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HUNTINGS IN 3-PHASE MACHINES
SO M E S P E C IA L  F E A T U R E S

K. P. KOVÁCS,1 W. G E Y SE N ,2 G. P F A F F 3 

[M anuscript received 16 O ctober, 1979]

In last decade or so the problem of se lf-excited  huntings in synchronous and  
induction m achines becam e the subject o f new  investigations. A newly observed phenom ­
enon (the electrom agnetically  self-excited oscillations in synchronous m achines supp ly­
ing a passive inductive network) gave things a new  aspect. This article is dealing w ith  
a new sim ple m ethod o f determ ining o f dam ping factor in synchronous and induction  
3-phase m achines. W e do calculate the dam ping factor in two steps: at first one calcu­
lates this factor w ith stator resistances neglected (m j; Rs =  0), at second we are m aking  
the same process w ith  supposingly negligible rotor resistances (ma; R r =  0). The real 
dam ping factor of m achine will be given as the algebraic sum of both  com ponent 
dam ping factors (ma +  ma — ma)- We are show ing th at this simple m ethod m akes a 
good approxim ation at supplying frequencies close to the rated frequency on ly . B y  
using this superposition m ethod we are determ ining stab ility  lim iting curves in som e  
special cases. In last part we are dealing w ith  oscillations of a synchronous m achine  
supplying a passive (inductive) network.

Introduction

In  th e  la s t decade or so m any  a u th o rs  w ere  dealing  w ith  h u n tin g  p ro b ­
lem s of e lec tric  m ach ines; a g rea t n u m b er o f  s tu d ie s  w ere pub lished  in  books 
an d  p ap ers  f.i. [1] to  [4]. T hese in fo rm a tio n s  are  so num erous t h a t  even 
to  co u n t th e  p u b lish ed  re su lts  is a lm ost im possib le . So we are m a k in g  our 
in v es tig a tio n s  consciously  so as no t to  a t te m p t  an y  com pleteness, b u t  on ly  
to  call th e  a t te n tio n  to  som e in te re s tin g  v iew -p o in ts  of th e  su b jec t.

W e know  th a t  since th e  d ig ita l c o m p u te r  age th e  so lu tion  o f m o st so p h is­
tic a te d  p rob lem s is easily  av a ilab le , b u t  on th e  o th e r  h an d , as a co n seq u en ce , 
th e  b ack g ro u n d  o f th e  occu rrences are  u n fo r tu n a te ly  often  o v er-shadow ed .

W e w ill t r y  to  e n lig h te n  th e  p h y sica l b ack g ro u n d  of th e  p h en o m e n a  
d u rin g  ou r in v es tig a tio n s .

W e are  describ ing  f i r s t  a general, b u t  sim p le  m eth o d  to  d e te rm in e  th e  
d am p in g  fa c to r  in  sy n ch ro n o u s  and  in d u c tio n  m ach ines connected  to  an  in ­
f in ite  bus. T he sign o f th e  dam ping  fa c to r  is ch a rac te ris tic  fo r th e  s ta b le

1 Prof. K . P. K ovács, Member of the H ung. A cad, o f  Sciences; scientifical adviser o f  
the chair “E lektrotechnika” o f  the Technical U n iversity  B udapest; H-1011 B udapest, V ám  u. 
2., Hungary.

2 Prof. Dr.-Ing. W. Ge y s e n  Catholic U niv. o f  Leuven. Inst. El. E ngng., B elg ium .
3 Prof. D r.-lng. G. P f a f f  U niv. Erlangen, Inst. El. Antriebe B R D .
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4 KOVÁCS, K. P.

(s ig n  +  ) o r u n s tab le  (sign  — ) w o rk ing  o f m ach in es  reg a rd in g  to rs io n a l h u n tin g  
p h e n o m e n a . R ased  on th is  g en era l m e th o d  w e w ill exam ine th e  d a m p in g  fa c to r  
b y  u s in g  a sim ple su p e rp o s itio n  p rinc ip le  [5]. I t  can  be show n th a t  th is  s im p lif­
ic a t io n  leads to  a good  a p p ro x im a tio n  i f  th e  su p p ly  freq u en cy  is n o t  less 
t h a n  0 .6  (in p .u . sy s tem ). T o  d e m o n s tra te  th is  w e w ill in v es tig a te  th e  in flu en ce  
o f  f re q u e n c y  sp eed co n tro l o n  th e  dam p in g  fa c to r , using  th e  g enera l m e th o d . 
W e w ill com pare th e  r e s u lts  o f  b o th  m e th o d s . I n  th e  la s t p a r t  o f  th e  p a p e r, 
u s in g  o u r  general m e th o d , w e w ill in v e s tig a te  th e  s ta b ility  o f sy n ch ro n o u s  
m a c h in e s  supp ly ing  a p a ss iv e  n e tw ork .

Introductory rem arks
<

T o  o b ta in  th e  m o st s im p le  cond itions, w ith o u t in fluencing  th e  g e n e ra lity  
o f  o u r  discussion, we a re  u s in g  th e  follow ing a ssu m p tio n s:

1) T he synch ro n o u s m ach in e  has a ro u n d  ro to r  (the  a ir-gap  is u n ifo rm  
o v e r  th e  circum ference).

2) T he ro to r  is e q u ip p e d  w ith  a tw o -p h ase  sy m m etrica l w ind ing  sy stem . 
O n e  o f  th e se  w indings is th e  exc ite r-w in d in g , w h ich  is sh o rt-c ircu ited  o v e r th e  
e x c i te r  m achine. T h e  im p e d a n c e  o f ex c ite r m ach in e  is neglig ib le co m p ared  
to  t h e  ro to r  im pedance . I f  th e  ex c ita tio n  c u r re n t  is zero, th e  m ach in e  goes 
o v e r  in to  induc tio n  m ach in e  opera tio n .

3) W e suggest t h a t  th e  m ag n etic  fie ld  d is tr ib u tio n  over th e  p o le -p itc h  is 
s in u so id a l.

4) W e are u sing  a  c o o rd in a te  sy stem  f ix e d  to  th e  ro to r  w here th e  rea l 
a x is  (d  d irection) is c o a x ia l to  th e  ex c ite r w in d in g  and  th e  im a g in a ry  axis 
(q  d ire c tio n )  is in  q u a d ra tu re  to  th e  d  ax is i.e . d isp laced  b y  90° in  a  p o s itiv e  
d ire c t io n  (coun ter c lockw ise).

5) W e are using  th e  p .u . sy stem  an d  d im ension less fo rm  o f eq u a tio n s .
6 ) W e shall lin earize  o u r  equ a tio n s b y  co n fin in g  to  sm all changes on ly ;

i.e . t h a t  we assum e th a t  d u rin g  oscillations th e  average  speed  o f m ach in e  is 
c o n s ta n t  or only slow ly  ch an g in g . D ue to  th e  lin ea riza tio n  one can  go over 
to  t h e  L ap lace-dom ain .

Line o f  thoughts on calcu lating method

a) W e assum e t h a t  th e  s te a d y -s ta te  ru n n in g  o f  m achine is d is tu rb e d  b y  
a s m a ll  A T  u n it to rq u e -s te p .

b) W e have c a lc u la ted  th e  response fu n c tio n  Aco =  Aco(p); i.e. th e  v a r ia ­
t io n  o f  speed  caused b y  th e  to rq u e -s te p  A T . p  is th e  L ap lace va riab le ; one  m u s t 
im a g in e  th a t  th e  sy m b o l s, genera lly  used  as a  L ap lace v a riab le , in  e lec tric  
m a c h in e  th eo ry , is u sed  to  d en o te  th e  slip o f  m ach ine .

Acta Technica Academiae Scientiarum Hungaricae ,91, 1980



HUNTINGS IN 3-PHASE MACHINES 5

c) W e d e fin e  th e  o p e ra to r  im p ed an ce  o f  h u n tin g s  as:

— A T
4 P )

p A c
( 1 )

d) To o b ta in  th e  d am p in g  fa c to r  w e h a v e  f irs t  to  define th e  re sponse  
fu n c tio n  o f  a  perio d ica lly  chan g in g  to rq u e  d is tu rb a n c e . T h a t is:

A T  =  A T e l°r. (2)

I f  such  a to rq u e  is a c tin g  on  th e  sh a ft a h a rm o n ic a lly  changing s te a d y -s ta te  
oscillation  o f  ro to r  is a tta in e d . T his re sp o n se  fu n c tio n  m ay be d e riv e d  from  
o p e ra to r  im p ed an ce  — E q . (1) — b y  s e tt in g :

P = j Q

T he com plex  h u n tin g  im p ed an ce  — in  case  o f  sinuso idally  c h an g in g  to rq u e  
d is tu rb an ce  a t  s te a d y -s ta te  oscilla tions — is :

and

Z h{jQ ) =

Aco =  —

A T

Aco

A T

Zh(jQ)

e) T h e  re a l  p a r t  o f h u n tin g  im p ed an ce  is  th e  dam ping  fa c to r:

Ä f -

(3)

(4)

d  — R  e [Z h(jQ )] —  — R e
Aco

(5)

f) T he im a g in a ry  p a r t  o f  th e  com plex  h u n tin g  im pedance is p ro p o r tio n a l 
to  th e  sy n ch ro n iz in g  to rq u e  caused  b y  r o to r  oscilla tions. T h a t is :

T s - jQ lm [ Z h(jQ)] =  —jQ I m

g) I f  th e  d am ping  fa c to r  is p o s itiv e , a n y  d istu rbances w ill b e  d am p ed , 
an d  even in  case  o f  perio d ica lly  chang ing  fo rc e d  to rq u e  oscillations o n ly  c o n s ta n t 
sm all h u n tin g  am p litu d es rem ain . S to c h a s tic a lly  d is trib u ted  sm a ll to rq u e  
d is tu rb an ces  w hich  m ay  be  a p p ro x im a te d  b y  period ically  c h an g in g  sm all 
o rque d e v ia tio n s , are  in  th e  case o f p o s itiv e  d am p in g  fac to r so fa r  d a m p  ed 
h a t  th e  sm o o th  ru n n in g  o f  m ach ine  is n o t  in flu e n c e d  a t  all.

A T
Aco

(6)

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



6 K0VÄCS, K. P.

h) I f  th e  d am p in g  fa c to r  is n eg a tiv e  th e  am p litu d es  o f th e  to rs io n a l  
o sc il la tio n s  are increasin g  u n t i l  a s te a d y -s ta te  h u n tin g  of m ach in e -sy s tem  
ta k e s  p la c e  whose a m p litu d e s  are  due to  e lec tro m ech an ica l n o n lin ea ritie s  an d  
d u e  to  m ech an ica l fr ic tio n  lim ite d  only. In  som e special cases a p u ll-o u t of 
sy n c h ro n ism  m ay  occur.

I n  case w hen th e  d a m p in g  fac to r has a n e g a tiv e  value, even th e  sm a lle s t 
s to c h a s tic a l ly  d is tr ib u te d  to rq u e  d is tu rb a n c e s  m a y  cause increasing  h u n tin g  
a m p li tu d e s  and  a s te a d y -s ta te  h u n tin g  o f la rg e  am p litu d e  will ta k e  p lace . In  
th e s e  l a t t e r  cases th e  fre q u e n c y  of oscillations is th e  n a tu ra l freq u en cy  ( fu n d a ­
m e n ta l ly  defined  b y  th e  ro ta t in g  sy stem ’s m ass  m o m en t of in e r tia  a n d  of 
th e  sy n ch ro n iz in g  to rq u es). N o forced p e rio d ica lly  chang ing  to rq u e  d is tu rb a n c e s  
a re  n e c e ssa ry  to  upho ld  th e  u n s ta b le  co n d itio n s.

Equations for sm all changes

W e shall set dow n th e  eq u a tio n s  in  th e  L ap lace -d o m ain  for sm all ch an g es 
d ire c t ly , reso lved  in to  re a l a n d  im ag in a ry  p a r ts  (d  an d  q d irections). F o r  th e  
sak e  o f  sim p lic ity , w ith o u t in flu en c in g  th e  g e n e ra l v a lid ity , we assum e th a t  
th e  s t a to r  and  ro to r leak ag e  reac tan ces  are  m u tu a l ly  equal. T h a t is: X sl X rl 
a n d  th e re fo re  X d =  X r; X'd =  X'r an d  X J X d K s =  X J X r =  K r =  K .

S u g g estin g  th a t  th e  m ach in e  w as ru n n in g  w ith  synchronous ra te d  sp eed  
b e fo re  th e  to rq u e  d is tu rb a n c e  A T  ac ted : is со —- 1. In  th e  vo ltag e  e q u a tio n s  
below  w e sha ll use th e  fo llow ing  sym bols: sa =  R sjX 'd an d Sp =  а д  = R rix 'd. 

S ta to r  vo ltage  e q u a tio n s :

A U d =  Us cos ôAô  =  (p  +  sa)Aipd — Aipq — y>qAco — K s aAiprd,

ATJq =  — Us sin  ÔAÔ =  Axpd +  (p  +  sa)Ayjq +  y>dA (0  — K saA y rq. (7)

R o to r  v o lta g e  eq u a tio n s:

0 =  (p  +  sp)A y rd — K s pAy)d,
( 8 )

0 =  (p  +  sp) A f rq — K s pAipq.
T o rq u e  e q u a tio n :

A T  -  ------
hpAco d-------- =  Im(i/)*/hs - f  /ly ? rs) =

P
=  — К / X d(xpdAxprq — y)qA f rd +  1PrqAipd — y rdAy>q). (9)

In  E q s  (7), (8) and  (9) th e  sy m bo ls d, rpd, y>q, xprd a n d  xprq (the load  angle a n d  f lu x  
l in k a g e s , respective ly ) a re  s te a d y -s ta te  va lues o f  th e  m achine before  th e  d is­
tu r b a n c e  caused  b y  th e  u n i t  to rq u e  step  A T  o c c u rre d ; h is th e  p .u . v a lu e  o f 
m o m e n t o f in e rtia : h =  J œ \ lP R w here J  =  m o m en t of in e r tia  (W seca);
P R =  r a te d  pow er (R 7).
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HUNTINGS IN  3-PHASE MACHINES 7

Superposition  m ethod

To d e te rm in e  th e  d am p in g  p ro p e rtie s  of th re e -p h a se  m ach ines a su p e r­
position  p rinc ip le  m ay  he used  b ased  on th e  sugg estio n  th a t  th e  o vera ll d a m p ­
ing  fac to r  o f th e  m ach ine  m ay  be  reso lved  in to  tw o  se p a ra te d  co m p o n en ts . 
T h e  f irs t co m p o n en t can  he o b ta in e d  if  th e  s ta to r  re s is tan ce  is neg lec ted  (R s= 0; 
sa =  0) and  th e  ro to r  res is tan ce  h a s  a ce rta in  v a lu e  (R r ^  0; sp 0). W e w ill 
den o te  th is  c o m p o n en t of d a m p in g  fac to r  as dr. T h e  o th e r  co m p o n en t can  be 
ca lcu la ted  i f  we suggest th a t  th e  ro to r  re s is tan ce  eq u a ls  zero (R r — 0; sp — 0) 
an d  th e  s ta to r  re s is tan ce  has a c e r ta in  v alue  (R s ^  0; sa 0). T his co m p o n en t 
d am ping  fac to r  m a y  he d en o ted  b y  ds. U nder w ell d efin ab le  co n d itio n s th e  
rea l d am ping  fa c to r  of m ach ine  can  be given by  a lin e a r  su p erp o sitio n :

d  =  dr +  d s. ( 10)

T h e  perm issib le  u se  o f th is  s im ple m eth o d  has c e r ta in  lim its  an d  we w ill show  
fu r th e r  on u n d e r  w hich co n d itio n s th is  in te llig ib le  m e th o d  leads to  a fa irly  
close a p p ro x im a tio n .

F irst dam p in g  fac to r com ponen t

R s =  0; R r 0. F o r th e  sak e  o f fu r th e r  s im p lifica tio n  we s ta r t  from  th e  
no load  p o in t o f  m ach ine, i.e. â =  0(s =  0).

In  th is  case is Us =  jy>s or U d =  —y>q and  Uq =  y d. On th e  o th e r h a n d  a re :

Ay>d =  A U q =  — U s sin  ôAô =  0 an d  Aipq =  — A U d =  — Us cos ÔA6 =

=  — UsAô.

B y using  E q s (8) an d  (9) an d  w ith  resp ec t to  E qs (3) an d  (5) we o b ta in :

jQ h A w  +  A T  =  2 T „ ----1— - A o~j+  z b ,
Ps p + j Q  j Q X d

and  th e  f irs t d am p in g  fac to r c o m p o n en t m ay  be ca lcu la ted  as:

ns nR e Г— — 1 J V
Lsp - f  j Q \  s 2 -l O2

( 11)

( 12)

In  E q . (12) T p is th e  in d u c tio n  m ach ine  j>ull-out to rq u e :

r p =  k >ips/2x ;.

F ro m  E q. (12) one can  see th a t  th is  d am ping  fa c to r  co m p o n en t is in d e p e n d e n t 
o f th e  e x c ita tio n  o f th e  sy n ch ro n o u s  m ach ine a n d , th e re fo re , th is  d am p in g  
fac to r  co m p o n en t is valid  for th e  in d u c tio n  m ach in e  o p e ra tio n , too  (U p — 0).
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8 KOVÁCS, K. P.

Second dam ping factor com ponent

R s ^  0; R r =  0. I n  th is  case  is A y rd =  Arprq =  0. B y  using  E q s  (3), (5), 
(8 ) a n d  (9) for th is  d a m p in g  fa c to r  co m p o n en t w e o b ta in :

do — 5л
1 -  sg -  Q2 

(1 +  -  Ü ’- f  +  IsJ-Q5
[2 Т ,  +  Ш (13)

F r o m  E q . (13) tw o p h y s ic a lly  im p o r ta n t  conclusions a b o u t th e  ro le  of th e  
s t a t o r  re s is tan ce  on th e  d a m p in g  fa c to r  o f  m ach in e  are  to  be o b ta in e d :

a) T h is co m ponen t d a m p in g  fa c to r  is , in  p ra c tic a l cases, a lw ays n eg a tiv e . 
T h e  v a lu e  of sa is, n am ely , in  th e  ran g e  of 0,08 to  0,15 (s2 =  6,4 • 1 0 ~ 3—0,0225) 
a n d  th e  n a tu ra l freq u en cy  o f  to rs io n a l o scilla tions is in  th e  ran g e  o f  Q  =  0,03 
to  0 ,3  (Q 2 =  9 • 1 0 -4 —0,09) an d , th e re fo re , 1 «a +  ß 2- T he low er fig u re  is 
v a l id  fo r  b ig  sized tu rb o -a lte rn a to rs  an d  th e  u p p e r  lim it s ta n d s  fo r m achines 
o f  a b o u t  1 —2 kW  o u tp u t . I f  th e  e lec tric  m ach in e  is m ech an ica lly  coup led  w ith  a 
p r im e -m o v e r  or a m ech an ica l lo ad , th e se  va lu es  o f n a tu ra l  frequenc ies are  low er.

b) T his com ponen t d ep e n d s  on  th e  e x c ita tio n  o f th e  sy n ch ro n o u s  m ach ine. 
I f  t h e  ex c ita tio n  U p is in c re a s in g , th e  second  d am p in g  fa c to r  co m p o n en t 
b e c o m e s  m ore n eg a tiv e  w h ich  m ean s th a t  th e  s ta b il i ty  o f m ach in e  is becom ing  
w o rse . T h e  neg a tiv e  v a lu e  o f  th is  co m p o n en t has a  m in im u m  if  th e  e x c ita tio n  
e q u a ls  zero , i.e. th e  m ach in e  is go ing  over in to  in d u c tio n  m ach in e  o p era tio n .

Overall damping factor

B y  using E qs (10), (12) a n d  (13) w e o b ta in  th e  d am p in g  fa c to r  o f th e  
m a c h in e  as

d  — dr -f- ds — 2‘Tpsp
s2P + Q 2

2 T , ; U p 4
(1 +  sa

sl -  ß 2
ß 2)2 +  4ß2S2 *

(14)

I n  E q s  (13) and  (14) is UsU pI X d =  T max th e  m ax im u m  o u tp u t  o f th e  sy n ch ro n ­
o u s  m ac h in e  a t  c o n s ta n t e x c ita t io n  c u r re n t (U p =  ir • X m). B y  in tro d u c in g  
th e  sy m b o l m  =  T max/2 T p, fo r  th e  d am p in g  fa c to r  we o b ta in :

d =  2 T r
L s l  +  Q 2

— (1 +  m)s
1 - s 2a -  Q 2 

(1 +  s i  -  f î2)2 +  4i22.s2
(15)

T h e  l im it  betw een s ta b le  c o n d itio n s  (d >  0) an d  u n s ta b le  co n d itio n s (d <  0) 
is  re p re se n te d  by  th e  e q u a tio n :

d =  0 =
s% +  Q 2

—  (1 +  m)
(1 +

s2 -  Q 2 
Q2)2 +  4s2ß 2

(16)
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HUNTINGS IN 3-PHASE MACHINES 9

In  case o f  a  fu lly  sy m m e tr ic a l m achine (sp =  sa) w e o b ta in  fo r th e  lim it con­
d itio n s a t  no lo ad :

Q i -
3 +  m
2 -f- m

- 2  s2a Q 2 +
(1 — m )s l +  1 

2 m
+  s* =  0 . (17)

In  case o f  a squ irre l-cage  o r w o u n d -ro to r in d u c tio n  m ach ine  is m  =  T max/2 T p=  
=  0 an d  assum ing  t h a t  sp =  s0 =  0,15, fo r th e  freq u en cy  o f a  possib le  self- 
ex c ited  osc illa tion  w e o b ta in  an  eq u a tio n  o f th e  fo u r th  g rade  in  Q:

Q i -  1,46 Q2 +  0,512 =  0

w hich  h as  tw o  p o s itiv e  ro o ts  =  0,935 a n d  Q 2 =  0,765. T h a t  m eans th a t  
a lth o u g h  se lf-excited  h u n tin g s  are  n o t ex c lu d ed  in  p rin c ip le , b u t  betw een  
th e  lim its  —*■ Q 2 o n ly  a re  possible ( fx =  0 ,935 • 50 =  47 H z an d  f 2 =
=  0,765 • 50 =  38 H z); th e se  frequencies a re  ly in g  g re a tly  over th e  ex p ec tab le  
n a tu ra l  frequencies o f  th e  ro ta tin g  system , a n d  th e re fo re  th is  in s ta b ili ty  has 
no  in fluence  on th e  sm o o th  ru n n in g  of th e  m ach in e  d iscussed . In  h a rm o n y  w ith  
experience, i t  m a y  be  s ta te d  th a t  if  a sy n ch ro n o u s  m ach in e  h as  a  good and  
sy m m etrica l d am p erw in d in g  (in ou r case th e  tw o -p h ase  w ind in g -sy stem  on 
th e  ro to r)  or in  case o f  n o rm a lly  designed in d u c tio n  m ach ines, se lf excited  
o scilla tions are  p ra c tic a lly  im possible.

Controlled supply frequency

U n til now  we w ere d eab n g  w ith  cases in  w h ich  th e  m ach ine  w as connectep  
to  an  in f in ite  m a in  o f r a te d  frequency . N ow  w e w ill discuss th e  b e h av io u r o f 
a freq u en cy  co n tro lled  m ach ine , w ith  re sp ec t to  th e  d am p in g  fac to r . O ur 
s ta r t in g  p o in t is th e  e q u a tio n  system  given b y  E q s  (7), (8) an d  (9), b u t  ex ten d ed  
to  v a ria b le  in p u t  freq u en c ies . T he v o ltage  e q u a tio n s  are  a t  no  lo a d  (<5 =  0) 
an d  a t  th e  su p p ly  f re q u e n c y  со: for th e  s ta to r :

A U d =  (p  +  sa)A y d — coAy>q — xfqAco — K s aA y rd, 

A U q =  coAipa - f  (yqp  +  sa)A  +  ipdAoj — K sqA y ra,
(18)

fo r th e  ro to r :
0 =  (p  +  sp)A y rd — K spA tfa ,

0 =  (p  +  sp)A y rq -  KSpAtpg.

T h e to rq u e  eq u a tio n  is:

A T  К
hpAco H-------- =  — —— (ipdA y rq — y qA y rd +  yprqA\pd — y rdAy>q).

P  x d‘

(19)

(20)
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1 0 KOVÁCS, K. P.

T o  d e te rm in e  of s te a d y -s ta te  q u a n titie s , before th e  d is tu rb in g  to rq u e  A T  
h a s  a c te d ,  th e  s ta to r  re s is ta n c e  m a y  be neg lec ted , i.e . Us =  j<x>xps; U d == —u>y)q 
a n d  U q =  coipd. A t no lo a d  is Us =  Uq =  a>\pd; Ud =  — my)q =  0. T h e  sm all 
v o l ta g e  changes m ay be  c a lc u la te d  as:

A U  d =  o)ipdAÖ an d  A Uq =  0.

I t  m a y  be  seen th a t  we su g g e s te d  th a t  th e  su p p ly  v o ltag e  is p ro p o rtio n a lly  
v a r ie d  to  th e  ac tual su p p ly  fre q u e n c y . F ro m  E q s (18), (19) an d  (20), b y  neg­
le c t in g  th e  th ird  o rder q u a n t i ty  sp ■ sa • (1 — k2), fo r th e  d am p in g  fa c to r  we 
o b ta in  to  a very  close a p p ro x im a tio n :

d =

A d a  Technica Academiae Scientiarurn Hungaricae 91, 1980



HUNTINGS IN 3-PHASE MACHINES 11

T h e d e n o m in a to r o f  E q . (21) is a lw ays p o s itiv e  (every  te rm  is th e  sq u a re  of 
a n u m b er). T he n u m e ra to r  is a fu n c tio n  o f  th e  fo u r th  grade, g iven  in  a form  
w here  th e  ro o ts  are  d ire c tly  av ailab le . T he zeros are:

co1 =  Q /  s p +  s a

ft). Q [  (sP +  say  +  Í28 
1 sf, +  Q*

( 22)

O nly  po sitiv e  values o f o> are  to  be ta k e n  in to  acco u n t. T ak ing  as a p ra c tic a l 
ex am p le : sp =  0,15; sa =  0,1 and  Q  =  0 ,12, w e o b ta in

ft), 0,12 0,25
0,15

0,155 and со. 0,12
0,252 +  0,122 
0,152 +  0,122

0 ,173 .

T h e  d am p in g  fac to r  h as  in  th e  in te rv a l o>1 =  0,155 to  co2 =  0,173 n e g a tiv e  
va lues. U n d e r a>1 =  0,155 a n d  over w2 =  0 ,173 th e  dam ping  fa c to r  is p o sitive . 
(See F ig . 1.) T h is p ro p e r ty  o f  frequency  c o n tro l lead in g  to  in d u c tio n  m ach ines 
is since a long  tim e  w ell k n o w n  [1] an d  m ean s t h a t  th e  m achine is te n d e n c e d  
to  p erfo rm  se lf-excited  osc illa tions a t  c e r ta in  low  supp ly  frequencies . U nder 
an d  over th is  u n s tab le  d o m a in  th e  d am p in g  is m ark ed ly  positive .

Validity lim its of superposition method

F ro m  E q . (21), b y  se tt in g  sa =  0 we o b ta in  th e  d am p in g  fa c to r  in  
case o f a freq u en cy  speed  co n tro lled  in d u c tio n  m ach in e  and s ta to r  re s is tan ces  
n eg lec ted . T h a t  is

ds =  2 T p — ---- . (23)
Ps l  +  ÍP

I f  th e  s ta to r  res is tan ce  is neg lected  th e  d a m p in g  fac to r is in d e p e n d e n t of 
su p p ly  freq u en cy .

In  case o f R r =  0 ( ro to r  res is tan ce  n eg lec ted ), b y  p u ttin g  sp =  0 in to  
E q . (21), we o b ta in  th e  second  com ponen t o f  d a m p in g  fac to r in  case o f  su p p ly  
freq u en cy  co n tro l. T h a t  is :

d r = -2 T psa
-  Q 2

(û)2 +  s i  -  Í32)2 +
(24)

E q . (24) show s th a t  th e  n e g a tiv e  co m p o n en t o f  th e  overall d am p in g  fa c to r  is, 
in  case o f freq u en cy  sp eed  co n tro l, su p p ly  f re q u e n c y  d ep en d en t. W e o b ta in
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b y  u s in g  E qs (23) an d  (24) th e  re su lta n t d a m p in g  fa c to r  as

Q2
d — ds +  dr — 2 T p • — s„

Op — s2
Sp +  ÍP  (ft)2 +  s2a -  Í22)2 +  4s2.Q2

(25)

N o w  w e are able to  c o m p a re  th e  re su lts  o f  E q . (21) a n d  E q . (25). B o th  e q u a ­
t io n s  a re  re la ted  to  in d u c tio n  m achines a t  n o -lo ad . In  tab le  I  a re  g iv en  th e

Table I

CO d
Eq. (21)

d
Eq. (25) 4%

1 20,3 20,2 - 0 ,5

0,8 20,3 20,2 - 0 ,5

0,6 20,25 20,0 — 1,2

0,5 20,2 19,8 - 2

0,3 19,4 17,9 - 8

v a lu e s  b y  using E q . (21) co m p ared  w ith  v a lu es  av a ilab le  from  E q . (25) ca l­
c u la te d  w ith  m ach ine c o n s ta n ts :  sa =  0 ,1; sp =  0 ,15 ; 2T p =  5 a n d  Q  =  0,12.

F ro m  Table I  i t  c a n  b e  concluded  t h a t  fo r  th e  chosen m ac h in e  co n ­
s t a n t s  th e  superp o sitio n  m e th o d  is a fa ir ly  good ap p ro x im atio n  o n ly  i f  th e  
s u p p ly  frequency  is n o t  le ss  th a n  0,6 .

W e can su m m arize  t h a t  th e  su p e rp o sitio n  m eth o d , due to  i ts  s im ple 
c a lc u la tin g  dem and, is v e r y  u sefu l for th e  fa s t  a n d  fa irly  precise f i r s t  in sp e c t 
o f  m ach in es  from  th e  v ie w -p o in t o f se lf-ex c ited  oscillations. T h is m e th o d  
se e m s to  be a d v an tag eo u s  i f  one shou ld  lik e  to  e v ad e  th e  use of d ig ita l c o m p u te r  
in  th e  f ir s t  in s ta n t, a n d  th e  su p p ly  freq u en cy  is n o t  less th a n  0,6 .

F o r  h igher v a lu e s  o f  sa th e  a p p ro x im a tio n  lim it is a p p ro a c h in g  th e  
s u p p ly  frequency  0 .8 .

Self-excited  huntings of synchronous machines 
supplying a passive netw ork

U n til now we h a v e  d iscussed  osc illa tio n  p h enom ena  o f sy n ch ro n o u s  
m a c h in e s  connected  to  a n  in f in ite  n e tw o rk  ( th e  n e tw o rk  h ad  a c o n s ta n t 3 -p h ase  
v o l ta g e  a t  co n stan t f re q u e n c y  and  of c o n s ta n t phase). I t  w as th e  g enera l 
s c ie n tif ic  opinion th a t  a  sy n c h ro n o u s  m ach in e  su p p ly in g  a passive ( in d u c tiv e )  
n e tw o r k  is no t ab le to  p e rfo rm  oscilla tions h a v in g  e lec tro m ag n etic  orig in .
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HUNTINGS IN 3-PHASE MACHINES 13

In  th e  la s t  years  i t  w as d iscovered  th a t  a sa lien t-p o le  m achine o f  sm a lle r  size 
(on b o a rd  a ship) d riv en  b y  a com b u stio n  m o to r  as prim e m over, w i th o u t  an y  
d a m p e r w ind ing , p e rfo rm ed  se lf-excited  h u n tin g s  [2] to  [4]. T h is n o n -d e s ira b le  
h u n tin g  o f  th e  m ach in e  g ro u p  w as fu lly  e lim in a te d  b y  su b seq u en t m o u n tin g  
o f a good sy m m etrica l d a m p e r  on th e  ro to r .

N ow  we in te n d  to  d iscuss such  an  o p e ra tio n  of a sy n ch ro n o u s  m ach in e  
u sin g  o u r genera l m e th o d . In  F ig u re  2 we h a v e  p lo tted  th e  sc h e m a tic  o f  th e  
e lec tric  c ircu it, w hile a g e n e ra to r  supp lies th e  passive n e tw o rk  w ith  th e

Up

Xd R X.

Fig. 2

lu m p e d  e lem en ts (e x te rn a l re a c ta n ce : X e a n d  th e  load  re s is tan ce , R  w hich  
l a t te r  in c ludes th e  in te rn a l  re s is tan ce  o f th e  sy n ch ro n o u s m achine). T h e  v o ltag e  
e q u a tio n  o f  th is  m ach in e  a t  s te a d y -s ta te  o p e ra tio n  and  a su g g e s te d  th re e -  
p h a se  sy m m etrica l lo ad  is:

Up -f- is(R  +  j X )  =  0. (26)

In  E q . (26) is Up =  j i rdX m, th e  e x c ita tio n  v o ltag e ; and is =  id j i q, th e  
s ta to r  c u rre n t, th e  re a c ta n c e  X  =  X e X d is th e  to ta l  re a c ta n ce  o f  s ta to r  
c irc u it.

B y  se p a ra tin g  th e  re a l  a n d  im a g in a ry  p a r ts  in  E q . (26) one o b ta in s :

=  - U „

=  - u P

X

R 2 +  X 2 

R
R 2 +  X 2

(27)

T h e  lin k ed  s ta to r-c irc u it f lu x es  a t  a s te a d y -s ta te  operation  are :

Wd =  i d X  +  i r d ^ m  =  i d X  +  U p

Wq iqX*

F ro m  E q s (27) and  (28) w e o b ta in :
R 2

v * =  u p

% =  - u P
R X
Z 2

(28)

(29)
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A t a  s tead y -s ta te  o p e ra t io n  th e  m echanical s h a f t  pow er equals th e  e lec tric  
o u tp u t .  T h a t is

T m =  T e =  I m (ÿi*is) =  Im [( i* X  +  U p) i s] =  Upiq 

a n d  using  Eq. (27) w e o b ta in

T m =  T e =  ~ ^ R =  - i 2sR .  (30)

O n e  m ost only ta k e  c a re  t h a t ,  due to  our c o n v e n tio n , th e  m echanical d riv in g  
to r q u e  in p u t is n e g a tiv e , a n d  a m echanical lo a d in g  to rq u e  (the m ach in e  is 
o p e ra t in g  as a sy n c h ro n o u s  m otor) is positive .

U n til th e  m ach in e  r u n s  a t a co n stan t sp e e d , no synchronizing  to rq u e  
e x is ts ,  as the  in fin ite  b u s  h a s , in  the case d iscu ssed , no voltage (th e  v o ltag e  
o f  th e  n eu tra l p o in t o f  t h e  passive  netw ork). B u t  i f  th e  m achine is b eg in n in g  
to  h u n t ,  for any reaso n , a n  o sc illa tio n -d ep en d en t synchron ising  (and  d am p in g ) 
to r q u e  m ay he e x p e c te d . N am ely , a t th e  v e ry  in s ta n t  of a sudden  ch an g e , 
th e  f lu x  linked w ith  th e  r o to r  is keeping its  p o s it io n  re la tive  to  th e  ro to r  an d  
i t s  v a lu e  unchanged . T h a t  m eans, th a t  a t  th e  in s ta n t  of the  sud d en  ch an g e  
th e  ro to r  and s ta to r  f lu x  lin k a g e s  are becom ing  in d e p e n d e n t and a sy n c h ro n iz ­
in g  e ffec t betw een b o th  q u a n t i t ie s  is developing; fo r  th e  sam e reason a d am p in g  
e f fe c t w ill occur. To c h e c k  m ath em atica lly  th is  p h en o m en o n  we w ill c a lc u la te  
th e  synchronizing  an d  d a m p in g  torque in  th e  case  o f a round  ro to r  m ach in e  
wTi th  a sym m etrical r o to r  w in d in g  system  su p p ly in g  a passive n e tw o rk . T he 
g e n e ra l voltage and  to r q u e  equ a tio n s in th e  r o to r  coord inates are:

0 =  V i r X & n .
X '

Q =  n - K s V s  Д  
X'r

dips . -
— ------b  Jcoy)s,
d r

dy>r
d r

h ~ - +  T m =  
d r  X

(31)

I n  E q . (31) are th e  s y m b o ls :  X ' =  X e +  X'd; k r =  X J X r =  X J ( X m +  X rl); 
k s =  X J X  =  X J ( X d +  X e) : X J ( X m +  X sl +  X e). We shall in tro d u c e
t h e  follow ing sym bols: sa =  R / X '  and sp =  R r/X 'r . F o r  th e  sake o f s im p lic ity  
w e  sh a ll assume t h a t  t h e  s ta to r  and ro to r  le a k a g e  reactances are  m u tu a lly  
e q u a l  an d  there fo reX d =  X r a n d  X'd =  X'r. U sing  th e  sam e m ethod, in  p rin c ip le , 
w i th  w hich was c a lc u la te d  th e  speed-response fu n c tio n  caused b y  a sm all 
s in g le  u n it to rque  im p u lse , w e shall linearize o u r  eq u a tio n s . We w ill d raw  th e  
a t te n t io n  th a t  our in v e s t ig a tio n s  are eq ua lly  v a lid  i f  a small e lec tric  p ow er
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change occurs in  th e  p a ss iv e  elec tric  c irc u it, fo r  in s ta n c e  due to  a sm a ll c h an g e  
in th e  re sis tan ce  o f  th e  n e tw o rk . N ev erth e less  w e shall assum e fo r th e  sak e  of 
co n fo rm ity  w ith  fo rm e r in v es tig a tio n s  t h a t  th e  to rq u e  in p u t o f  th e  sh a ft 
o f th e  synch ro n o u s m a c h in e  su d den ly  ch an g es b y  a sm all to rq u e  v a lu e  A T . 
T he  on ly  th in g  we h a v e  to  consider is th a t  th e  sign  of th is  sm all to rq u e  ch an g e  
does n o t in fluence  th e  o v e ra ll flow -direction  o f  en e rg y , as th e  m ach in e  is d riv en  
b y  th e  p rim e-m o v er an d  can  supp ly  e lec trica l en e rg y  in to  th e  passiv e  n e tw o rk  
only . As in  our fo rm e r ca lcu la tio n s  we a ssu m ed  th a t  due to  th e  su d d e n  sm all 
to rq u e  change, all e lec tr ic  and  m ag n e tic  q u a n ti t ie s  are chang ing  b y  sm all 
/ l ’s, an d  th a t  th e  p ro d u c ts  o f  th ese  A ’s (o f second  order) are neg lig ib le . U sin g  
these  prem ises, from  E q . (31) one o b ta in s  in  th e  L aplace-dom ain : 
fo r th e  s ta to r  v o ltage  e q u a tio n s

y)qAœ  =  (p  +  sa)Aipd — coAy>q — saK rAxprd, 

—y)dA(o =  coAxpd - f  (p  +  sa)Axpq — saK rAiprq,

and  fo r th e  ro to r  v o ltag e  eq u a tio n s

0 =  (P +  sp)Aiprd — s pK sAipd, 

0 =  (P +  sp)Ay>rq -  s pK sAxpq.

(32)

(33)

In  E qs (32) and  (33) th e  v alues ipd, xpq and  со a re  re la ted  to  th e  s te a d y -s ta te  
opera tio n  o f  a m ach ine , b efo re  th e  su d d en  to rq u e  change occurred . A ssu m in g  
th a t  th e  synch ronous m ac h in e  is tu rn in g  w ith  sy n ch ronous speed ( ra te d  sp eed ), 
a t  a s te a d y -s ta te  o p e ra tio n , we can p u t  со =  1. W ith  these a ssu m p tio n s  from  
E qs (32) a n d  (33) we m a y  derive th e  fo llow ing  equ a tio n s:

In  E q . (34) is

ipqAco =  f(p)A rpd — Aipq, 

— rpdAw  =  Arpd -\-f{p)A xpq.
(34)

HP)
pK-rK.s 

P  +  S P

T he to rq u e  e q u a tio n  is:

A T  -
hpAco H--------=  — Im (y * Æ s +  Ay)*is).

P
(35)

T he m inus sign on th e  r ig h t  h a n d  side o f E q . (35) re fe rs  to  th e  c ircu m stan ce  t h a t  
in a m ach ine  co nnec ted  to  a passive n e tw o rk , a positive (m otoric) to rq u e -  
change is low ering  th e  sp eed  an d  a t  th e  sam e tim e  th e  electric o u tp u t  on th e  
s ta to r  side is decreasing  to o .
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E q . (35) m ay  be w r i t te n  in  a real fo rm  as:
AT

hpAm  4-------- =  — 7  (Wd^Wrq — WqA Wrd +  WrqA 4'd -  WrdA Wq)-
P X

(35')

B y  u s in g  E qs (34) a n d  (3 5 ')  we o b ta in ed :

zlT  K r Аса
hpAco

I n  E q . (36) is:

p  X' P ( p ) +  1

(WdWrq —  WqWrd) -  a ( p )  f ( p )  V s] 

a(p) =  Sr K ° -

lf ip)(WdWrd  +  WqWrq)

(36)

P  +  S P

E o r  o u r  fu r th e r  ca lcu la tio n s  we have  ta k e n  in to  acco u n t th a t

a) -  — yiWdVrq — WqWrd) =  - i l R  =  T o (s te a d y -s ta te  to rq u e );
A

b) b y  using E q . (29) is :  y>2s =  rp2d +  =  i 2sR 2 an d  ipd(K r\prd) +  y>q{ K ry)rq) =
=  i l R 2.

A t  la s t we o b ta in  th e  h u n tin g  im p ed an ce  — as th e  response fu n c tio n  — 
■of a  sing le  to rq u e  s tep . T h a t  is:

а д  =
-A T

pAca
h p  + i2sR , a(p)f(p)K r i2R2 _

Pip)  + 1 x ' l P i p )  + i] 5
Я Р )

X'[P(p) + 1] i2sR2. (37)

A n d  in  th e  case of p e rio d ic a lly  changing  to rq u e  v a ria tio n  of sm all a m p litu d e  
w e  o b ta in  (for s te a d y -s ta te  oscillations):

Z h ijQ )
- A T

Aco
jO h  I I a ( j Q) f ( j ° ) K r

P ( jQ )  +  1 X '[ P ( jQ )  +  1]

_  ____ f U Q)____ j 2 R2
X '[ P ( jQ )  +  1] s

lR 2 -

(38)

P e r fo rm in g  fu r th e r  n e c e ssa ry  ca lcu la tio n s, w e o b ta in

z h{ jQ )  =
- A T

Аса

(a sa)2 -  b(b -  1 )Q 2 — 1 +  jQ (a sa)(2b -  1) 

1 +  (osa)2 — {b&)2 +  j2 {asa) (bQ).
(39)

T h e  m e a n in g  of sym bols a a n d  b are ex p la in ed  f u r th e r  on. Now we can  se p a ra te  
t h e  r e a l  an d  im ag in a ry  p a r t s  in  E q . (39), w h ile  th e  rea l p a r t  is th e  d am p in g  
f a c to r  a n d  th e  im a g in a ry  p a r t  is p ro p o rtio n a l to  th e  synchron iz ing  to rq u e .
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T h a t  is

R e [ Z h(jQ )]  =  d = i 2sR
b3(b -  1)0« +  b[(asa)H2b -  1) +  l ] jy  +  (a+)4 -  1 

[1 +  (asa)* -  { b i i f f  +  4(as0)2 {bQf
(40)

In  E q s  (39) and  (40) are

a =  1 -  K r K s -----^ ----- ,

6 =  1 +  K r K s - SpSa— .
s“p +  Q*

(41)

W e h a v e  ca lcu la ted  v a lu es  o f d am ping  fa c to r  d  versus sp =  R r/X r . sp is th e  
c h a ra c te r is tic  q u a n ti ty  w h ich  show s th e  q u a li ty  o f th e  d am p er w in d in g ; low 
v a lu e s  o f sp s ta n d  fo r w ell designed  d am p ers ; h igh  values of sp in te r p r e t  poor 
d a m p e rs  w ith  h igh  re s is tan ce . In  Fig. 3 w e p lo tte d  d vers. sp u s in g  E q s  (40) 
a n d  (41) a t  cos cp =  l ( X e =  0), and  th e re fo re  sa =  R /X ^  =  1/0, 1 /0 ,5  =  6 , 7; 
K s =  K r =  X mI X d =  2 ,2/2,27 =  0,97. T he cu rv e  is p lo tted  fo r r a te d  o u tp u t
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( i^ R  —  1, a t cos q> — l ) .1 F ro m  Fig. 3 it  m a y  be  seen  th a t  a t  h igh v a lu e s  of 
sp ( th e  dam per is p o o r), n e g a tiv e  values o f  d a m p in g  fac to r m ay  occu r th e  
r e s u l t  o f  which is in  h a rm o n y  w ith  p rac tica l ex p e rie n c e  [2]. I t  m ay  be  s ta te d  
t h a t  ev en  in sy n ch ronous g e n e ra to rs  supp ly ing  a p a ss iv e  netw ork , se lf-excited  
h u n t in g  s ta te s  are p o ssib le . I t  is w orth  m e n tio n in g  t h a t  th e  sam e ca lcu la tio n s  
m a y  b e  carried  ou t fo r o th e r  p ow er fac to rs; th e  o n ly  co nsidera tion  m ay  be  t h a t  
t h e  o u tp u t  a t ra te d  c u r r e n t  eq u a ls  th e  p ow er f a c to r  an d  th a t  X J R  =  t a n  cp; 
a t  th e  sam e tim e is K s =  X ml ( X e X d) and  K r =  X mI X d. In  Fig. 3 th e  n a tu ra l  
h u n t in g  frequency  w as s e le c te d  to  Q — 0 ,12 (6 H z).
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Pendelungen dreiphasiger M aschinen. Im letzten  Jahrzehnt wurde das Problem  von  
selbsterregte  Pendelungen syn ch ron er und asynchroner M aschinen der Gegenstand neuer U n ­
tersuchungen . Eine neu b eob ach tete  Erscheinung, näm lich  die selbsterregte Pendelungen von  
Synchronm aschinen welche an e in  passives Netzwerk angesch lossen  sind, gaben neue A spekte. 
D ieser  Aufsatz befaßt sich m it e in er neuen und einfachen M ethode für die Berechnung des 
D äm pfungsfaktors von syn ch ron e und asynchrone dreiphasige Maschinen. Der D äm pfungs­
fa k to r  w'ird in zwei Schritten berechnet: zunächst wird dieser F aktor bei Vernachlässigung des 
Ständerw iderstandes berechnet; dann berechnen wir den D äm pfungsfaktor vorausgesetzt, daß  
der Rotorwiderstand null g e se tz t werden darf. Der G esam tdäm pfungs faktor wird als die algeb­
ra isch e  Summe beider K om p on en ten  berechnet. Wir zeigen , daß diese einfache M ethode nur 
im  Bereich von N ennfrequenz e in e gute Näherung darstellt. D iese Überlagerungsm ethode  
w ird  für die Bestim m ung Stabilitätsgrenzkurven ben ü tzt. Im  letzten  Teil befassen w ir uns 
m it Pendelungen synchroner M aschinen, die an ein passives N etzw erk angeschlossen sind.

1 These results are in harm on y  with the results in paper [2], calculated by another  
m eth od .
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ANALYSE DES VERHÄLTNISSES 
ZWISCHEN MEMBRAN- UND BIEGESCHNITTKRÄFTEN 
IN SATTELFÖRMIGEN, FLACHEN, NORMALKRAFTFREI 

GELAGERTEN HP-SCHALEN UNTER GLEICHMÄßIG 
VERTEILTER BELASTUNG

L. JA N K Ó *

[Eingegangen am  28. Dezem ber, 19781

Diese Abhandlung bildet den ersten Teil einer dreiteiligen A rtikel-Serie. Der 
zw eite bzw. der dritte Artikel behandeln die Stabilitätserscheinungen der sattelförm i­
gen H P-Schalcn, die entlang der H auptkrüm m ungslinien durch R andbogen abgestützt 
sind, die in der horizontalen R ichtung vernachlässighare Biege- bzw. D rillsteifigkeiten  
besitzen. In der vorliegenden Abhandlung — vor der S tabilitätsuntersuchungen — w erden 
folgende Them en behandelt: das Problem  der E xistenz und der E ind eu tigk eit der 
M embranlösung, die Schw ierigkeiten, die sich aus der kinematischen Unbestimmtheit 
der Fläche ergeben, und die Frage, bei welchen geometrischen Param etern (m it guter 
Annäherung) diese Schalen als M embranschalen  zu betrachten sind.

Cjj =  cos

B ezeichnungen

„  т л  nn
Cmn ~  cos ~2a X COS2b y  ;

Eh
D  =  —-------— spezifische D ehnungssteifigkeit;I fl
E  E lastizitätsm odul;
F  Spannungsfunktion der M ittelflächenkräfte (F "  Nx, F  ' =  NXy, F" =  Ny);

В  =
E h3

12(1 -  fi*) spezifische B iegesteifigkeit;

Mx, My bzw. Mxy =  Myx B iege- bzw. D rillm om ente;
Nx, Nxy, Ny M ittelflächenkräfte;

N Xyb, Nyb M ittelflächenkräfte nach der Biegetheorie; 
Nxm, NXym, Nym M embrankräfte;

„  . 1Л
S(7=  sm — sin

_ . nin . пл
Ьтп =  9,n "2̂ T * ' 8,n 2b y  ;

2a, 2b Spannw eiten der R andbogen in den x- bzw. y-R ichtungen;
Pfeilhöhen der in den x- bzw. y-R ichtungen  liegenden R andbogen; 

h Schalendicke;
», j  H albwellenzahlen in den x- bzw. y-R ichtungen (der Index n w eist a u f dehnungs­

lose Verformung hin);

* Dr.-Ing. L. J a nk ó , Lajos u. 142. II-1036 Budapest, Ungarn
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U, V

z(x , y ) ;  z(x ,

*  =  fa /fb  
ß  =  a/h 
y  =  a/b 
V

I

Intensität der g leichm äßig  verteilten, in  R ich tu n g  der Achse z wirkenden, 
sym m etrischen B e la stu n g  (bezogen a u f d ie F lächeneinheit der Grundriß­
projektion);
Verschiebungen in  R ichtungen der F lächentan gen ten  parallel zur x - z -  bzw. 
y —z-Ebene;

y ) Ordinaten der Schalenm ittelfläche;
Verschiebung e in es  M ittelflächenpunktes in  R ichtung der F lächennorm ale 
(w =  u>0 +  w);
P feilhöhenverhältn is;
Schalenparam eter;
Seitenverhältnis ;
Koordinate in  R ich tu n g  einer der beiden geraden Erzeugenden vom  P u n k t  
X =  a, y  =  b (t] v er lä u ft  parallel zur zw eiten  L eitebene);
Q uerdehnungszahl (in  den Berechnungen: /г —  0.2);
Koordinate in  R ich tu n g  einer der beiden geraden Erzeugenden vom  P u n k t  
X =  a, y  =  6 (£ v er lä u ft  parallel zur ersten L eitebene);
Schalenparam eter ;
Hälfte des W in k els zwischen den L eitebenen;

+  ( )U +  ( ) :: der biharmonische D ifferentialoperator;

в  =  fb lb  
œ
ЛЛ()  =  (

= / l l/ 8" — 2 / j 1 / „ 1 - f - / i  der Puchersche-Differentialoperator,
r

1. E in leitu n g. Zweckbestim m ung

W egen ih rer g e fä llig en  F o rm  und den  g ü n s tig e n  A usführungsm öglich ­
k e i te n ,  die die geraden  E rz e u g e n d e n  b ieten , w e rd en  im m er häu figer S cha len ­
k o n s tru k tio n e n  in  F o rm  d es  hyperbolischen  P a ra b o lo id s  (im w eiteren  H P -  
S c h a le n )  gebaut.

D ie  H P-Schalen  s in d  im  allgem einen e n tla n g  ih re n  F lächenerzeugenden  
o d e r  d e n  H a u p tk rü m m u n g s lin ie n  au f R a n d trä g e rn  g e lag e rt.

D ie  sta tischen  P ro b le m e  d e r längs d er E rz e u g e n d en  ab g estü tz ten  H P - 
S c h a le n  w urden sowohl n a c h  d e r  Theorie I. O rd n u n g  als auch  nach d er T heorie  
I I .  O rd n u n g  ausführlich  e r ö r te r t .

Im  Falle der s a tte lfö rm ig e n  H P -S chalen  (B ild  1) jedoch , die e n tla n g  
d e r  H a u p tk rü m m u n g s lin ie n  d u rc h  R andbogen  a b g e s tü tz t  sind, die in  d e r 
h o r iz o n ta le n  R ich tung  v e rn a c h lä ss ig b a re  Biege- b zw . D rills te ifig k e iten  b esitzen  
(im  w e ite ren  » n o rm a lk ra ftfre ie «  oder »halb ste ife«  R a n d trä g e r) , liegen die 
D in g e  anders. Die A u s a rb e itu n g  des (linearen u n d  n ich tlin ea ren ) S ta b ili tä ts ­
tra g v e rh a l te n s  der e rw ä h n te n  H P-Schalen  s te h t  je d o c h  aus.

V o r der S ta b ilitä tsu n te rsu c h u n g e n  m uß  m a n  sich  beschäftigen  je d o c h
— m it dem P ro b le m  d e r  Existenz und der E in d eu tig ke it der M em bran­

lösung und
— m it den S c h w ie rig k e iten , die sich aus d e r  kinem atischen U nbestim m t­

heit der F läch e  e rg e b e n , sowie
— m it der F rag e , b e i w e lch en  geom etrischen  P a ra m e te rn  diese S chalen  

m it gu ter A n n ä h e ru n g  als M em branschalen  zu  b e tra c h te n  sind .
B ek an n tlich  w u rd e  d a s  M em b ran k räftesp ie l d e r  sa tte lfö rm ig en , an  ih re n  

R ä n d e r n  n o rm alk ra ftfre ien  H P -S ch a len  du rch  E rsc h a ffu n g  der sog. »geom et-
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B ild  1. G eom etrische A ngaben der sattelförm igen H P -Schale . Vorzeichenregel der inneren
K räften  und der Verschiebungen

rischen« T heorie  v o n  A im o n d  u n te rsu c h t. N ach  d ieser T heorie , d ie  u n s tä tig e n  
L ösungen  b ie te t, s in d  d ie  M em b ran k rä fte  d e r  H P -S ch a len  m it b e s tim m te n  
geom etrischen  V erh ä ltn issen  h in re ichend  g en au  zu  bestim m en .

Im  H in b lick  d a ra u f , d aß  eine e in d eu tig e  M em branlösung  n u r  fü r  die 
H P -S c h a le n  m it b e s tim m te n  speziellen V erh ä ltn issen  f j f b e x is tie r t, u n d  daß 
auch  S tö ru n g sm o m en te  längs der R än d e r im m er au ftre ten , m u ß te n  die B e­
an sp ru ch u n g en  d er e rw ä h n te n  H P -S cha len  au ch  nach der Biegetheorie  u n te r ­
su c h t w erden . F ü r  d ie f la c h e n  Schalen gab H r u b a n  [11] die g ru n d leg en d en  
Z usam m enhänge  z u r  B estim m u n g  d er in n eren  K rä f te  u n d  d er V erfo rm u n g en  
nach  der B ieg e th eo rie  an .

E r  b es tim m te  n ic h t das ganze B ieg ek räftesp ie l, sondern  n u r  d ie  R a n d ­
stö ru n g seffek te . H r u b a n  n a h m  an , d aß  d e r  V e rfo rm u n g szu stan d  in  den 
S ch n itten  p ara lle l zu  d en  R ä n d e rn  u n v e rä n d e r t  is t. E r  sch lug  v o r , d a ß  die 
R an d stö ru n g en  von f la c h e n  Schalen  ü b e r R e ch teck g ru n d riß  an  e inem  »Schm ie­
gezylinder« gleicher Q u e rk rü m m u n g  u n d  d reh sy m m etrisch e r S tö ru n g  b e rech n e t 
w erden  sollen. In  d e r d reh sy m m etrisch en  b e la s te te n  E rsa tz -K re iszy lin d e rsch a le  
tr e te n  in  R in g rich tu n g  k o n s ta n te  R in g k rä fte  au f. D esw egen w ird  in  jed em
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F a l l  S e iten d ru ck  a u f die s e n k re c h t  zu den g e s tö r te n  R ä n d e rn  liegenden  R ä n d e r  
a b g e tra g e n .

D ieser W iedersp ruch  w u rd e  du rch  die L ösu n g  v o n  T a r n a i  [22] b ese itig t. 
I n  d ie se r  Lösung is t  d e r  e rw ä h n te  Y e rfo rm u n g szu stan d  längs des g es tö rten  
R a n d e s  verän d erlich . A us d e n  von  T a r n a i  v e rö ffe n tlic h ten  E rg ebn issen  fo lg t, 
d a ß  d ie  H rubansche  N ä h e ru n g  auch  hei f lach en  S cha len  m it an d eren  G ru n d ­
r is s e n  f ü r  p rak tisch e  Z w eck e  g u t angew endet w e rd en  k an n , v o rau sg ese tz t, daß  
d ie  H a u p tk rü m m u n g s lin ie n  p a ra lle l und  q u e r zu m  gestö rten  (im  G ru n d riß  
g e ra d e n )  R an d  verlau fen .

V on  B eles  u n d  S o a r e  [1] stam m en  die F u n k tio n e n  der in n e ren  K rä f te  
d e r  sa tte lfö rm ig en , an  ih re n  R ä n d e rn  n o rm a lk ra ftfre ie n , g leichm äßig  b e la s te ­
t e n  H P -S ch a len . M it H ilfe  d iese r F u n k tio n en  is t  in  jed em  P u n k t d e r  Schale 
so w o h l der S pannungs-, a ls  auch  der Y e rfo rm u n g szu stan d  zu b es tim m en .

T a tsa c h e  is t, d aß  im  Z u sam m en h an g  m it d e r  S ta b ilitä t d er an  ih ren  
R ä n d e r n  n o rm a lk ra ftfre ien  hyp erb o lisch en  S a tte lp a rab o lo id sch a len  n u r  einige 
E rg e b n is se  zu finden  s in d . N a c h  A nsicht des V erfassers e rk lä rt sich  dies e in er­
s e i t s  au s  dem Prob lem  d e r  E x is te n z  und der E in d eu tig ke it der M em branlösung, 
u n d  an d erse its  aus den  S ch w ierig k e iten , die sich  au s d er kinem atischen Unbe­
s tim m th e it  der F läche  e rg e b e n . A us den e rw ä h n te n  G ründen  w erden  v o r den 
S ta b ili tä ts u n te rs u c h u n g e n  z u e rs t die Schalenparametersbereiche erm ittelt, in 
w e lc h e n  der E ffek t d er B iege- und  D rillm om ente  im  V ergleich zum  E ffe k t der 
M itte lf lä c h e n k rä f te  n a c h  d e r  B iegetheorie vernachlässigbar k lein  is t. U n te r 
s o lc h e n  geom etrischen  V e rh ä ltn is se n  genüg t es d ie  H P -S ch a len  b loß  n a c h  der 
M e m b ra n th e o rie  zu b e m e sse n . Im  gegebenen F a ll  m u ß  m an sich  m it den 
B ie g e e ffe k ten  n u r in  d en  R an d b ere ich en  b esch äftig en .

In  solchen F ä llen  is t  es r ic h tig  auch den V e rla u f  des S ta b ilitä tsv e rlu s te s  
n a c h  d e r  »linearen« S ta b il i tä ts th e o r ie  zu u n te rsu c h e n  u n te r  dem  T ite l: Ver­
zw e ig u n g . Das is t das T h e m a  des folgenden A rtik e ls  vom  V erfasser [12], das sich 
a u f  d ie  vorliegende A rb e it  s tü tz e n  wird.

D ie Schalen, v o n  w e lch en  es sich in  d iese r A bhan d lu n g  h e ra u ss te llt , 
d a ß  sie  den  üb erw ieg en d en  T eil ih re r B e la s tu n g e n  d u rch  B ieg esch n ittk rä fte  
t r a g e n ,  w erden in  e iner s p ä te re n  V erö ffen tlichung  nach der Theorie von großen  
V erform ungen  u n te rsu c h t [13].

Z u r  E rle ich te ru n g  d e r  p rak tisch en  A n w en d u n g  sind  die zu r B em essung  
g u t  geeigneten  R e su lta te  in  F orm eln  u n d  S ch au b ild e r  sowie T ab e llen  d a r­
g e s te l l t .

2. Die geom etrischen Verhältnisse der Fläche

W erden  als die d re i K o o rd in a ten ach sen  d ie  d u rch  den S c h a le n m itte l­
p u n k t  (x  =  0, ÿ  — 0) d u rc h g e h e n d e n  zwei E rz e u g e n d en  (f , rj) u n d  die z -A chse 
(d ie  S ch n ittlin ie  der L e ite b e n e n )  gew ählt, so is t  es m öglich , die G le ich u n g  der
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F läche  in  diesem  »b irek tangu laren«  K o o rd in a te n sy s te m  [3] wie fo lg t a u f­
zu sch re ib en :

z =  k$rj. (2 .1)

D ie K o n s ta n te  к (E in h e itsv erw ö lb u n g ), w elche  die spezifische S te ilh e it  der 
Schale k en n ze ich n e t, is t  aus dem  Z u sam m en h an g

к cos2 со (2 .2)

zu b es tim m en . D er W in k e l 2<n zwischen den Leitebenen  (£, z bzw . г/, z) w ird  
d u rch  die F o rm el

»2 -f
ta n 2 tu =  —  (2.3)

«2 fb
b e rech n e t.

D as h y p erb o lisch e  P arab o lo id  e n th ä l t  zw ei gerade Systeme der E rzeugen­
den  (die sog. A sy m p to ten lin ien , deren P ro je k tio n e n  die durch  die G le ichung  
ÿ  =  i  ta n  со X +  c d e fin ie rten  C h a ra k te r is tik e n  sind). Jed e r von  ih n e n  ist 
p a ra lle l zu  e iner der L e itebenen .

D ie beid en  Leitebenen  können  m ite in a n d e r  beliebige W inkel 2 со b ild en .
D ie W inkelhalb ierenden  E benen  d er L e ite b e n e n  (die E benen  x =  0, bzw . 

y  =  0) schneiden  P a ra b e ln  aus der F läch e  au s. Diese H a u p tp a ra b e ln  w ölben  
sich  te ils  n ach  oben, te ils  nach  u n ten , d. h . die F läche  is t u m g ek eh rt zw eim al 
g e k rü m m t (»an tik lastisch«). J e d e r  der ü b rig e n  ebenen S chn itten  u n d  deren  
P ro je k tio n e n  a u f  die E b en e  z =  0 sind  H y p e rb e ln . Die zu der A chse  —z 
para lle len  S ch n itte  s in d  P a rab e ln , bzw. w en n  sie auch  zu den L e iteb en en  
p a ra lle l s ind , a r te n  sie in  ein  gerades E rz e u g e n d en p a a r  aus.

In  jed em  P u n k t  n e g a tiv e r  G außscher K rü m m u n g  (1 /-Rj-Rj <  0) g ib t es 
zwei reelle u n d  v e rsch ied en e  A sy m p to te n ric h tu n g e n .

A u f G ru n d  des B esag ten  k a n n  die S ch a le , als T ran sla tio n sfläch e , d u rch  
B ew egung d e r z u r E b en e  x  — 0 pa ra lle len  H a u p tp a ra b e l au f d er z u r  E b en e  
y  =  0 p a ra lle len  in v ersen  H a u p tp a ra b e l, w ie fo lg t, abgeleite t w e rd en :

z (2.4)

D iese A b h an d lu n g  v erw en d e t die a u f  f la c h e  Schalen bezügliche S c h a len ­
th eo rie .

W ie b e k a n n t, b e d e u te t  geom etrisch  die A n n a h m e der F lachheit, d a ß  die 
M etrik  d e r F läch e  m it d e r  euklid ischen  (eb en en ) M etrik  id en tisch  a n g e n o m ­
m en w erden  k an n , u n d  d a ß  die geodetischen  K rü m m u n g en  der F lä c h e  infolge 
ih re r  K le in h e it v e rn ach lä ss ig t w erden k ö n n en .
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D ie  F la c h h e it k a n n  geom etrisch  m it H ilfe  d e r R ic h tu n g s ta n g e n te n  d e r 
F lä c h e , w ie fo lg t, d e fin ie rt w erden :

z '2 <§: 1, zл  1, z 'z • ^  0 . (2 .5ac)

3. D ie dehnungslose Verform ung

E in e  besondere B e a c h tu n g  v e rd ien t d ie  dehnungslose F o rm ä n d e ru n g , 
die o h n e  D eh n u n g  u n d  W in k e lv erzerru n g  d e r  S cha len fläche  in  beiden  R ic h tu n ­
gen  (X, у ) Z ustandekom m en  k a n n , der g eg en ü b er also die Schale a u ß e ro rd e n t­
lich  »weich« is t. A n d ieser S telle m uß a u f  d iese  spezifische E ig e n h e it d e r 
h y p e rb o lisc h e n  S chalen  e ingegangen  w erd en , w eil dies deren  S tab ilitä t in  
gew issen  F ä llen  bee in flu ssen  k an n . Die d eh n u n g slo se  V erform ung b e s c h rä n k t 
sich  a u f  eine V erk rü m m u n g  u n d  V erw indung , u n d  so kom m t n u r  die B iege-, 
n ic h t  a b e r  die M em b ran ste ifig k e it der S chale  z u r  G eltung.

W e n n  die B ieg este ifig k e it der Schale v e rn ach lä ss ig t w ird , is t  es bei 
gew issen  geom etrischen  V erhä ltn issen  u n d  R an d b ed in g u n g en  m öglich , d a ß  
d ie  S ch a le  ohne W id e rs ta n d  zur V erfo rm u n g  fä h ig  ist.

W l a s s o w  [25], [26] e rm itte lte  die sta tischen  K riterien  der E n ts te h u n g  
d e r la b ile n  M echanism en bezogen  au f die m e m b rá n é n  R o ta tionsscha len . D u rch  
d iese  b e s tim m t er jen e  U m stän d e , u n te r  w e lch en  unendlich  große in n e re  
K rä f te  in  gew issen K o n s tru k tio n e n  m it b e s t im m te n  G eom etrie- u n d  L a g e ru n g s ­
v e rh ä ltn is s e n  infolge be lieb ig er k leiner en d lic h e r B e lastung  en ts teh en .

G e y l i n g  [6] s te llte  d ie D iffe ren tia lg le ich u n g  d er dehnungslosen V e rfo r­
m u n g  d a d u rc h  auf, d a ß  er in  den a llgem einen  F o rm än d eru n g sg le ich u n g en  d e r  
M em b ran sch a le  [2], [6] die in n e ren  K rä fte  g le ich  N u ll setzte:

L p(w , г) =  0. (3.1)

D e r  Z u sam m en h an g  (3.1) s ta m m t aus e in e r  V erträg lich k eitg le ich u n g  
u n d  d a h e r  k an n  d a ra u s  das kinem atische K r ite r iu m  d e r dehnungslosen V e rfo r­
m u n g  ab g e le ite t w erd en . D ie G leichung (3.1) b e s tim m t also u n te r  w e lch en  
B e d in g u n g e n  sich die Schale  auch  ohne in n e re  K rä f te  verform en k a n n .

K o llár  [15] se tz te  d ie  B iegeste ifigke it u n d  die S p an n u n g sfu n k tio n  d e r 
S ch a le  in  den  a u f  die f la c h e n  Schalen bezogenen  hom ogenen  G leichungen g le ich  
N u ll. A ls E n dergebn is e rh ie lt e r die D iffe ren tia lg le ich u n g  der b e h a n d e lte n  
E rsc h e in u n g .

H a a s  [10] le ite te  die G leichung L p(w, z )  =  0 u n m itte lb a r  aus d en  A u s­
d rü c k e n  d e r V erfo rm ungse lem en te  (V erzerrungen) d er M ittelfläche ab .

S o m it k an n  die D iffe ren tia lg le ich u n g  d e r  dehnungslosen V erfo rm u n g  
b ezo g en  a u f  die sa tte lfö rm ig en , an  ih re n  R ä n d e rn  n o rm alk ra ftfre ien  H P -
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S chalen  m it den e n tsp re c h e n d e n  R an d b ed in g u n g en  wie fo lg t, au fgesch rieben  
w erden :

-  =  o ,
b2

(3.2)

w =  0 , (3 .3 a —h)
X = 0
x=2a

vc =  0 . ( 3 .3 c - d )
v=o
y=2b

Im  H inb lick  d a ra u f ,  d aß  in  den G le ichungen  (3.1), bzw . (3.2) d ie  B iege­
s te if ig k e it der Schale v e rn a c h lä ss ig t w u rd e , w ird  d er W ert d e r  V erd reh u n g  
an  d en  R än d e rn  e n tla n g  n ic h t festgeleg t, d en n  die v o llkom m en  e lastische  
M em bran  k an n  je d e r  a m  R a n d  en ts teh en d en  V erd reh u n g  o hne  W id e rs ta n d  
fo lgen. D arau s fo lg t, d a ß  die R an d b ed in g u n g en  bezogen a u f  u n d  w 
en tfa llen .

U m  die e rw ä h n te n  S chalen  g ründ lich  u n te rsu c h e n  zu  k ö n n e n , m üssen 
w ir v o r  allem  die F ra g e  s te lle n : bei w elchen R an d b ed in g u n g en  u n d  S cha len ­
g le ichungen  es eine e in d e u tig e  Lösung d e r p a rtie lle n  D iffe ren tia lg le ich u n g  
h y p erb o lisch en  T yps (3 .1) im  Inneren  des u n te rsu c h te n  B ereiches g ib t. Die 
A n tw o rt d a ra u f  gab T á r n á i  [21].

E r  bewies a n h a n d  d e r  T heorie  der p a rtie lle n  D iffe ren tia lg le ich u n g en  [7], 
[14], [19], [24], d aß  a n  drei Randstrecken  des R ech teck b ere ich es im  B ild  l a  
insgesam t vier R a n d b e d in g u n g e n  angegeben w erd en  m üssen , d a m it e ine  e in d eu ­
tige  L ösung  der G le ich u n g  (3.2) ex istieren  k a n n . Im  allgem einen F a ll  k a n n  die 
p a r tie lle  D iffe ren tia lg le ich u n g  hyperbo lischen  T y p s  (3.2) n u r  b e i a u f  offenen  
R a n d k u rv e n  v o rg esch rieb en en  R an d w erten  eine e indeu tige  L ö su n g  h ab en . 
F a lls  z. B . an  den R ä n d e rn  x  =  0 und  x =  2a d ie B ed ingung  w =  0, w e ite rh in  
am  R a n d  y  =  0 die B ed in g u n g en  iv =  0 u n d  iv =  0 v o rgesch rieben  w erden , 
so h a t  die G leichung (3 .2) die Lösung w =  0 [8 ], [10], [15], [21]. D ie A ufgabe 
is t u n te r  solchen U m s tä n d e n  mathematisch korrekt (die L ösung e x is tie r t ,  n u r  
e ine  L ösung  ex is tie rt u n d  diese h ä n g t s te tig  v o n  den  R a n d b e d in g u n g e n  ab). 
A us dem  B esagten  fo lg t, d a ß  m an  beim  V orsch re iben  von  R a n d b e d in g u n g e n  
(3.3 a — d) d am it re c h n e n  m u ß , daß  w enn es au ch  eine L ösung e x is tie r t ,  die 
nicht eindeutig  ist.

D ie C h a ra k te ris tik e n  d e r G leichung (3.2) sind  die G e rad en sch aren  der 
G leichung

y  =  ±  ta n  cox -j- C0 (3-4)

die m it den C h a ra k te r is tik e n  der D ifferen tia lg leichung  des h y p e rb o lisch en  
P arab o lo id s  zu sam m en fa llen .
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M an soll die L ö su n g  d e r  E igen w ertp ro b lem e (3.2) — (3.3) m it H ilfe  der 
E o u r ie rsc h e n  M ethode su c h e n  [7], [19], [24].

S e tz t  m an den P ro d u k te n a n s a tz

W (x ,y )  =  X (x )  Y (y )  (3.5)

in  d ie  G leichung (3.2) e in , so e rh ä lt m an  d ie  gew öhnlichen D iffe ren tia l­
g le ic h u n g e n

d2
Y  + ----- —  У  =  О,

ta n 2 со

X "  +  d2X  =  0 .

H ie r  i s t  d  der gesuch te  E ig e n w e rt.
Ih r e  allgem eine L ö su n g en  ste llten  die trig o n o m e trisch en  F u n k tio n e n

У  =  C L s i n — —— у  4 - C, cos — —— y ,  (3 .6a — b)
ta n  со '  t a n  со

X  — C3 s in  dx  -f- C 4 cos dx

d a r .  U n te r  B each tung  d e r  R an d b ed in g u n g en  (3 .3a) u n d  (3.3c) ergeben  sich

C4 =  0,
C2 =  0. (3 .7 a —b)

D rü c k e n  w ir den E ig e n w e rt d  sowohl aus d er G le ichung  (3.3b) als au ch  aus 
d e r  G le ichung  (3.3d), so e rh a lte n  wir

d2 =  ^ l = 7 l ^ ta n 2 w . (3 .8)
4a2 4ft2

I n  diesen A u sd rü ck en  sin d  in =  1 , 2 , 3 , . . . ,  bzw . j n =  1 , 2 , 3 , . . . ,  d ie A n­
z a h l  d e r  H albw ellen d er D u rc h b ieg u n g sfu n k tio n  w  in  den  R ich tu n g en  л; bzw . y .

S e tz t m an den Z u sa m m e n h a n g  (2.3) in  d ie  G leichung (3.8) ein , so lä ß t 
s ic h  das kinem atische K r ite r iu m  der dehnu n g slo sen  Y erfo rm ungsm ög lichkeit 
d e r  a n  ih ren  R än d ern  n o rm a lk ra ftfre ie n  Schale in  F o rm  eines hyperb o lisch en  
S a tte lp a ra b o lo id s  in  fo lg e n d e r F orm  au fsch re ib en :

fa

fb
Jn- (3.9)

D arau s  is t k la r  e rs ic h tlic h , daß  der C h a ra k te r  d e r dehnungslosen  V erfo r­
m u n g  d u rch  das V e rh ä ltn is  f j f h b estim m t w ird . M it R ü ck sich t d a ra u f, d a ß  die
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G rößen  in u n d  j n n u r  ganze Z ahlen  sein k ö n n e n , k an n  die deh n u n g slo se  V er­
fo rm u n g  n u r  d an n  z u s tan d e  kom m en, w en n  das V erhältn is  f al fh dem  Quadrat 
einer rationellen Z a h l gleich ist. Es soll b e m e rk t w erden , daß sich die ra tio n e lle n  
Z ah len  in, j n u n te r  den  reellen  Zahlen »häufig« befinden  (eine M enge von  
zäh lb a ren  u n en d lich en  E lem en ten g ru p p en ) u n d  so ex is tie rt eine d eh n u n g slo se  
V erfo rm u n g  p ra k tisc h  in  d er N ähe jedes V erh ä ltn isses

D ie W ellenzah len  sind  ab er in den m e is te n  F ä llen  sehr groß, d a ru m  zeig t 
sich die Schale in  d iesen  F ä llen  m it g roßen  W ellenzah len  als s ta r r  (vg l. noch  
m it dem  F a ll, w enn  В  0 ist.)

D as K rite riu m  (3.9) b e d e u te t auch , d a ß  w enn  die Schale an  a llen  v ier 
R ä n d e rn  d u rch  n o rm a lk ra ftfre ie  (»halbstarre«) R a n d trä g e r  v e rs te ift is t , d an n  
k an n  sie sich hei den  K rü m m u n g sv e rh ä ltn issen

=  — —  — (3.10)
R x j 2n «2

d eh n u n g slo s  verfo rm en .
L e tz te n  E n d es  e rh a lte n  w ir fü r die D u rch b ieg u n g sfu n k tio n  w  d en  A us­

d ru ck

«’ =  2 Ï 2  M,w» S 'nj„ ■
in jn

(3 .11a)

~ . IflTT • J
0 ( nj H =  s i n ----- X  • s i n ------ y .

1 2 a 2b
(3 .11b)

W ie es zu e rw a rte n  w ar, is t die L ösung  nicht eindeutig, da die K o e ffiz ien ­
te n  Wjnjn u n b e s tim m te  G rößen sind. Die h ie r  soeben  e rö rte rte  d eh n u n g slo se  
V erfo rm u n g  e rfo rd e rt an  den R än d ern  d e r im  B ild  1 darg este llten  s a t te l fö r ­
m igen  H P -S ch a le  waagerechte Verschiebungen  (u , v), die die » H alb s ta rren «  
E n d sch e ib en  bzw . R an d b o g en  auch  zu lassen .

A uch a u f  G ru n d  d er A nalyse der G le ich u n g en  (2.3) u n d  (3.9) l ä ß t  sich 
folgendes e insehen : w enn  m an  fü r  alle R ä n d e r  d ie  B ed ingung  w — 0 v o rsc h re ib t 
(d. h . die R a n d trä g e r  n ur in  ihrer eigenen E bene  gegen B iegung u n e n d lic h  s te if  
s in d ), d an n  k o m m t es in  den  F ällen  zu d eh n u n g slo sen  V erform ungen , in  d enen  
m an  von  einem  R a n d p u n k t ausgehend , län g s  eines geschlossenen S tre c k e n ­
zuges d er E rzeu g en d en  m it e iner end lichen  Z ah l von  »Reflexionen« an  den  
R ä n d e rn  zum  A u sg an g sp u n k t zu rü ck k eh ren  k a n n . Diese F e s ts te llu n g  is t  m it 
dem  N am en  von  G e y l in g  [6] verb u n d en .

W ie w ohl b e k a n n t, la u te t  die B e d in g u n g  der A n w en d b a rk e it d er 
A im ondschen  geometrischen Theorie (bezogen a u f  die B estim m ung des M em ­
b ran k rä fte sp ie le s)  genauso.

D ie V erb in d u n g  zw ischen der E x is te n z  d e r M em branlösung  u n d  der 
M öglichkeit d er dehnungslosen  V erfo rm ungen  w ird  ausführlich  im  A b s c h n it t  4. 
e rö r te r t .
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D o r t  w ird  au ch  d a ra u f  verw iesen, d a ß  w e n n  die geom etrischen  V e rh ä lt­
n isse  d e r  K o n s tru k tio n  ( f j f b) die B ildung  irg e n d e in e r  sinusförm igen  D u rc h ­
b ie g u n g sflä c h e  e rm ö g lich en , d an n  lä ß t s ich  d ie  gleichförmige B e la s tu n g s ­
k o m p o n e n te  allein d u rc h  M em b ran k rä fte  n ic h t  in  G leichgew icht h a lte n .

D ie  Tafel I  u n d  d as  B ild 2 b ie ten  ein  anschauliches B ild  ü b e r  den  
C h a ra k te r  der d eh n u n g slo sen  V e rfo rm u n g sfu n k tio n en  der an  R ä n d e rn  n o r­
m a lk ra f tf re ie n , sa tte lfö rm ig e n  H P -S cha len  m i t  versch iedenen  / Q//(,-V erhält- 
n is se n .

B e ach ten sw ert is t ,  d aß  die dehnungslose  V erfo rm ung  der e n tla n g  der 
C h a ra k te r is tik e n  a b g e s tü tz te n  H P -S cha len  d u rc h  die fü r zwei an sch ließ en d e  
R ä n d e r  vo rgesch riebene B ed ingung  w  =  0 v ö llig  v e rh in d e rt w ird  [15], [21] 
(G o u rsa tsch es  P rob lem ).
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Tafel I

*
1

*
m

jn »n

1 1 1, 2, 3____ 1, 2, 3 , .  . .

121 и
Töö =  1,21 ÎÔ

10, 20, 3 0 , . .  . 11, 22, 33, . . .

g -  1,5625
5
4

4, 8, 12, . . . 5 ,1 0 , 1 5 , .  . .

16 4
T  =  1,77 . . .

3
3, 6, 9 , .  . . 4, 8, 12, . .  .

49
25 =  1’96

7
5

5, 10, 1 5 , .  . . 7, 1 4 , 2 1 , . . .

Ï  =  2,25 4
3
2 2, 4, 6, . . . 3, 6, 9, . . .

¥ - 2 , 7 7 . . .
5
3

3, 6, 9 , . . . 5, 10, 1 5 , .  . .

49
f t  - 3,0625 
16

7
4

4, 8, 1 2 , . . . 7, 14, 2 1 , . . . .

S - w
9
5

5, 10, 1 5 ,.  . . 9 ,1 8 , 2 7 , . .  .

4 2 1, 2, 3 , . . . 2, 4, 6 , . .  .

4. E x istenz und  E in d eu tig k e it der M em branlösung

M it R ü ck sich t d a ra u f, d aß  in  d e r  F a c h lite ra tu r  ein e n tsp re c h e n d es  
W issen sg u t z u r B estim m u n g  der M e m b ra n k rä ften  zur V erfügung  s te h t ,  wollen 
w ir  u n s  in  d iesem  A b sc h n itt in  e rs te r  R e ih e  m it den  Existenz- u n d  E in d eu tig ­
keitsbedingungen  befassen. Ü berd ies w ird  a u f  die V erb indung  zw isch en  der 
E x is te n z  d e r e indeu tigen  M em bran lösung  u n d  d e r dehnungslosen V erform ungs­
m öglichkeit verw iesen.

Z u den  w eite ren  E rö rte ru n g e n  sch re ib en  w ir die P uchersche  D iffe re n tia l­
g le ich u n g  — v o rau sg ese tz t, d aß  a u f  d ie  Schale  n u r  v e rtik a le  L a s te n  p (x , y )  
e in w irk en  — in  k a rte s isch en  G ru n d riß k o o rd in a te n  auf:

L p (F , z) =  p ( x ,y ) .  (4.1)

M it d er E x is ten z  u n d  E in d e u tig k e it d e r L ösung der D iffe ren tia lg le ich u n g
(4.1) is t  dieselbe S chw ierigkeit v e rb u n d e n , die bei d er E rö rte ru n g  d e r  G le ichung
(3.2) schon  e rw ä h n t w urde . W ir k ö n n en  also  die F rage ste llen , ob  u n d  u n te r
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w elch en  B edingungen  b e i e in e r  n o rm a lk ra ftfre ien  L ag eru n g  (wo die R a n d ­
bogen  b loß  M em b ra n sc h u b k rä fte  aufnehm en k ö n n e n )  ein M em b ran zu stan d  
m ö g lich  is t.

A u f  den drei R a n d a b s c h n it te n  des R ech teck b c re ich es  (dargeste llt im  
B ild  1) m uß  m an in sg e sa m t v ie r B edingungen a n g eb en  (z. B. sei der R a n d  
X  =  0 vo lkom m en frei u n d  d ie  R än d e r y  =  0 u n d  y  =  2b seien n o rm alk ra ftfre i) , 
d a m it  e ine eindeutige L ö su n g  d er D iffe ren tia lg le ichung  (4.1) — auch bei b e lie ­
b igen  W erten  d e r P a ra m e te rn  in  Gl. (4.1) — e x is tie re n  k an n  (Ta r n a i [21]).

D ie R a n d b ed in g u n g en

F  =  0, F "  =  0 (4.2a — d)
X = 0  y = 0
x=2 a y=2b

des P ro b lem s schreiben fü r  je d e n  der v ier R ä n d e r  je  eine N o rm alk ra ft vo r. 
D a ru m  läß t sich nicht bei a llen  geom etrischen V erh ä ltn issen  eine eindeutige  
M em branlösung  erwarten.

F a lls  die au f die E b e n e n  x  — 0 und  у  — 0 sy m m etrisch e  L ast p (x , y )  =  
p  =  k o n s t, in eine d o p p e lte  F ouriersche R eibe e n tw ic k e lt w ird (s. (5.5)), so 
k a n n  eine  die R a n d b e d in g u n g e n  (4 .2a—d) e rfü lle n d e  analy tische  L ösung d e r 
G le ich u n g  (4.1) m it d e r  u n en d lich en  Reihe

32

Л* P  f h m n

1
m n n i

m  — 1 ,3 , 5, . . . , M

/i =  l , 3 ,  5, . . . ,  N

(4 .3)

a n g eg eb en  w erden.
In  diesem A u sd ru c k  b e s itz t  die F u n k tio n  S mn den  gleichen A u fb au  w ie  

d ie  F u n k tio n  S tj (vgl. (3 .1 1 b ) m it (5.10a)). D er P a ra m e te r  a = f al fb b e d e u te t 
d a s  V erh ä ltn is  der P fe ilh ö h e n .

A n h an d  der G le ich u n g  (4.3) s te llt sich h e ra u s , d aß  die M em bran lösung  
im  allgem einen  n ich t m ö g lich  is t, weil der zu  d e n  bestim m ten  Z a h lp a a re n  
m , n  gehörige, end liche sy m m etrisch e  L a s ta n te il in  den  Fällen

a  =  Ja  =  n ß  

fb n2

m  =  1, 3, 5 , .  . . ,  M  

n  =  1, 3, 5 ,.  . . , N

(4.4)

b lo ß  d u rc h  unend lich  g ro ß e  M em brankräfte  in  G leichgew ich t geh a lten  w erden  
k ö n n te  [1], [5], [16], [17], [20].

A d a  Technica Academiae Scientiarum Hungaricae 91, 1980



MEMBRAN- UND SCHNITTKRÄFTE IN HP-SCHALEN 31

D iese F e s ts te llu n g  s te h t m it den  E rg eb n issen  der A im o n d sch en  »geo­
m etrischen«  T h eo rie  in  E ink lan g . L au t d ie se r T heorie  lä ß t sich n u r  be i b e s tim m ­
te n  / a//ft-V erhältn issen  eine Lösung f in d e n , ab e r das S p an n u n g sb ild  w ird  in  
der Schale u n s te tig  (d isk o n tin u ie rlich ) se in .

D ie »geom etrische« Theorie n ü tz t  d ie  spezielle E ig en sch aft d e r  H P -  
S chalen  au s, d a ß  d e r  W ert der S p an n u n g sfu n k tio n  bei v e r tik a le r  B e la s tu n g  
fü r  je  einen P u n k t  a u f  je d e r  C h a ra k te r is tik  beliebig  vorgesch rieben  w erden  
k a n n .

Di es b e d e u te t s ta t is c h , d aß  N o rm a lk rä f te  en tlang  dieser E rzeu g en d en  
(asy m p to tisch en  L in ien ) u n v e rä n d e rt v o m  e in en  R an d  zum  a n d e re n  w e ite r­
g e fü h rt w erden  k ö n n en . D ie E x is ten z  des M em brankräftesp ieles h ä n g t  nach  
d er »geom etrischen« T heorie  davon  ab , a u f  w elche  A rt die au f den  R a n d  x  =  0 
w irkende  K ra f t  N x • dy  m it H ilfe der E rz e u g e n d en , durch  »R eflexionen«, zu 
den an d eren  R ä n d e rn  h inü b erg e lan g en  k a n n  (B ild  3).

I s t  das V e rh ä ltn is  d er be iden  P fe ilh ö h en  f a und  f b dem  Q u a d ra t  e in e r 
geraden  Z ahl gleich (T afel I I ,  Zeile 2):

=  22, 42, 62, . . .
fb

so treffen  sich  am  R a n d  x  =  2a zwei Z ugdiagonalen  [5], [16]. Es e n ts te h e n  also 
an d iesem  R a n d  n u r  S ch u b k rä fte . Die au sg le ich en d e  K ra ft d ieser Z u g d iag o n a l­
k rä f te  is t die G eg en k ra ft zu N x • dy.

D arau s  fo lg t, d a ß  w enn m an  den  in n e re n  K rä fte n  des G ru n d trä g e rs  
(s. B ild  3. oben) — d e r die F läch en last a lle in  d u rc h  reine B o g en w irk u n g  t r ä g t  
— die in n e ren  K rä f te , die aus den G e g e n k rä ften  der en tlang  d en  R ä n d e rn  
x  — 0 u n d  x  — 2a a u f tre te n d e n  R e a k tio n e n  e n ts te h e n , ü b erlag e rt, d a n n  w ird  
je d e r  R a n d trä g e r  die L a s te n  bloß d u rch  S c h u b k rä f te  tragen . Bei d e r  »no rm a­
len« H P -S ch a le  (»voile norm al«, f j f b — 4) s in d  diese S ch u b k rä fte  an  d en  
R ä n d e rn  x  =  0 u n d  x  =  2a gleich N ull.

W enn

i* -  =  l 2, 32, 52 , . . 
fb i f -

1Y
[si ’

b e trä g t , so s ind  die  e rw ä h n te n  Erzeugenden gedrückt. In  diesem F a ll  is t  es also 
n ic h t m öglich , die R a n d n o rm a lk rä fte  a u f  K o s te n  der R a n d sc h u b k rä f te  zu 
b eheben .

U n te r  so lchen U m stä n d e n  k an n  die a n  den  R ändern  n o rm a lk ra f tf re ie  
Schale b loß  die L a s t d u rc h  M em b ran k rä fte  tra g e n , die antim etrisch  a u f  die 
E bene x  =  0 oder ÿ  =  0 (m  =  2, 4, 6, . . . o d e r n  =  2, 4, 6, . . .) is t. (T afel I I ,  
Zeile 1)
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Bild 3. M em brankräfte der »normalen« H P -S ch ale  (»voile normal«)

F a lls  das V e rh ä ltn is  f j f b von  den Q u a d ra te n  der ra tionellen  Z ah len  
a b w e ic h t  (Tafel I I ,  Zeile 3), so tr if f t  sich am  R a n d  x  =  2a jede  Zugdiagonale  
m i t  j e  e iner D ruckdiagonale: es en ts teh en  a lso  au ch  an diesem  R a n d  n u r  
S c h u b k rä f te .

S o m it können diese S ch a len  bei S c h u b k ra f ts tü tz u n g  der R ä n d e r  fü r  alle 
L a s tfä l le  im  M em brang le ichgew ich t b leiben (die L a s t  k an n  sowohl sy m m e tr isc h  
a ls  a u c h  an tim etrisch  a u f  d ie  E bene x  =  0 bzw . y  =  0 w irken).

W ie  wohl b e k a n n t, s in d  die v o ra n g e h e n d e n  Lösungen u n s te t ig  ab e r 
e in d e u tig .

E s  sei b em erk t, d a ß  d e r in  der Zeile 3 d e r  T afel I I  d a rg es te llte  F a ll 
n i c h t  au s  der »geom etrischen« T heorie , so n d ern  au s d er G leichung (4.4) fo lg t. 
D e r  G ru n d  hiefür lieg t d a r in , d aß  »Reflexionen« m it einer endlichen Z ah l n u r  
d a n n  m öglich  sind, w enn  d a s  V e rh ä ltn is /д//), dem  Q u a d ra t der ra tio n e llen  Z ah len  
g le ic h  is t  (vgl. m it (2 .3)). A u f  G rund  des Z usam m enhanges (4.4) i s t  eine
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Tafel II

fa
fb

Membranlösung 
existiert: -f 

nicht existiert: — Dehnungslose 
Verformung 
existiert: -+• 

nicht existiert: —p : symmetrisch 
m =  1, 3, 5 ,. . . 
n =  1, 3, 5,. . .

p : antimetrisch

m =з 2, 4, 6,. . . 
n =  1, 3, 5 ,. . .

m =. 1 ,3 ,5 ,. . .  
n =  2, 4, 6,. . .

l . I 2, 32, 52, . . .

er-© ■ • • • •

- + +
+

l'n =  1, 3, 5, # . . 
j n =  1, 3, 5 , . . .

2. 22, 42, 62, . . . + — + +
=  2, 4, 6, . . . 

jn  =  G  2, 3, . . .

3. 2, 3, 5, 6, . . .

3 5
2’ 3 ’ ' "

+ + + —

4. + — + +
i„ =  4 , 6 , . . .  
Jn =  3, 5 , . . .

5.
+ + —

H”
in =  3, 5 , .  . .  
Jn =  2 , 4, . . .

M em bran lösung  auch  d a n n  m öglich , w enn  das V e rh ä ltn is / a//6 e iner ir ra tio n e lle n  
Z ah l gleich is t.

A n h an d  der B ed in g u n g  (3.9) is t  in  d e r T afel I I  auch  d a rg e s te ll t , bei 
w elchen V erhä ltn issen  f j f b  die Schale zu r dehnungslosen  V erfo rm ungen  fä h ig  is t.

D ie E rgebnisse  in  T afe l I I  s teh en  m it u n se re r A nschauung  in  E in k la n g : 
w en n  irgendeine  L a s tk o m p o n e n te  p mn(x, y )  d u rch  M em b ran k rä fte  m it  en d ­
lich en  G rößen  n ich t in  G leichgew icht g eh a lten  w erden  k a n n , d a n n  ist die 
S chale  zu  einer dehnungslosen Verform ung w imif x , y )  in  F o rm  des e rw ä h n te n  
L astg lied es  p mn(x, y )  fä h ig .

D ie G rundlage d e r b esag ten  B e h a u p tu n g  is t  der S tu r m — L io u v illsc h e  
S a tz  [7] (oder im  B ereich  der In teg ra lg le ich u n g en  der F redho lm sche  A lte r ­
n a tiv e -S a tz  [7]).

D ies b esag t, bezogen  a u f  die D ifferen tia lg leichungen  m it h o m o g en en  
R an d b ed in g u n g en  (s. die G in. (3.2) — (3.3) bzw . (4.1) —(4.2)): w en n  d ie  hom o­
gene  D iffe ren tia lg leichung  (s. (3.2)) be i e inem  b es tim m ten  P a ra m e te r  (in  u n ­
s e re m  F a ll: E igenw ert) eine e in d eu tig e  L ösung  h a t ,  d an n  h a t  die e n tsp re c h e n d e  
inhomogene D ifferen tia lg leichung  (s. (4.1)) — bei demselben P a r a m e te r  — 
k e in e  L ösung.
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5. D ie inneren  Kräfte nach der B iegetheorie

5.1 Grundgleichungen

E in e  dünn w an d ig e  (h /R  1) S c h a le n k o n s tru k tio n  is t als flach  zu  b e ­
t r a c h te n ,  w enn fo lgende geom etrische  und  s ta tis c h e  B edingungen  e rfü llt w er-

— Die geo m etrisch en  B edingungen (2 .5 a — c).
— Die G rößen t /R  k ö n n e n  gegenüber E in s  v e rn a c h lä ss ig t w erden (t/R  1), 

wobei t e ine d e r  T an g en tia lv e rsch ieb u n g en  u, v u n d  R  der R ad iu s  
der N o rm a lk rü m m u n g  oder V erw indung  d e r  F läche sind.

— D er E in flu ß  d e r  Q u e rk rä fte  Qx u n d  Qy in  d en  P ro jek tionsg le ichungen  
is t in R ic h tu n g  d e r  T angen tia lebene v e rn ach läss ig b ar.

A nhand  der a u fg e z ä h lte n  B edingungen is t  die G leichgew ichts- u n d  
V erträg lich k e itsg le ich u n g  d e r  flachen  Schalen m it  v e r te il te r  L ast in der R ic h ­
tu n g  z  durch  A n w en d u n g  d e r allgem einen M e th o d en  der S ch a len sta tik , wie 
fo lg t, au fzuschreiben  [1], [11], [26]:

F a lls  die L ast p (x , y )  in  R ic h tu n g  der F lä c h e n n o rm a le  lieg t (wie die V ersch ie­
b u n g  mi), so gelang t m a n  ebenfalls zu G le ichungen  d er vorangehenden  F o r ­
m en  [5].

D er G rund  h ie r fü r  lie g t darin , d aß  aus d en  F lachhe its-B ed ingungen  
(2.5 a  — c) auch das fo lg t, d a ß  die F läch en n o rm alen  d er flachen  Schalen bein ah e  
p a r a l le l  zur Achse z an g eseh en  w erden k ö n n en .

D araus fo lg t au ch  d ie  R ich tigkeit der G le ichungen  in V eröffen tlichungen  
[17 ], [18], [20]. D iese G le ichungen  haben  g leiche F o rm en  wie die Z u sam m en ­
h ä n g e  (5.1) und  (5.2), o b w o h l die V ersch iebung  w*  u n d  die L ast p (x , y )  in  ih rem  
K o o rd in a ten sy s tem  in  R ic h tu n g  zu z liegen.

D ie R andbogen  w e rd e n  in  ihrer Ebene als s ta rr  (senk rech t zu ih re r  E bene  
d ag eg en  als vo llk o m m en  nachgiebig) an g en o m m en . M it anderen  W o rten : die 
R a n d trä g e r  w erden gegen  seitliche B iegung u n d  D iillu n g  als w eich, jed o ch  
g egen  B iegung in  ih re r  e ig en en  Ebene u n d  gegen  D eh n u n g en  als vo llkom m en  
s te i f  b e tra c h te t (sog. »halbsteife«  R a n d trä g e r):

d e n  [1 ], [5], [18], [26]:

L p( F , г) — BA A w  p (x ,  y )  =  0 , 

A A F  -f- D( 1 — p2)L p(w , z) =  0.

(5.1)

(5.2)

N xb =  0, M x =  0, 
w =  0 ey =  0 , (5 .3a — d)

x = 0  
X— 2 a

(5 .4a — d)
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W en n  m an  die g leichm äßig  v e r te ilte , a u f  die F läch en e in h e it d e r  G ru n d ­
riß p ro je k tio n  bezogene L a s t р (я , у )  =  p  =  k o n s t,  in  eine doppelte  F o u rie rsch e  
R eihe  en tw ick e lt

p (x , y )
16 Y V  1 • m n

________/ у  e i n
nn

2 P7Г smm n
------------- Л  о 1 II
2 a ~2b

(5.5)

m  =  1, 3, 5, . .  . ,  M  

n =  1, 3, 5, . . . , N ,

d a n n  k ö n n en  die G leichungen (5.1) —(5.2), d ie  die R an d b ed in g u n g en  (5.3) — 
(5.4) e rfü llen , m it H ilfe d er H ilfsv e rän d erlich en

fa_ 5
/b h

a
T ’ e b

wie fo lg t, au fgeschrieben  w erden:

, 768(1 -  p2)
A mn =  {Q ß y f ■ (m- — an2) ,

л 4

Bmn =  (m -  +  f n 2)2,

(5 .6a  —d)

(5.7)

(5.8)

(5.9)

(5 .10a  —h)

(5 .11a  —c)
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(5 .1 2 a — d)

(5 .1 3 a — c)

w
p h

I s
о

(5 .1 4 a — d)

D ie  an g eg eb en en  Z u sam m en h än g e  en tsp rech en  d e r Lösung von [1].
A u f  G rund  der Gl. (5 .1) b e s tim m ten  w ir  au ch  die F orm el des d u rc h  

M itte lf lä c h e n k rä f te  bzw . B ieg esc lm ittk rä fte  g e tra g e n e n  L astan te ils  p m bzw . 
p b( B  =  0, bzw. z =  0):

16
2 2 '

oc n*

m n
N  Sí1 T mn ^mn ?

smn•

(5.15)

(5.16)
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5.2 N um erische U ntersuchungen

Im  L aufe  d e r  B erechnungen  w u rd e  d e r  P a ra m e te r  f j f b zw ischen den 
W e rte n  1 u n d  4 g e ä n d e rt.

V or allem  geben  w ir  ü b e r den  C h a ra k te r  d e r V erte ilung  d e r  in n e ren  K rä fte  
im  B ereich  x , y  e in  ü b ersich tliches B ild  (B ild e r 4 a — 4f ) .

B ea c h te n sw e rt is t ,  d aß  sich die M om en te  der »halbnorm alen« Schale  (»voile 
sem inorm al« , f j f b =  1, B ild  4a —b) gleich d en  M om enten  der eb en en  P la t te  v e r­
te ile n . D as T ra g v e rh a lte n  d ieser Schale w e ich t jed o ch  vom  T ra g v e rh a lte n  der 
eb en en  P la t te  ab , d en n  in  ih r  tre te n  w egen  d er K o m p a tib il i tä t  au ch  M itte l­
f lä c h e n k rä f te  auf. Ih re  M om ente sind e tw a s  g rö ß er als die P la tte n m o m e n te . 
A u f  G ru n d  der Zeile 1. in  T abelle I I  is t  le ic h t einzusehen , d aß  M itte lfläch en ­
k rä f te  in  d er S chale  d u rch  d iejenigen (sy m m etrischen ) L a s tk o m p o n en ten  
e n ts te h e n , deren  F o rm e n  die U ngleichung m  ^  n  erfü llen . D u rch  an d e re  L a s t­
k o m p o n en ten  w erd en  wegen der dehnungslosen Verform ung  k e ine  M itte lfläch en ­
k rä f te  h e rv o rg eru fen . Im  S c h a le n m itte lp u n k t (x  =  a, y  =  b) is t  d ie N orm al-

B ild  4a. M ittelflächenkräfte der »halbnormalen« H P -S ch ale  (»voile sem inorm al«) im  ersten  
V iertel des K oord inatensystem s ж, у  (ac =  0 -r a, y  =  0 -1- 6; f j f b —  1, a/b =  1 ,a /h  =  200,/j /b  =  0,3)

B ild  4b. B iege- und D rillm om ente der »halbnormalen« H P -Schale (»voile sem inorm al) im  ersten  
Viertel des K oord inatensystem s * ,у  (* =  0 H- а ,у  =  0 -f- b ; fa/ f i ,=  l ,a / b —  1, a/h  —  200,/( ,/ i  =  0,3)

Acta Technica Academiae Scientiarum Hungaricae 91% 1980



3 8 JANKÓ, L.

a

B i ld  4c.  D ie  im  Falle f j f b  =  1,2 entstehenden M ittelflächenkräfte der H P-Schale im  ersten  
V ierte l des K oordinatensystem s x, у  (x  =  0 — а, у  =  0 -f- b; alb =  1, a/h =  200, f bjb =  0,3)

B i ld  4e. M ittelflächenkräfte der »normalen« H P-Schale (»voile normal«) im  ersten V iertel des  
K oordinatensystem s x,  у  (ж =  0 -г а, у  =  0 Ч- 6; f j f i ,  =  4 , a/b =  1, а/h  =  200, f^/b =  0,3)
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B ild  4f. Biege- und D rillm om ente der »normalen« H P -S ch ale  (»voile normal«) im  ersten V iertel 
des K oordinatensystem s x , y  (x  =  0 4- a, y  =  0 4- 6; f a!fb =  4, a/b =  1, afh =  200, /(,/6 =  0,3)

k ra f t  eine Z u g k ra ft. In fo lgedessen  is t der d u rc h  M itte lfläch en k räfte  g e trag en e  
L a s ta n te i l  negativ (B ild  6). D arau s folgt se lb s tv e rs tän d lich , daß  die M om ente  
d e r  »halbnorm alen« S chale  g rößer sind  als d ie jen ige  d e r en tsp rech en d en  eb en en  
P la t te .  D ie B ieg em o m en te  d er ebenen P la t te  m it A b m essu n g sv erh ä ltn issen  
a/b =  1, a//i =  200 im  P u n k t  x  =  a, y  =  b s in d  n ach  [23]: M x 1' =  M y l  =  
=  0,1767 p a 2. (E s w u rd e  eine  T ran sfo rm a tio n  v o n  p  =  0,3 zu p =  0,2 d u rc h g e ­
fü h r t) . W ie aus B ild  4b . e rsich tlich  is t, geh ö ren  zu r b eh an d e lten  Schale  M o­
m en te  m it den G rößen  M x =  M y =  0,1994 p a 2 1,13 M XL.

D er d u rch  d ie  B ie g e sc h n ittk rä fte  g e tra g e n e  L a s ta n te il w ird  se lb s tv e r­
s tä n d lic h  du rch  d ie  K rü m m u n g e n  der F u n k tio n e n  d er Biege- u n d  D rillm o m e n te  
b e s tim m t. W ie B ild  6 d eu tlich  erkennen  lä ß t ,  w uchsen  die K rü m m u n g e n  
d er M o m en te fu n k tio n en  gegenüber den e n tsp re c h e n d en  K rü m m u n g en  d e r 
ebenen  P la t te  s tä rk e r  als die A b so lu tb e träg e  d e r M om ente an.

D ie von  den  M itte lf lä c h e n k rä fte  der »halbnorm alen«  H P -S cha le  s ta m ­
m ende D urchb iegung  (bzw . K rü m m u n g [en ]) is t  zu  d er du rch  die B ie g e sc h n itt­
k rä f te  h e rv o rg eru fen en  D u rchb iegung  (bzw . K rü m m u n g [en ]) entgegengesetzt 
gerichtet. H ieraus e rk lä r t  sich  also, daß  die G röße  d er D u rch b ieg u n g  d e r  H P - 
Schale  im  S c h a le n m itte lp u n k t (x  =  a, y  - b) w =  1 ,2 2 9 X lO 9 p /E  b e in ah e  
völlig  m it der D u rch b ieg u n g  der en tsp re c h e n d en  ebenen  P la tte  (p  — 0,2) ü b e r ­
e in s tim m t [23].

Von der »halbnorm alen« H P -Scha le  ist also festzustellen , daß  sie h in s ic h t­
lich  des T ra g v e rh a lten s  ungünstiger ist a ls die entsprechende ebene P latte . I n ­
folgedessen is t die A n w en d u n g  dieser K o n s tru k tio n  n u r  bei den  g e o m e trisch en  
V erh ä ltn issen  zw eck m äß ig , die die ebenen  P la t te n  kennzeichnen  (а/Л =
=  15 4 - 20).

In te re ssa n t is t  in  d en  B ildern  4c. und  4d . zu  b eo b ach ten , daß  die M itte l­
f lä ch en k rä fte  d er S ch a len  m it V erh ä ltn issen  / а//б, die von  dem  V e rh ä ltn is  
falfb  d er »halbnorm alen« Schale  n u r  w enig ab w eich en  (z. В . f j f b =  1, 2), e n tg e ­
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g e n  d e r  M itte lf lä c h e n k rä fte  der »halhnorm alen«  H P -S chale  sehr s ta rk  an­
w u c h s e n .

G leichzeitig  v e rm in d e r te n  sich  s e lb s tv e rs tä n d lic h  die B iege- u n d  D rill­
m o m e n te  u m  eine G rö ß en o rd n u n g .

B ezüglich  d er n o rm a le n  Schale (f j f b =  4 , B ilder 4e, 4f) s ie h t das 
B ild  d e r  inneren  K rä f te  ganz  anders au s , als das fü r den F a ll d e r  » ha lb ­
n o rm a le n «  Schale d a rg e le g t w urde . D ie A b b ild u n g  der M itte lf lä c h e n k rä f te  
n a c h  d e r  B iegetheorie lie g t d en  u n ste tig en  A b b ild u n g en  n ach  der A im o n d sch en  
»geom etrischen«  T heorie  n a h e . D e m e n tsp re c h en d  kom m t den B iegeeffekten  
eine sehr kleine Bedeutung zu . W ie e rs ich tlich , v e rte ile n  sich die B ieg em o m en te  
d e r  »norm alen« Schale in  d e r  G ru n d riß p ro je k tio n  n ic h t so, wie die d e r  e la s ti­
sc h e n  P la t te  — die in  d e r N äh e  des P la t te n m itte lp u n k te s  am  g rö ß te n  s in d  —, 
s o n d e rn  die M axim alw erte  d e r  S ch a len m o m en te  liegen in  den B ere ich en  längs 
d e r  R ä n d e rn . Von den  R ä n d e rn  n ach  in n e n  n eh m en  diese M om ente  a b n e h ­
m e n d e  positive  u n d  n e g a tiv e  W erte  au f, äh n lic h  wie die n ach  d er M itte  zu 
a b k lin g e n d e n  S chw ingungen . D iese F e s ts te llu n g  s te h t m it den  E rg eb n issen  
v o n  H r u b a n  [11] u n d  T á r n á i [22] in  E in k la n g .

Sie b estim m ten  d ie  B iegew irkungen  n a c h  d e r Lösung des R a n d s tö ru n g s ­
p ro b le m s .

Z u r  B em essung d e r »norm alen« Schale m it H ilfe der T heorie I . O rd n u n g  
s in d  ih re  L ösungen g u t an zu w en d en . (D ie B eh a n d lu n g  d er in  dem  vo rlieg en d en  
A u fsa tz  gestellten  A ufgabe w ar n a tü rlic h  n u r  d u rch  eine U n te rsu c h u n g  m ög­
lic h , d ie  sich au f den  g an zen  G ru n d riß b e re ich  e rs treck te .)  A u f G ru n d  der 
B ild e r  5 a —5b w ird  d as  b ish e r  G esagte n o ch  an schau licher. W en n  d ie  Pfeil­
h ö h e n v e rh ä ltn isse  d er b e h a n d e lte n  H P -S ch a le  m it den P a ra m e te rn  f j b  =  0,3, 
a /h  =  200 von dem  W e rt f alfb — 4 (»norm ale« Schale) e tw a  bis zu  d em  W e r t  
f j f b =  2 - t- 1,5 v e rä n d e r t  w erden , d an n  w achsen  die B iegew irkungen  n u r  sehr 
w en ig  an  u n d  weisen seh r k le ine  A b so lu tb e trä g e  auf.

I n  diesem Bereich  k ö n n en  also d ie  b eh a n d e lte n  sa tte lfö rm ig en  H P - 
S c h a le n  m it g u te r N ä h e ru n g  als M em branschalen  betrachtet werden.

F ü r  diese P fe ilh ö h en  V erhältn isse  is t  an  H a n d  d er T afel I I .  fe s tzu s te llen , 
d a ß  d ie  dehnungslosen  V erfo rm u n g en  m it w en ig sten  sy m m etrisch en  W ellen­
z a h le n  zu  den Schalen  m it den P a ra m e te rn  { f j f b)112 =  7/5, 5/3, 9 /5  gehören .

D  as G ew icht d er L as tg lied e r p mn, b e s tim m t nach  den Z sa m m e n h ä n g e n
(4 .4) u n d  (5.5), is t  u n b e d e u te n d . D ah er sp ielt die dehnungslose Verform ung  
ke in e  wichtige Rolle. E in e  w eitere  V e rm in d u n g  des P fe ilh ö h en v erh ä ltn isses  
— also  eine A n n äh eru n g  a n  die, den  ü b e rw ie g e n d e n  A nte il ih re r  L a s te n  »plat­
te n a r t ig «  trag en d e , »halbnorm ale«  Schale ( fá l fb = 1 )  — fü h r t  zu r ra p id e n  V er­
g rö ß e ru n g  der M om en te . D a  es sich  um  eine Schale  h a n d e lt, w ü rd e  d ie  K o n ­
s t r u k t io n  infolge ih re r  v e rh ä ltn ism ä ß ig  g ro ß en  D eh n u ngste ifigke it d ie  L asten  
d u rc h  M itte lf lä c h e n k rä f te  trag en . So w erd en  w egen der K o m p a tib il i tä t  m it 
d e r  ra sc h e n  Z unahm e d e r  M om ente au ch  die d e r M itte lfläch en k räfte  g rößer.
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Bild 5a. D ie  nach  der Biegetheorie bestim m ten  M ittelflächenkräfte im  Schalenm ittelpunkt (/( ,/6 = 0 ,3 , a / h = 200)

My = m,*0.2m„
4
a
T "

My«my*0.2m,

B ild  56. Biege- und D rillm om ente im  Schalenm ittelpunkt ( / ,/6  =  0,3, a/h =  200)
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H ä t te  d ie  Schale k eine  B iegeste ifigke it, so w ü rd e n  die M itte lfläch en k räfte  
n a c h  u n en d lich  g roßen  W e rte n  streben . Im  H in b lic k  d a rau f, daß  die Schale  
en d lich e  B iegesteifigkeit h a t ,  übernehm en  die B ie g e sc h n ittk rä fte  den en tsch e i-

B ild  6. D ie  durch M ittelflächenkräfte getragegen L astanteile im  Schalenm ittelpunkt (afh =  200,
/» /6 = 0 ,3 )

d e n d e n  A n te il der B e la s tu n g . Folg lich  n eh m en  fü r  d en  F a ll der »halbnorm alen« 
S ch a le  die M itte lf lä c h e n k rä fte  w ieder k leine W e rte  an .

W ie schon e rw ä h n t, sp ie lt die dehnungslose V erform ung  bei der »halb ­
n o rm alen «  Schale eine entscheidende Rolle: n u r  au s  d en  n ic h t d o m in an ten  L a s t­
k o m p o n e n te n , die d u rch  d ie  U ngleichung m^= n  g ek en n ze ich n e t w erden k ö n n en , 
e n ts te h e n  M itte lf lä ch en k rä fte .

D as F ehlen  der d en  ü b rig e n  L a s tk o m p o n e n te n  en tsp rech en d en  N orm al- 
u n d  S ch u b k rä fte  m u ß  d u rc h  die B iegew irkungen  e rse tz t w erden.

Im  B ild 6 sind  d ie  d u rc h  M itte lf lä c h e n k rä fte  ge tragenen  L a s ta n te ile  
d e r  S ch a le  m it den b e re its  b eh an d e lten  g eo m e trisch en  A ngaben  d a rg es te llt.

A ll diese R e su lta te  la ssen  w ieder e rk en n en , d aß  die Schale die L a s te n  
e tw a  im  B ereich f f f  =  (1,5 — 2) ~  4 überwiegend durch M ittelflächenkräfte trägt.
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Tafel Ш /1

fb а а / . N xb N*,b
b h b fb P a * lfb Pa’lfb РаЧ /ь

1 0,1682 0 0,1682

1,2 -2 ,5 2 3 7 -2,6533 - 2 ,8 3 6 7

l 1,6 - 1 ,2 0 2 7 -1 ,2 7 9 4 — 1,4896

2,25 — 0,6105 -0 ,6 3 5 6 - 0 ,8 7 8 0

4 - 0 ,2 7 8 1 -0 ,2 2 8 4 - 0 ,5 3 4 3

1 — 0,00014 0,0606 - 0 ,0 4 5 5

1,2 - 0 ,6 5 5 0 -0 ,2 6 9 2 - 0 ,2 1 1 2

0,1 100 2 1,6 - 0 ,8 5 1 9 -0 ,3 7 1 6 - 0 ,2 6 4 7

2,25 0,5651 -0 ,2 2 9 3 - 0 ,1 9 7 7

4 - 0 ,2 6 8 5 -0 ,0 7 0 1 - 0 ,1 4 6 2

1 - 0 ,0 2 0 7 0,0420 - 0 ,0 1 8 2

1,2 - 0 ,1 2 8 2 0,0057 - 0 ,0 3 0 5

3 1,6 - 0 ,2 8 6 6 -0 ,0 4 6 6 - 0 ,0 4 9 5

2,25 - 0 ,3 5 4 8 -0 ,0 6 8 4 - 0 ,0 5 8 4

4 -  0,2531 -0 ,0 3 1 4 0,0497

D ie v o ran g eh en d en  au sfüh rlichen  U n te rsu ch u n g en  w urden  a u c h  fü r  die 
P a ra m e te r  а/h, f b/b u n d  а /ft (Tafeln I I I - - IV .) , die die g eom etrischen  V e rh ä lt­
n issen  d e r m eis ten  S tah lb e to n sch a len  g u t  kennzeichnen , d u rc h g e fü h r t . W ir 
g e lan g ten  zu  der F es ts te llu n g , daß  die H P -S ch a len  auch in  diesen F ä llen  als 
M em branschalen zu  betrachten sind , w en n  m a n  den Bereich f j f b =  (1 ,5  — 2 )^ -4  
n ic h t v e r lä ß t.

A us den  in  den  T afe ln  angegebenen  W e rte n  können m it H ilfe d e r  P u ch e r-  
schen  G le ichgew ich tsg le ichung  die d u rch  M itte lfläch en k räfte  g e tra g e n e n  L a s t­
an te ile  schnell b e s tim m t w erden (B ild  6 ). A u ch  daraus is t a u f  d a s  M aß der 
M em bran  W irkung zu  fo lgern .

In  T afe l I I I  sind  die W erte  d er S c h u b k rä f te  im P u n k t x  =  0 , у  — 0, 
w e ite rh in  die W erte  d er N o rm alk rä fte  im  P u n k t  x  =  а, у  =  b, b ezo g en  a u f  die 
geo m etrisch en  V erh ä ltn isse  «/ft =  1, 2, 3, o /h  =  100, 150, 200, f b/b  =  0,1, 0,2 
0,3, f j f b — 1, 1,2, 1,6, 2 ,25, 4 z u sam m en g e faß t.

In  T afe l IV . s in d  die W erte  d er D rillm o m e n te  im P u n k t x  =  0, у  =  0 
u n d  d ie  W e rte  d er B iegem om ente u n d  d e r  D urchb iegungen  im  P u n k t  x  — a, 
у  =  ft (bezogen  a u f  die vo ran g eh en d en  g eo m e trisch en  V erhältn isse) e n th a lte n . 
In  V e rb in d u n g  m it d er V erw endung  d e r T a fe ln  sie bem erk t, d a ß  zu  g leichen
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Tafel Ш /2

f b
b

a
h

a
b

U
f b

N a N xyb N , ь
Р“г1Л P a V fb р “г1Л

1 0,1776 0 -0 ,1 7 7 6

1,2 — 3,1614 — 3,2921 -3 ,4 9 1 0

1 1,6 -1 ,2 6 5 9 — 1,3344 -1 ,5 6 7 0

2,25 -0 ,6 3 0 2 — 0,6437 -0 ,9 1 8 6

4 -0 ,2 8 6 6 — 0,2070 -0 ,5 7 9 3

1 0,0235 0,0664 -0 ,0 4 9 5

1,2 -1 ,2 0 3 8 — 0,5508 -0 ,3 5 8 7
0,1 150 2 1,6 -1 ,0 4 9 2 — 0,4764 -0 ,3 2 3 8

2,25 -0 ,5 9 3 1 — 0,2453 -0 ,2 1 4 0

4 -0 ,2 7 6 2 — 0,0619 -0 ,1 4 6 1

1 -0 ,0 2 0 4 0,0485 -0 ,0 2 1 6

1,2 -0 ,2 5 4 1 —0,0292 -0 ,0 4 8 1

3 1,6 -0 ,4 9 9 7 - 0 ,1 1 0 6 -0 ,0 7 6 6

2,25 - 0 ,4 7 6 4 — 0,1015 -0 ,0 7 6 2

4 -0 ,2 7 4 1 — 0,0264 -0 ,0 5 9 3

Tafel Ш /3

fb a a fa Na Nxyb N,ь
b h b fb Pb-Vfb Pa*/fb Po’lfb

1 0,1867 0 -0 ,1 8 6 7

1,2 -3 ,4 6 8 5 — 3,6031 -3 ,8 1 6 0
î 1,6 - 1 ,2 9 7 6 — 1,3628 -1 ,6 1 6 2

2,25 - 0 ,6 4 1 4 — 0,6439 -0 ,9 4 0 6
4 - 0 ,2 8 7 9 — 0,1978 -0 ,5 9 2 2

1 0,0497 0,0686 -0 ,0 5 1 2

1,2 -1 ,7 1 9 7 - 0 ,8 1 9 2 -0 ,4 9 5 8

0,1 200 2 1,6 -1 ,1 3 9 4 - 0 ,5 2 8 9 -0 ,3 5 3 3

2,25 -0 ,6 0 4 6 — 0,2534 -0 ,2 2 1 9
4 - 0 ,2 8 0 5 — 0,0593 -0 ,1 5 1 5

1 -0 ,0 1 7 4 0,0523 -0 ,0 2 2 9

1,2 - 0 ,4 1 4 7 — 0,0803 -0 ,0 6 7 8
3 1,6 -0 ,6 8 3 9 -0 ,1 7 0 0 -0 ,0 9 9 2

2,25 - 0 ,5 3 9 1 -0 ,1 2 0 9 -0 ,0 8 5 7
4 - 0 ,2 7 9 8 — 0,0238 -0 ,0 6 4 1
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Tafel П 1/4

Л a a f . N n N r ,b N ,b
6 h b /» p o 'l f b P o 'tfb p a ' t f b

1 0,1867 0 - 0 ,1 8 6 7

3,2 — 3,4685 -3 ,6 0 3 1 — 3,8160

l 1,6 - 1 ,2 9 7 6 -1 ,3 6 2 8 - 1 ,6 1 6 2

2,25 — 0,6414 -0 ,6 4 3 9 - 0 ,9 4 0 6
4 — 0,2879 -0 ,1 9 7 8 - 0 ,5 9 2 2

1 0,0497 0,0686 - 0 ,0 5 1 2

1,2 — 1,7197 -0 ,8 1 9 2 - 0 ,4 9 5 8

0,2 100 2 1,6 -1 ,1394 -0 ,5 2 8 9 - 0 ,3 5 3 3

2,25 - 0 ,6 0 6 4 -0 ,2 5 3 4 - 0 ,2 2 1 9
4 - 0 ,2 8 0 5 -0 ,0 5 9 3 - 0 ,1 5 1 5

1 - 0 ,0 1 7 4 0,0523 - 0 ,0 2 2 9

1,2 —0,4147 -0 ,0 8 0 3 - 0 ,0 6 7 8

3 1,6 - 0 ,6 8 3 9 -0 ,1 7 0 0 - 0 ,0 9 9 2

2,25 - 0 ,5 3 9 1 -0 ,1 2 0 9 —0,0857
4 - 0 ,2 7 9 8 -0 ,0 2 3 8 - 0 ,0 6 4 1

Tafel Ш /5

Л a a / . N xb N ,b
b h b Л p a ' t f b P a 'lfb p a ' l f b

1 0,1984 0 - 0 ,1 9 8 4

1,2 — 3,7513 -3 ,8 8 6 9 - 4 ,1 2 1 0
l 1,6 - 1 ,3 4 1 5 -1 ,3 9 3 8 - 1 ,6 8 0 5

2,25 - 0 ,6 5 5 1 -0 ,6 4 0 7 - 0 ,9 6 9 8

4 —0,2835 -0 ,1 9 3 1 - 0 ,5 8 7 4

1 0,0955 0,0691 - 0 ,0 5 3 6

1,2 - 2 ,4 9 3 9 -1 ,2 2 3 6 -0 ,7 0 1 2
0,2 150 2 1,6 - 1 ,2 1 8 9 -0 ,5 7 6 5 -0 ,3 8 1 5

2,25 - 0 ,6 2 1 4 -0 ,2 6 2 3 -0 ,2 3 0 6
4 - 0 ,2 8 2 6 -0 ,0 5 9 3 - 0 ,1 5 4 0

1 - 0 ,0 0 7 2 0,0564 -0 ,0 2 4 2

1,2 - 0 ,8 0 3 2 -0 ,2 1 0 0 - 0 ,1 1 3 6
3 1,6 - 0 ,9 3 2 0 -0 ,2 5 4 4 -0 ,1 2 9 8

2,25 - 0 ,5 8 9 2 -0 ,1 4 0 0 -0 ,0 9 4 6
4 - 0 ,2 8 1 4 -0 ,0 2 2 7 - 0 ,0 6 8 7
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Tafel IH /6

Л а а f a Nxb N xyb Npb
b h b Л Pn’lfb P “2/ fb Pa4 fb

1 0,2073 0 -0 ,2 0 7 3

1,2 -3 ,8 8 9 3 — 4,0240 -4 ,2 7 5 7

1 1,6 -1 ,3 6 9 2 — 1,4080 -1 ,7 2 4 7

2,25 -0 ,6 6 5 1 — 0,6319 -0 ,9 9 3 2

4 -0 ,2 7 6 9 — 0,1929 — 0,5721

1 0,1262 0,0683 -0 ,0 5 5 4

1,2 -2 ,9 6 9 7 - 1 ,4 7 0 8 -0 ,8 2 7 5

0,2 200 2 1,6 -1 ,2 6 0 5 — 0,5983 -0 ,3 9 6 3

2,25 -0 ,6 3 5 0 -0 ,2669 -0 ,2 3 6 3

4 -0 ,2 8 0 3 — 0,0611 -0 ,1 5 2 5

1 0,0063 0,0585 -0 ,0 2 4 8

1,2 -1 ,2 2 1 5 0,3863 -0 ,1 6 2 3

3 1,6 -1 ,0 6 5 7 — 0,3028 -0 ,1 4 6 9

2,25 -0 ,6 0 5 0 — 0,1489 -0 ,0 9 8 3

4 -0 ,2 8 1 3 0,0232 -0 ,0 6 9 8

Tafel III/7

fb » a fa H xb N  xyb N yb

b b fb P “Vfb P a*lfb Pa tlfb

1 0,1984 0 -0 ,1 9 8 4

1,2 -3 ,7 5 1 3 3,8869 -4 ,1 2 1 0

í 1,6 -1 ,3 4 1 5 — 1,3938 -1 ,6 8 0 6

2,25 -0 ,6 5 5 1 -0 ,6407 -0 ,9 6 9 8

4 -0 ,2 8 3 5 -0 .1931 -0 ,5 8 7 4

1 0,0955 0,0691 -0 ,0 5 3 6

1,2 -2 ,4 9 3 9 — 1,2236 -0 ,7 0 1 2

0,3 100 2 1,6 -1 ,2 1 8 9 — 0,5765 -0 ,3 8 1 5

2,25 - 0 ,6 2 1 4 — 0,2623 -0 ,2 3 0 6

4 -0 ,2 8 2 6 -  0,0593 -0 ,1 5 4 0

1 -0 ,0 0 7 2 0,0564 -0 ,0 2 4 2

1,2 - 0 ,8 0 3 2 — 0,2100 -0 ,1 1 3 6

3 1,6 - 0 ,9 3 2 0 — 0,2544 -0 ,1 2 9 8

2,25 -0 ,5 8 9 2 — 0,1400 -0 ,0 9 4 6

4 - 0 ,2 8 1 4 -0 ,0 2 2 7 -0 ,0 6 8 7
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Tafel III/8

Л « а f a Nxyb N , b
к h b Л p a ’l f t p a 'l fb P a ' l f b

1 0,2110 0 -0 ,2 1 1 0

1,2 — 3,9381 -4 ,0 7 2 1 -4 ,3 3 1 2
I 1,6 - 1 ,3 7 9 7 1,4121 -1 ,7 4 1 9

2,25 - 0 ,6 6 9 5 -0 ,6 2 6 5 -1 ,0 0 4 2

4 - 0 ,2 7 3 7 — 0,1927 - 0 ,5 6 4 1

1 0,1366 0,0677 -0 ,0 5 6 2

1,2 - 3 ,1 3 3 6 -1 ,5 5 5 4 -0 ,8 7 0 9
0,3 150 2 1,6 - 1 ,2 7 6 3 — 0,6056 -0 ,4 0 1 9

2,25 - 0 ,6 4 0 8 -0 ,2 6 8 3 -0 ,2 3 8 6

4 - 0 ,2 7 8 6 -0 ,0 6 2 0 - 0 ,1 5 1 1

1 0,0137 0,0592 - 0 ,0 2 5 0

1,2 -  1,4248 -0 ,4 2 2 5 -0 ,1 8 6 0

3 1,6 1,1076 -0 ,3 1 8 9 -0 ,1 5 2 6

2,25 - 0 ,6 0 8 9 -0 ,1 5 1 8 -0 ,0 9 9 5

4 -0 ,2 8 1 1 0,0237 -0 ,0 7 0 1

Tafel III/9

fb
b

а

Ä
а
b

f .
fb

N xb N xyb N yh

P a’l fb p a ’l fb p a ’lfb

1 0,2196 o -0 ,2 1 9 6

1,2 -4 ,0 4 6 8 - 4 ,1 7 8 6 -4 ,4 5 5 8

l 1,6 -1 ,4 0 3 2 1,4191 - 1 ,7 8 1 3

2,25 - 0 ,6 8 6 1 -0 ,6 0 9 4 - 1 ,0 2 4 5

4 -0 ,2 6 2 8 -0 ,2 0 7 0 - 0 ,5 4 0 6

1 0,1554 0,0658 - 0 ,0 5 7 9

1,2 3,4551 1,7205 - 0 ,9 5 5 9
0,3 200 2 1,6 -1 ,3 1 3 7 -0 ,6 2 1 3 0,4147

2,25 -0 ,6 5 4 8 -0 ,2 7 0 2 - 0 ,2 4 4 7

4 -0 ,2 7 1 0 -0 ,0 7 2 3 0,1456

1 0,0371 0,0603 -0 ,0 2 5 5

1,2 - 1 ,9 6 9 8 -  0,6109 -0 ,2 4 9 6

3 1,6 - 1 ,1 8 3 2 -  0,3496 -0 ,1 6 3 6

2,25 -0 ,6 2 3 6 -0 ,1 5 7 7 -0 ,1 0 1 8

4 -0 ,2 8 2 5 -0 ,0 2 9 8 -0 ,0 7 0 0
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Tafel IV/1

f t a a f a Wkio_ l m x  105 — m xy 10® JTly 10®
b h b h p lE р а г P a2 pa*

1 764,901 16 340,02 13 820,10 16 340,02

1,2 263,601 5 582,01 5 181,02 5 652,10

î 1,6 41,065 764,81 1 302,01 916,32

2,25 8,435 — 22,96 719,70 212,11

4 — 1,376 — 486,81 519,71 — 33,73

1 122,560 2 529,01 4 584,02 10110 ,02

1,2 101,650 2 097,03 3 903,03 8 421,20

0,1 100 2 1,6 43,569 841,31 1 914,02 3 488,04

2,25 13,127 177,22 907,74 947,90

4 1,129 - 1 8 1 ,6 0 541,31 26,21

1 30,044 567,91 7 628,10 5 637,01

1,2 29,207 546,31 2 372,02 5 477,02

3 1,6 23,929 425,12 1 542,11 4 462,31

2,25 14,058 208,51 323,53 2 565,70

4 3,124 - 8 8 ,5 0 609,50 477,81

Tafel IV/2

f b  ! « 
b h

a
b

f a

h

”>/b io—5 m x  10* - “ «* io! ТПу  10*
p /E p a 2 p a 2 p a 2

1 3 880,202 16 470,02 13 670,11 16 470,02

1,2 736,901 3 152,03 2 996,03 3 188,03

î 1,6 96,422 378,21 757,23 460,42

2,25 18,809 — 135,82 470,12 102,83

4 -4 ,8 9 5 — 286,20 354,45 - 3 2 ,1 2

1 612,570 2 579,31 4 502,91 10 191,12

1,2 447,843 1 779,02 9 020,83 7 035,33

0,1 ' 150 2 1,6 122,881 476,32 1142,34 1 914,42

2,25 31,337 83,60 543,12 437,21

4 1,976 — 103,71 349,73 4,37

1 153,421 609,52 1 759,72 5 690,04

1,2 144,392 569,21 1671,13 5 348,44

3 1,6 98,011 368,20 1 206,72 3 587,63

J 2,25 43,419 136,05 692,92 1521 ,12

1
4 6,988 - 6 0 ,0 7 373,64 168,03
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Tafel IV/3

h a a fa »/*1 o-s m x  10® mxy Ю6 mylO6
b h b f p p /E pa2 p a 8 pa*

l 12 273,10 16 520, 04 13 590,10 16 520,04
1,2 1 434,82 1 990,20 1 951,03 2 015,53

l 1,6 175,21 223,93 523,81 283,31
2,25 32,80 — 42,08 353,92 51,01
4 - 1 0 ,5 7 - 1 8 9 ,5 1 269,42 - 2 7 ,6 6

1 1 954,82 2 601,23 4 459,04 10 260,12
1,2 1 098,41 1 452,42 2 617,73 5 716,80

0,1 200 2 1,6 239,74 296,50 764,91 1 182,11
2,25 56,99 47,06 386,81 259,02
4 2,98 - 6 7 ,0 2 265,21 - 2 ,2 6

1 486,64 627,71 1 723,12 5 714,81
1,2 438,31 561,73 1 569,62 5 136,31

3 1,6 243,30 297,62 946,61 2 796,02
2,25 88,48 90,22 482,03 948,21
4 12,11 — 40,17 264,61 71,68

Tafel IV/4

f b
b

a
h

a
b

f a
fb

t«/Äio-5
p IE

m x  10®
P a2

m Xy 10® 
pa*

rtly IO5
p a 2

1 767,04 16 552,04 13 590,10 16 552,04
1,2 89,68 1 990,20 1 951,03 2 015,51

l 1,6 10,95 223,93 523,81 283,31
2,25 2,05 — 42,08 353,92 51,01
4 - 0 ,6 6 — 189,51 269,42 - 2 7 ,6 6

1 122,18 2 601,23 4 459,04 10 260,12
1,2 68,65 1 452,42 2 617,73 5 716,80

0,2 100 2 1,6 14,98 296,50 764,91 1 182,11
2,25 3,56 47,06 386,81 259,02
4 0,186 - 6 7 ,0 2 265,21 - 2 ,2 6

1 30,41 627,71 1 723,12 5 714,81

1,2 27,39 561,73 1 569,62 5 136,31
3 1,6 15,21 297,62 946,61 2 796,02

2,25 5,53 90,22 482,03 948,21
4 0,757 - 4 0 ,1 7 264,61 71,68
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Tafel IV/5

f b a a f a u,//ll0 5 m x  10s — m zy 105 n\y 105
b h b h p/E pci2 p a 2 p a 2

1 3 885,61 16 578,02 13 554,03 16 578,02

1,2 217,85 1 026,30 1 099,12 1 042,41

î 1,6 25,22 109,51 359,78 147,93

2,25 4,31 — 54,33 244,74 11.39

4 - 1 ,7 8 99,90 184,25 19,81

1 619,71 2 628,12 4 436,74 10 378,03

1,2 225,24 956,78 1 757,23 3 745,51

0,2 150 2 1,6 36,37 150,03 461,87 592,16

2,25 8,18 16,60 250,84 125,28

4 0,33 35,93 176,01 -9 ,2 8

1 154,43 646,12 1 713,62 5 743,41

1,2 123,85 516,03 1 403,52 4 586,52

3 1,6 47,57 191,62 629,25 1 698,04

2,25 13,83 45,42 286,44 438,47

4 1,64 21,02 168,32 20,55

Tafel IV/6

f b
b h

a
b

f a
f b

4 h10 5 m x  105 -ш вд105 m y  10s
P /E p a 2 p  a2 p a 2

1 12 283,12 16 602,12 13 506,04 16 602,12

1,2 401,22 643,84 729,36 655,57

î 1,6 45,29 59,99 261,09 89,11

2,25 6,82 - 5 9 ,2 7 191,76 — 4,17

4 - 3 ,4 4 57,99 140,97 13,75

1 1 960,81 2 637,31 4 404,03 10 459,02

1,2 477,26 648.57 1 217,12 2 548,22

0,2 200 2 1,6 66,80 89,10 320,08 365,95

2,25 14,56 3,09 189,38 69,10

4 0,44 -  22,64 136,19 — 10,90

1 488,70 650,96 1 695,12 5 763,93

1,2 339,77 451,04 l 216,22 3 980,91

3 1,6 97,81 125,77 437,32 1 087,62

2,25 25,49 26,23 201,81 244,48

4 2,85 - 1 3 ,1 6 125,85 8,90
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Tafel TV/7

h a a fa wlh io~ 5 mx I0& — m xv 108 niy IO8
b h b h p / E p a 2 pa*

1 761,51 16 578,2 13 554,03 16 578,2
1,2 43,03 1 026,3 1 099,12 1 042,41

l 1,6 4,98 109,51 359,78 147,93
2,25 0,85 54,33 244,74 11,39
4 - 0 ,3 5 99,90 184,25 - 1 9 ,8 1

1 122,41 2 628,12 4 436,74 10 378,03

1,2 44,49 956,78 1 757,23 3 745,51

0,3 100 2 1,6 7,18 150,03 461,87 592,16
2,25 1,62 16,60 250,84 125,28

4 0,064 35,93 176,01 - 9 ,2 8

1 30,51 646,12 1 713,62 5 743,41

1,2 24,46 516,03 1 403,52 4 586,52

3 1,6 9,40 191,62 629,25 1 698,04
2,25 2,73 45,42 286,44 438,47
4 0,32 — 21,02 168,32 20,55

Tafel TV/8

fb a a fa 4 h  10-s m x  10» ТПху 108 my  10*
b h b fb p /E p a 2 p a * pa*

1 3 886,80 16 610,03 13 490,12 16 610,03

1,2 101,53 533,90 619,55 544,21

l 1,6 11,35 46,02 229,23 71,93

2,25 1,59 - 6 0 ,0 5 173,93 - 8 ,3 9
4 0,88 - 4 4 ,6 5 126,23 - 1 1 ,3 6

1 620,68 2 640,51 4 391,81 10 488,12

1,2 125,88 544,19 1 033,30 2 142,63
0,3 150 2 1,6 16,88 71,84 276,90 301,41

2,25 3,62 - 1 ,1 1 169,58 51,70

4 0,095 — 18,44 122,84 - 1 0 ,6 6

1 154,69 652,41 1 688,52 5 773,72

• 1,2 99,51 418,39 1 127,42 3 685,41

3 1,6 25,52 104,01 373,95 891,99

2,25 6,43 20,57 176,08 192,45

4 0,71 - 1 0 ,9 0 112,46 6,16
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Tafel rV/9

f » a a Sa ">/Ä 10—5 m x  105 m xy 105 ТПу  106
b h b Sb p / E p a 2 p a 2 p a 2

1 12 286,10 16 625,04 13 455,12 16 625,04

1,2 185,35 335,34 379,13 342,80

l 1,6 20,26 22,38 167,31 41,72

2,25 2,13 - 5 8 ,4 7 137,08 — 14,58

4 - 1 ,5 7 - 2 0 ,0 8 96,01 - 6 ,2 0

1 1 963,21 2 647,03 4 365,61 10 547,11

1,2 246,51 345,32 679,47 1 367,13
0,3 200 2 1,6 30,70 42,32 196,20 187,99

2,25 6,27 - 8 ,6 5 130,57 20,05

4 0,11 - 1 0 ,3 1 95,28 - 8 ,5 1

1 489,36 655,22 1 673,72 5 802,31

1,2 246,49 329,52 891,89 2 893,22

3 1,6 48,90 63,41 253,53 537,98

2,25 11,60 10,47 128,36 108,28

4 1,22 - 6 ,8 9 86,48 1,44

P a r a m e te r n  a / h x f j b  g leiche in n e re  K rä f te  gehören , fa lls das S e ite n v e rh ä ltn is  
a/b u n d  d as  P fe ilh ö h en v e rh ä ltn is  f j f b fe s tg ese tz t is t . (Vgl. m it G in. (5.7) — 
(5 .14 ).)

Schließ lich  soll ü b e r d ie  K onvergenz der den  B erech n u n g en  zu g ru n d e  
lie g e n d e n  Fourierschen  R e ih e n  geschrieben  w erden . Die K o n v e rg e n z u n te r­
s u c h u n g e n  w urden  in  den  P u n k te n  x  =  0, y  =  0 u n d  x  =  2a , y  =  2b d u rc h ­
g e fü h r t .

E s  w urde festg este llt, d a ß  m an , w enn die M itte lf lä c h e n k rä fte  der »halb­
norm alen« H P-Schale  m it H ilfe  v o n  F ourie rschen  R eihen  m it 49 G liedern  
( M  =  N  =  13) e rrechnet w e rd e n , u m  e tw a  4 %  k le inere  W erte  als d ie  S u m ­
m e n  d e r  R eihen  m it 256 G lied e rn  (M  =  N  =  31) e rh ä lt. N im m t m a n  zwei 
G lie d e r  (JVf =  3, N  =  1) in  B e tra c h t ,  so b e trä g t d ie  A bw eichung  e tw a  m inus
1 3 % .

B e i der B erechnung  d e r  D urch b ieg u n g en  u n d  M om ente d e r  »halb- 
norm alen«  Schalen w äre es g e n ü g e n d  gew esen, b loß das e rs te  G lied d e r  e n tsp re ­
c h e n d e n  F ourierschen  R e ih en  ( M  =  N  =  1) zu b e rü ck sich tig en . (D ie m ax im ale  
A b w e ic h u n g  b e trä g t e tw a  m in u s  2 % ). D ies e n tsp r ic h t der L ösung  v o n  [23] 
b e zo g en  a u f  die ebene P la t te .

Acta Technica Academiae Scientiarum Hungaricae 91, 1980
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B estim m t m an  d ie M itte lf lä ch en k rä fte  d er »norm alen« H P -Scha le  ( f j f b =  
=  4) m it H ilfe v o n  F o u rie rsch en  R eih en  m it 36 bzw . 49 G liedern  ( M  =  N  =  
=  11, bzw . M  =  N  =  13), so ergeben  sich  u m  e tw a 3 bzw . 2 %  k le in e re  (N xb) 
bzw . größere ( N yb) W erte  als die S um m en d e r R eihen  m it 256 G liedern . B e­
rü c k s ic h tig t m an  zwei G lieder ( M  — 3, N  — 1), so b e trä g t  die A bw eichung 
bei N xb e tw a p lus 3 % , bei N yb e tw a  2 0 % . D ie F u n k tio n e n  d e r  seh r geringen 
M om ente der »norm alen« H P -S ch a le  k o n v erg ie rten  am  la n g sa m s te n , d. h. 
zum  E rre ichen  d e r fü r  die P ra x is  genügenden  G enau igkeit w a ren  F ouriersche  
R e ih en  m it m in d esten s 256 G liedern  ( M  =  N  =  31) no tw en d ig .

6 . Z u sam m en fassu n g

In  d ieser A b h a n d lu n g  w urde  das V erh ä ltn is  zw ischen M em b ran - und  
B ieg ek rä fte sp ie l d e r sa tte lfö rm ig en , fla ch en , an  den  R ä n d e rn  n o rm a lk ra f t­
fre ien  H P -S ch a len  m it in  d er G ru n d p ro je k tio n  g le ichm äßig  v e r te i l te r  B elas­
tu n g  u n te rsu c h t. Im  L au fe  d e r B eh an d lu n g  w urde  großes G ew ich t a u f  die 
U n te rsu ch u n g  der E x is ten z  und  E indeu tigkeit der M em branlösung  u n d  d e r M ög­
lichkeit der dehnungslosen V erform ung  ge leg t. E s s te llte  sich  h e ra u s , d aß  der 
C h a ra k te r  des K rä fte sp ie le s  d e r b e h a n d e lte n  H P -S ch a len  g ru n d le g e n d  du rch  
das P feilhöhenverhältnis  b e s tim m t w ird. E s w u rd e  fe s tg e s te llt, d a ß  w en n  irg en d ­
eine (sinusförm ige) L a s tk o m p o n e n te  d u rc h  end liche M e m b ra n k rä fte  n ich t 
in  G leichgew icht g eh a lte n  w erden  k a n n , d a n n  is t die Schale  zu  e in er d eh ­
nungslosen  V erfo rm ung  v o n  F o rm  d e r e rw ä h n te n  L a s tk o m p o n e n te  fäh ig . Es 
w u rd en  die zu den  S cha len  m it versch ied en en  P fe ilh ö h e n v e rh ä ltn isse n  ge­
h ö ren d en  c h a ra k te ris tisc h e n  dehnungslosen  V erfo rm u n g sfu n k tio n en  zu sam ­
m en g efaß t.

F ü r  die die M eh rh e it d er S tah lb e to n sch a len  g u t c h a ra k te ris ie re n d e n  
geom etrischen  V erh ä ltn isse  w u rd en  die c h a ra k te ris tisch e n  W erte  d e r in n eren  
K rä f te  n ach  der B ieg e th eo rie  b e s tim m t u n d  fü r  einige w ich tige  F ä lle  w urden  
a u c h  die V erte ilu n g en  d e r in n e ren  K rä f te  ü b e r den  G ru n d riß b e re ic h  d a rg e ­
s te llt.

E s w urde e rm itte l t ,  a u f  w elche W eise sich  d er d u rc h  M itte lf lä c h e n ­
k rä f te  g e tragene L a s ta n te i l  ä n d e r t .

A n H a n d  d e r U n te rsu c h u n g e n  k a n n  fe s tg e s te llt  w erden , d a ß  sich  die 
»halbnorm ale« H P -Scha le  u n g ü n s tig e r  als die en tsp rech en d e  ebene  P la t te  v e r­
h ä lt ,  weil in  ih r au ß e r d e r  M om ente, d ie u m  etw as g rö ß er a ls jen e  einer 
eb en en  P la t te  sind , a u c h  N orm al- u n d  S ch u b k rä fte  a u f tre te n , die d en  B ie­
g e sc h n ittk rä f te n  en tg eg en w irk en . D as K rä fte sp ie l d er »halbnorm alen«  Schale 
w ird  g rund legend  d u rc h  die dehnungslose V erform ung  b e s tim m t.

B ezüglich d e r m o rm a le m  H P -Scha le  ä n d e r t  sich g ru n d leg en d  d as  p la t­
te n a r tig e  B ild  d e r in n e ren  K rä f te , das bei d e r  »halbnorm alen«  H P -S ch a le
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b e h a n d e l t  w urde. Die n ach  d e r  B iegetheorie  e rm itte l te n  M itte lf lä c h e n k rä fte  
d e r  »norm alen«  H P -S chale  w e rd e n  d u rch  die M e m b ra n k rä f te  n ach  d e r »geo­
m e tr isc h e n «  Theorie von  A imond en tsp rech en d  a n g e n ä h e r t . E s w u rd e  der 
Pfeilhöhenverhältnisbereich  b e s t im m t, in  dem  die W irk u n g  d er M om ente ä h n ­
lich  w ie bei der »norm alen« H P -S c h a le  v e rsch w in d en d  gering  is t. In  d iesem  
B ere ich  is t  es g e rech tfe rtig t, d ie  S ta b ili tä tsu n te rsu c h u n g  d e r sa tte lfö rm ig e n , 
a n  d e n  R ä n d e rn  n o rm a lk ra f tf re ie n  H P -S chalen  n a c h  d e r lin ea ren  T h eo rie  
v o rz u n e h m e n . Das w erden  w ir  in  unserem  fo lgenden  A rtik e l [12] darlegen .
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Shells, Supported by Shear Diaphragm s, under Uniform  Load. The paper is th e  first part of 
a series consisting of three parts. The 2nd and 3rd chapters deal w ith the phenom ena o f the  
stab ility  o f the saddle-shaped hypar shells which are supported along the lines o f the principal 
curvature by edge arches possessing flexural and torsional rigidity being negligib le in the 
horizontal plane. In the paper at hand, prior to the investigations of the stab ility , the fol­
low ing problems will be discussed: the problem of existence and uniqueness o f th e  membrane 
solution;  the difficulties em erging from the kinematic uncertainty  of the shell and the problem  
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THE FIELD EQUATIONS AND BOUNDARY CONDITIONS 
WITH FORCE STRESSES AND COUPLE STRESSES 
IN THE LINEARIZED THEORY OF MICROPOLAR

ELASTOSTATICS

I. KOZÁK* and GY. SZEIDL**

[M anuscript received March 5, 1979]

A uthors determ ined in tw o different w ays the independent, necessary  and suffi­
cient conditions of the com patib ility  o f the strain fields i.e., the six  fie ld  equations o f  
com patib ility  to be selected  in various w ays as well as the boundary cond itions of com ­
patib ility; first based on the conditions o f the single-valued disp lacem en ts and rota­
tions on the boundary surface, second, on the basis of the princip le o f  m inim um  com ­
plem entary energy. The field  equations and boundary conditions w ritten  to  the stress 
fields o f  the linearized theory o f the m icropolar elastostatics are sum m ed up, then, on 
the basis o f the uniqueness o f the solutions the necessity and su ffic ien cy  o f the field  
equations and boundary conditions justified .

1. In tro d u c tio n

T he ch an g e  in  th e  geom etric  s ta te  o f th e  m icropo lar e la s tic  so lid  u n d e r 
e x te rn a l effects m ay  he describ ed  w ith  th e  aid  o f tw o v e c to r  fie ld s , b y  the 
d isp lacem en ts  and  b y  th e  ro ta tio n s . T h e  sy stem  of in te rn a l forces is de te rm in ed  
b y  tw o  v e c to r  fie lds, b y  th e  force s tre ss  fie ld  an d  th e  couple s tre ss  fie ld . The 
s tra in  s ta te  o f  th e  solid is also  d e te rm in ed  b y  tw o ten so r fie ld s , b y  th e  asym ­
m e tric  s tra in  fie ld  an d  b y  th e  c u rv a tu re  tw is t ten so r field .

In  th e  a rb itra ry  sy s tem  o f c u rv ilin ea r  coord inates x 1, x 2, x 3 le t  us use 
th e  fo llow ing n o ta tio n :

u =  “*g* 
w =  ®°g a 
T =  ^SkSl
M
A =  “MgV 
K =  *a&gV
x

S k i
eklm

— displacem ents;
— rotations;
— force stress field;
— couple stress field  (tw and /iatl together mean stress fields);
— assym m etric strain field;
— curvature tw ist tensor field  (o y  and xab together mean strain fields);
— all o f the coordinates;
— covariant m etric tensor;
— covariant perm utation tensor.

T he ind ices beh in d  th e  com m a d esig n a te  th e  p a r tia l d if fe re n tia tio n  and  
th o se , follow ing th e  sem icolon, th e  c o v a ria n t d iffe ren tia tio n . L e t us h ere  use

* I. K ozák, Candidate o f  the Techn. Sei., Dózsa György ú t 14, H -3525, M iskolc, 
H ungary

** Gy. Szeid l , R ácz Á dám  u. 2, H -3532 M iskolc, Hungary
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th e  co n v en tio n a l su m m a tio n . In  th e  case o f th e  sym b o lic  w ay of n o ta tio n , 
th e  p o in t  p u t betw een th e  te n s o rs  (vectors) is th e  sign  o f  th e  scalar, an d  th e  
cro ss , th a t  of the v e c to ria l p ro d u c t .

B e th e  solid b o u n d ed  b y  a single, s im ply  co n n ec ted  closed surface. I t  
is a s su m e d  th a t  the  m a te r ia l  o f  th e  solid is h o m o geneous, cen tro sy m m etrica l 
a n d  th e  solid is loaded b y  th e  sy s te m  of body forces В =  b‘ g ( an d  by  th e  system  
o f b o d y  couples C =  cbg ’ (b' a n d  cb to g e th er m ean  b o d y  force system s). L e t us 
d e n o te  th e  region of th e  sp ace  occupied  by th e  so lid  w ith  V, its  b o u n d ary  w ith  
S  a n d  th e  norm al v e c to r  d ire c te d  outw ards fro m  th e  b o d y  w ith  n  =  n kg l.

T h e  field eq u a tio n s o f  th e  b o u n d ary -v a lu e  p ro b lem  of th e  linearized  
m ic ro p o la r  e lasto sta tics fo rm u la te d  to  th e  fie lds u k(x) an d  ma(x) are as fo l­
low s [1 ]:
th e  eq u ilib riu m  eq u a tio n s:

t k [-'k +  bl — 0, ( i - i ) i

H-a b .a  +  e bpq tP q  +  c b =  0 ; ( i . i ) 2

th e  fo rm  o f H ooke’s law  to  th e  cen tro sy m m etric  so lid  read s as follows:

a k l =  c k lp q  tP q i (1.2)x

К a b  =  ^ a b p q H '^ î (1.2),

th e  k in e m a tic  equ a tio n s a re :

a k l — u l\k  +  £ l k s ° ^ i (1.3),

У  ' ̂  —  (i)^  л а UJ . \n ’ (1.3)*

In  th e  p ap er, the  fo llow ing, r a th e r  general b o u n d a ry  co n d itions are assum ed: 
o f  d y n a m ic  n a tu re

n ktkl =  V a n d  na[iab =  fib ЛС Ç S t, (l-4)r

o f  k in e m a tic  n a tu re

u k — ük  an d  <wa =  cäa X ç S u. (1.4)2

I n  th e  form ulae V a n d  fib are  prescribed  lo ad s a t  th e  S t section  o f th e  
b o u n d a ry , and ük an d  o>a p resc rib ed  d isp lacem en t a n d  ro ta tio n , re spec tive ly , 
a t  th e  section  S u of th e  b o u n d a ry .

s ,  U S U =  S, S t f ] S u =  0 .

T h e  stra in  energy  p e r  u n i t  volum e m ay be c a lc u la ted  from  th e  e q u a tio n

и  =  “  tkl akl +  ab y.-ab. (1.5)
2 2
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I t  is p ro v ed  [1] th a t  th e  b o u n d a ry -v a lu e  p rob lem  (1.1) to  (1.4) o f th e  
linearized  th e o ry  o f  th e  m icropo la r e la s to s ta tic s  gives un ique  so lu tions to  th e  
fields u k ( x ) an d  o j ' ( x )  ou tsid e  th e  rig id -body  like  m otion  form s o f th e  so lid , 
and  th u s , also to  th e  fie lds ahl(x), xab(x), t U(x), (i"'’(x) and  u(a;).

T he c o n s titu tiv e  eq u a tio n s  (1.2) give m u tu a l an d  u n am b ig u o u s in te r ­
connection  b e tw een  th e  fie lds akl{x) and t l4(x), re sp ec tiv e ly , be tw een  th e  fields 
xab(x) and  р р<?(x). T h e rtfo re , i t  is su ffic ien t to  in v es tig a te  tw o fie lds, e ith e r 
those  akl(x) an d  x ab(x) o r t K\ x )  and  fi“b(x).

In  th e  follow ing, assu m in g  th e  c o n s titu tiv e  eq u a tio n s to  be va lid , th e  
fields tK\ x )  an d  /л‘Ь(х) w ill alw ays be considered  as tho se  being  in v es tig a ted .

T he pu rpose  o f th e  p a p e r  is to  fo rm u la te  th e  b o u n d a ry -v a lu e  problem s 
of th e  linearized  m ic ro p o la r e la s to s ta tic s  to  th e  force stress fie ld  an d  couple 
stress field , i.e ., th e  e s ta b lish m e n t of fie ld  e q u a tio n s  an d  b o u n d a ry  cond itions 
w herein  only  fo rce-stress an d  couple-stress co o rd in a tes  e n te r  an d  w hich are 
necessary  an d  su ffic ien t fo r th e  un ique  so lu tions o f th e  b o u n d a ry -v a lu e  prob lem  
b o th  in  th e  case of th e  fie lds l h\ x ) ,  fiah(x) and  to  th e  fields uk(x), w°(x), (leav ing  
ou t o f considera tion  th e  rig id -b o d y  like form s o f m otion  w ith  re sp ec t to  th e  
d isp lacem en ts).

An analogous p ro b lem  re la tin g  to  th e  classic case (in w hich no couple 
stresses occur) o f th e  linearized  e la s to s ta tic s  h a s  been in v es tig a ted  by  tw o 
p ap ers  o f I . K ozák  [3 ], [4] as a com pletion  o f  th e  s tu d y  of K . W a s h iz u  
pub lished  in  1957 [2]. T he sam e resu lt w as o b ta in e d  in  tw o d iffe re n t w ays, 
p a r tly  by  m ak ing  use of th e  cond itions of th e  sing le-valued  d isp lacem en ts  on 
th e  b o u n d a ry  surface an d  B ian ch i’s id e n tity , p a r t ly  w ith  th e  aid  o f th e  p r in ­
ciple o f m in im um  c o m p le m e n ta ry  energy , i.e. th re e  su itab ly  se lec ted  sca la r 
co m p a tib ility  eq u a tio n s  as fie ld  eq ua tions, shou ld  be a tta c h e d  to  th e  equ ilib riu m  
eq u a tio n s, an d  th e  u su a l b o u n d a ry  cond itions shou ld  he com pleted  w ith  th e  
so-called b o u n d a ry  con d itio n s of co m p a tib ility .

In  th is  p ap er, p a ra g ra p h  2 p resen ts  on th e  basis  o f [6] and [1: pp . 42 — 45] 
th e  cond itions of th e  sing le-valued  d isp lacem en ts  an d  ro ta tio n s  to  be c a l­
cu la te d  from  th e  stress  fie lds in th e  vo lum e reg ion , th e n  de te rm in es th e  co n ­
d itions o f sin g le -v a lu ed n ess  in  re la tion  w ith  th e  su rface region.

In  p a ra g ra p h  3 th e  in d ep en d en t, n ecessary  an d  su ffic ien t co n d itio n s of 
th e  c o m p a tib ility  o f th e  s tra in  fields are p re se n te d : i.e ., th e  co m p a tib ility  
fie ld  eq u a tio n s to  he se lec ted  in  several w ays a n d  th e  b o u n d a ry  co n d itio n s of 
co m p a tib ility .

In  p a ra g ra p h  4 th e  fie ld  eq u a tio n s an d  b o u n d a ry  co n d itions o f th e  
linearized  th e o ry  o f th e  m icro p o la r e la s to s ta tic s  w hich  are w ritte n  b y  force 
stresses and  couple s tresses are  sum m ed u p , an d  based  on th e  in v es tig a tio n  of 
th e  un ique  so lu tions th e  necessity  and , a t  th e  sam e tim e , th e  su ffic iency  of 
th e  p resen ted  fie ld  eq u a tio n s  an d  b o u n d a ry  co n d itio n s are p o in ted  o u t.

In  p a ra g ra p h  5, w ith  th e  aid o f th e  s tre ss  fu n c tio n s , b y  fo rm al t r a n s ­
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fo rm a tio n s  i t  is p ro v ed  t h a t  th e  in d e p e n d e n t, n ecessary  an d  su ffic ien t co m p a­
t ib i l i ty  cond itions of th e  s t r a in  fie lds are  derived  fro m  th e  princip le  o f  m in im u m  
c o m p le m e n ta ry  energy : th e  e q u a tio n s  o f c o m p a tib ility  an d  th e  b o u n d a ry  
c o n d itio n s  of c o m p a tib ility . A t th e  sam e tim e  also th e  cond itions p resc rib ed  
fo r  th e  stress  fields, fo llow ing  from  th e  k in em a tic  b o u n d a ry  co n d itio n s, are  
o b ta in e d .

P a ra g ra p h  6 su m m arize s  th e  re su lts  o b ta in ed .

2. Conditions o f the single-valued rotations and displacements 
to be calculated from the stress fields

2 .1 . L et us consider th e  force s tress fie ld  tk\x )  an d  th e  couple s tre ss  fie ld  
ц ‘Ь{х) as w ell as th e  s tra in  f ie ld s  aki{x) an d  x'a (x) to  be  ca lcu la ted  b y  th e  co n sti­
t u t i v e  eq u a tio n s  (1.2) as g iv en  q u a n titie s .

L e t th e  curve h d e te rm in e d  b y  th e  eq u a tio n  x k =  xk(s) (s b eing  a p a ra m ­
e te r  m easu red  along th e  cu rv e ) connect th e  p o in ts  0  an d  P  to  be  chosen 
a r b i t r a r i ly  on th e  solid (F ig . 1). A long th e  cu rve  w here

* =  */£ g к tk dxk
ds

s th e  ta n g e n t v ec to r (r b e in g  th e  p o sitio n  v ec to r) a n d  dr =  tds, th e  d iffe ren tia l 
o f  th e  ro ta tio n s  m ay , acco rd in g  to  E q . (1.3)2, be w ritte n  as follows

dm =  g b(’>b-adxa =  t • (xab gagb)ds =  t • Kds, (2.1)j

a n d  th e  d ifferen tia l o f th e  d isp lacem en ts , acco rd ing  to  E q . (1.3)j read s as 
fo llow s

du =  g' u,.k dxk =  t • (ak, - f  ekls со5) g'; g* ds =  t • Bds. (2.1)2

T h e in teg ra ls  o f E q . (2.1) a long  th e  cu rve  h from  p o in t 0 to  p o in t P  
y ie ld  in  p o in t P  th e  d isp la c e m e n t u p an d  th e  ro ta tio n  cop :

<np — co0 -f-

Up =  u 0 +

I t • К  ds,
’ h

(2.2);

1 t • В ds. (2*2);

C o n sidering  th a t  in  fo rm u la e  (2.2) P  m ay  be a n y  of th e  p o in ts  o f  th e  solid, 
w ith  th e  a id  of th e  fo rm u laes  (2 .2) all th e  d isp lacem en ts an d  ro ta tio n s  o f th e  
w h o le  solid  m ay  be p ro d u c e d  in  th e  case w here  th e  s tra in  fie lds aki(x) and
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Xa(x), an d  a t  a p o in t, fo r exam ple , p o in t 0 , th e  d isp lacem ent u 0 a n d  ro ta tio n  
<o0 a re  given.

T he fo rm u lae  (2.2) co rrespond  to  th e  C esaro’s fo rm u la  o f th e  classical 
linearized  e la s to s ta tic s . T he id e n tity  m a y  re a d ily  be revealed  b y  in tro d u c in g

Fig. 1

th e  an tisy m m e tric a l ro ta tio n  ten so r ф  in te rp re te d  b y  th e  fo rm ula

- e * i swsg V  =  V>fc/gV =  Ф

a n d , co n seq u en tly , b y  ca rry in g  o u t in  E q . (2 .1 )2 th e  follow ing s u b s ti tu t io n :

(«fcfs « s g" gO ds Ф =  — - j - [ +  • (гр - г)]ds ds
d^> ,  ч
- Г  • (r P -  r )- ds

T ak in g  h ereu p o n  th e  in te g ra l o f E q . (2.1)2 f ro m  p o in t 0  to  p o in t P  a long  th e  
cu rv e  h ind eed  y ie ld s th e  fam ilia r shape  o f  C esaro’s fo rm ula [3], [5]:

Up =  u 0 +  Фо • (rp  — r 0) +
Jh

A +
(1ф
ds

(rp  — r) ds. (2.3)

F ro m  E q . (2.2) i t  is also to  be read  t h a t  in fin ite ly  m an y  d isp lacem en ts  
a n d  ro ta tio n s  are  assoc ia ted  w ith  th e  sam e  fie lds akl(x) an d  x'a(x) w h ich , 
how ever, m ay  n o t d iffe r from  each  o th e r  e x c e p t rig id -body  like m o tio n s  o f
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th e  so lid  determ ined  b y  th e  v ec to rs  u 0 an d  u)0:

«о +  Фо • (r P —  ro) =  u o +  w o X (r P -  *•)• (2 -4 )

2 .2 . W ith  a know ledge o f  th e  s tra in  fie lds akl(x) an d  x'a(x) as w ell as o f u 0 
a n d  to0, th e  form ulae (2.2) y ie ld  th e  d isp lacem en t an d  ro ta tio n  in  p o in t P  
in d e p e n d e n tly  of th e  choice o f  th e  curve h b e tw een  th e  p o in ts  0 and P,  in  th e  
c a se , w h en  in  th e  regions o f  th e  curves h w h ich  m a y  com e in to  q u es tio n , th e  
fo llo w in g  equations w ill be  sa tis f ie d  w ith  re sp e c t to  th e  in teg ran d s o f th e  in te g ­
r a ls  a lo n g  th e  curve:

a n d

VX К  =  £mpa y.áb;Pgmgb =  0, (2 .5 ),

V X B  empk(akl.p +  £kls0 )s.p) g m  g '  =  0 . (2 .5 )2

In tro d u c tio n  of th e  in c o m p a tib ility  ten so rs

„mb ___  „mpa v .b
K — c  Ла-',Р (2 .6),

d " \  =  £mph(a kl\p 4* ekls x p ) (2 .6)a

c o n s id e ra tio n  of E qs (2 .5 ) a n d  (1.3)2 p e rm it to  s ta te  th a t  th e  fu lfilm en t o f th e  
e q u a t io n s

emb(x) =  empaxab.p =  О X Ç V  (2.7),
a n d

dm,(x) =  empk(akl.p +  £klsy.ps) =  0 X £ V  (2 .7 )2

is th e  necessary  and  su ffic ie n t cond ition  o f th e  req u irem en t th a t  in th e  case 
o f  g iv e n  u0, u)0 and  w ith  th e  know ledge o f akl(x ) an d  к'а (л:) the  d isp lacem en ts  
u k(x)  a n d  ro ta tio n s co“(x) in  th e  region V  sh o u ld  be single-valued, i.e ., th e  s tra in  
f ie ld s  shou ld  he co m p a tib le . T h e  E qs (2.7) a re  th e  co m p a tib ility  (in teg rab ility )  
e q u a t io n s  whose n u m b e r is 18.

C onsidering E q s (1 .3) i t  can  read ily  be u n d e rs to o d  th a t  w ith  a k n o w l­
e d g e  o f  th e  d isp lacem en ts  an d  ro ta tio n s , th e  co m p a tib ility  eq u a tio n s  (2.7) 
w ill id e n tic a lly  be sa tis f ied . O therw ise (w ith o u t th e  know ledge of th e  d isp lace ­
m e n ts  an d  ro ta tio n s) E q s  (2.7) c o n s titu te  th e  cond itions of c o m p a tib ility  
o f  th e  s tra in  fields.

2 .3 . The eq u a tio n s o f  c o m p a tib ility  (2.7) a re  n o t in d ep en d en t o f each  
o th e r ,  because, as is to  b e  u n d e rs to o d  fro m  th e  in te rp re ta tio n  (2 .6) o f th e  
in c o m p a tib il i ty  ten so rs , th e  e q u a tio n s

emb; m =  0 (2 .8)j
a n d

d m,-m +  e l p q e p4 =  0 ( 2 .8)2

w ill id en tica lly  be sa tis f ie d .
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T he conclusions to  be d raw n from  th e  id en titie s  (2.8) are  d e a lt  w ith  in 
p a ra g ra p h  3.

2.4. C onsider f irs t th e  cond itions o f  th e  single-valued d isp lacem en ts  and  
ro ta tio n s  to  be ca lcu la ted  from  th e  s tr a in  fie ld s  on a surface b y  m a k in g  use 
o f fo rm u lae  (2.2). Be th e  considered  su rface  S  w holly w ith in  th e  reg io n  o f th e  
so lid  V  or, w h o lly  or p a r tia lly  a t  its  b o u n d a ry  S.

T he fo rm u lae  (2.2) give s ing le -va lued  d isp lacem ents an d  ro ta t io n s  a t 
th e  su rface  S  if  w ith  resp ec t to  an y  closed cu rv e  h to  be selected  on  th is  sur-
face  (F ig . 2) th e  follow ing are  tru e

®II13fai an d  ф ) t  • В ds 0.

F ro m  th e  ab o v e , b y  d en o ting  th e  p a r t  o f  a re a  confined  b y  th e  cu rv e  h  w ith  
acco rd in g  to  S to k es’s th eo rem  th e  e q u a tio n s

and

( n x y ) • К  dA  =  0

1 ( n x y ) • В dS  =  0

are  o b ta in e d  w hich , in th e  case o f  a rb i t r a ry  h an d  A  m ay  only  be  v a lid  if 
th e  co n d itio n s

( n x v ) ' K  =  n ' ( v x K )  =  0 x £ S
and

(n X V) ' В =  n ' ( V X В) =  О X £S.
a re  sa tis fied .

C onsidering  E q s (2.5) and  (2 .6) m a y  b e  s ta te d  th a t  th e  d isp la c e m e n ts  
an d  ro ta tio n s  to  be d e te rm in ed  a t th e  su rface  S from  th e  s tra in  fie ld s a re  single 
v a lu e d  in  th e  case, w hen th e  cond itions

n m emb =  О X Ç S
and

(2-9),

n m d m, =  0 X Ç S  (2 .9),
are fu lfilled

T h e  co n d itio n s (2.9) rem ain  va lid  also  w h en  re la ted  to  th e  w hole b o u n d a ry  
S  o f  th e  solid.

3. Independent conditions of the com patibility of the strain fields

3.1. A ccord ing  to  th e  id en titie s  (2.8), th e  co m p a tib ility  co n d itio n s  o f  th e  
s tra in  fie lds, i.e ., th e  eq u a tio n s of c o m p a tib ility  are  no t in d ep en d en t o f  each  
o th e r. L e t us ex am in e  th is  p rob lem  in a m o re  d e ta iled  way.
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L e t us form  fo r th is  p u rp o se , by  chang ing  th e  ind ices, th e  follow ing sc a la r  
p ro d u c ts  of th e  a rb i t r a ry ,  d ifferen tiab le  v e c to r  fie ld s  vb(x), w \x )  a n d  o f  th e  

id e n t i t ie s  (2 .8):

v b e°b-,a =  ° ; w' dkl;k +  W‘ elpq еРЧ =

a n d  th e n  in te g ra te  th e  expressions o b ta in ed , in  th e  region V. T he  p a r t ia l  
in te g ra t io n  yields:

vb eab;a d V  = Г na eab vbd S  — Г v„.a 
J s  J v

eabd V  =  0,

a n d

j w l dkj . k d V  =  f  n k d ki ivldS  — Г w[.k d kj  d V  =  — Г wl eIpqepqd V .  
J v  Js  Jv Jv

H erea fte r, b y  d esc rib in g  th e  cond itions o f  single-valued d isp lacem en ts  
a n d  ro ta tio n s  a t th e  w hole  b o u n d ary  S  th e  fo llo w in g  equations are o b ta in e d :

a n d

vb.a eab d V  =  0

Г w[,k dkj d V = [
J V  J \

=  | w l E,p q e P q d V .

(3 .1),

(3-l)2

N ow , le t us a n a ly se  E q . (3.1),. T ak in g  in to  accoun t th a t  all o f th e  n ine 
s c a la r  coord inates o f  th e  g ra d ie n t vb.a c a n n o t be  chosen  a rb itra rily , fro m  (3 .1), 
i t  does n o t follow t h a t  e d isappears a t e v e ry  p o in t of region V. H o w ev er, 
th r e e  such  pairs o f in d ices  m a y  be chosen in  v a r io u s  w ays w hich p e rm it a  so lu ­
t io n  to  th e  eq u a tio n

VB)A =  * b a (x ) (3-2),

w ith  re sp ec t to  vb(x), ev en  in  th e  case of th r e e  fu lly  a rb itra rily  chosen  fu n c ­
t io n s  cíb a {x ). T he th re e  p a irs  of indices are  d e n o te d  b y  th e  connected  le t te rs  
A B .  B y  using  th e  v e c to r  f ie ld  vb(x) chosen in  th e  w ay  m entioned above in s te a d  
o f  E q . (3.1), th e  fo llow ing  m ay  be w ritte n :

„AB
+  2 v Y;X eXY

(XY)
d V  =  0 . (3 .3),

I n  th e  eq u a tio n  th e  co o rd in a te s  d esigna ted  b y  th e  indices A B  an d  X Y  y ie ld  
a ll o f  th e  co o rd in a tes  o f  e ; (A B )  and  (N 1^) u n d e r  th e  su m m ation  sign  m ean  
t h a t  th e  su m m atio n  sh o u ld  be carried  o u t acc o rd in g  to  th e  p a irs  o f  ind ices 
(a n d  n o t  accord ing  to  th e  convention of s u m m a tio n  !)
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F ro m  E q . (3.3)j i t  follow s t h a t  in  case of th e  v a lid ity  o f  th e  eq u a tio n s

eXY = 0 ,  x £ V

d u e  to  th e  func tions x BA(x) a rb itra r ily  chosen, also th e  e q u a tio n s

eAB =  О, x  £ V
are  tru e .

Going on, in  th e  case o f fu lfilm en t of epq = 0 ;  x  £ V,  th e  r ig h t-h a n d  
side o f E q . (3.1)2 becom es zero , w hich  m eans th a t  th e  sam e c h a in  o f  id eas  can 
h e  re p e a te d  w as show n in  co n n ec tio n  w ith  E q . (3.1)^ T h u s , in s te a d  o f E q.
(3.1)2

w[k d'i ~r 2 w 7s
(ST)

d%.T d V  =  0 , (3.3)2

m a y  be w ritte n , in  w hich  th e  co nnec ted  le tte rs  K L  desig n a te  th re e  p a irs  of 
in d ices , to  be selected  in  sev era l w ays, o f th e  g rad ien t w[.k w ith  w h ich  th e  
eq u a tio n

=  ß LK(x ) (3.2)2

h as a  so lu tion  to  w \x )  even in  th e  case of th re e  w holly  a rb itra r ily  se lec ted  fu n c­
tio n s  ß LK(x), and  th e  co o rd in a tes  o f  th e  p a irs  o f indices K L  a n d  S T  y ie ld  all 
o f  th e  coord inates o f d kB

H ereafte r, from  E q . (3 .3 )2 i t  follow s t h a t  in  case o f th e  v a l id i ty  o f  th e  
e q u a tio n s

d sT = 0  x  Ç V,

d u e  to  th e  fu n c tio n s ß LK(x) a rb itra r i ly  chosen, also th e  eq u a tio n s

d KL =  0 , x  £ V
a re  v a lid .

3.2. F o r sum m ing  u p , th e  follow ing s ta te m e n t m ay  be m a d e : In  case 
o f  th e  fu lfilm en t of th e  e q u a tio n s

eXY -  0 ;
an d

dsT =  0 , x £ V , (3.4)

n a eab =  0 ;
also th e  equ a tio n s

n k dk, = 0, x  £ S (3.5)

eAB =  0 ;
a re  v a lid .

d KL =  0 , x  £ V (3.6)

In  th e  above eq u a tio n s  X Y  an d  S T  desig n a te  six pairs o f  in d ices  each; 
A B  a n d  K L  designate  th re e  p a irs  o f  indices each , in  w hich  fro m  th e  va lu es
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1, 2 , 3 o therw ise adm issib le  o n ly  certa in  o f th e m  m a y  be possible. In  fa c t, 
th e  p a ir s  o f indices X Y  a n d  A B  as well as S T  a n d  K L  shou ld  y ie ld  a ll th e  
p o ss ib le  p a irs  of indices a n d  m eanw hile , th e  th re e  p a irs  o f indices A B  an d  K L  
sh o u ld  b e  chosen w ith  th e  v iew  of o b ta in ing  a  so lu tio n  fo r th e  eq u a tio n s

a n d
VB-,A =  * вл (х )

=  ßLI<(x )

w ith  re sp e c t to  th e  v e c to r  f ie ld s  vb(x) and  w \ x )  ev en  in  th e  case o f th e  fu lly  
a r b i t r a r i ly  selected fu n c tio n s  ocBA(x) and ß LK(x).

In  conform ity  w ith  t h a t  sa id  above, th e  e q u a tio n s  of co m p a tib ility  (3.4) 
a n d  b o u n d a ry  cond itions o f  co m p a tib ility  (3.5) a re  e q u iv a le n t w ith  th e  e q u a ­
t io n s  o f  co m p a tib ility  ( in te g ra b ili ty )  (2.71, i.e ., th e y  m ean  th e  in d ep en d en t, 
a n d  a t  th e  sam e tim e , n e c e s sa ry  and  sufficient c o n d itio n s  o f th e  co m p a tib ility  
o f  s t r a in  fields.

4. Field equations and boundary conditions 
written w ith  force stresses and couple stresses. 

U niqueness of the solutions

4 .1 . A ccording to  th e  r e s u lts  ob ta ined , to  th e  b o u n d a ry  va lue-p rob lem s 
o f  th e  m icropolar e la s to s ta t ic s  fo rm ula ted  to  th e  fo rce  stresses an d  couple 
s tre s se s  th e  following f ie ld  e q u a tio n s  and  b o u n d a ry  co n d itio n s  are co o rd ina ted . 
F ie ld  eq u a tio n s:

tk\k  +  b' =  0, (4.1)j

№а.Ь;а +  ebpqtPq +  C6 =  0, (4 .1)2

akl =  Cklpq tP4, (4.2)1

Xab ‘̂abpqßPq (4.2)2
e*Y =  ex pa x .Y p =  o 5 (4 .3)x

d ST =  sSpk{akT;p +  ekTq x p) =  0 . (4-3)2

B o u n d a ry  conditions:

n ktkl =  l l and  n atiab =  ß b, X £ St,  (4.4)

u k =  û k and  coa =  wa, X £ S u, (4.5)

n aeab =  0 and  n kdk =  0, x  £ S .  (4.6)

T h e  s tra in  energy  p e r  u n i t  volum e u(x) m a y  be  fo rm u la ted , as a sca la r 
f ie ld , according to  (1.5).
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T he pairs o f in d ices  o f th e  six c o m p a tib ility  eq u a tio n s (4.3) sh o u ld  be 
chosen  acco rd in g  to  p a ra g ra p h  3.2. T he b o u n d a ry  cond itions rep lac in g  th e  
k in e m a tic  b o u n d a ry  co n d itio n s  (4.5) and  c o n ta in in g  th e  force s tre ss  fie ld  and 
couple  s tress fie ld  a rc  e s tab lish ed  in  p a ra g ra p h  5.12. T he E q . (4.6) are  th e  
b o u n d a ry  c o n d itio n s  o f  co m p a tib ility .

4.2. T he so lu tio n  to  th e  b o u n d a ry -v a lu e  p rob lem s (4.1) to  (4.6) is single­
v a lu e d  w ith  re sp ec t to  th e  force stress fie ld  t ' \ x )  an d  to  th e  couple  s tre ss  fie ld  
/i“b(x), fu r th e r , le a v in g  th e  rig id -body  m o tio n s  o u t of co n sid e ra tio n , to  th e  
d isp lacem en ts u k(x) a n d  ro ta tio n s  coa(x).

To prove th is  s ta te m e n t le t us s ta r t  o u t  fro m  th e  a ssu m p tio n  th a t  tw o 
asso c ia ted  force s tre ss  fie ld s an d  couple s tre ss  fie lds

tU(x) tkl(x), or nah(x) ф  ца„(х)
1 2  1 2

ex is t w hich, in  p a irs , sa tis fy  a ll th e  fie ld  e q u a tio n s  an d  b o u n d a ry  co n d itions
(4.1) to  (4.3) and  (4.4) to  (4.6), respective ly .

L e t us f irs t  p ro v id e  th e  sca la r p ro d u c t o f  th e  equ ilib rium  e q u a tio n s  (4.1)
an d  th e  a rb itra ry , d iffe ren tiab le  fields uik(x) a n d  y>a(x)

l  l

tk,.k u>i b[ u), =  0; i = l , 2
I ” ’ l l

+  ekibtl;l4>b +  c„y>b =  0 ; i =  1, 2 ,
i l  i l  1

h e re a fte r , le t us in te g ra te  th e  expressions o b ta in e d  in  region V.  P a r t ia l  in te g ­
ra tio n  y ields

i =  1, 2( (tkl w,.k -j- b1 w , ) d V  =  ( n k t l<l w t d S ,
J V 1 1 * 1 J s  1 1

j W b V b-,a +  *w eikbV,b +  cbyjb) d V  =  Г n a /лаь y>b dS; i =  1, 2 . (4.7)
J v  ' 1 1 1 1 J s  ' 1

S u b tra c tin g  now  th e  eq u a tio n s  co n ta in in g  q u a n titie s  d e n o ted  b y  i =  1 
from  th e  equ a tio n s o f  th e  v e ry  sam e c h a ra c te r  c o n ta in in g  q u a n titie s  d en o ted  
b y  i =  2 , and ad d in g  th e  re su ltin g  equ a tio n s b y  ta k in g  th e  d y n am ic  b o u n d a ry  
co n d itions (4.4) in to  ac c o u n t. T he sam e sequence  o f ideas m ay  be fo llow ed in 
m ak ing  use o f th e  a rb i t r a ry ,  d eriv ab le  v ec to r fie ld s  wk(x) ^  tefc(*) a n d  ipa(x) =И=
^ i p a(x). F in a lly  one o b ta in s : 2 1

К

/ А )  bt’b-,a —  V>b;a)  +  (* "  ~  »*') [ Н ; к  +  «//« V ) ~  {™,-,k +  «Iks V * )]}  d V  =  1 2  1 2 1 2  2 1 1 J

I [«a(/A  — Hab) {y>b — v b) +  n k(tkl — tkl) (w, — to,)] d S .  (4.8)
) s u 2 1 2  1 2 1 2  1
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E q s  (4.7) and  (4.8) a re  a lso  valid  for th e  so -ca lled  s ta tic a lly  adm issib le  
fo rce  s tre s s  fields an d  co u p le  s tre ss  fields sa tis fy in g  th e  dynam ic  b o u n d a ry  
c o n d it io n s  (4.4) and  th e  e q u ilib r iu m  equ a tio n s (4 .1), as w ell as fo r a rb i t r a ry  
v e c to r  fie ld s  u ^ x )  an d  ipb(x).

A ssu m in g  fu r th e r  t h a t  b y  m ak ing  use o f th e  s ta tic a lly  adm issib le  s tress 
f ie ld s  l k\ x ) ,  цаь(х); i  =  1 , 2  a n d  th e  s tra in  fie ld s  d e te rm in ed  b y  th e m  w ith  

i  i

th e  c o n s ti tu t iv e  eq u a tio n s  (4 .2 ), i.e. th e  fie ld s

a kl =  c klpq 1 = 1 , 2
i  i

^ ab = =  ^abpq t — 1, 2
i  i

s a t is fy in g  th e  equa tions o f  c o m p a tib ility  (4.3) a n d  th e  b o u n d a ry  co n d itio n s 
o f  c o m p a tib il i ty  (4.6), t h a t  is to  say  th e y  a rc  co m p a tib le ; hence, i t  follow s
t h a t  th e  d isp lacem ents a n d  ro ta tio n s  u,(x) a n d  cob(x); i  =  1, 2 c a lc u la ted

i  i

a c c o rd in g  to  p a rag rap h  2.1 f ro m  th e  stress fie ld s  t (ж) an d  f i ( x ) ;  i  =  1, 2
i i

b e in g , in  conform ity  w ith  th e  b asic  a ssu m p tio n , d iffe ren t from  each  o th e r, 
a re  s ing le -va lued  (assu m in g  th e  sam e r ig id -b o d y  m otion  of th e  so lid ), and  
a lso  d iffe re n t.

P re sc rip tio n  of th e  id e n ti t ie s

W)(x) — U/(x) a n d  Vb{x) =  w b(x), i  =  1, 2
i  i  i  i

fo r  th e  o therw ise a rb itr a ry  v e c to r  fields an d  th e  re q u ire m e n t of fu lf ilm e n t of 
th e  k in e m a tic  b o u n d a ry  c o n d itio n s  (4.5) in  c o n n ec tio n  w ith  th e  fie ld s  ut(x)
a n d  cob(x); i  — 1, 2, re p la c e m e n t in to  E q . (4.8) y ie ld  

i

I [ ( tó  -  A )  №  -  *ab)  +  (Iй  -  t kl) (akl -  akl)] d V =  0. (4.9)
J V  2 1 2  1 2 1 k *  * 1

C onsidering on th e  b a s is  o f  (1.5) th a t  th e  in te g ra n d  of E q . (4.9) is tw ice 
as la rg e  as th e  s tra in  e n e rg y  p e r  u n it vo lum e a sso c ia ted  w ith  th e  s tre ss  fields

A  — A  and  t kl — t kl 
2 * 1 *  2 1

9,

as w e ll as th a t  th e  s tra in  e n e rg y  is nev er n eg a tiv e , c o n tra ry  to  th e  basic  a ssu m p ­
t io n ,  f ro m  E q. (4.9) i f  fo llow s

A  =  A  and  tkl =  t kl, 
2 1 2 1

(4.9b)
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or, ta k in g  (1.2) in to  acco u n t

*?6 =  «°ь an d  a kt =  aki (4.9c)
2 1 2 1

w hich , in  o th e r  w ords m ean s th a t  th e  so lu tio n  to  th e  b o u n d a ry -v a lu e  p ro b lem
(4.1) to  (4.6) is u n iq u e  w ith  respect to  th e  stress  fields fiab(x) a n d  thl(x), 
fu r th e r  to  th e  s tra in  fie ld s akl(x), x'a(x), as w ell as to  th e  ro ta tio n s  o)'(x) and 
d isp lacem en ts  uk(x) (assum ing  th e  sam e rig id -b o d y  m otion  of th e  solid).

C onsidering t h a t  a ll th e  E qs (4.1) to  (4 .6) h av e  been used  fo r  th e  ju s t i ­
f ic a tio n  of th e  u n iq u en ess  o f th e  so lu tion , i t  follow s th a t  th e  fie ld  E q s  (4.1) to
(4.3) an d  th e  b o u n d a ry  cond itions (4.4) to  (4.6) c o n s titu te , in  th e  lin ea rized  
th e o ry  o f th e  m ic ro p o la r e la s to s ta tic s , th e  n e c e ssa ry  and  su ffic ien t f ie ld  eq u a ­
tio n s  an d  b o u n d a ry  con d itio n s fo rm u la te d  to  th e  force stresses a n d  couple 
stresses.

5. D erivation  o f th e  boundary  conditions o f  com patibility  w ith  th e  a id  
o f th e  p rincip le  o f m in im um  com plem en tary  energy

5.1. A ccord ing  to  th e  p rincip le  of m in im u m  o f th e  co m p lem en ta ry  en erg y  
am o n g  all th e  s ta tic a lly  adm issib le  stress f ie ld s  [J,“b(x) an d  th (x), w h ich  sa tis fy  
th e  equ ilib riu m  e q u a tio n s  (4.1) and  th e  d y n a m ic  b o u n d a ry  co n d itio n s  (4.4;, 
b y  th e  ac tu a l s tre ss  fie ld s , b y  w hich th e  co n d itio n s  of th e  c o m p a tib il i ty  of 
s tra in  fields an d  th e  k in em a tic  b o u n d a ry  co n d itio n s  are sa tisfied  h a v e  th e  
to ta l  co m p lem en ta ry  en e rg y  abso lu te  m in im u m  value.

T here  from  i t  follow s th a t  in  th e  case  o f  ac tu a l fields o f s tre sses , th e  
co m p lem en ta ry  en e rg y  is s ta tio n a ry , and  as a  v a r ia tio n  p rincip le  th e  e q u a tio n

à К  =  Г (хд ôfi°b +  akl ôtkl) dV  — Г (na d[i°b шь +  nk ôtkl û/) dS =  0 (5.1^
J  V J s u

is v a lid  w herein
*o& =  K b p q  H?4 an d  a kl =  cklpq tP", (5 .1),

fu r th e r , th e  v a r ia tio n s  ôfj,°b(x) an d  Ôt ' ( x)  o f  th e  s ta tic a lly  adm issib le  s tress 
fie lds /.ipq(x ) an d  tP4(x )  sa tis fy  th e  follow ing co n d itio n s :

=  0 X  €  V , ( 5 .2 ) i

and
п а0/л% =  0 X  £ S , ( 5 .2 ) ,

à tk[;k =  0 X  Ç V , ( 5 .3 ) i

n kô tkl = 0  X  £ S t . ( 5 .3 ) ,

Acta Techniea Academiae Scientiarum Hungaricae 91, 1980



70 KOZÁK, I.—SZEIDL, GY.

I t  is concluded  fro m  th e  p rinc ip le  o f m in im u m  co m p lem en ta ry  e n e rg y  
t h a t  f ro m  a ll th e  s ta tic a lly  ad m issib le  s tress fie ld s  o f  a  b o u n d ary -v a lu e  p ro b le m  
th o s e  w h ic h  sa tisfy  th e  p rin c ip le  o f m in im u m  co m p lem en ta ry  energy  a re , a t  
th e  s a m e  tim e , also c o m p a tib le , an d  sa tis fy  th e  k in e m a tic  b o u n d a ry  c o n d itio n s .

T h u s , from  th e  p r in c ip le  o f  m in im um  co m p le m e n ta ry  energy  fo llow  th e  
in d e p e n d e n t ,  necessary  a n d  su ffic ien t co n d itio n s  o f  th e  c o m p a tib ility  o f  th e  
s t r a in  f ie ld s , i.e., th e  f ie ld  e q u a tio n s  o f c o m p a tib il i ty  (4.3) and  th e  b o u n d a ry  
c o n d it io n s  o f c o m p a tib ility  (4 .6), fu r th e rm o re  th e  b o u n d a ry  co n d itions w h ich  
a re  e q u iv a le n t  to  (4.5) to  be  p resc rib ed  a t  th e  b o u n d a ry  section  S u. I n  th e  
fo llo w in g , th e  above s ta te m e n ts  w ill be p ro v e d .

T a k in g  in to  a m o u n t t h a t  in  th e  sense o f  th e  cond itions (5.2) a n d  (5.3) 
th e  s t r e s s  fie lds can n o t a rb i t r a r i ly  be v a rie d , i t  w ill be conven ien t to  c a r ry  
o u t  th e  in v es tig a tio n s  w ith  th e  aid o f s tre ss  fu n c tio n s .

5 .2 . W . G ü n t h e r  su g g es ted  in  his p a p e r  [7] a so lu tion  w hich, in  th e  case 
o f  ze ro  body-fo rce  an d  b o d y -co u p le  sy stem s, id e n tic a lly  satisfies th e  e q u ilib ­
r iu m  e q u a tio n s  (4.1) o f th e  m ic ro p o la r e la s to s ta tic s . The so lu tion  su g g ested  
b y  W . G ü n t h e r  is n o t co m p le te : i t  c an n o t be  ap p lied  in  cases w here th e  so lid  
is b o u n d e d  b y  several c losed  su rfaces an d  th e  fo rce  an d  couple sy stem  a p p lie d  
o n  th e m  are  n o t se lf-eq u ilib ra ted , o r w hen  th e  so lid  is also loaded  b y  b o d y - 
fo rc e  sy s te m . D. E . Ca r l s o n  an d  H . S c h a e f e r  [9] in d ep en d en tly  r e p o r te d  
a  c o m p le te  so lu tions b y  co m p lem en tin g  th e  G iin th e r’s so lu tion . In  th is  p a p e r , 
t h e  s o lu tio n  developed b y  S c h a e f e r  w ill be  u se d  as a  basis. A ccord ing ly , a n y  
o f  t h e  so lu tio n s to  th e  e q u ilib r iu m  eq u a tio n s  (4.1) m ay  be deduced  fro m  th e  
s t r e s s  fu n c tio n s  hyl(x). f yb(x) w h ich  m ay  be d iffe ren tiab le  as m a n y  tim e s  as 
n e e d e d , o therw ise being  a rb i t r a r i ly  chosen a n d  from  th e  v ec to r fie ld s  р*(х), 
qb(x)  s a tis fy in g  th e  co n d itio n s  (5.4)3:

tk l =  ekmy[hy‘, m + p l.m g mk, (5 .4 )x

t f b  =  S a p y { fy b - , p  +  E b p s h y )  +  g a m £ m b y P y  +  Ь ',m g ™ ,  (5 -4 )2

gmnp\-mn =  ~ b l;  g mnib-,mn =  — Cft X  Ç V. (5 .4 )3

I t  m a y  re a d ily  be u n d e rs to o d  th a t  th e  a b o v e  fo rm u las  of th e  s tre ss  fie ld s 
t kI(x ) ,  u%(x) rea lly  sa tis fy  th e  eq u ilib riu m  e q u a tio n s  (4.1).

L ikew ise , th e  c o n d itio n s  (5.2)x and  (5 .3)x w ill iden tica lly  be fu lfilled  
p ro v id e d  th e  v a ria tio n  o f  th e  s tress fields is c a rr ie d  ou t b y  th e  v a r ia t io n  of 
th e  s tr e s s  functions

ôtkl =  ekmy ôhy[.m, (5 .5)x

р “ь — £apy(d/yi,.p +  e bps ôhy) .  (5-5)2

5 .3 . T he stress fie lds d e te rm in e d  acco rd in g  to  form ulae (5.4) do n o t  v a ry  
i f  in s te a d  o f f yb and  h'y th e  s tre ss  func tions

fyb + /y f t  =  fybi (5-6)i
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and

hy +  hÿ — hÿ, (5.6),

* *
resp ectively , w ill b e replaced wherein f yb and hÿ 
arbitrary vector fie ld s wb(x) and r \x )  differentiable  
in th e  follow ing w ay:

will be deduced from  the  
as many tim es as is needed,

fyb =  ™b;y H” £bys Г 9 (5-7)!
*
h -1 =  rlIly ---  f #.y. (5-7),

In  accordance w ith  form ulae (5.6) each o f the coordinates o f  f AB and 
h'fc, w hich  are separately three and designated  w ith  the pairs o f  ind ices A B  
and K L ,  respectively , o f the tensors o f  th e  stress functions m ay be tak en  as 
equal to  zero for w hich the equations

rfiK  =  ß j <(x ) , (5-8)

WB;A +  £ BAs =  * B a (* ) (5.8);

have solutions to  r \x )  and wb(x) even in th e  case o f arbitrary fu n ction s  
and x BA(x).

In  th is w ay, instead  o f the stress fu nctions hÿ nine in num ber and f yb, 
also eq u ally  nine, i t  is sufficient to  calcu late w ith  the six fu n ction s h'<[ and 
w ith  th e  six  functions f Xy, th e  pairs o f  indices o f  which S T  and Х У , together  
w ith  th ose K L  and A B  yield  all the possib le values of the pairs o f  ind ices y l  
(tensor h'y ) and yb  (tensor f yb), respectively .

5.4 . B y  replacing (5.4) and (5.5) in to  (5.1), the variation o f  th e  to ta l 
com plem entary energy m ay be obtained w ith  the aid of the varia tion  o f the 
stress functions. A fter carrying out the su b stitu tion , Eq. (5.1) m ay  b e  brought, 
by partia l integration  and by suitable changing the indices, to  th e  follow ing  
form :

ÔK =  ÔKV +  ôKs, +  S K Su =  0, (5.9),
in which

Ó K v
" J

1 , Öfyb - - ектуЫ т +  Skis x 'm) àhÿ\ d V, (5-9),

ô K st - I Г  [пр е°РУхаь àfyb + n m ekmy akl ôhÿJdS , (5 .9),
J's ,

ô K Su
- J

1' [np е“РУ x£  
'su

àfyb + n m ekmy akl ôhÿ

-  ",а £аРУ ü b(Öfyb.p +  ebps àhÿ) — n k ekmy щ ôhÿ.m] dS. (5 .9 )4
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C onsidering t h a t  f ro m  am ong th e  c o n d itio n s  (5.2) — (5.3) p resc rib ed  fo r 
th e  v a r ia tio n  of th e  s tre s s  fie ld s  th e  cond itions (5 .2 ), an d  (5.3)1 are id e n tic a lly  
fu lf ille d  in  th e  case w h e re  th e  stress field  (a n d  i t s  v a ria tio n ) is (are) d ed u ced  
f ro m  th e  stress fu n c tio n s  (a n d  from  th e ir  v a r ia t io n s ) , i t  follows th a t  Sfyb a n d  
Shy1 m a y  be a rb itra ry  in  th e  region V.

A t th e  b o u n d a ry  se c tio n  S u, th e  v a r ia tio n  n hStkl of the  force s tre sses , 
s im ila r ly  th e  v a r ia tio n  n aS/j,ab of th e  couple s tre sse s  m ay  be a rb itra ry , conse­
q u e n t ly ,  also th e  ex p re ss io n s .

n kSthl =  nkskmyShy ;m, X  £ S u, (5 .10)1

n a =  n aeapy(ôfyb.p +  ebps ôh °); x  Ç S u (5 .10)2

m a y  b e  a rb itra ry . A t th e  sam e tim e th e  c o n d itio n s  follow ing from  e q u a tio n s
(5 .2 )a an<i (5 .3)2 sh o u ld  b e  sa tisfied  by  th e  v a r ia t io n s  of th e  stress fu n c tio n s  
on  th e  b o u n d a ry  sec tio n  S t :

n kekmy б Ц  . т  =  0, x  £ S t, (5 .10)3

n a eapy(S fyb.p +  ebps Shj)  =  0 x  £ S t. (5 .10) 4

5.5 . W ith  th e  v iew  o f  fu r th e r  tra n s fo rm a tio n  o f  th e  surface in te g ra ls  as 
w e ll as fo r a b e tte r  u n d e rs ta n d in g , le t us in tro d u c e  a t  th e  b o u n d a ry  d e fin ed  
b y  th e  eq u a tio n  x k =  x k( x '1, x ' 2) (x '1, x '2 be ing  th e  p a ra m e te rs  of th e  b o u n d a ry  
as a  su rface), also in  th e  reg io n  Vs  ex ten d in g  to  i ts  im m edia te  su rro u n d in g s  
th e  sy s te m  of co o rd in a te s  d esigna ted  w ith  p r im e s , x ' \  x ' 2, x '3, n o m in a te d  as 
c o n n e c te d  to  th e  su rfa c e , x ’3 is m easured  a lo n g  th e  norm al u n it  v e c to r  n  
d ire c te d  ou tw ards fro m  th e  solid (Fig. 3). T h e  fo rm u lae  of tra n s fo rm a tio n  
b e tw e e n  th e  system  o f  co o rd in a tes  x \  x2, x 3 a n d  o f  coord inates x ' 1, x ' 2, x ' 3 
c o n n e c te d  to  th e  su rface  a re  as follows:

o'ki =  cpq a-k r f ,  (5 .11),

cPq =  c '.kl XkP Vq- (5-ll)2
Acta Tecknica Acudemiae Scientiarum Hungaricae 91, 1980



LINEARIZED THEORY OF MICROPOLAR ELASTOSTATICS 73

L e t u s  fu r th e r  ap p ly  th e  ru le  th a t  th e  ind ices in  G reek m in u scu les  ca n  only 
ta k e  a t  th e  va lu es  1 a n d  2.

T ran sfo rm in g  th e  ten so rs  en te rin g  th e  su rface  in teg ra ls  in to  th e  system  
o f co o rd in a tes  x ' 1, x ' 2, x ' 3, an d  b earin g  in  m in d  th a t  n'3 =  1 a n d  n ' =  0T 
th e  su rface  in teg ra ls  (5 .9)3 4 a lso  ca rry in g  o u t th e  change o f th e  in d ic e s , v  ili be 
as follow s:

0 K SI =  f  [ - e ' 3*” x 'S  ôf'nb -  e o ', а д  d S ,  (5 .12),
JS,

<5K Su =  Г [ s ' * *  < -b <5f ' b -  e’3*” aU ôh’/  -  e ’3"  œ 'b(ô f tb.a +  e ’bas Ôh 1/ )  -  
J s u

-  e'3an u | d S .  (5 .12 )2

5.6. T he su rface  in te g ra ls  o b ta in ed  re q u ire  d ifferen t t ra n s fo rm a tio n s  a t 
th e  b o u n d a ry  sec tion  S t a n d  S u, because a t  th e  section  S u th e  exp ressions

e,3*Vfib;*  +  4 «  а д ,  (5.12)2a

e '3“" а д а

co rrespond ing  to  (5.10) , 2 a n d  h ereb y  also th o se

e ' ^ ô h ^ 1 an d  e'3*’’ df'vb, * ' Ç S „

fo rm u la te d  b y  th e  v a r ia tio n s  o f th e  s tress fu n c tio n s , i.e ., th e  v a r ia t io n s  th em ­
selves ôh'v' an d  <3\ f 'b m a y  be a rb itra ry ; b u t  a t  th e  section  S, th e  co n d itions 
(5.10)3 4 m u st be fu lfilled :

e 's' ”№ ;« +  4 «  <5A;-s) =  0; * ' € S„  (5.13),

е '3а” а д а =  0 x '  Ç. S t . (5.13)2

T he cond itions (5.13) a re  id en tica lly  fu lfilled  i f  th e  s tre ss  fu n c tio n s  are 
d educed  from  th e  a rb itr a ry , d iffe ren tiab le  fu n c tio n s  ô(pb(x n , x ' 2) a n d  dXr ( x ' \  
x ' 2) in te rp re te d  a t  th e  b o u n d a ry  section  S t as follow s:

àf'nb =  ô<p'b.v +  e'4 s ôX's, x '  £ S t, (5.14),

& K l =  дХ%  X' g S ' .  (5.14),

5.7. To th e  tra n s fo rm a tio n  of th e  su rface  in teg ra ls  a lso  th e  S toke’s 
th e o re m  is needed .

A ccord ing  to  F ig . 4 , le t  us den o te  th e  com m on b o u n d a ry  c u rv e  o f th e  
b o u n d a ry  su rfaces S, a n d  S u w ith  h, an d  be  s th e  len g th  of a rc h  m e a su re d  in
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th e  d ire c tio n  in d ica ted  on  th e  cu rve  h and  w ith  t ' x th e  associa ted  ta n g e n t u n it  
v e c to r .  A ccording to  th e  S to k e ’s theorem , to  th e  a rb i t r a ry  v ec to r f ie ld  c 'Jx '1, 
x ' 2) in te rp re te d  a t th e  su rfa c e  S, or S u or a t  b o th  o f  th e m , th e  follow ing e q u a ­

t io n s  a re  valid :

a n d

Г e ' 3̂  c'x;TjdS  =  - ( f )
J  S  J  h

(5.15).

f  e '30”* c ';iJ dS  = ( f) t ' a c( ds.  
J Su У  h

(5-15).

5.8 . Now th e  p la n n e d  tran sfo rm atio n s  o f  th e  surface in teg ra ls  (5.12) 
m a y  b e  carried  o u t. L e t u s  consider f irs t th e  in te g ra l  ôK st (5.12), an d  rep lace  
t h e  expressions (5.14) in to  th e  in teg ran d . M aking  u se  o f  th e  ru le  o f d iffe ren tia ­
t io n  o f  p roducts, th e n  c a r ry in g  ou t the  a r ra n g e m e n t and  th e  ap p lica tio n  of 
th e  fo rm  (5.15)1 of S to k e ’s th e o re m , resu lts in :

ÔKst =  0K SI +  0 K hst, (5 .1 6 ),
in  w h ic h

0 K st =  f  [e '3^  x g 4 dcp'b +  e ' ^ ( a ' l;v +  e ’alb rfW 1]  d S  (5 .1 6 ), 
J St

is  t h e  in te g ra l carried  o u t a t  th e  surface S t, a n d

ÖKst =  ф  (*'“ к *  Wb +  a '*i W )  ds

th e  in te g ra l tak en  on th e  c u rv e  h.
I n  tran sfo rm in g  th e  in te g ra l  0 K Su acco rd in g  to  (5.12)2 beside th e  a p p li­

c a t io n  o f  th e  rule of d if fe re n tia tio n  of p ro d u c ts  a lso  th e  form  (5.15)2 o f S to k e ’s 
th e o re m  and  th e  a p p ro p r ia te  change of th e  c o m m o n  indices will be app lied .
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T h u s, one o b ta in s :
à K Su =  à K Su +  à K g u, (5 .17^

in  w hich

ÔKSu =  Г { - e ' * " ( x ï b -  < b \ )  ô f 'b -  e '3M,K ,  -  +  e;«ô,s)] ó h - 1} d S  (5.17),
J Su

is th e  in te g ra l m ad e  a t  th e  surface S u, a n d

0 K hSu =  ф  (t'* <b’b ô f lb +  I'* й} Ôhxl) ds (5.17)3

th e  in te g ra l ta k e n  a long  th e  curve h.
5.9. L e t us ta k e  to g e th e r  th e  lin e -in te g ra ls  (5.16)3 an d  (5.17)3 in to  one 

single in teg ra l. A ssu m in g  w ith  th is  view , b y  d esig n a tin g  th e  va lu es  ta k e n  along 
th e  cu rv e  h o f th e  q u a n tit ie s  in te rp re te d  a t  th e  b o u n d a ry  sec tion  S t b y  one 
u n d erlin e  an d  o f  th o se  in te rp re te d  a t  th e  sec tio n  S u b y  tw o  u n d erlin es , th a t  
a long  th e  h , ta k in g  also  in to  account th e  e q u a tio n s  (5.14), we h av e

óflb  =  àflb =  àf'b.a +  e lxsô x 'si  X Ç h (5 .18)l

an d
d h /  =  ô h - ‘ =  ÔX' [ ^  x '  £ h. (5.18),

R ep lacem en t o f th e  exp ressions (5.18) in to  (5 .17)3, ap p lica tion  o f  th e  ru le  of 
in te g ra tio n  of p ro d u c ts  a n d  rea rran g em en t, r e s u lts  in  th e  follow ing line  in te g ra l:

ÔKh =  ÔKU +  <5K hSu =  ф  { t ' ^ b -  i o \ )  à<p’b +

+  +  e/„  § ' s)] àx '1} ds. (5.19)

5.10. As a re su lt  o f  th e  tran sfo rm a tio n  one o b ta in s  th e  eq u a tio n

ÓK  =  ÔKV +  ô K st +  ô K Sa +  ÔKh =  О (5.20)

w hich  is th e  co n d itio n  o f fu lfilm en t of ÔK =  0 , i.e ., th e  p rincip le  o f  m in im um  
co m p lem en ta ry  en e rg y , w h ere  each of th e  q u a n ti t ie s  are  in te rp re te d  in  re sp ec tiv e  
succession th e  fo rm u lae  (5 .9)2, (5.16)2, (5.17)2 a n d  (5.19).

5.11. In  re sp ec t to  th e  follow ing, on th e  b a s is  o f  those  m en tio n ed  in  p a ra g ­
ra p h  5.3, from  am o n g  th e  coord inates of th e  te n so rs  of th e  s tre ss  fu n c tio n s 
le t us consider th a t  in  th e  system  of c o o rd in a te s  x 1, x2, x3:

Í a b  =  0 and  h k  — 0, x  £ V, (5 .21)t
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a n d
f XY is a r b i t r a r y ,  a n d  h j  is a r b i t r a r y ,  F . (5 .2 1 )2

A cco rd in g ly  a t th e  b o u n d a ry  S  and  in  i ts  im m ed ia te  su rro u n d in g s  V s  
in  t h e  sy s te m  of co o rd ina tes x ' 1, x ' 2, x ' 3 co n n ec ted  to  th e  surface, a cco rd in g  to  
th e  fo rm u la  of tra n s fo rm a tio n  (5.11)! an d  acco rd in g  to  (5.21)2, th e  te n so rs  of 
t h e  s t r e s s  functions are

fyb — fxY TyX T'b > (5.22)!
a n d

h y l =  h f  гf  <4. (5 .22)a

A c c o rd in g  to  th e  g enera l ru le  t re a te d  in  p a ra g ra p h  5.3, th ree  c o o rd in a te s  
h a v in g  p a irs  of indices fÁt> a n d  hx L o f th e  te n so r  fyb  an d  h'y l m ay  also  b e  set 
e q u a l  to  zero w ith  th e  a id  o f  th e  a rb itra ry  a n d  d ifferen tiab le  v e c to r  fie ld s 
i fb(x')  a n d  d ' \ x ' ) ,  w ith  re s p e c t to  th e  p a irs  o f ind ices o f w hich th e  e q u a tio n s

tf.'ik =  ß'LA x ') (5.23)!
a n d

■УВ;А +  e'bAsÏÏ s =  * в л (* ')  (5 .23)2

h a v e  so lu tio n s to  f t ' \ x ' )  a n d  у>ь(х') even in case o f  th e  a rb itra ry  fu n c tio n s  
ß 'k ( x ' )  a n d  x 'ab (x ').

L e t  us choose th e  p o ssib le  case w ith  w h ich  th e  coord inates f ^ b o f  th e  
te n s o r  f y b and  th e  c o o rd in a te s  o f th e  te n so r  h'y l are n o t of zero v a lu e  (b u t 
f ' b =  0 a n d  h'3 =  0). In d e e d , in  th is  case, th e  e q u a tio n s  w hich can  be  w r i t te n  
o n  t h e  b asis  o f E qs (5.6) a n d  (5.23)

K,3 =  k j  = - к 1 =  ß".3,
o r

Vt>;3 +  £i3s^ ,s =  /зь  =  /зь  =  а з ь (5 .23)2a

h a v e  so lu tio n s, even in  ca se  o f  th e  a rb itra ry  fu n c tio n s  h3\ x ' )  a n d  f ' 3b(x ')-, to  
û ' \ x ' )  a n d  to  ip"b(ic'), re sp e c tiv e ly .

T h e  form ulae o f tra n s fo rm a tio n  (5.22), b y  m ak ing  use of th e  chosen  
s t r e s s  fu n c tio n s, m ay  be  w r i t te n  in  th e  fo llow ing  form s

f'vb — fxY  r'x  x'b + / Í bi (5.24)!
a n d

h''li — h f  r f  o'-}- -f- A ',, (5.24)2

re sp e c tiv e ly .
T h e  equations (5.24)х a n d  (5.24)2 re p re se n t re la tio n sh ip s  a t  th e  b o u n d a ry  

S  b e tw e e n  six stress fu n c tio n s  f XY an d  h's fo r each  in  th e  system  o f c o o rd in a te s
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x \  x 2, x 3 as w ell as six stress fu n c tio n s  f qb an d  hql for each  in  th e  sy s te m  of 
c o o rd in a te s  x '1, x '2, x '3.

T ra n s fo rm a tio n  fo rm ulae  o f  th e  sam e shapes can be w r i t te n  be tw een  
th e  v a r ia tio n s  o f th e  stress fu n c tio n s :

Щ b — ÔfxYT *  в 'ь +  ftfvbi (5.25)!

ôh'l, =  <5 h g  т^огу' +  àh'i-  (5.25)2

(H e re a fte r , th e  d is tin c tiv e  overline w ill be o m itted ).
5.12. E q . (5.20) m ay  be  fu lfilled  on ly  in  th e  case, w here th e  in te g ra ls  

in v o lv ed  a re  se p a ra te ly  eq u a l to  zero . A n d , considering th a t  th e  in te g ra n d s  
co nsist o f th e  sum  o f p ro d u c ts  w h ere in  one o f th e  fac to rs m a y , acco rd in g  to  
th e  p a ra g ra p h s  5.4 and  5.6, a rb itra r i ly  be v a r ia te d , exam in in g  each  o f th e  
in te g ra ls  in  succession, and  ta k in g  in to  acco u n t th a t  m en tio n ed  in  p a ra g ra p h  
5.11, th e  fo llow ing s ta te m e n ts  sh o u ld  be fu lfilled :

-  in  th e  sy stem  of co o rd in a tes  x 1, x2, x 3 from  th e  eq u a tio n  6 K V =  0 to  
be w r it te n  on th e  basis o f th e  fo rm u la  (5 .9 )2 follows (because 6fXY  a n d  d h g  
in  th e  reg ion  V  m ay  he a rb itra ry ) :

e XY =  e X p a x . y p  =  0 j  *  £ F ,  (5.26),

dsT =  eSmk(akT.m +  ekTq < )  =  0, x  Ç V; (5 .26),

— in  th e  sy stem  of c o o rd in a te s  x ' 1, x ' 2, x '3 connected  to  th e  su rface  
from  th e  e q u a tio n s  ôK$t =  0 to  be w r i t te n  on  th e  basis of th e  fo rm u lae  (5.16)2 
follow s (because , accord ing  to  th e  p a ra g ra p h s  5.6 an d  5.11 dcp'b a n d  ô x '1 on th e
su rface  S, m a y  be a rb itra ry ) :

е'зь =  е^ ^ ь ;г1= 0г  * ' ç s „  (5.27),

d j  =  +  e:ls x'q °) =  0, * ' g S t; (5 .27),

s im ila rly  in  th e  sy s tem  of co o rd in a te s  x \  x 2, x 3:

naeab =  na e ^ x f . - p  =  0 , x  £ S„ (5 .27),

n kdk, =  n kekp4(aql.p +  eql#c*) =  0 , x  £ S t; (5 .27 )4

— in  th e  sy stem  of co o rd in a tes  x ' 1, x ' 2, x 3' connected  to  th e  su rface  from  
th e  e q u a tio n  ô K Su — 0 to  be w r itte n  on th e  basis  o f th e  fo rm ula  (5.17)2 follow s 
(because , acco rd ing  to  th e  p a ra g ra p h s  5.11 an d  5.6 <5f ' vb an d  ôh 'ql on  th e  
su rface  S u m a y  be a rb itra ry ) :

< b -  =  0, * ' € S„ (5.28)!
< i  -  W;a  +  e'usd>s) =  0, x ' e  S u; (5 .2 8 ),

Acta Technica Academiae Scientiarum Hungáriáié 91, 1980



78 KOZÁK, I.—SZEIDL, GY.

— in  th e  system  o f co o rd in a te s  x ' 1, x ' 2, x ' 3 c o n n e c te d  to  th e  surface from  
th e  e q u a tio n  ÔK =  0 to  b e  w ritte n  on th e  b as is  o f  fo rm u la  (5.19) follow s 
(b ecau se  ôcp'b and  6%n a t  th e  cu rv e  h accord ing  to  th e  p a ra g ra p h s  5.6, 5.9 an d  
5.11 m a y  he a rb itra ry ) , i f  fo r  convenience, a sing le  u n d erlin e  m eans v a lu es  
t a k e n  a t  th e  b o u n d a ry  sec tio n  S t an d  on th e  cu rv e  h, an d  a double u n d e rlin e  
m e a n s  va lu es  ta k e n  a t  th e  b o u n d a ry  section  S u a n d  on  th e  curve h:

-  Ф%) =  0, ж' £ h, (5.29),

-  (Ül;. +  e L  <Г)] =  0, € h. (5.29)2

5.13. The re su lts  su m m arized  in p a ra g ra p h  5.12 indeed  ju s tify  th e  s ta te ­
m e n t fo rm u la ted  in  p a ra g ra p h  5.1, because

— eqs (5.26) a re  th e  sam e  as th e  e q u a tio n s  o f  co m p a tib ility ,
— th e  pairs o f  in d ice s  o f  th e  equa tions o f  c o m p a tib ility  are th e  sam e as 

th o s e  o f  th e  non-zero  s tre ss  fu n c tio n s,
— th e  b o u n d a ry  c o n d itio n s  (5.27) are th e  sam e  as th e  b o u n d a ry  con d itio n s 

o f  c o m p a tib ility  a t  th e  b o u n d a ry  section S t,
— fu lfilm en t o f  th e  b o u n d a ry  co n d itio n s (5.28) p a r tly  m eans t h a t  a t  

th e  b o u n d a ry  sec tion  S u th e  equations

e '3b =  e ’^ x ' - b,v =  0 , ж' Ç S u, 

j '3  _  e '34*(a ' ;;ij -f- e ',s x;(s) =  0 x '  £ S u

w h ic h  are  th e  sam e as th e  b o u n d a ry  co n d itio n s  o f  c o m p a tib ility  (4.6), w ill 
id e n tic a lly  be fu lfilled , p a r t ly ,  th e  co n d itions, to g e th e r  w ith  th e  c o n s titu tiv e  
e q u a tio n s , m ean  b o u n d a ry  cond itions w hich  a re  e q u iv a le n t to  th e  k in em a tic  
b o u n d a ry  cond itions (4.5) s tip u la te d  in re sp ec t to  th e  s tre ss  fields a t th e  b o u n d a ­
r y  sec tio n  S u.

T h e cond itions (5.29) o b ta in ed  to  th e  cu rv e  Л, to g e th e r  w ith  th e  co n d i­
t io n s  (5.28), m ean  th a t  a lo n g  th e  curve h a t  th e  tr a n s it io n  from  one b o u n d a ry  
se c tio n  to  th e  o th e r, th e  s tra in  fields x x ' 2) a n d  oc'^x'1, x '2) shou ld  be  
c o n tin u o u s . In  so lv ing  th e  p rob lem s, one sh o u ld  ta k e  also care o f th e  fu lf il­
m e n t o f these  obv ious co n d itio n s.

6 . Sum m ary  of th e  re su lts

The boundary va lu e  problem s of the linearized  theory of the m icropolai 
elastosta tics form ulated w ith  the force stresses and couple stresses are investr- 
g a ted  in  an arbitrary system  o f curvilinear coordinates in connection w ith  
th e  independence and th e  necessity  and su ffic ien cy  o f the field equations and 
boundary conditions further, in connection w ith  th e  single-valuedness o f  the  
so lu tions, for the case o f  a solid bounded b y  a sim ply  connected surface.
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6.1. B ased  on th e  co n d itions of in d ep en d en ce  o f th e  line in te g ra ls  a long  
chosen  cu rves p ro d u c in g  th e  ro ta tio n s  an d  d isp lacem en ts , th e  n e c e ssa ry  an d  
su ffic ien t co n d itio n s o f th e  s in g le -va luedness o f  ro ta tio n s  and  d isp lacem en ts  
on th e  su rface  reg ion  are  p resen ted .

6.2. T h e  in d e p e n d e n t, n ecessary  an d  su ffic ie n t cond itions o f th e  c o m p a ­
t ib i l i ty  o f th e  s tra in  fie lds, i.e. th e  field e q u a tio n s  an d  b o u n d a ry  co n d itio n s  o f 
c o m p a tib ility  are  d e te rm in ed  in  tw o d iffe ren t w ays. T his is done p a r t ly ,  b ased  
on th e  co n d itio n s  o f th e  s ing le-valuedness o f  th e  ro ta tio n s  and  d isp lacem en ts  
to  be c a lc u la ted  a t  th e  b o u n d a ry , p a r tly  b a sed  on th e  princip le  o f th e  m in im u m  
c o m p le m e n ta ry  energy  b y  using  th e  stress  fu n c tio n s , w ith  th e  a id  o f  fo rm a l 
tra n s fo rm a tio n s .

6.3. I t  is p ro v ed  th a t  th e  eq u a tio n s o f  c o m p a tib ility  m ay  be chosen  in  
v a rio u s  w ays, i.e ., th e  p a irs  o f ind ices X Y  a n d  S T  m ay  be selected  in  as m a n y  
w ays an d  in  th e  sam e m an n e r as th e  non -zero  co o rd in a tes  o f th e  te n so rs  o f  
th e  s tre ss  fu n c tio n s .

6.4. I t  is p o in te d  o u t th a t  in  th e  case o f  th e  lin ea rized  th e o ry  o f th e  m icro - 
p o la r e la s to s ta tic s  th e  n ecessary  an d  su ffic ien t eq u a tio n s  and  b o u n d a ry  co n ­
d itio n s o f th e  b o u n d a ry -v a lu e  prob lem s fo rm u la te d  w ith  force s tre sse s  an d  
couple  stresses m a y  be o b ta in ed  in  th e  w ay  t h a t  to  th e  equ ilib rium  e q u a tio n s  
an d  c o n s titu tiv e  eq u a tio n s  one adds six, in  c o n fo rm ity  w ith  p a ra g ra p h  6.3 
possib le e q u a tio n s  o f c o m p a tib ility  to  each , a n d  one com plem ents th e  u s u a l 
d y n am ic  an d  k in em a tic  b o u n d a ry  co n d itions w ith  th e  b o u n d a ry  co n d itio n s  
o f c o m p a tib ility .

6.5. T h e  co n d itio n s p resc rib ed  to  th e  s tre ss  fie ld s are  given a t th e  b o u n d a ry  
sec tion  S u w here  also th e  ro ta tio n s  and  d isp lacem en ts  are  p rescribed  as k in e ­
m a tic  b o u n d a ry  cond ition .

6 .6 . F in a lly  i t  shou ld  be n o ted :
a )  E lim in a tio n  o f th e  u n n ecessary  c o m p a tib ility  cond itions m ig h t be 

of sign ificance in  th e  ap p ro x im a te  ca lcu la tio n s h av in g  th e  aim  to  im m e d ia te  
d e te rm in e  th e  s tre ss  fields.

b)  A ll o f  th e  ap p ro x im a te  ca lcu la tio n s, w ith  th e  view  of p ro d u c in g  th e  
stress fie ld  w h ich , beside sa tisfy in g  th e  co n d itio n s p rescrib ed  to  th e  s ta t ic a l ly  
adm issib le  s tre ss  fie ld s , p rescribe  th e  fu lf ilm en t o f  th e  un iqueness o f th e  r o t a ­
tio n s an d  d isp lacem en ts  a t  c e rta in  places (a t  p o in ts , sections o f cu rv es  an d  
o f su rfaces), m ean  in  fa c t th e  a p p ro x im a te  sa tis fac tio n  o f th e  p rin c ip le  o f  
m in im u m  co m p le m e n ta ry  energy .
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F eldgleichungen und Randbedingungen m it K raft- und M om entenspannungen der 
lin ea ren  Theorie der m ikropolaren Elastostatik. Die voneinander unabhängigen, notw endigen  
u n d  hinreichenden Bedingungen der K om patib ilität der Verzerrungsfelder werden a u f zwei 
versch ieden  »n Wegen erm ittelt, einerseits aufgrund der Einw ertigkeitsbedingungen der auf 
dem  R a n d  herstellbaren V erschiebungs- und R otationsfelder, anderseits aufgrund des Prinzips 
des M inim um s der K om plem entärenergie. Es werden die a u f verschiedenen W egen ausw ähl­
baren  sechs Feldgleichungen der K om patib ilität un d  die K om patibilitätsrandbedingungen  
fe stg e le g t. D ie Abhandlung faß t die auf die Spannungsfelder gestellten Feldgleichungen und  
R an dbed ingungen  der linearen Theorie der m ikropolaren E lastostatik  zusam m en, danach  
b e w e ist  aufgrund der U ntersuchungen der E inw ertigkeit der Lösungen, daß die erm ittelten  
F eldgleichu ngen  und R andbedingungen notw endig und zugleich hinreichend sind.
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EXISTENCE AND UNIQUENESS CRITERIA 
OF THE MEMBRANE STATE OF SHELLS
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In this paper the problem  is dealt w ith , w hat sort of boundary co n d itio n s are 
to  be prescribed on the edge of a shell th a t is to  be in  a statically determ inate m em brane  
state . E xistence and uniqueness criteria o f  th e  solution of the m em brane-shell equa­
tion  are investigated , on the basis o f  the partial differential equations’ theory , for 
various boundary conditions. This part o f  the paper implies the results obta ined  for  
hyperbolic shells.

1. In tro d u c tio n

As is w ell know n [11], th e  s tre sses  a n d  s tra in s  in  m em b ran e  shells can  
h e  g en era lly  expressed  b y  3 s ta tic a l, 3 g eo m etrica l, and  3 p h y sica l e q u a tio n s . 
A t ev e ry  b o u n d a ry  tw o cond itions can  be  described . These can b e :

a) b o th  geom etrical,
b) one geom etrical, one s ta tic a l,
c) b o th  s ta tic a l cond itions.

F o r  s ta tic a lly  d e te rm in a te  m e m b ra n e  shells th e  s ta tic a l e q u a tio n s  an d  
th e  s ta tic a l b o u n d a ry  cond itions are  su ffic ien t to  determ ine th e  s tre s se s  in  th e  
she ll. In  th is  case, th e  g eom etrica l a n d  p h y s ic a l equations, and  th e  g e o m e tric a l 
b o u n d a ry  co n d itions can  be  d isreg a rd ed .

T h u s , a t  s ta tic a lly  d e te rm in a te  m e m b ra n e  shells, for each  b o u n d a ry  
sec tio n  can  be g iven  zero, one, or tw o  b o u n d a ry  conditions. T h e  q u e s tio n  is, 
how  th e se  b o u n d a ry  cond itions are  to  be  p resc rib ed , w hat k in d  o f  c o n d itio n s  
m u s t be fu lfilled  b y  th e  b o u n d a ry  c u rv es , th e  m idd le  surface of th e  sh e ll, an d  
e x te rn a l load in g s on th e  shell, be ing  in  a u n iq u e  m em brane s ta te .

T h is q u es tio n  is in v e s tig a te d  in  th e  p re se n t paper. W e h a v e  m a d e  use 
o f th e  p a r t ia l  d iffe ren tia l eq u a tio n  th e o ry  fo r answ ering  th is  q u e s tio n . W e do 
n o t  s tr iv e  to  reach  com pleteness w hen  d ea lin g  w ith  d ifferent q u e s tio n s , a ll th e  
less, since a  good n u m b er o f p ro b lem s co ncern ing  th e  p a r tia l  d if fe re n tia l  
e q u a tio n s  h as  n o t y e t  been  c leared  u p .

* Dr. T. Tá r n á i, K olostor u. 17. H -1037 B udapest, Hungary
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F o r th e  sake o f  d esc rip tiv en ess  we shall u se  P u c h e rs ’ d ifferen tia l e q u a tio n  
fo r  o u r in v es tig a tio n s . A lth o u g h , th ere  are  a few  cases w hen sy stem  o f th e  
s ta t ic a l  d ifferen tia l e q u a tio n s  of th e  shell ex p re sse d  b y  curv i-linear co o rd in a te s  
offers som e a d v a n ta g e s  ([1 1 ] p. 106 (2.1), [21] p . 22 (1.23)), b u t th e  t r a n s fo r ­
m a tio n s  and  th e  t r e a tm e n t  o f com plex fu n c tio n s  re q u ire d  in  th is  case w o u ld  
d e s tro y  th e  d irec t d e sc rip tiv en ess . I t  shou ld  b e  n o te d , th a t  th o se  w ere  W . 
H aack , G. H ellwig  a n d  I .  N. Vekua  w hose n a m e s  are m ain ly  c o n n e c te d  
w ith  th e  d eve lopm en t o f  th e  m a th em atica l b a c k g ro u n d  of th e  in v e s tig a tio n  
u s in g  system  of e q u a tio n s  (see References o f  [14] a n d  [20]). A sh o rt su rv e y  on 
th e  sy stem  of d iffe ren tia l eq u a tio n s  of shells co n c e rn in g  our problem  w as g iven  
b y  K aya  Sayar  [14].

I n  our in v e s tig a tio n s , we shall deal o n ly  w ith  those shells w h ich  a re  
lo a d e d  b y  v e rtica l fo rces a n d  for which th e  G a u ss ia n  cu rv a tu re  of th e  m id d le  
su rface  is of th e  sam e sign  a t  every p o in t o f  th e  shell.

2. Pueher’s differential equation

P u ch e r’s d iffe re n tia l eq u a tio n  describ ing  th e  equ ilib rium  of m e m b ra n e  
shells loaded  b y  v e r t ic a l  forces is given b y  u s in g  th e  m u tu a lly  r e c ta n g u la r  
co o rd in a te  axes x y z  as fo llow s:

_  0 ()2z d -F  | d2z d2F  

r)y2 ()x2 ()x'()y ()x'()y ()x2 f)y2
( 1 )

w h ere  z  =  z(x, y )  is th e  e q u a tio n  of th e  m id d le  su rfa c e  of th e  shell,

,, о №  æ  d2z d2
dy2 dx2 дхду dxdy dx2 dy2

is th e  P u ch er o p e ra to r , g  =  g(x, y )  is th e  fu n c tio n  o f  th e  vertica l load  in te n s i ty  
(p a ra lle l w ith  axis z)  a n d  F ( x , y )  is th e  u n k n o w n  stress-function , from  w h ich  
th e  m em brane s tresses c a n  be derived as fo llow s:

nX

d2F

dy2 ’

d2F

dxdy
d2F

dx2

I f  th e re  are v e rtic a l ta n g e n t ia l  planes of th e  m id d le  surface of th e  shell, th e n  
th e  so lu tion  of th e  P u c h e r  d ifferen tia l eq u a tio n  a n d  th e  real m em brane stre sses  
in  th e  po in ts o f c o n ta c t  c a n n o t be derived  d ire c t ly , b u t  only as lim its  a t  a 
p o in t  (x, y ) ,  th e  c h a ra c te r  o f th e  m em b ran e  e q u a tio n  (1) is d e te rm in ed  b y
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th e  sign of th e  d isc rim in an t o f  th e  e q u a tio n  ev a lu a ted  a t  th e  p o in t  (x, y):

D ep en d in g  on th e  sign of th e  d isc r im in a n t D  eq u a tio n  (1) can  be  g ro u p e d  in to  
one o f th e  th re e  ty p e s  lis te d  below :

1) D < 0  h y perbo lic ,
2) D  =  0 p arab o lic ,
3) D  >  0 e llip tic .

S ince we have  s tip u la te d  th a t  th e  sign o f th e  G aussian  c u rv a tu re  o f  th e  m iddle 
su rface  is u n ch an g ed  all over th e  shell su rface , therefo re , th e  sign  o f  th e  d iscri­
m in a n t o f E q . (1), and  th u s  th e  c h a ra c te r  o f  E q . (1) is th e  sam e  oil o v e r th e

T he ch a rac te ris tic  cu rves o f  E q . (1) are  given b y  th e  so lu tio n s  o f  th e  
o rd in a ry  d iffe ren tia l e q u a tio n :

F o r  hy p erb o lic  eq u a tio n s  tw o  rea l v a lu e d  se t of ch a rac te ris tic  c u rv e s  ex ist, 
fo r p a rab o lic  eq u a tio n s  one rea l v a lu e d  se t o f  cha rac teris tic  cu rv es  e x is ts , and  
fo r  e llip tic  eq u a tio n s  th e re  are n o t re a l v a lu e d  charac teris tic  c u rv e s .

Those lines o f th e  m idd le  su rface  w hose pro jections on p la n  x y  a re  ch a r­
a c te r is tic  cu rves, are d en o ted  a sy m p to tic  lines.

I f  d e riv a tiv e s  d2z/dy2, cfzl(dxdy), d2*ldx2 are tw ice co n tin u o u s ly  d ifferen­
t ia b le , th a t  is, if  fu n c tion  z(x, y )  is f o u r  times continuously differentiable  and  
th e  second  d e riv a tiv e s  o f  z(.v, y )  a re  n o t  s im u ltaneously  e q u a l to  zero  th e n  
o p e ra to r  £  an d  E q . (1), re sp e c tiv e ly , can  be tran sfo rm ed  to  c a n o n ic a l form  
in  som e n e ig h b o u rh o o d  o f a p o in t (x0, y 0) b y  new  variab les £, r] ([1 7 ] p . 64). 
I t  sh o u ld  be n o te d  th a t  th e  tw ice  c o n tin u o u s ly  d ifferen tiab le  tra n s fo rm in g  
fu n c tio n s  £(x, y ) ,  r](x, y )  a re  in  close co n n ec tio n  w ith  th e  c h a ra c te r is tic  curves 
(cu rv es  £ =  const, and  r/ =  const, a re  c h a ra c te ris tic  curves th e m se lv e s ) . In  
th e  fo llow ing  shells w ill be in v e s tig a te d  fo r  w hich  th ere  ex ists su ch  a  canon ical 
tra n s fo rm a tio n  in  th e  w hole do m ain  in  g ro u n d  p lan  of th e  sh e ll a n d  i t  is 
in v e r ta b le .

T he n o rm a l an d  ta n g e n tia l  v e c to rs  b e long ing  to  a p o in t P  on  th e  ground- 
p la n  p ro jec tio n  o f  th e  shell b o u n d a ry  w ill be  deno ted  by  n a n d  t, re sp e c tiv e ly  
(F ig . 1). A fte r p resc rib in g  th e  n o rm a l fo rce  in  th e  d irection  n(n„ — d2F /d t2) 
o r th e  ta n g e n tia l  force in  th e  d irec tio n  t ( n nt =  —d2F/(dndt)) o r a  co m b in a tio n  
or b o th  o f th ese , fo r som e sections o f  th e  b o u n d a ry , we look fo r  th e  so lu tio n  
o f  E q . (1) being  a  u n iq u e  one a p a r t  f ro m  co n stan ts  and  lin e a r  te rm s , an d  
b e in g  tw ice  co n tin u o u sly  d iffe ren tiab le .

d2z d2z 

i)x2 dy2

shell.
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T h e  basic p ro b lem  o l th e  P u ch er eq u a tio n  (1) is th a t ,  th e  b o u n d a ry  co n ­
d it io n s  g iven for th e  in te r n a l  forces refer to  th e  se c o n d  deriva tives of th e  u n ­
k n o w n  fun c tio n . T h e re  a re  tw o  aspects of th is  p ro b le m . One of these  is t h a t  
t h e  in v e s tig a tio n  o f p a r t ia l  d iffe ren tia l e q u a tio n s  w ith  b o u n d a ry  co n d itio n s

F ig . 1. Normal a n d  ta n g e n tia l un it vectors fittin g  to  a p o in t o f  the boundary curve

g iv e n  in  its  second d e r iv a tiv e s  is a ra th e r  u n f in ish e d  f ie ld  in  m a th em a tic s . A 
fe w  re ferences co n cern in g  e llip tic  equations o f  th is  ty p e  are  to  be fo u n d  in  
[16] (p . 235), for ex a m p le . T h e  boun d ary  c o n d itio n s  g iven  in  second d e r iv a ­
t iv e s  ca n  only he red u ced  to  d e riv a tiv es  of th e  o rd e r  one or zero, in  tho se  sim ple 
c a se s , fo r  w hich th e  th e o r y  o f  p a rtia l d iffe re n tia l eq u a tio n s is e la b o ra te d .

T h e  o ther asp ec t o f  th e  p rob lem  im plies in  m a n y  cases, th a t  th e re  c a n n o t 
b e  fo u n d  th e  s ta tic a l m e a n in g  o f th e  b o u n d a ry  c o n d itio n s  given in  z e ro th  or 
f i r s t  o rd e r  d e riva tives, fo r  w h ic h  th e  ex istence a n d  u n iq u en ess  of th e  so lu tio n  
o f  t h e  shell equa tion  h a v e  b e e n  proved.

L e t  us look over a  few  sim ple b o u n d a ry  c o n d itio n s  th a t  can  be re d u c e d  
f ro m  d eriv a tiv es  o f seco n d  o rd e r  to  d e riv a tiv e s  o f  lo w er order. F u r th e r  on , 
w h e n  u s in g  th e  w ord  b o u n d a ry , we m ean th e  g ro u n d -p la n  (xy) p ro je c tio n  
o f  th e  shell b o u n d ary . T h e  re a l boun d ary  lin e  w ill be  d eno ted  by  S , w h ile  
i ts  p ro je c tio n  by  S.

2.1. The edge beam is only supported  vertically

I n  th is  case, th e  b o u n d a ry  line is th e  fu n ic u la r  cu rv e  of th e  b o u n d a ry  
fo rces  ac tin g  on th e  edge b e a m . T he stress fu n c tio n  on  th e  b o u n d ary  ta k e s  th e  
sh a p e  F  =  ax  -j- b ■ y ( x )  -f- c, w here a, b and  c are constants  and  y  =  y (x )  is 
th e  e q u a tio n  of th e  b o u n d a ry  curve; th a t  is th e  v a lu e s  o f th e  stress fu n c tio n  
t a k e n  on  th e  b o u n d a ry  l in e  sp ec ify  a p lan e-cu rv e . A s th e  stress fu n c tio n  is to  
b e  m o d ifie d  in  c o n s ta n t a n d  lin e a r  term s w ith o u t c h a n g in g  th e  stresses in  th e  
sh e ll, in  some cases, F  =  0 c a n  be s ta ted  in s te a d  o f  F  =  ax  -j- by(x) -f- c [4]. 
W e n o te  here th a t ,  in  g e n e ra l, th e  vertica l s u p p o r t  o f  th e  edge beam  en su res  
th e  e q u ilib riu m  of th e  sh e ll a n d  th e  edge b eam  w h e n  th e  b o u n d ary  line  is a 
c lo sed  fu n icu la r cu rv e , t h a t  is , w hen th e  v a lu e s  o f  th e  stress fu n c tio n  ta k e n
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on th e  b o u n d a ry  give a closed p lan e -cu rv e . I f  th is  fu n ic u la r-fe a tu re  co n d ition  
is on ly  fu lfilled  in  p a r ts  o f  th e  b o u n d a ry  ( th e  b o u n d a ry  cu rv e  is  a n  opened  
fu n ic u la r  cu rve), th e n  th e  eq u ilib riu m  o f t h a t  sec tio n  o f th e  edge b eam  needs 
th e  a c tin g  o f c o n c e n tra te d  forces on its  ends b e in g  of ta n g e n tia l  d ire c tio n  to  
th e  b o u n d a ry  cu rve .

2.2. Value o f  normal force given along a straight boundary-section  

In  th is  case,

n n =  =  ?>(*) (2)

w h ere  y(s) is a g iven fu n c tio n  an d  s is th e  a rc -len g th  p a ra m e te r  o f th e  b o u n d ary .
L e t us in te g ra te  exp ression  (2), tw ice  a long  th e  b o u n d a ry , w ith  respect 

to  s. T h u s, we g e t th e  fo llow ing  expression  fo r  th e  values o f th e  s tre ss  function  
on th e  b o u n d a ry :

F  =  J (J <fds)ds +  as -f- b

w here  a an d  b a re  constants. I f  th e  s tra ig h t b o u n d a ry  is free o f la te ra l  p ressu re , 
t h a t  is, n n =  y(s) =  0, th e n  F  =  as -f- b is o b ta in ed , th a t  is , th e  stress 
fu n c tio n  varies lin e a rly  a long  th e  b o u n d a ry . I f  th e  edge beam  is o n ly  su p p o rted  
v e rtic a lly , th e n  th e  b o u n d a ry  co n d itio n  F  — as -f- b can  be  s u b s ti tu te d  by  
t h a t  from  Sec. 2 .1 : F  =  0. I f  th e re  are  m ore th a n  th ree  la te ra l-p ressu re -fre e  
s tra ig h t b o u n d aries  o f th e  shell jo in tin g  to  each  o th e r, an d  th e  edge b eam s are 
su p p o rte d  n o t only  v e r tic a lly  b u t  also in  th e ir  p lan e  (e.g. in  th e  jo in ts  o f th e  
b o u n d a ry  sec tio n s, c o n c e n tra te d  forces a p p ea r), th e n  th e  c o n d itio n  F  — 0 
c a n n o t be p rescribed  fo r ev e ry  b o u n d a ry  sec tion  [6]. Follow ing fro m  th e  fo re­
going, th e  fu n icu la r b e h a v io u r  o f th e  b o u n d a ry  is n o t  eq u iv a len t w ith  i ts  ex em p ­
tio n  o f la te ra l p ressu re , w hen  th e  shell is b u ilt  above a poligon h a v in g  m ore 
th a n  th re e  sides. T he f i r s t  one is a special case o f  th e  second one.

2.3. Value o f  the shearing force given on a straight boundary  

In  th is  case,
(FF

n nt =  - f - = y > ( s )  (3)
dndt

w here y(s) is a g iven fu n c tio n  an d  s is th e  a rc -len g th  p a ra m e te r  o f th e  b o u n d a ry . 
L e t us in te g ra te  exp ression  (3), a long  th e  b o u n d a ry , w ith  re sp e c t to  s. T hus 
we ge t:

=  — f yds a 
dn
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w h e re  a  is a co n stan t. I f  th e r e  a re  no shearing  fo rces on th e  s tra ig h t b o u n d a ry  
s e c t io n , t h a t  is nnt =  y>(s) =  0, th e n  d F /d n  =  a is o b ta in ed , th e re . I f  th e re  
a re  m o re  th a n  tw o s t r a ig h t  b o u n d a ry  sections w ith  no  shearing  forces, on th e  
sh e ll, t h e  fu lfilm en t o f th e  c o n d itio n  d F /d n  =  0 ca n  o n ly  be  reached , in  genera l, 
o n ly  a t  tw o  b o u n d ary  se c tio n s  b y  adding  lin e a r  te rm s .

2.4. Shearing forces g iven  at a circular boundary  line

R ed u ced  value o f th e  sh e a r in g  force can  be  ex p re ssed  b y  using  th e  cy lin ­
d r ic a l  coord inates r, d, z, a s  follow s ([1] p . 113):

J _  d F  _  l_ d2F  

r9 A  d& r drdd

T h e  ra d iu s  of th e  arc  is r  =  R ,  an d  th e  cen tre  o f  th e  arc  lies on th e  axis z. 
I f ,  h e n c e , th e  shearing  fo rce  a t  th e  circu lar b o u n d a ry  is o f th e  v alue

nrt =  x (s) (4 )

w h e re  s denotes th e  arc  le n g th  p a ra m e te r, th e n  b y  in te g ra tin g  E q . (4), along 
th e  b o u n d a ry , w ith  re sp e c t t o  s =  R d ,  we get th e  exp ression :

-  —  = [  / R d d  +  a 
R  dn

w h e re  a  is a co n stan t. I f  th e r e  a re  no shearing  fo rces on th e  c ircu lar b o u n d a ry , 
th e n  i t  can  be expressed  a s  fo llow s:

1 TT1 ÜF—  t -------- - =  a
R  dn

w h e re  a is a co n stan t.

2.5. Given both in n e r  forces at a straight boundary section

L e t us denote th e m  b y  nn =  tp(s) an d  n nt =  y(s).  B y an  in te g ra tio n , 
a lo n g  th e  boundary , a c c o rd in g  to  Secs 2.2 an d  2 .3 , we ge t:

F  =  ( ( I fd s )  ds -f- as -f- b,

d F  Г j  j- =  - J  y>ds +  c 
dn

w h e re  a, b, and c are c o n s ta n ts . By add ing  c o n s ta n t  an d  lin ea r te rm s , a, 6, 
a n d  c c an  be set to  zero. I f  th e  s tra ig h t b o u n d a ry  sec tio n  is free, th e  b o u n d a ry
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co n d itio n s  F  =  as -f- b, d F /d n  =  c, or in s te a d , som etim es, F  =  0, d F /d n  =  0 
can  be p resc rib ed . In  th is  case, th e  sress su rface  has a ta n g e n tia l p la n e  such 
th a t  th e  p o in ts  o f th e  s tre ss  surface ab o v e  th e  b o u n d a ry  curve lie  in  i t  w hich 
can  also  be  th e  co o rd in a te  p lane  xy.

2.6. Free boundary

T h e  la s t  s ta te m e n t o f Sec. 2.5 can  h e  generalized  for s m o o th  cu rv ed  
b o u n d a ry , to o  [5]. T hen  th e  b o u n d a ry  c o n d itio n s  are:

d2F  n d2F

dndt
0

from  w hich  i t  follows th a t :

^ = b
dy

w here a a n d  b a re  co n stan ts .
In s te a d  of th e  ab ove-m en tioned  b o u n d a ry  cond itions F  — 0 a n d  d F /d n  =  

=  0 a re  to  be  p ro d u ced  b y  add ing  c o n s ta n t  a n d  linear te rm s to  th e  stress 
fu n c tio n .

T h e  q u estio n  is, how  can  we d e te rm in e  th e  co n stan ts  of in te g ra tio n  a p p e a r­
in g  in  th e  b o u n d a ry  cond itions 2 .1—2 .6 ., a n d  w hen  can we set th e m  to  zero? 
W h en  ex p ressin g  th e  c o n s ta n ts  of in te g ra tio n  we m ust use b o u n d a ry  cond i­
tio n s  c o n ta in in g  c o n s ta n t te rm s , as well. T h u s , we have th e  p o ss ib ility  o f  f i t t in g  
th e  co n d itio n  fu n c tio n s p rescribed  a t th e  jo in in g  b o undary  sec tio n s . (If , for 
in s ta n c e , we p rescribe  th e  va lu e  of th e  s tre ss  fu n c tio n  F  a t  the  jo in in g  b o u n d a ry  
sec tio n s an d  S2, th e n  th e  o rd in a tes  o f  th e  cond ition  fu n c tio n s g iv en  for 
th e  b o u n d a rie s  S1 an d  S2 m u s t be eq u a l, in  th e  jo in t, as is re q u ire d  to  fu lfil 
th e  c o n tin u ity  of th e  stress  fun c tio n . O r, i f  w e prescribe F  a t th e  b o u n d a ry  
S 1 a n d  n o t on ly  F  b u t also its  d e r iv a tiv e  d F /d i ( i  Ф  t) on th e  b o u n d a ry  S2, 
th e n  in  th e  jo in t  of an d  S2, th e  o rd in a te s  m u s t be equal fo llow ing  fro m  th e  
c o n tin u ity  o f F  an d  th e  d e riv a tiv e  of th e  fu n c tio n  prescribed a t  S± m u s t be 
eq u a l w ith  th a t  co m p u ted  from  th e  fu n c tio n s  p rescribed  a t S2 in  th e  d irec tio n  
o f th e  en d  ta n g e n t o f follow ing from  th e  sm o o th n ess  of F. If, in  th e  la t te r  
ex a m p le , we p rescribe  a d e riv a tiv e  o f F  in  a n y  d irec tio n  in stead  o f  th e  fu n c tio n  
F,  a t  th e  b o u n d a ry  section  S v  th e n  its  v a lu e  in  th e  jo in t is d e te rm in e d  b y  th e  
fu n c tio n s  g iven  fo r S2). T h en , we m ay  a d d  an  a rb itra ry  linear ex p re ss io n  ax  -f- 
-[- by -f- c to  th e  s tress fu n c tio n . B y choosing  su ita b le  constan ts  fo r  a, b an d  c 
a  n u m b e r  (p e rh ap s all) of th e  co n stan ts  in  th e  b o u n d a ry  cond itions c a n  be set 
to  zero . (W e n o te  th a t ,  th e  effect o f such an  a d d itiv e  linear exp ression  m u s t be 
co n sid e red  s im u ltan eo u sly  fo r th e  w hole b o u n d a ry  of th e  shell. I t  is n o t
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p e rm it te d  to  choose d iffe re n t lin ea r expressions, in d e p e n d e n tly , for each  b o u n d ­
a ry  se c tio n  th a t  m ak es  th e  co n stan ts  v a n ish  on  th e  b o u n d ary  e x a m in e d  
a n d  th u s  allow s th e  s e t t in g  o f  all th e  c o n s ta n ts  a lo n g  th e  b o u n d a ry  to  ze ro , 
b e cau se  th e  com p le tin g  o f th e  stress fu n c tio n  b y  a d d in g  a new lin ea r e x p re s ­
sion  c a n  re su lt in  n o n -ze ro  co n stan ts  on su ch  b o u n d a rie s , w here th o se  h a d  
a lre a d y  b een  se t to  zero .) A t som e b o u n d a ry -v a lu e  p ro b lem s of ellip tic  e q u a tio n s , 
th e  c o n n ec tio n  o f th e  c o n s ta n ts  of in te g ra tio n  is  con tro lled  b y  a so -ca lled  
c o m p a tib il i ty  co n d itio n . I t  c a n  occur th a t  n o t  a ll o f  th e  constan ts  o f  in te g r a ­
tio n  a re  to  be d e te rm in e d  fro m  th e  co n d itions a n d  d a ta  given, n o t ev e n  b y  
a d d in g  lin e a r  exp ressions. F u rth e rm o re , th e se  c o n s ta n ts  m ust be co n sid e red  
free  p a ra m e te rs .

A t d iffe ren t s ta t ic a l  p rob lem s of m e m b ra n e  shells, we look fo r  su c h  
so lu tio n s  o f  E q . (1) w h ich  sa tis fy  certa in  b o u n d a ry  cond itions for th e  re d u c e d  
in te rn a l  forces nx, ny , n xy ta k in g  th e  shape, in  g e n e ra l:

/1
a 2 F

a *2 ’

a 2 F
дхду (5)

w h ere  an d  <p1 are g iv en  fu n c tio n s.
B y  in te g ra tin g  th e  fu n c tio n s  of b o u n d a ry  c o n d itio n , E q. (5) ta k e s  th e  

g e n e ra l shape below :

/2 F ,
a  F
d x

d F ]  

dy j
cp2 (eq, a 2, . . . , am) ( 6)

w h ere  cq, o2, . • • , a m are  th e  co n stan ts  of in te g ra t io n . I f  E q. (1) w ith  b o u n d a ry  
c o n d itio n s  (6) has o b ta in e d  a so lu tion  for e v e ry  considerab le  fixed  v a lu e s  o f 
a ,,  . . . , a m, i t  m eans t h a t  E q . (1) can  be so lv ed  fo r  th e  b o u n d ary  c o n d itio n s
(5) , a n d  th e  shell is in  a m e m b ra n e  s ta te . I f  E q . (1) w ith  b o undary  c o n d itio n s
(6) h a s  no  so lu tion  fo r  a n y  considerable se t o f  th e  constan ts eq, . . . , am, i t  
m e a n s  t h a t  E q . (1) c a n n o t he  solved for th e  b o u n d a ry  conditions (5), a n d  
th e  sh e ll is n o t in  a m e m b ra n e  s ta te .

I f  E q . (1) w ith  b o u n d a ry  conditions (6) h a s  one and  only one so lu tio n  
fo r  e v e ry  considerab le  se t o f  co n stan ts  av  . . .  , am, a n d  th e  values of a ll o f  th e se  
c o n s ta n ts  can  be d e te rm in e d  or set to  zero  b y  sa tis fy in g  th e  c o m p a tib il i ty  
co n d itio n s  above, a n d  b y  ad d in g  th e  lin ear e x p re ss io n  ax  -j- by -f- c, th e n  th e  
sh e ll is in  a u n iq u e  m e m b ra n e  s ta te , th a t  is , th e  in te rn a l forces o f th e  shell 
a re  u n iq u e ly  d e te rm in e d  b y  th e  b o u n d a ry  c o n d itio n s  (5). T hen, th e  sh e ll is 
s ta t ic a l ly  d e te rm in a te . I f  w e can only d e te rm in e  к  (к <[ m) c o n s ta n ts  fro m  
th o se  o f  <q, . . . , am, th e n  th e re  rem ain  к  — m  f ree  p a ram ete rs  in  (6). I n  th is  
case , i f  E q . (1) w ith  b o u n d a ry  conditions (6) h a s  a  so lu tion  for every  c o n s id e r­
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a b le  se t o f c o n s ta n ts  ay, . . . , am, th e  sh e ll is in  m em brane s ta te  b u t  un iqueness 
is  n o t  -valid, th a t  is th e  in te rn a l fo rces  o f  th e  shell are no t u n iq u e ly  dete rm in ed  
b y  th e  b o u n d a ry  cond itions (5). T h e n  th e  shell is s ta tic a lly  in d e te rm in a te .

In  th is  p a p e r, we are in v e s tig a tin g  w hen an only so lu tio n  o f  E q . (1) 
w ith  b o u n d a ry  cond itions (6) ex is ts  fo r  a fix ed  set of co n stan ts  ax, . . .  , am, and 
w h en  w e can  d e te rm in e  all of th e se  c o n s ta n ts , th a t  is, w hen  th e  shell is in a 
u n iq u e  m em b ran e  s ta te .

N ow , th e n , le t us su rvey  th e  m o s t im p o r ta n t  problem s. A s th e s e  p rob lem s 
a re  e ssen tia lly  d iffe ren t, d epend ing  on th e  ch a rac te r o f E q . (1), i t  is usefu l to  
a r ra n g e  th o se  accord ing  to  w h e th e r E q . (1) is e llip tic , p arab o lic , o r  hyperbo lic .

W e in v es tig a te  w hen  th e  p ro b lem s concern ing  Eq. (1) a re  p ro p e r ly  posed. 
A p ro b lem  is p ro p e rly  posed if  ([2] p . 176):

(1) i ts  so lu tio n  does ex ist,
(2 ) un iq u en ess  o f th e  so lu tio n  does ho ld ,
(3) so lu tio n  co n tinuously  d ep e n d s  on d a ta .
F ir s t  we w ill look over th e  p ro b le m s concerning h y p erb o lic  she lls . B efore 

s ta r t in g  w ith  th e  d e ta iled  in v e s tig a tio n , w e n o te  the  fo llow ings:
T h e  canon ica l form  of E q . (1), in  a hyperbolic  case, is w r i t te n :

i)2F

d xdy
— g(x > y)- (? )

G en era l so lu tio n  o f th is  e q u a tio n  is o b ta in e d  by  in te g ra tio n s  w ith  respect 
to  X  a n d  y :

F ( x , y )  =  <pfx) +  cpfy)  — j j  g (x ,y )  dxdy.

In  o rd e r  t h a t  th e  stress fu n c tio n  F  be  tw ice  con tinuously  d iffe ren tiab le , 
t h a t  is , th e  in te rn a l forces nx, nxy, n y b e  con tin u o u s fu n c tions, i t  is necessary  
t h a t  th e  lo ad  fu n c tio n  g(x, y )  is c o n tin u o u s ly  d ifferen tiab le , fu rth e rm o re , 
th e  u n k n o w n  fu n c tio n s <px and  <p2 b e in g  d e te rm in ed  from  th e  b o u n d a ry  con­
d itio n s  are tw ice con tin u o u sly  d iffe re n tia b le . I f  we only look fo r  a  co n tin u o u sly  
d iffe re n tia b le  (tw ice co n tinuously  d iffe re n tia b le  on each b o u n d a ry  section) 
so lu tio n  o f E q . (7), th e n  th e  c o n tin u ity  o f  g(x , y )  and  th e  c o n tin u o u s  d iffe ren ti­
ab le  fe a tu re  o f cpv  an d  срг are only re q u ire d . In  th e  following p a r t ,  w e w ill look 
o v er su ch  p rob lem s concerning E q . (1), fo r w hich th e  so lu tio n  is once contin­
uously  differentiable. ( I f  we look fo r a  twice continuously differentiable  so lu tion  
o f th e  p rob lem  in  q uestion , th e n  th e  lo ad  function  m u st b e  c o n tin u o u sly  
d iffe re n tia b le , an d  th e  fu n c tio n s in  th e  b o u n d a ry  conditions m u s t  b e  tw ice 
c o n tin u o u s ly  d iffe ren tiab le . The b o u n d a ry  cu rve  itse lf m u s t a lso  be  tw ice 
c o n tin u o u s ly  d iffe ren tiab le . T hese a re  n ecessa ry  conditions.)
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3. Initial-value problem  in a hyperbolic case (C auchy problem)

F o r  th e  d is tin c tio n  o f  th e  tw o  sets o f c h a ra c te r is tic s  we will use th e  
n o ta t io n s  I . an d  I I .  B esides, le t  S  denote  an edge se c tio n  o f th e  shell b o rd e red  
b \T th e  p o in ts  A  an d  В  a n d  p ro je c te d  onto  th e  g ro u n d -p la n e , and le t a u n it  
v e c to r  i be given a t  ev e ry  p o in t  o f th e  edge S.  O n th e  edge S, le t th e  s tress 
fu n c tio n  F  ta k e  a v a lu e  d e te rm in e d  b y  a given fu n c tio n  rp, an d  le t the  d e riv a tiv e  
o f  th e  fu n c tio n  F  w ith  r e s p e c t to  th e  d irection  i ta k e  a  v a lue  de te rm ined  b y  
a n o th e r  g iven fu n c tio n  ip. T h e n  th e  solu tion  of th e  C au ch y  problem

£ F = - g ,

-FIs =  <P,
b f
—  =  ip
Bi s

(8a)

(8b)

e x is ts  a n d  i t  is u n iq u e ly  d e te rm in e d  in  th e  “ s q u a re ”  A D B C  bordered b y  th e  
c h a ra c te r is tic s  I  an d  I I  t h a t  go th ro u g h  th e  p o in ts  A  a n d  В  (Fig. 2a), p ro v id ed  
th e  fo llow ing  cond itions a re  sa tis fied :

a )  T he edge S  lies in  th e  dom ain  of d e fin itio n  o f  E q . (8a),
b)  b o th  c h a ra c te r is tic s  I  an d  I I  in te rsec t th e  edge  S  in no t m ore th a n  

one  p o in t ,  an d  none o f  th e s e  a re  tan g en tia l to  S,
c )  S  is tw ice c o n tin u o u s ly  d ifferen tiab le ,
d )  th e  d irec tion  i ch an g es  in  a c o n tin u o u s ly  d ifferen tiab le  m a n n e r 

a lo n g  S ,
e)  th e  d irec tion  i is n o t  p a ra lle l w ith  th e  t a n g e n t  o f S ,  in  an y  p o in t o f  

th e  ed g e  S,
f )  g(x, y )  is c o n tin u o u s ,
g )  <p and  ip are  tw ice  a n d  once d iffe ren tiab le , re sp ec tiv e ly ,
h)  z(x, y )  is fo u r t im e s  con tin u o u sly  d iffe re n tia b le .
O n th e  basis o f c o n d itio n  h ) ,  E q . (8a) can  b e  tra n sfo rm e d  to  can o n ica l 

fo rm  w hile  E qs (8b) a re  also  tran sfo rm ed , h u t th e  co n d itio n s  a ) —g )  s till h o ld . 
T h e  p ro o f  of th e  above p ro p o s itio n , for can o n ica l fo rm , can  be seen in  [3] p . 
165. W e n o te  th a t  g iv ing  o f  th e  values BF/Bx  a n d  B F /d y  a t  th e  edge S  an d  th e  
v a lu e  o f  F  in  one p o in t o f  th e  edge, is e q u iv a le n t w ith  th e  cond ition  (8b). 
T h e  C auchy  prob lem  is d iscu ssed  w ith  such c o n d itio n s , for exam ple, in  [12] 
p . 114, [10] p. 801, an d  [2] p . 313.

I n  th e  la t te r  one, S  is o n ly  requ ired  to  be  c o n tin u o u s ly  d iffe ren tiab le , 
w h ile  th e  p a r tia l d e r iv a tiv e s  BF/Bx  and  BF/By  a re  re q u ire d  to  be co n tin u o u s. 
W e n o te ,  th a t  th e  u n iq u e n e ss  o f th e  so lu tion  also  h o ld s  w hen th e  edge S  is 
o n ly  piecew ise d iffe re n tia b le , th a t  is, knee p o in ts  o f  a rb itra ry  b u t  f in i t  
n u m b e r  are allow ed, on th e  edge o f the  shell ([3] p . 162).

I t  follows from  th e  fo rego ing , th a t ,  in  th e  case  o f  sa tisfy ing  th e  ab o v e  
c o n d itio n s  a ) — h ),  th e  sh e ll c an  only be in  a u n iq u e  m em b ran e  s ta te  i f  th e
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edge sec tions of th e  shell n o t belonging to  S  a re  fu lly  in th e  “ tr ia n g le ”  A B C  
o r  A D  В  (F ig . 2a), o r are  on its  bo rder. T h ese  edge sections, how ever, m a y  n o t 
be re g a rd e d  as m a th e m a tic a l bo u n d aries .

Fig. 2. a) D om ain o f so lution  of the initial-value problem ; b) Hyperbolic paraboloid shell 
w ith  a free edge section. (T) free edge section  @  fu lly  supported edge section

T h u s , in  th e  p re se n t case, tw o c o n d itio n s  can  be given a t one edge sec­
tio n , w hile  n one  fo r th e  o thers.

W ith  th e  tw o  b o u n d a ry  cond itions a llo w ed , S  can  for exam ple be  describ ed  
to  be a free  edge sec tion . N am ely , if  cp =  яр =  0, a n d  i =  n , th e n  th e  co n d itio n s  
(8b) b ecom e:

F | s  =  ° , - f -  = 0 .
o n  s

O th erw ise  we n o te  t h a t  th e  s tip u la tio n  i =  n  is n o t necessary  in  th is  case, as

DF

dn
follow s fro m  th e  co n d itions

, d F
F \s  =  0, an d  •-—— =  0

di s

an d  fro m  th e  s tip u la tio n s  concern ing  th e  edge S  an d  the  d irec tio n  i. Such 
a h y p a r  shell o f free edge is show n in F ig . 2b .

I f  S  is a s tra ig h t  edge section , th e n  th e  v a lu es  of th e  red u ced  in te rn a l 
forces n n, an d  nnl can  also be p rescribed  th e re . A ccording to  S ec tion  2.5 , th is  
co n d itio n  can  be fo rm ed  w ith  th e  use o f  F ,  a n d  dF /dn .  W ith  th e  b o u n d a ry  
c o n d itio n s  above th e  in te rn a l forces o f  th e  shell are  u n ique ly  d e te rm in e d .
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4. B oundary-value problems in  a hyperbolic case 
(G oursat-problem s)

L e t  S x, and  S 2 d e n o te  tw o  edge sec tions in  a g round-p lan  p ro je c tio n , 
jo in in g  to g e th e r  an d  b e in g  b o rd e re d  b y  th e  p o in ts  A  and  B,  an d  A  a n d  C, 
re sp e c tiv e ly . L et S  d en o te  th e  b o u n d a ry  co n sis tin g  o f Sl5 a n d S 2(S  =  Sq U S 2). 
L e t  t h e  v a lu e  of th e  s tre ss  fu n c tio n  F  he g iven  b y  a func tion  <p, a long  th e  
b o u n d a r y  S. I f  th e  c o n d itio n s  below  are v a lid :

a )  th e  b o u n d a ry  S  lie s  in  th e  dom ain  o f  d e fin itio n  of d iffe ren tia l e q u a ­
t io n  (9a),

b )  S ± an d  S 2 a re  c o n tin u o u s ly  d iffe ren tiab le  cu rves,
c)  g (x , y )  is c o n tin u o u s ,
d )  <p is con tin u o u s a n d  is co n tin u o u sly  d iffe ren tiab le  on a n d  on  S 2 

(n o t n e c e ssa ry  in  p o in t A ) ,
e)  z(x, y )  is fou r t im e s  co n tin u o u sly  d iffe re n tia b le , th e n  th e  b o u n d a ry -  

v a lu e  p ro b lem
£ F  =  - g ,  (9a)

F \s =  cp (9b)

h a s  g o t a  un ique  so lu tio n  in  th e  follow ing th re e  cases ([17] p. 147):

4 .1 . T he b o u n d a ry  sec tio n  S1 is id e n tic a l w ith  th e  section A B  o f a  c h a r ­
a c te r is t ic  cu rve  b e long ing  to  se t I ,  an d  th e  b o u n d a ry  section S 2 is id e n tic a l

w ith  t h e  sec tion  A C  o f  a c h a ra c te r is tic  cu rve  o f  se t I I  passing  th ro u g h  p o in t  A .  
In  th i s  case th e  u n iq u e  so lu tio n  of th e  p ro b lem  (9a, b) ex ists, in  th e  “ q u a d ­
r a n g le ”  A B D C  b o rd e red  b y  th e  b o u n d a ry  sec tio n s  S15 and  S2 a n d  b y  th e  
c h a ra c te r is t ic  curve o f se t I I  f i t t in g  to  p o in t В  a n d  th e  c h a rac te ris tic  c u rv e  
o f  s e t  I  f i t t in g  to  p o in t C (F ig . 3a).

4 .2 . T he b o u n d a ry  sec tio n  is id en tica l w ith  th e  section A B  o f a c h a ra c ­
te r is t ic  cu rv e  of se t I ,  w h ile  th e  b o u n d a ry  sec tio n  S 2 s ta r tin g  from  p o in t  A  
is in te r s e c te d  by  a n y  c h a ra c te r is tic  cu rve  o f se t I  n o t m ore th a n  once, a n d  
S 2 is  n o t  se p a ra te d  from  b y  a n y  c h a ra c te r is tic  cu rv e  of set I I ,  fu r th e rm o re , 
th e  c h a ra c te r is tic  cu rve  o f  se t I I  f i t t in g  to  th e  en d  p o in t C of S 2 in te rse c ts  
th e  b o u n d a ry  section  (F ig . 4a). In  th is  case, th e  un ique  so lu tio n  o f th e  
p ro b le m  (9a, b) ex is ts , in  th e  “ q u ad ran g le”  A B D E  bo rdered  b y  th e  c h a ra c ­
te r is t ic s  f i t t in g  to  th e  en d  p o in ts  o f Sj an d  S 2 (F ig . 4a).

4 .3 . T he b o u n d a ry  se c tio n s  an d  S 2 s ta r t in g  from  th e  p o in t A  a re  n o t  
s e p a r a te d  b y  any  c h a ra c te r is tic  cu rve. T he cu rv e  is in te rsec ted  b y  th e  c h a r ­
a c te r is t ic s  I I  and  th e  c u rv e  S 2 is in te rse c te d  b y  th e  ch arac teris tics  I ,  re sp e c ­
t iv e ly ,  in  n o t  m ore th a n  o n e  p o in t; th e  c h a ra c te r is tic  curve of se t I  f i t t in g  to  
th e  e n d  p o in t В  o f S x in te rs e c ts  th e  cu rve  S2, a n d  th e  ch a rac te ris tic  c u rv e  o f  
s e t  I I  f i t t in g  to  th e  en d  p o in t  C o f S 2 in te rse c ts  th e  curve S v  I n  th is  case ,
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th e  u n iq u e  so lu tion  o f th e  p rob lem  (9a, b) e x is ts , in  th e  “ q u a d ra n g le ”  A E D F  

b o rd e re d  b y  th e  c h a rac te ris tic s  f i t t in g  to  th e  en d  po in ts of an d  S 2 (F ig . 5a).
W e n o te , th a t  Petrovskij m en tio n s th ese  th re e  b o u n d ary -v a lu e  p ro b lem s 

w hen  e q u a tio n  (9a) is o f th e  canon ical fo rm . T h e  cond ition  e) h o w ev er, ensu res 
th a t  E q . (9a) could be tran sfo rm ed  to  th e  c a n o n ic a l form . As th e  f e a tu re s  g iven  
in  th e  co n d itio n s  a )  — d )  do n o t ge t lo s t in  th e  canonical t ra n s fo rm a tio n , th e  
s ta te m e n t o f  [17] (p. 147) are  also v a lid  in  th e  m ore general fo rm  g iv e n  he re . 
A  m ore  d e ta iled  in v es tig a tio n  o f th e  b o u n d a ry -v a lu e  problem s a b o v e  is  to  
be fo u n d  in  [12] (pp . 119 —123).

In  a ll th e  th re e  cases, th e  shell can  o n ly  b e  in  a unique m e m b ra n e  s ta te  
i f  its  edges over S  lie in side  (or on th e  b o rd e r  of) th e  dom ain A B D C .  T hese

Fig. 3. a )  D om ain o f solution o f the boundary-value problem , when the boundary v a lu es are  
prescribed along the characteristics; b)  H yperbolic paraboloid shell o f  distorted quadrangle  

form ; ©  fully supported edge section , ©  vertica lly  suppirted edge beam

Fig. 4. a )  D om ain of solution o f the boundary-value problem , when the bonudary values  
are prescribed along a characteristic line and a curve; b)  H yperbolic paraboloid sh ell, ©  fu lly  

supported edge section , ©  vertica lly  supported edge beam
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b o u n d a ry  sections a re  n o t  boundaries in  th e  m a th e m a tic a l sense ( ju s t  as in  
th e  case o f  th e  C au ch y -p ro b lem ) for no b o u n d a ry  cond itions can he g iv e n  h e re . 
P h y s ic a lly  i t  m eans t h a t  in te rn a l forces on th e s e  edges m ust be fu lly  b a la n c e d  
b y  th e  su p p o rts .

X

a) b)

Fig. 5. a )  Dom ain o f so lu tion  o f the boundary-value problem , when the boundary va lu es  
are prescribed along tw o curves; b) Hyperbolic parabolo id  shell, @  fully supported edge  

section , ®  vertically supported edge beam

O n b o u n d a ry  S ,  t h a t  is on th e  b o u n d a ry  se c tio n s  and  S2, we c a n  p re ­
sc rib e  th e  v alue  o f th e  s tre s s  function  F.  T h u s , fo r  exam ple, we can  s t ip u la te  
t h a t  F \s  le t a single p la n  cu rv e  be. As is k n o w n , i t  m eans th a t  th e  edge b e a m  
o f th e  shell is v e r tic a lly  su p p o rted  and  in  su c h  a case, th e  b o u n d a ry  c u rv e  
beco m es a fu n icu la r  c u rv e  o f the  forces a c tin g  on  th e  edge beam .

F o r  th e  d e m o n s tra tio n  of th is  k ind  o f  s u p p o r t  m entioned ab o v e , w e w ill 
sho w  a h y p a r  shell on  a q u a d rila te ra l base  (F ig s  3b, 4b, 5b). I f  th e  edge sec­
tio n s  a re  s tra ig h t lin e s , th e n  according to  Sec. 2 .2 , th e  reduced n o rm a l fo rce  
n n c an  be p rescribed . F o r  th ese  b o u n d ary  c o n d itio n s , th e  shell is in  a u n iq u e  
m e m b ra n e  s ta te  a n d  th e  in te rn a l forces o f  th e  sh e ll are un iquely  d e te rm in e d  
b y  th e  b o u n d a ry  co n d itio n s .

In  connection  w ith  th e  problem  o f 4 .2 , i t  is m entioned  in  [15], t h a t  a  
p ro b le m  fo r w hich F  is  g iven  on S x and  th e  l in e a r  com bination

xlL +ßF, (a2 + j ß 2 ^ 0 )
ón

is  g iv en  on S 2, is also p ro p e r ly  posed. I f  oc ^  0, i t  is  also required  t h a t  th e  cu rv e  
S2 sh o u ld  n o t be ta n g e n t ia l  to  any  c h a ra c te r is tic  cu rv e . By reason o f  th is ,  we 
c a n  p resc rib e  th a t  th e  edge  be su p p o rte d  o n ly  v ertica lly  (Sec. 2 .1 ), w hile  
on th e  edge S 2 we c a n  p re sc rib e  th e  v alue  o f  th e  sh ea rin g  force, p ro v id e d  th a t
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S 2 is o f  s tra ig h t o r c ircu la r shape  (Secs 2 .3 , 2.4). I f  th e  edge S x is  a s tra ig h t 
sec tio n , th e n  th e  v a lu e  of th e  n o rm a l force can  be p rescribed  th e re  as well 
(Sec. 2 .2). T h u s, i f  b o th  S 1 a n d  S 2 a re  s tr a ig h t  sections, th e  edge S x c an  be  free 
o f  la te r a l  p ressu re , w hile th e  edge S 2 can  be free o f shearing  force.

W h en  m a tch in g  th e  b o u n d a ry  co n d itio n s  in  th e  p o in t o f m e e t o f  Sx and  
S 2 i t  becom es ev id en t th a t  because o f th e  m ixed  b o u n d ary  c o n d itio n s  above, 
th e  sh e ll can  only be in  a u n iq u e  m e m b ra n e  s ta te  w hen th e  b o u n d a ry  sections 
S x a n d  S 2 are  p e rp en d icu la r to  each  o th e r . T here  is an  e x c e p tio n , n am ely , 
w hen  b o th  Sj and  S 2 are s tra ig h t sec tio n s. In  th is  case th e  p e rp e n d ic id a r ity  
o f a n d  S 2 is n o t req u ired  fo r th e  u n iq u en ess  of m em brane s ta te .

5. Initial- and boundary-value problems in  a hyperbolic case

5.1. Boundary  consisting o f  two sections

I f  th e  b o u n d a ry  sections S } an d  S 2 a re  se p a ra te d  by  a c h a ra c te r is tic  c u rv e , 
th e n  th e  co n d itions given in  Sec. 4.3 a re  n o t  su ffic ien t to  ensure th e  u n iq u en ess  
o f  m e m b ra n e  s ta te . A n in itia l v a lu e  m u s t be g iven to  one o f th e  b o u n d a ry  
sec tio n s  ([12] p. 121, [17] p . 148).

L e t  Sj an d  S 2 be cu rv ed  sec tions s ta r t in g  from  one com m on p o in t, and  
le t  us u se  th e  n o ta tio n  S  =  S 1 U S2. B esides, le t a u n it v ec to r  i b e  o rdered  
to  e v e ry  p o in t o f S 2. L e t th e  va lu e  o f th e  s tre ss  fu n c tio n  F  be g iv en  b y  a fu n c ­
tio n  <p a t  th e  edge S ,  and  le t  th e  d e r iv a tiv e  o f  F  w ith  respect to  i be  g iven  by  
a fu n c tio n  y> on th e  edge S2. A u n iq u e  so lu tio n  o f th e  in itia l- a n d  b o u n d a ry -  
v a lu e  p ro b lem

Z F  =  - g ,  

F \s  =  9̂ ,
d F

di s.

(10a)

(10b)

ex is ts  in  th e  “ q u ad ran g le”  C D E F  b o rd e re d  b y  th e  ch arac teris tics  f i t t in g  to  th e  
en d  p o in ts  o f  S x an d  S 2 (F ig . 6a), i f  th e re  a re  fu lfilled  th e  c o n d itio n s  re la tin g  
to  th e  b o u n d a ry -v a lu e  p rob lem , on th e  b o u n d a ry  S ,  and  m oreover th o s e  r e la t ­
in g  to  th e  in itia l-v a lu e  p ro b lem , to o , on th e  b o u n d a ry  section  S 2. T h e se  con­
d itio n s  are  as follows:

a )  T h e  b o u n d a ry  S  lies inside th e  d o m ain  of defin ition  o f  E q . (10a),
b)  th e  b o u n d a ry  sections S x an d  S 2 a re  se p a ra te d  b y  a c h a ra c te r is tic  cu rve  

o f  se t I I ,
c)  th e  ch a rac te ris tic s  o f  se t I I  in te rse c t th e  b o u n d a ry  sec tio n s <SX a n d  S 2 

in  n o t  m o re  th a n  one p o in t, fu r th e rm o re , ch a rac te ris tic s  o f se t I  in te rse c t 
S 2 in  n o t  m ore  th a n  one p o in t, and  th e  c h a ra c te r is tic  curve o f se t I  f i t t in g  to  
th e  en d  В  o f in te rsec ts  th e  edge S 2, a n d  b esides, an y  c h a ra c te r is tic  cu rv e  is 
n o t  ta n g e n t ia l  to  S 2;
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d )  Sq is co n tin u o u s ly  d iffe ren tiab le , S 2 is tw ic e  con tinuously  d ifferen  
t ia b le ;

e)  d irec tion  i v a r ie s  a lo n g  S 2 in  a c o n tin u o u s ly  d ifferen tiab le  w ay ;

Fig.  6. a )  Dom ain o f so lu tion  in the case, when in itia l and  boundary values are prescribed  
on tw o  curves, respectively; b) H yperbolic paraboloid sh ell on a triangle base, (f) free edge  

section, ©  fu lly  su p p o rted  edge section, ©  v e rtica lly  supported edge beam

f )  th e  d irec tio n  i  is n o t  p ara lle l w ith  th e  ta n g e n t  of th e  b o u n d a ry  cu rv e  
S 2, in  a n y  p o in t o f S2;

g )  g(x, y )  is c o n tin u o u s ;
h )  (p is c o n tin u o u s  o n  S ,  m oreover i t  is c o n tin u o u s ly  d iffe ren tiab le  on  S 1 

a n d  tw ic e  co n tin u o u sly  d iffe ren tiab le  on S 2; y> is co n tin u o u sly  d iffe re n tia b le
on  S 2;

iJ  z(x, y )  is fo u r t im e s  con tin u o u sly  d iffe re n tia b le .

5.2. B o u n d a ry  consisting o f  three sections

I f  an  a d d itio n a l b o u n d a ry  section S3 is f i t t e d  to  th e  end p o in t C o f  S 2 
(F ig . 6), an d  S 2 an d  S 3 a re  se p a ra te d  by  a c h a ra c te r is tic  curve of se t I  f i t t in g  
to  th e  p o in t C, th e n  th e  in itia l-  and  b o u n d a ry -v a lu e  problem  (10a, b) can  
p o ss ib ly  h av e  a u n iq u e  so lu tio n  also w ith  th e  n ew  b o u n d a ry  S  =  S 2 U S 2 U S 3. 
S 3 m u s t  be of th e  sam e fe a tu re s  as Sj w ith  th e  e x c e p tio n  of th e  one l is te d  a t
c)  in  th e  Section 5.1. I n s te a d ,  we requ ire  th a t  th e  ch a ra c te ris tic s  of se t I  sh o u ld  
in te r s e c t  th e  edge S3 in  n o t  m ore th a n  one p o in t  a n d  th e  ch a rac te ris tic  cu rv e  
o f  s e t  I I  f i t t in g  to  th e  e n d  p o in t D  of S3 sh o u ld  in te rse c t S2 or S v  I t  is also 
p e rm iss ib le  a t th e  c u rv e  S x t h a t  th e  c h a ra c te r is tic  c u rv e  of set I  f i t t in g  to  th e  
p o in t  В  m ay  in te rs e c t S 3 in s te a d  of S 2. T h u s , i f  we prescribe co n tin u o u s ly  
d iffe re n tia b le  b o u n d a ry  v a lu e s  for F , on a n d  S 3, an d  tw ice an d  once co n ­
t in u o u s ly  d iffe ren tiab le  in i t ia l  va lues, re sp e c tiv e ly , on th e  b o u n d a ry  S 2, th e n
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a u n iq u e  so lu tio n  o f th e  p rob lem  (10a, b ) e x is ts , in  th e  “ q u ad ran g le”  E F G H  
b o rd e red  b y  th e  c h a rac te ris tic s  f i t t in g  to  th e  en d  po in ts o f th e  th r e e  edge 
sec tions (F ig . 7a) ([12] p. 125).

Fig. 7. a )  D om ain of solution in the case, w hen in itia l and boundary values are prescribed  
on three curves, respectively; b)  H yperbolic paraboloid shell on a pentagon base, ф  free edge  

section , @  fu lly  supported edge section, @ vertica lly  supported edge beam

T h e shell can  o n ly  be in  a  u n iq u e  m e m b ra n e  s ta te  if  its  b o u n d a ry , n o t 
be lo n g in g  to  S ,  lies in  th e  “ q u ad ran g le”  A C D B  (F ig . 6a — Sec. 5 .1), o r in  th e  
“ p e n ta g o n ”  A C D E B  (F ig. 7a — Sec. 5 .2), re sp ec tiv e ly . On th ese  b o u n d a rie s  
no co n d itio n  can  be p rescribed .

On th e  edges S  =  S x U S 2 an d  S  =  S j U S2 U S3, resp ec tiv e ly , w e can  
p resc rib e  t h a t  th e  b o u n d a ry  S2 be free , fu r th e rm o re  th e  b o u n d aries  Sq, a n d  

a n d  S3, re sp ec tiv e ly , be s im p ly  su p p o rte d  sec tions, th a t  is, th e  edge b eam  
sh o u ld  be  th e  fu n icu la r  cu rve  of th e  forces a c tin g  on th e  edge b eam . (A  shell 
on such  s u p p o r t can  be seen in  F igs 6b , a n d  7b.) T he above c o n d itio n s  o f  a 
s ta t ic a l  k in d  re fe rrin g  to  a b o u n d a ry  co n sis tin g  o f  th re e  sections are e q u iv a le n t 
w ith  th e  m a th e m a tic a l cond itions:

=  ° .  =  «1 +  Kx  +  F |S| =  o3 +  b3x +  C3y 3{x)
s,

F\s, =  0,
d F
i)n

w here  av  615 cx, a3, b3, c3 are  c o n s ta n t, m o reo v e r, у  — y x(x) and  у  =  y 3(x) are  
th e  e q u a tio n s  o f th e  b o u n d aries  S x, an d  S3, re sp ec tiv e ly .

A t th e  end  p o in ts  A  an d  C of th e  b o u n d a ry  sections an d  S 3, th e  v a lu e s
o f th e  s tre ss  fu n c tio n  F ,  ju s t  as its  d e riv a tiv e s  in  d irec tion  of th e  en d  ta n g e n ts  
o f  Sx a n d  S 3 a re  n o t to  be  p rescribed  a rb itra r i ly , because  of th e  co n d itio n s

F\s.  =  0 , =  0 .
•s.
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T h ese  co n d itio n s specify  tw o  of th e  c o n s ta n ts  a 1? 615 c15 and  tw o of th e  c o n s ta n ts  
a3, b3, c3. I f  an d  S3 a re  cu rv ed  b o u n d a ry  se c tio n s  th a n  one c o n s ta n t rem a in s  
u n d e te rm in e d  in  th e  co n d itio n  for S x a n d  also  in  th e  condition  fo r S3; th is  
re s u lts  in  th a t  th e  shell, how ever, is in  a m e m b ra n e  s ta te , b u t th e  in te rn a l  
fo rces  are  n o t u n iq u e ly  d e te rm in ed  by  th e  b o u n d a ry  conditions.

O n th e  c o n tra ry , i f  an d  S3 a re  s t r a ig h t  b o undary  sec tions, th e n  
a1 =  bx =  =  a3 =  b3 — c3 =  0 follows fro m  th e  conditions

F\s,  =  0,
d F
dn

a n d  th e  shell is in  a u n iq u e  m em brane s ta te .  T h e  situ a tio n  is s im ila r in  th e  
case show n  in  F ig . 6a.

T h e  p rob lem  in v e s tig a te d  in  Sec. 5.2 (F ig . 7a) can  be re g a rd e d  as a 
g e n e ra liz a tio n  o f th e  fo llow ing p roblem : L e t E q . (1) be an  equation  of can o n ica l 
fo rm . L e t th e  edge sec tio n s S x, S2, and S3 be  s t r a ig h t  lines de te rm in ed  b y  th e  
p o in ts  as follow s: =  0, y  =  b), (x  =  a, y  =  b); S2: (x  =  0, у  =  0),
(x  =  0, y  =  b); a n d  S 3: (x =  0, у  =  0), (x — a, у  =  0). (Such can  b e , fo r 
e x a m p le , a sad d le -sh ap ed  hyperbo lic  p a ra b o lo id  — see in  Fig. 8 .) I n  th is

ca se , p rescrib in g  co n d itio n s  F\s =  0, -----  =  0 on S2, F |Sj =  0, on  S v
dx  к

a n d  F \s  =  0 on S3, we can  achieve th a t  edges and  S3 of th e  shell be free

♦ У

Пу —0 (п*у -0)

Пу =0 (nXy -0) Q

a) b)

Fig.  8.  Saddle-shaped hyperbolic paraboloid shell, a )  Ground-plane projection o f  the shell; 
b)  sh ell surface. (]'; free edge section , @ fully supported edge section , (3) vertically  supported

edge beam

o f la te r a l  p ressu re  an d  S2 be a free edge. O n th e  edge section o p p o site  to  S2, 
no  b o u n d a ry  co n d itio n  can  be prescribed . H e re , th e  edge beam  is to  b e a r  a ll 
th e  lo ad s  given b y  th e  shell. In  th is  case, w e p re sc rib ed  th e  value of th e  s tre s  s 
fu n c tio n  F,  on th e  b o u n d a rie s  and  S3, t h a t  is , we gave th e  f irs t b o u n d a r y - 
v a lu e s .
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A long th e  edge sections Sj a n d  S3 (F ig . 8a), second b o u n d a ry -v a lu e s  
SF/D n =  dF jf ty  or th ird  b o u n d a ry  v a lu es

()F
()n

ß F ,  (ofi +  ß2 A  0)

can  also be g iven , in stead  of F  ([17] p . 145, [18] p. 95). I f  we p re sc rib e  th e  value

o f í)F/í)y, on th e  edges S, and  S.,:~—— =  c,, -r— ' c3 (cj =  c„ 0 , from  th e
f’V Is, "У  Is.

co n d itio n  F lSi =  0), we can ach ieve t h a t  S 2 be a free edge, a n d  also  th a t  
a n d  S 3 be free o f  shearing  force. M ixed b o u n d a ry  conditions can  a lso  be  given 
([19] p . 40). F o r exam ple , we can  p re sc rib e  th e  value o f F ,  on S x, an d  th e

h x  an d  ~  =  c3 (al =  cav a lu e  o f d F jd y ,  on S3. L e t F |Si

i)F
fro m  th e  co n d itions F s, 0, ()x

0 follow ing

=  0). So, th e  edge S 2 is free , th e  edge

'b ' Is,

s.
is free  o f la te ra l  p ressu re, and th e  edge S3 is free of shearing  fo rce . M ore com ­
p lic a te d  b o u n d a ry  cond itions can  also  be  p rescribed  ([19] p. 42, [2] p . 182). 
T he h y p erb o lic  shell show n in F ig . 8a , is in  un ique  m em brane s ta te  fo r all of 
th e  cases d e ta iled  above.

I t  is to  be n o ted , th a t  th e  p ro b lem  d iscussed  in th e  S ection  5.1 is a com ­
b in a tio n  o f  an  in itia l-v a lu e  p rob lem  (F ig . 2a) discussed in Sec. 3 ( th e  solu tion  
o f w h ich  w as defined  in th e  “ q u a d ra n g le ”  A  FCG — Fig. 6a) a n d  a b o u n d a ry - 
v a lu e  p ro b le m  (F ig . 4a) d iscussed in  Sec. 4.2 ( th e  solution of w h ich  w as defined 
in th e  “ q u a d ra n g le ”  A G D E  — F ig . 6a).

S im ilarly , th e  p roblem  d iscu ssed  in  Sec. 5.2 (Fig. 7a) is a c o m b in a tio n  of 
an  in itia l-v a lu e  p roblem  (F ig . 2a) d iscu ssed  in Sec. 4.2 (d o m ain  o f  so lu tion : 
A G C J ) an d  tw o  b o u n d ary -v a lu e  p ro b lem s (F ig. 4a) d iscussed  in  Sec. 4.2 
(d o m ain  o f  so lu tio n  is th e  un ion  o f  A J K F  an d  C H E K ).  I f  th e  p o s itio n  of S, 
a n d  S 3 is such th a t  th e  c h a ra c te r is tic s  f i t t in g  to  th e ir  end p o in ts  B ,  an d  D, 
do n o t  in te rse c t th e  b o u n d a ry  S 2, th e n  th e  prob lem  can be d iv id ed  in to  p a rts , 
am o n g  w h ich  th e  b o u n d a ry -v a lu e  p ro b lem  o f Sec. 4.1 (F ig . 3a) ca n  also be 
fo u n d .

I t  is to  be n o ted , th a t  th e  second , th ird , and  m ixed b o u n d a ry -v a lu e  
p ro b lem s specified  for re c ta n g u la r  d o m a in  (F ig . 8a) can also be  e x te n d e d  for 
th e  d o m a in  seen in  Fig. 7a [15]. In  t h a t  case (F ig. 7a), th e  b o u n d a ry -v a lu e s  
fo r F  an d  d F /d n  are  to  be p rescrib ed  on S2, while

and

,)F

<)n

d F

()n

ß iF ,  («I +  ß l  0) on S v

ß 3F , (a§ +  $ ^ 0) on S3.
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W ith  c e r ta in  coeffic ien ts oq, ß v  a3, ß3, th ese  c o n d itio n s  in c lude  th e  f irs t, second , 
th i r d ,  a n d  m ixed  b o u n d a ry  v a lu e s  as well. I f  sq ^  0 , ce3 ^  0, th e n  th e  b o u n d a ry  
cu rv es  S'-, an d  S3 m u st n o t be  ta n g e n tia l  to  any  c h a ra c te r is tic  curve. C onsequen tly , 
S 2 c an  be  a  free edge, o r, i f  i t  is s tra ig h t, th e  v a lu e  o f  th e  red u ced  in te rn a l forces 
n n, a n d  n nt can  be p re sc r ib e d  th e re . S im u lta n e o u s ly , th e  b o u n d ary  sec tio n s 
■Sj a n d  S 3 c a n n o t on ly  be su p p o r te d  v e rtic a lly , b u t ,  i f  th o se  are s tra ig h t lines, 
th e  v a lu e s  o f th e  re d u c e d  in te rn a l  forces n n, a n d  n nt c an  he p rescribed  th e re , 
in s te a d . T h e  va lu e  o f th e  re d u c e d  shearing  fo rce  n nt c an  also be given in  th e  
case w h en  Sx an d  S 3 a re  c irc u la r  arcs. In  th e  ca se  o f  m ixed  b o u n d a ry -v a lu e  
p ro b le m s , fo r ex am p le , a  v e r tic a lly  su p p o rte d  edge beam  could a p p e a r a t  
-Sr, w h ile  S3 (if i t  is a s t r a ig h t  o r a circular b o u n d a ry )  cou ld  be free of sh ea rin g  
fo rce . I f , in  th e  p ro b lem s ab o v e  m entioned , th e  v e r tic a lly  su p p o rted  edge is 
n o t  s t r a ig h t ,  th e  u n iq u en ess  o f  m em brane s ta te  c a n n o t hold.

B y  com bin ing  th e  in itia l-v a lu e , b o u n d a ry -v a lu e , an d  m ixed p ro b lem s, 
fu r th e r  v a ria tio n s  can  he c re a te d . In  such co m b in e d  cases th e  so lu tion  F  is 
c o n tin u o u s , while th e re  m a y  ap p ea r d isco n tin u itie s  in  th e  in te rn a l forces.

6 . P ro b lem  o f th e  closed b o u n d a ry  curve

O n th e  th re e  edge sec tio n s  of th e  re c ta n g u la r  do m ain , in Fig. 8a, a l to ­
g e th e r  fo u r b o u n d a ry  c o n d itio n s  were n ecessary  to  g e t a un ique  so lu tio n  o f 
P u c h e r ’s eq u a tio n .

As a n a tu ra l q u e s tio n  i t  arises w h e th e r one o f  th e  tw o conditions g iven  
on S2, cou ld  be tra n s fe r re d  o n to  th e  b o u n d a ry  o p p o s ite  to  S2, and  so, to  look  
fo r th e  so lu tion  o f P u c h e r’s e q u a tio n  w ith  one c o n d itio n  prescribed  on each  
b o u n d a ry . U n fo rtu n a te ly , in  general, the solution o f  a hyperbolic equation w ith  
boundary  conditions prescribed on a closed boundary does not exist, as i t  is s ta te d  
in  [10] p . 869, an d  [13] p p . 4 6 6 —471. L e t us d iscuss th is  problem  in  a few  
cases.

6.1. In i t ia l-va lue  problem with closed boundary

I f  th e  b o u n d a ry  cu rv e , in  th e  in itia l-v a lu e  p ro b le m  discussed in  Sec. 3, 
sa tis f ie s  th e  cond itions a ) ,  b ) ,  c)  given th e re , th e n  th e  b o u n d a ry  is allow ed to  
be a closed  curve, as w ell. T h is  fa c t can  be d e m o n s tra te d  on th e  exam ple below . 
L e t u s  consider a sim ple h y p e rb o lo id  of one s h e e t th e  eq u a tio n  of w h ich  is 
g iv en  b y

F o r th e  sake  of s im p lic ity , le t  i t  be a h y p e rb o lo id  o f  rev o lu tio n  (a =  b). L e t 
th e  b o u n d a ry  S be (in  g ro u n d -p lan e  pro jec tion) a  tw ice  con tinuously  d iffe ren ti-
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ab le  closed  curve n o t  in te rse c tin g  itse lf. L e t  th e  dom ain  b o rd ered  b y  S  co n ta in  
a c irc u la r  dom ain  T  o f  rad iu s  a, w hich  does n o t belong to  th e  d o m a in  o f d efi­
n it io n  o f  th e  m em b ran e-sh e ll-eq u a tio n  (a n d  o f  th e  hyperbo lo id  o f  re v o lu tio n , 
re sp ec tiv e ly )  (F ig. 9). L e t th e  b o u n d a ry  S  b e  in te rsec ted  b y  an y  c h a ra c te r is tic  
c u rv e , in  n o t  m ore th a n  one p o in t. I f  th e  p ro b le m  is considered, o n  th e  w hole

Fig. 9.' Data o f the initial-value problem  concerning a hyperboloid o f revolu tion

su rface  o f  th e  h y p erb o lo id  th e  c h a ra c te r is tic s  I  an d  I I  are in  co inc idence  in 
th e  g ro u n d -p lan e  p ro je c tio n , because th e  fu n c tio n  of th e  h y p erb o lo id  is doub le­
v a lu e d . T herefo re , th e  ch a rac teris tic s  a p p e a r  to  have  tw o p o in ts  o f  in te rsec ­
tio n  w ith  th e  b o u n d a ry  S  (F ig . 9). A c tu a lly , how ever, th e re  is o n ly  one. I t  
c a n  be  seen, if  we re g a rd  th e  surface e q u iv a le n ts  of th e  c h a ra c te r is tic s  an d  of 
th e  b o u n d a ry  S, t h a t  is to  say , th e  a s y m p to tic  lines and  th e  a c tu a l  edge S 
o f  th e  shell. T he a sy m p to tic  lines ( s tr a ig h t  genera trices of th e  h y p erb o lo id ) 
in te rs e c t th e  edge S  o n ly  in  one p o in t (F ig . 10a). W e stip u la te  t h a t  th e  a sy m p ­
to t ic  lines m u st n o t  be ta n g e n tia l to  th e  edge S.

L e t us p resc rib e  th e  in itia l-v a lu e  co n d itio n s of Sec. 3, on  th e  w hole 
b o u n d a ry . W hen  so lv ing  th is  in itia l-v a lu e  p ro b lem , le t us s ta r t  f ro m  an  a rb it­
r a r y  p o in t A  of S  a n d  le t us m ove a lo n g  S  u n ti l  a p o in t B .  T h e n , th e  un iq u e  
so lu tio n  o f th e  p ro b lem  exists in  th e  q u a d ra n g le  bo rdered  b y  th e  c h a ra c te r is tic s  
f i t t in g  to  p o in t A  a n d  В  (Figs 9, 10a). M oving  fu r th e r  on, a long  S , th e  q u a d ­
ra n g le  dom ain  o f so lu tio n  degenera tes m o re  a n d  m ore an d  co v ers  th e  p lane 
x y  m ore  an d  m ore .

A rriv in g  b a c k  a t  th e  p o in t A ,  t h e  “ q u ad ran g le  dom ain”  o f  so lu tio n  is 
th e  w hole p lan e  t h a t  m u s t be reg a rd ed  as doub le-shee ted , w ith  th e  ex cep tio n  
o f  th e  do m ain  T ,  w h ere  th e  surface is n o t  d e fin ed , and  the  double  an g le  dom ain  
b o rd e re d  b y  th e  c h a ra c te ris tic s  f i t t in g  to  A .  T h e  in te rio r o f th e  an g le  dom ain
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m u s t  b e  reg a rd ed  if  we m o v e  fro m  th e  c o n ta c t p o in t  on  T  to  the  d irec tion  o f  A ,  
a n d  i t s  e x te r io r  if  we m ove  in  opposite  d irec tio n . F o r  th e  sake of descrip  t iv -  
n e ss , w e fig u red  th e  d o m a in  n o t belonging to  th e  so lu tion  in a x o n o m e try , 
on  th e  m id d le  surface itse lf , in  F ig  10b. In  th e  f ig u re , th e  p a rts  C A D  a n d  
E A F  o f  th e  shee t belong to  th is  dom ain  w hich is to  be  considered as an  in f in ite

F ig ■ 10.  D om ain  o f solution, o f the in itia l-value problem concerning a hyperboloid of revo lu tion  : 
a)  opened boundary curve; b) closed bou nd ary  curve '

one. A s, th e n  th e  so lu tion  is u n iq u e ly  d e te rm in ed  also  on th e  tw o c h a ra c te ris tic  
c u rv e s  f i t t in g  to  A ,  i f  follow s (ap p ly in g  th e  p ro b le m  o f Sec. 4.1) th a t  th e  so lu ­
tio n  e x is ts  an d  its  u n iq u en ess  ho lds, in  th e  w hole  do m ain  of d e fin ition  (a n d  
on th e  w ho le  superficies of h y p e rb o lo id , re sp ec tiv e ly ). W e no te  th a t  th e  d o m a in  
o f  d e f in it io n  is d o u b le -sh ee ted , as th e  h y p e rb o lo id  o f revo lu tion  is d o u b le ­
v a lu e d  fu n c tio n . W e n o te , in  ad d itio n , th a t  th e  so lu tio n  ob ta ined  sa tisfies  th e  
d if fe re n tia l  eq u a tio n  £ F  =  —g, a long th e  b o rd e r  o f  T , only  in  lim it, b ecau se  
o f  th e  v e r t ic a l  ta n g e n ts  o f th e  surface. T h e re fo re  th e  a c tu a l value o f th e  i n ­
t e r n a l  fo rce s  along th is  in n e r  c irc le  can  on ly  be  c o m p u te d  as lim it.

I n  th e  exam ple d iscu ssed , we po in ted  o u t th e  un iqueness of th e  so lu tio n  
fo r  tw o  cases. One concerns th e  shell above S , w h ile  th e  o ther concerns th e  
sh e ll u n d e r  th e  edge S .  In  th e  p rac tice , only one h a l f  o f th e  shell is d e a lt w ith .

W h e n  p rescrib ing  th e  in itia l-v a lu e  co n d itio n s

FI
dF_
dn

=  0

we c a n  rea lize  th a t  th e  w hole  b o u n d a ry  S  be free . T h e  m em brane s ta te  o f  th e  
shell re q u ire s  an o th e r closed b o u n d a ry  th a t  is to  lie  in  th e  dom ain of d e fin itio n  
o f  th e  p ro b le m  (and  th a t  m u s t  co n ta in  th e  d o m a in  T ) ,  b u t  no co n d itio n  can  
be  p re sc r ib e d  on th is  b o u n d a ry . T h is b o u n d a ry  m u s t  be  fu lly  su p p o rted , t h a t  
is, th is  edge  m u st b ea r all th e  m em b ran e  forces g iv en  b y  th e  shell.

I f  w e ta k e  such a c lo sed  b o u n d a ry  cu rve  S, w h ich  does no t co n ta in  th e  
d o m a in  T ,  n o t  belonging  to  th e  dom ain  of d e f in itio n , th e n  th e  c h a ra c te ris tic s ,
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th a t  is, th e  a sy m p to tic  lines in te rse c t th e  b o u n d a ry  curve  S  ( th a t  is, the  
edge S)  in  tw o  p o in ts . F o r  th is  reason , th e  prob lem  is o v e rd e te rm in a te d  and 
inso lub le . T h a t is w h y  h y p erb o lic  shells h av in g  holes o f free edge on i ts  su p er­
ficies c a n n o t be in  a m em b ran e  s ta te . T h is w ill be discussed in  th e  follow ing 
sec tion , t h a t  n o t even holes w ith  an  edge-ring  are allow ed, i f  th e  edge-ring  
gives on ly  ax ia l s tiffen ing .

6.2. Boundary-value problem with a closed boundary curve

L e t us consider th e  b o u n d a ry -v a lu e  prob lem  d iscussed  in  Sec. 4.3. A 
u n iq u e  so lu tio n  o f th is  p ro b lem  alw ays ex ists , if  th e  end  p o in ts  В  a n d  C of 
th e  b o u n d a ry  sections S 1 an d  S2, resp ec tiv e ly , are n o t in  co incidence (F ig . 5a). 
T he p o in ts  В  and  C can  be a rb itra r ily  close to  each  o th e r, b u t  n o t  in  coincidence 
([13] p. 466). I f  В  and  C a re  in  co incidence, th e  prob lem  becom es o v e rd e te rm in ­
a te . I t  can  be exp la ined  as follow s: L et В  =  C he , an d  le t us d iv id e  th e  p roblem  
in p a r ts  b y  th e  c h a ra c te r is tic  cu rves f i t t in g  to  an  a rb itra ry  p o in t L  in side  th e  
do m ain  th a t  is b o rd e red  b y  Sj an d  S 2. In  th e  f irs t  p a r t  we o n ly  co n sid e r section

A H l o f S 1 an d  section  AGj^ o f S 2, re sp ec tiv e ly , w hile in th e  second  p a r t ,  section

C J± o f Sx an d  rec tio n  C K 1 o f S 2 (F ig . 11). T h u s, th e  so lu tion  o f  th e  problem
4.3 is u n iq u e ly  d e te rm in ed  in  th e  “ q u ad ran g le s”  A H L G  an d  C K L J ,  respec­
tiv e ly . I f  th e  tw o so lu tions in  p o in t L  are  id en tica l, th e n  th is  so lu tio n  is to  be

co n tin u e d , as th e  va lu e  o f  th e  fu n c tio n  is know n on th e  sec tions GL, K L , and

H L ,  J L  o f c h a ra c te ris tic s , re sp ec tiv e ly . T h u s  we h av e  a rriv ed  a t  p ro b lem s like 
th o se  in  Sec. 4.1, w hich  h a v e  a u n iq u e  so lu tio n  in  th e  “ q u a d ra n g le s”  G L K F  
an d  E J L H ,  re spec tive ly . F o r  th is , th e  so lu tion  is d e te rm in ed  on th e  section

H 1J 1 o f S ± and  on th e  sec tio n  G1K 1 o f S 2, as well. C o nsequen tly , th e  v alue  of 
th e  fu n c tio n  F  is n o t to  be  p rescrib ed  on these  sections, else, th e  problem  
becom es over d e te rm in a te . I f  th e  tw o so lu tions in  th e  p o in t L  a re  d ifferen t, 
th e n  th e re  is a d is c o n tin u ity  o f th e  s tress fu n c tio n , w hich is p ro p a g a te d  along 
th e  c h a rac te ris tic s . So in  th is  case, th e re  is no co n tin u o u sly  d ifferen tiab le  
so lu tio n  in  th e  dom ain  con sid ered , th a t  is, a so lu tion  does n o t  e x is t.

A nd  now , le t us s tu d y  th e  p rob lem  m en tio n ed  in  co n n ec tio n  w ith  Fig. 8, 
a t  th e  b eg inn ing  o f Sec. 6. A t p re se n t, how ever, th e  basis o f  th e  sh e ll will be 
consid ered  to  be n o t a q u ad ra n g le  b u t  a sm oo th  curve . A t th e  in itia l-  and  
b o u n d a ry -v a lu e  p rob lem s o f hy p erb o lic  eq u a tio n s , th e  edge sec tio n  fo r  w hich 
in it ia l  v a lu es  are p resc rib ed  an d  th e  edge section  for w hich b o u n d a ry  va lu es  are 
p resc rib ed  m ay  jo in  ta n g e n tia lly  an d  m ay  h av e  a com m on ta n g e n t ia l  line 
w ith  one o f th e  c h a ra c te r is tic  cu rves f i t t in g  to  th e  jo in t  ([10] p . 809, [13] p. 
467). (N a tu ra lly , in  th is  case th e  in itia l-v a lu es  an d  th e  b o u n d a ry -v a lu e s  canno t 
he p resc rib ed  a rb itra rily .)  So, th e  p rob lem  discussed in  Sec. 5.2 (F ig . 7a) m ay
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h a v e  a  unique so lu tion  e v e n  i f  a ll th e  edge sec tio n s a re  ta n g e n tia l  to  th e  c h a r­
a c te r is t ic  curves f i t t in g  t o  th e  end po in ts o f th e  edge sections (F ig. 12). 
L e t  th e  edge S4 jo in  th e  e n d  p o in ts  of S1 an d  S 3 ta n g e n tia lly  (F ig. 12). As is 
k n o w n , prescribing b o u n d a ry  values on S4 a n d  S3, a n d  in itia l values on S2, 
t h e  s tre ss  function  is u n iq u e ly  determ ined  on  S4. I f  one of th e  co n d itions

F ig .  12.  Domain of solution o f  th e  initial- and boundary-value problem  w ith  a sm ooth
boundary curve

p re s c r ib e d  earlier on S 2 is g iv e n  u p  and a cond itio n  on  S 4 is p rescribed  in s te a d , 
in  g e n e ra l, we arrive a t  a n  ill-p o sed  problem  ([13] p . 467).

H ow ever, th e re  is o n e  k in d  of shell w hich  is in  m em b ran e  s ta te  w hen  
p re s c r ib in g  F\s =  0 on i ts  c lo sed  bo u n d ary , a n d  b e in g  su b jec ted  to  a v e rtic a l 
lo a d  o f  polynom ial d is tr ib u tio n . T his shell is th e  h y p e rb o lic  parabo lo id  on an  
e llip se  b ase , and su p p o rte d  v e r tic a lly  along its  edge [8, 9] (F ig. 13). A so lu tion  
o n ly  e x is ts  if  f a =  K j fb, w h e re  K t denotes ce rta in  f ix e d  c o n s tan ts , an d  f a an d  
f b a re  th e  rises of th e  a rc h  (F ig . 13).
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I t  has n o t b een  c leared  u p  so fa r  w h y  can  a so lu tio n  on ly  he  fo u n d  for 
th is  special p ro b lem , a n d  n o t  in  general. P ro b a b ly , th e  sp ec ia l fo rm  o f th e  
b o u n d a ry  (an a litic  cu rv e ), th e  re la tio n  o f th e  b o u n d a ry  cu rv e  to  th e  c h a ra c te ris ­
tic s , th e  special p o ly n o m ia l fo rm  of lo ad in g  (a n a ly tic a l fu n c tio n ) , an d  th e  
sy m m e try  are  in  th is  re sp ec t, th e  m o st im p o r ta n t.

W e n o te  h e re , t h a t  H a d a m a r d  ([13] p . 469) show ed a n  ex am p le  for an 
ellipse dom ain  w h ere  th e  eq u a tio n  d2F /(dxdy)  =  0 h a d  n o  so lu tio n , w hen  th e  
v a lu e  o f F  was p re sc rib ed  a long  th e  ellipse line.

T here  is a n o th e r  p ro b lem  th a t  is v e ry  sim ilar to  th e  ab o v e-m en tio n ed  
one, n am ely  th e  h y p e rb o lic  p a rab o lo id  (sadd le-shaped) shell o v e r a  rh om bus 
b ase , su b jec ted  to  u n ifo rm ly  d is tr ib u te d  lo ad , an d  su p p o rte d  v e r tic a lly  along 
i ts  fu ll edge, w hich  is a lw ays in  a m em b ran e  s ta te , if  th e  tw o  rises o f a rch  in 
d irec tio n  of p rin c ip a l c u rv a tu re s  are  n o t  eq u a l [7]. B y  th is  p ro b lem , th e  stress 
fu n c tio n  F  m u st he  p re sc rib ed  to  v a ry  lin e a rly  on each  side o f  th e  rhom bus.

S im ilar, h u t  in  m ore  special cases are  th e  sad d le -sh ap ed  shells o f norm al 
ty p e , sub jec ted  to  u n ifo rm ly  d is tr ib u te d  load  [1, 8], w h ich  can  be  in  a m em ­
b ra n e  s ta te  w hile o n ly  sh ea rin g  forces arise  along th e  w ho le  edge. A t d is to rted  
a n d  sad d le -sh ap ed  shells o f n o rm a l ty p e , th e  cond itio n  F  — as +  b is sa tis­
f ie d  a t  each b o u n d a ry  section .

W e also n o te , t h a t  such  a b o u n d a ry -v a lu e  p rob lem  co n cern in g  h y p er­
bo lic  she lls , a t  w h ich  w e p resc rib e  con d itio n s on tw o  se p a ra te d  edges of th e  
shell, is ill-posed . T h erefo re  th e  h y p erb o lo id  show n in  F ig . 10 c a n n o t be in  
a u n iq u e  m em b ran e  s ta te , i f  th e re  are  stiffen ing  rings a t  i ts  low er a n d  u p p er 
edges, an d  b o th  a re  su p p o rte d  v e r tic a lly  ( th a t  is, th e  v a lu es  o f  th e  stress 
fu n c tio n  give p la n e  cu rv es a t  b o th  edges).

T his p ro b lem  o f th e  one-shee ted  h y p erb o lo id  shell (s im ila rly  to  th a t  o f 
th e  sad d le -sh ap ed  shell b e in g  free o f la te ra l  p ressu re) is ill-posed  fo r  th e re  is
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a n  in f in i te  n u m b er of “ e ig e n sh a p e s” a t  w hich th e  shell c a n n o t h ea r e x te rn a l 
lo a d s . T h e  eigenshapes are  p la c e d  am ong  th e  possib le  sh ap es o f th e  hyp erb o lo id  
so d e n se  as the  ra tio n a l n u m b e rs  am ong th e  re a l n u m b e rs  ( [H a ]  p. 265). I t  
m e a n s  t h a t ,  if  th e re  is a  sh a p e  o f  shell a t  w h ich  a m em b ran e  s ta te  ex is ts , 
a n o th e r  shape  is alw ays fo u n d  th e re  (a rb itra r ily  close to  th e  p rev ious one) 
a t  w h ic h  m em brane s ta te  c a n n o t  ex ist.

7. A few co m m en ts  o n  the co n stru c tio n  o f hyperbolic 
m e m b ra n e  shells w ith  a  free  edge

7 .1 . T he com posite  s e c to r ia l  shell fo rm ed  o f a h y p e rb o lic  su rface , is a 
s h a p e  g re a tly  liked for i ts  a e s th e tic  ap p earan ce  (F ig . 14). F o r each a sec to r, 
th e  ed g es  betw een  th e  n e ig h b o u rin g  sectors a re  fu lly  su p p o rte d , while th e  
th i r d  ed g e  is abso lu te ly  free  (F ig . 15). The sh ap e  o f th is  free edge m u st be 
c h o se n  acco rd ing  to  th e  s ta te m e n ts  of Sec. 3. If , fo r ex am p le , th e  m iddle surface

Fig. 14. Composite sectorial she.!

o f th e  sh e ll is fo rm ed as h y p e rb o lic  parabo lo id , th e n  th e  free  edge section  A B  
o f th e  s e c to r  should be sm o o th  en ough  and  h av e  su ch  a fo rm  th a t  every  c h a r­
a c te r is t ic  line should  in te rs e c t  i t  on ly  a t  one p o in t. T h a t  is, th e  curve of th e  
fre e  e d g e  is to  lie inside th e  an g le  dom ain  A C B  b o rd e re d  b y  th e  ch a rac te ris tic  
lin es  f i t t i n g  to  th e  end  p o in ts  A  a n d  B,  like th e  cu rv e  0  in  Fig. 15. I f  th e re  
a re  p o in ts  of th e  free edge t h a t  lie  ou tside of th e  ang le  d o m a in  A C B  (such  as 
c u rv e  (П) in  Fig. 15), th e n  th e re  a re  ch a rac te ris tic s , w h ich  in te rse c t th e  b o u n d a ry  
c u rv e  a t  tw o  po in ts. T his f a c t  r e s u lts  in  th e  over d e te rm in a tio n  of th e  p rob lem , 
t h a t  is  a shell whose free ed g e  h a s  such a sh ap e , c a n n o t be in  a m em b ran e  
s ta te .

7 .2 . B y  in itia l-v a lu e  p ro b le m s  and  a t  in itia l-  a n d  b o u n d a ry -v a lu e  p ro b ­
le m s , C a u c h y ’s in itia l c o n d itio n s  can  be so g iv en  on S 2, t h a t  th e  shell does
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h av e  a free edge in  one or m ore sections o f S2. I f  o n ly  one section  o f S 2 is free , 
th e n  th e  co n d itions F  =  0 an d  d F /d n  =  0 can  be  prescribed  th e re . I f  th e re  
a re  tw o  or m ore free edge sections on S2 (n o t se p a ra te d  by  free edge sec tions), 
th e n  th e  con d itio n s F  =  0 an d  d F /d n  =  0 can  on ly  be p rescribed  on one 
sec tio n , an d  n o t on th e  o th e rs . Such a case is , fo r  exam ple , w hen th e  cu rv e  S2

Fig. 15. Ground-plane projection of one sector of the snell. (j) free edge section , ©  fu lly
supported edge section

has an  in n e r  s tra ig h t sec tion . On i t ,  we p re sc rib e  th e  b o u n d a ry  forces n n, 
nnl, w hile th e  cu rv ed  b o u n d a ry  sections jo in in g  to  th e  s tra ig h t sec tio n  is 
req u ired  to  he free. T he forces n n an d  nnl a re  req u ired  to  he c o n tin u o u s  an d  
to  h av e  zero v a lu e  a t  th e  end p o in ts  of th e  s tra ig h t  section. T h en , on one 
of th e  free edge sec tions, th e  cond itions F  =  0 an d  dF/dn  =  0 can  be p re ­
sc ribed . I f  we p rescrib e  n n nnt =  0 on th e  s tra ig h t  line, th a t  is th e  in n e r 
sec tio n  is also free, th e n  th e  w hole b o u n d a ry  S 2 can  he reg a rd ed  as one edge 
sec tio n , w here th e  co n d itio n s F  =  0 an d  d F /d n  =  0 can be p resc rib ed .

I f  th e re  are  tw o  or m ore free edge sec tio n s  o f a hyperbo lic  shell, an d  
th ese  do n o t f i t  to  a cu rve  th a t  is in te rse c te d  b y  every  ch a ra c te ris tic  line , in 
n o t m ore th a n  one p o in t, th e n  th e  shell c a n n o t be  in  a m em b ran e  s ta te , or, 
if  th e re  ex is ts  a m em b ran e  s ta te , its  u n iq u en ess  does n o t ho ld . I f  th e re  is 
a  cu rve  m en tio n ed  before , b u t  we p rescribe  b o u n d a ry  values in s te a d  o f in itia l 
va lu es  b e tw een  th e  free  edge sections, th e n  th e  so lu tion  of th e  shell e q u a tio n  
w ill n o t he u n iq u e . T h is s ta te m e n t follow s fro m  th o se  s ta te d  in  Secs 3 a n d  5.

T he sad d le -sh ap ed  shell on a q u a d ra n g le  b ase , being su p p o rte d  a t  its  
tw o  opposite  edges, is o n ly  in  a m em b ran e  s ta te  w hen th e  load  in te n s i ty  is 
c o n s ta n t in  th e  p a ra lle l d irec tion  to  th e  free edges.

A ccord ing  to  Sec. 3, an  in itia l-v a lu e  p ro b lem  can surely  o b ta in  a so lu ­
tio n  if  th e  b o u n d a ry  cu rv e  is tw ice c o n tin u o u s ly  d ifferen tiab le. H o w ev er, it  
does n o t follow  from  th is  th a t  if  th e  b o u n d a ry  cu rv e  is no t tw ice co n tin u o u s ly  
d iffe ren tiab le , th e n  th e  so lu tion  does n o t e x is t.

I f  th e re  are  tw o  free  edge sections on a she ll jo in in g  each o th e r  in  a knee , 
an d  th e  edge sections are  tw ice co n tin u o u sly  d iffe ren tiab le  in th em selv es , a n d  th e  
cu rv e  co n sisting  o f th e se  tw o  sections is in te rse c te d  b y  an  every  c h a ra c te r is tic
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l in e  a t  n o t  m ore th a n  one p o in t ,  th e n  a  c o n tin u o u s  so lu tion  ex ists  a n d  is also 
u n iq u e  in  th e  “ q u a d ra n g le ”  b o rd e red  b y  th e  ch a ra c te ris tic s  f i t t in g  to  th e  end  
p o in ts  o f  th e  u n ited  b o u n d a ry  cu rv e . In  th is  case, th e  solu tion  is n o t  n ecessa ry  
t o  b e  co n tin u o u sly  d iffe re n tia b le  along th e  ch a ra c te ris tic s  f ittin g  t o 't h e  jo in t ,

F ig .  16. a )  Ground-plane projection  o f hyperbolic paraboloid shell w ith a free edge. The point 
В  is a knee point o n  th e  free boundary line A B C .  b)  The shell surface

e v e n  th e n , i f  th e  lo ad  fu n c tio n  g(x, y )  is co n tin u o u s . S im ilarly , th e  so lu tio n  
o b ta in e d  is n o t sure to  b e  tw ice  co n tin u o u sly  d iffe ren tiab le , even th e n , i f  th e  
lo a d  fu n c tio n  g(x, y )  is c o n tin u o u s ly  d iffe ren tiab le , th a t  is, th e  in te rn a l  forces 
in  t h e  shell m ay be d isco n tin u o u s .

A n  exam ple w ill b e  sh o w n  to  illu s tra te  it.
L e t  us look a t  a h y p e rb o lic  p a rab o lo id  she ll su b jec ted  to  a  u n ifo rm ly  

d is t r ib u te d  load  g  =  c o n s ta n t .  L e t th e  e q u a tio n  o f  th e  m iddle su rfa c e  be 
2z  =  — x y .  In  th e  g ro u n d -p la n e  p ro jec tio n  th e  shell is bo rdered  b y  s tra ig h t  
lin e s  (F ig . 16). L e t th e  b o u n d a ry  sections A O  a n d  OC be fu lly  s u p p o r te d , 
w h ile  th e  sections A B  a n d  B C  be  free. T h ere  is a  knee  p o in t В  on  th e  free 
b o u n d a r y  A B C .  T hen  P u c h e r ’s d iffe ren tia l e q u a tio n  fo r th is  p ro b lem  is as 
fo llo w s :

d2F

dxdy
( И )

W e c o n s id e r th e  fo llow ing b o u n d a ry  co n d itio n s : T h e  v a lu e  of th e  s tre s s  fu n c ­
t io n  F  a t  p o in t A be e q u a l to  zero , an d  th e  p a r t ia l  d e riv a tiv es  dFji)x  a n d  dFjDy  
a lo n g  th e  b o u n d ary  A B C  b e  o f zero v a lu e :

F ( 0 , d) =  0 ,
d F

dx A BC = » • ?dy
=  0 .

ABC
( 12)
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T h e so lu tio n  of th e  p ro b lem  consists of th re e  p a r ts :  T he so lu tion  F x, F 2, an d  
F a a re  v a lid  in  th e  tr ia n g le s  A B D ,  B C E ,  an d  in  th e  q u ad ran g le  O D B E ,  re s ­
p ec tiv e ly . T he s tress fu n c tio n s  o b ta in ed  are  as fo llow s:

Fi =  g 

F2 — g 

F3 =  g

ad2 , da d — b
+  +  —---- —y ------------- X* —

2(d -  b) 

be2
+

cb
2 (c — a) c — a 

ad  +  be

d - b '

X -f- cy —

2 a 

b

2 (d -  b)
T  — ХУ

2 (c — a)
n c — a „

•* - y L — x y
2b

+  dx +  cy
d - b

2 a
c — a

2b
-y ù — xy

T h e  red u ced  in te rn a l forces in  th e  trian g le  A B D :

a d  — b
-----gl ny = -------------

d - b
g»  « x y  =

in  th e  trian g le  B C E :

r<?> = « (2 )

c — a
- a re<2> =  «g ,  --- g ,

a n d  in  th e  q u ad ran g le  O D B E :

n<?> =  -  ------ - g ,  » «  =  -  ------ - g, n $  =  g.

T he fu n c tio n s  i \ ,  a n d  F j  are  m an y  tim e s  co n tin u o u sly  d iffe ren tiab le , 
in sid e  th e ir  dom ain  o f d e fin itio n . A long an d  p e rp e n d ic u la rly  to  th e  c h a ra c te r is ­
tic s  B E  an d  D B ,  h o w ev er, th e y  are only  once  co n tin u o u sly  d iffe ren tiab le . 
F ro m  th is  i t  follows t h a t  i f  we consider th e  fu n c tio n s  F v  F 2, an d  F 3 as o n ly  
one fu n c tio n , i t  sa tisfie s  E q . (11) an d  co n d itio n s  (12), i t  is n o t tw ice  c o n tin ­
uously  d iffe ren tiab le  in  th e  q u ad ran g le  A B C O .  F o r  th is , th e re  is d is c o n tin u ity  
in  th e  in te rn a l forces b e in g  p a ra lle l to  th e  c h a ra c te r is tic s  B D  an d  B E ,  a long  
th e se  ch a rac te ris tic s , re sp ec tiv e ly . T hus, fo r ex am p le  re^ ^  re^ a lo n g  th e  
c h a ra c te ris tic  B D  a n d  re^  ^  re^  along th e  c h a ra c te r is tic  B E ,  re sp ec tiv e ly .

I f  th e  free b o u n d a ry  cu rve  of th e  shell is tw ice  co n tinuously  d iffe ren tiab le  
an d  th e  load  fu n c tio n  is sm o o th  enough, as i t  is in  general, th e n  th e re  is no 
d isc o n tin u ity  in  th e  fu n c tio n  o f th e  in te rn a l forces. T h a t is w hy  k n ee  p o in ts  
on th e  free edges o f h y p erb o lic  shells are  to  be  ro u n d e d  off, in  p rac tice .
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GESETZMÄSSIGKEITEN DER 
SCHOLLENZERKLEINERUNG 

BEI DER SAATBETTVORBEREITUNG

GY. SIT K É I* und J. F E H É R **

[Eingegangen am  15 Mai 1979]

Aufgrund von in einer Bodenrinne durchgeführten Versuchen w urde ein  Zusam ­
m enhang zwischen der Schollengröße, der kritischen W erkzeuggeschwindigkeit u n d  dem  
Feuchtigkeitsgehalt des Bodens erm ittelt. A nhand einer vereinfachten Theorie wurde 
der vom  Feuchtigkeitsgehalt abhängige spezifische Energiebedarf für d ie  Schollenzer­
kleinerung bestim m t. Auch der E influß  des Innenporenanteils auf den  E nergiebedarf 
der Zerkleinerung wurde untersucht. A ufgrund der Versuche konnte m an festste llen , 
daß die Erhöhung der W erkzeuggeschw indigkeit über etwa 11 bis 12 k m /h  n ich t zw eck­
m äßig zu sein scheint, da dies in diesem  B ereich nur zu einer m inderw ertigen weiteren  
Schollenzerkleinerung führt.

1. E in le itu n g

D ie geeignete S a a tb e ttv o rb e re itu n g  is t  eine grundlegende V o rb ed in g u n g  
f ü r  e inen  hohen  E rn te e r tra g . U m  eine schnelle K eim ung u n d  e in  schnelles 
A u fg eh en  der S a a t zu  sichern , so llte  m a n  im  allgem einen eine fe ink rüm elige  
B o d e n s tru k tu r  schaffen , die beim  A n b a u , z u r  V erh inderung  d e r A u stro c k n u n g  
d e r  B o denfläche  gew isserm aßen  v e rd ic h te t  w erden  soll.

In  der h e rb s tlich en  Ja h re sz e it is t  d e r F eu ch tig k e itsg eh a lt des B odens 
h ä u f ig  geringer als das O p tim u m  u n d  desw egen erfo rdert die V o rb e re itu n g  
eines S a a tb e tts  einen b ed eu ten d en  A u fw an d  an  A rbeit u n d  E n e rg ie . B ei der 
A ck e rb es te llu n g  eines tro ck en en  B o d en s e n ts te h e n  v e rh ä ltn ism ä ß ig  große und  
h a r te  Schollen , die in  k le in ere  B o d en te ile  e in g eb e tte t sind. D ei A u fg ab e  d e r 
S a a tb e ttv o rb e re itu n g  b e s te h t in  e in e r  d e ra rtig en  Z erk le in eru n g  d ieser im 
B o d en  e in g e b e tte te n  Schollen, d aß  d ie F ra k tio n  der Schollen d en  A n fo rd e ru n ­
gen  d e r gegebenen P flan ze  e n tsp r ic h t.

D as g rund legende G erä t fü r  d ie  S a a tb e ttv o rb e re itu n g  is t  h e u tz u ta g e  
d e r K o m b in a to r , dessen H a u p tte ile  d ie  F ed erz in k en  sind. D ie s ich  im  B oden 
b ew egenden  F ed erz in k en  s to ß en  gegen d ie Schollen, die e n tw e d e r ze rk le in e rt 
w erd en , oder dem  W erkzeug  ausw eichen . D ieser le tz tere  F a ll t r i t t  d a n n  ein, 
w en n  die S toßenerg ie  zu einer w e ite ren  Z erk le inerung  n ich t a u s re ic h t.

A uch  k an n  b e o b a c h te t w erd en , d a ß  im  F a ll der V ersch iebung  d e r Schol­
le n  d ieselben  im m er m eh r an  die B o d en o b erfläch e  gelangen. D a  die an  die

* Gy. S it k é i , Széher u. 19, H-1021 B ud apest, Ungarn
** J. F ehér, R évai u. 18, H-9700, S zom bath ely , Ungarn
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O b e rflä c h e  des B odens g e lan g en en  Schollen ü b e r  k e in e  S tü tze  v erfügen , v e r ­
sc h le c h te rn  sich die B e d in g u n g en  fü r eine w e ite re  Z erk leinerung  m it e inem  
p a s s iv e n  W erkzeug. D esw eg en  w erden im m er v e rsch ied en e  N ach läu fer a n g e ­
w a n d t ,  die die a u f  d e r O b erfläch e  befin d lich en  k le in e ren  und  m itte lg ro ß en  
S c h o llen  w eiter ze rk le in e rn .

2. M e c h a n ik  der S ch o llenzerk le inerung

D ie  Lage der im  B o d e n  e in g eb e tte ten  S ch o llen  u n d  die au f diese w ir­
k e n d e n  K rä fte  sind im  B ild  1 dargeste llt. D as s ich  m it einer G eschw ind igkeit 
V bew eg en d e  W erkzeug  s to ß t  gegen die Scholle, w o b e i sich die S to ß k ra f t sich 
au s  d e r  T rä g h e itsk ra ft u n d  d e r S tü tz k ra f t z u sa m m e n se tz t:

P  =  —  ■ a p F ,  (1)
g

w o
G d a s  G ew icht der Scholle, 
a  d ie  B esch leun igung  u n d  
F  d e n  P ro je k tio n sq u e rsc h n itt  der Scholle 
b e d e u te n .

D e r bei der h o r iz o n ta le n  V erschiebung d e r Scholle au ftre ten d e  D ru c k  
k a n n  m it H ilfe der G le ich u n g  in  der Form

p  =  к
n

a n g e n ä h e r t  w erden , wo z d ie  horizon ta le  V e rsch ieb u n g  u n d  d  den D u rch m esser 
d e r  B odenscho lle  b e d e u te n . D er K oeffizien t к  is t  e ine  F u n k tio n  der K ö rn u n g  
u n d  des F e u c h tig k e itsg e h a lts  des M aterials; se in  W e r t  än d ert sich v o n  1,0 
b is  2 ,0  daN /cm 2 [1].

U n te r  B e rü ck sich tig u n g  des B esagten  k a n n  d ie  G leichung (1) au ch , w ie 
fo lg t, geschrieben w erd en :

G dv d2n  z  \n
P  ------------------h &------------1

g  dt 4 d J
( la )

Bild 1. Die au f die im  B oden eingebetteten  Schollen  wirkende Kräfte
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W äh ren d  des A nstoßes b e f in d e t sich die V ersch iebung d er S cho lle , im  
a llg em ein en , zw ischen 1,0 u n d  1,4 cm  (m an ch m al auch d a ru n te r ) , in fo lg e­
dessen  e rg ib t sich als Q u o tie n t zjd  fü r  den  g rö ß eren  Schollen ein  W e r t  v o n  
e tw a  0,1. D er A n fan g sab sch n itt d er K u rv e  p  — zjd  k an n  m it e in e r  g e rad en  
L in ie  g u t an g en äh ert w erd en , fo lg lich  k ö n n en  w ir den  W ert n =  1,0 b e n u tz e n  
(in  so lchen  F ällen  b ez ieh t sich d er W e rt von  к  a u f  den A n fa n g sa b sc h n itt d er 
K u rv e ).

D as W erkzeug  b esch leu n ig t die Scholle im  G renzfall a u f  d ie  eigene 
G eschw ind igkeit v, d. h ., in  d er G leichung ( la )  k a n n  der W ert v o n  dv  d u rch  
V — о =  v su b s titu ie r t, u n d  info lgedessen  die G leichung ( la )  in  fo lg en d e r F o rm  
au fg esch rieb en  w erden:

P G v ^  ^ d2jt 
g A t  4

( lb )

w o At  die Z eit des A nstoßes b e d e u te t.
Z u r w eiteren  L ösung  d er A ufgabe so llte  m an  die B ru ch b ed in g u n g  der 

Scholle, d. h ., die Ä n d eru n g  d er k ritisc h e n  B ru c h k ra f t in  A b h ä n g ig k e it v o n  
d en  S to ffk en n w erten  u n d  d e r Scho llend im ension  u n te rsu ch en .

D ie U n te rsu ch u n g  des A nstoßzerk le in eru n g sv o rg an g s [2] fü r  G e tre id e ­
k ö rn e r  zeig te, d aß  die zu r Z erk le in eru n g  an g ew an d te  L e istung  z u r  h e rg e ­
s te ll te n  neu en  F läche  p ro p o rtio n a l is t :

N  =  v' (2)

w o v' den  spezifischen E n e rg ie b e d a rf  (cm daN /cm 2) b ed eu te t. F ü r  e in en  m it 
B ru c h  g eendeten  A n sto ß v o rg an g  k a n n  — u n te r  B erü ck sich tig u n g , d a ß  die 
h e rg es te llte  neue F läch e  p ro p o rtio n a l zu d2 is t  — die G leichung (2) w ie fo lg t, 
au fgesch rieben  w erden:

---------
At At

o d er
f P dz  =  v 'k Ld2. (2a)

w o z die V erform ung d e r Scholle b e d e u te t u n d  die In te g ra tio n  b is zu m  B ru ch  
d u rc h g e fü h rt w erden m u ß . Zw ecks e in er w e ite ren  V ere in fachung  w ird  an g en o m ­
m en , d a ß  die K ra f t P  sich  lin e a r  ä n d e r t, u n d  die zum  B ruch  g eh ö ren d e  V erfo r­
m u n g  z p ro p o rtio n a l zu m  D u rch m esser d is t . D em gem äß w ird  d e r  W e r t  der 
k r itisc h e n  B ru c h k ra ft au s  d e r G leichung (2 a) b e s tim m t

P kr =  v '  =  vd, (3)
k2d

wo d e r K oeffiz ien t v d ie P ro p o r tio n a litä ts fa k to re n  v', kx u n d  k 2 e n th ä l t .
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D er B ruch  d e r  S cho lle  kom m t n u r  d a n n  z u s ta n d e , w enn die d u rch  die 
G le ichung  ( lb )  b e s t im m te  K ra ft gleich oder g rö ß e r, als die nach  d er G leichung 
(3) erforderliche is t ,  d . h .,

, G V d27t I z
vd = ----------- f- к ------ — ,

g A t  4 \ d
w o rau s

G
V [_ 4

G leichung (4) s te l l t  einen th eo re tisch en  Z u sam m en h an g  zw ischen dem  
Schollengew icht, d en  M ate ria lk en n w erten  u n d  d e r zum  B ruch  erfo rderlichen  
W erk zeu g g esch w in d ig k e it fest. Zur B e rech n u n g  m üssen  die B od en k en n w erte  
V u n d  k ,  sowie die S to ß z e itd a u e r  At  b e k a n n t se in .

Die S toßzeit Zit k a n n  auch au fg ru n d  v o n  versch iedenen  th eo re tisch en  
E rw äg u n g en  e rm itte l t  w e rd en . Aus der E la s tiz itä ts le h re  is t b e k a n n t, d aß  die 
S to ß z e it aus der n a c h s te h e n d e n  einfachen B ez ieh u n g  b erechne t w erden  k a n n [3 ]:

( 4 )

Z i t  =  2 , 9 4  ,

V

wo z0 die V erfo rm ung  u n d  v die A n sto ß g esch w in d ig k e it b edeu ten .
U n te r  der A n n a h m e , d aß  die Scholle gegen  eine s ta rre  ebene F läche  

a n s tö ß t ,  kann  d er A u s d ru c k  der S toßzeit, w ie  fo lg t, aufgeschrieben  w erden :

/1t =  0,1577d-

1 - v \  °-4 

E (5)

B i ld  2.  Beziehung zw ischen A nstoßdauer und E lastiz itä tsm od u l für verschiedene Schollen-
durchmesser
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G leichung (5) is t  im  B ild  2 g raph isch  d a rg e s te llt . W ie ersich tlich , is t 
die G esam ts to ß ze it fü r  die W erte  15/(1 — rf) 80 k le in e r, als 1 0 ~2 sec.

Die effek tive  S to ß ze it k a n n  jed o ch  d u rch  B erech n u n g  n ich t m it g e n ü ­
gender G enau ig k e it b e s tim m t w erden . Teils k a n n  das W erkzeug  n ich t als eine 
ebene F läch e  b e tra c h te t  w erden  (es is t v ie lm eh r e in  zy lin d risch er K ö rp er), 
te ils  k a n n  der B ru ch  v o r dem  E rre ichen  d e r gan zen  A n sto ß ze it e in tre te n . 
D em gem äß  is t es zw eckm äßig  die e ffek tive  A n s to ß z e it m itte ls  V ersuchen  zu 
e rm itte ln  oder m it H ilfe der G leichungen (3) u n d  (4) zu berechnen .

D urch  A n w endung  d er M ethode d er D im en sio n san a ly se  k an n  m an  zu r 
fo lgenden  Ä h n lichke itsg le ichung  zur B esch re ibung  des Z erk le inerungsvorgangs 
gelangen:

G_
vd

g á t
V  ,

k d \ b 

V  I ( 6)

D a die A b s tü tz u n g  u n d  d ad u rch  der K eo ffiz ien t к  e inen  k leineren  E in flu ß  
a u f  den V organg  a u sü b t, k a n n  d ie e in fachere  Ä h n lich ke itsg le ichung

- * = C
vd

gAt
(6a)

m it g u te r  A n n äh e ru n g  an g ew an d t w erden .

3. Die Methode der Versuchsuntersiichungen

Z um  Zw eck d er E rm itt lu n g  des Z u sam m en h an g es zw ischen S chollen­
größe u n d  W erk zeu g g esch w in d ig k e it w urden  U n te rsu ch u n g en  in einer B o d en ­
rin n e  d u rc h g e fü h rt. D ie B odenrinne  w ar m it fe in k rü m elig en  B oden in  n a tü r ­
lichem  Z u s ta n d  g efü llt u n d  die B odenscho llen  w u rd en  d a rin  e in g e b e tte t. D ie 
O berfläche  der Scholle lag  im m er an  der B o d en o b erfläch e . D ie B odenschollen  
w urden  ebenfa lls im  n a tü r lic h e n  Z u stan d  vom  g ep flü g ten  A ckerfeld  e inge­
b ra c h t. D ie o rig inalen  F o rm en  der Schollen w u rd en  n u r  d an n  a b g e ä n d e rt, 
w enn sie  von  d e r K ugelfo rm  s ta rk  abw eichen .

D er F eu c h tig k e itsg e h a lt der Schollen ä n d e r te  sich von  4 bis 18 P ro z e n t; 
die tro ck en e ren  Z u s tä n d e  w u rd en  durch  T ro ck n u n g  e rz ie lt. D ie In n e n p o ro s itä t 
d er Schollen ä n d e rte  sich zw ischen 38 u n d  48 P ro z e n t. E s h a n d e lte  sich u m  
m itte lb in d ig en  L ehm boden .

D as W erkzeug  wTu rd e  a u f  dem  W agen d e r B o d en rin n e  s ta r r  b e fe s tig t. 
Als W erkzeuge d ien ten  z u g e sp itz te  E ggenz inken  m it D urchm essern  v o n  25 
u n d  30 m m . Die a u f  die E ggenz inken  w irk en d en  K rä f te  w u rd en  m it D eh n u n g s­
m eß stre ifen  gem essen.

F ü r  die U n te rsu ch u n g en  sollte die W erkzeuggeschw ind igkeit so gew äh lt 
w e rd e n , d aß  d er B ru ch  d er Scholle gerade noch  e in tr i t t .  U m  diese B ed ingung
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m it  g en ü g en d er G en au ig k e it zu  s ichern , m u ß te n  viele M essungen d u rch g e­
f ü h r t  w erd en . Die A n n äh e ru n g  an  den  k ritisc h e n  W ert fa n d  im m er v o n  beiden  
S e ite n  s ta t t .

4 . D ie V ersuchsergebnisse

D en  du rch  die M essungen  fe s tg e s te llte n  Z u sam m en h an g  zw ischen  dem  
S ch o llen g ew ich t u n d  der k r itisc h e n  W erkzeugfah rgeschw ind igke it s te llt  B ild  3 
d a r . D ie  K u rv en  gelten  fü r  Schollen  m it e iner In n e n p o ro s itä t v o n  4 2 %  u n d  
u n te rsc h ie d lic h em  F e u c h tig k e itsg e h a lt. D ie K u rv en  sind  n a c h  G le ichung  (4) 
v e rz e r r te  H y p erb e ln , deren  E x p o n e n t in  d e r R ich tu n g  d er k le in e ren  F e u c h tig ­
k e its g e h a lte  zun im m t.

A u s dem  B ild  k a n n  eine  w ich tige  F o lg e ru n g  gezogen w erden . B ei E rh ö h ­
u n g  d e r  F ah rg esch w in d ig k e it n im m t das n och  zerk le in b are  S cho llengew icht 
z u n ä c h s t  rasch  ab , w as b e d e u te t,  d aß  d ie  E rh ö h u n g  d er A rb e itsg esch w in d ig ­
k e i t  d ie  In te n s i tä t  d er S ch o llen zerk le in eru n g  im  gegebenen B ere ich  w irksam  
v e rg rö ß e r t .  Jed o ch  n im m t d as  n och  zerk le in b are  Schollengew ich t im  Ge­
sch w in d ig k e itsb e re ich  ü b e r 11 b is 12 k m /h  n u r  in  k le inerem  M aße ab , d. h .

Fahrgeschwindigkeit, km/h

B ild  3. B eziehung zwischen dem  Schollengew icht und der kritischen W erkzeuggeschw indigkeit 
für versch iedene Feuchtigkeitsgehalte

v o m  S ta n d p u n k t der Z erk le in e ru n g  aus b e tr a c h te t  w ird  die E n e rg ie a u sn u tz u n g  
sc h le c h te r . D eshalb  is t es n ic h t zw eckm äß ig  die F ah rg esch w in d ig k e it der 
K o m b in a to re n  ü b er v =  12 k m /h  zu  erhöhen .

Im  B ild  4 is t die Ä n d e ru n g  der B ru c h k ra f t  in  A b h än g ig k e it v o n  der 
k r i t is c h e n  W erkzeuggeschw ind igkeit bei versch ied en en  F e u c h tig k e itsg e h a lte n

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



GESETZMÄSSIGKEITEN D ER SCHOLLENZERKLEINERUNG 117

e rs ich tlich . Im  D iag ram m  sind  au ch  die L in ien  d er k o n s ta n te n  Scho llengew ich te  
d a rg e s te llt .

M it d er V erm in d eru n g  des F e u c h tig k e itsg e h a lts  n im m t d ie  B ru c h k ra f t 
w esen tlich  zu.

B ild  4. Änderung der Bruchkraft in A bhängigkeit v o n  der kritischen W erkzeuggeschw indigkeit

W enn das W erkzeug  gegen die Scholle m it einer h ö h eren  G eschw indig­
k e i t ,  a ls die k ritisch e , a n s to ß t, d a n n  n im m t die B ru ch k ra ft zu , u n d  infolge 
des E nerg ieüberschusses zerfä llt d ie Scholle in  m ehrere T eile  u n d  d em en t­
sp re c h e n d  e n s te h t eine neue , g rößere B ru ch fläch e . Im  Bild 5 is t  d ie  Ä nderung  
d e r B ru c h k ra f t  e rs ich tlich  hei ü b e rk ritisc h e n  F ah rg esch w in d ig k e iten  fü r  v e r­
sch ied en e  Schollengew ichte. D ie A n g ab en  des D iagram m s g e lten  fü r  Schol­
len  m it einem  F e u c h tig k e itsg e h a lt v o n  16 P ro zen t.

M it H ilfe d e r  V ersuchsergebn isse  u n d  d er G leichungen (3) u n d  (4) ko n n ­
te n  die spezifische B ruchenerg ie  v tin d  die effek tive  Z e itd au e r des S toßes At 
e rm it te l t  w erden .

D ie Ä n d eru n g  d er spezifischen  B ru ch en erg ie  v in  A b h ä n g ig k e it von  dem  
F e u c h tig k e itsg e h a lt is t im  B ild  6 d a rg e s te llt . W ie sich tlich , v e rm in d e r t  sich 
die spezifische B ruchenerg ie  s ta rk  m it  d e r Z un ah m e des F eu ch tig k e itsg eh a lte s . 
D ie S tre u u n g  d er M eßpunk te  b le ib t in n e rh a lb  des im  D iag ram m  eingezeich­
n e te n  S treifens.

D ie au fg ru n d  der gem essenen B ru c h k ra f tw e rte  b erech n e te  A n sto ß d au e r 
ä n d e rte  sich von  4,0 b is 6,0 • 1 0 “ 3 sec. D ie größeren W erte  e rg a b e n  sich fü r 
die Schollen  m it höherem  F e u c h tig k e itsg e h a lt u n d  größeren  A bm essungen . 
Im  B ild  2 w urde  der S tre ifen  e in g eze ich n e t, d e r die b e rech n e ten  W e rte  e n th ä lt. 
Im  V erlau f d ieser U n te rsu ch u n g en  k o n n te n  w eder genauere z lt-W erte  e rm itte lt , 
n o ch  die A usw irkungen  d er v e rsch ied en en  V eränderlichen  g e n a u e r  an a ly sie rt 
w erden .
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D  er E in fluß  des In n e n p o re n a n te ils  a u f  die spezifische  B ruchenerg ie  is t 
b e i d en  tro ck en eren  B o d e n z u s tä n d e n  b ed eu ten d  g ro ß . Im  B ild 7 is t der Z u sa m ­
m e n h a n g  ztvischen d e r sp ez ifisch en  B ruchenerg ie  u n d  dem  In n e n p o re n a n te il

B i ld  5. Änderung der B ruchkraft b e i überkritischen W erkzeuggeschw indigkeiten und einem  
F eu ch tigk eitsgehalt des B odens v o n  16%

12

10

S aчZa"O
E 6

U

2
0 U 8 12 16 20

U , %

B i ld  6. Die feuchtigkeitsabhängige Änderung der spezifischen  Bruchenergie

B ild  7. Auswirkung des Innenporenanteils auf die spezifische Bruchenergie
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fü r e inen  B oden  m it e inem  F e u c h tig k e itsg e h a lt von  8 P rozent v e ra n sc h a u lic h t. 
B ei E rh ö h u n g  des F e u ch tig k e itsg eh a lte s  v e rm in d e rt sich d er E in f lu ß  des 
In n e n p o re n a n te ils .

B ild  8. Die Ähnlichkeitsbeziehung des Schollenbruches

D ie V ersuchsergebnisse  w urden  au c h  au fg ru n d  der Ä h n lichke itsg le ichung  
(6a) b e a rb e ite t. Im  B ild  8 is t je n e r  Z u sa m m e n h a n g  darg este llt, d e r  fü r  den 
gegebenen  B o d e n ty p  m it einem  F e u c h tig k e itsg e h a lt von 4 bis 2 0 %  b e i be lie­
b igen  V erh ä ltn issen  g ü ltig  w ird . Z w ischen d en  Ä hnlichkeitszah len  e rg ab  sich 
e in  enger Z u sam m en h an g  m it k leinem  S treu b e re ich .
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R egularities o f the Clod Comminution at the Preparation of Seed Beds. On the basis 
o f the experim ents performed with a soil bin a relationship has been estab lished  betw een  
the clod size, critical value of the tool velocity  and  th e  m oisture content o f the soil. B y  m aking  
use of a sim plified theory, the specific power dem and  for the clod com m inution has been 
determ ined. Also the effect o f the internal porosity  on the power demand has been investigated  
On the basis o f the experim ents could be pointed  o u t that by increasing the too l v e lo c ity  over 
about 11 or 12 km /h does not seem to be conven ien t, because it leads, in this region, on ly  to 
a further clod com m inution of inferior value.
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OPTIMUM DESIGN OF BEAMS AND FRAMES 
OF WELDED I-SECTIONS BY MEANS OF BACKTRACK

PROGRAMMING

J. FA R K A S*
DOCTOR OF TECHN. SCI.

L. SZABÓ**

[M anuscript received Septem ber 24, 1979]

A  brief description o f backtrack program m ing m ethod is given. This com binato­
rial discrete program m ing m ethod can be successfu lly  applied to optim ization  problems 
w ith  nonlinear ob jective  function and constraints if  the number o f unknow ns is not 
too large. This m ethod  is advantageous in the case o f welded beam s, m ainly because 
the thicknesses o f the plates should be rounded. T he paper presents the application of  
the backtrack m ethod for the following optim ization  problems. 1) Suboptim ization of 
welded I-sections subjected to bending and com pression. The application o f  these sub­
optim ized I-sections to the elastic m inim um  w eight design of frames is dem onstrated  
b y  a num erical exam ple of a single-bay pitched-roof portal frame. 2) M inimum cost 
design of w elded hom ogeneous and hybrid I-beam s, sim ply supported and loaded w ith  
an uniform ly d istributed normal load. In the ob jective  function the cost o f m aterials, 
welding and painting are taken into account. The constraints o f bending and shear 
stresses as well as those o f local buckling o f web and flange are considered. The lowering  
of flange thickness w ith  a welded splice is also taken  into consideration.

Symbols

A cross-sectional area
A j  — sv; A g = hvg area o f flange and web, respectively
a distance betw een stiffeners, Fig. 4
C cost
G o  Сцп Cp cost o f m aterial, welding and painting, resp.
C f ,C g m aterial cost parameters for flanges and web, resp.
CW> CWi welding cost parameters

'£
painting cost parameter 
m odulus o f elastic ity

h depth o f web
I m om ent o f  inertia
K x section m odulus
%i> G factors o f  local buckling of the web p late  loaded in bending, com pression and 

shear, resp.
L span length , Fig. 4
U distance o f flange splice, Fig. 4
M bending m om ent
m  =  100 M!((JHh l)  dim ensionless bending m om ent param eter  
N  com pressive axial force
n =  N h J(2M )  dim ensionless com pressive force param eter  
Ns, N Sl num bers o f vertical stiffeners, Fig. 4
p  in tensity  o f uniform ly distributed norm al load
s, s, flange w idths, Fig. 4
T  shear force

* Prof. Dr. J .  F a r k a s , Technical U n iversity  M iskolc, H -3515 M iskolc-Egyetem város,. 
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t>, Vj

le
ß
Л

p ,  f l M , ( l N

I  =  ° F g l a H f  
° M ! ° N  
" H
° H f
° F
°  F  о 
T
T H g
<o = h ! h

flange thicknesses, F ig . 4 
web thickness, F ig . 4 
web slenderness param eter, Eq. (8) 
flange slenderness param eter, Eq. (10) 
plate slenderness, E q . (5) 
parameters, Eq. (12)
Poisson’s ratio 
density
stress ratio o f a hyb rid  I-section
stresses caused b y  bending and com pression, resp. Eqs (2), (3), (4) 
lim it stress
lim it stress o f fla n g e  m aterial 
yield stress
yield stress o f w eb m aterial 
shear stress
lim it shear stress o f  web material 
ratio o f m om ents o f  inertia

1. In tro d u c tio n

T h e  m ath em atica l p ro g ram m in g  m eth o d s used  in o p tim u m  design  of 
s t r u c tu r e s  m ay  be d iv id ed  in to  tw o  m ain  g roups: 1) m ethods o p e ra tin g  w ith  
c o n tin u o u s  functions (g ra d ie n t m ethods, e.g. S U M T -m ethod  tr e a te d  in  [4], 
e tc .) ;  2) d iscrete  p ro g ra m m in g  m ethods. In  th e  design of m e ta l s tru c tu re s , 
th e  d e s ig n e r can easily  p re sc rib e  th e  list of d isc re te  values for th e  sizes, ta k in g  
in to  a c c o u n t th e  p o in ts  o f  v iew  of fab rica tio n  (th ickness an d  w id th  o f  p la te  
e le m e n ts ) , therefo re  d isc re te  p ro g ram m in g  m eth o d s  m ay  be e ffec tive ly  u sed  
fo r  th e  so lu tion  of th e se  o p tim iz a tio n  p rob lem s.

T h e  rod  s tru c tu re s  ( tru sse s , fram es, co n tin u o u s  beam s) are c o n s tru c te d  
o f  p a r t s  o f  a co n stan t (m a in ly  I- or box) cross sec tion . F o r these  p a r ts  a  series 
o f  c ro ss  sections su b o p tim iz e d  fo r vario u s loads can  be used. In  th e se  sub- 
o p tim iz a tio n  procedures th e  n u m b e r  o f u n k n o w n s is re la tiv e ly  sm all (n  10), 
th e re fo re , th e  b a c k tra c k  p ro g ra m m in g  m e th o d  can  successfully  be u sed .

T h e  aim  of th is  p a p e r  is to  show  th e  ap p lic a tio n  of th e  b a c k tra c k  m e th o d  
fo r  th e  follow ing o p tim iz a tio n  prob lem s: 1) su b o p tim iza tio n  of hom ogeneous 
I -s e c tio n s  loaded in  b e n d in g  an d  com pression ; o p tim u m  design o f a  sim ple 
f ra m e  co n stru c ted  from  tw o  su b o p tim ized  I-sec tio n s ; 2) o p tim u m  d esign  o f 
s im p ly  su p p o rted , h o m o g en eo u s  an d  h y b rid  I-b eam s loaded  in  b en d in g  an d  
s h e a r .

2. T he b a c k tra c k  p ro g ram m in g  m ethod

T h e  general ex p o sitio n  c f  b a c k tra c k  w as g iven  b y  W a l k e r  [12], la te r  
b y  G olo m b  and  B a u m e r t  [7] as well as b y  B i t n e r  an d  B e in g o l d  [2]. T h is 
c o m b in a to r ia l  m ethod  w as ap p lied  to  w elded g ird e r designs b y  L e w i s  [10] 
a n d  A n n a m a l a i  [1]. S zabó  [11] has used  th is  m e th o d  fo r th e  m in im u m  cost
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design  o f h y b rid  I-beam s. A n e s tim a tio n  p ro ced u re  o f efficiency o f b a c k tra c k  
p ro g ra m m in g  was t re a te d  b y  K nuth  [8 ].

T h e  b a c k tra c k  m eth o d  solves th e  co n s tra in e d  function  m in im iza tio n  
p ro b lem s b y  a sy s te m a tic a l search  p rocedure . A p a r tia l  search is c a rr ie d  o u t 
fo r each  v a r ia b le  and , if  th e  possib ilities  are e x h a u s te d , th en  a b a c k tra c k  an d  
a new  p a r t ia l  search  is p e rfo rm ed . In  th e  o p tim u m  design of w elded  b eam s a 
s u b s ta n t ia l  search  red u c tio n  m a y  be ach ieved  b y  utilizing  th e  fa c t  t h a t  th e  
cost fu n c tio n  becom es m ax im u m  if  th e  v a riab le s  ta k e  th e ir  m ax im u m  v a lu es . 
T h u s , th e  op tim u m  so lu tion  can  be fo u n d  b y  decreasing  th e  v a riab les .

W e shou ld  search  fo r a v e c to r  o f v a ria b le s  х(я:1, x2, . . . , x n) fo r  w h ich  
th e  cost fu n c tio n  will be m in im a l: C(x) —*■ m in  a n d  w hich sa tisfies th e  design  
c o n s tra in ts :  g j( \)  0 ( j  =  1, . . . , p ) .  T he series o f discrete values o f  v a r ia b le s
a re  d e te rm in e d  b y  x imin, x imax a n d  b y  th e  c o n s ta n t  steps A x( b e tw een  th e m . 
T h e  flo w  d iag ram  of b a c k tra c k  fo r th re e  v a riab le s  is given in  Fig. 1. T h e  m ain  
p h ases  o f  th e  ca lcu la tion  are  described  as fo llow s.

1) W ith  c o n s ta n t v a lu es  o f x 2max an d  *3max th e  m in im um  x im v a lu e  is 
se a rch ed  fo r, w hich s till sa tisfies  th e  design c o n s tra in ts . For th e  sake o f  sim plic-

F ig. 1. F low  diagram  o f the backtrack programming method
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i t y ,  w e use fu r th e r  on  th e  n o ta tio n  xlm — aq. T h e  search  m ay  be m ore  e ffic ien t 
b y  u s in g  th e  in te rv a l h a lv in g  procedure. T h e  flo w  d iag ram  of th is  m e th o d  fo r 
x x c a n  be seen in  F ig . 2. F ir s t ,  xlmin v a lu e  is  p ro v e d . I f  x lmln d issa tis fie s  th e

F i g .  2 .  F lo w  d iagram  of in te rv a l  h a lv in g  m ethod

re q u ire m e n ts , th e  in te r v a l  x lmax — x1Jnin is h a lv e d . F o r th e  ha lv in g  m eth o d  
i t  sh o u ld  be x imax — x imin =  A xt • 2q w here  g is a n  in teger. N o te  t h a t  i t  is  
p o ss ib le  to  d e te rm in e  x lm o n ly  if  th e  x2max an(l  Х з т а х  values sa tisfy  th e  design 
c o n s tra in ts  w ith  an  x lm v a lu e .

2) Sim ilarly  to  th e  f i r s t  phase, th e  m in im u m  x 2 =  x.2m value is d e te rm in ed  
b y  m ean s of a h a lv in g  p ro cess , w hich sa tis fie s  th e  design criteria .

3) In  o rd e r to  o b ta in  th e  n ex t a3-v a lu e , w e do  n o t use the  in te rv a l ha lv in g  
m e th o d . In  general, x3 m a y  easily  be expressed  fro m  th e  equa tion  C(xx, x 2, x3) =  
=  C0, so th is  w ill b e  t h e  n e x t A;i-vah ie . T h u s , fo r th e  series o f  a^-v a lu  es 
i t  is n o t  necessary  to  p re sc r ib e  th e  cond ition  x 3max — a;3min =  Ax3 • 2q. R e g a rd ­
in g  th e  n ex t £3-v a lu e , th r e e  cases m ay occur.

3a) I f  x3 <  *jmax) w e  ta k e  x3 =  x3max a n d  decrease i t  s te p -b y -s te p  till 
#3m w hich  satisfies th e  c o n s tra in ts  or t i l l  *3min. T h e n  th e  f irs t p a r t ia l  search  
re g io n  is explored  a n d  w e m u st b a c k tra c k  to  x 2. I f  л;2 <  x2max, w e c o n tin u e  
th e  ca lcu la tio n  w ith  x 2 -j- A x 2. if  x2 — x2max, w e b a c k tra c k  to  xv

3b) I f  x3 <C x:3min, w e m u s t b ack track .
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3c) I f  ^ min <  <C x3max an<l x 3 d issa tisfie s  th e  co n stra in ts , we b a c k tra c k  
to  x2. I f  th e  co n s tra in ts  a rc  sa tis fied , we co n tin u e  th e  ca lcu la tion  acco rd in g  to  3a. 

A n il lu s tra tin g  n u m e ric a l exam ple  is g iv en  in  Section  3.1.

3. M inimum w eight design of a portal fram e constructed of parts 
o f  suboptimized welded I-section

3.1. Subop tim iza tion  by m eans o f  backtrack m ethod : m in im iza tion  o f  the cross 
section area o f  welded I-rods subjected to bending  and compression

T he ob jec tiv e  fu n c tio n  is (F ig. 3)

A  =  hvg -f- 2 A f

T h e c o n s tra in t o f  m a x  stress is

( 1 )

w here

an d

a M  +  f fN  5^ <*н

<Ум =  M /K x; K x =  h(A f  +  hvg/6) 

aN =  N /A

T he c o n s tra in t o f  w eb  buckling  m ay  b e  s im ila rly  expressed  as in  
o r [4]:

A2n =
12(1 -  r2)

'■red

h
>2po =

n2E

<Ун

Í2)

(3)
(4)

[3]

(5)

w here

F ro m  (5) we o b ta in

a M +  _______

Í  (« м /к м ?  +  (<rN/ M 2
(6)

vg

л 2Е
12(1 -  v*)«H ( ? )

F o r 370-steels of y ie ld  s tre s s  aF — 240 M Pa a n d  lim it stress aH =  200 M P a, 
E  =  210 G P a , V =  0,3 th e  lim it web s lenderness is g iven  by

1  =  A =  30,81997 ffc red . (8)
ß vg

F o r b en d in g  an d  co m p ressio n  we tak e  th e  v a lu e s  o f  1/ß 145 an d  40, re sp e c ­
tiv e ly , th e n  from  (8) w e o b ta in  k M =  22,13 a n d  k N =  1,684. W ith  th e se  v a lu es
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(7) c a n  be w ritten  as

145 (1 gjy/g M)2 
1 +  173 (ct/v/oyn)2 (9)

T h e buckling c o n s tra in t  o f th e  com pressed  flange m ay  be g iv en  as

s ~  0 30
a H J ( 10)

F o r  hom ogeneous b eam s m ad e  o f 370-steel i t  is

— ^  <5 =  —  . 
s 30

( И )

In  th e  follow ing n u m erica l exam ple  w e ta k e  M  =  320 kN m , N  =  128 k N ; 
a H —  200 M Pa; th e  lis ts  o f  d isc re te  v a lu es  are  as follows: h =  66 ; 68 ; 70; 72;, 
74 c m ; vg =  0,5; 0,6; 0 ,7 ; 0 ,8 ; 0 ,9; Aymln =  14; A/max =  22 cm 2; A A f  =  1 cm 2. 
T h u s , th e  to ta l  n u m b e r o f  v a r ia tio n s  is 5 • 5 • 9 = 225.

T h e  steps of th e  c a lc u la tio n s  are show n  in  T ab le  1. I t  can  be  seen  th a t  
th e  b a c k tra c k  m eth o d  re q u ire s  only  37 te s ts  to  o b ta in  th e  o p tim u m  v a lu e s , 
w h ic h  a re  as follows: h =  70  cm ; vg =  0,6 cm ; Ay =  18 cm2. The sizes o f  flanges 

c a n  b e  o b ta in ed  u sin g  (11): v =  Y A J 30 =  0 ,78 cm , ro u n d ed  v =  0,8  cm ; 
s =  18/0,8 =  22,5 cm.

T ab le  2 gives som e re su lts  o f ca lcu la tio n s  ca rried  ou t w ith  a F O R T R A N  
p ro g ra m  of b a c k tra c k  m e th o d  on th e  c o m p u te r  O D R A  1304 a t  T e c h n . U niv . 
M isk o lc . The o p tim a l sizes are  g iven  fo r a  series o f  dim ensionless p a ra m e te rs  
m  =  100 M j(aHh\) an d  n —  iV/i0|(2 M ). F o r  a H =  200 M Pa an d  ha =  100 cm 
i t  is  m  =  5 • 10 - 4 M  [k N m ] an d  n =  0,5 N  [k N ]/M  [kN m ] or M  [k N m ] =  
=  2000  m  and  N [k N ] =  4000 m n.

N o te  th a t  a s im ila r ta b le  o f  o p tim a l sec tio n s w as pub lished  in  [9] using  
th e  d es ig n  ru les of D IN  4114.

A  sign ifican t sea rch  re d u c tio n  in  b a c k tra c k  m eth o d  can be ach iev ed  by  
u s in g  f i r s t  a coarse scale  o f  d iscre te  v a lu es  (la rg e r A xt)  and  th e n  co n tin u in g  
w i th  sm alle r A xt v a lu es  in  a sm alle r reg io n  n e a r  th e  op tim u m  fo u n d  in  th e  
f i r s t  p ro ced u re . F o r e x a m p le , in  th e  su b o p tim iz a tio n  procedure d esc rib ed  above 
zR j-v a lu es  were in  th e  f i r s t  phase  (in cm ): A h  =  32; As =  16; A vg =  0 ,4; 
A v  =  0,8 and  in  second  p h a se  Ah  =  2; A s  =  2; Avg =  0,1; Av  =  0 ,2 .

F o r  M  and  N  v a lu e s  w hich  differ fro m  th e  ta b u la te d  ones th e  fo llow ing  
c a lc u la tio n  can be p ro p o sed . T he h an d  vg v a lu e s  can be ta k e n  acco rd in g  to  
th e  n e a re s t  m- an d  re-values; know ing  th e  a re a  o f web A g =  hvg, th e  a rea  o f  
a f la n g e  Ay =  sv m a y  be  c a lc u la ted  from  E q s  (1), (2), (3) and  (4) in  th e  follow -
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Table 1

Num erical example illustrating the steps o f backtrack method in the case o f three unknowns. 
N otation: -f satisfies , dissatisfies

ДС, = Л 
[cm] ** — v9 [cm]

*3 =
[cm2]

C  = A  
[cm2] g 1Eq. (2) g 3

Eq* (9) C om m ents

74 0,9 22 110,6 + C() =  110,6 cm2

66 0,9 22 103,4 *imin satisfies, it is not necessary to  use
66 0,5 22 77,0 — the halving process for xv  on ly  for x„
66 0,7 22 90.2 +
66 0,6 22 83,6 + +

66 0,6 22 83,6 + x 3 =  (1 1 0 ,6 —66 • 0.6)/2 =  35,5 >  x3m,„
66 0,6 21 81,6 + C„ =  79,6
66 0,6 20 79,6 + backtrack w ith x2
66 0,6 19 77,6 — 4-

66 0,7 16 78,2 — + x3 =  ( 7 9 ,6 -6 6  • 0,6)/2 =  16,7
66 0,8 13 х з  <  * 3miir backtrack w ith x,

68 0,9 22 105,2 + 4- halving process for x0
68 0,5 22 78,0 + —

68 0,7 22 91,6 + +
68 0,6 22 84,8 + +

68 0,6 19 78,8 + + X 3 =  (7 9 ,6 -6 8  ■ 0,6)/2 =  19,4
68 0,6 18 76,8 — + C0 =  =  78,8, backtrack w ith  x..

68 0,7 15 77,6 _ + x3 =  ( 7 8 ,8 -6 8  • 0,7)/2 =  15,6
68 0,8 12 x3 <  x 3 m j n ,  backtrack with x3

70 0,9 22 107,0 + + halving process for x„
70 0,5 22 79,0 + —

70 0,7 22 93,0 + 4-
70 0,6 22 86,0 + +

70 0,6 18 78,0 + + x 3 =  (7 8 ,8 -7 0  ■ 0,6)/2 =  18,4
70 0,6 17 76.0 — + C0 =  78,0, backtrack with x„

70 0,7 14 77,0 _ x3 =  ( 7 8 ,0 -7 0  • 0,7)/2 =  14,5
70 0,8 11 x 3 <  * 3min» backtrack w ith x1

72 0,9 22 108,8 + halving process for x0
72 0,5 22 80.0 —

72 0,7 22 94.4 +
72 0,6 22 87,2

72 0,7 13 x3 =  (7 8 ,0 -7 2  • 0,7)/2 =  13,8 <  x 3ml„
backtrack with xx

74 0,9 22 110,6 4- halving process for x0
74 0.5 22 81,0 —

74 0,7 22 95,8 - j- 4-
74 0,6 22 88,4

74 0,7 13 x3 =  (7 8 ,0 -7 4  • 0,7)/2 =  13,1 <  x 3min;
x i л1тах* resBlls: = 7 8 ,0 ;
x2 =  70; x2 =  0,6; x3 =  18
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Table 2

O p tim a l sizes o f welded I-sections subjected to bending and compression fo r  various values o f  the
dimensionless param eters

m  =  100 M /{aHhl) =  5 • 10~4 M  [kNm] and n =  N h J (2 M )  =  0,5 N  [kN ]/M  [kN m ]

m n
h

cm vacm
A j  =  sv 

cm2 m n
h

cm
Vg
cm

A f  =  sv 
cm2

0,00 56 0,4 7,2 0,00 70 0,5 14,4

0,05 52 0,4 8,4 0,05 68 0,5 16,0

0,10 54 0,4 8,0 0,10 64 0,5 18,0

0,15 50 0,4 9,6 0,15 62 0,5 19,2

0 ,06 0,20 46 0,4 11,2 0,14 0,20 58 0,5 21,6

0,25 46 0,4 11,2 0,25 64 0,6 18,0

0,30 54 0,5 8,0 0,30 72 0,7 14,0

0,35 48 0,5 10,0 0,35 68 0,7 16,0

0,40 50 0,5 9,6 0,40 68 0,7 16,8

0,00 56 0,4 10,8 0,00 72 0,5 16,8

0,05 56 0,4 11,2 0,05 70 0,5 18,0

0,10 52 0,4 12,8 0,10 78 0,6 14,0

0,15 64 0,5 8,0 0,15 74 0,6 16,0

0,08 0,20 60 0,5 9,6 0,16 0,20 68 0,6 19,2

0,25 46 0,4 16,0 0,25 74 0,7 16,0

0,30 52 0,5 12,8 0,30 70 0,7 18,0

0,35 50 0,5 14,0 0,35 68 0,7 19,6

0,40 50 0,5 14,4 0,40 64 0,7 22,0

0,00 56 0,4 14,4 0,00 72 0,5 19,2

0,05 68 0,5 9,6 0,05 68 0,5 22,0

0,10 54 0,4 16,0 0,10 80 0,6 16,0

0,15 60 0,5 12,8 0,15 74 0,6 19,2

0,10 0,20 58 0,5 14,0 0,18 0,20 70 0,6 21,6

0,25 58 0,5 14,4 0,25 74 0,7 19,2

0,30 54 0,5 16,8 0,30 70 0,7 21,6

0,35 52 0,5 18,0 0,35 68 0,7 24,0

0,40 50 0,5 19,2 0,40 66 0,7 25,2

0,00 72 0,5 11,2 0,00 72 0,5 22,0

0,05 70 0,5 12,0 0,05 70 0,5 24,0

0,10 64 0,5 14,4 0,10 88 0,7 14,0

0,15 62 0,5 16,0 0,15 88 0,7 14,4

0,12 0,20 58 0,5 18,0 0,20 0,20 78 0,7 19,2

0,25 56 0,5 19,2 0,25 74 0,7 22,0

0,30 74 0,7 9,6 0,30 72 0,7 24,0

0,35 64 0,7 14,0 0,35 70 0,7 25,6

0,40 70 0,7 12,0 0,40 66 0,7 28,8



OPTIMUM DESIGN OF BEAMS AND FRAMES 129

in g  fo rm :

M

w here

-ft/ . 1
—~  =  Мм +  Mn  — -  +
Л  3

M
Mm  —

2cfHA g h

l )2 I i“n  1Mm  +  Mn  — ~ | +  Мм +  —------—

an d  p N
N

4 a „ A g

( 12)

T h e  u tiliz a tio n  o f th e  series o f su b o p tim iz e d  sections in  th e  o p tim u m  
design  o f fram es is show n b y  th e  fo llow ing  n u m erica l exam ple.

3.2. E lastic  m in im u m  weight design o f  a single-bay pitched-roof p o r ta l fra m e  
constructed o f  two different welded I-sections (F ig . 3)

W ith  th e  n o ta t io n  ы =  I J I i  (m o m en ts  of in e rtia  for c o lu m n s  an d  
ra f te rs  are  f  and  I 2, re sp ec tiv e ly ), u sin g  fo rm u la e  of Glushkov [6 ] w e o b ta in  
fo r th e  m ax im um  b e n d in g  m om en ts an d  a x ia l forces [3] (it was p ro v e d  t h a t  it  
is n o t  necessary  to  con sid er th e  w ind  lo ad s  to o ) for colum ns

M x =  \M A\ [kN m ] =
3266,8895 со +  989,5919 

1,0175 со2 +  13,86245 w +  0,73031

N 1 =  N a  =  116,6 kN ,

a n d  fo r  ra fte rs  a t  p o in t F

M 2 — \M F\ =  8,174696 H A — \M A\ -  206,2564, 

N 2 =  \N P\ =  28,373 +  0 ,957826 H A,

(13)

(14)

(15)

(16)

£ ]  p=9,3242 UN/m

F ig . 3. Num erical exam ple o f a single-bay pitched-roof portal frame constructed o f  tw o  sub­
optim ized welded I-sections
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Table 3

Iteration cycles o f  fu l ly  stressed elastic design o f  the p orta l fram e shown in F ig . 3

Ю =  I , !  h Section
M

[k N m ]
N

[k N ]
R ounded h

[cm ]
v9

[cm]
A 1

[cm 2]
ro u n d ed

I
[cm 4]

m n

1 l 273 117 0,14 0,20 58 0,5 21,6 44 461

2 163 104 0,08 0,35 50 0,5 14,0 22 708

0.5107 1 329 117 0,16 0,20 68 0,6 19,8 61 499
2 168 111 0,08 0,35 50 0,5 16,0 25 208

0.4099 1 354 117 0,18 0,15 74 0,6 19,2 72 831
2 167 114 0,08 0,35 50 0,5 16,0 25 208

0.3461 1 375 117 0,18 0,15 74 0,6 21,6 79 402
2 166 116 0,08 0,35 50 0,5 16,0 25 208

0.3175 1 387 117 0,18 0,15 74 0,6 21,6 79 402
2 165 117 0,08 0,35 50 0,5 14,4 23 208

0.2923 1 399 117 0,18 0,15 74 0,6 21,6 79 402

2 164 119 0,08 0,35 50 0,5 14,4 23 208

■where

H a
№ . M r

7,6
a n d M c =

______4963 ,8363  m +  88 ,6588______

1,0173 со2 +  13,86245 со +  0,73031

T h e  op tim a l se c tio n s  o f th e  fu lly  s tre s s e d  design  (w ithou t d e fle c tio n  
a n d  g lobal buck ling  c o n s tra in ts )  m ay be o b ta in e d  b y  an  ite ra tiv e  p ro c e d u re , 
ta k in g  f irs t  со =  1. T h e  s te p s  of th e  c a lc u la tio n  a re  show n in T ab le  3. I t  c a n  
be seen  th a t  in  th e  s ix th  ite ra tio n  th e  co-value d id  n o t change m ore . T h e  
f in a l  sizes of flanges m a y  b e  o b ta ined  using  (11): fo r  th e  section  1: s =  24 cm , 
V =  0 ,9  cm ; section  2: s =  18 cm , v — 0,8 cm . T h e  h a lf  volum e of th e  fra m e  
V j2  =  1 Ь 0 А 1 +  1305 ,d 2 =  136,785 cm3.

I t  is w orth  n o tin g  t h a t  we have so lved  th is  o p tim a l design p ro b lem  b y  
b a c k tra c k  m ethod  ta k in g  as  unknow ns th e  eight sizes of th e  tw o I-sec tio n s o f  
th e  p o r ta l  fram e. T h e  lis ts  o f  th e  discrete v a lu e s  w ere  as follows (in cm ):

^imin =  60; max =  76; /c2mm == 44 ; h2max =  60; 

vgi.m i n  =  0 ,4 ; Vgi тлх =  0,8; s,- m|n =  14; s,- max =  30;

== 0,6; max 1,0; Ah^ =  Asj =  2; Avgi =  Avj =  0,1 (i =  1, 2).

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



OPTIMUM DESIGN OF BEAMNS AND FRAMES 131

T he to ta l  n u m b er o f  th e  possible v a ria tio n s  w as 94 • 54 =  4 100 625, th e  n u m ­
b e r o f v a ria tio n s  in v e s tig a te d  by  th e  p ro g ram  w as on ly  49 144. T he o p tim a l 
sizes are as follows (in cm ): hx =  64; h2 =  58; vgl =  — 0 ,6; =  22; s2 =  18;
Dj =  1; v2 =  0,6. T h e  h a lf  vo lum e is F/2 =  136 226 cm 3.

4. M inim um  cost design of hom ogeneous an d  hybrid  I-h cam s (F ig . 4)

T he ap p ro x im a te  an a ly tic a l o p tim iza tio n  o f  h y b rid  I-b eam s w as tre a te d  
in  [5]. I f  a m ore in tr ic a te  ob jec tiv e  fu n c tio n  is defined  and  th e  dead  w eight 
shou ld  also be ta k e n  in to  acco u n t, i t  is im possib le  to  derive  sim p le  form ulae  
for th e  o p tim al sec tions. T h u s, th e  b a c k tra c k  m e th o d  m ay  be  u sed . In  th e  fo l­
low ing th e  re su lts  o b ta in e d  b y  th is  m eth o d  fo r th re e  n u m erica l exam p les  w ill 
be given. The m ain  sizes o f a sim ply  su p p o rte d , u n ifo rm ly  lo ad ed  w elded 
I-sec tion  beam  are  show n in  F ig . 4. T he lis ts  o f  d iscre te  v a lu es  u sed  in  th e  
ca lcu la tions are  g iven  in  T ab le  4. T he to ta l  n u m b e r of possib le  v a ria tio n s  
w ith o u t L x is 92 • 172 =  23 409. T he b a c k tra c k  m e th o d  reduces th is  n u m b e r 
to  8004-1000.

F ig . 4. Numerical exam ple o f a sim ply supported welded I-beam  w ith one flange splice

Table 4

Series o f  discrete values used in  calculations 
(sizes in cm)

min шах A
N u m b e r  o f 

e lem en ts

h 80 120 5 9

s 10 42 2 17

ve 0,4 2,0 0,1 17

V 0,8 2,4 0,2 9

L, 0,1 L 0,3 L 0,025 L 9
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T h e  d istance  o f th e  v e r t ic a l  stiffeners is N s =  L ja  — 1, a  =  1,4 h . 
N s is a n  in te g e r rounded  d o w n , a n d  deno tes th e  n u m b e r  o f in te rm e d ia te  s tiffe ­
n e rs . T h e  th icknesses of th e  in te rm e d ia te  an d  en d  s tiffen ers  are 0,8 vg a n d  vg, 
re sp e c tiv e ly . The in te rm e d ia te  a n d  end  stiffeners a re  a t ta c h e d  to  th e  w eb  an d  
f la n g e s  w ith  double f ille t w e ld s  o f  size 0,4 vg a n d  0,5 vg, re sp ec tiv e ly . T he 
m a te r ia l  o f  th e  stiffeners is t h e  sam e  as th a t  o f th e  w eb . T h e  case o f a  sy m m e t­
r ic a l  w e ld e d  splice of f la n g e s  is  also  considered. T h en  N sl =  L j a  is an  in te g e r 
r o u n d e d  dow n.

T h e  objective fu n c tio n  expresses th e  costs o f m a te ria l, w eld ing  and  
p a in t in g :

C  =  Cm +  Cw +  cp (17)
w h e re

Cm =  cgghVgL +  éC fQ S jV ^  +  2cfOsv(L — 2 L J  +  2cgp/n;i;s1 +

+  l& g N ^ Q h v ^  +  0,8 cgg(N s — 2 N sl)hvgs 

Cw =  2cwvgL  ■ 4cwvg{h - j -  SjJ -f- 3,2cwN syVg(h  ;_ ŝ ) -f- 

+  1,6 cw(N s — 2 N sl)vg(h  +  s) +  4cU)1s1u1 

Cp =  cp(2h -|- 4s)(L — 2Lj) -(- 2cp(2h 4s1)L1 +

+  2(N s -  2 N sl)cphs +  4(1 +  N sjcphs,.

T h e  specific p rices a re  as fo llow s: w eld ing : cw =  0,17 F o rin ts /c m 2 (fille t 
w e ld s) , cwl =  0,11 F ts /c m 2 ( b u t t  w elds in  sp lices); p a in tin g : cp =  0,0027 
F ts /c m 2. T hree  steel ty p e s  a re  considered : H u n g a ria n  stee ls  37B a n d  52C as 
w ell as S o v ie t steel C85 [13] w ith  d a ta  g iven  in  T ab le  5. T he d e n s ity  is q =  
=  7850  k g /m 3.

I n  b eam s w ith o u t sp lices in  E q . (17) i t  is L 1 — N S1 =  cwl =  0 a n d  sx =  s.
T h e  follow ing design  c o n s tra in ts  are  ta k e n  in to  accoun t.
1) Constraint o f  m ax. bending  stress

^ m a x  =  ^ m a x / ^ x  ^  & H f  ( 1 ^ )

Table 5

L im it an d  y ie ld  stresses as well as m aterial cost parameter o f  steels considered in  the calculations
(stresses in MPa)

M ateria l aB aF
Cv,Cf

[F t/k g ]

37B 200 240 6,85

52C 280 400 7,60

C85 550 750 11,10
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M max is d e te rm in ed  also considering  th e  d e a d  w eig h t o f th e  b eam , b u t  n eg ­
lec tin g  th e  dead  w eigh t o f  stiffeners. K x is c a lc u la ted  on th e  b as is  o f  s tre ss  
d is tr ib u tio n  show n in  F ig . 4 (see also [5]):

K x =  I x/(fc/2 +  v); I x = VJ t  ( 3 |  -  p )  +  ^  (h +  v f  (19)
24 2

I  =  a FJ a Hf

2) C onstraint o f  m ax. shear stress

T m a x  =  T m a x / ( h v g)  < .  T H g  =  0,45 <T Fg. (20)

T max is th e  m ax . sh ear fo rce  a t  th e  su p p o rts .
3) Web buckling constraints  re la tin g  to  b e n d in g  and  shear, re sp e c tiv e ly :

h/vg <, 140 У200jog . (21)

ag is th e  m ax . s tress in  w eb [M P a], I f  ag >  oHg, og =  200 M Pa.

—  ^ 9 0
ve

r Hg
5 ,3 4 rmax 

k T =  5,34 +  4 /(a /h)2.

4) Flange buckling constrain t

s/v <, 30 У 200 f a  •

(22)

(23)

Cf is th e  m a x . stress in  flan g e  [M Pa].
T h e  co n s tra in ts  o f  la te ra l  b u ck lin g  a n d  t h a t  o f deflection  a re  n o t  consi­

d ered . T h e  design of v e r tic a l s tiffeners is n o t  t re a te d .
T h e  ca lcu la tio n s a re  ca rried  o u t f i r s t  fo r  beam s w ith o u t sp lices. T he 

re su lts  a re  su m m a riz e d  in  T ab le  6 . T h u s , h y b r id  beam s re su lt in  1 7 - r3 0 %  
sav in g s in  to ta l  cost. T h is  re su lt agrees w ith  t h a t  o b ta ined  b y  a n a ly tic a l 
o p tim iz a tio n  [5].

N o te  t h a t  th e  hom ogeneous b eam s m a d e  o f steel 52C or C85 a re  less 
econom ical th a n  th e  h y b r id  ones. F o r  ex am p le , th e  hom ogeneous b e a m  m ade 

o f  s tee l 52C gives only  1 0%  savings in  to ta l  cost.
I n  T ab le  7 th e  d a ta  o f beam s o n ly  o p tim ized  on th e  basis o f  m a te r ia l 

cost a re  su m m arized . I t  can  be  seen th a t  th e  co n sid e ra tio n  of a  m o re  re a l cost 
fu n c tio n  c a n  re su lt in  sav in g s o f a b o u t 4 % .
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Table 6

Data o f optim al beams without splices optim ized on the basis o f total cost
(sizes in  cm)

M ateria ls h v a S V
T o ta l cost 
[1000 F ts ]

S av ings
%

37B hom ogeneous 120 0,9 30 2,0 17,8 0

52C/37B hybrid 120 0,9 16 2,4 14,8 17

C85/37B hybrid 120 0,9 12 1,4 12,5 30

Table 7

Data o f optim al beams without splices optim ized on the basis o f material cost
(sizes in cm)

M ateria ls h v a S V
T o ta l cost 
[1000 F ts ]

T o ta l 
cost fro m  
T ab le  6

S av in g s
%

37B  hom ogeneous 120 0,9 42 1,4 18,6 17,8 4,3

52C/37B hybrid 120 0,9 24 1,6 15,4 14,8 3,9

Table 8

Data o f optim al beams with a flange splice optim ized  on the basis o f total cost
(sizes in cm)

M ate ria ls h v a S V *1 v i

T o ta l
cost
[1000
F ts]

T o ta l  
co s t 
fro m  

T a b le  6

S av ings
%

37B hom ogeneous 120 0,9 30 2,0 12 1,8 180 15,8 17,8 11,2

52/37 hybrid 120 0,9 16 2,4 10 1,4 210 13,3 14,8 10,1

85/37 hybrid 120 0,9 12 1,4 10 0,8 240 11,7 12,5 6,4

T h e  o p tim iza tio n  o f  b eam s w ith  splices is c a rr ie d  ou t in  th e  fo llow ing  
m a n n e r . S ta rtin g  w ith  d a t a  of op tim al b eam  w ith o u t splices, we ta k e  th e  
d is ta n c e  o f splice L x (see T a b le  4), th en  c a lc u la te  th e  bending  m o m en t in  th is  
c ross sec tion . K now ing  h, vg a n d  М гаах, we se a rc h  s± an d  vx by  m eans o f b a c k ­
t r a c k  m e th o d  ta k in g  in to  acco u n t th e  to ta l  c o s t function . The c a lc u la tio n  
sh o u ld  be  carried  o u t fo r  a ll ^ -v a lu e s .  T he o p tim a l L j-value will be th e  one 
fo r  w h ic h  th e  to ta l  co st is  m in im al.

D a ta  for beam s w ith  splices are su m m arized  in  T ab le  8. I t  m ay  be  seen 
t h a t  th e  app lica tion  o f  sp lices  can  resu lt in  sav in g s  o f ab o u t 6 - y l l % .
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Optimalbemessung von Balken und Rahm en geschweißten 1-Querschnitts m ittels der 
Backtrack-Program m ierungsm ethode. Der Artikel g ibt eine kurze Beschreibung der Backtrack- 
Program m ierungsm ethode. D iese kom binatorische diskrete M ethode ist au f die O ptim ierungs­
problem e m it nichtlinearen Zielfunktion und Nebenbedingungen gut anw endbar, wenn die 
A nzahl der U nbekannten n icht sehr groß ist. D iese M ethode ist vorteilhaft für geschw eißte  
Träger, denn haupsächlich die P lattendicken sollen abgerundet werden. Es w ird die Anwen­
dung der Backtrack-M ethode auf die folgenden Optim ierungsproblem e b ehan delt. 1) Die 
Suboptim ierung der auf B iegung und Druck beanspruchten geschweißten I-Q uerschnitte. Die 
A nw endung dieser suboptim ierten I-Profile auf die elastische Gewichtsm inim ierung von  Rahm en  
wurde am  num erischen Beispiel eines e inschiffigen Portalrahm ens gezeigt. 2) D ie  K osten­
m inim ierung von geschweißten, hom ogenen und hybriden einfeldrigen, g leichm äßig  belasteten  
I-Trägern. In der Zielfunktion wurden die M aterial-, Schweiß- und A n strichkosten  berück­
sich tig t. E s wurde m it der Bedingung der m axim alen Normal- und Schubspannung, ferner 
m it der Beulbedingung des Stegs und des gedrückten jGurtblechs gerechnet. E in e  m it ge­
schw eißtem  Stum pfstoß durchgeführte G urtblechm inderung wurde auch berücksichtigt.
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GEOMETRY AND MECHANICS OF REGULAR 
STRANDED CONSTRUCTIONS

P. H O FFM A N N *

[M anuscript received M arch 20, 1978]

The m echanical stresses are in v estig a ted  w hich are generated during the m anu­
facturing of regular strands which are b u ilt up from  sim ple and double strand ed  elem ents 
and b y  the tensile  and flexural loading o f  th e  ready-m ade strands. In  order to  introduce  
th e  m echanical stresses, the equations and geom etric parameters o f  th e  sim ple and 
double stranded hélicoïdal lines as w ell as th e  space requirement and surface area of 
the sim ple stranded elem ents o f circular cross section are determined b y  m aking use o f  
the m ethods o f th e  vector algebra. W ith  th e  know n value of the space requirem ent 
o f the stranded elem ent, the relationships betw een  the number of the e lem en ts in each  
layer, the height o f thread and size relation  o f  the regular strand are determ ined  in 
th e  case o f the penetration-free contact o f th e  layers and elements.

In tro d u c tio n

T h e  re su ltin g  m echan ica l c h a ra c te r is tic s  o f s tran d ed  e le m e n ts  o r con­
s tru c tio n s  c o n ta in in g  such  e lem ents as — helica l springs, cab les , s tra n d e d  
ro p es  — (and  also th e  re su ltin g  e lec trica l c h a rac te ris tic s  of s tra n d e d  e lec trica l 
c o n d u c to rs) are  fu n c tio n s  o f th e  geo m etrica l a rran g em en t of th e  c o n s tru c tio n . 
F o r  ch a rac te riz in g  g eo m etrica lly  th e  c o n s tru c tio n  th e  re la tions b e tw e e n  th e  
so -ca lled  s tra n d in g  p a ra m e te rs  (D , d, n , x )  m u s t be know n.

In  th e  te ch n ica l l i te ra tu re  n u m ero u s a t te m p ts  have been m a d e  to  d e te r ­
m in e  th e  re la tio n sh ip  betw een  th e  s tra n d in g  p a ram e te rs  an d  b e tw e e n  th em  
an d  th e  re su ltin g  p h y s ica l p a ra m e te rs  [1 — 20]. B u t th e  p u b lish ed  re su lts  are 
m o s tly  v a lid  only  w ith in  n a rro w ly  d efin ed  ran g es  (e ither for sm all o r  fo r  large 
p itc h  angles) and  fo r th e ir  a p p ro x im a te  c h a ra c te r  i t  is ju s t  th e  sp ace  re q u ire ­
m e n t o f  th e  s tra n d e d  e lem en t an d  th e  p e r io d ic ity  app earin g  in  i t s  p laces, 
su b je c t to  c o n c e n tra ted  stress, w hich a re  n o t  enhanced .

T h e  p re sen t p a p e r  show s th a t  th e  g eo m etrica l c h a ra c te r is tic s  o f  th e  
co n cen trica lly  s tra n d e d  e lem en t are  co m p lied  fo r  an y  p itch  angle in  th e  ran g e  
0 X Jt/2 an d  fo r a n y  n u m b e r o f e le m e n ts  n  ]> 1. I t  w ill also  b e  show n 
th a t  th e  to rs io n a l a n d  bend in g  stresses a c tin g  on section d V  =  A 0 • d S  o f 
th e  s tra n d e d  e lem en t o f  d iam e te r  d ]>  0 c a n  be  sep ara ted , th e re fo re , to  a 
su rface  e lem en t d A  o f  th e  sec tion  can  b e  o rd e red  ten sile /com pression  an d

* P. H o ffm a n n , KG IN FO RM ATIK , A rany J. u. 24. H-1051 B udapest, H ungary.

Acta Technica Academiae Scienliarum Hungaricae 91, 1980



138 HOFFMANN, P.

s h e a r  s tre sses , an d  a f te rw a rd s  th e ir  v a ria tio n  c a n  also  be dete rm in ed  fo r th e  
case  o f  b en d in g  or te n s ile  stre sses  ac ting  u p o n  th e  s tra n d e d  co n s tru c tio n .

F in a lly  know ing  th e  space  req u irem en ts  o f  th e  s tran d ed  e lem en t o f  
d ia m e te r  d  ]> 0 we a re  in fo rm e d  o f th e  g eo m etrica l co n d itio n s of th e  c o n s tru c ­
tio n s  b u i l t  up  from  n  >  1 n u m b e r  o f e lem ents, as w ell as o f th e  re la tio n  b e tw een  
th e  sp a c e  req u irem en ts  o f  th e  e lem ents and  th e  f le x ib ili ty  of th e  co n stru c tio n s , 
th e  s ta n d a rd s  and  th e  te c h n ic a l lite ra tu re  a t te m p t in g  only  em pirical answ ers 
to  th i s  l a t te r  question  so fa r .

Scalar quantities

Symbols

d
g
h
i
n
t
V

X  ]

У } 
z  J
A
A
D
E
G

M
N
R
R '
S, S 'T T >
и
V
a
ß

geom etrical torsion  
elem ent diam eter  
geometrical curvature  
length of lay  
arc length
number o f elem ents  
time
haul-off speed  

coordinates

cross section o f th e  elem ent 
area of plane section  
diameter
modulus of e la s tic ity  
modulus of shear
equatorial second-order m om ents o f the cross 
section of the e lem en t
polar second-order m om ent o f the cross section  o f the element 
work
mass
index num ber o f th e  layer  
radius in the X Y  plane
radius in the p lane norm al to the centroid S
arc length
period tim e
intrinsic energy
volume
pitch angle
stranding angle

у  density
rj angle o f direction change of the unit vector t
■& angle o f direction change o f the unit vector b
x  filling factor
A strain
fi =  T /T ' ratio of period tim es
V  =  1 /Т  r.p.m.
n  =  3,14159
Q radius varying in th e  range 0 < , o ^ R '
a  tensile/coinpression stress
r  shear stress
ер =  со • t angular m ovem ent in  the X Y  plane (0 cp oo)
X =  2 n\n  central angle
y) =  w  • t angular d isp lacem en t in the plane norm al to  th e  centroid S or angular disp lace­

m ent in the range 0 гр <] 2л; independent o f  tim e  
<o =  2л:/T =  2л • V angular v e lo c ity
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Vector quantities:

b binorm al un it vector
unit vector in the X  axis direction
unit vector in the У  axis direction
unit vector in the Z  axis direction
normal u n it vector
position vector
velocity  vector
acceleration vector
tangent un it vector
m om ent
m om ent forcing the elem ent to tw ist 
m om ent forcing the elem ent to untw ist 
force
force, forcing the elem ent to tw ist 
force, forcing the elem ent to untw ist 
resulting vector
position vector in the normal plane (|p| =  R')

J
к
il
r
r
r
t
M

Mr
P
Pi
Pr
ё =  г +  p 
p

1. Structure of the regular stranded constructions

Regular stranded constructions are  called  tho se  s tra n d e d  co n s tru c tio n s , 
w h ere  th e  core lo ca ted  in  th e  axis is su rro u n d ed  b y  a layer co n sis tin g  o f  one or 
m ore  elements s tra n d e d  in  a d e te rm in ed  d irec tio n  o f lay  and  w ith  a d e te rm in ed  
p itc h  angle.

The lay  of th e  lay e rs  covering  each  o th e r  in  a reg u la r cab le  m a y  be th e  
sam e or d iffe ren t from  la y e r  to  lay er.

S tra n d in g  a new  la y e r  on th e  cab le  co n sisting  of th e  core a n d  i ts  covering  
lay e r, fo r th is  new  la y e r  th e  core +  f ir s t  la y e r  to g e th e r form  a core o f  composite 
construction. F o r  each  iV-th la y e r  th e  re g u la r  s tra n d e d  c o n s tru c tio n  b u ilt 
up  from  N —1 layers fo rm  a core o f com posite  co nstruc tion .

T he e lem en t o f th e  reg u la r s tra n d e d  co n stru c tio n  is c a lle d  a sim ple  
one if  along its  w hole len g th  i t  is a solid th re a d  hav in g  a c o n s ta n t c ross section 
A 0. T h e  e lem en t is o f composite construction , if  in  itself, i t  is a lso  a  regu lar 
s tra n d e d  co n stru c tio n .

T he c en tro id  o f th e  lay e r e lem en t (e lem ents) of th e  once s t r a n d e d  regu lar 
c o n s tru c tio n  is a helical space  cu rve .

T he e lem ents o f th e  tw ice  s tra n d e d  re g u la r  co n stru c tio n  (co re  a n d  layer 
e lem en ts) are  com posite , i.e. once s tra n d e d  reg u la r  c o n s tru c tio n s  w h ich  by  
re p e a te d  s tra n d in g  a re  u n ite d  in to  a stranded-cable. T he  c e n tro id  o f  m ost 
sim ple e lem ents o f  th e  s tra n d e d  cable b u ilt  u p  from  a co m p o site  co re  and 
la y e r  e lem ents are  double tw isted helical space curves, w hich w ill he  called 
D T H  curves.

T he d irec tio n  o f la y  o f th e  sim ple e lem en ts  o f so-called bunched construc­
tions  are equa l, h u t  th e  re la tiv e  p o sitions o f th e  elem ents v a rie s  irre g u la rly  
(m ay b e  in te n tio n a lly  so) a long  th e  len g th  o f th e  co n stru c tio n . B ecau se  o f  th e
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i r r e g u la r  placing of th e  e le m e n ts  th e  g eom etrica l d esc rip tio n  of th e  b u n c h  
is  im p o ss ib le , so fa r as c a n  b e  foreseen.

F o r  th e  un ivocal d e sc r ip tio n  of th e  once tw is te d  reg u la r  cable th e  fo llow ­
in g  ch a rac te ris tic s  a re  u s e d :

■— layer index , N  (fo r  th e  core N  =  0, fo r  th e  f i r s t ,  second, e tc . lay e rs  
N  =  1, 2, . . . , N ) ,

— th e  lay  of th e  iV -th  la y e r  (right or le f t th r e a d ) ,
— th e  num ber n N o f  th e  elem ents b u ilt  in to  th e  JV-th lay er (n u m erica l 

value for th e  co re  n 0 =  1, for th e  f i r s t ,  second , etc. lay e r n ] > - 1 , 
n 2 1» • • • ? n N ^  1» p o sitive  in teg er),

— th e  cross sec tio n  A 0N o f  th e  elem ents o f  th e  lay e r. F o r each e lem en t 
of the  iV-th la y e r  A 0N =  const.,

— th e  p itch  angle txN o f  th e  elem ents of th e  7V-th lay er. F o r every  e lem en t 
of the  IV-th la y e r  <xN —  const, (for th e  co re  a 0 =  jr/2, for ev e ry  la y e r  
of index N  1, 0 a  <Ç jr/2),

— th e  d iam eter D N o f  th e  enveloping c irc le  o f  th e  IV-th lay e r sec tion  
(for th e  co m p o site  core  supporting  th e  IV-th lay e r: D n _ j) .

F o r  the  d e fin itio n  o f  s tra n d e d  cables a ll e n u m e ra te d  ch a rac te ris tic s  
m u s t  also  be w ritten  fo r  t h e  a rran g em en t of th e  co m p o site  elem ents. In  t h a t  
c a se  th e  charac teristics w i th  su p erscrip ts  (IV', D \  . . . e tc .)  refe r to  th e  c o n s tru c ­
t io n  o f  th e  com posite s t r u c tu r e ,  those w ith o u t in d ice s  refer to  th e  re g u la r  
c o n s tru c tio n s  bu ilt up  f ro m  com posite  e lem en ts.

2. T he geom etry of the sim ple helix

T h e helix w hich  c a n  h e  traced  on th e  m a n tle  o f a cy linder o rig in a tes  
f ro m  th e  m ovem ent o f  a p o in t  m oving a t a n g u la r  v e lo c ity  m =  const, on th e  
c ircu m feren ce  of th e  b a se  c irc le  of radius R , w h ile  th e  p lane of th e  circle is 
r is in g  a t  velocity  v =  c o n s t,  a long  the  axis n o rm a l to  th e  p lane of th e  circle 
a n d  passin g  th ro u g h  i ts  c e n tre .

In  order to  e s ta b lish  th e  equation  of th e  h e lix  le t  us place th e  cy lin d er of 
r a d iu s  R  in  the  r ig h t-a n g le d  co -o rd inate  sy stem  X Y Z  so th a t  its  axis coincides 
w i th  th e  axis of c o o rd in a te s  Z  an d  le t us p re sc rib e  t h a t  th e  p o in t a t  th e  tim e  
t —  0 s ta r ts  from  th e  p o s it io n  x  — R , y  =  z =  o.

T h e  poin t m ov ing  o n  th e  circum ference o f  th e  circle of rad iu s  R  d u rin g  
th e  t im e  t covers an  a rc  i  =  cpR. To th e  arc i b e lo n g s  an  an g u la r d isp lacem en t

<p =  cut =  2 ?r —  =  2n v t. (1)

D uring  th a t  sam e t im e  t th e  base circle o f  r a d iu s  R  rises to  th e  h e ig h t

2 =  z(t) =  v t . (2)
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A ccording to  F ig . 1 a r ig h t-h a n d  o r a  le f t-h a n d  h e lix  can  be  g en era ted  
acco rd in g  to  th e  chosen  d irec tio n  of th e  a n g u la r  d isp lacem en t. In  E q . (1) 
th e  tim e  t m ay  ch an g e  w ith in  th e  in te rv a l 0 t oo, th e re fo re , i ts  sign can

o n ly  be positive. T h e  a n g u la r  d isp lacem en t со co n tro lled  b y  th e  po sitiv e  or 
n eg a tiv e  sign of th e  a n g u la r  v e loc ity  cp, th e re fo re , in d ica te s  w h e th e r  a r ig h t 
o r a le f t helix  is g e n e ra te d .

T h e  coo rd inates x  a n d  у  o f th e  helix  are  th e re fo re  a t  th e  tim e  t 

X — x(t) — R  • cos cp =  R  ■ cos (cot),

У =  y(*) =  R  • sin  cp =  R  ■ s in  (cot) (3a)

fo r a r irh t-h a n d  sp ace  cu rv e  and

x  -- x (t)  =  R  • cos (—cp) - R  • cos cp,

У =  y ( l ) — R  ' sin (— cp) =  — R  ' sin  cp (3b)

fo r a le f t-h a n d  space  c u rv e .
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T h e  position  of th e  p o in t  P (x , y ,  z) o rdered  to  th e  tim e  t acco rd in g  to  
th e  c o o rd in a te s  (2) an d  (3) is th u s  d e te rm in ed  b y  th e  positio n  v ec to r

r  =  r( t)  =  x{t)i +  y (t)j +  z(t)k  (4)

in  th e  reference  system  X Y Z .
E q u a tio n s  (2) an d  (3) a re  d iffe ren tiab le  fu n c tio n s  o f th e  tim e  t, th u s  th e  

d e r iv a tiv e s  of th e  sca lars x ( t) , y ( t) ,  z (t) as w ell as o f th e  v ec to r  r(t) w ith  re sp ec t 
to  t h e  tim e  t can be e x p re ssed . F o rm in g  th e  sizes o f  th e  v e lo c ity  v e c to r  r(t) 
a n d  th e  acceleration  v e c to r  r ( t) , fo r  a rig h t an d  fo r a le f t helix  as w ell, can  be 
e x p re s s e d  in  th e  form s

|r(t)| =  У x (t)2 +  y ( t )2 +  z(t)2 =  У V2 ccPR2 =  co n st. (5)

|r(t)| =  У x ( t)2 +  y { t)2 +  z(t)2 — m2R  = co n st. (6)

T h e  p o in t  m oving a long  th e  h elica l p a th  d u rin g  th e  tim e  dt covers an  arc 
le n g th

d S  =  |r(t)|dt (7)

a n d  th e re fo re  during  th e  tim e  t, considering  (5),

s =  S(t) =  |r(t) | • Г d t =  t У г? +  c ,m 2 = Уz2 +  q?R2. (8)
Jo

I f  t =  T ,  th e n  from  (8), ta k in g  in to  consid era tio n  (1) an d  (2)

S (t)  =  У № +  4л:2 • R 2 =  co n st. (9)
w’h e re

z(T) =  v T  — h (10)
is t h e  le n g th  of lay .

I n  E q . (8) we reco g n ize  an  ap p lica tio n  o f P y th a g o ra s ’ th e o re m  to  a 
re c ta n g le d  triang le  w ith  c a th e te s  rpR an d  z, a n d  h y p o ten u se  S ,  acco rd ing  
to  F ig .  2.

O n th e  base of F ig . 2 are  in tro d u ced  th e  tr ig o n o m e trica l fu n c tio n s  o f 
th e  p i tc h  angle a  an d  th e  s tra n d in g  angle ß :

тс
a + ^ - y ,

cos a =

ta n  a

z h

s sT
epR 2 ttR
S S T

z h

cpR 2 n R

У V2 u rR 2

mR
У V2

V

coR

=  cos ß,

sin  ß,
o rR 2

1
t a n  ß

( П )

( 12)

(13)

(14)
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F ig. 2. D evelopm ent into the plane o f the right-hand and the left-hand helices

A ccord ing  to  th e  d efin itio n  of v e c to r  a lg eb ra , to  th e  p o in t P (x , y ,  z) defined  
by  r(t) o f th e  sp a tia l cu rv e  th e  ta n g e n t u n it  v e c to r  t can be o rd ered , th e  n o rm a l 
u n it  v e c to r  n an d  th e  b in o rm al u n it  v e c to r  b:

i(t) X r(l))  ̂ r

| r ( t ) x r ( t ) |  |r |  ’
b =  r(t)X r(t)

|r (t lx r (t) |

(15)

(16) 

(17)

C arry in g  o u t th e  o p era tio n s  p rescrib ed  in  E q s  (15) —(17) an d  ta k in g  in to  
acco u n t (12) and  (13), th e  u n it v ec to rs  o rd e red  to  th e  po in ts  o f th e  r ig h t-h a n d  
helix , expressed  in  co o rd in a tes  o f th e  re fe ren ce  system  becom e

t = -w ■ R  • sin cp • i +  to ' R  ’ cos (p ■ j -f- V • к
У v2 -f- a»2 • R 2 

=  —cos a  • sin (p • i -f- cos a  • cos cp • j -(- sin a • к, 

n =  —cos cp • i — sin  cp • j,

b V ■ sin  cp ■ i — V  • cos cp • j -)- со • R  ■ к
^v 2 - f  M2R 2

=  sin  a  • sin  cp ■ i — sin  a  • cos cp • j -)- cos a  • к.

(18а)

(18b)

(18с)
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I n  a  s im ila r  w ay  th e  e q u a tio n s  o f  th e  u n it v e c to rs  o rd e red  to  th e  p o in ts  o f  th e  
le f t - h a n d  he lix  are

t = — cos a • s in  cp • i — cos a • cos cp • j -f- sin a • k, (19a)

n —  COS Cp '■ i  -(- sin  (p • j, (19b)

il = — sin  a  ■■ s in  cp * i — sin  a  • cos cp • j — cos a  • k. (19c)

T h e  u n i t  v ec to rs  t, n, b o rd e r a r ig h t-an g led , r ig h t-h a n d  system  of axes to  
th e  p o in t  P (x , y ,  z) of th e  s p a tia l  curve. T h e  n o rm a l p lan e  d e te rm in ed  b y  u n i t  
v e c to rs  n  a n d  b, is th u s  a lw ay s a t  r ig h t ang les to  th e  sense of p rog ression  of 
th e  ta n g e n t  v ec to r  t b e lo n g in g  to  th e  p o in t in  q u es tio n .

I n  th e  g eo m etry  o f s p a tia l  curves an  im p o r ta n t  p a r t  is p lay ed  b y  th e  
g e o m e tr ic a l c u rv a tu re  a n d  th e  geom etrica l to rs io n  o rdered  to  a g iven  p o in t 
o f  th e  cu rv e .

A ccord ing  to  its  d e fin itio n

dr] =  |r(t) X r( t) | 

d S  '  |r ( t)|3 ’
( 20)

w h e re  t] is th e  m easu re  o f  d ire c tio n  change o f  th e  u n it  v ec to r t, and

c _ di} IHO • Щ  • r (* ) l (2 1 )
d S  |r(t) X r ( t)|2 ’

w h e re  #  is th e  m easu re  o f d irec tio n  change o f  th e  b in o rm a l u n it  v e c to r  b in  
th e  su rro u n d in g s  of th e  p o in t  P (x , y ,  z) o f th e  s p a tia l  curve.

C arry in g  o u t th e  o p e ra tio n s  p rescribed  in  th e  E q . (20) of th e  g eo m etrica l 
c u rv a tu re ,  th e  c u rv a tu re  o rd e re d  to  th e  p o in ts  o f  th e  r ig h t-h a n d  an d  to  th e  
je f t -h a n d  helices becom es

w2R

V2 -j- <x>2R 2
—  cos2 a  =  co n st.
R

a n d  th e  to rs io n  w ill be

( 22)

4-c = ----------------- =  —  sin  a  • cos a  =  const. (23)
V2 +  o r R ' R

th e  s ign  o f th e  to rs io n  b e in g  positive  for a r ig h t-h a n d e d  helix , n eg a tiv e  fo r 
a  le f t -h a n d  helix  because o f  th e  chosen sign o f th e  a n g u la r  ve locity  (-j-ct) an d  
— со, re sp ec tiv e ly ).
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3. T he geom etry  o f th e  stran d ed  e lem en t w ith  circular cross sec tio n

C h ap te r 2 h as  show n th a t  to  a g iven  p o in t P (x , y ,  z) of th e  h e lix  th e  v ec to r 
tr ip le t  t, n , b can  be  o rd e red  an d  th a t  th e  p lan e  de term ined  b y  th e  u n i t  vecto rs 
n  an d  b is n o rm al to  th e  sense of p rog ression  o f th e  helix.

F ig. 3. Marking o f the circum ferential points o f a stranded elem ent of circu lar cross section

L et us tra c e  in to  th e  n o rm a l p lan e  a circle w ith  rad iu s  R '  a ro u n d  the  
cen tre  P ( x ,y ,  z). I n  th e  sense of F ig . 3 th e  p o sitio n  in  th e  n o rm a l p la n e  of a 
p o in t P '  on th e  c ircum ference  of th e  circle w ith  rad ius R '  is d e f in e d  b y

p(ip) =  R '  cos ip - n  +  R '  sin  ip • b (24)
w here  0 ip 2 jr.

To th e  p o in t P '  p o in ts , accord ing  to  F ig . 4, in  th e  X Y Z  s y s te m  o f coor­
d in a te s  th e  v ec to r

Ç(t, ip) =  r(t) +  p(ip) =  x (t, ip) • i +  y ( t ,  ip) • j  +  z(t, ip) • k . (25)

I t  can  be seen from  th e  fig u re  t h a t  th e  p o in t P '  is a p o in t o f  th e  surface
o f th e  s tra n d e d  e lem en t o f  d ia m e te r  2R ’ =  d  an d  th a t  th e  h e lix  d efin ed  by  
th e  v e c to r  r(t) is th e  c e n tro id  of th is  e lem en t.

F ro m  E q s (3a), (2), (18b) an d  (18c) th e  com ponents of th e  v e c to r  %(t,ip) 
a re  fo r a r ig h t-h a n d  e lem en t

x(t, ip) =  (R  — R '  cos ip) cos (p R '  sin  a  • sin ip • s in  <p,

y ( t ,  ip) =  (R  — R '  cos ip) s in  cp — R '  s in  a  • sin ip ■ cos q>

z(t, ip) =  vt +  R '  cos a  • sin  y> (26)
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Fig. 4. Generation o f  th e  stranded elem ent w ith  circular cross section

a n d  fo r  a left-hand  e le m e n t accord ing  to  (3b), (2), (19b) and  (19c)

x(t, ip) =  (R  — R '  cos ip) cos cp — R '  s in  a  • sin  ip • sin (p,

y (t, y>) =  — (R  — R '  cos ip) sin cp — R '  s in  oc • sin  ip • cos cp, (27)

z(t,ip) =  v t — i ? '  cos a • sin'y.

I f  t =  const, th en  th e  s c a la r  functions x(t =  c o n s t, ip), y ( t  =  const, ip), z(t =
=  c o n s t, ip) determ ine a c irc le  a round  the  p o in t P (t)  o rdered  to  th e  tim e  t o f
t h e  c e n tro id  of th e  s t r a n d e d  e lem ent.

I f  ip =  const, th e  s c a la r  functions x(t, ip =  co n st.) , y (t, ip =  co n st.) , 
z(t, ip =  const.) d e te rm in e  p a ra m e te r  lines on th e  su rface  of th e  s tra n d e d  
e le m e n t ,  w hich cross th e  c irc le s  t =  const. T h e  c irc les  a n d  th e  p a ra m e te r  lines 
fo rm  th e  netw ork of th e  s u r fa c e  o f the s tra n d e d  e le m e n t of d iam eter d.
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T he arc e lem en t o f  th e  p a ra m e te r  lines гр =  const, is

d S r  =  |Ç(t, гр — const.I dt (28)

w here  th e  co m p o n en ts  a rr iv e  from  th e  d iffe re n tia tio n  of th e  co m p o n en ts  (26) 
an d  (27) w ith  re sp e c t to  th e  tim e  t

It,(t, гр =  c o n s t .)|2 =  а>2(R  — R '  cos гр)2 - f  w2R '2 sin2 a • sin2 >̂ -f-

+  a>2 R 2 ta n 2 a. (29)

T h e  ra tio  of th e  a rc  e lem en ts  o f th e  s tra n d e d  e lem en t dSip an d  of th e  c e n tro id  
d S  is there fo re  fro m  (28) and  (7)

I d S y 2 |Ç(f, гр =  c o n s t .)|2

U S ’) “  |r(OI2
IR '  12 R'2

1 ---------cos«) cos2 a  -I-------- sin2 a  • cos2 a  • sin  2 гр 4- sin2 a  (30)
R  I R 2 v

i.e . th e  ra tio  dSip/dS  is n o t  in d ep en d en t o f th e  v a ria b le  гр.
T he volum e e le m e n t (slice) d V  =  A 0 ■ d S  o f cross section  A 0 — (nJ4)d2 

w hich  before s tra n d in g  w as a s tra ig h t cy lin d e r o f h e ig h t d S , defo rm s a f te r  
s tra n d in g  in to  th e  sh a p e  accord ing  to  F ig . 5. T h e  v a ria tio n  o f th e  arc le n g th  
of th e  surface p a ra m e te r  lines of th e  d efo rm ed  vo lu m e e lem ent w ith  re sp e c t 
to  th e  arc leng th  o f  th e  c en tro id  is in th e  sense o f  (30), (22) an d  (23):

гр =  0 :

(d S 12 J? '  R ' 2
---- 5=1 = 1  — 2 -----cos2 a  - j - ------ cos2 a  =  (1 -  g R ')2 +  c*R'2 <  1, (31a)

d S  J R  R 2 6 ’ ’

V) =  — n;
2

dS I \2 7?'2
■— -= ” 2 = 1 4 -------- sin2 a  • cos2 a  =  1 -f- c*R'2 >  1;

dS  R 2

гр =  л :

2
d S

1 +  2 —  cos2 a  +  —  cos2 a  =  (1 +  g R ')2 +  c2R '2 >  1, 
R  R 2

3
w =  — n:

2

(— =  1 + ^ s i n 2 « • cos2 a  =  1 +  <?R'2 >  1. 
{ d S  ) R 2

(31b)

(31c)

(31d)
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I n  th e  sense of F ig . 5 a n d  E q s  (31a) — (31d) th e  tw is tin g  a ro u n d  th e  cen tro id  
o f  th e  slice d V  =  A 0 • d S  tw is ts  an d  also b en d s  th e  slice d V  =  A 0 • d S .  T h e re ­
fo re , in  each  p o sition  o f  y> th e  increase  o f le n g th  o f th e  surface p a ra m e te r  lines

Fig. 5. D eform ation o f  the stranded elem ent w ith  circular cross section
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occur caused  b y  th e  tw is tin g , in to  w h ich  is  superposed  a m ax im u m  sh o r te n ­
in g  in  th e  positio n  xp =  0, in  th e  p o sitio n  xp =  n a  m ax im um  s tre tc h in g  due 
to  th e  ben d in g . T h e  tw is tin g  o f th e  cross sec tio n  o f th e  elem ent o f f in ite  d im en ­
sions is in d ic a te d  b y  th e  angle in c lu d ed  b y  th e  d irec tions of th e  ta n g e n t  v ec to rs  
%{t, xp =  const.) o f th e  p a ra m e te r  line xp =  co n st, an d  th e  c e n tro id  r(t) be ing  
d iffe re n t from  zero.

T h e  d irec tio n  cosine o f th e  tw o  ta n g e n t  v ec to rs

cos (£, r  ) = (32)

R '
R

cos^ a  • cos xp

R '

1 Ï
cos xp

R '2
cos2 a  -4- —— sin2 a  • cos2 a • sin2 xp +  sin2 a

R 2

is in  th e  positions xp —  тг/2 an d  xp =  З я /2  w h ere  th e  tw isting  ap p e a rs  free  from  
th e  d im ensional changes caused  b y  th e  b e n d in g

cos Ф == cos (Ç, r) =  —

1 + R '2
R 2

y i  +  <?R'2
(33)

In  th e  sense o f F ig . 5 th e  angle Ф can  also  be expressed  in  th e  fo rm

R '  .
ta n  CP = ----- sin  a  • cos a  =  cR

R
(34)

in d ie  a tin g  th e  p u re  tw isting  o f th e  f in ite  e lem en t a round  its  c e n tro id  d S .
T he place requirement of th e  c irc u la r  s tra n d e d  elem ent o f d ia m e te r  d  is 

re p re se n te d  in  th e  reference system  X Y Z  b y  i ts  section w ith  th e  p lan es X Y ,  
Y Z , X Z .

T he shape o f th e  p lane section  X Y  is so u g h t for in  th e  p la n e  X T  of 
co o rd in a te  z  =  const. I t  is su itab le  to  choose th e  p lane X Y  d e fin ed  b y  th e  
c o o rd in a te  z =  0. T he in v estig a tio n s a re  lim ite d  to  th e  section  o f  a r ig h t-h a n d  
e lem en t.

So if  z =  0, m ak in g  use of th e  c o m p o n en ts  of th e  v ec to r Ç(i, xp) accord ing  
to  (26)

z(t, xp) — vt -f- R '  cos a  • sin  xp =  0, (35a)
w here from

vt œR • sin a
— sin xp - ---------------=  —---------------

R '  cos a  R '  cos2 a
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F ig . 6. Section of the stranded elem ent of circular cross section  w ith the plane X Y

z

F ig . 7. Section of the stranded elem ent o f circular cross section  w ith the plane X Z
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1 —
cp2R? sin2 x
R '

(35c)cos V» =  ±  f l  — sin2y> =  ±

S u b s titu tin g  E q . (35b) a n d  (35c) in to  E q . (26) o f th e  o th e r tw o coo rd inates

x ( t ,y )  =  \R  ± R '2  _ sin2 x  
cos4 a

and

y & v )  =  \R  ± R '2 — cp2R
sin*1 a 
cos4 a

cos <p — cpR ta n 2 a  • sin  cp (36a) 

s in  cp +  (pR ta n  2x  ■ cos cp (36b)

is o b ta in ed . E x am in in g  th e m  as functions of th e  v a riab le  it  can  be seen th a t  
th e y  give tw o  p a irs  o f  va lu es  each, as long as th e  difference u n d e r th e  ro o t 
sign does n o t becom e zero.

B u t if
s in  x  , R '  cos2 a

R ' =  cpR th a t  is, i f  cp =  cp*
R

(37)

th e n  (36a) an d  (36b) p ro v id e  one p a ir o f va lu es  belong ing  to g e th e r, th e re fo re  
th e  eq u a tio n s can  h a v e  re a l so lu tions in  th e  ra n g e  — <P* <■ +<P*-

C alculating  th e  p a irs  x(t, cp) and  y ( t , cp) be lo n g in g  to g e th e r fo r d iffe ren t 
angles X — const, th e  sh ap es  o f Fig. 6 can  be c o n s tru c te d . T he shape o f each  
p lane  sec tion  Х У  is fo r  ev e ry  p a ra m e te r  0 x  <C л  2 a degenerated ellipse, 
a n d  if  oc =  jr/2 i t  is  a circle o f rad iu s  R ’, th e  cross section  o f th e  e lem ent of 
d ia m e te r  d  =  21?'.

B y  a sim ilar m e th o d  can  be p roduced , choosing  x(t, cp) =  0 or y ( t, cp) =  0 
th e  p lane  sections Y Z  o r X Z ,  respective ly  o f  th e  f in ite  e lem en t. F ig . 7 show s 
th e  shape of th e  p lan e  sec tio n  X Z  for g iven  p a ra m e te rs .

T he eq u a tio n s  d escrib in g  th e  shapes — a n d  th e  eq u a tio n s describ ing  th e  
con fig u ra tio n s — o f th e  p lane  sections a re  e x p la in e d  b y  F ig . 8 . T he  p lane  
sec tion  X Y  be long ing  to  th e  coo rd ina te  z —  co n st, touches or in te rsec ts  a 
m u ltitu d e  of circles R ’ in sc rib ed  in th e  n o rm a l p lan e  on th e  arc  len g th  betw een  
th e  po in ts  and  P 2 o f  th e  cen tro id  o rdered  to  th e  tim es tx an d  i2. T hus, th e  
m u ltitu d e  o f th e  in te rse c te d  circum ference p o in ts  form s th e  se t o f po in ts  o f 
th e  closed curve  lim itin g  th e  p lane section .

F o r an  e lem en t tw is te d  in  th e  r ig h t-h a n d  d irec tio n  th e  d irec tio n  cosines 
o f  th e  angles b e tw een  th e  d irec tion  t  n o rm a l to  th e  p lane o f th e  cross section
A 0 — (tt/4)d2 an d  th e  d irec tio n s к n o rm al to  th e  p lan e  Х У , i n o rm a l to  Y Z
a n d  j n o rm al to  X Z  a re , considering  E q . (18a)

cos (t, k) =  tk =  sin  X (38a)

cos (t, i) =  ti =  —cos X  • s in  cp (38b)

cos (t, j) =  tj =  cos X  • cos cp. (38c)
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F ig . 8 . Interpretation of the plane sections o f the stranded elem ent w ith  circular cross section

T h e re fo re , i f  A ^ ,  A yz an d  A xz a re  th e  a reas  o f th e  p lan e  sections in  th e  p lanes 
X Y ,  Y Z  — w here cp =  jt/2  — a n d  X Z  — w here  cp =  0 — so w ith  th e  p ro je c ­
t io n s  d e f in e d  in  Fig. 9 th e  ra tio s

sin a  =  t i .e _ Л ху ___ . ^ ° -  ? (39)
A xy sin  a

a n d

cos a  =  0 , i.e . A yz =  A xz - ---- —  (40)
A yz A xz ' *" " cos a

a re  o b ta in e d  for th e  ra tio s  o f  th e  a reas  o f th e  cross section  o f th e  e lem en t 
a n d  t h e  p lan e  sections.

C a rry in g  ou t th e  s u b s t i tu t io n  R ' =  d/2 in  th e  sca la r E q . x (t , ip), y { t, ip) 
a n d  z ( t, ip), (26) and  (27), i t  c a n  b e  seen th a t  th e  difference R  — d/2 • cos ip 
as a  fu n c t io n  of ip varies b e tw e e n  th e  low er lim it R  — d/2 an d  th e  u p p e r  lim it 
R  +  d /2 . T h e  difference o f th e  tw o  e x tre m u m  values is th e  d ia m e te r  d  Qf  th e

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



GEOMETRY OF STRANDED CONSTRUCTIONS 153

Fig. 9. Projection of the cross section A 0 o f the stranded elem ent

s tr a n d e d  e lem ent. T herefo re , i f  R  >  d 2, th e  d im ension

D  =  2R  -  d  >  0 (41a)

c a n  be  in tro d u c e d  w hich is th e  d ia m e te r  o f th a t  core on to  w hich  th e  e lem ent 
d  >■ 0 is s tra n d e d  on. B y  reg ro u p in g  (41a)

R  =  D  +  d  (w here R '  =  d/2) (41b)
2

a n d  w here  th e  rad iu s  R  can  be d ire c tly  m easu red  as th e  a r ith m e tic a l m ean 
o f  th e  d im ensions D  a n d  d.

C arry ing  o u t th e  su b s ti tu tio n

-. . D  d  ,
К  — R  cos y) = ------1------(1 — cos ip)
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i t  is o b v ious th a t  th e  s c a la r  eq u a tio n s c o n ta in , b esid es  th e  v ariab les  t an d  ip 
also th e  x , d and  D  fa c to rs  as pa ram ete rs , th u s  th e y  a re  c o n stan ts . B u t th e  
ch o sen  values of th e  c o n s ta n ts  m ay  have d iffe re n t v a lu es . T he p itc h  angle x  
can  h a v e  d ifferen t v a lu es  in  th e  range  0 <Ç x  <[ jt/2 . T h e  dim ensions a re  defined  
in  th e  ranges D  0 a n d  d  0.

A nalyzing  th e  m a n y s id e d  app lications o f  th e  v e c to r  E q . Ç(t, ip), le t us 
c o n s id e r  th e  case x  =  0. T h e  sca la r com ponen ts (26) pass in to  th e  form

x (t, ip) =  (R  — R '  cos ip) cos <p,
y ( t ,  ip) =  (R  — R '  cos ip) sin  cp, (42)
z(t, ip) =  R '  sin ip,

w h ich  are  iden tica l w ith  th e  sca la r com ponen ts o f  th e  v ec to r e q u a tio n  o f th e  
c e n tra l ly  placed tore in  th e  re ference  system  X Y Z .  C arry ing  o u t th e  s u b s ti tu ­
tio n s  (41b) in  th e  E q . (42) i t  also becom es c lear t h a t  fo r D  >  0 th e y  pass in to  
th e  e q u a tio n s  of th e  a n n u la r  to re , for D O in to  th o se  of th e  coreless to re . 
F in a lly  fo r R  =  0 E q . (42) define  spherical c o o rd in a te s .

4. T he g eo m etry  of the double tw isted  helix

C h ap te r  3 has sh o w n  t h a t  b y  th e  v ec to r r(i)  co m m an d ed  b y  th e  v e c to r  
<p(ip) — w hich la t te r  is in d e p e n d e n t of th e  tim e  t — th e  surface p o in ts  o f  th e  
e le m e n t tw isted  w ith  th e  p i tc h  angle x  can  b e  d e te rm in ed . T his e lem en t can  
be co nsidered  as th e  s u p p o r tin g  surface o f  th e  d o u b le  tw is ted  helix  — th e  
D T H  space  curve.

O bviously , in a sm u c h  as sim ilarly  to  th e  v a r ia b le  cp =  cot d e te rm in in g  th e  
v e c to r  r(t) th e  v a riab le  ip d ire c tin g  th e  v ec to r  <p(ip) is m ade a v a riab le  of th e  
sa m e  tim e  t:

w =  m 't =  2 л -----=  2 n v 't,7 rp/ (43)

jso th e  re su lting  v ec to r

w) =  Ш  =  r (0  +  p W
=  x(t)  • i +  y (t)  • j  +  z(t) • к (44)

p o in ts  o u t only a d e te rm in e d  sequence of p o in ts  on th e  su p p o rtin g  surface 
a n d  t h a t  a m u ltitu d e  o f  th e s e  po in ts  form s th e  D T H  space curve.

C h ap te r 2 has show n t h a t  w ith  th e  v e c to r  r(t) can  be g en era ted  a rig h t- 
h a n d  o r a le ft-h an d  h e lix  acco rd in g  to  th e  chosen  sign  of th e  v a riab le  <p. E q . 
(43) m ak es th e  v a riab le  ip also  a function  of th e  t im e  t, th ere fo re  d irec tin g  o f 
ip also  becom es n ecessary . So le t  th e re  be in  th e  n o rm a l p lane in  questio n  th e  
m o v e  o f  ip positive i f  coun te rc lockw ise, an d  o f  n e g a tiv e  sign if  clockw ise.
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D epending  on th e  choice o f  th e  signs o f th e  an g u la r d isp lacem en ts  99 an d  
гр th e  follow ing ty p e s  o f D T H  space curves can  be g en era ted :

+ 95, 4-if: r ig h t  h a n d  — rig h t h a n d  th re a d  D T H  space cu rv e  

-\-cp, —гр: r ig h t h a n d  — le ft h a n d  th re a d  D T H  space cu rv e  

—99, -\-гр: le f t h a n d  — r ig h t h a n d  th re a d  D T H  space cu rv e  

—99, —гр: le f t h a n d  — le ft h a n d  th re a d  D T H  space cu rv e

As for th e  r ig h t h a n d  — r ig h t h a n d  and  th e  le f t h an d  — le f t h a n d  D T H  
space  curves b o th  a n g u la r  d isp lacem en ts h av e  th e  sam e d irec tio n , th e  curves 
w ill be nam ed  su m m a ry  D T H  space curves o f equal thread sense, as o p posed  to  
th e  rig h t- le ft h an d  an d  le f t- r ig h t h an d  curves w hich  will be ca lled  opposing  
thread direction  D T H  space  curves.

T he co o rd in a tes  o f th e  co m p o n en t r(t) o f th e  v ec to r  Ç(t) o f (44) a re  d e te r ­
m ined  for a r ig h t-h a n d  an d  a le f t-h an d  th re a d  b y  (2), (3a) an d  (2), (3b), re s­
p ec tive ly , w hile th e  co o rd in a tes  o f th e  u n it  v ec to rs  t, n , b d eriv ed  fro m  th e  
v ec to r  r(t) a re  d e te rm in ed  b y  E q s (18) an d  (19). U sing these , th e  e q u a tio n  of 
th e  com ponen ts cp(t) o f th e  v ec to r  l*(i) are in th e  case of -\-гр

p(t) =  R '  cos гр • n -(- R '  s in  гр • b,

=  R '  cos (co't) ; n -f- R '  sin  (o / t ) • b, (45)

a n d  in  th e  case o f  —гр

p(t) =  R '  cos (—гр) • n  R '  sin  ( —гр) • b,

=  R ' cos (co't) • n  — R '  sin  (co't) • b. (46)

T h u s estab lish in g  th e  e q u a tio n s  o f th e  v ec to r  com ponen ts o f th e  re su ltin g  
v ec to r Ç(t) o f (44), th e  sca la r eq u a tio n s  o f th e  co o rd in a tes  x(t), y ( t) , z(t) o f th e  
fou r D T H  space cu rv es  are
in  th e  case o f a r ig h t h a n d  — rig h t h a n d  th re a d

x(t) — (R  — R '  cos гр) cos <p R '  sin  a • sin  гр ■ sin  99,

y ( t)  =  (R  — R '  cos гр) sin  99 — R '  sin  a  • sin  ip • cos 99, 

z(t) =  vt 4~ R '  cos a  • sin  гр; (47)

in  th e  case o f a r ig h t — le f t th re a d

x(t) =  (R  — R '  cos гр) cos 99 — R '  sin  a • sin  гр • sin  99,

y ( t)  =  (R  — R '  cos гр) sin  99 4- R '  s in  a  • sin  г/г • cos 99,

z(t) — vt — R '  cos a  • sini/j; (48)
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in  th e  case of a le f t- r ig h t th r e a d

x(t) =  (R  — R '  cos tp) cos <p — R '  sin  a  • s in  ip • sin  cp,

y (t)  =  — (R  — R '  cos ip) sin cp — R '  s in  a  • sin  ip • cos cp,

z(t) — vt — R '  cos oc • sin  ip; (49)

in  t h e  case of a le f t- le f t th r e a d

x(t) — (R  — R '  cos ip) cos <p R '  s in  a  • sin  ip • sin  cp

y(t)  =  — (R  — R '  cos ip) sings +  R '  s in  a  • sin  ip • cos cp

z(t) =  vt +  R '  cos a  • sin ip (50)

w h ic h  because of (1) a n d  (43) are  functions o f th e  tim e  t defined  in  th e  ran g e
0 t <C[ o o ,

T h e  derivatives w ith  re sp e c t to  th e  tim e  t o f  th e  sca la r eq u a tio n s  (47) — 
(50) fo rm  th e  sca lar c o m p o n e n ts  of th e  Ç(t) v e lo c ity , ^(t) acce le ra tio n , . . . 
v e c to r s  o f the  D T H  sp a c e  cu rv es.

T h e  size of th e  v e lo c i ty  v ec to r  Ç(i) for th e  D T H  cu rve  o f ag reeing  th re a d  
d ire c tio n s  is

[£(i)P =  +  со2{R  -  R '  cos ip f  +

I (со2 sin2 a  • sin2gs -f- 2coco' • sin  a  -f- co'2) R '2, (51)

a n d  fo r  th e  D T H  cu rv es  o f  opposing th re a d  d irec tio n s  is

|^(t)|2 =  г;2 -f- œ2( R  — R '  cos ip)2 +

+  (со2 s in 2 a  • sin2 ip — 2coco' • sin  oc +  co'2)R '2, (52)

t h a t  is th e  m agn itudes o f  t h e  velocity  v ec to rs  a re  th e  sam e for th e  r ig h t- r ig h t 
a n d  le f t- le f t th re a d  as w e ll as fo r th e  r ig h t- le f t a n d  th e  le f t-r ig h t D T H  space 
c u rv e s . These id e n titie s  d e c la re  th e  co rrespondence  o f th e  re flec tio n s o f th e  
h e lice s  tw isted  in  th e  r ig h t- le f t  an d  in  th e  le f t- r ig h t, as w ell as o f th o se  tw is te d  
in  t h e  r ig h t-rig h t an d  in  t h e  le f t- le f t d irec tions, fo r  o therw ise  id en tica l tw is tin g  
p a ra m e te rs .

I n  th e  sam e w ay  th e  m agn itudes o f th e  acce lera tion  v ec to rs  Ç(i) o f  
th e  D T H  space cu rves a re  id en tica l b y  p a irs : fo r D T H  curves o f agreeing  
th r e a d  directions

| | ( t )|2 =  [(со2 s in  a  +  2coco' +  со'2 sin  a) -f- со'4 cos2 % ]R'2 sin2 ip -|-

-}- [co2R  — (со2 +  2coco' sin a  -f- co'2) R '  cos ip]2, (53)
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a n d  fo r th e  D T H  cu rv es  o f opposing th re a d  d irec tio n s it  is

IIW I2 =  [(<n2 sin  a  — 2cow' +  u>'2 s in  a) +  со'4 cos2 a] R '2 sin2 ip -\-

+  [co2R  — (со2 — 2coco' sin a  -f- w '2) R '  cos ip]2. (54)

B ecause o f th e  s y m m e try  id en titie s  i t  is su ff ic ie n t to  lim it th e  fu r th e r  in v e s t i­
ga tio n s to  th e  r ig h t- r ig h t  space curve acc o rd in g  to  Fig. 10 an d  to  th e  r ig h t-  
le f t space cu rve  o f  F ig . 11.

O n th e  D T H  sp ace  curves th e  m obile p o in t  d u rin g  th e  tim e  dt co v ers  an  
arc  e lem en t o f  le n g th

d S ' =  \Í{t)\dt (55)

In  th e  sense o f (7), (8) an d  (14) belongs to  th e  a rc  elem ent a ce n tro id  le n g th

d S  =  |r(t)| dt =  dt. (56)
cos a
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Fig. 11. Generation o f  the r ight-hand/left-hand DTH  spatial curve

T h e  r a t io  o f th e  arc e lem en t le n g th s  (55) a n d  (56) is th u s  for space cu rv es  w ith  
a g r re in g  th re a d  d irec tions, considering  (51)

id,S' 2 „  R '
d S

=  sin2 a + 1 --------COS w
‘ R  1

cos2 a +

CO
sin2 a  • sin2 y> -j- 2 ----- sin  a  +

CO

CO

R'2
Д 2

cos^ a,

fo r  sp a c e  curves of opp o site  th re a d  d irec tio n  th is  ra tio  is

d S '

dS
— sin 2 a +  11 -------  cos W

1 R
co CO

sin2 a • sin2 y> — 2 -----sin  a  -|------ —

cos2 a -j-

'2 ft'2

R2
- cos2 a.

(57)

(58)
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T hese  E q . show  th a t  th e  arc len g th  S '  v a rie s  as a period ical fu n c tio n  o f  th e  
tim e  t a long  th e  arc  len g th  S.

T h e  v e lo c ity  v ec to r  £(t) o rdered  to  th e  chosen p o in t o f th e  D T H  space 
cu rv e  in c ludes w ith  th e  ta n g e n t v e c to r  r(t)  belonging to  th e  co rresp o n d in g  
p o in t o f  th e  c en tro id  an  angle ß '  d e te rm in e d  b y  th e  d irec tion  cosine

cos ( t  r) |( 0 .  • £(*_)

È (o i • m \
cos ß '. (59)

T he ang le  ß ' can  be considered as th e  s tra n d in g  angle of th e  D T H  sp ace  curv e 
w ith  re sp ec t to  th e  cen tro id  S ,  in  a n a lo g y  to  th e  ra tio  cos ß  =  z /S  =  sin a 
e x is tin g  be tw een  th e  arc  len g th  S of th e  sim ple helix  and  th e  ax is o f  coo rd i­
n a te s  z. T he  co m p lem en ta ry  angle a '  o f  th e  angle ß ' defined in  th is  w a y  can 
th e re fo re  he considered  as th e  p itc h  an g le  o f th e  D T H  space cu rv e .

H  ence b e tw een  th e  angles a '  a n d  ß '  ex is t th e  connection

a '  +  /?, =  T ’ (60)

or else cos ß '  =  sin a '  s im ilarly  to  (11) a n d  (12).
C arry in g  o u t th e  scalar m u ltip lic a tio n  p rescribed  in  (59), fo r D T H  space 

cu rv es  o f  agreeing  th re a d  d irec tions th e  p eriod ica l tim e fu n c tio n  o f  th e  p itch  
angle tx' ta k e s  th e  form

cos ß ' —  sin  a '  = (61)

! R ' 21 ---------cos** a  • cos w
R

l
л R '1 ---------cos

R
V cos2 a  -(-

со
sin2 a  • sin2 y> -)- 2 —  sin a -j-------

a r

R '2

~R2

an d  fo r  D T H  curves o f opposing th re a d  d irec tio n s i t  becom es

cos ß '  =  sin  a '  =  (62)

1
JT

R
cos*1 a  • cos rp

V sin2 a  +
R to

ft)'2] R '2

CD2 )1 Д2

C om p arin g  th e  cosine (32) of th e  angle in c lu d ed  by  th e  p a ra m e te r  lin es  y> =  
=  c o n s t, o f  th e  su rface  su p p o rtin g  th e  D T H  space curves an d  i ts  cen tro id s  
(32) w ith  th e  d irec tio n  cosines (61) a n d  (62) i t  can  be seen th a t  th e  la t te r
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d iffe r  fro m  (32) b y  th e  fac to rs
..,'2  

Ci

or

со* , _ со' . \ R '2
-+- 2 —  sin  a  I ------cos“ a2 r t  — ,

CO*

=  I------- 1- sin  a
CO

2 R '2

H 2

CO

- cos2 «

R 2
R '2

R 2
const.

CO

CO

C2 —

sin  a

w '2
■ — 2

CO
sin a

со*
2 R '2 

R 2

CO

R '2

R 2
cos“ a  =

R '

R 2
sin2 a  • cos2 a =  const.

(63)

(64)

re sp e c tiv e ly . In  th e  sam e w ay  th e  arc le n g th  ra t io s  accord ing  to  (30) a n d  to  
(57) a n d  (58) differ from  each  o th e r by  th e  c o n s ta n ts  (63) and  (64) in d e p e n d e n t 
o f  th e  t im e  t.

W h en  exp la in in g  th e  p erio d ic ity  o f th e  r a t io  dSipjdS  accord ing  to  (30) 
i t  h a s  b een  show n th a t  i t  is p ro v o k ed  b y  th e  d e fo rm a tio n  a t  th e  tw is tin g  o f th e  
slice  d V  — A n • d S  — th e  tw is tin g  and  th e  sh o rte n in g  in  th e  p ro x im ity  o f 
th e  co re  w hen ip =  0 an d  th e  elongation  in  th e  o p p o site  position  ip =  n . T h e  
d e fo rm a tio n  of th e  su p p o rtin g  surface e n tra in s  o f  necessity  th e  v a r ia tio n  o f  
th e  a rc  len g th  S ’ a n d  of th e  p itc h  angle a ' ,  o f D T H  space curves in scrib ed  on  
th e  su rface  d epend ing  on th e  tim e  t, i.e.

— th e  double  tw is te d  he lix  tw isted  tw ice  in  agreeing d irections su ffe rs 
an  additional tw isting  w hich increases th e  arc  len g th  S ',

— th e  double tw is te d  he lix  w ith  opposing  th r e a d  d irections is s u b m itte d  
to  a p a rtia l un tw istin g  w hich sh o rte n s  th e  arc len g th  S ',

— in th e  p o sitions ip =  0 in  th e  v ic in ity  o f  th e  core th e  p itch  angle « ' 
o f th e  D T H  sp ace  cu rve  is red u ced ,

— in  th e  opposite  p o s itio n  tp =  n th e  p i tc h  angle of th e  D T H  sp ace  
curve increases to  i ts  m ax im um .

T h e  above is i l lu s tra te d  b y  Figs 12 a n d  13.
I f  in  th e  sca la r E q s  (47) — (50) fo r th e  c o o rd in a te s  of th e  v ec to r  Ç(t) 

d e te rm in in g  th e  D T H  space  curves

R  J ZR ' cos ip
a n d  (65)

со' со sin  a ,

th e n  n eg lec ting  th e  sm all fa c to rs , to  th e  arc  S '  o f  th e  D T H  space cu rv e  c a n  
b e  o rd e re d  such v e lo c ity  v e c to rs  £(i) th e  m o d u l o f  w hich  is fo r all fo u r ty p e s  
o f  th e  cu rv e

|^(t)[2 =  V2 T - co2R 2 +  co'2R '2 —  co n st. (66)

a n d  is th u s  in d e p e n d e n t o f  th e  tim e  t.
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sSSL
dS

Fig. 12. V ariation  o f the arc length  S '  o f  th e  D TH  spatial curves

0 IT 21Г 31Г 4T

R-2R', CJ-Ü372 , oi-70°

Fig. 13. V ariation  o f the pitch angle a '  o f  the DTH  spatial curves

I f  (66) is fu lfilled  th e n  E q. (55) fo r  th e  a rc  leng th  of th e  D T H  space  
cu rv es is easily  in te g ra te d  because

S ' iSWlĵ dt =  f t f t 2 +  çAR2 +  i f  R '2 (67)

In  th is  case also th e  d evelopm en ts sk e tc h e d  in  Figs 14a—14d sh o u ld  be 
fu lfilled  an d  in s te a d  o f  (57), (58)

d S '
d S T

V2 +  u>2R 2 +  œ '2R'~ 
V2 +  co2R 2

œ '2R '2
o)2R 2

cos2 a  - co n st. ( 68)
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Fig.  14.  Approxim ate calculation o f the arc length S'  o f  the D TH  spatial curves, a)  r ig h t-h a n d / 
right-hand; b)  right-hand/left-hand; c)  left-hand/right-hand; d)  left-hand/left-hand

c o u ld  c h a rac te rize  th e  r a t io  o f  arc  len g th s . I n  th e  sense of Fig. 14 th e  re c ip ro c a  
o f  (68) is equal to  th e  co sin e  o f ß ' — or acco rd in g  to  (60) to  th e  sine o f  a.' — 
th e  p i tc h  angle of th e  D T H  cu rves shou ld  th e re fo re  be

d S
cos ß '  =  sin  а.' пин------== c o n st. (69)

d S '

i f  (65) is com plied w ith .
I t  is ju s t  th e  o b v io u sly  im possib le c h a ra c te r  of (69) th a t  in d ic a te s  th a t  

th e  fu lf ilm e n t of th e  c o n d itio n s  (65) c a n n o t be an tic ip a ted , th e re fo re  th e  
D T H  sp ace  curves c a n n o t b e  g en era ted  b y  u n tx v is tin g  from  its  core, as a  f ir s t-  
s te p  th e  surface of ra d iu s  R '  su p p o rtin g  th e  D T H  curve and  th e n  as a second
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s te p  th e  D T H  curves th em se lv es  w ould  be u n tw is ted . This d o u b le  develop­
m e n t in to  a p lane w ould  m ak e  th e  d e fo rm atio n s o f th e  s u p p o r tin g  surface 
d isa p p e a r , th e  o p era tio n  is th e re fo re  n o t p e rm itted .

W ith  th e  d irec tion  к of th e  Z  ax is of th e  X Y Z  re fe rence  sy s te m  th e  
ta n g e n t v e c to r  Ej(t) o rdered  to  th e  p o in t in  question  of th e  D T H  sp ace  curves 
in c ludes an  angle defined  b y  th e  d irec tio n  cosine

cos (k, Ç(f)) =  к. (70)
v ’ \ m  ;

C arry in g  o u t th e  sca la r m u ltip lic a tio n  p rescribed  in  (70) fo r a D T H  space 
cu rv e  w ith  agreeing th re a d  d irec tio n s

(k, Î)
, co'R ' 2sin  a  4- — —  cos* a • cos w 

coR

(71)

i R '1 -------- cosy)
R

cos2 a  -f- sin2 a  • sin2^  -j- 2 —  sin a -)-------
CO

R '2
R 2

a n d  fo r D T H  space cu rves w ith  oppo site  th re a d  d irections

C O S  (k, %) =  (72)
(o 'R '

sin  x  — —-----cos* a  • cos w
u>R

I . , , R ' 2 / со'2 R '2 ,
/ sin* X -j- 1 ------------------ C O S  W

R
cos2 a sin2 a  • sin2 гр — 2  —  sin a

CO
----- cos^a
R 2

T h e  p e rio d ica l v a ria tio n s  o f th e  angles defined  b y  th e  d irec tio n  cosines (71) 
a n d  (72) as fu n c tio n s o f  y> — co't a re  il lu s tra te d  b y  Fig. 15.

A m o n g st th e  possib le  so lu tions of th e  d irection  cosines (71) an d  (72) 
co rre sp o n d in g  to  F igs 10 an d  11 th e  follow ing cases are c h a ra c te r is tic :
— for D T H  space cu rves w ith  agree ing th re a d  d irections

a t  ip =  0 cos (k, Ej) =  1, i f  a>R — R'(co — со' sin  a),
a• р п ц "  re

a t  \p =  n  cos (k, 4) = 0, i f  w R  — —;------co'R'; (73)
sin  a

— for D T H  curves w ith  oppo site  th re a d  d irections

•  р п ц 2  / у

a t  y> =  0 cos (k, Ç) =  0, i f  a>R =  —^ — (o 'R '
sin  a

a t  y> =  n  cos (k, £) =  1, i f  coR — R ’(co' sin a  — со). (74;

I f  th e  D T H  space cu rv e  is th e  cen tro id  o f  an  e lem en ta ry  s t r a n d  o f  a regu lar 
cab le  m ad e  from  elem ents of co m p o site  s tru c tu re  and  th e  cross se c tio n  o f th e
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arccos (к, Ç) radian

Д F ig .  15. Direction change o f  th e  tangent of the D T H  around the axis o f  coordinates Z

e le m e n ta ry  s tran d  is A 0, th e n  in  th e  sense o f (39) th e  a rea  of th e  p lan e  cross 
se c tio n  X Y  is A J cos (k , ?)• B ecause of th e  p e rio d ic a l dependence on tim e  
o f  th e  d irec tion  cosines (71) a n d  (72) th is  ra t io  v a r ie s  betw een  a m in im um  
a n d  a  m ax im um , th e  a re a  o f  th e  plane sec tion  is th e re fo re

— in  th e  su rro u n d in g s  o f  th e  location  ip =  0 close to  th e  core: 
m inim um  ( ~ A n), fo r  th e  agreeing th r e a d  d irec tio n s, 
m axim um  (!$>A0), fo r  th e  opposite th r e a d  d irec tio n s;

•— in  th e  su rro u n d in g s  o f th e  location  ip =  n:
m axim um  (^ >A0) fo r  th e  agreeing th r e a d  d irec tio n s, 
m inim um  ( ~ A 0) fo r  th e  opposite th re a d  d irec tio n s 

in  th e  case of a double tw is te d  elem ent.
T h u s , because o f  th e  p ecu lia r space re q u ire m e n ts  of th e  e lem en ta ry  

s t r a n d s  o f fin ite  d im en sio n s th e re  are c h a ra c te r is tic  d ifferences b e tw een  th e  
X Y  p la n e  sections of re g u la r  s tra n d e d  c o n s tru c tio n s  co n ta in in g  double  tw is te d  
e le m e n ta ry  s tran d s, tw is te d  tw ice  in  agreeing o r in  opposing  d irec tions. T his 
d iffe ren ce  is shown — fo r th e  sake of c la rity  in  a so m ew h at d is to rte d  fo rm  — 
in  F ig . 16. O bviously, th e  d ifferences d eriv in g  fro m  th e  s tru c tu ra l sy stem  
s tru c tu re s  tw ice tw is te d  in  ag reeing  or in  o p p o site  d irec tion , ap p e a r as w ell 
in  th e  cross section as in  th e  rc s id tin g  c h a ra c te r is tic s  o f th e  cables d e te rm in in g  
th e  sp ec ia l fields of a p p lic a tio n  of th e  tw o ty p e s  o f  s tru c tu re s .

A ccording to  th e  d e f in it io n  E qs (20) a n d  (21) in  th e  im m ed ia te  v ic in ity  
o f  th e  chosen point P (x , y ,  z)

|g (* )xg (Q |

m \ 3
f(<p, w) (75)

d e te rm in e s  th e  g eo m etrica l c u rv a tu re  and

c,=jwjjw • m
т х ш

d e te rm in e s  th e  g eo m etrica l to rs io n .

f(<P> w) ( 76)
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Fig. 16. Plane sections o f  a stranded bunch, a)  right-hand/right-hand; b)  right-hand/left-hand

T h e v e c to r  p ro d u c t from  (75) a n d  (76) is ca lcu la ted  b y

m  X  £(f)l =  Y ( j  • S —  z  • ÿ ) 2 +  { z  • X —  X • z ) 2 +  ( x  ■ ÿ  —  ÿ  • x f  (77) 

th e  m ixed  p ro d u c t o f (76) is c a lcu la ted  b y

i ( t )  • m  ■ m  =  m

=  ( j  • z  —  z  • y )  • X +  ( i  • X —  X • Ï )  • y  +  ( i  • ÿ  — ÿ  • x )  '  'z

using  th e  d e riv a tiv e s  o f  th e  co o rd in a tes  (47) — (50) of th e  D T H  sp ace  curve.
B ecause of th e  co m p lica te  fo rm  o f th e  tim e  functions o f t h e  sca la r  com ­

p o n en ts  — an d  espec ia lly  o f i ts  d e riv a tiv e s  w ith  respect to  th e  tim e  t —
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o f  t h e  v e c to r  Ç(t) th e  c u r v a tu r e  an d  th e  to rs io n  o f  th e  D T H  space cu rves is 
n o t  c a lc u la te d  (e.g. in  a g e n e ra l  fo rm  sim ilar to  (22) a n d  (23)). B u t se p a ra te ly  
e v e ry  s c a la r  function  x  =  x ( t) ,  =  'z ( t) fo r (77) a n d  (78) can be ca lcu la ted

t_____ ,______ I______ I____ f  ______ ,______ h ф
О 1Г 21Г 31Г 4.1Г

R = 2R ’, w = w'/2, oi -70°

Fig. 17/a. Variation o f  th e  geom etrical curvature g ’ o f  th e  D TH  spatial curves

c'R b)

Fig. 17Jb. Variation o f  th e  geom etrical torsion c' o f  th e  D TH  spatial curves

fo r  g iv e n  p aram eters , in  p o sse ss io n  of th is th e  o p e ra tio n s  prescribed  b y  (77) 
a n d  (78) can  he carried  o u t  a n d  th e  tim e fu n c tio n s  g '  accord ing  to  (75) an d  
c ' a c c o rd in g  to  (76) can b e  c a lc u la te d . By th is  m e th o d  th e  cu rv a tu res  g ’ an d  
to rs io n s  c ' belonging to  g iv e n  p o in ts  of the  D T H  sp a c e  curves have been  c a l­
c u la te d  — m ore ex ac tly  th e  p ro d u c ts  g 'R  an d  c 'R  — a t  th e  ch a rac te ris tic  
p o s it io n s  ip =  0, ip - -  Tt/2, ip n  and  ip =  Зтг/2. T h e  functions g'(cp, ip) an d  
c'(cp,ip) a re  presen ted  in  F ig . 17, w here the  c u rv a tu re  g  =  const an d  th e  to r ­
sion  c =  con st of th e  c e n tro id  o f  th e  surface s u p p o r tin g  th e  D T H  space cu rves, 
a re  a lso  show n w hich th e re fo re  a re  stra igh ts in d e p e n d e n t of th e  tim e  t.
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A ccording to  F ig . 17 th e  v a r ia tio n  as a fu n c tio n  of xp o f th e  g eom etrica l 
c u rv a tu re  g ' an d  th e  g eo m etrica l to rs io n  c ’ o f th e  D T H  space c u rv e s  w ith  an 
ag reeing  th re a d  d irec tio n  being  m ore u n ifo rm , h u t  its  m ean  ta k e n  for the  
perio d  0 <[ xp 2 я  is o f h ig h er v a lu e  th a n  th e  co rrespond ing  ch a ra c te ris tic s  
o f th e  D T H  space cu rves o f oppo site  th re a d  d irections. T h e  o b v io u s cause of 
th e  phenom enon  is th e  a d d itio n a l tw is tin g  caused  b y  th e  do u b le  tw is tin g  in 
th e  agreeing  th re a d  d irec tions.

B u t conspicious a re  th e  va lu es  o f  c ' fo r xp =  0, xp =  2 л , xp =  Зтг, . . . 
o f th e  D T H  cu rves w ith  opposite  th re a d  d irec tions show ing t h a t  in  th e  loca­
tio n s  n e a r th e  core th e  tw is tin g  of th e  arc  section  belonging  to  th e  arc  S ' 
is p a r tic u la r ly  large .

H ence, w hile th e  v e lo c ity  an d  acce le ra tio n  vecto rs, th e  p i tc h  angle , the  
geom etrica l c u rv a tu re  an d  th e  g eom etrica l to rs io n  of th e  sim ple h e lix  are  con­
s ta n ts  in d ep en d en t o f th e  tim e  i, th e  sam e ch arac te ris tic s  o f th e  D T H  space 
curves are  period ica l fu n c tio n s  o f tim e  w here  th e  “ c o n s ta n c y ”  a p p e a rs  only 
in  th e  reg u la r re p e titio n  o f th e  v a r ia tio n s  w ith in  th e  periods.

T he d ep en d en cy  o f  th e  v e c to r  Ç(t) o f t th e  D T H  space cu rv es  accord ing  
to  (44) is defined  in  th e  ran g e  0 <[ t <[ oo an d  i t  is also know n  t h a t  th e  p itch  
angle x  can  assum e a g iven  angle in  th e  range  0 x  л \2 .  A m o n g st th e  
lim it cases x  =  0 is o f special im p o rta n c e , m eritin g  a closer in v e s tig a tio n .

S u b s titu tin g  x  =  0 in  th e  sca la r E q s (4 7 )  — (50) of th e  c o o rd in a te s  of ^(t), 
th e  vec to rs

ÇW.-0 - (R R '  cos xp) • (cos <p • i + sin  cp ■ j) -f- R '  s in  xp ■ k, (79a)

( R - R '  cos xp) • (cos (p • i + sin  cp ■ j) — R '  s in  xp ■ k, (79b)

m « -o  = (R — R '  cos xp) • (cos cp • i — sin  (p ■ j) — R '  s in  xp ■ k, (79c)

m * - 0 = (R - R '  cos xp) • (cos cp • i - s i n  cp ■ j) -f- R '  s in  xp • к (79d)

can  be ca lcu la ted  fo r th e  p o in t m o v em en ts  in  rig h t-r ig h t, r ig h t- le f t ,  le ft-rig h t 
an d  le ft-le ft th re a d  d irec tio n s, resp ec tiv e ly .

F o rm erly  th e  E q . (79) an d  rem em b erin g  th e  E q . (42) o f th e  vecto r 
!•(*, xp) d e te rm in in g  th e  su rface  o f th e  to ru s , b u t  in  (79) th e  v a r ia b le  xp being 
a fu n c tio n  xp =  oo't o f th e  tim e  t, th e  E q . (79) rea lly  describe  fo u r  possible 
ty p e s  o f th e  helix inscribed on the surface o f  the tore.

B u t fo r a to re  su p p o rtin g  surface th e  an g u la r d isp lacem en t <p is lim ited  
to  th e  range  0 (p 2 л  an d  so th e  d e fin itio n  range of th e  t im e  t is re s tric ted  
b e tw een  th e  lim its  0 t T  fo r b o th  v a riab le s  <p =  cot an d  xp =  co’t. So th e  
defin itio n  ran g e  o f  th e  v a riab le  xp can  be 0 xp 2 л  ■ T jT '  a n d  th e  ra tio

ß  =
T  со' xp

T ' co <p
( 8 0 )
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c a n  b e  in tro d u ced  w h ich  sh o w s in  how m an y  tu r n s  th e  “ b e n t h e lix ”  su rro u n d s  
i t s  to ro id  su pporting  su rfa c e .

C arry ing  ou t th e  s u b s t i tu t io n  x  =  0 in  th e  E q s  (51) an d  (62) th e  ex p re s­
s io n

s in  x =

7 R '1 ---------cos ip
R co(R — R '  cos ip)

i R '1 -------- cos ip
R

2 œ '2R'2
œ2R 2

Y m2(R  — R '  cos ip)2 -j- (o'2R '2
(81а)

d e sc r ib e s  th e  th re a d  a n g le  o f  th e  helix  c o n s tru c te d  on  th e  to re  su rface . B y  
re g ro u p in g  th e  perio d ica l t im e  fu n c tio n  of th e  an g le  a '  can  be exp ressed  also 
in  t h e  fo rm

ta n  x '
CO l R 1 R\—----- cos t/d =  — — -  cosy)

\R '  J i“ R '
(81b)

th e  so lu tio n s  of w hich fo r  c h a ra c te r is tic  values o f  ip a re

a t  th e  p la c e  ip =  0: ta n  x ' =  — [— -----1

, . 1 , 1 R
a t  th e  p la c e  ip =  - л :  ta n  x — ------— ,

2 pi R '

a t  th e  p la c e  ip =  л  ta n  x ' — — í ^ ~  -j- 1 1 ,
H \R '

. . 3jt , 1 R
a t  th e  p la c e  ip =  —  : ta n  x  =  — — ,

2 p iR '

i .e .  t h e  v a lu e  of th e  an g le  x '  decreases to  a m in im u m  in  th e  v ic in ity  of th e  core  
a n d  in c rea se s  to  a m a x im u m  v a lu e  in  th e  o p p o site  positions. T he co n d itio n s 
a re  sh o w n  in Fig. 18. F ro m  F ig . 18 can be re a d  th e  a rc  len g th  of th e  p a ra m ­
e te r  lin e s  Smin =  2 л (R  — R ')  a n d  Smax =  2 л (R  +  R ’), resp ec tiv e ly , o f th e  
p a r a m e te r  lines on th e  to r e  su rface  w hich acco rd in g  to  (80) are  in te rse c te d  pi- 
t im e s  b y  th e  helix  in sc r ib e d  o n  th e  surface. T h e re fo re , th e  d istance  o f  tw o  
a d ja c e n t  in te rsec tion  p o in ts  a t  ip =  0 is

Knm =  =  2 я  R  R ' =  2тгR '  t a n  x'min ,
[X fi

a n d  a t  ip =  л  i t  is

L i  ^ m a x  __ о  -r R  R  '“ max — 2 л  — 2 л К  t a n  xmSűí.
Ц  p i

(82 a)

(82b)
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Fig. 18. B end in g  o f  a once stranded elem ent around a core o f diam eter D

T he a rc  len g th  o f  th e  p a ra m e te r  lines a t  y> =  ?t/2 an d  у  =  З л/2  is th e  sam e as 
th e  a rc  len g th  S  =  2 л R  o f th e  cen tro ids o f  th e  to ru s , so th ese  lines a re  in te r ­
sec ted  b y  th e  helices in scrib ed  on th e  su p p o r tin g  surface a t  th e  d is ta n c e s

h ' =  —  =  =  2 л R '  ta n  a '.  (82c)
ц  fi

I t  is n o te w o rth y  t h a t  th e  fo rm  o f th e  e q u a tio n s  (82) o f th e  arcs h ' is s im ila r 
to  th e  E q . (14) fo r  th e  len g th  o f lay  h =  2R  ta n  x  o f th e  sim ple  he lix . B u t 
w hile fo r th e  sim p le  h e lix  a  =  const, and  th u s  h  =  co n st., fo r th e  he lix  in sc rib ed
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on th e  su rface  of th e  to ru s  x  an d  th u s  h 1 a lso , be ing  period ica l fu n c tio n s  of 
th e  v a r ia b le  ip =  co't v a ry  b e tw een  an  u p p e r  a n d  a low er lim it.

T h u s , i t  is c lear t h a t  i f  on th e  su rface  o f th e  to ru s  an  e lem en t d  0 is 
w o u n d , because of th e  p lace  re q u ire m e n t o f th e  f in ite  e lem ent th e  n u m b e r  o f 
p o ss ib le  tu rn s  [x is lim ite d  o r, i f  from  th e  e lem en t o f f in ite  d im ensions a  cab le  
a c c o rd in g  to  Fig. 4 tw is te d  w ith  th e  p itc h  angle x ' is m ade , its  f le x ib ility  a ro u n d  
a co re  o f  d iam ete r D  0 in fluences th e  space  req u irem en t of th e  e lem en t, 
d e te rm in in g  th e  g eo m etrica lly  possib le m in im u m  core rad ius. T h erefo re , th e  
E q s  (79) p e rm it to  g eo m etrica lly  d e te rm in e  th e  flex ib ility  co n d itions o f  th e  
s im p le  s tra n d e d  co n s tru c tio n s .

5 . T h e  geom etrical co n d itions o f a  s tran d ed  lay e r constructed  from  n  >  1 
e lem en ts  of fin ite  d im ensions

K now ing  th e  space  re q u ire m e n ts  o f th e  e lem en t of f in ite  d ia m e te r  as 
d iscu ssed  in  C hap te r 3, le t  u s  in v e s tig a te  th e  g eo m etrica l cond itions fo r  s t r a n d ­
in g  n  1 e lem ents o f d ia m e te r  d  =  co n st u p o n  a core of d iam e te r  D  0. 
L e t u s  p rescribe  th a t  each  e lem en t s ta r ts  th e  s tra n d in g  a t th e  m o m en t t =  0 
a n d  le t  th e re  be for ev e ry  e lem en t o f th e  la y e r  v  =  const, со =  c o n s t an d  
« =  co n st.

T h e  helical cen tro id s  o f  th e  lay e r e lem en ts  are  s itu a te d  on th e  m a n tle  
o f  a  cy lin d e r w ith  ra d iu s  R ,  s ta r t in g  a t  th e  base  circle of c ircum ference  2 tiR  
o f  th e  cy lin d er from  n  p i tc h  p o in ts  (p o in ted  o u t a t  th e  tim e  t =  0). L e t th e  
p i tc h  p o in ts  be a rran g ed  sy m m etrica lly , hence

i =  — , (n =  1 , 2 , 3 , . . . )  (83)
n

u rc  sec tio n s  sep a ra ted  fro m  each  o ther.
T o  th e  arc sec tions i  o f  th e  base  circle be longs a cen tra l angle

i 2 n
x  =  —  =  — •

R  n

I t  is  su ffic ien t to  lim it th e  in v es tig a tio n s  to  th e  la y e r  s tra n d e d  in  r ig h t-h a n d  
d ire c tio n .

I n  accordance w ith  th e  co n d itio n s, th e  cen tro id s  w ith  indices n =  1, 2, 
3, . . . s t a r t  a t  th e  tim e  t =  0 from  th e  p itc h  p o in ts  w ith  co o rd ina tes

x x — R ,  x2 =  R  cos X ■ ■ • x n =  R  c o s  [(re —  l)z ] i

J i  =  0 y 2 =  R  sin  X • • • Уп =  R  sin  [(n -  l )z ] ,

% =  0, z2 =  0 . . .  z n =  0, (85)

[(84)
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a n d  a t  th e  tim e  t th e y  pass th ro u g h  th e  p o in ts  w ith  coord inates 

x lt =  R  cos <p, x2l =  R  cos (% +  cp) . . .  xnt =  R  cos [(n — 1)^ +  <p],

J i i  =  R sin  <P, y2t =  R sin (x +  <p) ■ ■ ■ yr.t =  R sin [(»» — l ) z  +  <p],

zu =  vt, z2t — vt . . .  znt =  vt (86)

In  th e  sense o f (25) to  th e  su rface  p o in ts  w ith  ind ices 1, 2, . . ., n a n d  d ia m e te r  
d =  co n st p o in t th e  v ec to rs

Çi =  r i  +  P, ç 2 =  r 2 +  p, • • • -  «•,. +  P (87)

for w hich  |p| =  d/2.
T h e c o n ta c t o f n e ig h b o u rin g  e lem en ts  is o b v io u sly  su b jec t to  g eo m e trica l 

co n d itio n s. In  consequence o f th e  c e n tra lly  sy m m e tric a l position  of th e  e lem en ts  
o f eq u a l d im ensions a n d ’ eq u a l p itch es  th e se  co n d itio n s can be so u g h t fo r in  
th e  g eo m etrica l co n d itio n s o f a n y  tw o  n e ig h b o u rin g  elem ents. I t  is su ita b le  to  
in v e s tig a te  th e  p o sitio n  of th e  e lem en ts w ith  ind ices 1 and  2.

In  th e  case o f p en e tra tio n -free  c o n ta c t o f th e  neighbouring  e lem en ts  
th e  locus o f th e ir  c o n ta c t p o in ts  is d e te rm in ed  b y  th a t  v ec to r fo r  w h ich  
Çp Ç2. I t  is also obv ious th a t  to  th e  com m on  surface p o in ts  in  c o n ta c t
w ith  tw o e lem en ts , tw o  rad iu s  v ec to rs  o f  o p p o site  d irections p o in t in  th e  
co rresp o n d in g  n o rm a l p lanes o f th e  e lem en ts  w ith  indices 1 an d  2, p(тр)1 an d

РМ г-
F in a lly  F ig u re  19 show s th a t  am o n g st th e  c o n ta c t po in ts o f n e ig h b o u rin g  

e lem en ts th e re  ex is ts  such  a s ta r tin g  p o in t P k th e  p lace being d e te rm in e d  b y  
th e  v e c to r  o f  m in im um  m ag n itu d e  Çp . T h ere  b e ing  |p| =  const., th e  size o f  th e  
v e c to r  \ p  — a t  th e  tim e  t — can  on ly  be  in flu en ced  by  th e  v e c to r  r  also 
d ep en d in g  on t.

T he co n d itio n  fo r p en e tra tio n -free  c o n ta c t o f th e  surfaces of n e ig h b o u rin g  
e lem en ts  can  th e re fo re  be s ta te d  b y  th e  in s tru c tio n

(Çp)mln =  (Çl)m ln =  (Ç2)min (8 8 )

=  ( r l)min +  P =  ( r 2)mln P

w hich  can  be com ple ted  b y  th e  in s tru c tio n

=  d  =  2p =  |n  -  r 2| =  2R '  (89)

re la tiv e  to  th e  m ag n itu d es.
In  (88) ( r 2)min is th e  p o sitio n  v e c to r  d e te rm in in g  th e  p itc h  p o in t P 2 

o f  th e  e lem en t w ith  in d ex  2 s itu a te d  on th e  circum ference  of th e  b a se  circle
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w ith  ra d iu s  R , w h ich  w ith  th e  co o rd in a tes  (85) can  be w ritte n  in  th e  fo rm

(r 2)min =  R  cos X  • i +  jR s in  X  • j  (90)

T o  th e  p o in t =  P (t* )  o rdered  to  th e  t im e  t o f  th e  elem ent w ith  in d ex  1 
p o in ts  th e  v ec to r

(r l)min =  R cos <p* • i +  R sin  (p • j  +  vt* • к  (91)

w ith  co o rd in a tes  a cco rd in g  to  (86).

F ig .  1 9 .  C onditions o f s tra n d in g  o f a  lay e r consisting  o f  n  1 e lem ents in  case o f  c o n ta c t
o f  th e  e lem en ts
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T here fo re , i f  in to  (88) ( r ^ j , ,  is s u b s ti tu te d  accord ing  to  (91), a n d  (r2)min 
acco rd in g  to  (90), a f te r  re a rra n g in g

" P  =  (r l)mln ( ^ m ln  =

=  R {cos cp* — cos x) • i +  Щ sin  <P* — si“  X) ' j  +  v t* ' к  (92a)

is  o b ta in ed .
T h e  v e c to r  2p can  also be d e fin ed  b y  ta k in g  in to  co n sid e ra tio n  i ts  d e fi­

n it io n  e q u a tio n  (24). In  th is  w ay  d e riv in g  th e  u n it  vecto rs n  a n d  b e.g . from  
th e  e q u a tio n  (91) of th e  v e c to r  (Г])т |П (cf. E q s (18b) an d  (18c):

2p  =  2 {R ' cos tp • n  -|- R '  sin  ip • b) =

=  —2R '  cos cp* • cos ip • i — 2R '  s in  cp* • cos ip ■ j  -f-

-f- 2R '  s in  a  • sin  <p* • sin  ip • i — 2R '  sin  a  • cos cp* • sin  ip • j  -f- 

2R '  cos a  • sin  ip • к  =

=  2 H '(s in  a  • sin  cp* • sin  ip — cos cp* ■ cos ip) • i —

— 2jR '(sin  « • cos cp* • s in  ip -f- s in  cp* • cos ip) ■ j  -(-

-(- 2R '  cos a  • sin  ip • k . (92b)

F ro m  th e  id e n t i ty  o f th e  v e c to r  E q s  (92a) an d  (92b) follows th e  id e n t i ty  of 
th e ir  co m p o n en ts

2?(cos cp* — cos x ) — 21?,(sin  a  • s in  cp* • sin  ip — cos <p* • cos ip),

-R(sin <p* — sin  x) =  —2J? '(sin  a  • cos cp* • sin  ip +  sin  cp* • cos ip),

vt* =  coRt* • t a n  a  =  cp*R t a n  a  =  2R '  cos a  • sin  ip. (93)

E x p ress in g  fro m  th e  f i r s t  tw o  e q u a tio n s  cos ip, th e  second sides c a n  be  m ade 
id e n tic a l a n d  sin ip can  be s u b s ti tu te d  accord ing  to  th e  th ird  e q u a tio n . I f  
th e re fo re  fro m  E qs (93) sin  tp an d  cos ip a re  e lim in a ted , th e  sim p le  expression

ta n 2 a
sin  (x  — cp*)

cp*
(94)

is o b ta in e d  w hich  because  o f (84) in d e e d  expresses th e  fu n c tio n a l re la tio n  
a  =  f ( n ,  cp) o f a  and  n, i f  th e  co n d itio n s  fo r c o n ta c t are fu lfilled .

F ro m  E q s (89) an d  (92a)

d2 =  |2p |2 =  Jî2(cos cp* — cos x)2 +  jR2(sin  cp* — sin  x)2 +  {vt*)2 — 

=  J?2[2 — 2 cos (x — <p*) +  cp*2 ta n 2 a] (95a)
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w h ic h  considering (41b) a n d  (94) can be g iven  th e  fo rm

D  ,  2
------h 1 =  - .......T—
d Y q>* sin (x — У*) — 2 cos (x  — (p*) +  2

(95b)

a n d  w hich because o f (84) ca n  be considered as a fu n c tio n a l re la tion  D jd  +  1 — 
=  f ( n ,  q>) betw een th e  d im en sio n s D  an d  d  a n d  th e  n u m b er of e lem en ts n, 
in  case  th e  cond itions o f  th e  co n tac t are fu lfilled .

E xam in ing  th e  r e la t io n s  (94) and  (95b) — fo r  g iven  values n  — as fu n c ­
t io n s  o f (p th e  fam ily  o f c u rv e s  F igure  20 can  be tr a c e d . To give a c learer p ic tu re  
o n ly  th e  curves n  =  1, . . . , 6 are shown. T h e  cu rv es  a  =  f ( n ,  cp) an d  D jd  -)- 1 =  
=  f ( n ,  cp) for n =  1 a n d  n  =  2 are conspicuous b ecau se  of th e ir  c h a rac te ris tic  
sh a p e s . L ater th e y  w ill h e  ex am in ed  in d e ta il.

F o r given v alues n  a n d  a , cp* can be c a lc u la te d  from  (94). K now ing  
<p* to  th e  given v a lu es  o f  n  an d  oc using (95b) th e  d im ension ra tio  (D jd) — 1
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can  be o rdered . T h e  o p era tio n s  can  be  ca rried  o u t on a co m p u te r . T ab le  1 
p resen ts  from  th e  re su lts  o f  th e se  ca lcu la tio n s th e  d im ension  ra tio s  (D /d) +  1 
o rdered  to  th e  p i th  angles v a ry in g  b y  5° in  th e  range  0 a  <[ л:/2 an d  ordered  
to  th e  n u m b e r o f  e lem en ts  n =  1, . . . , 10. F ro m  th e  ta b le  i t  is possib le to  
s ta te  e.g. th a t  from  a n u m b e r n  o f e lem ents o f d iam e te r  d  w ith  w h a t — m in i­
m um  — p itc h  angle a  i t  is possib le to  s tra n d  a layer.

T he tw o  eq u a tio n s  (94) an d  (95b) rep re sen t th e  re la tio n s  be tw een  five 
p a ra m e te rs  — i.e. D , d, a , n  an d  cp* — th e re fo re  from  th e  p o in t o f v iew  of 
g eom etrica l d e te rm in a tio n  th e  s tra n d e d  co n s tru c tio n  has th re e  degrees of 
freedom . T h e  re la tiv e ly  large  n u m b e r o f degrees o f freedom  p e rm its  t h a t  con­
d itions are  la id  dow n, on th e  one h a n d , in  th e  in te re s t  o f an  easier p ro d u c tio n  
o f th e  co n stru c tio n , on th e  o th e r h a n d , in  th e  in te re s t  o f re su ltin g  physica l 
co n d itio n s w hich can  be ju d g e d  m ore ad v an tag eo u s  (e.g. th a t  for ev e ry  e lem ent 
o f  th e  cab le  d =  const) fo r co n d itions to  be s tip u la te d .

A pp ly ing  E q s  (94) an d  (95b) to  th e  case n  =  1 i t  becom es possib le to  
s tu d y  th e  c o n ta c t co n d itio n s o f an  e lem ent o f d iam e te r  d  >  0 tw is te d  on a 
core D  0 — e.g. th e  e lem en t o f a he lical sp ring . O ur e q u a tio n s  ta k e  on

Table 1

Values o f  d/(d  -f- 1), coordinated to the given angle o f  pitch and to the elements o f  number n.

n

1 2 3 4 5 6 7 8 9 10

5.0 0.000 1.000 10.956 14.609 18.261 21.913 26.565 29.218 32.870 36.522

1 0 .0 0.000 1.000 5.499 7.330 9.165 10.998 12.831 14.664 16.498 18.331

15.0 0.000 1.000 3.690 4.920 6.147 7.378 8.608 9.838 11.068 12.298
2 0 . 0 0.000 1.000 2.793 3.723 4.654 5.582 6.514 7.445 8.376 9.307
25.0 0.000 1.000 2.262 3.015 3.767 4.520 5.271 6.025 6.778 7.532

30.0 0.000 1.000 1.916 2.551 3.187 3.823 4.459 5.093 5.730 6.367
35.0 0.000 1.000 1.677 2.229 2.782 3.335 3.889 4.442 4.997 5.552

40.0 0.000 1.000 1.508 1.996 2.488 2.981 3.475 3.967 4.462 4.957
45.0 0.000 1.000 1.389 1.826 2.270 2.717 3.165 3.613 4.064 4.513
50.0 0.000 1.000 1.306 1.701 2.108 2.517 2.929 3.344 3.757 4.170

55.0 0.000 1.000 1.251 1.610 1.985 2.366 2.750 3.134 3.520 3.906
60.0 0.000 1.000 1.215 1.544 1.894 2.251 2.611 2.974 3.337 3.702
65.0 0.000 1.000 1.191 1.497 1.826 2.164 2.506 2.851 3.197 3.545

70.0 0.000 1.000 1.176 1.463 1.777 2 . 1 0 0 2.428 2.759 3.092 3.424

75.0 0.000 1.000 1.166 1.440 1.742 2.054 2.371 2.692 3.015 3.339
80.0 0.000 1.000 1.159 1.425 1.718 2.023 2.334 2.648 2.964 3.281
85.0 0.000 1.000 1.156 1.417 1.706 2.006 2.312 2.622 2.934 3.247
90.0 0.000 1.000 1.155 1.414 1.701 2 . 0 0 0 2.305 2.613 2.924 3.236
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th e  fo rm s

a n d

ta n 2 ос =
sin  (2 л  — cp) 

<P

sin  <p
•)

<p

D  M -  , . 2
d  У —cp • sin (p — 2 • cos cp

a n d  th e i r  com bination  re s u lts  in

(96)

(97)

d 2 =
D  +  d  2

2
[cp2 ta n 2 a  +  2(1 cos 93)] =  R 2 cp2 ta n 2 a. 4> sin2 (98)

T h is  l a t t e r  was f irs t d e d u ced  b y  R . H a r a s z t i  [24] fo r describ ing  th e  co m p res­
sed  s ta te  of th e  cy lin d ric a l sp rin g . I t  is obv ious t h a t  fro m  (94) an d  (95b) 
b a s e d  on  m ore general p rin c ip le s  th e  se lf-co n tac t o f th e  th re a d s  o f th e  e lem ent 
n  =  1 can  be deduced  d ire c tly . T he cond itions ch a ra c te riz e d  b y  E q . (98) are  
sh o w n  on  Fig. 21.

Fig. 21. S elf-con tact o f a stranded elem ent o f circular cross section

In  th e  case n =  2 fro m  (94) is o b ta in ed

t a n 2 a
-in  (я  — q9) s in  cp

<P
a n d  fro m  (95b) is got 

D
+  1 =

d Yy> sin  cp -f- 2 cos <p 2

(99)

( 100)

A c c o rd in g  to  Fig. 20 fo r n =  2 th e  curves becom e x  =  f ( n , cp) an d  th e  cu rves 
(D /d )  -j- 1 =  f ( n ,  cp) m ee t a t  th e  p lace cp =  0, hence  th e re  ta n 2 a  =  (D /d) +  1 ==
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=  1. B u t th e n  x  =  je/4 an d  D  =  0, th e  tw o  e lem en ts o f e q u a l d im ensions 
are  tw is te d  u p o n  each  o th e r  w ith  th e  p itc h  angle  x  =  jt/4 secu rin g  th e  m ost 
close c o n ta c t of th e ir  th re a d s . T h is re su lt can  b e  checked  e x p e rim e n ta lly  as well.

E x p erien ce  also show s th a t  th e  p e n e tra tio n -fre e  c o n ta c t o f  th e  tw o  
e lem ents is secured  in  ev e ry  case w here  th e  th re a d  angle o f th e  tw is tin g  is 
chosen  from  th e  ran g e  n j4 <[ a  я /2 . T h e  in v e s tig a te d  case show s t h a t  o bv i­
ously  (94) an d  (95b) a lw ays o rd er th e  ra tio  (D /d) +  1 to  th e  m in im u m  v a lu e  
a  accord ing  to  th e  re q u ire m e n ts  of p e n e tra tio n -fre e  c o n ta c t (88).

T h is s ta te m e n ts  is also su p p o rte d  b y  th e  ex am in a tio n  o f ev e ry  lim it 
case n  ]>  3 show ing th a t  th e  expression

d  j/992 ta n 2 a  2[1 — cos(% — 93)] Yq? ta n 2 a  -)- 4 sin2 (% — cp)/2
( 101)

o b ta in e d  b y  com bin ing  E q s (94) an d  (94b) fo r x  — tz/2 (w hen q> =  0) becom es 
id en tica l w ith  th e  re la tio n  deduced  b y  sim ple considera tions b a sed  on F ig . 22.

Fig. 22.  Contact o f  the elem ents o f a bunch w ith  parallel elem ents
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F ig u re  22 shows th e  c ross section  of a b u n d le  o f th re e  p a ra lle l e lem en ts 
in  c o n ta c t  w ith  an e q u a l d ia m e te r . I t  can  be seen th a t  be tw een  th e  circles 
in  a  m u tu a l  co n tac t a co re  o f  d iam e te r  D  0 can  be p laced .

In  th e  re c tan g u la r  t r ia n g le  O A E  th is  fig u re

A E
ŐA

s i n *
2

d  , . D
---------- , th a t  is —
D  — d d

1

sin  (x /2)
( 102)

I t  c a n  b e  seen th a t  s u b s t i tu t in g  x  =  jt/2 and  (p =  0 in to  E q . (101) o therw ise 
o b ta in e d  passes in to  th e  fo rm  (102).

I f  th e  d iam eter D  o f  th e  core f i t te d  b e tw een  th e  elem ents p laced  in  
p a ra l le l  w ith  each o th e r  is  in c reased , th e  c o n ta c t b e tw een  th e m  ceases. B u t 
i t  is  possib le  to  s tra n d  th e  e lem en ts  on th e  core  w ith  a p itch  angle x  <C тг/2 
w h e n c e  th e  co n tac t b e tw e e n  th e  th re a d s  is re e s tab lish ed . F u r th e r  in creasin g  
th e  d ia m e te r  D  of th e  co re  th e  n  3 e lem ents o f th e  lay e r can  be s tra n d e d  
u p o n  th e  core w ith  e v e r-d ec rea s in g  p itch  angle, in  case of a th re a d  c o n ta c t. 
T h e  co lu m n  for n^>  3 n u m b e r  o f e lem ents of T ab le  I  show s n u m erica lly  th a t  
in  t h e  case of decreasing  a n g le  x  th e  ra tio  D j(d  +  1) increases.

6. T h e  m echanics of s tran d in g

F ig u re  4 shows in  th e  re fe rence  system  X Y Z  th e  e lem en t o f d ia m e te r  d 
w i th  th e  p itch  angle x  tw is te d  on th e  core of d ia m e te r  D . In  th e  sense o f th e  
f ig u re  th e  po in t in q u e s tio n  o f  th e  cen tro id  of th e  s tra n d e d  e lem ent is d en o ted  
b y  th e  position  v ec to r r ( t) . A s h as  been show n in  C h a p te r  2, th e  v e c to r  tr ip le t  
t ,  n ,  b  can  be ordered to  th e  p o in t in  question , so t h a t  th e  cross sec tion  A 0 o f 
t h e  e le m e n t lies in  th e  p la n e  de te rm in ed  b y  th e  v ec to rs  n  an d  b , w hile th e  
v e c to r  t  is norm al to  th e  p la n e  o f  th e  cross sec tio n  A 0.

I t  is fu rth erm o re  k n o w n  from  C hap ter 2 t h a t  th e  accelera tion  v ec to r 
r ( t)  o b ta in e d  by d e r iv a tin g  r (t) tw ice w ith  re sp ec t to  tim e , th e  v e c to r  p o in ts  
in  t h e  d irec tion  of th e  n o rm a l u n it  v ec to r n.

T h e  d irections o f fo rc e  a n d  of acce lera tion  p ro v o k ed  b y  i t  a re  in  th e  
se n se  o f  N ew ton’s 2nd a x io m  id en tica l, th e re fo re , th e  v e c to r  forcing th e  s t r a n d ­
in g  o f  th e  elem ent can  be  d e f in e d  in  th e  form

P =  P n . (103a)

T h e  fo rce  P  can also be e x p re sse d  b y  co o rd in a tes  o f th e  X Y Z  sy stem , i f  in  
(103a) n  is su b s titu te d  a c c o rd in g  to  E qs (18b) o r (19b). T h en  fo r a r ig h t-h a n d e d  
e le m e n t

P  =  P (  — cos cp • i — sin  cp ■ j ) ,  (103b)
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fo r a le ft-h an d ed  e lem en t

P  =  P (  — cos (p • i sin  cp ■ j) . (103c)

T h e  p o in t P (x , y ,  z) o f  th e  cen tro id  o f th e  e lem en t, de term ined  b y  th e  position  
v e c to r  r(t) — on w h ich  th e  s tra n d in g  fo rce  P  ac ts  — is in  th e  sen se  o f  F ig . 4 
a t  a d is tan ce  R  fro m  th e  axis o f sy m m e try , th ere fo re  th e  force e x e r ts  a  to rq u e

M =  r(t)  X P . (104a)

S u b s titu tin g  in to  th e  v e c to r  p ro d u c t th e  v e c to rs  r(<) and  P  in  th e  case of a 
r ig h t-h a n d  e lem en t acco rd ing  to  (2), (3a) a n d  (103b)

M =  zP ( sin Cp • i — C O S  (f • j) , (104b)

fo r a  le ft-h an d ed  e lem en t accord ing  to  (2), (3b) and  (103c)

M =  zP{  — sin  (p • i — cos cp • j)  (104c)

th e  eq u a tio n  of th e  to rq u e  v ec to r can  b e  ex p ressed  by  th e  c o o rd in a te s  o f the  
sy s te m  X Y Z .

T h e e q u a tio n  o f  th e  to rq u e  v e c to r  ex p ressed  b y  th e  u n it  v e c to rs  t, n , b 
o rd e re d  to  th e  chosen  p o in t o f th e  c e n tro id  is for a r ig h t-h a n d e d  e lem ent

M =  z P (—cos a  • t t sin  a  • b), (104d)

a n d  fo r a le f t-h a n d e d  e lem ent

M =  zP(cos a • t - f -  sin  a  • b). (104e)

In  th e  sense of th e  v e c to r  eq u a tio n s (104d) an d  (104e) th e  c o m p o n e n t z P  cos a 
o f th e  to rq u e  M  =  z P  fo rces th e  e le m e n t to  tw is t a round  its  c e n tro id  — th e  
d irec tio n  t — th e re fo re  th e  co m p o n en t is  a torque.

T he co m p o n en t z P  sin a  bends th e  e lem en t around  its  b in o rm a l b on the  
co re , th e re fo re  i t  is a bending moment.

T h e tw is tin g  an d  th e  bend ing  m o m e n t th u s  deform s th e  s t r a ig h t  slice 
o f th e  e lem ent o f d S  c e n tro id  len g th  a n d  A 0 cross section — i.e . o f  volum e 
d V  =  A 0 ■ dS  — w ith o u t change o f th e  e le m e n ta ry  volum e to  tw is t  a n d  bend  
— to  s tra n d  — a ro u n d  th e  core as sh o w n  in  Fig. 5.

E q s  (23) an d  (34) g ive in fo rm a tio n  on th e  tw istin g  of th e  slice  o f  e lem en­
ta r y  vo lum e d V  =  A 0 • d S , and  on th e  sense of th e  tw isting . I f  th e  tw istin g  
an g le  Ф is sm all, th e n

R '
t a n 0  = -----sin  a  • cos a  =  c R ' Ф, (105)
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a n d  fo r  an  elastic d e fo rm a tio n  in  th e  sense o f  H o o k e ’s law  a shearing stress

r e =  GO =  Gcq (0 < , Q ^  R ')  (106)

a rises  in  th e  cross sec tio n  o f  th e  elem ent. T he p ro p o r tio n a lity  fac to r G o f E q . 
(106) is th e  m odulus o f  shear  ch arac teriz in g  th e  m a te r ia l.

A s a  func tion  o f  th e  r a d iu s  0 < / q <[ R '  th e  s tre s s  rg reaches a m a x im u m  
v a lu e  a t  th e  c ircum ference  o f  th e  cross sec tion  (w h e re  q =  R ') ,  w hile i ts  zero  
v a lu e  is  on th e  ce n tro id  (w h ere  q =  0).

U n d e r  th e  in flu en ce  o f  th e  deform ation  th e  a rc  len g th s  d S  o f th e  p a ra m ­
e te r  lin e s  ip =  const., fo rm in g  a  n e tw o rk  on th e  su rfa c e  o f  th e  slice d V  =  A 0 - d S  
tw is te d  a ro u n d  th e  ax is  a n d  b e n t s im u lta n e o u s ly , suffer a ch an g e  o f 
d im en s io n . The changes o f  dim ensions are d e te rm in e d  b y  th e  E q . (31) fo r 
th e  c h a ra c te r is tic  v a lu es  o f  ip. C onsidering E q . (31) th e  specific arc len g th  re d u c ­
t io n  p ro v o k ed  b y  th e  b e n d in g , a t  ip =  0 is

^«-o — 1 — 1/ d S r= « )
d S  1

- j2 -  (c R ' f  =  1 -  (1 -  g R ')  = gR '  =  * j-  cos2 a , (107a) 

a t  th e  p lace  ip =  л  th e  sp ec ific  arc  leng th  in c rea se  is

l V“ * ' If
dS

2 -  (c R ' f  -  1 =  (1 +  g R ')  -  1 =  g R ' =  —  cos2 a , (107b)
R

so th e  specific  va lues o f  th e  co n trac tio n  a t  tp —  0 a n d  o f th e  e lo n g a tio n  a t  
ip =  л  a re  equal.

T h e  defo rm ations (107) rise , if  elastic , in  t h e  sense of H ooke’s la w  a 
tensile  I compressive stress

=  E X V =  Egg  (0 <£ e <  Я ')  (108)

in  th e  cross section o f th e  e lem en t. The fa c to r  o f  p ro p o rtio n a lity  E  o f (108) 
is th e  m odulus o f  e la stic ity  ch a rac teriz in g  th e  q u a l i ty  o f  th e  m a te ria l, crr=0 
is th e  com pressive  a n d  av==n th e  tensile  stress.

T h e  ten sile /co m p ressiv e  stresses as fu n c tio n s  o f  th e  rad ius 0 p <  R '  
a re  ze ro  a t  th e  ce n tro id  (w h ere  q =  0), b u t  a ssu m e  m ax im um  va lu es  a t  th e  
o p p o s in g  p o in ts  ip =  0 a n d  ip =  n  (where q =  R ')  b u t  in  such  a w ay th a t  th e ir  
m e a n , ta k e n  in  re sp ec t o f  th e  cen tro id , is zero.

T h e  cross sec tion  A 0 o f  th e  s tran d ed  e le m e n t is in  th e  sense o f  (106) 
a n d  (108) loaded  w ith  s h e a r  an d  tensile /co m p ressiv e  stresses. On th e  su rface  
e le m e n t d A  of th e  chosen  c ross section, e lem en t d A  th e re fo re  acts as a  shear 
fo rce  r e • d A  and  a tensile/com pressive force av ■ d A .

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



GEOMETRY OF STRANDED CONSTRUCTIONS 181

T he in te rn a l forces r e • d A  and  ar • d A  e x e r t m om ents IpX ^g • d A \ and  
I q X ov • dA  I w hich  a re  fu n c tio n s  o f th e  ra d iu s  0 Q R '  on th e  d irec tions 
t, n , b o rdered  to  th e  c e n tre  o f th e  cross sec tio n  A 0.

T he v ec to r Tg • d A  o f  th e  sh ear force is n o rm a l to  th e  v e c to r  p in  th e  
p lan e  o f th e  cross sec tio n  A 0 s i tu a te d  in  th e  sam e p lan e  an d  d e te rm in e d  by  
E q . (24). T hus th e ir  v e c to r  p ro d u c t p o in ts  in  th e  d irec tion  t. I n  case o f th e  
equ ilib riu m  of th e  in n e r  a n d  o u te r forces an d  m o m en ts

z P  cos a  =  Г *  p X  т е • d A ' =  G c \A‘ Q2-d A  =  G c lp ( if  q =  R ')  (109)
Jo Jo

m u st be fu lfilled . In  (109)

ip = l„ + i6 = iLd* (no)

is th e  p o la r m om en t o f  second  o rd er of th e  c ircu la r cross section  A 0 =  (тг/4) • d2
(22) .

T he v ec to r o f th e  tensile /com pression  force a v • d A  is n o rm a l to  th e  
cross section  A 0 an d  th e re fo re  is also n o rm a l to  th e  v ec to r p o f (24) s itu a te d  
in  th e  p lane . T he d ire c tio n  o f  th e ir  v ec to r  p ro d u c t th ere fo re  p o in ts  in  th e  
d irec tio n  +  b. I f  th e  in te rn a l  an d  e x te rn a l forces an d  m om ents a re  in  eqilib- 
riu m  th e n

z P  sin a =  j Ip X  a v • d A  | =  Eg  j q2 • d A  =  E g ln (if q =  R ')  (111)
Jo Jo

m u st he fulfilled. In  (111)

In =  Ib =  ^-d* ( 112)
64

is th e  eq u a to ria l m o m en t o f second order ta k e n  fo r th e  d irec tions n  an d  b 
o f  th e  cross section  A 0 =  ( jt/4) • d2 (22).

H ence  by  th e  E q s  (109) an d  (111) th e  m o m en t M of (104) can  be  in te r ­
p re te d  as th e  re su lta n t o f  “ p u re  tw is tin g ”  an d  “ p u re  b en d in g ” . W ith  th e se  
co m p o n en ts  th e  m a g n itu d e  o f th e  m om ent is

|M| =  z P  =  V E 2g212 G2c2 12 =  cos2 « +  CPI2 sin2 a  (113)
R

w hich de te rm ines th a t  fo rce  o f  size P  w hich has fo rced  th e  cross sec tio n a l 
e lem en t to  tw is t ch a ra c te riz e d  b y  th e  m oduli E  an d  G an d  b y  th e  second o rd e r 
m o m en ts  I n an d  I p, u n d e r  th e  geom etrical co n d itio n s defined  b y  g, c an d  z.
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I n  th e  sense of E q . (113) th e  fu n c tio n a l co n n ec tio n  o f th e  s tra n d in g  force 
P  a n d  th e  p itc h  angle x  is d e f in e d  fo r th e  co m p le te  ran g e  0 <C[ x  jr/2.

I f  X =  0, (113) ta k e s  on th e  fo rm

|M| =  z P  =  Ж Ли. (114)
R

k n o w n  fro m  m echanics, d e te rm in in g  th e  b en d in g  m o m en t M  an d  th e  force 
r e q u ire m e n t P  to  b en d  to  th e  ra d iu s  R  of a ro d  o f  le n g th  z an d  o f th e  cross 
se c tio n  ch a rac te rized  b y  th e  second-order m o m en t I n.

I f  X =  тг/2, th e n  M  — P  =  0, show ing th a t  th e  bend ing  o f a s tra ig h t 
ro d  to  a  rad iu s  R  =  oo  does n o t  need  any  m ech an ica l stress.

I n  th e  in te rm ed ia te  p o sitio n s 0 <  x  jz/2 th e  co m ponen t ( E l J R )  cos2 a  
E q . (113), as a fu n c tio n  o f a ,  ra p id ly  drops fro m  th e  m ax im um  o rd ered  to  
«  =  0 to  th e  zero v a lu e  o rd e re d  to  x  =  тг/2, b u t  fo r  th e  sam e values of x  th e  
c o m p o n e n t (G I J R ) sin  x  • cos x  is equal to  zero , w hich  as a fu n c tio n  o f x  
p a sse s  th ro u g h  a m ax im u m  fo r th e  value «  =  re/4.

F ig u re  23 shows th e  v a r ia t io n  o f th e  s tra n d in g  force P  as a fu n c tio n  o f th e  
p i tc h  an g le  x  for a lu m in iu m  (A l), copper (Cu) a n d  s tee l (S t) w ires (d im ensions 
d  =  1 m m , z =  1 m , core R  =  1 m m ), c h a ra c te r iz e d  b y  th e ir  m od u li o f 
e la s t ic i ty  and  shear.

T h e  discussed b e h a v io u r  o f th e  co m p o n en ts  show s th a t  in  in fluenc ing  
th e  v a r ia tio n  of force P  th e  im p o rtan ce  o f  th e  co m p o n en ts  c h a ra c te ris tic a lly

P kg/m

Fig. 23.  Force requirement for the stranding of alum inium , copper and steel wires as funi lions
o f the pitch angle

A d a  Technica Academiae Scientiarum Hungaricae 91, 1980



GEOMETRY OF STRANDED CONSTRUCTIONS 183

d iffer below  an d  above a  =  я /4, nev erth e less , th e  m echanics o f s tra n d in g  of 
spring elements s tra n d e d  w ith  a p itch  angle x  <  я /4  an d  th a t  o f cable elements, 
possible to  ch a rac te rize  b y  a p itc h  angle x  ]> я /4, can  be  in te rp re te d  b y  s t a r t ­
ing  o u t from  th e  sam e basic  princip les.

T ak in g  in to  co n sid e ra tio n  E qs (110) a n d  (112) of th e  m om en ts o f  second 
o rd er an d  E q s  (106) an d  (108) o f th e  stresses , E q . (113) can  also be exp ressed  
in  th e  form

16

7t
1 9
t °V +4

(115)

if  <rv is s u b s ti tu te d  by  its  m ax im u m  v a lu e  fo r  q =  R '  an d  ip =  0 (or yi =  я ), 
Tg is s u b s ti tu te d  b y  its  m ax im a  fo r th e  p o sitio n s q =  R ’.

E q . (115) d raw s th e  a t te n tio n  to  th e  fa c t  t h a t  if  i t  is in ten d ed  to  c o n s tru c t 
a g iven s tra n d e d  co n s tru c tio n  from  w ires o f  increasin g  d iam e te r — w ith  
o therw ise  u n ch an g ed , no n u m b er of e lem en ts  p e r lay e r, p itch  angle , e tc . — 
th e n , d ep en d in g  on th e  m a te ria l c h a ra c te r  o f th e  w ires, above a c e r ta in  d iam ­
e te r  d so la rg e  s tresses av an d  тг arise on th e  su rface  of th e  w ires d u rin g  s t r a n d ­
in g  w hich  th e  su rface  is u n ab le  to  su p p o rt w ith o u t dam age.

E q s (113) an d  (115) are  also su itab le  fo r  in te rp re tin g  tw o  w ell-know n 
techno log ica l te s ts , p o in tin g  o u t a t  th e  sam e tim e  th e ir  ch a rac te ris tic  d ifference.

A ccord ing  to  th e  ru les fo r one te s t  th e  w ire  o f d iam e te r  d  m u st be w ound  
on  a core of th e  sam e d iam e te r  w ith  th e  w ind in g s in close co n tac t.

W ith  th e  o th e r  te s t ,  g ripp ing  th e  ends th e  w ire folded in tw o , th e  
b ran ch es m u s t be  tw is te d  up o n  each  o th e r  so th a t  th e  p itch  is g ra d u a lly  
red u ced  an d  ap p ro ach es th e  m in im um  v a lu e  x  =  я /4 .

D u rin g  th e  tw o  te s ts  th e  surface o f th e  w ires of d e te rm in ed  s tre n g th , 
m u s t n o t c rack .

W ith  th e  f ir s t  te s t  th e  p itc h  angle o f  th e  n =  1 e lem ents in  c o n ta c t is 
x  <  я /4  an d  th is  m eans th a t  in  th e  te s t  th e  b en d in g  s tress d o m ina tes.

W ith  th e  second  te s t  in  th e  case o f x  =  я /4  th e  tw is tin g  m o m en t is m a x i­
m um  a n d  is, in  genera l, o f th e  sam e, or a p p ro x im a te ly  th e  sam e size as th e  
b en d in g  m o m en t.

7. The in tr in s ic  energy accu m u la tin g  in  th e  s tran d ed  co nc truc tion

K now ing  th e  tw is tin g  m o m en t (109) an d  b en d in g  m om en t (111) req u ired  
fo r th e  s tra n d in g  o f th e  lay e r e lem ent of a re g u la r  s tra n d e d  c o n s tru c tio n , th e  
deform ation w ork L  o f th e  e lem en t in  q u es tio n  can  be d e te rm in ed , w h ich  in  
case o f e las tic  d e fo rm a tio n  can he considered  as be ing  eq u a l to  th e  in tr in sic  
energy U  a c c u m u la tin g  in  th e  s tra n d e d  e lem en t.
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R e p la c in g  th e  g eo m e trica l c u rv a tu re  g  o f  th e  E q . ( I l l )  o f th e  b en d in g  
m o m e n t b y  its  d e fin ition  E q . (20), th e  d iffe ren tia l q u o tien t

z P  sin  a  =  E I r
drj

I s

c a n  b e  ca lcu la ted , th e  in te g ra l  g iv ing th e  b e n d in g  angle

z P
r) =  ------S  s in  a.

E I n

(116)

(117)

A c c o rd in g  to  its  d efin itio n  (22) th e  w ork  L v o f th e  b en d in g  is, co n sid e rin g  (117)

1 1 Z2P 2
L  — — zPri s in  a = ---------- S  sin2 a  =  U  (118)

v 2 2 E I„  v

In  t h e  E q . (109) o f th e  tw is tin g  m om en t rep lac in g  th e  g eo m etrica l to rs io n  
c b y  i t s  E q . (21) an d  in te g ra t in g  th e  d iffe ren tia l q u o tie n t th u s  o b ta in e d , th e  
tw is t in g  angle

zP
= ------ S cos a  (119)

G I p

is d e te rm in e d . (23) show s t h a t  its  sign is p o s itiv e  fo r a rig h t-h a n d e d , n eg a tiv e  
fo r  a  le f t-h a n d e d  e lem en t.

I n  th e  sense of its  d e fin itio n  (22) th e  tw is tin g  w ork  L v is considering  (119)

1 1 »2 P 2
— z P ß  cos a  = --------- S  cos2 a  =  U v.
2 2 G In

( 120)

T h e re fo re , th e  d e te rm in a tio n  w ork  of th e  e lem en t o f arc le n g th  S  b u il t  in to  
th e  s t r a n d e d  co n stru c tio n  o f  le n g th  z is, u s in g  E q s (109), (111), (118) an d  
(119)

L  =  L v L q =  — (EIng2 -f- GIpc2) S  — Uv -f- Ut  =  U. (121)

A p p ly in g  (121) to  a c irc u la r  e lem en t, th e  m o m en ts  of second o rd e r can  be 
re p la c e  accord ing  to  (110) a n d  (112). M oreover, considering  th a t  th e  v o lu m e  o f 
th e  e le m e n t of arc  le n g th  S  a n d  d iam e te r d  is V  =  (l/4 )jrd 2 • S , th e n  on th e  
b a se  o f  (106) and  (108)

V

4
E g 2 . „  „ U 2 V I  o’,2

+  Ec2 V
2 E

l i .
G )

=  U ( 122)

c a n  b e  o b ta in e d  w hich c lea rly  show s th a t  L  is a v o lu m e tric  w ork , U  a v o lu m e tric  
in t r in s ic  energy.
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T h e  in te rn a l  energy  o f one single s tra n d e d  e lem ent of c irc u la r  cross sec" 
t io n  ac co rd in g  to  (122) is id en tica l w ith  th e  co n cep t of spring energy  kn o w n  
from  m echan ics.

U sing  (121) th e  in te rn a l energy  a c c u m u la tin g  in  th e  w hole o f  th e  e lem en ts  
b u i l t  in to  th e  chosen lay e r o f th e  s tra n d e d  co n stru c tio n  can be  d e te rm in e d , 
p ro v id in g  th a t  th e  s tra n d in g  stresses do n o t  exceed th e  lim its  o f  e la s tic ity  
c h a ra c te r iz in g  th e  m a te ria l q u a lity  of th e  e lem en ts.

So le t  us discuss th e  reg u la r  s tra n d e d  co n stru c tio n  com posed o f  N  la y e rs , 
th e  lay e rs  co n ta in in g  nv  . . . , nN n u m b e r o f  e lem en ts w ith  m oduli E x, . . . , E n , 
Gj , . . . , Gn  an d  w ith  p itch  angles a ls . . . , ccN fo r each  layer. To ea c h  e lem en t 
o f  th e  chosen  IV-th lay e r le t th e re  he a cross section  A 0N, th e re fo re , fo r  i ts  
seco n d  o rd e r m o m en ts  le t th e re  be I nN a n d  I pN.

T he d e fo rm atio n  w ork  o f th e  e lem en t n u m b ered  nN o f th e  iV -th la y e r  
an d  its  in te rn a l  energy  are in  th e  sense o f  (121)

n N ‘ L n  =  -  N N (E NI nNg% +  GNI pNc%) =  n N UN (123)
Zi

th e  d e fo rm a tio n  w ork  o f all lay ers  b u ilt  in to  th e  s tran d ed  c o n s tru c tio n  an d  
th e ir  in te rn a l energy  is

L s =  ~ 2  (E Nl',Ng2N +  GNI pNc%) =  U s (124)
2 l sin *jv

w here  th e  su m m atio n  m u st be ca rried  o u t fo r  each  lay er of th e  c o n s tru c tio n  
o f le n g th  z.

T h e in te rn a l e lastic  energy  acc u m u la ted  in  th e  layers of th e  c o n s tru c tio n  
le f t  to  itse lf, fo rces th e  lay ers  and  th e ir  e lem en ts  to  untw ist. O p p o sin g  th e  
d o u b le  c h a ra c te r  o f th e  s tra n d in g , th e  b e n d in g  an d  tw isting , th e  u n s tr a n d in g  
a lso  h as  a  doub le  c h a ra c te r : s im u ltan eo u sly  w ith  th e  u n tw is tin g  o f th e  lay e rs  
th e  u n tw is tin g  o f  th e ir  e lem ents m u st a lso  he  unh in d ered  d u rin g  th e  u n ­
tw is tin g  as well.

T h e  u n tw is tin g  of th e  lay ers  an d  e lem en ts  o f  th e  construc tion  is tr ig g e re d , 
f i r s t  o f  all, b y  th e  ceasing o f th e  e x te rn a l forces — th e  s tra n d in g  fo rces — 
e q u ilib ra tin g  th e  in te rn a l forces w ork ing  in  th e  elem ents, b u t th e  design  of 
th e  s tra n d e d  co n stru c tio n  can  also in flu en ce  th e  u n tw isting .

T h e  in te rn a l energy  p ro v o k in g  th e  re a l u n tw is tin g  of th e  e le m e n ts  le ft 
a lone , is obv io u sly  th e  sam e as th e  e lastic  en erg y  according to  (124) i f  ev e ry  
la y e r  o f th e  re g u la r  s tra n d e d  co n s tru c tio n  is tw is te d  in  th e  sam e sense.

B u t i f  th e  d irec tio n  of s tra n d in g  o f th e  consecu tive  layers o f th e  re g u la r  
s tra n d e d  c o n s tru c tio n  is a lte rn a tiv e ly  r ig h t- le f t- r ig h t . . .  or le f t- r ig h t- le f t . . ., 
th e n  th e  u n tw is tin g  o f a given lay e r in  a g iven  d irec tion , also th e  u n tw is t in g  
in  a g iven  d irec tio n  o f  its  e lem en ts can  be  b ra k e d  b y  th e  u n tw is tin g  in  th e  
o p p o site  d ire c tio n  o f th e  lay e r in  d irec t c o n ta c t w ith  th e  layer an d  its  e le m e n t s
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as w ell as th e  u n tw is tin g  in  opposite  d irec tio n  o f  th e  elem ents of th e  la y e r ; 
th e  u n tw is tin g  is p ro v o k e d , as i t  w ere, b y  an  in te rn a l  energy sm alle r th a n  
th e  c a lc u la te d  one.

A s a consequence o f a ll th ese  co n sid e ra tio n s th e  in te rn a l energy  a c c o rd ­
in g  to  (124) m u st be considered  as th e  whole in tern a l energy a c c u m u la tin g  in  
th e  s tr a n d e d  c o n s tru c tio n , (w hich by  th e  w ay  c a n  be of th e  sam e size in  
s tr a n d e d  co n s tru c tio n s  o f e q u a l m a te ria l, e q u a l d im ensions in d e p e n d e n tly  of 
th e  e q u a l or o p p o site  th r e a d  d irec tion  of th e  la y e rs ) . B u t th e  to ta l  in te rn a l  
en e rg y  o f  th e  s tra n d e d  c o n s tru c tio n  and  its  d yn a m ica lly  not equilibrated in terna l 
energy  a re  equal on ly  i f  th e  senses of s tra n d in g  o f  a ll layers of th e  c o n s tru c tio n  
are  e q u a l, o therw ise fo r  d e te rm in in g  th e  d y n a m ic a lly  n o t eq u ilib ra ted  in te rn a l  
en e rg y  one  m u s t co n sid e r th e  rea l d irec tio n  o f  u n tw is tin g  of th e  in d iv id u a l 
la y e rs .

C onsidering  th e  u n tw is tin g  o f a r ig h t-h a n d  la y e r  w ith  a  n eg a tiv e  sign , 
t h a t  o f  a le f t-h a n d  la y e r  w ith  a positive sign , in tro d u c in g  fu rth e rm o re  th e  
fa c to rs  . . . , fiN ch a ra c te riz in g  th e  m u tu a l f r ic tio n  of th e  layers a n d  th e i r  
e le m e n ts , th e  eq u a tio n  fo r th e  u n tw is tin g  o f th e  d y n am ica lly  u n e q u ilib ra te d  
in te rn a l  energy  o f th e  s tra n d e d  co n stru c tio n  le f t a lone is

A U S = -  Z- J ^ ( E lI nlg l  +  G J plcl) +
2 sin  a L

+  S-  ( E J n2g i  +  G J p2c 1) -  . . . (125)
2 sin  a 2

fo r r ig h t  h a n d  — le ft h a n d  — . . .  c o n s tru c tio n s .
T h e  sign o b ta in e d  fo r th e  re su ltin g  e n e rg y  A U S also d e te rm in es  th e  

d ire c tio n  o f th e  in i t ia l  ro ta t io n  o f th e  a b a n d o n e d  s tru c tu re . In  an  an a lo g  
w a y  th e  re la tio n  fo r  th e  energy  A Us  o f th e  s t ru c tu re  co n stru c ted  fro m  le ft-  
r ig h t  . . . th re a d  la y e rs  is o b ta in ed .

T h e  ca lcu la tio n  o f a ll in te rn a l energies a n d  o f  th e  dyn am ica lly  n o t e q u i­
l ib ra te d  ones, is o b v io u sly  o f g rea t im p o rta n c e , especia lly  i f  i t  is in te n d e d  to  
b u ild  th e  reg u la r  s tra n d e d  co n stru c tio n  fro m  e le m e n ts  of com posite s tru c tu re , 
a n d  i f  th e  “ F reed o m  from  ro ta t io n ” of th e  r e g u la r  constru c tio n  is a im ed  a t 
(w ith o u t using  p re -fo rm in g  w hich w ould c e r ta in ly  exceed th e  lim its  o f e la s t i ­
c i ty  o f  th e  e lem ents).

8. The lo n g itu d in a l stresses in  th e  s tra n d e d  construction

L e t  us consider an  e lem en t h av in g  d ia m e te r  d s tra n d e d  w ith  a  p itc h  
an g le , p laced  in  th e  X Y Z  reference sy s tem  acco rd in g  to  Fig. 4. T h e  ax is  of 
th e  — re a l o r im a g in a ry  — core coincides w ith  th e  axis of coo rd inates Z  a n d  
le t  D  be  th e  d ia m e te r  o f  th e  core.
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L e t us assum e t h a t  th e  end Z  — 0 o f  th e  e lem en t s itu a te d  in  th e  X Y  
p lane  is fix ed , th e  o p p o site  end  is load ed  b y  th e  force P ( =  P ( • к d irec ted  
accord ing  to  + k ,  b u t  th e  transm issio n  o f th e  force does n o t in flu en ce  th e  
d isp la c e m e n t o f th e  free  end.

A ccord ing  to  th e  a ssu m p tio n  to  lo ad  d ire c te d  according Lk  pu lls th e  
e lem en t, w hile th e  lo ad  in  d irection  — к com presses it.

T he aim  of th e  in v e s tig a tio n  is to  d e te rm in e  w hich  d e fo rm ation  th e  +  P ( 
load  d irec ted  acco rd ing  to  Z  forces upon  th e  s tra n d e d  e lem ent, th e  la y e r  fo rm ­
ed  b y  nN s tra n d e d  e lem en ts  an d  th e  s tru c tu re  fo rm ed  b y  N  layers.

On th e  base  o f  F ig . 1 an d  in  th e  sense o f  th e  E q s  (18), (19) o f th e  v e c to r  
tr ip le t  t, n , b w hich  can  be o rdered  to  th e  ch o sen  p o in t o f th e  c e n tro id  o f  th e  
s tra n d e d  e lem en t, th e  e q u a tio n  of th e  v e c to r  P ( can  also be ex p ressed  in
th e  co o rd in a tes  o f th e  sy s te m  of axes t, n, b: 
in  case of traction , fo r a r ig h t-h a n d  th re a d  e le m e n t:

P ( =  P , • к = | P ;(sin a  • t -f- cos * ' b); (126a)

fo r a le f t-h a n d  th re a d  e lem en t:

P , =  P t • к =  P ,(sin a  • t — cos a  • b); (126b)

in  case o f com pression , fo r  a r ig h t-h a n d  th re a d  e lem en t:

P ( =  P , ( —k) =  — P t • к - P t( —sin  a  • t — cos a • b); (127a)

fo r a le f t-h a n d  th re a d  e lem en t:

P, =  P t ■ ( —k) =  — P t ■ к =  P, • ( - s i n  a  • t +  cos a • b). (127b)

T he fo rce  +  P, a c tin g  a t  th e  p o in t P { x ,y ,  z ) o f th e  c e n tro id  s itu a te d  a t  d is ta n c e  
R  o f th e  ax is o f c o o rd in a te s , ex e rts  a t th e  p o in t in  q u estio n  a to rq u e  g iv en  b y  
th e  v ec to r  p ro d u c t

M, =  r ( l ) x P , .  (128)

T he v e c to r  p ro d u c t (128) is ca lcu la ted  by  ta k in g  in to  considera tion  th e  com ­
p o n en ts  (2) an d  (3) o f th e  v e c to r  r(t) and th e  E q s  (126) an d  (127) of th e  v e c to r  
P,. T h e  eq u a tio n s  o f th e  to rq u e  v ec to r M, a re  th e re fo re  
fo r traction  an d  a r ig h t-h a n d  th re a d  e lem ent:

M, =  R P t(sin  (p ■ i — cos cp • j)  =

=  R P ,( — cos a • t -)- s in  a  • b); (129a)

fo r a  le f t-h a n d  th re a d  e lem en t:

=  R P t( — sin  cp • i — cos cp • j)  =

=  R P ,( cos a  • t -j- s in  a  • b); (129b)
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fo r  com pression  and  a r ig h t-h a n d  th re a d  e lem en t:

=  R P t ( —sin  (p • i -f- cos q> ' j) =

=  R P t(cos a  • t — sin  a • b); (130a)

fo r  a  le f t-h a n d  th re a d  e le m e n t:

Mí =  R P t(sin  99 • i  -f- cos 99 - j) =

=  R p Á — cos a • t — sin  a  • b). (130b)

C o m p a rin g  th e  eq u a tio n s  o f  v e c to r  M, w ith  th o se  o f v ec to r M (104) re sp o n sib le  
fo r  t h e  s tra n d in g  of th e  e le m e n t, i t  ap p ears  t h a t  th e  signs of co rresp o n d in g  com ­
p o n e n ts  are  equal in  case o f  tra c tio n , o p p o site  in  case of com pression . T h u s 
th e  m o m e n ts  of th e  t r a c t io n  force ind u ce  th e  e lem en t to  tw is t  a n d  b e n d  in  
th e  sa m e  sense as th e  s tra n d in g , th e  m o m en ts  o f  th e  com pression fo rce  in d u ce  
th e  e lem en t to  tw is t a n d  b en d  in  th e  d ire c tio n  opposite  to  th e  s tra n d in g .

T h e  resulting tw isting  m om ent ac tin g  u p o n  th e  stressed  e lem en t is in  case 
o f  t r a c t io n , on th e  b ase  o f (109) an d  (129):

G I
( z P  -j- R P t)  cos a  =  —— i ^ s i n  (a  -f- Aa) • cos (a -f~ Aa) (131a)

w h e re

G I G I
R P t cos a =   ------ —— sin  (a  +  Aa) ■ cos (a A a ) -------- — sin a  • cos a; (131b)

R -  A R R

in  case  of com pression, ta k in g  in to  co n sid e ra tio n  (109) and  (130):

(zP  — R P t) cos
G I pt

R +  A R
-  sin  (a  — Aa) ■ cos (a — Aa.) (132a)

w h e re

G I G I
— R P ,  cos a  = ------——  sin  (a — Aa) ■ cos (a  — Aa) — -—^£sin a  • cos a ;  (132b)

R + A R  R

a n d  th e  resulting bending moment:
in  case  of tra c tio n  in  th e  sense o f (111) a n d  (129):

(zP  -)- R P t) s in  a = --------—— cos2 (« -J- Aa) (133a)
R  — A R  ’ v '

w h e re

R P t sin  a = -------nt cos2 (a  -f- Aa) — cos2 a ; (133b)
R  — A R  R
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in  case o f  com pression  accord ing  to  (11) a n d  (130):

(z P  — R P t)  sin a =  — — cos2 (a  — (134а)
R  +  A R

■where
г г  T? T

- R P ,  sin  a  =  - nt cos2 (a  -  A rx)------cos2 a . (134b)
R  +  A R  R

In  th e  sense o f E q s  (131) — (134) th e  m o m en ts  of th e  lo ad  fo rce  change 
th e  sh ap e  an d  th e  lo c a tio n  o f th e  c e n tro id  o f  th e  elem ent, a n d  b y  th is , th e  
geo m etrica l c u rv a tu re s  o f  th e  cen tro id  a re  ch an g ed .

T he change u n d e r  th e  lo ad  o f th e  c o o rd in a te s , de te rm in in g  th e  choosen 
p o in t o f th e  e lem en t — th e ir  tra n s fo rm a tio n s  — can  be defined  ta k in g  in to  
co n sid e ra tio n  th e  e lo n g a tio n  an d  th e  c o n tra c tio n  as w ell as th e  ro ta t io n  in  a 
d e te rm in e d  d ire c tio n  d u e  to  th e  to rq u es  acco rd in g  to  T ab le  2. T h e  sig n  o f th e  
v a r ia tio n  Arp o f th e  ang le  90 also de te rm in es th e  d irec tio n  o f th e  ro ta t io n  in  th e  
p la n e  X Y  ( r ig h t-h a n d  ro ta tio n  -f-ZÎç>, le f t-h a n d  ro ta tio n  —A(p').

Table 2

Coordinates o f  the m edian o f  the element before and under the application o f  loading

B efo re  th e  
a p p lic a tio n  

o f  th e  lo ad in g  
u n d e r

B efo re  th e  a p p lic a tio n  o f  th e  lo ad in g  u n d e r

S tra in /sh r in k a g e R o ta tio n

Tension: 

right-hand x :  

elem ent y :  

z :

R  ■ cos tp 

R  • sin tp 

z

(R  — AR) ■ cos ip 

(.R — AR) • sin <p

z  +  Az

(R — AR) ■ cos (1p - f -  A<p) 

(R — AR) • sin (1p +  A<p) 

z  +  Az

left-hand x :  

elem ent y  : 

z :

R  • cos <p 

—R  ■ sin tp 

z

(R  — AR) • cos q> 

— R ( — AR) ■ sin cp

z  +  Az

(R — AR) ■ cos (<p +  Aq>) 

— (R — zIR) • sin (1p +  A<p) 

z Az

Strain:

right-hand x :  

elem ent y  : 

z :

R  • cos <p 

R  ■ sin <p 

z

(R  +  AR) ■ cos q> 

(R  +  A R ) • sin (p 

z  — Az

(R +  AR) • cos (<p — Arp) 

(R +  AR) ■ sin (tp — Arp) 

z  — Az

left-hand x: 

elem ent y :  

z :

R  ■ cos <p 

— R  • sin <p 

z

(R  +  AR) • cos <p 

— (R +  AR) ■ sin <p 

z  — Az

(R  +  AR) • cos (<p — Arp) 

— (R  +  AR) ■ sin (tp — ZI95) 

z  — Az
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Fig. 24. E longation an d  rotation of a stranded elem ent in case o f traction

T h e  v a ria tio n s o f  th e  co o rd in a tes  — fo r th e  tra c tiv e  stressing  o f  a  r ig h t-  
h a n d  th re a d  e lem ent a re  e x p la in e d  by  F ig . 24.

B etw een  th e  c o o rd in a te s  o f T ab le  2 ch a rac te riz in g  th e  s ta te  before  
lo a d in g  of th e  e lem en t th e s e  ex is t th e  co n n ec tio n s defined  b y  E q s  (11) — (14). 
A f te r  e longatio n /co m p ressio n  an d  ro ta tio n  th e se  re la tions are d esc rib ed  by

z +  Az

. . , . . z A- A z z  . 1 +  )iz . / n c  \sin (a -f- A x)  =  —-------—  =  ç—-—-jjg- sin  a =  ----- -  sin  a  (1.15a)
1 +  AsS  +  A S  S  +  A S  

S
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w hile  in  case of com pression  th e y  are  described  b y  th e  re la tio n s

1 -  A,
sin  (a  — A t)  = --------- — sin  я

1 -  Ac
(136a)

a n d

i' i  _  é v • 1
AR

cos (я — Zla) 

w h ich  are  com pleted  b y

(я ^ 2  Ат) +  (ß 

I n  th e  E q . (135)

cos (я +  A x) <  cos я, th ere fo re  11 -f- 

In  th e  E q . (136)

! ! R (136b)_ « COS 0c
1 — / 5

— л  w 'here A x — Aß  
2

(137)

th e re fo re  Az >  As (138a)

| i  +  A . t l - * *
1 q> 1 R

<  1 -  A.

sin (я — Ax) <  sin  X ,  th e re fo re  Аг >  As

cos (я — Ax) )> cos X ,  th e re fo re  1
Acp

<P
1 + A R

R
>  1 -  As i(138b)

I t  can  be seen th a t  E q s (135) an d  (136) are  also defined  fo r th e  cases A<p =  0 
a n d  Xs  =  0.

I t  follows fu rth e rm o re  from  E q s (135) th a t

a n d

(1 +  As )2 =  (1 +  Xzf  sin2 я +  11 +
9 .

AR
CO S2 X

ta n  /1я
(г +  Az) cos я  — (cp -f- A<p) ■ (R

R

AR) sin  я

(z +  Az) sin  я - f  (<p +  Acp) ■ (R  — A R ) cos я

(139a)

(139b)

w hile  from  E q. (136) i t  follow s th a t

an d

(1 -  As)2 =  (1 Аг)2 sin2 я -f- 1
AcpY2

<P

A R ^  ,
--------  C O S2 X
R  !

ta n  Ax  =  -  (Z ~  A z  ̂ COS « — (У — A <P) • (Д  +  Л-R) sin  a  
(г — Az) sin  я +  (<p — Acp) • (R  -f- A R )  cos a

(140a)

(140b)

w h ere  th e  variab les Acp, A R  an d  Xz are q u a n tit ie s  w hich can also be d e te rm in e d  
ex p e rim en ta lly .
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I n  th e  p rac tica l re a liz a tio n  o f th e  lo ad in g  ex p e rim en ts  th e  case Acp =  0 
m e a n s  t h a t  th e  s tra n d e d  e lem en t or lay e r, o r th e  s tra n d e d  c o n s tru c tio n  h as  
b o th  ends fixed , th e re fo re  i ts  ro ta tio n  can  n e ith e r  in fluence  th e  a n g u la r  r o ta ­
t i o n  cp n o r  th e  tw is tin g  Ф.

O ne of th e  fix in g  m e th o d s  used fo r th e  te s t in g  o f  th e  lo n g itu d in a l s tre ss  
o f  th e  lay e r form ed b y  s tra n d e d  elem ents o r b y  th e  s tra n d e d  c o n s tru c tio n  
fo rm e d  b y  th e  lay e rs  p e rm it  th e  ro ta tio n  o f one en d  [12], so h ere  Acp ^  0, 
b u t  ev en  th en  th e  f ix in g  does no t allow a  v a r ia tio n  + /1 Ф  o f th e  to rs io n  Ф.

T h e  change of th e  ra d iu s  R  o f th e  d raw n  e lem en t in to  R  — A R , a n d  th e  
c h a n g e  o f th e  ra d iu s  o f  th e  com pressed e lem en t in to  R  -f- A R  c an  also be  
e x p re s s e d  b y  th e  ra tio s  o f  th e  ad eq u a te  exp ressions o f th e  E qs (131) — (134) 
fo r  th e  bend ing  an d  th e  tw is tin g  m om en t.

In  case of tra c t io n  f ro m  (133b) an d  (131b):

t a n  a  = E I ní R  cos2 (a  -f- Ax) — E I n(R  — A R )  cos2 x

G IptR  sin  (a  -f- A x)  cos (a A  a) — G Ip(R  — A R )  sin  a  • cos a

w h e re fro m  b y  re a rra n g in g

(141a)

A R
R

G [Ipl sin  (a  -f- A x) ■ cos (a -f- A x)  — I p s in  a  • cos a]
Sin X

cos a
G Ip sin2 X — E I n cos2 a 

E [ I nt cos2 (a -f- A x)  — I n cos2 a] 

E I„  cos2 aGIp sin2 a

d e te rm in e s  th e  a m o u n t o f  red u c tio n  of th e  ra d iu s  R . 
I n  case of co m p ressio n  from  (134b) an d  (132b):

(141b)

t a n  X
E I n(R  +  A R )  cos2 X — E I ntR  cos2 (a  — Ax)

G Ip(R  -f- A R )  s in  a  • cos a — G IplR  sin  (x  — A x) • cos (a — A x) 

w h e re fro m  by  re a rra n g in g

G [Ipl sin  (a  — A x) • cos (a — A x)  — I p sin  a  • cos a ] --------
A R  cos a

^ R  G In sin2 a  — E I n cos2 a

(142a)

E [ I nt cos2 (a — A x)  — I n cos2 a] 

G Ip sin2 a  — E I n cos2 a
(142b)

d e te rm in e s  th e  a m o u n t o f  th e  increase o f R .
W hen  fo rm u la tin g  E q s  (131) — (134) th e  chan g es in  th e  m o m en ts  o f 

s e c o n d  o rder have  also  b e e n  ta k e n  in to  a c c o u n t, caused  b y  th e  re d u c tio n  o f 
th e  cross section of th e  d ra w n  of th e  increase  o f th e  com pressed  e lem en t, re s ­
p e c tiv e ly .
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I f  th e  ch an g e  in  th e  cross sec tio n  A 0 o f  th e  loaded  e lem ent is re sp o n s ib le  
th e  co m p o n en t P* sin  a  o f th e  force P , a c tin g  in  th e  sense of th e  c e n tro id  o f  th e  
e lem en t, w hich arises in  th e  cross sec tio n  a tensile /com pressive  s tre s s

P , s in  a  _
(ft — — -e-ô s

A ,,
(143)

a n d  elongates/com presses th e  arc  le n g th  S  o f  th e  e lem ent accord ing  to

■̂s
A S

S
(144)

I f  As =  0, th e n  in  (141b) an d  (142b) I n =  I nl a n d  I p =  I pl. T hese  id e n titie s  
a re  com plied  w ith in  th e  lim its  o f  th e  s tre ss in g  trac tio n  an d  co m p ressio n  
sp rin g s [2], b u t  w ith  th e  stresses o f th e  s tra n d e d  la y e r  and  those  o f th e  s tra n d e d  
c o n s tru c tio n  one m u s t also ta k e  in to  co n sid e ra tio n  th e  p o ss ib ility  As ^  0.

T h e  co m p o n en t P t cos a  o f th e  force P ( p o in tin g  in  th e  d ire c tio n  + b  of 
th e  cross section  A 0 o f th e  e lem en t, a rises in  th e  cross section as a s h e a r  s tress

P , cos a
(145)

o f  a  de te rm in ed  d irec tion .
T he ra tio  o f a t accord ing  to  (143) a n d  o f  Tt according to  (145) is

fft—  =  ta n  a 
f t

(146a)

w hile  th e ir  sq u are  is, considering (39)

P?

A xy  s in 2 a
(146b)

w h e re  a is th a t  re su ltin g  stress w h ich  acco rd in g  to  th e  d efin itio n  o f  (146b) 
is fo rm ed  by  re la tin g  th e  force P ( o f d ire c tio n  4  k  to  th e  p lane  se c tio n  A xy of 
th e  s tra n d e d  e lem en t s itu a te d  in  p la n e  X Y .

As a consequence of (146b) a n d  th e  E q s  (143) and  (145) o f  th e  s tresses 
i f  a  =  я /2 , i.e. i f  th e  cen tro id  o f  th e  s tra ig h t  elem ent co incides w ith  th e  
d irec tio n  of th e  load ing  force, th e n  r ( =  0 a n d  at =  o, in  th e  e le m e n t arises 
trac tin g /co m p ress io n  stress only.

If , on th e  o th e r  h an d  о <  a  <C re/2, th e  trac tio n /co m p ress io n  fo rce  P, 
a c tin g  upon th e  s tra n d e d  e lem en t g e n e ra te s  th e  stress a in th e  e le m e n t, w h ich
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acco rd in g  to  (146b) is d eco m p o sed  in to  th e  s tre sse s  at and  t, and  acco rd in g  to  
t h e  m eth o d  of f ix in g  o f  t h e  elem ent th e y  e i th e r  accu m u la te  as in te rn a l  s tress 
o r  a re  tran sfo rm ed  in to  m o tiv e  energy p ro v o k in g  th e  ro ta tio n  of th e  e lem en t. 
I n  th e  case of a sp rin g  e le m e n t th e  stress a  a cc o rd in g  to  (146b) is also th e  to ta l  
e la s tic  stress of th e  e le m e n t, because th e  s tre sse s  cre and  r e arising  a t  th e  
s tra n d in g  of th e  e le m e n t h a v e  been liq u id a te d  b y  th e  perm an en t d e fo rm a tio n  
o f  th e  elem ent (an d  i ts  h e a t  trea tm en t).

The ex am in a tio n  o f  th e  lo n g itud ina l s tra in in g  of th e  layer in d e x e d  N  
c o n s tru c te d  from  nN n u m b e r  of elem ents an d  th e  s tra n d e d  constru c tio n  fo rm ed  
f ro m  N  layers (and  th e  co re  w ith  index N  =  0) w ill be lim ited  to  th e  e x a m in a ­
t io n  o f tensile s tre ss in g  o f  th e  layer or c o n s tru c tio n  only . (P rac tica lly  co m p res­
s iv e  stressing arises o n ly  a t  th e  con trac tion  o f cab les , a fte r th e rm a l d ila ta tio n  
as a phenom enon, p ro v o k in g  th e  “ b ask e tin g ”  o f  th e  s tran d ed  c o n s tru c tio n , 
w h ic h  b u t appears lo c a lly  a t  certa in  positions o f  th e  cable leng th  a n d  is n o t 
d is tr ib u te d  un ifo rm ly  a lo n g  th e  com plete le n g th ) .

So let a tensile  fo rc e  P s P s • к a c t in  a d irec tio n  norm al to  th e  cross 
sec tio n  A s of th e  s t r a n d e d  construction  c o n s is tin g  o f N  layers and  th e  core, 
a n d  le t it  be d iv id ed  acco rd in g  to

P s = P 0 - | - P 1 + . . .  +  (147)

in to  p a r tia l loads o f th e  co re  and  of the  N  la y e rs , a n d  le t it  be d iv ided  ac c o rd ­
in g  to

P N =  n NP, =  nNP  0Ar, ( P  I =  P qh) (148)

a m o n g s t the  n N e le m e n ts  o f  the iV-th lay e r.
To th e  analogy  o f  th e  rule (146b) le t us in tro d u c e  the  stress

NAz (149)

w h ic h  arises in th e  c ross sec tion  A N of th e  s t r a n d e d  layer when th e  le n g th  z 
o f  th e  layer increases b y  A, d u e  to  th e  ac tion  o f  th e  tra c tio n  force P N. T h e  fa c to r  
o f  p ro p o rtio n a lity  E N o f  E q . (149) is ca lled  a p paren t modulus o f  elasticity. 

On th e  base o f E q . (39) th e  section A N in  th e  p lane  Х У  of th e  la y e r  is

A N  =  n N A x y = n N - é ™ - .  (150)
S i n  ОСдг

T a k in g  in to  c o n s id e ra tio n  E q s (143) an d  (150), from  (149) th e  ra tio  o f  th e  
a p p a re n t  m odulus o f  e la s t ic i ty  E N and  th e  m o d u lu s  E 0N ch a rac te riz in g  th e
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q u a l i ty  o f th e  lay er e lem en ts  can be ex p ressed  b y

i.e.

p i  P n  P n
a N  — z — ~ ------- —  - - - - - - - - - - - - - - - .

A n  n NA 0
sin  a = ON

' o  N
=  E oNÀs (151а)

(151b)

as fu n c tio n s  of th e  specific  e longations o f th e  lay e r A2 an d  o f th e  la y e r  ele­
m en ts  As.

E q . (138a) has show n th a t  Az <  As , th u s  o f necessity  E N <C E 0N, o r else 
th e  a p p a re n t  m odulus o f e la s tic ity  o f  th e  s tra n d e d  lay er c a n n o t a t ta in  th e  
m o d u lu s  ch a rac te ris tic  fo r th e  m a te r ia l  q u a lity  o f th e  e lem ents in  a ll those  
cases w h ere  о <C ocN <  ti/2 (on th e  o th e r  h a n d , i f  ocN =  ?t/2, th e  la y e r  is form ed 
b y  a b u n c h  of e lem ents rea lly  in  p a ra lle l, th e n  As =  A2 th e re fo re  E N — E oN).

A t th e  tra c tio n  o f  th e  s tra n d e d  c o n s tru c tio n  m ade from  th e  co re  an d  N  
la y e rs  in  th e  sense o f  (147 )—-(151) a s tre ss

E sA2 =
E o ^ o o ^ z  +  . . . +  JS, nN^ 0  NON — ----------лSN

sin oln

, i  I *■'1-'1 Ol I I n N^0N
Л 0 0 Т “  г •••"!■

n iA ( 
sin  a J sin (XN

(152a)

arises in  th e  c io ss sec tio n  A s  of th e  s tra n d e d  construc tion  due  to  i ts  specific 
e lo n g a tio n  Ar  In  E q . (152a) es tab lish ed  fo r th e  genera l case E s is th e  a p p a re n t 
m o d u lu s  o f e la s tic ity , E u, E x, . . . , E N a re  th e  m oduli of th e  e lem en ts  form ing  
th e  co re  an d  th  e lay e rs  (assum ing t h a t  in  th e  general case th e  la y e rs  of th e  
c o n s tru c tio n  are fo rm e d  b y  e lem ents m ad e  fro m  differen t m a te ria ls ).

B y  tra n s fo rm in g  E q . (152a) th e  re la tio n

(E s -  E 0) A 00 +  (E s -  E 01 —p-] - Ó ié *  +  . . . +
Áz sin  oq

+  \e s  -  E oN -n ?---0N =  0 (152b)
\ Л2 ) sin  a N

re d u c e d  to  zero can  be estab lished  a n d  obv io u sly  th is  is fu lfilled  e ith e r  w hen

E 0 =  E 01- ^ = . . .  =  E oNl f L ,  (153)
Аг Az

or in  t h a t  case w hen  th e  sum  of th e  p o s itiv e , n eg a tiv e , m ay b e  zero  m em bers 
is e q u a l to  zero.
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T h is  la tte r  case o b v io u s ly  rep resen ts th e  in e q u a l d is tr ib u tio n  o f  th e  
lo a d  P s  stressing  th e  c o n s tru c tio n  w hen n o t ev en  th e  cond itions fo r “ m o v in g  
to g e th e r ”  of th e  lay e rs  a n d  th e ir  conditions o f  c o n ta c t  also w a n te d  fo r th e  
lo a d e d  s ta te  are fu lf ille d  e ith e r .

T h e  ad eq u a te  d es ig n  o f  th e  constru c tio n  m u s t  th e re fo re  be c h a ra c te r iz e d  
b y  (153), b u t in its e lf  (153) o n ly  helps in  se lec ting  th e  m a te ria l q u a litie s  o f th e  
la y e r  e lem ents, th e  g e o m e tr ic a l conditions fo r  “ m o v in g  to g e th e r”  m u s t be 
d e te rm in e d  as well.

T h e  requ ired  re la tio n s  a re  defined by  (139a) fo r  ten sile  loading. E q . (139a) 
m u s t  b e  applied  to  th e  co re  a n d  to  th e  layers o f  th e  co n stru c tio n .

T herefo re , for th e  s t r a n d e d  co n stru c tio n  o f  le n g th  z

(1 +  Xz)2 =  (1 +  A г)2 (for th e  core, w h e re  a 0 =  jr/2 an d  l z =  Aso)

(1 +  Asi)2 f i  +  á a
2

( i  ^ R i

<Pi R i
cos2 cq

sin2 Oil

(1 +  W

. . .  (for th e  la y e rs )

a <Pn  ' 2

<Pn

, 21 --  --------  I ППС"
R

COS* OCjy
N

sin2 ОСдг
(154a)

a c c o rd in g  to  w hich fo r  a n y  tw o  neighbouring  la y e rs

(1 +  ^ S , N + l ) 2 —
S i n 2 <Хдг+ 1

j  1 á <Pn + l  

(P n + l r-
z l R w + 1 | 2

1 c o s 2 a w + 1

K n + 1  I

s i n 2 a N  ( 1  +  X s n ) 2  _ i i  , A ( P n \
2

!  A R - N  ] 2 ____2 ..
L  1

<Pn
1 c o s  a N  

1 \]S J  I

(154b)

m u s t  be  com plied w ith .
I n  th e  sense of th e  ru le  for “ m oving to g e th e r”  (154b) th e  in crease  o f 

le n g th  o f  th e  layers s u b m it te d  to  a tra c tiv e  e ffo rt is accom pan ied  b y  a p ro ­
p o r t io n a te  rad ia l re d u c tio n  o f  d im ension a c c o m p an ied  b y  a ro ta tio n  a ro u n d  
th e  ax is  of coo rd inates Z .

B ecause  of a chosen  la y e r  elem ent h av in g  a  c o n s ta n t volum e

V  =  -  л d 2S  = - 7 i { d -  Ad)2 (S  +  zlS)
4 4

o r co n sid e rin g  (144), E q .

1 +  Л-s —
2

(155a)

(155b)
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ex is ts  betw een  th e  in c rea se  of arc le n g th  o f  th e  elem ent and  its  re d u c tio n  of 
d iam e te r .

F u rth e rm o re , l e t  us rem em ber t h a t  in  th e  sense of (41b) u n d e r  n o -load  
co n d itio n s  th e  ra d iu s  o f  th e  iV-th la y e r  o f  th e  co n stru c tio n  is

»  +  d N c ic -aR n  = -------- --------- (156)

■where D N_ X is th e  d ia m e te r  of th e  — g e n e ra lly  com posite — core  c a rry in g  
th e  IV-th layer. T h e  d im ensional re d u c tio n  R N — A R N due to  th e  e lo n g a tio n  
Az o f  th e  co n stru c tio n , in  th e  sense o f  (156) p a r t ly  en tra in s  a d ia m e te r  re d u c ­
tio n  o f  th e  core, p a r t ly  o f  th e  lay er e le m e n t, in  (154b) th u s  n e ith e r  Я5лг+1 nor 
XSN can  be zero.

F igu re  24 show s m oreover t h a t  th e  ang le  o f ro ta tio n  a ro u n d  th e  Z  ax is, 
Aq>, is fo r every  la y e r  AcpN =  A<pN+1 =  c o n s t an d  of th e  sam e d ire c tio n ; as 
fo r th e  am o u n t o f  th e  ro ta tio n  th e re  m u s t  be

{<Pn  +  A(pN) • (R n  A R n ) <  {<Pn +i +  A(pN+1) • (R  N+1 — A R n+1).

T hese exigences can  he fu lfilled  o n ly  i f  a ll th e  layers of th e  c o n s tru c tio n  
are  s tra n d e d  in  th e  sam e d irec tion . I n  a  s tra n d e d  co n stru c tio n  m ad e  from  
la y e rs  s tran d ed  in  r ig h t  h a n d  — le f t h a n d  — r ig h t h an d  . . ., o r le f t  h a n d  — 
r ig h t  h a n d  — le ft h a n d  . . .  d irection  th e  ro ta t io n s  called fo rth  b y  th e  to rq u e s  of 
E q . (129), th e  f r ic tio n  betw een  th e  e le m e n ts  o f  th e  layers in  c o n ta c t, obv iously  
b ra k e s  or even p re v e n ts  i t ,  in  w hich l a t t e r  case  AcpN =  A(pN+1 —  0.

These co n sid e ra tio n s  po in t on th e  one h a n d  to  th e  fa c t t h a t  th e  specific 
e lo n g a tio n s XSN a n d  XSN+1 in E q . (154a) m u s t be  larger th a n  ze ro , b u t  th e  
e q u a tio n  is also d e fin e d  for the  case  AtpN — A<pN+1 =  0, w hich  o ccu rs  e ith e r  
i f  th e  f ix in g  of th e  en d s  p reven ts th e  ro ta t io n  or w hen th e  f r ic tio n  be tw een  
la y e rs  — s tra n d e d  in  opposite  d irec tio n  — p re v e n ts  th e  ro ta tio n s  in  th e  opposite  
d irec tio n .

On th e  o th e r h a n d , th e  c o n sid e ra tio n s  show  th a t  a t  tensile  s tre s s in g  o f  th e  
s tra n d e d  lay er a n d  o f  th e  s tran d ed  c o n s tru c tio n  m ade from  N  la y e rs  on ly  a 
sm all increase o f th e  p itc h  angle o f  th e  la y e r  o r layers, re sp ec tiv e ly  — a n d  a 
sm all increase A z  o f  th e  leng th  z — m a y  b e  a n tic ip a te d , th u s  th e  stranded  con­
struction  — in d e p e n d e n t o f th e  m a te r ia l  q u a l i ty  o f its  e lem ents — is a quasi- 
unextensible structure. T h is p ecu liar b e h a v io u r  o f  th e  s tra n d e d  c o n s tru c tio n s  
o n ly  charac terizes th o se  in  which th e  la y e rs  d ire c tly  touch  each  o th e r  a n d  th e  
c o n ta c t  does n o t o c c u r u n d e r th e  in f lu e n c e  o f  th e  tra c tio n  force P , (a  tra c t iv e  
fo rce  ac tin g  on th e  cross section o f  a  loose ly  s tra n d e d  c o n s tru c tio n , in  fa c t 
in c reases  th e  a p p a re n t  p itch  angle o n ly  b y  p re -s tressin g  th e  la y e rs  n o t  being  
p rev io u sly  in  c o n ta c t) .
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T h is  s ta te m e n t is co n firm ed  b y  ex am in in g  th e  change A x  in  E q . (139b) 
d u e  to  th e  ac tion  o f th e  te n s ile  force. A p p ly in g  (139b) to  tw o a d ja c e n t la y e rs  
w ith  ind ices N  a n d  N  -f- 1 in  case o f th e  le n g th  increase z -j- A z  =  c o n s t

ta n  xN -f- t a n  A xn 1 — ta n  x N+1 ■ t a n  A xN+i
ta n  о с д г + 1  +  t a n  A x N+J{ 1 — t a n  x N • t a n  A x N

(<PN+ 1  +  d<PN+1 )  ■ (Rn+1 — d R N+i)
(<Pn  +  A(pN) ■ (R n  — A R n ) 

m u s t  b e  com plied  w ith , th e  cond ition  for w h ich  is

>  1

ta n  x N+1 <
1

an d  t a n * w < -

o r
ta n  Axn +i  ta n  xN

t a n  хм  +  ta n  A xn  >  ta n  x N+1 +  t a n  A x N+1

(157)

(158)

In  case  th e  re q u ire m e n ts  (158) are fu lfilled  x N <Zjv+ i an£l th a t  m ean s t h a t  
i t  is su ita b le  to  choose th e  a rc  leng ths of th e  e le m e n ts  b u ilt in to  co n secu tiv e  
la y e rs  accord ing  to  S N S N+V T he co rrec tn ess  o f  th e se  conclusions is also 
co n firm e d  b y  check ing  th e  dim ensions o f p ra c tic a l ly  well proved  s tra n d e d  
co n s tru c tio n s .

Sum m ary

In  th is  p ap er, b a se d  on  th e  princip les o f  k in e m a tic s  and  using th e  m e th o d s  
o f  v e c to r  a lgebra , th e  e q u a tio n s  of th e  c e n tro id  a n d  th e  surface o f th e  once 
s t r a n d e d  f in ite  e lem en t as w ell as th e  e q u a tio n s  o f  th e  p lane cross sec tio n  
o f  th e  e lem en t th u s  d e te rm in in g  th e  space re q u ire m e n ts  of th e  e lem en t also 
h a v e  b een  fo rm u la ted .

B e in g  in  possession o f  th e se  re la tions th e y  h a v e  fu rth e rm o re  been  d e te r ­
m in ed :

—• th e  n u m b er n  o f  e lem en ts  w ith  d ia m e te r  d  >  0 w hich can be s tra n d e d  
a ro u n d  a core o f d ia . D  >  0 w ith  a p i tc h  an g le  x min and  th e  fu n c tio n a l 
re la tio n s a  =  f ( n ,  <p) and  (D jd) +  1 =  f ( n ,  cp) betw een  th e  s tra n d in g  
p a ra m e te rs  D , d , h a n d  x  assum ing  c o n ta c t  o f th e  elem ents w ith o u t 
p e n e tra tio n ;

— th e  v a ria tio n  o f  a rc  len g th  and  lo ca tio n  o f  th e  p a ram ete r lines co v e r­
in g  th e  su rface  o f  th e  elem ent. D e te rm in in g  th e  am o u n t o f  th e se  
v a ria tio n s  th e  d e fo rm a tio n  of th e  e lem en ta ry -v o lu m e  slice d V = A 0 ■ d S , 
th e  pu re  b e n d in g  an d  th e  p u re  tw is tin g  have  been d e te rm in e d ,
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as w ell as th e  s tresses in  th e  cross sec tion  trv and  r e. K n o w in g  th e  
e la stic  in te rn a l s tresses th e  d e fo rm a tio n  w ork  of th e  e lem ent c h a ra c te r ­
ized  b y  th e  m odu li E  an d  G, th e n  th e  in te rn a l energy  a c c u m u la tin g  
in  th e  s tra n d e d  lay e r or in  th e  c o n s tru c tio n  b u ilt com posed o f  la y e rs , 
re sp ec tiv e ly , d is tin g u ish in g  if  fro m  th e  dyn am ica lly  u n b a la n c e d  
in te rn a l energy  causing  th e  deco m p o sitio n  of th e  core le f t  a lo n e ;

— th e  m eth o d  fo r g en era tin g  th e  doub le  tw is te d  helix  an d  th e  e q u a tio n s  
fo r  th e  fo u r possib le  ty p e s  o f D T H  space  cu rves have been fo rm u la te d . 
B y  exam in ing  th e  e q u a tio n s  o f th e  D T H  space curves i t  h a s  been  
show n th a t  a long  th e  cen tro id  o f th e  doub le  tw is ted  e lem en t p e r io d i­
ca lly  chang ing  stresses a c t in  th e  cross sec tion . T he p laces s u b je c t to  
c o n c e n tra ted  s tress a re  sources o f in h o m o g en e ity  in  th e  s tr a n d e d  
c o n stru c tio n s  c o n ta in in g  double  tw is te d  e lem ents. E x a m in in g  th e  
cross section  o f co n stru c tio n s  c o n ta in in g  double  tw is te d  e le m e n ts  of 
concord ing  an d  o f opposing  th re a d  d irec tio n , th e  d iffe ren t sh ap es  of 
th e  cross sec tions o f th e  tw o  ty p e s  h av e  been  d e te rm in ed  en h a n c in g  
how  m uch th is  in flu en ces th e ir  p o ss ib ility  o f app lica tion  u n d e r  co n ­
d itio n s also in v o lv in g  con d itio n s o f w ear.

B y  th e  ex am in a tio n  o f s e n s tiv ity  i t  h as  been  deduced b e tw een  w h a t 
e x tr e m u m  values th e  p a ra m e te rs  in  th e  re la tio n s  o f geom etrical and  m ech an ica l 
c h a ra c te r  are  defined . I t  h as  been  show n th a t  th e  E q s (47) — (50) o f  th e  D T H  
space cu rv es pass for x  — 0 in to  e q u a tio n s  su ita b le  fo r describ ing th e  lo c a tio n  
o f th e  b e n t  e lem en t o f th e  s tra n d e d  co n s tru c tio n . A t th e  sam e p lace  h a s  been  
p ro v ed  t h a t  th e  fle x ib ility  o f th e  lay e r or c o n s tru c tio n  s tra n d e d  f ro m  f in ite  
e lem en ts , is in flu en ced  b y  th e  space re q u ire m e n t o f its  elem ents. I t  h a s  been  
fo u n d  th a t  th e  lay e r o r s tra n d e d  c o n s tru c tio n  w h ich  was s tra n d e d  w ith  th e  
p itch  ang le  x min be longing  to  th e  p a ra m e te rs  D , d  a n d  n cou ld  only  b e  b e n t  a t  
th e  p rice  o f  th e  p e rm a n e n t d e fo rm a tio n  o f its  e lem en ts.

I t  also  has been show n th a t  th e  g eom etrica l an d  m echan ical c o n d itio n s  
o f th e  tra c t io n  or com pression  sp rings s tra n d e d  w ith  p itch  angle 0 <  a  <  sr/4 
— as s tra n d e d  e lem en ts — a n d  o f th e  lay e rs  or co n stru c tio n s s tra n d e d  w ith  
th re a d  angles тг/4 <  x  <  ?r/2 can  be ex p la in ed  s ta r tin g  ou t from  th e  sam e 
p rinc ip les. N ev erth e less  th e  c h a ra c te ris tic  d ifferences appearing  in th e  b e h a v io u r  
u n d e r  lo ad  of th e  sp ring  e lem en ts an d  th e  s tra n d e d  e lem ents o r s tra n d e d  
c o n s tru c tio n s  have  been  ascribed  to  th e  o p p o site  c h a ra c te r  o f th e  ch an g es  in  
th e  to rq u e s  an d  to  th e  design c h a ra c te ris tic s  w hich  do n o t in flu en ce  th e  d is ­
p lacem en ts  p rovoked  b y  th e  to rq u e s  an d  w hich  b ra k e  th e  d isp la c e m e n ts  or 
even  p re v e n t them .

I t  has been p ro v ed  th a t  th e  tw is tin g  to rq u e  ac tin g  on a single e le m e n t is 
p ro p o rtio n a te  to  th e  p ro d u c t sin  x  ■ cos x  an d  th e re fo re  has a m a x im u m  ju s t  
a t  th e  c ritic a l angle x  =  jr/4, th u s  th e  d irec tio n s o f  th e  v a ria tio n  o ccu rrin g
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u n d e r  th e  in flu en ce  o f  t r a c t iv e  or tensile  fo rces, re spec tive ly , a re  oppo site  fo r 
t h e  e lem ents s tra n d e d  -with p itch  angles b e lo w  o r above a  =  n j4.

O n th e  o th e r  h a n d , obviously  th e  d e fo rm a tio n  u n d er load  o f an  iso la ted  
sp r in g  e lem ent is l im ite d  in  space ex c lusive ly  b y  th e  fix ing , b u t  th e  c o n ta c t  
o f  th e  elem ents o f a s t r a n d e d  lay e r or c o n s tru c tio n  an d  th e ir  m u tu a l fr ic tio n  
h in d e rs  th e  d isp la c e m e n t even  w hen th e  f ix in g  o f th e ir  ends w ould  o therw ise  
p e rm it  th e  ro ta tio n  — a t  le a s t in  th e  X Y  p la n e .

B y  in v e s tig a tin g  th e  tensile  stress in  th e  tw is te d  elem ent, la y e r  o r co n ­
s tru c tio n  i t  has b een  sh o w n  th a t  th e  lo ad in g  fo rce  ac tin g  upon  an  e lem en t is 
s p l i t  in to  co m p o n en ts  P t sin  « an d  P , cos a  ra is in g  in  th e  cross sec tion  o f th e  
e le m e n t a tensile  s tre s s  a t an d  a shear s tre ss  r t . Follow ing th e  d iv ision  o f th e  
fo rce  th e  a p p a re n t m o d u li of e las tic ity  o f th e  s tra n d e d  co n stru c tio n  E s an d  
o f  th e  s tran d ed  la y e r  e n  a re  of necessity  sm a lle r  th a n  th e  m odulus E 0N c h a r­
a c te riz in g  th e  q u a li ty  o f  th e  elem ents an d  assum es a size accord ing  to  a sp e ­
c ia l average  if  th e  la y e rs  o f  th e  s tra n d e d  c o n s tru c tio n  are m ade fro m  m a te ria ls  
o f  d iffe ren t qu a lities .

Sum m ing u p  th e  consequences from  th e  eq u a tio n s  ch a rac te riz in g  th e  
b  e n d in g  an d  th e  lo n g itu d in a l stressing  o f th e  s tra n d e d  co n stru c tio n  i t  a p p e a rs  
t h a t  th e  g eom etrica l co n d itio n s of th e  c o n s tru c tio n  decisively in fluence  th e  
r e s u lt in g  m a te ria l q u a litie s  charac teriz ing  th e  w hole of th e  co n stru c tio n . In  
t h e  in te re s t  of in c re a s in g  th e  flex ib ility  th e  s tra n d e d  co n stru c tio n  m u s t be 
sa c rif ic e d , i.e. th e  in e x te n s ib il i ty  of th e  e lem en ts  in d ep en d en t of th e  m a te ria l, 
w h ic h  q u a lity  n o t o n ly  ch arac terizes  such  a c o n s tru c tio n  w here th e  e lem en ts 
a re  in  p e n e tra tio n -fre e  c o n ta c t m u tu a lly  as w ell as w ith  th e  n e ig h b o u rin g  
la y e rs .

B y  th e  g eo m e trica l c h a rac te riza tio n  o f th e  re g u la r  s tran d ed  c o n s tru c tio n s  
as w ell as of th e ir  m e c h a n ic a l qualities th e  p a p e r  w a n ts  to  m ake a c o n tr ib u tio n  
to w a rd s  th e  design a n d  d im ensioning  p ra c tic e s  o f  th e  s tran d ed  co n s tru c tio n s .
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Geometrie und M echanik der regelm äßig verseilten K onstruktionen. D ie  infolge der bei 
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GENERALIZATION
OF SOUTHWELL’S AND DUNKERLEY’S THEOREMS 

FOR QUADRATIC EIGENVALUE PROBLEMS

T. T A R N A I*

[M anuscript received Septem ber 1, 1977]

An approxim ate m ethod for com puting m inim um  positive eigenvalues o f  quad­
ratic eigenvalue problem s w ith real spectra is presented, seeking to give lower bounds 
for the wanted eigenvalue, and to reduce a g iven  problem  to simpler problem s. T heorem s 
b y  S o u t h w ell  and b y  D u n k e r l e y  are generalized, then further relationships g iv in g  
approxim ations from  below  are deduced. A pplication  of the results is illu strated  on 
ateral buckling problem s of beams.

1. In tro d u c tio n

L e t us consider lin e a r  o p era to rs  A , B , C defined  in  a H ilb e rt sp ace  H , 
occu rrin g  in  th e  q u a d ra tic  eigenvalue p ro b lem

A n  — Я  Bit — 7?Cu =  0 ( I )

w here — p ro v id ed  e q u a lity  (1) is m e t — n u m b e r  Я is an  eigenvalue o f  E q . (1), 
w hile e lem en t и £ H , и ^  0 is its  e ig en e lem en t co rresponding  to  Я.

L e t (95, 91) i p , i p  £  H  d en o te  th e  sca la r p ro d u c t  defined  in  th e  space  H , a n d  
D (A ), D (B ), D(C) th e  d o m ain  of defin itio n  o f  o p era to rs  А , В , C.

L e t th e  follow ing co n d itions fo r o p e ra to rs  А , В , C be sa tisfied :
{1.1) O p e ra to r  A  is sy m m etric , positive  d e f in ite  (th e re  is a n u m b e r x  >  0 

su ch  th a t  (A u , и ) >  x (u , и) for every  и  £ D (A )) is of a d iscre te  sp e c tru m  
(th e  sp ec tru m  co nsists  pu re ly  of e igen v a lu es) an d  D (A ) CZ D (B )  П D (C ).

(1.2) O p e ra to r  В  is sy m m etric .
(1.3) O p e ra to r  C is sy m m etric , positive ((С и, и) >  0 for all и £ D (C ), и  0).
(1.4) O p e ra to rs  ZL4-1  a n d  С А ~ г are of f in i te  ab so lu te  norm . (D e fin itio n  o f 

a b so lu te  or d o u b le  n o rm  see e.g. in  [10].)
F o rm in g  th e  sca la r  p ro d u c t of th e  le f t-h a n d  side of E q . (1) a n d  и  y ie ld s 

a  po ly n o m ia l w hose zeros p e rm it th e  d e f in itio n  o f  tw o functionals  ( in tro d u c ­
ing  n o ta tio n s  (А и, и) =  a, (B  u, u) =  b, (C u , u) =  c):

®  +  ( и)
— b -f- Yb2 +  4ac 

2c ( 2 )

* Dr. T. Tárn á i, K olostor u. 17. H -1037 B ud apest, Hungary.
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f f -  (u) =  .LC

B e A0 a n d  u0 th e  m in im u m  positive  e ig en v a lu e  o f  E q . (1) and  th e  c o rre sp o n d ­
in g  eigen  e lem en t, re sp . P ro v id e d  o p era to rs  A ,  B ,  C sa tisfy  cond itions (1.1) to
(1 .4 ), i t  is know n  [7] to  h av e

A0 =  in f  § +(u) —  cf + (u 0). (4)
u € D ( A ) \ { 0 }

I f  a n y  o f  o p e ra to rs  A , B , C m ay  be p ro d u c e d  as sum  of opera to rs o f id e n tic a l 
p ro p e r tie s , th e n  each  o f th e m  is p e rm itte d  to  w rite  an  eigenvalue p ro b le m  of 
fo rm  (1). T he aim  o f th is  p a p e r  is to  give a  lo w er h o u n d  for th e  m in im u m  p o s i­
t iv e  e ig en v a lu e  o f E q . (1) b y  m eans o f th e  m in im u m  positive e ig en v a lu es  o f  
th e  p a r t ia l  p rob lem s.

2. G enera lization  of S o u th w ell’s theorem

T h e o r e m  1. B e A ,  B , C operators sa tis fy in g  conditions (1.1) to (1 .4).
n

B e  A = ^ A j .  L et operator A ,( i  =  1, 2, . . . , n) have the same properties as A ,
i=1

th a t is , let it sa tis fy  conditions  (1.1) to (1.4) B e  А,- the m in im u m  p o sitiv e  eigen­
va lu e  o f  equation

AjU — ABu — A2Cu = 0  (i =  1, 2, . . . ,  n). (5)

T h en  inequality

holds.

(■B u 0, u 0)A0 +  (C u0, u 0)Ag ;>  j g  [ (B u 0, ы0)А,- +  (Cu0, u 0)A?] (6)
i=i

P r o o f .  A p p ly in g  n o ta tio n s

e q u a litie s

a, =  (A tu , u) (i =  1, 2 , . . .  , n),

67-4- / ч — b +  Yb2 +  4a,c
9 % (u ) = ------------ 2c------------- ( i  =  1, 2, . .  . ,  n)

a — gF + ( u) * b — & +2(и) • c =  0,

«/ — &a {(u) ' b ~  $A?(W) • c =  0, (i =  1, 2, . . . ,  n),

(7)

П

a =  > ' a,
i=i

im p ly :

: + (u) • b +  § + 2( u)  • c =  • b +  & X% u)  ■ с].
1=1

(8 )
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Be и =  u0. Now, acco rd in g  to  (4), aF+(u0) =  A0, a n d  (8) becom es:

Ao(B«0, u 0) +  AJ5(Cre0, u 0) =  j ?  • (B u 0, n 0) +  &\2t{u0) • (C u 0, u 0)] . (9)
i=i

O p e ra to r  Aj(i =  1, 2, . . . , re) h av in g  th e  sam e p ro p ertie s  as A , fo r  th e  m in i­
m u m  po sitiv e  e igenvalue  o f  E q . (5), a re la tio n sh ip  o f th e  form  (4) h o ld s :

А/ =  in f  oFA((u), ( i =  1 ,2 ,  . . . , re). (10)
u € D (A ,)\{0 }

T h e  r ig h t-h a n d  side o f  e q u a li ty  (9) is red u ced  b y  rep lac ing

^ X K )

b y  A,-, i.e ., th e  in fim u m  o f  oTj((u) y ield ing  th e  in e q u a lity  (6) to  be d e m o n s tra te d .
1.1 R e m a r k :  I f  in  T heorem  1, В =  0, in e q u a lity  (6) w ill ta k e  th e

fo rm :

( И )
/=i

In e q u a lity  (11) is id e n tic a l to  S ou thw ell’s fo rm u la  fo r th e  e ig e n v a lu e  p ro b lem  
Au — A2C u =  0 lin e a r  in  A2 [5, 6, 9].

P ra c tic a lly , in e q u a li ty  (6) is ineffic ien t fo r d e te rm in in g  th e  a p p ro x im a te  
v a lu e  o f  A0, n am ely , i t  re q u ire s  th e  know ledge o f  th e  eigenelem ent u 0, co rres­
p o n d in g  to  e igenvalue  A0. F o r  p ra c tic a l a p p lica tio n s , a re la tio n sh ip  o f  th e  form
(11) is c o n v e n ie n t, s u b je c t to  th e  n e x t th eo rem .

T h e o r e m  2.  Let all conditions encountered in Theorem 1 be satisfied 
for operators A, В, C, A f (i =  1, 2,  . . .  , re). Be В a positive semi-definite operator 
( (Bu, u) ^  0, u (  D(B)) then:

i=i

P r o o f .  L e t e q u a li ty  (8) be re w ritte n  as:

§+*(u) =  £  $ +A](u) +  -
i=i

2 & Ф . )  -  9+ (u )
i=i

( 12)

T he second te rm  in  th e  r ig h t-h a n d  side o f (12) has to  be sh o w n  as being  
n o n -n eg a tiv e . Since b ^  0, c >  0, th e  p ro o f  w ill re su lt from  rea liz in g

® \ ( u) — &+(u) ;>  о .
1 = 1

(13)

D e m o n stra tio n  w ill be  b y  in d u c tio n . L et - -M*(u) den o te  fu n c tio n a l (2)
к

fo r th e  case A =  ^'Ai4 (k ^  tí) . S ta te m e n t  (13) is t ru e  fo r n =  2 (A =  A 1 +  A2) 
/=i
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N a m e ly , assum ing its  o p p o s ite :

+ A t { u )  >  cFX(u) +  & A , ( u )  . (14)

S u b s t i tu t in g  (2) and  (7) in to  (14) and  m u ltip ly in g  th e  in e q u a lity  b y  2c, ad d in g  
2b  t o  b o th  sides and  s q u a r in g  b o th  sides tw ice , m eanw hile  perfo rm ing  sim p lif­
ic a t io n s  leads to  a c o n tra d ic tio n . T hus:

T h e re b y :
& А г  + A , { u )  <  & a X u )  +  §Fa A u ) ■

c f+ (u) <  § a ,  +  . . .  +  A„_,(“ ) +  & A n ( u )  <  q F a ,  +  . . .  +  A n - a( u )  +  & A „ _ X U )  +

í=i

R e la t io n s h ip  (13) is s a t i s f  ed . A ccordingly, th e  r ig h t-h a n d  side of (12) is 
r e d u c e d  b y  om ittin g  i ts  seco n d  te rm :

^ +2H  ^  J  ®+A,(u) .
i = l

(15)

B e  M =  u0. Now, because  o f  (4), (15) becom es:

Ы -
i=i

T h e  r ig h t-h a n d  side o f th is  in e q u a lity  is fu r th e r  red u ced  b y  rep lac in g  с?д2(и0) 
b y  th e  square  of th e  in f im u m  o f о?д.(и) i.e. A2, th e  sam e as th e  s ta te m e n t in  
t h e  th e o re m .

3. G en era liza tio n  of D u n k e rley 's  theo rem

T h e o r e m  3. B e А ,  В , C operators sa tis fy in g  conditions (1.1) to (1.4).
n

B e  _B= ^  Bj. Let operator B , (i =  1, 2, . . . , n) have the same properties as B ,
i= l

i.e . sa tis fy in g  conditions (1 .2 ) and  (1.4). Be  A, the m in im u m  positive eigenvalue  
o f  equation

A u  -  AR,u -  A2Cu =  0 (i =  1, 2, . . . ,  n) (16)

g iv in g  rise to inequality

1 n
(A u 0, Ug) -------(C u 0, U g) A „ <T £

A0 i=i
( A u 0, u„) ~  — (Cu0, u 0)A ,l . (17)
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P r o o f .  A p p ly  n o ta tio n s

b, =  ( В (и , u) (i =  1, 2 , ---- , n).

3 ,{u) =  - b '  +  V b f + i a c  ( i  =  1, 2 , ,  n). 
2c

E q u alities

^  + (u)
a — b — gF+(u) • c =  0 ,

(18)

Æ4. , . о — 6, — § +Bi{u) ■ с =  0 [ Г  ( í =  1, 2, . . . ,  п),
^ в А и )

ь = 2 Ь'

yield
i= l

• а — cF + (u) • с =  "У ------------
^ +Н  Й  № , . ( и )

а — аГд • Cj

Be и =  ии. N ow , (14) causes (19) to  becom e:

—  (A u o. мо) -  К {С и 0, и„) =  2í= i L Щ и 0)
( А и 0, и 0) — ^ в ,(м 0) • (Cu0, и 0) . (20)

(19)

O p era to r В, (i =  1, 2, . . . , п) hav ing  th e  sam e p ro p ertie s  as В , fo r th e  m in i­
m um  positive  e ig en v a lu e  o f E q. (16), a re la tio n sh ip  o f form  (4) h o ld s :

А,- =  in f  с^вДм)- 
u € D (A) \  {o}

(21)

The r ig h t-h a n d  side o f e q u a lity  (20) increases u p o n  rep lacing  ^ Bi(u0) b y  A,-, i.e . 
th e  in fim u m  o f cFj (it), y ie ld ing  in eq u a lity  (17) t h a t  w as to  be p ro v ed .

3.1 R e m a r k .  I f  in  T heorem  3, C  =  0, in e q u a lity  (17) w ill ta k e  th e
form :

" 1
T ^ T  /„  1=1 / /

(22)

In e q u a lity  (22) is id e n tic a l to  D un k erley ’s th e o re m  for th e  linear e ig en v a lu e  
p rob lem  A u  — ABu =  0 [3, 4, 9]. In  th is  case, В  h as  to  be a positive o p e ra to r .1

3.2 R e m a r k .  I f  in  Theorem  3, A  — 0, o p e ra to r  В  is n eg a tiv e  d e f in ite  
( — В  positive  d e fin ite ), o f d iscre te  sp ec tru m , a n d  o p e ra to r C B " 1 h as  a  f in i te  
ab so lu te  n o rm , th e n  in e q u a lity  (17) becom es:

П
^  2 * ‘-

i=  1
(23)

1 D u n k er ley  [3] arrived empirically to the form ula bearing his name, b y  analysin g  
vibrations of revolving shafts. J effcott [4] was the first to prove its correctness theoretica lly , 
by m eans of equilibrium  equations. Formulation o f D u nkerley’s formula as a theorem , and  
its proof based on a sim ple, variational principle is due to T emple [9].
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I n e q u a l i ty  (23) is id e n tic a l to  S ou thw ell’s th e o re m  for th e  lin ea r  e ig en v a lu e  
p ro b le m ' B u  +  XCu =  0 (w ith  th e  o p e ra to r  В  of in d ica ted  p ro p e rtie s )
[5, 6 , 9 ].

F o r  p ra c tic a l ap p lic a tio n s , an  a p p ro x im a te  re la tio n sh ip  d isp en sin g  w ith  
th e  k n o w led g e  o f e ig en e lem en t u0 c o rre sp o n d in g  to  eigenvalue X0 is m ore 
c o n v e n ie n t .

T h e o r e m  4.  U nder conditions o f  Theorem  3, inequality

=i  А,-
(24)

is  true . (T his th eo rem  — c o n tra ry  to  R e m a rk  3.1 — does n o t im p ly  th e  a s su m p ­
t io n s  C —  0 an d  В  p o sitiv e .)

P r o o f .  R ea rra n g e  e q u a lity  (19) as :

f - T  -  2 IF T T  +  -Г « 7*«“) -  Í  n f u )•+(u) ,= I cfß (u) a L i=i
(25)

T h e  seco n d  te rm  on th e  r ig h t-h a n d  side o f  (25) h a s  to  be d e m o n s tra te d  as n o t 
b e in g  p o sitiv e . Since c >  0, a >  0 i t  is su ff ic ie n t to  show:

® +(u) -  (26)
/=i

I n e q u a l i t y  (26) w ill be  v e rif ied  b y  in d u c tio n . L e t &Bl+... + Bk(u ) d en o te
к

fu n c t io n a l  (2) for th e  case w here В  =  B n к  <[ n, a s ta te m e n t t r u e  for
/=1

n  =  2 ( B  =  B x B 2). N a m e ly , assum ing  i t s  opposite :

8*Bl + b , ( u )  >  * $ ,(« )  +  И Э Д .  (27)

S u b s t i tu t in g  (2) an d  (18) in to  (27) an d  m u ltip ly in g  th e  in e q u a lity  b y  2c, th e n  
a d d in g  (bl b2) to  b o th  sides and  sq u a rin g  th e m  tw ice consecu tive ly  lead s  to  
a  c o n tra d ic tio n .

!* I T h u s :
f. SÍ + b ,(m) <  oFß (u) +  аХ+в>(и).
A cco rd in g ly :

a F  +  { u )  <  o ^ B ,  +  . . .  +  B „ _ , ( w )  +  ° ^ B „ ( m )  '  c f ß i  +  . . . '  +  B „ _ , ( u )  +  +

+  J  «,(«).
/■=1
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T h e re b y  (26) has been  d e m o n s tra te d . B ecause  o f in eq u a lity  (26), th e  rig h t- 
h a n d  side  o f (25) is in c reased  b y  o m ittin g  i ts  second  te rm :

_ 1 __

o f + (u )

П
^ 2i=i

1

n ,.(u ) •

Be и =  u0. U tiliz ing  (4) ren d ers  (28) to :

(28)

1 1

T he r ig h t-h a n d  side o f  th is  in e q u a lity  is fu r th e r  increased  b y  re p la c in g  а^в,(ио) 
b y  th e  in fim u m  o f of^((u). H ence , acco rd in g  to  (21), th e  s ta te m e n t  in  th e  
th e o re m  is a rriv ed  a t.

T h e o r e m  5. B e А ,  В , C operators sa tisfy ing  conditions (1 .1) to (1.4).
П

Be В  =  5" B[. L et operator B f i  =  1, 2, . . . , re) have the same p roperties as B , 
i=i n 12

1. e. sa tis fy in g  conditions (1.2) and  (1.4). B e С =  ^  С,- . Be operator Ct(i =  1,
i=l I

2, . . . , n) bounded self-adjoin t. (N o w , C] (i —  1, 2, . . . ,  n) w ill have the same
properties as C, i.e. sa tis fy in g  conditions (1.3) and  (1.4)). Let A, denote the m in i­
m u m  p ositive  eigenvalue o f  equation

A u  — AB,u — A2C?u = 0  (i =  1, 2, . . . , n) (29)

g iv ing  rise to the relationship:

~ ^  2 - y -  
К  /=>i

P r o o f .  A p p ly  n o ta tio n s :

bi =  (B 'U , u) (i =  1, 2, . . . ,  n),

ep+( Л _  —bj +  Ytf  +  4 o ( C f  ц , m) . ___
\ u) — o tr* ,. ,.\  (t  — 1, 2 , . . .  , n ). (30)

E q u a litie s

2 {Cfu, u) 

1

w

-----a — b — oF+(u) • c =  0,
áf+(u)

a — bt — о?+(и)(С?и, u) =  0 (i =  1, 2, . . . , n ),

b =  2 b‘
i= l
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im p ly :

&+(и) it \  oFJ(u)
f f  + (u) ■ c -  J ;  &KU) ■ (Cfu, u) 

i=i
(31)

T h e  second  te rm  on th e  r ig h t-h a n d  side o f (31) h a s  to  be show n as b e ing  n o n ­
p o s itiv e . Since a 0, i t  is su ffic ien t to  d e m o n s tra te

&  +  ( u )  ■ C <  2  ^i+(u) ■ (C fu, u) (32)
i=i

I n e q u a l i ty  (32) w ill be d e m o n s tra te d  b y  in d u c tio n . L e t ^ 2 ....... k(u) d en o te

fu n c tio n a l  (2) fo r th e  case В  =  2  î-> C
i=l

к  

i=\
, к  < j re. C orrectness of

(32) w ill f ir s t  be d e m o n s tra te d  for n =  2 (B  =  B 1 B 2, C =  (C1 -)- C2)2).
I t  is s ta te d :

&i,Áu) ' ((Ci +  C2)2u, u) <  §í~(u)(Cfu, и) +  о?^(ц) • (Clu, u). (33)

A p p ly  n o ta tio n :

* + ,_Л -  (6i +  У  +  { {b i+  K f  +  4e[(Cfu, u) +  2 (C fu , u)*(C!u, u)* +  (C lu, u)] }*
1, 2\u ) - - ——----------------------------------- 7--------------;------- : ---------------------------------------•

2((С, +  C2)2u, u)
(34)

B ecau se  o f th e  C auchy — S chw arz  — B u n iak o v sk y  in e q u a lity :

I (CjC jU, u) I <  (Cfu, u ) i(C |u , u)i,

th u s :  cf^2(u) ^  ^ 2(u). (33) is confirm ed b y  re a liz in g :

Jf̂ 2(m) ((Ci +  C2)2u, u) <  ^i(u)  • (C fu , u) +  § i(u ) (C \u , u).

A s an  in d irec t proof, a ssu m e

Áu) ((С, +  C2)2u, u) >  f í ( u )  • (Cfu, u) +  ofí(u)(C|u, и ) .  (35)

S u b s t i tu te  (34) an d  (30) in to  (35). M ultip ly  th is  in eq u a lity  by  2 an d  ad d  
(bt -|- b2) to  b o th  sides. S q u a rin g  b o t sides tw ice  consecu tiv e ly  — sim plify ing  
in  th e  m ean tim e  — lead s  to  a co n trad ic tio n . T h u s , (33) holds. A ccord ingly :

g F + ( u )  • c <  2........ n - l(u )

/П—2 . 2

1 7 -1  . 22 c, U , U

1=1

< 2............l , - 2 ( w )  I { 2  C l )  U ’ ft

+  ^ n ( u ) • (c fu , u) <; 

+  oFf^-i(u ) ' (C f_1u, u) -f-

+  (“ )(C fu, u) <  . . . <  2  ^i+(«) ‘ (C fu, u).
1=1
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T h ereb y , (32) has been p ro v ed . D ue to  in e q u a lity  (32), th e  r ig h t-h a n d  side of 
(31) becom es increased  b y  o m ittin g  i ts  second te rm :

i  i

^(u) ' á  W w  '
(36)

Be u =  u0. U tiliz ing  (4) p e rm its  (36) to  be w ritte n  as:

1 - ^ 2
1

i=i ^ +(«o)
(37)

O p era to r B, (i =  1, 2, . . . , n) h av in g  th e  sam e p ro p erties  as В , a n d  o p e ra to r  
C] (i =  1, 2 , . . . , n) as C, th e  m in im um  po sitiv e  e igenvalue of (29) is co n tro lled  
b y  a re la tio n sh ip  o f th e  fo rm  (4):

Д ,=  in f  оР^(м). (38)
u e D(A)\{o}

T he r ig h t-h a n d  side of (37) becom es increased  b y  rep lac ing  с?4+ (ы0) b y  th e  
in fim u m  o f SPf(u). T h e reb y  E q . (38) leads to  th e  s ta te m e n t in  th e  th eo rem .

3.3. R e m a r k .  As to  its  p h y sica l p u rp o rt. T heorem  5 m a y  b e  consi­
dered  as th e  m o st d irec t q u a d ra tic  g enera liza tion  o f D u n k erley ’s th e o re m  fo r­
m u la ted  fo r an  eq u a tio n  h a v in g  th e  fo rm  A u  — ABu =  0 [3, 4 , 9].

T h e o r e m  6. B e A ,  В , C operators sa tisfy ing  conditions (1.1) to (1.4). 
Be В  =  B 1 -j B.,. Let operators B i and B 2 have the same properties as operator 
B , i.e., let them  sa tis fy  conditions  (1.2) and  (1.4). A lso let B 2 be a p o sitive  operator 
( (B 2u , и) >  0, и  £ D (B 2), u ^  0). Let Аг and  A2 denote m in im u m  p o sitive  eigen­
values o f  equations

A u  — ДВ1и — A2Cu - 0 (39)
and

A u  — XB2u — 0, (40)

respectively. Then inequality

T * T  +  TÁQ / j  A2
(41)

holds.
P r o o f .  I t  is easy  to  d e m o n s tra te  th e  fu lfilm en t o f in e q u a lity

, I - ,

oF + (u) & вАи) a
(42)

w here b2 =  (B 2u , u) an d  a =  (A u , и). N am ely , assum ing  its  o p p o s ite :

1

SF + (u)
> К

a
(43)
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S u b s t i tu te  (2) and  (18) in to  (43) considering  t h a t  b =  - f  b2, th e n  sq u are  
b o th  sides of (43) a n d  s im p lify  i t .  R epea ted  s q u a r in g  leads to  a co n trad ic tio n . 
B e  u  =  u0. Now, (42) m a y  b e  w ritten  as:

1 <  1 I (BjUp, “ o)

Ao “  ® b A u o) (A u 0’ «0)
(44)

T h e  r ig h t-h a n d  side o f  in e q u a l i ty  (44) is in c re a se d  b y  rep lac in g  Sf^^u,,) a n d  
( A u 0, u0)l(B 2u0, u0) b y  th e  in f im a  of IF+Ди) a n d  th e  R ay le igh  q u o tie n t ajb2, 
j .e .  Ax a n d  Ag, re sp e c tiv e ly , le a d in g  to  th e  s ta te m e n t  in  th e  th eo rem .

4 . T h ree  fu rth e r th eo rem s

T h e o r e m  7 . B e  А ,  В , C operators sa tis fy in g  conditions (1.1) to (1.4)_ 
B e  B ± and  Cx operators sa tis fy in g  conditions (1 .2) a n d  (1.4), and  (1.3) and  (1.4) 
respectively. For each и  £ D (A )  the inequality

4 7 ^ - - T  +C C j
(45)

has to be met, where bi  —  {B p i, u), cx =  (Cpi, u ). L e t the m in im u m  p ositive  
eigenva lue o f

A u  — ARtu — A2C]U - 0 (46)

be denoted by Ar  T h en  the inequa lity

ho lds.
P r o o f .  D e n o te :

-bl +  f b \  +  4acx 
2cx

I n e q u a l i ty  (45) y ie ld s :
cF + (u) >  aFi~(u).

(47)

(48)

O p e ra to rs  Bx an d  Сг h a v in g  th e  sam e p ro p ertie s  as В  a n d  C, ^  m a y  be  expressed  
in  th e  fo rm  (4):

Aj =  in f  о ^ (м ) . (49)
u € D (A )\{ 0 }

A c c o rd in g  to  (4) a n d  (49 ), (48) y ields th e  in e q u a litie s :

A „  =  §=+(u 0) >  § t ( u 0) ^  in f  & i(u )  =  Ax.
u € D (A ) \{ 0 }

T h u s ,  A0 >  A1? q .e .d .
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T h e o r e m  8.  L et conditions o f  Theorem 6, and  inequality

b2 <, &1 +  Y ib , +  b2y  +  4ас , и € D(A) (50)

be satisfied .
W ith  notations in  Theorem  6, relationship

^2 *0
holds.

P r o o f .  A cco rd ing  to  cond itio n  (50):

(51)
a gF+(u)

D en o te  b y  u2 th e  e ig en e lem en t o f (40) co rresp o n d in g  to  Л2. Be a  =  n2. N ow , 
(51) m a y  he w r itte n  as:

T h e  r ig h t-h a n d  side o f (52) is increased  b y  rep lac in g  gF + (u2) b y  A0, i.e . in fim u m  
o f aF + (u). H ence:

In v e rse  of th is  in e q u a lity  co rresponds to  th e  s ta te m e n t  to  be p roved .
T h e o r e m  9. B e А ,  В , C operators sa tis fy in g  conditions (1.1) to (1.4). 

B e В  =  B x -)- B 2. L e t B 1 and  B., as well as an operator B 3 have the same proper­
ties as operator B , i.e ., let operators B 3, B 2, B 3 sa tis fy  conditions (1.2) and  (1.4). 
A lso , let condition

h  -  К  +  V {bl +  b2f  +  4ac  ^  2b3 (53)

be sa tisfied  fo r  a n y  и £ D (A ) where bt =  (B ,u , u) (i =  1, 2, 3). Denote by the 
m in im u m  (positive )  eigenvalue o f

N ow , inequality  

holds.

A u  — Ц В 2 - f  B 3)u =  0.

i>

P r o o f .  C on d itio n  (53) leads to

I F + ( u ) ^
a

b3 +  b3

(54)

(55)
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B e  и  =  u0. Now, acco rd ing  to  (4), (55) m ay  be w ritte n  as:

^ o >
( A u 0, u0)

((■ ® 2  -®з ) М0 ’ « о)
(56)

T h e  r ig h t-h a n d  side o f (56) m a y  be red u ced  b y  su b s titu tin g  Я15 i.e. th e  in fim u m  
o f  th e  R ay le ig h  q u o tie n t a /(62 +  b3) fo r (A u 0, u0)/((B 2 -j- B 3)u0, u0), w hence  th e  
s ta te m e n t  in  th e  th eo rem  follow s.

5. L atera l buck ling  o f  a  b eam  w ith  fo rked  support a t b o th  ends.
E xam ples

A pp lica tio n s of th e  a b o v e  th eo rem s w ill be d e m o n s tra te d  on th e  la te ra l 
b u c k lin g  of a th in -w alled  b e a m  o f c o n s ta n t, sy m m etric , open cross sec tio n  w ith  
fo rk e d  su p p o rt a t b o th  en d s , su b je c te d  to  tra n sv e rse  forces (F ig . 1). I n  case of 
s m a ll  d isp lacem en ts, th e  d iffe re n tia l e q u a tio n  o f eq u ilib riu m  o f th e  buck led  
b e a m  is  [2, 7]:

M 2

E J J " "  -  GJcr  -  A[—(r -  2 t ) (M xlê ') ' +  {v -  t)l h -b] -  P  — Ü  0  =  0, (57)
E J y

u n d e r  b o u n d a ry  co n d itio n s:

#(0) =  Щ  =  Г {  0) =  Г{1) =  0 (58)
w h e re

X ,  y ,  z  co-ordinates (Fig. 1);
#  angle  o f rotation of the cross section; 
t d istan ce from the centroid to the shear centre;

r cross-sectional radius (r =  1 /J x • I y (x 2 y 2)dF , where J x is the m om ent of inertia

o f  the cross section referred to the *-axis, and F  the cross sectional area);
V  distance from the centroid to the point o f application of the load;
/ sp an  o f beam;

Fig. 1. Beam w ith forked support at both  ends, and characteristic data
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J  y m om ent o f inertia o f  the cross section referred to  the y-axis;
J c torsional constant o f the cross section;
J a warping constant o f the cross section;
E  m odulus o f elasticity;
G m odulus o f e lastic ity  in shear;
A load param eter;
Pi load for Я =  1 (p =  Apt);
M xl bending m om ent in direction x  due to load p t 
( .  )' d/dz sym b ol o f differentiation w ith  respect to  variable z.

5.1 Southw ell's theorem

Be th e  space  L 2 [0, l] o f rea l fu n c tio n s  sq u are  in teg rab le  in  th e  in te rv a l 
[0, l ] th e  H ilb e r t  space H  w here sca la r p ro d u c t o f elem ents (p, гр £ L 2 [0, l ] is 
defined as:

(cp, xp) = J  (p(s), ip(z)dz.

L et us in tro d u c e  n o ta tio n s

A J  =  E J J " " , (59)

A 2'3 — - -G J C!)", (60)

A & =  E J J " "  -  G J J " , (61)

BO =  — (r — 2 t ) (M xJ ' Y  +  (v — t ) p j , (62)

Ci) =  H * 1 
E J V

(63)

W ith  b o u n d a ry  co n d itions (58), d iffe ren tia l expressions A v  A 2, А , В , C d en o te  
d iffe ren tia l o p e ra to rs  sa tisfy in g  co n d itions o f  T heorem  1. F o r a lo ad  ap p lied  
above th e  sh e a r cen tre , i.e ., v >  t, a t th e  sam e  tim e  2i r, o r th e  b eam  cross 
section  has tw o  axes of sy m m etry , (i =  r  =  0), th e n  o pera to r В  is a p o s itiv e  
sem i-defin ite . In  th is  case, T heorem  2 is v a lid , s ta tin g

^ > A ? + A t ,  Я

th a t  is, th e  sq u a re  o f  th e  c ritica l load  o f th e  b eam  exceeds th e  su m  o f sq u a re s  
o f c ritica l lo ad s ca lcu la ted  b y  reckon ing  e ith e r  w ith  th e  w arp ing  s tiffn ess  or 
w ith  th e  to rs io n a l stiffness alone.

5.2 D unkerley 's theorem  

L e t us in tro d u c e  n o ta tio n s

=  - ( r  -  2 t)(M xir ) \  (64)

B 2ê  =  (v — (65)
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5 .2 .1 . O perato rs А , В , С, B v  В 2 de fined  b y  expressions (61), (62), (63), 
(64), (65), re sp ., sa tisfy  c o n d itio n s  of T heorem  4, h en ce :

J _ <  J _ +  J L
Я0 ^2

w h e re  Âx is  th e  critica l lo a d  p a ra m e te r  of th e  b e a m  fo r v =  t, i.e ., w h ere  th e  
lo a d  a c ts  on  th e  beam  a t  th e  sh e a r cen tre , Я2 b e in g  th e  critica l load  p a ra m e te r  
o f  a  b e a m  w ith  a  cross se c tio n  o f tw o axes o f  sy m m e try  (r =  t =  0) b u t  a ll 
t h e  s tif fn e ss  d a ta  are  th e  sa m e  as tho se  o f th e  re fe ren ce  beam , an d  so is th e  
d is ta n c e  o f t h e load  a p p lic a tio n  p o in t from  th e  sh e a r cen tre  (Fig. 2).

5 .2 .2 . Be o p era to r B 2 acco rd in g  to  (65) p o s itiv e , i.e ., le t th e  load  a c t a b o v e  
th e  s h e a r  cen tre . N ow , th e  cond itions of T h eo rem  6 are  satisfied , a n d  — 
fo llo w in g  a  suggestion  b y  K o l l á r  — th e  b u c k lin g  lo ad  of th e  b eam  m a y  be  
e s t im a te d  as follows: L e t u s  f i r s t  de te rm ine  th e  c ritic a l load  of th e  b e a m  fo r  
th e  ca se  w here th e  lo ad  a c ts  a t  th e  shear c e n tre  ( B 2 =  0, load  p o sitio n  1 in  
F ig . 3). Яг is th e  c ritica l lo a d  p a ra m e te r  fo r th is  case. T h erea fte r th e  c r itic a l

1.
I

v-t

M
S<|°

(0 )

; =  ) ( +- )
M = s

C

vn=v-t

□
(11 (2) .

F ig . 2 . A pplication  of D unkerley’s theorem  sym m etrizing th e  beam  cross section in im agin ation

l

a

!
v -t

( = ).

4 PM 5

I

V - t

d b
( 0 ) ( 1 ) ( 2 )

F ig . 3. Application o f D u nk erley’s theorem  supporting the beam  in im agination
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load  o f  th e  b eam  is d e te rm in ed  fo r th e  case w h ere , in  ad d itio n  to  th e  lo a d  a c tin g  
a t  th e  o rig inal p o in t ,  a n o th e r load  of th e  sam e  va lue , b u t of oppo site  d irec tio n , 
ac ts  a t  th e  sh e a r c e n tre  (B x =  0, C =  0, lo a d  position  2 in  F ig . 3). T h is  is 
e q u iv a le n t to  a h in g ed  su p p o rt of th e  b e a m  along  its  axis passing  th ro u g h  th e  
sh ea r cen tre . T h is  su p p o rt does n o t p re v e n t  b eam  defo rm ations, th e  b eam  
s tr iv in g  to  ro ta te  a ro u n d  th is  ax is a n y w a y . T h e  critica l load  p a ra m e te r  fo r 
th is  case is Aj. T h e  c ritica l lo ad  p a ra m e te r  A0 o f th e  beam  is s u b je c t to  th e  
in e q u a lity

5.2.3. L e t th e  lo ad  system  ac tin g  o n  th e  b eam  consist o f n  p a r ts .  B e p n  th e  
fu n c tio n  o f th e  b a s ic  va lu e  of th e  i th  p a r t ia l  load  and v( th e  d is ta n c e  o f  its  
p o in t o f  ap p lic a tio n  from  th e  cen tro id . B e th e  func tion  of th e  b a s ic  v a lu e  o f

n
th e  co m p le te  fo rce  sy s tem  ac tin g  on th e  b e a m  p , =  V p,.,. Now, th e  a p p lic a tio n

i=l
П

p o in t o f basic lo ad  p x is a t a d is tan ce  v =  ^ v .P n lP i  from  th e  c e n tro id , an d
/= 1

n
th e  b en d in g  m o m e n t in  d irec tion  x  due  to  lo a d  p x will be M xl=  ̂ M xil w here

1 =  1
M xil is th e  b e n d in g  m o m en t in  d irec tio n  x  due  to  load p n . I t  sh o u ld  be  n o te d  
th a t  — as a g a in s t F ig . 1 — d is tan ces  v t a n d  v m ay  v a ry  a long  th e  b eam . 

L e t us in tro d u c e  n o ta tio n s

B $  =  — (r  — 2 t)(M xll& ')' +  (v, — t)p ,i#  (i =  1, 2 , .  . . ,  n),

=  ( i =  1 , 2 , . . . , « ) ,
j  E J  y

and  from  (68):
M 2

C fê  =  £  ( i =  1, 2 , .  . . ,  n)
E J y

w here an d  Cf a re  o p era to rs  u n d e r th e  v a lid i ty  o f b o u n d ary  c o n d itio n s  (58), 
sa tisfy in g  co n d itio n s (1.2) to  (1.4). O p e ra to r  С,- is bounded  an d  se lf-a d jo in t 
because  o f th e  b o u n d ed n ess  of fu n c tio n  M xiv O bviously ,

(67)

( 68)

(69)

B  =  2 B t
i= 1

an d  C —
i=i

T hus, o p e ra to rs  A ,  B , C, B t, Cj an d  C? (i =  1, 2, . . .., n) defined b y  re la t io n ­
sh ips (61), (62), (63), (67), (68) an d  (69), re sp ., sa tis fy  conditions o f T h e o re m  5, 
th e re fo re , th e  c ritic a l load  p a ra m e te r  A0 (p kr =  A0p j) of th e  co m p le te  force
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s y s te m  on  th e  b eam  m eets D u n k e rley ’s fo rm u la

1
(70)

7. 1 b e in g  th e  c ritic a l p a ra m e te r  o f th e  i th  lo ad  ( p (. =  A(-p(1).
R e la tio n sh ip  (70) co n ta in s  c ritica l lo a d  p a ra m e te rs  ra th e r  th a n  c r itic a l 

lo ad s. T h is  shou ld  be  s tre ssed , nam ely  in  case  o f  co n c e n tra ted  loads, th e  tw o  
c o n c e p ts  o ften  in te rm in g le . In  cases u n d e r 5 .1 , 5.2.1 an d  5.2.2, on ly  l i t t le  
t ro u b le  arises fro m  an  in d is tin c t h an d ling  o f  th e  concepts, since in  p a r t ia l  
p ro b le m s th e  basic  lo ad  v a lu es  arc in v ariab le . N o t loads, b u t beam  p ro p e rtie s  
a re  m o d ified . A c tu a lly , how ever, th e  beam  is th e  sam e  in  any  p a r tia l p ro b lem , 
b u t  th e  basic  v a lu e  o f p a r t ia l  loads differ fo r  ea c h  p a r tia l problem . N o t th e  
b e a m , b u t  th e  load s a re  m odified .

T h e  e rro r  d u e  to  ex ch an g in g  th e  tw o  c o n c e p ts  w ill be i llu s tra te d  in  a 
sim p le  ex am p le . L e t a I -b eam  of b isy m m etrica l c ross section , w ith  a fo rk e d  
s u p p o r t  a t  b o th  ends, be su b je c te d  to  a sing le  c o n c e n tra ted  load  a t  a p o in t 
of th e  sp an . L e t th e  b u ck lin g  lo ad  value be  a s su m e d  as being know n fo r  th e  
tw o  cases o f a p p lica tio n  on th e  u p p e r and  on th e  lo w er flange. L et us e s tim a te  
th e  c ir i tc a l  va lu e  o f th e  lo ad  ac tin g  a t  th e  c e n tro id  o f th e  cross section . L e t us 
d e n o te  th e  c ritic a l v a lu e , th e  basic  va lue , a n d  th e  c ritica l p a ram e te r, o f  th e  
lo a d  a c tin g  a t  th e  c en tro id , th e  up p er f lan g e  a n d  th e  lower flange  b y  Pkr> 
P lkn Pzkri Pf> P 2i a n d  Ар Ax, A2, re sp e c tiv e ly . Be P, 1. R e su lta n t o f  
fo rces P n  an d  P 21 ac ts  a t  th e  cen tro id  a n d  e q u a li ty  P  =  P u  -j- P 21 ho lds i f
Р ц  — Р ц  — 1 /2 . N o tv  P kr ■ A„, Plkr V  2 , P ’ikr — Я2/ 2 a n d

1 1 1 1-----  —= ----  < . ----  —1—---- .
P kr *0 - h К

R e p la c in g  c ritic a l lo ad  p a ra m e te rs  b y  c ritic a l lo a d  values in  (71) le ad s  to

2

y ie ld in g  fo r th e  c ritic a l force w an ted , h a lf  th e  v a lu e  of th a t  given b y  th e  co r­
re c t  re la tio n sh ip  (71).

5.3 R eplacem ent o f  a given load type  by another one

N o so lu tions h a v e  been  p u b lished  on th e  la te r a l  buckling  of beam s w ith  
a  fo rk e d  su p p o rt, ex cep t fo r  som e special lo a d  cases. P rac tica lly , h o w ev er, 
s e v e ra l  lo ad  sy stem s d iffe ren t from  th o se  in  q u e s tio n  are enco u n tered . L e t
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u s d e te rm in e  th e  b u ck ling  lo ad  o f a b eam  loaded  in  a d iffe ren t m a n n e r , by  
m eans o f  a load  ty p e  o f kn o w n  so lu tio n , a t  an  ap p ro x im a tio n  on th e  safe  side. 
O ne  lo ad  ty p e  will be rep laced  b y  a n o th e r  one.

T h e  la te ra l  buck ling  e q u a tio n  of a b eam  u n d e r th e  ex am in ed  lo ad  ty p e  
w ill be:

A b  -  ).BÍ) - )?Cb =  О,

w here  А ,  В , С are o p e ra to rs  d e fin ed  b y  (61), (62), (63), re sp e c tiv e ly . The 
la te ra l  b u ck lin g  eq u a tio n  o f th e  s u b s ti tu tin g  b eam  o f know n c ritic a l lo a d  w ill be:

A b  — ?.Bt b  -  Х2СхЬ =  0,
w here

B xb  =  — (r — 2 t) (M xlb ') '  +  (v — t) pi&, (72)

M 2
Clb = ^ b

E J y

w here p l is th e  basic v a lu e  o f th e  su b s ti tu tin g  lo ad , M xl th e  b e n d in g  m o m en t 
in  d irec tio n  x , an d  v th e  d is ta n c e  from  cen tro id  to  th e  p o in t o f a p p lic a tio n . 
Be A0 a n d  Ax th e  c ritica l lo ad  p a ra m e te rs  o f su b s ti tu te d  and  s u b s t i tu t in g  load , 
resp . In  o rd e r to  m eet in e q u a lity

A0 ^  At

fu lf ilm e n t o f cond ition  (45) is n eed ed , in  co n fo rm ity  w ith  T heorem  7. (N am e ly  
o p e ra to rs  A , B ,C , B v  Cx sa tis fy  co n d itio n s (1.1) to  (1.4)). O bv iously , co n d itio n  
(45) is a lw ays sa tisfied  for a n y  b  Ç D (A ), (CLb, b) (Cb , b) a n d  ( В \b , b)/ 
/(C jb , b) (B b , b)l(Cb, b). B eam s o f a b isy m m etrica l cross sec tio n  alw ays 
s a tis fy  th e se  cond itions, i f  e.g ., on th e  one h an d , m om en t d iag ram  M xl o f th e  
s u b s ti tu t in g  basic  load  fu lly  c o n ta in s  th e  m o m en t d iag ram  M xl o f  th e  su b ­
s t i tu te d  b asic  load , on th e  o th e r  h a n d , th e  specific to rq u e  v • p i c a lc u la ted  
fro m  u n it  tw is t  o f th e  s u b s ti tu t in g  basic  load  p 1 exceeds th e  p ro d u c t  o f  th e  
specific  to rq u e  v ■ p 1 fo r th e  s u b s ti tu te d  basic  lo ad  by  a c o n s ta n t n o t  less 
th a n  th e  su p rem u m  o f th e  q u o tie n t (Cjb, b)/(C b, b). F o r Aj = 1, t h a t  is, if  
basic  v a lu e  o f th e  su b s ti tu tin g  lo a d  is th u s  assum ed  as to  p u t th e  b e a m  in to  an 
in d iffe re n t s ta te  of eq u ilib riu m , A0 1. I t  m eans th a t  th e  c r itic a l v a lu e  of 
th e  s u b s ti tu te d  load  is n o t less th a n  th e  basic  va lu e  p v

(73)

5.4 Reduction o f  critical load by additional supports

Cases arc  know n to  e x is t [1] w here  c ritica l loads of a b eam  d ec rea se  in  
sp ite  o f an  increased  n u m b e r o f su p p o rts . A n exam ple  o f I-beam s w ith  h in g ed  
cross sec tion  an d  to rsion-free  flan g es  (trusses) w as d iscussed in  [8].

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



2 2 0 TÁRNÁI, T.

T h e  following w ill b e  a  r a th e r  general t r e a tm e n t  o f th e  p rob lem  of th e  
v a r ia t io n  of th e  c ritic a l l a te r a l  buckling lo ad  o f a  th in -w a lled  beam  o f sy m ­
m e tr ic ,  open, and  in d é fo rm a b le  cross section  w ith  a  fo rk ed  su p p o rt a t  b o th

F ig . 4 . Cross section o f th e  b ea m  supported on rollers all a long its  length: a )  sym m etrical cross 
sec tio n ; b) bisym m etrical cross section

e n d s , u n d e r tra n sv e rse  lo a d s , w hen  th e  b eam  is su p p o r te d  by  ro llers all along 
a n  ax is  in  th e  p lane o f s y m m e try , para lle l to  th e  c e n tro id a l axis. T his c o n s tra in t 
p e rm its  ro ta tio n  a n d  la te r a l  d isp lacem ent o f b e a m  cross sections b u t  p rev en ts  
v e r t ic a l  d isp lacem ent (F ig . 4).

F o r th e  sake o f  s im p lic ity , f irs t, c o n s ta n t  b eam  cross sections w ith  
two axes o f  sym m etry  w ill b e  considered (F ig . 4 b ). N ow , o p era to r I f  accord ing  
to  (64) is zero. L a te ra l b u c k lin g  equa tion  o f th e  b e a m  w ith  no ro lle r su p p o rt 
ta k e s  th e  form :

A f t  -  l B 2ft -  }?Cft =  0 (74)

"where operators A , B 2, C  a re  defined  by  exp ressio n s (61), (65), (63), re spec tive ly . 
S u p p o r tin g  th e  b eam  on  ro lle rs  along th e  lo n g itu d in a l axis passing  th ro u g h  
th e  sh ea r centre b ecau se  o f  M xl =  0 w ill cause  th e  la te ra l  b u ck ling  e q u a tio n  
to  h a v e  th e  form :

A ft -  ÀB2ft =  0. (75)

L e t  a  load  be app lied  a b o v e  sh ear cen tre  i.e . be  B 2 a  p o sitiv e  (defin ite) o p e ra to r; 
s in ce  B 1 =  0, hence bx =  0, cond ition  (50) is sa tis f ie d . A ccording to  T heorem  8:

^2 s i  ^0»
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i.e . th e  ro ller su p p o rt ra ised  th e  c r it ic a l  lo ad  of th e  b eam  (AQ a n d  A2 being 
c ir itc a l load  p a ra m e te rs  o f beam s w ith o u t, a n d  w ith  roller su p p o r t,  re sp ec tiv e ly ).

A ssum ing  th e  ro lle r su p p o rt to  b e  below  th e  shear c e n tre , th e  equation  
o f  equ ilib rium  o f th e  b eam  in  la te ra l ly  b u ck led  s ta te  will be ;

A ft -  A(B2 +  B 3)ft =  0 (76)
w here

B 3ft — m p xft (77)

w h ere  m  is th e  d is tan ce  betw een  th e  sh e a r  cen tre  and  th e  s u p p o r t  (F ig . 4)" 
(m  is positive if  th e  su p p o r t is below  th e  sh e a r centre.) A ssu m in g  th e  sup p o rt 
to  be  ever deeper be low  th e  sh ear c e n tre , th e n  o pera to r B 3, i.e . d is ta n c e  m  m ay 
h a v e  a v a lue  m0 b ey o n d  th a t  m  s a tis f ie s  cond ition  (53). T h e n  T h eo rem  9 
im p lies th a t  th e  m in im u m  p o sitiv e  e ig en v a lu e  A0 of (74) exceeds t h e  m in im um  
(positive) e igenvalue  Ax o f (76), th a t  is , th e  b eam  w ith  an  u n s u p p o r te d  flange 
h as  th e  h igher c ritic a l lo ad , hence, in  sp ite  of th e  a d d itio n a l s u p p o r t ,  the  
c r it ic a l  load  decreases.

A ssum ing a u n ifo rm ly  d is tr ib u te d  lo a d  an d  a c o n s tan t lo a d  ap p lica tio n  
p o in t  (V =  const.), le t  us d e te rm in e  an  m 0 v a lu e , beyond th a t  th e  ro lle r  su p p o rt 
d estab ilizes, an d  below  th a t ,  s tab ilizes th e  beam  equilib rium . N o  s tip u la tio n  
is m ad e  on th e  sign o f v. T h e  lo ad  m ay  a c t  e ith e r  a t, or below , o r o v e r  th e  shear 
c e n tre , deduced re la tio n sh ip s  rem ain  v a lid . T h e  following will n o t  b e  re s tr ic te d  
in  th e  case o f a b isy m m e tric a l b eam  cross section . In  general, t h e  b e a m  cross 
sec tio n  is assum ed  to  h av e  a single a x is  o f  sym m etry  (in th e  d ire c t io n  o f th e  
e x te rn a l  loads, F ig . 4a).

L a te ra l b u ck lin g  eq u a tio n  o f th e  u n su p p o rte d  beam  is :

A ft  -  k (B 1 +  B 2)ft -  A*Cft =  0, (78)

a n d  o f  th e  su p p o rte d  one:

A ft  - Л (В 2 +  B 3)ft =  0 (79)

w h ere  A , B v  B 2, B 3, C  a re  o p era to rs  d e f in e d  b y  expressions (61), (64), (65), 
(77), (63), re sp ec tiv e ly . Be p x =  1. N ow , B 2 — v — t, B3 =  m . E q .  (79) has 
p o s itiv e  e igenvalues i f  v  — i -|- m 0.

O bviously , th e  m in im u m  p o sitiv e  e ig en v a lu e  of (79) is

Ai = -------^ ------ , (80)
v — t m

w h ere  XA denotes th e  m in im um  (positive) e igenvalue of o p e ra to r  A  accord ing  
to  (61). L e t us f in d  th e  su p p o rtin g  d e p th  v a lu e  m — m0 w h ere  th e  c ritica l 
lo ad s o f su p p o rte d  a n d  u n su p p o rte d  b e a m s are  equal, i.e ., w h e re  Ax equals 
th e  m in im um  p o sitiv e  e igenvalue A0 o f  (78). F rom  (80) an d  f ro m  equ a lities
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^  — À0 an d  m — m0 i t  e n su e s :

m . (81)

th e  d is ta n c e  m() sough t fo r . I f  th e  exact value o f  A0 is m issing, th en  m 0 m a y  
h e  e s tim a te d  as follows. I n  th e  actual case, В  =  B 1 -)- B 2 and b =  bx b2 
h e n c e , fro m  Eqs (2) an d  (4 ):

w h e re

>  b! +  b2 + У (Ь Х +  К)2 +  4ас .  1 _  v  I t
l ° -  2 a

a =  (A d , d),

(82)

(83)

(85), (86) become:

S u b s ti tu t in g  (87), (89), (9 0 ), (91), (92) in to  (82) y ie ld s  fo r m 0 th e  low er b o u n d :

( r - 2 t )
7Г2 --- 3

12
v +  t ■ {[(r -  2*)■

— 3

12 ■ + « - *  +

E J U +  G JC ( I f n f  ж* +  45)1

E J V 30 I!
F in a l ly ,  i t  should be  m e n tio n e d  th a t  from E q s (80) a n d  (81) i t  is d irec tly  re c o g ­
n iz e d  th a t  A0 <  Ax fo r  m  <T m 0, and  A0 >  Ax fo r m  >  m a.

Acta Technica Academiae Scientiarum Hungaricae 91, 1980

L e t  i)л  denote th e  e ig e n e le m e n t corresponding to  th e  m inim um  e igenvalue  
XA o f  o p e ra to r A  acco rd in g  to  (61). Clearly:
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Cher d ie Verallgem einerung der Theorem e von Southwell and Dunkerley für quadra­
tische E igenwertaufgaben. In diesem A ufsatz wird die Näherungsberechnung des k leinsten  
Eigenwertes positiven von quadratischen Eigenw ertaufgaben m it reellem Spektrum  behandelt. 
Es wird untersucht, wie untere Schranken für den gesuchten Eigenwert gegeben werden  
können, bzw. wie sich eine gegebene Aufgabe auf einfachere Aufgaben zurückführen läß t. Die 
Theorem s von Southw ell und Dunkerley werden verallgem einert, dann weitere, un tere A n nä­
herungen ergebende Zusam m enhänge deduziert. D ie Anwendung der erhaltenen E rgebnisse  
wird an Trägerkippungsaufgaben veranschaulicht.
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INDUSTRY OF HUNGARY

P. VA JDA*
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John Cso n k a  is generally known to  have been together w ith  D on át B á n k i 
the original inventor o f th e  modern carburetor for the gasoline engines. H is great 
pioneering achievem ents in  the national autom obile and general m anufacturing indus­
tries are fully  acknow ledged in  his biographies and the popular literature. H is work 
as designer and independent m anufacturer left an im portant mark on the Hungarian  
m achine industry. As a teacher o f m achine shop skills and practice he m aintained an 
exceptionally  high standard w hich in m any respects was higher than  could typ ica lly  
be found in the colleges o f  th a t period.

Biography

Jo h n  Cso n k a  w as b o rn  on J a n u a ry  22 , 1852 in  Szeged, H u n g a ry  in to  
a  fam ily  o f n o ted  c ra ftsm en . H is fa th e r , V in cen t T so n k a  w as a w ell-know n 
m echan ic  an d  th e  la s t  M aste r of th e  G uild o f M echanics an d  S m ith s , in  whose 
shop  every  k in d  o f m ach in es  an d  in s tru m e n ts  th a n  in  use, w ere m ad e . F a th e r  
V incen t d irec ted  h is w ork sh o p  in  th e  o ld -fash ioned  p a tr ia rc h a l m a n n e r. No 
d o u b t, J o h n  w as g re a tly  in flu en ced  by  th is  ap p ro ach  an d  also acq u ired  his 
basic  te ch n ica l know ledge th e re . A fte r th e  e lem en ta ry  school y ea rs  h is  am b i­
tio u s fa th e r  enro lled  h im  in  a h igh-school an d  s im u ltan eo u sly  to o k  h im  in to  
h is w orkshop . W hen th e  w o rk  in  th is  ra th e r  ag ricu ltu ra l c o m m u n ity  becam e 
to o  narro w  fo r J o h n , he o b ta in e d  em p lo y m en t in  th e  shop  o f  th e  Szeged- 
F iu m e  R ailw ay  in  h is hom e to w n  an d  la te r  in  th e  ro u n d -h o u se  shop  o f th e  
H u n g a ria n  N a tio n a l R a ilw ay s in  B u d ap est, th e  c o u n try ’s c a p ita l. H ere , 
in d eed  he could  acqu ire  know ledge re fe rrin g  to  c u rre n t m ach in e  shops. In  
1874 he u n d e rto k  a  long  tr ip  ab ro ad  s tu d y in g  in  V ienna, K o rn e u b u rg , S t. 
P o e lten , an d  in  1875 in  P a ris . I t  m u st h av e  been  o f e x tra o rd in a ry  im p o rta n c e  
fo r h im  th a t  in  P a ris  he could  fam iliarize  h im se lf w ith  th e  L en o ir gas engine 
w hich  w as a lread y  in  w id esp read  use in  F ran ce . F rom  th e re  he  m o v ed  to  
E n g la n d  th e n  re tu rn e d  to  P a r is  again . F in a lly  in  1877 a fte r  s to p p in g  in  Z urich , 
M ilano an d  V ienna, he re tu rn e d  to  H u n g ary .

* Dr. P. V a jd a , A lkotás u. l /а , H -1123 B udapest, Hungary.
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W hile  these  s tu d ies  a b ro a d  rep resen ted  m u ch  h a rd sh ip  an d  sacrifice , 
i t  w a s  m a in ly  due to  th e  ex p e rien ce  th a t  o u t o f  th e  th ir ty - tw o  a p p lic a n ts  an d  
ev e n  h a v in g  given in  h is a p p lic a tio n  a fte r th e  closing  d a te , th a t  on F e b ru a ry  
11, 1877 he, th e  y o u n g est a p p lic a n t was a p p o in te d  as in s tru c to r-m a n a g e r  of 
th e  m ac h in e  shop of th e  D e p a r tm e n t of M echanical E n g in ee rin g  a t  th e  T ech n i­
ca l U n iv e rs ity  of B u d a p e s t. I n  o rder to  im p ro v e  th e  q u a lity  o f te a c h in g  from  
th e  b eg in n in g , he in tro d u c e d  th e  em ploym en t o f fu lly  qu a lified  m ach ineshop  
p e rso n n e l as in s tru c to rs , w h o  cou ld  guide th e  s tu d e n ts , p lu s c a rry  o u t p ra c tic a l 
m a c h in e  shop w ork. J o h n  C sonka rem ained  in  th is  teach in g  p o sitio n  for 
fo r ty -e ig h t  years an d  d u rin g  th is  line tw o g en era tio n s  o f m echan ical engineers 
w ere  b ro u g h t up .

D u rin g  th e  g rea t ch an g es  an d  rap id  d ev e lo p m en t of techno logy  i t  p roved  
t h a t  in  th e  m an ag em en t o f  a  m echnical w ork sh o p  th e o re tic a l know ledge is 
n o t  su ffic ie n t, b u t  w ell fo u n d e d  p rac tica l ex perience  is also ab so lu te ly  n ecessary  
fo r  th e  p ro d u c tio n  o f q u a l i ty  goods. To be  ab le  to  com pete  on th e  w orld  
m a r k e t  th is  is essen tia l b o th  in  respect to  th e  q u a lity  of th e  goods a n d  th e ir  
c o s t. H e  quick ly  rea lized , t h a t  n e x t to  th e  w ork  a t  th e  d ra ftin g  b o a rd  th e  
n e e d  fo r  precise e s tim a te s , th e  p lan n in g  an d  o rg an is in g  o f th e  p ro d u c tio n  are 
th e  b a s is  o f a p rosperous u n d e r ta k in g .

T o d a y  all th is  is g e n e ra lly  recognized, an d  in  fa c t, i t  becam e th e  sub jec t 
o f  a n  in d ep en d en t d e ta ile d  b ra n c h  of eng ineering . T he tra in e d  w o rk er fu lly  
a c c e p ts  th e  need of le a d e rsh ip  b y  a qualified  m ech an ica l engineer an d  th e  b est 
r e s u l ts  can  only be ac h ie v e d  b y  such coopera tion .

T h e  p a rtic u la r  v a lu e  o f  Jo h n  C s o n k a ’ s  s ix ty  y ea rs  o f te ach in g  is th e  
r e a liz a tio n  of th is  change in  shop  m an ag em en t, a n d  th a t ,  decade a fte r  decade 
h e  p u t  th e se  p rincip les in to  p rac tice .

B efore re tir in g  fro m  h is  teach in g  p o st a t  th e  T echn ical U n iv e rsity  he 
h a d  e s tab lish ed  f iv e  b asic  sh o p  m achines: a la th e , a m illing  m ach ine , a drill- 
p re s s , a  shaper, an d  a saw in g  m achine. In  1925 he  in s ta lled  th ese  m achines 
in  th e  b asem en t of th e  a p a r tm e n t  house (a t  31 B éla  B a rtó k  S tree t) , B u d a p e s t 
a n d  s ta r te d  his own in d e p e n d e n t m achine shop . H e d id  th is  as his son, P ro f. 
D r. P a u l  Csonka la te r  q u o te d  abo u t h im : “ w ith o u t f in an c ia l b ack in g  b u t 
w ith  a  g rea t deal of m o ra l c a p ita l” . F irs t he d id  re p a ir  w ork  only , b u t  soon 
h e  w as able to  tu rn  to  h is fa v o r ite  field , th e  m a n u fa c tu r in g  of engines. In  th e  
m id d le  o f th e  n in e teen  th ir t ie s  a m uch la rg e r shop  w as estab lished  on th e  
B u d a fo k i S tree t. D u rin g  h is  la s t  year, in  1939, w ith  considerab le  increase  in  
w o rk  vo lum e and  fac ilitie s  h is  th o u g h ts  tu rn e d  to  a p ro p e rly  designed fa c to ry  
b u ild in g . B y th is  tim e  he  em p lo y ed  th ree  h u n d re d  sk illed  w orkers inc lud ing  
m a n y  m echan ical en g in eers . H e did n o t live to  be p re se n t a t  th e  in a u g u ra tio n , 
o f  th e  new  p lan t. E v e n  r ig h t  before being ta k e n  to  th e  h o sp ita l he com pleted  
th e  design  of a new  sm a ll eng ine , w hich in  fa c t  w as la te r  p u t  on th e  m ark e t. 
H e  p assed  aw ay on O c to b e r 27, 1939 — a f te r  o n ly  tw o  w eeks illness a t  th e
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h o sp ita l. T h e  J o h n  C sonka M achine F a c to ry , Inc. (C sonka J á n o s  G épgyára, 
R .T .) an d  its  successor, T he S m all E ng ine  and  M achine F a c to ry , Inc . are 
ca rry in g  on th e  sp irit o f th e  F o u n d e r.

Gas and  petro leum  engines

A lread y  as a y oung  m an , J o h n  C s o n k a  could foresee th e  g re a t fu tu re  of 
th e  in te rn a l com b u stio n  engine as th e  g en e ra to r of m ech an ica l pow er. A t the  
W orld  F a ir  o f 1878 in  P a ris  sev en ty -fiv e  gas engines of v a rio u s  constru c tio n  
w ere ex h ib ite d  b y  th ir ty - tw o  m a n u fa c tu re rs . T he an ces to r o f th o se  engines 
w as th e  F en o ir  engine o f 1860, a ty p e  o p e ra ted  w ith o u t com pression . This 
w as fo llow ed b y  v a rio u s o th e r com pressionless engines o f s im ila r  design, like 
th o se  o f H u g ó n ,  B i s s h o p ,  A i m u l l e r ,  G i l l e s ,  L a n g e n — О тто  a n d  others. 
All th e se  a tm o sp h e ric  engines becam e  obsolete  w hen B r a y t o n ’ s  com pression 
engine (U SA  1873) m ade its  ap p ea ran ce . T he f irs t fo u r-s tro k e  com pression 
engine o f th e  new  e ra  w as p ro d u ced  b y  O t t o  in  1878. T h e  “ p e tro le u m  m oto r” 
as i t  w as ca lled  in  th o se  d ay s, becam e  w idely  used  in  th e  n in e tie s . F o r th e  
tra in in g  shop  o f th e  T echn ical U n iv e rs ity  C s o n k a  f irs t  m a d e  som e w ater-co l­
um n  m ach ines. L a te r  he rep laced  th e m  by  a v e rtica l cy lin d e r s te a m  engine. 
F in a lly , a f te r  recognizing  th e  m a n y  short-com ings of th e  L an g en  — O tto  gas- 
engine, th e  S w idorski p e tro leu m  eng ine an d  o f th e  slide-valve  g o v ern ed  engine, 
he h im se lf designed  an d  p ro d u ced  his ow n engine: the very f i r s t  H ungarian  gas 
engine. T h is ind eed  w as a re m a rk a b le  accom plishm ent b o th  in  re sp e c t to  the  
design an d  o f th e  ac tu a l b u ild in g  o f  th e  engine: p a r tic u la r ly  since on ly  very  
poor shop  fac ilities  w ere av a ilab le  to  h im . In  th is  w ay  he becam e  one o f  the 
very f i r s t  p ioneers o f  the gasoline engine.

C s o n k a ’ s  n e x t tr iu m p h  w as th e  c rea tio n  of an  eng ine w h ich  could  be 
o p e ra ted  on tw o  d iffe ren t fuels, e ith e r  b y  c ity -gas or kerosene . T h is again  was 
an  o rig inal in v e n tio n  b o th  in  design an d  concep t. H e desig n ed  th is  engine 
in  1882 an d  b u ilt  i t  in  th e  fo llow ing y ea r. H is p a te n t ap p lic a tio n  w as filed  on 
N ovem ber 26, 1884 u n d e r th e  t i t le  “ G as an d  P e tro leu m  M o to r” . T h e  sign ifi­
can t n o v e lty  an d  im p ro v em en t in  th is  engine was th e  exclu siv e  ap p lica tio n  
of p o p p e t v a lv es . T his so lu tion  h ad  n o t on ly  a d efin ite  p rice  a d v e n ta g e  over 
th e  slide v a lv e  governed  ap p ro ach , b u t  w as also easier an d  c h e a p e r  to  p roduce 
and  rep a ir . I t  n o t only  e lim in a ted  th e  need  for lu b ric a tio n , b u t  also  m ade 
a h igher com pression  possible. T h e  effect o f th e  in le t a n d  e x h a u s t poppet 
valves w as ex cellen t. I t  w as D a i m l e r  w ho f irs t  recognized th e  su p e rio r ity  of 
th is  design. T he o th e r m a n u fa c tu re rs , like O t t o  and  B e n z ,  re ta in e d  th e  old 
m e th o d : th e  slide valve  co n tro l, w hich  w as an  in h e ritan ce  fro m  th e  steam  
engine. H ow ever, by  th e  end  o f th e  c e n tu ry  th e  new  so lu tio n  w as genera lly  
accep ted  b y  m ost m an u fac tu re rs .
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T h e  ign ition  w as c a rr ie d  o u t by  a governed  c irc u it b reak e r, an d  was 
la te r  re p la c e d  by  th e  m ore p ra c t ic a l  Bosch ig n itio n  sy s te m . T hough elec tric  
d ev ice s  w ere an  alm ost u n k n o w n  a re a  for m ost m ech an ic s  in  th o se  days, th is  
s o m e w h a t com plicated  ig n itio n  sy s tem , if  k e p t c lean  a n d  p ro p e rly  m a in ta in ed , 
w o rk e d  v e ry  well. On th e  C s o n k a  engine, th e  su c tio n  w as g overned  b y  a c e n tr i­
fu g a l re g u la to r  w hich a ssu re d  th e  even ru n n in g  o f  th e  eng ine .

B y  th e  sim ple tu rn in g  o f  tw o  valves, th e  fu e l co u ld  be changed  from  
c i ty  g as  to  kerosene. T his w a s  m ad e  possible b y  u s in g  th e  ex h au st gases for 
in c re a s in g  th e  te m p e ra tu re  o f  th e  “ petro leum ”  re n d e rin g  i t  m ore vo la tile . 
I n  th o s e  ea rly  years, c ity  gas w as u sed  m ain ly  fo r illu m in a tio n , an d  i t  h ap p en ed  
t h a t  som etim es during  th e  d a y  — th e  gas su p p ly  w as d isco n tin u ed . One can 
see t h e  g re a t ad v an tag e  o f b e in g  ab le  to  change th e  fu e l fro m  gas to  kerosene. 
T h e re  w as no o ther engine o n  w h ich  th is  fuel ch an g e  cou ld  easily  be m ade. 
T h e  en g in es  on m ark e t r a n  e i th e r  on gas or on k ero sen e . W ith  th is  im p o r ta n t 
f e a tu re ,  th e  Csonka eng ine  w as  m ore  adv an ced  th a n  a n y  o th e r design. T he 
e m p h a s is  here  was on th e  e a s y  conversion from  one fu e l to  th e  o ther. In  p r in ­
c ip le , a n y  gas engine cou ld  b e  o p era ted  on kerosene , w ith  th e  help of a fuel 
e v a p o ra to r .  As early  as 1862 i t  w as d em o n stra ted  t h a t  th e  L eno ir engine could  
b e  m a d e  to  ru n  on k e ro sen e , b u t  i t  was co m p lica ted  a n d  unre liab le . A  g rea t 
n u m b e r  o f p a ten ts  w ere o b ta in e d  for such “ v ap o rize rs” , b u t  n o t one of th e m  
p ro v e d  to  be of p rac tica l v a lu e .

C om paring  i t  to  th e  o th e r  engines of tho se  y e a rs , th e  C sonka engine was 
d e f in i te ly  th e  best engine, a n d  in  fac t, i t  co m p ared  fa v o u ra b ly  w ith  all o th e r 
fo u r -s tro k e  engines. Csonka  in d e p e n d e n tly  so lved  th e  p ro b lem  of th e  co n s tru c ­
t io n  o f  an  engine, an d  th e  p ro b le m  of changing  th e  fu e l fro m  gas to  kerosene
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in  an  o rig inal and  u n iq u e  w ay . E v en  in  its  o u te r  ap p ea ran ce , th e  v a lv e  engine 
cam e  th e  n ea re s t to  th e  la te r  developed  in te rn a l co m b u stio n  engines.

In  o rd er to  be ab le  to  ap p rec ia te  th e  im p o rta n c e  o f  J o h n  C s o n k a ’ s  g rea t 
acco m plishm en ts, a  few  w ords are  needed  to  ex p la in  th e  te ch n ica l d eve lopm en t 
d u rin g  his life. T he la s t  th ird  of th e  n in e te e n th  c e n tu ry  w as an  e x tra o rd in a ry  
p e rio d  of p ro sp e rity  a ll over E u ro p e , as w ell as in  H u n g a ry . T he H u n g a rian  
m ach in e  in d u s try  w as s till in  its  in fancy . T h e  in d u s tr ia l  s ta tis tic s  o f  1884 give 
a few  ty p ic a l figu res. In  th is  co u n try , g irded  b y  th e  C a rp a th ian  M ounta ins, 
o n ly  3414 p lan ts  h a d  a  m echan ical pow er source. O f th e se , — 92%  w ere 
s te a m  engines a m o u n tin g  to  s ix ty -fo u r th o u sa n d  H . P . (In  F ra n c e  th e  to ta l  
a m o u n te d  to  683 000 H .P ., an d  in  G erm an y  over a m illion .) O nly  tw elve  
th o u s a n d  w orkers w ere  em ployed  in  m echan ized  fac to ries , an d  on ly  5 ,4%  
o f th e  p o p u la tio n  w as em ployed  in  in d u s try . O u t of th o se  in d u str ie s , 63%  
w ere  o p e ra ted  solely b y  th e  ow ner, 33 ,7%  h a d  one to  fiv e  em ployees an d  a 
m eag er 2 ,5%  h ad  m ore  th a n  fiv e  em ployees. C o n sequen tly , th e  w orkshop  a t 
th e  T echn ica l U n iv e rs ity  w ith  as m an y  as tw e n ty -f iv e  em ployees w as of 
consid erab le  size fo r th o se  tim e . A p a rt from  a c tu a l te ach in g  ho u rs , C s o n k a  

u sed  h is  te a m  for re g u la r  p ro d u c tio n . C onsidering th e  g rea t a m o u n t o f w ork  
a n d  ca re  invo lved  in  design ing  an d  bu ild ing  in te rn a l com b u stio n  engines, one 
can  ap p rec ia te  C s o n k a ’ s  o u ts ta n d in g  acco m p lish m en t over th e  m a n y  years 
in  c a rry in g  o u t th is  w o rk  sing le-handed , an d  u n d e r  p ioneering  cond itions. In  
a d d itio n , he also h ad  to  t r a in  his w orkers in  th is  new  fie ld , in c lud ing  th e  castin g  
o f th e  p a r ts  w hich th e y  m o stly  carried  o u t th em selv es .

The B á n k i—Csonka engine and  th e  ca rb u re to r

B y  th is  tim e  C s o n k a ’ s  nam e w as w ell-know n in  his c o u n try . H e sold 
th e  license for his p a te n te d  engine to  th e  b ig  m ach in e  p la n t:  G anz & Co. 
B u d a p e s t. A t th a t  tim e  G anz w as o v erru n  b y  o rders. T herefo re , C s o n k a  

p ro d u c e d  his own eng ines fo r G anz & Co. w hich  w ere sold as: “ G anz engines” . 
In  1887 A ndreas M e c h w a r t ,  p resid en t o f th e  G anz C om pany  asked  h im  to  
jo in  th e ir  s ta f f  w ith  th e  assig n m en t to  redesign  th e  engines o f th e  recen tly  
ac q u ire d  “ L eo b ersd o rf M otor F a c to ry ” . T h is p ro je c t w as s ta r te d  b y  a young  
G anz engineer, th e  b r il l ia n t D o n a t B á n k i  w ho w as o b ta in in g  m in im al re su lt 
b ecau se  of in a d e q u a te  fac ilities  a t  th e  G anz p la n t. M e c h w a r t  agreed  to  th e  
tr a n s fe r  of tw o  engines to  C s o n k a ’ s  shop a t  th e  T ech n ica l U n iv e rs ity  in  B u d a ­
p e s t. T h is began  th e  v e ry  successful co o p era tio n  o f m a n y  y ea rs  be tw een  
C s o n k a  and  B á n k i  w h ich  re su lted  in  severa l im p o r ta n t  jo in t p a te n ts . T hese 
in c lu d e d  a n u m b er o f in n o v a tio n s  on gas an d  kerosene  engines an d  th e ir  co n tro l 
m echan ism s. ( J a n u a ry  19, 1888. Vd. X X I I .  N o. 1889: Im p ro v e m e n ts  on Gas 
E n g in es ; A pril 11, 1888. Y d. X X I I .  No. 1581: C on tro l M echanism  on F our-
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S tro k e  K erosene  E ngines a n d  th e  sam e in  G erm any , D R P  N o. 51854. A pril 
11, 1889.)

T h e  engines redesigned  a n d  p ro d u ced  fo r G anz Co. w ere n a m e d  “ G anz 
e n g in e s”  w ith  th e  p a te n t  o f  B á n k i—Csonka  clearly  in d ic a te d  on th e m . These 
en g in es  w ere n o t id en tica l w ith  th e  la te r  m a rk e te d  fam ous “ B án k i — C sonka 
e n g in e s”  w hich w ere th e  f i r s t  in d u s tr ia lly  p ro d u ced  engines in  H u n g a ry . 
T h e se  w ere  fou r-stroke , w a te rco o lcd , O tto -cycle  ones. T he h o riz o n ta l engines 
p u t  o u t  1 to  8 H .P ., an d  th e  o u tp u t  o f th e  v e rtic a l designs w as 6 to  30 H .P . 
T h e  c e n tr a l  axis of th e  cy lin d e r a t  th is  engine d id  n o t m ee t th e  c e n te r  o f th e  
d r iv in g  sh a ft. T h rough  th is  c o n s tru c tio n , th e  h igher ja c k e t p ressu re  o f th e  p is to n  
d u r in g  ex p ansion  w as co n sid e rab ly  reduced . T he in ta k e  an d  th e  e x h a u s t w ere
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governed  b y  p o p p e t v a lv es . This was d e f in ite ly  a g rea t im p ro v e m e n t over the  
slid ing  v a lv e  m e th o d , w hich  had  been a d a p te d  from  th e  s team  en g in e . I t  took 
som e tim e , h o w ever, before th e  p o p p e t v a lv e  generally  re p la c e d  th e  old 
system .

On th e  h o riz o n ta l engines u p  to  6 H .P . an d  on th e  tw o  c y lin d e r  vertica l 
engines u p  to  16 H .P . an  au to m atic  in ta k e  v a lv e  system  w as u sed . Larger 
engines w ere e q u ip p ed  w ith  con tro lled  in ta k e  valves. T he e x h a u s t va lv e  was 
o f th e  “ h it  an d  m iss”  govern ing  ty p e  d esc rib ed  in  th e  B ánk i — C sonka  p a ten t. 
T hese engines used  th e  closed ign ition  tu b e s  f ir s t ,  au to m atic  u p  to  1 H .P . and 
w as governed  on th e  h ig h e r o u tp u t eng ines. T h e  v e ry  re liab le  c losed  ign ition  
tu b e  w as indeed  a  t r u ly  im p o r ta n t in n o v a tio n  an d  up  to  th e  tim e  o f th e  la te r
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e le c tr ic  ig n itio n  system s w a s  a lm o s t u n iv e rsa lly  u sed . These engines w ere  
v e ry  re lia b le  and th e ir  fu e l e c o n o m y  was b o u t 20 %  b e t te r  th a n  th e  o rig in a l 
e n g in e s  m ad e  by  O t t o , c o m m o n ly  used in  o th e r co u n trie s .

T h e  h igh  explosion p re s su re  of these engines fo u n d  fu rth e r  a p p lic a tio n  
in  o p e ra t in g  m echanical h a m m e rs . The basic id e a  w as d raw n  from  th e  d esig n  
o f  t h e  R o b so n  gas h am m er, b u t  i ts  au to m atic  in d e p e n d e n t co n stru c tio n  w as 
f a r  s u p e r io r  to  it. T his en g in e  w as capable of c a r ry in g  o u t tw o d iffe ren t fu n c ­
t io n s .  I t  cou ld  drive th e  tra n s m is s io n  system  of a  sh o p , a n d  could also be  u sed  
as  a  fo rg in g  ham m er. T h e  co m p lica ted  foreign fo rg in g  m achines g ra d u a lly  
d is a p p e a re d  from  th e  m a rk e t ,  b u t  th e  B á n k i—C so n k a  gas ham m er m ad e  b y
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tb e  G anz F a c to ry  in  B u d ap est, an d  la te r  b y  th e  B erlin -A n h aitisch e  M aschinen­
b a u  A .G. — also, rem ain ed  th e  m u ch  so u g h t fo r engine a n d  h am m er, for 
severa l decades. T h e  f ir s t  2 H .P . h am m er w as reg u la rly  m a rk e te d  b y  th e  G anz 
F a c to ry  in  H u n g a ry  an d  la te r  b y  o th e r fac to ries  in  G erm an y  as well.

A fte r  th is  m o st successful u n d e rta k in g , Csonka  an d  B á n k i tu rn e d  th e ir  
a t te n tio n  to  th e  co n stru c tio n  o f sm all engines fo r  in d u s tr ia l a n d  ag ricu ltu ra l 
p u rp o ses . B ased  on th e ir  jo in t  design, Csonka  b u ilt  th e  f ir s t  3/4 H .P . ex p e ri­
m e n ta l engine w h ich  becam e th e  p ro to ty p e  o f all la te r  B án k i — C sonka engines.

A fte r a  long  search , f if ty  y ea rs  la te r , th is  f ir s t  e x p e rim e n ta l engine w ith  
i ts  f lam e  ig n itio n  tu b e  an d  th e  w orld ’s f ir s t  a tom iz ing  c a rb u re to r  w as found  in
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th e  sh o p  o f  its  tw e lfth  ow ner s ti l l  in  reg u la r  use. T he fo rm er ow ners sold i t  w hen 
th e i r  sh o p  becam e la rger, a n d  th e y  p u rch ased  la rg e r engines. I t  w as th e  sam e 
e n g in e  w h ich  was e x h ib ite d  in  i ts  f in a l fo rm  in  — 1891. Soon engines w ith  
f u r th e r  im p ro v em en ts  w ere r a p id ly  becom ing  p o p u la r  in  H u n g a ry , m an u fa c ­
tu r e d  b y  G anz fac to ry  an d  m a rk e te d  u n d e r  th e  nam e  “ B á n k i—C sonka eng ine” . 
T h e y  w ere  v ertica l engines w ith  closed c ran k  sh a ft a n d  w ith  an  open  flam e 
re d  h o t  ig n itio n  tu b e . A n en g in e  w ith  fu r th e r  im p ro v em en ts  w hich  w as ex h i­
b i te d  in  1893 becam e even  m ore  p o p u la r  an d  w as w idely  used  in  H u n g a ry  
fo r  th e  n e x t  20-уЗО y ears . W e q u o te  from  one of i ts  ap p ra ise rs : “ . . . th is  
e n g in e  is  an  o u ts tan d in g ly  successfu l H u n g a ria n  in v e n tio n , second  to  n one  
o f  th e  fam o u s engines o f i ts  c lass a b ro a d .”

A s s ta te d  before, th e  b e s t  k n o w n  in v en tio n  o f th e  tw o  b r illia n t in v en to rs  
“ th e  a to m iz in g  c a rb u re to r”  m ad e  i ts  f ir s t  ap p earan ce  on th e  B án k i — C sonka 
en g in es . T h e  fo rm ation  of a  fu e l sp ra y  b y  a ra p id  a irs tre a m  w as J o h n  Csonka’s 
id e a . I t  is described in  d e ta il  in  th e  p a te n t  a p p lica tio n  (su b m itte d  F e b ru a ry  
11, 1893) fo r the  engine a n d  a ll its  com ponen ts. A n in d e p e n d e n t c a rb u re to r  
a p p lic a t io n  was m ade on O c to b e r 18, 1893. In  th e  l i te ra tu re  o f te ch n ica l 
h is to r y  th e  nam e of W . Ma y ba c h  is u su a lly  g iven as th e  f irs t in v e n to r  o f th e  
a to m iz in g  ca rb u re to r an d  th e  d a te  o f his p a te n t  ap p lica tio n  is g iven  as A u g u st 
17, 1893. T he “ p rio rity ”  o f  Maybach  is a m istak e . N o t only  w as th e  p a te n t  
a p p lic a t io n  of Bánki an d  Cso nk a  su b m itte d  a h a lf  y e a r  ea rlie r, b u t  in  fa c t 
th e i r  en g in e  w ith  a p e rfe c tly  w ell fu n c tio n in g  c a rb u re to r  w as p u b lic ly  e x h ib i­
t e d  e a r lie r , in  1891. A cco rd in g  to  O scar Glatz, a fo rem an  o f Csonka , w ho 
w a s  s t i l l  alive in  1941, th e  c a rb u re to r  w as co m p le ted  a fte r  a y e a r  an d  h a lf  
e x p e r im e n tin g  and  p re p a ra to ry  w o rk  inc lu d in g  th e  c a rb u re to r’s f lo a t-v a lv e  
c h a m b e r  an d  th e  f lo a t-v a lv e  fu e l level co n tro l b y  th e  a u tu m n  of 1891. H e w as 
a b le  to  p in p o in t th is  t im e  so a c c u ra te ly  from  m em o ry  since i t  w as in  th e  
a u tu m n  o f 1891 th a t  O scar Glatz w as called  u p  fo r m ilita ry  serv ice an d  b y  
th e n ,  w ith  th e  c a rb u re to r  sa tis fa c to r ily  co m ple ted , th e  tw o  in v e n to rs  h a d  
a lr e a d y  tu rn e d  th e ir  a t te n tio n  to  th e  im p ro v em en t of th e  ig n itio n  sy stem .

W e can  see th a t  th e  d esign  describ ed  in  th e  p a te n t  ap p lica tio n  o f F e b ru a ry  
11, 1893 is in  fact th e  b asic  c o n s tru c tio n  of th e  m o d ern  c a rb u re to r  now  used  
a n d  m a n u fa c tu re d  in  g rea t n u m b e r. T he descrip tio n  an d  th e  d raw ings a tta c h e d  
c le a r ly  show  even th e  a r ra n g e m e n t o f th e  p a r ts  as i t  is used  to d a y .

T h e  Ganz fac to ry  b o u g h t th e  p a te n ts  o f th e  B á n k i—C sonka eng ine to g e ­
th e r  w i th  th a t  of th e  fuel lev e l co n tro lled  ca rb u re to r . U n fo rtu n a te ly , th e  p a te n t  
c le rk  o f  th e  Ganz fa c to ry  on  one occasion failed  to  p a y  th e  re q u ire d  a n n u a l 
fee  to  th e  P a te n t O ffice a n d  th e  p a te n t-p ro te c tio n  exp ired . B y  th e  en d  o f 
th e  c e n tu ry  th e  F ren ch  p ro d u c e d  su ch  ca rb u re to rs  b y  th e  h u n d re d  th o u sa n d s .

A s referred  to  befo re , i t  w as on ly  on A u g u st 17, 1893 th a t  Maybach  
a p p lie d  fo r th e  F rench  p a te n t  (B re v e t No. 232230), s ix  m o n th  a fte r  th e  a p p li­
c a t io n  o f  B ánki and  Cso n k a . Ma y ba c h ’s descrip tio n  is s im ila r to  th e  B á n k i—
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C sonka’s p a te n t o f  F e b ru a ry  1893. In  sp ite  o f  th is  i t  is aston ish ing  a n d  re g re t t ­
ab le th a t  B á n k i an d  Csonka are n o t g en e ra lly  know n as th e  in v e n to rs  of 
th e  ca rb u re to r .

Since Cso nk a’s f ir s t  engine th e  th e o ry  a n d  p rac tica l know ledge concern ­
ing  th e  in te rn a l co m b u stio n  engine h av e  en o rm o u sly  developed, B á n k i h im se lf 
ca rried  o u t a g re a t deal of p ioneer th e o re tic a l w o rk . H e achieved th e  f ir s t  re su lts  
w hile a s tu d e n t a t  th e  T echn ical U n iv e rs ity  to  B u d ap es t. Soon a t te n tio n  tu rn e d  
m ore and  m ore to  th e  th e o ry  of th e  in te rn a l  com b u stio n  engines. In  G erm an y  
alone, tw e n ty -f iv e  fac to ries  m ade “ k ero sen e”  ( la te r  gasoline) engines, d u rin g  
th e  ea rly  n in e tie s . In  th e  descrip tion  o f th e se  engines i t  w as em p h asized  th a t  
kerosene d istilled  fo r illu m in a tio n , is n o t f la m m a b le  an d  is n o t h a z a rd o u s , it  
does n o t even  b u rn  w ith o u t a w ick. B u t th e  la te r  engines used  gaso line m ore 
an d  m ore . . . t h a t  m e a n t an exp lic it d an g e r. F o r tu n a te ly  th e  in v e n to rs  o f th e  
c a rb u re to r  fo u n d , th e  gasoline can be h a rm less ly  a tom ized  in  th e  c a rb u re to rs . 
So th e  gasoline w h ich  w as f irs t considered  as a v e ry  h a rm fu l “ w o rth less”  
b y p ro d u c t, now  w as q u ite  com m only  u sed .

A t th is  s ta g e  i t  w as n o t an y  longer su ffic ien t th a t  th e  engine shou ld  ru n  
re lia b ly  w ith  sp eed  reg u la tio n  and  m o d e ra te  fuel consum ption . I t  becam e 
a  m a tte r  o f g re a t im p o rta n c e  th a t  a g r ic u ltu ra l w orkers w ith  no m ech an ica l 
know ledge shou ld  be  ab le  to  o pera te  it. W ith  i ts  low  fuel co n su m p tio n , ex tre m e  
d u ra b ility , m in im a l re p a ir  req u irem en ts , th e  B án k i — C sonka engines w ere 
am o n g  th e  b ests  on  th e  m ark e t, in  sp ite  o f  th e  g rea t com petitio n  a n d  th e  h igh  
q u a lity  o f  th e  G erm an  p ro d u c ts . In  one o f  th e  descrip tions of G anz th e se  
engines w ere s ta te d  w ith o u t any  re se rv a tio n  as be ing  th e  b est on th e  m a rk e t. 
T he G anz fa c to ry  h a d  v e ry  defin ite  a d v a n ta g e s : B ánki was an  o u ts ta n d in g  
th e o re tic ia n  an d  Csonka  w as able to  tu rn  th e ir  ideas in to  rea liza tio n  am azin g ly  
fa s t. In  th is  w ay  th e  B ánk i — C sonka eng ines w ere alw ays u p - to -d a te  an d
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a h e a d  o f  th e  heavy  fo re ign  co m p e titio n . C om paring  th e  h igh ly  a d v a n c e d  en ­
g in es  o f  B ánki and  Cso nk a  m a n y  o th e r c o n te m p o ra ry  engines w ere r a th e r  
o u td a te d .

M otorized  vehicles an d  au tom obiles

E a r ly  in  th e  c e n tu ry  th e  a c tiv ity  of J o h n  Csonka  to o k  a new  d irec tio n . 
T h e  H u n g a ria n  P o sta l S erv ices  in v ite d  b id d ers  fo r  th e  bu ild ing  of tw e n ty - tw o , 
th re e -w h e e le r  posta l v eh ic les . T w en ty  orig inal D e D ion-B outon  m ad e  u n its  
w e re  p u rc h a se d  from  th e  V elo d ro m  A u to m o b il G arage  an d  tw o  from  th e  G anz 
f a c to ry . G anz used th e  d esig n  a n d  co n s tru c tio n  o f  Csonka . H e m ade th e  eng ines 
h im s e lf  a t  th e  T echn ical U n iv e rs ity . T hese tr icy c les  gave excellen t serv ice 
fo r  o v e r  tw o  decades. In  f a c t ,  th ese  w ere th e  w orld ’s firs t m o to rized  p o s ta l 
v e h ic le s . A ccording to  th e  b o o k : H e n ry ’s W o n d erfu l M odel “ T ” , th e  A m erican  
P o s ta l  Service s ta r te d  b y  u s in g  m o to rized  vehicles only in  1917 an d  1918.

W hile  th e  co o p e ra tio n  betw een  Csonka  a n d  B ánki h ad  p ro v ed  its e lf  
m o s t  successful, la te r  th e  tw o  engineers fo llow ed d iffe ren t in te re s ts . In  1902
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Csonka  s ta r te d  to  b u ild  tw o-cy linder w a te r  cooled  m o to r vehicles. B u t since  
he  h im se lf  w as n o t sa tis fied  w ith  th e  tw o -cy lin d e r engines fo r au to m o b iles , he 
d id  n o t  f in ish  th e  cars, he on ly  sold th e  eng ines. In  1904 th e  H u n g a ria n  P o s ta l 
Services called  fo r b id s  fo r m otorized  fo u r-w h ee l vehicles. B o th  th e  H u n g a r­
ia n  W agon  an d  M achine F a c to ry  an d  th e  M achine F a c to ry  of I s tv á n  R ock  
s u b m itte d  designs m ad e  b y  Já n o s  Csonka . T h ere  w ere also six fo re ign  com pe-
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t i to r s .  A f te r  careful e v a lu a tio n  th e  P o s ta l Services fo u n d  th e  Csonka  d esig n 8 
to  b e  th e  superio r ones. T h u s , th e  f i r s t  e ig h t p o s ta l au tom obiles w ere desig n ed  
a n d  a lso  p a r t ly  b u ilt b y  Cso n k a . A  te s t  ru n  o f  2000 K m . w as c a rr ie d  o u t on 
a n  e x p e r im e n ta l vehicle in  w h ich  i t  s tood  up  w ith o u t an y  tro u b le . T h e  P o s ta l  
S e rv ic e s  now  placed an  o rd e r  fo r n in e ty  C sonka vehicles. T hese au to m o b ile s  
w e re  m a in ly  used fo r th e  t r a n s p o r ta t io n  o f p a rce ls  an d  rem ain ed  in  se rv ice  
w ith  m in o r  m a in tenance  fo r  tw e n ty -f iv e  y ears . C onsiderab le  in te re s t w as show n 
in  th e  B o sch  ignition  sy s te m  o f  h is  au tom obiles. Csonka  w as a lm o st th e  v e ry  
f i r s t ,  w h o  applied h igh  te n s io n  ig n itio n . S u rp ris in g ly  enough, th e  m a jo r ity  
o f  t h e  e x p e rts  d is tru s te d  th is  new  electric  sy s tem , th o u g h  of cou rse , tim e  
fu lly  ju s t i f ie d  th e  choice o f  b o th  B osch an d  Cso n k a .

L a te r  Csonka d esig n ed  sev era l o th e r  p o s ta l vehicles, in  1906 he  also 
b u i l t  a  2 6 —28 H .P . a u to m o b ile  fo r th e  Z so lnay -ceram ic  fa c to ry  in  P écs. 
F ro m  1909 on he designed a n d  m ad e  a n u m b e r o f sm all cars. T he f i r s t  one w as 
a  sm a ll , one-cylinder m odel w h ich  w as lig h t en ough  fo r tw o m en to  l if t . O n ly  
th r e e  su c h  vehicles w ere b u i l t  A n o th e r design fo r a fo u r-cy lin d er, w a te r  
co o led  sy s tem  sm all ca r d esig n  w as p u rch ased  b y  a C anad ian  firm .

Fo llow ing  th e  success o f  th e  p rev ious Csonka  vehicles, th e  H u n g a ria n  
P o s ta l  Services o rdered  tw o  b igger, 16 H .P . C sonka cars from  th e  I s tv á n  
R o c k  M achine F ac to ry . T h ese  tw o  au tom obiles to o k  p a r t  in  th e  “ P rin ce  H e in ­
r ic h  T o u r” , w here th e y  w ere  r iv a ls  o f over one h u n d re d  renow ned au to m o b iles , 
t h e  p ro d u c ts  of w orld -fam ed  b ig  com panies. O ne o f these  com pleted  th e  tr a c k  
w i th o u t  a n y  fau lt an d  w as aw a rd e d  a p lac ing  a n d  a p laq u e , th e  o th e r  a f te r  
a  f la w le ss  ru n  stopped  a few  y a rd s  before th e  f in ish in g  line. (B elieved to  h av e
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been  caused  b y  d ir t  in  th e  fuel.) T hese successes g re a tly  enhanced  th e  co n fi­
dence in  th e  H u n g a ria n  m ach ine  in d u s try  as d id  o th e r  la te r  ach iev em en ts , like 
th e  o u ts ta n d in g  re su lts  o f Á gost Benárd M .D . a t  th e  In te rn a tio n a l Sm all- 
A u to  C o m petition  in  1912 w ith  one o f Csonka’s fo u r-cy linder eng ine a u to ­
m obiles.

S tandard iza tion  an d  m a te r ia l testing

Jo h n  Csonka q u ite  ea rly  recognized th e  im p o rtan ce  of m a n u fa c tu r in g  
th e  engine an d  veh ic le  p a r ts  in  s ta n d a rd iz e d  ty p e s . F o r th e  f iv e  d iffe ren t 
ty p e s  an d  sized veh ic les w hich he designed  a n d  m ade fo r th e  H u n g a ria n  
P o s ta l  Services h e  specified  a s tan d a rd ized  ty p e  o f  16 H .P . engine. A lso th e  
carriages o f th e  f iv e  d iffe ren t m odels w ere m a d e  o f s ta n d a rd  co m p o n en ts . 
Id e n tic a l specifica tio n s w ere used  fo r th e  fo u r  ty p e s , w hile th e  f ro n t  w heels 
on  fo re ign  cars w ere sm alle r th a n  th e  re a r  w heels, as w as c u s to m a ry  on th e  
ho rse  d raw n  veh icles o f  t h a t  tim e . On th e  C sonka  m odels all fou r w heels w ere 
o f th e  sam e size a n d  sp ec ifica tion , a lread y  in  1905. H e  sy stem a tica lly  designed  
a ll th e  m a jo r p a r ts  an d  com ponen ts on c a re fu lly  specified s ta n d a rd s  w hich  
m ad e  b o th  th e  m a n u fa c tu re  an d  th e  m a in te n a n c e  easier and  cheaper. N o th in g  
m ore  v iv id ly  show s th e  excellen t re p u ta tio n  o f  th e  C sonka engines th a n  one 
p a r tic u la r ly  im p o r ta n t  ap p lica tio n : d u rin g  th e  F ir s t  W orld  W ar th e  w ireless 
co m m u n ica tio n  b e tw een  th e  C en tra l P ow ers a n d  B u lg a ria  could  be m a in ta in e d  
on ly  th ro u g h  g en e ra to rs  pow ered  b y  C sonka eng ines.

Csonka fu lly  u n d e rs to o d  th e  need  to  m a n u fa c tu re  accord ing  to  s tr ic t  
sp ec ifica tio n s. H e h a d  an  am azing  p e rc e p tio n  in  th e se  m a tte rs  long  befo re  
th is  w as g en era lly  u n d e rs to o d . I t  w as ty p ic a l o f  h im  in  his seven ties, befo re  
re tir in g  from  th e  T ech n ica l U n iv ersity , to  en co u rag e  his tw o sons J o h n  u n d  
B éla  b o th  m ech an ica l engineers, to  m ak e  fo r  th em se lv es  th e  basic  m ach in e  
to o ls fo r th e ir  ow n use . In  th e  absence o f s ta n d a rd iz e d  m easuring  u n its  th e y  
ev en  m ade th e  é ta lo n s  fo r them selves. L a te r  w h en  Csonka m a n u fa c tu re d  
m ach in e  too ls fo r th e  B ritish  m ark e t, i t  w as fo u n d  th a t  all the m easurem ents  
were entirely w ith in  the tolerances o f  the strict m eticulous German S tandards.

H e m ad e  a n u m b e r  o f te s tin g  m ach ines fo r  th e  T echn ical U n iv e rs ity . P a r ­
tic u la r ly  th o se  he m ad e  to g e th e r  w ith  P ro f. S á n d o r Rejtő for te s t in g  th e  
s tre n g th  of p a p e r  a n d  c lo th  becam e well k now n . T h e  v e ry  sam e te s tin g  m ach in es  
w ere used  a t  th e  G o v e rn m en t In s t i tu te  o f S ta n d a rd s  an d  M easures a n d  in  
th e  la b o ra to ry  o f  th e  H u n g a ria n  S ta te  R a ilw ay s. H e also m ade a n u m b e r  o f 
m ach in e  m odels fo r th e  M useum  of T ra n sp o r ta tio n  in  B u d ap est, for th e  T ech n i­
cal U n iv e rs ity  an d  fo r  tr a d e  exh ib itions.

D u rin g  th e  M illen ium  E x h ib itio n  in  1896 he b u ilt  a sm all ra ilw a y  an d  
locom otive  fo r th e  p u b lic . T he d iv e rs ity  o f h is m a n y  u n d e rta k in g  w ere t r u ly  
am azin g .
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T h e  serious econom ic co n d itio n s w h ich  fo llow ed th e  F irs t W o rld  W a r 
e f fe c te d  th e  rap id ly  d ev e lo p in g  m o to r veh ic le  in d u s try  in  H u n g a ry . B u t 
Cso n k a ’s c re a tiv ity  h a d  n o t  d im in ished  ev en  in  h is seventies a n d  e igh ties. 
In  h is  o w n  m ach ine  shop  he  s ta r te d  m a n u fa c tu r in g  excellen t fo u r  s tro k e , 
tw o -c y lin d e r  “ B oxer”  eng ines. These w ere  w id e ly  used as a p o w er source 
fo r  p o r ta b le  X -ray  e q u ip m e n ts , f ire  f ig h tin g  w a te r  p u m p s, g en era to rs  o f  e lec tr i­
c i ty  a n d  fo r o u tb o a rd  m o to r  p u rposes. H e  w as e igh ty -e igh t w h en  h is la s t 
a s s ig n m e n t cam e from  th e  T u rk ish  g o v e rn m en t to  design a v e ry  lig h t engine 
w h ic h  one m an could  c a rry  in  h is h ack -p ack . H e  passed  aw ay w hile w ork ing  
o n  th is  p ro jec t, w h ich  w as b ro u g h t to  com ple tion  b y  his a s s is ta n t P au l 

T o p e r c z e r .

T h is  was th e  r ich  life  o f  a d iligen t p io n eer engineer an d  in v e n to r  w ho 
h a d  m a n y  o u ts tan d in g  acco m p lish m en ts . H e  w as a qu ie t, m odest m a n , d ev o ted  
to  h is  fam ily  and to  h is v o c a tio n . H a d  be b een  th e  son of a g re a t W este rn  
in d u s t r ia l  co u n try , h is n a m e  w ould  be a  b y -w o rd  in  his chosen f ie ld : t h a t  o f  
t h e  d ev e lo p m en t o f m o to rized , liq u id  fuel tra n s p o r ta tio n . H e m ad e  g re a t con­
t r ib u t io n s  to  th e  in d u s tr ia l  d ev e lo p m en t a n d  com forts o f our m o d e rn  age. 
H is  in te lle c tu a l legacy  now  belongs b o th  to  h is own co u n try  an d  th e  w hole 
w o rld .
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K O V Á C S ,  K .  P .  G e Y S E N ,  W .  P f A F F ,  G . :  H untings in 3-phase Machines

Tins article is dealing w ith a new sim ple m ethod o f determ ining of dam ping  
factor iu synchronous and induction 3-phase m achines. We do calculate  
the dam ping factor in two steps: a t first one calculates this factor w ith  
stator resistances neglected (m*; Rs =  0), a t  second we are m aking the 
same process w ith  supposinly negligible rotor resistances (mj; Iir =  0). 
The real dam ping factor of m achine w ill be g iven  as the algebraic sum  of  
both com ponent dam ping factors (m j ; m[\ — m f). W e are showing that 
this sim ple m ethod m akes a good approxim ation a t supplying frequencies 
close to the rated frequency only. B v  using this superposition m ethod we 
are determ ining stab illtq  lim iting curves in  som e special cases. In last part 
we are dealing w ith  oscillatious of a synchronous machine supplying a 
passive (inductive) network.

Acta Techn. Hung. 9 1  (1980) pp . 3 — 18

Acta Techn. H ung. 91 (1980) pp. 19— 56

J a n k ó ,  L. : Com parison o f the M em brane and B ending Theory o f  Shallow  
Saddle-shaped H yp a r Shells, Supported by Shear D iaphragm s, under U n i­

form  Load

The paper is the first part o f a series consisting of three parts. The 2nd  
and 3rd chapters deal w ith the phenom ena o f the stab ility  o f the saddle- 
shaped hypar shells which are supported along the lines of the principal 
curvature b y  edge arches possessing flexural and torsional rigidity being  
negligible in the horizontal plane. Iu the paper at hand, prior to the  
investigations o f th e  stab ility , the follow ing problem s will be discussed: 
the problem  o f existence and uniqueness o f the membrane solution; the  
difficulties em erging from the kinematic uncertainty  o f  the shell anil the 
problem w hat are th e  geom etric param eters on the basis of which these  
shells, w ith  a close approxim ation, as membrane shells could be considered.

A cta Techn. Hung. 91 (1980) pp. 57— 80

K ozák , I .— Sz e id l , G y .: The F ield Equations and Boundary Conditions 
with Force Stresses and Couple Stresses in the L inearized  Theory o f Micro- 
polar Elastostatics '

Authors determ ined in  two different w ays the independent, necessary and  
sufficient conditions o f  the com patib ility  o f the strain fields i.e. the six  
field equations o f  com patib ility  to be selected  in various ways as well 
as the boundary conditions of com patib ility; first based on the conditions 
o f the single-valued displacem ents and rotations on the boundary surface, 
second, on th e  basis o f  the principle o f m inim um  com plem entary energy. 
The field  equations and boundary conditions w ritten  to the stress fields 
o f  the linearized theory o f the micropolar e lastosta tics are summed up, 
then, on the basie o f the uniqueness o f the so lutions the necessity and  
sufficiency o f  the field  equations and boundary conditions justified.
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T a r n a i, T .: Existence and Uniqueness Criteria o f  the Membrane S tate o f  
Shells

In this paper the problem  is dealt w ith, w hat sort o f boundary conditions 
are to be prescribed on the edge of a shell th a t is to be in a sta tica lly  
determ inate m em brane state . E xistence and uniqueness criteria o f  the  
solution of the m em brane-shell equation are investigated , on the basis 
o f the partial differential equations’ theory, for various boundary cond i­
tions. This part o f  the paper implies the results obtained for h yp er­
bolic shells.

Acta Techn. Hung. 91  (1 9 8 0 ), pp . 81— 110

A cta Techn. H ung. 91 (1980), pp. I l l — 119

S it k é i , Gy .— F e h é r , J . :  Regularities o f  the Clod Comminution at the 
Preparation o f  Seed Beds

On the basis o f the experim ents performed w ith  a soil bin a relationship  
has been established betw een the clod size, critical value of the tool 
velocity  and the m oisture content o f the soil. B y  m aking use of a sim plified  
theory, the specific power dem and for the ciod com m inution has been  
determ ined. Also the effect o f the internal porosity on the power dem and  
has been investigated  On the basis of the experim ents could be poin ted  
out that by increasing the tool velocity over about 11 or 12 km /h does 
not seem to be convenien t, because it leads, in this region only to a further  
clod com m inution o f inferior value.

■............

A cta Techn. Hung. 91 (1980), pp. 121— 135

F a r k a s ,  J . — S z a b ó ,  L . : O ptim um  Design o f  Beams and Frames o f  Welded 
J-Sections by M eans o f  Backtrack Programming

A  brief description o f backtrack program ming m ethod is given. This 
com binatorial discrete programming m ethod can he succesfully applied  
to optim ization problem s w ith  nonlinear objective function and constraints  
i f  the number o f unknow ns is not too large. This m ethod is advantageous  
in  the case o f welded beam s, m ainly because the thicknesses o f  the p lates  
should be rounded. The paper presents the application of a backtrack  
m eth od  for the follow ing optim ization problem s. 1) Suboptim ization of 
w elded I-sections subjected to bending and com pression. The application  
o f these suboptim ized I-sections to the elastic m inim um  w eight design  
o f  frames is dem onstrated b y  a numerical exam ple of a single-bay pitched- 
roof portal frame. 2) M inim um  cost design o f welded hom ogeneous and  
hybrid I-beam s, sim ply supported and loaded w ith  an uniform ly d istr i­
buted normal load. In the objective functions the cost o f  m aterials, 
welding and painting are taken into account. The constraints o f bending  
and shear stresses as well as those of local buckling o f web and flange are 
considered. The lowering o f  flange thickness w ith  a welded splice is also  
taken into consideration.
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H o f f m a n n , P.: Geometry and M echanics o f  Regular Stranded Constructions

The m echanical stresses are investigated  w hich are generated during the  
m anufacturing of regular strands w hich are b u ilt , up from sim ple and  
double stranded elem ents and b y  th e  tensile and flexural loading o f  the  
ready-m ade strands. In order to introduce the m echanical stresses, the  
equations and geom etric param eters o f the sim ple and double stranded  
hclicoidal lines as well as the space requirem ent and surface area o f  the  
sim ple stranded elem ents o f circular cross section are determ ined b y  
m aking use of the m ethods of the vector algebra. W ith the know n va lu e  
o f the space requirem ent of the stranded elem ent, the relationsh ips  
betw een the number o f the elem ents in  each layer, the height o f  thread  
and size relation of the regular strand are determ ined in the case o f  the  
penetration-free contact o f the layers and elem ents.

Acta Tcclin. Hung. 91  (1 9 8 0 ), pp . 137— 202

Acta Techn. Hung. 91 (1980), pp. 203— 223

T á r n á i , T . :  Generalization o f  Southwells and Dunkerley’s Theorems fo r  
Quadratic Eigenvalue Problems

An approxim ate m ethod for com puting m inim um  positive eigenvalues o f  
quadratic eigenvalue problem s w ith  real spectra is presented, seek ing to  
give lower bounds for the w anted eigenvalue, and to reduce a given  
problem to simpler problem s. Theorem s by S o u t h w e l l  and b y  
D u n k e r l e y  are generalized, then further relationships giving approxi­
m ations from below are deduced. A pplication of the results is illustrated  on 
lateral buckling problem s o f beam s.

Acta Techn. Hung. 91' (1980), pp. 225— 240

V a j d a , P.: John Csonka and the Precision M achine Industry o f  H ungary

John C s o n k a  is generally known to h ave been together w ith  D on át B á n k i  
t,he original inventor o f  the m odern carburetor for the gasoline engines. 
H is great pioneering achievem ents in the national autom obile and general 
m anufacturing industries arc fu lly  acknow ledged in his biographies and  
the popular literature. H is work as designer and independent m anufacturer  
left an im portant mark on the H ungarian m achine industry. As a teacher  
o f m achine shop skills and practice he m aintained anjcxceptionally high  
standard which in m any respects was higher than could typ ica lly  be found  
in the colleges o f  th at period.
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LIMIT ANALYSIS OF CONCRETE TUBES, 
REINFORCED BY A SET OF THIN SHELLS

M. H EIN LO O *
C A N D . O F  P H Y S . A N D  M A T H . S C I.

[M anuscript received: 21 M arch 1980]

The paper deals w ith  lim it analysis o f  th ick-w alled  concrete tubes, reinforced  
b y  a set o f th in  cylindrical membrane shells and  loaded b y  internal pressure. The exact 
solution  o f the problem  is obtained and the in fluence of the location o f the shells to 
the lim it pressure is analysed.

1. Introduction

The aim o f th is paper is to  present th e  lim it analysis o f thick-w alled  
concrete tubes, reinforced b y  a set of thin coax ia l cylindrical m em brane shells 
and loaded by in ternal pressure (Fig. 1). In our investigations the concrete is 
considered as a perfectly  p lastic material, w hich  obeys the Tresca yield  condi­
tion , but its tensile  strength  is equal to  zero. I t  is assum ed, th at th e  tu b e is 
restrained from m otion  in  th e  axial direction and th e  th in  shells are m ade of 
perfectly  plastic m aterial. I t  is convenient to  introduce the follow ing non- 
dim ensional quantities:

* M. H ein lo o , Struve S —47, Tartu, Estenian SS R , U SSR

1 Acta Technica Academiae Scientiarum Hungaricae 91, 1980
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т* —

P i  =
P i • r =  -Q - • h9  1 I  9 n i

K_
a ,

w h e re  a*0, a f°  — s tre n g th  o f co n c re te  in  com pression  an d  th e  y ie ld  p o in ts  for 
th e  m a te r ia l  of th e  shells, re sp e c tiv e ly ; a°fíi, <r®., o“ , c>se°N+l — co m p o n en ts  of 
s tre s se s  in  th e  layers of co n c re te  a n d  in  th e  shells, re sp ec tiv e ly ; at — in te rn a l 
ra d ii  o f  th e  layers of co n cre te ; aN+1, p \  — e x te rn a l rad iu s  an d  in te rn a l p ressu re  
o f  th e  re in fo rced  concrete  tu b e ;  p°2, p°, . . . , p°N a n d p j ' ,  p i',  . . . , p 0̂ — c o n ta c t 
p re s su re s  on th e  in te rn a l a n d  e x te rn a l surfaces of th e  shells, re sp ec tiv e ly  (F ig . 2); 
Q i(a i Qí <1 a i+1) “  ru n n in g  ra d ii;  /if, / i^ +1 — th ickenesses o f th e  shells.

CrtTTTTTTTTT?'"

Fig. 2

2. Investigation  of a single layer

F o r  th e  layer i o f co n c re te  th e  eq u ilib riu m  e q u a tio n  ta k e s  th e  fo rm  [1]:

d O ri I Gri

dri r,

w ith  th e  b o u n d a ry  co n d itio n s (F ig . 2):

=  — p ’i i  <*ri(«i+1) =  ~ P i + V  (2 )

L e t us assum e, as in  th e  p a p e r  [2], t h a t  fro m  th e  p o in t o f v iew  o f y ie ld ing  
th e  tu b e  has tw o d iffe ren t reg ions, w hich  a re  sep a ra ted  b y  th e  u n k n o w n  
ra d iu s  r(- =  x t :
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In  th e  o u te r  p  ir t  (x t <  r( <  x i+1)

agi =  0 . (3)

In  th e  in n e r p a r t  (a,- <[ ri <. X,)

ffei ari — 1 . (4)

S u b s titu tin g  E q s  (3) and  (4) in to  E q . (1), we o b ta in  th e  d iffe ren tia l

—  =  0 ,  (5)

», (6)

eq u a tio n s
dari

\ ° ri
«hi r i

i f  X i< ,r i< ,  x i+ ! an d
dori 1

drt n
if  xt < , Tj < ;  X,.

Now, ta k in g  in to  acco u n t th e  second  b o u n d a ry  co n d itio n  o f (2) and 
considering  th e  fa c t, t h a t  a t  th e  rad ius ri — x t v a lu e  ari m ust be co n tin u o u s , we 
can  solve th e  d iffe re n tia l equa tions (5) an d  (6). H ence, th e  s tre ss  d is tr ib u tio n  
in  th e  lay e r i is g iven  b y  th e  form ulae

P .+ i«/+i ; — 0 ,

if  x t <[ r f a ,+1 an d

( ? )

_ _  Pi+1 Xl+1 I Xi I __ 1 I
a ri — — ----------------- h —  I ? Ofií — 1 r  <*ri

X,  I
( 8)

if  a, <, r, ^  x t.
F in a lly , using  E q . (8) an d  th e  f irs t b o u n d a ry  cond ition  o f (2), th e  value 

of th e  pressure, a c tin g  o n  th e  inner rad iu s  o f  la y e r  i, can  be o b ta in e d  a t  w hich 
th e  stress field  in  la y e r  i is s ta tic a lly  ad m issib le :

p i =  P ‘+ iXi+i +  I n ^ L  , (9)
Xi Xi

H ow ever, th e  p ro b lem  has n o t been so lv ed  y e t, because E q s  (7) - r  (9) 
c o n ta in  th e  un k n o w n  p a ra m e te rs  x t, p \,  p (+1. F o r  th e  d e te rm in a tio n  of th e  
p a ram e te rs  p \ an d  p i+1, no tice , th a t  th e  ta n g e n tia l  stresses in  th e  th in  m em ­
b ra n e  shells m ay  be exp ressed  by  th e  fo rm u las

a 0i ~  p i); ao,N+i
X N +1

l*N+1
P N + 1 • ( 10)
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L e t  us assum e, t h a t  th e  y ie ld in g  co n d ition  fo r  th e  shells m ay  be  w r it te n  
in  th e  fo rm

°9 /  =  of (i =  1 , 2 , . . . ,  N); <y$,N+1 =  ^ j v + i  • ( 1 1 )

S u b s t i tu t in g  E q . (10) in to  E q .  (11), we get

_____ m i  , _  m N + 1
P i --------------- Г  P i  5 P n +1  —

Xj X N + 1

w h e r e  m г- —  cr* h j , m —  ^ L v + i^ h v + i-
F in a lly , su b s titu tin g  E q .  (9) in to  E q . (12), w e o b ta in

Pi +  Z/±i..ai± l  +  b  ;_^L
а,-

Fn+i =  ; (i =  1, 2 , . . . ,  iV),
<*JV+1

( 12)

(13)

3. In v e s tig a tio n  of th e  w hole tu b e

W h en  considering th e  w ho le  tu b e  using  th e  recu rs iv e  fo rm u la  (13) th e  
s ta t ic a l ly  adm issible lo ad  m u lt ip l ie r  p x can be e x p re ssed  in  th e  te rm  o f p a ra m ­
e te r  Xj. T h is p a ram e te r c a n  b e  o b ta in ed  b y  co n sid e rin g  th e  cond itio n , t h a t  ael 
m u s t  b e  continuous a t  th e  ra d iu s  x t(xj fC x t <[ x i + 1 ) .  U sing (7) a n d  (8) th is  
c o n d itio n  leads to  th e  e q u a tio n  x x =  p í+1 a i+1. I f  x i + 1 p i + x  a,-, th e n  w e m u s t 
ta k e  Xj =  Xj and  if  x i + 1 p i + 1  a i+1, th e n  — x t =  x i + 1 .

N otice , th a t  th e  c o n tin u o u s  cond ition  fo r  aei leads to  th e  m in im u m  
c o n d itio n  for p x and  vice v e rs a . H ence, th e  la s t  co n d itio n  m ay  be u sed  in s te a d  
o f  th e  con tinuous c o n d itio n  fo r  crei.

I n  th e  case o f tw o  la y e rs  i.e ., w hen th e  co n c re te  tu b e  is re in fo rced  b y  
th r e e  shells, if

«зРз<<*2>  (11)

th e n  x 2 =  x 2 and from  E q . (13) we ob ta in

if

P  2
m., m .

Xo
(15)

X-2 ^  *3 » ( 16)

th e n  x 2 =  m 3 and  from  E q . (13) we o b ta in

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



LIMIT ANALYSIS OF CONCRETE TUBES 243

if

P 2 =  1 H-------- +  In — ^  ,
«2 «2

(17)

«3 Рз ;>  *3 > (18)

th e n  x 2 =  a 3 a n d  from  E q . (13) we o b ta in

if

TTln ТП О 1 (Xo
p 2 =  —  +  —  +  b  — ,

*2 «3 «2
(19)

«2Р2 <! 1 ’ (20)

th e n  X} =  1 an d  from  E q . (13) we o b ta in

if
P i  =  rny +  p 2 x 2 , (21)

1 <  «2Р 2 <1 «2» (22)

th e n  x x =  a 2p 2 an d  from  E q . (13) we o b ta in

if
P i  =  1 +  « 1  +  Ь  (a2p 2) , (23)

«2Р 2 *2 (24)

th e n  x x =  a 2 an d  from  E q . (13) we o b ta in

P i  =  rnl +  p 2 +  In «2 . (25)

I t  c an  be seen, t h a t  th e  sy stem s o f in eq u a litie s  (16), (20); (16), (22); 
(18), (22); (18), (20) are im possib le . F o r  ex am p le , in  th e  case o f  th e  sy s tem  
(16), (20) we h av e

«2 <1 «зРз < ; «3 ;

*2 P i  1

U sing  th e  second of E qs (13) an d  E q . (17), we o b ta in

«2  <  т з < .  « 3

«2 +  m 2 +  «2 ln  —  1 •
«2

So fa r  as a 2 ]>  1, m 2 0 and  from  th e  f i r s t  o f In e q u a lity  (27) w e h av e  
In (m3/a 2) )>  0, th e n  th e  second in e q u a lity  o f  (27) is im possible.

(26)

(27)
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T h u s , com bin ing  (1 4 )4 (1 9 )  w ith  (2 0 )4 (2 5 )  w e can  fin d , th a t  on ly  fiv e  
cases a re  possible:

A .  I f  m 3 4  a 2, m 2 4  m3 4  1, th e n  x x = 1 ,  x 2 =  x 2 and  p i =  tn l 4  
4  m2 -\- m3.

B .  I f  77i3 <  1 4  m % 4  4  «25 th e n  x x =  m 2 4  m 3, «2 =  a 2 a n d
P i =  1 +  n»i +  In (m2 +  m3).

C. I f  m 3 4  a 2, m 2 4  m 3 ]> a 2, th e n  aq =  #2 =  a 2 and  p x =  m 3 4  (m2 d-  
4  m )/a2 +  In a2.

D . I f  a 2 4  rn3 4  a 3, th e n  % =  a 2, «2 =  m3 a n d  p t  =  1 4  m i +  пг2/а 2 4  
4  In nt3.

E .  I f  m3 4  « 3, th e n  x 1 =  a^, x2 =  a 3 a n d  4  m zlx 2 +  т з1х з +  In  ae3.

T h e  k in e m a tic a lly  adm issib le  so lu tion  ca n  be  co n stru c ted  for each  la y e r  
o f  co n cre te  and , h en ce , fo r  th e  whole tu b e  b y  a n a lo g y  w ith  th e  p ap e r [2] an d  
also  coincides w ith  th e  s ta t ic a l  adm issible so lu tio n . C onsequently , i t  c an  be 
s ta te d , t h a t  E qs (8) a n d  (13) to g e th e r w ith  th e  co n tin u o u s cond ition  fo r aoi 
(m in im u m  co n d itio n  fo r  p x) rep resen t th e  c o m p le te  so lu tion  of th e  p ro b lem . 
S im ila rly  to  p a p e r [2 ] i t  m a y  be show n, t h a t  in  th e  in n er p a r t  o f th e  la y e r  i 
(x i 4  rt 4  Xj) th e re  a re  sh e a r  lines in  45° d ire c tio n  to  th e  rad ius, w hile in  th e  
o u te r  p a r t  (xt 4  гг- 4  a , + x) crack  develops in  th e  ra d ia l d irec tion . T h is is 
i l lu s tr a te d  for th e  case  o f  tw o  layers on F ig . 3. F o r  exam ple , in  case A  c rack s 
d ev e lo p  in  b o th  la y e rs , w h ile  in  case В  here  a re  sh e a r  lines in  th e  in n e r p a r t  o f 
th e  f i r s t  lay e r an d  c ra c k s  develop in  th e  o u te r  p a r t  of th e  f irs t lay e r an d  in  
th e  second layer.

c a se  C. ca se  D. c a se  E.

F ig . 3

4. R em ark s

L e t us in v e s tig a te  th e  dependence o f  p x o n  a 2 in  th e  case w hen  th e  
c o n c re te  tu b e  is re in fo rc e d  b y  th ree  shells. I n  fu ll in v es tig a tio n  we m u st co n ­
s id e r  six  cases:
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1- m 3 < ; 1, m 2 +  m 3 <_ 1 ,

2- m3 <  1, 1 <[ m2 +  m3 x 3 ,

3. m 3 1, m2 +  m 3 ;> a 3 ,

4. 1 <; m3 < ,x 3, 1 < .m 2 +  m3 < ,x 3 ,

5. 1 < ,m 3 <, a 3, m2 +  m3 ;> a3 ,

6. m 3 ] > x 3 .

T h e  d ep en d en ce  o f p i on a2 in  case 4 is i l lu s tra te d  on Fig. 4. T h e  reg io n s  1 
< [ x 2 <[ m 3, m 3 <[ a2 <[ m2 - f  m 3 an d  m 2 -f- m 3 a2 a 3 co rre sp o n d  to  th e  
cases D , C an d  В , re sp ec tiv e ly . On th e  F ig . 4. M  — 1 -f- -f- m 2 +  In  m3,
L  =  nij —)— m 2 —(- ттг3 —|— ln m 3, N  =  1 m l -f- In  (m 2 -)- m 3). In  th i s  case  p x 
h a s  th e  m ax im u m  v alue  i f  x 2 =  1, i.e. i f  th e  tu b e  is reinforced  on  th e  in te rn a l 
a n d  e x te rn a l surfaces. The analog ica l re su lt  can  be ob ta ined  in  th e  cases  2, 3, 
5, 6. Case 1 co rresponds to  case A  in  all reg io n  1 x 2 <[ x 3 and  p x is  n o t  depend
on  x 2.

T h u s , in  cases 2 -^ - 6  th e  m ax im u m  v a lu e  of p x has th e  tu b e  re in fo rced  
o n ly  on  th e  ex te rn a l and  in te rn a l su rfaces.
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SECTORIAL SHELL WITHOUT TIES 
WITH UNBENT EDGE ARCHES AND DIVIDING RIBS

P. CSONKA*
D O C TO R  O F  T H E  T E C H N . SC.

[Manuscript received 8 th  April, 1980]

The stress pattern generated b y  u n iform ly  distributed vertical load  in  special 
shaped sectorial shells is analysed in th e  fram ework of the m embrane theory. I t  is 
proved th at the edge members (edge arches in  horizontal and dividing ribs in  vertical 
planes) o f these shells do not undergo bend ing  and torsional effects, b u t  are only 
affected b y  axial (funicular) forces. The la tera l tension of the dividing ribs is cancelled  
by the lateral tensile forces o f the edge arches. T hat is why for this ty p e  o f  shells no 
ties or struts are to be applied betw een th e  abutm ent points o f the ribs.

1. In tro d u c tio n

In  th e  fo llow ing sec to ria l shell s tru c tu re s  of a p a rticu la r  sh a p e  a n d  be­
h a v io u r  e rec ted  on  re g u la r  g round  p lan  a re  d e a lt w ith  w hich m a y  b e  app lied  
in  c o n s tru c tin g  fe s tiv a l o r ex h ib ition  h a lls  a n d  pavilions (Fig. 1).

T h e  sec to rs o f th e  shell in  q u es tio n  a re  o f elliptic p arabo lo id  sh a p e . The 
low er edges o f  th e  sec to rs are  bordered  b y  e llip tica lly  arched ed g eb eam s ( edge 
arches)  ly ing  in  th e  h o rizo n ta l p lane a n d  p ro p p e d  by  a wall th ro u g h o u t  th e  
w hole len g th . E a c h  sec to r is bordered  a t  b o th  sides by  arch  beam s o f  p a rab o lic  
ax is ( deciding ribs)  in  th e  v e rtic a l p lan e .

T he load  ap p lied  on th e  shell is ta k e n  in to  accoun t as a sy s tem  o f  ve rtic a l 
forces of in te n s ity  p 0 u n ifo rm ly  d is tr ib u te d  o v er th e  ground p lan  o f  th e  shell. 
T h e  dead  w eigh t o f th e  d iv id ing  rib s is n e g le c te d  in  th e  ca lcu la tions.

* Prof. Dr. P . Cso n k a , Bartók В. ú t 31., H -1114  Budapest, Hungary
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T h e  pu rpose  of th e  p a p e r  is  to  de term ine  th e  s tre s s  p a tte rn  induced  in  th e  
sh e ll. T h is  prob lem  is t r e a te d  in  th e  fram ew o rk  o f  th e  m em brane th e o ry  o f  
sh e lls . T h e  f lex u ra l- to rs io n a l m o m en ts  d is tu rb in g  th e  m em brane-like s tre s s  
d is t r ib u t io n , genera ted  a t  th e  jo in ts  of th e  shell a n d  edge beam s, are also  le f t  
o u t  o f  co n sid era tio n .

T h e  follow ing show s t h a t  no  f le x u ra l- to rs io n a l forces are in d u ced  e i th e r  
in  th e  ed g e  arches or in  th e  d iv id in g  ribs; in  th e s e  m em bers only ax ia l fo rces , 
t h a t  is , fu n icu la r  forces a re  p re se n t. F u r th e r , i t  w ill be proved  th a t  th e  a b u t ­
m e n ts  o f  th e  d iv id ing  rib s  do  n o t  exert a n y th in g  b u t  vertica l efforts o n  th e  
s u p p o r ts .  In  consequence, th e  ab u tm e n ts  of th e  d iv id in g  ribs need n e ith e r  t ie  
ro d s  n o r  b rac in g  m em bers.

2. G eom etrical d a ta

T h e  in v es tig a tio n s  c o n ce rn  th e  sec to r o f  th e  shell m arked  b y  d o t t in g  
in  F ig . 2. T he e q u a tio n  o f th e  e llip tical arc b o rd e r in g  th e  ground p la n  f ig u re  
o f  th e  she ll secto r in  q u e s tio n  is
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■ * + > 1 - 1 = 0 ,
<1> 6*

a n d  th e  e q u a tio n  of th e  m idd le  surface o f th e  shell sector is

z =  h
X 2 V2

4 r  +  ^ r - . l62
( 1 )

I n  case w here th e  shell consists of m  sec to rs , th e  angle a t  th e  c e n tre , d e n o ted  
w ith  y , is

n  
У-

m
(2)

T h e  co o rd in a tes  o f th e  a b u tm e n t p o in t C o f  th e  d iv id ing  rib  OC a re  as follow s

ab ta n  y

Y  a2 № t a n 2 y  ’ 

ab
Ус =

]/ a2 -f- b2 t a n 2 y

T h e  len g th  o f th e  g round  p lan  p ro jec tio n  o f  th e  d iv id ing  rib  is:

ab ^ 1  -f- ta n 2 y  ab

|; a2 b2 ta n 2 y  cos y  Y «2 +  b2 ta n 2 y

(3)

(4)

vc = (5)

T he slope of th e  ta n g e n t a t  p o in t C o f  th e  ellip tic  arc b o rd e rin g  th e  in ­
v e s tig a te d  shell sec to r is th e  follow ing

ta n  e =  — Xr

a ]Aa2 — x \  

o r, b y  rep lac ing  th e  v alue  o f  x c g iven in  (3):

b2
ta n  e = -------- t a n  v .о '

T h u s , w ith  th e  sym bols o f F ig . 3,

b2
ta n  X — —ta n  e = -----ta n  у

a2
an d

ta n  ß  —
ta n  a  b2 t a n  у

( 6)

( 7 )
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Fig. 3

I n  F ig . 3 th e  s tra ig h t lin e  C E  is the  ta n g e n t o f  th e  e llip tic  arc a t  p o in t C  an d  
th e  s tra ig h t  line CG is th e  n o rm al of th e  e llip tic  a rc  a t  th e  po in t C.

3. T h e  stress p a tte rn  o f th e  shell

T h e  stress p a t te r n  o f  th e  shell sec to r in v e s t ig a te d  m ay be ex p ressed  b y  
th e  s tre ss  func tion  F  =  F (x , y ) . This fu n c tio n , o n  th e  one hand , has to  sa tis fy  
P u c h e r ’s d ifferen tia l e q u a tio n  of m em brane sh e lls  [1, 2]

+  (8 )
dx2 d y 2 dx • dy dy2 dx2

a n d , on  th e  o ther h a n d , i t  has to  fulfil th e  b o u n d a ry  condition

F =  0 (9)

re la t in g  to  shells w h ich  h a v e  edge arches s u p p o r te d  b y  wall [4, 5].
T he stress fu n c tio n  w hich satisfies b o th  o f  th e  above tw o  c o n d itio n s  

m a y  read ily  be d esc rib ed  as

F  = Po
a2 b2

8 h
я* , T  
2 ^  b2

-  1
a

( 10)

T he stress fu n c tio n  F  being fam iliar, th e  x ,  y  d irected  p ro je c te d  s tre ss  
r e s u lta n ts  m ay be d e te rm in e d  from  th e  fo llow ing  fo rm ulae:
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n v =
d2 F  

dy2

_  a“
=  — p  о

4 h

N xy =
d2 F  

dx ■ dy
0 ,

»  d2F
iV„ =

_  b2
dx2 P ° 4/i

251

( И )

4. The stress pattern of the edge arch

T he h o rizo n ta l co m p o n en t of th e  fu n ic u la r  force g en era ted  in  th e  edge 
a rch  of a m em b ran e  shell w ith  w all su p p o rt — in  th e  p resen t p ro b lem  th e  
fu n icu la r  force i ts e lf  — can  be dete rm in ed  b y  th e  fo rm u la

H  =
d F
d n

d F
dx

dx
dn

d F

d y

dx

dn
( 12)

In  th is  fo rm ula , n  d esig n a tes  th e  d irec tion  o f th e  g ro u n d  p lan  p ro jec tio n  o f  th e  
e x te rn a l no rm al o f th e  edge a rch  a t  th e  p o in t o f  in v e s tig a tio n .

B y  ta k in g  (7) in to  acco u n t one o b ta in s a t  p o in t C o f th e  edge a rch

d x  .  1 b2 ta n  y

dn  У 1 +  tan2 ß  \f n* b* ta n 2 y

d y  . „ ta n  в  a2
—z— =  sin  p  —-  =  _____- ,
d n  lAl +  ta n 2 ß  ^ a 4 +  64 ta n 2y

th u s , by  m ak ing  use o f fo rm u la  (12), th e  fu n ic u la r  fo rce  a t  p o in t C is

H =  —
d F

b2 t a n  у -|-
d F

У о4 -j- Í»1 ta n 2 у  \ dx  ' dy

H ow ever, ta k in g  (3) an d  (4) in to  accoun t, one o b ta in s

(13)

62 t a n  уd F  _  b2 _  ab
—  ~ ~ P o  ~~7T~ XC —  P o  ,dx  4 h 4 h

d F  _  a2 _  ab a2
dy ^° 4 h ̂ C ^  4 h Уa2 +  b2 ta n 2 у

Уa 2 -f- b2 ta n 2 у
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B y  re p la c in g  these  values in to  E q . (13), th e  fu n icu la r  force a c tin g  in  th e  cross 
s e c tio n  o f th e  edge a rch  a t  p o in t C is

_  ab a 4 +  h4 ta n 2 y
i l    JJ A ---- ------ — ■ 

4 h ][ ax +  b4 ta n 2 y  Y  о-2 +  b2 ta n 2 y  

w h ic h , a f te r  red u c tio n  m a y  be  w r itte n  in  th e  sim plified  form :

4 h Y a2 +  b2 t a n 2 y

T h e  co m p o n en t of th is  te n s ile  fo rce  H  d ire c te d  to w ard s p o in t 0 (F ig . 4) is

Fig. 4

H 1 =  H  cos d. (15)

T h e  angle <5 en te rin g  in  th e  fo rm u la  (15) can  be d e te rm in e d  fro m  t r i ­
an g le  O C E:

d =  180° -  «  -  Ç =  180° -  a  -  (90° -  y) =  90° — (a  — y) .

In  th e  case of th is  angle

cos ô =  sin  (a — y) — sin  a  • cos у  — cos a  • sin у  =

ta n  a  1
=  --------- ----------  • cos у ----- ,____ _ _ -  sin  y ,

y i  +  t a n 2 X ]Al +  ta n 2 X
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an d  m ak ing  use o f (6) y ields 

. b2 ta n  y
COS  0 =  - - —  -  cos y  — _______________

У a 4 -f- b4 ta n 2 у  У a 4 +  64 ta n 2 у

A fte r  sim plify ing th e  above  re la tio n sh ip  one o b ta in s

(b2 — a2) sin  у

sin  у

cos <5 =
[/ a 4 -)- b4 t a n 2 у

(16)

E v en tu a lly , re p la c e m en t o f E qs (14) a n d  (16) in to  E q . (16) y ie ld s  fo r th e  
co m p o n en t of th e  one-sided  fu n icu la r  force a t  p o in t C d irec ted  to w a rd s  th e  
p o in t 0  th e  fo rm ula

_  ab 1/ a 4 -)- b4 ta n 2 y (b2 — a2) sin у
H i =  Po~

4 h Y  a2 - f -  b2 ta n 2 у  Уa 4 - j -  b4 ta n 2 у

w hich , a f te r  red u c tio n , can  be  w ritte n  in  fo rm :

_  ab (b2 — a2) sin  у 
“ i =  Po ~TT4 h У a2 -f- b2 ta n 2

(17)

5. T he stress  s ta te  o f th e  dividing rib

F o r th e  d e te rm in a tio n  o f th e  forces ex e rte d  b y  th e  shell se c to r  on th e  
d iv id in g  rib , a tr ia n g le  sh ap ed  e lem ent jo in e d  to  th e  d iv id in g  rib , should  
be c u t o u t of th e  shell.

T he p ro jec tio n  o f th e  shell e lem ent on th e  g round  p la n  a n d  th e  specific 
v a lu es  of th e  horizontal co m p o n en ts  o f th e  forces app lied  on th e  sh e ll e lem ent 
are  d ep ic ted  in  F ig . 5. F ro m  am ong  th ese  force com ponen ts th e  v a lu es  o f  N x 
a n d  N y  are fam ilia r from  fo rm u la  (11), i t  rem ain s only  to  d e te rm in e  th e  values 
o f th e  com ponents N u an d  N Wv w hich  m ay  re a d ily  be carried  o u t b y  m ak ing  
use o f  th e  equ ilib rium  eq u a tio n s

N u =  N x cos2 у -)- N y  sin2 у ,

N uv =  (N x — N y) sin  у • cos у ,

w hence , by  m aking  use o f fo rm ulae  (11):

N u =  — (a2 cos2 у +  b2 sin2 y) , (18)
4Л
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N uv = ---- —  (a2 — b2) sin  y • cos y). (19)
4 h

T h e  side of th e  tr ia n g le  shaped  shell e le m e n t is also su b m itte d  to  ver­
tica l fo rces. The specific  v a lu e  of these  forces is

N 2 =  N a ^ - + N uv^ ,  (20)
du dv

w h e re in :

dz

du
2 hv 
a2!*2

(b2 — a2) sin  y • cos y ,

dz

dv

2hv
(a2 cos2 y +  b2 s in 2 y) .

R e p la c e m e n t of (18) a n d  (19) in to  E q . (20) y ie ld s

N z =  P° (b2 — a2)(a2 cos2 y — 62 s in 2 y) • sin  y • cos y . (21)
a2 b2

T h e  forces N u a t ta c k in g  th e  d iv id ing  r ib  O B  from  b o th  sides m u tu a lly  
eq u ip o ise  each o th e r, so t h a t ,  concern ing  th e  lo a d in g  forces ac tin g  on th e  d iv id ­
in g  r ib  OC, only th e  fo rces N uv an d  N z are to  be considered .
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I t  can  be  re a d ily  p ro v ed  th a t  th e  fo rce  co m p o n en ts  N uv a n d  N z acting  
on b o th  sides on th e  d iv id in g  r ib  OC, do n o t  g en era te  a n y th in g  b u t  axial 
(fu n icu la r) forces in  th e  rib . N am ely , a long  th e  segm en t of th e  d iv id in g  rib  
fro m  V =  0 to  V (F ig . 6) th e  sum  o f th e  forces N z a c tin g  on  b o th  sides, can  be 
d e te rm in ed , ta k in g  E q . (21) in to  co n sid e ra tio n , b y  fo rm ula

j: _  2poN z dv  =  1'° - (b2 — a2) (a2 cos2 y  b2 sin2 y) • s in  y  • cos y  • —  (22) 
a2b2 2

a n d  th e  sum  o f th e  forces N uv a c tin g  on  b o th  sides, m a y  be ex p ressed  con­
s id e rin g  E q . (19), b y  fo rm u la

2 [  N m dv
Jo

P  0 
2 h

(b2 — a2) V sin y  • cos y  • V . (23)

T h e  q u o tie n t o f  th e se  tw o  la t te r  va lues is eq u a l to  th e  d e r iv a tiv e  o f  th e  cen tre  
line  o f th e  d iv id ing  r ib  OC a t  p o in t v, t h a t  is, to  th e  ta n g e n t o f  th e  angle cp:

(02 cog2 y  _|_ £2 gja 2 y\ _
dv a2b2

(24)

T h is  m eans th a t  th e  cen tre  line o f th e  rib  OC is re a lly  th e  fu n ic u la r  cu rve  of 
th e  forces a tta c k in g  th e  rib . T h u s, i t  is ev id en t, t h a t  u n d e r  th e  e ffec t o f th e  
lo ad  no flex u ra l-to rs io n a l forces are  g en era ted  in  th e  d iv id in g  r ib  OC.

6. Equilibrium of the points o f abutm ent of the ribs

B y  a  sim ple c o n sid e ra tio n  i t  is easy  to  p ro v e  th a t  th e  v -d irec ted  h o rizo n ta l 
fo rces ac tin g  on th e  a b u tm e n t p o in t of th e  r ib  OC c o n s ti tu te  w ith in  them selves 
a  se t o f forces in  eq u ilib riu m , an d  so, th e  a b u tm e n t p o in t C  n eed  n o t  be fixed  
a g a in s t a u -d irec ted  d isp lacem en t b y  a t ie  ro d  n o r w ith  a n y  o th e r  device.
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N am ely , accord ing  to  fo rm u la  (17), th e  « -d irec ted  force ac tin g  from  b o th  
s id es  outw ards  upon th e  a b u tm e n t  p o in t C is

2 H i  — Po
ab (b2 — a2) sin  y 

2h |(a2 -)- b2 t a n 2 y
(25)

a n d  co n sid e rin g  lo rm u lae  (5) a n d  (19), th e  « -d irec ted  force ex e rted  inw ards  b y  
th e  se c tio n in g  rib  on p o in t C  is

2 N uvvc =  2 -^ f (62 — a2) sin  y  • cos y ---------- °  = =
4 h cos y  ]] a2 -f- o2 ta n 2 y

w h ic h , a f te r  sim plifica tion , re a d s

21VUB«C —
_  ab
P  о

2h

(62 — a2) sin  y 

]f a2 +  62 t a n 2 у
(26)

S ince th e  force (25) d ire c te d  ou tw ards an d  t h a t  (26) d irec ted  in w ard s , 
a re  o p p o sed  to  each o th e r , p o in t  C in  th e  h o riz o n ta l d irec tio n  needs no p a r ­
t i c u la r  su p p o rt, as i t  is eq u ip o ise d . The equ ilib riu m  o f p o in t C is rea lized  in  
d ire c t io n  и  b y  th e  ex is tin g  s y m m e try , and  in  d ire c tio n  z b y  th e  fa c t o f b e ing  
w a ll su p p o rte d .
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Segm entenschale ohne Z ugstangen  m it biegungsfreien R andbogen und Rippen. Seg- 
m en ten sch a len  von außergew öhnlicher Form  und speziellen E igenschaften  werden im  R ahm en  
der M embrantheorie behandelt. A ls Belastung wird ein gleichm äßig verteiltes, vertikales 
K ra ftsy stem  in Betracht gezogen. E s w ird bewiesen, daß in  den Begrenzungsträgern der 
e in ze ln en  Schalensegm ente keine B iege- bzw. Torsionskräfte auftreten  und der Seitenzug der 
V erteilungsrippen durch den Seiten zu g  der Randbogen ausgeglichen, bzw. behoben wird. Aus 
d iesem  Grunde sind bei den b eh an d elten  Schalen keine Z ugstangen bzw. Strebebalken erfor­
derlich .
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HIGH-ACCURACY INTERPOLATION OF STRESSES
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[M anuscript received January 3, 1980]

Dividing a solid in to  elem ents by parallel and perpendicular p lanes, th e  accuracy  
of stress distribution m ay be im proved by extending the required fitt in g  o f th e  approxi­
m ative polynom ial, in addition to the elem ent corners, also to neighbouring nodes, 
m eaning 32 fittings in space, 12 in the plane, and 4 along the straight lin e. The suggested  
three-variable polynom ial o f 32 term s will be presented to change in  p lane and along 
the straight line into tw o-variable and single-variable polynom ials o f 12 and  4 terms, 
respectively. D istribution is uniform  at elem ent interfaces, showing th e  approxim ation  
to be continuous and unam biguous throughout the solid.

As a difference from  a p p ro x im a te  fu n c tio n s  for single e le m e n ts  as is 
assu m ed  in  th e  fin ite  e lem en t m e th o d , w here f i t t in g  po in ts  m ay  o n ly  be on the  
b o u n d a ry  of, or inside , th e  e lem en t (see e.g. H u e b n e r  [ 1 ] ) ,  a p p ro x im a te  
fu n c tio n s  f i t te d  to  e lem en t co rners an d  n e ig h b o u rin g  nodes m a y  b e  co n v en ien t 
[2]. T hese ap p ro x im a te  fu n c tio n s  a re  also re q u ire d  to  f it in to  som e o rd e r along 
th e  e lem en t boundaries. In  ou r case th ese  fu n c tio n s  will only be re q u ire d  to  be 
o f  id en tica l value a t  th e  e lem en t in te rfaces , th a t  is, th e  a p p ro x im a te  fu nc tion  
h as  to  be con tinuous tro u g h o u t th e  do m ain  in  an  order C°. I n  th e  case of 
a p p ro x im a tin g  by  po ly n o m ia ls , th e  geo m etiic  iso tro p y  is c o n d itio n e d  by

a) com pleteness o f th e  p o lynom ia l o f o rd e r n, or
b) sy m m etry  o f an  in co m p le te  p o ly n o m ia l o f order n.

As re fe rred  to  in  [1] an d  a p p ea rin g  from  a p a p e r  b y  D u n n e  [3] a n d  com m ents
[4], fo r p o in ts  exclusively  on b o u n d aries , a com ple te  po ly n o m ia l c a n  be only 
e x ep tio n a lly  applied . Since th e  exam ined  case is re s tric ted  to  e le m e n t corners, 
ap p lic a tio n  of com plete  p o lynom ia ls  has b een  d isregarded  a n d  sy m m etrica l 
p o ly n o m ia ls  tak en  as a p p ro x im a te  fu n c tio n s. In  th e  follow ing, th e se  w ill he 
d e m o n s tra te d  to  p rov ide  co n tin u o u s a p p ro x im a tio n  th ro u g h o u t th e  dom ain  
in  o rd e r C°,

a) Three-variable fu n c tio n s  o f  each stress component belonging to the elements 
can be assum ed so that stress d istribu tions along element interfaces are uniform  
throughout.

b) I f  properly assum ed, three-variable fu n c tio n s  belonging to elem ents meet­
ing  along one edge are reduced along that edge to the same single-variable fu n c tio n .

*Dr. E. B é r e s ,  H unyadi János u. 11, H -1011 Budapest, H ungary
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D eta iled  analysis a n d  d e m o n s tra tio n  w ill re fe r  to  th e  special case w here  
f o u r  p o in ts  are considered  a lo n g  each s tra ig h t lin e  p a ra lle l to  th e  c o o rd in a te  
a x is ,  t h a t  is, the  s in g le -v a r ia b le  ap p ro x im ate  p o ly n o m ia l is of o rd e r th re e . 
N a m e ly , p a rtly , a h ig h e r-o rd e r  ap p ro x im atio n  is g e n e ra lly  needless, an d  p a r t ly , 
o n  th i s  basis the  a s su m p tio n  a n d  th e  d e m o n s tra tio n  a re  easily  p erfo rm ed  fo r a 
p o ly n o m ia l of a rb itra ry  o r d e r  (e.g . 5 or 7). T hese fu n c tio n s  en te rin g  in  d e fin ite  
in te g r a ls ,  assum ption  o f o d d -o rd e r  polynom ials is ad v isab le .

A ssum ing a c o o rd in a te  sy s te m  accord ing  to  F ig . 1 leads to  a th ird -o rd e r  
p o ly n o m ia l fittin g  p o in ts  9 , 1, 4 and 18:

Fig. 1

g (x )  =  ад;3 -j- bx2 cx  d  , (1)

w i th  u n k n o w n  coefficients a , b, c, d, to  be ex p ressed  b y  fu n c tio n  values b e lo n g ­
in g  to  th e  four po in ts .

T h e rea fte r  th e  tw o -v a r ia b le  polynom ial b e lo n g in g  to  th e  p lane x , у  has to  
b e  a s su m e d  to  yield fu n c tio n  (1) fo r th e  section  у  =  0. O bviously , tw o -v a ria b le  
p o ly n o m ia l (1) in [2]

/ ( x , y )  =  A x 3 -f- B x 2 +  C x  +  D y3 +  E y 2 F y  -f- G x3 у  - f  H x y 3 -f-
(2)

-f- J x 2 у  K x y 2 -j- L x y  -f- M

m e e ts  th is  condition, n a m e ly

f ( x ,  0) = = A x 3 - f  B x2 -f- C x  +  M .  (3)

O b v io u s ly , function  v a lu e s  b e lo n g in g  to  p o in ts  9, 1, 4 an d  18 d e te rm in e  co n ­
s t a n t s  o f  bo th  (1) an d  (3), h e n c e
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f { x ,  0) g(x), (4)

th a t  is to  say , A  — a, B  b, C c, an d  M  =  d. 
Also,

f ( x , b) =  a p t3 +  b x̂2 +  cxx  +  d t  — g t(x) ,

w here g x(x) is a  p o ly n o m ia l o f o rder th re e , f i t t in g  p o in ts  10, 2, 3, 17.
(2) a p p ro x im a te s  s tress d is tr ib u tio n  o v e r a rec tang le  w ith  co rn e rs  1, 2, 

3, 4. T h e  a p p ro x im a tio n  has been im p ro v ed  b y  p rescrib ing  ecjuality  in  o th e r  
co rners o f th e  fo u r a d ja c e n t rec tang les, e q u iv a le n t to  h av in g  in d ic a te d  12 
po in ts  in  all, t h a t  is, assum ing  a po lynom ial o f  12 te rm s. In  assum ing  th e  p o ly ­
nom ial, care  has b een  ta k e n  to  be sy m m e tric a l in  x  and  y , and  to  h a v e  n o th in g  
b u t  te rm s  occu rrin g  in  (1) in  case of у  =  0. S y m m e try  provides fo r a s im ila r 
expression  to  re su lt fo r  x  =  0. (2) is th e  lo w est-o rd e r exp ression  m ee tin g  
th e se  cond itio n s.

A ccord ing  to  th e  sam e tra in  of th o u g h t ,  i t  is easy to  assum e a  th re e -  
v a riab le  p o ly n o m ia l lead ing  to  tw o -v a riab le  po lynom ials o f fo rm  (2) along 
p rism  faces, an d  to  sing le-variab le  p o ly n o m ia ls  o f form  (1) along its  edges. 
N am ely , i f  th e  a p p ro x im a te  po lynom ial is to  b e  w ritte n  for th e  p rism  o u tlin ed  
in  a th ic k  line in  F ig . l /а  so th a t  i t  equals th e  g iv en  function  v alues even  in  th e  
n e ig h b o u rin g  p o in ts , th e n  f i t t in g  will a ffec t 32 p o in ts  in  all, th u s , a p o ly n o m ia l 
of 32 te rm s  w ill be  assum ed . In  th is  case, a lso  v a riab le s  x , у  an d  s a re  re q u ire d  
to  h av e  sy m m etric  expressions, and  o f co u rse , to  have th em  re d u ced  to  ex ­
pressions of fo rm  (2) a long  each face. T he th re e -v a r ia b le  p o lynom ia l o f low est 
o rder, also m ee tin g  th e  cond itio n  of g eo m etric  iso tro p y , is:

(5)

A p p a re n tly , in  fa c t:
h(X, y ,  0) — f ( x ,  y ) ( 6)

and
h(x, 0, 0) =  g(x ) . ( 7 )

A lth o u g h  (5) is n o t  th e  on ly  po lynom ial m e e tin g  th e  assum ptions, i t  u n a m b ig ­
uously  c o n tr ib u te d  to  defin ing  a  su itab le  p o ly n o m ia l.

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



2 6 0 BÉRES, E.

N ow , i t  is easy  to  d e m o n s tra te  th a t  th re e -v a r ia b le  functions re fe r r in g  to  
d if fe re n t  prism s are  re d u c e d  to  th e  sam e tw o -v a ria b le  and  s in g le -v a riab le  
fu n c tio n s  along th e  in te rfa c e s  an d  th e  co m m o n  edges, respective ly . F ig s  1/a 
a n d  1/b  show  tw o a d ja c e n t p rism s w ith  th e ir  su rro u n d in g s ap p lied  to  th e  
in te rp o la t in g  po lynom ials. F ig . l /а  refers to  e lem en ts  w ith  po in ts  1, 2 , 3, 4 , 5, 
6, 7, 8, an d  Fig. 1/b to  th o se  w ith  1, 2, 3, 4 , 25, 26, 27, 28. Face 1, 2, 3, 4 is 
c o m m o n  to  b o th . A m ong 32 p o in ts  each  o f b o th  e lem ents and  th e ir  s u r ro u n d ­
in g s, 20 a re  com m on, an d  12 each  are d iffe ren t. T herefo re , polynom ials h(x, y ,  z) 
re fe r r in g  to  th e  tw o  e lem en ts  an d  th e ir  c o n s ta n ts  are d ifferen t, b u t  fu n c tio n s  
f ( x , y )  belonging  to  th e  com m on  face 1, 2, 3, 4 are  iden tica l. N am ely , le t  us 
a s su m e  th e  coo rd in a te  sy s te m  accord ing  to  F igs l /а  and  1/b. L e t fu n c tio n  
h(x, y ,  z) belonging to  F ig . a be ha(x, y ,  z) a n d  t h a t  belonging to  b, hb(x, y ,  z) 
th e n :

K (x , У, o) =  hb(x, y ,  0) =  f (x ,  y) , (8)

w h e re f (x ,  y) is a tw o -v a ria b le  po lynom ial f i t t in g  p o in ts  1, 2, 3, 4, 9, 10, 13, 14, 
17, 18, 21, 22. E q . (5) b e in g  sy m m etrica l a b o u t v a riab les x , y , z ,  th e  p ro o f 
is v a lid  to  all faces of th e  p rism . T h e reb y  th e o re m  a) has been a d e q u a te ly  
de  m o n s tra te d .

E a c h  in te rn a l edge belo n g s to  fo u r e lem en ts , each tw o c o n ta c tin g  on ly  
a lo n g  th is  edge. T heorem  b) s ta t in g  th e  th re e -v a r ia b le  fu nc tion  h(x, y ,  z) b e lo n g ­
in g  to  a ll four e lem ents, to  red u ce  to  th e  sam e sing le-variab le  fu n c tio n  g(£) 
( I  =  X, y ,  z) along th e  edge, m ig h t also be p ro v e d  re ly in g  on th eo rem  a ), b u t  
th e re  is  a still sim pler d e m o n s tra tio n .

L e t us consider line 1 —4 in  Fig. 1. I t  is a  com m on edge of e lem en ts  w ith  
c o rn e rs  1, 2, 3, 4, 5, 6, 7, 8; 1, 2, 3, 4, 25, 26, 27, 28; 1, 4, 21, 22, 25, 28, 39, 40
a n d  1, 4 , 21, 22, 5, 8, 23, 24 h a v in g  po lynom ials  hx(x, y ,  z), h2(x, y ,  z), h3(x, y ,  z) 
a n d  hà(x, y ,  z), resp ec tiv e ly . A ccord ing  to  (5) a n d  (7), obviously,

hi(x, 0, 0) =  h.2(x , 0, 0) = h3(x, 0, 0) =  h ^ x ,  0, 0) =  g(x) , (9)

w h e re  g(x )  is a th ird -o rd e r  p o ly n o m ia l f i t t in g  p o in ts  9, 1, 4, 8. B ecause  o f  th e  
l e t t e r  sy m m etry , also th is  p ro o f  is v a lid  to  a n y  edge. T hereby  th e o re m  b)  
h a s  b e e n  p roved .

U p  ti l l  now, on ly  in n e r  e lem ents h a v e  b een  considered, th u s , p a r t ly ,  
th e r e  w as  a ne ighbouring  p o in t  in  an y  d ire c tio n , a n d  p a r tly , all su rfaces  w ere 
p la n e , a n d  all lines s tra ig h t. A long b o u n d a ry  su rfaces  of solids, h ow ever, cases 
o th e r  th a n  th a t ,  hence n o t  p lan e  surfaces a n d  cu rv ed  lines are p o ssib le . T he 
s im p le s t  is to  d em o n stra te  g rap h ica lly  t h a t  th e  p reced in g  s ta te m e n ts , t h a t  is, 
E q . (5) an d  th e  th eo rem s a re  in v a ria b ly  v a lid  fo r th ese  cases. F ir s t  o f  all, 
F ig s  2 , 3 an d  4 i l lu s tra te  a lte rn a tiv e s  for a ssu m in g  th e  32 po in ts in  d iffe re n t 
cases , th e n  Fig. 3 exp la in s w h y  th e  th eo rem s are  v a lid  in  d ifferen t specia l cases.
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T he figures show  th e  possib ility  to  a lw ay s assum e 32 p o in ts  o f  an  e lem en t 
to  h av e  12 p o in ts  each  in  th e  p lane sec tio n s, p ro v id in g  for th e  th re e -v a r ia b le  
fu n c tio n  of fo rm  (5) to  ta k e  form  (2) in  th e  sec tion . T hey  m ay  be  less reg u la r  
a rra n g e m en t o f th e  32 p o in ts  in  th e  space  o r o f  th e  12 p o in ts  in  th e  p lan e  th a n  
seen in  F ig . 1 h a s  no  p rin c ip ia l d ifference.

A t a f ir s t  g lance, th e  difference seem s m ore  m arked  for e lem en ts  jo in in g  
a long  cu rv ed  edges, th e  fu n d am en ta l case re fe rr in g  only to  s tr a ig h t  edges, a 
fa c t e n te rin g  in  th e  p roof. F ig . 3 re fe rrin g  to  v a rio u s  cases, i l lu s tra tio n  w ill he 
ta k e n  th e re fro m .
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L in es in  th e  solid  su ch  as 5 — 8 or 7 —8 are  s tra ig h t, hence u n d e r  th e  
d i r e c t  v a lid i ty  of th e  fo rm e r p roof, irre sp ec tiv e  o f  th e  irre g u la rity  o f  th e  
e le m e n t.

T h e  line of in te rs e c tio n  b e tw een  th e  solid  su rface  and  th e  p lan es is a 
p la n e  c u rv e , th a t  is, h o w ev e r, a  com m on edge o n ly  betw een  tw o  e lem en ts , 
h a v in g  a  p lane  in te rfa c e  a lo n g  w hich  fu n c tio n  v a lu es  for b o th  e lem en ts  are  
th e  sa m e . T his id e n tity  re fe rs , o f course, also to  th e  en tire  face, hence, also to  
i t s  b o u n d a ry  line. Such lin e s  in  F ig . 3 are  1 — 2, 2 — 6, 1 —4, 4 —3, 3 — 7, 6 —7. 
L in e  2 — 3 needs no spec ia l co n sid e ra tio n , i t  be lo n g in g  to  a single e lem en t, 
se lf - in te n d e d  to  h av e  a c o n tin u o u s  fu n c tio n .

T h u s , i t  has b een  d e m o n s tra te d , t h a t  decom posing  th e  solid in to  ele­
m e n ts  b y  m eans of p a ra lle l a n d  n o rm a l p lan es p e rm its  to  in d ica te  e le m e n t­
w ise  d is tr ib u tio n  of e lem en t co rn e r stresses u n ifo rm  along elem ent in te rfa c es  
a n d  co m m o n  edges, t h a t  is , e lem ent-w ise  in te rp o la tio n  m ay  be app lied , a ssu m ­
in g  c o n tin u o u s  stress d is tr ib u tio n  th ro u g h o u t th e  solid . Inside  each  e lem en t, 
th is  d is tr ib u tio n  m ay  be e x p re ssed  b y  a p o ly n o m ia l o f fo rm  (5), e q u iv a le n t to  a 
th i r d - o r d e r  po lynom ial a p p ro x im a tio n  a long  th e  edges, w hile stress d is tr ib u ­
t io n  a lo n g  th e  in te rfaces is d esc rib ed  b y  tw o -v a ria b le  polynom ials.

A t  th e  sam e tim e  i t  h a s  b een  p ro v ed  th a t ,  w hile  equ ilib rium  co n d itio n s  
h a v e  o n ly  been a p p ro x im a te d  b y  double  in te g ra ls  re fe rrin g  to  th e  e lem en t 
su rfa c e s  in  [2], and  th is  b y  in v o lv in g  o n ly  tw o -v a ria b le  in teg ran d s  in  each
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in te g ra l, w hile a p p ro x im a tio n  of th e  c o n tin u ity  cond itions in v o lv ed  on ly  
lin e a r  in teg ra ls , th is  m e th o d  leaves th e  tr id im e n s io n a l, hence th re e -v a r iab le  
c h a ra c te r  of th e  g enera l case u naffec ted .
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H ochgenaue Interpolation yon Spannungen. — W ird ein Körper m ittels gleichlaufenden  
bzw. senkrechten E benen zu E lem enten verschnitten, so kann die Genauigkeit der N äherung  
der Spannungsverteilung über den einzelnen E lem enten  dadurch erhöht w erden, daß die 
Anpassung des A nnäherungspolynom s außer zu den E lem entenspitzen , auch zu den benach­
barten K notenpunkten erfordert wird. Das bedeutet im  R aum  32, in der Ebene 12, und  längs 
einer Geraden 4 Punktanpassungen. Es wird gezeigt, daß das vorgeschlagene 32-gliedrige 
P olynom  m it drei V eränderlichen in der Ebene zu einem  12-gliedrigen, und längs einer Geraden 
zu einem  4-gliedrigen P olynom  m it zwei bzw. einem  Veränderlichen übergeht. D er W ert der 
elem entenw eise Verteilungen ist gleich bei den E lem entenanschlüsse, also ist die A nnäherung  
im  ganzen Körper kontinuierlich und eindeutig.
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UNTERSUCHUNG DER STARILITÄT 
SATTELFÖRMIGER, FLACHER, NORMALKRAFTFREI 

GELAGERTER HP-SCHALEN UNTER 
GLEICHMÄSSIG VERTEILTER RELASTUNG

L. JA N K Ó *

[Eingegangen am 28. D ezem ber 1978]

Diese Abhandlung bildet den zw eiten  T eil einer dreiteiligen A rtikel-Serie. Im  
ersten Teil waren die theoretischen F ragen der E xistenz und der E ind eu tigk eit der 
M em branlösung, sowie der kinem atischen U nbestim m theit von H P -Schalen  behandelt 
worden. A u f Grund dessen wird in  d iesem  T eil die Erscheinung der Verzweigung  aus 
dem  unverformten Grundzustand erörtert. Im  Laufe der Analyse wird auch  der U nter­
suchung der dehnungslosen Beulungsmöglichkeit eine große Bedeutung zugem essen.

B E Z E IC H N U N G E N

у  ;

spezifische D ehnungssteifigkeit;

Elastizitätsm odul;
Spannungsfunktion der M ittelflächenkräfte (F "  =  N x, F '1 =  — A'xy, 
F " =  N y) ;
Spannungsfunktion des Grundzustandes; 
erste Variation der F unk tion  F„ ( F  =  F„ +  F );

spezifische B iegesteifigkeit;

Biege- bzw. Drillm om ente; 
M ittelflächenkräfte ;
M ittelflächenkräfte nach  der Biegetheorie; 
M embrankräfte ;

P otential der B iegeschnittkräfte;
P otential der M ittelflächenkräfte;
Potential der äußeren K räfte;

2a, 26 Spannweiten der R andbogen in den x- bzw. y-R ichtun gen ;
Pfeilhöhen der in den x- bzw . y-R ichtungen liegenden Randbogen; 

h Schalendicke;
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P

H albw ellenzahlen  in den x - bzw . y-R ichtungen  (der Index n w e ist  
auf dehnungslose Verformung hin);
In ten sitä t der gleichmäßig verte ilten , in  Richtung der Achse z  w ir­
kenden , sym m etrischen B elastung (bezogen auf die F lächeneinheit 
der Grundrißprojektion); 
lineare kritische Last; 
kritische Durchschlagslast;
lineare kritische Last der V erzw eigung aus dem verform ten Grund­
zustand;
V erschiebungen in R ichtungen der Flächentangenten parallel zur 
х - z -  bzw . y —z-Ebene;
O rdinaten der Schalenm ittelfläche;
V erschiebung eines M ittelflächenpunktes in Richtung der F lächen­
norm ale (w =  w 0 -f- w);
im  G rundzustand entstehende Verschiebung eines M ittelflächen­
punktes in  R ichtung der F lächennorm ale; 
erste V ariation  der Verschiebung iv0 (im  Nachbarzustand); 
Vorbeulam plitude (A nfangsausm ittigkeit);
Pfeilhöhenverhältnis;
Schalenparam eter;
Steinverhältn is;
Sym bol der Variationsbildung;
K oordinate in  R icm ung einer der beiden geraden Erzeugenden vom  
P unk t x  =  a, y  =  b (verläuft parallel zur zweiten Leitebene); 
E igenw ert;
Q uerdehnungszahl (in den Berechnungen: =  0,2);
K oordinate in Richtung einer der beiden geraden Erzeugenden vom  
P unk t x  =  а, у  =  6 ( f  verläuft parallel zur ersten Leitebene); 
G esam tpotential;
Schalenp arameter;
H älfte des W inkels zwischen den  Leitebenen;

2( )ü -j- ( ) :: der biharmonische D ifferentialoperator;
— 2 f i  /■> +  f i  de r P u ch ersch e-D ifferen tia lo p era  tor.

1. E in le itu n g . Z w eckbestim m ung

W eg en  ih re r gefälligen  F o rm  u n d  d er g ü n s tig e n  A usfüh rungsm ög lich ­
k e ite n , d ie  die geraden  E rzeu g en d en  b ie ten , w e rd e n  im m er häufiger S ch a len ­
k o n s tru k tio n e n  in  F o rm  des h yperbo lischen  P a ra b o lo id s  (im w eite ren  FIP- 
S ch a len ) gebau t.

D ie  H P -S cha len  sin d  im  allgem einen e n tla n g  ih re n  F läch en erzeu g en d en  
o d e r d e n  H a u p tk rü m m u n g s lin ie n  a u f R a n d trä g e rn  gelagert.

D ie  s ta tisch en  P ro b le m e  d er längs d e r E rz e u g e n d en  ab g e s tü tz te n  H P -  
S c h a le n  s ind  sowohl n a c h  d e r T heorie  I . O rd n u n g , als auch  nach  der T h eo rie  
I I .  O rd n u n g  ausführlich  e rö r te r t  w erden [5], [7], [15], [19], [21].

Im  F alle  der sa tte lfö rm ig e n  H P -S chalen  (B ild  1) jedoch , die e n tla n g  d e r 
H a u p tk rü m m u n g s lin ie n  d u rc h  R andbogen  a b g e s tü tz t  sind , die in  der h o r i­
z o n ta le n  R ich tu n g  eine v e rn ach lä ss ig b a re  B iege- bzw . D rills te ifigkeit b e s itz e n  
(im  w e ite re n  »norm alkraftfreie«  oder »halbsteife« R a n d trä g e r) , liegen die D inge  
a n d e rs . D ie A u sarb e itu n g  des (»linearen« u n d  »n ich tlinearen«) S ta b ilitä tsv e r-  
h a lte n s  d e r  e rw äh n ten  S ch a len  s te h t jedoch  n o ch  aus.
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B ild  1. Geometrische A ngaben der sattelförm igen H P-Schale. Vorzeichenregel der inneren
K räfte und der V erschiebungen

M i h a i l e s c u  [16] h a t  die V erzw eigungserscheinung d e r sa tte lfö rm ig e n  
H P -S ch a len  (w 0 =  0) a u f  G rund  d er B eu lg le ichung  der ebenen  P la t t e n  u n te r ­
su c h t. E r  h a t  angenom m en , daß  die B eu lu n g  d u rch  eingliedrige, sy m m etrisch e  
B eu lfo rm en  gekennze ichne t w erden  k an n .

D ie k ritisch e  D ru c k k ra f t h a t  sich d a d u rc h  ergeben, d aß  d ie  k o n s ta n te n  
M em b ran d ru ck k rä fte  in  R ic h tu n g  d er E rzeu g en d en , die im  m it t le r e n  G ebiet 
d e r  Schale a u ftre te n , vom  V erfasser in  die B eulg leichung e in er » E rsa tz p la tte «  
e in g ese tz t w orden  sind.

D ie in  B e tra c h t gezogenen B eu lfo rm en  sind n ich t die m aß g eb en d en  
B eu lfo rm en  der H P -S ch a le . Die A n w en d u n g  d ieser Lösung fü h r t  z u  e in er rech t 
u n w irtsch a ftlich en  B em essung.

A p e l a n d  [1] h a t  u n te r  Z u g ru n d e leg u n g  eingliedriger B eu lfo rm en  die 
V erzw eigungserscheinung  von  flach en  P arab o lo id sch a len  m it au c h  in  h o rizo n ­
ta le r  R ich tu n g  b iegeste ifen  u n d  d rills te ifen  R a n d trä g e rn  b e h a n d e lt . D ie h e r­
g e le ite te n  Z u sam m enhänge  sind  fü r  S ch a len  gültig , die ih re  L a s te n  in  der 
e in e n  R ich tu n g  (я;: v o n  oben  b e tr a c h te t  k o n v ex e  Bogen) d u rc h  k o n s ta n te  
D ru c k k rä f te , in  d e r  a n d e re n  R ic h tu n g  (y:  v o n  oben  b e tra c h te t k o n k a v e  Bogen)
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d u rc h  k o n s ta n te  Z u g k rä fte  tra g e n . Dieses s c h u b k ra f tlo se  K räftesp ie l lä ß t  sich 
p ra k t is c h  k au m  v e rw irk lich en . Seine R a n d b e d in g u n g e n  u n d  das angenom m ene  
w illk ü rlich e  K räftesp ie l b e z ie h e n  sich n ich t a u f  d en  F a ll , d er von uns u n te r s u c h t  
w e rd e n  soll.

Gioncu  [9] h a t  d as  K rä fte sp ie l von  Ap e l a n d  zu g ru n d e  gelegt. E r  h a t  
a n g en o m m en , daß die H P -S c h a le  in  R ich tu n g  x  v ie le n  W ellen b e u lt. U n te r  
d ie sen  A n n ah m en  h a t  d ie  B erech n u n g  zu fo lg en d e r S ch lußfo lgerung  g e fü h r t:  
d ie  lin e a re  k ritische  L a s t  d e r  sa tte lfö rm igen  H P -S c h a le  is t  der k ritisch en  L a s t 
d e r je n ig e n  w indsch ie f-v ie reck igen  H P -S chale  g le ich , die gleichen K rü m ­
m u n g sv e rh ä ltn isse  b e s itz t  w ie  die sa tte lfö rm ige  H P -S ch a le .

S eine A nnahm en , b ezo g en  sowohl a u f die M em bran lösung , als a u f  die 
(e ing lied rige) B eulform , s in d  w illkürlich , desw egen  lä ß t  sich dieses R e s u lta t  
o h n e  K r i t ik  n ich t a n n e h m e n .

T subo i [23] h a t  s ich  m it  der B eulung  d e r n o rm a lk ra ftfre i g e lag e rten , 
f la c h e n  P arab o lo id sch a len  b e fa ß t. Diese B e re c h n u n g e n , die m it H ilfe  e in ­
g lie d rig e r  B eulform en d u rc h g e fü h r t  w orden sin d , b ez ieh en  sich au f H P -S ch a len  
m it  q u a d ra tisc h e m  G ru n d r iß .

D ie  A nalyse d er W irk u n g  der M öglichkeit d e r  B ild u n g  von  d e h n u n g s ­
losen  V erfo rm ungen  w u rd e  n ic h t  b eh an d e lt.

D ie  allgem eine T h e o rie  der S tab ilitä ts - und S chw ingungserscheinungen  
v o n  a n iso tro p en  f lach en  S c h a len  is t von D ulacska  [6] ausführlich  b e a rb e ite t  
w o rd en .

Im  R ahm en  d ieser B e a rb e itu n g  is t au ch  d ie  V erzw eigungserscheinung  
v o n  zw eim al g ek rü m m ten  K up p elsch a len  m it u n te rsch ied lich en  K rü m m u n g s­
v e rh ä ltn is s e n  b e h a n d e lt w o rd e n  [6], [12].

D e r als B erech n u n g sg ru n d lag e  d ienende M e m b ra n z u s ta n d  is t d u rc h  die 
Z u sam m en h än g e  N xm =  k o n s t . ,  N ym =  k o n s t., N xym =  0 gekennzeichnet. D ie 
H e r le itu n g  h a t  die (v e rs te ifen d e) W irkung  d er R ä n d e r  u n b e rü c k s ic h tig t ge­
la sse n , die E rgebnisse  h a b e n  dem nach  fü r die S ch a len  G ü ltig k e it, die in  m e h re ­
re n  W ellen  ausbeulen , b e i d en en  also die R a n d b e d in g u n g e n  p ra k tisc h  k eine  
R o lle  m e h r spielen. B ei d e r a r t  ausbeulenden  S ch a len  is t auch die V o ra u s­
se tz u n g  e rfü llt, daß  sie in n e rh a lb  der e n ts te h e n d e n  B eulw elle als flach  an g e ­
se h e n  w erd en  dürfen .

V on  großer B e d e u tu n g  is t  auch seine F e s ts te llu n g , daß die u n te re  
S c h ra n k e  der linearen  k r i t is c h e n  L ast der H P -S c h a le  u n d  die lineare  k r itisc h e  
L a s t  d e r  in  iden tisch er F o rm  ausbeu lenden  eb en en  P la t te  e inander gleich sind .

T a tsa c h e  is t, d aß  im  Z usam m enhang  m it d en  S tab ilitä tse rsch e in u n g en  
d e r a n  ih re n  R än d ern  n o rm a lk ra f tf re ie n  h y p e rb o lisch en  S a tte lp a rab o lo id sch a - 
len  n u r  einige E rgebn isse  s in d . N ach A nsich t des V erfassers e rk lä rt sich  dies

— aus dem  P ro b lem  d e r  E xistenz und  E in d eu tig ke it der M em branlösung  
u n d
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— aus den S chw ierigke iten , die sich aus d e r kinem atischen  U nbestim m t­
heit (dehnungslose V erfo rm ungen) der F läch e  ergeben .

Diese A bhandlung  hat sich  d ie th eo re tisch e  U n te rsu c h u n g  d er V erzw ei­
gung aus dem  u n v e rfo rm te n  G ru n d zu stan d  (w0 =  0) d e r an  ih ren  R ä n d e rn  
n o rm a lk ra ftfre ien , sa tte lfö rm ig en  H P -S ch a len  zu m  grundlegenden Z ie l gesetzt.

A us den  e rw äh n ten  G rü n d en  sind  diese T h em en k re ise  v o r den  S ta b ili­
tä tsu n te rsu c h u n g e n  in  [10] au sfü h rlich  b eh an d e lt w orden . E s sind  die S chalen­
p a ram e te rb e re ich e  e rm itte l t  w orden , in  w elchem  d e r  E ffe k t d er B iege- und  
D rillm o m en te  im  V ergleich  zum  E ffe k t der M itte lf lä c h e n k rä fte  n ach  d er B iege­
th e o rie  v ern ach lässig b ar k le in  is t.

U n te r  solchen geo m etrisch en  V erhä ltn issen  g e n ü g t es die H P -S ch a len  
b loß  n a c h  d er M em b ran th eo rie  zu  bem essen. Im  gegebenen  F a ll m uß  m an  sich 
m it d en  B iegeeffek ten  n u r  in  d en  R an d b ere ich en  b efassen . In  solchen F ällen  
is t  es rich tig  auch  den  V e rla u f des S ta b ilitä tsv e r lu s te s  n ach  d e r »linearen« 
S ta b ilitä ts th e o rie  zu  u n te rsu c h e n . E s h a n d e lt sich n äm lich  u m  eine Verzwei­
gungserscheinung, die aus dem  u n v e rfo rm te n  (m e m b ra n a rtig en ) G ru n d z u s ta n d  
(tc0 =  0) erfo lg t (B ild  2).

Im  L aufe  d e r E rö r te ru n g e n  w ird  auch d a ra u f  e ingegangen , wie die 
E n tw ick lu n g sm ö g lich k e it d e r dehnungslosen  V erfo rm u n g en  [8], [10], [12], 
[13] d en  V erlau f des S ta b ilitä tsv e r lu s te s  b ee in flu ß t.

Z u r E rle ic h te ru n g  d e r p ra k tisc h e n  A nw endung  s in d  die zu r B em essung 
g u t g eeigneten  R e su lta te  in  F o rm eln  und  S ch au b ild e rn  bzw . T afe ln  dargeleg t.
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2. K ennzeichnung des Griindzustandes. Grundaunahnicn

In  [10] w u rd en  die A u sd rü ck e  fü r die in n e ren  K rä f te  d er H P -S ch a len  
u n te r  B e lastu n g  p  =  k o n st, n ach  d er Theorie I. O rd n u n g  d e r f lach en  Schalen  
au fgeschrieben  :

V =

4 mn

в =

h

fb
b b

768(1 -  p?)

2b

(oßy)2(m2 -  a n 2),

(2 .1)

(2 .2a —d)

(2.3)
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radial gedrückte

1. Verzweigung I p l̂J?

a)

11 Wachsende überkritische 
Tragfähigkeit

axial gedrückte Zylinderschale

1.2 Abnehmende überkritische 
Tragfähigkeit 
(Durchschlagen L)

w0~0

2. Stabilitätsverlust
ohne Verzweigung : pkr 
(Durchschlagen II.)

Verzweigung aus dem verformten
Grundzustand : kr.v

geometrisch vollkommene Konstruktion 
Konstruktion mit Anfangsausmittigkeit

f Lastverschiebung

w Ausbeulungsverformung

w0 Verformung des Grundzustandes

wa Anfangsausmittigkeit ( Vorbeule )

B i ld  2.  Einige charakteristischen Trag verhaltenskurven der Stabilitätserscheinungen
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B m n= (m *  +  ? n * )  \

A n
N  =  —11 mr

A m„ {m2 — a n 2) -I- Bf2mn

л . ТПТС , TXTZb mn =  S in------ X  • sin -------у
2a 2b -

„ m n  nn
L m n  =  C O S   --------- X  ■ C O S     V

2a 2b

8  M ATI

<  =  ~  2  —  N mn S n7t

8  M  N

«xy =  — 2  2  N mn cmn,
n ‘ Y m n

8 M N m
2 2 ~ N n,nSmn,

я 2 у 2 —  n
m  =  1, 3, 5, . . . ,  M  

n  =  1, 3, 5, . . . ,  N

64 ÍL ü  m
■ /V S11 mn  *^mn’

mu =  — ,#txy - 4 ( 1 . ^  V 2  2  —  N ™  c

64 M N
- y 2^  ,
^  m  n m  А

m  n А

п В

mn ^mr i i

mn /V sx ’ mn
mn

W" =
3072 П — //2\ m  л/ 1 r?

( „ ^  ^ ^  iVmn s mn,
m n m n  A mn

m =  1, 3, 5, . . . ,  M

n  =  1, 3, 5, . . . ,  N

N _  „о P « 2-Ivxf> — re -----
Л

N  h =  no p £1 '  xyb — u x y  _ »
J b

»>b =
fb

(2.4)

(2.5)

(2 .6a  —b)

(2 .7 a— c)

(2 .8  a — d)

(2 .9  a — c)
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M x =  ( m% +  ,umj) p d 1 , 

M xy =  rtiyy par ,

M y =  (m° +  /лт°х) p a 2 ,

ic

(2 .10a — d)

D ie angegebenen  Z u sam m enhänge  e n tsp re c h e n  d e r Lösung von  [2].
E s w ird  d er k r it is c h e  L astw ert g esu ch t, b e i dem  fü r die au sg eb eu lte  

S chale  eine G le ichgew ich tslage  en ts teh en  k a n n , die d e r u n au sg eh eu lten  Schale 
u n e n d lic h  n ah e  lieg t.

D ie U n te rsu c h u n g  d e r Y erzw eigungserscheinung  b ra u c h t n u r die e rs te n  
P o te n z e n  d er u n en d lich  k le in en  V ersch ieb u n g sk o m p o n en ten , hzw. ih re r  A b ­
le itu n g e n  zu b e rü c k s ic h tig e n , da  die zw eiten  P o te n z e n  schon um  eine G rö ß en ­
o rd n u n g  k le in e r u n d  so m it v ern ach lässig b ar s in d . D ieses V erfahren  w ird  im  
w e ite re n  als die B erechnungsw eise  n ach  d e r linearen  Theorie g en an n t. D er 
v o r  d e r  V erzw eigung sich  geb ilde te  u n v e rfo rm te  G rundzustand wird als M em ­
branzustand  betrachtet.

D ies is t d a d u rc h  zu  b eg rü n d en , daß  es in  [10] nachgew iesen w u rd e : die 
B iegew irkungen  s in d  fü r  d ie  Fälle  der g eo m e trisch en  V erhältn isse  f j f b =  
=  (1,5 - 7 -  2) -f- 4 gegenüber der M itte lflächenw irkungen  n ach  der B iege theo rie  
d er b e h a n d e lte n  sa tte lfö rm ig e n  H P -S cha len  verschw indend gering. D em n ach  
s in d  in  d iesem  P a ra m e te rb e re ic h  die sa tte lfö rm ig e n  H P -S ch a len  als M em b ran ­
sch a len  u n d  in fo lgedessen  die durch  die stetigen  G leichungen (2 .9 a—c) b e ­
s tim m te n  N orm al- u n d  S ch u b k rä fte  als M e m b ra n k rä fte  zu b e tra c h te n  bzw . 
an zu n eh m en .

D ie V erw endung  d e r u n ste tig en  M em b ran lö su n g  w äre e inerse its  u n ­
b e q u e m , an d erse its  is t  eine solche Lösung n u r  u n te r  gewissen speziellen  V er­
h ä ltn is se n  f alfb m öglich .

D ie D u rch b ieg u n g en  des vor der V erzw eigung  ex istie renden  G ru n d ­
z u s ta n d e s  sind  — w ie es in  d e r F a c h lite ra tu r  [3], [12], [17], [22], [25] a llge­
m ein  angenom m en  w ird  — zu v e rn ach lässigen , also

w0 =  0 . (2.11)

D er  so g en an n te  unverform te G rundzustand  w ird  d u rch  die G leichung (2.11) 
d e fin ie rt.

Im  H inb lick  d a ra u f , d aß  der G renzw ert f j f b, bei dem  die Schale n ic h t 
m e h r  als M em branscha le  b e tra c h te t  w erden  k a n n , sich  n ich t genau d e fin ie ren  
lä ß t ,  w erd en  die l in e a re n  k ritisch en  L asten  fü r  d en  in  [10] u n te rsu c h te n  ge­
s a m te n  P a ra m e te rb e re ic h  (f al fb =  1 - 7 - 4) b e s tim m t.
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S e lb s tv e rs tän d lich  is t  schon im  v o ra u s  b e k a n n t, daß  die zu  d e n  V e rh ä lt­
n issen  f alfij = 1  — (1,5 -7- 2) gehörigen  lin e a re n  k ritischen  L a s te n  n u r  th e o ­
re tisc h e  B ed eu tu n g  h ab en .

In  diesem  B ereich  d a rf  m an  die H P -S c h a le n  u n te r  B e rü ck s ich tig u n g  der 
B iege- u n d  D rillm om en te  n u r  n ach  der ( n ich tlinearen)  Theorie der großen Ver­
fo rm u n g en  behandeln .

D ie n ich tlin ea re  U n te rsu ch u n g  w ird  in  [11] vorgenom m en.
M it H ilfe d er in  d iesem  A b sc h n itt b e s tim m te n  linearen  k r it is c h e n  L asten  

u n d  d e r L ast-D u rch b ieg u n g sk u rv en  n a c h  d e r (n ich tlinearen ) T h eo rie  der 
g ro ß en  V erform ungen  k a n n  m an  das g e sam te  S ta b ili tä tsv e rh a lte n  d e r  b eh an ­
d e lte n  H P -S ch a len  e rm itte ln .

D ie Schalen  w erden  als fla c h  u n d  g eo m etrisch  vollkommen  u n d  ih r  W erk ­
s to ff  w ird  als linear-elastisch  b e tra c h te t .  E s  w erden die sich a u f  die ganze 
F läch e  a u sb re iten d en  B eu lfo rm en  u n te rs u c h t .

D ie von  den ä u ß e ren  L asten  u n a b h ä n g ig e n  S ch u b -E ig en sp an n u n g en  w er­
d en  gleich N ull h e tra c h te t .

3. G rundg le ichungen

F alls  die B eu lung  d er S c h a le n k o n s tru k tio n  aus u n v e rfo rm te m  G ru n d ­
z u s ta n d  (ie0 =  0) s ta t t f in d e t ,  k a n n  die zw eite  V aria tio n  der p o te n tie lle n  E nergie 
d e r M itte lfläch en k räfte  Umo u n d  je n e  d e r  po ten tie llen  E n e rg ie  d e r  B iege­
s c h n ittk rä f te  Uh0 des G ru n d zu stan d es  (m it In d izes  »o«) in  d er F o rm

1 c2a /'№
d2 Um 0 = — -  [ ^ ' 2 _ 2 ^ " Е "  +  Г 2 +  2 ( 1 + M) F I2 +

Eh Jo Jo ^

+  ( Fo w 2 -  2 F 0' w  w1 +  Fö w'2)E h  ] d x d y ,
r2a r2b

d2 Uw =  B  \ [iü112 -|- 2p w  й;11 -(- ic112 -[- 2(1 — p) 1c '12] d x  dy  (3.2)
Jo Jo

au fgesch rieben  w erden .
D ie beim  Ü bergang  vom  G ru n d z u s ta n d  zum  N a c h b a rz u s ta n d  a u f tre te n ­

d e n  D u rc h b ieg u n g sv a ria tio n en  w  =  öiv0 u n d  die S p a n n u n g s fu n k tio n sv a ria ti­
o nen  F(tv) =  ô F 0 sind  d u rch  Q u e rs tr ich e  bezeichnet.

D ie zw eite V a ria tio n  der p o te n tie lle n  E n erg ie  V 0 der ä u ß e re n  B elastu n g  
p  is t  in  diesem  F a ll gleich N ull:

d2 V 0 =  0 . (3.3)

E s sei der spezifische W ert d e r zw e iten  V aria tio n  der in n e re n , bzw . der 
v o lls tän d ig en  p o ten tie llen  E nerg ie  m it u 0, bzw . m it n 0 b eze ich n et.
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D ie zw eite V a ria tio n  d e r  v o llständ igen  E n e rg ie  des G ru n d zu stan d es 770 
is t  le tz te n  E ndes d u rch  d ie  Z usam m enhänge

02 U n =
r 'za  r*'iö

о =  u 0 d x d y  =  d? U m0 +  ö2 Ub0,
Jo  Jo

r 2 a  r2 b
02I70 =  л 0 d x d y  = 9  U 0 +  9  V 0

J o  J o

(3.4)

(3.5)

g eg eb en . D er E n e rg ie a u sd ru ck  (3.5) is t dop p e lt so g ro ß , wie die D ifferenz d e r 
v o lls tä n d ig e n  p o ten tie llen  E n e rg ie  nach  u n d  v o r d e r  B eu lung .

B ek an n tlich  is t d as  K r ite r iu m  des in d iffe re n te n  G le ichgew ich tzustandes 
w ie fo lg t abzufassen : die v o lls tä n d ig e  po ten tie lle  E n e rg ie  770 m uß (v o rau sg ese tz t, 
d a ß  d ie  L asten  des S y s te m s  u n v e rä n d e rt b le iben ) m in d esten s eine spezielle  
z w e ite  V aria tio n  b esitzen , d e re n  jed e  erste V a ria tio n  g le ich  N ull ist. M it a n d e re n  
W o r te n :  zu r B estim m u n g  d e r  lin earen  k ritisch en  L a s t  pUJ h a t  m an die V a r ia ­
tio n sa u fg a b e

6 {9  IJ0) =  0 (3.6)
zu  lö sen .

D ie E x tre m a lfu n k tio n  w, w elche das e rw ä h n te  F u n k tio n a l ö2I I 0 zu  einem  
s ta t io n ä re n  W ert (E x tre m w e r t)  m ach t, w ird  d u rc h  d ie Lösung der fo lg en d en  
E u le r-L ag ran g esch en  D iffe ren tia lg le ich u n g  g e lie fe rt:

д л 0 _  [  д л 0 1 I д л 0 +

C
 

:

И II

+ d n 0 1 ■' +  (
dw 1 d w 1 J (  dw' dw " dw  1 j 1 dw

=  0 (3.7)

W erd en  die A b le itu n g e n  d er S p a n n u n g sfu n k tio n  F  in  der zw eiten  V a r ia ­
t io n  d e r  p o ten tie llen  E n e rg ie  Um0 der M itte lf lä c h e n k rä f te  in A b h än g ig k e it 
v o n  d e n  V ersch ieb u n g sv a ria tio n en  u, v, w  au fg esch rieb en  und  d ann  die d u rc h  
d ie  G le ichung  (3.7) v o rg esch rieb en en  O p era tio n en  d u rch g efü h rt, so g e lan g t
m a n  z u r  G leichung

B A A w  -  L J F ,  z) -  L J F 0, w) =  0 . (3.8)

W ie b e k a n n t, is t  d ie  B eziehung  (3.8) die G leichgew ich tsg leichung  d e r 
au s  d em  u n v erfo rm ten  G ru n d z u s ta n d  a u f tre te n d e n  V erzw eigungserscheinung  
d e r  f la c h e n  Schalen [6], [7 ].

Schre iben  w ir d en  A u sd ru c k  (3.1) in  die fo lg en d e  F o rm  um :

Ó2 Umn =
r'-La r ' i o  _ _  _

=  [2(F " (v  -  wz") -  F '1 ( ü  +  v ') +  F  (û 1 -  w*"))
Jo Jo

112 O.. S '"  S’il I S '"2  I  ОП I .Л C’-I2\ ! (3-9)1

Eh

+  F "  w

( F 1 p  F  F "  -f- F " 2 -f- 2(1 +  p) F '12) 

2 F 1 ív' ív1 -f- F 0’ ic12] d x  d y  .
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W ird  je tz t  die V a ria tio n sb ild u n g  des F u n k tio n a le  <52L"0 nach  dem  P rin z ip  
v o m  s ta tio n ä re n  W ert d er E rgänzungsenerg ie  (M in im um satz  der F o rm ä n d e ­
ru n g sa rb e it, bzw. S a tz  I I I .  von  C astig liano) n a c h  F  d u rch g efü h rt, so e rh ä lt  
m an  die K o m p a tib ilitä tsg le ic h u n g  d er V erzw eigungsaufgabe der flach en  S ch a­
len  [6], [7] m it H ilfe d e r E u le r-L ag ran g esch en  D ifferen tia lg leichung

i)ua •1
+

d u 0
r)F" [ a f H

w ie fo lg t:
A A F  +  D(1 -  /12) L p(w , z) =  0 .

(3.10)

(3.11)

S p ä te r  w erden  die G le ichungen  (3.8) u n d  (3.11) nach  dem  G alerk in sch en  
V erfah ren  gelöst. V or d e r B ek an n tg ab e  der e x a k te n  L ösung is t es zw eckm äß ig  
eine N äh eru n g slö su n g  zu  suchen , w elche die w esen tlich s ten  Züge d er b e h a n d e l­
te n  V erzw eigungserscheinung  m it e infachen  M itte ln  beschreiben  k an n .

4. N äheru n g sv erfah ren

A u f G ru n d  d er a llgem einen  B eu lg le ichungen  von  D ulácska [6] (die 
u n te r  Z ugrun d e leg u n g  e ing lied riger B eu lfo rm en  au fg es te llt w urden) lä ß t  sich 
n achw eisen , d aß  die lin ea re  k ritisch e  L ast d e r  sa tte lfö rm ig en  H P -S ch a len  (s. 
B ild  3, oberhalb ), die ih re  g leichm äßig  v e r te ilte  L a s t p  m it dem  K rä fte sy s te m

b e ­

tra g e n , nach  der F o rm el

P a
2f a

„lin _Pcr.h —
Е л 2 0C Q 

2 4 ( 1 - > ) "  r fP

E 32

л -
ocyg-'

~ T

0Cj‘ —  I “

i2 + f j 2
(4.1)

b e re c h e n b ar is t. D as e rs te  G lied d rü c k t die B iegew irkung , das zw eite  G lied 
die W irk u n g  der M itte lfläch en d eh n u n g en  aus. Im  F a lle  einer dehnu n g slo sen  
V erfo rm u n g  g ib t d er A u sd ru ck  (4.1) die k r itis c h e  L a s t der d u rch  d ie  R a n d ­
k rä f te  d er H P -S ch a le  b e la s te te n  ebenen Platte  m it der B eulform  d e r S chale  
an  [6], [12].

Im  fo lgenden  w ird  bew iesen, daß  die lin e a re  k ritische  L a s t n a c h  der 
B eziehung  (4.1) die obere Schranke  d e r lin ea ren  k ritisc h e n  L ast der s a tte lfö rm i­
gen, an  ih ren  R ä n d e rn  n o rm a lk ra ftfre ien  H P -S c h a le n  lie fert:

p'c'r" <  Pcrjh • (4.2)

Im  w eiteren  w ird  die e rw äh n te , b o g e n a rtig  w irkende Schale als Schale  
von homogenem Span n u n g szu sta n d  gen an n t.
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N = P f 2 
fb

2 q —f

Bild 3. M em brankräfte der »normalen« H P-Schale (»voile normal«)

4.1 D ehnungslose B eu lu n g

I n  den  in  diesem  A b sc h n itt  e rö r te r te n  F ä llen  m uß das K rite r iu m  der 
d e h n u n g s lo se n  V erfo rm ung  [10]

e r fü l l t  w erden .
f b  j n

(4.3)

W ü rd e  die Schale ih re  B e la s tu n g en  m it den  K rä f te n  N x0 =  k o n s t., 
N xy(i =  N y0 =  0 tra g e n , so h ä t te  die E ig e n fu n k tio n  w  der D iffe ren tia lg le i­
c h u n g e n  m it k o n s ta n te n  K o e ffiz ien ten  (3.8) u n d  (3.11) — u n ab h än g ig  d a v o n , oh 
s ich  d ie  M itte lfläche  im  L au fe  d er B eu lu n g  d e h n t oder n ich t d e h n t — die fol­
g e n d e  F o rm :
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wi j s ,  j
1Л . 1 n

r s i n ------- X • sin  ——  y .
2 a 26

Bei e in e r dehnungslosen  V erzw eigungserscheinung  b e s te h t zw isch en  den  
B eu lh a lb w ellen zah len  i n, j n ein d u rc h  d ie  B eziehung  (4.3) b e s tim m te r  Z u sam ­
m en h an g :

W  =  W in  j »  S i n  j »  »

s .Injn
In Я  • Jn Лs i n ------- X sin  — — у  .

(4 .4a  — b)

2a 26

W: , • S )  ji n j n  I n jn

D ie M e m b ra n k rä fte  nach  der »geom etrischen« Theorie von  A im ond  sind 
zw ar k o n s ta n t , ab e r die S ch u b k rä fte  s in d  im  ganzen  B ereich n ic h t g le ich  N ull. 
Im  F a lle  e ines solchen K rä fte sp ie les  k a n n  also die e ing lied rige  F u n k tio n  

k e in e  e x a k te  E ig e n fu n k tio n  sein.
S ind  d ie  M itte lfläch en k räfte  d u rc h  die s te tig en  F u n k tio n e n  (2 .9 a —c) 

b e s tim m t, so k a n n  d er A usd ruck  (4 .4a  — b) keine ex ak te  L ö su n g  fü r  die 
D iffe ren tia lg le ich u n g en  m it v a ria b le n  K o effiz ien ten  (3.8) u n d  (3 .11) liefern .

Die E rfü llu n g  der U ngleichung (4.2) w ird  du rch  folgende U n te rsu c h u n g e n  
bew iesen. E rs te n s  w erden  eingliedrige B eu lfo rm en  zugrunde g e leg t, w eil w enn 
fü r  diese die U ngle ichung  e rfü llt w ird , d a n n  w ird  diese fü r die e x a k te n  B eu l­
form  von  K o m b in a tio n e n  s inusfö rm iger F u n k tio n e n  noch m eh r e rfü llt .

D er G ru n d  h ie rfü r liegt d a r in , d a ß  der partie lle  D iffe re n tia lo p e ra to r , 
d er das G le ichgew ich t der A ufgabe b e sc h re ib t, positiv  d e fin it is t .  I n  diesem  
F a ll n ä h e r t  d as  G alerk insche V erfah ren  v o n  oben, also e rg ib t sich  e in  k le in ere r 
E ig en w ert fü r  m eh r G lieder.

F a lls  die Schale von homogenem Spannungszustand  in  F o rm  d e r  Gin. 
(4 .4 a—b) d eh nungslos au sb eu lt, so g e la n g t m an m it H ilfe des G a le rk in sch en  
V erfah ren s — gekennze ichne t d u rch  d ie  G leichungen

X  =  B A A w  — L p( F 0, w ) ,

П2 b
X  ■ S inj„ d x d y  =  0

)

(4.5)

(4.6)

zu fo lgenden  Z usam m enhängen :

i G | î  +  « - ^ * 7 Î =  » .16 «■> 8 f a

Diin  _____________Щ __ L  (f* _i_ Vs i2!2
Рсгм ~  24(1 -  p2) yß3 i2 ( n +  Tln)  •

(4.7)

(4.8)
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D ieses E rg eb n is  e n tsp r ic h t se lb s tv e rs tän d lich  d e r  G leichung (4.1).
D as  P ro d u k tin te g ra l d e r an ihren R ändern  norm alkraftfreien  »norm alen« 

H P -S c h a le  ( fal fb =  4) aus d e r  F u n k tio n  L p( F 0, ív) u n d  der zue inander o r th o ­
g o n a len  F u n k tio n e n  S inJn — u n te r  A nnahm e d e r E x is ten z  der in  jed em  B e­
re ic h  k o n s ta n te n  M e m b ra n k rä fte  nach  der A im o n d sch en  geom etrischen  T heorie  
(B ild  3) — is t dem  W e rt gleich, der fü r  d en  homogenen Spannungszustand  
b e s t im m t w urde:

/"*2a b ~J2,
L p( F 0, w) ■ S injn dx d y  =  —— p  —— i f , . (4.9)

Jo Jo о Ja

V erg le ich t m a n  das soeben  erha ltene  E rg e b n is  m it den G leichungen (4.7) 
u n d  (4 .8), so is t fe s ts te llb a r , d aß  die lineare  k r itis c h e  L ast der dehnungslos 
a u sb e u le n d e n , an ihren R ändern  norm alkra ftfreien , »normalen« H P -S ch a le  
(falfb =  4) gleich der k r it is c h e n  L a s t der H P -S ch a le  von homogenem S p a n n u n g s­
zu s ta n d  v o n  der B eu lfo rm  d e r an ih ren  R ä n d e rn  n o rm a lk ra ftfre ie n  Schale is t  
(e in g lied rig e  F u n k tio n  iv).

D ie B erech n u n g  bezogen  a u f  die Schale m it  einem  Pfeilhöhenverhältnis  
falfb =  9/4 ergibt, d a ß  sich  d ie  Z ah l 8 im  N e n n e r  des A usdruckes (4.9) u n te r  
Z u g ru n d e le g u n g  eines an  d en  R än d e rn  n o rm a lk ra f tf re ie n  u n ste tig en  S p an n u n g s 
z u s ta n d e s  a u f  den W e rt v o n  4.8 v e rän d e rt, w ä h re n d  diese sich bei hom ogenem  
S p a n n u n g sz u s ta n d  w e ite rh in  zu  8 ergib t.

E s  lä ß t  sich in  g le ich er W eise bew eisen, d a ß  d e r  A usdruck  (4.9) fü r je d e  
in  d eh n u n g slo se r F o rm  au sb eu len d e  H P -S cha le  — d e re n  u n ste tig e r  M em b ran ­
z u s ta n d  n ach  A imond  e x is tie r t  — durch  d en  h o m o g en en  S p an n u n g szu stan d  
e in en  M in im alw ert a n n e h m e n  w ird.

D a ra u s  fo lg t die E rfü llu n g  der U ngle ichung  (4.2) fü r  die b isher b e h a n ­
d e lte n  F ä lle , u n te r  Z u g ru n d e leg u n g  eing liedriger F u n k tio n e n  w.

B e a c h tu n g  v e rd ie n t d ie  T a tsache , d aß , w en n  die »normale« H P -S ch a le  
zu  d eh n u n g slo se r B eu lu n g  fä h ig  is t, d ann  is t die G röße  ih re r linearen  k ritisch en  
L a s t  v o n  d er V erte ilu n g  in  x  bzw . у  R ich tu n g en  d e r  v o r der B eu lung  e n ts te ­
h e n d e n  in n eren  K rä f te  u n ab h än g ig .

W ir  g e lang ten  u n te r  a n d e ren  zum  R e s u lta t  [10], daß  die n ach  den  d o p ­
p e lte n  F o u rie rsch en  R e ih en  (2 .9a—c) b e s tim m te n  V erte ilung  der in n e ren  
K rä f te  d u rc h  die K rä f te v e r te ilu n g , die die »geom etrische« Theorie lie fe rt, seh r 
g u t a n g e n ä h e rt w ird , w en n  m a n  im  B ereich  v o n  f j f b b le ib t, wo die B iegew ir­
k u n g e n  v e rn ach lä ss ig b a r k le in  sind.

D em en tsp rech en d  g ib t d er A usdruck  (4.8) a u c h  d an n  die obere Schranke  
der kritischen  Lasten  d e r dehnungslosen  a u sb eu len d en  H P -S chale  an , w enn die 
M itte lf lä c h e n k rä f te  n ic h t  k o n s ta n t  sind. D iese F e s ts te llu n g  w ird  d u rch  das 
B ild  4 b e k rä f tig t , a u f  dem  die  G irlandenkurve  n a c h  d e m  A usdruck  (4.1) u n d  die 
e x a k te  G irlan d en k u rv e , die im  A b sch n itt 5 u n te r  Z u g ru n d e leg u n g  eingliedriger
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B ild  4. Vergleich der nach der Gleichung (4.1) bestim m ten Girlandenkurve m it der exakten  
Lösung (5.26) (a/h =  100, a/b =  1, /j>/6 =  0,2; die Funktion t» besteht aus e inem  Glied)

B eu lfo rm en  w b e s tim m t w u rd e , d a rg e s te llt  s ind . D ie U ngleichung (4.2) e rfü llt 
s ich  u n b e d in g t, denn  die B erech n u n g  d er E igen w ertau fg ab e  m it H ilfe  e iner 
mehrgliedrigen  (exak ten ) B eu lfo rm  lie fe rt eine G irlan d en k u rv e  (s. B ild  6), die 
u n te r  d e r (im  B ild 4 g es trich e lt d a rg es te llten ) d u rch  eingliedrige B eu lfo rm en  
b e s tim m te n  G irlan d en k u rv e  v e r lä u f t.

A u f G rund  des B ildes 4 sin d  d ie F o rm en  derjen igen  d eh n u n g slo sen  B eu l­
fu n k tio n e n , die zu den H P -S ch a len  m it dehnungsloser V erfo rm u n g sm ö g lich ­
k e it  (gestrich e lte  v e rtik a le  L in ien ) gehören , m it H ilfe des Z u sam m en h an g es
(4.3) zu  bestim m en .
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4.2  Beulung m it D ehnungen

D ie folgende A n n a h m e  scheint a u f  d e r H a n d  zu  liegen: die m it H ilfe 
d eh n u n g slo se r B eu lfo rm  b e re c h n e te  lineare  k r itisc h e  L a s t der an ih ren  R än d e rn  
n o rm a lk ra f tf re ie n  H P -S c h a le  is t kleiner als d ie jen ig e , die durch  D eh n u n g sv er­
fo rm u n g  (V erform ung m it  V erzerrungen) b e s tim m t w erden  kann . D iese B e­
h a u p tu n g  ist n u r fü r  gew isse spezielle V e rh ä ltn isse  f a/ f b rich tig . A u f G rund  
d e r  B eziehung  (4.3) is t  le ic h t  einzusehen, d aß  w en n  das V erhältn is  f al fb z. B. 
d e m  W e rt von 49/25 g le ich  w äre , so w ürde die e ing lied rige  dehnungslose B eu l­
fo rm  in  der X  R ic h tu n g  7, in  der y  R ich tu n g  5 H a lb w ellen  bilden.

A ller W a h rsch e in lich k e it nach  g eh ö rt zu  e in er anderen  B eu lfo rm  m it 
w e n ig e r H albw ellenzah len  verbunden m it den Verzerrungen der M ittelfläche  eine 
k le in e re  kritische L a s t. D a s  G esagte w ird  n och  an sch au lich er, w enn die d eh ­
n u n g slo se  V erfo rm ung  n a c h  der G eylingschen »R eflexions-Theorie« [8] be­
h a n d e l t  w ird. J e  g rö ß e r d ie  Z ahl der zum  A u sg a n g sp u n k t zu rü ck fü h ren d en  
U m lä u fe  en tlang  den  E rzeu g en d en  ist, u m  so k ü rz e r  sind  die W ellen längen , 
m it  d enen  die Schale z u r  dehnungslosen  V erfo rm u n g  gezw ungen w ird . In  sol­
c h e n  F ä llen  w ird also e in e rse its  die V erfo rm u n g  p rak tisch  schon d u rch  die 
B ieg este ifig k e it В  a lle in  v e rh in d e rt, an d erse its  w ird  sie, w enn es d azu  ko m m t, 
in  w e it d ich te ren  W ellen  a u f tre te n , als die B eu lfo rm  der Schale, w eshalb  sie 
a u c h  w eniger G efahren  in  sich  b irg t, als die B eu lfo rm  von  größeren H a lbw ellen ­
lä n g e n , v e rb u n d en  m it M itte lf lä ch en v e rze rru n g en  [12].

F a lls  sich die M itte lf lä c h e  w ährend  d e r  B eu lu n g  v e rzerrt, so a d d ie rt 
s ich  zum  P ro d u k tin te g ra l [s. (4.6)] des F a k to rs  S,-; d er B eu lfunk tion

W =  Wjj Sjj ,

r< • ^
b f  ; =  s i n  -------  X  • s i n  - —  y

1 2a 2b

u n d  d e r F u n k tio n  L p( F 0, w) noch  ein G lied : d as  P ro d u k tin te g ra l aus den 
F u n k tio n e n  L p(F , s) u n d  S,y.

In  der gleichen W eise , wie im  A b sc h n itt 4 .1 , is t  zu bew eisen: die U n ­
g le ich u n g  (4.2) e rfü llt sich  au ch  bei A nw endung  e in e r eingliedrigen , m it Verzer­
rungen  verbundenen B eu lfo rm .

D ie E rgebnisse  d e r  B erechnungen  m it e in g lied rig en  B eulform en sind  auch 
im  B ild  4 d a rg este llt. D u rc h  vertika le , g e s tr ic h e lte  L inien  w urden  die H P - 
S c h a len  m it d eh n u n g slo se r V erfo rm ungsm ög lichke it gezeichnet. W ie g u t e r­
s ic h tlic h , is t die d eh n u n g slo se  V erform ung n u r  bei gewissen speziellen P fe il­
höhenverhältnissen  (f j f b  =  L  9/4, 4) m aß g eb en d .

F ü r  die sonstigen  P fe ilh ö h en v e rh ä ltn isse  ( f alfb =  121/100, 25/16, 16/9, 
2 5 /9 , 49/16, 81/25) — w elch e  ebenfalls die H P -S c h a le n  m it dehnungsloser V er­
fo rm u n g sm ö g lich k e it k e n n ze ich n en  — sind  d ie  B eu lfo rm en  gefährlicher, die

(4 .10a — b)
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m it M itte lfläch en v erze rru n g en  v e rb u n d en  s in d , ab er größere H albw ellenlängen  
b e s itzen  als die e n tsp re c h e n d en  d eh n u n g slo sen  D urch b ieg u n g sfo rm en .

In te re ssa n t is t zu  b eo b ach ten , d aß  d iese  B eulform en m it g rö ß e re n  H a lb ­
w ellen längen  gerade d ie jen ig en  sind , d ie  in  F ä llen  der V e rh ä ltn is se  f j f b =  
=  1, 9/4 und  4 dehnungslose  V erfo rm ungen  b ild en  (in =  j n =  1; in =  3 , j n =  
=  2 , i n =  2 , j n =  1). D ie e x a k te  B eulform  w ird  sich  aus der linearen  K o m b in a tio n  
d e r F u n k tio n e n  von  T y p e n  (4 .4 a—b) u n d  (4 .10a  — b) zu sam m en se tzen .

Im  Falle einer K om bin a tio n  w ird  d ie  U ng le ichung  (4.2) noch m ehr erfüllt.
B ezüglich d er »halbnorm alen« H P -S c h a le  ( fal fb — 1) e r fü ll t  s ich  die 

U ng le ichung  (4.2) n ic h t, w eil diese Schale u n d  die Schalen vom  g le ic h e n  T ra g ­
v e rh a lte n  (m it den  P a ra m e te rn  f alfb 1 -r- 1,5) a u f  keine W eise a ls  M em b ran ­
sch a len  zu b e tra c h te n  s ind  [10]. Diese K o n s tru k tio n e n  trag en  ih re  B e la s tu n ­
gen  überw iegend  d u rc h  B ieg e sc h n ittk rä fte . Ih re  (fik tiven) lin e a re n  k ritisch en  
L a s te n  w urden  n u r  d e r  V o lls tän d ig k e it h a lb e r  b estim m t.

V on großem  N u tz e n  is t, d aß  die F o rm e l (4.1) (bzw. (4.8)) fü r  d e n  F a ll der 
»norm alen« H P -Schale  (f j f b  =  4) einen  n u r  u m  e tw a 4%  h ö h e re n  W e rt als 
d ie  e x a k te  Lösung (5.26) bezogen au f e in g lied rig e  B eulform en (fü r  P a ra m e te r  
des B ildes) liefert.

D er F eh ler b e trä g t  bei V erw endung  e in e r 24 gliedrigen B e u lfo rm  etw a  
1 0 % . F ü r  den  V o re n tw u rf  is t auch die lin e a re  k ritische  L ast d e r  H P -S c h a le n  
m it dem  V e r h ä l t n i s =  9/4 aus einer d e r  G in . (4.8) sehr ä h n lic h e n  G leichung  
zu  b estim m en . Die A bw eichung  b e s te h t b lo ß  d a rin , daß  im N e n n e r  s t a t t  der 
Z ah l 24 die Zahl 40 s te h t .  D ieses E rg eb n is  w u rd e  u n te r  Z u g ru n d e leg u n g  des 
u n s te tig e n  M em b ran k räftesp ie les  b e s tim m t. V erg le ich t m an d ie  A bw eich u n g  
zw ischen  der N äh eru n g slö su n g  (4.8) u n d  d e r  ex a k te n  Lösung im  B ild  6, so 
s ie h t m an , daß d ieser F eh le r eine ähn lich e  G röße wie der a u f  d ie  »norm ale« 
S chale  bezogene b e s itz t.

5. Exakte Lösung des Eigenwertproblems

5.1 B eulform

B ek an n tlich  b e s itz t d er V erzw eigungsvorgang  von unen d lich  k le in e  V er­
fo rm u n g en  le is ten d en  S tä b e n  und  eb en en  P la t te n  eine w ich tige  A n n ah m e : 
d ie  S tab ach se , bzw. M itte lfläch e  b le ib t deh n u n g slo s  (bzw. u n v e rz e r r t)  [3],
[17], [22].

B ei B estim m ung  d e r lin earen  k r it is c h e n  L asten  der S ch a len  k a n n  die 
D ehnungslosigkeit d e r M itte lfläch e  n ich t a llgem ein  angenom m en w e rd e n  [3],
[12], [17], [22], [25]. D ie M itte lfläche  d e r S ch a len  k ann  nur d a n n  d eh n u n g slo s  
b le ib en , w enn die geo m etrisch en  V erh ä ltn isse  u n d  die L ag e ru n g sa rt d e r  K o n s t­
ru k tio n  den d ehnungslosen  V erfo rm u n g sv o rg an g  erm öglichen [8], [10], [13].
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D ie dehnungslose B e u lfo rm  der Schale k a n n  in  gewissen F ä llen  g e fä h r­
lic h e r  sein , als die m it d e n  V erze rru n g en  der M itte lf lä c h e  verbundene B eu lfo rm  
m it  g rö ß ere r H a lb w e llen län g e . A uf G rund des A b sc h n itts  4 lie fert zu  d en  
z ä h lb a re n  unendlichen  E lem en ten m en g en  f j f b (f j f b  =  1» 9/4, 4 . . .) d er S ch a le  
m i t  dehnungsloser V erfo rm u n g sm ö g lich k e it die e in g lied rig e  dehnungslose B e u l­
fo rm  u n d  zu anderen  z ä h lb a re n  unendlichen E lem en ten m en g en  f j f b ( f j f b  =  
=  121/100, 25/16, 16/9, 2 5 /9 , 49/16, 81/25 . . .) d ie  eingliedrige B eu lfo rm  m it 
V e rz e rru n g e n  der M itte lf lä c h e  die kleinere lin e a re  k ritisch e  L ast.

N a tü rlich  e x is tie re n  in  W irk lichkeit ke in e  d ehnungslosen  u n d  k e in e  m it 
D e h n u n g e n  (V erzerrungen) v e rbundenen  B e u lfo rm e n , sondern  es g ib t v e r ­
sc h ie d e n e  B eu lh a lb w ellen län g en , die die K o n s tru k t io n  selbst — d er B e d in ­
g u n g  (3.6) en tsp rech en d  — w äh lt.

A u f G rund der o b ig en  A usführungen  w ird  d ie  B eu le igen funk tion  in  F o rm  
d e r  fo lgenden  le ich t zu  h a n d h a b e n d e n  tr ig o n o m e tr isc h e n  R eihe an g en o m m en :

Io Jo Io Jo
w  =  2  wij s u  J Z  J Z  w ij ■ (5 -

< j  « j

I n  B ezu g  au f die B eu lh a lb w ellen zah len  i u n d  jf w ird  n ic h t  festgesetzt, d a ß  d iese  
m ite in a n d e r  in  dem  d u rc h  d ie  Beziehung (4.3) b esch rieb en en  Z u sam m en h an g  
s te h e n  m üssen. Diese M ö g lich k e it ist aber n ic h t  ausgeschlossen. D e r  s p ä te r  
e r lä u te r te  A lgorithm us w ird  se lb st, au to m a tisch  d ie  dehnungslosen u n d  n ic h t ­
d eh n u n g slo sen  K o m p o n e n te n  d er B eulform  au sw ä h le n .

Je d e s  Glied d er d ie  e x a k te  E igen funk tion  w e e rse tzen d en  A n sa tz fu n k tio n  
w  e r fü l l t  die fo lgenden geo m etrisch en  (bzw. »künstlichen« , s. z. B . [17]) u n d  
s ta t is c h e n  (bzw. » n a tü rlich en « , s. z. B. [17]) R a n d b e d in g u n g e n  der A u fg ab e :

— 0 , w i j  = 0 , (5 .2a - d )
jx=0
\x = 2 a

\y=0
\y=2b

- -  : 0 , w )) 0 . (5 .3a - d )

Ö
 

О
 <N

Il II
X X y=0

\y=2b

D ie die exak te  E ig e n fu n k tio n  F e e rse tzen d e  F u n k tio n  F  w ird  d u rc h  d ie  
tr ig o n o m e trisch e  R eihe

_ Io Jo Io Jo _
F  =  2 2 F U - S u =  2  2 F n  <5 -4>

i j  ' j

b esc h rie b e n . Jedes G lied  d ie se r  Reihe e rfü llt d ie  B edingungen  der A u fg ab e  
b e zo g en  au f die R a n d n o rm a lk rä f te :
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F))  =  0, F-j  =  0 . (5 .5 a —d)
|y=0 |x=0
|y=26 |x=2a

B ek an n tlich  m uß  jed es  G lied der A n sa tz fu n k tio n e n  beim  G alerk inschen  V er­
fa h re n  die säm tlich en  R an d b ed in g u n g en , d . h . sow ohl die g eo m etrisch en  
(»künstlerischen«) als au ch  die s ta tisch en  (»natü rlichen«), erfüllen.

5.2 L ösung  nach dem G alerkinschen Verfahren

V or allem  soll die V erb indungen  zw ischen  je  einem  Glied d e r B e u lfu n k ­
tio n  (5.1) u n d  je  e inem  G lied der S p a n n u n g sfu n k tio n  (5.4) a u f  G ru n d  der 
G leichung (3.11) b e s tim m t w erden:

F U Wi j -----E h a yg W  -  ? )
(i2 +  y 2 j 2)2

(5.6)

S e tz t m an  in  die G le ichgew ichtsg leichung (3.8) die F u n k tio n en  d e r M itte l­
f lä c h e n k rä f te  vom  G ru n d z u s ta n d  (2 .9a—c) sow ie die A usdrücke (5 .1), (5.4), 
(5.6) ein , so lä ß t  sich  die lin k e  Seite der G le ichgew ichtsg leichung (X ), w ie fo lg t, 
au fschre iben :

4a X л~
л 2Е  48(1 -  /х2) ß 3

Û
ß

L  2  2 W‘A *  +  r 2? ) 2 ■ s <i

16 e V  4 , 4 ,  (a /2 — ï2)2
+  —г  • - г -  2  2  w‘j , i  s ‘i +

ï j

p
E

(P +  f f ) 2

У  Г Io Jo
- \ < 2 2 w4 î l - s 4 ~
P L i j

- 2 <v y 2 2  wu ч C'j +  n°yy22  2 wij I2 s<i
‘ J i j

(5.7)

Die F ehlerfunktion  X  w äre d ann  gleich  N u ll, w enn die A n sa tz fu n k tio n  
(5.1) die ex ak te  B e u lfu n k tio n  m it völliger G e n a u ig k e it bestim m en  w ü rd e .

D er A u sd ru ck  (5.1) se tz t sich aus l in e a r  u n ab häng igen  K o m p o n e n te n  
zusam m en . F e rn e r w erden  säm tliche  g eo m etrisch e  u n d  sta tische  R a n d b e d in ­
gungen  d er A ufgabe e rfü llt. D aher erfü llen  sich  die B edingungen d e r A n w en d ­
b a rk e it  des G ale rk in sch en  V erfahrens [4], [17], [18], [25].

S te llt m an  sich  die F eh le rfu n k tio n  X  a ls eine R eihe vor, die n a c h  den 
zu e in an d er o rth o g o n a len  F a k to re n  S tj d e r K o m p o n e n te n  der F u n k tio n  to e n t­
w ickelt is t, so s te llt  sich heraus, daß  die fo lgende D efin itionsg le ichung  des 
G alerk inschen  V erfah ren s (vom  P rinzip  d e r v ir tu e lle n  V ersch iebungen  m it dem
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W e rk sto ffsg ese tz  (E la s tiz itä tsg e se tz )  d u rc h  Y aria tio n sb erech n u u g  ab g e le i­
t e t  [25])

X S t' f  dx d y  =  0 (5.8)

V =  1 , 2 ,  . . I 0 
j  =  1, 2, . . . , J 0

die  T e n d e n z  der F u n k tio n  X  n a c h  V ersch w in d en  a u sd rü c k t (d. h . X  m u ß  gegen 
N u ll s tre b e n , w enn I 0 —► o o ,  J 0 —► o o ) .  D ie F e h le rfu n k tio n  X  is t  also  zu  dem  
F a k to r  S jj jed e r K o m p o n en te  der F u n k tio n  ív o rth o g o n a l.

S in d  die O p e ra to ren  p o s itiv  d e fin it, so w e rd e n  die E igenw erte  p)'ß d u rc h  
d as  G a le rk in sch e-V erfah ren  v o n  oben a n g e n ä h e r t  [4]. Dies fo lg t au ch  d a ra u s , 
d a ß  d ieses V erfahren  n ic h t  n u r  eine d e r  ap p ro x im ativ en  L ö su n g s­
m e th o d e n  bezogen a u f  die D iffe ren tia lg le ich u n g en  der an g ew an d ten  E la s t i ­
z i tä ts th e o r ie  is t, so n d ern  au ch  als eine V ersion  d e r E nerg iem ethode b e t r a c h te t  
w e rd e n  k an n .

B e i A uflösung  des G leichungssystem s (5.8) m u ß  m an die v e ra llg em e in erte  
O r th o g o n a li tä t  der in  ih m  b efin d lich en  tr ig o n o m e trisch en  F u n k tio n e n  zu  den 
G e w ic h ts fu n k tio n e n  (2 .9a — c) au fschre iben . D as  G leichungssystem  (5.8) fü h r t  
z u r  fo lg en d en  E ig en w ertau fg ab e :

AiV =  Iw  . (5.9)

D iese  G le ichung  sieh t in  a u sfü h rlich e rer F o rm  so aus:

X =
E
lin ’ Pkr

A =  D 1 В ,
(JV.xJV.) (N .X N .) (JV.xlV0)

+

(5.10)

(5 .1 1 a  — d)

(5 .1 2 a  — e)
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D ie M atrix  В is t keine D ia g o n a lm a trix , weil auch die aus d e n  F u n k tio ­
n e n  d e r in n e ren  K rä f te  s ta m m e n d e n  F u n k tio n e n  S mn, Cmn — als G ew ich te  — 
im  L au fe  d er B ildung  von  В h in te r  d as  In teg ra lze ich en  g e lan g en . (V erallge­
m e in e rte  O rth o g o n a litä t.)

D ie U n te rsu ch u n g en  w erden  im  k o n se rv a tiv e n  K ra ftfe ld  u n d  in  dem ­
je n ig e n  u nend lich  k leinen  B ereich d u rc h g e fiih r t, der sich in  d er n ä c h s te n  N ähe 
des G ru n d zu s tan d es  b e fin d e t. D ah e r is t  die zw eite V aria tio n  d e r  p o te n tie lle n  
E n e rg ie  des System s (der E n erg iezu w ach s 2 ATI) eine hom ogene q u a d ra tisc h e  
F o rm  d er vera llg em ein erten  K o o rd in a te n  (w, w , w , w u, w'1, w ). D a ra u s  folgt, 
d a ß  d ie  M atrix  В (die aus der m it d en  D ehnungs- und  G le itu n g szu w ach sen  
1/2 w 2, 1/2 ie 2, w w  g ele iste ten  A rb e it d e r S pannungen  des G ru n d z u s ta n ­
des s ta m m t)  reel sym m etrisch ist.

E s lä ß t  sich le ich t e insehen , d a ß  die M atrix  D eine reelle, p o s itiv e  definite  
D iagona lm a trix  ist. B ek an n tlich  k ö n n e n  die reellen  sy m m etrisch en  M atrizen  
m it H ilfe  e iner Ä h n lic h k e its tra n sfo rm a tio n  — als ein spezieller F a ll d e r  u n itä re n  
T ra n s fo rm a tio n  von  n o rm alen  M atrizen  — in die D iagonalform  tra n s fo rm ie r t  
w e rd en  [20, 24]. F e rn e r sind  ihre E ig en w erte  u n d  E ig e n v e k to re n  ree ll. Die 
M a tr ix  A =  D -1B is t n ic h t sy m m etrisch . D ah e r is t es zw eck m äß ig , die ver­
allgem einerte Eigenwertaufgabe  (5.9) u n te r  A nw endung der Z e rleg u n g  D =  
=  D ^ 2D 1/2 a u f  eine Eigenwerlaufgabe zurückzu führen , deren M a trix  C ree l sym ­
m e tr isc h  is t.

D ie aus den  M atrizen  В und  D a b g e le ite te  M atrix  C h a t  n a c h  w ie v o r n u r 
ree lle  E ig en w erte  u n d  E ig en v ek to ren . D ie e rw äh n te  Z erlegung  d e r M atrix  
D is t e in  spezieller F a ll d er C ho leskyschen  Z erlegung. Die S c h r it te  d e r  B ildung  
d e r M a trix  C sind fo lgende:

Bw =  ÀD'l2 D ü1 w . (5.13)

D ie G leichung (5.13) soll von  lin k s  d u rch  D l12 m u ltip liz ie rt w e rd e n :

D '^ B w  =  A D 1/2m  . (5.14)

D u rch  die T ran sfo rm a tio n

w  =  D ~ 1/2 X  (5.15)

w ird  d ie  G leichung (5.13) die fo lgende F o rm  annehm en :

D 1'2 B D ^ x  =  Xx . (5.16)

D ie d e r  in  d e r  G leichung (5.16) v o rk o m m en d en  reellen sy m m e tr isc h e n  M atrix

C =  D -1/2 B D -1/2 (5.17)
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z u g e o rd n e te  E ig en w ertau fg ab e

(С -  AE)* =  О (5.18)

is t  sch o n  die w o h lb e k a n n te  gewöhnliche ( spezielle)  Eigenwertaufgabe.
E in  allgem eines E le m e n t der M atrix  C lä ß t  s ich  aus den  en tsp rech en d en  

E le m e n te n  der M atrizen  В u n d  D bilden:

CU1 — ' " k l

+  f  dkk d h
(5 .19)

N ach  D u rch fü h ru n g  d e r  durch  die G le ich u n g  (5.8) vo rgesch riebenen  
In te g ra t io n e n  e rh ä lt m a n  d ie  folgenden B ez ieh u n g en :

M N « 7
(5.23)

D a ra u s  is t  le ich t zu e rk e n n e n , d aß  die reelle M a tr ix  D po sitiv  d efin it u n d  die 
re e lle  M atrix  В sy m m e tr isc h  is t.

In fo lge der v e ra llg e m e in e rte n  O rth o g o n a litä t m it  den  G ew ich tsfu n k tio ­
n e n  S mn befinden  sich  E le m e n te  m it von N u ll  verschiedenen  W erten  a n  jen en  
S te lle n  der M atrix  B, die  d e n  B edingungen

i ± i '  =  0, + 2 ,  + 4 ,  . . . , (5 .24a — b)

j ± j '  =  0, + 2 ,  ± 4 , . . .

e n tsp re c h e n . Die S tr u k tu r e n  d er M atrizen D u n d  В können , wie fo lg t, d a r ­
g e s te ll t  w erden (es seien  z. B . I n und  J 0 gerade Z a h le n ):

W enn  einer N ä h e ru n g s lö su n g  n u r e in g lied rig e  B eulform en zu g ru n d e  
g e le g t w erden , d an n  k a n n  m a n  den  A usdruck
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P k r  <*11 
E  ~ bn

a n w e n d e n .
E s  lo h n t sich die S tru k tu r  d er in  G le ichung  (5.25) d a rg este llten  M a trix  В 

zu  u n te rsu c h e n . D ie M a trix  В is t  als eine Ü b e rm a tr ix  (K äs tch en m a trix )  a u f­
z u fa sse n , in  d er sich die K ästchen  m it n ic h t N u ll-W erten  »schachbrettartig« 
b e f in d e n . D ies fo lg t aus der verallgem einerten Orthogonalität (5 .24a—b).

F a lls  sich die B eu lw ellen  in  den  R ic h tu n g e n  x  u n d  у  m it g leichen Z ah len  
g e s ta l te n  — also, w enn  J 0 =  J 0 is t  —, so h a t  die M atrix  В 4 u n a b h ä n g ig e  
Z e ilen . D ies e rs ieh t m an  d a ra u s , daß  — w egen  der » sch ach b re tta rtig en «  
S t r u k tu r  -— zwei u n ab h än g ig e  Zeilen zu  e in er K ästchenzeile  gehören , u n d  
d a ß  s ich  in  d er Ü b e rm a tr ix  zw ei u n ab h än g ig e  K ästch en ze ilen  w iederholen . A us 
d em  G esag ten  fo lg t n ic h t, d aß  die M a trix  В  k e in e  »einfache« S tru k tu r  h a t ,  
d e n n  je d e  reelle sy m m etrisch e  M atrix  h a t  ]V0-zäh lige  unab h än g ig e  (links- o d er 
re c h ts se itig e )  E ig en v ek to ren  (so k a n n  au ch  d ie M a trix  В in  die D iagona lfo rm  
tra n s fo rm ie r t  w erden). E s h a n d e lt  sich b loß  d a ru m , d aß  sich je d e r  d e r  (u n ­
a b h ä n g ig e n )  E ig en v ek to ren  w k (A nzahl =  N 0) aus den G liedern (A nzah l 
v a r ia b e l)  e iner d er 4 v e rsch ied en en , b e s tim m te n  G ruppen  der tr ig o n o m e tr i­
sc h e n  S um m e (5.1) zu sam m en se tz t.

F a lls  z. B . I 0 =  J 0 =  5 is t ,  so se tzen  sich  d ie  zu den  E ig en w erten  Aj, A2, 
A3, A4, As gehörigen  E ig e n v e k to re n  b loß aus d en  lin ea ren  K o m b in a tio n en  v o n  
v a r ia b le n  V erh ä ltn issen  d e r K o m p o n en ten  S n , S 13, S ls, S 31, S33, S 35, S51, Ss3, S55 
z u sa m m e n .

D iese T a tsach e  h a t  e in en  sehr bedeutenden rechentechnischen V orte il: s t a t t  
d a s  v o lls tä n d ig e  c h a ra k te ris tisc h e  P o ly n o m  Det(A) =  / Е  — C[ d er M a tr ix  C 
au fz u sc h re ib en , g en ü g t es die d er e rw ä h n te n  4 G ruppen  en tsp rech en d en  4 
P o ly n o m e  von  w esen tlich  n ied rig e ren  G rad e  als v o n  D e t (A) zu b es tim m en . 
D ie se r  V o rte il is t s e lb s tv e rs tä n d lic h  auch  be i A n w endung  einer n u m erisch en  
M e th o d e  w esen tlich . P h y s ik a lisc h  lä ß t  sich  die U n ab h än g ig k e it der e rw ä h n te n  
4 G ru p p e n  S y  d a ra u s  e rk lä re n , daß  die B eu lfu n k tio n en  vier unterschiedliche 
charakteristische Form en haben:

— die S ch n itte  d er B eu lfo rm en  in  d en  x ,  bzw . у  R ich tu n g en  liegen  in  
bezug  a u f  die x  — 5-, bzw . ÿ  — z — E b e n e n  sym m etrisch ,

— diese S c h n itte  liegen  in  bezug a u f  die x  — z-, bzw . y  — z —  E b e n e n  
an tim e trisch ,

— die S c h n itte  in  d e r  ~x R ich tu n g  b e fin d e n  sich  zu der x  — z —  E b en e  
sy m m etrisch  u n d  die S ch n itte  in  d e r y  R ic h tu n g  befinden  sich zu  d e r 
y  — z —  E b en e  a n tim e trisc h ,

— die S ch n itte  in  d er x  R ic h tu n g  b e fin d en  sich in  bezug a u f die x  — z — 
E bene  a n tim e tr isc h  u n d  die S c h n itte  in  d e r  y  R ich tu n g  b e fin d en  sich  
in  bezug  a u f  die ÿ  — z  —  E b en e  sy m m etrisch .

(5.26)
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D ie iV0-zähligen E ig e n v e k to re n  k ö nnen  sich b loß aus d en  G liedern  
eines d er obigen v ie r F ä lle n  zusam m ensetzen .

F alls I 0 ^  J о is t  d . h . die A nzah l d er G lieder d er B e u lfu n k tio n  in  
d en  R ich tu n g en  x  u n d  y  v e rsch ied en  is t —, so h a t  d ie  M a trix  В 2 o d e r 4 u n ­
abh än g ig e  Zeilen. In  d iesem  F a ll w erden  n äm lich  aus den  4 K o m b in a tio n e n  
d e r S y m m etrie  u n d  d e r A n tim e tr ie  2 (J 0 =1) oder 4 b le iben . D ie zw eierlei 
K o m b in a tio n  is t n u r  eine th eo re tisch e  M öglichkeit, d enn  die G rö ß e  J 0 m uß 
im  In te re sse  der höh eren  G en au ig k e it g rößer als 1 sein. Es soll z u le tz t  d a ra u f  
verw iesen  w erden , daß  d ie ab g e le ite ten  Z u sam m en h än g e  d u rc h  g erin g e  U m ­
fo rm u n g  auch  fü r die U n te rsu c h u n g  der Tonnenschalen m it parabolischen L e it­
kurven  ( / ( ,—*■ 0) u n d  fü r  die elliptischen Paraboloidschalen ( f b -*  —f b) v e rw en d e t 
w erd en  können .

5.3 N um erische U ntersuchungen

F ü r  B estim m ung  d e r E ig en w erte  u n d  E ig en v ek to ren  d er M a tr ix  C (b z w  
d e r m it H ilfe der e n tsp re c h e n d en  P e rm u ta tio n  e rh a lte n e n  4 u n ab h än g ig en  
K ä s tc h e n  (B löcke)) w u rd e  die m it der W ie lan d tsch en  I te ra t io n  v e rb u n d en e  
V a r ia n te  des von  J .  G. F rancis vorgesch lagenen , n u m erisch  au ß e ro rd e n tlich  

s ta b ile n , Q R -A lgorithm us  an g ew an d t [20], [24].
D ie G irlan d en k u rv en  d er B ilder 5 —13 w u rd en  fü r  die g eom etrischen  

V erh ä ltn isse  b e s tim m t, die die M ehrheit d er S ta h lb e to n sc h a le n  g u t k en n ­
zeichnen  [10].

D ie B eu lfu n k tio n  se tz te  sich im  a llgem einen  aus 27 G lied ern  ( I 0J 0 =  
=  N 0 =  9 x 3  =  27) zu sam m en . D ie B erechnungen  lie fe rten  d as  in te re ssa n te  
u n d  vom  G esich tsp u n k t d e r P ra x is  nü tz lich e  R e s u lta t ,  d aß  die B e u lfu n k tio n  
in  je d e m  F a ll ein dom inantes Glied  h a tte . B esonders fü r  die g e o m e trisch en  V er­
h ä ltn isse  f alfb =  9/4 u n d  f aj fb =  4 (»normale« H P -S cha le ) sp ie lte  je  e in  Glied 
eine d o m in an te  R olle, u n d  zw ar gerade jen es , das keine Verzerrungen  v e ru r­
sa c h t (d. h . gerade das dehnungslose  Glied).

W ir ge lang ten  zu fo lg en d er F es ts te llu n g : w enn  die S ta b i l i tä t  der Schale 
m it dem P feilhöhenverhältnis f alfb — 9/4 d u rch  die v o lls tän d ig e  m eh rg lied rig e  
B eu lfo rm  u n te rsu c h t w ird , d a n n  w ird  die lin eare  k ritisch e  L a s t im  a llgem einen  
u m  w eniger, als 25%  n ied rig e r als die, w elche m it H ilfe  des e ine  d eh n ungslose  
B eu lu n g  v eru rsach en d en  d o m in a n te n  Gliedes (seine F o rm  is t d u rc h  d ie  Zahlen  
i n =  3, j n =  2 b estim m t) b e re c h n e t w ird.

B ei B eu lung  der »norm alen« Schale is t das d u rch  die Z ah len  i n 2 , j n —
=  1 ch a rak te ris ie rb a re  dehnungslose  G lied d o m in an t. Die A b w eich u n g  zw i­
schen  den  zu  der e ing lied rigen  u n d  der m ehrg lied rigen  B eu lfo rm  gehörigen 
lin ea ren  k ritisch en  L a s te n  b e trä g t  im  allgem einen  w eniger als 15% .

D iese R e su lta te  s te h e n  m it der F es ts te llu n g  d e r A b sc h n itte  4.1 u n d  4.2 
in  E in k lan g , näm lich  d aß  die lin ea ren  k ritisch en  L a s te n  fü r  d en  V o ren tw u rf
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Tafel I

P t r  1ft, fa i  fa t al a 2 "l ' fb i  “ f t  / h/*i Y
—=— 10® E fb \  fb% ь, b , • Л, ■ l2 * 2̂

№  [
«./*. /

a /h  = 100 150 200

fifl> = 0,1 0,2 0,3 0,1 0,2 0,3 0,1 0,2 0,3

25
—  == 1,5625 
16

0,500 1,440 3,483 0,176 0,688 1,817 0,090 0,425 1,258

-  =  2,2500 
4

0,876 1,840 2,911 0,272 0,575 0,881 0,115 0,242 0,372

1
25

—  =  2,7777 1,300 3,712 7,500 0,480 1,481 3,800 0,232 0,880 2,450

3,0000 1,130 5,008 11,97 0,594 2,364 6,279 0,313 1,480 4,136

81
■2Г =  3’240°

1,000 4,640 13,57 0,460 2,680 8,320 0,290 1,900 6,303

a
f a 4,0000 0,865 1,920 2,984 0,275 0,589 0,900 0,120 0,250 0,386

f b

§  =  1,5625 0,620 2,032 3,606 0,270 0,712 1,543 0,127 0,386 0,920

4 -  =  2,2500 
4

1,400 3,248 5,205 0,438 1,028 1,600 0,203 0,449 0,685

2
25

- y  =  2,7777 1,330 4,752 9,300 0,625 1,837 3,800 0,297 0,930 2,050

3,0000 1,195 5,600 11,47 0,547 2,266 5,281 0,350 1,299 3,265

81 =  3,2400 1,100 4,320 11,74 0,468 2,319 6,850 0,270 1,600 4,800
25

4,0000 1,105 2,448 3,791 0,350 0,749 1,120 0,153 0,321 0,490

290 
JA

N
K

Ó
,
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2,400 3,216

-Í- =  2,2500 2,200 6,608

3 fa
fb

- =  2,7777 1,920 5,584

3,0000 1,880 5,168

- ^ -  =  3,2400 1,860 4,624

4,0000 2,000 4,224

5,483

10,38

13,20

11,70

9,690

6,440

0,510 1,083

0,760 2,050

0,640 2,607

0,610 2,311

0,590 1,914

0,610 1,272

2,319 0,201

3,340 0,413

5,000 0,349

5,690 0,323

4,870 0,289

1,998 0,264

0,590 1,025

0,924 1,446

1,340 2,500

1,473 3,061

1,180 3,320

0,550 0,850
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d e r  so eb en  b eh an d e lten  zw ei S chalen typen  m it e ing lied rigen  B eu lfo rm en  m it 
g u te r  N äh e ru n g  aus d e r  F o rm e l (4.8) b erech n e t w e rd e n  können. In  den  N e n n e r  
d e r  der unstetigen M em bran lösung  entsprechenden F o rm e l (4.8) is t im  F a lle  v o n  
fa f b  =  9/4  s ta t t  d e r Z ah l 24 die Z ahl 40 zu  sc h re ib e n . (Vgl. m it d e r B e m e r­
k u n g  a m  E n d e  des A b sc h n itte s  4.2.)

I n  den  F ä llen  d e r P fe ilh ö h en v e rh ä ltn isse  f j f b =  9/4 -y 4 b ild e t e n t ­
w e d e r d ie  S in u sfu n k tio n  m it  H albw ellenzah len  i n =  3, j n =  2 oder je n e  m it  
i n =  2 , j n =  1 das d o m in a n te  G lied der B eu lfo rm .

D ie  zu den e in g lied rig en  (in diesen F ä lle n  sch o n  auch M itte lflä ch en v e r­
z e rru n g e n  v e ru rsach en d en ) B eulform en g ehörigen  lin ea ren  k ritisch en  L a s te n  
s in d  im  allgem einen w en ig e r als 30%  größer a ls d ie  genauen  W erte. D ie M in i-
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malwerte  der e rh a lten en  G irlan d en k u rv en  liegen  in  der N äh e  d e r  P fe ilh ö h en ­
v e rh ä ltn isse  f j f b  der im  w esen tlichen  d ehnungslosen  au sb eu len d en  H P -S ch a len  
(falfb  =  9/4, 4). Im  u n te rsu c h te n  B ere ich  ( f j f b =  1 - r  4) b e f in d e n  sich  die 
M ax im alw erte  der l in e a re n  k ritisch en  L a s te n  e tw a  in  d er U m g eb u n g  des 
V erh ä ltn isses  f j f b =  3. D iese L a s te n  ü b e rs te ig e n  w esentlich  d ie jen ig e , die zu 
d e n  S chalen  m it den  P fe ilh ö h e n v e rh ä ltn isse n  f j f b =  4 bzw . 9 /4  gehören . Es 
i s t  e rs ich tlich , daß  die K u rv e n  e tw a  beim  P fe ilh ö h en v erh ä ltn is  f a/ f b — 3 sehr 
s te il verlau fen . D ah e r e rsch e in t es als seh r w ahrschein lich , d aß  d iese  Schalen 
gegen geometrische U nvollkom m enheiten  (V orbeulen  oder k le ine  Ä n d e ru n g  des 
V erh ä ltn isses  f j f b) z iem lich  em pfind lich  sind . A us dem  V erlau f d e r  K u rv e n  ist 
au c h  d a ra u f  zu fo lgern , d aß  w enn sich das V e rh ä ltn is  f j f b ä n d e r t , d ie  k ritisch e  
L a s t  sow ohl abnehmen  a ls auch  zu n eh m en  ka n n .

Bild 6. Lineare kritische Last der H P-Schale (ajh =  100, f bjb =  0 ,2)
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E tw a  im  B ereich  v o n  f j f b =  1,5 2,25 i s t  f ü r  die m eisten  F ä lle  (im
a llg em e in en , w enn f j f b 3 is t)  die zum  P a ra m e te r  f j f b =  9/4 gehörige B e u l­
fo rm  m aßgebend .

I n  der U m gebung  d e r  »halbnormalen« S ch a le  (e tw a  f j f b =  1 -f- 1,5) 
w u rd e n  die b e rech n e ten  l in e a re n  k ritischen  L a s te n  n u r  der V o lls tän d ig k e it 
h a lb e r  dargeste llt, d e n n  d ie se  Schalen  dü rfen  n u r  n a c h  d er Theorie d er g roßen  
V erfo rm u n g en  (im w e ite re n : n ich tlin eare  T heorie ) b e h a n d e lt w erden.

D as lä ß t sich d a m it  e rk lä re n , daß z. B . d ie  »halbnorm ale« Schale ih re  
L a s te n  überw iegend d u rc h  B ieg esch n ittk rä fte  t r ä g t .  M itte lfläch en k räfte  w er­
d e n  in  ih r  bloß d u rch  d ie  L astk o m p o n en ten  v e ru r s a c h t ,  deren  F o rm en  von  
d e n  dehnungslosen  D u rch b ieg u n g fo rm en  ab w eich en : m  ^  n  [10].

Bild  7. Lineare kritisch e  Last der H P-Schale (njh =  100, f b\b =  0,3)
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D ie b e rech n e ten  linearen  k r itisc h e n  L a s te n  fü r »halbnorm ale« Schalen  
(falf t  =  1) sind  auch  n ic h t d a rg e s te llt , d en n  diese sehr großen f ik t iv e n  Werte 
haben keine praktische B edeutung. E s  soll n o ch  b em erk t w erden , d a ß  e tw a  bei 
d en  V erh ä ltn issen  f j f b =  1 - r  1,5 das dehnungslose Glied m it H a lb w ellen zah len  
i n =  j n =  1 die d o m in an te  K o m p o n en te  d e r B eulform  b ilde t.

D er F eh le r der zu  den  e ing lied rigen  B eu lfo rm en  gehörigen lin e a re n  k r i­
tisc h e n  L a s te n  is t  im  V ergleich  zu  d en  g en au en  W erten  w esen tlich  g rö ß er, als 
die e rw äh n te  A bw eichung bezogen  a u f  d ie  sonstigen  Schalen.

S e lb s tv e rs tän d lich  g ib t es keine b e s tim m te  Grenze f j f b, v o n  d e r  an  es 
b e re c h tig t w äre  die Schale n ach  d er lin e a re n  T heorie  zu b eh an d e ln . D iese n ich t 
b e s tim m te  G renze b e fin d e t sich  e tw a  zw ischen  den W erten  f j f b —  1,5 und  
2 [10].

B ild  8. Lineare kritische L ast der H P -Schale (ajh — 150 ,/ j /Ь =  0,1)
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6. Z u sam m enfassung

In  diesem A rtik e l w u rd e  die aus dem  u n v e rfo rm te n  G ru n d zu stan d  (m;0 =  
=  0) erfolgende Verzweigungserscheinung  d e r  f la c h e n , sa tte lfö rm igen , u n te r  
g le ich m äß ig  v e r te il te r  B e la s tu n g  s teh en d en  H P -S c h a le n  e rö rte rt.

In  [10] w urde  g eze ig t, bei w elchen g eo m e trisch en  V erhältn issen  es ge­
re c h tfe r t ig t  is t, d ie S ta b ilitä tsu n te rsu c h u n g  d ie se r  Schalen  nach  d er l in e a re n  
T h e o rie  d u rch zu fü h ren . D ieser B ereich k a n n  näh eru n g sw eise  du rch  die P fe il­
h ö h en v e rh ä ltn isse  f a/ fb =  (1,5 -f- 2) - 7-  4 g e k e n n z e ich n e t w erden. In  d iesen  
F ä lle n  sind die M em branw irkungen  gegenüber d e r  B iegew irkungen v e rn a c h ­
lä s s ig b a r  klein.

Acta Technica Academiae Scientiarum Hungaricae 91, 1980
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B ild  10. Lineare kritische Last der H P-Schale (a/h =  150, f b/b =  0,3)

Im  L aufe d er A n a ly se  w urde auch  d e r U n te rsu c h u n g  d er dehnungslosen  
Beulungsmöglichkeit  e ine große B ed eu tu n g  zugem essen .

V or der e x a k te n  L ö su n g  w urde auch  e in  Näherungsverfahren  e ra rb e ite t. 
D as R e su lta t  la u te t :  d ie  lin ea re  k ritisch e  L a s t d e r  b o g en artig  w irk en d en  H P - 
Schale b ild e t die obere. Schranke  der lin ea ren  k ritisc h e n  L a s t d e r an  ih ren  
R ä n d e rn  n o rm a lk ra f tf re ie n  H P-Schale.

D ie E ig en w ertg le ich u n g  des P rob lem s w u rd e  n ach  dem  G alerk inschen  
V erfahren  au fg esch rieb en . V or den n u m erisch en  U n te rsu ch u n g en  w urde  an 
H an d  der speziellen  S tr u k tu r  der M atrizen  fe s tg e s te llt , daß  sich  irgendeine 
B eulform  n u r  aus d e n je n ig e n  G liedern zu sam m en se tzen  k a n n , d ie  e iner der 
v ie r K o m b in a tio n en  d e r  S y m m etrie  u n d  A n tim e tr ie  en tsp rech en . U n te r  diesen
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G lie d e rn  befinden  sich sow oh l dehnungslose  als au ch  n ich t-d eh n u n g slo se  (m it 
V e rz e rru n g e n  v erbundene) K o m p o n e n te n . E s lä ß t  sich an  H a n d  d e r n u m e ri­
sc h e n  E rgebn isse  fe s ts te llen , d a ß  in  jed e r B eu lfo rm  ein dom inantes Glied  v o r­
h a n d e n  is t . Dieses Glied is t  in  F ä lle n  d er »halbnorm alen« H P -S ch a len  ( f j f b =  1), 
d e r  H P -S ch a len  m it dem  P fe ilh ö h e n v e rh ä ltn is  f j f b =  9/4 sowie d e r »norm a­
len« H P -S ch a len  ( f j f b =  4) ih re r  dehnungslosen D urchbiegungsform  g leich .

D a s  dom inan te  G lied  d e r  B eu lfo rm  der ü b rig en  Schalen  s t im m t e n t­
w e d e r  m it  jenen  der »halbnorm alen«  oder der »norm alen« H P -S ch a le  oder m it 
je n e n  d e r H P-Schale  m it d e m  P fe ilh ö h en v e rh ä ltn is  f j f b — 9/4 ü b e re in . D ie­
se d o m in a n te n  G lieder v e ru rsa c h e n  auch  M itte lfläch en v erzerru n g en .
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D ie M inim alw erte  der e rh a lte n e n  G irlan d k u rv en  b e fin d en  s ich  in  der 
N äh e  d e r P fe ilh ö h enverhä ltn isse /,,//;, d e r im  wesentlichen dehnungslos b eu len d en  
H P -S c h a le n  (z. B . f j f b =  9 /4 , 4).

D ie M axim alw erte  d e r lin ea ren  k r itisc h e n  L as ten  gehören  in  m eisten  
F ä llen  zu  den  V e r h ä l t n i s s e n d i e  in  d e r N ähe des P a ra m e te rw e rte s  f j f b =  
=  3 liegen  ( f j f b =  1 -b 4).

D er V o lls tän d ig k e it h a lb e r w u rd en  au ch  d iejen igen  f ik t iv e n  lin ea ren  
k r itisc h e n  L asten  b es tim m t, die zu  d en  P a ra m e te rn  f aj fb gehö ren , die nahe  
zum  W e rt f j f b d e r »halbnorm alen« Schale  liegen.
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D iese  Schalen  tra g e n  ih re  L a s te n  ü b erw ieg en d  d u rch  B ieg e sc h n ittk rä fte . 
D e sh a lb  m u ß  m an  ih re  S ta b ili tä tsu n te rsu c h u n g e n  n ach  der (n ich tlin ea ren ) 
T h e o rie  d e r  großen  V erfo rm u n g en  d u rch fü h ren .

I n  unserem  fo lgenden  A rtik e l w ird  das n ic h tlin e a re  S ta b ili tä tsv e rh a lte n  
d e r b is h e r  e rö r te r te n  H P -S c h a le n  b eh an d e lt [11].
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ON THE EFFECT OF STOCHASTIC ROAD PROFILES 
ON VEHICLES TRAVELLING AT VARYING SPEED

M. F A R K A S,* J. FRITZ,** P. M IC H E L B E R G E R ***

[M anuscript received 15 March 1979]

Vehicles participating in m ass transportation are frequently constrained to  
change their velocities due to traffic and other reasons. I t  is assum ed that the road 
profile, as a function  o f the distance from the origin, is a steady  state  stochastic process 
and the distance covered b y  tim e-dependent variable speed is a process o f steady-state  
increm ent. A ssum ing them  to he independent processes, it  is pointed out th at the  
com plex process, i.e ., the  road profile as a tim e-dependent function is a steady-state  
process. The particular case o f  the bus applied in to w n  traffic  is detailed which, betw een  
tw o stops runs w ith  uniform  speed, decelerates and accelerates uniform ly at the stopping  
places while it  is assum ed th at the placem ent o f th e  stations m ight be sim ulated b y  a 
kind of Poisson’s processes.

1. Introduction

T h e sw inging o f  vehicles due to  th e  ex c ita tio n  o f s to ch as tic  ro ad  profiles 
h as  a t tr a c te d  m uch a t te n tio n  an d  has been a m a in  resea rch  p rob lem  in  th e  
p a s t  few  years. W hile  p rev io u sly , f ir s t  of all, th e  sw inging  com fort an d  th e  
s ta b il i ty  of th e  m o tio n  h a d  been  stu d ied , re c e n tly  som e w ork  has s ta r te d  on 
th e  s tu d y  o f stress a ffec tin g  th e  vehicle s tru c tu re . W hile  in  th e  f irs t  case th e  
id ea liza tio n  an d  th e  d ra s tic  sim plifica tion  o f th e  co n d itio n s am ong w hich  
th e  in v es tig a tio n s  a re  ca rr ied  th ro u g h  are ju s tif ie d , in  th e  la t te r  th e  a c tu a l 
o p e ra tio n a l co n d itions a re  to  be ap p ro x im a ted  as w ell as possible. In  sp ite  of 
th e  fa c t th a t  in  design ing , n a tu ra lly , several s im p lify in g  assu m p tio n s are  to  be 
ap p lied  even in  th is  l a t te r  case. T he lab o u r co n su m p tio n  o f th e  in v es tig a tio n s  
is in flu en ced , f ir s t  o f  all, b y  th e  m odel of th e  sw ing ing  sy stem . T h e  c o m p u ta ­
tio n s a re  con sid erab ly  sim plified  if  som e lin ear a p p ro x im a tio n  of th e  orig inally  
n o n -lin ea r m odel can  be u sed , since th e n  in  possession  o f th e  sp ec tra l d e n s ity  
fu n c tio n  of th e  e x c ita tio n , th e  sp ec tru m  an d  o th e r  s ta tis t ic a l  d a ta  of th e  in ­
v e s tig a te d  o u tp u ts  can  be d e te rm in ed  an a ly tic a lly .

T h e  sp ec tra l m e th o d  can  be app lied  if  th e  e x c ita tio n  o f th e  ro ad  is s ta ­
tio n a ry . T he m easu red  s ta tis t ic a l  ch a rac te ris tic s  o f  th e  ro a d  irreg u la ritie s  show  
t h a t  th is  cond itio n  is fu lfilled  i f  th e  ro ad  p ro file  is considered  a  sto ch astic
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p ro c e ss  depend ing  on distance. I t  is easy  to  see t h a t  tra v e llin g  a t  a c o n s ta n t 
sp e e d  on  realiz ing  th e  ro a d  p ro file  th e  e x c ita tio n  w ill rem ain  s ta t io n a ry  as a 
f u n c t io n  o f t ime , too .

H o w ev er, a large n u m b e r  o f  vehicles are  w ork ing  in  c ities , w here  due 
to  t r a f f ic  d en sity  an d  th e  t r a f f ic  l ig h t sy stem , all vehicles h a v e  fre q u e n tly  to  
c h a n g e  speed . The fre q u e n t v a r ia t io n  o f speed  is s till m ore c h a ra c te r is tic  for 
m u n ic ip a l  buses th e  d riv e rs  o f  w h ich  h av e  to  b rak e  an d  acce le ra te  n o t  on ly  as 
a  co n seq u en ce  of th e  tra f f ic  s i tu a tio n  b u t  also because o f th e  b us s to p s . This 
c h a ra c te r is t ic  k ind  of o p e ra tio n  is, in  genera l, considered  to  be u n s ta tio n a ry . 
A s a  consequence , th e  s p e c tra l  m e th o d  is n o t app lied  even  fo r th e  case of 
l in e a r  m odels; in  m ost cases th e  e q u a tio n s  o f m o tio n  are  so lved  o v er th e  
t im e  d o m a in , in stead . H o w ev er, i f  th e  re p re se n ta tiv e  ro ad  or tim e  in te rv a l is as 
lo n g  as n ecessary  th e n  th e  a m o u n t o f c o m p u ta tio n a l w ork  in c reases  beyond  
a d m iss ib le  lim its. I t  is w o r th  w hile  to  f in d  cond itions u n d e r  w hich  th e  opera­
t io n  w ith  v a ry in g  speed s ta y s  s ta tio n a ry .

I n  th e  phases of b ra k in g  a n d  acce le ra tin g  som e p itch in g  o sc illa tio n s arise 
w h ic h  a re  due to  th e  in e r tia l  fo rces an d  th e  positio n  of th e  c e n tre  o f g rav ity  
o f t h e  veh ic le . H ow ever, th is  p h en o m en o n  is in d ep en d en t of th e  e x c ita tio n  due 
to  th e  irreg u la ritie s  of th e  ro a d  p ro file  [2] since i t  arises on a th e o re tic a lly  
sm o o th  ro a d , too . T h ere fo re , w e do n o t acco u n t fo r th is  p itc h in g  o sc illa tion  in  
o u r  in v e s tig a tio n s  (its  e ffec t c an  be ta k e n  in to  consid era tio n  a fte rw ard s).

T h e  frequency  of th e  ir re g u la ritie s  o f th e  ro ad  profile  v a rie s  as a con­
se q u e n c e  of v a ry in g  v e lo c ity . D u e  to  th is  v a r ia tio n  of th e  f re q u e n c y  of th e  
ir re g u la r it ie s  th e  sp ec tru m  o f th e  e x c ita tio n  also changes an d  th is  is im p o r ta n t 
f ro m  th e  p o in t o f v iew  o f o u r  in v e s tig a tio n . T h is p h en o m en o n  c a n  be  best 
g ra s p e d  b y  analysing  th e  tra v e llin g , th ro u g h  a rea liza tio n  o f th e  ro a d  profile  
w i th  c o n s ta n t and  v a ry in g  speed , re spec tive ly .

O n F igu re  l a  a  p a r t  o f  a  re a liz a tio n  of th e  ro ad  p ro file  as a fu n c tio n  of 
d is ta n c e  a can  be seen. T ra v e llin g  th ro u g h  th is  section  a t  c o n s ta n t ve locity  
tq  m e a n s  t h a t  b y  th e  sim p le  lin e a r  tra n s fo rm a tio n  s =  tq i th e  h o riz o n ta l axis 
c a n  b e  tu rn e d  in to  th e  tim e  ax is  w ith o u t a lte r in g  th e  p ic tu re . A ssum e th a t  
tq  is  th e  m ax im al speed in  c i ty  tra f f ic  an d  th e  ro ad  p ro file  is d raw n  on  a ru b b e r  
b a n d  o f  v a ry in g  w id th . O n sectio n s w here th e  v e lo c ity  is v1 th e  b a n d  is stiff, 
o n  sec tio n s  w here th e  a c tu a l  speed  v is less th a n  tq  th e  b a n d  is s tre c h e d  b y  th e  
r a t io  v j v  (F ig. lb ,  lc ) . In  th is  w ay  a  new  d is tan ce  s' is d efin ed  b y  =  s v j v  (“ th e  
s t r e tc h  o f  ro ad  covered w ith  a low er speed  v seem s to  be lo n g er” ). T rav e llin g  
w i th  c o n s ta n t speed tq  on  th e  ro a d  w hose p ro file  is considered  as a fu n c tio n  
o f  t h e  new  d istance  s' (F ig . lc )  y ie ld s th e  sam e ex c ita tio n  as if  th e  orig inal 
r o a d  w ith  profile  as a fu n c tio n  o f s h a d  been  covered  a t  v a ry in g  speed . The 
m a in  p ro b lem  is w h e th e r th e  irre g u la ritie s  rem ain  s ta t io n a ry  a f te r  such a 
d e fo rm a tio n , or m ore p rec ise ly , u n d e r w h a t cond itions im p o sed  on th e  
d is t r ib u t io n  of th e  s tre tc h e d  sec tions does th e  process rem a in  s ta tio n a ry .
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h ©

F ig. 1

A fu r th e r  p rob lem  is w h e th e r  th e se  co n d itio n s hold  in  p rac tice . A  po sitiv e  
answ er to  th ese  q u es tio n s  m akes th e  sp ec tra l m e th o d  app licab le  to  th e  in v es­
t ig a tio n  o f th e  o p e ra tio n  a t  v a ry in g  v e lo c ity  (a p a r t  from  th e  p itc h in g  m o tion ). 
In  th is  case th e  e x c ita tio n  has a sp ec tra l d e n s ity  fu n c tio n  w hich , o f  cou rse , is 
to  be  s ta tis tic a lly  d e te rm in e d  b y  sep a ra te  m easu rem en t (road  p ro file  te s tin g  
a t  a v a ry in g  v e loc ity ).

T he m u n ic ip a l b us o p e ra tio n  has som e fu r th e r  ch a ra c te ris tic s  w h ich  m ay  
m ak e  th e  m o d ifica tio n  o f th e  know n sp ec tru m  of ex c ita tio n  co rresp o n d in g  
to  c o n s ta n t speed possib le , th u s  m ak ing  th e  v a ry in g  speed m e a su re m e n ts  
su perfluous.

A c h a ra c te ris tic  v e lo c ity -tim e  d iag ram  o f a  m unic ipal serv ice  is  show n 
o f F ig . 2. T he len g th s  o f th e  trap ez iu m s are  ra n d o m  v ariab les ( th e y  d e p e n d  on 
th e  d is tan ces  of b us s to p s , on tra ff ic  lig h ts , on tra ff ic  ja m s  e tc .). T h e  sections
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co rre sp o n d in g  to  a c c e le ra tin g  a n d  b rak ing  m a y  be  co n sid ered  to  be d e te rm in is tic  
a n d  o f  u n it  leng th  (F ig . 2 a ) . F ro m  th e  p o in t o f  v iew  of th e  s tre sses  o n  th e  
v e h ic le  s tru c tu re  th e  t im e  in te rv a ls  in  w h ich  th e  b u s  is n o t m o v ing  could  
b e  d isreg a rd ed , a ssu m in g  t h a t  th e  acce lera tio n  s ta r ts  w ith o u t d e lay  a t  th e  
i n s t a n t  w hen  th e  bus w as b ro u g h t  to  a stop . T h u s  in s te a d  of F ig . 2a  w e m ig h t 
c o n s id e r  th e  d iagram  on  F ig . 2b . In  th is  w a y  w e h av e  neg lec ted  th o se  few 
d a m p e d  oscillations w h ich  a re  m ad e  by  th e  v eh ic le  a f te r  h av in g  been  b ro u g h t 
to  a  h a l t .  The n u m b e r o f  th e s e  oscillations a re , c lea rly , sm all co m p ared  to  
th e  freq u en cy  of sw in g in g  w h ile  th e  vehicle  is m ov in g . W e fu r th e r  assum e 
t h a t  th e  tim e req u ired  fo r  b rin g in g  th e  v eh ic le  to  a h a lt  from  m ax im a l 
v e lo c i ty  or vice v e rsa  is sm a ll com pared to  th e  m a th e m a tic a l e x p e c ta tio n  
o f  th e  d istance  of tw o  s to p s  — qt_ r  T he v a lu e  o f th e  v e lo c ity  as a fu n c tio n  
o f  t im e  is th en  given b y

v(t) 2г>11 ,

v n

— 2 v 1 t -)- iq (l -j- 2 qx) , 

2v1t — iq ( l +  2 ^ ) ,

É?i» É?i +  ~

1
Pi +  —  > É?i +  1
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A  rea liza tio n  o f th e  ro ad  pro file  h as  been  show n on F ig . l a .  S ince we 
co n sid e r th e  ro ad  p ro file  as a ran d o m  process, th is  rea liza tio n  h as  to  be  given 
as a fu n c tio n  of tim e . T h e  ro le o f th e  defo rm ed  d istance  s' o f  th e  ru b b e r  h and  
m odel is now  p layed  by  th e  tim e  t. T he d e n s ity  of th e  ra tio  o f  d e fo rm a tio n s  is 
g iv en  b y

=  dsjdt — lim  As/At  
J t— о

I f  w e den o te  th e  re a liz a tio n  o f th e  ro a d  p ro file  as a fu n c tio n  o f tim e  b y  h, 
we h a v e

h{t) =  h(s{t))
an d  (F ig . 2)

dh dll ds dh v dh
dt ds dt ds Vj ds

0 ^ t <  —  
2

dh
ds

—— [ — 21 +  1 +  2 p J , 
ds

<. 6i +  —

~ ~ ~  [2* — 1 — 2@j], e1 + - L < ^ ^ ei +  i
ds 2

I f  th e  d is tan ce  o f s to p s  is assum ed  to  follow an e x p o n e n tia l d is tr ib u tio n , 
a  f u r th e r  ta s k  is to  g en era te  th e  sp ec tru m  o f th e  deform ed process h(t)  p rov ided  
t h a t  th e  sp ec tru m  o f th e  o rig inal process h(s) is given.

2. Auto correlation and spectral density 
of com posed stochastic processes

As w as d iscussed  above, we are  fac ing  th e  follow ing p ro b lem . T h e  profile 
o f  th e  ro ad  as a  fu n c tio n  o f d is tan ce  s from  th e  s ta r tin g  p o in t is describ ed  by 
a  s ta t io n a ry  process h  =  r/(s), an d  th e  d is tan ce  s trav e lled  b y  o u r vehicle  in 
th e  p e rio d  (0, t) o f tim e  is ag a in  a  s to ch as tic  process s =  |( t ) .  T h u s , th e  random  
fo rces ac tin g  on th e  sy s tem  can  be exp ressed  in  te rm s of th e  co m posed  process as

h = j?(t) =  i?(£(l)) .
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A s u s u a l  in  th e  li te ra tu re  [1 ] , w e assum e th a t  rj(s) is a second  o rder s ta tio n a ry  
p ro c e ss  o f zero m ean an d  s p e c tr a l  d en sity /(со); i.e . th e  a u to c o rre la tio n  K (s)  — 
=  E  [r]r r]r+s] does n o t d e p e n d  on  r and

IC(s) =  Г  e“" s/(co) dco . (1)

H e re  and in  w h a t fo llo w s we assum e th a t  /(со) is a  g iven n o n n eg a tiv e  
a n d  in te g ra b le  real fu n c tio n . S ince tj(s) is a re a l p rocess, / (  — со) = / (< » )  fo r 
e a c h  со £ ( — oo, -|-oo). F o r  | ( t )  we have a n a tu ra l  re p re se n ta tio n

i (t ) =  Í v(u) du  , (2)
J o

w h e re  th e  velocity  p rocess v  =  r(t)  can be co n sid ered  as a  s tr ic tly  s ta tio n a ry  
s to c h a s t ic  process. H ence , i t  d ire c tly  follows (see [1]) t h a t  |( t )  is a process 
w ith  s ta t io n a ry  in c rem en ts , i.e . th e  jo in t d is tr ib u tio n  o f  th e  differences

£(* +  h) — £(* +  h ) ’ +  *з) — £(l +  *2)5 • • • ? f ( f +  L) — !(i +  In— 1)

is  in d e p e n d e n t of t. T h e re fo re , i t  is reasonab le  to  e x p e c t th a t  th e  com posed 
p ro c e ss  r}(t) =  i?(!(i)) w ill a g a in  be s ta tio n a ry .

B efore  proving such  a  s ta te m e n t we h av e  to  specify  th e  coupling (jo in t- 
d is t r ib u t io n )  of our p ro cesses  r/(s) and |( t ) ,  since  th e  p rob lem  is n o t w ell- 
p o se d  o therw ise. On a c i ty  ro a d  th e  driv ing  s tr a te g y  d ep en d s m ain ly  on such  
e x te r n a l  conditions as tr a f f ic  l ig h ts , stops, o th e r  veh ic les e tc ., so th a t  th e  d riv e r 
c a n  n o t  ta k e  or does n o t w a n t  to  ta k e  in to  acco u n t ro a d  in eq u a litie s .T h e re fo re , 
i t  is q u i te  n a tu ra l to  a ssum e t h a t  v(t) and r](s) a re  in d e p e n d e n t stoch astic  p ro c ­
esses ; i.e . any  group г(гх), v(t2), . . . , v(tn) o f v a r ia b le s  is in d ep en d en t of an y  
g ro u p  ^ ( s j ,  r](s2), . . . , H en ce , i t  d irec tly  fo llow s th a t  |( i )  an d  r](s) are
in d e p e n d e n t  processes, to o . I n  p a r tic u la r , th e  c o n d itio n a l d is tr ib u tio n  o f th e  
p r o d u c t  r](r)r](r -j- s) fo r g iv e n  |( u )  =  r, | ( m +  0  — r —j— s is th e  sam e as th e  
u n c o n d itio n e d , therefore

E  [flu ) í]{u +  t) ]  =  E[rj(£(u)) í? ( |(u  +  t))] =

=  E  № ( ! ( « ) ) , ( { ( «  +  t)) I !(« ) , | ( u  +  t))] (3)

=  E [ K ( è ( u + t )  -  f  (« ) ) ] .
L e t

■F((») =  P(£(« +  t ) - * ( » ) < * )  (4)
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d e n o te  th e  d is tr ib u tio n  fu n c tio n  o f th e  in c re m e n t f(u  +  t) — £(n). S ince |( t)  
h a s  s ta tio n a ry  in c re m e n ts , F  does n o t rea lly  d ep en d  on u. T h e re fo re , th e  a u to ­
c o rre la tio n  func tion

E (n (u )  v ( u  +  0) =  Г K(s)F,(ds)  =  R(t)  (5)
J  --00

o f th e  com posed process i)(t) is ag a in  in d e p e n d e n t of it, w hich  p ro v e s  t h a t  tj(t) 
is  a  second o rder s ta t io n a ry  process.

L e t us rem ark  t h a t  {(u -f- t) =  |( u )  is possib le  w ith  a p o s itiv e  p ro b a b ility , 
th u s  F,(s) is n o t n ecessa rily  a b so lu te ly  co n tin u o u s . On th e  o th e r  h a n d , i t  is 
rea so n ab le  to  assum e t h a t  f (u  +  t ) >  !(« )  i f  t 0, and  R(t)  is in te g ra b le ;  th e n
f](t) h as  a con tin u o u s sp e c tra l d e n s ity  g(<5) g iven  by

H ence

w here

g(cb) =  —  Г  R ( t )e ~ ie“dt =  —  R e Г  R (t)  е~ш  dt
2тс J —oo ft  »Jo

g(<»)= —  R e f  Г  е~ш  K(s) F,{ds)dt =  
л  Jo Jo

=  —  R e I I I elas~ ,& f ( œ ) F t (ds) dt dw  =
«7Г J — oo Jo J 0

=  — Г F  (m, ш) f  (со) do) , 
ft J  0

F (œ , со) =  R e j j eiws~ i&t F t (ds) d t .
Jo Jo

(6)

(7)

( 8)

Since th e  sp e c tra l d e n s ity  f{(o) of rj(s) is assum ed  to  be k n o w n , w e have 
o n ly  to  d e te rm in e  th e  k e rn e l fu n c tio n  F(a>, cb) defined  in  (8). T h is  ca lcu la tio n  
will be carried  o u t fo r  th e  m odel |( t )  fo r c ity  tra f f ic  o u tlined  in  th e  f i r s t  section .

л3. Calculation of the kernel function  
F for a Poissonian model o f city traffic

In  th is  m odel, a p a r t  from  som e n o n o v erlap p in g  b ra k in g -a c ce le ra tin g  
p e rio d s, our vehicle tra v e ls  a t  a c o n s ta n t v e lo c ity  vv  A lth o u g h  m a n y  m ore 
re a lis tic  (and m ore so p h is tic a ted ) m odels cou ld  have  been t r e a te d  w ith  th e  
sam e m ethods, fo r conven ience  sake we assum e th a t  th e  v e lo c ity -tim e  d iag ram  
h a s  th e  sam e shape in  each  b rak in g -acce le ra tin g  in te rv a l, an d  th e  u n i t  o f tim e 
is chosen  as th e  com m on  le n g th  o f th e se  in te rv a ls . O ur m ain  a ssu m p tio n  is 
t h a t  th e  w aiting  tim e s  be tw een  co nsecu tive  b rak in g -acce le ra tin g  in te rv a ls  are
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in d e p e n d e n t and e x p o n e n tia l ly  d is trib u ted  ra n d o m  v ariab les  w ith  th e  com ­
m o n  p a ra m e te r  X =  0. F u r t h e r  pa ram ete rs  o f th e  m odel are those  specify ing  
th e  sh a p e  of th e  v e lo c ity  d ia g ra m  in th e  b ra k in g -a c ce le ra tin g  in te rv a ls . L e t 
v 0(t)  d e n o te  th e  v e lo c ity  d ia g ra m  in  th e  p a r t ic u la r  case  w hen  (0, 1) is th e  only  
b ra k in g -a c ce le ra tin g  in te r v a l ;  fo r convenience sa k e  we p u t  v 0(t) — v 1 — cp(t), 
w h e re  <p{t) m ay be an  a r b i t r a r y  con tinuous fu n c tio n , such, th a t  cp(t) =  0 if  
t <  0 o r  t 1. T hen  th e  v e lo c ity  process v(t) is c o n s tru c te d  as

K0 =  vi -  9>(* -  вп) , (9)
77=1

w h e re  0 <£ g2 <£ . . . <£ gn <£ . . . is th e  seq u en ce  of s ta r tin g  p o in ts  of
b ra k in g -a c ce le ra tin g  in te r v a ls ;  i.e.

en+ i >  Qn +  1 fo r  each n: К  =  gn+1 — Qn — 1

n  —  1, 2, . . . , is a s e q u e n c e  o f in d ep en d en t a n d  ex p o n en tia lly  d is tr ib u te d  
r a n d o m  variab les of p a r a m e te r  X £> 0, and  {gn} is a  s ta t io n a ry  p o in t p rocess in  
(0 , -f-oo). The exam ple o f

<p( 0

0 if t <  0

a xt if
«1

v i if
a l

ög ög t if a 2  Г, ,
— -------- <  t

°2
0 if t >  1

( 10)

w h e re  v 1ja 1 < ( o 2 — iq)/a2 " ü l  b e  explic itly  so lved  la te r .  (See F ig  3a; F ig  3b 
sh o w s th e  graph  in  case

a l a2

T h e  basic ob ject o f  o u r  s tu d y  is th e  s ta t io n a ry  p o in t process { pn} o ften  
re fe r re d  to  as th e  P o isson  h a rd -c o re  process; i t  c an  b e  c o n stru c ted  as follow s. 
L e t  y ±, y 2, . . .  , yn, . . . d e n o te  a  sequence of in d e p e n d e n t ex p o n en tia l ra n d o m  
v a r ia b le s  w ith  a com m on p a r a m e te r  X >  0, an d  p u t  £ =  0, £x =  y v  . . . , £„ =  
=  Ух +  y2 +  • • • • • • ; t h e n  {£„} form s a P o isso n  process o f in te n s i ty
X in  (0 , + ° ° ) -  Then t„ =  £„ +  n ,  n  =  0, 1, 2, . . . a re  th e  p o in ts  o f a new  p o in t
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pro cess , such , t h a t  r n+1 >  r n -f- 1 an d  th e  d ifferences r n+1 — xn — 1 are 
in d e p e n d e n t e x p o n en tia l v a riab le s  of com m on p a ra m e te r  X. U n fo rtu n a te ly  
{t„} does n o t form  a s ta t io n a ry  p o in t process, b u t  n e a r in f in ity  i t  beh av es as a 
s ta t io n a ry  one. In d eed , le t N 0(t) =  m ax  {n I <  t <  r n+1} a n d  N u(t) — 
=  N 0(u -f- t ) — N0(u), th e n  N0(t) an d  N u(t) h av e  ju m p s  e x a c tly  a t  th e  po in ts  
o f { т „ }  П ( m ,  - f o o ) ,  I f  и is la rge  th e n  Nu(t) describes th e  b e h a v io u r  of th e  
p o in t p rocess { r n} n e a r  in f in ity . I t  is easy  to  check  th a t  N0(t) is a  s tro n g ly  
m ix in g  p rocess, so t h a t  th e re  ex is ts  th e  w eak  lim it N a(t) =  lim  N u(t) an d  i t  is

U~*oo

a  s ta t io n a ry  p o in t p rocess, see [1]. L e t us rem em b er th a t  w eak  convergence  of 
s to c h a s tic  processes m eans convergence of th e  u n d erly in g  p ro b a b ili ty  m easures 
in  th e  sense t h a t  th e  e x p e c ta tio n  o f an y  co n tin u o u s an d  b o u n d ed  fu n c tio n  con­
v erges. T he p o in ts  o f th e  p o in t process {{)„} we need  are  lo c a te d  ju s t  a t  th e  
ju m p s  o f  th e  lim itin g  process N œ(t), th u s  th e  v e lo c ity  process

oo
K O  =  v i -  <P(t -  Qn)

n= 1

is a  w ell defined  s to ch as tic  process.
C om paring  (4), (8) a n d  th e  d e fin itio n  of {gn} we o b ta in  t h a t

F(co, cö) =  R eJ £  | êxP v (x )d x  — iwt

=  R e  lim  E  [exp (ioj £„ (t) — icőí)] d t ,
Jo "
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w h e re

r u + t  I °° \  "  r u + t
l u ( t )  =  « 1  —  ^  <p{x — r) \dx  =  « 1 t — cp{x — Tn) d x .  (12)

J  U l  /1 =  1 /  /2 =  1 •/ 0

T h e  e v a lu a tio n  of th e  ab o v e , r a th e r  co m plica ted  exp ressio n  w ill be b ased  on 
th e  fo llow ing  tr iv ia l re m a rk s . S ince cp(x) — 0 i f  x  <Ç 0 or x  1, th e  va lu e  of

r u + t
cp(x —  Tn)

J U
dx

w h e re

T h e re fo re , we have  only  to  d e te rm in e  th e  jo in t  d is tr ib u tio n  o f th e  n u m b e r o f 
p o in ts  in  (м, u  t  — 1) a n d  th e  loca tio n  of p o in ts  (if any ) in  th e  c ritica l 
in te rv a ls  (и — 1, u) an d  (u  +  t — 1, и  +  t). L e t us re m a rk  th a t  n e ith e r  of th e  
c r i t ic a l  in te rv a ls  can  c o n ta in  tw o  or m ore p o in ts  o f { t n} , th u s  we h av e  th e  
fo llo w in g  five  possib ilities o n ly , w hich  exclude each  o th e r, w ith  a  p ro b a b ility  
1 — О (e) as s >  0 goes to  zero . T h e  c o n tr ib u tio n  o f th e  k - th  case to  th e  in te g ra l 
in  (11) w ill be deno ted  b y  I k, i.e .

F(a>, со) =  R e  [ I 1 -f- I 2 4~ I 3 “b I 4 ~T~ I 5] • (16)

H e re  a n d  in  w h a t follow s, e 0, u >- 0, t >- 0, у  >  0, z 0 are  rea l n u m b ers , 
m  d e n o te s  a n o n n eg a tiv e  in te g e r , an d  th e  a b b re v ia tio n s  (x )+ =  m a x  {0, x }, 
a n d  ß  -  œv1 — ü> are  u sed .

(i) N u_x( 1) =  0, N u((t — 1) + ) - m, iVu+i_ 1( 1) =  0. T he p ro b a b ility  of 
th is  e v e n t  is d eno ted  b y

a n d  p j t )  =  lim  p um(t) .
U-+ со
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T h en  rju(t) =  v ß  — m ô, th u s

Г со oo
I 1 =  ^  exp [ißt — ionná] p m( t)d t .

J o  m —O

(ii) N u_ 1+y(e) =  1 fo r  t <[ y  <  1. T he p ro b a b ility  of th is  e v e n t is

T h en

th u s

p(">£)(y , t)  a n d  p ( y , t) =  lim  l im — p<-u- £>(y, t) .
U-+CO e—0 e

Vu(0  =  v i 1 -  vK1 -  y  +  0  +  y>(i -  y ) ,

ex p  [ißt — iœrp( 1 — y  +  t) +  ianp(l — у)]р(Уч 0  d y d t .
о J t

(iii) N u_ 1+y(f) =  1, N u((t -  1) + ) =  m, N u+,_ 1(1) =  0 fo r 0 <_ у  <, 
m in  {1, t}. T he p ro b a b il i ty  of th is  e v en t is

(iv ) N u - A 1) =  0, N u((t - 1 )  + ) =  m, N u+t_ z(e) =  1 fo r 0 < ; z <  
<  m in  {1, t}. T he p ro b a b ili ty  o f th is  e v en t is

T h en

th u s

/>(u,s) ( z , t )  a n d  p m(z ,t)  lim  l im -----p ^ ( z ,  t)U—-со C--0 £

h  =
roo со m :

2 ]J 0 m=0J 0

Vu(l) =  ®i* -  m ô  -  xp(z) ,

in {1.0
exp [ißt -  io>mô — icotp(z)] p m(z, t)dz dt

(v ) N u-i+ y(e) =  1» JVu((i -  1) + ) =  m , N u+t_ z (e) = 1  fo r 0 <, y  <  1, 
0 <[ z <  1 an d  y  +  z  <[ t. T h e  p ro b a b ility  o f th is  e v en t is d e n o te d  b y

P tt,e)(y , *, t) a n d  p m(y, z, t) =  lim  lim  —  p (“'e)(y , z, t).
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T h e n

th u s
Vui1) =  v i  t —  m ô  — ô +  гр{1 — y )  — yi(z),

,'co  со M  / » m in  { !,/-►  2}

^1
m=OjOJO

e x p  [ißt — ica(m +  1 )5  +  £coip(l — y )  — iœ f ( z ) \

Pm{y, z, t ) d y d z d t .

T h e  n e x t step  is to  d e te rm in e  th e  functions p m(t), p ( y ,  t), p m(y, t) p m(z, t) 
a n d  p m(y ,  z, t). L et q(x) d e n o te  th e  p ro b ab ility  of N x( 1) =  0. S ince 1VX(1) =  0
i f  a n d  o n ly  if  r„  <C X <  x  +  1 <  r n+1  for som e n,  i.e . £ n <  x  - -  n  <  £ „ + 1 , we
h a v e

A"
q(x) =  (V  ( x  —■ n )n ------e д Iх (17)

o^n<x n  !
fo r  e a c h  x  >  0, and

lim  q(x) = (18)
X-+00 1 -f- A

In d e e d , as r n is a sum  o f n  in d e p e n d e n t su m m an d s, th e  law  of la rg e  n u m b e rs  
im p lie s  t h a t

lim  =  lim  -----E  ( Tn) 1 I-------- ,
n-»»  n  n~°° n  A

th u s ,

l i m -----N 0(x)  =
X— -  X

1
lim  E(iV x( l ) )  .

O n t h e  o th e r  hand , 1VX(1) 1 im p lie s  E ( N X( 1)) =  1 — l { x )i w h ich  p ro v es (18).
A s w e s h a ll  soon see, (18) im p lie s  th e  ex istence o f lim its  ap p ea rin g  in  (i) — (v) 
a n d  in  (11). Now we are  in  a  p o s it io n  to  ca lcu la te  th e  ab o v e  fu n c tio n s .

S in ce  (i) m eans th a t  t „ <  u  — 1 <C м <  r n+1 a n d  тп+т <  b +  ( — 1 <
<  и  +  t <  t n+m+1 fo r som e n,  i .e . <  u  — n — 1 <  £n+1 an d  Cn + m <  и  +
+  t  —  71 —  m — 1 <  Cn + m + l ’ w e  l l a v e

Ш
pW (t) =  q(u  — l) ( t — m )m------ e—Ht—m)

m  !

fo r  0 m  <[ t, while o th e rw ise  p m \ t )  =  0. T hus,

1 Xm
P j f )  =  — —  (t -  m)m — г (19)

1 +  Я ml

i f  0 m  <C t, and p m{t) =  0 i f  m  ]>  t.
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(ii) h o ld s  i f  a n d  o n ly  i f u  — 1 y  и  — l + J + e  fo r  so m e n,
i.e. u — 1 + y — n < Ç „ ^ u  — l + y + e  — re, th u s  p (u’e) (y, t) =  q(u  — 2 +  
+  y)Xe +  o(e),

w hence

P M  =  - - ^ r -  (20)
I +  A

In  th e  th i rd  case t 1 im plies t h a t  m  =  0, th u s  (iii) ho lds i f  a n d  only
if  и — 1 + J < t„ < u — 1 + y  +  e a n d  r n+m < u  +  t — l < u  +  t <^  
< ; r n + m + 1 fo r som e re, i.e. it — 1 + y  — re <  C„ <  и — 1 +  J  +  e — n  and  
Cn+m < M  +  t — 1 — n  — m < ,  Cn+ m+1’ w hence

Ш
Pm‘‘\ y » *) =  s (u —• 2 +  y ) Ae(t — m  — y ) m------ e- t« - m - y )  _)_ 0(e)

m  !

i f  0 <[ m <  t — у  a n d  o therw ise i t  eq u a ls  ze ro , consequen tly

Pm(y. *) =
Я

1 +  Я
( * - m -  у Т

ят
т  !

е-Я«-П7-у) (21)

i f  0 <[ m <  t — у  a n d  р т(у,  t) =  0 i f  m  t — у .
S im ila rly , (iv) m ean s th a t  r„  <  и  — 1 <  и — Tn+1 an d и +  t — z <  

<  r n+m+1 <, и +  t — z  +  e for som e re, i.e . £„ <  « — 1 — re <  £n+1 an d  
u - f t  — z — re — m — 1 <  Cn+m+i  < [ u  +  t — z — re — ire— 1 +  e,

whence

Р т ’*Ч*» 0  =  з(и  — l)(t  — ire — z)m------_j_ o(e)
ml

i f O  ire <  t — z an d  o therw ise i t  eq u a ls  ze ro , th u s

I Jm
p m{z, t)  =  — *— (* -  m -  z)m —~  e (22)

1 +  Я ire !

i f  0 <[ m <  t — z an d  p m(z, t ) =  0 i f  ire ]>  t  — z.
F in a lly , (v) m eans t h a t  ц — 1 у  <  < [ re — l - f - y - j - e  a n d  и  -f- t —

— z <  Tn+ m+ x и +  t — z +  e for som e re, i.e . re — 1 +  у  — re <  и —
— 1 + y  — n  e an d  и  +  t — z — re — ire — 1 <  Cn+m+ i <1 м +  t — z  —
— ra — m — 1 —(— e, th u s

Xm
Pm'e){y-> z i *) =  9(“  — 2 -f-y)Xe(t — ire — z  — y ) m ----- e -J(i-m -y-*) Яе +  o (s2)

ml
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i f  0 m  <7 i — y  — z  a n d  o th erw ise  i t  is zero , 
w h e n c e

Я2 Ám
p m( j ,  г, t) = ------------(í — m  -  у  — z)m ------- е-Щ -пг-у-г)  (23)

1 +  1 m!

i f  0 ^  m  <ßt ~  у  — z a n d  p m(y, z, t) =  0 i f  m  í — y  — z.

T o  calcu la te  J 15 J 3, J 4 a n d  I-,

00
2

l mexp  [ißt — iœmô](t — m  — x )m——  m-x)
Jo .0 < ,m < t—x m!

d t ,

is a  c o m m o n  fac to r in  each  o f  th e m  w ith  x  =  0 or x  =  y  or x  — z or x  =  y  +  z. 
In te rc h a n g in g  th e  su m m a tio n  an d  in te g ra tio n  i t  follow s th a t

со /»co l mI  =  ^  exp  [i/?i — im m ô ] (t — m  — x )m ------е -Щ—т—х) fa  =
m=0 t/m+X m  !

^  I exp  [i/S(i +  m +  -*) i c o m d ] — e ~ xtdt 
m = o J o  ™  !

(24)

/»oo
= exp [i/S(i +  x) +  1г(е'“ — 1)]
Jo 1(1 -  e1'“) -  iß  ’

w h e re  oc — ß  — co<5 =  ow1 — co — co<5.
U sin g  th is  id e n ti ty  i t  follow s th a t

h
1 +  1 1(1 - e'“ )

(25)

o — iwô

1 +  1 1 (1  -  e'a) -  iß j  о 

1 eia

ex p  [i/3y +  ia>y>{! — y )]dy

1 +  1 1(1 — eia) - i ß

1 e'*

7— ex p  [— iß x  +  icoi/)(.r)] dx =  (26)
iß J  0

w h ere

----------- -7------------  J (  1 ) ,
1 +  1 1(1 -  e'a) iß

J {u )  =  ( exp  [ißx — icay>(x)] d x  , ( 27 )
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a n d  th e  b a r  den o tes  com plex  co n ju g a tio n . S im ila rly ,

Я 1

an d
1 +  Я Я(1 -  e'“) — iß  

Я2 eia
1 + я Я(1 — е'а) -  iß

J O h

1Л1)12-

(28)

(29)

F in a lly , b y  in te rc h a n g in g  th e  o rd er o f  in te g ra tio n  an d  su b s titu tin g  
1 — у  =  и  and  1 — y  t =  X ,  i t  follow s th a t

Д  r  1  r y

I2 = ---------- 1 exp [ißt — iœy) (1 — y  +  t) -f- icoy>( 1 — y )]d tdy
1 +  Я Jo J o  

Я f 1 ry
— ----------I exp  [iß:c — icorp(x) — iß u  -j- icoip(u)] d u  dx  =

1 +  Я J о J  о

= T T T  Ç j¥ )J '0 )d x ,
1 +  л J  0

w hence

R e I.,
2 +  2Я

U ( l ) l 2 - (30)

C onsequently ,

F(cM, w ) =  R e I 4 -)- R e J 2 +  Re J 3 -(- R e I 4 -f- R e / 5 =  

Я [2Я2(1 -  cos ос) +  /З2] j J ( l ) | 2
+ (31)

+

2 +  2Я 2Я2(1 — cos а) +  /32 J -  2/ЗЯ sin а  

Я 1 — cos а  -)- (Я — Ясов а  — ß s i n x )  R e  J( 1) — /3(1 — cos a )  Im  J( 1)

1 +  Я 2Я2(1 — cos а) +  /З2 +  2/ЗЯ sin а

w here  а  =  cwiq — со — coô, ß  — covx — cö an d  J( 1) is a fu n c tio n  of ß  an d  со 
g iven  b y  (27), w hile  Я ]> 0, iq  >  0, ô >  0 are  p a ra m e te rs  o f th e  m odel.

4. Piecew ise lin ea r  velocity  d iagram s

H ere  we co n sid e r th e  exam ple  defined  in  (10); we h av e  to  ca lc u la te  th e  
in teg ra l

Г1
J ( l )  =  J  exp  [ißx  — iooip (дс)] d x  (32)
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fo r

4>(x )  =

2a1 2a2 ,

(33)

(34)

W e  sh a ll  see th a t  th e  fo llow ing  m e th o d  app lies fo r a rb itr a ry  piecew ise lin e a r  cp. 
U n fo r tu n a te ly ,  J (  1) c a n n o t be  exp ressed  in  te rm s  of e le m e n ta ry  fu n c tio n s  
e v e n  in  th is  sim ple case; w e n e e d  th e  tra n s c e n d e n t fu n c tio n

T h e n

(35)

(36)

(37)

(38)

S u b s t i tu t in g  (38) in to  (32) w e o b ta in  F(co, œ) in  a  f in a l form .
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W irkung der stochastischen Straßenbahnprofile au f die mit veränderlicher G eschwin­
digkeit fahrenden Fahrzeuge. — D ie im  städ tisch en  Verkehr angewandten F ahrzeuge sind  
infolge von  Verkehrsum ständen oder von  anderen Ursachen oftmals zur Ä nderung ihrer 
G eschwindigkeit gezwungen. Man setzt voraus, daß das Straßenbahnprofil als eine F u n k tion  der 
Länge des vom  Ausgangspunkt gem essenen W eges, ein stochastischer Vorgang v o n  stationärem  
Inkrem ent ist. Vorausgesetzt, daß derselbe ein  unabhängiger Vorgang ist, es w ird  bewiesen, 
daß der zusam m engesetzte Vorgang, d.h., das Straßenbahnprofil, als Funktion der Z eit, sta tio ­
när ist. Der Spezialfall des in den Städten angew andten Autobusses wird b eh an d elt, welcher 
zw ischen zwei H altestellen m it konstanter G eschw indigkeit fährt, brem st, u n d  sp äter  be­
schleunigt gleicherm aßen an den H altestellen , w obei es voraussetzt wird, daß die Anordnung  
der H altestellen  durch einen Poissonschen V organg m odelliert werden kann.
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ERWÄRMUNGEN UND VERLUSTE IN 
STREUFELDERN VON TRANSFORMATOREN

К. K A R SA I*

D O K T O K  D E R  T E C H N . W IS S E N S C H A F T E N .

[Eingegangen am  29. April 1980]

Die A rbeit beschäftigt sich m it der B edeutun g der Verluste und der Erw ärm un­
gen in Streufeldern. Es werden die Stellen im  Transformator angegeben, wo Verluste 
und Erwärm ungen auftreten; im Eisenkern, im  K essel und im  D eckei, in den Schrauben  
zwischen dem  K essel und dem Deckel, in der U m gebung der Durchführungen und in 
der Jochklem m konstruktion. Es werden M ethoden, die die unerw ünschten Auswir­
kungen der Streufelder beschränken, d isk utiert und für blanke und auch isolierte  
K onstruktionsteile Tem peraturschranken em pfohlen. Als letztes werden verschiedene  
M ethoden d iskutiert, m it deren Hilfe die durch das Streufeld verursachten gefährlichen  
Erwärmungen b estim m t werden können.

1. E in fü h ru n g

Bis das h e u tig e  S ystem  der e lek tr isch en  E n erg iev erte ilu n g  b e s te h t , w er­
d en  im m er G ro ß tra n sfo rm a to ren  g e b ra u c h t. P rognosen  sehen g eg en w ärtig  eine 
höchstm ög liche  E in h e its le is tu n g sg ren ze  d e r  G ro ß tran sfo rm a to ren  v o n  e tw a 
3000 MVA vor. B is d iese H ö ch stle is tu n g  e r re ic h t w ird, w erden V e ilu s te  u n d  die 
E rw ärm u n g en , v e ru rs a c h t  du rch  die in  T ra n sfo rm a to ren  e n ts te h e n d e n  S tre u ­
fe lder, im m er m e h r schw ierige P rob lem e b e d e u te n . Dies is t d er F a ll, tveil m it 
d er L e is tu n g se rh ö h u n g  auch  die S tre u fe ld e r sich v e rb re iten , da  d ie  m ögliche 
A bm essungen , d as  h e iß t das T ra n sp o r tp ro f il der T ra n sfo rm a to ren  einge­
sc h rä n k t is t. In fo lg e  d er hohen F e ld s tä rk e n  en ts teh en  höhere  V e rlu s te , die 
schon  se lb st u n w ir tsc h a ftlic h  sind , das H a u p tp ro b le m  lieg t ab er d a r in , d a ß  es 
auch  s ta rk e  lokale  E rw ärm u n g en  e n ts te h e n . D ie E rw ärm u n g en  v e rm in d e rn  
die B e tr ieb szu v e rläs s ig k e it der T ra n s fo rm a to re n , und  m achen  sie m e h r  em p ­
fin d lich  gegenüber d en  im  B etrieb  frü h e r  o d e r sp ä te r  u n v e rm e id lich en  Ü b e r­
b e las tu n g en . D iese P ro b lem e  der S tre u fe ld e r tr e te n  im  a llgem einen  e rs t  ab 
L e is tu n g en  von  100 MVA pro  Säule au f.

Im  R ah m en  d ieser V erö ffen tlichung  sollen  bezüglich d ieser P ro b le m a tik  
einige G esic h tsp u n k te  d isk u tie rt w erden . U n te r  dem  B egriff S tre u f lu ß  v e r­
s te h e n  w ir im  w e ite re n  alle diejenige m a g n e tisc h e  F elder, die zum  T eil, oder 
ganz, au ß e rh a lb  des E isenkerns v e rlau fen .

* K. K arsai Árpádfejedelem  útja 47, H 1023 B udapest, Ungarn
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2. A llgem eines ü b e r die in  S treu fe ld ern  en tstandenen  
V erlu ste  u n d  lokalen  E rw ä rm u n g e n

D a s  erste  B ild  ze ig t d ie  S te llen  des T ra n s fo rm a to rs , wo V erlu ste  u n d  
E rw ä rm u n g e n  a u ftre te n . D ies sin d  die F o lg en d en : M it der N um m er 1 s in d  die 
K ra f t l in ie n , die aus d er S p u le  a u s tre te n  u n d  in  d en  K ern  e in tre ten  b e z e ic h n e t 
w o rd e n ; d ieser F lu ß  ä n d e r t  sich  s ta rk  in  A b h ä n g ig k e it der B e tr ie b sa r t  des 
T ra n s fo rm a to rs . D iesbezüg lich  m ö ch ten  w ir d a ra u f  hinw eisen, daß  die in  d en  
E is e n k e rn  e indringenden  F e ld lin ie n  — wie es au ch  dem  Bild 2a zu  e n tn e h ­
m e n  i s t  — im  Falle , w en n  d ie  in n ere  Spule g esp e is t u n d  die äußere  k u rz g e ­
sc h lo sse n  is t , sich h a u p tsä c h lic h  ü b e r die S äu le  sch ließen . W ird  ab e r dag eg en  
d ie  ä u ß e re  Spule gespeist u n d  die innere  k u rzg esch lossen , sch ließ t s ich  d e r  
g rö ß te  T eil des S treu flu sses  n ic h t ü b e r die S äu le , sondern  er b e rü h r t  das 
J o c h ,  d e n  K essel u n d  au ch  w e ite re  K o n s tru k tio n s te ile . D arau s e rg ib t sich , d aß  
d a s  H a u p tf lu ß  beim  K u rz sc h lu ß  der in n e ren  S pu le  im  u n te re n  u n d  im  o b eren  
J o c h ,  b e im  K u rzsch luß  d e r ä u ß e re n  Spule in  d e r Säule des E isen k ern s d en  
N e n n w e r t  ü b e rs te ig t. D ies se lb s t v e ru rsa c h t im  E isen k ern  eine z u sä tz lich e

B ild  1. D ie  verschiedenen Stellen  des Transform ators, wo die in  Streufeldern entstehend en
V erluste und Erwärm ungen auftreten
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E rw ä rm u n g . Die G efahr d e ra r tig e r  S itu a tio n e n  t r i t t  an  den  S te lle n  des 
Jo c h e s  oder der Säule au f, wo d ie In d u k tio n s lin ie n  sen k rech t a u f  d ie  L am e llen  
v e rla u fe n . [1]

B ezüglich  dieser E rsc h e in u n g  so llte  an  d e r S telle die A n w e n d b a rk e it der 
E rsa tz sc h a ltu n g e n  des T ra n s fo rm a to rs  b e h a n d e lt w erden. F ü r  die t r e u e  A b ­
b ild u n g  eines T ran sfo rm a to rs  s in d  die m it 3 a , b  u n d  c b eze ich n e ten  E r s a tz ­
sc h a ltu n g e n  des d r it te n  B ildes alle gleich geeignet. Im  H inb lick  a u f  d ie  F e ld ­
v e rh ä ltn is se  aber e n tsp r ic h t d as  B ild  3a n ic h t den  im  B ild  2 g eze ich n e ten  
V erh ä ltn issen . D iesbezüglich g ib t das B ild  3c eine rich tige u n d  d as  B ild  3b 
eine a n g e n ä h e rt gu te  A b b ild u n g . A u f B ild 3 s in d  X sl und  X sa die m it  d e r  in n e ­
re n  beziehungsw eise d er ä u ß e re n  Spule v e rb u n d e n e n  S treu fe lder.

X n d e r H a u p tf lu ß , sow ie X hs u n d  X hj b e d e u te n  die re su ltie re n d e n  F lü sse  
in  d er S äule  u n d  im  Jo ch . Die G röße des H a u p tflu sse s  in  d er S äule  k a n n  n ach  
M essungen  en tw eder d en  W e rt 0,1 Фп oder d en  W ert von 1,1 Фп e rre ich en .

D era rtig e  große Ä n d e ru n g en  des H a u p tflu sse s  können  a n h a n d  d e r  fo l­
genden  Ü berlegungen  e r lä u te r t  w erd en :

— N im m t m an  an , d aß  au ß e r d e r  zwei S pu len  d er im  B ild 2 g eze ig ten  T ranse 
fo rm a to re n  eine zu sä tz lich e  f ik tiv e  Spule d ire k t am E isen k ern  v o rh a n d e n  
is t. Ih re  A bm essung in  R a d ia lr ic h tu n g  k a n n  vern ach lässig t w e rd e n  und 
is t also die in  ih r  in d u z ie r te  S p an n u n g  U hs p rop o rtio n a l dem  W e r t  des 
F lu sses  Ф,к in  d er S äu le . S ch re ib t m an  z u n ä c h s t die fü r diesen T ra n s fo rm a ­
to r  gü ltigen  G le ichungen  z u r  B estim m u n g  d er S tre u re a k ta n z e n  au f, so 
k ö n n en  die S tre u re a k ta n z e n  d er in n e ren  u n d  der äußeren  S p u le  X si bzw . 
X sa b e s tim m t w erden . F ü r  T ra n sfo rm a to ren  m it k o n z e n tr isc h e r S p u len ­
an o rd n u n g  is t X si m it e in er G rö ß en o rd n u n g  k leiner als X sa. Im  B ild  3c

a) b)
B ild  2. D ie in den Eisenkern eindringenden Feldlinien im  Falle wenn a)  die innere Spule 
gespeist und die äußere kurzgeschlossen, b) die äußere Spule gespeist und die innere kurzge­

schlossen sind
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Xi Ха

Xs

а) Ы с)

B ild  3. Drei E rsatzschaltungen  eines Transformators: a )  konventionelle T Schaltung; 
b) n  Schaltung; c) kom binierte n  Schaltung

en tsp rech en  X si d e r  R e a k ta n z  X, und  (X 4. -f- X sa) d e r R eak tan z  X a. (Siehe 
u n te n .)

— F ü r  einen zw eispu ligen  T ran sfo rm ato r, w o d ie  äu ß e re  Spule gespeist w ird , 
e rgeben  sich die an  d e r  R eak tanz  X hs m e ß b a re n  S pann u n g sän d eru n g en  
U'hs (B ild 3c) n a c h  G le ich u n g  (1). (Die R e a k ta n z  X j  Gd X hs^> X n.)

=  U' — Ъ .----Ъ .—
Zs -  х,- +  Х а

wo U ' die Speisespannung,
Zf, die Lastimpedanz und  
c eine K onstante sind.

СФ hs ( 1)

N ach  G leichung (1) k a n n  festgestellt w e rd e n , d a ß  im  L eerlau f des T ra n s ­
fo rm a to rs  U'hs =  U  is t  u n d  im  K urzsch luß  e rg ib t  sich  der W ert von  U'hs m it 
e in e r G rö ß en o rd n u n g  k le in e r  als der v o n  U  u n d  w ird  ein n eg a tiv es  V or­
zeichen  haben .

- G leichung (2) g ib t d ie  S p an n u n g sän d e ru n g en  U ^  fü r  einen zw eispuligen, 
d u rc h  die innere  S p u le  gespeisten  T ra n s fo rm a to r  an :

U //
h s

__ Xq +  Z b
Xq +  Z 6 --  X ,

СФ fts ( 2)

w o U" die S p e isesp an n u n g  is t.
I n  diesem  F a ll g ilt im  L eerlauf gen au so  d a ß  U^  =  U  is t, es w erden  

a b e r  im  K urzsch luß  so w o h l Uhs als auch d e r  F lu ß  in  der Säule g rö ß er als im  
L e e r la u f  sein.

M it der N u m m e r 2 im  Bild 1 w u rd e  d a s  S treu fe ld  im  K essel be­
z e ic h n e t. D a aber h ie r d e r  F lu ß  einen w esen tlich  lä n g e re n  W eg im  Ol h a t ,  k an n  
d e r  m ax im ale  In d u k tio n s w e r t  höchstens ein ige h u n d e rs te l  Tesla b e tra g e n  [2].
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D ennoch  können  d ie  d u rc h  d iesen  F lu ß  im  K essel h e rv o rg e ru fen en  V erluste  
w egen d er großen F lä c h e  b ed eu ten d e  W e rte  erreichen .

D as S treufe ld , d as  bei den A u sfü h ru n g en  im  D eckel e n ts te h t ,  w ird  m it 
N u m m er 3 au f dem  e rs te n  B ild  beze ich n et. D ieses F e ld  w ird  d u rc h  den  E rre ­
g e rs tro m  der D u rc h fü h ru n g  h erv o rg eru fen , dessen  G röße a u c h  in  d e r  G rößen­
o rd n u n g  104 А /m  lieg en  k a n n . Die N u m m er 4 im  B ild  1 b e z e ic h n e t die V er­
lu s te , die durch  S trö m e  v e ru rsa c h t w erden , w elche d u rch  d ie  zw ischen  dem  
D eckel u n d  dem  K esse l an g e b ra c h ten  S ch rau b en  fließen . D ie U rsach e  dieser 
E rsch e in u n g  lieg t d a r in , d aß  der S tre u flu ß  d er Spulen , das S tre u fe ld  d e r strom - 
fü h re n d e n  Schienen u n d  die E rreg u n g sw irk u n g  d er D u rc h fü h ru n g e n  im  D eckel 
u n d  im  K essel ein P o te n tia lfe ld  in d u z ie ren , dessen A u sg le ich strö m e d u rch  die 
zw ischen  dem  D eckel u n d  dem  K essel a n g e b ra c h ten  S ch rau b en  fließ en  können . 
D iese S tröm e k ö n n e n  W e rte  von  10 bis 100 A erre ichen , w o d u rch  die er­
w ä rm te n  S ch rau b en  die D ich tu n g en  z e rs tö ren  können . D iese W irk u n g  der 
S treu fe ld e r lä ß t s ich  ganz  verm eiden . D ie e rs te  M öglichkeit d a fü r  is t  es den 
D eckel abzuschw eißen , infolge dessen die S tro m d ich te , w egen  d e r erhöh ten , 
geschw eiß ten  F läch e , k le in er w ird. E in e  zw eite  M öglichkeit b ie te t  u n s die gal­
v an isch e  A b tren n u n g  des D eckels vom  K essel, w obei w egen d e r  F e s th a ltu n g  
des P o te n tia ls  eine e inzige g alvan ische  V erb in d u n g  an g em ach t w ird . In  diesem 
F a ll k ö n n en  d ann  k e in e  S tröm e fließen .

M it der N u m m er 5 im  B ild  1 w ird  d e r W irbe lstrom  in  d en  v o llen  M etall­
te ile n , die zu den  W ick lu n g sen d en  oder d en  A b sch irm e lek tro d en  d er Spule 
die V erb in d u n g  d a r s te llen , b eze ichnet [3]. D ie In d u k tio n  k a n n  a n  d ieser Stelle 
d en  W e rt von  0,1 T  e rre ich en . Als le tz te s  is t  im  B ild  1 das S tre u fe ld  in  d er Joch- 
p re ß k o n s tru k tio n  m it  d e r N u m m er 6 b eze ich n et. D er In d u k tio n s w e r t liegt 
h ie r  in  der G rö ß en o rd n u n g  v o n  0,01 T .

3. M aß n ah m en  zu r E rm äß ig u n g  der u n g ü n stig en  
A usw irkungen  der S treufelder

D ie S treu fe ld e r v e ru rsach en  in  den  a k tiv e n  u n d  in a k tiv e n  Teilen  des 
T ran sfo rm a to rs  w e ite re  V erlu ste  u n d  lokale  E rw ärm u n g en . D ie  G röße dieser 
M eh rv erlu ste  k a n n  in  d e r G rö ß en o rd n u n g  d er in  den S p u len  en ts teh en d en  
V erlu s te  liegen; die lo k a len  E rw ärm u n g en  v errin g ern  die B e trieb ss ich e rh e it 
des T ran sfo rm a to rs . Im  le tz te n  J a h rz e h n t b esch äftig te  m a n  sich  sehr viel 
m it d er m öglichen E rm ä ß ig u n g  d er n e g a tiv e n  W irkungen  d e r  S tre u fe ld e r und 
w u rd en  d a fü r die fo lg en d en  M ethoden  en tw ick e lt;

— E lek tro m ag n e tisch e  A b sch irm ung  m it K upfer- oder A lu m in iu m p la tte  
(B ild  4). Die T h eo rie  d ieser M ethode is t  g u t b ek an n t. D iesbezüg lich  k ann  
in  e rs te r  L inie sov ie l fe s tg e s te llt w erd en , d aß  die M ethode n u r  be i einer an
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B ild  4. D ie  Streuflußwege zw ischen  den  Wicklungen und K esselw änden, a) ohne elektro­
magnetische A bschirm ung; b)  m it elektrom agnetischer Abschirm ung

d e r  P la tten o b e rfläch e  u n v e rän d e rlich en , d u rch  d ie  R ü ck w irk u n g  der W ir- 
b e is trö m e  n ich t b e e in f lu ß te n  In d u k tio n , d an n  w irk sa m  is t, w enn die D icke 
d e r  A b sch irm p la tten  d ie  E in d rin g s tie fe  (bei K u p fe r  9,5  m m  bei A lu m in ium  
12 m m ) erreichen. D icke  P l a t t e n  sind schw er zu  b e a rb e ite n , sie s ind  te u e r  
u n d  au ch  in  dem  P la t te n  se lb s t  en tstehen  V erlu s te . B ei g rößeren  I n d u k ­
t io n e n  können  sogar a u c h  gefäh rliche  E rw ä rm u n g e n  a u ftre te n .

— E in e  g tit bew ährte  M e th o d e  is t  die A nw endung v o n  m ag n e tisch en  S ch u n ts . 
D ie  th eo re tisch e  G ru n d la g e  d ieser M ethode b e ru h t  d a ra u f, daß  d er F lu ß  
ü b e r  d ie  angem essen g e s ta l te te n  T ra n s fo rm a to rk e rn p la tte n  gefüh rt w ird  u n d  
d a d u rc h  die Feld lin ien  d e n  g ro ß en  z u sam m en h än g en d en  M eta llte ilen  aus- 
w e ic h e n  (Bild 5).

— D ie  A nw endung von  n ic h tm a g n e tisc h e n  M eta llen , v o r  allem  in  d er U m ­
g e b u n g  der D u rc h fü h ru n g e n  im  D eckel, ab e r au c h  b e i den  P re ß p la t te n  
d e s  E isenkerns u n d  g e n a u so  be i der J o c h p re ß p la tte . Z u r In fo rm a tio n  soll 
h ie r  e rw ä h n t w erden, d a ß  d e r  B a u s ta h l bei der U n te rsu c h u n g  einer Jo c h p re ß - 
p la tte n m o d e lls , das A lu m in iu m  m it gleicher m ech an isch en  F es tig k e it, u n d  
d e r  an tim ag n etisch e  S ta h l ,  e in  V erhältn is d e r V e rlu s te  von  1 — 0,5 — 0,05 
u n d  e in  V erhältn is d er H ö c h s te rw ärm u n g en  v o n  1 — 0,5 — 0,05 aufw eisen.

— D ie  A nw endung von  N ic h tm e ta lle n . A uf d iesem  G eb ie t w erden  w e itv e r­
b r e i t e t  g la sfa se rv e rs tä rk te  E p o x y d h a rze  (D eckel, S p u len k lem m k o n stru k ­
t io n e n )  u n d  gesch ich te te  H o lz p la tte n  (K lem m rin g e  u n d  das G erü st d er 
A b sch irm rin g e , w o rau f d e r  M etallbezug  a u fg e b ra ch t w ird ) verw endet.

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



ERWÄRMUNGEN VON TRANSFORMATOREN 327

Kessel

B ild  5. D ie Anwendung von  m agnetischem  Nebenschluß

4. D as V erm eiden von g e fäh rlich en  E rw ärm ungen

D ie m ax im a l k o n seq u en te  A nw endung  d e r  v o rh er b e sp ro ch en en  M aß­
n ah m en  w ird  doch n ic h t dazu  fü h ren , d aß  in  T ran sfo rm a to ren  k e in e  w eitere  
E rw ä rm u n g e n  a u f tre te n  w erden . D ie w ich tig e  F rag e  is t es die G röße der 
E rw ä rm u n g  zu  e rk en n en  u n d  festlegen  zu  k ö n n en , w elche E rw ä rm u n g e n  noch  
zugelassen  w erden . Z u r B erechnung  d er B ean sp ru ch u n g en  s in d  zah lre iche  
M eth o d en  b e k a n n t. Sie alle b e ru h en  d a ra u f , d aß  zuerst die V e rte ilu n g  des 
m ag n e tisch en  F e ld es , u n d  d a rau s  d er V erlu st b e rech n e t w ird  [4]. I n  K en n tn is  
d e r V e rlu s tv e rte ilu n g  k a n n  die zu e rw a rte n d e  lokale  E rw ärm u n g  b e s tim m t 
w erden . D as an d ere  V erfah ren  b e ru h t d a ra u f , d a ß  die T e m p e ra tu r  des g e frag ten  
Teils im  T ra n s fo rm a to r  oder an  einem  e n tsp re c h e n d  k o n s tru ie r te n  M odell 
gem essen w ird . A n in te rn a tio n a le r  E b en e  w ird  im m er m ehr die P ro b le m a tik  der 
zu lässigen  B ean sp ru ch u n g en  d isk u tie rt. D iesbezüg lich  h aben  w ir eine U m ge­
b u n g s te m p e ra tu r  von  313 К  zug runde  geleg t u n d  das fo lgende fe s tg e s te llt:

—• D ie m ax im ale  D a u e r te m p e ra tu r  des Ö ls v o n  einem  g rö ß eren  V olum en 
( >  10 cm 3) d a r f  368 К  n ich t ü b e rsch re iten .

— Die T e m p e ra tu r  von  g rößeren  ( >  10 cm 2) b lan k en  oder la c k ie r te n  M eta ll­
o b erfläch en  d a r f  n ic h t höher als 413 К  ste igen . L a u t u n se re r V ersu ch ser­
gebnisse k o n n te  fe s tg e s te llt w erden , d aß  d ie B ew egung des Öls in  d er U m ­
gebung  e in e r M eta lloberfläche  von  413 К  T e m p e ra tu r  im m er schneller 
w ird , d as  ö l  h a t  »keine Zeit« sich zu e rw ärm en  u n d  k ö nnen  d esh a lb  w eder 
B la se n e n ts te h u n g  n och  E n ts te h u n g  von  a n d e re n  A lte ru n g sp ro d u k te n  w a h r­
genom m en  w erd en .
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— D ie  m it P ap ie r iso lie rten  M eta llte ile  d ü rfen  a n  e in er k leinen  F läch e  keine 
h ö h e re  T em p era tu ren  als 393 К  haben . (I E C  P u b l , №  354).

— D ie  ku rzze itig en  (in  d e r G rö ß en o rd n u n g  v o n  S ekunden) th e rm isch en  Ü b e r­
b e la s tu n g e n  sind au ssch ließ lich  aus m e ta llo g rap h isch en  G rü n d en  einge­
s c h rä n k t.  Die zu lässigen  T e m p e ra tu rg re n z e n  sin d  fü r  K u p fe r 523 К  u n d  
f ü r  A lum in ium  473 K . E in e  B em essung d er T ra n sfo rm a to ren  n a c h  den  
lo k a le n  E rw ärm u n g en  in fo lge  d er S treu fe ld e r b e s te h t also d a rin , d a ß  die 
b e re c h n e te n  oder die gem essenen  T e m p e ra tu re n  die v o rh er e rw ä h n te n  
G re n z e n  n ich t ü b e rsc h re ite n  d ü rfen  [5]. E in  B eisp ie l zu r A nw endung  d ieser 
M e th o d e  zeigt das B ild  6. A u f dem  B ild  w erd en  die w ärm sten  P u n k te  e iner 
20  m m  dicken 1 4 0 x 8 5  m m  b re ite n  K u p fe rp la tte  in  A b h än g ig k e it d e r  I n ­
d u k t io n  aufgezeichnet. D ie  K ra ftlin ie n  v e rla u fe n  aus beiden  R ic h tu n g e n  
s e n k re c h t au f die P la t te .  D er P rü flin g  is t  im  Ol u n d  is t en tw ed er b la n k , 
o d e r  m it einer 1 m m  d ick en  g esch ich te ten  P ap ie riso lie ru n g  v erseh en . A us 
d e m  D iagram m  k a n n  e rseh en  w erden , d aß  es b e i dem  b lan k en  P rü f lin g  die 
m a x im a l zulässige In d u k t io n  0,098 T b e trä g t . E rh ö h t  sich näm lich  die 368 К  
Ö lte m p e ra tu r  m it 45 K , d a n n  is t  die v o rh e r  angegebene 413 К  m ax im ale  
T e m p e ra tu rsc h ra n k e  e r re ic h t w orden . B eim  p ap ie riso lie rten  P rü flin g  k a n n  
a b e r  n u r  eine In d u k tio n  v o n  0,0225 T zu gelassen  w erden , da  in fo lge  der 
h ie r  a u ftre te n d en  E rw ä rm u n g  von  25 К  — w en n  es auch  noch  in  d er U m ­
g e b u n g  der höch sten  Ö lte m p e ra tu r  p a ss ie rt — schon die höchstzu lässige  
T e m p e ra tu r  von 393 К  e r re ic h t w urde.

B ild  6. D ie  wärmsten Punkte einer 20 m m  dicken und 140 X 85 m m  breiten P latte aus K upfer  
in  A b hän gigk eit der Induktion. D ie  K urve a zeigt die Erwärm ung der isolierten P la tte ,

die K urve b die der blanken P latte
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E in  w eite res B eispiel zeig t die w ä rm s te n  P u n k te  der sc h ic h te te n  Säule 
im  S treufeld .

D ie E rw ärm u n g sd iag ram m e  von  fü n f  v e rsch iedenen  A n ordnungen , d ie  au f 
B ild  7 gezeigt w erd en , sind  dem  B ild  8 zu  e n tn e h m e n . Bei den h ie r geze ig ten  
V a ria n te n  sind  d ie  zu lässigen  In d u k tio n sw e rte  re c h t un tersch ied lich . Im  F alle  
eines E isen k ern s e rg ib t sich der W ert v o n  25 К  so, daß die T e m p e ra tu r  des 
E isen k ern s m it 20 К  h ö h er lieg t als die h ö c h s te  Ö ltem p era tu r  von  368 K , u n d  
so w ird  eine w eite re  T em p e ra tu re rh ö h u n g  v o n  25 К  m öglich um  die zu lässige 
413 K -S ch ran k e  zu  erre ichen .

B ild  9 ze ig t d ie  G eschw ind igkeiten  d e r  E rw ärm ungen  fü r  d ie schon  
k en n en g e le rn ten  A n o rd n u n g en , die d a n n  a u f tr e te n , w enn der In d u k tio n sw e r t 
des S treu fe ldes, in fo lge  e in er Ü b e rb e la s tu n g  des T ran sfo rm ato rs , sich  m it  A B  
e rh ö h t. B e tra c h te  m a n  als B eispiel die V a r ia n te  C. H ie r b e trä g t die In d u k tio n  
des S treufe ldes d en  D au e rw ert В  0,05 T . D a z u  gehört — a u fg ru n d  des B il­
des 8 — eine E rw ä rm u n g  von  13 K . A n g en o m m en , daß  die T e m p e ra tu r  des 
E isen k ern s 20 К  ü b e r  die Ö lte m p e ra tu r  v o n  368 К  lieg t, e rg ib t sich eine loka le

Bild 7. Verschiedene Anordnungen: a Blechpakete; b A ntim agnetische Zugsplatte; c k esse!
wand
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B ild  8. D ie  Erwärm ungsdiagram m e von fü n f versch iedenen, Anordnungen die auf B ild  7
gezeigt sind

E rw ä rm u n g  von  401 К  (368 -f- 20 -(- 13 К ). W ird  d er T ran sfo rm ato r in  d iesem  
Z u s ta n d  so w eit ü b e rb e la s te t, d aß  die In d u k tio n  sich m it A B  =  0,02 T  e rh ö h t, 
d a n n  w ird  die A nfangsgeschw ind igkeit der t r a n s ie n te n  E rw ärm u n g  des w ä rm ­
s te n  P u n k te s  den W e rt v o n  0,053 К /sec b e tra g e n . D ies h e iß t, d aß  d ie Ü b e r ­
b e la s tu n g  noch  fü r  w eite re  v ie r M in u ten  m it  S icherheit zugelassen w erd en  
k a n n , d a  die E rw ärm u n g  b e s tim m t k le iner w ird , als e tw a 12 К  (4 X 60 X 0 ,053), 
w o m it d ie  T e m p e ra tu r  des u rsp rü n g lich  an  401 К  T e m p era tu r  liegenden  E ise n ­
k e rn s  sich  erhöhen  darf.

S te h e n  ab er keine tra n s ie n te  E rw ä rm u n g sk u rv e n  zur V erfügung  (B ild  
9), so k ö n n e n  die tra n s ie n te n  E rw ärm u n g sw erte  au fg ru n d  der fo lgenden  Ü b e r­
le g u n g e n  b e s tim m t w erd en  [5]: F ü r  ein  K ö rp e r  m it der M asse m , m it  der 
W ä rm e ü b e rtra g u n g so b e rf lä c h e  A  g ilt im  s ta t io n ä re n  Z u stand :

wo p о (1er in  der M asseneinheit entstehende Verlust, 
a  die W ärm eübertragungszahl der Oberfläche, 
Ьт d ie m ittlere Tem peratur des Körpers und  
üs die U m gebungstem peratur sind.

E rh ö h t  sich der spezifische V erlu st p 0 a u f  (p 0 -f- p>x), d an n  is t d ie  A n ­
fan g sg esch w in d ig k e it d er T e m p e ra tu re rh ö h u n g :

p 0m  ■ dt =  aA (# m — $s )di (3)
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B ild  9. D ie Geschwindigkeit der Erwärm ung für die auf Bild 7 gezeigten Anordnungen

dê px
dt c

(4)

w obei c die spezifische W ärm e des K ö rp ers  is t. D a zum  V erlu s t p 0 eine In ­
d u k tio n  B 0, zum  (p 0 +  p j)  die In d u k tio n  (B 0 -f- ß 1) gehören , so k ö n n e n  die 
fo lgenden  N äherungsg le ichungen  fo rm u lie rt w erden :

Po =  kB*  u n d  p 0 +  P i =  k ( B 0 +  B j)2 (5)

F ü r  G leichung  (4) e rh ä lt m an  d a m it (bei V ernach lässigung  d er W ärm e a b g ab e  
d er O berfläche)

d k  _  pp

dt c

In  d iesem  Z u sam m en h an g  d rü c k t p j c  d ie dem  A n fan g szu stan d  v o ran g eh en d e  
tra n s ie n te  E rw ärm u n g  aus. M it H ilfe  d er G leichung (6) k a n n  zu  je d e r  In d u k ­
tio n sä n d e ru n g  ein E rw ä rm u n g sw e rt zu g eo rd n e t w erden.

B n - 1
( 6)
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5. Schlußfolgerungen

I n  R ahm en  d ieser V erö ffen tlichung  w u rd e  eine M ethode d a rg e s te llt, 
d e re n  G rund g ed an k e  is t ,  d a ß  T em p era tu rg ren zen  fe s tg e leg t w erden  u n d  zu ­
n ä c h s t  k o n tro llie r t w ird , ob T e m p e ra tu ren , die e n tw e d e r  m it B erechnungen  oder 
m it  M essungen  b e s tim m t w erd en , in  der K o n s tru k tio n  gefährliche E rw ä rm u n ­
g en  v e ru rsach en . D ie n ä c h s te  F rag e  ist, wie w eit d iese M ethode an w en d b a r is t?

S e lb s tv e rs tän d lich  so llte  m an  bei d er A n w en d u n g  einer M ethode m it 
U m s ic h t Vorgehen, au ch  d a n n , w enn die zu r V erfü g u n g  steh en d en  G ru n d ­
d a te n  — ob sie aus B e re c h n u n g e n  oder M essungen  gew onnen  w u rd en  — m it 
d e r  h e u te  g ek an n ten  m a x im a l zu v erlässig sten  M eth o d e  e rm itte lt  w u rd en . D iese 
V o rs ic h t is t  d am it zu  b e g rü n d e n , daß selbst die F e ld b e rech n u n g  des m a g n e ti­
sc h e n  K reises, der n ic h tlin e a re  S trecken  e n th ä lt ,  n ic h t  ohne w eiteres d u rch ­
fü h r b a r  is t. D e selbe E rsc h e in u n g  ko m m t be i d e r  W ärm ev e rte ilu n g  von  in  
Ö l g e ta u c h te n  M eta llg eg en stän d en  vor. Alle d iese U m stän d e  w irken  u n te r  
v e rsc h ie d e n en  B e la s tu n g en  gegenseitig  a u fe in an d e r, die ih rerse its  P a ra m e te r  
des m ag n e tisch en  K re ises u n d  der W ärm eab fu h r b ew irken . Die M ethode is t 
a b e r  z u r  O rien ta tio n , o d e r zu m  Vergleich von  K o n s tru k tio n s te ile n  g u t geeig­
n e t .  E s  so llte  h ier b e to n t  w e rd en , daß  tro tz  d er m o d e rn s ten , n eu sten  rechen- 
u n d  m eß tech n isch en  M ö g lichke iten , die große E rfa h ru n g  des F o rschers zu r 
E rk e n n u n g  der G efahr d e r  S treu fe lder, das K e n n tn is  dieses P rob lem kreises 
u n d  eine gewisse In tu it io n  u n e n tb e h rlic h  sind . T ro tz  a llem  g ib t es versch iedene 
M ö g lich k e iten  der K o n tro lle  fab rik fe rtig e r  K o n s tru k tio n e n . A uf diesem  G ebiet

B ild  10. Fotographische A ufnahm e m it Thermovision. D ie  hellen Objekte sind die Kessel- 
schrauben, durch die S tröm e zwischen dem K essel und dem  Deckel fließen
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k ö n n en  d e r V ergleich d e r V erlu ste , die be i ausgenom m enem  T ra n s fo rm a to r  und  
beim  T ra n s fo rm a to r  im  K essel b e s tim m t w aren , sowie auch  M essungen  in  bei­
d en  F ä lle n  m it T h erm ov ision  em pfoh len  w erden . D ies le tz te re  is t  — w ie es 
au ch  im  B ild  10 gezeig t w ird  — zu r D a rleg u n g  der durch  die K esse lsch rau b en  
f lie ß e n d e n  S tröm e ausgeze ichnet geeignet.

G egenw ärtig  lau fen  w eitere  F o rsc h u n g sa rb e ite n  ü b er G asa n a ly se n , die 
v o r u n d  n ach  den  E rw ärm u n g sp rü fu n g e n , m it 1 bis 1 ,2-fachem  N e n n s tro m , 
d u rc h g e fü h rt w erden . C h a rak te ris tisch  fü r  diese U n te rsu ch u n g en  is t  das, daß  
die G asan a ly sen  v o r u n d  n ach  d er E rw ä rm u n g  auch in  fe h le rh a f te te n  F ä llen  
w ie au c h  in  feh lerfreien  F ä llen  b e trä c h tlic h  un te rsch ied liche  E rg eb n isse  liefern . 
E s is t  b is je tz t  noch  n ic h t gelungen  fü r  je d e n  in  der P rax is  v o rk o m m e n e n  F a ll 
eine allgem eine A ussage zu tre ffen .
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UTILISATION DES SOUS-PRODUITS 
INDUSTRIELS DANS LE DOMAINE DE LA 
CONSTRUCTION DE ROUTES EN HONGRIE

L. G ÁSPÁR*

[Présenté le 15 Mars 1980]

L’utilisation des cendres volantes, du laitier et des déchets de m anière telle 
qu’elle est écrite dans cette  étude, est très significative du point de vue de l’économie 
nationale. Afin d’accélérer l ’introduction générale de l’utilisation com plexe des sous- 
produits industriels, ce qui fa it le sujet de cette  étude, les centrales therm iques, les 
hauts fourneaux, l’industrie de carrières et de ballastières ainsi que les départem ents 
routiers et l’industrie de m atériaux de construction devraient développer d’activités 
plus intenses. Une tâche à exécuter tout d’abord est la fabrication de chaux hydratée 
en quantité suffisante parce que la manque de cette matière retarde la construction  des 
couches d’assise à liants en quantité exigée. La suppression des entraves de l’introduc­
tion générale des procédés en question voudrait favoriser efficacem ent une économie 
poussée en m atériaux e t  en énergie qui est actuellem ent lourde de signification .

Les exigences d’économ ie en  m a té r ia u x  e t en  énergie a in si q u e  celle de 
la  p ré se rv a tio n  d ’e n v iro n n em en t on t donné la  naissance à l’u t i l is a tio n  de cer­
ta in s  sous-p ro d u its  in d u s tr ie ls  dan s la  c o n s tru c tio n  ro u tiè re . D an s  la  c o n s tru c ­
t io n  de ro u tes , à l’assise c o n s titu a n t la  m a je u r p a rtie  du  co rps de  chaussée 
(fig . 1) et au x  rem bla is  l ’occasion se p ré sen te  p o u r l’u tilisa tio n  d e  te ls  sous- 
p ro d u its .

I l  y  a env iron  une  décenn ie  e t dem i q u e  les essais on t p ris  n a issan ce  en 
H o n g rie  aussi, p o u r l ’u tilisa tio n  de p lusieu rs sous-p rodu its  in d u s tr ie ls  d ans le 
dom aine  de la  co n stru c tio n  de ro u tes . Ce so n t s u r to u t les expériences françaises 
[1 ]. sov ié tiques [2] e t po lonaises [3] su r la  b ase  desquelles q u e lq u es  sous-pro- 
d u its  de l’in d u s tr ie  hongro ise  o n t é té  avérés à l’ap p lica tio n  d an s  ce dom aine.

O n p o u rra it u tilise r co n v en ab lem en t les cendres volantes des centrales 
thermiques e t le laitier granulé  de hauts fo u rn e a u x  au  lieu  des l ia n ts  c lassiques,

Route secondaire 
accotement en terre

Route nationale 
-revêtements bitumineux -renforcement de 

f  accotement

Fig. 1. Profil schém atique des corps de chaussée

* L. GAspá r , Beloiannisz-u , 11, H — 1054 B udapest, Hongrie
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le  b i tu m e  et le c im en t. L es p ro d u its  de p ierre  concassée  de h a u te  q u a lité  e t le 
g ra v ie r  sab leux  b ien  g ra d u é  p e u v e n t ê tre  rem p lacés  p a r  des déchets de carrières 
et de ballastières dans les ass ises  des rev ê tem en ts .

D an s  l’in c in é ra teu r d e  ré s id u s  urbains en  c o n s tru c tio n  à B u d ap est, à p a r ­
t i r  d e  l ’année 1982 il se p r o d u i t  des m âchefers an n u e ls  de 120 000 to n n es . 
D ’a p rè s  les expériences é tra n g è re s  ces m âchefers d ’in c in é ra tio n  p e u v e n t ê tre  
u t i l is é s  av an tag eu sem en t p o u r  l ’assise de re v ê te m e n t seul ou stab ilisés p a r  des 
l ia n ts .  L ’application  de ce  m a té r ia u  perm et la  c o n s tru c tio n  économ ique de 
r o u te s  en  terre  d ’une lo n g u e u r  de 50 à 60 km  d a n s  la  cap ita le .

D  ans des années p ro c h a in e s , dans n o tre  p a y s , d eux  h a u ts  fo u rn e a u x  
in tro d u iro n t  la  fa b ric a tio n  d ’ac ie r à co n v ertisseu r d ’oxygène d’où on o b tie n t 
co m m e  sous-produit de 270  000 tonnes de la it ie r  L D  p a r  an  de bonne q u a lité . 
C e la  p e u t  ê tre  le m a té r ia u  g ra n u lé  non seu lem ent des couches de base  e t couches 
d e  fo n d a tio n , m ais aussi ce lu i des rev ê tem en ts .

L ’u til is a tio n  des cendres v o lan te s

D a n s  les cen trales th e rm iq u e s  en H ongrie , a c tu e lle m e n t il se p ro d u it près  
de c inq  m illions de tonnes de cendres volantes et des scories fin e s  p a r  an.

L es dépôts des c e n d re s  v o lan te s  non ex p lo itées  de 65 m illions de to n n es  
o c c u p e n t une surface d ’e n v iro n  1000 h ectares. P lu s ie u rs  cen trales th e rm iq u es  
f o n t  t ra n s p o r te r  leurs c e n d re s  v o lan tes  et scories m élangées avec beaucoup  de 
l ’e a u , p a r  des canaux  e t c o n d u its  de tu y a u x  a u x  b ass in s  de d écan ta tio n .

L es dépenses d ’in v e s tis se m e n t de te ls  o u v rag es  s’é lèvent en  cas d ’u n  
d é p ô t  de  dem i m illions to n n e s  de  cendres p a r  an , à  c in q u a n t m illions F t ,  ta n d is  
q u e  le s  fra is  généraux d ’o p é ra tio n  annuels m o n te n t  à d ix  m illions F t  env iron . 
A  l ’am b ian ce  des b assin s d e  d éc a n ta tio n  déséchés, en  tem p s v en teu x , la  p o l­
lu t io n  d ’a ir est im p o r ta n te .

D u  po in t de vue  de la  p ré se rv a tio n  d ’en v iro n n e m e n t e t de l ’économ ie on 
p o r te  ses efforts dans le  m o n d e  en tie r à ^ u tilisa tio n  des cendres volantes sèches. 
L es  cen d res  séparées ou  le u r  m a jo rité  p e u v en t ê t r e  u tilisées com m e «p ro d u it 
d isp o n ib le» . Les cendres v o la n te s  obtenues so n t s to ck ées dans des silos, d ’où 
o n  les m e t sur le m arch é  p a r  vo ie  ferrée ou su r  ro u te , le cas éch éan t, m ises 
en  sac .

D es dispositifs d ’e x tr a c t io n  des cendres v o la n te s  so n t ac tu e llem en t opé­
ré s  à  B â n h id a  (210), à P é c s  (280), à D orog (34), à  B e re n te  (280) e t à Y iso n ta  
(350 ). (Les chiffres e n tre  le s  p a ran th èses  re p ré s e n te n t  les q u a n tité s  en  m ille 
to n n e s  des cendres v o la n te s  p ro d u ite s  au x  e n d ro its  in d iq u és , p a r  an.) L a  crise 
d u  p é tro le  au g m en ta it la  s ig n if ic a tio n  du  ch au ffag e  a u  charbon . A la  cen tra le  
th e rm iq u e  en co n stru c tio n  à  B icsk e , la p ro d u c tio n  des cendres vo lan tes se m o n ­
t e r a  à  d eu x  millions to n n e s  p a r  an .
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Les cendres v o la n te s  so n t utilisées a c tu e lle m e n t p a r l’in d u s tr ie  de c im en t 
e t p a r  l’usine de b é to n  léger à K az in cb arc ik a  en  u n e  q u a n tité  to ta le  de  300 000 
to n n es  env iron  p a r  an .

Essais en H ongrie

I l  y  a qu inze ans env iron  que des essais d e  lab o ra to ire  o n t é té  in s ta u ré s  
en H o n g rie  aussi, en  v u e  de l’u tilisa tio n  de cen d re s  vo lan tes d an s  le  dom aine  
de c o n stru c tio n  de ro u te s . L ’en treprise  h o n g ro ise  de constru c tio n  de ro u te s  en 
a sp h a lte  a c o n s tru it en  1966 des sections d ’essa i en  u tilisan t l ’u n e  des so rtes 
de cendres vo lan tes  b a s iq u es  p ro v en an t de la  c e n tra le  th e rm iq u e  de  A jk a , su r 
la  voie d ’accès de la  co o p éra tiv e  agricole de p ro d u c tio n  E g y e té rté s  à B edegkér 
(co m ita t Tolna) a in si q u e  dans deux  ru es  à G á rd o n y . L a couche de base  de 
re v ê te m e n t b itu m in e u x  est en sol de cohésion  m o y en n e  (lim on), d ’orig ine  locale 
stab ilisé  avec de cen d res  v o lan tes, re sp e c tiv e m en t avec un  m élange de cendres 
vo lan tes  e t de c im en t [4].

L ’In s t i tu t  de R echerches S cien tifiques de  la  C irculation  R o u tiè re  (K ö zú ti 
T u d o m án y o s K u ta tó  In té z e t,  dans la  su ite  K Ö T U K I)  au  cours de réa lisa tio n  
d ’u n  g ra n d  nom bre  de séries d ’essais de la b o ra to ire  exam in a it l’ap p licab ilité  de 
p lu s ieu rs  genres de cend res vo lan tes e t des a g ré g a ts  d ’origine du  p ay s . D ’ap rès 
les ré su lta ts  de ces essais il a été é tab li q u ’il e s t  possible d ’o b ten ir u n  m a té r ia u  
p o u r l ’assise de re v ê te m e n t ré s is tan te  à l ’e a u  e t  à gel, à p a r t ir  de l’ag réga t 
concassé e t de d éb ris  de  dolom ite d ’une g ra n u la r ité  convenable avec le dosage 
pas p lus de 2 à 3 p o u r  c e n t de ch au x  h y d ra té e  e t  de cendres v o la n te s  n eu tre s  
de 8 à 12 po u r c en t. E n  cas de l’u tilisa tio n  de  g rav iers sab leux  e t des déche ts 
de ca rriè res  le dosage de 3 à 4 po u r cen t de c h a u x  e t de 12 à 16 p o u r  cen t de 
cendres v o lan tes  e s t nécessaire.

É ta n t  donné q u e  le m élange est de p rise  le n te , il peu t ê tre  m is en  place 
encore le jo u r  ou le tro is ièm e après la p ré p a ra t io n , p a r  conséquen t, on  en p e u t 
tra n s p o r te r  aussi à des ch an tie rs  éloignés. L e m élange  à consistence de l’h u m i­
d ité  op tim a le  est ré p e n d u  p a r un  p ro fileu r de  ro u te  e t com pacté  avec  des ro u ­
leaux . L a  couche co m p ac te  p e u t ê tre  m ise en  c ircu la tio n  im m é d ia te m e n t (le 
tra f ic  ne  do it p as  ê tre  dévié p en d an t des sem ain es, com m e en  cas des assises 
à l ia n t de c im en t). C’e s t p articu liè rem en t a v a n ta g e u x  en cas de ren fo rcem en t 
de la  chaussée des ro u te s  de faible p o rtan ce  sa n s  suspension d u  tra f ic  [5].

L a  d irec tion  des ro u te s  à T a ta b á n y a  a réa lisé  en 1975 su r tro is  tronçons 
de ro u te , à t i t r e  d ’essai, u n e  nouvelle co u ch e  de base, c’est-à -d ire , une  é la r­
g issem en t de chaussée  en  u tilisa n t les cend res v o lan tes  de B án h id a .

A v a n t de com m encer la  réa lisa tio n , la  D irec tio n  a consu lté  le d é p a r te ­
m en t de la  chaussée d u  K Ö T U K I, et fa it  e n tre p re n d re  des séries d ’essais.

S u r le tro n ço n  d ’env iron  2 km  de long  de  la  ro u te  de jo n c tio n  de M ór — 
K ocs p rès de D ad , la  nouvelle  couche de b ase  d ’une  épaisseur de 18 cm  a été 
c o n s tru ite  p a r la  s ta b ilisa tio n  du grav ier sa b le u x  local avec de cend res v o lan tes
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e t  d e  c h a u x . Des cendres v o la n te s  de B án h id a  des ta u x  de 10 à 14 p o u r  cen t, 
t a n d i s  q u e  de la  ch au x  de 4  à 5 po u r cen t o n t é té  add itionnés. A  l ’u n  des 
t ro n ç o n s  la  chaux  fu t re m p la c é e  p a r  20 p o u r  c e n t de sous-p rodu it de  c h a u x  
h id r a té e  de l’origine de D o ro g . L e m élange a  é té  p ré p a ré  p a r une  c h a în e  de 
m a c h in e s  à m o tocu lteu r à  fra ise  ro ta tiv e . Selon les m esures de c o n trô le  la  
r é s is ta n c e  e t la  p o rtan ce  de la  couche de b ase  e s t fav o rab le . Les fra is g é n é ra u x  
d e  c o n s tru c tio n  n ’on t é té  m o n té s  q u ’au x  68 p o u r  c en t de ceux de l’ass ise  en 
p ie r re s  concassées classique.

S u r  le  tronçon  d ’u n  k m  e t  dem i env iron  de la  ro u te  de jo n c tio n  de S z o n y — 
K o c s  la  chaussée é tro ite  a  é té  élargie p a r  la  c o n s tru c tio n  d ’une assise t r a i té e  
p a r  c e n d re s  volantes e t p a r  c h a u x . Le m élange a é té  p réparé  de g ra v ie r  de 
M ó csa  à  u n  cen tre  de m a la x a g e  de béton . Le tra f ic  n ’a  pas été dévié de la  b a n d e  
d ’é la rg isse m e n t frais de l’a ssise . S ur to u te  la  la rg e u r  de la  chaussée é la rg ie  on 
a  p o sé  u n  rev ê tem en t de g ra v e -b itu m e  en u n e  ép a isseu r de 4 cm. L a  ré s is ta n c e  
à  la  com pression  des cubes d ’essai découpés au  p rin tem p s  de l ’an n ée  1976, 
é t a i t  d e  10 à 14 N /m m 2. L a  p o rta n c e  de la  b a n d e  de l’élarg issem ent e s t  p lu s  
fav o ra b le  que celle de la  ch a u ssé e  ancienne.

L a  tro isièm e section  d ’essa i a  été c o n s tru ite  su r  la  voie d’accès de  K op- 
p á n y m o n o s to r . L a nouvelle  co u ch e  de base  a é té  c o n s tru ite  du m élan g e  m e n ­
t io n n é  ci-dessus. A v an t q u e  la  saison h iv e rn a le  f u t  venue , l ’assise a  é té  co u ­
v e r te  d ’u n e  couche de re v ê te m e n t b itu m in e u x  d ’ép a isseu r de 4 cm. L a  p o r ta n c e  
m e s u ré e  a u  p rin tem ps de 1976 é ta i t  sur le tro n ç o n  d o n t l’assise a é té  c o n s tru ite , 
p lu s  fa v o ra b le  que celle de  la  sec tio n  se ra c c o rd a n t à la  p récéden te , c o n s tru ite  
a v ec  u n e  assise de lia n t de c im e n t, c’est-à -d ire , de  b é to n  m aigre, u n  m a té r ia u  
c la s s iq u e  [6].

E la b o ra tio n  des prescrip tions techniques et des norm es de profession de m in istère

L ’é tu d e  des m é th o d es é tran g è res  ainsi q u e  les expériences fa v o ra b le s  
a c q u ise s  a u  cours des essais d e  lab o ra to ire  e t su r des tro n ço n s de ro u te  d ’essai 
o n t  p e rm is  la  rég lem en ta tio n  des d ifféren ts do m ain es de l’u tilisa tio n  des cen ­
d re s  v o la n te s  en H ongrie.

S u r  m a n d a t du  D é p a r te m e n t R o u tie r d u  M in is tè re  des C o m m unica tions, 
le  K Ö T U K I  com m ença en  1975 l’é lab o ra tio n  des p rescrip tions te c h n iq u e s  y  
r e la t iv e s .

P o u r  com m encer les prescrip tio n s techniques provisoires  (P .T .P .) des a ss i­
ses en  graves-cendres vo lantes-chaux  on t é té  é tab lie s  en  av ril 1976. Ces d ire c tiv e s  
e n v is a g e n t  les p rescrip tions c o n c e rn a n t les m a té r ia u x , les p ro je ts , la  ré a l is a ­
t io n  e t  le  contrô le  d ’e x é c u tio n  des couches d ’assise. D es tronçons de ro u te  p lu s 
ré c e m m e n t  constru its  su r les te rr ito ire s  des c o m ita ts  K om árom , S zo lnok , H e ­
v e s , N ó g rá d  et B orsod e t a u t r e  p a r t ,  on t é té  réa lisés conform ém ent à  ces p re ­
s c r ip t io n s .
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Les prescrip tions techniques provisoires v isa n t la construction des assises 
de revêtement et des remblais de routes stabilisées avec les m atériaux des bassins 
de décantation des cendres volantes o n t é té  é tab lie s  en  1977. Ces p resc rip tio n s  
fac iliten t aussi l’a p p ré c ia tio n  d u  fa it que  d an s  l ’am b ian ce  des cen tra le s  th e r ­
m iques l’u tilisa tio n  des m a té r ia u x  des bassins de  d é c a n ta tio n  p o u r la  co n stru c ­
tio n  des rem bla is  e t des chaussées est-elle économ ique ou non . D es g randes 
q u a n tité s  des m a té r ia u x  des bassins de d é c a n ta tio n  so n t accum ulées a u x  en ­
d ro its  su iv an ts  (en  m illions de tonnes): P écs 11,7? T iszap a lk o n y a  8 ,3 , d ans la  
rég ion  de la  m o n tag n e  M á tra  (à L őrinci) 8 ,3 , B eren te  7,0, O rosz lány  6,8, 
Y iso n ta  3,0, K om ló  2,5 , T a ta b á n y a  2,3, B á n h id a  1,5, D orog 0,5 e t K is­
p e s t 0,5.

Le p rem ier rem b la i c o n s tru it de cend res vo lan tes-scories se tro u v e  sur 
u n  tro n ço n  de c o rrec tio n  de la  ro u te  de jo n c tio n  O rosz lány—B o k o d , en  1979. 
L a  p o rtan ce  de ce rem b la i e t de la couche de b ase  de g raves-cendres vo lan tes- 
ch a u x  posée sur le rem b la i est trè s  fav o rab le .

Le second rem b la i es t réalisé sur le tro n ç o n  de  correc tion  de lo n g u eu r de 
1,7 km  de la  ro u te  n a tio n a le  N o. 36 près de P o lg á r p a r  l’u tilisa tio n  de  cendres 
vo lan tes-scories de T iszap a lk o n y a .

U ne tro isièm e spéc ifica tion  des p re sc rip tio n s  techn iques p rov iso ires est 
celle v isan t la  stabilisa tion  des sables à l'a ide de cendres volantes. Les sables 
d ’orig ine hongro ise p e u v e n t ê tre  stab ilisés p a r  l’ad d itio n  de 3 à  7 p o u r cent 
de  ch au x  e t de 15 à 30 p o u r cen t de cendres v o lan te s .

L ’en trep rise  p o u r  la  co n stru c tio n  de ro u te s  en  b é to n  c o n s tru is it  une 
couche de base  d ’ép a isseu r de 20 cm e t d ’u n e  lo n g u eu r de 600 m .c. en  m ai 1978 
à  H a tv a n  dans la  ru e  E le fá n t Jó zse f du  sab le  de  dessab lage des m a té r ia u x  de 
la  ba lla s tiè re  à H a tv a n , s tab ilisée avec de 18 p o u r  cen t de cend res v o lan tes 
hum ides de l’orig ine de Y ison ta  e t de 5 p o u r c e n t de chaux .

Les p resc rip tio n s  tech n iq u es p rov iso ires q u i é ta ie n t les dern iè res  de la  
série, v isan t la rég le m e n ta tio n  de la  stabilisa tion  de sols p a r  l'addition  de cendres 
volantes, on t é té  pub liées en  1978.

D ’après les recherches du  K Ö T U K I le lim o n  qu i se tro u v e  à l’em place­
m e n t de la  c e n tra le  th e rm iq u e  en c o n s tru c tio n  à B icske p eu t ê tre  s tab ilisé  p a r 
l’ad d itio n  de 5 p o u r  c en t de ch au x  e t de 20 p o u r  cen t de cendres sèches d ’ori­
gine de B án h id a  (ou  de 25 po u r cen t de cend res hum ides de b ass in  de décan ­
ta tio n ) .

La C om m ission N a tio n a le  de D év e lo p p em en t T echn ique a aussi exam iné 
p lusieu r fois à p a r t i r  de 1963 les possib ilités de l’u tilisa tio n  des cend res v o lan ­
te s . Le p ro je t de co n cep tio n  fu t publié en  1977 [7].

Le K Ö T U K I a é ta b li en 1979 les n o rm es de profession de m in is tè re  des 
projets des assises traitées [8]. B ien e n te n d u , celles-ci v isen t aussi la  rég lem en­
ta t io n  des p ro je ts  des assises p ro d u ites  p a r  l’u tilisa tio n  de l ia n ts  de cendre 
v o lan tes e t de la itie r  g ranu lé .
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A u  cours des essais d e  la b o ra to ire  p ré p a ra to ire s  la  rés is tan ce  à co m p res­
s io n  d e  60 jou rs d ’une  é p ro u v e tte  c ilindrique  de l’é lancem ent d ’un  e t  dem i est 
d é te rm in a n te .

L es lim ites in fé rieu res  de c e tte  ré s is tan ce  so n t:

— en cas de la  co u ch e  de ren fo rcem en t m a rq u é e  P E : 7 N /m m 2
— po u r les g rav es-cen d re  v o lan te s-ch au x  m arq u ées  P K : 5 N /m m 2
— po u r le sol s tab ilisé  m arq u é  P T : 3 N /m m 2.

C om m e le lian t n o n  se u le m e n t des cendres v o lan te s  sèches m ais aussi des 
c e n d re s  vo lan tes e t des scories n e u tre  accum ulées a u x  bassins de d é c a n ta tio n  
p e u v e n t  ê tre  u tilisées. M ais ces dern ières d o iv en t ê tre  ad d itio n n ées en  u n e  
q u a n t i t é  élevée de 20 p o u r  c e n t  env iro n , à cause  de ces ten eu rs  en  scories.

L es données tech n o lo g iq u es  des couches d ’assise  à  lia n t de cend res v o la n ­
te s  e t  d e  ch au x  son t in d iq u ées  su r la  fig u re  2.

Introduction générale de Г u tilisa tion  des cendres volantes

P a r  conséquent de la  rég le m e n ta tio n  de la  techno log ie  il se p ré se n te  la  
p o s s ib il i té  que les cend res v o la n te s  e t la  m a tiè re  des bassins de d é c a n ta tio n  
p e u v e n t  ê tre  la rgem en t u tilisée s  d an s  les d iffé ren ts  dom aines de la  c o n s tru c tio n  
ro u tiè re .

A c tu e llem en t les cen d re s  v o lan tes  fines de P écs, de B án h id a  e t  de Vi- 
s o n ta  o n  fac ilite  l’u tilisa tio n  des cendres v o lan tes  p a r  la  m écan isa tio n  de  l ’hu- 
m e c ta t io n  ou du m élange av ec  de chaux .

L a  p rép a ra tio n  d ’u n  n o m b re  d ’au tre s  u tilisa tio n s  des cendres v o lan te s  
d a n s  le  dom aine de la  c o n s tru c tio n  ro u tiè re  so n t en  cours. I l  es t p a r tic u liè re ­
m e n t a v a n ta g e u x  de p ro d u ire  de m élanges de m a rq u e  P E  ou P K  de ce rta in s  
d é c h e ts  de  carrière e t de  b a lla s tiè re s  avec l’a d d itio n  de cendres v o la n te s  e t 
d ’u n .p e u  de chaux.

A  E rd , p a r exem ple, d e  nouvelles ro u tes  en  u n e  longueur de 20 k m  so n t 
en  c o n s tru c tio n  avec de te lle s  couches d ’assise.

O u tre  la co n stru c tio n  de  nouvelles assises il e s t un  p rob lèm e trè s  o p p o r­
tu n  d ’é la rg ir  les chaussées é tro ite s  e t de ren fo rcer les corps de chaussée  de trè s  
fa ib le  p o rta n c e . A ces o p é ra tio n s  dans les rég ions où les lieux  de p ro d u c tio n  
des g ra n u la ts  convenables so n t  de  fréquence  su ffisan te , le  m élange a u x  cendres 
v o la n te s  p e u t  ê tre  a isém en t réa lisé , en  u tilisa n t des m alax eu rs  de re la tiv e m e n t 
p e t i te s  d im ensions.

L es  en treprises d u  t r u s t  de co n stru c tio n  de  ro u te s  s’in s ta lle n t aussi à la  
c o n s tru c tio n  des assises à l ia n ts  de  cendres v o lan te s  e t de chaux .

L ’in tro d u c tio n  gén éra le  e s t a c tu e llem en t re ta rd é e  p a r  le d é fa u t de  c h a u x  
h id ra té e .
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50 30 20 10 5 2 1 0,5 0,2 0,08
diamètre „d” de grains

No, Indication
Le lieu d'origine; bassin 

de décantation Désignation

1 Nyéklàdhàza gravier sableux
2 Sástó 55% 0/5 ;45%5/20 gravillon avec déchets
3 Szár - Kányavölgy débris de dolomite
U Mocsa gravier sableux
5 Komló gravillon avec déchets
6 Zsámbék U/bjj débris de dolomite
7 — bassin de décantation cendres volantes humides

- d 'Orosz lány

DONNÉES TECHNOLOGIQUES
Marque dei 
la couche 
dé assise

No. du 
grave

Le liant Teneur en 
eau de

La limite 
inférieure 
de la den- 
s r t l ^ h e

c h a u x  (h y d ra té e  ) c e n d re s  vo lan tes la itie r q ranu lé

% kg/m3 % kg/m3 % I kg/m3 fabrication 
w %

PE 1 L 78 hT 51 310 12 L92
PK 1 2,5 50 10 200 11 2,00
PK 2 3 58 12 ° ’ 230 12 1,92
PE 3 2 44 8 b) 175 7 2,18
PE U 4 83 25 c) 510 9 2,04
PK U 20 e) 390 20 c> 390 11 1,95
PK 5 4 75 12 dl 225 11 1,87
PE 6 2,5 53 10 ^ 210 H 10 2,10

a) Cendres volantes humide de Visonta d) Cendres volantes sèches de Pécs
b) Cendres volantes sèches de Bànhida e) Sous-produit de chaux hytratêe de
c) Bassin de décantation d 'Oroszlány Dorog ( éteinte )

(cendres volantes humides)

F i g .  2 .  D onnées technologiques des graves-cendres volantes-chaux

S im u ltan ém en t avec la  co n s tru c tio n  du  sé p a ra te u r de cen d re s  vo lan tes  
fines envisagée à  la  centrale thermique de A jk a ,  il est ex p éd ien t d e  d o n n e r la 
so lu tio n  de Г extraction des cendres volantes. Les cendres v o lan tes  b a s iq u e s  son t 
aussi en elles-m êm es des l ia n ts  convenab les. E n  é te ig n an t les cen d re s  v o lan te s
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en co re  à  h au te  te m p é ra tu re  avec v ap o risa tio n  d ’eau , le  pouvo ir l ia n t  p e u t 
ê t r e  au g m en té  d ’a v a n ta g e . D e  te ls m a té riau x  p e u v e n t rem p lacer u n e  so r te  de 
c im e n t de résistance  r é d u i te .  Les ré su lta ts  d ’essa i d u  K Ö T U K I so n t b ien  
fa v o ra b le s .

L ’utilisation  du laitier granulé

L e  la itie r est le  so u s -p ro d u it  de la  fa b r ic a tio n  de  la  fo n te  b ru te . R e fro i­
d it-o n  rap id em en t le la i t ie r  in candescen t avec d e  l ’ea u , il dev ien t u n  g ra n u la t. 
Ce m a té r ia u  m é ta s ta b le  d e  s tru c tu re  v itreu se  e s t d e  p ro p rié té  p u zzo lan iq u e : 
en  p ré sen ce  de l’eau  elle f ix e  de  chauc et d ev ien t u n  l ia n t  hyd rau liq u e .

A  Ó zd, à D iósgyőr e t  à  D unaú jváros il se p ro d u i t  à ch acu n  de ces lieu x  
u n e  q u a n ti té  annuelle  d e  la i t ie r  de 0,5 m illion to n n e s  env iron . Le la itie r  g ran u lé  
e s t u tilisé  p a r  quelques c im en te rie s  comme m a té r ia u  de rem plissage. E n  F ra n c e  
on  le  m e t à p ro fit co m m e d e  l ia n t des assises av ec  succès.

S u r la  base de q u a t r e  co n s titu a n ts  les p lu s  sign ifica tifs , la  co m position  
c h im iq u e  de deux  la it ie rs  f ra n ç a is  e t de tro is  la it ie rs  hongrois est com m e su it:

H au ts  fo u rn e a u x  f ra n ç a is
Usines m é ta llu r ­

g iques L en in
U sin e s  m é ta llu r­

g iq u es  à Ózd
U sine s id é ru r­
gique de D u n a

CaO p.c. 35 à 45 40 à 45 40 à 44 44 à 46 38 à 45

S i0 2 p.c. 31 à 35 32 à 36 37 à 40 37 à 40 36 à 42

a i 20 3 p.c. 15 à 25 11 à 17 10 à 11 7 à 8 8 à 10

MgO p.c. 4 à 11 5 à 7 5 à 6 3 à 8 6 à 9

C om m e le m o n tre n t  les  chiffres du ta b le a u  ci-dessus, la  te n e u r en  S i0 2 
e s t u n  p eu  plus h a u te  d a n s  des laitiers h o n gro is q u e  celle dans des la itie rs  
f ra n ç a is  au  d ésav an tag e  d e  l’A l20 3.

L e K Ö T U K I é tu d ia i t  en  déta il les ex p érien ces  françaises e t in s ta u ra i t  
des séries d ’essais en  la b o ra to ire  avec les g ra n u la ts  hongrois. E n  v e r tu  des 
r é s u l ta ts  ob tenus il a  é ta b l i  q u e  les g ran u la ts  d isp o n ib les  en H ongrie  so n t de 
t ro p  gros grains et p a r  c o n sé q u e n t ne son t p a s  su ffisam m en t actifs [9]. Les 
m êm es expériences o n t é té  acqu ises sur les tro n ç o n s  de  ro u te  d ’essai c o n s tru its  
en  1974 e t 1975 a u x  a le n to u rs  de K om árom , H o sszú p eresz teg , S zékesfehérvár 
e t  S zeged  [10].

S u r m an d a t d u  D é p a r te m e n t des R o u tes  d u  M in istè re  des C om m unica­
t io n s , le  K Ö T U K I a  é ta b l i  d a n s  les années 1976/1977 les p rescrip tions te c h n i­
qu es p roviso ires v is a n t l ’u t i l is a tio n  et la  p ré p a ra t io n  des assises e t des sab les 
s ta b ilisé s  constru its  p a r  l ’a p p lic a tio n  de lia n ts  d e  la it ie rs  granulés e t de ch au x .

L ’en treprise  de c o n s tru c tio n  des ro u tes  en  b é to n  a co n stru it en  1978 la  
co u ch e  de base d’une  ru e  à  H a tv a n  en u tilisa n t d e  sab les  de 0/5 m m , stab ilisée  
av ec  d e  la itie r g ranu lé  d ’o rig in e  de Ózd.
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Les h au ts  fo u rn e a u x  de la  H ongrie  ne p e u v e n t pas g ra n u le r  le  la itie r  à 
finesse  su ffisan te , c ’es t p o u rq u o i il ne re s ta it  que  le b ro y ag e  d u  g ra n u la t. 
L e  K Ö T U K I a vérifié  su r  la  base des essais de  la b o ra to ire  ex écu té s  p a r  lui- 
m êm e, q u e  ces la itie rs  g ran u lés  p rébroyés d ’o rig ine de n o tre  p ay s  rép o n d en t 
à to u te s  les exigences, com m e le m o n tre  c la irem en t le d iag ram m e la  fig u re  3. 
Les g ran u la ts  do iv en t ê tr e  b royés de m an ière  q u ’ils co n tie n n e n t u n e  q u a n tité  
de  fra c tio n  in férieu re  de  0,08 m m  d ’au  m oins de 10 p o u r cen t.

L ’en trep rise  de c o n s tru c tio n  de ro u te s  en  b é to n  a in s ta llé  au ss i une bro- 
y eu se  de g ran u la t à sa  s ta t io n  de m alaxage  à D u n a ú jv á ro s . Ic i, il u tilise  com m e 
ag rég a t g ran u la ire  de  la it ie r  crista llisé  e t classifié . A vec de te lle  m élange con­
s tru it-o n  les assises e t la  couche de ren fo rcem en t des chaussées n eu v es  re sp ec ti­
v em en t des rou tes de fa ib le  p o rta n c e  dan s ces pa rag es. Le t r u s t  d e  co n stru c ­
tio n  de ro u tes  envisage aussi l’acq u is itio n  d ’u n e  te lle  b royeuse .

L a  norm e [8] de  p ro je t  d ’assises tra ité e s  v ise  aussi la  c o n s tru c tio n  des 
assises avec des lia n ts  de  la itie r  g ranu lé  e t de c h au x . Les lim ite s  in férieures 
de  la  ré s is tan ce  à com pression  de 60 jo u rs  so n t com m e su it:

— en  cas de la  couche de ren fo rcem en t de m arq u e  G E 5 N /m m 2
— p o u r  les g ra v es-la itie r-ch au x  de m arq u e  G K  2,5 N /m m 2
— p o u r  le sab le  s tab ilisé  de m arq u e  G H  2 N /m m 2

6
N/mm2

Fractions Lieu En dessous Dosage%
No _ 9 0/6 6/20 d'origne s5COO01

du matériau granulé du granulat ■ % ■
1 _ .52 20
2з
4 Débris de

Ózd
35 î

5
b dolomite de 30:70 20 3
6
7 Zsàmbék 21 15

10
8 0 (original) 20
9 Débris de 20 3

10 dolomite de 45 : 55 15 2Lltêr _ _
11 Débris de 20 3
12 dolomite de 50 50 15 2Iszkaszent-

gyorgy Duna- 2313 Graves-sable újváros 20 3
U d'Adony 77: 23 15 3
15 Sables- 20 2
№ qrave . 67 33 15 2
17 de Gyùr 10 3
18 Sables qros 25 3
19 de Fehérvár O O O 15 2

csurgó
20 Graves - 25
?1 sable de Diós- 20
22 Nyéklàdhâzc 50 50 gyér 8 15
23 et de Màly 10
24 20 2
76 Sable fin 100%(0/0,5 Ózd 52 15 4
261 10 3

F ig . 3. Changement de la résistance de com pression des éprouvettes cylindriques d’élancem ent 
d’un et dem i, produites des m élanges de liants de laitier prébroyé à des différentes granularités 

et de chaux en fonction de la durée de stockage
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L es données te ch n o lo g iq u es  des assises tr a ité e s  avec de la it ie r  g ran u lé  e t 
d e  c h a u x  son t présen tées s u r  la  fig u re  4.

L es ré su lta ts  o b ten u s  e n  H ongrie  p a r  l ’u ti l is a tio n  des cendres v o lan tes  
e t  d u  la it ie r  granulé d an s  le  dom aine  de la  c o n s tru c tio n  de ro u te s  o n t é té  
r e p o r té s  aussi p a r des p u b lic a tio n s  françaises [11].

50 30 20 10 5 2 1 05 0,2 0,08
diamètre ,,d" de grains

No. Indication Le lieu d'origine Désignation

1 Carrière de Szob qravillon avec déchets
? __________ Miskolc aravier sableux
3 . . . . . Ózd 35% 0/5; 75%5/20 laitier cristalisé concassé et classé
4 Zsàmbék gßj, débris-dolomite
5 iszkaszentqyörqy débris-dolomite
6 Adony qravier sableux
7 — Dunaújváros laitier granulé
8 Ózd laitier granulé

DONNÉES TECHNOLOGIQUES
Marque de 
couche 
d'assise

No. de 
granulat

Le liant Teneur en 
eau de 
fabrication

La limite 
inférieure 
de la den­
sité peçhe

chaux (hydratée) cendres volantes laitier granulé
% kg/m3 % kg/m3 % kg/m3

GK 1 2 43 20 ° 430 8 2.15
GK 2 2 44 20 ô 440 9 2.20
GK 3 3 55 20 ü 365 10 1,82
GE 4 3 68 10 % 225 7 2,23
GK 4 2 45 6 2, 135 6 2,24
GE 5 2 45 15 Д 335 6 2,23
GE 6 3 60 300 6 2,00

D: Dunaújváros #) 35 p.c. au-dessous de 0,08mm(broyê)
0 : Ôzd *x) 25 p.c. au-dessous de 0,08mm(broyé)

F ig. 4. Données te c h n o lo g iq u es  des couches d’assise a u x  lia n ts  g rav es-la itie r-ch au x
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U tilisa tion  des déchets des ca rr iè res  et des ballastières

Les p ré te n tio n s  form ulées à l’ag rég a t m in éra l des corps de ch a u ssé e  o n t 
é té , d an s les années récen tes, po larisées. P o u r  p ro d u ire  des re v ê te m e n ts , on 
re q u ie r t  de grav illons de h a u te  q u a lité  (d e  m arq u e  N Z e t KZ) ta n d is  q u e  dans 
les couches d ’assise (fig . 1) en  ap p lican t des technologies co n v en ab les , roches 
de q u a lité  re la tiv e m e n t fa ib le , ainsi que  des déche ts des carrières e t  des b a l­
la s tiè re s  p e u v e n t ê tre  aussi u tilisés.

D e te lle  m an iè re  on économ ise la  roche  de h a u te  q u a lité  e t il d ev ien t 
possib le  d ’év en te r  p a r  a n tic ip a tio n  des nouvelles carrières. D ’a u tr e  p a r t ,  
l ’e x p lo ita tio n  des déch e ts  est d ’im p o rta n c e  d u  p o in t de vue t a n t  de  l ’exp lo i­
ta t io n  des m ines q u e  de p ré se rv a tio n  d ’en v iro n n em en t.

A l’é tra n g e r  on a reco n n u  a u p a ra v a n t la  s ign ifica tion  de l ’économ ie  de 
la  richesse  m inéra le  de bonne q u a lité . D an s  des p lusieurs pay s o c c id e n ta u x  
on p ro d u it aussi des m a té r ia u x  g ran u la ires  de re la tiv em en t faib le q u a li té  dans 
le  c ad re  de  la  techno log ie  des grosses en trep rise s  e t on en m et en  v e n te  à  des 
p r ix  m odérés. D ans ce rta in s  p a y s  socialistes l’u tilisa tio n  des d éch e ts  des c a r­
riè res e t des b a lla s tiè res  dans les couches de  l ’assise des chaussées e s t re ta rd é e  
p a r  des p resc ip tio n  de co n s tru c tio n  tro p  sevères ac tu e llem en t v a lides a in si que  
de c e rta in s  rég u la teu rs  d ’économ ie. C ep e n d a n t, les exigences a c tu e lle s  de 
l’économ ie de la  richesse  m inéra le  s tim u la n t de p lu s en p lus d ’u n  n o m b re  de 
p ay s  d ’e n tre p re n d re  des essais à l’é la b o ra tio n  des technologies q u i fa v o rise ­
ra ie n t l ’u tilisa tio n  des m a té r ia u x  g ran u la ires  de q u a lité  inférieure .

La pratique hongroise

A fin  d ’encourager l’u tilisa tio n  des m a té r ia u x  m entionnés c i-dessus dan s 
le d o m ain e  de la  co n s tru c tio n  de ro u te s  en  H ongrie , les o rgans ro u tie rs  e t 
l ’in d u s tr ie  d ’ex p lo ita tio n  des carrières d év e lo p p en t depuis 1972 u n e  a c tiv ité  
in ten se . Sous l ’effet des p u b lica tio n s y  re la tiv e s  [12] e t d ’une co n féren ce  a y a n t 
eu  lieu  à l’usine de ca rriè re  à Szob, sep tem b re , 1973, l’u tilisa tio n  des d éch e ts  
des ca rriè res  à la  co n s tru c tio n  e t à l’e n tre tie n  de  ro u te s  com m ença à s’ép a n o u ir . 
L ’in d u s tr ie  de carriè res m et en  v e n te  ac tu e lle m e n t à p a r t ir  de d iffé ren te s  usine  
en v iro n  350 000 to n n es  de déche ts p a r  an . Les dom aines de l ’u ti l is a tio n  so n t: 
couches d ’assises n euves; é larg issem ent des chaussées é tro ite s ; sous-couches; 
ren fo rcem en t des acco tem en ts , e tc  . . .

L a  couche de fo n d a tio n  au-dessous d u  re v ê te m e n t en b é to n  de l ’a u to ro u te  
M 7, p a r  exem ple, a é té  c o n s tru ite  de d éch e ts  de  ca lca ire  de P o lg á rd i, d e  déb ris  
d ’a p lite  de  K isfa lu d  e t de déb ris  de d o lo m ite  de L ité r, d ’une p a r t ,  com m e 
s ta b ilisa tio n  m écan ique , d ’a u tre  p a r t ,  s tab ilisée  avec de c im en t. L ’é la rg isse ­
m e n t des chaussées é tro ite s  e t le  ren fo rcem en t des acco tem en ts des ro u te s  
de g ran d e  c ircu la tio n  du  réseau  ro u tie r  n a tio n a l, dans to u te s  les rég io n s de
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l ’a d m in is tra tio n  ro u tiè re  à  l ’excep tion  de  tro is  co m ita ts  son t exécu tés p o u r  
la  p lu p a r t  en u tilis a n t des d éch e ts  de ca rriè re  e t d e  b a lla s tiè re  ou de déb ris  [13].

S u r  m a n d a t d u  D é p a rte m e n t de R o u te s  d u  M inistère des C om m unica­
tio n s  le  K Ö T U K I a é lab o ré  les p rescrip tio n s te c h n iq u e s  p roviso ires de t i t r e :  
« C o n stru c tio n  des assises de  chaussée en u t i l is a n t  de  déchets de ca rriè res  e t de 
b a lla s tiè re s  e t de débris»  (K P M  K F  IM I 1/79) d o n t les p rescrip tions les p lu s  
s ig n if ica tiv e s  p e u v e n t ê tre  résum ées dans ce q u i su it :

Les déchets de carrières

A u  cours de l’e x p lo ita tio n  de la  ca rr iè re  e t  de la  p ro d u c tio n  de p ie rre s  
co n cassées  il se p ro d u it  des déchets de d é c o u v e rte , des déchets d ’e x p lo ita tio n  
e t  des déche ts de concassage . L a  q u a n tité  des d é c h e ts  annuelle  se p ro d u isa n t 
d a n s  n o s  grandes ca rr iè res  a t te in t  les d eu x  m illions to n n es e t la  q u a n ti té  ac ­
c u m u lé e  p e u t ê tre  e s tim ée  à  20 m illions to n n e s . D u  p o in t de v u e  de p o ss ib ilité  
d ’u ti l is a t io n  dans le  d o m a in e  de co n s tru c tio n  de  ro u tes , deux  p ro d u its  de 
v a le u r  so n t o b ten u s: p ie rre s  concassées avec d é c h e ts  e t gravillons avec d éch e ts . 
T o u te s  les deux  espèces c o n tie n n e n t aussi u n e  c e r ta in e  q u a n tité  des p ie rres  de  
b o n n e  q u a lité .

L es p ierres concassées avec de déche ts so n t séparées à l ’a v a n t ou ap rès  
le  p réco n casseu r a u x  fra c tio n s  de 0/50 ou 0/80 m m ; ce son t les déchets d ’ex p lo i­
t a t io n  qu i p eu v en t ê tre  u tilisé s  p o u r la s ta b ilis a tio n  m écanique.

L es gravillons avec  d éch e ts  sont, d u  p o in t  de  vue  de la  g ran u lo m é trie  
e t  d e  la  q u a lité , de p ro p r ié té  p lus stab le  é ta n t ,  d ’u n e  p a r t ,  de déche ts de co n ­
cassa g e  de 0/5, 0/12 ou  0/20 m m  et, d ’a u tre  p a r t ,  de déchets d ’e x p lo ita tio n  de 
f r a c t io n  de 0/30 m m . Celles-ci p eu v en t ê tre  u tilisée s  co n venab lem en t s u r to u t  
à  la  c o n s tru c tio n  des couches d ’assises tra ité e s .

E n  cas où la  p a r t ie  f in e  de déchets de 0 /20 e t  de 0/30 v a rie n t irrég u liè re ­
m e n t  e t  en tre  des la rg es  lim ite s , elle do it ê tre  sé p a ré  p o u r les couches d ’assises 
t r a i té e s  à  des frac tio n s  0 /5  e t 5/D  m m . L a  g ran u lo m é trie  requ ise  (vo ir les 
fu s e a u x  g ran u lo m étriq u es  des figures 2 e t 4) p e u t  ê tre  réalisée p a r  le m élange  
de  d o sag e  convenab le  de ces frac tio n s. Les q u a n ti té s  estim ées de d éch e ts  a c ­
cu m u lées  e t se p ro d u isa n t annue llem en t d an s  des g randes carrières so n t in d i­
q u ées d an s  le ta b le a u  1.

Les déchets de ballastières

A u  cours de l ’ex p lo ita tio n  des b a lla s tiè res  il se p ro d u it des m a té r ia u x  de 
d é c o u v e r te  ainsi q u e  de  d éch e ts  gros de s é p a ra tio n , ta n d is  que, au  cou rs de 
p ro d u c tio n  du  g rav ie r sa b le u x  on o b tien t de sab le s  de dessablage.

L es m a té r ia u x  de  d éco u v e rte  son t le g ra v ie r  sab leu x  e t le sab le  lim o n eu x  
d ésh u m ifié s  c o u v ran t le  g rav ie r  sab leux  à e x p lo ite r . Ce son t applicab les égale­
m e n t à  la  p ro d u c tio n  de s ta b ilisa tio n  à l ia n t  e t m écan iq u e .

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



UTILISATION DES SOUS-PRODUITS 347

Tableau 1.

Désignation des 
carrières

Dimensions 
approchées des 
grains de 
déchets

Déchets stockés 
(en mite tonnes)

Déchets se 
produisant 
annuellement 
(tonnes/an)

Tarcal 0-20 (35) 1200 150

-O Tàllya 0-12 (35) 2000 300

8
-S

Recsk
Nógrádkövesd

0-20 (35) 800 100

0) Szanda 0-40 (60) 3000 150
Be reel 0-30 2000 100

aO Szob 0-20 (40) 5000 150
Keszeg 0- 20 (40) 500 100

4
Komló 0-20 300 100

to Nagyharsány 0- 20 (40) 200 150
■g Polgárdi 0-20 100 150

Uzsa 0-12 (20) 3000 300

A i Zalahalóp 0- 20 600 100

Les déche ts gros de sé p a ra tio n  so n t des m a té riau x  de g ra n u la r i té  m ix te  
q u i se ro n t éloignés ensem ble avec des m o tte s  d ’argile, m ais ils co n tie n n e n t 
aussi de fra c tio n  fine . D e te ls  m a té r ia u x  p ro v ien n en t de la  b a lla s tiè re  d ’Á rtá n d . 
D e ces m a té r ia u x  p e u t-o n  p ro d u ire  le  m a té r ia u  de s ta b ilisa tio n  m écan ique 
m ais, p ré a lab lem en t, les m o tte s  d ’a rg ile  so n t à éloignées à p a r t i r  d u  m a té riau  
ré p e n d u  en se se rv a n t d ’u n e  fo u rch e  à ce b u t.

L e sab le  de dessab lage es t u n  m a té r ia u  passé au  ta m is  à  g ra in s  de  0/5, 
de g ran u la rité  m ix te  du  g rav ie r sa b le u x  c o n te n a n t un  c e r ta in  excès de sable 
qu i p e u t ê tre  s tab ilisé  p a r  l’a d d itio n  de lia n t.

Les q u a n tité s  annuelles estim ées de  déchets des g randes b a lla s tiè re s  son t 
ind iquées dan s le ta b le a u  2.

Tableau 2.

Désignation des 
ballastières

Déchets de découverte sans 
la couche de Г humus

Déchets de séparation gros 
(avec des mottes d'argile) Sable de 

dessablage 
0 /5  mille m3mille m3 désignation mille m3 Dmax m/m

Ârtànd 100 sable limoneux 50 60 30
Zsolna 50 graves-sable limoneux - - 50
Nyéklódháza 150 sable limoneux 30 60 (150) -

Hatvan 60 sable peu limoneux - - 15
Ôcsa 200 sable fin - - 40
Délegyháza 60 sable moyen - - 20
Kiskunlacháza 40 sable - -

Gyékényes 120 gravier sableux limoneux - - -

Szombathely 75 sable argileux (10) (100)
Hegyeshalom 20 sable moyen - - -
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L a  stabilisation mécanique

L a  stab ilisa tion  m é c a n iq u e  est une couche de  chaussée p ro d u ite  p a r  
c o m p a c ta g e  à p a r tir  des m a té r ia u x  granulaires de  co n sis ten ce  de te rre  h u m id e  
e t  d e  g ranu lom étrie  c o n tin u e . O n l’appelle aussi b é to n  m inéra l.

L a  p roduction  de c e t te  s tab ilisa tio n  est u n  p ro céd é  économ ique s u r to u t 
en  ca s  d ’u tilisa tio n  à ce b u t  d e  déchets de l’e x p lo ita tio n  de carrière  à des f ra c ­
t io n s  de  0/50 à 0/80 m m  e t  d e  déchets de sé p a ra tio n  des ballastières. E n  effet, 
ce lles-c i p eu v en t sa tis fa ire  les p rescrip tions c o n c e rn a n t la  g ranu lom étrie  de la  
c o u c h e  d ’assise m arquée  M 5 0 . D ans la  p ro x im ité  des ca rriè res , la  co n stru c tio n  
d e  l a  s tab ilisa tio n  m é c a n iq u e  de  m arque M 20 p e u t  ê t r e  économ ique si on  se 
s e r t  d e  gravillons aves d é c h e ts  à fractions de 0 /20 à 0 /30 m m  [8]. Le fu seau  
g ra n u l  о m étriq u e  de d eu x  co u ch es  d ’assise ainsi q u e  les courbes g ranu lom étri- 
q u e s  des pierres concassées e t  des gravillons avec d é c h e ts  de quelques carrières 
s o n t  m o n trées  sur la  fig u re  5.

L es déchets de g ra in s  p lu s  gros se seg règen t à u n  ce rta in  p o in t p e n d a n t 
le  s to c k a g e  et le t r a n s p o r t .  P a r  conséquent, ap rès  le u r  rép an d ag e  les p a rtie s  
f in e s  o u  gros nécessaires m a n q u e n t  à certa ins e n d ro its . N éanm oins, la  couche 
c o m p a c té e  peu t ê tre  m ise e n  c ircu la tio n  qui, de sa  p a r t ,  découvre les end ro its  
d é fe c tu e u x . Ceux-ci se ra ie n t rép a rés  co u ram m en t p a r  l’add itio n  des gra ins 
f in s  ou  gros su ivan t q u ’il e s t  req u is .

Couches d'assise traitées

D ’après les r é s u lta ts  d es  séries d’essais de la b o ra to ire  du K O T U K I e t 
s u r  l a  b ase  des expériences acq u ises  sur p lusieu rs tro n ç o n s  de ro u te  co n stru its , 
les couches d ’assise p e u v e n t ê tre  constru ites en  u t i l is a n t  de gravillons avec 
d é c h e ts  de m a té riau x  de d é c o u v e r te  e t de sab le  de d essab lage :

— béton  m arqués B 70 ,
— graves-cim ent m a rq u é s  CK,
— sol e t sab les-c im en t m arq u és CT,
— couche de re n fo rc e m e n t, graves-cendres v o la n te s -c h a u x  m arqués P E ,
— graves-cendres v o la n te s -c h a u x  m arqués P K ,
— sol et sab les-cendres v o lan tes-ch au x  m a rq u é s  P T ,
— couche de re n fo rc e m e n t de g raves-la itie r m a rq u é e  G E,
—• g raves-la itier m a rq u é s  G K ,
— sables-laitier m a rq u é s  G H ,
— sable stabilisé av ec  ém ulsion  de b itu m e  (sab le-ém ulsion) m arqué  B H .

L es q u an tités  de c im e n t de m arque 350 n écessitées  à  la  co n stru c tio n  de 
c o u c h e  d ’assise en u ti l is a n t  d e  quelques déchets de c a rr iè re  (définis d ’après les
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spécifica tions c o n ce rn an t les couches d ’assise de m a rq u e s  CK e t B 70) son t 
com m e su it:

C K B 70

andésite de Szob 0/20 150 kg/m 3 200 kg/m 3

gravillon avec déchet de Szob 90 kg/m 3 110 kg/m 3

andésite de Nógrádkövesd 0/10 120 kg/m 3 230 kg/m 3
andésite de K om ló 0/10 150 kg/m 3 200 kg/m 3

calcaire de Polgârdi 0/20 70 kg/m 3 130 kg/m 3

gravillon avec déchets de Polgârdi 100 kg/m 3 150 kg/m 3

Les données tech n o lo g iq u es co n cern an t les m élanges p ro d u its  p a r  l’u t i ­
lisa tio n  des déchets avec de l ia n ts  de cendres v o la n te s  ou  de la itie r  g ranu lé  
e t de c h au x  so n t résum ées su r les figures 2 e t 4.

Les couches d ’assises co n s tru ite s  p a r  l’u tilisa tio n  des so u s-p rodu its  in ­
dustrie ls  m en tio n n és p lu s  h a u t  in te rv ie n n e n t aussi d an s  les nouvelles norm es 
professionnelles de m in is tè re  des couches d ’assise.

Organisation de l ’utilisation com plexe  
des sous-produits industriels

L a s itu a tio n  g éo g rap h iq u e  des carrières e t des b a lla s tiè re s  le p lus im ­
p o rta n te s , des usines m é ta llu rg iq u es  et des cen tra le s  th e rm iq u e s  de chauffage 
à ch a rb o n  pu lvérisé  es t rep ré se n té e  su r la  c a rte  sch é m a tiq u e  de la  fig u re  6.

Il est reco m m an d ab le  d ’in s ta lle r  des s ta tio n s  de  m a lax ag e  rég ionales au x  
d ép ô ts  de déch e ts  des g ran d es  carrières. P a r tic u liè re m e n t économ iques son t 
les couches d ’assise c o n s tru ite s  p a r  l ’ap p lica tio n  de  l ia n ts  à cendres v o lan tes 
e t à la itie r  g ran u lé , p a rc e  q u ’elles p e rm e tte n t à la  fois l ’u tilisa tio n  de d eux  
genres de sous-p ro d u its  in d u s tr ie ls  p o llu an t l’am b ian ce . Les tronçons de ro u te  
co n stru its  avec de te lles assises s’av è ren t favo rab les t a n t  de  p o in t de v u e  te c h ­
n iq u e  que  économ ique.

L ’ap p lica tio n  de ces m élanges est aussi av a n ta g e u se  à la  co n stru c tio n  des 
assises de corps de chaussées n euves ainsi que p o u r é la rg issem en t des chaussées 
é tro ite s . Ces m élanges so n t aussi appropriés p o u r  r e v ê tir  des voies en  te rre  
re jo ig n an tes , des acco tem en ts  en  te rre , des ro u te s  de  m ise  en c h a n tie r , des 
surfaces des usines e t de  sto ck ag e  de m a té riau x  de co n s tru c tio n .

C om m e il a é té  signalé  p lu s h a u t, la  D irec tion  des R o u te s  de T a ta b á n y a  
com m ença en  1975 dan s le c o m ita t K om árom  la c o n s tru c tio n  des couches de
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• F ig . 5. F useaux granulom étriques de la stabilisation m écanique et granulom étrie de déchets
de quelques carrières

F ig . 6. S ituation  géographique des carrières, ballastières, hauts fourneaux et des centrales 
therm iques de chauffage à charbon pulvérisé en H ongrie
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b ase  p a r  u tilisa tio n  des cendres v o lan tes e t de  c h a u x  com m e lia n ts . A  sa  s ta ­
tio n  de m alax ag e  s ta b le  é tab lie  à la  b a lla s tiè re s  de  M ocsa, elle p ro d u it  dé jà  
an n u e llem en t de  m élange p o u r cen t m ille m è tre  c a rré  de couches d ’assise.

D es tro n ço n s  de ro u te  de longueur ré d u ite  o n t é té  co n stru its  aussi dans 
les c o m ita ts  H ev es, Szolnok, B orsod et N ó g rád . A  ce p ropos il co n v ien t de 
fa ire  allusion à d eu x  rues de H a tv a n  signalées p lu s h a u t , d o n t les couches de 
b ase  fu re n t c o n s tru ite s  en  1978 p a r  l’e n tre p rise  de  co n stru c tio n  de ro u te s  en 
b é to n  p a r  la  s ta b ilisa tio n  du  sab le  de désab lag e  de  la  b a lla s tiè re  de H a tv a n .

L a D irec tio n  de R o u tes  de S a lg ó ta rján  c o n s tru is it  en  1978 des tro n ço n s 
de ro u te  d ’essai co u rtes  p a r  s tab ilisa tio n  avec cend res vo lan tes e t de  c h a u x  des 
d éch e ts  des ca rriè res  de N ó grádkövesd  e t K eszeg . Sur la  base des expériences 
y  acqu ises, la  d irec tio n  en  q u estio n  a in s ta llé  en  é té  de  1979 à  la  carrière de 
calcaire de Keszeg  u n  c e n tre  de m alax ag e  d ’e x p lo ita tio n  con tinue .

Les déchets 0/20 de la  ca rriè re  à  K eszeg c o n tie n n e n t une  q u a n ti té  exces­
sive de fins. C’est p o u rq u o i on n ’o b tie n t q u ’u n e  couche de fo n d a tio n  P K  p a r  
a d d itio n  de 12 p o u r  cen t de cendres v o lan tes  de  Y iso n ta  e t de 3 p o u r  c e n t de 
ch au x . Ces déche ts ne d ev ien n en t a p te  à la  c o n s tru c tio n  de la  couche de re n ­
fo rcem en t de m a rq u e  P E  que p a r  l’é lo ignem en t de la  p a r tie  m a je u re  de  la  
f ra c tio n  fine.

Le m élange s tocké  au  d ép ô t fu t t ra n s p o r té  a v a n t tro is  jo u rs  p o u r en 
u tilise r  à l’é larg issem en t de la  chaussée é tro ite  d u  tro n ço n  de k m  5,6 à 10,2 
de la  ro u te  d ’accès de L egénd e t au  ren fo rcem en t de la  chaussée é larg ie . L a  
chaussée  ren fo rcée a é té  co u v erte  d ’un e n d u it superfic ie l b icouche d ’ém ulsion  
de b itu m e . L a  rés is tan ce  de la  couche de base  e t la  p o rtan ce  de la  chaussée  
se ro n t contrô lées rég u liè rem en t. Les p rem ie r r é s u lta ts  son t fav o rab les . L e  M i­
n is tè re  des C om m unications p ré se n ta it l’o u v rag e  de ca rac tè re  d ’essai le 26 lème 
sep tem b re  1979 a u x  ex p e rts . E n  u tilisan t les d éch e ts  de K eszeg de g ra n u la r ité  
am éliorée on c o n s tru it  depu is c e tte  année (1980) u n  g ran d  nom bre  de couche 
de m a rq u e  P E  e t P K . A ce cen tre  de m alax ag e  il a é té  réalisé  le p rin c ip e  d ’après 
lequel les deux  so rte s  de so u s-p rodu its  in d u s tr ie ls , n o ta m m e n t les d éch e ts  e t 
les cendres v o lan tes  p e u v e n t ê tre  utilisés en  m êm e tem p s économ iquem en t.

U ne réa lisa tio n  sim ilaire  à celle de K eszeg  est envisagée p a r  l’en trep rise  
de c o n s tru c tio n  de ro u tes  en  b é to n  p a r l’u tilisa tio n  de déchets de la  f ra c tio n  
0/25 m m  de la  ca rriè re  de do lom ite  de G án t. A la  s ta tio n  de m alaxage  à  B icske 
de c e tte  en trep rise  on p ro d u ira  po u r la  c o n s tru c tio n  de l ’a u to ro u te  M 1 un  
m élange  de m arq u e  P K  p o u r l’ap p lica tio n  audessous de la  couche de b ase  de 
g rav e -b itu m e  p o u r la couche de fo n d a tio n . L a  p o rta n c e  e t la ré s is tan ce  de ces 
s tab ilisa tio n s  réalisées à t i t r e  d ’essais en u ti l is a n t de sab le  e t de déb ris  de do­
lo m ite , d ’une trè s  fa ib le  te n e u r  en te rre  v ég é ta le , o n t avéré  favo rab les.

L a  D irec tio n  de R o u tes  de M iskolc env isage  l’in s ta lla tio n  d ’u n  c e n tre  de 
m a lax ag e  sim ilaire  à celui à la  ca rrière  de T a rc a l. O n y  p ro d u ira  à p a r t i r  de 
déch e ts  de la  ca rriè re  u n e  so rte  de m élange avec de lia n ts  de cendres v o lan te s
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e t  d e  c h a u x  pour m e ttr e  eu  o eu v re  à l ’é la rg issem en t des chaussées é tro ite s  e t 
a u  re n fo rc e m en t des s tru c tu re s  de chaussée de fa ib le  p o rtan ce  de c e tte  rég ion .

I l  e s t reco m m an d ab le  d ’ex am in er les p ossib ilités de l’é ta b lisse m e n t des 
c e n tre s  de m alaxage s im ila ires aussi au x  a u tre s  carrières.

L à  où des déche ts de d iffé ren tes  frac tio n s  se m élan g en t, d ’ab o rd , la  fra c ­
t io n  g ro sse  (au-dessus de 30 m m ) d e v ra it ê tre  sép a rée  e t en récu p érée  de  p ie rre  
c o n cassée  de m arq u e  Z . C o n tie n t le re s te  de d éch e ts  0/30 de fra c tio n  f in e  en 
ex c è s , la  g ran u la rité  p o u r ra i t  ê tre  am éliorée p a r  u n e  c lassifica tion  im p a rfa ite  
à  5 m m  (en é lim inan t les f in s  superflus).
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M aking Use of the Industrial By-products in  the Field o f Road Construction in  Hungary. 
— U tiliza tio n  of the f ly  ash, b la st furnace cinder and w aste rock in the w ay w ritten in  the paper 
is, from  th e  view point o f people’s econom y very significant. W ith  the view  of the earliest possible  
o v era ll introduction of the com bined utilization o f th e  industrial by-products, the therm al 
pow er p lants, ironworks, stone and gravel industry, as w ell as the highw ay departm ents and  
th e  construction  m aterial ind ustry  should develop further efforts. — One o f the m ost urgent 
ta sk s  is th e  production o f a su ffic ien t quantity  o f the calcium  hydrate, because th e  lack of  
th is  m ateria l keeps back the large-scale construction o f the base courses. — Surm ounting the  
d ifficu ltie s  o f the introduction o f  the measures proposed w ould efficiently foster the econom y  
o n  m ateria l and energy w hich is very  m uch on the carpet a t present.
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Benutzung der industriellen Nebenprodukte durch den Straßenbau in  U ngarn . Die
Nutzbarm achung der F lugasche, H ochofenschlacke und Taubgesteine auf die in der Abhand­
lung beschriebene A rt is t  von  dem volksw irtschaftlichen G esichtspunkt äuß erst wichtig.

U m  die in der A bhandlung vorgeführte kom plexe Benutzung der ind ustriellen  Neben­
produkte baldm öglichst einführen zu können, m üssen die W ärmekraftwerke, H ochofenhütten , 
die Stein- und K iesindustrie, sow ie die Straßenverkehrsbehörden und die B austoffindustrie  
weitere Schritte m achen. -  E ine der schleunigsten Aufgaben ist die H erstellung des Kalk­
hydrats in  einer ausreichenden Menge, die der M angel dieses Materials einen um fangreichen  
B au von  gebundenen T ragschichten behindert. - D ie  Abwehr der Hindernisse der allgemeinen  
Einführung würde die M aterialersparnisse, die derzeit zeitgem äß sind, w irksam  erhöhen.
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APPLYING ABSTRACT ALGEBRAIC STRUCTURES 
TO STRUCTURAL DESIGNING*

D. H O L N A PY **
C A N D ID A T E  O F  T E C H N . S C I.

[Manuscript received 2. Jan . 1980]

P reviously, in the process o f the com puterized designing technique in  connection  
w ith  system  construction, the design of objects w as defined by a selection o f the system  
com ponents according to a given policy. In th is  paper, this m ethod o f designing based  
on the selection o f the system  com ponents w ill be form ulated by using abstract algebraic  
structures. A lthough th is principle is o f general va lid ity , ye t the concepts as discussed  
in  the present paper, are restricted to beam  structures only.

1. In tro d u c tio n

In  th is  p a p e r  a  new  ap p ro ach -ev o lv in g  w ay  fo r th e  fo rm u la tio n  o f b u ild ­
in g -in d u s tr ia l (a u to m a te d ) designing m e th o d , realized  w ith  th e  use o f sy stem  
co m p o n en ts , is p re sen ted . T he p a p e r deals w ith  th e  p a r tia l re su lts  o f c u rre n t 
re sea rch  in v e s tig a tio n  on th e  co m p u te r te c h n ic s . T he u tiliza tio n  o f th e  re su lts  
m ig h t be  ex p ec ted  th e  soonest in  th e  fie ld  o f  s tru c tu ra l  designing (i.e., in  s ta tic s )  
b u t  th e  th e o ry  is also su itab le  for th e  d ev e lo p m e n t of m echanical (a u to m a te d )  
d esig n in g  o f such  p ro je c ts  as can  be p ro d u c e d  b y  connecting  a b s tra c t e lem en ts
i.e ., sy s tem  co m p o n en ts  (for exam ple, dw elling  functions).

T h e  s t ru c tu ra l  engineers above so fa r  u se d  from  m a th em atics  a lm o s t on ly  
th e  f ie ld  of rea ls  (as an  algebraic  s tu c tu re )  a n d  its  con tinuous a n d  d e riv ab le  
fu n c tio n s . T h e  reco g n itio n  of th e  d isc re ten ess  o f some p h en o m en a  a n d  th e  
claim  to  s im u la te  th e se  p h enom ena  b y  m odels also requ ired  th e  kno w led g e  of 
o th e r  fie ld s  of m a th e m a tic s . R ecen tly , as is  show n by  th e  research  w o rk  in  th e  
fie ld  o f  th e o re tic a l physics, also th e  a p p lic a tio n  of th e  stock  of m ean s o f a b ­
s t r a c t  a lg eb ra  seem s to  be n ecessary  [2, 3, 12].

T h e  asp ec t o f  th e  re search er is s tro n g ly  in fluenced  b y  its  m a th e m a tic a l 
g ro u n d in g . T h e  ph en o m en o n  in v e s tig a te d  is  covered  up  by  a “ m a sk ”  from  
th e  re se a rc h e r th ro u g h  w hich only th o se  a sp e c ts  are  visible to  th e  m a th e m a tic a l 
fo rm u la tio n  o f w h ich  he is capab le  o f ap p ly in g . B y  em bracing  a w id er sp e c tru m  
o f th e  s to ck  of m eans of m a th em a tic s  i t  m a y  be  expected  th a t  th e  m e n tio n e d  
“ m a sk ”  p e rh ap s  d isguises less of th e  s ig n if ic a n t aspects.

* Lecture held on the 3rd Hungarian M echanical Conference.
** Dr. D. H o l n a py , Építéstudom ányi In tézet D á v id  F. u. 6, H -1113 B udapest, H ungary
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T h e  purpose  of th is  p a p e r  is to  develop  a  m a th e m a tic a l a p p a ra tu s  w h ich  
p e rm its  th e  in v es tig a tio n  o f  th e  m o st s ig n if ic a n t aspects  of system  b u ild in g  
a n d  w ith  w hose aid i t  can  ea s ily  he d escribed .

2. B eg inn ing  of th e  a lg eb ra ic  p re sen ta tio n  o f th e  process of design ing

I n  th e  la s t 20 y e a rs , th e  sp read in g  o f  th e  m a tr ix  ca lcu la tion  co u ld  be 
o b se rv e d . T he in tro d u c tio n  o f th e  m a tr ix  c a lc u la tio n  m ean t p ra c tic a lly  th e  
in t ru s io n  of a new  a lgeb ra ic  s tru c tu re  to  th e  f ie ld  of engineering c a lcu la tio n s . 
T h e  q u a d ra tic  m a trices  to g e th e r  w ith  th e  o p e ra tio n s  in te rp re te d  on th e m , in  
c o n t r a s t  to  t h e f ie ld  o f  reals, c o n s ti tu te  a ring. T h u s , th e  m eth o d  of th e  c a lc u la ­
t io n  m e n tio n e d  and  a lre a d y  w idely  sp read  b ro k e  th e  exclusive w ay  o f th in k ­
in g  in  th e  w orld  of th e  fie ld  o f rea ls.

H o w ev er, th e  en g in ee rin g  p rac tice  o f  c a lcu la tio n  also used  fa r  m ore  
d e f in i te ly  a lgebraic o p e ra tio n s  fo r p ro d u c in g  co n stru c tio n s (la ttice  g ird e rs , 
c h e m ic a l engineering  sy s tem s) consisting  o f sy s tem  elem ents (beam s, a p p li­
an c e s)  d iv erg in g  from  th o se  c u rre n tly  used .

2.1  B eam  structure as an  assem bly o f  beam elements

T h e  b eam  s tru c tu re s  a re  p ro d u ced  b y  co n n ec tin g  beam  e lem en ts ; th e  
c o m p o s itio n  of such s tru c tu re s  is rea lized  b y  a lgebraic  opera tions. A f i r s t  
e x a m p le  is p resen ted  fro m  th e  b o o k  of J .  Szabó a n d  B. Roller [15] to  d e m o n ­
s t r a te  th e  id ea  of th e  a u th o r  (F ig . 1). In  th is  ex am p le , th e  re la tio n sh ip  is in ­
v e s t ig a te d  w hich is v a lid  to  th e  jo in t  m o v em en ts  o f th e  sep ara te  an d  c o n n e c te d  
b e a m s .

Fig. 1. B eam  structure. Connection o f beams

I n  ded u c tin g  th e  se t o f  eq u a tio n s  d esc rib in g  th e  s ta tio n a ry  c o n d itio n s  of 
t r u s s e d  beam s, one p roceeds b y  th e  d e sc rip tio n  o f a se t of beam s w h ich  a re  
in d e p e n d e n t of each o th e r, th e n  one co n n ec ts  th e m  in a  conven ien t w ay . T he 
r ig id  co n n ec tio n  in  th e  n o d es o f beam s is c h a ra c te r iz e d , th a t  in  each n o d e  th e  
d isp la c e m e n t vec to rs of th e  b eam  ends c o n n e c te d  to  th a t  node, are th e  sam e.
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T h u s, in  case of c o n n ec tio n : u x =  u2, u3 =  u 4 =  ue, u7 =  us. In  th e  follow ing 
re la tio n sh ip  (1) w h ich  describes th e  rig id  co n n ec tio n  of th e  beam s in  th e  node, 
th e  connection  to  b u ild  u p  a s tru c tu re  is re a lized  b y  th e  p ro je c to r  m a tr ix  P .

— ~ E . r  «0
Ul E «1
u2 E u3
u3 E

U 5

« 4 E U,
U 5 E -  m9 _
U„ E
Щ E

M8 E

-  « 9  - fc
q

i_

=  P  ■ «C ,

( 1 )

w herein :

ur : v e c to r  c o n ta in in g  d isp lacem ent v e c to rs ,
uc : v e c to r  c o n ta in in g  d isp lacem en t v e c to rs  of a connected  sy stem .

D esigning  th e  show n  above s tru c tu re  w as a t  th e  beg inn ing  o n ly  a tr ic k  
o f  ca lcu la tio n  an d  th is  s te p  of ca lcu la tio n  h as  b een  avo ided  in  th e  p ra c tic e  due 
to  econom ic reasons. F ro m  th e  v iew po in t o f th e  d ay s  o f ev o lu tion  o f th e  sy s tem  
c o n s tru c tio n , in  th e  o rgan iz ing  step  m e n tio n e d  above, one shou ld  n o tice  th e  
core o f th e  id ea  t h a t  th e  composition o f  beam s into structures is an  algebraic 
operation on the set o f  the system  components (i.e ., sy stem -co m p o n en t sym bols).

In  design ing  th e  sy s te m  bu ild ings, th e  ab o v e  m entioned  c re a tio n  o f co n ­
nec tio n s w as fo rm ed  b y  a ca lcu la tin g  tr ic k  o f  th e  o p e ra to r of th e  co n n ec tio n  
o f s tru c tu ra l  p a r ts , w herefo re , th e  above d e sc rip tio n  m ay  be in te rp re te d  as th e  
b eg inn ing  o f th e  a lg eb ra ic  fo rm u la tio n  o f th e  design ing  process.

2 .2  System  o f  the chem ical-engineering operations as the assembly o f  appliances

T he ch em ical-eng ineering  o p era tions sy s te m  is p roduced  b y  th e  connec­
tio n  of app liances, a n d  th is  com position  is c a rr ie d  o u t b y  an  a lg eb ra ic  o p e ra ­
tio n . F ro m  th e  book  o f T . B lickxe  [1] th e  2 n d  exam ple  is show n in  F ig . 2 for 
th e  d e m o n s tra tio n  o f  th e  idea  d iscussed. I n  th is  exam ple, th e  ap p lian ces  
c o n s titu te , in  th e ir  p h y s ica l re a lity , a basic  se t an d  th e  co rrespond ing  sym bo l 
se t (of one-to -one  co rresp o n d an ce) c o n s titu te  th e  basic  set in  th e  m a th e m a tic a l 
sense. T he se t o f sym bo ls of th e  app liances (sy s tem  com ponen ts) co n sis ts  of 
th e  sym bols p ro d u ced , accord ing  to  F ig . 2. In  th is  figure , above th e  ingo ing  
m a te ria ls , below  th e  ou tg o in g  ones s e p a ra te d  w ith  circles a re  lis ted . T he
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F ig. 2. Operation system  in  the chem ical industry. Connection of appliances

s u b s c r ip t  ch aracterizes th e  s ta te  o f th e  ap p lian ce  (i.e., th a t  of th e  sy s te m  
c o m p o n e n t) .

E v e n  w ith o u t th e  k n o w led g e  and  k n o w n in g  th e  deta ils  in  fie ld s w hich  
a re  f a r  fro m  th e  b u ild in g  in d u s try ,  i t  m a y  be  u n d e rs to o d  th a t  th e  p a ra lle l 
c o n n e c tio n  of th e  app lian ces  is  sym bolized  b y  th e  o p era tio n

(A ) о ß i — ß l ° ß i

« 1 « 2 X± ° x 2

a n d  th e  series connection  b y  th e  o p e ra tio n

(2)

ßx ©
л 1,2 о X 1,1

ßi,24,2 P 2,2 
*2

! ß l  ° ß i,2  I

I « 1,1 °  «2 1
(3)

( О  is  co m m u ta tiv e  an d  a sso c ia tiv e , ® a sso c ia tiv e  h u t  not c o m m u ta tiv e ) .
B y  th e  above m e n tio n e d  m eth o d  also ap p lied  in  th e  p rac tice  is a lre a d y  

d e l ib e ra te ly  expressed th e  f a c t  t h a t  the com position  o f  the appliances to a chem ­
ica l eng ineering  operation system  is an algebraic operation o f  the set o f  the a p p li­
ances  ( i.e ., of th e  sym bols o f  th e  app liances).

T h e  au to m a ted  d esig n  te c h n iq u e  dev e lo p ed  in  th e  chem ical in d u s try  
a p p ly in g  algebraic m eans m a y  also be th e  m odel o f  sy stem  build ing .
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3. G radual developm ent o f  th e  algebraic  s tru c tu re  
isom orphic to  th e  sy s tem  construction

In  th is  p a r t  o f th e  p ap e r one has t r ie d  to  describe, as fa r as p o ssib le , in  an  
ex ac t w ay  th e  d e ta ils  o f th e  rea lisa tio n  o f  sy stem -bu ild ing . T he co n cep ts  ta k e n  
from  m a th e m a tic s  [4, 11, 14, 16] w r i t te n  in  ca p ita ls  a t th e  f ir s t  p lace  o f th e ir  
use are  em p h asized  in  o rd er to  m ake th e  re a d e r  conscious o f how  th e  fam ilia r 
concep ts of design ing  often  to  be fo u n d  tr iv ia l ,  becom e s te p -b y -s te p  ex ac t 
d escribab le  in  th e  language  of m a th e m a tic s .

3.1 R epresentation  o f  the concept o f  the set ( H )  in  the system  construction

T he to ta l i ty  o f th e  system  c o m p o n en ts  co n s titu te s  a S E T  an d  ea c h  o f th e  
sy stem  co m p o n en ts  is th e  e l e m e n t  o f  th e  s e t .  G i v i n g  th e  to ta l i ty ,  i.e ., th e  
S E T  of th e  sy s tem  com ponen ts m ay  ta k e  p lace  b y  lis ting  th e  e le m e n ts  of th e  
system  co m p o n en ts  (in  th e  cata logue o f  th e  sy s tem  com ponents) o r b y  d esc rib ­
ing  som e of th e ir  ch a rac te ris tic  p ro p e r tie s  (case of th e  g en era ted  ca ta lo g u e). 
I t  is ev id en t t h a t  th e  above said ho lds t r u e  fo r th e  set of th e  sy s te m  co m p o n ­
en ts  ta k e n  in  th e  ph y sica l sense (by  th e  u se  o f w hich  co n stru c tio n  o f a  b u ild in g  
m ay  e ffec tiv e ly  be  ca rried  ou t), b u t  a lso  ho lds tru e  w ith  re sp e c t to  th e ir  
m a th e m a tic a l re p re se n ta tio n , i.e ., to  th e  se t o f sym bols and  to  th e  se ts  o f th e  
codes o f th e  e lem en ts  (F ig. 3). T he e x a m p le  is ta k e n  from  one o f th e  l ig h t­
w eigh t s tru c tu re  b u ild in g  system s d ev e lo p ed  in  H u n g ary  n a m e d  É t i s z e r k  

[10]. D ue to  th e  close connection  b e tw e e n  th e  above m en tio n ed  tw o  sets 
(physical sy s tem  com ponen ts and th e  re p re s e n ta t io n  or th em ), in  th e  fo llow ing 
th e y  w ill n o t be sh a rp ly  d istingu ished  fro m  each  other.

In  th e  cou rse  o f th e  au to m a te d  d es ig n  th e  selection of th e  o b je c ts  does 
n o t a lw ays ta k e  p lace  from  th e  sy s tem  co m p o n en ts . In  m any  cases, i t  is con-

Set of physical elements

Fig. 3. Set o f sy stem  com ponents
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v e n ie n t  to  fo rm  design u n its  [17] from  th e  sy s te m  com ponen ts an d  in  m a k in g  
th e  dec is io n , to  ad o p t or to  re je c t  th e  ensem ble o f th e  sy stem  com ponen ts, as a 
w hole.

I n  such  cases th e  e lem en ts  o f th e  se t w h ich  a re  th e  sub jec t of se lec tio n  
a re  se ts  th em selv es . T h u s, i t  is co n v en ien t to  in tro d u c e  th e  concep t o f th e  
d e g r e e  o p  s e t s . A ccord ing ly , th e  se t o f th e  sy s te m  com ponents is a  se t o f  
f i r s t  d eg ree , an d  th e  set of th e  design u n its  p ro d u c e d  from  th e  sy stem  co m ­
p o n e n ts  is a  se t o f second degree , e tc . T h u s , b y  fo rm in g  sets b y  n  — 1 s te p s  
one o b ta in s  a  se t of n th  deg ree  w hich , in  th e  case  t re a te d  of, for ex am p le , 
m ig h t be  se ts  o f th e  o b jec ts , bu ild ings, c o n s tru c tio n s  to  be realized (F ig . 4).

first-degree set 
consisting of units 
(or system components)

second-degree set 
(or system of sets) 
consisting of first-degree sets 
(or design units).

design units, third degree set 
(or family of sets )

set of buildings which 
may be constructed, 
set of nth degree.

Fig. 4. H ierarchic construction o f buildings

O ne speaks ab o u t th e  e q u a l i t y  o f  t h e  s e t s  of th e  system  co m p o n en ts  
in  th e  case  w here th e  e lem en ts  o f th e  sets are  id e n tic a l. I f  one considers o n ly  
one se le c te d  p a r t  of th e  se t o f  th e  sy s tem  co m p o n en ts , say , rig h t h an d ed  do o rs , 
th e n  a ll o f th e se  selected  e lem en ts  c o n s titu te  a s u b s e t . T he p a r t of th e  se t of 
th e  s y s te m  com ponen ts w h ich  does n o t c o n ta in  th e  su b se t of th e  r ig h t-h a n d e d  
d o o rs  se lec ted  as m en tio n ed  above , is n a m e d  c o m p l e m e n t a r y  s e t  or m ore  
e x a c tly , co m p lem en ta ry  se t re la te d  to  th e  se t o f  system  com ponents o f th e  
r ig h t-h a n d e d  doors. U sing sev era l ca ta logues in  se lec tin g  th e  elem ents or u n its  
fo r th e  c o n s tru c tio n  of an  o b je c t is, as if  one w ou ld  use a basic set accom plished
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b y  u n i t i n g  o f  t h e  s e t s .  T he su b se t of 6,0 m  long  la t t ic e  g irders m a y  be  p ro d u c ­
ed as th e  i n t e r s e c t i o n  (or com m on p a rt)  o f  t h e  s u b - s e t  c o n ta in in g  th o se  of 
6,0 m  len g th  an d  th e  la tt ic e  g irders. T he d i f f e r e n c e  o f  s e t s  shou ld  he form ed 
of c e r ta in  e lem en ts fro m  am ong  th o se  of th e  basic  se t w hich  shou ld  he  excluded  
w ith  th e  view  o f c a r ry in g  o u t th e  re s t of th e  w ork .

T he te rm in o lo g y  so fa r are, so to  say , q u ite  th e  sam e as th o se  used  in  
ev e ry d ay  p a rlan ce . T h e ir  reco llection  is e ssen tia lly  n ecessary  w hen  in  th e  case 
o f co n tes tab le  in te rp re ta t io n , th e  concepts sh o u ld  be in te rp re te d  acco rd in g  to  
th e ir  e x a c t de fin itio n .

3.2 Representations o f  the concept o f  the model ( I I ,  < ") in  the system  construction

N o th in g  ca n  be d one  w ith  th e  se t of sy s tem  co m p o n en ts  b y  itse lf . I n  th e  
opinion o f th e  a u th o r  fo r c a rry in g  o u t th e  a u to m a te d  design ing , besides th e  
system  co m p o n en t also th e  po licy  o f assem bling  is n eed ed  [8]. T h e  sy stem  
com ponen ts w ith o u t th e  s tra te g y  of p u rp o se fu l po licy  of th e ir  a rra n g e m en t 
an d  assem bling  as i f  th e y  w ere t in y  stone  p ieces in  b u lk  p re p a re d  fo r th e  
com position  of a  m osaic  w ork  w ith o u t an  a r t is t ic  concep tion . T h e  f i r s t  stage  
o f w ork ing  o u t th e  p o licy  o f  assem bling  is to  d efine  th e  re la tio n sh ip  o f th e  
elem ents. Below , th e se  concep ts w ill be p re se n te d  accord ing  to  th e ir  ex ac t 
m a th e m a tic a l d e fin itio n s .

T he co n cep t o f th e  p r o d u c t  o f  s e t s  m ak es i t  easier to  u n d e rs ta n d  w h a t 
follows. Be U  th e  n u m b e r  o f th e  colum ns a n d  V  th e  se t o f th e  b eam s to  be 
app lied . T he s tru c tu re s  to  be p roduced  from  th e  above e lem en ts shou ld  be 
ch a rac te rized  b y  such  a n  o r d e r e d  p a i r  (F ig . 5) w here in , in  th e  f i r s t  p lace  th e  
sym bol o f th e  co lu m n , a n d  in  th e  second p lace t h a t  o f th e  b eam  is p u t .  I f  one 
p roduces all o f th e  s im ila r p rac ticab le  s tru c tu re s  (o rdered  p a irs ), so th ese  
o rdered  p a irs  w ill c o n s ti tu te  a se t w hich w ill be  th e  p ro d u c t (C artesian  p ro d u c t)
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o f t h e  s e t  o f s tru c tu re s  to  b e  accom plished  in  th is  w ay . O bviously , th e  s tru c ­
tu r e s  c o n sis t, in  general, n o t  o n ly  of tw o b u t  n  sy s tem -co m p o n en ts  (an d  i t  is 
n o t  a ll  th e  sam e w h e th e r w h ich  is p laced  w here), th e re fo re , th e  se t w hich 
re p re s e n ts  th em , w ill be p ro d u c e d  b y  several m u ltip lic a tio n s  (C artes ian  m u lti­
p l ic a tio n s )  of th e  sets, a n d  i t s  e lem ents are  ordered п-tuples.

W h e n , in  th e  e x a m p le  t r e a te d  above, th e  se t o f p ro d u c ts  H  =  U X V  
o r, m o re  sim ply  expressed , th e  o rdered  pairs h av e  b een  estab lish ed , essen tia lly , 
to  a n  e lem en t и £ U, one o r m o re  v £ V  e lem en ts  h av e  been  ad d ed . In  such 
c a se s , i t  is cu sto m ary  to  sp e a k  o f mapping, i.e ., to  assum e th a t  th e  second 
e le m e n t o f th e  ordered p a ir  is  co o rd in a ted  to  th e  f i r s t  one of th e  o rd e red  pair. 
T h e  m a p p in g  is such a co m m o n ly  used co n cep t w hich  is also c u s to m a ry  in  
a  c a se  w here  to  th e  f i r s t  e lem ent (p rim ary  e lem en t) severa l e lem en ts  (m ap p ed  
e le m e n ts )  considered as se c o n d  ones are a sso c ia ted , b u t  a selec ted  p a r tic u la r  
m a p p e d  e lem ent m ay  also b e  c o o rd in a te d  to  sev e ra l p rim a ry  e lem en ts . M apping  
w as m e n tio n e d  above in  th is  p a p e r  w hen, acco rd in g  to  F ig . 3, to  th e  p h ysica l 
s y s te m  com ponen ts th e ir  sy m b o ls  in  one-to -one h a v e  been  c o o rd in a te d . On 
th e  b a s is  o f th is  v e ry  close m a p p in g  becom es possib le , b ea rin g  p h y s ic a l com ­
p o n e n ts  in  m ind, one w orks w ith  m a th e m a tic a l sym bols. T he m ap p in g  does n o t 
n e c e s sa r ily  concern all th e  e le m e n ts  of th e  sets U  a n d  V. In  th is  case th e  m a p ­
p in g  is  rea lized  as th e  p ro d u c t  se t of an  Uö su b se t o f th e  se t U  an d  o f a Vk 
s u b s e t  o f  th e  set V. I f  th e  s e t  o f th e  ordered  p a irs  U, V  is c h a ra c te r iz e d  b y  a 
p a r t ic u la r  p ro p e rty  R  o r, in  o th e r  w ords, th e  p ro p e r ty  R  defines th e  se t of 
p ro d u c ts ,  so one speaks o f  bin ar y  relation. Such  a re la tio n -d e fin in g  p ro p e r ty  
m ig h t  b e , for exam ple, “ b e in g  o f  equal le n g th ” . T h e n  a su b se t o f th e  p ro d u c t- 
se t H  X H ,  i.e ., th e  p ro d u c t-s e t  of th e  sy stem -co m p o n en t se t H  m u ltip lie d  w ith  
i t s e l f  w as  defined, im p ly in g  th o se  ordered  p a irs  th e  len g th s  of w hich  are  equal 
to  e a c h  o th er.

A ccord ing  to  Fig. 3, fo r  exam ple , (S-24-121-01) “ R equal length”  (S-24-221- 
01), is  in  re la tio n  i.e ., b o th  a re  240 cm long. In  th e  v e ry  sam e re la tio n  belong 
th e  e le m e n ts  (S-30-121-01) a n d  (S-30-231-01) because  b o th  of th e m  are  300 
cm  lo n g . A  conven ien t a id  fo r  th e  d em o n s tra tiv e  re p re se n ta tio n  is th e  d irec ted  
g ra p h  rep re se n ta tio n  [7]. I t  is  ev id en t th a t  on th e  basis  o f id e n tic a l p ro p e rtie s  
n o t  o n ly  p a irs  b u t also n - tu p le s  m ay  be fo rm ed . T hese n-ARY relations, as 
s e ts , m ig h t also be in te rp re te d  as a subset of th e  C artesian  p ro d u c t of n  sets 
F o r  th e  sake of com p le ten ess  i t  should  be n o te d  th a t  th e  re su lts  o f m ap p in g  
m a y  b e  su b m itted  to  f u r th e r  m app ings an d  b ecau se  th e  re la tio n  is a  special 
case  o f  m app ing , also th e  e le m e n ts  of th e  se t of re la tio n s  m ay  be b ro u g h t in to  
r e la t io n  w ith  o ther se t-e le m e n ts . Such k in d s o f ch a in in g  can  be ca rr ied  ou t 
w ith  th e  aid  of th e  products of mappings, relations.

T h e  re la tio n  m e n tio n e d  “ being  of eq u a l le n g th ”  is re flex ive  a n d  sy m ­
m e tr ic a l .  R eflexive, b ecau se  (S-24-121-01) “ R equal Iength”  (S-24-121-01), i.e., 
i t  is e q u a l in  length  to  i ts e lf  a n d , in  case of (S-30-213-01) “ Requal length”  (S-30-
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231-01) also  th e  s ta te m e n t (S-30-231-01) « R e4uai length,, (S_30_12l_ l)  ho lds 
tru e . In  g enera l, th e  sequence  o f th e  e lem en ts  in  th e  o rdered  p a irs  a re  n o t 
in te rch an g eab le . A n o n -in te rch an g eab le  b in a ry  re la tio n  is, fo r exam ple , “ being  
an  e lem en t o f” .

On the basis of the properties of binary  relations general valid ity 
laws may be stated.

F ro m  am ong  th e  kinds of binary relations one o f th e  m ost s ig n ifican t 
p ro p e rty , co n cern in g  th e  su b je c t m a tte r  of th e  p a p e r , is th e  equ ivalence  re la ­
tio n  w hich , in  co m p ariso n  w ith  those  m en tio n ed  above, is also tra n s it iv e . A 
good ex am p le  m ay  be th e re  to  th e  re la tio n  “ b e ing  300 cm  long” . I t  is e v id e n t 
t h a t  if

(S-30-121-01) “ R 300 l°ng”  (S-30-231-01)
an d

(S-30-231-01) “ R 300 long”  (S-30-341-01) 
so

(S-30-121-01) “ R 300 long”  (S-30-341-01)

is also in  re la tio n .
T he la s t  o f th e  above re la tio n s  m igh t be assu m ed  as unary  (one-variab le) 

re la tio n . A lso a s ig n ifican t re la tio n  is th e  o rd e rin g  re la tio n . T he irre flex iv e  
o rdering  re la tio n  w hich  is less specific, is irre flex iv e , asy m m etrica l a n d  of 
tra n s it iv e  b eh av io u r. T he re la tio n  “ being th e  e lem en t o f”  is as follow s:

a) n e ith e r  o f th e  e lem en ts is a p a r t  of i ts e lf  (i.e ., i t  is irre flex iv e  or, in  
o th e r  w ords, an tire flex iv e ),

b) in  case w here  an  e lem en t is th e  p a r t  o f an  e lem en t of h ig h er o rd e r 
(design u n it) , i ts  follow s th a t  i t  is n o t t ru e  in v e rse ly  (i.e., i t  is a sy m m etrica l) ,

c) th e  p a r t  o f a p a r t  o f an  elem ent o f h ig h e r o rd e r (o b jec t, bu ild in g ) is 
also th e  p a r t  o f th e  w hole o b jec t (i.e., i t  is tra n s it iv e ) .

Such an  (irre flex ive) o rdering  re la tio n  p ro d u ces an  ordering on a se t. 
In  th e  case w here  th e  basic  se t an d  th e  re la tio n s  d e fin ed  on i t  are g iven , one can  
speak  in  an  a lg eb ra ic  sense a b o u t a model [11]. In  th e  t i t le  of th is  c h a p te r , 
■w ith  <(H , O ,  w here  th e  less th a n  sign, sym b o lica lly  m eans, all re la tio n s d efin ed  
on th e  se t H . A n ex am p le , to  th e  c o n s tru c tio n  o f a m odel ta k e n  in  su ch  a 
m a th e m a tic a l sense h as  been  given by  M ü l l e r  [13 ], w herefrom  th e  d e ta ils  
w hich  a re , in  p rin c ip le , essen tia l and  in te re s tin g  from  th e  v iew po in t o f th e  
t re a te d  su b je c t a re  d ep ic ted  in  F ig . 6. T he C a rte s ian  p ro d u c t of th e  su b se ts  U, 
V  o f th e  sy s tem -co m p o n en t H  involves all o f p a irin g s . T he su b se ts  of th is  set 
o f p ro d u c ts  a re , b y  d e fin itio n , re la tio n  se ts, n a m e ly , th o se  possessing th e  p ro p ­
erties  “ being  a p t  fo r assem bling  accord ing  to  fu n c tio n ” , “ being  a p t fo r a ssem b l­
in g  acco rd ing  to  d im ensions, m odu lar c o o rd in a tio n ” .

F ro m  th e  above is to  be seen th a t  on th e  side o f p ra c tic a l design ing , th e  
f irs t  ex p e rim en ts  h av e  been  u n d e rta k e n  in  o rd e r to  t r y  to  describe th e  dif-
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F ig. 6. A  fic titio u s  exam ple  fo r th e  re la tio n sh ip  be tw een  e lem ents serv ing  fo r h o rizo n ta l 
lower c lam ping  o f d ra w n  f la t  glass accord ing  to  Mü l l e r

set of Я  -  objects

Fig. 7. Form ing  of eq u iv a len ce  classes on  th e  basis o f equ iva lue  re la tio n s
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fe re n t s tep s  of d esign ing  w ith  th e  m ean s o f  a lgeb ra , by  m ak ing  use  o f  m odels 
ta k e n  in  a b s tra c t a lgeb ra ic  concep tion  (i.e ., o f re la tio n  s tru c tu re s).

Classification, equivalence classes m ay  be produced  b y  specify ing  
eq u iv a len ce  re la tio n s . As is know n, th e  equ iva lence  rela tions a re  re flex ive , 
sy m m etrica l and t ra n s i t iv e  re la tions. S u ch  is th e  re la tio n  “ being 300 cm  long” , 
m en tio n ed  above, as an  exam ple. T h e  c lasses induced  by  th e  eq u iv a len ce  
re la tio n s  are  d is ju n c t from  each o th e r. S ev e ra l equivalence re la tio n s  p ro d u ce , 
in  g en era l, severa l k in d s  of c lassifica tions on  a basic  set. Some d esig n  p rob lem s 
can  be  solved b y  f in d in g  th e  e lem ent w h ich  sa tisfies all equ iva lence  re la tio n s . 
A d e m o n s tra tiv e  ex am p le  on th is  su b je c t is p re sen ted  in  Fig. 7. T h is  se lec tion , 
e spec ia lly  h av in g  languages of m a th em a tica l-lo g ica l base, m a y  be  e x tra ­
o rd in a ry  b y  sim p ly  p rog ram m ed .

3.3 The representations o f  the concept ( H ,  < 7 ,0 )  o f  the algebraic structure  in  the
system  construction

I t  has been seen  t h a t  th e  concep t o f  m a p p in g  and  th a t  of th e  r e la t io n  lie v e ry  
close to  each  o th e r. I n  n e ith e r  o f th e m  is  th e  un iqueness s tip u la te d  in  e ith e r  
d irec tio n . If , say , m ap p in g  o f th e  se t o f  sy s tem  com ponents is c a r r ie d  o u t 
o n to  th e  se t of th e  re a l n u m b ers  (for e x a m p le , to  th a t  m eaning th e  c o s t o f th e  
co m p o n en ts), one o b ta in s  an  u n iq u e  m a p p in g  (F ig . 8). This k in d  o f  m ap p in g  
is ca lled  in  a lg eb ra  function, or m ore e x a c tly , fu nc tion  of a sing le  v a ria b le . 
O ne speak s o f function of n variables i f  th e  cost of a design u n it  is c a lc u la ted . 
N am ely , th e  cost o f a u n it  assem bled fro m  th e  system  com ponen ts o f  a h ig h er 
level, depends on th e  costs  of th e  sy s te m  co m p o n en ts  and on th e  p a ra m e te rs  
re flec tin g  th e  m a n n e r o f assem bling. S tru c tu ra l  engineers a lread y  k n o w  th ese  
co n cep ts  from  m a th e m a tic a l analysis . H o w ev e r, in  m ost cases, th e  in te rn a l 
im age fo rm ed  from  th e  fu n c tio n  is c o n n e c te d  to  th e  con tin u o u s fu n c tio n s . 
F ro m  th is  im age one shou ld  free oneself. I n  th e  m a th em atica l m o d e ls  o f  th e

Fig. 8. D em onstration o f  the concept o f the fu n ction  by concepts used in the sy stem  con­
struction

A
set of costs
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sy s te m  c o n s tru c tio n , th e  c o n tin u o u s  fu n c tio n s  a n d , consequen tly , th e  d e r iv a ­
tio n s  w ill h av e  a  red u ced  ro le  in  com parison  to  th e  earlie r m odels [8].

T h e  concep t o f inverse function or th e  in v e r tib il i ty  of th e  fu n c tio n s  
is a lso  co m p arab le  to  t h a t  know n  from  a n a ly s is , on ly  th e  defin itio n  sh o u ld  
be  g iv e n  in  a form  also su ita b le  for d isc ree t e lem en ts . The e lem ents o f  th e  
s e t  o f  th e  p h y sica l sy s tem  com ponen ts an d  th e  sym bo ls of th e  sy s tem  c o m ­
p o n e n ts  are  co nnec ted  b y  su ch  an  in v e rtib le  fu n c tio n a l connection  to  e ach  
o th e r  as m en tio n ed  above. O ne speaks of operation in  case of fu n c tio n s m a p ­
p in g  th e  basic  se t in to  itse lf . T he concep t o f  th e  algebraic o p era tio n  is th e  
sam e  as th o se  kn o w n  fro m  a rith m e tic . T he a d d i t io n  u su a lly  carried  o u t in  th e  
f ie ld  o f  rea ls , is such  a fu n c tio n  of tw o v a r ia b le s  as th o se  of th e  set o f v a lu e s  
( th e  d o m a in  of m aps) w h ich  is id en tica l w ith  th e  dom ain  of th e  v a ria b le s  (o f 
th e  p r im a ry  m aps). O p e ra tio n s  m ay  no t on ly  b e  d e fin e d  betw een tw o e lem en ts . 
T h e  m a p p in g  in to  itse lf, d efin ed  as a fu n c tio n  o f  n  e lem ents of th e  se t is a n  n - 
ARY operation. In  p a r t ic u la r , in  describ ing  th e  sy s te m  constru c tio n  b e in g  so 
fa r  in  th e  m a tu rin g  s tag e , p e rh ap s  a g rea t m a n y  opera tions m ay  be d e fin e d  
o v e r th e  sy stem  co m p o n en ts . Also th e  to ta l i ty  o f  th e se  operations th e m se lv e s  
a re  se ts  w hich  are called  operators’ reg ion . A  p a r t  of th e  properties of 
operations h av e  a p a r t ic u la r  nam e. M ost o f  th e s e  p roperties are also to  be  
fo u n d  in  th e  sy stem  c o n s tru c tio n . The o p e ra tio n  o f  “ p u ttin g  on”  is a sso c ia tiv e  
(n o t q u ite  such  as th e  a d d itio n  in  th e  fie ld  o f  re a ls , because th a t  one is a lso  
c o m m u ta tiv e ) . N am ely , th e  fo u n d a tio n  b lo ck  is  “ p u t  on”  th e  g ro u n d , a n d  
u p o n  th is  one, one p u ts  on  th e  colum n, w hile  u p o n  th is  la t te r  th e  beam  is p u t  
on. T h is  o p era tio n  of th e  p u t t in g  of e lem ents o n  each  o ther, m ay  be g ro u p e d  
(b e in g  associa tive), n am e ly , on th e  fo u n d a tio n  th e  ensem ble of th e  b eam  p u t  
u p o n  th e  co lum n m ay  be p laced  b u t, up o n  th e  ensem b le  of th e  b eam  w ith  th e  
c o lu m n  below  i t  p laced  on  th e  fo u n d a tio n , th e  b eam  m ight be p laced ; th e  
r e s u lts  is th e  v e ry  sam e in  ev e ry  case. T h e  a b o v e  sa id  m ay be co n sid ered  as 
th e  “ b ra c k e tin g ”  of th e  co n stru c tio n . T he a b o v e  m en tioned  o p era tio n  is n o t  
c o m m u ta tiv e . T h a t  is to  say , i t  is n o t all th e  sa m e  if  a beam  is p u t u p o n  th e  
c o lu m n  o r to  p u t  th e  co lu m n  u p o n  th e  beam . D e fin in g  operations on th e  b a s ic  
s e t  o f  th e  m odel ta k e n  in  th e  above d ev e lo p ed  algebraic sense, y ie ld s  a n  
algebraic structure. S uch  an  algebraic s t r u c tu r e  is also th e  fie ld  o f re a ls , 
th e  b e s t  know n a lg eb ra ic  s tru c tu re .

A lg eb ra  deals s u b s ta n tia lly  w ith  th e  in v e s t ig a tio n  of algebraic s tru c tu re s . 
A t th is  p o in t i t  is c lea rly  seen  th a t  to  th e  d es ig n  b u il t  up  on th e  sy s tem  co m ­
p o n e n ts  an  a p p ro p ria te  a lg eb ra ic  s tru c tu re  sh o u ld  be found  to  have  an  a p p a r a ­
tu s  o f  th e  a lgebra ic  d e sc rip tio n  of th e  design  p rocesses.

T h e  well known algebraic structures are  those  whose a p p lic a tio n  
sh o u ld  be  f irs t  o f all t r ie d  to  th e  d escrip tion  o f  th e  system  co n stru c tio n  in  th e  
co u rse  o f re search  fo r th e  m o st conven ien t a lg e b ra ic  s tru c tu re . B u t, to  do th is ,  
th e  in te rn a l  s tru c tu re  o f th e  system  c o n s tru c tio n  should  be b e tte r  k n o w n .
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H ereb y , th e  p o in t is a t ta in e d  w here th e  e x p la n a tio n  of th e  t i t le  o f  th e  p ap er 
becam e possible. N am e ly , th e  e s ta b lish m e n t o f th e  a lgebra ic  s t ru c tu re  is 
re q u ire d  w hich is iso m o rp h ic  to  th e  sy stem  co n stru c tio n . A m ong th e  morphism, 
th e  m ap p in g  rea lized  in  a n  o p e ra tio n  p re se rv in g  w ay b e tw een  tw o  se ts , i.e., 
in  a  re la tio n  p rese rv in g  w ay  th a t  is one-to -one , th is  is isom orph ism .

In  th is  p a p e r one has tr ie d  to  c a rry  o u t th e  se t of sy s tem -co m p o n en t 
sym bo ls of th e  se t o f th e  a c tu a l p hysica l sy s tem  com ponen ts, to  fo rm u la te  
th e  re la tio n s  on th e  se t o f  sym bols in  an  o p e ra tio n  p reserv ing  w ay  a n d  on th e  
m odel shaped  in  th is  w ay  (re la tio n  s tru c tu re ) , to  define o p e ra tio n s  w h ich  can 
be t r e a te d  w ith  th e  a id  o f  a lgebraic  a p p a ra tu s  an d  correspond  to  th e  ac tu a l 
a ssem bly  of th e  sy s tem  co m p o n en ts . T h a t is w h y , th a t  a lgeb ra ic  s t ru c tu re  is 
so u g h t for w hich is isom o rp h ic  to  th e  sy s tem  co n stru c tio n .

T he system  c o n s tru c tio n  m ay  also be im ag ined  from  th e  s y s te m  com ­
p o n e n ts  w hich a re  co n sid ered  to  be a generator system, th e  o b je c t to  be 
c o n s tru c te d  is p ro d u ced  g ra d u a lly  by  o p era tio n s . H ow ever, in  t h a t  case , in  th e  
basic  set H  o f th e  s tru c tu re  <H , <% O )  n o t on ly  th e  system  c o m p o n e n ts  b u t 
also all th e  ob jec ts  w hich  m ay  be g en e ra ted  from  th e m , are  in v o lv e d . B u t, 
because  these  o b jec ts  m a y  be p roduced  from  a ll th e  gen era tin g  e le m e n ts  o f th e  
s tru c tu re , i t  is n o t n ecessa ry  to  s to re  all e lem en ts  of th e  H . (O n p ra c tic a l 
g rou n d s i t  is co n v en ien t to  s to re  th e  design  u n its , i.e ., n o t to  k eep  o n ly  th e  
m in im um  basic  s to ck  o f th e  g en e ra to r  sy stem .) In  case of m odelling , th e  system  
c o n s tru c tio n  in  th is  w ay , th e  algebraic  s tru c tu re  w hich is iso m o rp h ic  to  th e  
sy s tem  co n s tru c tio n  w ill be an  algebraic  s tru c tu re  to  be f in ite ly  genera ted -

4. Ideas and work-hypotheses concerning the algebraic 
structure isom orphic to the system  construction

In  th e  course o f s tu d y in g  th e  a lgebraic  d esc rip tio n  of th e  sy s te m  c o n s tru c ­
tio n  one cam e to  th e  p o in t w here to  th e  sy s tem  com ponen ts a c tu a lly  ex is tin g  
a  set o f  symbols has b een  c o o rd in a ted . T he relation  betw een  th e  p h y s ic a l sy stem  
co m p o n en ts  w ere also d efin ed  on th e  se t o f  sym bols, and  to  th e  c o n s tru c tio n  
a c tiv itie s  as operations, o p e ra tio n s  have been  co rresponded  on th e  s e t  o f  sym ­
bols. I t  is to  be seen th a t  th e re b y  an  algebraic structure is c o o rd in a te d  to  th e  
sy stem  co n stru c tio n . T h e  q u estio n  arises w h a t are th e  re la tio n s  a n d  w h a t 
o p era tio n s can  be th o u g h t o u t ? W h a t can  be  considered  as w o rk  h y p o th eses  
in  th e  course o f w o rk in g  o u t th e  algebraic  s tru c tu re  isom orphic  to  th e  system  
co n stru c tio n  ? As an  answ er to  th o se  questions th e  co n stru c tio n  o f  a f ra m e  of a 
bu ild in g  has been  d e ta ile d  to  go as deep as is possib le  a t  all, a t  th e  p re s e n t stage 
o f th e  s tu d y . N o w ad ay s, to  th e  a u to m a te d  design ing  realized  b y  th e  sy stem  
co m ponen ts, th e  d isc ree t m a th e m a tic a l p ro g ram m in g  is used  [5, 6, 8, 9 ]. F or 
ch a rac te riz in g  th e  sy s tem  ap p lied  in  th e  s tru c tu re  (now only  beam s) o r o b jec ts , 
th e  n o ta tio n  d e m o n s tra te d  in  F ig . 9 is in tro d u c e d .
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j .  12О

0

place 1 j_th place

5 = { . . . ;  . . . ;  0, 1, 0 ; . . . ;  . . . }

5| =$• =1

Fig. 9. D e fin itio n  o f the vector 6 characterizing the object

I n  case of th e  v e c to r  co m p o n en t <5j, th e  s u b s c r ip t i denotes th a t  th e  beam , 
to  b e  se lec ted  to  rep lace  t h e  i th  beam , th e  s u b s c r ip t j  is th e  serial n u m b e r  of 
th e  b a r s  to  be selected  to  th e  i th  place.

i  j 0  in  th e  case  w h ere  a t th e  i th  p lace  n o t  th e  beam  No. j  is placed» 
1 I o therw ise 1

I t  is  e v id e n t th a t  in  th e  g ro u p  of elem ents o f  th e  sam e su b sc rip t on ly  one 
e le m e n t m ay  be used  d iffe r in g  from  zero (in th e  m o d e l possib ly  a n o th e r m a y  be 
p e rm iss ib le ) , i.e., to  one p la c e  on ly  one e lem en t can  be p laced.

B e  Q  th e  set o f th e  s y s te m  com ponents. L e t  u s  cha rac te rize  its  e lem en ts 
b y  a  code n um ber an d  c o o rd in a te , b y  re la tio n s d e fin e d  on Q , to  each e lem en t a 
s u b s e t  o f  p ro p e rty  T.

L e t ,  on th e  ab o v e  m e n tio n e d  algebraic  s t ru c tu re  (p ro b ab ly  on a  n e t ­
w o rk )  a  function  w hich , o n  th e  specified g eo m e trica l an d  feasib ility  co n d itio n s, 
g e n e ra te s  from  th e  e le m e n ts  o f Q  th e  ő -v ec to rs  o f  th e  rea lizab le  b u ild ings
(F ig . 10).
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Also to  th e  (5-vectors a set o f p ro p e rtie s  are  associa ted  w hich  m a y  be 
p ro d u ced  from  th e  se t o f p ro p erties  o f th e  sy s te m  com ponen ts.

I n  case w h ere  an  answ er shou ld  be  g iv en  to  th e  q u estio n  w h ich  from  
am ong th e  o b jec ts , o therw ise  sa tisfy in g  th e  s ta t ic  an d  s tre n g th  re q u ire m e n ts , 
fo r ex am p le , th e  less expensive  (th e  d e ta ils  o f  s ta tic  and  s tre n g th  ca lcu la tio n s  
are  here  n o t d e a lt  w ith ) , i t  is su ffic ien t fo r  p ro p e r ty  co o rd in a tio n  to  define 
on th e  se t Л a  fu n c tio n , say  r, w hich  m a p s  o n to  R 1 (on to  th e  one-d im en sio n  
E u c lid ian  space , i.e ., th e  rea l n u m b ers).

(The ab o v e  exam ple  needed  to  d e m o n s tra te  th e  fo rm u la tio n  o f th e  
a lgebraic  s tru c tu re , a n d  n o t w ish to  g ive a sem b lan ce  th a t  all p ro b lem s o f th e  
o p tim u m  s tru c tu ra l  design ing  w as or cou ld  be  solved in  th a t  w ay .)

L e t us d e fin e  be tw een  <5X and  <52 a “ m in ”  o p e ra tio n  as follows

I <5, if  г ( ^ )  r(ô2 
{ <52 if  r(d j) >  r(ô2)

L e t us a g a in  define  th e  “ m ax ”  o p e ra tio n  on sim ilar p rin c ip les . T hese 
o p era tio n s are :

— asso c ia tiv e ,
— c o m m u ta tiv e ,
— m ax . w ith  re sp ec t to  m in. is d is tr ib u tiv e ,
— m in . w ith  re sp ec t to  m ax . is d is tr ib u tiv e ,
— id e m p o te n t, an d
— th e  a b so rp tio n a l id en titie s  are  fu lfilled .

L e t us d e n o te  th e  v ec to r co n ta in in g  th e  I s  be p u t  a t  th e  p laces o f th e  
m ost expensive  e lem en ts  w ith  1 an d  th e  v e c to r  co n ta in in g  th e  Is  a t  th e  p laces 
of th e  less ex p en siv e  e lem ents w ith  0. T h e n :

m ax  (<5, 1) =  1 , 

m ax (<5, 0) =  1 , 

m in (<5, 0) =  0 , 

m in (d, 1) =  ô .

T h is is th e  w ay  we could  form  th e  “ u n i t”  a n d  th e  “ zero”  e lem en t in  th e  
a lgebraic  s tru c tu re  developed  above w h ich  is a  distributive net.

T h e above  overa ll-v iew  was rea so n ab le  a n d  ju s tif ie d  because i t  w as co n ­
nec ted  to  th e  c u s to m a ry  w ay  of th in k in g  a n d  th e  co st w hich w as co o rd in a ted  
b y  th e  m ap p in g  (or, m ore ex ac tly  th e  fu n c t io n )  “ r ”  to  th e  o b jec t a ssu red  a
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370 HOLNAPY, D.

t o ta l  o rd e r in g  (chain) over th e  se t A . T h e  re a l ad v a n ta g e s  show  th em se lv es  
in  ca se  w h ere  one should  n o t  a p p re c ia te  o n ly  acco rd in g  to  a single p a ra m e te r  
(for e x a m p le  th e  cost) an d  th e  a p p rec ia tio n s  acco rd in g  to  d iffe ren t p a ra m e te rs  
m a y  a lso  be  co n tra d ic to ry . S u ch  v iew po in ts  o f ap p rec ia tio n , p a r tia lly  o rd e rin g  
r e la t io n s , m ig h t be as fo llow s:

— b e in g  less expensive,
— b e in g  rea lizab le  sooner,
— b e in g  lab o u r-ab so rb in g ,
— b e in g  m ore s im p ly  m o u n ta b le , e tc .

I n  th is  case, th e  suprem um . an d  in fim u m  ta k e s  over th e  fu n c tio n , th e  
ro le  o f  th e  p reced ing  (m ax ., m in .)  o p e ra tio n s . A lth o u g h  n o t every  o b jec t c a n  be 
c o m p a re d  to  each  o th e r, h o w ev er, a b o u t som e o f th e m  som eth ing  co u ld  be 
sa id  s ti l l  in  connec tion  w ith  th e  d e fin itio n  o f th e  su p rem u m  and  in fim u m  w h ich  
c o u ld  b e  considered  as an  a p p re c ia tio n . I t  cou ld  be  ex p ec ted  th a t  th e  a p p a ra tu s  
w h ich  describes th e  sy stem  c o n s tru c tio n  is a n e t (function) defined  on  th e  
n e ts  o f  th e  system  co m p o n en ts  in v o lv in g  th e  above  p a r tia l  ideas [2].
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Anwendung abstrakter algebraischer Strukturen im  K onstruktionsentwurf. Früher 
wurde der E ntw urf der B auobjekten im  sich an die System architektur anknüpfenden rechen­
autom atischen  entwurftechnologischen Prozeß als eine Auswahl der System kom ponenten für 
Zusam m enbau nach einer bestim m ten Strategie betrachtet. In der vorhandenen Abhandlung  
wird dieser auf die Auswahl der System kom ponenten basierende E ntw urf m it H ilfe von  ab­
strakten  algebraischen Strukturen form uliert. Ist zwar dieses Prinzip von  allgem einer Gültig­
keit, werden jedoch die in der] A bhandlung behandelten Erwägungen nur au f die Stab­
konstruktionen begrenzt.
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SATURATED PHASE ENTHALPY RELATIONSHIPS 
FOR SOLID C02 IN CH4 AT CRYOGENIC PHASE

BEHAVIOR

M. A. I. B U K H A R I*

[M anuscript received 31 Juli, 1978]

W ith low  tem perature processing of C 02 contam inated natural gas becom ing 
an established practice, the design o f cryogenic installations for freezing ou t solid C 02 
produces, econom ically , m uch more refined natural gas than is now  offered b y  more 
conventional techniques. A lthough the cryogenic phase behaviour o f th e  СН, —C02 
system  has been exten sively  investigated . The full potential o f low -tem perature process­
ing cannot be realized until reliable therm odynam ic data has becom e available. The 
m ain purpose o f  th is paper is to present, analytically , som e usefull data , based  on reliable 
correlations, for use in the design of cryogenic processes involving solid  C 02 in  CH2.

Notation

A  Exchange energy density
A 0, R„, C0, a, 6, e, a , v param eters o f the B W R  equation o f state  
F  m olal Gibbs free energy
H  molal en thalpy , heat content
M  m olecular w eight
P  pressure
R  universal gas constant
S molal entropy
T  tem perature
V  m olal volum e
d  density
/  fugacity
In natural logarithm  (base e)
fc12 param eter characterizing deviation from  the geom etric m ean assum ption for

characteristic tem perature
i12 param eter characterizing deviation  from  the geom etric m ean assum ption for

cohesive energy
X  m ole fraction, liquid-phase
A increm ent, a differential function
Aij tem perature-dependent W ilson param eter
a coefficient o f  therm al expansion
otj, a 2 empirical constants in W ilson’s equation
ß i, ß t  empirical constants in W ilson’s equation
v activ ity  coefficient
ô solubility param eter
Ф volum e fraction
bib Xij param eter representing energies o f i —i or i —j  m olecular interactions  
(Âÿ — Xjj) tem perature-independent W ilson param eter
£/f, (ij  local vo lum e fraction o f species i about a central segm ent o f ty p e  i  and j .  respec­

tively

* Present address: M. A. I. B u k h a bi, P.O. B ox 2408, K hartoum , Sudan
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S u p erscrip ts

E
M
V A P

L
S
g
О

excess (over ideal)
m ixing
vaporization
liquid-phase
solid-phase
gas
standard state  
partial quantity

S u b scrip ts

c critical point
i, j  general indices, com p on en ts

Introduction

In c rea s in g  dem and  fo r  e n e rg y  has n ecess ita ted  th e  u tiliz a tio n  of th e  huge 
re s e rv e s  o f  n a tu ra l gas p re v io u s ly  considered u n eco n o m ica l because of h igh  
c a rb o n  d iox ide c o n ta m in a tio n . C H 4—C 0 2 sy s tem  e q u ilib ria  e x te n d  to  low 
te m p e ra tu re s  over th e  la rg e r  p o r t io n  of th e  co m p o sitio n  ran g e  an d  over a  w ide 
ra n g e  o f  pressures. C 0 2 s t a r t s  to  sep a ra te  as a so lid  a t  te m p e ra tu re s  below  its  
t r ip le  p o in t  (—56.6 °C) a n d  a t  pressures below  50 a tm o sp h eres . W ith  low 
te m p e r a tu r e  processing o f  n a tu r a l  gas becom ing a n  e s tab lish ed  p rac tice , th e  
d e s ig n  o f  cryogenic in s ta l la t io n s  fo r freezing o u t so lid  C 0 2 p ro d u ces, econom i­
c a lly , m u c h  m ore refined  n a tu r a l  gas th a n  is now  offe red  b y  m ore co n v en tio n a l 
te c h n iq u e s . A lthough th e  c ry o g e n ic  phase b e h a v io u r o f  th e  sy stem  has been  
e x te n s iv e ly  in v estiga ted . T h e  fu ll p o te n tia l of lo w -te m p e ra tu re  processing  ca n ­
n o t  b e  rea lized  u n til  re lia b le  th e rm o d y n a m ic  d a ta  h a s  becom e av ailab le . T he 
m a in  p u rp o se  of th is  p a p e r  is  to  p re sen t, a n a ly tic a lly , som e usefu l d a ta , b ased  
o n  re lia b le  co rrelations, fo r  u se  in  th e  design of cry o g en ic  processes invo lv in g  
so lid  C 0 2 in  CH4. In  fo rm u la tin g  th e  th e rm o d y n a m ic  d a ta  ana ly sis , som e of 
th e  m o s t  recen t concepts o f  “ re g u la r”  so lu tion  th e o ry  o f Scatchard, H ild e ­
brand  a n d  cow orkers [1, 2 ] a n d  W ilson’s sem i-em p irica l ex ten sio n  of th e  
Flo r y—H uggins t r e a tm e n t  o f  “ a th e rm a l”  m ix in g  [3 — 5], to g e th e r  w ith  th e  
B enedict , Webb and  Ru bin  e q u a tio n  of s ta te  [6 — 9] a re  app lied .

Therm odynam ic Models

S o lu tio n  theories a im  a t  th e  p red ic tio n  of m ix tu re  p ro p e rtie s  from  p ro p ­
e r tie s  o f  th e ir  own p u re  c o m p o n e n ts . T he th e rm o d y n a m ic s  of so lid -liqu id  
e q u il ib r ia  becom e c o m p lic a te d  i f  a  solid so lu tion  is fo rm ed , b u t  eq u ilib ria  here  
a re  th o s e  fo r w hich th e  so lid -p h a se  C 0 2 (referred  to  b y  in d e x  2) is a  p u re  so lu te , 
a n d  th e  liqu id -phase  a s a tu r a te d  so lu tion  o f  th e  s a lu te  in  th e  liq u id  so lv en t
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CH4 (re fe rred  to  b y  in d ex  1). T he a c tiv i ty  o f  th e  solidphase m u st b e  ex p ressed  
as th e  ra tio  o f  i ts  fu g a c ity  to  th e  fu g a c ity  i t  w ould  have as a p u re  subcoo led  
liq u id . T h e  e q u a tio n  o f equ ilib rium  a t  c o n s ta n t tem p e ra tu re  a n d  p re ssu re  
w hich re la te s  th e  fu g a c ity  of th e  p u re  so lid  so lu te  to  p roperties o f  th e  liq u id  
m ix tu re  is

“ a =  / 1/ / 2L =  v2 x 2 (1)

w here x 2 is th e  m o la l fra c tio n  of co m p o n en t 2 in  so lu tion , and  v2 is th e  a c t iv i ty  
coeffic ien t o f  th e  so lu te  in  so lu tion  re fe rre d  to  th e  h y p o th e tica l p u re  liq u id  
subcooled  below  i ts  m e ltin g  p o in t, all a t  th e  te m p e ra tu re  T  of th e  sy s te m . T he 
sum  o f th e  free  en e rg y  changes in  th e  h y p o th e tic a lly  sep a ra te  p ro cesses  of 
m e ltin g  th e  so lid  to  fo rm  a  p u re  subcooled  liq u id , and  th e n  m ixing th e  su b coo led  
liq u id  w ith  th e  liq u id  so lv en t to  th e  eq u ilib riu m  co n cen tra tio n  m u s t  be  zero. 
T his m olal free  en e rg y  change is re la te d  to  th e  a c tiv ity  of th e  so lu te  b y

I f ?  = R T  In  a t  =  R T  In  r2 *2 . (2)

D ev ia tio n s o f  th is  te rm  from  th e  ideal m a y  be  expressed  in  te rm s o f  th e  excess 
e n th a lp y  a n d  e n tro p y  o f m ix ing  as fo llow s:

F e  =  H E -  T S E . (3)

I f  F E =  0 th e  so lu tio n  is ideal. A ssum ing  zero excess e n tro p y  o f  m ix in g  
(S B =  0) lead s to  th e  concep t of “ re g u la r”  so lu tions. On th e  o th e r  h a n d , 
assum ing  zero  excess e n th a lp y  o f m ix in g  (H E =  0) leads to  th e  c o n c e p t of 
“ a th e rm a l’4 so lu tio n s.

The Scatchurd-H ildebrand Equation

T his e q u a tio n  a t te m p ts  to  q u a n tify  th e  excess e n th a lp y  of m ix ing  a n d  ta k e s  
th e  form

A H M =  (aq tq +  x 2 v2) Ф х Ф2Л 12. (4)

V olum e fra c tio n s  Ф1 are defined  in  te rm s  o f  m o la r  volum es of c o m p o n e n ts  i  as

*/ »I
S t  Vt

(5)

T he in te rc h a n g e  cohesive  energy  d e n s ity  A 12 is  re la te d  to  th e  co hesive  en e rg y  
densities C b y

•̂ 12 =  Ci -f- C2 2C 12 . (6)

T he cohesive en e rg y  d e n s ity  fo r u n like  m o lecu la r in te rac tio n  is d e f in e d  as
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Си =  (Cn C22)1121 X  2 (1  l 12) . (7)

W h e re  l 12 is a b in a ry  c o n s ta n t  ch a rac te ris tic  o f  a  g iv en  so lu te-so lvent p a ir  a n d  
to  a  good  a p p ro x im a tio n  is in d ep en d en t o f c o m p o s itio n  and  varies l i t t le  w ith  
te m p e ra tu re .
T h e  exp ressio n s fo r th e  a c t iv i ty  coefficients a n d  p a r t ia l  m olal hea ts  of m ix in g  
o f  so lu te  an d  so lv en t are th e n

A H ? 1 =  R T  In  v2 =  v2 Ф2 ((«5! -  <52)2 +  2112 ô, 02) , (8)

Ш У  =  R T  In  vt  =  tq Ф\ ((«5, -  ô2)2 +  2112 ô! ô2) . (9)

S o lu b ili ty  p a ra m e te rs  ô a re  defined  by

<5 =  C1'2 . (10)

I n  th e  o rig inal S c a tc h a rd -H ild eb ra n d  th e o r y  l l2 =  0. W hile l12 m a y  be 
p o s it iv e  or n e g a tiv e , i ts  m a g n itu d e  is a lw ays sm a ll com pared  to  u n ity . Cheung 
a n d  Zander [10] a n d  Preston and  Prausnitz [11] in  th e ir  stud ies o f  so lu ­
b ilitie s  in  cryogenic so lv en ts  h av e  in d ica ted  t h a t  even  a sm all l12 on th e  o rd e r  
o f 1 0 -2  can  h av e  a la rg e  effect on vv an d  v2, a n d  hence  on HAm, esp ec ia lly  i f  
<34 a n d  d2 are n e a r ly  th e  sam e. L a te r  w o rk ers  [12] have  used e x p e rim e n ta l 
so lu b ili ty  d a ta  to  c a lc u la te  l12 values fo r tw e lv e  b in a ry  system s in c lu d in g  th e  
C H 4— C 0 2 system .

Cohesive en e rg y  den sitie s  an d  so lu b ility  p a ra m e te rs  can  be e s tim a te d
from

Ô =  C1'2
(A H VAP -  R T ) 1!2 

V L
( И )

E q u a t io n  (11) is t r u ly  v a lid  only  a t  re la tiv e ly  lo w  te m p e ra tu res  w here v a p o u r  
p re ssu re s  are  low  en o u g h  so th a t  th e  v a p o u r  in  equ ilib rium  w ith  th e  l iq u id  
is e sse n tia lly  id ea l. T h is is tru e  fo r C 0 2 b e lo w  i ts  tr ip le  p o in t b u t  fo r  C H 4, 
v a p o u r  p ressures a re  considerab le , and  th e  e ffe c t of tem p e ra tu re  h as  to  be  
ta k e n  in to  acco u n t. Cheung an d  Zander [10] h a v e  expressed th is  te m p e ra tu re  
d ep en d en ce  in  th e  fo rm

Ô =  C1/2 =  (De-BT)1'2 (12)

a n d  h a v e  d e te rm in ed  th e  c o n s ta n ts  D  an d  В  fo r  C H 4. F o r h ea ts  of v a p o r iz a tio n  
a t  d iffe re n t te m p e ra tu re s  th e y  have  used  th e  w o rk  o f Silverberg an d  W enzel
[13] w ho f i t te d  th e m  on  th e  basis of N u tt in g  e q u a tio n  for la te n t h e a ts :

A H v a p  =  K M (T C -  T ) n. (13)

T a b le  I  lis ts  th e  v a lu es  o f  th e  various c o n s ta n ts  u se d  in  equations (12) a n d  (13).
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Table I

Constants fo r  the determ ination o f  physical properties

Compound M Te К D В
gm/g-mol °k oal/g(°K)» n cal/CC °K-t

C H 4 16,04 191,1 26,94 0,347 4,394 0,003635
с о г 44,01 304,2 14,43 0,392

The W ilson  E quation

As an  a lte rn a tiv e  to  re g u la r  so lu tio n  a p p ro ach  w hich ta k e s  in to  acco u n t 
th e  n o n -ran d o m n ess in  liq u id  m ix tu re s , W ilson [5] has in tro d u c e d  “ L ocal 
v o lu m e  frac tio n s” , an d  h as  o b ta in e d  his exp ression  for F E as a lo g a rith m ic  
fu n c tio n  of com position  b y  a rb itra r i ly  su b s ti tu t in g  “ local vo lum e f ra c tio n s”  

fo r  overall vo lum e fra c tio n s  Ф, in  th e  F lo ry -H u g g in s eq u a tio n  fo r  F E. T he  
e q u a tio n  is su itab le  fo r  re p re se n tin g  th e  excess free  energy  of m ix in g  o f  com ­
p le te ly  m iscible n o n e lec tro ly te s , w ith  tw o  or fo u r a c tiv ity  co effic ien ts  an d  
th e n  th e  co rrespond ing  excess e n th a lp y  an d  e n tro p y  m ay  be c o n v e n ie n tly  
d e riv ed . H ea ts  of m ix in g  are  ex p ressed  as

A H M -  x S -  ------(A12 -  An ) +  A 1  (A12*— A*)]LX1 + Л 12X2 X2 H" -̂21 X1 J

- * 1 * 2  Т \
L * i

------  • —  (Au -  An ) +
+  A a  x 2 dT

+
Лол _д_

x2 -)- A 21 x± í)l 

Л

7  ( ^ 1 2  ^2 2 ) + (14)

+  * i х 2 R T 2
Л 21

.  * 1  X  л 22 х2 Л'о +  А21 *1
X

1 í ()v2
X ------  — -

v2 \ í)T

E q u a tio n  (14) m ay  be sp lit in to  th re e  specific p a r ts , w hereby

A H M =  AH™  +  A H M +  A H ÿ .  (15)

T h e  te rm  AH™  re p re se n ts  th e  h e a t  o f m ix ing  w hen  th e  energy  p a ra m e te rs  
(A/y — A/,) an d  o th e r v a riab le s  are  in d e p e n d e n t o f  te m p e ra tu re . AH™  re p re se n ts  
th e  co rrec tio n  for A H M a ris in g  from  th e  te m p e ra tu re  dependence o f th e  p a ra m -

1 [j e l ] '
«1 \ d T  ]_
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e t e r s  {Xjj —  A , , ) .  A l i y  i s  t h e  c o r r e c t i o n  i n t r o d u c e d  b y  t h e  v a r i a t i o n  w i t h  t e m ­

p e r a t u r e  o f  t h e  v o l u m e  r a t i o  V ß V,.
O r y e  and  P r a t j s n i t z  [ 1 4 ]  have in tro d u c e d  th e  tw o  ad ju s tab le  p a ra m e te rs  

A 12 a n d  A 2i in to  th e  W ilso n  e q u a tio n  defin ed  b y

л 12 =  ( V t l  V t)  exp. [ - ( A u  -  ЯП) /Л Г ] , (16)

л п  =  ( V£! V£) exp. [ - ( A u  -  X ^ I R T ] . (17)

J e n s e n  an d  K u r a t a  [15] have show n t h a t  th e  W ilson e q u a tio n  is an  
e x c e lle n t m odel fo r so lid  C 0 2 so lub ility  in  l iq u id  m e th a n e , e th an e  an d  n -b u ta n e , 
a n d  t h a t  i t  p rov ides a  b e t te r  m odel th a n  do co rre la tio n s  based  on reg u la r  
so lu tio n  th eo ry . T h e  a u th o rs  have  fo rm u la te d  fo u rth -o rd e r  p o lynom ia ls  in  
te m p e ra tu re  b y  th e  m e th o d  of lin ear le a s t sq u a re s  to  ca lcu la te  so lu te  an d  
so lv e n t liqu id  m olal v o lu m es.

V =  JJo +  D j T  +  D 2 T* +  D 3 T 3 +  D 4 T* (18)

le a s t-sq u a re  values o f th e  c o n s ta n ts  are lis te d  in  T ab le  I I .

Table II

Least-square constant to compute liq u id  m olal volumes*

C o m p o ­
n e n t D . R . D , D a D .

C H 4 216,55 5,9317 7,1338 XlO“ 2 -  3,7484XlO“4 7,4579 XlO“ 7

c o 2 27,712 -5 ,0 7 5 5  X lO -2 9,7244 XlO“ 4 -4 ,3 5 6 8 x 1 0 -* 8,7729 X lO -9

V olum e cc/g-m ol

* F o r C 02 c o n s tan ts  a re  v a lid  from  th e  liq u id  freez in g  p o in t to  220 °K ; fo r C H 4 c o n s tan ts  
a re  v a lid  on ly  to  180 °K .

J e n s e n  an d  K u r a t a  h av e  also u sed  a n o n lin e a r  least sq u ares  analysis 
to  f i t  ex p erim en ta l so lid  C 0 2 so lub ility  in  l iq u id  C H 4 to  th e  W ilson  eq u a tio n  
fo r  so lu b ility  an d  h a v e  fo u n d  values o f  (A12 — Au ) and  (Я12 — A22) w hich 
m in im ize  th e  w eig h ted  su m  of th e  squares o f th e  d ifference betw een  observed  
a n d  ca lcu la ted  v a r ia b le s . T h e  au th o rs  h av e  fo u n d  b e tte r  ag reem en t b y  con­
s id e rin g  te m p e ra tu re -d e p e n d e n c e  of th e  W ilson  p a ra m e te rs  expressed  in  te rm s 
o f  em p irica l c o n s ta n ts  «  a n d  ß :

(A12 — An ) =  ac1 +  CC.JRT , (19)

(A12 -  A*,) =  &  +  ß 2l R T  . (2 0 )
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E q u a tio n s  (16) an d  (17) now  becom e

л 12 =  ( V \ /  VI)  exp . [—acJRT  -  ß2I(R T )Z) , (21)

Л 21 =  ( Vtl  V \  ) exp . [ - ß J R T  -  ß2l(R T )z] . (22)

L eas t sq u a re  va lu es  o f th e  p a ra m e te rs  an d  em pirical c o n s ta n ts  a re  given in 
T ab le  I I I .

T a b l e  Ш

W ilson equation param eters fo r  solid СОг solubility in  liqu id  C H t

S y stem

T w o -p a ra m e te r  e q u a tio n F o u r-p a ra m e te r  e q u a tio n

(^ia ^ n )  
cal/g-m ol

(Al2---^ 22)
cal/g-m ol

a i
cal/g-m ol

a . x l O - ’
cal/(g-m ol)2

ß l
ca l/g -m o l

ß ,
cal/(g-rnol)*

C H . - C O j 5 2 1 , 0 5 6 6 1 , 3 2 7 3 9 , 9 9 - 1 0 0 , 8 0 6 6 7 , 3 3 4 , 4 3 8 2

Since e q u a tio n  (18) becom es in v a lid  as th e  m e th a n e  te m p e ra tu re , 191,1 
K , is ap p ro ach ed . J e n s e n  an d  K u r a t a  h av e  assum ed th e  ra t io  V ß V j  in  eq u a­
tio n s  (16), (17), (21) an d  (22) to  be  eq u a l to  th e  ra tio  a t  180 К  fo r te m p e ra tu re s  
g re a te r  th a n  180 K .

The B  W R  Equation

T h e B en ed ic t, W eb b  an d  R u b in  eq u a tio n  of s ta te  [6 — 9] w as orig inally  
developed , p rim a rily  to  p e rm it th e  descrip tio n  of th e  p h a se  b eh av io u r of 
m u ltico m p o n en t h y d ro c a rb o n  m ix tu re s  of re la tiv e ly  low  m o lecu la r  w eight, is 
tra d it io n a lly  asso c ia ted  w ith  th e se  com pounds an d  is co n sid e red  to  be th e  best 
av a ilab le  p re se n tly  fo r th e  h y d ro c a rb o n  system . T he e q u a tio n  h as  ap p eared  to  
re sea rch ers  to  be th e  m o st p ro m isin g  m eth o d  fo r o b ta in in g  p rec ise  th e rm a l d a ta  
on m ix tu re s . H ow ever, ea rlie r w orkers [16—21], an d  o th e rs , h a v e  repo rted  
d ifficu lties  in  th e  p re d ic tio n  of p ro p e rtie s  o f h y d ro ca rb o n  m ix tu re s  con ta in ing  
n o n -h y d ro ca rb o n s , an d  in  lo w -te m p e ra tu re  ap p lica tions.

T he m ost re c e n t, an d  p e rh a p s  so fa r  th e  m ost s ig n if ic a n t c o n tr ib u tio n  in 
th e  ev o lu tio n  process o f develop ing  th e  B W R  e q u a tio n  o f s ta te  is t h a t  afforded 
b y  B i s h n o i  an d  R o b i n s o n  [22 — 24]. T he au th o rs  h av e  a ss im ila te d  th e  ob­
se rv a tio n s  o f p rev io u s w orkers to  fo rm u la te  and  te s t  new  m ix in g  ru les for the  
B W R  p a ra m e te rs . In  th e ir  d ev e lo p m en t, th e y  h av e  fo llow ed a  sy s te m  of logic 
s im ila r to  t h a t  used  b y  G u n  [25] an d  C h u e h  an d  P r a u s n i t z  [26]. T he rules 
c o n ta in  a  b in a ry  in te ra c tio n  p a ra m e te r  read ily  o b ta in a b le  fro m  in fo rm a­
tio n  on b in a ry  in te ra c tio n s  or o th e r  d a ta  av a ilab le  in  th e  l i te r a tu r e ,  nam ely , 
from  ex p e rim en ta l va lu es  o f th e  second v ir ia l cross-coeffic ien ts. B i s h n o i  and
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R o b in s o n  have also concluded  in  their study th a t their  revised  BW R  param­
eters for  CH4, C2H 6, C3H 8 and  H 2S, obtained b y  choosing  specific volum e as 
th e  d ependent variable, ra th er  th a n  pressure (or com pressib ility  factor) are 
m ore u sefu l to  correlate th e  v o lu m etric  properties and to  calcu late the fugacities 
o f  th e  liqu id  and gas phase a t th e  saturation points.

D en sitie s  are ca lc u la ted  u s in g  th e  B W R  e q u a tio n  o f s ta te

R T d B 0 R T  A 0 Ç o.
JT2

d  +  (b R T  — a )d 3 +

axde I c<*3( l  +  >'d3) -  e x p  ( — i d 2)
J-2

(23)

I s o th e r m a l  en th a lp y  d e p a r tu re s  a re  hencefo rth  e v a lu a te d  from

( H  — H°) Bn RT -  2A 0
4 Co

d 3 cd2
+  6.а х ^ -  +  - ^ Г

_  exp ( vd2) vd2

2

j>2

1 — exp ( — vd2)
rd2

ex p  ( — vd2)

d  +  (2 b R T  -  3a) ~  +

(24)

I n  th e  ideal gas s ta te  th e r e  is no change in  e n th a lp y  up o n  m ixing  and
h e n ce

A H M =  (H  -  H °)  -  Xl{H -  Я 0̂  -  x2(H  -  H °)2 . (25)

M ix tu re  en thalp ies are th e n  g iv e n  b y

Я  =  ( Я  — H °) +  Xl Щ  +  *2 HP, (26)

w h e re  H j  is th e  h y p o th e tic a l id e a l gas en th a lp y  o f  p u re  co m p o n en t i a t  a 
re fe re n c e  pressure of 1 a tm o s p h e re , based  on th e  d a ta  o f D in  (27).

T h e  revised  m ixing ru le s , fo r  a  b in ary  m ix tu re :

B 0 =  [X lB№ +  x 2 B № ] ,

A 0 — x i A ol -(- x 2 A 02 -j- 2Xl x 2( A 01 A 02)1̂ ( l  - k 12) ,

Co  =  x i Coi  *2 ^ 0 2  +  ^x i x 2[^o i B q2)^2(1 ^ 12) * 5

b =  (X lb\i* +  *2ЬУ2) 3 , (27)
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a =  Xy 3n4 +  x 2 3a2 +  3*1 x2(xy a\l3 +  x 2 a\'3)( 1 — k n )2'3 • a{'3 a#3, 

C === -tf ”f~ 2̂ 2̂ “I" 3x l x2(x1c\l3 +  x 2 4 /3) ( l  — fc12)2 . c}/3 4 / 3 , 

a  =  [* !« i '3 +  х 2«У3]3 ,

V =  [aq vJ/2 +  x2 v^2]2 .

B ish n o i an d  R o b in so n ’s p a ra m e te rs  fo r  th e  B W R  eq u a tio n  a re  g iven  in 
T ab le  IV .

Table IV

Parameters fo r  the B W R  Equation

P a ra m e te r C H 4 CO,

B o X l 0 2 4,3203053 3,2014927

^ 0 1,8712416 1,8367101
c 0 =  10- « 0,23500139 1,7602805

Ь х Ю 3 3,9787382 6,2536078

a 0,069197996 0,24204855

cX  IO-4 0,30179295 1,9008120

a x  106 9,6835765 4,8784066

v X lO 3 5,7118125 4,2808218

R  =  0,0825

U n its: A tm ,  °K , lit/g-m ol

H eat of m ix in g  ca lcu la tio n s

The W ilso n  E qua tion

T h e orig inal tw o -p a ra m e te r  W ilso n  e q u a tio n  and th e  m o d if ie d  four- 
p a ra m e te r  eq u a tio n  a re  here used to  c o m p u te  h ea ts  of m ix ing  o f  s a tu ra te d  
liq u id  so lu tions o f so lid  C 0 2 in  CH4. V o lu m e  ra tio s  Vjj V, an d  c o e ffic ien ts  of 
vo lu m e ex p an sio n  (d V jjd t)IV j  are c a lc u la te d  from  equation  (18). A s CH4 
ap p ro ach es  its  c r itic a l te m p e ra tu re , 191.1 K , th e  tem p era tu re  d e r iv a tiv e  d F /d T  
ap p ro ach es  in f in ity  (F ig . 1). This d if f ic u lty  is overcom e by a ssu m in g  th e  ra tio  
(d V /d T ) /V  to  be c o n s ta n t  for te m p e ra tu re s  e q u a l to  or g rea ter t h a n  180 K , i.e. 1 * * * V

1 d V
----- • ----- =  a 0, T  ;>  180 К  . (28)

V d T
In te g ra tin g

V  =  F 0 exp ot0(T  — 180), T  ;>  180 К  . (29)
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TEMPERATURE, °K

Fig. 1. Saturated  liquid volum es o f m eth ane

F ig . 2. H eat of m ixing for th e  saturated liquid solution o f  carbon dioxide in m ethane in  th e  
three-phase region. A  Com puted from  the BW R equation o f  sta te; о  Two-parameter W ilson  
equation ; •  Four param eter W ilson  equation; X M odified Scatchard —Hildebrand equation

l12 =  - 0.02
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W h ere  a 0 =  1 .25063х Ю -2 К -1  
a n d  V 0 =  57.0288 c m 3/g-m ol

a re  re sp ec tiv e ly  th e  co effic ien t o f volum e ex p an sio n  a n d  th e  m olal vo lu m e of 
l iq u id  m e th an e  a t  180 K . T h is a ssu m p tio n  p roduces cu rv e  1, (F ig . 1), a n d  th is  
e x ten s io n  for te m p e ra tu re s  above  180 К  m akes a  b e t te r  f i t  w ith  th e  genera l 
sh a p e  of th e  cu rve  co m p ared  to  curve 2, d raw n  on th e  a ssu m p tio n  t h a t  th e  
v o lu m e  ra tio  of C H 4 w ith  re sp ec t to  C 0 2 is c o n s ta n t. C a lcu la ted  re su lts  are 
l is te d  in  T able  У  an d  p lo tte d  in  F ig . 2. T here  is a  m a rk e d  s im ila r ity  b e tw een  
th e se  curves and  th e  locus o f  tr ip le  p o in ts , (F ig . 3).

TEMPERATURE,°C

F  ig. 3. Locus of triple poin ts (solid-liquid-vapour) o f the m ethane-carbon dioxide system

M o d ified  Scatchard— H ildebrand E quation

F o r te m p e ra tu re s  g re a te r  th a n  180 К  eq u a tio n s  (12) an d  (29) a re  re sp ec ­
t iv e ly  used  to  e s tim a te  so lu b ility  p a ram e te rs  an d  m o la l liq u id  vo lu m es of 
h y p o th e tic a l su p e rc ritic a l liq u id  CH4. M ixing h e a ts  a re  ca lcu la ted  fro m  p a r t ia l  
q u a n tit ie s  b y

A H M =  * 4 AH™ - f  x2 Z t f f  . (30)

C a lcu la ted  values are  l is te d  in  T ab le  Y. F igures 4 an d  5 il lu s tra te  th e  v a r ia tio n  
w ith  te m p e ra tu re s  o f th e  ca lcu la ted  so lub ility  p a ra m e te rs  an d  p a r t ia l  m olal 
h e a ts  o f m ixing o f b o th  so lu te  an d  solvent.
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Table V

Heats o f  M ix in g  o f  Saturated L iqu id Solutions o f  Solid C 0 2 in  C H t

T
°K

P
A tm .

X
M . F . 
C H 4

A H M  cal/g-mol

W IL S O N  E q . M OD . S C .-H üd . E q . B W R

a b h i
0,03

h í
— 0,02

k 12
0,05

110,7 0,9997 0,1022 0,2201 0,3544 0,2774
124,9 0,9992 0,3298 0,6105 0,9824 0,7929
125,2 0,9992 0,3309 0,6110 0,9833 0,7942
129,6 3,54 0,9984 0,6882 1,227 1,994 1,626 7,543
135,2 5,00 0,9975 1,132 1,938 3,176 2,623 9,528
138,7 0,9971 1,360 2,273 3,734 3,108
139,4 6,30 0,9963 1,738 2,892 4,775 3,981 14,04
144,5 7,80 0,9942 2,856 4,593 7,646 6,452 20,53
150,4 10,00 0,9907 4,875 7,531 12,62 10,80 28,43
151,4 0,9901 5,254 8,061 13,50 11,59
162,0 17,00 0,9817 11,33 16,13 26,81 23,69 45,31
167,2 0,9686 20,57 28,34 47,98 43,05
169,9 22,00 0,9706 20,77 28,07 46,41 41,98 61,27
180,0 0,9450 100,09 93,67
182,2 32,50 0,9415 49,18 62,28 160,2 157,2 92,21
183,2 0,9340 54,63 69,07 179,2 175,8
183,2 0,9415 49,72 62,77 159,6 156,5
189,3 38,50 0,8920 83,71 104,71 278,3 272,9 145,43
194,6 0,8740 98,80 122,09 313,8 307,7
196,9 45,00 0,8461 114,89 141,60 372,8 365,5 186,57
199,8 46,95 0,8030 201,24
201,3 48,00 0,7950 141,52 173,45 471,1 461,7 240,14
206,2 47,50 0,574 176,15 217,97 798,8 782,6 217,18
207,3 46,20 0,5000 169,65 210,97 859,0 841,6 198,50
207,6 46,00 0,4570 161,69 201,92 880,5 862,6 189,34
209,0 43,50 0,4000 151,17 189,36 888,6 870,5 170,60
210,4 40,00 0,3000 121,38 153,79 846,6 829,3 130,90
211,2 35,00 0,2320 95,79 122,84 766,1 750,4 178,90
212,6 27,50 0,2000 84,72 108,97 710,4 695,8 172,60
213,7 24,00 0,1350 56,36 73,91 556,7 545,2 54,94
214,3 15,50 0,1000 40,52 54,00 447,2 438,0 39,50

(а) Four-Param eter W ilson  E quation
(б) Two-Parameter W ilson  E quation
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Fig. 5. Partial m olal enthalpies

The B W R  E qua tio n

F o r CH4 above its  c r itic a l te m p e ra tu re , d ire c t app lica tion  o f  th e  B W R  
e q u a tio n  h as  re su lted  in  an  a b ru p t re v e rsa l in  th e  sign of V, f ro m  - ( - t o  — 
v a lu es , in d u c a tin g  t h a t  th e  p ro p ertie s  o f p u re  CH4, as such, do n o t  rea lly  
re p re se n t th e  a c tu a l b e h a v io u r  o f th is  c o m p o n e n t in  th e  m ix tu re  as f a r  as th e  
e q u a tio n  is concerned . As a  f irs t  a t te m p t  to  im p ro v e  th e  eq u a tio n s  a b il i ty  to  
e s tim a te  excess e n th a lp ie s  in  th is  region, th e  gas h as  been assum ed to  b e h a v e  as a 
h y p o th e tic a l su p e rc ritic a l liq u id  w ith  v a p o u r  p ressu res e x tra p o la te d  fro m  th e  
p lo t o f  In P ° VS 1/T . T h is  h as  p roduced  a n  im p ro v em en t. H ow ever, f a r  b e t te r  
re su lts  h av e  been o b ta in e d  by  th e  use o f e q u a tio n  (29) to  ca lcu late  t h e  d en sitie s
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Table VI

Saturated p h a se  enthalpies in the Three-phase

T
°c

P
A tm .

X
M . F .  
C H 4

cal/gm -m ole

( H - H . ) Я Я

M ixture C H 4 co2 SOL*N

T . P.

— 182,48 0,1154 1,000 820

— 143,55 3,54 0 ,9984 -1 9 8 9 3210 7050 1227

— 137,95 5,00 0,9975 -1 9 1 9 3250 7100 1341

— 133,75 6,30 0,9963 -1 8 7 2 3280 7120 1422

— 128,65 7,80 0,9942 -1 8 2 1 3340 7150 1541

- 1 2 2 ,7 5 10,0 0,9907 -1 7 6 8 3370 7210 1638

— 111,15 17,0 0,9817 -1 6 7 1 3470 7310 1869

— 103,25 22,0 0,9706 -1 6 1 2 3560 7400 2061

- 9 0 ,9 5 32,5 0,9415 -1 5 2 3 3640 7500 2343

- 8 3 ,8 5 38,5 0,8920 -1 5 4 1 3700 7550 2575 L iquid-

- 8 2 ,9 4 39,26 0,8780 -1 5 6 5 3710 7570 2616 phase

- 7 6 ,2 5 45,0 0,8461 -1 5 3 7 3750 7620 2809

— 73,33 46,95 0,803 -1 6 2 0 3770 7650 2914

— 71,85 48,0 0,795 -1 5 8 8 3800 7670 3005

- 6 7 ,9 4 47,84 0,655 -1 9 9 2 3820 7700 3167

- 6 6 ,9 5 47,5 0,574 -2 2 4 8 3830 7710 3235

- 6 5 ,8 5 46,2 0,500 -2 4 7 8 3840 7720 3302

- 6 5 ,5 5 46,0 0,457 -2 6 1 9 3845 7725 3333

- 6 4 ,1 5 43,5 0,400 —2792 3900 7740 3412

- 6 2 ,7 5 40,0 0,300 -3 1 2 0 3855 7745 3458

- 6 3 ,0 6 39,47 0,260 -3 2 6 9 3860 7750 3470

61,95 35,0 0,232 -3 2 7 0 3870 7760 3588

o f  h y p o th e tic a l liq u id  C H 4. T hese values (T ab le  Y ) f i t  well w ith th e  re s t  o f  th e  
d a t a ,  produce a sm o o th  c u rv e , and  are in  q u a l i ta t iv e  agreem ent w ith  v a lu e s  
p re d ic te d  by  th e  W ilso n  e q u a tio n  (Fig. 2).

S a tu ra te d  phase en th a lp y  d iag ram s

In  T able V I a re  ta b u la te d  the  s a tu ra te d  l iq u id  and  v ap o u r p h a se  e n ­
th a lp ie s  using th e  B W R  e q u a tio n  of s ta te . T h e  d a t a  are  p lo tted  as an  e n th a lp y -  
te m p e ra tu re , and  e n th a lp y  com position  d ia g ra m s  in  th e  u n iv a ria n t S —L — V  
e q u ilib riu m  region (F ig s  6 a n d  7).
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region computed by the B IV R  E quation o f  state

T
°c

P
A tm .

X
M . F . 
C H 4

ca l/g m -m o le

( Я - Я ° ) Я Я

M ix tu re C H 4 CO, SO L ’N

- 6 0 ,5 5 27,5 0,200 - 3 3 4 8 3875 7770 3643

- 5 9 ,4 5 24,0 0,135 3646 3900 7780 3610

- 5 8 ,8 5 15,5 0,100 3759 3910 7785 3639

- 5 6 ,6 5,112 0,000 4000

-1 8 2 ,4 8 0,1154 1,000 2900

- 1 3 2 ,2 2 6,70 0,9988 - 1 2 7 ,3 4 3300 7150 3177

-1 0 7 ,5 6 19,0 0,9937 -2 9 2 ,2 2 3500 7650 3234

- 9 7 ,2 8 27,0 0,9892 399,83 3600 7450 3242

- 9 5 ,5 6 28,0 0,9828 -4 1 2 ,4 1 3610 7460 3264

- 8 9 ,1 7 34,0 0,9730 -5 0 6 ,0 6 3650 7510 3248

- 8 4 ,4 4 38,2 0,9633 - 569,41 3700 7550 3272

- 7 9 ,5 0 42,66 0,9435 - 6 5 4 ,4 3720 7600 3285 Vapour-

- 6 7 ,4 4 48,0 0,8827 -6 5 6 ,1 1 3820 7700 3619 phase

- 6 3 ,0 6 39,47 0,825 -4 7 7 ,5 3 3850 7750 4055

- 6 0 ,0 5 27,22 0,80 -2 8 8 ,3 1 3870 7770 4362

- 5 9 ,0 16,6 0,70 — 187,08 3900 7780 4876

- 5 8 ,5 12,5 0,60 - 1 5 8 ,3 0 3905 7790 5301

- 5 8 ,0 10,21 0,50 -1 4 6 ,7 5 3910 7800 5708

- 5 7 ,5 8,17 0,40 -1 3 2 ,7 3 3910 7800 6111

- 5 7 ,3 6,80 0,30 -1 2 5 ,3 7 3915 7805 6513

- 5 7 ,0 5,78 0,20 -1 2 0 ,4 1 3915 7810 6911

- 5 6 ,8 5,44 0,10 - 1 2 8 ,6 0 3920 7815 7297

- 5 6 ,6 5,112 0,00 7663

Conclusions

F ig u re  2 is a g ra p h ic a l com parison  of th e  p re d ic te d  h ea ts  of m ix ing  o f th e  
s a tu ra te d  liq u id -p h ase  in  th e  S —L — V  eq u ilib riu m  reg ion . T h e ir degree of 
accu racy  m ay  n o t be fu lly  d e te rm in ed  u n til  e x p e rim e n ta l d a ta  a t  th e se  low 
te m p e ra tu re s  becom e av a ilab le . U n til th e n , th e  h igh  eng ineering  accu racy  
w ith  w hich  b o th  th e rm o d y n a m ic  m odels h a v e  b een  u sed  to  p re d ic t th e  so lub ­
i l i ty  o f solid C 0 2 in  C H 4, an d  th e  re la tiv e  q u a lita tiv e  ag reem en t b e tw een  th e  
d iffe ren tly -p red ic ted  v a lu es , lend  fu r th e r  con fidence  to  th e  feas ib ility  o f u t i l ­
izing  th e  B W R  e q u a tio n  in  its  new  form , to  c o rre la te  v o lu m etric  an d  th e rm o -
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F ig. 6. E nthalpy-tem perature relationsh ip  in the three-phase region of the CHj —C 0 2 system

MOLE FRACTION METHANE

F ig . 7. E nthalpy-com position diagram  for the CH4 C 02 system  in the three-phase region
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d y n am ic  p ro p ertie s  o f  lig h t h y d ro ca rb o n s, in c lu d in g  n o n -h y d ro ca rb o n  con­
s t i tu e n ts ,  a t such low  te m p e ra tu re s . F o r C H 4 above  its  c r itica l te m p e ra tu re , 
e q u a tio n s  (8) an d  (9), d eriv ed  for so lu tions of liq u id s  m ix ing  w ith  no  volum e 
ch an g e , p red ic t h e a ts  o f m ix ing  (F ig . 21 ju m p in g  to  h igh  values fo r tw o  m ajo r 
lim ita tio n s :
1 — T he volum e o f th e  gas decreases en o rm o u sly  on m ix ing  iso th e rm a lly

w ith  th e  liq u id
2 — T he d efin itio n  o f a c tiv ity  coeffic ien t as g iven  is n o t d ire c tly  app licab le

to  a  co m p o n en t ab o v e  its  c r itica l te m p e ra tu re  (see A ppend ix ).

A P P E N D IX

Regular Solution Theory fo r  Gas-solid Heats o f  M ixing

Various authors [28 — 31] and others have succesfully  attem p ted  to use regular solution  
theory to generalize correlations for the solubility  o f  gases in liquids. From these correlations 
it  is  possible to m ake estim ates o f the heat o f solution o f gases in liquids, as m ay be required  
in enthalpy  balance calculations in certain phase separation problem s. These correlations m ay  
be further generalized to  obtain  an interpretation o f the behaviour o f gases in equilibria where 
solids, liquids and gases are involved.

For CH4 above its critical tem perature, com ponent 1 is now a gas, while pure com po­
n en t 2  is in the solid sta te . For the two com ponents to form  a liquid m ixture it  is necessary to 
consider the m ixing betw een  a hypothetical subcooled liquid  C 0 2 w ith  a hypothetical super­
critical liquid CH4. The d ifficu lty  encountered w hen app lying regular solution theory (which  
assum es no volum e change) m ay be circum vented b y  considering the m ixing process as an 
isotherm al, isobaric therm odynam ic process in a series o f  tw o hypothetically  separate steps:

Step I

1. In the first h yp othetica lly  separate process the gas is com pressed isotherm ally at 
tem perature T  from th e  in itia l pressure P  and m olar volum e Vf to a hypothetical sta te  having  
a liquid-like volum e Vfy, w hich is practically equal to its partial molar volum e F f- in  th e  liquid  
solution  and to pressure P 4 corresponding to its partial pressure in  the m ixture.

2. This change is accom panied b y  an isotherm ally sm all expansion of the so lvent from  
the in itia l pressure P  and m olar volum e Vf- to its partial m olar volum e, Tf- in  the liquid solu­
tion , and its partial pressure P 2.

3. These hyp othetica lly  separate processes occur w ith  an overall net result th a t the sum  
o f the partial pressures o f solute and solvent is equal to  the initial pressure or the pressure 
P  o f  the equilibrium solution , i.e.

Pi +  Рг =  P- (31)
Step I I

The hypothetical liquid-like flu id  is dissolved in to  the hypothetical liquid solvent 
isotherm ally at tem perature T  and isobarically a t pressure P  to the equilibrium  m ixture.

Step I is accom panied b y  free energy and enthalpy  changes o f the solute:

A F t( I) =  Ff- -  F \ Q  =  V t d P  =  R T  I n / « - ( i \ ) / / g « ( F ) ,  (32)

А Щ 1 )  =  fff- -  Hf =  /dFj(I) +  T J S j f l ) . (33)

Step  (II )  is also accom panied by a free energy and an enthalpy change:

Z * M (II )  =  Pf- -  F{- =  R T  In к, X, =  R T  ln f [  ( P J / P f  (P ,)  (34)

where x2 is the mole fraction o f  the gaseous solute in the liquid solvent, and vt is its a c tiv ity  
coefficient referred to the pure hypothetical liquid as a standard state. The equation o f equilib­
rium  is thus
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A F ^ l)  +  Z F " (I I )  =  0 . (35)

T he a c t iv ity  coefficient o f th e  gaseous solute referred to  the pure hypothetical liqu id  m ust 
n ow  b e  expressed in term s o f partia l m olar volum es

RT ln V, =  Т{-Ф! [(ót -  02y  +  2ln  Й Д ] =  z f f i ^ I I )  (36)

w here Ф2 is the volum e fraction  expressed in term s o f the partial molar volum es.
T he gas-phase and condensed flu id  properties can be obtained from tabu lated  properties 

o f  th e  pure com ponent, etc.
P rausnitz [29] has su ggested  a m ethod for estim ating partial m olar volum es. E ven  

w h en  a gas is condensed to a liqu id-like volum e, it  w ill, upon dissolution in at least som e sol­
v e n ts , experience a furher sm all vo lum e change. H ow ever, th is volum e change is very  m uch  
sm aller  th an  that corresponding to  step  I, m ay be neglected , and for estim ation  purposes 
eq u a tio n  (29) m ay be used.

T he partial m olal heat o f  m ix in g  o f the gas is now  given by

AH™ =  H - L  _  щ  =  zlH j(I) +  Z H fi(I I )  . (37)

is always positive (endotherm ic), but the enthalpy change АН , (I) accom panying the  
iso th erm a l compression o f the gas to  a liquid-like volum e is negative and has the effect o f  reduc­
ing  th e  partial molal enthalpies o f  CH4 predicted b y  equation (9).
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Enthalpiebezichungen für ein festes Kohlendioxid enthaltendes gesättigtes M ethan- 
K ohlendioxid System von К ryogenjihasenkennwerten. — D as m it COs verunreinigte Erdgas 
kann durch Behandlung bei niedriger Tem peratur — durch Ausfrieren des C 02 — Wirtschaft 
lieh  gerein igt werden. D ie Ausfrierungstechnik ergibt eine bessere Raffinage, als andere übliche 
R affinationsverfahren. D eshalb wurde das System  CH4—COj bei den K ryogenphasenkenn- 
w erten eingehend untersucht. D ie in der B ehandlung bei niedriger Tem peratur im m auenten  
p otentie llen  M öglichkeiten können nur im  F all ausgenützt werden, wo die gü ltigen  reellen  
therm odynam ischen Angaben im  Behandlungsbereich zur Verfügung stehen. D as H au p tan ­
liegen der Abhandlung ist die Dem onstration einiger brauchbaren therm odynam ischen A n­
gaben. D ieselben wurden analytisch erm ittelt un ter  Berücksichtigung der reellen B eziehun­
gen, die zur Berechnung der Ausfrierungstechnik geeignet sind.
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SOME SPECIAL CASES OF INEXTENSIONAL 
DEFORMATIONS OF SHALLOW SHELLS

P. CSO N K A *
D O C T O R  O F  T E C H N . SC.

[Manuscript received 8 th  April, 1980]

Certain instances for the inexten sional deformations o f shallow  shells are dealt 
w ith, where th e  differential equations and  the functions characterizing th e  deform ations 
are o f extraordinarily simple form in sp ite  o f the fact that the flexural r ig id ity  o f the  
shell wall is also taken into consideration.

1. Introduction

B ased  on th e  th e o ry  of shallow s shells ce rta in  cases are  t r e a te d  in  th e  
fo llow ing w here  th e  d iffe ren tia l e q u a tio n s  an d  th e  fu n c tio n s d esc rib in g  th e  
in ex ten s io n a l d e fo rm a tio n  p a t te rn  o f  th e  shell are of e x tra o rd in a r ily  sim ple 
s tru c tu re .

In  an a ly s in g  th e  p roblem  i t  is a ssu m ed  th a t  th e  shell m a te r ia l  c an n o t 
ex p an d  in  th e  la te ra l  d irec tion  an d  th e  f le x u ra l r ig id ity  of th e  shell is  c o n s ta n t 
a long  th e  w hole e x te n t  o f th e  shell.

2. Fundam ental relationships

T he in v e s tig a tio n s  are ca rried  o u t  in  a n  o rthogonal sy stem  o f co o rd in a te s  
0 (x , y ,  z) w hose г -ax is is v e rtic a l w ith  dow nw ards po sitiv e  d ire c tio n . In  
th is  sy stem  of c o o rd in a te s  th e  fo rm  o f th e  shell is c h a ra c te riz e d  b y  shape 
fu n c tio n

z =  z { x , y ) ,  (1)

th e  specific p ro je c tiv e  value of th e  u n ifo rm ly  d is tr ib u te d  v e r tic a l lo a d  ac tin g  
on th e  shell b y  lo a d  fu nc tion

P = p ( x , y ) ,  (2)

th e  s tre ss  p a t te rn  o f  th e  shell by  s tre s s  fu n c tio n
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F  =  F (x , y ) , (3)

a n d  th e  v e r tic a l d isp lacem en t o f p o in ts  o f th e  m id d le  su rface  of th e  shell b y  
d isp la c e m e n t fu n c tio n

w =  w(x, y )  . (4)

L e t  u s  deno te  th e  w all th ic k n e ss  of th e  shell w ith  t, th e  Y oung’s m odu lus 
o f e la s t ic i ty  of th e  shell m a te r ia l  w ith  E , th e  te n s ile  stiffness of th e  shell w ith  
D , a n d  th e  bend in g  s tiffn ess  w ith  К  w here

D  =  E t ,  К
E t3

12
(5)

T h e  p ro jec ted  s tre ss  r e s u lta n ts  N x, N xy, N y o f th e  x , y  d irec tion  a re  in  
r e la t io n  w ith  th e  second d e r iv a tiv e s  of th e  s tre ss  fu n c tio n  F

N .
d2F
dy2

N x y
d2F 

dx ■ dy
IVv =

a2 F
dx2

( 6)

a n d  th e  p ro jec ted  m o m en ts  M x, M xy, M y a re  in  re la tio n  w ith  th e  second  
d e r iv a tiv e s  of th e  d isp la c e m e n t fu n c tio n  w:

M .  =  К
d2w

M .x y к
d2w

dx • dy
ЛГ, К

d2tv

dy2
(7)

A cco rd in g  to  W lasso w ’s th e o ry  on sha llo w  shells th e  s ta tic a l b e ­
h a v io u r  o f  shells su b je c te d  o n ly  to  v e rtic a l lo a d s  can  be described b y  tw o  
fo u r th -o rd e r  d iffe ren tia l e q u a tio n s . These e q u a tio n s  re a d  as follows

□ F - Х Д Д Т + р  

□  w +  Д  A F  =  0

0 ,
( 8)

w h ere in  th e  m ean ing  o f th e  o p e ra to rs  Д  an d  □  a re  as follows

d2 , d2

□  =
d2z

dx2

d2Z
dy2

Д  =

2

dx2

d2Z

dy2
d2

+
d2z d2

dx • oy dx ■ dy dy2 dx2

(9)

re sp e c tiv e ly .
I n  so lv ing  th e  d iffe re n tia l eq u a tio n s (7), tw o  co n d itio n s  can and  shou ld  he 

s a tis f ie d  along th e  shell edge.
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3. B asic form ulae o f the inextensional deformation

T he d efo rm atio n  o f th e  shell m ay  be considered as in e x te n s io n a l w hen 
th e  lin ea r  elem ents o f  th e  m idd le  su rface  do n o t undergo  a n y  c h a n g e  in  len g th  
u n d e r  th e  effect of th e  load . In  such  cases, i t  is ev id en t th a t :

N x =  0 , JVxy =  0 ,  N y  =  0 ,  (10)

Since, in  accordance w ith  fo rm u lae  (6), th e  m em brane  forces N x, N xy, N y are 
th e  second d e riv a tiv e s  o f th e  s tre ss  fu n c tio n  F , from  E q . (10) fo llow s t h a t  in 
case o f in ex ten sio n a l d e fo rm a tio n  th e  fu n c tio n  F  can n o t be b u t  th e  linear 
fu n c tio n  of th e  p lace  co o rd in a tes . C o n sequen tly , th e  p re lim in a ry  co n d itio n  
o f an  in ex ten s io n a l d e fo rm a tio n  is t h a t  th e  s tre ss  fu nc tion  shou ld  be  o f  th e  form

F  =  A x  -f- B y  -f- C (11)

w hich , b y  o m ittin g  th e  lin e a r  te rm s  as in sig n ifican t from  th e  p o in t  o f view 
o f th e  m em brane  forces, read s

F  =  0 . (12)

W hen  in ex ten sio n a l d e fo rm a tio n  is p re se n t, th e  d ifferen tia l e q u a tio n s  (8) of 
th e  th e o ry  of th e  shallow  shells can  be p u t  in to  th e  follow ing s im p le r  fo rm :

- К Д Д ю - f  p  =  0 ,  (13)

□ u ;  - 0 .

In  cases w here th e  shell su rface  is n o t su b jec ted  to  an y  lo a d , t h a t  is, if

p  =  0 ,

th e  cond itions (13) o f th e  in ex ten s io n a l d e fo rm atio n  get a s till s im p le r  form :

ДДи» =  о ,
□  м> - 0 .

(14)

I n  such  cases only  th e  edge of th e  shell s tru c tu re  is a tta c k e d  b y  lo a d s , n am ely , 
b y  couples.

T h e  fo rm ulae  (13) an d  (14) ho ld  t ru e  also fo r fin ite  K -v a lu es .

4. Exam ples

B elow , a few sim ple exam ples o f in ex ten s io n a l d e fo rm ation  a re  p re sen ted . 
F o r  all o f these  exam ples i t  is assum ed  th a t
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P =  0 ,  (15)

th u s ,  th e  conditions o f th e  d e fo rm a tio n  are c o n tro lle d  b y  form ulae (14). 

E xam ple  1

I f  th e  shape fu n c tio n  o f  th e  shell has th e  fo rm  

z  =  A x 2 +  B x y  +  Cy2

w h e re in  A , В  and  C a re  c o n s ta n t  values, th e  d isp la c e m e n t functions sa tis fy in g  
c o n d itio n  (14) are as fo llow s:

w  =  B x 2 -f- 2 (A  -(- C )xy  -\- B y 2
a n d

w  =  (B 2 — A C )x 3 +  3 ( A 2 +  BC)x2y  +  (C2 +  A B ) x y 2 +  (B 2 -  A C )y 3.

I t  is  e v id e n t th a t  th e  l in e a r  com binations o f th e  ab o v e  d isp lacem ent fu n c tio n s  
a lso  sa tis fy  conditions (14).

E xam ple  2

I f  th e  shape fu n c tio n  o f  th e  shell is

2 =  ^4(#2 4~ r 2), A  =  c o n s t.,

so , th e  conditions o f th e  in e x te n s io n a l d e fo rm a tio n  (14) w ill be fu lfilled  in  all 
c ases  w here  th e  d isp la c e m e n t fu nc tion  w is b ih a rm o n ic .

E xam ple  3

I n  case w here th e  fo rm  o f th e  shape fu n c tio n  is

г =  A x 3 4- 3 B x2y  -f- 3C xy2 4- D y 3

w h e re in  А , В , C a n d  D  a re  co n stan t, co n d itio n s  (14) of th e  in ex ten s io n a l 
d e fo rm a tio n  sa tisfy  th e  fo llow ing  d isp lacem en t fu n c tio n s  and  also th e ir  
co m b in a tio n s :

w =  (JB2 — A C ) 2 +  (BC  — A D )x y  +  (C2 -  B D )y2
a n d

w =  (3A B C  — 2 B 3 — A 2D) 4- 3(2A C 2 — B 2C -  2 A B D )x 2y  -  

-  3(2 B 2D -  B C 2 — AC D )xy2 4- (3 B C D  -  2C 3 -  A D 2)y 3 .
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E xam ple 4

In  cases w h ere  th e  fo rm  of th e  shape  fu n c tio n  is

397

z =  A (x 4 -f- y 1), A  =  const.,

th e  d isp lacem en t fu n c tio n  sa tisfy ing  co n d itio n s (14) is as fo llow s: 

w - B(X* — у 4), В  =  const.

N ote

I n  all cases o f  th e  above exam ples th e  cond itions (14) o f  inex tensional 
d e fo rm a tio n  will a lso  be  fu lfilled  if th e  fu n c tio n s  z  an d  w  in te rch an g e  th e ir  roles.
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ADAPTIVE PLANNING OF ELECTRIC POWER 
DISTRIBUTION NETWORKS AND OF THEIR 

COMPLEX CONTROL ENGINEERING SUBSYSTEMS; 
INTERACTIVE EFFECTS
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[M anuscript received April 8, 1980]

The paper presents an integrated planning system  of d istribution netw ork, 
operation control and control engineering system . A  new adaptive m eth od  for long­
term  planning o f distribution network and control engineering is described w hich is 
adaptable to external and internal changes. A d a p tiv ity  is extended to process, m odel, 
algorithm , network and control engineering. A s a m odel for planning a d istribution  
network control engineering system  — as a practical exam ple — the p lanning o f com ­
puterized telecontrol system s o f  regional d isp atch in g  centres is presented. B ased  on  
the analysis o f interactions an increasing in teraction  between network an d  control 
engineering is experienced. The new control engineering subsystem s have  a reducing  
effect on the overall costs, and outage duration , result in increased netw ork u tilization  
and reliability  and, finally , accom plish com plex system  control o f distribution networks. 
The consideration o f interactions y ield  im proved  system  parameters.

1. In tro d u c tio n , cybernetics o f  d is trib u tio n  netw orks

S ig n ifican t ach iev em en ts  h av e  ta k e n  p la n  in  th e  m ethods o f  so lv ing  
c e r ta in  ta sk s  en co u n te red  in  th e  p lan n in g  o f  pow er d is tr ib u tio n  n e tw o rk s , 
m a in ly  in  th e  fie ld  of d e te rm in is tic  o p tim iz a tio n  m ethods. A d e ta ile d  su rv e y  
o f p u b lic a tio n s  w as given in  p rev ious p a p e rs  (21, 23), w here also th e  basic  
co n cep ts  o f th e  “ dev e lo p m en t an d  p lan n in g  sy s te m ” have been d e fin e d :

D P n =  {I, G , M, P}

co n sis tin g  o f th e  follow ing subsy stem s:

I  =  basic  in v estig a tio n s,
G =  g u id ing  p rincip les,
M =  m eth o d s ,
P  =  process o f p lann ing .

So fa r , few  p u b lica tio n s  h av e  d ea lt w ith  th e  com plete  p la n n in g  sy s te m  
an d , w ith in  th is  scope, w ith  th e  process o f p la n n in g , w hich is of g re a t p ra c tic a l  
and  th e o re tic a l im p o rtan ce  ow ing to  th e  c o n s tra in ts  im posed b y  th e  r e s tr ic te d

* Dr. M. Sza n iszló , In stitu te  for E lectrical Pow er Research, H —1368 B ud apest, 
POB 233, H ungary
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c a p a c it ie s  availab le  fo r p la n n in g , ex ecu tio n  a n d  opera tio n , th e re fo re , o u r 
s c ie n tif ic  research  w o rk  h a s  p a r t ly  been c a rr ie d  o u t  in  th is  d irection .

I n  o rd e r to  o b ta in  a  co m p lex  and  c o o rd in a te d  deve lopm en t of a n e tw o rk , 
a lso  th e  dev e lo p m en t a n d  p lan n in g  of o p e ra tio n  c o n tro l and  its  new  c o n tro l 
e n g in e e r in g  sub sy stem s (com plex  au to m a tio n , te le c o n tro l, te leco m m u n ica tio n , 
c o m p u te r , ripp le  co n tro l) a re  requ ired .

B a se d  on th e  re c o g n itio n  of th e  ev e r in c re a s in g  in te ra c tiv e  e ffec ts , 
in s te a d  o f  seq u en tia l p la n n in g  o f associa ted  su b sy s te m s , th e  aim  of in te g ra te d  
p la n n in g  has been se t, to g e th e r  w ith  th e  e la b o ra tio n  of th e  D P  (d ev e lo p m en t 
a n d  p la n n in g  system ) fo r th e  m en tioned  su b sy s te m s .

A  pow er d is tr ib u tio n  n e tw o rk , o p e ra tio n  c o n tro l and  con tro l e q u ip m e n t 
a re  re g a rd e d  as c o n s ti tu t in g  a  cybernetic  sy s te m . T he p lann ing  sy s tem  is in ­
v e s t ig a te d  from  th e  v ie w p o in t o f lon g -te rm  p la n n in g .

W ith  th e  aim  of im p ro v in g  th e  “ s a t is fa c to ry ”  an d  “ optim izing”  m e th o d s  
fo llo w ed  in  th e  p la n n in g  o f  d is tr ib u tio n  n e tw o rk s  an d  con tro l e q u ip m e n t, a 
n ew  m e th o d  te rm e d  “ a d a p tiv e  p lan n in g ”  h as  b e e n  fo rm u la ted , w hich  ta k e s  
in to  c o n s id e ra tio n  th e  u n c e r ta in tie s  of th e  in p u t  d a ta ,  and  a d a p ts  its e lf  r a t io n ­
a lly  to  th e  e x te rn a l a n d  in te rn a l  changes. T h e  te rm s  “ ad ap tiv e  p la n n in g ”  a n d  
“ a d a p t iv i ty ”  are  e q u a lly  re fe rred  to  p rocesses, m odels, a lgo rithm s, n e tw o rk s  
a n d  c o n tro l eng ineering .

T h e  in te ra c tio n s  o f  n e tw o rk  and c o n tro l eng ineering  are an a ly sed , w ith  
sp e c ia l re sp ec t to  new  e lem en ts  w hich re d u c e  th e  re su lta n t cost an d  in c rea se  
th e  re lia b ili ty  of o p e ra tio n .

I n  th e  case o f  s te a d ily  developing sy s te m s , th e  a d a p tiv ity  of a sy s te m  
c a n  b e  increased  b y  im p ro v in g  th e  a d a p t iv i ty  o f  th e  p lann ing  sy s tem  itse lf , 
w h e re b y  a dynam ic  e q u ilib r iu m  is ensured .

T h e  bases o f th e  re sea rch -d ev e lo p m en t p la n n in g  system  of th e  d is t r i ­
b u t io n  n e tw o rk  c o n tro l sy s te m  are like to  F T h .

2. Planning system

P lan s  covering  d iffe re n t periods of tim e  sa tis fy in g  d ifferen t fu n c tio n s  an d  
o f  d iffe re n t o rie n ta tio n s  h a v e  to  be p re p a re d , sy s tem ized  accord ing  to  g ro u p s, 
b a s e d  on  th e ir  in te r re la tio n s .

B ased  on F ig u re  1, th e  in te g ra te d  p la n n in g  system  (“ S” ) is d e fin ed  
in  th e  follow ing w ay :

S =  {D P, C P , I P ,  IE }
w h e re

D P  =  se t o f e le m e n ts  of dev e lo p m en t a n d  p lann ing  system ,
CP =  se t o f c o n c re te  long-term  p lan s ,
I P  =  se t o f in v e s tm e n t-o r ie n te d  p la n s ,
I E  =  se t o f in te r re la tio n s  (con n ec tio n s).
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F u r th e r :
D P  =  {D Pn , D P q, D P c , D P m}

an d
CP =  {CPN, C P0 , C P c , C P M}

w here
K T =  {SE, P P } ,

SE  =  se t o f  co n cre te  long -te rm  p lan s ,
P P  =  se t o f p ro jec t-o rien ted  p lans.

In  o rd er to  an a ly se  th e  in te ra c tio n  an d  feed b ack  effects, in  F ig u re  1 th e  
re a liz a tio n  (R E ), th e  co n cre te  system s a lre a d y  in  serv ice (CS) an d  th e  e n v iro n ­
m e n ta l sy stem  (E ) are  show n.

I t  is a p p ro p ria te  to  p rep are  th e  p lan s  fo r  th e  con tro l sy s tem  (sy s tem  
p lan s) w ith  a d y n am ica l ap p ro ach , acco rd ing  to  a n d  s im u ltan eo u sly  w ith  th e  
lo n g -te rm  n e tw o rk  d ev e lo p m en t p lan . T h is m ean s  th e  e lab o ra tio n  o f new  m odels 
an d  m eth o d s: see S ec tion  4.

3. A daptive p la n n in g

T hree  m ain  ty p e s  o f p lan n in g  are d is tin g u ish e d : sa tis fac to ry , o p tim iz in g  
an d  a d a p tiv e .

T he sa tisfactory  ty p e  of p lan n in g  does n o t  u se  an y  m a th e m a tic a l m odels, 
p lan n in g  is b ased  on p rofessional skill. A lth o u g h  th e  analyses a re  u su a lly  
a ided  b y  co m p u te r  b ack g ro u n d .

T he op tim izin g  ty p e  o f p lann ing  ap p lie s  m a th e m a tic a l m odels and  
m eth o d s  based  on sim p lify ing  assu m p tio n s a n d  solve p a rtia l p la n n in g  ta sk s  
b y  search ing  fo r th e  ex trem e  values of t a r g e t  fu n c tio n s  u su a lly  m in im izing  
p re se n t-v a lu e  costs).

As early  as in  th e  p re p a ra tio n  s tag e , sev e ra l u n ce rta in tie s  a n d  changes 
m ay  occur p re p a rin g  th e  p lan s for a co n cre te  p ro je c t especially  in  m ore  a d ­
v an ced  stages, o f p lan n in g , e.g.

— u n c e rta in tie s  o f basic  d a ta ,
— en v iro n m e n ta l changes,
— v a ria tio n s  w ith in  th e  in v estig a ted  sy s tem .

T he adaptive  p la n n in g  is a sy n th esis  o f  a lre a d y  developed  p lan n in g  
m eth o d s , h u t  a d d itio n a lly , i t  co n ta in s  new  e le m e n ts  in  o rder to  en h an ce  a d a p t­
a b ili ty  and  ensure  d y n am ic  equ ilib rium  o f th e  p lan .

B y  a d a p ta b il i ty  th e  ca p a b ility  of re a c tin g  to  e x te rn a l or in te rn a l changes 
by  a su itab le  re sponse  is u n d ers to o d . T he deg ree  o f  a d a p tiv ity  m ay  he d iffe ren t,
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r a n g in g  from  sim ple p ass iv e  a d a p ta t io n  to  a c tiv e  in te rn a l an d  e x te rn a l (s tru c ­
tu r a l ,  fu n c tio n a l, in te r re la tiv e )  m od ifica tions a n d  influences. A n a d a p t iv i ty  of 
t h e  h ig h e s t degree is c a p a b le  o f  chan g in g  th e  sy s te m  s tru c tu re  a n d  in flu e n c in g  
th e  en v iro n m en t.

A s new  fea tu re  a p p e a r in g  in  th e  sy s te m  o f ad ap tiv e  p la n n in g  is th e  
e m p h a s is  p laced on th e  r a t io n a l  a d a p ta tio n  to  ch an g es, b o th  in  th e  p ro cess  of 
p la n n in g  and  in  th e  m odels a n d  m ethods.

I n  ad ap tiv e  p la n n in g  th e  follow ing e sse n tia l ta sk s  can be fo rm u la te d :
1) ta k in g  in to  a c c o u n t th e  u n c e r ta in ty  o f  basic  d a ta  as e a r ly  as in  th e  

f i r s t  p h a se  of p lann ing  (a d a p tiv e  m odel);
2) recognition  in  d u e  t im e  (ad a p tiv e  in fo rm a tio n  su b sy stem );
3) ev a lu a tio n  (cyc lica l o r in i t ia te d  b y  a  ch an g e), e lab o ra tio n  o f  new  ele­

m e n ts ,  re -p lann ing  (a d a p tiv e  m e th o d  an d  c o n tro l subsystem );
(4) p rep a ra tio n  of d ec isions an d  a ssu rin g  e ffic ien t ex ecu tio n  (decision  

a n d  c o n tro l subsystem ) ra n g in g  from  long -ran g e  p lan n in g  to  im p le m e n ta tio n .
T h e  adap tiv e  p la n n in g  p rocess, its  su b sy stem s, m odules an d  in te r re la tio n s  

th e r e o f  a re  show n in  F ig u re  2.
W ith  a view  to  a d a p t iv i ty ,  th e  fo llow ing  su bsystem s an d  m o d u les  are 

p la c e d  in  th e  fo reg round :
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— a d a p tiv e  p lann ing  su b sy s te m : m odel, m e th o d , a lg o rith m ;
— a d a p tiv e  con tro l sy s te m , in fo rm a tio n  su b sy stem  to  m o n ito r a n d  sea rch  for 

ch an g es;
— c o n tro l subsystem ; su b sy s te m  o f ex p e rtise  an d  m an ag em en t ( ju ry  =  decision 

n o d e);
— su b sy s te m  to  in v e s tig a te  in te rre la tio n s .

T h e  a d a p tiv e  p la n n in g  is “ e n v iro n m e n t an d  in te rre la tio n ”  o rien ted .
A con tin u o u s p la n n in g  process an d  th e  re su ltin g  co n tro l on  deve lop ­

m en t, d ire c te d  b y  th e  p la n n in g  a c tiv ity  is, in  fa c t, a “ p lann ing  process c o n tro l” .
W ith  respect to  feed b ack , th re e  tim e  phases are a c c e n tu a te d : p lan  

m ak in g , rea liza tio n  o f p la n s , an d  o p e ra tio n .
In  th e  course of a c o n tin u o u s  fe e d b a c k -ty p e  p lan  m ak in g  a n d  checking , 

based  on  con tinuous p ro cessin g  o f acq u ired  experiences, a c e r ta in  degree  of 
le a rn in g  is  also tak in g  p lace . T h is is, in  effec t, an  e lem en ta ry  fo rm  o f ad a p tiv e  
lea rn in g , co n tro l and p la n n in g .

In  a d d itio n  to  sy n th e tiz in g  th e  experiences, lea rn in g  can  be e n h an ced  by 
s im u la tio n . T he s im u la tio n  re su lts  in  a co n sid e rab ly  sh o rte r  an d  m ore  econom ­
ical le a rn in g .

T h e  a d a p tiv e  p la n n in g  sy stem , th e  m odule  system  o f th e  p lan n in g  
process is also su itab le  fo r  b e in g  used  in  th e  p lan n in g  o f d is tr ib u tio n  n e tw o rk s , 
o p e ra tio n  co n tro l and  new  c o n tro l sy stem s. T h e  c o n ten ts  of m odules h as  been 
w orked  o u t  in  details fo r d is tr ib u tio n  n e tw o rk s  an d  fo r th e ir  c o n tro l m e th o d s.

T h e  p lan n in g  process in c ludes m odu les, w h ich  can  be m o d elled  m a th e ­
m a tica lly , an d  for w hich a p p ro p r ia te  a lg o rith m s can  be c o n s tru c te d , p e rm ittin g  
th ese  m o d u les  to  be tr e a te d  b y  m eans of a co m p u te r . These m od u les  be lo n g  to  
th e  a u to m a te d  techn ica l p la n n in g : A T P.

T h e  m odels can  be d iv id ed  in to  th re e  m a in  g roups: d e te rm in is tic , s to ­
ch astic , a d a p tiv e  (u n c e rta in  basic  d a ta ) .

T h e  m o st su itab le  m ean s fo r ta k in g  in to  acco u n t th e  a d a p tiv e , d y n a m ­
ic m odels w ith  u n ce rta in  b asic  d a ta . F o r  th o se  o p e ra tio n  co n tro l a n d  c o n tro l 
eng ineering  m odules, w h ich  can  be m odelled , i t  is su itab le  to  e la b o ra te  f ir s t ,  
th e  d e te rm in is tic  m ethods, a n d , th e n , th e  a d a p tiv e  ones.

A  synthesis of the netw ork m odel (Mn ), the operation control m odel 
(M0O) and th e  system  control m odel (Mc) establishes the basis for integrated  
planning, viz. the cybernetic m odel (M) of a distribution network:

M =  {MN, M0O, Mc } .

ff V N ew  elem ents are in tro d u c e d  fo r m odelling , e .g .: h y p er-, h ie ra rch ic - , 
h y b rid -, P e tr i-g ra p h s .

T h e  su p erv ision  an d  c o n tro l of s ta te  v a ria b le s  (S), such as pow er (P ), 
c u rre n t ( I ) , v o ltag e  (U), fre q u e n c y , o p e ra tin g  s ta te s  (g), te m p e ra tu re  (t).
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S (P, I, U, f, g, t)

a re  acco m p lish ed  (in space a n d  tim e) b y  sy s tem  c o n tro l m ethods.

4. D istribution network control system

T h e  h ie ra rch ic  n e tw o rk , o p e ra tio n  co n tro l a n d  system  eng ineering  su b ­
sy s te m s  a re  show n in  F ig u re  3.

T he evo lu tio n  te n d e n c ie s  of p ro te c tiv e  re lay s  a n d  a u to m a ta  fo r d is tr ib u ­
t io n  n e tw o rk s  (e.g. p ro te c tio n , au to m a tio n , te le c o n tro l, te leco m m u n ica tio n , 
c o m p u te rs , rip p le -co n tro l), c a n  be in v e s tig a te d  in  sev era l a spec ts: co m p lex ity , 
fu n c tio n , h a rd w are  e lem en ts , so ftw are , p lan n in g  d em an d s.
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T h e  a u to m a ta  a n d  p ro tec tiv e  re lay s  a re  d eve lop ing  in  th e  d irec tio n  o f 
co m p lex  au to m atio n  a n d  p ro tec tiv e  sy stem s. E .g .:  co m p lex ity  on c ircu it (bay) 
level. F o r  re liab ility  o r  econom ic reaso n s i t  seem s a p p ro p r ia te , on  th e  long 
te rm  — to  develop so -called  in te llig e n t “ g ro u p ed  com plex”  a u to m a tio n  sys­
te m s : fo r busbar se c tio n s , tran sfo rm ers , e tc .

T h e  com plex ity  o r  in tric acy  o f  a  te le c o n tro l sy s tem  o r a r ip p le  co n tro l 
sy s te m  is considerab le  even  in  th e  in it ia l  s tag es  o f d ev e lo p m en t an d  im p le­
m e n ta t io n , since, d u e  to  th e  fu n c tio n  a n d  s tru c tu re  o f such  sy s tem s, th e y  form  
a  g re a t  contiguous sy s te m  covering a  w hole reg io n a l d isp a tc h in g  area .

R egard ing  th e  fu n c tio n s , b o th  q u a n t i ta t iv e  an d  q u a lita tiv e  progress is to  
be  ex p ec ted  here to o , e.g . func tions o f rem o te  su p erv is io n , te leco m m an d  and  
sy s te m  regu la tion . T h e  ad ap tiv e  co n tro l en g ineering  sy s tem  is considered  as 
th e  m o st u p -to -d a te .

F o r  m edium - a n d  low -voltage n e tw o rk s  an d  consum ers new  con tro l 
eng ineering  m ethods (au to m a tio n , r ip p le  O N -O F F  co n tro l o f in d iv id u a l loads) 
h a v e  com e in to  p ro m in an ce .

A s regards h a rd w a re , th e  ch an g e  of g e n e ra tio n  (in e lec tron ics) becom es a 
co m m o n  phenom enon  to g e th e r  w ith  th e  ap p e a ra n ce  o f p ro g ram m ed  elem ents 
a n d  co m p u ter sy s te m s .

All th e  above m en tio n ed  fe a tu re s  n e c e ss ita te  lo n g -te rm  an d  con tinuous 
p la n n in g  of con tro l eng ineering  (cy b ern e tic ) sy stem s. In d iv id u a l, ad  hoc p lans 
a re  n o  longer su ffic ien t.

T he p lann ing  o f  co n tro l eng ineering  sy stem s is p erfo rm ed  on th e  basis of 
a d a p tiv e  p lann ing  p ro cess  show n in  F ig u re  2. S ev era l sy s tem  p lan s  have  been 
p re p a re d  for th e  c o m p u te r  and  te le c o n tro l sy stem s o f reg io n a l d isp a tch in g  
c e n tre s  (3, 12).

D ue to  th e  sp ec ia l req u irem en ts  an d  c h a ra c te r is tic s , th e  d e te rm in a tio n  
o f  m odels of fo rm u lizah le  m odules h av e  ra ise d  new  ta sk s . A ccord ing  to  th e  
p rin c ip le  of p ro g re ss iv ity , in  th is  fie ld , f ir s t ,  th e  d e te rm in is tic  m odels h av e  to  
b e  e lab o ra ted  an d  a p p lied , and la te r  th e y  can  be deve loped  in to  ad ap tiv e  
m odels.

As an  exam ple, fo r  th e  te leco n tro l sy s tem  o f  a reg io n a l d isp a tch in g , th e  
m a in  elem ents of a  p ossib le  co m b in a to rica l m odel are  show n:

M, =  { R ,T , C, F , PG}
w h ere

R  =  to p o g rap h ic  dom ain  o f in te rp re ta t io n  an d  se t o f b asic  d a ta , 
T  =  ta rg e t fu n c tio n (s) and  e v a lu a tio n  c rite r ia ,
C =  set of c o n s tra in ts ,
F  =  set o f fu n c tio n a l and  in fo rm a tio n -flo w  re la tio n s ,
PG  =  p la n n in g  guide lines a n d  fu r th e r  s tip u la tio n s .
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T h e  e lem en ts  of set R  are :

В  --- {Gpn> ^ o c ’ G-tn, Im ’ Is? t̂C9 Ie9 B }
w here

G pn =  g raph  of p o w er n e tw o rk  (h ierarch ic  g rap h ),
G oc =  g raph  of o p e ra tio n  c o n tro l system ,
Gtn =  m ax im um  g ra p h  o f  te leco m m u n ica tio n  n e tw o rk ,
I m == se t o f m easu red  d a ta  req u irem en ts ,
I s =  set of s ignalled  d a ta  req u irem en ts ,
I tc =  set of te le c o m m a n d  req u irem en ts ,
I e =  set of m a n -m a c h in e  re la tio n s  req u irem en ts ,
В  =  set of sp ec ifica tio n  d a ta  an d  costs o f te le c o n tro l e q u ip m e n t.

T h e  ev a lu a tio n  c r ite r io n  o f  ta r g e t  fu n c tio n  (T) can  be e.g. :

— cost m in im um  (a b so lu te  o r  p resen t-v a lu e ),
— m ax im aliza tio n  o f se rv ice  c o n tin u ity  an d  re lia b ili ty  (in  th e  case of 

in v es tm en t c o n s tra in t) .

E le m e n ts  o f th e  se t of c o n s tra in ts  C are  e.g .:

— c o n s tra in ts  im posed  b y  e q u ip m e n t in fo rm a tio n  c a p a c ity ,
— m ax im um  p erm issib le  in fo rm a tio n  u p -d a tin g  tim e .

T h e  e lem ents of sets F  a n d  P G  a re  being  d e te rm in ed  d u rin g  th e  d ev e lo p ­
m e n t  o f  th e  system  an d  g ra d u a l ev o lu tio n  o f th e  p la n n in g  guide lines.

I m, Ip  Ip can be g iven  w i th  m in im u m  a n d  m a x im u m  v a lu es  (a d a p tiv e  
m o d e l).

5. Interactions betw een  network and control engineering

I n  th e  previous sec tions a lre a d y  described  som e in te ra c tio n s  w ith in  th e  
c o m p le x  sy s tem  of o p e ra tio n  c o n tro l a n d  co n tro l eng ineering . In  th is  sec tio n  
th e  in te ra c tio n s  betw een  n e tw o rk  a n d  co n tro l eng ineering  sy s tem  (su b sy stem s) 
w ill b e  in v e s tig a te d .

F o r  th e  sake of co m p le ten ess  a n d  as th e  b est ex am p le  le t  th e  in te ra c tio n  
b e tw e e n  n e tw o rk  and  p ro te c tiv e  re la y s  be m en tio n ed  f ir s t ,  w h ich  is w ell k n o w n  
a n d  c o n s id e re d  in  th e  p lans.

A  s im ila r close in te r re la t io n  ex is ts  be tw een  n e tw o rk  an d  a u to m a ta . 
T h e  “ n -1 ”  p lan n in g  p rinc ip le  is  a c h ie v e d  b y  th e  a d o p tio n  o f a u to m a ta . A long  
w ith  th e  d ev e lo p m en t o f a u to m a tic  devices re s to rin g  serv ice  c o n tin u ity  in  
c o n ju n c tio n  w ith  a fa u lt an d  th o s e  p erfo rm in g  c e r ta in  re g id a tio n  ta s k s , new  
a u to m a te d  func tions are  a d d e d , w h e re b y  in te ra c tio n  in c reases  to  th e  e x te n t  o f 
c a u s in g  repercussions on n e tw o rk  p la n n in g  an d  c ritic a l c h a ra c te r is tic  s ta te
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p a ra m e te rs . Im p le m e n ta tio n  of ex ten s iv e  a u to m a tio n  system s c re a te s  new  
possib ilities .

In  th e  case o f d is tr ib u tio n  n e tw o rk  tra n s fo rm e rs  and  lines (on v o ltag e  
levels o f 120, 20, 10, 0.4  kV) one o f  th e  fo llow ing  reserve  p rincip les can  be 
ap p lied : no  s ta n d b y  is in sta lled , in d iv id u a l s ta n d b y  is availab le , a  com m on 
s ta n d b y  is p rov ided .

In tro d u c in g  new  au to m a tic  m ean s a so -ca lled  “ com m on sy stem  s ta n d b y ”  
can  be  estab lished  fo r  a n  in te rco n n ec ted , to p o lo g ica lly  con tiguous d is tr ib u tio n  
n e tw o rk , w hich re a c ts  on th e  p lan n in g  of th e  p o w er ne tw o rk  an d  re su lts  in  
consid erab le  cost sav in g s.

T h e  overload  su p p o rte d  by  th e  n e tw o rk  e le m e n ts  a t  forced o u tag es  m ay  
be fu r th e r  increased  b y  sho rten in g  th e  tim e  re q u ire d  b y  th e  tra n sp o s itio n  of 
loads. T h is is an  im p o r ta n t  ach iev em en t, b ecau se  th e  s ta te  of th e  n e tw o rk  
d u rin g  a forced o u ta g e  is th e  c ritica l fa c to r , i t  is  a  p lan n in g  c o n s tra in t, to  be 
considered  in  n e tw o rk  p lan n in g , i t  is ju s t  th e  lo a d  tra n sp o s itio n  tim e  th a t  
can  be  reduced  b y  a p p ro p r ia te  ap p lic a tio n  o f su ita b le  au to m a tic  eq u ip m e n ts , 
te le c o n tro l m eans a n d  au d io -fraq u en cy  re m o te  (rip p le ) con tro l m e th o d s .

U sing  com m on s ta n d b y  lines an d  a u to m a tio n , th e  degree o f re lia b ility  
o f ra d ia l  (tree) d is tr ib u tio n  n e tw o rk s can  be  im p ro v e d , and , in  a d d itio n , by  
m eshed  netw o rk s th e  u tiliz a tio n  fa c to r  o f lines is increased .

T h e  cost effects o f  in te rac tio n s  are  such  as to  re n d e r m ore co m p lica ted  
an d  ex ten s iv e  c o n tro l engineering  system s econom ica l (besides te ch n ica l ne­
cessity ).

A u to m a tio n  a n d  te leco n tro l p e rm it th e  im p le m e n ta tio n  and  e x p lo ita tio n  
o f u n a tte n d e d  d is tr ib u tio n  tra n sfo rm e r s ta tio n s  a t  a sa tis fac to ry  re lia b ility  
level o f opera tio n .

W h en  c a lcu la tin g  th e  o p era tio n  re lia b ility  (V) of a n e tw o rk , in  a d d itio n  
to  th e  n e tw o rk  (N ), th e  con tro l en g in eerin g  su b sy stem s (C) an d  o p e ra tio n  
co n tro l (OC) have  to  be  considered :

Vr =  f(N , G, OC).

E .g .: sw itch -over tim es: m an u a l 30 to  60 m in ., b y  te leco n tro l 1 to  3 m in . 
local a u to m a tio n  1 to  10 s. p ro tec tiv e  re lay s 0.1 to  0.5 s.

T h e  ripp le  c o n tro l is an  im p o r ta n t  su b sy s te m  o f o p era tio n  c o n tro l, w hich 
ren d e rs  th e  con tro l sy s te m  com plete  an d  “ c lo sed ”  from  g en era tin g  p la n t  to  
co n su m er. A close in te r re la tio n  ex is ts  b e tw een  th e  d is tr ib u tio n  n e tw o rk  co n tro l 
en g ineering  su b sy stem s as well.

B y  increasing  th e  in te rac tio n s  be tw een  th e  n e tw o rk  and  c o n tro l encineer- 
ing  (b y  in tro d u c in g  n ew  con tro l eng ineering  m ean s) th e  follow ing a d v a n ta g e s  
are  ach ieved :
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— savings in  in v e s tm e n t costs,
— increased  e q u ip m e n t u tiliz a tio n ,
— im proved  re lia b ili ty , red u ced  o u ta g e  d u ra tio n s .

B y  considering th e  in te ra c tio n s  im p ro v e d  sy s tem  p a ra m e te rs  c a n  be 
d e te rm in e d :
V r, P r , w here P r is th e  r e lia b ly  ava ilab le  c a p a c ity  (power) of th e  d is tr ib u tio n  
s y s te m  :

P r =  f  (P tr{, P h, C, m , P ( t) ,  M, I ,  Ü).
W h e re

P tr( =  c a p ac ity  o f tra n sfo rm e rs .
P h =  reserve po w er,
C =  overload  c a r ry in g  cap ac ity ,
m  =  n u m b er o f co n n ec tio n s,
P ( t)  =  load vs. t im e  cu rv e ,
M =  set of w a rm in g -u p  p a ra m e te rs .
P ( t )  can  be g iven  w ith  m in im um  a n d  m a x im u m  values.

T h e  concrete re su lts  o f  q u a n ti ta t iv e  in v e s tig a tio n s  w ill be p u b lish e d  in  a 
s e p a ra te  paper.
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Charakteristiken des in folge der SchaltUberspamiuiig auftretenden D urchschlage der 
großen Fernleitungsm ast-Leiter Luftabstände. D ie Abhandlung berichtet üb er  eine Serie 
von  um fassenden U ntersuchungen von verschiedenen Isolationsm odellen der F ernleitungs­
m aste, die m it Im pulsspannung durchgeführt wurden. D ie Einwirkung der W ellenform  auf 
die elektrische Festigkeit gegen die Schaltüberspannung von  positiver P o lar itä t w ird durch 
A nw endung von Spannungswellen einer Stirnzeit von  35 bis 1200 fis. D ie  U ntersuchungs­
ergebnisse um fassen und erw eitern die A nhäufung der zur Verfügung stehend en  D aten  und 
infolgedessen kann eine verallgem einerte K ennlin ie der Spannung-W ellenform  des Durch­
schlags erm ittelt werden. Der A utor führte besondere Untersuchungen durch u m  eine ausrei­
chende Menge von Experim entenresultate zusam m en zu bringen, die für die A u fste llu n g  eines 
den D urchschlag von großen Luftabständen representierenden Modells n otw en d ig  sind. Auf­
grund der Messungen wurden die Parameter des Übergangs von der K oronaentladung zur 
Leaderentladung und dieselben der Entw icklung der Leaderentladung ausgew ertet. D ie  Gegen­
überstellung der Ergebnisse der theoretischen R echnungen m it denselben der E xperim ente  
bew ies, daß in der M odellierung des E ntladungsprozesses ein Fortschritt erreicht werden 
konnte.
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BUCKLING OF THE SADDLE-SHAPED HYPAR 
SHELL ACTING LIKE AN ARCH

E . D U LÁ CSKA *
CA N D . O F  T E C H N . S C I.

[M an u scrip t received M ay 2, 1980]

T h e  p a p e r  p re se n ts  th e  d e te rm in a tio n  o f th e  lin e a r  c ritica l lo ad  o f th e  u n ifo rm ly  
lo ad ed  sad d le -sh ap ed  h y p e rb o lic  p a rabo lo id  she ll s tiffen e d  a long  tw o  o p p o site  edges 
b y  d iap h rag m s rig id  o n ly  in  th e ir  own p lanes, w h ile  r ig id ly  su p p o rted  in  a ll d irec tio n s  
a long  th e  o th e r  tw o  edges. T he buckled  shape  a lw ay s  consists o f  a  c o m b in a tio n  o f  tw o  
sine fu n c tio n s w h ich  m a k e  th e  d isp lacem ent v a n is h  a lo n g  th e  rig id ly  su p p o r te d  edges. 
T h e  n u m erica l v a lu e s  o f  th e  coefficient n ecessa ry  to  c o m p u te  th e  c ritic a l lo ad s are 
g iven  in  a  tab le , fa c ili ta tin g  p rac tica l co m p u ta tio n s.

1. In tro d u c tio n

S ad d le-sh ap ed  shells a re  w illingly u sed  to  co v er la rge  areas b a c a u se  of 
th e ir  p le a sa n t fo rm , a n d  since th e ir  fo rm w ork  ca n  be  assem bled  o f  s tra ig h t 
sh ee ts  (F ig . 1). T h is ty p e  o f  shells is m o stly  su p p o r te d  in  e ith e r  o f  th e  tw o 
fo llow ing tv ays:

T h e  shell m ig h t be  su p p o rte d  along a ll i ts  fo u r edges (x  =  0 , x  =  L x, 
y  — + L yl2) b y  d ia p h ra g m s (o r arches) rig id  o n ly  in  th e ir  own p lan es, u n a b le  to  
re s is t la te ra l  th r u s t  (“ sem i-rig id  d iap h rag m s” , see F ig . la ) .  T h e  m e m b ra n e  
s tre ss  s ta te  o f th e  u n ifo rm ly  loaded  sad d le -sh ap ed  shell co rresp o n d in g  to  th is  
k in d  o f su p p o rt w as d e te rm in e d  b y  A im o nd  [1 ]. T h e  v a lid ity  of th e  m em b ran e

Fig. 1. T h e  u su a l su p p o rt conditions o f th e  sad d le-sh ap ed  shell 

* D r. D u lá csk a  E n d re , I I .  K ita ib e l P á l u . 12 H -1022 B u d ap es t, H u n g a ry
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th e o r y  w as in v es tig a ted  b y  J ankó  [6] w ho fo u n d  t h a t  in  th e  ran g e  2 <  f j f b <  4 
t h e  sh e ll carries a t  le a s t  95 p e r  c e n t o f th e  lo a d  b y  m em b ran e  forces.

I n  th e  second case  th e  shell is rig id ly  su p p o r te d  along th e  edges x  =  0 
a n d  x  == L x, while th e  tw o  o th e r  edges are s tiffen ed  b y  “ sem i-rig id  d ia p h ra g m s” . 
I t  is  genera lly  assum ed  t h a t  th e  shell carries th e  un ifo rm  lo ad  b y  « -d irec ted  
co m p re ss iv e  m em brane fo rce s  on ly , i.e. i t  a c ts  lik e  a  sim ple a rch  in  th e  x  d irec­
t io n .  H ruban  p re sen ts  a n  ex am p le  for th is  case in  [5]. H ow ever, th is  k in d  of 
s u p p o r t  is s ta tic a lly  in d e te rm in a te , even in  th e  fram e of m e m b ra n e  th eo ry . 
M o re o v e r, th e  edge c o n d itio n s  can  be m et b y  th e  b en d in g  th e o ry  o n ly . W e m ade 
in v e s tig a tio n s  on n u m e ric a l ex am p les , re fe rrin g  to  th e  ex trem e cases f j f b =  1 
a n d  4 , to  w hat e x te n t th e  in te rn a l  forces of th e  shell su p p o rted  th is  w ay , ob ­
t a in e d  b y  th e  bend ing  th e o r y ,  d iffer from  th e  assu m ed  sim ple a rch -lik e  ac tion . 
W e  fo u n d  th a t  th e  shell c a r r ie s  a t  leas t 98 p e r c e n t o f th e  u n ifo rm  lo a d  b y  m em ­
b r a n e  forces like an  a rc h , a n d  th a t  th e  m o d ific a tio n  of th e  m e m b ra n e  forces 
d u e  to  th e  edge d is tu rb a n c e s  is less th a m  1 p e r  c e n t. H ence, we m a y  s ta te  th a t  
t h e  a ssu m ed  sim ple a rc h -lik e  ac tio n  a p p ro x im a te s  r a th e r  well th e  a c tu a l  s ta te  
o f  s tre s s .

I n  th e  firs t p e rio d  o f  a p p lica tio n  of sad d le -sh ap ed  shells i t  w as assum ed  
t h a t ,  since th e  h y p a r  sh e ll h a s  an un d ev e lo p ab le  m idd le  su rface , i t  h a s  a  h igh 
c r i t ic a l  load , no t to  be  a n a ly se d  an y  fu rth e r . H o w ev er, i t  tu rn e d  o u t in  p rac tica l 
a p p lic a tio n s  th a t  b u c k lin g  m a y  cause th e  co llapse  of large h y p a r  shells [2]. 
I t  h a s  also been e s ta b lish e d  th a t  th e  sad d le -sh ap ed  shell su p p o r te d  b y  four 
“ sem i-rig id  d iap h rag m s”  is  c ap ab le  of d ev e lo p in g  an  in ex ten s io n a l d e fo rm a­
t io n  [4]. The tensile  s tif fn e ss  o f th e  shell p lay s  n o  role d u rin g  in ex ten s io n a l 
d e fo rm a tio n s , so th a t  th e  sh e ll does n o t becom e s tiffe r th a n  a f la t  p la te  of th e  
sa m e  dim ensions. T h u s , th e  c r itic a l load  p e r ta in in g  to  an  in ex ten s io n a l buck ling  
s h a p e  is to  be ex p ec ted  as b e in g  ra th e r  low.

F ig. 2. The saddle-shaped shell w ith  prevented edge displacem ent. N ota tion s
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The stability behaviour of shells supported by four “ semi-rigid dia­
phragms” has ben clarified by Jankó in two papers [7], [8].

T h e c ritic a l lo ad  of th e  sad d le -sh ap ed  shell su p p o rte d  in  th e  second w ay 
(i.e. rig id  su p p o rts , a t  x  =  0 a n d  x  — L x w hile “ sem i-rig id  d ia p h ra g m s”  along 
th e  edges y  — + 1 ^ /2 ,  an d  assu m in g  a p u re  arch -lik e  ac tion ) is ex p ec ted  to  be 
h ig h er th a n  th a t  v a lid  fo r th e  p rev io u s  case, since th e  rig id  s u p p o r t o f tw o  edges 
excludes th e  p o ss ib ility  o f in ex ten s io n a l d e fo rm a tio n . Since th is  case has n o t 
been  so lved  y e t, we w a n t to  dea l w ith  th e  d e r iv a tio n  of th e  lin e a r  c ritica l load 
fo r th is  ty p e  of shells.

2. Assum ptions

I n  th e  analysis  we assum e t h a t  th e  shell is shallow  an d  i ts  m a te r ia l  is 
lin e a rly  e lastic .

W e derive  th e  c ritica l lo ad  on th e  basis  o f th e  lin ea r (classical) buck ling  
th e o ry . T h e  n o ta tio n  is to  be seen in  F ig . 2. W e n eg lec t th e  d e fo rm a tio n s  caused  
b y  th e  m em b ran e  forces p rio r to  buck ling .

B e th e  shell su b jec ted  to  a u n ifo rm  lo ad  p  ac tin g  in  th e  z d irec tio n . We 
assum e th a t  th e  shell is in  a  p u re  m em b ran e  s tre ss  s ta te  an d  h as  th e  specific 
in te rn a l forces:

_  P L 'x

8 /a
8  ? *bcy —  8  , ( 1 )

i.e. i t  a c ts  like an  a rch  in  th e  x  d irec tio n .
T he m iddle  su rface  o f th e  shell is describ ed  b y  th e  e q u a tio n :

A2
z — -------

2 R x

T he b o u n d a ry  co n d itio n s are :

along y  — +.L>/2: w  =  w "  =  ny =  и — 0 ;
a long  x  =  0 an d  x  =  L x: tv =  ic 11 =  u =  v  =  0 .

r _
2

* L X 
2 R x

( 2)

H ere , 1 an d  den o te  d if fe re n tia tio n  w ith  re sp ec t to  x  an d  y ,  w hile  u , v an d  iv 
are  d isp lacem en t co m p o n en ts  as show n in  F ig . 2.

3. The equations of buckling

T h e d iffe ren tia l e q u a tio n  o f  b u ck ling  o f th e  shell in  q u es tio n  is, accord ing  
to  [3]:

В Д Д  А  Д м > + p A A w -f- D  Í—----------— ------ f-
l Щ  R x R y

w
R 2

=  0 , (3)
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w h e re  В  and  D  are th e  b e n d in g  an d  tensile  stiffnesses, re sp ec tiv e ly , an d  Д  is 
th e  L ap lace  opera to r.

T h is  equa tion  is s a tis f ie d  b y  a p ro d u c t co n sis tin g  of sine an d  cosine fu n c ­
t io n s  in  th e  X and  у  d ire c tio n s , re sp ec tiv e ly . In  o rd e r to  sa tis fy  th e  b o u n d a ry  
c o n d itio n s  along th e  r ig id ly  su p p o r te d  edges, we h a v e  to  choose tw o  such  p ro d ­
u c ts ,  because  th e  d isp la c e m e n t due to  one p ro d u c t h as  to  cancel t h a t  due to  
th e  o th e r  one. H ence, th e  e igen func tions of th e  d iffe ren tia l e q u a tio n  (3), 
s a t is fy in g  th e  b o u n d a ry  c o n d itio n s  и  =  0 along th e  edges x  =  0 a n d  x  =  L x, 
a re  as  follows:

w
n л

c o s ------ у
L y

A  t sin — -— x  +  A 9 sin  
T̂x

m 2 тс

" Ï 7
(4)

w h e re  m 15 m z and n  a re  w h o le  n u m b ers , to  be specified  la te r , an d  A v  A 2 are  
th e  b u c k lin g  am plitudes.

T h e  stress fu n c tio n  b e lo n g in g  to  (4) has th e  sh ap e :

' . _  . т , л  , . „  . m , я  \
A 1F 1 sin —-—  x  -f- A 2 F 2 sm  — 5—  x\ , (5)

y Lx Lx j

w ith  F l an d  F 2 as fo r th e  t im e  bein g  unspecified  c o n s ta n ts .
T h e  m em brane fo rces a re  to  be co m p u ted  fro m  F , acco rd ing  to  th e  ex ­

p re ss io n s :
n x =  F  ; Tiy =  F " ;  nxy =  — F 1'. (6)

F  — D  c o s ------ y
L.

In tro d u c in g  th e  ex p re ss io n s  (4) and  (5) fo r w  a n d  F  in to  th e  c o m p a tib ility  
e q u a t io n  of th e  shell:

F IV +  2 F " " +  F  - ■--- -D
' M l 11 w "  \

R y R x j
(? )

a n d  consid erin g  th a t  R x =  F x/8 /a an d  R y =  L y 8 fb, w e can  express F 1 an d  F 2 
b y  th e  o th e r  co n stan ts  as fo llow s:

m ' i  n 2 8 f b n 2 7Г  8 f a 

LxLy ' LyLx
тп\ л 2 ( re2 jr2

Ц  1 4

/'2

m i  л:2 8 f b n2 л 2 8 f a
L \ L \  Ц Ы

tt2 „ 2 - 2  2Im  2 л 2 II2 7C2 2

1 L I J 1Ь У <

( 8)

(9)
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BUCKLING OF HYPAR SHELLS 415

The re la te d  values o f t h e  am p litu d es A x a n d  A 2 h av e  to  be d e te rm in e d  
from  th e  b o u n d a ry  cond ition

I 0 Ли I X — ------ =  0  ,

w hich  yields th e  equa tion  [3 ]:

( 10)

In tro d u c in g  th e  d e r iv a tiv e s  of F  and  w  we o b ta in  th e  re la tio n :

A 2 m 2 m f л 2 F x — 1

A 1 m l m l л 2 F 2 — 1
( И )

All th e  o th e r  b o u n d a ry  co n d itio n s are  a u to m a tic a lly  sa tis fied  b y  th e  
fu n c tio n s  assu m ed  for w an d  F .

4. D e te rm in a tio n  of the c ritica l load

W e can  p roceed  by  d e te rm in in g  th e  c ritica l lo ad  as follow s. L e t u s  assum e 
th e  values n — 1, 2, 3, , a n d  a  p a ir  of values fo r m x an d  m2, n am e ly , m =  1,
3, 5, . . . , fo r  th e  sym m etric  sh a p e  an d  m =  2 , 4 , 6, . . ., fo r th e  a n tim e tr ic  
shape . We co m p u te  F x and  F 2 fro m  E qs (8) a n d  (9), u s in g  th e se  a ssu m ed  n, 
m 1 an d  m2 v a lu es , th e n  we d e te rm in e  А21Аг from  (11). A ssum ing  a n  o p tio n a l 
v a lu e  (p re fe rab ly  u n ity ) fo r A v  w  w ill be d e te rm in ed  b y  E q . (4). In tro d u c in g  
th e  necessary  d e riv a tiv es  in  th e  d ifferen tia l e q u a tio n  (3), th e  c r itic a l load  
p e rta in in g  to  th e  assum ed v a lu e s  n, and m2 can  be co m p u ted .

The c a lc u la tio n  described  above has to  be re p e a te d  w ith  sev e ra l n, m i 
an d  m 2 va lues. A m ong th e  c r i t ic a l  loads o b ta in e d  in  th is  w ay , th e  m in im u m  
one will be th e  a c tu a l c ritica l lo a d  of th e  shell.

The c ritic a l load  can be w r it te n  in  th e  fo rm

p"?=c)f  ~ c Y B D
222 f g f b

L I L I
( 12)

N eglecting  P o isso n ’s ra tio , a n d  con fin in g  ou r in v e s tig a tio n  to  shells w ith  a  ho­
m ogeneous w all, E q . (12) c a n  b e  re w ritte n  w ith  B  =  E t3/ 12 an d  D  — E t  as 
follow s:

P c "  =  «
E t2

RxRy
(13)
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Table I

Values o f c

8/6/1 100

L x lL y  = 0,5 1,0 1,5 2,0 2,5 3,0

ЮOII 0 ,564 0,344 0,282 0,195 0,166 0,182

1,0 0,580 0,412 0,266 0,246 0,191 0,141

1,5 0,585 0,421 0,276 0,233 0,233 0,163

2,0 0,586 0,444 0,318 0,224 0,215 0,192

2,5 0,585 0,464 0,331 0,228 0,202 0,211

3,0 0,585 0,479 0,345 0,237 0,199 0,198

3,5 0,585 0,492 0,369 0,261 0,201 0,196

4,0 0,584 0,501 0,379 0,260 0,205 0,186

8/e/< 200

0,5 1,0 1,5 2,0 2,5 3,0

f a / f b =  ° - 5 0,481 0,294 0,200 0,188 0,129 0.113

1,0 0,516 0,339 0,227 0,157 0,159 0,133

1,5 0,535 0,355 0,231 0,175 0,141 0,150

2.0 0,546 0,390 0,234 0,194 0,139 0,135

2,5 0,552 0,395 0,262 0,202 0,144 0,129

3,0 0,557 0,409 0,266 0,198 0,163 0,130

3 5 0,560 0,423 0,276 0,210 0,167 0,130

4,0 0,563 0,437 0,295 0,207 0,186 0,129

8 *//< 300

L z jL y  = 0,5 1,0 1,5 2,0 2,5 3,0

f j f b=  0-5 0,459 0,259 0,182 0,141 0,137 0,094

1,0 0,497 0,282 0,180 0,143 0,126 0,158

1,5 0,519 0,310 0,202 0,158 0,120 0,112

2,0 0,533 0,344 0,220 0,161 0,127 0,105

2,5 0,543 0,353 0,230 0,163 0,144 0,113

3,0 0,549 0,374 0,251 0,165 0,141 0,121

3,5 0,554 0,395 0,248 0,184 0,139 0.121

4,0 0,558 0,416 0,259 0,184 0,147 0,126

Per
E t2 

R x Ry
=  cE t2 64 fg fb  

U L I
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I n  o rd e r to  fac ilita te  s ta b ili ty  an a ly sis , we p e rfo rm e d  th e  above c o m p u ta tio n s  
a n d  d e te rm in ed  th e  fa c to r  c o f th e  c ritica l lo ad . These values a re  com piled  
in  T ab le  1. T hese values co rresp o n d  to  p o in ts  o f  a  festoon curve w h ich  bu lges 
dow nw ards, so th a t  a lin ea r  in te rp o la tio n  is u n sa fe . W e th u s  reco m m en d  to  
d raw  th e  sec tion  o f th e  cu rv e  passin g  th ro u g h  th e  com puted  n e ig h b o u rin g  
va lu es  an d  to  read  off th e  so u g h t v a lu e  from  th is  cu rve.

C om paring  th e  c ritic a l load  o f th e  shell r ig id ly  supported  a t  x  =  0 an d  
X  =  L x, ac tin g  like an  a rch , w ith  t h a t  o f a shell e x e rtin g  no la te ra l th r u s t  [7], 
we can  conclude th a t  th e  rig id  su p p o rts  ra ise  th e  critical load co n s id e rab ly .

Beulung der bogenartig wirkenden, sattelförm igen Hyparschale. — Der Verfasser be­
stim m t die lineare kritische In ten sität der gleichm äßig verteilten  Last der sattelförm igen , 
entlang zwei gegenseitigen Ränder durch »halbstarre« D iaphragm en versteiften, an den verb lei­
benden zwei Rändern starr gestützten  hyperbolischen Paraboloidenschale. Die B eulfigu r setzt  
sich im m er aus der K om bination zwei Sinuswellen zusam m en, die die U nverschieblichkeit der 
starr gestützten  Ränder gewährleisten. D er zur B estim m ung der kritischen L ast erforderliche  
K oeffizient wird für die am häufigsten vorkom m enden geom etrischen Verhältnisse num erisch  
bestim m t und tabellarisch angegeben, um  den einfachen Stabilitätsnachweis zu fördern
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UNTERSUCHUNG DER GLEICHGEWICHTSZUSTÄNDE 
SATTELFÖRMIGER, FLACHER, NORMALKRAFTFREI 
GELAGERTER HP-SCHALEN UNTER GLEICHMÄSSIG 

VERTEILTER BELASTUNG, MIT BESONDERER 
BERÜCKSICHTIGUNG DES DURCHSCHLAGENS 

UND DER ABZWEIGUNG

L. JA N K Ó *

[Eingegangen am 28. D ezem ber 1978]

Diese Abhandlung bildet den le tzten  T eil einer dreiteiligen A rtikel-Serie. Im  
ersten Teil waren die theoretischen Fragen der E xistenz und der E in d eu tig k eit der 
M em branlösung, sow ie der kinem atischen U n bestim m th eit von IIP-Schalen  [behandelt 
worden. A u f Grund dessen wurde die Erscheinung der Verzweigung aus dem  unverform ten  
Grundzustand im  zw eiten  Teil erörtert. In der vorliegenden Arbeit werden die charakte­
ristische Tragverhaltenskurven  der H P-Schalen bestim m t und es wird un tersu ch t, ob das 
Stabilitätsversagen als Folgerung eines Durchschlagens auftreten kann. W ir werden  
auch auf die näherungsweise Untersuchung der Verzweigung aus dem  verform ten  
G rundzustand eingehen. Dies b ietet die M öglichkeit den wachsenden oder abnehm enden  
Charakter des überkritischen Tragverhaltens zu bestim m en.

Bezeichnungen

r  171t u  =  C O S —  X-4

D  =
Eh

1 - V 2
spezifische D ehnungssteifigkeit;

E
F

F .
F ^ ô F  
в  ДЬ»

12(1 -  л*)
М х, М у  bzw. М ху =  М ух 
N x, N xy, Ny

Elastizitätsm odul;
Spannungsfunktion der M ittelflächenkräfte (E" =  N X,F ' ] — — N xv,
F "  =  Ny);
Spannungsfunktion des Grundzustandes; 
erste Variation der F u n k tio n  F 0(F  — F 0 +  F );

spezifische B iegesteifigkeit;

Biege- bzw. D rillm om ente;
M ittelflächenkräfte;

c  . t7l
Ь/j =  sin —— X

■„ -  sin „. y  ;
2a 26 J

Vb
U,n
V
2a, 26
fa> fb  
h
i j

Potential der B iegeschnittkräfte;
Potential der M ittelflächenkräfte;
Potential der äußeren K räfte;
Spannweiten der R andbogen  in den x- bzw. y -R ich tu n gen ;  
Pfeilhöhen der in den x- bzw . y-R ichtungen hegenden R andbogen; 
Schalendicke;
Halbwellenzahlen in den  x- bzw. y-R ichtungen (der In d e x  n ver­
weist auf dehnungslose Verform ung);

* D r.-Ing. L. J a n k ó , Lajos u. 142, H -1036 B ud apest, Ungarn
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P

„Hn
Pkr
Pkr„ l mPkr,v

U ,  V

z(x , y ) ;  z(*. У) 
tv

IV

tv

0

wa 

a = A
fb

In ten sitä t der gleichm äßig v erte ilten , in Richtung der A chse z 
w irkenden, sym m etrischen B e lastu n g  (bezogen auf die F lä ch en ­
e in heit der Grundrißprojektion):

lineare kritische Last; 
kritische Durchschlagslast;

lineare kritische Last der V erzw eigung aus dem verform ten G rund­
zustand;
Verschiebungen in R ich tun gen  der Flächentangenten parallel zur 
x —-z- bzw. y —z-Ebene;
O rdinaten der Schalenm ittelfläche;
Verschiebung eines M ittelflächenpunktes in Richtung der F lä ch en ­
norm ale (u) =  vj0 -)- iö);
im  Grundzustand entstehend e Verschiebung eines M itte lflächen­
pu n k tes in Richtung der F lächennorm ale; 
erste Variation der V ersch iebung u)0 (im Nachbarzustand); 
Vorbeulam plitude (A nfangsausm ittigkeit);

Pfeilhöhenverhältnis;

Schalenparam eter;

V =  A T
a - ( - )
V

p

ir

O)

Seitenverhältnis;

Sym b ol der Variationsbildung;
K oordinate in Richtung einer der beiden geraden E rzeugenden  
v o m  P unk t X — a, y  =  b (tj v er lä u ft parallel zur zweiten L eitebene); 
Querdehnungszahl (in den B erechnungen: fi =  0,2);
K oordinate in R ichtung einer der beiden geraden E rzeugenden  
v o m  P unk t X = a, y  =  b (£ v er lä u ft parallel zur ersten L eitebenen); 
G esam tpotential;

Schalenparam eter;

H ä lfte  des Winkels zw ischen den  Leitebenen;

A A (  ) — ( ) V -f- 2( )••-)- ( )"  der biharmonische D ifferentialoperator; 

L p if n f z )  =  f i  f ï — 2/ i / J  -f- f i  f t  der Puchersche-Differentialoperator.

1. E in le itung . Z w eck b estim m u n g

W egen ih re r g efä llig en  F o rm  und der g ü n s tig e n  A usfüh run g sm ö g lich k e i­
te n , d ie  die g erad en  E rzeu g en d en  b ie ten , w e rd e n  im m er häu figer S c h a le n ­
k o n s tru k tio n e n  in  F o rm  des hyperbo lischen  P a ra b o lo id s  (im w eiteren  H P -S c h a -  
len ) g e b a u t.

D iese A b h an d lu n g  b esch ä ftig t sich m it  d e n  E igenheiten  d e r G leich­
gew ichtszustände von  großen  Verformungen  v o n  sa tte lfö rm ig en , u n te r  g le ich ­
m ä ß ig  v e r te ilte r  B e la s tu n g  stehenden  H P -S c h a le n . Diese Schalen s in d  lä n g s  
d e r  H a u p tk rü m m u n g s lin ie n  d u rch  R andbogen  a b g e s tü tz t ,  die in  der h o rizo n -

Acta Technica Academiae Scientiarum Hungaricae 91, 1980



UNTERSUCHUNG DER GLEICHGEWICHTSZUSTÄNDE VON HP SCHALEN 421

B ild  1. Geometrische Angaben der sattelförm igen H P-Schale. Vorzeichenregel der inneren
K räften und der Verschiebungen

ta le n  R ich tu n g  v e rn ach läss ig b are  Biege- bzw . D rills te ifigkeiten  b e s itz e n  (im 
w e ite ren  »norm alkraftfreie«  R an d träg er).

D ieser A u fsa tz  b ild e t eine F o r ts e tz u n g  zw eier V erö ffen tlich u n g en  vom  
V erfasser. V or den  S ta b ilitä tsu n te rsu c h u n g e n  w u rd en  die S c h a le n p a ra m e te r­
be re ich e  in  [5] e rm itte l t ,  in  w elchen der E ffe k t der Biege- und  D rillm om ente  
(m it d en  zugehörigen  Q u e rk rä ften ) im  V erg le ich  zum  E ffek t der M itte lf lä c h e n ­
k rä f te  nach  d er B ieg e th eo rie  vernachlässigbar k le in  is t. Bei diesen P a ra m e te rn  
d a r f  die H P -S ch a le  a ls M embranschale an g eseh en  w erden. In  so lchen  F ällen  
is t es r ich tig  au ch  d en  V erlau f des S ta b ili tä tsv e r lu s te s  nach  d e r »linearen« 
S ta b ili tä ts th e o r ie  zu  u n te rsu ch en . Es h a n d e lt  sich  näm lich  um  eine Verzwei­
gungserscheinung, d ie aus dem  u n v e rfo rm te n  (m em b ran artig en ) G ru n d z u s ta n d  
(wq =  0) e rfo lg t. F ü r  die geom etrischen  V erh ä ltn isse , die die m e is te n  S ta h l­
b e to n sch a len  g u t ken n ze ich n en , w urden  v o m  V erfasser in  [6] d ie  G irlan d en ­
k u rv e n  d er lin ea ren  k ritisc h e n  L asten  b e s tim m t.

D ie »halbnorm ale« H P -S chale  ( / а/ /6 = 1 )  u n d  die S chalen , d e re n  P feil­
h ö h en v e rh ä ltn isse  m it dem  f al fb-W ert v o n  1 lediglich  geringfügig  abw eichen , 
tr a g e n  den üb erw ieg en d en  Teil ih re r B e la s tu n g  d u rch  B ieg e sc h n ittk rä fte .
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E s s te l l te  sich h e rau s, d a ß  M itte lf lä c h e n k rä fte  in  d iesen  Schalen au ssch ließ lich  
d u rc h  d ie  L a s tk o m p o n e n te n  h erv o rg eru fen  w erd en , deren  F o rm  v o n  der 
d e h n u n g s lo se n  D u rch b ieg u n g sfo rm  der »halbnorm alen«  H P -S ch a len  ab w e i­
c h e n  [5].

N a c h  dem  b ish e r G e sa g te n  lieg t es a u f  d e r H a n d , daß  das S ta b i l i tä ts v e r ­
h a l te n  d ieser Schalen  au ssch ließ lich  nach  d e r (n ich tlin ea ren ) T heorie d e r  g ro ß en  
V e rfo rm u n g e n  e rm itte lt  w e rd e n  k an n .

N a tu rg e m ä ß  b ra u c h t  m a n  zu r B em essung  die versch iedenen  G le ich ­
g e w ic h tsz u s tä n d e  von  g ro ß e n  V erfo rm ungen  au c h  fü r  den F a ll der H P -S c h a le n  
zu  k e n n e n , die m it g u te r  A n n ä h e ru n g  als M em b ran sch a len  b e tra c h te t  w erd en  
k ö n n e n .

A ls F o rtse tzu n g  d e r e rw ä h n te n  U n te rsu c h u n g e n  der V erzw eigung [6] soll 
in  d e r  vo rliegenden  A rb e it a u c h  die F rage b e n tw o r te t  w erden : W as fü r  c h a ra k ­
te r is t is c h e  T ra g v e rh a lte n sk u rv e n  hab en  die e rw ä h n te n  H P -S c h a le n ?  D azu  
w e rd e n  d ie  e rm itte lte n  T ra g v e rh a lte n sk u rv e n  m it d en  im  B ild  2 d a rg e s te llte n  
v e rg lic h e n .

E s  w ird  u n te rsu c h t, ob d as  S ta b ilitä tsv e rsa g e n  infolge von  D urchschlagen  
a u f t r e te n  kann .

E s  k a n n  aber au ch  V orkom m en, d aß  die K o n s tru k tio n  u n te r  d e r  B e la s ­
tu n g  e in e  sym m etrische  Z u sa m m en d rü ck u n g  e r le id e t, die zw ar n ic h t g e n ü g t, 
u m  sie  zu m  sy m m etrisch en  D u rch sch lag en  zu  b rin g e n , jedoch  d azu  a u s re ic h t, 
d a ß  d ie  D ru c k k ra f t, d ie in fo lg e  d e r Z u sam m en d rü ck u n g  angestiegen  is t ,  sie 
a n t im e tr is c h  ausbeu len  lä ß t .  W ir  m üssen also d ie  F ra g e  ste llen : ob die b e h a n ­
d e l te n  H P -S ch a len  zu m  Ü b e rsp rin g e n  in  eine a n tim e tr isc h e  B eu lung  ne ig en . 
E s  w ird  a u f  die n äh eru n g sw eise  U n te rsu ch u n g  d iese r E rsch e in u n g  e in g eg an g en .

D ieses N ä h e ru n g sv e rfah re n  b ie te t die M ög lichkeit, den  w achsenden  oder 
abnehm enden  C h a rak te r  des ü b e rk ritisc h e n  T ra g v e rh a lte n s  zu b estim m en .

Z u r  E rle ic h te ru n g  d e r p ra k tisc h e n  A n w en d u n g  sind  die zu r B em essu n g  
g u t  g e e ig n e ten  R e su lta te  in  F o rm e ln  u n d  S c h a u b ild e rn  sowie T ab e llen  d a r ­
g e s te ll t .

2. G ru n d an n ah m en

N a c h  der T heorie  d e r  g ro ß en  V erfo rm u n g en  (im  w eiteren : n ic h tlin e a re  
T h e o rie )  h a t  m an au ch  d ie  h ö h e ren  P o ten zen  d e r  A b le itungen  d e rje n ig e n  
V e rsc h ieb u n g sk o m p o n en ten  in  die B erechnung  e inzubeziehen , die die D u rc h ­
b ie g u n g sfo rm  bestim m en  (»geom etrische N ic h tlin e a ritä t« ) .

A u s  dieser P o ten z re ih e  w erd en  so v iele G lied er b e ib eh a lten , w ie es die 
B erech n u n g sm ö g lich k e iten  e r la u b e n . A uf d iese W eise lä ß t  sich d e r B e u lv o r­
g an g  n ic h t  n u r  bis zum  b e n a c h b a r te n  G le ich g ew ich tszu stan d  d er u n au sg e - 
b e u l te n  F o rm , sondern  se lb s t b is  zu  den D efo rm a tio n en  w  verfo lgen , d ie  das 
M e h rfach e  der W an d d ick e  e rre ich en .
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radial gedrückte 
kurze Zylinderschale

1. Verzweigung -, pjjy

a)

11 Wachsende überkritische 
Tragfähigkeit

w 0 e O

axial gedrückte Zylinderschale

1.2 Abnehmende überkritische 
Tragfähigkeit 
(Durchschlagen I. )
wO=0

2. Stabilitätsverlust 
ohne Verzweigung: pkr 
(Durchschlagen П. )

Verzweigung aus dem verformten 
Grundzustand: pjj[)
wn*0___________________

geometrisch vollkommene Konstruktion 
Konstruktion mit Anfangsausmittigkeit 

: Lastverschiebung 
; Ausbeulungsverformung 
; Verformung des Grundzustandes 
: Anfangsausmittigkeit ( Vorbeule )

B ild  2. Einige charakteristische T ragverhaltenskurven der Stabilitätserscheinungen
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Y on der sog. linearen  Theorie  w eicht die n ich tlineare  Theorie in so fe rn  a b , 
a ls  s ie  sich n ich t a u f  u n e n d l ic h  kleine V e rsch ieb u n g en  b esch rän k t, so n d e rn  
v o n  d e n  in  den D efo rm atio n sg le ich u n g en  a u f tr e te n d e n  G liedern h ö h e re r O rd ­
n u n g  d ie  q u ad ra tisch en  G lie d e r  der A b le itu n g en  d e r  au f die S ch a len fläch e  
se n k re c h te n  V ersch iebung  w  b e rücksich tig t.

W ir  beschränken  u n s  j e t z t  — wie ü b lich  — a u f  die Genauigkeit b is a u f  
G lieder zweiter Ordnung  (b e s c h rä n k te  große V erfo rm u n g en ). (Das Q u a d ra t  d e r  
V e rsc h ie b u n g  w is t e tw a  v o n  d e r gleichen G rö ß e n o rd n u n g  wie selbst d ie  V e r­
sc h ie b u n g e n  u und  v).

D ie c h a ra k te ris tisc h e n  T ra g v e rh a lte n sk u rv e n  w erden nach d er n ic h t ­
l in e a r e n  G leichgew ichts- u n d  V erträg lich k e itsg le ich u n g  der flachen  S ch a len  
[1 2 ] , [18] bestim m t.

Z u r  Lösung des P ro b le m s  w ird das G a le rk in sc h e  V erfahren  a n g e w a n d t.
V on  der M itte lflä ch e  d e r  Schale w ird a n g e n o m m e n , daß  sie g eo m e trisch  

v o llk o m m e n  ist.
W ir beschäftigen  u n s  m it  den D u rch b ieg u n g sfo rm en , die sich  a u f  d ie 

g a n z e  F läche e rs treck en .
D ie näherungsw eise A r t  des angew andten  V erfah ren s  b es teh t d a r in , d a ß  

s ic h  d ie  als D u rch b ieg u n g s- bzw . S p a n n u n g sfu n k tio n  angesetz ten  tr ig o n o ­
m e tr is c h e n  Reihen — je  n a c h  der erfo rderlichen  G en au igke it — bloß  au s je  
zw e i G liedern  z u sa m m e n se tz en .

I n  K enntn is d er T ra g fä h ig k e itsk u rv e n  k ö n n e n  w ir auch die F rag e  s te lle n : 
o b  d ie  behandelten  H P -S c h a le n  zum Ü b e rsp r in g e n  in  eine a n tim e tr isc h e  
B e u lu n g  neigen.

3. D ie  Tragfähigkeitskurven

3.1 Grundgleichungen

D ie innere p o te n tie l le  E nerg ie  U der u n te r  d e r  gleichm äßig v e r te i l te n  
B e la s tu n g  p  =  p (x , y )  s te h e n d e n  Schale lä ß t  s ich  als eine Sum m e d e r p o te n ­
t ie l le n  Energie der M itte lf lä c h e n -  und  der B ie g e sc h n ittk rä f te  ( XJm u n d  U b) w ie 
fo lg t ,  aufschreiben [13], [1 8 ]:

1 г*2 а л2b
U m =  —  \ [ F " z -  2 p F " F "  +  F " 2 +  2(1 +  p ) F '2] d x d y ,  (3.1)

2Eh Jo Jo

R ria rib
U b =  —  [m"2 +  2 pw "w "  +  w"2 +  2(1 -  p )w  '2] d x d y ,  (3 .2)

2 Jo Jo

J*2a rib
u0 d x d y  =  U m +  Ub . (3 .3)

0 Jo
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H ierb e i is t  u 0 d ie  spezifische innere  p o te n tie lle  E nerg ie .
F ü r  den  A u sd ru c k  d e r p o ten tie llen  E n e rg ie  d er äußeren  K rä f te  g il t :

П2 b
p w d x d y .  (3-4)

t

D ie B ez ieh u n g  fü r  das e lastische  P o te n t ia l  (bzw . G esam tp o ten tia l)  la u te t
also:

r 2 a r2b
П  =  л  dx  d y  =  U  +  V. (3.5)

Jo /о

H ier is t л  d ie spezifische vo lls tän d ig e  p o te n tie lle  E nerg ie .
N ach  dem  P rin z ip  vom  s ta tio n ä re n  W e r t  des elastischen  P o te n tia ls  m uß  

die e rs te  V a ria tio n  des e lastischen  P o te n tia ls  im  G le ichgew ich tszustand  N ull 
w erden

« 5 /7 = 0 .  (3.6)

W en n  d er G le ichg ew ich tszu stan d  s ta b il  i s t ,  d an n  n im m t d as  e la s tisch e  
P o te n tia l  einen  M in im alw ert auf. D ie d iesem  M inim alw ert zugehörige F u n k ­
tio n  w  i s t  die E x tre m a lfu n k tio n .

Z u r  obigen V aria tio n sau fg ab e  geh ö rt d ie  fo lgende E u le r-L ag ran g esch e  
D iffe ren tia lg le ich u n g  :

д л
| £ ï -

д л
' +  [ Э я ,

II

+ 1 * 4 '  +
' д л

диз \dw 'J du« (Эм;" j \ d w ' ) du'

N ach  D u rc h fü h ru n g  der v o rg esch rieb en en  O pera tionen  ( F  =  F (tc)) ge­
la n g t m a n  zu d e r w o h lb ek an n ten  G leichgew ich tsg leichung  d e r  A u fg ab e  
[12], [18];

B A A w  — L p (F , z) — L p ( F ,  w) — p  =  0 . (3.8)

E s soll die G le ichung  der p o ten tie llen  E n e rg ie  der M itte lf lä c h e n k rä f te  
in  d er F o rm

Um =  J~ j  ! F " ( i /  — w z" — ~ M; 2j — F \ u  - f  и1 +  w 1 ív ) -f-

+ Hu1 _  u>z" +  —  w 12) ------ -— [ F 112 — 2 p F " F "  +  (3.9)
2 ) 2 E h

+  F  2 +  2(1 +  p) F  l2] j d x d y  

geschrieben  w erden .
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M it H ilfe d ieser — n a c h  dem  P rin z ip  v o m  M in im alw ert der E rg ä n z u n g s ­
e n e rg ie  (S a tz  I I I  v o n  C astig liano ) — e rh ä lt m a n  au s  der folgenden V a r ia tio n s ­
a u fg a b e  n ach  F

<51/= 0  (3.10)

b e i A n w en d u n g  der E u le r —L agrangesche  D iffe ren tia lg le ich u n g

d ii0
d F "

д и 0 Г1
d F 'i

+ д щ
d F -

(3.11)

d ie  G le ich u n g  [12], [18]:

A A F +  D  (1 — p2) Lp (w, z) +  —  L p (w, w)
£

=  0 , (3.12)

d ie  d ie  V e rträg lich k e it d e r M itte lf lä c h e n v e rz e rru n g e n  ausd rück t.
D ie  G leichungen  (3.8) u n d  (3.12) s in d  id e n tisc h  m it den G le ich u n g en  

D o n n e l l s ,  die er aus d e r e x a k te n  (die F la c h h e it  d e r  Schale n ich t v o ra u sse tz e n  
d e n ) A b le itu n g  e rh ie lt, in d e m  er die im  V erg le ich  zu  den  anderen  u n w ic h tig e n  
G lie d e rn  v e rn ach lässig te . D ie  D onnellschen  G le ichungen  sind d u rc h  zwei 
E ig e n h e ite n  g ek en n ze ich n e t: e inerseits se tz e n  sie die F lach h e it d e r  Schale 
v o ra u s ,  an d erse its  b e rü c k s ic h tig e n  sie aus d e r  R e ih e  der G lieder h ö h eren  G rades

1
n u r  d ie  in  Gl. (3.9) v o rk o m m en d en  — w'2 I ■ Io , W  I V ,  —  w  . 

2
Sie sind ab er n u r  d an n

g ü ltig , w enn  die Schale  innerhalb  einer B eulw elle  als fla ch  angesehen  w erd en  
k a n n .

3.2 D urchbiegungsform  und  S p a n n u n g sfu n k tio n

B ek an n tlich  k a n n  m a n  das G ale rk in sch e  V erfah ren  auch so an w en d en , 
d a ß  sow ohl die D u rch b ieg u n g sfo rm  als au ch  d ie  S p an n u n g sfu n k tio n  F  gleich­
ze itig  a ls je  eine S um m e v o n  lin ea ren  u n a b h ä n g ig e n  G liedern d a rg e s te ll t  
w ird  [18].

J e d e s  Glied d e r F u n k t io n  w  m uß d en  fo lg en d en  geom etrischen  (» k ü n s t­
lich en « ) u n d  s ta tisch en  (»natü rlichen«) R a n d b e d in g u n g e n  der A ufgabe gen ü g en :

=  0 ,
x=0
x= 2a

=  0 ,
y=о
y = 2 b

W j j o 0 ,
X = 0
x=2a

w'ijo =  0 .
|y=0
|y = 2 6

(3 .1 3 a —d)

(3 .14a  — d)
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Jed es  G lied d e r S p an n u n g sfu n k tio n  F  h a t  die folgenden s ta t is c h e n  R a n d ­
b ed in g u n g en  zu  erfü llen :

= 0 ,  
у—о
y=0b

=  0 .
X = 0
x=2a

(3 .15a — d)

D iese le tz te re n  Z u sam m enhänge  fo rm u lie ren  die B ed ingungen  d e r  norm al­
kra ftfre ien  A b stü tzung , es h a n d e lt sich n ä m lic h  um  R a n d h o g en , d ie  bloß 
S ch u b k rä fte  au fn eh m en  können .

D em nach  s ind  die F u n k tio n e n  w  u n d  F  du rch  die tr ig o n o m e trisc h e n  
R eihen

*» =  w 4  ’ S U =  2  w>Jo ’ (ЗЛ6)
* J  i  j

i  =■ 1, 3, 5 , . . . ,  f j

j  — 1» 3, 5 , J J

F  =  2  2  f <j ■ S‘J =  2  2  F m  (3 -17)
1 j i j

* =  1)3) 5 , . . . ,  J 2 

j  — 1) 3, 5 , . . . ,  J%

darzu ste llen . H ie r  g ilt d ie A bkürzu n g :

Sn  =  s i n X • s i n - ^ - y .  (3.18)
1 2a 2b

3.3 A u flö su n g  nach dem G alerkinschen Verfahren

D ie fo lgenden  zw ei D efin itio n sg le ich u n g en  dieser V a ria n te  des G aler­
k in sch en  V erfah ren s sind  aus dem  P rin z ip  d e r  v irtu e llen  V e rrü c k u n g e n  bzw. 
d er v ir tu e llen  Ä n d e ru n g en  des S p a n n u n g sz u s ta n d e s  — u n te r  A n w e n d u n g  des 
H ookeschen  G esetzes — d u rch  V aria tio n sre c h n u n g  h e rzu le iten  [18]:

r2a rib

Jo Jo
X  Sjij\ d x  d y  =  0 ,

i ' =  1 ,2 ,3 ,  

j 1 =  1 ,2 ,3 , . . . ,  Л

(3.19)
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r 2 a  r*2b

J о J 0
YS, i j ,dxdy =  0 .

i 1 — 1, 2, 3 , J 2 

/  =  1) 2, 3,  . . . , J 2

(3.20)

D ie  in  der e rs ten  G le ich u n g  befind liche F e h le rfu n k tio n  X  e rh ä lt m a n  so, 
d a ß  m a n  die A usdrücke (3.16) u n d  (3.17) in  d ie  G leichgew ich tsg leichung  (3.8) 
e in s e tz t .

N a c h  E insetzen  d er F u n k tio n e n  (3.16) u n d  (3.17) in  die V e rträ g lic h k e its ­
g le ic h u n g  (3.12) e rg ib t sich  d ie  F e h le rfu n k tio n Y .

D ie  F eh le rfu n k tio n en  X  bzw . Y  w ären  n u r  d a n n  genau gleich N u ll, w en n  
d ie  A n sa tz fu n k tio n e n  (3.16) bzw . (3.17) m it d en  e x a k te n  L ö su n g sfu n k tio n en  
id e n t is c h  w ären .

S te l l t  m an sich die F e h lc rfu n k tio n  X  (bzw . Y ) in  F o rm  einer tr ig o n o ­
m e tr is c h e n  R eihe vor, d ie  n a c h  den F a k to re n  S y  d e r F u n k tio n  w  (bzw . F )  
e n tw ic k e l t  is t, so s te llt sich  h e ra u s , daß  die G le ich u n g  (3.19) (bzw. (3.20)) die 
F o r d e r u n g  nach  dem  V ersch w in d en  der F u n k tio n  X  (bzw. У) a u sd rü c k t (X  
u n d  Y  s in d  zu S y  o rth o g o n a l).

Im  vorliegenden  F a ll s e tz t  sich sowohl d ie  F u n k tio n  w  als auch die F u n k ­
t io n  F  au s  zwei G liedern z u sam m en  (m it In d e x  i 1j 1 bzw. i-Jo)-

U n te r  D u rch fü h ru n g  d e r  d u rch  die G in. (3.19) u n d  (3.20) v o rg esch rieb e ­
n e n  O p e ra tio n e n  e rg ib t sich  d as  folgende S y stem  v o n  n ich tlin ea ren  D iffe ren ­
t ia lg le ic h u n g e n  :

“i l j l +  «12 ‘
V/ i F : j W ,■ j F ,

« l / l  l l j l  I _  l 2 j 2  I

h E

-f- a 1 5  '
w i , u  F h h F,

a 16 “
hji

h E  E

W h jr  F H h

+  «1

2J2 Î2J2

h E ~

E

w, 1 F , ,___ [ l j l  I 2] i

h E

=  0 ,

" l i j ,  1 „  ™ iij i  *  i i j i  I „  w t , j ,  F i , j t  1 „  ™ iih  * I l i t  I-»21 —;—  i “22 —;------- ^----г °2з-------------- ~ r  «24 —:—■ ——— i -
h E h E

w i J ,  F U j .

h E

w . F  F
+  « 2 5 - ^ - ^ + « 2 6  U j i

* 3 1

h E

F UH

г ] г  -L  a  P
27  *

E  E

E

F , ,

H “  « 3 2  — ~ ~  « 3 3
(  w h h 2  W : ; W l  ;1 „  ' «  1 h j z  I " I n i '

1 h
I “ 34  .  ,  1 “ 35

/1 n h

« 4 2 - ^ +  «43
" t n i n 2 W , i W ; i

1 h j i  I2J 2 1 w U j,  j
h

1 “ 44 .  .  Г  w 45 
l l  ll h  j

=  0 ,

(3 .21a — d)

0 ,

=  0 .
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F ü r  die K oeffiz ien ten  des G le ichu n g ssy stem s gelten die Z u sam m en h än g e :

Ebh  1
*11 192(1 —/z2) ß* aUJl

, a 12
2 2 E h  . .

■71 l l J l l  a 1 3 —  a 24

«14 =  2 я 2
Eh

u07i tiji

*21

-*24

* 3 1

ab

7t4 E bh  1 

192(1 —/t2) T 7  « ^  

„ „ E h

« i5 , «15 ’ “ 1* 2 ab 

1 « 2 2  =  « 1 4  ^

3 ab

bUj, *
16 „  , 1-----E ab  ——

h d i

2 E h  . .
--- Я -------HJ-2 1
3 ab

16

ab

Я4 1

16 a 3 «Wl

Я2 E f b — „  , -
CUjli,jz — °25 7 a26 — „ , «/*/, 5 a2i — 0 . . 52 ab

^ E W f b h
'  2 ab UJ"

1

h j t

л 2 E h 3 . .
4 fc *l J l ’3 ab

a 34 — —2 я 2
£ /i3

a 4 1  —  '

ab

я 4 Eb  1

UUiiji ■>

16 a 3 aitj t

о 2 Eh3«44 =  —2 л:2------- c,
ab ii y'i ii y.

_  л 2 E h 2f b _ _ « з 1
a 42 —  ,  a 43 —

2 a b  Z

л 2 E h 3 . .
« 4 5  —  „  Г ~  G 7 2  •3 ab

(3 .2 2 a—z)

In  d en  obigen A u sd rü ck en  k o m m en  fo lgende H ilfsg rößen  v o r :

1

' I l / l i l l l

, ^ Г ’ Ь6Л =  * > * -* !•
(ч  +  Л г )

t |j1 (tili -  2(igjr| +  ijj’i))
iiji(4ii-iî)(4ji-;ï)

(3 .2 3 a —с)

D ie H ilfsg rößen  6,aya, Ct,j,i1j1 s in d  so zu berechnen , d a ß  m a n  s ta t t
d e r  Z ah l die Z ahl i2 u n d  s t a t t  d er Z a h l j^  d ie Z a h l / 2 sch re ib t u n d  u m g ek eh rt.

D as G le ichungssystem  (3 .2 1 a—d) is t  a u f  eine g em isch te  G leichung 
d r i t te n  G rades zu  red u z ie ren . D rü c k t m a n  F ^ jJ E  und  F itj J E  a u s  d en  Glei­
ch u n g e n  (3.21c —d) aus u n d  se tz t m a n  diese in  die G leichungen (3 .2 1 a —b) ein, 
so lä ß t  sich die G le ichung  (3.21a) in  G e s ta lt  e in er gem ischten  G le ich u n g  d r it te n  
G rad es au fschre iben :
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4  Wh h  , О  WUh WUi
" ~ r +  ° ~ h  h

— +  C0 " Ü l t +

+  D 0
W ,  I, l 2 W j  i l l j l l  * 2 У 2

+  F o - ü ^ - +  G0
" * 2  ] 2 +  (3.24)

+  ^ o ~ ~ -
и ; j J2 V l  2 У 2 P

E

D ie K oeffiz ien ten  der Gleichung von der S tr u k tu r  der Gl. (3.24), d ie  aus 
d e r  G l. (3.21b) s ta m m t, w e rd e n  m it —A 00, — B 00, • • • » —100, b eze ich n e t. 
D u rc h  S u b trak tio n  d ie se r G le ich u n g  m it K o e ffiz ien ten  —A 00, B 00, . . . , —J 00 
a u s  d e r  Gl. (3.24) e rh ä lt  m a n  die »charakteristische« G leichung  der A ufgabe:
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^ - + C  
h h h

wi,J> +  0 К уЛ2 ^  +
I f c )  А

+  E

+  Я

Wiiji
h

w hh

+  F - î î i i i î - +  G
h

w l. i. +

w i,j .
h

w t. j. 0 .

D ie K o effiz ien ten  d er Gl. (3.25) la u te n :

A  =  Ад -f- А oo î В  =  B q ~Ь -Boo» • • • •> I  ' Н~ ^оо’

l i7i
я ” 1 1 zz2 Í у д

+
3072(1 -  М2) а лл /8* 4 ( ß

Ь5

-^оо — 0 ’

В 0=  — я 2 j ^ j  É?*i7i [2а /.у. А/,у. +  аг,уЛ,у.] с/./. íi/. »

В  д д  —— Я 2
у 13
“ I 5 *2 /а [2а /./. А/,/, +  «/,/, А,1У1]С,.л  ,

С0 —
я ‘

е * ш « / . / Л , / , .

С о о ^ л 2 ! -^

Я 0 =  я 2 I—

5*272 а/. /. А/, /, + у  а/, /, A,-, J, c/./.ii/i ’

/ у *
l i7 i [2 l i7 i « i./. — 6ci С/ , / , / , / , .

Я 00 =  л 2 I— h J  2 2 I —2 С/,/,!,/, + — 1 l/i Cí. /.(,/,! «/,/. +

Е 0 =  - 2  я 2 | ^
ß

Egg =  — 2 TZ2

— *272 c/./.i,/, +  4 c/,/,(,/, « i./ .j  »

*i7i [« /. / .  c*./, i./. +  Y  »i 7 Î «il / . 1 .

1. . Г1 • • I
*272 \ —  4 J l attji — a i./. Ci i / . / . / .  I Ci,j .h ] r

y_
ß

(3.25)

(3.26)

(3 .2 7 a -j)
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Fo = o,
F Oo(*25 72’ Hí 7i) — -^o(*i’ Ji* 1*2’ 7 a) ’

^o(*2’ 72’ 4 , J i )  = ^oo(*i> 7i» Híj?) 1

^oo(*2’ 7*2’ *i’7i) = F 0{ i l i j  1» *2» 7*2) »
lI oÍH i U *1’ 71) = ~ ̂ oo(*i5 7*1» *25 7г) 5

^Oo(*2’ b , *i>7*i) = D oÍH i jt> *25У2) ’
^o(*2’ 7*2’ *i’ 7i) = £ 00( ii, 7 i’ *2*У2) ’

l o o i h ’ U *i’ 7i) = В Д , 7 i’ 1*25 7a) •

(3 .2 8 a —h)
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D ie in  den  Gin. (3 .2 8 a —h) b e find lichen  S ym bole  in  K lam m ern  v e rw eisen  
d a ra u f , d aß  m an  die G rößen  F 00, G0, . . . , I 00 au s  den  F u n k tio n e n  —A 0, 
—C00, . . . , —E 0 d u rch  d en  A u stau sch  d er V a riab len  ( ix —► i2, j 1 —>■ j 2, i2 —*• i lf  

j 2 —*■ j i )  e rh a lte n  k an n .
D u rch  E in fü h ru n g  d e r H ilfsgröße

iv (a ,b )  w w ,ljt co , w ltjt ço

1  -  T  -  ~ Г  +  T ~
g e lan g t m an  zu r »charakteristischen« Gleichung  in  F o rm  von

a n — a. o, — +  a . 1
h

0 ,

(3.29)

(3.30)
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w o b e i:

Sf, j, =  sin  - ^ L  • sin 7 —  , Sp. y
l j ‘  2 2

• l 2  71 . 7 2  ^  / o o i  i \s in —-— -s in  —— , (3 .3 1 a—b)

a n =
S l u  h

- = - + G
+  s ' U  I h

В
s<> ,‘ 8 72

a 1 =  A ----------- SP , -1 со ljl
°í ■ /•

w2 =  S°i, U +  c  +  G -T
к  i t  j »

2 C S U H 37 со ) И
S I ; ,  HU

D

D

S°uj
S°ilh  +  E  +  H

Sl j .

I

s °i,j.

2HS°hJl +  3

Sí,

S | . / J

w , (3 .3 2 a—d)
~h

S l u

b e d e u te n .

3 .4  N um erische U ntersuchungen

D ie  num erisch  b e s tim m te n  p  — w  T ra g v e rh a lte n sk u rv e n  s ind  in  den  
B ild e rn  3 — 13. d a rg e s te llt . D as T ra g v e rh a lte n  n a c h  der T heorie  d e r g roßen  
V e rfo rm u n g e n  w ird  im  w e ite ren  »n ich tlineares T rag v erh a lten «  g e n a n n t (vgl. 
m it  A b sch n . 2). In  d e r T ab e lle  I  sind die k en n ze ich n en d en  O rd in a te n  d e r e r­
w ä h n te n  K u rv en  zu sam m en g efaß t.

E in e  K o m p o n en te  d e r D u rch b ieg u n g sfu n k tio n  k an n  d u rc h  die Z ah len  
i± =  j \  =  1, die an d ere  h ingegen  d u rch  die Z a h le n  i2 =  3, j 2 =  1 oder i2 =  3, 
j 2 =  3 g ekennze ichne t w erd en .

E s  h an d e lt sich u m  eine B elastu n g , die sow ohl in  B ezug a u f  die ж-A chse 
a ls  a u c h  die y -Achse sy m m e trisc h  v e r te ilt  is t ,  fo lg lich  sollen bei d ieser U n te r ­
s u c h u n g  keine a n tim e tr isc h e n  D u rch b ieg u n g sfo rm en  b e rü ck s ich tig t w erden . 
A n tim e tr is c h e  K o m p o n e n te n  w erden  n u r  im  F a lle  e iner A u sbeu lung  a n g e se tz t, 
d ie  a u s  dem  v e rfo rm ten  G ru n d z u s ta n d  ab zw eig t (s. im  P u n k t 4 .).

V o n  den zwei W e rte n  i2 bzw . j 2 w u rd e  m it  dem jen igen  g e re c h n e t, dem  
e ine  k le in e re  T ra g fä h ig k e it zu geo rdne t is t . E in e  b ed eu ten d ere  A bw eichung  
zw isc h e n  der W irk u n g  d ieser le tz te re n  K o m p o n e n te n  erwies sich  in  d en  B e­
re ic h e n  n a c h  den S c h e ite lp u n k te n  der S chalen .

U m  die nach  dem  D u rch sch lag en  a u f tre te n d e n  g rößeren  V erfo rm u n g en  
d e r  e n d lic h  d ü n n w an d ig en  Schale verfo lgen  zu  k ö n n en , m ü ß ten  n o ch  w eite re , 
u n d  z w a r auch  G lieder h ö h e re r  O rdnung , in  die B erech n u n g  einbezogen  w erden .

F ü r  die B em essung  d e r Schale w erden  in  e rs te r  R eihe die M ax im alw erte  
d e r  K u rv e n  b en ö tig t, und  desh a lb  b e tra c h te n  w ir  diese genauere U n te rsu c h u n g  

im  R ah m en  d ieser A b h a n d lu n g  — n ic h t als u n se re  A ufgabe.
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B ild  6. N ichtlineares Tragverhalten

Die B erechnungen  w u rd en  so vo rgenom m en, daß  die re la tiv e n  A m p litu ­
d en  w ^ j jh ,  u i j j jh  d e r K o m p o n e n te n  der F u n k tio n  w fü r  im  v o rau s  an g ese tz te  
G rö ß en  ic(a, b)/h b e s tim m t w u rd en , sodann  w urde  der T ra g fä h ig k e itsp a ra m e te r  
p /E  aus dem  Z u sam m en h an g  (3.24) b e rechne t.

W ie die S ch au b ild er d eu tlich  erk en n en  lassen , k a n n  (n ach  d e r  T heorie 
d e r  g roßen  V erfo rm ungen) das nichtlineare Tragverhalten  d e rjen ig en  H P -S ch a- 
len , die n ach  der T h eo rie  I . O rd n u n g  als M em branscha len  zu  b e tra c h te n  sind 
([5 ], falfb =  (1,5 — 2) -f-4), durch die charakteristische Tragverhaltenskurve von 
B ild  2.C gekennzeichnet w erden . D iese A rt des T ra g v e rh a lten s  w ird  im  w eite­
re n  »schalenartiges« T ra g v e rh a lte n  g en an n t. D as lä ß t sich  am  b e s te n  du rch  
d ie  K u rv e n  der »norm alen« Schale  ( fa l f b  =  4) oder der Schale m it dem  P fe il­
höhenverhältnis f a/ f b =  9/4 ve ran sch au lich en . In  diesen F ä llen  is t  zu  b eo b ach ten ,
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d a ß  sich  die T rag fäh ig k e it b e i w achsender D u rc h b ie g u n g  eine Z e itlan g  m ono ton  
v e rg rö ß e r t  (stab ile r G le ich g ew ich tszu stan d ), a b e r  d an n , n ach  E rre ich en  der 
L a s t in te n s i tä t  p kr (bei B e g in n  des labilen G le ich g ew ich tszu stan d es), t r i t t  das 
D urchschlagen  in  e in er L a g e  m it n iedrigerem  P o te n tia l  auf. A u f die abneh­
m en d e  T rag fäh igke it fo lg t e ine  zunehmende  T ra g fä h ig k e it (s tab ile r G leichge­
w ic h tsz u s ta n d ) .

D a  die K o n s tru k tio n  b e i E rre ichen  des D u rch sch lag en s  — vom  G esich ts­
p u n k t  der In g e n ie u rs -P ra x is  — als zu B ruch  gegangen  anzusehen  is t , w urden  
d ie  K urvenzw eige m it w ie d e r  w achsendem  B ere ich  g a r n ic h t d a rg es te llt.

E in  System  v o n  E rz e u g e n d en  der tra n s la t io n a le n  H P -S ch a len  b ild e t 
e in e  v o n  oben gesehen k o n k a v e  P arab e lsch ar, fo lg lich  k a n n  m an  d a ra n  denken , 
d a ß  diese Schalen eine m o n o to n  zunehm ende (n ich tlin ea re )  T rag fäh ig k e it au f­
w e ise n . A ber diese is t  — m it  A usnahm e d e r »halbnorm alen«  H P -S cha le , die 
s ic h  p la tte n a r tig  v e rh ä lt  — n u r  d ann  m öglich, w e n n  die H P -S ch a le  entlang der
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asim ptotischen L in ie n  (die die an  der F läche b e fin d lich en  E n tsp re c h e n d e n  der 
C h a rak te ris tik en  sind) a b g e s tü tz t  is t [9].

D er G rund  h ie fü r lie g t d a rin , daß  m in d esten s  d iejenige Z u g fa se r  v o n  der 
von  oben gesehen k o n k a v e n  F ase rn , die die E c k p u n k te  m ite in a n d e r  v e rb in d e t, 
gew isserm aßen  als A u fh ä n g u n g  der sich au sb eu len d en  g e d rü c k te n  F ase rn  
w irk t [8].

J e d e  von  oben  gesehen  kon k av e  F ase r d e r  sa tte lfö rm ig en , a n  ih re n  R ä n ­
d ern  n o rm a lk ra ftfre ie n  H P -S ch a le  sch ließ t sich  so lchen  R an d b o g en  an , die in  
S e iten rich tu n g  fr e i  verschiebbar sind  (die W irk u n g  d er F ase r be i d en  L ag e ru n ­
gen is t  v e rn ach lä ss ig b a r). D eshalb  t r i t t  die e rw äh n te  A u fh än g u n g sw irk u n g  
n ic h t ein .

E in  w eiteres A n w ach sen  d er T rag fäh ig k e it n ach  dem  D u rch sch lag en  is t 
n u r  n a c h  A u ftre te n  v o n  V erfo rm ungen  in  seh r großem  A u sm aß  m öglich. 
In  d iesem  F a ll f in d e n  sich  die Bogen in  ж-R ic h tu n g  schon in  e in e r  v o n  oben
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g e se h e n  k o nkaven  L age, fo lg lich  w urde d ieser in  p ra k tis c h e r  A n s ic h t n ic h t 
in te r e s s a n te  Z u stan d  in  d e n  B ild e rn  3 —13 au ch  n ic h t  d a rg es te llt.

D ie  »halbnormale« H P -S c h a le  ( f j f t ,  == 1) w e is t e in  T ra g v e rh a lte n  auf, das 
v o n  d e m  bisher b e h a n d e lte n  sch a len artig en  V e rh a lte n  v o lls tän d ig  abw eich t. 
E s  so ll d a ra n  e rin n e rt w e rd e n , d aß  diese Schale ih re  L a s te n  n ach  d e r T h eo rie  I . 
O rd n u n g  zum  ü b erw ieg en d en  T e il du rch  B ie g e sc h n ittk rä f te  t r ä g t  [5].

D iese  plattenartige, m o n o to n  zunehm ende T ra g v e rh a lte n sa r t  g e h t auch  
a u s  d e n  B ildern  3 — 13 h e rv o r . E s s tim m t zw ar, d a ß  die T ra g fä h ig k e it der 
» h a lb n o rm alen «  H P -S ch a le  m i t  zu n eh m en d er D u rch b ieg u n g  im m er größer 
w ird , a b e r  die L ast, die sie a u f  d iese W eise tra g e n  v e rm ag , ist zu  k le in .

I n  E in k lan g  m it d en  R e s u l ta te n  nach  d er T h eo rie  I .  O rdnung  [5] lä ß t  sich 
a u c h  j e t z t  festste llen , d aß  d ie  »halbnorm ale« S chale  u n d  die H P -S ch a len , deren  
P fe ilh ö h e n v e rh ä ltn is se  v o n  d e m  f j f t -W ert v o n  1 n u r  geringfügig  abw eichen
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aussch ließ lich  im  F a ll von  bei den  P la t te n  ü b lich en  V erh ä ltn isse  а/h  (ajh =  
=  15 - r  20) an g e w a n d t w erden  können .

Z w ischen d en  e rw ä h n te n  ty p isc h e n  F ä llen  (sch a len artig es  bzw . p la t te n ­
a rtig e s  V erh a lten ) g ib t es auch  Ü b e rg an g ss tad ien : die zu  d iesen  gehörenden  
S ch au b ild er h ab en  In flex io n sp u n k te  ab e r k e ine  s ta tio n ä re  W erte  (bzw . keine 
w aag erech te  T an g en te ).

D ie versch iedene  A rt des p la tte n a r tig e n  u n d  des sch a le n a rtig en  T rag ­
v e rh a lte n s  w ird  au ch  d u rch  die abw eichenden  W irk u n g en  v e ra n sc h a u lich t, 
die d as  S e iten v e rh ä ltn is  a/b a u sü b t. M it a b n eh m en d e r A bm essung  b n im m t die 
T rag fäh ig k e it d er p la t te n a r t ig  w irkenden  H P -S ch a len  im m er m e h r zu, h inge­
gen n im m t die T ra g fä h ig k e it der sc h a le n a rtig  w irk en d en  H P -S ch a len  im m er 
m ehr ah .

Sow ohl die A r t  d e r K u rv en  als auch  das M aß d er T ra g fä h ig k e it verw eisen 
a u f  das Fehlen der horizontalen  (seitlichen) Biegesteifigkeit u n d  der D rillste ifig ­
keit der Randbogen.
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B ild  11. N ichtlineares Tragverhalten

In  V erb indung  m it d e r  p ra k tisc h e n  A n w en d b a rk e it d e r T afe ln  u n d  D ia ­
g ra m m e n  w ird  d a ra u f  ve rw iesen , d aß  w enn sieb d e r fo lgende Z u sam m en h an g  
b e i k o n s ta n te n  P a ra m e te rn  oc u n d  y

ß i  Qi — ß i Qi »

e r fü ll t ,  d a n n  is t diese F o rm e l an zuw enden

P'2 =  ß l  Г  

P l ßi

(3.33)

(3.34)

E in  V ergleich der E rg eb n isse  d er th eo re tisch en  U n te rsu ch u n g en  ü b e r die 
E ig e n h e ite n  der antim etrischen  B eu lung  ([6 ]: p*1", w 0 =  0) sowie des soeben  
b e h a n d e lte n  Durchschlagen  (p kr) fü h r t  zu fo lgenden  S ch lußfo lgerungen :
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1. D ie S chalen , die ih re  L asten  a u c h  n a c h  d er Theorie I .  O rd n u n g  [5] 
zu m  überw ieg en d en  T eil d u rch  B ie g e sc h n ittk rä f te  tra g e n  ( f j f b =  1 -7- (1,5 4- 
- r  2)), d a r f  m an  n ic h t n ach  der lin ea ren  S ta b ilitä ts th e o rie  u n te rsu c h e n .

Die »halbnorm ale«  Schale (f j f b =  1) u n d  die Schale, d e ren  P fe ilh ö h e n ­
v e rh ä ltn is se  v o n  dem  f a/ fb W ert von  1 b lo ß  geringfügig ab w eich en , w eisen 
k e in e  Verzw eigungserscheinung  auf. D ie zu  d iesen  P a ra m e te rn  g eh ö re n d e n  H P - 
S chalen  h a b e n  eine monoton zunehm ende  T ra g fä h ig k e itsa rt. B eim  V erh ä ltn is  
falfb  =  1 b e s itzen  diese K u rv e n  auch k e in e n  In flex io n sp u n k t.

2. E s s te llte  sich  h e rau s, daß  sich d ie m e is ten  b eh an d e lten  H P -S ch a len  
n a c h  dem  B ild  2.c v e rh a lte n .

2.1 B ei k le in en  W erten  von  f a/ f b u n d  f b/b, sowie bei großen S e ite n v e rh ä lt­
n issen  ajb i s t  die kritische D urchschlagslast (p t;r) geringer als die lin e a re  k ritisch e  
L a s t (p [ , w 0 =  0).

2.2 Im  g rö ß te n  T eil des u n te rsu c h te n  P aram ete rsb e re ich es — h a u p ts ä c h ­
lich  bei d en  P a ra m e te rn  / a//6 =  (1,5 -f- 2) -f- 4, f a/b =  0,2 -j- 0 ,3 , ajb —  1 - r

Acta Technica A cadem iae Scientiarum Hungaricae 91, 1980
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-f- 2 (3) sin d  die kritischen  D urchschlagslasten p kr g rö ß er bzw. v iel g rö ß er als 
d ie  k r i t is c h e n  L as ten  p xk? (B ild  17), die z u r  au s  dem  u n v erfo rm ten  G ru n d ­
z u s ta n d  a u ftre te n d en  V erzw eigung  gehören.

F ü r  diese S cha len  is t  die V erzw eigung m aß g eb en d .

Acta Technica Academiae Scientiarum Hungaricae 91, 1980

Bild  13. N ichtlineares T ragverhalten
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T afel 1/1

-f- l»* ( ) E • 10—=  Pír

fb
b

a
~h

a
~b

11 
/

 
8 И 

/ »
2 3 4 5

1 0,018 0,067 0,170 0,348 0,622

1,21 0,020 (0,022) 0,021 0,036 0,091 0,204

l 25/16 0,145 (0,175) 0,172 0,102 0,022 0,024

9/4 0,813 (1,258) 0,504 0,165 0,029
3 2,116 3,922 (4,172) 1,618 0,566 0,400

4 4,797 9,019 (9,240) 6,680 2,822 1,051

1 0,095 0,271 0,598 1,138 1,944

1,21 0,081 0,180 0,381 0,774 1,447

0,1 100 2 25/26 0,133 0,174 0,201 0,306 0,550

3 1,355 2,175 (2,430) 2,404 1,959 1,197

9/4 0,516 0,714 (0,725) 0,665 0,477 0,258

4 3,123 5,516 (6,872) 4,523 2,598

1 0,343 0,790 1,441 2,388 3,714

1,21 0,333 0,719 1,270 2,094 3,307

3 25/26 0,346 0,650 1,021 1,565 2,394

9/4 0,539 0,844 1,033 (1,239) 1,228

3 0,965 1,506 1,720 (1,750) 1,720 1,622

4 1,940 3,197 3,847 (4,080) 3,983 3,722
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T afel 1/2

-§■ 10* (  ) E 1 0 - = P tr

fh
b

a
~ h

a
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w
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fa
fb

1 2 3 4 5

1 0,018 0,067 0,170 0,348 0,622

1,21 0,076 (0,080) 0,076 0,038 0,019 0,011

l 25/16 0,653 1,012 (1,120) 0,431 0,140 0,026

9/4 3,320 6,192 (6,280) 3,411 1,456 0,443

3 8,576 16,350 (21,184) 12,048 6,528

4 19,47 37,70 55,62 73,98 (75,20) 47,55

1 0,095 0,271 0,598 1,138 1,944

1,21 0,099 0,149 0,235 0,442 0,852

0,2 100 2 25/16 0,418 0,560 (0,580) 0,502 0,348 0,205

9/4 2,150 3,653 (4,317) 3,283 1,914

3 5,584 10,288 (14,176) 7,504 4,298

4 12,56 23,79 33,38 (34,56) 19,91 11,73

1 0,343 0,790 1,441 2,388 3,714

1,21 0,330 0,656 1,084 1,720 2,673

3 25/16 0,480 0,767 0,971 1,192 1,536

9/4 1,433 2,280 2,681 (2,880) 2,750 2,583

3 3,334 5,776 7,328 8,032 (8,202) 7,984

4 7,434 13,54 18,32 21,67 23,29

JA
N

K
Ó

,



A
cta 

Technica 
A

cadem
iae 

Scientiarum
 

H
ungaricae 

91, 
1980

T afel 1/3

• 1 0 ' (  )  E  • 1 0 - « =  P t ,

fb
b

a
~h

a
~b

w
~h =

h

1 2 3 4 s

1 0,018 0,067 0,170 0,348 0,622

1,21 0,186 (0,250) 0,234 0,141 0,039 0,023
l 25/16 1,501 2,443 (2,510) 0,992 0,317 0,120

9/4 7,530 14,31 (16,27) 16,11 9,054 4,553

3 19,47 37,70 54,63 70, 09 83,52

4 44,14 86,40 126,7 165,1 201,2

1 0,095 0,271 0,598 1,138 1,944

1,21 0,153 0,191 0,200 0,265 0,455

0,3 100 2 25/16 0,953 1,455 (1,560) 1,519 1,206 0,725

9/4 4,909 8,975 12,05 (12,320) 6,642 3,797

3 12,57 23,78 33,99 (35,20) 19,91 11,73

4 28,23 54,25 78,12 (81,30) 75,87 48,92

1 0,343 0,790 1,441 2,388 3,714

1,21 0,348 0,635 0,967 1,445 2,163

3 25/16 0,751 1,160 1,330 1,373 (1,401)

9/4 3,046 5,138 6,440 7,079 (7,168)

3 7,43 13,54 18,33 21,67 23,29

4 16,58 31,34 44,36 55,63 64,54
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T afel 1 /4
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b
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a
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IV
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fb

1 2 3 4 5

1 0,004 0,013 0,034 0,069 0,123

1,21 0,007 (0,008) 0,004 0,005 0,017

l 25/16 0,070 (0,105) 0,100 0,051 0,017 0,010

9/4 0,367 0,664 (0,685) 0,263 0,088 0,045

3 0,948 1,782 (1,930) 1,320 0,656 0,208

4 2,150 4,119 5,851 (5,905) 3,984 2,388

1 0,019 0,053 0,118 0,225 0,384

1,21 0,017 0,031 0,057 0,111 0,204

0,1 150 2 25/16 0,048 (0,063) 0,052 0,043 0,030

9/4 0,244 0,377 0,427 (0,435) 0,415 0,356

3 0,617 1,089 (1,357) 0,893 0,513

4 1,398 2,603 3,692 (3,700) 1,986 1,082

1 0,068 0,156 0,285 0,472 0,734

1,21 0,064 0,132 0,225 0,362 0,560

3 25/16 0,077 0,131 0,182 0,252 0,360
9/4 0,177 0,274 0,315 (0,325) 0,320 0,314

3 0,383 0,631 0,760 (0,802) 0,787 0,735

4 0,832 1,461 1,891 2,123 (2,162)
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T afel 1/5
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fa
fb

1 2 3 4 5

1 0,004 0,013 0,034 0,069 0,123
1,21 0,037 (0,049) 0,046 0,028 0,008 0,005

l 25/16 0,297 0,480 (0,490) 0,196 0,063 0,024
9/4 1,487 2,826 (3,206) 3,182 1,797 0.899
3 3,846 7,447 10,79 13,84 16,50
4 8,719 17,06 25,03 32,60 39,74

1 0,019 0,054 0,118 0,225 0,384

1,21 0,030 0,038 0,040 0,052 0,090
0,2 150 2 25/16 0,188 0,288 (0,308) 0,300 0,238 0,143

9/4 0,970 1,773 2,375 (2,383) 1,322 0,750
3 2,482 4,698 6,713 (6,953) 3,933 2,317
4 5,576 10,72 15,23 (16,06) 14,99 9,66

1 0,068 0,156 0,285 0,472 0,734
1,21 0,069 0,125 0,191 0,285 0,427

3 25/16 0,148 0,229 0,263 0,271 (0,277)
9/4 0,602 1,015 1,272 1,398 (1,416)
3 1,468 2,675 3,619 4,281 4,601
4 3,275 6,191 8,762 10,99 12,75
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b

a
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1 о 3 4 5

1 0,004 0,013 0,034 0,069 0,123

1,21 0,089 (0,140) 0,132 0,061 0,021 0,007

1 25/16 0,672 (1,255) 0,704 0,304 0,035

9/4 3,380 6,538 9,467 12,14 14,46

3 8,712 17,01 24,84 32,13 38,80

4 19,73 38,90 57,51 75,54 92,98

1 0,019 0,053 0,118 0,225 0,384

1,21 0,059 (0,075) 0,065 0,048 0,041

0,3 150 2 25/16 0,440 0,738 0,911 (0,977) 0,951

9/4 2,182 4,119 5,884 (6,050) 3,283 1,912

3 5,576 10,72 15,43 (16,34) 14,99 9,66

4 12,57 24,45 35,63 46,08 49,93

1 0,068 0,156 0,285 0,472 0,734
1,21 0,082 0,136 0,182 0,242 0,335

3 25/16 0,282 0,452 0,532 (0,540) 0,500

9/4 1,292 2,337 3,132 3,664 3,893

3 3,275 6,191 8,762 10,99 12,75

4 7,707 14,72 21,07 26,78 31,85
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1 2 3 4 5

1 0,001 0,004 0,011 0,022 0,039

1,21 0,0048 (0,0050) 0,0048 0,0024 0,0012 0,0007

l 25/16 0,0408 0,0633 (0,070) 0,0269 0,0088 0,0016

9/4 0,208 0,387 (0,393) 0,213 0,091 0,028

3 0,536 1,022 (1,324) 0,753 0,408
4 1,217 2,356 3,476 4,624 (4,700) 2,972

1 0,006 0,017 0,037 0,071 0,122

1,21 0,006 0,009 0,015 0,028 0,053

0Д 200 2 25/16 0,026 0,035 (0,036) 0,031 0,022 0,013

9/4 0,134 0,228 (0,270) 0,205 0,120

3 0,349 0,643 (0,886) 0,469 0,268
4 0,785 1,487 2,124 (2,100) 1,246 0,733

1 0,021 0,049 0,090 0,149 0,232
1,21 0,020 0,041 0,067 0,108 0,167

3 25/16 0,030 0,048 0,061 0,075 0,096
9/4 0,090 0,143 0,168 (0,180) 0,172 0,161
3 0,209 0,361 0,458 0,502 (0,513) 0,499
4 0,465 0,846 1,145 1,354 1,456
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1 2 3 4 5

1 0,001 0,004 0,012 0,025 0,047

1,21 0,022 0,033 (0,035) 0,030 0,021

l 25/16 0,168 0,312 (0,330) 0,148 0,057 0,034

9/4 0,842 1,620 2,329 (2,400) 1,997 1,269

3 2,175 4,247 6,210 8,061 9,783

4 5,460 10,74 15,84 20,75 25,49

1 0,006 0,017 0,039 0,077 0,135

1,21 0,015 (0,019) 0,017 0,014 0,015

0,2 200 2 25/16 0,109 0,178 0,214 (0,221) 0,205

9/4 0,546 1,024 (1,461) 0,766 0,440

3 1,394 2,669 3,830 (4,002) 3,107 1,960

4 3,140 6,088 8,842 11,39 (11,90) 9,59

1 0,021 0,050 0,091 0,153 0,241

1,21 0,024 0,041 0,058 0,080 0,115

3 25/16 0,073 0,115 0,133 (0,140) 0,134 0,124

9/4 0,327 0,577 0,757 0,874 0,935

3 1,709 2,876 (3,480) 3,259 2,289 1,799

4 1,826 3.507 5.051 6,477 7,834
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1 0,001 0,004 0,012 0,025 0,047

1,21 0,052 (0,080) 0,032 0,011 0,002

1 25/16 0,380 0,719 (0,790) 0,659 0,354 0,150

9/4 1,910 3,730 5,433 7,037 8,343

3 4,925 9,693 14,300 18,750 23,030
4 11,13 22,03 32,69 43,11 53,28

1 0,006 0,017 0,039 0,077 0,135

1,21 0,033 (0,046) 0,045 0,034 0,020

0,3 200 2 25/16 0,254 0,446 0,582 0,668 (0,708)

9/4 1,226 2,341 3,354 (3,450) 2,494 1,549

3 3,140 6,088 8.842 11,39 (11,63) 9,592

4 7,087 13,88 20,37 26,55 32,40

1 0,021 0,050 0,091 0,153 0,241

1,21 0,033 0,052 0,063 0,073 0,089
3 25/16 0,152 0,253 0,312 (0,335) 0,329

9/4 0,740 1,361 1,871 2,276 2,583

3 1,826 3,507 5,051 6,477 7,834

4 4,368 8,444 12,23 15,74 18,98
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4. V erzw eigung  aus dem v e rfo rm te n  G rundzustand

Sowohl th e o re tisc h  a ls  auch p ra k tisc h  i s t  d ie  folgende F rag e  g e re c h t­
fe r t ig t :  bei w elcher B e la s tu n g  aus der sy m m e tr isc h e n  D efo rm ation  d e r  H P - 
S ch a le , die nach  d e r (n ich tlin ea ren ) T heorie  d e r  großen  V erfo rm ungen  v e r­
fo lg t w ird , eine » b en ach b a rte«  an tim etrisch e  A u sb eu lu n g  abzuzw eigen ve rm ag . 
E s  w ird  die L ast pkr,v b e s tim m t, die das B ild  2 .c  d a rs te llt.

D ie V erzw eigung se lb s t k ann  nach  d e r l in e a re n  Theorie v e rfo lg t w erd en , 
d . h .,  es is t eine lin e a re  E ig en w ertau fg ab e  m it d e n  vorangegangenen  n ic h tl in e a ­
re n  sy m m etrisch en  V erfo rm u n g en  zu k o m b in ie ren .

4.1 G rundannahm en

B ei U n te rsu c h u n g  d e r  M öglichkeit d e r  antim etrischen  A u sb eu lu n g , die 
au s  dem  sym m etrisch  v e rfo rm te n  G ru n d z u s ta n d  (w 0 0) abzw eigt, w e rd e n  die
in n e re n  K rä fte  d e r (n ic h tlin e a ren ) Theorie d e r  g roßen  V erform ungen  (s. A b ­
s c h n i t t  3.) berech n e t.

Im  V erlau f d iese r w ird  die in  der F a c h l i te r a tu r  allgem ein an g en o m m en e  
fo lg en d e  N äh eru n g  b e n u tz t :  die geometrischen A n g a b en  der Schale werden durch  
die  D urchbiegungsform  nach der nichtlinearen T heorie ( w 0) verändert.

D ie lineare  k r itis c h e  L a s t (s. [6] : w 0 =  0) dieser Schale von veränderter Form  
w ird  als die a p p ro x im a tiv e  lineare  k ritische  L a s t  d e r  V erzw eigungserscheinung, 
d ie  aus dem  v e rfo rm te n  G ru n d zu stan d  (w0 0) e rfo lg t, b e tra c h te t.

Diese A u flö su n g sm eth o d e  s te h t m it d e n  V erfah ren  von B u s h n e l l  [1], 
D u l á c s k a  [2] u n d  W e d e l l s b o r g  [14] in  E in k la n g .

D er sehr b e trä c h tl ic h e  R echenaufw and  fü r  die B estim m ung d e r  oberen  
k r it is c h e n  L asten  (s. B ild  2 : p ° rere(ira)) w u rd e  v o n  den e rw ähn ten  V erfasse rn , 
w ie fo lg t, v e rrin g e rt.

Z u erst v e rä n d e r te n  sie die geom etrische  F o rm  der Schalen  durch  die 
Vorbeulam plitude ( A n fa n g sa u sm ittig ke it)  w a. S o d an n  bei B estim m u n g  der 
E ig en w ertau fg ab e  in  B ezu g  au f die Schale v o n  v e rä n d e r te r  F orm  b e tra c h te te n  
sie die dazugehörigen  E ig en w erte  als obere k r it is c h e  L asten .

Ih re  R e su lta te  lie ß e n  erkennen, d a ß  d ie  A bnahm e dieser k ritisc h e n  
L a s te n  pkr,v g eg en ü b er d e n  linearen  k ritisc h e n  L a s te n  pkr (m̂ o =  0) zu m  g rö ß ­
te n  T eil du rch  V o rb eu len  v e ru rsa c h t w urde.

A n H and  des V erg le iches der ex a k te n  u n d  d e r näherungsw eisen  W erte  
h a t  sich  h e rau sg es te llt, d a ß  die geometrische N ich tlin ea ritä t bloß einen  kleineren  
T e il  der Abnahm e der kritisch en  Last verursacht.

Im  Falle d er so eb en  e rö r te te n  E rsch e in u n g  k en n ze ich n et die g eo m etrisch e  
N ic h tlin e a r itä t  led ig lich  d e n  G ru n d zu stan d  u n d  desh a lb , w enn diese m it  e iner 
h in re ich en d en  N ä h e ru n g  b e rü ck sich tig t w ird , e rh ä l t  m an — a u f  G ru n d  des 
o b ig en  G edankenganges — die k ritischen  L a s te n  p]cr,v m it einer fü r  d ie  P ra x is  
g ee ig n e ten  G en au igke it.
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4 .2  Grundgleichungen

D ie zw eite V a ria tio n  d e r p o te n tie lle n  E nerg ie  d er Schale v o n  V e rfo rm u n ­
gen  w 0 k a n n  als die S um m e d er zw eiten  V a ria tio n  der p o ten tie llen  E n e rg ie  der 
M itte lfläch en - u n d  d e r B ie g e sc h n ittk rä f te  (U m u n d  Ub) sowie d e r  ä u ß e ren  
K rä f te  ( F 0) wie fo lg t gesch rieb en  w erden :

1  r i a  r i b  _  _  _  _

<52 Um0 =  ——  I [ F " » - 2 ц  F - F "  +  F " 2 +  2(1 +  ц )Г '»  +
Eh J о Jo

+  Eh(Fo  2 — 2 F 0' w îv 1 -f- F 0' w12)] dx  d y ,
(4.1)

B ild  14. Lineare kritische L ast der H P-Schale (a/h =  150, f j b  =  0 ,1)
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<52 Ub0 = +  2[iw" w u +  из'2 -f- 2(1 ц) и;'12] d x d y , (4.2)

<52 V 0 =  0 ,

J'%2a r2b
u 0 d x d y  =  ô2 Um0 +  Ô2 Ub0,

0 J  0 

r 2 а л2b
<52 П 0 =  n 0 dx dy  =  ô2 U 0 +  à2 V 0 .

J о Jo

(4.3)

(4.4)

(4.5)

H ie r is t u0, bzw . jz0 d e r  spezifische W e rt d e r  zw eiten  V aria tio n  d er in n e ­
r e n , bzw . der v o lls tä n d ig e n  p o ten tie llen  E n e rg ie .
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In  d iesen  G le ichungen  h än g t die F u n k tio n  F  von w ah : F  =  F (ïv). In  den 
A u sd rü ck en  d e r V erze rru n g en  tre te n  auch d ie  G lieder wgw , -f- w giv'
auf.

I s t  bei e in er s tö re n d e n  V erfo rm ung  w  d e r  (sym m etrischen) G leichge­
w ich tslage  jed e  e rs te  V a iia tio n  d er k le inen  S tö rungsenerg ie  <52/7 0 v o n  zw eiter 
O rd n u n g  gleich N ull, so lieg t ein in d iffe re n te s  G leichgew icht v o r. F ü r  eine 
solche spezielle zw eite  V a ria tio n  des e la s tisch en  P o ten tia ls  IJ 0, dessen  jede  e rste  
V a ria tio n  gleich N u ll is t , la u te t  das In d iffe ren zk rite r iu m :

<5(d2 770) =  0 . (4.6)
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B ild  1 7 a .  Vergleich der v e rsch ie d en e n  k ritisch en  L a s te n  (a/h  =  150 ,/(,/6 =  0,2, ajb =  1)

Z u r  B estim m ung  d e r  L a s t  p^"v  m uß  m a n  die V aria tio n sau fg ab e  (4.6) 
lö se n . E s  w ird  gefrag t, fü r  w elche  F u n k tio n  w =  w (x, y )  das In te g ra l 02П 0 
e in e n  s ta tio n ä re n  W ert a u fn im m t.

D ie  E x trem ale  ív, d ie  f ü r  das F u n k tio n a l e in en  s ta tio n ä ren  W e rt lie fe r t, 
e r h ä l t  m a n  durch  die L ö su n g  der E u le r-L an g ran g esch en  D iffe ren tia lg le i­
c h u n g

д л 0 1 д л 0 j д л 0 \
+

д л 0 II

+
д л 0 •I

I d л 0
dw 1 dw< 1 d w  j dw" dw ' dw

N a c h  D u rch fü h ru n g  d e r  d u rc h  die Gl. (4 .7) v o rgesch riebenen  O p e ra tio n e n , 
e r g ib t  s ich  die Gleichgewichtsgleichung  der aus d em  v erfo rm ten  G ru n d z u s ta n d  
(w 0 =5*̂  0) erfolgenden V erzw eigungsersche inung  d e r  f lach en  Schalen [3], [15] zu:

В А  А »  — L p{F, wo +  z) — Lp{F o, w) =  0 . (4.8)
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B ild  17. Vergleich der verschiedenen kritischen L asten  (a/h 150, f^ b  =  0,2, a/b  =  1, 2, 3)

W ird  n u n  die zw eite  V aria tio n  der p o te n tie lle n  Energie d er M itte lf lä c h e n ­
k rä f te  in  die n ach fo lgende  F o rm  u m g e s ta lte t , d a n n  e rh ä lt m an:

<52^mo =  Г í j 2 [F " (v  — wz" +  w0 w )  —  F '1 (и +  V 1 +  w'0w  +  w0 u,i) +
Jo Jo l

+ F" (ö1 -  w z 11 + WÁ w')l---- — [F " 2 -  2fl F  F11 + F"2 + (4.9)
Eh

+  2(1 +  /л) F '12] +  [ F ; w 2 -  2 F0'w w ' +  F 0' te12] j d x d y .

M it H ilfe  d ieser G leichung soll an  H a n d  des P rinzips vom  s ta t io n ä re n  
W ert d e r E rg än zu n g sen erg ie  die e rs te  V a ria tio n  des F u n k tio n a is  <52/7 0 n ach
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F  g e b ild e t w erden . B ei D u rc h fü h ru n g  der d u rc h  d ie  E u le r-L agrangesche  D gl.

d u n !" ( d u 0 V1 [ du„
d F " i d F '1 d p -

= 0 (4.10)

v o rg esch rieb en en  O p e ra tio n e n  e rg ib t sich die G le ichung :

A  A F  +  D(1 - p2)[Lp(w, z) +  L p(w, ic0)] =  0 . (4.11)

D as  is t  die Verträglichkeitsgleichung  dei u n te r s u c h te n  E rscheinung  [3], [15].

4.3 D urchbiegungsform en und  S p a n n u n g sfu n k tio n en

D ie D u rch b ieg u n g sfu n k tio n  w 0 des G ru n d z u s ta n d e s  und  die ( a n tim e t­
r isc h e )  B e u lfu n k tio n  io s= öw n m uß  den fo lg en d en  geom etrischen  (» k ü n stli­
chen«) u n d  s ta tisc h e n  (»natürlichen«) R a n d b e d in g u n g e n  der A ufgabe G enüge 
tu n :

D ie fo lgenden  tr ig o n o m e trisch en  R e ih en , d ie sich aus den lin e a re n  u n a b ­
h ä n g ig e n  G liedern  zu sam m en se tzen , b e fried ig en  säm tliche  geom etrische  u n d  
s ta t is c h e  R a n d b ed in g u n g en  des P rob lem s:

» n 2  2  w rs
Г Л  . S 7 1

Sin — -------X  s i n ---------------y ,

2a  26 ' (4 .16a b)

F 0 — 'S  'S  F rs sin -  X sin  y  
^  ^  2a 26

r 1, 3 ,5 , . . . , R  

s 1, 3, 5, . . . , S
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w  —
2  2

m  . i n  s in ---- X s in ----- V ,
2« 2b (4 .17a —b)

F  =
2  2

i n  . i n. Sill---- X Sin----- V .
2a 2b

i 1, 2, 3 

У =  1 , 2 , 3 ,  . . . ,  J

B ei Lösung der A u fg ab e  n ach  dem  G alerk in sch en  V erfah ren  sin d  diese 
F u n k tio n e n  als D u rch b ieg u n g s- und  S p an n u n g sfu n k tio n en  des G ru n d - bzw. 
N a ch b a rzu s tan d es  zu b e tra c h te n .

A n H an d  des im  A bsch n . 4.1 beschriebenen  G edankenganges w ird  s ta t t  
d e r soeben  e rö rte rte n  e x a k te n  M ethode ein N äherungsverfahren  an g ew an d t.

D em gem äß w erd en  die ap p ro x im a tiv en  lin e a re n  k ritisch en  L a s te n  p ) f jV 
(w>0 0) d u rch  die T ra g fä h ig k e itsk u rv en  der B ild e r 3 - 1 3  u n d  die n ach  [6]
b e rech n e ten  linearen  k r itisc h e n  L asten  p)'f (m0 = 0) bezogen a u f  die H P -S ch a le  
m it veränderten Param etern  b es tim m t.

4.4 N äherungsverfahren

B e tra c h te n  w ir j e t z t  den  Z u s ta n d  der H P -S ch a le , w enn ih r  M itte lp u n k t 
( x  =  a, y  b) u n te r  E in w irk u n g  der L as t p ) ' f  (tc0 =  0) eine D u rch b ieg u n g  
d e r  G röße w  (а , b) e rle id e t h a t  (vgl. m it den  B ild e rn  3 —13). In  d iesem  Z u s ta n d  
w eis t die Schale m it veränderten geometrischen Verhältn issen  n äherungsw eise  die 
fo lgenden  P a ra m e te r  au f:

X * = J L =  f a  -  ” 0 ä

fb  fh  +  *®o d

а

f*  f b  +  Wpd _  m m  _ _y_ 
b  b  Q h " ß  ’

a  — ™0d Y
h ße

1 4 - Mo d Y
h во

(4 .18a d)

w o w od die d u rc h sc h n ittlic h e  D urchb iegung  d e r F läch e  b e d e u te t (s. a u sfü h rli­
c h e r in  den B ildern  17 а —b).
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D ie G irlan d en k u rv en  pkr,v> die d u rch  u n se r  N ä h e ru n g sv e rfah re n  be­
s t im m t  w orden sind, s in d  in  d en  B ildern  17 a —b d a rg es te llt. D ie linearen  
k r i t is c h e n  L asten  die d en  P a ra m e te rn  (4.18 a —d) en tsp rech en , s in d  n a c h  den 
G ir la n d e n k u rv e n  der B ild e r  14 — 16 b erech n e t w orden .

A u f  G rund der F o rm  d e r  G irlan d en k u rv en  d e r B ilder 14 —16 lä ß t  sich 
le ic h t  fes ts te llen , d aß  d ie  k r it is c h e n  L as ten  p'i'^v (rc0 ^  0) sow ohl größer als 
a u c h  kleiner  als die k r i t is c h e n  L a s te n  p kr (w 0 =  0) sein  können .

Im  P a ra m e te rb e re ic h  ot f*ss. 2 -b 3 fü h r t  d ie  A b n ah m e d er G rö ß en  sc au f 
a*  z u r  Abnahm e  der l in e a re n  k ritisch en  L as ten . D em gegenüber v e ru rs a c h t im  
P a ra m e te rb e re ic h  sc ^  3 -F 4 die A bnahm e d e r P a ra m e te r  oc (sc*) eine T rag- 
fäh igkeitssfeigeru iig . In fo lg ed essen  sollen die G rößen  p)'ßv als R e s u lta t  der 
(fa llw e ise  ve rm in d ern d en , b zw . ste igernden) W irk u n g  d e r P a ra m e te rä n d e ru n g
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Д а  =  а*  — а  sow ie d e r g leichzeitigen  (im m er ste igernden) W irk u n g  d e r  P a ­
ra m e te rä n d e ru n g  A q — Q* — Q e rm itte lt  w erd en .

D ie W erte  p)?r,v w u rd en  g raph isch  e rh a lte n : vo r allem  w u rd e n  in  den 
P u n k te n  w od +  A w od (die sich in  der k le in en  U m gehung  des P u n k te s  w od be­
f in d e n , s. B ild  17a) die lin ea ren  k ritisch en  L a s te n />1'" b e s tim m t u n d  d ann
w urde  die so e rh a lte n e  K u rv e  m it der e n tsp re c h e n d en  »nichtlinearen« T ra g fä h ig ­
k e itsk u rv e  g e sc h n itte n . D er S c h n ittp u n k t lie fe r t die lineare  k ritisc h e  L a s t  piir,v

D as B ild  17b. zeig t, d aß  die größte W irkung  der du rch  d ie  B e la s tu n g  
h erv o rg eru fen en  D u rch b ieg u n g en  (w0), (be i den  u n te rsu c h te n  g eo m etrisch  
V erh ä ltn issen ) in  d en  B ereich  f j f b =  2,5 +  3,5 e n tfä llt. Die G irla n d e n k u rv e n  
w u rd en  bis zu r K u rv e  d e r k ritisch en  D u rch sch lag s la s ten  p kr a u fg e tra g en .

D ie g rö ß te n  p ro zen tu e llen  A bw eichungen  der k ritisch en  L a s te n  piir,v 
(m»0 =+ 0) von  den  k ritisc h e n  L asten  p kf  (w 0 =  0) sind  wie fo lg t: im  Falle
a/b =  1 Д  ~  + 1 0 %  А----- 8 % , bei a/b =  2 Д  ~  + 1 3 %  +  - 9 % ,  b e i a/b =
== З Д ~  + 3 9 %  -4------11% . T ro tz  der Ä n d e ru n g en  liegen die M axim a lw erte  der
lin ea ren  k ritisc h e n  L a s te n  w e ite rh in  in  d e r  N äh e  des V erh ä ltn isses  f j f b~  3.

D ie T ra g fä h ig k e it d er in  der P ra x is  h ä u fig  an g ew an d ten  H P -S ch a len  
(d ie »norm ale« Schale  m it dem  P fe ilh ö h e n v e rh ä ltn is  f j f a =  4 u n d  d ie  Schale 
m it einem  solchen v o n  f al fb 9/4), w ird  v o n  den  D urchb iegungen  des G ru n d ­
zu stan d es  n u r  w enig  b ee in flu ß t. Diese W irk u n g  is t  fü r die Schalen  a m  gefährlich­
sten, de ren  P fe ilh ö h en v e rh ä ltn isse  in  d e r N äh e  des W ertes f j f b ~  3 liegen.

A u f G ru n d  u n se re r  B erech n u n g en  k a n n  auch  festg este llt w e rd e n , daß 
die T rag fäh ig k e it im  g rö ß te n  M aß g leichfalls im  e rw äh n ten  P a ra m e te rb e re ic h  
fn/fb ~  2,5 +  3,5 d u rc h  die A n fa n g sa u sm ittig ke it (V orbeulen) v e r r in g e r t  w ird. 
D iese M ethode g ib t g leichzeitig  auch d en  C h a ra k te r  der überkritischen Trag­
fä h ig ke it an.

D ie ü b e rk ritisc h e  T rag fäh ig k e it w eis t fa llw eise em enabnehm enden  B ild . 18. 
(falfb ~  2 -4- 3), bzw . zunehm enden ( fal fb ~  3 +  4) C h arak te r au f. E s  is t  auch 
nachgew iesen  w o rd en  (B ild 17a — b), d a ß  die k ritisch en  D u rch sch lag s la s ten  
p kr e tw a  im  B ere ich  f a/ fb ~  2,5 +  4 g rößer bzw . viel g rößer sind als d ie  lin ea ren  
k ritisch en  L as ten  (p'kr,v bzw . /),'//’).

E s soll noch b e m e rk t w erden , d aß  d ie  P a ram e te rb e re ich e , b e i d en e n  ein 
( antim etrischer)  G le ich g ew ich tszu stan d  (s. g e s trich e lte  Linie in  B ild  2 .c), der 
m it A bzw eigung v e rb u n d e n  is t, au ß er dem  sym m etrischen G leichgewichtszustand  
(s. ausgezogene L in ie  im  B ild  2.c) vor dem  Durchschlagen  e x is tie r t, h a u p ts ä c h ­
lich d u rch  fo lgende V erh ä ltn isse  g ek en n ze ich n e t w erden k ö n n e n : f b/ fa =  2 + 4 ,  
falb =  0,2 +  0,3, « / 6 = 1 +  2(3).

In  d iesem  A b sc h n itt w urde die M ög lichke it der A bzw eigung, d ie  vor dem  
E rre ich en  d er k ritisc h e n  D u rch sch lag slast p kr a u f t r i t t ,  u n te rsu c h t.

N ach  E rre ich en  d er k ritisch en  D urchschlagslast sind zwei F ä lle  des T ra g ­
v e rh a lte n s  m öglich:

a )  D er V o rgang  is t durchw egs sym m etrisch .
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b)  A us dem  lab ilen  A s t zw eig t eine an tim etrische  A usbeulung  ab . D ieser 
F a ll  w u rd e  n ich t b e h a n d e lt, w eil die Schale a ls b e i d er L ast p kr zu g ru n d e  ge­
g a n g e n  b e tra c h te t  w erd en  k a n n .

5. P rak tisch e  A n w endung

I l  r u b a n  sch re ib t in  se in em  A ufsatz »Die B ieg e th eo rie  der T ra n s la tio n s ­
f lä c h e n  u n d  ihre A n w en d u n g  im  H allenbau« (A c ta  Tech. H ung. 7 (1953), S. 
425 — 4 6 4 .) über eine e rb a u te  sa tte lfö rm ige , a n  ih re n  R än d e rn  n o rm a lk ra f t­
fre ie  H P -S c h a le . Die A n g a b e n  d e r Schale b ezü g lich  d e r B ew ehrung, d er F e s t ig ­
k e i t  u n d  d er geom etrischen  V erh ä ltn isse , s in d  in  B ild  18 d a rg es te llt (wo ^28 
d ie  W ü rfe lfe s tig k e it is t) . D ie  m aßgebende  B e la s tu n g  (Schalendicke: 3 • 1 0 -2  m , 
Iso lie rsc h ic h te n , S chnee last) b e trä g t:

p M =  2,25 k N m  2 .

V o r allem  haben  w ir d ie  n ich tlin e a re  T rag fä h ig k e itsk u rv e  p  - w(a, b) n a ch  d em  A b ­
s c h n i t t  3 b e s tim m t. D a n ac h  w u rd e  diese K u rv e  so u m g e fo rm t, daß  die O rd in a ten  p  als eine 
F u n k t io n  v o n  i%i =  & w (a ,b )  ( s t a t t  w (a ,b ) )  a u fg e trag e n  w u rd en .

D a n n  w urde die K u rv e  p  — e/h aufgetragen  (s. K u rv e  (T) in  B ild 18), wo »e« d ie  A u s­
m i t t ig k e i t  v o n  der M itte lfläch e  b e d e u te t.  Im  H in b lick  d a ra u f , daß  die O rd in a ten  p  in  dem  
u n te r s u c h te n  A u sm ittig k e itsb e re ich  u m  vieles k le iner s in d  als d ie k ritische  D u rc h sc h la g sla s t 
p kr, i s t  d iese  A nfangsstrecke des D iag ram m s fa s t eine G erad e .

D e r  folgende S c h ritt  w a r  d ie  B erechnung  der lin e a re n  k ritisc h e n  L ast: pjjj1 =  0,513 X E ~ e 
(n a c h  [6 ] ;  V erzw eigung: w 0 =  0). D a n ac h  w urde die D u rc h b ieg u n g  der M itte lfläche (u>0 A  0) 
n a c h  A b s c h n i t t  4.4 b e rü ck sic h tig t: =  0,509 E  X 10 *°. D ie  A bnahm e der T rag fä h ig k e it is t
g e rin g . D ie  T rag fäh ig k e itsk u rv e  w e is t im  ü b e rk ritisch e n  B e re ich  einen m äßigen  A n s tieg  auf. 
D ie  B e u lu n g  t r i t t  ü b erw iegend  d ehnungslos ein. H ie ra u s  fo lg t, daß  de r K u rv e n a s t ©  d e r 
e n ts p re c h e n d e n  ü b e rk ritisch en  K u rv e  von  ebenen P la t t e n  äh n lich  ist.

F ü r  die S tan d sich e rh e it d e r  homogenen, isotropen  S ch a le  aus idealem elastischem W erk­
s to ff  g ilt:

D e r

kei --
p l,in^  k r ,  V

P M

W ürfelfestigkeit IF„R

0,506 X .E x  1 0 '
2(25

2,5 X 104 kNm *

=  0 ,2 2 5 E x lO - 6 ,

e n ts p r ic h t  der A nfangselastizitätsm odul

5,5 X lO 7
K„

K,„ 20000 3,05 X lO 7 k N m '2 .

N a c h  dem  A blauf des Kriechvorganges g ilt fü r  d en  Formänderungsmodul d e r  W e rt 

E M =  1 ,33X lO 7 k N m '2.

N a c h  E insetzen  d ieser G röße  in den A usdruck  fü r  ksj e rh ä lt  m an

ksi =  3 .

D ie  ta tsäch liche  S ta n d s ic h e rh e it  ist aber w esen tlich  k le iner als 3, weil die fo lgenden  
v e rr in g e rn d e n  A usw irkungen  u n b e d in g t  b e rü ck sich tig t w e rd en  m üssen:

a )  D ie Risse  des S ta h lb e to n q u e rsch n itte s  b ee in flu ssen  w esentlich die »Schalenbeu l­
s te if ig k e it«  К  =  УB D  (h ier b eze ich n en  B  bzw. D  die B iege- bzw . die D eh n u n g sste ifig k e it d es 
S c h a le n q u ersch n itte s) .

b )  D ie ungew ollte A nfangsausm ittigkeit (eanf).
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c) D ie plastischen  Form änderungskenuw erte des B etons (£pi).
D as A usm aß der Tragfähigkeitsabnahm e wird nach dem  Verfahren von D u lä c sk a  [8] erm ittelt, 
ad a. D ie  R isse

D ie B iegesteifigkeit В  und die D ehnungssteifigkeit D  von Stahlbetonkonstruktionen  
hängen von  der Bewehrung und von der A usm ittigkeit der Druckkraft ab, w eil die zugbean­
spruchte B etonzone m it zunehm ender A usm ittigkeit Risse erleidet und ihre S te ifigk eit ab­
nim m t.

D ie  Steifigkeiten gehen m it den dem  Stadium  II von Stahlbetonkonstruktionen en t­
sprechenden W erten (R n =  .Е /ц , D ц =  E F \\) ,  d. h. m it den Kennwerten für den in der Zug­
zone eingerissenen, linear elastischen B etonquerschnitt in die Berechnung ein. D iese Steifig­
keiten  hängen von der A usm ittigkeit »e« der inneren Druckkraft ab (s. B ild  18 a b).

D ie  Berechnungen nach der Stahlbetontheorie ermöglichen es, die W erte von  / ц ,  Jj 
und F  и , F  J sowie den W ert des Q uotienten

V =
zu bestim m en [8].

Im  Bild у» ist auch die Funktion ip für den unbewehrten Querschnitt (p st =  0 durch 
eine punktierte Linie) angezeigt.

In K enntnis des Diagram m s y) erhält man die K urve (3) durch M ultiplizieren der Ordi- 
naten p /E  106 der K urve (T).

i n i ’ll 
7, F ,

ad b. D ie  Anfangsausm ittigkeit ( Vorbeule)

D ie m aßgebende ungew ollte A nfangsausm ittigkeit läßt sich nach [8], w ie fo lg t, ansetzem

„ Rd
anf- 3500 ’

Rd ŸR X I R y I ,
R x =  16,90 m , I R y I =  7,14 m , Rit 10,98 m  , 

eanf =  3,14 X  10 _3 m ,

wo R d den durchschnittlichen K rüm m ungshalbm esser bedeutet.
Im  Hinblick darauf, daß das Diagram m  p  e (bzw. p  — w) der Schale m it der Anfangsause  

m ittigk eit eanf. unbekannt ist, bedarf es also Näherungsverfahrens zum K onstruieren des Kraft- 
Verform ungs-Diagram m s p (w )  (bzw. p [e ])  der m it Vorbeulen behafteten Schalen. Di- 
N äherung bedient sich der M ethode, den Zusam m enhang

- 11- ^ )
für den exzentrisch gedrückten geraden Stab durch verhältnisgleiche R eduzierung seiner 
O rdinaten so zu verzerren, daß sich seine K urve nicht an die waagerechte Gerade p J*rn, sondern  
an die K urve ф - - @  der Beulverform ung der geom etrisch vollkom m enen Schale anschm iegt.

In diesem  Fall ist dies eine gute Näherung, weil der Kurvenzweig ©  (im  untersuchten  
kleinen Bereich) nur in geringem  Maß ansteigt.

D ie  auf diese Art erhaltene K urve @  läuft unter der (unbekannten) w irklichen K urve, 
da ja  die Schale über eine zunehm ende überkritische Tragfähigkeit verfügt.

Naturgem äß soll auch die K urve @ durch die reduzierenden K oeffizienten  y> verzerrt 
werden (s. p*  y>* ■ p*).

D ie so bestim m te K urve ©  bildet die Tragfähigkeitskurve p  e/h der eingerissenen  
(r) S tah lbetonschale (Stb.) aus idealem  elastischen  W erkstoff. Der Scheitelpunkt liefert die 
obere kritische Last:

< es . b . , r =  0’1 9 3 £ х 1 0 ~в - 

ad c. D ie A ustvirkung der P lastizitä t

K om m t es beim  A usbeulen einer Schale zu plastischen Verformungen, so sin k t ihre 
kritische L ast unter den nach der elastischen Theorie bestim m ten Wert. D ie p lastische Reduk-
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t io n  wird von [8] durch den M ultiplikationsfaktor

£pl —

berücksichtigt. Hierbei p pi b ed eu te t die Last die ohne B eulung  bei der A usm ittigkeit e/Jere 
(s. K urve  © )  in dem Q uerschnitt einen plastischen F estigk eitsb ru ch  hervorruft (s. die plastische  
G renzkraft in Bild 18 c).

In  unserem Fall: N pi =  176 k N m -1, p pi =  35 k N m -2 . Für eine Dauerlast g ilt der 
F  orm änderungsm odul

E  =  E bd =  1,33 X lü 7 k N m -2 ,
also

pobere'b  ̂=  0 ,1 9 3 x 1 ,3 3  • 107 • 1 0 -6  =  2,57 k N m “2.

D ie  Schneelast wirkt n icht dauernd, sondern nur kurzzeitig , verursacht also nur ein gering­
fü g ig es Kriechen. D em nach rechnen  wir im Falle der totalen  L ast (р м  =  2,25 k N m -2 ) m it dem  
F  orm änderungsm odul :

Ë b =  1,64 X l0 7 k N m -2 .

D ie  entsprechende obere kritische L ast ist:

pobereu  ̂=  0Д 93 X  1,64 X  107 X  1 0 -fi =  3.17 k N m -2.

E in  Vergleich der oberen kritisch en  Lasten mit der p lastischen  Bruchlast p pi zeigt, daß die 
S chale  bei etwa 7,3 -4- 8,8%  der p lastischen  Bruchlast beult.

D ie Reduktionsfaktoren sind  in den behandelten beiden Fällen fast gleich:

£'pl =  0,997. bzw. Spi =  0 ,996  .

Im  Endergebnis ergibt sich bei einer Dauerlast die obere plastische  kritische Last der eingeris- 
senen , ausm ittig gedrückten Stahlbetonschale zu

„ o b e r e 1 
F  kr, S t b . ,  pl

„ o b e r e  y  t  
Pkr,S t b . ,  r  A  ^ Pl 2,56 k N m -2.

F ür die totale Last gilt:

„ o b e r e "  —  „ o b e r e "  y  —  Я  1 5  к  N r  
S t b . ,  r  ~  Pkr, S t b . ,  r  X  ’

D ie  Sicherheitskoeffizienten ( p y , =  p^a p e„ =  1,23 1,0 =  2,25 kN m  2) sind:

=  2,05 ,
„ o b e r e 1

,  ' _  Pkr, S t b . ,  pl“Si —
Pda

„ o b e r e m  
Pkr, S t b . ,  plkçi —

P M
1,40 .

So haben die Risse (ip) die V orbeulen  (eanf ) sowie in geringem  Maße die P lastizität (£pi) die 
k ritisch e Last p ^  v in großem  M aße herabgesetzt. D ie K onstruk tion  ist zum Tragen der B ela­
stu n g  geeignet.

Es soll noch bem erkt w erden , daß die K urve ©  m it zunehmender A usm ittigkeit »e« 
ein en  steigenden Charakter au fw eist, weil die K urve ®  m onoton  zunim m t und die K urve ip 
einem  Grenzwert (reine B iegu ng) zustrebt.

6. Z usam m enfassung

In  dieser A b h a n d lu n g  sind  die B e s tim m u n g  d er B eso n d erh e iten  der 
G le ich g ew ich tszu stän d e  v o n  flachen , sa tte lfö rm ig e n , an  ih ren  R än d e rn  n o rm a l­
k ra f tf re ie n  H P -S eh a len , u n te r  g leichm äßig  v e r te i l te r  B elastung , n ach  d er
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»nichtlinearen« T h eo rie  d er b e sc h rä n k te n  großen  V erfo rm u n g en  b eh an d e lt 
w orden .

A u f G rund  d e r G leichgew ichts- u n d  V erträg lich k e itsg le ich u n g en  der 
f la c h e n  Schalen, d ie  die geometrische N ich tlinearitä t b e rü ck sich tig en , s in d  die 
T ra g fä h ig k e itsk u rv en  n ach  dem  G ale rk in sch en  V erfahren  e rm it te l t  w orden .

Es w urde fe s tg e s te llt , daß  das Durchschlagen  hei einem  b e s tim m te n  W ert 
d e r  L a s tin te n s itä t  a u f tr e te n  k an n , w en n  d ie  geom etrischen  P ro p o r tio n e n  der 
H P -S ch a le  gew issen g eom etrischen  B ed in g u n g en  en tsp rechen .

D ie »halbnorm ale« H P -S ch a le  ( f j f i ,  1) und  die S chalen , d e re n  P feil­
h ö h en v e rh ä ltn isse  v o n  dem  W ert f j f b =  1 b loß  geringfügig ab w e ich en , weisen 
eine monoton wachsende T rag fäh ig k e it auf. D as M aß der T ra g fä h ig k e it  dieser 
S chale  is t jedoch  seh r k le in , d ah e r is t  ih re  A nw endung  aussch ließ lich  be i ebene 
P la t te n  ken n ze ich n en d en  g eom etrischen  V erh ä ltn issen  m öglich.

Im  größeren T eil des u n te rsu c h te n  P fe ilh ö h en v e rh ä ltn isb e re ich es  sind 
die kritischen D urchschlagslasten p kr h ö h e r bzw . viel höher als d ie  lin e a re n  k r i­
tis c h e n  L asten  p ) 'f ,  d ie  zu r aus dem  u n v e rfo rm te n  G ru n d z u s ta n d  (w 0 =  0) 
a u f tre te n d e n  V erzw eigungsersche inung  gehören .

D ie th e o re tisc h e n  U n te rsu ch u n g en  g ingen  auch d er F ra g e  n a c h , bei 
w elch er B elastu n g  v o n  d er sym m etrischen  V erfo rm ung  der H P -S c h a le , d ie  nach  
d e r T heorie  der g ro ß en  V erfo rm u n g en  v e rfo lg t w ird , eine » b en ach b arte«  an ti­
m etrische  A usbeu lung  abzuzw eigen  v e rm ag  (A bzw eigung).

W ie es sich h e ra u sg e s te llt h a t ,  ne igen  die m eisten  b e h a n d e lte n  Schalen  
zu m  »Ü berspringen« in  eine a n tim e trisc h e  A usbeulung .

B ild  2.C s te llt  d en  S onderfall d a r , in  dem  sich die Schale sy m m e tr is c h  zu 
d efo rm ieren  b eg in n t, w obei sich v o n  d er K u rv e  noch vor E rre ich en  des S ch e ite l­
p u n k te s  (d. h. d er D u rch sch lag s la s t p kr) in  e inem  P u n k t eine a n tim e tr isc h e  
B eu lfo rm  abzw eigt u n d  die Schale zu g ru n d e  geh t.

Di« ;se B eulform  zw eig t jed o ch  bei e in er L a s tin te n s itä t an  d e r  b e re its  in  
anderer Form verform ten  Schale ab . A n d e r unverform ten  S chale  w ü rd e  eine 
In s ta b i l i tä t  in d ieser B eu lfo rm  bei e in er größeren  oder kleineren  L a s t in te n s i tä t  
a u f tre te n .

A n H and  d ieser A nalyse h a t  sich h e rau sg es te llt, daß  die W irk u n g  der 
V erfo rm ungen  des G ru n d z u s ta n d e s  fü r  die S cha len  m it P fe ilh ö h e n v e rh ä ltn is ­
sen  von  f j f b  ~  3 am  g e fäh rlich s ten  is t. D ie T rag fäh ig k e it d e r in  d e r  P rax is  
h ä u fig  an g ew an d ten  H P -S ch a len  (die »norm ale« Schale m it dem  P fe ilh ö h e n ­
v e rh ä ltn is  fa lf, =  4 u n d  die Schale m it e inem  solchen von f a/ f b =  9 /4 ), wi rd 
d u rch  die V erfo rm ungen  des G ru n d z u s ta n d e s  n u r  w enig b e e in flu ß t.

A us unseren  E rg eb n issen  k a n n  m an  au ch  d a ra u f  sch ließen , d a ß  w a h r­
sche in lich  die S chalen  m it den  P a ra m e te rn  f j f b ~  2,5 — 3,5 a u f  V or beulen  
am  em pfin d lich sten  reag ie ren .
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D ie  theo re tisch en  R e s u l ta te  kurz  zu sa m m e n g e faß t is t festzuste llen , d aß  
d ie  b e h a n d e lte n  H P -S ch a len  d ie  folgenden vier T y p e n  des Gleichgeu ichtszuStan­
des n a c h  d er Theorie I I .  O rd n u n g  haben:

1. B ei den Schalen, d ie  d e n  g röß ten  Teil ih re r  L a s te n  durch  B ieg este ifig ­
k e i t  t r a g e n , zeigt sich k e in  Instabilitä tsproblem . D ie  m ono ton  w achsenden  
S c h a u b ild e r  p —w b esitzen  k e in e  s ta tio n ä ren  P u n k te .  B ei der »halbnorm alen« 
S c h a le  f j f t ,  =  1 haben  die K u rv e n  auch keine In f le x io n sp u n k te .

2. B ei gewissen g e o m e tr isc h e n  V erh ä ltn issen  v e rlie ren  die Schalen  ih re  
S t a b i l i t ä t  infolge D urchschlagens. In n erh a lb  v o n  d iesem  T yp  sind zwei F ä lle  
m ö g lic h . D er U ntersch ied  zw isch en  diesen ze ig t s ich  im  versch iedenen  V e rh a l­
t e n  n ach  dem Durchschlagen:

2.1 In  diesem F a ll v e r lä u f t  der D u rc h sch lag sv o rg an g  durchwegs sym m e­
tr isch .

2.2  H ierbei erfo lg t n a c h  dem  D urchsch lagen  eine  antimetrische V erzw ei­
g u n g  a n  dem  labilen A st. D ie se  M öglichkeit w u rd e  n ic h t  u n te rsu ch t, w eil die 
K o n s tru k t io n  bei E rre ic h e n  d e r  L ast p kr als z u g ru n d e  gegangen b e tr a c h te t  
w e rd e n  k an n .

3. F ü r  den g rö ß te n  T e il der u n te rsu c h te n  H P -S ch a len  is t k en n ze ich ­
n e n d ,  d a ß  auch ein an tim etrischer  G le ich g ew ich tszu stan d  (s. g estrichelte  L in ie  
in  B ild  2.c), der m it V erzw eigung  v e rb u n d en  is t ,  a u ß e r  dem  sym m etrischen  
G le ich g ew ich tszu stan d  (s. ausgezogene L inie in  B ild  2.c) vo r dem  D u rc h sc h la ­
g e n  e x is tie r t .  Diese S cha len  n e ig en  also zum  »Ü berspringen«  in  eine a n t im e tr i ­
sc h e  A usbeulung .

D ie  überkritische T ra g fä h ig k e its a r t  n a c h  d ie se r A bzw eigung w eist fa ll­
w e ise  abnehmenden  bzw . zunehm enden  C h a ra k te r  au f.
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Acta Techn. Hung. 91 (1 9 8 0 ), pp. 2 3 9 — 246

H e i n l o o , M.: L im it A na lysis o f  Concrete Tubes, Reinforced by a Set o f  
Thin Shells

The paper deals w ith  lim it analysis o f  thick-w alled concrete tubes, rein­
forced by a set o f thin cylindrical m em brane shells and loaded by internal 
pressure. The exact solution of the problem  is obtained and the influence  
o f  the location  of the shells to the lim it pressure is analysed.

A cta  Techn. Hung. 91 (1980), pp. 247— 256

C s o n k a ,  P.: Sectorial Shell without T ies with Unbent Edge Arches and  
D ivid in g  Ribs

T he stress pattern generated b y  uniform ly distributed vertical load in 
special shaped sectorial shells is analysed in the framework of the m em ­
brane theory. It is proved that the edge m embers (edge arches in horizontal 
and dividing ribs in vertical planes) o f these shells do not undergo bending  
and torsional effects, but are on ly  affected by axial (funicular) forces. 
The lateral tension of the dividing ribs is cancelled by the lateral tensile  
forces o f the edge arches. T hat is w hy for th is type of shells no ties or 
struts are to be applied betw een the abutm ent points of the ribs.

A cta  Techn. Hung. 91 (1980), pp. 257— 264 

B é r e s ,  E . :  High Accuracy Interpolation o f  Stresses

D ivid ing a solid into elem ents by parallel and perpendicular planes, the  
accuracy of stress distribution m ay be im proved by extending the required 
f itt in g  of the approxim ative polynom ial, in addition to the elem ent cor­
ners, also to neighbouring nodes, m eaning 32 fittin gs in space, 12 in the  
plane, and 4 along the straight line. The suggested three-variable p o ly ­
nom ial o f 32 term s will be presented to change in plane and along the  
stra ight line into two-variable and single-variable polynom ials o f 12 and 
4 term s, respectively. D istribution is uniform  at elem ent interfaces, 
show ing the approxim ation to be continuous and unam biguous throughout 
th e  solid.
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J ankó , L.: Stability  o f Shallow Saddle-shaped H ypar Shells, Supported by 
Shear D iaphragm s, under U niform  Load.

This paper is the second part o f a series consisting o f three parts, the 
first o f w hich treated theoretical problem s (i.e ., ex istence and uniqueness 
of the m em brane solution , k inem atic uncertainty) the response to which 
assures a su itable fundam ent for performing the present stab ility  analyses. 
In the paper, the phenom enon of branching from the undeform ed state 
of the saddle-shaped fla t hypar shells w ithout lateral thrust is dealt with. 
In th is connection also the question is analysed if  the possib ility  of the 
developm ent of a deform ation w ithout elongation w hat influence it has 
on the process of losing stab ility .

Ada Techn. Hung. 91 (1 9 8 0 ), pp . 265— 302

A d a  Techn. Hung. 91 (1980), pp. 303— 320

F a r k a s , M . F r i t z , J . — M i c h e l b e r g e r , P .  : On the Effect o f  Stochastic 
R oad Profiles on Vehicles Travelling at V arying Speed

V ehicles participating in mass transportation are frequently constrained  
to  change their velocities due to traffic and other reasons. It is assumed  
th a t the road profile, as a function of the d istance from  the origin, is a 
steady state stochastic  process and the distance covered by tim e-dependent 
variable speed is a process o f steady-state  increm ent. Assuming them  to  
he independent processes, it  is pointed out th a t the com plex process, i.e ., 
the road profile as a tim e-dependent function  is a steady-state process. 
The particular case of the bus applied in tow n traffic is detailed which, 
between two stop s runs w ith  uniform  speed, decelerates and accelerates 
uniform ly at th e  stopping places while it  is assum ed th a t the placem ent of 
the stations m ight be sim ulated by a kind of Poisson’s processes.

Acta Techn. Hung. 91 (1980), pp. 321— 334

K a r s a i , К .: Heatings and Losses Occurring in the Magnetic S tray F ields  
o f Transformers

H eatings and losses being produced in the m agnetic stray fields o f  trans­
formers are treated. The places o f production of heating and losses: the  
m agnetic core, tank, cover, screws betw een cover and tank, zone o f the  
bushings and yoke-clam p device are detailed. Methods reducing the  
detrim ental consequences o f stray fields are dealt with. A dm issible h ea t­
ing va lues are recom m ended both  to  bare and insulated surfaces. E v e n ­
tually , different m ethods are evaluated which are suitable to th e  deter­
m ination of dangerous heatings having been produced in the stray  field .





Acta Techn. Hung. 91  (1980), pp. 3 3 5 — 354

G á s p á r , L.: M aking use o f the In dustria l B y-products in the Field o f  R oad  
Construction in H ungary

U tilization of the f ly  ash, blast furnace cinder and waste rock in the w ay  
written in the paper is, from the v iew poin t o f  people’s econom y very signi­
ficant. W ith the v iew  of the earliest possible overall introduction o f the  
com bined u tilization  o f the industrial by-products, the thermal power 
plants, ironworks, ston e and gravel industry , as well as the h ighw ay  
departm ents and the construction m aterial industry  should develop further 
quantity of the calcium  hydrate, because the lack of this material keeps  
back the large-scale construction of th e  base courses. —  Surm ounting the  
difficulties o f the introduction of the m easures proposed would effic iently  
foster the econom y on material and energy w hich is very m uch on the  
carpet at present.

A cta Techn. H ung. 91 (1980), pp. 355— 372

H o l n a p y , D.: A p p ly in g  Abstract A lgebraic Structures to Structural 
Designing

Previously, in the process of the com puterized designing technique in  con­
nection w ith system  construction, the design o f objects was defined b y  a 
selection of the system  com ponents according to a given policy. In  this 
paper, this m ethod o f  designing based on the selection of the system  
com ponents will be formulated b y  using abstract algebraic structures. 
Although this principle is of general v a lid ity , y e t  the concepts as discussed  
in the present paper, are restricted to  beam  structures only.

Acta Techn. H ung. 91 (1980), pp. 373— 392

B u k h a r i , M. A. T.: Saturated Phase E n th a lpy  Relationships fo r  So lid  CO2 
in C H t Cryogenic Phase Behaviour

W ith low tem perature processing o f C 0 2 contam inated natural gas 
becom ing an estab lished  practice, th e  design o f cryogenic installations for 
freezing out solid C 0 2 produces, econ om ically , m uch more refined natural 
gas than in now  offered by more conventional techniques. A lthough the
cryogenic phase behaviour of the CH---- C 0 2 system  has been ex ten siv e ly
investigated , the full potential o f low -tem perature processing cannot be  
realized until reliable therm odynam ic data has becom e available. T he  
main purpose o f th is paper is to present, analytica lly , some useful data , 
based on reliable correlations, for use in the design o f cryogenic processes 
involving solid C 0 2 in CII4.





Acta Techn. Hung. 91  (1980), pp . 3 9 3 — 398

C s o n k a , P . :  Some Special Cases o f  Inextensional Deformations o f  Shallow  
Shells

Certain instances for the inextensional deform ations of shallow  sh ells are 
dealt with, where the differential equations and the functions characteriz­
ing the deform ations are of extraordinarily  sim ple form in sp ite  o f  the  
fact that the flexural rigidity o f th e  shell wall is also taken in to  consi­
deration.

Acta Techn. H ung. 91 (1980), pp. 399— 4d0

S z a n i s z l ó , M.: A dap tive  P lanning o f  E lectric Power D istribu tion N etw orks  
and of their Com plex Control Engineering Subsystem s; Interactive E ffects

The paper presents an integrated planning system  of distribution netw ork, 
operation control and control engineering system . Л new adaptive m ethod  
for longterm planning of distribution network and control engineering is 
described which is adaptable to external and internal changes. A d a p tiv ity  is 
extended to process, m odel, algorithm , network and control engineering. 
As a model for planning a d istribution network control engineering system  
— as a practical exam ple — the planning o f computerized telecontrol sys­
tem s of regional dispatching centres is presented. Based on the analysis  
of interactions an increasing interaction betw een network and  control 
engineering is experienced. The new  control engineering su bsystem s have  
a reducing effect on the overall costs, and outage duration, resu lt in 
increased netw ork utilization and reliab ility  and, finally , accom plish  
com plex system  control of d istribution networks. The consideration  of 
interactions y ield  im proved system  param eters.

Acta Techn. Hung. 91 (1980), pp. 411— 418

D u l á c s k a , E.: Buckling o f the Saddle-Shaped H ypar Shell A c tin g  L ike  
an Arch

The paper presents the determ ination o f the linear critical load  o f  the  
uniform ly loaded saddle-shaped hyperbolic paraboloid shell stiffened  
along two opposite edges by diaphragm s rigid only in their ow n planes, 
while rigidly supported in all directions along the other tw o edges. The 
buckled shape alw ays consists o f a com bination of two sine fun ctions  
which make the displacem ent van ish  along the rigidly supported edges. 
The numerical values o f the coefficient necessary to com pute th e  critical 
loads are given in a table, facilita tin g  practical com putations.
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J a n k ó , L.: A  N onlinear A n a lysis o f the E quilibrium  Path o f  Shallow  
Shaddle-shaped H yp a r Shells, Supported by Shear D iaphragm s, under 
Uniform Load, w ith  Special Rospect to Bifurcation and Shopping.

This paper is th e  third and the final part o f  a series. In the first part the  
problems of th e  exiesh tk  and uniqueness o f  the m em brane solution  of  
the hypar shells and tencenem atic uncertain ty  o f the surface are treated . 
In the second part, the phenom enon of branching out from the basic 
underformed sta te  are dealt w ith. In the present paper the author tries to 
give a response to  the question w hether the failure can take place w ith ou t  
branching, caused  b y  cracking through (i.e ., o f w hat character are the  
load-strain diagram s of large deform ation). I t  is also investigated , w hether  
the load bearing capacity beyong the branching, from  the deform ed basic 
state, is increasing or decreasing.

Acta Techn. Hung. 91  (1980), p p . 4 1 9 — 467
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