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SÄTZE ÜBER DAS MINIMEM DER 
FORMÄNDERUNGSENERGIE IN DER 

ELASTOSTATIK

J . B A R TA *

DOKTOR DER TECHNISCHEN WISSENSCHAFTEN 

Eingegangen am  17. Ju li 1979

Von den aktiven äußeren K rä ften , fü r die gewisse Bedingungen vorgeschrieben 
sind, soll jene G ruppe herausgewählt w erden , welche die kleinste Form änderungsenergie 
hervorruft. B eiträge zur Lösung dieser A ufgabe sind in den in der vorliegenden A bhand
lung angeführten  Sätzen enthalten. E in  num erisches Beispiel erläu tert die E inzelheiten 
der Berechnung.

Der Zweck dieser Abhandlung is t  die Sätze I I —IV und V I— I X  zu bewei
sen. Satz I fo lgt unm ittelbar aus den bekannten  Eigenschaften des Verschie- 
bungsellipsoides [1] und wird hier n ich t bew iesen. Satz II ist eine V erallgem ei
nerung des Satzes I. Der Satz V stam m t von  I. E c s e d i  [2] und wird hier als 
B ew eis des Satzes V I benützt. Satz V I d ien t zum  Beweis des S atzes V II. Eine 
A uslegung der Sätze V III  und IX  a u f Grund der bekannten E igenschaften  
der potentiellen  Energie und Ergänzungsenergie ist wohl m öglich , liegt aber 
außerhalb dieser Abhandlung.

Der K örper, au f den sich diese A bhandlung bezieht, ist ein  Stab, ein 
Fachw erk, ein R ahm en, eine P latte e tc ., oder ein K ontinuum  v o n  einfach oder 
m ehrfach zusam m enhängendem  endlichem  Bereich (im Satz III  is t  der Körper 
ein K ontinuum ). Ü bliche V oraussetzungen der E lastostatik w erden  benützt. 
Es werden also vorausgesetzt:

daß reibungsfreie oder starre V erbindungen und Stützen die B ew egu n g  des 
Körpers verhindern, (im  Satz III ist der K örper frei, d. h. er h at keine Verbin
dungen oder Stützen),
daß der Körper und seine Stützung sta tisch  bestim m t oder sta tisch  unbestim m t 
und frei von A nfangsspannungen ist,
daß nur statische E ffekte hervorgerufen werden, also keine k in etisch e oder 
therm ische E ffek te entstehen,
daß die Form änderungen klein sind, daß das E lastizitätsgesetz linear ist, daß 
das Superpositionsgesçtz gültig ist.

Das M aterial des Körpers ist hom ogen  oder heterogen, und isotrop  oder 
anisotrop (im Satz I I I  ist es hom ogen isotrop).

* Prof. D r . J . B a r t a , József körú t 35, H-1085 Budapest, Ungarn

1* Acta Technica Academiae Scientiarum Hungaricae 90, 1980



4 BARTA, J.

S a t z  I: Sind für die ak tive  äußere K raft ihre Größe F  und ihr A ngriffs
p unkt P  vorgeschrieben, aber ihre R ichtung n ich t vorgeschrieben, so is t  die  
ak tive  äußere Kraft, für die die Form änderungsenergie ein Minimum w ird, 
die K raft, deren Vektor F  parallel zum Verschiebungsvek tor u des A ngriffspunk
tes P  is t .

S a t z  II: W eisen die ak tiven  äußeren K räfte die Größen F1? F2, . . F fc 
und die A ngriffspunkte P v  P 2, • • • P k auf und sind ihre Richtungen n icht v o r 
geschrieben, so sind die ak tiven  äußeren K räfte, für die die Form änderungs
energie ein  M inim um  wird, die K räfte, deren V ektoren  F 15 F2, . . ., F/( parallel 
zu den V erschiebungsvektoren u 15 u2, . . ., u fc sind.

B ild 1

B eweis des Satzes I I .  W ir führen diesen B ew eis für den Fall к =  2 an. 
(B ei anderen W erten von  к kann  man einen analogen  Gedankengang verfo l
gen.) Р г is t  der A ngriffspunkt von  Fĵ  und P 2 is t  der Angriffspunkt von  F2, 
(B ild  1). E in  rechtw inkliges Achsenkreuz xyz  sei im  Raum e festgelegt. D ie in  
die R ich tu n gen  x, y ,  z en tfa llenden  K om ponenten v o n  F, seien mit X v  X 2, X 3, 
diese v o n  F2 m it X 4, X 5, X 6, diese von ux m it C2, £3, diese von u2 m it f4, t 5, 

b ezeich n et. Für die Form änderungsenergie des elastischen Körpers gilt die  
b ek an n te Form el

U =  Y  [ х ^ в ц Х , +  +  • • • +  « Л

-J— -̂ 2(̂ 21-̂ -1 ~f~ Q 22 X2 +  . . .  +  a26X6)

+  ^ б (аб1 -̂1 +  а62^2 +  • • • +  а66-̂ б)] ’ (1)

w obei die K onstanten a n , o12, . . . a66 Einflußzahlen genannt werden. Gemäß der 
Präm isse des Satzes II  besteh en  die Gleichungen

<Px -»  X I  +  X ! +  X 32 =  F l ,

<p2 ^ X l  +  X j  +  X l =  F l .  (2)

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



SÄTZE ÜBER MINIMUM DER FORMÄNDERUNGSENERGIE 5

G esucht sind also die W erte der sechs V eränderlichen

X „  X ,  X 3, X t , X »  x 6 ,

w elche die F unktion  (1) au f ein Minimum reduzieren und zugleich die N eben
bedingungen (2) erfüllen . N ach der bekannten  R egel der Berechnung des M ini
m um s benützt m an die Funktion Ф — U  -f- X1(p1 +  A2<p2, wobei Ax und A2 
konstante M ultiplikatoren sind. Aus den acht Gleichungen

(3)

kann man dann die acht Unbekannten

x v  X ,, X 3, X 4 , X 5 ,X e, A„ A2

дФ
d X 1

э ф

э х .

дФ дФ дФО, 0 ,  - О, - X— =  о ,

=  О,

д Х 2

дФ
д х с<

дх3 зх4
0 , 9 ? ,  — F f  =  0 , ср2 -  F t  =  0

berechnen. D ie ersten  sechs Gleichungen (3) lauten

® цХ 1 +  . . .  +  а1бХ0 +  2A]X! =  0,

®2lX  ̂ +  • • . +  «2 Ĝ ß 4“ 2AjX2 =  0,

®3iXj[ +  . . .  +  a30X 0 -f- 2AxX 3 =  0,

a4iX i +  - • • +  ®4oXe +  2A2X 4 =  0,

a5iX x +  . . .  +  ®5бХ6 +  2A2X 5 =  0,

« e A  +  • • • +  °ббХ6 +  2A2X6 =  0. (4

D ie Gleichungen

« iA  + ... + ®1бХ6 =  Ciî

a6iXx 4- • • • ~b аецХ6 — Cg

drücken die fundam entale  E igenschaft der E influßzahlen  aus. M ithin lassen  
sich  die Gleichungen (4) in  der Form

/

Ci +  2 C A  =  0,

Ce +  2A,Xe =  0

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



6 BARTA, J.

aufschreiben , woraus die P roportionalitäten

X! _ x2 _ x3 *4 = X,= x.
fl C2 _ Сз ’ C4 £5 Ce ( 5 )

fo lgen . A us (5) geht die R ich tigk eit des Satzes I I  hervor.
S a t z  III: Der elastische Körper sei ein K ontinuum  von  endlichem  

B ereich  und  hom ogenem  isotropem  M aterial. D ann besteht von allen Gruppen  
der a k tiv e n  äußeren K räfte, deren jede dieselbe gegebene V olum änderung her
vorru ft, d ie, für welche die Form änderungsenergie ein M inimum wird, aus ei
nem  an der ganzen O berfläche wirkenden gleichm äßig verteilten  Zug oder 
D ruck  (hydrostatischer D ruck).

B ew eis  des Satzes I I I .  E ,  G, ц  sind die E lastiz itätskonstanten . D ie Span
nungskom p onenten  seien m it ox, ay, az, Tyz, t zx, t xy, das Volum en des elastischen  
K örpers m it V  bezeichnet. B ekanntlich  lau tet die Formel für die spezifische  
F or m änderungsenergie

D  =
2 E

°x +  Oy +  °z — 2/;(cryaz +  (Tz(fx -f- axay) +

1

2G
( т уг +  r zx +  Txy) ( 6)

und die für die spezifische Volum änderung

^ =  Ц ^ К  +  ^  +  пг) .  (7)

D er W ert der Funktion (6) is t , w ie bekannt, n ich t negativ . ffx, . . ., r xy als
F u n k tio n en  von x, y ,  z sollen die B edingung

J D d V  =  M inimum (8)
V

und d ie N ebenbedingung

J # d F = C  (9)
V

erfüllen , w obei C die gegebene V olum änderung, som it eine gegebene K on
sta n te  is t . D ie Regel der B erechnung des M inim um s führt je tz t zu den sechs 
G leichungen

»(D  +  Щ  _  0  ̂ " " W D  +  Щ  Q ^

d<*x ^  Txy

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



SÄTZE ÜBER MINIMUM DER FORMÄNDERUNGSENERGIE 7

worin A der konstante M ultiplikator ist. Mit (6) und (7) erhalten sie die Form

<УХ — цсеу — цо  +  A(1 — 2ц) =  0, . . .  , t Xy =  0 , 

woraus ax — ay — a z =  — A, das heißt

folgen . (10) und (11) zeigen, daß überall in  dem  elastischen Körper ein  in jeder 
R ichtung gleichmäßiger Zug oder D ruck (hydrostatischer D ruck) herrscht. 
D ies ist also auch an der Oberfläche der Fall.

S a t z  IV: A  und В  sind zwei gegebene Punkte des elastischen  Körpers. 
F v  F2, . . . , F n sind die aktiven  äußeren K räfte. Ihre A ngriffspunkte, Größen 
und R ichtungen sind n icht vorgeschrieben, c ist die durch F v  F2, . . ., F n her
vorgerufene Abstandsänderung der gegebenen Punkte A  und B.  D ann  besteht 
von  allen Gruppen von F v  F 2, . . ., F n, deren jede dieselbe A bstandsänderung

der gegebenen Punkte A  und В  hervorruft, eine, für welche die Form änderungs
energie ein M inimum wird, nur aus zw ei K räften F A und F B, deren A ngriffs
punkte die Punkte A  und В  sind. Ihre B eträge sind gleich, ihre R ichtungen  
sind entgegengesetzt, ihre W irkungslinie ist die Verbindungslinie der P unkte  
A  und B,  (Bild 2 oder B ild 3).

°x =  °V =  °z =  konstant ( 10)

und
( И )

c

B ild  2

B ild  3

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



8 BARTA, J.

Beweis des Satzes I V .  S tellen  wir uns die V ektoren F 4, F2, F3, . . . der 
ak tiven  äußeren K räfte vor. E in  rechtwinkliges A chsenkreuz xyz  sei im  R aum e  
so angenom m en, daß der p ositive  A st der л;-A chse vom  Punkt A  zum P un k t  
В  führt. D em entsprechend bezeichnen wir die K om ponenten  von F 4, F2, F 3, . . . 
mit

xv X2, X3, X 4, X 5, x„ x„ x8, x9,...
Zum  B eisp iel sei X 4 die K om ponente von F x in  der R ichtung x, und X 4 die 
K om ponente von F2 in  der R ichtung x. Im  w eiteren  verfahren wir so, w ie beim  
B ew eis des Satzes II . D abei ist

U = Y  [ X 1(an X 1 +  «12X 2 + . . . )  +

-j- -X̂ 2(̂ 2l-̂ 1 ~f“ ^22-^2 • • • )

................................................] •  (12)

B eim  B ew eis dürfen wir annehm en, daß F 1 in  A ,  F2 in В  angreift. So ist

(p =  — {a u X  1 +  «12^2 a42^2 4" • • • =  C1 (13)

w obei c die gegebene Längenänderung, also eine gegebene K onstante ist. D ie  
G leichungen

d ( U  +  Ду) _  0 d ( U +  Щ  0
dx1 ’ dx2 ’ ‘ "

lau ten
ai \ X 1 -\~ a l2X 2 4~ . . .  -j- Я(— a xl a41) =  0 ,

a2l^-l 4 “ a2i X 2 . . .  -f- X( — a l2 4" ®42) =  0 ,

« 3 Ä  ®32^2 4~ ■ • • ̂ (— ®13 4" °4з) — 0 i

..........................................................................  (14)

A us den G leichungen (13) und (14) berechnet m an die Unbekannten X, X v  
X 2, X 3, . . . Man erhält die W erte X =  —c/(an  — 2a14 +  a44) und

X4 =  c/(an  2a14 | a44) , X4 =  c/(a14 2a14 4~ 1 (13)
x2 = x3 = x5 = x6 = x7 = x8 = x9 = x10 = ... = 0 . (16)

D ie E rgebnisse (15) und (16) bestätigen die R ich tigk eit des Satzes IV.

S a t  z V _ p ■ p p k sind gegebene P u n k te  des elastischen Körpers.
S a t  z VI

D iesen  P unkten  sind gegebene Richtungen e4, e2, . . ., ek zugeordnet, (im  B ild  
4 is t  к — 3). F v  F2, . . ., F k, F k+1, . . ., F n sind ak tive  äußere Kräfte, (im  B ild

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



S Ä T Z E  Ü B E R  M IN I M U M  D E R  F O R M Ä N D E R U N G S E N E R G I E 9

4 ist n =  5). F j, F ,, . . F/£ greifen in den gegebenen Punkten P v  P 2, . . P k
an, ihre Größen sind n ich t vorgeschrieben

j ihre R ichtungen sind die gegebenen R ichtungen ei , e2, . . ., ek. 
auch ihre R ichtungen  sind nicht vorgeschrieben, (Bild 4).

D ie Angriffspunkte, G rößen und R ichtungen von  F ft+1, . . ., F n sind n icht vor
geschrieben. uv  u2, . . ., uk sind die durch F v  F 2, . . ., F k, F k+1, . . ., F n hervor
gerufenen, in die R ichtungen  ex, e2, . . ., ek entfallenden Y erschiebungskom po- 
nenten  der Punkte P v  P 2, . . ., P k. Dann besteht von allen Gruppen von  F v  
l ,2i • • •■> F k+V . . ., F„, deren jede dieselben gegebenen Y erschiebungskom po- 
nenten

hervorruft, eine, für w elche die Form änderungsenergie ein M inim um  wird, nur 
aus к K räften, deren A ngriffspunkte die Punkte P v  P 2, . . ., P k sind.

Beweis des Satzes V I. W ir führen den Beweis für den im  B ild  4 veran
schaulichten Fall

к =  3, n — 5

an. (B ei anderen W erten von  к und n kann m an einen analogen G edankengang  
verfolgen). Es handelt sich  um  die K räfte F v  F 2, . . ., F5 w ie es das B ild  4 
zeigt. S ta tt diesen fü n f K räften  dürfen wir uns die acht K räfte F i , F 2, F j, F 4, 
F 5, F 6, F 7, Fg vorstellen w ie in B ild 5 dargestellt: statt F x ihre K om ponenten

uv  u2, . . . ,  uk

/

3

B ild 5
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F[  und F 6, sta tt P 2 ihre K om ponenten F3 und P 8, s ta tt  F s ihre K om ponenten  
F 3 und Fs. Gemäß B ild  5 hab en  wir es also m it dem  Fall

к =  3, n =  8

zu tu n . A u f diesen Fall sei n u n  der Satz Y angew endet. Aus dieser Betrachtung  
g eh t die R ichtigkeit des Satzes V I hervor.

S a t z  VII: P v  P 3, . . ., P g sind gegebene P u n k te  des elastischen Körpers. 
F ür diese Punkte sind gegebene V erschiebungsvektoren u x, u2, . . u vorge
schrieben. Die Anzahl, A ngriffspunkte, Größen und R ichtungen der aktiven  
äußeren Kräfte sind n ich t vorgeschrieben. D ann b esteh t von allen Gruppen der 
a k tiv en  äußeren K räfte, deren jede dieselbe gegebene Gruppe von V erschie
bungen

Ufi ^2, • • • ? Hg

hervorruft, eine, für w elche die Form änderungsenergie ein M inimum wird, aus 
g  K räften , deren A ngriffspunkte die Punkte P v  P 2, . . ., P g sind.

Beweis des Satzes V I I .  U m  den Satz V I b en ü tzen  zu können, sei ein recht
w inkliges Achsenkreuz x y z  im  Raum  festgelegt. D ie  K om ponenten der gegebe
nen  V ektoren u,. u2, . . ., u g nach  Richtungen x, y .  z  seien mit

Ир ^2 , U3 ,

u 5, u 6,

uk- 2 , Uk_  1 , uk (17)

b ezeich n et, wobei к =  3g  is t . W ird der Satz V I au f den durch (17) gekennzeich
n eten  Fall angewendet, so sieh t man, daß jene Gruppe der aktiven äußeren  
K räfte , für welche die Form änderungsenergie ein M inim um  wird, aus g K räften  
b esteh t, deren A ngriffspunkte die Punkte P a, P 2, . . ., P g sind.

S a t z  V III: P j, P 2, . . ., P n sind gegebene P unkte des elastischen Kör
pers. Für diese P unkte sind  gegebene V erschiebungsvektoren

Uj, u 2, . . . ,  u n

vorgeschrieben. F r  F2, . . ., F n sind die V ektoren der aktiven äußeren Kräfte. 
F v  F 2, . . ., F n greifen in  den gegebenen P unkten  P v  P 2, . . ., P„ an, ihre Grö
ß en  und Richtungen sind  n ich t vorgeschrieben. C is t  eine gegebene reelle K on
sta n te . Dann, wird von  a llen  Gruppen von F x, F2, . . ., F n, welche dieselbe gege
bene virtuelle Arbeit C le isten , das heißt, die B edingung

F 1U1 +  * > 2  +  • • • +  F„u„ =  C ( 18)
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SÄTZE ÜBER MINIMUM DER FORMÄNDERUNGSENERGIE 11

erfüllen, für eine, w elche die gegebenen Verschiebungen u 15 u2, . . ., u„ hervor
ruft, die Form änderungsenergie ein M inim um .

Beweis des Satzes V I I I .  Wir führen den B ew eis für n =  2 an. (B ei ande- 
ren W erten von n kann man einen analogen Gedankengang verfolgen.) B ild 1, 
die Bezeichnungen F t, F2, X v  . . ., X 6, . . ., f e und die Formel (1) werden
je tz t ebenso b en ü tzt, wie sie schon beim  B ew eis des Satzes II b en ü tzt wurden. 
Beim  Beweis nehm en wir an, daß die Gruppe Fj, F2 die gegebenen V erschie
bungsvektoren u^ u2 hervorruft. Eine andere Gruppe sei mit Fj, Fj bezeichnet. 
Es gilt je tz t also n ich t nur die Formel (1), sondern auch die ähnlich aufgebaute  
Formel

U' = - i [ X i ( a n X j +  . . .  +  « ]eXj)
Lj

W ird in (19) 

eingesetzt, so ist

+  -^e(aGl^-í +  • • • +  a6G^e)] '

Xi =  Xx -f- Qv . . . ,  Xg =  Xe -f Q6

(19)

U' — —  [ХДоцХ, ; . . . +  a16XG) +  . . . +  Xe(aeiX 1 +  . . .  +  а6о^с)]
Lj

+  — LC?i(«n<?i • • • +  «igC?g) +  • • • +  Q ü {a R lQ l +  • • • г аво(?в)]

+  Q i a n ^ - i  1 • • • +  а 1 б ^в ) +  • • • +  (?g( ° 6 i ^ i  +  • • • +  « go* g) • ( 2 0 )

Infolge von (18) dürfen wir beim Beweis die Gleichungen

aufschreiben, woraus

( х г +  o j e ,  +  . . .  +  (X , +  <?e)c , =  с ,

XiCi +  . • • +  X aÇ6 =  C

Q £ \  +  • • • +  Qü̂ ü — о ( 21)

folgt. Fassen wir die rechte Seite der G leichung (20) ins Auge. D ie erste Reihe 
is t wie aus (1) ersichtlich, gleich U. D ie zw eite R eihe ist ein positiv-definiter  
Ausdruck. D ie dritte R eihe ist zufolge der G leichung (21) gleich N ull. Daraus 
fo lgt die B eziehung U' U. Dam it ist der Satz V III  bewiesen. — E in ähnli
cher Bew eis, dessen M itteilung hier überflüssig zu sein scheint, liefert den

S a t z  IX : P j, P 2, . . . ,  P n sind gegebene P unkte des elastischen K örpers. 
In diesen Punkten greifen aktive äußere K räfte an, deren Vektoren

F F ,  FA 1’ * 2’ • * * 9 * n

Acta Technica Academiae Scientiarum Hungaricae 90, 1980
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gegeben sind . u x, u 2, . . . .  u n sind die V erschiebungsvektoren der P unkte P \ i  P 21  

. . . ,  P n, ihre Größen und R ichtungen  sind n icht vorgeschrieben. К  is t  eine 
gegebene reelle K onstante. D ann wird von  allen Gruppen u x, u2, . . . ,  u„, die 
alle d iese lb e  gegebene virtuelle A rbeit К  liefern, das heißt, die B edingung

F jU j +  F 2u2 -f- . . .  F^Uf, =  К  (22)

erfüllen , für eine, welche von  den gegebenen aktiven  äußeren K räften  Fi? F2, 
. . . ,  F„ hervorgerufen ist, die Form änderungsenergie ein Minimum.

B e isp ie l  fü r  die Anwendung des Satzes V I I .  Der Körper A B C D E  is t  ein  
ebenes G ebilde, besteht aus v ier gew ichtslosen starren Stäben und aus den  
elastisch en  Gelenken В,  C, D , und ist durch das elastische Gelenk E  m it dem  
festen  U ntergrund verbunden (B ild  6). Jedes elastische Gelenk hat die S te ifig 
k eit 132 000. Der Punkt T  is t die M itte des Stabes DC.

W as für aktive äußere K räfte m üssen an diesen Körper angebracht w er
den, w en n  der Punkt A  die horizontale V erschiebungskom ponente 0,0001  
nach  rech ts  und die vertikale V erschiebungskom ponente 0,0002 abw ärts, der 
P u n k t T  die reine vertikale V erschiebung 0,00003 abwärts erfahren soll und  
die F orm änderungsenergie des K örpers ein M inim um  sein soll. D iese Frage  
b ea n tw o rten  wir wie folgt.

D ie  A nzahl und A ngriffspunkte der gesuchten aktiven äußeren K räfte  
kennen  w ir im  voraus nicht. D er Satz V II besagt aber, daß ihre A nzahl zwei, 
ihre A ngriffspunkte die P unkte A  und T  sein sollen. Wir haben also nur die 
K om p on en ten  X A, Y A, X T, Y r  zu erm itteln . E in Achsenkreuz xy  sei nach  B ild  
6 angenom m en. Die D rehm om ente sind

M B =  1 Y a

M c =  I X  A +  1 Y a

M D =  1X A -\- 3 Y A -{- 1 Y T

M E =  2 X a +  3 Y a  +  1 X T +  1 Y T

D ie D rehw inkel sind
=  M Bj132 000,

-&C =  M d 132 000,
# D =  M d/132 000,
PE =  М я/132 000 .

D ie V erschiebungskom ponenten sind

SA =  W c +  10 D +  %0 E

Va =  1 0 в  "Ь 10c ~b 3 0 Q +  30E

ÇT =  1 0 e

Vt =  10 D +  10 E
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B ild 6

Bild  7

das heißt
SA =  ( 6X A +  К) УА +  2 X T +  5 Y T)/132 000 , 

r)A =  (Ю Х д +  20 Уд +  3 X r +  6 У Г)/132 000 , 

f r =  ( 2X a +  ЗУ д +  Х т +  У г)/132 000 ,

rjT =  ( 3 X A +  6 Уд +  Х г +  2 У7)/132 000 .

Zur Berechnung von  Х д , У д , Х г , У т dienen also die Gleichungen

-------------( 6 Х д  +  10 Уд +  2 Х Г +  З У Т) =  0,0001 ,
132000 А т т'

------------ (Ю Х д +  20 Уд +  ЗХ Г +  6 У 7) =  0,0002 ,132000 а -г 7 -г г;
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14 BARTA, J.

132000 ^

— ------(
132000

2 X a +  З У Л +  +  Y T) =  0 ,

ЗХ Л +  6 Y A +  Х т +  2 Y T) =  0,00003

und so erh ä lt man

Х л =  3,96 , Y a =  5 ,28  , X T =  - 7 ,9 2  , Y T =  - 1 5 .8 4  . (23)

D ie  V ektoren und F T der gesuchten aktiven K räfte sind im  B ild  7 
veran sch au lich t und haben die K om ponenten  (23). Sie rufen die im  B ild  6 ein
gezeich n eten  Verschiebungen hervor und reduzieren die Form änderungsenergie  
au f ein  M inim um . Dieses M inim um  ist

—  (3 ,96  • 0,0001 +  5,28 • 0 ,0002 15,84 • 0,00003) =  0,0004884 . (24)
2
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The settling characteristic of the redm ud is effected by the type  o f im purity  
minerals in the bauxite and their particle size, crystal structure and mode of distribution . 
T itanium  oxide content of the bauxite  also effects the settling p roperty . T he settling 
ability  of the redm ud is decreased w ith increase in titan ium  oxide con ten t o f th e  bauxite 
charge. A ddition of settling agent (flour) does no t significantly im prove th e  settling 
ability  of the redm uds in laboratory  scale investigation.

1. Literature

In the B ayer’s process settling  is one o f  the im portant steps in th e  separ
ation o f liquor and redmud. Settling o f  redm ud is governed b y  factors like
1) Origin, geological age, chem ical and m ineral com position o f th e  bauxite
2) M ethod o f ore dressing 3) D igestion conditions 4) Conditions after digestion.

Sulphide minerals in the bauxite adversely  effect the settling  characteris
tics o f  the redm ud and this has been linked to the observance of colloidal par
ticles o f iron sulphide when S content of the bauxite was above 2 per cent [1]. 
In general, hem atite containing bauxite have better settling properties as 
com pared to goethite type which gives rise to  dispersed redmud [2]. On the 
contrary, som e Ghanian bauxites having crystallised goethite have relatively  
higher settlin g  rate as compared to  some Jam aican bauxites having  hem atite  
in a h ighly dispersed form.

T itanium  minerals present in bauxites have been found to  effect the  
settlin g  property o f  the redmuds. Z á m b ó  and K ová cs  [3] exam ined th e  settling  
characteristics o f the redmuds obtained from  the digestion of Indian bauxite. 
T hey found the settling  rate and com pacting to  be unsatisfactory. A ddition  of 
CaO is am ounts more than T i0 2 content o f  the bauxite led to im provem ent in 
settlin g  rate, whereas lesser am ount o f CaO led to decrease in se ttlin g  rate.

* Satya P r a k a sh , Research Scholar
** Prof. Dr. Z. H orváth, U niversity  of H eavy  Ind u stry , H-3515 Miskolc, H ungary
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S c h e p e r s  [4] has also reported im provem ent in  se ttlin g  rate w ith addition of 
2 per cen t CaO to the b au xite  charge and this has been attributed to crystalli
sation  o f  sodalite.

K o v á c s  [5] in his in vestigation  w ith  the Ind ian  bauxite from Phutkapa- 
har concluded  that w ith  increase in N a20  content, solid  content, and decrease 
in m olar ratio  of the slurry proportionately decreases the settling properties of 
the redm ud. They also found th a t the redmud from  Indian bauxite has inferior 
se ttlin g  characteristics as com pared to one from  th e Hungarian bauxite and  
th is has been  explained to  be due to higher T i0 2 con ten t of the Indian b au xite .

K o v á c s  [6] has reported the effect o f d igestion  tem perature on the s e t
tling  a b ility  of the redm ud from  the Indian b au x ite . The redmud from lower  
tem perature digestion was found to have inferior settlin g  properties as com 
pared to  th e  one obtained from  higher tem perature digestion. This is supported  
b y  th e  find ings o f B i e l f e l d t  [7] and S c h e p e r s  [4] w ho have reported im prove
m ent in  settlin g  ab ility  w ith  higher tem perature d igestion.

K o v á c s  [6] has also com pared the settling characteristics of the redm uds 
ob ta in ed  from  Phutkapahar and A m arkantak b au xites and found th a t the  
redm ud from  the latter has better settling property.

K o v á c s  and S o l y m á r  [8] investigated  the effect o f settling agent, nam ely , 
rye-flou r and rice-flour on the settling characteristics o f Am arkantak and P h u t
kapahar bauxites and could conclude th at the effect o f these two agents were 
sim ilar and increase in the am ount o f the rice-flour did not further im prove the  
se tt lin g  rate. According to  th em  the use o f settlin g  agent is not very prom ising.

U se  o f  alkali free w ater was proposed for th e  preparation of flour solu
tion  [9]. G i n s b e r g  [10] has reported that particle size effects the settling rate, 
the fin er  is the particle size, the worse is the se ttlin g  property.

T he data from settlin g  studies in the tubes can be extrapolated to in d u st
rial se ttlin g  equipm ents using m ethods proposed b y  authors [11, 12]. Miklós 
et. al h ave developed a m athem atical m odel for settlin g  [13]. MÁRIÁSSY [14] 
has reported  a relation betw een  the specific surface of the bauxite and the  
h eigh ts o f  the redmud layers and has found th ese to  be directly proportional 
to each  other.

2. Experimental

T he bauxite sam ple w as obtained from  B harat Alum inium  Co. Ltd, 
Ind ia . I t  was subjected to  physical and chem ical analysis. Chemical analysis  
of th e  b au xite  is shown in T able 1. D erivatograph and X -ray diffractogram  of 
th e  representative bauxite sam ple are show n in  Figs 1 and 2, respectively . 
T able 2 shows the m ineralogical com position o f  th e  bauxite. Thin m icrosection  
and electronm icro-probe analysis showed th at b au xite  is a laterite typ e having  
an oo litic  and m ixed structure. T itanium  m inerals are found to occur in  a very
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Fig. 1. D erivatograph of Indian  bauxite
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Table 1.

Chemical composition o f the Indian bauxite

Component Percentage Component Percentage

a i20 3 49,5 CaO 0,2

Fe20 3 15,9 MgO 0.04

Si02 4,0 P A 0.14
T i02 6,5 F 0,05

f in e  dispersed form as can be seem  from the electron-reflection image in Fig. 3. 
T h e b a u x ite  had 6,5 per cen t T i0 2 o f which 6,0 per cent was in anatase form and 
0,5  per cent in rutile form .

T o study of the effect o f  increasing T i0 2 con ten t, T i0 2 in anatase form  
(p .a . Merck) was m ixed w ith  th e  original bauxite to obtain  samples w ith  T i0 2 
c o n te n t  o f 12 and 18 per cen ts , respectively. All three bauxites were digested  
in  an autoclave under sim ilar conditions. The d igested  slurry was diluted by

Fig. 2. X -ra y  diffractogram  of the baux ite
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Table 2

Mineralogical composition o f  the bauxite

Minerals Percentage Minerals Percentage

Gibbsite 59,2 H em atite 10,7
Boemite 7,8 Anatase 6,0
Diaspore 1,2 Rutile 0,5
Goethite 6,2 Q uartz 1,4
Kaolinite 5,6 Magliematite 0,8

Fig. 3. E lectron reflection image of the bauxite showing Ti-distribution. M: <=>=< 600X

th e  addition of 100 g/1 N a20  solution  to get N a20  content o f ~ 1 5 0  g/1 in slurry. 
The set-up used for settlin g  is show n in Fig. 4. Settling tube consisted  o f  glass 
tubes 43,1 mm inner diam eter and 500 mm long which were im m ersed in a 
therm ostat bath filled w ith  water-glycerin m ixture and fitted  w ith  a level 
controller. Tubes were lighted from  behind.

D iluted  slurry was poured into the settling tubes and stirred b y  a vertical 
m ovem ent of the stirrer. In the first tube slurry w ithout flour and in th e  second  
and third settling tube 0,1 and 0,2%  flour were added to the slurries. The ther
m ostat was m aintained at 98 °C tem perature. The level o f  the redm ud/clear  
solution  interface were m easured at intervals o f  5 m inutes up to 1 hour o f  set
tlin g  period and the after 1 hour up to 4th hour and then only after 24 hours. 
The redm ud after settlin g  was dried at 105 °C for 8 hours and w eighed.
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Fig. 4. E xperim en ta l set-up used for th e  settling  studies

3. R esults and discussions

P lo ts  were drawn b etw een  the height o f the redm ud/liquor interface w ith  
respect to  the period o f se ttlin g  as shown in F igs 5, 6 and 7 for the redm uds from, 
th e  original bauxite and th e  b au xite  m ixtures h av in g  12 and 18 per cent T i0 2,

Fig. 5. S e ttling  curves for th e  redm ud  obtained from  th e  digestion of the original bauxite
show ing th e  effect of flour add ition
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Fig. 6. Settling curves for th e  redm ud obtained from  the digestion of th e  baux ite  m ixture 
containing 12%  T i0 2 showing the effect of flour addition

Fig. 7. Settling curves for th e  redm ud obtained from  the digestion of th e  baux ite  m ixture
containing 18% T i0 2

respectively , w ithout and w ith  the additions o f flour. It can be observed that 
th e  settling agent sign ifican tly  increases the settling velocities on ly  in the earlier 
periods o f  settling in all three cases. Increase in the am ount o f  flour from  0,1 to  
0,2 per cent does not m arkedly im prove the settling velocities as can be ob
served from Table 3.

The settling velocities o f the redm uds are decreased, w ith  increase in 
T i0 2 content o f the b a u x ite  charge as can be seen from the settlin g  plots in 
Figs 8, 9 and 10. The decrease in settling velocities w ith increase in T i0 2 con
ten ts was represented in percentage as compared to the settling velocities o f the
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Table 3

Settling velocities for the redmuds w ith a variation in time and amount o f the settling agent 
T s =  99 °C. Solid content =  ~  35 g/1 slurry

S. N.
Bauxite

TiO,
content, %

Flour
added
wt.%

redmud

Velocity of movement of redmud/liquor interface, Vs, cm/hr
------------- -

t s , minutes

5 10 20 30 60 120+___c___ 240 1440

0 168,0 174,0 110,0 77,0 39,9 20,4 10,2 1,71

l 6,5 0,1 336,0 195,0 108,0 73,4 38,3 19,4 9,77 1,31

0,2 348,0 198,0 108,9 74,6 38,9 19,7 9,92 1,66
• -

0
■-4 - • 

108,0 108,0 94,5 74,0 39,4 20,25 10,15 1,69

2 12 0,1 258,0 179,4 103,5 72,8 38,6 19,17 9,95 1,65

0,2 274,8 182,4 103,2 72,8 38,6 19,17 9,95 1,65

0 66,0 66,0 58,5 54,0 35,8 18,95 9,65 1,60

3 18 0,1 128,4 124,8 91,8 65,4 35,7 18,77 9,5 1,58

0,2 128,4 127,2 91,6 71,2 35,6 18,75 9,5 1,58

ol---1— I---1----1---1— 1— I---1---1—I---1— i_fj--- 1----1—(p---1
0 10 20 30 40 50 60 120 240 1440

--------- “■ tsi min

Fig. 8. Se ttling  curves for the redm uds obtained from the digestion of the bauxites containing 
6,5, 12 and  18%  T i0 2 w ithout addition  of flour
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Fig. 9. Settling curves for the redm uds obtained from the  digestion of bauxites contain ing 6,5, 
12 and 18% T i0 2 with addition  of 0,1%  flour

Fig. 10. Settling curves for the redm uds obtained from the  digestion of bauxites contain ing 6,5, 
12 and 18% T i0 2 with addition of 0,2%  flour
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Table 4

Change in  settling velocities o f redmuds with variations in  T i0 2 content o f the bauxite charge, 
T s =  99 °C, Solid content =  ~  35 g/1 slurry

S. N.
T i0 2 content 
of the bauxite 

charge, %
Digestion

Decrease in settling velocity as compared to redmud 
from the original bauxite containing 6,5% T i02

conditions
t B, minutes

5 20 30 120 1440

l . 6,5 T d =  170 °C 
ote =  1,8 _ _ _ _ _

2. 12,0 CaO =  2%  of 
bauxite wt. 35,71 14,09 3,89 0,73 i ,i6

=  80 min

3. 18,0 60.71 46,81 29,87 6,37 6,43

Fig. 11. Curves showing decrease in  the settling velocities of the redm uds w ith  vary ing  T i0 2 
content of the bauxite m ixture for d ifferent settling times

redm ud from the original bauxite are represented in Table 4 and p lo tted  in 
F ig . 11. I t  can be observed th at decrease in  th e  settling velocity  is appreciable  
w hen T i0 2 content increases from  12 to 18 per cent.

T he decrease in  settlin g  velocities w ith  increase in T i0 2 con ten t o f the  
b a u x ite  charge m ay be attributed to the increase in  the specific surface area o f  
th e  redm uds as can be seen from  the p lot in  F ig. 12. It is in agreem ent w ith  the  
fin d in g  o f S o l y m á r  et al. [15, 16] th at there ex ists an inverse proportionality  
b etw een  the specific surface o f the redm uds and its sedim entation rate.

T he m easurem ent o f the specific surface area of the original b au xite  and 
b a u x ite  sam ples w ith  12 and 18 per cent T i0 2 showed that it does not greatly  
differ as can be seen in Table 5 so the m anifold increase in the specific surface
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Fig. 12. P lo t showing varia tion  in  the specific surface area of the redm ud as a  function  of the
T iO , conten t of the bauxite charge

Table 5

Specific surface areas fo r  the bauxite samples with different Ti(K content and 
the redmuds obtained after digestion

S. N.

Bauxite Digestion conditions
Specific surface 

area of the 
redmud 

m*/g
TiO,

content
%

Specific
surface

area
m'/g

End molar 
ratio
ae

CaO added 
% of bauxite 

wt.

Temperature 
of digest.

fa

l 6,5 13,0 2,3 2% 240 °C 1,60
2 6,5 13,0 1,8 4% 170 °C 1,63
3 12,0 11,3 1.8 4% 170 °C 6,54
4 18,0 11,8 1,8 4% 170 °C 8,04

area o f  the redmuds from  higher T i0 2 containing bauxite m ay  be due to a 
higher degree o f transform ation o f T i0 2 content to amorphous sod iu m  titanates 
during digestion.

Acta Technica A codent iae Scientiarum Hungaricae 90, 1980



26 PRAKASH, S.—HORVÁTH, Z.

4 . Conclusions

Follow ing conclusions m a y  be drawn from th is laboratory investigation:
1. Increase in T i0 2 c o n te n t of the bauxite charge decreases the settling  

v e lo c itie s  o f the redmuds.
2. The decrease in se tt lin g  velocities is related  to  th e  increase in specific  

surface area of the redmuds w ith  increase in T i0 2 co n ten t o f the bauxite charge.
3. a) Use of settling  a g en t (flour) does not sig in ificantly  im prove the  

se ttlin g  velocities of the redm úds. The im provem ent is o n ly  in the earlier period  
o f th e  settling .

b) Increase in the a m o u n t o f  the settling agent does not further im prove  
th e  se tt lin g  velocities o f th e  redm uds.
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ELECTROMAGNETIC WAVE PROPAGATION IN 
MOVING MEDIA WITH SPECIAL REGARD TO 

FREQUENCY-SHIFTS IN ASTRONOMY 
(“ANOMALOUS” FREQUENCY-SHIFTS IN 

ASTRONOMY)
PART II. T H E  R ELA TIV ISTIC  RAY TRACING  M ETH O D

CS. FEREN CZ*

[M anuscript received: 2. A ugust, 1978]

In the first p a rt after a com prehensive review of problems w hich appear to be 
fundam ental in the study  of electrom agnetic wave propagation in m oving m edia it is 
shown how to elim inate the observed discrepancy and  the possible ways of analyzing the 
electromagnetic wave propagation in moving m edia are discussed. One of th e  discussed 
m ethods, developed under the nam e of relativistic ray  tracing, is described in detail in the 
second part. I t  is shown how to determ ine the signal spectrum  and th e  so-called basic 
effect for which expressions form ulated  in cases thought to be m ost im p o rtan t. The 
weighting functions and  the proofs of their form are given.

Finally, in the th ird  p a rt results of earlier sim ilar analyses are u tilized  for explain
ing “ anomalous” frequency shifts and  o ther associated wave propagation  phenom ena 
(line broadening, polarisation ro ta tion , etc.) observed in the solar system . I t  is suggested 
th a t similar, apparen tly  anomalous frequency shifts as well as o ther associated phenom 
ena observed in galactic and extragalactic  wave propagation could be in te rp re ted  in 
the same way.

R ay tracing is an early and useful m ethod [50, 54] for the stu d y  o f  electro
m agnetic wave propagation in m edia which can be linearized or regarded as 
linear. One of its versions, the “ principle of m odified ray tracing”  proved to  be 
highly  succesful in inhom ogeneous m edia, am ong others, for the fo llow ing of 
polarization conditions [20].

Besides our studies on application and interpretation o f ray  tracing in  
th e  case o f m oving inhom ogeneous m edia [13 — 19] other attem p ts have been  
reported on its application  to m oving m edia [48].

Other m ethods, thought to  be inadequate, have been critically  discussed  
in  part I. Now our review  w ill be restricted to  the “relativistic ray tracing” 
in  accordance w ith the above conclusions.

* Dr. Cs. F e r e n c z , Puskin u. 24, H-1088 B udapest, H ungary
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I I ./ l.  The basic physical problem

As we have seen and understood in the foregoing the total equivalence o f  
lj and  и I along w ith  their  established role, it  seem s possible to  solve any problem  
in  in fin ite ly  extended hom ogeneous system s. H ow ever, the m ethod which links 
lj w ith  ut reveals, at th e  sam e tim e, that neither o f  them  can he used in the  
case  o f  non-hom ogeneous, non-plane arrangem ent (point 1/3). A nyhow , actu 
a lly , an y  even “hom ogeneous” and “plane” case is such that it  can be approxi
m a ted  by a quasi-hom ogeneous and plane sy stem , only. Our considerations 
h a v e  shown in addition th a t a correct result can be obtained only from a com 
p le te  model, not from  singled  out parts.

I t  can readily be seen  th a t if  an inhom ogeneous m edium  with parameters 
? ikrs or e, [Л, etc. m oves in  a laboratory system  К  at an inhom ogeneously distrib
u ted  velocity , we have a c tu a lly  several (an arbitrary num ber of) “ co-m oving” 
K j  system s. It is an open question which va lu e o f  со/ represents the signal exp  
jco0t in  a К  since these со/-s are not independent o f  Aikrs(X[) nor o f the other 
со/-s nor of co0.

It is known th a t b y  transform ing one and the same physical phenomenon 
from  observer to observer, in each of the different inertial system s, and by  
retu rn in g  on the so ad op ted  w ay to the original observer in any of the inertial 
sy stem s chosen by us a completely closed cycle can be form ed , that is, the result 
o f  th e  transform ation series is identical w ith  the in itia l form. In other words, 
th e  selection of the observer does not change the objective phenom enon. For 
in sta n ce , the value o f  со/ varies from observer to  observer but on returning  
th rou gh  any L orentz-transform ation series to  an y  inertial system , alw ays the  
sam e value is obtained.

However, in the present considerations th is is not the case. On the prop
agation  in moving inhom ogeneous media the sign passes from the transm itter  
to  th e  receiver across th e  m oving inhom ogeneous m edium  and its interaction  
w ith  the medium causes its  parameters to change, to  transform . Thus, the phys
ica l phenom enon changes, consequently th e  relation  o f the parameters in the  
in it ia l to  those in the resu ltan t phenomenon is n o t a “ path” -independent asso
c ia tio n . This is particularly so in cases when the m odel involves energy sources/ 
absorbers of infinite cap acity ; e.g. most o f the linear m edia, a mirror of infin ite  
m ass.

In  inhom ogeneous m edia the “ propagation p ath ” or “ray path” etc. is 
cu rved . In strictly p lan-parallel layers w hen on ly  th e  m edium  param eters are 
inhom ogeneous but th e  w h ole (inhom ogeneous) m edium  m oves at the sam e v  =  
co n sta n t velocity  and generates a true plane w ave, the ingoing and outgoing  
w a v e  shows several in v a r ia n t relations, e.g. in a g iven inertial system  the fre
q u en cy  of the ingoing and outgoing wave does not change.

Generally, how ever, th e  structure of th e  inhom ogeneity  differs from  that
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Source

a b

Fig. 3

specified  above, the velocity  field  also changes along a coordinate even  for a 
phenom enon stationary in space and tim e. Therefore, appreciable changes in 
the direction of propagation and in velocity  have to be expected  in m ost o f the  
tim e invariant system s, too. These m ay be due to possible changes in  the veloc
ity  field  and/or to changes in e, p., etc. (F ig. 3). The resultant changes can be 
described in terms o f a mirror system  by use o f geom etrical-optical approxi
m ations. This is obvious in the case o f the total “ return” (tota l reflection) of 
the “ ray p ath” and starting precisely from this, it can be understood in any  
case on considering Fig. 2. It can also be seen that the above m entioned special 
plan-parallel case can be represented b y  a mirror system  w hich eventually  
“ retransform s” the “ d istorted” input signal to the output signal required by  
the frequency invariance, etc. H ow ever, a m oving mirror, mirror system  or 
inhom ogeneity  causes a transient change in tim e. In order to obtain  a stationary  
effect in tim e, other conditions have to be satisfied, too. Before d iscussing these 
conditions, it is thought useful to recall the effect o f a single m oving  mirror 
or o f  any equivalent system .

The relations which hold for m oving mirrors are known [29]. T hey are 
now recalled, because in a very sim ple inhom ogeneous arrangem ent, th ey  clear
ly  show  th at signal param eters actually  do change if  the signals propagate in 
m oving inhom ogeneous m edia o f  w hich the m oving mirror is th ou gh  to be an 
extrem e but still a case.

First o f all, it follows tr iv ia lly  from (9.b) and (9.c) that e.g . a m etallic 
mirror o f  conductiv ity  oo ( s '  =  oo) in K '  is observed in К  still as an unchanged  
ideal mirror (Àjkrs =  oo). Let and ß  then be angles o f  incidence w ith  •&
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and 'dr being the angles o f  reflection , respectively . W e know  that in K '

W =  %'r (41)
and

CO =  w r

H ow ever, we also know  — w ithout going into th e  pertinent calculations — 
th a t in  К

■»¥=ЯГ, (42)
b u t th at

tg  #r/2 1 — vjc

F urther
tg  #/2 1 vjc

CO ^  (O r  ,

V  V
1 +  2 —  cos ê  -\------

c c2
(43)

and a similar relationship ex ists  between incident and reflected energies. A lter
n a tiv e ly , this result m eans th a t, as regards ligh t, th e  mirror is an infinitely  
large source and absorber o f  energy because its m ass is taken to be infinite and 
th a t th e  phenomenon w h ich  is observed in one o f  the inertial system s, as a 
change o f impulse, is seen  in  th e  other as a change o f  both  im pulse and energy.

A ctually, part o f  th e  signal is always reflected  b y  the inhom ogeneity  
w hile the other fraction con tin u es to proceed, p ossib ly  so th at part of it appears 
in  another form (it d issip ates, etc.), consequently  th e  effects of these basic 
phenom ena are necessarily due to be observed.

This fact is usually  tak en  into account for inhom ogeneities causing a 
tran sien t effect in tim e (the m ost trivially eq u iva len t case being a single mirror 
or mirror arrangement). L et us now see arrangem ents producing effects which  
are stationary in tim e.

I t  has to be noted  here th at now we do not try  to find  as described in 
p oin t 1/3 the exact so lu tion  in  term s of wave theory  b u t th at we are studying a 
ray  tracing procedure.

First, let us consider a sim ple interface at w hich  the velocity  field  changes 
(F ig . 4) [19]. It is obvious from  the figure th a t i f  a m oving medium in © is 
illu m in ated  by a w ave front stationary in the К  sy stem , it  w ill appear in K ' , 
th a t  is in ©  as a m oving excita tion  since ind iv idual parts o f the medium  are 
subject to an excitation vary ing  in time. One cannot construct any other kind o f a 
p h ysica lly  real m odel. I t  is im portant to realize th a t motion , that is a moving  
m edium  cannot he observed  and defined unless th e  above reasoning holds. If, 
for instance, a m edium  (in  a model) is tru ly  continuously  hom ogeneous, its 
parts are undistinguishable and if  it is in fin ite ly  exten d ed , then its m ovem ent
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Comoving „receivers“

V

F i g .  4

in  the direction o f in fin ite  extension cannot be interpreted. — It  is precisely  
at this point that a num ber of considerations is based on a fa llacy  [4, 11, 12, 
48, etc .]. — Thus, i f  w e deal w ith a moving m edium , then a system  w hich is sta
tionary, say, in  K , w ill not be sta tion ary , a t least from the poin t o f v iew  of 
excitation , in K ' . This is an irrefutable, fundam enta l physical fact!

It is im portant here to point out th a t excitation  of m edia can also be 
treated in this w a y  and that by m aking use o f  Huygens elem entary wave  
approach as com plem entary to those discussed in 1/3 we can try  to  find  a solu
tion  only in term s o f w ave theory. I f  we w an t to  evaluate every param eter by  
ray tracing, we h ave to  use the same procedure. In purpose-oriented analyses 
a sim plified m ethod is available which w ill be described in the follow ing.

One o f the m ost sim ple arrangem ents w hich yields a stationary  resultant 
is the m oving set o f  mirrors shown in F ig. 5. I f  the size and spacing o f mirrors 
is suitable, then th e  w ave pattern received from  a directed transm itter or by a 
receiver installed  a t a single point takes th e  form  to be seen in F ig . 2, where the

Tr.O*

VI
Ду

F i g .  5
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sig n a l is broken up b y  the se t o f  mirrors to sections consisting of n com plete  
w a v es. T he spectrum form ed in  th is  case w ill be discussed later.

I f  w e do not w ant to  w ork  w ith  the sim ple mirror m odel and w hen H u y 
gens’ elem entary wave approach is not y et needed , then  we can proceed as 
fo llow s. W e advance along, w ith  the signal, from  layer to layer, w here layer  
m eans ranges where vt =  con stan t, going in th e  d irection of the main radiation  
ta k en  to  be a pattern representing a local p lane-w ave. The changes in  th e  s ig 
nal an d  its  parameters are determ ined in the tim e in tervals when the illu m in 
a ted  fraction  of the m edium  is reached by the p attern  representing th e  p lane- 
w a v e  ta k en  to be the signal a t m axim um . T hus, going along, w ith  the signal, 
from  la y er  to layer we find  th a t  the resultant to ta l change observed in  th e  s ig 
nal param eter under in v estig a tio n  is one of th e  determ ining parameters o f  the  
resu lta n t spectrum  form.

T w o types of “ in tera ctio n ” are observed in  th is procedure. One is the  
recep tion  o f the signal b y  th e  m oving medium from  the previous layer (F ig . 4), 
th e  o th er  is the penetration o f th e  signal into th e  m atter. The first “ in teraction” 
is d escr ib ed  by the Lorentz transform ation, the second b y  the law of refraction- 
r e f le c tio n . On the principle o f  energy conservation it  can readily be seen th a t  
a n y  tim e  a boundary betw een  layers is crossed w e h ave to  apply first the Lorentz  
tran sform ation , second th e  law  o f refraction-reflection.

I t  is полу obvious th a t th e  interaction occurs w ith  a single fraction (par
tic le-grou p ) К /  of the m edium  in  the manner described above only for an “ in 
s ta n t” , therefore, the results th u s obtained have to  be “ w eighted” b y  use o f  
sp ectru m  calculations or o f  o ther considerations.

S ince the exam ples o f  application  are frequency variation-oriented, it  is 
usefu l to  consider the follow ing: On integrating the Doppler-effect over tim e  

from  — oo to  -J -» , the average frequency change A f  always goes to zero in  th e  
case o f  ind ividual particles, e tc . In the case o f m edium  propagation th is holds  
for a n y  individual con stitu en t, particle, o f the m edium . It follows from  the  

resu lta n t th a t for an isotropic transm itter antenna w e get A f  =  0 if  we in tegrate  
th e  phenom enon at som e sp atia l (receiver) point in definable relationship  
w ith  th e  phenom enon over th e  whole space angle yyith respect to r. (E .g . at 
p o in t A  in  Fig. 5).

M oreover, it can be slunvn [19] that we have always A f  =  0 in homoge
neous m edia  with any propagation  profile  for w hich Grad v holds, if  the tran s
m itter  and  receiver are jo in tly  fix ed  in the sam e in tertia l system .

Sim ilarly, it can be seen  [19] th at a useful inform ative result can be ob 
ta in ed  for low  velocities (v/c)‘ ^  0, i >  2 by using the following crude ap p rox i
m ation . The dispersion relation  assum ed to hold for the medium [22, 23, 53] 
is so lv e d  together with th e  equation

grad ш — —к Grad v
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or, for the notation  F  =  F 0 exp j  Ф, w ith  the equation

дФgrad ------ =  grad Ф • Grad vdt
The m edium  parameters are in vo lved  w ith  their assumed values in  K '  because 
o f the low  velocity .

II./2 . The relativistic ray tracing method

It  has already been seen in  th e  foregoing that the form w e tr y  to  find  is 
n ot y e t  available in term s o f the to ta l w ave theoretical - particle description  
(point 1/3). On the other hand, it  has been shown th at ind ividual parts o f the 
m oving m edium  are excited  at different tim es. W e also know th a t , in  general, 
even  for a stationary configuration th e  structure o f the velocity  fie ld  does not 
coincide w ith  that of the m edium  param eter field  in a m oving inhom ogeneous 
m edium .

For this reason, the phenom enon m ust be decomposed in several w ays into  
parts w hich can be regarded from  som e point of view  as hom ogeneous (or 
analog) even if  we apply the ray tracing m ethod.

In the present m ethod to  the fo llow ing decom position w ill be used:
W e shall consider separately  and follow over the w hole system  the 

“ propagation” in (instantaneous) sections where the interactions o f  m edium  
particles w ith  electrom agnetic w ave can be regarded as stationary  and com 
plete, th at is, as producing the m axim um  effect.

K eeping in  mind th a t th is in teraction  varies w ith tim e, we shall establish  
how  the m axim um  effect should be w eigh ed  to approxim ate as far as possible 
th e  actually  observed effect.

The m axim um , ideal or basic effect w ill be determined as fo llow s:
The velocity  vector field  is approxim ated by a step fu n ction  consist

ing  o f sections w ith  constant v e loc ity , th a t is, layers w ith “hom ogeneous veloc
i ty ” w ill be form ed w ith  respect to  th e  ve lo c ity  field  (Fig. 4).

The phenom enon can then be d ifferentiated  with respect to  th e  velocity  
field . The phenom enon is stationary  i f  the velocity  at a given p o in t o f the 
field  is constant in  tim e. I f  the v e lo c ity  is not constant, the phenom enon is 
regarded as quasi-stationary and as analysable in  this manner i f  th e  velocity  
can be taken as constant during the transm ission of the signal th rou gh  the 
layer. I f  this is not the case, the phenom enon cannot be studied w ith o u t further  
analysis and restrictions.

As to the medium param eters (c, p., e tc .), the phenom enon is stationary , 
i f  because o f propagation the arrangem ent o f  the “ refraction in d ex ” does not 
change in either K '  or K .  I t  is quasi-stationary if  the “refraction in d ex”
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arrangem ent does not change in  К  but in a strict sense it  does in K t, while the  
sh ift in  th e  “refraction in d ex ” arrangement caused b y  A vt is negligible as com 
pared to  the transm ission tim e  o f  the signal. The phenom enon is non-stationary  
i f  neither of the above con d ition s is fulfilled, th en  a propagation in m edia  
inhom ogeneous even in  tim e , more precisely, o f  th e  form  dÂikrJ d t  ^  0 has to  
be in vestigated  also w ith in  th e  different layers in th e  /^/-system s.

— N ow  for the ap p lica tion  of the ray tracin g  procedure the layers o f  
con stan t velocity, but o f  inhom ogeneous m edium  param eters, defined above as 
sta tion ary  or as q u asi-stationary  w ill be decom posed to  layers of hom ogeneous 
“ refraction index” in  K \ .

I t  has already been show n th at even sligh tly  inhom ogeneous media gener
a lly  lead to  scattering, e tc . o f  the signal [20]. In  th e  present paper these  
problem s of ray tracing like th e  definition o f p lane parallelism , its conditions, 
consequences of the d ev ia tion , scattering, inhom ogeneous medium param eters, 
etc . [20, 23, 26, 69] are n o t discussed as they  are assum ed to be known.

Sim ilarly, it is assum ed  to  be known, that it  is possible to make energetic
a lly  precise analyses concerning polarization etc . b y  using a ray tracing proce
dure o f  modified  construction  [20]. To follow th e  scatter in g  pattern we have to  
use first a straight tracing and som etim es the stra igh t and modified procedures 
are alternated in order to  ob ta in  an approxim ation o f  adequate accuracy [20]. 
T hus, the “ basic effect” is determ ined according to  th e  general block diagram  
to  he seen in Fig. 6.

I t  has also been expounded  in the foregoing and summarized in F ig. 6 
how  the “ basic” or “ id ea l” effect is determ ined in  term s of the “ relativistic  
ray  tracing m ethod” . H ow ever, we are aware th a t th e  so obtained characteris
tic  is not the m easurable param eter of the w ave-p attern , but only one o f its  
characteristic features. For instance, if  we stu d y  th e  variation of frequency, 
th e  so obtained basic effect does not show the actu a l sh ift in frequency hut it  
show s — remember — in  F ig . 2 — the “frequency” w ith in  the different sections  
con stitu tin g  the w ave train  in  the determ ination o f  the total spectrum.

In the determ ination o f  the actual measurable  e ffect we have also to take  
in to  account the already discussed phenom enon th a t  the spatial wave p attern  
th e  interference pattern  in space  observable in th e  stationary case o f  our in i
t ia lly  assum ed system  transform s to a space and time dependent wave pattern, 
interference pattern in space and time. The so form ed to ta l resultant spectrum , 
w hich  can be characterized b y  the basic effect, determ ines the m easurable, 
observable param eters. T his analysis can be m ade — in principle — b y  the  
determ ination of the to ta l resultant spectrum  (H u ygen s’ method, etc.). H ow 
ever, in  practically im p ortan t cases this seem s to  he too com plicated for the  
tim e being and in m ost cases a good approxim ation  is sufficient.

Thus, for a g iven  “ basic effect” the m easurable effect produced in  the  
to ta l spectrum  w ill he determ ined in the fo llow ing as the phenomenon m ulti-
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F ig . 6

plied b y  the associated w eighting function  obtained by making use o f  th e  ray 
tracing m ethod. The w eighting function can he associated w ith  th e  param eter 
under investigation . К олу le t us see in  detail, as part of the frequency shift 
analysis, the w eighting function wdiich can he associated w ith th e  frequency  
variation .

F inally , we shall utilize in the fo llow ing the fact that for th e  determ ina
tion  o f  the w eighting function in all cases studied  to data [1, 13, 15, 16, 18] — 
th e  phenom enon the part o f  the signal propagating from  the source to  the re
ceiver can he represented by an equ ivalent (as to  reflection factor, ve loc ity  
etc.) set(s) of m oving mirrors. Since our aim  is to  analyze frequency shifts 
caused b y  m oving inhom ogeneous m edia, the spectrum  analyses w ill be made 
in a signal spectrum  sim ilar to that generated b y  an equivalent se t o f  m oving  
mirrors. N ow , it is expedient to delim it th e  scope o f our analysis. T he variations
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of th e  electrom agnetic w ave spectrum  in m atter h a v e  already been studied  in  
deta il (line broadening due to  therm al con vection , sh ift in the spectrum  o f  
signals em itted  from m ovin g  m atter serving as sign al generator, frequency d e
p endent reflection , line broadening due to tu rb u len ce, scattering etc .). These  
effects th e  resultant o f  w h ich  also appears in  a rea l phenom enon will not be 
dealt w ith  in  the follow ing. Our considerations w ill be restricted to  the effect o f  
moving m edia , only , and even  their range w ill be restricted  to m odels w hich  
can b e classified  as stationary  and which are th o u g h t to  be im portant.

II./3. Analy sis of spectra generated by a set of moving mirrors

N o w  let us consider the signal spectra generated  by the set o f m oving  
mirrors or b y  equivalent m odels as shown in F ig . 5. T he aim of this stu d y  is to  
determ ine the spectrum  o f a signal generated b y  a m onochrom atic continuous  
ex c ita tio n  function o f th e  form

F  •-= F 0eJW -*ô =  F(r)eJ“V (44)

tra n sm itted  from a su itab le  transm itter in  the К  sy stem  to a receiver in  the  
sam e sy stem . Furtherm ore, w e w ill try  to find  an expression  for the m easurable  
average frequency and to  establish  the relation b etw een  f u a n d /reCeived- (Since  
th e  case under in vestigation  is taken to be sta tion ary , we need not deal w ith  
problem s m entioned in  connection  w ith the sp ectru m  in [20].)

S ince in the present case the aim is to id e n tify  a basic phenom enon see
ing  th e  num ber of m isunderstandings which ex ist [4, 9 — 12, 21, 4 2 —49, 55], 
w e w ill n o t try  now to  construct a final refined approach to a problem and con
ten t ourselves w ith th e  stu d y  o f the follow ing sign al form.

T he arrangem ent to  be seen in  Fig. 5 and its  equivalent versions cut th e  
sign al generated according to  (44) as represented in  Fig. 2, by a broken line  
in to  sections characterized b y  some altered frequency according to  (43) in  
tw o  possib le  w ays. — N ow  on ly  this su b stitu ted  pattern will be analyzed .

F irst, we shall s tu d y  th e  simpler case in  w h ich  every section consists o f  
n fu ll w aves, then we shall analyse the case in  w h ich  though the lengths o f in d i
v id u a l sections are equal, th e  len gth  is not associated  w ith  the period o f the ori
ginal signal. F inally, th e  average frequency and th e  crude change in  line broad
en ing  w ill be studied in  detail on the first (sim pler) spectrum.
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a) The spectrum o f  the signal consisting of sections o f  an integer number o f  
complete waves

Let us determ ine the signal spectrum  generated from th e m onochrom atic 
and e.g. purely sinusoidal signal

ы о = ~ - =  2 ”fo  (45)
' u

b y  the set of mirrors in F ig. 5. i f  the signal is decom posed b y  th e  m ovem ent of 
the different elem ents in the set o f mirrors to sections o f frequency

=  (1 -f <x)w0 (46)

where a =  0 is the “ basic effect” . It is assum ed, in addition, th a t the length of 
each section — as determ ined by the size, spacing of the mirrors and by the 
angle o f incidence — is given as

T  =  nT„ (47)

where n is a positive, integer number. Furtherm ore, the arrangem ent o f  the set 
o f mirrors is such, that no parts o f the signal can “ escape” , th a t is, all the inci
dent waves are reflected .

This is the sim plest m odel o f an excitation  variable in  tim e w hich is also 
m ade simple by the choice o f n. The so form ed reflected w ave p attern  is to be 
seen in  Fig. 2. Since we have to deal w ith  a signal of strict in ternal periodicity, 
the spectrum  obtainable b y  Fourier transform ation can be eva lu ated  accord
ing to the rules o f function  theory. (The calculations in vo lved  are trivial.)

I f  the tim e t =  0 is chosen so th a t the original signal is an odd function  
and if  the decom position according to  (47) is associated sym m etrica lly  with  
th is point, we get only com ponents for an odd Fourier series and the value of 
these spectral lines is

B k =  ( - 1 ) " +1 —  sin
Л

к:г n (l -f- «)
l + o c j  П2(1 +  а)2 - Л 2

(48)

where B k is associated w ith  the frequency

, 2 л  кù)k =  к —— — —  со0 .

B y  definition the am plitude o f the signals is 1 in the range o f  the tim e under 
consideration. This spectrum  can be analyzed by making use o f (48). The average
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freq u en cy  o f the signal is g iven  as

/  =  /o
к n

2 B't
к

and th e  relative frequency sh ift ( if  any), as

Ж
/

=  l - i .
/о

(49)

(50)

T h e line broadening can b e evaluated e.g. from  th e to ta l number o f lines 
n eed ed  for the determ ination o f  (49) and (50) to a g iven  accuracy or by another 
m eth o d  (from the value o f  j B k |/j B k max |, etc.).

I t  is perhaps useful to  n o te  that if  a — 0, th en  к n B k =  0 and for 
к  =  га, w e have B n =  1.

I t  is again a special case i f  (race) is an integer. T hen B k associated w ith  
к  =  ra(l -)- a) has to be ev a lu a ted  separately from  th e  expression

В na+i)
1

1 +  a

Sim ilarly, it can be seen th a t  the interpretation range o f (48) w ith respect 
to  ce is th e  open range (— 1, - f  oo) in  accordance w ith  th e  physical phenom enon.

I t  is also apparent th a t  th e  maximum o f th e  spectrum  lies som ewhere 
close to  ra( 1 -f- a) as a fu n ction  o f  k.

b) General description o f  the spectrum of a signal reflected from a set o f  
m oving  mirrors

I f  our analysis is m ade b y  considering d istributions in Banach’s space, 
th en  H eavisid e’s d istribution offers a simple p ossib ility  to describe the tim e  
b eh av iou r  of an originally m onochrom atic signal, cut in to  any number of parts. 
T his distribution, also called  u n it  jump is defined [52] as

<<p, 6>> =  |o tp(t) dt .

In  the present case th e  original signal is the sta tion ary  signal existing for 
an  in fin ite  time on the tran sm itter  side of the form

/o ( 0  =  A 0 sin (co0t +  tp0)
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where we can also take cp0 — 0. The resultant signal after continuous chopping 
can he formed from this b y  m odifying the frequency in each section  according 
to (46). The chopping — since a stationary phenom enon is being studied  — is 
also periodical, however, a period is given by

T  =  vT 0 , v > 0  (52)

where v can be an integer, a rational or an irrational number. In th e  latter case 
the resultant phenom enon is aperiodical, while the former case is the same as 
th a t studied  in point a). For sim plicity’s sake, the am plitude o f  the signal is 
taken b y  definition to he 1 in the covered range of tim e. (B ecause o f  th is, for 
am plitude, etc. analysis w ith  the so obtained spectrum , we h ave to  m ultiply  
b y  the factor required b y  a, b y  the initial am plitude, etc.). B y  choosing the  
phase position of the chopping tim es relative to t - = 0 so that the section  includ
ing t =  0 should he sym m etrical to t =  0, the general case has to  be described 
by taking Ç90 ^  0.

U sing the above considerations, let us determ ine the spectrum  o f the 
follow ing signal

/(*) =  A o sin  +  <P'o) ■ I1 — 0 ( f — T *n-)] +
m

+  2  A i sin  (coj +  cp,) ■ 0 (t  — Ta,_) —
l = n

m
— 2 Î  A i sin ("«* +  vi) ■ 0 (* -  T«i+) +

l ~  n

+  A., sin (co"t +  cp”) ■ G(t — Tam+) . (53)

In (53) the value o f wa is the value given b y  (46). The assum ed m odel now  
requires the choice o f either

К  =  =  wa =  (1 +  a)w 0 ,
or

ft>á =  co'á =  c o 0 and ft)a =  (1 -f- a) c o 0 .

I t  is useful and appropriate for our m odels if  the values o f the am plitudes are 
norm alized to

Sim ilarly, we take
A 0 — A i — A 2 — 1 • 

Vo =  *Po =  To •

The detailed analysis of the decom position  to  sections Ta(± and ç>; are obtained  
b y  taking also (52) into account as

V/ =  Vo — a (OqIdT q =  <pu — 2noi.lv (54)
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and

■ ч1± vlT,, v T n

2(1 +  a)

I t  can  be seen th at (53) describes an aperiodical signal when v is an irra
tio n a l num ber. We can also d istinguish  two periodical cases:

— The case described in  p o in t a) is obtained i f  v =  IV w hich is a positive  
in teg er , w hen  it is allowed to  ta k e  qp0 =  0. Then

qP; =  —2тга IN

Т я1± =  N T 0 l ±
2(1 +  a)

Our previous results are reproduced by taking the extrem e cases

n  —► —  o o  ,  m  —>- - j - o o

(55)

(56)

w h ich  lead  to the sta tion ary  phenom enon.
— A  periodical case, n o t discussed up till now , is obtained for the extrem e 

cases (56) if  v =  N /M  is a ra tion a l number. (In a g iven  case its particular analy
sis cou ld  be of interest.)

F inally , it is useful to  n o te  that in the case o f  a =  0, qp0 =  0, etc., the ori
g in a l signal and its spectrum  are reproduced.

L et us symbolize th e  Fourier transform o f the distribution (53) by

m m

and  le t  us interpret it b y  th e  usual definition [52] as

<SF(qp), qF(/)> =  2л<<?,/> •

In  th e  present case we sh a ll u se, in the detailed calculations, the relation

П Л  = Ш  =  ДГ)>

w h ich  holds for bounded, sca lar distributions, w here f  is a conjugate o f / .
To obtain the F ourier transform  of (53), w e have first to  determ ine its 

form u latin g  expression

0 ( t  —- T) sin (cot +  <p) =  f i  • (57

M aking use of the above, om ittin g  calculation details, we will get from

о?(/,) =  (eJ'at, 0 ( t  — T)  sin (cot +  qp))
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th at
oF[0(t — T)  sin (cot -)- <p)] =

=  j _
~ 2

e][(cr-m)T-<p] ---- ---------1- Л0 (o' — co)
O' — CO

(58)

e j l { a  +  m ) T + i f ]
a  - со

■nb (o' +  со)

B y  introducing the notation  Ф =  coT -j- 9 9 , we have

Ш )  =
е Л °Т +Ф) e j (arT—4>)

CJ -f- CO O' —-CO
+

^  -  со) -  еЛаТ+ф) à{a +  со)] (59)

N ow  the tota l Fourier transform  is to he understood as

m
4 f )  =  áF(/, over end) +  2  T O - )  “  *(//+)! +  ^(/upperend) • (60)

l=n

In the calculations it is useful to make use o f  the relation

g(cr)c5(cr — cr0) =  g((T0)ô(<J -  (r„) 

since this makes it  possible to use the transform ation

е1(аТ±Ф) -j- co) =  e±i'f c5 (o i  со) .

I f  also (54) is tak en  into account, we get

where

^ [ / ( 0 1  —  ^ ( / l o v e r e n d )  +  ^ ( / u p p e r  end ) +

1 I 1
+

+

- V
"a +  O’ Ып

m
V

« «  — О i - n  .

eK<*Tal-+t>l-) _  e j(oT„!++Ф| + ) 

e j(oTaj-~<lll—) —  gj(°Ta |+ -Ф )+ )

+

Ф,± — ш%Т л1± -f- (pi

(61)

in  agreem ent w ith  the n otation  in (59). In  the stationary case th e  sum m ation  
in  (61) covers th e  range — 0 0  <  / <  -f- 0 0  for all integers and th e  functions  
/lower end a n d /upperend autom atically  disappear.
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(61) or some o f its appropriate transforms w ill already permit som e special 
param eters, e.g. the average frequency shift w e are now  interested in , to  be  
determ ined. It can be expressed as

Г  a $ [ f ( t ) ] ¥ [ m  do
œ =  ——--------- —---------------

| 0 $ 4 / ( 0 ^  [ / ( * ) ] ,la

It is also possible to define th e  band-with e.g. (701 and cro2 are given according to  
the usual point —3 dB b y

П М ] _ П № ]  1

The associated  m1 and co2 then  give

A f
Aco

2n
\<ay — ш2 I .

(63)

O f course, the band-w idth  can be defined in other w ays, too, — the convergence  
o f со, etc.

I f  there are taken into account in (61) expression  (55) and the to ta l range 
— oo <  l <  -f- oo the case described in point a) w ill be reproduced.

In  a number o f cases, it  is useful to transform  (61). On om itting the in itia l 
and closing — non-perturbed etc. — sections and considering the stationary- 
case, w e have

em
I

a • £ - * )
2л lv

Sill nv
■ eJ(p°

i  +

«„(I +  a) — о

1

1 +  a + ■ /  +0 2 n lv

Jo(l +  a) +  a 1= —
(64)

This expression is already suitable for m ost o f  the analyses in question. 
I t  perm its the spectrum  to  be considered as kn ow n  to  the extent required in  
th is stu d y .
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c) Spectrum analysis o f  the signal consisting o f  sections with an integer 
number o f  complete waves

There is no difference in the phenom enal description o f th e  tw o spectra 
considered in the foregoing w hich can be characterized by th e  “ basic effect” 
given by frequency shift a. Thus, in the following it is taken as being sufficient 
for this study to analyze the spectrum  considered in point a).

In the analysis the average frequency shift, as interpretable from  (49) 
and (50), was determ ined in term s o f the basic frequency shift a defined in (46) 
and in terms o f n which, as interpretable from Fig. 2 and from (47), is the num 
ber o f com plete w aves in each w ave train and characterizes the m edium -w ave  
interaction . A t this point the accuracy of the calculation is e. In  the figures 
show ing the results, we find , in addition, that

[ 1
f

g(y, n) 4 f  / - / „

fa fa
(65)

To characterize the band-w idth  the number o f all spectral lines — iV(a, n) 
needed to achieve the accuracy e are taken into account as norm alized to n in 
order to obtain an inform ative picture. N orm alization necessarily follow s from  
(48) and (49). Since the am plitude was taken in each case to  be 1, the “ total 
energy” accounted for is expressed as

P  = ----- > ' III and A P n =  (P  -  1) 100 . (66)
^  к

This quantity  is on ly  inform ative.
Of course, the thus obta ined  band-w idth param eter N ( a, n)/n  is not the 

true band-w idth m easurable w ith  a real instrum ent — it  contains more spect
ral lines than the true band but it well characterizes the band-w idth  agreeing 
w ell w ith  both the nature o f  the m easurable variations and the relative order of 
m agnitude o f the variations. It w ill be used only in this sense.

In Fig. 7 the functions g(a , n)j | a | and N (a, n)jn are show n for a =  —|—10 —4 
as p lotted  against the norm alized calculation accuracy e/\ a [. I t  is apparent 
th a t the convergence occurs for the values e/| a | 10 4. Problem s o f num eri
cal convergence have to be taken into account if

—  •
n I a I

Moreover, the “ to ta l energy” parameters in (66), to be seen in Fig. 8, 
show  a m uch earlier convergence. The total band m easurable w ith  real receivers
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is  also lim ited. For th is reason  we have worked on th e  continued calculations
t o  th e  accuracy

——  =  10~4 . (67)

( In  a more detailed stu d y  a further accuracy analysis does n ot seem  to be un- 
n ecessary.)
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Fig. 10
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F ig . 9 shows the freq u en cy  shift normalized to  th e  basic effect as a func
tio n  o f  th e  basic effect | к | for both a > 0  and a <  0 using as parameter the  
“ m ed iu m  parameter” n.

F ig . 10 shows the freq u en cy  shift norm alized to  the basic effect as a 
fu n c tio n  o f the “ m edium  param eter” n using as param eter the value o f a. 

I t  is an im portant resu lt, for further use, th a t th e  curves are o f

s(x) =  [1 -  e-/W ] (68)

ch aracter and can well be approxim ated b y  s(x), especially  in phenom enon  
id en tify in g  analyses.

F ig . 11 shows th e  v a lu es of N/n  characteristic o f the band-w idth as a 
fu n c tio n  of I a I using n as parameter. In th is case the more general result 
is  im portant according to  w h ich  in m oving m edia line broadering occurs in the 
sec tio n  coincident w ith  th e  range of the transition  o f  s(x) in (68) from 0 to  1 if  л; 
corresponds to | a | and th is  increases the original band-w idth by a factor of 
~  10 <  100 <  10'1. N  n does not agree w ith  a bandw idth  measurable w ith  a 
g iven  receiver system. For th is  reason these results cannot be used to a higher 
accu racy  than specified ab ove. More precise analyses can be made b y  consider
in g , in  the light of the foregoing results, the original spectrum  shape together  
w ith  th e  receiver system  u sed . For the present purpose the spectrum  analysis 
can  now  be regarded as closed .
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II./4. Determ ination o f the average frequency shift

The “ anom alous”  or in other words the red shifts o f non-cosm ological 
and o f non-gravitational origin have been considered until recently as an inter
esting problem and subject to rather peculiar interpretations [55, e tc .] . For 
th is reason it is thought to be of in terest to see the change in signal frequency  
during propagation from transm itter to  receiver, both fixed  in К  for cases 
stationary  in К  (non-stationary in K ')  in the above discussed sense.

For the tim e being, we are com pelled to  use the m ethod o f “ relativ istic  
ray tracing” w hich has been successfully  applied for nearly a decade [13 — 18]. 
T hus, the m easurable frequency sh ift can be expressed as the product o f the 
“ basic effect” m ultiplied by a “ w eighting function” . Consequently

sd oc[v(r), e(r), e tc .] • s[e(r), n, etc.]

From  the two factors in (69) a can be determ ined according to the procedure 
detailed  in the foregoing, while the determ ination  o f s will be sp ecifica lly  dealt 
w ith  later.

a)  Calculation models for  the determination o f  a

The value o f a was analyzed in deta il for a number of m odels. The analysis 
was not continued past an accuracy o f  v2/c2 w hich was thought to be sufficient 
for phenom enon identification  by the usually  form ulated (non-m odified [20]) 
ray  tracing m ethod. The results published up till now to illustrate the applica
tion  o f  the relativ istic  ray tracing m ethod, were evaluated to an accuracy o f up 
to v2/c2. These calculations were reported in detail earlier [13— 19] and now  they  
w ill on ly  be briefly sum m arized. As it  has already been m entioned, at th is point 
the considerations are restricted to the determ ination of the basic effect a on a 
signal propagating in an inhom ogeneous m oving medium o f stationary  configur
ation  in К  from a transm itter to a receiver both  fixed in the К  sy stem . Other 
effects — due to gravitation , source m ovem ent, turbulences, etc. — are disre
garded in the calculation m odels. T hey  are taken into account on ly  in  som e of 
the interpretations, to  the exten t to  w hich the effect has been ad m itted  and 
clarified to date.

a . l .  Co-m oving inhom ogeneous m edia o f plane parallel structure [19]: 
The m edium  is now described as

V — con stan t and (70)

V grad eik =  0

(69)
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w h ere e' is the p erm ittiv ity  in K';  only in th is  m anner can we have a picture  
w hich  appears as sta tion ary  in  K .  Choosing th e  axes x  | | x' to be parallel to v, 
we find

- I  V  1 V2
/  =  / '  1 +  COS <xx  • 7 1 ,-------- f —  —  ,

\ c 2 cl

1 * , 1 2--------- 1------cos4 a
ne c 2

w here ne is the refraction index in K '  — if  e' =  e' 1, p' =  1, x' =  v' =  0 and  
v'/c fei 0 for i ;> 3, th en  ne =  Ye'", «x *s the m easurable angle of the direction  
o f propagation to  th e  ir-axis. The axes z and z can be taken to lie w ithout 
interruption parallel to  the plane parallel layers.

In this sim ple case ne has the form corresponding to  the law of refraction- 
reflection

n i+ l, =  Sin #1+1 
71,£ S in

w here is the angle o f  incidence according to  th e  usual definition.
A detailed analysis o f  both the propagating and the reflected w aves  

show s th a t independent o f the magnitude and the direction of v and o f the  
structure o f e' (disregarding the effect of plane parallelism ) we find

a =  0 and thus A f  =  0 . (72)
*

a.2. N on-com oving inhom ogeneous m edia o f  plane-parallel structure
[16, 19]:

The m edium  under consideration is taken  as consisting of N  layers w ith  
plane-parallel interfaces and their velocities in  a direction parallel to the in ter
face and differing from  one another in m agnitude, and possibly in their direc
tion . For each o f the layers it is assumed th a t w ith in  the layer

Vj =  constant and nu =  con stan t .

cos ax ай cos ax - f  (1 — cos2 ax)

L et us take the m edium  to  be isotropic in th e  co-m oving K't system  w ith  
e'i =  е / l ,  p- =  1 , tt'i =  v'j =  0. The sign of v t m ay, o f course, change arbitrarily  
from  layer to layer. T hen  calculating in the sam e w ay  as (71) taking §  to  be the  
angle o f incidence in to  the first layer in K ,  we get

— ° ! —  i | W - Vi У- i ) 4 -

4 — 2e
Í- 2

+  (»,_! -  Vi) J g nk-U  — n‘к 8 :
k=l n'L nk -u

(73)
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where v t contains the sign, too. (73) gives

which m eans than  in  m any cases encountered in practice, we can calculate  
w ith a 0. For higher values o f v,- (73) can give w ithin the accuracy lim its 
determ ined b y  (71)

It can also be seen [19] th at for v t w ith  an alternating sign — disregarding 
special cases — a red sh ift is observed w hich can he described as

1)2
« ^ P i i K ,  » ,)—  <  0 . (73a)

The form o f p n ( n e, v t) <  0 and its value greatly  depends on the to ta l internal 
structure o f the inhom ogeneous medium.

a.3. E ffect o f  expanding, radial flow  [16, 19]:
The m odel is o f  im portance in the stu d y  o f  stellar atm ospheres, solar 

corona, galaxies o f  explosive nature, quasars, etc.
The analysis was m ade for the arrangem ent shown in F ig. 12. (O f course, 

a far more precise m odel can he constructed, i f  necessary, while it  is sufficient 
to use the “ equivalent-m irror arrangem ent” o f  F ig. 3.a for crude analyses.) 
The result contains coefficients o f a h ighly com plicated structure [19] taking  
the form

2
a =  p ( nu> ß) —  +  Я К « ’ ß) ~  ■ 

c c-

The analysis o f  the earlier specified [19] coefficients for the given m odel yields 
the values o f p  and q. For a given m easurem ent the m odel perm its a lim it to be 
set at which the first jum p (n0B —*■ rele) is to  he expected  and from which it is 
possible to define the points o f entrance and ex it w ith the associated central

fo
no£

4
ni-lt \

^  nic ^
n i.lC

У

\ !\ / 
n\ n In\  n\ ft 'n /  \ßiß/ ß/ч ' ' ✓ t0 *»f

Fig. 12
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angle y  (F ig . З.а). Trivially, w e g e t

for у  =  0° p  =  0, oc ~  0 ;

for n 0e =  nu а =э 0 .

In  th e  cases o f  nie ^  n 0e, у  ^  0°  not only the values o f  | p  |, | q | are deter
m ined b y  th e  structure o f th e  inhom ogeneity , the properties o f the m edium  
(the m ed iu m  is described b y  ne >  1 or e, p., etc.) but also a у  dependent change  
of sign in  p  and q occur for som e inhom ogeneous m ediums!

A s in  the following th e  th eoretica l results w ill be applied to the solar 
en v iron m en t (Solar occultation  R  1 R q , Solar lim b effect etc.) let us see the  
values ob ta in ed  from the an alysis o f this case [19] as

P (n ie, ß) <  0 , q(nu, ß) >  0 . (75)

C alcu lating, in addition, w ith  th e  refraction coefficients occurring for the corona 
and th e  solar surface [13, 56, 5 7 ], w e find

T hus, for V  c
\ P  l ~  l ï l ~ l

\ \ v л v<x — I p  I —  and ocq ^ -------
c c

(76)

(77)

I t  is  important that w e g et a red shift for radial expansion. (O f course, for 
radial contraction a blue sh ift o f  sim ilar nature occurs.) It has also to be noted  
th a t p  can  change its sign after a ymax in cases w hen y  varies w ith  the structure  
over th e  0 —>- n  range (e.g. ga lactic  transillum ination). In  a plasm a (ne 1) the  
red sh ift for y  ymax can transform  to  a b lueshift for y  >  ymax and also other 

effects can  occur (total scatterin g , change o f sign in  A f  from  layer to layer, etc.). 
H o w ev er , it  seems probable th a t  we can calculate w ith  (75) in  a w ide range of 
real phenom ena.

a.4 .  Co-moving inhom ogeneous m edium o f non-strictly  plane parallel 
stru ctu re  [17—19]:

O w ing to the structure o f  th e  m edium , in  th is case the w ave-path  is similar 
to  th a t  show n in Fig. 3.b seem in gly  stationary in  th e  К -system . This leads, in  
n o n -str ic tly  plane-parallel cases, always to  the dispersion o f the incident elect
ro m a g n etic  signal [20] w hereas the phenom enon m ay still appear to  be sta tion 
ary in  th e  laboratory system  [1, 20]. I f  d  is taken  to  be an angle o f the incident 
sign a l propagation vector to  th e  m edium  ve lo c ity  vector in the plane o f  the 
m ed iu m  surface at the p o in t o f  incidence, then we have for

- y j ' ^ 0 ,  i 2
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and for the “ reflected” com ponent o f th e  signal

a ^  —A  —  cos #  
c

(78)

where A  varies w ith  the geom etry of the sp atia l arrangement and w ith  the in 
ternal structure o f  the medium . U sing th e  above notations and introducing

w hich on entering a vacuum  is 1, the signal com ponent “ crossed” through the  
m edium  is given by

In the case o f the strict internal structure specified  in a .l  the first term  o f the 
factor in the brackets [] o f (79) gives cos d  and thereby (72) is reproduced.

a.5 R otatin g  m edium  o f spherical sym m etry  [15].
A form ally approxim ate relationship w as form ulated for th e  stu d y  o f  

dense, strongly inhom ogeneous p lanetary atm ospheres rotating around then- 
axis. The data o f  the signal source (space veh ic le , etc.) are indexed b y  S, those  
of the observer (E arth, etc.) by E  and th ose  o f  the inhom ogeneous m edium  
by A ,  while “ in ” and “ ou t” stand for the m easurable data at th e  poin ts of 
entrance and ex it o f the signal to and from  the medium, respectively , w ith  
“rp” standing for points along the “ray p a th ” which can he defined [50, etc .]. 
The angles are throughout the usual (optically) understood angles (o f inciden
ce, etc.), ne is the refraction index. For s im p lic ity ’s sake the velocities due to  
the rotation around the axis are not con verted  to angular velocities for the  
arrangem ent sim ilar to  that of Fig. 3.a, h u t w ithout expansion and contrac
tion. Of course, the conversion is always possib le. As laboratory system  we have  
chosen an arrangem ent o f spherical sym m etry fixed  at its centre (to th e  centre 
of rotation).

I f  the “ atm osphere” rotates, we have

n 0e to  characterize the refraction index from  the “ exit” point o f  th e  signal,

A [e'(r'), cos # , etc]
— cos ô

c
V

(79)

a cos #in VS  ~  v A \n

c c

1 g[cos ne(rrp)] v  A \n  w/\out
+

c

(80)

where ds means in tegration  over the arc len gth .
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For “ non-rotating” atm osphere, we write

+  A (cos ■&)
/ (

_l_ l__d
c <)t.

pOUt
K ( » V p )  -  1 ]  d s

J in irp
(81)

It can be seen th at the second term  in (81) arises from  the effect of the “ curved  
ray p a th ” and the third term  from  the change in  th e  phase path due to ns 1 
in the case  o f  a “ radio occu lta tion ” experim ent. In  th e  case of large atm ospheric  
veloc ities, fa st rotation, etc. expression (81) is o f  insufficient accuracy, as 
observed  several times in  practice [58, e tc .]. In  th is  case approxim ation (80) 
has to  be used.

I t  is im portant to rem em ber th at it is th e  concrete arrangem ent, the  
actual m odel which determ ines whether or not th e  to ta l expression or on ly  th e  
third term  in  (80) has to be m ultiplied according to  (69) by any w eighting fu n c 
tion  s[e , n , e tc .]. In m ost o f  the actual cases

4 f
/

H +  « 2  +  a3s[e, n , . . . ]  +  « 4  • (80a)

a .6  N ow  we have seen the results obtained  for a in the cases o f practical 
im portance and elaborated up to present. I t  is w orth m entioning th a t oc is 
fu n d am en ta lly  dependent on the geom etry o f  th e  “ arrangement” . It show s 
a freq u en cy  dependence through с, [Л, etc. where th e  values Aet, etc. are usually  
more im portant than th e  actual value (if it  is n o t 1, 0 or oo). As, according  

to  F igs 9 and 10, the va lue o f A f/f  a (or 0) for a wide range o f  g iven  

param eter values, the frequency dependence o f  A f/ f  is in m any cases very  
sligh t, even  negligible. (Possib le resonances m ay  be responsible for “ surprising” 
anom alies in  this dependence). A detailed analysis o f given cases is a further  
task , th ou gh  the applicability  o f  the approxim ation follows from the foregoing.

b)  The weighting function

For applicability it  is im portant to determ ine the w eighting function . 
Tw o independent ways are available for th e  analysis of s(e, n, . . .): physica l 
considerations and evaluation  of calculated spectra from this point o f  v iew .

b . l  Physical considerations [13, 16, 19]
In  th is approxim ation part of the in cid en t energy is taken to be co n tin 

u ou sly  received and retranslated at a frequency / 0( 1 +  a) by the m edium , 
w hile th e  other fraction o f the incident energy  passes through the m edium
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w ithout interaction. I f  N  is the characteristic density (neutral particle density, 
in a plasma the electron or charge density, etc.) o f the m edium , then  the frac
tion  o f energy taking part in the interaction is given by

W „ =  W [\  -  e - S ^ ^ 5] ,

while the residual fraction o f the total energy W , transm itted  in the desired 
direction, is given by

W„ - : lFfi-S-TaN(4')<,S

Since the equations describing the m edium , determ ining the va lu es o f  e, etc. 
as w ell as the expected  values o f a, are know n, it  seems justified  to  assum e that 
over the total range o f  the generated spectrum  a =  cr0 =  constant. The deter
m ination o f its value for specific media is a task  of interpretation. Thus,

=  o c [ l  —  e - ° » ^ N (ä)ds] . ( 8 2 )

fo

b.2  Results o f  spectrum  analyses
The relation (68) already shows how to approxim ate the results we are 

interested in, which are show n in Fig. 10. n is a function o f the structure o f the 
“ set o f mirrors” , it is the result of the interaction  between the signal and the 
m edium . According to spectrum  analyses, we find

e~a*n] . (83)

Thus, we get identical results from (82) and (83) for the shape o f th e  w eighting  
function . The fact that

n N(s)ds

is a justified  and allowed approxim ation will not be discussed here in  particular. 
I t  follow s from the detailed  analysis o f individual cases, as it can he sim ply  
checked by any analyst.

The approxim ations (69) and (82) are thou gh t to be useful for th e  deter
m ination o f A f/f0 until the availah lity  o f the precise calculation procedures 
anticipated  in chapter I or o f  the precise spectrum  evaluations ap p ly in g  the  
H uygens principle or som e analogous procedure described in  chapter II. 

It m ay be pointed out here th at if  for the tota l phenom enon

s(e, n, . . .) ~  [1 — e~0,<3riNdji] ^  1 (84)
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holds over  the range of an a lysis  w ith  respect to in d ep en d en t variables qt, then

- y -  =  (85)
Jo

and th a t  this relation is gen era lly  frequency independent in a wide range of 
frequencies according to  th e  analysis models in p o in t II/4 .a .
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Fortpflanzung von elektrom agnetischen W ellen in  bewegten Medien m it besonderer Be
rücksich tigung  der Frequenzänderungen. (A noinalistisclic Frequenz Verschiebungen in  der Astro
nom ie). II . Teil. Relativistisches Strahlenverfolgungsverfahren. — Im  zweiten Teil der A rbeit 
w ird die ausgearbeitete M ethode, die »relativistische Strahlenverfolgung« eingehend d iskutiert. 
E s w ird das Verfahren für die B estim m ung des Signalspektrum s gezeigt. Der G rundeffekt für 
die am  w ichtigsten scheinenden Fälle wird angegeben. Die Gewichtsfunktion wird angegeben 
und  deren  Form  wird begründet.
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HYDRAULISCHE GRUNDLAGEN DER 
GRUNDWASSERABSENKUNG DURCH 

VAKUUMBRUNNEN

G. ÖLLŐS*

DOKTOR DER TECHN. WISSENSCHAFTEN 

[Eingegangen am 31. Ja n u a r  1979]

Die frühere K ennzeichnung der V akuum brunnenhydraulik  beruhte  in  ers ter Linie 
au f der H ydraulik  des G ravitationsbrunnens. Sowohl die G rundw asserabsenkung als 
physikalischer Vorgang, wie auch die Grenzbedingungen blieben eigentlich ungeklärt. 
D er A utor brachte die G ravitations- und die V akuum hydraulik  auf eine gemeinsame 
theoretische Basis und  forderte die D eutung der Grenzbedingungen u n d  der physikali
schen Vorgänge. E r stellte  eine neue, auch die W asserführung des K apillarrau incs be
rücksichtigende Formel fü r die Ergiebigkeit des V akuum fassungsstollens auf, woraus 
auch die Ergiebigkeit des G ravitationsfassungstollens, des einzelnen V akuum brunnens 
un d  des einzelnen G ravitationsbrunnens abgeleitet werden kann. Auch fü r eine N ähe
rungsberechnung der Zonen der Wasser- und Luftström ungen ab trenennden  Linie wird 
eine Formel abgeleitet.

1. Einleitung

D ie Y akuum brunnenhydraulik wurde durch die einschlägige F achliteratur  
nur in einer ziemlich vereinfachten Form  der theoretischen G rundlagen, der 
tatsächlichen  Vorgänge, der K inem atik  und D ynam ik der Sickerung und der 
R andbedingungen entw ickelt. D en Begriffen des Vakuum brunnens, des W asser
spiegelabrisses, des Dreiphasenraum es, der Absenkungskurve und der D urch
flußm enge sind in erster Linie Forschungsergebnisse zugeordnet, die eine w eite
re E ntw icklung bedürfen. O ffensichtlich ist daher, daß bei der K ennzeichnung  
der P hysik , der Vorgänge und der System e der G ravitationssickerung eine einen  
günstigen  E influß auf die E ntw icklung ausübende analytische A nschauung in 
erhöhtem  Grade zur G eltung gebracht werden sollte.

D em gem äß ist der Verfasser bestrebt, unter Berücksichtigung der Förde
rung der physikalischen Grundlagen und der Randbedingungen, die G ravita
tions- und V akuum brunnenhydraulik auf eine gem einsam e Basis zu bringen  
und zur Berechnung der die Zonen der E rgiebigkeit des V akuum brunnens und 
der W asser-Luftström ungen trennenden K urve theoretische B eziehungen  zu 
erarbeiten.

* Prof. Dr. G. Ö ll ő s , Eszék u. 13-15, I I I .  4, H-1114 B udapest, Ungarn
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2. Vergleich des Betriebes der Filter- und Vakuumbrunnen vom 
hydraulischen Standpunkt

U nsere brunnenhydraulische Anschauung sch ließ t sich, in erster Linie, 
an d ie  H ydraulik des F ilterbrunnens an. D ie Fachliteratur erschloß im  allge
m ein en  deren E inzelheiten  u n d  ihre praktischen und theoretischen Zusam m en
h ä n g e . Zunächst erscheint es als zweckm äßig, die aus den K onstruktions
u n d  B etriebsabw eichungen des Filterbrunnens und des Vakuumbrunnens stam 
m en d en  grundlegenden hydraulischen  E igenarten  miteinander zu vergleichen.

D er Vakuum brunnen unterscheidet sich v o m  Filterbrunnen im  w esen t
lich en  dadurch, daß im  Innenraum  des ersteren ein niedrigerer Druck, als der 
atm osphärische über dem  Brunnenw asserspiegel vorherrscht, was durch den 
luftdichten  Abschluß des oberen  Teils des B runnens erreicht werden kann. F o lg 
lich  b efin d et sich sow ohl im  Brunnenwasserraum , als auch in dem  an den 
B runnenfilter sich ansch ließenden  Luftraum ein niedrigerer Druck, als der 
atm osphärische (p 0). B ei A nsaugen  von Luft w irkt infolge der Luftström ung  
durch  die Bodenporen in  der Umgebung des B runnens ein von oben nach  
u n ten  gerichteter veränderlicher Luftdruck, d. h ., n ich t nur die Schwerekraft. 
D ies bedeutet, daß in so lch en  Fällen der au f die Id en titä t des P otentia ls und  
des W asserspiegels a u fg eb a u te  G ravitationsaspekt n icht ausschließlich ange
w a n d t werden kann.

Im  folgenden wird der Unterschied zw ischen den beiden Grundwasser- 
absenkungsm ethoden in  erster Näherung durch die G egenüberstellung der 
verein fachten  Schem ata des Filterbrunnens und des durch Luft ansaugenden  
V akuum brunnens dargeste llt (Bild la  und lb ) .

B e i der Grundwasserabsenkung durch F ilterbrunnen und m it H ilfe der 
im  B ild  1 dargestellten Säugpum pe, ergibt sich  als einem  Absaugen s entspre
ch en d e Saughöhe (H ')

H '  =  h +  z +  l'h'  , (2.1)

s =  h ,

wo: h — den H öhenunterschied zwischen dem ursp rüng lichen  Grundwasserspiegel und  der 
Absenkungsfläche des Brunnenwassers;

z  =  den H öhenunterschied zwischen dem ursprünglichen  Grundwasserspiegel und  der 
Mittellinie der S äugpum pe; und

£ h '  =  die Summe der zw ischen dem  Brunnenwasserspiegel u n d  der Mittellinie der Säugpum pe 
auftretenden durch  V erlusthöhe ausgedrückten S tröm ungsverluste 

bedeu ten .

Im  Falle von einer G rundwasserabsenkung durch Vakuumbrunnen  (B ild  
lb ) ,  wird in der H öhe des Brunnenwasserspiegels

P ^ = P o ’
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B ild 1. Gegenüberstellung der B etriebe des Filter- und der G ravitationsbrunnens, a) F ilter
b runnen ; b) V akuum brunnen

weshalb das »Absaugen« (s()) als Sum m e der Brunnenw asserspiegeldifferenz (h) 
und der der Druckabnahme entsprechenden Druckhöhe

\

■\рк

Yv
zu berücksichtigen ist:

so = h + ^ P j < - ,  (2 .2 )
Yv

W O A p K =  p u — p,.
D ie Form el der m it Hilfe der Säugpum pe herzustellenden G esam tdepres

sion (unter alleiniger B erücksichtigung der im  Saugrohr sta ttfin d en d en  W as
serström ung, wodurch das Problem  seitens der Sicherheit angenähert wird) 
lautet:

H" =  h +  z +  + Zh", (2.3)
yv

w o Ap K die in der hydrostatischen D ruckhöhe (W S) ausgedrückte D epression  
bedeutet. Praktisch genom m en wird der W asserspiegel im  Brunnen durch das 
N iveau  des bis an das untere Ende des Filterrohres reichenden Saugrohrendes 
(B ild  lb ) bestim m t. U nter diesem  N iveau  befindet sich die die durch die Glei
chung (2.2) definierte A bsenkungshöhe s 0  ergebende hydraulische Drucklinie 
p 0  die im gegebenen Fall unter der Brunnensohle liegt.
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F ilte rb ru n n e n ----- «+»-----vaKuumbr unnen

q)
Sg = S V !

b)
Sg =  S v Sg >  S'v

Bild 2. Gegenüberstellung der bodenhydraulischen V erhältnisse in  der U m gebung des F ilter
u n d  des V akuum brunnens

Aus der G egenüberstellung der G leichungen (2 .2 ) und (2.3) kann das fol
gen d e festgestellt w erden: dam it der Vakuum brunnen w irkungsvoller als der 
Filterbrunnen sei, so llte  der W ert s 0  der A bsenkung w esentlich höher liegen als 
der W ert h, d. h., die B ed in gu n g -àpK/y v sollte erfüllt werden.

Nach, der D eutung der Gleichungen (2.1), (2.2) und (2.3) ist es zweckdien
lich  die Ausgangsfälle der in  dem Filter- und Y akuum brunnen um gebenden  
B o d en  auftretenden hydraulischen  Verhältnisse zu vergleichen (B ild  2a bis 
2d ). Zur G egenüberstellung wurde ein Brunnen bzw . Sickersystem  gewählt, 
d essen  konstruktiver A u fb au  (d. h., die F ilterm antelhöhe, der Durchmesser 
des Brunnens), die E rgiebigkeitsverhältn isse, die ursprüngliche W asserschicht- 
dicke und der Boden, der das Grundwasser leitenden  Schicht für beide Brunnen  
g leich  sind. Der U n tersch ied  besteht nur darin, daß der Filterbrunnen oben  
offen , und der Y akuum brunnen luftdicht abgeschlossen  ist. Der Vergleich der 
beiden  Grundfläche k an n  aufgrund der im  B runnen hervorgerufenen, m it der
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Filterbrunnen - » h  Vakuumbrunnen
c)

Sg <  S y ,  Sg ■= Sy

Sy >  Sg , Sg = Sy

hydraulischen Druckhöhe (W S) ausgedrückten Absenkung durchgeführt wer
den.

a )  Fällt die G rundwasserabsenkung zwischen den ursprünglichen  
G rundwasserspiegel repräsentierenden Punkt A  und die obere K ante des 
Filterraantels (Punkt B, B ild 2a), d. h. im  Falle, wo die B edingung sg, bzw . <  

<C A  — В  besteht, so schließt sich die A bsenkungskurve an diesem  T eil des Man
te ls  an, nachdem  zwischen den P unkten A  und В  der M antel w asserdicht ist. 
Im  B ereich unter der A bsenkungskurve ist die Sickerung zw eiphasig.

Über der A bsenkungsoberfläche im  Kapillarraum fließt das Sickerwasser 
bei beiden Brunnensystem en au f gleiche W eise, durch den unter der A bsen
kungsoberfläche befindlichen Raum  in den Brunnen. D em zufolge, solange die 
A bsenkungskurve über dem Punkt В  sich dem Brunnenm antel anschließt, 
sind die im  Boden vorherrschenden hydraulischen Verhältnisse sow ohl bei dem
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Filter- als auch bei dem V akuum brunnen identisch. D er U nterschied besteht 
bloß in der Differenz des Brunnenw asserspiegels beider Brunnentypen.

W enn sg =  sv und sg >  A  — В, weiters s"v ]> 0 is t , (B ild  2b), dann ist die 
G rundwasserabsenkung bei beiden System en gleich. Jed och  gibt es den U nter
schied, daß über dem N iveau  s 0  sich  ein W asserraum b efin d et, worin ein Druck  
P  ^  P o  herrscht, der sich durch den Brunnenfilter dem  K apillarraum anschließt; 
som it kann das W asser vo m  Kapillarraum  unm ittelbar in den Brunnen strö
m en. D ies verm indert natürlich  auch das Maß des A brisses, wodurch eine wirk
sam ere G rundwasserabsenkung im  Boden hervorgerufen wird.

B ild  2c stellt schon einen wirklichen V akuum brunnen dar, wobei sv > i f ,  
folglich sv )> sg ist, jedoch fin d e t hier kein Luftansaugen s ta tt, weil der K apil
larraum  über den B runnenfilter hinaus reicht. W ie au f B ild ersichtlich ist;

— die bei den F ilterbrunnen übliche In terpretation  der A bsenkungs
kurve p 0 hat keinen Sinn m ehr, da diese K urve unter die Brunnensohle sinkt. 
D eshalb kann diese K urve auch nicht durch grobe Annäherung als eine den 
Sickerraum  von oben abgrenzende Ström ungslinie b etrach tet werden, was sonst 
bei den Filterbrunnen üblich  ist;

— die bei den F ilterbrunnen gebräuchliche N äherungsm ethode kann  
deshalb zur B estim m ung und zur Sum m ierung der W iederherstellung des 
K apillar- und G ravitationsraum es nicht verw endet w erden, da es sich um  einen  
unm ittelbaren E in tritt vom  Kapillarraum  in den B runnen handelt;

— die für die F ilterbrunnen entw ickelten D eutungen  können nicht un
m itte lb ar zur K ennzeichnung des Abrisses angew andt werden.

E in  typischer, d. h. ein auch die Luft ansaugender Vakuum brunnen ist 
au f B ild  2d dargestellt. Außer den obigen F eststellu n gen  sollten hier in  Zu
sam m enhang mit dem  B ild  2c die folgenden w esentlichen  Eigenheiten erwähnt 
w erden:

— über dem W asserström ungsraum  gibt es auch eine Luftström ung, 
daher kom m t es, daß infolge deren D ruckverluste der W ert des von oben wir
kenden Drucks veränderlich ist;

— infolgedessen trennt sich die A bsenkungskurve vom  unteren Teil des 
K apillarraum es;

— auf das G rundwasser wirkt außer der Schw erekraft auch eine durch  
den Luftdruckgradient ausgeübte Kraft;

— und als Ergebnis der gem einsam en W irkung der vorerwähnten F ak to 
ren verfügt die den zw eiphasigen W assersickerraum  oben abgrenzende Fläche, 
d. h ., im  eigentlichen Sinne »der Pum penw asserspiegel des Vakuumbrunnens« 
auch über eine In flex ion .
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3. Charakterisierung der Grenzbedingungen

Zur Berechnung der zur Lösung des Sickerungsproblem s nötigen  Charak
teristiken (G eschw indigkeit, Druck, E rgieb igkeit), müssen außer der K enntnis 
der grundlegenden kinem atischen B eziehungen  auch die Grenzbedingungen b e
stim m t werden. B ei Annahm e einer stationären  Ström ung m üssen die unter
schiedlichen Sickersystem e in A bhängigkeit von  der Absenkung erläutert wer
den. D ies erfolgt in Beziehung auf einen einzigen Brunnen der Brunnenreihe.

Im  Falle eines Gravitationsbrunnens nach dem System  der A bsenkung  
im  Brunnen über dem  unteren Saugrohrende (B ild  3), kann das W asser wenn  
auf die innere F läche des Filterrohres noch  der atm osphärische Druck p 0 
wirkt, durch die w asserdichte Fläche Сг n icht in  den Sickerraum eintreten  und  
auch n icht daraus entw eichen. Deshalb kann der G eschw indigkeitsvektor keine 
au f eine derartige Fläche senkrechte K om ponente haben, d. h., diese Linie ist  
im  P lanschn itt eine Strom linie. Ihre an a ly tisch e K ennzeichnung is t  bei einer 
stationären Bew egung:

rp =  konst.

j ty  =  Jty =  Q _
f)s dn

In den P unkten  der den O berwasserrauin m it einer Stärke von  H 1 — 
vom  Sickerraum  trennenden Grenzlinie C2, ist das G eschw indigkeitspotential

Bild 3. Die Sickerungsgrenzbedingungen bei dem  G ravitationsbrunnen
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k on stan t:

y  =  к +  С k H 1 -f- С .

D afür k a n n  auch folgende G leichung aufgeschrieben werden:

d c p  =  d y  =  Q
ds dn

(3.1)

(3.2)

A u s den Gleichungen (3.1) und (3.2) fo lg t, daß die Grenzlinie C2  eine 
P o ten tia llin ie  ist, dem zufolge die Strom linien senkrecht zu dieser Grenzlinie 
verlau fen .

D ie  Fassungfläche repräsentiert eine bereits verwickeltere G renzbedin
gung, a ls die E intrittfläche ist.

D er W ert des G eschw indigkeitspotentials für die Grenzlinie C3 w ird:

ho Pi
Г

C =  kHo (3.3)

F ü r diese — die P oten tia llin ie  repräsentierende — Grenzlinie ist auch die 
B ezieh u n g  (3.2) gültig.

D ie  Grenzlinie C3 ist eine der Erzeugenden der freien Aussickerungsfläche. 
D as W asser strömt durch diese Fläche vom  Sickerraum in den innerhalb des 
F ilterrobres befindlichen Luftraum , in dem ein Druck p 0 vorhanden ist. An  
der in n eren  Fläche des Filterrohres wirkt der D ruck in allen P unkten id entisch  
g le ich  p 0. Folglich wird der W ert des dazugehörigen G eschw indigkeitspoten
tia ls

<P =  kyk , (3.4)

w orau s hervorgeht, daß die freie Aussickerungsfläche keine P otentia lfläche ist. 
Sie is t  auch keine Strom linie, da ja das W asser durch dieselbe in den B runnen
raum  ström t.

D ie  freie Wasseroberfläche C4, wenn die darauf wirkende K ap illaritäts
w irk u n g  (und O berflächenaktivität) vernachlässigt werden kann, und p atm =  
=  p 0, dann ist dieselbe eine Strom linie m it einem  D ru ck p 0. W eshalb für sie die 
B eziehungen

w - const; =  0 (3.5)
ds

b zw .

ds ds
(3.5a)

g ü ltig  sind. Jedoch, im  F a lle  von einer Grundwasserabsenkung durch V akuum - 
verfahren , kann die K apillaritätsw irkung, nachdem  die Böden feinkörniger
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sind, nicht vernachlässigt werden. S om it kann in solchen F ä llen  die freie 
W asseroberfläche C4  keine Strom linie sein , da zwischen dem K apillarraum  und 
dem  G raviationssickerraum  ein W asseraustausch vorhanden ist, d. h ., der Ver
la u f der W asserpartikeln durchschneidet diese Oberfläche. In folgedessen  tritt 
die die B edingung ip =  konstant befriedigende obere abgrenzende Ström ungs
linie an der Grenzoberfläche C5 des K apillarraum es auf. An der B egrenzungs
fläche C5  ist der W ert des Überdrucks k on stan t, und hk der K apillarabsenkung  
entsprechend negativ:

P  =  — r h  >

und au f derselben ist die Bedingung

<p =  k (y  — hk)

gültig. Dafür kann man auch die B eziehung

<h> _ Ьу
0 s 0 s

aufschreiben.
Zur oberen, m it C5  bezeichneten, ip = konst. Grenzstromlinie gehören auch  

die Strom linienahschnitte C'5 und C5 . Für die Punkte derselben sind die B ezie
hungen

p  — —yhk- (3.8)

<P = Ч у  — К)

sowie (3.7) kennzeichnend. Für hk gilt die B edingung

о ^ К < К .
N achdem  längs des G renzlinienabschnittes C5  an der inneren Seite des 

Filterrohres der atm osphärische Druck p 0 herrscht, weshalb das K apillarw as
ser durch das Filterrohr nicht unmittelbar in  den Fassungsraum des B runnens 
eindringen kann, ström t es nur durch die V erm ittlung des sich unter der Grenz
oberfläche Cj befindlichen Sickerraumes durch die Grenzoberfläche C 3  in  den 
Brunnen ( K o v á c s , 1973).

W enn das Grundwasser im  Brunnen unterhalb des unteren R andes des 
Filterrohres sinkt, (s0), weichen die hydraulischen Eigenschaften des den Brun
nen um gebenden Sickersystem s von den obenerw ähnten Bedingungen in m eh
reren B eziehungen ab. Dieser Fall ist durch die folgenden zwei G rundfälle  
wiedergegeben.

B ild 4 ste llt den Vakuumbrunnen noch ohne Luftansaugen dar. In  diesem  
Falle w irkt im Sickerraum nur die Schw erekraft, die die Bewegung hervorruft. 
Vom Standpunkt der Grenzbedingungen um  den Brunnen betrachtet können  
die Ström ungsverhältnisse, wie folgt, gekennzeichnet werden.

(3.6)

(3.7)
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Bild 4. Die Sickerungsgrenzbedingungen bei einem G rav ita tionsbrunnen  ohne L uftansaugen

D as Grundprinzip der G ravitationsbrunnen, daß das Wasser solange vo m  
B oden unm ittelbar in den Brunnen eintritt, b is der Wasserdruck im  B oden  
höher als jener im  Brunnen ist, können die den Brunnen entsprechenden  
G renzbedingungen Cj, C und C5 gemäß dem  B ild  erläutert werden. D araus 
geht die folgende E igenschaft des V akuum brunnens hervor:

•—• v o n  einem  Teil des ursprünglichen Kapillarraum es, dessen H öhe, 
aufgrund der B ezeichnung au f dem Bild p^Jyv, is t , tr itt  das W asser u n m itte l
bar in  den Brunnen, und deshalb wird der K apillarraum  vom Standpunkt der 
hydraulischen  V erhältnisse der unm ittelbaren U m gebung des Brunnens aus 
b etrach tet scheinbar zusam m engedrückt.

D as Maß dieser Zusam m endrückung ist:

К  — P k IT v

К

Auch dies deutet darauf hin, daß die V akuum brunnen in den Böden m it h öh e
rem K apillaranstieg  verhältnism äßig w irksam er sind.

A ls Folge der A bsenkung p K gelangt auch  der dem Brunnen anschlie
ßende A bschn itt und die angrenzende Zone des Kapillarraumes C5  au f ein  
niedrigeres N iveau.

D ie Erzeugende der freien Sickerungsoberfläche ergibt sich dann aus der 
Sum m ierung der G renzlinienabschnitte:

C3 +  CS .

D er W ert d es G eschw indigkeitspotentials a u f der freien Sickerungsober
fläche kann in ähnlicher W eise wie beim  Filterbrunnen, aufgrund der zum  
Brunnenw asserspiegel in  Verhältnis gestellten  у k erm ittelt werden:

cp =  kyk — p Kjy v . (3.9)
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Bild  5. Die Sickerungsgrenzbedingungen bei einem luftansaugenden V akuum brunnen

Der U nterschied b esteh t nur darin, daß die Grenzlinie C4  ihre frühere 
Funktion verloren hat.

D agegen ist der G renzlinienabschnitt C6  ein neues M erkm al des Sicker
system s. D ie Abänderung des P otentia ls im  Brunnen, die unter der Einwirkung  
des Potentials im  B runnen, die unter der E inw irkung des V akuum s eintritt, 
is t  repräsentiert durch das Glied —P k/)V

Ein typisches B eisp iel des luftansaugenden Vakuumbrunnens  is t im  Bild 5 
dargestellt. H ier herrscht unter Einwirkung des innerhalb des Saugrohres 
herrschenden, schon erhöhten Vakuum s an der ganzen Länge des Sickerraumes, 
der an der äußeren F läche des Saugrohres für das W asser zur V erfügung steht, 
ein Druck, der niedriger ist, als p 0. D ies bedeutet zugleich, daß die ursprüngli
che Grenzoberfläche C4  sich von dem  Brunnenm antel entfernt und die Funktion  
der »Absenkungskurve« v ö llig  verliert, da der Raum  der W asserström ung von  
oben durch eine andere K urve (C6) begrenzt ist, zu welcher die Grenzober
fläche C4  nicht einm al parallel liegt. W ie das Bild 5 und die Laboruntersuchun
gen des Verfassers (F oto  1) bew eisen, fließ t die ganze in den Brunnen strö
m ende W asserm enge durch dieselbe Kurve (C4) dem  Brunnen zu.

Die den R aum  der W asserbewegung von oben begrenzende D eckfläche  
C6 is t zugleich die untere G renzfläche des Raum es der L uftsickerung.

Für die an beiden Seiten befindlichen P unkte A  und В  (B ild  5) können  
(unter B erücksichtigung der K apillaritätsw irkung) die folgenden Gleichungen  
aufgeschrieben werden:

P b  <  P u  * (3-10)

Pa  ~  Р в  ~  *КУг (3-11)

und aus der letzteren G leichung

=  PJL _  rXhk . (3.12)
Vv Vv
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Foto 1. D ie Sickerungsstromlinien schneiden die bei dem  V akuum brunnen  ihre Funktion
verlo rene Absenkungskurve p 0

H ierin  is t
р д  der Druck im P u n k t A  u n m itte lb a r  unter der G renzfläche C6, und  p B der D ruck im 

u n m itte lb a r  über der Grenzfläche C6 befindlichen Punk t B.
D er Koeffizient a  <  1,0 d ien t zu r Reduktion der ursprünglichen  K apillarschichtdicke. 

D as b e d e u te t, daß in irgendeinem  P u n k t  der Grenzoberfläche der sich m iteinander n ich t ver
m ischenden  (W asser-Luft-)Sickerräum e, der durch den L u fts trom  hervorgerufene D ruck den 
W asse rd ru ck  im untersuchten P u n k t  u m  einen W ert überschreite t, der dem tatsäch lichen  K a
p illa ran s tieg  oc hk entspricht.

D a  p B ein veränderlicher W ert ist, erscheint die D ruckänderung als eine 
grundsätzliche Eigenschaft der Grenzfläche C6. F olglich  gibt es zwischen der 
H ö h en la g e  eines Punktes u n d  dem  zugeordneten P oten tia lw ert auf der ober
sten  Strom linie die fo lgende Beziehung:

cp =  k ( y k — a hk +  P b IVv) ■ (3 -1 3 )

D ie  G renzflächen C? und C? sin d  die L ufteintrittsflächen. A u f sie w irkt der a t
m osphärische Druck p 0. D ie  Grenzfläche (W asser/Luft A bdichtungsfläche) 
Cg is t  eigentlich eine Strom lin ie.

4. R echnungsprinzip der kapillaren Ergiebigkeit

Aufgrund der G leichung (3.1) kann der Potentia luntersch ied  für den die 
ursprüngliche W asserschichtdicke H j durchquerenden Vakuum brunnen in 
fo lg en d er  Form aufgeschrieben werden:

(4.1)Acp к т .  +  Е к
V w
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Für den G ravitationsbrunnen wird der Potentialunterschied a u f die 
G rundwasserdeckfläche bezogen:

Atp =  k H i . (4.1a)

E s geht bereits aus der G egenüberstellung dieser beiden G leichungen her
vor, daß die E rgiebigkeit des V akuum brunnens höher ist, als die des G ravita
tionsbrunnens.

Der die E rgiebigkeit beeinflußende K apillarraum  kom m t im  Sickersys- 
stem  um  die Vakuum brunnenreihe in folgender Form in Erscheinung (B ild  6 a 
bis 6 c):

Im  G ravitationssystem  gibt es zw ischen der Gravitations- und K apillar
zone einen W asseraustausch wie im  B ild  6 a ersichtlich ist, und die gesam te  
W asserm enge ström t durch die G ravitationszone dem Brunnen zu.

In einem  m it einer V akuum system  verhältnism äßig noch niedrigere 
A bsaugfähigkeit (B ild 6 b) bleibt der bei den Filterbrunnen beobachtete  Cha
rakter des W asseraustausches bestehen. Jed och  wirkt bereits am B runnen
m antel der unm ittelbare Saugeffekt des B runnens auf den K apillarraum . Im  
A nfang kann das W asser nur vom  unteren T eil des Kapillarraumes, und  dann, 
im  F alle einer stärkeren Depression von dem  ganzen Kapillarraum u n m itte l
bar in  den Brunnen ström en. A uf diese W eise n im m t die Menge und P roportion  
des W assers, das durch den Kapillarraum  ström t, allmählich zu.

Infolge der weiteren Steigerung der Grundwasserabsenkung k an n  sich  
auch der im  B ild 6 c dargestellte K apillarraum  entwickeln. In solchen  Fällen  
reicht der untere Teil des Kapillarraums bereits in die undurchlässige Schicht 
hinein, was von dem  obenerwähnten hydraulischen Benehmen und der F unk
tion des Kapillarraum s abw eicht, wobei m an im  üblichen Sinne v o n  einer 
kapillaren Ergiebigkeit nicht mehr reden kann.

Infolge der von der Grundwasserabsenkung abhängigen hydraulischen  
E igenheiten  des Kapillarraum es sollten gew isse hydraulische V ereinfachungen  
— w enn  man die kapillare Ergiebigkeit in jed em  Fall als einen B egriff behalten  
w ill — eingeführt werden.

D ie H ydraulik  der Fassungsstollen behandelt den K apillarraum  als ein 
unabhängiges S ickersystem  und betrachtet denselben als ein geschlossenes  
Rohr ( K o v á c s , 1973). Folglich kann die E rgiebigkeit des K apillarraum es auf 
der E inheitsbreite des G ravitationsfassungsstollens bei Kenntnis des k on stan 
ten  Sickerquerschnitts (F  =  h(), der Länge L  des Kapillarraumes, der an des
sen beiden  E nden wirkenden P otentia lw erte, sowie des für den K apillarraum  
als m aßgebend betrachteten  F iltrationskoeffizienten  к , angenähert berechnet 
w erden (B ild  6 a):

q =  Fv =  kh'kJ  =  2 *  . (4 .3 )
L
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B ild  6a bis c. E rläuterung des K apillarraum es im  Falle v o n  unterschiedlichen A bsenkungen

F ü r den die V akuum brunnenreihe substitu ierende V akuum fassungsstol
len  w ü rd e sich die B eziehung (Bild 6 h)

q — Fv  =  k h U ]h, Hl — (Щ — p M
к г / (4.4)

ergeb en , jedoch  darf schon, w ie auch im  B ild ersichtlich ist, im vorliegenden  
F a ll d ie  B ehandlung des K apillarraum es als ein  geschlossenes Rohr n ich t ge
s ta lte t  w erden.
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Die Höhe H-.J des unteren N iveaus des sich am Brunnenm antel anschlie
ßenden K apillarraum es über der B runnensohle P n /y v ist das unter dem Bande 
des Saugrohres befindliche, durch den hydrostatischen Druck gekennzeichnete  
V akuum .

Zur E rm ittlung der G esam tergiebigkeit des V akuum sickersystem s, sollte  
— da der Kapillar- und G ravitationssickerraum  vom  dynam ischen Standpunkt 
aus betrachtet ein  einheitliches System bildet —, die gleichzeitige Berechnung  
der G esam tergiebigkeit der beiden System e erm öglicht werden.

Das Grundprinzip der Lösung ist, daß einerseits die E rgiebigkeit eines 
einheitlichen Sickersystem s berechnet, andererseits, bei den Grenzbedingungen  
der Kapillarraum m it einer Höhe von  h'k berücksichtigt werden sollte, d. h ., es 
so llte  ein solcher stellvertretender K apillarsickerquerschnitt gew ählt werden, 
für welchen die für den Zweiphasenraum  bezogene Bedingung к =  konst, als 
gü ltig  betrachtet werden kann. A u f diese W eise kann die Veränderlichkeit des 
F iltrationskoeffizienten  längs der K apillarraum höhe außer acht gelassen wer
den. Letzten E ndes wird also eine kleinere, als die tatsächliche H öhe hk, die sog. 
Ersatzhöhe (li'k) für den Kapillarraum  eingeführt, wodurch die ursprüngliche 
D icke des Zweiphasensickerraum es nach oben durch h'k erhöht wird.

Unter Berücksichtigung der Veränderung k(h) des K oeffizienten  к in der 
R ichtung h, wird die Ergiebigkeit des K apillarraum es durch die G leichung

qx =  j \ hokk(h) dh  (4.5)

bestim m t.
Dieselbe E rgiebigkeit wird unter Berücksichtigung der Ersatzhöhe hk 

und к =  konst, a u f eine Elem entarlänge des Kapillarraum es durch die B ezie
hung

qx =  k j h k (4.6)
erhalten.

Da die E rgiebigkeiten der beiden G leichungen (4.5) und (4.6) gleich sind, 
ergibt sich die B eziehung

k j h ’k =  J  k(h) dh , (4.7)

woraus die E rsatzhöhe

[hk k(h) dh
К  =  - k - j - -------  (4.8)

erm ittelt werden kann.
Die Höhe h'k des Kapillarraumes für eine bestim m te Bodenart kann auf

grund der Kurve p F  geschätzt w erden. D ie bei der G rundwasserabsenkung  
nach  dem Vakuum brunnen verfahren vorkom m enden Böden besitzen  im  allge
m einen einen bestim m ten  abgeschlossenen K apillarbereich, und die van der
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W a a ls —Londonsche K raft fo lg t nur einem  verhältnism äßig kleineren T eil des 
im  H ohlraum gehalt befindlichen  W assers weshalb für solche Bodenarten der 
B ereich

Kl >V(”)
als charakteristisch  betrachtet werden kann, 

wo:
hk2 =  die dem höchsten P u n k t der horizontalen Strecke der K urve p F  zugeordnete 

hydrostatische D ruckhöhe; und
y) =  die auf der Oberfläche der W asserm em brane gemessene Saugspannung; 
re =  den Hohlraum gehalt 

b edeu ten

A u sführliche Berechnungen können nach K ová cs  (1972), (S. 70, Bilder 1.3 
bis 2 b ), unter Berücksichtigung der Tatsache durchgeführt werden, daß der 
Sättigungsverm inderung des B odens die W asserdurchlässigkeit desselben stark  
a b n im m t ( K e z d i  1969, 1976).

Im  folgenden wird die vo llstän d ige theoretische A bleitung der auch die 
K apillarw irkungen berücksichtigenden Ergiebigkeitsform el des V akuum sicker
sy stem s vorgeführt.

5. Die Ergiebigkeitsform el des Vakuum sickersystems

Zur theoretischen B erechnung der Ergiebigkeit des G ravitationsfassungs
sto llen s m it freier Oberfläche wird das w ohlbekannte D upuitsche Verfahren  
an gew an d t. Nach dem A usgangsgrund desselben, w enn man das B eisein  des 
K apillarraum es außer acht lä ß t, erfüllt die Grundwasserabsenkungskurve 
p  =  0 gleichzeitig auch die F u n k tion  der höchsten Grenzstrom linie des Sicker
fe ld s. W enn  man aber auch die W irkung der Ergiebigkeitserhöhung des K apil
larraum es in Betracht zieht, verläu ft die höchste Strom linie des Sickersystem s 
über der Absenkungskurve in einer gewissen H öhe parallel zu dieser letzteren .

D ie  zur theoretischen B erechnungen der Ergiebigkeit gehörenden h y d 
rau lisch en  Um stände der U m gebung der Vakuumbrunnenreihe, die gleichzeitig 
W asser und Luft ansaugt (und die im  vorliegenden Fall durch eine V akuum 
fassungsstollenreihe ersetzt ist) w eichen von den obenerw ähnten B edingungen  
ab (B ild  7):

D ie Kurve des D ruckes p  =  0 ist keine G rundwasserabsenkungskurve 
m ehr, da näm lich der zw ischen den G ravitations- und V akuum sickersystem en  
b esteh en d e  grundlegende U ntersch ied  beachtet werden muß; bei dem G ravi
tationsverfahren  gibt die die obere Abgrenzung des Ström ungsbereichs repre- 
sen tieren d e Absenkungskurve (w elche zugleich auch die äußere Strom linie ist) 
e in d eu tig  das irgendeinem Q uerschnitt x  des Sickersystem s zugeordnete E ner
g ien iv ea u  (<px — k H x -f- C) an. Im  Falle von einem  luftansaugenden V akuum 
b ru n n en  verändert sich in der K onstante C der bisher stillschw eigend berück-
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B ild  7. E rläuterung der zur A bleitung der Ergiebigkeitsformcl fü r den  V akuum brunnen ange
w andten Bezeichnungen

sichtigte, über dem Sickerraum  herrschende Luftdruck p 0. Infolgedessen sollte 
die Luftdruckänderung besonders berücksichtigt w erden (1. Erkenntnis)

<px = f c Î H x + ^ ç )  +  C , (5.1)
l У I

bzw . in einer mehr angebrachten Form

Vx =  k +  C . (5.2)

Deshalb kann die K urve p 0 als eine Energiekennlinie g ed eu tet werden.
by D ie höchstliegende Strom linie des Sickerbereiches, die zugleich auch 

die niedrigste Strom linie des Luftsickerraum es ist, lieg t zw ar auch je tzt über 
der K urve p  =  0, jedoch  verläuft sie nicht parallel zur letzteren , denn der 
Luftdruck über der W assersickerzone ist konstant.

c> U nter dieser Strom linie verläuft in einem A bstand  von h  ̂ eine paral
lele K urve, die als die untere Grenzlinie des K apillarraum es definiert werden 
kann (die jedoch keine Strom linie ist). Für h^sind folgende Bedingungen gültig

К > K >  Кг > 0 »

wo:
hk =  die kapillare A nstieghöhe; 
hfa =  die Dicke des geschlossenen K apillarraum es 

bedeuten.
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A ufgrund dieser B edingungen  kann man m it der B en u tzu n g  der im  Bild  
a n g ew a n d ten  Beziehungen schreiben:

(5.3)
dx  dx

D ie  die Wasser- und L uftström ungen  berücksichtigende Druckänderung

(5.4)

wird:
dp  dh I dpi dy
dz dx  dx dx

D u rch  Anwendung der v o n  D u p u i t  eingeführten, b ek an n ten  Bedingun
gen erh ä lt m an für die auf die einheitliche Zonenbreite en tfa llende spezifische  
E rgieb igk eit

q =  v F , 
wo

ist.
F = h  +  hl

U n ter  Berücksichtigung der G eschwindigkeit

dx dx

und n a ch  Durchführung der Substitu ierungen erhält m an

dh dpi

(5.5)

(5.6)

(5.7)

q =  к
dx ydx

(h - h'k) , (5.8)

die d ie auch den K apil larraum  berücksichtigende allgemeine Differentialglei
chung des Vakuumfassungsstollens ist.

D iese  Gleichung kann, u n ter  B erücksichtigung der G leichung (5.4) auch, 
w ie fo lg t , aufgeschrieben w erden:

q =  k é L {h +  h'k) .
d x

(5.9)

WO

T rennung der V eränderlichen und Durchführung der In tegration  ergeben

j - j d x = j ( h  +  h'k) d y ,  (5.10)

Po ~~ Pixh =  y  + (5.11)
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und som it

fcJ<fa=J(y + P ' ~ PU +  K ) d y -  (5-12)

Führt man die B eziehung

P- ° ~ P,X- =  f ix )  (5.13)
У

ein, die diejenige von x  abhängige Druckdifferenz b ed eu tet, w elche auf der 
W asser- und Luftström ungsräum e abtrennenden Strom linie interpretiert und 
m it p 0 in  Zusam m enhang gebracht wird (wo p lx den L uftdruck im  Punkte der 
Strom linie in einer E ntfernung von dem Fassungsstollen b ed eu tet), erhält man

dx =  ( h ' +  f {x )  +  K )  dy  . (5.14)

Die Funktion f (x )  kann theoretisch nicht exakt erm itte lt werden, denn 
m an könnte sie nur vom  Strom bild ableiten, w elches die gem einsam e Strö
m ung der Luft und des W assers repräsentiert. Jedoch, m it R ücksicht auf 

«> die Bedingung y l <§: y v, weiters
by auf die Ergebnisse der Laborversuche (Bild 8 ), k önnte m an für die in 

der Praxis vorkom m enden E inzelfälle annehm en, daß die H öhenänderung der 
am  höchsten liegenden Strom linie des W assersickerraumes a u f den an einer 
gegebenen Stelle x  herrschenden Luftdruck keine R ückw irkung ausübt (2. 
E rkenntnis), d. h.,

Д х ) = Р о ~ Р1хф Д у )  (5.15)
У

w ovon man nach D urchführung der Integration die G leichung in der Form  
erhält:

- f  *  =  £  +  y f ix )  +  y K  + ' C . (5.16)
к Z

W enn x  =  0, dann f ( x 0) =  h0 — y 0 (3. Erkenntnis), som it

{ o  =  y±  +  y 0(h0 - y 0) + y 0K  +  C ,  (5.17)

und daraus ergibt sich die G leichung

С =  ^ - у Л ~ у Л -  (5-18)
Là
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Nach der Interpretation  des Bildes 7, ist h0 die H öhe der unteren Linie 
des Kapillarraumes über der Brunnensohle. H iezu sei bem erkt, daß hü auch als 
ein negativer W ert Vorkommen kann.

Sei X — L,  dann f ( x L) — 0, y  =  H  und

\ L  =  ? Y + H K + yl - y 0h0 - y 0K ,  (5.19)

w ovon man die Ergiebigkeit des Kapillarraum es berücksichtigende Formel der 
Ergiebigkeit des Vakuumfassungsstollens (der Vakuumbrunnenreihe}  erhält:

Г  2 L =  H* +  y % -  2 y uh0 +  2 K  (H  -  y 0) . (5.20)
к

Die Formel (5.20) kann als allgem ein gültig betrachtet w erden und dem
gem äß geht nach Durchführung der den üblichen V ernachlässigungen entspre
chenden Substituierungen in  die bekannte Form eln der E rgieb igkeit über.

So, z. B . vereinfacht sich die G leichung (5.20) für den G raviationsfassungs- 
stollen , m it R ücksicht au f die Ergiebigkeit des K apillarraum es, im  Falle der 
G ültigkeit der V oraussetzung h0 =  y 0 auf folgende Form:

-q~ 2L =  H 2  — hf, +  2h'k{H  -  hu) . (5.21)
к

Vernachlässigt m an die erhöhende W irkung des K apillarraum es auf die 
W assergiebigkeit, d. h ., h'k =  0, so nim m t die Formel die b ekannte Form

y 2 L  =  H 2 — h% (5.22)
к

ац.
U ntersucht m an nur einen einzigen Brunnen (anstatt eines Fassungs- 

stollens), so erhält m an au f gleiche W eise wie durch die oben geschilderte 
A bleitung die Formel der E rgiebigkeit für einen einzelnen Vakuumbrunnen:

~  b  -  =  I P  + y l -  2y üh0 +  Щ  (H  -  y 0) . (5.23)
лк r

Im  G ravitationssystem  geht auch diese, auf den einzelnen Vakuum brun
nen bezogene Formel nach Durchführung der entsprechenden Substituierungen  
in die schon bekannte Form  über. A u f diese W eise erhält m an für den auch die 
W irkung des Kapillarraum es berücksichtigenden Einzelgravitationsbrunnen  
(d. h., im  Falle der Erfüllung der Bedingung y 0 =  hu) die Form el:

ln  —  =  H 2 — hl — 2h'k(H  -  hu) . (5.24)
лк r
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Vernachlässigt m an aber die ergiebigkeitssteigernde W irkung des K apil
larraum es (d. h., y  =  ha und hk =  0), so ergibt sich für den einzelnen G ravita
tionsbrunnen  die Formel

^  ln —  =  H - -  h>. (5.25)
л к  r

D ie im  Laboratorium  erhaltenen und die G ültigkeit der Form el (5.20) 
bew eisen d en  Angaben sind im  Bild 9 ersichtlich.

6 . Berechnung der oberen Grenzlinie des Zweiphasensickerraum es

Zweck der G rundw asserabsenkungssystem e is t  die R eduktion der Höhe 
der Z w eiphasenraum deckfläche, d. h., das H erabsetzen des N iveaus des gesät
t ig te n  Sickerraumes. D ie obere (der Höhe h'k zugeordnete Grenzstromlinie, die 
b ei der theoretischen B erech n u n g  der Ergiebigkeit, für das physikalische Modell 
ein gefü h rt wurde) kann m it guter Annäherung als obere Grenzlinie des entw äs
ser ten  Raum es betrachtet w erden. Die diese Linie bestim m ende D ifferential
g le ich u n g  wurde für den V akuum fassungsstollen aufgeschrieben und erläutert. 
M it der in Zusam m enhang m it der Erm ittlung der Ergiebigkeit angewandte  
A b le itu n g  wurde die B ezeichnung (p 0—Pi x) l y — f (x ) eingeführt. Aufgrund  
des physikalischen M odells u n d  der Beziehung (5 .14) ist einzusehen, daß zur 
E rm ittlu n g  der gesuchten Strom linie die K enntnis der Funktion f (x)  unerläß
lich  is t . (Dieser U m stand verursacht in der A bleitung der Ergiebigkeitsform el 
k ein e  Schwierigkeiten, da in  Zusam m enhang m it den in  der Praxis Vorkommen
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den Fällen  rechtm äßig vorausgesetzt werden kann, daß die F unktion  f ( x )  
unabhängig von y  ist und infolgedessen aus der A bleitung der Ergiebigkeits
form el entfällt.

Im  vorliegenden F all ist jedoch die G rundbedingung der Lösung die 
K enntnis des Luftdrucks in Abhängigkeit von der E ntfernung von  der Fassungs
oberfläche.

Aufgrund der A nalyse der zur Verfügung stehenden Fachliteratur ( G r i - 

GOREW, 1973) und der A usw ertung der von dem  Autor durchgeführten Labor
versuche konnte die Folgerung gezogen werden, daß im  F all v o n  Fassungs
sto llen  durch die A nw endung der folgenden Beziehung eine gute Näherung  
erzielt wird

(6.1)

WO

=  h0 — y () ( 6 .2)

bedeutet.
Als Beweis dient das Bild 10. In der obigen Formel bedeuten:

Pix =  den L u ftd ru ck  im  B o d en  in der u n m itte lb a ren  N ä h e  v o m  F a ssu n g ssto llen ;  
y =  die W ich te  d es W assers;
L  =  die R e ich w eite  d es F assu n g ssto llen s;
X =  die E n tfe rn u n g  d er  u n ter su ch ten  S te lle  v o n  dem  F a ssu n g ssto llen .

»

U nter B erücksichtigung der obigen Feststellungen  kann der W ert von 
f ( x )  aufgrund der G leichung (6.1) angenom m en werden, dem zufolge erhält man

Bild 10. Die A nw endbarkeit der Gleichung (6.1) dem onstrierendeV ersuchsergebnisse.

6 Acta Technica Academiae Scientiarum Hungaricae 90, 1980



82 ÖLLÖS, G.

n a ch  der Substituierung

if*-/ У +  iho -  J o )  -L - - . ^  d y  .
L 4

N ach  der Integration erh ä lt man

v2 l L - x V
~ x =  ^Г +  У{К  -  Jo )  к Z

+  yh'k +  C.

(6.3)

(6.4)

o)
Filter brunnen

m Filterhöhe des Brunnenm antels 

V akuum brunnen ohne Luftansaugen

©  Druckverteilung im Filterrohr

B i l d  1 1 a  b is  d. D eu tu ng des W a ssersp ieg e la b r isses A h  bei e in em  V ak u u m b ru n n en , a) F ilter 
b r u n n e n . Z eichenerklärung: A h  D e r  W assersp iegelabriß; m F ilterh ö h e  des B ru n n en m an tels;  
b ) V a k u u m b r u n n e n  ohne L u fta n sa u g e n ;  A p /y  D ru ck u n tersch ied  zw isch en  d en  L u fträ u m en  im  
B r u n n e n  u n d  über dem  K a p illa rra u m ; (T )K apillardruckverteilung; (2) D ru ck  V erteilung im  F ilter 
roh r; c )  V ak uum brunnen  oh n e L u fta n sa u g e n ;  d)  L u fta n sa u g en d er  V a k u u m b ru n n en  (h'k m)
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W enn X =  L,  dann y  =  H.  In  d iesem  Fall

L
und so

y ( K - y 0) p ^ ) 4 = 0 - (6.5)

N ach der Substituierung wird die G leichung der oberen Grensstromlinie des 
dem  V akuum fassungsstollen sich anschließenden , als zw eiphasig betrachteten  
Wassersickerraumes

| - * = y  + y(h о -  J o )  +  У К  +  у  -  У о К  -  У о К  • (6.6)

с)

Luftansaugender V akuum brunnen ( h'k S m  )
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7. Deutung des Wasserspiegelabrisses bei den Vakuumbrunnen

D er physikalische V erlauf des W asserspiegelabrisses (Ah) wird durch zwe 
H auptfaktoren  beeinflußt:

— am  B runnenm antel, in  der Zone der größten Sickergeschw indigkeiten  
nim m t der W iderstand zu;

— das W asser tr itt  auch von  oben vom  K apillarraum  in den Brunnen ein.
D ie D eutung der D ruckverhältnisse an beiden Seiten  des B runnenm an

tels und  zugleich des A brisses Ah als Verlaufes is t  in den Bildern 11a bis l l d  
w iedergegeben.

W ie aus diesen B ildern hervorgeht, ist infolge des Vorhandenseins des 
D ruckunterschieds Ap,  der unm ittelbare E in tr itt des W assers in  den Brunnen  
von einem  gewissen Teil des Kapillarraum es von  der A pjy  hohen unteren Zone  
m öglich. D as kann auch anders ausgedriiekt w erden, und zwar: vom  G esichts
punkt des W asserspiegelabrisses Ah wird die ursprüngliche h'k Höhe des K apil
larraum es au f die H öhe hk =  h'k — Apjy reduziert, d. h ., von dieser hk starken  
Zone kann kein W asser durch die untere Zone in den Brunnen ström en. Som it 
ist der V erlauf des Abrisses analog zu dem, der bei den Filterbrunnen vorkom m t.
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A NOTE IN CONNECTION WITH THE 
DEFORMATION ENERGY

I. ECSED I*

(M anuscript received February  13, 1979)

This paper deals w ith bodies m ade of linearly elastic m aterial. I t  verifies an in
equality  relation in connection w ith  th e  deform ation energy, by apply ing  th e  usual as
sum ption of elastostatics.

L et us consider the b od y o f linearly  elastic material represented in Fig. 1. 
The load applied to the body is th e  vo lum e load forming a sy stem  o f  forces in 
equilibrium , q =  q(r) and the surface load p  =  p(r). The usual assum ptions of 
elastostatics are applied, how ever, it  should be noted that the m aterial o f the 
b od y m ay also be inhom ogeneous, anisotropic.

In case o f  the sim ultaneous application  o f both the volum etric and surface 
load (qt =  qt(r) and p t =  p t(r) resp ectively ) the deformation energy o f  the body

* D r. Is tv án  E c s e d i, V ászonfehérít ő‘ u. 24 IV/1. H-3531 Miskolc, H ungary
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U ti; and in case of the ap p lica tion  of the volum etric load

5 = Jb'W
1 =  1

and o f  the surface load

p  = j t  p M
i=i

th e  deform ation energy o f  th e  body be U.
T he paper is in tended  to  prove that in con n ection  w ith  the deform ation  

en ergy  U  o f the linearly e la stic  hody the inequality  relation

U  <  i*(l7n  +  U22 +  U33 +  . . .  +  U nn) (1)
holds true.

Proving o f  the inequality relation (1)

T he verification is o n ly  carried out for case n =  3 (which, as a m atter o f  
fa c t, does not affect the gen era lity ), i.e., it is p o in ted  ou t th at the inequality  
relation

U < 3 ( U n + U 22+  U 33) (2 )

is v a lid  wherein U  denotes th e  deformation energy associated  with the vo lu 
m etric load q =  -|- q2 -f- q3 and  the surface load p  =  p 1 -j- p 2 P i 

l l  is known that

U = u n +  u 12 +  u 13

+  u 22 +  U23 (3)

+  u 33.

In  E q. (3) expressions U 12, U ^ ,  U 13 designate the extraneous deformation ener
gies.

In  case of the vo lu m etric  load qn  =  qx—q2 and o f  th e  surface load p 12 — 
— p 2 the value o f th e  deform ation energy o f th e  elastic  body is

U' =  U n  +  U22 -  U12 . (4)

T he deform ation energy U' b e in g  non-negative, on th e  basis o f Eq. (4) m ay be 
w ritten  as

U n  +  U22 >  U12 . (5)

B y  sim ilar reasoning it  can  be pointed out that

U lx +  U33 U13 ,

U22 U33 U23 .
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W ith the aid o f com bination o f Eq. (3) and inequality relations (5), (6 ), (7) the 
inequality  relation

и ^ ц и п + и 22+ и 33) (8 )

to he proved is obtained.

A n  application

The elem ents of the structure show n in Fig. 2 are elastic and rigid bodies. 
B etw een  the elem ents of the structure such  connections and support conditions 
are assum ed to achieve that stage in w hich  the elements and the w hole structure

Fig. 2. S tructure bu ilt up from  elastic and rigid bodies

could not carry out fin ite , rigid-body-like m ovem ent at any load com ing in 
question. The deform ation energy o f the structure is the function o f th e  external 
forces F v  Fo,. . . ,  F n. B y  m aking use o f  M axw ell’s influence num bers c,-y, the  
deform ation energy m ay he w ritten  in th e  form

V  =  \ 2 Ê ci JF i F r  (9)z (=1y=l
O bviously, in the case in question

Ui i = \ c l l F f .  (10)

On the basis o f the verified inequality  relation  (1) the follow ing relation  is ob
tained:

2 2 c4 F ‘ F i < n Ê c“ f 2- ( и )/ = 1 7 - I  / = 1
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The in e q u a lity  relation (11) holds true for any o f th e  variables F  il F2, . . . ,  F n. 
U sing th e  values F, — 1 (i =  1, 2, . . re), and th e  inequality  relation, the  
relation

J ^ ^ ( r e - l ) J c „  (12)
/,7=1 / =  1
w

is o b ta in ed  in connection w ith  M axw ell’s in fluence num bers c,-,-.

E in  Satz im Zusam m enhang m it der Form änderungsenergie. — Gegenstand der S tudie 
is t Beweis e iner Ungleicliheitsbeziehung im  Zusam m enhang m it der Form änderungsenergie des 
K örpers aus linear elastischem M aterial.
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TORSIONAL BUCKLING OF A CANTILEVER 
SUBJECTED TO DISTRIBUTED NORMAL LOADS

K. ZALKA*

[M anuscript received N ovem ber 21, 1978]

The paper deals w ith the spatial stab ility  analysis of a bar w ith a built-in lower 
and a free upper end, subjected to d istributed  norm al loads along its axis. The sim ulta
neous differential equations of combined torsional and flexural buckling are set up. 
The exact and approxim ate com putation of th e  critical load of a b a r w ith  double-sym 
metric cross section is dealt w ith in detail. Closed form ulae are given for the  approxim ate 
analysis of th e  critical load of a bar w ith m ono-sym m etric cross section.

1. Introduction

According to  the elem entary stress analysis the elem ents o f a bar exhibit 
three kinds of deform ations: buckling in the tw o principal planes and pure tor
sional buckling. D uring torsion the two adjacent cross sections o f  the elem ent 
have a relative rotation  (tw ist) w ith respect to  an axis through the shear center. 
D ue to the three kinds o f  deform ations the axis o f  the bar generally becom es a 
three-dim ensional curve. Taking these possib ilities into consideration we can 
speak about the phenom ena o f combined torsional and flexural buckling: an 
axially  compressed bar w ith  in itially  straight axis loses its stab ility  at a critical 
load  P cr and buckling occurs by a com bination o f tw ist o f the cross sections 
and bending of the axis o f  the bar. This critical load is generally smaller or at 
m ost equal to th a t calculated w ith the assum ption o f planar buckling.

In the case o f  bars w ith  thin-walled open cross section the phenom ena of 
torsional-flexural buckling is o f great im portance because the critical load of 
the pure torsional buckling can he considerably sm aller than  that o f the planar 
buckling and so the critical load o f the com bined torsional-flexural buckling is 
sm all as well.

The general problem s o f the spatial sta b ility  analysis o f a bar subjected  
to a dead vertical load have been analysed b y  several authors [2, 3, 4, 5, 8 ]. 
The value o f the critical load equals the sm allest roof o f  a tertiary algebraical 
equation deduced from  the expansion o f a third order determ inant.

A bar w ith  sim ple (hinged) supports has been analysed in  detail by  
T im o s h e n k o  assum ing th a t the cross section has one axis o f sym m etry. For the

* K. Zalka, N yár u. 19. 1/4, H-1043 B udapest, H ungary
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ca lcu la tio n  o f the critical load  a set o f  diagrams was given in function  o f dif
feren t ratios of rigidity [8 ].

In  practice, however, bars h avin g  a built-in  lower and a free upper endr 
su b jected  to  distributed norm al loads (i.e. gravity loads) can be frequently  en
cou n tered . The aim o f this paper is to  derive form ulae o f closed form  for 
th e  ca lcu la tion  of the critical load  o f  such bars.

T h e analysis o f  the critical load  o f a bar w ith  double-sym m etric cross 
sec tio n  w ill be discussed in  deta il. A  closed formula will be given for th e  approx
im a te  and  a table and diagram s for the exact calculation o f the critical load  
for pure torsion.

Closed, approxim ate form ulas w ill be given for the calculation o f th e  crit
ica l lo a d  o f a bar w ith  m ono-sym m etric and unsym m etric cross section . 
T he e x a c t  calculation o f th e  critica l load in  such cases trill be presented in  a 
fo llo w in g  paper.

T h e bifurcation load o f th e  bar w ill be investigated  b y  assum ing th a t the  
m ateria l o f  the bar is perfectly  e lastic  and its cross section doesn’t  vary  along  
th e  h e ig h t. Deform ation caused b y  shear forces w ill be neglected.

2. The simultaneous differential equations of the combined 
torsional-flexural buckling

L et us consider a bar w ith  a lower built-in and an upper free end having  
an unsym m etrical cross section  show n in F ig 1. The bar is subjected  to  uni
form ly  distributed norm al loads o f  in ten sity  q (i.e. gravity  loads). L et us set the  
coord in ate  system  such th at th e  axis z coincides w ith  the centroidal axis o f  the
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T O R S I O N A L  B U C K L I N G  O F  A  C A N T I L E V E R 93

bar and the axes x  and y  are the principal axes o f inertia o f the free upper cross 
section  o f the bar. The axes x  and y  are fixed  to the upper cross section  there
fore th ey  remain principal axes o f  in tertia  during buckling as w ell. C 
denotes the centroid and x0, y () are the coordinates of the shear center 0 .

D uring buckling cross sections undergo translation and rotation. The trans
lation  is defined by the deflections и and v in the x  and у  direction, respectively , 
o f  the shear center 0 .  Thus, during translation  o f the cross section  point 0  
m oves to  O' and point C to C .  The rota tion  o f the cross section about th e  shear 
center is denoted b y  the angle (p and the final position o f the centroid is C" 
(F ig. 1). Therefore the final deflections o f  the centroid C during buckling are:

и +  y Q<p , (2.1)

v — x 0cp . (2 .2 )

A s a next m ove on the basis o f  the above statem ent the differential equa
tion  o f th e  buckling o f  the shear-center axis in the direction x  w ill be set up. 
The differential equation o f the buckling in the direction у  will be g iven  disre
garding details.

L et us consider the elem entary section  of the shear-center ax is (F ig. 2). 
The follow ing equations of equilibrium  can be written.
E quation  o f m om ents:

N(du  ! y û j )  — d M  Tdz  =  0 . (2.3)
H ence:

T  =  — Щ и +  y ucp’) +  M '  . (2.4)

E quation  o f the horizontal projections:

(2.5)

d T  =  0 ,

T  =  0  .
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E q uation  o f the vertica l projections:

qdz -  d N  =  0 . (2.6)
H ence:

N ' =  q . (2.7)

L et us d ifferentiate E q . (2.4) once w ith respect to  z.
U sin g  Eqs (2.5) and (2.7) w e obtain the fo llow ing equation:

-  +  УоЧ>') -  « * К  +  Уо<Р") +  M " =  0 . (2.8)

A ccording to the elem entary stress analysis

M  =  -  E lu "  ,

so th e  differential equation  for the deflected  shape o f the shear-center axis 
becom es

u"" +  ~  К  +  Уо<Р") + - = £ - ( » ' +  УоЧО =  0 • (2-9)E l y  E ly

Proceeding as before th e  differential eq uation  for the deflected shape in  
th e  direction у  can be obtained:

V"" +  К  -  X0cp") +  — (V' — x 0q>') =  0 . (2.10)
E I X E I X

Since the point o f  origin of the coordinate system  has been fix ed  on th e  
top  o f  th e  colum n, E qs (2.9) and (2.10) have th e  fo llow ing boundary conditions.

a )  A t the top  o f  the colum n the d isp lacem ent in the directions x  and у  
equals zero, respectively:

v{0 ) =  u(0 ) =  0  . (2 .1 1 )

by A t the bottom  o f th e  colum n the slope o f  th e  deflection  in the directions 
x  and y ,  respectively , is parallel w ith the axis z:

v \ H )  =  u'(H)  =  0 . (2.12)

c)> A t the top  o f  the colum n bending m om ents equal zero:

v"(0) =  u"(0) =  0 . (2.13)

dy  A t the top  o f  the colum n the value o f  th e  shear forces equals zero:

v'"(0) =  u"'(0) =  0 . (2.14)
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The two differential equations for bending o f the bar (2.9), (2.10) contain  
u, V  and <p as unknow n quantities. The required third equation is found b y  con
sidering the torsion  o f  the bar. As a n ext m ove th is equation will be presented.

Let us take a longitudinal strip o f  cross section  t ds defined by coordinates 
X ,  y  in the plane o f  th e  cross section (F ig. 1, F ig. 3). The com ponents o f  its 
deflection  in the directions x  and y  during buckling are, respectively,

u +  (y 0 — y)(p , (2.15)
and

V  — (x0 — x)cp . (2.16)

b)

F i g .  3

The elem entary strip  is subjected to a com pressive unit stress:

a 4
I

(2.17)

wherein A  denotes th e  cross-sectional area o f the bar. The com pressive force 
actin g  on the sligh tly  rotated  end of the elem ent defined by the coordinate z is 
(F ig . 3):

N  =  at ds  =  zq *̂  . (2.18)

Considering the equilibrium  o f an elem ent o f  len gth  dz on the xz  and y z  planes 
o f projections th e  fo llow ing equations can be w ritten.
P lane y z

Equation o f  m om ents:

N { d v  — ( * 0  — x) dq } — d \ l  Tdz  =  0 .
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H ence:
T =  M ' -  N {v '  -  ( х -  х 0)(р'} . (2.19)

E q uation  of the horizontal projections:

d T  =  0 ,
or

T  =  0 . (2.20)

E q uation  of the vertical projections:

q dz  —  d  X 0  .
A

H ence:

N ' ^ q  — i .  (2.21)

D ifferen tia tin g  Eq. (2.19) once and su bstitu ting  it  into Eq. (2.20) using Eq. 
(2 .2 1 ) it  is found that

M "  — zq {v" -  (x 0 — x)cp") -  q { v '  — (xü — x)<p'} =  0 . (2.22)
A  A

Since
M  =  —Elv" ,

th e  d ifferential equation for th e  deflected shape o f the elem entary strip in  the 
p lane y z  is as follows:

E L  v"
t ds

{v" -  (xQ — x)<p"} q ^ - { v ' - ( x 0 - x ) c p ’} .  (2.23)

W e can  now  realize th a t E q. (2.23) is the differential equation of an ordinary 
b eam  subjected  to bending. In  th is case the right side of the equation can be 
u n d erstood  as a fictitious load  in ten sity  in the plane y z :

зг ~~r~ i v" — (*o — x) ¥ ' }  — ч~~г W  -  (x o — XW } - (2 -24)A  A

T he fic titio u s load in ten sity  in  the plane xz  can be obtained in a sim ilar manner:

— 7 -  +  (Jo — y)<p"} -  4 l- ~ -  { “ ' +  (Jo -  y ) ¥ }  ■ (2 -25)
A  A
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These fictitiou s loads give rise to tw istin g . Taking the m om ent about th e  shear- 
center axis o f the above forces for one longitudinal strip the fo llow ing torque 
per unit length  o f the bar is obtained:

dmz =  + q z ^ - ( x n -  x){v" — (x0 — x)<p"} + q ^ - ( x u — x) X  
A A

X {»' -  ( * 0  -  x)<p'} -  qz - —j -  ( y 0  -  j )  {«" +  ( y 0 -  У)<Р"} —
A

-  -у)  {«*' + (уО — уУр’} ■ (2*26)А

In tegrating  over the entire cross-sectional area and observing th a t

1 л , Л  =  А -

| A x-t ds =  Iy  , \Ay 2t ds =  Ix ,

! 0 =  h  +  Iy  +  A(xI  +  yg) ,

J a x t ds =  J  a у  t ds =  0  ,

we obtain

mz =  f  dmz — i z(xov" -  j .>»") +  ч(х У  — Jo»') — q* - 7  <p" 
J a A <2 -27)A

In these expressions I x and I y are th e  principal centroidal m om ents o f  inertia 
o f the cross section and J0  is the polar m om ent o f  inertia about th e  shear cen
ter 0 .

The torque per unit length o f  the internal forces for nonuniform  torsion is 
given  b y  the follow ing expression:

^  =  G It <p" -  E I a <p"" , (2.28)
dz

where the follow ing notations are used:

G shearing m odulus of elasticity,
/(  to rsinál constan t,
GI/ torsional rigidity,
I  w arping constant,
Е 1 Ш w arping rigidity .

T he positive direction o f Mt  and m z are given b y  the right-hand rule (F ig. 4):

dM .
mz = ------- —- ,

dz
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and th u s, using Eqs (2.27) and  (2.28) we obtain a fou rth  order hom ogeneous dif
feren tia l equation o f variab le  co-efficient for torsion:

E l y " '  -  \GI, -  q z - j - <P" +  3 - V  -  i z i x ov "A У 0 м") -  — У0й ') =  0 .

(2.29)

S in ce th e  axes x  and у  h ave been fixed on the upper free cross section o f the bar, 
E q . (2.29) has the fo llow ing boundary conditions.

аУ A t the top o f  th e  bar torsional deflection  equals zero:

<p(0) =  0 . (2.30)

by A t the bottom  o f  th e  bar there is a b u ilt-in  end, so there is no warping
there:

<p'(H) =  0 . (2.31)

cy A t the top o f thear on the upper cross section  no compressive stresses 
are acting, so warping stresses cannot be reacted , either:

<p"{0 ) =  0  . (2.32)

dy  A t the top o f th e  bar torsional m om ents equal zero:

G Itq>\0) - E I o<p'"(0) =  0 . (2 .33)

Eqs (2.9), (2.10) and (2.29) are the three sim ultaneous differential equa
tion s for buckling b y  b en d in g  and torsion and can be used to calculate the crit
ica l load . The sim u ltan eou s differential eq u ation s (2 .9), (2.10), (2.29) are 
id en tica l to those d erived  b y  Y . Z. V l a s o v  [9]. I t  is seen that the angle o f  
ro ta tion  appears in all three equations, so th a t, in  the general case, torsional 
bu ck lin g  and bending o f th e  axis occurs sim ultaneously .
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The order o f  th e  differential equation (2.29) can he reduced. Carrying out 
the integration o f E q . (2.29) we obtain

*■ -  W /  +  i b ^ '  + ' a ' - l £ i ’ v' d‘  +

wherein

+ Ш .  f  zu- 
E l J

dz 9 x o
EL,

q y  о 
E L,

и -f- Ci =  0

f Z <f " dz — Z  Cp' —  <p -\- c2 ,

I z t/' dz =  z v' — t> -f- c3 , 

fz u" dz =  z  u' — и - f  c4 ,

so the reduced equation  is as follows:

<P '
e l

q h
E L , A E l ,

■ z (x ov' — Уои') +  cs =  0 (2.34)

The boundary condition  (2.33) gives zero for the value o f the con stan t of integra
tion  c5. Thus — since the order o f Eqs (2.9), (2.10) can he reduced in a very 
similar w ay — the sim ultaneous differential equations for buckling by torsion 
and flexure m ay be w ritten  in the follow ing sim ple form:

uw + - ^ ( u ' + y 0?>') =  0 ,
E I y

+  - x 0<p') =  0 ,
E I X

q> — GI, q l a z

E L E L , A
q *

E L,
(*(У  -  Jo«') 0  .

The boundary conditions for the differential equations are: 

u(0 ) =  v(0 ) =  <p(0 ) =  0  , 

u'(H)  =  v’(H)  =  <p\H) =  0 , 

u”(0 ) -  v tt(0 ) =  <p"(0 ) =  0  .

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

3. Bars with double-symmetric cross section

In the particular case when the shear center coincides w ith  the centroid 
we have

x o =  Jo =  0 »
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and therefore Eqs (2.35) (2 .36 ), (2.37) become

+  - *Z и =  0 ,
E l y

1 qZ V' =  o ,
E I X

< G I t q h
E I a E h  A

cp' 0

(3.1)

(3.2)

(3.3)

E a ch  o f these equations contains only one unknow n q u antity  and can be 
trea ted  separately, so th at torsion a l buckling is in dependent o f flexural buckling  
in  b o th  planes.

A ccordingly, through th e  stab ility  analysis o f  bars having two axes o f  
sy m m etry  the following p ossib ilities have to be tak en  in to  account.

o') T he centrally com pressed  bar m ay buckle in  th e  plane of the axis of 
X or y .
In  th ese  cases the critical load  can  be obtained by so lv in g  the eigenvalue prob
lem s g iv en  by Eqs (3.1) and (3 .2 ). The parts of E qs (2.38) to (2.40) concerning  
w ith  d eflections only give th e  boundary conditions. T hese kinds of equations 
arc traceab le  to B essel-equations [8 ]. H aving used B essel-functions the critical 
loads m a y  be given by the fo llow in g  formulae:

or

N cr,x =  4 H

N cr,y = q H  =

7.84 E I y 

H 2

7.84 E I X

H 2

(3.4)

(3.5)

by  Under compression a pure torsional buckling m ay occur. The axis of 
the bar rem ains straight, w hile th e  cross sections ro ta te  about the shear-center 
axis. T h e approxim ate and accurate calculation o f th e  critical load of the pure 
torsional buckling N crV w ill be presented in the fo llow ing sections.

O n ly  the lowest o f the th ree  values of the critical load — N cr x, N cr y, 
N crf — is o f interest in p ractica l applications.

3.1 The approximate calculation of the critical load fo r  pure torsional 
buckling

Considering the physical a sp ect of the problem  a low er bound can be g iven  
for th e  approxim ate calcu lation  o f the critical load. I t  is the theorem  o f R . V. 
S o u t h w e l l  that provides a p ossib ility  for us to do so. T his lower bound will also 
be used  for determining the accurate critical load.
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In general the Southw ell-theorem  holds for eigenvalue-problem s [1] sta t
ing  th a t if  the

S{v) =  x2m v )  (3.6)

eigenvalue-problem  can be w ritten  in the form

а д  +  а д  +  • • • =  x*N(v) , (3 .7 )

th a t is, it can be com posed o f “ parts of problem s” , th en  — under certain con
ditions concerning the S  and N  functions — the low est eigenvalue % 2  is never 
sm aller than the sum  o f the eigenvalues o f the “ parts o f  problem s” :

X * ^ X Î +  xl +  ••• =  j b ? .  (3.8)
i=i

The theorem  applying to  sta b ility  problems is as follow s. I f  the stiffness of an 
elastic  beam  m ay be considered the sum o f the stiffnesses o f  several superposed  
parts, then the critical load is approxim ately or m aybe ex a ctly  equal to  the sum  
o f th e  critical loads o f  the com ponent parts hut never sm aller than  th a t. Accord
in g ly , the sum considered an approxim ate value is alw ays sm aller than the 
actu a l critical load or m ay he equal to it [7].

Thus, if  the rig id ity  o f  a bar is considered the sum  o f torsional and warping 
rigid ities, then the sum  o f  th e  critical loads associated w ith  th is parts o f  rigidities 
gives a lower bound o f the actual critical load. As a n ex t step  these “ part” 
critical loads will be presented.

a> The critical load associated  w ith  the warping rigid ity
In this case E q. (3.3) becom es

w here the notation
E l, .

0 (3.9)

h
A

has been introduced.
The boundary conditions for Eq. (3.9) are those o f  (2.38). W hen solving  

the differential equation T im oshenko’s deduction m ay be applied again. Thus 
th e  critical load associated  w ith  the warping rig id ity  m ay be calcu lated  from  
the form ula

N (O
cr ,<P

1 7,83 E I 0> 

i2P IE
(3.10)

The deflection-curve is show n in Fig. 5a.
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by T h e critical load associated  w ith  the torsional rig id ity
In  th is case Eq. (3.3) y ie ld s the following differential equation:

<p'(q ipt -  Gif) =  0 , (3.11)

and th e  boundary condition  for th e  equation is

On th e  section  0  <[ z <C_ H

ф{0 ) =  0  .

<p’ =  0

m eets th e  requirements, and th e  value of the expression

Я ipH — GIt

is d ifferen t from zero.
On the other hand, a t th e  point z = H  the value o f  cp' is different from  zero,

th en ce
q i$H - G I t =  0 . (3.12)

Since — according to the b ou n d ary  condition — at the top  o f the bar the value  
o f th e  tw istin g  equals zero, th ere  is no tw isting on the w hole section  of

0 <iz  <  H ,

and a t th e  point z =  H  th e  bar undergoes a “ sudden” tw istin g  (Fig. 5b).
T h e critical load a ssocia ted  w ith the torsional r ig id ity  can be obtained  

from  E q . (3.12):

N tcr'<p= q crH  =  ± G I t . (3.13)
l p
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A pplying the Southw ell theorem , now w e can give a lower hound for th e  approx
im ate calculation o f a bar developing pure torsional deformation. I t  is E qs (3.10) 
and (3.13) that have to be sum m arised:

N,cr,(p Ясг II > -
1 7,84 JE Jw

H 2
-\-GIt (3.14)

The above expression is identical to th at obtained  by L. K o l l á r  b y  an elem en
tary deduction [6 ].

3.2. The exact analysis o f  the critical load o f  pure torsional buckling

Let us consider again the d ifferential equation of pure torsional buckling
(3.3) and introduce the follow ing n otations in order that non-dim ensional quan
tities can be worked with:

7.83 E  I u N Z „

=  G i , m  n ^ _
7.83 E I a I V » /

(3.15)

(3.16)

W ith these notations E q. (3.3) m ay be rew ritten  as follows:

<P"' +
(7 ,83a  7,840

H 3 z H 2
( /  =  0  . (3.17)

On the base o f (2.38) to (2.40) this third-order linear, hom ogeneous differential 
equation of variable coefficients has th e  follow ing boundary conditions:

<p(0) =  0 , (3.18)

<p'(H) =  0 , (3.19)

<p"(0) =  O . .(3 .20)

The differential equation has no closed form  solution. Let us try  to  find  the
solution  in  the form o f the power series:

9  =  co +  (3-21)
A- 1

where ck denotes the coefficients y et unknow n. H aving substitu ted  th e  n eces
sary derivatives

ç,' = ^ f c c * * fc- 1 , (3.22)
a-  1
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cp" -- £ k { k
k= 2

-  1 ) ck zfc- 2  , (3.23)

y'" =  J £ k ( k  -
k=3

-  1 ) (k 2 ) ck zk ~ 3 (3 .24)

in to  E q . (3.17) it follow s th a t  th e  co-efficients o f  each  power z have to he equal 
to  zero. Thence a form ula can  be generated for th e  sucessive determ ination o f  
th e  unknow n co-efficien ts ck:

7,83 ß  ck_ 2  _  (k — 3) 7,83 a ck_ 3 ^ >  3

(k -  1 )k H 2 {k -  2)(k -  1) fc i f 3  ’ “

The in itia l values needed for th e  calculation are ob ta in ed  b y  making use o f  the  
boundary conditions (3 .18), (3.20) and of the pow er series (3.21) and its deriv
a tive  (3.23). The coeffic ien t c1 appears in the expressions of all other co 
effic ien ts, so its value has no influence on the determ ination  of the eigenvalue. 
Thus

and

c 0 — 0  , (3.26)

c2  =  0  , (3 .27)

ci =  ci • (3.28)

B y  making use o f  th e  la s t  boundary con d ition  (3.19) — which has not  
been  used  up yet — and o f  th e  expression (3.22) a “ conditional” equation m ay  
he obtained:

F(oc) =  cx +  2  k ck H k ~1 =  0 . (3.29)
fc= 3

T he coefficients ck in  th e  eq uation  can be calcu lated  from  (3.25).
The function F(cc) van ish es only if  the e igen valu e o f the problem, th a t is 

th e  critical load — or m ore precisely its proportional part (see Eq. 3.15) ■— is 
su b stitu ted  into the expressions of ck. In this w a y  th e  value of the critical load  
can  be calculated w ith  th e  required accuracy b y  tria l and error. For th is end  
th e  “ conditional” eq uation  has been solved for different ratios of rigid ity ß ; 
th e  error lim it was A =  1 0 ^ 8. The eigenvalues need ed  for the calculation o f the  
critica l load are show n in F ig . 6 , Fig. 7 and T able 1.

The values o f th e  cr itica l load have been calcu lated  by the aid of Sou th 
w ell’s theorem  (3.14) as w ell:

« , , ,  =  }
l p

7,83 E I 0>
I P

+  F I t (3.30)
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Table 1

ß
Formula

(3.16)

a
Formula

(3.15)
ßFormula

(3.16)

a
Formula

(3.15)
ß

Formula
(3.16)

a
Formula

(3.15)

0,0 1,000 2 5,62 60 82,26
0,001 1,003 3 7,43 70 94,40
0,01 1,03 4 9,10 80 106,4
0,1 1,29 5 10,70 90 118,4
0,2 1,58 6 12,24 100 130,2
0,3 1,86 7 13,75 120 153,8
0,4 2,12 8 15,23 140 177,2
0,5 2,38 9 16,68 160 200,3
0,6 2,63 10 18,12 180 223,3
0,7 2,88 20 31,82 200 246,2
0,8 3,12 30 44,86 300 359,4
0,9 3,35 40 57,54 400 471,4
1,0 3,58 50 69,99 500 580,8

These va lu es, represented by broken lines in  F igs 6  and 7, have been considered  
su itab le in itia l values for the successive approxim ation. As it  can be seen from  
Fig. 6  and 7, form ula (3.30) gives the value o f the critical load w ith anapproxim - 
ation alw ays on the safe side. The m axim um  deviation  from the exact value is 
47 per cent. The reason o f the deviation  is th a t Southw ell theorem  gives exact  
result on ly  i f  the basic problem s have identical buckling forms in nature. I f  the  
buckling curves are different — in our case even  th e  style of the curves are 
entirely different (Fig. 5) — the theorem  gives the va lue of the critical load  to  
the b en efit o f  safety  corresponding w ith  the “ degree”  of the difference.

4. Bars w ith m ono-sym m etric cross section

L et us assum e th a t the axis у  is an axis o f sym m etry . In this case we have

x 0 ”  0  ,

and th e  differential equations o f  the problem  becom e

v"' +  v'  =  0  ,
E E

g*
EL,

(« ' +  y 0r')  =  0  ,

( G L ©F*

1

E h E I aA j E L,
0  .

(4.1)

(4.2)

(4.3)

A cta  Technica Academiae Scientiarum  Hungaricae 90y 1980



T O R S I O N A L  B U C K L I N G  O F  A  C A N T I L E V E R 107

The boundary conditions are still Eqs (2.38) to  (2.40). In this case pure torsional 
buckling in teracts w ith  flexural buckling on ly  in the plane xz. A ccordingly, 
the stab ility  an a lysis o f a bar w ith m ono-sym m etric cross section m ay be carried  
out bearing in  m ind the following possib ilities.
a }  The centrally  com pressed bar m ay buckle in the plane o f sym m etry. 
H aving solved E q . (4.1) the value o f the critical load is given by the form ula

N cr,y 7,83 E I X 
I l 

i i  A)

by B uckling perpendicular to the plane o f  sym m etry  is combined w ith  torsion  
resulting in b u d d in g  b y  torsion and flexure.

The exact va lu e o f the critical load for torsional-flexural buckling w ould  
he obtained b y  so lv in g  the sim ultaneous d ifferential equations (4.2) and (4.3), 
but in this paper on ly  an approxim ate so lu tion  w ill be given instead.

The critica l load can be easily calcu lated  using the critical loads o f  the  
basic problems b y  the aid of F öppl’s theorem  [10]:

1 +  1
N  к N  ' Nx cr, comb 1 T cr,x 1 T cr,<p

(4.5)

rherei

N,cr,q> critical load for pure torsional buckling. Its  value can be obtained  b y  using 
Fig. 6. and Fig. 7. according to in structions in Section 3.2.,

7 83 F  /
N „  r =  —- critical load for flexural buckling in  direction x,'cr,x H-

Form ula (4.5) y ie ld s the critical load w ith  an approxim ation always on th e  safe 
side.

Only the low est o f the critical loads g iven  by (4.4), (4.5) is o f  practical 
im portance.

5. Bars with unsymmetric cross section

In the general case o f a bar o f th in-w alled  open cross section w ith  no axes  
of sym m etry, buck ling  failure occurs b y  a com bination  o f bending in b o th  xz 
and y z  planes and  torsion. The solution o f th e  sym ultaneous differential equa
tions (2.35) to  (2 .37) would furnish an exact result for the critical load, b u t in 
stead o f this w e again give an approxim ate form ula based on F öp p l’s th e 
orem:

N.cr, comb N,cr,x N.cr,y N.cr,<p
(5.1)
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T he n o ta tio n  in (5.1) are:

N ,СГ,ср critical load for pure torsional buckling. See Section 3.2.
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STABILITY INVESTIGATION OF RETARDED 
DIFFERENTIAL EQUATIONS

G. S T É P Á N *

[M anuscript rec e iv e d  M ay 4, 1979]

T his p a p er presen ts and p r o v e s  a p ro p o sitio n  on  th e  b asis o f  w h ich  an  a lg o r ith m  
m a y  b e  e s ta b lish e d  for th e  s ta b il ity  in v e s t ig a t io n  o f  h o m o g en eo u s, lin ear, r e ta rd ed  d if
feren tia l eq u a tio n s  o f  con sta n t c o e f f ic ie n ts . T h is  a lgorith m  m a y  b e u sed  for  th e  reta rd ed  
d ifferen tia l eq u a tio n s  in  th e  sa m e w a y  as th e  R o u th — H u rw itz  criterion  for th e  ord in a ry  
d ifferen tia l eq u a tio n s . In  th e  v e r y  sa m e  w a y  as th e  th e o ry  o f  th e  retard ed  d ifferen tia l  
eq u a tio n s in v o lv e s  as a specia l c a se  th e  th e o r y  o f  th e  ord in ary  d ifferen tia l e q u a tio n s ,  
also th e  a lg o r ith m  m a y  be u tilized  in  lieu  o f  th e  R o u th  — H u rw itz  criterion  fo r  th e  o rd in a ry  
d ifferen tia l eq u a tio n s . F in a lly , i t  sh o w e s  th e  p ra ctica l a p p lica b ility  o f  th e  r e su lts  fo r  th e  
case o f  th e  rep ro d u ctiv e  m ach ine to o l  v ib ra tio n s .

The m athem atical research for retarded differential equations began to  
develop in recent years. Num erous econom ical and biological models as w ell as 
som e m odels o f population developm ent, o f technical problems and o f tim e- 
retarded feed-back control system s are retarded differential equations. In  in 
vestigatin g  the problem s m entioned above, it is necessary that the sta b ility  in 
vestigation  of the linearized, hom ogeneous retarded differential equations of 
constant coefficien ts can be carried ou t as sim ply as possible as a function  o f the  
coefficien ts as param eters.

The general form  of ordinary, linear, hom ogeneous differential equations  
of constant coefficients is as follow s:

I . Introduction

X =  A x  , ( 1. 1)

and the associated characteristic equation  is

det (XI — A )  =  0 . ( 1 . 2)

H erein XÇ.C where C is the set of the com plex num bers, A  the coefficien t m atrix  
o f  nxn  dim ension o f the differential equation, x:R  —*■ R n a function , I  u n ity

St é p á n  G . B á n k i D o n á t u 1 4 /A , H -1 1 4 8  B u d a p e s t, H u n gary

Acta Technica Academiae Scientiarurn Hungaricae 90, 1980



п о S T É P Á N ,  G .

m atrix  o f  nxn  d im ension and R  the set o f th e  real num bers. (1.2) is a polynom e  
o f  n th  order o f A. The solution  x =  0 to  the differential equation (1.1) is asym p
to tic a lly  stab le in th e  case w hen the real part o f  each root o f  ( 1 .2 ) is negative. 
The calcu lation  o f th ese com plex roots is d ifficu lt, wherefore, numerous attem pts 
h a v e  been  m ade to  develop an algorithm  in order to  make the stab ility  in vesti
gation  easier.

Such an algorithm  was originated b y  R o u t h  in  1875, and in 1895 H u r w it z  
d evelop ed  a sim ilar algorithm  independently  o f  th e  former. In 1916 these were 
sim p lified  to  som e exten t b y  L ié n a r d  and Ch ip a r t . The R ou th —H urw itz  
criterion [2] has ever since been w idely used. The verification o f the criterion is 
to  b e found , for exam ple, in  [3].

T he general shape o f the retarded, linear, hom ogeneous differential equa
tion  o f  constant coefficients is the follow ing

x(t) =  Ax(t)  -f- Bx(t  — r) , (1.3)

w herein  r£R; B nxn, A nxn are real m atrices, r >  0 .  The characteristic equation  
o f (1.3) is obtained b y  the substitution  o f th e  solution  x (t) for c e ', c £ R", z £ C; 
in th is case the role o f  A has been taken over b y  z:

det ( z l  — A  — B e ~ rz) =  0 . (1.4)

I f  th e  real part o f each root o f (1.4) is n egative, th e  differential equation (1.3) is 
a sy m p to tica lly  stab le [1]. The problem is now  far more com plicated than th at  
d esc iib ed  above because the transcendent equation  (1.4) has, in general, in fin it
e ly  m an y  com plex roots. The stab ility  in vestigation  seems to be hopeless in this  
w a y  a lthough  H a l e  presented a theorem  w hich characterizes the positions of 
th e  roots on the com plex plane (see [1], Lem m a 4 .1 ., page 18). T heoretically the  
s ta b ility  in vestigation  m ay be carried out b y  establishing Ljapunov functions. 
The m ethod  presented b y  H a l e  for the uni dim ensional case m ay also be applied; 
w ith  its  help the determ ination of the boundaries o f  the stab ility  regions in  the  
fie ld  o f  coefficients m ay be reduced to  the solution  o f a boundary-value problem  
related  to  an ordinary differential equation. H a l e ’s com m ent on this m ethod is 
th a t in  case o f higher dim ensions, the problem  is so com plex th at it  becom es 
insoluble.

The one and on ly  procedure which deserves atten tion  from  the viewpoint, 
o f practica l calculation originates from P o n t r j a g in  [4] (1942). He investigated  
th e  p ositions o f the zeroes o f  the polynôm es o f  tw o variables P(z,w)  in the case 
o f  w =  e'. The characteristic equation (1.4) m ay be reduced to  the polynom e  
o f th e  form  P{z,w)  so th at P ontrjagin’s theorem s m ay be applied (see [1], T h.A . 
1 — 3., p. 338). H ow ever, their application is rather d ifficult because prior to  it  
a tim e-transform ation  should be carried out and a transcendent equation should  
be exam ined  from the point o f view  w hether it  has a com plex root at all. This
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problem  is in tricate even in case one applies another theorem o f P o n t r j a g i n  

w hich m akes th is investigation  easier. A lth ou gh  it has no practical significance, 
it  should he noted  that in this w ay on ly  com parable delays are perm itted . 
H a y e s ,  B e l l m a n n  and C o o k e  (see [1], T h .A .5— 6 , p. 339) obtained their 
results in the investigation  of the stab ility  o f  som ew hat simpler retarded differ
ential equations b y  referring to P o n t r j a g i n .

P o n t r j a g i n  achieved his results b y  extend ing and generalizing th e  m eth
ods presented in  the verification o f the R o u th —H urwitz criterion.

In the follow ing another algorithm  w ill be presented for the sta b ility  in 
vestigation . I t  is different from the one discussed above and can easily  and gen
erally be applied. The algorithm will be presented for the sake o f sim plification  
only  in connection  w ith  the retarded differential equation of rath order

У  ak - x(t) =  bx(t — r) , ak, r £ R , a„ >  0 , r >  0, re >  1 (1.5)
k=o d tk

and the results obtained will be generalized later.

П

2. The stability investigation

A theorem  will be stated and prpved as a basis of the algorithm . The in 
teger part o f  к w ill be sym bolized b y  [fej.

Theorem:
Consider the retarded differential equation

n dk
У  a k —  x(t) =  bx(t — r); ak, b, r Ç R, к  =  1 , . . . ,  re ;

A:=0 dtk
(2 .1)

an >  0; Г >  0; re >  1

the characteristic equation of which is

П
D(z) =  ^ a kzk — be~rz . ( 2.2)

Be

M [y )  =  Re(D(iy))  =  2 '  а 2 Д — 1 )jy 2J — b cos (ry) , (2.3)
J-о

S (y )  =  Im (D (iy))  =  2  a ^ - i y y V + '  +  b sin ( r y ) ,  (2.4)
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w herein  y £ R .  Let у г ]> y 2  >  . . .  у т ]> 0 designate the positive real zeroes 
o f M ( y )  and y*  the m axim um  zerodocus o f S (y ) .  q is an integer to w hich y q ^> 
>̂ y *  y q+v  The solution x  =  0 to  the E q. (2.1) is asym ptotically  stab le , if

and o n ly  if
m
V ( - l ) k+i sign  (S(y,.)) +

k“ (" - 2 Й ) « + 1

and

n — 2
n I ( _ 1 )[£ = 1 ] + t t .|

, _ 2  _ )
sign  ( M ( y 1 +  1)) (2.5)

S {y k) ¥= 0  . к  =  1 , . .  . ,  m  . (2 .6 )
P ro o f:

T he solution x == 0 is asym p totica lly  stab le  i f  and only i f  the real parts o f  
the roo ts o f  the characteristic equation associated  w ith  the retarded d ifferential 
E q. (2 .1) are negative [1]. In  the course o f verifica tion  it w ill he realized th a t  
under th e  conditions o f the Theorem  the characteristic equation has no roots  
either in  the positive h a lf o f the com plex p lane, or on the im aginary axis. 
The characteristic polynom e (2.2) in the Theorem  is a specific case o f  the  
Eq. (1 .4).

F irst, one should realize th a t due to the condition  (2.6) D(z)  w ill have n o  
root on th e  im aginary axis. To prove this sta tem en t the real and im aginary parts  
o f D (z)  are needed. These are, in  case o f z =  x  iy ,  as follows:

R c (L»(2)) V 1

A' = 0

[t]
ak ^

1 =  0

к

2 1

( — I)' xk 21 y 21 — be~rx cos (ry) , (2.7)

« m
I m  (D(z) )  =  2 a k 2

k= 0 ( = 0

к

2 / +  1

(— iy  xk 21 1 y 2 , + 1  +  b e -rx sin (ry) (2 .8 )

On th e  im aginary axis z =  i y 0, here the expressions (2.7) and (2.8) will be s im p li
fied  according to (2.3) and (2.4).

L et us suppose th at z0 =  i y 0 is a root o f D[z).  In  this case M (y 0) =  0 and  
S (y 0) =  0. H owever, b y  virtue o f (2.6) S ( y k) ^  0, wherein y k is the root o f  
M (y ) ,  wherefore, D(z) has no root whose real part is equal to zero.

N ow  let us realize th at D(z)  has no root in  the positive half plane e ith er. 
For th is  purpose consider the follow ing curves on the com plex plane o f num bers: 
( K r ): z  =  R e ,lf’, the va lue o f <p ranges from —зт/2 to  тг/2;
(ex): z  =  iy ,  the value o f  у  ranges from  R  to  0;
(e2): z  =  iy ,  the value o f у  ranges from 0 to -R.

(g*) =  ( K r) и  К )  и  Ы .
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(g*) is a closed curve. Be (g ) =  lim (g*) w hich encloses the w hole p ositive half
/?-*• a)

plane. D(z) has no pole and b y  v irtue o f  f l ]  (Lem m a 4.1., p. 18) it  has at m ost 
roots o f fin ite num ber w ithin (g ). In  th is case:

dD(z)

lim  Ó  - Ш Т - dz  =  lim  ln !<**) =я- ~  J(g*) D(z) R-~ -

lim  (ln I D(z) I +  i<p(z)) |(g  ̂ = i \ ) ( p ( z )  =  N  • 2 n i  , (2.9)
R— °°

w herein

9 >(z) =  a rc ta n I m(D(»))
R e(D (z)j’

( 2.10)

A ^  is the change along the curve (g ) w hile N  is the num ber o f  th e  D(z)  =  0 
roots o f positive real parts, th a t is, o f  those w hich fall into the region bordered 
b y  the curve (g). Thus, the condition  o f the stab ility  m ay be form ulated  as fol
low s: the value o f N  m ust be equal to  zero

th a t is,
Ф.

dD(z)

(e) D (z)

Ag)4>{z ) =  0

dz — 0  , (2 . 11)

( 2 . 12)

Let us first calculate the value o f  the integral along (K R): 

dD(z)

lir dz
dz =  lim

2 kak zk - 1  +  rbe~rz
k - 1

* - - J ( K * )  Щ *) r ~ ~ J ( K r )

n
'S  ka I Iik -1 1> -)- rbe~rR(C0S f+isimp)

dz =
J ? a k zk -  be-
k= 0

rn/2 Л
=  lim  * " 1

/ <p= —л/2 "
Re"1’ id(p —

a, R k eiv k_ l)e -rR(.cos<p+isin<p)
k = 0

r*r- naneiirn +  lim
1 R - +  °°

П —1 N
V  ei?* -f- rbR1-"  e~rRc0S f  e '(»>-rR sin »>) I 

ft- 1 )

* — 71/2 aneilfn +  lim
n - i  \
’S  akR k~n e,,pk__ b R ~ n e~rRcosf’ e~ rR is in И

R  -*■ OO Л-о J
dD(z)

lim  !
R—“ J

dz

( K a ) J ) ( z )
dz =  nn i  .

dcp

(2.13)
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In  th e  calculation, the advan tage that the integrand is continuous, has been  
u tilized . The condition o f  th e  stab ility  may, on th e  basis o f  Eq. (2.11) be changed  
as fo llow s:

dD(z)

dz  =  lim  i d iei)u(e,)<p(z) =  —n n i . (2.14)
R -*- °°

lim  f
J(ei)U(e.) D(z)

cp(z) is m ade with the help o f  E q. (2.10). S(y)  is an u n even , M (y)  is an even func
tion , therefore the eq u ality

d(et)rp =  arc tan S(y)
M (y )

S(y)— arc tan
y = R  Щу)

0  t S(y)=  arc t a n -----
y—-R  M (y) y=0

M)<p

(2.15)
is true.

T hus the condition o f  th e  stability  m ay be reform ulated as follows:

[(Л—1)/2 ]
^  « 2Л-+ 1  ( — 1  f y №+1 +  b sin  (ry)
k= 0lim  A =  arc tan ^ ---------

2  o2fc ( — l ^ y *  +  a 0 — b cos (ry)
k= 1

■Я. (2.16)

y= ‘

T he real positive roots o f  M (y )  are y x 7> y ? . . .  y m, wherein the root o f к 
m u ltip lic ity  is m arked к  tim es w ith  subscripts. (For exam ple, if  1,7 is a triple 
root, th en  =  3; y 2  =  1.7; y 3 =  1,7; y 4  =  1,7; j 5  =  1,1.)

B e  the real, non -n egative  roots of S(y) y * ,  y £ ,  . .  yp,  where у  * y*

L et us now exam ine th e  value of lim A^jip w ith  the aid of (2.16); th is w ill
R-+ °°

be carried out in several step s.

a )  Be M ( y 1 +  1) >- 0 , that is, lim  M ( y ) =  +  < » .
r—“

a> B e in  Ii  =  (yf+1, y * )  one single root of M (y)  and  th is should have an odd  
subscript: У2 Л+1 .

1) B e in Ij S(y) У> 0. I t  can easily be seen th a t

M ( y ) >  0, if  y  =  y 2k+1 +  0 ;  (2.17)

M (y )  <  0  , if  y = y 2k+1 -  0  . (2.18)

T hus, th e  following sta tem en ts are true:

=  0  , tan го =  0  , cp =  0  ;
M ( y f )
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S(y2k+i + 0) 
м (У2к+ 1  +  0 ) 

^(УаИ- 1 — 0 )
Щ у  2k+i —  0)

S(yf+1) 0
ЩУ?+г)

tan  cp —► -f- o o  ,

ta n  cp —*- — o o  ,

ta n  cp =  0  , cp =  л  .

Therefore:
A Itcp - л

wherein A jf m eans the change while у  decreases from y *  to
2) In case, i f  in  /,■ S(y)  <  0, it  can be easily  seen that

A I{cp =  — л  .

3) From  th e cases 1) and 2)

AItq> =  sign S ( y 2k+1) ■ л  . (2.19)

/5) Be in Ij  one single root of M (y)  and i t  should have an even  subscript: y 2k. 
In this case M (y )  changes its sign in an inverse w ay in comparison w ith  th e  case  
in  (2.17) and (2.18). Therefore, the resu lt found in  a )  will be va lid  w ith  an op
posite sign:

Aucp =  — sign  (S (y 2 A))?r. (2.20)

уУ In  case w here in  Ij  there are tw o roots o f  M (y )  one of them  is o f  even  and the  
other of odd subscript. Here A i(<p — 0. I f  there are three roots, th e  change in  
the angle w ill he either —л  or -j-тг, depend ing on the m ajority o f  odd or even  
subscripts out o f  the three roots, and so on. If, for exam ple, th e  roots y ik, 
У2к+1 , У2к+ 2  and У2к+з ° f  the M (y)  fall in to  Ij, then the value o f

fc+i
A Iff =  2  (siSn (S (y*I+i)) — sis n (Sto^))) Я (2 .2 1 )

J-K

is zero in the g iven  case.
ôy The root o f  th e  highest value o f S (y )  is y* .  In the interval [0,y*] S (y )  has p  
roots w hich determ ine p  — 1 intervals sim ilar to J(. Since y * =  0, so

i  =  2 , .

8*

Ip—l — i) »

I ,  =  (yf+v y t ) ,

h  =  ( y î .y f )  •
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F or th ese  intervals one should sum m arize the changes o f <p. I f  one assum es  
that th e  fu n ction  M (y)  has q roots w hose values are higher than th at o f  y* , 
th a t is,

J i  ^  ^  Уч > У *  > y q+1  >  • • • ^  Ут ,

then , considering (2.19), (2.20) and (2.21), one obtains

m
4 o ,y îl <P =  2  ( —l ) f c + 1  Sign ( S ( y k) ) n .  (2.22)

*=9+1

In E q . (2 .22), the expressionin  the exponent o f  ( — 1) determ ines if  th esign sh ou ld  
be n eg a tiv e  in  c a se y  is o f even subscript or p ositive  w hen у  is o f odd subscript. 
e> L et us now  exam ine the in terval (у*, со), too .

1) Consider the case where n is an even  num ber. Since an y> 0,

S (y)  n . ,tan  m = ----— ---->- 0  , il  у — oo
M (y)

because E qs (2.3) and (2.4) show  th at the order o f  M (y )  is higher than  th a t o f  
S (y) .  Therefore, from  the v iew p oin t o f the in vestiga tion  o f tanip, the in terv a l 
( y v  o o )  is ju s t  the sam e as the I i m entioned in  th e  paragraph a )  because

if  у  —> —Ь oo so tan  <p =  0  ;

i f  у  =  y f  so tan  (p =  0  .

T hus E q . (2.18) is true also in  the in terva l ( y v  o o ) :

m
lim  Л(e0 <p= l )k+1 sign (S (y A)) л  . (2 .23)

1

2) B e now  n odd. Then an >  0, and b y  v irtu e  o f  (2.3) and (2.4)

£ /  \
i f  у  —>■ 4- oo so ta n  w =  — —----->• +  oo  or — oo .

M (y)

F irst le t us assum e th at S (y*  +  1) >  0, th a t is, lim  S(y)  =  + ° ° -  S ince,y-*-™
in  ay  it  has been specified th a t M ( y 1 -(- 1 ) ]> 0 , in  case of q =  0  (that is, i f  

J i  < У * ) :
71

у  -*  +  oo , ta n  (p —*■ -j- oo , cp = ------- 0  ;
2

у  =  y *  , ta n  cp =  0 , <P =  0 .
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Thus:

4 j í . - >  9* =  “
71

In case o f  q — 1  (th at is, i f  y 2 < y *  < C ji) : 

У  - f  oo ,• tan  qp -► + n
o o  ,  qp = ----------- 0  ;

2

7i;
У  ~ ^  У г  +  0  ,  t a n  99 —> +  o o  ,  99 =  --- --------0 ;

A

Л
у  —»- y  j — 0  , tan  qp —► —  o o ,  qp = --------- [ - 0 ;

2

Thus:
У =  У* tan  qp =  0  , ср —  п  ,

4 y î.->  ?  =
7Г

9 * *s equ al to -(- гг/ 2  or — я / 2  depending on whether the num ber o f the roots 
of M (y )  in  the in terval (y*, 0 0 ) is even or odd.
Thus

л
4 * . « ) 9 > = ( - l ) ?+1y (2.24)

Be now S ( y *1 -f- 1) <  0, then
in case o f  у  —*■ o o ,  tan cp — — 0 0 , (p =  — тг/ 2  -(- 0 , and, as com pared w ith  

the above-said, all o f  the changes o f signs occur in the opposite w a y , i.e .,

n
Ayl°°)<P =  - ( - ! ) ,+1y  •

B y reducing the expressions (2.24) and (2.25) we get

4 y \ - ) 9  =  ( — 1 ),+ 1 ~  sign  (S(y? +  1)) '.

(2.25)

(2.26)

E nsuing from Eq. (2.4) and due to  the fact th a t n is an odd num ber and an > 0 :

sign (S (y*  +  1 )) =  sign ( ( _ 1 ) [ V ]  0n) =  ( _ i ) [ n r ]  . (2.27)

H ereafter, considering (2.22), (2.26) and (2 .27), in case where n is an odd number

iim  Aitl) cp =  4 „ (y*] <p +  A y l~ )  <P =
—► 00

( - l ) fc+1 sign (S (y ,))  pr +  ( - l ) ^ 1 ( - l )p i1] - J  . (2.28)
m

— V
к-*д+ 1
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3) B y  making use o f  th e  fact that

0  in case i f  n is ev en
1  in case i f  n is u n even ,

the resu lts (2.23) and (2.28) form ulated in the preced ing  paragraphs 1) and 2) 
m ay be expressed in  case o f  an arbitrary « > 1  as follow s:

m
iim  A(ei) <p
R-*- °°

+

i ~ l )k+1 sign  (S (y A)) n  +

=("-2 [t | ) ï + 1

n — 2
[ i ± ] + a + liL

2
(2.29)

by B e now M ( y 1 +  1) <[ 0 (i.e., Iim M(y)  =  — oo). Then, it  is clear th a t
y— “

the order o f  ideas shown in  paragraph a}  remains true, on ly  the signs are changed  
into op p osite  ones. The change o f cp will then be th e  ( — l)-fo ld  of the expression
(2.29).

cy Considering paragraph by, from (2.16) an d  (2.29) one obtains th e  
cond ition  o f  the stability  :

( m
{ - l )k+1 sign  (S (y ,f)) 7C +

*- (п-2Ш)?+1
+ sign  ( M ( j 1 +  1)) =

w hich agrees w ith the condition  (2.5) of the Theorem.
T h u s, the Theorem has been proved. The Theorem  seems to be in tricate, 

h ow ever, its  use is rather sim ple considering th e  fo llow ing:
T he roots of the equation  M (y)  =  0 m ay ea sily  be found with the aid o f  

a com puter program; th e  root of highest va lue o f  th e  function S(y)  m ay be 
found in  th e  very sam e w ay , however, this is on ly  needed  in case of an odd n. 
The check ing  of the fu lfilm en t o f the condition (2 .5) does not make any d iffi
cu lty , th e  exam ination o f  (2 .6 ) m ay be carried ou t a t  the same tim e.

W ith  the aid o f the algorithm  in question a sta b ility  investigation m ay be  
quick ly  perform ed on a m inicom puter w ith  th e  a id  o f  a simple program m e. 
In th is w a y  there are possib ilities for a great num ber o f investigations, th a t is, 
the in flu en ce of the change o f  a k, b, r upon the sta b ility  can be charted.
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W ith the aid o f  the Theorem several new  statem ents m ay be form ulated. 
From  among these, one will be presented and applied in exam in ing  th e  exam 
ples to be discussed later. The sta tem en t is as follows:

Let the order (re) o f  the retarded differential equation (2.1) be even , and 
then it  is unstable for a0 <  b.

The prove o f this statem ent is as follows:
Be n =  4 j  +  2, j  =  0, 1, . . . ,  so n/2 =  2j  -f- 1, i.e. uneven; and since 

an >  0, sign (M ( y 1 +  1)) =  — 1, in accordance w ith  Eq. (2.3). T he conditions 
(2.5) and (2.6) w ill be reduced as follows

J  ( - 1 ) ^ 1  sign ( S ( y , ) ) = "  (2.30)
k = 1 ^

s ign (s (j/,)) k = l ,

A t the left side o f  Eq. (2.30) the sum is even  i f  m  is even. M (y) — 0 has positive  
real roots of an even  num ber in case where

M (0 ) =  a 0  — b <  0  .

Considering th a t at the right side o f  E q. (2.30) the num ber is odd, (2.30) 
is not fulfilled if  a0 b, and (2.1) is unstable. Be n = 4j ,  j  =  1, 2 , . . . ,  so 
n/2 =  2j is even and according to (2.3) sign (M ( y 1 -)- 1)) =  1. The constraint 
equations are

m „
( — l ) f c + 1  sign (S (y A)) =  — , (2.31)

fr- 1  *

sign (S (yk)) 0  , к =  1 , . . . ,  m .

In Eq. (2.31) the sum  at the left side is odd i f  the number o f the p ositive  real 
roots m is odd. This is also the case if

M (0 ) =  o 0  — b <  0  .

Thus, in case o f a0 <[ b (2.31) is not fu lfilled , (2.1) is unstable.
The form ulation o f a similar sta tem en t for an uneven num ber n is more 

intricate. In turn, for an even n-num ber it  was clear that in one o f  th e  half
spaces o f the param eters an, . . . ,  a t, a0, b, r the retarded differential equation  
(2 . 1 ) is unstable (for a0 <' b).
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3. Generalization of the validity of the Theorem

T he stab ility  in v estig a tio n  of a great num ber o f differential equations 
con ta in in g , for exam ple, several retarded term s is m ore intricate than th a t o f
(1.5):

n dk s2 ak ~rr  x(t) =  У  b,x(t — r,) ; b„ ak, r, Ç R ; r, >  0; an >  0;
k~o dtk ÍTi

к — 1 , . . n; 1 = 1, . . s .

I t  m a y  be seen that the proposition  remains va lid , on ly  the formulae (2.3) and
(2.4) tvül change:

И
Щ у )  =  2  a2k{ l ) fcy 2fc -  J 'b, cos (r,y) , (3.1)

k =0 1=1

S(J) =  2 ° 2 *+i ( - i ) fcr * + 1  +  È b>sin ^ y ) • (3.2)
k = 0 /=1

A lso the in vestigated  E q . (1.5) may be reduced to the retarded differ
en tia l equation (1.3) o f general shape and n-dim ensions. I f  n is even, the stab il
i t y  in v estiga tion  o f (1.3) is com parable to th at o f  (1.5), in  the Theorem, w ith  the  
ex cep tio n  here the (2.3) and (2.4) will change. T he expressions are more com 
p lica ted  because the equation  is:

x(t) =  Ax(t)  -f- Bx(t — r)

and its  characteristic p olynom e m ay be found on th e  basis o f the equation

D(z)  =  det ( z l  — A  — B e ~ rz)

b y  th e  developm ent o f the determ inant. After som e m athem atical transform a
tion s i t  is obvious that th e  n ew  shapes of (2.3) and (2.4) w ill be the follow ing  
(3.3) and  (3.4), but it has to  be stated  that th e  m eaning of

2 ^  is 2
( l ,h ,k , j )  i+ 2 h + k = n

7 =  2/7
l,h,k2 0

and the meaning o f

^ ( - ! )  is
{ l ,h ,k ,j)  l + 2 h + k = n - l

7 =  2/1 
l , h , k 2  0
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0(70
M(y)  =  R e(D (iy )) =  ^<°> J g  tlet (F{jk)  ( - 1  f  y ‘ cos {тку) +

(l.h.k,j) y = i

("MV)
+  2 ,- ‘> У  , (3.3)

(IM.k.j) f ~  1

, , О ГГ)
S (j)  =  Im  (.D(iy)) =  ^ (° )  ^  det {F{jk) ( - l ) ft+1 y ' sin  (irky) +

( l ,h ,k ,j)  /= 1

О С Г)
+  2 )"У + ,» » (г % ) . (3.1)

( l ,h ,k , j )  } =  l

F^jk in (3.3) and (3.4) is a m atrix o f  nxn  dimension and m ay be developed  
from  the m atrices A ,  В  and A = —I  o f nxn  dim ension in the fo llow in g  way: the

. . . ,  u (-th rows o f m atrix A ,  the u t+v ui+y-th rows o f the m atrix  A, the
U[+j+v  . . . ,  u ;+ i+^-th rows o f the m atrix В  should be selected w here l + j  +  

-  к =  n and ut nm, i f  i  ^  m, i,m — 1, . . . ,  n. In this w ay n row s have been 
selected , which w ritten  under each other, in  the order of the increasing series

o f the u-values, y ield  th e  m atrix F.  Thus, M n — l

*) i
different F- m atrices m aybe

established. The upper lim it o f the sum m ation  relating to f  refers to  this fact. 
Thus, for exam ple:

Ц к

a i\
ó / + i , i ^ / + l , n

< W i

bi+j+i.i b i+ j+ l .i

bn 1 • • • • • bnr

The coefficients o f  the expressions M{y)  and S(y)  should also be conveniently  
calculated in case o f  n 3 w ith the use o f  a computer. H ow ever, to  avoid an 
excessive increase in th e  calculation-tim e resulting from the developm ent of 
the great num ber o f determ inants, such num erical methods should  be applied 
w hich make use o f  th e  fact that am ong the elem ents o f the m atrices F  many 
zeros are to be found. To find the zeros o f  the positive real va lues o f  M{y)  re
presents an increased problem  in com parison w ith  (2.3), how ever, also this may
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be fa c ilita te d  by using certain  proper methods. As a m atter  o f course, i f  possible, 
in  lieu  o f  th e  general form ulae (3 .3) and (3.4) it is w orthw hile using rather (3.1), 
(3.2) or (2 .3), (2.4) because th e y  afford calculations sign ificantly  sim pler th an  
in  th e  form er case.

4. Specific ca ses  o f the stability investigation

B y  making use of th e  Theorem, also the s ta b ility  o f  the ordinary differen
tia l eq u a tio n s may be in v estig a ted  in case the coeffic ien t o f the retarded term  is 
equal to  zero in the retarded differential equation (1 .5 ), th a t is, b — 0. In  th a t  
case A i(y ) and S(y) will be a p olynom e each; the determ ination  of the roots of 
M (y )  m a y  be made even b y  m ak in g  use of the reso lv in g  formula of the equation  
o f seco n d  order up to the v a lu e  5 o f n. For the case o f  re >  5 it  is very easy  to  
e sta b lish  a numerical m eth od  for the calculation o f  th e  roots. Therefore, the  
m eth o d  o f  stability in v estig a tio n  ensuing from the Theorem  m ay be more rapid  
th a n , for example, by d eve lop in g  Hurwitz determ inants, m ainly in cases o f  
h ig h  v a lu es  of n.

T h e Theorem is not v a lid  for one dimensional d ifferential equations o f first  
order. In  fact, in case o f  re =  1, M (y)  has in fin ite ly  m an y  zeros o f real va lue, 
th u s th e  values m and q en ter in g  in the Theorem w ill have no m eaning at all. 
Such an  am plification o f th e  Theorem  which also conta ins the case o f  re =  1 
w ou ld  unnecessarily com p licate  the formulae; a n y w a y , th is case has already  
been so lv ed  by H a le  (see [1 ], page 108).

5. Examples

O ne o f the advantages o f  th e  Theorem is th a t i t  offers an algorithm  to  the  
s ta b ility  investigation, h ow ever, it  is also su itable for deriving relations o f  a 
closed  form . In the fo llow in g  som e examples are presented  with the help o f  
w h ich  w e can learn how to  u se  th e  Theorem.

F irstly , it should be in v estig a ted  when the rea l parts of the zeros o f  the  
p o ly n o m e

D(z) =  a3z 3  +  a.,2 2  -)- cqz -f- a 0  , a 3  >  0 (5-1)

w ill b e negative. In this case, according to (2.3) and (2.4):

M ( y )  =  _  a2y 2 +  a 0 ,

S (y )  =  — «aJ3  +  « 1У ■

L e t us assume that a ga2 <C 0, where M (y) — 0 has no real root, m =  0, 
q =  0 and  thus according to  (2 .5):

0  +  ~ (  l ) 2  s i g n ( - a 2) + ^  =  ^ ± ^ 0 .
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So there w ill be a root o f  positive real part o f (5.1). Therefore, a0a2 >  0, thus  
M (y)  =  0 has a real root

L et us assume th a ty *  (y* positively  ex ists), then m =  1, q =  1 therefore,
according to (2.5):

0 + i ( - l ) =
3 3 1

sign ( - o 2) +  -  =  - ± - = ^ 0 .

Thus, (5.1) w ill again have a root o f positive real part. Consequently, y x < C y i , 
th a t is, the root o f  the highest value o f S(y)

У î  = «i >  о
and

i.e.

цо
a,

a, a P > 0 .

In  this case m =  1, q =  0 and, according to (2.5):

( —l ) 2 sign _ a° I ~Г
a»

ao
Oo

+  у ( - ! ) 2) sign ( - « г )  +  Y  +

3 3
—  sien ( — a,) H----- - =  0.
2 2

T his will be fulfilled if  o2 >  0. Thus we have obtained the well known condition  
ensuing from  the R o u th —H urw itz criterion: the coefficients and the determ inant 
bu ilt up from them  m ust be positive in case the real parts o f  the roots o f (5.1) 
are negative.

Let us now consider a theorem  established b y  H a l e  (see [ l] ,T h .A .6 .,  p .  

340). In proving the theorem  he used th eP on trjag in ’s statem ents also m entioned  
in the introduction o f th is paper. W e shall see th a t H ale’s theorem  m ay be said  
to  be trivial on the basis o f  the Theorem.  The sta tem en t is as follows:

All roots o f the equation (z2 -|- az)ez 1 =  0 are o f negative real part if  
and only if

a >
sin £
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w herein  £ is the root o f the equation

£2 =  cos £ (5-2)

in  th e  in terv a l [0, л / 2 ].
T he retarded differential equation , w hose characteristic equation is m en

tio n ed  in  th e  statem ent is

1
-----X (t) +  a —  x(t)  +  x(t  — 1) =  0 .
dt2 dt

T he characteristic equation o f th is, according to  the defin ition , is:

D(z) =  z2 +  az  +  e - z .

On th e  basis o f (2.1) and (2.2)

M ( y )  =  — y 2 +  cos у  , 

S(y)  =  ay  — sin у  .

M ( y )  has on ly  one single p ositive root: y v  thus m =  1. Since n =  2, it  is un 
n ecessary  to  determ ine the value o f  q. B y  substitu ting  the above values in to
(2.5) one obtains:

l

2 1k=1
i.e .,

A ccord in gly

l ) k+1sign (S (y ft)) sign M ( y 1 +  1)

( -  l ) 2 sign (S(y i ) ) ( -  1) +  1 =  0 , 

sign (S (y x)) =  1 , 

a y 1 — sin у  ! >  0 .

a > 1 J i

w herein  y 1 is the root o f M ( y )  =  0, i.e ., o f  E q. (5.2).
A s it  can be seen, H ale’s theorem  is a very specific case o f th e  Theorem 

m ade in  th is paper.
B y  using the Theorem other results m ay easily be obtained, for exam ple, 

for th e  case o f retarded differential equations o f second order. L et us take the 
fo llow in g  exam ple:

d 2
-----x(t) -)- a ux(t) =  bx(t — 1) (5-3)
dt2
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the stab ility  investigation  o f w hich should be performed in  th e  functions of the 
param eters a0 and b. The characteristic equation o f (5.3) is

D(z) =  z2 a 0 — be~2 .

Let us apply the Theorem.  According to  (2.3) and (2.4)

M ( y )  =  — y 2 +  a u — b cos у  , (5.4)

S(y) =  b sin у  . (5.5)

The positive real roots o f M (y)  =  0 are required. According to  th e  statem ent 
proved at the end o f the part 2, (5.3) is unstable, if  a0 <  b. In  th e  following, 
le t  us consider the case o0 >> b. (2.5) will be reduced as follow s:

m
j g  ( —1)k+1 sign (b sin у )̂ — 1 =  0 .
k= 1

(5.6)

B e first b 0. I f  the solution to (5.3) is asym p totica lly  stab le, th en  there is at 
least one k(k =  0 ,1 ,. . .) , where th e  value o f  M ( y )  is positive at у  =  2кл,  and 
negative at у  =  (2k -f- l)jr, i.e.,

— (2&Л-)2 +  a 0 — b >  0 , 

«о >  b +  4кглг ; (5.7)

— ((2k \ l)?r)2 +  a u +  b0 <  0 , 

a () <7 — b -f- (2k +  1)2я 2 . (5.8)

If, in  turn (5.7) and (5.8) are fulfilled , so

Y a 0 — b >  2к л  ,

V «0 +  ь <  (2k +  1) n

is true, w hich means th a t all positive real roots o f  M (y )  fall in to  th e  interval 
(2кл,(2к  -f- 1)л;), wherein S(y)  is positive; the condition  (5.6) is fu lfilled  and the 
solution  to  (5.3) is asym p totica lly  stable. Also to  b <  0, a calcu lation  m ay be 
m ade. On the whole, it  can be concluded th a t the solution x  =  0 to  (5.3) is 
asym p totica lly  stable i f  and only if

b >  0, a 0 >  b +  4fc2ji2 and a Q <  — b (2k  -f- 1)2я 2, к =  0 , 1 ,. . .  
or

b <  0, a 0 >  — b -)- (2 j  — 1)2л 2 and а и <  b -f- 4у2я 2, j  =  1, 2 , .  . .
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A ccording to Fig. 1 (5 .3) w ill be asym ptotically  stab le in  case the param 
eters a0 and b are selected from  th e  regions represented b y  a dashed line.

Consider the last ex a m p le , the general retarded differential equation o f  
secon d  order:

/72 л
-----X(t) +  a 1 —  x(t) -)- a 0x  =  bx(t  — 1) . (5-9)
dt2 dt

Its  characteristic equation is

w h ereb y
D ( z ) =  z2 -f- «qz +  a 0 — be~z

Щу )  =  — У2 +  о u — b cos y  , 

s (y) =  OjJ +  b sin y  ,

(5.10)

and  th e  constraint eq u ation  (2 .5) is:

m
— sign  (« 1 У к +  b s in y Ä) — 1 =  0 . (5.11)

k = 1

I n  connection  with the s ta b ility  o f (5.9) one can prove several statem ents relat
in g  to  the asym ptotical b eh av iou r of the boundary curves o f the stab ility  re
g io n s  or the statem ents, th a t  w ith  the increase o f  a 1 th e  regions o f stab ility  will 
w id en , that in case o f  a 0 b, b >  0 and a 1 '̂ > b or a0 ^>b, b <  0 and 
а л ■—b (5.9) is surely asym p totica lly  stable, and th a t in case o f th e  values
a-L <C — 2 (5.9) is p o sitiv e ly  unstab le. This tim e on ly  th e  latter statem ent w ill be 
p roved .

Since
\ d M  .
— -  =  —2у  +  sin у  ,

ay

th e  lo c i of the extrem e v a lu e s  o f  M (y) are g iven b y  th e  points o f intersections o f  
th e  curves 2y and b sin  у  (F ig . 2). B y tak ing  in to  account th at th e  zero o f
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Fig. 2

u n even  subscript of M ( y )  m ay only be betw een a m axim um  locus and a sub
seq u en t minim um  locus, F ig. 2 clearly show th a t in case o f a x <  — 2, S(y) =  
— eqy -f- b sin y  is alw ays negative, in these intervals wherefore, (5.11) will 
n ot be fulfilled.

Also from Fig. 2 it  m ay be seen th at w ith  the increase o f a x th e  region of 
s ta b ility  will he widened.

B y  programming the algorithm  ensuing from  the Theorem one obtains 
the chart o f stab ility  in  the field  o f  the param eters a0, ox and b. In  F ig . 3, the  
approxim ate curves p lotted  on the basis o f the results obtained show  th e  con
sta n t contour lines av
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6 . Reproductive machine tool vibration

A  very significant fie ld  o f  application o f th e  m athem atical issues is the  
in v estig a tio n  of the reproductive machine too l v ibrations. Sim ply explained, 
th e  essentia l part o f th e  phenom enon is th at th e  v ibration  o f the too l is gener
a te d  b y  the periodically changing cutting force w hich  is due to  the surface, 
b y  som e reason w avily  m ach ined  at the preceding w ork process. The deduction  
o f  th e  m athem atical m od el is to  be found in  [5, 6, 7, 8], its result is alw ays a 
retard ed  differential eq u ation  o f second order. A ccording to T o b ia s  and F is c h - 
w i c k  [9] the model o f  th e  so-called A -type v ib ration  is shown in F ig. 4.

F ig .  4

According to T o b ia s  [5], the differential equation  is as follows:

ZIP. =  « Л

dt'-

x(t)  — ЦХ

Q ~  +  ** =  ~ A P X ,
dt

T_

z f

Zr ,, , , 2 71 .
—  { K  — k J  —  A r .
Z/ LJ

In  th e  above and follow ing equations these sym bols are used:

•o
zf*c
F
Ü

A P X — change of co m p o n e n t o f  c u tt in g  force of x-d irec tio n ;
— theo re tica l chip th ic k n e ss ;
— n u m b er of c u ttin g  edges;
— average  nu m b er o f  c u tt in g  edges in co n tac t;
— overlap  factor;
— a n g u la r ve loc ity  o f  w o rk p iece  (or of tool in  case o f r o ta r y  too l);

2.1
T  — period  of re v o lu tio n : T  =  —ту >

Q
N  — r .p .m .: N  =  —  60;An

8 P
k s — s ta tic  chip th ick n ess  c o effic ien t; ks = -----6s„

( 6 . 1)

( 6 . 2)
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fe,

At

w0

D

a p
d y n am ic  chip  th ick n ess co effic ien t, k , =  -g—

change in feed  ra te , A r —
dx 
~dt '

frequency ,

A a = A r = о ’

re la tiv e  d am p in g  coefficien t, D  =  .2A

The retarded differential equation obtained from (6.1) and (6.2) is:

d 2x
dt2"

+ 2Dco0 +  —  (ks — kj) T
A z r

dx

dt

col
к ,

zc —  X =  a>ô z (
T

ц х и -------- (6.3)

The stab ility  chart m ay be in teresting in  the plane of any tw o param eters. 
T o b ia s  [5] shows a chart as the function  o f  Q =  1/(2Ű) and ZjN /( 2 tico0), i.e ., in 
fact, as the function  o f D  and N ,  how ever, he does not deal w ith  th e  calcula
tion  in detail, ow ing to its com plexity . The stab ility  investigation  o f  (6.3) will 
be carried out on the basis o f w hat has been said in parts 2  and 5. T he charac
teristic equation will he:

D*(C) =  Í2 +  (2D œ 0 +  ~  kl) T) * +

. 2 (1  I * i  1 2 — — c+  (O0 jl +  zc— | _  w 0  z c ~ Y  Ve z>

( f  being a com plex num ber). Carrying out the transform ation z =  T£/zj ,  one 
gets:

D ( z ) = z 2 +  —  [2Dœ0 + ^ - ^ . ( k s - k l) T  z +  
zf I A z f

JTO

-2
zf

(l)0 1 + * A | -
T 2 k r

zf
це " (6.4)

Since (6.4) agrees w ith  the characteristic equation (5.10), the stab ility  chart pre
sented  in [5] is a section o f the chart presented in  Fig. 3. B y assum ing th a t k s — 
=  &j, this section is shown b y  the part o f  F ig. 5 vertically shaded, w herein

2n a>n a. = ------- 2D , °o  =
2nœü

ZfN ZjN

b = f 2лш0 j 2 zc К
1 ZjN col A
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Thus, th e  chart Q, ZyN/(2nco0) m ay be constructed  according to Fig. 6. In the  
shaded areas o f Figs 5 and 6 the vibration o f th e  too l is unstable. In F ig. 6

tan  y  = ft>o

T o b ia s  p re s e n ts  th e  c a lc u la t io n  (F ig . 6) o f  th e  c o n s ta n t  Q 0 (see [5], p . 177).

■ ( ^ ) 2(Tz,
Fig. 6
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It is unnecessary to  construct the stab ility  chart because by changing the  
param eters N  and Q, a com puter program  w ill produce it  w ith  the aid o f  the  
algorithm  ensuing from  the Theorem.

In carrying out th e  technological design it  is o f  great significance to  know  
the regions o f th e  fie ld  o f  feed rate, depth o f  cu t and revolutions per m inute, 
where an increasing too l vibration is produced. In  th is respect the stab ility  chart 
k v  N  is o f in terest to  w hich one can find  an exam ple in [10]. Also this m ay he 
produced as a section  o f the chart shown in F ig. 3.

There has been m ade a com puter program  to  in vestigate the stab ility  o f  
(6.3) according to  th e  algorithm  proved in  part 2.  In  case o f  given param eters, 
it  makes certain i f  (6 .3) is stable or not in 1 to  1,5 seconds, so we have the opport
un ity  to  carry ou t num erous in vestigations. For tw o param eters arbitrarily  
selected, the program  produces the stab ility  chart.

A stab ility  chart k v  N  produced b y  th e  com puter program is presented. 
The data are as follow s

m =  50 kg; 

Я =  3 0 * ™

e =  3,87

m

k N s
m

* i =  ks;

A t = l ;

1 .

The chart is represented in Fig. 7 (the shaded area designates unstableness).
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T h e va lu e of k10 (Fig. 7) has been determ ined in an an a ly tic  w ay  by  
T l u s t y  [6 ]. W ith the data presented  above, this yields:

D  =
21

=  0,05 ,

fc1>0 =  2DX{\  +  D) =  3,15
M N

rn
This agrees w ith  the value o f m ap k lfl produced by the com puter. (The lim it o f 
error o f  th e  values kx is 0,075 M N / m  on the chart.)

T here has also been constructed  a stab ility  chart w hich concerns the param 
eters k v a; in  this case, the to o l to  be seen in Fig. 4 does not v ibrate in  the 
d irection  X  b u t in that inclined a t angle a to  the direction x .  Its  character agrees 
w ith  th a t  on the chart presented in  [6].

T h e  com puter program produced w ith  the aid o f the algorithm  resulting  
from  th e  Theorem m ay in vestiga te  an y  desired parameter. The algorithm  estab 
lish ed  b y  th e  author is standard, its operation is rapid and sim ple, it  m ay  
rea d ily  h e  bu ilt into the com puterised  technology-planning procedure.

H ow ever , in this paper on ly  one o f  the fields of applications o f  the algo
r ith m  has been presented in connection  w ith  the vibration o f cu ttin g  tools. 
P resu m a b ly , the m ethod m ay co n v en ien tly  be applied in the control technique  
w here no an a ly tic  procedure has so far been at disposal for the sta b ility  in v esti
ga tio n  o f  retarded feed-back system s.
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Stabilitätsuntersuchung der re tard ierten  D ifferentialgleichungen. — Ein L ehrsatz  wird 
v o rg e fü h rt un d  nachgewiesen m it H ilfe dessen ein A lgorithm us zur U ntersuchung der hom o
genen, linearen , retardierten  D ifferentialgleichungen von konstan ten  K oeffizienten hergestellt 
w erden k an n . Dieser Algorithmus k an n  für die re ta rd ie rten  D ifferentialgleichungen ebenso be
n u tz t w erden  wie das R outh — H urw itzsche K riterium  für die gewöhnlichen D ifferentialgleichun
gen. E b en so , wie die Theorie der re ta rd ie rten  D ifferentialgleichungen die Theorie der gewöhnli
chen D ifferentialgleichungen als einen Spezialfall en thält, kann der A lgorithm us a n s ta tt  des 
R o u th — H urw itzschen K riterium s b en u tz t w erden, auch für die gewöhnlichen Differensialglei- 
chungen . Schließlich wird die p rak tische N u tzbarke it der Ergebnisse fü r den Fall der rep roduk
tiv en  M eisseivibrationen nachgewiesen.
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GENERALIZATION AND SOME APPLICATIONS 
OF THE CONCEPT OF THE IDEAL CONSTRAINT

J . H ER IN G *

[M anuscript recieved M ay 4, 1979]

A uthor describes th e  classic explanation of ideal constraint, and po in ts ou t th a t  this 
explanation  can only he applied to geometric constraints. Therefore, for th e  definition of 
th e  ideal constrain t a new explanation is also given including the classic explanation, 
however, th a t  it  m ay  also he applied to  k inem atic constraints. Based on th is definition 
of th e  ideal constrain t, m inim um  principles m ay  be established leading to  th e  m ost gen
eral principle, i.e., to  G auss’s principle defining th e  m otion of m echanical system s. I t  is 
reported  how Appell’s equation  of m otion for anholonom ic systems, L angrange’s equation 
of m otion for holonomie system s and Euler’s equation  of m otion for rigid bodies m ay  be 
determ ined on the base of th e  principles exposed above by  the author.

1. Classic explanation of the ideal constraint

L et us consider a m aterial particle o f m ass m  (m aterial point) subjected  at 
a given m om ent of tim e t to  an active force F  and to a constraint defined  by  
th e  geom etrical constraint equation

f(r ,t )  =  0 ,  (1.1)

or b y  the k inem atic constraint equation

f(r, f, t) =  0 , (1.2)

where:
r the position vector o f mass point in a certa in  system  of inertia
r =  V — velocity of m ass point.

Under the effect o f  th e  active force F  and reactive force R  in d u ced  b y  the  
constraint, the mass point carries out a m otion w ith  an acceleration f  =  a  and 
th u s, it  m ay be w ritten

F  R  =  m ■ a . (1,3)

The constraint is nam ed in the traditional w ay as ideal, w hen th e  virtual 
perform ance

P* =  R  • V (1.4)

* D r .  J .  H e r i n g , Szikla u . 8, H-1221 B udapest, H ungary
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o f th e  reactive force R  is equal to  zero,

w here: v — v irtual velocity o f m ass po in t m, i.e., the difference of two possible velocities v '  and 
v":
v  =  v '  — v" (1.5)

In  the case of geom etric  constraint in  th e  form  (1.1), the condition (1.4 
fu lly  determ ines the d irection  o f  the ideal constraint force R.  In fact, derivation  
o f th e  function (1.1) w ith  respect to time yields:

df
dr

r +
df

at
о . ( 1.6)

B e velocities r' and f" com p atib le  w ith the con stra in t equation (1.6), i.e .,

and

df
dr

df

at (1.7a)

d f
dr

+  *  =  0 .  
at

(1.7b)

From  the difference o f  the two equations, b y  taking into consideration
(1 .5 ), w e have

af
dr

• v — 0 ( 1. 8)

w hich  compared w ith  (1.4) ev id en tly  results in

K 11— . (1.9)
dr K ’

H ow ever, the k in em atic  constraint o f  th e  form  (1.2) depends, n o t only  
on th e  tim e t  and the p o sitio n  vector (r), also th e  v e lo c ity  vector f  =  v,  w here
fore, th e  possible v elocities m ay , in a general case, be o f arbritrary direction, 
w h en ce ensures that th e  d ifference o f the tw o possib le  velocities, i.e., th e  v irtual 
v elo c ities  t may also fo llow  a n y  optional d irection. T hus, the equation defin ing  
th e  id ea l constraint

R  • v =  0

m igh t, in  general, be fu lfilled  in  case where R  =  0 , w hich means th at no ideal 
con stra in t force exists in  th a t  sense.

For the explanation  o f w h at has been said  ab ove in connection w ith  the 
k in em atic  constraint, le t  us consider the constra in t defined b y  the equation

_  V2(t) =  0 (1.10)

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



C O N C E P T  O F  T H E  I D E A L  C O N S T R A IN T 135

where i>2(t) is a prescribed function . The condition (1.10) m eans th a t at a given 
m om ent the value o f the v e lo c ity  o f the mass point is prescribed, b u t its direc
ti on m ay he arbitrary. The geom etric loci o f the end points o f  th e  possible veloc
ity  vectors define a sphere surface w ith  the radius v(t). T hus, th e  virtual veloc
ity  m ay be o f any direction, consequently , the condition (1.4) can n ot be applied 
for the definition of the concept o f  the ideal kinem atic constrain t.

In the follow ing, the generalization o f the concept o f  th e  ideal constraint 
w ill he presented which m ay he applied both  to the geom etric and to  the kine
m atic  constraints and leads to the rem arkable principles o f  th e  m echanics from 
w hich  the equations of m otion o f m echanical system s m ay he established.

2. General interpretation of the ideal constraint

In case, where to a m aterial particle o f mass m, su b m itted  to  a constraint 
and m oving at the m om ent t  w ith  a v e lo c ity  v, is acted on b y  a constraint force 
JR, so the performance o f the reactive force is

P* =  R  ■ v . (2.1)

The constraint is nam ed in the com m on meaning as ideal if, in case of 
g iven  m om ent (t), position (r) and ve lo c ity  (v) the possible changes o f  the con
straint performance P * (in a su ffic ien tly  short tim e At)  are o f  th e  sam e magni
tude, w hich m eans that the constraint perform ance-velocity P* is stationary,
i.e ., its variation is equal to zero:

<5P* =  0 . (2.2)

Let in the m om ent t  +  zlt be:

— R  +  AH — constrain t force,
— v -f- Avt and v -f- Av, — two possible velocities of the mass point.

Thus, the tw o possible perform ances o f  the constraint force w ill be at the 
m om ent t  -(- At:

p* =  P* +  A P S  =  (R +  A R )  • (» +  A v J  ,
P* =  p* 4- A P Ï  =  (R  +  AR)  • {v +  Av2) . (2.3)

The difference o f the possible perform ances at the m om ent t  +  Zlt is , b y  virtue 
o f (2.2), equal to  zero:

APS -  A P f  =  (R  +  AR)  ! ( A v 2 -  Avx) =  0 . (2.4)
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B y  using the possible accelerations ar and a2 at th e  m om ent t, perm itted  
b y  th e  constraint, it  m ay be w r itten  as:

Av2 =  a2 • A t  and Avx =  • A t  (2-5)

w h ich  substitu ted  into (2.4) g ives:

AP* -  zip* =  (R  +  AR) ■ (a2 -  0 l) • zlt =  0 . (2.6)

B y  d iv id in g  (2.6) w ith zlt and carrying out the tran sition  zlt —»- 0 so, for the dif
ference o f  the velocities o f  th e  possib le constraint perform ances at the m om ent 
t  one obtains:

P f  — P f  R  • («2 -  «i) =  0 . (2.7)

In  lieu  of the possible acceleration  a1 using the real acceleration a, for the  
general definition of the id ea l constraint m ay be w ritten

<5P* =  R  ■ da =  0 , ( 2 . 8)

i.e ., b a sed  on (2.8):
— The constraint is n a m ed  ideal if  the scalar product o f the constraint 

force and  variation of th e  acceleration  is equal to  zero or,
•— in  case of ideal co n stra in t the velocity o f th e  constraint performance is 

s ta tio n a ry , in  the possible fie ld  o f  acceleration perm itted  b y  the constraint.
L et us investigate w h a t does the condition (2 .8), in  the case of the geo

m etric  constraint (1.1) and k in em atic  constraint (1.2) m ean:
— In the case o f th e  geom etric constraint, b y  deriving tw o tim es Eq. (1.1) 

w ith  respect to time,

d i  . . d£ .  . дЧ—  • r +  ■—  • r H-----—
dr dr  d t2

is  ob ta in ed , whence to  th e  v ar ia tion  of acceleration, com patib le w ith the con
stra in t:

(2.9)

—  • 6r =  0 (2.10)
dr

com pared  with (2.8) gives

( 2 . 11)

(2 .11) agrees with the rela tion sh ip  (1.9) obtained b y  th e  traditional interpreta
tio n  o f  th e  ideal constraint.

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



C O N C E P T  O F  T H E  I D E A L  C O N S T R A I N T 137

— In the case o f  a kinem atic constra in t deriving from th e constraint 
equation (1.2) w ith  respect to tim e results in

dr
.. , df  n

d t
(2.12)

whence
df

dr
Sr =  0 . (2.13)

Com bination o f (2.13) and (2.18) gives

R 1 l i t
dr

(2.14)

which could not be p o in ted  out by the classical interpretation. 
In the exam ple g iven  by the constraint equation (1.10)

(2.14a)

i.e .,
R  1 1 r =  V . (2.15)

Substituting in to  th e  relationship (2.8) the value

R  - -  m ■ a  — F (2.16)

o f the constraint force R  defined b y  (1 .3 ), G auss’s principle concerning the
m aterial particle is obtained

(m • a  — F) • da =  0 . (2.17)

In lieu o f (2.17)

d —  m • a- — F  • a
2

=  0 (2.18)

m ay be w ritten.
According to A p p e l l , introducing th e  expression of the energy o f accéléra-

tion
C 1 2b =  —  m • cr 

2
(2.19)

the principle o f the v e lo c ity  o f the constra in t performance expressed b y  (2.8)
m ay he w ritten in the form

ôS =  F  • да . (2.20)
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3. Extrem e properties of the ideal constraint

L et us consider a m aterial particle o f m ass m m oving with an acceleration  
a w h ich  is subm itted at the m om ent t  to an active force F  and to a reactive force  
R.  B y  d ivid ing in thought th e  effects of the forces F  and R  one can say  on th e  
on e h an d  th at at the free m otion  (w ithout constraint) the forcç F  causes an  
accelera tion  a

F  =  m • a°  (3 .1)

on th e  other hand, the reactive  force m odifies th e  acceleration o° b y  a va lu e  a:

R  — m • a . (3-2)

T herefore, the resultant acceleration of the constraint m otion is

and th u s

a =  a° -f- a

F  -f- R  =  m(a° -f- a) =  m  • a

(3 .3)

(3.4

A p ossib le  value of the acceleration defined b y  th e  relationship (3.3) com patib le  
w ith  th e  constraint is

a1 =  a +  ocj ,

w herefrom  the variation o f th e  acceleration w ill be

(3.5)

da =  ax — a =  x1 — a =  da . (3-6)

B y  substituting the expressions (3.2) and (3.6) into (2.8) we have

i.e .,

or

=  0 , (3.7)

* 1 = 0 , (3.8)

=  0 , (3.9)
1 R 2
2 m

or, w ith  th e  value of the energy o f the constra in t acceleration

S* = —  m  a2 , 
2

ÓS* =  0 .

(3 .10)

(3.11)
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Sum m ing up the results obtained, th e  follow ing m inim um  princip les may 
be established in  connection  w ith  the ideal constraints:

a )  The ideal constraint changes the free m otion carried ou t w ith ou t con
straint on the effect o f  the active force F  b y  the kinem atically p ossib le  lowest 
va lu e o f  acceleration a:

d =  0 . (3.11a)

by The ideal constraint causes a m inim um  reactive force:

d 1 R 2\
2 m J

=  0 . (3.11b)

c ) The energy o f the acceleration induced  b y  the ideal con stra in t is mi
nim al

dS *  =  0  .

d )  The value o f  th e  velocity  of the ideal constraint perform ance, in the 
fie ld  o f  possible accelerations perm itted by th e  constraint is m in im al:

d P *  =  dS*  =  0  .

Based on the above statem ents, it m ay be stated  that the id ea l constraint 
disturbs the m otion (acceleration) carried out w ithout any con stra in t of a 
point o f mass to the least possible degree.

4. Determination of the force of the ideal constraint

L et us consider the m otion o f the mass point subm itted to  th e  geometric 
constraint (1.1):

f(r, t) =  0 , (4.1)

whence

and

dr dt

df  . , d£ , d2f
dr dr d t 2

о .

(4.2)

(4.3)
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T he direction o f th e  id ea l constraint force m a y  he defined w ith the aid o f
( 2 . 11)

K =  R • n I I —  , (4.4)
dr

w here: R  — absolute value of c o n stra in t force R , 
n — unit vector of R -d irec tion

M ultiplication o f E q . (4 .3 ) with m and rep lacem en t o f (1.3) into it , y ields

df . I df / J-, I . d2f  .
—  • г 4------ ■ ( F +  R) +  m -------- =  0 ,
dr dr  d t2

w h en ce, considering (4 .4), w e have

R  =  -
d f
dr

( d f  . , d 4
---- • r -\-------
dr dt2

L et for example an in sta tion ary  geom etric constra in t be given  

f(r, t)  =  r2 -  h2(t) =  0 ,

w herein  h(t) is a given fu n c tio n  of time. In th a t case:

df „ r df
dr h dt

— 2 • h • h ,

d2f  .. • df
—  =  - 2  • h  • h -  2 • h2, —  = 2 - r ,
dt2 dr

th u s, th e  constraint force, from  (4.6) and (4.8) is

ih 2
R  = m +  h -------

h  h

F  ■ r 

h

r

h

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

In  case where the m o tio n  of the mass p o in t is  hindered by a k inem atic  
con stra in t of the form (1 .2 ), so

and
d f
dr

f(r, Г, t) =  0

df • I d i  nr -\-------=  0 .
df  dt

(4.10)

(4.11)
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The constraint force, from (2.14) is

R  =  R  • Ti I I—  .
dr

( 4 .1 2 )

B y  m ultip lying (4.11) w ith m and replacing (1.3) into it, one obtains

(4.13)df n\ . df nm ---- • r 4------ (L 4- i t )  4- m  —  =  0 ,
d r  d r  d t

wherefrom, b y  considering (4.12),

m
R  =  -

df
d r

( d f  . , d f

d r  d  t
F  ■ n (4.14)

is obtained.
Let for exam ple, the mass point subjected  to the k inem atic constraint 

(1.10) be given
f(r, f, t) =  г- — v 2(t) =  0 .

Then

0, - ^ = 2  - r ,
d r  d r

df
d r

df 9 r
dt V

(4.15)

(4.16)

R eplacing (4.16) in to  (4.14), gives the ideal constraint force

F  ■ r\
R m • V — (4.17)

5. Mechanical systems subjected to ideal constraints

The ith  elem ent o f a m echanical system  consisting of N  m aterial particles 
subjected  to  constraints is acted on by the active force JF1, and b y  th e  reactive  
force Rj.  Then

F,  +  R i =  m, • a, (5.1)

wherein: m,- — mass of i- th  particle
о; — acceleration of i-th  particle.

In case, where all constraints are ideal in the system , i.e., the m echanical system  
in question is ideal, so, by virtue o f  (2.8), to  every constraint force R,- it is true 
th at

R,da, =  0 (5.2)
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w h ich  sum m ing up to the w h ole  system  results in

i= i

E xpressing Rj  from  (5 .1) and replacing in (5.3) gives Gauss’s principle: 

2  (m i°í — Fi) ‘ ôai =  0 • (5 -4)
i= i

=  0 .  ( 5 . 3 )

G auss’s principle exp ressed  b y  Eq. (5.4) is th e  m ost general principle  
d eterm in in g  the m otion o f  th e  m echanical system  w hich  m ay also he form ulated  
as a m in im um  principle. L et us replace into (5.3) th e  relationships (3.2) and (3.6):

* 2i=i

' ÍF, 12

Ущ
=  0 , (5.5)

i.e ., in  th e  ideal m echanical sy stem s the sum o f squares o f  the specific constraint 
forces related  to the square roots of the m asses m, is o f m inim al value. 

Transform ation o f th e  E q . (5.4) yields

1

2
m, ■ a7 Fi • a, =  0 (5 .6)

w hich  expressed by the acceleration  energy of the system

S = l J m , o ?  (5.7)
 ̂ i=i

m ay  b e w ritten in the form :

dS =  J ’ F, • do,-. (5.8)
i=i

L et us consider, as an exam ple for the ideal m echanical system  a rigid  
b od y . T he rigid body is defined  b y  the stationary geom etric constraint equations  
ta k in g  th e  form

(r, — rj)2 =  constant, (5-9)

w here r,- and r;-are the p osition  vectors of the particles i-th  and j - th ,  resp ectively , 
in a certa in  inertia system .

L et us try to find out to  w h a t internal set o f  forces is the constraint (5-9) 
eq u iv a len t.
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In order to be able to  determ ine the effects o f the mass p o in ts i-th  and 
j - th  exerted on each other, le t us divide the forces acting on the m ass points m, 
and m ; in to  three parts

F t -\- Bj Rjj  =  m,- • a,-, (5.10)

F j  +  В  j - f  Rji  =  m j - Uj ,

w herein:
F  j and  F: are active (external) forces acting on mass points considered,
В  j =  £  Bik an |l B i =  В: к are th e  effects

k * i  к ф ]k¥=j k ^ i
of the particles o ther th an  m,- and mj of th e  rigid body exerted upon th e  m ass points m,- 
and  mj, which from the v iew point of the system , consisting of m ass po in ts mj and mj 
considered, should he assum ed to  be external forces,
Rjj and Rjj effect on each o ther defined by constrain t equation of mass po in ts considered:

Rj j  +  Rj j  =  0 . (5.11)

D eriving tw ice the constraint equation (5.9) w ith respect to  tim e results 

(Vj — Vj)2 +  (r,- -  Tj) • (a, -  <tj) =  0 , (5.12)

w hence the variation o f the accelerations is

(r, — rj) • (ôoj — ôaj) =  0 . (5.13)

Let us assume that the constraint (5.9) connecting the m ass p o in ts m,- and 
m y is an ideal one. In th is case b y  virtue o f (2.8)

Ríj  • da, =  0 , ' (5.14)

R j i  • ô d j  —  0

w hich  considering (5.11) m ay be w ritten in the form

R i , - ( ô a ,  -  àaj) =  0 . (5.15)

B ased on (5.11), (5.13) and (5.15)

R U I I (r< — rj) I I Rjt  . (5.16)

w hich com pletes N ew ton’s third axiom  defined b y  (5.11) w ith the establishm ents  
th a t the constraint forces defined by (5.9) are not only o f the sam e m agnitude, 
b u t also of com m on action line.
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6 . Equations of motion of anholonomic mechanical systems

In  the m echanical sy s te m  consisting o f N  m aterial particles be

• • • rN, t )  =  0 (a =  1 . . . d) (6.1)

an id ea l geometric and

t y r t ’ - . , r N, r v . . , rN, t) =  0 ( / 3 = l . . . g )  (6.2)

an id eá i kinematic con stra in t. Thus, the num ber o f  degrees o f freedom is

n  =  3 -  N  — d — g .  (6.3)

Taking into account th e  geometric constraints,

m  =  3N — d =  n +  g (6.4)

b y  choosing the general coordinate qk, the position  vectors r(- m ay be w ritten as 
th e  functions of the general coordinates. In troducing the general coordinate 
vector

q =  4 l 1 (6.5)

. 4m

th e  positional vectors r(- are:

r, =  r,(q, t) (i =  1 . . .  N) (6.6)

w h ich  put into k inem atic constraint equation (6.2) yields

У ? ,  q, t )  =  0 , ( / ? = l . . . g )  (6-7)

In  the following on ly  k inem atic constraints are dealt w ith which are the  
lin ear  functions of the v e lo c ities  r, and general ve locities q, i.e.,

w herein

lß(q, t) =  hß • q ,

hß = M ? ’

( ß =  l . . . g )

'ßi

[lßm

( 6 .8)

(6.9)
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Let us now set up the convenient linear com binations n =  m — g o f the 
general velocities qu, the pseudovelocities

where

s j  =  b j  • q , (j =  l - . - n ) ( 6 . 10)

bj =  bj(q, t) Г Ъп ( 6 .11)

B y interpretation  w ith the colum n vector or m atrix

Sl and В = Ьц - - • • b ,m

« b , b
Ьц . . . .  h lm

_ le _ hgi • ■ ■ • hgm _

one obtains
s =  В • q .

( 6 . 12)

(6.13)

B y a convenient selection o f the functions b ,;(q,t) it  m ay always be achieved  
that

det B 0 , (6.14)

whence, b y  using the notation В -1 =  C

q =  C • s . (6.15)

From  (6.6) the velocity  of the mass point m, is

*t =  ~ ~  ■ 9 +  ~  =  D/ q +  <h, (6.16)
dq dt

or, by replacing (6.15)

f, =  D < • C • s +  d, =  II/ • s +  d j , (6.17)

wherein the notation  D ( • С =  H, was introduced.
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T he acceleration o f the mass point m (, calculated from (6.17) is

f (- =  H, • s -  H, • s 4- d, . 

T hus, the acceleration energy of the system  is

s ^ 1 2 m ' ^ = ’2 , = i

and its  variation according to  the pseudoacceleration s

öS =  —  • ős ,
C ÏS

( 6 . 18)

(6.19)

w herein
ós ds l

ô'sn
0

0

( 6 .20)

( 6 .21)

because

dlp =  0 ( / 3 = 1  . . . g )  (6-22)

T he variation o f the acceleration r,- =  a,-, according to (6.18) is:

(6.23)dat =  díj =  H, • ôs .

R ep lacem en t of the Eqs (6.20) and (6.23) into (5.8) yields

a s  N
• ös =  y  FT • H, • ós =  Q ■ öS , (6.24)

( Ï S  i = l

w herein  F f  is the transposition  of the m atrix F t and

2  FT  . H, =  <? =  [Ql t . . . Q „ ]  (6.25)
i=i

is th e  general force w hich m ay  be defined by m aking use of the id en tity

öS ■— F 1 ' àa1 +  . . . +  F n  • ôaN — Q iösx +  • • • +  (6.26)
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Since all the ôs j-s are independent o f each other, from (6.24) it is ev ident th at

f -e .
dS .

—  =  Qy 0  =  i ,  . . .  n)
asj

(6.27)

a re  th e  e q u a t io n s  o f  m o tio n  a c c o rd in g  to  A p p e l l , o f  th e  a n h o lo n o m ic  sy s te m s .

7. Equations of motion of holonomie systems

In the holonom ie system s there are on ly  geom etric constraints, i.e .,

n =  3 • N  — d = m ,  (7.1)

accordingly, in  lieu o f the pseudovelocities one can calculate b y  using the  
general ve locities qk

s =  q ,
whence, by v irtu e o f (6.13) and (7.2),

В =  C =  I

which is the u n it m atrix and, according to  (6.25), the general force is

N N N drt
i= 1 i=l

Thus, A ppell’s equation is

i=i i= 1 dq

f  =  o .dq
wherein:

ds d_
dq dq 

d 
dt

1 ЛГ 1  N ffr
—  2 ? m r r , = ^ r n ,  • T, —
_ * i=i J i=i dq

"  • dr,' I "  . d
2 m i ' r.- ^ m i • n  ■ -i= 1 dqJ ,=i б0Î

d d l N .A d 1
2  m, r? -  — — S  mi ■ rf\dt dq 2 i=i [ 2

1 1
1 =1  J

jd  ̂ dT _  dT
dt dq dq

(7.2)

(7.3)

(? =  ^  FT  H , =  2  FT ■ D, • C =  £  F J  • D,. =  V  F j  ■ . (7.4)

(7.5)

(7.6)
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H ere, i t  has been taken into account th a t b y  considering (6.16), (6 .17), (6.18) 
and (7 .3):

dr, dij  ̂ dr^

dq dq dq
D, and

dq
(7.7)

and th e  va lu e  of the kinetic energy

T (7.8)

has b een  replaced into (7.6). F in a lly , b y  tak ing into account (7.5) and (7.6) one 
ob tain s L agrange’s equation o f  the second kind valid  for holonom ie system s:

i.e .,

d dT  dT

d t dq dq

d dT dT

dt d'qk dqk
(k 1 . . .  n) (7.9)

8. Equations o f m otion o f the rigid body

T h e acceleration as, angular v e lo c ity  со and angular acceleration e o f  the  
centre o f  gravity  S  of the rigid b ody o f m ass m the acceleration energy is e x 
pressed b y  the fornrula:

S = — f  [as +  e X Г +  coX (coX r)]2 dm, (8.1)
2 J m

w herefrom , b y  taking into account the equation we obtain

• dm  =  0 ,

af + - Í2 J n
[e X r +  со X (со X r)]2 dm

( 8 .2)

(8.3)

D efin in g  the value o f the in tegral at the right-hand side o f the equation  it 
m ay be w ritten :

S =  —  m af +  —  er • 0 S • e (econs) +  [cooco — I ■ со2]2 . .  (I • 0 S — 0 S) , (8.4)
2 2
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wherein

0 S. =  f [I • r2 — ror] • dmJ ÏÏ1 (8.5)

is the tensor o f  inertia calculated w ith respect to  the centre o f  grav ity  of the 
rigid body,

( 8 .6)ns =  O s ■ ы

the vector o f the m om ent o f m om entum  calculated  w ith  respect to  th e  centre of 
gravity o f the rigid body,

0. = fJ  rr,
(8.7)

the m om ent o f  inertia  calculated w ith respect to the centre o f  gravity  of the 
rigid body.

Considering th e  ve lo c ity  and angular-velocity coordinates o f  the pseudo
velocity:

=  vs , and s2 — со . (8-8)

Since, from the point o f view  of the derivation o f A ppell’s equations the 
last term in Eq. (8.4) is indifferent, it is sufficient to determ ine the part

S»
2

eT • 0 S • e +  (eums) . (8.9)

For the determ ination o f the general forces the m otor to  the center of 
gravity S o f the external set o f forces acting on the rigid body

[F,  M s ]s

should be taken as a basis. The variation o f the acceleration-energy m ay be 
written according to  E q. (6.26) as follows:

F  ■ ôas -(- M s • ôe — • Ósx +  Q • <3s2 ,

whence, by m aking use o f (8.8),

Ql =  F  and Qo =  M s

( 8 . 10)

( 8 . 11)

is obtained.
A ccordingly, A ppell’s equations give, on the one hand the expression

as
a<*s

d i .
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i.e ., b y  using  (8.9) and (8 .11), th e  theorem  of m om entum :

m • as =  F ( 8 . 12)

and, on  th e  other hand,

i.e .,
0 S • e +  со X ns =  M s (8.13)

g ive th e  Euler’s equation o f m otion  o f the rigid body.
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[Л ек ц и и  по аналитической механике].

Verallgemeinerung und einige Anwendungen des idealen Zwangsbegriffes. — Beschrieben 
w ird die klassische Deutung des idealen  Zwanges, die sich nur au f geometrische Zwänge anw en
den lä ß t. Im  weiteren gibt der A u to r zu r D efinition des idealen Zwanges eine Form ulierung an, 
die au ch  die klassische D eutung e n th ä lt,  jedoch auch auf kinem atische Zwänge angew andt 
w erden k an n . Aufgrund dieser D efin ition  des idealen Zwanges können M inim um prinzipien fest
gestellt w erden, die zum allgem einsten, die Bewegung der m echanischen Systeme definierenden 
G rundsa tz , zum  Gaußschen G rundsatz  führen. Es wird nachgewiesen, daß aufgrund der oben
e rw äh n ten  Prinzipien die A ppellschen Bewegungsgleichungen der A nholonomsystem e, die 
L agrangeschen  Bewegungsgleichungen der Holonomsysteme und  die Eulerschen Bewegungs
gleichungen des steifen Körpers e rm itte l t  werden können.
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MATRIX ITERATION ANALYSIS OF 
RECTANGULAR PLATES WITH SIMPLY 

SUPPORTED AND FREE EDGES

I. H EG EDŰ S*

[M anuscript received N ovem ber 24, 1977]

An efficient com puter method is presented for the analysis of elastic deflections of 
rectangular p lates w ith  free and simply supported edges. I t  is based on th e  direct solution 
of the m atrix  equation  of nodal deflections, hence it  is a developm ent of th e  method for 
all around sim ply supported rectangular plates where, ra th er th an  assum ing fictitious 
load complexes, in ternal iteration is applied to yield results of a rb itra ry  accuracy for a 
boundary condition seemingly preventing direct solution. Convergency of iteration is 
dem onstrated, and  on the basis of the constructive dem onstration, a condition sufficient 
for the convergency of similar types of iteration  is given.

1. Introduction

Difference equations deduced from the Lagrange differential equation for 
sm all deflections o f  elastic plates are usually o f a special built-up, therefore, 
further analysis can be sim plified from  several aspects. A m ong the simplified 
m ethods, the direct solution o f the m atrix equation o f nodal deflections by  
spectral decom position o f coefficient m atrices, due to E g e r v Ár y  [1 , 2 ], is made 
outstanding by its econom y and elegance o f m athem atical treatm ent. The econ
om y o f this m ethod established for analyzing sim ply supported rectangular 
plates appears from  its application in  problems o f analyzing even  plates of 
rather general form  and boundary conditions. In these cases th e  rectangular 
plate w ith  four N avier edges acts as a primary beam  o f the tested  structure 
where the system  o f deflections to  be determ ined o f the tested  p late domain 
inside the “ prim ary p late” consists o f a linear com bination o f deflections prod
uced by properly chosen special load system s (determ inable by solving a linear 
equation system ).

Now, a developm ent of the m ethod will be applied for the analysis of 
rectangular plates w ith  one or two free edges replacing the quoted method of 
“ primary plates” by internal iteration, to be refined at will.

A typ ical case — m atrix equation of nodal deflections o f slabs with two 
parallel free edges — will be involved  to illustrate deviations from  the basic

* Dr. H e g e d ű s  I., Váci Mihály u. 10, H-2083 Solymár, H ungary
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prob lem  -— analysis of a rectangular plate w ith four N avier edges, —  presenting  
th e  so lu tion  method and dem onstrating  the applied iteration  to converge. 
F in a lly , possibilities o f generalizing the method will be discussed.

2 . M a trix  e q u a tio n  fo r  n o d a l  d isp lac em e n ts  o f  r e c ta n g u la r  p la te s

T he m ethod of fin ite  differences is based on approxim ating the required 
fu n ction  b y  a finite set o f v a lu es, its  derivatives b y  quotients of differences, 
w ritin g  difference equations o f  the sam e purport as th e  differential equation of 
th e  problem  — irrespective o f  approxim ation errors — and determ ining the  
elem en ts o f  the substituting se t o f  values by solving the difference equation  
sy stem . In case of a linear d ifferentia l equation, the system  o f difference equa
tion s is a vectorial equation ta k in g  the form:

A w  — - p (1)
К

where w  and p are deflection and load vectors, resp., К  is the flexural rigid ity of 
th e  p la te , and A the coefficien t m atrix  of the equation system .

A p ply ing  the m ethod o f fin ite  differences w ith a rectangular netw ork for 
determ in in g  deflections o f rectangvdar plates w ith  boundary conditions con
sta n t a long each edge, A obta ins a special built-up: it  can be produced as sum  
o f three sim ple direct products [4]. РЪг a plate w ith four N avier edges (Fig. la ), 
ap p ly in g  th e  usual difference operators:

A C2 g 3 E  +  2 C £ g C +  E $  С - =  (C $  E +  E {g5 C)2 (l .a)
m n m n m n m n m n

subscrip ts referring to m atrix sizes and £5 to the direct m ultiplication

1 ' - 2 1 c , - J L — 2 1
~hl 1 _ 2 1 '■ К 1 — 2 1

1 - 2 1 - 2

B e W  and P matrices of size m X n  including elem ents o f  w  and p in conform ity  
w ith  th e  arrangement o f the nodal system . The correlation betw een linear 
eq u ation  system s of direct product-polynom ial coefficien t m atrices and m atrix  
eq u ation s (e.g. [3]) permits th e  w riting of matrix equation  having a content 
p erfectly  identical to that o f (1):

C-W +  2 C W C *  +  W C 2* =  1 P (2)
m m n n К
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-----simply supported
edge

-------free edge

F i g .  1

where ( )* indicates transposition that can be even om itted due to  sym m etry  
in C.

Considering the spectral decom position  o f  coefficient m atrices to  be 
known :

2 m

Using variable transform ation X =  V W U ,  Q =  —  V P U Eq. (2) can be
m n К  m n

transform ed into a m atrix  equation of d iagonal coefficients:

<A?>X +  2<A,> X<Ay> +  X<A?> =  Q . (2 .a)

Introducing the logical m ultiplication in terpreted  for matrices o f  equal size:

к 7] A [ b , j ]  =  [ a tJ ■ ьи],
(2.a) m ay be w ritten in the form:

[(A? +  2 A,Ay +  A))] A X [(A,- +  A,)*] A X =  Q, (2.b)

hence (since А,- -f- Ay A  0):

X =  [(A,- +  Ay)- 2 ] A Q, W =  U m{[(A, +  Яу)-2 ] A Q}V„ . (3.a,h)

Trigonom etric equations easy to program are available (in e.g. [3]) for th e  spec
tral decom position o f С, C (and of subsequently  factorized coefficient m atrices) 

m n
so the solution  is sim ple to  w rite, so to say , in a closed formula. R adical sim pli
fication  — as seen by deduction steps — is provided partly by the p ossib ility  to

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



154 H E G E D Ű S ,  I .

“ co n tra ct” differential equation  system  (1) in to  m atrix  equation (2), and p artly  
b y  th e  id en tify  of modals in the decom posed right and left-hand side coeffic ien t 
m atrices (2) so that the equation  can be transform ed into a simpler one hav in g  
purely  d iagonal coefficient m atrices.

F or analysing the p late w ith  each tw o parallel Navier types and free 
edges in  F ig . lb , in case o f  v =  0, of im portant com putational advantage, d if
ference equations of an analogous sim plicity can be w ritten [4] :

w here

A w  =  [C2 &  E  +  2 C g j  C E
m

B ]  w
К

( E  jg. E)  p

Ê E -  F. F <0,5 0 . . . 0 0 ,5 );
n n n n

c  c F  F ;
n n h2 n

~ ~ ~ -  1 — 1 1
в
n

C2 -  D.
n n

D  =
n 1 1

0 К
0

1 - 1
— 1 1 _

(4)

(5)

Set o f  E q s (4) contracted in to  a m atrix equation:

C2 W  Ё  +  2 C  W C  +  W  В  - P E .  (6)
m n m n n К  n

A great difference against (2) is th a t coefficients o f  (6) cannot be sim ultaneously  
transform ed into diagonals sim ilar to (2.a), preven tin g  the direct application  o f  
th a t m eth o d  o f solution. Rearranging (6) by m eans o f  Eqs (5), to leave on ly  
term s w ith  sim ultaneously diagonizable coeffic ien t matrices:

C2 W +  2 C W C +  W  C2 -  ' P E  +  W D  +  P W F .  (6 .a)
m m n n K  n n m n

A gain , considering spectral decom position C =  U  < )  V and C =  U  < A )  V
m m  m n n n

as b e in g  known, variable transform ation sim ilar to  the former one w ill be 
applied:

X =  V W U .  Q = — V P E U .
m n K  m n n
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Introducing matrices

M =  V D U  and N = V F U ,
П П  П  П  П  П  П П

E q. (6.a) can be rew ritten as:

[(A,. +  Я;)2] A X  Q +  X Й +  <A2> X К . (6.b)

A lthough no direct solution  form ula sim ilar to (3.a,b) can be g iven  for both 

sides o f (6.b) containing the unknown m atrix, A, -f- Ay ^  0 perm its th e  following
iteration:

X 0 =  0 .

x fc+1 =  [(A,. +  % ) - 2] A {Q +  X , M +  <A?> X , N ) . ( ? )

Provided the iteration is convergent, the lim iting value o f \ k m eets Eq. (6.b) 
hence lim  X /( =  X.

/С-+-00
The solution o f Eq. (6) is to produce b y  “ retransform ation” using modals 

o f Cm and Cn:

w  =  U X V  .
m n

A non-zero Poisson’s ratio involves a further m odification C and B, thus, trigo
nom etric form ulae in  (3) do not su it spectral decom position, b u t th e  solution  
principle is the same.

3. Proof of the iteration convergence

Direct observation o f the elem ent by elem ent convergence o f  th e  series of 
m atrices X/f is ham pered b y  different ty p e  m atrix operations in  th e  iteration  
form ula, therefore, a different w ay will be taken to prove the convergam e of 
m atrix iteration. F irst, convergence o f  the m atrix iteration in case o f  converg
ence o f  an adequately selected  vector iteration will be recognized, then this 
vector iteration w ill be proved to  converge.*

The first, essential statem ent w ill refer to the possibility o f  ach ieving the 
transform ed m atrix o f  nodal deflection b y  the used iteration. N am ely , opera
tions involved in iteration  formula (7) perm it any elem ent o f  X to  assum e an 
arbitrary real value. N ow  then, also elem ents o f can assum e an y  value of

* The au thor found a d irect proof of the m atrix  iteration  convergence a f te r  handing in 
the m anuscrip t of the paper. I t  is based on the invariance of trace of m a trix  p roduc ts  against 
sim ultaneous orthogonal transform ation of the m atrices.
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co n cre te  mechanical purport, X  and W/(b e in g in a  m u tu a lly  unambiguous rela
t io n . A g a in , convergence o f  series of matrices X /( is eq u iva len t to the converg
en ce o f  th e  series of m atrices W /,- interpreted b y  “ retransform ation” and o f th e  
series o f  vectors w ft com posed  o f  columns of ~Wk and v ice  versa. Thus, dem on
s tr a tin g  the convergence o f  means the granting convergence o f iteration  
for X k.

Convergence of the ser ies o f  vectors will he p roved  b y  using the principle 
o f  m in im u m  potential en ergy  (Castigliano theorem ). T he Castigliano functional 
b e in g  in  finitized form:

jTA ~
П с(х) = — X * A x  -  x*(E{gJ E )p  m inim um ! (8)

2 m n

T he f ir s t  term  in the exp ression  m ultiplied by hx • hy is strain energy belonging  
to  deform ation  x, and th e  seco n d  one the p otentia l loss o f external forces, o f  
course, w ith  neglects due to  approxim ations in the m eth od  o f finite differences. 
D e fle c tio n  vector x =  w  p ro v id in g  the minimum o f  П с contains nodal displace
m en ts  y ield ing  a solution o f th e  problem, and is equal ex a ctly  to the solution o f  
(4), o b v iou s from the id e n tity  betw een  the set o f con d ition a l equations requiring  
th e  f ir s t  partial derivatives o f  I I c with respect to  all elem ents of vector x to  
v a n ish , and (4). (Let us p o in t o u t here the im portance o f  sym m etry of the coef
f ic ie n t  m atrix of the d ifference equation system : p ositiveness of the first term  
is proportional to the strain en ergy  of the plate in (8) for any x ^  0 is granted  
m ath em atica lly  only i f  A  is sym m etric.).

M odifying function in  (8) b y  a term containing a vector parameter t:

77(x; t) ^  {x* A x +  (x — t)* (Â — A )(x  -  t) -

— x * (E £ 2 E )p  =  m inim um ! (9)
m П

w here

Â =  C2 g j E  +  2 C ig 5 Ï - |-  E (g} C2 =  [C gg E +  EjgjC ]2
m n m n m n m n m n

A  is th e  m atrix of an op eration  o f  the same effect as th e  com bination in the left- 
h an d  side of matrix equation  (6 .a) on the deflection v ec to r  w formed by colum ns 
o f  W . Therefore, iterated m atrices of iteration (7) can be m atched exactly  w ith  
th e  fo llow ing iterated vecto rs:

w 0 =  0

77(x; w 0) m inim um ! X w i  ; ( 1 0 )

Д(х; w ,) — m inim um ! X = w2 ;

77(x; w,,.) m inim um ! X = W A'+1 ■
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A pplying the E gerváry theorem  [1] on hyperm atrix eigenvalues perm its to 
directly  prove that for x  ^  0:

x*Âx ;> x*Ax > 0  , (11)

x*(Â -  A)x ^  0 .

T aking the uniqueness o<" the solution into account, condition (9) and inequality  
(11) yield: For x ^  t

77(x ; t) ^  Я (х  ; x) =  77c(x) (12)

A pplying inequality (12) on vectorial iteration (10):

; w o) I K ™i ? w i)) »
П с( Wj) =  Щ w, ; Wj) >  //( w2 ; w j , 

П(\г2 ; w,) ;> 11( w2 ; w2) ,

U c( w 2) — 4 ( w2 ; w2) >  / / (  w 3 ; w2) ,

due to  (12)

due to (10)

due to (12) (13)

due to  (10) etc.

D efin ite  inequalities inside the sequence (13) o f inequalities perm it to  write the 
series of definite inequalities:

n c(vr0) > / 7 ((w,) > .  . .  > /7 (.(w;,.) > /7 c(w,.+1) > .  . . (14)

T hus, vectorial iteration y ields a m onotonous decreasing series of Пс(х).Пс(х) 
having  a lower hound the series tends to 77c ( w) and the series o f  iterated  vectors 
wft tends to w, solution o f (14). Iterated vectors are o f  fin ite  size, therefore, 
convergence is met for all vector  elem ents.

B y  proving the convergence o f vectorial iteration, also th a t o f  m atrix  
iteration  has been proved.

4. Further applications

This m ethod, developed for plates sim ply supported along tw o opposite  
edges, can be applied — w ith  som e alterations unaffecting its essentia l — on 
rectangular plates sim ply supported along three edges and the fourth edge free 
(F ig . 2 .a) or sim ply supported along two adjacent edges and unsupported along 
the other two (Fig. 2.b).

In the former case, transform ation and arrangem ent o f m atrix  equation  

C2W Ê  +  2 C W C + W B  =  — P Ê
m n m n n К  n
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in to  iteration  formula

* ,+1 =  [(A, +  Â ;)-2] À { Q +  X M  +  <A?> X N } ,

in  th e  second case, a sim ilar transform ation of

B W Ë + 2 C W C + Ê W B
m n m n

- É P É
K m  n

y ie ld in g  the iteration form ula

X*+1 =  [(), +  Ay) -•■»] À { Q +  M X ,(E  - N )  +  <A?> X ,f i +
m n n n

+  ( E -  N )X , M  +  NX,<;V2)}
m m  n m

lea d s to  the required transform ation  of the nodal deflection  m atrix. E lem ents of 

th e  upper left and low er r igh t corner of m atrices В , C and É are identical to
n*i r*s ^

th o se  o f  matrices С2, С, E  and В , С, E, respectively; M and N are derived analo

gous to  the presented m atrices M and N as products o f difference matrices D 

and  F  b y  modals o f C.
The increased num ber o f the m atrix products in th is latter iteration for

m u la  require little excess o f  com putation if  th e  fact th a t M and N are simple 
d iad s is made use of.

In  computer ap p lica tion , convergence speed o f iteration  appears to depend  
b o th  on the network and th e  load system , hut com putation  o f adequate accu
ra cy  required much less tim e , even under adverse convergence conditions, than  
th e  direct solution o f  a sy stem  o f difference equations o f the same purport. 
A n  essential advantage o f  th e  m ethod is to require sm all storage capacity, im 
p rov in g  applicability o f  sm all-capacity com puters. T ypically , in the computer
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O D R A-1024, applied to  test this m ethod, storage capacity  shortage m ade 
establishm ent and solution  o f the difference equation  system  o f the network  
w ith  50 to 60 nodes d ifficu lt. This m ethod poses no d ifficu lty  in determ ining  
deflections of a netw ork w ith  350 to 400 nodes w ith ou t using peripheral storage.

5. Generalization of applicability conditions of iteration

To prove th e  convergence of iteration for so lv ing  the set problem, is a 
constructive proof b y  perm itting to define th e  applicability  criterion w ith  a 
rather general v a lid ity .

To this aim , tw o basic concepts will be defined: those of insignificantly  
deviating system s, and o f a uniform ly stiffer system . Let us consider elastic  
system s A  and A  as insignificantly deviating ones, if  the generalized vector {x}  
describing the equilibrium  form  o f A  under an arbitrary load can be interpreted  
as a system  o f values describing the equilibrium  form  o f A  under an adequately  
chosen load and v ice versa.

Let the strain energy belonging to the identical equilibrium  form {x} o f  
A  and A  be g iven b y  the non-negative and positive quadratic term s 

l/2 Ç ({x }  ; {x }) 0 and 1/2 @({x} ; {x}) />  0 respectively .
Assum ing b oth  internal works to be related  b y  the inequality

4 - W * } ;  (15)

for an arbitrary {x }  ^ 0  then system  A  can be spoken o f as uniform ly stiffer  
than A.

Let the load on both  system s be described b y  generalized vectors {p} so 
as to  give equal losses o f  potentials of the load system  {p} on both system s in  
case of equal { x } . Let the potential loss be determ ined by the bilinear term
P ({ * }  ; {/»})-

This mode o f so lution , in a more general wording: determ ination o f the  
equilibrium form {w} belonging to {p} o f an elastic system  A  by the convergent 
series o f d irectly com putable equilibrium  form s o f a substituting system  A  in 
sign ificantly deviating  from, and uniform ly stiffer than, the original system  A .

According to  the Castigliano theorem , criteria o f  the equilibrium o f the  
tw o system s are:

System  А :  П с( {х } )  =  -^-(?({*} ; {* }) — P { { x }  ; {p }) =  min! (16)
Lt

System  Â: f l c( { *}) = - i - 0 ( { * }  ; {*}) — p ( { * }  ; {p}) =  min! (17)
Lj
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U n itin g  both functionals b y  using a param eter vector {i} o f  th e  sam e  
basis as {*}:

Щ {* }  ; {*}) =  ~r [< ? ({ * }  ; { * } )  +  ( ? ( { *  —  * } ; { *  —  *})  —
Z

- Q  ({* - * } ; { * -  t})] -  P({*} ; {p}) • (18)

D ifferent specifications o f  param eter vector {i} yields functionals JJC and  
n c as follow s:

Щ { х }  ; {0 }) =  П с({х } )  (19)

Щ { х }  ; {* }) =  П с({х } )  (20)

In eq u a lity  (15) shows th a t, for identica l {j>}:

t f c( { * } ) < t f c ( { * } ) -  (2 1 )

F ollow in g  from the structure o f  П  and from the non-negativ ity  o f  quadratic  
term s Q and Q reflecting the physical purport, for arbitrary {at} and {t}:

Щ { х }  ; { t } ) > J I ( { x }  ; { x } ) .  (22)

F u n ction a l П  can be w ritten in  the form:

Щ {*} ; {*}) = ^  W * }  ; {*}) -  P ( { * }  ; { p } )  ~  [&{*; {*}) -  <?({*}; {*})] +
Z Z

+  Y  [0({*} ; { * } ) - < ? ( { * } ; { * } ) ]  • (23)

In case o f  a fixed  { t} , the fourth term  in th er ig h th -a n d sid eo f (23) is a constant, 
irre levan t to  {x} yielding an extrem al value, the second and third term , united  
in to  one bilinear form, can be considered as loss o f potential o f a fictitiou s load  
d ep en d in g  on {я}.

A ssum ing, — in conform ity w ith  the original problem settin g  — the equi
librium  form  of A  for an arbitrary load to  be d irectly determ inable, so also is {ж} 
y ie ld in g  th e  minimum o f (18) belonging to  an arbitrary param eter vector {(}, 
in con form ity  with (23). Therefore, single steps o f generalized vector iteration

П ({ х }  ; {0}) =  m inim um  ! —► {wq} (24)

IJ({x}  ; { w k} =  m inim um  ! —► { w k+1}

can d irectly  be performed. Inequalities (12), (24) perm it to  sta te  iteration  to 
resu lt in  a m onotonous decreasing series o f 77, having as lower bound the m ini

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



A N A L Y S I S  O F  R E C T A N G U L A R  P L A T E S 161

m um  o f/7 c because o f  (20) and (22). Since lim it eq uality

lim  [tf({w fc+1} ; { w k}) — Щ{и>к) ; {mi*})] =  0
k-*oo

is on ly  true if  { w k} differs from at m ost b y  elem ents o f a zero-measure
set, iteration results in the deform ation vector {ie} sought for, — exactly , in the 
case o f a deform ation vector o f fin ite degrees o f  freedom , and “ w ith a deviation  
at m ost in the elem ents o f  a zero-measure se t” in  case o f infin ite degrees of 
freedom .

Thus, a necessary condition o f the iteration  to  be applied is th at the set of 
elem ents (functions, values) describing or approxim ating the equilibrium  form  
o f the exam ined system  is to  describe the equilibrium  form of a substituting  
elastic system  insign ificantly  different from th e form er exact or approxim ate  
one and adequate condition  o f convergence is to have th is substituting system  
uniform ly stiffer than  th e  substituted  one. O f course, in case o f fin ite degrees of 
freedom , the original and the substituting system  should have equal degrees of 
freedom . I f  the exam ined  system  A  is a su b stitu tin g  system  itse lf (as e.g. in our 
case, because o f fin itiza tion ), then significant or insign ificant deviation between  
A  and A  should be decided b y  confronting them . A clear illustration is the para
doxical application below  o f the com putation principle:

R ectangular p lates w ith  four Navier edges or w ith  three N avier edges and 
one free edge are usually  treated as sign ificantly  deviating elastic system s. 
A pplying, how ever, a netw ork on the plate w ith  sim ply supported edges and 
another on the p late  w ith  one edge free, one m esh narrower in the direction per
pendicular to the free edge as seen in Figs 3a and 3b, from the aspect o f m atrix  
equations o f the nodal deflections, both system s are o f equal degrees o f freedom, 
hence insign ificantly  deviating. Since the p late  supported all around is uni
form ly stiffer than its counterpart w ith one edge free, m atrix iteration formulae 
sim ilar to those above can be deduced for determ ining nodal deflections o f the 
free-edged p late, applying solutions for the p late w ith  four Navier edges.

In fact, a lthough b y  m uch more iteration  steps than in the m ethod pre
sented before, the solution  is achievable.

1 2 . . .  j ...(n-1)n 1 2...j ...(n-Dn
1
2 ■Ф-Ф-••••'>4 2 ■ФФ- -Ф- -Ф-Ф

: : : : l£  :
i ф ф -ф <4 j  i Ф Ф - Ф Ч Ф

m-1
. : : : 1 : 
•Ф-Ф-■ • "Ф4 m-1 Ф -ф -ф -.-Ф -Фm •ФФ- • -ф- • -ф-ф m 

______________ 1 * ФФ ф  ФФ

♦ n- hx + + (n-*-1 ) hX ♦
a b

Fig. 3
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* I n  H u n g a rian

M atrix-Iteration  für die B erechnung der Durchbiegung von R echteckplatten m it freien 
u n d  fre i au f  liegenden R än d ern . — D a s  besch riebene  m aschinelle  V e rfah ren  e ig n e t sich  zur 
U n te rsu c h u n g  v o n  R ech tec k p la tten  m it  fre ien  u n d  fre i au fh eg en d en  R ä n d e rn . E s  b e ru h t  a u f  der 
d ire k te n  L ö su n g  der M atrizeng le ichung  d e r K n o te n p u n k td u rc h b ie g u n g e n , d em g em äß  is t  es 
eine W eite re n tw ic k lu n g  des V e rfah ren s  fü r  d ie  B erechnung  rin g sh e ru m  fre i a u fh eg e n d e r R e c h t
e c k p la t te n ,  d a s  a n s ta t t  der A n n ah m e  f ik tiv e r  L as tg ru p p e n , d u rc h  in n ere  I te r a t io n  beliebig  
g en au e  E rg eb n isse  lie fert im  F a lle  v o n  R an d b ed in g u n g en , d ie eine d irek te  L ö su n g  sch e in b a r 
v e rh in d e rn . N ach  Beweis de r K o n v e rg en z  d e r I te ra tio n , w ird  a u fg ru n d  des k o n s tru k tiv e n  B e
w eises e in e  h in reichende  B edingung  fü r  d ie K on v erg en z  äh n lich er I te ra tio n s ty p e n  gegeben.
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GENERAL ANALYSIS OF MONOCHROMATIC 
SIGNALS PROPAGATING ALONG 

INHOMOGENEOUS TRANSMISSION LINES. PART I

I. Á R K O S , Mrs. F E R E N C Z *

[M an u scrip t received : S e p te m b e r  8, 1978]

The firs t part of th is  p a p e r  gives a sh o r t  su m m ary  of th e  fu n d a m e n ta l  re la tions 
a n d  com m on m eth o d s o f in v es tig a tio n  of inhom ogeneous tran sm iss io n  lines. T h en  using 
th e  m eth o d  of inhom ogeneous b asic  m odes show s a process for d e te rm in in g  th e  w ave 
p a tte rn  along th e  line  w h ich  seem s gen era lly  to  be su ffic ien tly  u se fu l. B ased  on  th is, 
one m ay  have  d iffe ren t categories o f tran sm iss io n  lines. F ina lly , b y  u s in g  a fu r th e r  m eth 
od  too, th e  w ay  o f d e te rm in in g  th e  w ave p a tte rn  a n d  th e  d iffe ren t c a teg o rie s  will be 
show n.

The second part o f th e  p a p e r  gives th e  m an n e r of d e term in ing  th e  g ro u p  velocity  
b y  using  a p e r tu rb a tio n  process b a sed  on th e  m eth o d  of in h om ogeneous b asic  m odes. 
In  th is case hom ogeneous, inhom ogeneous a n d  w ith in  th is s tr ic tly  l in e a r  a n d  dispersive 
lines are analysed . F in a lly , a n  exam ple  is show n  fo r de term in ing  th e  w av e  p a tte rn  and 
group  ve loc ity  b y  u sin g  th e  m eth o d  o f inhom ogeneous basic m odes.

1. Introduction

N ow adays the exact analysis o f  electrom agnetic wave propagation  (signal 
propagation) is becom ing more and more im portant because o f  th e  rather wide 
spreading of inform ation, energy transm ission and the general use o f  electro
m agnetic measuring m ethods. One essential, actual and not a t all closed  topic 
am ong these is the analysis o f  inhom ogeneous transm ission lines.

A  lot of problems arise, from  finding the parameters for inhom ogeneous 
transm ission lines [1] to studying  the possibilities of solving th e  transm ission  
lines equations [2]. N o general w ay is known for an a ly tica lly  treating  
dispersive lines, exceeding the com puterized m ethods for som e special cases. 
H ow ever, the theoretical investigation  o f the inhom ogeneous case m ay be very  
im portant, e.g. in case o f  protecting system s o f railways [3, 4, 5 ], signal pro
pagation  [22], etc.

The intention o f th is paper is to give an analysis o f the electrom agnetic  
w ave pattern and group ve lo c ity  along the inhom ogeneous linear transm ission  
lines, adapting the m ethods o f  exam ining electrom agnetic w ave propagation  in 
free space [1, 6, 7, 8]. The discussion w ill be based on the analysis o f  u(x) and 
i(x) th a t is, space and tim e variations o f  vo ltage and current a long the line, 
resp ectively .

* F e r e n c z n é , Á r k o s  I lo n a , H -1088, B u d a p e s t,  P u sk in  u. 24. H u n g a ry
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T he waveguides w ill b e excluded from the d iscussion  now, that is, only  
th e  Т Е М  configuration w ill b e  considered, w ith ou t g iv in g  a description o f the  
electrom agn etic  field in  d eta il. The discussion w ill be restricted to stationary, 
lin ea r , m otionless transm ission  lines, and strictly  m onochrom atic solutions w ill 
b e  so u g h t in  the form o f eJM°t, where co0 is the angular frequency and t is the  
t im e . T h is choice m ay be reasonable where considering th a t the analysis o f  pro
p a g a tio n  o f signals having  general S(m) spectra w ill he based just on the in v esti
g a tio n s  o f  propagation o f  m onochrom atic signals [1, 2, 9].

T h e general conditions o f  existence o f the so lu tion s w ill not be dealt w ith  
in  th is  paper. The criteria o f  existence m ust be considered separately in  each  
p r a c tic a l cases when th e  param eters and boundary conditions are know n. 
In  th e  follow ings only th e  determ ination of the so lu tion  w ill he discussed, au to
m a tic a lly  assuming its ex isten ce .

I t  also extends b eyon d  th e  lim its of this paper to  give a detailed analysis 
for th e  parameters o f tran sm ission  lines, w hether b y  u sin g  general [1] or special 
[2] m eth od s. The well know n resu lts will be used, and  w hen  the necessity arises, 
th e  w a y  to  develop the in vestiga tion s of param eters w ill be shown.

A s was m entioned a b o v e , only linear transm ission  lines will be dealt w ith , 
th a t  is , transm ission lines th e  characters of w hich  are independent o f  signal 
param eters (amplitude, e tc .) , apart from the case o f dispersion, when the param 
eters o f  the line depend on frequency. In th is case th e  linearity itse lf w ill also 
be exam in ed . It is, how ever, obvious, that w hen co0 =  constant, the d ispersivity  
cau ses no problem in the determ ination  of the w ave p attern . The only difference 
cau sed  b y  this “nonlinearity in  tim e” under the cond itions defined above ap
pears in  the determining o f  th e  group velocity. 2

2 . T h e  basic re la tio n s

T he basic equations o f  th e  transmission lines m ay  he obtained b y  using  
th e  m od el of Fig. 1 in th e  k n ow n  manner.

T he case, when d ifferentiating is not defineable along the line (e.g. b e
cau se  o f  its being divided in to  different layers) w ill n o t be dealt w ith here.

A s is well-known, w ith  th e  commonly used assum ptions for Stoke’s and 
G au ss’s theorem s, the fo llo w in g  relations hold for E  (electric field strength), 
В  (m agn etic  induction), and  J  (current density) and q (space charge density):

a n d

(2 . 1)
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i(x,t)

u (x . t )

I i (x , t)  + | ^ A x

Л
u ( x . t ) *  |У- Дх

Дх

F i g .  1

respectively, where dl is the len gth  in  m etres o f  a conductor elem ent along the  
line l, d A l is an elem entary surface area in  m 2 bounded by the curve l, d A  is 
an elem entary surface area o f  a closed surface A  around the volum e V.

U sing th ese relations a possib ility  arises for introducing the “ integrated” 
jR, G, L  and C m edium param eters. E .g ., the R  resistance per unit len g th  will be 
definiable in th a t case, when using the relation J  =  a. E  o f isotropic case (a is 
specific con d u ctiv ity ), from the integral

one m ay derive

^  E d l  = J —  dl

Au =  R i A x  ,

(2 .2)

th a t is, i f  a long the cross section  o f the conductor the J ja  is integrable. I f  this 
condition cannot he satisfied, the cable cannot be investigated  as a transm ission  
line [22].

Let us assum e in the follow ings, th a t R , L, C and G are defineable. 
Considering the section o f the line o f  F ig . 1., from Eqs (2.1) it  fo llow s, that

iR Ax -f- Ax
dx

uG Ax +  Ax
dx

ß АФ 

ßt

ß AQ 

ßt
(2.3)

where Ф stands for the m agnetic flu x  and Q for the charge.
As for th e  defineability  o f  L  and C, and the linearity o f  the line will 

be assum ed, it  follow s, that

so
АФ ozá L iAx  and AQ аы CuAx  ,

-  —  =  R i  +  —  (Li) 
ßx ßt

(2.4)
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and

-----—  =  Gu -j— — (Си)
dx dt

w ill be ob ta in ed .
I f  th e  line param eters are independent on th e  tim e f, it  follow s, th a t

- * ± = R i + L ? L ,
dx dt

dx  dt

(2.5)

L e t now  “ effective” param eters L T and C T be introduced here, using th e  
fo llow in g  definitions:

=  j +  A  ( и )  (2 .6 )
dt dt

and

Æ l * L  =  Gu -\— — (Си) . (2 .7)
dt dt

T h ese  definitions are analogous to the w a y  o f rewriting M axwell’s eq u a
tion s e .g . for plasmas [21]. T he conditions o f  th is  “rew riting”  are given m ore 
gen era lly  in  [10].

N o w  the transm ission line equations are:

du d(LTi)

dx dt

di d(CTu)
dx dt

(2 .8)

or w r itten  even more shortly

w here

d F  d (ZT F)

dx dt
(2 .9)
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3. General survey of the commonly used discussion

The discussion o f transm ission lines is usually  based on E qs (2.5), as
sum ing th at the solutions are o f the follow ing form:

u(x, t) =  u(x) (3-1)
and

i(x, t) =  i(x) • eJa>‘1 ,
respectively .

For in vestigating  the existence o f  the solutions, generally it  w ill do to  jus
t ify  the existence o f  the dispersion equation [10, 13] and the solution  o f the 
F loquet-differential equation [11].

B y  using E qs (3.1), from  (Eqs 2.5) it  follow s, that

dllj Xy  =  — (R +  jco0L) ■ i(x) =  —r(x) i(x) 
dx

and (3-2)

■ 7 ^ -  =  — (G  +  jo)0Q  '  « (* )  =  —y(x) ' u(x) >

respectively. From  these the following linear, second ordered differential equa
tions can be obtained:

and

d 2u(x) 1 dr(x) du(x)
- r ( x ) y ( x )  u(x) =  0

dx2

d 2(x)

r(x) dx dx 

1 dy(x) di(x)
dx2 y(x)  dx dx T\X) J \X) l \X) — U ?

(3.3)

(3.4)

respectively , the coefficien ts o f which are constant. The solutions o f  these can
n ot generally he g iven in a closed form, but in each practical case, w hen already  
determ ined, the corresponding u(x) and i(x) solutions m ay be connected to 
gether on the base o f Eqs (3.3) —(3.4).

It is also possible to  determ ine r(x) and у  (л;) for a know n w ave pattern [14].
H ow ever, th is m anner o f  solving w ill not be su itable for drawing general 

conclusions, considering the properties o f the propagating signal, th e  com plete 
sphere o f  phenom ena, to  be expected , and the interpretation  o f occasional “ ir
regular” results o f  the m easurem ents.

3.1. Exponential  transmission line

The transm ission line equations can be easily  solved and the w ave pattern  
is known [1, 2] i f  r{x) and y(x)  are exponential functions o f  position.
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L et an ideal line be considered, th a t is, R  =  0, G =  0, and le t it  be

L(x) =  L 0e ~ kx and C(x) =  C 0ekx (3.5)

w here th e  constants: к , L 0 and C0 are known.
B y  substituting, E qs (3.3) and (3.4), yield:

d 2u(x)
dx2

“ In (y(x)  • Z 0(x)) 
dx

du(x)
dx

y 2(x) u(x) =  0

and
d-i(x)

dx2

resp ectiv e ly , where

A i n  z ° №
dx y(x)

di(x)
dx

y2(x) i(x) =  0 ,

and
y(x)  = Y r{x) ■ y{x)

Z q(x) =
r{x)
y ( x)

, - k x

C n
- k x

(3.6)

(3.7)

(3.8)

A s for these differential equations being linear and o f constant coefficients, 
the so lu tion s [11] will he sou gh t in the form of

The]
u{x) =  A y , 1^  -|- A 2er>x

____
Г i,2 =  ~  ±  j w o \ L 0C0 h

2,2 к
1 Y r r -  =  - Y  ± t f .  (3 -9>4a)o-h0C0 ^

an<l n ow  follow s, that

u(x, t) =  t /0+ e~  2  V 'K '-W  +  U ô e ~ T x еЛ<».<+/»х)
and

i(#, í) =* —т----- -—  [/+  e2 e-ZK*—Æ*) —
к— X

У

[ / - е2 е-'К'+М ,

(3.10)

(3.11)
У "о

resp ective ly .
N o w , the Z l(x)=u(x)j i {x)  in p u t im pedance can be determ ined, the bound

ary cond itions (e.g., the term in atin g  im pedance) can be taken  in to  considera
tio n , reflection  coefficient can h e defined as u~(x)/u + (x), etc.

So th e  well-known w ay  o f  so lv in g  and a known case was show n.
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In the following for the sake o f  a more general analysis w e w ill try  to  adapt 
a new  m ethod w hich w as elaborated for in vestigating  the w ave propagation  in 
inhom ogeneous “ free space” .

4. Determination of the wave pattern along inhomogeneous 
transmission lines by using the method of “inhomogeneous

basic modes”

4.1.  A  short survey o f  the method

The m ethod presents a possib ility  o f  investigating electrom agn etic wave 
propagation in inhom ogeneous m edia [7]. I t  m ay be applied in  all the (not 
strongly) inhom ogeneous cases, w hen the

a2/
dxi dx2 dx2 dx 1

condition  holds for all the functions p laying any role here [7, 10].
The solutions o f M axw ell’s equations w ill be sought in th e  form  of

F  =  F 0eHa•'-»’) , (4.2)

for m onochrom atic signals, for b ianisotropic m edia, assum ing th e  ex istence of 
the solutions [6, 7]. Further, for the sake o f  generality, let

(4.1)

|D =  £ • E  +  x  ■ H  ,

В  =  V • E  +  g. • H  , (4.3)

where F 0 stands for the com plex am plitude, rp for the phase, H  for th e  m agnetic 
fie ld , D  for the electric d isplacem ent, the e, x , V and p. tensors for th e  charac
teristic  parameters o f  the m edium .

It can be justified  [7], that the solution  to be sought for has alw ays the 
form  o f

F(x)  =  2  [An[ » ) - j B n(x)] ■ [F0nA(x) + j F 0nB(x)] • =
Л-1

=  2  C"(*) e -;Vn,(x) F °n(*) еЛ“",~ т"(х,) =  f J F n(x) , (4.4)
n=l Л=1

w here for different values o f  n the different inhom ogeneous basic m odes

F on(x)
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can be obtained. It is ob v iou s, th a t

Cn (x) =  У Щ х )  +  B*{x) , 

B n(x)
(pcn(x) =  arc tan

and
A n{x)

F  On F  QnA “f" j F o n B

Introducing the n o ta tio n

grad cpn =  K n ,

th e  d ifferent inhom ogeneous b asic  modes m ay be ob ta in ed  from the follow ing  
eq uations:

K n x H on =  co0s0(t>E0n -J-  к  Hon) 1

Н ц ' Х . Е д п  =  to0p 0(vI?0r! -f- [J .H 0n)  , (4-5)
and

w here
£_1(Kn +  ®0«oK) Ц-ЧКп -  ®0̂ 0v) +  *gl 1 = 0 ,  

kl  =  a>ls0fi0 ,

e0 and  fi0 stand for the p e r m ittiv ity  and perm eability  o f  vacuum , respectively , 
and

K n

T he functions in so lu tio n  (4.4) which are n o t determ ined yet, — after 
so lv in g  E qs (4.5) — fu lfil th e  equations

0 - K n 3
K n 3 0 - K nl
K n2 K„1 0

N  _
{grad (In Cn — j(pcn) x H n +  V hoh H n}  =  0

n=1
(4.6)

and
N

2  { g r a d  ( I n  C n — J <Pcn)xEn +  V e o h  E n}  =  0  ,
Л = 1

resp ectively , where

VFOn —

0

# l n F 10n

d x a

_  d  In F 10n
( )X n

Э ln F,20 n

dx3

0

d In F20n

d  In F son “J 
dx2

_  d In F30n 
dxL

dxx
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This is the m ethod to  he applied at transm ission lines, a long w hich propa
gation is one-dim ensional and the polarization need not be tak en  in to  consider
ation.

4 .2 . A p p l y i n g  the method to transmission lines

First o f all it  m ust be underlined th a t only that kind o f  inhom ogeneous 
lines w ill be discussed, along which all the functions sa tisfy  condition  (4.1) 
th a t is

d2f  a2/
3x̂  3%2 3xn 3x̂

I f  the condition for several position cannot he satisfied, th e  line must be 
divided into sections w h ich  already do for (4.1). The m ethod probably  m ay he 
generalized in  th is case in  analogous m anner to  the case o f  w ave propagation  
in  free space [19, 20].

W hen the above m entioned conditions hold, the problem  w ill he described 
b y  E q (2.9), that is

3 F  3 {Z T F)
dx 3t

The solutions take th e  form of (4.2):

u(x, t) =  ua(x) e-'F'oi-ç’uMI

and
i(x, t ) =  i 0(x) еЛ®.<-«(*)1 ,

respectively , w here <pu(x) and (pj(x) are generally com plex. The solution  then is 
— see Eq. (4.4) — :

=  2  Fn =  J [C „(*) F on в - Л -W] • еЛ°*-Мх)1 ,
n = 1 n = 1

(4.8)

and this m onochrom atic solution is on ly  an approxim ation from  a  practical 
point o f view , how ever, in  m any practical cases and in a group o f  theoretical 
investigations it m ay be considered as being com pletely su ffic ien t. 

Substituting th is in to  E q (2.9) and b y  differentiating:

N  Г
2 VFOn —J <%.(*)

dx JM о r] - F n =  0
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or u sin g  th e  notation,

N

2
n= 1

ja>0ZiT — 2 1

V f Oi
_• d(Pn(x) , , ,,

n — J — Z-----  1 i л
dx

F„ =  0 . (4.9)

B y  using Eqs (4.5) le t inhom ogeneous basic m odes be chosen in such a w a y , 
th a t  th e y  obey a formal varian t o f  the (4.9) condition for hom ogeneous or quasi- 
h om ogen eou s case, th at is to

j  • 1 -  Z
dx

F„ =  0 . (4.10)

T h e  solution differs from  th e trivial one i f  th e  dispersion equation

. dcpn(x)
dx

1 -  Z 0 (4.11)

holds. A fter determining th e  d ifferent inhom ogeneous basic modes the still 
u n k n ow n  functions in the so lu tio n  can be obtained b y  solving the follow ing  
eq u ation

N
(4.12)

w here

Vfo

2  Vi-on F n =  o
/7  =  1

d  In u0n(x)

dx

0 d  In i 0n(x)
dx

(4.13)

4.3 . Evolut ion of  the method. Calculation of  the homogeneous and quasi-homogeneous
• cases

In  th e  homogeneous case Z or Zr is constant a long the line. A case w ill be 
con sid ered  as quasi-hom ogeneous i f  the solution ob ta in ed  in  a strictly  analo
gous w a y  to  the hom ogeneous case will be satisfactorily  precise. In th is case 
th e  ap p lica tion  of a sm all correction  for the am plitude m ay be necessary [15].

N o w  from Eq. (4.11) it  can  he obtained, th at

t)
w 0L T

d(PrÁX )
dx

=  0
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th a t is

I t  follow s, th at

dq> ,,(x) 
dx

2
— ci>o L TC T =  0 .

d<Pn(x )

dx
- i  ыо I L TCT — zb Г  о — ±  j y  о »

the num ber of m odes: N  =  2,

(4.14)

(4.15)

<Po(*) =  ±  Г 0x  =  ±  j y 0x  ,

Vo =  V( R  +  JW0L) (G +  jco0C ) .

Further, F n m ust fulfil (4.10) or, as the equations are not linearly  
independent, at lea st one of them

i  j V o u on ® o ^0 n ~  0  ,

from  w hich follows th a t

U0n(x) __ , 
*0n(*)

B y  using this, Eq. (4.12) gives

/  R  1 j<o0L  
G -f- j  co0C

V  FOn —  0  .

z о • (4.16)

The solution is:
F  =  F 0j e ^ i+ M x  _|_ p o2 e lm t-J n ?  , (4 .17)

and the boundary conditions m ay be taken in to  consideration in the usual m an
ner.

Consequently, th e  method in this case gives the known results.

Determining the inhomogeneous basic modes

These modes w ill he obtained as solution  o f Eqs (4.10) and (4.11). Sim il
arly as above

d?n{x)
dx

=  ± c o 0 ]fLTCT =  ± j Y  r(x) y ( x ) =  ±  j T ( x )  . (4.18)

Integrating this we get:

<Pn(x) =  ±  j  J  F(x)dx  - f  (pon (4.19)

Acta Ttchnica Academiae Scientiarum Hungaricae 90,  1980



174 M R S .  F E R E N C Z ,  I .  Á R K O S

T he num ber o f modes is N  =  2, nam ely

n =  1 : -f- j  j" F(x)dx  ,

n =  2: — j  \ r ( x ) d x  .

T h e inhom ogeneous b asic  m odes are:

F n =  F 0n ,

n =  1, 2,

w h en  su b stitu tin g  these in to  E q . (4.10) we find, that

uon(x ) =  ( — !)"■ z »(x) ■ ion(x) »
w here

So th e  fin a l form of (4.21) is:

Fn =  *<*(*)
( - 1 ) "  • а д

l
+ (  -  0  “ ~ 1 /  r(x)dx—j<pm

(4.20)

(4.21)

(4.22)

(4.23)

Determining the total wave pattern

L et the (4.23) form o f F n be substituted  into E q. (4.12) and by using (4.22) 
t  fo llo w s, that

_  d [ Z 0(x) t 0 1 ( * ) ]  c jmj + i r ( x ) d x - i< i> „ M  

dx

_|_ dJ Z l U2(*)] eJœ,t-ir(x)dx-j<r0I(x) _  0 ,
dx

and (4.24)

d t n(*) eW  +  i r ( x ) d x - J v , I (x )  _J_ d l oÁx) eja>d-ir(x)dx-M,l.x) =  0 . 
dx dx

T he com plete w ave p attern  can be obtained b y  solving Eqs (4.24). The fur
th er  step s o f the solving, how ever, depend on the character o f Z0(x).

a y  I f  Z0(x) =  0, it  fo llow s from  Eq. (4.22), th at u0n and so un(x) =  0 
(n =  1, 2), therefore

d i o i  c r r r f j c - f a . ,  j d i o z . e  - ! r d x  _  о  ;

dx dx
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th a t is, one current o f th e  tw o m ay he chosen arbitrarily. P h ysica lly , th a t means 
a short-circuit.

b) ~ ° - Ф - =  0 .
dx

N ow  it follows from Eq. (4.24) that

____d i.aÁ x)  е !Г с 1 х -М г  4 -  e - i r d x - j < p „  =  о
dx dx

and

d l o i ( x )  e i  rd x - j< p „  I d l Q2 e - s r d x - j v . ,  =  о
dx dx

and the solution of th is system  o f equations are:

i 01(x) =  c o n s ta n t , 

i 02.{x) — constant . (4.26)

u 01 and u 02 can be determ ined in  the known m anner togeth er  b y  taking  
the boundary conditions into consideration.

H ow ever, i t  can be seen, th at not on ly  hom ogeneous transm ission  lines 
but all those can be drawn in to  th is category for which

Z 0(x) — к — constant
th a t is

L T(x) =  k2CT(x) , 

r(x) =  к*у(x ) ,

and m aking use o f  Eq. (4.18):

Г(х)  =  ky(x) .

Let this category be nam ed “ homogeneous-class" o f transm ission  lines. 
I t  is to  be noted , th a t the exponential line does not belong to  th is group.

4.4. Calculation of  the current wave in general  

In the follow ing let it  be assum ed th at

^o(*) Ф  0 (4-27)
and

л а д  Ф  о .
dx

(4.25)
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I t  follow s from. E q . (4 .2 4 ), that

and

^ ^ - ( - i 01 e l1* * - *  * +  +
dx

+
dipi
d x

e !  r d x —j ç n + ^ l °2 eSrdx-j<p„ 
dx

=  0 (4.28)

***01 c t r d x — iw*, _  ***02 c - i r < fa -
da: da:

N ow  a  further profit o f th is m eth od  m ay be seen: it  is sufficient to investigate  
one o f  i 01(x) 01 ÍqÁx) and u sin g  w hat was told  above, generalized conclusions 
can  b e drawn. E.g.:

d_h_L  =  _  ***»! c2rr a x  e K n , - Vci) , 
d x  dx

i 02(x) =  —вЛл.-*и) |’* 0 iW  e 2Sr d x  dx +  C2 . (4.29)
J da;

B y  changing the in d ices, a similar result can be obtained  for i 01(x). U sing  
i o2(a:) E q . (4.28) can be rearranged. Meanwhile, (p01 and <p02 w ill be lost as th ey  
are arbitrary constants d eterm in ed  by the boundary conditions. W e obtain as 
a resu lt:

2Z0i ’1 +  Z H 01 +  Z ’ e-V № [J- i'0l evrdx dx  -  C2] =  0 (4.30)

and
2Z 0 f0 2  +  Z ’a i 02 +  ZÓ e2l ™ [  f i '2 e~2!rdx dx  -  C j  =  0 ,

resp ectiv e ly .
B y  differentiating th is  i t  can be written as:

and

Z» i" +—  loi +

+

*02  “Г
^ П

Z ' Ï 2 0 7"
2Г

»ói +  -*-1

»02 ^
Z ' 0

»02 — H i

(4.31)

resp ectiv e ly . (The solutions o f  th ese  differential eq u ation  should be substituted  
in  th e  ind ividual cases in to  E q . (4.28) for controlling the results m ade b y  the  
b ou n d ary  conditions.)
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Let be introduced

f ( x ) = ^ = ± l n Z 0 , n =  1,2 
Z () ax

and
g(x) =  ( - 1 ) " - 1 Г(х)

Ф )  =

into Eq. (4.31), so we arrive at:

V" +

*oi(*)

i A x)

v' +  ( f  ■ g)v  =  0

(4.32)

(4.33)

Choosing here [11, 12]

v(x) =  £(*) ■ u(x ) =  £0*0

it follows th at

£" -g +
r _ Y
2/

(4.34)e J \  2  2 f )

/ ' I 2 P -  
2If) 4

C =  o . (4.35)

Let further be

£(*) =  C • eJ (* - l j  -rid)**

then

v(x) =  Cz ■ e J
[dx e_ |  *(*)*,

and

v' =  V2 -f- ( / ' 2в \ , - Ш

N ow  let
/ I 1 2 J

G ( x ) = í j - 2 g

Г-H(x)  =  - J - ,
4

(4.36)

(4.37)

(4.38)

one has for v(x) the following differential equation o f the R iccati-type

v' =  V2 +  G(x) • V - f  H{x)  . (4-39)

The so lu tion  o f this cannot generally he g iven in a closed form, b u t for the  
individual problem s, — perhaps b y  using approxim ative m ethods — it can 
still he determ ined.

In the follow ings several ty p e  o f transm ission lines will be shown for which  
the solution  w ill also be given.
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4.5. “ Polynomial  Class” of  transmission lines

I t  is  know n [11] th a t i f  G(x)  and H(x)  are polynom s, E q. (4.39) has no 
so lu tion  in  polynom ial form  if  th e  grade o f the polynom

A  =  g2 — G' -  4 Я  (4.40)

is odd , a n d  th e  solutions are th e  follow ing functions:

v(x) =  -  -  (G ±  ( ] [ A y )  =  — - ( G  +  D) (4.40a)
2 2

if  A  is  ev en . Here <(](A )  m eans the rational integer part o f УA,  e .g  
У*4 — 2 x ? x — 6 =  x 2—X —1/2. Solutions can be found to both  signs o f  АУ 
on ly  in  case  o f A being con stan t. In case of polynom ial class, how ever, A  =И= 

c o n sta n t according to the d efin ition , th at is, in this case solution  can be 
found b elon g in g  only to one o f th e  two signs. L et for that one o f  C\[ A f - s  the  
sym b ol D  be used.

N o w  it  follows that

( Г
f

2- 4 ^ g - 2 ^ + 4 g *  +  4 g ' - / 2 (4.41)

The exp ression  (4.41) will be polynom ial in case o f f ' / f  =  0, th at i s /  =  К , and

! »  =  K  =  / (  ] „ z „ ) ,
Z 0 dx

In Z 0 =  K x  +  C ,

7  _ 7  pKx _Zj0 — Zjoq e
rrfxf
y(x)  •

In  th is  case g may be o f polynom ial form:

(4.42)

(4.43)

(4.44)

and fro m  th is

g  =  ±  Г(х)  =  ±  У r(x) y (x)  =  ±  P(x) (4.45)

G =  T  P(x) , (4.46)

н ^ - к± .
4

(4.47)

It is o b v io u s  that in  this case A  is alw ays even.
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The solution  can be obtained in the fo llow ing form:

i 01 =  £(x) ■ u(x) =  Cz e ~ kxl e -M*)*c _

=  Cz e ~ kxl 2eii(±P(x)+D)<fx =  (4.48)

=  Cz e~ kxl 2g±/P(x)dx e+i/Drfx _

From Eq. (4.32) it  follow s that

i 01(*) =  e~ kx'2[Czl r W  +  Сг2 . (4.49)

The constants C Z1 and Cz2 are to he determ ined b y  the boundary condi
tions.

Further i o2 and the inhom ogeneous basic m odes m ay be determ ined b y  
Eq. (4.29) and (4.23), respectively.

In those cases when

Л
f

< g  OI \ Z o \ < \ z ' o \ < \ Z 0 \ ,

it  seems to  be a possible and expedient w ay o f approxim ation to treat the trans
m ission line as a polynom ial one. It depends on th e  necessary accuracy o f the  
investigations, th a t w hether or not this approxim ation will be acceptable.

4.6. “ Exponential  class'’’ of  transmission lines

A special group o f the “polynom ial class”  o f  lines can be obtained when  
assum ing that

A =  G2 — 2 G' — 4 H  =  con stan t, (4.50)
th at is

( Г

f
+  3 r

f
4g +  4g 2 +  4g' f 2 =  const. (4.51)

In this case both  the variant of

4 * )  =  - v t G( * ) ± < M > ]
A

(4.52)

belonging to  the tw o signs will exist. As for the exponentia l line m entioned in  
Part 3.1 belong to  th is group, let this category be nam ed “ exponential-class” .

Let the exponentia l transm ission line itse lf  be analyzed as an exam ple, 
Chapter 7.
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4.7 “ Periodical  class” of  transmission lines

F or th e  sake of adapting ourselves to  know n m athem atical m ethods [11] 
le t  us return  to Eq. (4.35), w hich  takes the form:

t" +  ff(x) • C =  0 .

W hen  <fr(x) has the form:

8 (x) =  Ф{х) +  A (4.53)

w here Я is a constant, Ф(х) is periodical, le t the line be nam ed “ periodical” .
In  th is  case we can choose am ong several m athem atical m ethods [11]. 

L et th e  F loquet-solution  be chosen w hich uses the Fourier-series o f  Ф(х). 
W e sh a ll determ ine a periodical or nearly periodical solution, the

£(я; -f- 2л)  =  e2n̂ C{x) , (4.54)

w here p  is com plex. Let

ф(х) =  an einx (4.55)
П = — °°

and

C(x) =  eMX j ?  bn e,nx , (4.56)
n  = ---oo

w here n o t all o f the bn coefficients are 0; [i can be determ ined from the deter
m in an t o f  proper values, the bn coefficients are provided b y  a linear system  of 
eq u ation s.

O ther m ethods of solving provide other groups of solutions — e.g. Hill, 
S tru tt, M arkovié, W hittaker-W atson [11] etc. — if  th ey  exist.

T he periodical inhom ogeneous transm ission lines were more generally  
d iscu ssed , [1, etc.], therefore in  th is paper it  w ill not be further dealt w ith . 

T h e structure o f the com plete solution  was shown under E q. (4 .34).

4.8 Further possible groups. Summary

W hen a practical problem  is given, i f  necessary, further categories m ay be 
d efin ed .

T his categorizing m ay be based on E q. (4.35), and e.g. there m ay be a 
p o ssib ility  for determining “ B essel-typ e” groups o f lines, or

— аР(х) =  m 2(x) -f m'(x) (4-57)

— ty p e  lines, etc.
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The categorizing m ay also be executed  based on Eq. (4.39). S uch  groups 
m ay be defined, as

1. 1 +  G(x) +  H(x)  e= 0 ,

2. H(x) =  f я  >  0

3. H(x) =  y>2 — Фгр -f- where

(4.58)

and th e  solution exists if  the g iven

Ф exists, e.g.

Ф =  0 if  4 Я  =  G2 -  2G' , (4.59)

Ф =  G -  2 ]rH  if  2G =  4 1 /Я +  —  .
II

etc.
The above m entioned m ethod m akes the further defining o f  certain  groups 

possible, -which need not by all m eans belong into one of the groups above, 
nevertheless we can in these cases b y  th is m ethod also try to  m ake analytical 
deductions.

The reversing o f  the m ethod m ay give an im portant chance o f  determ ining  
th e  transm ission line parameters to  be realized, using the known so lu tion s for a 
given w ave pattern. However, in  th is case one has to take the p ossib ility  into 
account, that because of the lack  o f general solution, after realizing, besides the 
w an ted  w ave pattern  “parasite”  w ave pattern  m ay also occur.

NB. :  It is obvious [7] th a t the inhom ogeneous basic m odes them selves  
are not the actual propagating m odes b u t at a certain position m om entarily  
originating basic signals the interference o f w hich results in a propagating  
signal. Their sum  results in an actual propagating w ave pattern, as it  w as shown.

5. The direct analysis o f resulting wave pattern

There are m ethods which are suitable for the direct d eterm in ation  o f the 
com plete w ave pattern [6, 10 15, 16,] for w ave propagation in  inhom ogeneous  
m edia and are o f  very good use in m any cases. As in this case polarization  cannot 
be defined and the investigated phenom enon is one-dim ensional in  sp ace , the 
possible sphere o f use of our m ethod m ay be w ide spread and it  seem s to  be ex
pedient to show it.

5.1 The short review o f  the method

It is assum ed that the electrom agnetic plane wave, when propagating in 
space, m ay be sought for in the form

F  =  F 0 e 1Ы-<р)
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w here F 0 m ay be considered to be constant, and cp =  (p(r). I t w ill also be 
assum ed th a t the tim e variations are excluded in  accordance with the earliers. 

L et the m edium  param eters be, for instance, as follows:

£ , ( 1 = 1 ,  X  =  V  =  0  .

(The discussion m ay be evo lv ed  for general, linear m edia  also [6, 10].) The equa
tions w hich  describe the phenom ena can be ob ta in ed  b y  elem entary steps:

V  X  Я  =  jo)0e0Œ  ,

V  X  Ë  =  — jco0(i0H  ,

from  w hich  by elim inating H  it  follows, that:

V X V X Ê  -  kfeÉ =  0 (5.1)

A fter developing V X V X  E ,  it can be seen th a t  a nontrivial solution o f (5.1) 
can be obtained in case o f  th e  fulfilm ent of

I K K  +  k%e — y (Grad K  +  V K 1 )  | =  0 , (5.2)

the d ispersion equation. I t  can easily  be seen [16] th a t  in  one-dim ensional cases 
the use o f  the m ethod is esp ecia lly  advantageous. I f

e =  e(x) • 1 ,
the choice o f

r i /  \ г  - [  r(x)dx E(x)  =  E 0 e Jo

is exp ed ien t. H(x) than can be obtained from M axw ell’s equations. From  Eq. 
(5.2) it  now  follows, th at

~ ^ + У 2 + к  о2 e(x) =  0 
ax

where
Y = j K .

In  the followings th is procedure will be applied  to  transm ission lines. I t  is 
new  as concerning the m ethod  th a t the medium  b y  transm ission lines is som e
w hat com plicated  as for L T and C T, which are analogous to  p and e respectively , 
cannot be taken for 1.
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5.2 Ap p ly in g  the method to transmission lines

The solution  w ill be sought for in a form  o f E q. (3.1) or Eq. (4.7), how ever, 
is not decom posed according to  (4.8), but keeping the form  m entioned before:

u(x, t) =  U 0 e i  о =  u(x) e;“t( ,

i (x , t) =  J 0 e J " ° * е1т‘‘ =  i(x) e,ш•, , (5-3)

where U0 and I 0 are constant.
The m ethod presents equations of more usefu l though som ew hat different 

form  than  Eqs (3.3) and (3.4) [14, 16]:
Let us start from  the follow ing equations:

du(x, t) _  di(x,  t)----------  --  -- JL/т* -----------
dx dt

and
di{x, t) r  du(x,  t)

--------------  ---  nr---------------
dx dt

where L T and Cr  are independent o f tim e. From  th is follows that

dH d { r  du !
[ 7 ~ärj

(5.4)

i ï .  =  -  A  L  A I ,
dx* dx \ dt )

d 4 + d C r d u  +  c  d ( d u )  о 
dx2 dx dt dt  \ d x )

(5.5)
d2u dL T di  T d ( di  „
dx2 dx dt dt  ( dx

respectively . B y  using Eqs (5.3) and (5.4) and b y  differentiating, it  can be 
obtained th at the nontriv ia l i(x) and u(x) ex ist i f

and

than

and

and

dVi
— £  +  r i 'y' + -

C'r

- ¥  +  r°dx

L r
Yu

+  Г 2(х) =  0 

j +  Г \ х )  =  0,

(5.6)
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resp ectiv e ly , where according to  Eq. (4.18)

N ow , i f

fo llow s th a t

j r ( x )  — co0 IÍL T CT •

У и =  7i  ■ (5.7)

T o th is group belongs th e  “ hom ogeneous-class”  of transm ission lines. 
T he corresponding u and i w ill be outlined b y  E q . (5.4).

T h e Eqs (5.6) are R iccati-d ifferentia l equations. I t  can be seen, th a t now  
an a n a lysis  based on the com plete picture, is m ore d ifficult than  the one based  
on th e  “ inhom ogeneous basic m odes” . Further, th is m ethod is usable also in  
case o f  function  F  fu lfils condition

()~F(xv  x2) _  d2F (x v  x2) 
i)x1 Эх» ()x2 ()xt

I t  can  b e seen, th at using th e  denotes of

У = ■ У и or V i .
f = L'Y or CT,

8  = Ст or L T ,

resp ectiv e ly , Eq. (5.6) m ay be rew ritten in the form:

У' =  У2 +  У +  s f  ■ (5.8)

F orm ally  this equation does not differ from  Eq. (4.39), so the considera
tions on  th e  possibility  o f so lv ing , m ade above, hold  for Eq. (5.8), too , and the  
categorizin g  o f transm ission lines when approxim ating the question in  th is w ay, 
m ay also be accepted.

I t  is to  be noted, th at e.g . b y  using [11], further groups — characteristic  
for th e  resu ltant pattern — can be outlined. So:

[ f~ d x  J L *
a°- ( f g )1/2 =  e J /  [ß +  oc J f g e  J /  dx]

w here a and ß  are constant. The characteristic o f  the group is

V f g = ß f + * $ g d x  (5.9)

and th e  solution  is know n [11]

w here a  is constant and the so lu tion  is known in  th is case also [11].
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Further, it  can be seen from  Eq. (5.8), th a t i f  e, [t, x  and V are partially or 
approxim ately to ta lly  independent, it can occur th a t the geom etry o f  the line 
produces exact connection betw een f  and g.
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B a r t a , J . :  Theorems on the M in im um  o f Strain Energy in Elaslostatics

E xternal forces arc acting  on an elastic body. Certain conditions are pre
scribed for their po in ts of application , magnitudes, directions or for the 
displacem ents caused by these. U nder the prescribed conditions, one raises 
the question; w hat are  the characteristics of the active external forces, 
if the strain energy should be m inim um . The theorems which are form ulated 
and proved in this paper, yield contributions to answering the raised 
nuestion. A num erical example explains the application of the theorem s.

Acta Techn. Hung. 9 0  (19 8 0 ), p p .  3 — 1 1

Acta Techn. Hung. 90 (1980), pp. 15 — 27

S. P h a k a s h - H o r v á t h , Z.: Effect o f  T itanium  Oxide Content o f the Bauxite  
Change on the Settling Properties o f the Redmud

The settling characteristic of the redm ud is effected by the type of im purity  
minerals in the baux ite  and their particle size, crystal structure  and mode 
of distribution. T itan ium  oxide con ten t of the bauxite also efects the se t
tling property. The settling ability of the redm ud is decreased w ith increase 
in titan ium  oxide con ten t of the bauxite  charge. Addition of settling  agent 
(flour) does no t significantly im prove the settling ability of the redm uds 
in  laboratory  scale investigation.

Acta Techn. Hung. 90 (1980), pp. 29 — 50

F e r e n c z , Cs.: Electromagnetic Wave Propagation in Moving Media ivith 
Special Regard to Frequency-Shifts in Astronomy („Anomalous” Frequency- 
Shifts in Astronomy)

In  the first p art a fter a comprehensive review of problems w hich appear to 
be fundam ental in the study  of electrom agnetic wave propagation  in 
moving media it  is shown how to elim inate the oserved discrepancy and 
the possible ways of analyzing the electrom agnetic wave propagation  in 
moving media are discussed. One of the discussed methods, developed 
under the name of relativ istic  ray  tracing , is described in detail in the 
second part. I t  is shown how to determ ine the signal spectrum  and  the 
so-called basic effect for which expressions form ulated in cases though t to 
be m ost im portan t. The weighting functions and the proofs of the ir form 
are given.

F inally, in  the th ird  p a rt results of earlier similar analyses are utilized 
for explaining „anom alous” frequency shifts and other associated wave 
propagation phenom ena (line broadening, polarisation ro ta tion , etc.) 
observed in the solar system . I t  is suggested th a t similar, apparen tly  ano
malous frequency shifts as well us o ther associated phenom ena observed 
in  galactic and extragalactic wave propagation  could be in terp re ted  in 
the  same way.





Ö l lŐs , G.: Hydraulic Bases o f the Ground- Water Lowering with Vacuum  
l Veils

The earlier m ethods of treating the vacuum -well hydraulics were based 
m ainly on the aspect of the gravitational well hydraulics. The lowering of 
the ground-w ater level as a physical process itself and the boundary condi
tions have not ye t been cleared up. The au th o r brought the gravitational 
and vacuum-well hydraulics to a comm on theoretical basis, and continued 
to develop the in te rp re ta tio n  of the boundary  conditions and physical 
processes. He established a new general form ula for the yielding capacity 
of the filter galery which also accounts for the w ater conveyance of the 
capillary fringe, and from which also the yielding capacity  of the grav ita
tional filter galery, the single vacuum  and  grav ita tional well m ay be de
rived. Also the form ula for the» approxim ate calculation of the curve 
separating the zones of the air and w ater stream s has been established.

Acta Techn. Hung. 9 0  (1980), p p . 59 — 85

Acta Techn. Hung. 90 (1980), pp. 87 — 90

E c s e d i , I.: A Note Connection with the Deformation Energy

This paper deals w ith  bodies made of linearly  elastic m aterial. I t  verifies an 
inequality relation in  connection w ith the deform ation energy, by applying 
the usual assum ption of elastostatics.

Acta Techn. Hung. 90 (1980), pp. 91 — 108

Za l k a , К .: Torsional Buckling o f a Cantilever Subjected to Distributed 
Normal Loads

The paper deals w ith  the spatial stab ility  analysis of a bar with a built-in 
lower and a free u pper end, subjected to d is tribu ted  norm al loads along its 
axis. The sim ultaneous differential equations of combined torsional and 
flexural buckling are set up. The exact and approxim ate com putation of 
the critical load of a b a r with double-sym m etric cross section is dealt with in 
detail. Closed form ulae are given for the approxim ate analysis of the 
critical load of a bar w ith mono-symmetric cross section.
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St Ép An , G .: Stability Investigation o f Retarded Differential Equations

This paper presents and proves a proposition on the basis of w hich an 
algorithm  m ay be established for the stab ility  investigation of hom oge
neous. linear, retarded differential equations of constant coefficiens. This 
algorithm  m ay be used for the retarded  differential equations in th e  same 
way as the R outh-H urw ilz criterion for the ordinary differential equations. 
In the very same way as th e  theory of the retarded differential equations 
involves as a special case the theory of the ordinary differential equations, 
also the algorithm  may be utilized in lieu of the R outh-H urw itz criterion  
for Lhe ordinary differential equations. F inally, it shows thee p ractical 
applicability of the results for the case of the reproductive m achine tool 
vibrations.

Ada Techn. Hung. 90 (1 9 8 0 ), p p .  109 — 132

Acta Techn. Hung. 90 (1980), pp. 133 —150

H e r in g , J . :  Generalization and Some Applications o f the Concept o f  the 
Ideal Constant

A uthor describes the classic explanation  of ideal constraint, and po in ts ou t 
th a t this explanation can only be applied to geometric constrains. T h ere 
fore, for the definition of the ideal constrain t a new e x p la n a tio n 's  also 
given including the clasic explanation , however, th a t it may also be applie 
to  kinem aic constraints. Based on this definition of the ideal constra in t, 
minimum principles m ay be established leading to the most general p rin 
ciple, i. e., to Gauss’s principle defining lhe m otion of mechanical system s. 
I t is reported  how Appell’s equation  of m otion for anholonomic system s. 
Language’s equation of m otion for holonomie systems and E uler’s equa
tion of m otion for rigid bodies m ay be determ ined on the base of the 
principles;exposed above by the author.

A d a  Techn. Hung. 90 (1980), pp. 151 — 162

H e g e d ű s , I.: M atrix Iteration Analysis o f Rectangular Plates with S im p ly  
Supported and Free Edges

An efficient com puter m ethod is presented for the analysis of elastic  de
flections of rectangular plates w ith  free and simply supported edges. I t  is 
based on the direct solution of the m atrix  equation of nodal deflections, 
hence it  is a developm ent of the m ethod for all around simply su ppo rted  
rectangular plates where, ra th e r than  assum ing fictitious load com plexes, 
in ternal iteration  is applied to yield results of arb itrary  accuracy for a 
boundary condition seemingly preventing direct solution. Convergency of 
iteration  is dem onstrated , and on the basis of the constructive d em onstra 
tion, a;condition sufficient for the convergency of similar types of ite ra tio n  
is given.
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M r s . Á k o s , I.: General A nalysis o f  Monochromatic. Signals Propagating 
along Inhomogeneous Transmission Lines, Part /.

The firs t part of this paper gives a short sum m ary of the fundam en ta l re
lations and common methods of investigation  of inhomogeneous tran sm is
sion lines. Then using the m ethod of inhomogeneous basic modes shows 
a process for determ ining the wave p a tte rn  along the line which seems 
generally to be sufficiently useful. Based on this, one may have d ifferen t 
categories of transmission lines. F inally , by using a further m ethod too, 
the way of determining the w ave p a tte rn  and the different categories 
will he shown.
The second part of the paper gives the m anner of determining the group 
velocity by using a pertu rbation  process based on the method of inhom o
geneous basic modes. In this ease homogeneous and within this s tric tly  li
near and dispersive lines are analysed. F inally, an example is show n for 
determ ining the wave p a tte rn  and  group velocity by using the m ethod of 
inhomogeneous basic modes.
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STATIC PENETRATION TEST RESULTS WITH SOILS 
HAVING SLIGHT OR MEDIUM COHESION

Á. K ÉZDI*
MEMBER OF THE HUNG. AC. OF SCI. 

and

Zb. M LYNAREK**

[M anuscrip t received J a n u a r y  10, 1980]

The p a p e r  an a ly ses th e  influence of th e  p h a se  com position: (volum e p e rce n ta g e s  
o f solid , a ir a n d  w a te r)  on th e  cone resistance  d u rin g  s ta tic  p en e tra tio n  te s t. T h e  an a ly sis  
is based  on d a ta  o b ta in e d  in investiga tions u s in g  th e  “ bo u ld er loam ” in G re a t P o lan d  
L ow land  (“ K o n in  c la y ”  an d  “ R udnicze c la y ” ) a n d  loess from  T ö rö k b álin t, H u n g a ry . 
T he s ta tic  so u d in g  te s t  w as carried  o u t using  th e  la b o ra to ry  device. The fu n c tio n  w hich  
furn ishes th e  re la tio n sh ip  betw een  cone re s is tan ce  a n d  phase  com position w as d e te rm in 
ed  nu m erica lly . T h e  analysis o f th e  cohesion a n d  ang le  on in te rn a l fric tio n  e ffe c t has 
been done u sin g  s ta tis t ic a l  m ethods.

•
Introduction

Static penetration  is a well known m ethod of soil investigation . Test 
data collected in  several countries helped to  find  some relationships. B ased  
on these it  is possib le to  estim ate approxim ately  the condition and ty p e  of 
soil and its m echanical properties.

On the other hand, — as the European Sym posium  on Penetration  T est
ing  in Stockholm  in 1974 has shown — th e  effect o f several factors on cone 
resistance are still unknow n.

R elationships betw een cone resistance and strength param eters are 
usually expressed b y  em pirical formulae for tw o  different soils: cohesionless  
sands and clays.

R elationships betw een cone resistance and consistency index (for cohesive  
soils) — viz. relative density  (for cohesionless soils) are also in general use.

H ow ever, it  can be very m isleading in  soils having slight or m edium  
cohesion to  determ ine cone resistance on th e  basic o f soil consistency. W e often  
observed that th e  value of cone resistance rem ained constant in sp ite  o f the  
different m oisture con ten t of the soil. K e z d i  (1974) drew attention  to  th e  fact 
th at knowledge o f one phase in the soil vo lu m e m ay be insufficient for in ter
pretation o f soil behaviour and that the w hole phase com position w as im por
tan t. This paper in tends to  investigate th e  effect o f phase com position  on 
sta tic  cone resistance.

* P ro f. D r. K é z d i, Â, H-1012 B u d ap est, L o g o d i u . 9. H u ngary
** D r. h a b . M l y n a r e k , Z b ., In s ti tu te  o f  W a te r  E ng ineering , P oznan , P o la n d
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1. Theoretical assumptions

B a n a c h ’ s  equation (1950) describes th e  resistance of a m aterial point 
p en etra tin g  in to a frictional medium. B ased  on this equation M l y n a r e k  

(1 9 7 0 , 1979) gave a general relationship determ ining cone resistance in  cohesive  
so ils  in  the following form :

F i (Чп d , hi H, w, yd, cr0, vs, с, Ф, ô , k 0, E q) — 0 . ( 1 )

T he structure of the soil, th e  m ineralogical com position of the soil and the 
grain  size distribution o f the soil have also an influence.

H e r e :  qc — cone res ista n ce  p er  u n it  area (k N /m 2) 
d — cone d ia m eter  (m )  
h  ■— cone h e ig h t (m )
H  — d ep th  o f  p e n e tr a tio n  (m ) 
w  — m oisture c o n te n t  (1)
y d — effectiv e  d ry  u n it  w e ig h t  o f  so il (k N /m 3) 
o 0 — overburden  p ressu re  
v s — sp eed  o f  p e n e tr a tio n  (m /m in) 
c — cohesion  (k N /m 2)
Ф — angle o f  in te rn a l fr ic tio n
ő angle o f fr ic tio n  b e tw e e n  cone m a ter ia l a n d  th e  soil» 
x () — co effic ien t d e p e n d in g  on  the  degree o f  co n so lid a tio n  
E g  — m odulus o f  d e fo r m a tio n  o f  th e  grains o f  th e  so il (k N /m 2)
F  — area o f th e  b a se  o f  th e  cone (m 2)
U  — circum ference o f  th e  b ase  o f  th e  cone (m ).

U sing a dim ensional m atrix and su b stitu tin g  R  =  Fj U  one can obtain  
th e  fo llow ing structural form ula:

9c

ïd ■ d

d H Op à
h d ’ с Ф - 7 7 -  ’  w > v s-> x o)  

Eq
(2)

E q . (2) is analogous to  d e  B e e r ’ s  equation (1974) for cohesionless soils. I t  is 
ev id e n t from Eq. (2) th a t th e  function describ ing cone resistance can n ot be 
w r itte n  in a dim ensionally hom ogeneous form . D im ensional products d/h,  and 
H jd  determ ine respectively: geom etrical s im ilarity  and dim ensionless depth  
( D e  B e e r ,  1964; L a n g h a a r ,  1964, L u n d g r e e n ,  1957). In order to  exam ine  
th e  in flu en ce of the phase com position on cone resistance the relative num bers 
p rop osed  by K e z d i  (1969) w ill be used.

T he volum e percentage o f solids is represented by a relationship:

5 100 (% ) , (3)
Ï S

th e  re la tiv e  volum e percentage of water:

V 100 (% )
7w

w here: y s — specific g rav ity  of solid particles.

( 4 )

Acta Technica Academiae Scientiarum Hungaricae 90,  1980
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The relative volum e percentage o f gas is given by

i =  100 -  ( s%  +  v % )  (% ). (5)

To be able to find  out how the changes in th e  soil consistency affect cone 
resistance, it is necessary to  exam ine the follow ing partial functions:

and

4c
7 d  ■ d

, ,  , d H
=  J d « ,  V) at —  =  c o n s t ,-----=  const, vs =  const,

h d
( 6)

d
at s — const, -—  =  const, vs =  const, v  =  con st, 

h

о ct„
-----=  c o n s t ,—— =  const.
0  C

( ? )

The easiest w ay to  determ ine the above relationships is a model te s t  on known  
m ineralogical type o f soil having an identical structure and varied  graining.

From the above analysis m ay therefore be concluded th at — as in the 
case o f  cohesionless soils — it is not possible to  obtain an absolute relationship  
betw een cone resistance and the index describing the state of th e  soil: con
sisten cy  index or relative density.

It can be seen from Eq. (2) th at the bearing capacity equation used to  
calculate cone resistance (M it c h e l l — D u r g u n o g l u , 1975; Sa n g l e ä a t , 
1969), i.e.

-Ss-Z = *c ■ Sc +  N yq tqy (8)
yd ■ d  yd ■ d

is a special case o f Eq. (2). 2

2. Proposed interpretation of the static penetration diagram

To explain the influence o f the phase com position on cone resistance, 
m odel tests were made w ith  three different soils, representing characteristic  
deposits from the territories of Poland and H ungary, nam ely: san d y  clay  
(loam ) from K onin  (2) loam  from Rudnicze  (3) — Poland and loess from  
Törökbálint  (1) — H ungary.

Loesses genetically belong to  aeolian soils. They belong usu a lly  to  the 
group o f so-called transition soils (see e.g . K e z d i , 1979), since their A tterberg  
lim its are as follows: ivp 20 percent, w L ^  2 5 4 -2 8  percent. In vestiga tion  of 
the m ineralogical content helped to  establish  th at loess usually  conta ins 50 
to  70 percent quartz, 1 0 4 -2 5  percent feldspar, 1 0 4 -3 0  percent ca lcite . T ypical 
clay  m inerals (illite , kaolinite) occur in sm all quantities.

1* Acta Technica Academiae Scientiarum Hungaricae 90,  1980
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Clay from K o n in  is a boulder loam ty p e  o f Central Polish g laciation  
(R iss). ( I p =  20 percent, w L =  34 percent.) L oam  from  Rudnicze represents a 
sim ilar m ineralogical ty p e  o f c lay  fraction, i.e . illite  w ith  kaolinite adm ixture. 
In  F ig . 1 the points representing the exam ined soils are shown on the p lastic
ity  chart.

Cone resistance w as m easured in the laboratory  by an apparatus (m ade 
b y  Leonard Farnell L td .) show n in F ig. 2. T he cone penetration and th e  cone 
resistance were m easured w ith  a K yow a ten som etric  bridge and a V ideoton  
registrator X -Y  or Sefram  registrator. A cone w ith  an apex angle o f 60° and  
base surface F  =  2,0 cm 2 penetrated  at a speed o f 1,0 mm/min. To obtain  a 
required phase com position , sam ples were com pacted  dynam ically w ith  45 to  
60 m k N /m 3 energy.

Fig. 2. Sounding device

Acta Technica Academiae Scientiarum Hungaricae 90, 1980
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Fig. 3. S tatic penetration  curves (loess Törökbálint) for sam ples of different phase composition:
a) s =  63% , V  =  32% ; b) s  =  66% , v  =  29% ; c) s =  67% , v  =  26% ; d) s =  64% , v =

=  19%; e) s =  64% , v  =  25%

Figure 3 represents a relationship betw een cone resistance and related  
depth (Hid) for Törökbálint loess. Curves illu strate changes in cone resistance  
for the samples for w hich values of s, v, l phase com position param eters were 
close to constants. The shape of the curves ind icates th a t the resistance of the  
cone increases w ith  depth o f penetration. The effect o f the depth on cone 
resistance is illustrated  b y  a histogram from the X -Y  registrator (Fig. 4).

The histogram s reveal three interesting facts:
(a )  initial depth , which conforms w ith  th e  generally accepted definition  

o f settlem ent for a shallow  foundation, depends in  case of cone load on the  
phase com position and consequently on the value o f  cone resistance;

( b)  h istogram s reveal a sudden and pronounced decrease o f cone resis
tance when the above m entioned initial depth has been reached (point A  in  
F ig. 4). This has been particularly striking at cone resistance values above 
1960 kN /m 2. The sudden drop of cone resistance is an evidence o f dilatation  
w hich occurs after th e  first lim iting state has been reached. This phenom enon  
w as also observed in  m odel tests made by D u r g u n o g l u  and M i t c h e l l  (1974);

A da Technica Academiae Scientiarum Hungaricae 90, 1980
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Fig. 4. Cone resistance versus d ep th  (histogram  X —Y registrator, loess T örökbálin t)

( c )  th e  shape o f penetration  curves clearly shows the im portance o f the  
phase com position  of the soil sam ple.

F igure 5 shows the cone resistance as a function of the phase com position . 
The diagram s for the dim ensionless depth Л /d =  2,89 very w ell illustrate  
th a t for an estim ation o f the cone resistance it is indispensable to  know  the  
phase com position  of the soils. For lines s =  const and v =  const we obtain  
different values of cone resistance. On the contrary, the p lastic ity  in d ex  is of 
lim ited  im portance in th is range. This phenom enon was earlier observed by  
J u m i k i s  (1965), however, he did not give an explanation.

I t  is also evident from F ig. 5 th a t the effect o f s and v on cone resistance  
depends on the granulometric and m ineralogical com position o f  th e  soil. For 
Törökbálint  loess the lines for equal cone resistance values run close to  each 
other, w h ile for Konin  loam  th e y  are wider apart. An exp lanation  o f th is  
phenom enon is the different grain size distribution o f the respective soils.

C lay content of K onin  loam  w as 16 percent, clay  and silt fraction  together  
42 percen t and for Törökbálint loess as much as 73 percent. It m ay therefore 
be assum ed th at for soils having  a c lay  content o f 20 percent or m ore, the  
changes in  cone resistance depend n ot only on the clay fraction but more 
im p o rta n tly  on the jo int content o f c lay  and silt. K i s i e l  (1975) observes that 
an increased  amount o f silt and sand fraction brings about an additional 
increase o f  dry friction. It can therefore be expected  — in the ligh t o f  those  
observations — that in  the case o f  loess the cone resistance is higher than  for 
loam s, for an analogous range o f  s and v values. A detailed exp lan ation  o f the

Acta Technica Academiae Scientiarum Hungaricae 90, 1980
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■ Törökbálint 
---------Konin

Fig. 5. Cone resistance as a function of phase com position (H /d  =  2,89; T örökbálin t)

phenom enon of cem entation  and friction forces w ill be presented below  on 
the basis o f the shear param eters o f the exam ined soils.

An additional reason for the differences in  cone resistance in  particular  
soils w as their m ineralogical com position. In  loess samples m inerals from  the 
quartz group prevail, having characteristically higher values of fr iction  coeffi
cients than loam s.

Of practical significance is the knowledge o f the function w hich describes 
a relationship betw een the cone resistance and the s, v, l values. T he above  
relationship geom etrically represents a surface (Fig. 6). Its equation for partic
ular soils was determ ined em pirically. The follow ing function was assum ed:

Y  =  exp ( A x 2 -(- B x y  -f- C y 2 -f- D x  -f- E y  F)  +  a. (9)

where : У —  cone resistance a t  liquid lim it of soil
А , В, C, D, E ,F  —  coefficients 
a — asym ptote of th e  function

Acta Technica Academiae Scientiarum Hungaricae 90, 1980
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Fig. 6. Cone resistance as a function of phase composition

The choice of surface from the fam ily o f  functions given by Eq. (9) is 
based on the criterion o f  m inim isation of th e  sum :

^ и ы у д ~  У ,]2, (10)
1 = 1

w here:
Y< =  i c h  * i  =  s h  J i  =  »/ .

A n analysis shows th a t th e  accepted type o f  fu n ction  approxim ates the results 
for particular soils w ith  h igh  precision. The coeffic ien ts of Eq. (9) are presented  
in  T able 1. Calculations o f  the coefficients w ere carried out on Odra 1304 
com puter.

The equation of th e  relationship betw een th e  cone resistance and s, v 
variab les shows a certain  analogy to JÁ k y *s (1944 ) empirical law  w hich deter
m ines th e  relationship b etw een  the unconfined com pression strength (aa) and  
m oisture content (w ) in  cohesive soil:

( И )ad =  a exp

Acta Technica Academiae Scientiarum Hungaricae 90, 1980
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Table 1

T h e  c o e f f ic ie n ts  o f  E q .  ( 9 )

Locality H / d A  10-» В  10-» C  ■ 10» ZM0-» E  • 10-* F a

1. Törökbálint 2,89 0,5 9,5 3,8 26,3 57,8 12,7 1,0

2. Konin 2,89 2,2 -1 4 ,0 — 0,4 11,2 75,4 — 10,7 0,2

3. Rudnicze 2,89 -1 0 ,8 2,9 3,4 141,8 — 50,3 — 37,6 0,2

J a k y ’ s law  w as l a te r  g en e ra liz ed  b y  K e z d i  (1 9 7 1 ); fo r  t r a n s i t io n  so ils  h a v in g  
th r e e  p h a se s , th e  fo llo w in g  re la t io n s h ip  h a s  b e e n  e s ta b lish e d :

In ad =  as — bv — cl. (12)

3. Statistical analysis of the effect of cohesion and 
internal friction angle on cone resistance

As already m entioned, the sta tic  penetration  process is used in  m any  
countries to  determ ine the values o f  cohesion  and angle of internal friction  of 
soils. A nalysing m aterials from the Stockholm Symposium  (1974) it  m ay be 
concluded that opinions in this m atter are different. On the one hand, it is 
accepted th at a close interdependence ex ists  between the cone resistance and 
the cohesion; on the other hand, how ever, it  is emphasized that it  is not possible  
to  establish a close correlation betw een th e  cone resistance and the cohesion  
or the angle o f  internal friction (e.g. A m a r ,  1974). It seems therefore w orth
w hile to  analyze the problem for soils, w here shear strength depends on both  
com ponents o f  shear strength, i.e. cohesion  and angle of internal friction .

A convenient m ethod is the sta tis t ica l m ethod of m ultiple linear regres
sion (V o l k , 1965). D etails necessary for th e  analysis: cohesion and internal 
friction angle determ ined in the triaxial apparatus (unconsolidated — undrained  
te st; B is h o p , 1962).

On Figs 7 and 8 the effect o f th e  phase com position (s, v , l)  on the shear 
param eters is presented. It  may be observed  th at they are very sim ilar to  the 
changes in the cone resistance. For th a t  reason an approxim ation o f the  
relationship betw een the cohesion and s, v variables was carried out w ith  Eqs 
(9) and (13):

У  — exp (A x  Í B y  -f- c) -f- ас (13)

where
X =  s; y  =  v.
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--------- Konin

Fig. 7. Cohesion as a function of phase composition

T ahe 2

The coefficients o f Eq. (13)

Locality Dependent
variable A • 10~* в  • io-* C • 10-* a

T örökbálin t “ c” 12,3 — 6,4 — 731 0 ,02

K onin “ c” 42,4 - 2,5 - 4 0 8 0,02

Rudnicze “ c” 12,2 — 11,9 — 651 0,02

T örökbálin t ta n  Ф 4,5 -  7Д - 1 9 0 0,0

K onin ta n  Ф 0,6 0,9 -1 5 3 0,0

R udnicze tan  Ф 3,3 — 2,6 - 2 0 5 0,0
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Fig. 8. Angle of in ternal friction as a function  of phase composition

Calculations revealed  th at for loess and c lay  sam ples from Rudnicze  a 
better approxim ation o f the results is obtained from  Eq. (9), while for K on in  
loam  Eq. (13) is acceptable. Numerical values o f the coefficients are given  
in Table 2.

A pproxim ation o f the relationship betw een  cohesion and s, v variables 
b y  means of function w ith  Eq. (13) confirm s th e  function proposed b y  JÁ K Y . 
The existence o f th is relationship was confirm ed b y  numerous tests w ith  clayey  
soils (see for exam ple H o r n , 1964; K e z d i , 1974).

4. Conclusions

Investigations o f  cone resistance in soils w ith  up to  20 percent clay  
con ten t revealed a decisive significance of several factors. One of them  is the  
phase com position o f th e  soil. In soils for w hich the effect o f porosity  on
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stren g th  properties cannot be ignored, estim ation  of strength properties on 
th e  b asis o f the relationship betw een the cone resistance and the p lastic ity  
in d e x  is not reliable.

T he influence o f the phase com position depends quite n aturally  on the  
granulom etry  and on the m ineralogical com position of the soil. A  defin ite  
rela tion sh ip  between cone resistance and (s, v) values is despite its  em pirical 
ch aracter, significant. The derived equation proved to  be also usefu l for the 
in terp retation  of the penetration  process in  all exam ined soils. I t  m ay there
fore be assumed that for other soils the relationship between cone resistance  
and  (s, v) values m ay be approxim ated w ith  E q. (9).

Cohesion and internal friction angle have a significant in fluence on cone 
resistan ce . However, the varied  influence o f these parameters in d icates that  
th e  recom m ended form ulae for evaluation  of cohesion on the basis o f  cone 
resistan ce  may be applied on ly  for soils for w hich the internal friction  effect 
can  be disregarded.
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Ergebnisse der statischen Penetrometerversuche in schw ach- oder mittelbindigen Böden.
— Die theoretischen P rinzipien der Benutzung von sta tischen  Sonden und  die Penetrations
tiefe beeinflussenden P a ram ete r werden un tersuch t. Die A utoren haben nachgewiesen, daß 
zwischen dem E indringungsw iderstand des Kegels und  den Z ustandskennw erten des Bodens 
keine eindeutige A bhängigkeit besteht. Mit drei B odenarten  von schwacher oder m ittelhoher 
K ohäsion haben V ersuche angestellt um  die A bhängigkeit zwischen der Penetrationstiefe 
und  der D ruckkraft m it m odernen M eßapparaten zu messen u n d  zu registrieren. Die infolge 
der Bodendilatation au ftre tenden  W iderstandsabnahm e w urde beobachtet. Die Auswirkung 
der Phasenzusam m ensetzung der Bodenprobe wurde durch  ausführliche Yersuchsserien 
u n te rsuch t und festgestellt, daß  der E indringungsw iderstand von der Schlamm- und  Tongehalt 
des Erdreichs abhängt. Die Auswirkung der Phasenzusam m ensetzüng ist teils in dreieckdia- 
gram m atischer, teils du rch  räum licher A bbildung dargestellt. Die Versuchsergebnisse wurden 
d u rch  Anwendung des V erfahrens der kleinsten Q uadrate  ausgeglichen. Schließlich wurde 
die Einw irkung der K ohäsion und des W inkels der inneren R eibung auf den E indringungs
w iderstand mit sta tistischen  Verfahren un tersuch t.
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EIN VORSCHLAG ZUR KODIERUNG DER THEORIEN
DER BAUMECHANIK

M. Y. SOARE*

[Eingegangen am  18. D ezember 1979]

A usgehend von der Feststellung, daß er bisher keine system atische E inteilung 
der Theorien der Baum echanik g ib t, wird eine K odierung vorgeschlagen, die sich auf 
vier H aup tfak to ren  stü tz t, näm lich die A rt des Ausdrucks des Gleichgewichts der 
S truktur, das V erhalten  des W erkstoffs, die Größe der Verform ungen un d  die B etrach
tungsweise des Ausdrucks der K rüm m ung. Den Abschluß bilden Beispiele der Kodierung 
anhand Aufgaben der Baumechanik.

1. E inführung

Die verschiedenen K apitel der B aum echanik als Ingenieurfach, das im  
w eitesten  Sinne das Studium des Spannungs- und V erform ungzustandes in 
Bauelem enten und Strukturen zum  G egenstand hat, stützen  sich  au f eine 
R eihe von vereinfachenden H ypothesen  hinsichtlich des Stoffgesetzes des 
M aterials, der Größe der Verform ungen im  Verhältnis zu den allgem einen  
Abm essungen des Körpers u. a.

B etrachtet m an das vor dreihundert Jahren (1678) von  H ooke auf
gestellte  Gesetz als »Geburtsurkunde« der Baum echanik, so m uß man 
anerkennen, daß die bedeutenden B eiträge verschiedener Forscher im  Laufe 
der Zeit zum A ufbau einer gut organisierten Fachw issenschaft geführt haben, 
m it Unterschieden in der A ufeinanderfolge der einzelnen K ap itel, in  der B e
weisführung oder im  Behandlungsum fang, je nach Veranlagung des Verfassers 
oder der Fachsparte.

G leichzeitig ist aber zu bem erken, daß die Fortschritte der M athem atik, 
der R echentechnik, die m ittels M odellen im  verkleinerten oder natürlichen  
M aßstab erhaltenen V ersuchsdaten oftm als eine Verfeinerung der grundlegen
den H ypothesen nach sich gezogen haben. So führten etw a im  F all des H ooke
schen Gesetzes, das das linear-elastische Verhalten verform barer Festkörper  
beschreibt, die m odernen Tendenzen einer Erforschung der Sicherheitsreser
ven  zur E ntw icklung der Berechnung im  plastischen Bereich und zur A ufstel
lung von G esetzen, die den ganzen V erhaltensbereich des W erkstoffs decken.

* Prof. D r.-Ing. habil. Mir c e  V. S o a r e , R-76327, Str. P ictor Bäncilä 22, Bucureçti 5, 
sector 6, Romania.
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A n zahlreichen B eisp ielen  könnte gezeigt werden, w ie m anche Grund
h y p o th ese  (m it vereinfachendem  Charakter) bei der Lösung bestim m ter A uf
gab en  berücksichtigt wird oder nicht.

Im  Bestreben, die verschiedenen H ypothesen  und Theorien der B au
m ech an ik  zusam m enzufassen, stieß  der Verfasser nur au f schem atische T en
den zen  einer E inteilung ohne allgem einen Charakter, m it unterschiedlichen  
Form ulierungen bei den verschiedenen Autoren.

Zu diesen Form ulierungen gehören: m echanische, geom etrische und  
ph ysik a lisch e Linearität bzw . N ichtlinearität, Fragen der F estigkeit und der 
(e lastisch en ) Stabilität, Theorien erster, zw eiter und — seltener — dritter 
Ordn ung.

A ll diese unsystem atischen  und m anchm al auch widersprüchlichen  
A sp ek te  veranlagten den V orschlag einer K odierung der verschiedenen T heo
rien in  der Baum echanik, die eine genaue K enntnis der bei der Lösung bestim m 
ter A ufgaben  zugrundegelegten H ypothesen und gleichzeitig  auch des E ntw ick
lungsgrades der betreffenden Theorie erm öglicht.

In  dem hier folgenden 2. A bschnitt soll kurz auf die bestehenden E in 
te ilu n g en  eingegangen w erden, im  3. und 4, A bschn itt sind die H auptfaktoren  
zu sam m engestellt, auf die sich der Ansatz einer A ufgabe der Baum echanik  
s tü tz t  und die K odicrungsvorscliläge formuliert.

D er 5. Abschnitt en th ä lt B eispiele für einige F älle und der letzte A bschnitt 
eine D iskussion  und Schlußfolgerungen.

2. B estehende E inteilungen

E in e erste E inteilung der Theorien der B aum echanik bezieht sich  
— gew öhnlich  stillschw eigend — auf die L inearität bzw. N ichtlinearität der 
B ezieh u n gen , die ein bestim m tes Problem beherrschen. Sie kann sich au f die 
A usdrucksw eise der G leichgew ichtsbedingungen, das V erhalten des W erk
sto ffs  b ei Belastung und die Größenordnung der Verform ungen beziehen.

So sind zu unterscheiden:
— die m echanische (statische) L inearität, w enn die G leichgew ichtsbe

d ingungen  für den unverform ten Zustand des betreffenden Körpers ausge
drückt sind;

— die m echanische (statische) N ichtlinearität, wenn die G leichge
w ichtsbedingungen  für den verform ten Zustand des S ystem s ausgedrückt sind;

— die physikalische L inearität, wenn die eindeutige Beziehung zwischen  
den Spannungen und den Verform ungen m athem atisch  durch eine lineare 
G leichung von der Form  а  =  Е е  oder n =  Gy  ausgedrückt wird;

— die physikalische N ichtlinearität, w enn die B eziehungen zw ischen  
den Spannungen und den Verform ungen einen m athem atischen  Ausdruck von
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der Form e = /(< r) oder a  =  g(e)  erhalten (vgl. einige B eispiele hierfür im
3. A bschnitt);

— die geom etrische L inearität, wenn beim  Ausdruck der D ehnungen in 
Potenzreihenentw icklungen der V erschiebungskom ponenten nur die linearen  
Terme m itgenom m en werden, etw a  ex =  du/dx;

— die geom etrische N ichtlinearität, wenn beim  Ausdruck der D ehnun
gen in Potenzreihenentw icklungen der V erschiebungskom ponenten auch die 
Terme höherer Ordnung berücksichtigt werden, etwa

du ( 1 du 2 1 dv 2 dw
dx  2 dx

+
J * + ( 2.1)

Die Frage der Theorien verschiedener Ordnung ist strittiger.
N ach E. Ch w a l l a  [9] »liegt es also nahe, den E in fluß , den die elasti

schen Verformungen auf die G leichgew ichtsbedingungen nehm en, zu vernach
lässigen und die G leichgew ichtsbedingungen unm ittelbar für das unverform te 
Tragwerk aufzustellen; diese vereinfachte Berechnungsweise wird als Theorie 
erster Ordnung (also als 1. Stufe der Annäherung an die vollkom m en exakte  
Lösung !) bezeichnet«.

Dem  gleichen Autor zufolge wäre die genauere Berechnung m it Berück
sichtigung des E influsses des elastischen  Tragwerksverformung au f die Gleich
gew ichtsbedingungen die Theorie zw eiter Ordnung.

»Erwähnt sei, daß auch die Theorie 2. Ordnung keine exak te Theorie 
darstellt, da sie zwar den E in fluß  der Form änderungen berücksichtigt, aber 
an die V oraussetzungen gebunden is t , daß diese Form änderungen in Vergleich 
zu den Tragwerkabm essungen k lein  bleiben . . . W ürden wir beliebig große 
Verformungen zulassen, dann m üßte die Rechnung noch w eiter zugeschärft 
und dam it noch erheblich verw ickelter gestaltet werden (Theorie 3. Ordnung !).«

Eine andere Form ulierung is t  bei V. G io n c u  [15] anzutreffen, näm lich:
— die Theorie erster O rdnung (oder die lineare Theorie) ist dadurch 

gekennzeichnet, daß sie den E in flu ß  der Verformungen auf den Spannungszu
stand vernachlässigt;

— in der Theorie 2. O rdnung (oder der linearisierten Stabilitätstheorie) 
werden die Verformungen als unendlich  klein betrachtet und die Produkte der 
zw eiten A bleitungen der D urchbiegungen sind daher vernachlässigbar;

— die Theorie 3. Ordnung is t  eine nichtlineare S tab ilitätstheorie (vgl. 
[15] S. 3 3 1 -3 3 2 ) .

W ieder eine andere Form ulierung fand S. F a l k  [11], der die drei Theo
rien folgenderm aßen charakterisiert:

— Theorie erster Ordnung: G leichgewicht und R eduktion der Spannun
gen am unverschobenen E lem ent;

— Theorie zw eiter Ordnung: G leichgewicht und R eduktion  der Spannun
gen am verschobenen aber n icht verdrehten E lem ent;
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— Theorie dritter O rdnung: Gleichgewicht und R eduktion der Span
n u n g en  am verschobenen und verdrehten E lem ent.

D er gleiche Autor s te llt  fe st, daß bei seiner Form ulierung alle drei Theo
rien  v o n  Haus aus n ich tlin ear sind. Durch bestim m te V ereinfachungen lassen  
sie sich  aber linearisieren (v g l. S. F a l k  [11] und J . L e n s in g  [22]).

In  der Tat g ilt S. F a l k s  Behauptung daß in dieser H insicht in der 
L itera tu r  ein heilloses D urcheinander herrscht [12].

W ir erinnern noch an das Werk von R . R o s m a n  [28], w elches die Stock
w erkrahm en behandelt, in dem  es auch den E in fluß  der D eform ationen über 
die Größe der Schnittkräften  in  Betracht zieht.

D urch ein schrittw eises Näherungsverfahren wird die unverform te Lage,, 
die in  W irklichkeit die T heorie I. Ordnung darstellt, nach der die nächste 
S tu fe  der Iteration als T heorie 2. Ordnung und die le tzte  Stufe (wegen der 
sch n ellen  Konvergenz der K orrektionen) als Theorie 3. Ordnung angesehen  
w ird , untersucht.

N ach  E. Ch w a l l a  [9] »gibt es noch eine große Gruppe von Problem en, 
b ei denen  die Anwendung der Theorie 2. Ordnung eine innere N otw endigkeit 
d a rste llt  und daher grundsätzlich  immer erforderlich ist. Es sind dies die 
Stabilitätsproblem e.«

B ei der D efinition der S tab ilitä t stößt man au f folgendes: »Die Stabili
tä tsth eo r ie  sucht nun für ein  gegebenes Tragwerk und eine gegebene B elastungs
w eise  jene kritische L aststu fe  auf, unter der die S tab ilitätsgrenze erreicht wird 
u n d  daher das G leichgew icht zwischen der inneren und äußeren K räften die 
E igen sch aft verliert, sta b il zu  sein. Wir sprechen von  B iegeknickung eines 
S ta b es oder Stabwerkes, w en n  die einzelnen S tabquerschnitte an der Stabili
tä tsg ren ze  — beim erw ähnten  zwanglosen Ü bergang von  der ersten zur zw ei
te n , benachbarten G leichgew ichtsfigur — nur parallel verschoben, aber nicht 
v erd reh t werden, wenn also die einzelnen Stabelem ente nur Verbiegungen, 
jed o ch  keine Verdrillungen erfahren« (a. s. O. [9], S. 49).

Anschließend w erden d ie Drillknickung, die B iegedrillknickung und als 
Sonderfa ll der letzteren die K ippung definiert, bei der sich der Querschnitt 
u m  den Schubm ittelpunkt verdreht bzw. um diesen P unkt verschiebt und  
verd reh t. Hier ist eine A nnäherung an die D efin itionen  von S. F a l k  für die 
T h eorien  2. bzw. 3. O rdnung festzustellen.

E ine nuancierte F orm ulierung findet man bei A l. G h e o r g h i u  [14]; er 
b e to n t »den wesentlichen U ntersch ied  zwischen der Stabilitätsberechnung und 
der R echnung 2. Ordnung:

( a )  Bei der S tab ilitätsrechnung ist die Größe der Lasten unbekannt und 
ihr W ert P kr zu bestim m en, b ei dem der S tab ilitätsverlust im  Sinne des Knik- 
k en s eintritt.

( b )  Bei der R echnung 2. Ordnung sind die Quer- und Längslasten  
b ek a n n t und die Größe der Schnittkräften  und V erschiebungen sollen bestim m t
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■werden, die auftreten , wenn die A ußenkräfte auf die verform te Lage bezogen  
werden.

Der Stab ilitätsverlust des Tragwerks erscheint als G renzzustand bei der 
Berechnung 2. Ordnung« (a. a. O. [14], S. 513).

Zu einer ähnlichen Äußerung gelangen B r u s h  und A l m r o t h : »Die 
K nickberechnung ist im  w esentlichen  eher ein Teil der nichtlinearen als der 
linearen Mechanik« [7].

H inzugefügt sei die T atsache, daß die Rechnung 2. Ordnung auch den 
F all einschließt, in dem die Längskraft eine Zugkraft ist.

Als A bschluß dieser sum m arischen Inkursion in die Fachliteratur sei nur 
noch darauf hingew iesen, daß bei den bestehenden D efin itionen  n ich t alle 
H auptfaktoren berücksichtigt sind; dieser T atbestand soll im  folgenden A b
sch n itt untersucht werden.

3. Die Hauptfaktoren im Ansatz der Baumechanikaufgaben

Eine aufm erksam e Prüfung b ew eist, daß der Form ulierung der B au 
m echanikaufgaben vier H auptfaktoren  zugrundeliegen:

A )  die A rt des Ausdrucks für die G leichgew ichtsbedingungen;
B )  das W erkstoffverhalten;
C)  die Größe der Verform ungen;
D )  der Ausdruck der K rüm m ung der verform ten M ittelfaser bzw . der 

K rüm m ungen der verform ten M ittelfläche.
D ie verschiedenen A spekte dieser Faktoren sollen nun untersucht werden.
A ) Die Bedingungen des statischen Gleichgewichts lassen sich m it B ezug auf
1° die ursprüngliche (unverform te) Lage des Tragwerks oder
2° die (verform te) E ndlage des Tragwerks ausdrücken.
D ie beiden Varianten entsprechen der im  2. A bschn itt beschriebenen  

m echanischen L inearität bzw. N ichtlinearität.
W ie E. C h w a l l a  b eton t, m üssen bei Stabilitätsaufgaben die statischen  

G leichgew ichtsbedingungen u n b ed ingt in bezug auf den verform ten Zustand  
der Struktur ausgedrückt werden.

M athem atisch führen die beiden Ausdrucksweisen für die statisch en  
G leichgew ichtsbedingungen zu verschiedenen A spekten; so entspricht nähm - 
lich  die erstere den Aufgaben m it R andbedingungen, während sich die zw eite  
au f E igenw ertproblem e bezieht. D abei ist aber auch die H ypothese des linea
ren W erkstoffgeset^es und die der in fin itesim alen Verform ungen im pliziert.

B) Das Verhalten des Werkstoffs kann
1° linear oder
2° n ichtlinear sein.
Lineares Verhalten entspricht der im  2. A bschnitt erw ähnten p h ysik a li

schen L in earitä t und wird durch das H ookesche Gesetz ausgedrückt.
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N ichtlineares V erhalten  entsprechend physikalischer N ichtlinearität gibt 
je  nach  dem für den W erk stoff geltenden S toffgesetz zu m annigfaltigen Lösun
gen A nlaß.

Im  Fachschrifttum  wurden verschiedene V orschläge zur Schem atisierung  
der das W erkstoffgesetz wiedergebenden K urve gem acht, und zwar für

— ideal-elastop lastisches Verhalten (B ild  la ) , auch Prandtische K urve 
genannt;

— elastoplastisches V erhalten m it V erfestigungszone (B ild  lb );
— elastoplastisches V erhalten m it F ließstufe und V erfestigungszone  

(B ild  lc ) ;
— ideal-p lastisches V erhalten (Bild ld );
— ideal-plastisches V erhalten m it V erfestigungszone (B ild  le ) .

0 £ 0 
B ild  1

£

U nter den V orschlägen zum A nsatz eines einzigen analytischen A us
drucks für den gesam ten  Variationsbereich seien  erwähnt:

an
e — ----- (m it n ^  1) ;

— die in den alten  deutschen Vorschriften für Stahlbauten angegebene
K urve

a  =  o p +  (a p — op) tanh  ^ £— —
cf F —• Op

(3.1)

m it Op als Fließgrenze, a p als Proportionalitätsgrenze;
— die R am berg—O sgoodsche K urve (1943), geschrieben in einer der 

Form en
e

=  —  +  к
eo

(3.2a)
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e =
a
h

+ (3.2b)

auch Dreiparam eterkurve genannt [24], [27];
— die Form el von Y l i n e n  (1956) [33]

E s  — ca — (1 — c)aF ln  1 -----—  ,
I aF,

in der c #  1 eine Stoffkonstante b ed eu tet; für c =  1 kom m t m an  au f das 
H ookesche Gesetz;

— die Form el von J . E . G o l d b e r g  und R. M. R i c h a r d  (1963) [16]

e

a __ eo
( e m l/л

1 + £o )

m it a 0 als M axim alspannung, e0 als der dieser entsprechenden D eh n u n g  und n 
als dem Param eter, der die nichtlineare B eziehung zwischen a und e w iedergibt.

C) Die Verformungen können
1° in fin itesim al oder
2° endlich sein.
B ei in fin itesim alen (oder k leinen) Verformungen können d ie V erschie

bungen der verschiedenen Q uerschnitte als unendlich kleine G rößen im  Ver
gleich  zu den geom etrischen M aßen der Struktur betrachtet w erden . D ie  
H yp oth ese erm öglicht die V ernachlässigung der Dehnungen im  V erh ältn is zur 
E in h eit (etw a (1 e ^  1), so w ie m an bei der Erm ittlung des A usdrucks für 
die G leitung in der ebenen E lastiz itätsth eorie  vorgeht

!dv du

dx d y  du . du

У 1 +  £x 1 +  ey dx dy

diese V ernachlässigung gesta ttet die Linearisierung des geom etrischen A spek
tes  und entspricht der im  2. A bschn itt erw ähnten geom etrischen L inearität.

E ndliche Verform ungen können ihrerseits wiederum klein  oder beliebig  
groß im  V erhältnis zu den allgem einen M aßen der Struktur sein. G ew öhnlich  
werden sie als klein angesehen, so w ie etw a Beziehung (2.1) ausdrückt, und 
entsprechen der geom etrischen N ich tlin earitä t.

D ) Der Ausdruck der K rü m m u n g  is t  in erster Linie von der A rt der Span
nungen in  den Stabquerschnitten (bzw . über die Plattendicke) und  ferner von  
der A usdrucksw eise der Krüm m ung abhängig.
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D ie Krümmung kann  hierin
0) überhaupt n ich t,
1) angenähert,
2) genau 

erscheinen.
D ie Fälle, in denen  bei der U ntersuchung eines Bauteils oder einer  

Struktur die K rüm m ung der verformten S tab ach se (bzw. die K rüm m ungen  
der verform ten M ittelfläche) nicht eingreifen, sind  selten; sie kom m en etw a  
bei H ängesystem en oder b ei kritischen S ystem en  w ie dem im 5. A bschn itt 
gezeigten  vor.

D er exakte A usdruck  der Krümmung einer ebenen Kurve m it der 
G leichung w =  n>(a;) is t  w ohlbekannt

1

Q

d 2w
dx2

1 +
dw  |213/2

\ d x )  \

Vernachlässigt m an das Quadrat von  d w / d x  gegenüber der E in h eit, 
betrach tet also

1 + 1 ,

so erhält man den approxim ativen  Ausdruck für die Krümmung

1 d 2w
—  — ----------—  ,
q d x 2

der in  der Festigkeitslehre und in der P latten - u n d  Schalentheorie w eit ver
b reitet ist.

Bem erkenswert is t , daß die Größenordnung des Fehlers von der im  Fall 
C abw eicht, wenn in fin itesim ale  Verformungen angenom m en werden.

D er approxim ative Ausdruck der K rüm m ung erm öglicht die L inearisie
rung der Aufgabe, reih t sich  also in die geom etrische Linearität ein; g leich 
ze itig  tr ifft er sowohl in  der mechanischen (sta tisch en ) Linearität als auch in  
der N ichtlinearität zu.

Akzeptiert m an stillschw eigend die H y p o th ese  ebener Querschnitte nach
J .  B e r n o u l l i  für S ta b sy stem e bzw. die L ove— K irchhoffsche H ypothese der 
geraden Normalen für P la tte n  und Schalen, so erk en n t man, daß der letztere  
F all die U ntersuchungen einschränkt, in dem  er d ie Aufgaben der E lastiz i
tä tsth eorie  (etwa diejen igen  des lokalen K on tak tes elastischer Körper — nach  
H e r t z )  ausschließt.
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4. Ein Kodierungsvorschlag

Drei der weiter oben untersuchten vier Faktoren lassen  also je  drei 
V arianten zu, der erstgenannte nur zwei. B ei der ersten V ariante tr itt der 
betreffende Faktor nicht in Erscheinung, die zweite zeigt eine schwächere, 
die dritte eine stärkere A pproxim ation oder sogar den exak ten  m athem ati
schen Ansatz.

D iese Aufzählung ließe sich gew iß noch durch A nfügung neuer Fälle 
verfeinern, etwa durch die B erücksichtigung der A xialverform ungen gleich
ze itig  m it den Biegeverform ungen; einer einfachen Form ulierung halber 
beschränken wir uns hier jedoch au f die Faktoren, A, B, C, D . B ezeichnet man 
m it 1 und 2 bzw. m it 0, 1, 2 die m öglichen Fälle, so läßt sich jed e Aufgabe der 
Baum echanik m it einem  A BC D -K ode verschlüsseln, wobei der Term  A die 
W erte i =  1 und 2 und jeder der Terme B , C, D die W erte i =  0, 1, 2 erhalten  
kann. Diese K odierung ist in Tabelle 1 zusam m engestellt.

T abelle  1

Faktor Ausdruck des 
Gleichgewichts Werkstoffgesetz Größe der 

Verformungen
Ausdruck der 

Krümmung

i= A В C D

0 — kom m t nicht 
vor

kommt nicht vor kom m t nicht vor

1 bei unverform ter 
S truk tu r

linear infinitesimal approxim ativ

2 bei verformter 
S truk tur

nichtlinear endlich exak t

Aus der theoretischen K om bination  aller in Tabelle 1 en thaltener Mög
lichkeiten  ergeben sich 54 Fälle:

1000 1100 1200 2000 2100 22 0 0
1001 1101 1201 2001 2101 2201
1002 1102 1202 2002 2102 2202
1010 1110 1210 2010 2110 22 1 0
1011 1111 1211 2011 2111 2211
1012 1112 1212 2012 2112 2212
1020 1120 1220 2020 2120 2 2 2 0
1021 1121 1221 2021 2121 2221
1022 1122 1222 2022 2122 2222
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Offenbar kann A  nur d ie  W erte 1 und 2 h ab en , da die G leichgewichts- 
bedingungen  immer ausgedrückt werden m üssen.

В  =  0 kom m t in  E in zelfä llen  vor, etw a bei sta tisch  bestim m ten S y ste 
m en , w enn  nur der Spannungszustand interessiert.

C =  0 trifft man bei hauptsächlich  b iegebelasteten  Strukturen an, w enn  
die D eh n - und G leitverform ungen vernachläßigbar sind , w ie es bei den statisch  
b estim m ten  System en vork om m t, für die nur der Spannungszustand in teres
siert.

D  =  0 kennzeichnet die nur auf Zug beanspruchten System e.
D ie  übrigen A ufgabenkategorien  bieten die in teressantesten  A spekte der 

D isk u ssion .
O hne die Theorien nach  den Werten ordnen zu können, die der A B C D -  

K ode annehm en kann, is t  die erste Theorie (1000) offenbar die einfachste, die 
le tz te  (2222) die am w eitesten  entwickelte.

Ferner ist zu bem erken, daß in der B aum echanik  nicht für alle K ode
fälle Lösungen bekannt sind; es gibt also noch leere Stellen , für die entw eder  
bisher keine Lösungen gefunden  wurden oder aber einfach  kein theoretisches 
oder praktisches Interesse b esteh t.

F ür В  =  2 (n ichtlineares Verhalten der W erkstoffe) bestehen zahlreiche 
M öglichkeiten  je nach dem  für das betreffende M aterial geltenden Stoffgesetz.

Im  folgenden A bschn itt sollen  die w ichtigsten  K odes kurz exem plifiziert 
w erden. In  manchen Fällen  erhalten  hierbei die E rgebnisse eine bisher in  der 
F ach literatu r nicht veröffen tlich te Form.

D ie  Diskussion der ü brigen  Fälle und die Zusam m enhänge m it den b is
herigen  E inteilungen folgen im  letzten  A bschnitt.

5. A ufgabenbeispiele in  der vorgeschlagenen Kodierung

W ir beginnen m it den F ä llen  AB CO  (D =  0).
B etrach tet sei das G elenkstabsystem  aus B ild  2a, ein klassisches B e i

spiel eines zugbeanspruchten, statisch  unbestim m ten  Stabsystem s. Solange 
sich  der W erkstoff völlig  e la stisch  verhält, entsprechen die Spannungen in  den 
S täben  den Beziehungen [19], [29]:

X 1 =  A 3 =
P  co s2 <x 

1 +  2 cos3 а
, * 2 =

1 +  2 cos3 а

O ffenbar handed, es sich  hier um den K odefall 1110.
W ird jedoch eine B eanspruchung über die E lastizitätsgrenze des W erk

stoffs h inaus zugelassen und d ie Prandtische K urve (B ild  la )  berücksichtigt, 
so geh t der Verlauf der K räfte X 1 =  X 3 und X 2 in  A bhängigkeit von der K raft P  
aus B ild  2b hervor. Dem  en tsp rich t Fall 1210.
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Ferner sei das im  B ild  3a wiedergegebene und von T im o s h e n k o  und 
Y o u n g  [32] untersuchte, kritische System  als ein B eispiel herangezogen, in 
dem das Superpositionsprinzip keine G ültigkeit mehr hat. B ei Annahm e in fi
nitesim aler Verform ungen entspricht dieser Fall dem K ode 2110.

Betrachten wir nun die Aufgabe bei endlichen Verform ungen (Kode 
2120). Sei 0  der N eigungsw inkel der beiden verform ten Stäbe gegenüber ihrer 
ursprünglichen Lage und T  seien die Schnittkräfte in den Stäben.

Der Verschiebung des M ittelgelenks um  die Grösse ô entspricht eine Ver
drehung 0  der beiden Stäbe, so daß

tan  0  =  —
l

gilt. Dann werden die Schnittkräfte in den Stäben zu

rr > Ip  Vi +  tg20 p  y w + T 2
2 sin 0 t g 0 Ô

(5.1)

D a die Länge jedes Stabes infolge D ehnung zu l' =  У l2 $ 2  w jr(j5 lautet
die Dehnung

у р  +  д 2 - i  Te =
E A

(5.2)
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D ie  Elim ination von  T  aus den Beziehungen (5.1) und (5.2) ergibt

f i *  +  Ô2 - I P  +  à2
2 EA

od er in  expliziter Form

P  =  2 E A  à
l

(5.3a)

E ntw ickelt man das R ad ik a l in  eine Potenzreihe und berücksichtigt nur 
d ie ersten  beiden Terme, so f in d e t man die früher erwähnte Lösung

P = E A  | y |  bzw. 0 =  1
E A

(5.3b)

D ie  Aufgabe läßt sich unschw er auf den F all eines anderen Stoffgesetzes, 
e tw a  m itte ls  der Formel v o n  R a m b e r g —Osgood  (3.2b) übertragen. Mit den 
dim ensionslosen  B ezeichnungen

l ä ß t  sich  die B eziehung/ ( P ,  Ô) =  0

ß  =
P

A E

ül 1  f m r r
в  2 |  ]

sch reib en .
F ü r n —► o o  kom m t m an a u f die der Prandtischen K urve entsprechende  

L ö su n g  zurück. In beiden F ä llen  g ilt der Kode 2220.

f r i l / 1  +  î 2 
2 £

K o d e  1111. B ekannt is t  die angenäherte D ifferentialgleichung für die 
verform te  Stabachse bei einfacher Biegung

d 2w

d x 2

M

E I
(5.4)

I n  dem  in Bild 4a w iedergegebenen Fall is t  der Stab au f reine B iegung  
b ean sp ru ch t und die D urchbiegung erhält den einfachen Ausdruck

M,w
2 E I

2- x ( l - x ) ;
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die verform te Stabachse ist eine Parabel und die m axim ale D urchbiegung  
hat die Größe

w 0
M J 2
8 E I

(5.5)

Im  B elastungsfall des B ildes 4b ist der Stab einfacher B iegung unter
worfen (M  =  — P ( l  — x)) und die D urchbiegungsgleichung lau tet:

P x 2 I, x  
io = --------  t -------

2E I  I 3

m it dem  M axim alwert (am freien Ende x  =  l):

PP
w n =

S E I
(5.6)

„ 0
- ■ У

® o|
p

— -

Bild 4

Kode  1112. Führt m an bei den vorstehenden B eispielen den genauen  
m athem atischen Ausdruck der K rüm m ung ein, so lau tet die exak te  D ifferen
tialgleichung der verform ten Stabachse bei einfacher B iegung

d 2w

Für den Fall des B ildes 4a ist eine einfache geom etrische Lösung m öglich; 
die verform te Stabachse ist ein Kreisbogen m it dem R adius q =  E I / M 0 und 
die m axim ale Durchbiegung erhält den Ausdruck [29]:
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S etzt man anstelle v o n  g, wieder den vorher angegebenen W ert und  
en tw ick elt das R adikal in  eine Potenzreihe (da 1/2 g <̂ ; 1 gilt), so erhält man

M W  =  m>o(1  +  4  —  +
le

(5.8)

w ob ei w 0 aus (5.5) hervorgeht.
A us (5.8) fo lgt, daß der m ittels der k lassischen  Lösung erhaltene W ert 

dem  ersten Term der R eienentw ick lung der exak ten  Lösung entspricht. A nge
sich ts  der Größenordnung des Verhältnisses w 0/ l  is t die A pproxim ation durch
aus gerechtfertigt.

Für den im  Rild 4b gezeigten  Fall wird die D ifferentialgleichung zu

d x 2
dw
dx

13/2 —  (/ 
E I

x) (5.9)

M it den R ezeichnungen p  =  
ein m al integrieren

dw

dx
dP
dx

d 2w  

dx2
, läß t sich die G leichung

m it R ücksicht auf die R an dbed ingu ngp  =^dwjdx  =  0 für л; =  0 , woraus Cx =  0 
fo lg t, erhält man

D irekte Integration ergibt

dx  + [C 2 . (5.10)
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D ie Substitution

1 =
E I

Ix —

reduziert das Integral in (5.10) auf das e llip tisch e Integral [18]

E I  №w  =  C2 —
PI

n 1 _ 1 E L ,
p p  5

Selbst in den einfachsten Fällen ist a lso  die Berechnung der (h insich t
lich der K rüm m ung) exakte Lösung rech t um ständlich. Eine angenäherte  
Lösung erhält m an, indem  man das R adikal in  (5.10) in eine P otenzreihe en t
w ickelt und dann gliedweise integriert. Für die maximale D urchbiegung  
erhält man

w„ w n l  +  ^ ^ L  +
35 l 2

wobei w 0 aus (5.6) hervorgeht.
Die durch die B erücksichtigung des genauen  Ausdrucks für die K rüm 

m ung der verform ten Stahachse eingeführte Korrektur ist auch hier ohne 
weiteres vernachlässigbar.

Kode  2111. Ein an einem Ende eingespannter und am anderen Ende 
freistehender Stab sei einer Druckkraft P  au sgesetzt. Erreicht P  einen  bestim m 
ten  kritischen W ert, so b leibt das G leichgew icht bekanntlich n icht m ehr stabil, 
und es werden in der Um gebung der ursprünglichen geradlinigen G leichge
wichtsform  gekrüm m te Formen m öglich.

D ie K nickdifferentialgleichung la u te t  in der vereinfachten Form  von  
E u l e r :

d 2w
--------- b
d x 2

P
----- w
E I

0 . (5.11)

D a sie linear und homogen ist, w erden  v o n  Null verschiedenen Lösun
gen nur für bestim m te W erte des P aram eters ß  =  (ЛР/.Е/, sogenannte E igen
w erte, Vorkommen. D en M indestwert b ild et d ie  kritische B elastung n ach  E u l e r

U 2

Zu bem erken ist, daß die verform te Stabachse bis auf einen Proportio - 
nalitätsfaktor (in den Grenzen der in fin itesim a len  Verformungen) genau be
stim m t ist

. n  X
W =  U)„ s i n ---- ,

da die A uflösung der Gleichung (5.11) ein  Eigenw ertproblem  darste llt.
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D er m athem atische A sp ek t ändert sich, w en n  eine Quereinwirkung, etw a  
der A n g r iff der Kräfte P  m it einer E xzentrizität e eintritt.

D an n  erhält die m axim ale Durchbiegung die Form

ein  a ls Sekantenform el bekannter Ausdruck [33].
K o d e  2112. Wird an ste lle  des approxim ativen  Ausdrucks der K rüm  

m u n g der exakte Ausdruck gew ählt, so wird G leichung (5.11) zu

d 2w

d x 2
_ 1 dw 2 13/2

L1 +  b r

P----- to
E I

0 .

D an n  wird als unabhängige Variabel der B ogen  s und als abhängige die  
T angentenneigung 0  gew ählt; die substitution dw/ds  =  sin 0  und die V ern ach 
lä ss ig u n g  der Stabverkürzung infolge des D ruckes [33] führen zu der D iffe 
rentia lg leichung

d 2 0
E I  ———  +  P s i n 0  =  0 .  

d s 2

D ie  kritische B elastu n g  erm ittelt man m itte ls  des vollständigen e llip t i
sch en  Integrals erster A rt [33]. Eine analoge L ösung erhält man w enn  m an  
auch  d ie A xialverform ungen in  Betracht zieht [26].

K o d e  2121. Das überkritische Verhalten ebener P latten  und das B iegen  
m it groß en  Verformungen lassen  sich nach den Kárm ánschen G leichungen  
b eschreiben:

К
d*w 2 _ а ч с _ + =
дхА dx2dу  2 dy*

d2F  d2tv _  d2F d2tv 
dx2 dv2 дхду dxdy

d2F  d2w 
dv2 dx2 ’

(5.12a)

d*F 2  d*F d*F
dx1 dx2dy2 dyi

d2 tv 2 d2w d2tv
1 dx dy dx2 dy2

(5.12b)

D ie N ich tlin earitä t wird bei d ieser Aufgabe durch die geometrischen B ez ieh u n 
gen v o m  T yp  (2.1), etwa

e x
du
dx

dtv 2 dv 1 dtv
d x d y  2 d y

du dv , dtv
У dy dx dx

dtv
dy
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und durch den Ausdruck des G leichgewichts für den verform ten Zustand der 
P la tte  berücksichtigt.

Die Lösungen erhält m an auf variationsanalytischem  W ege (vgl. etw a  
[25], [34]) oder num erisch [30].

Ist die K om ponente der normalen P la tten b elastu n g  nicht N ull (Z 0), 
so hat man es m it einem  Biegeproblem  mit großen Verform ungen zu tun. 
Gilt Z  =  0 und ist die P la tte  in ihrer M ittelebene beansprucht, so liegt Beulen  
m it großen Verform ungen vor und das überkritische Verhalten läßt sich  
qu an titativ  bestim m en.

Die klassische (linearisierte) Beulaufgabe ergibt sich, wenn man nur 
G leichung (5.12a) berücksichtigt, Z =  0 setzt und konstante W erte (die 
Randwerte) für

d-  F  d 2 F
N  =  /V =  N  — N  =t \  2 ’ У  a  2 ’ ХУ y x  

o y 2 Ö X 2
f)2 F  

<)x dy
w ählt.

Kode  1211. D ie Berechnung der auf reine B iegung beanspruchten Stäbe 
kann für jedes W erkstoffgesetz (im  allgem einen graphisch, versuchsm äßig [5]) 
vor sich gehen; sie vereinfacht sich w esentlich, w enn man die Prandtische 
K urve (Bild la )  zuläßt.

Kode  2211. D as K nicken von Stahlstäben im  elastisch-plastischen B e
reich wurde in den alten österreichischen Vorschriften (ÖNORM  В 4300-1953) 
und den deutschen Norm en (D IN  4114 B latt 1 u. 2) ausgehend von Beziehung
(3.1) untersucht und daraus der Tangentenm odul abgeleitet

E ,
da

de

6 . Diskussion der Kodierung. Schlußfolgerungen

Im vorangehenden A bschn itt wurden zur E xem plifizierung des hier 
beschriebenen K odierungsvorschlags sieben der im  R ahm en desselben m ögli
chen Fällen — unter W eglassung von D =  0 — behandelt. Es ergibt sich die 
natürliche Frage, was m it den übrigen Fällen gesch ieht.

Jeder derselben im pliziert offenbar zum indest eine N ichtlinearität, d. h. 
eine m athem atisch schwer zu lösende Aufgabe.

Die N ichtlinearität des W erkstoffs (B  =  2) wird im m er mehr für S tah l
betonstrukturen (D u k tilitä t des Bauwerks) im H inblick  auf die bessere N u t
zung der seism ischen Sicherheitsreserven und für verschiedene Legierungen  
untersucht.

H insichtlich der geom etrischen und statischen  N ichtlinearität scheint 
infolge der K om plexität der m athem atischen A spekte die Berücksichtigung
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der e in en  und die V ernachlässigung der anderen nicht gerechtfertigt. Daher 
sind  w oh l die K odes 1122, 1212, 1221, 1222 nicht interessant, ihre zukünftige 
A n w en d u n g  ist aber nicht ausgeschlossen.

Sicher wird die w eite V erbreitung der R echenautom aten die Theorien  
der B aum echanik auf eine neue E ntw icklungsstufe heben.

A u f die bestehenden E in teilu n gen  zurückkom m end, sei der Z usam m en
h ang zw ischen denselben und der hier vorgeschlagenen K odierung hervor
gehoben:

— m echanische L in e a r itä t ...........................................  1BCD (A =  1)
— m echanische N ic h t lin e a r itä t .................................. 2BC D  (A  =  2)
— physikalische L inearität .........................................  A1CD (B =  1)
— physikalische N ich tlin earität ............................. A2CD (B =  2)
— geom etrische L inearität .........................................  A B 1D  (C =  1)
— geom etrische N ichtlinearität ...............................  A B 2D  (C =  2)
— Theorie 1. O rd n u n g ................................................... 1111

Theorie 2. O rd n u n g ................................................... 2111
— Stabilitätsproblem e ................................................... 2111

Theorie 3. O rd n u n g ................................................... 2121 u. 2122

D araus lassen sich einige Schlußfolgerungen ziehen.
1° Diese Kodierung deckt alle bestehenden E inteilungen, ist allgem einer 

und g ib t direkte H inweise für die Grundfaktoren, auf die sich eine Theorie 
s t ü t z t .

2° Sie zeigt die bestehenden Lücken und die W ege, die zu einer ver
fein erten  Theorie führen.

3° Sie deckt die innere V erknüpfung zwischen dem Stabilitätsproblem  
und der Theorie 2. Ordnung auf, w obei das erstere als ein Sonderfall der le tz te 
ren erscheint.

4° Die vorgeschlagene K odierung läßt die Fragen der S ta b ilitä t in  ihrem  
w ahren L icht erscheinen; sie können  durch den m athem atischen A spekt von  
E igenw ertproblem en erklärt w erden, die eine Verm eidung von  kritischen  
W erten  aber kein Studium  des überkritischen Verhaltens erm öglichen.

Zu bemerken wäre noch, daß ein K ode nicht einer b estim m ten  Aufgabe 
en tsp r ich t, sondern eine A ufgabenkategorie kennzeichnet, die au f den gleichen  
A B C D -H ypothesen  beruhen.
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NOTES ON THE FIELD EQUATIONS WITH STRESSES 
AND ON THE BOUNDARY CONDITIONS IN THE 

LINEARIZED THEORY OF ELASTOSTATICS

I. KOZÁK»
CANDIDATE OF TECHN. SCI.

[M anuscript received March 14, 1979]

The necessary and sufficient conditions of the single-valued displacem ents 
can be determ ined from the stra in  field, th a t is th e  six Saint-V enant’s com patib ility  
equations are no t independent of each other. To elim inate the in terdependence, K. 
W a s h i z u  in 1957 has given a solution by allowing for Bianchi’s identity . In  th is  paper, 
on th e  basis of the condition of the single-valued displacem ents concerning th e  boundary  
(i. e. on the base of the com patib ility  boundary  condition) similarly w ith  th e  aid of 
B ianchi’s iden tity , the solution given by  K. W a s h i z u  is extended to all feasible cases 
and, a t the same tim e, the results are generalized to  any curvilinear coordinate system s. 
In  th is way, the set of the governing equations of the linearized theory  of th e  elasto- 
sta tics, in connection w ith  the six stress coordinates, is composed of th e  th ree  equilib
rium  equations and of three suitab ly  selected com patibility  equations, how ever, the 
custom ary boundary  conditions should be com plem ented by three com patib ility  bound
ary  conditions.

1. Introduction

1.1 The set of the governing equations o f the linearized theory o f  elasto- 
sta tics is, in the system  o f the curvilinear coordinates x1, x 2, x3, i f  no couple  
stresses are applied, and T — tkI g kg l is the stress field , A  =  *s th e  strain
fie ld , u  =  ukg k is the displacem ent fie ld , further, q =  qk gk is the system  of 
the volum e forces, as follows:

tld..,, +  qk =  0 , ( l - l ) i

Eklm tW =  0 , (1Л ),

<*kl =  ckIpq in , (1.2)

2akt =  uk. i +  М/. k . (1.3)

The subscript follow ing the sem icolon is the sign of the covariant d erivative, 
and sum m ing should he carried out according to  the same subscripts and 
superscripts, furthermore;

ekim — covarian t perm utation  tensor;
ckipq =  coefficient tensor of constitu tive equations (which involves a t m ost 21 independent 

m ateria l behaviour constants).

* K ozAk , I. Dózsa Gy. u. 14, H-3525 Miskolc, H ungary
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Let us denote th e  region of the space occupied b y  the solid w ith V,  its  
boundary w ith S  (F ig . 1), then the boundary conditions should be as follow s:

tkl П; =  p k X d S t (1 .4)i

Щ =  Mfc x £ S u (1.4)2

in  w hich
nk =  norm al vector d irec ted  outw ards of the solid; 
pk =  load applied a t  b o u n d ary  section Sf, 
йк =  displacem ent prescribed  a t  boundary section Su; 
X — denotes all th ree  coordinates of the points and
s, u s„ =  s.

In the fo llow ing, it  is assumed th a t th e  fie ld  of displacem ents satisfies 
th e  follow ing cond itions o f norm alization:

j v u d V = Q ,  (1 .5 ),

j ^ t x u d V = 0  (1.5)a

w herein r  is the p osition  vector.
The conditions (1.5) elim inate the d isp lacem ents which differ from  each  

other on ly  by the character o f a rigid-body m otion  o f the solid.
I t  is known th a t  the boundary-value problem s (1.1) — (1.4) o f the  

linearized  theory o f  e la stosta tics com pleted  b y  th e  conditions (1,5) y ield  a 
single-valued solution  to  the fields uk(x), tkl(x) and akl(x).

The solution o f th e  actual problems m ay  be found in tw o different w ays.
According to  th e  first such field  equations should be established from  

th e  set of the governing equations (1.1) — (1.3) in  w hich only the coordinates 
of th e  displacem ent should  be included. N av ier’s equation for the fie ld  uk(x) 
is to  be found in th is  w ay  from  the unique so lu tion  to  w hich, in case o f given  
boundary conditions, according to Eqs (1.3) and (1.2) also single-valued strain  
and stress fields m ay  be produced.

According to  th e  second m ethod of so lu tion  such field  equations are to  
be established w herein on ly  stress coordinates enter, and the solution, to
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w hich b y  using appropriate boundary conditions, is single-valued to  th e  stress 
fie ld  and also to  th e  field  of d isplacem ents to  be deduced from the form er.

The con stitu tive Eq. (1.2) furnishes an unam biguous in terconnection  
betw een  the fields оА;(дг) and tk\ x ) . In  th is  paper, from  those m entioned, a lw ays  
th e  stress field is considered w hich is to  be investigated  whereas th e  strain  
fie ld  as well as th e  incom patib ility  tensor field  are always considered as being  
expressed by the stress field, m aking use of the formula (1.2).

Thus, if  the strain field and b y  th a t the stress field  are know n, th e  d is
p lacem ents m ay be determined b y  m aking use o f Cesaro’s form ula [1 ], [2: 
pp. 63 — 64]. In th e  solid, bounded b y  one single connected surface, th e  
necessary and su ffic ien t condition o f  th e  single-valued displacem ents, w h ich  is 
determ ined  in th e  previously w ritten  w ay  and sa tisfies the cond itions (1.5), 
is  th e  fulfilm ent o f  six  Saint-V enant’s com patib ility  equations [1], [3: pp. 
2 5 - 2 9 ] ,  [2: p. 64 ], [4: PP. 1 8 8 - 1 9 0 ] .

The shapes o f  th e  com patib ility  equations expressed w ith the aid o f the  
stress coordinates in the case of th e  hom ogeneous isotropic solid, b y  consider
in g  th e  equilibrium  equations, are th e  so-called Beltram i —M ichell’s com p ati
b ility  equations [5], [6].

In connection w ith  the second w ay for find ing the solutions, three prob
lem s arise which are correlated to  each  other.

I. For the s ix  coordinates o f  th e  sym m etrical stress tensor three equ i
librium  and six  com patib ility  equations are available. Thus, the qu estion  is, 
w hich  are the three Saint-V enant’s com patib ility  equations, w ritten  down  
w ith  the stresses, w hich should be used together w ith  the three equilibrium  
equations if only s ix  field  equations are w anted for treating the problem .

II . W hat are the appropriate boundary conditions?
III . The theorem  of m inim um  com plem entary energy declares th a t  from  

am ong the sta tica lly  admissible stress fields o f a boundary-value problem , in  
case o f  the actual (i.e ., also k inem atica lly  possible) solution, the com plem entary  
energy has a m inim um  value. Thus, it  m ay be anticipated that from the theorem  
o f m inim um  com plem entary energy S a in t-V enant’s six  com patib ility  equations  
m ight be derived as the necessary and sufficient condition o f th e  single
va lu ed  displacem ents determined from  the stress field . On the other hand, 
R . V. So u t h w e l l  [7: pp. 211 — 217] in in vestigating  the solid bounded by  
one single closed surface, found th a t based either upon M axwell’s [8] or Morerá’s 
[9] stress functions, the theorem o f  m inim um  com plem entary energy resulted  
on ly  three com patib ility  equations. Therefore, the question arises w h at is 
th e  solution to th e  problem described in the foregoing, known as “ Sou th w ell’s 
p aradox” .

1.2 K. W a s h iz u  points out in  the Cartesian system  o f coordinates on the  
basis o f B ianchi’s identically fu lfilled  form ula o f Riem ann’s geom etry  [10] 
th a t i f  the three com patib ility  equations, w hich are in connection  w ith

Acta Technica Academiae Scientiarum Hungaricae 90% 1980



2 2 4 K O Z Á K , I .

M axw ell’s stress fu n ction s (with Morera’s stress functions), follow ed by the  
th eorem  of m inim um  com plem entary energy as w as written by So u t h w e l l , 
w ill be satisfied inside the solid bounded b y  a single, sim ply connected surface, 
and th e  other three at the boundary of th e  solid , then, also the other three 
eq u ation s w ill be fu lfilled  w ithin the solid. B y  th a t, W a sh izu  furnishes so lu 
tio n s  to  all three problem s.

1.3 This paper considers the field  eq u ation s o f the linearized theory o f  
e lastosta tics estab lished  b y  exclusively u sin g  the stresses, as w ell as the  
associated  boundary conditions for the case o f  a solid bounded b y  a sim ply  
con n ected  surface. The necessary and su ffic ien t fie ld  equations and boundary  
con d ition s associated w ith  the stress field  are determ ined assuring the uniqueness 
o f th e  stress field  as w ell as that of the d isp lacem ent field  to be produced from  
th e  stress field  b y  Cesaro’s formula, according to the relationships (1.5). 
B y  th a t , the paper com plem ents and generalizes W ashizu’s solution described  
under point 1.2.

Under point 2 th e  linearized equations related  to  the d isplacem ent, rota
tio n  and strain fie ld s o f  the continua, as w ell as all the possible shapes of the  
stress functions, are exp la in ed  and sum m arized.

Under point 3 th e  conditions of the single-valued displacem ents to be 
produced  on the surface from  the stress fie ld  are then determ ined, under 
p o in t 4 W ashizu’s so lu tion  reported in [10] is com pleted, w hereafter, all the  
possib le  cases are p o in ted  out, the com p atib ility  boundary conditions are 
determ ined  and the resu lts generalized to  an arbitrary system  o f curvilinear  
coordinates.

Under point 5, on the basis o f the foregoing, the necessary and sufficient 
fie ld  equations and th e  boundary conditions o f the boundary-value problem  
form ulated  to the stress fie ld  o f the linearized th eory  of elastostatics, according  
to  th e  concept of the first paragraph of p o in t 1.3 are presented.

P o in t 6 sum m arizes th e  issues yielded b y  th e  points 3 to 5.
P o in t 7 presents, as an exam ple, the application  of the results in the  

sy stem  o f Cartesian coordinates.
1.4 It is assum ed th a t the considered solid  is hom ogeneous, and occupies, 

in  th e  w ay  already m entioned , the region V  o f  space and its boundary S  is 
a sim p ly  connected closed  surface.The system  o f volum e forces m ay be arbitrary.

In  the paper it  is pointed  out th a t th e  necessary three com patib ility  
fie ld  equations m ay be selected  depending on th e  applied system  of coordinates, 
for reasons of generalization , in the follow ing, th e  system  of coordinates w ill 
be assum ed to be arbitrary and curvilinear (the sequence of the covariant 
derivations m ight be interchanged). The n ota tion s introduced having been  
reta in ed , new sym bols w ill be explained w hen th e y  are first applied.
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2. Further knowledge on linearized elastostatics used in this paper

2.1 B esides the notation  used under point 1.1, the follow ing sym bols 
are applied:

U =  и м  gk g 1 — g ra d ie n t o f d isp lacem en t fie ld ; 
ф =  yik l g k  g l — ro ta tio n  ten so r; 
y  — H a m ilto n ’s d ifferen tia l o p e ra to r.

The com m a before the subscript designates the partial derivation, th e  point 
betw een th e  values, the scalar, and th e  ita licized  cross-sign, th e  vectorial 
product.

In case o f sm all displacem ents and strains, the following linearized  field  
equations are valid:

U =  u V =  ^ - 8 i =  u,/g' %  =  «к;! (2-1)doc

и  =  A +  Ф ukI =  akl +  f k, (2.2)

A  = ~ - ( u V  +  V u  ) akl =  ^ r ( uk-,t +  ui;k) (2 -3 )
z z

Ф  =  ^ - ( « V  -  V « )  Wkl =  \  ( “ *;I -  «/;*) (2 -4 )z z

further, from  Eqs (2.3) and (2.4) by the interchangeability  o f th e  sequence of 
the covariant derivations

V>kl;m =  a km ;l  —  a lm ;k  (2 ,3)l

m ay be obtained , wherein

ФУ =  Ф.mg™ =  Wkl;l ë k g7 g"1 =  d klm g* g' g"1 (2 -5)г

is the gradient o f the rotation field.
E q . (2.5) is , as a m atter of fact, th e  condition that the gradient o f  the 

rotation  fie ld  is a to ta l derivative.
2.2 B e th e  arbitrarily selectable poin ts 0  and P  of the solid  connected  

b y  an arbitrary curve h defined by the equation  xk — xk(s), (s b ein g  a param 
eter m easured along the curve). A long the curve (F ig. 2.) where

tk
dxk

ds
( 2.6)

is  the tan gen t vector and dr =  t ds, the derivative of the d isplacem ent field:

du =  U • dr =  U • Ids. (2.7)
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B y  ta k in g  account o f E qs (2.2) and (2.6) and carring out identic transform a
tio n s , th e  follow ing m ay be obtained:

du =  A • t ds +  Ф • -  ds =
ds

A • t ds ----------  [ Ф  ’ ( r P  —  r ) ]  +  • ( r p -  r ) d . s
as ds

( 2 .8) ,

in w h ich  rp is the position  vector of the fix ed  p o in t P .
The derivative o f th e  rotation field m ay he produced by m aking use o f  

form ula (2.5):

(ф у )  • t =  (akm;i — a lm. i<) gk g* gm • t • (2 .8)2

T he integral o f E q . (2.7) along the curve h from  0  to P , also b y  tak in g  
in to  account the transform ations made in E q. (2 .8 ), yields for the calcu lation  
o f th e  displacem ent Up o f the point P  Cesaro’s know n formula [1], [2: pp. 
6 3 —64]:

Up =  u0 +  Г U  • t ds =  u 0 +  ф 0 ■ (rP — r0) +  I В • t ds , (2 .9 ),
J  h J  h

gm =  [akm +  {akm.i — alm.k) g7 • (rP -  r)] g* gm . (2 .9)2

Since in the form ula (2 .9), P  m ay be any o f the points of the solid , the  
disp lacem ent field  of th e  solid m ay be produced w ith  the aid of Cesaro’s for
m ula in  the knowledge o f  the strain field А(ж), provided  at a point (for exam ple  
in p o in t 0 )  the d isplacem ent u0 and the ro ta tion  tensor ф 0 are known. From  
th e  form ula (2.9) one can read th at w ith one single strain field in fin itely  m any  
disp lacem ent fields are associated  which, how ever, m ay only differ from  each  
other in  the forms of th e  rigid-body-like m otion  o f the solid described by  
the expression  u0 ф  Фо • (гр — ro)- The d isp lacem ent field produced w ith
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the aid o f Cesaro’s formula are, according to  the conditions of norm alization
(1.5), single-valued.

2.3 H aving  the knowledge o f  the strain  field , u0 and ф0 Cesaro’s form ula  
yields the displacem ent o f the p oin t P,  independent of the selection  o f the  
curve h betw een the points 0  and P , provided  th at in the region o f th e  curves 
h which m ay com e into question, for th e  integrand of the integral, along the  
curve (2.9)j the equation

в  X V =  B„ X g" =  ъ кт. п е т™ g* gs =  0 (2.10)

w ill he satisfied . H aving in mind the derivative

( r P  —  r ) ,n  =  —  =  —  g„

as w ell as the rule o f derivation o f a p roduct, from the condition  (2.10) the  
substitution  o f the right-hand side o f E q . (2 .9)2 yields

bkm ;n  e m,,S =  К m;n  +  ( a km ;l  ~  a , m ;k ) (  —  <%)] Emns  +

+  (a k m ; In — a i m -.kr,) Em n s  g  • ( t p  — г )  =  0  .

From the fact, th at the first term  o f the expression  obtained id en tica lly  yields  
zero, it follow s th at also the second term  m ust be equal to zero. T his condition  
w ill be satisfied  independent o f the vector  (rp — r) provided th e  equation

(a k m ; l r  — a i m ;k n ) e ™* =  0
is true.

The fu lfilm ent of the above eq u ation , i.e ., o f the equation

eakl Bbm’' akm,ln =  0 X Ç V  (2.11)

to  be produced from the former is the condition  of the single-valued field  of 
displacem ents и(л;) in the region V  in case o f  given u 0, ф 0 and A(x) .  E qs (2.11) 
are the so-called Saint-V enant’s com p atib ility  equations («r the con d ition s of 
integrability).

On the basis o f Eq. (2 .5)1

„ aki __ ±  „ aki ...
f  a k m ;  l  2  e  r W ;  m

m ay be w ritten , thus, in case o f the v a lid ity  o f  (2.5)j one can m ake sure o f the  
identical satisfaction  of the com p atib ility  equations (2.11):

eakl eb™ akm, ln =  i -  eakl ebm" y>kl;mn ^  0 . (2.12)
&
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In  o th er words, Eqs (2 .5)1 m ay  also be considered as com patib ility  equations  
(or as conditions of in tegrab ility).

In  the knowledge o f th e  field  of d isp lacem ents, for the strain field  form ed  
accord ing  to  Eq. (2.3), th e  com patib ility  eq u ation s are identically fu lfilled . 
On th e  contrary (i.e ., w ith ou t the knowledge o f  th e  displacem ents), th e  com 
p a tib ility  equations represent conditions m ade against the strain field .

2 .4  L et us denote the so-called in com p atib ility  tensor by the term s

E =  eab ga gb ; eab =  eakm eb'P akl,mp . (2 .1 3 ),

The incom p atib ility  tensor is sym m etrical, its  s ix  scalar coordinates are as 
fo llow s (g  being the determ inant of the m etric tensor):

g e11 = a 22;33 + a 33;22 2  ® 2 3 ;2 3 ’

g e22 == ° 3 3 ; l l + a l l ; 3 3 2  ® 3 1 ;3 1 9

g e33 = a l l ; 2 2 + a 2 2 ; l l 2  ® 1 2 ;1 2  5

g e 1 2  = ® 2 3 ;3 l + a 31 ;2 3  — ® 3 3 ; 12 a 12;33

g e23 = a 3 1 ; l2 + a 12 ;31 ® 1 1 ;2 3 ® 2 3 ; l l  ’

g e31 = °  12; 23 + a 23 ;12  — ® 2 2 ;3 1 a 3 i;2 2

(2 .13)2_7

L et the Saint-V enant’s com patib ility  equations he fulfilled, so the in com 
p a tib ility  tensor vanishes, eab — 0. Eqs eab =  0 are not independent o f  each  
other, because from the interpretation  o f (2 .1 3 ), it  is easy to recognize th a t  
B ia n ch i’s form ula w ill be iden tica lly  satisfied:

E • у  =  0 , eab.b =  eakm e»'” a kl;mpb ^  0 .  (2 .14)

T he consequences o f id en tity  (2.14) are d ea lt w ith under paragraph 4.
2 .5  L et us полу dw ell on the role and structure o f the stress functions.
In  connection w ith  th e  three-dim ensional problem s, in the Cartesian  

sy stem  o f  coordinates, stress functions have been introduced by Ma x w e l l  [8] 
and M o r é r a  [9] each in  a different w ay. B e l t r a m i [5] pointed out th a t  
M axw ell’s and Morera’s stress functions are on ly  special cases of a generalized  
so lu tion . Gw y t h e r  [11] adapted Beltram i’s generalized solution to  the orth o
gonal sy stem  of curvilinear coordinates. The ten soria l (invariant) form o f th e  
stress fu nctions has separately  been established b y  B . F in zi [12] and V . I. 
B l o k h  [13]. M. E. G ü r t in  [14] verified th a t th e  production of the stress fie ld  
according to  Beltram i is com plete only in case w here the external system s o f  
forces applied  at each closed boundary surface o f  th e  continuum  are in th em 
selves separately  in equilibrium . In another case, B eltram i’s solution m ust be 
com p leted  b y  a biharm onic solution .
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For the case o f couple stresses, the stress functions were found b y  W. 
G ü n t h e r  [15], th en , Giinther’s solution w as generalized by D. E. Ca r l so n  [16] 
who also furnished a com plete solution for th e  case o f the couple stresses.

In th is paper on ly  the case o f the continuum  bounded by a single closed  
surface, w ithout couple stresses is in vestigated . For th is case, b y  ex istence  
o f the potentia l o f  the volum e system  o f forces, the com plete so lu tion  is 
Eq. (2.15).

Assum ing th a t the stress functions are th e  scalar coordinates o f th e  sym 
m etrical tensor field

F  (*) =  U  g* gy

to  be d ifferentiated sufficiently  several tim es, and the scalar field Ф(х),  accord
ing to  the relationship

qk =  —Ф,з g s,‘

is the potentia l o f the volum e system  of forces, the equilibrium E q s ( l . l )  w ill 
identically  be satisfied  if  the stress tensor is calculated  according to  th e  form ula

tx, = £ kxp eiy4fxr pq +  0g k l . (2 .1 5 )

In case of a non-potentia l volum e system  o f  forces, in lieu of the second term  
at the right-hand side of the formula (2.15) a so-called biharmonic equilibrium  
stress field  should be applied [14].

F in z i has a lre a d y  d raw n th e  a t te n t io n  to  th e  fa c t th a t  in  th e  fo rm u la  
(2.15) th e  v a lu e  o f  tkl does no t change if  in s te a d  of f xy an o th e r s tre ss  fu n c tio n

f x y  = f x y + у К; у + Wy. x) (2.16)

is introduced b y  m aking use of an arbitrarily chosen vector field w (*) =  w k g k. 
On the basis o f E q. (2.16) it is possible to  set the three coordinates o f f xy equal 
to  zero by con ven ien tly  selecting the coordinates w h. Let us designate the  
three non-zero coordinates by f'XY and th e  three coordinates equated to  zero 
by f AB (also the subscripts written in cap ita ls m ay take the values 1, 2, 3, 
however, in not every  possible variation). For the latter case the equation

f 'A B - fA B Jr ~ { wA;B-\-w B-,A)= ® (2-17)

is valid . The subscripts A ,  В  should be chosen  in such a w ay th a t E q. (2.17) 
should have solutions to  all the three coordinates of vector w at the va lues of 
S a b  considered as being arbitrary.
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T hus, according to  Eqs (2 .16) and (2 .1 7 ), also in  a com pletely generalized  
case is  sufficient to  assume such a sym m etrical tensor field F(#) as the tensor  
o f th e  stress functions o f w hich only three independent scalar coordinates are 
n ot equal to  zero. For exam ple, in case o f M axw ell’s solution / u , f 22 and f 33, 
and in  case of Morera’s solution  f 12 =  f 21, f 23 =  f 32 and f 31 =  f 13 are th e  n on
zero coordinates. The feasible structures of th e  stress functions are in vestiga ted  
b y  B l o k h  (13].

B elow , at a possible selection of the stress functions X Y  are th e  pairs 
of subscripts of the non-zero coordinates o f th e  tensor F, and A B  th a t o f  the  
zero coordinates o f the tensor F.

3. Condition of the single-valued displacements to be produced 
on the surface by making use of Cesaro’s formula

3.1 B e the surface S  described b y  the equation  xk =  x k( £ \  | 2), in  w hich  
I1 and I2 are the param eters o f the surface, fu lly  situated inside the region V  or 
at its  boundary S  (Fig. 3).

A ccording to the form ula (2.9) the Cesaro’s formula gives a single-valued  
disp lacem ent field  on the surface S  i f  for any closed curve h to be considered  
on th e  surface S,  the equation

<§h В • t ds =  0
is true.

H en ce, b y  transform ing by integration  according to  Stokes’s theorem  (by  
d esign atin g  the surface region bounded b y  th e  curve h w ith the sym bol A , 
and th e  transposed tensor w ith  the sym bol T)  w e have

0 =  c|jft t • BT ds =  £*(п X у )  ■ B r  dA =  — §  A (B x y )  ■ n d A  , 

w hich  m eans th at in case o f an arbitrary h and an arbitrary A  the cond ition

(В X v )  ■ n =  0 ,  (3.1)

Acta Technica Academiae Scientiarum Hungaricae 903 1980



N O T E S  O N  T H E  F I E L D  E Q U A T IO N S 231

should be valid . B y carrying ou t the calculations according to  paragraph 2.3, 
from  (3.1) one obtains

E • n =  0 ,  x £ S  (3.2)x

e a„ щ  =  £ akm  ЕЫр щ  ^  mp =  0  , *  €  S  ( 3 .2 ) .

for the single-valued displacem ents to  be produced on the surface S.
The conditions (3.2) also rem ain valid  w ith  respect to  the w hole boundary  

S  o f the solid.

4. Independent compatibility conditions of the strain field

4.1 According to B ianchi’s id en tity  (2.14), the com p atib ility  equations  
eab =  0 are n ot independent o f  each other.

W a s h i z u  [10] pointed ou t w ith  the aid o f B ianchi’s form ula th a t in the
Cartesian system  of coordinates b y  satisfying

e 12  _ _  e  23 =  e 31 =  0 5

the conditions 

X  Ç V (4.1)i
and

e 11 =  e 22 =  e 33 =  0 , X  £ S (4.1).

also the equations
e 11 =  e 22 - e 33 =  0 , X  Ç V (4.1)s

w ill be satisfied , i.e ., inversely, b y  satisfying the conditions

*u =  e 22 =  e33 =  0, X  Ç V  (4.2)x
and

e i 2  =  е 2 з  =  e 3 i  =  о, X  ç S  (4.2)2
also the equations

e i 2  =  е 2 з  _  e 3 i  =  0 ,  X  £  V  (4.2)3

w ill be satisfied . Therefrom ensues th at it  is sufficient to  consider either Eq.
(4 .1 )x or Eq. (4 .2 )x as being fie ld  equations or also to  com plete th e  boundary  
conditions w ith  either (4.1)2 or (4.2)2.

In the follow ing, the conclusions to  be drawn from B ian ch i’s formula 
w ill be treated  in a general w ay  b y  assum ing an arbitrary system  o f curvilinear  
coordinates.

4.2 For th is  purpose let us com pose the integral o f the scalar product of 
B ianch i’s id en tity  (2.14) and th e  arbitrary, differentiable vector fie ld  v(x) =  
=  v k gk in region V. Partial in tegration  yields

0 =  J v va eab.b d V  =  J s ra eab nb d S  -  e°b d V  (4.3)

in  which nb is th e  external norm al o f boundary S.
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Prescription of the con d ition  of single-valued displacem ents (3.2) on the  
bou n d ary  S  and also accou n tin g  for the sym m etry o f  eab y ields the equation:

J v *te;We“* d F = 0 .  (4.4)

T he subscripts in brackets d esign ate  the sym m etrical part o f the gradient va.b.
Considering that all s ix  coordinates o f the sym m etrical tensor field  

D(a.6) can n ot be selected in  an arbitrary way, from  (4 .5), it  does not follow  th at 
eab van ish es at every p o in t o f  V.  However, three such pairs of subscripts m ay  
be se lected  in several w a y s, a lso  depending on the system  o f coordinates which  
enable us to  find a so lu tion  w ith  respect to va(x) o f  the equation

V ( A ; B )  —  " Г  ( V A ; В  4 ~  v B ; a )  ~  < * A b ( x )  
&

(4.5)

even  in  case of the three, com p lete ly  arbitrary fu nctions xAB(x).
M aking use of the v ec to r  field  va(x) selected according to  (4.5), Eq. (4.4) 

m a y  be w ritten  in the form

^  x AB e 
L (Aß)

A B
+  ^  V<X; 

( X Y )
V)

,X Y d V =  0 . (4.6)

In  Eq. (4.6), the coord inates designated w ith  th e  pairs o f subscripts A B  
and X Y ,  also taking in to  accou n t the sym m etry o f eab, y ie ld  all of the coordi
n a tes  o f  eab. The designations ( AB)  and ( X Y )  under the sum m ation sign mean  
th a t th e  summ ation is to  be carried out according to  the pairs o f subscripts.

H en ce , provided

eXY =  0 ,  x £ V ,  (4.7)

is  v a lid , considering th a t x AB(x) is arbitrarily selected , from (4.6) it  follow s

eAB — 0 X £ V. (4.8)

B y  comparing E q s (2 .17) and (4.5), from th e result (4.8) obtained b y  the  
assu m p tion  (4.7), the fo llo w in g  statem ents m ay be m ade:

— assuming the coord inates eXY =  e*x  o f  th e  incom patib ility  tensor  
to  be zero which have th e  sam e pairs of indices as th e  three coordinates f XY — 
=  f YX w hich , in the ten sor  o f  th e  stress functions m ay  be selected to  be differ
en t from  zero, w ith ou t in va lid atin g  the gen era lity  of the solution  in  the  
applied  system  of coord in ates, and

— accepting th e  con d ition  of the single-valued  displacem ents, that 
eabn b =  0 at the boundary o f  the solid,

— yield that th e  coordinates eAB =  eBA o f  th e  incom patib ility  tensor  
o f  th e  other three pairs o f  superscripts are equal to  zero.

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



N O T E S  O N  T H E  F I E L D  E Q U A T I O N S  2 3 3

In short, in case o f the fulfilm ent o f conditions

eXY =  eYX =  0, X £ V (4.9)
and

eab nb =  0 , X £ S (4.10)
also Eqs

e A B  =  e B A  x  ç  y (4.11)

are true; hence, it  follow s that Eqs (4.9) and (4.10) are equ ivalent w ith  the  
com patib ility  conditions (2.11) m eaning th a t these equations are th e  necessary  
and sufficient independent com patib ility  conditions of the single-valued  
displacem ents.

The X Y  pairs o f superscripts m ay be selected in as various w ays and in 
the sam e w ay as the non-zero coordinates o f  the tensor of the stress functions 
(see paragraph 2.5).

It  is convenient to  call the boundary conditions (4.10) “ com p atib ility  
boundary conditions” .

The results obtained by presenting all the possible cases, determ ining the  
com patib ility  boundary conditions and b y  the generalization o f th e  resu lts to  
arbitrary system s o f curvilinear coordinates, m ean the com pletion o f W a s h iz u ’s 
results m entioned in paragraph 4.1.

5. Field equations and boundary conditions of the linearized elastostatics
with stresses

5.1 On the basis of the m aterial presented in the preceding sections it  
can be stated  th a t w ith  the boundary-value problem s of the linearized e la sto 
sta tics form ulated to  the stress field  the fo llow ing field  equations and boundary  
conditions are associated:

Field equations:

tkl, ,  +  qk =  0 , x d V , (5 .1),

e klm  tW =  0 , * € V , (5 .1),
n  _  ,  ,k l
u pq — Lpqkl 1 1 x £  V , (5.2)
e X Y  _ _  e Xkm  e Y lp a kl;mp  —  0, X  Ç V . (5.3)

(The pairs o f superscripts X Y  m ay  be selected in as m an y  w ays and
in  the same w ay  as the tensor o f the stress functions m ay be 

Boundary conditions:
constructed .)

t kl  __  кI П; —  p  , x  £ S „ (5 .4),

uk — ak, x  € S u, (5 .4),
e ab  nb =  0 , x £ S . (5.5)
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(The coordinates o f  th e  pairs o f superscripts X Y  and A B  yield all o f the coor
d in ates o f  eab.)

The boundary condition  which is eq u iva len t w ith  (5.4)2, and relating  
to  th e  stress field , further th e  simpler boundary cond ition , which is equivalent 
at th e  boundary section  S u w ith  th at of the (5.5) w ill be established in para
graph 5.3.

I t  is to  be noted th a t th e  com patib ility  fie ld  equations and consequently  
th e  com patib ility  boundary conditions m ay be selected  in  several w ays, for 
th e  very  sam e problem . It should always con ven ien tly  be applied to  the nature  
o f th e  problem .

5.2 The boundary-value problem of th e  linearized elastostatics form u
la ted  in  paragraph 5.1 and com pleted  by the cond itions (1.5) produces a single
va lu ed  stress field  T(#) and a displacem ent fie ld  и(ж).

For proving th is sta tem en t it is sufficient b y  considering th at in case o f  
fu lfilm en t o f the com p atib ility  conditions (5.3) and (5.5) and o f the con d i
tion s o f  norm alization (1.5),  Cesaro’s form ula p uts a single-valued field  и(ж) 
to  th e  field  T(x). T hereby, the verification o f the unique solution o f the  
boundary-value problem  has been led back to  th e  known verification o f th e  
unique solution of th e  boundary-value problem  under (1.1) — (1.4).

5.3 The boundary-value problem treated  in  paragraph 5.1 w ill on ly  
really  be form ulated b y  stresses in case where its  boundary condition (5.4)2 
related  to  the d isplacem ent field  of the boundary section  S u will be transform ed  
in to  a boundary condition  related to direct stresses.

For an easier understanding let us in troduce the surface system  o f  
coordinates ж1, x 2, x 3 designated w ith prim e, a t the boundary section  S u 
defined  b y  the equation x k =  Xk(x l , x 2) (in w hich  x 1, X2 are the param eters 
o f th e  surface), and in  its im m ediate surrounding, in  the region V u. &3 is 
m easured along the norm al u n it vector n (F ig. 4). The covariant basic vectors  
o f th e  new  system  o f coordinates are as follow s:

(5-6)x

(5 .6)2

Fig. 4
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(The subscripts and superscripts w ritten  in Greek letters can only take the  
values 1, 2.)

In the n ew ly  introduced surface system  o f  coordinates, the boundary  
condition (5.4)2 tak es the follow ing form:

úk( x \ x 2, 0) =  uk ( x \  x 2) g k ; x £ S u (5.7)

In consequence o f  the identity  (5.7) the gradients o f the fields u and u along  
S u are equal

Щ ;Р  =  u k;ß  i *  £ S u ,

th u s, on the basis o f Eq. (2.2), and also considering Eqs (2.3) and (2.4) the  
equation

and the equations

/ A.
“ Ar/3 +  Wkß =  uk;ß » X  €  S a ,

1  Л  , 4  .
a*ß — ~  \ u *;ß +  uß;z) * X €  S u , (5 .8 )

' 1  / ~  А .
V f  =  j K r  u ß'*h X e  s u , (5.8),

d-iß +  V>3ß —  u3,ßi X €  s u , (5.8).

respectively, are va lid .
B y  taking in to  account E q. (1.2) from (5 .8 )x one obtains d irectly  the  

three scalar boundary conditions relating to  th e  stress field  and substitu ting
Eq. (5.4),:

C *ßpq  t pq  =  - i -  ( u a .ß  +  Uß. a) X £  S„  ( 5 . 9 ) !
z

or, b y  returning to  the stress tensor w ritten in th e  original system  o f coordi
nates:

«Г. dsß Crsmn tmn =  - i -  (ил.р +  uß]0L) ,  x £ S u . ( 5 .9)2
z

Eq. (5.8)23 perm its the sim plification  o f the boundary condition  (5.5) 
w hich have the form  in the surface system  o f coordinates

éa3 =  0 ,  x £ S u. (5.10)

N am ely, if  at th e  surface section S u the Eq.

Vkl;y =  áky,i — àly.k , X Ç S u (5.11)
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according to (2.5)! w ill be fu lfilled , so, according to  (2.12) also the com patibility- 
eq u ation

ea3 =  éakm ákK m n = j  é akm é =** =  0 (5.12)

w ill be satisfied. Thus, it  is su fficien t to assure the boundary condition  (5.10) 
in lieu  o f  (5.11).

B y  a formal calcu lation  one can point out th at in case o f  v a lid ity  o f
(5 .8 )j 2  th e  equation

/
W ; 7  =  « * у ;/5  “  « ,5 у ;а  » X £  S u

w ill identica l be satified , thus there rem ains as boundary condition the equation
/

W 3 ß ] y  =  ® 3 y ; ß ® ^ y ; 3 ’  x  £  S u.

B y  replacing Eq. (5.8)3 one obtains

® 3 0 ; y  +  ® 3 y ; ß  ~~ < V y ;3  =  u 3 ; ß y  (5 .13 )i

and w ith  the consideration o f (1.2) even tu a lly  yields the boundary condition

{ ^ 3ß p q  *Р 9 ) ; у  ~ Ь  ( г’зур< г t P 4 ) ; ß  i ^ ß y p q  tPQ); 3  “ Ь  ^ ß y  ^ 3 3 p q  *Р<?

» ' у  / у
—  { u 3 : ß ) , y  ^Нзу u o-;ß ^ " ß y u 3 ; n  x  € •

(5 .13)2

E q. (5 .13) is sym m etrical w ith  respect to the subscripts ß,  у,  thus, indeed m eans 
on ly  three scalar boundary conditions.

Satisfy ing the boundary conditions (5.9) and (5.13) assures th e  fu lfil
m en t o f  the boundary condition

»
ú k =  uk , x £ S u .

5 .4  Let us consider the follow ing exam ple to  the boundary conditions  
on th e  boundary section S u, w hich  are given to  the stresses.

B e the boundary section  S u o f an arbitrarily loaded solid a plane surface. 
In  th e  Cartesian system  of coordinates in F ig. 5 n =  g3 the norm al vector on  
S u. T he prescribed deplacem ent field  should he arbitrary:

u ( * \  x 2) =  йк( х \  X2) g*, x £ S u .

A t S u determined according to  the form ula (5.8) satisfied the E q .

a ^ ß i x 1 ,  X 2 )  =  (f^a , ß  +  Ü ß . J  ,
-J
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■whereby, w ith respect to  the stress field , on the basis of (5.9)j th e  equation  

Clßpq t™ =  d'P (ж1, ж2), xÇ  S u . (5.14)
is true.

One should observe th at in (5.14) the coordinate u3 does not enter, 
consequently, (5.14) cannot be a sufficient boundary condition . The missing  
boundary conditions are furnished by the equations (5 .13^  assuring the single
valued displacem ents determ ined from the stresses w hich, w ritten  in  detail, 
are as follows:

2 ° 3 1 , 1  a l l , 3  =  ® 3 ,1 1  ’

^°32,2 a2 2 , 3  =  U3 ,2 2 ’ ■* € 8 U (5.15)

a 3 1 ,2  4 "  a 3 2 , l  a 12 .3  =  u 3 ,1 2  •

5.5 The problem  arises, th a t in connection  w ith  the know n solutions of 
th e  elastostatics to  the stress field  w hy did the question n ot present itse lf 
under (5.3) o f the selection  o f the com patib ility  equations as fie ld  equation  
and the need for the com pletion  of the boundary conditions according to  (5.5) 
w hich latter w ill be also dem onstrated b y  the exam ple of section  5.5.

The follow ing answer could be given to  the above question . In  case of 
som e o f the solutions to  the stress field  o f the linear elastosta tics, com pletion  
o f the boundary conditions and consideration o f the selection o f th e  com pati
b ility  equations as field  equations are not needed because from  th e  nature of 
th e  problem th is la tter obviously follow s, and the com p atib ility  boundary  
conditions w ill id en tica lly  be fulfilled (for exam ple, deform ation in  plane).

In other, more in tricate instances, the authors avoid th e  problem  by  
try in g  to find th e  solution  beside the equilibrium  equations b y  satisfying all 
six  com patib ility  equations (considering, how ever, as a m atter o f  course, that 
only  three o f them  are independent). B y  proceeding in th is w ay , th e  com pati
b ility  boundary conditions w ill identically  be satisfied .
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In  case of the boun d ary-va lu e problem form ulated  for the displacem ents, 
in  con form ity  with the la st paragraph of section 2 .3 , th e  com patib ility  bound
ary  con d ition s are also id e n tic a lly  fulfilled.

6 . C onclusion

In  an arbitrary system  o f  curvilinear coordinates le t us denote the field  
o f  d isp lacem ents by uk(x), th e  strain  field by aki(x), and by

eab(x ) =  eakm eblP akl.mp

th e  incom p atib ility  field .
6 .1  B y  making use o f  B ia n ch i’s formula being identica lly  satified , the  

paper p o in ts out that in case o f  a solid bounded b y  a single, sim ply connected  
surface th e  fulfilm ent of th e  con ven ien tly  selected com p atib ility  field  equations

e XY =  0 , x £ V  (6 . 1 ),

and th e  com patibility b ou n d ary  conditions

eab n b =  0 x Ç S  (6 .1 ) 2

is th e  necessary and su ffic ien t condition for producing b y  Cesaro’s form ula a 
s in g le -v a lu ed  displacem ent f ie ld  from  the field  akl(x) also satisfying the nor
m a liz in g  conditions (1.5). In  th e  system  of coordinates adopted, the pairs of  
in d ices  X Y  m ay be selected  in  as m any ways and in  th e  sam e w ay as the non
zero coordinates of the ten sor o f  the stress functions.

6 .2  The com patib ility  boundary condition (6 .1 ) 2  is the necessary and 
su ffic ie n t condition of th e  single-valued  displacem ents on surface S.

6 .3  The necessary and su ffic ien t field equations and boundary conditions 
o f  th e  boundary-value problem  o f  the linear elastostics form ulated b y  stresses 
m a y  be obtained in such a w a y  th a t one adds to  th e  con stitu tive  equations  
and to  th e  equilibrium eq u a tio n s three com patib ility  field  equations m ade 
p ossib le  according to (6 .1)^  an d  one com pletes the boundary conditions (1.4) 
w ith  th e  com patibility b ou n d ary  condition (6 .1 )2.

6 .4  On the boundary sec tio n  S u where the prescription of the d isplace
m en t f ie ld  ük is the bou n d ary  condition, according to  (5.9) and (5.13), the  
fo llo w in g  boundary cond itions are related to the stress fie ld . I f  the co n stitu t
iv e  eq u a tio n  being akl =  cklpq t pq, the boundary cond itions w ritten w ith  the  
coord in ates x1, x 2  and x 3 variab le  on the surface and norm al to  the surface, 
resp e c tiv e ly , are as follows:

®a/3 —  ( wa;/3 “t-  u ß;*) » *  i  1Zà
(6 .3 ) ,
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® 3а;/3 ®3/3; OL ®a/S; 3  -^oc/5 ® 3 3  —

=  («3; Л/) — Пр  «V;. — r £ ßU3;il, XÇ Su (6. 3)2
/

•wherein 7^, is th e  n otation  of Christoffel’s sym bols.
6.5 The separation  of the unneeded com p atib ility  conditions m ight have  

significance in th e  approxim ate calculations for determ ining the stress field .

7. Example

7.1 Let us w ritedow n in detail as an exam ple, the equations and boundary  
conditions of th e  linearized e lastostatics related to  the stress field , in the  
Cartesian system  o f coordinates b y  assum ing a solid of isotropic m aterial 
bounded by a sin gle , sim ply connected  surface, and le t us consider an actual 
boundary-value problem .

In this exam ple x1 =  x, x 2 =  y ,  x3 =  z are the three coordinates, and x, 
y ,  z  subscripts designating indices (they  cannot obtain  the values 1, 2, 3).

Let us denote the coordinates of the sym m etrical stress tensor and the  
strain  tensor as w ell as those o f  the density  vector o f the volum e loading, 
respectively:

r , Г 1  1  П гИ 1K /J  =  —  yxy —  yxz ; [ t" J  =

Yyx

—  Yzx — Yzy

Yxz

Yyz tyx °y lyz

L 2

[9*] =  \Я х  Чу  í J  •

The shape o f  th e  equilibrium  equations (1.1)! is

f o x  _|_ ^  _ f o Xz
dx dy dz

th e  shape of H ook e’s law according to (1.2) is

Eex =  ax — v(oy +  az), 

E

+  Чх =  0 ,  . . • x y z  ,* (7.1h-

x y z

2(1 + v )
Yxy -- , xyz , (7.2),-

wherein
E  =  Y oung’s m o d u lu s ; 
v  =  Poisson’s ra tio ,

* The sy m b o ls x y z  en te rin g  a f te r  th e  th re e  p o in ts  m ean  t h a t  th e  fo rm u la  ah ead  is v a lid  
also in  th e  case o f  a  cy clic  change o f th e  su b sc rip ts  x y z .
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and f in a lly , the coordinates o f th e  in com patib ility  tensor according to  (2.13)2_ 7:

d 2 ey d 2  ez d 2 y yz

~  d z 2 d y 2 d y d z  , - x y z ’

=  J _  I d2yyz +  d2yzx _ d 2 yxy I _  d2 ez 
2 ! d z  d x  d y  d z  d z 2 ) d x  d y

(7 .3 ) г _ 3  

... xyz.  (7 .3)4_e

The in com p atib ility  coordinates (7.3) m ay be expressed by m aking use of  
H ook e’s law  w ith  the coordinates o f the stress, and then , also accounting for 
th e  equilibrium  equations m ay  further be independently developed. Thus, 
one ob ta in s the transform ed in com p atib ility  coordinates denoted w ith  over
bars:

w herein

ё хх =
E

exx = A a x -
1 +  V

+ X dqy d q z

d x d y  d z

ё ху = E
exy = A r xy

1 +  V

+ -dqy

dx
. . x y z ,

T1 =  ax

1 ( d 2 T r d2r Z| I
1 +  V  ( d y 2 d z 2

, . . .  л у г ,

1 d 2 T ,  dq

1 +  V d x  d y  d y
+

(7 .4 ) ! - ,

(7.4) t - ,  

(7.5)

is  th e  f ir s t  scalar invariant o f th e  stress tensor.
7 .2  T he six  Saint-V enant’s com p atib ility  equations m ay be obtained by  

p u ttin g  th e  incom patib ility  coordinates (7.3) (or their form s expressed by  
stresses) equal to zero: N

exx =  еУУ =  ezz =  exy =  eyz =  ezx =  0 , (7.6)

and th e  B eltram i — Michell’s com p atib ility  equations m ay be estab lished  by  
se ttin g  th e  transform ed in com p atib ility  coordinates (7.4) equal to  zero:

s x x  =  e y y  =  e z z  =  ё х у  =  e y z  =  § z x  =  о , (7.7)

and, b y  m aking use of the first three equations thus obtained, one proceeds 
b y  fu rth er  transform ations.

I t  is  to  be noted th at the u su a l form  of B eltram i—M ichell’s com patib ility  
eq u ation s m ay only be obtained in  case where the va lid ity  o f  the equations
ë x x  =  ë30' =  êzz =  0  (or, е** =  =  е22 =  0 ) has been assum ed.

Acta Technica Academiae Scientiarum Hungaricae 90f 1980



N O T E S  O N  T H E  F I E L D  E Q U A T I O N S 241

7.3 According to  section 4.2, the necessary and sufficient conditions of 
th e  com patib ility  o f the stress field  m ay be obtained in such w ay th a t from  
am ong the incom patib ility  coordinates (7.3) expressed b y  stresses or from  
am ong the transform ed incom patib ility  coordinates (7.4) selecting su itab ly  
three of them  are set equal to  zero, and considering them  as com p atib ility  field  
equations, and the com patib ility  boundary conditions according to  (4.10) at the  
surface o f the solid are prescribed:

nx exx +  ny eyx +  nz ezx =  0 , . . . xyz  , 
or

nx ёхх Пу ёух +  nz ëzx — 0, . . . xyz  (7 .8 ) ^ 3

w herein nx, ny, n 2 define the external norm al o f the boundary.
The pairs o f indices of the three com patib ility  field  equations m ay be 

selected  from am ong the six  possible pairs o f indices

X X ,  y y ,  zz, xy, y z ,  z x , (7.9)

on  basis of section 4.2 , according to the follow ing prescription. According to  
E q. (4.5) the six  equations

dvx
--  *XX5 • ■ • Xy Z 5

dx
(7-10 ) 1 _ 3

1

2
I J K _  dvy_
1 dy  dx

-  X x y ,  . . . xyz  , ( 7 .10)4_e

w ill be classified in to  groups of three (which m eans, in sum , tw en ty  w ays of 
grouping) then, it  should be exam ined w hether each o f the groups o f three 
equations have, in case o f arbitrary x  functions, solutions to the vector coordi
nates vx, vy, v z. I f  so, th e  pairs o f indices o f functions «  entering in  the three 
equations in question should be cancelled from  those included in (7.9). The 
rem aining three pairs o f indices give one o f the possible variants o f  the pairs 
o f indices of the com p atib ility  field  equations. Thus, for exam ple, th e  system  
o f  equations

dvy

d y
X y y  ,

1

2
dvx

d y

dvy ' 

dx
—  a xy •>

L  ( dvz , dvx I
2  1 dx dz  )

=  <*2X

have a solution for vx, vy, v z also in case o f  arbitrary xyy, x xy, x zx, i.e ., the 
equations

e« =  exx =  eyz =  0 (7.11)

are possible com patib ility  field  equations.
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A  detailed  consideration show s that the com p atib ility  field  equations m ay  
b e selected  in the fo llow ing 17 w ays in the Cartesian system  o f coordinates 
(w ritten  in the follow ing, for convenience, w ith  th e  incom patib ility  coordinates 
transform ed):

êHt =  ê»' =  ês  =  0 ,

g x y  =  g y z  =  ë ZX =  0  ,  

ë X X  =  ë y y  =  g x y  =  0 ,  . . .  x y z ,  

gxx _  gyy =  ê3* =  0 , . . . x y z  ,

gxx =  e-w  =  e-ac =  0, . . . x y z ,

e xx =  eyz =  ê“  =  0 , . . . x y z  ,

exx =  ё*У =  =  0, . . . xyz  . (7.12)

K . W ashizu  [10] gave the possibilities included in  the first tw o lines, 
a ll th e  other possibilities b ein g  pointed out by th e  present paper.

7.4 Consider the actu al boundary-value problem  related to  a hom ogeneous 
orthogonal prism of isotrop ic m aterial, represented in F ig. 6 .

B e the Young’s m odulus and Poisson’s ratio respectively

E, v; (7.13)

th e  system  of volum e forces applied on the prism :

Ч х  =  Ч у  =  0 and 4 z  =  A y  , (7.14)
w herein  A =  const,
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and the dynam ic boundary conditions (B being equally  constant), 
on the surfaces x  =  0  and x =  1  :

° X  =  r x y  —  TZX 0 ;
on the surface y  =  0 :

on the surface y  =  2 :
тХу — <Уу TyZ — 0 ;

тху =  Oy =  0 ,  t y Z =  2 A  ;

on the surfaces 2 = 0  and 2  =  3:

A n
Lyz - у 2  , az =  В  sin —  у  . (7.15)

The applied volum e and surface system s o f forces are in equilibrium  
in  ensem ble.

According to the know n theorem s of the th eory  of e lastic ity , from  the  
data (7.13) to  (7.15) the stresses

° z 5  t Xy ,  T y Z,  T z x

o f the solid are uniquely ensu ing as the functions o f the position coordinates. 
According to  the statem ent in paragraph 6.3 the follow ing equation should  
he satisfied:

— as field  equations
— the equilibrium  equations (7 .1)j_ 3  and
— from am ong the equations under (7.12) three o f  the com patib ility  

equations o f some o f th e  lines.
— further, as boundary cond itions

— the dynam ic conditions (7.15) and
— the com patib ility  cond itions (7 .8 )j_3.

For convenience sake, instead  of try in g  to  find  the solution, it  should  
be investigated  as described above, w hether the functions

<r2 = B 8 i n y y ,  Ty2 =  — - J - У 2 (7-16)

could be the solutions for th e  boundary-value problem  considered.
B y  w ay o f replacem ents it  can be proved th a t th e  equilibrium  equations

(7 .1)j_ 3  and th e  dynam ic boundary conditions (7.15) w ill be fu lfilled , therefore, 
th e  answer m ay be given b y  considering the com p atib ility  conditions.
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T he transform ed coordinates o f the incom patib ility  tensor, w ith  the 
fu n ctio n s (7.16) are as

-XX 1  Л 2  .  JZexx = --------  n -----s in -----y ,
1 + r  4 2

ёуу =  о ,

®zz =  -  B sin y  J  ’ (7 -17) i - 61 4 2
ёху =  0  ,

e *  =  —A  +  A  =  0 ,

ëzx =  0  .

One o f the possible w ays to  satisfy  the com patib ility  cond itions is the 
in v estig a tio n  of the field  equations

gXX =  gyy =  ë zz =  0 (7.18)

entering  in the first line o f the equations (7.12) and boundary conditions (7.8). 
H ow ever, the field equations (7.18) w ill only be satisfied, in conform ity  w ith  
th e  expressions (7.17), i f  В  =  0. As a m atter of course, in th is case, also the  
boundary conditions (7.8) w ill be fulfilled.

A nother possible w ay is to  exam ine the field  equations to  be found in 
th e  second line of (7.12)

ё*У =  ëyz =  ëzx =  0 (7.19)

and also the boundary conditions (7.8). In conform ity with (7.17)4_ 6 the field  
eq u ation s (7.19) are satisfied , wherefore, the problem  of the com p atib ility  w ill 
be decided  by the com patib ility  boundary conditions. Considering the expres
sions (7 .17) the boundary conditions according to  (7.8) will be fu lfilled

— on the faces у  =  0  and у  = 2 ,
— but at the faces x =  0  and x — 1 , and
— at the faces z =  0 and z — 3 on ly  in  case of В  =  0.

T he very  same result, В  =  0 w ill be obtained if  from am ong the possible  
co m p a tib ility  field equations presented under (7.12) (in sum  from  17 possi
b ilities) any  three and the com patib ility  boundary conditions (7.8) w ill be 
ta k en  as a basis.

T he result В  — 0 m eans th a t the functions (7.16) are not the solutions  
to  th e  boundary-value problem  considered.
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Über die m it Spannungen aufgeschriebenen Feldgleichungen und R andbedingungen 
d e r linearen  Elastostatik. — Die notw endige und  hinreichende Bedingung der E inw ertigkeit 
des von dem Verformungsfeld herstellbaren  Verschiebungsfeldes, d.h. die sechs Sainte-V enant- 
schen K om patibilitätsgleichungen sind voneinander n ich t unabhängig. Zur Beseitigung der 
A bhängigkeit gab im  Jah re  1957 K. W a s h i z u  eine Lösung u n te r B erücksichtigung der Bianchi- 
schen Id en titä t. Auch m it Hilfe der B ianchischen Id e n titä t vervollständigt die vorliegende 
A bhandlung die Lösung von K. W a s h i z u  aufgrund der E inw ertigkeit des am  R and  herstell
baren  Verschiebungsfeldes (d .h ., der K om patibilitätsrandbedingung), zu allen m öglichen Fällen 
un d  gleichzeitig verallgem einert die Ergebnisse au f beliebige krum m linige K oordinatensystem e. 
A uf diese Weise besteht das G rundgleichungssystem  der linearen E lasto sta tik  in  Zusam m en
hang  m it den sechs Spannungskoordinaten von drei Gleichgewichtsgleichungen u n d  von drei, 
zw eckm äßig ausgew ählten K om patibilitätsgleichungen, jedoch müssen die üblichen R andbe
dingungen m it den drei K om patib ilitätsrandbedingungen ergänzt werden.
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A HEURISTIC METHOD FOR SPEEDING UP MANUAL 
OPTIMIZATION OF BOOLEAN FUNCTIONS

A. V A R G A ,* P. E C S E D I-T Ó T H * *  a n d  F . M ÓRICZ*

[M anuscrip t rece iv ed  A pril 26, 1978]

A  sim ple  h eu ris tic  p rocedure  is p re sen te d  to  speed  up  m an u a l o p tim iz a tio n  of 
B oolean fu n c tio n s  (tru th -fu n c tio n s). T h e  p ro c ed u re  uses a tree  re p re se n ta tio n  o f th e  
B oolean fu n c tio n s  a n d  so i t  is g eo m etric  r a th e r  th a n  a lgebraic  in  c h a ra c te r. T h e  m eth o d  
can easily  be ap p lied  to  to ta lly  d e te rm in e d  B oo lean  fu n c tio n s as well as to  p a r tia l  ones, 
co n ta in ing  n o t  m ore th a n  10 v a riab le s . Som e illu s tra tiv e  exam ples a re  a lso included . 
The a u th o rs  are  in d eb te d  to  th e  referee  fo r h is v a lu ab le  rem ark s a n d  suggestions.

Introduction

First we shall briefly describe the tree constructing procedure. A more 
detailed presentation can be found in [5].

I f  no confusion occurs, then a form ula <p and the Boolean function  repre
sented by cp w ill not be distinguished. The set o f truth-values is denoted b y  I;  
i.e . I  =  {T R U E , FA L SE } =  {0, 1}. Let a B oolean function cp o f n variables 
(n >  0) be g iven. B y  a selection function  for cp we mean an ordering o f the 
variables occurring in cp. I f  a selection  function  for cp is fixed , th en  we can 
obtain  a binary tree representation o f cp by th e  follow ing Construction 1 below.

I f  a function  cp is attributed to  a vertex  o f  the tree to  be constructed , 
th en  we denote the vertex  by cp, too . I f  a function  cp is expressed b y  a formula 
also containing constants (i.e. tru th -values), then  cp can be sim plified  either 
to  a constant or to  a constant-free form ula b y  some w ell-known law s o f the  
propositional calculus (such as com putation  law s, idem potency law s and the 
law  of double negation). This sim plification  is thought to  be perform ed, w hen
ever it is possible. W e denote b y  S(cp) the variable chosen by the selection  func
tion  from am ong the (not necessarily effective) variables of cp.

Construction 1. Let us assign a directed tree to  a function cp so th a t it 
is the sm allest tree fulfilling the three conditions ( i )  — ( i i i ) :

( i )  The beginning vertex o f the tree is cp.

* B olyai In s t i tu te ,  Szeged s ta te  u n iv e rs ity , A rad i v é r ta n ú k  te re  1. 6720 Szeged, 
H u n g a ry

** R esearch  g ro u p  on m ath e m a tic a l logic a n d  th e o ry  of a u to m a ta , H u n g a ria n  A cadem y 
o f  Sciences, Som ogyi u. 7, 6720 Szeged, H u n g a ry
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( i i )  I f  a vertex o f th e  tree is a function if having t ( >  0) variables, then  
there are ex a ctly  tw o outgoing edges from  if, labelled by S(ip) and 
its  negation S(if). The end vertices o f these edges are the functions  
ifv  ip0 obtained from  %p b y  substituting T R U E  and FA LSE for S(ip), 
respectively. ipx and ip0 are functions depending, at m ost, on t — 1  

variables.
(H i )  The vertices T R U E  and FALSE are n ot adjacent to  any outgoing  

edge.

A  m ore detailed explanation  o f the construction and a list where the referred 
law s can  be found are given in  [1 ].

F i g .  1

W e give a simple exam ple to illustrate th is procedure. Let the form ula  
cp be ( Ä  V (-B —► C)) A (B  -w D )  and the selection  function S  =  ( A ,  B , C, D )  
be th e  lexicographical ordering o f the variables. The tree generated b y  Construc
tion  1 is  indicated in F ig. 1.

I f  a Boolean function cp and a selection function  S are given, then  the  
(u n iq u ely  determined) tree produced by th is process w ill be denoted b y  <ps . 
B y  th e  qc^-tree (resp. ç^-tree) we shall m ean the tree th at can be obtained  
from  <ps b y  deleting every edge which does not occur in a path leading from  
th e  beg in n in g  vertex to  a T R U E  vertex  (resp. FA L SE  vertex) (Fig. 2).

B y  a path (in a <ps -tree) we mean a sequence of literals corresponding  
to  th e  edges of a path from the top to the bottom  o f the tree. For exam ple, 
th e  p a th s  o f  the (ps -tree, g iven  in  F ig. 1, are

( A ,  B ,  C>, <A, B, C, D>, ( A ,  B , C, D>, ( A ,  B ,  C, D >, <A , B , C, D >,
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( A ,  B , C, B >, ( A ,  B ,  C, В ) ,  <Л, В , С, В ) ,  <Л, В , С, В ) ,  <Л, В , С, В ) ,

<Л В , С, В ) , <Л, В , С, В ) ,  <л В , С, В ) ,  (À, в, с, в > , <Л, в ,  с, в > .

It is quite easy to  check [5] th a t every path p  =  {A 1 5  . . . , A nj of a given  
9 9 5 -tree can be associated  to  the minterra A l A • • •  A A n (i =  1 ) and the m ax- 
term  A x V • • • V A n (* =  0) o f <p. All other notions and notations not explained  
before can be found in any textb ook  on sw itch ing theory  (e.g. [1, 3]) or in
[2], [5]);

This paper is to  show th e  heuristics proposed in the practical work, 
hence we leave the (very easy) proofs of lem m ata to  th e  reader. The case o f  
partia lly  defined B oolean functions is not presented here. The interested  
reader is referred to  our paper [4].

1. The m inim izing heuristics

1.1. In [5] we introduced the notion o f the choice-point. We recall here 
the definition.

Definition. Let a form ula (p and a selection  function  S  be given. B y  a 
choice-point we m ean a node o f  the gp^-tree (i 6  I , fixed ) from which exactly  
tw o edges start.

The follow ing lem m a, stated  and also proved in [5], shows that there is 
a relation  betw een the notions of redundancy and choice-point. The proper 
understanding o f th is  connection , however, is a future aim of our work. 
W e believe th at i f  th is point is clear then we can prove th at the heuristics 
presented here gives an irredundant formula as a result.

Lemma ( / 5 ] ) .  Let a form ula <p and a selection  function  S be given. I f  cp 
is redundant, then  there ex ists  a choice-point in the <jc>s -tree and there ex ists  
a choice-point in the çj^-tree.
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B y  th is  Lemma the task  o f  find ing an irredundant form for a Boolean  
fu n ctio n  can  be com posed in  th e  fo llow ing w ay: try  to  elim inate th e  choice- 
p oin ts from  the tree as far as p ossib le , b y  using simple tree-transform ing rules. 
H ow ever, in  general the choice-point-free version of the qj‘s -tree  cannot be 
ach ieved , for the converse of th e  lem m a is not true. The aim o f th is paper is 
to fin d  sim ple rules for e lim inating  choice-points from a ip^-tree.

1.2  Definition. Let a form ula <p and a selection function  S  be g iven . Let 
p i and p 2 be tw o paths in the ips-tree ( i £ / ,  fixed). p x and p 2 are said to he 
amicable pa ths  if

( i )  th e  number of literals in  p x is equal to the number of literals in p 2; and 
( H )  P i  and Pi  have the sam e but one literal, the exceptional literals, say  
A  in  p 1 and В  in p .2, form  a com plem entary pair, i.e. A  =  B.

N ote th a t , b y  definition, tw o am icable paths come to  the sam e truth-value  
as an end  vertex .

L em m a 1. Let a form ula <p and a selection function S  be g iven. Let p l 
and p 2 be am icable paths in th e  tree of <p obtained b y  Construction 1 and 
assum e th a t the last common v e r te x  in  p x and p 2 is ip . I f  the literal im m ediately  
fo llow in g  ip is denoted by A t in  p t (i  =  1, 2), then A ± =  A 2.

(Cf. F ig . 3, where x 1 and a 2  are the sequences o f literals id en tica l in 

P i  and Pi.-)
T he follow ing two tau to log ies are well-known:

((A  A  B ) V ( Ä A B ) ) ~ B ,  (1)

((A  V В )  Л ( Ä  V В)) -  В . (2 )

These tau to log ies, however, provide us w ith  a simple but pow erful m eans for 
e lim in atin g  certain choice-points.

R u le  1. Let a formula cp and  a selection  function S  be g iven. Let

P i  =  • • * 1 A ,  . . ., B f y

and
p 2 =  ( B v  . . ., Bfr, A ,  Bfr.|_j, . . ., B ny

F ig. 3
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be amicable paths in the çj^-tree (i =  0, 1). Then p 1 and p 2 can be merged  
in to  one path

P  —  • • •» 1’ • • •’ ^ n )  •

1.3. Definition. Let a formula q> and a selection function S be g iven . Let 
p 2 and p 2 be tw o paths in the q)'s -tree (i £ I , fixed). p 1 and p 2 are said to  be 
quasi-amicable  if

( i )  l2 <( l2, where /,■ is the length  o f p t (i =  1 , 2 ),
( i i )  there are f  — 1  literals in p l w hich occur in p 2,

(H i)  the negation o f the rem aining “ exceptional”  literal o f p 1 is present 
in p 2.

W e note that th is relation is not sym m etrical.
Lemma 2. Let a form ula q> and a selection function S  be g iven . Let p l 

and p 2 be quasi-am icable paths in the tree of <p obtained b y  C onstruction 1, 
and assume th at the last com m on vertex  in p x and p 2 is y>. I f  the literal im m e
d ia te ly  following гр is denoted by A ,  in p,- (i =  1, 2), then A l =  A 2. (Cf. 
F ig . 4, where x v  x 2, x 3 are sequences of the literals.)

The following tw o formulae are well-known tautologies o f th e  proposi
tion a l calculus:

(А  Л В)  V (Ä  Л В  л  С) ~  {А  Д В) V (В  Д C) , (3)

( A V  B ) A ( Ä V  В  V C ) - ( A  V B ) A ( B V C ) .  (4)

Our second sim plification rule is based on these tw o tautologies:
Rule 2. Let a form ula q> and a selection function S  be given. Let

and
P i  —  • • •) B /t+ v  • ' •’

p 2 — ( B p  . . Bf) A , . i ■) B„, Clt . . C;>
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Fig. 5

be tw o  quasi-am icable p ath s in  the cp‘s- tree (i =  0, 1). Then p 2 can be su b sti
tu te d  b y  path

P =  (.В i, . . B k, B k+1, . . ., B n, Cv  • • ., C,} .

Two quasi-am icable p a th s can be “ sim plified”  by om itting the literal of 
th e  choice-point from  the longer one, as the previous lem m a and the ta u to l
ogies (3), (4) te ll us. N o te , how ever, that after application o f Rule 2, one- 
rootedness of the original tree  w ill no longer hold; i.e . som e “ em pty”  edges 
m a y  occur in the resulting tree (cf. the exam ples in  Ch. 2).

1.4. These two sim p lify in g  rules are useful b u t, as the follow ing exam ple  
show s, not enough to  ob ta in  an irredundant form  of an arbitrary Boolean  
fu n ction .

L et (p be given b y  the form ula (A  Л В )  V ( d  А С) V {В  Л C), and fix  
th e  order of the selection  b y  <(B, C, A ) .  The qps -tree is indicated in  Figure 5.

I t  is easy to check th a t, b y  using the above tw o  rules anyw ay, we obtain  
a form ula at the same co m p lex ity  level as th e  in itia l form ula cp. E .g. by apply
in g  R u le  2  to the quasi-am icable paths p x and p 3 (F ig. 6 ), we get p 3 and p [  =
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=  ( A ,  C>; from p 3 and p 2 we obtain  p 3 and p '2 =  (B ,  A ) ,  again b y  R ule 2  
(no possib ility  o f  em ploying Rule 1 at present). Considering th e  associated  
m axterm s we have

<P =  (В V  С) л  (В  V  Ä )  Л (С V  A )  (from p 3, p 2, p i ,  in order).

H ow ever, ç> is not irredundant. In fact, (A  V  С) Д (A V B)  is an irre- 
d u n d an t form o f (p.

In  th is exam ple we have not enough choice-points to eliminate. For exam ple, 
i f  w e have another choice-point (e.g . in the Ç9®-tree), then the desired form  
(d  V С) Л (A  V B )  can be achieved (F ig . 7) b y  applying Rule 1 to  th e  paths  
p x and p i ,  then p 2 and p'3.

T hus, in certain cases we can be in  need of a “ com plicating”  rule, as 
w ell, in  order to  increase the num ber o f choice-points. The im portance o f  th is  
rule is in  the fact th at some local com plication  of the tree can lead  to  a more 
global sim plification  in the future. O f course, extrem e care should he paid to  
th is  com plication , and th is is the crucial point w hy our algorithm  is  o f  heu- 
ristica l nature only. The creation o f new  choice-points is, at th e  m om en t, on 
a trial-and-error hasis.

The fo llow ing tw o formulae are tau to logies in the propositional calculus:

A x t \ A 2 *~ ( (Ax Л  В  A A 2) V  (A ! A B A  A ) ) , ( 5 )

A  V  A 2 -  ( (А х V  в  V  Л )  Л ( A  V  В  V  A , ) ) . (6)

Our “ com plicating” rule is based  on these tw o tautologies:
Rule  3. Let a formula <p of n variab les and a selection function  S  he given. 

L et p  =  ( A x, . . . , A my (m <  n) be a p ath  in the tree (i =  0 , 1) and let 
В  be a variable o f  q> not occurring in p .  Then tw o new paths

P i  =  • • •» B , A j +1, . . ., A my
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and
P i =  • • •* A j,  A j+ 1» • • •* A my

can be substituted  for p  (F ig . 8).
N ote th at in practica l applications o f R ule 3, it  is always satisfactory  

to  restrict ourselves to  th e  case when the new  choice-point is created at the  
place o f  a truth-value. T heoretically th is can be ju stified  by the “ com m u
ta t iv ity  law s’9 of the 2 -elem ent Boolean algebra.

Fig. 8

1.5. Let a çj^-tree be g iven . Consider th e  fo llow ing sets of paths:
I S  = { P \ p  is a path  o f  cp's  but there is no path  q in  the ç^-tree so th at p  and  

q are am icable}, (“ isolated paths” );
S I S  =  {p  I p  Ç I S  and there exists at least one variab le in <p, say A ,  so th a t  

neither A  nor Ä  occurs in p } ,  (“ short iso la ted  paths” ).
T hen , we can proceed w ith  th e  following algorithm .

( i )  Find the elem en ts of IS;
( i i )  Find the su b set S IS ;

( i i i )  Create a new  choice-point at th e  p lace o f the truth-value o f  an 
elem ent o f  S I S  i f  both paths, new ly m ade, are amicable w ith  som e 
old  paths. I f  th is  is  not the case (e.g . on ly  one of the new  paths is 
am icable w ith  an old one), then th e  creation  o f the choice-point is  
prohibited in th is  path. Make a tria l w ith  another elem ent o f  S I S ;

( i v )  A pply R ule 1 as m any tim es as can be;
( V)  A pply R ule 2  going from the lon gest p a th s o f the qp‘s -tree upward  

to  the shorter ones; if  Rule 1 can  be applied to  a result o f  the  
application o f R ule 2, then use it  again;

( v i )  I f  no further sim plification  is possib le, th en  write down the rem ain
ing paths. F in a lly , consider th e  associated  minterms (i =  1) or 
m axterm s ( i  =  0) and conjunct or d isjunct them , respectively .
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2. Examples

In this section  we present tw o  exam ples. The formulas are g iven  in  full 
disjunctive norm al forms. Conjunction is denoted  b y  simple concatenation . 
W e use “ decim al coding”  for the form ulas (cf. [3 ]).T h e 9 9 5 -trees of th ese  formulas 
are indicated in F ig. 9 and F ig. 11, respectively . The selection functions can 
be read off these trees.

2.1. Let (p be

V (0 , 2 , 4, 5, 14, 2 2 , 23, 24, 25, 26, 27, 28 , 29, 30, 31, 36, 44, 45 , 52,
6

54, 60, 61, 62, 63) .

The 9 9 5 -tree w ill be sim plified. We need not use Rule 3. A p p ly  Rule 1 
for the paths (16), (17) first, th en  for (18), (19); le t us denote th e  results by  
(16, 17) and (1 8 ,1 9 ), respectively. E m ploy R ule 1 again for (16, 17) and (18, 
19). We obtain the path (16, 17, 18, 19) consisting o f the literals C, D , E. 
Sim ilarly, from th e paths (1), (2) we have C, D , E ,  F;  from (7), (5) we have  
C, D , E , F ,  H ;  and finally  from (30), (32) we have C, D , E, F , H .  The tree of 
th is  interm ediate sta te  is indicated  in  Figure 10.
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Rule 2  is applied for
( a )  the result o f (5), (7), and the result o f (1), (2); E  can be deleted  from  
the former;
( b)  the paths (14), (10); E  can be deleted from the first;
(c )  the paths (10) and the result o f (1), (2); D  can be deleted  from  (10);
(d )  the result of point ( b)  and the result of point (a); D  can be deleted  
from the path obtained from  (14) in (6);
( e )  the paths (20) and (16, 17, 18, 19); E  can be deleted  from  (20);
( f )  the paths (24) and the result obtained in ( e )  from  (20); D  can be 
deleted from (24);
(g )  the result of (1), (2) and (16, 17, 18, 19); C can be deleted  from the 
former.
W e arrived at the follow ing form ula:

C D E F H  V C D E F G  V C E F G H y  CDFG  V C F G H  V  C E F G  V  
\ / C D F H  V  C D E  V  D E F .

T his is irredundant.

2.2 Let the form ula <p be

V (2, 3, 4 , 6, 7, 8, 10, 11, 12, 13, 14, 15, 41).
6

The Ç9g-tree w ill be sim plified (F ig. 11). The application o f R ule 3 can be 
observed at (7), an elem ent o f the set S I S ,  the path (7') is am icable w ith  path

F ig. 12

A c ta  T e c h n ic a  A c a d e m ia *  S c ie n t ia r u m  H u n g a r ic a e  9 0 ,  1 9 8 0
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(8) and  (7 " ) is amicable w ith  p a th  (4). Observe th at the creation of any other  
ch o ice-p o in t is prohibited, so w e apply Rule 1 first for the paths (1) and (2); 
th en  for (5) and (6); for the resu lts (1, 2) and (5, 6) o f the previous steps; th en  
for (7 ')  and (8); for (7" ) and (4); respectively. The in term ediate state is in d i
ca ted  in  F ig. 12. We apply R ule 2  for (1, 2, 5, 6) and (4, 7 ” ); E  can be deleted  
from  th e  latter; for (1, 2, 5, 6) and (8, 7'); from w hich E  can be deleted. There 
is no other possibility for ap p ly in g  Ride 2 or R ule 1. F in a lly , we get the follow 
ing  irredundant form:

A B C D Ë F  V Ä B C D  V Ä B D F  V A B E  .
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Heuristischee Methode zur Beschleunigung der O ptim ierung von Boole-Funktionen-
— D er A ufsatz bringt eine einfache heuristische M ethode zur Beschleunigung der manuellen 
O ptim ierung  von B oole-Funktionen (W ahrheitsfunktionen). D as V erfahren funktioniert an 
e iner B aum repräsentation  der B oole-Funktionen, daher h a t es eher geom etrischen als algebrai
schen C harakter. Es kann gleicherweise für kom plette oder partia lisch  definierte Boole-Funk
tionen  m it höchstens 10 U n b ek an n ten  angewendet werden. Die A rbeit en thä lt auch einige 
illu s tra tiv e  Beispiele.
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OPTIMUM DESIGN FOR BENDING AND ULTIMATE 
SHEAR STRENGTH OF HYBRID I-BEAMS

J . FARKAS*
DOCTOR TECHN. SCI.

[M anuscript received May 28, 1979]

The paper presents the approxim ate analytical optim ization of w elded hybrid 
I-beam s subject to  bending. In  th e  objective function the different m ateria l costs of 
web and flanges are taken  into account. The following design constrain ts are considered: 
local buckling constrain t of web an d  th a t  of compressed flange, constrain ts o f m axim um  
stress and deflection, respectively. The dead w eight and  the la tera l buckling is not 
considered. The obtained simple form ulae are applied to the com parative calculations 
which show e.g. th a t  the m aterial cost of hybrid beams optim ized w ith  respect to  stress 
constrain t is by 154-25% less th a n  th a t of homogeneous ones. F u rth e r, lim it shear 
stresses are determ ined below w here the effect of shear can be neglected.

Symbols

A
b

t

У
h
lx  
Jo
Ko 
k T 
M H 
M u 
M p 
Mf, M,1V1 / ,  lV lg

Mp]
N
nh
s
T
T Fg
T S' T o  T B
V

v iw
ß
V
Ô

cross-sectional area
distance betw een transverse stiffeners, Fig. 3 
m aterial cost
distance of the plastic hinges in  flanges, Fig. 3
m aterial cost param eters for flanges and web, resp.
modulus of elasticity
resu ltan t of web m em brane stresses
a distance, Fig. 3
depth of web
m om ent of inertia
required m om ent of inertia
required section modulus
factor of local shear buckling, Eq. (33)
lim it bending moment
m axim um  m om ent to be carried  by girder, Eq. (46)
plastic m om ent of girder assum ing fully effective web. Eq. (45)
Eq. (45)
Eq. (44)
axial force, Fig. 1 
safety factor 
w idth of flanges 
shear force
shear force to  produce yielding of web, Eq. (41)
lim it shear forces, Fig. 4 E qs (42), (47), (48)
flange thickness
web thickness
m axim um  deflection
web slenderness param eter, Eq. (8)
specific weight
flange slenderness param eter, Eq. (17)
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r\ =  Cgjcf material cost ra tio  
V Poisson’s ra tio
f  =  (JFg!<yИ; Eq. (2)
Ofjg, Ofjj lim it stress o f w eb a n d  flanges, resp.
о  F*, Opf yield stress o f w eb an d  flanges, resp.
o f  tension field web m em brane stress
Tpg yield shear stress o f w eb material
Tfcr critical shear stress
0  inclination of ten s ion  field  to flange, Fig.
0 d inclination of web p an e l diagonal, Fig. 3

3

1. Introduction

The application o f s tee ls  having increased yield  stress m ay result in 
sig n ifica n t saving in w eig h t and cost of m eta l structures. 370-steels (tensile  
s tr e n g th  370 MPa) are m a in ly  replaced by 520-steels (tensile strength 520 MPa, 
y ie ld  stress 340—400 M Pa), b u t  in some countries other weldable high strength  
stru ctu ra l steels are d evelop ed  as well, e.g. C 60/45, C 70/60, C 85/75 steels in  
U S S R  [24, 28], HW  70, 80, 90 steels in Japan, A  514 steel (yield stress 690 MPa) 
in  U S A , etc. More d eta iled  inform ations about h igh strength steels used in  
m eta l structures can he fou n d  for example in [12] or in [24].

T he use of high stren g th  steels is econom ical m ainly in structural parts 
su b jec ted  to static ten sion  (storage tanks, pressure vessels, trusses) or com 
p ression  in  plastic buckling region  (columns, trusses). In  structures w ith  active  
d isp lacem en t constraints (radiotelescopes, m achine structures) or com pressed  
in  e la s tic  buckling region (slender bars) it is not econom ical to increase the 
y ie ld  stress. H igh-strength stee ls  are less econom ical in structures loaded w ith  
p u lsa tin g  loads, because th e  fa tigu e strength o f w elded  jo in ts does not increase 
in  proportion  to the y ie ld  stress , although there are some new  techniques to  
im p ro v e  the fatigue strength  o f  welded jo ints (e.g . [22]).

In  structures subject to  bending, the hybrid  I-beam s, w ith  flanges made 
o f s te e ls  o f higher strength  th a n  web, are m ore econom ical than  the hom o
gen eou s ones. Design problem s of hybrid girders were investigated  in m any  
papers, for example in [4, 6 , 7 , 13, 14, 16, 21, 25, 26, 27].

T h is paper presents th e  analytical optim um  design of hybrid I-beam s 
lo a d ed  for bending. In th e  ob jective  function th e  cost difference betw een the  
tw o  ty p e s  of steels used in  fla n g es  and web, resp ectively , is taken into  account. 
In m ore intricate cases, w h en  in  the objective fu n ction  the effect of dead w eight 
and th e  fabrication costs are also involved , m athem atical program m ing  
m eth o d s can be used. Szabó  [23] has used the backtrack program m ing for 
th is  purpose. This discrete program m ing m ethod m ay he advantageous for 
o p tim u m  design of w elded structures with few  unknow ns [11].
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2. Optimum design for m inim um  m aterial cost o f hybrid 
I-beam s subject to pure bending

2.1 Characteristics o f  the cross-section optim ized on the basis o f  stress constraint

The stress distribution in the lim it state of a hybrid I-beam  is show n in 
F ig. 1. N ote, th a t we do not use the fu lly  plastic stress distribution, because  
as w as shown in [9], the beam s designed e lastica lly  are more econom ical than  
those designed plastically.

Here is

because
N  =  (a Hf -  a Fg) h'vgl4 =  a Hf( l  -  ?)2 hvg/4

h '  _  ° H J  —  <*Fg /„
---- ,  ---- L  ? !  S    CfF g l a H f •

h  ° H f

The lim it bending m om ent is approxim ately

MH =  aH! l v i ^ + s v h
б

( 1 )

( 2)

(3)

On the basis of (1) and (2), neglecting the dead w eight, the stress constraint 
tak es the form as follows:

- ^ - = « ; A  +  - ^ - ( 3 í -  ! 3) ^ K 0 . (4)
aHf 12

K 0 is the required section m odulus. The cross section area is

A  =  hvg +  2sv. (5)

From  (5) the area of flanges is

2sv =  A  — hvg . (6)
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Inserting  (6) into (4), th e  stress constraint m ay be expressed as

A  + _ V L ( 6  -  3 |  +  | 3) . (7)
h 6

The local buckling constraint of unstiffened  web is

V  12(! — y2K g »g (8)
h r 23,9 л 2 Е

For 370-steels it  is crHg =  2 • 104 N /cm 2; v =  0,3; E  =  2,1 • 107 N /cm 2, 
w ith  a safety  factor o f  nh =  1,08 one obtains ß =  1/145. For other steels (8) 
tak es the form

vg
h

1

145
a H g  

a H  370
(8a)

T reating the constraints (7) and (8) as actives, w e get

A  = 2Ko
h

^ - ( 6 -  3 f  +  £3) . (9)

The m aterial cost o f the unit length o f the beam  is

Ca =  cg yvg h +  2 cf ysv  (10)

U sing (6) and (9) we get

_ C a _  = 2 K o _  j № _  ( 6?? _  3 |  _(_ £3) . ( И )

Cf-y h 6

The condition  dCa/dh  =  0 gives

l opt
6 K 0 ( 12)

ß(6v  — 3£ +  £3)

For a hom ogeneous beam  it is |  =  Г] =  1 and (12) takes the known form [8]

. №
=  1 1 J

On the basis o f (11) and (12) the m inim al cost can he expressed as

/'  3______________________
°-mln =  V4,5 K l ß ( 6r] -  3 |  +  | 3) • 
cfV

(13)

(14 )
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B y  using (9) and (12) one obtains for the cross-sectional area o f th e  beam  at 
m inim al cost

ßh 2
Л -mln =  (4»? +  2 -  3 1 +  |3) ,

z

and, according to  (6) and (15), th e  area of flanges is

2sv — A  — ßh2
ßh2

( Ц -  35 + l 3) .

(15)

(16)

The local buckling constraint for com pressed flange

1
s ^ 0 30

a H] 
a  Hwio

(17)

can  be treated as active. On th e  basis of (16) and (17)

s =  T У т (4r? “  31  +  |3) and v =  ds =  T  W 4r? - 3 1 + 13) • (18)

The approxim ate form ula o f  m om ent o f  inertia  for the section  o f m inim al
cost is

vg h3 ( svh2 ßh4

2
•Í* =  — — +  — —— =  (12tj + 2  -  95  +  3 | 3) =

12 24

=  (12 tj +  2 — 9 |  +  3 | 3)
32/9

max

I 6 Í7 — 3 I +  i 3
(19)

2.2  Characteristics o f  the cross section optimized on the basis o f  deflection
constraint

The deflection  constraint is

_  « f *  I 
12

svh2
(20)

The required m om ent of inertia  I 0 can be ca lcu lated  approxim ately, 
ing only the elastic deform ations in  the w hole beam . B y  using (6) 
we get

Л ^ Ü D

h2
2vg h

3

consider- 
and (20)

(21)
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I f  th e  deflection constraint is  active, the actual m ax. stress in  the w eb (<r) is 
less th a n  aHg and the ex a ct form ula o f web buckling would be

In stea d  o f this exact form ula w e use (8). According to  (6) and (21) the m aterial 
cost can  be expressed as

Cg   4 f0
Cf y  h 2 ! ) • (22)

The cond ition  dCJdh  =  0 g ives

■̂opt --
12 h

1)
(23)

U sin g  (21) and (23), the cross-sectional area is

А'елЛя =  -^ -(3 * 7  +  1) =  (3*7 +  1) [ -  * h ß
3 (3*7 -  1)

The area o f flanges is
ßhz

2sv  =  —  (3»7 -  2 ) ,
3

and th e  m inim al cost m ay be expressed as 

Cu fl. m in

ЧУ Гт ( 3 * 7 - 1  ) ß h

(24)

(25)

(26)

2 .3  Comparative calculations

T he econom y of hybrid  I-beam s can be dem onstrated by m eans o f  the  
above derived approxim ate form ulae. Let us use for the calculations th e  data  
of th e  follow ing two hybrid  beam s (stresses in  M Pa):

1) 52/37-beam ; steels according to  the H ungarian Standard MSZ 6280:

eb 37B, a Hg =  200; a Fg =  240; flanges 52C,

<iH]=  280; I =  0,86; r? =  0,901 ;
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2) 85/38-beam : steels according to  the Soviet Standard [28]:

web C 38; a Hg =  210; a Fg =  230; flanges C 85/75 ; 

aHf =  530; |  =  0,434; rj =  0,617 .

a) Comparison o f  weights o f hybrid and hom ogeneous beam s, respectively , 
optim ized on the basis o f the stress constraint (for hom ogeneous beam  it is 
I =  P =  a HgloH =  1). U sing (15) and (12), we get

^ h y b  __ 4т; - f  2  — 3g +  g» j a Hg

Ahom УЦбг]^-  3 |  +  I3)2 '

For 52/37 and 85/38-beam  (27) gives the values of 0,805 and 0 ,602, resp., thus, 
hybrid beam s are by 2 0 —40%  lighter than the hom ogeneous ones.

b) Comparison o f  material costs. U sing (14) one obtains

3

<%.hyb _  1 l a n g  j 2/3 

^a-hom V l )

For  52/37 and 85/38-beam  (28) gives the values of 0,845 and 0,746, respectively , 
th u s, hybrid I-beam s assure 15-^25%  savings in material cost.

c) Comparison o f  deflections. A ssum ing, that ß hyb =  ß bom, according to 
(19) we get

3

“ >hyb _  Jx.hom V 2  (6t? -  3 |  +  £3)</3 _ 1ащl | 4/3

w hom -^x.hyb 12 Г} +  2  — 9 £  +  3 | 3 ( GHg J

For 52/37 and 85/38-beam  (29) gives the values of 1,48 and 2,53 respectively , 
th u s, deflections of hybrid I-beam s are larger than those o f hom ogeneous ones, 
therefore, it  is advisable to  exam ine w hether the cross section  optim ized  on 
th e  basis o f stress constraint does fu lfil the deflection constraint, i.e . w hether  
I x I 0. I x can be calculated w ith  (19).

d) Comparison o f  material costs of hybrid and hom ogeneous beam s, re
sp ectively , optim ized on th e  basis of deflection constraint. U sing (26) we get

6т; -  3 {  +  £3
(28)

ĉQ.hyb
С/

o.hom V

3r]
(30)

For 52/37 and 85/38-beam  (30) gives the values o f 1.024 and 1.057 resp ., thus, 
i f  the deflection constraint is active, hybrid beam s are uneconom ical.
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3. Ultimate shear strength of homogeneous and 
hybrid I-beams optimized for bending

In calculating I-bcam s loaded for bending and shear, designers can follow  
tw o  w ays as follows:

1. Use of in teractive form idae for web buckling valid  for all values of 
shear stress. This m ethod is prescribed, for instance, b y  the Hungarian Standard  
MSZ 15024. The op tim ization  o f homogeneous I- and box beams on the basis 
o f  th is  principle is treated  in  [10].

2. Determine a lim it cu rve for shear stresses or an interaction curve for 
shear forces; shear stresses below  these lim it va lu es can be neglected. This 
m eth o d  simplifies the ca lcu la tion s and, therefore, it  is advantageous for the  
purposes of optim ization. H ere we calculate these lim it shear stress values for 
hom ogeneous and hybrid I-beam s w ithout and w ith  transverse stiffeners, 
resp ectively .

3.1 B eam s with unstiffened web

According to Ca r s k a d d a n  [3], the critical buckling stress of the sim ply  
su p p orted  web of a hybrid I-b eam  can be calcu lated  w ith  the following form ula:

5 ,3 4  .-г2 E

12(1 —  V 2) It t l 1,61(1 -  |)2 ], (31)

F ig . 2 shows the lim it cu rves o f shear stresses for beam s w ith web m ade of 
s te e l 37B  calculated w ith  (31), tak ing into account a sa fety  factor of nh =  1,08.

N ote  that B r o n o w ic k i  and F e l t o n  [2] have elim inated the effect o f 
shear stress in the op tim iza tion  of hom ogeneous I-beam s prescribing a con
stra in t as follows:

Tl(hvg) <, 0,4 r kr .

F ig . 2. L im it shear stress curves fo r unstiffened beam s; a )  homogeneous I-beam  m ade 
of 97B steel; bj 52C/37B h y b rid  I beam, nk =  1,08; THg =  115 M Pa; £ =  0,86

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



O P T IM U M  D E S I G N  O F  H Y B R I D  I -B E A M S 267

D e l e s q u e s  [5] has proposed for hom ogeneous girders w ith web m ade of 
360-steel an empirical form ula

tv [MPa] =  16 +  8889-^*- for 67 <  — <  167
h vg

and for slendernesses 167 <  h/vg <  333 has given an interaction  form ula. 
Ch o n g  [4] has optim ized hybrid beam s on th e  basis o f active shear stress 
constraint according to (31). This m ethod is not correct, because the constraint 
o f shear stress is not active in all cases.

3.2 Beams with transverse stiffeners

There are several m ethods to  predict th e  collapse load of p late  girders 
considering the post-buckling behaviour of web and the influence o f  flexural 
rig id ity  o f flanges [15]. Here we shell construct, on the basis o f th e  paper of 
R o c k e y , E v a n s  and P o r t e r  [18], the in teraction  diagrams for optim ized  
hom ogeneous and hybrid beam s.

According to  Basler’s th eory  [1], the web buckles when the critica l shear 
stress xkr is reached and any additional load is supported by tensile  m em brane 
stress at (F ig. 3a, b, c). Failure occurs w hen the buckling stress xkr and the

I—5-4
F i g .  3.  D e te rm in a tio n  of th e  collapse lo ad  o f a  tran sv e rse ly  stiffened  p la te  g ird e r; a )  th e  sim ply  
su p p o rte d  g ird er; b )  d irec tion  o f c r itic a l sh ea r b u ck lin g  stress  in  th e  en d  p an el; c )  s tre ss  com 
p o n e n ts  in  d irec tion  of ten s io n  m em b ran e  stress  fie ld ; d) stress com ponen ts in  M ohr’s circle; 
e )  forces ac tin g  in  th e  section  P —S ;  f )  th e  collapse m ech an ism ; g )  eq u ilib r iu m  o f  th e  flange

elem en t
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m em brane stress o f  produces yielding in the w eb. H inges formed in th e  flanges  
togeth er  with yield zone in th e  weh form a p lastic collapse m echanism  (F ig. 3f). 
R o c k e y  and Sk a l o u d  [17] have considered th e  effect of flexural r ig id ity  o f  
flan ges, too. They have assum ed that the in clination  of the tension field  is  
0  =  0 d. R o c k e y , E v a n s  and P o r t e r  [18, 19] have developed a refined m ethod, 
w h ich  determines the inclination  angle 0  b y  an iteration procedure, taking  
th e  in itia l value of 0  =  2 0 d/3 and iterating u n til T s тах is reached. For design  
purposes it  is recom m ended to  take 0  =  2 0 d/3.

The stress com p on en ts in the direction o f 0  in the stress state  charac
terized  b y  xkr according to  th e  Mohr’s circle (F ig . 3a, b, c, d) are as follow s:

w here
a íj =  xkr sin  2 0 ;  oL =  — xkr sin 2 0 ;  =  xkr cos 2 0

r kr — 12(1
л  2 E  vg

— f 2) h

k T =  4 ,0

; k T =  5 ,34 +  4 (b/h) 2 for 

- 5,34(b/h) 2 for b/h <  1.

b/h ^  1 ,

(32)

(33)

The y ie ld  criterion relating  to  the stress com ponents o f cr' =  оç and
can be written in th e  form

F rom  (34) we get

оF
t

/ о  I 2 > I о  2 _2an +  cri — an ai +  3t^  =  apg.

—  xkr sin  2 0  +  
2 k

/ , Г13 i 2 1
1 a F g  +  T kr —  sin 20J — 3

(34)

(35)

F rom  the equation o f equilibrium  (Fig. 3e) it  can be w ritten that the u ltim ate  
shear load is

T s  =  Fg sin 0  - f  T kr (36)
w here

F  g — o f  Vg (2c sin 0  + / ) ;  f  — h cos 0  — b sin 0  (37)

th u s
F g =  o f  Vg sin 0(2c +  h cot 0  — b) . (38)

T he equilibrium  of the fla n g e  elem ent according to  F ig. 3g gives

th u s

2 M pf  =  o f  VgC sin2 0

c
2

s in 0
[  M Pf

o f  V g

(39)

(40)
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Introducing

Fg r Fghvg
i f " ’ ’

(41)

b y  m eans o f (35), (36), (38), (40) and (41) one obtains

=  — + f 3  s in 20
F g TFg

cot 0  -  — I + 4  V3 sin 0  /  M *  (42)
h I a Fg ’ F  g

where

and

' F g

_ I 1  J i C si „ 0  +
2  T  F g

r kr

ГF g

(0,75 sin 2 2 0  -  1), (43)

M *  =  M pjl(oFg h 2 Vg) ; M pf =  a Fj  sv2l4 . (44)

The second and third term  in (42) expresses the effect of a m em brane tension  
field  and the flexural rigidity o f the flan ges, respectively.

The characteristic points o f the in teraction  diagram shown in Figure 4 
can be calculated  b y  means of the fo llow ing formulae:

M p — Opjsvh  +  a Fg h 2vgl4 =  M j  +  M g , 

M u can be obtained from (4)

M a =  M H =  erH^su/i
12

(45)

(46)

F i g .  4 .  In te ra c tio n  d iag ram  for I -g ird e rs  w ith  tran sv erse  s tiffen ers
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For th e  p oin t S '  it  is T's  =  T s  and Mg  =  T s b, i.e . the maxim um  b en d in g  
m om en t in  the end panel o f a sim ply supported beam , with a restriction th a t  
M g  < [ 0,5  M f.  For Tc  the fo llow ing em pirical form ula was given [18]:

r kr

r Fg
sin 0,544 +

36,8 M pf j

M j  ] ‘
(47)

M f  is  th e  contribution of th e  flanges to the p lastic  m om ent of resistance o f  
th e  girder, as defined by (45). The section В  — C o f  the interaction diagram  
m ay be represented b y  a sim ple parabola, therefore, it  is

T c

T he sim ple relationships o f optim al cross sections obtained in  point 2.1  
m ake it  possible to  derive the actual interaction diagram  for im portant special 
cases. L et us determ ine the in teraction  diagram for tw o  special cases as fo llow s.

Case 1. Homogeneous I-girder  optim ized on th e  basis of stress constraint 
w ith  d ata  as follow s: h/vg =  145; steel 370, stresses in MPa: aF =  240; a H =  
=  200; r p  =  0,577; aF =  138.5; f  =  rj =  1; d istance of stiffeners b =  1,5 h.

W ith  Eq. (33) k T =  7 .12; r kr =  64,3; O d =  arc tan (1.5) =  33,7°; в  =  
=  2 2 .5 °; w ith  (43) we get o^/aFg =  0,7763.

B y  m eans of (17) and (18), w ith d 1/30 one obtains s =  /i|/)S/(2d) =  
=  0 .3216  h and v =  h][ßi5/2 =  hi93,27. U sing th ese  values, M *  can he ca l
cu lated  w ith  (44): M*p =  1,34 • 1 0 ~ 3. Eq. (42) g ives

M n M„

M n
(48)

TgjTpg  =  0 ,4645 +  0,1803 +  0 ,0854 =  0 ,7302,

these th ree  term s num erically  show the effect o f z kr, trf and M pj,  respectively . 
F urther, E q . (47) gives TcITpg =  0,8626. Since T c  >  T s , it  can be taken th a t  
T c  =  T s .

W ith  (45) M p =  3o Fh2 vgl4; M f/M p — 0 ,6667; using (46) M u =  2aH h 2 n?/3 , 
thus M J M p =  8oHl(9<jp) =  0,7407 and w ith  (48) we get T B/T C =  
=  |A3 —8 a H/(3ffp) =  0,8819 and T B/T Fg =  0 ,7302 • 0 ,8819 =  0,6440.

T he interaction  diagram  is shown in F ig. 5. I t  can be seen th a t, in  a 
cross-section  loaded in  M max =  0,7407 M p (<7max =  ан)-> the effect o f shear  
can be n eg lected , if

T r HB — I f i .  =  0,6440 • -1^ 5 
nh 1,08

82,6 MPa .

In cross sections m ainly loaded in shear it  should  he

r < r HS =  =  93 ,6  M Pa .
T  pg nh
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JL
TFg

0.73
0,64

0,67 0,74 1 M_ 
Mp

Fig. 5. In terac tion  diagram  for optim ized homogeneous I-beam s; steel 370; h/v„ =  145; 
s/v =  30; b/h =  1,5; rHS =  93,6 M Pa; xHB =  82,6 MPa

Case 2. H ybr id  I-girder optim ized on the basis o f stress constra in t w ith  
data as follow s (stress in  MPa): flanges m ade o f steel 52C, web o f 37B , thus 
a Fg =  240, o Hf =  280, aPJ =  360; f  =  0,86; r\ =  0,901; w ith (17) Ô =  1/25.

B y  using E q. (18), we get s =  0 ,2675 h and v =  A/93,46. W ith  (44) 
M *  =  1,665 • 1 0 ~ 3. Eq. (42) gives

T s/ T Fg =  0,4645 +  0,1803 +  0 ,0854 f l , 665/1,34 =  0,7400 .

U sing E qs (44) and (45) one obtains M pfIM j =  и/(4Л) =  2,675 • 10 - 3 . E q . (47) 
gives T c ITpg =  0 ,8643. Since T c >  T s , we take ТС= Г 5. According to  (45) 
M p =  0,8725oFgh2vg and M g =  apgh^Vg!^. B y  m eans o f Eq. (12)

M u =  M Hf =  oHj^ -  (6V -  3 |  +  I3) =  0,577aHfh2vg .

W ith E q. (48) T B/T C =  0.8929 and T BjT Fg =  0,74 • 0,8929 =  0,6607. Further, 
M J M p =  0,7715 and Mf/M p =  0 ,7135.

The in teraction  diagram is show n in  F ig . 6. In cross sections loaded  in 
M  =  0.7715 M p (crmax =  aHj), the effect o f  shear can be neglected, i f

t  <  r H B  =  — =  0,6607 • -138’5 =  84,7 M Pa .
T pg nh 1,08

Mp

F ig .6 . In te ra c tio n  d iag ra m  for op tim ized  h y b r id  I-b ea m s; steels 52C/37B; h/v- =  145; s/v =  
=  25; b/h =  1,5; t h s  =  94,9 M Pa; t h b  =  84,7 MPa
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In  cross sections loaded m ain ly  in shear, i t  should  be

r < r HS =  =  94 ,9  MPa .
T  Fg nh
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O ptim albem essung auf Biegung und Q uerkraftstragfähigkeit von hybriden I-Trägern.
— Der A rtikel behandelt die analytische O ptim ierung der auf Biegung beanspruchten  hybriden 
(m it G urtblechen aus höherfester Stahl) geschw eißten I-Trägern. In  der Zielfunktion w urden 
die verschiedenen W erkstoffpreise der Steg- und  G urtblechstähle berücksichtigt. E s w urde 
m it der Beulungsbedingung des Steges und des gedrückten  Gurtblechs, ferner m it der B edin
gung der m axim alen Spannung bzw. D urchbiegung gerechnet. Das Eigengewicht un d  die Kip- 
pung w urde n ich t berücksichtigt. Die abgeleiteten einfachen Formeln wurden au f einige Ver- 
gleichsberechnungen angew endet, die zeigten, daß  z. B. die W erkstoff kosten von den auf 
Spannungsbedingung optim isierten H ybrid trägern  um  15 —250 niedrigere sind, als die K osten 
von homogenen Trägern. Es wurden die G renzschubspannungen bestim m t, u n te r denen der 
Schub vernachlässigbar ist.
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THE THEORY OF RELATIVITY AS SEEN RY THE
ENGINEER

Z. H E N N Y E Y *

[M anuscrip t rece iv ed , J u ly  27, 1979]

Physics is th e  m o st im p o rta n t u n d e rly in g  d isc ip line  of th e  eng ineering  sciences. 
The w ay  of th in k in g  b u i lt  upon  th e  n o tio n s  o f  a b so lu te  space an d  tim e , b ases o f classical 
physics, m ean s fo r th e  m an  of eng in eerin g  th e  s ta b le  fou n d a tio n  o f h is ow n science. 
No w onder, if  h e  does n o t get to  fr ien d ly  te rm s  w ith  th e  new  ideas o f th e  th eo ry  of 
re la tiv ity . T h ere  is in d eed  a c o n tra d ic tio n  b e tw e e n  th e  trad itio n a l logics o f classical 
physics a n d  th e  logics o f th e  th eo ry  o f r e la t iv i ty  an d  to  bridge i t  is a h a rd  ta sk . To 
bridge th is  g ap  is th e  a im  of th is s tu d y .

1. Introduction

The d ifficulties o f understanding th e  th eory  of relativ ity  arises funda
m entally  from the fact th a t this theory  rejects the notion o f absolute space 
and thus, as a m atter o f fact, it  rem oves th e  ground from the conventional 
w ay of thinking. In  the following an a ttem p t is made to bridge the “ logical 
vacuum ”  arising from  th is fact.

Let us take step  b y  step the fun d am en ta lly  new ideas o f  th e  theory of 
relativ ity  and see w hether they  can be in terpreted  when the axiom  o f absolute  
space and tim e is retained. As the first step  w e shall mention th e  equivalence  
o f m aterial and energy. Considering it as ob jective  reality we get to  the general
ization  of N ew ton’s m echanics. The n ex t ideas are the Lorentz contraction  
and the tim e d ilatation . T hey have turned up in  connection w ith  the Michelson 
experim ent and are considered b y  the th eo ry  o f  relativ ity  as v irtu a l phenom 
ena. We shall, how ever, regard them  as p h ysica l realities.

We arrive at the same formulas as th e  theory  of rela tiv ity , but we find  
them  valid in absolute space only ! On th e  other hand, the theory o f  re la tiv ity  
says — and th is is its  m ost im portant sta tem en t verified by experim ent — that 
th e  laws of physics are uniform ly valid  in  all system s of inertia. H ere opens 
th e  contradiction w hich m ay be bridged b y  a new interpretation  o f the  
Lorentz transform ation.

* Z. I I e n n y e y , H-1068 B udapest, Gorkij fasor 32. H ungary.
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2. The generalization of N ew ton’s theory

T he equivalence o f m aterial and energy expressed by E instein’s fam ous  
eq u a tio n  (E  =  c 2m) can easily  be interpreted in classical physics.* W e m ust 
assu m e th a t like m aterial, th e  energy has an inert mass. C onsequently, for 
en ergy  in  m otion the law s o f  m otion of m aterial system s are valid.

E n ergy  appears m ost often  in connection w ith  material. W hen a 
m ateria l point of mass m 0 is in m otion, together w ith  it moves its  k in etic  
en ergy  to o . Thus, the entire inert mass m  of th e  m ixture m aterial-energy  
m o v in g  w ith  velocity v consists o f two parts: the resting mass m 0 representing  
th e  m ater ia l and the inert m ass m e o f the k inetic energy: m =  m 0 - \ -m e . 
T he m agnitude of the la tter  is  g iven by the equation  me =  E kin/c2.

T he kinetic energy depends upon v e lo c ity , consequently w hen th e  
m ateria l-en ergy  com plex o f m ass m m oves w ith  changing velocity , its  m ass  
w ill a lso  change. This m ass is minim um  when the system  is resting (then  
m  =  m 0). L et us observe th a t th e  axiom  of the equivalence of m aterial and  
energy  requires the existence o f  absolute space. (H ardly can such a defin ition  
be a ccep ted  of the state o f  rest according to  w hich it means rest w ith  respect 
to  th e  observer.)

C lassical physics did n o t take into account the inert mass o f energy. 
T h u s, it  is conceivable th a t its  results hold only for th at special case w hen th e  
inert m ass o f energy can be neglected .

L et us follow the fundam ental ideas o f classical m echanics without  
neglecting the mass o f  energy.

L et a material point o f  resting mass m 0 m ove in the absolute space in  
co n sta n t fie ld  F. According to  N ew ton’s axiom , the force F acting on th is  
p oin t ch an ges its im pulse during tim e dt as follow s

d(mv) =  F d i . (1)

T h is d ifferentia l equation is n o t sufficient to  determ ine both tim e fu n ction s  
m(t) and  v(t). One equation m ore is needed and th is is given by the energy  
axiom . T he total mass changes during tim e dt because its velocity  and th u s  
also its  k in etic  energy changes. The change of the k inetic energy is, h ow ever, 
equal to  th e  work perform ed b y  force F during tim e dt: d E k|n =  F  • v dt. 
In  th ese  term s the lacking d ifferential equation can be written as

dm =  (F • v /c2) dt . (2)

T he a b ove  tw o differential equations m ay be regarded as the basis of N ew to n ’s 
h eory  in  it s  generalized form  (com pleted  w ith  the energy axiom).

* T h is  w as in te rp re te d  in  th is  w a y  b y  P l a n c k  (1903).
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In classical m echanics the trajectory o f m ass point has been obtained by  
integrating the d ifferential equation m du =  F  dt. W e w ant to  trace hack  
the general case to  th is special one.

Let us rewrite equation (1), by expanding the differential o f the product, 
into the form m dv  =  F  dt — vám.  N ow  in term s o f (2) we elim inate dm:

m dv =  (F — c~ 2 V (v • F) d t . (3)

This differs from  the special case in such a w ay  th a t on the right side beside 
the force appears a com ponent nam ed the relativistic  com ponent o f force F:

F rel =  c - 2 v ( v - F )  =  (-^ -)2F tg- (4)

Here v is the absolute value o f vector v and F tg is the tangentia l com ponent 
of force (parallel w ith  velocity). The com plem entary part o f the relativistic  
com ponent is the “ acceleratin g” com ponent w hich  we denote as F ac. A ccor
ding to  the expansion F re] — Fac, differential equation (1) can also be 
divided in to“ com ponents” :

m dv =  Fac dt
v dm =  Frei dt (5)

d(mv) =  F dt

This expansion is very  suggestive. The accelerating com ponent o f force changes 
the velocity  while the relativ istic  one changes th e  m ass. The latter is, according 
to  (4), part o f the tan gen tia l com ponent and in the extrem e case v  =  c coin
cides w ith  the to ta l tangentia l com ponent. T hus, in th is extrem e case the 
“ relativistic-accelerating”  decom position o f the force ju st agrees w ith  the 
“ tangential-norm al”  one.

The differential equation system  (5) is an alternative form o f the system  
(1) — (2) which is th e  basis o f the generalized N ew ton  theory. The advantage  
of the form (5) is th e  sym m etry appearing in variables m and v. W e have seen 
th a t in the extrem e case v =  c the com ponents o f  force can be interchanged  
and (5) can he w ritten  as

m dv =  F norm dt and v  dm - = F tg d t .

These equations lead to  the very im portant d iscovery th at the force acting  
upon the mass point m oving w ith velocity  o f  ligh t cannot m odify  the absolute 
value o f  velocity. This follows from the first equation  o f (5) according to which  
the acceleration is due to  the normal com ponent of force, consequently  only  
the direction o f v e lo c ity  changes but not its  m agnitude.
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T he increase o f inertia  o f the m oving m aterial point is related to  the 
in crease o f its kinetic energy and th is depends on ly  on the absolute va lue of 
v e lo c ity . Thus, a relation betw een  variables m  and v m ust ex ist and has to  
be determ ined now. L et us start out from the basic equations

d(mv) =  Fdt (1)
and

c2 dm =  F • v  dt . (2)

B y  m ean s of th e  first equation  we elim inate the product Fdi from th e second  
eq u ation  and thus we obtain the follow ing equation:

c2 dm =  v • d(mv) . (6)

H ere appear only the variab les m and v, consequently th is d ifferential equation  
is su ita b le  for finding the relation  existing betw een them . After accom plishing  
th e  sim ple calculations and separating the variables we obtain  the follow ing  
differen tia l equation

_dm_ =  J_  d(«2)
m  2 c2 -  v2 '

The so lu tion  of this d ifferential equation can be w ritten  in to  the form:

m 0 =  m (8)

w h ich  is  well known from th e theory o f re la tiv ity . This equation gives the 
m ater ia l part of to ta l m ass m m oving w ith  ve lo c ity  v.

In  th e  above we dealt w ith  m ass m m oving w ith  the v e lo c ity  o f light 
(it m u st evidently  he understood as a to ta l m ass). I t  has been estab lished  th at  
in  th is  sta te  of m otion m can  he neither accelerated nor slowed down. The 
force actin g  on it  can m odify  on ly  its  trajectory. In term s o f relation  (8) it  
can h e added that the m aterial part of the to ta l mass m m oving w ith  the  
v e lo c ity  o f  light is zero. I t  is a pure energy; the inert mass o f ligh t energy can 
easily  b e recognized in m m ovin g  w ith  v e lo c ity  o f ligh t. An in teresting  in ter
p reta tio n  o f the energy o f lig h t is found here: th is energy is noth ing but the  
kinetic energy of  photon.

F in a lly , let us determ ine the k inetic energy o f the to ta l m ass m m oving  
w ith  v e lo c ity  v. Using (8) in th e  relation E^n  =  c2(m — m0), we ob ta in

E kin =  c2 m (9)

This is a formula well know n from  th e theory o f re la tiv ity , too .
L et us go further and according to  our program proeeed w ith  th e  Lo- 

rentz contraction  and E in ste in ’s d ilatation .
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3. The M ichelson effect

The m ost im portant experim ental basis o f the theory o f re la tiv ity  is 
given by the experim ents o f M i c h e l s o n . Their negative results produce the  
illusion th at we find ourselves in absolute space where the propagation  of 
light is isotropic, i.e. the light propagates w ith  the same velocity  in all direc
tions. According to  classical physics th is can n ot be true. But then the M ichelson  
effect, the illusion of absolute space m ust have som e explanation.

This explanation  is given by the in terpretation  of the Lorentz contrac
tion  and the tim e dilatation as objective p h ysica l phenomena. B oth  phenom ena  
are, in the theory of rela tiv ity , consequences o f the Lorentz transform ation, 
i.e . th ey  follow  from the postulation  o f the equivalence of inertia system s. 
W e follow  the inverse way: let us pronounce as postulate the Lorentz contrac
tion  and the tim e dilatation and then arrive at the Lorentz transform ation.

It m ust be assum ed th at in the m aterial system  m oving w ith  velocity  
v 0 in d irection o f axis x (which is, of course, th e  velocity  in the absolute space) 
the follow ing physical phenom ena occur:

— every body contracts parallel to  axis x  (x contraction);
every  physical phenom enon slow s down in relation to  its  rate in ab
solute space;

— the m agnitude o f both the contraction  and slowing down is determ ined  
b y  the same factor f  =  [/1 —  (v /c)2 .

These phenom ena in m oving m aterial system s “ falsify”  th e  m easure
m ent o f length  and tim e because our yard-sticks shortened in p osition  parallel 
to  axis x  show  a larger size o f  ra n d  our slow ed down clocks show shorter lengths 
of tim e than  th ey  are in reality . For us, however, these measurements mean the 
reality.

W e take into account th is “ fa lsifica tion ”  o f nature by m u ltip ly in g  the 
coordinates x  and t of the Galilei transform ation in  the m oving system  b y  an 
adequate factor. Thus we obtain the m odified  Galilei transform ation

* ' =  (* — V ) / / , у  =  у ' . г' = 2 ;

*' =  * ■ /  (10)

Let us call th is transform ation sh ortly  virtual; indeed, so we perceive 
the distance x  and tim es t m easured in th e  m oving system  by p h ysica l tools. 
The virtual transform ation rem inds us o f  the Lorentz transform ation, it 
deviates from  that only in the tim e.

R eturning to  the M ichelson e ffect, le t us exam ine how m uch is the  
velo c ity  o f ligh t in various directions w hen m easuring it by p h ysica l tools in 
our m oving system . Let us consider, e .g ., the beam o f light departing from the
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orig in  o f  our coordinate system  and propagating along the path m aking  
an angle cp' to  axis x' in  p lane x', y '  w ith  th e  velocity  w measured by us. 
T h en  th e  m otion of the p o in t o f light is described by the following equations:

y ’ =  w  cos rp • t ,

y ’ — w  sin C p ■ t . (11)

L et th is  m otion be transform ed into the absolute space b y  the v irtu a l 
tran sform ation  given b y  (10). B y  simple calcu lus we obtain

x  =  (v0 - \ - f 2w cos cp)t , 

y  — f w  sin cp t .

H en ce , th e  com ponents x  and y  of the absolute ve lo c ity  of light can be deter
m in ed . The sum of their squares m ust be c 2. W riting it down we g et a 
q u ad ratic  equation for w w ith  the surprisingly sim ple solution

w  = --------- -----------  . (12)
l vo1 i --------cos cp

c

(T h is  solution is rational because the quadratic equation could be transformed  
into a p u re  quadratic fo rm .)  T h u s , i f  we could measure the velocity o f  light in  
our m ovin g  system by some tool we would get a result depending on both its  
direction and our own velocity.

S u b stantia lly , the m easuring arrangement o f  Michelson com pared those  
in terv a ls  o f tim e during w hich  the beam covered the perpendicidar arms o f  
id en tica l length . Let the len g th  o f the arm be к and the angle of the position  
of one o f  th e  arms cp. A ccording to  (12) the tim e required to  cover th is distance is

Пч>)
к

С
- cos cp (13)

The d irection  of the back course is cp -}- 180°, th u s in the above formula cos cp 
changes its  sign. The sum o f partial tim es of the forward and backward runs 
is 2k /c . S o , the total tim e depends neither o f th e  direction o f the beam  nor 
our ow n  v e lo c ity  v0.

A ccording to the above discussion, the m easurem ent o f M ichelson is 
in sen s it iv e  to  the anisotropy o f th e  propagation o f lig h t. The substantially  fau lty  
consequences are nevertheless practically  true. T he experim ents verify  the  
fu n d am en ta l principle of the th eory  of re lativ ity , th e  equivalence of the inertia  
system s. T he laws of physics are described in our m oving  system  of coordinates 
by th e  sam e equations as in  th e  absolute space (le t us think of the M axwell 
eq u ation s). What is the explanation for this?
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4. Theory of relativity

Einstein started with  the assumption based on the Michelson experiment 
that all inertia systems are equivalent. Although we have found that classical 
physics  was right rejecting this conclusion, it has a great practical importance  
because it represents a necessary idealization expressed in Lorentz transformation. 
We must conclude that the equivalence o f  inertia systems, i.e. the va lid ity  o f  
Maxwell's equations in all inertia systems, is a very good approximation and  
it is true with such an accuracy that its error cannot be demonstrated by  
terrestrial experiments.

This statem ent can be translated into th e  language of m athem atics as 
follows:

— The Lorentz transformation is an approximation o f  the virtual transforma
tion representing the physical reality , w hich is favoured by sym m etry  
properties. Its  error is negligible in terrestrial dimensions.

For the analysis o f th is error let us write side b y  side both transform ations, 
om itting the triv ia l coordinates y  and z:

V IR T U A L  LO RENTZ

* ' = ( *  — V )  —  X я  =  (x — v 0 t ) y

t'  =  t . f  t" =  (t — v0xjc2) -

where

/ = / 1  -  К  /<02 -
In  space coordinates the transform ations agree, on ly  the tim e coordinates 
differ. A t first sight th is  difference seems to  be very substantial. In the for
m ulas x' and t' the contraction of x  and the d ilatation  of t appear exp lic itly  
from the position o f factor f ,  but in the entirely  sym m etric formulas x" and 
t" it  seems as if  there wTere contractions in both  coordinates. This m isleading  
picture (that is also im portant from the engineer’s view point) will be corrected  
i f  coordinates x" and t" are expressed by virtual coordinates in term s o f the  
above equations:

x" =  x ’ and t" =  t ’ - ^ - x ' .  (15)
c2

In these form ulas th e  closeness o f the tw o transform ations appears quite  
clearly: the rate o f contraction o f x  and the d ilatation  o f l coincide exactly , 
only the origo o f  the tim e scale t" is shifted depending on distance.

(14)

7
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T his shift of the starting  point is the error of the Lorentz transform ation  
w h ich  is  negligible in terrestrial scales (w ith  sm all values o f x).

W e arrived at the end o f our experim ent. We have built up the com pleted  
th eo ry  o f  N ew ton which b y  an easily  follow able conservative w ay o f thinking  
arrives a t the Lorentz transform ation. A s a m atter of fact th is w ay  is longer, 
o f course, since E instein departs from  the Lorentz transform ation, h u t for the 
engineering  thinking th is certa in ly  is com pensated by an easy understanding.

5. D eflection  of light

T he shift of the starting  point o f  tim e scale given b y  the Lorentz 
transform ation  depends on distance. It is obvious to seek the error o f Lorentz 
transform ation  in a phenom enon o f “ celestia l size” . Such a phenom enon is the 
d eflectio n  o f the beam  of ligh t passing near to  the Sun. An opportun ity  to  
m easure it  is seldom given, it  can be m easured only in case o f to ta l eclipse of 
th e  Sun at some points of the E arth . Owing to  th is the evaluation  o f th e  results 
o f m easurem ents cannot be regarded as concluded yet. This is also shown in 
P a t h r i a ’ s book “The T heory o f R e la tiv ity ”  issued in 1974 which dedicates 
a ch ap ter  to  the evaluation and réévaluation  of the results obtained in m easure
m en ts o f  eclipses of the Sun betw een  1919 and 1952. He gives these results in 
th e  fo llow in g  table:

T a b l e  1

Date Deflection 
(in seconds of arc)

29 M ay 1919 2,07 ±  0,09

21 S ep tem b er  1922 1,83 0,11
9 M ay 1929 1,96 0,08

19 Ju n e  1936 2,68 0,37

20 M ay 1947 2,20 0,38

25 F eb ru ary  1952 1,43 0,18

A s th e  tolerances given in  the tab le show , these results differ substantia lly  
from  th e  value of 1,75 seconds o f arc prognosticated b y  E i n s t e i n . (There is 
on ly  one m easurem ent in w hich th is value is w ithin the tolerance range.) This 
is a d irect refutation of isotrop y in the propagation of light in inertia system s. 
O f course, if, knowing th at the equivalence o f inertia system s is approxim ative, 
we can  regard this table from  other aspects, then we m ust establish  th a t the 
error o f  th is  approxim ation w hich seem s to  be undetectable (w ith our too ls of 
to -d a y ) in  terrestrial dim ensions, is sm all on celestial scale, too.
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According to  our theory set forth above, however, the tab le  o f  P a t h r i a  

has been expectable, if  the solar system  does not rest in the ab so lu te space. 
This is only a proof th at the ligh t deflection  is not independent o f  th e  mom en- 
taneous position of Sun and Earth in the space. This position in  th e  space is 
repeated every year, consequently the deflection  must also show  a yearly  
periodicity. Let us rearrange the tab le o f P a t h r i a  according to  th e  dates:

T a b l e  2

Date Deflection 
(in seconds of arc)

25 February 1,25-1,61

9 May 1,88-2 ,04
20 May 1,82-2 ,58
29 May 1,93-2,16

19 June 2,31 3,05

21 September 1,72 1,94

The order in Table 2 is quite surprising. From these few  d ata , o f  course, 
law s o f  the change o f deflection  can hardly be concluded. A t any rate, it  would 
be in teresting to  know the results o f m easurem ents after 1952 since th ey  would  
undoubtedly  w iden our knowledge o f the law s of deflection. For u s, however, 
th ese  sparse data o f m easurem ents have a proving force, since w e sought only 
for em piric proof o f the anisotropy o f ligh t propagation.

6. Conclusion

W e have arrived from  N ew ton’s th eory  to the Lorentz transform ation  
using the sim ple and traditional w ay o f thinking of classical physics. The 
practical equivalence of system s o f inertia is the most im portant principle of 
m odern physics. This principle affirm s th a t physical laws valid  in  th e  absolute 
space can be considered valid  in  all system s of inertia and th u s “ illusion of 
absolu te space” is justified .

E i n s t e i n  started out from the L orentz transform ation; to  be more 
ex a c t, from the exact equivalence o f system s of inertia. H is m eth od  has the 
advantage that it  leads d irectly  to  the m ost important principle o f  modern 
physics. Its disadvantage is th at ju st his considering the eq u ivalen ce at an 
exact feature has led to serious logical contradictions and to  th e  fam ous para
doxes of the theory of re la tiv ity , to  th e  indigestible thoughts on th e  mutual 
contraction  and dilatation  (observers m oving  near to each other “ see contract 
each  other”  — but w hat is the reality?).
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The most im portant advantage of the generalized  N ew ton’s theory  is 
i t s  clear structure; it  does n o t  require a concept o f  physical world d ev ia tin g  
from  th e usual w ay o f th in k in g  as e.g. the curved space (it is difficult to  con 
sider a straight line as b e in g  curved; w ith respect to  w hat the curvature is? ).

Classical physics h a v e  been  considered b y  th e  theory  of rela tiv ity  as an 
approxim ation  valid  at sm all velocities. We th in k  th is  is true rather in  the  
reverse order now. E in ste in ’s theory of re la tiv ity  can  be regarded by classical 
p h y sics  as an approxim ation valid  at small distances.

R EFE R E N C E

P a t h h ia , R. K.: The T heory of R e la tiv ity . Pergam on Press, H industan , pp. 225—233. 1974

Die Relativitätstheorie m it den  Augen des Technikers gesehen. — Die wichtigste G rund
w issenschaft der technischen W issenschaften ist die Physik . F ü r  den Techniker bedeu te t die 
au f  die absoluten R aum -Z eit-B egriffe der klassischen P h y sik  aufgebaute Anschauungsweise 
u n d  D enkungsart die stabile G rundlage seiner eigenen W issenschaft. K ein W under daher, w enn 
er sich  m it den neuartigen G edanken  der R elativ itä tstheorie  schw er anfreundet. In  der T a t 
b e s te h t zwischen der trad itionellen  Logik der klassischen P hysik  und  der relativ itä ts-theoreti- 
schen Logik ein A bgrund, dessen Ü berbrückung keine le ich te  Aufgabe ist. Die vorliegende 
S tud ie  versuch t diesen A bgrund  zu  überbrücken.
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IMPROVABLE BRACKETING OF THE CIRCULAR 
FREQUENCIES OF A STRAIGHT ROD WITH 

CHARACTERISTICS VARYING ALONG ITS LENGTH, 
PERFORMING FLEXURAL OSCILLATIONS

PA R T  II

Á. BOSZNAY*
DOCTOR OF TECHN. SCI.

GY. R IC H L IK * —GY. TÓTH*

[M anuscript received April 27, 1979]

The paper solves the problem  w ith the aid of the Poincaré — R ayleigh Ritz 
and F ichera’s m ethods and  points ou t some problem s arising in connection w ith  the 
numerical solution.

1. Introduction, aim s

The previous paper having the same title , [1] briefly resum es a possible 
solution  of the above problem , i.e . the im provable upper bounds are calculated  
b y  the Poincare—R ayleigh  R itz fin itization  and then the F ichera’s formula 
is used for the determ ination of the lower bounds. In order to  facilitate  the 
practical application th e  authors think it  necessary to  a ttract, w ith  the aid 
o f a num erical exam ple, the attention  to  som e problem s arising during the 
application. Subsequently [1] Part I w ill be considered and th e  references 
referring to  it w ill carry a “ I ”  before the num ber o f the equation.

2. The example

The object of the investigations: a rod free at one end, fix ed  at the other 
one, o f diam eter linearly  varying along its length , o f circular cross section, 
provided the mass d istribution  is hom ogeneous and Y oung’s m odulus is con
stan t. The “ own system  o f coordinates”  and the geom etrical param eters of 
th e  rod are shown at F ig . 1. W ith their aid the diam eter d , the area A  o f the 
cross section and the necessary cross-sectional m om ent of inertia  I z are

d ( x ) — ~  [UR — ( R  — r ) x ] ,  (1)

* Prof. Dr. Á. B osznay  Chair o f Technical Mechanics, F acu lty  o f E lectrical Engineer
ing, Technical U niversity , B udapest, H ungary
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A (x )  = - ? L [ L R - ( R - r ) x ] \  (2)

h ( * ) = ^ j [ L R - ( R - r ) x y .  (3)

F ig . 1 . T h e  “ ow n system  o f c o o rd in a te s”  o f th e  ro d  an d  its  d e te rm in in g  geom etrical p a ram e te rs

K n o w in g  these functions and provided q =  const and E  =  const, the operator 
sy m b o ls  defined in I ./(4) h a v e  been calculated. The system  of boundary condi
t io n s  I ./(6 ) is, in the present case, equivalent to

v(0) =  0, t/(0) =  0 (4)

g eom etr ica l and
v" (L )  =  0 t / " ( L )  =  0 (5)

d y n a m ic  boundary con d ition s. (The apostrophe sign ify  d ifferentiation w ith  
resp ect to  x.)

3. Choice o f  the basis functions cp„(x)

In  the following only  th a t  partial problem w ill be exam ined in  connection  
w ith  th e  question, w hether i t  is  sufficient in the exam ple to  select these func
tio n s  from  the admissible c la ss o f functions (fu lfilling  on ly  the geom etrical 
b o u n d a ry  conditions).

F or the applicability o f  th e  larger class of functions it  is sufficient i f  the 
p rob lem  fulfils a special con d ition  of definiteness [2], w hich w as discovered by  
C o l l a t z  and named K -d efin iten css from the in itia l o f the nam e К а м к е  [4 ].

In  order to exam ine th e  K -defin iteness it  is su ffic ien t in the present case 
to  ex a m in e  the scalar product (аЯ(р,ср) in the num erator o f  the R ayleigh quotient.

T w ice integrating p artia lly  gives

(c% , cp ) =  J  oL E I z(x)<p"2(x) dx +  [R(cp))Lo ( 6 )

w here

R ( V )  =  H * )  (E Iz(x)<p"(x))' -  E I J L x y p ' ( x y p " ( x ) ] L9 (7)

is th e  D ir ich let’s boundary m em ber.
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According to  К а м к е  [2] the definiteness can be exam ined in the present 
exam ple if  the second and third differential qu otien t can be elim inated from  
(7) w ith  the dynam ic boundary conditions (5). In  our case the mem bers con
ta in in g  ç /'(0 ) and <p'"(0) cannot be elim inated b y  (5), thus the K -definiteness 
cannot be investigated .

Therefore, according to the K am ke principle, the perm itted functions 
cannot be used. The cpn  functions (see I.) m ust be selected  from am ongst the  
set o f  com parative functions.

4. The (p„ functions used

According to  th e  num erical te st  of the authors, more accurate bounds 
are obtained if  in stead  o f H erm ite polynom ials th e  d4/dx4 operator eigenfunc
tion s are used, provided w ith the boundary cond itions (4) and (5). For a similar 
problem  M i c h l i n  has also used them  [3]. T hey  are

<pn =  a ln  sin ß rl X  +  a 2n cos ß n x  +  a3„ sinh ß n x  +  a in  cosh ß n( x )

га =  1 , 2 , . . .  (8)

where the ß n-s are th e  positive roots of the transcendent equation

cosh ßL  • cos ßL  +  1 =  0 ,  (9)

the djn-s ( j  =  1, 2, 3 , 4) m ust fu lfil the fo llow ing system  of equations which  
is a consequence o f  th e  boundary conditions (4) and (5):

0 1 0 1 « 1  n =  0

ßn 0 ßn 0 a 2n

— ßn  sin ß r L —ßn  cos ß n L ß n sh ß n L ß 2n ch ß n L a 3n

— ßn  cos ß n L ßn  sin ß n L ß l  ch ß n L ß n  sh ß n L _ °*n _

H ere the rank o f th e  coefficient m atrix is 3, because e.g. the subdeterm inant 
o f th e  third order belonging to the lower left corner is

ßßi cosh ß n L  +  ß l  cos ß n L ,

or also considering th e  characteristic equation (9) it  has the value

y> (cosh ß n L  —  1
cosh ß n L

w hich is only zero for ß n = .  0, but th is case has been excluded in the foregoing.
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Consequently there is one free unknown am ongst the ajn-s; one possib ility  
is  e .g . th e  selection alrl = 1 ;  another possib ility  is to  norm alize (pn b y  the pre
scr ip tio n  (oKxpn,<pn) =  1. E .g . M i c h l i n  calculates in  th is w ay [3].

T h e obvious fact th a t  th e  upper bounds obtainable in  th is  w a y  are not 
in flu en ced  by the choice o f  th e  free unknown has been reflected  also in our 
n u m erica l investigations. F or th e  calculations ain =  1 has been used , therefore

a2n =  a 4 n =  1 >
and

cos ß nL  +  cosh ß nL  
"I" ~  ~ ° 3п "  sin ß n L  +  sinh ß n L

5. C alculation of the lower hounds

T h e lower bounds can be calculated w ith  the aid o f form ula I ./(12) if  
fir st th e  values of the in tegrals in  the orthogonal invariants I ./(13) have been 
d eterm in ed . For this purpose one m ust first know  the operators defined in 
I . /(1 4 ). Considering the con crete case, the constants

Et =  E , g, = о

A , =  A (L )  =  r 2 n ,  I zl =  I Z(L) =  4 ^  (10)
4

d efin in g  th e  “ lower base prob lem ”  (the prism atic rod-satisfying the geom etrical 
b o u n d a ry  conditions of the original problem — of circular cross-section , the 
d ia m eter  equal to the sm allest diam eter in the original problem  or smaller 
th a n  i t ,  w ith  the same m ateria l constants as the original rod) the operators 
oKh oB;, <21 and Ж ,  can be estab lish ed  according to  Part I. The operator is 
th e  in te g r a l operator form ed w ith  the Green function  as a kernel o f th e  “ lower 
base p rob lem ” . To form the kernel [4] let us start from the function

Vi(x) =  ai ±  bi  +  («2 ±  b2) X  +  (a3 +  Ь3) X 2  +  (a4 +  f>4 )x3 (11)

w here th e  “  sign is va lid  i f  x  <T  ̂ and “ —”  if  x  |  and it, I £ [0 , L ]. 
The v a lu e s  a,-, 6,- (i =  1, 2, 3, 4) independent o f x  can be determ ined w ith  the 
aid o f  th e  boundary cond itions (4), (5) if  it  is considered th at at th e  point 
x  =  I  ??/(*), ??;(*), ifi{x) are con tin u ou s, T]'"(x) has the d iscon tin u ity  l / E / 2i. 
(M ech an ica lly  the so constructed  Green function gives the d isp lacem ent at an 
arb itrary  p oin t x £ [0 , L ] o f th e  ax is o f the rod o f the “ lower basic problem ”  
under th e  action of a unit force parallel to  the у  axis and acting on x  =  
=  I , I  Ç [O, L \.  Considering, th a t  am ongst the quantities ah bt (i =  1, 2, 3, 4) 
m ay a lso  be quantities d ependent on £, using the notations Gt(x, | )  instead
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of rit(x),
1

G,(x, I)
6 E I zl

1

6 E I „

(3£*2 — X 3)  , if  X  I ,  

( 3 f 2* - | 3) ,  i f

( 12)

From (12) it can be seen th at for a rod of any length  L  the same Green function  
is valid . The values o f the definite integrals 1/(14) can be calculated  and the 
inversion of the designated m atrix can be carried out on a com puter, inasm uch  
as the linearly independent system s ris(x) (s =  1 . . .  k) and Ct{x) (t =  1 . . . k2) 
were previously selected . (Let us remark th a t it  is unnecessary to  construct 
tw o linearly independent system s of functions, even the system  o f equations 
(8) can be used.) A fter these already I./(13) is available in the form o f a concrete 
num erical value and from  I./(12) n concrete lower bounds can be gained.

Resum ing the results obtained so far, it  can be stated  th at an algorhitm  
w ell adaptable to  a com puter is available for calcu lating the im provable bounds 
o f the circular frequencies of the chosen problem . I ./(12) shows th a t on ly  by  
using upper bounds approaching the real so lution  w ell can it  be hoped to  
obtain lower bounds approaching the real solutions w ell enough. (The increased  
accuracy rule refers to  the first several upper bounds.)

6. Numerical exam ple

In order to  recognize the efficiency o f the described m ethod, in the 
tab le are sum m arized the results for concrete geom etrical param eters (R  =  
=  20 m m , r =  15 m m , L =  103 mm ). For the sake of com parison the lines 
marked a f di q/E  and ot-udi Q/Е  contain the results for prism atic rods o f  2r and 2R 
diam eter, respectively .

Table

i =  1 * =  2 i = 3 i =  4 i =  5

2 Q
ü-iidi £ 1,235 • 10-» 4,851 ■ 1 0 -! 3,807 i o - 1 1,462 3,997

a e 
a-ut E 1,029 • 10 -* 4,327 • 10-* 3,062 i o - 1 1,143 3,217

2 Я 
a // E 1,017 • 1 0 -3 2,983 • IO"3 7,305 i o - 3 8,857 • 10-* 9,317 • 10- •

2 _ Q _  
V-ldi £ 6,948 • 10 "* 2,730 • 10-* 2,140 1 0 -1 8,232 ■ 1 0 -1 2,248
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The calculations show ed th at by using th e  Poincaré — R ayleigh  — R itz  
m eth o d , thus increasing th e  number of basis functions until 5 the va lue o f  
th e  upper hounds im proves. Increasing the num ber of basis functions above  
5 th e  value of the determ inant ordered to the coefficien t m atrix in the eigen
v a lu e  problem I ./(9) rap id ly  approached zero and correspondingly for the  
squares o f the resulting eigenfrequencies negative num bers were obtained, too .

W hen com puting th e  lower bounds k 1 =  k 2 =  1 and r](x) =  Ç(x) =  
=  6л;2 — 4л;3 -|- x4 was chosen because of the lim ited  com puter hours m ade 
p ossib ilities for us. The in vestigation s have show n that by choosing su itab ly  
th e  “ low er base problem ”  th e  numerical errors in  the calculation o f the lower 
b ou n d s can be considerably reduced. The prescribed integrations were carried 
out b y  m odified Rom berg procedure. The inversion I ./(14) was unnecessary  
because o f the choice k y =  k.2 =  1.

T he com puter work was done on the CDC 3300 com puter of the SzTAK I In s titu te  o f 
th e  H ungarian  Academy of Sciences. The fram e of th e  program  system  was w ritten  in SIM ULA 
67 p rog ram  language. The solu tion  of the transcendent equations (9) and of th e  eigenvalue 
p rob lem  I./(9) were obtained w ith  a FO RTR A N  program  of double m achine accuracy.
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OPTIMAL DESIGNING OF PIPE NETWORKS BY 
INTEGER PROGRAMMING

M. GRÓSZ*

[M anuscript received Septem ber 16, 1978j

In the paper the au thor deals w ith the  extension of existing w ater netw orks 
and the design of new networks. F or the op tim al solution of these problem s a nonlinear 
integer program m ing model is presented. I t  differs from models known from  literature  
inasmuch as a) the pipe diam eters can assum e only discrete values; b) th e  w ater quan
tities fed from  the sources are n o t constants given beforehand, bu t param eters depend
ing on the netw ork; c) m inim alization of the investen t costs and of the operating  expens
es is aimed at. The definition o f th e  problem  is based on graph theory  and  network 
flow theory. In  order to reduce th e  possible num ber of pipe d iam eter com binations a 
special so-called minimal tree has been bu ilt up. The nonlinear integer program m ing 
problem has been solved by th e  m ethod of p ena lty  functions. K nowing .the minimal 
tree the discrete diam eter com bination n ear the  accurate optim um  have been sought 
for which provides, together w ith  the corresponding w ater quan tity  a local optim um .

1. Introduction

The present paper deals w ith  the exten sion  o f existing w ater networks 
and the planning o f new networks. D uring the last few years m any paper have 
been published on th is problem , which fact reflects its practical im portance.

A good review  of the results is given  b y  C e n e d e s e  and M e l e  [3]. Part 
o f the authors have already assum ed discrete variables for the pipe diam eters 
and the investm ent costs besides [1, 3, 11] th ey  have also striven at m inim iz
ing  the operating costs [5]. B u t the m ajority o f authors do not consider the 
quantity  of water fed from the sources (w ater tow er and pum p), but considers 
th is  as being constant.

In this paper a possible non-linear integer program m ing m odel for 
designing pipe networks is presented where the pipe diam eters can assume 
only  discrete va lues (i.e. th ey  can be selected  only from the availab le pipes) 
and the real q u an tity  of feed from  the sources is considered. A pplication  of 
the integer program m ing m odel becam e necessary because the resu lts o f  the 
continuous m odel do not satisfy  practical requirem ents.

Optimal designing of pipe netw ork shall mean the follow ing: those pipe 
diam eters belonging to the branches o f the network with open branches and

* M. G b ó s z , Csalit u. 9, H-1025 B udapest, H ungary
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w ith  a closed-loop are selected  from a given  set o f  pipe diam eters w here the  
in v e s tm e n t costs and the operating costs are m inim um  and in addition to  the  
fu lf ilm e n t o f hydraulic conditions the lim iting conditions for the nodal pres
sures are com plied w ith , too . The paper does n o t deal w ith optim ization  o f  
th e  n etw ork  outlay, nor w ith  the schedule o f  the construction of the new  n et
w ork , th e  prognostication o f consum ption or the m aintenance costs. B u t the  
prob lem  is  form ulated in  such a general w ay th a t i t  is suitable for solv ing  other  
n etw ork  problem s, besides th ose  o f water netw orks.

2. Definition of the network problems

L e t us introduce a f ic t iv e  node into the netw ork [9] and connect it  
w ith  th e  source nodes (fictive  branches). In the fic t iv e  node the fed-in q u an tity  
is m ade equal to the to ta l consum ption of the netw ork. The fictive nodal point 
perm its to  consider the real w ater quantities delivered by the w ater tow er  
and th e  pum ps. This m eans th a t the quantities fed-in  by the various sources 
need n o t  be fixed  beforehand, but that th ey  m ay change. D epending on the 
ch aracteristic  of the pum p and for several w ater towers the w ater levels  
d ev elo p in g  in them  can be calculated .

Subsequently  the w ater netw ork is considered a connected graph D ( K ,  I)  
w here К  is  the set of the edges o f  the graph. J, the set o f the nodes of the graph.

On th e  edges D  o f the graph are assum ed arbitrary directions (F ig. 1). 
Let us in troduce the sign ride for the nodes according to Fig. 2, and establish  
the tw o  K irchhoff laws:

Pi — P j =  fk(dk) • 4k • M  > (fc =  1, . . n; £, j  =  1 ,2 , . .  ., m)

^  4k 4k =  ai 1 ( £ = = 1 ) 2 , . . . ,  n)
как :  x î k î

7

й

( 1 )

( 2)

Fig. 1. (1 =  pum p; 2 =  w ater tow er)
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i —  ©  - J

Pi q- p‘

where

Pi
4k

fk('h) 
dk

— the node pressure in the i-th node,
-  the delivered (flowing water q u an tity  in th e  edge (t, j )  (w ith sign according to 

the direction)
_  8,27 • 10, rk lk

4
— the pipe d iam eter belonging to the edge (t, j)

K j ,  К ]  — the sets of incom ing and of outgoing edges belonging to the i-th  node
rk — roughness
i/( — length  of the  edge (i, j)
ai — consum ption in the  i- th  node
n =  | i |
m  =  |K |. (the sign | . | signifies the rank of the set, th e  num ber of elements of th e  set.)

Now let us define the network problem s w ith  the aid of edge-node in ci
dence m atrix:

G =  Ш
0, if  the k-th  edge does not belong to the i-th  node
1, if  the k-th edge runs in to  the i-th  node
1, if  the k-th edge em erges from the i-th  node

B y th is a sign rule for the vertices has been laid down.
From th e theory  o f network flow s it  is known [7] that th e  rank o f  

m atrix G =  m(n  1). I t  is also known th a t m atrix  G is always o f  com plete  
colum n rank, th a t m eans that it is su ffic ien t to  establish the nodal law  for 
n — 1 nodes.

The tw o K irchhoff laws and the lim itin g  conditions are in m atrix  form:

G • p  =  s ,

GT • q =  a ,

p  ^  p m in ,

where

s  = { * / } =  { f i q i  | 9 i | } ,
a — the vector of nodal consumptions
pmin _  the vector o f m inim um  pressures p erm itted  in  th e  nodes.

(3)
(4 )

(5)

It is also know n from the theory o f  netw ork  flows [7] th a t to  th e  non
singular subm atrix o f  m atrix G corresponds to  a connected tree and conversely .
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T he num ber of trees can be given on the graph D as follows:

t =  det \GT ■ G\ .

From  th ese trees is constructed  a uniquely  connected  minimum tree. A con 
n ected  m inim um  tree m eans that any vertex  o f  the graph D can be reached  
along th e  tree by the shortest route from th e  nearest source.

T he construction of th e  m inim um  tree is needed because m in im ization  
of th e  operating costs is strived  for so th at th e  m ajority of the w ater q u an tities  
is transported  on the shortest route as far as possible and that th is is taken  
in to  consideration  w hen choosing the pipe diam eters. But this beginning does 
n ot in flu en ce the result o f the optim ization . On the other hand, know ing the  
m inim um  tree, the m atrix G is partitioned in to  tw o parts and accord ingly  
E q. (4) is rewritten:

[GBr GSr ],

■]
a

w here, expressing the transported quan tities belonging to the branches o f  
th e  tree

q' =  [G.RT] _1 (a -  G S T ■ q")

For one com ponent

q'i =  ßi —  a , f • q'l (i t  В) ( 5)
t £ N  7

w here
[GR* ] - 1 a =  {ßi }  ( i £  В)

[GS ■ G R ~ 1]T =  { xí} (i  £ B, t £ N)

N  — th e  se t of the indices of the edges no t belonging to  the minim um tree (or th e  se t of th e  
indices of the corresponding variables q i),

В  — th e  se t of indices of the  variables q,- belonging to  th e  tree.

E q . (6) shows th at the w ater quantities belonging to the com plem entary  
of th e  tree uniquely  define the water qu an tities belonging to the tree.

T he follow ing chapter presents a possib le m ethod for constructing  a 
m inim um  tree.

3. Construction o f the m in im um  tree

For constructing the m inim um  tree th e  solution  of the shortest path  
problem  know n from literature is used.

To every  edge o f the tree is assigned a d istan ce zly, which m ay on ly  assum e  
a p o sitiv e  value. Let us determ ine the shortest path from the i-th  v er tex  to

Acta Technica Academiae Scientiarum Hungaricae 90,  1980



O P T I M A L  D E S I G N I N G  O F  P I P E  N E T W O R K S 295

th e  other vertices o f the graph. Then w ith  the aid of the D ijkstra algorithm  
such a tree is constructed w hich contains all the shortest paths from  th e  i-th  
vertex  to  the other vertices of the graph [7]. The i-th  vertex is called  th e  root 
o f the tree.

The value Zy assigned to  the fic tive  edge is taken as being zero and for 
the root the fic t iv e  node is chosen. The tree constructed by the D ijkstra algorithm  
is at the sam e tim e a m inim um  tree, any arbitrary node being accessib le from  
the f ic tiv e  node by the shortest path along the tree, the length o f  th e  fic tiv e  
edge being zero.

To determ ine the m inim um  tree th e  va lues Zy assigned to  th e  edges are 
required, therefore, let us revert to  the selection  o f the param eters Zy. For a 
netw ork situated  on a fla t land the param eters Z y  are equal to  th e  distances  
betw een nodes (ifc). In  h illy  country the param eters Z y  m ust be determ ine  
tak ing  in to  account the height differences betw een the tw o nodes.

The D ijkstra algorithm  used for constructing the minimum tree a further 
edge to  the tree is connected w ith each step . Before deciding w hether th e  edge 
in  question belongs to  the tree or not, the param eters zy of the edges m ust be 
calcu lated  w ith  w hich the tree can be continued:

Zij =  x ij(Ahij) ■ lk (7)
where

Ahjj — the  geodetical height difference betw een th e  nodes i and j .

The param eter a y  is chosen according to  practical experience and it 
influences the construction of the m inim um  tree, but not the so lu tion  o f the  
problem , the m inim um  tree only helps to  produce a good approxim ation.

N ow  all know ledge necessary for constructing the m inim um  tree is 
available and thus the m athem atical m odel o f  the problem can be d ea lt w ith.

4. The mathematical model of the problem

K now ing the m inim um  tree and correspondingly the decom position  of 
the m atrix G the K irchhoff law (3) is rew ritten  as:

GR - p  =  s ' , (8)
GS ■ p  =  s" . (9)

From  (8) the node pressure can uniquely determ ined:

p  =  G R - 1 ■ s ’ , (10)

and if  th is is substituted  in to  (9)

GS ■ G R - W  =  s "  . (И )

A c ta  T e c h n ic a  A c a d e m ia e  S c ie n t ia r u m  H u n g a r ic a e  9 0 , 1 9 8 0
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T h e system  of Eq. (11) is  but the loop law . (11) is rewritten so th a t the  
va lu es q' are introduced from  (6):

2 « t t f l { * l )  ■ V i i ß i - 2 * i t q':Y =  m t)q" ■ \q"\ ( t £ N )  (12)
i i B  !  t £ N  )

w here

Vi =  sign [ßi — «и q'l’ j  ■

So a nonlinear system  o f equations has been obtained where on ly  the  
w ater  quantities carried along the edge belonging to  the com plem entary of 
th e  tree  and the pipe d iam eters belonging to  th e  edges of the com plete graph  
are u n k n ow n .

N o w  let us try to  w rite down the lim iting conditions (5) w ith the aid of 
the sam e unknowns. Eq. (10) th e  node pressure drops, therefore, know ing the  
p erm itted  node pressure drop (5) can be w ritten  as follows:

G R - 1 ■ s' <; A pmax, 
or

2 ’ utJ yj ■ fj(dj) (ßj -  2  «it q';)3 <  Ф Г  (i e IIJ)  (13)
j Z B  V t i N  !

w h ere

GK-i =  {Uij}
J  — th e  se t of such nodes w h e re  a source is p laced ,
/ I p ПX — th e  m ax im um  p re ssu re  d ro p  p e rm itte d  a t  th e  i - th  node.

C ondition (13) can be interpreted only for the nodes not containing the  
source, besides it is not ab so lu te ly  necessary to  express it  for every node.

W h en  stating the problem  it has been m entioned  th at optim um  pipe  
diam eters are needed for a g iven  pipe diameter set. In  order to write down th is  
in  a sim p le m athem atical w a y , le t us introduce a variable x

{ 1, if  along the i- th  edge the j - th  pipe diam eter type occurs,
0 in the opposite case.

A s along each edge on ly  one pipe diam eter m ay occur, so the variables  
x t] m u st  com ply with the fo llow ing condition:

2 x u =  i ,  ( * £ * ) •
j - 1

W ith  the aid of the variab le Хц let us w rite th e  functions dj and ft(dj):

j
di — à, j Xj j ,

7=1

f i (d i)  =  К  2 (1 4 )
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where

<5jj — the j'-th pipe d iam eter perm itted along th e  i- th  edge, 
h j  =  8,27 • 107 • r, ■ l t ,
j *  — the num ber of perm itted  pipe diam eters.

Now let us turn  to the objective function. According to C e m b r o w i c z  [2] 
the investment cost of the network is

where

2 2l> ■ c‘ ■ dT •  xu ’
i t K  J - 1

w 1,5

C{ — th e  cost of construction  1 m of the i- th  p ipe d iam eter (Ft/m).

(1 5 )

The total operating cost of the network is composed of two factors: the 
operating costs of the pump stations and the cost of energy loss required for 
overcoming the network resistance. The first factor is proportionate with the 
product of the working pressure of the pump and the fed-in water quantity, 
while the second factor is proportionate to the sum of the absolute value of 
the pressure drops.

Now the objective function C(x, q) will he, taking into account the total 
operating and investment costs of the network (14):

Based on the foregoing the limiting conditions are:

к„ кг, к3 — weighting param eters (constants), 
q““ 1 — th e  m axim um  o u tp u t of the pum p,

B j(q") — polynom ial obtained from the characteristic  of the pump.
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I t  depends on the order of m agnitude o f  th e  weighting param eters, 
w hether greater im portance is ascribed to  th e  investm ent costs or to  th e  
operating costs o f the planned network.

The first and the second member of the objective  function represent the  
sum  o f th e  absolute values o f  the pressure drops along the edges belonging to  
the tree and to  the com plem entary of the tree. The third member g ives th e  
operating costs of the pum p stations, while the fourth provides the in v est
m ent costs.

In  the sense o f the construction of the m inim um  tree the fictive  edges  
belong to  the tree. The length  of the fictive  edges is taken as being zero, th e  
correspoding /i/>7 =  0. Therefore, for the first m em ber of the objective fu nction  
it  is enough to  carry out the addition for the set B j K sz.

The condition (17) describes the loop law  as a function of the variab les  
q"(i £ N )  and Хц. Conditions (18) and (20) s ta te  th e  perm itted pressure drops 
and accordingly the upper lim it for the feeding b y  th e  pump.

5. M ethods for the solution o f the problem

For solving the problem  (16)H-(20) tw o m ethods can be proposed. The  
f i r s t  method  is an algorithm  consisting of tw o steps.

In the first step by som e heuristic m ethod a perm itted solution m ust be 
found, i.e . such a diam eter com bination w hich com plies with cond itions  
(I7 )-b (2 0 ). The heuristic m ethod is based on th e  follow ing idea: know ing the  
m inim um  tree and starting everywhere from the sm allest perm itted pipe d iam 
eter, th e  nonlinear system  of equations (17) is solved. For the obta ined  
variables qj conditions (18) and (20) are checked  (condition (19) is fu lfilled  
autom atica lly). I f  condition  (18) is not fu lfilled  for some node, so for th e  
shortest path  leading from  the root of the tree (source) to the node another  
diam eter com bination is chosen. In order to  reduce the number of com bina
tions and to  m inim ize th e  objective function it  is assum ed that along the edges 
belonging to  the tree constructed  on the base o f  th e  parameters ordered to  th e  
edge Z jj , the water transportation  is sm aller th an  along the edges belonging  
to  th e  com plem entary o f the tree. B y  this we h ave tried to obtain as good as 
possib le in itia l estim ate.

I f  for some pum p the condition (20) is not fu lfilled , to reduce the pipe  
diam eters along the edges connected to th is node w as tried. Thus, b y  engineer
ing  considerations and w ith  the aid of a heuristic m ethod after a fin ite  num ber  
o f step s, either a perm itted  solution is ob tained , or it  becomes clear th a t th e  
cond itions cannot be com plied w ith (no so lu tion  ex ists  for such cond itions). 
I f  there is a perm itted  solution , then as a second step  w ith  the aid of the im p lic it  
enum eration  m ethod [6] to  reduce the value o f th e  objective function  w as
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tried (using as a starting limit the objective function value of the permitted 
solution).

The number of combinations being (j*)m and for large problems this 
algorithm being practically unuseable in this form, it is more suitable to use 
here a simplified enumeration algorithm, which again is based on the knowledge 
of the minimum tree and the principles connected with it. With this algorithm 
a local optimum is obtained after a finite number of steps and practically 
after an acceptable time.

The second method considers as a first step the pipe diameters as conti
nuously changing. In this case it is suitable to re-write the problem (16)-r-(20) 
as follows:

d?ax ^  d, ^  dl",n (i Ç K) 

ß t -  2 * itq ;< q ? a* ( i d K S2).
t £ N

In the (PF) problem written in this way the number of unknowns is consider
ably reduced (2m — n -f- 1). In the (PF)  problem generally the objective 
function as well as the set of permitted solutions is non-convex in the general 
case, therefore, the attainment of the global optimum is not guaranteed and 
so one can speak only of a local optimum.

In the first step the local optimum of the problem (PF)  is determined 
if one exists at all. For this the method of penalty functions are used and thus 
the problem is reduced to a series of unconstrained extremum value problems 
for the solution of which efficient methods are already known from literature 
[4]. For increasing the efficiency of these methods we start out from an esti
mated system of diameters and the nonlinear system of equations is solved. 
From the diameters thus obtained and the variables q"(t  £ N )  the starting 
solution for the second step is obtained.

If  in the vicinity of the local optimum of the problem ( P F)  the problem 
(16)-H(20) has not even one permitted solution, that does not mean that the 
problem (16)-f-(20) has no solution at all. In such a case we try  to find a per
mitted solution by a heuristic method. If this method does not give a result 
either then the problem (16)-r-(20) has no solution, in the opposite case a local 
optimum is sought for with the aid of the enumeration algorithm.
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W ith  the second step  w e tr y  to “ discretize”  th e  d iam eters obtained from  
th e  op tim al solution, i.e . th a t  solution is sought for, w here the diameters can  
a ssu m e only  the discrete v a lu e s  in  store. This part o f  th e  calculation is also 
su p p o rted  by the m inim um  tree  and the principles connected  w ith it.

T he diameter values ob ta in ed  from the op tim u m  solution of the (P F ) 
p rob lem  are discretized accord in g  to whether the corresponding edge belongs 
to  th e  minimum tree or n o t. I f  it  belongs there, th en  th at diameter value is 
se le c te d  falling nearest to  th e  obtained value. I f  it  does not belong to  the  
m in im u m  tree, from those tw o  diam eters of the set b etw een  w'hich the obtained  
d ia m eter  is situated, th e  sm aller  one is selected. For th e  diameter series thus  
se lec ted  let us resolve th e  sy ste m  of nonlinear eq u ation s and then calculate  
th e  v a lu es  of the objective fu n ction  and its gradient. The latter can be ca l
cu la te d  for the unknown d iam eters only. From am ong the com ponents of the  
g ra d ien t vector, the one th e  largest absolute va lu e , is selected and consider
in g  th e  sign the pipe d iam eter belonging to th is com p on en t of the gradient is 
ch a n g ed  for the neighbouring diam eter belonging to  th e  set. After th at the  
n o n lin ea r  system of eq u ation s is again solved and th e  lim iting  conditions are 
ch eck ed . I f  these latter are com plied  with the value o f  the objective function  
is ca lcu la ted . If the va lue o f  th e  objective function  has dim inished, the gra
d ien ts  are calculated and th e  step s just decribed are repeated. I f  the obtained  
o b je c tiv e  function value h as n o t decreased, the change o f the first step is 
o m itte d  and the above in v estig a tio n  is repeated w ith  th e  next size gradient 
com p on en t.

W ith  this enum eration algorithm  a local optim um  is obtained in a fin ite  
n u m b er o f steps (m axim um  2 m); although it is n ot a lw ays the global optim um  
it  p ractica lly  supplies a co n v en ien t solution. It can be seen that by the latter  
m eth o d  the number of d ia m eter  combinations has been  successfully reduced  
from  ( j x)m to 2m.

In  the next chapter th e  algorithm  of the second m eth od  w ill be described.

Description of the algorithm

1. The (PF) problem is so lved  b y  the method of pen a lty  functions.
2. I f  a solution exists fo r th e  (P F ) problem, then  it  is m ark ed  (d°, q°) and step 3. fol

low s, in  th e  opposite case step  18. follows.
3. The corresponding d isc re te  d iam eter combinations are  produced:
a) if  the i-th edge belongs to  th e  minimum tree and

<5yi di <. 8ij2 (i € K )
th en  d f — ôjjt  <  <5ij2 — d'j follows d} =  ôjjl

in  th e  opposite case o'; =  6jj2
•>) if the i-th edge does n o t belong to the minim um  tree , then

8ij 1 =  di .
4. к — 1 and T  =  К  (se t T  is identical w ith set K ).
5. F or the pipe d iam eter com bination  produced th e  non linear system  of equations is 

so lved , fo r a starting solution th e  v e c to r  (dk,q°) is taken, th e  so lu tio n  is m arked y‘/c =  {dk, q c).
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6. I f  for y k th e  co n stra in ts  are n o t  fu lf ille d  th a n  9 fo llow s, in  th e  o p p o s ite  ca se  th e  c a l
c u la t io n s  are con tin u ed  w ith  7.

7. T h e v a lu e  o f  th e  o b je c tiv e  fu n tio n  Ck — F(dK, q ) is  ca lcu la ted  for th e  p o in t  y k.
8. I f  к  =  1 so Z  =  Cj,  in  th e  o p p o s ite  ca se  8 fo llo w s.
9. I f  Ck <  Z, 9 fo llo w s, in  th e  o p p o site  case 15 fo llo w s.

10. T h e  grad ien t o f  th e  o b je c tiv e  fu n c t io n  is ca lcu la ted  for d,- a t  th e  p o in t  y k.

V F i(dk, qk) ( i  € T )

11. T h e fo llow in g  ex p ressio n  is so u g h t  for:

m a x  I V F,(dk, qk) \ =
12. T =  T ,/{i*}.
13. I f  d f =  ó m ,  so  d? + 1 =  <5/.2, in  th e  o p p o site  ca se  d f + =  <5,-о.
14. к  =  к -j- 1, T  =  K l { i * }  an d  w e  retu rn  to  5.
15. T =  T/{i*}.
16. I f  T  =/= 0  (n o t e m p ty ) , th e  ca lcu la tio n  is fo llo w ed  b y  12, in  th e  o p p o s ite  ca se  b y  17.
17. I f  T  =  0  and  a d iscrete  d ia m e ter  co m b in a tio n  has n o t been  fo u n d , th e n  fo llow s

18 , in  th e  o p p o site  case th e  p e r m itte d  so lu tio n  corresp on d in g  to  th e  lim it  Z  is  a lo c a l o p tim u m  
o f  th e  p rob lem  (16) (20) an d  20 fo llo w s.

18. B y  a heu ristic  m eth o d  a p e r m itte d  so lu tio n  is so u g h t for. I f  th a t  is  fo u n d  th e  c o n ti
n u a tio n  is 19, in  th e  o p p o site  case th e  p rob lem  ( 1 6 ) -  (2 0 ) has no so lu tio n  a n d  20 fo llow s.

19. W ith  the  sim p lified  en u m era tio n  a lg o r ith m  a loca l o p tim u m  is  so u g h t  for.
20. E n d .
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O ptim alen tw urf von R o h rn e tzen  m it H ilfe  von g a n zzah lig e r P ro g ram m ie ru n g . Die E r 
w e ite ru n g  von v o rh an d en en , u n d  d e r E n tw u rf  von n euen  W asserle itu n g sn e tzen  w erd en  b eh an 
d e lt. Z ur O ptim allösung  d e r P ro b lem e  d e r K o n s tru k tio n  von  R o h rn e tz en  w ird  ein  n ic h t
lin e a re s  ganzw ertiges P ro g ram m ieru n g sm o d ell d a rg este llt. Z ur A bfassung des P ro b lem s b a s ie rt 
m an  a u f  d ie G rap b th eo rie  u n d  a u f  d ie N e tzs trö m u n g sth eo rie . Z ur A b m in d eru n g  de r Z ahl der 
m ö g lichen  K om b in atio n en  w ird  ein  S pez ia lb au m , d e r sog. M in im albaum  au fg este llt. Die 
n ic h tlin e a re , ganzw ertige  P ro g ram m ie ru n g sau fg ab e  w ird  m it H ilfe eines A b rech n u n g sa lg o rith 
m u s gelöst. Bei einer an d eren  B e h an d lu n g sm e th o d e  des P rob lem s w erden d ie R o h rd u rch m esse r 
a ls k o n tin u ie rlich  V eränderliche  b e tr a c h te t ,  so d an n  w ird  die n ich tlin eare  P ro g ra m m ie ru n g s
au fg ab e  m it H ilfe der S tra ffu n k tio n sm e th o d e  gelöst, u n d  bei K e n n tn is  des M in im albaum s 
w ird  e ine  in der N ähe des e x a k te n  O p tim u m s befind liche d isk re te  D u rch m esse rk o m b in a tio n  
g esu ch t, die m it der W asserm enge q "  e in  lokales O p tim u m  liefert.
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ELECTROMAGNETIC WAVE PROPAGATION IN MOVING 
MEDIA WITH SPECIAL REGARD TO FREQUENCY-

SHIFTS
“ANOMALOUS” FREQUENCY-SHIFTS IN ASTRONOMY

PART III. EXAMPLES OF APPLICATION

CS. FEREN CZ*

[M anuscript received A ugust 2, 1978]

In  th e  firs t p a rt a fter a comprehensive review  of problems which appear to be 
fundam ental in  the study  of electrom agnetic w ave propagation in m oving m edia it  
is shown how to  elim inate th e  observed discrepancy and the possible w ays of analyzing 
the electrom agnetic wave propagation  in m oving m edia are discussed. One of the 
discussed m ethods, developed under the nam e of relativ istic  ray tracing, is described 
in detail in th e  second part. I t  is shown how to  determ ine the signal spectrum  and  the 
so-called basic effect for w hich expressions fo rm u la ted  in cases though t to  be m ost 
im portan t. The weighting functions and th e  proofs of their form are given. F inally  
in the third part results of earlier similar analyses are utilized for explaining “ anom a
lous” frequency shifts and o ther associated w ave propagation  phenomena (line b roaden
ing, po larisation  ro tation , etc.) observed in th e  solar system . I t  is suggested th a t  sim ilar 
apparen tly  anomalous frequency shifts as well as o th er associated phenom ena observed 
in galactic and  extragalactic wave propagation  could be interpreted in th e  sam e way.

In th is section  applications o f the ab ove resu lts to  some o f the reshifts  
o f  non-cosm ological origin -will be briefly rev iew ed , m entioning, i f  necessary  
for com pletion, also other application  fields. F in a lly  perspective app lications  
w ill he suggested . Since part o f  the applications has been already sum m arized  
in  reports [17, 18], details o f  th e  in terpretations w ill not be d iscussed only  
referred to.

III /l Solar limb effect [16]

The so-called solar lim b effect has been an open problem for about h a lf  
a century, u n til 1970. This phenom enon is observed  on the extrem e lim b o f the  
Sun where the redshift o f the Fraunhofer lin es exceeds the gravitational red- 
shift of 0.636 km /s [2, 3, e tc]. The frequency variation  within the Sun can be 
accounted for b y  the m otion o f the source, th a t is b y  the m otion of the absorp
tion  site [59]. B y  m aking use o f  expressions (74) and (77) the tota l m easured  
curve can be predicted. In th is case

*4
_  A f  _  ;ra v _  2j/*str , v  s n̂  &

fo fo fo c

*Dr. Cs. F ekencz , Puskin u. 24, H-1088 B udapest, H ungary
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( 86)
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w here 0  is th e  angle o f the radius pointing to  the solar surface, to  the straight 
line from  the Sun to E arth , Afgrav is the gravitation al effect and Afstr is  the  
a lready know n effect produced by the direct m otion of the source (absorption  
site). T he substitution  o f v sin 0  for v in (77) running over the surface o f  the 
Sun (a lon g  the equator, etc .) becom es triv ia l on seeing the foregoing. Several 
m odels h ave been proposed for Afstn tw o o f th e  know n models have been  used:

a )  For simple outflow :

c o s 0  (87a)
fo c

b )  For Schröter’s m odel:

- ^ L ^ - f e c o s  0  (87b)
/о c

w here v  =  0.42 km/s is the proposed value and /?q  is explained in [59].
In  th e  calculations the density  m odel w as chosen to be an average value  

o f iVmax 109 cm 3. In F ig. 13 it can be seen th a t the theoretical m odel (86) 
is in  good  agreement w ith  th e  m easured values o f the limb effect [2]. T he full 
and open  circles represent va lues measured on the E ast and on the W est lim b, 
resp ectiv e ly . Curve (7) w as calcu lated  by m aking use of (87a) for v =  0 .3  km /s, 
w h ile  for th e  calculation o f curves (?) and (? ) expression (87b) was u sed . For 
curve (? ) w |p(n8)| =  0.3 km /s, for curve (?) v\p(ne)\ =  0.57 km /s. In  F ig . 14 
curve (? )  predicted from m odel (86) — (87a) is to  be seen as turned b y  9° and 
curve (? ) predicted from  m odel (86) — (87b) as turned by 6 —7° because o f  an 
ou tflo w  sim ilar to a helical arm.

km/sec

Fig. 13

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



E L E C T R O M A G N E T I C  W A V E  P R O P A G A T I O N 305

0,9 r- .

The m ost im portant conclusion which can be drawn is th a t the tota l 
picture including the observed redshift effect is accurately described b y  (86). 
The redshift in excess o f the gravitational effect is due to the radial outflow  of 
the solar atm osphere.

It is of interest to  note, in addition, that (86) does not contain an explicit 
frequency dependence, it varies only in a slight w ay w ith  ne while it  has to  
reflect at the same tim e the change in the interaction  in other w ays, too  (scatter
ing, change in scintillation , etc .). It can be understood from Fig. 11 th at the 
line broadens in  the direction towards the lim b. Thus, a m ethod has becom e 
available for detailed calculations of this effect in the future. The explanation  
of the starting (central) lines is assum edly a general problem of solar physics 
which cannot be specifically  related to the lim b effect. The present results 
thus give an explanation  o f every aspect o f the observations [67]. (For the  
evaluation of Fig. 11, it  m ust be known that in th is qualitative diagram  the 
interaction free — effect free — state corresponds to  n — 0.)

Ш/2 Occultation redshift and propagation “anomalies” 
due to propagation in the solar corona [13, 14, 15, 20]

It follows from  the above considerations th a t both the calculation  models 
(74) and (73) — (73a) w ill necessarily predict propagation anom alies in the  
inhom ogeneous corona expanding at high velocity . Owing to  the low  density  
in the corona (a slight departure of the refraction index from  1) and to  the  
rapid decrease in density  w ith  increasing d istance, the observation o f an
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an om aly  is to be expected  on ly  w ithin a distance o f a few  sun radius and it 
m u st be strongly dependent on the average extension  area, density and outflow  
v e lo c ity  o f the corona at th e  given period. In  addition, transient redshift 
effects should be caused b y  th e  high velocity  outbursts o f m atter from  the Sun 
(flare, etc.) if  precise m easurem ents are carried out.

T he given effect has been  observed w ith both  a natural radiation source 
(Taurus-A ) [4] and a space probe (Pioneer-6) [5]. Interpretation  studies were 
m ade b y  making use o f  th e  conventional corona m odels [56, 57, 60, etc .] as 
reported  in [13, 15].

N ote: In the early in vestigation s [13] the result (74) for a obtained from  
th e  to ta l calculation m odel o f  the radial outflow  has not been available yet. 
The difficulties caused by th e  value determ ined from the secondary effect 
~  t>2/c 2 were later [15] elim inated  by using expression (74).

The tota l picture m odel is

( R\ V'q(ni.’ ß) ——
ci

i 2 '
-  1 Pn v i) ! —r

c j

w here the notations are in agreem ent w ith  those used in (73a), (74), (82), vr is 
th e  radial outflow , v i the v e lo c ity  average of the high velocity  quasi-plane 
paralle l outbursts.

In  the calculation th e  average electron d en sity  w as assum ed to  vary as 
r -3  over the given heliocentric distances (3 —10 R q ), thus for 3.Rq  we calculated  
w ith  N 0 — 2 X 105 cm -3 [56, 57, 60]. This gives for a values of ~  10~ e >  1 0 ~7. 
In  in a ctiv e  periods o f solar cycle  it  m ay decrease below  10-7 . The value of a 0 
w as determ ined by fittin g  (88) to  values m easured at a single point. This point 
w as th a t of Afmax in Sadeh’s m easurem ents at each tim e at which the radiation  
source Taurus A gives the b est approxim ation to  the Sun [13]. Calculating  
w ith  th is value, (88) reproduced the values obtained in both the Taurus A [4] 
and th e  Pioneer 6 [5] m easurem ents to an accuracy w ithin  the errors of the 
m easurem ents.

Figures 15.a —b show  th e  data obtained from  the Taurus A occultation  
experim ent in 1967 (a) and th e  com bined 1967 — 68 (b) data as published [4, 
e tc .]  along with the curves predicted from (88) where the heliocentric distance 
is R  and the approxim ation takes the form

w ith  i  =  2 ,3 , 4 in accordance w ith  the above considerations. The residual of 
th e  m easurem ents w ill he discussed later. An open problem  is, in fact, the basic

rp N d s ( 88)

4 f
/о

Acta Technica Academiae Scientiarum Hungaricae 90, 1980



E L E C T R O M A G N E T I C  W A V E  P R O P A G A T I O N 307

line of the m easurem ents since the error o f  th e  m easurem ents is large. A nother  
difficu lty  is th a t the aim was to  find  a str ic tly  constant effect, and therefore, 
the 1967 and 1968 results have been pub lished  in a com bined form . (The 
m easurem ents were carried out on 21 cm .)

Figure 16 shows the values m easured w ith  Pioneer-6 in 1968 (S -b an d ) [5] 
along w ith  th e  theoretical curve. The agreem ent seems to be good. H ere (89) 
was evaluated  w ith  the density curve for i  =  3, only. In this case th e  earlier 
(Fig. 15) predicted results had to  be fitted  in to  the measured values b y  tak ing  
in to  account th e  heliocentric d istance. I t  is o f interest to see th a t th e  same 
type of transient effect produced b y  solar a c tiv ity , the flares, is qu ite apparent 
from the data  w ith  low error o f  m easurem ents. The IF-type polarization  
transients necessarily  appearing in  the case o f  inhom ogeneous steep  fronts [7] 
— denoted b y  I P T  in Fig. 16 — and their uniform  interpretation [20] as well 
as the transient line broadenings, in agreem ent w ith  the results o f th e  spectrum
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November 1966 December

ca lcu la tion s discussed in section  II [8], are another and additional confirm a
tions o f  th e  theory. (The delays between the J P T ’s an d (zl///0)max ~ s are a con 
sequence o f  the delay betw een  the pressure and velocity  m axim um s in  the  
stream s near the Sun [70] under occultation .) I t  can  be seen from (83) th a t we 
are n ow  at the initial stage o f  [1 — exp ( — <r„n)] and that according to  F ig. 
11 a broadening by a factor o f  ~ 1 0  is to be exp ected  for this transien t in 
crease in  x  and ra. A reported  broadening [8] in agreem ent w ith th is prediction  
is show n in  Fig. 17a. As m any factors can be responsible for broadening, a 
deta iled  analysis of th is  phenom enon w ould be beyond the scope o f  th is  
paper. H ow ever, it  can be sta ted  that the average value of the m easured line  
broadening corresponds to  th a t expected from  F ig . 11 (Fig. 17b [68]).

I t  has to  be noted th at the curves predicted  for the lim b effect b y  ca l
cu la tion s m ade up to the lim b o f the Sun (1 R q ) using  the known density m odels, 
f it  w ell to  the redshifts m easured on the lim b o f th e  Sun within the allow ed  
f lu c tu a tio n s  in both cases ( I I .1 and I I .2).

T he m ost im portant conclusion is th a t a redshift caused b y  m ovin g  
inhom ogeneous media appears in the corona w hich  is greatly dependent on 
the param eters of the latter. I t  has to be noted  th a t this effect can becom e  
im m easurable due to a sm all decrease in the outbursts, that is, if  the higher  
pow er term s predom inate in th e  density profile

N  (R ) ed ^ — — (in our case i 31
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and th at the effect substantially  increases w ith  increasing outbursts (flares, 
etc .). For th is  reason the results reported in  [61] (m easurem ents on 18 cm) 
are not thou gh t to  be contradictions to  the theory  — as w ill be shown later. 
I t  is  thought th a t i f  the results of present interpretation  are utilized , occulta
tion  technique, could  becom e a useful m ethod for the stu d y  o f the corona. 
The only objection  m ade to the present interpretation  [12, 68] w ill not be 
dealt w ith here since it  has already been refuted w ith  relevant references in 
sections I and II .

III/3 Rotating, inhomogeneous media [15, 18]

In th is case expression (80) lends itse lf  to  the interpretation  o f observa
tions as it  shows th a t it  changes its sign due to  changes in the direction o f the  
velocities on th e  opposite sides o f the “ rotatin g  atm osphere” . For lack of 
m easurem ent d ata  o f  sufficient accuracy no detailed curve fitt in g  could be 
m ade because o f  th e  strong “ geom etry”  dependence.
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Fig. 18

N evertheless, some illu stra tive  results are available. The residuals after  
in teg ra tio n  [13, 18] of the Taurus A m easurem ents [4] show the effect of 
solar ro ta tion  of the expected  order of m agnitude of a few  1 0 -8  [13]. A result 
in  agreem ent with th is va lu e  w as obtained from the m easurem ents reported  
in  [6 1 ]. B oth  results are show n in Fig. 18 with a )  the Taurus A residuals 
and b )  th e  1968 occultation experim ents on the W 28S radiation source.

I t  is  also apparent from  Fig. 18 that the effect which can be linearly  
ap p rox im ated  in the transien t stage of decreasing tendency in the tim e of 
to ta l occu ltation  which is low er b y  an order of m agnitude as com pared w ith  
th e  sim ilar frequency shift o f  th e  Pioneer-6 oscillator [5] and thus the effect 
w as autom atica lly  suppressed b y  the mean oscillator frequency determ ination  
tech n iq u e  used in the experim ent.

I t  is im portant to  add th a t the rotation and internal flow s of the dense 
p la n eta ry  atmospheres [15] render the interpretation (81) and not (80) o f the  
o ccu lta tio n  measurements h ig h ly  problem atical [58, 62, 63] if, it  is used as 
u su a l. For th is reason it  has already often been proposed [15, 18] th a t these  
e ffec ts  shordd be taken in to  account.

III/4 Effect of the terrestrial atmosphere [17, 18, 19]

In  th is case it is useful to  separate the effects occuring in the “ traversing” - 
ty p e  o f  propagation e.g. sa te llite  to  Earth as described b y  (79) from  those  
arising in  the “reflected” -ty p e  propagation e.g. from Earth to  E arth as 
described  b y  (78).

a )  Satellite-E arth relation:
A ccording to calcu lations [18] the effect described by (79) for signals  

from  sa te llite  to a terrestrial receiver station  greatly depends on the angle of
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incidence. For perpendicular incidence (#  =  90°) the expected effect is

< io-11
/о

I t  increases if  the incidence is ob lique e .g . for b  =  60°, depending on the 
structure and sta te  o f  the ionosphere, it  can be

Ю-» -i- io-12 
/о

This m eans that possib ly  the effect has to  be taken into account in  extrem ely  
precise observation, but generally it  can be ignored. An estim ation has been  
m ade w ith diffraction index values w hich hold in the w avelength range from  
m to  dm.

b) Terrestrial transm itter-receiver relation:
In this case th e  effect is excep ted  to  occur as described by (78), th u s, it 

has the form

ad — A (n ,, b, etc) —  cos b  [ 1 — e Игр N sj  . (90)
/о  * L J

M easurements were carried out [1] in accordance with this arrangem ent and 
the results were successfully interpreted b y  m aking use of a m ethod which  
can be considered to  be a treatm ent o f  a special case in term s o f th e  here 
discussed com prehensive theory. The effect was properly attributed  to  the 
contribution from tropospheric w inds. In the following it w ill be show n how  
these experim ental results can sim p ly  be reproduced in terms of (90).

The experim ental arrangement is show n in Fig. 21 which exp la in s at the 
sam e tim e the m eaning of the angle m easured w ith respect to th e  horizontal 
axes in Figs 19 and 20 and shows th a t b  in  (90) is understood to  be th is  angle.

I t  has to  be tak en  into account in  th is  analysis that v/c is ex trem ely  sm all. 
It is known th at v/c  ~  10 8 and th a t in  (90) it can be taken to  be constant 
along the different paths of propagation [1]. It can also be seen th a t the  
observed effect is throughout of th e  sam e order of m agnitude. (The m easure
m ent was made b y  evaluating the d ifference in frequency after runs to  and fro 
using 960 MHz in  one and 810 M Hz in  th e  other direction.) In ad d ition , A is 
taken to  be independent of b  in th e  v ery  restricted range o f b.  H ow ever, 
since the ray path  diverges from a stra igh t line, th at is, the path is strongly  
curved w ith respect to the inhom ogeneous medium  (reduced to  b  th e  value  
o f # eff increases) [1], the coefficients are treated  as an unknown con stan t in 
the expansion for the small b. I t is an allow ed approxim ation th a t

a  0 ! Nds ad <т0 N  f ds =  CN s(b)J Tp Jrp
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km
Fig. 21

and it is apparent from Fig. 21 that

CN s($) —“ T-  (91>Sin 77

where Crp is a constant uniform ly characteristic o f  propagation path, d en sity  etc.
On su bstitu ting  (91) into (90) and expanding the latter in a power series 

of b, we get

SX Cy Û +  C2 №  (92)
Jo

where Cx and C2 depend on A , N , vjc, etc. It  is obvious that the curves show n  
in Figs 19 and 20 as well as all other m easured curves reported in [1] are 
approxim ated b y  expression (92). The coeffic ien ts Ct ; C2 obtained b y  fittin g  
and the results o f the detailed analysis o f  the propagation path (F igs 1, 11 
etc. in [1]) show  a good agreem ent. The interpretation  in terms o f the com pre
hensive theory  is sim pler and more general.

III/5 Brief review of other fields

In the foregoing a com plete set o f phenom ena (i.e. the solar system ) was 
discussed in term s o f the defined aspects. These results suggest that the to ta l 
application field  o f  the theory should be explored and that its u tilization  should  
be attem pted  in the interpretation of problem s which are still open [17]. There
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are know n “ problem atical”  frequency sh ifts in  some areas o f astronom y (a 
n on-com plete  com pilation is given in [55]). There is still a lo t o f work to  be 
done in  th is field. N ow  we m ust content ourselves w ith pointing out som e 
possib ilities.

a )  H igh velocity  flow s:
In to  th is category we m ay classify the outbursts of materials from  ex p lo 

sions in  th e  Universum , the h igh ve loc ity  outbursts from highly active galactic  
cores, transfer of m aterial betw een colliding gallaxies, etc. In a  crude approxim a
tio n  their  general characteristic can be taken  to  be, besides the high v e lo c ity , 
a cen tra l expansion or contraction or the sim ultaneous appearance o f  both .

In  th is case the basic effect described b y  (74) is expected to predom inate. 
T h u s, in extragalactic phenom ena o f th is ty p e  the frequency should sh ift as 
com pared  w ith  the average gravitational frequency determ ined b y  spacetim e  
m etrics more to  the red on the “ lim b”  of th e  phenom enon, if  it expands, and 
m ore to  the blue in the central parts. It is possib le to  see objects w ith  sim u ltan 
eous red and blue shifts. (The m easurem ents around the Sun and the arrange
m en t o f  the solar lim b effect can be taken as analogy.) I f  the flow  pattern  is 
m ore com plex a corresponding red-blue ordering can be obtained.

Som e anom alous observations in astronom y К -effect in our G alaxy, 
К -effect in the Magellan Cloud, etc.) seem to  be interpretable in an obvious  
w ay . T he integration o f (86) over the to ta l v isib le stellar surface gives som e  
broadened  spectral line exh ib iting  a change in  the average frequency. I f  the  
ou tflo w in g  am ount of m aterial is sm all a b lue-shift should appear, on the  
other hand, for a large am ount o f m aterial the change o f |р(пв)| and of 
s(e , n, . . .) in (84) should cause a predom inant redshift.

In teresting  effects can be envisaged in pulsing system s, in double, trip le, 
e tc . sy stem s w ith internal m aterial flow .

b)  Quasars:
I t  seem s that a high ve loc ity  flow  of large am ounts of m aterial is due to  

occur in  these objects. The explanation  of their  spectra still seems to  be an 
open problem .

A possible w ay for iso lating the flow  (expansion) effect seems to  be the  
con stru ction  o f a m odel based on the considerations under points II/4  a.3 and  
a .5 rely in g  on m easurem ents o f line broadening and o f possibly other param 
eters related to  flow  ve lo c ity  and on possib ly  random m easurem ents o f  
d istan ce, related not only to  the spectrum . In term s of this m odel (69) could  
be used  for analyzing the effect produced b y  th e  A f / f  caused b y  the flow . This 
w ould  provide a better m odel and lead to  a better approxim ation to  the  
quasar arrangem ent, etc.

I t  is precisely the im portance o f these analyses which is th ou gh t to  
ju s t ify  th is  detailed sum m ary. Of course, other (technical, etc.) application  
fie ld s  could  be envisaged.
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IV. Summary, conclusions

IV/1. A stu d y  o f electrom agnetic w ave propagation in m oving m edia has 
been presented as follows:

On sum m arizing the results o f in vestigation s into th is field  carried out 
date, it  is shown th a t a discrepancy seem s to  arise between the transform ations 
of the “ velocities”  o f a m oving plane and o f a m oving point from one ty p e  of 
inertial system  in to  another one. This problem  is necessarily encountered in 
the propagation o f electrom agnetic w aves in  m oving media when th e  analysis 
m ust sim ultaneously cover the plane w ave and the medium con sistin g  of 
mass points.

A review  o f the reported analyses reveals that by them , even  b y  sum 
m ing up the discrepancy could not be e lim inated . A solution o f the problem  is 
then proposed w ith  reference to [25].

The review ed analyses are critica lly  discussed. On show ing how  the 
m otion o f a physical phenom enon is described either in terms o f v e lo c ity  or 
in term s o f propagation vector and how th ese  tw o descriptions are related  to  
each other, it  can be seen that neither an ideal plane, nor an ideal point 
phenom enon can be well described in either o f these terms and th a t they  
behave in either w ay.

The proposed elim ination o f the d iscrepancy is general, it  is form ulated  
in term s o f geom etry and it  holds for any phenom enon.

I t  is stated  th at the proposed m odel o f  a physical phenomenon is expected  
to be invariant w ith  respect to inertial sy stem  only if  the m odel is com plete.

It follows from the above th a t for th e  description o f actual, m oving  
physical phenom ena one has to find  a form alism  which transform s at the 
lim it to term s o f propagation vector for p lane phenomena and to  term s of 
velocity  for point phenom ena. It is suggested  th a t the sim ultaneously particle- 
and w ave-like behaviour of physical phenom ena predictable in term s o f geo
m etry m ay en ta il further consequences. T his seem s to be a prom ising way 
for further investigations.

A m ethod is presented foi the stu d y  o f  com plete interference patterns 
and the n ecessity  o f  using the “ relativ istic”  ray tracing procedure is shown.

U nderstanding that the stationary sta te  and m onochrom atic are in  fact 
ensured b y  true plane w aves, the re la tiv ity  o f  their m aintenance in  real phys
ical system s is seen.

The im portance of the problem w hether the electrom agnetic fie ld  is open 
or closed and the difficulties th is m ay cause in practice are poin ted  out. 
A t the same tim e a possibility is indicated  for further investigations o f  energy  
im pulse tensor form s.

IY/2. The “ relativistic ray tracing m eth od ” is presented in detail.
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F ir st  the basic physical problem  is discussed. It is shown th a t in the  
case o f  a moving medium a sta tion ary  excitation  in one of the inertial sy stem s  
rep resen ts, even for arrangem ents in steady sta te , a non-stationary ex c ita tio n  
ch a n g in g  w ith  time into another inertial sy stem . Two kinds of an a ly tica l 
m eth o d s are presented, a sim ple procedure used in  the present stu d y  and a 
m ore accurate one for the an alysis o f this signal relatively  stationary in  tim e.

T h e  relativistic ray tracin g  method is described in detail. The “ basic  
e ffec t”  and  the “ weighting fu n ction ” are defined . For illustration a b lock  
diagram  is given.

T h e  spectrum  of the sign al generated b y  the m oving set of mirrors is 
d escrib ed , in general, and in  a special case, g iv in g  detailed results for th e  
sp ecia l case .

I t  is  shown how to  determ ine the average frequency variations caused  
by m o v in g  inhom ogeneous m edia . The functions describing the basic effect 
are form u la ted  for co-m oving inhom ogeneous m edia o f plane parallel structure; 
n on -co -m ov in g , inhom ogeneous media of plane parallel structure; exp an d in g  
radial f lo w ; co-moving inhom ogeneous m edia o f  non-strictly plane parallel 
stru ctu re and for rotating inhom ogeneous m edia o f  spherical sym m etry. The  
w eig h tin g  function is constructed  from m atching results of physical considera
tion s an d  spectrum  calcu lations.

IV /3 . Exam ples of application  are presented:
Interpretation  of the solar lim b effect.
U niform  interpretation o f  the anom alous redshifts (frequency variations)  

in so lar occultation  experim ents also showing their  relation to the solar lim b  
effect.

T h e  effect of the rotation  o f the Sun around its axis is analyzed and it  
is p o in ted  out that the analogue of this effect should he taken into account 
in th e  occu lta tion  study o f fast-rotatin g  planets w ith  dense atm ospheres.

E ffe c ts  occurring in th e  terrestrial atm osphere and their fittin g  to  th e  
uniform  interpretation are show n.

I t  is  suggested that th is  interpretation m ethod could be successful in  
ex p la in in g  phenomena (К -e ffect, etc.) w ith in  the galaxy  and anom alies ob
served in  galaxies-galactic groups and in the stu d y  o f high velocity  drifts and  
of qu asars.

IV /4 . The proposed th eory  perm its the “ anom alous redshifts” to  be tr iv 
ia lly  an d  uniform ly explained  in a way w hich sim ultaneously confirm s th e  
e x te n s iv e ly  supported B ig-B an g  theory and, o f  course, it  is consistent w ith  
our p resen t notions of physics (it seems th a t it  helps, also in elucidating th e  
co n cep ts  o f  “ plane” and “ p o in t” ).

IV /5 . I t  seems possible in  th e  light of present notions to group the effects  
in d u cin g  changes in experim ental investigations and concerned w ith  space  
research and astronomy.
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a)  Possible causes o f frequency shifts: m ovem ent o f signal source, m ove
m ent of receiver, space-tim e geom etry (gravitation), m oving inhom ogeneous 
medium.

b)  Possible causes o f line broadening: rotation  o f signal source etc. 
(direct m otions) turbulence, therm al convection , flow ing m edium , quantum - 
physical causes (ratio o f  spontaneous to  induced em ission, etc.).

c)  Possible causes o f change in polarization: anisotropic m edium , change  
of polarization in  signal source, traversal o f  inhom ogeneity, absorption sen
sitive to polarisation .

This grouping is neither com plete nor fin a l, nevertheless, it  seem  to  
he useful.

A uthor is indebted  to geophysicist G y . T á r c s á i  for his collaboration in in terpre tations 
and model calculations and  to  colleagues G y . PA l  astronom er and F. K A r o l y h Az y  physicist 
for advice and critical discussions.
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The f ir s t  part of this paper gives a short sum m ary of fundam ental relations and 
common m ethods for the investigation of inhom ogeneous transm ission lines. Then 
using the m ethod of inhomogeneous basic modes it  shows a process for determ ining the 
wave p a tte rn  along th e  line which seems to  be generally sufficiently useful. Based on 
this, one m ay have different categories of transm ission lines. F inally by using a fu rther 
m ethod too, the way of determ ining the wave p a tte rn  and the different line categories 
is shown. The second part of the paper gives the m anner of determ ining the group veloc
ity  by using a pertu rbation  process based on the m ethod  of inhomogeneous basic modes. 
In  this case homogeneous, inhomogeneous and  w ith in  stric tly  linear and  dispersive 
lines are analysed. F inally an example is shown for determ ining the wave p a tte rn  and 
group velocity  by using the m ethod of inhomogeneous basic modes.

6 . Group velocity on the transmission line

Besides determ ining the w ave pattern, it  is very  interesting to  investigate  
the propagation o f energy, that is, the group ve loc ity  o f the signal under prop
agation  both in free space and along transm ission lines. This is the first step  
o f  determ ining the delay-tim e, and of analyzing the propagation o f transients  
or m odulations.

6.1 Conditions fo r  defining the average energy

As is know n [1, 2, 8, e tc .], the energy equation com ing from  M axwell’s 
equations takes the form of

S d Ä

where the P oyn tin g  vector is

S  =  Ex H.

(6.1)

* F e r e n c z n é  Á r k o s  I l o n a , H - I d e s  B udapest, Pusk in  u. 24.
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I t  can be seen, th a t the result o f the energetic analysis depends generally  
on geom etry  and tim e too , apart from the characteristics of the electrom agnetic  
fie ld . For a more general in vestigation  the stochastic analysis o f the m om entary  
P o y n tin g  vector (s f, t) m ay provide more inform ation on the oscillation , drift
ing  in  space of the energy. H ow ever, group ve lo c ity  cannot be spoken about, 
for th e  results depend on the interval o f integration , too.

T he problem w ill be som ew hat easier in  case of transm ission lines, as 
w as se ttled  in the beginning, th a t the average values of the different param eters 
are unam biguously defineable (Part 2).

Further, a detailed analysis using w ave propagation showed [8] the  
con d ition s o f determ ining average energy, independently  of the surface along  
w hich  it  is “ measured”  and o f tim e, and the propagation of which m ay already  
be defined  and therefore group velocity  can be determ ined.

T he m om entary value o f  P oynting’s vector is

s(r, t) =  F (f , t) X H(r, t) .

The average in tim e o f the energy flow ing through a surface A A  during a 
tim e  in terva l At =  t2 — t1 is

T he average m entioned above m ay be considered as unam biguous in 
th a t case when the integrals in  t and A  can be com m utated, that is, when

W  =  W °  (6.3a)

and in  an unambiguous and su ffic ien tly  sm all neighbourhood o f a point (r0, t0)

----------ш, 0 and grad^v W  =  co n st. (6.3b)
d(At) 6 v '

are v a lid .
The valid ity  o f these conditions w ill be investigated  now. An electro

m agn etic  field  of the form o f (4.4) w ill be chosen which in case o f transm ission  
lin es has the form of (4.8) or (4.21), as was seen earlier. These are stationary  
so lu tio n s, that is

d F  Q 

dt
0 .
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Therefore, w ith  the aim o f determ ining vg, F 0 m ay only be perturbed by  
satisfy ing the condition:

0 ^ ^ l o p t r i _ < d F _  

dt dt

The detailed analysis of satisfy ing the conditions (6.3) can be found in 
[8]. I t  is verified there, that the average energy and related group velocity  
are defineable when AA  and At  can be chosen  so that

and

d \ j ÂA f ( E o iH 0J) d À ]  

dt

d f ( E oiH oj) _  0 

dt

w h e r e / is  a linear function and

(6.5)

&rad (Jvs in “* con t díj сгй grad  ̂ sin  co0 t cos co0 í díj о* О

The perturbation can be considered as permissible when (6.5) holds. 
In that case (6.3) is autom atically  valid .

Further, conditions for the v a lid ity  o f  E qs (6.3b) are:
— the At tim e interval m ust be so large, th a t the

j At s in 2 co0 t d t ,  j  ̂cos2 co0 t d t  and | ^  sin a>0 1 cos co0 t dt

integrals m ay be substituted  b y  a linear function  o f At w ith th e  expected  
accuracy:

— analogous condition issues, for A A ,  where the role o f w 0t w ill be 
taken over b y  cp(x);

— the am plitude defined along A A  can be taken as constant;
— in the perturbed case the same cond ition  must be fu lfilled  for the At 

tim e interval;
— the A A  surface m ay be approxim ated b y  a plane.
N ow  an average energy m ay define th e  value o f which per u n it tim e is 

— using com plex field  com ponents — :

W  &* —  A Ä  [ ( R e £ 0 x  R e H 0) +  ( I m £ 0 x l m f í 0) ] .  (6.6)
2
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T h e average value o f  th e  Poynting vector is:

S  cm —  R e ( E x H ’ ) =  R e (8) (6.7)
2

w here * m eans the com plex conjugate and

W  =  Re [ J ^ 8 < U ï]  (6.8)

In  comparing these conditions with Chapter 2. and 4.1, it can be seen  
th a t th e y  do not include an y  unusual restrictions. (In our case th ey  hold  if  
u and i  m ay  be defined.)

U sin g  these results le t now  the propagation o f energy be analyzed. F irst 
th e  k n ow n  methods w ill he shown, than using th e  m ost expedient one, the  
a n a ly sis  w ill be carried ou t for transm ission lin es.

6.2 The usual treatment o f  group velocity

T he energy propagation  can be traced b y  the moving of an actual 
ch an ge  in  S  in space-tim e. In  the usual treatm ent a w ave packet will he in v e sti
g a ted  w ith  a well determ ined beginning and end [1]. The purely m onochrom atic  
sig n a ls  are essentially exclu d ed .

T he usual form o f th e  w ave packet in a hom ogeneous m edium  is

F (f , t) =  е Л«м-*.г) Г ° ' F 0(k, k 0) e 1 *o) К «*)' dk (6.9)
J  k 0— A k %

w here к  is the wave vecto r  (q> =  kr),

eo(fc) =  m (k 0) +  (k — k 0) 

co(k0) -  0)0 , ( 6 . 10)

and  th e  spectrum  of the w ave packet is chosen to  be so narrow, th at th e  linear  
ap p rox im ation  (6.10) w ill su ffice . Then the phase o f  the “ group” described by
(6 .9 ) w ill be given by

ei(»o < — £«'-)

w h ich  can  be brought in  fron t o f the in tegral, and the m oving o f  th e  am-
Si

p litu d e  uniquely characterizing the value o f  S  w ill be given by the equation

{к — k 0) — co n sta n t. ( 6 .11)
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Hence the v e lo c ity  of the propagation o f the “ constant am plitude sur
faces” , th at is, the group velocity  is g iven  by

dt \ dk  ] 0

I t  can be seen, th a t i f  w(k) ~  k, th en  — as is w ell known

where
vg = vf ’

Vf =  co0
dcp

ds

I -1

(6.12)

is  the phase v e lo c ity  and s is the arc length  along the phase path .
This defin ition  in itse lf  is correct. H ow ever, it  does not give a general 

answer to  the problem  o f the velocity  o f energy propagation w ith in  the dom ain  
o f  va lid ity  o f the phenom enological description, where in the m ajority o f  cases 
we are dealing w ith  continuous and frequently  strictly  m onochrom atic signals. 
The definition com es from  the assum ed form  o f the solution  and not from the 
basic equations (M axw ell’s equations, telegraph equations, etc.).

Therefore, in the follow ing neither th is nor the sim ilar m ethods (station
ary phase theorem , etc . [1]) w ill be used. H ow ever, a lo t o f cases are known  
where the m ethod treated  in (6.9) —(6.12) is expedient. These cases are gener
a lly  inhom ogeneous in  th at manner, th at the question is not the propagation  
o f  energy but the dispersion o f the energy-packet, and for these investigations  
th e  usual m ethods are useful.

6.3 The investigation o f  energy propagation by using perturbation

This m ethod is based on the m ethod o f inhom ogeneous basic m odes and 
its  applications [8]. A s for those cases w hich were chosen for analysis, the con
ditions o f Chapt. 6.1 hold autom atically; it  is know n, th at the energy and the  
signal am plitude are connected m utually and unam biguously.

The analysis o f  the group velocity  can be executed  in  such a w ay [8], 
th a t the am plitude o f  the solution o f M axw ell’s equations obtained b y  the 
m ethod o f inhom ogeneous basic modes w ill be perturbed. The perturbed solu
tion  m ust also sa tisfy  M axwell’s equations, and the perturbation m ust satisfy  
the conditions show n earlier. Thus,

F  pert =  FJ =

=  2  (c " +  0  е~Мя(х) F o n Ых)) =
n - 1

=  2  C„(*)(l + /„(* , *)) e -* “00 Fon еЛ«м-*(*)> =  (6.13)
n—I

=  2  (1 + /„ ( * ,  0 ) В Д =  2
n—1 л—1
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where

\fn{x, t)
____ 1 àn(x, t)|
U U x )  +  B l(x )

< 1 , Cn(x) Л п(х) +  j B n( x ) .

I f  i t  is considered now, th a t

F  =  ^ F n(x)
n = 1

is a so lu tion  and F n(x)-s are inhom ogeneous basic m odes, the f n(x, t ) m ay  
be determ ined  (or ôn =  an - \ - jb n), and the group velocity:

dfn(x, t) 

dt
grad f n{x, t)|

(6.14)

T he method and its app lication  can be found in [8] in details together  
w ith  th e  cases, when non-am plitude perturbations are used, nam ely, the

<Pcn{x) +  àn(x, t)

phase-perturbation,
« о  +  ôn(x, t)

frequency-perturbation and

F n(x) + ô n(x , t )

polarization-perturbation.
I t  can be sim ply ju stified , th a t
— th e e—Л*» + 4») phase-perturbation is the same as the

(1 -  j ô n) (6.15)

am plitude perturbation;
— th e polarization-perturbation divides the signal in to  tw o independent 

parts, i.e.: we have besides the original m ode a new  one and the  
group velocities o f th e  tw o  modes are not necessarily identical;

— th e frequency-perturbation can be rew ritten in to  the form

ej(a>v +  t n) t  ш  ( J  _|_ j d n t )  ejm‘l (6.16)

and because o f t w ill not be a perm issible perturbation, therefore, 
a fundam entally new  in vestigation  w ill be necessary w ith non-m ono- 
chrom atic signals.
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H ow ever, in  the case o f transm ission lines polarization will not be dealt with  
and because of (6.16) the frequency-perturbation will be om itted .

For the sake o f  interpretability  o f the follow ing it seems to  be im portant 
to  analyze (6.13) and (6.15) perturbations in  detail. In more general cases this 
results in  a generalized form o f (6.14).

6.4 Investigation o f  the complex perturbations

It follow s from the detailed analysis o f [8], that the (6.14) form  o f the 
group ve loc ity  is exact w henever ô, ôn, f  and f n are real and relate  to  the 
am plitude. H owever, it seem s to  be d ifficu lt to  interpret (6.14) in  com plex  
cases. Let the possib ility  now be in vestigated  for calculating the group veloc
ity  when the perturbation is com plex.

Let the original, unperturbed solution  or a com ponent o f it  be

F  =  F 0 eJ<■*-*> . (6.17)

The phase velocity  belonging to  th is  can easily be obta ined , how ever, 
now rp m ay be com plex as well. So in one-dim ensional case it  fo llow s triv ia lly , 
that

1

vf  2 w 0

where * m eans the com plex conjugate, as earlier, or by using th e  notations  
o f (5.3):

—  (6.19)
vf 2o)0

In other not one-dim ensional cases it  elem entarily can be seen , that

1 I К  +  К *  1

\vf \ 2 w 0

where К  =  grad q>.
The perturbed solution is:

F t =  ( 1 + / )  F 0 •/<-»-*>

where f ,  in  general, m ay be com plex:

/  =  / » « * ' -
and

=  (1  + / o  • * )  F 0  e K - i - r )  =

=  (1 +  /R e  +  j f l m )  F 0  e F * ' t ~ < P)  a *

< = * ( ! +  /R e )  e - J t o  +  V  F  о e J m t ,

(6.20)

(6.21)

(Up

()x
(Up

dx
(6.18)
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and it  fo llow s, that

(6 -22>
_ r  J  Re

I t  w ill be noticed here, th a t from (6.21) it  follow s, that in general — 
in c o n tra st  to [8] — it is not true that the energy and the changes o f it  can be 
d irectly  connected to the am plitude of the signal or the changes of th is  for 
d eterm in in g  vg. When /  is k n ow n, Eq. (6.21) is n ot sufficient to determ ine  
th ou gh  th e  relation is un ique.

L e t  th e  result o f energy analysis be used — Eqs (6.6), (6.7) and (6.8) 
— or th a t  form of them  w hich  relate to the transm ission  lines. Now

I ! = y f X f i * ,

or

§  =  —  U ■ I*
2

In  non-perturbed case

s  =  \  U o(*)io(*) .

In  perturbed case:

Spert =  t 0( l  +  f 0u e>*)( 1 +  foi e -* » )  =  * „ ( !  +  f s ) , (6-23)

w here f s describes the energy perturbation. From  (6.23) the propagation o f  
energy  variations (signal) can already be given. L et tw o cases be underlined: 

a )  th e  current- and voltage-perturbations are (or can be taken as) 
id en tica l:

fou eJviu =  foi =  /о  ejv' (6-24)

N o w  the effectively  propagating energy — (6.7) — and the “ com plex  
en ergy”  w ill be perturbed b y  the same function:

/ .  = / / *  +  ( /  +  / * ) =  fo  ( /o  +  2 COS Vf ) , (6.25)

th at is , i f  f f *  < f ' + / * :

fs  “  /  +  / *  =  2 /0 cos rpf ,

w hich  is  real. The group v e lo c ity  can be obtained from  this

3fs dfo , dfo r ■ ду /

‘f  f ’> - f ‘ - I  V/ '  -f"  — f" * - J -1
O X  O X  O X  O X

(6.26)
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that
df0 r • bvf]

c°8 V/ • -Г------ /о  sm Vz-IT-
dt d<
i ) f 0 .  . d rp f

c o s V f ~ Z ----- f o ^ n i p f — J -
Ox dx

In any case if  %pj — const

329

(6.27)

W L .
e dfoldx

is valid .
A naloguously to  (6.26) |vg| can be determ ined in case o f “ free-space  

propagation” as w ell, w hich is necessary to interprète the results o f calcu lating  
/ ,  as seen in [8].

ß ) f u l f i l  th en

( 1  + / . ) =  [ 1  +  fou ’ foi • e J i v v . - v ’/d  +  

+  fou e*» + fo i еЧ щ ] •

N ow  it follows, th a t

^  —  (1  +  /s R e  + j f s l m )  $ 0  »

the effective pow er — w ithin the va lid ity  o f  the real part (see (6.7)) — is: 
Hence the e ffective  perturbance to  be used when defining and ca lcu lat

ing vg is:

fstii fsRt ' f s In
Im  § 0

Re S’«,
(6.28)

Thus Vg is  th e  following:

ó f s t u j á t

dfs'uldx
(6.29)

N B: Often in practice the interpretation  o f these relations is d ifficu lt. 
This is caused b y  th e  fact that ÿ  and S’ are originated in [8] from fields o f  the  
form exp [j(co0t — 99) ] .  The perturbing function  f ( f ,  t) or f (x ,  t), how ever, have  
some other, n o t ex a ctly  defined foim .

These in vestiga tion s will be restricted so th at an average elim inates the  
appearance of th e  fluctuation  of the energy in §  as a function o f space and 
tim e in V g .  In m ore general cases Spert and $pert m ust be defined taking  
in to  account / ( r ,  t )  or f (x ,  t), respectively.
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6.5 The analysis  o f  line parameters by perturbation

I t  can be seen from (2.1) and Chapt. 2, th at the introduction o f th e  line 
p aram eters is always bound to  certain conditions. In th is paper it was assum ed  
th a t  th e  parameters in (2.6) and (2.7) are defineable and the basic equations  
are (2 .8) and (2.9). It can be seen th at the param eters are independent o f  the  
sign a l, th a t  is of и and i, resp ectively .

F urther it was assum ed th at these param eters do not depend on the  
am p litu d e and phase of the signal, that is, for m onochrom atic solutions the 
basic equations are linear. H ow ever, the param eters even in th is case depend  
on th e  geom etry of the line and the characteristics o f the m edium  [2]. So 
th e  d ispersion of the m edium  even in linear cases can be taken into  account 
i f  th e  propagation of the perturbed signal w ill be investigated . Several cases 
o f m ed iu m  analysis — given in [8] — w ill be used here. So tw o groups of 
linear lin es will be obtained, nam ely:

— strictly  linear lines
— linear, dispersive lines.

T he first group consists o f lines the param eters o f which either do not 
depend  on the signal param eters in the in terval o f  the investigation  (i.e . the  
in v estig a ted  frequency hand) or the dependence is com pletely négligeable  
w ith in  the accuracy we w ant.

T he second group consists o f lines, the param eters of which (Z T, etc.) 
depend  on ly  on the frequency o f the signal (w ith in  the given accuracy) in  th a t  
w ay , th a t  Z T for the non-perturbed signal and Z rpert for the perturbed signal 
su ffice  th e

and

Z r — ZiT(co0),

JT pert — Z T (c 'opert,

(6.30)

^opert — O)0
dfidt

j “> 0 .

co n d itio n s. Relation (6.30) does not mean anyth in g  else than to  use the cond i
tion s v a lid  for e, (А, к and V m edium  param eters in [8].

I f  geom etric changes occur as a result o f the signal, a further in vestig a 
tio n  is necessary. This w ill n o t be dealt w ith  here.

I t  is known [2, e tc .], th a t in a lossless transm ission line filled w ith  vacuum  
or lin ear m edium :

L  — L q or L  =  p,r L 0 ,
and

C — C0 or C  =  er C0 ,

w here L 0 and C0 depend only  on the geom etry o f line.
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In the case o f  strictly  linear lines the medium is also str ic tly  linear, 
th a t is:

de

д ы 0
=  0 .

So
£pert =  S =  П2 (6.31)

where n is the refraction coefficient and therefore

dZ T

dm0
0 , i.e . Z r =  ZTpert «

I f  the m edium  is dispersive in  th e  line, the results o f [8] m ay  be applied. 
In isotropic ionized gases (isotropic plasmas):

,  " Pe ca 1 ---------f- =  1 -  e
coo

and
2

1 M P

k - i - s t r
•o dfldt 

e  — ] 2  e — —  .
« 0

(6.32)

N B: In th e  cases when th e  m edium  in the line is anisotropic, the d efi
n ition  and interpretation of the lin e  param eters is a further problem  to  be 
in vestigated . T his exceeds the vo lu m e o f this paper.

Further, a num ber of cases can  be analysed w ith the deta iled  deduction  
o f L , C, R  and G for F  and F a. So in  th e  follow ing the notations: Z Tpert, L Tpert, 
L pert, R pert, etc can be used in th e  adequate sense.

Exam ple: A  line filled w ith ion ized , isotropic gas (i.e. tem pered isotropic 
plasm a):

[X 1 ,

X =  у =  0 ,

€ can be obtained according to  (6 .32 ), so:

and i f  the line is ideal:

•i'pert —  R  — ■i'o *

С =  e С Д

C pert =  C - j 2 e ^ L c 0 ,
w 0

R  =  G =  0.

(6.30a)
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T here is a further “ dispersive”  case worth m entioning. The com ponent 
m aterials o f the line are not dispersive. The geom etry o f the line (L0, C0, etc.) 
are in dependent o f signal w ith in  the interval o f analysis. This is the m ost 
frequent case in the practice i .e .th e  case o f the sim ple  transmission lines with  
attenuation.

I t  is  known th a t in atten u ated  lines L T and CT can be given by (2.6) 
and (2 .7 ), respectively. In  m onochrom atic cases — exp (ja>0t) — :

L T — L 0 -f- R

and sim ilarly:

i(x) eim t

C T = C

i(x) eJ“°1 dt L  — j (6.33)
w„

. G
J ----- • (6.34)

T hese show, th a t L T and CT are dispersive. L et the value of them  be 
determ ined  in  the m ost sim ple perturbed case, w hen the current is

T hen

I f .  л
. I l pert “ Î =  .
tpert J  J 1

»pert =  (1  + / )  • i ( x ) ■ eJia'  '•

dfidt1

J«o
1 -

Jmo 7 w pert
(6.35)

2̂ y  ÿ j
assum ing th a t , w hich can be accepted as a consequence of the re

striction  in  Chapter (6.1). So

and

■f'Tpert —  L T

C j  pert —  O r  +

J L Æ
col dt

_ G _ J L
col dt

(6.36)

I t  should be noted  th at th is dispersion is also linear because (6.36) cor
responds to  (6.30). H ow ever, the character o f (6.36) differs from the dispersive 
cases caused  by the m edium  w hich can be seen in com paring (6.30a) and (6.36).

B ecause of (6.36) and its  applicational results (shown later) — which  
are generally  considered as theoretical exam ples — it  is necesarry to analyse 
R  and CT in  concrete tasks. More exactly , because o f the physical processes 
giv ing  R  and CT [17] it  m ust be investigated , w hether or not

R(t)  and G(t)
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m ay be defined for a given

E(t)  and H (t) .

I f  the answer is yes, then using the so defined  i(t)  and u(t) — in th is  case it  
can be generally assum ed, that th ey  ex ist and have the form of exp (jM 0t ) — 
it  seem s to  be exp ed ien t to  investigate in fact

and triv ia lly  to  define R(o)n) and G(a)0), resp ectively . It must be controlled , 
by w hat conditions it  holds that

as (6.36) m ay he used in this case. I f  th is la st restriction will not hold , the  
relation betw een R(co0) and R pert(w open)'> e tc - should be analysed, and (6.35) 
m ay be used independently  of th is. In th is  rem aining cases, one m ay  start 
from (6.37).

In case f  and d f d t  being com plex, th e  relation between ZTpert and Zr  
w ill be a different problem . This was not excluded  in the exam inations execu ted , 
but going deeper in to  the problem m ay resu lt in  interesting details, e .g . the 
different properties o f  A M  and P M  propagation, etc.

N ow  we have all the means together to  execute the in vestigation  of 
group velocity  using the chosen m ethod.

6.6 The analysis o f  group velocity using the method o f  inhomogeneous basic modes

Let us start on the basis of Chapter 4 .2  and at the beginning for the  
sake o f generality  le t it  he assum ed, th at

and (6.37)
1

m  dG
ды0 dco0

Let the perturbation be

a n +  à n —  a „ ( l  + / „ ) ,

which will do for investigating vg.
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T hese mean as a consequence of E q. (4.8) th at by using the F n I ''
l in I

in h om ogen eou s basic m odes the perturbations o f  the current and v o ltage  are 
id en tica l. T his, how ever, — see Chapter 4 .5 , e tc . — does not generally in vo lve  
th e  id e n tity  of perturbing functions of the resu ltant current or vo ltage  or o f  
th e  resu ltan t propagating m odes.

L et us start from  Eq. (2.9) and Eq. (6 .13), the second giving th e  per
tu rb ed  form  o f the signal. I t  is known, th at th e  unperturbed solution suffices  
E qs (4 .11) and (4.12). E vo lv in g  now Eq. (2.9) in  the manner shown in Chapter
4 .2 , and  taking into consideration that

one has

w here

and

Ft = 2 (  1  +  fn) F0n Fi0n eK<°.t-vn) =
П П

=  2 F in= 2 (  1  +fn) Fn

2
n

2

' ■ dcpn
V F tO n  — J  ------  - -1

dx
■ F ô n

dzT  pert

dt

d  In ui0n 

dx 

0

+  ZrpertVFaOn +  jct>0 r̂pert \ F in

0

à  I n  i t o n

dx

V  FOn +
dfn
dx

VFaon

‘ д  Ь  Щоп 
dt

0 -

0

d In i Mn 

dt

dfr
dt

1 .

(6.38)

(6.39)

(6.40)

I t  w as kept in m ind th a t the solution is originally  stationary and str ictly  
m onochrom atic, and the transm ission line does not vary in tim e, th a t is

d Z 7

dt
=  0

or, ev en  in  a dispersive case is stationary, th a t is

d Z Tpert

dt
0 . (6.41)
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The last restriction is non-triv ia l, but it w ill be required now , for only  
th is  type of line can be considered as stationary, linear, th at is, which will 
n ot vary in tim e.

I f  follows from  Eq. (6.39), th at

^ [ vfo» - j - i r  ' 1 + 1 Г  • 11(1 + / ") F  =П L dx dx  J

dfn
ы

+  JO} 0 Zrpert(l +  /n ) F  ■

(6.42)

Hence, f n can be determ ined for the different task s. During the process 
E qs (4.10) and (4.12) m ay be tak en  into consideration when necessary, and 
i t  can be also used when f n and its  derivatives are sm all, consequently their  
product results in  second order sm all term s. In the know ledge o f f n we can 
calculate vgn and the resulting f  and vg.

It should be noted here, th a t elem entary perturbations are investigated , 
th a t is

3 k -  — 0 and 3 k .  -*  0 ,
dx dt

th e  quotient o f them , however, — which arises w hen describing the propaga
tion  o f perturbation — will be fin ite .

In this w ay — as it is suggested  in [8] — non-elem entary perturbations 
can also be investigated . Then th e  previous restrictions naturally  w ill not 
hold. Therefore, in  case of non-elem entary perturbations, especially  when we 
have a dispersive case, one has to  start from Eq. (2 .1), and it  is not certain  
th a t equivalent f  perturbing functions can be found for u and i. (This is gener
a lly  valid for [8] too , though th is  problem is not em phasized there.

Therefore, in case o f non-elem entary perturbations pure am plitude, 
phase, polarization, and frequency perturbations in  field-calcu lations cannot 
be spoken about. The detailed analysis o f this question  does not belong to  the  
aim  o f this paper.)

An im portant special case is the following:
In m any cases it  m ay be correct to  assume th at all modes o f the elem en

tary  perturbation are identical, th a t is

/ п = / .

This m ay be the consequence o f the structure o f  the solution and the 
boundary conditions.

In other cases the inhom ogeneous basic m odes are independent — orthog
onal, uncoupled — ones. This w ill be obtained e.g . for hom ogeneous lines.
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So Eq. (6.42) can be further evolved:

1 - jcoo  Z T\ ^ F n 
I П d t

7 «  о Z T pert ^  F n 
n

or in  case o f a simple m ode:

’ W _ . dtp
-  J  - y - 1 +

[ d f  . .—---- 1- jca0 Z  t  pert
dx d x d t

(6.43)

(6.44)

I f f  is real, no tv vg can im m ediately  be given or the d ifferential equation  
for d f jd x  and dfjdt can be so lved . W riting Eq. (6.44) for the different com po
n e n ts , evolv ing  them  и or i in  know ing th at и =И= 0 or i  ^  0, respectively, 
o m ittin g  the terms being sm all in second order and taking in to  consideration  
E q . (4 .11) it  can be obtained , th at

J t  +
dx

(Op
dcpjdx

t г  d /  j
t-'T pert v-T pert "r

dt 2
COo

d<p[dx
( í ' T p e r t  C Tpert L T C T) =  0. (6.45)

I t  can be seen, th a t th is  w ill be correct, if

C t  ( L t pert L T) — L T (CTpert CT) -*■ 0 ,

th a t  is , i t  correlates w ith  th e  earlier restrictions for the perturbation.
T h u s, for concrete problem s the energy propagation can be investigated  

b y  so lv in g  Eqs (6.42), (6.43) or (6.45).

6.7 The analysis  o f  the strictly linear case

I t  was m entioned above th a t in  a nondispersive case Z Tpert =  Z T. Then  
i t  fo llow s from Eq. (6.42), th a t

W o n  —  j  1  +  j t o о Z r OfjL. 1 +  Mü-Z-,
I dx d t

(1 + f n)F n =  0.

H ow ever, as Eq. (4.10) m ust be fulfilled

d f ,  ,  , dfn
W o n  + 1 + 2 ^ Z T

dx  dt
(1 +  fn) F n =  0 .

I f  furthermore it  m ay be assum ed t h a t / n = / ,  it  follow s from  E q. (6.43),
th a t

■ f l + f  ' « r l i ' . - ' ' (6.46)
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Again considering Eq. (4.10) it  can be seen, th at if

df/dt

* dfidx
then

Vg ^ V f .

In other cases, when f  is com plex, the process m ust be executed  accord
ing to  Chapter 6.4.

In a num ber o f practical cases, till %pf does not depend on ж — Eq. 
(6.20) — the result is vg =  гу.

I f  there is on ly  one mode, it  follow s from Eq. (6.45), th at

d f  _j_ cOqE t Ct d f  _ Q
dx dcp/dx dt

This means because of Eq. (4.18), th at

so

M .
dx

-  ][LT CT
dt

df/dt _  l
df/dx ~  fL Tc T ’

from which it  follow s in m ost o f cases and in every hom ogeneous cases, that

V g ^ V f ,

6.8 The analysis o f  the dispersive lines

Generally in  dispersive cases E qs (6.42), (6.43) and (6.45) hold. L et us 
now  look at several applications in a hom ogeneous case, w hen there is only  
one mode for illu strating  the earlier ones.

Let us start from

~ =  - - ^ - Í L TpertCrpert- | t  + 7 - ^ ( L Tpert CTpert -  L T CT) 1. (6.45a) 
dx d f /d x  L dt 2

a) N on-attenuated  line filled  w ith  non-m agnetized, tem pered, isotropic 
plasma:

The line param eters w ill be given b y  Eqs (6.37). U sing them  it follows,
th at

LT =  L о, Ст =  C, Ltpert =  L 0, CTpert =  Gpert.
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F u rth er

C-Tnert —-'r p e r tW p e r t b*Cpert =  L o C o [ e - j 2 e M Ë . j

w here e and e are given in E q . (6 .32). So

-<7 pert Crpert — L T CT — —j  2e
d f d t

«о
i ' o  C o

and from  here

Г d f  n
d f co0 Co Co e —T  +  e L 0 C0 j"2e L 0 C0 

dt dt
dt 1

dx dep dx «0  -

N eg lectin g  the term s sm all in second order and tak ing d<p/dx from Eq. 
(4 .18 ), one gets

W _= _ M _  1 L c  W  U o C o
dx dt Y e  L 0 C0 0 0 dt Y e  ’

and so i t  follow s that

e df/dt Ye
8 dfldx Yl 0 c 0 '

I t  is known, that

therefore,

_1______1 _

V f~  Т е  Y K C o ’

1 2
vevf  =  ~Т~7Г == v° *

(6.47)

(6.48)

w here v 0 is the signal ve lo c ity  on the lines “ filled” w ith  vacuum .
T he effect of the d ispersive m edium  param eters (e, and v) can also 

he s im ilarly  investigated  in other cases.
I t  is  im portant to  m ention  th a t our results are va lid  for strictly  m ono

ch rom atic , continuous signals.
b) Sim ple attenuated lines:
In  th is case the line param eters can be determ ined from Eqs (2.6),

(2 .7) and  (6.36). So

■Cjpert —  L T +
R

£»§

J7pert CT +
G_

0)0

df_
d t
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Again neglecting the term s being sm all in  second order and develop in g  
Eq. (6.45), one gets

<)x f)t

LC
. L C ±  RC

1 2œ 0

LC
RG_

col

. LG  +  RC
(6.49)

It is know n, th at the ph ase-velocity  [2] is in this case 

Re d(p/dx '2

vf
=  — ILC -

RG

ml

1
+ . —

2
LC +

RG

«о

R C  -  LG  l 2

H owever, the group velocity  m ay be determ ined according to  E q . (6.26) 
as f  is com plex. In hom ogeneous case Eq. (6.49) m ay be sim ply so lved  as for 
the solution o f the equation

=  • -§£. =  (R e SC +  j  Im  SC) i t
dx i)t dt

(6.50)

can be sought for in the form o f /  =  F(x) G(t), in the known m anner. The f  
obtained — for 3Í =  const. — g ives vg according to Eq. (6.26). I t  is  know n  
[11], that e.g. f  can take the fo llow ing form

J ' _  — R e  x ) +  ß Imd£*x . çjfi(t  —  R e 3C*x) —  j * Im X - x

where a and ß  are constant. N ow  f 0 and t/у can easily be obtained  

i)fsj()x

(6.51)

яг COS + ._  s in  =  R e  SC -  Im St • tg  ̂ ekv, (6 .5 2 )R eS f +  Im Sf
dfsldt ß  sin 1pj — a. cos \pf

where y ekv m eans the following:

ß  cos xpf +  a  sin iff
Vekv arctg

a cos ipf — ß  sin ipj

Here arises the problem for the first tim e which was m en tion ed  in 
Chapter 6.4, th a t is, the definition o f <p when the character of [1 -\-f(x ,  t ) ] .E  is 
non-sinusoidal. H ow ever, as Eq. (6.52) is sim ple, vg can be obtained b y  averag
ing. (In more com plicated cases the defin ition  o f (ppert and f s m ust be revised.) 

So we have
1

g R e  Sí 1
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w here

LC -
LG  +  R C

Re Ж =  R e
2<u0

\LC
RG

- J
L G  +  RC

(6.53)

This result is im p ortan t, because th is  case is generally not consid 
ered as dispersive.

6.9 Perturbation of the resultant wave pattern

I t  is self-evident th a t  not only the so lu tion  obtained by using the m ethod  
o f  inhom ogeneous basic m odes can be in v estig a ted  in  this way — though  it 
proved  to  be very usefu l — but e.g. the w ave p attern  obtainable in the m anner 
show n in Chapter 5. T he perturbation o f th is  resultant wave pattern  does 
n ot necessarily result in  “ propagation” . D ep en d in g  on the boundary conditions  
and th e  line param eters i t  m ay occur that th e  perturbation sim ply “ d isso lves” 
in  th e  pictures. For th e  sake o f generality le t th is  case be shortly surveyed too.

I t  is assumed th a t  th e  solution is know n in  the form of Eq. (5.3). Per
turbed  th is one has

uf =  + /„ )  e
h o t  — f  У и (x) d x  J 0

if  — (1 +  /() e
h o t  — f  Y i { x ) d x. Jo

(6.54)

The fundam ental so lutions Eqs (5.3) sa t is fy  Eqs (5.5) the perturbed  
so lu tions —• Eqs (6.54) —• satisfy  the follow ing equations:

К
 

^ II —  L f  pert
d i f

T t

d i f C-r.
d u f

d x
pert

d t

(6 .55)

D eveloping th is in  th e  w ay shown in C hapter 5, taking Eqs (6.54) into  
consideration  and n eg lectin g  the terms being sm all in second order equations  
w ill be obtained f o r / n a n d / , ,  meanwhile we sh a ll use Eqs (5.6) and th a t

_ ! ___ j i ï  =  d M i  : / )  ^  K . ,
1 + f  dq dq dq
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where q m ay play the role o f x  or t, respectively . The follow ing equations (by 
using the notations dC/dx =  C  and dL/dx =  L')  w ill be obtained:

and

c; df, d f2 Yi +  — ---------  —— +  2/<ö0 L T pert CT peri
t'Tpert I OX dt

=  Yi
Ç t  pert 

C t  pert

C'T
C'T

( f j  pert Ct pert — L T C T)

O,. I pert ! %  ! ,  . r  ^  dfu _
4 y u -| -----------  —  h 4  J ( O 0 L , T  pert pert —~  —

L T pert I OX OX

(6.56)

=  Yu
L iT  pert 

-'T pert
~~Z ] +  (J)0 (L Tpert CT pert — L T CT) ,
L T I

respectively .
N ow  in know ing У) a n d /u , / s eft m ay be determined according to  Chapter 

6.4 , and i f  energy flow  m ay be spoken about in the resulting w ave pattern, 
vg m ay be g iven.

It is w orth m entioning, th at in  a non-dispersive case the equations are:

and

2y,- +

2 Yu +

C'r
CT 

l 't \ dfu

$ £ -  +  2 ja>0 L T CT =  0
dx dt

J dx
-J— 2 jcoq lij-

dt

(6.57)

0 ,

respectively .
In transm ission lines o f homogeneous class as in the d ispersive, as in  a 

str ic tly  linear case
Yu =  Yi =  Y

and
fu  = / = / •

In a hom ogeneous case even more can be told. In hom ogeneous dispersive 
lines we have

2 Y ~ ~  +  2 ja >0 L T pert CT pert —~  =  wS [^rpert C T pert — L T CT] (6 .58)
ox ot

w hich is identical w ith (6.45)!
In hom ogeneous, non-dispersive case it  follows, that

K  +  j f ^ L T c T K  =  o .  (6.59)
dx dt
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H ow ever, as for y  =  jw 0 \JLT CT, it follow s, th a t

=  — —  \[LT CT •
dx dt

T his m eans, th at vg =  Vj, which was foreseen.
T h at case of ideal, homogeneous, dispersive lines is also worth m ention

ing, w h en  — in m any cases but not always — th e  follow ing approxim ation  
is acceptab le (see chapter 6 .5 , and [8]):

CJT pert '-'T pert =dt dt
and (6.60)

JT pert C y  pert L T Cy V* t ■- . LAc  -  CA l d f
dt dt

w here A L and Ac can be calcu lated  by using (2.6) and (2.7); both of them  m ay  
have n egative values, too.

H ow ever, now an interesting but not general consequence follows from  
(6.58):

dfjdt ________Yl c ________

g dfjdx  L C -----— (Lzlc +  CA,J

th a t is : (6.61)
1vg ■ vf  =  -------- --------------------  .

LC  — — (LAC — C A l )

A pplying  th is to  our exam ple in Chapt. 6 .8a , we get Eq. (6.46).
A s a consequence, it  is worth executing th e  analysis o f the group  

v e lo c ity  in both w ays.

7. An example: Analysis of the exponential transmission lines 
using the method of inhomogeneous basic modes

For the sake o f shortness and of being easily  controllable, let the ex p o 
n entia l transm ission line be analysed, which is (partly) known.

T he param eters o f th e  line are given by E qs (3.5). Using the n otation  
of (3 .8) and (4.32) and applying the m ethod given in Chapter 4 for determ in
ing  th e  wave pattern i f  follow s that

f -  _ j L ln
ax dx

f ' = f  =  o,
g =  ( — 1)П_1Г  (*) =  +  у, n =  1, 2
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У — jw о C0 — jß о •

_ Щ
00 *  I Г ..

From  that it follow s that the condition  in (4.50) holds and A  is  constant. 
Further

< ? ( * ) = y - 2 g =  +  2y =  Gcn ,

а д  =
/ 2 =  Я 0 ,
4 4

A =  (̂ оп — 42f0 - 4 y 2 Í fc2 =  constant,

A 0

It follows then — by using E q. (4 .52) —

and from these  

th a t is
- ^ 0 2  — ha

th a t

г r_ 1 k 2
- y [ ^  +  2y 1 L ~  4ÿ*

fc2 )_l_^©1
1 1 4/3j)

1 f fe2 )
- i ß 0 (— 1 ± 1 4 # П

(7.1)

=  - j { —ß  о +  ß ) »

=  ~ j ( ß  o +  ß)-

It can be seen th at in this case the w ave pattern is com posed  o f four 
inhom ogeneous basic modes which w ill be noted  by the indices “ 1 + ” and 
“ 2 + ” , respectively.

The Eq. (4.37) provides the solution:

k_
Vn±(x) =  C n±e 2 e x P y[( l ) n /?o dz ß] x  ‘ e x p .у [co0t ( X)n ß 0x] . (7.2) 

B y  using Eq. (4.23) we arrive at the resu ltant wave pattern

• X+jm, t
i(x, t) =  e * [(Cx_ +  C2_) e №  +  (C1+ +  C2+) eJßx] (7.3)

and

-~-x+j<oz t
=  e [/o+ e - № + i » - e Jft]

u(x, t) =  e
— —  x + 7 < o , (

=  e

z00 [(C2_ -  Ct_ )  e~JP* +  (C2+ -  C1+) еЛ*] =

(7.4)
[и0 e Jßx +  n0 e^x] .
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Further the relation sh ip  among the co effic ien ts  can be determ ined in  
th e  know n way:

i r ± j ß
J W 0L 0 US .

L et now the group velocity  be exam ined. T ak in g  the relations o f  (3.5) 
in to  consideration, now  Z T =  Z rpert, and the p o in t to  start from is Eq. (6 .47). 
A s th e  w ave pattern in  th is  case is com posed o f  four inhom ogeneous basic  
m odes, the valid ity o f E qs (6 .48) will not hold as th e  equivalence of the pertur
b an t functions is not n ecessarily  valid.

The Eq. (6.47) can be rewritten by tak in g  in to  consideration th a t the  
perturbation is in fin itesim a lly  small:

2
n±

VFOn± fn±  + 1 + dfn±
dt n± = о (7.5)

w here F n_u means the k n ow n  inhom ogeneous b asic  m odes according to  E q .
(4 .23).

B y  using Eqs (7 .2 ), (4 .13) and (4.23), th e  E q . (7.5) can be developed . 
I t  m u st be noted, th a t because of the m anner o f  decomposing the signal 
w hen  th e  method w as in troduced  it is not p erm itted  to  carry out any reduc
tio n s in  Eq. (7.2), for th e  sak e o f F 0ni and rpn±  (л;) to  keep their form according  
to  th e  definition. From  th e  solution  of Eq. (7 .2) i t  follow s that

VF0n± —

±  +  j ( - l ) n ß 0 ± j ß 0

0 ±  +  j ( - 1)nß o ± j ß

D evelop in g  Eq. (7.5) and after  elem entary algebraic transform ations one has:

+  Ä ß o - ß ) f 2 - + - ^  + V L ^ C o - ^ = 0 ,
C2_ Z ox at

- / t -  -  j (ßo -  ß )A - + - ^ -  У ^ С о - ^ =  0 .
Cx_ Z ox at

+ M o - ß ) f 2 + + - ^ -  +  n T C o - ^ ±- = 0  ,
C>2 -|- Z ox  ot

7 ^ -  • ~ - f 2 + - j < ß o ~ ß ) f i +  + ^ - У Т ^ с 0 - Щ ^ = о .
Cix Z ox ot
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A fter thoroughly analysing th ese partial differential eq u ation s it  can 
be seen th a t a possible solution is

f n± =  - j n A n± еЛ« + в ±х) (7.7)

w hich is lim ited .
E xam in ing  the possible solutions o f Eqs (7.6), it follows th a t in relation

(7.7):
a) th e  argum ent of the exp onentia l function can only be im aginary;
b) the argum ent is a linear function  of t and x;
c) the m ultiplicating factor o f  t is identical in the perturbant functions  

of all the basic modes, however, th e  m ultip licating factor of x

B 1+ =  B2+ =  B + and B j_  =  B 2_ =  B _ ;

d) and finally , when the am plitude o f A 2+ is real, the am plitude of 
f 1:f  tak es th e  form of (— j’A j+).

According to the original restrictions on the perturbation le t  be

ß  <§ co0 and A n± Cn± . (7.8)

Then from Eq. (7.6) it follows th at

(ßo +  n  V l ^ C oY  — (ß  ±  B ± v  = ~ ,
4

th a t is, neglecting the term s being sm all in  second order 

B ± =  ±  Q  ‘ n ° c ° = ± f l r .
1 —

and

к 2

¥o2

(7.9)

^ -  =  4  [(^o +  a  Vl 0 c 0) -  ( b ± ±  ß ) ] .
А л + кc i± ^ i±

A s in  the equations no further restrictions can be found and

m ax e^ot + B± =  1 ,

th e  original restrictions for the perturbation m ay be fulfilled tak in g  (7.8) 
in to  consideration.

The equations (7.6) give restrictions only for the proportion o f the am
plitudes o f  th e  perturbant functions and the В ±  m ax (ß0, ß )  also holds 
(see (7.9)).
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A s the f n± so lu tions fu lfil the conditions m entioned above (Chapt. 
6.1 and [8]) they  are usable for determining th e  group velocity:

fn± =  —j n A n± (7.10)

The perturbed solutions are

and

ipert(*, t )  =  i(x, t ) -f  [f0+ • f o +  v' x) e  jßX +
£— х+;ш0(

+  I ö f i o -  eM t  +  v‘ x) e j ßx] e  ~

Uptrt{x, t) = u(x, t) +  [ [ / 0+ fuo+ ej!i(t _  x) e~Jßx +
-----K ~ X + jm ,t

+  Uq f uo- ej0(f +  7,3C) e-^x] e

where f i0± and f u0± can be obtained from / п± by using  Eqs (7.3) and (7.4).
Taking the relations (6.23), (6.26) and (6.29) in to  consideration the  

group ve loc ity  can be obta ined . A s /n±, / u0±, a n d /)0± are constant,

th a t is

1l L 0C0
fc2

4 ßl•2 9

(7.11)

and vg+ and vg_ are th e  group velocities o f th e  w ave propagating along the  
and —X  axis, resp ectiv e ly .

I t  is worth m ention ing , th at the phase v e lo c ity  of w aves propagating  
along the axis is

th a t is

vf =  ± CO 0

ß

1___

У Ц С о

1

1 1

L 0C0 ~  iÎL-Ço)2
V 2

T his exam ple shows th e  uniform ity  and the u sa b ility  o f the procedure based  
on th e  inhom ogeneous basic m odes. This is an im portant adventage o f the  
m ethod  itself.
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8. Sum m ary, conclusions

a) The w ays of defining lin e  parameters (R, L , C and G) are briefly  
surveyed for transm ission lines w ith  given restrictions and the basic equations 
are given in equivalent forms.

b) The “ m ethod of inhom ogeneous basic m odes”  is applied at hom o
geneous, quasi-hom ogeneous and inhom ogeneous

fi2f  Í)2/  I
fixl fix., fix., fix, j

transm ission lines for determ ining the wave pattern assum ing the solution  
to  take the form  o f

e>« ' (o>0 =  const.).

c) W ith the aid of the “ m eth od  o f inhom ogeneous basic m odes”  several 
groups of inhom ogeneous transm ission  lines are defined: hom ogeneous class, 
polynom ial class, exponential c lass, periodical class and others.

d) A possible m ethod is g iven  for the direct determ ination o f the resul
ta n t wave pattern which is sim ultaneously  useful for the classification  of 
inhom ogeneous lin es.

e) A dapting results and m ethods of electrom agnetic w ave theory  the 
group velocity  m ay be defined and determ ined on transm ission lines b y  an 
ex istin g  perturbing solution assum ing even m onochrom atic (continuous) 
signals.

As a part o f th is the restrictions relating to  the perturbation o f signals 
and originating from e.m. wave th eory  are sum m arized in detail.

The com m only used d efin ition , the w ay o f calculating group velocity  
are briefly  surveyed, together w ith  their criticism .

f) The possib ility  of ca lcu lating  the group velocity  from perturbing  
function  obtained in case of using th e  method o f signal perturbation is given  
for real and com plex perturbing fu nctions which can be identical or different 
for current and voltage. The d ifficu lties are shown in detail arising when the 
pow er (Poynting-vector) will be com plex.

g) The m ethod o f calculating the line param eters valid  for perturbing  
signal in case o f dispersive transm ission lines, and the defin ition  o f  linear 
disp elsive  transm ission lines are g iven .

h) The w ay o f determ ining th e  group velocity  is given using the m ethod  
o f  inhom ogeneous basic modes for linear, non-dispersive and dispersive trans
m ission lines as w ell.

The group ve loc ity  is analysed in detail in a non-dispersive case and it is 
ju stified  that in som e cases and in  an y  hom ogeneous case vg =  ty.
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i) The analysis o f group velocity  is given for ideal transm ission lines 
filled  w ith  tem pered, isotrop ic plasma. The value o f  vg and its relation to  ty 
is determ ined. This serves to  illustrate the m ethod o f solution in  more general 
cases.

Sim ilarly Vg is determ ined  in the case o f a sim ple attenuated  transm ission  
line and its  relation to  ty. I t  is  im portant, th at now  vg =  ty.

j) The way of in v estiga tion  of energy propagation (or dissolve) is given  
w ith  th e  aid of perturbing the resultant w ave pattern. An applicational 
exam p le is shown for hom ogeneous and hom ogeneous-class of lines.

k) It is an im portant result that the group ve loc ity  can be developed  
from  th e basic equations w ith ou t any special assum ptions. So, a w ay opens 
up for the applications o f  dispersive and for non-dispersive linear lines in 
an alysin g  the delay tim e , transients, etc.

l) W e give an ap p licational exam ple in Chapt. 7.
m) Several experiences show that when generalizing the m ethod for 

non-elem entary perturbations, a perturbation w ill not be “ clear” but sim ul
ta n eo u sly  all the signal param eters will be perturbed. Assum ing e.g. a “ clear” 
am plitude perturbation th e  contradiction w ill not arise in case o f assuming 
th e  perturbation and its d erivatives being elem entarily  sm all. These difficulties 
m a y b e  avoided in non-elem entary cases by perturbing all the signal parameters. 
T his needs to he further investigated .
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B O O K  R E V I E W

L. Gábor

É P Ü L E T S Z E R K E Z E T T A N  (B A U K O N S T R U K T IO N S L E H R E ), B A N D  4 

T an k ö n y v k iad ó , B u d a p es t 1979. Seiten , 234 A b b ild u n g en , fach literarisches V erze ich n is

Dieses B u ch  is t  der 4. absch ließende B and  d e r  B au k o n stru k tio n sleh re  des L eb en sw erk es 
des P rofessors L . G á b o r . D ieser B and  b e faß t sich  m it  d e r K o n stru k tio n  v o n  T ü re n , T oren , 
F en ste rn , G lasw änden , P o rta le n , lich td ich ten  u n d  A bsch irm v o rrich tu n g en , v o n  e in g e b au te n  
K ästen , F u ß b ö d e n  u n d  W andbek le idungen . Das B u c h  b e h a n d e lt  diese K o n s tru k tio n e n , sow ohl 
in  a rch itek to n isch e r, als au ch  in k o n s tru k tiv e r  B ez ieh u n g  k ritisch  und  fü h rt  c h a ra k te r is tis c h e  
A usführungsbeisp ie le  dieser K o n s tru k tio n en  an.

In h a ltl ic h  is t das B uch  völlig neu artig . W ed er in  d e r  ungarischen , noch in d e r a u s lä n d i
schen F a c h li te ra tu r  is t ein F ach b u ch  vo rzu fin d en , d a s  sich  m it den ergänzenden  K o n s tru k tio 
nen der G eb äu d e  so ausfü h rlich  u n d  im  w issen sch aftlich  so w ertvo ller W eise b e faß t. D ie  S am m 
lung, S y s tem atis ie ru n g  u n d  k ritisch e  W ertu n g  d ieses w e it verzw eigten S toffes v e rp f lic h te t  
die ungarische  B au w issen sch aft u n d  die B a u in d u s tr ie  zu  großem  D ank u n d  A n e rk en n u n g  dem  
V erfasser gegenüber. D as W erk is t fü r die u n g a risch e  A rc h ite k tu r  ein v e rläß lich er W egw eiser 
u n d  b ie te t g run d leg en d e  H ilfe fü r den U n te r r ic h t  an  den technischen U n iv e rs i tä te n  u n d  
H ochschulen .

Im  T e x t  des B uches is t jed e  E in zelh e it so rg fä ltig s t  beh an d e lt, doch s in d  Z w eck  u n d  
A nordnung  der e rgän zen d en  K o n s tru k tio n en , sow ie d ie  g ü n stig s te  B efriedigung d e r d e m  Zweck 
d ienenden B edingungen  m aß h a lte n d  e rö rte rt. D e r V e rfasse r u n te r lä ß t es n ic h t d ie A u fm erk 
sam keit s tä n d ig  a u f  die B efriedigung der b au p o lize ilich en , s ta tischen , Stoff k u n  d lich en , lü f
tu n g stech n isch en  u n d  sonstigen  physika lischen  u n d  ch em isch en  A nforderungen , sow ie a u f  den 
Feuer- u n d  L ärm esch u tz , fe rn e r a u f  fe rtig u n g stech n o lo g isch e , san itä re  und  ä s th e tisc h e  E rfo r
dernisse zu r ich ten . A uch e r in n e rt der A u to r s te ts  a n  den  Z usam m enhang  zw ischen  U rsache  
u n d  W irkung, a n  die D a u erh a ftig k e it u n d  W ir tsc h a ftlic h k e it, fe rner an die N o tw e n d ig k e it P ro b 
lem e in zw eckd ien licher u n d  v e rn ü n ftig e r W eise zu  lö sen , d ie sich aus n ich t g le ich g erich te ten , 
sondern  e in a n d e r  sogar en tg eg en g ese tz ten  A n fo rd e ru n g en  ergeben.

E in en  b esonderen  W ert verle ihen  dem  B u ch  d a s  m it m u ste rh a fte r S o rg fa lt u n d  fach 
m änn ischer G en au ig k e it gezeichnete  reiche B ild m a te r ia l ,  sowie dessen gesch m ack v o lle  u n d  
d e m o n s tra tiv e  A u sfü h ru n g , die den V orte il, der sich  au s  d e r A nw endung zweier F a rb e n  b ie te t, 
w eitgehend  a u sn ü tz t .  In  d ieser B eziehung sind  b eso n d e rs  die k laren  und ü b ers ich tlich en  B ilder 
herv o rzu h eb en , w elche die F e n ste rk o n stru k tio n e n  in  e in e r  A rt darstellen , die n u r  d ie  A nw en
dung  zweier F a rb e n  erm öglich t.

Z u sam m enfassend  m uß  festg es te llt w erden , d a ß  d e r  vorliegende v ierte  B a n d  des W erkes 
des P rofessors L. G á b o r , den vorherg eh en d en  drei B ä n d e n  gleich, ein h e rv o rrag en d es P ro d u k t 
der u n g arischen  tech n isch en  F a c h lite ra tu r  d a rs te ll t  u n d  als H ö h ep u n k t d e r w ä h re n d  eines 
M enschenlebens g e le iste ten  w ertvo llen  w issen sch aftlich en  A rbeit des A utors zu  w e rte n  is t.

P . Csonka
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L. Palotás

T H E O R Y  O F M A T E R IA L S  F O R  E N G IN E E R IN G  C O N STRU CTIO N S

1, GENERAL KOOWLEGDE ON MATERIALS 

A k ad ém ia i K iadó , B u d a p e s t  1979

P ro f . P a l o t á s , th e  H u n g a r ia n  A cadem y o f Sciences a n d  its  Publish ing H o u se  fu lf illed  
a  lo n g -s ta n d in g  a n d  u rg e n t re q u ire m e n t b y  th e  p u b lic a tio n  o f  th is  book. A tw o -v o lu m e  b o o k  
b y  th e  sa m e  a u th o r  e n title d  B u ild in g  M aterials  p u b lish ed  u n d e r  th e  auspices o f th e  p u b lish in g  
H o u se  o f  th e  H u n g a rian  A cad em y  o f  Sciences in  1959 — 1961 w e n t ou t o f p r in t in  a  few  y e a rs  
tim e.

T h e  f i r s t  o f th e  th ree  v o lu m es of th e  new  w o rk  in  q u estio n  is subd iv ided  in to  th re e  
m ain  c h a p te rs .

I n  m a in  chapter one th e  b a s ic  know ledge o f th e  th e o ry  of th e  bu ild ing  m a te r ia ls  a n d  
en g in e e rin g  c o n stru c tio n s is su m m ed  u p  in sh o rt a n d , h e re a f te r , th e  s tru c tu ra l m a te r ia ls  a re  
t r e a te d  b e g in n in g  w ith  th e  c u ltu re s  o f  a n c ien t tim es u p  to  th e  p re se n t day. A u th o r d e m o n s tra te s  
w ith  p e rsu a s iv e  d a ta , n u m ero u s f ig u re s  an d  ex am p les t h a t  th e  developm ent o f th e  b u ild in g , 
in  g e n e ra l, a n d  a rc h ite c tu ra l a n d  engineering  co n s tru c tio n s  in  p a rticu la r, c an n o t be  s e p a ra te d  
fro m  b u ild in g  m ate ria ls : th e  g ro w th  in  a sso rtm en t o f  m a te ria ls , th e  deepening o f th e  k n o w l
edge on  m a te ria ls  d e te rm in ed  th e  m eth o d s  of b u ild in g  co n s tru c tio n  an d  th e ir  d e v e lo p m en t.

I n  th is  m a in  c h ap te r  th e  d ev elo p m en t o f th e  th e o ry  o f  bu ild ing  m ateria ls , th e ir  in te rn a l  
s t ru c tu re s  a re  described , b y  ex p la in in g  those  a d ja c e n t f ie ld s  w ith o u t th e  know ledge o f  w h ich  
th e  so lu tio n  o f  th e  d ay -to -d a y  p ro b lem s of th e  re sea rch  s tu d ie s  o r th e  u tiliza tio n  o f th e  m a te 
ria ls is  u n im a g in a b le  to d ay .

M a in  chapter two su m m arizes th e  chem ical, p h y s ic a l a n d  m echanical p ro p e rtie s  o f  th e  
s t r u c tu r a l  m a te ria ls  as well as th e  m easu rin g  m eth o d s , th e  sy s tem  and  u n its  o f w e ig h ts  a n d  
m ea su re s , g iv in g  a  clear idea  o f th e  d ialectic  u n ity  o f  th e  m ate ria ls , m easuring  dev ices, in v e s 
t ig a t in g  p e rso n  an d  m a te ria l p ro p e rtie s . T he p a r tic u la r  v a lu e  of th is ch ap te r  is th e  w a y  in  
w h ich  th e  a u th o r  d istingu ishes b e tw een  th e  lin ea rly  e la s tic  m odels, linearly  e la s tic - lin e a r ly  
h a rd e n in g , l in e a rly  e la stic -p e rfec tly  p las tic , r ig id -p e rfec tly  p la s tic  and rig id -linearly  h a rd e n in g  
m a te r ia ls , a n d  exp lains a n d  p re se n ts  th e  fields o f a p p lic a tio n  o f these  m odels, a t  th e  sam e  tim e  
g iv in g  a  s ig n if ic a n t help  to  th e  d esig n ers of eng ineering  s t ru c tu re s  in  choosing th e  su ita b le  lo ad s 
a n d  s t re s s - s tra in  m odels.

M a in  chapter three sum s u p  th e  in v es tig a tio n  a n d  e v a lu a tio n  m ethods of th e  s t r e n g th  
o f s t r u c tu r a l  m ate ria ls . T he m e th o d s  an d  princip les o f  s ta tic ,  su s ta in ed  fa tigue  a n d  d y n a m ic  
te s ts , th e  e q u ip m e n ts  needed , th e ir  m easu rin g  range, e x a c ti tu d e ,  a n d  app licab ility , a re  d e ta ile d . 
T he s t re s s - s tra in  p a tte rn s , th e  m a n n e r  o f m echan ical e v a lu a tio n  of th e  defo rm atio n s a n d  th e  
a sso c ia te d  lim it-d esig n  th eo ries  b asica lly  d e te rm in e  th e  lo ad  cap acity  o f th e  en g in eerin g  
c o n s tru c tio n s . T his c h ap te r  tru e ly  m irro rs  th e  c rea tiv e  s tu d ie s  perform ed in th is  fie ld , b y  th e  
a u th o r ,  a n d  g ives in fo rm a tio n  in  a n  excellen t w ay  fo r  th e  designer how he can  d ra w  su re  
co n clu sio n s fro m  th e  m ea su re m e n t re su lts  o f s tra in s  to  th e  s tre ss  d istrib u tio n  in  th e  s tru c tu re s . 
T he m a th e m a tic a l  ev a lu a tio n  g ives a  g rea t help  w h ich  is d e a lt  w ith  in  de ta il b y  th e  a u th o r  
as a  c lau se  o f  th is  ch ap te r , w ith  in  p a r tic u la r  tak e s  in to  a cc o u n t th e  m a th e m a tic -s ta tis t ic a l  
m e th o d s .

T h e  w hole  w ork  verifies t h a t  th e  basic co n d itio n  o f th e  d u ra tio n  and  eco n o m ica l co n 
s t ru c tio n  o f  th e  p ro jec ts  is th e  su ita b le  q u a lity  as re g a rd s  th e  u se d  m ateria l an d  design , e x ec u 
tio n  a n d  m a in ten a n ce  w ork . T h e  essen tia l co nd ition  o f  th e  good  q u a lity  is th e  k n o w led g e  of 
th e  m a te r ia l ,  p e rm a n en t check ing  a n d  con tinuous te s tin g . T h e  P ub lish ing  H ouse o f th e  H u n g a r 
ian  A c a d e m y  o f Sciences, b r in g in g  to  th e  fore th e  a u th o r ’s p len tifu l experiences o b ta in e d  in  
his f i f ty - y e a r ’s sc ien tific  tu to r ia l  a n d  in d u str ia l a c t iv it ie s , p resen ting  th e  H u n g a r ia n  c iv il 
e n g in e e r’s so c ie ty  w ith  a v e ry  u se fu l, u p -to -d a te , h ig h -le v e l book.

J .  Ú jh e ly i
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T H E O R Y  O F  M A T E R IA L S F O R  E N G IN E E R IN G  C O N ST R U C T IO N S

2. WOOD, STONE, METALS AND BINDING MATERIALS 

A kadém iai K ia d ó , B u d a p e s t 1979, 586 pages, 337 figures, 98 tab les , 230 references

T his v o lu m e deals w ith  th e  p ro p erties an d  te s tin g  m éth o d es o f w ood, s to n e , m etallic  
a n d  b in d in g  m a te ria ls  as well as w ith  th e  m a n u fa c tu r in g  of th e ir  p ro d u c ts  an d  th e ir  u tiliza tio n . 
I t s  su b je c t m a t te r  is co m prehensive , th e  m an n e r o f  t r e a tin g  is d e ta iled  an d  m an y s id e d  in  ev ery  
fie ld  w hich  has b een  p ro m o te d  by  o u ts tan d in g  co -w orkers chosen by  th e  a u th o r , su ch  as P . 
K e r t é s z  an d  S. V e r e s s , P. K e r t é s z  w ro te  th e  c h a p te r  dealing  w ith  s tones, w hile  S. V e r e s s  
w as th e  w rite r  of t h a t  o f th e  m eta ls , b o th  w ith  th o ro u g h  g ro u n d in g  in th e ir  p rofessions su itab le  
to  th e  w hole o f th e  w o rk , a t  th e  sam e tim e len d in g  to  i t  a  p erfec t u n ifo rm ity  in  reg ard  b o th  
to  i ts  c o n te n t a n d  fo rm .

The m a in  chapter  w hich  deals w ith  wood, in te n  su b ch ap te rs  t re a ts  th e  sign ificance of 
th e  w ood m ate ria ls  u sed  for engineering  c o n stru c tio n s, th e  q u a lity  re q u irem en ts , te s tin g  m eth o d s 
a n d  th e  possible fie lds o f ap p lica tio n  in H u n g ary .

T he f ir s t  s u b c h a p te r  deals w ith  th e  u tiliz a tio n  o f w ood th ro u g h  th e  h is to ry  o f m an k in d , 
w ith  its  p h en o m en a  o f  liv ing  as well as w ith  its  p ro p e rtie s : w ith  th e  a n a to m y  a n d  in te rn a l 
s tru c tu ra l  p a tte rn .  T h e  second su b c h a p te r  d iscusses th e  p ro d u c tio n  o f w ood, its  d iffe ren t 
p ro d u c ts ; th e  th ird  one th e  k inds an d  c h arac te ris tic s  o f  s tru c tu ra l w ood; th e  fo u r th  su b c h a p te r  
d e ta ils  th e  s ta tis t ic a l  d a ta  of th e  wood econom y m an a g em e n t th ro u g h o u t th e  w o rld  a n d  in 
H u n g a ry . T h e  u n fa v o u ra b le  s ta tis tic a l d a ta  fo r th e  H u n g a rian  wood econom y m an a g em e n t 
re q u ire  a s ig n ifican t im p ro v em en t an d  th e  a u g m e n ta tio n  o f th e  wood stock , th e  fu ll u tiliza tio n  
of th e  p ro p e rtie s  o f w ood th e  a cq u irem en t o f a d e ta ile d  a n d  wide ran g ed  know ledge in th is  
fie ld , to  w hich  th e  book serves as a a g re a t help.

S u b c h a p te rs  fiv e , six  a n d  seven analyse  th e  chem ica l, physical a n d  m ech an ica l p ro p 
e rtie s  o f w ood, re sp ec tiv e ly . T he role of th e  chem ica l e lem en ts an d  co m pounds, th e  c o n s titu 
e n ts , w a te r  c o n te n t, sw elling a n d  shrink ing  p ro p e rtie s , d en sity  an d  bod y  d e n s ity  o f  w oods, 
fu r th e r  th e ir  b e h av io u r  in connection  th e rm al, e le c tr ic  a n d  acoustic  effec ts ; h a rd n ess , w ear 
resis tan ce , f r ic tio n  c h a ra c te ris tic s , c leav ab ility , co m p ress iv e , tonsile , f lex u ra l, sh ea r, to rsional 
a n d  im p a c t s tre n g th s , s tra in  b e h av io u r u n d e r load , n a il a n d  screw  bearin g  c ap a c ity . A u th o r 
re fe rs  to th e  fa c t th a t  th e  w ood, d u e  to its  special s t ru c tu ra l  ch arac te ris tics , h as been  a v a lu ab le , 
v e ry  useful o rgan ic  bu ild ing  m ate ria l from  an c ien t tim es  u p  to  o u r ow n days fo r a g re a t n u m b er 
o f d iffe ren t c o n s tru c tio n a l purposes, w hereby  it  is w o rth  a p a r tic u la r ly  carefu l t re a tm e n t.

In  su b c h a p te rs  e ig h t, an d  nine th e  d e fec t a n d  illnesses, resp ec tiv e ly  d u ra b ili ty  and 
p re se rv a tio n  of th e  w ood are described. F rom  su b c h a p te r  ten , th e  re fin em en t o f  th e  w ood, th e  
su b s ti tu tin g  wood m ate ria ls , te s tin g  of th e  su b s ti tu tio n  a n d  im p rov ing  of th e  w ood m ate ria ls  
a n d  th e ir  b e h av io u r m ay  be recognized.

The m a in  chapter entitled N atura l build ing  stones , t r e a ts  in  five  su b c h a p te rs  th e  k now l
edge re la tin g  to  s to n e  m ate ria ls .

T he s tru c tu re , c lass ifica tio n  an d  k inds o f s to n e  m ate ria ls  are  show n in  su b c h a p te r  
fou r. H erein  th e  sto n es are  c h a rac te rized ; th e  c ry s ta llin e  a n d  am o rp h o u s rock  c o n s titu e n ts , 
th e  ro ck  s tru c tu re s , th e  fo rm atio n s, c lassifica tions a n d  th e  k inds o f n a tu ra l  s to n es a re  th o r 
o u g h ly  discussed. In  su b c h a p te r  tw o, in fo rm a tio n  is g iven  on  th e  p ro d u c tio n , p rocessing  and  
tr e a tm e n t  o f sto n es. T he m ineral disclosed resources in  tu rn  by  q u a rry , g rav e l a n d  sa n d -p it 
o p e ra tio n  a n d  b y  processing  in to  bu ild ing  m ate ria ls .

In  su b c h a p te r  th ree , th e  p h y sica l-s tren g th  p ro p e rtie s  a re  p resen ted . T h e  co n cep t o f th e  
q u a li ty  o f s tones a n d  th e  q u a lity  req u irem en ts  in ro ck s a re  in te rp re te d  in a  v e ry  in te re s tin g  
u p -to -d a te  w ay. T h e  p ro p e rtie s  expressing  th e  q u a li ty  sh o u ld  be d e te rm in ed  b y  te s ts ;  th e  tes ts  
to  be  perform ed c o n s titu te  an  o rd er o f q u a lifica tio n  w h ich  m ay  be th e  q u a lif ic a tio n  o f th e  
p ro d u c ts , o f th e  ro ck , as well as th e  ev a lu a tio n  of th e  re sea rch  o f m ineral resources. T he re lia 
b ili ty  m o stly  d ep en d s on  th e  e ffec tiv ity  o f sam pling . T h e  m o st s ig n ifican t p ro p e rtie s  o f stones 
a re  defin ed  b y  p e tro g ra p h ic  ch a ra c te riz a tio n  a n d  b y  th e  in v es tig a tio n  re la tin g  to  m ass d is tr i
b u tio n , th e  d e s tru c tiv e  a n d  n o n -d estru c tiv e  s tre n g th  te s ts , a n d  by those  p e rfo rm ed  to  d e te rm in e  
th e  h a rd n ess , w ear, c leav ab ility , processing, a g g reg a te -s tren g th  an d  aggregate  size d is tr ib u tio n . 
C h a p te r  fo u r is closely  a tta c h e d  to  th e  th ird  one a n d  an a lyses th e  w eath e rin g  a n d  d u ra b ili ty  
p ro p e rtie s , th e  te s t  a n d  ev a lu a tio n  prob lem s as well as those  of stone  p ro tec tio n  a n d  p reser
v a tio n . Iu  c o n n ec tio n  w ith  d u ra b ility , th e  co n cep t o f th e  effective fa c to r o f  v a r ia tio n  o f th e  
m odel an d  rock  b eh av io u r has been in tro d u ced .
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F o r tu n a te ly , th e  m ain  c h a p te r  o f th e  n a tu ra l b u ild in g  stones is w ritte n  in  th e  s p ir i t  o f  
th e  H u n g a r ia n  S ta n d a rd  series M SZ 18280 — 18296 a n d  q u a lifica tio n  system  w h ich  cam e 
in to  fo rce  in our own d ay s an d , th e re fo re , n o t on ly  b y  its  a sp e c t b u t  also by  its  c o n te n t  i t  is 
r ic h e r  th a n  o th e r works p u b lish ed  so fa r  on th is su b je c t-m a tte r . T he observance o f th e  s ta n d a rd  
p re sc r ip tio n s  in a d ay -to -d a y  o b lig a tio n . H e, who re p o rts  on th e  s ta n d a rd s  a t  th e  sam e tim e  also 
b y  sh o w in g  th e  scientific  ro o ts  o f  th e  d a y -to -d ay  p ro b lem s, also diffuses th e  sc ien tific  w ay  of 
th in k in g . All these are so lved  co n v en ien tly  y e t in m o d e ra te  size.

M a in  chapter three e n ti t le d  M etals  deals w ith  m eta ls  w h ich  are  s ig n ifican t f ro m  th e  
p o in t  o f  v iew  of u tiliza tio n  in  th e  s tru c tu re s  o f bu ild ing  in d u s try . A fter th e  ex p osition  of g en era l 
p ro b lem s th is  is follow ed b y  a d e ta ile d  discussion of iron  a n d  steel, a lu m in iu m  a n d  o th e r  
m e ta ls  in 27 su bchap ters.

In  six  su b ch ap te rs, th e  g en era l p ro p erties  of th e  m eta ls  a re  described  i.e., th e  d ifferences 
b e tw e e n  m eta ls  and  n o n -m eta llic  m a te ria ls , th e  d iv ision  of m eta ls  acco rd in g  to  th e ir  a p p lic a 
tio n  a n d  m éta llu rg ie  v iew p o in ts in te rn a l  s tru c tu re s  a n d  c ry s ta lliz a tio n , th e  s tru c tu ra l c h a ra c te r 
is tic s  o f th e  d ifferent alloys a n d  o f  th e ir  changes o f s ta te ,  eq u ilib riu m  d iag ram s, th e  p h y s ic a l 
p ro p e rt ie s  o f m etals, th e  m ean in g  o f  corrosion. T he m o s t in te re s tin g  su b c h a p te r  is t h a t  w h ich  
re a d s  a b o u t  alloys, because  fro m  th e  a b o u t 90 e lem en ts  o f m eta llo id  an d  m e ta llic  n a tu re ,  
4000 tw o -co m p o n en t, 118000 th ree -co m p o n e n t an d  severa l m illions o f fo u r-co m p o n en ts  alloy  
sy s te m s  m a y  be derived.

T h e  in fo rm ations in  co n n ec tio n  w ith  iron  a n d  steel a re  given in  10 su b ch ap te rs . T he 
eco n o m ic  significance of iro n  is fo llow ed  b y  th e  d iscussion  of th e  co n stitu tio n a l d iag ra m s of 
iro n -c a rb o n  alloys w hich is a v e ry  s ig n ifican t su b jec t m a tte r ,  because  th e  d iffe ren t k in d s  o f 
iro n  u se d  in  p ractice  are, in  fa c t,  c a rb o n  alloys. I t  is o f g re a t im p o rtan ce  to  know  th a t  th e  p ro p 
e rtie s  o f  steel m ay be im p ro v ed  b y  cold  and  w arm  w ork ing , h e a t t r e a tm e n t an d  in c ru s ta tio n . 
T h e  w e ld in g  of steel is d iscussed  in  d e ta il.

T h e  fusion and  fu s io n -p ressu re  w elding p ro ced u re s a re  sy s tem atized  in a c lea rly  con
s t r u c te d  figu re . A p a r ticu la r  su b c h a p te r  deals w ith  th e  e ffects o f w elding, w e ld ab ility  a n d  w ith  
th e  in v e s tig a tio n  of w e ld ab ility , a n d  also w ith  th e  te s tin g  o f w elded  connections. T he m ec h an i
cal p ro p e rtie s  of iron and  steel a re  re la te d  to  th e  te s t  re su lts  a n d  s ta n d a rd  p rescrip tio n s . T hese  
p ro p e rt ie s  a re , in fact, tensile  s t re n g th ,  w ork  cap ac ity , com pressive , sh ea r s tre n g th , h a rd n ess , 
to rs io n a l , im p ac t an d  flex u ra l s tre n g th ,  fa tigue  s tre n g th , re la x a tio n , creep of steels, as well 
as th e  techno log ical b end ing  a n d  re p e a te d  folding. T he k in d s o f steels are classified  in to  th e  
fo llo w in g  groups. Carbon steels: s t ru c tu ra l  steels, w e ld ab le  steels, ho t-ro lled  steels a n d  o th e r  
ty p e s  o f  carb o n  steels; c o ld -sh ap ed  steels: p rofiles, co n cre te  re in fo rcem en t steel n e tw o rk s, 
tw is te d  re in fo rcem en t steel b a rs , s tre ssin g  w ires; a llo y ed  steels; w eath e r-p ro o f an d  corrosion- 
re s is tin g  s teels; these are  also g ro u p e d  according to  cas ts . T h e  su b c h a p te rs  o f iron  a n d  steel 
a re  c lo sed  by  discussing th e  p h e n o m e n o n  of corrosion.

T h e  second m ost s ig n ific a n t m eta llic  m a te ria l fo r eng ineering  s tru c tu re s , a lu m in iu m  is 
t r e a te d  in  fiv e  subchap ters. T h e  p ro d u c tio n  of a lu m in iu m  fro m  b a u x ite , th e  ty p es  a n d  alloys 
o f a lu m in iu m , its casting , p ro cess in g , p h y sical b eh av io u r, h e a t  t r e a tm e n t;  w elding, b ra z in g  a n d  
r iv e t in g  o f  a lum in ium  s tru c tu re s  a n d  th e ir  corrosion a n d  p ro te c tio n  are p resen ted .

F ro m  am ong th e  o th e r  m e ta ls , th e  m ost sig n ifican t p ro p e rtie s  of copper a n d  i ts  a lloys, 
th o se  o f  le a d , tin , an d  zinc a re  d e ta ile d  in sep ara te  c h ap te rs .

F ro m  th e  m ain  c h a p te r  t r e a t in g  th e  m eta ls , i t  m ay  be s ta te d  th a t  th e  re ad e r g e ts  ac 
q u a in te d  w ith  a high-level, u p - to -d a te  know ledge m a tte r .

I n  th e  m ain chapter e n ti t le d :  B in d in g  m aterials, su b seq u e n t to  a su b c h a p te r  in  tre a tin g  
o f  p ro b le m s  of general c h a p te r ;  t r e a ts  in  four su b c h a p te rs , su b d iv id ed  accord ing  to  th e ir  
a p p lic a t io n s  in  th e  bu ild in g  in d u s try ,  th e  b ind ing  m a te ria ls  u tilized  in  th e  bu ild in g  in d u s try .

T h e  no n -h y d rau lic  b in d in g  m a te ria ls  h a rd en in g  in a ir , a re  lim e, gypsum  a n d  m agnesia . 
T h e  p ro d u c tio n  of these b in d in g  m a te ria ls  from  lim esto n e , ro c k  gypsum  a n d  rock  m ag n esite , 
re sp e c tiv e ly , th e  m echanism  o f b in d in g -a ssu rin g  th e  n eed ed  s tre n g th , th e  u tiliza tio n  of th e  b in d 
in g  m a te r ia ls ,  th e ir p ro p e rtie s  a n d  te s t  m eth o d s are w r itte n  in  d e ta il in th is  p a r t  o f th e  book.

T h e  w eakly  h y d rau lic  b in d in g  m ate ria ls  are th e  a n cesto rs  o f cem ents w hich  w ere a lread y  
u se d  in  R o m an  tim es. Such are  h y d ra u lic  lim e m ad e  fro m  m arly  lim estone  or fro m  ch alk y  
c la y ; th e  R o m an  cem ent w h ich  is b u r n t  from  m arl; th e  lim e p u zzu o lan a  w hich  is p ro d u ced  from  
a m ix tu re  o f h y d ra ted -lim e  a n d  n a tu ra l  sour h y d rau lic  ad d itiv es .

T h e  basic slags rich  in  lim e , th e  san to n in e  e a r th , p u zzu o lan a , trasses , d ia to m aceo u s  
e a r th  a n d  th e  artific ia l su p p le m e n ta ry  b ind ing  m a te ria ls  fa ll in to  th e  group  of h y d ra u lic  
a d d itiv e s . T h eir com m on b e h a v io u r  is, t h a t  g round  in to  f lo u rfin e  pow der, i t  c an n o t h a rd e n  by  
th em se lv es , n e ith e r by  m ix ing  w ith  w a te r , how ever, u n d e r  th e  effec t of a c a ta ly tic  ag en t, b o th  
in  a ir  a n d  w a ter. The h y d ra u lic  a d d itiv e s  a re  tre a te d  in a d e ta ile d  w ay su itab le  to  th e ir  signi
f ican ce . In  H u n g ary , these  m a te r ia ls  a re  p u t  in to  c ircu la tio n  com bined  w ith  cem en t o r lim e 
p ro d u c ts .
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A h y d rau lic  b in d in g  m ate ria l is th e  re la tiv e ly  y oung  P o rtlan d -c em e n t d isco v ered  135 
y ears  ago, b u t  since th a t  tim e  being one o f th e  m o st s ig n ifican t bu ild ing  m a te r ia l  o f  th e  m odern 
b u ild in g  in d u s try . I ts  im p o rta n ce  m ay  b e  assessed  fro m  th e  large  a m o u n t t h a t  is u tilized  in 

o u r  co u n try , w hich  is as m u ch  as 6.5 m illion  to n s. P o rtlan d -c em e n t is g ro u p ed  am o n g  the  
s ilic a te  cem en ts w hich , to g e th e r  w ith  th e  a lu m in a  cem en t c o n s titu te  th e  h y d ra u lic  b inding 
m a te ria ls . T he book describes th e  m an u fa c tu r in g  o f cem en t, ou tlines th e  ch em ica l processes 
o f  th e  c linker fo rm atio n , th e  chem ical co m p o sitio n  a n d  m in eral c linkers, as w ell as th e  h y d ra tio n  
a n d  s tru c tu re  o f  th e  cem en t s tone . H e rea fte r , th e  p h y sica l an d  s tre n g th  p ro p e rtie s , th e  tim e of 
se ttin g , degree of g rind ing  fineness, c o n stan cy  o f vo lu m e, b ind ing  force, d e n s ity , w a ter-h o ld in g  
c a p a c ity , th e rm al exp an sio n , th e rm al c u ra b ili ty , a n d  sto rag e  s ta b ility  a re  d iscu ssed , including 
th e  te s t  m ethods, th e  re ce n t s ta n d a rd  p re sc rip tio n s  a n d  th e  te s t  re su lts  o b ta in e d  so fa r.

A su rv ey  on th e  ty p es  o f cem ents a n d  th e ir  f ie ld  o f ap p lica tio n  m ay  b e  in te re s tin g  for 
a  large  read in g  public , g iv ing  an  o u tline  o f P o rtlan d -c em e n ts , a lu m in a  cem en ts , sw elling  ce
m en ts , sigm a-cem ent.

In  su m m ary , i t  m ay  be s ta te d  th a t  th e  new  vo lu m e, sim ilarly  to  th e  f i r s t  v o lu m e , accom 
p lish ed  th e  ta sk  as p u rpose , w h ich  has been s e t  b y  th e  a u th o r  referring  to  G alileo G alilei in the  
p re face  of th e  book w hich  he lps us to  acq u ire  know ledge. T he P ub lish ing  H o u se  a n d  th e  P r in t
in g  Office o f th e  H u n g a rian  Scientific  A cad em y  c o n tr ib u te d  th e  a tta in m e n t o f  th is  a im  w ith  
i ts  v a lu a b le  w ork.

J .  Újhelyi

Z E M E N T  T A S C H E N B U C H  1979/80

V ere in  D eu tsch er Z em en tw erke , B au v erlag  G .m .b .H ., W iesbaden B erlin , 594 S ., 75 A bb.,
105 T afe ln

Dieses T asch en b u ch  e rsch e in t in Z e iträu m en  v o n  ein-zwei Ja h re n . D er v o rlieg en d e  B and  
is t  d ie 47 A usgabe des W erkes.

D er e rs te  Teil des B uches b eh an d e lt in  den  be id en  ersten  K a p ite ln  d ie  q u a n ti ta t iv e n  
u n d  q u a lita tiv e n  K ennzeichen  d e r B e stan d te ile  des Z em ents. Im  d r i tte n  K a p ite l  w ird  ein 
g u te r  Ü b erb lick  de r zeitg em äß en  Z em en tfa b rik a tio n  u n d  ü b e r deren  B e d a rf  a n  R o h m a te ria lie n , 
sow ie an  technologischen A nfo rderungen  g e b o te n . B esondere  B each tu n g  v e rd ie n t  d ie  sy s te 
m atisch e  Z usam m enfassung  der, den  B estim m u n g en  des U m w eltschu tzes a n g e p a ß te n  V orschrif
te n  d e r Z em en tfab rik a tio n . D ie p h y sik a lisch en  u n d  m echanischen  K en n ze ich en  d e r  Z em ente 
e n th ä lt"d a s  v ierte  K ap ite l.

D er zw eite u n d  d r i t te  T eil des B uches e r fa ß t  das ganze G ebiet de r d e rze it g eb räu ch lich en  
Z usch lagsto ffe , die es e rm öglichen  die E ig e n sc h a fte n  des B etons (F e stig k e it, R a u m g ew ich t, 
W asse rd ic h th e it, A bbindebesch leun igung , F ä rb u n g  usw .) in n erh a lb  w e ite r G ren zen  zu be
stim m en .

D er v ierte  u n d  fü n fte  T eil b eh an d e ln  d ie  B ed in g u n g en  de r H e rs te llu n g  v o n  n o rm alen  
u n d  L e ich tb e to n , sowie d ie d iesbezüglichen K la ss if ik a tio n sv e rfah ren . D iese K a p ite l  e n th a lte n  
a u c h  H inw eise zu r S ch ä tzu n g  de r F estig k e it, d e r  F o rm ä n d e ru n g  u n d  der T heologischen E igen
sc h a fte n  des frischen  u n d  e rh ä r te te n  B etons. D ie  K a p ite l , die die P lan u n g  v o n  S p ez ia lb e to n en  
(z. B . w asserd ich ten , w ärm e- u n d  f ro s tb e s tä n d ig e n , s treh len d ich ten  u n d  v e rsch le iß fe sten  
B e to n en ) behandeln , sind  fü r  B e to n tech n o lo g en , d ie sich  m it de r P la n u n g  so lch er B etone 
b e fassen , von  besonderem  In teresse .

G roße A u fm erk sam k eit v e rd ie n t a u ch  d e r  sech ste  T eil des W erkes, d e r  d ie  n eu esten  
A n w en d u ngsm öglichkeiten  des Z em en ts zu r H e rs te llu n g  v o n  U nterw asser- u n d  T o rk re tb e to n , 
v o n  m it G las- u n d  K u n s ts to ffa se rn  v e rs tä rk te m  B e to n  u n d  die H erste llu n g  v o n  u n te rs c h ie d 
lich en  A nsp rü ch en  e n tsp rech en d en  S ic h tb e to n en  e rö rte r t.

D as H a n d b u ch  sch ließ t eine Z u sam m en fassu n g  d e r in  frü h eren  A u sg ab en  a n g e fü h rte n  
S p ez ia lb e to n e  u n d  deren  A n w endungsgeb iet, sow ie d ie S am m lung  der w ic h tig s te n  N orm en 
u n d  B au v o rsch riften  ab.

D as B uch  is t ein n ü tz lich e r B ehelf fü r  F o rsch e r u n d  fü r die im  G ange b e f in d lich e  M oder
n is ie ru n g  de r u n g arischen  V orsch riften .

B . Goschy
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KÉZDI, Á .— M l y n a r e k , Zb .: S ta tic  P enetra tion  Test Results with S o ils  
H aving S ligh t or M edium  Cohesion

T he pap er an a ly se s  th e  influence o f  th e  p h a se  com position: (vo lum e p e r 
centages o f so lid , a ir and w a te r)  on  th e  cone  resistance during  s ta tic  p e 
n e tra tio n  te s t .  T h e  analysis is b a se d  o n  d a ta  o b ta ined  in in v es tig a tio n s  
using th e  iib o u d le r  loam ”  in  G re a t P o la n d  L ow land (ííK onin c lay ”  a n d  

/ ííR udnicze c la y ” ) and  loess fro m  T ö rö k b á lin t,  H u n gary . The s tu tic  so u d - 
ing te s t w as c a rr ied  ou t using th e  la b o ra to ry  device. The fu n c tio n  w h ich  
furnishes th e  re la tio n sh ip  be tw een  cone re s is tan ce  and phase co m p o sitio n  
was d e te rm in ed  num erically . T h e  a n a ly s is  o f th e  cohesion and  an g le  on  
in te rn a l f r ic tio n  effect has been  d o n e  u s in g  s ta tis tic a l m ethods.

Acta Techn. Hung. 90 (3— 4), p p .  1 8 7 — 200

Acta Techn. H u n g . 90 (3—4), p p . 201— 220

S o a h e , M. V .: A  proposal o f  C odifica tion  o f  Theories in the Theory o f  S tru c 
tures

S ta rtin g  fro m  th e  s ta te m en t t h a t  th e re  is no  system atic  c lass ifica tio n  of 
theories in  th e  th eo ry  of s tru c tu re s ,  a  co d ifica tio n  is proposed b a se d  on 
four m ain  fa c to rs  and  nam ely : th e  m a n n e r  o f  expressing the  eq u ilib riu m  
of the  s tru c tu re ,  th e  c o n stitu tiv e  low  o f th e  m ateria l, the  m ag n itu d e  o f 
defo rm ation  a n d  th e  cu rv a tu re  e x p ress io n . T h e  paper is concluded  w ith  
exam ples o f  codification  of som e p ro b lem s in  th e  theo ry  of s tru c tu re s .

A cta Techn. H u n g  90 (3—4), p p . 221— 246

K ozak, I .:  N otes on the F ield E q u a tio n s w ith  Stresses and on the B o u n d a ry  
Conditions in  the Linearized Theory o f  E laslostatics

The necessa ry  a n d  sufficient co n d itio n s  o f th e  single-valued d isp lac em e n ts  
can be d e te rm in e d  from  the  s tra in  fie ld , t h a t  is th e  six S a in t-V en an t’s co m - 
p u tib ility  e q u a tio n s  are no t in d e p e n d e n t  o f  each  o th ert. To e lim in a te  th e  
in te rd ep en d en ce , K. W ash izu  in  1957 h as  g iven  a solution b y  a llow ing  fo r 
B ianchi’s id e n ti ty . In  this p a p e r , on  th e  basis  o f th e  condition of th e  s in g le 
valued  d isp lacem en ts  concering th e  b o u n d a ry  (i. e. on the  base o f th e  c o m 
p a tib ility  b o u n d a ry  condition) s im ila rly  w ith  th e  aid of B ianchi’s id e n t i ty ,  
the  so lu tio n  g iven  by K. W a s h iz u  is e x te n d e d  to  all feasible caves a n d ,  a t  
the  sam e tim e , th e  results a re  g en era lized  to  aay  curvilinear c o o rd in a te  
system s. In  th is  w ay, the  se t o f  th e  g o v e rn in g  equations of th e  lin e a riz ed  
theo ry  of th e  e lastosta tics , in c o n n ec tio n  w ith  th e  six stress co o rd in a te* , is 
com posed o f th e  th ree  eq u ilib riu m  e q u a tio n s  an d  of three  su itab ly  se lec ted  
co m p a tib ility  equations, h o w ev er, th e  cu sto m ary  b o undary  c o n d itio n s  
chould be  com plem ented  by  th re e  c o m p a tib il ity  b o undary  co n d itio n s.





Acta Techn. Hung. 90 (3 4 ), p p .  247— 258

V a r g a , A .— E c s e d i—T ó r h , P .—M ó r ic z , F .:  Л Heureslic M ethod fo r  
Speeding up  M anua l O ptim ization  o f  Boolean F u n ctio n s

A sim ple  h eu ris tic  p rocedure  is p rocen ted  to  sp eed  u p  m an u a l o p tim iza tio n  
of B oolean  fu n c tio n s ( tru th -fu n c tio n s). T he p ro c e d u re  uses n tree rep resen 
ta tio n  o f th r  Boolean fu n c tio n s  and  so i t  is g e o m e tric  ra th e r  than  a lgebraic  
is c h a ra c te r. T he m ethod  can  easily be a p p lied  to  to ta lly  determ ined  B o o 
lean  fu n c tio n s  as well as to  p a r tia l  ones, c o n ta in in g  no t m ore th a n  10 v a 
riables. Som e illu s tra tiv e  exam ples are a lso  in c lu d ed . The au th o rs  are  
in duced  to  th e  referee fo r his v a lu ab le  re m a rk s  a n d  suggestions.

Acta Techn. H ung. 90 (3— 4), pp . 259— 274

F a r k a s , J . :  O ptim um  D esign  fo r  B ending  a n d  U ltim ate Shear Strength  
o f  H yb rid  I-B ea m s

T he p a p e r  p resen ts  th e  ap p ro x im a te  a n a ly t ic a l  o p tim iza tio n  of w elded  
h y b rid  I-b ea m s su b jec t to  b en d in g . In  th e  o b je c tiv e  fu n c tio n  th e  d iffe re n t 
m a t e r i a l i s t s  o f web a n d  flanges are ta k e n  in to  accoun t. The follow ing 
design c o n s tra in ts  are considered : local b u c k lin g  c o n s tra in t o f web an d  t h a t  
o f com p ressed  flange, c o n s tra in ts  o f m ax im u m  stress  an d  deflection , re s 
p ec tiv e ly . T h e  dead  w eigh t a n d  th e  la te ra l b u c k lin g  is n o t considered. T h e  
o b ta in e d  sim ple  fo rm u lae  a re  applied  to  th e  co m p ara tiv e  calcu la tio n s 
w hich  show  e. g. th a t  th e  m ate ria l cost o f  h y b r id  beam s optim ized w ith  
re sp ec t to  stress  co n stra in t is b y  15— 25%  less  th a n  th a t  of hom ogeneous 
ones. F u r th e r ,  lim it sh ea r stresses are d e te rm in e d  below  where th e  e ffec t 
o f sh ea r c an  be neg lected .

A cta Techn. H ung. 90 (3— 4), pp. 275—284

H e n n y e y , Z .: The Theory o f  R ela tiv ity  as S een  by the Engineer

Ph y sics in  th e  m ost im p o r ta n t  underly ing  d isc ip lin e  o f th e  engineering sc i
ences. T h e  w ay  of th in k in g  b u ilt  úp in  th e  n o tio n s  o f absolu te space a n d  
tim e , b a se s  o f classical physics, m eans for th e  m a n  o f ingineering th e  s ta b le  
fo u n d a tio n  o f his own science. No w onder, if  he  does n o t get to  f r ic e n d ly  
te rm s w ith  th e  new  ideas o f th e  th eo ry  of r e la t iv i ty .  T here  is indeed a co n 
tr ib u tio n  be tw een  th e  tra d it io n a l  logics o f  c lass ica l physics and th e  log ics 
o f th e  th e o ry  of re la tiv ity  a n d  to  bridge i t  is a  h a rd  task . To bridge th is  
gap is th e  a im  of th is s tu d y .





■írln Teriin. Hung. 90 ( 3 —4), p p .  283— 290

BoszNAY, Л. e t  al.: Improvable Bracketing o f the Circular Frequences o f a 
Straight Bod with Characteristics Varying along its Length, Performing 
Flexural Oscillations

The paper solves the problem w ith  the aid of th e  Poincaré Rayleigh—
Kitz and F ichera’s methods and  points out some problems arising in con
nection w ith the numerical solution.

Acta Techn. H ung. 90 (3—4), pp. 291— 302

Grósz, M.: Optimal Designing o f  Pipe Networks by Integer Programming

In  the paper the author deals w ith  the extension of existing w ater networks 
and the design of new netw irks. For the optim al solution of these problems 
a nonlinear in teger programming model is presented. I t  differs from models 
known from  lite ra tu re  inasm uch as a) the pipe d iam eters can assume only 
discrete values; b) the w ater quantities fed from  the sources are no t con
stants given beforehand, b u t param eter depending on the netw ork; c) m i
nim alisation of the investent costs and of the operating  expenses is aimed 
a t the defin ition  of the problem s is based on g raph  theory  and netw ork 
flow theory. In  order to reduce the possible num ber of pipe diam eter com
binations a special so-called m inim al tree has been bu ilt ip. The nonlinear 
integer program m ing problem has been solved by the m ethod of penalty 
functions. K nowing the m inim al tree the discrete d iam eter com bination 
near the accura te  optimum have been sought for which prodives, togethc 
with the corresponding w ater q u an tity  a local optim um .

Acta Techn. Hung. 90 (3—4), pp . 303—320

F e r e n c z , Cs. : Electromagnetic Wave Propagation in Moving Media with 
Special Regard to Frequency-Shifts “Anomalous” , Frequency-Shifts in 
Astronomy

In the firs t p a r t  after a comprehensive review of problem s which appear to 
be fundam ental in the study of electrom agnetic wave progapation in m ov
ing media 00 is shown how to  elim inate the observing discrepancy and the 
possible w ays of analyting th e  electrom agnetic wave propagation in m ov
ing media are discussed. One of the discussed m ethods, developed under 
the name of relativistic ray tracing , is described in detail in the second part. 
I t is show to  determine the signal spectrum  and  the so-called basic effect 
for which expressions form ulated in cases th o u g h t to  be most im portant. 
The weighting functions and th e  proofs of their form are given. Finally, 
in the third part results of earlier similar analyses are utilized for explaining 
“anomalous”  frequency shifts and other associated wave propagation phe
nomena (line broadening, p o la risa tion  ro ta tion , etc.) observed in the 
solar system . I t  is suggested th a t  similar apparen tly  anomalous frequency 
shifts as well as other associated phenom ena observed in galactic and 
extragalactic wave propagation could be in terp re ted  in th e  same way.

Acta Techn. Hung. 90 (3 -4), pp. 321—349

M R S ,  I. Á r k o s : General A nalysis o f Monochromatic Signals Propagating 
along Inhomogeneous Transmission Lines

The f ir s t part of this paper gave a short sum m ary of fundam ental rela
tions and  com m un m ethods for the investigation of inhomogeneous tran - 
mission lines. Then using the  m ethod of inhom ogeneous basic modes it 
shows a process for determ ining the wave p a tte rn  along the line which 
seems to be generally sufficiently useful. Based on this, one m ay have 
different categories of transm ission lines. F inally  by using a further m e
thod too, the w ay of determ ining the wave p a tte rn  and the different ca te
gories will be shown. The second part of th e  paper gives the m anner of 
determ ining the group velocity  by using a pertu rb a tio n  process based on 
the m ethod of inhomogeneous basic modes. In  this case homogeneous, 
inhom ogeneous and w ithin stric tly  linear and  dispersive lines are ana
lysed. F inally  an example is shown for determ ining the wave p a tte rn  and 
group velocity  by using the m ethod of inhomogeneous basic modes.
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