L ->• О L ->■ оо ведет к класси
ческому решению.

1) Если L -+ 0, исходя из (3.4) получим, что

9>°[(е) + —  Г 9о0 (п) К 0(rj, q) dr] =  — — А (4.1)
t) О Л

где предел обозначается символом «о», стоящим справа вверху. 
Известно — ([15], 3.741—2) — что

Г“  1 ' я /2 V <  e
—  cos | ï 7 sin |g  d |  = jr/4 V =  вJ 0 1 0 V >  e

=  j H ( Q - v ) (4.2)

где Н  функция Хевисайда.
Нетрудно видеть, с использованием (4.2)и (3.4—2,3),что функционал[17]

F L (rj, д) =  Г —  G(|L) cos £rj s in  | g d |
J  1 I

удовлетворяет равенствам

П ( ч ,  e ) = f m H ( e - * i )

K°(V, в) =  l i m f l (г), е) =  - J g (о) д(е -  v) 
о dg 2

(4.3)

(4.4)

где 8 является функцией Дирака. Искомый предел 99(g )  получается после 
подстановки (4.4—2) в (4.4—1)

<Р°{в) =  —2А/л(1 +  G(0)) (4.5)
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с использованием чего в силу (З.б) и (3.5) определяются вдавливающая сила:

Р  =  4Л/(1 +  G( 0)) (4.6)

и неизвестное распределение нормальных напряжений:

lim  ozz (г, 0) =  -  ~ —------1 ; 0 ^  г <  а (4.7)
z.—о 2 яа2 (1 — (г/а)2)1'2

2) В случае L оо предел ядра К(??, р) равен нулю и поэтому из (3.4) сле
дует, что

limqp(g) - —2 А/я (4.8)

С использованием этого из (3.6) и (3.5) получим вдавливающую силу

Р  =  4 А (4.9)

и распределение напряжений

lim  azz(r, 0) =  —
L-*- со

P
2 ira2

1
(1 -  (г/a )2)1/2 ’

0 ^ r < e (4.10)

Соотношения (4.8) и (4.10) действительно совпадают с соотношением для 
классического распределения нормальных напряжений под штампом.

В дальнейшем рассматривается вопрос о разрешимости контактной 
задачи.

Запишем обычный вид интегрального уравнения Фредгольма второго 
рода с симметричным ядром (3.4):

<p(q) — * ij VÍV) К(г], о) dr] =  Що) (4.11)

где

Я =  1, К(г), д) =  -  —  К(г], д) (4.12)
я

В соответствии с теоремой Фредгольма об альтернативе [18а], неоднородное 
интегральное уравнение (4.11) имеет одно и только одно решение [186], если 
А= 1 не является собственным числом однородного сопряженного уравнения. 
Вследствие непрерывности ядра в промежутке [0, 1 ] х [0,1] условие теоремы
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выполнено, если на множестве кусочно-гладких функций гр в промежутке 
[О, 1] справедливо неравенство

1 ь М  =  í Í К ( г ] ,  Q)y>(rj)y>(e)dr)dQ =
J 6 J  s

— —  Г Г Г G(^L)  cos ir] cos ^gd^ip(rj)y)(g) dr] dg  <С0; á£(0, 1) (4.13)
W J ô J ô J O

то есть ядро является отрицательно определенным.
В промежутках г] Ç [ő, 1], g Ç [ô, 1] интеграл

/(77, е) =  Г G(£L) cos |ту cos £g 
J  О

сходится равномерно, так как lim G(u) =  С\иг. (С — постоянная.) Поэтому в
и - * -  со

(4.13) можно изменить порядок интегрирования. Это приводит к неравенству 

1д(у>) — —  —  J  G ( |L ) |  j ^(g) cos Ig d g J  d f  <  0

что и требовалось доказать. При этом учтено то, что G(|L) <  0 0 <  |  <  
L >  О и — o o < v ^ 0 ,5 .

5. Приближенное решение

Разложим искомое решение уравнения Фредгольма (3.4) в ряд по чет
ным полиномам Лежандра:

? ( е )  =
к—О

* о = 1 ;  ё к = ( 2 к - Щ 2 Ш  к =  1 , 2 , . . .  (5.1)

Для вычисления неизвестных коэффициентов ак исходя из (3.4) по методу 
ортогональных многочленов [9] можно построить бесконечную систему ли
нейных уравнений.

Сведение к этой системе здесь не будет показано, ограничимся только 
определением характера распределения нормальных напряжений под штам
пом.

Учитывая интеграл1

COS £ r ] d r ]  =  ( — l ) ft
71

~ 2 t  J 2/.'+1/2 (£)

1 Нетрудно убедиться в его справедливости.
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для преобразования Ханкеля распределения нормальных напряжений под 
штампом на основании (3.1) и (3.2) будем иметь выражение:

оо
р (£) =  2  a«Sk

А = 0

Л
~2t Л к+ т(£ ) (5.2)

#
Можно показать, используя последовательно формулы (29) 7.7 .4 , (1) 2.9, 
(21) 10.9, (21) и (24) 10.10 из [18], что

\ y U 2k+1,Á£)Jo(£Q)d£
_2_
ж ~ ( l - Q 2) ~ ^ Р , Л У 1 - в 2) (5.3)

ё к

если [0,1). Подставим (5.2) в (2.3—2), с учетом (5.3), находим искомое 
распределение напряжений:

p(e) = -V J m1 -  (5-4)
a z  k = о

В работе АЛЕКСАНДРОВА [11] другим путем, строго математически 
получено решение исходной метематической задачи (2.4), (2.5—1,2) и форме 
(5.4).

С использованием принципа минимума дополнительной работы также 
можно построить приближенное решение рассматриваемой контактной за
дачи. В классическом случае применение принципа минимума дополнитель
ной работы показано в работе КАЛКЕРА [10]. Эта возможность в линейной 
моментной теории упругости рассматривается в «Приложении» к настоящей 
работе. В дальнейшем излагается применение этой возможности к рассматри
ваемой контактной задачи.

В соответствии с формулой (7.10) «Приложения» в осесимметричном 
случае будем искать минимальное значение функционала

ф(р) =  Í Р(г) ( u z  -  2й г)  ràr (5.5)
Jo

где uz является решением, принадлежащим к неизвестному р(г), а йг заданное 
перемещение. Пользуясь соотношениями (2.1 — 1) и (2.1—2) — второе из них 
дает решение для uz(r, 0) — с учетом преобразований, выполненных при полу
чении (2.5— 1), из (5.5) следует, что;

Л р ) =  -  —  Г(«5 -  «’о Н Ы е М е -  Г [1 +  C(ÍL)] г д |)  (5.6)О Jo Jo
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Здесь

и
J ( p )  =  ß& (р)1а3

Т ( | )  =  Г  г)р(г\) J0 ( í r j )  dr}
(5.7)

Отметим, что вариационный метод, предлагаемый НОБЛОМ для реше
ния интегрального уравнения (3.4), ведет к одному и тому же функционалу 
[12, 14].

Минимальное значение функционала J(p) будем искать по методу 
Ритца. Выбирая р(д) в соответствии с (5.4), необходимые условия минимума

M i l  =  о, к =  О, 1, 2, . . . (5.8)
д ч к

приводят к бесконечной системе линейных уравнений для определения неиз
вестных коэффициентов ак.

При следующих преобразованиях целесообразно учитывать ортого- 
нальносль многочленов Лежанбра:

j ‘ р *  ( г Т ^ 7 )  p 2j(Ÿï ^ 7 )  e ( i  -  е2) - 1/2 <*е =
О I Ф ]

(4i +  I )"1 i — j ,

выражение:

J oM fy)  р 2к (У 1 — rf) r?(l -  rf) 112dr] =  [ J 2f+1/2 ( i )

полученное обратным преобразованием (5.3), которое считается преобразо
ванием Ханкеля нулевого порядка, и ряд

где

à - u , 0( Q ) =  -  g2)
к- О

ьк =  (4* +  i ) j  e(ô  — м)0(е))(1 — f ) ~ l l2P 2k ( Ÿ 1 — g2) d Q

Не останавливаясь на выкладках, приходим к следующей системе линейных 
уравнений для ак:

2 A lkak = B i ; i, к =  0, 1, . . .  (5.9)
к
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где матрица коэффициентов и правая часть имеют вид:

Л ,а =  Sign [ < V ( 4 к +  1) +  Itk] ; Вк =  -  A  - Ä -
Л  4 «  +  1

(5.10)

I tk =  r \ G ( Ç L ) J 2t+lli(Ç)J2k+ll2( è ) d ï ;  ôlk= \ °  \ ^ к
Jo Ç I 1 I =  к

если принять во внимание и интеграл ([5], 6.538—2):

I J z i + u i L y )  =  { ,
J o  ï ?  1 ( 4 7  +  2 ) - 1  i  =  7

Условие (3.7) выражается уравнением

2  “ а: =  0 (5-11)
к= 0

Значение вдавливающей силы:

F  =  —2тш0 (5.12)

Можно доказать, следуя работе [9], что метод ортогональных много
членов для интегрального уравнения (3.4) тоже приводит к линейной системе 
уравнений (5.9—10). Предложенный в настоящей работе способ получения 
линейной системы уравнений (5.9—10) вызван своей механической нагляд
ностью.

Приближенное решение — конечное число уравнений — получается 
с использованием частной суммы ряда (5.4).

6. Пример

Численный пример относится к штампу с плоским основанием. Прини
мая во внимание, что в этом случае

Б0 =  — ßaö ; Вк— 0 к ^  О 
л

и

■̂ оо 1 +  100
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с учетом (5.12) находим следующее первое приближение:

ог2{т, 0) = P 1
2л:а2 (1 _  (г/о)2)1/2 ’

Р =  4ißaöl(l +  I J

Отсюда — в соответствии с (5.10—3) 100 является функцией от L — при 
L О и I- ->- оо получим соотношения (4.6, 7) и (4.9, 10).

Численные результаты для v =  0,0,5, Е =  1,86 • 105 N/mm2 <5 =  0,025 mm, 
показаны на рис. 2., 3. Характер отдельных кривых совпадает с характером 
кривых, полученных при решении аналогичной плоской задачи [1].

Хорошо видно, что lim azz/âzz -+■ 1.
Z.— оо

Для L -* 0 предел тоже равен 1. В начале кривой с параметром L — 0,1 
зто явление также чувствуется из сравнения кривых для L =  0,2, 0,4. Напря
жение агг по направлению к границе штампа быстрее возрастает, чем в класси
ческом случае, что совпадает с характером изменения, полученным в [1].

v — 0,0

Рис. 2. Соотношение между напряжением аа и решением для классического случая агг, 
если давливающая сила одна и та же при v =  О
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»- =  0,5

Pu:. 3. Соотношение между напряжением a2z и решением для классического случая Ьп, 
если давливающая сила одна и та же при v =  0,5

7. Приложение

В дальнейшем рассматривается возможность применения принципа 
минимума дополнительной работы для смешанных граничных задач контакт
ного типа в линейной моментной теории упругости. Осесимметричная кон
тактная задача для полупространства является специальным случаем расс
матриваемой здесь граничной задачи.

В декартовой системе координат (ж1( х2,х3) приняты обычные обозна
чения: ôqs — символ Кронекера, epqs — антисимметричный тензор Леви— 
Чивиты, соглашение о суммировании. Произвольный индекс, следующий за 
запятой, указывает, что берется частная производная по координате, принад
лежащей к индексу.

Объемные силы и моменты не будут учтены.
Уравнения поля линейной моментной теории упругости составляются 

из кинематических уравнений, связывающих вектор поворота <рр, тензор де
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формации epq, и тензор изгиба-кручения xpq с перемещением ир:

1
Vq ~  eqvr ur, V

i  (7.1)

ЕРЧ =  ~ ( Up,q +  Uq,p)' Xpq ~  Vq, P

закона Гука для центрально-симметричного материала:

-pq Cjyqrs <rs)i *qp =  А pqrs Vrs (7.2)

в котором приняты следующие обозначения: Cpqrs, A pqrs — тензоры механи-
—1 —1

ческих постоянных материала, apq =  a(pq) 4- a[pq] (символы ( ) и [ ] означают
D

симметричную и антисимметричную части), [ipq — девиатор тензора /j,pq; 
уравнений равновесия

@pq,p 0  9 №pq,p "4 " £qrs ^rs 6  (7 *3 )

Рассмотрим тело (рис. 4), имеющее объем У, ограниченное для простоты 
гладкой поверхностью А. Задаются следующие граничные условия:

U s  — 0 ,  t y p i ^ p s  T l p ™ s )  * 6 ,  х к  £  ^ и

Ps =  nq Г&(qr) Н “  eqrs fark, к Р“> г) 1  =  ® ’ хк € ^  f
2 (п) J

'̂pH'pqfóqs ^q ™s) ® 9 хк £ Ар U А с
Uq flq =  Us, Pq(,Ûqs nq ™s) 6  x k £

D D
где [j, =  np fjLpq nq и ùs является заданной гладкой функцией на Ас.

(п )

(7.4)

(7.5)

(7.6)

Ац
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В случае записанных граничных условий только нормальная на
грузка имеет место на поверхности А с, которая представляет собой контакт
ную область.

Поля <t*s, [ifs по определению статически возможны, если удовлетворяют 
уравнениям поля (7.3) и динамическим граничным условиям (7.5), (7.7—2). 

Выражение для дополнительной работы имеет следующий вид:

n c(Prsi íVs) 2 J \Ç  pqrs^ pq^rs 4" pqrs №pq f^rs) dV  J  Pq Tlq Tls UsdA (7.7)

В соответствии с принципом минимума дополнительной работы при точном 
решении для ars, firs (7.7) имеет строгий минимум.

Рассмотрим теперь другую краевую задачу, отличающуюся от преды
дущей — определенной уравнениями поля (7.1,2,3) и граничными условиями 
(7.4), (7.5) и (7.6) — всего лишь граничным условием на Ас.

Пусть новое граничное условие имеет вид:

Pqnqns =  p f  Х, .£АС (7.8)

где pf  заданная нормальная нагрузка. Предполагаем, что известно решение 
новой граничной задачи определенной уравнениями поля (7.1,2,3) и гранич
ными условиями (7.4), (7.5), (7.6—2) и (7.8). Это решение представляет собой 
статистически возможные перемещения, вектор поворота, тензоры деформа
ции, изгиба-кручения и тензоры напряжений, моментных напряжений для 
предыдущей граничной задачи (7.1,2,3), (7.4, 5,6).

Подставляя эти решения в (7.7) с учетом (7.1,2) объемный интеграл, сто
ящий в (7.7) можно привести к поверхному интегралу. В этих преобразова
ниях применялись соотношение

1
alP4] — ~  £pqr Нгк; к

полученное из (7.3), теорема Гаусса-Остроградского, и интеграл

nq eqrs (A* u s ) ,  г  d A  =  О
J a  <»)

который следует из гладкости поверхности тела. Применяя вышеуказанные 
преобразования, найдем:

I №  pqrs a *pq) V(rs) 4“ A  pqrs Iх pq fV*) d V  =
J v  —■1 - 1

=  I аРЯ U P  4~ n p [tpq <Pq) dA =
■Ja

=  J  [Pf  “s* +  rip for (àrq — nr ílq) < pf]  dA
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с использование;« чего и граничных условий (7.4), (7.5), (7.6—2) и (7.8) из (7.7) 
получим, что

(7.9)

В случае рассматриваемой осесимметричной граничной задачи А с — 
круговая область под штампом, радиусом а, А р — часть плоскости, ограни
чивающей полупространство вне А с, А и — бесконечно удаленная плоскость 
(здесть, как перемещения, так и напряжения исчезают), р* — р(т), u* — u z (z не 
является индексом). Итак, решение этой задачи приводит к отысканию мини
мума функции

Ф(Р ) 2 ü z) rdr (7.10)

то есть, к  определению минимизирующего р(г).
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An Axisymmetrical Punch Problem in the Linear Couple-stress Theory of Elasticity. —
The case of the elastic half space under a cylindrical rigid punch is investigated by taking the 
effect of the couple-stresses into account.The solution of the resulting mixed boundary-problem 
leads, similarly to the classic case, to dual integral equations. I t  is pointed out th a t to the 
case of the two extreme values (l2 — 0 and l2 — со) of the material property l2 for the flat- 
end cylindrical punch, the classic stress distribution is obtained. For another solution the 
principle of minimum complementary energy might be suggested. Minimizing of the functional 
of the complementary energy is carried out by using Ritz’s method. A numerical example 
relates to the flat-end punch. The diagrams plotted suggest the deviations from the classic case.

Ein achsialsymmctrisches Kontaktproblem in der linearen Momentenspannuugs-Elastizi- 
tätstheorie. — Untersucht wird der Fall des auf den elastischen Halbraum wirkenden, starren 
Zylinderstempels unter Berücksichtigung der Wirkung der Momentenspannung. Die Lösung 
der sich daraus ergebenden gemischten Randwertaufgabe führt, wie im klassischen Fall, zu 
dualen Integralgleichungen. Es wird demonstriert, daß sich für die zwei Randwerte (Í2 =  0 und 
l2 —► oo) des Stoffwerts l2 im Fall eines durch eine ebene Fläche abgeschlossenen Stempels die 
klassische Spannungsverteilung ergibt. Als eine andere Lösung der Aufgabe kann das Prinzip 
des Minimums der Komplementärenenergie benutzt werden. Die Minimalisierung des Komple
mentärenenergiefunktionais wird m it Hilfe der Ritzschen Methode durchgeführt. Ein nume
risches Beispiel behandelt einen durch eine Fläche abgeschlossenen Stempel. Die vorgeführte 
Diagramme zeigen die Abweichungen vom klassischen Fall.-
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SWITCHING SURGE BREAKDOWN  
CHARACTERISTICS OF LARGE CONDUCTOR-TOWER

AIR GAPS

I. L. KRÓMER*
CAND. OF. TECHN. SCI.

[Manuscript received 3 March 1980]

A comprehensive series of impulse tests on a variety of simulated transmission 
tower insulation is described. The influence of the waveshape on positive polarity 
switching surge strength of large tower configurations was investigated by applying 
different waves with times-to-crest between 35 and 1200 ця. The test results overlap 
and extend beyond existing data, making available a generalized flashover voltage- 
wavefront characteristics. Special tests were designed to provide additional experi
mental information for developing a model of large air gap flashover. The parameters 
affecting the corona to leader transition and the leader propagation have also been 
evaluated. The comparison of the experimental results with theoretical predictions 
indicates th a t the simulation of the discharge phenomena is advanced.

1. In tro d u c tio n

T he in su la tio n  design o f h igh v o ltag e  tran sm iss io n  lines req u ires  very  
ex p en siv e  an d  tim e  consum ing  ex p e rim en ta l te s tin g . M oreover, th e  problem  
o f design ing  in su la tio n  fo r sw itch ing  surges is co m p lica ted  b y  th e  g re a t v a r ie ty  
o f  p a ra m e te rs  in flu en c in g  th e  d ielec tric  s tre n g th  o f th e  a ir  gaps. C onsequen tly  
considerab le  in te re s t  is be ing  show n in develop ing  su ita b le  m e th o d s  fo r p re d ic t
in g  th e  sw itch ing  su rge  fla sh o v e r p a ra m e te rs  o f p ra c tic a l a ir  gaps.

T he shape o f  sw itch ing  surges s ig n ifican tly  affects th e  f la sh o v e r of th e  
a ir  in su la tio n . C onsiderab le  am o u n t o f th e  ex is tin g  e x p e rim e n ta l d a ta  is 
re la te d  to  th e  c ritic a l w aveshape , w hich gives th e  re su lts  of th e  m in im u m  value 
o f  th e  sw itch ing  im p u lse  s tre n g th . N ev erth e less , th e  im p o rta n c e  o f a com pre
hen siv e  analysis o f th e  effect of th e  p o sitiv e  sw itch in g  im pulse  sh ap e  on th e  
d ie lec tric  s tre n g th  of a ir  in su la tio n  is show n b y  th e  fa c t th a t  i t  m ay  lead 
to  an  im p o r ta n t re d u c tio n  of th e  in su la tio n  c learances an d  b e t te r  c rite ria  
fo r  th e  choice o f  th e  im pulse  shapes used  in  la b o ra to ry  te s ts . A ccord ing ly , p a r t  
o f th is  p ap er deals w ith  th e  in fluence  o f th e  fro n t d u ra tio n  on th e  positive 
p o la r ity  sw itch ing  im pu lse  fla sh o v er v o ltag e  o f th e  tran sm iss io n  line in su la tio n .

* Dr. I. L. K r ó m e r , Sasadi ú t  14., H —1118 Budapest, Hungary
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S u b s ta n tia l  p rogress h a s  re c e n tly  been  m ade in  u n d e rs ta n d in g  o f th e  
sw itc h in g  surge b reakdow n  o f lo n g  a ir  gaps an d  in  th e  g en e ra tio n  o f severa l 
p h y s ic a l m odels for p re d ic tin g  th e  sw itch ing  surge fla sh o v e r c h a ra c te ris tic s  
[1 — 3 ]. H ow ever, a t  th e  p re s e n t  tim e , none o f th e  m odels is su ffic ien t to  
p re d e te rm in e  th e  flash o v er v o lta g e  fo r  all possib le co n d itio n s in flu en c in g  th e  
d ie le c tr ic  s tren g th . T he in co m p le ten ess  of ex is tin g  p h y sica l c h a ra c te ris tic s  
d e m o n s tra te s  th e  need fo r a d d it io n a l  d e ta iled  e x p e rim e n ta l d a ta  in  a v a r ie ty  
of g ap  co n fig u ra tio n s . So fa r  m o s t o f th e  considerab le  a m o u n t o f e x p e rim e n ta l 
d a ta  h a v e  been o b ta in ed  fo r  ro d -p la n e  gaps. B ecause  of th e  im p o rta n c e  of 
th e  m a t te r ,  i t  is there fo re  c o n s id e red  w orthw hile  to  c a rry  o u t special te s ts  in  
p r a c t ic a l  condu c to r-to w er a ir  gaps an d  to  ap p ly  th e  acq u ired  d a ta  to  th e  
r e f in e m e n t of ex isting  c a lc u la tio n  m ethods.

2. T est se tu p  an d  test p rocedures

T h e  sim u la ted  to w er in s u la tio n  te s ts  w ere p erfo rm ed  a t  th e  V E IK I  
( I n s t i tu t  fo r  E lec trical P o w er R esea rch ) ou td o o r h igh  v o ltag e  la b o ra to ry  in  
B u d a p e s t .  T he sw itch ing  im p u lse s  w ere supp lied  b y  an a ll-w ea th e r 4 MV, 
320 k J  im p u lse  genera to r, w h ic h  co v ered  fro n t tim es  of 35 to  1200 /u,s. I t s  a u to 
m a tic  c o n tro l system  allow s fo r  a lo n g  series o f te s ts  w ith  a re liab le  c o n tro l o f 
e lec tr ic  p a ra m e te rs . V o ltage m e a su re m e n ts  w ere m ad e  by  a d ig ita l c re s t v o lt
m e te r  th ro u g h  a general use c a p a c itiv e  vo ltage  d iv id er. T he te s t  to w e r is a stee l 
s t ru c tu re  w ith  a 32 m ete r h ig h  a n d  16 m ete r w ide w indow . A h o riz o n ta l tru s s  of 
1,1 m e te r  cross-section an d  m o v a b le  pseudo-legs p e rm it g rea t fle x ib ility  in  to w er 
an d  c o n d u c to r  a rran g em en ts . W ire  m esh  screens 1,1 an d  3 m  in  w id th  a n d  25 m  
in  le n g th  w ere used to  s im u la te  th e  to w er leg. T h e  c o n d u c to r m odels w ere 
16-f-24 m  in  length .

T h e  co n d u c to r m odels u se d  fo r th e  special p red isch arg e  te s ts  w ere a r ra n g 
ed in  su c h  a  w ay  so th a t  p h y s ic a l m easu rem en ts  w ere possib le. Specia l p re c a u 
tio n s  w e re  ta k e n  to  in su re , t h a t  th e  p henom ena  b e ing  m easu red , w ere p re d o m 
in a n t ly  d u e  to  th e  c o n d u c to rs  th em selves. T he te s t  a rra n g e m en t is show n 
sc h e m a tic a lly  in  Fig. 1.

In  o rd e r to  m easure th e  p red isch arg e  c u rre n t an d  charge  in  co n d u c to r- 
to w e r le g  configura tions a c e n tra l  section  w as in su la te d  from  th e  re s t of th e  
c o n d u c to r  m odel. P red isch arg e  c u r re n t  and  charge w ere reco rd ed  a u to m a tic a lly  
in  a H V  F a ra d a y  cage c o n n e c te d  b e tw een  th e  in su la te d  sec tion  o f th e  c o n d u c to r 
an d  th e  im pu lse  gen era to r. T h is  a rra n g e m en t allow ed a s h u n t co n n ec ted  b y  
m ean s  o f  an  in su la ted  m e a su rin g  cab le  in  series w ith  th e  c e n tra l  c o n d u c to r 
sec tio n  to  m easure p red isch a rg e  c u rre n t from  th is  reg ion , w hile exclud ing  c u r
re n t  f ro m  corona a c tiv ity  in  th e  o th e r  p a r ts  of th e  c o n d u c to r an d  th e  th in  
w ire u se d  to  connect th e  H V  e le c tro d e  to  th e  g en e ra to r . C harge m easu rem en ts  
w ere  m a d e  w ith  th e  aid  o f a series cap ac ito r.
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In  o rder to  d e te rm in e  th e  50%  fla sh o v e r vo ltage an d  s ta n d a r d  deviation 
200 sho ts w ere ap p lied  a t  a  fou r v o ltag e  level in  th e  vo ltag e  ra n g e  o f  [750% +
-j- 2<r. No co rrec tion  fo r re la tiv e  a ir d e n s ity  or h u m id ity  h a v e  b e e n  considered, 
b ecau se  th e  lack  o f p rec ise  in fo rm a tio n  on these  co rrec tio n s fo r  th e  tested  
c o n fig u ra tio n s .

3. T est resu lts

To a tta c k  th e  in flu en ce  of w av efo rm , fou r c o n d u c to r-to w e r m odels of 
d iffe re n t sizes w ere te s te d . M inim um  c learances were in  th e  ra n g e  of 2,5 to  
6,2 m eters.

T ab le  1 gives th e  5 0%  fla sh o v e r v o lta g e  ( I /50%) an d  th e  s ta n d a r d  devia
t io n  as func tions o f th e  w aveform . T h e  im p u lse  shapes in  th e  ta b le  are  d e te r
m in e d  b y  th e ir  re a l tim e -to -c re s t (T cr) a n d  th e ir  tim e  to  h a l f  v a lu e .

I t  can  be seen t h a t  [ /50% depends s ig n ifican tly  on th e  sh a p e  o f  th e  sw itch
in g  im pulse. T here  ex is ts  a c ritica l tim e -to -c re s t for w h ich  th e  insu lation  
b re a k s  dow n u n d e r a  m in im u m  v o ltag e . F o r  tim es-to -c rest a b o v e  or below 
th e  c ritica l, th e  c o n d u c to r-to w er a ir  gaps show  h igher b re a k d o w n  voltages. 
I t  c an  also be seen t h a t  th e  c ritica l tim e -to -c re s t depends o n  th e  clearance 
o f  th e  gap an d  increases as th e  c learan ce  increases. T he c r it ic a l  tim e-to -c rest 
is p lo tte d  ag a in st th e  gap  spacing  in  F ig . 2. T he em pirical fo rm u la  re la tin g  to  
th e  c ritica l tim e -to -c re s t an d  th e  gap sp ac in g  (S) is:

T cr =  45 X  S

w h ere  T cr — c ritic a l tim e -to -c re s t in  /xs , (1)

S  — gap  spacing  in  m e te rs .

B y  analyzing  th e  50 %  fla sh o v er t e s t  re su lts  a s im ila rity  h a s  b een  found 
b e tw een  th e  [ /-sh ap ed  fla sh o v e r c h a ra c te ris tic s , w hich can  le a d  to  a  general 
exp ression  for d e te rm in in g  th e  sw itch in g  im pulse s tre n g th  o f  a n y  conductor-
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S [m)

Fig. 2

U50%AJ50%crlt

to w e r  a i r  gap as a fu n c tio n  o f  th e  tim e-to -crest. F o r  th is  purpose th e  va lu es  
o f  t / 50% a n d  T cr were re d u c e d  to  th e  corresponding  c r it ic a l  values. In  F ig . 3 
th e  g en e ra lized  flashover v o ltag e -w av e fro n t c h a ra c te r is tic s  is p resen ted . I t  
c a n  b e  seen  th a t  the  d e v ia tio n s  fro m  the average c u rv e  are  in  th e  range  of th e  
e s t im a te d  m easurem ents a c c u ra c y .

F o r  num erical p u rp o se s  a  sim ple expression c a n  be proposed for tim e- 
to - c r e s t  v a lu e  T cr >  T cr_crit :

U 50% (Tcr) =  L W crit 11 ,2 5 5 -0 ,5 1 +  0,255 T c r - crit
2

T cr
(2 )

w h e re  U 50%_crit andT c,._crit a r e ,  re spec tive ly , th e  c r i t ic a l  fla sh o v er v o ltag e  an d  
th e  c r i t ic a l  tim e-to -crest, [ /50„/o (T cr) is the f la sh o v e r v o lta g e  correspond ing  to

A cta  Technica Academiae Scientiarum Hungaricae 92, 1981



SWITCHING SURGE BREAKDOWN CHARACTERISTICS 143

t im e -to -c re s t T cr >  T cr_crit. I t  is in te re s tin g  to  n o te  th a t  th e  v a r ia tio n  of 
th e  s ta n d a rd  dev ia tio n  w ith  t im e -to -c re s t also shows an  U -sh ap ed  c u rv e  w hich 
re a c h e s  a m in im um  v a lu e  close to  th e  m in im u m  50%  fla sh o v e r v o lta g e .

T h e  fa c t, th a t  th e  genera lized  f la sh o v e r v o ltag e-w av efro n t c h a ra c te ris tic s  
is c o n s is te n t w ith  p rev ious d a ta  fo r  ro d -p lan e  gaps [4] suggests  i ts  ap p lica 
b il i ty  to  all th e  gaps w hose p o s itiv e ly  ch a rg ed  electrode has e q u iv a le n t rad iu s  
sm a lle r  th a n  or equal to  th e  c r itic a l ra d iu s  in  th e  ac tu a l c o n fig u ra tio n  [1]. 
T h e  c ritic a l rad iu s  is defined  as th e  ra d iu s  below  w hich th e  b re a k d o w n  vo ltage  
re m a in s  c o n s ta n t. T he genera lized  f la sh o v e r v o ltag e -w av efro n t c h a ra c te ris tic s  
n o t  o n ly  enables an  a c c u ra te  a ssessm en t o f th e  sw itch ing  su rg e  s tre n g th  of 
v a r io u s  tran sm issio n  line  co n fig u ra tio n s  fo r th e  all ranges o f  th e  in te rn a l 
t r a n s ie n t  vo ltag e  stresses, b u t  also  an  im p o r ta n t  saving of m o n ey  b y  m eans of 
re d u c in g  th e  d irec t la b o ra to ry  te s ts .

Table 1

Switching impulse test results: influence of waveshape

Clearance
Waveshape o/o

kV
<T
%

50/1000 943 4,8

2,5
200/1800 950 4,4
430/2500 1010 6 ,0

1150/9900 . 1100 7,5

50/1000 1121 4,8
200/1800 1095 4,7

3,1 300/2200 1160 5,4
430/2500 1205 6 ,6

1150/9900 1305 8 ,0

35/1000 1785 8 ,6

200/2200 1572 4,7

4,5
280/2300 1622 5,0
400/2500 1703 5,8
500/6000 1770 6,4

1200/10500 1860 7,2

35/2000 2195 9,8
190/2270 1783 4,2

6,2 280/2300 1778 3,6
400/2500 1840 5,5

1200/10500 2054 6,2
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Table 2

Flashover test results

Clearance
m

Conductor
number

Tower
width

m
Ter
(ХЯ

50% CFOV 
kV

2 l i , i 175 840
2 2 U 175 835
2 1 3 175 820
2 2 3 175 825
2,8 1 1,1 175 1097
2,8 2 1,1 175 1100
3,0 1 3 175 1090
3,0 2 3 175 1100
4,2 2 1,1 200 1480
4,2 2 3,0 200 1380
6,1 4 1,1 300 1900

S ince th e  scope o f  th e  specia l te s ts  w as to  e s ta b lish  th e  effect of th e  gap  
g e o m e try  on th e  d isch arg e  p a ra m e te rs , d iffe ren t co n d u c to r-to w er leg co n fig u 
ra t io n s  w ere selected . T h e  co n d u c to r itse lf  w as e i th e r  a  single co n d u c to r o r a 
b u n d le  o f  su b co n d u c to rs  ty p ic a l  on Е Н У  tra n sm is s io n  lines. The 2 a n d  4- 
c o n d u c to r  boundles h a v e  sp ac in g s of 0,4 an d  0,6 m , respective ly . T he re su lts  
o f th e  f la sh o v er te s t  fo r d iffe re n t co n fig u ra tio n s a re  g iven in  T ab le  2. T he 
v a lu e s  fo r  th e  c ritica l f la s h o v e r  vo ltages are c o n s is te n t w ith  previous d a ta  [5].

T h e  b reakdow n  m e c h a n ism  of long a ir  gaps su b m itte d  to  positive  p o la r 
i ty  sw itc h in g  surges in c lu d es  v a rious stages as f i r s t  co rona , leader in cep tio n  
a n d  le a d e r  p ro p ag a tio n . T h e  fo llow ing p ic tu re  o f  th e  b reak d o w n  process em er
ges f ro m  p h ysica l m e a su re m e n ts  [6]. As th e  v o lta g e  increases from  zero, a f te r  
th e  f ie ld  s tre n g th  a t  th e  h ig h  v o ltag e  electrode h as  re a c h e d  a certa in  va lu e , th e  
o n se t o f  co rona is d e te c te d  b y  th e  appearance  o f  sh o r t  pulses of cu rren t. O nce 
c o ro n a  is fo rm ed , due  to  th e  effect of th e  p o s itiv e  space  charge le ft n e a r  th e  
h ig h  v o lta g e  elec trode , a s tre a m e r  in itia te s . U n d e r th e  ac tio n  of th e  to ta l  f ie ld  
th e  p o s itiv e  space ch a rg e  m oves step  by  s tep  f ro m  th e  h igh  vo ltage  e lec tro d e  
in to  th e  gap . T he s tre a m e r  is ab le  to  p ro p a g a te  fa r  in to  th e  gap, w here  th e  
p re e x is tin g  e lec tro s ta tic  f ie ld  has values w ell be low  th e  one necessary  fo r 
co llis iona l io n iza tion . W h e n  th e  stream ers h av e  re a c h e d  a  ce rta in  size re q u ire d  
fo r th e  s tre a m e r-to -lea d e r tra n s it io n , th e  le a d e r  d ev e lo p m en t is in it ia te d . 
T h e  le a d e r  channel is p re c e d e d  b y  th e  le a d e r-s trea m e rs , em an a tin g  fro m  its  
t ip  a n d  ex ten d in g  m ore a n d  m ore  as th e  le a d e r ad v an ces . D uring  th e  f ir s t  
s ta g e  th e  lead er e lo n g a tes  w ith  alm ost c o n s ta n t  v e lo c ity  an d  th e  c u rre n t 
flo w in g  th ro u g h  th e  le a d e r  s te m  is also c o n s ta n t. W h en  th e  lead er-s tream ers
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reach  th e  opposite  e lec trode  th e  f in a l ju m p  s ta r ts  during  w hich  th e  lead er 
crosses th e  la s t p a r t  o f th e  gap  a t  in c rea s in g  ve loc ity . D uring  th is  s ta g e  th e  
le a d e r  n ev e r stops.

T h e  corona an d  lead er in cep tio n  tim e s  rep o rted  in th is  p a p e r  w ere 
fo u n d  from  oscillogram s o f th e  c o n d u c to r c u r re n t . T he p re p a ra tio n  o f  th e  d a ta  
is b a sed  on th e  p rin c ip a l re su lts  of s im u lta n e o u s  o p tica l and  c u r re n t m easu re 
m e n ts , d e ta iled  in  th e  reference [6]. N ev e rth e le ss , i t  should be n o te d  t h a t  th e  
in te rp re ta t io n  o f th e  records for th e  c o n d u c to r-to w e r leg gap is m ore  d ifficu lt 
th a n  in  sim pler geom etries.

S ta tis t ic a l  an a lysis  o f th e  co ro n a  a n d  lead e r incep tion  d a ta  h as  been  
p e rfo rm ed  as a fu n c tio n  o f th e  app lied  v o lta g e . I t  can  be s ta te d  t h a t  th e  f irs t 
co ro n a  an d  th e  co n tin u o u s lead er in c e p tio n  p a ra m e te rs , such as th e  in c e p tio n  
v o ltag e  an d  th e  charge  in jec ted  in to  th e  g a p , are  all p rac tica lly  in d e p e n d e n t 
o f th e  fla sh o v e r p ro b a b ility , w hilst th e  to ta l  charge , w hich is in je c te d  in to  
th e  g ap  d u rin g  th e  d ischarge process, is a fu n c tio n  o f th e  applied  c re s t  v o ltag e . 
T h is o b se rv a tio n  is re p re se n ta tiv e  o f all th e  an a ly sed  cases and  le a d s  to  th e  
conclusion  th a t  for p ra c tic a l purposes th e  ex p e rim en ta l in v e s tig a tio n  o f  th e  
d isch arg e  c h a rac te ris tic s  can  be carried  o u t a t  th e  50%  flashover v o lta g e .

In  o rd er to  reco rd  th e  p red ischarge  p h e n o m e n a  for d ifferen t co n fig u ra tio n s  
a te s t  p ro g ra m  w ith  40 sh o ts  p e r te s t  series w as u tilized . C orona a n d  lead e r 
in c e p tio n  d a ta  a t  th e  50%  fla sh o v er v o lta g e  a re  show n in T ab le  3. T h e  m ean  
v a lu es  are  lis ted  w ith  th e ir  95%  confidence  in te rv a ls . Fig. 4 show s th e  v a r ia 
tio n  o f th e  co n tin u o u s lead er in cep tio n  v o lta g e  ( U lc) w ith  th e  gap sp a c in g  for 
v a rio u s  to w er w id th . I t  can  be seen th a t  th e  dependence  of Ulc on  th e  gap

Table 3

Corona and leader inception parameters

Clear
ance

m

Con
ductor

No
Tower
width

T t
(IS

Qi
fis

UlC
kV

T ie
fis

Qie
fiC

T B
flS

QB от total
fiC

2 l i , i 3 5 0 ± 1 7 22 z t  1 7 ,2 ± 0 ,2 744 ± 4 5 7 8 ± 5 30,8 ± 1 ,5 1 1 3 ± 1 3 3 8 ,8 ± 2 ,2

2 2 U 380 ± 1 9 25 ziz 1 1 0 ,6 ± 0 ,7 7 2 5 ± 6 4 7 3 ± 7 3 2 ,4 ± 3 ,3 1 1 8 ± 1 4 3 8 ,2 ± 2 ,5

2 1 3 3 3 0 ± 1 3 2 2 ± 1 6 ,9 ± 0 ,2 680 ± 3 0 7 2 ± 3 3 0 ,9 ± 1 ,6 U 7 ± 1 0 44,1  ± 2 , 6

2 2 3 3 5 8 ± 1 8 2 3 ± 1 1 0 ,1 ± 1 ,4 698 ± 4 4 7 0 ± 4 3 2 ,1 ± 2 ,8 1 2 0 ± 1 1 4 2 ,8 ± 4 ,1

2,8 1 1,1 3 9 5 ± 2 1 1 9 ± 1 7 ,0 ± 1 ,3 971 ± 5 8 8 2 ± 5 3 4 ,9 ± 2 ,1 1 3 0 ± 8 5 2 ,4 ± 4 ,7

2,8 2 1,1 4 3 2 ± 1 8 21 zb 1 1 0 ,4 ± 0 ,6 9 5 1 ± 6 2 8 1 ± 6 3 5 ,4 ± 2 ,7 1 4 5 ± 1 5 4 8 ,9 ± 3 ,4

3 1 3 3 7 8 ± 2 0 18 zb 1 7 ,0 ± 0 ,3 911 ± 4 8 7 2 ± 4 3 6 ,1 ± 3 ,8 1 4 0 ± 1 3 51 ,9  ± 5 , 2

3 2 3 4 1 5 ± 2 0 21 zb 1 1 1 ,0 ± 1 ,1 9 5 7 ± 6 3 8 0 ± 6 3 8 ,5 ± 4 ,6 1 5 7 ± 1 9 5 8 ,3 ± 5 ,7

4,2 2 1,1 4 6 2 ± 1 9 18 zb 1 1 1 ,2 ± 1 ,3 1 2 6 5 ± 7 0 8 5 ± 6 4 2 ,2 ± 4 ,1 1 9 9 ± 1 0 7 5 ,2 ± 5 ,2

4,2 2 3 4 3 8 ± 2 1 18 zb 1 1 0 ,8 ± 1 ,5 1 1 7 5 ± 6 5 8 0 ± 5 4 2 ,6 ± 4 ,7 1 9 8 ± 1 1 7 7 ,6 ± 6 ,2

6,1 4 1,1 8 2 7 ± 4 0 3 9 ± 2 — 1 5 8 0 ± 8 5 1 1 7 ± 6 — 2 9 8 ± 8 —
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Fig. 5

g e o m e try  shows tre n d s  w hich  are in  ag reem en t w ith  th e  dependence o f U 50<yo 
on g ap  spacing  an d  to w e r w id th .

T h e  charge in je c te d  in to  th e  gap, d u e  to  th e  discharge alone, is o b ta in e d  
b y  su b tra c tin g  th e  m a g n itu d e  of th e  ch arg e  ju s t  before  th e  f irs t co rona in c e p 
tio n . A s th e  charge m easu red  before th e  co ro n a  in cep tio n  is pu re ly  c a p a c itiv e , 
th e  m a g n itu d e  of th e  c o n d u c to r cap ac itan ce  can  be eva lua ted . F u r th e rm o re , 
th e  c a p a c itan c e  w as ca lc u la ted  b y  m eans o f a  ch arg e  s im u la tion  te c h n iq u e . 
T h e  ca lc u la ted  an d  th e  m easu red  values ag ree  to  w ith in  th e  10%  e s tim a te d  
a c c u ra c y . T he re su lts  of T ab le  3 concern ing  th e  in stan tan eo u s  space  ch a rg e
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(Qics) w hen  co n tin u o u s  leader p ro p a g a tio n  begins are su m m arized  in  F ig . 5. 
N o te  t h a t  Qlcs in c reases  w ith  th e  gap  sp a c in g  an d  decreasing th e  f ie ld  in h o m o 
g en e ity  a t  th e  co n d u c to r, a decrease in  th e  v alue  of Qlcs m ay  b e  observed .

F ig . 6 show s th e  dependence o f  th e  space charge in je c te d  d u rin g  th e  
lead er d ev e lo p m en t upon  th e  lead e r p ro p a g a tio n  tim e. T he c h a rg e  in je c te d  
d u rin g  th e  c o n tin u o u s  leader p ro p a g a tio n  grow s linearly  w ith  th e  p ro p a g a tio n  
tim e . I f  a  c o n s ta n t  ve locity  is a ssu m ed  fo r th e  leader p ro p a g a tio n  (v =  1,5 
cm /ps) th e  av e rag e  v a lu e  of th e  ch a rg e  in je c te d  p er u n it for th e  le a d e r  len g th  
a t  th e  H V  e lec tro d e  d u rin g  th e  c o n tin u o u s  lead e r p ropag a tio n  is a b o u t  20 pC/m .

O n th e  b ase  o f  th e  ex p e rim en ta l d a ta  lis ted  in  T able 3 th e  c o n tin u o u s  
lead e r p ro p a g a tio n  tim e  has been c o m p u te d , assum ing th a t  th e  le a d e r  t ip  
p o te n tia l  is c o n s ta n t du ring  th e  c o n tin u o u s  p ropag a tio n  stage . T h e  fo llow ing 
va lu es  o f  th e  le a d e r ve locity  (vj) a n d  s tre a m e r  g rad ien t (E s) w ere  co nsidered  
in  th e  c a lc u la tio n : v t =  1,5 cm /ps, E s =  5 kV/ с т .  A fair accordance o f  m easu red  
an d  co m p u te d  v a lu es  o f con tinuous p ro p a g a tio n  tim e  can be o b se rv ed . Conse
q u e n tly , i t  m a y  be  n o te d  th a t  in  th e  case  o f  c ritica l im pulse sh a p e  th e  lead er 
t ip  p o te n tia l  rem a in s  c o n s ta n t. T h is r e s u l t  is  con sis ten t w ith  som e conclusions 
o f th e o re tic a l ap p ro ach es  [7].

C onsiderab le  in te re s t  is be ing  sh o w n  in  th e  electric  g rad ien t o f  th e  lead er 
ch an n e l d u e  to  i ts  im p o rtan ce  in  p re d ic tin g  th e  sw itch ing  su rge  s t r e n g th  of
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Fig. 7

e x tr a  lo n g  a ir  gaps. F ig . 7 show s th e  average  le a d e r  g rad ien t in  fu n c tio n  o f th e  
le a d e r  le n g th  (Í). To e v a lu a te  th e  lead er le n g th , i t  is  assum ed th a t  th e  le a d e r  
p ro p a g a te s  s tra ig h tfo rw a rd  a long  th e  m in im u m  c lea ran ce  and th e  le a d e r t ip  
p o te n t ia l  rem a in s  n e a r ly  c o n s ta n t d u rin g  th e  p ro p a g a tio n . T hus

I =  S  -  U J E .  (3)

W h ere  S  th e  gap  sp ac ing  E s — th e  m ean  g ra d ie n t  along th e  s tre a m e r f i l a 
m e n ts  a h e a d  o f th e  le ad e r t ip  a t  th e  m o m en t o f  th e  f in a l ju m p . A  reg ressio n  
a n a ly s is  o f  th e  m easu red  v a lu es  leads to  an  a p p ro x im a te  expression:

E, =  1,65 • Í - M 2 (4)

w here  E t in  kV /cm , l in  m e te rs . T h is ev o lu tio n  o f  th e  average lead er g ra d ie n t  
is d u e  to  th e  ageing  o f th e  ch an n e l b eh in d  th e  t ip .

4. Approach towards an improved calcu lation  method

T h e  w ide  ran g e  of p a ra m e te rs , such  as g eo m e try , w aveshape, e tc . to  
w h ich  a  g en e ra l m odel m u st ap p ly , seem s to  p re c lu d e  th e  success of a p h y s ic a l 
m o d e l b y  th e  fa c t t h a t  know ledge of th e  b asic  phy sics  invo lved  c a n n o t be  
in fe r re d  f ro m  th e  ex is tin g  d a ta  w ith o u t th e  a id  o f  assum ptions, N e v e rth e le ss , 
th e  im p lic a tio n  o f th e  o u tlin ed  ex p e rim en ta l r e s u lts  fo r  p red ic ting  th e  sw itch in g  
su rg e  b re a k d o w n  v o ltag e  m a y  lead  to  a m ore  g e n e ra l app licab ility  of th e  e x is t 
in g  c a lc u la tio n  m eth o d s.

T h e  ex p e rim e n ta lly  o b serv ed  c o n s tan cy  o f  th e  lead er tip  p o te n tia l d u r in g  
th e  c o n tin u o u s  p ro p a g a tio n  p e rm its  th e  d e te rm in a tio n  of th e  50%  b re a k d o w n  
v o lta g e  as  th e  sum  o f tw o  v o ltag e  co m p o n en ts :
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— th e  co n tin u o u s  lead er in c e p tio n  v o ltag e  Uu ;
— th e  v o lta g e  increase  d u rin g  th e  lead e r p ro p ag a tio n , A U r
T h e te s ts  re su lts , ou tlin ed  in  th is  p a p e r , have  show n th a t  a n y  m od ifica 

t io n  in  th e  g eo m e try  w hich  changes th e  elec tric  fie ld  d is tr ib u tio n  in  th e  v i
c in ity  o f  th e  h igh  v o ltag e  e lec trode  ca lls  fo r th  a change in  th e  le a d e r  in cep tio n  
v o ltag e . T he p re se n t s tu d y  s tip u la te s  som e p lausib le  cond itions w h ich  govern  
th e  s tream er to  le a d e r  tra n s it io n . F o r  th e  num erica l analysis o f  th e  s tream er 
le n g th  th e  fo llow ing a ssu m p tio n  w as u sed . T h e  leader s tream ers  cease to  grow 
w hen  th e  e lec tric  fie ld  a t  th e  f ro n t en v e lo p e  of th e  s tream ers  b ecom e less th a n  
a  c e r ta in  th re sh o ld . O n th e  base  o f  o p tic a l observations i t  m a y  b e  rea so n ab ly  
assu m ed , th a t  th e  c ritica l e lec tric  f ie ld  h a s  an  average v a lu e  o f  2,1 kV /cm . 
T h e  ex istence  o f such  a fie ld  va lu e  h a s  b een  ex p erim en ta lly  d e m o n s tra te d  [8]. 
T h u s  th e  s tre a m e r len g th  can be fo u n d  b y  electric  field  ca lcu la tio n s .

T o  in tro d u c e  a p a ra m e te r  o f eq u iv a len ce  of th e  gap  g e o m e try  le t  us 
co n sid e r th e  ch arg e  in jec ted  in to  th e  g ap  b efo re  th e  con tinuous le a d e r  in cep tio n , 
in  fu n c tio n  o f th e  fie ld  d ivergences. I n  F ig . 8 th e  space charge  Qic is reduced  
to  th e  u n it  s tre a m e r len g th  an d  p lo tte d  as a fu nc tion  of th e  f ie ld  d ivergence. 
T h e  space charge  is assum ed to  be d is tr ib u te d  in  such a w ay  t h a t  th e  electric  
fie ld  in  th e  le ad e r s tream ers  te n d s  to  b ecom e un ifo rm  and  c o n s ta n t. T h e  choice 
o f  th e  g eom etrica l p a ra m e te rs  fo r th e  fie ld  d ivergence e v a lu a tio n  is based  
on th e  follow ing o b se rv a tio n s an d  a ssu m p tio n s . The f irs t v a lu e  (xi  =  0,15 m) 
is  a p p ro x im a te ly  th e  lim it o f v a r ia tio n  o f th e  critical rad iu s  fo r  p o s itiv e ly  
c h a rg ed  co n d u c to rs  [1], th e  second (x2 =  1 m) is in  th e  range  o f  th e  c ritica l
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s tre a m e r  len g th  n eed ed  fo r th e  con tinuous le a d e r  p ro p ag a tio n . O bviously , 
th e  cho ice  o f  th e  geo m etrica l p a ram e te rs  is r a th e r  a rb itra ry , b u t fo r tu n a te ly  
th e  r e s u lts  are n o t to o  sen s itiv e  w ith in  given lim its  o f  th e  choice. N ote , th a t  
th e  re d u c e d  c ritic a l space  ch a rg e  lin ea rly  grow s w ith  th e  fie ld  d ivergence. 
T h is s ta te m e n t p ro v id es  v a lu a b le  in fo rm a tio n  co n cern in g  th e  in te ra c tio n  of 
th e  e lec tr ic  fie ld  w ith  th e  space  charge a c c u m u la tio n .

A ssum ing  th a t  th e  co n tin u o u s  s tre a m e r-lea d e r tra n s itio n  begins, due  
to  a c r it ic a l  a m o u n t o f  th e  c u rre n t p roduced , b y  th e  m o v em en t of th e  p o sitiv e  
space  ch a rg e  in  th e  ap p lied  e lec tric  field , in  re fe ren ce  to  th e  re la tionsh ip  p re 
se n te d  in  F ig . 8 th e  fo llow ing  p a ra m e te r  o f eq u iv a len ce  can  be proposed fo r 
n u m e ric a l purposes:

К =  E J U  (E01SI U  — E J  U ) , (5)

w here  E 0 15 an d  E x — re sp ec tiv e ly , th e  fie ld  s tre n g th  a t  d istances 0,15 m  an d  
1 m  f ro m  th e  c o n d u c to r, U  — app lied  vo ltag e  across th e  gap. Fig. 9 show s th e  
c o m p u te d  c ritica l s tre a m e r le n g th  as a fu n c tio n  o f th e  p a ra m e te r  o f e q u iv a 
lence in  th e  in v e s tig a te d  co n d u c to r-to w er leg  a ir  g ap s. A regression an a ly sis  
o f e x p e rim e n ta l re su lts  gives an  expression :

hi  =  1,6 -  3,6 К , (6)

w here  lsl in  m e te rs , К in  m ~ 2.
T h e  lin e a r ity  o f th e  o b ta in e d  re la tio n sh ip  Zs l = / ( K )  gives ev idence o f 

th e  a p p lic a b ility  of th e  ta k e n  assum ptions. T h is em p irica l re la tio n  can  be 
ap p lied  to  th e  n u m erica l e v a lu a tio n  o f th e  c ritic a l s tre a m e r  len g th  of co n d u c to r- 
to w e r a ir  gaps. O nce th e  c ritic a l s tream er le n g th  h as  b een  com pu ted , th e  le a d e r 
in c e p tio n  vo ltag e  can  b e  fo u n d  by  a sim ple e lec tric  fie ld  calcu lation . O n th e  
o th e r  h a n d  th e  v o ltag e  in c rease  du ring  th e  le a d e r  p ro p a g a tio n  can be e v a lu a te d  
w ith  th e  a id  of th e  le a d e r  le n g th , l a t  th e  m o m e n t o f  th e  f in a l ju m p .
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In  o rd er to  a n a ly se  th e  possib ilities o f th e  proposed  m odel fo r  conductor- 
to w er leg co n fig u ra tio n s  o f p ra c tic a l in te re s t , th e  in fluence o f th e  f ie ld  d is trib u 
tio n  w as s tu d ied  in  a w ide  ran g e  o f geo m etrica l p a ram ete rs . A m o n g  th e  prom is
ing  re su lts  for tra n sm iss io n  line in su la tio n  design , i t  is in te re s tin g  to  no te  the  
c o m p u ted  values o f th e  c ritic a l f la sh o v e r v o ltag e  of e x tra  lo n g  b o u n d le  con
d u c to r-to w er a ir  gaps. T h e  c ritica l po sitiv e  sw itch ing  surge f la s h o v e r  voltages 
for a  w ide range o f g ap  d istan ces  are show n in  Fig. 10. D ue  to  th e  slight 
increase  o f th e  c o n tin u o u s  lead e r in cep tio n  v o ltag e  a t  a v e ry  lo n g  g ap  distance 
th e  in crease  of th e  f la sh o v e r  v o ltage  m u s t be  m a in ly  a t t r ib u te d  to  th e  increase 
o f th e  lead er len g th . T h e  co m p u ted  ev o lu tio n  o f th e  f la sh o v e r v o lta g e  as a 
fu n c tio n  o f th e  gap  d is ta n c e  is in  acco rdance  w ith  new  te s t  r e s u lts  [9].

5 . Conclusions

1. A  generalized  5 0 %  fla sh o v er v o ltag e -tim e-to -c re s t c h a ra c te r is tic s  of 
tran sm iss io n  line in su la tio n  has been  e s tab lish ed , w hich en ab le s  a n  accura te  
assessm en t of sw itch in g  su rge s tre n g th  in  th e  w hole range o f  im p u lse  shapes.

2. T he space c h a rg e  n eed ed  fo r th e  c o n tin u o u s  s tre a m e r- lea d e r  tran s itio n  
is a  fu n c tio n  of th e  e lec tr ic  fie ld  d is tr ib u tio n .

3. In  th e  case o f  th e  c ritica l im p u lse  shape  th e  lead e r t ip  p o te n tia l  is 
a lm o st c o n s ta n t d u rin g  th e  co n tin u o u s p ro p a g a tio n  stage.

4. T h e  average le a d e r  g rad ien t decreases w ith  th e  le ad e r le n g th .
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5. A n  im proved m odel fo r  th e  prediction  o f th e  sw itch in g  surge s tre n g th  
can  b e  b a se d  on th e  in te r a c t io n  o f  th e  critical c o n d itio n s  of stream er-lead er 
t r a n s i t io n  w ith  the  field d is t r ib u t io n  in the  large  a ir  gaps.
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Charakteristiken des Luftfunkenetrecken-Durchschlags infolge von Schaltüberspannun
gen an  Hochspannungsmasten. — E ine Reihe von umfassenden Impulsversuchen an zahlreichen 
Modellen von Hochspannungsmasten wird beschrieben. Der Einfluß der Wellenform auf die 
positive Schaltdurchschlagspannung an  Hochspannungsmasten wurde durch Anwendung ver
schiedener Wellen zwischen Zeitdauern von 35 bis 1200 fis bis zum Wellenscheitel wert 
un tersucht. Die Versuchsergebnisse überlappen und überschreiten die zur Verfügung stehenden 
D aten, wodurch verallgemeinerte flash-over Charakteristiken für die Spannungswellenfront 
beigestellt wurden. Spezialversuche w urden vorgesehen um weitere Informationen für die E n t
wicklung eines Modells für flash-over Luftspalte zu erhalten. Auch die Parameter, die den 
Übergang von der Korona zum Leader und Leaderenlwicklung beeinflußen, wurden berechnet. 
Eine Gegeneinanderstellung der Versuchsergebnisse und der theoretischen Berechnungsresultate 
bringt den Beweis herbei, daß die Simulation der Entladungserscheinung damit befördert 
wurde.
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CALCULATION METHOD FOR DETERMINING  
LOAD FREQUENCY CONSTANT
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Following a review of several publications the paper describes a new calculation 
method which can be used for determining long term load frequency constan t and 
frequency exponent by computation based on the consumers’ structure and the  electri
cal characteristics of the system. With the use of available information, in  the data 
base of energy economy, the paper presents cases for application. As a m ain result of 
calculation it  has been found, in the period of 1970 — 78, tha t the yearly average result
ing load frequency constant for Hungarian consumers was varying between 1,04 —1,08 
expressed in a non-dimensional value.

1. In tro d u c tio n

F re q u e n c y , i.e . one o f th e  m ost im p o r ta n t  q u a lity  c h a ra c te r is tic s  of 
e lec trical en e rg y , c a n n o t alw ays be g u a ra n te e d  a t  its  ra te d  v alue  o r a t  a va lu e  
w ith in  a to le ra n c e  lim it fo r v a rious reaso n s in  p rac tice .

A ll c a lc u la tio n s  ca rried  ou t so fa r  a t  hom e and  ab road  a t  sy s te m  level 
o r a t  th e  leve l o f  in te rco n n ec ted  sy stem s h av e  in v ariab ly  c o n firm e d  th a t  
freq u en cy  d e v ia tio n  m ay  u n fav o u rab ly  a ffe c t th e  cooperation  of e lec tr ic  pow er 
system s.

T hese p ro b lem s w ere a lread y  th e  su b je c ts  fo r in tensive  d iscu ssio n  a  few 
decades ago (w hen  n a tio n a l energy  sy s te m s  w ere estab lished) in  o rd e r  to  
c rea te  sa fe ty  fo r  a  p a ra lle l opera tio n . T h e  reaso n  w hy in te re s t a n d  re sea rch  
has re p e a te d ly  b een  focussed on these  q u e s tio n s  a t  p resen t is th a t  la rg e  (b o th  
g eograph ica lly  a n d  techn ica lly ) pools o f  e lec tric  energy  system s h a v e  been 
estab lish ed , w h ich  h av e , in  fac t, several techn ica l-econom ic  a d v a n ta g e s  (e.g. 
keep ing  fre q u e n c y  m ore c o n s ta n t) , b u t o p e ra te  a t  a frequency , e x te n d in g  over 
a n u m b e r o f c o u n trie s , w hich can n o t on th e i r  ow n be changed  b y  th e  p a r t ic 
ip a tin g  sy stem s. F re q u e n c y  changes w ould  u n fa v o u ra b ly  in fluence  c o n su m ers’ 
o p era tio n , a n d  cou ld  re su lt in  large-scale p o w er flow  or even d is in te g ra tio n  o f 
an  in te rc o n n e c ted  sy s tem  [1].

* Prof. Dr. M. F ü b e d i , Vahot u. 3. H 1119 Budapest, Hungary
** Dr. T. T e r s z t y á n s z k y , Tömöri köz 4, H —1138 Budapest, Hungary
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W ith in  th is  b ro ad  fie ld  o f  p rob lem s th e  p re s e n t  p a p e r in ten d s  to  d iscuss 
th e  c a lc u la tio n  m eth o d  fo r  th e  re a c tio n  o f co n su m e r lo ad  to  freq u en cy  ch an g es , 
a n d  w a n ts  to  describe a  m e th o d  (using H u n g a r ia n  consum ers as an  ex am p le ) 
fo r  d e te rm in in g  b y  c a lc u la tio n  th e  freq u en cy  c h a ra c te r is tic s  of e le c tr ic ity  c o n 
su m ers .

2. Foreign and Hungarian background

C o m p reh en siv e  in q u ir ie s  fo r d e te rm in in g  consum ers’ load fre q u e n c y  
c o n s ta n t  in  vario u s pow er sy stem s an d  pools o f  su c h  system s were c a rr ie d  o u t 
in  th e  p e r io d  follow ing W o rld  W ar I I .

E ffe c ts  of red u ced  frequenc ies on a c tiv e  a n d  reac tiv e  pow er in p u t  o f 
c o n su m e rs  in  th e  U S S R  w ere s tu d ie d  b e tw een  1949 —1952 b o th  fo r p a r t ia l  
a n d  e n t i r e  system s [2 ].

In q u ir ie s  m ade in  th e  U SA  re fe rred  to  th e  perio d  betw een  1944— 1955 
w hen  sh o rta g e s  in  g e n e ra tin g  cap ac ities  w ere  p ra c tic a lly  ev e ry d ay  e v e n ts . 
B e tw e e n  1955 — 1976 sy s tem  freq u en cy  ra re ly  d iffe red  from  th e  b an d  o f 59 ,96 — 
60,04 H z , an d , th e re fo re , no fu r th e r  in q u irie s  fo llow ed. System  b reak d o w n s 
a n d  th e i r  consequences in  re c e n t years  h av e  a g a in  d raw n a t te n tio n  to  th e  
im p o r ta n c e  o f freq u en cy  c o n s ta n t and  o f d e te rm in in g  its  value [3].

C a lcu la tio n s for e s tab lish in g  th e  d ep en d en ce  o f  active consum ers’ lo ad  
on f re q u e n c y  an d  v o ltag e  changes in  S w itze rlan d  w ere m ade from  1950 o n 
w a rd s  b o th  in  lab o ra to rie s  a n d  fo r p a r tia l  n e tw o rk s  [4, 5, 6].

I n  G re a t B rita in , s tr ik e s  in  m in ing  in  1973 — 74 caused in  m a n y  cases 
[3] f re q u e n c y  drops below  ra te d  va lue . B ased  on experiences from  sy s te m  
o p e ra tio n  th e  v alue  of ac tiv e  pow er response to  fre q u e n c y  (np) w as d e te rm in e d  
fo r C E G B  ran g in g  from  1 to  3 [7].

T h e  m ain  aim  in  th e  In te rc o n n e c te d  S y s te m  of th e  CMEA c o u n tr ie s , 
w ith in  th e  fram ew o rk  o f S ec tio n  4 of th e  P e rm a n e n t Com m ission on E le c tr ic a l 
E n e rg y , CM EA, b eg inn ing  fro m  th e  ea rly  1960’s, w as to  determ ine  th e  r e s u l t 
in g  fre q u e n c y  fac to r fo r each  sy tem , b u t  in q u ir ie s  m ad e  in  resp ec t of p a r t ia l  
n e tw o rk s  in  th e  G D R  also led  to  th e  d e te rm in a tio n  of th e  value of c o n su m e rs’ 
f re q u e n c y  fa c to r  a t  a sy s te m  level [8, 9, 10].

I n  H u n g a ry ’s en erg y  sy s te m  th e  f ir s t  in v e s tig a tio n s  m ade in  1953 — 54 
w ere to  d e te rm in e  th e  v a lu e  o f th e  lo ad  fre q u e n c y  c o n s tan t b o th  for p a r t ia l  
n e tw o rk s  an d  th e  n a tio n a l in te rc o n n e c ted  e n e rg y  sy stem  [11]. M easu rem en t 
re su lts  w ere  used  for d raw in g  resu ltin g  c h a ra c te r is tic  curves for a  single d a y  
an d  n ig h t  in  each case. T hese cu rves w ere co n sid e red  to  ch aracterize  th e  d e p e n 
dence  o f  sy s tem  load  on freq u en cy .

A n  in q u iry  m ade in  1963 used  reco rd in g s o f  th e  frequency  o f p ow er 
ex c h a n g e s  to  ev a lu a te  th e  re su ltin g  freq u en cy  c o n s ta n t of th e  sy s tem  [12].
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Table 1

Load frequency constant at system level in different countries (published data)

Origin Date к? Description Rem arks

USSR 1949 1952 1,7 day; 60 MW system l.

USSR 1949-1952 0,9 day; 65 MW system l.
1,82 day; system of a capacity of unknown

size 2.
2,0 day; system of a capacity of unknown

size 2.
1,91 day; system of a capacity of unknown

size 2.
3,0 day; 20 MW system 3.

1942 1,2 unknown circumstances
1949 2,6 day; 5000 MW system 2.

USA 1,87 235 MW system 4.
1978 1,2 333, 300 MW system 4.

1,324-1,44 333, 300 MW system 4.
1974 1.0 unknown circumstances

Great Britain 1978 1,0 4-3,0 4.; 2.
1964 1,254-1,43

CMEA 1965 1,54-2,0 power system of the GDR
1966 1,5 4-2,5
1978 2,0 2.
1967 1,54-2,0

Other
publications 1971 1,04-3,0

1974 2,0
1978 1,04-2,4

Hungary 1954 1,7 day; 1% frequency drop with 0.8%
voltage drop 1.

2.0 average of nightly measurements; 1%
frequency drop with 0,8% voltage 
drop 1.

Remarks: 1. Automatic voltage regulation is provided; voltage falling parallel with frequency.
2. Voltage falling parallel with frequency.
3. No automatic voltage regulation; voltage dropping parallel with frequency.
4. U =  const.

V alue of th e  co n su m ers’ freq u en cy  c o n s ta n t ad o p ted  an d  u sed  in  the  
In te rco n n ec ted  S y stem  o f th e  СМ ЕЛ is K *  — 2 [13, 14, 15].

P u b lish ed  ca lcu la tio n  resu lts  on th e  v alue  of load f re q u e n c y  c o n s ta n t 
a re  co n ta in ed  in  T ab le  1.

B ased  on th ese  in v es tig a tio n s  an d  re la te d  resu lts  the  fo llow ing  im p o r ta n t 
s ta te m e n ts  can  he m ade:
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— in  a pow er p oo l th e  a rea  frequency  re sp o n se  ch a rac te ris tic s  o f each  
s y s te m  is de te rm ined  e i th e r  d ire c tly  by  e x p e r im e n ta l m easu rem en ts, o r fro m  
m e a su re m e n t resu lts  b y  u s in g  m a th e m a tic a l-s ta tis tic a l m eth o d  for co m p u ta tio n . 
T h e  u se  o f frequency  re c o rd in g s  m ade from  p ow er ex ch an g es is equally  su ita b le  
b u t  o n ly  for d e te rm in in g  th e  resu lting  fre q u e n c y  fa c to r . F req u en cy  b ased  
c o n s ta n t  of a system  im p lic it ly  co n ta in s th e  c o n su m e rs’ lo ad  frequency  c o n s ta n t, 
b u t  i ts  v a lue  can n o t be  d e te rm in e d  a t all fro m  th e  re su lta n t b u t can  on ly  
b e  e s tim a te d ;

— load freq u en cy  c o n s ta n t  is equally  d e te rm in e d  from  e x p e rim en ta l 
m e a su re m e n ts ;

— values of lo ad  fre q u e n c y  de term ined  fo r each  system  and  p u b lish e d  
in  l i te r a tu r e  can he c o m p a re d  an d  adap ted  w ith  d iff ic u lty  because th e  d e ta ile d  
c h a ra c te r is tic s  of each  s y s te m  and  of th e  a c tu a l in v e s tig a tio n s , in c lu d in g  th e  
c o n su m e rs ’ s tru c tu re  i tse lf , a re  n o t know n;

— in spite  of th e se  fa c to rs  of u n c e rta in ty  i t  c a n  be generally  said  t h a t  
th e  lo a d  frequency  c o n s ta n t  o f  an energy sy s te m  is be tw een  0,9 — 3,0.

T h e  calcu la tion  m e th o d , based  on an an a ly s is  o f loads and  co n su m p tio n , 
as d esc rib ed  in th e  fo llow ing , can  be used fo r d e te rm in in g  th e  load  fre q u e n c y  
c o n s ta n t  for each co n su m er ca teg o ry  and also fo r  th e  sy stem .

3. Information used for the calculation and available as a data base

E lab o ra tio n  of th e  c a lc u la tio n  m ethod  b ased  on th e  analysis of th e  co n 
su m p tio n  s tru c tu re , lo ad s  a n d  consum ption  re q u ire s  a know ledge o f th e  
c h a ra c te r  of th e  in fo rm a tio n  system  used in  th e  c o u n try ’s energy econom y 
a n d  th e  re la tive  d a ta  b a se . P a r t  of th e  av a ilab le  d a ta  can  be d irec tly  u sed , 
a n d  a n o th e r  p a r t in  a n  in d ire c t  w ay, by  a p p ly in g  m ethodological c r ite r ia .

D irect in form ation  is o b ta in e d  from  m e a su re m e n t resu lts  of m o n th ly  
m e a su re d  days. T hese m e a su re m e n ts  disclose, in te r  a lia , m ax im um  loads of 
c o n su m e r  groups an d  th e ir  re la tiv e  tim es. In fo rm a tio n  given b y  the e lec tric  
p o w e r sy stem  co n ta in s th e  size and  da te  of th e  n a t io n a l  consum ers’ p eak  lo ad , 
as w ell as frequency  v a lu es  fo r  ch arac teris tic  d a te s  an d  periods.

N o t con ta ined  in  th e  c o u n try ’s d a ta  base  a re  c o n su m ers’ loads are b ro k en  
d o w n  to  ty p es of use (e.g . fo r  m otors, th e rm a l p u rp o ses).

Ind irec t in form ation  is co n ta ined  in  th e  d a ta  base  for electric  pow er 
c o n su m p tio n . F ro m  th is  d a ta  b ase  one can le a rn  th e  d a ta  of th e  an n u a l pow er 
c o n su m p tio n  by  sec to rs o f th e  big in d u stry , an d  co n su m p tio n  broken  dow n 
b y  uses . T he d a ta  also c o n ta in  th e  annual pow er c o n su m p tio n  by  sectors o th e r  
th a n  b ig  in d u stry , a n d , w ith in  these, e lectric  p o w er consum ption  b y  su b 
sc rib e rs  (broken dow n b y  ty p e s  of uses) who a re  ob lig ed  to  m aking  a b a lan ce  
a n d  acco u n tin g . T his in d ire c t in fo rm ation  can  be  c o n v e rte d  in to  a d irec t one

Acta Technica Academiae Scientiarum Hungaricae 92, 1981



CALCULATION METHOD 157

g e n e ra lly  w ith  t h e  fo rm u la :

where :
Pc, : peak load of the period under review, MW (in this study: a year)
W  : power consumption of the period under review, MWh (in th is study: year) 
I;,, : peak utilization hours

4. Description o f th e  calculation method

T h e  s y s te m  o f  c o n d itio n s  fo r  t h e  m e th o d  consists  o f  th e  fo llo w in g  lim i
t a t io n s :

— s u b je c t  o f  th e  p re s e n t  p a p e r  is  t h e  e f fe c t o f  fre q u e n c y  c h a n g e s  o n  a c tiv e  
p o w e r  in p u t ;

— in  d e te rm in in g  th e  d e p e n d e n c e  o f  c o n s u m e rs ’ a c tiv e  lo a d  o n  f re q u e n c y , 
th e  r e la te d  v a lu e s  o f  p e a k  t im e  in  b ig  i n d u s t r y  sh o u ld  h e  c o n s id e re d  as  a  b as is ;

— a n n u a l  p e a k  lo a d  o f e a c h  s e c to r  ta k e s  p lace  a t  th e  t im e  o f  a n n u a l 
p e a k  lo a d  o f  b ig  in d u s t r y  (in  g o o d  a g r e e m e n t  w ith  p r a c t ic a l  e x p e r ie n c e s ) ;

— s y s te m  v o lta g e  is u n c h a n g e d  d u r in g  f re q u e n c y  c h a n g e s  ( U  =  c o n s t) .

Fig. 1. Percentage variations of active power demand for big industry sectors in function of 
frequency variations in H ungary in 1978 (17 =  const.)
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F o r  th e  ca lcu la tio n  th e  indigeneous c o n su m ers  w ill be arranged  in  tw o  
g ro u p s :

— consum ers o f b ig  in d u s try  (in th e  fo llow ing , in d u str ia l sectors b e in g  
m a rk e d  w ith  index  A )

— consum ers o th e r  th a n  of big in d u s try  ( to ta l  o f  o th e r consum er g ro u p s  
m a rk e d  w ith  index  E ).

R esu ltin g  co n su m ers’ freq u en cy  c o n s ta n t a t  sy s te m  level will be o b ta in e d  
(as a  non-d im ensional v a lu e ) from  frequency  c o n s ta n t ,  sum m ed up , o f th e se  
tw o  g ro u p s:

where
m:

m
K p  =  K p A  +  K p E =  K Fj  +  K p E

i=l

stands for the description of each sector (e.g. mining, metallurgy).

( 1 )

A  d e ta iled  d iscussion  o f  th e  calcu lation  m e th o d  is  given in th e  A p p en d ix .

4 .1 . D eterm ination o f  fre q u e n c y  characteristics fo r  big ind u stry  consumers’’ load

L o ad  frequency  c o n s ta n t  w ith in  each se c to r  (see A ppendix):

=  b , A  =  .(р1 - у р »ь [M W /H z]

w h ic h  h a s  th e  follow ing n o n -d im en sio n a l v a lu e  a t  sy s te m  level:

(2a)

where
Pj and Ps :
Pr
f
fo

К
F i v Fi

(■Pi +  3 P 3)f fo

P r ' f

within the load of each sector, the load depending on f1 and f3 
average annual load of the power system 
system frequency related to P,. 
system related frequency

(2 b )

T h e exp ression  (2b) can  b e  u se d  for p rac tica l c o m p u ta tio n : in  tim e of a n n u a l 
p eak  lo ad  of big in d u s try , i t  ta k e s  th e  follow ing fo rm  fo r th e  i-th  sec to r:

where

К
F i  —

В7,- +  3 W3,

_ _  Я7,
P r

fo
fcs

(2c)

Wjí : electrical energy used in  the i-th sector for driving machines and for other me
chanical purposes of stationary character [MWh]

W3i : electrical energy used in  the i-th sector for compression and ventilation [MWh]*

* I t  will be noted th a t the load requirement of compressors changes in accordance 
with the first power of frequency. The data base in Hungary, however, contains the electrical 
energy used for compression and ventilation as a single data, and so the share of energy used 
for compression cannot be singled out from the whole.
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Wj : total annual electrical energy use in the i-th sector (MWh]
Pai : sectoral load taking place at the time of maximum annual load (Pcs) of meas

urement days in the big industry 
fcs • system frequency valid for the time of Pcs-

R esu ltin g  sec to ra l co n su m ers’ frequency  c o n s ta n t a t  sy stem  level (acco rd ing  
to  H u n g a ry ’s d a ta  base  th e  n u m b er of big in d u s try  sec to rs , m  =  7):

k *fa  =  2  K P‘ • ( 3 )
i=1

T he v alue  of freq u en cy  e x p o n e n t can  be e v a lu a te d  fo r each sec to r b y  using  
th e  re la tio n sh ip

b ,=
W, +  3 w 3i

IF,
(4)

L oad  freq u en cy  c h a ra c te ris tic s  e v a lu a te d  for som e consum er g ro u p s in 
H u n g a ry  are show n in  T ab le  2.

Table 2

Load frequency characteristics evaluated for consumer groups and at system level in 1970, 1975
and 1978

Sectors and re suiting values 1970 1975 1978

Mining b 1,88 1,99 2,01
0,1547 0,1362 0,1182

Metallurgy b 0,64 0,73 0,8
K F 0,124 0,117 0,108

Engineering ь 0,83 0,86 0,89
industry K F 0,103 0,0918 0,092

Building materials ь 1,22 1,2 1,26
industry K  F 0,05072 0,052 0,0546

Chemical industry b 1,89 1,87 1,76
К Р 0,2431 0,233 0,208

Light industries ь 0,94 0,97 1,03
K F 0,0722 0,0704 0,0722

Food industry ь 1,46 1,48 1,4
K F 0,0607 0,0599 0,0545

Freq. const, big ind. K FA =  27KF(K Fl 0,808 0,7603 0,7075

Freq. const, other 
than big ind. K'ff, 0,2654 0,2824 0,3654

Resulting load freq.
const. K ß  U =  const 1,073 1,043 1,073
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4 .2 . D eterm ina tion  o f  freq u en cy  constant fo r  consum ers other than big industry

I n  sec tion  4.1. we h a v e  d e te rm in ed , b a sed  on an  a d d itio n a l analysis 
w ith in  th e  ca tego ry  o f b ig  in d u s try  consum ers, also th e  freq u en cy  c o n s ta n t 
fo r e a c h  sec to r a t  sy s tem  level.

I n  th e  ca teg o ry  of o th e r  th a n  big in d u s try  consum ers no ad d itio n a l 
a n a ly s is  is req u ired  since, in  th e ir  load  (co n su m p tio n ), th e  sh are  o f  energy 
u se d  fo r  m o to rs is c o n sid e rab ly  low er th a n  in  th e  load  of th e  ca te g o ry  o f  big 
in d u s t r y  (e.g. 28 ,3%  as a g a in s t 67 ,5%  in  b ig  in d u s try  in  1978); also th e ir  
e ffec t o n  th e  value o f K *  is , th e re fo re , sm aller.

B a se d  on th e  A p p en d ix  an d  section  4 .1 . th e  re su ltin g  lo ad  freq u en cy  
c o n s ta n t  o f o th e r th a n  b ig  in d u s try  consum ers is e v a lu a te d  in  th e  fo llow ing  w ay:

'■FE

+  31V3E D

W b_  ' E . A
P r fcs

( 5 )

where
WE : annual electric power consumption by other than  big industry category [MWh], 
P ’p : load of other than big industry taking place a t the time of Pa  [MW].

F o r  de te rm in in g  th e  v a lu e  o f W 1E an d  o f W.iE  i t  h ad  to  be assu m ed  th a t  
th e  b re a k d o w n  (in p e rcen tag e) b y  ty p e s  of uses, w h ich  can  be e v a lu a te d  from  
c o n su m p tio n  d a ta  of co n su m ers  bein g  obliged to  p rep a re  ba lance  an d  a c c o u n t
in g  o f  o th e r  th a n  big in d u s try  ca teg o ry , is app licab le  to  th e  to ta l  a n n u a l 
c o n su m p tio n  b y  th e  c a te g o ry  o th e r  th a n  b ig  in d u s try .

4.3 . D eterm ina tion  o f  resulting  load frequency constant at system  level

R e su ltin g  load  fre q u e n c y  c o n s ta n t, as b e in g  th e  sum  of freq u en cy  
c o n s ta n t  fo r consum ers of th e  ca tegories b ig  in d u s try  an d  o th e r  th a n  big 
in d u s t r y ,  c an  be e v a lu a te d  acco rd in g  to  e q u a tio n  (1) in  th e  fo llow ing  w ay :

J _  ( y  W «  +  ЗН7з, 
P r \ й  W ,

• Pest +
W jE +  3 W3E 

W E
( 6)

F ro m  re la tio n sh ip s  c o n ta in e d  in  Section  4 i t  can  be seen th a t  th e  ex p o 
n e n t  o f  consum ers’ f req u en cy  (6) a n d  th e  freq u en cy  c o n s ta n t (K E) inc lu d e  
c o n su m p tio n  s tru c tu re  an d  th e  c h a ra c te r  o f en erg y  sy stem , as w ell. I f  e v a lu a 
tio n  is  c a r r ie d  ou t w ith  a n n u a l d a ta  for load  an d  co n su m p tio n , i t  w ill also  be 
possib le  to  follow tim e  (an n u a l) changes of th e  freq u en cy -d ep en d en t c h a ra c te r 
istics .
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5. Applications

5.1. E va lua tion  o f  consumers' load changes in  the energy system

L oad  freq u en cy  c o n s ta n t n o n -d im en sio n a l case a t  sy s te m  leve l is express
ed in  p recen tag e , acco rd ing  to  d e fin itio n , as follows:

K% =  — P/?0//° (7)
4 f %

where

a p r %  =  -100.“s
PR : consumers’ load of energy system related to the actual frequency value,
A f  : frequency deviation,

F req u e n c y -d e p en d e n t pow er change, th e re fo re , be:

A P r %  =  K% • A f %  .

I f  we in te n d  to  c o n v e rt consum ers’ load  ta k in g  place a t  /  <C /о to  / 0, th en  
consum ers’ lo ad  re la te d  to  /„  (e.g. a n n u a l p e a k  load) can  be e v a lu a te d , since 
A P r %  is know n:

P * . =  P r ------------i p - d T  (8)j  /О
100

B y  m eans of T ab le  2 i t  can , th e re fo re , be sa id  th a t ,  i f  v o ltag e  is assum ed  to  
be c o n s ta n t, to  a  ch an g e  of 1%  in  freq u en cy  a  change of n e a r ly  1 ,1%  in  con
su m ers’ lo ad  a t  sy s te m  level can  be re la te d .

5.2. Calculation o f  active load changes o f  sectors

Changes in  re la tiv e  pow er d em an d  in  fu n c tio n  o f fre q u e n c y  changes can 
be described , in  a  genera l fo rm , b y  th e  fo llow ing e q u a tio n  (see A ppend ix ):

^ = b . Æ
p  f

(9)

B y  a rran g in g  E q . (9) th e  ac tive  lo ad  ch an g e  of sec to rs c a n  be  ev a lu a ted :

Pt
•  100 =

100
oi 1 +  b f

where

Æ
f

% ( 10)

P0l : power demand, related to of the sector in question.

C alcu la tion  re su lts  w ith in  freq u en cy  ran g e  b e tw een  49 an d  50 H z are  show n 
in  F ig . 1.
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5.3. C onsideration o f  sim ultaneous voltage changes

T h e  calcu la tion  m e th o d  d esc rib ed  w ill y ie ld  th e  lo ad  freq u en cy  c o n s ta n t 
fo r  c o n su m e r categories an d  fo r  consum ers a t  sy s tem  level on th e  a ssu m p tio n  
t h a t  U  =  co n stan t. In  p ra c t ic a l  opera tio n , h ow ever, som e vo ltag e  ch an g e  
w o u ld  in e v ita b ly  ta k e  p lace , s im u ltan eo u sly  w ith  fre q u e n c y  change. S im u lta 
n e o u s  v o lta g e  change w ou ld  re s u lt  in  a value above  t h a t  of load  freq u en cy  
c o n s ta n t  de term ined  fo r U  =  c o n s t [1, 11, 13]

I n  th e  ligh t of th e  e m p ir ic a l d a ta  o b ta in ed  fro m  la rg e  pow er sy s tem s, 
in  ca se  o f  U  <T UConst. a n d  a t  sy s te m  level, 10-j-20%  h ig h e r load  freq u en cy  
c o n s ta n t  can  be expected  [3 ]. A ccord ingly , fo r p u rp o ses  o f system  o p era tio n  
K p  w o u ld  be usefully  ta k e n  in to  considera tion  w ith  a  v a lu e  of 1 ,2-tim es as 
h ig h . I t  m eans th a t  va lu es  1 ,04  —1,073 in  T ab le  2 co u ld  be 1,25 — 1,29.

5.4. F u rth er  possible applica tions

W ith in  th e  system  o f co n d itio n s m en tio n ed  th e  ca lcu la tion  m e th o d  
d e sc r ib e d , will, in  ad d itio n , m a k e  possible to  c a r ry  o u t th e  follow ing:

— analysis from  c o n su m p tio n  side of th e  v a lu e  o f a rea  freq u en cy  re 
sp o n se  ch a rac te ris tic s  (o b ta in e d  as an  average from  e x p e rim e n ta l m easu rem en ts  
a n d  c a lcu la tio n s  carried  o u t in  in te rc o n n e c ted  system s) a n d  i ts  in n e r s tru c tu re  
w h ile  considering  th e  g ro w th  o f  pow er system  an d  th e  s tru c tu ra l changes in  
p o w e r d em an d ;

— d e te rm in a tio n  o f size a n d  ch a ra c te r  o f ch an g es in  freq u en cy -d ep en 
d e n t  p ro d u c tio n  by  in d u s tr ia l  consum ers;

— d e te rm in a tio n  o f f re q u e n c y  sen sitiv ity  (e x p e c te d  a t  p re sen t a n d  in  
fu tu re )  o f  consum ers’ pow er d em an d .

A ll o f  th em  are re le v a n t  fo r  advenced  sy s tem  c o n tro l.

6. Conclusion

Follow ing  a review  o f av a ilab le  p u b lica tio n s th e  p re sen t p a p e r  d e 
sc rib e s  a  new  calcu lation  m e th o d  w hich can be u sed  fo r d e te rm in in g  lo ad  fre 
q u e n c y  c o n s ta n t and  fre q u e n c y  ex p o n en t by  c o m p u ta tio n , based  on th e  co n 
s u m e rs ’ s tru c tu re  an d  th e  e le c tr ic a l ch a rac te ris tic s  o f th e  energy  sy stem . 
W ith  th e  use of in fo rm a tio n  a v a ila b le  in  th e  d a ta  b ase  o f energy  econom y th e  
p a p e r  p re se n ts  cases fo r a p p lic a tio n  in  p rac tice . As a  m a in  re su lt of ev a lu a tio n s  
i t  h a s  b e e n  found th a t ,  in  th e  p e rio d  of 1970—1978, th e  y e a r ly  load  freq u en cy  
c o n s ta n t  fo r H ung arian  c o n su m ers  w as v a ry in g  b e tw een  1,04 —1,08 exp ressed  
in  n o n -d im en sio n a l va lue .
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A PPEN D IX

A .l .  F unctional relationships betw een consumers’ active 
load and frequency

A . 1.1 . D eterm ination o f  freq u en cy  exponent (b)

D ependence  o f  ac tiv e  loads of a c o n su m e r (consum er group) on sy stem  
freq u en cy  is in  a g en era l form  [13]:

P ( f  ) =  P  =  »0 +  Oj • /  -f- (i2 • / г - f  =

=  P a  +  +  P 2 +  P 3 +  • • • +  -P f i • ( 1 . 1 . 1 )

F ro m  an  an a ly sis  o f  e lec trica l energy u sed  b y  consum ers, c lassified  accord ing  
to  its  uses, a n d  also  from  th e  c h a ra c te r  o f  consum er in s ta lla tio n s  i t  follows 
th a t  th e  ac tiv e  c o n su m ers’ load consists in  p ra c tic e  an d  in  m a jo r ity  o f th e  
follow ing th re e  co m p o n en ts :

P = P ( / )  =  P „ +  P x +  P  3 ( 1 . 1 . 2 )

where
Pa : th a t (constant) part of the load, which is independent of frequency, e.g. electric 

lighting, electric resistance furnaces
Pi : the p a rt of load, depending on first power of frequency; e.g. machine tools, mills, 

compressors
P 3 : the p art of load, depending on third power of frequency; e.g. fans, centrifuges, 

centrifugal pumps.

C onsum ers’ lo ad  can  also be w ritte n  as a  d ire c t fu nc tion  of freq u en cy  [5]:

P = c - f b (1 .1 .3)
where

e: proportion factor,
P  and f :  related values for power and frequency respectively.

T he fre q u e n c y  e x p o n en t b, found  b y  p ro d u c in g  th e  d iffe ren tia l o f e q u a 
tions (1.1.2) a n d  (1 .1 .3 ), can  be expressed  as:

b Pi  +  3 P 3 
P

(1.1.4)

A . 1.2. D eterm ination  o f  consum ers load frequency’ constant 

In  acco rd an ce  w ith  defin ition :

к  f = ^ - [ M W / H z ] ,
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w h ile  a t  sy s te m  level, in  n o n -d im en s io n a l v a lu e :

K F = k F - A  (1 .2 .1)
P

where
f 0 : rated  frequency [Hz],
P r : characteristic load of th e  power system, usefully chosen, as a basis for refer

ence [MW],

B y  p ro d u c in g  th e  d iffe ren tia l o f  e q u a tio n  (1.1.3) we o b ta in  (by  a b a n d o n in g  
th e  r e s id u a l  te rm ):

4 f
[M W /H z] . ( 1 . 2 . 2)

B y  u s in g  (1.1.4) and  (1.2.2) w e o b ta in , fro m  e q u a tio n  (1.2.1) th e  g en e ra l 
fo rm  o f  lo a d  frequency  c o n s ta n t  w a n te d  a t  sy s tem  level (in n o n -d em en sio n a l 
fo rm ) :

K  _  +  3 P 3 fp

F  P r  '  f

where _
P F : annual average load of electric power system.

A.2. Structural analysis o f load and consum ption

T h e  in fo rm atio n  sy s tem  o f  en e rg y  econom y does n o t co n ta in  the  c la ss ified  
lo a d s  a c c o rd in g  to  p lanned  u se s ; i t  does co n ta in , how ever, th e  y ea rly  c o n su m p 
tio n  o f  e le c tr ic a l energy as b ro k e n  dow n to  ty p e s  o f  uses.

I t  is , therefo re , n ecessa ry  to  co n v e rt in d ire c t in fo rm atio n  (on c o n su m p 
tio n )  to  d ire c t  in fo rm ation  (o n  loads).

A .2 .1 . B ig  in d u stry  consum ers

I t  w ill be assum ed th a t  e a c h  sec to r h as  its  m ax im u m  load  (as m e a su re d  
on  th e  d a y  fix ed  for th is  p u rp o se  d u rin g  th e  year) a t  th e  tim e  w hen d a ily  p e a k  
lo a d  o f  b ig  in d u s try  is m e a su re d  d u rin g  th e  y ea r. (This assu m p tio n  is in  good  
a g re e m e n t  w ith  cases in  p ra c tic e .)

E q u a t io n  (1.1.2) is also  v a lid  for sec to ra l lo ad s , inc lud ing , th e re fo re , 
th e  z - th  se c to r:

PCSi --- CSri +  PcSn +  P ic s , t (2.1.1)

Acta Technica Academiaв Scientiarum Hungaricae 92, 1981



CALCULATION METHOD 165

U sing th e  a n n u a l e lec tric  pow er c o n su m p tio n  an d  also th e  d a ta  o f  b reak d o w n  
to  ty p e s  o f  u ses, w e o b ta in  for:

— p e a k  u tiliz a tio n  hours:

E ,

CS{

(2 .1.2)

p a r t  o f  lo ad , depending  on f i r s t  pow er of frequency :

^ 1  I  p
c s u  —  • r  CS, >

IVI
p  —

— p a r t  o f  lo ad , depend ing  on th i r d  pow er of frequency :

Pcs,, --
w .3 /

w :
• p ,CS, ■ (2.1.3)

A .2 .2 . Consum ers’’ category o f  other than big industry

Is  m a rk e d  b y  P E■ I t  includes th e  lo a d  of o ther th a n  b ig  in d u s t r y  ta k 
ing  p lace  a t  th e  tim e  o f an n u a l p eak  lo a d  o f  b ig  in d u s try  (P cs). E q u a t io n  (1.1.2) 
is eq u a lly  v a lid  in  th is  case:

P e — P oe +  P ie  P»e (2.2.1)

B y  u sin g  a ,  i.e . th e  fac to r fo r th e  s h a re  in  peak  load, a n d  a lso  th e  peak  
u tiliz a tio n  h o u rs  fo r th e  consum ers o f  o th e r  th a n  big in d u s try , th e  e q u a tio n  
(2.2.1) w ill a p p e a r  in  a  new  form  fro m  w h ich  th e  p a rts  o f lo ad s  d e p e n d e n t 
on freq u en cy  w ill be o b ta ined :

where

a  = t e s  e  —
E j l

P ose

annual maximum load of consmers other than big industry [MW], 
annual electric power consumption by  consumers other than big industry  [MW],

T herefo re:

from  w hich:

IE

Р 3 Е —

p W 0E +  fP1E +  JP3E (2.2.2)J  C SE

w E

f P l E . P (2.2.3)
W E

r  E

W 3E • Pn (2.2.4)
W F

r  E -
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Eine Berechnungsmethode zur Ermittlung der Konstanten der Belastungsfrequenz. — 
Nach einer Übersicht von einigen Publikationen wird eine au f die Stromabnehmerkonstruk
tion und  auf die Kennwerte des Systems basierende Berechnungsmethode zur Erm ittlung der 
K onstanten  der Belastungsfrequenz und des Frequenzexponents behandelt. Durch die B e
nutzung der vorhandenen Informationsbasis für die Energiewirtschaft führt die Abhandlung 
Einzelfälle der praktischen Anwendung vor. Als ein Hauptergebnis der Berechnung wurde in 
den Ja h re n  1970 bis 1978 erm ittelt, daß sich das Jahresm ittel der dimensionslosen Belastungs
frequenzkonstanten der ungarischen Verbraucher zwischen 1,04 und 1,08 befand.
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OVERALL BUCKLING OL HYPERBOLIC SHELLS 
OE REVOLUTION WITH UNMOVABLE 

LOWER EDGE
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The paper treats the general buckling of hyperbolic shells of revolution (i.e. of 
shells with negative Gaussian curvature), using the linear theory. For the derivation 
of the critical load the shell of revolution is substituted by a hyperbolic paraboloid having 
the same curvatures. The numerical values of the critical load are determined for 
geometric ratios of the shell occurring in the practice, and are presented in a table. 
Finally, a numerical example shows the application of the method.

1. In tro d u c tio n

M odern cooling tow ers are g en era lly  b u ilt  o f shells of re v o lu tio n  hav in g  
a n eg a tiv e  G aussian  c u rv a tu re  (“ h y p e rb o lic ’4 surfaces). The e le v a tio n  o f  such 
a to w er is show n in  F ig . 1. A m ong th e  h y p e rb o lic  shells of re v o lu tio n  th e  m ost 
sim p le  one is th e  h y p erb o lo id  of rev o lu tio n . T h is surface can be g e n e ra te d  b y  
ro ta t in g  a p a ir  of h y p erb o las  a ro u n d  th e i r  ax is  o f sy m m etry  n o t  in te rse c tin g  
th e m . H ow ever, th e y  can  also be g e n e ra te d  b y  ro ta tin g  e.g. a p a ra b o la  or any  
o th e r  cu rve  a ro u n d  th e  axis.

T he d im ensions o f th e  cooling to w ers  b u i l t  of hyperbolic  shells o f  rev o lu 
tio n  w as s tead ily  in c reasin g  for years  w ith o u t th e ir  s ta b ility  p ro b le m  being 
th o ro u g h ly  in v es tig a ted . A fte r th e  co llapse  o f  th ree  cooling to w ers  in  F e r ry 
b rid g e  (U n ited  K ingdom ), 1965 [6], [13], th e  research  in  s ta b il i ty  o f  h y p e r
bolic shells o f rev o lu tio n  begun. D ue to  th e  co m p ara tiv e ly  sh o rt tim e  e lapsed  
since th e n  an d  to  th e  in tr ic a ten ess  of th e  p ro b lem , no ex h au stiv e  a n d  easy -to - 
su rv e y  tre a tm e n t o f th e  su b jec t is to  be fo u n d , so th a t  th e re  is som e u n c e r ta in ty  
in  th e  d e te rm in a tio n  of th e  c ritica l loads o f  such  shells. E .g ., due  to  d ifficu lties 
in  th e  in v es tig a tio n s , th e  re su lts  o f th e  re sea rch es  are ex ac tly  v a lid  o n ly  for 
c e r ta in  sim plified  b o u n d a ry  cond itions o n ly . T here  are h a rd ly  a n y  re su lts  to  
be fo u n d  fo r an  e la stica lly  su p p o rted  b o tto m  edge.

* D r .  E. D u l á c s k a  
** J. N a g y  

***  I .  BÓDI

Town Planning Office BVTV 
H 1052 Budapest, V. 
Városház u. 9 — 11.
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t

Fig. 1

I t  is  w ell kn o w n  th a t  th e  hyperbolic  su rfaces  w ith  certa in  g eo m etric  
ra tio s  a n d  su p p o rt co n d itio n s are  able to  develop  in ex ten s io n a lly  [8], [9]. [12], 
E .g . i f  w e eq u ip  b o th  edges o f a  hyperbo lo id  o f  rev o lu tio n  b y  h inge-like d ia 
p h ra g m s  rig id  on ly  in  th e ir  ow n p lanes, th e  in e x te n s io n a l defo rm ation  o f th e  
shell w ill p ra tic a lly  n e v e r  be p rev en ted .

T h e  shell su p p o rte d  in  th is  w ay  is cap ab le  o f  in ex ten s io n a l d e fo rm a tio n  
in  th e  case  o f ev e ry  geom etric  ra tio  w hen, s ta r t in g  from  an edge p o in t a n d  
p ro ceed in g  a long  s tra ig h t gen era trices , we can  com e b a c k  a fte r a f in ite  n u m b e r  
o f  s te p s  in to  th e  s ta r t in g  p o sitio n . T he in e x te n s io n a l defo rm ation  has a sine  
sh ap e  in  b o th  d irec tio n s, som e o f w hich are  sh o w n  in  F ig . 2. H ere m  d e n o te s  
th e  h a l f  w av e  len g th  in  th e  m erid io n a l d irec tio n  a n d  n  th e  full w ave le n g th  in  
th e  r in g  d irec tio n .

I f  w e re tu rn  to  th e  in it ia l  position  in  a f in i te  n u m b e r  of steps, a f te r  go ing  
ro u n d  th e  c ircum ference  once, th e n  th e  in e x te n s io n a l defo rm ation  h as  o n ly  
one h a l f  w av e  in  th e  m erid io n a l d irec tion  (m  =  1). F ro m  th is  co n d itio n  th e  
th r o a t  ra d iu s  R 0 of th a t  shell w h ich  is capab le  to  su ch  an  inex ten sio n a l d e fo r
m a tio n  can  be co m p u ted  b y  fo rm u la

* 0  .inextensional (m—1)

xl lxu 1 —  COS2
71

2 n

R f  "(■ jRy — 2R[ R u cos
71

2n

( i )
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H ere  n  deno tes th e  fu ll w ave n u m b er in  th e  c ircu m feren tia l d irec tion  (n  ^  2), 
w hile th e  o th e r  n o ta tio n s  are exp la ined  in  F ig . 1.

H ow ever, i f  w e p re v e n t th e  v e rtic a l d isp la c e m e n t along one o f th e  edges 
in  ad d itio n  to  th e  h inged  d iaphragm s d e sc rib e d  above, th e  in e x te n s io n a l 
d efo rm atio n  w ill be  excluded . Indeed , th e re  is no  possib ility  o f in e x te n s io n a l 
d efo rm atio n  i f  w e su p p o r t only one o f th e  edges, b u t here we p re v e n t  tw o  
d isp lacem en t co m p o n en ts  (e.g. th e  ra d ia l a n d  th e  v e rtica l ones).

T he p o ss ib ility  o f  th e  in ex ten sio n a l d e fo rm a tio n  has a g rea t in flu en ce  
on th e  b u ck lin g  o f  th e  shell, since in  shells h a v in g  geom etric p ro p o rtio n s  close 
to  tho se  c o m p a tib le  w ith  th e  in ex ten s io n a l d efo rm atio n , only  in s ig n if ic a n t 
m em b ran e  forces a rise  d u rin g  buckling , a n d , d u e  to  th is  c ircu m stan ce , a  low 
c ritic a l load  re su lts .

S everal o ld e r p a p e rs  on m odel te s ts  d id  n o t  m en tion  th e  s u p p o r t co n d i
tio n s  app lied  in  th e  ex p erim en ts . T h e ir re s u lts  o ften  considerab ly  d iffe r from  
each o th er. I t  seem s th u s  p robab le  th a t  th e  d isc rep an cy  could be ex p la in ed  
b y  th e  d ifference in  th e  k in d s of su p p o rt. A n  o th e r  possible ex p lan a tio n  is th a t ,  
w hen  in v e s tig a tin g  ex p erim en ta lly  th e  co m p ress io n  in  th e  m erid ian  d ire c tio n , 
th e  re su lts  co n cern in g  th e  general b u ck ling  (ex te n d in g  over th e  w h o le  surface) 
an d  th e  local b u ck lin g  (see in  Sec. 2) w ere n o t  sep a ra te d , so th a t  th e se  re su lts  
could  h av e  a p p e a re d  m ixed .

In  th e  la s t  y e a rs , how ever, co m p u te r  c a lcu la tio n s  were deve loped  w hich 
to o k  th e  a c tu a l b o u n d a ry  conditions o f th e  m odels in to  accoun t [14], [15]. 
T he c ritica l load s d e te rm in ed  by  these  c o m p u te r  calcu la tions w ere in  a  r a th e r  
good ag reem en t w ith  th e  exp erim en ta l v a lu e s  [15]. These in v e s tig a tio n s  
inc luded  severa l lo ad in g  cases and  d iffe re n t b o u n d a ry  cond itions. F o r  th e

W

m=1 m=2 m=3

Fig. 2
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ra tio  o f  th e  ex p erim en ta l to  th e  ca lcu la ted  c r itic a l load th e  fo llow ing m ean  
v a lu es  a n d  v a r ia tio n a l coeffic ien ts  w ere o b ta in e d :

— v e r tic a l load : 0 ,96 (0,10)
— la te r a l  p ressu re : 1,04 (0,12)

U n fo r tu n a te ly , n o t ev e ry  en g in eer h as  access to  th e  a fo re m e n tio n ed  
c o m p u te r  ca lcu la tio n s. M oreover, i t  w ill ta k e  a  long  tim e  before, on th e  b as is  
of n u m e r ic a l  exam ples c a lc u la ted  b y  th e  e x a c t co m p u te r p rogram s, p ra c tic a l  
re c o m m e n d a tio n s  can  be se t u p . H ence  i t  seem s necessary  to  p re se n t som e 
less a c c u ra te  b u t  easy-to -use re su lts  a n d  m e th o d s  o b ta ined  b y  sim p ler m e a n s .

2. Boundary conditions, assum ptions and approximations

T h e  b o u n d a ry  co n d itions to  be ta k e n  in to  considera tion  in  th e  s ta b i l i ty  
a n a ly s is  o f  hyperbo lic  shells o f  rev o lu tio n  u sed  as cooling tow ers d e p e n d  on 
th e ir  s t r u c tu r a l  so lu tion  an d  a re  as follow s:

A t  th e  upper edge m o stly  a  stiffen in g  r in g  is applied , due to  w h ich  th e  
fo llo w in g  b o u n d a ry  cond itions a p p ly  fo r  th e  b u ck lin g  of th e  shell:

tv =  d2w jd x 2 =  V =  n =  0 .

(T he d e f in it io n s  of th e  in te rn a l forces an d  d isp lacem en ts  are to  be fo u n d  in  
F ig . 5.)

A t  th e  lower edge a  s tiffen in g  rin g  is ap p lied  in  every  case, som etim es re a l iz 
ed  b y  th e  th ick en in g  o f th e  sh e ll w all. T he r in g  a t  th e  low er edge is m o s tly  
s u p p o r te d  b y  a  tru ss  re s tin g  on  th e  soil, th ro u g h  w hich th e  cooling a ir  c a n  
s tre a m  in to  th e  tow er. T he co m pression  o f th is  tru ss  and th e  su b sid en ce  of 
th e  fo u n d a t io n  ac t as an  e la s tic  su p p o rt on th e  shell. H ow ever, w e c a n n o t 
ta k e  th is  k in d  of su p p o rt in to  co n sid e ra tio n  y e t .  H ence we consider th e  lo w er 
shell ed g e  in  th e  v e rtica l d irec tio n  e ith e r  free  to  d isplace (soft fo u n d a tio n )  or 
u n m o v a b le  (rig id  fo u n d a tio n ), o th erw ise  th e  edge is supposed to  be h in g e d . 
T he a c tu a l  stiffness values o f  th e  fo u n d a tio n  m o s tly  lie close to  th e  r ig id  
ones [17].

I n  th e  case of a  soft fo u n d a tio n  th e  b o u n d a ry  conditions o f th e  lo w er 
edge a rc , w ith  respect to  th e  b u ck lin g  d e fo rm a tio n  and  in te rn a l fo rces , as 
fo llow s:

d2w
dx2

V =  n x — 0 .

T h e  rig id  fo u n d a tio n  can  be c h a ra c te riz e d  b y  th e  b o u n d ary  c o n d itio n s :

d2w
dx2

=  V =  it 0  .
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W it

a) b) c) d)

Overall bucklingFree - edge 
buckling

Local (diamond) Axisymmetric 
buckling buckling

Fig. 3

T he h y p e rb o lic  shells have fo u r c h a ra c te r is tic  buckling m odes.
In  th e  case o f a free upper edge, th e  w in d  pressure m ay  cau se  a  buck ling  

p a t te rn  show n in  F ig . 3a [4], w hich we s h a ll  ca ll free edge buckling .
T he m erid io n a l d irec ted  forces m a y  cau se  local buckling  in  a  d iam o n d 

sh ap ed  p a t te rn  show  in  Fig. 3b. T h is p h en o m en o n  is sim ilar to  th e  buck ling  
o f cy linders u n d e r  a x ia l com pression. T h e  b o u n d a ry  conditions do n o t  in fluence  
th is  b u ck ling  m ode, since usually  in  th e  v ic in ity  of the  u p p e r ed g e  rin g  th e  
m erid ian  d ire c te d  forces are sm all, so t h a t  th e y  cause no local b u c k lin g  here, 
w hile n e a r th e  low er edge th e  u su a l th ic k e n in g  of the  shell w all p re v e n ts  the  
local buck ling .

In  th is  p a p e r  we do no t t r e a t  th e s e  tw o  buckling m odes.
T he m erid io n a l d irec ted  forces m a y  a lso  cause an a xisym m etric  buckling  

show n in  F ig . 3c. W e w ill no t deal w ith  th is  m ode separately , h o w e v e r , because, 
on th e  one h a n d , i t  y ields a h igher c r i t ic a l  lo ad  th an  the  o th e r  m o d es [16], 
on th e  o th e r h a n d , i t  rep resen ts a sp ec ia l case  of the overall b u c k lin g , to  be 
tr e a te d  n ex t.

T he re tic u la te d  buckling p a tte rn ,  e x te n d in g  to  the  en tire  su rfa c e  (F ig . 3d), 
is called  overall buckling . This b u ck lin g  m o d e  is m arkedly  in f lu e n c e d  b y  th e  
b o u n d a ry  co n d itio n s , an d  can be cau sed  n o t  only  by th e  m e rid io n a l d irec ted  
b u t  also b y  th e  hoop  forces.

In  th e  fo llow ing  we will t r e a t  th e  o v e ra ll buckling m ode.
T he classica l (linear) critica l v a lu e  o f  th e  m eridional d ire c te d  fo rce , w hich 

causes overa ll b u ck lin g  ex tend ing  to  th e  e n tire  surface, is u s u a lly  described  
b y  th e  fo llow ing fo rm ula :

(2)

w here E  is th e  m odu lus of e la s tic ity , w h ile  t a n d  R- are show n in  F ig . 1.
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F o r  th e  fac to r  A, v a r io u s  researchers o b ta in e d  d ifferent resu lts  f ro m
th e  ev a lu a tio n  o f m odel tests:

[1] K rätzig  (1968): A =  0,079
[3] R o se m e ie r : (t—ОоII«N - 0 ,10
[4] D e r  and F id l e r : A =  0,18
[7] WiANECZKi: A =  0,12
[5] Ma t e  j a : A =  0,21 - - 0,27

T h e low est value am ong the above resu lts is  on ly  one fourth o f  th e
h ig h e s t one.

A s possib le  reasons fo r  th is  d iscrepancies w e m a y  m ention  th e  d if fe re n t  
g e o m e tr ic  ra tio s  an d  b o u n d a ry  conditions, o c c u rr in g  in  th e  model te s t s  o f  
th e  v a r io u s  a u th o rs .

T h e n e x t step was m ade b y  K rätzig [2] w ho ca lcu lated  numerical ta b le s ,  
from  w h ich  we can set up th e  follow ing expression  for A:

3

A =  (1 ,13

H is ta b le s  m ak e  possible to  co m p u te  th e  v a lu es  o f  and  nj)11’® se p a ra te ly ,
as fu n c tio n s  o f th e  ra tio  o f th r o a t  to  lower ra d ii R 0/jR a n d  of th e  d im ension less 
h e ig h t  f a c to r  H ere  re°cr a n d  n ° cr are c ritica l fo rce s  in  th e  cases ny =  0 a n d  
nx —  0 re sp ec tiv e ly . F ro m  th e s e  tw o values th e  a c tu a l  c ritica l force, v a lid  fo r  
a g iv e n  case , can  be c o m p u te d  from  a D u n k e r le y - ty p e  re la tio n .

U n fo r tu n a te ly , th e se  ta b le s  do n o t allow  to  t a k e  th e  influence o f  th e  
d im e n s io n s  o f  th e  u p p e r p a r t  o f  th e  tow er (above  th e  th ro a t)  and of th e  r a t io  
R y/t p ro p e r ly  in to  acco u n t. T h e  c ritica l loads c o m p u te d  b y  these tab le s  g iv e  
re s u lts  t h a t  a re  b y  30 ~  50 %  h ig h e r  th a n  those  o b ta in e d  b y  exact c o m p u ta tio n s  
c o n f irm e d  b y  m odel te s ts  [15].

I t  sh o u ld  be m en tio n ed  t h a t  th e re  is a  p ro p o sa l [10] to  tak e  th e  c r i t ic a l  
lo ad  o f  th e  shell considered  c a p a b le  of in ex ten s io n a l d e fo rm atio n  as th e  a c tu a l  
one. T h is  m e th o d  c e rta in ly  y ie ld s  a safe b u t fa r  to o  low  value, not c o n firm e d  
b y  th e  p ra c tic e . D ue to  a ll th e s e  c ircum stances w e  developed  a m e th o d  b y  
w h ich  th e  in flu en ce  of th e  g eo m etric  p a ram e te rs  a n d  th e  boundary  c o n d itio n s  
can  be  t a k e n  in to  accoun t.

I n  th e  analysis we s t ip u la te  th a t  th e  m a te r ia l  o f  th e  shell is l in e a r ly  
e la s tic . T h e  shell is s tiffen ed  a lo n g  its  low er a n d  u p p e r  edge by  rings w h ic h  
can  b e  re g a rd e d  as rig id  in  th e i r  p lanes, so t h a t  th e  ra d ia l  d isp lacem ents o f  
th e se  ed g es  a re  equal to  zero . A s fa r  as th e  low er v e r t ic a l  support of th e  sh e ll 
is c o n c e rn e d , we s tip u la te  e i th e r  th a t  it is free to  m ove  in  the  m erid io n a l 
d ire c tio n  (so ft fo u n d a tio n ), or t h a t  no m erid ional d isp la c e m e n t can come a b o u t  
a t  a ll ( r ig id  fo u n d a tio n ).
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W e d e te rm in e  th e  c ritica l load  on th e  basis  o f th e  lin ear b u ck lin g  th e o ry  
o f  th e  shallow  shells ap p ro x im a te ly , since w e su b s titu te  a  h y p erb o lic  p a ra b 
oloid fo r th e  h y p e rb o lo id  of rev o lu tio n  a n d  co m p u te  th e  c ritic a l lo a d  of 
th is  fo rm er one. T h e  w id th  o f th e  h y p erb o lic  p a rab o lo id  equals th e  b u ck ling  
w av e len g th  in  th e  c ircu m fe ren tia l d irec tio n  o f th e  o rig inal shell, see F ig . 4.

Since th e  h y p erb o lic  p a rab o lo id  is a tra n s la t io n a l  surface a n d , th e re fo re , 
has no  tw is t, i t  is less rig id  th a n  th e  h y p e rb o lic  shell o f rev o lu tio n , a n d  has 
a  so m ew hat low er c ritic a l load , w hich  is, h ow ever, m uch  m ore easy  to  d e te rm in e .

T h e  rad iu s  o f c u rv a tu re  in  th e  y  d ire c tio n , R y, o f th e  s u b s ti tu t in g  h y p a r  
is assum ed  to  be  e q u a l to  th e  h o rizo n ta l ra d iu s  R y of th e  shell o f re v o lu tio n  a t 
its  h a lf  w ay  h e ig h t. F o r  th e  o th e r rad iu s  o f  th e  h y p a r, R x, we choose, in  th e  
h a lfw ay  h e ig h t o f th e  to w er, th e  rad iu s  o f c u rv a tu re  of th e  f la t  p a ra b o la  arc 
w hich  lies in  com m on  p lane  w ith  th e  ax is  o f rev o lu tio n  an d  passes th ro u g h  
th e  en d  p o in ts  o f R u, R y an d  i? ; (F ig . 1), i.e .:

R x
H 2

R u +  R-i 
2

(3)

B y  using  th e se  d a ta ,  we can  w rite  th e  e q u a tio n  of th e  s u b s ti tu t in g  h y p a r  
su rface  (Fig. 4) as follow s:

*2 , I ' £ « ^ 0 *
2 R x +  2 R y 2 R x

(4)

T h e  defin itio n s o f th e  in te rn a l forces a n d  d isp lacem ents a re  show n in 
F ig . 5.
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3. T h e  equations o f b u ck lin g

T h e  cond ition  of th e  n e u tr a l  eq u ilib riu m  s ta te  of th e  shell s tru c tu re  can 
be  e x p re sse d  by  th e  th e o re m  o f th e  m in im um  p o te n tia l  energy  [11], acco rd in g  
to  w h ic h  th e  second v a r ia tio n  o f  th e  p o te n tia l en e rg y  77 has to  be eq u a l to  zero:

ô2 П  =  0 . (5)

A ssum ing  zero v a lu e  fo r  P o isso n ’s ra t io , th e  above co n d itio n  ca n  be 
e s ta b lis h e d  for shallow  she lls , u s in g  th e  n o ta t io n s  of F ig . 5,

Ó2 П  =  Г (гах0м>12 -f- 2nxy0wl w' -f- ny0w'2)dT  +
J(T)

+  B  I (w>12 +  2w12 +  w"2) d T  +  —  f  ( F " 2 +  2 F r2 +  F "2) d T =  0 , (6)
J (T) D  J (T)

w h e re  T deno tes th e  a re a  o f th e  buckle .
I n  ad d itio n , we h a v e  to  use th e  c o m p a tib ility  eq u a tio n :

F |V +  2 F 11" +  F ::-=  - D { z "  to" -  2* 'V  +  z V ) .  (7)

In  th e s e  tw o  equations p rim e  an d  n o t d en o te  d iffe re n tia tio n  w ith  re sp e c t to  
X a n d  у  re spec tive ly , th e  su b sc r ip ts  zero o f th e  in te rn a l forces re fer to  th e ir  
in i t ia l  v a lu e s , i.e. to  th e  p re -b u c k lin g  stress s ta te ,  w  is th e  z-d irec ted  b u ck lin g  
d isp la c e m e n t, F  is th e  p e r ta in in g  stress fu n c tio n , В  =  F i3/12 an d  D  — E t 
a re  t h e  b en d in g  and  te n s ile  stiffn esses , re sp ec tiv e ly . T he in te rn a l forces th a t  
a rise  d u r in g  buckling  are  to  be  co m p u ted  from  th e  s tre ss  fu nc tion  F  acco rd in g  
to  th e  fo rm u las :

n x =  F " ;  n xy =  — F 1'; n y =  F F 11 . (8)

T h e  p rocedure o f th e  d e te rm in a tio n  o f  th e  c ritica l force begins w ith  
a s su m in g  th e  defo rm ation  w  w h ich  sa tisfies th e  b o u n d a ry  cond itio n s. T h is 
w ill b e  in tro d u c e d  in to  th e  c o m p a tib ility  e q u a tio n  (7) an d  th e  stress fu n c tio n  
F  w ill b e  expressed h erefro m . A fte r  th e  d e te rm in a tio n  of th e  n ecessary  d e r iv 
a tiv e s  o f  F  and  w, th e  я -d ire c te d  c ritica l fo rce  n x cr is to  be co m p u ted  from  
th e  re a r ra n g e d  E q . (6), w ith  th e  assu m p tio n s ny0/n x 0 =  const, an d  n xy o =  0:

В  Г (w"2 +  2w V2 +  w "2) d T  +  —  Г ( F 112 +  2 F 1'2 +  F  '2) d T  
Лт)____________ ____________ D  J  ( T ) ______________________

f 1 - 7 7 — 1 w 18 +  Пу’° w'2 d T .
J  (T) H ) n x,0
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T he va lu e  o f th e  fa c to r  rj dep en d s on  th e  ch a ra c te r  of th e  v e r t ic a l  load . 
In  th e  case o f a line lo ad  P  ac tin g  u n ifo rm ly  d is tr ib u te d  along th e  u p p e r  edge 
o f  th e  shell (i.e. a “ c o n c e n tra ted ”  lo ad  on  to p  o f th e  s tru c tu re ) , i) =  0. In  th e  
case o f a su rface  lo ad  un ifo rm ly  d is tr ib u te d  a long  th e  vertica l x  d ire c tio n  w ith  
th e  in te n s ity  q p e r u n it  h e ig h t ( th a t  a p p ro x im a te ly  corresponds to  th e  own 
w e ig h t o f th e  hy p erb o lic  shell), rj =  1. H en ce  th e  fac to r r] c an  b e  exp ressed  
as follow s:

1 +
q H

4. Determ ination o f the critical force

W e assum e fo r th e  buck led  sh a p e  th e  fu nc tion

tv n n  ^  A
s m - ---- 2 A „

R y ("0

. m n  
s i n -------x ,

H
( 10)

w hich  sa tisfies  th e  b o u n d a ry  co n d itio n s tv =  0 an d  tv  ̂ =  0 a lo n g  th e  edges 
o f  th e  su b s ti tu tin g  hyperbo lic  p a rab o lo id . H e re  m  and  A m d en o te  th e  n u m b e r 
a n d  th e  co rrespond ing  am p litu d e  of th e  h a lf  b u ck ling  waves in  th e  x  d irec tio n , 
re sp ec tiv e ly .

To th is  tv p e rta in s  th e  stress fu n c tio n

F  =  D  sin A m F m sin x  . (11)
■Ky (m) #

T he va lu es  o f  tv, tv" and  F  a re  e q u a l to  zero along th e  edges x  =  0 
a n d  x  =  H .  H ence  th e re  is no ch an g e  e i th e r  in  cu rv a tu re  or in  n o rm a l force 
across th e se  b o u n d aries , m oreover th e  co n d itio n  v =  0 is also sa tis f ie d  along 
th e  u p p e r an d  low er edges.

In tro d u c in g  E q s (10) and  (11) fo r  tv a n d  F  in to  th e  c o m p a tib il i ty  eq u a 
tio n  (7), th e  coeffic ien t F m can  be w r i t te n  in  th e  form :

F  =  ~ ß l R x +  m 2a l R y 
m (ß  +  m2a )2

w here

jr‘2 /J,“
a  =  —  ; ß  =  - ^ z ~ .  (13а, b)

Я 2 R y
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P erfo rm in g  th e  in te g ra tio n s  in  E q . (9) w e a r r iv e  a t  th e  follow ing e x p re s 
sion fo r th e  c ritica l fo rce :

w ith

an d

n x,cr =  D

J. я
+  У

К Am)

(14)

T h e  te rm  A , as i t  is to  be seen, depends on  th e  geom etric p a ra m e te rs  o f  
th e  shell, on r] an d  on th e  v a lu e  and sign o f A m • rj =  0 yields A  =  0.

S ince th e  c o m p u ta tio n  o f th e  te rm  A  is — d u e  to  th e  necessary  in te g ra ls  
— ra th e r  cum bersom e, w e in v es tig a ted  w h e th e r  i t  c an  be neg lected  in  E q . 
(14). W e fo u n d  th a t  w h en  neg lecting  A , th e  c r i t ic a l  ( to ta l)  value of th e  lo ad  
u n ifo rm ly  d is tr ib u te d  a lo n g  th e  height becom es tw ic e  as m uch as t h a t  o f  th e  
line  lo a d  ac tin g  a long  th e  u p p e r  edge. T h is r a t io  corresponds to  t h a t  v a lid  
fo r com pressed  s t r a ig h t  b a rs .

A  m ore  th o ro u g h  a n a ly s is  of A show ed t h a t  ta k in g  A  in to  acco u n t a lw ay s 
red u ces th e  c ritic a l lo a d  o f  com pressed b a rs  o b ta in e d  b y  th e  a p p ro x im a tio n  
A  =  0 b y  6 p er cen t, b u t  in  th e  cases of h y p e rb o lic  shells of revo lu tio n  i t  m a y  
e ith e r  in c rease  or re d u c e  th e  critical load  o b ta in e d  b y  th e  a p p ro x im a tio n  
/1 =  0, d ep en d in g  on th e  b u ck ling  shape. V isu a lly  i t  can  be said  t h a t  i f  th e  
b u ck lin g  sh ap e  bulges in  th e  low er section  ( tw o -h in g e d  b a r  loaded  b y  i t s  ow n 
w e ig h t), th a n  ta k in g  A  in to  accoun t alw ays re d u c e s  w hile in  th e  o p p o s ite  
case i t  increases  th e  c r it ic a l  load .

A s i t  w ill be sh o w n  la te r ,  th e  shell w ith  u n m o v a b le  lower edge a lw ays 
b u ck les in  a  shape  t h a t  b u lg es  in  its  low er sec tio n . T h u s , tak in g  A in to  a c c o u n t 
a lw ays increases th e  c r it ic a l  load  o b ta in ed  b y  th e  app ro x im atio n  /1 =  0.

H o w ev er, th is  in c re a se  is sign ifican t o n ly  in  th e  case of th e  b u c k lin g  
w ave c h a ra c te riz e d  b y  m  —  1. A ccording to  o u r  d e ta ile d  ca lcu la tions, in  th e  
case o f  h y p erb o lic  shells o f  revo lu tio n  w ith  c o m p le te ly  re s tra in ed  low er-edge 
d isp lacem en ts , we c o m m it o n ly  a slight e rro r, a lw ay s  to  th e  b enefit o f s a fe ty .

N ow  w e h av e  to  choose th e  c h a ra c te r is tic  p a ra m e te rs  (A m; n  =  2 , 3, 
4 , . . .; m  =  1, 2, 3, . . .) in  su ch  a w ay as to  fu lf ill th e  u n m o v ab ility  co n d itio n  
of th e  low er edge in  th e  v e r t ic a l  d irection , fu r th e rm o re  to  produce th e  m in im u m  
c ritic a l force.
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Г
L

Fig. 5

U sing th e  a p p ro x im a tio n s  of th e  sh a llo w  shell equa tions a n d  th o se  of 
th e  lin ear b u ck lin g  th e o ry , th e  v ertica l d isp la c e m e n t o f th e  low er edge c a n  be 
w ritte n  as fo llow s:

w
u ' =  —  +  F  . 

R r
(15)

S u b s titu tin g  fo r w  an d  F  th e ir  exp ressio n s (10) an d  (11) and  p erfo rm in g  
th e  in te g ra tio n  w e a rr iv e  a t  th e  re la tio n

a  —  >  — —  
(Ä) m  V « TT +  № (16)

w hich  is easy  to  c o m p u te . I f  u =  0 is p re sc r ib e d , E q . (16) tu rn s  over in to  a 
re la tio n  betw een  th e  coeffic ien ts A m .

I f  we t r y  to  so lve th e  problem  b y  ta k in g  one single te rm  fo r w  w ith  m,j 
( j  =  1, 2, 3, . . .) h a lf  w aves, we ob ta in  m e rid io n a l d irec ted  d isp lacem en ts a lo n g  
th e  low er edge. A m ong  th e se  buckling  sh ap es  t h a t  one fu rn ishes th e  lo w est 
c r itic a l load w h ich  lies c losest to  th e  in e x te n s io n a l defo rm ation  shape .

I f  we p re v e n t th e  v e rtic a l d isp lacem en ts  o f  th e  low er edge, th e  b u ck lin g  
sh ap e  consists o f  th e  su m  o f several iv te rm s  w ith  vario u s m  va lues. N am e ly , 
each  te rm  fu rn ish es  a m erid iona l d isp lacem en t, so t h a t  a t least tw o  te rm s  are  
n eeded  to  cancel each  o th e r ’s effect.

W e in v e s tig a te d : how  m any  te rm s in  w  a re  necessary  to  o]%tain th e  
m in im um  c ritic a l lo ad  (fu lfilling  th e  b o u n d a ry  co n d itio n  it =  0) ? W e h a v e  
found  th a t  th e y  a re  a lw ays tw o te rm  t h a t  y ie ld  th e  m in im um  c ritic a l lo ad . 
T h is is v isua lly  show n  in  F ig . 6. The v a r ia t io n  a long  th e  circum ference o f  th e
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c r i t ic a l  fo rces p e rta in in g  to  th e  in d iv id u a l te rm s  nij ( j  =  1, 2, 3, . . .) are  
sh o w n  w ith  th in  fu ll lines as fu n c tio n s  o f  th e  w av e  n u m b er n in  c irc u m fe ren tia l 
d ire c t io n  (considering n  as a  co n tin o u s  v a riab le ).

W h e n  tw o  w aves w ith  d iffe ren t m -v a lu es  (e.g. m 1 =  1 a n d  m 2 =  2) 
c o m b in e , th e  c ritica l force p e r ta in in g  to  th e  com bined  w ave (m x, m 2) falls 
b e tw e e n  th o se  co rrespond ing  to  th e  in d iv id u a l w aves m i and  m 2. H e n c e  th e  
c u rv e  re p re se n tin g  th e  c ritic a l force o f th e  com bined  w ave (h eav y  fu ll line 
in  F ig . 6) passes th ro u g h  th e  in te rse c tio n  p o in t o f th e  curves p e r ta in in g  to  
m 1 a n d  m 2. I f  th ree  w aves co m b in e  (e.g. mx, a n d  m3), th e  co rrespond ing  c r itic a l 
fo rce  d a sh e d  line in  F ig . 6) fa lls  b e tw een  th o se  p e rta in in g  to  (m }, m 2) an d  
(m 2, m 3).

T h e  curves clearly  show  t h a t  th e  m in im u m  value of th e  c r it ic a l  fo rce  
is g iv e n  in  a n y  case b y  th e  c o m b in a tio n  o f tw o  in d iv id u a l w aves.

H e n c e , in  th e  fo rm u las , th e  sym bo l 27 alw ays denote  th e  su m  o f  two 
v a lu e s . B e  th ese  values m 1 =  i  a n d  m 2 =  k, so w e o b ta in  from  E q s  (14) an d  
(16) fo r  th e  expressions of th e  c ritic a l force a n d  fo r th e  b o u n d a ry  c o n d itio n  
(n e g le c tin g  A) th e  follow ing:

(ß г?«)2

D

В

D
+  F f Af +  (ß +  mix)2

D
+  F f A 2

[(ßy  +  m f x )  A f  +  (ßy  +  mf x )  Â \ ]
; (17)

Aj_ 
i f a T ~ + ß F ' к i x  ( F

- U -  +  / 5 F J (18)
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E q . (18) fu rn ishes th e  re la tio n  b e tw een  A t and  A k.
In  a  g iven  case we can  d e te rm in e  th e  c ritica l force n u m e ric a lly . T his 

will be show n a t  th e  end of th e  p a p e r  in  th e  num erical exam ple.

A ccord ing  to  ou r a ssu m p tio n s, th e  b u ck lin g  o f th e  shell d ep en d s  on th e  
m erid ian  d ire c te d  force nx an d  th e  h o o p  force ny. T he in te ra c tio n  c u rv e  is a 
s tra ig h t  line  i f  we re s tr ic t ourselves to  a  u n iq u e  buckling  shape (w ith  given 
n, m 1 — i an d  m 2 =  k).  T his re la tio n  is d ep ic ted  in  th e  co -o rd in a te  sy stem  
n x, ny in  F ig . 7.

In  th e  follow ing nxcr an d  ny cr d e n o te  th e  c ritica l va lues o f  th e  in te rn a l 
fo rces nx an d  ny re spec tive ly , t h a t  cause  b u ck lin g  alone (the  o th e r  fo rce  hav in g  
zero  v a lu e ) w ith  a given b u ck ling  sh ap e . B o th  correspond ing  lo a d in g  cases 
a re  show n in  F ig . 8. As a m a tte r  o f f a c t ,  to  th e  tw o m inim um  c r it ic a l  va lues

5. The values o f  th e  c ritica l force

ny

Fig. 7

F ,F

X

Ox =0 
O x y = 0

nx = F + qx

ny =pRy

a)

Oxy= 0
ny =0

b)
Fig. 8
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Table 1

Values o f  A®

iy< 100

HjRy 1 2 3 4 5 6 7 8 1 2 3

R J R y  =  1 0,256 0,182 — — — - — - 0,221 0,131 —

2 0,345 0,224 0,164 0,137 - — — - 0,255 0,180 0,142

3 0,354 0,246 0,198 0,183 0,152 0,128 — - 0,311 0,212 0,169

4 0,387 0,289 0,227 0,188 0,179 0,183 0,132 - 0,356 0,240 0,178

5 0,413 0,316 0,256 0,241 0,202 0,166 0,170 0,142 0,370 0,252 0,215

6 0,431 0,344 0,287 0,255 0,204 0,192 0,186 0,153 0,387 0,276 0,231

7 0,448 0,370 0,298 0,258 0,226 0,237 0,176 0,192 0,407 0,305 0,253

8 0,462 0,392 0,314 0,264 0,240 0,238 0,192 0,199 0,427 0,333 0,265

9 0,474 0,410 0,332 0,277 0,261 0,244 0,217 0,192 0,443 0,349 0,272

10 0,485 0,424 0,349 0,294 0,288 0,246 0,247 0,199 0,454 0,364 0,284

Values o f  Ay

R y / , 100

H / R y 1 2 3 4 5 6 7 8 1 2 3

R J R y  =  1 0,297 0,181 - — — — — - 0,239 0,138 —

2 0,183 0,115 0 ,091 0 ,070 - - — - 0,151 0,087 0 ,069

3 0,142 0,091 0 ,075 0 ,057 0 ,049 0 ,045 — - 0,119 0,075 0 ,059

4 0,134 0,092 0 ,062 0 ,055 0,050 0 ,040 0 ,034 -  ' 0 ,094 0,060 0 ,049

5 0,134 0,070 0 ,0 5 4 0 ,049 0,039 0 ,034 0 ,037 0,028 0,087 0,058 0 ,045

6 0,136 0,062 0 ,053 0 ,040 0,037 0 ,036 0 ,028 0,030 0,084 0,057 0 ,040

7 0,137 0,058 0 ,051 0 ,038 0 ,034 0 ,032 0 ,027 0,027 0,084 0,050 0 ,036

8 0,139 0,057 0 ,044 0 ,039 0 ,034 0 ,029 0 ,029 0,023 0,084 О © ft 0 ,035

9 0,140 0,057 0 ,040 0 ,040 0,031 0 ,026 0 ,029 0,022 0,086 0,041 0 ,0 3 6

10 0,141 0,057 0 ,037 0 ,035 0,030 0 ,025 0 ,025 0,023 0,087 0 ,040 0 ,0 3 6

Table 2 

Et1
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200 300

4 5 6 7 8 1 2 3 4 5 6 7 8

— — — — — 0,184 0,127 — — — — — —

0,133 — — — — 0,232 0,157 0,114 0,160 — - — —

0,130 0,114 0,105 — — 0,267 0,176 0,137 0,124 0,099 0,093 — —

0,159 0,152 0,155 0,110 - 0,312 0,209 0,166 0,133 0,120 0,174 0,101 —

0,169 0,147 0,136 0,135 0,122 0,346 0,235 0,179 0,164 0,135 0,125 0,121 0,115

0,193 0,176 0,170 0,136 0,159 0,374 0,249 0,198 0,172 0,152 0,146 0,115 0,197

0,218 0,200 0,164 0,144 0,162 0,386 0,264 0,228 0,177 0,157 0,137 0,135 0,140

0,228 0,194 0,170 0,177 0,146 0,403 0,286 0,234 0,192 0,168 0,161 0,160 0,130

0,245 0,203 0,183 0,191 0,151 0,420 0,309 0,244 0,218 0,183 0,179 0,148 0,138

0,257 0,220 0,208 0,186 0,170 0,430 0,329 0,262 0,234 0,208 0,183 0,155 0,165

200 300

4 5 6 7 8 1 2 3 4 5 6 7 8

— — — — — 0,195 0,121 — — — — — —

0,067 — — — - 0,123 0,080 0,060 0,081 - - — —

0,046 0,038 0,035 - - 0,109 0,063 0,048 0,043 0,034 0,030 — —

0,040 0,035 0,034 0,041 — 0,088 0,056 0,045 0,034 0,029 0,038 0,024 —

0,035 0,032 0,030 0,029 0,023 0,073 0,047 0,037 0,032 0,030 0,028 0,026 0,021

0,034 0,032 0,026 0,027 0,031 0,069 0,046 0,037 0,028 0,025 0,022 0,019 0,035

0,033 0,026 0,023 0,023 0,021 0,066 0,044 0,032 0,027 00,23 0,021 0,022 0,018

0,029 0,025 0,022 0,022 0,018 0,065 0,045 0,031 0,026 0,022 0,021 0,018 0,016

0,027 0,025 0,023 0,020 0,019 0,065 0,039 0,029 0,025 0,022 0,020 0,017 0,017

0,026 0,022 0,022 0,018 0,021 0,066 0,035 0,028 0,024 0,020 0,018 0,016 0,016
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Table 3

Values o f Xx

Rylt 100

H/Ry 1 2 3 4 5 6 7 8 1 2 3

R J R y  =  1 0,143 0,096 — — — - - — 0,115 0,067 —

2 0,188 0,121 0,086 0,069 - - - - 0,145 0,089 0,072

3 0,207 0,140 0,105 0,089 0,075 0,066 - - 0,193 0,113 0,086

4 0,235 0,162 0,119 0,103 0,100 0,086 0,067 — 0,193 0,124 0,093

5 0,267 0,194 0,141 0,124 0,098 0,084 0,094 0,070 0,213 0,137 0,114

J 0,297 0,203 0,151 0,127 0,109 0,106 0,089 0,082 0,230 0,163 0,122

7 0,323 0,207 0,168 0,131 0,118 0,116 0,090 0,103 0,251 0.180 0,131

8 0,346 0,217 0,187 0,143 0,130 0,122 0,105 0,095 0,271 0,199 0,137

9 0,365 0,230 0,207 0,158 0,149 0,121 0,125 0,098 0,290 0,199 0,149

10 0,382 0,244 0,207 0,175 0,156 0,123 0,141 0,106 0,309 0,203 0,163

n xcr =  n xcr an d  ny cr =  riy>cr, d iffe re n t b u ck lin g  shapes belong. C o n seq u en tly  
th e  s t r a ig h t  line s ta r tin g  fro m  n xcr re p re se n tin g  th e  lin ea r in te rd e p e n d e n ce , 
in te r s e c ts  th e  n x axis a t  a v a lu e  ny h ig h er th a n  nycr. T he sam e s ta te m e n t ho lds 
fo r  th e  o th e r  axis as well. W e th u s  o b ta in  tw o ta n g e n ts  w hich  th e  s lig h tly  
b u lg e d  c u rv e , ch arac teriz in g  th e  in te ra c tio n  betw een  th e  c ritic a l v a lu e s  of 
n x a n d  n y, h as  to  oscu late . T h is  cu rv e  can  be a p p ro x im a ted  to  th e  b e n e fit 
o f  s a f e ty  b y  th e  D u n k e rley -ty p e  s tre ig h t line  (F ig . 9):

+ =  1 . (19)
y>cr

T h e  va lu es  of th e  c ritic a l fo rces ny cr a n d  nxcr can  be expressed  as fo llow s:

n y,cr =  4

„о _ jo
ILx,cr   л х

E t2

R y
E t2 

R о

( 20 )

( 21 )

W e  h e re  determ ined  th e  v a lu es  an d  re fe rring  to  a low er edge 
u n m o v a b le  in  th e  m erid ional d ire c tio n , acco rd ing  to  th e  m e th o d  d esc rib ed  
a b o v e , a n d  com piled th e m  in  T ab le s  1 an d  2. (The values are g iven o n ly  fo r 
p o ss ib le  geom etric  ra tios).

T o  assess th e  o u tw ard s b u lg in g  of th e  in te ra c tio n  cu rve  we c o m p u te d  
th e  v a lu e  o f  one of its  m id -p o in ts  w hich  co rresponds to  a shell lo ad ed  a t  th e
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200 300

4 5 6 7 8 1 2 3 4 5 6 7 8

— — — — — 0,095 0,062 - ' - — — -

0,067 - — - - 0,120 0,079 0,058 0,081 - — — -

0,067 0,057 0,053 - - 0,153 0,094 0,070 0,066 0,050 0,046 — -

0,080 0,075 0,073 0,054 — 0,189 0,115 0,087 0,067 0,059 0,081 0,049 -

0,086 0,077 0,071 0,073 0,059 0,093 0,123 0,091 0,081 0,071 0,067 0,065 0,056

0,107 0,094 0,081 0,067 0,085 0,206 0,131 0,110 0,090 0,075 0,070 0,058 0,106

0,112 0,096 0,085 0,076 0,078 0,219 0,149 0,116 0,091 0,084 0,071 0,073 0,066

0,125 0,099 0,087 0,094 0,073 0,236 0,166 0,121 0,105 0,086 0,087 0,076 0,065

0,126 0,110 0,099 0,094 0,079 0,253 0,181 0,133 0,116 0,099 0,089 0,074 0,072

0,129 0,117 0,113 0,091 0,094 0,270 0,197 0,140 0,117 0,104 0,092 0,081 0,087

to p  b y  m erid io n a l d irec ted  forces. I n  th is  case, besides ny a lso  a  hoop  force

R V

Rx
a rises , an d  th e  c ritic a l force can be  d esc rib ed  b y  th e  exp ressio n

( 22)

n x , c r  —
E f_

R ,

T h e co m p u te d  values o f Ax a re  to  be found  in  T ab le  3.

(23)
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0 1  2 3 4 5 6 7 8 9

Fig. 10

35,0

H/Ry = 120
40

r' * - S 4
R,« - ^ . 2 0 0

120^
8 ( 35 *57.857_40| = 2 8 0

Fig. 11
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W ith  th e  a id  o f th e  tab le s  th e  c r itic a l com bination  of fo rces  fo r a given 
shell can  be re a d ily  d e te rm in ed .

I t  shou ld  be m en tio n ed  th a t  th e  va lu es  o f th e  ta b le s  fu rn ish  festoon 
cu rves w ith  in d iv id u a l “ slings”  b u lg in g  dow nw ards. Such a  s lin g  is to  be 
seen in  F ig . 10. C onsequen tly , b y  lin e a r  in te rp o la tio n  we w o u ld  com m it an 
e rro r to  th e  d e tr im e n t o f sa fe ty , so t h a t  we recom m end a m ore e x a c t  in te rp o la 
tio n  betw een  th e  v a lu es  o f th e  ta b le s , e.g . to  p lo t th e  sec tio n  o f  th e  festoon 
cu rve  in  th e  v ic in ity  o f th e  v alue  so u g h t fo r an d  to  read  i t  o ff f ro m  th e  curve.

W e co m p ared  our re su lts  w ith  th o se  o f [15] and  fo u n d  a  v e ry  close 
ag reem en t. T h u s we can  consider o u r m e th o d  su ffic ien tly  a c c u ra te .

6. N u m erica l exam ple

L e t us an a ly se  a cooling to w er shell show n in Fig. 11 w ith  th e  following
d a ta :

R u =  35 ,00 m ,

R-i =  57 ,86 m.

R 0 =  34,92 m ,
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R y =  40,00 m, 

R x =  280,00 ni,

t  =  0,20 m ,

H  =  120,00 m.

Hence, the characteristic param eters of the shell become:

R J t  = 40
0,20

=  200

Be the shell subjected to a load P  uniformly distributed along the upper edge. We com
puted the  parameter /.x of the critical force and plotted the festoon curve against n in Fig. 12. 
The low est ordinate of the festoon curve is A™n =  0,131, which, of course, coincides with the 
corresponding value of Table 3. The meridional section of the buckling shape pertaining to 
the m inim um  critical load is shown in Fig. 13.

I f  we want to determine the  approximate critical load from Eq. (19), we may take 
the values / X(0 =  0,253 and Ay(0 =  0,036 from Tables 1 and 2. Introducing these into (19) 
and tak ing  (22) into account yields:

Ax I Ry Ax _ Ax I 1 Ax
AX/0 ^  Rx Ayo — 0,253 ^  7 ' 0,036

From th is equation we obtain Ax =  0,126 which is by 3 per cent less than the exact value. 
The critical meridional directed force becomes (with a m odulus of elasticity E  =  15 X 10e

kN/m2):

n x,cr 0,131 15 X 106x0,22 
40 1965 kN/m.
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Allgemeine Beulung von hyperbolisch-parabolischen Rotationsschalen mit unbeweg
lichen unteren Rändern. Behandelt wird die allgemeine Beulung der hyperbolischen Rota
tionsflächentragwerke aufgrund der linearen Beulungstheorie. Die Methode der Ermittlung 
der kritischen Belastung durch Ersetzung des Rotationsflächentragwerkes m it einer hyper
bolischen Paraboloidschale von identischer Krümmung wird vorgeführt. F ür Flächentrag
werke von in der Praxis vorkommenden Dimensionen werden die kritischen Belastungswerte 
erm ittelt und in einer Tabelle zusammengefasst. Schließlich wird die Anwendung des Verfah
rens durch ein Beispiel demonstriert.
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COMBINED TORSIONAL AND FLEXURAL  
BUCKLING OF A CANTILEVER WITH  

UNSYMMETRIC CROSS SECTION SUBJECTED  
TO DISTRIBUTED NORMAL LOADS

K. ZALKA*

[Manuscript received April 1, 1980]

This paper deals with the combined torsional and flexural buckling of a bar 
with a built-in lower and a free upper end subjected to uniformly distributed normal 
loads. The critical load is given for bars w ith mono-symmetric and w ith unsymmetric 
cross section. The eigenvalue problem of the system of the third-order differential 
equations of variable coefficients is traced back to a simple algebraic problem by gener
alizing the power series method. The algebraic problem is solved by trial and error. 
The eigenvalues needed for the calculation of the critical load are given in tables. 
A numerical example is presented to show how to use the formulas derived.

1. Introduction

A x ia lly  com pressed  th in -w a lled  b a rs  w ith  in itia lly  s t r a ig h t  ax is and 
w ith  o p en  cross sec tion  o ften  lose th e ir  s ta b il i ty  b y  com bined  to rs io n a l and  
f le x u ra l buck lin g . T h ere  is a  sim ple w ay  g iven  by Timoshenko [6] fo r the  
c a lc u la tio n  o f th e  c ritic a l load of b a rs  w ith  a rb itra ry  cross sec tio n  su b jec ted  
to  a  v e r tic a l lo ad  on to p :  T he v a lu e  o f  th e  c ritica l load e q u a ls  th e  sm allest 
ro o t o f  a cubic a lg eb ra ica l eq u a tio n . As fa r  as we know , h o w ev er, th e  sp a tia l 
s ta b i l i ty  p rob lem  of b a rs  w ith  a rb i t r a ry  cross section su b jec ted  to  d is tr ib u te d  
n o rm a l lo ad  h as  n o t been  solved. Akesson [1] has ana lyzed  th e  s p a tia l  s ta b i
l i ty  o f ra c k  s tru c tu re s , his re su lts , h o w ev er, are valid  o n ly  fo r  special bars 
w ith  no  to rs io n a l r ig id ity .

T h e  s im u ltan eo u s d iffe ren tia l e q u a tio n s  of com bined  to rs io n a l an d  flex 
u ra l b u ck lin g  of a b a r  w ith  a b u ilt- in  low er an d  a free u p p e r  en d  su b jec ted  
u n ifo rm ly  d is tr ib u te d  n o rm al load  a re  as follow s [7, 8]:

u " +  J L  _ (u ' +  Уоф') —  0 ,
E l y

V ю  +  (V '  —  x 0 <p') =  0  ,
E I X

• Z a l k a  К., Nyár u. 19. 1/4, H —1043 Budapest, Hungary

( 1. 1)

(1.2)
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<P -
G I t q z l 0

E L . E L , A

_qz_

E L .
(x0v '  — yr0 u )  =  0 .

T h e  b o u n d a ry  co n d itions fo r  th e  d ifferen tia l e q u a tio n s  are:

n (0 ) =  t>(0) =  (p(0) =  0 ,

u ' ( H )  =  v ' (H )  =  (p'(H)  =  0 ,

„ "(0 ) =  » '(0 ) =  <p"(0) =  0 .

In  th e  e q u a tio n s  th e  fo llow ing  n o ta tio n s  are  u sed  (F ig . 1):

(1.3)

(1.4)

(1.5)

( 1. 6)

a) b)
Fig. 1

и  and V  

x and у
V
*o and y0 
A
E IX and E I V
Gh У 
E IU
h  =  IX +  ly

H
9

deflections of the shear center 0  in the directions of x  and y,
principal axes of inertia
angle of rotation,
coordinates of the shear center,
cross-sectional area,
bending rigidities w ith respect to the axes x and y, 
torsional rigidity, 
warping rigidity,

A(x$ +  y§) polar mom ent of inertia of the cross section with regard to shear 
centre,
height of the bar,
intensity of the critical load, i.e. the eigenvalue of the problem.

I n  a p rev ious p a p e r  [8] w e d ea lt w ith  th e  sp ec ia l case of a b a r  w ith  
d o u b le -sy m m e tric  cross sec tio n  in  deta il, an d  w e p re se n te d  a ta b le  a n d  a 
set o f  d ia g ra m s  for th e  e x a c t ca lcu la tio n  of th e  c r i t ic a l  lo a d  of pu re  to rs io n a l 
b u c k lin g . O n th e  basis o f  F ö p p F s  theorem  [3] w e p re se n te d  closed fo rm u las  
fo r th e  a p p ro x im a te  c a lc u la tio n  o f  th e  critica l lo a d  o f  a  b a r  w ith  m o n o -sy m 
m e tr ic  a n d  w ith  u n sy m m e tric  cross sections.

T h e  a im  of th is  p a p e r  is to  p re se n t th e  e x a c t so lu tio n  o f th e  s im u ltan eo u s 
d iffe re n tia l equ a tio n s se t u p  fo r  th e  sp a tia l b u ck lin g  o f  can te liv e rs  w ith  m ono- 
sy m m e tr ic  a n d  w ith  u n sy m m e tr ic  cross sections su b je c te d  to  d is tr ib u te d  nor-
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m al loads. To o b ta in  th e  so lu tio n , th e  m odified  version o f th e  pow er series 
m e th o d , e ffic ien t especially  fo r e ig en v a lu e  problem s, w ill be g en era lized . The 
p ro b lem  has sev era l in d e p e n d e n t v a r ia b le s , so th a t  th e  e x a c t v a lu e  o f the 
c r itic a l load  can  be ca lcu la ted  u sin g  ta b le s  o r sets of d iag ram s.

2. Bars with mono-symmetric cross section

In  th e  case o f  a m o n o -sy m m etric  cross section  th e  sh e a r c e n tre  lies on 
th e  ax is  of sy m m e try . L e t us assu m e th a t  th e  axis x  is an  ax is  o f  sy m m etry . 
In  th is  case we h av e

У a =  0 »

an d  th e  d iffe ren tia l eq u a tio n s  o f th e  p ro b lem  become

u m +  и '  =  0 ,
E L ,

- * „ ? > ')  =  0 ,
E I X

I GIt qzin I , qzœ — --------------------- \ w ---------- x0v
EI,„ E l  A) E L ,

=  0

(2.1)

( 2.2)

(2.3)

T he b o u n d a ry  co n d itio n s are  s till exp ressed  by  E qs (1.4) to  (1 .6). T h e  first 
eq u a tio n  does n o t  co n ta in  th e  ang le  o f ro ta tio n  cp and show s t h a t  th e  buckling  
in  th e  p lane o f sy m m e try  is in d e p e n d e n t of th a t  by  p u re  to rs io n . In  th a t  
case th e  value o f th e  c ritica l load  o f b u ck lin g  in th e  p lane o f sy m m e try  is given 
b y  th e  fo rm ula

Ncr.x =
7,84 E l y  

H 2
(2.4)

In  th e  case o f b u ck lin g  p e rp e n d ic u la r  to  th e  plane of sy m m e try  buckling  
occurs by  a c o m b in a tio n  o f b e n d in g  o f  th e  axis of th e  b a r  in  th e  p lan e  y z  
an d  tw is t o f th e  cross sec tions a b o u t th e  shear cen tre  ax is  w h ich  re su lts  in 
b u ck lin g  b y  to rs io n  an d  flex u re . T h e  v a lu e  of th e  c ritica l lo a d  fo r  to rsional- 
f le x u ra l b u ck ling  can  be o b ta in e d  b y  so lv ing  th e  s im u lta n e o u s  d ifferen tia l 
eq u a tio n s  (2.2) a n d  (2.3). T h is p ro c e d u re  w ill now be p re se n te d .

L e t us in tro d u c e  th e  fo llow ing n o ta tio n s  so th a t  we can  w o rk  w ith  non- 
d im ensional q u a n tit ie s :

a  =  q H 3 ' tp =  N "  , (2.5)
7,84 E I U N £ if
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w h ere

(2 .6)

(2.7)

(2 .8)

c ritica l lo a d  fo r  com bined to rs io n a l a n d  f le x u ra l  buckling, 

c ritica l lo ad  fo r  flexura l b uck ling  in  d irec tio n  y ,

c ritica l lo a d  asso c ia ted  w ith  th e  w a rp in g  rig id ity ,

c ritic a l lo a d  a sso c ia ted  w ith th e  to rs io n a l r ig id ity , 

p o la r  m o m e n t o f  in e rtia  referred  to  th e  sh e a r  cen tre , 

p o la r  ra d iu s  o f  inertia .

W ith  th e s e  n o ta tio n s th e  s im u lta n e o u s  d iffe ren tia l e q u a tio n s  of th e  e igenvalue 
p ro b le m  a re  as follows:

7,84 / / . /V n« y  — z (v  — i p r<p ) =  0 ,
H 3

O 7,84 7,84 _p —---- — a ---------z
H 2 H 3

, 7 ,84 г  ,w — a ---------- zv  =  0 ,
H 3 i n

(2-9)

( 2 . 10)

w h ere  a  is th e  p a ra m e te r  o f  th e  eigenvalue. T h e  b o u n d a ry  conditions fo r th e  
d if fe re n tia l  equations a re :

t»(0) =  y(0) =  0 , (2.11)

v '( H )  =  <p'(H) =  0 ,  (2.12)

»"(0) =  ç»'(0) =  0 . (2.13)

In  E q s  (2.9) and  (2.10) th e re  is o n ly  one coeffic ien t, th e  p o la r  rad ius of in e r t ia  
ip, w h ic h  is n o t a n o n -d im en s io n a l one. I ts  p resence  fo llow s from  th e  fa c t th a t  
th e  d isp lacem en t v an d  th e  r o ta t io n  (p — or r a th e r  th e i r  d iffe ren tia l coefficients 
— in  th e  sam e eq u a tio n  are  n o t  o f th e  sam e d im en sio n . So th ere  m u st be a 
f a c to r  th e re , in  our case th e  p o la r  rad ius o f  in e r t ia ,  t h a t  “ equalizes”  th is  
d iffe ren ce  in  dim ension. L a te r  on , how ever, th is  c o e ffic ien t will drop o u t of
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th e  expressions so t h a t  th e  equ a tio n s fo r th e  ca lcu la tio n  of th e  c ritica l load 
w ill be n o n -d im ensiona l ones.

T he s im u ltan eo u s  d iffe ren tia l eq u a tio n s  (2.9) an d  (2.10) h av e  no so lu
tio n  o f closed fo rm . L e t us t r y  to  find  th e  so lu tio n  in  th e  form  of th e  follow ing 
in f in ite  pow er series:

v =  b0 +  bk zk , (2.14)
k = l

<P =  4  +  j ? Cfc2\  (2.15)
A=1

w here  bk an d  ck a re  th e  se t of coefficients fo r th e  so lu tion-series y e t unknow n. 
H a v in g  su b s titu te d  th e  n ecessary  de riv a tiv es

oo

A=3

in to  th e  sim u ltan eo u s d iffe ren tia l equ a tio n s (2.9) an d  (2.10) we h av e  to  ensure 
t h a t  th e  eq u a tio n s a re  e q u a l to  zero. I t  follow s th a t  th e  coeffic ien ts o f each 
pow er z have to  be e q u a l to  zero, or — fra m in g  th is  cond itions in  an  o th e r 
w ay  — th a t  th e  fo llow ing  se t of “ eq u a liza tio n ”  co n d itio n s m u st be fu lfilled :

an d

=  0 ,

- o ; ,

2 .22)

(2.23)
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w h ere  V  an d  гр deno te  th e  p o ly n o m ia ls  re su ltin g  from  E qs (2.9) a n d  (2.10), 
an d  w h e re

i =  1 ,2 .  . . .

On th e  basis  of these  c o n d itio n s  th e  follow ing fo rm ulae  can he g e n e ra te d  for 
th e  su ccessive  d e te rm in a tio n  o f th e  u nknow n  coeffic ien ts bk a n d  ck :

(2.24)

(2.25)

w h e re  fc >  3.
T h e  in itia l values n e e d e d  for th e  ca lcu la tio n s are  o b ta in ed  b y  m ak in g  

use  o f  th e  boun d ary  co n d itio n s  (2.11), (2.13) an d  o f th e  pow er series (2.14), 
(2 .15) a n d  th e ir  d e riv a tiv e s  (2 .17), (2.20).

T h u s :
b0 =  c о =  0, (2.26)

b, =  c2 =  0. (2.27)

T h e  fo rm u la e  for th e  successiv e  d e te rm in a tio n  o f th e  un k n o w n  co effic ien ts  
(2 .2 4 ), (2.25) show th a t  th e  co e ffic ien ts  bk an d  ck can  be expressed  as a  fu n c tio n  
of bk a n d  cx, respective ly :

bk =  A kiи  &i +  ip A kii2 q , A: >  3 (2.28)

ck =  —  A ki2 i b1 - f  A ki22c1 , к  >  3 (2.29)
1p

w h ere
A k,u =  / ( « .  у ,  г ,  fe) i , j  =  1 , 2 (2.30)

B y  m a k in g  use of th e  la s t  b o u n d a ry  co n d itions (2.12) th e  fo llow ing sy s te m  of 
“ c o n d it io n a l”  equations can  b e  set up :
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E q s  (2.28) and  (2.9) show  th a t  th is  sy s tem  o f “ conditional 
co nsidered  a lin ea r co m b in a tio n  o f b0 an d  c } :

” e q u a tio n s  can  be

■^11^1 “Ь i p - d  12 C1 =  0 1 (2.33)

—  A 21 b1 -f- A 22 Cj =  0 .
1P

(2.34)

T h e  coeffic ien ts b1 an d  сг are  equal to  zero on ly  in  th e  case of th e  t r iv ia l  solu
tio n  an d  in  every  o th e r  case th e y  are  d iffe re n t from  zero. I t  fo llow s th ere fo re  
th a t  from  th e  hom ogeneous, lin ea r  e q u a tio n

Ax =  0
th e

A =  0

(2.35)

(2.36)

ex p ressio n  y ields th e  n o n tr iv ia l so lu tio n , w here

'  A n ip A 12 9 X = '  V (2.37)

^12
L lp

A  22 C1

E v e ry  e lem ent o f th e  m a tr ix  A re su lts  fro m  an  in fin ite  su m m a tio n  b u t  we will 
ta k e  o n ly  n te rm s in to  co n sid e ra tio n . T o  decide th e  n ecessary  v a lu e  o f n we 
se t th e  e rro r lim it to  be 10~ 8 w hen c a lc u la tin g  th e  te rm s. S e ttin g  th e  d e te rm i
n a n t  o f th e  m a tr ix  A eq u a l to  zero w e o b ta in  an a lgebraical e q u a tio n  o f th e  
n - th  degree in a . T h e  ro o ts  o f th e  fu n c tio n  a re  th e  eigenvalues o f  th e  p rob lem  
(F ig . 2). T he d e te rm in a tio n  o f th e  c ritic a l load  is easy because  w e know  th e  
sh ap e  of th e  n - th  degree a lgeb ra ica l fu n c tio n . I t  is also help fu l t h a t  we need 
o n ly  f in d  th e  sm allest ro o t because  o n ly  th e  sm allest e igenvalue  is o f  in te re s t.

T he eigenvalue p rob lem  o f th e  sy s te m  of th e  d iffe ren tia l e q u a tio n s  of 
v a r ia b le  coeffic ien ts fo r com bined  to rs io n a l and  flex u ra l b u c k lin g  h as  th u s
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b e e n  sim plified : T he v a lu e  o f  th e  critica l lo a d  ca n  be ca lcu la ted  fro m  an  
n - t l i  degree algebraical fu n c tio n  b y  tr ia l an d  e rro r .

W h en  carry ing  o u t  th e  successive a p p ro x im a tio n  we used in itia l v a lu es  
(xp ,  F ig - 2) ca lcu la ted  w ith  th e  aid of F ö p p l’s th e o re m  [3]. W e to o k  in to  
c o n s id e ra tio n  th e  fa c t t h a t  th e se  values a re  low er bo u n d s for th e  c ritic a l 
lo a d , i.e .:

ocf <  «• (2.38)

T h e  E q . (2.36) has b een  so lv e d  for d ifferent ra t io s  o f  rig id ity . The e rro r  lim it 
w a s  1 0 ~ 8. The e igenvalues n e e d e d  for th e  c a lc u la tio n  o f th e  c ritica l lo ad  are  
g iv e n  b y  T able 1 an d  F ig . 3.

I t  is w orth  a n a ly s in g  th e  tw o ex trem e v a lu e s  o f th e  p a ra m e te r  r  in  
d e ta i l ,  r  =  0 co rresponds t o  th e  case of ж0 =  0, t h a t  is, we have a doub le- 
s y m m e tr ic  cross sec tion . F a i lu r e  m ay  occur b y  to rs io n a l or f lex u ra l b u ck lin g  
as is  show n  b y  th e  tw o  in te rs e c tin g  lines. W hile  th e  c ritic a l load  for th e  p u re  
to r s io n a l  buckling is sm a lle r  th a n  th e  c ritica l lo a d  fo r f lex u ra l buck lin g  th e  
c o m b in e d  critical load  e q u a ls  th e  form er one, a n d  w h en  th e  c ritica l lo ad  fo r 
th e  f le x u ra l  buckling is sm a lle r  th a n  the  c ritic a l lo a d  for th e  pu re  to rs io n a l 
b u c k lin g , th e  com bined  c r i t ic a l  load equals th e  l a t t e r  one.

T =  1,0 co rresponds to  th e  case w hen th e  sh e a r  cen tre  is a t  in f in ity . 
I n  t h a t  case th e  w a rp in g  r ig id i ty  p red o m in a tes  o v e r th e  to rs io n a l r ig id ity . 
I t  fo llow s th a t  th e  d e f le c tio n  curve is c h a ra c te r iz e d  by  th e  d e flec tio n  
a s s o c ia te d  w ith  th e  w a rp in g  r ig id ity  and  th is  d e f le c tio n  cu rv e  and  th a t  o f th e  
f le x u r a l  buckling  are o f  th e  sam e  ty p e . In  th e  case  o f  tw o  deflection  cu rv es 
o f  t h e  sam e  ty p e  F öppT s th e o re m  yields th e  e x a c t so lu tio n  [2]. A c tu a lly , th e

Table 1

\ 4 Ncf'Cp
Ncr,y

X
0,5 1,0 2,0 3,0 4,0 5,0

0,0 0,500 1,000 1.000 1,000 1,000 1,000
0,1 0,496 0,910 0,986 0,992 0,998 1,000
0,2 0,483 0,834 0,962 0,980 0,992 0,993
0.3 0,464 0,770 0.926 0,956 0,977 0,981
0.4 0,443 0,715 0,882 0,925 0,962 0,966
0,5 0,424 0,667 0,841 0,895 0,936 0.947
0,6 0,403 0,626 0,800 0,862 0.913 0,927
0,7 0,384 0,589 0,765 0,832 0.885 0.905
0,8 0,365 0,556 0,728 0,802 0.853 0.881
0,9 0,349 0,527 0,699 0,775 0.826 0,858
1,0 0,333 0.500 0,667 0,750 0,800 0.833
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Fig. 3

low est cu rv e  on F ig . 3 co rresp o n d s to  th e  values ca lcu la ted  b y  F ö p p l’s th e o re m . 
T hese v a lu e s  w ere used as in i t ia l  va lues fo r th e  successive a p p ro x im a tio n s .

T h e  c ritic a l load fo r to rs io n a l-f le x u ra l b u ck lin g  can be c a lc u la te d  as 
follow s.

T h e  c r itic a l load for th e  E u le r - ty p e  b u ck lin g  p e rp en d icu la r to  th e  p lane  
o f sy m m e try  is given by  th e  fo rm u la

X c r , y  =
7,84 E I X 

I P
(2.39)

T h is E u le r - ty p e  buckling com bines w ith  th e  p u re  to rsional b u c k lin g  T he 
c ritic a l lo ad  for p u re  to rsiona l b u ck lin g  N cr can  he ca lcu la ted  b y  m a k in g  use 
o f [8]. H a v in g  ca lcu la ted  N cfiy a n d  ЛГСГ ta k in g  in to  accoun t th e  r ig id ity  
ra tio  T — we can  get th e  co m b in ed  c ritica l lo ad  N cr from  th e  fo rm u la

N cr =  eiV^.y, (2.40)

where values for the parameter e are given in T able 1 and F ig. 3.
In th e  plane of sym m etry th e  Euler ty p e  buckling does n o t com bine  

w ith  the pure torsional buckling. The critical load N cr x is given b y  form ula
(2.4).

O n ly  th e  low est of th e  c ritic a l loads N cr an d  N cr x is of in te re s t in  p ra c tic a l  
ap p lica tio n s .
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3. Bars w ith  unsymmetric cross section

T h e  com bined  to rs io n a l a n d  flexu ra l b u c k lin g  o f a can tilev e r su b jec ted  
to  u n ifo rm ly  d is tr ib u te d  n o rm a l load  is c h a ra c te r iz e d  b y  th e  sy stem  o f eq u a 
tio n s  (1 .1), (1.2), (1.3) a n d  th e  b o u n d ary  c o n d itio n s  (1.4), (1.5), (1.6).

L e t  us in tro d u ce  th e  fo llow ing n o n -d im en sio n a l q u an titie s :

w h ere

7,84 E I a N ” iIF

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

W ith  th e se  n o ta tio n s  th e  sy s tem  of th e  ab o v e -m e n tio n e d  d iffe ren tia l eq u a 
tio n s  becom es

T h e  b o u n d a ry  c o n d itio n s  a re  still expressed  b y  E q s  (1.4) to  (1.6). T h e  angle
o f ro ta t io n  (p ap p ears  in  a ll th re e  equa tions show in g  th a t  in  th e  g enera l case 
th e  E u le r- ty p e  b u ck lin g  in  b o th  xz and yz  p la n e s  com bines w ith  th e  p u re  to r 
s io n a l buckling.
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W e can  a p p ly  th e  sam e m eth o d  show n in  d e ta il in th e  p rev io u s S ection  
on b a rs  w ith  m o n o sy m m etric  cross section  in  th e  case of bars  w ith  u n sy m m e tric  
cross section . T h e  so lu tion  again  can  be fo u n d  b y  m eans of in f in ite  pow er 
series:

u — ao +  zk , (3-11)
*=i

v =  b0 + 2 b k zk , (3.12)
k = l

<P =  co +  2  °k zk ■ (3.13)
A=1

U sing th e  “ e q u a liz a tio n ”  co n d itions (See E q s  (2.22), (2.23)) and  th e  b o u n d a ry  
co n d itions, a sy s te m  o f th ree  “ co n d itio n a l”  e q u a tio n s  can now  be  se t  up . 
T hese eq u a tio n s  a re  form ed b y  a lin ea r co m b in a tio n  o f th e  coeffic ien ts  eq, b1 
and  c ,. P ro ceed in g  in  th is  w ay  th e  e igenvalue  p ro b lem  of th e  system  o f  d iffe r
e n tia l eq u a tio n s  can  be tra c e d  b ack  again  to  a sim ple algebraic p ro b le m  and  
from  th e  e q u a tio n

Ax =  0 (3.14)

th e  expression

I A | =  0 (3.15)

y ie ld s th e  e igenva lues o f th e  prob lem  from  w h ich , using  fo rm ula  (3 .1 ), th e  
sm allest one g ives th e  va lu e  of th e  c ritica l load . T h e  elem ents o f th e  m a tr ix  
A h av e  th e  fo rm

A, j  — f(cc, ß,  y,  à, тх, Ту), i , j — 1 ,2 ,3 .  (3.16)

T he n ecessary  c o m p u ta tio n  has been  ca rried  o u t fo r  d iffe ren t ra tio s  o f  r ig id ity  
w ith  an  e rro r lim it o f A  =  10 ~8. T he load  fa c to rs  need ed  for th e  c a lc u la tio n  
of th e  c ritica l lo ad  are  given in  T ab les 2 . . .11 .

U sing th e  T ab le s  2 . . .11 th e  c ritic a l load  can  be ca lcu la ted  as fo llow s. 
T h e  v alue  o f  r x show s w hich T ab le  is to  be  u sed . As a  fu n c tio n  o f  th e

ra tio s
N  N1 1 c r , v  l y c r , f

N  ’ N1 1 c r , x  1 ' c r , y

and  th e  q u a n t i ty  ту, th e  load fac to r
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Table 2

тх =  ОД

Ner. Cp
V \  N*r.z iycr, cp \
»er.« \

0,2 0,4 0,6 0,8 1,0 2,0 3,0 4,0 5,0 Tv

1,000 1,000 1.000 1,000 1,000 0,500 0,333 0,250 0,200 0,0
0,991 0,976 0,950 0,905 0,843 0,481 0,326 0,247 0,198 0,2
0,964 0,916 0,857 0,787 0,715 0,443 0,311 0.238 0,192 0,4

0,2 0,926 0,846 0,767 0,692 0,626 0,402 0,290 0,226 0,184 0,6
0,881 0,777 0,690 0,617 0,556 0.365 0,269 0.212 0,176 0,8
0,835 0,716 0,626 0,557 0,501 0,333 0,250 0,201 0,167 1,0

0,996 0,996 0,996 0.996 0,996 0,500 0,333 0,250 0,200 0,0
0,987 0,972 0,947 0,904 0,833 0,481 0,326 0,247 0,198 0,2
0,960 0,914 0,854 0,786 0,714 0,443 0,310 0,238 0,192 0,4

0.4 0,922 0,844 0,765 0,691 0,625 0,402 0,290 0,226 0.184 0,6
0,878 0,776 0,689 0,616 0,556 0,365 0,269 0,212 0.176 0,8
0,883 0,715 0,626 0,557 0,501 0,333 0,250 0,201 0,167 1,0
0,988 0,988 0,988 0.988 0.988 0,500 0,333 0,250 0,200 0,0
0,980 0,965 0,942 0,900 0.831 0,481 0,326 0,247 0,198 0,2
0.954 0,909 0,852 0,785 0,713 0,443 0,310 0,238 0.192 0,4

0,6 0,918 0.841 0,764 0,691 0,625 0,402 0.290 0,226 0,184 0,6
0.874 0,774 0,688 0,616 0,555 0,365 0.269 0,212 0.176 0,9
0,830 0,714 0,626 0,556 0,501 0,333 0,250 0,201 0,167 1,0

0,970 0,970 0,970 0.970 0,970 0,449 0,333 0,250 0.200 0,0
0,962 0,950 0,929 0,891 0,827 0.481 0,326 0.247 0,198 0,2
0,939 0.899 0,846 0,781 0,712 0,443 0,311 0,238 0.192 0,4

0.3 0,907 0,835 0,760 0,689 0,624 0.402 0,290 0,226 0,184 0,6
0,867 0,770 0,687 0.615 0.555 0.365 0,269 0,212 0.176 0,8
0,825 0,712 0,624 0,556 0,501 0,334 0,250 0,201 0,167 1,0

0.910 0,910 0,910 0,190 0,910 0,499 0,333 0,250 0,200 0,0
0,906 0,901 0,890 0,867 0,818 0,481 0,326 0,247 0,198 0,2
0,895 0,870 0,830 0,774 0,708 0,443 0,311 0,238 0,192 0,4

1.0 0,874 0,821 0,755 0,687 0,622 0,402 0,290 0,226 0,184 0,6
0,846 0,764 0,684 0,614 0,554 0,365 0,269 0.212 0,175 0,8
0,812 0,708 0,622 0,555 0,500 0,334 0,250 0,201 0.167 1,0

0,495 0,495 0,495 0,495 0.495 0,495 0,333 0,250 0,200 0,0
0,495 0,495 0,495 0,495 0,495 0,478 0,326 0.247 0,198 0,2
0,495 0,495 0,495 0,494 0,494 0,440 0,310 0,238 0,192 0,4

2,0 0,495 0,494 0,494 0,493 0,492 0,401 0,290 0,226 0,184 0,6
0.495 0.494 0,493 0,491 0,488 0,364 0,269 0.212 0,175 0,8
0,494 0,493 0,491 0,488 0.477 0,333 0,250 0,201 0,167 1,0

0.331 0.331 0,331 0,331 0,331 0,331 0,331 0.250 0.200 0,0
0.331 0,331 0,331 0,331 0,331 0.331 0.325 0.247 0,198 0,2
0,331 0,331 0,331 u,33i u,33i 0,330 0.309 0,238 n 1 no 0,4

3,0 0,331 0,331 0,331 0,331 0,331 0,329 0,289 0,226 0,184 0,6
0,331 0,331 0,331 0,331 0,331 0,325 0,269 0,212 0,175 0,8
0,331 0,331 0,331 0,331 0,331 0,316 0,250 0,200 0,167 1,0

0,249 0,249 0,249 0,249 0,249 0,249 0,249 0,249 0,200 0,0
0,249 0,249 0,249 0,249 0,249 0,249 0,249 0,246 0,198 0,2
0,249 0,249 0,249 0,249 0,249 0,249 0,249 0,237 0,192 0,4

4,0 0,249 0,249 0,249 0,249 0,249 0,249 0,248 0,226 0,184 0,6
0,249 0,249 0.249 0.249 0,249 0.249 0,247 0.212 0.175 0,8
0,249 0,249 0,249 0,249 0,249 0,248 0,244 0,200 0,167 1,0

0,199 0,199 0,199 0,199 0,199 0,199 0,199 0,199 0,199 0,0
0,199 0.199 0,199 0.199 0,199 0,199 0,199 0.199 0.197 0,2
0,199 0.199 0.199 0,199 0,199 0,199 0,199 0.199 0,191 0,4

5,0 0,199 0.199 0.199 0,199 0,199 0,199 0,199 0,198 0,184 0.6
0.199 0.199 0,199 0.199 0.199 0.199 0.199 0.198 0,175 0,8
0,199 0,199 0,199 0,199 0,199 0,199 0.198 0,196 0,167 1,0
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Table 3

t x — 0,2

\  Ncr.<P
iy m  '  >. ^' c r '  x Iyer, <p \

Nor, у

0,2 0,4 0,6 0,8 1,0 2,0 3,0 4,0 5,0 TV

0,993 0,993 0,993 0,993 0,993 0,500 0,333 0,250 0,200 0,0
0,984 0,969 0,945 0,902 0,832 0,481 0,326 0,247 0,198 0,2
0,957 0,912 0,853 0,785 0,713 0,443 0,311 0,238 0,192 0,4

0,2 0,920 0,842 0,764 0,691 0,625 0,402 0,290 0,226 0,184 0,6
0,876 0,774 0,688 0,616 0,555 0,365 0,269 0.212 0.176 0,8
0,832 0,714 0,626 0,556 0,501 0,333 0,250 0,201 0,167 1,0

0,978 0,978 0,978 0,978 0,978 0,500 0,333 0,250 0,200 0,0
0,969 0,956 0,933 0,894 0,827 0,481 0,326 0,247 0,198 0,2
0,945 0,902 0,846 0,781 0,711 0,443 0,310 0,238 0,192 0,4

0,4 0,909 0,836 0,760 0,688 0,623 0,402 0,290 0,226 0,184 0,6
0,868 0,770 0,685 0,614 0,554 0,365 0,269 0.212 0,176 0,8
0,825 0,711 0,623 0,555 0,500 0,333 0,250 0,201 0,167 1,0

0,952 0,952 0,952 0,952 0,952 0,500 0,333 0,250 0,200 0,0
0,945 0,933 0,914 0,880 0,820 0,481 0,326 0,247 0,198 0,2
0,923 0,885 0,935 0,774 0,708 0,443 0,310 0,238 0,192 0,4

0,6 0,892 0,825 0,753 0,685 0,621 0,402 0,290 0,226 0,184 0,6
0,854 0,763 0,681 0,612 0,553 0,365 0,269 0,212 0,175 0,8
0,815 0,706 0,621 0,553 0,499 0,333 0,250 0.201 0,167 1,0

0,907 0,907 0,907 0,907 0,907 0,500 0,333 0,250 0,200 0,0
0,902 0,894 0,890 0,855 0,808 0,481 0,326 0.247 0,198 0,2
0,886 0,856 0,816 0,763 0,702 0,443 0,310 0,238 0,192 0,4

0,8 0.862 0,806 0,743 0,679 0,618 0,402 0,290 0,226 0,184 0,6
0.831 0,751 0,676 0,609 0,551 0,364 0,269 0,212 0,175 0,8
0,797 0,698 0,617 0,552 0,498 0,333 0,250 0,201 0.167 1,0

0,834 0,834 0,834 0,834 0,834 0,500 0,333 0.250 0,200 0,0
0,832 0.827 0,820 0,808 0,781 0,481 0,326 0,247 0,198 0,2
0,823 0,806 0,781 0,743 0.691 0,442 0,310 0,238 0,192 0,4

1,0 0,809 0,773 0,725 0,670 0,613 0,402 0,290 0,226 0,184 0,6
0,789 0,730 0,666 0,604 0,549 0,364 0,269 0.212 0,175 0,8
0,766 0,685 0,611 0,549 0,496 0,333 0,250 0,201 0,167 1,0

0.481 0,481 0,481 0,481 0,481 0,481 0,333 0,250 0,200 0,0
0,481 0.481 0,481 0,481 0,481 0,467 0.326 0.247 0,198 0,2
0,481 0.481 0,481 0,480 0,479 0,433 0,310 0,237 0,192 0,4

2,0 0,481 0,480 0,479 0,478 0,475 0,396 0,289 0,226 0,184 0,6
0,481 0,479 0,477 0,474 0,467 0,361 0,269 0,212 0.175 0,8
0,480 0,478 0,473 0,466 0,453 0,331 0,250 0,200 0,167 1,0

0,326 0.326 0,326 0,326 0,326 0,326 0,326 0,250 0,200 0,0
0,326 0,326 0,326 0,326 0,326 0,326 0,321 0,247 0,198 0.2
0,326 0,326 0,326 0,326

0,326
0,326
0,326

0.326
0,324

0,306
0,287

0.237
0,226

0.1.92 0.4
3,0 0,326 0,326 0,326

0,326 0,326 0,326 0,326 0,326 0,320 0,267 0,212 0,175 0,8
0,326 0,326

0,247
0,326
0,247

0,326
0,247

0,325 0,311 0,249
0,247

0,200
0,247

0,167
0,200

1,0 
0 00,247

0,247 0,247 0,247 0,247 0,247 0,247 0,247 0,243 0,198 0,2
0,247 0,247 0,247 0,247 0,247 0,247 0,246 0,235 0,192 0,4

4,0 0,247 0,247 0,247 0,247 0,247 0,246 0,245 0,224 0,184 0,6
0 247 0.247 0.247 0.247 0,246 0.246 0.243 0.211 0.175 0.8
0,247 0,247 0^247 0,246 0,246 0,245 0,238 0,199 0,167 1,0

0,198 0,198 0,198 0,198 0,198 0,198 0,198 0,198 0,198 0,0
0,198 0,198 0,198 0,198 0.198 0,198 0,198 0,198 0,195 0,2
0,198 0,198 0,198 0,198 0,198 0,198 0,198 0,197 0.191 0,4

5,0 0,198 0,198 0,198 0,198 0,198 0,198 0,198 0,197 0,183 0,6
0,198 0.198 0,198 0,198 0,198 0.198 0.Ю7 0,195 0,174 0,8
0,198 0,198 0,198 0,198 0,198 0,197 0,197 0,192 0,166 1,0
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Table 4

rx =  0,3

\  Ner.tp
1V Ä».* 1'cr, <p
N*.V \

0,2 0,4 0,6 0,8 1,0 2,0 3,0 4,0 5,0 ТУ

0,981 0,981 0,981 0,981 0,981 0,500 0,333 0,250 0,200 0,0
0,973 0,959 0,936 0,895 0,828 0,481 0,326 0,247 0,198 0,2
0,947 0,903 0,847 0,781 0,712 0,443 0,311 0,238 0,192 0,4

0,2 0.911 0,836 0,760 0,688 0,623 0,402 0,290 0,226 0,184 0,6
0.870 0.771 0.686 0.615 0.554 0.365 0.269 0.212 0.176 0.8
0.826 0.711 0.623 0.555 0.500 0.333 0.250 0.201 0.167 1.0
0.950 0.950 0.950 0.950 0.950 0.500 0.333 0.250 0.200 0.0
0.943 0.931 0.912 0.878 0.819 0.481 0.326 0.247 0.198 0.2
0.922 0.883 0.833 0.772 0.706 0.443 0.310 0.238 0.192 0.4

0,4 0,889 0,822 0,751 0,683 0,620 0,402 0,290 0,226 0,184 0,6
0,851 0,760 0,680 0,611 0,552 0,365 0,269 0,212 0,176 0,8
0,812 0,704 0,619 0,553 0,498 0,333 0,250 0,201 0,167 1,0
0,906 0,906 0.906 0,906 0,906 0,500 0,333 0,250 0,200 0,0
0,900 0,891 0,877 0,850 0,804 0,481 0,326 0,247 0,198 0,2
0,883 0,852 0,811 0,758 0,698 0,442 0,310 0,238 0,192 0,4

0,6 0,857 0,801 0,739 0,675 0,616 0,401 0,290 0,226 0,184 0,6
0,826 0,746 0,671 0,606 0,550 0,365 0,269 0,212 0,175 0,8
0,791 0,694 0,614 0,550 0,496 0,333 0,250 0,200 0,167 1,0
0,844 0,844 0,844 0,844 0,844 0,499 0,333 0,250 0,200 0,0
0,840 0.835 0,826 0,809 0,778 0,481 0,326 0.247 0,198 0.2
0,829 0,808 0,778 0,737 0,687 0,442 0,310 0,238 0,192 0.4

0,8 0,811 0,769 0,719 0,663 0,609 0,401 0,290 0,226 0,184 0.6
0,788 0,724 0,660 0,599 0,546 0,363 0,269 0,212 0,175 0,8
0,761 0,679 0,606 0,545 0,494 0,333 0,250 0,200 0,167 1,0
0,770 0,770 0,770 0,770 0,770 0,499 0,333 0,250 0,200 0,0
0,768 0,775 0,760 0,752 0,736 0,481 0,326 0,247 0,198 0,2
0,761 0,750 0,732 0,705 0,667 0,441 0,310 0,237 0,192 0,4

1,0 0,751 0,725 0,689 0,646 0,599 0,400 0,290 0,226 0.184 0,6
0,736 0,692 0,642 0,589 0,540 0,363 0,269 0.212 0,175 0,8
0,718 0,657 0,595 0,539 0,491 0,332 0,250 0,200 0,167 1,0
0,464 0,464 0,464 0,464 0,464 0,464 0,333 0,250 0,200 0,0
0,464 0,464 0,463 0,463 0,463 0,451 0,326 0,247 0,198 0,2
0.463 0.463 0,462 0,461 0,460 0,422 0,309 0,237 0,192 0,4

2,0 0.463 0,462 0,460 0,457 0,454 0,388 0,288 0,226 0,184 0,6
0,462 0,460 0,457 0,452 0,445 0,356 0,267 0,212 0,185 0,8
0,460 0,457 0,451 0,443 0,432 0,328 0,249 0,200 0,167 1,0
0.319 0,319 0,319 0,319 0,319 0,319 0,319 0,250 0,200 0,0
0,319 0,319 0,319 0,319 0,319 0,319 0,314 0,246 0,198 0,2
0,319 0,319 0,319 0,319 0,319 0,318 0,301 0,237 0,192 0,4

3,0 0,319 0,319 0,319 0,319 0,319 0,316 0,283 0,225 0,184 0,6
0,319 0,319 0,319 0,318 0,318 0,309 0,264 0,212 0,175 0,8
0,319 0,319 0,318 0,318 0,316 0,300 0,247 0,199 0,167 1,0
0,243 0,243 0,243 0,243 0,243 0,243 0,243 0,243 0,200 0,0
0,243 0,243 0,243 0,243 0,243 0,243 0,243 0,240 0,198 0,2
0,243 0,243 0,243 0,243 0,243 0,242 0,242 0,232 0,191 0,4

4,0 0,243 0,243 0,243 0,243 0,242 0,242 0,240 0,221 0,184 0,6
0,243 0,243 0,243 0,242 0,242 0.241 0.236 0,209 0.174 0,8
0,243 0,243 0,242 0,242 0,242 0,240 0,231 0,198 0,167 1,0
0,195 0,195 0,195 9,195 0,195 0.195 0,195 0,195 0,195 0,0
0,195 0.195 0,195 0,195 0,195 0,195 0,195 0,195 0,194 0,2
0,195 0,195 0,195 0,195 0,195 0,195 0,195 0,195 0,188 0,4

5,0 0,195 0.195 0,195 0.195 0.195 0,195 0,195 0,194 0,181 0,6
0.195 0,195 0,195 0,195 0,195 0,194 0,194 0.191 0,173 0,8
0.195 0,195 0.195 0.195 0.195 0,194 0,193 0,188 0,165 1,0
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Table 5

rx =  0,4

Ncr,<p I 
ЛГ- ,

Ner.V \
N*.*

0,2 0,4 0,6 0,8 1,0 2,0 3,0 4,0 5,0 TV

0,966 0,966 0,966 0,966 0,966 0,500 0,333 0,250 0,200 0,0
0,957 0,945 0,923 0,886 0,823 0,481 0,326 0,247 0,198 0,2
0,934 0,893 0,840 0,776 0,708 0,443 0,310 0,238 0,192 0,4

0,2 0,900 0,829 0,756 0,685 0,621 0,402 0,290 0,226 0,184 0,6
0,860 0,765 0,682 0,612 0,553 0,365 0,269 0,212 0,175 0,8
0,819 0,707 0,621 0,553 0,499 0,333 0,250 0,201 0,167 1,0
0,918 0,918 0,918 0,918 0,918 0,500 0,333 0,250 0,200 0,0
0,912 0,902 0,885 0,857 0,806 0,481 0,326 0,247 0,198 0,2
0,893 0,859 0,815 0,760 0,699 0,442 0,310 0,238 0,192 0,4

0,4 0,864 (1.805 0,740 0,676 0,616 0,401 0,290 0,226 0,184 0,6
0,831 0,747 0,672 0,606 0,549 0,364 0,269 0,212 0,175 0,8
0,795 0,695 0,614 0,550 0,496 0,333 0,250 0,201 0.167 1,0
0.857 0,857 0,857 0,857 0,857 0,500 0,333 0,250 0,200 0,0
0,853 0,846 0,835 0,816 0,781 0,481 0,326 0,247 0,198 0,2
0,840 0,815 0,781 0,738 0,686 0,441 0,310 0,237 0,192 0.4

0,6 0,819 0,772 0,719 0,663 0,608 0,400 0,290 0,226 0,184 0,6
0,792 0,725 0,658 0,598 0,544 0,364 0,269 0,212 0,175 0,8
0,764 0,678 0,605 0,544 0,493 0,332 0,250 0,200 0,167 1,0
0,788 0,788 0,788 0,788 0,788 0,499 0,333 0,250 0,200 0,0
0,784 0,781 0,774 0,763 0,743 0,480 0,326 0,247 0,198 0,2
0,776 0,760 0,738 0,708 0,667 0,440 0,310 0,237 0,192 0,4

0.8 0,763 0.730 0,691 0,645 0,597 0,399 0,290 0,226 0,184 0,6
0,744 0,694 0,639 0,587 0,537 0,363 0,269 0,212 0,175 0,8
0,723 0,656 0.592 0,536 0,488 0,332 0,250 0,200 0,167 1,0
0,715 0,715 0,715 0,715 0,715 0,499 0,333 0,250 0,200 0,0
0,713 0.711 0,708 0,701 0,691 0,479 0,326 0,247 0,198 0,2
0,708 0,699 0,686 0,667 0,640 0,439 0,310 0,237 0,192 0,4

1,0 0,700 0,680 0,653 0,620 0,581 0,398 0,289 0,226 0,184 0,6
0,688 0,655 0,615 0,571 0,529 0,362 0,268 0,212 0.175 0,8
0,674 0,626 0,576 0,527 0,482 0,331 0,250 (1,200 0,167 1,0
0,443 0,443 0,443 0,443 0,443 0,443 0,333 0,250 0,200 0,0
0,443 0.443 0,443 0,443 0,442 0,433 0,326 0,247 0,198 0,2
0,443 0,442 0,441 0,440 0,439 0,409 0,308 0,237 0,192 0,4

2,0 0,442 0.441 0,439 0,436 0,433 0,379 0,288 0,225 0,184 0,6
0,441 0.439 0,435 0,430 0,424 0,350 0,267 0,212 0,175 0,8
0,440 0.435 0,429 0,422 0,412 0,323 0,248 0,200 0,167 0,0
0,311 0,311 0,311 0,311 0,311 0,311 0,311 0,250 0,200 0,0
0,311 0.310 0,310 0,310 0,310 0,310 0,306 0,246 0,198 0,2
0,310 0,310 0,310 0,310 0,310 0,308 0,294 0,236 0,192 0,6

3,0 0,310 0,310 0,310 0,309 0,309 0,305 0,278 0,224 0,184 0,6
0,310 0,310 0,309 0,309 0,308 0,298 0,260 0,211 0,175 0,8
0,310 0,309 0,309 0,308 0,306 0,290 0,243 0,198 0,167 1,0
0,238 0,238 0,238 0,238 0,238 0,238 0,238 0,238 0,200 0,0
0,238 0,238 0,238 0,238 0,238 0,237 0,237 0,235 0,197 0,2
0,238 0,218 0,237 0,237 0,237 0,237 0,236 0,228 0,191 0,4

4,0 0,238 0,217 0,237 0,237 0,237 0^36 0,234 0,218 0,183 0,6
0,237 0,237 0,237 0,237 0,237 0,236 0.230 0.206 0,174 0.8
0,237 0,237 0,237 0,237 0,236 0,234 0,225 0,195 0,166 1,0
0.192 0.19J 0,192 0,192 0,192 0,192 0,192 0.192 0.192 0,0
0,192 0,192 0.192 0,192 0,192 0,192 0,192 0,192 0,191 0,2
0,192 0.192 0,192 0,192 0,192 0,192 0,192 0,191 0,186 0,4

5,0 0,192 0,192 0,192 0.192 0,192 0,191 0,191 0,190 0,179 0,6
0,192 0.192 0,192 0,192 0.192 0,191 0,191 0,187 0,171 0,8
0,192 0,192 0,192 0,192 0,191 0,191 0,189 0,184 0,164 1,0
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Table 6

тх =  0,5

\  iï'cr, <p
туг Nff X J'cr, cp \
*cr, y \

0,2 0,4 0,6 0,8 1,0 2,0 3,0 4,0 5,0 T»

0,947 0,947 0.947 0,947 0,947 0,500 0,333 0.250 0.200 0,0
0,940 0,928 0,909 0.875 0,817 0,481 0,326 0,247 0,198 0,2
0,919 0,880 0,830 0,770 0,705 0,443 0,310 0,238 0,192 0,4

0.2 0,887 0,819 0,750 0,681 0,619 0.402 0,290 0,226 0,184 0,6
0,849 0,758 0,678 0,609 0,551 0,365 0,269 0.212 0,175 0.8
0,809 0,702 0,618 0,552 0,498 0,333 0,250 0,201 0,167 0,1

0,883 0,883 0,883 0,883 0,883 0,500 0,333 0,250 0,200 0,0
0,877 0,869 0,856 0,833 0,791 0,481 0,326 0.247 0,198 0,2
0,861 0.833 0,795 0,747 0,690 0,442 0,310 0.238 0,192 0,4

0,4 0,837 0,785 0,726 0,667 0,610 0,401 0,290 0.226 0,184 0,6
0,807 0,733 0,663 0,600 0,545 0,364 0,269 0,212 0,175 0,8
0,775 0,683 0,608 0,545 0,494 0,332 0,250 0,201 0,167 0,1
0,811 0,811 0.811 0,811 0,811 0.500 0,333 0,250 0,200 0,0
0,807 0,802 0,794 0,780 0,754 0,480 0,326 0,247 0,198 0,2
0,796 0.777 0,750 0,716 0,671 0,440 0,310 0,237 0,192 0,4

0,6 0,780 0,742 0,697 0,648 0,598 0,399 0,290 0.226 0.184 0,6
0,758 0,701 0,643 0,588 0,538 0,363 0,269 0,212 0,175 0,8
0,734 0,660 0,594 0,537 0,488 0,331 0.250 0,200 0,167 1,0

0,737 0,737 0,737 0,737 0,737 0,499 0,333 0,250 0,200 0,0
0,735 0,732 0,727 0,719 0,706 0.479 0,326 0,247 0,198 0,2
0,729 0,716 0.699 0,676 0,644 0,439 0,310 0,237 0,192 0,4

0,8 0.718 0.692 0,661 0,623 0,582 0,398 0,289 0,226 0,184 0,6
0,703 0,663 0,618 0,572 0,528 0,361 0,268 0,212 0,175 0,8
0,686 0,631 0,577 0,526 0,481 0,331 0,250 0,200 0,167 1,0

0,667 0,667 0,667 0,676 0,667 0,499 0,333 0,250 0,200 0,0
0,666 0,664 0,661 0,657 0,650 0,477 0.426 0,247 0,198 0,2
0,662 0,655 0,645 0,630 0,610 0,436 0,309 0,237 0,192 0,4

1,0 0,655 0,639 0.619 0,593 0,562 0,395 0,289 0,226 0,184 0,6
0,646 0,619 0,588 0,552 0,515 0,360 0,268 0,212 0,175 0,8
0,635 0,597 0,555 0,513 0,474 0,329 0,250 0,200 0,167 1,0
0,422 0,422 0,422 0,422 0,422 0,422 0,333 0,250 0,200 0,0
0,422 0,422 0,422 0,422 0,422 0,415 0,325 0,246 0,198 0,2
0,422 0,421 0,420 0,419 0,418 0,395 0.307 0.237 0,192 0,4

2,0 0.421 0,420 0,418 0,416 0,412 0,369 0,285 0.225 0,184 0,6
0,420 0,418 0,414 0,409 0,403 0,342 0,265 0.212 0,175 0,8
0,419 0,415 0,409 0,402 0,393 0,317 0,247 0,199 0,167 1,0

0.301 0,301 0,301 0,301 0,301 0,301 0,301 0,250 0,200 0,0
0.301 0,301 0,301 0,301 0,301 0,300 0,297 0,246 0,198 0,2
0.301 0,300 0,300 0,300 0.300 0,298 0.286 0,236 0.191 0,4

3,0 0,300 0,300 0,300 0,300 0,299 0,293 0*271 0,222 0,184 0,6
0,300 0,300 0,299 0,299 0,298 0,287 0,255 0,209 0,174 0,8
0,300 0,299 0,298 0,297 0,295 0,280 0,240 0,198 0,166 1,0
0,232 0,232 0,232 0,232 0,232 0,232 0,232 0,232 0,200 0,0
0,232 0,232 0,232 0,232 0,232 0,232 0,232 0,229 0,197 0,2
0,232 0,232 0,232 0,232 0,232 0,231 0,230 0,223 0,191 0,4

4,0 0,232 0,232 0,232 0,232 0,232 0,230 0,228 0,214 0,182 0,6
0,232 0,232 0,232 0,231 0,231 0,229 0224 0,203 0,173 0,8
0,232 0,232 0,231 0,231 0,230 0,227 0.219 0,193 0,165 1,0
0,188 0,188 0.188 0,188 0,188 0,188 0,188 0,188 0,188 0,0
0,188 0.188 0,188 0,188 0Д88 0,188 O.L88 0,188 0,187 0,2
0,188 0,188 0 188 0.188 0.188 0.188 0.188 0.188 0,183 0,4

5,0 0.188 0 188 0.188 0,188 0.188 0.188 0.188 0.185 0.177 0,6
0.188 0.188 0,188 0.188 0.188 0,187 0,186 0,183 0,169 0,8
0,188 0,188 0 188 0,188 0,188 0.187 0.185 0,179 0,162 1,0
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Table 7

t* =  0.6

N cT,q>
/V ^cr>x iyer, qp \
Ner.,

0,2 0,4 0,6 0,8 1.0 2.0 3,0 4,0 5,0 X9

0,927 0,927 0,997 0.927 0.927 0,500 0,333 0,250 0,200 0,2
0,920 0,909 0,892 0,862 0,809 0.481 0,326 0,247 0,198 0.0
0,900 0,864 0,819 0,763 0,700 0,442 0,310 0,238 0,192 0,4

0.2 0,871 0,808 0,742 0,677 0,616 0,401 0,290 0,226 0,184 0.6
0.836 0,750 0 673 0,606 0,550 0,364 0,269 0.212 0,175 0.8
0,798 0,695 0,614 0,550 0,496 0,333 0.250 0,200 0,167 1.0

0,847 0,847 0,847 0,847 0,847 0,500 0,333 0.250 0,200 0,0
0,842 0,836 0,825 0,806 0,773 0,480 0,326 0.247 0,198 0.2
0,829 0,805 0,772 0,730 0,680 0,441 0.310 0,238 0,192 0,4

0.4 0.808 0,762 0,711 0,657 0,603 0,400 0,290 0.226 0.184 0,6
0,782 0.716 0,652 0.593 0,541 0,363 0,269 0,212 0,175 0,8
0,753 0.671 0,599 0,540 0.490 0,331 0,249 0,200 0,167 1,0

0 767 0.767 0,767 0,767 0,767 0,500 0,333 0,250 0,200 0,0
0,764 0.760 0,753 0,743 0,725 0,479 0,326 0,247 0,198 0,2
0,756 0,740 0,719 0,691 0,653 0.439 0,310 0.237 0,192 0,4

0,6 0,742 0.711 0,674 0.632 0,587 0,398 0,289 0.226 0,184 0.6
0,724 0,676 0.626 0.577 0,530 0,361 0,268 0,212 0,175 0.8
0,704 0.640 0,581 0,529 0,483 0,330 0.249 0.200 0,167 1,0

0.692 0,692 0 692 0,692 0,692 0,499 0,333 0,250 0,200 0,0
0,691 0,688 0,684 0,679 0,670 0,477 0,326 0,247 0,198 0,2
0,685 0,676 0.663 0,645 0,620 0,436 0,309 0,237 0,192 0.4

0.8 0,677 0,656 0.632 0,601 0,567 0.395 0,289 0,226 0,184 0.6
0,665 0,632 0.595 0,556 0.517 0,360 0,268 0,212 0,175 0.8
0.651 0.605 0.559 0,515 0.474 0,329 0,249 0,200 0.167 1.0

0 626 0,626 0,626 0,626 0,626 0,499 0,333 0,250 0,200 0,0
0,625 0,623 0,621 0,618 0,613 0,475 0,326 0,247 0.198 0.2
0,621 0.615 0,608 0,597 0,581 0,432 0,309 0,237 0,192 0.4

1.0 0,616 0,603 0,587 0,567 0,542 0,392 0,288 0,226 0.184 0.6
0,609 0,587 0,561 0,532 0,501 0,357 0,267 0,212 0.175 0.8
0,601 0,568 0,533 0,498 0.463 0,327 0,249 0,200 0,167 1.0

0,402 0,402 0,402 0,402 0,402 0,402 0,333 0,250 0,200 0,0
0,402 0,402 0,402 0,402 0,402 0,396 0,324 0,246 0,198 0.2
0,402 0,401 0,400 0,399 0,398 0,379 0,305 0,236 0,191 0,4

2,0 0,401 0,400 0,398 0,395 0,392 0,357 0,284 0,224 0,184 0,6
0,400 0.398 0.394 0.390 0,384 0,333 0,263 0,211 0.175 0,8
0,398 0,395 0,389 0,383 0.375 0,311 0,245 0,198 0,166 1.0

0,290 0,290 0,290 0.290 0.290 0,290 0,290 0,250 0,209 0,0
0.290 0,290 0,290 0,290 0,290 0,289 0,287 0,245 0,197 0,2
0.290 0,290 0,290 0,290 0,289 0,288 0,278 0.234 0.191 0.4

3,0 0,290 0,290 0,289 0,289 0,288 0,284 0,264 0,221 0,183 0,6
0,290 0,289 0,288 0,288 0,287 0,278 0,250 0.208 0,174 0.8
0,289 0,288 0,288 0,286 0,284 0,270 0,236 0,196 0.165 1.0

0,226 0,226 0,226 0.226 0,226 0,226 0,226 0,226 0,200 0,0
0,226 0,226 0,226 0,226 0,266 0,226 0,226 0,224 0,197 0,2
0,226 0,226 0,226 0,226 0,226 0,225 0,224 0,218 0,190 0,4

4.0 0,226 0,226 0,226 0,226 0,226 0,224 0.221 0,209 0,181 0.6
0,226 0,226 0,226 0,225 0.225 0.222 0.217 0,200 0,172 0.8
0.i 26 0,226 0.225 0,225 0,225 0,221 0,212 0,190 0.164 1.0

0,184 0,184 0,184 0,184 0,184 0,184 0,184 0,184 0,184 0.0
0,184 0,184 0,184 0.184 0,184 0,184 0,184 0,184 0,183 0,2
0,184 0,184 0.184 0.184 0,184 0,184 0,184 0,183 0,179 0,4

5,0 0,184 0.184 0,184 0,184 0,184 0,184 0,183 0,181 0,174 0,6
0,184 0,184 0,184 0,184 0,184 0,184 0,182 0,178 0,167 0,8
0,184 0,184 ' 0,184 0,184 0,184 0,183 0,181 0.174 0,160 1,0
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Table 8

т х =  0,7

Уст.Ч,
N  œ \  N ’T.x1УСТ, <P
У с г .у  \

0,2 0,4 0,6 0,8 1,0 2,0 3,0 4,0 5,0 Tv

0,905 0,905 0,905 0,905 0,905 0,500 0,333 0,250 0,200 0,0
0,898 0,889 0,874 0,847 0,800 0,481 0,326 0,247 0,198 0,2
0,881 0,848 0,806 0,753 0,694 0,441 0,310 0,238 0,192 0,4

0,2 0,853 0,795 0,733 0,671 0,612 0,400 0,290 0,226 0,184 0,6
0,821 0,740 0,667 0,602 0,547 0,364 0,269 0,212 0,175 0,8
0,786 0,688 0,610 0,547 0,495 0,333 0,250 0,200 0,167 1,0
0,812 0,812 0,812 0,812 0,812 0,500 0,333 0,250 0,200 0,0
0,808 0,802 0,793 0,779 0,753 0,480 0,326 0,247 0,198 0,2
0,796 0,776 0,748 0,712 0,668 0,440 0,310 0,238 0,192 0,4

0,4 0,778 0,739 0,694 0,645 0,595 0,399 0,290 0,226 0,184 0,6
0,756 0,698 0,640 0,585 0,536 0,362 0,260 0,212 0,175 0,8
0.731 0,657 0,591 0,534 0,487 0,330 0,249 0,200 0,167 1,0
0,727 0,727 0,727 0,727 0,727 0,500 0,333 0.250 0,200 0,0
0,725 0,721 0,716 0,709 0,695 0,478 0,326 0,247 0,198 0,2
0,718 0,705 0,688 0,665 0,635 0,438 0,310 0,237 0,192 0,4

0,6 0,706 0,681 0,650 0,614 0,574 0,396 0,289 0,226 0,184 0,6
0,691 0,651 0,608 0,564 0,522 0,360 0,268 0,212 0,175 0,8
0,674 0,620 0,567 0,519 0,477 0,329 0,249 0,200 0,167 1,0
0,653 0,653 0,653 0,653 0,653 0,499 0,333 0,250 0,200 0,0
0,651 0,650 0,646 0,643 0,636 0,476 0,326 0,247 0,198 0,2
0,647 0,639 0,629 0,615 0,596 0,433 0,309 0.237 0,192 0,4

0,8 0,639 0,623 0,603 0,578 0,o 50 0,393 0.288 0,226 0,184 0,6
0,630 0,603 0,573 0,539 0,505 0,357 0,267 0,212 0,175 0,8
0,619 0,581 0,541 0,501 0,465 0,328 0,249 0,200 0,167 1,0
0,589 0,589 0,589 0,589 0,589 0,499 0,333 0,250 0,200 0,0
0,588 0,587 0,585 0,583 0,579 0,472 0,326 0,247 0.198 0,2
0,585 0,581 0,574 0,566 0,554 0,429 0,308 0,237 0,192 0,4

1,0 0,581 0,570 0,557 0,541 0,521 0,389 0,288 0,225 0,184 0,6
0,574 0,557 0,536 0,512 0,485 0,354 0,267 0,212 0,175 0,8
0,567 0,542 0,512 0,482 0,451 0,325 0,248 0,199 0,167 1,0
0,383 0,383 0,383 0,383 0,383 0,383 0,333 0,250 0,200 0,0
0,383 0,383 0,383 0,382 0,382 0,378 0,322 0,246 0.198 0,2
0.383 0,382 0,381 0,381 0,379 0,364 0,302 0,236 0,191 0,4

2,0 0,382 0,381 0,379 0,377 0,374 0,345 0,281 0,223 0.184 0,6
0,381 0,379 0,375 0,371 0,367 0,324 0,260 0,210 0,174 0,8
0,380 0,376 0,371 0,365 0,359 0,304 0,243 0,198 0,166 1,0
0,280 0,280 0,280 0,280 0,280 0,280 0.280 0,250 0,200 0,0
0,280 0,280 0,280 0,280 0,280 0,279 0.277 0,244 0,197 0,2
0,280 0,279 0,279 0,279 0,279 0,277 0,269 0,233 0,191 0,4

3,0 0,279 0,279 0,278 0,278 0,278 0.274 0,257 0,219 0,183 0,6
0,279 0,278 0,278 0,277 0,276 0,268 0,244 0,206 0,174 0,8
0,279 0,278 0,277 0,276 0,274 0,260 0,231 0,195 0,165 1,0
0,219 0,219 0,219 0,219 0,219 0,219 0,219 0,219 0,200 0,0
0,219 0,219 0,219 0,219 0,219 0,219 0,219 0,218 0,196 0,2
0,219 0,219 0.219 0,219 0,219 0,219 0,217 0,212 0.188 0,4

4,0 0,219 0,219 0,219 0,219 0,219 0.218 0,215 0,205 0.180 0,6
0,219 0,219 0,219 0,219 0,218 0,216 0,211 0,195 0,171 0,8
0,219 0,219 0,219 0,218 0,218 0,214 0,206 0,187 0,163 1,0
0,180 0,180 0,180 0,180 0,180 0,180 0,180 0,180 0,180 0,0
0,180 0,180 0,180 0,180 0,180 0,180 0,180 0,180 0,179 0,2
0,180 0,180 0,180 0,180 0,180 0,180 0.180 0,178 0,175 0,4

5,0 0,180 0,180 0,180 0,180 0,180 0,180 0,178 0.177 0,170 0,6
0,180 0,180 0,180 0,180 0,180 0,180 0,178 0,174 0,164 0,8
0,180 0,180 0,180 ,0180 0.179 0,179 0,176 0,171 0,157 1,0
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Table 9

T x  =  0,8

V  N er, <p

N ,'., V  ,
0,2 0,4 0,6 0,8 1,0 2,0 3,0 4,0 5,0 TV

0,882 0,882 0,882 0,882 0,882 0,500 0,333 0,250 0,200 0,0
0,876 0,868 0,854 0,831 0,789 0,481 0,326 0,247 0,198 0,2
0,860 0,831 0,792 0,744 0,688 0,441 0,310 0,237 0,192 0,4

0,2 0,836 0,782 0,724 0,665 0.609 0,400 0,290 0,226 0,184 0,6
0,805 0,730 0,660 0,598 0,544 0,364 0,269 0,212 0,175 0,8
0,773 0,681 0,605 0,543 0,492 0,332 0,250 0,200 0,167 1,0
0.778 0,778 0,778 0,778 0,778 0,500 0,333 0,250 0,200 0,0
0,774 0,770 0,763 0,751 0,730 0,479 0,326 0,247 0,198 0,2
0,765 0,747 0,725 0,694 0,655 0,439 0,310 0.237 0,192 0,4

0,4 0,750 0,716 0,676 0,633 0,587 0,398 0,289 0,226 0,184 0,6
0,730 0,679 0,626 0,576 0,529 0,361 0,268 0,212 0,175 0,8
0,709 0,641 0,581 0,528 0,482 0,329 0,249 0,200 0.167 1,0
0,690 0,690 0,690 0,690 0,690 0,500 0,333 0,250 0,200 0,0
0,688 0,685 0,681 0,646 0,666 0,477 0,326 0,246 0,198 0,2
0,682 0,672 0,658 0,640 0,615 0,435 0,309 0,237 0,192 0,4

0,6 0.673 0,652 0,626 0,595 0,561 0,394 0,288 0,226 0,184 0,6
0,660 0,626 0,589 0,550 0,512 0,358 0,267 0,212 0,175 0,8
0,647 0,600 0,553 0,510 0,470 0,327 0,248 0,199 0,167 1,0
0,617 0,617 0,617 0,617 0,617 0,499 0,333 0,250 0,200 0,0
0,616 0,614 0,612 0,609 0,604 0,474 0,326 0,246 0,198 0,2
0,612 0,606 0,598 0,587 0,571 0,430 0.309 0,237 0,192 0,4

0,8 0,606 0,593 0,577 0,556 0.532 0,390 0,288 0,225 0,184 0,6
0,598 0,576 0,550 0,522 0,492 0,355 0,267 0,212 0,175 0,8
0,588 0,557 0,523 0,489 0,456 0,325 0,248 0,199 0,167 1,0
0,556 0,556 0,556 0,556 0,556 0,499 0,333 0,250 0,200 0,0
0,555 0,554 0,553 0,551 0,549 0,467 0,326 0,246 0,198 0,2
0,553 0,549 0,544 0,537 0,529 0,424 0,308 0,237 0,192 0,4

1,0 0,550 0,541 0,530 0,517 0,501 0,384 0,287 0,225 0,184 0,6
0,544 0,529 0,512 0,492 0,470 0,351 0,266 0,212 0,175 0,8
0,537 0,517 0,492 0,467 0,440 0,322 0,247 0,199 0,167 1,0
0,365 0,365 0,365 0,365 0,365 0,365 0,333 0,250 0,200 0,0
0,365 0,365 0,365 0,364 0,364 0,361 0,320 0,246 0,198 0,2
0,365 0,364 0,364 0,363 0,362 0,350 0,298 0,236 0,191 0.4

2,0 0,354 0.363 0,361 0,360 0.357 0,333 0,278 0,222 0,184 0,6
0,364 0,361 0,358 0,355 0,351 0,315 0,258 0,209 0,174 0,8
0,362 0,358 0,354 0,349 0,343 0,297 0,240 0,197 0,166 1,0
0,270 0,270 0,270 0,270 0,270 0,270 0,270 0,250 0,200 0,0
0,269 0.269 0,269 0,269 0,269 0,269 0,267 0,243 0,197 0,2
0,269 0.269 0,269 0,269 0,268 0,267 0,260 0,230 0,191 0,4

3,0 0,269 0.269 0,268 0,268 0,267 0,263 0,250 0.217 0,182 0,6
0,269 0,268 0,267 0,267 0,266 0,258 0,238 0,204 0,173 0,8
0,268 0,267 0,267 0,265 0,264 0.251 0,226 0,193 0,164 1,0
0,212 0.212 0,212 0,212 0,212 0,212 0,212 0,212 0,200 0,0
0,212 0,212 0,212 0.212 0,212 0,212 0,212 0,211 0.195 0,2
0,212 0,212 0,212 0.212 0,212 0,212 0,211 0,206 0,187 0,4

4,0 0,212 0,212 0,212 0,212 0,212 0,211 0,208 0,200 0,178 0,6
0,212 0,212 0,212 0,212 0,212 0,209 0,204 0,191 0,169 0,8
0,212 0,212 0,212 0,212 0,211 0,207 0,200 0,184 0,161 1,0
0,176 0,176 0,176 0,176 0,176 0,176 0,176 0,176 0,176 0,0
0.176 0,176 0,175 0,175 0,175 0.175 0,175 0,175 0,174 0,2
0,175 0,175 0.175 0,175 0,175 0,175 0,175 0,174 0,171 0,4

5,0 0,175 0.175 0.175 0,175 0,175 0,175 0,174 0,172 0,167 0,6
0,175 0,175 0,175 0,175 0,175 0,174 0,173 0,169 0,160 0,8
0,175 0,175 0,175 0,175 0,174 0.174 0,171 0,166 0,154 1,0
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Table 10

г * =  0,9

N cr. q>

\  N er  ,  
N „ .< p

N c r .y

0,2 0,4 0,6 0,8 1,0 2,0 3,0 4,0 5,0 r „

0.859 0,859 0,859 0,859 0,859 0,500 0,333 0,250 0,200 0 .0

0,853 0,846 0,834 0,814 0,778 0,480 0,326 0,247 0,198 0.2
0,839 0,812 0,778 0,733 0,681 0,440 0,310 0.237 0.192 0.4

0,2 0,816 0,767 0,714 0.658 0,604 0,399 0,290 0,226 0,184 0,6
0,788 0,719 0,653 0,594 0,541 0,363 0,269 0,212 0,175 0.8
0,759 0,672 0,600 0,540 0,490 0,332 0,250 0,200 0,167 1.0

0,746 0,746 0,746 0,746 0,746 0,500 0,333 0,250 0,200 0,0
0,743 0,739 0,733 0,724 0,708 0,478 0,326 0.247 0 198 0,2
0,735 0,720 0,701 0,674 0,641 0,437 0,309 0.237 0,192 0,4

0,4 0,722 0,692 0,658 0,619 0,578 0,396 0.288 0,226 0,184 0,6
0,705 0,660 0,613 0,567 0,523 0,359 0,267 0,212 0,175 0,8
0,685 0,626 0,571 0,521 0,478 0,328 0,249 0,199 0,167 1,0
0,657 0,657 0,657 0,657 0,657 0,500 0,333 0,250 0,200 0,0
0,655 0,653 0,650 0,645 0,638 0.475 0,326 0,246 0,198 0,2
0.650 0,642 0,630 0,616 0,595 0,431 0,309 0,237 0,192 0.4

0,6 0.643 0.625 0,603 0,577 0,547 0,391 0,288 0,226 0,184 0.6
0.632 0,603 0,571 0,537 0.502 0,355 0,267 0,212 0,175 0,8
0,619 0,580 0,539 0,499 0,463 0,325 0,247 0,199 0.167 1,0
0,585 0,585 0,585 0,585 0.585 0,499 0,333 0,250 0,200 0,0
0.584 0,583 0,581 0,578 0,574 0,470 0,326 0,246 0,198 0.2
0,581 0,576 0.569 0,560 0,548 0,426 0,308 0,237 0,192 0,4

0.8 0,576 0,565 0,551 0,535 0,515 0,386 0.287 0.225 0,184 0,6
0,570 0,551 0,529 0,505 0,479 0,352 0,266 0,212 0,175 0,8
0,561 0,535 0,506 0,476 0,446 0,323 0,247 0,199 0,167 1,0
0,527 0,527 0,527 0,527 0,527 0,499 0,333 0,250 0,200 0,0
0,526 0,525 0,524 0,522 0,521 0.461 0,325 0,246 0,198 0,2
0,524 0,521 0,517 0,512 0,504 0,418 0,307 0,236 0,192 0,4

1,0 0,521 0,514 0,505 0.495 0,481 0,380 0,286 0.225 0.184 0,6
0,516 0,505 0,490 0,473 0,454 0,347 0,265 0.211 0,175 0,8
0,511 0,494 0,473 0,451 0,427 0,319 0,246 0,199 0,167 1,0
0,349 0,349 0,349 0.349 0,349 0,349 0,333 0,250 0,200 0 .0

0,349 0,349 0,348 0,348 0,348 0,345 0,316 0,245 0,198 0,2
0,348 0,348 0.347 0,347 0,346 0.336 0.295 0.235 0,191 0,4

2,0 0,347 0,346 0,345 0,343 0,341 0,322 0.274 0.222 0,183 0,6
0,347 0,344 0,342 0,340 0,336 0,305 0,255 0.209 0.174 0,8
0,346 0,343 0,339 0,334 0,329 0,289 0,238 0,196 0,165 1,0
0.260 0,260 0,260 0,260 0,260 0.260 0,260 0,250 0,200 0,0
0,260 0,260 0,259 0,259 0.259 0,259 0,257 0,240 0,197 0,2
0,259 0,259 0,259 0.259 0.258 0,258 0,251 0,227 0.190 0,4

3,0 0,259 0,259 0,258 0,258 0,257 0,255 0,243 0,215 0,181 0,6
0,259 0,258 0,257 0,257 0,256 0.251 0,232 0,202 0.172 0,8
0,259 0,257 0,257 0,256 0,253 0,244 0,221 0.191 0,164 1,0
0,206 0,206 0,206 0,206 0,206 0.206 0.206 0,206 0,200 0,0
0,206 0,206 0,206 0,206 0,206 0.206 0,205 0,205 0,194 0,2
0,206 0,206 0,206 0,206 0,206 0,205 0,204 0,201 0,185 0,4

4.0 0,206 0,206 0,205 0,205 0,205 0,204 0.202 0,195 0,176 0,6
0,206 0,205 0,205 0.205 0,205 0,202 0.198 0,187 0,167 0,8
0.206 0,205 0,205 0,205 0,205 0,201 0,194 0,180 0,160 1.0

0,171. 0.171 0,171 0.171 0,171 0.171 0,171 0.171 0,171 0,0
0.171 0,171 0,171 0,171 0,171 0,171 0,171 0,171 0,170 0,2
0,171 0,171 0,171 0.171 0,171 0,171 0,171 0,170 0,167 0,4

5,0 0,171 0.171 0.171 0,171 0,171 0,170 0.169 0,167 0,163 0,6
0,171 0,171 0.171 0,171 0,171 0,170 0,168 0,164 0,157 0,8
0,171 0.17] 0.171 0,171 0.170 0,169 0,167 0,162 0,152 1,0
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Table 11

TX =  1,0

TSI ^ CT’ x  
N er,< p  \
N „ , v  \

0,2 0 ,4 0 .6 0 ,8 1 ,0 2,0 3 ,0 4 ,0 5 ,0 T V

0,836 0,836 0,836 0,836 0,836 0,500 0,333 0,250 0,200 0,0
0,831 0,824 0,814 0,796 0,765 0,480 0,326 0,247 0,198 0,2
0,818 0,794 0,763 0,722 0,674 0,440 0,310 0,237 0,192 0,4

0,2 0,797 0,753 0,703 0,650 0,599 0,398 0,289 0,226 0,184 0,6
0,772 0,708 0,646 0,588 0,537 0,362 0,268 0,212 0,175 0,8
0,743 0,663 0,594 0,536 0,487 0,331 0,249 0,199 0,166 1,0

0,716 0,716 0,716 0,716 0,716 0,500 0,333 0,250 0,200 0,0
0,713 0,710 0,705 0,698 0,685 0,478 0,326 0,247 0,198 0,2
0,706 0,694 0,677 0,655 0,626 0,435 0,309 0,237 0,192 0,4

0,4 0,695 0,670 0,640 0,605 0,567 0,395 0,288 0,226 0,184 0,6
0,680 0,640 0,599 0,557 0,516 0,358 0,267 0,212 0,175 0,8
0,663 0,609 0,559 0,513 0,471 0,327 0,248 0,199 0,166 1,0

0,626 0,626 0,626 0,626 0,626 0,500 0,333 0,205 0,200 0,0
0,625 0,622 0,620 0,616 0,611 0,473 0,326 0,246 0,198 0,2
0,620 0,613 0,604 0,591 0,575 0,429 0,309 0,237 0,192 0,4

0,6 0,614 0,598 0,581 0,558 0,533 0,389 0,288 0,226 0,184 0,6
0,605 0,581 0,553 0,522 0,491 0,354 0,267 0,212 0,175 0,8
0,594 0,559 0,524 0,488 0,454 0,324 0,247 0,198 0,166 1,0

0,557 0,557 0,557 0,557 0,557 0,499 0,333 0,250 0,200 0,0
0,555 0,554 0,553 0,551 0,548 0,466 0,326 0,246 0,198 0,2
0,553 0,549 0,543 0,536 0,526 0,422 0,308 0,237 0,192 0,4

0,8 0,549 0,539 0,528 0,514 0,497 0,382 0,286 0,225 0,184 0,6
0,543 0,527 0,509 0,488 0,466 0,349 0,265 0,212 0,175 0,8
0,536 0,513 0,488 0,461 0,435 0,320 0,246 0,198 0,166 1,0

0,500 0,500 0,500 0,500 0,500 0,499 0,333 0,250 0,200 0,0
0,500 0,499 0,498 0,497 0,495 0,453 0,325 0,246 0,198 0,2
0,498 0,495 0,492 0,488 0,482 0,411 0,306 0,236 0,191 0,4

1,0 0,495 0,489 0,482 0,473 0,462 0,374 0,284 0,224 0,184 0,6
0,491 0,481 0,469 0,455 0,439 0,343 0,263 0,211 0,174 0,8
0,487 0,471 0,454 0,435 0,415 0,315 0,244 0,198 0,165 1,0

0,333 0,333 0,333 0,333 0,333 0,333 0,333 0,250 0,200 0,0
0,333 0,333 0,333 0,333 0,333 0,330 0,311 0,245 0,197 0,2
0,333 0,333 0,332 0,331 0,330 0,322 0,290 0,234 0,191 0,4

2,0 0,333 0,331 0,330 0,329 0,326 0,310 0,270 0,221 0,183 0,6
0,332 0,329 0,327 0,325 0,322 0,296 0,251 0,207 0,174 0,8
0,331 0,327 0,324 0,320 0,316 0,281 0,234 0,195 0,164 1,0

0,250 0,250 0,250 0,250 0,250 0,250 0,250 0,250 0,200 0,0
0,250 0,250 0,250 0,250 0,250 0,250 0,248 0,237 0,197 0,2
0,250 0,250 0,250 0,250 0,249 0,248 0,243 0,224 0,189 0,4

3,0 0,250 0,249 0,249 0,249 0,248 0,245 0,235 0,212 0,181 0,6
0,250 0,249 0,248 0,248 0,247 0,240 0,226 0,199 0,171 0,8
0,249 0,248 0,247 0,246 0,244 0,234 0,215 0,188 0,161 1,0

0,200 0,200 0,200 0,200 0,200 0,200 0,200 0,200 0,200 0,0
0,200 0,200 0,200 0,200 0,199 0,199 0,199 0,198 0,191 0,2
0,200 0,199 0,199 0,199 0,199 0,199 0,198 0,195 0,183 0.4

4,0 0,199 0,199 0,199 0,199 0,199 0,198 0,195 0,189 0,174 0,6
0,199 0,199 0,199 0,198 0,198 0,196 0,192 0,183 0,165 0,8
0,199 0,199 0,198 0,198 0,198 0,195 0,188 0,175 0,157 1,0

0,167 0,167 0,167 0,167 0,167 0,167 0,167 0,167 0,167 0,0
0,167 0,167 0,167 0,167 0,167 0,167 0,166 0,166 0,165 0,2
0,167 0,167 0,167 0,167 0,166 0,166 0,166 0,165 0,163 0,4

5,0 0,167 0,167 0,167 0,167 0,166 0,166 0,164 0,163 0,159 0,6
0,166 0,166 0,166 0,166 0,166 0,166 0,164 0,160 0,153 0,8
0,166 0,166 0,166 0,166 0,165 0.165 0,161 0.157 0,148 1,0
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ca n  b e  fo u n d  in  one o f  th e  T ables. T he v a lu e  o f  N cr can  be c a lc u la te d  b y  
m a k in g  u se  o f [8], th e  o th e r  tw o  q u a n titie s  a re  g iven  by  form ulae

IIX

£ 7,84 E I y
(3.17)

t f 2 ’

N cr,y =
1 M E I X

Я 2
(3.18)

In  k n o w led g e  of th e  lo ad in g  p a ra m e te r  Я th e  fo llow ing  fo rm ula  gives th e  v a lu e  
o f  th e  c ritic a l lo ad :

N cr =  AN crip (3.19)

T o m a k e  th e  ca lcu la tio n  o f  th e  load  fa c to r  re a so n a b ly  sim ple we h a v e  g iven  
th e  v a lu e s  fo r r x b e tw een  0,1 an d  1,0 in  in c re m e n ts  of 0,1 an d  th e  v a lu e s  fo r 
Ty  b e tw e e n  0,0 an d  1,0 in  in c rem en ts  of 0,2. I n  th is  w ay  we h av e  go t te n  ta b le s  
a n d  in  each  ta b le  th e re  are  v a lu es  of ту in  in c re m e n ts  of 0,2 in  successive lines 
so t h a t  in te rp o la tio n  is fa ir ly  sim ple. T he ta b le s  co n ta in  qu ite  a la rg e  n u m b e r 
o f  v a lu e s  fo r th e  lo ad  fa c to r  so th a t  lin ea r in te rp o la t io n  is considered  a c c u ra te  
en o u g h  fo r p ra c tic a l ap p lica tio n .

L e t  us analyse  th e  tw o  ex trem e cases.
Ty =  0 co rresponds to  th a  case o f a  b a r  w ith  m on o sy m m etric  cross 

se c tio n . I n  th a t  case b u ck lin g  in  th e  p lane  o f  sy m m e try  xz  does n o t co m b in e  
w ith  th e  to rs io n a l-f lex u ra l b u ck ling  p e rp e n d ic u la r  to  th e  p lane  o f sy m m e try . 
V a lu es  in  th e  ta b le s  a lw ays give th e  low est c r itic a l load fac to r, t h a t  is , fo r 
e x a m p le  if

J 4
N.

= 0,8 ,
cr, у

a n d  t x =  1,0 th e n  we g e t 0,557 for th e  v a lu e  o f

in d e p e n d e n tly  of th e  v a lu e  o f

N„
N,СГ, <p

N.
N.

cr, tp

cr, X

(b ecau se  b en d in g  in  th e  p lan e  xz  is in d e p e n d e n t o f to rs io n a l-flex u ra l b e n d in g  
in  th e  p la n e  yz)  u n til  we reach  th e  v alue  o f

К
N„

СГ, (p 1 .
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A fte r  exceeding th is  value, th e  v a lu e s  o f  th e  c ritica l lo ad  fa c to r  fo r b u ck ling  
in  th e  p lane o f  sy m m e try  becom e lo w er th a n  th o se  o f th e  to rs io n a l-f lex u ra l 
ones, so th e  ta b le s  g ive these low er v a lu es .

r x =  Ту =  1 corresponds to  th e  case  w hen  b o th  co o rd in a tes  o f th e  sh ear 
c e n tre  are  a t in f in ity . I t  is in  t h a t  case  t h a t  th e  a p p ro x im a te  fo rm u la

N „
<

N r, N,
+  ■

c r ,  у N,cr.f
(3.20)

based  on F ö p p l’s th eo rem , gives th e  b e s t ap p ro x im a te  v a lu e  fo r th e  c ritic a l 
lo ad . H ow ever, in  th is  u n sy m m e tric a l case, th e re  are no  geo m etrica l and  
r ig id ity  ra tio s  w h e n  th e  F öpp l’s fo rm u la  gives th e  ex ac t c r itic a l lo ad , c o n tra ry  
to  th e  case o f  th e  m on o sy m m etrica l cross section . T h is d isc rep an cy  can 
c lea rly  be p ro v ed  w hen  th e  co lu m n  is su b je c te d  to  a  c o n c e n tra te d  lo ad  on 
to p  [5].

T he va lu es  in  th e  tab les in d ic a te  c e r ta in  sy m m etry  p ro p e rtie s . L e t us 
ta k e  rx =  Ту. I n  t h a t  case th e  e lem en ts  on th e  r ig h t an d  on th e  le f t sides o f  th e  
d iagona l of a ta b le  are  sym m etric . T h e  reaso n  fo r th is  sy m m e try  is th a t  b u c k 
lin g  in  th e  p lan e  x z  o r in  th e  p lan e  y z  is th e  sam e p h ysica l phen o m en o n . T he 
g o v ern ing  d iffe re n tia l equa tions fo r b u ck lin g  (1.1), (1.2) also show  th is  fac t.

4. Practical application

T he given fo rm u lae , tab le s  a n d  d iag ram s are app licab le  n o t  o n ly  for 
th e  s ta b ility  a n a ly s is  of th in -w a lled  b a rs  w hich  are ap p lied  as in d iv id u a l 
e lem en ts  in  d iffe re n t k inds of s tru c tu re s , b u t  fo r th e  s ta b il i ty  analy sis  o f  th e  
b rac in g  system  o f ta l l  build ings as w ell.

A b u ild in g  su b jec ted  to  v e r t ic a l  lo ad s — as o th e r “ c o lu m n ”  s tru c tu re s  
— can  develop th re e  k inds of d e fo rm a tio n s : buck ling  in  th e  tw o  p rin c ip a l 
p lan es of in e r tia  an d  pu re  to rs io n a l b u ck lin g . In  general th e  b rac in g  sy stem  
o f a bu ild ing  h a s  no  axes of sy m m e try  (o r i t  has only  one), so t h a t  th e  pu re  
to rs io n a l b u ck lin g  com bines w ith  f le x u ra l bucklings in  th e  tw o  p rin c ip a l 
p lan es of in e r t ia  (o r in  one o f th e  p rin c ip a l p lanes of in e r tia ) . T he c ritica l 
lo ad  of th e  p u re  to rs io n a l b u ck lin g  can  be considerab ly  sm alle r th a n  th a t  
o f  th e  p lan a r b u ck lin g  and in  th is  case  th e  c ritica l lo ad  o f th e  bu ild in g  
is sm all as well [4].

I f  th e re  is o n ly  one core b ra c in g  th e  bu ild in g  su b jec ted  to  v e r tic a l loads 
on each floor, th e n  b y  d is tr ib u tin g  th e  lo ad s along th e  h e ig h t o f th e  b u ild in g  
we get a c a n tile v e r  sub jec ted  to  d is tr ib u te d  no rm al loads. F o r  th e  s ta b ility  
analy sis  we need  th e  bending, to rs io n a l an d  w arp in g  rig id ities . T hese rig id ities 
h av e  to  be c a lc u la ted  h y  m aking  use  o f  th e  r ig id ity  and g eo m etrica l c h a ra c te r is 
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t ic s  o f  th e  core. On th e  o th e r  h a n d , th e  p o la r  ra d iu s  o f in e r tia  has to  be c a l
c u la te d  fro m  th e  g ro u n d  p la n  d im ensions o f th e  b u ild in g . T his follows fro m  
th e  d e r iv a tio n  of th e  d iffe re n tia l eq u a tio n  o f th e  p u re  to rs io n a l b u ck lin g  (E q .
(1 .3) in  [8]). T he d e riv a tio n  o f  th e  eq u a tio n  is b ased  on th e  analysis of th e  b e h a v 
io u r  o f  th e  lo n g itu d in a l fib re s  o f  th e  cross sec tio n  d u rin g  buck ling . T he e x te rn a l 
lo a d s  a c t  a long  these  fib res  a n d  cause  to rs io n . T he b a r  ba lances th is  effect b y  
m e a n s  o f  i ts  to rs io n a l an d  w a rp in g  rig id ities. In  o u r case (in th e  case o f a 
t a l l  b u ild in g ) th e  e x te rn a l lo a d s  a c t on th e  floors an d  th e y  arc tr a n s m itte d  
b y  c o lu m n s  an d  w alls ( lo n g itu d in a l fib res). I t  follow s th e re fo re  th a t  th e  la rg e r 
th e  g ro u n d  p lan  of a b u ild in g , th e  sm aller th e  va lu e  of th e  c ritica l load  fo r p u re  
to r s io n a l  buck ling , because  in  th e se  cases th e  a rm  o f th e  forces w hich  cause  
to r s io n  becom es longer an d  so th e  v a lu e  of th e  e x te rn a l to rq u e  becom es g re a te r  
as w ell.

I n  th e  general case w h en  th e re  are severa l cores or p e rp en d icu la r sh ea r 
w a lls  b ra c in g  th e  b u ild ing  w e c a n  use a s u b s ti tu te  c a n tile v e r w ith  th e  fo llow 
in g  r ig id itie s : The to rs ié n á l r ig id ity  is th e  sum  of th e  to rs io n a l rig id ities o f th e  
e le m e n ts  w hile th e  w arp in g  r ig id ity  is a w eig h ted  sum  [5].

5 . D esign exam ple

U sing  th e  given fo rm u la e , d iag ram s an d  ta b le s  le t  us d e te rm in e  th e  
c r i t ic a l  lo a d  of th e  c a n tile v e r  w ith  a th in -w a lled  open  cross section  show n 
in  F ig . 4  su b jec ted  to  u n ifo rm ly  d is tr ib u te d  n o rm a l lo ad  along its  h e ig h t. 
T h e  d a t a  are  given in  F ig . 4 . T h e  values need ed  fo r  th e  ca lcu la tio n  are  as 
fo llo w s.

The polar moment of inertia:

I 0 =  Ix +  Iy -f- A xl =  329,6 cm4

H =180 cm

**
♦
*q**
*♦
*♦
♦*

b)

A = 7,79 cm2 
lx = 65,8cm4 
ly = 40,0 cm4 
It = 0,41 cm4 
lw= 301,6cm6 
E = 21000 kN 
G = 8077 kN

Fig. 4
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The polar radius of inertia:
_ 1 / A  = 6,5 cm.

The factor r  (2.8) which characterizes the torsion (warping, twist):

r = 4 ^ =  V k z J f Z l L  =  0,82 .
lp I h

The critical load for buckling in the plane of symmetry (2.4):

TMEIy
N c r , x  = H =  203,3 kN .

The critical load for buckling perpendicular to the plane of symmetry (2.39):

7,84 E IXN !. y  — ][- 334,4 kN .

(5.1)

(5.2)

This Euler-type buckling combines with the pure torsional buckling. For the calculation of 
the critical load for pure torsional buckling we need the following quantities [8]:

The critical load associated with the torsional rigidity:

N'cr, V =
GI,

78,3 kN .

The critical load associated with the warping rigidity:

7,84Efe
IV Я* i-p

=  36,2 kN .

The ratio of the above two “partial” critical loads (2.6):

ß =
К
К ,

=  2,16 .

As a function of ß  the diagram in Fig. 7 in [8] gives the following ratio:

IV,СГ,(р =  5,82 ,

so the critical load for pure torsional buckling is as follows:

IV,cr, tp 5,82 Ncr,v, =  210,7 kN . (5.3)

By making use of the ratios
IV,СГ, <p

0.63

and

Fig. 3 gives

cr,y

T =  0,82,

e =  0,465,

so the value for the “ combined” critical load can be calculated from the formula (2.40):

iVcr =  f N crfy =  155,5 k N . (5.4)

This value is smaller than  the critical load for buckling in the plane of symmetry (5.2), so 
this is of practical interest.
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W e also have c a lc u la te d  th e  c ritic a l load  o f th e  ca n tile v e r b y  m aking  
u se  o f  F ö p p l’s a p p ro x im a te  fo rm u la  [8] an d  it  has given a v a lu e  by  16 per cen t 
less th a n  th e  exact one.

W e have m ade ca lc u la tio n s  fo r can tilev e rs  w ith  d iffe re n t ra tio s  of 
r ig id i ty  b y  m aking  use o f  th e  a p p ro x im a te  fo rm ula  p u b lish ed  in  [8] and  th e  
e x a c t  one given in  th is  p a p e r . T h e  e v a lu tio n  of th e  figu res show s t h a t  th e  erro r 
m a d e  b y  using th e  a p p ro x im a te  fo rm u la  is up  to  50 p e r c en t in  th e  case of 
m o n o sy m m etric  cross sec tio n s an d  is up  to  66,7 p er cen t in th e  case o f unsym - 
m e tr ic  cross sections. T h e  n e a re r  th e  ra tio  of th e  c ritica l lo ad s, w hich  are 
to  b e  com bined , to  u n ity  a n d  th e  v a lu es  of т or r xand  ry to  zero , th e  larger 
th e  e rro r .

A ltho u g h  th e  a p p ro x im a te  fo rm u lae  y ield  th e  c ritica l lo ad  a lw ays on th e  
sa fe  side , th e  d ev ia tion  m a y  be  as m uch  as 66,7 p er cen t, so i t  seem s to  be 
re a so n a b le  to  use th e  e x a c t fo rm u lae  derived  in  th is  p a p e r  i f  we w an t to  
d e s ig n  econom ic s tru c tu re s .
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Torsions- und Biegeknickung eines Kragträgers mit asymmetrischem Querschnitt unter 
gleichförmig verteilter Normalbelastung. — Die zusammengesetzte Torsions- und Biegeknickung 
eines am  unteren Ende eingespannten und am oberen Ende freibleibenden, durch gleichförmig 
verteilte Normalkräfte belasteten Stabes wird behandelt. Die kritische Belastung ist für 
Stäbe m it monosymmetrischen und m it asymmetrischem Querschnitt angegeben. Die Eigen
wertsaufgabe des Differentialgleichungssystems dritter Ordnung m it veränderlichen Koef
fizienten wird durch Verallgemeinerung der Potenzreihenmethode zu einer einfachen algebrai
schen Aufgabe zurückgeführt Die algebraische Aufgabe wird mit Hilfe des Annäherungsver
fahrens gelöst. Die zur Berechnung erforderlichen Eigenwerte der kritischen Belastung sind 
tabellarisch zusammengafasst. Durch ein numerisches Beispiel wird die Anwendung der 
abgeleiteten Formeln demonstriert.
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In their presentation the authors deal with some points concerning the random 
gas consumption of energetic nature of individual major gas consumer groups. I t  is 
determined th a t the characteristics of random gas consumption (quantity , intensity, 
simultaneity, etc.) are probability variables in mathematical sense. In  scheduling gas 
consumption, the chances of the realization of the characteristics and the probability 
distribution of same, also have to be determined. The authors relate the determination 
of scheduled values to the extent of assumption of risk. In their study, the authors 
present new methods based on the theory of stochastic processes for describing the 
process of gas consumption and for determining the probability distribution of con
sumption values.

1. In tro d u c tio n

I t  is a w ell-know n fac t th a t  th e  gas co n su m p tio n  of a re s id e n tia l a rea  or 
u rb a n  sec to r, m o reo v er of any  m a jo r  g roup  o f in d u s tr ia l  consum ers is generally  
n o t un ifo rm , h ow ever, i t  shows v e ry  g rea t f lu c tu a tio n s  w ith in  a  d a y  an d  th e  
co n sum ption  levels p e r  days, w eeks a n d  m o n th s  are  d iffe ren t as w ell. G enerally , 
th e  n a tu re  of co n su m p tio n  w ith in  a d a y  show s s u b s ta n tia l  f lu c tu a tio n , in c lu d 
ing  a .m . an d  p .m . p e a k  periods, low  co n su m p tio n  level be tw een  th e se  periods 
an d  m o d u la tio n s superim posed  on th e  peak s an d  valleys.

T he ac tu a l causes of co n su m p tio n  f lu c tu a tio n s  by  p a r ts  o f th e  d a y  and  
w eek in  th e  d om estic  sec to r are w ell know n a n d  are  to  be sea rch ed  fo r in  th e  
hyg ien ic  h ab its  an d  o rg an iza tio n  o f w ork  an d  liv in g  con d itio n s o f  th e  p o p u 
la tio n .

T he possib le f lu c tu a tio n s  o f  in d u s tr ia l  c o n su m p tio n  are  in  connec tion  
w ith  th e  f lu c tu a tio n s  of th e  in d u s tr ia l  p ro d u c tio n s  process an d  th e se  m ay 
also include ra n d o m  effects.

T he p a tte rn  o f  co n sum ption  f lu c tu a tio n  m ay  follow  ce rta in  c o n s ta n c y  and  
re g u la r ity  b u t  th e  superim posed  m o d u la tio n s  a re  e n tire ly  o f ra n d o m  c h a ra c te r  
an d  can n o t be p re d ic te d  w ith  accu racy .

* Dr. M. V i d a , Baranyai út 24, H —1117 Budapest, Hungary.
** Dr. L. G a r b a i , Tamási Áron u. 4., H —1124 Budapest, Hungary.
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F in a lly , th e  case is t h a t  th e  consum ers w ill genera lly  be in v o lv ed  in 
th e  gas consum ption  a t  ra n d o m  tim es and  w ill consum e gas w ith  v a ry in g  in te n 
s i ty  a n d  for random  p e rio d s . T herefo re , b o th  th e  re su ltin g  co n su m p tio n  in te n 
s i ty  a n d  its  volum e show  ra n d o m  v a ria tio n s .

F o r  th is  reason , w h en  design ing  and o p e ra tin g  gas supp ly in g  in s ta lla tio n , 
th e  ra n d o m  ch a ra c te r  o f  gas co n sum ption  c a n n o t be neg lec ted . A t th e  sam e 
t im e  i t  should  be p o in te d  o u t  t h a t  up  to  th e  p re se n t, no com prehensive  th e o re t
ic a l s tu d y  of th is  su b je c t h a s  been carried  o u t.

2. R ud im ents

T h e  following sh o u ld  b e  s tu d ied  in  th e  cou rse  of selecting  an d  design ing  
th e  o p e ra tio n  of gas p ro d u c in g  and  gas su p p ly in g  eq u ip m en t:

-  th e  co n su m p tio n  a t  a  ce rta in  period  (p e a k  p e riod ), c o n su m p tio n  per 
h o u r ,  consum ption  p e r m in u te  or th e  to ta l vo lu m e o f th e  d a ily  c o n su m p tio n ,

— th e  whole d a ily  p a t te r n  of th e  c o n su m p tio n  in te n s ity ,
—- certa in  d e riv ed  c h a ra c te ris tic s , th e  te n d e n c ie s  o f th e  u n u n ifo rm ity  

a n d  s im u lta n e ity  fa c to rs , e tc .
T h e  process of gas c o n su m p tio n  as a p h en o m en o n , w ill be d esc rib ed  b y  

m e a n s  o f  th e  above c h a ra c te r is tic s .
T h eo re tica l l im ita tio n s  a n d  m axim um s can  be  assigned  to  ev e ry  c h a ra c te r 

is t ic . B u t generally , th e  a c tu a l  values of gas co n su m p tio n  are m ore or less 
u n d e r  th e se  values, w h ile  th e  rea lisa tio n  o f m ax im u m  is n e ith e r  a case of 
ze ro  p ro b a b ility . T he gas co n su m p tio n  c h a ra c te ris tic s  are p ro b a b ility  v a riab les .

T a k in g  in to  c o n s id e ra tio n  th e  p ro b a b ility  v a r ia b le  n a tu re  of th e  above 
c h a ra c te r is tic s , th e  fo llo w in g  reasonab le  q u es tio n s  arise: w h a t v a lu e  o f th e  
a b o v e  ch a rac te ris tic s  sh o u ld  b e  considered as a  b as is  fo r design ing  a n d  in  th e  
c o u rse  o f  operation  m a n a g e m e n t, a t  any  tim e  w h a t dem ands h av e  we to  be 
p re p a re d  to  m eet b y  m ean s o f  p ro d u c tio n  an d  s to ra g e ?

W h en  carry ing  o u t th e  com prehensive  th e o re tic a l s tu d y  o f th is  su b jec t, 
th e  p ro cess  of gas su p p ly  a n d  consum ption  sh o u ld  be based  on e x a c t p ro b a 
b i l i ty  ca lcu la tions. P ro b a b i l i ty  m easures, d is tr ib u tio n s  should  be assigned to  
th e  v a r io u s  ch a rac te ris tic s  o f  gas consum ption  a n d  th e  chances of rea liza tio n s  
sh o u ld  be  given. T h e re a f te r , exclu d in g  th e  re a liz a tio n s  w ith  low  p ro b a b ility  
a n d  u n d e r ta k in g  risks w h ic h  can  be co m p u ted  a c c u ra te ly , th e  v a lu es  w hich  
se rv e  fo r  a basis of d e s ig n in g , o p era tiv e  serv ice a n d  o p era tio n  m an ag em en t, 
c a n  b e  specified.

Som e of th e  specific  a sp e c ts  o f th e  above su b je c t w ill be t r e a te d  in  our 
p a p e r .

T h e  p ro b ab ility  c a lc u la tio n  m odels, w hich a re  su itab le  for th e  m a th e m a t
ica l d esc rip tio n  of th e  r a n d o m  gas co n su m p tio n  process in  case o f ran d o m ly  
c o n su m in g  group of gas co n su m ers , will he p re se n te d .
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3. P robab ility  ca lcu la tio n  m odels of th e  gas consum ption  process

T he descrip tio n  o f th e  gas c o n su m p tio n  process b y  m eans o f  p ro b a b ility  
ca lcu la tio n  m ay  be ca rried  ou t in  tw o  w ays, i.e. th e  follow ing m a y  be s tu d ied : 

th e  process n a tu re  of th e  gas co n su m p tio n  on th e  basis o f  th e  th eo ry  
of s to ch as tic  processes in  th e  sense of w hich  th e  follow ing d is tr ib u tio n  is 
searched  for

P(Q (r));  P(Q(  r)); (1)

th e  s ta te  c h a ra c te r  o f th e  gas co n su m p tio n  based  on “ s ta t ic ”  m odels 
as w ell as th e  p ro b a b ility  d is tr ib u tio n  of gas con su m p tio n  in  a f in ite  period 
or th e  d is tr ib u tio n  of th e  s im u lta n e ity  of co n su m p tio n . T h ere fo re , in  th is  case 
th e  follow ing re la tio n sh ip s  should  be d isclosed.

P(Q(r0, Tj) (2)

*>«?(*,)) ■ (3)

T he m ost u p -to -d a te  in sp ec tio n  m eth o d  w hich p rov ides th e  m o st in fo rm 
a tio n  and  w hich is a t  th e  sam e tim e  th e  m ost co m plica ted  one, is based  on 
th e  th e o ry  of th e  s to ch as tic  processes. T he p ro b a b ility  d is tr ib u tio n  of gas 
co n su m p tio n  as a s to ch as tic  p rocess, is a fu n c tio n  o f tim e  an d  in c ludes some 
ex p lic itly . T he con su m p tio n  f lu c tu a tio n s  by  p a r ts  of o f th e  d a y  can  be described 
on ly  on th e  basis o f th is  co n cep tio n . In  th e  sense of p ro b a b ility  th e  m odel will 
give in fo rm atio n  concern ing  th e  gas co n su m p tio n  process a t  a n y  tim e .

T he s ta tic  m odels are  n o t su ita b le  fo r th e  above p u rp o ses . T h e  m ain 
d ifference betw een  th e  s ta tic  m odels an d  th e  s to ch astic  process m odels is th a t  
a d is tr ib u tio n  below

P(Q(*о! *i))

discloses n o th in g  on th e  process b eh av io u r beyond  th e  p a r t ic u la r  period, 
m oreover th e  b eh av io u r w ith in  th is  period  can  only  be describ ed  in  th e  case 
o f a process w hich is hom ogeneous in  tim e  w ith  th e  use o f th e  conclusions to  
be d raw n  from  th e  s ta tic  m odel.

In  course o f th e  descrip tio n  o f gas co n su m p tio n  by  m ean s o f  p ro b ab ility  
c a lcu la tio n , th e  th e o ry  o f s to c h a s tic  processes will be ta k e n  as a basis  in our 
p a p e r  an d  th e  ran d o m  gas co n su m p tio n  will be tre a te d  as a p rocess. The 
em p lo y m en t of th e  s ta tic  m odels is an  estab lish ed  field  w hich  g en era lly  covers 
th e  ap p lica tio n  o f w ell-know n s ta t is t ic  m eans.
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3.1 . The analysis o f  gas  consumpt ion process based on the theory o f  stochastic 
processes in  the case o f  consumers  consuming at random t imes and  have identical  
co ns u m p t i o n  intensities and  can  be characterized by  “ 0 — 1”  connection state

3 .1 .1 . Probabili ty distribut ion o f  the gas volume consumed at any  period

T h e  process of ra n d o m  g as consum ption  is a so -ca lled  secondary  s to ch as tic  
p ro c e ss . I n  th e  process o f  gas co n su m p tio n  in  a n y  tim e  in te rv a l th e  consum ers 
w ill e n te r  in to  co n su m p tio n  in d ep en d en tly  of each  o th e r.

T h e  p rob ab ility  o f th e  e v e n ts  of en te rin g  in to  co n su m p tio n  is described  
b y  th e  P oisson process as fo llow s, on the basis o f th e  p rin c ip le  o f independence

P ( k ,  t) -  — е- ' ЭД (4)
kl

w h ere

A(t )  =  f  A(u) du  (5)

is th e  ex p ec ted  value o f th e  co n n ec tio n s  occurring  w ith in  th e  (0, t)tirne  in te rv a l 
T h e re fo re , th e  d ensity  o f c o n su m p tio n  (density  o f ev en ts) is genera lly  a fu n c 
tio n  o f  tim e .

W ith in  th e  (0, t) t im e  in te rv a l  th e  consum ers e n te r  in to  consum ption  
a t  r a n d o m  tk tim es h a v in g  u n ifo rm  d is trib u tio n . A ll th e  consum ers en te ring  
in to  c o n su m p tio n  a t tk t im e s , w ill consum e fo r ra n d o m  %k periods. T he d is tr i
b u tio n  o f  th e  %k period  o f  c o n n e c tio n  is

H {x )  =  P (xk <  x) . (6)

A s a  p ro b ab ility  v a r ia b le , th e  consum ption  o f a consum er u n til  t tim e  
e n te r in g  in to  consum ption  a t  a n y  tim e  (0 <[ f, t) , is

f i t  -  h ,  Ъ )  (7)

a n d  i t s  d is trib u tio n  fu n c tio n  is

p ( f ( t  — tk, Xk) <, x) =  h(t, x ) .  (7-1)

I f  in  th e  (0, t) tim e  in te r v a l  к num ber o f co n su m er en te rin g s occu rred , 
th e  v a lu e  of consum ption , i.e . th e  volum e o f gas c o n su m p tio n  w ith in  th e  
(0, t) p e r io d  a t  tim e t w ill o b v io u s ly  be

Q(t) =  2 /(*  -  z*) • (8)
к
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I t  is o u r ob jec tiv e  to  fo rm u la te  th e  d is tr ib u tio n  fu nc tion

P(Q(t) < . x )  =  G(t, x). (8-1)

O ne w ay  o f fo rm u la tin g  th e  d is tr ib u tio n  fu n c tio n  (8 — 1) is to  ex am in e  th e  
c h a ra c te ris tic  fu n c tio n s.

U n d er th e  co n d itio n  th a t  th e  connec tion  of th e  consum er in to  th e  gas 
su p p ly  occurred  a t  и tim e  (0 <[ u <[ t), acco rd ing  to  T ak ács’s th e o re m  (1), 
th e  ch a ra c te ris tic  fu n c tio n  o f th e  d is tr ib u tio n  fu n c tio n  (7— 1) is as follow s:

<p{t - e i < u f ( t - U .  X )  . (9)

As th e  d is tr ib u tio n  fu n c tio n  of и is A (u ) /A ( t ), th e re fo re , u tiliz in g  th e  th e o 
rem  fo r th e  h y p o th e tic a l ex p ec ted  values, th e  ch a ra c te ris tic  fu n c tio n  o f th e  
co n su m p tio n  w h ich  s ta r te d  a t  ran d o m  tim e  a n d  m easu red  a t t tim e , is

1 r ‘
V iM  =  — 7T~ • 9>(* -  ш) d A (u) • ( 10)

A(t)  Jo

I f  in  th e  tim e  in te rv a l (0, t) th e  n u m b e r of connections in to  th e  gas 
su p p ly  w as “ k” , th e  sum  o f th e  con su m p tio n  values w ould be th e  su m  of 
“ к”  n u m b er o f in d e p e n d e n t p ro b a b ility  v a riab les , th e  c h a ra c te ris tic  fu n c tio n  
o f  w hich is (1)

( f t  И ) *  »

an d  fin a lly  th e  c h a ra c te r is tic  fu n c tio n  o f th e  searched  for d is tr ib u tio n  fu n c tio n  
( 8 - 1 )  is

Ф (* ,т )=  V e - ^ o l ' Ä - ^ c o ) ) " .  (11)
,!=o «!

F ro m  th e  com plex  ran g e  th e  ch a ra c te ris tic  fu n c tio n  (1)) can  be tra n s fo rm 
ed b ack  in to  th e  rea l ran g e  b y  usin g  o f th e  so-called  in version  in te g ra l. T h ro u g h  
th e  inversion  o f th e  c h a ra c te r is tic  fu n c tio n  (11) th e  p ro b a b ility  d is tr ib u tio n  
(8 —-1) of th e  gas c o n su m p tio n  process (8) w ill be o b ta in ed .

As is know n, th e  in v ersio n  in te g ra l is (5)

G(t, x)  — G(t, y )  =

e-ia>y _  e- ‘ ~

2 ico
— 0 ( t ,  — со)

е 1шу _ e lO)X

2 ico
de». (12)

T he tim e  fu n c tio n  o f th e  gas co n su m p tio n  of a consum er (7) m a y  be 
w ritte n  m ore sim p ly  as follow s;

f ( l =
Í 9  • X
I я(* -  «)

0 ^  г  <L t  — и

1 >. * -  « (13)

Acta Technica Academiae Scientiarum Hungaricae 92, 1981



2 2 0 VIDA, M.— GARBAI, L.

I t  is a reaso n ab le  a ssu m p tio n , co ncern ing  th e  p ro b a b ility  d is tr ib u tio n  
o f  th e  connection  p e rio d  x  t h a t

H(x) =  P(x <  X )
1  —  e  О <C  X  ,

0  X  < c  o  .
(14)

B ased  on th e  ab o v e  fo rm ulas, th e  c o n d itio n a l ch a ra c te ris tic  fu n c tio n
(10) is

(p(t — и, ft))
i  ■ to  ■ q

i  • ft) ■ q  —  /X

V____
i c o q  —  /I

(15)

W h en  exam in ing  th e  case  w here th e  co n n ec tio n s in to  gas su p p ly  occur 
as a process hom ogeneous in  tim e , th e  c h a ra c te r is tic  fu n c tio n  (10 ) is

A(u) =  A ;

V t ( “>) =  —  7T ~ r - — ( e ( i a q -  — 1 ) ------: - -  - . (16)
t  ( i c o q  —  fi )~  K » q  —  fjj

T h e  ch a ra c te ris tic  fu n c tio n  of th e  searched  for d is tr ib u tio n  fu n c tio n  
(8 — 1) w ill be o b ta in ed  by  su b s titu tin g  fo rm u la  (16) in to  fo rm u la  (11).

I t  is a d isa d v a n ta g e  to  form  th e  d is tr ib u tio n  fu n c tio n  (8 — 1) w ith  th e  
h e lp  o f  th e  c h a ra c te ris tic  fu n c tio n , is th a t ,  th e  inversion  of th e  ch a rac te ris tic  
fu n c tio n  will no t lead  to  an  explic ite  fo rm u la .

T h e  d is tr ib u tio n  fu n c tio n  (8 — 1) can be fo rm ed  d irec tly  b y  m eans of 
se t a n d  p ro b ab ility  a lg eb ra ica l m eans.

I f  th e  ex am in a tio n  of th e  process o f gas co n su m p tio n  is s ta r te d  a t a 
tim e  r 0 w hen

Q{ro) =  0;

th e  p ro b a b ility  d is tr ib u tio n  o f  the  gas co n su m p tio n  process can be w ritten  
re a so n a b ly  as follows:

G(t, X ) =  P (Q (t)  < . x )  =  P (0, t) +  P ( l ;  t) ■ P  

+  P ( 2 ; t )  • P  X2

Xi

2 - q

1 • ?

• • • +  P ( k ; t )  ■ P  (/к  <[

к ■ q
(17)

A s has a lread y  been  m en tio n ed  th e  co n n ec tio n s to  th e  gas su p p ly  occur 
as a  P o isson  process. W hen  th is  is tak en  in to  co n sid e ra tio n , th e  fo rm u la  can be
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w ritte n  in  m ore d e ta ils  as follows:

/ 1(0
G(t, x) =  P(Q(t) < , x )  =  е - л м  +  e - 4 0  .

• P X i <>
1 • 4

+ Ш ' - т .
2 !  Г "  2 - q j

A ( t f _  m . p  I- ^  _ J L _  
k\ { k - q

oo . (18)

As a p ro b a b ility  v a ria b le , th e  average  conn ec tio n  perio d  of th e  con
sum ers is

-  _ X k ,  1 +  X k , 2  +  • • • +  X k , k

л -----------  k (19)

T he d en sity  fu n c tio n  [5] o f th e  average  co n n ec tio n  period , as a p ro b a 
b ility  v a riab le , is

J ‘ . v 'i - i  1
8k(y) — ~~z ; ;  . - e_w ' — ■ (2°)( k - l ) l

A nd i ts  d is tr ib u tio n  fu n c tio n  is

Fu
1 r *l k --i f x k  ■ y k~ 1 

~kj  о ( f c - 1 ) !
-ny dy  . (21)

B y m eans o f th e  d is tr ib u tio n  fu n c tio n , th e  ex p ec ted  va lu e  o f th e  average 
connection  period can  be co m p u ted :

М (Ъ )  =  -  • (22)
l1

B y tran sfo rm in g  sam e fo r gas consum ption

- ■ q .  (23)
Iх

T he expec ted  value  o f d is tr ib u tio n  (18) is

M ( Q ( t ) ) ^ A ( t ) . q .  (24)

As concern ing  th e  a c tu a l consu m p tio n , th e re  is a p h ysica l u p p e r lim it 
o f co n su m p tio n , i.e. th is  is th e  case w here all o f th e  consum ers consum e gas
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c o n tin u o u s ly  w ithin th e  in sp e c te d  period , th e  follow ing re la tio n sh ip  is va lid :

P (Q (t)  <  Qmax) =  1 • (25)

T h e re fo re , b y  curta iling  fo rm u la  (18) th e  rea l d is tr ib u tio n  fu n c tio n  is

G(x)

G*(x) G ( Q max)

1

i x  ^  Qmax ’ 

5 x  (?max •

(26)

T h e  e x p e c te d  value of c o n su m p tio n  on th e  basis o f c u rta ile d  d is tr ib u tio n  is

M x№ )) =  Л ( 1 ) ■ q ■ -
№ G{Qmax)

(27)

3 .1 .2 . T h e  probability d is tr ibu tion  o f  gas consumption in tensity  in  case con
su m p t io n  having a connection with density  homogeneous in  time

I n  th is  case th e  te n d e n c y  o f co n sum ption  in te n s ity  of a co n su m er is 
e x p re s se d  b y  the  fu n c tio n  f ( t  — и , %)

fit  -  «b x) 4
0

; x >. t — и , 
; x < 1 — и .

(28)

W ith  th e  use of th e  fu n c tio n  f ( t  — u, %) an d  b y  using  th e  А(ы) =  X 
c o n d i t io n a l  charac teris tic  fu n c tio n  o f th e  co n sum ption  in te n s ity  o f a consum er:

<Pu-u,a) =  I dH (x)  +  Г  е'"'ч dH (x)  =  1  — e
J  t—U

(1 — eim 4) . (29)

W ith  th e  use of fo rm u la  (29), th e  ch a ra c te ris tic  fu n c tio n  of th e  c o n su m p 
tio n  in te n s i ty  of a consum er is

1 rt
ip t(c o )  =  —  ( l  —  e ~ M6 - u ) ( i  —  e ,a,q ) ) d u  =

t Jo
I _ p-ßt

=  1 -  (1 -  e‘M ) --------------- . (30)
fit

T h e  charac teris tic  fu n c tio n  o f th e  to ta lle d  co n su m p tio n  can  be o b ta in ed  
b y  s u b s t i tu t in g  form ula (30) in to  re la tio n sh ip  (11).
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Sym bols

)
T , t

ti )
Q(r)
Q(r)
Q ( r )

ч

Probability distribution function.
Time, as a mathematical variable,
Consumed gas volume in the time interval (t„; t,) 

Gas consumption intensity at the moment, 
Consumed gas volume, as a function of time,
Gas consumption intensity, as a function of time, 
The consumption intensity of a consumer.
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Beschreibung der Gasverbrauchsprozesses durch die Wahrscheinlichkeitstheorie.
Die Probleme der energetikbezweckten zufallbestimmten Gasverbrauch einiger größeren 
Verbrauchergruppen werden behandelt. Es wird festgesetzt daß die Kennwerte (Größe, Inten
sität, Gleichzeitigkeit, usw.) des zufallbestimmten Gasverbrauchs im mathem atischen Sinne 
Zufallsveränderlichen sind. Im Laufe des Voranschlags des Gasverbrauchs sollten auch die 
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den. Aufgrund der Theorie der stochastischen Prozesse sind neue Methoden zur Beschreibung 
des Gasverbrauchsprozesses und zur Erm ittlung der Wahrscheinlichkeitsverteilung der Ver
brauchswerte entwickelt worden.
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S c a r e , M. V.: A New Method for Solring Orthotropic Rectangular Plates

The partial differential equation of orthotropic plates based on the smooth
ing of the stiffeners in two orthogonal directions is considered. I t is com
pleted with terms representing the effect of the supporting on an elastic sub- 
grade of Winkler type, as well as the consideration of the friction be
tween the plate and the foundation. The solution is based on the use of 
double series of characteristic functions and leads to the solution of a 
linear system with an infinity of equations and unknowns.

AchI Techn. Hung. 9 2  ( 1 9 8 1 )  p p .  3 22

Acta Techn. Hung. 92 (1981) pp. 33—43

C s o n k a , P.: Stability of a Bar Elastically Built-in at one o f its Extremities

Paper deals with the buckling caused by dead load of a prismatic bar of 
vertical axis made of elastic material. I t  assumes that the lower end of the 
bar is elastically built-in while its top end is entirely free. The critical load 
of the bar is determined by Timoshenko’s approximate method. The 
deflected shape of the bar axis is approached by a third-degree polynome. 
In the extreme case when the foot of the bar is rigidly fixed, this assump
tion leads to a result hardly differing from the correct one, while in the 
other extreme case when the bar is absolutely rigid, it yields the exact 
result.

Acta Techn. Hung. 92 (1981) pp. 23—32

Ann Elhady, M. A. ProhÁSZKA, J.: Effect o f Rapid Heat Treatment 
on the Microstructure and Tensile Properties o f Cold Drawn Boron-Treated 
Steel (Z F ).

This paper describes three methods of heat treatm ent for high harden- 
ahility boron-treated steel. The object of this work is to determine the 
change in microstructure and tensile properties due to these different heat 
treatm ent operations. The present paper is to be considered the first re
port on the heat treatm ent of cold drawn boron treated steel and will be 
followed by subsequent works in order to select a new technology for the 
heat treatm ent of ZF, steel.





Acta Techn. Hung. 92 ( 1 9 8 1 )  p p .  4 5 -  65

K o z á k , I.: Remarks and Contributions to the Variational Principles o f the 
Linearized Theory o f Elasticity in Terms o f the Stress Functions

The paper gives a definition of such functionals in which the stress func
tion tensor has only three (suitably selected) non-zero coordinates, and 
which makes the detailed investigation of the boundary conditions pos
sible. From the introduced dual functionals, by the variation of the stress 
function tensor, three compatibility field equations and the compatibility 
boundary conditions arc obtained, as the sufficient and necessary con
ditions of the compatibility of the strain field.

Acta Techn. Hung. 92 (1981) pp. 67—88

T á r n á i , T . :  Existence and Uniqueness Criteria o f the Membrane State of 
Shells, Part. II.

Criteria of support will be considered, needed, or allowed to be specified in 
the edges of a shell under vertical loads of arbitrary distribution in order 
to have the shell in a statically determinate membrane state. P art I of this 
paper published earlier considered criteria of existence and uniqueness 
of the solution of the membrane shell equation in connection with hyper
bolic shells. This Part II extends the analysis to parabolic shells.

Acta Techn. Hung, 92 (1981) pp. 121—137

S e i d l , G y . :  An Axisymmetrical Punch Problem in the Linear Couple-stress 
Theory of Elasticity

The case of the elastic half space under a cylindrical rigid punch is inves
tigated by taking the effect of the couple-stress into account. The solu
tion of the resulting mixed boundary-problem leads, similarly to the classic 
case, to dual integral equations. I t is pointed out th a t to the case of the 
two extreme values (Í2 =  0 and l2 <- «=) of the material property l2 for the 
flat-end cylindrical punch, the classic stress distribution is obtained. For 
another solution the principle of minimum complementary energy might 
be suggested. Minimizing of the functional of the complementary energy is 
carried out by using R itz’s method. A numerical example relates to the 
flat-end punch. The diagrams plotted suggest the deviations from the 
classic case.
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Acta Techn. Hung. 9 2  ( 1 9 8 1 )  pp. 139—152

K.RÓMER, I. J . : Switching Surge Breakdown Characteristics o f Large Con
ductor — Tower A ir  Gaps

A comprehensive series of impulse tests on a variety of simulated trans
mission tower insulation is destribed. The influence of the waveshape on 
positive polarity switching surge strength of large tower configurations was 
by applying different waves with times-to-crest between 35 and 120U /is. 
The test results overlap and extend beyond existing data, making avail
able a generalized flashovcr voltage-wavefront characteristics. Special tests 
were designed to provide additional experimental information for develop
ing a model of large air gap flashover. The parameters affecting the corona 
to leader transition and the leader propagation have also been evaluated. 
The comparison of the experimental results with theoretical predictions 
indicates that the simulation of the discharge phenomena is advanced.

Acta Techn. Hung. 92 (1981) pp. 153—166

F ü r e d i , M.—T e r s z t y á n s z k y , T.: Calculation Method for Determining 
Load Frequency Constant

Following a review of several publications the paper describes a new cal
culation method which can be used for determining long term load fre
quency constant and frequency exponent by computation based on the 
consumers’ structure and the electrical characteristics of the system. With 
the use of available information, in the data base of energy economy, the 
paper presents cases for application. As a main result of calculation it has 
been found, in the period of 1970—78, that the yearly average resulting 
load frequency constant for Hungarian consumers was varying between 
1,04—1,08 expressed in a non-dimensional value.

Acta Techn. Hung. 92 (1981) pp. 167—187

. D u e á CSKA, E.—N a g y , J .— B ó d i , L.: Overall Buckling o f Hyperbolic Shells 
o f Revolution with Unmovable Lower Edge

The paper treats the general buckling of hyperbolic shells of revolution 
(i.e. of shells with negative Gaussian curvature), using the linear theory. For 
the derivation of the critical load the shell of revolution is substituted by a 
hyperbolic paraboloid having the same curvatures. The numerical values 
of the critical load are determined for geometric ratios of the shell oc
curring in the practice, and are presented in a table. Finally, a numerical 
example shows the application of the method.





Acta Techn. Hung. 92 (1981) pp. 189 214

Z a l k a , К . :  Combined Torsional and Flexural Buckling o f a Cantilever with 
Unsymmetric Cross Section Subjected to Distributed Normal Loads

This paper deals with the combined torsional and flexural buckling of a bar 
with a built-in lower and a free upper end subjected to uniformly distri
buted normal loads. The critical load is given for bars with mono-sym
metric and with unsymmetric cross section. The eigenvalue problem of the 
third-order differential equations of variable coefficients is traced hack to a 
simple algebraic problem by generalizing the power series method. The 
algebraic problem is solved by trial and error. The eigenvalues needed for 
the calculation of the critical load are given in tables. A numerical ex
ample is presented to show how to use the formulas derived.

Acta Techn. Hung. 92 (1981) pp. 215—223

V i d a , M.—G a r b a i , L.: Description of the Gas Consumption Process by 
Means o f Probability Calculation

In their presentation the authors deal with some points concerning the 
random gas consumption of energetic nature of individual major gas con
sumer groups. I t  is determined th a t the characteristics of random  gas 
consumption (quantity, intensity, simultaneity, etc.) are probability 
variables in mathematical sense. In scheduling gas consumption, the chan
ces of the realization of the characteristics and the probability distribu
tion of same, also have to be determined. The authors relate the determ ina
tion of scheduled values to the extent of assumption of risk. In their study, 
the authors present new methods based on the theory of stochastic pro
cesses for describing the process of gas consumption and for determining 
the probability distribution of consumption values.
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APPLICATION OF THE BENEDICT, WEBB AND  
RUBIN EQUATION OF STATE TO THE EVALUATION 

OF THE VOLUMETRIC AND THERMODYNAMIC 
PROPERTIES OF THE CH4- C 0 2 SYSTEM

P A R T  I

MUHAMMAD A. I. BUKIIARI*

[Manuscript received March 14, 1978]

P art I of this paper outlines the development and the evolution of the BWR 
equation of state. The equation, in its new form, using the pure component parameters 
and the newly proposed mixing rules of B i s h n o i  and R o b i n s o n  is  tested a t low tem
perature and high pressures, using the data of A r a i , K a m i n i s h i  and S a i t o . The equa
tion has proved super adaptability for correlating P-V-T-x relationships, particularly 
a t high pressures and lower temperatures where binary interaction comes into play 
more and more.

Aq, Bq, Cb, 
a, b, c , a ,  V
BWR,

BW R,,

BW R,,,

P
R
T
T e l j

Z
d
Kt

X
V

el]

=  parameter of the BW R equation of state
=  the Benedict, Webb and Rubin equation state using Cullen and Kobe con

stants for C02 and Benedict, Webb and Rubin constants for CH4 
=  the Benedict, Webb and Rubin equation of state using Bishnoi and Robin

son constants
=  Benedict, Webb and Rubin equation of state using the mixing rules and 

pure component parameters of Bishnoi and Robinson 
=  pressure
=  universal gas constant 
=  temperature
=  characteristic critical temperature, characteristic of i-j molecular interaction 
=  molal volume 
=  interaction critical volume 
=  compressibility factor 
- density
=  parameter characterising deviation from the geometric mean assumption 

for characteristic temperature 
=  mole fraction, liquid-phase 
=  mole fraction, vapour-phase

Subscripts
c

i’ j
=  Critical point 
=  general indices, components

Application of the Benedict, Webb and Rubin equation o f state  
to the evaluation of volum etric and therm odynam ic properties o f

CH4—C 02 m ixtures

In c reas in g  d em an d  fo r n a tu ra l  gas h as  necessita ted  th e  u ti l iz a tio n  of 
sources p rev io u sly  considered  to  be uneco n o m ica l. D irec t e x p e rim e n ta l d e te r 
m in a tio n s  o f  u su a lly  u n av a ilab le  w ide scopes o f  th e rm o d y n a m ic  p ro p e rtie s

* Present address: M. A. I. B u k h a r i , P.O. Box 2408 Khartoum, Sudan
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226 BU K H A R I, M. A. I.:

o f sy s te m s  such  as th e  C H t—C 0 2 sy stem , if  n o t  im possib le  are , b y  all m ean s, 
in co n ce iv ab le  from  th e  p o in t o f v iew  o f re q u ire d  costs, h u m an  effo rts  a n d  
tim e . T o  fac ilita te  en g ineering  design w ork  asso c ia ted  w ith  gaseous m ix tu re s  
in  in d u s tr ia l  o p e ra tio n s , an  a c cu ra te  m e th o d  o f  p red ic tin g  th e  p ressu re- 
v o lu m e -te m p e ra tu re  b e h a v io u r  an d  p ro p ertie s  o f  th e  gas being  p rocessed , 
is e sse n tia l. T he m o st a c c u ra te  P -V -T -X  re la tio n sh ip s  are  o b ta in ed  b y  th e  use 
o f a n  e q u a tio n  of s ta te  w hich  can  also be u tiliz e d  fo r th e  ev a lu a tio n  o f o th e r  
th e rm o d y n a m ic  p ro p e rtie s . T he B en ed ic t, W eb b  an d  R u b in  e q u a tio n  o f 
s ta te  [1 — 5] was o rig in a lly  developed  p rim a rily  to  p e rm it th e  d esc rip tio n  
o f th e  p h a se  b e h av io u r o f  m u ltico m p o n en t h y d ro c a rb o n  m ix tu res o f re la tiv e ly  
low  m o lecu la r w eigh t, is tra d itio n a lly  asso c ia ted  w ith  these  com pounds, and  
is co n sid e red  to  be th e  b es t, p re sen tly  av a ilab le  fo r h y d ro ca rb o n  sy stem s. 
T h e  e q u a tio n  has b een  ex ten s iv e ly  an d  successfu lly  used by  its  a u th o rs  a n d  
o th e rs  fo r  co rre la tin g  v o lu m e tric  an d  th e rm o d y n a m ic  p ro p erties  of flu id s  a n d  
h as  a p p e a re d  to  resea rch ers  to  be th e  m ost p ro m isin g  m ethod  for o b ta in in g  
p rec ise  th e rm a l d a ta  on  m ix tu re s . P u re  co m p o n en t co n stan ts  for th e  e q u a tio n  
h a v e  b e e n  e v a lu a te d  fo r p a ra ff in  h y d ro ca rb o n s , u n sa tu ra te d  h y d ro ca rb o n s  
a n d  v a rio u s  n o n -h y d ro ca rb o n  flu id s, an d  a te c h n iq u e  w as developed  fo r co m 
b in in g  p u re  co m p o n en t p a ra m e te rs  o f th e  B W R  eq u a tio n  for th e  p re d ic tio n  
o f m ix tu re  p ro p ertie s . Som e o f th e  la rg est re se rv o irs  o f n a tu ra l gas c o n ta in  
a p p re c ia b le  co n cen tra tio n s  o f C 0 2 an d  th e re fo re , a t te m p ts  have  been  m ad e  
to  e v a lu a te  a se t o f B W R  eq u a tio n  c o n s ta n ts  fo r C 0 2 th a t  w ould  p e rm it p re 
d ic tio n  o f  th e  effect o f  C 0 2 on  th e  P-Y -T  b e h a v io u r  o f  h y d ro ca rb o n  m ix tu re s . 
H o w ev er, ea rlie r w orkers h a v e  re p o rte d  d ifficu lties in  th e  p red ic tio n  of p ro p 
ertie s  o f  h y d ro c a rb o n  m ix tu re s  co n ta in in g  n o n -h y d ro ca rb o n s  [6 —10]. H o w 
ever, re c e n t  im p ro v em en ts  o f  th e  p u re  co m p o n e n t B W R  p a ra m e te rs , a n d  
m o d ifica tio n s  of th e  m ix in g  ru les b y  th e  in tro d u c tio n  o f corrections for b in a ry  
m o lecu la r in te ra c tio n  h a v e , b ey o n d  no d o u b t, re n d e re d  th e  B W R  e q u a tio n  
o f s ta te  h ig h ly  su ita b le  fo r th e  co rre la tio n  o f th e  vo lu m etric  an d  th e rm o 
d y n a m ic  p ro p e rtie s  o f th e  C H 4—C 0 2 sy stem  o v er w ide ranges o f p ressu res  
an d  low  te m p e ra tu re s .

T he B W R  equa tion

T h e  B W R  e q u a tio n  of s ta te  is

R T d

axd6

B 0R T  — A 0 —2- • d 2 +  (b R T  -  a)d3 +

cd3 (1 -f- vd2) • exp  (— rd 2)
y2

( 1 )

B e n e d i c t ,  W e b b  an d  R u b i n  h av e  show n th a t  th e i r  p roposed 8 -p a ra m e te r  
e q u a tio n  can  be co rrec tly  used  to  rep re sen t P -V -T  p ro p e rtie s  o f th e  gas p h ase
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u p  to  ab o u t tw ice  th e  critical d en sity . H o w ev er, accord ing  to  th e  a u th o rs , 
ow ing p rim arily  to  lim ita tio n s in  th e  p a ra m e te r  A 0, th e  errors a t  h ig h e r 
densities becom e m u ch  higher, a n d  h av e  su g g ested  th a t  b e tte r  a g re e m e n t a t  
h ig h er densities co u ld  n o t have b een  o b ta in e d  w ith o u t th e  use o f sev e ra l m ore 
p a ram e te rs . T h e  sam e  equa tion  o f  s ta te  h o ld s  fo r m ix tu res  p ro v id ed  th e y  do 
n o t  re a c t ch em ica lly , and  the  a u th o rs  h a v e  m ad e  use o f th e  re su lts  o f  th e  
s ta tis tico -m ech an ica l tre a tm e n t o f  J .  E. Mayer (1939), [11], to  fo rm u la te  
m ix in g  ru les fo r  th e ir  equation  o f  s ta te . F o r  a  b in a ry  m ix tu re  th e se  a re :

B 0 =  x 1B ol -f- x 2B oá (lin ea r com bination ) (2)

A 0 =  x f A 01 -(- х\Ад%-\- 2x 1x 2(A  oj A  0a)1/ " (3)

C 0 =  x j  C01 +  x \  C 02 +  2 x 1 *2(C01 C02)112 (4)

b =  [X l b ^  +  x 2b ^ f  (5)

a =  [x1a\13 -(- * 2 a ] '3]3 (6)

c =  [*, c\l3 +  X 2 cl'3]3 (7)

a  =  [a , a p  +  x 2 cc\l3]3 (8)

V =  [X} v\i2 +  x 2 vl12]2. (9)

Interaction parameters:  In  th e se  eq u a tio n s , co n s ta n ts  w ith  su ffixes re fe r 
to  th e  pu re  c o m p o n en ts , and  tho se  in  th e  fo rm  ( A 01A 02)1/2 are a  p ro p e r ty  o f  th e  
m ix tu re  arising  fro m  in te rac tio n s b e tw een  u n lik e  m olecules. These a re  te rm e d  
b y  th e  au th o rs  as interaction constants  o f th e  m ix tu re .

Numerical values of the parameters

Benedict, Webb and  Rubin h av e  d e te rm in e d  an d  lis ted  n u m e ric a l 
va lues o f th e  8 -p a ra m e te rs  for 12 h y d ro c a rb o n s , in c lu d in g  m e th an e , e s tim a te d  
from  d a ta  co m p ris in g  Р-У-Т a n d  c ritica l p ro p e rtie s  an d  v a p o u r p ressu res  
above  one a tm o sp h e re . Cullen a n d  Kobe (1955) [8] h av e  used P -V -T  a n d  
v a p o u r  p ressure  d a ta  to  de term ine  tw o  se ts  o f  p u re  com ponen t c o n s ta n ts  fo r 
ca rb o n  dioxide, e a c h  applicab le  to  a p a r t ic u la r  te m p e ra tu re  ran g e . E akon 

a n d  E llington (1959) [6] have sugg ested  th e  use o f tw o  sets o f C 0 2 c o n s ta n ts  
recom m ended  o v e r d iffe ren t com position  ran g es .

Modified parameters

Bono an d  Starling (1970) [12] and  Bishnoi an d  Robinson (1971) [13] 
h av e  concluded in  th e ir  studies t h a t  th e  B W R  p a ra m e te rs  o b ta in ed  b y  ch o o s
ing  specific v o lu m e  as th e  d ep e n d e n t v a r ia b le  give a m ore sa tis fa c to ry  co r
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r e la t io n  o f  th e  v o lu m etric  b eh av io u r th a n  t h a t  given by  th e  p a ra m e te rs  
o b ta in e d  b y  choosing p re ssu re  (or co m p ress ib ility  fac to r) as th e  d e p e n d e n t 
v a r ia b le . Starling  (1970) [16] has re p o rte d  B W R  p aram ete rs  fo r C 0 2, C H 4 
a n d  C3H 8 e s tim a ted  b y  usin g  v o lu m etric  a n d  v a p o u r  pressure d a ta  s im u lta 
n e o u s ly , since th e  P-Y -T  d a ta  are  availab le  fo r  th e se  substances in  b o th  th e  gas
eo u s a n d  liq u id  regions. L ikew ise, B ishnoi a n d  R obinson  [14, 15] h a v e  e s ti
m a te d  p a ra m e te rs  for m e th a n e , p ropane, n -b u ta n e , carbon-d iox ide a n d  h y d ro 
g en  su lf id e  b y  m in im izing  th e  sum  o f re la tiv e  e rro r  squares in  specific  vo lu m e 
u s in g  a  n o n -lin ea r le a s t sq u a re s  te ch n iq u e . T h e  p a ram e te rs  th u s  d e te rm in e d , 
a re  u se fu l to  co rre la te  th e  v o lu m e tric  p ro p e rtie s  a n d  to  ca lcu la te  th e  fu g ac itie s  
o f  th e  l iq u id  an d  gas p h ases  a t  th e  s a tu ra t io n  p o in ts .

The m ixing ru les

T h e  p red ic tio n  o f th e  p ro p e rtie s  of m ix tu re s  of hy d ro carb o n s u s in g  th e  
p re v io u s ly  m en tio n ed  m ix in g  ru les was fo u n d  sa tis fac to ry  in  m a n y  cases. 
H o w e v e r , various w orkers h a v e  re p o rte d  d ifficu lties in  p red ic tin g  th e  p ro p 
e r tie s  o f  h y d ro ca rb o n  m ix tu re s  c o n ta in in g  n o n -h y d ro ca rb o n s [6 — 10]. Cul
l e n  a n d  K obe [8] h a v e  a t t r ib u te d  th is  la ck  o f  success o f th e  B W R  e q u a tio n  
in  c e r ta in  cases to  th e  in c rea sed  in te ra c tio n  o f  th e  m olecules of th e  co m p o n en ts  
in  th e  liq u id  phase. D e v ia tio n s  h av e  th e n  b een  believed to  be due  to  th e  
m e th o d  o f expressing  th e  d ependence  of th e  p a ra m e te rs  of th e  e q u a tio n  on 
c o m p o s itio n . W hen  one o r m ore  o f th e  c o m p o n en ts  is d issim ilar in  chem ical 
c h a r a c te r  from  th e  o th e rs , a d d ed  in te ra c tio n s  w hich  are  n o t a c c o u n te d  for 
b y  th e  p re se n t m e th o d , com e in to  p lay .

Low  tem p era tu re  app lica tions

A s e a rly  as 1951, B e n ed ic t  e t al. h a v e  suggested  th a t  one o f th e  p a ra m 
e te rs  in  th e ir  e q u a tio n  o f s ta te  be m ade a  fu n c tio n  o f te m p e ra tu re  in  o rd er 
to  t r e a t  sy stem s a t  v e ry  low  te m p e ra tu re s . F o r  te m p e ra tu re s  below  th e  n o rm a l 
b o ilin g  p o in t, use o f th e  o rig inal B W R  coeffic ien ts  u n d e rs tim a te s  v a p o u r  
p re s su re s  an d  o v eres tim a tes  en th a lp ies  o f p u re  com ponen ts. B en e d ic t  e t  al. 
h a v e  th u s  recom m ended  th a t  th e  p a ra m e te r  C 0 be  d e te rm in ed  to  f i t  th e  v a p o u r  
p re s su re  cu rv e , while th e  o th e r  seven  coeffic ien ts  be k e p t c o n s tan t.

E x p erien ce  w ith  th e  A 0 m ix ing  ru le in  i ts  p re sen t fo rm , has show n  th a t  
w h e n  i t  is app lied  to  m ix tu re s , in accu racies  m a y  still be en co u n te red  even 
th o u g h  th e  p u re  co m p o n en ts  h av e  been  w ell described . This fa ilu re  is a sc rib ed  
to  fa ilu re  o f th e  m ix ing  ru les to  acco u n t fo r  so lu tio n  n o n -id ea lity , espec ia lly  
in  th e  liq u id -p h ase . Stotler  and  B e n ed ic t  (1953) [7] in  th e ir  e v a lu a tio n
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o f a  B W R  e q u a tio n  fo r CH4-N2 v a p o u r-liq u id  eq u ilib ria  a t low  te m p e ra tu re s , 
h a v e  found  t h a t  th e y  could n o t  co rre la te  th e  eq u ilib ria  u sing  th e  o rig inal 
m e th o d . A ccord ing ly , a t  f irs t th e y  re so rte d  to  a d ju s tin g  th e  v a lu e  o f  C 0 for 
p u re  CH4 an d  p u re  N2 to  e x a c tly  agree w ith  v a p o u r  p ressu res o f  th e  pure  
com ponen ts a t  each  te m p e ra tu re  o f  in te re s t. T h en , fo r th e  m ix tu re , th e y  have 
suggested  an a d ju s tm e n t of th e  ru le  for d e te rm in in g  th e  p a ra m e te r  A 0, E q u a 
tio n  3, b y  in tro d u c in g  a fac to r in to  th e  g eo m etric  m ean  in te ra c tio n  c o n s ta n t, 
a n d  have  re p o rte d  an  im p ro v em en t:

A 0 =  x l A m +  x \ A \  +  2 x 1x 2 m ( A 01A 02)1l \  (10)

T h e  fac to r m  h a s  been  found to  be a lm o st in d e p e n d e n t o f te m p e ra tu re  and  
p ressu re , b u t  d ep en d s  on th e  specific  b in a ry  sy stem .

K am ishi, A r a i, Saito an d  Ma eda  (1968) [10] h av e  in v e s tig a te d  v ap o u r- 
liq u id  equ ilib ria  in  system s c o n ta in in g  C 0 2 w ith  th e  p u rp o se  o f  o b ta in in g  
fu n d a m e n ta l d a ta  th a t  n ay  be u sefu l fo r th e  s e p a ra tio n  o f C 0 2 b y  liq u e fac tio n .

From  o b se rv ed  d a ta  th e y  h av e  ex am in ed  th e  usefulness o f th e  B W R  
eq u a tio n  of s ta te  fo r th e  p re d ic tio n  o f v a p o u r-liq u id  eq u ilib ria , a n d  have  
re p o rte d  large d iscrepancies b e tw een  ca lc u la ted  a n d  e x p e rim en ta l re su lts  b y  
ap p ly in g  th e  o rig in a l B W R  eq u a tio n . B y  in tro d u c in g  th e  m o d ifica tio n  o f  A 0, 
p roposed  by  Stotler  and  B e n e d ic t , E q u a tio n  10, K am inish i e t al. have  
show n th a t  th e  m od ifica tion  im p ro v es th e  degree o f ag reem en t, ex cep t in  th e  
c ritica l region.

Barner  and A dler  (1968) [9] while review ing the B W R  equation at 
low  tem peratures, have concluded th at th e  resolution o f the deficiencies of 
th e  BW R equation  for m ixtures depends on im proving the com bining rules.

Orye (1969) [17] has suggested  p u re  c o m p o n en t coeffic ien ts fo r th e  B W R  
eq u a tio n  to  e x te n d  its  range to  low  te m p e ra tu re s  w hich are  now  becom ing  
m ore  com m on in  n a tu ra l gas p rocessing . H o w ev er, he p o in ted  o u t t h a t  con
siderab le  a t te n t io n  m u st be g iven  to  th e  m ix in g  ru les used in  th e  eq u a tio n . 
T o  accoun t fo r so lu tio n  n o n -id ea lity  he has fo llow ed th e  suggestion  o f Stotler 
a n d  B enedict  in  m odify ing  th e  ru le  fo r A 0. F u rth e rm o re , for low  te m p e ra tu re  
ap p lica tio n s , Or y e  has recom m ended  th e  d e s ira b ility  to  o b ta in  C0 as a  sm o o th 
ly  v a ry in g  fu n c tio n  o f te m p e ra tu re , so th a t  th e  eq u a tio n  becom es m ore easily  
a d a p ta b le  to  c o m p u te r  p rogram s.

Gun (1958) [18] has s tu d ie d  th e  v o lu m e tric  p ro p ertie s  o f  n o n -p o la r 
gaseous m ix tu re s , an d  concluded  th a t  an  e q u a tio n  o f s ta te , reg ard less  o f  th e  
n u m b e r of p a ra m e te rs  invo lved , c an n o t ca lc u la te  ac c u ra te ly  th e  th e rm o 
d y n am ic  p ro p e rtie s  o f m ix tu res unless th e  p a ra m e te rs  for th e  m ix tu re s  re flec t 
th e  tru e  n a tu re  o f  th e  forces o f  in te ra c tio n  b e tw een  unlike, as well as like, 
m olecules. H e  h as  been  able to  im p ro v e  p red ic tio n s  o f  second v ir ia l coefficients 
fo r  b in a ry  m ix tu re s  using th e  B W R  e q u a tio n  o f  s ta te  b y  in tro d u c in g  a cor-
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l e c t io n  to  ch a rac te ris tic  c r it ic a l  te m p e ra tu re , A T cij,  ch a ra c te ris tic  o f  th e  i- j  
m o le c u la r  in te rac tio n . T h is c o n s ta n t has been  d e fin ed  as follows:

L a te r ,  C h e u h  and  P r a u s n i t z  (1967) [19] h av e  fo rm u la te d  m ix ing  ru le s  fo r 
th e  R e d lic h  —K w ong e q u a tio n  o f s ta te  h y  d e fin in g  an  in te ra c tio n  c ritica l 
te m p e ra tu re  as follows:

T h e  b in a ry  co n stan t k tj  r e p re se n ts  a d ev ia tio n  from  th e  geom etric  m ean  fo r 
T cij.  T h e y  utilized  th e  v a lu es  o f  к e s tim a ted  from  th e  ex p e rim en ta l in fo rm a 
t io n  o n  second virial co e ffic ien ts  for b in a ry  m ix tu re s  in  fo rm u la tin g  a  m e th o d  
fo r  c a lc u la tin g  th e  gen era lized  th ird  v iria l coeffic ien ts  of gaseous m ix tu re s .

T h e  m ost recen t, a n d  p e rh a p s  th e  m ost s ig n if ic a n t c o n tr ib u tio n  so fa r, 
in  th e  ev o lu tio n  process o f  d ev e lo p in g  th e  B W R  eq u a tio n  o f s ta te , is th a t  
a ffo rd e d  b y  B i s h n o i  a n d  R o b i n s o n  [13 —15]. T h e  tw o  au th o rs  h av e  assim i
la te d  th e  observations a n d  fin d in g s  o f p rev ious w orkers to  fo rm u la te  new  
m ix in g  ru le s  for th e  B W R  p a ra m e te rs . In  th e ir  dev e lo p m en t o f th e  m ix in g  
ru le s , th e y  have  follow ed a  sy s te m  of logic s im ila r to  th a t  used  b y  th e  la t te r  
m e n tio n e d  au th o rs  [18, 19]. T h e  ru les co n ta in  a b in a ry  in te ra c tio n  p a ra m e te r  
re a d ily  o b ta in ab le  from  in fo rm a tio n  on b in a ry  in te ra c tio n s , or o th e r  d a ta  
a v a ila b le  in  th e  l i te ra tu re , n a m e ly  from  e x p e rim e n ta l values o f th e  second  
v ir ia l  cross-coefficients. T h e y  h a v e  te s te d  th e  v a lid ity  o f th e ir  im p ro v ed  m ix 
in g  ru le s , an d  new ly p ro p o se d  p u re  co m p o n en t B W R  p a ra m e te rs  b y  using  
th e m  to  p re d ic t th e  v o lu m e tr ic  b eh av io u r o f  b in a ry  m ix tu res  o f  C 0 2 w ith  
m e th a n e , e th an e  and  p ro p a n e  a t  e lev a ted  p ressu res. T h e y  h av e  th e n  co m p ared  
th e  p re d ic te d  densities w ith  e x p e rim e n ta l v a lu es , a n d  for an y  o f  th e  th re e  
m ix tu re s , th e  s ta n d a rd  e rro r  o f  th e  p red ic tio n s  w as a p p ro x im a te ly  e q u a l to  
o r  less th a n  th e  sum  o f th e  s ta n d a rd  errors o f  f i t  o f  th e  p u re  co m p o n en ts .

T h ese  new ly p ro p o sed  m ix in g  ru les, w hen  ap p lied  to  a b in a ry  m ix tu re  
ta k e  th e  fo rm :

( П )

T cij =  (T ciT cjy l* ( l  - k tJ) . ( 12)

(18)

(13)

(14)

(15)

(16)

(17)
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a =  * î x l -j- a2 -|- 3*, x2(*, « 1 3 * 2  « 2  3) * i/3 a 2;3 • У ri > (19)

V =  [*! pi'2 +  X., pj 2]2 . (20)

In  all cases

y , j =  Ve„l{V',Vcj ) '*  (21)

The a ssu m p tio n  m ade b y  B ishnoi a n d  R o binson  fo r th e  in te ra c tio n  
c ritica l vo lum e is d ifferen t from  th a t  m ade by o th e r  w orkers [18, 19], who 
h av e  used th e  re la tio n sh ip :

y c ij  =  y ( * 33+ W -  ( 2 2 )

BiSHNOi a n d  R obinson  p re fe rred  th e  geom etric  av erag e , w here  уц  =  1, 
because  i t  helps in  o b ta in in g  a  sim plified  fo rm  o f th e  m ix ing  ru les, a n d  because 
th e y  h av e  felt th a t  th e  effect o f  th is  a ssu m p tio n  on th e  c a lcu la ted  re su lts  will 
be  re la tiv e ly  sm all if  Vci a n d  VCj■ did  n o t d iffer ap p rec iab ly . F o r  m ix tu res 
w here  m olecules o f  g rea tly  d iffe ren t sizes are  in v o lv ed , th is  a ssu m p tio n  m ay 
n o t be a d e q u a te  an d  th e  a u th o rs  have  reco m m en d ed  th a t  E q . (22) be used. 
I t  m ay  he o bserved  th a t  w h en  к,.- is ta k e n  as zero a n d  y (/- as u n ity , th e  new 
ru les  reduced  to  th e  o rig inal B W R  rules, ex cep t fo r th e  p a ra m e te r  B 0 now 
given by :

B 0 =  [*, B,1//  +  A 1# ] 2 (23)

fo r w hich th e  geom etric  m e a n  com bin ing  ru le , r a th e r  th a n  th e  L o ren tz , or 
L in ea r ru le, is used  because o f  rep o rted  co n sid e rab le  ad v a n ta g e s .

T he p a ra m e te rs  o b ta in ed  b y  B ishnoi an d  R o binson  fo r C H 4 an d  C 0 2 
a re  given in  T ab le  (I).

Table I

Modified parameters of the B WR equation o f state

P aram eter CH, CO*

Лох 1 0 2 4,3203053 3,2014927
1,8712416 1,8367101

C0X lO -5 0,23500139 1,7602805
6 x i o 3 3,9787382 6,2536078
a 0,069197996 0,24204855
c X  10~4 0,30179295 1,9008120
a X  10 s 9,6835765 4,8784066
i-XlO3 5,7118125 4,2808218

Units: Atmospheres, °K, lit/gmole.
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A pplication o f th e  n ew  p aram eters  an d  new  m ix ing  ru les to  
CH,—C02 m ixtures

T he  new parameters

L e e  an d  Mather (1972) [20] have  re c e n tly  m easu red  th e  excess e n th a l
p ies (h e a ts  of m ixing) o f  m e th a n e  an d  carbon  d iox ide  in  a flow  ca lo rim eter, 
o v e r  t h e  com plete co m p o sitio n  ran g e , for six  iso th e rm s be tw een  10 °C and  
80 °C , a t  pressures u p  to  100 a tm o sp h eres . A ll m easu rem en ts  are  fo r th e  m ix 
in g  o f  tw o  gas phases. T h e  a u th o rs  have  co m p ared  th e ir  e x p e rim e n ta l re su lts  
w ith  v a r io u s  m ethods o f  p re d ic tio n  w ith  th e  o b jec tiv e  o f  te s tin g  th e  re lia b ility  
o f  p re d ic t io n  m ethods o f v a r io u s  k in d s  in p red ic tin g  th e  en th a lp ies  o f  m ix tu res . 
T h e  m e th o d s  of p red ic tio n  ch o sen  a re  all co m p u te r-o rien ted  a n d  inc lu d e :

(a) U se of th e  B W R  e q u a tio n  o f s ta te  w ith  th e  c o n s ta n ts  o f Cullen  an d  
K o be  fo r  C 0 2 and  th e  c o n s ta n ts  o f  B enedict , W ebb  an d  R u b in  fo r C H 4 in 
one  s e t  — and  th e  c o n s ta n t o f  B ishnoi and  R obinso n  in  th e  o th e r  se t.

(b ) T he princip le o f  co rre sp o n d in g  s ta te s  w ith  th e  use o f  Z c as th e  th ird  
p a r a m e te r  was used to  p re d ic t  e n th a lp y  d e p a rtu re s  b y  Ly d e r s e n , Gr e e n - 
k o r n  a n d  H ougen [21]. Y e n  a n d  A lex a n d er  (1965) [22] h a v e  m odified  
th e i r  c o rre la tio n  b y  th e  in c o rp o ra tio n  of recen t e x p e rim e n ta l d a ta  a n d  p u t 
i t  in  a  fo rm  su itab le fo r c o m p u te r  calcu lations.

(c) T he m ethod  d ev e lo p ed  b y  Orentlicher  an d  P rausnitz  (1967) [23] 
fo r  th e  ca lcu la tion  of th e  e n th a lp ie s  of m ix tu res  from  th e  s ta tis t ic a l  th e o ry  
o f  d e n se  flu id s. T hey  used  a sim p le  p o ten tia l w h ich  is q u a lita tiv e ly  co rrec t, 
a n d  a d ju s te d  th ree p a ra m e te rs  to  o b ta in  a f i t  w ith  p u re  co m p o n en t d a ta .

L e e  and  Mather  h a v e  o b serv ed  th a t  th e  second  a n d  th i rd  m e th o d s 
p o o r ly  ag ree  w ith  m easu red  v a lu e s  a t  h igher p ressu res , a n d  th a t  th e  B W R  
e q u a t io n  is th e  m ost s a t is fa c to ry  m eth o d  for q u a n ti ta t iv e  p re d ic tio n  o f excess 
e n th a lp ie s .

F ig u re s  1, 2 an d  3 c o m p a re  th ese  ex p e rim en ta l v a lu es  w ith  v a lu es  ca l
c u la te d  b y  th e  B W R  e q u a tio n  o f  s ta te . H ere

BW R, =  Equation using C u l l e n  and K o b e  constants for C02 and B e n e d i c t ,  W e b b  and 
R u b i n  constants for CH4.

B W Rn =  Equation using B i s h n o i  and R o b in s o n  constants.

I t  is  to  b e  observed th a t ,  w h ile  b o th  sets o f coeffic ien ts  are  in  reaso n ab le  
a g re e m e n t, B W R n p red ic ts  v a lu e s  closer to  th e  e x p e rim e n ta l re su lts  th a n  
B W R ,.

B ish n o i and  R o bin so n  (1971) [24] h av e  c a rr ie d  o u t e x p e rim e n ts  to  
d e te rm in e  th e  heat c ap ac ities  o f  ca rb o n  d io x id e -m eth an e  m ix tu re s , w ith  d a ta  
c o lle c te d  on  tw o b in a ry  m ix tu re s  co n ta in in g  14,49 a n d  42,30 m ole %  m e th a n e  
a t  te m p e ra tu re s  of ab o u t 40°, 60° a n d  90 °C an d  p ressu res  up  to  a b o u t 155 a t 
m o sp h e re s . Because o f th e  u n a v a ila b ili ty  o f e x p e rim e n ta l h e a t  c ap ac ities  in
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Fig. 1 Comparison of experimental data for CH4—C 02 with values calculated using BWRjj

Fig. 2 Comparison of experimental data for CH4—C02 with values calculated using BW R|.
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сн4-со2
Т = 71 °С
-----  L а м
------ BWR,

- —  BWRn

*сн4

Fig. 3 Comparison of experimental data for CH4—C0.2 at 71 °C with values calculated
using BW R| and BW Rn.

th e  l i te r a tu r e ,  th e  a u th o rs  h a v e  com pared  th e ir  e x p e rim e n ta l re su lts  w ith  
v a lu e s  c a lcu la ted  b y  sev e ra l o f  th e  com m only  u sed  m eth o d s. These inc lu d e  
th e  B W R  eq u a tio n  o f s ta te ,  th e  generalized  co rre la tio n s  o f Y en  an d  A l e x a n 
d e r  [22] a n d  Curl a n d  P itzer  (1958) [25] a n d  th e  m e th o d  of Orentlicher  
a n d  P rausnitz  [23].

U se  o f th e  B W R  e q u a tio n  has been  p e rfo rm ed  b y  using  th e  o rig inal 
B W R  m ix in g  rules. In  one se t , th e  p a ra m e te rs  o f C 0 2 an d  CH4 re p o rte d  by  
Cu l l e n  a n d  K obe an d  D o u slin  e t al. (1964) [26] resp ec tiv e ly  h av e  been  
u tiliz e d . I n  a n o th e r se t, th e  n ew ly  proposed  B ish n o i a n d  R obinson  p a ra m e te rs  
h a v e  also  been  used. T h e  ca lcu la tio n s  have  rev ea led  th a t  th e  values a re  b e s t 
p re d ic te d  b y  th e  B W R  e q u a tio n  using th e  re c e n tly  re p o rte d  coeffic ien ts of 
B ish n o i a n d  R o bin so n . T h e  la rg e s t d ev ia tio n  o f th e se  p red ic tio n s fro m  th e  
e x p e r im e n ta l values is fo u n d  to  be ab o u t 11 ,6%  as co m p ared  to  51 ,33%  w hen  
Cu l l e n  a n d  K obe a n d  D o u slin  et al. coeffic ien ts  are  u sed  fo r th e  B W R  
e q u a tio n , 31%  b y  th e  Orentlich er  an d  P rausnitz  m eth o d , 25%  b y  th e  
Cu r l  a n d  P itzer c o rre la tio n , and  14%  b y  th e  Y e n  an d  A l e x a n d e r  co r
re la tio n .

The neiv m ix ing  rules

B ish n o i and R o b in so n  [14] have tested  the applicability  o f the new  
m ix in g  rules developed b y  th em  by using them  to  predict densities o f  the  
b inary  m ixtures o f carbon d ioxide w ith m ethane, ethane and propane, u tilizing
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th e  pure  co m p o n en t p a ra m e te rs  rep o rted  b y  th e m . T he values o f th e  p a ra m e te r  
k n  for these  b in a rie s  have  been  ta k e n  from  th e  w ork  of C h u e h  a n d  P r a u s - 

N I T Z  [19] w ho h av e  rep o rted  th e  k n  v a lu e  fo r th e  carbon  d io x id e -m e th an e  
system  as 0,05 +  0,02, b u t B i s h n o i  and  R o b i n s o n  have  u tilized  th e  low er lim it 
o f th is  va lue , 0 ,03. T he densities have  been  c a lc u la ted  b y  using th e  B en ed ic t, 
W ebb an d  R u b in  ru les, re fe rred  to  as B W R n , an d  th e  new  m ix in g  ru les, 
referred  to  as B W R in , and  th e  resu lts  h a v e  b een  com pared  se p a ra te ly  w ith  
exp erim en ta l d a ta .  F o r th e  CH4—C 0 2 sy stem  th e  a u th o rs  have  used  th e  e x p e ri
m en ta l d a ta  o f  R e a m e r , O l d s ,  S a g e  a n d  L a c e y  (1944) [27], w ho s tu d ie d  
th e  v o lum etric  b e h av io u r o f fo u r m ix tu res  o f  m e th an e  an d  ca rb o n  d iox ide  
a t  seven te m p e ra tu re s  rang ing  from  100° to  460 °F  an d  th ro u g h o u t th e  p ressu re  
in te rv a l from  100 to  10 000 p o u n d s per sq u a re  inch . B i s h n o i  a n d  R o b i n s o n  

have  found th e  a b ility  of th e ir  p roposed  ru les in  p red ic tin g  m ix tu re  densities 
u n d o u b te d ly  b e t te r  th a n  th a t  o f th e  o rig inal B W R  eq u a tio n  in  th e  case of 
C O ,— C2H f) an d  C 0 2 — C3H g m ix tu re s .

H ow ever, fo r th e  C 0 2—C H , system , b o th  ru les m ake erro rs o f th e  sam e 
o rd er of m ag n itu d e . T he a u th o rs  a t tr ib u te  th is  to  th e  p ro b a b ility  t h a t  th e  k 12 
v a lue  chosen fo r th is  system  is v e ry  sm all a n d  hence  does n o t h av e  an  a p p re c i
ab le effect a t  th e  te m p e ra tu re s  w here th e  d a ta  a re  p red ic ted .

In  a n o th e r  assessm en t o f th e ir  new m ix in g  ru les, B i s h n o i  an d  R o b i n 

s o n  [15] h av e  used  th em  to  p re d ic t th e  d en sitie s  o f  several b in a ry  m ix tu re s  
o f  hydrogen  su lp h id e  w ith  m e th a n e  an d  e th a n e , an d  th e  phase  b e h a v io u r  
o f  th e  carb o n  d io x id e-p ro p an e , hyd rogen  su lp h id e -m e th an e , h y d ro g en  su l
ph id e-p ro p an e  an d  hydrogen  su lp h id e -ca rb o n  d iox ide  b in a ry  sy s tem s. T he 
p red ic tions h av e  co n firm ed  th e  effectiveness o f  th e  new  ru les fo r p re d ic tin g  
th e  densities o f  h y d ro c a rb o n —n o n -h y d ro ca rb o n  b inaries, an d  th e y  h av e  
show ed th a t  a ccep tab le  accu racy  can  be o b ta in e d  in  p red ic tin g  th e  phase  
b eh av io u r o f d iff ic u lt b in a ry  sy stem s even w h en  no phase b eh av io u r d a ta  a re  
used for e v a lu a tin g  th e  p a ra m e te rs  in  th e  e q u a tio n  o f s ta te . F o r m ak in g  th e  
p red ic tions on th e  sy stem s th e y  h av e  stu d ied , th e  a u th o rs  have  ta k e n  th e  p a ra 
m e te r  r ,;- as a u n ity . T his is done because i t  h a s  a lread y  been show n b y  th e  
au th o rs  [14], t h a t  th e  use o f th e  geom etric  m ean  value for Vcij gives good 
p red ic tions o f th e  densities o f m ix tu res  o f c a rb o n  dioxide and  p ro p a n e , an d  
th is  system  has th e  larg est d ifference in  c ritic a l vo lum es o f all th e  b in a rie s  
s tu d ied .

In  th is  w ork , th e  new  m ix ing  rules are  fu r th e r  te s te d  for th e  C H 4-C,02 
sy stem , a ro u n d  th e  phase  b o u n d aries , using  th e  d a ta  o f A r a i ,  K a m i n i s h i  an d  
S a i t o  (1971) [28], w ho have re c e n tly  m easu red  th e  P-Y -T-X  re la tio n s  a ro u n d  
th e  phase b o u n d a rie s  for th e  C 0 2-N 2 and  th e  C 0 2-C H 4 system s. T h e  m e a su re 
m en ts  w ere fo r th re e  iso th erm s: 15 °C, 0 °C a n d  —20 °C, an d  v a rio u s  co m 
positions in  th e  v a p o u r  reg ion , liq u id  region an d  th e  sa tu ra te d  reg ion . T he 
p ressu re  range  covered  is from  20 to  150 a tm o sp h e re s . A 9100 В H e w le tt —
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P a c k a r d  c a lc u la to r-p rin te r  is u sed  fo r th is  p u rp o se . V olum es a re  c a lc u la ted  
u s in g  th e  B en ed ic t e t al. ru le s  a n d  th e  new  m ix in g  ru les proposed  b y  B i s h n o i  

a n d  R o b i n s o n  whose n ew ly  p ro p o sed  se ts  o f  c o n s ta n ts  for th e  p u re  co m 
p o n e n ts  a re  used  in  e ith e r  case. T h e  p a ra m e te r  r,;- is likew ise ta k e n  as a  u n ity , 
b u t  s in c e  use of the  low er l im it  (0,03) o f  th e  p a ra m e te r  k tj- rep o rted  b y  B i s h n o i  

a n d  R o b i n s o n  to  p roduce  e rro rs  o f th e  sam e o rd e r, an  e lab o ra te  tr ia l-a n d -  
e r ro r  p ro c e d u re  has been  a d o p te d  here  u sin g  v a rio u s  values of th e  k tJ- fa c to r  
r a n g in g  b e tw een  th e  low er a n d  th e  u p p e r lim its . I t  w as found  th a t  th e  av e rag e  
v a lu e  o f  th e  tw o lim its  (0,05) p roduces th e  b e s t general f i t  over th e  w hole 
ra n g e  o f  d a ta  availab le . T h is co rresp o n d s to  a  c h a ra c te ris tic  c ritica l te m p e ra 
tu r e  T ci2 o f  229 °K  d efin ed  b y  E q . (12). T h e  ch a rac te ris tic  c r itic a l vo lum e 
o f th e  sy s te m , Vcl2, is acco rd in g ly  96,4 cm 3/gm -m ole defined  b y  E q . (21). 
R e s u lts  o f  these  com parisons a re  ta b u la r ly  p re se n te d  in  [31]. P e rc e n t d e v ia 
tio n s  a re  ca lcu la ted  as:

%  D ev . =  Fexp• ~  Fcal- V x  100. (24)
^exp.

A v e ra g e  p ercen t d e v ia tio n s  a re  ca lc u la ted  as th e  averages o f th e  ab so lu te  
v a lu e s . S ince th e  B W R  e q u a tio n  is im p lic it in  d en sity , an  ite ra tiv e  p ro ced u re  
o f  c a lc u la tio n s  is used. I te ra t io n s  are  co n tin u e d  u n til  w hen th e  ca lcu la ted  
p re s s u re s  are  w ith in  0,0001 a tm o sp h e re s  o f  th e  m easu red  ones.

Gas and liquid regions

F o r  th e  15 °C iso th e rm , b o th  ru les p re d ic t  vo lum etric  d a ta  w ith  v e ry  
g o o d  a n d  accep tab le  en g in ee rin g  p rec ision  u sin g  th e  B ishnoi a n d  R o b in so n  
p u re  co m p o n e n t c o n s ta n ts , b o th  in  th e  gas a n d  in th e  liqu id  reg io n , th o u g h  
th e  o r ig in a l rules (B W R ,,)  p re d ic t va lues c loser to  th e  m easu red  ones th a n  
th e  n e w  m ix ing  ru les (B W R l n ). O ver th e  v a rio u s  com positions, B W R n gives 
a v e ra g e  d ev ia tions v a ry in g  in  m a g n itu d e  b e tw een  0 ,322%  an d  2 ,5 3 9 % , w hile 
B W R IH gives errors ra n g in g  b e tw een  0 ,2 9 5 %  a n d  5 ,084% .

F o r  th e  0 °C iso th e rm , B W R n s ta r ts  to  p re d ic t values w ith  d ev ia tio n s  
f l in g in g  h ig h er w ith  in c re a s in g  p ressu res, re a c h in g  a m ax im um  o f 13 ,348% , 
th o u g h  th e  average p e rc e n t d ev ia tio n s  a re  m u ch  low er. H ow ever, w ith  th e  
n ew  m ix in g  rules, B W R IU, %  d ev ia tio n s in  p re d ic te d  values re m a in  v e ry  low 
a lo n g  a ll th e  range, re a c h in g  a  m ax im u m  o f 2 ,9 6 9 % . H ere  av erag e  d ev ia tio n s  
o v e r  th e  various co m p o sitio n s v a ry  b e tw een  0 ,524%  an d  2 ,879% , co m p ared  
to  v a lu e s  rang ing  b e tw een  0 ,5 8 4 %  an d  6 ,4 8 9 %  w ith  B W R n .

The saturated region

I n  th e  sa tu ra te d  l iq u id -v a p o u r  reg io n , th e  a b ility  o f th e  new  m ix ing  
ru le s  in  p red ic tin g  m ix tu re  v o lu m es, T ab le  ( I I ) ,  is c learly  observed  to  be  super-
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Table II

P V T  X  relations o f the CHt — C02 system at saturated deiv and bubble points

T =  15 °C
Dew point

p X V cm3/gm-mol d gm-mol/lit

Exp. BW Rn %Dev. BWRUI %Dev. BWRj i i

53,8 ,043 248 248,208 ,084 250,609 1,052 3.990

58.7 ,091 218 216,076 ,883 221,440 1,578 4,516

61,8 ,116 203 197,203 2 ,856 204 ,429 ,704 4,892

66,2 ,146 185 172,058 6 ,996 182,105 1,565 5,491

69,7 ,167 162 154,112 4 ,869 166,392 - 2 ,7 1 1 6,010

73,0 ,182 145 137,032 5,495 151,455 4,452 6,603

80,1 ,182* 99,2 90,206 9,067 105,297 -  6 ,146 9,497

4 ,321 2,601

T  =  15 °C Bubble point

61,7 ,043 55,6 55,074 -  ,853 56,657 - 1 ,9 0 1 17,650

72,0 .091 61,2 60,526 1,101 62,631 - 2 ,3 3 8 15.967

76,5 ,116 66,5 63,760 4 ,120 67,483 - 1 ,4 7 8 14,819

80,0 .146 77.4 70,115 9 ,412 77,519 -  ,154 12,900

80,4 ,167** 87,2 79,503 8,827 91,527 — 4,962 10.926

4,863 2,167

* Retrograde condensation point 
** Critical opalescence was clearly observed

m o u n tin g  co m p ared  to  th e  o rig inal m ix ing  ru les , an d  especially  as te m p e ra 
tu re s  go low er a n d  m ole frac tio n s an d  p ressu res  h igher, th e  m ag n itu d es  o f 
e rro rs  in B W R n p re d ic te d  values increase , w hile th o se  p red ic ted  b y  B W R IU 
rem a in  very  sm all an d  fa ir ly  u n ch an g ed  th ro u g h o u t th e  range. A verage d e v ia 
tio n s in values ca lc u la ted  b y  B W R n are  in  th e  o rd e r o f 4 ,321%  to  8 ,910% , 
w ith  a m ax im um  d e v ia tio n  o f 15 ,456% . T hose  ca lcu la ted  b y  B W R m  are  in  
th e  o rd er of 0 ,500%  to  2 ,6 0 1 % , w ith  a m ax im u m  d ev ia tio n  o f 6 ,146% . I t  m ay  
be n o tew o rth y  to  observe  th a t ,  th o u g h  B i s h n o i  an d  R o b i n s o n  h av e  recom 
m ended  th e  ap p lic a b ility  o f  th e ir  c o n s ta n ts  fo r p u re  CO, to  a low est te m p e ra 
tu re  o f 0 °C, for th e  —20 °C iso th e rm  B W R m  p red ic ts  vo lum es w ith  v e ry  
prec ise  accu racy  over com positions ran g in g  be tw een  0,201 to  0,551 m ole 
fra c tio n  CH4. Also n o te w o rth y  is th a t  i t  p red ic ts  vo lum es w ith  sim ilar accu racy  
a t  po in ts  o f re tro g ra d e  co n d en sa tio n , w hile B W R U show s m ax im u m  d e v ia 
tions a t  these  p o in ts . I t  is q u ite  a p p a re n t t h a t  i t  is here  th a t  th e  effect o f th e  
co rrec tion  for b in a ry  in te ra c tio n s  com es in to  p lay , as m olecu lar in te ra c tio n  
increases w ith  decreasing  te m p e ra tu re s  an d  ris in g  pressures.
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Table II (contd)

CJ°ОIIЬч

Dew point
p X V <1

Exp. BWRn %Dev. BWRm %Dev. BW Rni

41 ,5 ,129 362 357 ,709 1,185 362,338 -  ,093 2 ,760

49,8 ,220 287 278,091 3,104 286.123 ,306 3,495

56,4 ,276 242 230 ,886 4 ,593 241,288 ,294 4 ,144

64,2 ,321 197 183,943 6,628 197,302 ,153 5,068

84,1 ,321* 93,4 79,741 14,624 92,553 .907 10,805

68 ,9 ,340 174 159,028 8,605 174,317 ,182 5,737

82,7 ,340* 105 90 ,294 14,006 105,857 ,816 9 ,447

73,3 ,349 154 135,543 11,985 152,869 ,734 6 ,542

81,7 ,349* 115 97,226 15,456 113,830 1,017 8 ,785

8.910 ,500

T =  0 °c Bubble point

65,4 0 ,129 53,0 52 ,992 ,015 53,944 - 1 ,7 8 1 18,538

80,2 0 ,220 62.6 59.112 5,572 62,201 ,637 16,077

84,1 0 ,276 75,0 66,677 11,097 73,831 1,559 13 ,544

5,561 1,326

Table II (contd)

r =  —20 °C
Dew point

P X V d

Exp. BWRn %Dev. BWRn I %Dev. BW Rjj!

26,0 ,204 606 611 ,807 ,958 617,551 - 1 ,9 0 6 1,619

31,0 ,302 496 498 ,791 ,563 506,577 2,133 1,974

43 ,2 ,444 326 327 ,719 -  ,527 338,268 - 2 ,7 6 3 2 ,956

52,6 ,499 254 244 ,190 3,862 256,836 — 1,117 3 ,894

81,8 ,499* 91,8 77,231 15,870 91,019 ,851 10,987

67,8 ,551 168 152,259 9,370 169,277 ,760 5,907

74,9 ,551* 134 116,321 13,193 135,159 -  ,865 7 ,399

6,283 1,628

T  =  —20 °C Bubble point

61,5 ,204 47,7 48 ,819 -  2 ,346 49,579 3 ,939 20 ,170

73,2 ,302 53.9 52,860 1,930 54,604 - 1 ,3 0 6 18 ,314

81,8 ,444 71,6 64 ,899 9 ,359 72,771 1,636 13,771

4,545 2 ,294
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The critical region

T able I I I  show s a  com parison  b e tw een  p red ic ted  c ritica l v o lu m es and  
th o se  rep o rted  b y  A r a i  e t al. for th e  th re e  iso therm s. B W R H p re d ic ts  c ritica l 
vo lum es for th e  15 °C, 0 °C an d  —20 °C iso th erm s w ith  re la tiv e  d ev ia tio n s

Table I I I

Critical point P  — V T —X  data

T

°c ъatm.

Vc cm3/gm-mol

Exp. BWRn %Dcv. B W R j h %Dev. BWRm
Interp. %Dcv.

15 0,166 80,5 85,5 78,707 7,945 90,361 - 5 ,6 8 5 8 9 ,2 9 — 4,430

0 0,300 84 ,4 81,9 72,460 11,526 82 ,546 ,789 8 1 ,63 0.330

— 20 0,475 82,4 79,8 70,465 11,698 81 ,340 1,930 78 ,43 1.590

Table IV

Critical compressibility data

r
°c xc P,

atm.
Exp. BWRn %Dev. BW R,n %Dev. B W R ,n

Interp.

15 0,166 80,5 0,2911 0,2680 0,3076 0,3040

0 0,300 84 ,4 0.3084 0,2729 0,3105 0,3074

-  20 0,475 82 ,4 0,3166 0,2795 0,3227 0,3111

30  35 AO A5 5 0  55  6 0  65 7 0  75 80  85 9 0  
P r e s s u r e  ( a t m )

Fig. 4
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o f  7 ,9 4 5 % , 11,526%  a n d  11 ,698%  respec tive ly , co m p a re d  to  co rresp o n d in g  
e rro rs  o f  —5,685% , —0 ,7 8 9 %  a n d  —1,930%  w h en  B W R nl is used. S till b e t te r  
v a lu e s  a re  o b ta in ed  g ra p h ic a lly , using B W R IH, as show n, w hen th e  den sitie s  
o f  th e  coex isting  liqu id  a n d  v a p o u r  phases are  p lo tte d , and  th e  re c tilin e a r  
d ia m e te r  is d raw n using  th e  C aille te t and  M a th ia s  ru le , F igs 4 th ro u g h  8. F o r  
th e  —40 °C iso therm  th e  v a p o u r-liq u id  eq u ilib ria  d a ta  o f K a m i n i s h i  e t al. [10]

50 55 60 65 70 75 80 40 45 50 55 60 65 70 75 80 85
Pressure (atm.)

Fig. 5 Fig. 6

Pre ssure  (Atmospheres)

Fig. 7 and 8. BW Rm Calculated saturation densities of CH4—C02 system AT—53.89 °C
& —40 °C
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0 0,1 0,2 0,3 0.4 0,5 0 6  0,7 0,8 0,9 1,0
Mole  f r a c t i o n  m e t h a n e

Fig. 9

Mole f r a c t i o n  m e t h a n e  

Fig. 10
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is u se d , a n d  fo r th e  —53,89 °C iso th e rm  th e  d a ta  o f Donelly an d  Katz [29] is 
u sed  T a b le  У . D iagram s fo r th e  c ritic a l com pressib ility  fac to rs  an d  th e  c ritica l 
v o lu m e s  in  th e  CH4— C 0 2 sy s te m , re spec tive ly , a re  d raw n  in  F igs 9 a n d  10.

Table V

BW Bm  calculated saturated phases P — V —T  X  data

Bubble point Dew point

T P
°c X (1 V

M.F.
CH4

gm -m ol/lit cm3/gm-mol У J V

10,96 0,477 0,679 1472
22,25 0,717 1,477 677,0

-5 3 ,8 9 35,18 0,789 2,616 382,2
44,84 0,261 23,139 43,22 0,813 3,727 268,3
52,60 0,344 22,134 45,18 0,815 4,996 200,2

0,350 0,820
52,25 0,822 4,878 205,0
63,42 0,661 16,274 61,45 0,836 7,447 134,3

0,664 0,830

36,5 0,130 23,361 42,81 0,657 2,534 394,7
- 4 0 52 0 0,250 21,851 45,76 0,717 4,190 238,7

61.2 0,360 20,238 49,41 0,727 5,629 177,7
67,2 0,450 18,626 53,69 0,720 7,046 141,9
71,0 0,519 17,044 57,67 0,703 8,517 117,4
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Anwendung der Zustandsgleichung zur Ermittlung der volumetrischen und thermo
dynamischen Kennwerte des C H , — C02 Systems. I. Teil. Infolge des zunehmenden Ener
giebedarfs wurde die Benützung der eher für unwirtschaftlich abgeschätzten, mit C 02 ver
unreinigten Erdgasvorräte erforderlich geworden. Hinsichtlich dessen, daß das verunreinigte 
Erdgas größtenteils eine Mischung der Gase CH, und C02 bildet und andere Komponenten 
nur in Spuren enthält, kann hei den Untersuchungen das verunreinigte Erdgas als ein Zwei
komponentensystem von C02 CH4 betrachtet werden. Zur Durchführung der mit der Be
handlung (Separation) der verunreinigten Gase zusammenhängenden Berechnungen ist die 
Kenntnis der thermodynamischen Angaben des Zweikomponentensystems erforderlich im 
breiten P-V-T-X Bereich. Außer der unmittelbaren Erm ittlung müssen die thermodynami
schen Kennwerte auch theoretisch erm ittelt werden. Die Zustandsgleichung BW R dient mit 
der korrigierten Mischungsregel und mit den revidierten Komponentenparametern zu diesem 
Zweck. In beiden Teilen dieser Abhandlung sind die Ergebnisse derartiger Berechnungen in 
Tabellen und durch Diagramme vorgeführt. Diese Berechnungen umfassen einen Tem peratur
bereich von —120 °C bis + 30  °C und einen Druckbereich von 10 bis 80 at, und bedecken das 
Gasbereich, den Flüssigkeit und Dampf Gleichgewichtsbereich, den Flüssigkeitsbereich und 
schließlich den Festzustand — Flüssigkeit — Dampfbereich.
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ERSTELLUNGSMETHODEN DER STATISTIKEN 
VON SPITZENBELASTUNGEN

E. JÁNOSDEÁK*
KANDIDAT D ER  TECHNISCHEN WISSENSCHAFTEN  

[Eingegangen am 3. November, 1980]

Die Statistik von Spitzenbelastungen, d. h. von während der Lebensdauer von 
stochastisch beanspruchten Strukturen auftretenden höchsten Belastungen, ist in der 
L iteratur bisher teils auf Grund der statistischen Theorie der Extrem en zur Deutung 
von Messergebnissen, teils auf Grund der Theorie der kontinuierlichen stochastischen 
Signale insbesondere auf den Fall von Gaussschen Signalen angewendet worden. Es 
wird gezeigt, daß auf Grund dieser letzteren Theorie auch eine allgemeingültigere, die 
bisherigen Ergebnisse in sich integrierende Behandlung des Problemkreises möglich 
ist, was eine wichtige Voraussetzung dafür geschaffen hat, daß — unter Einbeziehung 
der Rechenmethoden für das dynamische Verhalten von Strukturen — die Statistik 
der Spitzenbelastungen schon im Entwurfsstadium bestimmt werden kann.

1. P rob lem ste llung , gegenw ärtiger E n tw ick lu n g sstan d

A ngesich ts  des d y n am isch en  B ru ch es v o n  sto ch astisch  b e a n sp ru c h te n  
S tru k tu re n  is t die K e n n tn is  je n e r  B eansp ruchungsg renze, w elche m it  gew äh lte r 
W ah rsch e in lich k e it v o n  d en  S p itzen b e la s tu n g en  n ich t ü b e rs c h r it te n  w ird , von 
h ö ch stem  In te resse . U n te r  S p itz e n b e la s tu n g  w ird  jen e  hö ch ste  B e la s tu n g  v e r
s ta n d e n , w elche in  e inem  gew issen B e trieb sze itin te rv a ll (z. B . L eb en sd au er) 
a u f t r i t t .  D iese F rag e  w u rd e  z u e rs t u n te r  E inbeziehung  v o n  L a s tk o lle k tiv 
m essungen  u n d  der s ta tis tis c h e n  T heorie  d er E x trem en  u n d  d e r  fo lgenden  
A n n ah m en  b e a n tw o rte t:

— S ta t io n ä r i tä t  u n d  E rg o d iz itä t  des B elastungsgeschehens;
— Z erlegung  in  d isk re te  »Ereignisse« d er sich k o n tin u ie rlich  än d e rn d e n  

B e la s tu n g  (z. B . B erü ck sich tig u n g  von  S p an n u ngssp itzen );
— V erte ilu n g  ex p o n en tie llen  T y p s d e r E reignisse, w as in  v ie le n  p ra k 

tisch en  F ä llen  zu tr if f t .
Im  A n h an g  h ab en  w ir fü r  die C h arak te ris ie ru n g  dieses E n tw ic k lu n g s 

s tan d es  — g ru n d sä tz lich  d en  G ed an k en g an g  von O. Buxbaum u n d  O. Swenson 

[1] fo lgend  — die A b le itu n g  m itg e te ilt  d a fü r, d aß  w enn d er b e t r a c h te te  Z e it
in te rv a ll  in  Z  S egm ente  u n te r te i l t  w ird , die A nzah l der irgendw ie  d e fin ie rten  
d isk re ten  E re ign isse  m it r, die G renze d er B e lastu n g en  y*  m it y ,  d ie W ah rsch e in -

* Dr. E .  JÁ N O SD E Á K , Komszomol sétány 28, H-1105 Budapest, Ungarn
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l ic h k e it ,  w om it y  in  dem  b e tr a c h te te n  Z e itin te rv a ll n ic h t ü b e rsc h ritte n  w ird , 
m it  p ( 0) bezeichnen, b e i e in e r  exponentie llen  V e rte ilu n g  F(y*)  =  1 — e~xy* 
d e r  y *  W erte  der Z u sa m m e n h a n g

1 1 Г 1 1 yy  =  —  l n ------— - -j------ ln  Z
a  ln  ( l /p (0 ) )  a ( 1 )

b e s te h e n  m uß. D ie F o rm e l e rg ib t  wegen w äh ren d  d e r  A b le itu n g  e in g e le ite ten  
m a th e m a tis c h e n  N ä h e ru n g e n  n u r  fü r p(0)  W e rte  n a h e  1,0 eine a k zep tab le  
N ä h e ru n g , was aber n u r  e in e  F o lg e  von T ra n s fo rm a tio n e n  is t, w elche v o n  u ns 
zw eck s  V erg le ich b ark e it m i t  sp ä te re n  Z u sam m en h än g en  d u rch g e fü h rt w o rd en  
s in d . D e r  P a ra m e te r  a  m u ß  fü r  jedes u n te rs u c h te  B e lastungssigna l e x p e ri
m e n te l l  e rm itte lt  w erd en , w ä h re n d  r von d e r g ew ä h lte n , m ehr oder w eniger 
z u tre f fe n d e n  A rt d er D isk re tis ie ru n g  a b h ä n g t u n d  so m it eine gewisse U n 
s ic h e rh e it  in  der A n w en d u n g  d a rs te llt.

T . Dahlberg [4, p p . 24 6 , Form el 14] g ib t fü r  d en  F a ll von s ta tio n ä re n  
G a u sssc h e n  Signalen fo lg en d e  Lösung:

У — °V [2 ln  {ay T ß n a y P , ) ] 1'2. ( 2)

Oy u n d  Oy bezeichnen h ie r  d ie  S treu u n g  der B e la s tu n g  y*  bzw . der B e la s tu n g s
g esch w in d ig k e it y * , P 1 i s t  d ie  W ahrsch e in lich k e it d a fü r, daß  der P egel у  
(m in d e s te n s  einm al) in n e rh a lb  des Z eitin te rv a lles  T  ü b e rsc h ritte n  w ird.

2. D ie Berechnung der Statistik von Spitzenspannungen auf Grund 
der Theorie der kontinuierlichen stochastischen  Signale

W ir w erden ze igen , d a ß  a u f  G rund d e r T h eo rie  d er k o n tin u ie rlich en  
s to c h a s tisc h e n  Signale u n d  in  völligem  E in k la n g  m it  (1) u n d  (2) als spezielle 
F ä l le ,  eine B e a n tw o rtu n g  v o n  allgem einerer G ü ltig k e it des um rissenen  P ro 
b le m s  m öglich is t, w as — ab g eseh en  vom  th e o re tis c h e n  In te resse  — au ch  der 
E rh ö h u n g  der Z u v e rlä ss ig k e it der B em essung z u g u te  k o m m t.

W ir gehen von  d e r  s e h r  p lausib len  A n n ah m e a u s , d aß  die au f te ch n isch en  
O b je k te n  m essbaren S ig n a le  a u f  langen (m it d e r L e b e n sd a u e r v erg le ichbaren ) 
Z e itin te rv a lle n  bezogen als s ta t io n ä r  und  e rg o d isch  zu  b e tra c h te n  sind , das 
h e iß t ,  d a ß  au f eine M enge v o n  O bjek ten  in  b e s tim m te n  Z e itp u n k ten  geb ilde te  
S ta t is t ik e n  (z. B. E f fe k tiv w e r te , M om ente v e rsc h ie d e n e r O rdnung) e in an d er, 
u n d  h insich tlich  der e in z e ln e n  O bjekte (S ig n a lrea lisa tio n en ) nach  d er Z eit 
g e b ild e te n  ähnlichen S ta t i s t ik e n  gleich sind . E s  s p r ic h t n ich ts  gegen die G ü l
t ig k e i t  dieser A nnahm e a u c h  b e i solchen te c h n isc h e n  O b jek ten , deren  B e tr ieb  
n a c h  d e r  U m gangssp rache  a ls  ausgesprochen » in s ta tio n är«  is t (z. B . die m e is ten
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F a h rz e u g g a ttu n g e n ), v o rau sg ese tz t, d aß  die B e tr ie b sa r t w äh ren d  d e r L ebens
d a u e r  u n d  h in s ich tlich  d e r b e tra c h te te n  O b jek tm en g e  sich n ic h t ä n d e r t. W ir 
w ollen  n u n  bew eisen , d aß  die D u rch sch re itu n g szah l irgendeines Signalpegels 
(B elastu n g sn iv eau s) in n e rh a lb  des Z e itin te rv a lle s  T , v o rau sg ese tz t, d aß  T  viel 
g rö ß er is t, als je n e  Z e itv ersch ieb u n g  r ,  w elche d u rch  das V erschw inden  der 
A u to k o rre la tio n  b e d in g t w ird , eine P o issonsche V erte ilu n g  au fw e ist. E s seien

и und V  Zeitpunkte, wofür 0 <; u  5Ç v  <  T  gilt,
und y ,  Signalpegel in и und t>,

ß und ő Signalgeschwindigkeiten in u und r,
у  der Signalpegel im allgemeinen,

ß, Уг, Æ) eine Verteilungsdichtefunktion,

B estim m en  w ir n u n  den  q u a d ra tisc h e n  M itte lw ert N y(T ) .  D as  P ro d u k t 
d er Ü b e rsch re itu n g szah len  in  den e lem en ta ren  Z e itin te rv a llen  d u ,  dv  u n d  in  
den  e lem en ta ren  B ere ichen  (dyu  dß) u n d  (dy2, dÖ) is t

U ns a u f  P eg e lü b ersch re itu n g en  in  n u r  p o s itiv e r  R ic h tu n g  b e sc h rä n k e n d , kön 
n en  w ir a u f die A b so lu tw erte  verz ich ten . D a n a c h  e rh a lte n  w ir f ü r y x =  y 2 =  y :

W ir fü h ren  n u n  d u rc h  U m k eh ru n g  d er In teg ra tio n sfo lg e  die B eze ichnung

N ,, Ny(T) die Durchschreitungszahl von у  in einer (positiven) Richtung in der Zeitein
heit, bzw. in T.

f u Á y n  ß, J v  b) dy  ! dyA  dß dö du dv 
dy  1 dy2

\ß\ ' Hl

=  l|S| • l<5| • fuviyv ß> S)dßdddudv (3)

(4)

ein. D a m it e rg ib t sich

(6)

N ach  E in fü h ru n g  d e r Z eitversch iebung

X =  v  — и ( 7 )

b e s te h t o ffensich tlich , d aß

S(u , v) =  S(y — u) =  S (u  — v) =  S (t) =  S (— t) , ( 8)

w o m it w ir s t a t t  (6)

( 9)

e rh a lte n .
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B ild  1. Deutung des Integrationsbereiches anhand der Formeln (9) und (10)

A n h a n d  des Bildes 1. z u r D e u tu n g  der In te g ra tio n sg re n ze n  fü h re n  w ir 
w e ite re  U m fo rm u n g en  d u rch :

r T  r v - T

Щ(Т)  : S { r ) { - d r ) d
' 0  J O

r — T  r T + X

■ - J 7  ■S (r )  d r  dv =

! I  S (r )  dv d r  -f- J I S (r )  dv d r  =  
J o  J o  J o  J t

T  r T - T

0 J o

*T r 7

.J> t) dv d rS ( t) dv d r  +

=  2 f  (T  -  r) S ( r )  d r  .
J o

Z erleg en  w ir (10) in  die S u m m e v o n  zwei In te g ra le n  so d aß  e T:

Щ Т )  =  2 {T  — r )  S (r) dr -{-2 Ç  ( T  — r) (S(r) d r .

Il 1 г
B e s tim m e n  w ir I v

I n  e inem  genügend k u rz e n  Z e itin te rv a ll e e n ts te h t  m it zu b e rü c k s ic h ti
g en d e r W ah rsch e in lich k e it k e in e , oder n u r eine einzige S igna lpege lübersch rei
tu n g , d e sh a lb  gilt m it ä u ß e rs t  g u te r  N äherung

( 10)

( И )

N%e) =  N y (e).

N ach  S u b s titu tio n  von  N 2(e) n a c h  (10) e rh a lte n  w ir

=  2 f ( e  -  r) S(r)  d r  =  T f j ë ) .
J o

( 12)

( 1 3 )
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D a im  F alle  e ines s ta tio n ä re n  S ignals l a u t  [2, Z u sam m en h an g  3 — 153], wenn 
m it f ( y ,  ß) eine D ic h te fu n k tio n  o hne  Z e itp a ra m e te r  b eze ich n et w ird ,

N y = ^ ß f ( y , ß ) dß:, (14)

b e s te h t o ffensich tlich

Щ ё )  =  N y  s  . (15)

N ach  S u b s titu tio n  in  (13) u n d  D iffe re n tia tio n  der beiden  S e ite n  n a c h  e:

A us (16) fo lg t, d a ß  w enn  £ sich a n  N u ll n ä h e r t, S ( t) m u ß  s ich  a n  N y - ö(z) 
n ä h e rn , w enn m it  ö(r)  die D iracsche Im p u ls fu n k tio n  b eze ich n e t w ird . U n ter 
B erü ck sich tig u n g  dieses Z usam m enhanges e rh a lte n  w ir fü r I x l a u t  (11):

h  =  2J * (T  - r )  N y - <5(t) d t  =  N y-  T.  (17)

B estim m en  w ir n u n  I 2 in  (11). W enn  e so gew ählt w ird, d a ß  fü r  r  <  e der 
W ert d er A u to k o rre la tio n  N ull w ird , die D ich te fu n k tio n  / ul, ( j j ,  ß , y 2, <5) fü r 
y 2 =  y 2 zerfä llt fü r  г  W erte , die d iese B ed ingung  erfü llen , in  d a s  P ro d u k t 
v o n  zwei id en tisch en  D ich te fu n k tio n en :

ß > У-, à) =  f { y ,  ß ) f ( y ,  Ô),

w o m it (5) in  F o rm  von

S (u , v) — S ( t) = Г  ßf (y ,ß)dß 1Г Г  ô f ( y ,  ô) dd
Jo Jo

geschrieben лverden k a n n .
U n te r  B e rü ck sich tig u n g  von  (14) e rh a lte n  w ir:

S(r )  =  ( N y) K

N ach  S u b s titu tio n  in  I 2 in  (11) e rh a lte n  w ir

=  2 - f  ( T - T ) ( N yy d T  =  (Ny)*-T>
J ççsiO

N ach  w eite re r S u b s titu tio n  von  (17) u n d  (21) in  (11):

N 2y(T ) =  I , + I 2 =  N y  T +  (N y)* T \

(18)

(19)

(20) 

(21) 

( 22)
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bzw . d a  in  an  (15) äh n lich e r W eise  N y(T) — N y • T , n a c h  U m form ung

Щ Т )  -  (Щ Т ))2 =  Щ Т ) . (23)

D a  d ie  Differenz des q u a d ra tis c h e n  M itte lw ertes  u n d  des Q u ad ra tes  des 
E rw a rtu n g sw e rte s  der V a ria n z  g le ich  is t, (23) d rü c k t d ie G leichheit der V arian z  
m it  d e m  E rw artu n g sw ert, w a s  b e i der P o issonschen  V erte ilu n g  erfü llt w ird . 
D ie  V erte ilu n g sd ich te  d e r A n z a h l x  der Ü b e rsch re itu n g en  des Pegels у  in  e iner 
e in z ig en  R ich tu n g  im  Z e it in te rv a ll  T  is t danach

p(x)  =  - • в - " .  • T . (24)

D u rc h  d ie  S u b stitu tio n  x  =  0 e rh a lte n  w ir die W ah rsch e in lich k e it d afü r, d aß  
d e r  S igna lpege l (B e la s tu n g sn iv eau ) у  in  dem  Z e itin te rv a ll  T  n ich t ü b e rsc h r it
te n  w ird :

p ( 0 ) =  e ~ R >  T . (25)

B e i p rak tischen  A n w e n d u n g e n  können w ir o f t  m it  einer ex p o nen tie llen  
o d e r e in e r  G aussschen V e r te ilu n g  der P eg e ld u rch sch re itu n g szah len  rech n en :

o d e r
N y =  N 0 е~лу , 

У
lVy =  lV0 e 2a'

(26)

(27)

w o N 0 d e r  M ittelw ert d e r D u rch sch re itu n g szah len  des N ullpegels in  d er Z e it
e in h e it ,  ос ein k o n s ta n te r  P a r a m e te r  und a  den  E ffe k tiv w e r t des G aussschen  
S ig n a ls  b ed eu te t.

N a c h  E insetzen  v o n  (26) bzw . (27) in  (25) e rh a lte n  w ir n ach  U m fo r
m u n g e n

i - ь  4 °
a  ln  (l/p (0))

+  — ln  T ,
а

(28)

b zw . n a c h  E in füh rung  v o n  P 1 =  1 — p(0)

У =  [2 ln ( N 0T j P j)]1'2, (29)

w as m i t  der Form el v o n  Dahlberg laut (2) id e n tis c h  is t, w enn w ir b e rü c k 
s ic h tig e n , daß e n tsp re c h e n d  d e r  Form el von  R ice  [ la u t 2, pp . 127, F o rm e l 
3 — 162 u n d  3 — 164] N 0 =  0yl2nOÿ ist. Die Ü b e re in s tim m u n g  m it d ieser le tz 
te n  F o rm e l in  dem  sp ez ie llen  F a ll  der G aussschen  S igna len  is t eine F o lge des
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gem einsam en th e o re tisc h e n  H in te rg ru n d es . Im  F a lle  der F orm eln  (1) bzw . (28) 
k a n n  m an  n u r  v o n  e iner vo llkom m enen A nalog ie  sprechen . In  gew issen F ä llen  
ab e r, bei e n tsp re c h e n d e r W ah l des B egriffes des d isk re ten  E reignisses, is t  auch  
eine vo llkom m ene Ü b e re in stim m u n g  der zw ei F o rm eln  zu e rre ichen . E s is t 
au ch  zu  e rw äh n en , d aß  la u t  der A b le itu n g  d ie q u a n tita tiv e  Z u v erläss ig k e it 
d er F orm el (28) au ch  bei p (0 ) 1,0 g esichert w erd en  k an n , inso fern  d ie  E rfü l
lung  d er an fän g lich en  V orausse tzungen  be i d e r A b le itung  gesichert is t.

D a p(0) in  A n b e tra c h t der D efin itio n  a u c h  als die W a h rsch e in lich k e it 
d a fü r g ed eu te t w e rd en  k a n n , d aß  keine S ig n a lsp itzen  den  Pegel y  ü b e rsc h re i
te n , k a n n  sie au c h  als V erte ilu n g sfu n k tio n  d e r S p itzen b e lastu n g en  a u fg e fa ß t 
w erden . F ü r  d en  F a ll e iner ex p o n en tie llen  P e g e lü b e rsch re itu n g sv erte ilu n g  
e rg ib t sich die V e rte ilu n g sd ich te fu n k tio n  d e r S p itzen b e lastu n g en  als d ie  e rste  
A b le itu n g  von  p ( 0) n a c h  y:

gc(y) =  N 0T<x . (30)

Als A nw endungsbeisp ie l d a fü r, d aß  die b ish e rig en  E rgebnisse  w elche M öglich
k e iten  der I n te rp re ta t io n  v o n  V ersuchsergebn issen  d arb ie ten , zeigen w ir  au f 
B ild  2. die zu v e rsch ied en en  P a ra m e te rn  p (0 ) gehörigen  G renzen q d e r S p itz e n 
sp an n u n g  in  dem  h in te re n  D ach p fo sten  eines O m nibusses in  A b h än g ig k e it von  
d er B e trieh sze it T , w äh ren d  a u f  B ild  3. die V erte ilu n g sd ich te  gc(ß) d e rse lb en

Ui ’ io6
T, 5

Bild 2. Zeitabhängigkeit der mit verschiedenen Wahrscheinlichkeiten nicht überschrittenen 
Spannungspegeln im hinteren Dachpfosten eines Omnibusses
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Bild  3. У erteilungsdichte der im hinteren Dachpfosten eines Omnibusses auftretenden Spitzen
spannungen innerhalb einer Betriebszeit von 4 • 10J s (anhand einer Menge von Realisationen

der Betriebszeit gedeutet)

S p itz e n sp a n n u n g  n a c h  einer B e trieb sze it v o n  T  =  4 • 104 s v e ra n sc h a u lic h t. 
D ie v ersuchsw eise , a n h a n d  e in er P eg e lü b ersch re itu n g sm essu n g  a u f  e in e r  Z e it
basis  v o n  1,44 • 103 s e rm itte lte n  P a ra m e te rw e r te  sind dabei N 0 =  1,895 •
• 1 0 -3  s ~ 1 u n d  oc =  5,0 • 10 -3  c m 2 d a  N -1  gew esen . Es sei noch  b e m e rk t , daß  

diese W e r te  als re ine E rfa h ru n g sw e rte  zu  b e tr a c h te n  sind  in  jen em  b eso n d e ren  
F a ll, w o die exponen tie lle  N äh e ru n g  n a c h  (26) n u r  bei sehr h o h en  P ege ln  
m ö g lich  is t .  I n  so lchen U m stä n d e n  v e r lie r t n a tü r lic h  N 0 seine p h y sik a lisch e  
B e d e u tu n g  als N u llp eg e ld u rch sch re itu n g szah l.

3. M öglichkeit der Erstellung von Statistiken von Spitzenbelastungen  
durch Vorausberechnung in  bezug a u f technische Objekte 

im  EntwurfstadiunP

W ir w ollen n och  zeigen, daß  die v o n  u n s  abg e le ite ten  Z u sam m en h än g e  
e in en  w esen tlich en  S c h r it t  in  R ich tu n g  d e r  V orausb erech n u n g  v o n  S p itz e n 
b e la s tu n g e n  von  O b jek ten  im  E n tw u rfs s ta d iu m  darstellen .
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In sb eso n d ere  die a u f  F ah rzeu g en  o ft m essbaren  ex p o n en tie llen  Pegel - 
d u rch sch re itu n g szah lv e rte ilu n g en  n a c h  [5] u n d  [6] e n ts teh en  d a d u rc h , d aß  der 
E ffe k tiv w e rt von  G aussschen S ignalen  m it P eg e ld u rch sch re itu n g szah lv e rte i-  
lu n g en  la u t  (27) sich bei n ah ezu  k o n s ta n te m  sp ek tra len  C h a ra k te r  in  d e r Zeit 
q u a s is ta tio n ä r , w iderum  einer G aussschen  V erte ilungsd ich te

g(°)  =  2 ____  -__ e-y44V*)'
( l /а ) \ 2 n

(31)

fo lg e n d  v e rä n d e rt. D er P a ra m e te r  a  erw eist sich d a  als d e r  K e h rw e rt der 
S tre u u n g  der E ffek tiv w erte , d e r im  F a lle  v o n  a u f  R a d a u fs ta n d s p u n k te n  au f
tre te n d e n  E ingangssignalen  von  S traß en fah rzeu g en , z. B . in  A n b e tra c h t der 
S traß en d eck en - u n d  G esch w in d ig k e itsv erh ä ltn isse , sich au ch  als E rfa h ru n g s 
w e rt an n eh m en  lä ß t. B ei gegebenem  sp e k tra le n  C h a ra k te r  d e r E in g an g s
signale  lassen  sich — das F ah rz e u g  als gegebenes lineares S y stem  b e tra c h te n d  — 
au ch  die E ffek tiv w erte  u n d  die sp e k tra le  V erte ilu n g  d er A usgangssignale  (z. B. 
S p an n u n g en ) d u rch  b e k a n n te  In p u t-O u tp u t  Z usam m enhänge  b e s tim m e n , w o 
durch  nochm als a n h a n d  d er schon  e rw ä h n te n  RiCEschen F o rm e l u n d  F orm el 
(31) au ch  die n u r  vom  sp e k tra le n  C h a ra k te r  abhäng ige  u n d  je  n a c h  S ignal 
e tw a  k o n s ta n te  N 0 u n d  die а  W e rte  d er A usgangsignale  fü r  d ie  A nw endung  
d e r F o rm el (28) b e s tim m t w erden  kö n n en .

D ie A nw endung  der F o rm el (29) bzw . (2) in  dem  in  der P ra x is  seh r se lten  
v o rk o m m en d en  G renzfall von G aussschen  S ignalen  m it k o n s ta n te m  E ffe k tiv 
w e rt (der F a ll eines A ckersch leppers z. B .) b e n ö tig t keine w e ite re  E r lä u te ru n g .

In  der P ra x is  k ö n n en  v o n  (26) u n d  (27) versch iedene P eg e lü b ersch re i
tu n g sv e rte ilu n g e n  a u ftre te n . D ie A n w en d u n g  d er F orm el (24) v o n  allgem ei
n e re r  G ü ltig k e it b e re ite t auch  in  so lchen  F ä llen  keine S chw ierigke iten .

A u f G rund  d er h ie r d a rg e s te llte n  Z usam m enhänge  w ird  es o ffen b ar, daß 
die B estim m u n g  in  dem  E n tw u rfs s ta d iu m  von  tech n isch en  O b je k te n  von  
P egelg renzen , die m it g ew ü n sch te r W ah rsch e in lich k e it w ä h re n d  d e r L ebens
d a u e r  n ic h t ü b e rsc h ritte n  w erden , in  Z u k u n ft von  der M öglichkeit d e r im m er 
besseren  V o rau sb erech n u n g  v o n  P eg e lü b e rsch re itu n g sv erte ilu n g en  a h h ä n g t. 
[5] u n d  [6] ste llen  einen d iesbezüg lichen  V ersuch  d a r fü r  F ä lle , wo n a c h  (26) 
o d er (27) getroffene A n n ah m en  n ic h t befried igen  können .

Z um  Schluß  m ö ch ten  w ir n och  d a ra u f  verw eisen, d aß  d ie  B e rü c k s ic h ti
g u n g  d e r e rö r te r te n  Z u sam m en h än g e  — tro tz  ih re r re la tiv e n  E in fa c h h e it — 
in  d e r V o rau sb erech n u n g  d er S p itzen b e lastu n g sg ren zen  eine ebenso  n ic h t e n t
b eh rlich e  V o rausse tzung  d a rs te llt , wie das V orhandensein  v o n  h o ch en tw ick e l
te n  F in ite  E lem en t-P ro g ram m sy s tem en , die die dynam ische  u n d  fe s tig k e its 
g em äße E rfassu n g  des V erh a lten s  von  k om plexen  S tru k tu re n  im  F a lle  von  
gegebenen  E ingangssignalen  erm öglichen .
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ANHANG

Es sei F(y) die Verteilungsfunktion einer in der Zeit diskreten stochastischen Variablen 
y* (Belastung). Jenen Zeitintervall, in bezug auf welchem wir die Statistik der Spitzenwerte 
(höchste im betrachteten Zeitintervall, z. B. Fahrzeuglebensdauer, je nach Realisation er
reichte W erte) erstellen wollen, teilen wir in Z  Segmente auf; jeder Segment enthalte r diskrete 
Ereignisse betreffend y*. Die Wahrscheinlichkeit dafür, daß jeder von diesen innerhalb der 
Grenzen у  verbleibt, ist offensichtlich

Р д =  Fr(y), (1*)

während die Wahrscheinlichkeit dafür, daß eine Überschreitung auftritt

PE =  1 -  Pa  (2*)

ist. W enn die Verteilung der Ereignisse dem exponentiellen Gesetz folgt, lautet die Vertei
lungsfunktion

F(y) =  1 -  e~ay. (3*)

Logarithm ierend (1*), dann die so erhaltene logarithmische Funktion in eine Taylorsche Reihe 
entwickelnd nach F(y) um den W ert 1,0, nur die ersten zwei Glieder erhaltend bekommen wir

ln PA M r[F(y) -  1] , (4*)
wonach

PA ad е'1р(У)-4 . (5*)
Nach Substitution von (3*):

P A Sd 1 -  е-г‘- ау. (6*)

Jene Anzahl Z  von Segmenten, welche dazu notwendig ist, daß die Überschreitung des Pegels 
у  durchschnittlich einmal Vorkommen soll, ist gleich 1 /Pe; demnach jene Anzahl Z, welche 
zur erw ähnten Überschreitung nach wiederholten Versuchen von der Dauer von Z  Segmenten 
mit einer relativen Häufigkeit bzw. Wahrscheinlichkeit P, führt,

ist.
Z Л  ■. Pi

—  1 _  е -ге -м (7*)

W ährend in [1] dieser Zusammenhang angewendet wird, führen wir zum Zwecke der 
Vergleichbarkeit mit unseren Zusammenhängen noch weitere Umformungen durch. Das 
exponentielle Glied nach -\-e~â  in Reihe entwickelnd und nur die erste zwei Glieder erhaltend 
bekommen wir

Z = ( 8 * )
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oder nach weiterer Umformung

Nach Einführung von 

das ist

1 p  1
------ ln — +  — ln Z .J a r a

p(0) = 1  P , ^  e~P‘ ,

1P t s í ln

nach Substitution in (9*) erhalten wir

1

P ( 0 )  ’

y  s* — ln 1
a ln (l/p(0)) a 1 n Z .

(9*)

(10*)

( 11*)

( 12*)

255

Methods for the Statistical Treatment of Peak Loads. — The statistics of peak loads, 
th a t is, the highest loads occurring in the lifetime of structures submitted to stochastic load
ings, is applied by the literature to the subject, up till now partly on the basis of the theory 
of statistics of extreme values for the evaluation of measurement results, partly on the basis 
of the theory of continuous stochastic signals, particularly for the case of the Gaussian signals. 
I t is pointed out th a t on the basis of this la tter theory also a treatm ent of the problem] of 
general validity involving the results found so far, is possible. This created, by making use of 
the calculation methods for estimating the dynam ic behaviour of structures, a significant 
precondition for the establishment of the statistics of peak loads, already in the phase of 
designing.
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A STATE ESTIMATION METHOD FOR NONLINEAR  
DISTRIBUTION NETS
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The paper gives an estimation method for the non-measured sta te variables 
of non-linear nets (gas and w ater nets, etc.). The state estimation occurs in two steps. 
In  the first a pre-estimation of the node loads are calculated founded on long-time 
statistical data of the total network load and on some hypotheses concerning the 
structure of the load distribution. In the second step the node load data are refined by 
an LS-estimation. The quality index of the estimation has a minimum if the calculated 
node potentials and the measured ones differ minimally. According to the non-linear 
character of the system, the estimation is executed as a recursive process of linear 
estimation steps.

In tro d u c tio n

T h e  im p o rtan ce  o f p ra c tic a l s ta te  e s tim a tio n  m eth o d s fo r d is tr ib u tio n  
n e ts  is ev id en t considering  th a t  th e ir  in s tru m e n ta tio n  is g en era lly  p o o r. Some 
re le v a n t  p ap ers  on th e  to p ic  a re  in  th e  b ib lio g rap h y  u n d e r [1], [2], [3]. I n  th e  
fo llow ing  a new  s ta te  e s tim a tio n  m eth o d  is g iven, app licab le  a lso  fo r n o n 
lin e a r  n e ts , as gas oil, w a te r  n e ts , e tc . W e assum e th a t  th e  c o m p u te r  d a ta  
m a n a g e m e n t system s of th e  n e t  c o n ta in  all d a ta  on th e  to p o lo g y , on  p h y sica l 
c h a ra c te r is tic s  o f th e  b ran ch es , on  th e  locations o f th e  in d iv id u a l co nsum ers, 
a n d  on  th e ir  in teg ra l consum es reg is te red  m an u a lly  fo r acco u n tin g .

O u r considera tions are  fo u n d e d  on th e  follow ing:
a )  T h e  n e t is in  s ta t io n a ry  s ta te .
b)  O n th e  nodes a g rea t n u m b e r  o f  consum ers are  co n n ec ted . (T he con

su m p tio n s  of in d iv id u a l consum ers can  v a ry  in  th e  lim its  o f  som e h u n d re d  
p e rc e n ts .)

c)  T h e  source flow s an d  th e  co n su m p tio n  of large co n su m ers  a re  con
t in u a l ly  reg istered .

d )  T he  s ta te  v a riab les: th e  e lec tric  node p o te n tia ls , th e  n o d e  p ressu res , 
e tc . a re  co n tin u a lly  reg is te red  in  n M nodes, w here nM 0,1 n ; n  is th e  to ta l  
n u m b e r  o f  nodes.

* Dr. D. S i n g e r  II. Nyéki u. 9., 1021 Budapest, Hungary
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T h e  e s tim a tio n  m e th o d  consists from  tw o  s te p s : a )  th e  p re -e s tim a tio n  
o f  th e  n o d e  loads, b)  th e  re fin in g  of th e  node lo ad  e s tim a tio n  w ith  a m e th o d  
ap p licab le  also fo r n o n -lin e a r system s, c)  c a lc u la tin g  th e  b e s t e s tim a te  o f th e  
s ta te  v a ria b le s  (node p o te n tia ls ) .

Pre-estimation o f  node loads

T h e  m ass ba lan ce  o f  th e  n e t can  be g iven  in  th e  fo llow ing form

J w M (t) +  J  J WBij(t) -  J W J f )  =  0 .  (1)
1 =  1 1 =  1 j = l  1 =  1

Wsi is th e  source flow  o f th e  i - th  node, WAi is th e  to ta l  con su m p tio n  of con
su m ers  w ith  no in s ta n ta n e o u s  flow  m etering  a t  th e  i - th  node, WBi is th e  to ta l  
c o n su m p tio n  of consum ers w ith  flow m ete rin g  (la rge  consum ers) a t  th e  i- th  
n o d e , bt is its  n u m b er.

A s a first gess we assu m e  th a t ,  th e  tim e  d ep en d en ce  o f th e  node loads 
d iffers  a p p ro x im a te ly  o n ly  in  a m u ltip lica tio n  fa c to r  с,- from  th a t  of th e  
total n e t  lo ad  W*(t), o r ig in a tin g  from  th e  n ode  co n su m p tio n s IVAi(t)

WAi(i) =  CiW*(t), i =  1, 2, . . . , n  (2)

A cco rd in g  to  (1)

w * ( t )  =  J l V J t )  -  J  J i v BlJ(t) . (3)
1= 1  1= 1  J = 1

F o r  th e  d e te rm in a tio n  o f  ct w e use th e  p lau sib le  a ssu m p tio n  th a t  (2) holds 
also fo r  th e  y ea r-m id d les , th e re fo re

WAi(t) 
W*{t) ■

(4)

T h e  p re -e s tim a te s  o f th e  n o d e  lo ad  co m pu tab les f ro m  th e  av a ilab le  d a ta , are, 
in  v e c to r ia l  form

We(t) =  WA( t ) + W B(t). ( 5 )

R e f in in g  o f  the node-load estimates

W e refine  th e  n o d e -lo ad  estim a tes  defin ing  th e  e s tim a tio n  q u a lity  index  
R  in  th e  follow ing m a n n e r: R  w ill be m in im al if  th e  node p o te n tia ls , ca lcu la ted  
acco rd in g  to  th e  b e s t e s tim a te s  of th e  node lo ad s , d iffe r m in im ally  from  th e  
d ire c tly  m easu red  n o d e  p o te n tia ls . R  has th e  fo rm

«

R  =  £ {(ем —  ~ем)  0 ( ем  —  ём )} ■ (6)
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eM an ti eM are  th e  ca lc u la ted  an d  m e a su re d  p o te n tia ls , 0  is a w e ig h tin g  (d ia
gonal) m a tr ix ; eM c a n  be ca lcu la ted  fro m  W  using  th e  n e tw o rk  e q u a tio n

•(*) =  F [ W ( t ) ] .  (7)

P a r t i t io n in g  (7) acco rd in g  to  th e  nodes w ith  m easu red  and u n m e a su re d  p o te n 
tia ls , eM and  еи  re sp ec tiv e ly , e =  one ob ta ins

• a* »  =  Film*)] (8)

*u(t) =  F z[W ( t ) ] .  (9)
A

T h e  o p tim a l e s tim a te  o f 1V(t), W(t)  is a cc o rd in g  to  th e  c o n d itio n  R  —*■ m in ,

w(t) = frW*)] (io)
w h ere  F f 1 is th e  in v e rse  fu n c tio n  o f  F j  a n d  eM(t) is th e  o p tim a l v a lu e  of 
eM(t). F o r  th e  n o n -m easu red  p o te n tia ls  w e o b ta in  from  (9) a n d  (10)

ev ( t )=  F2{Fr'[eMm  ( П )

The explic it  form ula tion  o f  the network equations

T h e  e s tim a tio n  o f  IT(t) w ill be a m u lt is te p  recurcive lin e a r  p rocess. W e 
th e re fo re  fo rm u la te  th e  n e tw o rk  e q u a tio n s  in  a linear recursive fo rm . A ccord 
in g  to  th e  m e th o d  o f  com pan ion  m odels, th e  so lu tio n  of a n o n -lin e a r n e tw o rk  
can  b e  rep laced  b y  a  recu rsive  series o f  l in e a r  netw orks of th e  sam e  to p o l
ogy [4]. T h e  b ra n c h  e q u a tio n  o f such  a  m o d e l can  be ob ta in ed  in  th e  follow 
ing  m a n n e r  (F ig . 1).

— W —
♦ im»1 Gm

t ------------- — A / W V — -------- •

Fig. 1

E x p a n d in g  th e  b ra n c h  eq u a tio n  i =  f ( v )  in  a  tru n c a te d  T a y lo r series, one 
o b ta in s

;m+1 _:m +
di
dv

(v" Vm), ( 12)

or
im+ 1 =  Gmvm+1 +  ( im —  Gmvm) ( 1 3 )

3* Acla Technica Academiac Scientiarum Hungaricae 92, 1981
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w here Gm =  di/dv  |v=v>». T h e  exp ressio n  in  p a re n th e se s  in  (13) can  be  c o n 
sid e red  as a  source flow  I m. T h e  com pan ion  m o d e l o f  th e  whole n e tw o rk  c a n  
be s y n th e s iz e d  from  th e  one o f  th e  single b ra n c h  in  F ig . 1. T he resu ltin g  m o d e l 
is a  n e tw o rk  consisting  from  lin e a r  resisto rs (co n d u c tan ces), v ir tu a l a n d  re a l  
flow  so u rc e s , resp . T he c o m p an io n  m odel of a s im p le  gas n e t consisting  fro m  
3 tu b e s  is  show n  in  F ig . 2. T h e  n o d a l eq u a tio n  o f  th e  lin ear ne tw ork  is

e =  — [A G A 7'}-1  [IVa —  AGV] . (14)

A  is t h e  n o d e  b ran ch  in c id en ce  m a tr ix , G th e  co n d u c ta n c e  m a trix , W a a n d  
V a re  t h e  n o d a l source lo ad  a n d  th e  b ra n c h  so u rce  p o ten tia l v e c to rs , r e 
sp e c tiv e ly : E q . (14) can  be  ap p lied  d irec tly  to  th e  l in e a r  com panion  n e tw o rk

em+l =  — [AGmA r ] -1  [IV f  +  W f \  (15)

w here  W™ =  W a —  AGmV; W f  — АГ"; W m is th e  effective, W f  th e  v ir tu a l  
n ode  lo a d  o rig in a tin g  fro m  th e  n o n -lin ea ritie s  o f  th e  netw ork. W ith  th e  
n o ta t io n  A G mA = Ym; W e +  W f  =  W m (15) becom es

em+i =  W m; m  =  0 , 1, 2 , . . . (16)

F o r d eco m p o sin g  (16) acco rd in g  to  (8) and  (9), w e decom pose W e to  [1V f i JVu \ 
a n d  Y m to

( 1 7 )
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T h e su b m atrices  У д  arc  defined  as follows:

YJ! =  An G™ Afj -f- A12 G£5 A2l; Vis =  An G™ Aj, +  A12G™2ĵ 2 

YS =  А21СЙАГ1 +  А22СЙАГ1; Yg =  A^GflAS +  A^GgA^ (18)

w here  A ij ,  G ^ an d  G ^  are  th e  a p p ro p ria te  su b m atrices  o f A  a n d  Gm.
T h e  inversion  o f Ym can  he  accom plished  accord ing  to  th e  ru les  for 

in v e rs io n  o f com posite  m a trices

[Ym]-t (19)

T h e  S^i deno tes th e  fo llow ing m a tr ix  expressions:

F orm ula tion  o f  the best estim ate o f  the node loads and  node p o ten tia ls

I n  (6) a  g lobal q u a lity  in d e x  o f  th e  e stim a tio n  w as fo rm u la te d . W e 
re fin e  th is  now  ask ing  th a t  all lo ad  v a lu es  o b ta in ed  b y  o p tim a l e s tim a tio n  
in  L S-sense shou ld  he as n e a r  as possib le  to  th e  p re -e s tim a te d  v a lu e s . T hus 
b es id e  (6), also

E { ( W n —  W p)T 4 !(W m —  W p)} — m in  (24)

sh o u ld  be va lid . W e w rite  h ere  W p in s te a d  o f W  for th e  v e c to r  o f  p re -e s tim a te d  
lo a d  va lues. U sing th e  sum  o f (6) an d  (24) as q u a lity  in d ex , w e o b ta in  w ith  
(22)
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R m =  E { { W m)T ©(Si)7" SJ* W m — eTMQ SxlFm — 

~{W m)T{ S?)T OeM +  -eTM Q e M +

+  (W m)T '¥  W m —  {W™)T ' ¥ W m —  ( W m)T W W p  +  W p 4! W p (25)

w h e re  SJ" =  [S ^ S ^ ] ; eM is  t h e  v ec to r of m e asu red  n o d e  p o te n tia l v a lues, 
© a n d  4P are  w eighing m a tr ic e s .

A s in  th e  sca lar case , th e  m in im um  of R m is c h a ra c te r iz e d  b y  th e  ro o ts  
o f  th e  eq u a tio n  d R ml d W m =  0. Concerning lin e a r  e s tim a tio n  m ethods, see 
e .g . [7 ], [8]. W e use th e  fo llow ing  rules fo r th e  d e r iv a tio n  o f  a m a tr ix  b y  
a  v e c to r ,

d(cT Fc)

dc
=  2cT F  ;

d (a r c) _ 

dc
(26)

w h e re  a  an d  c are a r b i t r a r y  c o lu m n  vectors, F  is a n  a r b i t r a r y  m a trix . A p p ly 
in g  (26) to  (25), one gets

( W m)T {S?)T © s ?  —  ~eTM © s ?  +  ( W m)T W —  

B y  re a rra n g in g  and  so lv in g , o n e  ob ta ins

ОII*

(27)

W m =  [(Snr ©sr +  W ]-1 [(S"')T 0  ~eM ~ W p\ . (28)

W m is  th e  best e s tim a te  o f  th e  node loads in  th e  m -th  recu rsio n  cycle.
S u b s titu tin g  th e  n u m e ric a l values of (28) in  E q . (21), one ob ta in s  a 

(m  -f- l ) - t h  value fo r th e  b e s t  estim a te  o f th e  n o d e  p o te n tia l  v ec to r. T he 
re c u rs io n  process c a n  b e  c o n tin u e d  ca lcu la tin g  new  v a lu es  fo r Gm an d  J m 
a n d  acco rd in g  to  th e se , a lso  n ew  values for th e  m a tr ic e s  an d  S*i can  be 
o b ta in e d . U sing th e se  in  (28), one ob tains b e t te r  v a lu e s  fo r  JVm, e tc . T he 
re c u rs io n  is con tin u ed  u n t i l  — W m\ <[ e w h ere  e is a g iven sm all
v e c to r .  U sing th e  la s t  v a lu e  l ^ m, one can d e te rm in e  w ith  (21) th e  b es t e s ti
m a te s  o f  th e  node p o te n tia l .

A s a sh o rt re fe ren ce  h o w  to  use th e  m e th o d , w e give a sh o rt exam ple  
c o n c e rn in g  th e  h igh  p re ssu re  gas netw ork . T h e  c o n s ti tu t iv e  re la tio n s o f th e  
b ra n c h e s  here are

p \ - p \  =  k f .  (29)

a n d  p 2 are th e  p re ssu re s  on  b o th  ends of th e  b ra n c h , q is th e  flow , к  a co n 
s t a n t .  T o  tran sfo rm  (29) in to  th e  form  i =  / (v ) , w e d efine  new  p o ten tia ls  ZZy 
a c c o rd in g  to  ITj =  p j.

<1 M1/2
~k

(Я , -  Я 2)!/2 =  K v 1’2

w h e re  v  =  П 1 -— Я 2, К  =
1 U/2 

к

(30)
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F ro m  (13) an d  (30) we ge t fo r 

F o r  th e  co n d u c tan ce  m a tr ix  Gm an d

G ;1 a n d  5?

JT =  - ^ K j v f x rv?.

th e  v e c to r  of th e  v ir tu a l b ra n c h

Output

Fig. 3

(31)

source
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flow  J m a n d  A Jm =  W™, w e o b ta in  —  using th e  n o d e -to -b ase  p ressu re  v e c to r  
e, in s te a d  o f th e  b ra n c h  v e c to r  v =  77,- —  77y =  p? —  p j  — accord ing  to  th e  
r e la tio n  v — A Te

d iag  [AT(e 1/2)] is th e  m a tr ix  o b ta in ed  b y  th e  d ia g o n a liza tio n  of th e  v e c to r  

T h e  flow  sheet o f  th e  a lg o rith m  is on F ig . 3.

Some remarks

O u r sh o rt rem ark s  co n ce rn  th e  q u a lity , s ta b i l i ty  and  tim e  d e m an d  o f 
th e  m e th o d .

T h e  q u a lity  o f th e  e s tim a tio n  depends m a in ly  on  tw o fac to rs:
a )  th e  ra tio  of n o d es w ith  m easured  an d  u n m e a su re d  p o ten tia ls ;
b)  o n  th e  d is tr ib u tio n  u n ifo rm ity  of th e  m e a su re d  node in  th e  n e t.
O n  th e  convergence, one can  say  th e  fo llow ings: As ite ra tiv e  m e th o d s  

g e n e ra lly , also th e  g iven  a lg o rith m  is no t a b so lu te ly  convergen t. I t  is im 
possib le  to  give su ffic ien t co n d itio n s for th e  co n v erg en cy . The d an g er o f in - 
c o n v e rg e n c y  can be re d u c e d  b y  chosing a p p ro p r ia te  s ta r tin g  values fo r  A m 
an d  J m. F o r  th is  p u rp o se  i t  is useful to  ca lcu la te  th e  node p o ten tia ls  fo r  th e  
d re -e s tim a te d  values o f  n o d e  p o te n tia ls  w ith  a f a s t  s ta n d a rd  analysis p ro g ra m  
fo r n o n -lin e a r  ne tw o rk  [9].

T h e  tim e  co n su m p tio n  depends on th e  c o m p u te r  h ard w are  a n d  th e  
q u a l i ty  o f  th e  m a tr ix -o p e ra tio n  softw are. A cco rd in g  to  th e  sp a rs ity  o f th e  n e t 
w o rk  in c id en ce  m a tr ix , a  m a tr ix  inversion  so ftw a re  u tiliz ing  th e  sp a rs ity  o f  
th e  n o d e  b ra n c h  inc idence  m a tr ix  is in  all c irc u m s ta n c es  on p lace. T he second  
fa c to r  in flu en c in g  c o m p u te r  tim e  is th e  “ s t r e n g th ”  of th e  n o n -lin ea ritie s . 
F o r  a  l in e a r  ne tw ork , th e  e s tim a tio n  needs o n ly  one i te ra tio n  step .
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Eine Estimationsmethode für Nichtlineare Verteilungsnetze. Die Arbeit beschreibt 
eine Estimationsmethode für Zustandsvariablen von nicht linearen Netzen (Gas- und Wasser
netzen usw.). Die Estimation verlauft in zwei Schritten. Im ersten Schritt wird eine vor
läufige Vorhersage der Knotenpunktsbelastungen auf Grund statistischen Überlegungen 
gegeben. Im zweiten Schritt werden diese Daten auf Grund einer LS-Estimation verfeinert. 
Der Qualitätsindex der Estimation weist ein Minimum auf, wenn die Abweichungen der 
gemessenen und berechneten Knotenpunktdrücke eine minimale Abweichung aufweisen. 
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fahren dar.
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C Y L I N D E R - S Y M M E T R I C A L  A N D  P L A N E  P R O B L E M S

G. LÁMER*

[Manuscript received March 12, 1980]

In this paper the cylinder-symmetrical and plane problems are systematized 
and analysed. A review is given on the literature for the subject dealing with the defi
nition of the problems and pointing out the discrepancies in them. By considering the 
diverging definitions as different problems, new types of states have been defined both 
in the case of the existence of cylindrical-symmetry and plane problems. Uniform 
definitions of the newly introduced states, equations determining them , and the func
tion classes of the solutions valid for the displacement components are presented. 
In the process of the analysis it has been pointed out tha t the uniformly defined states 
differ from each other by a stress component each, and only in this conception is it 
possible to trace back the plane stress pattern to the plane deformation state by the 
transformation of the moduli of elasticity.

Symbols

the

— unit vectors in a system of orthogonal coordinates
— orthogonal coordinates
— Cartesian coordinates
— cylindrical coordinates
— displacement vector
— displacement component
— displacement components in a system of Cartesian coordinates 

displacement components in a system of cylindrical coordinates

deformation tensor; its components being t/Xe) =  -jç- — b — ^-1 :J 2 V dxj dxj J 
tex t the more generally adopted notation ex, . . . , yxy, . . . are used.

— volumetric change, e — 1ц(е) 
stress tensor, its components being <y(cr) =  Ad^e - f  2 Gt/;{e); in the text the 
more generally adopted notation ax,
Kronecker’s symbol

— Lame’s coefficients of elasticity
— coefficient of transverse contraction, p =  A/2(A +  G) 

translation by vector f  directed to unit vector к
— mirror image to plane of normal к
— displacement components independent of z
— displacement components independent of <p 
d~

are used

dy'1 two-dimensional Laplacian operator

* L a m e r , G. Dipl. Eng. Vas u. 15/B, H-1088 Budapest. Hungary
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1. In troduc tion

I n  de te rm in in g  th e  s tr e s s  p a t te rn  of a s tru c tu re , m odels o f d iffe ren t 
ty p e s  (b a r ,  p la te , shell) a re  u s e d  accord ing  to  th e  g eo m e trica l co n d itio n s. In  
th e  c a se  o f  a more com plex  g e o m e tr ic  con fig u ra tio n  th e  govern ing  eq u a tio n s  
o f  th e  th e o r y  of e las tic ity  s h o u ld  be  applied . A lso th e s e  eq u a tio n s  m ig h t be 
re d u c e d , th u s  for exam ple, in  ca lcu la tin g  solids o f  re v o lu tio n  w ith  cy linder- 
s y m m e tr ic a l  load or in  so lv in g  in p lan e  p rob lem s. I n  t h a t  w ay , th e  th ree -  
d im e n s io n a l problem  w ill be  r e d u c e d  to  a tw o -d im en sio n a l one. (Or, expressed  
m o re  p re c ise ly , the  m e c h a n ic a l s ta te  ch arac teris tics  a re  th e  fu n c tio n s o f on ly  
tw o , b u t  n o t  of th ree  v a r ia b le s ;  th e  solid to  be in v e s tig a te d  is in  b o th  cases 
o f th r e e  d im ensions.) T his re v e a ls  th e  fac t th a t  th e se  p ro b lem s are  th o ro u g h ly  
e la b o ra te d  chap ters of th e  th e o r y  o f  elastic ity .

1.1 T h e  theo ry  an d  c a lc u la t io n  of th e  solids o f  re v o lu tio n  is ex ten s iv e ly  
e la b o ra te d , p articu la rly  th e  th e o r y  of th e  c ircu la r sy m m e tric a l p la te s  an d  
shells  w h e re  th e  two free a rg u m e n ts  can be d iv ided  (w h ich  is th e  case o f p la tes) 
o r, a n a ly t ic  re la tionsh ips c a n  b e  estab lished  for th e ir  d efin itio n  ( th e  case of 
shells  o f  revo lu tion ). T hese p ro b le m s  are d ea lt w ith  b y  th e  m ono g rap h s [21] 
a n d  [3 6 ] . O ne of th e  m o st c o m p le te d  stud ies [15] w r it te n  a b o u t th e  th e o ry  
o f th e  th ree -d im en sio n a l so lid s o f  rev o lu tio n  (i.e., th ic k -w a lle d  shells o f re v o lu 
tio n )  t r e a t s ,  beside th e  p ro b le m s  o f th e  th e o ry  o f e la s tic ity , also t h a t  o f th e  
th e r m a l  stresses and  n o n -e la s tic  b ehav iou r, n o t o n ly  in  th e  case o f cy linder- 
s y m m e tr ic a l  loads b u t  also in  th e  case of loads o f  o p tio n a l p a tte rn . A lm ost 
in  a ll th e o re tic a l  and p ra c tic a l w o rk s , a few ch ap te rs  a re  assigned  to  th e  th e o ry  
o f  t h e  so lid s  of revo lu tions [2, 3, 6, 10, 18, 19, 26, 31, 34], an d  in  th e  f in ite  
e le m e n t m e th o d , as an  a p p lie d  schem e of so lu tion , also th e  rin g  sh ap ed  ele
m e n ts  n e e d e d  for th e  c a lc u la tio n  o f  the  solids o f re v o lu tio n  ap p ea red  [5, 16, 
23, 2 5 , 2 7 , 37, 38].

1.2 Q uoting  th e  w o rd s o f  L u r j e : “ The p la n e  problem  constitutes the 
chapter o f  the theory o f  e la stic ity  being elaborated generally and  in  the most detailed  
iva y ., ’> (S ee  [19], p. 462.) T h e  ju s tif ic a tio n  of th is  s ta te m e n t is to  be fo u n d  
in  th e  e a se  w hich is a ssu red  b y  th e  solu tion  of p a r t ia l  d iffe ren tia l eq u a tio n s  
o f tw o  v a riab le s  in  c o m p a riso n  to  th a t  o f th e  p a r t ia l  d iffe ren tia l eq u a tio n s  
o f  th r e e  v ariab les. The e v o lu tio n  o f  plane p rob lem s, as one o f th e  c h a p te rs  
o f  th e  th e o r y  of e la s tic ity , to o k  p lace  a fte r th e  a d o p tio n  o f  th e  com plex  v a r i 
ab les  [1 4 ], [11, 12, 19, 22, 3 4 ] , a lso  a  g rea t n u m b e r o f  so lu tio n s b y  th e  a p p lic a 
t io n  o f  non-com plex  fu n c tio n s  a lso  occurred  ( th e o ry  o f  b en d in g , e lastic  p lane , 
h a lf -p la n e  an d  wedge) [7, 8 , 10 , 11, 17, 19, 24, 32, 33, 34, 35].
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2. Survey on the literature on the subject

2.1 Cylindric-symmetrical state

T he te c h n ic a l l i te ra tu re  re la tes to  th e  cy lin d er-sy m m etrica l p rob lem s, 
to  geom etric  co n fig u ra tio n s  of cy lin d e r-sy m m etry , i.e ., to  solids o f  re v o lu 
tio n  [2, 3, 6, 18, 19, 31, 32, 33]. In  th e  s ta te  o f c y lin d e r-sy m m etry , beside 
th e  d e fo rm a tio n  an d  s tre ss  fields, also th e  d isp lacem en t field is co n sid e red  as 
cy lin d er-sy m m etric . In  th a t  case, b o th  th e  equ ilib riu m  and  g eo m e tric  eq u a 
tio n s fall in to  tw o  g roups (T able 1). Such an  a rran g em en t o f th e  cy linder- 
sy m m etrica l p ro b lem  m a y  be found  in  th e  p e r t in e n t  lite ra tu re  [6, 19, 26, 33], 
w hile sev era l a u th o rs  [2, 3, 10, 18, 31, 32 ], in  th e  case of ax i-sy m m e tric a l 
lo ad in g  o f th e  solids o f  rev o lu tio n , in  in v e s tig a tin g  th e  d isp lacem en t f ie ld , i.e., 
th e  d e fo rm a tio n  an d  s tress fields, consider th e  ax isy m m etry  to  be a t  th e  sam e 
tim e  a cy lin d rica l sy m m e try  an d  a x isy m m e try , ad d  to  th e  in d ep en d en ce  on cp, 
also th e  co n d itio n s  иç =  0 and  r rtf — tvz =  0. This w ay  of p ro ceed in g  does 
n o t lead , in  p ra c tic e , to  an  e rro r, because b y  th e  req u irem en t o f  a x isy m m e try  
th e  to rs io n  is s e p a ra te d  from  th e  general cy lin d er-sy m m etrica l s ta te . I n  tu rn , 
th e  a x isy m m e try  in  i tse lf  also p e rm its  n o n -cy lin d er-sy m m etrica l lo a d in g  (for 
exam ple , in  th e  case o f p u re  bending). T h ere fo re , i t  is conven ien t to  em phasize

Tabic 1

Cylindric-symm etrical state

Ev enly cylindric-symmetrical s ta te Torsion

()<jr 1 dTrz 1 ar az A
dTr<f d T <pZ , 2тГ1р aEquilibrium

equations
dr dz r

drrz
4. () (’ г  1 Х' г  О

dr dz r ~ ~ °
dr dz r

Geometrical
d u r

e ' ~  d r
d u z
d z

1
Vrq> —  2

Í d l l q )
V I T

equations f 1 1 d u r d u 2 ) 1
r f z -  2

d u c p
f  r ’ Jrz 2 {  d z d r  ) dz

th a t  th e  c y lin d e r-sy m m e try  an d  a x isy m m e try  should  ex ist at the same time. 
C onsidering  th e  d e n o m in a tio n  an d  in te rp re ta t io n  of th e  sy m m etrie s  [9, 20] 
a un ifo rm  d e fin itio n  m ig h t he suggested  w h ich  helps in  sep a ra tin g , a lso  th e  
d e fin itio n  from  each  o th e r, th e  cy lin d ric -sy m m etrica l s ta te s  c o n ta in in g  o r no t 
co n ta in in g  to rs io n . To th is  la t te r ,  a u th o r  suggests th e  d es ig n a tio n  evenly  
c y lin d e r-sy m m etrica l. N am ely , in  th is  s ta te  uv =  0, y  =  =  0, r rq> —
— Ту; =  0. T h e  o th e r  s ta te  ch a rac te ris tic s  a re  even functions  o f  th e  rad iu s  
in  a n y  p lan e  c o n ta in in g  th e  axis o f re v o lu tio n . T herefore, b y  a n a lo g y  o f  th e  
even fu n c tio n  used  in  th e  th e o ry  o f fu n c tio n s , th e  te rm  evenly  c y lin d e r-sy m 
m etrica l m ig h t be  suggested .
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2.2 Plane problems

I t  is  u su a l to  d iv ide th e  p la n e  problem s in to  th e  s ta te s  of p lane  d e fo rm a 
tio n  a n d  s tre ss  and  gen era lized  p lan e  stress.

T h e  p re fe rred  p lan e  is d es ig n a ted  b y  X O Y .
2 .2 .1  T h e  d e fin ition  o f  th e  p lane  d e fo rm a tio n  s ta te  is m o stly  u n ifo rm . 

T h e  m o s t  genera lly  a d o p te d  fo rm u la tio n  is as fo llow s [3, 7, 11, 17, 18, 22, 31 ]: 
in  th e  ca se  o f p lane d e fo rm a tio n  th e  co m p o n en ts  (и , v) of th e  d isp lacem en t 
in  th e  p re fe r re d  p lane a re  th e  fu n c tio n s of th e  v a riab le s  (x , y)  ly ing  in  th e  
d ire c tio n  o f  th e  co o rd ina tes d e fin in g  th e  p lan e ; w hile  th e  d isp lacem en t co m 
p o n e n t (w ) n o rm al to  th e  p la n e , is equal to  zero:

и =  u(x, y) ,

V =  v(x, y) , (1)

w  =  0 .

A n  equivalent form ulation  w ith the previous one is: in the case o f  p lane  
d eform ation , the displacem ents taking place in  th e  plane, are parallel to  
a g iv en  p lane (X O Y ) [2, 8, 32]. B ezuhov [2] changes over to the in vestiga tion  
of th e  deform ation and stress tensors. A . F ö p p l  and L. F ö ppl  [8] as w ell as 
T im o sh e n k o  [32] do not take w to  be equal to  zero:

и =  u(x, y ) ,

v =  v(x, y) , (2)

W  =  CjZ +  Cg .

L u r je  [19] an d  N ow acki [24] in tro d u ce  th e  s ta te  o f p lane d e fo rm a tio n  b y  
re d u c in g  th e  th re e  d im en sio n a l p rob lem  to  a  tw o-d im ensiona l one. W h ile  
L u r je  u ses  th e  re la tio n sh ip s  (2), N owacki co n sid e rs  th e  expressions

£z =  0 ,

Vyz =  0 , (3)

7zx =  0

as b a s ic  co n d itio n s; he does n o t  ca rry  o u t th e ir  in te g ra tio n , b u t  considers th e  
re la t io n s h ip s  (2) as th e  consequences of (3) w ith  th e  cond ition  =  0.

A  so lu tio n  also w ide ly  u se d  for d efin ing  th e  s ta te  is th e  in v e s tig a tio n  
o f a n  e x a m p le . This m e th o d  is b u ilt  on th e  sugg estiv en ess , a lth o u g h  co n s id e r
in g  th e  ex am p le  as h av in g  v e rify in g  force: T h e  in f in ite ly  long pr ism a tic  b a r  
( s t ru c tu re )  is in  th e  s ta te  o f p la n e  d e fo rm atio n  w h ich  is su b m itted  to  a  lo a d  
o f  in v a r ia b le  in te n s ity  in  th e  d irec tio n  к  [6, 10, 12, 26, 33, 34]. I t  is to  he n o te d
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that b y  [6, 33, 34] practical instances are investigated  by m aking use o f  the 
form ulae (1); in [10] using the form ulae (2), in  [26] formulae (1) and in [12] 
b y  m aking use o f the com plex theory o f  functions, the problem  is dealt w ith  
theorically  which refer on ly  to  the basic problem . Lu r je , A . F öppl and 
L. F öppl  after the definition m ention uses as the field of app lication  the 
exam ple m entioned above.

P ra c tic a lly , th re e  d e fin itions m a y  b e  sh a rp ly  sep ara ted . T h e  f i r s t  d efin i
tio n  a c c e n tu a te s  th e  p ro p e rty  o f th e  d isp lacem en t th a t  i t  is p a ra lle l to  p lane 
X O Y . T h e  second one ap p lied  on ly  b y  Nowacki, characterizes th e  d e fo rm a
tio n  as b e in g  p ara lle l to  th e  X O Y  p lan e . T h e  th ird  defin ition  is n o t  to  be con
sidered  as a d e fin itio n  b u t  as a consequence , i.e ., b y  tak in g  in to  a c c o u n t some 
neg lig ib le  q u a n titie s , (S a in t-V en an t’s e ffec t), as a fie ld  o f a p p lic a tio n .

2 .2 .2  Som e o f th e  a u th o rs  [6, 7, 12, 32] do n o t t r e a t  th e  p la n e  stress 
p a t te rn .  T h e  m ost genera lly  a d o p te d  is th e  d e fin itio n  [8, 11, 17, 18, 19, 33, 34] 
th a t ,  in  th e  solid, th e  p lanes being  p a ra lle l to  th e  p lane  X O Y  are  u n s tre sse d :

crz =  0 ,

V  =  o , (4)
rzx =  0 .

Som e o f th e  a u th o rs  p re fe r th e  i l lu s tra tiv e  defin ition . T h e y  consider 
a th in  d isc w hose faces a re  u n stre ssed  a n d  is, along its edge (i.e ., m an tle ) 
su b je c te d  to  a sy stem  o f forces p a ra lle l to  its  faces [2, 3, 22, 31]. B y  neg lec ting  
th e  th ic k n e ss  o f  th e  disc [2, 3, 10, 22, 31], a n d  assum ing  th e  lo a d  to  be  sy m 
m e tric a l, w ith  re sp ec t to  th e  b isec ting  p lan e  o f  th e  disc [22, 26 ], th e y  ap p ly  
in te g ra l (w hich  in  case o f Muszhelisvili [22] is a lready  e q u iv a le n t to  th e  
d e fin itio n  o f generalized  p lane  stress p a t te rn ) ,  change over to  th e  m e a n  v alue  
o f s tre ss . In  t h a t  case, if  th e re  are  no lo ad in g s a t  th e  basic faces, th e  re la tio n 
sh ips (4) are  va lid  in  th e  w hole disc to  th e  m ean  stress-values. F u r th e r ,  som e 
o f th e  a u th o rs  refe r to  th e  p rob lem  as a lre a d y  n o t being tw o  d im en sio n a l, 
because  th e  d isp lacem en t com ponen ts и a n d  v a re  a lready  also th e  fu n c tio n s 
o f  z a n d  w, X,  y .  T herefo re , also th e  d e fo rm a tio n  an d  stress te n so rs  a re  th e  
fu n c tio n s  o f  z. In  an a ly sin g  th e  p ro b lem , th e  a u th o rs  of th e  w o rk s  [11, 17] 
neg lec t th is  fa c t. Love [18] p o in ts  o u t t h a t  b y  th e  ap p lica tion  o f th e  fu n c tio n  
o f translation,  an d  Lubje b y  th a t  o f th e  stress  fu n c tio n , th e  role o f  th e  coo rd i
n a te  z. A f te r  in tro d u c in g  th e  s tress m ean  v a lu e , Love discusses th e  genera lized  
p lane  s tre ss  p a tte rn . Lurje assum es th e  lo ad in g  to  be sy m m e tr ic a l w ith  
re sp ec t to  th e  b isec ting  p lan e  o f th e  d isc a n d  trace s  th e  prob lem  b a c k  b y  th e  
in te g ra tio n  to  th e  p lane  d e fo rm atio n  s ta te ,  th u s , e lim inating  th e  co o rd in a te  
z an d  th e  d isp lacem en t com ponen t.

Nowacki considers the independence of the stresses of z as definite, and 

points out that the plane stress state also contains the torsion about the

axis z.
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I n  n e ith e r  of th e  d e fin itio n s , excep ting  Nowacki’s one, are to  he fo u n d  
d e fin ite  c o n tra s ts . T he f i r s t  d e fin itio n  s ta te s  t h a t  th e  planes X O Y  a re  u n 
s tre ssed . F u r th e r , b y  re fe rr in g  to  th e  exam ple , he  m en tio n s th a t  th e  o th e r  
s tre ss  co m p o n e n ts  are  in d e p e n d e n t o f z. N one o f  th e  au th o rs  m akes su ch  
a s ta te m e n t  defin ite ly  b u t  L u r j e . T he  second d e fin itio n  w hich is app lied  o n ly  
b y  Nowacki, considers th e  in d ep en d en ce  of th e  s tre sses  o f z as basic re la tio n . 
In  th e  t h i r d  defin ition , th e  th ic k n e ss  o f th e  disc in v e s tig a te d  has a s ig n ifican t 
ro le b e c a u s e  th e  ex ten sio n  in  th e  o th e r  tw o d irec tio n s  is m uch la rg e r, w h ere 
fore, t h e  s tre sses  ac tin g  a t  th e  su rfaces  of th e  p lan es  o f  no rm al к are  neglig ib le . 
T h is is  a lre a d y  a tr a n s it io n  in to  th e  p lane s tre ss  s ta te .

I t  is  to  be n o ted  t h a t  m o s t o f th e  a u th o rs  tra c e s  b ack  th e  p lan e  s tre ss  
p a t t e r n  to  th e  p lane d e fo rm a tio n  s ta te  b y  in tro d u c in g  th e  m oduli o f e la s tic ity  
} ’ =  2 XG/(?. -f- 2 G) a n d  G' =  G. T h is sim ilitu d e  is tru e  only  to  th e  s tre ss  
c o m p o n e n ts ; in  th e  case o f  th e  d isp lacem en t co m p o n en ts  a ce rta in  degree 
of a p p ro x im a tio n  shou ld  be  ap p lied .

2 .2 .3  Som e au th o rs  define  th e  generalized  p la n e  s tress p a tte rn  b y  n e g le c t
ing  th e  th ic k n e ss  of th e  d isc in v e s tig a te d  [3, 6, 12 ]. In  th e  stud ies [17, 18, 
19, 32] th e  stress m ean  v a lu e s  a re  in tro d u c e d  b y  in te g ra tio n . T hen , S a in t-  
V e n a n t’s p rinc ip le  is ap p lied  a n d  refers to  th e  fa c t  t h a t  th e  E qs (4) a re  v a lid . 
As a  m a t te r  o f course, also in  th is  case th e  in d ep en d en ce  or dependence on  z 
o f th e  o th e r  stress co m p o n en ts  m ig h t be con sid ered .

A s i t  m u st be s e p a ra te ly  decided fo r e v e ry  a c tu a l  in stance  th a t  ty p e s  
of th e  p la n e  problem s co idd  b e  ap p lied  w ith o u t a p p ro x im a tio n  or n o t, in  th e  
fo llow ing  th e  generalized  p la n e  problem s w ill n o t  b e  discussed.

2 .2 .4  T he p lane p ro b lem s can  also be d e fin ed  in  th e  system s o f c o o rd i
n a te s  o f  p rin c ip a l s tra in  a n d  p rin c ip a l stresses [4, 2 8 ]. I n  doing th is , th e  s ta te  
d e fin ed  fo r  one p o in t sh o u ld  ca re fu lly  be g en era lized  fo r th e  whole solid. F o r  
th is  re a s o n , in  p rac tice , a  d e fin itio n  defined  in  a n  e x te rn a l g lobal sy s tem  o f 
c o o rd in a te s , w hich is co ax ia l w ith  th e  p re fe rred  d irec tio n , has b een  w id e ly  
a c c e p te d .

3. D efin itions

I n  th is  p ap er i t  is a ssu m ed  th a t  th e  solids in v e s tig a te d  are o f h o m o g e
n eo u s, iso tro p ic , e lastic  m a te r ia l. F o r th e  c h a ra c te r iz a tio n  of th em  b o th  th e  
m o d u li o f  e la s tic ity  A a n d  G in tro d u c e d  b y  L a m é  a n d  th e  coefficient o f t r a n s 
verse  c o n tra c tio n  [1  a re  e q u a lly  used.

T h e  s ta te s  to  be in v e s tig a te d  will be in te rp re te d  to  solids o f special g eo m 
e try :  in  th e  s ta te  o f  cy lin d rica l sy m m etry  to  th e  solids of rev o lu tio n , a n d  
in  th e  p la n e  s ta te  to  s tra ig h t*  p rism atic  so lids. A  com m on p ro p e rty  o f th e se

* The base faces are perpendicular to the generatrices of the prismatic solid. In  the 
following, the attribute straight will be omitted but the prism atic solid mentioned in the paper 
will always be considered as straight.
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g eo m etric  solids is th a t  th e y  sa tisfy  th e  in v a rian ce  p ro p ertie s  o f  th e  s ta te s ,
i.e ., th e  sy m m e try  o f  th e  rev o lu tio n  a n d  tra n s la tio n .

A t th e  s ta te s  in  question , th e  b o u n d a ry  conditions, b o th  th e  su p p o rts  
a n d  load ings, shou ld  sa tisfy  th e  co n d itio n s  defin ing  th e  s ta te s , i.e ., th e  in 
v a rian ces . T his w ill on ly  be clearly  fu lfilled  in  th e  case w here th e  in v e s tig a te d  
so lid  its e lf  also sa tisfies  th e  cond itions o f  th e  inv arian ce . I f  th is  is n o t  th e  case, 
n o th in g  else could  be said , th a n  th a t  th e  d e fo rm ation  a n d /o r s tre s s  s ta te  
sa tisfie s  th e  e q u a tio n s  defin ing  th e  s ta te .

3.1 S y m m e try

3.1.1 T h e  in v a rian ce  o f th e  s ta te  d isp lay ed  ag a in st th e  re v o lu tio n  b y  an 
ang le  (p has been  considered  as th e  d e fin itio n  o f  th e  cy lin d er-sy m m etric  s ta te . 
T h ere fo re , th e  p a r t ia l  d e riv a tiv e  of b o th  th e  d isp lacem ent fie ld  a n d  th e  defo r
m a tio n  an d  s tre ss  fie ld  w ith  resp ec t to  <p is eq u a l to  zero.

F ro m  th e  ex istence  o f th e  cy lin d ric -sy m m etrica l d isp lacem en t field  
(d u  I дер =  0) follow s th a t  b o th  th e  d e fo rm a tio n  an d  th e  stress fie ld  is cy linder- 
sy m m etrica l. O n th e  c o n tra ry , th e  p ro b lem  is defined  as cy lin d ric -sy m m etrica l 
d e fo rm a tio n  a n d  s tre ss  s ta te s  (in th e  case o f  ac tu a l problem s i t  is th e  stress 
w h ich  is o f  sign ificance  from  th e  v iew p o in t o f  th e  user), th e re fo re  i t  is to  be 
p ro v e d  th a t  th e  v a lid ity  of í)TJí)<p -  0 a n d /o r  dTa/d(p — 0, in case o f  a  cy linder- 
sy m m e tric a l solid also involves th e  t r u th  o f  th e  id e n tity  du/d<p =  0.

N o t e :  For an isotropic elastic material, from the linear relationship of the deforma
tion and stress tensors it follows that in any arbitrary system of orthogonal coordinates xv 
х г , x3 the systems of equations ( ) T t ! i ) x 3 =  0 and Ц Т ^ / д х ^  =  0 are equivalent w ith each other.

n  th e  an a ly sis  i t  is show n th a t  fro m  e q u a tio n  dTsjdq> =  0 fo llow s th e  
re la tio n sh ip  d u / d(p =  0. T hus, i t  is su ff ic ien t to  speak  ab o u t a c y lin d ric -sy m 
m e tr ic a l s ta te  because  th e  cy lin d ric -sy m m etry  o f a field invo lves t h a t  o f  th e  
o th e r  tw o.

3.1.2 In  case o f p lane  p rob lem s, s im ila rly  to  those o f c y lin d ric a l sy m 
m e try , we t r y  to  consider th e  s ta te  as a n  in v a r ia n t  in  resp ec t to  som e k in d  
o f  tra n s fo rm a tio n . I t  is conven ien t for a n  in v a rian ce  aga in st a  t r a n s la t io n  Ç 
a rb itr a r i ly  be se lec ted , as a p rim a ry  sy m m e try . B y  th is  sy m m e try  i t  is de
m an d ed  th a t  th e  p a r t ia l  d e riv a tiv e  w ith  re sp e c t to  z  o f th e  fields c h a ra c te r iz 
ing  th e  s ta te  shou ld  be  equal to  zero:

dT,/dz =  0 , dTJ d z  =  0 . (5, 6)

B eside th e  in v arian ce  d isp layed  a g a in s t th e  tra n s la tio n , also th e  in v a r i
ance  show n a g a in s t m irro ring  on th e  p la n e  o f к  no rm al T ( S k) m ig h t be in 
v e s tig a te d . T his co n d itio n  im plies th a t  th e  specific  angle to rsions a n d  sh ea r 
stre sses  ch a rac te riz in g  th e  p lane X O Y  a re  e q u a l to  zero:
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Ууг =  Угх =  0 , (7, 8)

Ту2 =  Тгх =  О . (9, 10)

B esid es , tw o zero -cond itions o f  « -d irection  a re  needed  for th e  fo rm u la 
tio n  o f  th e  p rob lem .

I n  th e  case o f p lan e  d e fo rm atio n , i.e., p lan e  s tre ss  p a tte rn  th e  solid  is n o t  
s u b m it te d  to  d e fo rm atio n  in  th e  « -d irection :

e2 =  0 , (3a)

i.e ., n o  n o rm a l s tress is in d u ced  in  i t :

az =  0 . (4a)

3 .1 .3  G enera lization

T h e  p lan e  d e fo rm atio n  a n d  p lan e  s tre ss  p a t te rn s  m ay  be genera lized  in  
su ch  a  w a y  th a t  one does n o t consider th e  in v a ria n c e s , b u t  m ain ta in s  th e  p la n e  
p ro p e r ty  c h a ra c te ris tic  to  th e  cond ition , i.e ., th e  p lan es o f к  no rm al do n o t  
a l te r  th e i r  p la in  fo rm  an d  re m a in  u n stressed .

3.2 D efin itions

I n  th e  follow ing, b y  considering  th e  ab o v e  sy m m e try  defin itions, th o se  
o f  th e  d iffe re n t s ta te s  w ill be given.

3 .2 .1  D efin itions o f th e  cy lind rica l sy m m e try

a )  B y  th e  te rm  cylindric-sym m etrical state th e  s ta te  o f th e  solid o f  re v o 
lu tio n  is d es ig n a ted  w here in  th e  s ta te  c h a ra c te r is tic s  o f th e  solid are in v a r ia n t  
a g a in s t a  rev o lu tio n  o f angle  cp:

=  0 ,  Ü ü l =  0 ,  =  0 .  ( 1 1 ,1 2 ,1 3 )
dcp dcp dcp

b)  B y  th e  te rm  evenly cylinder-sym m etrical state, such  a s ta te  is d e s ig n a te d  
w h e re  th e  s ta te  ch a ra c te ris tic s  o f  th e  solid a re  in v a r ia n t  against th e  re v o lu tio n  
o f  a n g le  cp an d  a g a in s t m irro rin g  to  an y  p lan e  c o n ta in in g  th e  axis o f re v o lu tio n : 
See re la tio n s  (11, 12, 13) an d

yrf =  y<tz =  0 , Tr<p =  Tfr =  0 ,  u f  =  0 . (14, 15, 16, 17, 18)

3 .2 .2  D efin itions o f th e  p lan e  s ta te

O ne  is faced  w ith  an  in p lan e  p ro b lem  in  th e  case w here th e  so lid  is 
fo u n d  in  one o f th e  s ta te s  defined  as follows.
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a )  A n in p la n e  problem  is th e  s ta te  o f  a  p rism atic  solid w h ere in  b o th  
th e  in v a ria n ts  o f  th e  defo rm atio n  fie ld  a n d  th a t  o f th e  s tress fie ld  ag a in s t 
th e  tra n s la tio n  E(Ç) a re  th e  re la tio n sh ip s  (5) a n d  (6).

b)  T he sym m etrica l inplane problem  is th e  s ta te  o f th e  p r ism a tic  solid 
w here th e  in v a r ia n ts  o f  b o th  th e  d e fo rm a tio n  fie ld  an d  th e  s tre ss  f ie ld  ag a in st 
th e  tra n s la tio n  E(Ç) an d  th e  m irro rin g  T (S k) a re  th e  re la tio n sh ip s  (5 to  10).

c)  A  p lane  deformation state is th e  s ta te  o f  a p rism atic  so lid  w here  th e  
solid  is n o t s u b m itte d  to  an y  d e fo rm atio n  in  th e  z-d irection ; th e  d e fo rm atio n  
te n so r  is in v a r ia n t  a g a in s t th e  tra n s la t io n  E(Ç) and  th e  m irro rin g  T(Sk): 
re la tio n sh ip s  (5, 7, 8 a n d  3a).

d)  P la in  stress state is th e  d es ig n a tio n  o f  th e  s ta te  o f a p r ism a tic  solid 
w here in  th e  s tre ss  te n so r  is in v a ria n t b o th  a g a in s t th e  tr a n s la tio n  E(Ç) and  
m irro rin g  T(Sk), a n d  no  n o rm al stress is in d u c e d  in  th e  solid in  th e  z -d irec tion : 
see th e  re la tio n sh ip s  (6, 9, 10, 4a).

e)  General p la n e  deformation state is ca lled  th e  s ta te  o f a  p r ism a tic  solid 
w here in  on ly  in  th e  p lanes S k do d e fo rm a tio n s  occur, i.e ., th e  p lan es S k do 
n o t a lte r  th e ir  p la in  fo rm  an d  are n o t d isp laced  in  com parison  to  each  o th e r. 
T h u s, only  th e  fu lf ilm e n t o f th e  re la tio n sh ip s  (7, 8, 3a) is req u ired .

General plane General plane
deformation state s tress  state

ez =  0 
Ууг  =  0

Víx =  0 r zx

=  0 
=  0 
=  0

Fig. 1 — Interconnection between the plane problems
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f )  General plane stress state  is th e  s ta te  o f  a  p rism a tic  solid w h e re in  th e  
su rfa c e  o f  th e  planes S k is u n s tre s se d . T herefo re , o n ly  th e  sa tis fac tio n  o f  th e  
r e la t io n s h ip s  (9, 10, 4a) is n e e d e d .

N o t e :  In the case where in advance it is known th a t the conditions characterizing 
the plane state , do not exist in all of the planes or in the whole plane, but the effect of the 
accidental exactitudes may be negligible, we are facing generalized plane problems.

T h e  connection  b e tw een  each  s ta te  is d ep ic te d  in  Fig. 1.

4. A nalysis o f  th e  cy lind ric -sym m etrica l sta tes

I n  consequence o f th e  eq u iv a len ce  o f E q s  (11) an d  (12) i t  is en o u g h  to  
a n a ly s e  th e  following sy s te m  o f  eq u a tio n s:

_d_
dcp

_d_
dcp

d u r = 0 , ± [ L
d u f

+  -
Ur_ - o ,  a  ', u ‘ - о , (1 9 ,2 0 ,2 1 )

dr dcp [ r dcp r dcp dz

duf
- - Ü  +

1 d u r
0 , d_ du T 1

= o ,
dr r Г dcp dcp dz r dcpj

a  (
d u z I dur

0 .
(22, 23, 24)

dcp \ dr
1

dz

L e t u s in te g ra te  Eqs (19 to  21):

ur =  U°r(r, z) +  u\{cp, z) , (25)

Uv  =  < ( r ,  z) +  u£(r, z) cp — u°r(r, z) cp — J u fo ) , z )  dcp, (26)

UZ =  uz(r, z) +  u\(r, cp) , (27)

and rep lace  them  into E qs (22 to  24):

d2 ul(r,q>) dul(r, z )  _  du°r(r, z )  _  duj(cp, z) _  Q 

r d f 2 dz dz dz

r _d_ u°(r, z) _  f _d_ ur(r- z) _|_ Mr(?b z) _j_ d2 u}((p, г) = Q 
dr r dr r r r d f 2

d2 uj(r , cp) d2 uî(<p, z) =  0 

dr dcp dcp dz

(28)

(29)

(30)
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T h e m ost genera l in te g ra l o f E q . (30) is:

u\ i r, f )  =  rfrz{<p) +  fz(<P) +  fz{r) , 

u}((p, z) =  — rfrz((p) +  f r{cp) +  f r(z) , 

re p la c e m en t o f  E q s  (30a) an d  (30b) in to  E q . (28) yields

d 2frzW) I 1 d 2f z{<p) duj,(r ,z)  du?(r ,z)
dtp2 r d<p2 dz dz

+  f M 0 .
dz

I n  th is  e q u a tio n  th e  expression  d 2f rzldcp2 f rz(<p) depends o n ly  
w herefore,

frzW) — A  sin  cp -j- J3 cos cp

th e  exp ression  d 2f z(<p)lrdcp2 depends o n ly  on cp an d  r, w herefore

f-X<p) =  Щ- +  ь

sim ila rly , th e  expression
i)u\(r, z) du°r(r, z)

dz dz

is o n ly  th e  fu n c tio n  o f r an d  z, w herefo re,

K ( r>2) =  «?(»■,z) +  / Л г) •

L e t us rep lace  th e  expressions (28a) a n d  (28b) in to  E q . (29)

r  b f l ( r )  f r(<p) f r(z) 1 d2f r(<p) 0
dr r r r r d(p2

w hich  yields

№  =  o ,
f r{(p) =  C s in  cp -)- D  cos cp ,

f l ( T) =  er.

T he d isp lacem en t com p o n en ts  ta k e  th e  fo llow ing form :

ur =  u°(r, z) — z (A  sin cp -)- В  cos cp) -)- (C sin cp D  cos cp), 

Uy =  u^(r, г) +  z (— A  cos cp -(- В  sin  cp) — ( — C cos cp +

-(- D  sin cp) -(- crcp ,

u2 =  u®(r, z) +  t{A  sin cp 4" В  cos cp) 4* a(P 4" b.

(30a)

(30h)

(28' )

on cp, 

(28a)

(28b)

(28c)

(29 ')

(29a)

(29b)

(29c)

(31)

(32)

(33)
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Table 2

Cylindric-symmetrical state

Evenly cylindric-symmetrical state | Cylindric-symmetrical torsion

Displacement
components

ur =  Ur — 2 (A sin rp -)- В  cos rp) -f- (C sin ip -j- D cos <p) 
uz =  Uz +  r(A sin (p — В  cos tp)

Uy =  — z (Л cos rp — В  sin 9)) -f- 
-f- (C cos 95 — D sin rp)

Reduced
Lamé-equations

n  , C) » [ M  , , M )  G [ 5 4 °  d «? d h # \
d24  d u i  d24
dr- 1 dr r 1 dz2

’ dr [ d r  ! r 1 dz j  1 °  1 dr2 1 dr r 1 dz2 J ° 

n  1 Q  « ( M  . «r° d»z'| c / «*u î  , 1 M  d V l
(A 1 C) az l  dr 1 r 1 dz j  1 °  1 dr2 1 r dr 1 dz2 j

Deformation
tensor
components

£r =  e?, =  4 .  =  4 ,  }’rz =  Æ У rep ~  У rq> 5 У(рг =  TV*

Components 
of the en
counter tensor

1 z 1 1шг<р = -----— — (A  cos <p — В  sin rp) -f- —-------(C cos <p — D sin <p)

COfp̂ = ----"  (Л cos rp — R sin 95)

0>zr =  OJ?2 -)- (A sin (p -f- В  cos rp)

1 zшГ(р — atrip -j- — — (A cos rp — В  sin tp) — 

----— (C cos 9? — D sin rp)

Ыф =  Ol'pz----(A cos rp — I! sin rp)

wrz=  0

Stress tensor 
components ar =  oz, af  =  a l,  az =  az, xn  =  r°rz rrcp —  Tr<pi T<pz — Tç>2

LÁ
M
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.:
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T he com ponen ts o f  th e  d isp lacem en t v ec to r  a n d  o f th e  ro ta t io n  and 
s tre ss  ten so rs  o f th e  d e fo rm a tio n  te n so r as well as th e  red u ced  L am é-eq u a tio n s  
a re  sum m arized  in  T ab le  2. (T he te rm s  u^ — cry an d  uz =  acp -\- b a re  neg lec ted .)

T he d isp lacem ents cry  a n d  a y  y ie ld  th e  d efo rm atio n  d e m o n s tra te d  in 
F ig . 2, th ere fo re , th e  an a ly sis  o f  th e se  solids o f rev o lu tio n  m a y  be  o m itte d .

a b
Fig. 2 — Cylindric-symmetrical deformation states in dependence on <p 

a. Limiting dislocation (1st variant); b. Torsional dislocation (Singular solution, г Ф 0)

T h u s, i t  is p roved  th a t  i f  a so lid  o f rev o lu tio n  is in  th e  s ta te  o f  cy lindric- 
sy m m etrica l or in  even ly  cy lin d ric -sy m m etrica l s ta te  o f  d e fo rm a tio n  an d  of 
s tre ss  defo rm atio n , also th e  fie ld  o f d isp lacem en t ta k e s  th e  sam e  c h a ra c te r 
istics.

T he d isp lacem ent fie lds rep re se n te d  in  F ig . 2 p la y  an  im p o r ta n t  role 
in  th e  th e o ry  o f d islocations.

In  th e  d isp lacem en t co m p o n en ts  th e  te rm s ch a rac te rized  b y  th e  con
s ta n ts  A  an d  В  g u a ra n te e  th e  rig id-so lid-like ro ta tio n  w hile th e  m em bers 
o f  coefficients C an d  D  c h a ra c te riz e  th e  rig id-so lid-like tra n s la tio n .

5. Analysis of plane problems

5.1 Inp lane  problem. I n  consequence o f th e  equ ivalence  o f  E q s  (5) and  
(6) i t  is su ffic ien t to  an a ly se  th e  follow ing system  o f e q u a tio n s:

()v n '() dw 

dy

d d u  _  d 
dz dx  dz

=  0 ,

d u  dv

dy  dx
0 ,

d
dz

dv
~dz

+
dw

dy

dz dz

= 0,-LI la .
dz ( dx

0 ,

du

dz

(34, 35, 36) 

=  0. (37,38,39)
d_

dz
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L e t us in teg ra te  E q s  (34 to  36):

и  =  u 0( x ,y )  +  Uj(j , z ) ,  (40)

V =  v 0(x ,y )  +  vx(x , z) , (41)

w  =  w 0(x, y )  +  w ^ x ,  y ) z . (42)

R e p la c e m e n t of th e  re su lts  o b ta in e d  in  E q s (37 to  39) y ields th e  follow ing 
re la tio n sh ip s

à 2 Mi( y ,  2 )
()y dz ■+ -

d4(*, z) 
da: dz

-  =  0 , (43)

d 2v 1(x , z) 

d z2
dt»j(*, j)

dy
- =  0 , (44)

d2 «1 (j, 2 ) 
dz2 ■ + -

dt«i(y, *) 
()x

=  0 . (45)

« i(y ; z) =  y  ■ M(z) +  fu iy )  +  fu ( z ) , (43 'a)

v i(x , z) =  X ■ v(z) +  f v(x) + f r(z) , (43 'b )

w h e re in  f u(y) and  f v(x) m ig h t b e  inco rp o ra ted  in  th e  te rm s  u 0 an d  v 0 w ith o u t 
v io la t in g  th e  princip le o f  g e n e ra lity .

F ro m  th e  expressions (45, 46) follows t h a t  w(z) an d  v(z), arc  a t  m ost, 
th e  second-degree  p o ly n o m ia ls  o f  z; f u(z) an d  f v(z) a re , a t  m o st, second-degree 
fu n c tio n s  o f z, and  w 0(x , y )  d ep en d s d irec tly  on  its  a rg u m en ts .

S e p a ra tio n  of th e  w h o le  second-degree p o ly n o m ia l from  th e  so lu tions u 0 
a n d  v 0 re su lts  in th e  fo llo w in g  disp lacem ent co m p o n en ts :

и  =  u 0(x ,y )  +  an x 2 +  a12x y  - f  o13y 2 +  0,5 c3z 2 +  c6y z  +  c3z +  c,„ (46) 

v  =  v 0(x ,y )  +  a.21x 2 +  ai2 x y  +  a.z3y z +  0,5 c4z 2 — ce xz  +  cz z +  cv , (47) 

tv =  w 0(x ,y )  — (c3x  -f  c4y  +  c5)z  — (cxx  +  c2y  +  cw) . (48)

To th e  coefficients o f th e  second-deg ree  term s th e  fo llow ing id en titie s  are  v a lid  
(L a m é ’s equations):

(Я +  G) (2a n  +  a 22) -f- 2G(an  - f  a 13) -f- Ac3 — 0 , (49)

(A +  G) (a 12 -f- 2 a 23) -)- 2G(a21 -)- a 23) +  Ac4 =  0 . (50)
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Table 3

Inpalne problem Symmetrical inplane problem Plane deformation state Plane stress state Genera 1 plane deformation state General plane stress state

U

« 0  +  c <t У2 +  c i z  +  c u  +

+  «и*2 +  «12 *У +  «13У2 +  

+  0,5 c3z2

«0 +  Cl2 +  с и  +

+  «И** +  «12*У +  «1зУ2 +  
+  0,5 c3z2

’

«0 +  Cl* +  C u

«0 +  «1* +  c l z  +  cu +  « I I* 2 +
, [  Я +  2G  „ Л 

+  ^ Д c4 2 a 231 x y

- ( ^ ^ с з + « „ ) у 2 +  0 .5 сзг 2

д и > 0

U° d x  Z

d w 0  Я z 2 
“ ° d x  Z  ЗЯ +  2G V°“ u 2

V

« 0  — C 6 X Z  +  V  +  c v  +

+  «21*2 +  «22*У +  «23У2 +  
+  0,5 c4z2

«0  +  CjjZ +  c v  +

+  «21*2 +  «22 *У +  «2зУ * +  
+  0,5 c4z2

«о +  c2z +  c v

, f A + 2 G  'i ,
» 0 + 1  Д «s «il У г  CjZ +  e,,

- ( ” i 2 C « . + 4 “ - +

+  (  д сз 2 « n ]  *У +  «23У2 +  0,5 c4z2

d w 0

» 0 ------ a---- 2
d y

„  d W ° z  Á  V 2„
0 d y  ЗЯ +  2G 0 0 2

I V
W a  -  (сз* +  С1У +  c n ) z  -  

-  («1*  +  с г У  +  c w )

- ( е 3дс +  c t y  +  es)z  -  

(«l* +  сгУ +  «и.)
— (Cl* +  c2y +  cw) - ( c 3*  +  c4y +  C5) z  (c4x +  c2y +  c w ) w 0

Я (  d u 0  , d v 0 )  

W °  A + 2 G  {  d x  +  d y  ) Z

Reduced
Lamé-
eq u a tio n s

д г и и  d 2 u 0  

d x 2  д у 2

Я2»« , # 4 .  0
д х *  1 д у 2

$ U0 I & V Q Л

а *  ^  д у

a  1 - c \  d  [ d u °  I d v »  ) I с м  1 t i  ^  í  ^ u ° 1 1 1

a  +  G )  d  (  d u °  +  d v °  )  +  G [  d2“ ° +  ő ' “ ° =  0 

=  0

(Я 1 “ 0 )  dx { dx  1 d y )  1 

. r  f  d 2 u 0  d 2 u о  'I

( З Я + 2 0 )  д *  ^  +  d y j  +

1 п  1 T i i 31“ “ 1 5 *u<0 0
{  ' ’  d x  {  d x  1 d y  )  '  { dx2 1 d y 2  J

« * + « > £  № + $ } + в й & - + - & )

+  Ч а *2 +  dy2 J  0
n  1 д ( ди° ■ dv« ) 1

+  (A +  2G4  a*2 +  dy2 J - °  
n i  I «r i 3 r a «0 . a r„ '|

{ Х + Ю )  d y \ d x  +  д у )  + (зя  +  2G) 3 y  [ +  d y  J  +

дги)0 d2w0 
дхг 1 dy2

'

ô2u.0 д ги>0  

Ô** 1 ду2
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T he d isp lacem en t com ponen ts an d  red u ced  L am e’s eq u a tio n s  a re  g iven 
in  T ab le  3, w hile  th e  com ponen ts o f  th e  d e fo rm a tio n , ro ta tio n  a n d  s tress 
te n so rs  are lis ted  in  T ab le  4.

5.2 Sym m etrica l plane problem. To th e  re la tio n sh ip s  an a ly sed  in  p a ra 
g ra p h  5.1 (34 to  39) th e  expressions

dv   ̂ dtv _  Q Ôu) du_
dz d y  dx  dz

(5 1 ,5 2 )

sh o u ld  be a tta c h e d . Since th ese  expressions allow  th e  p rev ious ones to  be 
v a lid , therefo re , i t  is suffic ien t to  exam ine w h a t co m p lem en ta ry  co n d itio n s 
a re  p rescribed  b y  th e  expressions (51, 52).

R ep lacem en t o f  th e  d isp lacem en t co m p o n en ts  (46, 47) in  E q s  (51, 52) 
re su lts  in  th e  fo llow ing  d iffe ren tia l eq u a tio n  to  tv0:

— — — Cg X =  0 , (53)
f t

dw  о 

dx
+  Ч У  =  0 . (54)

F ro m  in teg ra tio n  o f  (53, 54) one f in d s  th a t  ce =  0 a n d  w 0 is th e  firs t-d eg ree  
p o lynom ia l o f i ts  a rg u m en ts . T h u s , th e  d isp lacem en t co m p o n en ts  a re  as 
fo llow s:

и =  u 0( x , y )  +  an x 2 +  a l2x y  +  a 13y 2 +  0,5 c3z2 +  c, z +  c„ (55)

» =  t)0{x, y )  +  a.n  X2 +  a 22 x y  +  a23y 2 - f  0,5 c4 z2 +  c2z +  c „ , (56)

w =  — (сз х  +  c4У +  cí ) z — (ci*  +  С2 У +  cw) ■ (57)

The d isp lacem en t com ponen ts an d  th e  red u ced  L am é-eq u a tio n s  are  
p re sen ted  in T ab le  3, an d  the  co m p o n en ts  o f th e  fie lds ch a rac te riz in g  th e  s ta te  
a re  sum m arized  in  T ab le  4.

5.3 Plane deformation state. B eside th e  re la tio n sh ip s  (34 to  39) an d  
(51, 52) analysed  so fa r, also th e  eq u a tio n

dm
h z

0 (58)

is to  be ta k e n  in to  acco u n t. T his e q u a tio n  also im p lies th e  co n d itio n s c3 =  0, 
c4 =  0 and  c5 =  0. T herefore, th e  seco n d -o rd er p o lynom ia l d e s ig n a ted  w ith  
ajj shou ld  be re -in c o rp o ra te d  in to  th e  te rm s  u 0 an d  v 0. T herefrom  th e  d isp lace 
m e n t com ponen ts a re :

и — u 0{ x ,y )  +  cxz +  cu , (59)

v =  v o(x ^y )  +  C2Z +  (60)

w = — (c1x  +  c2y  +  cw) . (61)
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Table 4

Inplane problem Symmetrical inplane problem

£x

£У

fix -f- 2an x -f- a12y f=x +  2au x +  a12y

sy +  a22x +  2a23y £У 4- «22* 4- 2o23y

sz — (c3x +  c4y +  e5) — (c3x +  c4y +  e5)

Уху Уху 4~ y  ( “ 12 +  2a21) X +  — (2a13 +  a22)y Уху +  у  (« 1 2  4- 2а21)ж 4- у  (2а13 4* «гг)у

Vyz
1 f  div0 4
2 l  dy C‘X)

0

Vzx
1 f  dw0 'j
2  1 a ,  + 4 0

a>xy
0>°xy +  y  («12 — 2an )x  +

+  y  (2«13 -  “22)y -  C6*
Û)2y 4- у  (« 1 2  — «2l)* 4- у  (2«13 — «22)y

œyz
1 dl о„ 1 , 1 . 1

- 2 - d f - Y c°x +  T c*z +  Y c*
1 , 1 

T CiZ +  T c*

“>zx

°x

1 dw„ 1 1 1
2 Y h  2 СбУ 2 '** 2 Cl

1 1
~  Т Сзг ~  Т Cl

°x G(2a 13 -f- a22)x  G(—a12 ~b 
+  2a21 +  4a23)y  — Xc5

Ох G(2a13 -f- a2z)x  — G(—a12 -f- 2a21 -j~
+  4а2з)У — ^C5

Oy (7y — G(4au  4- 2a13 — o22) x — 

— G(«12 +  2«21 )У — ÄC*
C7y — G(4an  +  2a13 — — 

— G(a12 +  2a21)y — Xcb

°z

«S G ( 4 A +  G 2a1 1 +  Д+ 12 С 2а13 +

, 3A +  2G \ /" ЗД4- 2G
A «22J *  G  ̂ A a12 +

1 ^ +  2G , 4 A 4  G n 'l +  д 2a21 +  4 л 2a231 у

— ( A + 2 G ) c5

° \  G ( 4  A +  G 2«u  +  AY G 2a13 +  

, 3A +  2G 'i „ Í 3 Á + 2 G  ,
1 д a22 J x ^  1 ^ a12 “Г

, A4 - 2 G„  J  +  G „4~ ^ 2a22 r  4 ^ 2a23J y

-  (A +  2G)c5

rxy ?xy +  G(a12 +  2a21) л: -|- G(2a13 -|- a22)y Txy 4 - G(«i2 +  2a21) X 4- G(2a13 -(- a22)y

ryz 0

*ZX 0

Acta Technica Academiae Scientiarum Hungaricae 92, 198i



CYLINDER-SYMMETRICAL AND PLANE PROBLEMS 283

T he d isp lacem en t com ponen ts an d  th e  red u ced  L am é-eq u atio n s are 
su m m arized  in  T a b le  3 an d  tho se  o f  th e  fie lds w h ich  ch a rac te rize  th e  s ta te , 
in  T ab le  5.

5.3 Plane deformation state. Beside th e  re la tio n sh ip s  (34 to  39) an d  
(51, 52), also th e  re la tio n sh ip

du  dv Я +  2G dw  

dx dy  Я dz
(62)

sh o u ld  he tak en  in to  accoun t in  ch a rac te riz in g  th e  s ta te . B y  rep lac in g  th e  
expressions (55 to  57) in to  (62) one  o b ta in s  th e  fo llow ing d iffe ren tia l re la tio n 
sh ips fo r u 0 an d  v0:

dug  J dvg Я +  2 G 

dx  dy  Я

B y  in d ica tin g  th e  non-hom ogeneous so lu tions o f th is  eq u a tio n , one finds 
th e  follow ing d isp lacem en t com p o n en ts :

(c3x  +  c 4 y  +  c 5)  =  0 (63)

Я +  2 G ,
------------с4 — 2a23| xyи =  U0( x , y )  +  a n x 2 - f

c 3 +  a n | J 2 +  0,5 c3 2 2 +  a ^ x f -  Cxz
ЗЯ +  2 G 

2Я

(64)

V =  v0(x , y )
ЗЯ +  2 G 

2Я

« 2 3 У2 +  0,5 c 4 2 2 +

c 4  “ Ь  ® 23

Я +  2G

Я +  2 G c3 - a u  
л

x y

c 5 ~  a l |  У  “Ь C2Z cv 1 
)

W (c3x  +  c 4 y  +  C5) 2  —  (C jX  +  c , y  +  cw)

(65)

(66)

B u t, in  th is  case, E q . (63) will be red u ced  to  th e  e q u a tio n  d u 0/d x  -)- d v j d y  — 0. 
co n sequen tly , L a m e ’s equa tions w ill be s e p a ra te d  w ith  resp ec t to  u 0 an d  r 0.

T he d isp lacem en t com ponen ts an d  th e  red u ced  L am é-eq u atio n s are 
show n  in  T able 3, a n d  those o f th e  fields c h a ra c te riz in g  th e  s ta te , are  p re 
se n te d  in  T able 5.

5.5 General p la n e  deformation state. T he  s ta te  eq u a tio n s  are  as follows:

(67)

dw

dy

dv
+  —  =  0 ,

dz

dw
dx

+  Í Ü . - 0 .
dz

( 68)

(69)
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Table 5

Plane
deformation

state
Plane stress state

£x ex
/ д 1 2 G

e x + 2aux +   ̂ ^ c4 2a23J y +  a,

By By , , Í H 2 G  „ 1  , „ , f Я +  2G  ̂
£y + ^ сз 2an J X +  2a23y +  ( д «s ai\

0 ~(c3x +  c4y +  c5)

Уху Уху Уху y  A ct ^а2з)x ---- 2  (2c3 +  4o14)y

Ууг 0 0

Vzx 0 0

COxy 0a>xy 0 , 1 . Я + G  1 . Я +  G 
Ш*У +  2 4 Я C‘* 2 4 Я С‘У

COy2 1
T C2

1 , 1y V  +  T c2

сог 1 1
“

1 - M Ч
1-

rs

°x Px “Gtx +  2G(2a14 +  c3)x  +  2G ^2 ^ c4 2a23j  у +  2G(c6 — a4)

Oy °°y 2Ge°y +  2G (2 c3 -  2an ) x +  2G(2a23 +  c4)y  +  2G (2 A °  c5 a4)

°z °°z 0

Txy A y Txy — G(2cj у  4a23) — G(2c3 +  4an )y

Tyz 0 0

Tzx 0 0

F i r s t  E q . (67) shou ld  b e  in te g ra te d  — w 0 =  w 0( x ,y )  — th e n , b y  m ak in g  
use  o f  t h e  re su lt o b ta in ed , E q s  (68, 69) w ill be o b ta in ed . T h u s , th e  d isp lace
m e n t co m p o n en ts  are:

и  =  u 0{ x ,  У )  - г  , (70)
dx

V =  v 0( x , y ) - ~ ^ z  , (71)
dy

IV =  W0(x, y ) . (72)

Acta Technica Academiae Scientiarum Hungaricae 92, 1981



CYLINDER- SYMMETRICAL AND PLANE PROBLEMS 285

Table 6

(»encrai plane deform ation 
state • General plane stress state

ex
0 d2w о

£X dx* 2
„0 d“W() _ X о z~ 
Fx dx2 2 ЗА +  2G V° x 2

еУ

?z

0 à'-u'o 
ey dy2 “

„0 d2 U-0  X X7 2  „0 Z~ 
y dy2 * 3A +  2G V° y 2

0 -A +  2C (£x+ £y)

Уху
о d 2W g

>,Xy dxdy Z
о d ~wQ X ^9 о z~ 

Vxy dxdy " 3 A + 2 G V° ' x y 2

Ууг
Vzx

0 0

0 0

<"xy 0OJxy X z“ 
Wxy 3A +  2G V"°Jxy 2

(Oyz dw0

dy
du>0  1 A ^ / 0 . _o4. 
dy +  A+2G dy (fx +  fy)‘

«hx
div0

dx
dw о А d /„0 ; _o4. 
d* A +  2G d * ( x +  y)

”x о nr' d-w0  <Jx 2G - ” z dx-
n op ^*»’0 2AG г7й о z‘ A- « 1 ov 
x 2G d** '  3A+2G V" л 2 A+2G (x  y)

Oy 0 op d2U) 0  _ о op d-ivp _ 2AG о 2- A2 . « ov
dy1 °y 2G dy* '  3 A - f 2 G Vo y 2 A + 2 G ( x +  y)

”z Oz 0

Txy о op d!u>0

Txy '  2G dxdy 2
0 O f  d~W0  _ X T7 2 r 0  **
xy 2G d*dy " ЗА +  2G V(l xy 2

Tyz 0 0

r:x
0

0

T he d isp lacem en t com ponen ts and  th e  red u ced  L am é-eq u a tio n s  a re  p re 
se n te d  in  T ab le  3, w hile  th o se  o f th e  fields c h a ra c te riz in g  th e  s ta te  a re  in d ica ted  
in  T ab le  6.

5.6 General p lane  stress state. The s ta te  eq u a tio n s  are as fo llow s:

Du dv _j_ ^ +  2G dw
dx Dy A r)z

(73)

A d a  T e c h n ic t A ca û em ia t S c ien tiarum  H a n g a ric a e  02 , 1081
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dtv

dy
dw
dx

+  i ü  =  0 .
dz

(69)

( 68 )

E q . (73) should  be  so lv e d , w ith  th e  a id  o f  E q s  (68, 69) for th e  d isp l 
m e n t  com ponen ts:

d d2U . d2u Я +  2 G d2u
=  0 ,

dz , d x 2 d y 2 Я d z 2

d d2v
+

d2v Я +  2 G dч
= 0 ,

dz d x 2 d y 2 Я d z 2

d2w
+

d2 tv Я +  2G d2iv
=  0 ,

d x 2 d y 2 Я d z 2

a n d  in te g ra te d  (73) w ith  r e s p e c t to  w

ace-

(74)

(75)

(76)

lvo(x r У) -

d2u d 2u

b y 2

Я +  2G J d u  d v

, d x  ^  d y

L a m e ’s equ a tio n s can  b e  so lv e d  w ith  th e  a id  o f  E q s  (68, 69, 73) fo r и  a n d  v :

ЗЯ +  2 G d2u

я ~dz*
d 2v  , ЗЯ _+ 2G

d y 2

0 .

0 .
d x 2 d y 2 я d z 2 

B y  in te g ra t in g  E qs (74, 78) a n d  (75, 79) и a n d  v  a re  de te rm in ed :

(77)

(78)

(79)

z2
и =  Cu2(x, y )  —  +  ил(х, у )  z -f- u 0(x, y )  ,

Zi
(80)

2

v =  Cv2(x, y ) ~ +  Vi(X’ у )  2 +  v o ( x ,  у )  .  (81)

T h is  general in te g ra l h a s  to  sa tisfy  th e  se t o f  d iffe ren tia l e q u a tio n s  
(74 to  79 ); th e  so lu tion  is:

u o(x, У) —
d w 0( x , y ) Я

V% u0(x, y )
z2

(82)
d x ЗЯ +  2 G 2 ’

v oix . У) —
du!0(x, y ) Я

v 2 ® o ( * .  j )
z2

(83)
d y ЗЯ +  2 G 2 ’

(Х,У) - Я  Í d u 0 1 dv 0 (84)
Я +  2G 1 dx dy
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T h e d isp lacem en t com ponen ts a n d  th e  re d u c e d  L am é equ a tio n s a re  su m 
m arized  in  T ab le  3 w hile those o f  th e  fie ld s , ch arac teriz in g  th e  s ta te ,  are 
p re se n te d  in  T ab le  6.

6. A nalysis of th e  re su lts  o f p lan e  problem s

6.1 The re su lts  ind ica ted  in  T a b le  3, a t  th e  f irs t  glance, v e rify  th e  in te r 
co n n ec tio n  of th e  d iffe ren t s ta te s  re p re se n te d  in  F ig . 1.

T h e  m ean ings o f  th e  m em b ers  show n in  th e  so lu tion  are:
— n 0, v0 and  w0 —  d isp lacem en t c o m p o n e n ts  in d e p e n d e n t o f z
—  cu, cv and  cw — stiff-solid-like t r a n s la t io n

c1 z, c2z an d  a — (с4х  c2y )  — stiff-so lid -lik e  ro ta tio n  ro u n d  th e  axes 
X  (c2) and У (Cl).

These an d  o n ly  these  m em bers e n te r  in  th e  so lu tion  of th e  p la n e  d efo r
m a tio n  s ta te . T h ere fo re , in  th e  fo llow ing , th is  s ta te  wdl be called  th e  re p re 
se n ta tiv e  of th e  f i r s t  group. I n  th is  s ta te  all th e  s ta te  c h a ra c te r is tic s  have  
su b sc rip ts  “ 0” , ex cep tin g  th e  stiff-so lid -lik e  ro ta tio n  round  th e  ax is  X , У, 
i.e ., th e y  are in d e p e n d e n t of z.

T he sy m m etrica l plane p ro b lem  is a n  en la rged  s ta te  on ly  in  th e  case 
w h en  tak in g  in to  acco u n t th e  n o rm a l force N ac tin g  on th e  b ase  p la n e  of 
th e  no rm al k , th e  bend ing  m o m en ts  Mx a n d  My an d  th e  shear fo rce  Q ac tin g  
on  th e  en tire  su rfa c e  of th e  w ho le  solid . T hese  forces are in d e p e n d e n t o f z 
a n d  on th e  su rface  o f  an  e lem en ta ry  cube m a y  be  rep resen ted  b y  th r e e  n o rm al 
s tre sses  and  one sh e a r stress (F ig . 3).

T he in p lane  p rob lem  is, b esid e  th e  e ffec t m en tioned  above, b y  a to rs io n  
a b o u t th e  axis Z  a n  enlarged s ta te  in  co m p ariso n  to  th e  re p re se n ta tiv e .

In  the  p a p e r , for the  p lan e  s tre ss  s ta te  a special field  o f  d isp lacem en t 
is o b ta in e d : d e te rm in e d  b y  the  co u p led  h a rm o n ic  functions u 0 a n d  v 0. I n  a d d i
tio n , also th e  s ta te  ch arac terized  b y  th e  d isp lacem en t

и  =  an  X2 -)- —
A -I- 2 G

x y
ЗА +  2 G

-f- 0,5 c3 z2 -(- a , X  ,

ЗА +  2 G
^  c 4 +  °2 3 X 2 +

j A +  2G 

1 A

+  «23  J 2 +  0’5 C4 z 2  +
A +  2G

A

сз +  « и  J 2 +

x y  +

(85a)

cs — a, У
(85b)

Ml =  — (c3x  +  c4y  +  c5) z (85c)

y ie ld s  a p lane s tre s s  s ta te . S ince th is  s ta te  is o n ly  defined by  f iv e  p a ra m e te rs ,
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b) с)

d) e)

T f f i Í 11 €fz

X

T I T
» и

j, ) ( 6z

1 z
g)

6z
6z

X

6”z

l44 6z

z

h) 0

Fig. 3 — Resolution of the stress states compatible w ith the displacement u =  c3 z2/2 and 
V =  c4 z2/ 2 according to x  and y; a) N x — normal force; b) M xz — flexural moment; c) <5 — r  
equilibrium state in the x  direction; d) Ny — normal force; e) M yz — flexural moment; f) <5 — r  
equilibrium state in the y  direction; g) N z — normal force; h) M zy — flexural moment;

i) M zx — flexural moment

i t  c a n n o t ch a rac te rize  th e  p la n e  stress s ta te . T h u s , on  th e  basis o f th e  re la t io n 
sh ip  az =  0

X
X +  2 G

d u 0

dx
dv o
dy

( 86)

i.e ., th e  p lan e  stress s ta te  is a specific case o f  th e  p lane d e fo rm atio n  s ta te  
(er2 = 0 ) .  In  th a t  case, b y  in tro d u c in g  th e  new  m oduli of e la s tic ity  X '  =  
— 2 XG/(X +  2 G) a n d  G' =  G, th e  p lane s tre ss  s ta te  can  be tran sfo rm ed  u n re 
se rv e d ly  in to  th e  s ta te  o f  th e  p lane d e fo rm a tio n .

T h e  generalized  p la n e  problem s g ro u p ed  in to  th e  second g roup  d iffer 
from  th e  re p re se n ta tiv e  in  th e  lack  of th e  m em b er w 0 an d  in  th e  fac t t h a t  th e se  
so lu tio n s are n o t in d e p e n d e n t o f z. The m em b ers  w 0 an d  YoMo an<  ̂ V o v o a r e
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harm o n ics , th u s ,  th e y  fu rn ish  so lu tio n s asso c ia ted  w ith  d e fo rm a tio n . Con
sidering  t h a t  th e  expression £® -|- e® is h a rm o n ic , b y  th e  fo rm a l in te g ra tio n

dz th e  o p e ra to r  m em bers y  I m ay  be  in c o rp o ra te d  in to  th e  te rm s  o f tC 9Î 
0

su b sc rip t w h ich  are  in d e p e n d e n t o f z, th e re fo re , th e  generalized  s tre s s  s ta te , 
d isreg a rd in g  th e  ra tio  o f ег a n d  av  m a y  be  tra c e d  back to  th e  genera lized  
p lan e  d e fo rm a tio n  s ta te .

6.2 C om parison  of th e  re su lts  on  th e  su b je c t ob tained  w ith  th o s e  found  
in  th e  l i te ra tu re .  In  th e  te c h n ic a l l i te r a tu r e  th e  d is trib u tio n  to  th e  s ix  typ es 
o f  p rob lem s a n d  th e ir  special d e n o m in a tio n s  are  n o t to  be fo und . I t  is Kalisz- 

KY [13] w ho  applies d iv ision ; he  sp eak s a b o u t p lane problem  fo r  th e  sa tis 
fac tio n  o f  E q s  (5 to  10), a n d  defines b y  th e  v a lid ity  of th e  z e ro -co n d itio n s  
(3a an d  4a) th e  s ta te s  of p lan e  d e fo rm a tio n  a n d  p lane stress. Nowacki defines 
th e  p lane  p ro b lem  as a p lan e  s tre ss  s ta te ;  a u th o r  him self a r r iv e d  a t  a re su lt 
in  close a g re e m e n t w ith  th a t  o f  Nowacki. Lurje and  Love d e fin e  th e  general 
p lan e  s tre ss  s ta te s  as th e  p lan e  s tress s ta te ;  th e  find ing  of th e  a u th o r  is in  
acco rdance  w ith  th a t ,  ta k in g  in to  a c c o u n t t h a t  A/(3A -f- 2G) =  1/4(1 — fi).

In  th e  case o f th e  p lan e  s tress s ta te ,  ta k in g  as a base th e  d e fin itio n  
p resen ted  h e re , a u th o r  o b ta in e d  a  d iv e rg in g  re su lt. In  th e  p ap e r, th e  an a ly sed  
p lan e  s tre ss  s ta te  is a special case o f  th e  p lan e  defo rm ation  s ta te  — az =  0. 
T h en , b y  th e  tra n sfo rm a tio n  o f  th e  m o d u li o f  e la s tic ity , th e  p la n e  s tre s s  s ta te  
i ts e lf  m a y  also  be tran sfo rm ed  in to  th e  s ta te  o f  p lane d e fo rm atio n .
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Über die zylindersymmetrischen und ebenen Aufgaben — In der Abhandlung sind 
die zylindersymmetrischen und ebenen Aufgaben analysiert und systematisiert. Eine Über
sicht über die Fachliteratur im Zusammenhang mit den Definitionen der Aufgaben wurde 
gew ährt und auf die Abweichungen derselben hingewiesen. Zustände von neueren Typen 
wurden definiert, indem die abweichenden Definitionen als unterschiedliche Aufgaben be
trach te t wurden, sowohl im Fall der Existenz der Zylindersymmetrie als auch im Zusammen
hang m it den ebenene Aufgaben. Die einheitlichen Definitionen der neulich eingeführten 
Zustände, die diese letztere definierenden Gleichungen und die (für die Verschiebungskom
ponenten gültigen) Funktionklassen der Lösungen wurden angegeben. Es wurde nachgewie
sen, daß die einheitlich definierten Zustände sich voneinander nur in gewissen Spannungs
kom ponenten unterscheiden, und der ebene Spannungszustand nur in dieser Konzeption 
durch die Transformation des Elastizitätsmoduls auf den ebenen Verformungszustand zurück
geführt werden kann.
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UPPER AND LOWER BOUNDS FOR THE TORSIONAL 
STIFFNESS OF A PRISMATIC BAR STRENGHTENED  

BY A THIN SHELL AT ITS EDGES

I. E C S E D I*

[M anuscrip t rece iv ed  1980]

A p rism a tic  b a r  o f a  sim ply  c o n tin u o u s  cross section  m ade fro m  e la s tic  m a te ria l, 
s tre n g th e n ed  a t  i ts  edge is trea te d . V e rific a tio n  o f  th e  u p p e r  a n d  low er b o u n d s  fo r th e  
to rsio n al stiffn ess  to  b e  defined b y  m ak in g  use  o f  de  S a in t-V en an t’s th e o ry  is p re sen te d  
fo r th e  g re a te r  p a r t  b y  ap p ly ing  Schw arz in eq u a lity .

Symbols

H =  xex +  y«y 
u =  U(x, y)
T
dT
G, Г
h
n
e
s44 . ,4

© 2  —  © x  X  6 y ,

„  d . d 
V —■ -5 — H— 5 —

OX d y  y
A dÍ ,

A V ' V дхг +  dy2
d

d2

dn
d

ds
S

o rth o g o n al coo rd in a tes  
u n i t  vecto rs 
p o s itio n  v ec to r 
s tre ss  function
lim ited , sim ply  c o n tin u o u s  reg ion  in p lane x , у  
lim itin g  curve o f reg ion  T  
m oduli o f shear e la s tic ity  
shell th ickness
n o rm al u n it  v e c to r  o f lim itin g  cu rve  dT  
ta n g e n t  u n it  v e c to r  o f l im itin g  cu rv e  dT  
a rc  co o rd in a te  de fin ed  a t  l im itin g  cu rve  dT  
sign  o f th e  sca la r p ro d u c t o f  tw o  vectors 
sign o f th e  v e c to ria l p ro d u c t  o f tw o  vecto rs

H a m ilto n ia n  d iffe ren tia l o p e ra to r

L ap lace ’s d iffe ren tia l o p e ra to r

sign  o f a d e riv a tiv e  c a lcu la te d  in  d irec tion  n

sign  o f a  d e riv a tiv e  c a lcu la te d  in  d irec tion  c 

to rs io n a l stiffness

In tro d u c tio n

I t  is co m m o n ly  kn o w n  th a t  th e  to rs io n a l stiffness S  to  be  d e te rm in e d  
on th e  basis o f  de S a in t-Уe n a n t’s th e o ry  fo r p rism a tic  b a r  o f s im p ly  c o n tin 
uous cross sec tio n , s tre n g th e n e d  b y  a th in  shell a t  its  edge, (F ig . 1) m a y  be 
ca lcu la ted  b y  u s in g  th e  fo rm ula

S =  2 j  U d T  (1)

* Dr. I. E c s e d i , H -3531 M iskolc, V ászo n feh érítő  u. 24. H u n g ary
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F ig. 1. Sim ply continuous cross section strengthened by  a closed shell on its  edges

T h e  stress fu n c tio n  U  == U ( x , y ) e n te r in g  in  fo rm ula  (1) a n d  b e ing  
c o n tin u o u s  in  th e  closed re g io n  T  -f- d T  sa tisfie s  th e  P o isson -type  p a r t ia l  
d if fe re n tia l  equa tion

A U  =  - 2 G  ( x , y ) £ T  (2)

in  t h e  reg io n  T,  and  th e  hom ogeneous b o u n d a ry  cond itio n

и + ÜL  =  о (X, y) e 0T
G dn

(3)

a t  th e  l im itin g  curve d T  o f  th e  reg ion  T  [1].
I n  eq u a tio n s (1 )—(3) th e  m odulus o f  sh e a r  e la s tic ity  o f th e  m a te r ia l  

o f  th e  hom ogeneous, iso tro p ic , lin e a rly  e lastic  b a r  o f cross section  T  is desig
n a te d  b y  G, an d  th e  m o d u lu s  o f  sh ea r e la s tic ity  o f  th e  m a te ria l o f  h o m o g e
n e o u s , iso tro p ic , lin ea rly  e la s tic  shell of th ic k n e ss  h  is d esigna ted  b y  Г .

A cco rd in g  to  th e  fo rm u la  (14) of p a p e r  [2] th e  to rs io n a l s tiffness o f  th e  
c ross se c tio n  m ay  also be  d e te rm in e d  b y  m ak in g  use o f  th e  re la tio n sh ip

4 r ^ T + ^

2. T he low er lim it

L e t  us designate  th e  to rs io n a l stiffness o f a  p rism a tic  b a r  o f  e lastic  
m a te r ia l  n o t  s tren g th en ed  b y  a  closed shell w ith  S 0.

T h e  v alue  of S 0 m a y  be  ca lcu la ted  e ith e r  fro m  fo rm ula

S 0 =  2 j  U 0 d T  , (5)
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or from  th a t  o f

S0 =  f
В *  J i

(6)

in  th e  case w h ere  th e  so lu tion
i / 0 =  U 0( x , y )

of th e  b o u n d a ry  v a lu e  prob lem  d efin ed  b y  th e  equations

( x , y )  £ T ,A U 0 =  - 2  G
an d

=  o (x, y) £ d T

(? )

(8)

is know n .

Theorem I

W e h a v e  th e  in eq u a lity  re la tio n

So  +
4 P
f  ds

J  T h

( 9 )

w here in  f  d es ig n a te s  th e  cross-sec tional a re a  o f th e  p rism atic  b a r ,  i.e .,

/  =  d x  d y  . (10)

Demonstration.  A ccord ing  to  fo rm u la  (27) o f  p ap e r [2] in  case o f  a n y  fu n c tio n  
o f  tw o  v a ria b le s  v =  v(x, y ) ,  n o t b e in g  id en tica lly  equal to  ze ro , w h ich  is 
co n tin u o u s  in  th e  closed reg ion  T  +  f)T  a n d  step -by -step  d e r iv a b le  c o n tin 
u o u s ly  in  th e  reg io n  T,  th e  in e q u a lity  re la tio n

(2J\ а т i
r {vv}  

J t  G - d J + J —  ds
8 7 ' rh

( 11)

is  v a lid .
W e h a v e

v = U 0(x,y) +  C (12)

w h ere in  C is , fo r  th e  m o m en t, an  o p tim a l co n s tan t.
F ro m  th e  co m b in a tio n  o f  fo rm u la  (5), (6) w ith  th e  in e q u a li ty  re la tio n  

(11) an d  fo rm u la  (12) one o b ta in s  th e  in e q u a lity

(S 0 +  2 C f Y

s "+ c * L ~ k

(13)
ds

T h e r ig h t-h a n d  side o f th e  in e q u a lity  (13) is th e  function  o f  p a ra m e te r  C.
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I t  can. easily  be  p ro v e d  t h a t  th e  r ig h t-h a n d  s id e  o f  in eq u a lity  (13) h a s  a n  
a b so lu te  m ax im u m  v a lu e  a t  th e  location

C* =

a n d  th e  v a lu e  o f th is  m a x im u m  is

(S 0 +  2C/)*

2/

I
ds  

9 T  r h

(14)

m ax
c S 0 +  C*

l

ds

8 т r h

So +
4  P

)" ds

в  T  r h

(15)

B y  d e d u c in g  fo rm u la  (15), e ssen tia lly , th e  in e q u a li ty  re la tio n  (9) is p ro v e d .

3. A n  inequality  re la tio n
Theorem I I

W ith  a n y  v e c to r  fie ld

cp =  q>( x , y )  =  <px(x, y )  ex +  tpy(x ,  y )  ey

b e in g  c o n tin u o u s  in  th e  closed reg ion  T  <)T a n d  sa tisfy in g  th e  p a r t ia l  d if 
fe re n tia l  eq u a tio n

V 9  =  - 2 (x ,y )  £ T (16)

in  re g io n  T  th e  in e q u a lity  re la tio n

( r £ < - - * > u s (17)

is v a lid .

D em onstration

B e

a  =  x x(x, y )  ex +  x y(x, y )  ey an d  ß  =  ß x(x, y )  ex +  ßy(x, y )  ey

tw o  su c h  x y  in p lan e  v e c to r  fie ld s, defined in  re g io n  T  -f- d T ,  for w hich  th e  
in te g ra ls

£ ( a ,ß )  =  f  ^ - i d r + f  ^ ( n - c p ) ( n . ß ) d s ,  (18)
J T G J qt G2

E (a , ß) =  (' ^ y d T  +  Г (n  - a )2  ds , (19)
J r  G J qt G-

E (ß , ß) = |  d T  +  J  (n  - ß)* ds  (20)

are a c tu a l  and f in ite .
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T h e  above in te rp re ta tio n s  h a v e  th e  consequence th a t

E{a , a ) 2> 0, E (ß , ß) ^  0 , (21), (22)

£ ( « ,« )  £ ( ß , ß ) ^ ( E ( « , ß ) ) * .  (23)

W ith  a sim ple su b s titu tio n  i t  m a y  be p o in ted  o u t th a t

S  =  E ( v l / ,  V U). (24)

F ro m  th e  Schw arz in e q u a lity , b y  chosing a  =  V  U, ß  =  <p one o b ta in s  th e  
in e q u a lity

SE(<p, ф ) !> (£ (  V U, cp))2 . (25)

In  th e  fo llow ing th e  tra n s fo rm a tio n  of E ( v  U, cp) w ill be ca rried  o u t:

E (v t/ , 4>) =  J r ^ ~
i T + L J£ î { v u ) d s

4 - \ d T  +- f  V f U V  ■J t  ^  / J  T

'Ja
+  ! - Ç r  4 ^ ( ф  • u )d s=  2 j  U d T  +

(26)

G2 dn

+ fJ a r  w
U  +

F h  d U  

G í)n ,
ds

4
U d T  =  s .

C o m b in a tio n  o f th e  in e q u a lity  (25) and fo rm ula  (26) y ields th e  in e q u a lity  
re la tio n  to  he d e m o n s tra te d  (17).

4. Upper limits

Theorem I I I

W ith  a n y  sca la r fu n c tio n  A  =  A (x ,  y )  c o n tin u o u sly  d e riv ab le  in  reg ion  
T  - f  d T  th e  in e q u a lity  re la tio n

S ^ j ' G ( v ^ x e 2- R ) 2d T + J  r h  B „J2d S  (27)

is v a lid , w here in
R n =  R  ■ n , R  Ç d T . (28)

Demonstration

Be
cp =  G [ v ^ i  X e2 — R ] (29)
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■wherein A  =  A (x ,  y )  d e s ig n a te s  an y  a rb itra ry  sca la r  fu n c tio n  derivab le  in  
re g io n  T  -j- dT.

I t  is easy  to  p o in t o u t  th a t  th e  v e c to r  tp =  cp(x, y )  =  (px, ex -f- qjy ey of 
fo rm  (29) satisfies th e  p a r t ia l  d ifferen tia l e q u a tio n  (16).

S u b s titu tio n  o f  fo rm u la  (29) in to  th e  in e q u a lity  (17) re su lts  in  th e  de
m o n s tra t io n  of T heorem  I I I .

Theorem  I V

W ith  th e  fu n c tio n  A  — A (x ,  y )  d e riv ab le  in  th e  reg ion  T  +  dT ,  no t 
b e in g  id e n tic a lly  c o n s ta n t , h u t  o therw ise a rb itra r i ly  chosen, th e  in eq u a lity  
re la t io n

s < i

is v a lid , w herein

| j  G ( v A x  ег) • R  d T
r  PtA l 2 

-  ГК —  R n ds 
J a r  ds j

J
j' G ( v A ) 2 d T  + Г ГЛ (— | 2rfs

) qt l ds j

/ = 1 G R 2 d T +  Г f h  R;, ds .
J Г JdT

(30)

(31)

D em onstration

L e t us app ly  th e  in e q u a li ty  fu nc tion  (27) to  th e  fu n c tio n  A *  =  7.A(x, y )  
o f  tw o  v a riab le s , w here 7. is, fo r  th e  m o m en t, a re a l n u m b e r, a rb itra r ily  chosen.

B y  p roceeding  w ith  th e  e lem en ta ry  c a lc u la tio n  one o b ta in s  th e  follow 
in g  re s u lt :

Г G ( v A ) 2d T  + rhi-^YdS +
) T эт l  ds )

+  2 A (
Г T h  —  R n ds — Г G ( v A  x e z) ■ R  d T )  +

J q t  d s J T
(32)

í r
G R 2 d T Fh Rí, d s .

Theorem V

B e p  =  p (x ,  y )  a fu n c tio n  o f tw o v a riab les  co n tin u o u sly  d eriv ab le  in  th e  
c lo sed  reg ion  T  -j- f)T  w h ich , in  th e  reg ion  T  sa tis fie s  th e  p a r tia l  d ifferen tia l 
e q u a tio n

Ap  =  - 2 .  (33)

T h e  in e q u a lity  re la tio n

S < C {  ( v p ) * d T +  [ r h  Í - — f d S  (34)
J r  J d T  ' d n  j

is v a lid .
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Demonstration

Be in  th e  fo rm ula  (17)
cp -= G v p

T h e  v e c to r  tp =  cp(x ,y)  o f th e  ab o v e  fo rm , obv iously , satisfies E q . (16). C om bi
n a tio n  o f  fo rm ulae  (35) a n d  (17) th e  in e q u a lity  re la tio n , Q .E .D .

Theorem V I

T he fu n c tio n  q =  q(x, y )  shou ld  sa tis fy  th e  conditions

Aq  =  - 2

T h à q ]
J a r  dn  \ G д п )

(*> У) € T  , 

ds =  0 .

W e h av e  th e  in e q u a lity  re la tio n

S < ,  2 G j q d T .

(36)

(37)

(38)

Demonstration

Be p ( x , y )  =  q (x ,y ) .  O n th e  basis  o f  th e  in eq u a lity  r e la tio n  (34) the 
fo llow ing in e q u a lity  can  be w ritte n

S ^ c j  { v q ) 2 d T +  J d S • (39)

T h e  r ig h t-h a n d  side o f  in e q u a lity  (39) m ay  be tran sfo rm ed  as fo llow s:

G 1 ( v o ) 2 d T +  Г T h ( i l
2

ds = c f V -fa V e)
>T J  dT l dn J r

-  G P A q d T +  Г F h  (- d q ? d S  = 2G Гq d T  -f-
' r  J a  r l dn  1 J r

+  G f A - U — d £ ds = 2 G ( q d T
lat  9» L G dn JT

F ro m  th is  re su lt a n d  from  in e q u a lity  (39) th e  v a lid ity  of T h eo rem  V I  follows.
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5. E x a m p le  to form  lim itin g  values

I n  Fig. 2 a sq u a re  c ro ss  section is s tre n g th e n e d  b y  a th in  shell a t  its
edges.

T o  m ake th is  e a s ily  u n d e rs tan d ab le , in  th e  num erica l exam ple  th e  
m e a su re m e n t u n its  w ill n o t  b e  given. W e h a v e

h  =  0 ,1 , G =  10, Г  =  100 .

5.1 F ro m  F orm ula  (27), th e  su b s titu tio n  A  =  0 y ie ld s

S ^ g | R 2d T + r h f  R 2n ds = 1 0 6 ,6 .
J T Ja T

5.2 I n  F o rm u la  (30) b e  A  =  x y .
C alculating  w ith  th e  ab o v e  function , y ie ld s  in  th e  exam ple in  q u es tio n :

S <, 104,3 .

5 .3  L e t  us apply  F o rm u la  (34) to  th e  fu n c tio n

, ч * 2 +  У2P  (X, У) =  х у --------- •

A n  e lem entary  c a lc u la t io n  yields:

S <, 104,8 .

5 .4  I n  F o rm ula  (38) le t  u s  h a v e
X  ̂ —1— у 2

q =  q{x, y )  =  c(x2 -  y 2) --------- - У
Zu
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T h e  va lu e  o f th e  c o n s ta n t c sh o u ld  he selected  in  such  a  w a y  t h a t  the  
c o n d itio n  (37) shou ld  he va lid . B y  a p p ly in g  e lem en tary , a lth o u g h  som ew hat 
le n g th y  c a lcu la tio n  one ob ta in s:

A p p ly in g

q =  q ( x ,y )

y ields

c =  1,427 . 

1 ,427(*2 -  у 2) 

S  <. 105,6 .

x 2 + y 2

5.5 F ro m  th e  know n  resu lts  ensues t h a t  th e  to rs io n a l stiffness o f  a  so lid  square  
cross sec tio n  n o t s tren g th en ed  b y  a  th in  shell [3] is:

S 0 =  22,496 .

On th e  o th e r  h an d , in  th e  p rob lem  in  q u es tio n :

ds
T h

0,8 , / = 4 .

R e p la c e m e n t o f  th e  re su lts  o b ta in ed  in  th e  foregoing in to  F o rm u la  (9) yields 
th e  lo w er lim itin g  v alue

S  ^  102,5

fo r th e  to rs io n a l stiffness of th e  sq u a re  cross sec tion  stren g th en ed  b y  a th in  shell.
5.6 C om b in in g  th e  ca lcu la ted  u p p e r b o u n d s  w ith  th e  low er b o u n d  follow ing 
from  F o rm u la  (9) resu lts  in

102,5 < , S  <, 104,3 . (40)
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Die Schranken der Torsionssteifheit, die durch die de Saint-Venantsche Theorie ermittelt 
werden, können größtenteils mit Hilfe der Schwarzschen Ungleichheit bestim m t werden.

Acta Technica Acajcmiae Scientiarum Hungaricae 92, 1981





Acta Technica Academiae Scicntiarum Hungaricae, Tomas 92 (3 — 4), pp 301 321 (1981)

BRACKETING OF THE EIGENFREQUENCIES OF 
SPATIAL SKELETONS I.

GY. CZEGLÉDI* 

[Manuscript received 2 april 1981]

This first part of the paper consisting of two parts states the problem, produces 
substituting structures for the bracketing of dynamic characteristics of space frame 
structures consisting of straight bars w ith length-wise varying characteristics, then 
the m atrix equations describing the vibration of a single prismatic bar are established. 
For the analysis of vibrations of prismatic bar systems a theory applying dynamic 
stiffness and deformation matrices will be presented, relying on the continuum model.

1. In tro d u c tio n

C erta in  s tru c tu re s  in  general m ech an ica l engineering, veh icles or l ig h t
w e ig h t b u ild in g  system s can  often  be m odelled  as sp a tia l sk e le to n s. T h e ir 
d y n a m ic  analysis  in v a ria b ly  enhances n a tu ra l  frequency , or in  th e  case of 
fo rced  v ib ra tio n s , th e  s tead y  s ta te  a m p litu d e  d is trib u tio n . T h is p a p e r  is 
a c o n tr ib u tio n  to  th e  d e te rm in a tio n  o f  th e  q u o ted  dynam ic  c h a ra c te r is tic s  
o f  s p a tia l  skele tons m odelled  as a c o n tin u u m .

B ecause o f  its  vo lum e, th e  p a p e r  w ill be pub lished  in  tw o p a r ts .  A fte r 
h a v in g  s ta te d  th e  p rob lem  an d  som e th e o re tic a l p re lim inaries, tw o  m eth o d s  
w ill be  p re sen ted  for th e  analysis o f  v ib ra tio n s  o f s tru c tu re s  c o n sis tin g  of 
p r ism a tic  b ars . Also num erica l fe a tu re s  o f  th e  m ethods will be ex am in ed . 
F in a lly , th e  second m ethod , considered  as su p erio r for p rac tica l ap p lic a tio n s , 
w ill be illu s tra te d  on tw o sim ple n u m erica l exam ples.

2. Theory  o f b racke ting  the  e igenfrequencies of spatia l skele tons 
rely ing on a c o n tin u u m  model

R ecen tly , am ong m ethods for th e  d y n am ic  analysis o f s tru c tu re s  tho se  
g iv in g  low er an d  u p p e r bounds fo r th e  w a n te d  dynam ic  c h a ra c te ris tic s , such  
as n a tu ra l  freq u en cy , are  g e ttin g  in c reas in g ly  p o p u la rity , ra th e r  th a n  o th e r  
m e th o d s , ad v isab ly  invo lv ing  e rro r a ssessm en t, w here th e  tre n d  o f ap p ro x im a -
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t io n  c a n n o t  often  be defined  in  ad v an ce , th e  e rro r  assessm ent fo rm ulae  a re  
in a c c u ra te  o r p ro h ib itiv e ly  in tr ic a te . H ere i t  w ill be a tte m p te d  to  ap p ly  to o ls  
o f th e  l in e a r  a lgeb ra  to  give a c o m p u te ria lly  su rv ey ab le  an d  re a d y  to  use 
a lg o r i th m  fo r th e  b ra c k e tin g  o f  n a tu ra l  freq u en c ies  o f sp a tia l skele tons. T h is  
a im  is ach iev ed  b y  th e  fo llow ing s tep s :
—  T o  th e  s tru c tu re  co n sisting  o f b a rs  w ith  len g th w ise  v a ry in g  c h a ra c te ris tic s , 

tw o  sy s te m s  o f th e  sam e s p a tia l  a rra n g e m e n t, consisting  of s tra ig h t b a rs  
w i th  leng th w ise  c o n s ta n t c h a ra c te r is tic s  ( la te r  on  called  p rism atic ), w ith  
n a tu r a l  c ircu la r frequenc ies g iv ing  low er an d  u p p e r  bounds of th e  o rig inal 
s t r u c tu r e ,  w ill be assigned .

—  M a tr ix  eq u a tio n s d escrib ing  sine v ib ra tio n s  o f  c ircu la r frequency  co o f  th e  
p r is m a tic  b a r  w ill be  w ritte n .

—  F re q u e n c y  eq u a tio n  of th e  s tru c tu re  w ill be estab lish ed .
T w o  m eth o d s w ill be p re se n te d  for d e riv in g  —  b y  un ifo rm  tre a tm e n t —  

th e  f re q u e n c y  eq u a tio n  o f th e  sy stem . T he f irs t  one m ay  essen tia lly  be co n 
s id e re d  as a d ev e lo p m en t o f th e  e x a c t d isp lacem en t m ethod , w hile th e  second  
ac h ie v e s  a  re su lt b y  w ritin g  a lin e a r  e q u a tio n  sy s tem  for th e  in te g ra tio n  
c o n s ta n ts ,  u sed  in  th e  th e o ry  o f  d iffe ren tia l e q u a tio n s , by  m eans o f th e  b o u n d 
a ry  a n d  f i t t in g  cond itions.

2.1 D eriva tion  and features o f  substituting structures

T h e  sp a tia l s tru c tu re  o f  s tra ig h t b a rs  w ith  leng thw ise v a ry in g  c h a ra c 
te r is t ic s  —  la te r  on called  “ o rig in a l s tru c tu re ”  —  is fu r th e r  d iv ided  b y  m ean s 
o f  in te r n a l  nodes (cross sec tions), an d  th e  o b ta in e d  p a r tia l  bars  w ill be  re 
p la c e d  b y  p rism atic  b a rs  b e tw een  th e  nodes. A p tly  selecting  c h a ra c te ris tic s  
of th is  s u b s ti tu tin g  sk e le to n , i ts  n a tu ra l  freq u en c ies  m ay  be ta k e n  as th e  
w a n te d  lo w er or u p p e r b o u n d s o f th e  o rig inal one. T h e  selection  spec ifica tio n s, 
h o w e v e r, c a n  only be g iven  w h en  in  th e  possession  o f th e  m a th e m a tic a l m odel 
o f  e a c h  b a r . R a th e r  th a n  e n u m e ra tin g  th e  e x is tin g  or know n to  be m issing  
c h a ra c te r is tic s  of th e  b a r  m odel, i t  is s im p ler to  d e fin e  th e  m odel b y  a p p ro p r i
a te  e q u a tio n s  such as:

± _  lG I  dV
d x  d x

J)_
dx d x

d2r]

~d#

(1)

d 2 - r d 2l \  A d K

d x 2 v  d x 2 ) d t2
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T he ab o v e  fo u r eq u a tio n s  describe th e  to rs io n a l and  lo n g itu d in a l v ib ra 
tio n s o f th e  b a r , as w ell as its  flex u ra l v ib ra t io n s  in  bo th  p rin c ip a l p lan es, 
assum ed  to  be s im u ltan eo u s  and in d e p e n d e n t o f  each o ther, w here

t —  tim e ;
x , y ,  z  —  co o rd in a te s  in  th e  r ig h t-h a n d  C artesian  co o rd in a te  sy s tem

(F ig . 1); i f  th e  b a r  is a t  r e s t ,  th e  origin coincides w ith  th e
g ra v ity  cen tre  o f th e  en d  c ross section , and th e  c o o rd in a te  
axes coincide w ith  th e  c e n tro id a l  p rincipal axes o f  th e  cross 
sec tio n . ( In  th e  follow ing, th is  sy stem  will be te rm e d  as its  
ow n sy s tem  of co o rd in a te s .);

q>(x, t) —  ang le  o f ro ta tio n  of th e  c ro ss  sec tio n  around axis x;
Ç(x, t), rj(x, t), £(x, i) —  are  d isp lacem ents o f  th e  cross section a long  x , y  and  

z, re sp ec tiv e ly ;
G =  G(x) —  m o d u lu s o f shear;
G I =  G I(x)  —  to rs io n a l stiffness;
в =  6(x) —  specific  m om en t o f in e r tia  o f  th e  b a r  abou t th e  to rs io n  axis

(re fe rred  to  th e  ax ia l d im en sio n );
E  =  E (x)  —  Y o u n g ’s m odulus;
E I y =  E I y(x) an d
E I Z =  E I z(x) b e n d in g  stiffnesses of th e  b a r  re fe rred  to  axes у  a n d  z, re 

sp ec tiv e ly ;
A  =  A {x)  —  a re a  o f  cross section;
Q =  p(x) —  b a r  m a te r ia l density .

P o sitiv e  d ire c tio n  o f th e  vec to r assigned to  cp in  com pliance w ith  th e  ru le  
of tu rn in g  r ig h t h as  to  coincide w ith  th e  л -a x is , an d  th e  d irection  o f  th e  v ec 
to rs  ц> an d  % (to  be  in tro d u c e d  la te r) assigned  to  th e  ro ta tio n  of th e  b a r  cross
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se c tio n  a b o u t  axes y  or г h a v e  to  coincide w ith  th e  positive d irec tio n  o f  ax es  
у  a n d  z ,  re sp ec tiv e ly .

T o  o b ta in  th e  low er lim its  for th e  n a tu ra l  frequencies, le t us d iv id e  b a r  
i in  th e  ra n g e  0 <[ x t 1,- to  k t p a r ts  (/,■ b e ing  th e  len g th  of b a r i), a n d  in  th e  
jf-th  c lo se d  p a r tia l  in te rv a l le t  th e  s u b s titu tin g  p rism a tic  rod  section  be se le c te d  
so as to  h a v e  the  equ a lities :

(G I) lij =  m in (G I , ( x , ) ) j , 

( E A ) ‘ij =  m in  ( E i A ^ x ^ j ,

( EIzYt j  =  m i n  ( E I z, i(Xi ) ) j l  

(ElyYij =  m in  ( E I yii(x i ) ) j ,  

Q\j =  m ax  (0 ,.(* ,))у ,

( qa Yíj =  m ax  (QiA i(x i ) ) j ’

( 2)

(i — 1, 2, . . . , n)

( 7 = 1 , 2 , . . . , * , )

m in  a n d  m a x  being m in im a  a n d  m ax im a o f th e  fu n c tio n s in  th e  j’- th  c lo sed  
in te r v a l ,  su p e rsc rip t l re fe rr in g  to  th e  low er b o u n d .

S e le c tin g  ch a rac te ris tic s  o f  th e  p a r t ia l  b a rs  o f  th e  su b s titu tin g  s t ru c tu re  
in  c o n fo rm ity  w ith  eq u a litie s  (2), th e n  a cco rd in g  to  th e  theo rem  o f c o m p a r i
sons (p . 7 in  [2]) re ly ing  on  P o in c a re ’s m in im a x  p rinc ip le  [1] n a tu ra l  c irc u la r  
f re q u e n c ie s  o f th e  sy stem  w ill y ield  low er b o u n d s  of th e  n a tu ra l  c irc u la r  
f re q u e n c ie s  o f th e  o rig inal sy stem .

U p p e r  bounds are  o b ta in e d  by  se lec tin g  b a r  charac teristics in  th e  s u b 
s t i tu t in g  sy s tem  accord ing  to  cond itions (3):

(G I )y  =  m ax  { G l ' i x ^ j ,  

( Е А ) ц  =  m ax  { E i A t(x i) ) j ,  

(■E I z)“j  =  m ax  { E I Xii{xt))J t  

( E ly ) “ =  m ax  { E I yii(Xi) ) j ,  

=  m in ( 9 t(xt))j,

(eA)u =  m in  {eiA Axi))]->

(3)

(i =  1, 2, . . . ,  n)

(7 =  1 , 2 , . . . ,  k t)

s u p e rs c r ip t  и re ferring  to  u p p e r  bound.
W ith  increasing  th e  d iv is io n  n u m b er lo w er bounds increase a n d  u p p e r  

b o u n d s  d ecrease. The im p ro v e m e n t o f acc u ra cy  is lim ited  b y  th e  s to ra g e  space  
n e e d e d  fo r  th e  applied  c o m p u te r , an d  b y  th e  d em an d ed  ru n n in g  t im e . F o r
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p ra c tic a l s tru c tu re s  w here b a r  c h a ra c te r is tic s  v a ry  little  len g th w ise , re la tive ly  
low er values o f  к/ will do.

F o r a s tru c tu re  m ade up  o f  b a rs  w ith  lengthw ise c o n s ta n t ch a rac te ris tic s , 
th e  s u b s ti tu te  above p ro ced u re  is m eaningless, n a tu ra l c irc u la r  frequencies 
a re  ex ac tly  ca lc u la ted  b y  p ro ced u re s  to  be p resen ted  u n d e r  2 .3  an d  2.4. T hus, 
in  th e  fo llow ing, th e  p rob lem  w ill be  to  de te rm ine  n a tu ra l c irc u la r  frequencies 
o f  sp a tia l s tru c tu re s  consisting  o f  p r ism a tic  bars.

2.2 M a tr ix  equations o f  the vibration o f  a single p r ism a t ic  bar

T he se lec ted  b a r m odel is d e fin ed  b y  (1). I f  s tan d in g -w av e , r a th e r  th a n  
g en era l so lu tions are  needed , th e n  f ie ld  equations d escrib in g  d isp lacem ents 
a n d  ro ta tio n s  o f  an y  cross sec tio n  o f  b a r  i o f c ircu lar f re q u e n c y  со v ib ra tin g  
a t  sm a ll a m p litu d e  (F ig. 2) c an  be  d ed u ced  from  E qs (1):

=  ( A lf s in  ß u X[ -(- A 2i cos ßi(Xj)  s in  cot,

Vi =  (A 3 l sin  ßaix i +  A u  cos ßai x i +  A si sh  ßsix i +  A ai ß 3iXi) sin cot, 

С/ —  ( A i  (Sin ß 2 i X /  -f Agi cos ß 2 l X /  +  A 9l sh ß 2 i x t -f A 10i ch  ß 2lx,)  sin cot,

V>i =  {—A vßu  cos ß n x i +  A sißn  sin  ß n x t — A »ißv cb  ß2iX/ —

— A  i0iß2i sh  ß2iX/) sin  cot,

Xi =  (A 3ißai cos ß?i x i A 4i ßai s*n  ß'M x i 4“ A si ßai cb  ßaix  í4"

+  A e ißat sb  ßai x i) sin

w h ere  A u , A 2i, . . . , A 12l are  m o m e n ta r ily  unknow n coeffic ien ts , an d

Vi =  (A iu  sin  ß i ix i +  A 12/ COS ß l i Xi) sin  wt » (4)

4 4

(4a)4 4

su b sc r ip t i  re fe rrin g  to  th e  i- th  b a r  in  th e  s tru c tu re .

F ig . 2. P rism a tic  b a r  w ith  i ts  ow n system  of coo rd in a tes
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In  th e  follow ing, our equations will be w ritten  b y  using sym bols o f  
m atrix ca lcu lus because o f its conciseness and com puterization  advantages. 
Column m atrices —  w ith  certa in  advantages —  w ill be term ed in  short v ec 
tors, m isunderstanding being exclu d ed  in this particular study.

S u b stitu tin g  values of d isplacem ent functions (4) at x t  - =  0 and X,  =  I/ 

(bar ends) can  be arranged in to  a displacem ent vector each:

or

Yi =

ъ
I

T,

Xi = li

Q j' sin cot ;
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in  sh o rt: üj =  и , а (- sin  cot

Vj =  \ j  о,- sin  cot. (5)

(E m p ty  m a tr ix  p laces b e in g  zeros.) T h u s, u,- an d  Vj in  (5) a re  d isp lacem en t 
v ec to rs  re fe rrin g  to  th e  d isp lacem en ts  an d  ro ta tio n s  o f le ft a n d  r ig h t b a r 
ends, re sp ec tiv e ly .

F ie ld  fu n c tio n s (4) p e rm it to  w rite  th e  force an d  m o m en t co m p o n en ts  
o f th e  p a ir  o f  v e c to rs  a t  th e  b a r  cross sec tio n  o f co o rd in a te  Xj re d u c e d  from  
th e  side o p p o site  th e  o rig in :

P j =  A i E i ß li{ A li cos ßxjXj — A 2i sin ß l t x t) sin  cot,

Gi =  — E I zißli(— A ai cos ß3lx, +  A  a  sin  ß3, Xi +  A si ch  ß 3, x t +

+  A i  sM 3i* i) sin  cot,

Я ,  =  — E I yiß 32i( — A v  cos ß2ix, +  А ;  »»и ß i ix i +  A i  ch  ß2i x i +

4- A  10i sh ß2i Xj) sin  cot,

M j =  G I ^ Ai( A lu  cos ß t iXj — A 12l sin ß ti Xj) sin  cot, (6)

N i  =  — E I ylß li(— A v  sin  ß 2ix, — A si cos ß2ix t +  A 9i sh  ß2ix t 4-

+  A o i  cixß ü x i) sin

R i  =  E I 2i ßli(— A 3, s i n ß 3,X, — A< ™ sß a ix t +  A i  ^ ß a i x i 4- 

4- Agj ch  ß3iXi) s in  cot.

(6) y ie ld s  e x te rn a l fo rce  effect co m p o n en ts  ac tin g  on th e  bar ends  due 
to  surrounding  e ffects, to  be  u n ite d  in to  a fo rce  effect v e c to r  each , s im ilar 
to  d isp lacem en ts:

f,= -Fi
"G,
-Hi

-Mi
-N,
-K,

x,=0

~ n ~ r
"EJzi03i EJzi

1 -EJyif 2i EJV'IÏ2.г - GJiPc i

■ 1 J.. EJyi *2i EJyi?2i

____j____ i__ _ EJz.Pai» EJz,?3i

gi-sincjtj
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o r

Pi

Sinojt.

A g a in , w ritte n  in  a co n c ise  fo rm :

f I  =  F, a I sin  cot,

Pi — P ía í sil1 (7)

w h e re  f t andp,- are fo rce  e f fe c t v ec to rs, com prising  e x te rn a l forces an d  m o m en ts , 
a c t in g  on  left and r ig h t b a r  en d s, respective ly . O f course, f t h as  b een  w ritte n  
b y  reck o n in g  w ith  th e  f a c t  t h a t  th e  e x te rn a l fo rce  effect v e c to r  ac tin g  a t 
x ( =  0 on  the  b ar is — 1 t im e s  th a t  given b y  (6). E q s  (5) an d  (7) to g e th e r  are 
t h e  p a ra m e tric  e q u a tio n  s y s te m  of su rro u n d in g -in d u ced  ex te rn a l force effects 
o n  b a r  ends and b a r  e n d  d isp lacem en ts . T he p a ra m e te r  is v ec to r  o, inc lud ing  
u n k n o w n  coefficients o f  f ie ld  functions.

I n  the  follow ing, tw o  algo rithm s w ill be  p re se n te d  fo r th e  ca lcu la tio n  
o f  th e  n a tu ra l f req u en cy  o f  sp a tia l skeletons m ad e  u p  of p rism atic  rods. T he
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f i r s t  one is c h a ra c te r iz e d  b y  th e  e lim in a tio n  o f  p a ra m e te r  at from  E q s  (5) 
a n d  (7), while th e  second  one keeps i t  e x a c tly  to  e s tab lish  th e  sy s tem  freq u en cy  
eq u a tio n .

2.3 A n a lys is  o f  the vibration o f  fram ew orks consisting o f  p r ism a tic  rods using  
d yn a m ic  stiffness and deformation matrices

P a r ts  o f th e  m e th o d  to  be p re sen ted  a re  kn o w n  in  th e  l i te ra tu re  as ex ac t 
d isp lacem en t or fo rce  m e th o d s an d  a re  s im ila r to  th e m . A ccord ing ly , th e  
re la tio n sh ip s  to  be  deduced  an d  ta b u la te d  a re  s tr ic tly  re la te d  to  e.g. th e  
K o lousek  fu n c tio n s  [3]. A  d e ta iled  t r e a tm e n t  is fe lt b y  th e  A u th o r to  be 
ju s tif ie d  b y  th e  so m ew h a t u n u su a l s ta r t ,  th e  u n ifo rm  t re a tm e n t  for b a r  sys
te m s , an d  b y  th e  c o n sid e ra tio n  —  in  a d d itio n  to  b en d in g  a n d  lo n g itu d in a l 
v ib ra tio n s  in  b o th  p r in c ip a l p lanes —  o f to rs io n a l v ib ra tio n s .

T he e ssen tia l o f  th e  m e th o d  is to  e lim in a te  p a ra m e te r  at from  E q s (5) 
a n d  (7), d irec tly  r e la tin g  th e re b y  to  s in u so id a l e x te rn a l force effects an d  th e  
re su ltin g  sinuso idal b a r  end  d isp lacem en ts.

2.3.1 D ynam ic  d e fo rm a tio n  m a tr ix  o f a  sing le  b a r  a n d  its  c h a rac te ris tic s

L e t us co m p rise  d isp lacem en t an d  e x te rn a l force effect v ec to rs  in to  
a  h y p e rm a tr ix  each :

= U ,
vi . V ,

S(

ft = F (

Pi. к

sin  a>t,

sin  cot ;

Qi

(8)

o r, in  a  concise fo rm :

§j =  S,- a,- s in  cot, 

4i =  Qi ai sin  cot.

(9a)

(9b)

Q, is a q u a d ra tic  m a tr ix  of o rd er 12. I t  h as  a n  in v erse  fo r d e t (Q,) ^  0 ’ 
in  th is  case, ex p ress in g  a,- sin  cot from  (9b) a n d  su b s ti tu t in g  in to  (9a):

*, =  S fQ r1# /,

o r, u sin g  th e  n o ta t io n  S, • Qr1 == R,

5í = r /9í (10)
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w here  R (- is  th e  dynam ic d e fo rm a tio n  m a tr ix . T h e reb y  th e  w a n te d  d irec t 
re la t io n s h ip  be tw een  sinuso idal e x te rn a l  force effect g, a c tin g  on  ends o f b a r  i, 
an d  b a r  e n d  sine d isp lacem ent s,- is a t  h a n d , s,- is th e  “ response”  on  e x te rn a l 
force e ffe c ts  a t  b a r  ends —  as po les  o f  a p a r t  sy stem .

L e t  u s  n o te  th a t  d y n am ic  d e fo rm a tio n  m a tr ix  R, is m ore ex p ed ien t 
to  e s ta b lis h  fro m  d irect p h y sica l c o n sid e ra tio n s  —  as u su a l in  p u b lic a tio n s  —  
th a n  to  s t a r t  from  th e  d e fin itio n  R ( =  S(- Q)-1 an d  es tab lish  i t  from  m a trices  
S, a n d  Q,-.

M a rk in g  le ft-h an d  an d  r ig h t-h a n d  b a r  ends w ith  su p e rsc rip ts  1 a n d  2, 
re sp ., (p o les  1 and  2 of a p a r t  sy s te m  i), s tru c tu re  o f  m a tr ix  R,- w ill be p re 
se n te d  b y  d e ta ilin g  re la tio n sh ip  (10):

(10a)

(E m p ty  p laces  being zeros.)
E le m e n ts  a re  de ta iled  in  T ab le  1 w ith  th e  a lread y  used  n o ta tio n s  an d

N 2i =  1 — cos ß2i lj • ch ß2i l j ,

N 3i = 1  cos ß 3j lj ■ ch ß3j l j .

T h e  e le m e n ts  physically  co m p rise  s te a d y -s ta te  sine d isp lacem en t a m p litu d e s  
d u e  to  u n i t  ex c ita tio n  a t th e  g iv en  place.

F ro m  th e  exam in a tio n  o f  th e  e lem en ts i t  is c lear th a t  p a r ti t io n in g  m a tr ix  
R, in to  fo u r  m atrices as seen in  (10a) perm its  it  to  be w r itte n  as

R , = D

C

c r

D i

(И)
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Table 1

w here C7 is th e  tra n sp o se  o f m a tr ix  C; th e  sy m m etric  m a tr ix  D x d iffe rs  from  
th e  eq u a lly  sy m m etric  m a tr ix  D b y  th o se  non-zero  elem ents o f  id e n tic a l 
positio n , ou ts id e  th e  m a in  d iagonal a re  — 1 tim es th e  id en tica l e le m e n ts  o f  D. 
A ccord ing ly , also R, is obv iously  sy m m etric .

M a tr ix  R, has b een  estab lish ed  fo r  a b a r  w ith  tw o poles, a n d  w ith  six 
degrees o f  freedom  fo r each  pole. M ore com plex  system s m ay  in v o lv e  bars 
w ith  a single pole, such  as th o se  in  1, 3 a n d  4 in  F ig . 3. T he d y n a m ic  defo r
m atio n  m a tr ix  R, fo r such  a single-pole b a r  is easy  to  derive fro m  th e  two-
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pole  one . S u b s titu tin g  v e c to rs  5,- an d  in to  th e  fo rm s of (9) an d  R, in  th e  
fo rm  in  (11) in to  (10) a n d  e x p an d in g  yields:

», =  Dfi +  C' Pn

ii =  4  + Dl pi • (12)

F ig u re  3 also show s axes x t of its  ow n sy s tem s  o f coord inates assigned  
to  th e  b a rs . F o r each  sing le-po le  b a r , u ; =  0. R e la tio n sh ip s  (12) p e rm it to  
d ire c tly  re la te  Й,- an d  p p

üí =  (D 1 - C D - i C T) A .

K e e p in g  th e  general fo rm u la tio n , app ly ing  n o ta t io n s  sl =  v ,■ and  q, =  p t as 
w ell as R, =  D x -  C D ^ C 7

h  =  ® i9i

R,- b e in g  a dynamic deformation matrix o f  the single-pole bar. R ( ex ists i f  D 
is in v e r tib le .

A cco rd in g  to  th is  t r a in  o f th o u g h t, a n d  p a r titio n in g  th e  d y n am ic  
d e fo rm a tio n  m a tr ix  w r it te n  fo r  a tw o-pole b a r  w ith  six  degrees o f freed o m  
fo r e a c h  pole, th e  d y n a m ic  d e fo rm a tio n  m a tr ix  o f  th e  b a r  can  be  w r it te n  
fo r a n y  special case.

A n o th e r  in te re s tin g  c h a ra c te r is tic  of m a trice s  R, has still to  be m en tio n ed . 
F o r  Sj — 0 —  th e  case o f  a r ig id ly  clam ped b a r  a t  b o th  ends —  ro o ts  of e q u a tio n

d e t R, =  0

do n o t  y ie ld  n a tu ra l c irc u la r  frequencies o f th e  b a r , since in  th is  case, m a tr ix  
R, do es n o t ex ist. N am ely , d ed u c tio n  of e lem en ts  o f dynam ic  d e fo rm a tio n  
m a tr ix  R, h ad  to  invo lve  s tip u la tio n  s;- 0, d ire c tly  u n d e rs tan d ab le  from
th e  c o n s id e ra tio n  of th e  s tru c tu re  of m a trix  Q, in  R,. =  S, Q,“1. F o r in s ta n c e , 
fo r th e  lo n g itu d in a l v ib ra tio n  of a b a r c lam p ed  a t  b o th  ends, si n ß l i li =  0. 
T h e n  m a tr ix  Q, is s in g u la r, a n d  has no inverse . L e t  u s  no te  th a t  a t  th e  sam e 
t im e  S;- is singular. If , acco rd in g  to  th e  in te rp re ta t io n  above, R, is in e x is te n t, 
sp e a k in g  o f  its  inverse  w ou ld , o f course, be m ean in g less . This s ta te m e n t w ill 
be  u se d  u n d er 2.3.4.

2 .3 .2  D yn am ic  stiffness m a tr ix  o f a single b a r  a n d  its  ch a rac te ris tic s

P ro v id e d  it  ex is ts , th e  in v erse  re la tio n  o f (10) can  be w ritte n  b y  m ean s 
o f (9a) a n d  (9b):

9 ,  =  R r 4 ,  ( 1 3 )

w h ere  R(-1 =  S ^ 1 is th e  d y n am ic  stiffness m a tr ix .
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D ynam ic  stiffness m a tr ix  R ^ 1 o f a b a r  m odel w ith  tw o  poles, six  degrees 
o f freedom  pole-w ise, is o f  a s tru c tu re  sim ilar to  th e  d y n am ic  m a tr ix  o f  defor
m a tio n  in  (10a), w ith  s im ila r  ch a rac te ris tic s . Also R r 1 is sy m m etric , th e  same 
ho lds as fo r p a r titio n in g  in  (11).

I t s  elem ents d e n o te d  h y  r-y have  been  com piled  in  T ab le  2. T h e ir  physical 
m ean in g  is th e  a m p litu d e  o f  s te a d y -s ta te  sine force effect p ro d u c in g  u n it  sine 
d isp lacem en t am p litu d e . [Also e lem ents o f m a tr ix  R ^ 1 h av e  b een  produced  
fro m  d irec t m echan ical co n sid e ra tio n s b y  m eans o f th e  fie ld  fu n c tio n s  (4) 
an d  (6) r a th e r  th a n  u s in g  E q s  (9a) an d  (9b).]

Table 2
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D y n a m ic  stiffness m a tr ix  o f  a single-pole b a r  can  be d e riv ed  b y  sim ple 
p a r t i t io n in g  from  th e  tw o -p o le  one. D eno ting  6 x 6  b locks o f  R r 1 as C, D, 
D , —  as in  (11) — ex p an sio n  co rrespond ing  to  (12) becom es:

f i  =  D «,' +  CTVf

Pi =  С й,- - f  D j i f .  (14)
F o r  üj =  O'.

P i  =  D t v t (15)

o r, a c c o rd in g  to  th e  u su a l fo rm u la tio n , because o f =  p , an d  s,- =  v (

$ /  =  R f 4  ( 1 6 )

w h e re  R;- 1 =  Dx is th e  d y n a m ic  stiffness m a tr ix  o f  th e  sing le-pole b a r.
T h u s , for a b a r  c lam p ed  a t  one end, th e  o th e r  ex em p t from  force effects, 

< } i =  0  hence :

d e t (R r1) =  det (D x) =  0

is th e  b a r  frequency  e q u a tio n , i ts  ro o ts  yield  th e  kn o w n  n a tu ra l  frequencies 
o f  lo n g itu d in a l, tra n sv e rsa l a n d  to rs io n a l v ib ra tio p s .

I n  cases m eeting  o th e r  c o n s tra in ts  th e  d y n am ic  stiffness m a tr ix  o f a b a r 
is e a s y  to  derive from  th e  g e n e ra l one, along th e  sam e lines as th a t  fo r th e  
s in g le -p o le  one.

T h e  sam e an o m aly  as en co u n te red  fo r m a trice s  R, also occurs here, 
in  a n a lo g o u s  form . F o r  a b a r  free  a t  b o th  ends qt =  0, acco rd ing  to  (13), 
th e  “ freq u en cy  eq u a tio n ”

d e t ( R r 1) =  0

is fa lse , th e re  being no R(. in  th is  case. N am ely , m a th e m a tic a l d e riv a tio n  
o f  t h e  d y n am ic  stiffness m a tr ix  R)-1 involved  th e  a ssu m p tio n  qt =X= 0. M atrices 
Q ; a n d  S(- in  th e  d e fin itio n  R r 1 =  Qj-S^1 are  ag a in  s in g u la r. C orrectness o f 
th is  s ta te m e n t can be u n d e rs to o d  along th e  lines as fo r m a trices  R (.

D y n am ic  stiffness m a tr ic e s  o f b a r p a r ts  b e ing  av a ilab le , le t us now  
e s ta b lis h  equations for th e  c o m p le te  skeleton.

2 .3 .3  Equation o f  vibrations o f  the spatial skeleton

I n  possession o f d y n a m ic  stiffness m atrices  of b a rs  p e rm its  to  e s tab lish  
th e  d y n a m ic  stiffness m a tr ix  o f  th e  com plete fram ew o rk  an d  th e  v ib ra tio n  
e q u a t io n  of the  w hole s t ru c tu re .

T h e  following t r a in  o f  th o u g h t  re levan t to  sk e le to n s has been pub lished  
in  a  m o re  general form  e.g. in  [4] or [5], th e re fo re , here  it w ill on ly  be o u t
lin ed  fo r th e  sake of co m p le ten ess .
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B ar e q u a tio n s  w ere conven ien t to  w rite  in  th e ir  own s y s te m  o f  coordi
n a te s  assigned to  th e  b a r , b u t e q u a tio n s  fo r  bars jo ined  w ith  en d s  a re  adv is
ab ly  es tab lish ed  in  a “ com m on”  c o o rd in a te  system  assigned to  th e  s tru c tu re , 
in v o lv in g  th e  im p e ra tiv e  to  tra n s fo rm  th e  h ith e r to  discussed fo rce  effect and 
d isp lacem en t v e c to rs  in to  th e  com m on  co o rd in a te  system . I f  u n i t  vectors 
o f  th e ir  ow n sy s te m , x t ,  y t, 2,- are e1(-, e2/, e 3 j , an d  those of th e  c o m m o n  system  
X ,  y ,  z  are i ,  j ,  k ,  th e n  th e  m a tr ix  tra n s fo rm in g  a tr id im en sio n a l v e c to r  from  
its  ow n to  th e  com m on  system  is:

i e u l e 2t l e 3 i

j e u J e 2i j  e 3i

k e u к e 2( k e 3i

L et us d en o te  th e  d isp lacem ent a n d  force effect vecto rs fo r  th e  b a r  i  in 
th e  com m on c o o rd in a te  system  b y  s ,- a n d  g ( ,  respectively . U s in g  d iagonal 
h y p e rm a tr ix  Т,- =  <(t,-, . . . , t (> b a r  en d  d isp lacem ents an d  e x te rn a l  force 
effec ts  in  th e  com m on  coord inate  sy s te m  are :

s i =- T t h

g, =  T,9,. (17)

T he size o f  Т,- depends on th e  d eg ree  o f  freedom  of b a r  p o le  p o in ts : for 
a b a r  o f a sing le pole w ith  six degrees o f  freedom , i t  is 6 X 6, fo r  a  b a r  o f two 
poles w ith  six  degrees o f freedom  each , i t  is 12 X 12.

Т,- being  a n  o rth o g o n a l m a trix , its  in v e rse  equals its  tra n s p o s e d :

T h u s , th e  in v erse  ie la tio n  betw een  E q s  (17) is

S,- =  T J 5,

and

i i - T / V  ( Щ

W ritin g  (13) re la tin g  to  ex te rn a l force effec ts  and  pole d isp la c e m e n ts  in  the  
com m on c o o rd in a te  system  using (18) y ie ld s

4i — T, к ,г1 т Г  s( (19)
re fe rrin g  to  b a r  i .

T he s tru c tu re  consists o f n  b a rs , a  re la tio n sh ip  sim ilar to  (19) can  be 
w r itte n  for each . F o r th e  ease o f h a n d lin g , le t th e  n d isp lacem en t a n d  force 
effect v ec to rs  be  com prised  in to  a h y p e rv e c to r  each:
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s = S1 * 9 = 9i

S2 9г

S n Ч п _

In tro d u c in g  a d iagonal h y p e rm a tr ix

R 1 = R f ' T T
1

T2R 2 l Tr
2

T  R —1T r

th e n  n  e q u a tio n s  co rresp o n d in g  to  (19) can he fo rm a lly  com prised in to  m a tr ix  
e q u a tio n

q ^ R ' s .  (20)

B a rs  jo in  th ro u g h  po les. P o le  jo in tin g  p o in ts  w ill he called nodes. L e t 
sy s te m  n o d es  be d en o ted  b y  m ere  cap ita ls; p e r ta in in g  d isp lacem ent v e c to rs  
d e c la re d  in  th e  com m on c o o rd in a te  system  are  co m p rised  in a single h y p e r 
v e c to r :

(T he n u m b e r  of nodes N  h a s  n o th in g  to  do w ith  n  d en o tin g  th e  n u m b e r o f  
b a rs .)

L e t  sine  force effect v e c to rs  acting  on th e  n o d es , to  be considered  as 
e x te rn a l  fo r  th e  w hole sy s te m , b e  com prised in  a sin g le  h y p erv ec to r s im ila rly  
to  n o d a l  d isp lacem en t v e c to rs :

4o = 9л • 

Чв

4 n
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F o r th e  sake  o f  conven ience, also v ec to rs  qA, qB . . , q N h av e  b een  w ritte n  
in  th e  com m on  co o rd in a te  sy stem .

J o in tin g  o f bars req u ires  th e  in tro d u c tio n  o f tw o o th e r ite m s . L e t one 
be m a tr ix  G. I t  co n ta in s  only  ones an d  zeros, and  expresses g ap less f i t t in g  
of b a r  poles to  nodes. I f  G is d ec la red  as th e  m a tr ix  p roducing  v e c to r  s from  
s 0 th e n :

G s 0 = s .  (21)

M a trix  G m ay  be  called  kinem atic  coupling matrix.  (P u b lica tio n s  o f te n  call 
i t  c o m p a tib il i ty  o p era to r.)

A  sim ple s tru c tu re  is seen in  F ig . 3, as an  illu s tra tio n , a lso  in d ic a tin g  
axes Xj o f  its  ow n system  o f co o rd in a te s  o f  each  b ar. F o r th is  s t ru c tu re :

V 0 „
оо

E 6.
E 0

E„

w here E  an d  О are u n it an d  q u a d ra tic  zero m atrices , resp ., su b s c r ip t 6 refers 
to  th e  o rder.

T h e  o th e r item  m en tio n ed  is need ed  fo r w ritin g  nodal e q u ilib r iu m  eq u a 
tio n  o f th e  nodes. V ecto r q com prises force effect vecto rs ac tin g  o n  each  bar 
pole t h a t  a re  e x te rn a l from  th e  a sp ec t o f b a rs  b u t in te rn a l fo r th e  s tru c tu re  
as a w hole. I ts  —1-fold in d ica tes  force effects applied  b y  th e  b a rs  on  th e  
poles. M a trix  H  expresses th e  force effect o f  w hich b a r is ap p lied  on  w hich 
pole b ecau se  o f th e  connection . C onsidering  th e  nodes as m ass p o in ts  o f  zero 
m ass, n o d a l equ ilib rium  eq u a tio n  becom es:

4o — H ? =  0 ■ ( 22)

W ritin g  th e  energy  b a lance  confirm s th a t  H  is n o t in d ep en d en t o f  G b u t 
is e x a c tly  its  tran sp o sed :

H  =  GT . (23)

Fig. 3. Scheme of a simple framework
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R ep lac in g  s in to  th e  r ig h t-h a n d  side of (20) b y  (21) a n d  su b s titu tin g  th e  te rm  
o b ta in e d  for q in to  (22):

qn — H R _1 G s0 =  0 .

T a k in g  also (23) in to  c o n s id e ra tio n  and a p p ly in g  n o ta t io n

R - 1 =  GT R 1 G (24)

th e  e q u a tio n  for th e  sine  v ib ra t io n  of th e  s t ru c tu re  is

q0 =  R„ s 0, (25)

w h ere  R (f1 is th e  d yn a m ic  s tiffness matrix o f  the fram ew ork .
(25) re la tes  th e  n o d a l d isp lacem ents an d  th e  e x te rn a l force effects ac tin g  

on  th e  nodes of th e  sk e le to n . I n  case of free v ib ra t io n s  q0 =  0, p ro d u c in g  from  
(25) th e  hom ogeneous lin e a r  e q u a tio n  system

R o“ 4  =  o

a n  e q u a lity  to  be m e t in  tw o  w ays: e ither

so — 0 ,  (26)
or

d e t ( R 0- I) =  0 .  (27)

E q u a t io n  (27) is th e  frequency  equation o f  the structure. R em ind ing  th a t ,  since 
m a tric e s  G and  G7 a re  re c ta n g u la r , th e  th e o re m  fo r th e  d e te rm in an t o f th e  
p ro d u c t  o f q u a d ra tic  m a tr ic e s  canno t be a p p lied , b u t  th e  d e te rm in a n t o f R ^ 1 
c a n  o n ly  be co m p u ted  a f te r  perform ing  m u ltip lic a tio n s  in d ica ted  in  (24).

D yn am ic  stiffness m a tr ix  R ^ 1 of th e  s tru c tu re -  is o f o rder 6N  a n d  i t  is 
a t ra n sc e n d e n t fu n c tio n  o f  со.

(25) also p e rm its  to  d e te rm in e  th e  s te a d y  s ta te  response of th e  s tru c tu re  
n o des. F o r an  e x c ite m e n t effect o f sine a m p litu d e  v e c to r  q0, i f  c irc u la r  fre 
q u e n c y  of th e  e x c ita tio n  is n o t  equal to  som e n a tu r a l  c ircu lar freq u en cy  of 
th e  ske le to n ,

det (R 0 *) ^  0 .

N ow , n o d a l sine d isp la c e m e n t vec to r is ex p ressed  b y :

s o ~  ®o?o 5 (28)

w h ere  th e  dynamic deform ation  matrix o f  the structure  is:

R 0 =  [Gr R - 1G ] - 1 . (29)
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L e t us n o te  th a t  inversion  in d ic a te d  in  (29) can n o t be  fo rm a lly  per
fo rm ed  because o f  th e  n o n -q u a d ra tic  G, on ly  a fte r m u ltip ly in g  th e  fac to rs 
w ith  each  o th e i.

D e te rm in a tio n  of th e  s te a d y -s ta te  v ib ra tio n  p a tte rn  o f  a fo rced  v ib ra 
tio n  accord ing  to  (28) has l i t t le  a d v a n ta g e o u s  from  co m p u te r a sp e c ts . Solu
tio n  o f th e  inhom ogeneous lin ea r  a lg eb ra ic  eq u a tio n  system  (25) re q u ire s  the  
se lec tio n  o f th e  n u m erica lly  m ost s ta b le  m e th o d  as fa r as possib le .

2.3.4 Method o f  calculating eigenfrequencies, characteristic o f  the method

R ela tio n sh ip  (27) is th e  s t ru c tu re  freq u en cy  eq u a tio n . T h e  e lem en ts  of 
th e  freq u en cy  d e te rm in a n t a re  tra n s c e n d e n t frac tio n a l fu n c tio n s  o f  th e  v ib ra 
tio n  o f  c ircu la r freq u en cy  со. R o o ts  o f  th e  d e te rm in a n t fu n c tio n  a rc  th e  n a tu ra l 
c irc u la r  frequencies o f th e  v ib ra tio n .

T h e  fo rm al p ro p e rtie s  o f  th e  fu n c tio n  m ake th e  d e te rm in a tio n  o f the  
ro o ts  a co m p u te ria lly  d e lica te  p ro b lem . B esides steep ly  slop ing  sec tio n s, th e  
fu n c tio n  has severa l d isco n tin u itie s  (see e.g. p . 195 in  [6]). N u m erica l analyses 
a re  m o stly  m ade b y , so called , “ sh if tin g ” ; v a ry in g  со va lues b y  Aco d e te rm in a n t 
v a lu e s  are  c o m p u ted , conclud ing  fro m  its  v a ria tio n  tre n d  on  th e  occurrence  
o f  a ro o t a t  th e  co m p u ted  p o sitio n . Z eros w ill be delim ited  b y  a p p ro x im a tio n  
re ly in g  on th e  in te rv a l-h a lv in g  m e th o d . C onvenien t co m p u te r  p ro g ram m in g  
tr ic k s  p e rm it th e  d e te rm in a tio n  o f  ro o ts  o f  even m u ltip lic ity , a n d  to  avoid  
f lo a tin g -p o in t overflow  a ro u n d  d isc o n tin u itie s . F o r more than two zeros in  an 
in te rv a l  Aco, f ro m  computer causes, i t  is n o t excluded th a t  som e ro o t gets 
o m itte d  in c o m p u ta tio n . T his e v e n t is, how ever, ra th e r  u n lik e ly  fo r real 
s tru c tu re s , if  Aco is selected  sm all eno u g h  (e.g. Aco 1). T h is p ro b le m  has 
b een  solved by  W i t t r i c k  and  W i l l i a m s  [7]. T h e ir p rocedure p e rm its  to  check 
if  no  e igen frequency  w as o m itte d  below  som e fixed  value o f со* in  c o m p u ta 
tio n , o r even to  m ake u p  for th e  om ission.

Also a ph y sica l m ean ing  o f  th e  d isco n tin u itie s  of th e  d e te rm in a n t fu n c 
tio n  can  be g iven. Be со' one o f th e  n a tu ra l  c ircu lar frequencies o f  a  b a r  p a rt 
assu m ed  to  h av e  c lam ped  ends. As q u o te d  u n d er 2.3.1, for th is  c irc u la r  fre 
q u en cy , th e  d y n am ic  d e fo rm atio n  m a tr ix  o f th e  b a r is no t d e c la re d , has no 
in v e rse , n o t even  th e  stiffness m a tr ix . T he stiffness m a trix  o f  th e  co m p le te  
s tru c tu re  is com posed o f th e  s tiffn ess  m a trices  of th e  bars, th u s , a t  со' th e  
s tiffn ess  m a tr ix  o f  th e  s tru c tu re  is n o t declared , th e  d e te rm in a n t fu n c tio n  
is s in g u la r. M a th em atica lly , s in g u la r ity  m ay  be of tw o k in d s: re m o v a b le  and 
essen tia l. D isco n tin u itie s  of th e  d e te rm in a n t fu nc tion  belong to  th is  la tte r  
ty p e , w hile rem o v ab le  d isco n tin u itie s  do n o t com e to  lig h t in  n u m e ric a l an a l
y ses, ex cep t b y  chance .

T h e  above s ta te m e n ts  ra ise  th e  q u es tio n  w heth er th e  se t o f  n a tu ra l 
c irc u la r  frequencies com p u ted  fro m  0 to  a g iven  bound со* is sa fe ly  co m p le te , 
d is reg a rd in g  th e  om ission o f n a tu ra l  c irc u la r  frequencies because  o f  a n  exces-
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sive  in te rv a l  Лео? S u re ly  n o t .  L e t us assum e, n a m e ly , th e  s tru c tu re  to  h av e  
a  n a tu r a l  c ircu lar f re q u e n c y  th a t  is also th e  n a tu r a l  c ircu la r frequency  of 
a  b a r  p a r t  assum ed to  h a v e  clam ped  ends. H e re  th e  d e te rm in a n t fu n c tio n  
is s in g u la r . S in g u la rity  m a y  be  essential, th u s , in  c o m p u ta tio n , th is  n a tu ra l  
c irc u la r  frequency  is o m itte d . T his case has b e e n  re p re se n te d  b y  F ig . 3 on 
p . 264 o f  [8] — th o u g h  s ta r t in g  from  a d iscrete  m o d e l. I f  s in g u la rity  is re m o v 
ab le , th e  bound is n o t n e c e ssa rily  zero (see —  a g a in  fo r a d iscrete m odel —  
F ig . 2 on  p . 262 in  [8 ]). T h u s , principally ,  co m p le ten ess  of th e  com p u ted  set 
o f  n a tu r a l  c ircu lar f re q u e n c ie s  can n o t be sa feg u a rd ed .

A  sim ple exam ple  w ill b e  evolved as a f u r th e r  i l lu s tra tio n  of our s ta te 
m e n t. L e t us consider a  p r is m a tic  b a r of len g th  L , b o th  ends rig id ly  c lam p ed . 
F o r  th e  sake of s im p lic ity , le t  us consider to rs io n a l v ib ra tio n s  alone. L e t th e  
b a r  be  d iv ided  in to  le n g th s  lx a n d  l2, considering  th e  d iv ision  p o in t as a node. 
T h e  d y n am ic  stiffness m a tr ix  (for purely  to rs io n a l v ib ra tio n ) o f th e  re su ltin g  
s t ru c tu re  has a single e le m e n t (o m itting  th e  o th e rw ise  sim ple deduction):

Ró-1 =  [cotg blx +  co tg  6l2]

w here

M ak in g  use of id e n ti ty  o f  c o th  sum s, th e  fre q u e n c y  eq u a tio n  correspond ing  
to  (27) becom es:

sin ÔL

sin  ÓÍ, • sin <5/,

R o o ts  o f  th e  fu n c tio n , t h a t  a re  m eaningful w ith  re sp ec t to  v ib ra tio n , are 
g iv e n  b y  bL =  (1 -f- к) л  (к  =  0, 1, 2, 3, . . . e tc .)  b u t  values =  (1 -f- к) л
a n d  bl2 =  (1 к) л  h a v e  to  be  excluded from  th e  se t.

F o r  lx =  l2 =  L /2 , zeros are a t  bL =  (1 -f- 2k) л  while for bL =  2kn  
th e  fu n c tio n  has a d isc o n tin u ity . T hereby , e v e ry  second n a tu ra l c ircu la r 
f re q u e n c y  is o m itted , n a m e ly  th e y  are n a tu ra l  c irc u la r  frequencies also of 
b a r  p a r ts  of len g th  L /2 . O r, u p o n  d iv id ing l x =  LJ4 a n d  l2 =  3L/4 th e  zeros 
to  b e  excluded a re  blx =  őL/4 =  (1 -f- it) л: a n d  bl2 =  3ÔL/4 =  (1 -f- к) л .  
T h e  d e te rm in a n t fu n c tio n  is d iscontinuous a t  e v e ry  3(1 -|- /с)я:/4, th e se  are  
zeros o f  th e  freq u en cy  fu n c tio n  of th e  b a r p a r t  o f  len g th  3L/4 v ib ra tin g  in  
to rs io n . Zeros of th e  f re q u e n c y  function  o f b a r  p a r t  o f leng th  L j4 a re  a t  
4(1 -)- к ) л .  Thus, a t  4тг, 87т, 12л: etc., n u m e ra to r  o f  th e  frequency  eq u a tio n  
h as  a single, and its  d e n o m in a to r  a double zero , th u s ,  th e  function  is b o u n d 
less. T hese  frequencies a re  o m itte d  in  th e  course  o f  co m p u ta tio n .

T h e  discussed d is a d v a n ta g e  resu lts  from  th e  re d u c tio n  of th e  degrees 
o f  freed o m  peculiar to  th e  m e th o d  under 2.3.3. A s w as p o in ted  ou t in  [8], [9]
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a n d  [12] d y n am ic  s tiffn ess  m a tiix  in  E q s (27) is a lread y  a re d u c e d  stiffness 
m a tr ix  of th e  sy s te m , since th e  n u m b er o f degrees of freedom  ex p lic ited  in 
th e  prob lem  is f in i te , as ag a in st th e  in fin ite  degrees of freed o m  o f th e  con
tin u u m  m odel, a n d  e q u a l to  th e  sum  o f n o d a l degrees o f  freedom .

T he A u th o r  feels i t  to  be th e  g re a te s t defic iency  o f  th e  d isp lacem en t 
m e th o d , no h in t  o f  w h ich  has been fo u n d  in  a n y  p u b lica tio n s e x c e p t h is own.

L e t us n o te  t h a t  ev en  i f  E qs (26) are  m e t, v ib ra tio n  is possib le , since 
th e  v ib ra tio n  n o d es m ay  coincide w ith  th e  s tru c tu ra l  nodes, a specia l case 
of th e  p h en o m en o n  d iscussed  in  th is  item .
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BENDING STRESSES IN FOUR CORNERS SUPPORTED  
HYPAR SHELLS USING A VARIATIONAL 

SOLUTION

A. POCANSCHI-CS. KEGYES*

[Manuscript received 3 April, 1978]

The paper attem pts to evaluate the bending state in a four corners supported 
shallow hypar shell by means of the Ritz method. Finally an illustrative example is 
given.

Symbols

n x ,  M y, n Xy

w(x, y)
mX' my  mxy 
4xi Чу 
p
8
2 a
f
6
b, h
E
К
E l
Ml
D
a, ß, V 
t iV

cartesian coordinate axis
normal and shear membrane stresses
supporting beam axial forces
middle surface vertical displacement
shell bending and twisting moments
vertical shear forces
uniform load acting on the shell
edge member line load
width of the shell
rise of the shell
shell thickness
width and height of the edge beam 
modulus of elasticity 
flexural stiffness of the shell 
flexural stiffness of the edge beams 
torsional moment of the edge beams 
shell extensional stiffness
physical and geometrical constants of the structure 
dimensionless co-ordinates

The stress analysis o f hyperbolic paraboloid shell structures bounded by  
straight generatrices is generally carried ou t according to  the m em brane  
theory, w hich proved its va lid ity  in m ost cases w hen the real shell boundary  
conditions w ere able to  transm it the shell shear stresses to the supports. 
The assum ption w hich the present analysis is based on, is the fact th a t, for 
usual uniform  vertica l loads, the solution furnished b y  the membrane th eory  
is a particular solution  o f the general bending th eory  equations. As lon g  as 
th is  particular solution  satisfies the boundary conditions, the general in tegral 
o f the hom ogeneous equation represents the secondary bending stresses. The  
analysis carried out in  th is paper attem pts an in vestigation  into the problem

* A. P o c a n s c h i , Dr. Eng., Lecturer in Civil Engineering, Department of Reinforced 
Concrete Structures, Polytechnic Institute, Cluj, Romania

Cs. K e g y e s , Eng., Design Office, Tîrgu Mure?, Romania
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o f th e  b e n d in g  stresses in d u ced  in  fo u r  co rn e rs  su p p o rte d  h y p erb o lic  p a r a 
bo lo id  sh e lls  using  a s tra in  en e rg y  m e th o d . T h e  co rner su p p o rts  a re  ab le  to  
w ith s ta n d  th e  h o rizo n ta l th r u s t  o f th e  edge b eam s, e.g. th e  tw o  lo w er s u p 
p o rts  a re  co n n ec ted  b y  a  tie  o f  in f in ite  ten s ile  stiffness.

1. L e t  us consider a sq u a re  shallow  h y p e rb o lic  parab o lo id  shell b o u n d e d  
b y  s t r a ig h t  edge beam s s im p ly  su p p o rte d  on  th e  fou r co rners, su b je c te d  to  
th e  u n ifo rm  v e rtic a l lo ad  ‘‘‘'p "  p e r u n i t  of th e  p la n  a rea  (F ig . 1). T h e  su rface  
e q u a t io n  o f  th e  shell re fe rred  to  th e  c a r te s ia n  co -o rd ina te  axes o f  F ig . 1 
m a y  h e  w r i t te n  as:

•  = ■ & ■ (i )

A cco rd in g  to  th e  m em b ran e  th e o ry , e v e ry  p o in t o f th e  shell is su b je c te d  
to  th e  s tre sse s :

Оp a "
n v =  0, n x y

2f
( 2)

A t  th e  shell edges, th e  sh ea r s tresses n xy are tra n s m itte d  to  th e  su p 
p o r t in g  b e a m s, su b jec tin g  th e m  to  th e  a x ia l forces:

N x = P ^ x  an d  N v = - P ^ y .
2/  2f (3)

2 . T h e  p o te n tia l energy  over th e  e n tire  s tru c tu re  m a y  be co n sid e red  as 
th e  s t r a in  energy  of th e  shell alone p lus th e  s tr a in  energy  o f th e  b eam s p a ra lle l 
to  th e  Ox a n d  Oy axes:

V, =  U t +  U bx +  Uby (4)
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I f  E I X — E l y  denotes th e  f le x u ra l stiffness o f  th e  b eam s h a v in g  th e  
w id th  “ 6” , fo llow ing  th e  sam e w ay  as in  [4] one can  w rite  th e  s t r a in  en erg y  
o f th e  s tru c tu re  o f  F ig . 1 as:

К

2

+  E l

Ш
i p

U -  I a * s

( b 2w

'а  /Д2,., \2

+ 2

d x  -f-

\2 I f)2w \2b 2w
+

y - a

-  v [ L L  0  i f ) dx  -  

^ S ° J - f L ydy] + E ‘F S r ‘ dxdy

E P Ô

j:

d x  b y  

a j b 2u>)2

b y 2

b y 2

L i y \ -

I dx  d y  -|-

w here
p a *

~ w
E i  =

(5)

(6)

w ith  P o isso n ’s ra t io  ta k e n  equal to  zero .
T h e  p o te n tia l  energy  due to  th e  e x te rn a l  loads, “g”  d e n o tin g  th e  edge 

beam s lo ad s , is g iven  b y  th e  exp ression :

Ja r a  ra
p w d x d y  +  giGx_ 0 dy  +  gu>y_a d x  .

—a J —a J —a J —a
(7)

A ccord ing  to  (5) an d  (7) th e  to ta l  e n e rg y  o f  th e  s tru c tu re  b eco m es:

П  =  V, -  Ve . (8)

3. T h e  b o u n d a ry  cond itions to  be s a tis f ie d  b y  th e  d isp lacem en t fu n c tio n
w  a re :

for
r *  =  a  1

e-HII

for

4 II 1+ &

for
r *  =  °  -j
b  =  o  J

for " * = : + « '

. y =  ± a -

w  =  0 , (9)

w  —  0 , (10)

bw bul n
(И )

b x  by

m x =  b МЦb y  
m,y =  ЬМЦЬх.

(12)
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T h e  ex p ressio n  of th e  d isp lacem en t fu n c tio n  w  sa tisfy ing  th e  co n d itio n s  
(9— 12) m a y  he  chosen as a f in i te  p o lynom ia l in  ascend ing  pow ers:

W  =  A x 2 +  У2 — 2a 2 
2a 2

x 2y 2 — a 1 x 2y i  +  x i y 2 — 2a 6
l i ------------------- - C ------------------------------ .

2a 6
(13)

T h e  co n d itio n  (12) c a n n o t be fu lfilled  u n d e r  its  general form , fo r  th is  
re a so n  i t  w ill be a p p ro x im a te d  as an  eq u ilib riu m  b e tw een  th e  shell b e n d in g  
m o m e n t r e s u l ta n t  an d  th e  edge b eam  to rs io n a l m o m e n t re su lta n t

d3 n>

dxdy2 x=,
dy =  0 , (14)

w h ich  le a d s  to  th e  follow ing re la tio n  am ong th e  p o lynom ia l coefficients:

A  =  ocB +  ßC  (15)
w h ere

K a  3 K a  5
(16)

W ith  A  g iven b y  (15) th e  d e fo rm atio n  o f  th e  shell th a t  sa tisfies th e  
g ro u p  o f  b o u n d a ry  co n d itio n s (9 —12) is:

В
TV =  ——  [2(*2y 2 -  a 1) +  a a 2 (a 2 +  y 2 -  2 a 2)] +

2a 4

4------- — [(a 2y 4 +  я 4у 2 — 2ae) -f- ß a 4 (я;2 -f- y 2 — 2 a 2)] .
2a e

(17)

4 . S u b s titu tin g  ex p ressio n  (17) in to  (5) a n d  (8), th e  to ta l  energy  o f  th e  
s t r u c tu r e  re su lts  in  th e  fo rm :

К  4 E T
П  =  — —  [-B2 Ях +  В С  Я2 +  С 2 Я3] +  [ В 2 Я4 +

а 2 а3

+  2 ВСХЪ +  С 2 Я6] -  2р а 2 [В дх +  С<32] -  2 ga [B ô3 +  С<54] .
(18)

T h e  p a ra m e te rs  Я,- a n d  <5,- from  (18) a re  d efin ed  b y  th e  fo llow ing e x 
p re ss io n s :

Ях =  10,311 +  5,33d +  4 a 2 ,

Я =  17,066 +  6,933a +  5,333/3 +  8a/3,

Я3 =  14,095 +  6,933/3 +  4Д2 ,

Я4 =  4 +  4 a  +  a 2 ,

Я5 =  6 -f- 3a  -j- 2/3 -j- a/3 ,

12,5 +  6/3 +  /32 , ( 1 9 )
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01 =  1,777 +  0,333a , 

Ô =  1,866 +  1,333/3 , 

ô3 =  1,333 — 0,333a , 

dt  =  1,466 +  0,666/5 .

5. M inim izing ex p ressio n  (18) w ith  re sp e c t to  p a ra m e te rs  В  an d  C 
resu lts  in  tw o  lin e a r  e q u a tio n s :

w here:

—  = 0 ,  V lB  +  <p2C =дв к
зп p a *
—  = 0 ,  <p2 B  +  7>з С =  ——  ± 2 
oL* К

93 - 8 E I  3
A.a

, , 8 Е /  .
<P2 — M  H---- -------^5 9

K a

-  93 I 8 E i  3<Ра —  H ——
K a

T 1 =  2»1 +  ^ - d 3 ,

T 2 =  2ô2+ - ^ - ô t .

p a

2g_
p a

(20)

(21)

T he so lu tions o f  e q u a tio n s  (20) are:

B  P°* <P3T l -  <P2T Z P«* ß  ' 
K  (Pi.tpa — tâ  K

C =  p a 4 У1Г 2 -  n T i  =  P « 4 ^ ^
K  cptf J — g>| К

6. In tro d u c in g  th e  d im ensionless co -o rd in a tes

(22)

th e  fo llow ing expressions fo r  d isp lacem en t, b e n d in g  a n d  to rs io n a l m o m en ts  
an d  b en d in g  sh ea r s tre ss  r e s u lta n t  are o b ta in e d :
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W
p a *

~ K

С

В £2  2 Ц V2 - 1 +  — ( i 2 +  v2 - 2 ) +

[ I V  +  I V  ~  2 +  ß ( | 2 +  V2 -  2)] ,

m x =  —р а 2 [В  (2г]2 +  а) +  С (г?2 +  6 | 2 ??2 +  /3)] ,

т „  =  —р а 2 [ Б  ( 2 | 2 +  а) +  С ( | 2 +  6 | 2г?2 +  /3)] ,

т ху =  —р а 2 [4 В^Г) +  4 С (|»73 +  I V  , 

qx =  - р а  [4 В  I  +  4 С (£3 +  6 V ) ]  ,

Зу =  — Р а [4 Б  г? +  4 С (г?3 +  б ! 2??)] .

( 2 3 )

(24)

(25)

7 . N um erica l example.  F o r  a hyperbolic  p a ra b o lo id  shell h a v in g  follow 
in g  g e o m e trica l and  lo ad in g  ch a ra c te ris tic s

2a =  6 m , f  — 1 m , <3 =  10 cm , b =  25 cm , h =  50 cm  ,

E  =  2,5 • 10s d a N /c m 2,

C =  0,4 E

u n ifo rm  load on th e  sh e ll p  =  500 d a N /m 2 
lin e  load  of th e  edge b e a m s  g  =  300 daN / т
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th e  d efo rm atio n , b en d in g  an d  to rs io n a l m o m en ts  an d  th e  sh ea r stress d ia 
g ram s h av e  b een  p lo tte d  in  th e  figures 2, 3, 4, 5, 6, 7.

I t  is o f in te re s t  to  com pare  th e  values o f th e  b en d in g  s tresses calcu lated  
acco rd ing  to  th e  re la tio n s  (23) w ith  th e  stresses g iven  b y  th e  “ p u re  m em b ran e” 
th e o ry . T he n o rm al m em b ran e  s tress has th e  v a lu e :

Fig. 3

T h e stress p ro d u ced  b y  th e  bend in g  m o m en t m x h as  th e  v a lu es: 
— a t  th e  low  c o rn e r p o in t:

m x 6 • 0 ,7 p a2 • 10~3 
W x 100

th a t  is a b o u t 9 %  o f th e  m em b ran e  stress. 
— in  th e  o rig ine p o in t:

6 • 0,13 • p a 2 • 1 0~3
100

0,194 d a N /c m 2

0,040 d a N /c m 2

th a t  is a b o u t 1,8%  o f th e  m em b ran e  stress.
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Fig. 4

Fig. 5
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Fig. 6

Fig. 7
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Erm ittlung der Biegespannungen in  auf vier Ecken abgestiitzten hyperbolischen Para- 
boloidschalen m it Hilfe einer Variationslösung. — Es wird die Erm ittlung des Biegespan
nungszustands einer an vier Ecken abgestützten hyperbolischen Paraboloidschale m it Hilfe 
der R itzschen Methode behandelt und  ein Beispiel zur Anwendung der Theorie mitgeteilt.
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APPLICATION OF THE BENEDICT, WEBB AND 
RUBIN EQUATION OF STATE TO THE EVALUATION 

OF THE VOLUMETRICAND THERMODYNAMIC 
PROPERTIES OF THE CH4- C 0 2 SYSTEM

P A R T  I I

Muhammad A. I. BUKHARI*

[Manuscript received March 14, 1978]

In part II  of this paper the BW R equation is applied to the evaluation and 
plotting of the heat of mixing data and enthalpy-composition diagrams for the CH4 — 
C02 system over the whole composition range, for the tem perature range from —120° 
to 30 °C and the pressure range from 10 to 80 atmospheres. Calculations cover the 
gaseous region, the liquid-vapour equilibrium region, the liquid region and the S-L-V 
equilibrium region.

Notation

-d  о’ Co*
a, b, c ,  a, V

B W R „|

I f
А I Iм 
1>
К
T
V
А Vм  
d
X
A
“ o

=  parameters of the BWR equation of state
=  BWR equation of state using the mixing rules and the pure component para

meters of Bishnoi and Robinson 
=  molal enthalpy 
— molal heat of mixing 
=  pressure
=  universal gas constant 
=  temperature 
=  molal volume 
=  molal volume of mixing 
=  density 
=  mole fraction
=  increment, a differential function 
=  coefficient of thermal expansion

C alculation  o f th e  vo lum etric  a n d  th e rm o d y n am ic  properties of 
the  C H 4—C 02 system  using  th e  B W R m *  equa tion  o f s ta te

In  th e  p rev io u s sections th e  d ev e lo p m en t an d  th e  ev o lu tio n  o f  th e  B W R  
e q u a tio n  of s ta te  h a v e  been su m m arily  a n d  sy s te m a tic a lly  o u tlin ed  in  fu ll 
d e ta il. N ow  th a t  th e  su p e r a d a p ta b il i ty  o f  th is  eq u a tio n , in  i ts  new  fo rm , as 
a  w ide-reach ing  p re d ic tio n  tech n iq u e , especia lly  fo r low  te m p e ra tu re  ap p lica 
tio n s , using  th e  p u re  co m p o n en t p a ra m e te rs  an d  th e  new ly  p roposed  m ix ing  
ru les  o f B ishnoi a n d  R obinson , being  f irm ly  reso lved  a n d  estab lish ed , we 
p roceed  to  th e  ap p lic a tio n  o f th is  e q u a tio n  to  th e  e v a lu a tio n  o f  th e  vo lu m etric

* Present address: M. A. I. B u k h a r i , P.O. Box 2408, Khartoum, Sudan
* The Benedict, Webb and Rubin equation of state using the pure component parani' 

eters of, and the mixing rules proposed by B i s h n o i  and R o b i n s o n .
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a n d  th e rm o d y n a m ic  p ro p e rtie s  o f  th e  CH4—C 0 2 sy s tem  over th e  w hole com 
p o s itio n  ra n g e , fo r te m p e ra tu re s  fro m  30 °C to  as low  as — 120 °C a n d  p re s 
su re s  f ro m  10 and  up  to  80 a tm o sp h e re s . C alcu lations cover:

a )  T h e  gaseous reg ion , w h ere  tw o  hom ogeneous gas-phases are  m ix ed .
b)  T h e  sa tu ra te d  l iq u id -v a p o u r  eq u ilib riu m  reg ion  a n d  its  su rro u n d in g s 

w h ere  l iq u id  C 02 m ixes w ith  gaseous C H 4 to  fo rm  a gas-phase , a s a tu ra te d  
m ix tu re  o r  a liqu id -phase .

c )  T h e  liqu id  region, w h ere  tw o  hom ogeneous p u re  liq u id  com ponen ts 
a rc  m ix e d , iso th e rm ally  an d  iso b a rica lly .

d )  T h e  v ap o u r-p h ase  a n d  th e  liq u id -p h ase  in  th e  so lid -liq u id -v ap o u r 
e q u ilib r iu m  region.

F o r  p ressu res below  50 a tm o sp h e re s , d ry  ice s ta r ts  to  se p a ra te  from  th e  
sy s te m  a t  te m p e ra tu re s  close to  a n d  below  th e  tr ip le -p o in t te m p e ra tu re  of 
C 0 2, — 56,6  °C. T herefore, fo r th e  iso b ars  40, 30, 20 a n d  10 a tm o sp h eres , th e  
B W R n l m a in  co m p u te r p ro g ra m m e  is used  fo r ca lcu la tin g  th e  densities, iso 
th e rm a l  e n th a lp y  d e p a rtu re s  a n d  h e a ts  o f m ix ing  d a ta  for a  lim itin g  low  
te m p e r a tu r e  o f —56,6 °C. T h is he lp s  to  observe th e  effect o f CH4 on th e  m e lt
in g  p o in t  o f  C 0 2 in  th e  C H 4—C 0 2 sy stem .

D e n s itie s  are  ca lcu la ted  u s in g  E q u a tio n  (1):

P  =  R T d  + B 0R T A . - ±
Г 2

d 2 +  (b R T  -  a) d3 +

+  a a d 6
cd2 ( l  r d 2) exp  ( — v d 2)

j , 2

( 1 )

a n d  iso th e rm a l en th a lp y  d e p a r tu re s  a re  h en cefo rth  e v a lu a te d  using  E q . (2)

( H  — H°)  =  \ B 0 R T  -  2A c

+  6« « .  — +  —
5 T 2

4Cn
rp2Ц  ■ d +  ( 2 b R T  -  3a)

d 2
+

3 •
1 — exp  ( — v d 2)

v d 2
(2)

exp  ( — v d 2)
V d fXp ( — V d 2)

F ro m  th e s e , h ea ts  o f m ix in g  a re  ca lc u la ted  from  th e  re la tio n sh ip :

A H M =  ( Я  — H °)  -  x ( H  -  H ° )1 -  (1 -  x) ( H  -  Я °)2 (3)

since  in  th e  idea l gas s ta te  th e re  is no change in  e n th a lp y  on  m ix ing . 
M ix tu re  en thalp ies a re  c a lc u la te d  from  th e  re la tio n :

H  — ( H  — H °)  +  х Щ  +  ( 1 - ж )  Щ  (4)
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w h ere  H °  is th e  h y p o th e tic a l ideal gas e n th a lp y  o f p u re  co m p o n e n t 1 a t  a 
re fe ren ce  p ressu re  o f  1 a tm o sp h ere .

M ix tu re  e n th a lp ie s  could  also h av e  b een  ca lcu la ted  as fo llow s:

H  =  A H M +  x H l +  (1 -  x ) H 2 (5)

wdiere i f ,  is th e  e n th a lp y  o f p u re  co m p o n en t 1.

H ea t o f m ix ing  curves 

a) Liquid  mixtures

C alcu la ted  h e a ts  o f  m ix ing  values fo r  liq u id  CH4—C 0 2 m ix tu re s  a t  50, 
60, 70 an d  80 a tm o sp h e re s  are  p lo tte d  in  F ig u res  11 th ro u g h  14.

P = 50 atm

Fig. 11. Liquid-phase heats of mixing in the CH4—C02 system estimated by the BW Rjj
equation of state
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P = 60 atm.

A t  low er te m p e ra tu re s , th e  curves h av e  re g u la r  shapes, w ith  u p w a rd  
c o n c a v i ty  in d ica ting  e n d o th e rm ic  m ixing, an d  show  m ax im u m  v a lu es  a t  
X asz 0 ,6 0 . A s the  te m p e ra tu re  is ra ised  m ore a n d  m ore  to w a rd  th e  c ritic a l 
t e m p e r a tu r e  of th e  m ix tu re , w h e re  liqu id  C 0 2 m ixes w ith  gaseous C H 4 to  fo rm  
a l iq u id  m ix tu re , th e  h e a ts  o f  m ix in g  decrease, a n d  th e  shapes o f th e  cu rv es  
b eco m e  increasing ly  ir re g u la r  to w a rd  solutions r ic h  in  th e  m ore v o la tile  C H 4. 
H e re , t h e  d issolution  p rocess is accom panied  b y  changes in  e n th a lp y  an d  
e n t ro p y ,  ju s t  as occurs w h en  tw o  pu re  liquids a re  m ixed . H ow ever, th e  d is
so lu tio n  process for gaseous C H 4 is accom panied  b y  a  la rge  decrease in  v o lu m e, 
s ince  t h e  p a r tia l vo lum e o f C H 4 in  th e  liqu id  m ix tu re  is m uch  sm alle r th a n  
its  v o lu m e  in  th e  p u re  g a s-p h a se . This large decrease  in  vo lum e causes th e
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P=70 atm

Fig. 13

vo lum e change, А  V м , to  becom e in c reasin g ly  n eg a tiv e  a n d  in c rea s in g ly  un- 
sy m m etrica l in  x,  a n d  th e  e n th a lp y  o f  m ix in g  to  decrease a n d  fre q u e n tly  to  
reverse  sign.

b) Solid-liquid locus

B W R in  is also ap p lied  to  ca lcu la te  th e  hea ts  o f m ix in g  o f  s a tu ra te d  
liq u id  so lu tions o f  C 0 2 in  CH4 in  th e  S-L-V equ ilib riu m  reg ion . F o r  te m p e ra 
tu re s  close to  an d  below  th e  c ritica l te m p e ra tu re  o f CH4 (191,1 °K ), B W R M1 
is d irec tly  app lied  to  p re d ic t  th e  densities a n d  iso th e rm al e n th a lp y  d ep a rtu re s  
o f  th e  m ix tu re . H o w ev er, fo r te m p e ra tu re s  eq u a l to  or g re a te r  th a n  180 °K  
C H 4 i t  is assum ed to  b e h a v e  as a h y p o th e tic a l su p erc ritica l liq u id  w ith  vo lum es 
e s tim a te d  from  E q . (6), [14]
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P = 80 atm.

V  =  V0 e x p  a„ (T  -  180)] T  ^  180 °K  (6)

where: V 0 — 57,0288 (cm3/gm-mole) is a constant and corresponds to the volume of liquid 
CH4 at 180 “K;

a 0 =  1,25063 XlO-2 “K " 1, is the coefficient of therm al expansion of CH4 a t 180 °K. 

F ig u re  15 is a p lo t of th e  excess en tha lp ies of m ix in g  a lo n g  th e  liq u idus locus.

Enthalpy-com position diagram s

F ig u re s  16 th ro u g h  22 a re  th e  e n th a lp y -co m p o sitio n  d iagram s fo r th e  
C H 4— C 0 2 system  a t  p re ssu re s  10, 20, 30, 40, 50, 60 an d  70 a tm o sp h eres . 
T h e  b u lk  o f  th e  gaseous m ix tu re  en thalp ies a re  b a se d  on th e  e x p e rim e n ta l
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Fig. 15. Heat of mixing for the saturated liquid solution of carbondioxide in methane in the three-phase
region

B
E

N
E

D
IC

T
, W

E
B

B
 A

N
D

 R
U

B
IN

 EQ
U

A
TIO

N
S, PA

R
T

 II.



340 BUKHARI, M. A. I.:

A d a  Technica Acaaemiae Scientiarum Hungaricae 92, 1981

Fig. 16. Enthalpy-composition diagram for the methane-carbondioxide system at 10 atm.
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F ig . 17. Enthalpy-composition diagram for the methane-carbondioxide system at 20 atm.
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Fig. 18. E n t h a lp y - c o m p o s it io n  d ia g r a m  f o r  t h e  m e th a n e -c a r b o n d io x id e  s y s t e m  a t  30  a t m .

Acta Technica Academiae Scientiarum Hungaricae 92, 1981



BENEDICT, WEBB AND RUBIN EQUATIONS, PART II. 343

0.3 0.4 0.5 0.6 0.7

mole fraction methane

Fig. 19. Enthalpy-composition diagram for the methane-carbondioxide system at 40 atm.
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.6 0  
*40 
*20 
i 0 
-20 
-4 0  
-6 0  
-7 0  
-7 3  
-7 8

-8 0
-9 0
-100

Fig. 20. E n t h a lp y - c o m p o s i t io n  d ia g r a m  fo r  th e  m e th a n e - c a r b o n d io x id e  s y s t e m  a t  50  a tm .
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Fig. 21. E n t h a lp y - c o m p o s i t io n  d ia g r a m  fo r  th e  m e th a n e - c a r b o n d io x id e  s y s te m  a t  6 0  a t m .
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F ig . 22. Enthalpy-composition diagram for the methane-corbondioxide system a t 70 atm.
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Fig. 23. Temperature-composition diagramme for methane-carbondioxide system
( D o n e l l y  &  K a t z )

gas-p h ase  excess e n th a lp y  m easu rem en ts  o f Lee an d  Mather [11]. The 
rem ain in g  iso th e rm al e n th a lp y  curves are  p lo tte d  from  th e  d a ta  ca lcu la ted  
b y  th e  B W R in  e q u a tio n  o f  s ta te . T he liq u id u s  cu rve  fo r th e  10, 20, 30 and 
40 a tm o sp h ere  iso b ars  is also  d raw n . T he b u b b le  p o in t ( s a tu ra te d  liq u id ) and 
th e  dew  p o in t ( s a tu ra te d  v ap o u r)  curves a re  d raw n  w ith  bo ilin g  p o in ts  and 
dew  p o in ts  in te rp o la te d  fro m  F igs 23 an d  24 b ased  on th e  l iq u id -v a p o u r  equ i
lib r iu m  d a ta  of Kaminishi e t  al. [12] an d  Donnelly an d  Katz [13]. M arked 
co n sis ten cy  is to  be o b se rv ed  in  these  d iag ram s be tw een  th e  v ap o u r-liq u id , 
vapo u r-liq u id -so lid  a n d  th e  e n th a lp y  d a ta , b o th  m easu red  a n d  ca lcu la ted .
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-182,48 "С 
<•0,1154 

atm

F i g .  2 4 ,  P ressu re-com position  d iag ram m e for th e  m e th an e-ca rb o n d io x id e  system  
(B a sed on  d a ta  of D o n e l l y  & K atz)
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Anwendung der Zustandsgleichung zur Ermittlung der volumetrischen und therm o
dynamischen Kennwerte des CH4—C02 Systems. П. Teil. — Im ersten und zweiten Teil 
der Abhandlung wurden die BWR Zustandsgleichung, die revidierten Komponentenparameter 
und die durch die Anwendung der neuen Mischungsregel gerechneten P-V-T-X Angaben m it 
besonderer Rücksicht auf die hohen Druck- und niedrigen Temperaturwerte, wo die binäre 
Wechselwirkung eine immer größere Rolle spielt, behandelt. Die Endresultate der Rechnun
gen, d. h., die Diagramme der Mischungswärmen, sowie dieselben der Enthalpiezusammen
setzung im Druckbereich von 10 bis 80 at und im Temperaturbereich von —120 bis -f-30 °C 
werden präsentiert. Die Rechnungen umfassen das Gasbereich, das L-V Gleichgewichtsbe
reich, das L-bereich und das S-L-V Gleichgewichtsbereich.
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THE EFFECT OF WATER JET LANCING 
ON MEMBRANE-WALL TUBES LIFE

Z. PAMMER*

[Manuscript received 2’January  1981]

Ash and slag deposits on furnace tubes of coal-fired power station boilers are, 
in most cases, removed by high-speed cold water jet, also called water lancing. Due 
to sudden tem perature changes in the membrane wall this technology causes severe 
therm al shock which, after to a certain num ber of repeated applications, may result 
in the rupture of the membrane wall. Frequency of the use of water-lance is a m atter 
of economy. If  they are rarely used, the large amount of slag deposits on steam gener
ating surfaces would unfavourably modify the temperature conditions of heat trans
ferring boiler surfaces and would thereby reduce boiler efficiency and the life of super
heater surfaces. If  it is frequently used, they would shorten the life of membrane wall 
which is also functioning as an evaporation surface. Determination of the stresses 
caused by water lancing is fundamentally im portant with regard to the frequency 
of optima] watering and a technology for longer wall-life are to be elaborated. To reach 
this goal, the finite-element programme system developed earlier has been applied.

Symbols

p pressure MPa
T radius m
t time 8
X , y ,  z Cartesian coordinates m
A x, А г cross-sections perpendicular to x  and z axis, respectively m*
E modulus of elasticity MPa
N number of cycles —
T tem perature К
Ox, Of stress components in a polar coordinate system MPa
ax, Oy, az stress components in Cartesian coordinates MPa
° E equivalent stresses according to Mohr MPa
aa stress amplitude MPa
ß linear therm al expansion coefficient 1/K
P Poisson’s ratio —
ez strain in direction of z axis —
a. heat transfer coefficient W/m* К
Ts saturation temperature of the steam -water mixture К
Я heat flux W /m2

1. Introduction

T he s te a m  g en e ra tin g  surface o f  a n  u p - to -d a te  g as-tig h t s te a m  bo ile r is 
th e  so-called  m em brane-w all ty p e  w here  gas-tig h tn ess  is p ro v id ed  b y  “ fin s”  
w elded b e tw een  th e  e v a p o ra to r  tu b e s  (F ig . 1). In  case o f  p u lv e rized  coal

* P a m m e h  Z., Kazinczy u. 9, H-1191 Budapest, Hungary
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f ir in g , a n d  depend ing  on th e  coa l ty p e  a n d  f ir in g  m e th o d , slag o f d iffe re n t 
th ic k n e s s  a n d  com pactness w o u ld  be fo rm ed  on  th e  m em b ran e  w all su rface . 
B ecau se  o f  th e  had  h e a t c o n d u c tiv ity  o f th e  slag  lay ers  h e a t tra n sm iss io n  
from  th e  fu rn a c e  w ould be re d u c e d , te m p e ra tu re  co n d itions o f th e  m em b ran e  
w all w o u ld  be a lte red , re su ltin g  in  an  u n econom ica l s team  p rod u c tio n .

O n e  o f  th e  m ethods m o s t w idely  used  fo r  th e  rem o v al of slag is th e  so- 
ca lled  w a te r  lancing , ca rried  o u t  w ith  a cold  w a te r  je t .  T he essence o f  th is  
te c h n o lo g y  is th a t  th e  h ig h -sp eed  w a te r  j e t  fro m  th e  w a te r  lance  (p e n e tra tin g  
in to  th e  fu rn ace ), has a m e c h an ica lly  c lean ing  effect an d , on reach in g  th e  
g low ing  s lag , w ill a b ru p tly  cool dow n th e  la t te r .  T h e rm a l stresses th u s  a ris in g  
w ill b r e a k  th e  w hole slag la y e r  to  pieces a n d  w o u ld  th u s  help  to  rem o v e  i t .  
T h e  d ra w b a c k  of th e  m e th o d  is th a t ,  th e  w a te r  j e t  reach ing  th e  m e m b ra n e  
w all su rfa c e  (a lready  c leaned ), w ould  cause considerab le  th e rm a l s tre sse s , 
j a d i n g  to  a ru p tu re  of th e  tu b e s  a fte r  f re q u e n t rep e titio n s . 2

2. O pera ting  conditions o f m em b ran e  w all

T h e  h e a t  transm ission  in  th e  co m b u stio n  ch a m b e r tak es  place b y  r a d ia 
tio n . T h e  h e a t  flu x  depends la rg e ly  on  th e  f ir in g  m e th o d  an d  on w all s lagg ing . 
T h e  w a ll h as  a th e rm a l in su la tio n  on th e  o u ts id e  surface. R a d ia te d  h e a t  
q u a n t i ty  is  received by  th e  s te a m -w a te r  m ix tu re  (flow ing in  th e  tu b e s)  a t  
a h ig h  h e a t  tra n sfe r  coeffic ien t being  c h a ra c te ris tic  o f boiling (under a d e q u a te  
flow  c o n d itio n s  [1, 2]). W all te m p e ra tu re  w ould  th e n  rem ain  n e a r to  s a tu ra t io n  
te m p e r a tu r e .  W a te r  b low ing  b e ing  s ta r te d , a  w a te r  j e t  bund le  from  w a te r  
la n c e  c lean s  th e  surface, w hile  passing  a long  a sp ira l line a ro u n d  th e  lan ce  
ax is . A  sim p le  w a te r b low er is able to  c lean  th e  in side  w all surface w ith in

A c ta  T ech n ica  Academ iae Scien tia ru m  H u n g a rica e  9 2 , 1981

Fig. 1. A membrane wall configuration
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a  3.0 —3.8 m  ra d iu s  circle. D uring  a b lo w in g  cycle the  b low er-head  w ill ad v an ce  
350 m m  in side  th e  fu rnace , b y  m a k in g  11 o r  28 tu rn s  (type  D u k la  o r  Berge- 
m a n n  re sp ec tiv e ly ). F rom  th e  D u k la  b lo w er-h ead  w ater flows th ro u g h  2 noz
zles, from  th e  B erg em an n  head  th ro u g h  1 nozzle, o f 8 m m  d ia m e te r  in  each 
case. R eco m m en d ed  w a te r p ressu re : 1 — 1.5 M Pa; te m p e ra tu re : a b o u t 10—

U n d er th e  e ffec t of s trong  cooling  a  process of tra n s ie n t te m p e ra tu re  
change w ould  ta k e  place. This is well i l lu s tr a te d  by m easu rem en ts  m ad e  in  
th e  Tusim ice-2  P o w e r S ta tio n  [3]. In  F ig . 2 th e  therm o-couple  c a n  be  seen, 
in s ta lle d  a t  p o in t m ark ed  “ A” , on th e  fu rn a c e  side of th e  fro n t su rfa c e  o f  th e  
m em b ran e-w all f in . (F ig u re  5 shows th e  te m p e ra tu re  v a ria tio n  vs. tim e .)  W a te r  
je t  b u n d le , w hile  go ing  around , an d  re a c h in g  w all surface n ear to  th e  th e rm o 
coup le , re su lte d  in  a  th e rm a l shock o f  m o re  th a n  100 °C. D u rin g  a  c lean ing  
cycle th is  t r a n s ie n t  process w ould be r e p e a te d  several tim es (11 o r  28 tim es) 
w ith  a cycle t im e  e q u a l to  the  n u m b e r o f  ro ta tio n s  of th e  w a te r sp ra y e r .

2.1 Recent studies fo r  determ ining stresses

R esearch  on  m em b ran e  w all s t ru c tu re s  can  be d iv ided in to  3 g ro u p s:
— o b se rv a tio n s , experim en ts m ad e  in  lab o ra to ries  an d  p la n ts ,
— in v e s tig a tio n s  o f  effects on m e m b ra n e  w all during o p e ra tio n s , using  

te m p e ra tu re  m easurem ents,

9 A d a  T ech n ica  Acatlemine Sc ien tiarurn H u n g a rica e  9 2 , 1981

Fig. 2. Membrane wall finite element model
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— d is tr ib u tio n  of te m p e ra tu re s  and  stre sses  in  m em brane wall, d e te r 
m in e d  fo r given te m p e ra tu re  an d  m e c h a n ic a l b o u n d ary  co n d itio n s.

T e s ts  ca rried  o u t b y  K . H . B ieber  an d  W . H erm ann  [7] belong to  th e  
f i r s t  tw o  g ro u p s . The e x p e rim e n ta l device c o n s tru c te d  for th is  pu rpose  w as 
ex p o sed , s im ila r  to  n o rm a l o p e ra tin g  co n d itio n s . W a te r  je t  bund le  cam e  
p e r io d ic a lly  in  co n tac t w ith  v a rio u s  p a r ts  o f  th e  w all.

T h e  n u m b e r  o f cycles le a d in g  to  th e  ru p tu r e  o f  th e  tu b es was b e tw e e n  
12 X 103 a n d  140 X lO 3, in  fu n c tio n  of th e  ang le  b e tw e e n  th e  w ate r je t  b u n d le  
a n d  tu b e  a x is , o f flow  c o n d itio n s  an d  o f tu b e  su rfa c e  fouling. In  each  case  
d a m a g e s  a ro se  in  th e  tu b e  crow n-fin  zone.

T e s ts  b y  J .  Misek  [3] in  th e  Tusim ice-2 P o w e r S ta tio n  (m en tioned  b e 
fore) c o n c e rn  th e  second g ro u p . H e used  w a te r  b lo w ers , typ es B ergm ann  a n d  
D u k la , a n d  m easured  te m p e ra tu re  changes a t  d iffe re n t distances fro m  th e  
lan ces  a x is . T here  w ere s ig n if ic a n t differences in  te m p e ra tu re  drop a m p litu d e s  
b o th  in  th e  fu n c tio n  of lo c a tio n  an d  in  th e  cou rse  o f  successive cycles re s u lt in g  
fro m  th e  c irc u la r  m otion  o f la n c e  du ring  a sing le  w a te r  spray ing  period .

T h e  ca lcu la tio n  m e th o d  b y  J .  V oborsky  [6] concerns th e  th ird  g ro u p . 
F o r  d e te rm in in g  th e  arising  s tre ss  he used th e  fo rm u la :

a =  ^ A B
1 — ц

w here:
E  M Pa m odulus of elasticity
ß  1 /K  linear therm al expansion coefficient
Ц Poisson’s ratio
AT  K. am plitude of therm al shock during cycle
A  dimensionless constan t determ ined in function  of Fourier’s number p roduced  b y

th e  fin wall thickness, b y  means of a d iagram  [10]
В  dimensionless “ weld fac to r”

C o n s ta n t value o f В  w as estab lished  b y  V o b o rsk y  w ith  В  =  3.0 u n d e r  
re fe re n c e  to  [7]. Fo llow ing  th is  ca lcu la tio n  a n d  b y  using L anger’s fa t ig u e  
r e la t io n s h ip  he o b ta in ed  1 3 . ,5 х Ю 3 as a m a rg in a l cycle num ber fo r fa tig u e .

T h is  ca lcu la tion  has a c e r ta in  a d v a n ta g e  in  i ts  sim plicity . I ts  p h y s ic a l 
c o n c e p tio n  could  be accep ted  i f  value of “ w eld  fa c to r”  В  could be d e te rm in e d  
in  fu n c t io n  o f te m p e ra tu re  b o u n d a ry  co n d itio n s , geom etrical design , e tc . 
H o w e v e r , th e  p resen t in fo rm a tio n , e ith e r f ro m  re sea rch  results or o p e ra t in g  
c o n d itio n s , is insu ffic ien t.

B ijla a r d  e t al. u sed  a  re fin ed  m odel [11] fo r  determ in ing  stresses a r is 
in g  in  a  s te a d y -s ta te  c o n d itio n  (w ith o u t lan c in g ). T h ey  determ ined  th e  t e m 
p e r a tu r e  d is tr ib u tio n  b y  u s in g  th e  f in ite  d iffe ren ce  m eth o d  and, for c a lc u la tin g  
th e  s tre s s  d is trib u tio n . T h e  m em b ran e  w all w as  sep a ra ted  in to  tw o  p a r ts .  
T h e y  t r ie d  to  find  so lu tio n s in  an a ly tic  fo rm s a n d  used  assum ptions o n  c o n 
t i n u i ty  b e tw een  tu b es  a n d  fin s . B ijla a rd ’s m e th o d  was questioned  b y  P a s - 
QUANto nio  an d  Macchi [12] because i t  d id  n o t  p rov ide  for c o n tin u ity  o f
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stresses b e tw een  tu b e s  an d  fins, an d  co n d itio n s  o f  equ ilib rium  w ere n o t  s a tis 
fied . To m ake ca lcu la tio n  m ore accu ra te , th e y  used  th e  fin ite  e lem en t m e th o d  
fo r d e te rm in in g  b o th  s ta tio n a ry  te m p e ra tu re  a n d  stress d is tr ib u tio n . B r a n d es  
a n d  Martin  [13] also u sed  th e  f in ite  e lem en t m e th o d  for analysing  th e  s te a d y -  
s ta te  co n d itio n  o f  th e  m em b ran e  w all s tru c tu re . S tresses on tu b es  w as s tu d ie d  
b y  th e m  fo r th e  case o f  in te rn a l p ressu re  a n d  fo r  w eigh t load  d is tr ib u te d  along  
th e  lo n g itu d in a l sec tions o f fins. T he la t te r  case o f  load  h ad  to  be consid ered  
b ecau se  th e  w all co n s tru c tio n  consisted  o f  tu b e s  w ith  h o rizon ta l ax es . A p a r t  
from  th e  analy sis  o f th e  com ponen ts tu b e s  a n d  f in s  th e  en tire  m e m b ra n e  w'all 
w as m odelled  as an  o rth o tro p ic  p lan e  Avail, a n d  inc luded  in  th e  a n a ly s is  w ere 
th e  stresses cau sed  b y  u n eq u a l w arm in g -u p  a n d  su p p o rts .

W i l h e l m  e t al. [ 8 ]  m easu red  te m p e ra tu re s  on fro n t su rfaces on  th e  
fu rn a c e  side o f  tu b e s  a n d  fin s , u n d e r  effect o f  w a te r  lancing  app lied  in  a  60 MW  
bo ile r w ith  th e  m em b ran e  w all o f th e  M id w este rn  Pow er S ta tio n , a n d  con
sidered  these  tim e - te m p e ra tu re  h isto ries as a  ch eck in g  p a ram e te r  o f  th e  ca lcu 
la tio n  m odel. T h ey  o b ta in e d  48 000 as a n  e s tim a te d  n u m b er o f  cycles fo r 
fa tig u e  from  th e  ca lc u la ted  stress a m p litu d e s , in  accordance w ith  th e  A SM E 
B oiler an d  P ressu re  V essel Code (§ V III ) .

I n  th e  lig h t o f  th e se  ex p erim en ta l a n d  o p e ra tin g  experiences th e  re li
a b ility  o f  m em b ran e-w all boilers (e ith e r e x is tin g  ones like those  a t  D H V  or 
“ 7 N o v em b er”  o r u n d e r  p lan n in g  like th o se  a t  B icske) w ould ca ll fo r  th e  
develop ing  o f an  u p - to -d a te  te s tin g  m e th o d . T h is  has been m ad e  possib le  
b y  th e  f in ite  e lem en t p ro g ram m e sy stem  (e la b o ra te d  b y  V E IK I)  su ita b le  for 
tw o -d im en sio n a l an d  ax i-sy m m etric  tra n s ie n t  h e a t  c o n d u c tiv ity  an d  e la s tic ity  
p ro b lem s [14, 15].

3. The f in ite -e lem en t m odel

I n  th e  l ig h t o f  th e  above o p e ra tin g  a n d  ex p e rim en ta l ex periences th e  
d is tr ib u tio n  o f te m p e ra tu re s  an d  stresses a n d  th e ir  v a ria tio n s  w ith  t im e  are  
in flu en ced  b y  th e  fo llow ing fac to rs.

3.1 Factors in fluencing  the process o f  temperature changes

— D is tr ib u tio n  o f  h e a t f lu x  d en sity  in  a  fu rn ace . T ests m ade w ith  th e  
v iew  fa c to r  described  in  [12] c o n firm ed  th a t  th e  te m p e ra tu re  fie ld  
show s l i t t le  se n s itiv ity  to  th e  in v e s tig a te d  h e a t flu x  d is tr ib u tio n .

— V elocity  p ro file , te m p e ra tu re  o f th e  w a te r  je t ;  angles b e tw een  th e  
w a te r  j e t  ax is , th e  wall p lan e  n o rm a l a n d  th e  axes of tu b e s  re sp e c 
tiv e ly ; effects o f  geom etric  ra tio s  o f  tu b e  f in  an d  of slagging size on 
w a te r  j e t  d e flec tio n ; th e rm a l p ro p e rtie s  o f  solid layer deposits o n  s u r 
face. T hese  fa c to rs  are ta k e n  in to  a c c o u n t b y  an  e q u iv a le n t h e a t
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t ra n s fe r  coeffic ien t w ith  a v a ry in g  d is tr ib u tio n  along th e  su rface ; 
size o f th is  co e ffic ien t can  he d e te rm in e d  from  th e  te m p e ra tu re  
m easu rem en t p o in ts  m en tio n ed  in  th e  p rev ious p a ra g ra p h . I n  cases 
o f  ex trem e w a te r in g  angle or s lagg ing , ad d itio n a l in te rm e d ia te  
m easu ring  p o in ts  m a y  be  needed .

— T e m p e ra tu re , h e a t  tra n s fe r  coeffic ien t o f  m ed ium  flow ing in s id e  th e  
tu b e . B o th  in  s te a d y -s ta te  co n d itio n  a n d  d u ring  w a te rin g  process 
h ig h  h e a t t ra n s fe r  m a y  be assum ed  b ecau se  of th e  p resence o f  a tw o- 
p h ase  m ed ium . F o r  d e te rm in in g  th e  h e a t  tra n s fe r  coeffic ien t a  n u m 
b e r  o f m e a su re m e n t re su lts  an d  re la tio n sh ip s  ob ta in ed  fro m  e x p e ri
m en ts  can  be  seen  [2]* w hich  show  h ig h ly  d ifferen t va lues in  d ep e n 
dence on m e a su re m e n t cond itions. O rd e r o f m ag n itu d e  o f th e  h e a t 
tra n s fe r  coeffic ien t is 104 W /m 2K .

— T h e  m em b ran e  w all can  be considered  as being p rac tica lly  p e rfe c tly  
h e a t- in su la te d  fro m  th e  e x te rn a l s ide . I f  requ ired , special e x a m in a 
tio n s  can be  m ad e  fo r d e te rm in in g  te m p e ra tu re  co n d itions arising  
a ro u n d  su p p o rts .

— T h erm al c h a ra c te r is tic s  of m a te ria ls . T h e rm a l c o n d u c tiv ity , d en sity , 
specific h e a t o f  w all m a y  v a ry  in  fu n c tio n  of location ; th e ir  d ep en 
dence on te m p e ra tu re  can  be co n sid e red  b y  an  ite ra tio n  p ro ced u re . 
I n  view  o f th e  possib le  ranges o f  te m p e ra tu re  and  stee l ty p e s  no 
m a jo r e rro r w ill be  m ade , even i f  av e ra g e  values re la ted  to  te m p e ra -  '  
tu re  in te rv a ls  a re  ta k e n  in to  co n sid e ra tio n , as experienced  d u rin g  
o u r earlier e x a m in a tio n s  [2].

3.2 Factors in fluencing distribution o f  stresses

E ffec ts  caused  b y  s tresses in  th e  m e m b ra n e  w all can  be  re a so n a b ly  
d iv id e d  in to  tw o m a in  g ro u p s as w as done b y  B randes an d  Ma r tin  [13]. 
A cco rd in g ly , ex a m in a tio n  sh o u ld  be ca rr ied  o u t  on tw o levels, in  acco rd an ce  
w ith  th e  p ro p erties  o f  co n s tru c tio n .

I .  S tresses a ris in g  b ecau se  o f su sp en sio n s, su p p o rts , n e t w e ig h t and  
th e r m a l  expansion  o f th e  w all. In  th is  case th e  m em brane  w all co n sis tin g  of 
a  se rie s  o f tu b es a n d  f in s  c a n  be  m odelled  as a n  o rth o tro p ic  p lan e  w all.

I I .  Local stresses a ris in g  in  a single tu b e - f in  com ponen t, is c a u se d  in  th e  
tu b e  c row n  and  fin  b y  u n e q u a l d is tr ib u tio n  o f  te m p era tu res  an d  b y  in te rn a l 
p re ssu re .

F o r  ca lcu la tin g  s tre sses  m en tio n ed  in  case I I .  a piece of tu b e  c ro w n —fin  
(F ig . 2) c u t o u t from  a  m e m b ra n e  w all (F ig . 1) w ill be exam ined  in  th e  fo llow 
in g . C ond itions of c o n n e c tio n  to  th e  su rro u n d in g  m em brane w all w ill b e  con
s id e re d  as geom etric  a n d  m echan ica l lo a d  b o u n d a ry  conditions c o n ta in e d  in  
a  f in ite -e le m e n t m odel sh o w n  in  F igu re  2.
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3.2.1 G eom etric  co n d itio n s

a)  P lan es p e rp e n d ic u la r  to  axis x : p lan es  S j an d  S 2 sh o w n  in  F ig u re  2 
w ill rem ain  m ed ian  p lan es, even  d u rin g  defo rm atio n .

b)  P lanes p e rp e n d ic u la r  to  axis z w ill rem ain  para lle l d u r in g  d efo rm a
tio n ;  i.e. s tra in  a long  ax is z w ould  change on ly  in  fu n c tio n  o f  t im e :

£* =  G o(0 •

3.2.2 B o u n d a ry  loads

D is tr ib u tio n  o f  b o u n d a ry  loads a long  th e  surfaces can  b e  w r it te n  in  
a  g enera l fo rm  as d iv id ed  in to  a “ force”  a n d  a  “ m o m en t”  p a r ts .

a )  In  p lan es p e rp e n d ic u la r  to  axis x :

<Gs,(y> z, t) =  Oxf (0  +  Су, г , *)
w here

<*xF (0 = - 7-  f <Gs, (y, 2, 0 dy dz.
A  J a,

A x — unit cross section of z length, cut out from membrane wall by plane S,.

b)  In  p lan es p e rp e n d ic u la r  to  axis z:

<*zs(x, y, t) =  azF{t) +  azM(y, x , t)
w here

0zf(O =  - 7 - Г (x, y ,  t) dx  dy  
A z J As

A z — tube-fin cross section cut out by planes perpendicular to axis z.

T h e  in teg ra ls  w r it te n  in  p a ra g ra p h s  a)  a n d  b)  can  be d e te rm in e d  fro m  th e  
fo llow ing  re la tio n sh ip s :

a x F Í f )  —  a xH  +  ° х т ( 0  , 

a z Á t ) —  a zP  +  <*zW  +  ffzriO

w here  each  lo ad  co m p o n en t can  be in te rp re te d  as follows:

I .  axH'. a d d itio n a l s tre ss  in  d irec tio n  x  re su ltin g  from  e x te rn a l s u p p o r t o f  
m em b ran e  w all;

I I .  cfzP: stress in  d irec tio n  o f tu b e  ax is, re su ltin g  from  in te rn a l  p re ssu re ;
I I I .  a zW\ a d d itio n a l s tre ss  re su ltin g  from  w eig h t load  (m em b ran e  design  has 

been assu m ed  to  h av e  v e rtic a l tu b e  axes).

In  th e  fo llow ing th e  a d d itio n a l loads <jxh and  azw, w h ich  c a n  be  d e te r
m in ed  as based  on th e  know ledge o f lo ca tio n  an d  th e  given c o n s tru c tio n , will
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be n e g le c te d . The b o u n d a ry  lo a d  in d irection  o f  tu b e  ax is, re su ltin g  from  
in te rn a l  p ressu re , can  be  d e te rm in e d  from  th e  e q u ilib riu m :

where A zo is the area of circle calculated with the inner tube diameter.

IV . o xT(t) ; ozT(t). D urin g  w a te r  lancing  th e  w all se c tio n  cooled b y  w a te r  j e t  
w o u ld  co n trac t. T h e  su rro u n d in g  wall, h a v in g  a s te a d y  te m p e ra tu re , 
w a n ts  to  re s tra in  th is  c o n tra c tio n . This m u tu a l  e ffec t will be considered  
w ith  th ese  b o u n d a ry  lo a d s  ac tin g  in d irec tio n s  x  a n d  z, respective ly .

W ilhelm et al. [8] determined boundary stresses described in the pre

ceding paragraph IV  from a condition that they considered to be in the 

neighbourhood of a wall section touched by water je t to have infinite rigidity; 

the fin edge was fixed to the steady-state thermal growth.

L e t  us te s t th e  c o rre c tn e s s  of th is  a ssu m p tio n  b y  a m odel g iv ing m ore  
a p p ro p r ia te  b o u n d a ry  c o n d itio n s . L e t th e  w all, e x c e p t fo r th e  section  to u c h e d  
b y  w a te r  je t ,  be co nsidered  as hav ing  a c o n s ta n t te m p e ra tu re . In  o rd e r to  
s im p lify  th e  d eduction  le t  u s  assum e th a t  te m p e ra tu re  d is trib u tio n  h as  a 
c irc u la r  sy m m etry , a n d  re a c h e s  a m axim um  v a lu e  a t  a location  w here r  =  0 
(F ig . 3). '

O r th o tro p y  o f m e m b ra n e  w all will be a b a n d o n e d , an d  a p lane w all o f 
c o n s ta n t  th ickness w ill b e  ex am in ed . The c o n d itio n  fo r equ ilib rium  in  th is

TIK]T

Fig. 3. Tem perature distribution above membrane wall
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case (co n d itio n  o f  p lane  stress) is g iven by  th e  d iffe ren tia l eq u a tio n

where
ar, Of is the radial and tangential stress component, respectively. A general solution can be 
written in the forms:

where C is a constant dependent on boundary condition.

L e t us a p p ro x im a te  te m p e ra tu re  d is trib u tio n , in  th e  ne ighbourhood  of 
sy m m e try  ax is  r  =  0, b y  i ts  ta n g e n t w ith in  a range  o f  | r |  <  rt.

I n  th e  fo llow ing th e  stresses w ill he exam ined , w h ich  w ould  arise in  w all 
sec tion  I r  I <[ r, i f  i t  is considered  to  be  su rro u n d ed  b y  a n  ex ten s iv e  w all a rea  
o f ra d iu s  R ,  or i f  th e  edge o f  ra d iu s  rt has been fix ed .

I . I n  case o f a p lan e  w all w ith  a  free  edge d im ensioned  w ith  R ^ >  rt m ax i
m u m  stress va lu es  w ill he o b ta in e d  a t  th e  p o in t r  =  0 :

I I .  B y  assum ing  a c lam ped  edge w ith  rad iu s  rt t h a t  m ean s  an  in fin ite  rig id  
enclosure  o f te m p e ra tu re , T e we o b ta in :

w here, b y  using  sym bo ls o f  F ig u re  3, th e  te m p e ra tu re  d iffe rence  o f  A T  will be:

ar =  a t =  - E ß  —

A T  =  T (r =  0) -  T e ,

R a tio  o f  stresses o b ta in e d  in  th e  prev ious cases:

1 — M

if
fj, =  0,3 => b =  0,35 .

I n  a  fixed co n d itio n  as assu m ed  b y  Wilhelm e t  a l. [8], re la ted  to  a 
m odel w here  re a li ty  is b e t te r  a p p ro x im a te d . B o u n d a ry  lo a d  resu ltin g  from
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d iffe re n tia l th e rm a l expansion w ill b e  o b ta in ed  w ith  a v a lu e  o f  n ea rly  th ree  
tim es as h ig h .

R e s u l ts  o b ta in ed  from  th e  a p p ro x im a tin g  m odel w ill be  used  as follows 
for d e te rm in in g  b o u n d ary  load  a xT(t), a zT(t):
I . I n  d ire c t io n  o f coord inate ax is  x:

P la n e s  S j ,  S 2 are fixed  in  d ire c tio n  x,  th e  b o u n d a ry  lo a d  axT(t) will be 
d e te rm in e d  from  th e  m odified  te m p e ra tu re  d is tr ib u tio n :

T * ( x , y ,  t)  == T (x  ,y, t) — T e

T e is a n  a v e ra g e  tem p era tu re  c h a ra c te r is tic  of th e  su rro u n d in g  w all section  
w ith  c o n s ta n t  te m p e ra tu re  w hose v a lu e  w ill be d e te rm in ed  fro m  th e  following 
c o n d itio n :

(t < t e) =  0

w here t te in d ica tes  s te a d y -s ta te  co n d itio n  p rio r to  o p e ra tio n  o f th e  w a te r 
b low er. A c tu a l  b o u n d ary  lo ad  w ill b e  g iven  by  th e  fo llow ing  re la tio n sh ip :

I I .  I n  d ire c t io n  z, since c ro ss-sec tio n a l dim ensions h a v e  n o t  changed  along 
th is  a x is , w e ob tain :

*«■(*) =  - Я / î - i - f  -T *(- ’ У— dx d y  .
l z J  A.

T h e  s t r a in  value o f ez(x, y ,  t)  =  £20(i), w hich w as w r i t te n  in  item  3.2.1 b , 
h av e  to  b e  de te rm in ed  from  th e  fo llow ing  expression:

azFÍt ) =  P  +  azA l ) •
A ,

4. C a lcu la tio n  results

P re s s u re  o f th e  s te a m -w a te r  m ix tu re  flow ing in sid e  th e  tu b e  was p  =  
=  18 M P a  accord ing  to  d a ta  in  [3]. T he eq u iv a len t s tre ss  d is tr ib u tio n  is 
in d ic a te d  a lo n g  a few lo n g itu d in a l sec tions in  F igure  4.

A s sh o w n  b y  these  re su lts , th e  stress d is tr ib u tio n  cau sed  b y  in te rn a l 
p re ssu re  is  h a rd ly  influenced b y  f in s . I n  F igure 4 a co m p ariso n  is m ade betw een  
th e  a n a ly t ic  so lu tion  for th ic k -w a lle d  tub es and  th e  f in ite  e lem ent resu lts  
o b ta in e d  in  S 2 sections of F ig u re  2 , w hich  show a good ag reem en t.
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Fig. 4. Distribution of equivalent stress according to Mohr, caused by internal pressure p,
related to value of internal pressure

4.1 Tem perature d istribution  durin g  water blowing process

F o r c a lcu la tin g  tra n s ie n t  te m p e ra tu re  d is tr ib u tio n  we used  th e  m easu re 
m e n t resu lts  in  F ig u re  5. T his show s tim e -te m p e ra tu re  v a r ia t io n  m easured  
b y  th erm o -co u p le  d u rin g  w a te rin g  process. T h is re su lt w as u sed  fo r  d e te rm in 
in g  th e  ex te rn a l b o u n d a ry  cond ition  o f th e  c o m p u ta tio n  m odel. H e a t  tra n sfe r  
coeffic ien t on th e  in n e r  side w as considered  c o n s tan t d u rin g  w a te r  lancing:
11,5 • 103 W /m 2K .

°C 400 - 

350 - 

300- 

250-
Fig.*5. Temperature variation with time under the

(Fig. 1)
influence of water lancing, a t point A
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T h e  h e a t  flu x  fu rn ace  w as  47 X Ю3 W /m 2 in  a s te a d y -s ta te  co n d itio n . 
W h en  w a te r  j e t  b u nd le , t ra v e llin g  aro u n d , re a c h e d  th e  n e ighbourhood  o f 
m e a su rin g  p o in t, it  caused  a  h ig h  te m p e ra tu re  change in  th e  w all (in F ig u re  10 
th e  d e sc e n d in g  p a r t  of th e  c u rv e  en d in g  a t tim e  ta). W a te r  te m p e ra tu re  w as 
20 °C, a n d  th e  h ea t tra n s fe r  co e ffic ien t of w ate r-b lo w in g  1725 W /m 2K . W h en  
th e  w a te r  j e t  h ad  left th e  p o in t o f  therm o co u p le  lo c a tio n , a w arm ing-up  perio d  
fo llow ed  (in  F igure  5 a r is in g  c u rv e  sec tion  a f te r  tim e  ta) u n d e r  th e  e ffec t o f 
h e a t  r a d ia t io n  in  th e  fu rn ace  a n d  o f in te rn a l h e a t t ra n s fe r . H e a t in p u t in  th e  
tu b e  w a s  red u ced  b y  th e  h e a t  re q u ire d  for e v a p o ra tin g  w a te r  flow ing dow n 
from  th e  u p p e r  w all sections a n d , fo r th is  reason , th e  h e a t  f lu x  in  th is  period  
w as t a k e n  w ith  a value o f 29 ,4  X  Ю 3 W /m 2. C h a rac te ris tic s  fo r tu b e  m a te ria ls  
15М О З:

th e rm a l  co n d u c tiv ity : 41 ,13 W /m  К
d e n s ity :  7850 kg /m 3
sp ec ific  h ea t: 0,6 K J /k g  К

Fig. 6. Temperature distribution under the influence of heat flux from furnace, in steady-
sta te  condition
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Fig. 7. Temperature distribution under influence of water lancing a t a tim e marked ta in 
Figure 5. Isotherms follow each other every 10 °C

T h e f in ite  e lem en t m esh in  th e  tim e-sp ace  ran g e  w ere  d e te rm in e d  in 
acco rd an ce  w ith  c r ite r ia  e s tab lish ed  ea rlie r fo r e lem ent d im en sio n s [15]. This 
f in ite  e lem en t m esh is ap p lied  to  th e  c a lcu la tio n  of stresses, as w ell.

F ig u res  6 an d  7 c o n ta in  iso th erm s o f te m p e ra tu re ; F ig . 6 show s opera tin g  
co n d itio n  p rio r  to  w a te r  b low ing , w hile in  F ig . 7 th e  effect o f  w a te r  lancing 
is in d ica ted .

4.2 D istribu tion  o f  stresses under the in fluence o f  in ternal pressure and  tempera
ture differences

E q u iv a le n t s tre sse s  w ere d e te rm in ed  b y  using  th e  c a lc u la tio n  resu lt o f 
th e  tra n s ie n t  te m p e ra tu re  d is tr ib u tio n  described  in section  4.2 a n d  b y  ap p ly 
ing  b o u n d a ry  co n d itio n s d iscussed  in  sec tio n  3.2. In  F igu re  8 d e fo rm ations 
o f m em brane-w all e le m e n ts  are  show n; re la te d  to  th e  co n d itio n  o f  a c o n s tan t 
te m p e ra tu re  fie ld  T e m en tio n ed  in  sec tion  3.2 ( th in  solid line).
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Fig. 8. Membrane-wall element deform ed under the effects of internal pressure and beat 
flux from th e  furnace. Steady-state condition

F ig u re  9 contains th e  r e s u lts  of ca lcu la tio n s m ad e  for d e te rm in in g  
b o u n d a r y  lo ad  in plane S j (sh o w n  in F igure 2) b y  p re v e n tin g  th e  p a ra lle l 
d is p la c e m e n ts  of planes S 1 a n d  S 2. F igure 10 show s th e  d efo rm atio n  o b ta in ed  
b y  a p p ly in g  boundary  lo a d , p re v io u s ly  d e te rm in ed  a n d  m odified , acco rd ing  
to  s e c tio n  3.2.

I n  F ig s  11 and 12 th e  d is tr ib u tio n  of stresses is illu s tra te d . T he ty p e  o f 
d i s t r ib u t io n  in  a s te a d y -s ta te  co n d itio n  is d ecisive ly  d e te rm in ed  b y  stresses 
f ro m  in te r n a l  pressure. D u r in g  w a te r  lancing, d u e  to  th e  change o f th e rm a l 
c o n d it io n s , th ere  is a s tro n g  in c re a se  in  stress on  th e  fu rn ace  side, a long  th e  
tu b e  p e r ip h e ry  and on th e  f r o n t  surface of fin . S tre ss  increase  arising  on  s u r 
faces o n  th e  furnace side is t h e  sm allest a t  th e  c o rn e r-p o in t w here tu b e  an d  
f in  m e e ts :  203 M Pa. In  r e s p e c t  o f  s tead y -s ta te  c o n d itio n , P asquantonio  [12] 
a lso  f o u n d  a definite m in im u m  fo r  th e  stress d is tr ib u tio n  on  th e  su rface a t  th is
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Fig. 9. Membrane-wall element deformed under the effect of water je t lancing. Displacement 
boundary conditions to calculate the boundary load distribution on the fin edge Sj (Fig. 2)

p o in t (in acco rdance  w ith  H M H  th e o ry ) . O n th e  o th e r h a n d , th e  experim en ts 
b y  B ieber  an d  H errm ann  [7] led  to  id e n tify  th e  m a jo rity  o f  c rack s ju s t  a t 
th is  po in t. T his c o n tra d ic tio n  is a s tro n g  in d ica tio n  th a t  th e  th eo rie s  (w idely 
ap p lied  a t  p resen t) by Mohr or H u ber t  Mises H enck y  for condition of 
equivalent stress do not give reliable information on damages in cases o f multi- 
axial fatigue stresses. C onsidering  d e fo rm atio n s  in  th e  n e ig h b o u rh o o d  o f corner- 
p o in t, to g e th e r w ith  th e  stress  co m p o n en ts , th is  is th e  case o f  a th ree-ax le  
ten s ile  stress.

In  acco rdance  w ith  th e  th eo ries  b o th  o f Mohr an d  H M H  th e  triax ia l 
s tre ss  s ta te  is less d angerous, th e  sm alle r are  th e  d ifferences b e tw een  the  
p rin c ip a l s tress v a lu es . T h u s, in  case o f  “ h y d ro s ta tic ”  te n s io n  o r com pression 
(w hen  p rinc ipa l s tresses are  equal) even  in fin ite ly  high stresses a re  n o t  danger
ous.
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Fig. 10. Membrane-wall element deformed under effects of internal pressure and water lancing
a t a tim e marked ta in Figure 5

T h e  fu n c tio n  of s tress c o m p o n e n ts  has to  he e v a lu a te d  in  a d iffe ren t w ay  
as w a s  d iscu ssed  from  th e  v ie w p o in t of fra c tu re  m ech an ics . I n  th e  course o f 
m a n u fa c tu r in g  and  o p e ra tio n  c ra c k s  and  d isco n tin u itie s  w ould  arise, w h ich  
s t a r t  f ro m  th e  surface (e.g. a t  th e  co rner-po in t m e n tio n e d  a  w eld  is lo ca ted ). 
W il l ia m s  [17] has d e m o n s tra te d  t h a t  a crack  te n d s  to w a rd  a  s ta te  o f m u lti-  
a x ia l h y d ro s ta t ic  ten sio n . A c c o rd in g  to  th e  H M H  th e o ry  th e  dangerous 
c h a r a c te r  o f  a  m u lti-ax ia l s tre s s  co n d itio n  is p ro p o r tio n a l to  th e  size o f d e fo r
m a tio n  w o rk . Tests m ade b y  W illiam s concern ing  f ra c tu re  m echanics show ed 
t h a t  c ra c k s  w ould s ta r t  in  th e  d ire c tio n  a t  th e  m in im u m  o f d efo rm atio n  w o rk .
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4.3 Expected life  o f  m em brane wall

U sing stress d is tr ib u tio n s  in  F igs 11 a n d  12 we can  d e te rm in e  th e  eq u iv 
a le n t  stress am p litu d e  w hich  will reach  its  m ax im u m  on th e  f ro n t su rface  (facing 
fu rn ace ) o f  tu b e . M axim um  a lte rn a tin g  s tre ss  am p litu d e :

f f a  =  V  m a x  ~  * E  m i n )  =  ~  (2 9 4 -3 3 ,5 )  =  130,3 M P a .
z z

Since d iag ram s o f fa tig u e  u su a lly  co n cern  a m ed ium  stress o f  am =  0, th e  
e q u iv a le n t s tress a m p litu d e  oa0 w ill b e , on th e  basis o f (23):

„  =  „  (2 QbY
“ (2o By  -  (2 K 0>2 -  2oay  '

54.6

33,5

Fig. 11. Equivalent stress in M P a, under effects of internal pressure p  and heat flux from 
furnace, according to M o h r . Steady-state condition
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67,8

Fig. 12. Equivalent stress (according to M o h r ) in MPa, under effects of internal pressure p 
and water lancing, at time marked ta in Figure 5

A ccord ing  to  s ta n d a rd  MSZ 4747-63 th e  m a te r ia l  ch a rac teris tic s  o f  s tee l 
Mo 45.47 (eq u iv a len t w ith  s tee l 15 Mo3), a t  te m p e ra tu re  of 350 °C, a re  th e  
fo llow ing :

tensile strength =  350 MPa ( V o b o r s k y  [6])
elasticity modulus E  — 1,8 X 10s MPa
yield-point K 02 =  190 MPa
linear thermal expansion factor ß =  1 3 ,2 x l0 -6 1/K

T a k in g  in to  acco u n t th e  ab o v e  m a te ria l c h a ra c te r is tic s :

oa0 = 1 3 3  M Pa .

T h e  te m p e ra tu re  co rrec tio n  fac to r  req u ired  fo r u s in g  d iagram  in  acco rd an ce  
w ith  A SM E B oiler a n d  P ressu re  Vessel Code (S ec t. I l l )  is

„ 207 207 x 1 0 s
L  =  -------= ------------------ =  1,1a ,

E  180 x 1 0 s
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an d  so th e  p e rm issib le  n u m b er o f  cycles f ro m  ASM E fatigue cu rves fo r  ca rb o n  
steels:

N =  б О х Ю 3 .

A sim ila r re su lt  is o b ta in e d  b y  Langer’s [6] an a ly tic  re la tio n sh ip  as well:

Г 0.174 x E  Г

[  2aa — 0,35 x a B
=  52 X  10:1.

T h e rm a l fa tig u e  te s ts  by Wellinger a n d  К ussmaul [20] h a v e  show n 
th a t  th e  p ro b a b ili ty  in te rv a l o f m arg in a l cy c le  n u m b er for fa tigue  is ap p licab le  
to  th e  m a te r ia l  15 Mo3 a t  te m p e ra tu re s  o f  20 °C and  475 °C b y  p e rfo rm in g  
a sm all-sca le  e x tra p o la tio n , to  consider p la s tic  deform ation :

2 0 x l 0 3 < j V < 6 0 x l 0 3 .

C onsidering  th e  te m p e ra tu re  d iagram  o f  m e a su rin g  po in t No. 9 [3] th e re  are  
13 cycles d u rin g  a  sing le w a te r blow ing o p e ra tio n . B y assum ing a s ing le  w a te r  
lan c in g  p e r d a y  th e  expected life o f  tube is  12 years. D a ta  from  fa tig u e  te s ts  
can  b e  c o n v e rte d  w ith  a fa irly  high e r ro r  p e rcen tag e  in to  n o rm a l o p e ra tin g  
co n d itio n s. T hese  d iag ram s are  n o t a llo w ab le  fo r th e  effects re su ltin g  from  
h e a t- tre a tm e n t, su rface  sm oothness, q u a l i ty  o f welding, s tress co rrosion , 
c rack  e tc . fo r in d iv id u a l cases in  m a n u fa c tu r in g  an d  operation . T h u s , because  
o f  c rack s a ris in g  fro m  possible m a n u fa c tu r in g  defects, an  occasional ru p tu re  
of bo ile r tu b e s  p r io r  to  th e  period  sp ec if ied  shou ld  also be re ck o n ed  w i th .

5. C onclusions

T h e  process o f  te m p e ra tu re  changes is  in flu en ced  b y  a n u m b e r o f  fac to rs  
w hich  can  b e  d e te rm in e d  w ith  d ifficu lty . T h ere fo re , in  each case w h en  th e  
effect o f  w a te r  la n c in g  is exam ined  d u rin g  o p e ra tio n , th e  te m p e ra tu re s  m e a su r
ed b y  th e rm o -co u p les  lo ca ted  on th e  f ro n t  su rfaces of tu b e  an d  f in  shou ld  
be u sed  as m a tc h in g  p a ram e te rs  o f th e  c a lc u la tio n  procedure.

A ccord ing  to  ca lcu la tions th e  g re a te s t  s tre ss  w ould be p re se n t in  th e  
crow n o f tu b e s  f ro n t su rface  facing th e  fu rn a c e . F ro m  th e  value o f  e q u iv a le n t 
s tress a m p litu d e  o b ta in e d  a t  th is  p o in t, a n d  fro m  fa tigue  d iagram  ap p licab le  
to  th e  g iven  m a te r ia l, th e  cycle n u m b er fo r  fa tig u e  resu lting  from  w a te r  sp ra y 
ing can  be d e te rm in e d . H ow ever, a t  tu b e - f in  in te rsec tio n  (in th e  n e ig h b o u r
hood o f w elds) th e  p resence  o f cracks ca u se d  b y  possible defects d u r in g  m a n u 
fa c tu rin g  can  be  a n tic ip a te d , an d  these  c ra c k s  need  to  be considered  d iffe r
e n tly  in  re sp ec t o f  u sefu l life.
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Auswirkung des Wasserstrahllancierens auf die Lebensdauer der Feuerrohre des Feuer- 
büchsenmembrans. — Eine der am  meistens verb reite ten  Entfernungsm ethoden der Schlak- 
kenablagerungen  von den Feuerbüchsenrohren von kohlgeheizten Kraftwerkkesseln is t  das 
m it g roßer W assergescbwindigkei t  durchgeführte sog. Kaltw asserstrahllancieren. Z ur E r 
m ittlu n g  der in  d erZ eit veränderlichen Größe der W ärm espannungsbeanspruchung w urde das 
P rogram m system  der E lem entenm ethode V E IK I angew andt. Das Modell der E lem enten- 
m ethode, sowie die Rechnungs- un d  Messungsergebnisse w erden für die Fälle von ständ igen  
und  tran s ien ten  B etriebszuständen vorgeführt.
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BRACKETING OF THE EIGENFREQUENCIES OF 
SPATIAL SKELETONS II.

GY. CZEGLÉDI*

[Ma nuscript received: 2 April. 1981]

This paper is the second p art of a study, the first part of which has been published 
in this review. Another method will be presented for the analysis of vibrations of 
prismatic bar skeletons modelled as continua, relying on the basic system of differ
ential equations and eliminating drawbacks proper to the previous method. In  the last 
chapter, the practical application is illustrated on two simple numerical examples. 
Numbering of chapters, figures, formulas and tables is continued from the previous 
p art rather than to sta rt again.

2.4. V ibration  an a ly sis  o f p rism atic  b ar skeletons 
using  the  basic  sy stem  of d ifferen tial equations

M a th em a tica l fu n d a m e n ta ls  o f  th e  m eth o d  p resen ted  in  th is  c h a p te r  
a r ise  fro m  th e  scope o f th e  th e o ry  o f d iffe ren tia l eq u a tio n s. I t s  e ssen tia l is 
to  w r ite  b o u n d a ry  cond itions fo r  each  b a r  o f th e  skele ton  y ie ld in g  su ffic ien t 
e q u a tio n s  to  de te rm ine  th e  in te g ra tio n  co n s ta n ts  o f th e  fie ld  fu n c tio n s .

I n  th e  follow ing, p a ra m e tr ic  e q u a tio n  system s (5) an d  (7) fo r  th e  ex 
te rn a l  b a r  end  force effects a n d  b a r  en d  d isp lacem ents w ill be  reco n sid e red . 
T h e  essen tia l o f th is  m eth o d  is e x a c tly  n o t to  e lim inate  e q u a tio n  p a ra m e te rs  
b u t  to  use th e m  as un k n o w n  co effic ien ts  o f th e  fie ld  fu n c tio n s , th e re b y  th e  
a m p litu d e  d is tr ib u tio n  o f  b a rs  in  th e  sk e le to n  are  d irec tly  a v a ila b le . N o d al 
d isp la c e m e n t am plitu d es a re  g iven  b y  th e  fie ld  function .

2.4.1 Equation system  com prising  displacem ents and force effects o f  the 
skeleton components

B a r  end d isp lacem en t an d  fo rce  effect v ec to rs  in  E qs (5) a n d  (7) h av e  
been  c o n v en ien tly  w ritte n  in  th e  o w n  sy stem  o f coo rd inates, b u t  b a r  jo in tin g  
e q u a tio n s  w ill also here be w r it te n  in  th e  com m on co o rd in a te  sy s te m . D is 
p lacem en t an d  force effect v e c to rs  in  (5) an d  (7) w ill be tra n s fo rm e d  in to  
th e  co m m o n  coord in a te  sy stem  b y  m ean s o f tra n sfo rm a tio n  m a tr ix  T,:

* Gy. CzEGLÉDi, Bartok Béla ú t 3/d, H-1225 Budapest, Hungary
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U/  =  Т,- й,- =  T, U; a,- sin  cot,

Vf —  Tyű,- =  Т ,У )а(- s in  cot, (30)

f i  =  Ti f i  =  T/F,«,- sin  cat,

P , =  T, p , =  T, P, а,- s in  cat,

w h ere  —  app ly ing  t(- fro m  ite m  2.3.3:

•

F o u r  equa tions in  (30) re fe r  to  th e  i- th  b a r  o f  th e  sy stem . T he eq u a tio n s 
a b o v e  c a n  be  estab lish ed  fo r  e ach  of th e  n  b a rs  in  th e  sk e le ton , fo rm ally  com 
p rise d  in  th e  m a trix  e q u a tio n :

u, - T, u,

Ol

Un 11" Ц"
V, T, V,

Xi к к

v„ 1 1 1 1 У

f<
fa.

T, F, -»_■"*_ jTS .
к
P< T, Pa

______J l - f -

Pi Lt &.

Pn 1 ! •л>
1

Ь А а

(31a)

o r, in  concise form :

b =  A  a sin cot. (31b)

T h u s  E q . (31b) c o n ta in s  b a r  end d isp lacem en ts  a n d  b a r  end  force effects 
co n sid e red  as e x te rn a l f ro m  th e  aspect of th e  n  d is jo in te d  b a rs  of th e  skele ton .
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2.4 .2  Equation fo r  the skeleton vibra tions

M atrices b an d  A  defined  in  (31a) b e in g  availab le , now  th e  d is jo in ted  
sk e le to n  bars w ill be  reco u p led  to  e s ta b lish  th e  eq u a tio n  fo r  th e  v ib ra tio n  
o f  th e  com plete  ske le to n .

T h e  w ay  how  se p a ra te  b a rs  a re  co u p led  to  a s tru c tu re  is  ad v isab ly  
exp ressed  by  a coup ling  m a tr ix  K .

M atrix  К  com prises fea tu re s  o f  th e  b o u n d a ry  co n d itio n s o f  th e  s tru c 
tu re ,  an d  of n o d a l jo in ts  o f  th e  b a rs , as w ell as nodal e q u ilib ria . T h u s , i t  is 
m ore  in fo rm ativ e  th a n  a ie  k in e m a tic  coup lin g  m a trix  G u n d e r  2 .3 .3  and  
i ts  tran sp o sed  GT, since i t  com prises ev en  th e  b o u n d ary  c o n d itio n s . I t s  e s tab 
lish m e n t w ill be il lu s tra te d  on th e  p lan e  fram ew o rk  of four b a rs  sa fe ly  coupled 
a t  th e ir  ends ag a in s t d isp lacem en t a n d  ro ta t io n , seen in  F ig . 3.

C h arac te ris tics  o f  th e  in d ic a te d  b o u n d a ry  and  f i t t in g  s tru c tu re s  are 
exp ressed  by

Mi =  0  , l>2 =  I'2 ,

u3 =  0 , v2 =  vi t  (32a)

V1 — 112 , M̂  — О ,
a n d  n o d a l equ ilib ria  b y

P i  + /2  =  4a  ■>
Рг +  Рз P t =  Яв 1 (32b)

w h ere  qA and  qB are a m p litu d e  v ec to rs  o f  th e  sine ex te rna l fo rce  e ffec ts  ac tin g  
a t  nodes A  an d  В , re sp ec tiv e ly . A lso (32a) a n d  (32b) can be w r i t te n  in  m a trix  
fo rm :

d r

Ü1 = Û
У2 0
Уз Ű
У4 0
¥ i 0
v 2 о
Уз 2 а

Уд _9в
í i Ç

Í2
£ 3

и
Pl
р 2
Рз
р4
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o r, in  concise  form :

К  b =  c ,  (33)

К  b e in g  th e  m en tioned  c o u p lin g  m atrix . E  in  К  a re  u n it  m atrices o f  o rd e r  
s ix , th e  zeros are q u a d ra tic  z e ro  m atrices o f o rd e r  six .

O b v iously , th is  is o n ly  a  possible fo rm  o f K ; th e re  being o thers d iffe r
in g  o n ly  fo rm ally  r a th e r  t h a n  b y  p u rp o rt. [F o r  in s ta n c e , v2 =  v4 m a y  be  
re p la c e d  b y  v3 =  v4 in  (32a), a n d  so on.] T h u s , th e  co lu m n  h y p e rm a tr ix  in  
th e  r ig h t-h a n d  side o f (33) c o n ta in s  zeros an d  e x te rn a l  n o d a l sine force effec ts . 
D e n o tin g  th e  am p litu d e  o f  c b y  c0, and s u b s t i tu t in g  th e  te rm  for b in  (31b) 
ch an g es  (33) in to :

K A «  sin  оЛ — c0 sin  m t .

A ssu m p tio n  of a m o tion  p e rm its  to  sim plify b y  s in  cot, th e re b y  th e  sine v ib ra 
tio n s  o f  th e  skeleton  is ex p re sse d  b y  th e  lin ear in h o m o g en eo u s eq u a tio n  sy s tem

KAo =  c0 . (34)

W ith in  th e  m e th o d  u n d e r  2.3, E q . (34) h a d  (25) as c o u n te rp a rt e q u a 
tio n s  d iffe ring  by  b o th  fo rm  a n d  p u rp o rt. In  th e  a c tu a l  case v ec to r a co m 
p ris in g  in te g ra tio n  c o n s ta n ts  is  th e  unknow n q u a n t i ty  o f  th e  m a trix  e q u a tio n , 
th e  sam e  fu n c tio n  b e ing  accom plished  in  (25) b y  v e c to r  s 0 com prising  n o d a l 
d isp la c e m e n t am p litu d es. O f course, b o th  e q u a tio n s  are  a k ind  of m a th e 
m a tic a l  im age of th e  sam e p h y ic a l phenom enon  —  sk e le to n  v ib ra tio n s.

I n  case of free v ib ra t io n s  c0 =  0 E q . (34) w ill be hom ogeneous. V e c to r  
a c o m p ris in g  unknow n co effic ien ts  o f field  fu n c tio n s  c an n o t be zero in  case 
o f  v ib ra t io n , im posing to  m e e t condition

d e t ( KA)  =  0 (35)

e q u a tio n  o f th e  sk e le to n  freq u en cy . Q u ad ra tic  m a tr ix  K A  is of o rd e r 12n .
I n  fo rced  v ib ra tio n , s te a d y -s ta te  response  o f  nodes of th e  sy s tem  ca n  

also  b e  d e te rm in ed  b y  th is  m e th o d . I f  th e  c irc u la r  freq u en cy  of th e  fo rced  
s y s te m  does n o t coincide w ith  som e circu lar e ig en freq u en cy  of th e  s tru c tu re , 
c o e ffic ien t m a trix  К  • A  o f th e  lin ea r inhom ogeneous a lgeb ra ic  equa tion  sy s te m  
(34) w ill be  o ther th a n  s in g u la r , th u s , it  has a so lu tio n . The resu lting  v e c to r  
a co m p rises  coefficients o f  f ie ld  functions o f e ach  b a r , pe rm ittin g , in  tu r n ,  
to  d e te rm in e  b a r end —  h en ce  nodal —  d isp lacem en ts .

2 .4 .3  Computation o f  eigenfrequencies, fea tu re s  o f  the method

D e te rm in a n t fu n c tio n  (35) is a lready  a c o n tin u o u s  function  of со, e le 
m e n ts  o f  A being o th e r th a n  frac tions. D e te rm in a tio n  o f  a sufficient n u m b e r  
o f  ro o ts  is co m p u teria lly  m u c h  easier th a n  acco rd in g  to  th e  m ethod  u n d e r  2.3 
in  s p ite  o f th e  h igher o rd e r n u m b er of th e  f re q u e n c y  d e te rm in an t. I t  is in -
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liè ren t in  th e  m e th o d  th a t  th e  se t o f c ircu la r e igen frequencies princip ially  
c an n o t be defic ien t.

Also here , ro o ts  m a y  he found  b y  m eans o f “ sh if t in g ”  as described 
u n d e r 2 .3 .4 , ta k in g  care  to  assum e Aco sm all enough.

T he p ro ced u re  is read ily  a lg o rith m ized , and  su its  th e  co m p u ta tio n  
m e th o d  for freq u en cy  b ounds described  a t  th e  beg inn ing  o f  c h a p te r  2. The 
co m p u te r m ay  se lect i tse lf  —  or even  increase —  th e  d iv is io n  num ber kj 
q u o ted  under 2.1 a n d  p io d u ce  th e  freq u en cy  eq ua tion . T h e  deg ree  o f  accuracy 
is only  lim ited  b y  th e  sto rage  c a p a c ity  o f th e  co m p u te r. N u m e ric a l u tility  
o f th e  m ethod  w ill be  i llu s tra te d  on sim ple num erical ex am p le s  in  C hap ter 3.

3. Practical application, num erical exam ples

Two m eth o d s h a v e  been  p resen ted  in  C hap te r 2 for th e  v ib ra t io n  analysis 
o f skeletons co n sis tin g  o f p rism atic  b a rs . F ea tu res  o f th e  a lg o rith m s have 
b een  discussed u n d e r  2.3 an d  2.4. C o n fro n ta tio n  of b o th  a d v a n ta g e s  and  in
convén ien ts o f b o th  m e th o d s  leads to  th e  conclusion t h a t  b o th  num erically  
a n d  p rin c ip ia lly , th e  m e th o d  u n d er 2 .4 , re ly in g  on th e  b asic  sy s te m  of differ
e n tia l eq u a tio n s, is th e  m ore exp ed ien t. A lth o u g h  co m p u te r p io g ra m  packages 
h a v e  been m ade fo r b o th  m ethods, an d  n u m erica l exam ples h a v e  b een  solved 
b y  b o th , here  o n ly  c o m p u ta tio n  re su lts  o b ta in ed  by  th e  p ro g ra m  m ade for 
th e  n u m erica lly  su p e rio r  a lg o rith m  w ill be p resen ted .

Two n u m erica l exam ples w ill be p re sen ted  below. T he f i r s t  one is illu s tra t
in g  th e  b rack e tin g  o f  e igenfrequencies, w hile  th e  second o n e  w ill re fe r to  the 
eigenfrequencies o f a sp a tia l s tru c tu re  m ad e  of p rism atic  b a rs .

3.1 B a r o f  variable cross section, one end clam ped

F o r th e  c o m p u ta tio n  o f th e  freq u en cy  bounds, p u rp o se fu lly  a problem  
has been selected  t h a t  could  be e x a c tly  solved a n a ly tic a lly . F o r  instance, 
Cranch and  Adler [10] h av e  a lread y  d e te rm in ed  th e  c irc u la r  eigenfrequencies 
o f a b a r  of re c ta n g u la r  cross sec tion  e x p o n e n tia lly  v a ry in g  le n g th w ise , one end 
c lam ped , th e  o th e r  en d  free. T he m odel in  F ig . 4 has been  u se d  fo r  num erical 
analysis.

C ircu lar e igenfrequencies o f th e  b a r  perform ing  b e n d in g  v ib ra tion  
a ro u n d  axis z are  o b ta in e d  from  freq u en cy  e q u a tio n  (E q . (31), p . 106 in  [10]):

a -f- a cos —  c h ------(- 3 s in  —  s h ----- |-
b c b e

(36)
1 1  1 1

- j- c s in  —  c h ----- 1- b cos —  sh —  =  0 ,
b e  с c
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Fig. 4. B a r of exponentially vary ing  cross section, one end clamped. (Model data: E  =  
=  2,148 • 1011 Pa; G =  8,142 • 1010 P a , q =  7800 kg m “3, l =  1 m, 60 =  2 • 10“2 m, 60 =

=  3 • 10- 2 m)

w ith  s im p lif ie d  no ta tions

a =  } 9 ^ T ,  6 =  2 f ^ T ,  с =  2]А^ГТ,
a n d

у  =  2/со /  е Л

W ith  d a t a  in  Fig. 4:

^ 0  —  ^ 0  ‘ ^ 0 :  

T b0 ■ К
12

F ir s t  th r e e  roo ts of E q . (36):

у  =  18,9366261693, 96,8072531389, 255,457961136

W ith  n u m e ric a l d a ta  of th e  e x a m p le , first th ree  c irc u la r  eigenfrequencies o f 
th e  b e n d in g  v ib ra tion  a ro u n d  a x is  z :

со =  144,8294039, 740,3925409, 1953,770640 [s” 1].

T o  o b ta in  lower a n d  u p p e r  bounds for th e  c irc u la r  e igenfrequencies, 
th e  b a r  o f  v ariab le  cross s e c tio n  h a s  been d iv ided  b y  n o d es  in to  к p a r ts  —  as 
se e n  u n d e r  2.1 —  th e  p a r ts  b e tw e e n  nodes being  re p la c e d  b y  p rism atic  b a r  
p a r t s ,  w i th  ch a rac teristics s e le c te d  according to  re la tio n sh ip s  (2) an d  (3). 
M a g n itu d e  I  involved in  t h e  to rs io n a l r ig id ity  G I o f  th e  re c tan g u la r  cross 
s e c tio n  h a s  been ca lcu la ted  a c c o rd in g  to  E q . 9,4  p . 71 in  [11] from

I  = a —b 0 ,6302488761
192
л 5

oo

2
l  — th

/ 27 — 1

I 26
(27 -  1)* »
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w here a and  b a re  h a l f  side leng ths o f th e  cross sec tion . T h is fo rm u la  is va lid  
if  a  ]> b.

C om puter p ro g ra m  o u tp u ts  h av e  b een  com piled  in  T ab les  3 an d  4 in 
c lud ing  th e  f ir s t  f iv e  c ircu la r e igenfrequencies up  to  tw o  decim als, to g e th e r 
w ith  th e  d iv ision  n u m b e r k . All co m p u ted  c irc u la r  e igenfrequencies are  sim ple 
ro o ts  of th e  freq u en cy  eq u a tio n . F igures 5 to  9 a re  m ore i l lu s tra tiv e  in  show ing 
th e  o u tp u ts .

Table 3

Lower bounds of circular eigenfrequencies [s_1]

h= 1 k= 2 k=  3 k=  4 k=  5 k=  6 k = 8 к =  10

1 65,24 104,22 118,30 125,27 129,37 132,07 135,38 137,34
2 97,86 241,75 309,89 346,89 369,75 385,19 404,63 416.33
3 408,86 533,02 603,99 639,49 660,63 674,55 691,68 701,77
4 613,28 987,54 1303,93 1466,46 1566,11 1633,33 1717,83 1768,57
5 1134,62 1476,40 1597,83 1689,51 1743,93 1780,20 1825,16 1851,77

Table 4

Upper bounds of circular eigenfrequencies [s_I]

к =  1 k=  2 k=  3 k = 4 k=  5 k=  6 k= 8 к = 10

1 177,34 171,83 165,10 160,85 158,02 156,02 153,41 151,78
2 723,10 657,14 603,58 571,92 551,61 537,58 519,56 508,52
3 1111,38 878,80 842,93 821,12 806,90 796,89 783,78 775,58
4 3111,91 2434,17 2229,96 2169,38 2130,04 2103,06 2068,17 2046,52
5 4531,59 2684,41 2539,71 2417,78 2336,37 2279,50 2205,74 2160,14

F rom  th e  ta b le s  an d  th e  d iagram s i t  is obvious th a t  th e  com p u ted  
c ircu la r e igenfrequencies 1, 3 and  5 a re  c irc u la r  eigenfrequencies 1, 2 an d  3 of 
th e  bend ing  v ib ra tio n  a ro u n d  th e  z-ax is; c irc u la r  e igenfrequencies 2 an d  4 m ay 
be  id en tica l to  c irc u la r  eigenfrequencies 1 a n d  2 o f th e  b en d in g  v ib ra tio n  
a ro u n d  th e  у -ax is. F ig u re s  5, 7 and  9 c learly  i l lu s tra te  b ra c k e tin g  o f  c ircu la r 
e igenfrequencies c o m p u te d  b y  Cr a n c h  an d  A d l e r .
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Fig. 5. F irs t circular eigenfrequency

Fig. 6. Second circular eigenfrequency
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Fig. 7. Third circular eigenfrequency

Fig. 8. Fourth circular eigenfrequency

Fig. 9. Fifth circular eigenfrequency
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3.2 S p a tia l skeleton composed o f  p rism a tic  bars

S chem e of th e  s p a tia l  sk e le to n  consid ered  is seen in  Fig. 10. A d v a n ta g e s  
d u e  to  p ecu lia rities o f  th e  b u iltu p  (e.g. th e  re g u la r  geom etrical co n fig u ra tio n ) 
a re  n o t  u tilized  b y  th e  c o m p u te r  p ro g ram , hen ce  th e se  are n o t to  th e  d e tr i 
m e n t o f  genera l v a lid ity . A lso th e  selected  ow n sy stem s o f co o rd in a tes  o f  th e  
b a rs  h a v e  been in d ic a te d . T h e  b a r  ends a re  r ig id ly  connected  to  each  o th e r  
p e rm it t in g  no re la tiv e  d isp lacem en t or ro ta t io n .

\ \  3 хз !уз

Fig. 10. Spatial skeleton composed of prismatic bars. (Model data: E  =  2,148 • 1011 Pa, 
G =  8,142 • 1010 Pa, Q =  7800 kg m "3)

Id e n tic a l cross se c tio n a l d im ensions o f  f ram e  b a rs  1, 2 , 3 a n d  4 , an d  
id e n tic a l  cross sec tion  d im ensions of co lum ns are  seen in  F igs 11 a n d  12, 
re sp e c tiv e ly .

1
V

2

‘ - 2
__  5 1 0  m

Fig. 11. Cross section of frame bars

I

Fig. 12. Cross section of columns
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T he f irs t e ig h t c o m p u ted  c ircu la r eigenfrequencies, all o f  th e m  being 
sim ple, have  been  ta b u la te d  in  T ab le  5. R e m a rk  th a t  also th e  v ib ra t io n  figure 
belong ing  to  a c ircu la r e igen frequency  a>[ c a n  be de te rm ined  f io m  (34), ap p ly 
in g  th e  assu m p tio n  c0 =  0 co rrespond ing  to  free v ib ra tio n . Solv ing  th e  o b ta in ed  
lin ea r  hom ogeneous eq u a tio n  sy s tem  fo r v e c to r  a com prising  f ie ld  fu n c tio n  
coeffic ien ts , an d  su b s titu tin g  a in to  (5) y ie ld s b a r  end  ■— hence n o d a l —  d is
p lacem en ts . T his c o m p u ta tio n  is —  o f cou rse  —  possible for b o th  p re sen ted  
exam ples.

Table 5

Circular eigenfrequencies o f the structure

(O
<•->

OI
(•-)

1 110,48 5 217,16
2 120,45 6 235,50
3 157,40 7 283,13
4 210,47 8 456,30

REFERENCES

1. P o in c a r é , H.: Sur les équations aux dervées partielles de la physique mathém atique.
American J. Math. 12 (1890).

2. B a z l e y , N. —Fox, D. W.: Methods for Lower Bounds to Frequencies of Continuous
Elastic System. Zeitschrift fü r  angewandte Mathematik und Physik 17 (1966), 1 — 37.

3. K o lo u sek , V.: Baudynamik der Durchlaufträger und Rahmen. Fachbuchverlag, GMBH,
Leipzig 1953.

4. H ü b n e r , E .: Eigenschwingungszahlen zusammengesetzter Schwingungssysteme. Inge
nieur-Archiv 29 (1960), 134—149.

5. B o szna y , Á.: Einzelne Probleme der Dynamik zusammengesetzter Systeme. Periodica
Polytechnica, Electrical Engineering 17 (1973), 7 — 28.

6. CzEGLÉDi, Gy . — R ic h l ik , Gy .: Computation o f Natural Circular Frequencies of Spatial
Structures Made up of Prismatic Bars.* Proc. 1st Scientific Session o f the Working 
Group of Departments o f Engineering Mechanics. Hung. Ac. Sei. Budapest 1974, pp. 
192-197.

7. W it t r ic k , W. M. — W ill ia m s , F. W.: A General Algorithm for Computing N atural Fre
quencies of Elastic Structures. Quart. J . Mech. Appl. Math. 24 (1971), 263 — 284.

8. Cz e g l é d i, Gy .: Einige Bemerkungen zur Freiheitsgradreduktion von linear-elastischen
mechanischen Modellen. Periodica Polytechnica, Electrical Engineering 19 (1975), 
257-266.

9. Cz e g l é d i, Gy . : Reduction of the Degree of Freedom and its Consequences in the Analysis
of Linear-Elastic Structures.* Műszaki Tudomány 54 (1978), 115 — 124.

10. Cr a n c h , E. T. —A d l e r , A. A.: Bending Vibration of Variable Section Beams. J . Applied
Mechanics (1956), 103 —108.

11. W e b e r , C. — G ü n t h e r , W.: Torsionstheorie. F. Vie weg et Sohn. Braunschweig-Akademie
Verlag, Berlin 1958.

12. Cz e g l é d i, Gy .: Reduction of the Degrees of Freedom of Linear-Elastic Mechanical Models.
Periodica Polytechnica, Electrical Engineering 23 (1981), 311—316.

*In Hungarian

A da  Technical Acaaemiae Scientiarum Hungaricae 92, 1981



382 CZEGLÉDI, GY.:

Einschließung der Eigenfrequenzen von räumlichen Stabwerken, П. — Dieser Auf
satz is t die Fortsetzung des ersten Teils, der in derselben Zeitschrift erschien. Für die U nter
suchung der Schwingungen von Stabwerken aus prismatischen Stäben modelliert als Kon
tinua wird je tz t eine andere Methode vorgestellt, die auf dem Grundsystem der Differenzial
gleichungen beruht und die beim vorigen Verfahren erwähnten Nachteile beseitigt. Das letzte 
Kapitel stellt zwei einfache Zahlenbeispiele für die praktische Anwendung vor. Die Nume
rierung der einzelnen Kapiteln, Abbildungen, Gleichungen und Tafeln beginnt in diesem Teil 
nicht vom Anfang an sondern sie ist die Fortsetzung der im  ersten Teil angewendeten Nume
rierung.
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DEVELOPMENT OF AN EXPERIMENTAL APPARATUS 
FOR THE MEASUREMENT OF THE THERMODYNAMIC 

PROPERTIES OF COa-CONTAMINATED 
NATURAL GASES

P A R T  I

M. A. I. BUKHARI*
G. VERES**

[Manuscript received 14 March 1978]

The increasing demand for energy has necessitated extensive investigations 
to find ways and means of utilizing the huge reserves of largely C02-contaminated 
CH4 gas, previously considered uneconomical. Two kinds of equipm ent have been 
specifically devised and tested for the purpose of measuring the therm odynamic prop
erties of CH4 — C02 mixtures at desired P-T-X ranges. One of these is suitable for 
concomitantly determining the integral isobaric heats of condensation, together with 
vapour-liquid equilibria. The other is intended for simultaneous measurem ent of heat 
capacities at constant pressure and the mixing heats of liquid m ixtures.

In tro d u c tio n

T he huge reserves o f  n a tu ra l  gas av a ilab le  in  various p a r ts  o f H u n g ary , 
a n d  th o se  h igh ly  c o n ta m in a te d  w ith  ca rb o n  d ioxide, h av e  fo r  lo n g  been  con
s id ered  as uneconom ical sources o f  energy . H ow ever, th e  in c re a s in g  dem and  
fo r n a tu ra l  gas in  recen t tim es  has n ecess ita ted  th e  e m b a rk a tio n  o n  ex tensive 
e ffo rts  for fin d in g  w ays a n d  m eans to  econom ically  an d  su ccessfu lly  utilize 
th e se  huge sources o f n a tu ra l  w ea lth , b o th  in  dom estic u ti l i t ie s  a n d  public 
serv ices. The h igh  p ressu re  co n d itions u n d e r  w hich th ese  gases e x is t provide 
an  in h e re n t p o te n tia l energy  th a t  red u ces to  a m in im um  th e  a m o u n t o f  work 
re q u ire d  b y  a n y  te c h n iq u e  th a t  m a y  be ap p lied  in  a s e p a ra tio n  p rocess, etc. 
T he D e p a rtm e n t o f  E n erg e tic s  o f  th e  T echn ical U n iv e rs ity  o f  B u d a p e s t has 
b een  p reoccup ied  in  re c e n t y ea rs  w ith  th e  ta s k  o f in v e s tig a tin g  a n d  rep o rtin g  
on  su ch  w ays an d  m eans w h ereb y  th e se  ca rb o n  dioxide c o n ta m in a te d  n a tu ra l 
gases m ay  be econom ically  an d  a p p ro p ria te ly  sep a ra ted  in  a  m a n n e r  th a t  
w a rra n ts  useful u tiliz a tio n s . O w ing to  th e  fa c t th a t  th e  b u lk  o f  th e se  n a tu ra l 
gas w ell e ffluen ts are  m ix tu re s  o f  m e th a n e  an d  carbon  d io x id e , w ith  only 
tra c e s  o f o th e r h y d ro c a rb o n  gases such  as e th an e  and  p ro p a n e , a t te n t io n  has 
been  focussed p rim a rily  on  a  C H 4—C 0 2 sy stem  in  c a rry in g  o u t  th e  m ajo r 
o b jec tiv es  o f th is  schem e.

* M. A. I. B u k h a r i, P .0 . B ox 2408 Khartoum, Sudan 
** G. V e r e s , Bogár u. 29/d , H-1022 Budapest, Hungary
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H a n d ic a p p e d  b y  th e  u n a v a ila b ili ty  of p u b lish e d  e x p e rim e n ta l th e rm o 
d y n a m ic  d a ta  for th is  s y s te m , a n  in itia l t r ia l  a p p ro a c h  fo r ta ck lin g  th is  
p ro b le m  w as a tte m p te d  e a r lie r  b y  th e  co n stru c tio n , u s in g  th e o re tic a l m eans, 
o f  en th a lp y -c o m p o s itio n  d ia g ra m s  fo r th e  C H 4—C 0 2 sy s te m  in  its  liqu id - 
v a p o u r  equ ilib riu m  reg ion . O n  th e  basis of d a ta  th u s  o b ta in e d  a gas s e p a ra t
in g  m o d e l ap p ara tu s  w as c o n s tru c te d  and  te s te d . C om parisons b e tw een  
m e a s u re d  values using th e  m o d e l se t-up  and  th o se  co rresp o n d in g , p red ic ted  
fro m  th e  th eo re tica lly  c o n s tru c te d  e n th a lp y -co m p o sitio n  d iagram s, h av e  
re v e a le d  d isparities s izab le  e n o u g h  fo r to le rab le  en g in ee rin g  accu racy  [1].

T h u s , in itia l re su lts  o b ta in e d  during  th e  f i r s t  p h a s e  o f  th is  w ork  h av e  
n e c e s s i ta te d  th e  e m b a rk a tio n  o n  m ore  serious e ffo rts  to  d e te rm ine , as accu 
r a te ly  as possible, b o th  e x p e r im e n ta lly  and th e o re tic a lly , th e  req u ired  th e rm o 
d y n a m ic  d a ta  of th e  m e tlian e -ca rb o n d io x id e  sy s tem . A  d irec t ex p erim en ta l 
d e te rm in a t io n  in  a single, o n e  go, series o f e x p e rim e n ts  o f  a  w ide scope o f 
th e rm o d y n a m ic  p ro p erties  fo r  a  sy stem  such as th e  C H 4— C 0 2 system , if  n o t 
im p o ss ib le  is, by  all m ean s, in co n ce iv ab le  from  th e  p o in t  o f  view  o f req u ired  
c o s ts , h u m a n  efforts a n d  t im e .

T h e  purpose of th is  r e p o r t  is to  p resen t th e  e x p e rim e n ta l p rocedures 
a l r e a d y  a d o p te d  in  th e  D e p a r tm e n t’s lab o ra to ry , th e  p ro g ress  achieved so fa r  
in  th i s  s ta g e  of th e ir  d e v e lo p m e n t, and  th e  l im ita tio n s  a n d  short-com ings 
re v e a le d  b y  th e  resu lts o f  in i t ia l  te s t  runs.

E x p e r im e n ta l measurements

P re v io u s  ex p erim en ta l m easu rem en ts , as h as  a lre a d y  been  p o rtra y e d  [1] 
b a v e  b e e n  m ade in  th is  la b o ra to ry  o f th e  D e p a r tm e n t o f  E nergetics u sin g  
a s im p le  m odel gas s e p a ra t in g  a p p a ra tu s , a flow  d ia g ra m  w hich  is show n in  
F ig u re  1. T he gaseous m ix tu re  co n ta in ed  in  a c y lin d e r  G a t  ab o u t 70 a tm o 
s p h e re s  a n d  20 °C is p a sse d  th ro u g h  a d e h y d ra te r  T  in to  a  cooler H  w here  
i t  is  co o led  b y  m eans o f  c a rb o n  d iox ide  from  its  in i t ia l  su p e rc ritic a l s ta te  in to  
a p a r t i a l ly  condensed s ta te  w h e re  i t  separates in to  a v a p o u r-p h a se  r ich  in  C H 4 
a n d  a  liq u id -p h ase  of p o o re r  q u a li ty . This process is i l lu s tr a te d  in  th e  d iag ram  
o f F ig u re  2. P o in t 3 re p re se n ts  th e  liqu id-phase in  eq u ilib r iu m  w ith  th e  v ap o u r-  
p h a s e , p o in t  4, a sam ple  o f  w h ic h  is collected in  th e  b leed e r E v  T he  liqu id - 
p h a s e  in  th e  sep ara to r S Z X flo w s th ro u g h  v a lv e  F  w h ere  i t  is th ro tt le d  to  
a  p re s s u re  of abou t 20 a tm o sp h e re s  an d  fu r th e r  s e p a ra te s  in to  a liq u id -p h ase , 
s t a t e  p o in t  6, and  a v a p o u r-p h a s e  s ta te  p o in t 7.

T h e  experim en ta l t r ia ls  describ ed  here in v o lv e  th e  d e te rm in a tio n  o f tw o  
k in d s  o f  calorim etric  d a ta  u s in g  tw o  sets o f e q u ip m e n t, specifically  designed  
a n d  c o n s tru c te d  for th is  p u rp o se . Because o f  co n sid e rab le  d iscrepancy , in  
e n g in e e r in g  term s, b e tw een  th e  values m easured  u s in g  th e  above m odel, a n d  
th o s e  correspond ing , p re d ic te d  u sin g  th e  th e o re tic a lly  co n s tru c te d  e n th a lp y -
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c o m p o s itio n  diagram s, i t  h as  b e e n  deem ed n ecessa ry  to  devise a special e q u ip 
m e n t s e t  u p  for th e  d e te rm in a tio n  of th e  s a tu ra te d  p h ase  e n th a lp y  d ifferences, 
a t  le a s t  o v e r a P -T -X  ra n g e  t h a t  is essen tia l fo r th is  purpose . C o nsequen tly , 
one  s e t  o f  these  ex p erim en ts  is  fo r th e  d e te rm in a tio n  o f  th e  in teg ra l, iso b aric  
h e a ts  o f  condensation  o f  la rg e ly  C H 4—C 0 2 v a p o u r  m ix tu re s  over possib le  
p re s s u re , te m p e ra tu re  a n d  co m p o sitio n  ranges. I n  each  o f th e  e x p e rim e n ta l 
d e te rm in a tio n s  re la ted  to  th e  m easu rem en ts o f  in te g ra l, isobaric , h e a ts  of 
c o n d e n sa tio n , i t  has b een  fo u n d  necessary  to  m a k e  ca lcu la tions in v o lv in g  
th e  h e a t  c a p ac ity  a t  c o n s ta n t p ressu re  of th e  liq u id  so lu tio n s. F o r th is  p u rp o se , 
a n o th e r  s e t  of e q u ip m en t is u se d  fo r th e  m e a su re m e n t o f h e a t c a p a c ity  d a ta  
o f  l iq u id  C H 4—C 02 m ix tu re s . I n  th e  f irs t case, h e a t  c a p a c ity  d a ta  is n eed ed  
fo r  m e a su rin g  th e  flow  r a te s  ca lo rim etrically  in  th e  h e a t o f co n d en sa tio n  
a p p a r a tu s ,  an d  also to  c o rre c t th e  h e a t b a lan ce  fo r  th e  e n th a lp y  o f th e  co n 
d e n s a te  from  its subcoo led  te m p e ra tu re  to  th e  b u b b le -p o in t te m p e ra tu re , 
w h e n e v e r  i t  tu rn s  o u t to  b e  necessary . In  th e  seco n d  case th e  h e a t c a p a c ity  
d a ta  is necessary  fo r th e  d e te rm in a tio n  o f h e a t  o f  m ix ing  va lu es  fro m  th e  
te m p e r a tu r e  change o f  each  m ix tu re  and  for th e  co rrec tio n  o f th e  h e a t  o f  m ix 
in g  to  th e  iso therm  su ita b le  fo r  all m ix tu res  o f  th e  system .

P rev io u s  w ork  in  th e  l i te ra tu re

a)  E xcess enthalpies and heat capacities

M an y  calo rim etric  d e te rm in a tio n s  o f th e  e n th a lp y  of m ix ing  liq u id s  
(u s u a lly  a t  norm al p ressu re ) h av e  been m ade , b u t  on ly  a  few  w orkers h a v e  
s tu d ie d  th e  excess e n th a lp ie s  H E o f gaseous m ix tu re s . P ioneering  w o rk  h as  
b e e n  d o n e  by  B een a k k er  a n d  co-w orkers [2, 3] w ho have an n o u n ced  th a t  
th e  K am erlin g h  O nnes L a b o ra to ry  has s ta r te d  w o rk  on d irec t m e asu rem en t 
o f  H E u s in g  a flow  c a lo r im e te r  an d  have p re se n te d  a  few  p re lim in a ry  re su lts . 
T h e y  h a v e  de te rm ined  H E a t  one com position  a ro u n d  50 m ole %  fo r th e  
s y s te m  N 2—H 2, A r H 2, A r  N2. CH4— H 2 a n d  C H 4—A r, as a fu n c tio n  of 
p re s s u re  up  to  a b o u t 20 a tm . K l e in , B e n n ett  a n d  D odge (1971) [4] h a v e  
m a d e  ex ten siv e  m e a su re m e n ts  in  th e  sy stem  C H 4 — N 2 an d  H e im a d i, K atz 
a n d  P ow ers (1971) [5] h a v e  ob ta in ed  som e d a ta  in  th e  sy s tem  N 2— C 0 2. 
Zemlin (1972) [6] h as  sh o w n  th a t  know ing th e  J o u le ^ T h o m s o n  effect (a d ia 
b a t ic  th ro ttlin g )  o f th e  m ix tu re  an d  its  p u re  co m p o n en ts , i t  is possib le  to  
c a lc u la te  th e  h ea t o f m ix in g  a n d  has com pared  c a lc u la te d  values w ith  m easu red  
on es fo r  th e  b in a ry  sy s te m s  C H 4—C 0 2, C2H e—C H 4, C 0 2—N2 an d  C2H 6—N 2. 
T o  d a te ,  th e  only a v a ila b le , ex tensive excess e n th a lp y  d a ta  o f C H 4—C 0 2 
g aseo u s  m ix tu res are  th o se  o f  Lee and  Mather  (1972) [7] w ho h av e  re c e n tly  
r e p o r te d  th e ir  re su lts  fo r th is  system  a t  te m p e ra tu re s  be tw een  10 °C an d  
80 °C , a t  pressures u p  to  100 atm ospheres.
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Bishnoi an d  Robinson (1971) [8] h a v e  used  th e  h e a t ex c h a n g e r m eth o d  
fo r d e te rm in in g  th e  ra tio  o f th e  h e a t c a p a c ity  a t  a p ressu re , to  o b ta in  d a ta  
on  tw o b in a ry  m ix tu re s  o f CH4 an d  C 0 2 c o n ta in in g  14,49 a n d  42 ,30  m ole %  
C H 4. T he d a ta  o b ta in e d  are  in  th e  p re ssu re  range up  to  2250 p s i a n d  th e  
te m p e ra tu re  ran g e  from  am b ien t to  150 °C.

b) H eats o f  condensation

In d u s tr ia l  design  ca lcu la tions, such  as in  sep ara tio n  p rocesses, and  
th e o re tic a l com prehension  of so lu tions a n d  p h ase  equ ilib rium  re q u ire  in fo r
m a tio n  on th e  h e a t o f v ap o riza tio n  (or co n d en sa tio n ) of m ix tu re s . B efore  its  
p ra c tic a l an d  th e o re tic a l im p o rtan ce  can  be  realized , how ever, sev e ra l p ro p 
erties o f th e  h e a t o f v a p o riza tio n  o f  m ix tu re s , w hich do n o t e x is t w ith  p u re  
co m p o n en ts , shou ld  be bo rne  in  m ind . T h e re  a re  th ree  d is tin c t ty p e s  o f  la te n t  
h e a ts  o f m ix tu re s : one a t  c o n s ta n t p re ssu re  an d  te m p e ra tu re , a  second  a t  
c o n s ta n t p ressu re  an d  com position , a n d  a  th i r d  a t  c o n s ta n t te m p e ra tu re  an d  
com position . T hese th re e  are  know n as d iffe ren tia l, in teg ra l iso b a ric , an d  
in te g ra l iso th e rm a l, respective ly .

To cope w ith  th e  d ifficu lties of d e te rm in in g  exp erim en ta l h e a t  o f  v a p o r
iz a tio n  d a ta  fo r b in a ry  system s, Tallm adge e t al. (1959) [9] a n d  severa l 
in v e s tig a to rs  h av e  re so rted  to  m o d ifica tio n s o f  th e  flow  ty p e  o f  ca lo rim e te r 
a lread y  conceived  b y  D ana  [10] in  1925 fo r  liq u id  a ir stud ies. B loom, Clump 
a n d  K oeckert (1961) [11] h av e  used  a co m p lex  assem bly  su ita b le  fo r  sim u l
tan e o u s  d e te rm in a tio n  o f v ap o u r-liq u id  eq u ilib riu m  and  la te n t  h e a t  o f  v a p o r
iza tio n . A ll th o se  in v es tig a to rs  h av e  d e p en d ed  on o thers to  p ro v id e  h e a ts  
o f  m ix ing , h e a t cap ac ities  o f m ix tu re s , a n d  in  som e cases, th e  p h a se -e q u i
lib riu m  d a ta . Shah an d  D onnelly  (1967) [12] h av e  re c e n tly  p re se n te d  
a  fu n d a m e n ta lly  o rig inal a d a p ta tio n  o f th e  Othmer (1948) [13] ty p e  o f  liqu id - 
v a p o u r  eq u ilib riu m  s till (th e  f irs t  e q u ilib riu m  y e t w hich fu n c tio n e d  sa tis 
fac to rily ) to  m easu re  th e  in teg ra l iso b aric  h e a t  o f co n densa tion  o f  a  v a p o u r  
m ix tu re  a t  a  p ressu re  o f  one a tm o sp h ere .

E xperim en ta l a p p a ra tu s

H eat capacity and heat o f  m ixing

T he e x p e rim e n ta l eq u ip m en t dev ised  to  determ ine  th e  h e a ts  o f  con
d en sa tio n  a n d  h e a ts  o f  m ix ing  d a ta  re q u ire s  know ledge o f th e  a m o u n t o f 
e n th a lp y  e q u iv a len t to  th e  te m p e ra tu re  ch an g e  p e rm itte d  d u rin g  e x p e ri
m e n ta tio n . A lth o u g h  m a n y  in v es tig a to rs  h a v e  fo r s im p lic ity ’s sake  u sed  e ith e r  
w eigh t o r m o la r av erag e  h e a t c a p a c ity  d a ta  fo r b in a ry  m ix tu re s , su ch  co r

11* Acta Technica AcaJcrniae Scicntiarurn Hungaricae 92, 1981



388 BUKHARI, M. A. I __VERES, G.:

re c t io n s  a re  know n to  be im p rec ise ; th e  fac to rs  w h ich  c o n tr ib u te  to  th e  excess 
e n th a lp y  o f  m ixing in  n o n -id e a l system s a re , w ith o u t d o u b t, c o n tr ib u to rs  
to  th e  excess h e a t capac ities fo r  such  system s. T o  m a in ta in  th e  ty p e  o f accu racy  
d e s ire d , i t  h as  been fo u n d  n ecessa ry  to  d e te rm in e  ex p erim en ta lly  th e  h e a t  
c a p a c i ty  d a ta  for severa l m ix tu re s  a t  d iffe ren t p ressu res  an d  te m p e ra tu re  
in  th e  liq u id -p h a se  w here p u re  C H 4 w hich is a  gas ab o v e  its  c ritica l te m p e ra 
tu r e  is  d isso lved  in  liq u id  C 0 2 below  its  c r itic a l te m p e ra tu re  to  form  a  l iq u id  
m ix tu re .  I t  is n o t kn o w n  to  th e  a u th o r  w h e th e r  a n y  such m easu rem en ts , 
a t  a ll , h a v e  been  perfo rm ed .

F ig u re  3 shows a  flow  d iag ram  of th e  a p p a ra tu s .  T he in d iv id u a l gases, 
s to re d  in  s ta n d a rd  gas cy lin d e rs  eq and  a2 flo w  in d e p e n d e n tly  th ro u g h  h ig h  
p re s s u re  reg u la to rs , c, in to  th e  cooling b a th .  C o n s ta n t flow  is m a in ta in e d

F ig .3
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b y  estab lish in g  a  c o n s ta n t p ressu re  d ro p  across flow  co n tro l v a lv e s , e, th ro u g h  
th e  se ttin g  up  o f th e  h igh  p ressu re  re g u la tin g  valves. T h e  tw o  gases flow 
se p a ra te ly , in  tw o  concen tric  coils, th ro u g h  a  C 0 2-cooled c o n s ta n t  te m p e ra tu re  
b a th ,  th e  te m p e ra tu re  o f w hich  is m a n u a lly  con tro lled  b y  e v a p o ra tin g  C 0 2 gas 
fro m  s a tu ra te d  liq u id -v ap o u r phases  in  th e  h a th  a t  a se t p re ssu re  th ro u g h  
th e  a d ju s tm e n ts  o f  flow  co n tro l v a lv e  e an d  flow  m e te rin g  v a lv e  h. N ex t, 
th e  tw o  flu id s, C 0 2 now  liqu ified , a t  th e  sam e pressure a n d  a lm o s t uniform  
te m p e ra tu re  c o n ta c t each  o th e r  p r io r  to  e n te rin g  an  a p p ro x im a te ly  f iv e  m etre  
long  m ix ing  coil w here th e y  m ix . T h e  p re ssu re  is essen tia lly  c o n s ta n t  upon 
m ix in g  regard less o f a n y  vo lum e ch an g es, th o u g h  th e  te m p e ra tu re  generally  
te n d s  to  drop  slig h tly  u p o n  m ix in g , in d ic a tin g  en d o th e rm ic  in te ra c tio n .

T h e  tw o flu id s  are be lieved  to  be  th o ro u g h ly  m ixed  b y  p a ss in g  th ro u g h  
th e  long  sp ira l tu b e . T he liq u id  m ix tu re  th e n  passes th ro u g h  a  liq u id  sight 
glass to  a h e a te r  in te n d e d  fo r h e a t  c a p a c ity  m easu rem en ts . T h e  s ig h t glass 
serves to  in su re  th e  ex istence  o f  a  hom ogeneous liqu id -phase  w ith  no  v ap o u r 
b u b b le s . T he electric  pow er in p u t to  th e  h e a te r  is d e te rm in ed  b y  m easuring  
th e  v o ltag e  d ro p  across an d  th e  c u r re n t in to  a  20 W a tt, 24 V o lt e le c tr ic  resis
ta n c e  h ea tin g  e lem en t. T he liq u id  m ix tu re  ex iting  from  th e  h e a te r  passes 
th ro u g h  an  e v a p o ra to r-su p e rh e a te r , h e a te d  b y  m eans of a  h o t  w a te r  th e rm o 
s ta t ,  before  being  th ro tt le d  to  a p p ro x im a te ly  a tm ospheric  p re ssu re  b y  m eans 
o f  th ro tt l in g  v a lv e  q. T he gaseous m ix tu re  th e n  passes th ro u g h  a  p a ir  o f  ro ta m 
e te rs  S  connected  in  para lle l fo r flow  in d ica tio n  purposes a n d  th e n  th ro u g h  
a  low  p ressu re  g asm eter и fo r a c c u ra te  flow  ra te  d e te rm in a tio n . A n  H g m an o m 
e te r  t is used  to  m easure  th e  p re ssu re  o f  th e  gas e n te r in g  th e  gasm eter. 
T h e  com position  o f  th e  gaseous m ix tu re  is de te rm ined  b y  f lo w  th ro u g h  an 
U ras  2 m e th an e  gas d e te c to r  c a lib ra te d  fro m  zero to  30 m ole %  C H 4. Sam ples 
o f  th e  flow ing gas are  d irec ted  in to  th e  gas an a ly ze r th ro u g h  sa m p lin g  v a lv e  r.

T e m p era tu res  are  m easu red  a t  v a rio u s  locations b y  m e a n s  o f  N ickel, 
C hrom e-N ickel therm ocoup les.

T h v  Thz a n d  T h 3, re sp ec tiv e ly , m easu re  th e  te m p e ra tu re s  o f  th e  cooling 
b a th ,  C 0 2 liq u id  an d  CH4 gas. 77i4 a n d  T ha are  d iffe ren tia l th e rm o co u p les , 
t h a t  m easu re  th e  te m p e ra tu re  ch an g e  d u e  to  m ixing in  th e  m ix in g  coil, and  
th e  te m p e ra tu re  rise  across th e  e lec tric  h e a te r . Th5 m easu res  th e  average 
te m p e ra tu re  o f th e  m ix ing  coil. T h 7 a n d  Th8 th e  te m p e ra tu re s  b efo re  and  
a f te r  th e  su p e rh e a te r . Thg m easu res  th e  te m p e ra tu re  o f th e  gas e n te r in g  th e  
g asm ete r. T herm ocoup le  v o ltag es  a re  reco rd ed  b y  a K e n t v o lta g e  am plifier. 
A ll p ressu re  gauges, o f  th e  b o u rd o n  tu b e  ty p e  have been  c a lib ra te d  against 
a dead -w eig h t te s te r . All re le v a n t p a r ts  o f  th e  system  are th e rm a lly  in su la ted  
to  red u ce  h e a t leàkage  to  a m in im u m .
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M easurem ents and calibration

T h e  experim en ta l d e te rm in a tio n  of h ea t c a p a c itie s  a n d  h eats  o f m ix in g  
in  f lo w  calorim eters h a s  b e e n  fo u n d  by severa l in v e s tig a to rs  to  he a sim ple 
a n d  a  sa tis fa c to ry  one. T h e  b a s ic  design princip le  a d o p te d  here  is to  d e te rm in e  
th e  c h a n g e  in  te m p e ra tu re  o f  th e  two flu id s  f ro m  th e ir  in itia lly  id en tica l 
te m p e ra tu re s  w hen th e y  a re  b ro u g h t to g e th e r a n d  ra p id ly  hom ogenized in  
a  w ell in su la te d  m ixing coil. S u c h  d a ta  can th e n  b e  c o n v e rte d  to  h e a t o f m ix 
in g  d a t a  fo r th e  p a r t ic u la r  m ix tu re  com position  fro m  th e  sim u ltan eo u sly  
m e a s u re d  h e a t cap ac ity  a t  c o n s ta n t  pressure fo r  th e  sam e m ix tu re , a n d  th e  
k n o w n  h e a t  capacities o f  th e  p u re  com ponents. T h is  s im u ltaneous m easu re 
m e n t o f  th e  tw o in te r re la te d  th e rm o d y n a m ic  p ro p e r tie s  on  th e  sam e a p p a ra tu s  
p ro v id e s  a  m ore precise c h e c k  o n  in te rn a l co n sis ten cy . T ria l runs have  in d i
c a te d  t h a t  th ere  is no n e e d  fo r  m echan ical s tirr in g , n o  v a p o u r  spaces, a n d  th e  
p re s su re  is essentially  c o n s ta n t  u p o n  m ixing, re g a rd le ss  o f  a n y  volum e changes 
o n  m ix in g . H ow ever, a n d  to  b e g in  w ith , one m a jo r d isa d v a n ta g e  in  th is  a p p a 
r a tu s  is th a t ,  in  th e  ru sh  o f  w o rk , n o t enough a t te n t io n  w as paid  to  th e  co n 
s t r u c t io n  o f proper flow  c a lo rim e te rs , as o rig in a lly  p la n n e d , for th e  h e a t  o f 
m ix in g  a n d  h ea t c a p a c ity  m easu rem en ts , to  m in im ize  e x te rn a l h e a t effects, 
in c lu d in g  rad ia tio n  fro m  s u rro u n d in g  objects. I n i t ia l  a t te m p ts  for o b ta in in g  
h e a t  c a p a c ity  d a ta  h av e  n o t  p ro v id e d  the ty p e  o f  a c c u ra c y  desired to  co m p le
m e n t  th e  accuracy  o f  th e  h e a t  o f  condensation  a n d  th e  h e a t  of m ixing d a ta . 
C o n sid e rab le  tim e an d  e ffo r ts  h a v e  been co nsum ed  in  te s tin g , a d ju s tin g  a n d  
c a l ib ra t in g  th e  sim ple e q u ip m e n t  used in  th is  w o rk  b e fo re  i t  could have  b een  
p o ss ib le  to  d em o n stra te  th e  a d e q u a c y  of th e  s y s te m  to  o b ta in  fa irly  s a t is 
f a c to r y  resu lts . The a p p a r a tu s  h a s  been c a lib ra te d  u s in g  p u re  C 02, th e  e rro r  
th u s  e s tab lish ed  and  a d ju s te d  fo r  th e  m ix tu res . B e c a u se  o f  th e  lim ited  ran g e  
o f  P -T -X  values in  th e  l iq u id  reg ion  over w h ich  m e a su re m e n ts  can  be p e r 
fo rm e d  u sin g  th is a p p a ra tu s  a t  th is  stage of p ro g re ss , th e  ob jec tive  o f h a v in g  
th e s e  ex p erim en ts  ru n  is l im ite d  to  ev a lua tion  p u rp o se s .

T h e  gases used a re  a p p ro x im a te ly  99,9%  p u re  C 0 2, a n d  th e  n a tu ra l  g a s :

C H 4 85 ,0%
C2H 6 03,3
C3H 8 01,8
c o 2 03,6
N 2 04,6

Procedure

B efo re  s ta rtin g  a ru n , t h e  cold te m p e ra tu re  b a th  is se t a t a p re d e te r 
m in e d  te m p e ra tu re  b y  a llo w in g  C 0 2 liquid  to  e v a p o ra te  a t  a  m an u ally  c o n tro l
led  s a tu ra t io n  pressure in d ic a te d  b y  pressure gau g e  f .  T h e  su p erh ea te r is also 
se t a t  a  tem p era tu re  o f  80 °C  b y  se tting  th e  h o t  w a te r  th e rm o s ta t. B ecause
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th e  pressure re g u la to r  used  is su itab le  fo r a m ax im um  gauge p re ssu re  o f abo u t 
40 a tm ospheres, v a rio u s  C H 4—C 0 2 liq u id  m ix tu res  h a v e  b een  te s te d  a t  only 
one isobar — 40 a tm o sp h e re s  ab so lu te . T he valves on th e  coo ling  C 0 2 supply  
cy linders a n d  th e  C 0 2 gas flow  co n tro l va lves are  o pened . T h e  gas pressure 
is set a t  40 a tm o sp h e re s  b y  reg u la to r  c an d  an  a p p ro x im a te  flo w  ra te , ind i
ca ted  b y  th e  ro ta m e te rs , is es tab lish ed  b y  a d ju s tin g  th e  flow  con tro l valve 
an d  th e  th ro tt l in g  v a lv e  q. F low  o f C 0 2 is allow ed to  co n tin u e  u n ti l  th e  sight 
glass g in d ica tes  co m p le te  liq u ifac tio n  o f  th e  C 0 2 gas, w ith  no v a p o u r  bubbles. 
T hen  th e  sam e p rocess is re p e a te d  w ith  th e  CH4 gas su p p ly . A  sam ple  o f the  
gaseous m ix tu re  is flo w n  th ro u g h  th e  U ras m e th an e  gas d e te c to r  an d  th e  flow 
ra te  o f th e  tw o  gases is m e te red , th e re b y  se ttin g  th e  m ole fra c tio n  o f th e  liquid  
m ix tu re . In  th e  m a jo r i ty  o f ru n s, th e  flow  ra te  in d ica ted  b y  th e  ro tam ete rs , 
h as  been  a b o u t 3000 litre s  p er h o u r. T h is w as e stab lish ed  as th e  m inim um  
desirab le one in  o rd e r to  overcom e th e  e ffec t o f spurious h e a t  t ra n s fe r . A t lower 
ra te s  th e  erro rs in  th e  values o f Cp a re  h igher. In p u t  pow er to  th e  h e a t ex
changer is s im u lta n e o u s ly  secured. A t le a s t ab o u t one h o u r , o r  m ore, is re 
qu ired  to  o b ta in  fa ir ly  s te a d y  o p e ra tin g  cond itions in d ic a te d  b y  co n stan t 
com position , c o n s ta n t flow  ra te  in  th e  ro ta m e te rs , an d  fa ir ly  s ta b le  th e rm o 
couple vo ltages. T h e  a d d itio n  o f h e a t is co n v en ien tly  an d  a c c u ra te ly  contro lled  
in  th e  e v a p o ra to r-su p e rh e a te r  th e rm o s ta tic a lly , an d  also in  th e  h e a t  capac ity  
h e a t exchanger w h ere  th e  electric  energy , co n v erted  to  h e a t  c a n  easily  be 
m easured . H o w ev er, m a n u a l con tro l o f  h e a t  rem oval in  th e  co ld  b a th  is m uch 
m ore d ifficu lt an d  th e  therm ocoup les p a r tic u la r ly  1, 2 a n d  3, a re  v e ry  sensitive 
to  an y  a d ju s tm e n ts  an d  reg is te r z igzaging p a th s , w hose av e rag e  values are 
used. W hen a ll in s tru m e n t read ings in d ic a te  fa irly  s te a d y  s ta te  conditions, 
read ings are ta k e n  e v e ry  2 or 3 m in u tes  a n d  averaged  o v er a p e rio d  of 4 to  
6 m inu tes. T h e  p rim e  m easu rem en ts  ta k e n  are  te m p e ra tu re , p ressu re , gas 
com position , v o ltag e  a n d  am perage  o f th e  h e a te r , vo lu m e o f  gas flow ing, its  
te m p e ra tu re  a n d  tim e  in te rv a l, m an o m e te r read in g  an d  b a ro m e tr ic  pressure.
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Entwicklung einer Versuchsvorrichtung zur Messung der thermodynamischen Kenn
werte des durch C02 verunreinigten Erdgases. I. Teil. — Der zunehmende Energiebedarf er
fordert die Benutzung der eher für unwirtschaftlich abgeschätzten, m it C 02 verunreinigten 
Erdgasvorräte. Zur technischen Berechnung der Erdgas vorbereitenden Einrichtungen sind 
zuverlässige thermodynamische Angaben erforderlich im gewünschten P-T-x Bereich des 
als ein Modell vorteilig brauchbaren CH4—CO, Systems. In  der vorhandenen Abhandlung 
werden jene Versuchsvorrichtungen vorgeführt, die zur gleichzeitigen Messung der integral- 
isobaren Kondensationswärme, der Gleichgewichtswerte der Dampf-Flüßigkeit sowie der 
Mischungswärme der in der Flüßigkeitsphase befindlichen Mischung und der Isobarwärme
kapazitä t geeignet sind.
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A P P L I C A T I O N  O F  T R E F F T Z — F I C H E R A ’S M E T H O D  F O R  
I M P R O V A B L E  B R A C K E T I N G  O F  T H E  N A T U R A L  

A N G U L A R  E I G E N F R E Q U E N C I E S  O F  A  B E A M  S U B J E C T  
T O  B E N D I N G  V I B R A T I O N

GY. RICHLIK,* GY. TÓTH**

[Manuscript received January  31, 1979]

The numerical experiments suggest th a t in case of beams subject to some kind 
of oscillation it is not necessarily reasonable to apply to improvable bracketing of the 
angular eigenfrequency the method in general use for the functional analysis due 
to the laboursome numerical calculation work. The purpose of the paper is to justify 
the efficiency of the Trefftz— Fichera’s m ethod in connection with the calculation 
of the improvable lower limits of the angular eigenfrequencies associated with flexural 
oscillation. The upper limits needed for the delimitation might be determined by the 
Poincaré Rayleigh Ritz’s method. To the application of the T refftz—Fichera’s 
method the invertation of the differential operator of variable coefficient, originally 
entering in the calculations, is needed. The paper carries out the invertation by making 
use of the theory of distribution and, a t the same time, summarizes the respective 
elements of the general theory.

1. Introduction

T h e  im p r o v a b le  b r a c k e t in g  o f  e ig e n f r e q u e n c ie s  o f  t h e  e la s t i c  c o n t in u o u s  

s t r u c t u r e s  m a y  b e  c a r r ie d  o u t  in  s e v e r a l  "w ays. A  c o m m o n  c h a r a c t e r i s t i c  o f  

s e v e r a l  p r o c e d u r e s  is  t h a t  w i t h  t h e  a id  o f  P o in c a r é  — R a y le ig h  R i t z ’s  m e t h o d  

u p p e r  b o u n d s  fo r  t h e  e ig e n f r e q u e n c ie s  a r e  c a lc u la t e d  a n d , w i t h  t h e i r  k n o w l 

e d g e ,  lo w e r  b o u n d s  a r e  d e f in e d  b y  t h e  a p p l i c a t io n  o f  t h e  d i f f e r e n t  m e t h o d s  

o f  t h e  f u n c t io n a l  a n a ly s is .  N a m e ly ,  Weinstein  a s  w e l l  a s  Bazley a n d  F o x  

p r e s e n t  p r o c e d u r e s  fo r  t h e  d e t e r m in a t io n  o f  t h e  lo w e r  b o u n d s  w i t h  t h e  a id  

o f  t h e  s o - c a l le d  in t e r m e d ia t e  o p e r a to r s  [ 1 ] ,  [ 2 ] ,  w h ile  Bosznay d o e s  t h a t  w i t h  

t h e  a id  o f  F ic h e r a ’s m e t h o d  o f  t h e  o r t h o g o n a l  in v a r ia n t s  [3 ] ,  [ 4 ] .  T h e  d e v e lo p 

m e n t  o f  t h e  m e t h o d  o f  in t e r m e d ia t e  o p e r a t o r s  b y  Bosznay p e r m i t s  t h e  i m 

p r o v a b le  b r a c k e t in g  o f  t h e  a n g u la r  e ig e n f r e q u e n c ie s  o f  s p a c e  f r a m e  s t r u c t u r e s  

o f  v a r ia b le  c h a r a c t e r i s t i c s  [ 5 ] .  (T h is  m e t h o d  d o e s  n o t  u s e  P o in c a r é  — R a y 

l e i g h — R i t z ’s p r o c e d u r e .)
O n  t h e  h a s i s  o f  t h e ir  n u m e r ic a l  e x p e r im e n t s ,  a u th o r s  f o u n d  t h a t  t h e  

d ir e c t  a p p l i c a t io n  o f  t h e s e  g e n e r a l  m e t h o d s  t o  t h e  c a s e  o f  a  s in g le  b e a m  s u b 

j e c t  t o  b e n d in g  v ib r a t io n  is  n o t  a d v a n t a g e o u s ,  b e c a u s e  t h e  d e t e r m in a t i o n  o f  

b o t h  t h e  lo w e r  a n d  u p p e r  b o u n d s  n e e d s  c o m p a r a t iv e l y  a  g r e a t  d e a l  o f  n u m e r i 

c a l  w o r k .
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F o r  t h i s  r e a s o n , a u t h o r s  s e t  t h e m s e lv e s  t h e  t a s k  o f  in v e s t ig a t in g  t h e  

n u m e r i c a l  e f f i c i e n c y  o f  T r e f f t z  —  F ic h e r a ’s p r o c e d u r e  fo r  t h e  c a lc u la t io n  o f  t h e  

lo w e r  b o u n d s  a s s o c ia t e d  w i t h  t h i s  v e r y  s a m e  p r o b le m . T h e y  a s s u m e d , f o r  

e x a m p l e ,  t h a t  u p p e r  b o u n d s  o b t a in e d  b y  P o in c a r e  — R a y l e i g h — R it z ’s m e t h o d ,  

h a v i n g  s u f f i c i e n t  a c c u r a c y ,  a r e  a v a i la b le  in  s u f f i c i e n t l y  g r e a t  n u m b e r .

T h e  s o lu t io n  o f  t h e  p r o b le m  r e q u ir e s  t h e  i n v e r t a t i o n  o f  a  d i f f e r e n t ia l -  

o p e r a t o r ;  t o  t h e  m e t h o d o lo g ic a l  r e a l i z a t io n  o f  t h i s  o p e r a t io n  a u th o r s  a p p l i e d  

t h e  d i s t r i b u t i o n  t h e o r y .  T h e  m e t h o d  u s e d  i m m e d i a t e l y  e s t a b l is h e s  t h e  s o -  

c a l l e d  k e r n e l  f u n c t io n  a n d  d o e s  n o t  r e q u ir e  t h e  k n o w le d g e  o f  G r e e n ’s f u n c t i o n  

( a n d  i t s  p r o p e r t ie s ) .  T h e r e f o r e ,  a u th o r s  in s e r t e d ,  o n  a c c o u n t  o f  p r e p a r a t io n ,  

t h e  r e l e v a n t  e le m e n t s  o f  t h e  d is t r ib u t io n  t h e o r y .  T h e  w a y  o f  t r e a t m e n t  i s  

l i m i t e d  t o  t h e  in t e r v a l  [0 ,  1 ]  w h ic h ,  h o w e v e r ,  m a y  b e  e x t e n d e d  t o  a n  a r b i t r a r y ,  
f i n i t e  i n t e r v a l  [a , b] w i t h  t h e  a id  o f  t h e  t r a n s f o r m a t i o n

x =  a +  (b — 1 ) | ,  X £ [a ,  6 ]  Д I  £  [0 ,  1 ] .

2. T refftz—Fichera’s m ethod

L e t  off- 1  b e  a  r e a l ,  s y m m e t r i c a l ,  p o s i t i v e  s e m id e f i n i t e ,  c o m p le t e ly  c o n 

t i n u o u s  in t e g r a l  o p e r a t o r  d e f i n e d  a t  t h e  in t e r v a l  [ 0 ,  1 ]  a c c o r d in g  t o  t h e  r e la 

t i o n s h i p

SC"1 v = (  K ( x , t ) v ( t ) d t  (1)

b y  t h e  k e r n e l  K(x , t) — K(t,  x). I f  t h e  e ig e n v a l u e s  o f  S i - 1  (w h ic h  c a n n o t  b e  

n e g a t i v e )  a r e  d e n o t e d  w i t h  /х,- a n d  t h e ir  c o r r e s p o n d in g  e ig e n f u n c t io n s  w i t h  v h  

t h e n ,  b y  v ir t u e  o f  [6 ]

IC(x, t )  =  J ?  ̂  ij {( x )  Vj(t). (2 )
i=i

[ T h e s e  e ig e n v a lu e s  /q , in  c a s e  o f  t h e ir  in t e r p r e t a b i l i t y  b y  t h e  t h e o r y  o f  v i b r a 

t i o n ,  a r e ,  a c c o r d in g  t o  t h e  f o r m u la e  ( 2 8 ) ,  t h e  in v e r s e  s q u a r e s  o f  t h e  a n g u la r  

e ig e n f r e q u e n c y . ]

L e t  u s  a s s u m e  t h a t  t h e  e ig e n f u n c t io n s  c o n s t i t u t e  a n  o r th o n o r m a l s y s t e m ,
i . e . ,

J Vj(x) Vj(x) dx =  

a n d  a s s u m e  a ls o  f u r t h e r  t h a t  t h e  lo w e r  b o u n d s

j“ l  >  • • • >  (4 )

0 , i f  i j
1 , i f  i =  j
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c o o r d in a t e d  t o  t h e  f i r s t  fxv  ц2, . . . , fik к m e m b e r s  o f  t h e  e ig e n v a lu e s  a r e  k n o w n .  

I f  n o w  /г < [  k, s o ,  b y  m a k in g  u s e  o f  (2 )  a n d  (3 )

r l  °° n — 1 CO n — 1 к
K(x, x) dx =  ^  ft, =  (Ml +  1ЛП +  2  / ' /  >  У  Hi +  Hn  +  У  № •

Jo  /=1 i= l |= n+ l /=1 i = n  +

M a k in g  u s e  o f  (4 )  y ie ld s

f K(x, x)
J o

i . e . ,

Hn  <> Hn

■ ) d x  S:>_ ^  H i H“  H n Hn ?

' n + [  К  (x, x) dx —  Hi- 
J  0 i= l

(5)

( I t  i s  w o r t h  m e n t io n in g  t h a t  (5 )  is  a  s p e c i f i c  c a s e  o f  t h e  s o - c a l l e d  F ic h e r a ’s 

fo r m u la  [ 3 ] .)

T h u s ,  w i t h  k n o w le d g e  o f  t h e  l o w e r  b o u n d s  (4 ) a n d  t h e  k e r n e l  K(x, t) 
u p p e r  b o u n d s  m a y  b e  g iv e n  t o  t h e  f i r s t  к e ig e n v a lu e s  o f  o f  t h e  in t e g r a l  

o p e r a t o r  3 £ - 1  w i t h  t h e  a id  o f  i n e q u a l i t y  ( 5 ) .  ( I n  c a s e  o f  f o r m u la t i n g  t h e  in 

e q u a l i t y  t o  t h e  s q u a r e s  o f  t h e  a n g u la r  e ig e n f r e q u e n c ie s ,  t h e  l o w e r  a n d  u p p e r  

d e s ig n a t io n s  e x c h a n g e  t h e ir  r o le s .)

I n  a p p ly i n g  t h e  p r o c e d u r e  d e s c r ib e d  a b o v e ,  i t  is  a s s u m e d  t h a t  t h e  k e r n e l  

K(x, t) i s  k n o w n  in  a n  e x p l i c i t  fo r m . ( I t  s h o u ld  b e  n o t e d  t h a t  i n  c a s e s  w h e r e  

t h e  k e r n e l  f u n c t io n  c a n n o t  h e  e s t a b l i s h e d  in  a n  e x p l i c i t  fo r m , t h e r e  t h e  m e t h o d  

o f  in t e r m e d ia t e  G r e e n ’s  f u n c t io n s  m i g h t  b e  a p p l ie d  [6 ] ,  [ 7 ] . )  I n  t h e  f o l lo w in g  

t h e  p r o b le m  is  t r e a t e d  o f  h o w  t h e  k e r n e l  f u n c t io n  o f  t h e  in v e r s e  o f  t h e  o r d in a r y  

l in e a r  d i f f e r e n t ia l  o p e r a t o r  m a y  b e  p r o d u c e d .  O n  t h i s  o c c a s io n  s o m e  c o n c e p t s  

f r o m  t h e  s u b j e c t  m a t t e r  o f  t h e  d i s t r ib u t io n s  t o  b e  u t i l i z e d  in  t h e  f o l lo w in g  

s h o u ld ,  b y  w a y  o f  p r e l im in a r y ,  b e  m e n t io n e d .

3. Principles of the distribution theory

L e t  u s  d e s i g n a t e  w i t h  ©  t h e  s p a c e  o f  t h e  s o - c a l le d  t e s t  f u n c t i o n s  a n d  

h e  t a n  i n d e p e n d e n t  r e a l  v a r ia b le .  T h o s e  Ф £  ^ - f u n c t io n s  a r e  c a l l e d  t e s t  f u n c 

t io n s  w h ic h  a r e  r e a l  v a lu e d  a n d  w h ic h  c a n  b e  d e r iv e d  a s  m a n y  t i m e s  as  

n e e d e d  a n d  o u t s id e  t h e  in t e r v a l  [0 ,  1 ]  a r e  e q u a l  t o  z e r o . D i s t r i b u t i o n s  a re  

c a l le d  t h o s e  c o n t i n u o u s  l in e a r  f u n c t io n a l s  [8 ]  in t e r p r e t e d  a t  ®  w h o s e  s p a c e  

w il l  h e  d e n o t e d  w i t h

T h e  lo c a l l y  in t e g r a b le  f u n c t i o n / ( i )  in t e r p r è t e s  a t  ©  t h e  r e g u la r  d i s t r ib u 

t i o n  f  w i t h  t h e  in t e g r a l

< / , ф > =  < /( 0 ,Ф ( 0 >  =  г  Я * ) Ф ( 0 Л .  Ф ( * К ®  (6)
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[f(t) m a y  lo c a l ly  b e  i n t e g r a t e d  i n  t h e  c a s e  w h e r e ,  a c c o r d in g  t o  Lebesgue t h e y  

c a n  b e  i n t e g r a t e d  a t  a l l  f i n i t e  in t e r v a ls . ]  T h e  n o n - r e g u la r  d is t r ib u t io n  i s  c a l l e d  

s in g u la r .  A  s in g u la r  d i s t r ib u t io n  i s ,  fo r  e x a m p l e ,  t h e  d is t r ib u t io n  <5, w h o s e  

i n t e r p r e t a t i o n  is  a s  f o l lo w s :

( 0 , Ф ) = Ф ( 0 ) ,  (7 )

I n  t h e  f o l lo w in g  t h e  s y m b o l  f(t) w i l l  b e  u s e d  w h e t h e r  /  £  i s  r e g u la r  

o r  s i n g u la r  d is t r ib u t io n ,  w h e r e in  t d e n o te s  t h e  in d e p e n d e n t  v a r ia b le  o f  t h e  t e s t  

f u n c t i o n s .  T h e  s y m b o l  f  h a s  o n l y  b e e n  s e l e c t e d  f o r  t h e  s a k e  o f  c o n v e n ie n c e ;  

in  t h e  c a s e  o f  a  s in g u la r  d i s t r ib u t io n  i t  d o e s  n o t  d e s ig n a t e  a  f u n c t io n  i n  t h e  

u s u a l  s e n s e .  F o r  e x a m p l e ,  in  t h e  c a s e  o f  t h e  ô f u n c t i o n a l  t h e  s y m b o l  <5(i) w i l l  

b e  u s e d .  T h e  m e a n in g  o f  t h e  e x p r e s s io n

6(t) a>(t) dt =  Ф (0 ) , Ф{1) Ç ®

e s t a b l i s h e d  w i t h  t h a t  f u n c t i o n a l ,  is  g iv e n  b y  t h e  r ig h t - h a n d  s id e  o f  t h e  r e la 

t i o n s h i p .  T h e  s y m b o l  f(t) d e n o t i n g  t h e  s in g u la r  d i s t r ib u t io n  is  o f t e n  c a l l e d  

s y m b o l i c  f u n c t io n  b y  t h e  p e r t i n e n t  p r o f e s s io n a l  l i t e r a t u r e  [8 ] .

T h e  e q u a l i t y  b e t w e e n  t h e  d is t r ib u t io n s  f ,  g £  is  d e f in e d  a s  f o l lo w s

< / , * >  =  <Я.Ф >, Ф ( * ) € ® .

t h e i r  a d d i t i o n  b y  t h e  e x p r e s s io n

< f + g ,  Ф > =  < / ,  Ф> +  < g , Ф > , Ф(г) €  ®

a n d  t h e  m u l t ip l i c a t io n  o f  t h e  d is t r ib u t io n  f  Ç ® '  w i t h  t h e  r e a l  n u m b e r  A is  

d e f i n e d  b y  t h e  e q u a l i t y

< А / ,Ф >  =  < / ,А Ф > , Ф ( * ) € ® .  (8 )

T h e  o p e r a t io n  o f  t h e  s o - c a l le d  t r a n s la t i o n  i s  in t e r p r e t e d  b y  t h e  r e la 

t i o n s h i p

<f(t  —  т ) ,  Ф (*)> =  < f(t ) , Ф(* +  т ) > ,  Ф ( 0  6 ®

w h e r e in  f(t)  is  a  s y m b o l i c  f u n c t io n  c o r r e s p o n d in g  t o  t h e  d is t r ib u t io n  f  Ç ® '|  
T is  a  g i v e n  r e a l  n u m b e r .

I n  c a s e  o f  t h e  d i s t r ib u t io n  (5, t h e  in t r o d u c t i o n  o f  t h e  d e s ig n a t io n

(5, =  ô(t - т )

y i e l d s

< d T, Ф )  =  <6(0 , Ф(* +  т )>  =  ф ( т ) . (9 )
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Be y(t) a function which may be derived as many times as needed, then 
in case of /  £ ®'

(V>f, ФУ — </, уФ }, 4K0 6®. (10)
It may he proved that in case of y>(t) of the above properties and of an arbi
trary 0(t)  £ ® rp(t) 0(t) Ç ® [8].

The derivation for the distribution f  £ ©' is interpreted by the rule

< / \ Ф >  =  </,  - Ф ' > ,  Ф(*)€® (И)

which, in case of a regular /  ensues from the derivation rule of the ordinary 
multiplication. By the function

h ( 0 = l ° ’ i f  f < 0
I 1, if t >  о

the Heaviside’s distribution h is interpreted with the aid of which, by intro
ducing the notation

hT =  h(t — t)

on the basis of (7), (8) and (10), in case of an arbitrary 0(t)  £ © the expression

<*;, Ф> =  —  < Л Т,  Ф ' >  =  —  I h(t) 0 \ t  +  r) dt =
J - o o  ( 12)

0 '( t  { T) dt =  0 (t) =  <<5t, Ф)

is obtained.
Let 0(t)  Ç © and y(t) be a function which may be derived sufficiently 

many times. Then, in consequence of ívhat has been said above, we have

<<5T, rp 0 >  =  у(т) Ф(т) =  v(t) <dt, Ф) =  <<St, v(r) Ф)

i.e., by making use of the relation using also (10),

<Vàx, 0 }  =  0(т)<5„ Ф)

and the definition of the equality concerning the distributions

ÿ'(t) <5(t -  т) =  ^ (t) 0{t -  t) (13)
is obtained.

Be g £ ©' a given distribution and its primitive function (taken in a sym
bolic sense) is required. This, by agreement, means the solution of the equation

<g, Ф )  =  < / ' ,  Ф >  ,  Ф ( 0  €  ®
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fo r  f ; f  £  b e in g  t h e  p r i m i t i v e  f u n c t io n  r e q u ir e d . I t  m a y  b e  p r o v e d  t h a t  t h e  

p r i m i t i v e  fu n c t io n s  d if f e r  o n l y  in  a d d it iv e  c o n s t a n t  f r o m  e a c h  o t h e r  [9 ] .  

H o w e v e r ,  i t  m a y  a ls o  b e  p r o v e d  t h a t  fr o m  t h e  r e la t io n s h i p

< / ' , Ф >  =  < я ,  Ф> =  (К,  Ф>

h o l d i n g  t r u e  in  c a s e  o f  a n  a r b i t r a r y  0(t) Ç ®  fo r  t h e  p r im i t i v e  f u n c t io n  o f  dT

f(t ) - h(t — t ) c o n s t .  (1 4 )

i s  o b t a i n e d  a n d  t h e  p r i m i t i v e  f u n c t io n  o f  hr is  g i v e n  f r o m  t h e  e q u a l i t y

b y  t h e  fo r m u la
< Л  Ф> =  < K  Ф )

f(t)  =  ( t  —  t ) h(t — r )  -f- c o n s t .  

F i n a l l y ,  t h e  r e la t io n s h ip

|" h(t— r )  y ( t )  dt h(t — t )J  rp(t)dt

(1 5 )

(1 6 )

i m m e d i a t e l y  r e c o g n iz a b le  f r o m  t h e  d e f in i t io n  o f  t h e  f u n c t io n  h(t) w h ic h  w il l  

b e  u t i l i z e d  la t e r  is  m e n t io n e d  w h e r e in  ip(t) is  a n  a r b i t r a r y  c o n t in u o u s  f u n c t io n  

a n d  t , г ,  X  £  [0 , 1 ] .

4. Inverse operators and the d-function

B e  t h e  o r d in a r y , l i n e a r  d i f f e r e n t ia l  o p e r a to r  SC- 1  in t e r p r e t e d  in  t h e  s p a c e  

o f  t h e  f u n c t io n s  v(x), ж £  [ 0 ,  1 ] .  T h e  f u n c t io n s  v(x), in  c o r r e s p o n d e n c e  w i t h  3Í 
a r e  m a n y  t im e s  d e r iv a b le  f u n c t i o n s  s a t i s f y in g  c e r t a i n  b o u n d a r y  c o n d it io n s .  

S t - 1  s h o u l d  d e s ig n a t e  t h e  i n v e r s e  o f  3Í in  s u c h  a  w a y  a s  =  3C- 1 őfC =  S
a n d  S u  =  г>[10].

L e t  u s  a s s u m e  t h a t  SC- 1  i s  a n  in t e g r a l  o p e r a t o r ,  w i t h  t h e  k e r n e l  K(x, t) 
a c c o r d in g  t o  t h e  r e la t io n s h ip

3 C - 1 V =  Ç K{x, t) v{t) dt  (1 7 )

f o r m a l l y  m a y  h e  w r i t t e n  a s

v(x) =  Г  Ж K(x, t ) u (t) d t , (1 8 )
Jo

b e c a u s e  SC m e a n s  d e r iv a t io n  w i t h  r e s p e c t  t o  x.
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S in c e  t h e  f u n c t io n s  v(x) s a t i s f y  t h e  c o n d i t io n s  p r e s c r ib e d  f o r  t h e  t e s t  

f u n c t io n s ,  so  b y  u s in g  (9 )  a n d  (1 8 )

3Í K(x, t) =  ô(x — t) . (1 9 )

i s  o b t a in e d .
T h u s ,  in  s u m m a r iz in g ,  t h e  k e r n e l  f u n c t io n  K(x , t) m a y  b e  d e t e r m in e d  

f r o m  (1 9 )  b y  c a r r y in g  o u t  t h e  d e s ig n a t e d  in t e g r a l s  b y  3 £ - 1  in  t h e  r e la t io n s h ip

K(x, t) =  3 C -1 d(x -  t) (2 0 )

a n d  b y  c o n s id e r in g  a l l  t h a t  h a v e  b e e n  s a id  in  t h e  p r e c e d in g  c h a p t e r .  T h e  

c o n s t a n t s  e n t e r in g  b y  t h e  in t e g r a t io n s  m a y  b e  d e f in e d  b y  t h e  b o u n d a r y  c o n d i

t i o n s  e s t a b l i s h e d  f o r  t h e  f u n c t io n s  v(x).
T o  in v e s t ig a t e  t h i s  p r o b le m  m o r e  c lo s e ly ,  c o n s id e r  t h e  b o u n d a r y  p r o b le m

3 C v = f ,  8 v  =  0  (21)

w h e r e / is  a n  a r b i t r a r y  f u n c t io n  o f  x £  [0 , 1 ] ,  8  is  t h e  l in e a r  o p e r a t o r  d e s ig n a t 

in g  t h e  b o u n d a r y  c o n d i t io n s  p r e s c r ib e d  t o  t h e  f u n c t io n s  v ----- v(x). F r o m  (2 1 )

8v =  =  0

t h a t  is :

I * 8 K(x,  t ) / ( t )  dt =  0  
J o

a n d  fr o m  t h i s  e q u a t i o n ,  d u e  t o  a r b it r a r y  f u n c t i o n / ( t )  i t  f o l lo w s :

8K (x , t )  =  0 .  (2 2 )

T h e r e fo r e ,  t h e  k e r n e l  K(x, t), a s  a  f u n c t io n  o f  x, h a s  t o  s a t i s f y  t h e  c o n s t r a in t s  

p r e s c r ib e d  t o  a ll  t h e  v(x).

5. Solution to the dynam ic problem

I n s t e a d  o f  d e s c r ib in g  t h e  e q u a t io n  o f  m o t io n  o f  t h e  p r o b le m  m e n t io n e d  

in  t h e  in t r o d u c t io n ,  a n d  t h e  d e t a i le d  p r e s e n t a t io n  o f  t h e  p h y s i c a l  q u a n t i t i e s  

e n t e r in g  in  t h e  e q u a t i o n  o f  m o t io n  (w h ic h  m a y  b e  f o u n d  o n  p p .  3 7  a n d  3 8  o f  

[ 4 ] )  i t  is  c o n v e n ie n t  t o  s e l e c t  t h e  o p e r a t o r  e q u a t io n

( « Л  -  a 2  & ) v =  0 (23)
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o f  t h e  p r o b le m  t o  b e g in  w i t h ,  w h e r e

oÆv =
d 2

dx- P
d 2 V

d x 2
(24)

Siv =  qv . (2 5 )

T h e  n o t a t io n s  u s e d  i n  E q s  (2 3 ) ,  (2 4 ) a n d  (2 5 )  a r e

a — angular eigenfrequency
V — v{x) — amplitude distribution function
p  =  p(x), q =  q(x) — positive, sufficiently many times derivable functions involving geo

metric and m aterial characteristics of beam which, within interval [0, 1] are 
nowhere equal to zero

X — independent variable along beam axis

C o n s id e r i n g ,  t h a t  x £ [0 ,  1 ] ,  t h e  s e t  o f  b o u n d a r y  c o n d i t io n s  a s s o c ia t e d  w i t h  

E q .  ( 2 3 )  i s

r ( 0 ) = 0 ,  v' (0 )  =  0 ,  (

t / ' ( l )  =  0 ,  t>"'(l) =  0  .

( H e r e  a n d  in  t h e  f o l lo w in g  w i t h  t h e  c o m m a  t h e  d e r iv a t io n  w i t h  r e s p e c t  t o  x 
i s  d e s i g n a t e d . )

T h e  o p e r a to r s  оЯ a n d  Si d e f i n e d  in  E q s  (2 4 )  a n d  (2 5 )  a r e  l in e a r ,  p o s i t i v e ,  

s y m m e t r i c ,  a n d  оЯ is ,  a t  t h e  s a m e  t im e ,  a ls o  a  s e l f - a d j o in t  d if f e r e n t ia l  o p e r a t o r .  

A s  a  r e s u l t ,  t h e  e ig e n v a lu e  p r o b le m  d e f in e d  b y  E q s  ( 2 3 )  a n d  (2 6 )  in n u m e r a b le ,  

h a s  i n f i n i t e l y  m a n y  i s o la t e d  p o s i t i v e  e ig e n v a lu e s ,  w h ic h  c a n n o t  b e  a c c u m u la t e d  

in  t h e  f i n i t e  [5 ] .  T h e  e i g e n v a l u e s  m a y  b e  o r d e r e d  a c c o r d in g  t o  t h e ir  m a g n i t u d e s  

a n d  t a k i n g  c o n v e n ie n t ly  m a n y  t i m e s  t h e  m u l t ip l e s :

ос2! ^  « I  ^  . . .  < :  x l < ,  . . . . (2 7 )

T h e n ,  in t r o d u c in g  t h e  n o t a t i o n

Ж 1 == аЯ 1 Si,

E q .  ( 2 3 )  t a k e s  t h e  fo r m

1 v =  [ív

(2 8 )

(2 9 )

w h e r e i n  ЭС 1 is  a n  o p e r a t o r  in t e r p r e t e d  w i t h  t h e  k e r n e l  K(x, t) a c c o r d in g  

t o  ( 1 ) .  F r o m  (2 7 ) , u s in g  t h e  s u b s t i t u t io n  (2 8 ) ,  y i e l d s

I«1 >  |« 2  >  • ■ • >  P v  >  • • • • (3 0 )

O u r  t a s k  i s  t o  c a lc u la t e  u p p e r  b o u n d s  fo r  t h e  s e r ie s  o f  e ig e n v a lu e s  ( 3 0 )  w it h
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t h e  a id  o f  T r e f f t z  — F ic h e r a ’s m e t h o d ,  i f  w e  a s s u m e  t h a t  w e  h a v e  к q u a n t i t y  o f

p i  ^  /A  >  • • • ^  p i

lo w e r  b o u n d s  d e f i n e d  in  t h e  w a y  r e p o r t e d  in  [4 ] .

F ir s t ,  t h e  k e r n e l  K(x , t)  s h o u ld  b e  e s t a b l i s h e d  b y  u s i n g  E q .  ( 1 9 ) .  C o n 

s id e r a t io n  o f  t h e  in t e r p r e t a t io n  o f  t h e  o p e r a t o r s ,  a s  w e l l  a s  E q .  (1 3 )  y ie ld s  

t h e  e q u a t io n

<P_ 

dx2

d2 K(x, t) 
dx2

=  9 ( 0  d{x -  t) .

B y  m a k in g  u s e  o f  E q .  (1 4 )

d
dx P(x)

d2 K(x, t)
dx2

9 ( 0  h(x -  t) +  ß^t), (3 1 )

is  o b t a in e d ,  t h e n  p e r f o r m in g  t h e  in t e g r a t io n  a g a in

d2 K(x, t) . x — t , X  , .  . . 1
-  -  =  q(t) h{x -  t) — — —  + ^ ( 1 ) —— - +  ß2( t ) ——  

dx - p{x) p{x) p(x)

w il l  b e  r e c e iv e d .

C a r r y in g  o u t  f u r t h e r  t w o  in t e g r a t io n s  o f  E q .  (3 2 )  o n e  o b t a i n s

K(x, t) =  q(t) h(x — t)  I Г  —------ -- ds du
J t J t  p(s)

f

+ Л < 0  Г  Г - j - d s d u  +  ß2{t) I Г  — i - dsdu +
Jo Jo p(s) Jo Jo P(s)P(s)

+  /53( t )  *  - f  ß i ( t ) .

(3 2 )

(3 3 )

w h e r e in  /? j(t), . . . , /54( i )  a r e  a r b it r a r y  f u n c t io n s  w h ic h  m a y  b e  d e t e r m in e d  b y  

m a k in g  u s e  o f  (2 6 )  a c c o r d in g  t o  (2 1 )  a n d  ( 2 2 ) .  T h u s ,  fr o m  K"'( 1 , t )  =  K ”(l, t) =  

=  0 , t a k in g  in t o  a c c o u n t  E q s  (3 1 )  a n d  (3 2 )  a n d  c o n s id e r in g  t h a t  Л (1 — t) =  1, 

w e  h a v e

ßi ( 0  =  - 9 ( 0  » ßi(t) =  «9 (0  • (3 4 )

F r o m  K'(0 , t) =  K ( 0 ,  i )  =  0  a n d  o n  t h e  b a s i s  o f  E q s  ( 3 3 )  a n d  ( 3 4 ) ,  k n o w 

in g  t h a t  h( — t) =  0 ,

A ( 0  =  A (  0  =  о  (3 5 )

m a y  b e  o b t a in e d .  S u b s t i t u t in g  (3 4 )  a n d  ( 3 5 )  in t o  E q . (3 3 )  y i e l d s

K(x, t) =  q(t) h(x — t) I Г  —------- d s  du -)- q(t) ( Г  —------—d s d u .  (3 6 )
J i J i p{s) Jo Jo p(s)
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B y  i n t r o d u c i n g  t h e  f u n c t io n s

rx ds
* {* ) = Г “ 7 Т ’ w{x) =  ГJo pis)  Jo

sds

P(s)

Ф )  =  f  Z (s )  ds, C(x) =  ( f{s) ds , 
Jo  Jo

E q .  ( 3 6 )  m a y  b e  w r i t t e n  in  t h e  f o r m

K(x, t) q{t) [trj{x) -  £ (* ) ]  , *  <  t
q(t) [xt x(t) -  х ф )  +  tip(t) —

-  *2уХ*) +  *Ф) -  C(0]

(3 7 )

X J> t

B y  c o n t i n u i n g  t h e  in v e s t i g a t i o n  o f  t h e  c a s e  x  J> t, t h e  e x p r e s s io n  in  t h e  s q u a r e  

b r a c k e t s ,  b y  a d d in g  a n d  a t  t h e  s a m e  t im e  s u b t r a c t in g  xrj{t) — £ (t)  m a y  b e  

w r i t t e n  in  t h e  fo rm

х ф )  —  C(t) +  (я  — t)  ! ( t )

w h e r e in

Ф )  =  tx(t) -  Ф )  -  Ф )  ■ (3 8 )

D e r i v a t i o n  o f  E q . (3 8 )  w i t h  r e s p e c t  t o  t y ie ld s

t
~  =  z ( 0  +  -7 7  -  T Vdt p( t)  p(t)

-  z(t)  =  0 ,

w h e r e f r o m  £(t) =  c o n s t ,  f o l l o w s  fo r  a n y  t £ [0 , 1 ] .  T h e  v a lu e  o f  t h e  c o n s t a n t  

i s ,  d u e  t o  | ( 0 )  0 , e q u a l  t o  z e r o ,  w h e r e fo r e  ( 3 7 ) ,  a f t e r  in t r o d u c t io n  o f  t h e

s y m m e t r i c a l  f u n c t io n

tr)(x) — C (x ) ,  X <  t

х ф )  — Ф)  , *  >  t
G(x, t) (3 9 )

b e c o m e s  t h e  f o l lo w in g  s i m p le  e x p r e s s io n :

K ( X, t) =  q(t) G(x, t) (40)

( I t  s h o u l d  b e  n o te d  t h a t  G(x, t),  in  c a se  o f  t h e  b o u n d a r y  c o n d it io n s  ( 2 6 ) ,  is  

a  G r e e n ’s  f u n c t io n  a s s o c ia t e d  w i t h  t h e  o p e r a to r  аЯ [ 1 1 ] ,  [1 2 ] ,  [1 5 ] .)

F r o m  E q . (2 9 ) , b y  m a k i n g  u s e  o f  E q . (4 0 ) ,  f o l lo w s

j:q(t) G{x, i )  v{t)dt  =  fJ-v(x) .
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M u lt ip l ic a t io n  o f  t h e  a b o v e  e q u a t io n  w i t h  V q(x) a n d  s u b s t i t u t i o n  o f  w(x) =  

—  \'q(x) v(x) [ 1 3 ] ,  [ 1 4 ] ,  y ie ld s

]fq(x)q(t)G{x, t) w(t) dt =  /ik j(ï ) . (4 1 )
J  о

B y  t h e  t r a n s f o r m a t io n  c a r r ie d  o u t  in  t h i s  w a y  t h e  e ig e n v a lu e  / i  a r e  n o t  c h a n g e d ,  

in  t u r n ,  t h e  n e w  k e r n e l

K*(x, t) =  Vq(x) q(t) G(x, t)

i s  s y m m e t r i c a l  w h e r e b y  T r e f f t z  — F ic h e r a ’s  m e t h o d  c a n  b e  a p p l i e d ,  i . e . ,  in  c o n 

s e q u e n c e  o f  t h e  e q u a l i t y

K*(x, x) =  K(x, x)

(5 )  m a y  im m e d ia t e ly  b e  u td iz e d .

6. N um erical exam ple

T o  i l lu s t r a t e  t h e  p r a c t i c a b i l i t y ,  b e  t h e  d ia m e te r  o f  1 m  l o n g  b e a m  o f  

c ir c u la r  c r o s s  s e c t io n

d(x) =  ax -) b

w h e r e in  a =  —1 0 2, 6  =  4 *  1 0 - 2  m . T h e n ,

. nE(ax  +  b )4

q{x) =
ид (ax 4 -  b)2 

4

Herein, E  =  const., elasticity modulus, and g  =  const., density.

C o n s id e r in g  t h e s e  v a lu e s  a s  p a r a m e t e r s ,  T a b le  1 s h o w s  t h e  r e s u l t  o f  t h e  

c a lc u la t io n s  r e la t e d  t o  t h e  f i r s t  f i v e  a n g u la r  e ig e n f r e q u e n c ie s .

T able  1

i =  1 i s .  2 1 = 3 i =  4 i =  5

1,0284 • 10"» 4,327 • 1 0 - 2 3,062 • 1 0 - 1 1,143 3,217

1,0283 • 10-» 4,311 • 1 0 -* 2,986 • 1 0 - 1 1,045 2,545
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I n  t h e  f i r s t  l in e  o f  t h e  T a b le  t h e  u p p e r  b o u n d s  c a lc u la t e d  a c c o r d in g  t o  

t h e  P o i n c a r é  R a y le ig h  R i t z ’s  m e t h o d ;  in  t h e  s e c o n d  l in e ,  t h e  lo w e r  b o u n d s  

c a l c u l a t e d  w i t h  T r e f f t z  — F ie c h e r a ’s m e t h o d  a r e  t o  b e  fo u n d .  T h e  n u m e r ic a l  

c a l c u l a t i o n  w o r k  r e q u ir e d  fo r  t h e  d e t e r m in a t io n  o f  t h e  u p p e r  b o u n d s  h a s  b e e n  

c a r r ie d  o u t  w i t h  t h e  u s e  o f  t h e  c o m p u t e r  t y p e  S Z T A K I  C .D .C . o f  t h e  H u n g a r 

ia n  A c a d e m y  o f  S c ie n c e s .  F o r  t h e  d e f in i t i o n  o f  t h e  lo w e r  b o u n d s  t h e  u s e  o f  

a  h a n d  c a l c u l a t o r  p r o v e d  t o  b e  s u f f i c i e n t .
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Anwendung der Trefftz—Ficheraschen Methode zur korrigierbaren Eingrenzung der 
Eigenkreisfrequenzen des Biegeschwingungen durchführenden Stabes. — Die numerischen 
Versuche zeigen, daß im Fall der einerlei Schwingung durchführenden Stäbe zur korrigier
baren Eingrenzung der Eigenkreisfrequenzen die Anwendung der allgemein geltenden M etho
den der Funktionalanalysis nicht unbedingt zweckmäßig ist. Das Ziel der Abhandlung ist 
die W irksam keit des Trefftz -Ficheraschen Verfahrens im Zusammenhang mit der Berech
nung der korrigierbaren unteren Grenzen der zur Biegeschwingungen gehörigen Eigenkreis
frequenzen zu beweisen. Die zur Eingrenzung benötigten oberen Grenzen können m it Hilfe 
der Poincaré — Rayleigh -R itzschen Methode ermittelt werden. Zur Anwendung der T refftz— 
Ficheraschen Methode ist die Invertierung des ursprünglich vorgekommenden Differential
operators von veränderlichem Koeffizient nötig. Die Invertierung wird mit Hilfe der D istri
butionstheorie durchgeführt und die betreffenden Elemente der allgemeinen Theorie werden 
zusammengefaßt.
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D E V E L O P M E N T  O F  A N  E X P E R I M E N T A L  A P P A R A T U S  
F O R  T H E  M E A S U R E M E N T  O F  T H E  T H E R M O D Y N A M I C  

P R O P E R T I E S  O F  C 0 2- C O N T A M I N A T E D  
N A T U R A L  G A S E S

P A R T  I I

M. A. I. BUKHARI» G. VERES* **

[Manuscript received: 14 March 1978]

The increasing demand for energy has necessitated extensive investigations 
to find ways and means of utilizing the huge reserves of largely C02-contaminated 
CH, gas, previously considered uneconomical. Two kinds of equipm ent have been 
specifically devised and tested for the purpose of measuring the therm odynamic prop
erties of CH4 —COjj mixtures at desired P-T-X ranges. One of these is suitable for 
concomitantly determining the integral isobaric heats of condensation, together with 
vapour-liquid equilibria. The other is intended for simultaneous measurement of heat 
capacities at constant pressure and the mixing heats of liquid mixtures.

E x p e r im e n t a l  a p p a r a tu s

Integral isobaric heat of condensation

Method adopted

A  c ir c u la t io n  m e t h o d ,  b a s e d  o n  a  c o m m o n  p r in c ip le  s h o w n  s c h e m a t ic a l ly  

o n  F ig u r e  4 ,  i s  u s e d  f o r  t h e  m e a s u r e m e n t  o f  in t e g r a l  is o b a r ic  h e a t s  o f  c o n 

d e n s a t io n .  T h is  m e t h o d  i s  t h e  m o s t  w id e ly  u s e d  in  v a p o u r - l iq u id  e q u i l ib r iu m  

m e a s u r e m e n t s  a n d  i s  c h o s e n  h e r e  fo r  i t s  s i m p l i c i t y  a n d  c o n v e n ie n c e  t o  u se  

in  t h e  r e g io n  o f  lo w ,  m e d iu m  a n d  a ls o  h ig h  p r e s s u r e s ,  w i t h  t h e  p r o p e r  c o n 

s t r u c t io n .  T h e  v a p o u r s  e v o lv e d  f r o m  t h e  b o i l in g  m ix t u r e  in  t h e  b o i l e r ,  w h e r e  

a  q u a n t i t y  o f  h e a t  Qin i s  b e in g  s t e a d i ly  a d d e d ,  p a s s e s  t h r o u g h  t h e  u p p e r  c o n 

d u i t  in t o  t h e  c o n d e n s e r  w h e r e  i t  i s  c o m p l e t e l y  c o n d e n s e d  b y  t h e  r e m o v a l  

o f  a  q u a n t i t y  o f  h e a t  Qout a n d  r e t u r n e d  t o  t h e  b o i l in g  v e s s e l .  W h e n  s t e a d y  

s t a t e  c o n d it io n s ,  c o r r e s p o n d in g  t o  p h a s e  e q u i l ib r iu m , a r e  e s t a b l i s h e d  t h e  c o m 

p o s i t io n s  in  b o t h  v e s s e l s  d o  n o t  c h a n g e  w i t h  t i m e ,  i .e . :

d x  dy  =  о
dt dt (1)

* M. A. I. B u k h a r i , P.O. B o x  2408 Khartoum, Sudan
** G. V e r e s  .Bogár u. 29/d H-1022 Budapest, Hungary
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-«— <v

Fig. 4. Schem atic diagram of the circulating stills

T h e  v a p o u r ,  c o n d e n s i n g  i n  t h e  c o n d e n s e r ,  i s  c o n t i n u o u s l y  in  e q u i l ib r iu m  

w i t h  t h e  b o i l in g  l iq u id ,  w i t h  n o  s u p e r h e a t in g  o r  p a r t i a l  c o n d e n s a t io n .  I f  t h e  

d i s t i l l a t i o n  o c c u r s  w i t h  f i n i t e  v e l o c i t y ,  t h e n  d u r in g  t h e  t i m e  in t e r v a l  dt, dnv 
m o l e s  o f  v a p o u r  m ix t u r e  p a s s  f r o m  t h e  b o ile r  t o  t h e  c o n d e n s e r ,  a n d  in  t h e  s a m e  

p e r io d  dnL m o le s  o f  l i q u id  c o n d e n s a t e  r e tu r n  in  t h e  r e f l u x  fr o m  t h e  c o n d e n s e r  

t o  t h e  b o i le r .  S in c e  t h e  t o t a l  n u m b e r  o f  m o le s  n, o r  h o ld - u p ,  o f  b o t h  l iq u id  

a n d  v a p o u r  p h a s e s  in  t h e  b o i l e r  is  c o n s t a n t ,  t h e n

a n d

T h e r e f o r e

n =  nL -)- nv =  c o n s t a n t  ,

dn dnL dnv

dt dt dt

dnL dnv
dt dt

(2)

(3)

I f  t h e  v a p o u r  e v o lv e d  a b o v e  t h e  l iq u id  m ix t u r e  o f  c o m p o s i t i o n  x, h a s  t h e  c o m 

p o s i t i o n  y b, t h e n  t h e  a m o u n t  o f  v o la t i l e  c o n s t i t u e n t  t r a n s f e r r e d  fr o m  t h e  b o i le r  

t o  t h e  c o n d e n s e r  is

dnX =  уь dnv , (4)

a n d  t h e  a m o u n t  o f  t h i s  c o n s t i t u e n t  r e tu r n e d  f r o m  t h e  c o n d e n s e r  t o  t h e  b o i le r  is

drii =  y c dnL. (5)
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I f  E q .  (1 )  is  t o  b e  s a t i s f i e d ,  a s  w e l l  a s  t h e  c o n d i t io n  fo r  h o ld - u p ,  t h e n  a  m a s s  

b a la n c e  o n  t h e  v o l a t i l e  c o m p o n e n t  r e q u ir e s  t h a t

Ус dnL =  —  y„ dnv  (6 )

w h ic h ,  w h e n  c o m b in e d  w i t h  E q .  (3 ) ,  g iv e s

(.Ус -  Уь) =  0  . (7 )
a t

S in c e  fo r  a  f i n i t e  v e l o c i t y  o f  d i s t i l la t io n

d t

E q .  (7 )  c a n  b e  f u l f i l l e d  o n ly  i f

У с = У ь = У  (8 )

( s t e a d y  s t a t e ,  o r  p h a s e  e q u i l ib r iu m ) .

T h is  m e a n s  t h a t ,  u n d e r  s t e a d y  s t a t e  c o n d i t io n s ,  t h e  c o m p o s i t i o n  o f  t h e  

l iq u id  i n  t h e  c o n d e n s e r  is  id e n t ic a l  w i t h  t h a t  o f  t h e  e v o l v e d  v a p o u r s .

F ig u r e  5  i l lu s t r a t e s  t h e  p r o c e s s e s ,  t h a t  o c c u r  in  F ig u r e  4  in  a n  e n t h a lp y -  

c o m p o s i t io n  d ia g r a m . H e r e ,  t h e  c o n d e n s a t e  r ic h  in  t h e  m o r e  v o la t i l e  c o n -

P =  C o n s t a n t  

W b - T

Fig. 5. Illastration of the processes of Fig. 4 in an enthalpy-composition diagram

Acta Technica Academiae Scicntiarum Hungaricae 92f 1981



408 B U K H A R I ,  M . A .  I . — V E R E S ,  G .:

s t i t u e n t  r e t u r n in g  fr o m  t h e  c o n d e n s e r  m ix e s  w i t h  t h e  l iq u id  in  t h e  b o i le r  

c a u s i n g  t h e  c o m p o s i t io n  o f  t h e  l i q u i d  m ix t u r e  t o  r is e  t o  xm, w h e r e  xm is  t h e  

t o t a l  a m o u n t  o f  t h e  v o la t i l e  c o m p o n e n t  p e r  m o le  o f  h o ld - u p  in  t h e  b o ile r

1 nL - nV 7 :1 ---  +  --- 1 +  V,
n n (9 )

w h e r e  l i s  t h e  q u a n t i t y  o f  t h e  l i q u id - p h a s e  p e r  m o le  o f  h o ld - u p  in  t h e  b o i le r ,  

a n d  v i s  t h e  c o r r e s p o n d in g  q u a n t i t y  o f  t h e  v a p o u r - p h a s e .  F r o m  t h e  a b o v e  

e q u a t i o n ,  t h e  t o t a l  a m o u n t  o f  t h e  v o l a t i l e  c o m p o n e n t  xm p e r  m o le  o f  h o ld - u p  

i n  t h e  b o i l e r  is

Xm =  xl  +  yv . (1 0 )

F r o m  E q s  (9 )  a n d  (1 0 )

a n d

*»4 II

» 
S*

( И )

и -  . (1 2 )
У  — X

T h e  a d d i t i o n ,  a t  a  c e r ta in  r a t e ,  o f  a  q u a n t i t y  o f  h e a t  q, p e r  m o le  o f  s a t u r a t e d  

l i q u i d  m i x t u r e  in  t h e  b o i le r  c a u s e s  a n  e n t h a lp y  r is e  o f  t h e  m ix t u r e  b y  t h e  

a m o u n t  q( f r o m  t h e  m ix t u r e  s t a t e  p o in t  m t o  t h e  p a r t i a l l y  s a t u r a t e d  p o in t  S  

w h e r e  a  q u a n t i t y  l o f  t h e  l i q u id - p h a s e  is  in  e q u i l ib r iu m  w i t h  a  q u a n t i t y  v 
o f  t h e  v a p o u r - p h a s e .  T h e  v a p o u r  g e n e r a t e d  in  t h e  b o i l e r  ( p o in t  b) p a s s e s  t o  

t h e  c o n d e n s e r ,  w h e r e  i t  i s  c a u s e d  t o  c o n d e n s e  t o  t h e  s t a t e  p o in t  c , a n d  t h e  c y c le  

i s  r e p e a t e d .

T h e  h e a t  a d d e d  t o  t h e  s y s t e m  in  t h e  b o ile r  is

Qin =  (Hs  — Hm) n , (1 3 )

a n d  t h e  h e a t  a d d e d  p e r  m o le  o f  h o ld - u p  in  t h e  b o ile r

q, = - & ! - = H S - H m . (1 4 )
n

From the diagram

H s  =  H t  +  ( H t  -  H t )  ■ X m ~ x  =  H t  +  ( H t  -  H t ) V  ,
y  — ж

H m =  H t  -  ( H t  -  H t )  - m ~  =  H t  -  ( H t  -  H t )  V.
y  — X
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T h e r e fo r e ,

9i =  H s  H m =  { H ?  -  НУ) V  . (1 5 )

T h e  h e a t  r e m o v e d  b y  t h e  c o n d e n s e r  p e r  m o le  o f  v a p o u r  c o n d e n s e d ,  o r  

t h e  in t e g r a l  is o b a r ic  h e a t  o f  c o n d e n s a t io n  i s

q o = Q ^ _ =  H V _  H L ,  (16)
an

I n  t h e  s t e a d y  s t a t e  c o n d it io n ,  w h e n  h e a t  g a in  fr o m  o r  h e a t  lo s s  t o  t h e  

s u r r o u n d in g s  i s  a b s e n t ,  t h e  h e a t  b a la n c e  r e q u ir e s  t h a t

<?in =  Qout , (1 7 )

o r

4i =  qo V . (1 8 )

Description

A n  a d a p t a t io n  o f  t h e  c i r c u la t in g  e q u i l ib r iu m  s t i l l s  s h o w n  i n  F ig u r e  4  is  

u s e d  fo r  t h e  s im u l t a n e o u s  m e a s u r e m e n t  o f  in t e g r a l  is o b a r ic  h e a t s  o f  c o n d e n s a 

t i o n  o f  C H 4— C 0 2 m ix t u r e s  a n d  t h e i r  p h a s e  e q u il ib r iu m . F ig u r e  6  r e p r e s e n t s  

t h e  f l o w  d ia g r a m  fo r  t h i s  a s s e m b ly  w h ic h  c o n s is t s  p r im a r i ly  o f  a  b o i l e r  a n d  

t h r e e  i d e n t i c a l  c o n d e n s e r s  in  w h ic h  t h e  v a p o u r s  g e n e r a t e d  a r e  c o n d e n s e d .  

T h e  s y s t e m  is  d e s ig n e d  fo r  o p e r a t in g  p r e s s u r e s  u p  t o  7 0  a t m o s p h e r e s  a n d  fo r  

t e s t  m ix t u r e s  o f  u p  t o  3 0  m o le  %  C H 4. D e s ig n  d a t a  fo r  t h e  m a j o r  c o m p o n e n t s  

o f  t h i s  s y s t e m  a r e  in c lu d e d  in  a  r e p o r t  e n t i t l e d  “ E x p e r im e n t a l  A p p a r a t u s  fo r  

M e a s u r e m e n t  o f  H - x  D ia g r a m s  o f  t h e  C 0 2— C H 4 S y s t e m ”  [ 1 ]  i s s u e d  b y  t h e  

D e p a r t m e n t  o f  E n e r g e t ic s .

T h e  b o i le r  i s  s u i t a b le  fo r  p r e s s u r e s  u p  t o  7 0  a tm . a n d  b o i l i n g  t e m p e r a 

t u r e s  d o w n  t o  — 1 5  °C  a n d  i s  h e a t e d  b y  m e a n s  o f  a  1 2 0 0  W a t t  e l e c t r i c  r e s i s 

t a n c e  h e a t e r .  A  l e v e l  — g a u g e  in d i c a t e s  t h e  e x is t e n c e  o f  l iq u id  a n d  v a p o u r  

p h a s e s ,  a n d  t h e  l iq u id  l e v e l  in  t h e  b o i l e r .  T h e  c o n d e n s e r s  a r e  s u i t a b l e  fo r  

t e m p e r a t u r e s  a s  lo w  a s  — 5 0  °C , a n d  a r e  c o o le d  b y  t h e  e v a p o r a t i o n  o f  R e 

f r ig e r a n t  1 2  c ir c u l a t e d  b y  m e a n s  o f  a  w a t e r - c o o l e d ,  s e m i- h e r m e t ic  c o m p r e s s o r -  

c o n d e n s in g  u n i t ,  M o d e l М А У -1 0  o f  r a t e d  c a p a c i t y  o f  9 0 0 0  K .c a l / h r  a t  — 1 5 /  

- f -4 0  °C  a n d  2 5 0 0  K .c a l /h r  a t  — 3 0  ° C . C o m p r e s s o r  c a p a c i t y  i s  m a n u a l l y  c o n 

t r o l le d  b y  m e a n s  o f  a  m a n u a l  e x p a n s i o n  v a l v e  a n d  a  h o t  g a s  b y - p a s s .  A  l iq u id  

p r e h e a t e r ,  f i t t e d  w i t h  a  1 2 0 0  W a t t  e l e c t r i c  r e s i s t a n c e  h e a t e r ,  i s  u s e d  t o  o v e r 

c o m e  l i q u id  s u b c o o l in g  p r o d u c e d  in  t h e  c o n d e n s e r s .  P o w e r  t o  t h i s  h e a t e r  is  

m a i n t a in e d  c o n s t a n t  a n d  c o n t r o l le d  b y  a  v a r ia b le  tr a n s fo r m e r , a n d  i s  m e a s u r e d  

b y  a  v o l t m e t e r  a n d  a n  a m m e te r .  T h e  p r e h e a t e r  is  s l ig h t ly  p i t c h e d  t o  a l lo w  

a n y  v a p o u r s  t h a t  m a y  b e  fo r m e d  t o  f l o w  in t o  t h e  b o ile r  in  o r d e r  t o  a v o id  

v a p o u r  b a c k - f lo w  o r  f l o w  s t o p p a g e .
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Fig. 6. Flow diagram for the integral heat of condensation measuring apparatus
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C ir c u la t io n  o f  t h e  v a p o u r - p h a s e  is  t h e r m a l ly  in d u c e d ,  a n d  t h i s  r e q u ir e s  

m in im iz a t io n  o f  c o n d u c t i o n  h e a t  lo s s e s  a n d  m a in t e n a n c e  o f  u n id ir e c t io n a l  

f l o w  w i t h o u t  t o o  la r g e  a  p r e s s u r e  d r o p  b y  u s in g  t h e  s h o r t e s t  p o s s ib le  p ip e  

lo o p  a n d  a d e q u a t e  p ip e  in s id e  d ia m e te r .  B e c a u s e  o f  t h e  la c k ,  a t  t h e  t im e ,  

o f  a  s u i t a b le  m e a n s  f o r  m e a s u r in g  s u c h  m in u t e  f l o w s  u n d e r  h ig h  p r e s s u r e  

c o n d i t io n s ,  a  s p e c ia l  f l o w  r a t e  m e a s u r in g  v e s s e l ,  c o n n e c t e d  t o  t h e  b o ile r  as  

s e e n ,  h a s  b e e n  d e v i s e d  f o r  t h i s  p u r p o s e .  I t s  o p e r a t io n  r e q u ir e s  d is r u p t io n  o f  

t h e  l iq u id  c ir c u la t io n  t o  t h e  b o i le r  b y  c lo s in g  v a lv e  A,  l e a v i n g  v a lv e s  B, C 
a n d  D o p e n . T h e  l i q u id  l e v e l  i n  t h e  b o i le r  n o w  s t a r t s  t o  d r o p  d u e  t o  c o n t in u e d  

e v a p o r a t io n  a n d  n o  r e f l u x ,  a n d  t h e  l iq u id  c o n d e n s a t e  w i l l  b a c k - u p  i n  t h e  

m e a s u r in g  v e s s e l  a n d  in  t h e  l iq u id  l e v e l - g a u g e  w h ic h  is  c a l ib r a t e d  t o  m e a s u r e  

t h e  c o n d e n s a t e  v o lu m e  r a t e  o f  f l o w ,  b y  m e a s u r in g  t h e  v o lu m e  o f  l i q u id  f lo w in g  

o v e r  a  s h o r t  t i m e  in t e r v a l .  H o w e v e r ,  in  o r d e r  t o  a v o id  in a c c u r a c ie s  in t r o d u c e d  

b y  d is tu r b in g  t h e  s y s t e m  e q u il ib r iu m  a n d  s t e a d y - s t a t e  c o n d i t io n s ,  a n o th e r  

s o l u t io n  r e s o r t e d  t o  is  t o  m e a s u r e  t h e  f l o w  r a t e  c a lo r im e t r ic a l ly  b y  m e a s u r in g  

t h e  t e m p e r a t u r e  r is e  a c r o s s  a  s p e c ia l ly  in s t a l l e d  c o n d e n s a t e  h e a t e r ,  a s  s h o w n ,  

im m e r s e d  in  a  b a t h  o f  g ly c o l .  H e a t  is  e le c t r ic a l ly  s u p p l ie d  t o  t h i s  h e a t e r  b y  

m e a n s  o f  a  2 0 0  W a t t  r e s i s t a n c e  e le m e n t .

N i ,  C r -N i t h e r m o c o u p le s  a r e  u s e d  t o  m e a s u r e  t e m p e r a t u r e  d if f e r e n t ia ls  

a c r o s s  c o n d e n s e r  c o o l in g  w a t e r  a n d  t h e  g ly c o l  b a t h ,  c o n d e n s a t e  t e m p e r a t u r e  

b e f o r e  a n d  a f t e r  t h e  p r e h e a t e r  a n d  t h e  b o i le r  t e m p e r a t u r e .  S p e c ia l  s a m p lin g  

p r o b e s ,  a s  s h o w n , a r e  in s t a l l e d  fo r  m e a s u r in g  t h e  c o m p o s i t io n s  o f  t h e  l iq u id  

in  t h e  b o ile r ,  t h e  v a p o u r  a n d  t h e  c o n d e n s e d  l iq u id .  A  c a l ib r a t e d  p r e s s u r e  g a u g e  

m e a s u r e s  t h e  s y s t e m  p r e s s u r e .  T h e  b o ile r ,  t h e  c o n d e n s e r s  a n d  t h e  m e a s u r in g  

v e s s e l  a r e  t h e r m a l ly  i n s u la t e d  w i t h  p o ly s t y r e n e  s la b s .  T h e  p ip i n g  a n d  o th e r  

p a r t s  o f  t h e  s y s t e m  a r e  c o v e r e d  w it h  a s b e s t o s  w r a p p in g s .

O p e r a t io n

T o  o p e r a t e  t h e  e q u ip m e n t ,  a ir  is  f i r s t  t h o r o u g h l y  e v a c u a t e d  f r o m  t h e  

s y s t e m  b y  m e a n s  o f  a  v a c u u m  p u m p  c o n n e c t e d  t o  t h e  f i l l in g  l i n e .  P u r e  C 0 2 

i s  t h e n  c h a r g e d  in t o  t h e  s y s t e m  a t  r o o m  t e m p e r a t u r e  u n t i l  l i q u id  is  fo r m e d  

i n  t h e  e q u il ib r iu m  b o i le r ,  i t s  p r e s e n c e  b e in g  s h o w n  b y  t h e  l i q u id - l e v e l  in d ic a 

t o r ,  a t  a  p r e s s u r e  o f  a b o u t  6 0  a t m o s p h e r e s .  T h e  s a t u r a t e d  p h a s e s  a r e  t h e n  

s u p e r h e a t e d  b y  s u p p l y in g  p o w e r  t o  t h e  b o i le r  h e a t e r  u p  t o  a  t e m p e r a t u r e  o f  

s l i g h t l y  a b o v e  t h e  c r i t i c a l  p o in t  t e m p e r a t u r e  o f  p u r e  C 0 2, 3 1  °C . M e t h a n e  g a s  

i s  t h e n  c h a r g e d  in t o  t h e  s y s t e m  b y  r e p e a t e d ly  o p e n in g  a n d  c lo s in g  t h e  v a lv e  

in  t h e  f i l l in g  l in e  a n d  c h e c k in g  t h e  c o m p o s i t io n  o f  t h e  m i x t u r e  u n t i l  t h e  d e s ir e d  

m ix t u r e  is  a p p r o x im a t e ly  f o r m e d . T h e n , t h e  c o m p r e s s o r  is  s e t  in t o  o p e r a t io n .  

T h e  s u p e r h e a t e d  g a s e o u s  m ix t u r e  c o o ls  d o w n  w i t h  i t s  p r e s s u r e  a n d  t e m p e r a 
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t u r e  d e c r e a s i n g ,  a n d  a f t e r  s u f f i c i e n t  t im e  fo r  h e a t  t r a n s f e r ,  t h e  m i x t u r e  p a r 

t i a l l y  c o n d e n s e s  a n d  s p l i t s  i n t o  a  l iq u id  a n d  a  v a p o u r  p h a s e .

C ir c u la t io n s  is  in d u c e d  t h e r m a l l y  b y  b o i le r  h e a t i n g  a n d  c o n d e n s e r  c o o l 

i n g  a n d  t h e  p r o c e s s  c o n t in u e s  u n t i l  e q u il ib r iu m  is  a t t a i n e d .  H e a t  in p u t  t o  t h e  

b o i l e r ,  i n  in i t i a l  t r ia ls ,  w a s  m a i n t a i n e d  c o n s t a n t  b y  a n  e le c t r ic a l ly  p o w e r e d  

1 2 0 0  W a t t  h e a t in g  e le m e n t .  T h e  h e a t e r  fo r  f l o w  m e a s u r e m e n t  h a s  t w o  h e a t i n g  

e l e m e n t s ,  1 0 0  W a t t s  e a c h .  T h e  d e s ir e d  s y s t e m  e q u i l ib r iu m  p r e s s u r e , a t  v a r i 

o u s  t e m p e r a t u r e s ,  is  a d j u s t e d  b y  m a n u a l ly  c o n t r o l l in g  t h e  c o m p r e s s o r  c a p a c i t y  

t h r o u g h  a d j u s t m e n t  o f  t h e  m a n u a l  e x p a n s io n  v a l v e ,  a n d  a ls o  t h e  h o t  g a s  b y 

p a s s  v a l v e  w h e n  n e c e s s a r y .  T h e  l iq u id  p r e h e a te r  i s  u s e d  t o  r e m o v e  t h e  s u b 

c o o l i n g  o f  t h e  l iq u id  c o n d e n s a t e  p r o d u c e d  in  t h e  r e f r ig e r a n t  e v a p o r a t o r s  b y  

h e a t i n g  t h e  r e f lu x  to  a p p r o x i m a t e l y  t h e  c o r r e s p o n d in g  b o i l in g  p o in t  t e m p e r a 

t u r e  a s  i n d i c a t e d  b y  s y s t e m  l i q u id - v a p o u r  e q u i l ib r iu m  c u r v e s .  E q u i l ib r iu m  

c o n d i t i o n s  a r e  in d ic a t e d  b y  c o n s t a n t  t h e r m o c o u p le  v o l t a g e  r e a d in g s ,  c o n s t a n t  

s y s t e m  p r e s s u r e  a n d  c o n s t a n t  l i q u i d  le v e l  in  t h e  b o i le r .

W h e n  t h e  s t e a d y  s t a t e  i s  r e a c h e d ,  w h ic h  is  g e n e r a l ly  b e t w e e n  2  a n d  3  

h o u r s ,  a  r u n  is  b e g u n  fo r  a  d u r a t i o n  o f  10  t o  2 0  m i n u t e s  d u r in g  w h ic h  t im e  

t h e  p h a s e s  a r e  s a m p le d . T h e  p h a s e s  a r e  s a m p le d  b y  l e t t i n g  a  s a m p le  o f  e a c h  

p h a s e ,  t a k e n  fr o m  t h e  p r o b e  b y  a  t u b e ,  f lo w  s t e a d i ly  t h r o u g h  a  H a r t m a n n  a n d  

B r a u n  U r a s  2  in fr a r e d  g a s  a n a l y z e r  c a l ib r a te d  u p  t o  3 0  m o le  %  C H 4. A n a ly s i s  

o f  b o t h  p h a s e s  is  c a r r ie d  o u t  i n  t h e  v a p o u r  s t a t e ,  a n d  in  s a m p l in g  t h e  l iq u id -  

p h a s e  a  c o p p e r  tu b e  c o il  t h r o u g h  w h ic h  s t e a m  f l o w s  i s  p la c e d  a r o u n d  t h e  p r o b e  

h e a d  t o  v a p o r iz e  t h e  f l o w i n g  s a m p l e  a n d  t o  p r e v e n t  d r y - ic e  f o r m a t io n  a t  t h e  

c a p i l l a r y  o p e n in g  o w in g  t o  t h r o t t l i n g .  G a u g e  p r e s s u r e  a n d  t h e r m o c o u p le  r e a d 

in g s  a r e  r e c o r d e d ,  a n d  c o n d i t i o n s  a r e  t h e n  c h a n g e d  f o r  a d d i t io n a l  r u n s  o n  t h e  

s a m e  l i q u i d .

R e s u l t s  a n d  c o m m e n ts

T h e  e x p e r im e n t a l  r e s u l t s  r e p o r t e d  h e r e in  d o  n o t  c o n s t i t u t e  m o r e  t h a n  

i n i t i a l  r e s u l t s  in  t h e  p r o c e s s  o f  t e s t i n g ,  a d j u s t in g  a n d  c a l ib r a t in g  t h e  s im p le  

e q u i p m e n t  u s e d  in  t h i s  p r e l i m i n a r y  s t u d y ,  a s  n e c e s s i t a t e d  b y  t h e  im p o r t a n c e  

o f  r e d e s i g n i n g  a n d  r e t e s t in g  o f  t h e  v a r io u s  c o m p o n e n t s  o f  t h e  e q u ip m e n t  o r  

a c c e s s o r i e s  b e fo r e  i t  c a n  b e  p o s s i b l e  t o  d e m o n s t r a t e  a n d  f i r m ly  e s t a b l i s h  t h e  

a d e q u a c y  o f  t h e  e q u ip m e n t  t o  o b t a i n  fa ir ly  r e l ia b le  e x p e r im e n t a l  r e s u l t s .

H e a t  c a p a c ity

T h e  h e a t  c a p a c i t y  h e a t  e x c h a n g e r  w a s  c a l ib r a t e d  b y  t h e  m e a s u r e m e n t  

o f  t h e  h e a t  c a p a c it ie s  o f  p u r e  l i q u i d  C 0 2 fo r  p r e s s u r e s  o f  3 0 , 4 0  a n d  5 0  a t m o 

s p h e r e s  a n d  t e m p e r a tu r e s  b e t w e e n  — 10  a n d  — 2 5  °C . F o u r  d e t e r m in a t io n s
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Table 1

Summarized pure component C02 heat capacity values

Pressure P atm. 30 40 40 50

Average temp. Г  C -1 0 ,5 -1 4 ,5 - 2 5 - 1 9

Gas pressure Pg atm. 1,054 1,06 1,053 1,050

Gas temp. V е 19,5 31 19 14,8

Volume of gas flowing AVg m3 3,286 3,395 0,272 0,245

Time interval At min. 60 60 5,0 5

Rate of molal flow n mol/hr 144,09 144,16 142,56 130,12

Temp, rise A T °  C 4,6 5,0 2,4 2.8

Heat input Q cal/hr 14 955 15 274 6 880 7 095

C p This work 22,638 21,29 20,11 19,47

cal Din [2] 23,150 21,87 20,64 21,04
gmol —°K % Dev. 2,203% 2,67% 2,58% 7,45%

h a v e  b e e n  m a d e  a n d  t h e  r e s u l t s  a r e  s u m m a r iz e d  in  T a b le  1 , c o m p a r e d  w i t h  

l i t e r a t u r e  d a t a  [ 2 ] .  A t  t h r e e  m e a s u r e m e n t s  t h e  %  d e v ia t io n  f r o m  l i t e r a t u r e  

v a lu e  i s  l e s s  t h a n  3 % , b u t  a t  t h e  5 0  a t m  i s o b a r  t h e  r e c o r d e d  d e v i a t i o n  i s  7 ,4 5 % .  

T h e  f a c t  t h a t  a l l  t h e  v a lu e s  m e a s u r e d  a r e  s m a l le r  t h a n  t h o s e  o f  D in  [ 2 ]  in d ic a t e  

c o n s id e r a b le  h e a t  g a in  f r o m  t h e  s u r r o u n d in g s ,  i n  p a r t ic u la r  r a d ia t io n .

I n  t h e  t a b l e  h t h e  r a t e  o f  f l o w  o f  t h e  g a s  i s ,  in  m o le s  p e r  h o u r ,  c a lc u la t e d  

a s s u m in g  t h e  g a s  t o  b e  id e a l  a t  a p p r o x im a t e ly  a t m o s p h e r ic  p r e s s u r e

P Vh =  — g Ч . y  i o 3 

R T g

w h e r e  Vg is  t h e  r a t e  o f  g a s  f l o w  in  m 3/h r ,  a n d

R  =  0 ,0 8 2 0 7  a t m  l i t / g m o l -  ° K  

is  t h e  u n iv e r s a l  g a s  c o n s t a n t .

Q =  V  I  ■ 8 6 0  c a l /h r

is  t h e  r a t e  o f  h e a t  in p u t  in t o  t h e  h e a t e r ,  f r o m  w h ic h  h e a t  c a p a c i t i e s  a r e  c a l 

c u la t e d  u s in g  t h e  r e la t io n s h ip
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w h e r e  AT  i s  t h e  t e m p e r a t u r e  r is e  a c r o s s  t h e  h e a t e r ,  V  t h e  v o l t a g e  in  v o l t s  a n d  

I  t h e  c u r r e n t  in  a m p e r e s .

A f t e r w a r d s ,  h e a t  c a p a c i t y  m e a s u r e m e n t s  w e r e  t a k e n  fo r  8  l iq u id  m i x 

t u r e s  a t  a n  a b s o lu t e  p r e s s u r e  o f  4 0  a t m o s p h e r e s  a n d  a n  a v e r a g e  t e m p e r a t u r e  

o f  — 2 1  ° C , T a b le  2 . T h e  u s e  o f  t h e  c o m m e r c ia l  t y p e  o f  g a s  r e g u la t o r s ,  t h o u g h

Table 2

Summarized CHi  — C02 liquid mixtures heat capacity data

Pressure P  atm 40 40 40 40 40 40 40 40

Average temp. T  °C -21 — 21 -21 -21 -21 -21 -21 -21

Composition X  mol % 
CH4 1,2 2,7 3,0 5,0 5,7 6,5 10,0 12

Volumetric
rate

gas flow 
V m3/hr 1,831 1,961 1,986 2,610 2,880 2,920 3,360 3,258

Molal Полу rate
h mol/hr 77,05 82,53 83,61 113,54 125,29 127,25 146,5 142,05

H eat input Q cal/hr 13 846 13 846 13 846 13 846 13 846 13 846 13 846 13 846

Temp, rise AT  °C 8,7 8,3 8,26 6,4 6,0 5,7 5,0 5,0

Cp measured 20,655 20,214 20,05 19,054 18,420 19,22 18,98 19,49

cal BWR [3] 21,34 21,20 21,13 20,90 20,85 20,75 20,36 20,17
g m o l-°K % Dev. 3,21 4,65 5,09 8,83 11,66 7,40 6,80 3,37

i t  h a s  p r o v e d  t o  b e  f a i r ly  s a t i s f a c t o r y  in  a s s u r in g  a  s t e a d y  f l o w  p r o c e s s  w i t h  

p u r e  C O a, h a s  t u r n e d  p r o b le m a t ic  w h e n  m e a s u r e m e n t s  a r e  r u n , u s in g  t h e  t w o  

g a s e s .  C o n t r o l  o f  t h e  c o m p o s i t i o n s ,  w h ic h  o f t e n  f l u c t u a t e d ,  h a s  b e e n  a  d i f f i c u l t  

t a s k ,  a n d  h a s  r e q u ir e d  v i g i l a n t  m e t e r in g  o f  t h e  r e g u la t o r  s e t t in g s .  M e t e r in g  

t h e  f l o w  r a t e  a n d  c o m p o s i t io n  c o n t r o l  a r e  t h e  m o s t  c r i t i c a l  o f  a ll  m e a s u r e m e n t s ,  

s i n c e  t h e i r  a c c u r a c y  is  t h e  l i m i t i n g  f a c t o r  in  t h e  e n t ir e  s e t  o f  m e a s u r e m e n t s .  

T h e  v a l u e s  m e a s u r e d  a r e  l i s t e d  w i t h  t h o s e  c a lc u l a t e d  w i t h  t h e  B e n e d ic t , 
W e b b  a n d  R ubin  e q u a t io n  o f  s t a t e  [3], w it h  %  d e v ia t io n s  p r e s e n t e d .  A n  

a v e r a g e  %  d e v ia t io n  o f  7 ,2 7 %  i s  s h o w n  o v e r  t h e  e n t ir e  r a n g e  o f  c o m p o s i t i o n s .  

H e r e ,  d e v ia t io n s  a r e  a ls o  a l l  p o s i t i v e  in d ic a t in g ,  a m o n g  o t h e r  t h i n g s ,  t h a t  

h e a t  g a i n  f r o m  t h e  s u r r o u n d in g s  p la y s  a  c o n s id e r a b le  r o le .

E r r o r  a n a ly s is

T h e  a c c u r a c y  o f  t h e  v a l u e s  o f  Cp d e p e n d  d ir e c t ly  u p o n  e r r o r s  i n  t h e  

d e t e r m i n a t i o n  o f  v o lu m e s  o f  g a s  f l o w i n g  t h r o u g h  t h e  g a s m e t e r ,  t i m e  i n t e r v a l ,  

v o l t a g e  a n d  a m p e r a g e  t o  t h e  h e a t e r  a n d  t h e  d e t e r m in a t i o n  o f  t h e  n u l l  p o i n t
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o n  t h e  t h e r m o p i le .  H e a t  le a k a g e  i s  a l s o  a  p o s s ib le  s o u r c e  o f  e r r o r  w h ic h  is  

a lm o s t  im p o s s ib le  t o  e s t im a t e  a n d  c a n  o n l y  b e  m in im iz e d  b y  t h e  d e s ig n  o f  

a  p r o p e r  c a lo r im e t e r .  T e m p e r a t u r e ,  p r e s s u r e  a n d  c o m p o s i t io n  a r e  in v o l v e d  

o n ly  in  t h e  f i x i n g  o f  t h e  s t a t e  a t  w h ic h  Cp is  o b t a in e d .  T h e  e x t e n t  t o  w h ic h  

t h e s e  l a t t e r  a f f e c t  Cp d e p e n d s  o n  t h e i r  m a g n i t u d e .  A  s u m m a r y  o f  p o s s ib le  

m a x im u m  e r r o r  a n a ly s is  is  g iv e n  in  T a b le  3 .

Table 3

Sources of uncertainty in the heat capacity results

Item Max. % error

Mass flow 2,00

Power input 0,20

Composition 2,00

Temperature 0,50
Pressure 0,20

Heat leakage 5.00

Total 9,90

Heat o f  m ixing

T h e  h e a t  o f  m ix in g  c o i l ,  c o n c e iv e d  a s  a  m e a n s  o f  p r o d u c in g ,  in  a  s h o r t  

t im e ,  a b u n d a n t  d a t a  o f  a  d e g r e e  o f  a c c u r a c y  s u f f i c i e n t  fo r  h e a t  o f  m ix in g  

m e a s u r e m e n t s ,  h a s  b e e n  s h o w n  t o  b e  in c a p a b le  o f  p r o d u c in g  t h e  k in d  o f  

a c c u r a c y  c o n t e m p la t e d .  T h e  b a s ic  id e a  i s  t o  d e te r m in e  t h e  c h a n g e  in  t e m p e r a 

tu r e  d u e  t o  i n t e r a c t i o n  w h e n  t h e  t w o  f l u i d s  a r e  b r o u g h t  t o g e t h e r  a n d  h o m o 

g e n iz e d  in  a  w e l l - in s u la t e d  m ix in g  c o i l .  H o w e v e r ,  in i t i a l  r u n s  w i t h  p u r e  C 0 2 

a n d  w it h  m ix t u r e s  h a v e  s h o w n  t h a t  s p u r io u s  h e a t  t r a n s f e r  t o  t h i s  5  m e t r e  

lo n g  c o i l  is  t o o  e x c e s s iv e  t o  a l lo w  a c c u r a t e  d e t e r m in a t io n s  o f  t h e  s m a l l  h e a t  

o f  m ix in g  v a lu e s  in  t h e  r a n g e  o f  m e a s u r e m e n t s .  T h is  n e c e s s i t a t e s  a  r e tu r n  

t o  t h e  o r ig in a l  id e a  a n d  r e d e s ig n in g ,  a s  m u c h  a s  p o s s ib le ,  a  p r o p e r  f l o w  c a lo r im 

e t e r  in  w h ic h  t h e  m ix in g  f lu id s  a r e  r a p id l y  h o m o g e n iz e d  in  c o m p o s i t i o n  a s  

w e l l  a s  t e m p e r a t u r e ,  a n d  w e l l  in s u la t e d  a g a in s t  c o n d u c t io n ,  a s  w e l l  a s  r a d ia t io n ,  

h e a t  g a in s .

Heats o f condensation

T a b le  4  p r e s e n t s  t h e  r e s u l t s  o f  i n i t i a l  t r ia l  r u n s  fo r  t h e  h e a t  o f  c o n d e n s a 

t io n  o f  a  C H 4— C 0 2 m ix t u r e s  a t  v a r io u s  p r e s s u r e s  a n d  t e m p e r a t u r e  s e t t in g s .  

T h e  e x p e r im e n t a l  d a t a  o b t a in e d  a r e  n o t  p o s s ib le  t o  in t e r p r e t  w i t h o u t  h e a t

Acta Technica Academiae Scientiarurn Hungaricae 92, 1981



416 B U K H A R I ,  M . A . I .— V E R E S ,  G .:

Table 4

Summarized heat o f condensation data measurement

Test pressure P  atm. 50 50 50 60 70 70

Boiler temp. Tb °C 8,3 5,0 9,0 17,6 21 14

Liquid composition x
CH4 mol % 2,7 3,0 2,7 0,07 3,3 3,0

Vapour composition у
CH4 mol % 9,8 12,5 10,0 7,0 15,9 16,5

Heat input to  heater
Qh K.cal/hr 172,00 172,00 86,00 172,00 172,00 172,00

Heat input to preheater
Qp.h. K.cal/hr 745,62 580,50 0,00 828,20 835,92 1032,00

Heat input to boiler
Qh K.cal/hr 1032,00 1032,00 1032,00 1032,00 1032,00 1032,00

Temp, rise across heater
AT*  C 9,6 10,5 6,5 7,1 5,0 4,3

Heat cap. of condensate
Cp ■ cal/gmol °K 22,22 22,21 22,21 21,88 29,46 24,69

Molal flow rat<
h К  • mol/hr 0,807 0,732 0,596 1,107 1,179 1,387

ZjtfCOND measured 2415 2439 1877 1835 1731 1612

cal
mol

H  -  X  
Diagram (3) 2200 2200 2200 1870 1420 1640

c a p a c i t y  d a t a  fo r  t h e  v a r io u s  m i x t u r e s .  T h e  h e a t  c a p a c i t y  d a t a ,  n e c e s s a r y  f o r  

f l o w  r a t e  d e t e r m in a t io n s ,  i s  c a l c u l a t e d  f r o m  T a b le  (3  — 1 6 )  [ 3 ] .  M o la l f l o w  

r a t e s  a r e  c a l c u l a t e d  a s  f o l lo w s :

• =  _  Qh (19)
CpAT

w h e r e  QH i s  t h e  h e a t  in p u t  i n t o  t h e  g ly c o l  h a t h ,  a n d  AT  i s  t h e  t e m p e r a t u r e  

r is e  a c r o s s  i t .  T h e  h e a t  o f  c o n d e n s a t io n  i s  t h e  n e t  h e a t  in p u t  in t o  t h e  s y s t e m ,  

d iv id e d  b y  t h e  f l o w  r a te :

AH C0ND =  . ( 2 0 )
h

A lo n g s i d e  t h e  m e a s u r e d  v a lu e s  a r e  l i s t e d  v a lu e s  o f  Z Ü íCOND o b t a in e d  f r o m  

t h e  c o n s t r u c t e d  e n t h a l p y - c o m p o s i t i o n  d ia g r a m s  [ 3 ] .  Q u a l i t a t iv e  a g r e e m e n t  

b e t w e e n  t h e  t w o  s e t s  o f  d a t a  i s  e n c o u r a g in g ,  t h o u g h  t h e s e  in i t i a l  r u n s  h a v e
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in d i c a t e d  s e v e r a l  s h o r t c o m in g s  w h ic h  h a v e  t o  b e  d e a l t  w i t h  b e f o r e  fu r th e r  

r u n s  c a n  b e  p e r fo r m e d . T h e  e x p e r im e n t a l  d e t e r m in a t io n  o f  t h e  h e a t s  o f  c o n 

d e n s a t io n  c o n c o m i t a n t l y  w i t h  t h e  l iq u id - v a p o u r  e q u il ib r iu m  o f  t h e  c o e x is t in g  

p h a s e s  p r o v id e  a  c h e c k  o n  t h e  i n t e r n a l  c o n s i s t e n c y  o f  t h e  d a t a  o b t a in e d .  

T h e  m e a s u r e d  c o m p o s i t io n s  o f  t h e  c o e x i s t i n g  l iq u id  a n d  v a p o u r  p h a s e s  d o  n o t  

a g r e e  e x a c t l y  w i t h  l i t e r a t u r e  l i q u id - v a p o u r  e q u il ib r iu m  d a t a ,  p a r t ic u la r ly  

t h o s e  o f  t h e  l iq u id - p h a s e .  B e c a u s e  t h e  b o i l in g  i t s e l f  is  n o t  s u f f i c i e n t  t o  e n su r e  

b y  m i x in g  o f  t h e  b o i l in g  l iq u id  w i t h  r e t u r n in g  c o ld  c o n d e n s a t e ,  c o n c e n t r a t io n  

a n d  t e m p e r a t u r e  g r a d ie n t s  c a n  a r is e  i n  t h e  b o ile r . T h e  l i q u id  i n  e q u il ib r iu m  

w it h  v a p o u r  m ix e s  w i t h  p a r t  o f  t h e  r e t u r n in g  c o n d e n s a t e  d u r in g  t h e  w i t h 

d r a w a l  o f  t h e  s a m p le .  T h is  e r r o r  c a n  b e  d im in is h e d  b y  t h e  u s e  o f  a  la r g e  a m o u n t  

o f  s o lu t io n ,  in d i c a t e d  b y  t h e  l i q u id  l e v e l ,  i n  t h e  b o ile r . E q u i l ib r i u m  t e m p e r a 

t u r e s  a ls o  d o  n o t  c o r r e s p o n d  e x a c t l y  t o  l i t e r a t u r e  v a lu e s  a n d  t h i s  m a y  b e  

a t t r ib u t e d  p a r t l y  t o  t h e  p r e s e n c e  o f  im p u r i t i e s  in  t h e  m e t h a n e  g a s .  O th e r  

s o u r c e s  o f  e r r o r  t o  b e  b e w a r e  o f  a r e  p r e m a t u r e  b o i l in g  p r o d u c e d  b y  t h e  p r e 

h e a t e r ,  a n d  e x c e s s iv e  c o n d e n s a t e  s u b c o o l in g  n o t  c o m p e n s a t e d  f o r  b y  t h e  p r e 

h e a t e r  a n d  n o t  c o r r e c te d  in  t h e  c a l c u l a t i o n s ,  le a k a g e  in  t h e  s y s t e m  a n d  in 

a d e q u a t e  p ip e  in s u la t io n .

C o n c lu s io n

B e c a u s e  o f  t h e  d i f f ic u l t i e s  c i t e d  a b o v e ,  t h e  d is p a r it ie s  b e t w e e n  m e a s u r e d  

v a lu e s  a n d  l i t e r a t u r e  o n e s ,  a n d  t h o s e  c a lc u la t e d  o n  t h e  o t h e r  h a n d ,  a r e  c o m 

p r e h e n s ib le .  C o n s e q u e n t ly ,  f u r t h e r  e f f o r t s  s t i l l  c o n t in u e  t o  r e c t i f y  t h e s e  v a r i

o u s  d e f i c i e n c i e s ,  in  t h e  p r o c e s s  o f  a d j u s t in g ,  r e c a l ib r a t in g  a n d  t e s t i n g  th e  

v a r io u s  c o m p o n e n t s  o f  t h e  e x p e r im e n t a l  a p p a r a t u s  in  t h i s  l a b o r a t o r y ,  in  o r d e r  

t o  r e d u c e  t o  a  m in im u m  e v e r y  d e f e c t  a n d  t o  e s t a b l is h  i t s  r e l i a b i l i t y  fo r  p r e c is e  

e x p e r im e n t a l  d a t a  m e a s u r e m e n t .  F u r t h e r  e n d e a v o u r s  a r e  f o r e c o m in g  to  

e x t e n d  t h e  r a n g e  o v e r  w h ic h  f u r t h e r  m e a s u r e m e n t s  c a n  b e  p e r f o r m e d ,  a n d  

t o  e x p lo r e  a n d  d e v e lo p  n e w  a r e a s  o f  in v e s t ig a t io n .
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Entwicklung einer Versuchs Vorrichtung гиг Messung der thermodynamischen Kenn
werte des durch C02 verunreinigten Erdgases. II. Teil. — Der zunehmende Energiebedarf 
erfordert die Benutzung der eher fü r unwirtschaftlich abgeschätzten, m it C02 verunreinigten 
Erdgasvorräte. Zur technischen Berechnung der Erdgas vorbereitenden Einrichtungen sind 
zuverlässige thermodynamische Angaben erforderlich im gewünschten P-T-x Bereich des als 
ein Modell vorteilig brauchbaren CH4—C 02 Systems. In der vorhandenen Abhandlung wer
den jene Versuchsvorrichtungen vorgeführt, die zur gleichzeitigen Messung der integral- 
isobaren Kondensationswärme, der Gleichgewichtswerte der Dampf-Flüßigkeit sowie der 
Mischungswärme der in der Flüßigkeitsphase befindlichen Mischung und der Isobarwärme
kapazität geeignet sind.
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