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E. BÖLCSKEI

1 9 1 7 -1 9 7 7

Das ungarische w issenschaftliche Leben er litt einen unersetzbaren V er
lust: Elemér B ö l c s k e i , korrespondierendes M itglied der Ungarischen A kade
mie der W issenschaften, leitender Professor des Lehrstuhls für S tah lb eton 
konstruktionen der Technischen U niversität zu B udapest, K onstrukteur groß
zügiger Bauwerke, verschied am 16. Juni 1977.

Elemér B ö l c s k e i  wurde am 17. N ovem ber 1917 in Pestszentlőrinc gebo
ren. D ie M ittelschulstudien absolvierte er in B u d ap est, und ließ sich nach deren  
Beendigung an der F akultät für Ingenieure der Technischen U niversität in 
skribieren, wo er 1940 das Ingenieursdiplom  erwarb.

Noch vor B eendigung seiner Studien an der U niversität, hat er im  K o n 
struktionsbüro des D r.-Ing. István  M e n y h á r d  eine Stellung angenom m en, die  
er acht Jahre hindurch bekleidete. W ährend dieser Zeit hatte er reichlich G ele
genheit das hervorragende W issen seines M eisters kennenzulernen und sich  
anzueignen. D ie hier verbrachte Zeit erwies sich  als richtunggebend für seine  
T ätigkeit und drückte ihren Stem pel seinem Lebensw erk auf.

Im  Jahre 1947 eröffnete er ein eigenes K onstruktionsbüro, trat aber b e
reits 1948 in das In stitu t für Bauw issenschaft und  Bauentw urf ein. G elegent

1 Acta Technica Academiae Scientiarum Hungaricae 86, 1978



2 BÖ LCSK EI, E .

lieh  der U m organisation dieses In stitu ts wurde er in das K onstruktionsbüro  
A M T I v ersetzt und nach dessen U m organisation  wurde er dem K onstruktions
büro M É L Y É PT E R Y , dann dem K onstruktionsbüro UVATERY zu gete ilt, wo 
er L eiter  der A bteilung für Rrückenbau wurde.

D  as Jahr 1955 bedeutete einen w ichtigen  W endepunkt im L eben B ö lc s- 
K Eis .  Zu dieser Zeit wurde er zum D ozenten  am II. Lehrstuhl für Brückenbau  
der T echnischen U niversität ernannt. H ier bot sich ihm reichlich G elegenheit 
se in e  als K onstrukteur gesam m elten , w ertvollen  Erfahrungen auf dem  Gebiet 
des U nterrichtes an der U n iversitä t zu verw erten. 1956 erwarb er den w issen
sch a ftlich en  Grad eines K andidaten , 1960 den eines Doktors der technischen  
W issenschaften .

Im  Jahre 1961 wurde er in die A bteilung für Hochschulwesen des M iniste
rium s für Unterrichtswesen versetzt und noch im  selben Jahr zum  Professor 
am II . Lehrstuhl für Brückenbau der Technischen U niversität ernannt. Seit 
1963 ü b te  er als Leiter des Lehrstuhls für Stahlbetonkonstruktionen w ertvolle  
L eh rtä tigk e it aus.

Seine wissenschaftliche T ätigkeit war m annigfaltig. Zahlreiche seiner 
A bhandlu ngen  befassen sich m it den Problem en des Brückenbaues. Er stu
d ierte  sehr eingehend und in  einer neuen Betrachtungsweise das Problem  der 
K n ick u n g  des druckbeanspruchten Stabes. Mehrere Studien w id m ete er der 
A n w en d u n g  von Schalenkonstruktionen als Lundam ente, dem Theologischen 
Y erh a lten  fester Körper und der A usgestaltung neuartiger Schalenform eu. 
B eson d ers hervorzuheben is t  sein — m it M itverfassern geschriebenes — aus 
fü n f  B än d en  bestehendes, das ganze G ebiet der Stahlbetonkonstruktionen um 
fa ssen d es Werk „Vasbetonszerkezetek“ (Stahlbetonkonstruktionen), das nicht 
nur als Lehrbuch, sondern auch als Lachbuch ein wertvolles Produkt der unga
r isch en  technischen Literatur darstellt.

D ie  hervorragendsten Ergebnisse seiner w issenschaftlichen T ätigk eit sind 
die B estim m ung der die Form änderung der Membranschalen beschreibenden  
p artie llen  D ifferentialgleichung zw eiter Ordnung und die B ehandlung der all
gem ein en  Schalentheorie m it rechtw inkligen Koordinaten. D iese Arbeiten  
h a b en  auch internationales Interesse erw eckt.

ln  Anerkennung seiner w ertvollen  wissenschaftlichen T ätigk eit hat die 
U n garisch e Akademie der W issenschaften  Elem ér B ö l c s k e i  1967 zum  korre
spondierenden Mitglied gew ählt.

Außer seiner w issenschaftlichen B etätigung leistete er auch als K on
stru k teu r  vielseitige A rbeit. Er beteilig te  sich am Bau mehrerer B rücken in 
U n garn  und führte auch neuartige konstruktive Lösungen ein. Er en tw arf die 
erste  B rücke mit V -Füßen in U ngarn, sow ie die erste Spannbetonbrücke. Nach 
se in en  Plänen wurde die größte Stahlbetonbrücke Ungarns, die Talbrücke bei 
V arasd  m it einer Spannw eite von  nahezu 100 m erbaut. Eine seiner bem erkens
w erten  Schöpfungen ist die aus vorgefertigten  Elem enten erbaute fünffeldige
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BÖLCSKEI, E. 3

Stahlbetonbalkenbrücke am Bolond út. Er entw arf auch die erste aus A lum i
nium erbaute L eichtm etallbrücke Europas, bei Szabadszállás.

Auch am öffentlichen Leben beteiligte sich Elemér B ö l c s k e i  lebhaft. 
Er bekleidete in zahlreichen w issenschaftlichen Körperschaften verschiedene  
Ämter. So war er M itglied des W issenschaftlichen R ates des V olksbildungs
m inisterium s, des Ausschusses für B auw issenschaft und Verkehr, der w issen
schaftlichen Q ualifizierungskom m ission der U ngarischen Akadem ie der W is
senschaften, des Ausschusses für Technische M echanik, der Fachkom m ission  
für Statik  und Bem essung des Standardisierungsam tes, sowie des U nteraus
schusses für das Bauingenieurfach der Justizkom m ission. Er war auch R edak
tionsm itglied zweier Zeitschriften der A bteilung der Technischen W issenschaf
ten der Ungarischen Akadem ie der W issenschaften, nam entlich der Zeitschrift 
„Műszaki Tudom ány" (Technische W issenschaft) und ,,A cta Technica" . Er war 
auch M itglied des ungarischen N ationalkom itees des Ass. Int. des P onts et 
Charpentes.

Auch an der Ausarbeitung der ungarischen Norm en nahm er regen An
teil. Unter seiner Leitung wurden die G rundsätze der auf der H albw ahrschein
lichkeit beruhenden B em essung, die Norm en für den E ntw urf von  T ragkon
struktionen der Bauwerke und die R ichtlin ien  zur U ntersuchung der m it 
B auxitbeton ausgeführten Bauwerke ausgearbeitet.

In Anerkennung seiner T ätigkeit hat ihm  die Regierung die T itel A rbeits
aktiv ist, B estarbeiter, Bestarbeiter des Verkehrswesens, Bestarbeiter des U n
terrichtswesens, Bestarbeiter des Bauwesens verliehen.

Leider litt  er Jahre hindurch an einer schweren K rankheit. Mit unglaub
licher W illenskraft käm pfte er gegen die tückische K rankheit an und arbeitete  
bis zum' letzten  M oment seines Lebens. Doch erwiesen sich sein heldenhafter  
K am pf, alle Versuche der m edizinischen W issenschaften, die sorgenvolle Liebe 
seiner Fam ilie und Verehrer als nutzlos. D ie K rankheit-war stärker, er m ußte  
seinen Posten verlassen, auf dem er bis zur letzten  M inute ausharrte und auch 
noch auf seinem  Sterbelager den Ingenieursw issenschaften zu dienen bem üht 
war.

Elemér B ö l c s k e i  hat uns für immer verlassen, doch wird das vornehm e  
Beispiel seines kam pfreichen Lebens in unserer Erinnerung fortleben und sein  
Andenken werden G enerationen lang seine, m ächtige Öffnungen überspannen
den, kühnen Brücken und seine hochragenden, schlanken Funktürm e bew ah
ren.

P .  Csonka

W issenschaftliche Tätigkeit des Prof. Dr. E . Bölcskei

1. Olaszország ú tü gye a világháború után. (Straßenverhältnisse Italiens nach dem  W elt
krieg.) Technika,  (1940) 1 4 6 - 1 4 7

2. A szabadszállási alum ínium híd. (D ie Alum inium brücke in Szabadszállás.) Mélyépítés
tudományi Szemle, 1 (1951) 202 — 208
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NONLINEAR STABILITY ANALYSIS 
OF PSEUDO-CYLINDRICAL SHELLS

R. H. K N A P P *  

and
R. SZ IL Á R D **

[Manuscript received March 30, 1977]

An unconventional geom etric configuration is introduced for cylindrical shells. 
The cylindrical surface has been replaced by an assem blage of flat polyhedral e lem en ts. 
Buckling characteristics o f the so-obtained Pseudo-Cylindrical Concave Polyhedral  
(PCCP) shell, subjected to  external pressure, is analyzed by means of a f in ite  elem ent 
approach. To verify  the com puter results a sm all scale m odel test has been carried out. 
These two independent investigations show excellen t agreement. Comparison w ith  the 
buckling pressure o f a “ true” cylindrical shell ind icates that the proposed m odification  
o f the geom etrical configuration results in considerably higher buckling resistance. 
In addition, such a pseudo-cylindrical shell exh ib its other desirable structural qualities 
such as relative ease in fabrication and high in sen sitiv ity  to initial im perfections. 
Consequently, it  can advantageously be used for various undersea structures.

1 . I n t r o d u c t i o n

Early investigations into the buckling characteristics of ax ia lly  loaded  
cylinders have revealed considerable discrepancies between an a ly tica l and 
experim ental results [1, 2, 3]. That is, cylindrical shells buckle under approxi
m ately  one third o f the external pressure predicted by the classical linear  
theory. The reason for this discrepancy is m anifold. First, since the flexural 
rigid ity  o f the cylindrical shell is m erely a fraction  o f its extensional rig id ity , 
even  sm all deviations from the ex a ct cylindrical surface creates in to lerab ly  
large bending m om ents. Consequently, the shell seeks a lower strain-energy  
configuration which involves bending o f the m iddle surface. Thus, the principal 
cause o f the above-m entioned disagreem ent appears to be small accidenta l 
deviations from the perfect cylindrical shape w hich  are almost in ev ita b le  in 
any fabrication procedure. Furtherm ore, the above-m entioned large d iscrep
ancies between analytical and experim ental results were partially due to  the  
neglect o f the nonlinear term s in the analytical approach. That is, a fter  in itia l 
buckling has occurred, inward deflections becom e large, i.e., not neglig ib le w hen  
com pared w ith the in itia l dim ensions o f the shell.

* Ronald H. K napp, Ph.D . A ssistant Professor of M echanical Engineering, U n iversity  
of H aw aii, Honolulu, H awaii, U.S.A.

** Rudolph Szilard, Dr.-Ing. Professor of Civil Engineering. Adjunct Professor of 
Ocean Engineering, U niversity o f H awaii, H onolulu, H aw aii, U .S.A.

Acta Technica Acadtmiae Scienliarum Hungaricae 86, 1978



1 0 K NA PP, R. H .—SZILÁ R D , R .

Experim ental in vestigations have further revealed that, after in itial 
buck ling  has occurred, th e  shell quickly assum es another more stab le equi
librium  configuration characterized by a polyhedral surface (Fig. lb ) .  Taking  
an analytical approach based on the R ayle igh  — R itz energy m ethod, von  
K á r m á n  and T s i e n  h a v e  show n that the sm all-deflection  theory is inadequate  
to  predict the critical load  o f  axially com pressed cylindrical shells [4]. U sing  
nonlinear stress-stain relationships, they could verify  the experim ental results. 
Their landmark analysis o f  the postbuckling behavior of cylindrical shells has

Fig. 1. a) Ideal pseudo-cylindrical concave polyhedral (PC C P) shell; b) actual buckled cylinder

show n th at from th e b ifurcation point a secondary equilibrium p ath  drops 
sharp ly  downward (line A B , Fig. 2) and recovers on a new equilibrium  path  
(line BC, Fig. 2). A m in im um  occurs in th is  secondary path which w as som e
w hat less than one th ird  o f  th e  bifurcation b u ck lin g  load and agrees reasonably  
w ell w ith  the test resu lts.

During this in ex ten sion a l large-deform ation process, the originally per
fect cylindrical surface tak es a polyhedral form  consisting of predom inantly  
f la t  triangular subregions. The idealized PCCP shell geometry is show n in 
F ig . l a .  As M i u r a  s ta te s , tw o  polyhedral p ostb u ck lin g  shapes are possible, i.e ., 
diam ond and hexagonal patterns [5, 6 , 7]. S ince the buckling shapes observed  
in  com pression tests o f  cylindrical shells are predom inantly diam ond shaped  
w ith  inward d isp lacem ents, the name Pseudo-Cylindrical Concave Polyhedral
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(PCCP) surface, as suggested by M i u r a  [7], aptly describes such a geom etrical 
configuration. This buckled shape o f a cylindrical shell pertinent to the second  
sta te  o f equilibrium  (line BC, Fig. 2) can be viewed, however, as a new un
failed structural form which possesses a considerably larger circum ferential 
flexural rigid ity than a cylindrical shell o f the same overall geom etry. For 
instance, i f  the am plitude of the co n cav ity  o f the triangular faces is taken  as 
m uch as several tim es the thickness o f  the shell, its circum ferential bending  
rigid ity could be increased approxim ately  ten tim es over that of a com parable

cylindrical shell. Subjecting the PCCP shell to axial com pression, a stab le load- 
deform ation curve (line BC, Fig. 2) can be achieved, provided th a t geom etry  
o f this pseudo-cylindrical shell rem ains unchanged; otherwise, the w ell-know n  
“jum p” phenom enon from one buckling m ode to the next w ill take place until 
the classical buckling load pertinent to  the bifurcation point is reached (line 
CD, Fig. 2). A lthough the PCCP shell is characterized by inherently  high  
circum ferential bending rigidity, axial rigid ity is greatly reduced and stiffeners 
m ay be required in the axial direction to  stabilize its geom etry. This can easily  
be accom plished in m any different w ays depending on the typ e o f  application  
o f such a structure [8].

The aim o f the present stu d y  is to dem onstrate th at for such pseudo- 
cylindrical shells the critical load can be determ ined w ith good accuracy. Since  
the fin ite  elem ent m ethod used in the num erical analysis is h ighly versatile , it 
is re latively  easy to apply th e  sam e approach to other com binations o f  load, 
boundary conditions, and overall geom etry than those presented here.
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2. Notations

A j  Cross sectional area o f bar “ i ” .
E  M odulus o f e lastic ity .
{.F} Generalized global force m atrix.
F a A x ia l load.
Ij  In-plane flexural m om ent o f inertia o f bar “ i ” .
[K j Global stiffness m atrix.
[Х у] Global geom etric stiffness matrix.
I X (] Global tangent stiffness m atrix.
[ К I,. E lem ent local stiffness m atrix.
[ K s]e E lem ent local geom etric stiffness matrix. 
к * A spect ratio o f  rectangular elem ent (Fig. 11).
Lj  L ength of bar “ i ” .
JV Num ber of e lem ents o f the system . 
n Num ber of bars in a framework elem ent.
m  Num ber of com ponents o f  global force or global disp lacem ent m atrix.
S  Framework elem ent surface area,
t Thickness.
[T]e Beam  elem ent transform ation matrix.
u, V Displacem ent in  x, у  directions, respectively.
U, U*  E lem ental strain energy o f  the continuum  and fram ework elem ent, respectively.
{ U }  Generalized global displacem ent m atrix, 
a,- A ngle of inclination  o f bar “ i” .
ay, olz R otations of a beam  elem ent about th e y , z axes, respectively.
ßy, ßz Tensile axial load param eter =  L У FJEI у > г where F a =  axial tension load
<5 Variational operator
ex, Ey, y Xy  In-plane strains.
Ej Strain in bar “ i ”
Ay- /.- Compressive axia l load param eter =  L Ÿ F aI E I y Z where Fa =  axial compressive load
V P oisson’s ratio
<Pl Bending distortion angle o f  bar “ i ” .

3. Numerical analysis

3.1. Nonlinear f in i te  element form ulation  o f  instability

M ost shell in sta b ility  problems, including th ose we encounter in connec
tion  w ith  PCCP shells, cannot be solved an a lytica lly . Consequently, a numerical 
approach m ust be applied. The fin ite  elem ent m ethod [9], coupled w ith  the  
use o f  high-speed d igita l com puters, is a powerful too l for analyzing structures 
and structural problem s o f high com plexity. Prim arily due to its relative sim 
p lic ity  and available large com puter program library, the displacem ent m ethod  
[10] has been selected  for the present analysis. In  the m atrix-displacem ent 
form ulation of in sta b ility  problems using the fin ite  elem ent approach, non- 
linearities m ay occur in  various forms. M aterial nonlinearity is disregarded in  
th is stu d y , and only geom etric nonlinearities are assum ed to arise in expressing  
the equilibrium  and strain-displacem ent conditions.

I t  is apparent th a t in a macroscopic sense the PCCP shell approxim ates 
a true cylinder and therefore would be expected  to  carry loads partially by  
m em brane actions. In  a microscopic sense, e.g ., w ith in  the region of one o f the
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elem entary triangular faces, th is shell would appear to  respond as a fla t plate  
carrying loads by bending actions. Consequently, b oth  the membrane and bend
ing actions should be considered .1 In case of large deform ations, these actions 
becom e coupled and dependent upon the displacem ent state. To follow  the  
path  o f deform ations, as th e  com pressive load is gradually increased, the unde
form ed geom etrical configuration  is taken as th e  fix ed  reference state . The 
task  o f nonlinear sta b ility  analysis involves:

a) selection o f su itab le fin ite  elem ent ty p e  w ith  good convergence  
characteristics ;

b) determ ination o f linear and nonlinear (geom etrical) elem ent-stiffness 
m atrices;

c) selection o f a stab le numerical solution technique; and
d) developm ent o f pertinent com puter program s.

Before we treat each o f these phases of the num erical analysis in detail, le t us 
briefly  discuss the fundam entals of the fin ite elem ent form ulation of instab ility  
problem s.

In the m atrix-displacem ent form ulation o f buckling, we usually apply  
th e  equilibrium m ethod. L et us express first the equilibrium  condition o f the  
shell structure in  a global reference co-ordinate system  (X , У , Z) (F ig. 3):

{ F ^ } = [ K ] { U }  +  { F g} .  (1)

This equation relates the generalized external nodal forces, {^ extb  and nodal 
displacem ents, { U } .  In  E q. (1), [IC] is the conventional stiffness m atrix o f the  
to ta l system  w hile { F a } represents the geom etric force m atrix. The m atrix  
{ Fa } contains term s w hich are due to both in itia l forces and nonlinear geom-- 
etry o f deform ation. The stiffness m atrix o f th e  to ta l structure, [X ], also 
depends upon geom etric nonlinearity due to the coupling o f elem ent mem brane 
and bending actions.

In order to be able to  com pile the stiffness [X ] for the total structural 
system , it is required th a t each elem ent stiffness m atrix , [fc]e, expressed in its 
own local co-ordinate system  (x , y ,  z), should first be transform ed in to  the  
global system . Sum m ing all transformed elem ent stiffness m atrices, according 
to  the well-known code num ber m ethod [13], yields th e  stiffness properties in 
the global reference system :

[ K]  =  ^ [ Т ] П Ч , [ Т ] , .
e= l

( 2)

1 A d e ta iled  stress  an a ly sis  o f th e  PCCP shell w hich  show s th e  re la tio n sh ip  betw een 
th ese  tw o actions has been  ca rried  o u t [11]. Also, seeTANiZAWA an d  Miu ra  [1 2 1.
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\

V « 1/3
t = 0,03 in (0,076 cm)

Fig. 3. F in ite  elem ent m odel o f PCCP shell

T h e transform ation m atrix, [T ]e, for the beam  elem ents (“ building-blocks” of 
th e  fram ework m ethod used to  discretize the original continuum ) used in the  
p resen t analysis is given in  T able 1.

E quation (1) represents a set of nonlinear algebraic equations. As m en
tio n ed  earlier, the stiffness m atrix, [K ], is load dependent, i.e ., it  is influenced  
b y  th e  presence of the m em brane forces, which are (to begin w ith) unknown. 
To overcom e this d ifficu lty , the so-called step iteration m ethod is  used which  
represents a com bination o f E u l e r ’s increm ental m ethod and th e  N e w t o n  — 
R a p h s o n ’s iterative procedure (F ig. 4). This m ixed procedure consists of apply
in g  th e  E u l e r  increm ental m ethod for a lim ited  number of load steps and sub
seq u en t corrections w ith  N e w t o n  — R a p h s o n  cycling to achieVe equilibrium  
o f  th e  nonlinear equations [14]. This com bined procedure has the advantage 
th a t  w e can conveniently ju d ge the acceptability  o f each load increm ent by  
th e  accuracy of the atta in ed  equilibrium .

I t  is evident that the crux o f a m atrix form ulation o f shell instability  
problem s is the derivation o f an increm ental form of Eq. (1) [13]. Operating
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Table 1

Transformation matrix for a beam element*

1 2 3 4 5 6 7 8 9 10 11 12

[T]e- [01 [0] [0]

[0] [Т]ё [0] [0]

[0] [0] [T]ê [01

[0] [0] [0] [T]ê

Cx q Cz

~
0 Су 0

—  CxCy cos ß  —  Cz sin ß / с |  - p  q  cos ß
— CyCz cos ß  +  Cx sin ß

— Cy cos ß 0 sin ßŸc\ +  c 3 Уc\ Г с 3
CxCy sin ß  —  Cz cos ß

Ус-Х +  c | — ŸC% +  C | sin ß
CyCz sin ß  +  Cx cos ß

У ci +  с* Су sin ß 0 COS ß

[T]e  for General Orientation [TJë if  local ж-Axis is Parallel to global y-Axis

Refer to Figs 5 and 6
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F(force)

on E q . (1) with the varia tion a l operator yields th e  desired equation of stab ility :

{ 0 F ext} =  [ K ] { 0 U }  +  { 0 F a } .  (3)

R eason s for neglecting th e  variation of [K ]  in  E q . (3) are given in [8]. F urther
m ore,

{<3 F c} =  [ K a] { Ô U }  (4)
in  w hich

[ K G ]

9 F,a l
QUX

9E Gm

_ ъ и 1

a f 1 -

~ d ï ï ^

dFgm
9 U m _

(5 )

is th e  geom etric stiffness m atrix . Equation (3) can  also be written in term s o f  
the so-called  tangent stiffness matrix , [JCf], based  on  the apparent analogy w ith  
the ta n g en t modulus o f  e la stic ity  [15]. This relationship  is given by:

{ôEext} =  [K ,] {ÔU}  (6)
in w hich

[ K t] =  [K ]  +  [ K G] . (7)

B o th  th e  structural stiffn ess m atrix, [K ], and th e  geom etric stiffness m atrix, 
[iCG], are load and deform ation  dependent. E x p lic it  expressions for th ese  
m atrices are given in  T ables 2 and 3 for the three-dim ensional beam  elem ent 
dep icted  in Fig. 5 [8, 14].
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Fig. 5. E lem ent co-ordinate and num bering system s

The numerical solution  proceeds in the follow ing manner: E q. (6) is 
m odified according to  the N ew ton Raphson schem e

[K ,F> {» U )W  =  {0Fext}s +  [{Fex(}s -  {Fint} W ] . (8)

This expression is derived by expanding Eq. (1) into a truncated T aylor’s 
series about a displacem ent sta te  sufficiently close to  the exact so lu tion  [8 ]. 
The physical m eaning o f Eq. (8 ) is clear. The la st tw o terms in square brackets 
represent the im balance o f internal, { F int}, and external, { F ext}, forces (F ig. 4). 
I f  these terms are neglected , Eq. (8) is equivalent to the sim ple Euler incre
m ental m ethod in w hich equilibrium  is assum ed to be satisfied  for each load  
step. The inclusion o f th ese term s allows a balance betw een internal and ex
ternal forces to be achieved for each new load step . For each cycle o f  iteration, 
<-k\  an im proved estim ate for the values o f the displacem ent sta te  is deter
mined by the recurrence relation:

{[/}(*+!> =  { !/}<*> +  . (9)

For each cycle, the m atrices, and the m atrix representing the
vector o f the internal stress resultants

{ГшУк) =  1К,Г){и}М  ( 10)

are re-evaluated in term s o f the im proved estim ate o f d isplacem ent, {[/}^ fc+1\  
Convergence is achieved when

{ { / } ( * ) .  (1 1 )

3.2 Determination o f  element stiffness properties

There are currently tw o types of fin ite  elem ents in  use for the solutions 
of problems in structural m echanics: the fram ework elem ents, m ade o f “ equiv
alent” elastic bars, and continuous elem ents. A preference for the la tter has
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We =

Table 2

Element

1 2 3 4 5 6

A X I A L

* Refer to Figure 5 for num bering system and sign convention. See also Notations

p rev a iled  in the recent literatu re . In spite o f the popularity of the continuous 
e lem en t, the framework e lem en t possesses certain  characteristics w hich makes 
i t  com p etitive . These are:

1. The framework representation  of a continuum  represents a true elastic  
stru ctu re  which m ay be actu a lly  constructed and even experim ented with  
p h y sica lly . The continuous elem en t is a m athem atical abstraction suitable for 
a n a ly s is  but not suitable for physical reproduction [16].

2 . The derivation o f th e  properties of a fram ework elem ent are based on 
th e  sam e principles used to  derive properties for a continuous elem ent. Also, 
th e  fram ew ork elem ent has b een  shown to exh ib it good m onotonie convergence
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stiffness matrix*

7 8 9 10 11 12

- * . l 0 0 0 0
H

0 1

0 fc22 0 o
0

fc j j  ■ L  g  

2

0 0 * 3 3 0 ^ 3 3  * L  
2

0 3

0 0 0 - * 4 4 o 0 4

0 0 k 33 • L 
2

0 fe33L 72
~ * 3 3

0 5

0 - f e j j  • L  
2

0 0 0 ^22 -k2/ ^  ^  

^ 6 6

k n 0 0 0 0 0 7

^2 2 0 0 0
- K ,  L  8 

2

* 3 3 0
k 33 • L  

2
0 9

EIyÀy(s\n Ày — Лу COS Лу)
[2(1 — c o s  Ay) — Ay s i n  Ay] • L

*44 0 0 10

r  E / 2A2( s i n  A j —  Аг  c o s  A2)

-  [2(1 -  COS Aj) -  Aj S in  A j]  ' L
* 5 5 0 11

C O M P R E S S I O N  SYMM ETRIC * 5 5  1 2J

characteristics [17]. In  addition, it is im portant to  m aintain continuity  o f  d is
placem ents and slopes betw een adjacent edges o f  elem ents, especially in  in 
stab ility  and large deform ation analyses [8 , 17, 18]. The framework elem ent 
inherently possesses edge continuity . Figures 14 through 17 show exam ples of 
such problem s analyzed w ith  framework elem ents.

3. The fram ework elem ent is simple to ap p ly  to  the solution o f structural 
m echanics problem s. I f  a framework elem ent can  be derived for the problem  
of in terest, it  is easily  used without modification  o f  existing space fram e pro
grams. Table 4 gives equivalent bar properties for several types of useful p la n a r  
framework elem ents.
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Table 3
Geometric stiffness matrix*

[ k G]e *

1 2 3 U 5 6 7 8 9 10 11 12

1

2
3

u
5

6

7

8

9
10 
11 
12

0 Q!z -Oiy

0!z -OiyOiz

-“ y -CCyOiz 0,2 f a .  
“ y АЁГ

* E lem ents not shown are zero. Refer to Fig. 5 for numbering system  and sign  conven
tion . ay, a.z are rotations o f the beam  elem ent about th e  y  and z axes, respectively . F a is the 
a x ia l load.

4. The grading o f the elem ent mesh can  be arbitrary as depicted  in  F ig. 7.
B ecause of its basic sim plicity, its p h ysica l nature and the ease a t which 

it  m a y  be im plem ented, the framework elem en t was selected to  s tu d y  the 
s ta b ility  o f  the PCCP shell. B asically , the fram ew ork method consists o f  replac
in g  a continuum  by an assem blage of bars arranged in a defin ite  pattern. 
E la stic  properties of th e  one-dim ensional e lem en ts are chosen so as to  repro
duce th e  deform ations o f the original continuum . From the v iew poin t o f  geom 
etry , th e  framework m odel m ay possess som e preferred directions (aniso
tro p y ). In  such case, the elastic properties o f  th e  substitute system  m u st be 
ch osen  carefully if  all typ es o f deform ations o f  th e  continuum are to  lie  repro
duced  exactly .

A  num ber of fram ework elem ent ty p es have appeared in th e  literature, 
[16] through  [40]. Table 4 sum m arizes som e o f  the more useful e lem en ts su it
able for p late and shell analysis.

T h e present stu d y  required merely rectangular and equilateral triangular  
e lem en ts. The required elem ent properties are derived below for in-plane  
stresses valid  for an arbitrary Poisson’s ratio  b y  requiring th a t th e  strain
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Notes :
1 Plane A is defined by the local x -y  axes and must 

be perpendicular to the global x -z  plane
2 The principle beam axis is in the direction of the 

local y' axis

Fig. 6. Geometry for co-ordinate transform ation

energy o f the fram ework cell be the sam e as th e  strain energy of the continuum  
for an arbitrary deformed state.

For an elem ent subject only to in-plane strains, ex, ey, y xy, th e  strain  
energy o f a continuous surface is given by [41]:

U =
Et

2 (1  -  1*)
+  2 v e xey  + ( 12)

in which E  =  m odulus of elasticity , v =  P oisson’s ratio, t =  th ickness and  
S =  elem ental area o f the p late surface. The elem ental area, S, is assum ed to  
be su ffic ien tly  sm all so that the in-plane strains acting over the elem ent are 
constant.

Considering n ext th at a framework o f rig id ly  connected bars are p laced  
along th e  boundary of the area, S,  the strain  energy in this bar sy stem  is 
given by:

U*
1 П n ET ■ CD?

v  2 A >E L r f  + 6 2
£  i = i /=1 Ti,

(13)
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Fig.  7. Grading of fram ew ork elem ents

in  w h ich  n =  number o f bars in  the fram ew ork elem ent, A tE  =  axial rigid ity  
o f bar " i” , e] =  axial strain in  bar “ i” , E I t =  flexural rigidity o f bar “ i” for 
b en d in g  about a norm al to  the plane o f th e  elem ent, L t =  length o f  bar “ i” 
and =  distortion angle o f  uniform bending o f  bar “ i” (Fig. 8). Since a state  
o f  co n sta n t strain is assum ed to exist over th e  elem ental area, S,  the jo in ts of 
o p p o site  ends of a bar are assum ed to rotate  through the same angle, 99,•, about 
a stra ig h t line connecting each end.

У

Fig. 8. Uniform bending distortion

T h e displacem ents o f th e  joints of a fram ew ork elem ent have been deter
m in ed  from  the d isplacem ent field:

u =  ex x +  y xyy ,

V =  ey y
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Table 4.

Properties of planar framework elements with rigid joints

Notes. +t-plate thickness, E-modulus of elasticity, v-Poisson's ratio.
*v is arbitrary only for damped or straight, simply-supported boundaries.

in w hich u represents a displacem ent in the x  direction, while v denotes a d is
p lacem ent in th e  у  direction. Since the strains are assumed to be constants, 
these equations sa tisfy  the strain-displacem ent equations o f e la stic ity  [41]:

dv
d y

du dv
yxy  =  ~ t y + ~ d ï

(16)

I f  U  and U * are to  be compared, a relationship betw een th e  normal 
strains, ex, ey, y xy, and the bar strains, £,, m ust be found. A transform ation
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b etw een  th ese  strains has b een  determ ined from the relationship o f d isp lace
m en ts as show n in Fig. 9, w h ich  is:

Sj =  ex cos2 я,- +  ey sin2 <x.j -f- y xy cos a, sin Xj (17)

Fig. 9. T ran s fo rm a tio n  of d isp lacem en ts

3.2 .1  Equilateral triangle

T h e geom etry of an equilateral triangular elem ent is shown in T able 4 and 
F ig. 10. For this elem ent, E q . (17) yields:

£x

ey

Уху

«1 ,

—  ( e2 +  £з ) ------~  e l ’ (18)

T hese equations are used to  transform  Eq. (12) in to  an expression contain ing  
bar strains:

V Z E t L 2

36

У 3 EtLr 
18

1 — 3v
1 -  V2 { £ 1 e 2 +  e 2 e 3 +  £ 3 £ l }

(19)

The co n sta n t strain distortions of this elem ent are show n in Fig. 10. E ach  bar 
of th e  fram ew ork cell is assum ed to possess additional bending rigidity to  resist 
m om en ts acting in the plane o f  the elem ent. Furtherm ore, the bar ends are 
r ig id ly  connected  to each o ther. U tilizing these assum ptions, the distortion  
angles, ç>j, <p2, <p3, have a lready been derived in previous works [8 , 4 2 ]. To  
con serve space, only the p ertinent results are g iven  below:
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Fig. 10. Constant strain d istortion o f a triangular framework elem ent

Va Уху
4

+ i l
4

(ex +  Ey)

E quations (13) and (20) give:

U*  =
A  EL

2
4 E l  

L { ^ 1 ^ 2  +  e 2e 3 +  e 3 £ l }  *

( 20 )

(21)

D ue to sym m etry, each bar has th e  sam e properties.
Comparison of Eqs (19) and (21) shows that the strain energies, U  and 

U*, are equal if:

A E
V3 EtL

<•(1 v)

Y  3 EtL3( l  — 3v) 
7 2 (î -  v2)

( 22)

N ote th at these values are valid  for an isolated elem ent and should be doubled  
in  interior regions, i.e., w hen tw o elem ents are com bined.
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3.2.2 R ectangle

The geom etry o f  th e  rectangular elem ent is shown in Table 4 and its  
con stan t strain d istortion  in Fig. 11. Using E q. (17) we obtain for the rec
tangular element:

in  w hich

к 2 1 l2 к
e l  = r €X + r

E y  4 -
b l

к 2 1 2 к
e T  = r ex +

r
г у -

r°-

Уху 5

Ух у ,

r =  У I  +  к~ .

(23)

(24)

In-plane bending o f th e  bars is a consequence o f  the shearing strain y xy. D ue  
to  sym m etry, the jo in t rotations, 0, are all equal (F ig. 11). The flexural rigid
ities o f the diagonal m em bers are chosen to  be zero. Analysis of the shearing 
deform ations of the fram e in  Fig. 11 yields:

0 Уху
EL,

E I2 +  E l,:  к
(25)

Fig. 11. C onstant strain distortion o f a rectangular elem ent
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T his, however, is not a sym m etrical result. I f  the rectangle is oriented in a 
direction perpendicular to  th a t shown in Fig. 11,

0L =  y x y K h  к
E I 3/k->rEI2

(26)

For a unique solution, such th a t 0 =  0±, we require that

E I 2 =  E I3/k . (27)

R ecognizing that <p3 —  6, F ig. 11 reveals th at

Vt =  <P3 =  I f -  • (28)

The strain energy in  th is elem ent is found b y  com bining Eqs (13), (23) and 
(28):

U* =
A x E L k4

-(- A 3EkL 4  +
A XEL

A 2EL

+  2 £x £y
Г6

A i EL  6 E I 2

r3 r3

(29)

А у 

л у  com paring the coefficien ts in Eqs (12) and (29), the follow ing rectangular 
bar properties are obtained:

L t(l +  fc2)3'2 vEA XE  =

A 2E

A 3E

2k (1 -  V2) 

Lt (k2 — y ) E  

2k ( 1 - г 2)

Lt (1 - k 2 v ) E

2 ( 1 - v 2)
(30)

VJ L3 tk ( 1 - 3  v )E
ILL, =  --------

24 (1 V2 )

E I 3 =  к ■ EL,

3.3 Parametric convergence studies

The fundam ental convergence criterion o f a fin ite elem ent solution  is 
basically  the sam e as for any discrete technique used in num erical stress anal
ysis . That is, it  is required that the strain along the fin ite elem ent boundaries
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sh o u ld  approach the strain  o f  th e  original continuum  as the size o f fram ework  
cells  is  reduced to the in fin itesim al. In order to  determ ine the convergence  
ch aracteristics of the fram ew ork cells used in  th is investigation , exten sive  
param etric  studies have b een  carried out on pertinent linear and nonlinear 
p rob lem s for which an a ly tica l solutions are available.

A  cantilever deep-beam  problem w ith a length  to depth ratio o f two  
(F ig . 12) has been used as a te s t  problem to establish  the convergence charac
ter is t ic s  for membrane stiffn ess  coefficients o f the equilateral triangular fram e
w ork elem ent (Fig. 10). T he convergence, as F ig . 12 indicates, is m onotonie

Fig.  12. Convergence characteristics of the m em brane part o f stiffness coefficients

to  th e  ex a ct solution. S im ilarly , the linear part o f  the elem ent bending stiffness 
co effic ien ts  (Table 4) ex h ib its  the very sam e highly  desirable convergence 
characteristics. In this case, how ever, a sim ply supported equilateral p late has 
been  em ployed as the te st  problem  (Fig. 13).

In  investigating bu ck lin g  o f thin shells b y  m eans o f the fin ite  elem ent 
m eth o d , th e  nonlinear e lem en t stiffness matrices (Table 2 and 3) p lay  a decisive  
role. Consequently, several t e s t  runs have been m ade to obtain sim ilar infor
m a tio n  on the elem ent b eh av ior  in the geom etric nonlinear, elastic regions. 
S in ce a relatively ex ten sive  literature search has on ly  yielded solutions of 
p rob lem s w ith rectangular boundary conditions, rectangular fram ework cells 
(w h ose properties are also defined  in Table 4) have been used. F irst, large
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Fig. 13. Convergence characteristics o f the bending part of stiffness coefficients

deflections of a laterally loaded square plate w ith  fixed boundary conditions  
have been com puted (Fig. 14). The so-obtained deflection curve show s an 
excellen t agreem ent w ith L e v y ’s analytical solution  [43]. N ext, in  order to  test 
th e  effect o f curvature on the accuracy o f the fin ite elem ent analysis, large 
deflections o f a shallow shell have been com puted (Fig. 15). E ven w ith  a very  
coarse subdivision, the results were in close agreem ent w ith other, m ore refined,

Fig. 14. Large deflection  solutions for a square plate
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Fig. 15. Large deflection  solutions for a shallow  cylindrical shell

f in ite  element solutions [44 ]. The critical buckling load of a sim ply supported  
p la te  subjected to u n iform ly  distributed com pressive edge forces, nx, has been 
determ ined  based on a lin ear analysis using rectangular elem ents (Fig. 16) [17]. 
F in a lly , the buckling load  o f  an elliptical cylinder, subjected to uniform  ex
tern a l pressure (Fig. 17), has been determ ined using rectangular framework  
cells . For this test p rob lem , buckling occurred w hen the tangent stiffness

Fig. 16. Com parison o f  convergence properties in  stab ility  analysis [17]
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b (p s i)

Fig. 17. Nonlinear buckling analysis o f an elliptical cylinder

m atrix became sem i-defin ite. Since fin ite load steps have been used in this 
analysis, we can m erely sta te  that the shell has buckled somewhere w ithin  the 
shaded region of F ig. 17. The com putation could have been further redefined  
by introducing sm aller load increments. This step , however, has been om itted  
since relatively good agreem ent w ith the experim entally  determ ined buckling  
load [45] has been achieved. Furthermore, a com parison o f the fin ite  elem ent 
results (based on fram ework cells) with the fin ite  difference solution o f the 
sam e problem [46] show s very little  discrepancy. Consequently, the required 
confidence in the num erical procedure used in th is study has been established. 
F inally, it should be m entioned that the buckling, respectively the post- 
buckling behavior o f  th is elliptical shell resem bles, to a certain degree, th at 
of a PCCP shell o f  sim ilar geom etrical configuration; thus, the results o f th is  
last test problem can be considered q u alitatively  quite valuable.

3.4. Computer program

As m entioned earlier, for a numerical so lution  o f the nonlinear buckling  
problem s of PCCP shells, the step iteration technique, which advantageously  
com bines E u l e r ’s increm ental and N e w t o n  — R a p h s o n ’s iterative procedures, 
has been selected. This decision has primarily been based on the proven numer-
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ical s tab ili ty  of such a m ixed process. In addition, some econom ical considera
tio n s did also favor th is approach, i.e ., applying merely N e w t o n — R a p h s o n ’s 
m eth o d , the required com puter tim e tends to  be expensive when large number 
o f degrees of freedom are involved .

T he computer program  w hich was utilized  in this study is the Structural 
D esig n  Language (ST R U D L ) program, originally developed at th e  M assa
ch u setts  Institute of T echnology, Civil Engineering Laboratory [47]. This 
program  is written in a “ d ia lect” of the F O R T R A N  com puter language, called  
IC E S FO R TR A N  [48], w hich is more flex ib le  than  FO RTRAN IV (for struc
tu ral analysis). That is, the analyst can use numerous problem oriented “ com 
m ands” . In addition, ST R U D L  represents a valuable research tool since sub
rou tin es, which have been incorporated in to  this program, include m any o f the  
so lu tio n  algorithms required for fin ite  elem ent analysis [48]. A m ong other 
item s, ST R U D L  has the capabilities o f nonlinear space frame analysis. There
fore, b y  introducing fin ite  elem ents in the form  of framework cells th is program  
can  be extended, w ithout m odification , to cover the general class o f th in  shells. 
A ll com putations have been carried out on the IBM 360 com puter at the  
U n iv ers ity  of Hawaii.

3.5. Results o f  the numerical analysis

T he PCCP shell selected  for this stu d y  is shown in Fig. 3. This shell is 
characterized  by a pattern  o f equilateral triangles forming tw elve  circum 
feren tia l w aves and four ax ia l w aves o f 0.24 inch am plitude. N um erical values 
d efin in g  the geom etry o f th e  shell along w ith  its material properties are given  
in  F ig . 3. Since the deform ed shell rem ains sym m etrical after buckling has 
occurred, it  was sufficient to  model, on ly  a one-eighth section of the shell. The 
above-m entioned  sym m etry condition  requires th a t the elem ent rotations along 
lines A B , ВС and CD, in addition  to the in-plane translations perpendicular 
to  th ese  lines, must be prevented . Each nodal point in the interior dom ain of 
th e  shell has six degrees o f freedom , resulting in  311 displacem ent com ponents. 
T he external pressure is represented by pertinent nodal forces.

Four load step increm ents (0.2 psi each) have been applied to th is discrete 
m odel. A t each load step , th e  displacem ents were found by using one-cycle  
N e w t o n — R a p h s o n  iteration . It is, o f course, possible (or even desirable) to  
u se m ultip le  cycling w ith in  each load step.

Since the ends o f the PCCP shell under investigation  have been restrained  
in  th e  ax ia l direction, the radial displacem ents alone can describe th e  buckling  
and postbuckling behavior o f  th is structure. This quantity is p lotted  as a func
tio n  o f  the hydrostatic pressure for the jo in t numbers indicated on th e  per
t in e n t load-deflection curves in  Fig. 18. I t  appears that up to 0,4 psi hydro-
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Fig. 18. Results o f buckling analysis for PCCP shell shown in Fig. 3

sta tic  pressure, the radial displacem ent com ponents o f  nodal points are nearly  
uniform . B eyond this pressure, however, gradual form ation of a buckling w ave  
begins to  appear. B etw een 0.6 and 0.8 psi external pressure (ind icated  by  
shaded area in F ig. 18) buckling occurs. The load-deform ation curves show  the  
gradual form ation of a buckling w ave up to the point where the curve inverts. 
The load pertinent to th is point is the critical load.

4. Experimental verifications

4.1. Experimental verification o f  computer results

Since, to the writers’ knowledge, no analytical stab ility  in vestigation  of 
PCCP shells has been carried out in the past, it  was m andatory to v er ify  the  
obtained results by a model test. The model used in th is experim ental approach  
was fabricated from a rigid-vinyl РУС, m anufactured by Union Carbide Com
pany, under the tradem ark “ Bakelite” . This m aterial has been selected  for 
the fo llow ing reasons:

a) It can easily he m olded.
b) Its modulus o f e lastic ity  is very low  in  comparison to its  tensile  

strength . (Thus, large deform ations are possible w ithout yielding and th e  sam e  
m odel can be used repeatedly to accum ulate a set o f data.)

c) The stress-strain curve o f “ B akelite” is linearly elastic in th e  range 
o f in terest [8].

A sm all scale m odel has been fabricated to  conform to the geom etrical 
configuration o f a PCCP shell [8]. The fabrication process of the sm all scale  
m odel involved  therm al vacuum  forming “ B ak elite” sheets over a plaster mold
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in  h a lf  sections. Each h a lf shell has then been trim m ed to the proper dim ensions. 
F in a lly , the two halves have been joined w ith  a solvent cem ent to  form  the 
co m p le te  PCCP shell m odel (Fig. 19). The so-obtained model was found to he 
accu rate  w ithin  1° on angles and 1% on th e  radii.

B ecause of its prim ary influence on th e  test results, the m odulus of 
e la stic ity  o f the “ B ak elite” has been eva lu ated  by separate tensile  tests  [8] 
g iv in g  E  =  444,444 psi (30,800 kp/cm2) value. For the lesser sign ificant Pois
son’s ratio , V  =  1/3 has been used.

F igure 19 shows the test fixtures, w hich consisted of a center post and 
tw o  0 .25  in . (0.65 cm) th ick  aluminum end-p lates, machined to m atch the poly-

Fig. 19. Model te st

hedral boundary o f the PCCP shell m odel. E xtern a l pressure has been applied 
b y  evacu atin g  the air from the interior o f  th e  model using a vacuum  pump. 
T he lev e l of the vacuum  has been m easured b y  a water m anom eter. Since 
during buckling the resulting large deform ations have considerably decreased 
th e  vo lu m e of air w ith in  the model, the buck ling  load could be determ ined with  
re la tiv e  ease; i.e. at the tim e o f buckling a dram atic change in  the w ater head 
cou ld  b e observed. As F ig. 18 shows, the experim entally determ ined critical 
load  agrees rem arkably w ell w ith the results obtained by the fin ite  elem ent
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m ethod solution o f the problem using fram ew ork cells. Similarly, th e  experi
m entally  determ ined buckling mode was, for all practical purposes, identical 
to  num erically obtained buckling shape [8].

4.2. Other pertinent experiments

Since the PCCP shell is a relatively new  structural form, to  d a te , very  
few  analytical or experim ental efforts h ave been carried out. R ecen tly , how 
ever, T a n iz a w a  and M i u r a  [12] report on tw o buckling experim ents w ith  
PCCP shells having 6 and 8 circum ferential triangles under external hydro-

Fig. 20. B uckling tendency of PCCP shells under hydrostatic pressure

static pressure. A lthough the authors of R ef. [12] have used isosceles triangular  
faces w ith R/t =  104, and the present effort deals with equilateral triangular  
faces w ith Rjt =  238, it appears to be o f  in terest to compare b oth  results. 
Figure 20 is a p lot o f  the ratio of buckling pressure for the PCCP shell to  that 
o f the com parable “ true”  cylinder versus th e  number of circum ferential tri
angular faces, N .  A band showing the approxim ate trend of buckling behavior  
is p lotted  in Fig. 20. It  is seen that if  N  is less than  10, buckling pressure ratios 
becom e very large. In th is case, angles b etw een  adjacent triangular faces are 
large and this results in  a significant stiffen in g  effect in the circum ferential 
direction. Also, as N  increases, the pressure ratio must approach u n ity  since 
the PCCP shell approaches the geom etry o f  th e  perfect cylinder [7]. In view  
of these results, it  appears that PCCP shells offer an improved alternate to  the  
design of cylindrical structures in  hyd rostatic  pressure environm ents. A ddi
tional investigations o f the buckling resistance o f  PCCP shells are in progress.
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5. Practial applications

P o ten tia l applications o f  PCCP shells h a v e  generally been m entioned  by  
M i u r a  [7] who proposed their use as large span  buildings in architecture, as 
w ater  reservoirs and as bellow s or expansion jo in ts . By the present effort, it 
has a lso  been dem onstrated that the PCCP shell would be w ell-su ited  as 
a stru ctu re  in  the undersea environm ent where large external pressures govern  
design . In  this case, buckling is usually the prim ary mode of failure (especially  
in  th e  shallow er depths where the use of econom ical stress levels require th in- 
w all sh ell design), and PCCP shells are apparently  more resistant to buckling  
fa ilure th an  “ true” cylinders having similar geom etrical properties. H ow ever, 
th is  proposed use of PCCP shells is dependent upon the addition o f  axial 
r ig id ity . A lthough this shell structure possesses large circumferential flexural 
r ig id ity , axial rigidity is greatly reduced (path  BC, Fig. 2).

A  new  concept in the design of undersea habitats is depicted in F ig . 21 
[49]. Show n in this figure is a PCCP shell w hich  has been modified b y  the  
a d d ition  o f  an internal cylinder and radial stiffen in g  rings. The internal cylinder  
serves th e  dual role of stiffen ing the PCCP shell in the axial direction and pro
v id es a secondary, “ back-up” pressure vessel. T he radial stiffening rings pro
v id e  flo o r  space as well as further restricting radial deformations.

A  new  structural concept is currently under developm ent which w ould  
com bine the use of acrylic p lastic and the PCCP shell structure to perm it the

Fig. 21. Undersea h a b ita t
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Fig. 22. Acrylic plastic aquarium

construction  o f high v isib ility  undersea observatories. The PCCP shell surface 
w ould be m anufactured entirely from acrylic plastic thereby providing the 
view er an unrestricted opportunity for visual observation o f the m arine envi
ronm ent. A 12 ft (3.66 m) diam eter, land-based marine aquarium is currently  
being designed to dem onstrate this concept (Fig. 22). The aquarium  design is 
unique in th at it represents an inverted  approach to the conventional design  
o f aquarium s; that is, the observer is located inside the acrylic PCCP shell 
w ith  m arine life exhibits on the outside. This configuration w ould g ive  the  
observer the same experience as being submerged in an actual offshore site. 
Such structures would be useful for recreation, education and scientific  
research. 6

6. Conclusions

Based on a discrete num erical approach, a new type o f cylindrical shell 
structure has been exam ined under external hydrostatic pressure. I t  has been  
dem onstrated  that the PCCP shell possesses more buckling resistance than  
a true cylinder having sim ilar overall geom etry. Thus, because o f  its  unique  
structural and geometrical properties, the PCCP shell could be view ed as a new  
type o f  “ stiffened”  cylindrical shell which should function superbly in  an ex-
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ternal pressurized environm ent. It is proposed th a t w ith suitable m odifica
tion s, such as the addition  o f  axial rigidity, th e  PCCP shell ideally  could be 
used  as an undersea structure such as a m anned h ab ita t or even for subm arines. 
P o ten tia l advantages o f  th is concept over the true cylinder include, (1) greater 
resistan ce to buckling; (2) large diameter cylinders m ay be built using modular 
elem ents (flat-triangular sheets); (3) greater econom y m ight be realized since 
specia l forming operations such as is required to  introduce curvature would 
n ot be required. Also, th is  ty p e  of structure is inherently  less sensitive to m anu
facturing  errors such as out-of-roundness (im perfect circularity of a cylinder). 
In  sim ple terms, the PCCP shell represents a cylinder which is already greatly  
out-of-round and sm all variations in this cond ition  would not m arkedly affect 
its  structural in tegrity. Mass production o f th e  m odular triangular elem ents is 
also possible.

For an actual app lication  of this new structure, a detailed stress analysis 
m u st also be carried out. A lthough the PCCP shell possesses good buckling  
resistance, the fla t triangular plates carry hyd rostatic  pressure by membrane 
and bending  stresses. As th e  size of the triangles is increased, buckling resist
ance and bending stresses increase sim ultaneously . Therefore param etric 
stu d ies should be m ade to  determine the optim um  geom etry for a specific  
application . D etailed stress analyses have also been carried out for different 
PCCP shell geom etries [11].

F inally , it should be m entioned that th e  scope of the present buckling  
an alysis can be further extended  by consideration  of the nonconservative  
behavior o f the pressure loading. In this case, how ever, a provision for com 
p u tin g  the change in th e  direction of the loads throughout the deform ation  
process is necessary, esp ecia lly  if  large rotations occur.
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Nichtlineare Stabilitätsuntersuchung von pseudozylindrischen Schalenkonstruktionen.
E ine außergewöhnliche geom etrische Ausbildung für die Zylinderschalen wurde vorgeschlagen. 
D ie zylindrische Fläche wurde durch eine von flachen P olyedern zusam m engesetzte Fläche  
ersetzt. D ie  Ausbeulungseigenschaften der auf diese W eise erhaltenen durch äußeren Druck  
b eanspruchten  K onkav-Polyeder-Pseudozylinderschale wurde m it H ilfe der M ethode der 
en d lich en  Elem ente untersucht. Zur K ontrolle der R esu ltate, die m it H ilfe einer Rechenanlage  
erh alten  wurden, wurde ein M odellversuch ausgeführt. D iese beiden, voneinander unabhängig  
durchgeführten Untersuchungen h a tten  eine ausgezeichnete Ü bereinstim m ung zur Folge. 
E ine G egenüberstellung dem A usbeulungsdruck einer „ech ten”  Z ylinderschale beweist, daß die 
vorgesch lagene M odifikation der geom etrischen Ausbildung eine v ie l stärkere Ausbeulungs
fe stig k e it  ergibt. Dabei besitz t d iese Pseudozylinderschale auch noch andere wünschenswerte  
k on struk tion eile  Eigenschaften, sow ie  eine verhältnism äßig einfache H erstellung und eine 
erheb liche Unem pfindlichkeit gegen  Anfangsfehlstellen. D esw egen kann diese Zydinder- 
schalenart vorteilhaft für versch iedene Unterseewerke angew andt werden.
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А н а л и з  нелинейной устой ч и в ости  л ож н ы х боч ар н ы х обол оч ек . В св оей  р а б о т е  для  
ан ал и за  бочарны х оболочек  и сп о л ь зу ю  не обы чную  геом етри ческую  ф орм у. Ц и л и н д р и 
ч еск ую  п о в ер хн ость  бочарной  обол оч ки  авторы за м ещ а ю т поверхностью , о б р а зо в а н н о й  из 
п л о ск и х  поли эдров . Авторы и ссл е д у ю т  свойства в сп уч и в ан и я  полученной та к и м  образом  
л о ж н о й  боч ар ной  оболочки с  к онк авной  п оли эдр и ч еск ой  поверхностью , на к о т о р у ю  д ей 
ст в у ет  внеш нее давление, с  пом ощ ью  п р и б л и ж ен н о го  м етода конечны х эл ем ен т о в . Д л я  
к он тр ол я  резул ь татов , п олуч ен н ы х с  помощ ью  вы чи сли тельн ой  маш ины, вы полнены  опыты 
на м одел и . Эти два и ссл едов ан и я , вы полненны е н еза в и си м о  д р у г  от др у га , п одтв ер ж ден ы  
отличны м совпадением  п олуч ен н ы х р езультатов . Н а о сн о в е  сравнения с  к р и ти ч еск и м  с ж а 
тием на вы пучивание дей стви тельн ой  бочарной обол оч к и  м о ж н о  установить, что р ек ом ен 
дов а н н о е  изм ен ен и е геом етр и ческого  оф орм ления в зн ачи тельн ой  м ере п овы ш ает  п роч
ность  в отнош ении  вы пучивания. Н а р я ду  с о  ск азан ны м и  выше такие боч ар ны е облочки  
о бл адаю т  еш е рядом  вы годны х св ой ств  к ак , н ап р и м ер , относительно л егк ая  и зго т о в л я е-  
м ость и х  и больш ая н ечувстви тельн ость  к начальны м  неточностям . С ледовател ьно, такие  
к он ст р у к ц и и  м о ж н о  вы годно прим енять для  со зд а н и я  р я да  подводны х к он ст р у к ц и й .
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ON THE DESIGN OF A QUADRATIC WEIR WITH 
SEMI-CUBIC PARABOEA AS THE BASE

K. K ESH AVA M URTH Y and K. G O PA L A K R ISH N A  PILLAI*  

[M anuscript received April 2, 1977]

This paper deals w ith  the design o f a quadratic notch, which finds application  
in the proportionate m ethod o f flow  m easurem ent in a by-pass, such that the discharge 
through it is proportional to the square root o f the head measured above a certa in  datum . 
The weir notch consists o f  a bottom  in the form o f a sem i cubic parabola o f  top  w idth  
‘2 IE’ and depth ‘a’ over which a designed curve is fitted . Using the ‘slope discharge 
continu ity  theorem ’ the problem is reduced to the determ ination o f an ex a ct so lution  of 
the Volterra’s integral equation in the A bel’s form. I t  is shown that in th is case o f the 
quadratic weir notch, the reference plane or the datum  is situated at 5/6 a  above the 
crest o f the weir so that the discharge is proportional to the square root o f  the head 
m easured above the datum .

1. Introduction

The im portance of weirs as discharge m easuring devices, has been well 
recognized; w hat is less known is their application as velocity  controlling  
devices and consequent application as outlet weirs in grit cham bers. T he dis
charge through a weir o f given shape is a function o f h, the head causing flow , 
e.g. in  the case o f a rectangular weir the discharge is proportional to  h312; in 
the case o f a triangular weir or У -notch, it is proportional to h312; in  the case 
o f a parabolic weir it is proportional t o h ‘/2etc. The reverse problem o f  find ing  
the shape o f a weir to produce a known head-discharge relationship know n as 
the ‘Problem  of Proportional W eirs’ is more com plex. The problem  o f  pro
portional weirs, apart from having considerable practical app lications in 
several fields like hydraulic engineering, chem ical engineering, irrigation  
and sanitary engineering, is endowed w ith  fundam ental and academ ic interest 
in  hydraulics. The first ever a ttem pt to the design o f a proportional w eir was 
m ade b y  Oscar Van  P elt  Sto u t  [1] in 1896 when he designed a linear pro
portional weir. He found out that the curve y  û s î  x ~ 112 where y  and x  are hori
zontal and vertical axes respectively , produced a discharge proportional to  the  
linear power o f the head. This weir is physically  unrealizable as it  ten d s to  
in fin ite  w idth  at the base. This defect was overcom e by S utro by providing

I
* D epartm ent of Civil Engineering, Indian In stitu te  o f Science, Bangalore 560012, India
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a rectangular weir o f w idth  2 W  and depth A  as base, over which a designed curve  
is f itte d . This weir is well known as Sutro  weir. The discharge through th is  
weir (for flow s above the base) is proportional to  the head measured above  
a reference plane or datum  line situated a/ 3 ab ove the crest. It was believed  
till recently  [2, 3] th a t the datum can be chosen  arbitrarily and the choice  
of the datum  at a 3 above the crest in the case o f  the Sutro weir was m eant 
for m athem atical convenience. This erroneous notion has m ainly been  
responsible for m uch o f the empiricism and obscurity  of this im portant branch 
of hydraulics.

Co w g ill  and B a n k s  [4, 5] have show n th a t the equation o f the weir  
producing a discharge Q =  K H m, К  being a con stan t, is given by

2 К

C A W 2

Г{т  +  1) 
Г { т  -  1/2)

x m - 3/2 1m >  —

where у  and x  are the horizontal and vertical axes respectively, g, the accelera
tion  due to  gravity and Cd the coefficient o f  discharge. B y putting m  =  3/2, 
5/2, 7/2, we get the profiles o f the rectangular, triangular and parabolic weirs. 
It is ev id en t from the above equation th at for m  <[ 3/2, the profile tends to  
in fin ite  w idth at the base, i.e . as x —*- 0, у  —> со , which is physically unrealiz
able. S to u t’s weir is one such case (m 1).

An exact so lution  for the quadratic weir (m  =  1/2) earlier attem pted  by  
H a szpr a  [6] was given  by K eshava  Mu r th y  [7]. In that, the equation of the  
weir becom es fastly  convergent giving rise to  a proportional orifice at depths 
of flow  o f 3a and above where a is the depth  o f the rectangular weir base. 
In th is paper another design for the quadratic w eir is given which brings down  
the level o f orifice p o in t, thus reducing the height o f the proportional orifice.

2. Form ulation

The weir is assum ed to  have a base in the form of a sem icubic parabola  
given b y  y ' =  cx lil2 w here c is a dim ensional con stan t and y '  and x' are the  
horizontal and vertical axes respectively. Let th e  equation of the weir above  
b e y  =  f (x )  which has to be determ ined. The w eir is assumed to be sym m etrical 
about the vertical axis, and have a con stan t coefficient of discharge Cd. 
The h a lf cross section o f the weir is shown in F ig. 1. W hen the depth of flow  
is “ A” above the у -ax is, th e  discharge through the portion of the weir below  
the у -axis is

4x =  2 Cd ] /2 g j"y' ]/h +  a - x' dx' =

=  2 Cd ] 2g J u ex'3!2 !' h -\- a — x' dx' .
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After integration  we obtain

л(И +  a)3 (ah)3'2 (ft2 -  a2)
3

9i =  K c
32 8

( a l t )112
( 1 )

(ft +  a)3
16

sin "
f t  - a

ft + a

where К  =  2Cd\2 g -
The discharge through the curved portion o f the weir above the у -axis is

4i x f (x )  d x .

The to ta l discharge through the weir is

Q =  4i + ?2 7t(h +  a)3 
32

(ft 4- a)3 I ft — a
Sill '

16 I f t - f e

(ah)3'2
- ï l r - î V ,

3 8

- K i .
1 h T ^ x f ( x ) d x

( 2)

W e w ant this to  be proportional to (ft +  / a ) 1 2 where ?. is the datum constant. 
In other words the discharge through the weir is proportional to the square  
root o f the head measured above the reference plane. Therefore,
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Fig. 1. D efinition sketch



4 6 M U R TH Y , K . K. P IL L A I, К . G.

K e
n{h +  a)3 (a h f ( h 2 -  a2) ,

32

(h -f- a)3 . I  h — a
—-------- — sm _ 1 l

16

8
(ah)1

( 3)

+  К Г У h -  X  f (x )  dx  =  b(h +  Ao)1/2 
J о

A > 0
h -)- a

w here b is the proportionality constant w hich fix es  the dim ensions o f  th e  weir.

3. M athem atical analysis

T he Yolterra’s integral equation of th e  first kind

Г  - Ш —  ds -  F(X), 0 <  a <  1Ju (x Í)1 (4)

is ca lled  the Abel’s integral equation, and appears in the solution o f equation  
(3). T h e  solution of th is equation under certain  conditions [8] is

y(x)
sin (ал) Гх _F'(£) d

л  J„ { x - k y - '
( 5)

In  w h a t follows the problem  is described in  the above form.
T he first condition to be satisfied b y  E q. (3) is that when h — 0, there 

is no flo w  through the curved portion (con tin u ity  of discharge w ith  respect 
to  h ead ). H ence, putting  h =  0 in Eq. (3), w e have

i. e.

b 1 Ха 1

b у Я =
n W K a

16

( 6)

sin ce  W  =  ca3 2.
D ifferentiating both sides of Eq. (3) w ith  respect to h and rearranging, 

w e h a v e
_ f ( x )  
УЛ -  :

dx
(10a -(- 6h)

K \ l h  +  Xa
(ah)112 +

(7)
h — a 71

+  (A-j-a)2 sin 1 ------- (h Y  a )~
h a 2

T he second condition to  be satisfied  arises ou t o f the slope discharge con tinu ity  
th eorem  [7] requiring the continu ity  o f th e  derivative of the discharge at
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points o f d iscontinuity . P u ttin g  h =  0 in  th e  right-hand side of E q . (7), the  
above condition yields,

— =  —  jiW K  ] [a ,
I  l a  8

i.e.

-Lr = jL^WKa. ( 8)
y l  8

Solving Eqs (6) and (8) for b and l  w e have

6 =  - i f -  n W K a ,  (9)
16

and
;  =  i /б .

The value of l  f ix es  the datum  or reference plane of the weir from w hich all 
heads are reckoned. It is situated  at 5a/6 above the crest of the w eir. W hen  
the base weir dim ensions a and W  are know n the constant o f proportionality  
is determ ined from (9).

It is seen th at Eq. (7) is in the A bel’s form o f Eq. (4) and can be solved  
as in Eq. (5). Here a =  1/2. A pplying th is, w e find after some laborious in tegra
tion  and subsequent sim plification:

y =  W [in X 3/2 3 o
-  (x/a)91* ------- (x /a )1'2 -

(x,'a)1/2

LI a 2 4 (1 + 6 x/a)
(10)

The co-ordinates o f the various points on the above curve are given in T able 1.
A typ ical weir (which has been experim ented) having a =  4" and W  =  

=  10" is shown in Fig. 2.

4. Proportional orifice

An exam ination of Table 1 reveals a significant fact viz., th a t th e  value  
of the function у  very rapidly decreases w ith x/a  and is alm ost equal to  
zero for x/a  />  1,1 and the value o f y / W  becom es zero correct to the fourth  
decim al place for a value o f x/a — 7. B eyond this we can say th a t th e  weir 
acts like a proportional orifice for all practical purposes. As this weir passes 
discharges proportional to square root o f  the head (above a datum ) both  while 
acting as a notch as well as an orifice, th is weir gives another exam ple o f  a rotch- 
orifice first proposed by K e s h a v a  M u r t h y  [7]. However, before concluding  
th is it is necessary to show that the function  is positive throughout the range
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Fig. 2. Sem i-cubical quadratic weir

О <[ X oo or in other words it does not cross th e  яг-axis. E quation (10) can  
he put in  a more con ven ien t form

У _________ 4 ( V l+ x /g )  +  У x ja
W  4 (^ 1  -f- xja  -)- ^ x l a )4 (1 -f- 6я;/а) ( И )

when X =  0, y  =  W  and when x —*■ °o, у  —> 0. D ifferentiating Eq. (10) or 
Eq. (11) w ith  respect to  x  and sim plifying, we have

d y

dx

3 W

8a ]/ xja
16(x/a)312 +  16(я:/а)1/2 +  (1 -|- xja) (5 -f- 34я:/a) ' 

( ]/ 1 + xja) ( 1 +  6xja)2 ( j  I  -)-x /a  -f- У x/a)*
( 12 )

which is n egative for all positive values of x. A s th e  curve starts from у  =  W  
at x  =  0, and since as x  —> oo, у  —> 0 and does not change sign of its slope  
in 0 x  <[ oo it  is concluded th at у  =  f (x )  is positive and continuously

Table 1

Co-ordinates o f  the points on f ( x )  given by Eq. (1 0 )

x ja y iW xja y l * x /a y t w

0,1 0,2030 0,8 0,0108 4,0 0,0003
0,2 0,0962 0,9 0,0086 5,0 0,0002
0,3 0,0562 1,0 0,0070 6,0 0,0001
0,4 0,0363 1,1 0,0058 7,0 0,0000
0,5 0,0252 1,5 0,0030 For all further values
0,6 0,0183 2,0 0,0016 o f x/a, y /W  can be
0,7 0,0139 3,0 0.0007 taken as zero, for all 

practical purposes
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decreasing throughout 0 < , r ^  oo. In other words, Eq. (10) gives an approxi
m ate solution to the Fredholm  integral equation

K c
n(h +  a)3 ( a h )* (h2 -  a2)

32 3
r n a

8

+  K \ 1 ./0
h — xf ( x

( a h ) * -  {h ±  s i n - W A ^ . )  
16

for re 2> 1,1. The larger the value o f re, closer will be the approxim ation.H ow ever, 
the accuracy obtained by tak ing re =  1,1 is sufficiently  good th a t it  does 
not warrant the taking o f  higher values o f re. Further the practical con
sideration involved in the cu ttin g  of the weir inhibits the tak ing o f too high 
a value of re. Practically , after x =  1,1a, weir acts as a “ notch o f zero w idth” , 
i.e . a proportional orifice.

5. Example

Suppose it is desired to design a quadratic weir such th at it w ill allow  
a discharge of about 40 litres/sec at a depth o f flow  of 55 cm and the minim um  
depth o f flow  is 15 cm.

We choose a =  15 cm, the effective  depth

H  =  h +  =  55 -  A  15 =  42,5 cm
О 6

b Ÿ4275 =  40 , 
therefore b =  6,137.
From  Eq. (9) 6 =  ( /6 /1 6 )  reU7x 2 C (( l/2g a =  6,137 
Taking =  0,61, we get W  =  15,75 cm. Choose W — 16 cm.
Therefore a =  15 cm, W  =  16 cm.

6. Experiment

Typical experim ents were conducted w ith  one asym m etrical (a — 6 in, 
W  — 6 in) and tw o sym m etrical (re — 4 in. W  =  10 in; and a =  6 in, W  =  6 in) 
notches to check the theory. The experim ental details are show n in Fig. 3. 
The weirs were cut in 6,5 m m  mild steel plates. The boundary o f the weir was 
carefully marked on the p late by a scratch-awl. The opening was then cut 
roughly by a do-all m achine and then accurately filed to  the required shape. 
The weir had a sharp edge o f  1,5 cm with a 45° cham fer. The cu ttin g  and filing  
had to be done w ith  great care at the tips. The weir was fixed  at th e  end of 
a rectangular channel 18,5 m long, 1,2 m wide and 1,1 m deep w ith  its crest
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Fig. 3. Q uadratic weir discharging at low  head as a notch

2 2 ,5  cm  above the bed o f  th e  channel. The w ater is fed through a head tank  
m easu rin g  2,25 m X  2,25  m  X  1,8 m, to w hich w ater is supplied b y  a pump 
ca p a b le  o f giving a m a x im u m  discharge o f 110 litres/sec. The head over the 
w eir  w as measured w ith  an  electronic point gauge having a least count of 
0 ,0 0 2 5  cm. The discharges w ere recorded in  a tank  m easuring 4,52 m X  

X  4 ,5 2  m X  1,5 m, th rou gh  readings in a perspex tu b e of 2 cm diam eter con
n e c te d  to  the tank at th e  b o tto m  at one end (F ig . 4). Proper stilling at the  
en tra n ce  of the tube in sid e th e  tank ensured gradual rise w ithout fluctuations.

m-----4,52 m ------ H

2  c m  0  p e r s p e x  
t u b e

PLAN

from
pump
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Fig. 5. The electronic timer

The discharge is m easured by finding the tim e taken for the w ater to raise 
from one indicator fixed  in  the perspex tube to another fixed  exactly  at a dis
tance of 61 cm. The points are connected to the leads o f an electronic tim er  
(F ig. 5) through a start and stop electronic m echanism . As soon as th e  w ater  
touches the lower indicator the tim er starts, and autom atically  stops w hen  
the water touches the upper indicator. The tim er used w as an A PLA B 15 M Hz 
digital tim e and frequency counter typ e IC12 capable of reading 10 m icro
seconds. Each experim ent was repeated 3 tim es to  ensure accuracy. A t least

4* A cta  Technica Academ iae S c ien tiarum  H ungaricae 86 ,  1978
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15 m in u tes were allowed betw een  tw o sets of experim ents to  allow for the  
w ater  level to stabilize. The graph o f h -(- (1 /6) a is p lotted  in  F ig. 6 for the  
3 w eirs experim ented. The experim ents show a remarkable agreem ent w ith  
th e  th eory  and show a con stan t coeffic ien t of discharge o f 0,61.

7. Conclusions

In  th is paper an exact so lution  to the design o f the quadratic weir notch  
h a v in g  the base in the form o f a sem icubic parabola o f w idth  2 W  and depth  
a  and g iving a discharge proportional to  the square root o f the head measured  
ab ove a datum  5a/6 above the crest is obtained. An interesting feature o f the  
w eir is  th at its w idth  becom es negligible after 2 ,In above the crest converting  
th e  w eir into a proportional orifice, thus giving another exam ple for the 
notch-orifice. This incidenta lly  gives another good approxim ate solution to 
a particular integral equation o f Fredholm ’s First Kind. E xperim ents w ith  
one asym m etrical and tw o sym m etrical weirs show a constant coefficient of  
discharge of 0,61.

T he quadratic weir should prove as a sensitive discharge m easuring device  
as 1 per cent error in  the m easurem ent o f  the head would result in only 0,5 per 
cen t error in calculating the discharge as against 1,5 per cent error in the case 
o f  a rectangular weir, and 2,5 per cent error in the case o f a У -notch. This 
w eir should prove useful as a sensitive discharge measuring device in labora
tories, in  irrigation, and also in orifice gauging tanks.
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DESIGN OF A QUADRATIC W EIR 5 3

Über die A usbildung eines quadratischen Ü berfalls m it nach einer kubischen H alb
parabel ausgebildeten W ehrschneide. Behandelt wird die Ausbildung eines quadratischen  
M eßwehrs, das in der Proportionalitätsm ethode der M engenm essung in einer U m laufleitung  
A nw endung findet, worin, die Abflußm enge zur Q uadratwurzel der über einem  B ezugsniveau  
gem essenen Fallhöhe proportional ist. Der Überfall b esteh t aus einer Sohle in Form  einer 
kubischen Halbparabel m it einer Schneidenbreite von  2 W  und Tiefe a, worüber eine Kurve 
entworfen wird. B enutzt man das Theorem der K on tin u itä t der G efällenabflußm enge, so wird 
das Problem  zur E rm ittelung einer exakten Lösung nach der in der Abelschen Form  angegebe
nen Volterraschen Integralgleichung vereinfacht. Es wird nachgewiesen, daß in diesem  F all des 
quadratischen E inschnitts das Bezugsniveau sich in einer H öhe von 5/6 a über der W ehrschneide  
befindet, so daß die A bflußm enge proportional zur Quadratwurzel der über dem B ezugsniveau  
gem essenen Fallhöhe ist.

Проектирование квадратичного мерного водослива, оформленного в виде параболы 
полутретей степени. Д а н н а я  работа з а н и м ^ -с я  проекти рован и ем  такого к вадр ати ч н ого  
м ер н о го  в одосли ва, которы й прим енен при м етоде пропорц ион ал ьности  и зм ер ен и я  к о 
л и ч еств а  воды на о б х о д н о м  тр убоп р ов оде с  таким р асч етом , что протекаю щ ий р а с х о д  п р о 
п ор ц и он ал ен  к вадр атн ом у к орню  напора, и зм ер я ем ом у н ад  данным ур овн ем  ср ав н ен и  
Д а н н а я  часть отверсти я  м ер н ого  водослива им еет ф о р м у  в виде параболы  п о л у т р ет ей  с т е 
п ени  и им еет ш ирину к ор оны  в 2 W  и гл уби н у  а , д л я  к отор ой  построена оги баю щ ая . П р и 
м енен и е теоремы сп л о ш н о ст и  падаю щ его р асх о д а  у п р о щ а ет  задач у  до  с т р о го г о  р еш ен и я  
и нтегр альн ого  у р авн ен и я  В о л ь тер а , имею щ его ф ор м у А б ел я . П оказано, что в д а н н о м  сл у ч а е  
к вадратичн ого м ерн ого  водосли ва  относительная п л о ск о ст ь  н аходи тся  на 5 /6  а  вы соты  над  
к ор он ой  водослива так , что р а сх о д  явл я ется  пропорциональны м  к вадр атн ом у  к ор н ю  
н ап ор а  н ад  ср авни тельн ой  поверхностью .
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CONTINUUM METHOD OF ANALYSIS FOR DOUBLE 
LAYER SPACE TRUSSES OF “HEXAGONAL OYER 

TRIANGULAR” MESH

L. KOLLÁR

DOCTOR OF TECHN. SCI.

[M anuscript received Septem ber 22, 1976]

Structural consequences o f  the instab ility  o f  one chord plane o f  a double layer 
space truss o f “ hexagonal over triangular” mesh as well as conditions for obtain ing a 
statically  determ inate truss have been analyzed. Structural characteristics o f  “ grid 
tub es” providing for torsional stiffness permit to deduce the set o f d ifferential equations 
o f a continuum  equivalent to the space truss. Equations of boundary cond itions as well 
as the m ethod of com puting bar forces from internal forces o f the continuu m  have  
been presented.

1. Description of the structure

An interesting ty p e  o f double layer space trusses is one w ith  triangular 
m esh in the lower chord plane and hexagonal m esh in the upper chord plane 
(F ig. 1). Triangle corners are under hexagon centres, and are connected  b y  six  
bars each to the hexagon corners.

This structure is rather aesthetical, it is easy  to prefabricate from  h exag
onal pyram ids and straight bars, and lends itse lf  for covering ground plans 
w ith  60° or 120° corner angles.

I t  w ill now be attem pted  to  clear the structural behaviour o f  th is  space 
truss and to  establish equations for the equivalent continuum .

Fig. 1
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2. The problem of redundancy

The top chord o f th e  structure, consisting o f hexagons, is not rigid in 
its  p lane (similarly to  space truss in [2]). The problem s of the number of sup
ports needed for structural stab ility  (to be sta tica lly  determ inate or indeter
m inate) and of the relation  between the num ber o f redundancies and the 
num ber of hexagonal p yram ids have to be in vestigated .

L et us assume fir st hexagon corners to  m atch  edges o f the structure 
(triangle corners being inw ards), and hexagon corners at the edge — except 
th ose  in concave points — to  be supported b y  vertica l bars. (In addition, three 
horizontal supporting bars n o t passing through one point have to be applied  
to  counteract “rig id-body” m otion in horizontal direction.)

The necessary con d ition  for a space truss to be statically  determ inate is 
expressed by the know n equation

r t =  3c (1)

w ith  r bars, t supporting bars and e hinges in th e  system . For r -f- t <C 3c, the 
structure is unstable, and for r -)- t >  3c, it  is hyperstatic.

Applying this con d ition  to the structure consisting of one, tw o, three 
etc . pyram ids, in this order, w e obtain the data com piled in Table 1 (vertical 
supporting bars are in d ica ted  by dots in the ground plans).

D ata  in Table 1 lead  to  the following conclusions: Structure a) o f a single 
pyram id  is statically  determ inate. A ddition o f every new pyram id changes 
redundancy of the stru ctu re depending on how  it  joins the previous ones. 
P ossib le  cases have been recapitulated in T able 2.

Thus an illu strative  construction rule is g iven  that perm its avoiding  
design  o f an unstable stru ctu re [Table 1, cases b) and c)].

Let us have a look  also at the case where the triangle mesh reaches until 
th e  edge supports w hile hexagons lay inside (F ig . 2). The number of redundan-
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DOUBLE LAYER SPACE TRUSSES 5 7

Table 1

Ground
plan

r t r  +  t C 3c
Redundancy
(instability)U pper

chord
Ding-
onal

Lower
chord

Ver
tical

Hori
zontal

Upper
chord

Lower
chord

a, 0 6 6 — 6 3 21 6 i 21 determ inate

b. CO l i 12 l 8 3 35 10 2 36 1 X unstable

c . cco 16 18 2 10 3 49 14 3 51 2 X unstable

d , о 1 5 18 3 9 3 48 13 3 48 determ inate

e, % 19 24 5 10 3 61 16 4 60 1 X  redundant

1.
30 42 12 12 3 99 24 7 93 6 x  redundant

Table 2

Join ing  mode Change in redundancy

/ N e w \
(pyramid) Decrease by 1

T N*w T
[pyramid

Increase by 1

x X

Increase by 3
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cies is  seen  to be higher th a n  in  the case where there are no extrem e triangles 
b u t extrem e corners o f hexagon s are supported (Table 1, case d). N am ely  all 
edge nodes but c', c" and c"  jo in  the inner structure b y  three bars in  a sta ti
ca lly  determ inate manner. N od es c', c" and c"\ on the straight edge sections 
jo in  th e  inner part b y  four bars each, thus increasing the num ber o f redundan
cies b y  3 x 1 -  Besides, n ine bars along the edge are “ superfluous” , increas
in g  th e  redundancy degree b y  9. Number o f vertical supporting bars being  
in a ltered , at last the num ber o f redundancies w ill am ount to  12.

3. Structural properties o f the space truss

3.1 Assumptions

N ow  a space truss o f  a m esh consisting o f  regular triangles and hexagons 
w ill b e considered. Cross section  areas of all upper chord bars are F u, those 
o f d iagonals F d and o f low er zone bars F l.

A  continuum  sta tica lly  equivalent to th e  space truss is to  be established. 
In  ca se  o f simpler space trusses [4] this has been a plate w ith  tensile  (shear) 
and bending (torsional) r ig id ities equal to  th e  corresponding rigidities o f the  
sp ace  truss referred to  u n it w id th . In the actual case there arc tw o additional 
com plications: on one han d , due to  the difference betw een the lower and the 
u p p er chords, the bending (plate-like) forces and reactions are accom panied  
b y  an  “ auxiliary plane force system ” in one chord, preventing the equivalent 
con tin u u m  from being a sim ple plate, and on the other hand, th e  chord of 
h exagon a l mesh is u n stab le  in  itself, in volv ing  restrictions for th e  internal 
force system .

Deform ation due to  transverse shear (distorsion in the vertica l planes) 
w ill b e  ignored.

3.2 Structural behaviour o f  the chords

T he triangular m esh o f  the lower chord (F ig . 3) has clearly defined  equiv
a len t tensile (A n  =  A 22) and  shear (A 33) rigid ities [4].

T ensile rigidities in d irections x  and y :

Ai = Аш = • (2a)
4a

Transversal tensile  r ig id ities:

A *  =  A i  =  • (2b)
4 a
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Fig. 3

Shear rigidity:

Л33 =
E F ‘ 
4 a

Thus, rigid ity m atrix o f the lower chord becom es:

( 3)

M il a '1 2 0
A 2 A'n 0

_ 0 0 A  3 3

R ig id ity  m atrix is  interpreted as usual, according to [1]:

n =  Ae

(4)

(5a)

where internal chord forces, sum m arized in  a vector are:

-xy

and strains com prized in a vector:

(5b)

(5c)

The hexagonal mesh o f the upper chord is unstable: it is able to perform  the  
three deform ations in Fig. 4 w ithout resistance.

D eform ation in Fig. 4a corresponds to  angular distorsion y xy due to  pure 
shear, hence the hexagonal mesh can take no shear nxy.

D eform ation in F ig. 4b is characterized by:

„unstab __ „unstabe.x — By ( 6 )
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ob v iou s from  the follow ing short deduction. O f a displacem ent Ay o f th e  corner 
A  in  d irection  y  referring to a length 3a 2, con verted  to unit length, w e obtain:

„unstabby
2 Ay
3 a

T he p erta in ing  displacem ent Ax 2 is obtained from  the Pythagorean theorem  
w ritten  for the deformed triangle A B C :

Cl . 2
i 3  A,

2 - 4 + ~2  “  +  - Г
(7 a)

O m ittin g  sm all terms o f the second order conta in ing  A2 and subtracting the  
P y th agorean  theorem  for the original triangle A B C

w e ob ta in

S ince Ax has to he referred to the len gth  1 3a

(7b)

( 8)

u n s t a b  __öx
4c  

У За

2  A У __  „ u n s t a b--  by
За

(9)

C onsequently , the hexagonal mesh can only  w ith stan d  hydrostatic com pression  
(or ten sion ), where nx =  ny. This effect is , how ever, resisted b y  a clearly  
d efin ed  rig id ity  of the netw ork, such as:

H ydrostatic tension in a hexagon m eans a system  of forces corresponding  
to  F ig . 5: bar forces developing in all bars are equal to corner forces P .  H ence, 
in  th e  section  x—x, one bar force P  acts on a length  К За, the corresponding
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continuum  tensile force nx == ny is thus:

P
nx =  n у  =  ■ _  ■

УЗ a

A ll bars elongate by

f  b a r
P

E F “

( 10)

(И )

g iv in g  an elongation e^'1 =  cbar in both vertical and skew bars. (e^u in  direc
tion  X  is certainly o f the sam e value). T hus, the equivalent d ila ta tion  tensile  
rigid ity  is:

A и  __
d i l  —

E F U 

\  3 a
( 12)

Thus, the rigidity m atrix o f the upper chord referred to the en tire elonga
tion  vector eu =  e“nstab -|- ebn becom es:

Л u.. 3-C

0
~ 2 2

A UM A S a 0
2 2
0 0 0

m eeting requirem ents

nx =  n'y =- A ‘}j| —x y and n“y =  0 .

(13)

F inally , deform ation in F ig. 4c produces no hom ogeneous deform ation  
field  and cannot be related to any internal force. It only increases th e  instab il
ity  degree but — as against deform ations show n in Figs 4a and b — it  im poses 
no direct restriction upon the force system .

D eform ation in Fig. 4c only perm its to  establish two “ quasi-hom ogene- 
ous” deform ation fields shown in Figs 5a, h. Figure 5a shows corners o f  hexagons  
A  and В  to suffer angular distorsions l ß  and +/S/2, respectively. In  the case 
of F ig. 5b, hexagons C keep undeformed w hile corners of D  undergo angular 
distorsions F ß-  For the entire hexagonal mesh in either case: ex =  ey =
=  Уху =  0.

As against hom ogeneous deform ation fields in Figs 4a, b, th ese  “ quasi- 
hom ogeneous” deform ation fields cannot com e about w ithout e lon gation  of 
bars o f  th e  lower chord and o f diagonals. Thus, the deform ability show n in 
Fig. 4c is not another form o f in stab ility  to  be directly reckoned w ith  in  the  
system  o f  forces as a restriction.
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Fig. 6a, b
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3.3 Structural properties o f  grid  tubes providing for  torsional rigidity

The hexagonal m esh w ith  no shear rigidity cannot take the “ other 
h alf” o f the torque, i.e. the pair o f the shear force nxv arising in the lower 
chord. The lower chord can form “ closed tubes” only w ith  the “ skew  diag
onals” , thus lending torsion rigid ity to the structure. Let us exam ine these tubes 
from sta tica l aspects.

Subsequently, deform ations of the three tubes w ill be seen to  be com 
patib le, hence to yield deform ations o f a single continuum .

Figure 7a shows a “ grid tu b e” parallel to one o f the lower chord bar direc
tions. Upper chord bars indicated  by dotted  lines are in ex isten t. T hese w ill be 
though provisionally inserted but they  will be seen not to develop bar forces

Fig. 7

s “ - a  

s 6.  a

( « - №
sUYTa

due to  torsion, hence they  are superfluous. The sam e is true for diagonals 
denoted by 0 .  Thereby the tube o f  trapezoidal cross section seen in  F igs 7Ь, c 
results. Bar lengths needed later are:

su — a (14a)

sd =  a
f  hr

/  1 H-----Y  — a aor
(14b)

where

a = A + T (15)
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an d

s' =  У За (14c)

as in d icated  in the figure.
Sim ilarly to the tu b e  section  with solid w alls, torque M t acting on the 

tu b e  causes a shear flow  t [kp/cm ] in the cross section , o f an in ten sity  accord
in g  to  the Bredt equilibrium  equation:

M, _  M,

2  ^ trap ez e  2ah
(16)

T h e  projections of the forces taken by the diagonal bars on the cross section  
p la n e  are proportional to  th e  corresponding side lengths o f the trapeze, individ
u a l bar forces being:

S" =

s d =  +
/ 1

/ Т
I 4

ft2

Л2

a a
t —

2
■ M ,

a/2 2 h
1

f  1 h2 1 M ,
ta

I T  +  ^ j =  ЦТ 2 h
ft2

(17)

(18a)

or, w ith  notations (15)

and

S ' =  +

S d =
a M, 

2 h
-  +  a S u (18b)

У 3 a 3
1 2 ”

f 3  M ,
F ^3S". (19)

3a/2 2 h

Analysis of the equilibrium  of nodes in direction  o f the tube axis yields 
0 for all chord bar forces ly in g  on the edges o f  the tube. Sim ilarly, diagonals 
d en o ted  by 0  will be in a c tiv e  bars (Fig. 7a), r igh tly  om itted .

Thereafter, torsional r ig id ity  G It o f the tube can be determ ined, defined, 
as usual, by means o f  th e  specific distorsion angle ê:

GIt
M,
Í)

( 20)

E qu aliz in g  inner and ou ter  works performed in torsion  of a tube length ] За/2:

[ У 3a § 1 (S u)2 su
l 2 2 E pu

{SdY sd , (S')2 s'
p d  +  p i

( 2 1 )
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E xpressing ß  by m eans o f  (20), bar forces by (17), (18b) and (19) in  term s of 
M (, and bar lengths b y  m eans o f  (14a, b, c) in  term s o f a, y ields for G It :

G It

w ith  a understood as in (15).

2^3 Eh2

_L ! 2x3~pU "I pd  I
3^3
~Fl

( 22)

3.4 Torsional rigidity o f  the space truss

In  knowledge o f structural properties o f a tube, let us consider th e  tor
sional rigid ity of a space truss o f intersecting tubes o f three d irections.

F irst, the torque and th e  flexural m om ent developing in th e  30° skew  
section  o f the torsional tu b e (hence, in the normal section o f a tu b e in the 
other direction) will be determ ined (Fig. 8).

Equilibrium  equations y ield

and

M.j^skew_ 1 л‘ (23a)

1/4M skew (23b)

com plying  with bar forces in  the cross section cut as in Fig. 9.
In  the following we h ave to deal w ith specific internal forces referred to  

u nit w id th  of the structure. In  the section norm al to the tube axis (F ig . 8) 
th is has the value

2 M t

L ength  o f the skew section  being tw ice that o f the norm al section , specific  
m om ents become:

and

ms,kew
m t

4

„.skewmb
Уз

=  —:— rn,

(25a)

(25b)

H avin g  these data, th e  fundam ental case o f p late torsion will be com posed  
(F ig. 10a).
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Now, we know o f  th e  tubes of all three d irections w hat m om ents arise 
in  th e  sections norm al to  th e  two other tu b es, due to a specific torque m t. 
O n th e  other hand, v a lu es o f  moments arising in  the skew sections in Fig. 10a 
are know n to be representab le by a Mohr circle (F ig. 10b), thus, m om ents in 
sec tio n s  normal to th e  oth er , skew tubes are:

„ sk e w  _  m xy
I f  i f  ------ —

2
and

m s k e w  =  +  l 3 -  ™ x y

(26a)

(26b)
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One normal and tw o skew  sections of tubes o f  all three directions, w ith  the  
relevant m om ents, are show n in Fig. 11. The problem can be sta ted  as to  
determ ine torques m n , m l2, m l3 acting on norm al tube sections so th a t these  
three elem entary force system s sum up to th a t in  Fig. 10.

This requirem ent can be dem onstrated to  be met for

m n
ml2 =  m ,a = ------ —-  •

N am ely then, in the section  w ith the normal x :

(27)

and in the skew sections:

and

-Skew +

3
'‘x y — m ll

4
(28)

3
- —  mll =

m xy
(29a)

8 2

3 V3 Уз
(29b)

8 mn - 2 m xy

corresponding to Fig. 10b.
N ow , deform ation o f the structure has to  be composed of the pure torsion  

sta tes o f the three tubes caused by specific torques mn , m(2, mi3, resp ectively . 
Pure torsion of a tube due to  torques on its ends produces in the p late  (com pris
ing the tube) a deform ation fie ld  such as (F ig . 12): in the section norm al to  
the tube axis: xxy, in th e  section  normal to th e  former: xyx =  —xxy, and in 
skew sections including an angle (p w ith the tu b e  cross section

*?огГ =  Xxy cos 2<p =  *xy(cos2 cp — sin2 cp) (30)

as seen in the figure, and follow ing from xxy =  
deflection.

92u> 

dx dy
where w m eans vertical
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Accordingly, torsion o f  th e  three tubes con stitu tin g  the structure (F ig . 13) 
produces a tw ist in th e  sec tio n  with the norm al x :

x =  - ^ 1  +  M '2 +  M '3 ■ (cos2 60° — sin2 6 0°),
y G It GIt

(31a)

and in  th e  section w ith  th e  normal y:

x = ------^ 3 -  +  M ‘2 +  M ‘3 (cos2 30° -  sin2 30°)
y G I t G It

S u b stitu tin g  GIt from (22) and considering th a t

(31b)

M tl =
3 am ti

(32)

and expressing m ti b y  m eans o f (27) and (28) in  term s of mxy y ields tw ist in
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term s of specific torque m xy acting in the plate:

xxy = — Xyx —
m x y (33)

where B t is the “ p late-like” torsional rigidity, half o f the torsional rigid ity GI  
o f a tube according to  (22) referred to  unit band w idth  (i.e. d ivided b y  3a/2):

B t =
1 r GI, _  E h2
2 3 a |/3  F' 

2 F u
+  У  3

_______________

1 i ! _ l 3/2 Л _
‘ 1 F d ' 2

(34)

B y  sim ilar reasoning the “ tube-like”  torsional rigidities furnish bending rigi
d ity  B ,/2 and transversal bending rigidity — B ,/2 in both  x  and y  directions.

4. D eduction o f continuum  equations

4.1 Fundamentals

Equations w ill be w ritten  on the basis of principles in [1], as follows: 
In the first step the rig id ity  o f the upper chord plane w ill be taken  w ith  its 
actual value (13), and the rig id ity  m atrix o f the lower chord plane (4) w ill be 
decom posed in to  a part consisting of elem ents proportional to  those of the 
upper plane (I) and the residual part (II). Part I com bined w ith  the rigidity  
m atrix o f the upper chord plane produces a bending (p late-like) system  of 
forces due to deflection  wv

This deform ation iv1 also includes unstable deform ations pertaining to  
upper chord plane deform ations shown in Figs 4a and b. O f course, these un
stable deform ation parts cannot be directly related to  th e  in ternal forces, 
hence, these are not defined b y  the differential equation proper o f the flexural 
system  of forces but by the edge supports (counteracting in stab ility  according 
to  item  2), and by the requirem ent o f com patib ility . Thus, the unstable part 
o f the deform ation cannot unam biguously be determ ined b u t b y  the solution  
of the set o f differential equations o f the equivalent continuum  taking also 
boundary conditions in to  consideration.

The fact th at the torsional stiffness is not due to  th e  shearing rigidities 
o f the lower and upper chord planes (this being absent in  th e  upper chord 
plane) but to “ tubes”  according to  item s 3.3 and 3.4, in vo lves another con
sideration. The rigidities o f the lower chord plane should be sp lit suitably  
in such a w ay th at part I o f these rigidities together w ith  those o f th e  upper 
chord plane give deform ations com patible w ith  angular d istortion  yxy tors, 
com puted from the deform ation o f the tubes. W e thus obtain  th e  “ plate-like” 
(bending) part o f the inner forces, denoted b y  1.
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B ecause of the “ residual”  rigidity m atrix o f the lower chord plane, here 
force excesses II will appear, w ith  no pair in the upper chord plane, hence 
u n b alan ced . To restore equilibrium , a com plem entary plane system  o f forces 
2 has to  develop in the low er chord plane as a second, “ m em brane-like” part 
o f th e  force system.

4.2 Splitting su itab ly  the rigidities o f  the lower chord plane

T h e  angular distortion  d u e to torsion, y lxy tors, o f the lower chords o f the 
tu b es w ith  trapezoidal cross sections can be determ ined on the base o f what 
has b een  said in sections 3.3 — 3.4. I f  the tubes are subm itted  to  end torques 
(m tl) o n ly , the shear flow  w ill becom e, according to  (16),

h  =
2 ah

(36)

In  case  o f  “ plate-like” torsion  (i.e. with rnxy and m yx both  acting), in the three 
tu b es  th ere  act, according to  (27) and (28), torques m tl — —2m t2 =  —2 m t3 =  
=  4m xy/3 , causing angular d istortions [see also (3)] in the first tube:

Уху, 1 1̂ _^ f j_  m xy

A'33 ~  h E F l ’

and in  th e  second and third tubes:

(37a)

y£v& У S'4,3
2 a m xy

h E F ‘

T h ese  can  be summarized according to formula (31a):

, _ a m Y
Уху, tors *xy

h E F '

(37b)

(37c)

T his angular distortion w ill be com patible w ith elongations due to bending  
o n ly  i f  all o f them can be com p u ted  from bending deflection  w r by  the well- 
k n ow n  expression h ■ L 1w 1 [explanation  of given  by (40)]. This requires:

Уху, tors _  и  ■ г . 3'" ’*
дх 9у

h1 ■ 2х xy ■

hl b e in g  defined in F ig. 14. T ak in g  into account (33), th is results in 

3 (t8 ,, h
h'

h E F 1 F' 1

2 УЗ F u УЗ

h2 j3/2 F ‘ 3

~ r  ~ W +  2

(38a)

(38b)
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e ïio
t t

neutral axis 
in bending

Fig. 14

th at determ ines the required ratio к o f stiffness matrices o f the upper and 
lower chord planes A" and A (, respectively , defined by the relation

a 1; =  к a '.
We thus obtain:

h'

h -  h1 F ‘ 1
2 f 3 F "  ^ 3

1

1 , F J \ 2ß F.L I J_
a2 Fd +  2

(39a)

(39b)

4.3 Writing the equations

For the “ plate-like” part 1 o f the force system , the w ell-know n differ
ential equation of plates in bending [3] can be written, using vector notations

and

in the form:

dx2

Э 2

dy2

Э 2

dx dy  _

m.

''yx

L f m =  - p

(40)

(41)

(42)

To express m om ents in term s o f bending deflection w v  th e  bending  
rigid ity  m atrix is obtained as the sum o f bending matrix B ft g iven  b y  tensile 
m atrices A u (13) and
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A', A u (43)

(cf. 39b) according to th e  form ula:

=
h2

1 +  к
A u (44)

and o f  torsional m atrix contain ing the rigidities due to  the “ tube-like” torsional 
stiffness

B t

В/

2

B,

0

° l
2

B ,

0

02

0 B t
2

(45)

E lem ent Bt is defined  b y  (34). Multiplier 1/2 in  th e  last elem ent is needed  
to  com pensate factor 2 in  th e  third element o f L 3, m om ents being, in term s o f nq:

m  =  —(B„ +  B,) Ljuq (46)

w h ich , substituted  in to  (42) yields the equilibrium  equation of bent p lates in  
term s o f  deflection uq:

В*(ВЬ +  в,) L1w1 =  p .  (47)

C om plem entary p lane system  of forces in  th e  lower chord plane, i.e . 
part 2 o f  the force system  is  obtained by th e  fo llow ing consideration.

From  among internal forces due to bending deflection  wq, up to now only  
forces corresponding to  low er chord plane r ig id ity  m atrix  I, A[ (43) and to  the  
“ tu b e-lik e” torsional r ig id ity  have been considered. These torsional forces 
m ean in  fact forces due to  lower chord shear r ig id ity  A l33 (3). There rem ain  
in tern al forces still to  b e considered, determ ined b y  the “residual” rigid ity  
m atrix  II  o f the lower chord plane as follows:

w here
A n  = A ' - ( A {  +  A ' ) .

А/ =
0
0
0

0
0
0

0
0
A'^33

D eflection  uq causes strains [1]

(48)

(49)

€ l _  
1 --

hk
l + k

L }w x (50)
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in the lower chord plane corresponding to defin ition  (5c), as seen in Fig. 14, 
generating unbalanced internal forces

n'n, =  A!,c' =  -  T T T  iA' -  T  AU — Ai] LjtOj, (51)
1 к  I к  J

taking also (48) and (43) into consideration. To restore equilibrium  requires 
a plane stress and strain system

4  =  A '4  . (52)

Since this system  does not cause strains in the upper chord plane, according 
to Fig. 15 it  can be expressed in term s o f deflection  w2 it  causes [1]:

el =  —hL,iw2. (53)

Fig. 15

Equilibrium  o f force system  (п^ц -f- ni) is know n to b em et by an appro
priately chosen stress function Ф such as

Ь.,Ф n i  II + (54)

differential operator L 2 being interpreted as:

Г  3 2 I

3y2

Э2
ЗдсЗу _

(55)

Thereby equilibrium  has been m aintained b u t Ф has still to  m eet com 
patib ility  equation

l *4  =  o. (56)
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S ince, in  addition to the force system  n^, Ф contains also force system  n ( n 
due to  an a priori com patible bending deform ation, deform ations correspond
in g  to  th is  latter have to  be subtracted  from deform ations expressed b y  Ф to  
ob ta in  e2. Based on (52) and (54):

4  =  (A*)-1  ni; =  (A ')-1  (L , Ф — n( M)

S u b stitu ted  into (56) and tak in g  also (51) into consideration:

Ц  (A')t \ - 1 Ь , Ф  +  -
kh

A '— -1 A" 
к

a ; L, к-, 0 .

(57)

(58)

T he coupled differential equations (47) and (58) together w ith the  
b ou n d ary  conditions — determ ine functions U7X and Ф, hence the entire force 
sy stem . Boundary conditions can, how ever, be only given for the entire deflec
tion  w,  sum  of bending d eflection  w v  and deflection  tv2 resulting from the com 
p lem en tary  plane force sy stem  according to  (53):

tv =  uq -)- w2 (59)

H en ce , w x (or rather, Lptq) in  b oth  equations has to be expressed b y  the entire 
d eflection  w.

M ultiplying both sides o f  (59) by L l :

Ljm; =  L lw l -f- Lpc.,. (60)

T ak in g  (53), (57) and (51) in to  consideration:

1
Lxw2 =  -  1 e2 

h
(А 1) - Ц Ь 2Ф --  a ' , , )  =

1
(A') />, ф  1 1

-e ; 
-ae : 1 A u -  A\ L i w i

1 +  к \ к

S u b stitu tin g  (61) into (60) and m ultip lying by A we obtain L lw l 

Lpej =  (1 +  k) (A 1 -\- A" -f- к A 1,) ~ 1 | a ' L^iv +  -^-Ь2ф\ ,

(61)

(62)

th a t , substituted  into (47) and (58), yields the coupled differential equations 
co n ta in in g  w  and Ф:

(1 +  k)L*(Bh +  В,) (A' +  A" +  /cA ')-1 A'Ljtc +  —  Ь2 Ф ( 6 3 a )
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Ц (  А')-1 Ь„Ф +  h(kA' -  A“ -  кА1,) (А' +  A“ 4- fcA()_1 •

(А( Ljw -|----- L 20 )
h

=  о .

(63Ь)

5. Boundary conditions

B oundary conditions for a sim ply supported (hinged) edge (parallel to  
th e  X  axis) are:

zero deflection: W  — 0 (64a)
zero bending m om ent normal to the edge: mv = = 0 (64b)
zero (horizontal) m em brane force in th e  lower

chord normal to  the edge: « y l  11 +  « y 2  =  ^ (64c)
zero membrane shear force in the low er

chord: « X V I I I + «xy2 =  0 (64d)
These also have to be expressed by w  and Ф. The mom ent vecto r  for 

(64b) w ill be w ritten using (46) and (42):

A' L, w  + - - Т 2ф |.(64Ь *)m =  — (1 +  к) (B„ +  В,) (A' +  A" +  A-A',)-1

Force vector needed for (64c) and (64d) can  be directly expressed according  
to (54) b y  Ф :

n[ и +  «•> =  F 2 Ф . (64c*)

Rem ark on (64d) that, according to (51) and (48), shear com ponent o f  
n ín  id entica lly  equals zero.

B oundary conditions for skew edges can be w ritten by means o f  form ulae  
of the corresponding rotational transform ations.

6. Determ ination of bar forces from internal forces of the continuum

Continuum  internal forces can be converted  to bar forces according to  
the precedings.

B ending m om ents in both directions are alw ays equal (mx =  m y), hence  
bar force P  arising in the upper chord can be com puted by (10) from  the  
normal force

n ;  =
h

(65)
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In  conform ity w ith  item  3.4, torque m xy =  — myx has to be decom posed  
to  torq u es m lv  m(2, m t3, acting on the three tu b es, according to (27) and (28), 
and th e  resulting bar forces in  each tube are g iven  by formulae (17) to  (19), 
considering the relation betw een M t acting on an entire tube and the specific  
torque m t according to  (24).

B ar forces o f the com plem entary p lane force system  in the lower chord  
plane, determ ined b y  Ф according to (54), can  be computed according to  [4].

Sp ecific  shear forces are given by th e  relations

4x dx
+

dm  у 
dy

(66a)

3 my 3 mxv
3 у  dx

(66b)

know n from  [3].
B ar forces in  th e  diagonals resulting therefrom  are to be determ ined on  

the grid tube in F ig. 6, according to the w ell-know n methods.
Considering th e  tu b e to  be parallel w ith  th e  x  axis (Fig. 1), shear force  

3aqx/2  on  a tube w idth  3a/2 is taken by tw o  skew  grids. Bar forces are

Sd =
h 3qgx

4
(67)

according to  the vertical projection equation , w ith  bar length sd from  Eq. 
(14b).

In  the perpendicular direction y , shear force is taken by tw o bar con
figu ration s (Fig. 16): ac-bc-cd and ae-ef-ed, m irror images to each other. B oth  
are recurrent at spacings ]/3a. Bars cd and ae lie  in  the plane y z  according to

Fig. 16
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Fig. 1, hence the share o f  shear force load ing  th e  configuration is borne by 
them  alone, w hile each  bar o f  bar pairs ac-cb and ef-ed, sym m etric to  plane 
y z ,  supports h a lf as m uch shear force. A gain , from  the vertical projection  
equation:

S cd — S ae —
h Y  3a qy

~~~2

^nr ■ Sfjc ---  Sfi f - - Ie d
h ]/ 3 aqy

(68a)

(68b)
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Untersuchung des zw eischichtigen R aum fachw erkes m it »Sechseck über Dreieck«-Netz
m ittels der K ontinuum -M ethode. Zuerst werden die B edingungen  der statischen B estim m th eit  
eines zweischichtigen R aum fachwerkes m it „Sechseck über D reieck“-N etz untersucht, und 
die statischen Folgen aus der L abilität des Sechseckgurtes klargelegt. D anach werden die 
statischen E igenschaften der „G itterröhre“ festgelegt, d ie eine Torsionssteifigkeit gew ährleisten. 
In deren K enntnis wird das D ifferentialgleichungssystem  des dem  Raum fachwerk gleichw er
tigen K ontinuum s abgeleitet, und schließlich die A u fste llun g  der Randbedingungen und die 
Berechnung der Stabkräfte aus den Schnittkräften des K ontinuum s dargelegt.

И сследование к онти нуум ны м  методом д в у х с л о й н о й  ферм ы  с сеткой  «ш ести угол ьн ик  
н ад  треугольником ». В  р а б о т е  сн ач ала а н а л и зи р у ю тс я  у сл о в и я  статической  о п р ед е л ен 
н ости  двухл ой н ой  ф ерм ы  с  сетк о й  «ш естиугольник н а д  треугольником»», п о с л е  чего вы
я сн я ю т ся  статически е п о сл ед ст в и я , вы текающ ие н еу сто й ч и в о сти  п ояса , со ст о я щ его  из  
ш ести угольн ик ов . В  да л ь н ей ш ем  оп ределяю тся ст а т и ч ес к и е  харак тери сти ки  «реш етчаты х  
труб», обесп еч и ваю щ и х ж е с т к о с т ь  на кручение. Н а о сн ов еуп ом я н уты хв ы ш е вы водится  с и с 
тем а диф ф ерен ц иал ьн ы х ур авн ен и й  д л я  к о н т и н у у м а , р авн оц ен ного  ф ерм е, и , н ак он ец , 
и лл ю стр и р ую тся  у р а в н ен и я  краевы х условий и в ы ч и слен и е стер ж н евы х си л  на осн ове  
уси ли й  разрезов  к о н ти н у у м а .
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ELECTROMAGNETIC WAVE PROPAGATION IN 
INHOMOGENEOUS MEDIA:

METHOD OF INHOMOGENEOUS BASIC MODES

CS. FERENC Z*

[Manuscript received N ov. 23, 1976]

The paper gives a calculation m ethod for electrom agnetic wave pattern  in  a 
group of inhom ogeneous media. I t  shows th at the given pattern m ay alw ays be executed  
i f  the solution exists. I t  analyses and justifies the m ost im portant properties o f  the  
m ethod. Based on that it  gives a critical analysis o f the A ppleton — Hartree form ula and  
shows exam ples o f application.

As it  is known from earlier papers [1], the inhom ogeneous m edia are to  
be classified  in to  three basic groups as regards the description o f electro
m agnetic w ave propagation. These are:

— quasi-hom ogeneous m edia
— (weakly) inhom ogeneous media
— strongly inhom ogeneous media.
T he case o f the quasi-hom ogeneous m edia is theoretically clear [1, 2, 3]; 

to com plete and system atize the group o f dispersion equations, e tc ., th a t is, 
w h at rem ains to be done. A general analysis o f  strongly inhom ogeneous m edia  
is still open. There exist a lot o f  m ethods by special or general claim s [2, 3, 4, 
5, 6, 7, 8, 9], but a thorough analysis o f them  [1, 10, 19] shows, th a t further  
fundam ental investigations are necessary.

In the course o f previous investigations a proposition for the solution  
was m ade [3, 4, 11] which is generally su itab le for analysing the (w eakly) 
inhom ogeneous media [1]. One task o f this paper is to  go over the “ m ethod  
o f inhom ogeneous basic m odes” in details, and to decide precisely the field  
o f applications. For the sake of generality all the investigations w ill be done 
for b ianisotropic media [1].

L et the solution of M axwell’s equations be of the follow ing m ono
chrom atic form:

F  — F 0 eA“«'-'»>)

where F  means one of the electrom agnetic field  vectors (E  — electric in ten sity , 
D  — electric displacem ent, В  — m agnetic induction , H  — m agnetic in ten sity ), 
w 0 the angular frequency o f the signal, t is tim e, q> is the phase.

From  the m onochrom acy o f the signal as a consequence it  fo llow s, th at  
in tim e varying or m oving media will be excluded from the present considera-

* D r. Cs. F e r e n c z , Puskin u. 24, H-1088 B udapest, H ungary
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tion s [1, 2] ! To extend  the results to such conditions m ay be the task  of 
fu rth er researches. One m ethod is already know n [2, 16].

T h e criteria for the existence of th e  so lu tion  will not be dealt w ith  in 
th is paper, as only after a detailed study o f  th e  medium  param eter functions 
and bou n d ary  conditions o f  the given problem  m ay the existence o f  a solution  
in  th e  w an ted  form be decided [2].

A s the dispersion equations m ay ju stify  th e  existence [12], those solu
tion s w ill be looked for, w hich are based on th e  dispersion equation [17, 18].

In  th e  follow ing th e  connection betw een  the medium and the electro
m agn etic  w ave will be taken  as linear, th a t is, perm eability, perm ittiv ity , etc. 
do n o t depend on the am plitude o f the electrom agnetic wave. B ut th ey  m ay  
depend  on frequency and the direction o f propagation.

1. Method o f inhom ogeneous basic modes

W hen  solving M axw ell’s equations, th e  connection betw een th e  com 
p on en ts o f  the electrom agnetic fields w ill be bianisotropic, th at is

D  =  Œ  -f- У.Н , 

В  =  \jE  -f- \xH .

I t  is already know n [1], th at the use o f  th e  following form o f M axw ell’s 
eq u ation s

V xH  =
9 D
91

V x E  =  —- /i0

VB =  0,

<)D 

91 ( 2)

VD =  0

is su ffic ien t, w ithout any restriction of generality , i f  only e, x , u and p. contain  
all th e  effects o f the m edium , and all com ponents o f electric currents and 
charges. e0 and p 0 m ean th e  perm ittiv ity  and perm eability o f th e  vacuum , 
resp ectiv e ly .

L e t th e  solution o f (2) looked for in  th e  form , already reasoned form ally
[3]

F  =  2  (°'Ч e F oa) ‘~n) (3)
i,l
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where
П

=  2 2i=X/=» ,k

l =  V is real, к is im aginary; the im aginary com ponents contain the factor j  as well
i \  =  -  i;

i =  1, . . n; m ean the individual inhom ogeneous basic m odes, which w ill be precisely  
defined in the following;

The m eaning o f a, <pa, etc. presents it s e lf  from E q. (3). 
a>0 is the angular frequency of the signal; it  is constant.

2i, /

The practical reasons o f partitioning show n in (3) m ay be found in  [3] 
though, but th is procedure has the theoretically  based reasons as w ell. I t  has 
already been show n [4, 6, 7, 8] in details, th a t in  inhomogeneous m edia the  
electrom agnetic field  is alw ays com posed of a sum  o f more propagating m odes, 
that is, all o f them  will satisfy  M axwell’s equations together. The choice o f  
the m odes depends on the m ethod of solution and other aspects of p ractica lity , 
and in the follow ing an expedient form w ill be shown.

As cpai and cpj m ay be com plex, therefore, i f  the solution will be sought 
for “ asym p totica lly ’1 [7, 19], as a solution o f th e  com binations of the E ikonal- 
equations and transport-equation in the know n manner, the result w ill a n y 
w ay consist o f “ inhom ogeneous plane w aves’1. In this case the phenom enon  
will be approxim ated w ith  an energetically corrected, quasi-hom ogeneous [1, 
2, 7, 19] description. This known w ay of th e  solution  will not be dealt w ith  
in more details in  th is paper, but a rather general w ay will be found.

L et the term s (1) and (3) be written in to  E q. (2), and as a first step , 
the tim e derivation w ill not be neglected, as w ill be possible because o f  th ose  
assum ptions, m ade at the beginning. Then E q . (2) appears in the fo llow ing  
form:

dt dt
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[grad (In an — jcpai) (zE ik +  x H u) \ (V, E u +  V* H,,)
i,l

+  «V«/, ЕцУ 4  <Vx// Я ,(>) -  j K i ( c E n 4  x  Hji] =  0

[grad (ln an — h a t )  (»E n +  V-H n) +  (Vv E it +  V„ Hu) 

+  (<Vvíí ЕцУ 4  <Уц,7 Я,7»  —j K t (uЕ ц 4  цЯ,7)] =  0.

T he m eaning o f the new terms in (4) are as follows:

K t =  grad <p,-;

^ T W o il —

0

9 ln Я 1о11

9 In Я„п!2oil 9 ln H.3oil

dz

0
dz

9 ln И'пП
9У

T he m eaning o f VTEoi| is analogous to  V thoíi:

9у

9 b  Я 20|1

9 In H 20„

Эл:

9*

0

^Шо11 —

0 ln II

91 

0

loll 0

9 In H 20iI
9t

0
8 Ь  Я зоП 

dt

T he m eaning o f ViEoil is analogous to  Vt^oii- 

Vc =  Ve, Vp, =  Vp., etc.;

f ô ‘il)jk — ®
9 ln E,oil  к

'jk dx.

and th e  m eaning of VX(7, Vv,7 and VM,7 is analogous to V£|7;

( и )  ^  Uj +  U2 4  Щ .

T he (4) form o f M axwell’s equations w ill be used in another paper too. 
N o w , how ever, considering, that a m onochrom atic solution is w an ted , and 
— therefore — neglecting the tim e dependence o f the medium param eters [1], 
th e  so lu tion  w ill have a stationary character. The form of the eq u ation s will 
be th e  following:
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2  [grad (In a,, — j<pai) X # „  4  VrHoii H „ — j K t X H u] =
I,/ _

= C0 2i»Q (£Е ц 4  хЯ,,)
i.l

2  [grad (In a„ — j<fai) x E„  +  VTEo„ E n — у'Я, x E n] =
i,l

=  -  /'() (u £ /; +/,/

[grad (In a,, — у </>„,) (e i?,7 4  х Я /;) | - (VE E n +  VXH,7) +  (5)

+  [<Vc/ ЕцУ +  <VX,7 Я , ) )  — j K /  (еЁц  хЯ ,7)] =  0

Jb’ [grad (In ait — y<p0/) (u£„ 4  р.Я„) +  (Vv £ „  4  V,* Я„) +

+  (<Vv,-( £ ,; )  +  (У ч-цН цУ) — j K j  (\>Ea +  р.Я,7)] =  0

Let q>t in E q. (3) be the solution of M axw ell’s equations and th e  disper
sion equations valid  for the quasi-hom ogeneous case [1]. Then one arrives at

Ki =  grad (ft

again, and according to  the definitions, th e  equations of

E i X H „  — о)о gg (e£ ,7 1 х Н ц ) ,

K j  X Ец =  COg fig {0Ец  -|~ Р.Я,,) ,

K i  ( € Ё ц  +  хЯ„) =  О 

Ki {мЁ„ +  р.Я,7) =  О

m ust be satisfied . A fter analysing Eq. (3), and reducing the com m on factors 
in Eq. (6), one gets

K j  X H g I ,  =    ( O g E g  ( c £ 0 И  +  Х Я 0 I I ) ,

K  i X Eoil =  (и "̂ом ^У^ои) •> ^
K i  (e£0ii +  иЯ оП) =  0 ,

K j  № ,  +  [ л Я 0 „ )  =  0  .

As the last tw o equations of Eq. (7) w ill be autom atically sa tisfied , the  
equations defin ing (pt and the E ol|-s leaving som e degree of freedom , are the  
followings

К /  X t f oll =  — (OgEg (еЁ 0и I х Я 0ц)

K j  X £ 0u =  w oH‘o ( ' ° K oU +  ]x H on)
and

l e - 1 (K, 4  o>g EgX) p - 1 (K, -  co0ju0u) +  k l l \ = 0  (9)
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w here
0 - K i3 К ,  2-

К, = К ,  з 0 - K n
- K i  2 K n 0

m d  к Ъ = е 0^0ыЪ

T h e functions defined b y  Eqs (8) —(9) are nam ed in the fo llow ing “ in
h om ogen eou s basic m odes” . U sing these d efin itions, the terms m ultip lied  by 
“j ”  in  E qs (5) — as also for E qs (6) will be au tom atically  satisfied, as a con
seq u en ce  o f this defin ition  — in every equation  w ill autom atically fa ll out. 
T h e n ow  failing functions o f  the total solution  w anted  in the form (3) can  be 
d eterm in ed  by using the fo llow ing equations, w hen Eqs (8) —(9) are already  
so lv ed :

£ 2  [grad (In aü — jq>al) X H n +  V THoilH I(] 
i.l

0 ,

i,l
[grad (In an — j<pai) X E u +  VrEoil E n] =  0 ,

0
=  2  [grad (ln  au — h a d ) (tEu  +  иН „) +

~b (V. E „  +  Vx Я д) +  ((УепЕцУ  -f- {Ух,/ Н ц})]

[grad (In au -  j<pai) (\jE„ +  р Д 7) +

1,1 +  (Vv El,  +  V , H„) +  «У ,Д Ё „>  +  <V„«Hf/» ]  =  0 .

(Ю /a)

(10/b)

(10/c)

( 1 0 / d )

A s from Eq. (2) fo llow s the autom atic satisfaction  of 

div  D  =  0 and d iv  В  =  0

in  a ll th e  cases of the in vestigation s, and as for the last two equations of 
E q s (7) w ill also be au tom atica lly  satisfied, E qs (Ю/c) and (10/d) seem  to  be 
n eg lig ib le . It is really ju stifia b le  — as w ill la ter be shown — thus i t  is sa tis
fa c to r y  to  solve only E qs (10/a) and (10/b).

O ne has to add to E qs (10) perhaps already to  Eqs (8 )—(9) the com plete  
class o f  th e  boundary cond itions. This is the w ay  to  get the unicity o f th e  solu
tio n , th a t  is, to have it  in all parameters being fixed .

E xam ination  of ex isten ce  of the solution  m u st be executed in every  case, 
as accord ing  to the F loquet-theorem  [12, 18], th e  satisfaction of E qs (9), only  
gu a ra n tees  the existence o f  the individual inhom ogeneous basic m odes and 
th e  ex isten ce  of Eq. (3) does not autom atically  follow  it.

2 . Analysis of the so lu tion  based on the inhom ogeneous basic m odes

a) Statement

I f  a solution o f the form  of

F  — F  „ еЛ“« у*)x  X ---- 1  ХО К
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•will ex ist, then it  can alw ays be produced w ith  the aid of the inhom ogeneous 
basic modes as well, when properly choosing th e  free parameters in  th em .

N B : B y  reasons of earlier considerations [1, and present paper] it  can  
be seen th at it  is extraordinarily difficult to  give a single dispersion equation  
for the solutions — thus has not been successful yet. This “ sole”  solution  
alw ays m eans physically  an interference picture which is produced as a result 
o f propagating w aves. These tw o causes m ake the verification o f th e  former 
sta tem en t necessary.

Verification:

It is to be dem onstrated, that the partition ing o f F x in every case m ay  
be executed  in the form of

F x =  F xoe-J**eJ^  =  2  (ай е~№°‘ F oU) е~№‘ ei"'-' (11)
i,i

if  F x is a solution o f M axwell’s equations and F u is one of the inhom ogeneous  
basic modes.

It is known, th at the partitioning

F x =  F x0 e-Jv* e>.< =  2  (F XOiv +  e~*"  (12)

m ay be executed, when the com ponents sa tisfy  the 12 equations o f  E q s (12), 
where F x —y E x and H x, th at is, they  have at least 12 degrees o f freedom .

In  the recent case, how ever, E x and H x are not independent, b u t the  
solutions belong together w ith  M axwell’s equations. This fact restr icts the  
num ber of their independent param eters [13, 14, e tc .]. Considering th e  general 
solutions o f M axwell’s equations, the num ber o f the independent param eters  
m ay be determ ined. (In the follow ing, the term  “ bounded” param eter m eans 
param eters, which are specified by the (E x, H x) connection, while “ free”  param 
eters are the ones, which are determ ined b y  the properties o f th e  m edium  
and boundary conditions o f  the given problem , but not by the (E x, H x) con
nection .) Free param eters o f  the general so lution  m ay be (e.g.)

A  — vector potentia l
Ф — scalar potentia l
dÄ /d t  — (e.g. — the from  Ä  independent factor o f  the

derivative.
Thus, the supposed existing solution  o f M axw ell’s equation — (E x, H x) — 

m ay have 4 am plitude-typed and 1 phase-typed , th at is 5 degrees o f  freedom.  
W hen one assumes solutions o f a com plex ty p e  (rotating polarization , etc.)
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th e  num ber of degrees o f  freedom m ay be at most  10, because the tw o (real 
and im aginary) parts o f  the solution are not necessarily connected w ith  each  
other.

A m ong the inhom ogeneous basic m odes appearing in Eq. (11), there  
m ust ex ist at least two independent ones, as th e  (9) dispersion equation is o f  
th e  second order.

So, concerning th e  term s in the rem aining part of Maxwell’s equations  
— (10) —, the param eters, which m ay be free ly  chosen on the right side o f  
E q. (11) are:

a ih <Pai

and w h a t is really still free in (E n, H a), th e  so lu tion  of Eqs (8) — (9).
L et the num ber o f free parameters in  (E ,7, H n) be determined:
<Pi~s are defined b y  E q. (9). The (E n, H n)-s belonging to <p,-s, w ill be 

defined  b y  Eqs (8). T aking one equation o f  E q s (8), a given E oil un iquely  
defin es a H oil and v ice versa. B y this three com p on en t equations rem ain con 
cerning E oi[ or H oii. T his is, however, a hom ogeneous system  of equations and  
E q. (9) causes one o f  them  to  be linearly d ep en d en t, so it  must be neglected . 
Therefore, one has tw o equations for three am p litu d e components ! (That tr iv 
ia l degree of freedom  th a t both sides o f an equation  may be m ultiplied by  
th e  sam e factor, was already used when an w as introduced, and also the linear
ity  o f  m edium  param eters was used [2].)

T hus, in the inhom ogeneous basic m odes after solving Eqs (8) — (9)

a ih (Pai

and 1 param eter o f (E oil, H oil) are still free. A s a t least two independent basic  
m odes ex ist, the num ber o f free parameters o f  th e  inhom ogeneous basic m odes 
are

at least 6,
and

in  com plex cases (rotating polarization, e tc .) , this number m ay reach 10, 
— m eanw hile the /-indices m ust be kept in m ind.

[N B : An analysis o f  (3) trivially show s, th a t  in the m ost general cases
either

aiv ^  aih and epai com m on  
or

<Paiv ^  <Paik and a,,. =  a ik

m ay be found w ith ou t th e  restriction of gen era lity .]
A s the num ber o f  param eters of the fie ld  to  be described is 5, or is 10 in  

a com p lex  case, it  now  follow s, that to all ensem bles of inhom ogeneous basic  
m odes belong param eters, which are to be ch osen  freely in suitable num ber,
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th at is, the description o f Eq. (11) in every case m ay be used for any ex isting  
solution m entioned in the statem ent.

B y  th is the sta tem en t is verified.
[N B: B y  the use o f  com plex vectors, in th e  sim plest case, when imax =  2, 

the correspondence is m utually  unam biguous. In other cases, because o f the  
num ber o f param eters th is will be “ levelled up” w hile the solving procedure 
is going on, that is, as a condition for the ex istence o f a solution, further condi
tions m ay appear. E .g .: it  is not certain th at an (E x, H x) plane polarized w ave  
m ay occur, etc.]

b) Additional comment:

From  the process w hich can be seen in Chapter 2/a it  is trivial, th at by  
those m ethods o f solution , based on dispersion equation  as shown in Chapter 1, 
the statem ent o f 2/a is valid.

Therefore, it  is advisable — whenever it  is at all possible — to look for 
solving m ethods based on a dispersion equation.

c) Analysis  o f  the divergence equations

c A )  According to previous works [1], all effects o f  the medium will be con
centrated into D  and H,  th at is, Maxwell’s equations take the form o f Eq. (2).

In th is case, as long as partial derivatives o f  second order are in ter
changeable — w hich for (weakly) inhom ogeneous m edia is valid by d efin i
tion [1] — one has, that:

d iv (rot H )  =  0 =  f 0 div —  =  e0 —  (div D ) . (13)
81 8 1

So the divergence equations will au tom atica lly  be satisfied, when the  
rotation equations are satisfied .
C . 2 )  I t can be seen triv ia lly , that from Eqs (7), w hich  describes the inhom o
geneous basic m odes, the last two equations corresponding to the divergence- 
equations will be fu lfilled , when the first tw o ones are fulfilled.
C . 3 )  Statement: I t  can be seen from the earlier sta tem en t, that in case Eqs 
(10/a) and ( 10/b) are fu lfilled , the Eqs (Ю/c) and (10/d) will also be au tom ati
cally fulfilled. (In th is case these equations need not be taken into account.)

Verification: In  the case m entioned above th e  equations have the sam e  
form as Eq. (5), nam ely ,

( t a) j  ^  К ,  X H u  — e0 ^  j’coq ( с Е ц  x H ц) ,
u  (14)

( j  ^  К -t X E h =  f i0 ^  j w о {м Е ц  +  \аН ц) ?
I ,I  i , l
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and
( £ e) -  j  2  (eËn +  y. H ,,) =  0 ,

1.1

( &d) — j  K j  (uE u -f- р.Я,7) =  О ,
1.1

w here th e  m eaning of ( £ e) is th e  sam e as can he seen in Eqs (10). 
I f  (E it, H a) is an inhom ogeneous basic m ode, then

( £ a ) =  0
and

(£») =  о

(15)

m ust be fulfilled to obtain th e  general solution. (The 6 or 12 equations deter
m ine th e  free parameters, th e  num ber o f which is >  6 or >  10, respectively . 
T hus som e of the param eters w ill be settled  by the boundary conditions or 
on ly  th e  relative value of them  will be bound.)

I t  can be seen from Eq. (14), th at the analogous form of th a t w hich shows 
the sa tisfaction  of the d ivergence-equations in  quasi-hom ogeneous case:

K , ( £ a) -  j 2 K i {Ki X h „),
i,i

e tc ., does not exist.
L et the divergence be generated of the first one of Eqs (6) and o f Eqs 

(10/a) (or it  can be executed for th e  second equations in an analogous manner):

div (Kf X H n) =  w 0 e0 div (eEu +  x H it) , (16)
and

div  ( £ a) =  0. (17)

E q . (16) may he sum m arized for all the “ i” -s and “ Г’-s, then  

2  div (K i X H n) =  co0 e0 ^  div (еЁа +  к Н п)
i,t i,l

from  w h ich  — taken into consideration , th at (E n, H n)-s are inhom ogeneous 
basic m odes

— K ,  rot H n =  a)0 e0 div ^  (еЁц +  x H u) =  ы 0 e0 ( £ c) (18)
i,l i,l

can b e obtained. W hen developing rot H ih Eq. (18) obtains the fo llow ing form:

— K ,  [VrHoll K n +  grad (ln aü — jcpai) X Я ,,] =  w0e0 ( £ c)
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where it  was taken in to  account, that

K t (К, X ii) =  0 .

The term in th e  bracket [ ] is the one, w hich can be found in  E q. (10/a). 
U sing the sym bol ( £ a),-, for denoting it , then

-  =  o)0e0 (£*) (19)

N ow  let Eq. (17) be developed:

div ( £„) =  ^  [d iv (VTH0ii H„) — grad (In a,; — j<pai) rot H n], (20)

Assum ing, th a t the second partial derivatives o f the functions do not 
only ex ist but th ey  are continuous, — th is m ay be perm itted because o f the 
defin ition  of inhom ogeneous media — it  fo llow s, that [1]:

and
f  x,x, — f  x,x,

(E mi, Ниц) C /  where A; =  1, 2, 3,

( 21)

then div (V7HoiI Нц) m ay be written in the form

div (Vt-hoü H n) =  [grad (In an — j<pt t) — j K t] VrHoll Я /;. (22)

N ow  su b stitu tin g  E q. (22) and rot H it in to  Eq. (20), it  follow s, that 

div ( £ 0) =  ^  [ j K j  (VTHOii H a)] +  ^  j  grad (In a,/ — jcpai) ( K t X H a) (23)
i,l i,l

In the second term  of this equation th e  com posite product m ay be 
rearranged. Thus, b y  using the same shortening sym bols as above, the new  
form o f Eq. (17) w ill be:

div ( £ „ ) = -  j  2  K t ( £  )„ =  0 . (24)
i,l '

A com parison o f E qs (19) and (24) show s, that i f  the assum ption (21) 
can be fulfilled, then

( £ c )  =  0 (25)
So the statem ent is verified .
NOTE:
The satisfaction  o f assum ption (21) for (w eakly) inhom ogeneous m edia is 
assured by defin ition  [1] and is congruent w ith  the assum ption obtained in
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c . l ) .  Therefore, (21) is im p ortan t when judging the character of inhom ogeneity  
from  th e  point of view  o f so lv in g  the m ethod.

I t  is im portant, how ever, th a t the assum ption (21) will not be fu lfilled  
in  case  o f  l(r) (step fu n ction), ô(r) (Dirac delta-function) etc. The refraction- 
re flec tio n  laws, the laws o f ray  tracing m ethods, etc. belong to th is top ic . In  
th is  ca se  the method show n ab ove m ay be applied form ally [2, 11, 15], but 
th e  E q s (Ю/c) and (10/d) can n ot be neglected ! (In th is case the formal applica
tio n  n eed s a further in v estig a tio n  [2, 10].)

3. Additional notices

Consequential on w hat w as m entioned above, tw o notices m ust be settled
now :
a) A b o u t  the Appleton  — Hartree equation

T h e equation in generally  used in space research and geophysics. L et it 
now  b e exam ined keeping in s ig h t the m ethod o f solution  given in Chapter 1.: 

B y  using the generally used  conditions [4, 6]

E =  в / ( 0 ) ,

w here 0  =  -ÿ (K,  7T0) and n 0 is , e.g. a unit vector directed parallel w ith  the  
s ta t ic  m agnetic field vector. N ow  one has:

(  9  q>
2

+
9  <p

’ +
d<p

1 dx dy dz
kl e f [ 0  (grad q>, n Q)] (26)

w h ich  should  correspond to E q . (9). It would be satisfactory in itself, in  quasi- 
hom ogen eou s cases. For m ore precise work it  w ould be the base o f th e  asym p 
to tic  m eth od  [7, 19] or o f  th e  precise analysis using the inhom ogeneous basic 
m od es. B u t it can be im m ed ia te ly  seen com pared w ith  the earlier ones, th a t  
E q . (26) can by no m eans b e originated from E q. (9), therefore, dispersion  
eq u a tio n  w ith  such a form  does not exist.

Therefore, this equation m u st not be used in  more precise in vestigations  
th o u g h  w e are used to it . A n analysis of the errors from this point o f  v iew  
is k n o w n  [15, 21].

b) A p p ly in g  the method o f  inhomogeneous basic modes

I t  is impossible to  show  in  th is paper a typ ica l application. B u t the  
m eth o d  w as used for a d eta iled  analysis o f general solution  of propagation in  
inhom ogeneous transm ission lin e  (one-dim ensional w ave propagation) [20]. 
A s an  illustration of this:
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The total current w ave — and so the vo ltage  w ave as well — can be 
com posed o f tw o travelling  and two reflected parts in an interesting case:

J " t t - /«(Zo)rfx /Ул</х  , „  f y j . d x v  I / r , - j y j . d x  I
=  " LĈ zi-t- e +  Cz2 + e ) -f- (Сг1_ е  +i ( t ) =  e

+  C22-  e

г2+ e ) +  (Cn_ e
J y^ ,dx

(27)

)]
where a(Z 0), zl2 depend on the param eter functions of the line; Сг1+, Czl_, 
Сг2+ and Сг2_ are constants settled b y  the boundary conditions. The case of 
th e  known exponentia l line [13, 17] follow s from  Eq. (27) then and

— ^2 •

This special case show s how new and general the solution can be w hen  
th e  m ethod in th is paper is used. It can be fou n d  in detail in [20].

4. Conclusions

a) The electrom agnetic w ave propagation in m edia, which are inhom o
geneous, as described in  [1], but not strongly inhom ogeneous, can be treated  
by using the m ethod o f inhom ogeneous basic m odes. The m ethod produces 
the solutions in  th e  form  o f F  =  i f  these exist.

b) The use o f th e  m ethod makes the divergence equations needless as 
th ey  are fulfilled autom atically .

c) I t  was show n, th a t there is no dispersion equation (Eikonal equation) 
w hich would correspond to  the A ppleton—H artree equation, so th is is not 
su itab le  for precise analysis.

d) Addenda:
d .l .T h e  m ethod is extrem ely suitable (e.g . w ith successive approxim a

tion , etc.) to solve the types of problems w hich are transitional betw een the  
quasi-hom ogeneous and inhom ogeneous cases.

d .2 .T h e  m ethod gives the analyses for developing elem entary w ave  
m odes, and opens up the w ay of in vestigating  the w ave patterns which are 
com posed of them .
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D ie  Ausbreitung elektrom agnetischer W ellen in  inhom ogenen M edien. — II. Das Ver
fahren der inhom ogenen Grundmoden. D ie Arbeit g ibt ein Berechnungsverfahren bekannt 
w elch es a u f eine Klasse der elektrom agnetischen W ellenbildes in inhom ogenen M edien ange
w en d et w erden  kann. Es wird nachgew iesen, daß die angegebene Zerlegung im m er durchgeführt 
w erd en  k an n , wenn die Lösung ex istiert. D ie wichtigeren Eigenschaften der M ethode werden  
u n tersu ch t und bewiesen. Aufgrund deren wird die A ppleton-H artree Formel kritisch  unter
su ch t u n d  a u f ein Anwendungsbeispiel verwiesen.

Р асп р остр ан ен и е эл ек т р о м а гн и т н ы х  волн в н егом огенной  ср еде. I I . М етод н е
г о м о г е н н ы х  основны х м одусов . В  с т а т ь е  п р и в о д и т с я  р а с ч е т н а я  м е т о д и к а  э п ю р ы  э л е к т р о 
м а г н и т н ы х  в о л н ,  п р и м е н и м о й  д л я  о д н о г о  и з  к л а с с о в  н е г о м о г е н н ы х  с р е д .  В  с т а т ь е  п о д 
т в е р ж д а е т с я ,  ч т о  д а н н о е  р а з л о ж е н и е ,  е с л и  с у щ е с т в у е т  р е ш е н и е ,  в о  в с е х  с л у ч а я х  м о ж е т  
б ы т ь  в ы п о л н е н о .  В  д а л ь н е й ш е м  и с с л е д у ю т с я  и  д о к а з ы в а ю т с я  в а ж н е й ш и е  с в о й с т в а  м е т о д а .  
Н а  о с н о в е  ч е г о  к р и т и ч е с к и  а н а л и з и р у е т с я  ф о р м у л а  А п п е л ь т о н а — Г а р т р е .  Д а л е е  д а е т с я  
с с ы л к а  н а  п р и м е р  п р и м е н е н и я  ф о р м у л ы .
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DIE BEULUNG VON STAHLBETONSCHALEN

E. DULÁCSKA*

KAN D IDA T D E R  TECH N ISCH EN  W ISSEN SC H A FT EN  

[Eingegangeii am 20 April 1977]

In der vorliegenden Studie dehnt Verfasser die M öglichkeit der A nw endung der 
Beultheorie elastischer Schalen au f den Bereich der Stahlbetonschalen aus. E s werden  
hierbei sow ohl das Kriechen und die plastischen E igenschaften des B etons als auch  
die Risse in  der Zugzone des Q uerschnitts, sow ie die Lage und Zahl der S tah lein lagen  
m itberücksichtigt. Die kritische L ast, wie sie sich  nach dem  hier dazulegenden V er
fahren bestim m en läßt, stim m t m it den experim entell erm ittelten R esu ltaten  überein .

1. Einleitung

Bei U ntersuchung der S tab ilitä t von  Schalenkonstruktionen wird die 
theoretische kritische Last in  der Regel durch den Sicherheitskoeffizienten  
dividiert und das Ergebnis der voraussichtlichen L ast gegenübergestellt. Der 
Sicherheitskoeffizient pflegt hierbei w esentlich höher angesetzt zu w erden, als 
es bei anderw eitigen K onstruktionen üblich is t , denn w eit stärker als bei die
sen setzen bei Schalen zahlreiche N ebenw irkungen die kritische L ast herab. 
D iese Nebenw irkungen sind jedoch  noch n ich t ausreichend genug geklärt.

Besondere Problem e tauchen bei S tahlbetonschalen  auf, da die S te ifig 
keit des Stahlbetons infolge A uftretens von R issen  abnim m t, m it zunehm ender  
Bewehrung hingegen wächst. So wurde beispielsw eise die vergrößerte S te ifig 
keit der doppelt bewehrten Schale von den K onstrukteuren zwar auch bisher 
schon wahrgenom m en, rechnerisch konnte sie aber nicht erfaßt w erden.

Verfasser erscheint es jedoch , daß die K lärung der unterschiedlichen  
Nebenw irkungen der Beulung von  Stahlbetonschalen  heute doch schon so w eit 
gediehen ist, daß sie die Grundlage für ein Bem essungsverfahren abgeben kann, 
welches die erforderliche Sicherheit m it der üblichen K onstruktionsform  in 
Einklang zu bringen vermag. E in  solches Bem essungsverfahren ist um  so kor
rekter, als es die verschiedenen, die S tab ilität herabsetzenden W irkungen ein
zeln und m it ihren richtigen W erten an ihren Stellen  berücksichtigt und des
halb verläßlich ist.

* Dr. E. D u l á c s k a , Ráth Gy. u. 64, H-1122 B ud apest, Ungarn
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Schreibt man die Gleichgewichts- und  Y erträglichkeitsgleichungen der 
geom etrisch  vollkom m enen Schale unter B eschränkung auf kleine V erform un
gen an, gelangt man zu einer E igenw ertaufgabe. Der kleinste unter den als 
L ösung dieser A ufgabe hervorgehenden E igenw erten  soll m it rajj" bezeichnet 
w erden  und für die lineare kritische Druckkraft der Schale stehen. D ie  zugehö
rige O berflächenlast p]j£ sei die lineare kritische Last der Schale [1].

In d es haben die Versuchsergebnisse gezeig t, daß die Zylinder- und K ugel
sch a len  bei L astintensitäten  ausbeulten, die w esentlich  unter der linearen Last 
lagen  und  daß auch die Beulverform ung keinesw egs gering war. Aus diesem  
G runde wurden in die D ifferentialgleichungen auch die zur M itberücksichti
gung der größeren D eform ationen geeigneten  nichtlinearen Glieder der Ver
form u n g eingeführt. D am it bieten diese G leichungen die H andhabe dazu, das 
V erh alten  der Schalen auch nach dem dem  E igenw ert entsprechenden Ver
zw eigungspunkt weiterzuverfolgen. D ie B esu lta te  der U ntersuchungen nach 
der E nergiem ethode haben folgende E igenheiten  aufgedeckt:

a) D ie Tragfähigkeit einer gewissen Gruppe von Schalen n im m t nach 
E rreichen  der linearen kritischen Last zu. Ist die Schale m it einer m axim alen  
A m p litu d e  w 0 vorgebeult, dann hat sie keine kritische Last, vielm ehr steigt 
ihre T ragfähigkeit m it der fortschreitenden Verform ung stätig  an. D erartige  
S chalen  m it zunehm ender Tragfähigkeit sind gegen anfängliche U n vollk om 
m en h eiten  unem pfindlich. Im  allgem einen handelt es sich um Schalen , in 
denen  sich  das K räftespiel nach Erreichen der linearen kritischen L ast p k" 
durch Verlagerung der inneren K räfte so verändert, daß die neue Tragfähig- 
k eitsk on figu ration  steifer ist als die frühere. N ach  den heutigen E rkenntnissen  
zählen  zu den Schalen dieser Art die w indschief-viereckigen H P -Schalen  sowie 
ein ige Schalen m it freien Rändern.

h) D as Verhalten einer anderen Gruppe von Schalen zeigt dem gegen
über, daß sich die in G leichgewicht gehaltene Last mit zunehm ender B eul
verform ung ív der geom etrisch vollkom m enen Schale bis zum Erreichen des 
Form änderungsw ertes ivkr verm indert, um  sich  von  da ab wieder zu erhöhen.

D ie  bei w kr in G leichgewicht gehaltene K raft bzw. Last soll nach  v. 
K á r m á n  [2] als untere kritische Kraft bzw . L ast nkr bzw. p kr bezeichnet wer
den. Schalen  dieser Art — sie werden Schalen m it abnehmender Tragfähigkeit 
gen an n t — sind im  allgem einen die Zylinder-, d ie Kegel-, die K ugel- und die 
son stig en  K uppelschalen.

D o ch  auch diese untere kritische L ast stim m te mit den experim entell 
erm itte lten  W erten nicht überein, da diese bei den Versuchen an Zylinder- 
und an K ugelschalen zwischen den W erten für die lineare und die untere  
kritisch e Last lagen.

D ie  w eiteren U ntersuchungen haben ergeben, daß die Zylinder- und die 
K u gelsch alen  bei kleineren als den linearen kritischen Lasten deshalb aus
beulen , w eil sie m it anfänglichen U nvollkom m enheiten  (Vorbeulen) beh aftet
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sind. D ie m axim ale A m plitude der Vorbcule (A usm ittigkeit) soll im  w eiteren  
mit ívQ bezeichnet werden. D ie U ntersuchungen an Schalen, die m it solchen  
Vorbeulen behaftet sind, haben zu der F eststellu n g geführt, daß sich die V or
beule m it wachsender B elastung vergrößert, w ogegen sich die Tragfähigkeit 
nach Erreichen eines M axim um s m it zunehm ender Verformung verringert. 
Elastische Schalen beulen de facto beim Erreichen dieses M aximums aus, w el
ches im w eiteren als die obere kritische K ra f t  n°kr bzw. Last p kr bezeichnet 
werden wird. D ie Zylinder- und die K ugelschalen heulen in W irklichkeit beim  
oberen kritischen Last p^r =  q ■ p uf r aus.

Das Verhältnis der oberen zur linearen kritischen Last von radial b elaste
ten Kugel- und von  axial gedrückten Zylinderschalen kann aufgrund der A us
wertung von Literaturangaben [3, 4, 5, 6, 7, 8, 9, 10, 11, 12] in A bhängigkeit 
vom  Verhältnis w j t  w ie folgt angesetzt werden:

iv0/t 0 0,1 0,2 0,3 0,4 0,5 1,0

PkJPkr  =  Q 1,0 0,6 0,45 0,35 0,30 0,25 0,20

Im  w eiteren werden sich die Erörterungen auf die Untersuchung von  
Schalen m it abnehm ender Tragfähigkeit beschränken, weil die U ntersuchung  
der Stabilität von  Schalen m it steigender Tragfähigkeit unter Zugrundelegung  
der linearen kritischen L ast ähnlich durchgeführt werden kann wie bei den  
üblichen K onstruktionen.

2. D ie Eigenheiten der Stahlbetonschalen

Die K ennw erte der Form änderung des Schalenbaustoffes, die zur U n ter
suchung des B eulverhaltens erforderlich sind, können bei S tahlbetonkonstruk
tionen nicht m it je  einer Zahl angegeben w erden, w eil die Form änderungen  
von den Rissen, der Bewehrung und auch vom  Kriechen des B etons ab- 
hängen und som it keine lineare Funktion der L ast darstellen. Das m acht die 
eingehendere Behandlung der Form änderungs- und Steifigkeitskennw erte des 
Stahlbetons erforderlich.

D as W erkstoffm odell der Bewehrung des Stahlbetons kann als ideal 
elastoplastisch angesehen werden.

D as Spannung-D ehnungs- [cr(e)] -D iagram m  des Betons verläuft von  
Anfang an gekrüm m t (B ild  1). Seine G ekrüm m theit ist im  Grunde die F olge  
eines mit der Spannung nicht proportional zunehm enden ( nichtlinearen)  
K riechens, das als P lastiz itä t des B etons berücksichtigt wird. Überdies tr itt
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Bild 1. Das Spannungs-D ehm m gs- [cr(e)]-Diagramm für B eton

im  B eto n  auch ein langsam es, spannungsproportionales ( „linearesii)  K riechen  
auf, das die Praxis als K riechen sch lechthin  kennt. Die W ahl des Form ände
rungsm oduls E Bet des idealplastischen W erkstoffm odells zur A nnäherung der 
cr(e)-Linie hat sich also danach zu richten, oh es sich um eine dauernd oder um  
eine kurzfristig wirkende L ast handelt. Bei D auerbelastung entfa ltet sich näm 
lich  das Kriechen vollständig , während es bei kurzzeitig wirkender L ast (z. B. 
bei der Probebelastung) nur zum Teil e in tritt. D as idealplastische W erkstoff
m od ell ist som it bei D auerbelastung durch den Formänderungsmodul 
E Bet Dauer, bei K urzbelastung hingegen durch den Form änderungsm odul 
E Bet Kurzz gekennzeichnet. U nter D auerlast is t  jene zu verstehen, die während  
der Lebensdauer der K onstruktion m indestens ein Jahr lang w irkt, denn in 
dieser Zeitspanne vollzieht sich das K riechen praktisch vollständig.

B ei ganz kurze Zeit w irksam en B elastungen  (z. B . bei Schw ingungen) 
k o m m t es erst gar n icht zum  K riechen, w eshalb der Form änderungsm odul 
E Bet bei Untersuchung solcher W irkungen dem A nfangselastizitätsm odul 
E go gleichgesetzt werden kann.

L etztlich  wird also das K riechen durch geeignete W ahl des B eton -F orm 
änderungsm oduls _EBet berücksichtigt.

D ie  Teile des eingerissenen B etonquerschnitts (die zugbeanspruchten  
Stah lein lagen  und die gedrückte B etonzone) gehen in die Berechnung durch 
E in fü h ru n g der entsprechenden Form änderungsm oduln als einheitliches ideal
p lastisch es W erkstoffm odell ein. Zur gem einsam en Anwendung der beiden  als 
id ea lp lastisch  angesehenen B austoffe wird angenom m en, daß bei U ntersuchung  
der Auswirkungen der P lastiz itä t der vo lle  Q uerschnitt gleichfalls als ideal
p la stisch  angesehen werden kann. In W irklichkeit hängt der Beginn des Flies- 
sens im  Q uerschnitt n icht nur von den geom etrischen Abm essungen, sondern  
auch  vom  G esam tquerschnitt der Stahlein lagen ab. Das aber wird durch die 
ü b lich e Berechnung der Stahlbetonquerschnitte ohnehin autom atisch berück
s ich tig t .
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D er Stahlbeton w eicht dem nach von den elastischen, hom ogenen  Bau
stoffen  in folgendem  ab:

— die gedrückte Zone erleidet ein langsam es (lineares) K riechen,
sie hat zudem  auch plastische Eigenschaften (n ichtlineares K rie

chen), und überdies
— treten in der Zugzone des B etons Risse auf, wobei sich  die Quer

sch n ittsste ifigk eit verringert und der Q uerschnitt der Stahleinlagen sow ie deren 
Lage und Q ualität zur G eltung kom m en.

3. D ie Formänderungskennwerte des Betone

3.1. Der Anfangselastizitätsmodul (E Bo)

D er A nfangselastizitätsm odul E Bo des Betons ist im Grunde für jene  
Form änderungen kennzeichnend, die unter m om entanen E inw irkungen (z. B. 
Schwingungen) eintreten.

Sein M ittelwert errechnet sich nach der allgemein akzeptierten  Formel 
[13] zu

E bo  =  550 0 0 0 ---------- ^ ---------- [kp/cm2] . (1)
150 +  ctp

D as ap bezeichnet hier die Prism enfestigkeit des Betons, die m it 80 Prozent 
der W ürfelfestigkeit angesetzt werden kann. Es gilt m ithin

<TP =  0,8o\, . (2)

In der E ntw urfsarbeit geht die Streuung des E lastiz itätsm od u ls mit 
jener der M aterialbeschaffenheit in die Berechnung ein, d. h. das E Bo wird 
nicht der m ittleren F estigk eit, sondern der N ennfestigkeit zugeordnet. Als 
N ennfestigkeit wird die dem gew ünschten Q uantile zugehörige Schw ellen
festigkeit bezeichnet.

3.2. Das ( lineare) Kriechen

D ie Beulverform ung der Betonschale hängt auch vom K riechen, d. h. 
der langsam en Verform ung des Betons ab. Zwar läßt diese den W ert des 
E lastizitätsm oduls unverändert, doch kann die durch die A usw irkungen der 
A nfangsausm ittigkeit ausgelöste, m it der Beanspruchungsdauer zunehm ende  
Beulverform ung unter der gleichbleibenden L ast rechentechnisch durch R edu
zierung des E Bo -W ertes berücksichtigt werden.
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D er zeitliche V erlau f des linearen K riechens wird üblicherweise durch 
die D ischingersche [14] D ifferentialgleichung

de =  dee] -f- df^riechen =  da  ~ d(p
E b 0 E Bo

und  durch die in dieser vorkom m ende K riechenfunktion

<p(t) e Kriechen(t ) 

£el
( 3)

erfaß t werden.
D er Endwert dieser K riechenfunktion ist die Endkriechenzahl <p(oo) =  

=  q>0, die von der D icke der K onstruktion, von  der Menge und Güte des Ze
m en ts , vom  W asserzem entw ert sowie vom F euchtigkeitsgehalt der Luft in der 
U m geb u n g  der B eton konstruktion  abhängig is t  [15]. Unter durchschnittli
ch en  Verhältnissen kann der W ert von cpn von  der B etonfestigkeitsklasse allein 
ab h än gig  gemacht w erden. A u f dieser Grundlage gilt

<p0 =  6 — 2 log o w n , (4)

w en n  o WN die W ürfel-N ennfestigkeit des B eton s zum  Zeitpunkt seiner B ela
s tu n g  in kp/cm2, das log  h ingegen den Briggschen Logarithmus (Basis 10) 
b ezeich n et. Der Ausdruck (4) ergibt für B eton  der Festigkeitsklasse B N  250 
e in en  W ert von (p0 =  1 ,4 , der mit dem für allgem eine Verhältnisse vorge
schriebenen  W ert nach D I N  1045/1972 übereinstim m t.

3.3 . D er Formänderungsmodul ( E Bet)

U nter genauer B ea ch tu n g  des linearen K riechens an bestim m ten K on
stru k tion en  bestim m te H u a n g  deren kritische L ast [17]. D ie A usw ertung  
seiner Ergebnisse führt zu der Feststellung, daß die Einbeziehung der K riech
w irk u n g in die B erechnungen  durch R eduzierung des E Bo, d. h. also durch 
den  Form änderungsm odul unter Dauerlast E Bet Dauer eine geringfügige N ähe
ru n g  zugunsten der S ich erh eit darstellt.

D ieser Form änderungsm odul unter D auerlast errechnet sich nach dem  
a llgem ein  üblichen A usdruck  [15, 16] zu

-Ußet, Dauer • (5)
1 фо

Beansprucht die L ast die Konstruktion nur kurzzeitig (etwa nur einige 
S tu n d en ), dann vollz ieh t sich  das Kriechen nur zu einem  geringen Teil [15].
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B erücksichtigt man diesen Teil des Kriechens zusammen m it dem  erwähnten  
E rsetzen der о(£)-1лше durch ein idealplastisches Modell, kann der Kurzzeit- 
Form änderungsm odul E Bet K . u r z z .  zur U ntersuchung der A usw irkungen kurz
zeitig  anhaltender Beanspruchungen (z. B. Probebelastungen) nach [13] mit 
70%  des E lastizitätsm oduls E Bo abgesetzt werden. Es gilt daher

Eßet, Kurzz. =  0,7 EBo- (6)

Im  weiteren wird unter E Bet stets der jew eils benötigte W ert zu verstehen  
sein, d. h. hei U ntersuchung einer D auerbelastung wird E Bei =  E Bet Dauer sein, 
während bei U ntersuchung einer K urzzeit-B elastung E Bet =  E Bet Kurzz und 
bei U ntersuchung der Ausw irkung von Schwingungen E Bet =  E Bo gelten.

3.4. Die Auswirkungen der Plastizität

Bekanntlich kann die K nickverform ung (das A usknicken) von  Stab
werken aus nichtlinear elastischem  bzw. plastischem  Material u nter m ittigem  
Druck nach der Theorie I von  E n g e s s e r  untersucht werden, die das gekrüm m t 
verlaufende Spannungs-D ehnungsdiagram m  durch dessen T angente im  betref
fenden Punkt ersetzt. B ei theoretisch m ittiger D ruckbeanspruchung von  
Schalen aus plastischem  M aterial verläuft die Ausknickung ähnlich  w ie beim  
geraden Stab [19], die A nnahm en der Theorie I von E n g e s s e r  können also 
auch bei der Berechnung von Schalen angew endet werden.

Bei Untersuchung der Stab ilität m ittig  gedrückter K onstruktionen  kann 
der m it der spezifischen Beanspruchung veränderliche E lastiz itätsm odul E  
(d. h. die Auswirkung des nichtlinearen Kriechens) für die im  Schalenbau  
üblichen B etonqualitäten  m it dem Ausdruck

E  — Е в о ( 7 )

in die Berechnung einbezogen werden.
Graphisch veranschaulicht diesen Zusam m enhang die K urve 1 des Bil

des 2. D ie durch die ausm ittige K raft verursachte Deform ation wird aber nicht 
m it dem  E lastizitätsm odul E Bo, sondern m it dem Form änderungsm odul 
E Bet Kurzz berechnet. D urch die diesem  W ert entsprechende gestrichelte Linie 
wird also die in dem B ild aufgetragene Parabel begrenzt. Der Zusam m enhang  
muß indes in den Ausdruck (7) kontinuierlich übergehen, eine B edingung, die 
sich durch die E llipse

E  = E Bet 1 (8)
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t E

B i ld  2.  D ie  Abhängigkeit des Beton-Form änderungsm oduls E  vom  Verhältnis der durch mit 
tigen Druck g ew ec k te n  Spannung zur P rism enfestigkeit Op

an n äh ern  läßt (vgl. die K u rv e  2 im  Bild 2). D as a  dieser Gleichung bezeichnet 
d ie d em  elastischen A u sk n ick en  zugehörige M em bran-Druckspannung.

Schreibt man die G le ich u n g  (8) auf die Last um , erhält man den Zusam 
m en h a n g

p k r ,  p l  P k r , e l /  _
1

l / . +
P k r ,  el I 

p P i  '

P k r , e l  ’ Ci
(9)

in  d em  das p kr t die auch d ie  plastischen E igenschaften  m it berücksichtigende 
k r itisch e  Last bezeichnet, w äh ren d  p kr el für die unter Annahm e eines linear 
e la stisch en  Stahlbetons b e stim m te  obere kritische L ast, p pl hingegen für jene  
L a st s te h t, die die K o n stru k tio n  bei der (nicht angew achsenen) A nfangsaus
m itt ig k e it  iv0 (also ohne B eu lu n g ) zu Bruch gehen läßt.

Zur Berechnung der p lastischen kritischen L ast p kr pl muß also die 
e la stisc h e  kritische Last b ere its  bekannt sein.

4 . D ie Schalenbeulsteifigkeit des Stahlbeton- und des Betonquerschnitts

W  ie bei allen F lächentragw erken aus B eton  und Stahlbeton w eicht die 
W a n d d ick e  für gewöhnlich au ch  bei Schalen von  den entwurfsm äßigen A b
m essu n g en  ab. G roßangelegte Reihenm essungen an ausgeführten S tahlbeton
p la tte n , die vom B udapester In stitu t für B auw issenschaft vorgenom m en wur
d en  [21 , 22]. haben bei ihrer A usw ertung im M ittel das l,05fache der entw urfs
m ä ß ig en  Plattendicke, für d ie  Q uerschnittabm essungen hingegen einen um  
1 cm  u n ter  den entw urfsm äßigen Größen liegenden unteren Grenzwert ergeben. 
D ie  K nickverform ung w ird entscheidend durch d ie durchschnittlichen Quer-
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Schnittabm essungen bestim m t, und extrem e A bw eichungen in den E inzel
querschnittabm essungen kom m en erst unm ittelbar vor dem Bruch zur G eltung. 
B ei B estim m ung der elastischen kritischen L ast kann also die Berechnung  
der Schalenstabilität die Q uerschnittabm essungen m it den entwurfsgem äßen  
W erten ansetzen, das p pl hingegen soll auf Grund der um 1 cm verkleinerten  
Q uerschnittshöhe bestim m t werden.

D ie U ntersuchung der Beulverform ung von Stahlbetonschalen bedient 
sich — im Sinne der Begründung in [23] — des „Schalen-B eulsteifigkeits- 
kennw ertes“

К =  \ BD , (10)

in  dem B bzw. D die Biege- bzw. die D ehnsteifigkeit bezeichnen.
D ie S teifigkeiten  gehen in die Berechnung m it den dem Stadium  II der 

Stahlbetonkonstruktionen entsprechenden W erten, d. h. m it den K ennwerten  
für die in der Zugzone eingerissenen, linear elastischen Q uerschnitte ein.

D ie B iegesteifigkeit В und die D eh n steifigk eit D von Stahlbetonkon
struktionen hängen von  der Bewehrung und von der A usm ittigkeit der D ruck
kraft ab, weil die zugbeanspruchte B etonzone m it zunehm ender A usm ittigkeit 
B isse erleidet, w obei ihre Steifigkeit abnim m t.

B etrachtet m an die im  Bild 3 dargestellten Q uerschnitte und untersucht 
m an das unter a) aufgetragene Spannungsdiagram m  des linear elastischen, 
ausm ittig  gedrückten, nicht gerissenen B etonquerschnitts, kann für die Biege- 
bzw. D ehnsteifigkeit unter Vernachlässigung der Q uerkontraktionszahl

D V o l l"Bet
Eßet ,Л 

12 Éllel J voll 
Bet ’

bzw.
E Bet =  Eßet ■ t =  E Bet F £ ‘‘

geschrieben werden. J  bezeichnet hier das spezifische T rägheitsm om ent, F hin
gegen die spezifische Fläche.

Ist der Q uerschnitt bew ehrt, erhöht sich der W ert der S teifigkeit K Beton 
des n icht eingerissenen Q uerschnitts um den W ert des Est/EBet =  n-fachen  
Stahlquerschnitts. D as Est bezeichnet den E lastizitätsm odul der Stahlbew eh
rung. Es gilt som it

DVOll __  TP r v ü l l
" S t a h l b .  — ^ B e t ^ S t a h l b .

und
MVOll __  TP JPV  oll
i 7 Stahlb. —  ^ B e t  r Stahlb.

D as hochgestellte „ v o ll“ bezeichnet hier den V ollquerschnitt ohne R isse, 
der Index „S tah lb “ hingegen die Berücksichtigung der Stahlbewehrung durch 
die n-fache B etonfläche.
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B ild  3. D ie  Spaim ungsdiagram m e des ausm ittig  druckbeanspruchten hom ogenen sow ie des 
Stah lbeton- und des B etonquerschnitts

T reten im B etonquerschnitt R isse auf (s. B ild 3b), verm indern sich seine 
Schalenbeu lsteifigkeits-K ennw erte, w obei das Ausm aß der R eduktion von der 
A u sm ittig k e it der D ruckkraft abhängt.

D ie  Veränderung der B eu lsteifigkeits-K ennw erte des Stahlbetonquer
sch n itts  m it dem Param eter nft =  0,125 in A bhängigkeit von der A u sm ittig 
k e it  der Druckkraft veranschaulicht Bild 4. Erreicht die A u sm ittigkeit die 
halbe Q uerschnittshöhe, nähern sich auch die Schalenbeulsteifigkeits-W erte  
ihren b ei der unendlich großen A usm ittigkeit (d. h. bei der reinen Biegung) 
gü ltigen  W erten

В r i s s .  __  f r  r r i s s .
Stahlbet .  -^Bet.  J  Stahlbet .

n r i s s .  __  j?  r r i s s .
-k 'S tahlbet. -^Bet.  r  Stahlbet.*

D ie  W erte Bstahibet. und ^stahlbet. unterscheiden sich von  den W erten  
^Stahibet und ^stahibet. insofern, als in  ihnen der aus der Zugzone des B etons 
resu ltierende S teifigkeitsanteil n ich t mehr enthalten ist.

D ie  Schalenbeulsteifigkeits-Kennwerte  des eingerissenen Stahlbetonquer
sch n itts  errechnen sich aus dem  Zusam m enhang

-Kstahlbet. =  -E-Bet. ] f í ’stahlbet. ' Jstahlbet.- (H )

M it den B ezeichnungen x/h  =  |  und F st/b • h — g  sowie m it den nach der 
Stah lb eton th eorie  [24] errechneten W erten Jstahibet. 1111 (i ^stahlbet. erhält man
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Eget Estohlb 

Eset Estohib

D
1,0

0,78
047

e / t ^

0,167 0,33 0,5

Eßet Jaőhlb
F 1riss -'Stahlb

n / i  -0,125 

(nyű -0,200) 
n - Est/Eget 
Л** Est / Eset

0,2 t
F
l

0,2tT

/  Es, /2

&  F
Fs./2

0,167 0,33

Bild 4. Die Änderungen der Steifigkeiten  des Stahlbetonquerschnitts in A bhängigkeit von  der
Ausm ittigkeit te

unter M itberücksichtigung der Gl. (11) für den spezifischen W ert 

^Stehlbet./^Bet. =  V den Ausdruck

V
1 h l 2 1 Г 1 4 ■H • 12 v ! 4 +  np £ _  fc2 -L  _  £3 

S  s l  s +  n y (  1 2 |  +  I2)
1 1 / 1 L 3 3 J

1/2

( 12)

D as n =  E stjE Bet steh t hier für das Verhältnis der Form änderungsm oduln des 
Stahls und des B etons.

D ie relative H öhe £ der neutralen A chse liegt dort, wo das statische  
M oment der zug- und der druckbeanspruchten Q uerschnitteile gleich N ull ist. 
Aus dieser Bedingung ergibt sich der Zusam m enhang

1 2
í  =  nfi l +  — 1nfi (13)

Bei Stahlbeton-Schalenkonstruktionen kom m en zwei Bewehrungsarten, 
die m ittige und die beidseitige Netzbewehrung in Frage.
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B ei der mittigen Netzbewehrung  gilt, wenn Fstjb  =  /s t  den Stahlein lagen
q u ersch n itt je B reiteneinheit, h hingegen die nützliche Höhe bezeichnen,

h *** 0,4t und _  f st/1 ----------
0,4t

F ührt man für den a u f den gesamten B etonquerschnitt bezogenen Stahl
a n te il d ie Bezeichnung p — fs t/h  ein, ergibt sich ein fi =  2,5 Ji. Mit diesen  
W erten  hat man für den W ert yij der m ittigen N etzbew ehrung den Zusam m en
h an g

ipi --  0 ,553 2,5 +  6,25п2̂ 2(1 — 2 |  +  « )
1/2

(14)

Für d en  Fall der beidseitigen Netzbewehrung  soll die Bewehrung in der gedrück
ten  B eton zon e mit einer a u f der sicheren Seite liegenden geringfügigen N ähe
rung vernachlässigt w erden , w eil ihre M itberücksichtigung die Berechnung  
kom plizieren  würde, ohne d aß  ihre Auswirkungen von  Belang wären. Mit die
ser A nnahm e ergibt sich bei der beidseitigen N etzbew ehrung ein h ^  0,8 t und 
ein /л / s t /2  h =  Щ  1,6 und som it ein yvW ert von

y>2 =  2,22 0,625nju —  I3 +  0,391 n2/“2 (1 - ■ 2 |  +  i 2) 
3 !

11/2

(15)

Tafel 1

0 0,1 0,2 0,3 0,4 0,6 0,8

грх (m it t ig e  Netzbewehrung) 0,00 0,23 0,32 0,43 0,52 0,67 0,79

(b e id se itig e  N etzbew ehrung) 0,00 0,32 0,51 0,68 0,83 1,10 1,33

D ie  für die untersch ied lichen  Stahleinlagen-A nteile errechneten und 
xp2-W erte  sind in der Tafel 1 zusam m engefaßt bzw . im  Bild 5 aufgetragen.

Im  unbewehrten Querschnitt  hebt sich die Zugspannung nach dem  Auf
tre ten  vo n  Rissen auf. S o m it müssen die D ruckspannungen allein den den 
Q u ersch n itt beanspruchenden Druckkraft und B iegem om ent das G leichge
w ich t halten . Hieraus fo lg t eindeutig, daß unbew ehrte Q uerschnitte B iege
m o m en te  nur aufnehmen k ön n en , solange die A usm ittigkeit der K raft e noch 
in n erh alb  der Q uerschnittgrenzlinie liegt.
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Bild  5. D ie Änderung des Faktors y) zur Berechnung der B eulsteifigkeit der Stahlbetonschale in
Abhängigkeit vom  Stahlquerschnitt

Im  Beton können Risse durch das Schw inden bedingt, d. h. auch ohne 
Beanspruchung durch eine äußere Last auftreten. D er Querschnitt kann also 
zugunsten der S icherheit schon vom  Beginn der Beanspruchung durch eine  
äußere Last an als zugspannungsfrei angesehen werden.

Der K urve im Bild 3c entsprechend kann die Druckzone des Quer
schnitts je  B reiteneinheit zu

J^riss. __ о
Г  B eton 3

seine D ehnsteifigkeit hingegen zu

Deltán =  Евd • 3 I-------e
\ 2

errechnet werden. D as e steht hier für die A usm ittigkeit der resultierenden  
K raft, au f den Schw erpunkt des ursprünglichen Q uerschnitts bezogen. (B ei 
der B eulung ist in den m eisten Fällen e =  w.)

D ie K rüm m ung g  der Formänderung kann im  allgem einen aus der Glei
chung

berechnet werden.
B eim  Q uerschnitt ohne Zugfestigkeit ist

g  =
f
X

a

EßetX

2 N

Elut (16)
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M ultipliziert man in Gl. (16) Zähler und Nenner m it w, substitu iert man 
den W ert M  =  N  ■ e und se tz t m an die beiden ^-Zusam m enhänge einander 
g leich , erhält man für die B iegesteifigk eit die Formel

* Beton ' Beton E  ■ 4 ,5e K-

und so m it für den Schalenbeulsteifigkeits-Kennwert den Ausdruck

LBeton - = у в riss. Г)riss. __ E1
Beton ^  Beton x-' 1 3 ,5e (17)

D ie  W erte der B etonquerschn ittssteifigkeiten  sind im Bild 6 aufgetragen.

e/t

B ild  6. D ie  Änderung der S teifigk eiten  des B etonquerschnitts in  Abhängigkeit von  der
A usm ittigkeit w

5. D ie  obere kritische Last der elastischen Beton- und Stahlbetonschale

Im  Bereich der Beulw ellen  ändert sich die A usm ittigkeit und dam it auch 
die B eu lste ifigk eit der Stahlbetonschale von  Stelle zu Stelle. Am  entscheiden- 
sten  b eein flu ß t die Beulverform ung gleichwohl den an der Stelle des größten
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Biegem om ents gü ltigen  Steifigkeitsw ert. D a die Steifigkeit an den übrigen  
T eilen der Beulw elle diesen W ert übersteigt, darf m it einer geringfügigen Ver
nachlässigung zugunsten  der Sicherheit angenom m en werden, daß die S te ifig 
k eit der sonst isotropen  Stahlbetonschale im  ganzen Beulwellenbereich dem  
an der Stelle des größten Biegem om ents gü ltigen  W ert gleichgesetzt werden  
kann. Sie ist m ithin stellenunabhängig, und die D ifferenzialgleichungen werden  
konstante K oeffizien ten  haben. Entsprechend kann die einer Beulverform ung  
w  zugeordnete L ast p  m it der dem wmax zugehörigen Schalenbeulsteifigkeit 
bestim m t werden.

D as Bild 7 veranschaulicht das auf d ieser Annahm e fußende Verfahren  
an dem in [1] gelösten  Beispiel des Z ylinderschalenfeldes aus hom ogenem  
elastischem  M aterial. D as K raft-Beulverform ungs-D iagram m  der geom etrisch

w0/t -0.25

Bild  7. Die B estim m ung der oberen kritischen L ast der B eton- und der Stahlbetonschale

vollkom m enen Z ylinderschale beschreibt die parabelartige, vom  P un k t der 
linearen kritischen L ast ausgehende, stark ausgezogene Kurve. Beansprucht 
die Last die hom ogene Schale mit einer A u sm ittigk eit von tv0 =  0,25t (bzw. 
hat die Vorbeule an der Schale diese A m plitude), dann ändert sich die m it 
wachsender Last zunehm ende A usm ittigkeit w  nach [1] nach der in dem  Bild  
dünn ausgezogenen K urve.

Im  Diagram m  des Bildes 7b ist der Z usam m enhang zwischen der S tei
figkeit К  des Stahlhetonquerschnitts und der A usm ittigkeit e =  w  dargestellt.
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D ie  O rdinate jedes einzelnen ir-W ertes der K urve p(w )  des hom ogenen M ate
rials m uß  im  gleichen V erhältn is reduziert werden, in dem sich die Schalen
b eu lste ifig k e it К  gegenüber Kg°"hlbet verm indert. A uf dieser Grundlage ergibt 
sich  für Stahlbeton die im  oberen Diagram m  des Bildes 7a stark ausgezogene  
K u rve.

D ie  Scheitelpunkte dieser K urven geben die obere kritische L ast der 
e la stisch en  Stahlbetonschale bei der gegebenen A usm ittigkeit an. Sie kann in 
der F orm

P*kr,el, Stahlb. — Pstahlb. .PAr" (18)
gesch rieb en  werden.

S e tz t  man die Schalenbeulsteifigkeit des Stahlbetonquerschnitts vom  
A n fan g  an der Steifigkeit K gtSgh.bet gleich, erhält man die dünn gestrich elte  
K u rve des oberen Bildes. D ie zugehörige kritische Last liegt, wie ersichtlich , 
etw a s u n ter  dem exakter b estim m ten  W ert, m it dem Unterschied b le ib t man  
also a u f der sicheren Seite.

B estim m t man die kritische Last der als isotrop angesehenen, über keine  
Z u g festig k e it verfügenden B etonschale nach dem geschilderten Verfahren m it 
den W erten  wkr =  2t und p kr =  0,25/)"”, erhält man die im B ild  8 stark  
au sgezogen e Vollinie.

D e  facto treten die R isse auf der B etonschale nicht unendlich d icht, 
sondern  in  gewissen A bständen  voneinander auf. Som it ist auch ihre S te ifig 
k e it u m  einiges größer als die der Schale ohne jegliche Zugfestigkeit. D esh a lb  
k an n  s ta t t  den aus dem Berechnungsverfahren für die Schale ohne Z u gfestig
k e it  resultierenden exakten  W erte die etw as höher liegende K urve m it der 
G leich u n g

PBeton 1 (19)

B i ld  8.  V ergleich des exakten ^-W ertes der Betonschale für den Fall dicht gelegener R isse m it 
dem N äherungswert  ̂ bei weniger dicht aufgetretenen Rissen

b e n u tz t werden. Graphisch veranschaulicht diesen Zusam m enhang B ild  8. 
Im  allgem einen  Fall kann pStahibet. durch lineare Interpolation nach  \p zwi-
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sehen  den W erten ßhomogen und {?Beton laut folgender Form el erm itte lt werden:

i?Stahlbet. i?Beton "t“ V (^homogen i?Beton)' (20/a)

Bei einem  W ert von w j t  =  0,5 sin k t die Steifigkeit des B eton q u er
schn itts auf N ull ab. W ie in  der A nalyse des B eulsteifigkeitskennw erts für 
den Stahlbetonquerschnitt gezeigt, kann dieser und m it ihm auch die kritische  
L ast der Stahlbetonschale bei W erten von w 0 >  0,5t schon m it dem  y-fachen  
des W ertes für die hom ogene Schale angesetzt werden. Im  Bereich w 0 < [ 0,5t 
schm iegt sich die K urve, die durch den Zusam m enhang

PStahlb. — 1 2 —  +  ŸW
' 2 Wo , J_ w0 2 + K l

3

t _ 3 t 5 t 1 t
(20/b)

beschrieben wird, an die obere K urve der hom ogenen und an die untere K urve  
der zylinder-und kugelförm ige Betonschale völlig  an, während sie im  Punkt 
w j t  =  0,5 die y-fachen W erte anzeigt (s. B ild  9 und Tabelle 2). In  Fällen  
m it W erten von  u>0 <  0,5t kann som it die Gl. (20) angewendet w erden, w o
gegen bei W erten von w 0 >  0,5t die A nw endung der Pstahib -W erte für den 
Fall w (l =  0,5t erlaubt ist.

Bild 9. Die (>-Werte der hom ogenen sowie der Zylinder- und kugelförmigen S tah lb eton - und
der B etonschalen

B ei K uppelschalen kann der Faktor (?stahib. den W ert 0hom ^  0 ,6 , der der 
von der sym m etrischen Beulung abzw eigenden antim etrischen B eu lung zuge
ordnet ist, n icht überschreiten [25]. Zum ghom'Wert gehört eine V orbeulam pli
tude w 0 =  0,125t, weshalb bei Stahlbeton-K uppelschalen  ein niedrigerer Vor
beulwert als dieser nicht angesetzt werden.

L etztlich  errechnet sich die obere kritische Last der elastischen  S ta h l
betonschale zu

P k r . e l ,  Stahibet. =  Pstahlb. ‘ P k r  ■ ( 2 1 )
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F ü h rt man den Q uotienten

ß -  - i (A _
e(v> =  i )

( 2 2 )

ein, kann  die obere kritische Last der elastischen Stahlbetonschale sta tt nach  
dem  Z usam m enhang (21) nach der Gleichung

P kr ,e l ,Stahlbet.  ß  ' P k r ,  el, homogen (23)

b estim m t werden.
D ie  /5-Werte sind im  B ild  10 aufgetragen und  in der Tafel 3 zusam m en

gefaßt.

6. Die obere kritische Last der p lastischen Stahlbetonschale

D as plastische V erhalten der Stahlbetonschale kann in die Berechnung  
m it dem  Ausdruck (9) einbezogen werden. D ie Zusam m enfassung der bisheri
gen Ausführungen führt letzten  Endes zu dem  Schluß, daß sich die obere 
k ritische Last bei Berücksichtigung der E igenschaften  der Stahlbetonschale  
(d. h. der Risse, der B ew ehrung, des Kriechens und der P lastizität) nach der Gl.

Pkr,  pl. Stahlb. =  * Pkr, el, Stahlb. * C ‘ ß  ' P k r ,  el, homogen (24)

errechnet. In dieser G leichung bezeichnet das p kr p[ stah|b- die obere kritische  
L ast der auch p lastische Eigenschaften aufw eisenden Stahlbetonschale.
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Tafel 2

Q-Faktoren f ü r  Beton- und Stahlbelonschalen

\ " o / <  

V \
0,00 0.05 0,10 0,15 0,20 0,25 0,30 0,35 0,40 0,45 0,50

1,00 1,000 0,815 0,660 0,534 0,434 0,359 0,304 0,267 0,246 0,243 0,242

0,90 1,000 0,812 0,655 0,526 0,425 0,348 0,291 0,252 0,229 0,221 0,218

0,80 1,000 0,809 0,649 0,518 0,415 0,336 0,278 0 237 0,212 0,200 0,194

0,70 1,000 0,805 0,642 0,510 0,405 0,324 0,264 0,222 0,194 0,180 1,170

0,60 1,000 0,801 0,635 0,500 0,393 0,311 0,249 0,205 0,175 0,158 0,145

0,50 1,000 0,797 0,628 0,490 0,381 0,297 0,234 0,188 0,156 0,137 0,121

0,40 1,000 0,792 0,619 0,478 0,367 0,281 0,217 0,169 0,136 0,114 0,097
0,30 1,000 0,786 0,608 0,465 0,351 0,263 0,197 0,149 0,114 0,091 0,073

0,25 1,000 0,783 0,602 0,457 0,342 0,253 0,187 0,138 0,103 0,079 0,061

0,20 1,000 0,778 0,596 0,448 0,331 0,242 0,175 0,126 0,091 0,067 0,049
0,15 1,000 0,774 0,587 0,437 0,319 0,229 0,161 0,112 0,078 0,054 0,036

0,10 1,000 0,768 0,578 0,425 0,305 0,213 0,146 0,097 0,063 0,040 0,024

0,05 1,000 0,760 0,563 0,407 0,285 0,193 0,125 0,078 0,045 0,025 0,012

0,00 1,000 0,729 0,512 0,343 0,216 0,125 0,064 0,027 0,008 0,001 0,000

I a dieser Tabelle bezeich nen yj den Fakt or zur Jcreehn ang des Stahlbeton-B eu Isteifig-
keits-K ennw ertes, и>0 die A nfangsausm ittigkeit und t die Dicke des Stahlbetonquerschnitts

Tafel 3

ß-Faktoren f ü r  Beton- und Stahlbetonschalen }>f stahlb.el. =  ß  ' Pkr hom el

w j t

V  N\
0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,4 0,45 0,5

1,0 1,0 1,05 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0 1,0

0,9 1,0 0,996 0,992 0,985 0,979 0,969 0,957 0,944 0,931 0,909 0,9
0,8 1,0 0,993 0,983 0,970 0,956 0,936 0,914 0,888 0,862 0,823 0,8

0,7 1,0 0,988 0,973 0,955 0,933 0,903 0,868 0,831 0,789 0,741 0,7

0,6 1,0 0,983 0,962 0,836 0,906 0,966 0,819 0,768 0,650 0,711 0,6

0,5 1,0 0,978 0,952 0,918 0,878 0,827 0,770 0,704 0,634 0,564 0,5

0,4 1,0 0,972 0,938 0,895 0,846 0,783 0,714 0,633 0,553 0,469 0,4

0,3 1,0 0,964 0,921 0,871 0,809 0,733 0,648 0,558 0,463 0,374 0,30

0,25 1,0 0,961 0,912 0,856 0,788 0,705 0,615 0,517 0,419 0,325 0,25

0,2 1,0 0,955 0,903 0,839 0,763 0,674 0,576 0,472 0,370 0,276 0,20

0,15 1,0 0,950 0,889 0,818 0,735 0,638 0,530 0,419 0,317 0,222 0,15

0,1 1,0 0,942 0,876 0,796 0,703 0,593 0,480 0,363 0,256 0,165 0,10

0,05 1,0 0,933 0,853 0,762 0,657 0,538 0,411 0,292 0,183 0,103 0,05

0,00 1,0 0,894 0,776 0,642 0,498 0,348 0,211 0,101 0,033 0,004 0,00

In dieser Tabelle bezeichnen y> den Faktor zur Berechnung des Stahlbeton-Beulsteifigkeits- 
K ennw ertes, u>0 die Anfangsausm ittigkeit und t die Dicke des Stahlbetonquerschnitts
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Zur Überprüfung des hier erörterten V erfahrens wurden in [26] die in 
[27 , 28, 29, 30, 31, 32, 33 und 34] publizierten, experim entell erm ittelten B eu l
la sten  von Stahlbetonschalen  nach Gl. (24) auch rechnerisch bestim m t und 
m it den experim entell festgeste llten  verglichen. D ie  R esultate dieser Berech
nungen  sind in A bhängigkeit von R/t im Bild 11 aufgetragen.

R/t
~ш Г

B ild  11. Vergleich der in  der Fach literatur publizierten Versuchsergebnisse mit den nach dem  
hier beschriebenen Verfahren rechnerisch b estim m ten  W erten

D er M ittelwert der Q uotienten aus den experim entell und den rechne
risch erm ittelten kritischen  L asten beträgt 1,02, d ie Streuung 20% . D as be
sa g t, daß das hier d argelegte Berechnungsverfahren den wirklichen V erhält
n issen  gut entspricht.
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lin 1 linnkr bzw . p kr

и  л Un kr bzw . р кг

n ukr bzw . p l r

R
У

IV

w o, ungew. bzw. wQf |зег
К  =  У B D
В
D
Е
-̂ Во
- ^ B e t ,  K urzz . b z w .  
^ B e t ,  D auer  
t
°w
° P
<Po
P k r , p i

Pkr, el
_  P k r , el, Stahlb. 

£?Stahlb. |jn
Pkr

о Pkr, el, Stahlb.P n
Pkr,el ,  homogen

Ppl

lx bzw . ly 
n — EStl^Bet

P

P

— die n a ch  der linearen B eultheorie bestim m bare kritische Kraft 
bzw. L ast,
die nach  der nichtlinearen (G roßverform ungs-) B eultheorie bestim m 
bare m in im ale kritische Last der geom etrisch vollkom m enen Schale, 
die obere kritische Last, d.h. das M axim um  der nach der nicht
linearen Beultheorie bestim m baren T ragfähigkeit der vorgebeulten  
Schale ,
der Schalenkrüm m ungshalbm esser,
die K oordinatenachsen. A ls Indizes zeigen sie die in R ichtung der
betreffenden  K oordinaten gedeuteten  Größen an,
die m axim ale  V orbeulam plitude, d.h. die Anfangsausm ittigkeit,
die m axim ale  Beulverform ungsam plitude,
die un gew ollte  bzw. berechnete A nfangsausm ittigkeit,

— der Schalen-B eulsteifigkeitskennw ert, 
der B iegesteifigkeitskennw ert
der D ehnsteifigkeitskennw ert,

— der E lastizitätsm odul
— der A nfangselastizitätsm odul des B etons
— der einer Kurzzeit- bzw. einer D auerbelastung zugeordnete Form

änderungsm odul des B etons,
— die Schalendicke,
— die W ürfelfestigkeit des B etons,
— die P rism enfestigkeit des B etons,
— die Endkriechzahl,
— die obere kritische L ast der B eton- oder Stahlbetonschale aus 

p lastisch em  B eton,
die u n ter  Annahm e eines linear elastischen B etons bestim m te obere 
kritische L ast der Beton- oder Stahlbetonschale,
F aktor zur Berechnung der oberen kritischen L ast der elastischen  
Stah lbetonschale,

F aktor zur Berechnung der oberen kritischen Last der elastischen  
Stah lbetonschale,
jener L astw ert, bei dem die in der Schale auftretende Beanspruchung 
den B ruchw ert erreicht,

— F ak tor  zur Berechnung der B eulste ifigkeit von Stahlbetonschalen  
(die In d izes 1 bzw. 2 sind H inw eise au f die ein- bzw. beidseitige 
N etzbew ehrung),

— die B eulw ellenlängen in R ichtung x  bzw. y ,
— das V erh ältn is des Form änderungsm oduls des Stahls zu jenem  des 

B eton s,
— der Q uotien t der spezifischen einseitigen Bewehrung und der 

n ü tzlich en  Höhe,
— V erh ältn is der beidseitigen Q uerschnittbewehrung zur G esam tfläche 

des Q uerschnitts.

Buckling of r. c. Shell Structures. The paper exten ds the possib ility  for the appli
c a tio n  o f  the buckling theory  o f  elastic shell structures over the field  of reinforced concrete 
sh ells . In  doing this, the creep, p lastic  behaviour, the cracks o f the tenson flange of cross
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sections and the position and qu antity  of the reinforcem ent are taken in to  account. The 
critical load to be determ ined by the worked out m ethod is in good agreem ent w ith  th e  results 
o f the experim ents.

У стой ч и в ость  ж ел езо б ет о н н ы х  обол оч ек . В  данн ой  работе р асп р остр ан ен ы  в оз
м о ж н о сти  прим енения теор и и  устойчивости  у п р у ги х  обол оч ек  д л я  обл асти  ж е л е з о б е т о н 
ны х оболочек. П ри этом  учтены  п о л зу ч есть , эластичны е св ой ств а , дал ее трещ и н ообр азов а-  
н ие на н ап р я ж ен н ом  п о я с е  сеч ен и я  бетон а , а т а к ж е  п о л о ж ен и е  и к ол и ч еств о  и сп о л ь зо 
ванн ой  арматуры . К р и т и ч еск а я  н а гр у зк а , оп р едел я ем ая  при пом ощ и р азр аботан н ого  
м ето д а , сов п адает  с  эк сп ер и м ен тальн ы м и  данны ми.
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RHEOLOGISCHE UNTERSUCHUNG 
DER BODENKONSOLIDATIONSTHEORIE

I. SÁ NDO R*

K A N D ID A T D ER TECHN ISCHEN  W ISSEN SC H A FT EN

B ehandelt wird die K onsolidationstheorie des porösen, eindim ensional ver
dichtbaren Bodens. Mit H ilfe eines Theologischen M odells wird die partielle D ifferentia l
gleichung vierter Ordnung aufgestellt. Dadurch en tsteh t eine allgem eine G leichung  
für die Berücksichtigung des Kriechens, die in der einschlägigen F achliteratur noch  
nicht publiziert wurde. Es werden zwei M odelle einander gegenübergestellt, w ovon  die 
Florinsche G leichung (1953) aufgrund von m echanischen Erwägungen abgeleitet werden  
konnte. D ie sich auf die Theologischen M odelle beziehenden Festlegungen werden  
zusam m engefaßt und ergänzt. Zur Lösung der D ifferentialgleichung werden M ethoden  
der linearen Algebra (und zwar die R asterlin ienm ethode) angewandt, die w egen R au m 
m angel hier n icht erörtert werden. Aufgrund v o n  mehreren num erischen B eispielen  
werden in Zusam m enhang m it der W ichtigkeit des Kriechens im Bereich der K on
solidationstheorie der Böden Feststellungen gem acht.

D ie Theorie der B odenkonsolidation ist schon  ein halbes Jahrhundert alt. 
Eines der w ichtigsten  Problem e der Fundam entenanlagen von B auten  bildet 
die Erm ittelung der Senkung, insbesonders bei bindigen Böden. D er V erlauf 
der Senkung zieht sich in  der Zeit hinaus und dauert auch nach dem Errichten  
des B auobjektes. Aus diesen Senkungen können Beschädigungen entstehen . 
D eshalb ist die U ntersuchung der U ntergrundsenkungen einer der w ichtigsten  
Bereiche der B odenm echanik. Eine R eihe von  Zeitschriften beschäftigten  sich 
m it der Theorie der B odenkonsolidation.

T e r z a g h i  interpretierte den Vorgang der Bodenkonsolidation m it H ilfe  
des sogenannten rheologischen Modells. Im  B ereich der R heologie ist dieses 
Modell das sogenannte K elv in —V oigtsche M odell, welches durch die parallele  
Verbindung eines H ookeschen und eines N ew tonschen  Grundmodells herge
stellt wird. Seine B ezeichnung ist K ||N . H ingegen  hat T e r z a g h i  die D ifferen
tialgleichung aufgrund des H ookeschen M odells abgeleitet, d. h., er betrach tete  
den Boden als elastisch.

D adurch gab er zwar eine analytische M ethode zur E rm ittelung der 
neutralen Spannung, doch stim m te das erhaltene Ergebnis m it dem  im  Labor 
gefundenen sog. K om pressionsergebnis in v ie len  Fällen nicht überein. A uf 
diese W eise hat sich der Begriff des sekundären Zeiteffekts, bzw. der sekun

* Dr. I. S á n d o r ,  Technische U niversität, B udapest

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



1 1 8 SÁNDOR, I.

dären  K onsolidation  entw ickelt. Zur Erklärung dieser Erscheinung w urden  
w eitere  rheologische M odelle ausgearbeitet.

E in en  derartigen V orschlag brachte T h a n  im  Jahre (1957) durch A nw en
d u n g  des M axwellschen M odells M  =  H  — N  m it dem A nliegen um  das 
E rgeb n is der R eihenschaltung der H ookeschen und N ewtonschen M odelle, d. h., 
den sekundären Zeiteffekt zu berücksichtigen.

G i b s o n  und Lo (1961) betrachten den bindigen Boden als einen Körper 
H  — K ,  welcher als eines der allgem einsten M odelle betrachtet w erden kann.

F l o r i n  (1953) le ite t die K onsolidationstheorie auf rein m echanisch
ph ysik a lisch er  Grundlage ab, die, wenn m an sie m it H ilfe eines Theologischen  
M odells interpretiert, kann als eine Anzahl n des Modells H  — К  betrachtet 
w erd en . D ieses Werk liefert eine völlig  analytische Lösung, die zur B earbeitung  
a u f einer elektronischen R echenanlage geeignet is t . Es sei noch die P ub likation  
des Sym posium s IUTAM  (1964) und das B u ch  vo n  Grenoble und Suklje (1969) 
erw äh n t werden, in  w elchen schon eine V ielzahl von  K onzeptionen zu finden  
is t .

E in en  Fortschritt b ilden in  diesem B ereich die Werke von V j a l o v  (1959), 
w eiters vo n  G o l d s t e i n  u n d  seinen M itarbeitern.

E s m uß aber bem erkt werden, daß nur ziem lich wenige derartige W erke 
p u b liz iert werden, die neben den physikalischen Untersuchungen und Labor
versu ch u n gen  zugleich auch analytische L ösungen liefern.

V om  Theologischen G esichtspunkt sollte der bindige Boden nach V j a l o v  
als elastisch-viskoser-p lastischer Körper betrach tet werden. Diese E igenschaf
ten  k ön n en  m athem atisch gesondert untersucht werden, obgleich in der W irk
lic h k e it  d iese E igenschaften gleichzeitig  existieren , nur am V erlauf der Ver
form u n g (der K onsolidation) sie veränderlich b ete ilig t sind. Im ersten A b sch n itt  
g e la n g t offenbar die elastische E igenschaft zu einer entscheidenden R olle, 
jed o ch  kann festgestellt w erden, daß die V isk ositä t einen ständigen E influß  
a u f den  Vorgang ausübt.

D er plastische E influß kom m t nur im  F all zur Geltung, wo die Spannung  
eine G rösse c 0 erreicht, w obei die Bodenkörner sich im  Verhältnis zueinander 
versch ieb en  und die U m w andlung des gebundenen Wassers zu freiem  W asser  
b eg in n t. In  demselben V organg bestehen die elastischen und viskosen E ffekte  
w eiter .

A ufgrund des B esagten  kann der A nfang des Kriechens, unserer M einung  
n ach , n ich t bestim m t w erden; sie ist im  w esentlichen  ständig vorhanden.

In  den Theologischen U ntersuchungen, w o die zeitliche B eziehung der 
V erform ung-Spannung und deren G eschw indigkeit behandelt w ird, kann  
m an  der Erscheinung der sog. R elaxation  begegnen; wenn man die zeitab 
h än g ige  Änderung der Verform ung bei konstanter Spannung untersucht, 
erh ä lt m an die R elaxation  der Form änderung; untersucht man dagegen die 
Spannungsänderung bei konstanter Verform ung, so spricht man vo n  der
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R elaxation  der Spannung. D iese beiden Begriffe sind zwar äußerst w ichtig, 
jedoch  kann m an im  Fall von w assergesättigten  Böden während des K onsoli
dationsvorganges von einem derartigem  Zustand n icht sprechen. D er Begriff 
is t  jedoch von W ichtigkeit v om  G esichtspunkt der Erm ittelung der K riech
funktion. D am it werden wir uns aber in einem späteren A ufsatz befassen.

Die Theologische G leichung eines Körpers ist im  w esentlichen eine lineare 
D ifferentialgleichung mit k on stan ten  K oeffizienten, worin die Verform ung und  
Spannung enthalten  sind. Ist eine von den beiden bekannt, so kann die andere 
erm ittelt werden.

Im  eindim ensionalen F all erhält man die G leichung der B odenkonsolida
tion  wie folgt:

Эе 1 +  ea' 92 и 

Э t y„ Э z2

und die G leichgew ichtsgleichung

n(z, i) +  u(z. t) =  q(t) ,

w o e(t) die Verformung,
a  die tatsächliche Spannung  
и die neutrale Spannung und 
q(t) die In ten sität der B elastu n g  

bedeuten.
Die Aufgabe besteht in  der E rm ittlung der V erform ungsgeschw indigkeit 

aufgrund der obenerwähnten E igenschaften  des Bodens.
B etrachtet man nur das H ookesche Modell, wo

а  =  Е е  ,

so, nim m t die Gleichung (1) unter Berücksichtigung der G leichung (2), die 
Form

( 3 )

Э t dt y v dz2

an, die die sog. klassische G leichung ist.
Der Körper, der durch die in dieser Arbeit erwähnten zwei M odelle inter

pretiert wurde, ist vorstellbar; er besitzt offenbar eine M om entankom pression  
(durch die Federung Ej), und  der Effekt des durch die K ennw erte ег und 
E2i charakterisierten viskosen und elastischen E lem entes stellt sicher, daß die 
Größe der Senkung hinter der B elastung zurückbleibt. D ies b estä tig t die Theo
rie von T e r z a g h i , d. h., das E intreffen der K om pression bedingt das H eraus
pressen des Porenwassers, w ozu  eine gewisse Zeitdauer erforderlich ist. Der 
letzte  Teil des ersten M odells beginnt in dem A ugenblick, w o die Spannung  
ct0, d. h., die plastische Streckgrenze erreicht wird, jedoch, im  F all von  Böden, 
is t  auch die zur Um lagerung der Körner erforderliche Spannung ein derartiger

( 1 )

( 2)
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l«
E,.É,

SE 2

бо ^Ез

Î6
B ild  2

W ert. E s ist offenbar, daß d iese  Spannung n icht bis zum Bruch (d. h., bis zum 
F ließ en ) auswirken m uß; d ie  wird durch das m it den K ennw erten f2, jE2<, 
charakterisierte viskose u n d  elastische E lem ent gew ährleistet.

D a s Terzaghi-M odell is t ,  w ie schon erw ähnt wurde, ein K elv in —Yoigt- 
sch es Modell, welches keine M om entankom pression sichert, und das Bild 3 
ze ig t, daß in diesem F all d ie Vorbedingung, w onach im  Augenblick der Bela
s tu n g  das Porenwasser die L a st in ihrer G esam theit trägt, erfüllt wird.

n 1 2 3 * 5 10 15 20 U [Mp/m2! /2
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Der größte Mangel des von uns dargestellten Modells ist, daß nach der 
E ntlastung keine bleibende Form änderung bewiesen werden kann, obw ohl es 
offenbar ist, daß im  Falle von Böden der größte Teil der Form änderung selbst 
bei einer kurzen Belastungsdauer bleibend wird.

H ingegen ist es sicher, daß das von  uns hergestellte Modell ein genaueres, 
zuverlässigeres Ergebnis, als die klassische Form el liefert.

1. N un läßt sich die linke Seite der G leichung (1) m it H ilfe des auf 
B ild 1 dargestellten Modells aufschreiben:

<7 =  E y B  j ,  <7 y =  Y)yE2 ,  °21  =  E 2yB2 y ,  °22  =  V 2^ 2 2 ' ^23 =  E 22B22,

o  =  <7\ -(- 0 2 1  =  (71 °o ~b <722 -b 0 23’ (За)

В — By -f- £2 ’ 

e 2 =  e21 ~b fill e22 •

N ach geeigneten Um form ungen erhält man die folgende D ifferentialgleichung

s - m + L %
! / [ E2 2

~~e27.
В +  Eo;B

EyE21
ä +

(V 1 +  V2  ! Iw Iw а  +  Í £ 21 +  ^22
Ey EyEoy 1 £„ a — o’,0 * (4)

Führt man die Bezeichnungen

rjjEy =  ylv f]2lEy =  y2, r j jE 2l =  y 3, E22/E.n =  S ,
und (4a)

=  7 i(! +  d) +  У2  . E.n
al ’ K2 5

У1 У5  Е уУуУз

A  =  ßz =  ^ ± ±  ß* =  —  (4b)
Ey ЕуУууз ЕуУууз

ein, so erhält Gleichung (4) die folgende Form:

ё +  atB +  a ,e =  ßy<7 +  “i -d  +  ß2a  +  ß» =  f ( t )  • (5)
E

Löst man die Gleichung (5) als eine inhom ogene lineare D ifferentialgleichung  
m it konstanten K oeffizienten unter hom ogenen A nfangsbedingungen, so 
erhält man:

в(1) = - / (  r)e~*" dx  I / (  T) e - ^  
Д2 —

dx  , ( 6)
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wo Ax und A2 die W urzel der charakteristischen G leichung

A2 +  ô A ß 2 =  0  (6a)

sind, weshalb die G leichung (6) auch in der fo lgenden  Form aufgeschrieben  
w erden kann:

e( t )  =  I ' [ е д‘<( *> -  e t « - * ]  f ( t ) d r  . ( 7 )
Я2 -  À1 Jo

N ach A bleitung der G leichung (7) nach t ergibt sich die folgende Gleichung:

£  = -------—  - f 1 [;.2е д‘( ' - г) -  A ^ ^ O ]  / ( r )  d r  . ( 8 )
A2 — X1 J  о

Substitu iert man (8) in  die linke Seite der G leichung (1), so erhält man:

— ------Г [А /* « -'»  -  V * < '-T)] / ( r )  d r  = 1 +  e° ' k ^
A2 -  A,Jo • у , Э*2

D eriviert man beide Seiten  der Gleichung (9), so erhält man:

9)

Г ‘ - f f l -  _  ;J e 4 < - 9 ]  _  f  ( t ) =  1 +  £a< *  0:!ц
о A2 Â yv

Subtrahiert man das Aj-fache von (9) aus (10), so ergibt sich:

1 +  £<j'

9229i

- A 2 j o r )  d r — f ( t )  =
Го

Э3» , 02u
9 2 29 t  1 9 2 2 .

( 10)

(И)

N ach A bleitung der G leichung (11) nach t :

AI f  e A*( ( - T)/ ( r )  dr - f ( t )  =  ~1 +  gQ/ / с

А о у*?

9 4u

L 9229 i2

d3u 

9 2 291
( 12)

Subtrahiert m an das A2-fache der Gleichung (11) aus der Gleichung (12), so 
erhält man:

1  +  £° '  к
yv

8<“ - ( и Ч ^ + 1А *
9*29 í Э2“Э t dz1

(13)

Infolge der Gleichung (2) erscheint auf der linken  Seite  der Gleichung (13) die 
dritte A bleitung der F u n k tion  u(a, t)  nach t. D ie zur Lösung der Gleichung (13)
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erforderlichen drei A nfangsbedingungen können erhalten werden, w en n  t =  0 
eingesetzt wird. So ergibt sich u 0 =  q (t =  0), und die weiteren B ed ingungen  
können aus den Gleichungen (9) und (11) berechnet werden.

Infolge von  (2) k a n n /(t)  in  der folgenden Form  aufgeschrieben werden:

/ ( 0  =  A f i  ü ] + ^ [ q  Ü ] + ß 2[ q - u ]  +  ß3 . (13a)

Aufgrund dieses Ausdrucks kann m an die Gleichung (13), w ie fo lg t , auf
schreiben:

X2ß2u —

Ег

dq
dt

+  h  [ßiq +  ß:\\

Э«2Эt2 dzodt dz2 J
(14)

G leichung (14) beschreibt die allgem eine Form des Vorganges der B od en k on 
solidation . U ntersuchen wir ein ige der Sonderfälle der Gleichung (14).

1. N ehm en wir an, daß im  M odell H — [iV ||( //  — (Stv\ |H ||iV))], in fo lg e  von  
a  <  a 0 nur das Modell H  — К  funktioniert. D ies bedeutet, daß e22 =  0.

Nach entsprechender N eubezifferung der K oeffizienten erhält m an aus 
der G leichung (5):

è -(- ouaf1 e =  +  /32аГ V  ,
oder

£ -(- b \ E  —  Ь %0 b 3 CT , ( 1 5 )
wo

/>, =  r, î lE ^  b2 =  E i 1, b3 =  ( В Д 1)-1 (Ei +  E.n ) b v

D ie Lösung der Gleichung (15) wird:

f(t) =  e - *1' jo (b2ó  +  b3a) eb'T d r  . (15a)

D eriviert man diese letzte G leichung nach t und schreibt man das Ergebnis 
a u f die linke Seite der G leichung (1), so hat man:

— (fr„cr +  b3a) +  bie~b‘l Í (b.,ä +  ab3) e blt d r  =  £°' к ——  ■ (16)
Jo y» dz2
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D eriviert man beide S e iten  der Gleichung (16) und addiert man zum Ergebnis 
das fej-fache der G leichung (16), so ergibt sich

oder

b2a b3a = 1 +  ea' 
yv

к
а 3 и

. dz2dt
(17)

b2
du

dt
1 I

yv
к 0 3 U  . , 01«

--------- r 0, ----
Qz2dt 0z2

• ( 18)

D ie zur Lösung der G leichung (18) erforderlichen Anfangsbedingungen ergeben  
sich aus Gleichung (16):

du
6o ---- +  6-jU
- dt 3 К

dq
dt b3q\

1 +

yv

Э-u
dz2 i .o

(19)

und aus der k lassischen Bedingung ergibt sich

«o <l(l °) •

2. Aus der G leichung (18) und offensichtlich  auch aus der Gleichung (14) 
kann der Fall erm ittelt w erden, wo es keinen rein  elastischen Teil gibt, welcher 
in  der klassischen T heorie im  allgemeinen (elastisch e) M om entankom pression  
genannt wird. D ann g ilt  E y =  со, und nach einer kurzen Berechnung erhält 
m an: b2 — 0 und b3 =  E ^ 1 615

du

dt
r)q jt> 1 I £a' , d3U , 02и----  =  E 21------------ к ------------к 0, -----
9* у А  0 z 20 í  0 z2

и ч =  En
1 £a

yA
к 92"

dz2

( 20 )

( 21 )

A ufgrund der A nfangsbedingung (21) ist ein zu seh en , daß die N ull-Isochronen  
nicht geradlinig sind. Für verschiedene W erte von  b1 und

с2 =  (1 +  ea') k E 21/b1y v (21a)

sind K urven auf B ild  3 dargestellt.
3. Aus G leichung (18) kann auch der F a ll erm ittelt werden, wo der 

B oden durch das M axw ellsche Modell interpretiert wird. Dies ist von beson
derer Bedeutung, denn die Größe der V erschiebung kann durch dieses M odell 
gekennzeichnet w erden. In  diesem Fall sollte der W ert von E21 gleich N ull sein.
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D ies ist gleichw ertig m it bx =  0. D ie G leichung (16) kann folglich auch in der 
folgenden Form  geschrieben werden:

-  +  ^ u  +  
dt Vl

dq
dt

Æl

Vv

Э 3U 

dzjll
( 22)

f U [Mp/m2]

B ei den num erischen Beispielen wird ein B eisp iel in Zusam m enhang m it 
G leichung ( 18) für q =  K onst, vorgeführt.

II. Mit R ücksicht darauf, daß die m echanischen Modelle infolge der Ver
schiedenheit der Bodenkennw erte veränderlich sind, kann die G leichung der 
K onsolidation  auch für das im Bild 2 sichtbare Modell aufgestellt werden. 
Mit den gebrauchten Bezeichnungen kann m an schreiben:

3
а  =  E xe ,, a  =  E 2f2 +  r\2e 2 ,  а  =  a 0 +  E 3f3 - f  r)3ez , e =  ^  £i (22a)

í - i

Nach D urchführung der entsprechenden B erechnungen kann die letztere  Glei
chung, w ie fo lgt, geschrieben werden:

e ( t ) =  —  +  —  Г a e - v « - "  dT +  —  f  (а -  (T0) e - Y’(' - r)dr (23)
E v Ï]2 Jo Г]3 Jo

und m it R ücksicht auf Gleichung (1):

ff +  +  Л  ! ' ffe-v .« -d  d r  +
Пл »?2 Jo
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Уз
Vs

Г  (ff -  ff0) e d t  =  1 +  £a' fc —
J о

und

Y v

y t  =  E i T j T 1 (i  =  2, 3)

*1 =  V21 +  ^ 3  •

02Z

(24a)

(24b)

(24)

Zur Beseitigung der Integral enthaltenden  Glieder geht m an w ie  im  
vorangehenden  Fall vor, w om it man folgende zw ei Gleichungen erhält:

Ó
<7 —

Ё Г E x
— - +  —  — KiУз] a  +  <T" (Уа “  Уз) +

I % Vs I Vs
(25)

+  —  (ßz — Уз) I (o' — o-o) e 7a(i r) dr 
Vs

à

~Êi

1 +  e,

4

Vs 

1 “b fa'
74'

03u 8 2u

[ + y2 +  Уз à  + Yz_ +  Уз _
- а1 (Уг +  Уз) ' - -

Ei L Vz vz Ei J

,  ■ Уа' ,
8z29í 922

(7 =

у*
д Аи

_8z28í2
+  (Уа +  Уз) — Г-----Ь УаУг

dz2dt
Э 2и 

dz2
(26)

E s ist zu bem erken, daß in diesem  Fall die der Gleichung (4) entspre
ch en d e G leichung die fo lgende ist:

£ +  (y2 +  Уз) 6 +  УгУзе =  ~  +  a i +  72 l '  ' 3
^1 ^1

^ +

~  ~  ~  ai(ya +  Уз)
УаУз

Vz Vs E,
(27)

E s is t  le ich t einzusehen, daß die zwei G leichungen nicht gleichw ertig sind, 
fo lg lich  handelt es sich um  einen Körper v o n  verschiedener Q ualität:

A uch  die G leichung (26) kann analog zur Gleichung (14) aufgeschrieben  
w erden .

U ntersuchen wir je tz t  wieder die Sonderfälle.
1. E s sei a <Ç cr0, w eshalb  sich auch hier das Modell H  К  ergibt. D as  

d r itte  G lied der G leichung (23) ist gleich N ull. B erücksichtigt man das in  den 
B erechnungen , so erhält m an Ergebnisse, die m it den gefundenen überein 
stim m en .

2. W enn man die B edingung E 3 =  0 aufschreibt, d. h., die F eder aus
sch a lte t , betrachtet m an nur ein p lastisch-viskoses Elem ent, und in G leichung  
(26) is t  y 3 =  0 .

3. W enn man das v isk ose E lem ent au ssch a ltet, d. h., r]3 =  0, dann w er
den b eid e Seiten der G leichungen (25) und (26) gleich Null. Daraus fo lg t, daß
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*U [Mp/m2]
-----------  Es gibt eine Momentankompression, jedoch kein Kriechen

w enn wir den gleitenden B oden wünschen, dann muß der auch von  einer visko
sen Erscheinung b egleitet werden. Diese Erscheinung tritt im  Fall des im 
B ild 1 dargestellten M odells n icht ein.

Bevor wir auf die B eschreibung der num erischen B eispiele übergehen, 
m achen wir einige F eststellungen  im  Zusam m enhang m it den Theologischen 
M odellen. Ein Teil derselben is t  im  Werk von  F l o r in  (1961) zu fin d en . Die 
Ordnungszahl der D ifferentialgleichung des V erform ung-Spannungszustandes 
is t  n icht größer, als die A nzahl der in derselben enthaltenen viskosen  E lem ente.

In der D ifferentialgleichung des V erform ung-Spannungszustandes ist die 
Ordnungszahl der D erivierten  der Verformung nicht kleiner — und  höchstens

* ü [Mp/m2] ----------- Es gibt eine Momentankompression, jedoch kein Kriechen
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u m  1 größer — als die O rdnungszahl der D eriv ierten  der Spannung. Ist das 
rheologische Modell viskos-kontinuierlich , so b esitz t der Körper keine M om en
tankom pression.

Im  Fall von B öd en  is t  ein nicht kontinuierliches elastisches M odell im  
w esentlichen  unvorstellbar, denn in diesem Fall ist die Beziehung Verformung- 
Sp an n u n g  nicht e in d eu tig , und  die Verformung ist unbeschränkt. W enn aber 
das M odell elastisch-kontinuierlich  ist, so w ird die Größe der Verformung 
beschränkt.

In  einem kom plizierten  Modell sollte g le ich zeitig  m it dem G leitelem ent 
ein  viskoses Elem ent b e ise in .

B ei der Berechnung der numerischen B eisp iele  haben wir den Vorgang  
u n ter  der Belastung u n tersu ch t.

Mit Hilfe der F orm el (21) und des K oeffiz ien ten

c 2 =  __ _M *i k 1 +  (”  +  l )2 (28)
E x +  E„ y vbx 4/F

sin d  die Nullisochronen für d ie Werte 6, 8.4, 12, 24, 30, 36, 42, 48 erm ittelt 
w orden . Das Ergebnis b ew e ist, daß die N ullisochronen nicht geradlinig sind, 
w en n  m an nur das lan gsam e Kriechen annim m t.

A u f Bild 4 ist d ie L ösu n g  der Gleichung (20) für verschiedene bL- W erte 
d argeste llt. Auch die k lassisch e  Gleichung der K onsolidation  wurde m it dem 
se lb en  K onsolidationskoeffizienten  gelöst um au f den Unterschied hinzuweisen. 
E s kann  festgestellt w erd en , daß wenn man nur das Kriechen berücksichtigt 
(u n d  die M om entankom pression außer Acht läß t), so schneiden die zur neutra
len  Spannung gehörigen K u rv en  die zur klassischen Lösung gehörigen K urven, 
u. zw . umso früher, je  größer bx ist. Es ist zu bem erken, daß sie bei kleinen  
hj-W erten nach dem S ch n ittp u n k t hoch über der K urve der klassischen Lösung  
b le ib en . Das bedeutet, daß  d ie Konsolidation langsam er beendet wird, als es 
die klassische Methode an ze ig t. Schließlich wird die Lösung der G leichung (18) 
a u f den Bildern (5) und (6 ) veranschaulicht. D ie  L ösung wird hier für zwei ver
sch ied en e K onsolidationskoeffizienten dargestellt, w obei die K oeffizienten 62 
und b.A einander gleich sin d . E s ist festzustellen, daß infolge der B erücksichti
gu n g  des Kriechens neben  der M om entankom pression nach der Belastung noch 
eine geraume Zeit lang  e in e  kleinere neutrale Spannung, als im klassischen  
F a ll, sich  ergibt, was a u f das schnellere Senken h indeutet. Nach einer W eile 
sch n eid en  sich die b e id en  K urven und die w eitere  Senkung vollzieht sich 
langsam er.

Anhand dieses B eisp ie ls  wollten wir erklären, daß die Berücksichtigung  
des Kriechens gerechtfertigt ist. In einem späteren  A ufsatz werden wir auch 
für d ie Gleichung (14) e in  numerisches Beispiel anführen.
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Die Berechnungen der numerischen B eispiele wurden m it H ilfe von  
elektronischen R echenanlagen durchgeführt. D ie  vorgeführten Gleichungen  
wurden mit Hilfe der sog. R asterlinienm ethode aufgrund des A ufsatzes von
I. SÁ N D O R  (1972) gelöst, deren W esen darin b esteh t, daß in t eine kontinuier
liche Lösung sich ergibt, folglich man sich m it der Stabilitätsbedingung nicht 
beschäftigen muß.

D ie R andbedingungen — da sie im Vergleich mit dem klassischen Fall 
unverändert sind —- w urden in der vorliegenden Arbeit nicht behandelt.

1 2  J
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R heological(Investigation of the Theory of Soil Consolidation. The theory o f  consolidation  
o f the one-dim ension soil o f  com pressible porosity is dea lt w ith. W ith the aid o f a rheological 
m odel the differential equation  is established which is a fourth-order partial d ifferential equation. 
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ations. The statem ents valid  for the rheological m odels are sum m arized and com pleted. 
For the solution o f the partial differential equation the m ethods o f the linear algebra 
are used, nam ely the grid-line m ethod which, due to lack o f space, is not dealt with. On the 
basis o f several num erical exam ples statem ents have been m ade laying particular stress on 
creep in the theory o f soil consolidation.

Р еологическое и ссл едо в а н и е  теории  к он сол и дац и и  гр у н т а . Р абота  зан и м ается  (о д 
н ом ер н ой) теорией к о н со л и да ц и и  сж им аем ого п ор и стого  гр ун та . С помощ ью  реологической  
м о д ел и  вы водится ди ф ф ер ен ц и ал ь н ое ур авнение, к о то р о е  п р едстав л яет  со б о ю  п арциальное  
диф ф ер ен ц иал ьн ое у р а в н ен и е  четвертого см оря дк аен и . С пом ощ ью  этого  у р авн ен и я  п олуч а
ет с я  общ ее ур авн ен и е (к о т о р о е  ещ ё не ф и гур и рует  в л и т ер а т у р е) с  учетом  м едл ен ной  д еф ор 
м ац и и . Д а ет ся  ср а в н ен и е  д в у х  м оделей  и в качестве сп ец и а л ь н о го  сл у ч а я  и х  п олуч ается  
вы веденное Ф лорины м  (1 9 5 3 ) ур авн ен и е, которое вы ведено на основе м ехан и ч еск ого  с о 
о б р а ж е н и я . В  дальн ей ш ем  д а ет ся  обобщ ение и зв естн ы х д л я  р еол оги ч еск и х  м оделей  оп р е
д ел ен и й ; п осле чего ав тор  до п о л н я ет  эти оп р едел ен и я . Д л я  реш ения диф ф еренциального  
ур а в н ен и я  п рим еняю тся м етоды  линейной алгебры , к отор ы е в работе не и зл агаю тся  для  
эк он ом и и  м еста. Н а о сн о в е  р я да  числовы х задач  сд ел а н ы  оп р еделен и я  относител ьно в а ж 
н ости  м едленной д еф ор м ац и и  в теории к онсол и дац и и  гр ун тов .

9 Acta Technica Academiae Scientiariim Hungaricae 86, 1978
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CHARACTERIZATION OF THE SORPTIVE PROPERTIES 
OF MOIST MATERIAL IN CASE OF 

MULTICOMPONENT MOISTURE CONTENT

B. PALÁNCZ*

Symbols

D  — diffusiv ity , m2/h  
J , J*  — functionals 
H  H am ilton function
M  — m ean value
N  — drying rate, kg m oisture (m 2h, kmol m oisture/ m2h 
P  tota l pressure o f gas phase, atm.
R  general gas constant, atm  m 3/km ol °K
T  — absolute tem perature, °K
V  tota l volum e, m 3
a specific surface, m2/m 3
c specific heat, kcal/kg °C
f  note for function and coefficient in the objective function
It adjoint variable
i enthalpy, kcal/kg
к m ass transfer coefficient, m/h
p  partial pressure, atm .
q s — heat flux, kcal/m 2h
r0 laten t heat, kcal/kg
s  — co-ordinate, dim ensionless
t temperature, °C
u m oisture content, kg m oisture/kg dry material
X — m ol fraction in liquid phase,
y  mol fraction in gas phase,
z co-ordinate, in

Greek letters

a heat transfer coefficient, kcal/m 2h°C
e porosity, m3/m 3
Q density, kg/m 3
о  — variance
г tim e, h
<p — function for correction,
y> saturation curve,
Ф — heat o f  adsorption and m ixing, kcal/kg dry m aterial
V — parameter
у  — factor o f activ ity

Subscripts
G — gas phase
j  — y-th com ponent
kv — convection
kr — critical
L  — liquid
na — m oist material
p  — constant pressure
s  — solid surface
V — ending

* B. P alXncz H -1085 B ud apest, Salétrom u. 9.
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1. Introduction

R elations characterizing the equilibrium sta te  o f the sorptive m aterials 
are on e o f the m ost im p o rta n t terms in the m athem atical m odels o f  drying.

For one com ponent, th e  approxim ation o f  the experim ental data  is usu
a lly  carried out by d eterm in in g  free param eters o f a specified function  [1]. 
A lth o u g h  this m ethod is frequently  used in  practice, it  always fails at the 
p rocesses having strongly  transien t characters, as the sorptive isotherm s are 
determ in ed  in steady sta te .

In  this paper w e p resen t a method for characterizing the sorptive multi- 
co m p o n en t equilibrium a t a specified structure o f  a m athem atical m odel. In 
an op tim al way, it  m eans, th a t  the tolerance b etw een  the experim ental values 
and th e  theoretical ones g iv en  by the m odel is m inim ized.

T he method based on th e  control th eory , also indicates how adequate  
th e  m odel is. besides th e  identification  of the sufficient function.

2 . Characterization o f the sorptive properties in  case of m ulticom ponent
moisture content

L et us define the m ulticom ponent liquid  containing no solid phase, as 
a m ateria l having ideal sorp tive  properties.

In  this case th e  p artia l pressure of th e  jr'-th com ponent ju st th e  liquid  
su rface, at the interface is:

P s j  =  V jx j P j o  (1)

w h ere th e  tension curve o f  th e  pure j - th  com ponent is

P jo  =  P j o ( T s )  (2)

an d  th e  activity factor o f  th e  7-th com ponent is

У) =  n ( Ts; X j )  . (3)

I t  means that the p artia l pressure of the j - th  com ponent can be expressed  
in  term s o f the tem perature and the m olfraction o f the j - th com ponent in  case 
o f  id ea l sorptive properties.

T he most practical characterization o f a property can be carried out with  
th e  aid o f a measure in d ica tin g  the deviation  from  the ideal case. I t  can be 
p roved  that moist m aterial has ideal sorptive properties at a certain interval 
o f  th e  moisture content [2]. Accordingly it  seem s to be advisable to  express 
th e  partial pressure o f th e  7-th  com ponent a t th e  interface in th e  following
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w ay:

where
ipj (uv  U2 4 • • • 9 tna) — yjj (X]\  tna) (pn(Uj)

4 * =  P sj/ P  and t na === T s — 273

considering Eq. (4)
V j  —  V j ( x j ;  tn a l  u j )  •>

_ UjjMj 
Xj ~  n

2  ui!M i
j= i

(4)

(5 )

in  th is  w ay X: and Uj determ ine the value of the to ta l m oisture content

2 " jI M j .
7=1

I t  means, th at the equilibrium  value depends on th e  tem perature, the  
to ta l moisture content and the partial moisture con ten t o f  the com ponents.

Considering the im portance o f w etting depending strongly on the total 
m oisture content, the approxim ation o f Eq. (4) m ay be said to  be physically  
sufficient.

The functions <Pj(uj) ind icate the deviation from th e  ideal case, so

<Pj{Uj)
1 if U j ^ U jkr 

1 if Uj <  Ujkr ( 6)

Functions are called optim al functions concerning a specified m athe
m atical model if  the differences in the values given by th e  m odel theoretically  
and evaluated from m easurem ents experim entally are m inim um  at a certain  
in terval o f tim e.

3. M athematical model

Let us choose the so-called one-layer m odel o f  th e  m ulticom ponent 
drying [3]:

du,

d r  (1 — f) qs
N j, j  =  1 , 2 ,  . . . , n  — 1 ,

dt ! n — 1
1 « n  \ *kvta ^  ^d r  ( (1 — f) qs ,= i

r 0 j  +  c p/ g
" -1 9 0 j

i=t 9U;

(7 )

du,
~dt

a n“ 1 du,
n  \ а',в +  -  Cli

L (1  — *) Qs 7=1 d t

n - l i  0ф
C* + 2 CLJUi + Т Г1 Vt„n (8)
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P  ъуJ K g  J  __ " N jy j  -  N j j  

R T  8s '  D jn f Z  Dji 

j  =  1, 2 , . . n — 1

N n ^  0 .

T he in it ia l conditions are:

uj{0) =  uj0, j  =  1, 2 , . . . , n — 1, 

n̂a(O) :=:;= tnao

T he boundary conditions:

J ; ( r )  j s = o  ==  u 2 "> • • • 9 wn — tn a )  9

Jy U—1 =  J c y ,  y =  1, 2 ,  . . . , n — 1 .

(9)

( 10)

( П )

( 12)

4. The determ ination o f the optimal functions

I t  w ill be proved th a t op tim al <Pj(uj) functions ex ist respecting the one- 
layer  m odel and these can be determ ined unam biguously on the bases of the 
va lu es o f  the partial drying rates N j(r) and tem peratures tna(x) measured 
exp erim en ta lly  in tim e.

T o prove this existence i t  is enough to show that optim al ЛГДr) functions 
ex ist , because the relation (9), th e  equation (4) and the boundary conditions 
(12) determ ine the optim al fu n ction s fj(uj)  unam biguously.

I t  goes w ithout saying th a t  th e  Nj =  N 1 does not ensure the satisfying  
o f th e  condition  of the o p tim ality , because generally tna tna in  th is case.

5. Transform ing the problem

T his problem of function  identification  can be transform ed into an opti
m iza tion  problem in the fo llow ing w ay: 

le t  us minimize

J ( N V N z, . . . , N „ - J  = (tna{r) tna(r))2 +  J ?  (N y ( f )  

/=1
N j i r ) ) 2 dr (13)

fu n ction a l, in other words, N A r) functions m inim izing the functional (13) 
under th e  conditions (7) — (13) have to  be found.
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The variables tna and N j  being random ones, the fu n ction a l itse lf is 
a random variable, too . In practice the mean value o f these variab les can be 
used, it  means M(tna) and M(Nj) .  This is possible, because:

M U )  =  j M [ ( U r )  -  tntt(r)Y] +  2  M [( N , ( r )  -  iVy(r))2] j dr =

I "  j M ( t l a )  -  2 t n a M ( t na) +  tna  +  2  [ M ( Ù ] )  -  2N j M ( f t j )  +  /V /] J d r
Jo l j - I )

considering

and

so

M(Pna) =  M 2(tna) +  U t na 

M ( N j )  =  M 2( N j )  +  U N j  ,

M(J)  -  Г \ ° \ а  +  " 2  a*N j] dT =  I ' [M( tna(r] -  tna{x)Y +  
Jo I /= 1 Jo

I " 2  -  N j ( r ) f ]  dr
J=i

r M (J)
r u  Г n- 1 „

Ulna +  2  UN.
Jo /=1

dr

The integral o f  the variances of the measured values being independent 
o f the function N j ( r), th e  new functional b y  using the m ean values o f the 
variables differ w ith  a w ell defined constant from the original one (13).

Obviously, th e  functionals M(J)  and J*  are equivalent in  respect to the  
problem to be solved.

That is w hy th e  functional (13) will be considered and for sim plicity’s 
sake the sign of the m ean value will be om itted . So it  is enough to  prove the 
existence of functions N j( r )  j  =  1, 2, . . . , n — 1 m inim izing the functional 
(13).

6 . Application o f the m axim um  principle

In order to so lve the problem  Pontrjagin’s m axim um  principle is used [4]. 
Let us introduce a new variable:

nam ely

H r ) = Г Ыи -  tn a (v ) )2 + 2 WAv) -  Nj(V)Y
Jo I. y-1

f\L n- 1
-7- = Ы т )  -  t„„(t))2 + 2 ' ( ® j( r ) -  N j{r)Y~
d r 7=1

dr , (14)

(15)
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w here
Л(0) =  0 . (16)

Considering Eqs (7), (8 ) and (15) the H am ilton ian  o f the problem  is:

n—1
H

7=  1 (1  —  e )  6 s

n - l

2  ( r o7 +  CP!1g )  N J 
7=  1

N j  +  .
(1  -  £ )  Qs 

n - l
«■kv —  ^  C L j N j

7=1

'J-krXc,

П — 1
Cs +  cLjUj I +

7“ 1

2n
n- 1

(*na -  í™)2 +  ^  ( N j  -  IV,)2
/= 1

(17)

T h e  desorption and o th er heat effects were neglected .
T h e  necessary cond ition  for the existence o f the optim al Nj  function  is:

0 H
0  j  =  1 , 2 ,  . . . , n  —  1

d N j
(18)

(1 -  £) es (1 - £) es
[cLj tna  —  ( r i)j +  Cpjt  g ) ]

n - l

th erefore

N j  =
2( i  - £) es

Cs +  £  c L j U j \  —  2 Z h { N j  —  N j )  , 
7=1

cLjtna r 07 cpjUj
n 1

Cs +  ^  CL j U j
7=1

^  , (19)

J 1, 2, . . .  5 n 1

In  ca se  o f  minimization th e  su ffic ien t condition is:

Э2Я

0IV)
>  0 ( 20)

b eca u se  analysing the second variation  of the H am ilton ian  on the basis o f the  
stro n g  m axim um  principle [5] in  case of m axim izing th e  sufficient condition is:

w h ere

Э2Я
д в к д в т

( m ) { v < P r n )  d r  <  0

hktm
d m

д в к д в т '
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so the H esse m atrix m ust be a negative defin ite for every T . In our case

and

k̂, m

в ,  =  Nj

d2H  

d N f  "
0 ,

d2H

9Щ ,
0

к — m =  j  

к m

Thus the H esse m atrix m ust be a positive defin ite, because of the m ini
m ization.

The condition (20) ex ists, because

—— - =  2s ,
d N f

and

=  0 ,
d r  dh

SO

Z / ,( t )  -  const.
In a general form [6 ]:

h +  /тЛш(* r) + f l M
i = 1

SO

and
«ft ( t„) =  1

therefore

III•c

d2H
=  2 >  0

d N f

( 21)

( 22)

(23)

so the condition really exists.
The uniqueness also com es from Eq. (19). In  order to determ ine the  

functions Nj( t) we need the relations for the adjoint variables z(r), too,

dr
and sim ilarly

- —  > У =  1, 2 , . . . , n — 1
OUj

dZra =  _  
dr d t na ’

(24)

(25)
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d z J  __

d r (1 e)ps 

Г

л -1
|*кг*с ( r o j  +  C p f c )  N j

I y-kv У  cLjNj
L j - 1

t n a )  X n -1 2
Cs +  ^  CLjUj 

7=1

, y =  1, 2 , . . . , n  1 ; (26)

d r (1 *)<?s L
^kv

n — 1 
X 4

7=1
> ' Cl j N j cs +  2  CL/U7 I 2(6:o *na) • (27)

7 =  1 >

B oundary conditions for the above equations are:

and
j( tv) = 0  у =  1, 2, . . . ,  (re  1)

l'no(h) 9

(28)

7. Numerical example

L et us illustrate the app lication  o f the algorithm  w ith  a num eric a 
exam p le . Considering a system  o f tw o com ponents, alcohol-w ater system , the 
data  are the following.

у iq =  0,01315 kmol alc./km ol to ta l
y^G =  0,0158 kmol alc./km ol to ta l
D 13 =  0,0476 m2/h
D l2 =  0,0575 m2/h
■D.,3 =  0,106 m2/h
tG =  67 °C
kGj =  30 m/h
kG 2 = 3 5  m/h
u1(0) =  0,5 kg ale./kg dry m aterial
m2(o) =  0,5 kg water/kg dry m aterial
1па(о) =  20 °C
P  = 1  atm.
a/fr> =  30 keal/m2 h°C
cs =  0,7 keal/kg °C

=  0,03 m2/kg
( !  -  O  9s

In case of two com ponent system equations are.

d u t

dr

du2
dr

( !  e ) Q s

(1 -  О Qs

(29)

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



CHARACTERIZATION OF SORPTIVE PROPERTIES 1 3 9

d t
na [xkvh (rm +  cpi*o) • N i

( !  E) Qs

(го2 сР2*о) ’ N 2 (a i,r cl i ^ i  cL2iV2) - fna]/(cs -f- с, Ittj ; Cp,2мг) » (30 )

ind

^  =  Я г + 2(1 e)e, c s +  CL1«I +  CL2U2

N 2 =  Я  2 +
Ci 0t,L&na ' 02 cPi2̂ G

d/l

d r

2(1 -  e)&! c s  +  CLl“ l +  CL 2 U 2

( # !  ^V.) 2 +  №  N *)2 +  ( ïn a  О 2 ,

( 3 1 )

(32)

dzj =  zrma 
dr (1 — e)Q:

[ x k v  ( c L l ^ l  "h C L 2 ^ 2 ) ]  ’ b ia} X

( r o i  +  cPila) ' ( r o2 +  cPita) ' N 2 —

cLl
(cs -)- CLlUx -f~ сЕ2иг)2

(33)

d*2 _  £ l2 A 2!
dr cL j d r

and

„  ч - [«*. (*Llty +  CL2iV2)]/ 
(1 £)PS

/ ( c s ~b c L l u l "t" CL 2 U'Î) 2(ina ■ í,la) (34)

The so called sw inging method [7] w as used in order to solve th e  system . 
N um erical results are shown by T ab les 1 —3 and Fig. 1.
H aving th e  optim al values of iV^r) and iV2(r) and know ing the pre

specified  values o f  y ln and y 2G

d ji iV2 jl ■ ^.У з 

Ö13

Н 1;!ЙТ

d s D ,2 ‘

d j2
О » )

D.a R T
d.s ®21 Pk02

(35)

Integrating these equations we obtain:

yils—o =  V l(u l’ u2’ bia)
and (36)

J2/S-0 =  M2i Ьш) I
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Q5

0,4

0i3

0,2

0,1

0,0

u

so th e  optim al cp functions are

and

<Pi(ui) ViUh- ЩУ О
V* * i)

/ \ _ V2(Un u2-> *na)<Р2Уи2) —
fWna,  Х2)

(37)

w here ip* and ip* can be determ ined with the aid o f the Raoult-law:

K (b ,a; *i) =  ,

(38)

V*(tnai x2) =  X., .

T he vapour pressure curve for pure a lcohol, respectively, water can be 
approached by the follow ing relations:

log P l( 0  =  0,0238(t„o +  230) 4,35 (39)
and

log p 2( t n a )  =  0,622 +  —  (40)
^ ó ö  -4- t na
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Table 1

N. Í 
X 0 1 2 3 4 5

0,00 0,0200 0,0008 0,0028 0,0031 0,0032 0,0033

0,10 0,0200 0,0123 0,0140 0,0145 0,0146 0,0147

0,20 0,0200 0,0126 0,0138 0,0142 0,0145 0,0146
0,30 0,0200 0,0118 0,0125 0,0130 0,0132 0,0134

0,40 0,0200 0,0100 0,0113 0,0117 0,0120 0,0122

0,50 0,0200 0,0097 0,0100 0,0103 0,0107 0,0110
0,60 0,0200 0,0084 0,0086 0,0090 0,0094 0,0098

0,70 0,0200 0,0067 0,0069 0.0074 0,0080 0,0085

0,80 0,0200 0,0044 0,0052 0,0061 0,0069 0,0074
0.90 0,0200 0,0012 0,0013 0,0028 0,0037 0,0043

1,00 0,0200 0,0038 0,0002 0,0017 0,0027 0,0033

1,10 0,0200 0.0054 0,0008 0,0012 0,0021 0,0026
1,20 0,0200 0,0052 0,0004 0,0018 0,0024 0,0027

1,30 0,0200 0.0030 0,0030 0,0030 0,0030 0,0030

N . Í 
X 6 7 8 9 10 Measured

0,00 0,0033 0,0034 0,0034 0.0034 0,0034 0,0035

1,10 0,0148 0,0149 0,0149 0,0150 0,0150 0,0150

0,20 0,0147 0,0148 0,0149 0,0150 0,0150 0,0150

0,30 0,0136 0,0137 0,0138 0,0139 0,0140 0,0140

0,40 0,0125 0,0126 0,0128 0,0129 0,0129 0,0130

0,50 0,0113 0,0115 0,0117 0,0118 0,0119 0,0120

iV, 0,60 0,0101 0,0104 0,0106 0,0107 0,0108 0,0110

0,70 0,0088 0.0091 0,0093 0,0094 0,0095 0,0100

0,80 0,0078 0.0081 0.0093 0,0085 0,0086 0,0100

0,90 0,0048 0,0050 0.0052 0,0053 0,0054 0,0074

1,00 0,0037 0,0039 0,0041 0,0042 0,0042 0,0050

1,10 0.0029 0,0031 0,0032 0,0032 0,0033 0,0035

1,20 0,0028 0,0029 0,0030 0,0030 0,0030 0,0030

1,30 0,0030 0,0030 0,0030 0,0030 0,0030 0,0030
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Table 2

i
0 1 2 3 4 5

0,00 0,0200 0,0011 0,0009 0,0012 0,0013 0,0014
0,10 0,0200 0,0160 0,0177 0,0182 0,0182 0,0184

0,20 0,0200 0,0181 0,0192 0,0197 0,0200 0,0201
0,30 0,0200 0,0191 0,0198 0,0203 0,0207 0,0208
0,40 0,0200 0,0200 0,0204 0,0208 0,0211 0,0214
0,50 0,0200 0,0207 0,0209 0,0212 0,0216 0,0220

n 2 0,60 0,0200 0,0212 0,0212 0,0216 0,0221 0,0225
0,70 0,0200 0,0210 0,0211 0,0217 0,0223 0,0228
0,80 0,0200 0,0193 0,0200 0,0210 0,0218 0,0224
0,90 0,0200 0,0111 0,0136 0,0151 0,0161 0,0168
1,00 0,0200 0,0086 0,0122 0,0142 0,0153 0,0159
1,10 0,0200 0,0075 0,0122 0,0143 0,0153 0,0158
1,20 0,0200 0,0075 0,0132 0,0147 0,0153 0,0156
1,30 0,0200 0,0152 0,0152 0.0152 0,0152 0,0152

N
\ .  i

\ 6 7 8 9 1 0 Measured

0,00 0,0014 0,0015 0,0015 0,0015 0,0015 0,0015
0,10 0,0185 0,0186 0,0187 0,0187 0,0187 0,0188
0,20 0,0203 0,0204 0,0204 0,0205 0,0206 0,0206
0,30 0,0210 0,0211 0,0212 0,0213 0,0214 0,0214
0,40 0,0217 0,0218 0,0220 0,0221 0,0222 0,0223
0,50 0,0223 0,0225 0,0227 0,0228 0,0229 0,0230

n 2 0,60 0,0229 0,0231 0,0233 0,0235 0,0236 0,0238
0,70 0,0232 0,0235 0,0237 0,0238 0,0240 0,0245
0,80 0,0228 0,0231 0,0233 0,0235 0,0236 0,0251
0,90 0,0172 0,0175 0,0177 0,0178 0,0179 0,0207
1,00 0,0163 0,0165 0,0167 0,0168 0,0168 0,0177
1,10 0,0161 0,0162 0,0163 0,0164 0,0165 0,0167
1,20 0,0158 0,0159 0,0159 0,0160 0,0160 0,0160
1,30 0,0152 0,0152 0,0152 0,0152 0,0152 0,0152
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Table 3

N. »

T  N.
1 2 3 4 5

0,00 22,00 22,00 22,00 22,00 22,00

0,10 24,77 30,24 30,84 31,05 31,05
0,20 26,40 29,95 30,99 31,36 31,56

0,30 27,33 29,41 30,57 31,09 31,41

0,40 27,84 29,06 30,10 30,72 31,17
0,50 28,10 28,73 29,55 30,25 30,82

*na 0,60 28,24 28,41 29,04 29,83 30,55

0,70 28,30 27,90 28,55 29,52 30,42

0,80 28,33 27,59 28,71 30,02 31,13

0,90 28,34 30,45 32,65 34,43 37,73

1,00 28,34 34,02 37,55 39,74 41,12
1,10 28,35 35,87 40,42 42,80 44,10

1,20 28,35 38,87 43,39 45,38 46,39

1,30 28,35 44,83 46,99 47,87 48,32

h 176,61 71,85 38,47 23,38 15,63

i

T

6 7 8 9 10 M e a s u r e d

0,00 22,00 22,00 22,00 22,00 22,00 22,00

0,10 21,21 31,26 31,30 31,34 31,37 31,74

0,20 31,71 31,82 31,92 32,00 32,06 32,15

0,30 31,65 31,85 32,00 32,13 32,23 32,28

0,40 31,52 31,80 32,02 32,20 32,33 32,40

0,50 31,29 31,67 31,96 32,19 32,36 32,52

lna 0,60 31,15 31,62 31,98 32,26 32,46 32,64

0,70 31,15 31,71 32,13 32,44 32,67 32,75

0,80 31,98 32,60 33,06 33,38 33,62 32,85

0,90 36,64 37,27 37,71 38,02 38,24 45,69

1,00 42,00 42,58 42,97 43,24 43,42 46,69

1,10 44,90 45,38 45,70 45,91 46,05 47,25

1,20 46,95 47,29 47,51 47,65 47,74 47,86

1,30 48,56 48,71 48,80 48,86 48,90 48,00

h 11,40 9,01 7,61 6,78 6,26
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Fig. 2

T he functions <р1(м1) an d  <p2(u2) are shown b y  F ig. 2 and their values are 
in  T a b le  4.

Table 4

u l <Fi U2 (Pi

0,500 0,993 0,500 0,998

0,467 0.998 0.486 1,010

0,423 0,996 0,463 1,005

0,380 0.992 0,439 1,002

0,340 0,986 0,414 0,999

0,302 0,988 0,388 1,006

0,268 0,976 0,361 1.007

0,235 0,954 0,334 0.993

0,207 0,899 0,306 0,926

0,188 0,610 0,282 0,626

0,174 0,435 0,263 0,462

0,163 0,355 0,244 0,402

0,154 0,313 0,225 0,366

0.145 0,288 0,207 0,339

R E FE R E N C E S

1. G i n z b u r g , A. S.: D rying in  F o o d  Industry (in H ungarian). M űszaki K önyvk iadó, Buda
p e st 1969

2. I m r e , L.: Drying H andbook (in  H ungarian). M űszaki K önyvk iadó , B udapest 1975
3. P a l á n c z , B .—P a r t i ,  M.: D ig ita l Sim ulation of M ulticom ponent Drying. A cta Tech. Hung.

(1975)
4. P o n t r j a g i n  et al.: The M athem atica l Theory o f O ptim al P rocesses. Interscience Publishers,

In c ., New York 1962
5. F a n , L. T.: Continuous M axim um  Principle. John W iley  and Sons. Inc., N ew  Y ork 1973

Acta Technica Academiae ScietUiarum Hungaricae 86, 1978



CHARACTERIZATION OF SORPTIVE PROPERTIES 1 45

6. F a n , L. T. W a n g , C. S.: The D iscrete M axim um  Principle. John W iley and Sons. Inc.,
N ew  York 1964

7. K a t z , S.: B est Operating P oin ts for Staged System s. Ind. Eng. Chem. Fundam entals, 1
2 2 6 - 2 4 0

D ie Charakterisierung der Sorptionseigenschaften von feuchten Stoffen bei inehr- 
kom poiientigem  Feuchtigkeitsgehalt. Mit dem in der Arbeit beschriebenen Verfahren können, 
unter Verwendung der M eßergebnisse, dem einschichtigen Modell der T rocknung am  besten  
angepasste Funktionen gew onnen werden. Die A ufgabe kann auf das Problem  einer Funktions
identifikation  zurückgeführt werden, deren Lösung zugleich Antwort auf die Verwendbarkeit 
des M odells ist.

Х ар ак тери сти к а сор бц и он н ы х свойств  в л а ж н о го  м атериала в сл у ч а е  м ногоком
понен тн ой  в л аж н ости . Р абота  за н и м ается  в опросом  хар ак тер и сти ки  со р б ц и о н н ы х  свойств  
в л а ж н о г о  м атери ала, с о д е р ж а щ е го  м н огоком пон ен тную  вл аж н ость . П р и в еден  такой  метод, 
с  пом ощ ью  которого (при  и сп ол ь зов ан и и  резул ь татов  произведенны х и зм ер ен и й ) м ож но  
п олуч и ть  ф ункции, луч ш е в сего  п одходя щ и е д л я  однослой ной  м одел и  п р о ц есс а  суш ки. 
З а д а ч у  м о ж н о  свести  к  за д а ч е  идентиф икации ф ун кц и и , реш ение к отор ой  одноврем енно  
д а ет  ответ т а к ж е  в отнош ении  прим еним ости  м одели .
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AN ESTIMATION OF THE MAXIMUM LOADS OF 
INTERCONNEXIONS

T. TE R SZ T Y Â N SZ K Y * G. T U SNÁD Y**

[M anuscript received January 1, 1977]

Loads in  excess o f  transm ission capacities o f tie-lines m ay cause system  dis
turbances. The paper presents a theoretical m eth od  which can be used for determ ining  
the probability o f m axim um  loads o f random character occurring above a g iven  value. 
The obtained theoretical values are com pared w ith  data measured in  practice. The 
m ethod is su itab le for planning the reliability  o f interconnexions betw een  electrical 
power system s.

1. Introduction

Co-operation betw een  electric power system s, which enables a more 
reasonable and effic ien t utilization  of power stations and a b etter  electric 
power supply to  consum ers, is realized through intersystem  tie-lin es. This 
co-operation results in  a continuously varying power flow  and it  contributes 
considerably to an econom ical operation and to  the prevention o f disturbances. 
Intersystem  tie-lines are particularly useful during disturbances and, at such 
periods, it  is o f a decisive im portance th at an adequate transm ission capacity  
should be available. It is often owing to th e  latter that the in terconnexions  
are not sufficiently u tilized . Interconnexions having the required transm ission  
capacities are especially  im portant when sm aller energy system s are linked  
up w ith  larger ones because the smaller system s, in making use o f  advantages 
through power pools (increased block sizes, concentrated power generation), 
are in need o f rela tively  larger assistance.

I t  is obvious th a t, in such cases, the judgm ent on security requires the  
know ledge of those m axim al loads that m ay occur on intersystem  tie-lines. 
In  th is paper a suggestion  is m ade how to estim ate power m axim um s during 
th e  given period; these estim ations can be used for purposes o f p lann ing  net
work and its operation.

2. Loads of interconnexions

Parallel operation o f electrical energy system s will make pow er exchanges 
possible that result from  im balances of production and consum ption . These 
power exchanges can be divided in to  the follow ing main groups:

— long-term  contractual deliveries 4- determ inistic deliveries,

* T. T e r s z t y A n s z k y ,  H -1363 B udapest, P .O .B . 35 (NIM).
** G. T u sn á d y , H -1153 Budapest, M ezőhegyes u. 42
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— occasional pow er exchanges (inaccuracies o f  load-frequency regula
tio n ; profitable “ ad hoc”  deliveries; m utual u tiliza tion  of generating reserves; 
em ergen cy  help, etc .), -f- deliveries of a casual character.

Long-term  contractual deliveries are scheduled  in advance and th ey  have, 
accord ingly , daily, w eek ly , m onth ly  periodicities. Such changes in tendencies 
d ep en d  on specific cap ab ilities, agreements; their  m axim um  values h ave been  
pre-established , and on th is  basis the in terconnexions can be dim ensioned  
econ om ically .

T he case is d ifferent w ith  occasional deliveries o f electrical energy, w hich  
b eco m e necessary p artly  due to  characteristics o f  th e  respective system s (so- 
ca lled  uncontrolled pow er sw ings), and take p lace p artly  as a result o f hum an  
in terv en tio n s or even th e  lack  of the la tter (com p lex  intersystem  effects). 
T h e balance of these deliveries can be made zero, b y  controlling th em , e.g. at 
e v ery  quarter-hour, b u t th en  som e im portant p art o f  the useful co-operation  
o f en ergy  system s w ould  be lost. Operational ad vantages (e.g. sudden rise of 
lo a d  curves, emergency h elp , short-term  econom ical purchases and sales, etc.) 
w ou ld , therefore, require casu a l deliveries o f longer duration. A num ber of 
p u b lica tio n s have been d ea lin g  with casual deliveries statistically  and th eo
re tica lly ; some of these pu b lica tion s have exam ined  power swings of short dura
tio n  [1, 2 ], while others h a v e  dealt with long-term  deliveries [3]. These tw o  
k in d s o f  analysis differ in  th e ir  calculated power averages; in one case averages 
b y  secon d s and m inutes are used, in the other hourly  averages are calculated . 
M athem atica l procedures used  in these pu b lication s have in com m on that 
s ta tio n a ry  statistical characteristics of stochastic  processes have been deter
m in ed  separately. In  rea lity , o f  course, the tw o k inds o f loads emerge jo in tly .

In  respect of deliveries having a random character it is very im portant 
to  k n o w  the m axim um  loa d s because they happen  to  occur just in  th e  pres
ence o f  emergency help, and m ay lead to system  disturbance if  loads exceed  
th e  transm ission  capacities o f  interconnexions. W e intend , therefore, to  deter
m in e th e  probable m axim um  o f random power fluctuations.

In  our analysis w e w ill try  to approach th e  real situation by considering  
ran d om  loads of long and short durations, resp ectively , as separate events  
each; th is  is followed b y  a jo in t  analysis o f th e  tw o  kinds of loads, where the 
resu ltin g  load will no longer be seen as in d ep en d en t since short-term  power 
sw in gs are superim posed on loads of long duration .

3. A m athem atical m odel for random changes in  electrical loads

L et £(t) be the load o f an electric system  at tim e t and let A be an arbi
trary  tim e  period. The process of the average loads o f length periods A m ay  
th en  b e  described by th e  process
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1 f ' +J/2 A A
4 (0  = - 7  Í(‘)d í ,

A J i- j /2 2 2

or by its discrete version

si =  ф А )  , i  =  1, 2,  . . . , N .

Accordingly, the m axim al load m ay be considered to be the random  variable

Y ( T , A) - m ax r](t) ,
J/2£t£T-JI2

or
Z (N ,  A) =  m ax Ci,

1 á i S N

In case |(t)  is a stationary Gaussian process w ith  m om ents

EC(t) =  Ц ,

E m  ц ) т  и) =  B(t ) ,

then the distribution o f th e  variables Y , Z is determ ined by the autocovariance  
function B(t)  and the param eters [г, T, A or fj,, N ,  A. N ow  we shall evaluate  
the distribution o f Z, using direct assum ptions o f  the covariences o f  the proc
ess С,- This is a sort o f com prom ise: it would be better first to determ ine the 
covariance function B(t)  from an appropriate data set and then  to  proceed 
w ith the evaluation o f the distribution o f Z or Y.  This is, how ever, a rather 
hard task to do, and we hope that our assum ptions on the covariances o f the 
process С,- are realistic enough for resulting in usable approxim ations.

4. The m axim um  of independent identically distributed random variables

I f  the random variables Ci, Сг, • • • , £n  are independent, and identically  
distributed w ith distribution  function F(x)  =  P(Ci <C *), then th e  distribu
tion function o f their m axim um  is the follow ing

P ( Z < z )  =  (F(z) )N . (1)

The upper tolerance lim it o f  level e o f the variable Z  is the threshold which  
Z exceeds w ith probability  e. Let M  =  M ( N ,  e) be the num ber determ ined by

( 2 )
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and le t  z M be determ ined b y

f (*m ) =  1 — ^  ; (3)
1X1

th en  th e  upper tolerance lim it  o f  level e o f Z is z M.
In  Table 1 the upper to lerance lim its of the m axim um  o f independent 

stan d ard  normal variables are g iven for 1 N  <[ 10e, 10 4 e <L 0,9. In  
T ab le  2 the corresponding num bers are given w ith  their approxim ation

______________  M
'zM =  У 2CM - log CM , where CM =  lo g - = = -  (4)

\ 2i Jt

(T his approxim ation is a consequence of the w ell-know n fact th at for large z

Ф ( г )  ~  1 — —  <p(z) ,

w here

Table 1

Tolerance lim its o f  the m axim um  o f  independent standard normal variables

e 0,9 0,5 0,33 0,25 0,2 0,1 0,01 0,001 0,0001

J V =  1 — 1,282 0,000 0,431 0,675 0,842 1,282 2,326 3,090 3,719

2 -0 ,4 7 8 0,545 0,902 1,108 1,251 1,632 2,576 3,290 3,890

5 0,334 1,128 1,420 1,590 1,710 2,036 2,878 3,540 4,108

10 0,822 1,498 1,753 1,904 2,014 2,309 3,090 3,719 4,265

20 1,233 1,826 2,053 2,190 2,287 2,559 3,290 3,890 4,417

50 1,700 2,204 2,405 2,528 2,616 2,862 3,540 4,108 4,612

100 2,015 2,462 2,648 2,761 2,844 3,077 3,719 4,265 4,753

200 2,275 2,701 2,875 2,980 3,057 3,276 3,890 4,417 4,892

500 2,607 2,992 3,153 3,251 3,322 3,527 4,108 4,612 5,069

1 000 2,834 3,198 3,350 3,443 3,514 3,705 4,265 4,753 5,199

2 000 3,050 3,392 3,537 3,626 3,690 3,879 4,417 4,892 5,527

5 000 3,315 3,636 3,772 3,857 3,919 4,096 4,612 5,069 5,491

10 000 3,503 3,811 3,941 4,023 4,082 4,252 4,753 5,199 5,612

20 000 3,685 3,980 4,104 4,181 4,240 4,407 4,892 5,327 5,730

50 000 3,911 4,190 4,312 4,387 4,440 4,600 5,069 5,491 5,885

100 000 4,075 4,347 4,462 4,534 4,587 4,743 5,199 5,612 5,998
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Table 2

Percentage po in ts o f  the standard normal distribution

M Z M, M.

2 0,000 — 2,5 161 142
5 0,842 1,323 2,6 215 191

10 1,282 1,563 2,7 288 259
20 1,645 1,850 2,8 391 353
50 2,054 2,211 2,9 534 487
102 2,326 2,463 3,0 741 676

2 • 102 2,576 2,698 3,1 1 036 948
5 • 102 2,878 2,987 3,2 1 455 1 342

103 3,090 3,192 3,3 2 069 1 915
2 ■ 103 3,290 3,386 3,4 2 968 2 759
5 • 103 3,540 3,629 3,5 4 299 4 010

10* 3,719 3,804 3,6 6 285 5 833
2 ■ 10* 3,890 3,972 3,7 9 276 8 710
5 ■ 10* 4,108 4,184 3,8 13 831 13 015

10« 4,265 4,339 3,9 20 790 19 631
2 • 10s 4,417 4,489 4,0 31 545 29 887
5 • 10« 4,612 4,680 4,1 48 458 45 930

10« 4,753 4,820 4,2 75 107 71 251
2 • 10« 4,892 4,957 4,3 117 308 111 580
5 • 10* 5,069 5,132 4,4 184 957 176 396

10’ 5,199 5,261 4,5 294 316 281 520
2 • 10’ 5,327 5,388 4,6 473 373 353 583
5 • 10’ 5,491 5,551 4,7 768 758 737 807

10« 5,612 5,670 4,8 1 260 557 1 211 640
2 ■ 10« 5,730 5,787 4,9 2 086 811 2 008 910
5 • 10« 5,885 5,941 5,0 3 487 967 3 362 848

The inverse M z o f z M is also given in Table 2 w ith its approxim ation M z. 
The latter, in turn, are determ ined by

and

0 ( Z )  =  1  -  —
M ,

(5 )

( 6)
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T he fu n ction  M  =  M ( N ,  s) can  be approxim ated by

1

w here

£
log

1 (1 e)1/N

1 1 1 e e2
1 2 12 24

( ? )

( 8)

Som e values of this fu n ction  are the following:

£ 0,9 0,5 0,33 0,25 0,2 0,1 0,01 0,001

E 0,435 1,44 2,47 3,48 4,48 9,49 99,5 999,5

For example the upper tolerance lim it o f leve l 0,1 o f th e  m axim um  of 
1000 independent standard norm al variable is 3,705 according to  Table 1. This 
nu m b er m ay be approxim ated by the values z9490 =  3,7 or z9490 =  3,8 given  
in  T ab le  2 for £ (0 ,1 ) =  9 ,49.

5. A special form  o f dependence: equicorrelated variables

A s has already b een  n oted , i f  the jo in t d istribution  o f variables £x, 
£2, • • • , Cm is normal, and th e ir  expectation is 0 , th en  the distribution of their 
m axim u m  depends on ly  on th e  covariances £C/C/. L et us assum e that

1 if 1 =  j  ■>
в if i ^ j .

(9 )

In  th is  case (1) is no longer valid , but it is still possib le to  find a number
Ц  =  ( i(N,  z ,  q )  s o  t h a t

Pn(z, q) =  P( m a x  Ci < ; z) : (Ф (г))" (10)
i£ i'S N

h old s true (i.e. the p rob ab ility  that the m axim um  o f dependent variables 
exceed s z  equals the p rob ab ility  th at the m axim um  o f \x independent variables 
exceed s the same z).

I f  (9) holds true, th en  there are independent standard normal variables
ß, Уп yz, ■ • • , yN so that

С,- =  eß +  *Уп i =  L 2, . . . , N  (11)
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holds true, where x =  [/1 — g2. Hence

Pn (*i (?) ( 12)

and the values of th is function [x can be determ ined by num erical integration. 
I f  x/ (p=  0,6 (i.e. the standard deviation o f the “ individual term s” x y t is 60%  
of the standard deviation  o f the “ com m on term ”  gß), then g =  0,8575. This 
is the correlation for which the calculation was m ade, and the results are given  
in Table 3.

Table 3

The number o f  independent standard normal variables 
having the same maximum as N  equicorrelated one 

with (>=0,8575

z =  3 z =  4 z =  5

N =  4 3,0257 3,5129 3,7818
16 7,8232 10,7093 13,1451

64 16,5000 27,9983 40,8044

256 30,3231 63,6575 112,8025
1024 48,4094 115,7842 272,0648

6. The m atrix-approxim ation o f the covariance function

As w e have already seen in the in troduction , the loads o f the tie-lines  
have long-term  and short-term  com ponents. Let us denote them  b y  ß  and y,  
respectively , and let us approxim ate £, for i =  j m  -)- к by the elem ents of 
the m atrix

*jk =  oß] +  Xfjk , j
к

0 , 1, 2 ,

1, 2 , . .
. , n 1 
m

(13)

where the ßj  and yjk are independent standard norm al variables, e2 +  *2 =  i ,  
and mA  is the period o f long-term  effects.

The distribution o f the m axim um  of the variables otjk were determ ined  
by the so-called Monte-Carlo m ethod. According to  th is m ethod the com puter 
generates random num bers by chance and the desired distribution appears as 
the em pirical distribution o f the generated num bers. U sually the com puter 
generates random num bers uniform ly distributed on the interval [0, 1]. The 
library routine transform s these random num bers to  standard norm al ones by  
taking the sum of 12 o f them  and then subtracting the constant 6 from the sum .
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F irst w e decided to use a m ore sophisticated m ethod due to M arsaglia, since  
the form er, com m only used rou tin e is not an exact one, e.g. it  ten d s to give  
em p h asis to  high values o f  th e  norm al distribution. U nfortunately, M arsaglia’s 
m eth o d  presented com pletely  unusable results. The reason for th is phenom enon  
is n o t clear to us; perhaps th e  m ethod is sensitive to  the d istribution  of the  
ran d om  numbers used and there is some minor deviation  from  th e desired 
uniform  distribution on th e  actual com puter where the calculations were car
ried ou t.

F in a lly  we returned to  th e  standard library routine. Two runs were made, 
th e  param eters in the first w ere

n =  100, m =  10, Q =  0,8575 (14)

and 100 m atrices were generated. The results are given in  Table 4. The second  
run u sed  the parameters

n =  700, m  =  70, g =  0,8575 (15)

Table 4

The S-th largest maxim um s in 100 matrices n = 1 0 0 4 
n =  10, q =  0,8575

s * M

1 4,09000 43 981 4,40

2 4,05808 38 317 7,66

5 3,89750 19 429 9,71

10 3,72512 9 626 9,63

20 3,50950 4 157 8,31

25 3,43405 3 130 7,82

33 3,37123 2 481 8,27

50 3,22357 1 458 7,29

Table 5

The S-th largest maxim um s in  10 matrices n = 7 0 0  
m  =  70, о =  8575

s Z M V-

1 4,73941 896 160 128,02

2 4,26516 95 334 27,24

3 4,12294 50 757 21,75

4 4,03199 34 257 19,58

5 3,97263 26 615 19,01
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and 10 m atrices were generated. The results are given in Table 5. In  the tables 
the S-th  largest m axim um  are given for som e value o f S. L et us denote them  
b y  z =  z(s). From  Table 2 the corresponding M  =  M z num bers w ere deter
m ined, then the num bers /x =  SM /nG , were calculated, where G is th e  number 
o f the generated m atrices. As it  is easy to see, the S-th  largest m axim um  of 
G blocks o f nfx independent standard normal variables is about z(S). For z =  4, 
N  =  10 Table 3 gives [x =  7,5 which is about the /х-s g iven in  T able 4, but 
for z  =  4, N  =  70 Table 3 gives /x =  30, w hich is a b it larger th en  the [x-s 
given  in Table 5 (except the first /x in  Table 5 which is unreliable). So we can 
sta te  th at the num erical in tegration  and the M onte Carlo m ethod led  to nearly 
the sam e results.

Let us note here th a t the com puted works were m ade b y  D . S z e n d y  on 
an R-40 com puter of V E IK I. W e are thankful for th is collaboration.

7. A com parison of theoretical results with actual data

Let us compare the above theoretical results w ith  the actual m axim um  
occasional power exchange o f H ungary’s electrical power system . T he analysis 
w ill be made for loads o f  hourly averages.

The probability o f  occurrence that m axim um  load w ill exceed  the value 
o f a load z  is:

P (tnax Ç, >  z) =  1 — 0 N(z) ,
1

where N  is the num ber o f loads. I f  we w ant to  determ ine th e  h ighest load, 
which is not exceeded b y  the m axim um  w ith  e probability, th en  w e have to 
solve the equation

ф(г) =  NV T ^ ~ ê ~  1 _  JL
N

for z. Assum ing that loads have a normal distribution, Table 2 can be used 
for determ ining the va lu e associated w ith M  =  N/e.

A num erical com parison, based on load m easurem ents conducted in 
7 years for high-load periods o f some 3800 hours per year, is show n in Fig. I. 
I t  should be noted th at th e  reason w hy the value associated w ith  the probabil
ity  e =  0,0001 was com puted is due to the circum stance th a t, in American 
practice, the reliability  o f  intersystem  tie-lines ensuring guaranteed deliveries 
has been taken w ith  0,9999.

The salient value is an indication that actual m axim um  values do not 
alw ays result from loads whose distribution was assumed to be norm al for the 
underlying calculations. I t  can be said, how ever, that the m ethod can be used 
in practice for further purposes, e.g. for the planning o f system  interconnexions.
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р е г у л я р н ы х  к о л е б а н и й  — Э л е к т р и ч е с к и е  С т а н ц и и  1 9 7 6 . №  3.
3. E s z t e r h á s —T e r s z t y á n s z k y : A n alysis of One-Hour A verage Power F low s betw een
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Abschätzung der m axim alen B elastung von System verbindungen. B elastungen welche  
die Ü bertragungsfähigkeit von  System verbindungen übersteigen , können System störungen  
veru rsach en . Ziel der Arbeit is t  es, eine solche theoretische M ethode auszuarbeiten und  
v o rzu ste llen , m it welcher die W ahrscheinlichkeit für das A uftreten  eines einen gegebenen  
W ert übersteigenden M axim um s der stochastischen L eistung bestim m t werden kann. D ie  
derart theoretisch  erhaltenen W erte werden m it in der P raxis gem essenen W erten verglichen. 
D as V erfahren  ist geeignet, bei der Projektierung der B etriebssicherheit von Verbindungen  
zw isch en  elektrischen E nergiesystem en angewendet zu werden.

О ц ен к а  максимальной з а г р у з к и  м еж си стем н ы х с в я з е й . Н а г р у з к и ,  п р е в ы ш а ю 
щ и е  п р о п у с к н у ю  с п о с о б н о с т ь  м е ж с и с т е м н ы х  с в я з е й  м о г у т  с о з д а т ь  к а с к а д н ы е  а в а р и и .  Д а н 
н о й  р а б о т о й  с т а в и т с я  ц е л ь ю  р а з р а б о т к а  т а к о г о  т е о р е т и ч е с к о г о  м е т о д а  и  д е м о н с т р а ц и я  е г о ,  
с  п о м о щ ь ю  к о т о р о г о  п р е д с т а в л я е т с я  в о з м о ж н ы м  о п р е д е л и т ь  в е р о я т н о с т ь  в с т р е ч а е м о с т и ,  
к о т о р а я  п р е в ы ш а е т  д а н н о е  з н а ч е н и е  м а к с и м у м а  с л у ч а й н ы х  п о  х а р а к т е р у  н а г р у з о к .  П о л у 
ч е н н ы е  т а к и м  о б р а зо м  т е о р е т и ч е с к и м  п у т е м  д а н н ы е  с р а в н и в а ю т с я  в  р а б о т е  с  д а н н ы м и ,  
п о л у ч е н н ы м и  н а  п р а к т и к е  п у т е м  и з м е р е н и я .  П р е д л а г а е м ы й  м е т о д  п р и г о д е н  д л я  т о г о ,  ч т о б ы  
и с п о л ь з о в а т ь  е го  п р и  п р о е к т и р о в а н и и  э к с п л у а т а ц и о н н о й  н а д е ж н о с т и  с в я з е й  э л е к т р о э н е р 
г е т и ч е с к и х  с и с т е м .
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DIE BEI DER UNTERSUCHUNG DES BEULVERHALTENS 
VON SCHALEN IN BETRACHT ZU ZIEHENDE 

ANFANGSAUSMITTIGKEIT

E. DULÁCSKA*

K A N D ID A T D ER  TECHNISCHEN W ISSEN SCH A FTEN  

[Eingegangen am 20 April 1977]

Der W ert der kritischen Beullast wird durch die A usm ittigkeit der Schalen
schnittkräfte erheblich herabgesetzt, weshalb ihrer exakten  Berücksichtigung große 
Bedeutung zukom m t. D ie vorliegende Studie befaßt sich m it der B estim m ung der 
durch die ungew ollte Anfangsverform ung und durch die Randstörungen verursachten  
Ausm ittigkeit.

1. E inleitung

Für die kritische L ast p kr, die zum A usbeulen  von Schalen aus elasti
schem  Material führt, kann der Ausdruck

Pkr  = f ( E ,  t fC «’„)
geschrieben werden, in dem  E  den E lastizitätsm odul, t die Schalendicke, R  den 
K rüm m ungshalbm esser und w n die A nfangsausm ittigkeit der Schnittkräfte  
bezeichnen.

In der vorliegenden Arbeit wird der Versuch unternom m en, das Ausmaß  
jener A nfangsausm ittigkeit w n zu bestim m en, das in  die Berechnung einzu
beziehen ist. Seiner richtigen Berücksichtigung kom m t große B edeutung zu, 
w eil die A nfangsausm ittigkeit die Neigung der Schale zum A usbeulen beträcht
lich verstärkt und dam it die kritische Last erheblich herabsetzt. D a zum Ver
ständnis des Problem s die Beulungserscheinungen und die einzelnen Begriffe 
bekannt sein m üssen, soll hier zunächst eine kurze Ü bersicht über diese gege
ben werden.

2. D ie B eulung von Schalen aus elastischem  Material

Schreibt m an die Gleichgewichts- und V erträglichkeitsgleichungen der 
geom etrisch vollkom m enen Schale an, gelangt m an zu einer Eigenwertauf-

* Dr. E. D u l ä c s k a ,  R áth  Gy. u. 64. H-1122 B udapest Ungarn
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gäbe. D er kleinste unter den aus ihrer Lösung hervorgehenden E igenw erten soll 
m it Ид!" bezeichnet werden und für die lineare kritische D ruckkraft der Schale 
steh en . D ie  zugehörige O berflächenlast g ilt als die kritische lineare Last 
der S chale.

D ie  lineare kritische D ruckkraft axial gedrückter Zylinderschalen schreibt 
sich b e i Vernachlässigung der Q uerkontraktion [1] zu

„lin
n kr

E t2
yiSR ( 1 )

D ie  lineare kritische L ast der V ollkugelschale unter A ußendruck wurde 
erstm alig  von  Zoelly b estim m t [1]. W ieder unter Vernachlässigung der Quer
k on trak tion  kann diese L ast in der Form

„Hn
P k r

2E t2 9 E t2
; Mi ' ’ R 2

(2)

geschrieben  werden.
D ie  Versuchsergebnisse haben jedoch gezeigt, daß die Zylinder- und  

K u gelsch a len  bei L astin ten sitäten  ausbeulten, die w esentlich unter den linea
ren k ritisch en  Lasten lagen u n d  daß auch die Beulverform ungen keinesw egs 
gering w aren. Aus diesem  G runde wurden in die D ifferentialgleichungen auch  
die zur M itberücksichtigung der größeren D eform ationen geeigneten  n ich t
lin earen  Glieder der V erform ung eingeführt. D as nim m t jedoch den G leichun
gen den  Charakter von E igenw ertaufgaben. D ie R esultate der U ntersuchungen  
nach  der Energiem ethode hab en  folgende E igenheiten  aufgedeckt:

а )  D ie  Tragfähigkeit einer gewissen Gruppe von Schalen n im m t nach  
E rreich en  der linearen kritischen  Last im  Sinne der K urve I in B ild  la  zu. 
Is t  d ie Schale m it einer m axim alen  A m plitude w 0 vorgebeult, dann hat sie 
k ein e k ritische Last, ihre T ragfähigkeit w ächst vielm ehr m it der fortschreiten
den V erform ung stetig  an (K urve II). D erartige Schalen m it zunehm ender

4 4 ^ a,
B ild  1. a) D as Verhalten von Schalen m it zunehm ender Tragfähigkeit im überkritischen Bereich 

b) D a s Verhalten von Schalen m it abnehm ender Tragfähigkeit im  überkritischen Bereich
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T ragfähigkeit sind gegen anfängliche U nvollkom m enheiten  unem pfindlich . Im  
allgem einen handelt es sich um Schalen, in  denen sich das K räftesp iel nach  
Erreichen des p\"' durch Um lagerung der inneren Kräfte so verändert, daß die 
neue Tragfähigkeitskonfiguration steifer is t  als die frühere. N ach den heutigen  
E rkenntnissen zählen zu den Schalen dieser Art die w indschief-viereckigen  
H P-Schalen  sow ie einige Schalen m it freien Rändern.

b)  D as V erhalten einer anderen G ruppe von Schalen zeigt dem gegen
über, daß sich die in G leichgewicht gehaltene Last mit zunehm ender B eu lver
form ung ui der geom etrisch vollkom m enen Schale bis zum Erreichen des Form 
änderungsw ertes w kr verm indert, um sich  von  da ab wieder zu erhöhen (s. 
Bild lb ) .

D en Z usam m enhang zwischen dieser in Gleichgewicht gehaltenen  Last 
und der Beulverform ung w  veranschaulicht die Kurve I im B ild  lb .  D ie bei 
wUr in G leichgew icht befindliche Kraft bzw . L ast soll m it Th. v . K á r m á n  [2] 
als untere kritische K raft bzw. Last (nkr bzw . p kr) bezeichnet w erden. Schalen  
dieser Art — sie werden hier Schalen m it abnehmender T ragfähigkeit ge
nannt — sind im  allgem einen die Z ylinder-, die Kegel-, die K ugel- und die 
sonstigen K uppelschalen.

D och auch diese untere kritische L ast stim m te mit den experim entell 
erm ittelten  W erten nicht überein, da d iese bei Versuchen an Zylinder- und 
K ugelschalen zw ischen den W erten für die lineare und die untere kritische  
Last lagen. D ie Abweichungen erhöhten sich nur noch, als die zunehm end  
exak ten  B erechnungen für die unteren kritischen Lasten im m er niedrigere 
W erte ergaben.

G egenw ärtig gilt als niedrigster W ert für die Zylinderschale u nter A xia l
druck nach A l m r o t h  [3] ein

< r  =  0 ,1 0 8  n "? ,

für die radial gedrückte Kugelschale h ingegen  nach D o s t a n o w a - R a j s e r  [4]

PÜr =  0 ,108  p \I? .

D ie w eiteren Untersuchungen haben nachgewiesen, daß die Zylinder- 
und die K ugelschale bei kleineren als den linearen kritischen L asten  deshalb  
ausbeulen, w eil sie m it anfänglichen U nvollkom m enheiten  (Vorbeulen) behaf
te t sind. D ie m axim ale Am plitude der V orbeule (A nfangsausm ittigkeit) soll 
hier m it ui0 bezeichnet werden. Die U ntersuchungen an den m it V orbeulen  
behafteten  Schalen führten zu der F estste llu n g , daß sich die V orbeule mit 
wachsender B elastung vergrößert, w ogegen sich die Tragfähigkeit nach  Errei
chen eines M axim um s m it zunehm ender Verformung verringert. E lastische  
Schalen beulen de facto beim Erreichen dieses Maximums aus, w elches im  
weiteren als die obere kritische Kraft bzw . L ast (n°kr bzw. p°kr) b ezeich n et wird.
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D ie  K raft-V erform ungs-K urve der mit V orbeulen  behafteten Zylinder- oder 
K u gelsch a le  ist im  B ild  lb  (K urve II) aufgetragen.

D en  Zusam m enhang zwischen den oberen kritischen Kräften der Z y lin 
der- u n d  K ugelschalen in  Prozenten der linearen kritischen Kräfte einerseits  
u n d  dem  Verhältnis von  V orbeulam plitude zur Schalendicke andererseits v er 
a n sch au lich t Bild 2 aufgrund einer A usw ertung der Ergebnisse von [3, 5 , 6 .
7. 8 . 9 , 10, 11 und 12].

N achgew iesenerm aßen setzt die A u sm ittigk eit, die durch die a b stü tzu n gs
b ed in g ten  Randstörungen verursacht wird, bei Zylinderschalen mit radial starr  
a b g estü tztem  Rand bzw . bei K ugelkalottenschalen  die kritische K raft ebenso  
herab w ie  die Vorbeule, sofern ihre R ichtung in die der Beulverform ung fä llt .

D ie  Untersuchungen klärten weiterhin (13], daß die Beulung der K u g e l
k a lo tten sch a le , die anfänglich  sym m etrisch e in setz t, im  späteren V erlauf in  
ein e  antim etrische Form  überspringt. Das hat zur Folge, daß die obere k r iti
sche L a st selbst bei geom etrisch  vollkom m enen K ugelkalottenschalen das 
0 ,6 fa ch e  der linearen kritischen  Last nicht übersteigen  kann.

f nKr.el /  "к?

B ild  2. D ie  Herabsetzung der oberen kritischen L ast v o n  Zylinder- und K ugelschalen in  
Abhängigkeit von  der Amplitude ir0 der A nfangsausm ittigkeit

2. D ie m aßgebende Vorbeule (A usm ittigkeit)

D ie  A nfangsausm ittigkeit setzt sich aus zw ei Teilen zusam m en. D en  
einen  T eil bildet die u n gew ollte , von der U ngenau igkeit der Ausführung her
rührende A usm ittigkeit, deren Am plitude in die Berechnung mit der B eze ich 
nung w 0 ungew. einbezogen w erden soll.

D  en  anderen Teil der A nfangsausm ittigkeit ste llt  die rechnerisch erfaß
bare V orbeule dar, die aufgrund der G esetzm äßigkeiten  des Kräftespiels nach  
der B iegetheorie berechnet werden kann. Sie w ird im  weiteren m it w 0 ber 
b eze ich n et werden.
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D aß die H öchstw erte dieser beiden A usm ittigkeiten an der gleichen  
S te lle  auftreten werden, ist w enig wahrscheinlich, weshalb m an d ie  W ahr
schein lichkeit des Zusam m enfallens der beiden Größen in der W eise berück
sich tigen  kann, daß man nach den Näherungsregeln der W ahrscheinlichkeits
rechnung die höhere m it ihrem vollen , die niedrigere hingegen m it ihrem  hal
ben W ert ansetzt. Als m aßgebende A usm ittigkeit (Vorbeule) icH m ergibt sich 
m ithin  der höhere der beiden W erte zu

^o.ungew. 4” 0 ,5 l® Oiber.

0,5w 0 ungew. -f" trw ber.

D ie A bw eichung der A usm ittigkeiten  vom  M ittelwert, d. h. die S treuung muß 
im  Sicherheitskoeffizienten berücksichtigt werden.

3. Die ungew ollte Ausm ittigkeit

D  as Bild 3 veranschaulicht nach Versuchen von Cl a r k , L u n d q u i s t , 
K a n e m i t s u , B a l l e r s t e d t , D o n n e l l  und H a r r is  und anderen an axial ge
drückten Zylindern die der 95% igen H äufigkeit zugehörigen E inhüllend en  [1, 
3, 5, 6 , 7, 12, 13], während im  Bild 4 aufgrund einer Z usam m enstellung von  
L. K o l l á r  die in der Literatur [17, 18. 19, 20, 21, 22, 23, 24, 25, 26 und 27] 
publizierten  Ergebnisse von Versuchen an K ugelschalen und die der 95% igen  
H äu figk eit zugehörigen E inhüllenden dargestellt sind.

B ei beiden Schalen ergibt sich bei einem  Verhältnis von R /t  — 1000 für 
die obere Einhüllende ein W ert von  0,7, für die untere ein solchen von  0,1, 
als arithm etisches M ittel som it ein W ert von 0,4. D ie Versuchswerte sind  jedoch  
n ich t sym m etrisch verteilt, denn bei Versuchen an Zylinderschalen lag  der 
M ittelw ert um etwa 10% unter dem  D urchschnittsw ert. Der M ittelw ert kann  
also m it 0,36%  angesetzt werden.

B etrachtet man die H erabsetzung der kritischen Last in A b hängigkeit 
von der A usm ittigkeit (B ild 2) und die niedrigeren Ergebnisse aus den Ver
suchen an axial gedrückten Zylindern und an K ugelschalen in A b hängigkeit 
vom  V erhältnis R/t, erkennt m an eindeutig die gleichen G esetzm äßigkeiten . 
D as erklärt sich aus der T atsache, daß Schalen um so weniger genau ausge
führt werden können, je  dünner ihre W and ist.

D ie H erabsetzung der T ragfähigkeit von K ugel- und von a x ia l gedrück
ten  Zylinderschalen in A bhängigkeit von der A nfangsausm ittigkeit w 0 läßt 
sich näherungsweise durch die H yperbel

„o /_Hn _
P k r  P k r

1 + 6 - ^ (3)
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B i ld  3. Der Z usam m enhang zwischen der experim entell erm ittelten kritischen K raft p£*p 
axia l gedrückter Z ylinderschalen und dem Verhältnis v o n  Krüm m ungshalbm esser zur Scha

lendicke R/t

Litle
Tsien

B ild  4. Der Zusam m enhang zw ischen der experim entell erm itte lten  kritischen L ast radial 
gedrückter Kugel- und K uppelschalen  und dem V erhältn is des Krüm m ungshalbm essers zur

Schalendicke R/t
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gem äß B ild 5a beschreiben. Für den M ittelw ert der Herabsetzung der experi
m entell erm ittelten  kritischen L ast in A bhängigkeit vom V erhältn is des 
K rüm m ungshalbm essers zur Schalendicke gilt hingegen der im B ild  5b gra
phisch dargestellte Zusam m enhang

„ e x p / _ l i n  __
P k r  IPkr

1 +  1,7
R

lOOOi
(4)

Aus der G leichsetzung der beiden W erte ergibt sich der M ittelwert der anzu
setzenden ungew ollten A usm ittigkeit zu

R

3500
(5)

B ild  5. a) D ie Änderung der einander näherungsw eise gleichgesetzten oberen kritisch en  Lasten  
axial gedrückter Zylinder- und radial gedrückter K ugelschalen in Abhängigkeit v o m  W ert der 
m axim alen A nfangsausm ittigkeitsam plitude w 0 b) Der Streuungsbereich der E rgebnisse von  
Versuchen an Zylinder- und K ugelschalen in A bhängigkeit vom  Verhältnis des K rüm m ungs

halbm essers zur Schalendicke R/l

D ie ungew ollte A usm ittigkeit wurde auch durch Messungen überprüft. An 
Zylindern m it einem R/t  1000 wurden in der maßgebenden A xialrich tung  
an den späteren A usbeulungsstellen ungew ollte A usm ittigkeiten gem essen, 
deren W erte um  Ä/3000 schw ankten [29]. Der M ittelwert nach Form el (5) 
erscheint m ithin ausreichend verläßlich.

4. D ie berechenbare Ausm ittigkeit

Der au f rechnerischem  W ege erfaßbare Teil der A usm ittigkeit läß t sich 
durch die exakte Berechnung der Schale nach der Schalenbiegetheorie bestim 
m en. (H ierbei müssen auch die A usm ittigkeiten  berücksichtigt w erden, die 
sich aus Schwingungen ergeben.) Ist die Lösung nach der B iegetheorie  nicht
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b ek an n t und die S ch a le  als M embranschale konstruiert, kann die von den  
R andstörungen herrührende A usm ittigkeit au f Grund der folgenden einfachen  
L ösungen rechnerisch näherungsweise erm ittelt werden:

a) Zunächst soll eine Kuppelschale ohne Seitendruck über quadratischem  
Grundriß betrachtet w erden, deren Randträger nur Schubkräfte aufzunehm en  
verm ögen  (vgl. Rild 6 a).

In  einem Fall sei der Randbogen so dünn, daß er keine E inspannung der 
Schale gestattet. In  d iesem  Fall erhält m an aufgrund der näherungsweisen  
R erechnung [30] m it dem  Schm iegezylinder das m axim ale positive B iege
m om ent

+
p R j

20
( 6 )

Die Exzentrizität der Randstörunqen der Membranschalen
a, ohne Seitendruck b, mit Seitendruck

R? R»
e o, berechn. =rn/n = 0,1 pf t ea berechn -0,067 p^ 1

m it FcOringr m e 2 DR2 t / 2 0

n  - e rre c h n  —0 r  .-F t

Bild 6. D ie Randstörungen an M em branschalen

m =2 pRjt /30

®o,berechn* 0,133 p-t

der Schale in R ichtung 1.
D ie M embrankraft in  R ichtung 1 an der S te lle  des positiven m axim alen  

M om ents errechnet sich  zu

0,5 P R 1 P R 1
4

die berechenbare A u sm ittig k e it in R ichtung 1 also zu

W o ,  be r .
m1

ni
0 ,2  — :-- t  .  

R i

( 7 )

( 8 )
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In einem anderen Fall sei der Randträger torsionsstarr, so daß er die 
Schalenplatte einspannt. In diesem Falle beträgt das m axim ale positive  
M om ent in R ichtung 1

m,
p R.,t

30
(9 )

D ie Membrankraft kann aus (7) berechnet werden, die berechenbare A usm it
tigk eit in R ichtung 1 ergibt sich m ithin zu

« ’ober. = —  =  0 , 1 3 3 3  ( 1 0 )
«1 Rl

b) W eiterhin sei eine seitlich abgestützte K uppelschale (B ild  6b), u. zw. 
zunächst eine mit dem A uflager gelenkig verbundene K onstruktion betrachtet. 

D as m axim ale p ositive  M oment [31] schreibt sich in diesem  F alle  zu

m, pR-,t
20 ( П )

Für die M embrankraft in R ichtung 1 gilt, sofern die Last in beiden  R ich
tungen durch gleich große »Bogenwirkungen« getragen wird,

P R i ( 12)

und som it für die berechenbare A usm ittigkeit in R ichtung 1

l<;(),ber. *l  =  0 , i  A t .
ч «1

(13)

Im zweiten Fall soll der Schalenrand starr eingespannt sein. D as posi
tiv e  Moment in R ichtung 1 errechnet sich dann zu

pR.2t
m l =  - -  - .

30
(14)

D ie Membrankraft kann aus (12) berechnet werden, für die berechenbare Aus
m ittigkeit in R ichtung 1 hat man also

»«».ber. =  — =  0 ,0 6 7 A ,  . (15)
n, R t

c) Schließlich sei eine K uppel betrachtet, die zwar m it einem  zur Auf
nahm e von Seitendruck geeigneten Randring abgestützt, deren A bstützung  
jedoch wegen der D ehnung des Randringes nicht starr ist (B ild  6b).
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H a t der Randring d en  nötigen Q uerschnitt und tritt in ihm  eine Zug
sp a n n u n g  auf, die der D ruckspannung in der aufliegenden Schale etw a gleich  
is t , d an n  ist der Schalenrand zu einer doppelt so großen Deform ation gezw un
gen  w ie  bei starrer A b stü tzu n g , und auch die B iegem om ente und die A usm it
t ig k e ite n  werden zw eifache W erte annehmen.

B ei gelenkiger A b stü tzu n g  durch einen R andring hat man also für die 
berechenbare A usm ittigkeit in  R ichtung 1

M'o.ber. =  0,2 ~ t  . (16)

Gewährleistet h in gegen  die R andahstützung eine starre E inspannung, 
erg ib t sich die berechenbare A usm ittigkeit in R ichtung 1 zu

M’o.ber. =  0,133 A  t . (17)

D ie  in den Fällen a), b) und c) der R ichtung 2 zugehörigen A u sm ittig
k e ite n  können durch V ertau sch en  der Indizes erm ittelt werden. Im  B ild 6 sind 
aus P latzeinsparungsgründen bei den gelenkig eingespannten Rändern nur die 
M om en te  in R ichtung 1. b e i den eingespannten Rändern hingegen jene in 
R ic h tu n g  2 aufgetragen.

B ei einer gegebenen A ufgabe kann also zw ischen obigen Fällen inter
p o lier t  werden, oder — fa lls  Unsicherheit b esteh t — kann die Schale für die 
entsprechenden  beiden E xtrem fä lle  bemessen w erden.
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The Initial Eccentricity to be Taken into Account in Investigating Local B uckling of Shell 
Structures. The eccentricity of the stresses developed in the small wall sign ifican tly  reduces 
the m agnitude of the critical load causing local buckling of the shell, therefore, i t  is o f  great 
im portance of taking exactly  into account eccentricities. The paper deals w ith  th e  d eterm i
nation o f the eccentricity caused by initial random waviness and edge disturbances.

Н ачальн ая эк сц ен три ч н ость , учиты ваем ая при ан али зе вы пучивания о бол оч ек .
Величину критических нагрузок, выпучивающих оболочки, сильно снижает эксцентрич
ность сил разреза оболочек, вследствие чего очень важно точно учитывать имеющиеся 
эксцентричности. В данной работе рассматривается определение эксцентричности от слу
чайной начальной волнистости и от краевых возмущений.
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ELECTROMAGNETIC WAVE PROPAGATION: 
THE ANALYSIS OF THE GROUP VELOCITY

CS. FERENC Z*

[M anuscript received N ov. 23, 1976)

The paper gives a detailed analysis o f  energy propagation, the group velocity. 
It critically investigates the com m only used definition of group v e lo c ity . It exam ines 
in detail the d e f in a b ility  o f average energy w ith suppositions and consequences. Using 
the “ method o f inhom ogeneous basic m odes” , it  investigates the group v e loc ity  in 
strictly  linear and quasi-linear, dispersive m edia, deducing the group v e lo c ity  directly  
from Maxwell’s equations. It shows exam ples o f  practice and sees the consequences o f the 
results on an im portant question o f  relativ istic  electrodynam ics and propagation of 
different modes of m odulation.

One o f the principal tasks o f the investigation  of the propagation  of 
electrom agnetic w aves — apart from  the determ ination o f th e  m om entary  
w ave pattern — is the study o f the propagation of energy (signal, signalling, 
w ave packet, etc.) in the w ave picture. B esides the obvious practica l im por
tance o f this problem w e have to  remind the reader of its th eoretica l sign ifi
cance, since the description o f energy propagation is intim ately con n ected  with 
th e  still unresolved problem o f the form o f the energy-m om entum  tensor of 
th e  electrom agnetic fields.

In contrast to the usual derivation  we derive the characteristic  velocity  
o f energy propagation, i.e. the “ group ve lo c ity ” -b?, directly from  M axw ell’s 
equations, using the “ m ethod o f inhom ogeneous basic m odes”  worked out 
previously [1]. First o f  all le t us exam ine the usual way to describe th e  electro
m agnetic energy and its propagation.

I. Form ulation of the problem and the starting point

W e derive the energy o f the electrom agnetic field, like the w a v e  pattern, 
from M axwell’s equations abstracted from experience, as it was done e.g. [1]

V X  H
dD

* D r. Cs. F er e n c z , P u sk in  u. 24, FI-1088 B u d ap es t, H ungary
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— dB
V X  E  — — ,tn —— ,

dt ( 1)

VB =  0 ,  

\ D  =  0 .

T he equation  for the energy fo llow s from (1); how ever, it  was actually decided  
on th e  basis of experim ents th a t the result o f our m anipulations is really  
en ergy  density and energy, respectively . It is w ell kn ow n  that if, for the sake 
o f  generality ,

D  =  eÉ  +  x f í ,

В  =  \)E +  pH ,
( 2)

w here E  is the electric fie ld , В  the magnetic in d u ction , D  the displacem ent 
v ecto r , H  the m agnetic fie ld , e, x. u, p are the characteristic parameters of 
th e  m edium  (perm ittiv ity , e tc .) , e0 and fia the p erm ittiv ity  and the m agnetic  
p erm eab ility  of the vacuum , resp ., f  the position vector , and t the tim e then  

[2 ]

( j ) J E x H ) d A  =  - J H /hr
8 В  

dt

dD

dt
d V (3 )

H ere A  stands for the surface and V  for the vo lu m e. I t  has been show n [5] 
th a t (1) can be used for the description of the general case as well.

In  w hat follows let us assum e that e, x, о  and p  are independent o f the  
characteristics of the electrom agnetic w ave — th a t  is, that the m edium  is 
s tr ic tly  linear and sta tion ary  in  time. Let us assum e th at it does not m ove, 
eith er  (in accordance w ith  th e  range of va lid ity  o f  th e  previous investigations  
[1 ]). W e will separately m en tion  media that are nonlinear in time in  other  
w ords, dispersive media. E v en  though in such a w a y  m edia that show variation  
w ith  tim e or that are m ovin g , are excluded from  our discussion, we w ill see 
th a t  one of the im m ediate a im s of the present in vestigation s is just to find  
th e  w a y  to resolve the severe discrepancies th at b ese t th e  treatm ent o f m edia  
w h ich  are moving or show  tim e  variation.

W e do not in vestiga te  further the conditions for the existence of a m ono
chrom atic solution but, according to [1], assum ing th a t  a solution of the form

F  =  F 0J(mot v) =  (an e~i'Pai F oil) еЛ“*' 4i)
i,i

(4)

exists ,  where F 0 and q> are unspecified  functions as y e t . Here F  is the sought 
for electrom agnetic fie ld  variab le  (E, D , B , H ), a>0 is  the angular frequency, 
<Pi th e  phase functions o f  th e  inhomogeneous basic m odes and i, running from
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1 to  n, stands for the ind ividual inhom ogeneous basic modes

n

2i=i
y

l “ k

w here l =  v denotes the real, and к the im aginary com ponent, w ith  the latter 
defined , to include th e  im aginary unit j ,  where j 2 =  —1; the m eaning o f a, 
<pa etc. should now be obvious from (4). W e cannot deal w ith th e  determ ina
tion  o f (4) here; we shall ju st assume fam iliarity w ith  the m ethod o f  solution  
in  [1] and with its conditions. Thus, in what follow s (4) is a known solution 
o f  M axwell’s equations [1].

E quation (3) for th e  energy distribution can also be w ritten  in  a more 
detailed  form which enables us to analyse w hich processes contribute to the 
change of the energy w ith in  the volum e V, i.e . w hat is the relation  o f the 
ind ividual terms w ith th e  energy flowing through surface A

< f )  ( E  X  H)  < L 4  =  —  Г  L 0E t ^  +  e0E x ^ -  +  ft0 H v ^ -  +  ^ H y L ^ - ] d V .
J a  J v I 9t 9t 0t 0t )

(5)

The vector field  in the integrand on the left-hand side is u su a lly  called 
th e  Poynting-vector

S  =  É  X  H ■ (6)

Its  physical meaning is easily  obtained for vacuum , but it is m ore difficult 
to  obtain  for a medium  and raises serious problem s in m oving m edia [3].

W e can see from w h at was previously m entioned th at — as is well 
know n — the propagation o f energy is described by means o f  S,  or rather 
th e  variation of S, as a “ detectab le, spreading phenom enon” . It can  be shown  
from  (4), however, th at the interpretation o f and of its changes entails 
certain  problems o f averaging , so we have to consider the problem  o f the 
p ossib ility  of an unam biguous determ ination o f the average energy.

2. The usual treatment o f group velocity

As at the first glance it  seem s that the spreading of energy can be traced  
on ly  b y  an actual change in  S, the starting poin t o f the usual treatm en t is 
th a t the electrom agnetic w ave w ill always possess a beginning and an end [4], 
and hence in every case (even  in the case o f “ m onochrom atic” rad iation  which  
is m ade purely h ypothetica l here) we are dealing w ith a w ave p ack et. Con
seq u en tly  we can avoid th e  use o f the notion o f an average energy, w hich is 
a great sim plification.
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T h e usual form o f th e  w ave packet in a hom ogeneous medium  is

F(r, t) =  ej ( M ' ] Ск°+ЛУ 0(к, k 0) еУ{(к" ^ Ч ( Й ' - 7] } ^
J  к „ -  Лк

w h ere к  is the wave vector ,

io{k) =  co(fcn) +  (k kn)

щ К )  =

0CO

(?)

( 8 )

and th e  spectrum of the w a v e  packet is chosen to  lie so narrow that the linear 
approxim ation  (8) will su ffice . Then the phase o f th e  “ group” described by (7) 
w ill be given by expy(co0t — /c0r) which we can bring in front o f th e  integral. 
T h is is  form ally arbitrary so th e  choice of the center o f  the expansion w ill not 
be u n iq u ely  determ ined. The amplitude characterizing the energy propagation  
in  (7) can  be obtained from  th e  propagation o f th e  surfaces corresponding to  
a co n sta n t value of th e  in teg ra l. If  F t)(k, k„) is a slow ly varying function , 
w h ich  here is a realistic assum ption , then these surfaces will be given  by the  
eq u a tio n

(k k 0)

H en ce  th e  velocity o f th e  propagation of the surfaces is given by

d m
-------— t — r
9 к 0

con stan t ( 9 )

dr

dt
dm 
9 к

( 10)

th e  group velocity. W e can  see that if  a>(k) ~  k, th en  — as is w ell known

v f  ■>
where I d<P

2 V, =  COn -
I 3.S

( 11)

th e  p h ase  velocity, and s is  the arc length along th e  phase trajectory.
(The same result can  b e  obtained from th e “ principle of constant phase”  

[ 4 J, e tc .)
T his definition in  i t s e lf  is correct, but it  leads to a few questions:

- it  does not g iv e  a general answer to  th e  problem  of the ve loc ity  of 
en ergy  propagation w ith in  th e  domain of v a lid ity  of the phenom enological 
d escrip tion , where in th e  m ajority  of cases w e are dealing w ith continuous 
an d  frequently strictly monochromatic signals;
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— the group velocity  is defined through the form assumed fo r  the solution 
and not from M axwell’s equations !

— equation (10) does not g ive the possib ility  o f a comparative  stu d y  of 
propagation in  m any different possible m edia since the characteristics o f  the  
m edium  enter (10) in an in tricate im plicit w ay.

Conclusion: the classical treatm ent of vg cannot be considered com plete  
and we are forced to consider th e  problem  o f determ ining the energy  and 
describing its propagation directly  from M axw ell’s equations.

3. The determination o f the electrom agnetic energy

As follow s from the previous sections, in order to start a general and 
concise analysis o f energy propagation we w ill have to exam ine th e  properties 
o f the energy flow  (5) and (6) in the case o f the solution first o f all (4). The 
range o f va lid ity  o f these solutions is known [1]. A more general in v estiga tion  
(o f  very inhom ogeneous fields, m oving or tim e-varying inhom ogeneous fields, 
etc.) can only  be based on the present studies since there are still a num 
ber o f  unsolved questions relating to hom ogeneous or inhom ogeneous  
cases [2 ].

As follows from (5), for exam ple, it is not directly S th at figures in 
physical m easurem ents but rather the energy passing through a surface (A  or 
A A )  in a given length  o f  tim e (At), i.e . the integral o f S. This w ill th en  be 
averaged for a unit  surface area or for a unit o f  tim e. Consequently th e  result 
w ill depend not on ly  on the w ave picture but also on the choice o f  surface  
and tim e interval o f averaging.

So a question  of basic im portance is: under what conditions shall we 
get an average value for the energy w hich is independent o f the “ m easurem ent”  
surface and tim e? Will the result o f averaging depend on the order o f  averaging  
over the surface and tim e? W hat are the factors that influence the uniqueness 
o f energy averaging?

On the basis o f (6), and tak ing (4) into account, the instantaneous value  
o f  the P oynting vector can be w ritten as

s (r , t )  =  É ( r , t )  X  H (r , t ) .  (12)

U sing (12) we can give the average energy W  flow ing through the surface 
A A  in the m easurem ent tim e At ( ~  denotes the average value):

IF s(f, t )dA d t. (13)
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H ow ever, the average energy can be obtained in  another w ay as w ell:

W° f  Ï—  I
J  A A  L At J

1 f'* -—  s (r, t) dt
. At J fl

d A (14)

The questions posed b y  us can now be form ulated  in exact terms w ith  the  
aid o f  (13) and (14). W e can unam biguously speak  o f an energy and average 
energy as long as

W  =  W °  (15)

and th e  additional con d ition , that in a su ffic ien tly  small neighbourhood o f
som e (r0, t„)

a w  —  ~
-------- ûsé 0 and grad j A W  =  const. (16)
9 (At)

is also im posed, besides th e  sim ultaneous fu lfilm en t of the conditions set out 
b y  us for the m edium  and the previous so lu tion . Considering th at (4) is a 
sta tion ary  solution ( 1 ]

9F„
at

о . (17)

H en ce, i f  the in vestigation  o f the energy propagation  requires the application  
o f som e sort of perturbation , we will require th a t

9 F 0 (pert.) () ^  ЭF  
dt dt

(18)

be satisfied . (18) w ill a lw ays have to be observed  in  the subsequent in vestiga
tion s ! Then in the ca lcu lation  of (13) and (14) F n (pert.) ш  const, during the  
tim e  interval At.

Comparison o f equations (13) — (17) show s th a t already at the beginning  
of such an in vestigation  w e are making use o f  th e  condition that w e should  
stu d y  the possibility o f  th e  energy analysis and the conditions o f its unique
ness for a stationary m onochrom atic solution  in  a medium which is constant 
in  tim e. So in every new situation  such or a sim ilar analysis o f the energy should 
be performed  anew' under the new conditions.

3.1. The analysis o f  the problem

Let us carry out our investigations in  th e  orthogonal co-ordinate system  
w ith  th e  basis set o f  u n it vectors (ёт, ёп, ёр) and let к — m, n, p  (or 1, 2, 3).
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Then from (4) the solution  th at m ust ex ist for physical reasons

F  =  «, F oik ëk sin (<»„, f t  fai +  foi  F*)} (19)

where (a, F oik) and (p„jFk account for the effect of the au tom atic  vanishing  
o f the indices Z in  the expression of (4). Then (17) is tr iv ia lly  sa tisfied , and it 
can be written in the detailed  form

dai Foik ___ 0  9cu„  _  0  9(9?,- +  cpai -  <poiFk) _  0

9i 9 t dt

H ence the actual form  o f (12)

Цг, t )  =  \ 2 Ï  a, E m  ek sin (w„t — <pt -  <pai +  <poi Ek) 1 X
i l k  1

x 2 \ 2  ek sin (w0t
i L к

=  2  E ok ek sin (w ut (p
к

X H tíkek sin (œ„t ~ <p
к

f i  ~  fai +  foiHk) j 
foEk) X 

foHk) ■

(17a)

( 20)

Inspection of (20) shows th a t the analysis is formally the sam e for
— the unimodal  (i =  1) case and

for the general case o f  the resultant field, provided th a t th e  necessary 
conditions [1J are satisfied .

The analysis o f the questions posed in (15) and (16) w ill n o t give any
th ing  principally  new for the general case of the resultant fie ld  expressed as 
an expansion in inhomogeneous basic modes. However, sign ifican t details can 
be clarified concerning the internal m otions o f the energy, th e  coupling be
tw een  the modes, etc ., thereby possibly opening the way  to  th e  defin ition  of 
“ propagating” basic m odes (co-m oving energy parts) bu ilt up o f inhom ogene
ous basic modes on the one hand, and to the further developm ent o f  the method 
o f solution given in  [1] on the other. (The necessity of th is w as dem onstrated  
in the application o f the m ethod to long-distance transm ission lines [18].)

According to  the above discussion in  w hat follows w e w ill perform the 
investigations for th e  general resultant field  (and autom atically  for the one
m ode field, of course). H ence w e will obtain the result relevant for th e  investi
gation  of group v e lo c ity . A  detailed analysis o f the m ulti-m ode case will be 
given elsewhere.

At the same tim e it  is shown by the consideration o f (20), as well as of 
equations (1), (2) and (5) th at in the framework of our phenom enological
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ap p roach  for the existence o f  S  or rather (20), it is fir st o f  all necessary th at  
all th e  m edium -electrom agnetic field  interactions according to e, p , x and v 
w il l  take place so and with such a speed that w e can speak  o f E  and H, etc. 
sim u ltan eou sly . Inclusion o f  cases different from this  w ould  require a separate 
in v estig a tio n .

H  ere one should add a further remark: in  cases w hen the “ w ave-like”  
so lu tio n  (4) does not ex ist or becom es so com plicated  th a t the notions of 
p rop agation , direction o f p ropagation , etc. becom e m eaningless, it is probable 
th a t th e  analysis of the d ispersion  of a single w ave p acket (Section II) w ill 
g iv e  at least as much in form ation  as the analysis o f  som e stationary solution.

W ith  this the determ in ation  o f the range o f v a lid ity  o f our investigations  
is com p lete .

3.2. The interchangeability of the order o f  integrations

A s a first step let us con sid er equation (20) for s. For the sake of sim plici
t y  le t  th e  index к = I , 2, 3 b e  cyclic, i. e. let к 4 1 and к — 1 be defined for 
a n y  к  (for example, i f  к — 3 , th en  к +  1 =  1).

T hen
s(i, t) É  X  H  =  (Ek+ j Hk l Е к_ г H k+,) ek (21)

к

and (20 ) can be rewritten, u sin g  (21), into a form m ore su itab le for the expan
sion  in  (13) and (14). Let

Уо(0  =  « о { T ’
th en

s ( f ,  t) =  ^  [Е ок+1Н ок_ г sin (poEk+i sin^oH/i-i —
к

^0k— 1 H()k+ 1 oEk—1 sin Ç9o/-//cH-l] ek

+  JE {Eok+ lH oft- i  sin [y>„(t) +  (p0Ek+l +  <PoHk-l\

— Е ок_г H Qk+1 sin  Oo(t) +<p0Ek -1 +  9>om-+i]} sin Уо(0 ek
th a t  is

s (f , t)  =  S 0 -+- s*(t) sin y>0(t) (22a)

w h ere because of (17a)

9t

F or a further expansion o f (22) we want to com p lete ly  separate the r and t 
dependences. It is exp ed ien t to  introduce the short notation s

* W i t f 0Ä_ i  =  A e h ±i and E ok_i H ok+1 +
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which are tim e-independent factors. After som e trivial steps

»here

II { [ A f.h  + i sin 4’EHti A e h * 1 f

+  [A,EH±1 sin («)„ t +  Ф ц) A e h

+  Ф+ .)] sin w(lt} ek =  S , u +  s**(0

Че н ±1 =  9poEfr+ í +  TVifc i 9*1

Ч’е н +1 : Ч*оЕк — 1 +  4>t)Hk+ í

Ф±1. = 1 <Г’ Ф+\ =

(23)

and

Consequently

a s-А» =  о .
9t„

where

s(f. t) =  (S„ -I- S * 0) +  s ,* (t) sin coq I =  S ,  +  s , , ( t )  sin <n0 t =  

=  S* -f- s , , ( t )  sin <n0t

3 S ,/9 t  =  0 .

(24)

W ith the aid o f (24) both (13) and (14) can be evaluated. We find th at

W (S* s* ,(t)  sin d^4
- Ш

- w ‘ + m L K M r A

dt

sin co0f dt

and

where
W , = w ‘ + ^ L [

s** (0  sin (o0 t dt
á t

AA

^ = J M <S(1 -f- S „ n) A A

(25)

(26) 

(27)

In order to com pare (25) and (26) we have to decom pose s t „(t). Since  

s**(0  =  [(Л ЕН±1С08Ф ±1 A e h ?j c o s  Фт1) sin w ut -f  (A EH±l sin Ф±1 —
к

A e h + 1 Sin Ф п ) cosco()t]e A. =  ^  (оЯсо8 sin (o0 t +  (28)
к

+  ®îsln COS C>uO e k — O^cos sin 0)„ t -)- o í sin cos co01
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w here th e  notations are self-explanatory. W e get that

W  =  W n i d J сÆcos dA)  sin2 co0t +
A A

J <cÆSjn dA)  s in co0t cos a>0t di

and

W 0 =  W0 -)--------- Г I ( с Я С05 sin2 a»,, t +  sin cOq t cos a>0 t )  di
A t  J  A A  J  At

d A .

Condition: in all our investigations on ly  those perturbations are allowed, 
or rath er  (the sufficiently sm all) Zlt and AA  are chosen is such a w ay , that

ILgA ld A \

8 1
ш  0 and aá 0

and also

grad I I sin2 w 0 t díj eu grad ( |
At

dt

sin a>0 t cos a>gt dt ^  0

(29)

be tru e. (The lower bounds o f  At and AA  w ill be given by the conditions (16) 
in  such  a way that W  w ill be m eaningful.]

L et us further have

and

and

J j ( sin2 Wgt dt =  F ss(t)

I  ̂ sin ojgt cos Wgt di Fsc(t) ,

I Q^c o s  d A =  Wcos and |JA°^sin dvd =  lLsin .

T hen  it  follows from the va lid ity  of the set (29) o f conditions th at the expan
sion  can  be continued further, and

W = W 0 + — i IFC0S sin2 w0 i dt 
At J  At 1 ! 1At J  At

Wsm sin co0 t cos Wg t dt

and

W° — W0 -|— f  [cÆC0S Fss(t) +  <Л5|П FK(t)] dA  
At J aa

H en ce , w e can see th at under the above conditions

w  =  =  Wg +  - i -  [Wcos Fss(t) +  Wsiu F sc( t ) ] . (30)
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W ith th is we have verified that (15) is sa tisfied  under the given circum stances. 
A t the evaluation o f  the average energy the result does not depend on the order 
of the integrations.

In this discussion we obtained upper bounds for zli and A A  (having  in 
mind possible perturbations). However, it can  be checked by elem entary means 
that choosing At and ]J A A  a negligibly sm all compared to the periodal tim e  
and the w ave length , respectively, we can ob ta in  for W  values vary in g  arbi
trarily w ith in  w ide lim its. For this reason w e h ave to give for At and A A  lower 
bounds as well.

3.3. The analysis  o f  W

Here our im m ediate aim is to in v estig a te  how the conditions (16) are 
satisfied; only w hen these conditions are sa tisfied  can we speak o f a constant 
or unam biguously defined average energy.

a) The in vestigation  o f time dependence.

In view  o f the fact that the tim e dependence is basically periodic even  
in the periodic case (18), let

dt =  n —  +  /IT  (31)
0)0

where n =  0, 1, 2, . . .  is a non-negative in teger  and 0 <[ A T  n/a>0. Further,
we know that

. . At sin 2mn At
F . M = ~ --------—

and

Fsc(t) -
1 — cos 2a>0 At 

4m 0

if, w ithout a loss o f generality , the in tegration  for the integral At is perform ed  
for t(0, At).

R eplacing At from (31) we see that

0 ^ F sc( A T , n ) ^ ~
1

and
1
2

A T  — —
2mn

2m0 

^  Fss ( A T ,n )

£

(32)

1 I n  . 1 1 1n --------h AT +  '
2 l «0 2 2 со о
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and furtherm ore, if  n =  0 and A T  <ŝ  л /со0, then

FSS(A T,  0 ) ^ 0  and FSC(A T,  0) sx 0 (33)

Consequence: the relationships (32) and (33) prove that for a tim e in ter 
v a l — and it  can be analogously  proved for a dom ain  o f space as w ell — the  
“ m easu rab le”  energy will depend  on the m easurem ent tim e (surface), w ill 
sh ow  flu ctu ation s, and consequently  that W  can be meaningfully defined only  
as an  expectation value possessing a certain s tandard deviation. The d ev ia tion  
is  a fu n ctio n  of, for exam ple, zlt. A detailed (m easurem ent) analysis can n ot  
over look  th is fact ! In our case when the aim is th e  study of group v e lo c ity , 
s ta t is t ic a l analysis is not needed since we are on ly  interested in w hether W  
can  h e  defined  and, if  yes, w hether it  is in an unam biguous relationship w ith  
th e  s ig n a l am plitude, provided that the signal am plitude can be defined.

B ecau se of (33) in  th e  follow ing we have to add the extra con d ition  
n ^  0 . T hen , from (31) and (32) and increasing the value of n :

At
Fss (AT, n)

1
2 A T

sin 2con AT  1

4 oo n 2
(34)

and

Fsc(A T ,n )
At +  AT

cos 2ft>0 AT  

4 2 пл
<  1

w h ere n 1; n is determ ined by the accuracy we require. Hence, we ob ta in ed  
for Zlt a lower limit as w ell ! The order o f the results is a consequence o f  the 
w a y  w e performed the calcu lation  (concentrating on co0t). I f  we concentrate  
on cp in stea d  — which we could  have done in v iew  o f the structure o f (a>0t — q>) 
— th e n  w e get an analogous requirement for  A A .

b) The investigation  o f  the surface dependence.

W e know from (27) and (30) that the surface dependence o f W  is con
ta in e d  in  the integrals

| JA( S ° + S , ° )  d ^  ; \^A J lC0Sd A  and |^д оЯ5,п dA .

A t th e  detailed analysis o f  these take W n la st, and define a surface A A -  Let

A A  =  A a1eal x  Zla2eo2 =  Aa1 Aa2eA (35)

w here ёа1 and ёа2 are n o t parallel (and n ot necessarily perpendicular). 
F urtherm ore, we have ëA — ^Î,,ë,.. Also we know  that on the basis o f  (28)

к
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we can use the unam biguous notatións оЯ.со8 =  <ЛС08± — oncost an ^ °̂ -sin =  
=  oÆsin± — аЯ8,пТ. Then it is enough to  stu d y  the structure o f  th e  terms 
determ ining IFC0S and IPsjn on a single exam ple. So the consideration o f

I |Д °ЯС08± dA  =  f i a J Z ( A eh±1 cos Ф±1) £k da, da2 (36)

will suffice.
Condition: -  In order to estim ate (36), and considering th a t w e have  

restrictions for the speed o f variation [1] in (4) to begin w ith, le t us assum e 
th at it  is m eaningful to sp ihk  about an “ am plitude” , and A A  is only  so large 
th at even for A A max

* , i , & d A CH±> <  ,  (37a)

^  EH  ±1

th at is, expanding the am plitude along the surface, can be replaced by its 
value som ewhere on the surface.

I f  th e  signal has a (slow) tim e variation , e.g. because o f  perturbation , 
in addition to  (co0t), then we get a condition  for Atmax which is analogous  
to (37a).

- Let us further assume th at it  is a good approxim ation to  replace 
the surface A A  in a small region by a plane, i.e.

£k

In such a w ay A EH±J and <?л can be factored out o f the integral a long AA  in
(36), i.e.

[ M ^cos± dA  a t  A eh±i \JaJ àat cos (<pEH±1 ç>)do, da2

Furtherm ore, tak ing into account the m eaning o f the variables on th e  basis 
of (4), and also (37),

I 1A<^coS± d A  Qsá ^  l;k A EH ±l [cos (<poEk+ 1 -|- tPoHk—i )  j Ja cos 2<p da, da2

+  sin (<pnEk + 1  +  <P oH k- i)  JAai J sin 2<p do, da2 (38)

Thereby we obtained a lower bound fo r  the surface as well, as com pared to  the  
w ave length  (cp).

Let us have

A a0 -*■ (p IAa, =  n  and /la , ~  Aa2 ÿ> Aa0 (39)
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w hich is analogous to  the requirem ent for tim e At  (31). Then it can be verified  
by elem entary m eans th a t — analogously to  (3 2 )—(38) fluctuates around  
a sm all expectation  va lu e w hich is independent o f  Aay and Лa2:

оЯcos ± d A S  %k A e h ± 1
k,q

Ъ + qfq (УоЕ; У 0ti) 
2 ||<p|| аДа2

w here 0 |a ± î 1? and th e  rest follows se lf-ev id en tly  from (38). This is 
neglig ib le in com parison w ith  W 0 proportional to  the surface, or rather is 
m uch sm aller than 1 when m ultiplied by A A ~ l .

c) The average energy.

I t  follows from the previous considerations that

W  —  W о H— —  F s s ( t ) ^ c o s  H—  F sc( t ) ïV sina i
At At

c * W 0 +

(40)

0  (At) Q(AA)  +  Q(At) Q(AA) sx W 0

N ow  w e expand W 0 =  \ AA (S 0 -j- S #0) dA  as w as seen in 3.3b and also im pose  
the requirem ent (39).

The terms characterizing the “ creeps’1 o f  energy — which w ould cor
respond to  (32) and (38) — w ill be neglected here. This can be done as long  
as th e  conditions sta ted  above apply. R em a rk : th e  analysis of these term s 
characterizing the energy fluctuations is im p ortan t both from the point o f  
v iew  o f m easurem ent technology, and for th e  investigation  of the so-called  
“ reactive power” . For our present purposes i t  w as sufficient to prove th a t it  
is ju stifiab le  to n eglect th ese terms when ca lcu la tin g  the average — and only  
here, and from this p oin t o f  view.

H ence, we can see th a t ✓

d A s ^ J Z  (A
к v EH ±1 s in  9^0Ek+ 1 s i n  ф oEHk—1 ~

a e h + i  sin < P o E k - i  sin cp0Hk+ i) ffc Aax A a.2

and

— ~  S  [£fc A e h ± 1 cos (<poEk+ 1 +  <PoHk-i) 
4  к

A e h  + 1 COS ( tpoEk-x  +  (po E k+  i) ]  ^ a i  A a .2
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From  here, after a few  elem entary steps it follows that

W c *  —  2 ^  [P fiH il^S ^O E tM C O SIjP oH n
1  h ( 41 )

— A E H *  1 cos T o E k - l  cos <PoHk+ l) +  (^ÊH il s*n 4PoEk+ 1 s*n <PoH k-l  ~  

a e h t i  sin (P o E k -1  sin (poHk+ ,)] / l a ,  A a 2

i.e. returning to the custom ary w ay of writing exp j(co0t — <p) seen in (4)

W  ^    AA  [(R e E  0 X R e H J  +  (I m E n X Im H 0)] (42)

On the basis o f (42) now we can form ally introduce the notions o f  com plex  
energy and P oyn tin g  vector. (The m eaning not only of W  bu t also o f the 
im aginary part o f the com plex energy, its relationship to the “ creeps” o f the  
energy, the spread  o f the average, remain to be checked separately  in every  
case, etc.)

Statement: One can see from  (42) that assum ing its ex istence described  
in  term s of inhom ogeneous basic m odes, and the fulfilm ent o f th e  additional 
conditions im posed, the average energy cun be defined and it is determined by 
the general signal amplitude ( F 0). C onsequently the propagation o f  th e  energy  
can be studied as the propagation o f changes in  F 0.

Addenda:  — on the basis o f  (42) we can introduce the average and the 
com plex P oynting vector for the expectation  values, i.e. i f  here th e  com plex  
conjugate of b is denoted by b*, it  is trivial that

I d  — Re ( Е 0х Щ )  =  —  Re (É X H*) .

Let us have

;,S =  —  É x H *  and k W = \  kS d l ,  W  =  Re k W
2 J j a

All the questions we asked or were led to pose in the course o f the 
investigation , were left open as regards the phenom ena outside th e  range of 
v a lid ity  of the assum ption m ade. Further investigations are needed here.

— In cases w hen the assum ptions related to the lower and upper lim its 
o f integration are in contradiction  w ith  each other, the average energy can
not be defined.

Ada Teehnica Academiae Scientiarum Hungaricae 86, 1978



1 8 4 FERENCZ, CS.

4. A w ay o f giving the group velocity  
with the aid o f the m ethod of inhom ogeneous basic modes

W e can express th e  propagation of an in fin itesim ally  small and slow  
[cf. th e  previous conditions (17), (18), etc.] change o f  the am plitude, having  
accep ted  the existence o f  a solution  of the form (4), from  M axwell’s equations 
serv in g  as the starting *point o f  the method o f inhom ogeneous basic modes [1]. 
T hus in  w hat follows w e perturb (modulate) the am plitude in  the form (an - T  

-f- d )  or ( a ,7 -f- d , ) ,  w here d  is infinitesim ally sm all.
W e shall deal sep arate ly  w ith the other possib le perturbations (m odula

tio n s), such as

(<Pai +  d )  or (cpai -|- d , )  phase m odulation ,

(ca0 +  d )  or (a>0 -f- d j )  frequency m odulation,

(Fon +  <5) or (Foil +   ̂,) polarization m odulation.

T he original unperturbed solution has the form  (4). So, i f  the perturba
tion  has the form (an -|- d , ) ,  then

F 6 -  2  (1 +  fit) F„ =  2  П  =  [(1 +  fa)  «/, e *•* F oll] «) (43)i,J i,l i,l
w here

f u = — <  1 -
an

N o t on ly  the solution (4), b u t also the perturbed solution  (43) m ust satisfy  
M axw ell’s equations. W e w ill expand M axw ell’s equations aiming at the  
accustom ed form in [1]. W e take into account th a t ln (1 +  f n ) So

[grad (In au +  f ,  j<pai) X  Щ, +  VrHo, i 11 11 j K i X  Щ,] =i,l
91 "

9  X 

d t ( t^ tE o u  F a  - ( -  xV taon E u)

+
(d (In an +  fu  j q ni) 

91
+  ja>o\ ( еЕ и -f- xH?,)

[grad (In a,, +  f u jcpai) X  E« +  V TEoi, Én j K < X  £ //]i,l
=  -  Mo.it l 8v è î , +  4 h î ,d t d t
+

9 (In an +  f n — jtpai)

91

+  ( v V i E o i l  F i t  4 [tV  Шой E u )  +  (44) 

ja ) 0 (v E 'il +  lJ-H n)
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[grad (Ь  o„ +  fa  j<pai)(eÉa, +  к Н а„) +  (V. E ai, +  V* H au) +
i,i

+  « V .,, £ / / )  +  (У нц Н аi))  — j K , ( Œ h  -)- KHàii)\ =  0 

[grad (ln a,; +  f ,  j f ai ) ( ^ ai +  (аЯ?,) +  (Vv£ f/ +  V,, Я?,) +  

+  « V „,7 Я?,) +  <VM,7 H ?,»  У * , (vÊf, +  (аЯ?,)] =  0 ,

where

К,- =  grad <?>,•;

0
a in h 20„ 9 In H 30il -]

dz dy

V THoil =
9 In H l0i

dz
0

_ 9 In H 30il
dx

9 In H i0ll a in h ,0((
0

dy dx

\  T E o i l  is analogous to \  THo„;

~ э  In H l0il 
91

0 0 '

\ l H i 0 9 In 11,oil 0il — a t

0 0 9 In i f 30/7

91 -I

Vtöoíf is analogous to \ , Hoi,;
V, =  Ve- V* =  V*> V„ =  Vv and Vg =  Vl»;

( \ \ i l ) j k 4k -
9 in /'0 ||Д'

Via7 > V m  and \  fiii are, according to their meaning, analogous to V ,,/;

<Ü> =  U, +  Ц., +  u3.

Furtherm ore, in w hat follow s we shall be m aking use o f the fact th at replacing 
fu  =  0 in (44) we get an equation for F and F „ is a solution of th is equation  
because it is a solution o f M axw ell’s equations.

4.1. On the characteristics o f  the medium

Before setting  out to  analyse the ways o f so lv ing equation (44), we have 
to briefly m ention the param eters e, x ,u  and [A, w hich characterize the medium.

— W e assum ed from the start [2, 1] that the energy scale g iving rise 
to the param eters o f the m edium  is orders o f m agnitude larger than the energy 
belonging to  the m onochrom atic, low -energy-density signal considered by us. 
Thus, it follows that £, к, и  and [A are independent o f the am plitude o f the
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sign a l F 0, i.e. we are dealing w ith  a media for w hich linear relationships 
ap p rox im ately  hold. (I f  non-linear treatm ent is needed, it  should be attem pted  
b y  th e  generalization o f th e  investigation  presented here. I t  is possible to 
ex p a n d  th e  medium param eters in a small environm ent d, o f the “ point” an 
sin ce f n and ó, are sm all, etc .)

— The linear m edia — to  which the description by (2) is applicable — 
can  b e divided into tw o large classes: of the strictly linear media , and o f dis
pers ive  media.

F irst we shall consider strictly linear m edia for which

= ^  =  . i v _ =  ^ = 0  (45)
Э w0 9ft)0 9co0 9a)0

ap p lies, at least in a su ffic ien tly  large neighbourhood of the actual value of co0. 
Then the parameters o f  the medium  will be independent o f  all the parameters 
o f  the signal  in the frequency range considered.

— W e shall separately  treat the dispersive m edia for w hich at least one 
o f th e  characteristics o f  m edium  is dependent on co0, e.g.

H o w ever, in cases like th is w e can assert — in v iew  o f the w ell-know n deriva
tio n s  [4, 6 — 8, etc.] for th e  param eters of dispersive m edia — th a t from the 
p o in t o f  view  of equations (44) it  would be conceptually  wrong to  use the 
exp ression

e =  e(w0) (46a)

F or th e  signal (43) e =И= e(<w0), b u t instead we have to  carry out the calculation  
w ith  a new e*. The sym bol *, unless otherwise stated , w ill not refer to the 
co m p lex  conjugate! Since w e can im m ediately see from (44) th at i f f n exists 
th en  its  tim e and space d erivatives exist as w ell, i.e.

fn  =  f i ( f ,  t),

i t  fo llow s that
e* =  e((o0, f i )  (46)

has to  be taken into accou n t for the calculation.
Because of (46), f ir st w e  shall treat only the case (45), then  in a separate 

ch ap ter  the case (46), in clu d in g  the interpretation o f linearity  for dispersive 
m edia.

Acla Technica Academiae Scientiarum Hungaricae 86, 1978



ELECTROMAGNETIC WAVE PROPAGATION 1 8 7

4.2 . Group velocity in linear media

Our present task  is to solve equation (44) in  a strictly linear m edia in  
order to determ ine f n, or rather the ve loc ity  o f  propagation of f n. W e shall
utilize the fact th a t F it is a solution obtained  w ith  the m ethod o f inhom o-

i,l
geneous basic m odes, i.e . it  satisfies the system  o f equations [1]:

K j  X Hji — co0e0(eE u х Я |7)
_  _  •_  _
K i  X Ец WqPq(vE a р.Я(7)

K j(cEn  -f- хНц) =  0 (47)

K i(y Ë n +  р.H и) =  О

and

2*  [grad (ln ail — j<Pai) X H il +  ^ТНоцНц\ — 0 
i, l

2  [grad (ln ait j<pai) X Ё п +  VТЕоцЁц] =  О
1.1

2 £  [grad (ln aa — j(pai){eËü - f  хЯ „) +  (VД ,  +  УхЯ„) - f  (48)
1.1

+  ((У « (Д /)  +  <Vx,;f í,() ) ]  =  О 

2 ?  [grad (ln aa j(pai)(vËn +  [аЯ,7) +  ( У Д ,  +  VД „ )  +

+  « V „ ,f„ >  +  <УМ, Д / » ]  =  О

separately. W e shall also use all the previously m entioned conditions for the  
m edium  (strict lin earity , no tim e variation, it  is not m oving, etc.). W e shall 
exp lo it that (47) is satisfied  by the individual m odes one by one. W e also 
know  that (4) is a m onochrom atic, stationary solution.

Using all th is  (44) can be simplified and rew ritten in the follow ing w ay:

2  { f t  [grad (ln ац j(pai) X H„  +  VтноцНц] +  grad f ,  X (1 +  fn) H a ) =
1,1

=  E(1 £  (1 +  fn) ~ ~  (e^ il +  XH'l)t i  t ít
J j  {fii [grad (ln ац j<pai) X Ец  +  VтеоцЕ ц] +  grad f t X (1 +  f i )  Е ц }  =  
i,i

м , , ^ 1 + / « ) - ^ - №  +  A )  (49 )i, I vt

Щ  {fa [grad (ln ац — Д н )(< Д / +  х Д )  +  ( У Д /  +  У ,^ ,;) +

+  « У .«£//>  +  < У .н Н „»] +  (1 +  f i )  g r a d /7(eU ,7 - f  хЯ,7)} =  О
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2  {fa  [grad (ln aü - j<pai)(yE n + р.Я„) +  (V»E;, +  +

+  ( (У уцЕ цУ +  <V„«Я ,-,»] +  (1 +  fa )  grad f i ( v É it -f- р.Я/;)} =  0 (49)

W e can  again take in to  account (47), since

1
eE, кЯ, К,  X Я,-

vEf, [/.Я,,
ц 0ша

E i  X Е п

On th e  basis of these the (49) equations contain ing curl and div can be rew rit
ten  and f a  obtained in  a sim pler way. H ow ever, even the present form  can 
y ie ld  m any interesting inform ations. For instance, we can im m ediately  see 

th a t  i f  dfn/dt  s =  0 or i f  grad f n =  0, we essen tia lly  get back solution  (4).
N ow  the group velocity — derived, in such a w ay, directly from  M axwell's  

equations  — will be given by

-  I <JlL ' '
( tgil ! / grad f , \ (50)

sin ce here we perturbed a it. (Interesting results can be rapidly obtained , i f  
th e  in hom ogeneity  of e, etc. is chosen in such a w ay that we are led to  well- 
k n ow n  ty p es of differential equations [18].)

S ince this m ethod o f analysis is as still unaccustom ed, in the follow ing  
le t us consider the concrete results o f a few  sim pler, but im portant cases.

4.3. The group velocity in a linear, homogeneous medium  

Since the medium is hom ogeneous

V =  V V =  V 0

and in  a homogeneous m edium  the basic signal (4) is stationary, too , since it 
is m onochrom atic, etc. [1]. (The signal is stationary, i.e. V/Eoii =  0, etc. 
hold; from  which V(Hoil =  0, etc. follow in th is case.) Thus, after a few  vec
tor-a lgebraic  transform ations, we get

2  (! +f<i)snAfii XH«= ' 2  (! + /«) X
i , l  O ) 0  i t l o t

2  (! +  /« )  a d / ,  X E u =  1 - 2  (1 + f t t )  d~  K i  X E tl
o t1, l * 0  i, I

2 ,  [(1 + f )  grad fu  X H „ ]  K ,  0
(51)

\J r  [(1 +  fu)  grad f u X Е и] К ,  =  0
i,i
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for an arbitrary bianisotropic  case ! Furtherm ore, we know that / ,  1. H ence
(51) w ill very accurately satisfy  the fo llow ing equations

g r a d / ,  X H„ =  2 —  K l  X H a
i . t  i , l  d t  co0

V  g r a d / ,  X E„ =  V  3f'L K - X Ell
1.1 i . l  W 0

(g ra d / ,  X H „ ) K i  =  0
1.1

2  (grad / /  X E n) K ,  =  0

Since (Ец, H n) are known existing, non-triv ia l solutions of M axw ell’s 
tions w e know [1] that, for instance

(52)

*
equa-

where

Е ц — - e >(K, +  Wof »K) Hit — а иНц
e0w u

K,û =  К ,  X й and a, 1, So Ёц ((, H ih etc.

W ith th is it  has becom e possible to determ ine vg in any concrete case. (W e 
cannot go further in the general form ulation since the “ coupling”  betw een  
the inhom ogeneous basic modes depends on the particular conditions pre
valen t in  a concrete problem.)

T aking in to  account the boundary conditions as well, we ob ta in  the 
complete wave p icture , including the perturbation, and from this in th e  given  
— hom ogeneous — case (ranging from propagation in free space to  w ave  
guides) the velocity  o f the propagation o f energy in the m onochrom atic signal 
under consideration.

Special cases:

a) In  the hom ogeneous case the inhom ogeneous basic m odes usually  
m ean orthogonal, independently propagating modes (see, for exam ple [7]). 
A ssum ing this, w e obtain from (52) for the independently  propagating m odes, 
and for th e  single-m ode signal (i =  1) th a t because of

Ец  t  H ih g r a d / ,  II K i  , (53)

and th e  equations are the sam e for both values o f l, since K ( is th e  sam e, 
independently  o f l. So f iv = f ik = / ,  or f ik =  0.
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From  th is  w e obtain  

C onsequently,

i.e ., in  th is  case 

where

M l
9 1

grad f  +  — M l =  0 (54)
« 0 9 1

=  — -  , and
1 grad f t  1 _  К

o ju M l w 0
9 1

v gi =  v f i and vgi \ \v fi

vfi =  — 2-, and vfi II K j
Kj 1

(55)

b) For a single, separately propagating m ode (i =  1) (55) w ill result 
w ith ou t any further conditions needed.

Statement.

T he phase and group velocity  are the same  in  a m onochrom atic plane  
w ave even  in a bianisotropic case !

4.4. A  comment on propagation in moving media

T he sta tem en t closing section 4.3 is o f  basic, conceptual relevance in  
in vestiga tion s concerning the propagation o f electrom agnetic w aves in m oving  
m edia.

I t  is well known, and not a hitherto so lved , problem that the phase  
v e lo c ity  o f a m onochrom atic plane wave propagating in a homogeneous, moving  
m edium  does not follow, even in the sim plest possib le case (e =  fl, x  =  u =  0, 
[A =  1) Einstein's  relationship for  the transformation of velocity [9 —12].

T o absolve this discrepancy, numerous attem p ts have been m ade based  
on th e  analysis o f energy-m om entum  tensor belonging to this specific physical 
phenom enon, according to which in this case the phase velocity is not equal to 
the group  velocity, rs # i j  [12 — 14].

In  other investigations [15 —17], how ever, th e  treatm ent starts out from  
M axw ell’s equations and bianisotropic  m edium  characteristics, form ally in clu d 
ing a “ v e lo c ity  param eter” as well, are introduced; the m oving m edium  is 
considered as equivalent to a “ standing” bianisotropic medium. For exam ple:

I f  in  a system  (K ')  co-m oving with the m edium  in the direction -\-x w ith  
v e lo c ity  V

D' =  eE’ and Ё '  =  H'
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then in the laboratory system  (K )

where
=  eAE  -f- ВH  and В  = А Н В Е

1 0 0 0 0 0

О О , В = 0 0 - Воо

0 в 0

1;2/с2 R V е 1

f i ;2/ с2 с  1 e v 2lc2

(56)

and C is the ve lo c ity  o f light in vacuum . A t th e  same time the relationships  
E  (E '), etc., form ally disappear from the treatm en t. In this way not on ly  the  
D oppler-effect, etc. are caused to disappear — or, rather, their inclusion  will 
be qualified as arbitrary, as we have pointed  ou t earlier [5] — b u t also , by 
necessity , a discrepancy  w ith  the investigations based on the energy-m om entum  
tensor will arise.

The reason for this is that the b ianisotropic medium parameters, obtained  
according to (56), or in an analogous m anner in  other cases, are independent  
of the signal param eters, giving a strictly l inear, bianisotropic relationship.

Then from (55) it  surely follows th at vg =  Vf\

Statement:

In the case o f  m oving media the present investigation  makes th e  already  
known problem  more em phatic arising because o f  the transform ation proper
ties o f the phase and group velocities. Its so lu tion  is of basic im portance, and 
cannot be achieved w ithout taking into accou n t the — on the basis o f  the  
foregoing obviously  geom etrical — peculiarities o f  the wave pattern. (T he d is
solution o f th is discrepancy will be presented in  another paper.)

4.5. Addenda

a) There is another w ay, based on (44), o f  describing the propagation  
of an in fin itesim al perturbation of a signal propagating in a hom ogeneous 
m edium , in the case o f a single m onochrom atic p lane wave (a sim ple p rop agat
ing mode).

Let, for exam ple, e and fi be the param eters of the medium. T hen  the  
propagation o f an infin itesim al perturbation across the signal can be ob ta in ed  
as follows:

The basic so lution  satisfies the dispersion equation

К 2 =  fcof/x

Ada Techniea Academiae Seienliarum Hungaricae 86, 1978



1 9 2 FERENCZ, CS.

w here k 20 =  cole0p 0. C onsequently, the group ve lo c ity  which refers to  the  
p rop agation  o f some infin itesim al perturbation o f  the signal, can be obta ined  
from  th e  follow ing equation:

^ thoH  7=7 Eue^ ieoE

^ teoE =  (57)

<v„H> = 0
<VeE> =  0

p ay in g  due attention  to  the boundary con d ition s ! (For other cases sim ilar  
eq u ation s can be w ritten  down.) Hence, for th e  propagation in d irection  x, 
for exam p le  the equation

ö H„
8x

— эя„eil
dt

(58)

describes the propagation o f the perturbation, i.e . — naturally — we arrived  
at th e  specia l case o f (54). For the in vestigation  o f  fluctuations of th e  polariza
tio n , e tc ., (57) is often useful.

b) On the basis o f the foregoing the in vestigations can be ex ten d ed . It 
is ex p ed ien t, for exam ple, to  exam ine the group velocity  in a few in h om ogen e
ous cases describable by periodic or power fu n ction s, and also for a few  im 
p ortant boundary conditions (wave guides). I t  is also im portant to keep in 
m ind th a t  the propagation o f the in fin itesim al perturbation across th e  entire  
in terferen ce pattern is th e  resultant o f propagations in the inhom ogeneous  
basic m odes. So determ ining the propagation o f  infinitesim al perturbations  
in th e  ind iv idual inhom ogeneous basic m odes is not the goal, it is on ly  a use
f u l  means.

5. Group velocity in dispersive media

A lso in this case we shall start out from  equations (44). H ow ever, we 
sh all ta k e  into account th a t the medium param eters in (44) are given  b y  (46), 
w hile  th e y  figure w ith their “ basic values”  (46a) in equations (47) and (48) !

S ince the present treatm ent is, from m an y  points of view , basica lly  new, 
for th e  sake of a more detailed  presentation, for clarity, and in order to  facil
ita te  a com parison o f the final results, we shall restrict ourselves to  th e  study  
o f th e  case w ith a single propagating mode. B esides we know th a t, analog
o u sly  to  w hat we have seen in section 4, th e  results can be generalized.

M aking use o f the m ethod and o f the resu lts of the present in vestiga tion , 
we are able to tackle such problems as th e  build-up of the wave fron t  in  dis-
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persive media, the process o f th e  formation o f  the beam, etc. T hese equations 
are o f basic im portance in m any cases (whistler propagation path  studies, 
laser-beam  propagation, etc.).

5.1. The equations in the dispersive case

According to the foregoing, after a few expedient transform ations our 
equations will take the follow ing form:

2 £  { f t  [grad (In a„ -  j<pai) X H n  +  VrHo„ H„] +  [ g r a d / ,  j K , ]  X
/,/

— - Г ' ric* _  r)v*
X Н ц (  1 +  / ; ) }  =  e u 2 î  (1  + / / )  — — E u  H---- ——

U dt dt
H  J  -f

+ ' d f i  

d1- +j<*> о (€ * £ „  +  х*Я „)

2 2  { f n  [grad ( b  a „  jcp a i ) X E it +  VrEo,7E„] - f  [g r a d /, j K , ]  x
i . l

x  Е ц (1 + / / ) }  — (1 + / / )
i . l

9v* =
91

E „
bt

+ 9f i
dt

+jo>„\ (v*É„ +  р.*Я,7)

+

(59)

2 i  {[grad (In a„ jq>ai) - f  grad f ,  j K ]  (c*E„  +  х*Я „)(1 +  f j )  +

+  [(Vt*É„ + V X* Я „) +  «V*,Ë,7> +  <V*;H„>)] (1 + / , ) }  =  0

{[grad (In au jcpai) +  grad f ,  -  j K , [  ](v*É,7 +  р.*Я„)(1 +  / , )  +

+  [(Vv, Ёп +  V„* H„) +  «V Ä ,f н> +  <У*7Я,7)] (1 + /„ ) }  =  О

w here the meaning o f * is explained in  (46). We can exam ine the group velocity  
in those cases which are in teresting  or im portant in practice i f  we know  the  
* m edium  parameters to  be used in the respective cases, based on E qs (59).

a) In what follows we w ill be interested in the single-m ode (hom ogene
ous) case. Then from (59) it follow s that

(grad /

(grad /

[(grad /  

[(grad /

j K )  X  H  =  e 0

j K )  x  E  =  /(„

j K )  +  grad (In a 

j K )  -)- grad (In a

" £ * E ■ "K* я )  |dt dt )
[ 9 /  , - 
[df 4  JW° ( е * Е  +  х * Я )

—  Ё  Ar — — H +  dt dt
9 f

17 + H
(v * E  +y.*H)

- & „ ) ]  ( е * Е + х * Я )  =  0 (6°)

~j<Pa)\ (v*f + |l*H ) =  0
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W e can see that first o f  all th e  analysis o f the * m edium  characteristics has 
to  be performed since w e cannot go further w ith ou t their knowledge.

Assum ing th at the relationships £c*/ct =  0 , etc ., hold, and considering 
th a t for a stationary, hom ogeneous solution grad (In a — jcpa) =  0, it  becomes 
apparent that the second tw o  equations are autom atica lly  satisfied. So

j K )  X H  — eu | ~ -  + jo > 0 j  (e*E  +  x*

(gíadf  j K )  X £  =  p 0 + > „ )  (v*E +  ц*Я)
l dt I

L et us further have

Mf  =  / '  +  j<» о ;
f ’ =  d f d t ; . ( 6 2 )

K / “ =  (gr a d /  j K )  X n =  (& j K ) u .

Then (61) can be transform ed in the usual w ay [5], and expanded accord
ing to  E  or H. The expansions for E  is as follow s

[(К / e „ ^ x * ) p .* -1 (K j +  p 0« yv*) +  е0ц 0 а>1 c * )E  =  0 (63)

The formula for H  is equivalent and does not yield  anything new [5].
It is important to n otice, however, th at no dispersion equation corre

sponds to (63). Though E  and H  are not equal to  zero, they  are solutions cor
responding to the eigenvalue o f  a different dispersion equation. So for us E  
is g iven , and any sta tem en t about the tensor in  [ ] should be made by keep
ing th is in mind.

For this reason we shall further rewrite (63) and take into account w hat 
are th e  original dispersion equations of w hich E  (and analogously H)  is the  
solution . Further w e take in to  account th at у  and the variations of f  are very  
sm all quantities, so their products, being sm all in th e  second order, can be 
neglected . Then:

{ j [ { K  +  w u e (1x*)[x* ](^  +  i“o / ' v*) k n ]/T0T^o/'e*] +

+  j [ ( 9  -  £о/'х * )(л * -1 (К  m ^ v * )  k j e ^ f ' e * ]  +  (64)

+  [ ( K  +  o>0 e 0 x * ) (i * - i ( K  m 0 / i 0 v * )  + H e * ] } É =  0

W ith  th is equation, ju st  as it  happened at the previous steps, we have arrived 
at a form the m eaningful discussion of which requires the accurate knowledge 
o f th e  medium characteristics denoted b y  sym bols w ith  *.
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b) Before com ing to this point, as a check, let us regard th e  solution of 
(64) in  the поп-dispersive  case. Then c* =  e, etc. Furtherm ore, le t  us m ultiply

» n
the equation w ith  -——  , which is not equal to either zero or oo. Then

(K +  wu e 0x)p.
s-

®o — Z *>0^0 V
- f

+ Wn
f

(65)

'I- «о  eox p. 1 (K  WuPuV) +  2 fcg e E  =  0

K now ing that the E  is the previous solution  which belongs to  equation [5] 

[(K  -F (»„ e0 x) p  ’(K  £o0ju0 v) +  f c o c ] £  =  0 

w ith  the resulting eigenvalues К  and <p, (65) will be satisfied for an y  E  only if

a statem ent identical to  (54).

o?

7 к ( 66)

5.2. Perturbed medium characteristics

We shall n ot a ttem p t a general discussion in this paper. W e w ill rather 
choose three exam ples w hich seem to us either suggestive or im portant.

a) Simple approxim ations for the neutral gas and for  the isotropic , ionized
gas:

— A sim ple approxim ation for the neutral gas:
As is usual, we assum e that к =  u =  0, p. =  1, and e =  e l ,  where 

e =  n2 and n is th e  refractive index. In th is case the gas is u su a lly  not con
sidered dispersive. H ence

and as a consequence

3e

Эсо0
e s  0

e . (67)

— A sim ple approxim ation for th e  isotropie, ionized gas:
The actual behaviour o f the m edium  param eters will be disregarded here, 

too; instead, taking over the known results [6, etc.] we assum e th a t к =  и =
== 0, p. =  1, and e =  c l ,  where

e < ,  1, i.e. e =  1 — e
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S in ce e col/toj, where w p is  th e  plasma frequency (cf. [4, 6] etc.), (62) is 
k n ow n  as well:

(°>o j f ' Y
ad e j  2 e Г ( 68)

— These simple approxim ations only serve th e  purpose of com parison. 
A n  accurate analysis o f  th e  m edium  characteristics w ill reveal more in terest
in g  relationships.

b) An accurate an alysis for the neutral g a s :
I t  is known that for a sim ple neutral gas x  =  u =  0, p. =  1. In order 

to  o b ta in  the perm ittiv ity  w e  start out from th e equation  of m otion for the  
polarization . It is well k n ow n  that

dh гm ----- =  ar q t ,
d t

w here m  is the mass o f the p article , v the velocity , and a is the constant o f  the  
e la stic  restoring force (w e consider only sm all d isplacem ents), and q is the  
charge. Thus,

d!ï
dt2 m

(69)

and w e are interested on ly  in  solutions stationary in tim e. P utting in E  =
=  Ë 0eA’"'

r

m w%

ej“>. t

w here (since the state is sta tio n a ry ) it is justified to  accept the solution A  =  0,

J  df -|- E  [5], it follows th at
-  1 rt

as i t  is  usually done. H en ce, since D = -----
£o J

1 q2 ND 1 E 0
e0 a ma>ô

w here J  is the current d en sity , and N  the particle density . Consequently,

1
q2 N

e„ m

1 (70)
Wo
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A n  important rem ark : as long as wj а/m ,  we can write

£ atf
q -N

1 +  - =  co n sta n t .
£„ a

(70a)

However, in the neighbourhood of and above the resonance, the m edium  will 
be dispersive. Then if, for instance, a>0 ^  о /m , w e have

e Cs; 1
q~ N_ 1

£0m ml
(70b)

For this reason, in th e  general case in a neutral gas fi* ^  £ !
W hen determ ining the perturbed £*, w e carry out the calculation w ith  

the excitation  fie ld  E*  =  (1 -f- f ) E nejm‘>. W e shall seek for the so lu tion  of 
(69) in the form suggested  by the equations (61) and (62), i.e. in r* w e replace

A =  0 and w0 —» a)* =  co0 1 + r _

j “> o.

One can verify th a t a stationary solution o f  th e  equation

provided

ot- m

(1 +  f ) E  0
9m

г1 +
jo> 0

eJ0>,mj

do> Ô
dt

_дыТ>
dt

0 ,

i f "  ^  0
(71)

according to the assum ptions made earlier. (Q uantities that are small in second  
order are neglected here.)

So we find  th a t linearity in the d ispersive case (in the given exam ple) 
does not mean a complete  lack of dependence on the parameters o f the signal, 
but rather, besides the dependence on the frequency (coj), understood in  a 
general sense, the fu lfilm en t of the equation (71) ! In such a case the d ispersive, 
neutral gas is still linear.
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T hus,

1 +
g2 N

£0 m a
m ( l  +  ~ ~ \ 2

\ JO 0

(72)

M aking use o f (70) and (72) we are going to  analyse the behaviour o f  vg in 
a n eu tra l gas.

A n  important remark: In  a more accurate investigation we cannot neglect 
either  th e  internal losses, or the effect o f th e  m any com ponents o f  th e  gas, 
neither can we em ploy (at least w ithout further justification — for such  an 
an a ly sis  see the last remark o f 3.1) the cond ition  A — 0.

c) T he analysis o f the anisotropic p la s m a :
W e know th at in  the anisotropic p lasm a x  =  и =  0, and p. 1, and 

th a t  th e  p erm ittiv ity  e behaves as in [6, 7 ]. Furthermore мге have

-  -  I f '  -  1 f f -
D  =  cE = -----J  dt  +  E  =  —  aE di +  E

e o J e o J

w here a  is the con d u ctiv ity  tensor [5].
— The non-perturbed perm ittivity:
In  the usual w ay [6, 7 ], in a tem pered plasm a, neglecting the collision  

term s, and taking into account that the m ass o f  the positive particles is orders 
o f  m agn itu d e larger than th a t of the n egative particles (electrons): m+ m , 
and th a t  the m agnetic field  causing the an isotropy can be taken as con stan t  
w hen  com pared to the signal, i.e.

9Bo 
dt

th en  th e  equation o f m otion which in this sim ple case has to be w ritten  down  
for th e  electrons only, becom es

m  =  q(E - j -  V  X  B 0) 
df

w here E  =  E 0eJm'* and we are looking for sta tionary solutions only. Therefore, 
V  =  r 0eja,|,i, dv/dt =  jco0v  is assum ed. (The concluding remark of 5.2b applies 
here, to o .)  Let us further have

—  - B u X  V =  <bh X  V —  SlB V 
m

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



ELECTROMAGNETIC WAVE PROPAGATION 1 9 9

So,

( j o  O1 £ l B ) v = - q- E
m

and
q2N

0 4 1  — » « )  lE  =  j-W® •

The co-ordinate system  is chosen as it m ost frequently is [ 2 —8] done in the 
literature: B„(0, 0, ß 0). Then

./  =
92iV j o » O h 0

O h j o 0 0
0 0 j o  0

(73)

Carrying out the expansion of (73), and taking into account on th e  basis of 
th e  foregoing that

'<>£) =  deE

d t

we obtain  that

J  +  j o 0e0É  =  jo)0enŒ  =|y'co0e0 

where under the conditions im posed

* 1 = 1
or

1 ß2

=  «0
dt

' «1 j ex 0 •

* i 0
0 0 «II.

0)p q2N 1
2 e n m « 0

q B a

«0 mo)0
1

E (74)

eM =  1 -  a2 ,

e = ^ _
X 1 —

W e can see that e == e(eo0), the m edium  is anisotropic and dispersive.
— The perturbed p erm ittiv ity :
W e follow a procedure com pletely  analogous to the previous one, now

for the case o f  the excitation  E* (1 -\- f ) E nei0,',t. The equation to  be solved
is then

( Í ! Д в| V* =  4 E* (75)
dt ) m

Let us take into account th at

d£*

dt
S* J O  0 1 + r _

j o  0 ,
£* =  ja$E*
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and also som e o f the partial results for the non-perturbed case. On this basis 
le t  us seek for  the solution with the operator change

(76)

i.e ., w ith  the assum ption v* =  v%eJm°l being aware o f the fact that v* will not 
be a constant, just as (1 -|- f ) E 0. This can be done i f  the equation

d

dt
1 q (1 + f ) E 0eJ“‘< 

m
(77)

is satisfied,  w ith — — (jor$l — Í2B) 1 (1 +  f ) E 0. H ence

Г
1

j( ’)* (oil o jf’) 

M aking use of these w e can check if

CoS2 ja> *o)b 0
jtoScOb or*2 0

0 0 o>l

I* -M l + f ) E 0 eJ

(78)

(79)

is a solution  of the original equation (75). A fter replacing and expanding

Э1*“ 1
3t

+  (jo) * 1 n s )I* (80)

one can see from (78) th a t in  I* 1 the only tim e-dependent quantity is 0 Jq, 
and from  (71), in accordance with our previous assum ptions, ocoj/ct 0.
R em em ber that am ong the in itia l conditions o f  th e  present analysis we also 
had / < ^ 1 ,  and f '  co0.

Statement: the anisotropic (hom ogeneous) plasm a can be regarded as 
a lin early  dispersive m edium  as long as the approxim ation

9 1 * - I
— ----- a t  0 (81a)

dt

can be used in the equation  (80). This is the condition of linearityl
In this case, in turn, (80) becomes the id e n tity  o f =  1, and con

seq u en tly  (79) is a solution fo r  (75).
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Hence, e* is form ally identical to  e given by (74), provided  we perform 
the replacem ent m 0 —> со* =  co„(l - \-f ' / ja )0).

e* =  e(co0 -  otg) (81b)

d) Remark: In this section, besides determ ining e*, w e h ave managed 
to  find an objective criterion by which one can judge w hether, and to what 
ex ten t, the medium  characteristics dependent on the param eters describing the 
tim e variation o f the signal can he regarded as linear.

5.3. The group velocity in dispersive cases

U tilizing the m edium  parameters determ ined in section 5.2 le t us con
sider vg in a case w hich is also im portant from the practical p o in t o f  view: for 
a m onochrom atic, single-m ode signal. (The result obtained here can easily be 
generalized in any sense we like: for another kind of hom ogeneous medium, 
inhom ogeneous m edia, dispersive transm ission line, etc.)

In the Section 5.2 we shall considered the case for w hich  к  =  u =  0, 
[Л. =  1, i.e. и* =  v>* =  0 and p.* =  1 are sim ultaneously valid . From  here the 
new  form of equation (64), making use o f  (65a):

KoF +  oFK yfc5(€* с) E  =  0 (82)

T aking into account th at kÖ =  wjj/e2, using self-evident short form s and con
sidering that the w ay o f writing К  =  k03t is both perm itted and expedient 
[1, 5 ], let

SCI? - f  cF S i =  k K F  .
H ence (82), and if

then the equation
A , 2( / ' )  e* yo>0(e* c)

E  =  0 (83)

w here E  is the known m onochrom atic (plane w ave) basic so lution  o f  M axwell’s 
equation , determ ines the group velocity in cases of interest for us.

a) Comparison o f  the neutral and o f  the isotropic , ionized gas:
In this exam ple we shall utilize the relationship (67) and (68 ) for a further 

expansion  of (83). B ecause the medium is isotropic , we can tak e, w ith ou t the 
loss o f  generality, a signal with

— 7 — VsК  =  K i , and К  =  /с() Ve =  œ 0----
с
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p ro p a g a tin g  in direction r . W e k n o w  that the form o f  th e  solution  is E (0, E y, E z) 
— F or a neutral gas (67) is  also satisfied. H en ce (83), rewritten in  a more 

usefu l form
К  cF &

( / ' )  +  ( / ' )

К
+  2 - " l

0)„ C2

F rom  here it follows that

w h ich  is trivially satisfied. S in ce  E v ^  0, E z ^  0, th e  correct solution w ill be

K  (dfidx) =

“ o ( 9/ i 3 t) c2
(84)

i . e .
c

(84a)

For th e  isotropic case it can  b e  verified by elem entary m eans, that, generally, 

th e  v ec to rs  К  and grad /  are parallel.
— For the isotropic, io n ized  gas we use (68) for the expansion. Then

H en ce

i . e .

к & §  к
+

co„ ( / ' )  1 ( / ' )  «0

К (9 /3 * ) 1
<°0 ( 9 /9 t ) c2

vg =  с Уе

(85)

(85a)

— Making use o f th e  fa c t  that К  and grad /  are parallel, from (82) we 
can  g a in  a common exp ression  for the two types o f  gases. Then the notations

K !w a =  l/Vf =  Ÿs/c and F ,( / ' )  =  l jvg

w ill a lready be used in  
co n d itio n  from (82)

th e  course of the derivation . Then the equation of

fe______

/ '  2

( 8 6 )

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



ELECTROMAGNETIC WAVE PROPAGATION 2 0 3

Since we are studying a m onochrom atic signal and / '  is very sm all, we can 
take into account th e  inequality  f'/co0 <$; 1, if  necessary.

H ence for a neutral gas [see Eq. (67)]

1

and for the isotropic plasm a [see Eq. (68)]

A s a check for vacuum
vg =  c f è *

c

Statement:  One can see from the previous results that the com parative study  
o f  different media can very easily  and lucidly he performed w ith  our m ethod,

b) A detailed stu d y  o f the neutral gas:
As shown by the relationships (70) and (72), isotropy is preserved. Hence, 

also in this case we can stu d y  th e  propagation in direction x, w here

3C2 =  ЗГ, =  E ,  =  0
and

SCj =  SC =  Ÿ è

T hen the form o f (83), introducing the notation  c* — e — e*:

)fe
'0

- 2 k l 0 +  — [2 ( / > *  >"oe *]

- 0
E„

- o
c

(87)

L et us consider the general values e and e * “ interm ediate”  b etw een  the 
regim es aim , and со]] <5 а/m. Then Ac can he determined:

Ae =  1 [2( / > *  ja>0 e*] ■
c

Furtherm ore, in order to avoid the d iscontinuity  o f e — 1 +  e [see (70)] let 
us assume  that <w0 and a>% are su ffic ien tly  far from the point o f  resonance. 
T hen it  is justifiable to use (70) and losses due to internal friction , etc ., can 
be neglected. (In our case th is is not a principal restriction, it  is m ade ju st for 
the sake o f com putational convenience.) Then in the expansion o f  A e we have

2 ; Г 2----------------- J—  £* 0
.....? _ _  1 «о  ты§
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s in ce  i t  is small in second order compared to 1. 
T hus on the basis o f  (70) and (72)

e* csá 2j m j '  e
<’ > o

E G sáe-\-e
He

a 1  ,  1At =  —  A  =  — 2( f*)F +  f  ;  —  0 Ч  +  2 Л
сод

m

U sin g  th e  value of A f o b ta in ed  above we can exp an d  (87):

г  A
c ÿe

c
2 IF, 0

0
A

c ]/e
2 JF,

E„

F ,

F rom  (88) it can be seen in  an elementary w ay th a t

IF2 =  JF3 =  0, i.e. SP\\К  

A
Furtherm ore

c ÿe
2eF, =  0

( 88)

(89)

(89) can  be expanded to  g a in  v„, and under th e  conditions stated earlier

Ye e Г )
(90)

Ye
< » l

A n  important remark: we can see from (90) th a t generally v„ Vj is even in  
th e  sim plest media, so w e ca n  count on the occurrence of the most unexpected  
p h enom ena in propagation !

For the discussion o f  (90) we shall in troduce the notations

T N  2cüp = ---------, and ù)q — —
e 0m m

(91)

Acta Technica Acaderniae Scientiarum Hungaricae 86, 1978



ELECTROMAGNETIC WAVE PROPAGATION 205

Furtherm ore, we know  th a t Vj =  c f  e.
— I f  we are very  far from the resonance then

Wo <»D
and

vg =  *7-------- “ г 1 7 2 —  =  v f  (91a)J I ш0___ ш р

0>D ш р  +  « D

— I f  we are still far aw ay from the resonance, but the second term  in 
the denom inator depending on the ratio coD/w p can no longer be neglected  then

1
V  SSá V , --------------- i --------------- j ^  V f

1 +  Ü «  m p  (91b)
WD C>2p  +  0>D

— A t last, i f  we are approaching the resonance to  the exten t perm itted  
b y  our previous conditions then

V g ^ V f
1 + Wo COn ^  Vf

(»a Wo Op +  coh  —  o>l
(91c)

c) A n  analysis o f  the anisotropic p la sm a :

Since previously we chose a co-ordinate system  for which B o(0, 0, J30), 
we can choose, w ithout loss o f generality, the solution

К  =
0 K 3 0

0 к
0 К , 0

Then (83) becomes

cSf
f ' l

+  C

r
ж + 2e* j  W° (e*

( n
«) E  =  0 (92)

First o f  all let us carry out the analysis o f the com ponents of e* one by one, 
having m ade the corresponding approxim ations:

t* I 2 J  _ J -----j =  e +  ej
>w0 I -  ß 2
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/ '~  1 a2 11 2
j°h)

f  3 p 2

— C|| +  e* ,

r X =  CXï, 1
jo>o 1 ß2)

M aking use of (93) one can verify  that

=  £y £x

el j ex 0
£* II#0)II je* p * 0

0 0 e n

H en ce  A £ can be given as

f

(93)

(94)

A , =  ( 2 / ' )

1 e, ß 2
1 ß 2 J ' x 1 p 2

2 Í1 e - ^1 ß 1 1 1 p l

0 

0

1 j

( 2 f )  af

(95)

I f  th e  plasm a is isotropic ( B () == 0), then A eiz =  ( —2 /' ) l .  For th is case it can 
b r ie fly  be shown that w e get back the results (85) and (85a).

Therefore in our case the equation determining the group velocity is:

2 З Д SCl^2 (SfjSFs +  SCjff,)' E ß
2 ( З Д  +  З Д ) Sf3SF2 +  aE E 2

( а д + а д ) Ĝ 3 gF 2 E , \

(96)

H en ce , taking a known so lu tion  E  in the anisotropic plasma w ith  th e  corre
sp on d in g  K(Kj, 0, K 3) (cf. (6 — 8]), and substitu ting  it into (96), we can obtain  
and discuss the equations for the com ponents. From these one obtains the 
“ en ergy  propagation factor”  for a g iven direction o f propagation,
and also

=  l f \ l \ f \  ■

T he se results will be o f  b asic  im portance, for exam ple in the d iscussion  of 
th e  propagation path o f  th e  whistlers, and in m any other in vestigation s in 
sp ace  research, astronom y or engineering.
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5.4. Sum m ary

The m ethod suggested  for the determ ination  o f vg has been successful 
in  dispersive cases as w ell, and we have show n a practical application o f the  
m ethod achieving som e new results at the sam e tim e.

6. The propagation of other types o f  perturbation

In the in troduction  to Section 4 w e have briefly outlined that the  
stationary solution can be perturbed in the follow ing ways

(«/; +  ô,); (<pai +  d,); (w0 +  d,), and (F  oi, +  d,)

On the basis o f  Section 3 we gave an argum ent as to w hy we carried 
ou t the investigation  for perturbing vg according to (a,-, -f- d,). Now we shall 
briefly  exam ine the behaviour o f the other typ es o f perturbation as well. This 
is particularly im portant from the point o f view  of propagation o f different 
kinds of m odulation !

Our basic expression is equation (43). The other elem entary “ modula
tion s”  will be exam ined by comparison w ith th is.

6.1. Phase perturbation

In this case the perturbed factor takes the form

e iW“ + 6,) = e- M 1 + S  

since 0j/(pai 1. H ence

i + —
<Pai

е -Н<гы + о<) 1 j s , )  e J<P ai

kai

C onsequently the phase m odulation (perturbation) can be treated analogously 
with the amplitude perturbation  if  the replacem ent

/ / - (  ß i )

is performed. It propagates in the same m anner.

(97)

6.2. Perturbation o f  the polarization  

In this case the perturbed factor is

(F  an +  d,) =  Fo/i(®oíi +  fi fia)
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L et us h a v e
^  ùi =  Tâ!êo„. t.e<

f/7 =  fiiéit
T hus,

= ^ ( 1  +  f « ) * V  (98)
ЛI

To e v a lu a te  (98) let us discuss th e  single-m ode solution of F  à =  (1 -)- f T d) F t- 
T he op eration s to be perform ed on F  are, after putting it into M axw ell’s 
eq u a tio n s, curl, div and 3/6*- T hese can both be studied for F t and / T0F t.

H a v in g  done the details, one can see that the equations fall in to  tu-o 
independen t  parts, and hence

T àF ,  =  F 2 (99)

is th e  independent solution corresponding to the sam e cp, but w ith a different 
p o lariza tion . Consequently

F 4 =  F \ - f / F 2

C on seq u en tly , in the case o f  polarization  m odulation the perturbation gives 
rise to  a new mode, and the group velocities of the basic signal and the new  
co m p o n en t are not necessarily equal.

F o r th is reason in the case  o f  polarization m odulation one has to  be 
prepared for the side-effects (d isturbances) in the propagation.

6.3. Frequency perturbation  

In  th is  case the perturbed factor is

a* (1 +  j d tt ) e №  (100)

rew ritten  in the usual w ay; (100) can be dealt w ith  using the previous results 
o n ly  i f  besides 0,- co0, the con d ition

<M <1 1 (101)

is fu lfilled  as well. I f  this con d ition  is satisfied, we can take over the previous 
resu lts.

H ow ever, generally sp eak ing , (101) because o f the presence o f t , is not
va lid .

B ecau se of this, the freq u en cy  m odulation is fundam entally  different 
from  th e  cases considered earlier. Its  propagation has to be separately analysed, 
ta k in g  th e  signal as non-m onochrom atic.
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Addendum:

Let us attem pt to fin d , with the aid o f  special restrictions, the possible 
range o f valid ity  of our previous results picking out, in the str ictly  m ono
chrom atic case, those perturbations which strictly  and rapidly converge to 
zero.

K eeping in mind the foregoing we can say th at if  our results are appli
cable under special restrictions then — perhaps w ith  <5, that are sm all in second 
order — we can define th e  tensor

®  =  j tA

where there is a correspondence Д —► grad <5 X . . .
In the non-dispersive case then, for exam ple, the relationship

К  grad ó

(»„ I ô' I

has to be valid . H ow ever, in our case

К @

w u (-<*')

where ( —</') =  ( —jt)(<5' +  ô/t). H ence, in turn, since from (103)

K  J grad ó I

to0 I — Ô' — ôjt j

( 102)

(103)

(104)

follow s, for (102) to he va lid , the

0 < » ' t  (105)

additional condition has to  be observed.
Hence our previous results are applicable, i f  sim ultaneously the condi

tions
à <S m0,

Ы <g 1, (106)

Ö <  ô't
are satisfied.

H ow ever, the perturbation S, as we have previously seen, is a function  
o f position and tim e. Since it  is a perturbation, the initial value (d0) o f <5 is 
certain ly zero, and because it is very small, varying slow ly in space and tim e,
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i t  ca n  generally be approxim ated  by a series expansion, such as

à(t)-r ~  ôur +  è'r t ~ à Lr t (107)

(105) and (107) cannot be va lid  at the same time.

Im por tan t:

A detailed in vestiga tion  would perhaps lead to the discovery of a class 
o f  perturbation ô(r, t) for w h ich  our previous results are applicable also in the 
ca se  o f  frequency m od ulation . However, generally speaking  the frequency per
tu rb a tio n  behaves in a w a y  fundamentally different from other typ es o f per
tu rb a tio n .

I t  seems that from th e  energetical point o f  v iew  the frequency is a non- 
pertu rb ab le attribute o f th e  electrom agnetic signal ! (The investigations can be 
carried  further in this d irection  as well.)

6 .4 . Generally speaking  th e  result we have obtained is that the am plitude 
and phase modulation m ean  m odulation of the sam e m ode w hile polarization  
and frequency m odulation are accompanied w ith  the appearance o f one or 
m a n y  (perhaps infin itely  m an y) new modes.

A s  fa r  as propagation is concerned, phase modulation is the counterpart o f  
a m p li tu d e  modulation, an d  not that o f  jrequency modulation! For telecom m uni
c a tio n  practice this is a principal result.

7. Sum m ary and consequences

7.1 . We have estab lish ed  th at the usual description of group velocity  in 
th e  m onochrom atic case is  n o t really good, neither is it  practicable.

I t  has been found th a t  th e  custom ary description of group ve loc ity  does 
n o t g iv e  it  directly from M axw ell’s equations, but ties it  to the assum ed form  
o f  so lu tion .

W e have found th a t th e  usual description is not w ell-suited for a wide- 
ra n g e  com parative an a lysis, neither can it  be regarded as com plete.

7 .2 . We have stud ied  th e  question o f the interpretability  o f an average 
en erg y  for an electrom agnetic w ave propagating in  vacuum , or in  a m edium, 
resp ectiv e ly , assuming th a t th e  signal can be described by the m ethod of 
inhom ogeneous basic m odes and that other conditions adopted by us are ful
f ille d . Then:

W e have obtained restrictions for the size and velocity  for the per
tu rb a tio n  of the signal.

W e have given a m eth od  for the in vestigation  o f the resu ltant, and the 
single-m ode, field. W e h a v e  briefly  considered w hat would be the consequences
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o f an analysis o f  a description based on the decom position in to  inhom ogeneous 
basic modes — and h ave shown the w ay to finding the “ propagating funda
m ental m odes” .

In the calculation  o f the average energy, we have obtained a lower and 
upper bound for the surface area and th e  tim e interval o f averaging.

W e have verified  th at, even in the “ classical” case, the average energy 
can only be defined as an expectation value possessing a certain m ean standard 
deviation  ! We found th at the definability  and the mean dev ia tion  of the 
average value depend on the area o f the m easurem ent surface and on the 
m easurem ent tim e. T his has im portant consequences, both for th eory  and for 
m easurem ent technology . Further, developm ent o f the present investigation  
in to  a fully statistica l description is desirable.

W e proved th at the value of the average energy does not depend on the 
order o f  integrations over space and tim e, respectively.

W e proved that it  is possible to define an average energy, and average 
energy density, independently  of the m easurem ent tim e and surface, i.e. 
uniquely.

W e have proved th a t in this case the average energy is unam biguously  
determ ined by the general (total — F 0) signal am plitude.

W e have found a w ay to investigate the energy flu ctu ation , “ creeps” 
(reactive power) in m ore com plicated cases as well.

W e have proved th at in such a case a com plex Poynting vector, com plex  
average energy, etc. can be defined, the real part o f which is the actual average 
energy, etc.

7.3. We have studied  the group ve loc ity  in strictly linear m edia:
W e have given a m ethod for the determ ination of vg from  M axwell’s 

equations in the general case, provided th a t the assum ptions m ade are valid. 
(Special care and circum spection are needed when carrying th e  resu lts for the 
group velocity  over to  such cases when the propagation vector o f  th e  phase, 
and hence of the propagation vector o f  th e  perturbation, is com plex , i.e. it 
does not correspond to  pure propagation [18].)

W e have given a m ethod for the determ ination of vg in the hom ogeneous 
case for m ulti-m ode signals as well.

As a special case, we found for single-m ode, hom ogeneous signals, and 
for hom ogeneous signals com posed of independently  propagating m odes, that for 
a m onochrom atic plane w ave, even in the bianisotropic case, vg =  ty and vg || ty.

B rief com parison w ith investigations o f  m oving, hom ogeneous media 
showed that

the non-E instein ian  transform ation o f the phase v e lo c ity  represents 
a discrepancy which is very im portant and is o f basic significance,

the only w ay to  the dissolution o f th is discrepancy lies in  som e sort 
of geom etrical analysis.
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7 .4 . W e have studied th e  group velocity in  d ispersive media:
W e have given the general m ethod of the determ ination  o f vg from M ax

w ell’s equations. In the hom ogeneous case it  w as possible to describe the  
en ergy  propagation factor determ ining the group ve loc ity  by an equation  
sim ilar to  the dispersion eq u a tio n  which determ ines the propagation vector  

( K  =  grad <p).
W e verified that in th e  non-dispersive case these equations g ive the  

resu lts o f  the investigations in  7.3.
W e have determined th e  perturbed m edium  characteristics:
— in  a simple ap p rox im ation  for the neutral gas and the isotropic  

p lasm a,
— in  a more accurate approxim ation for th e  neutral gas,
— for the anisotropic p lasm a.
H erew ith , we have also show n a general m ethod for the determ ination  

o f th e  perturbed medium characteristics.
W e have given accu rate conditions for th e  linearity of a dispersive  

m edium .
W e have given the general equation for vg in  th e  hom ogeneous dispersive  

case, i f  x  =  и =  0 and p. =  1 , and if  the p erm ittiv ity  is an arbitrary isotropic  
or an isotropic medium characteristic.

W e have carried ou t a com parative analysis o f  the cases of the sim ple, 
n eu tra l gas and the isotropic plasm a. We have show n how the solution vg = 
=  c / y e  changes into the so lu tio n  vg =  c|'£, while ty =  c/]/ £ remains unaltered.

W e verified that th e  m eth od  is highly su itab le both for a com parative  
stu d y , and for the d eterm in ation  o f the sought va lu e o f  vg.

F or the more accurately  described isotropic, neutral gas we analysed in  
d eta il th e  connection b etw een  vg and tÿ. We have given  conditions for the fu l
f ilm e n t o f  vg ш  ty, and in  o th er  cases described th e  character of the deviation . 
W e v er ified  that vg ty is gen era lly  true, but vg ^  ty.

W e have considered in  d eta il the determ ination o f vg for the anisotropic  
p lasm a and given the m eth o d  o f determ ination, and the principal areas o f  
ap p lication .

7 .5 . We have in v estig a ted  the character o f  the perturbation o f phase, 
p olarization , and frequency, respectively , in com parison w ith the perturbation  
o f am plitude. We have lis ted  th e  cases in which th e  disturbances in  propaga
tio n  can  be expected to be e ith er  large, or dissim ilar to  those seen in  the m ono
ch rom atic  case. We have m ad e suggestions for general applications in  te le 
com m unication  or engineering.
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Elektrom agnetische W ellenausbreitung: Analyse der Gruppengeschwindigkeit. D ie Arbeit 
bringt die eingehende A nalyse der Ausbreitung der Energie, und der G ruppengeschw indigkeit. 
D ie übliche Definition der G ruppengeschw indigkeit wird kritisch untersucht. D ie  Definier- 
barkeit der D urchschnittsenergie, deren Bedingungen und Konsequenzen werden eingehend 
analysiert. Aufgrund dieses, unter Verwendung auch des „Verfahrens der inhom ogenen Grund
m oden“ wird die G ruppengeschw indigkeit in streng linearen und in als linear zu betrachtenden  
dispersiven Medien untersucht, wobei die Gruppengeschwindigkeit direkt aus den M axwellschen 
G leichungen abgeleitet wird. Anwendungsbeispiele werden gezeigt und die theoretischen Folge
rungen aus den Ergebnissen für eine w ichtige Frage der relativistischen E lektrodynam ik  
s о wie für die Verbreitung der verschiedenen M odulationsm oden werden untersucht.

Р аспространение эл ек тром агн и тн ы х волн: А н а л и з групповой  ск о р о ст и . В статье да
ет ся  детальны й ан али з р асп р о стр а н ен и я  эн ер ги и , груп п овой  ск ор ости . К р и т и ч е ск и  и ссл е
д у е т с я  обы чную деф иницию  гр уп п овой  ск ор ости . Д ет а л ь н о  а н а л и зи р у ет ся  толк уем ость  
ср ед н ей  эн ергии , д а л ее  ее у сл о в и я  и п осл едств и я . Н а осн ове ск азан н ого  вы ш е, п р и  и споль
зо в а н и и  та к ж е «метода н егом оген н ы х основны х м одусов» детально и с с л е д у е т с я  групповая  
ск о р о ст ь  в строго л и н еар н ой  и считаем ой  л ин еарн ой  диспензивной  ср е д е , вы ведя  груп п овую  
ск о р о ст ь  н епосредствен но и з  ур авн ен и й  М аксвелла. И лл ю стр и р ую тся  прим еры  прим енения, 
д а л е е  и сследую тся  п р ин ц ип и альн ы е п осл едств и я  п олуч ен н ы х р езул ь татов  п о  одн ом у  в а ж 
н ом у  в оп р осу  рел яти ви сти ч еской  эл ек троди н ам и ки  и на р асп р остр ан ен и е р азл и ч н ы х обр а
зо в  м одуляц и и.
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ELASTIC PROPERTIES OF THE REINFORCED EARTH

I. SZALATKAY*

[M anuscript received April 27, 1977]

Reinforced earth is a composite m aterial m ade up of soil layers and steel strips 
placed on each other. Mechanical characterization o f this material can be achieved by  
two conventional m ethods: one is the theory o f p lastic ity , the other is th e  theory of 
elasticity. Accordingly, the structural design m ethods can be classified as bearing ca
pacity o iiented  and as deformation specifications oriented. Bearing capacity is calculated  
from the known plastic  behaviour of the reinforced earth, while the deform ation or 
strain of the reinforced earth retaining walls and slabs can be calculated from the  
elastic properties o f the material. E stim ation o f  the elastic constants requires the  
knowledge o f the elastic  parameters o f the soil and steel, and the geom etry of the  
reinforcem ent. From  the constants of the transversally  anisotropic m aterial the tiltin g  
of the reinforced earth wall and the settlem ent o f  the reinforced earth slabs are com 
putable.

1. Introduction

Since the in troduction  of Henry V id a l ’s in ven tion , the reinforced earth, 
m ore than a decade has passed (V id a l , H ., 1966). During this short period 
it  has been used in retain ing walls or abutm ents in some developed countries 
(F rance, Japan, the U SA  and Spain), its econom ic and technological ad van 
tages have been proved and up to now more th an  1000 such structures have  
been put into operation. The structure, its  elem ents and theory received  
coverage in the H ungarian literature as well ( K e z d i , 1966; Sc h a r l e , S z a l a t - 
k a y , 1976 and 1977) and the first steps h a v e  been taken to spread it  in 
H ungary.

During th is period the theory o f reinforced earth retaining structures 
has developed in  m any w ays. The first procedures, resulting in bulky designs, 
were refined into m ethods representing th e  sta tic  and kinem atic behavior  
better and ensuring reasonable safety. T heoretical investigations have been  
launched into the m echanical and econom ic problem s of reinforced earth slabs 
(reinforcem ent placed in the subsoil under foundations) (S c h l o s s e r , 1974; 
L e e  et al., 1975). A lthough the latter have a prim arily theoretical significance  
at least at present, th ey  have contributed to  our knowledge of the m echanical 
behavior of the reinforced earth material and poin ted  out its wide application

* I. S z a l a t k a y , H -1114 Budapest, Bukarest u. 3.
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p ossib ilities . Numerous other investigations (i.e. seism ic, corrosion, etc .) car
ried o u t on this topic, aim ed at the utilization  o f the potential b en efits o f  this 
co m p o site  material on even  more fields.

T his paper deals w ith  the elastic characterization of reinforced earth  and 
rein forced  earth structures and their design on the basis o f the th eory  of 
p la s t ic ity  or load bearing capacity . Through th is an attem pt is m ade to  for
m u la te  a design m ethod based on the perm issible deformation specifications, 
i.e . on  th e  specified m agnitude o f tilting for reinforced earth retain ing walls 
and on  the maxim um  am ount o f settlem ent tolerated  for reinforced earth 
slab s, fin d in g  ever wider use in the civil engineering practice.

2. B earing capacity design for structures made 
of reinforced earth by the theory o f plasticity

T h a t reinforcement boosts the u ltim ate failure load of an earth  mass 
can  be proven both experim entally  and theoretically  (S c h l o s s e r , 1972). 
F igu re 1 shows the results o f  a triaxial te st perform ed on a reinforced sam ple. 
T he diagram  shows that th e  thin alum inium  disks placed in the cylindrical 
sa m p le  at a given separation  (2 centim eters) produce a large increase (400 per

F i g . 1. In c re a s e d  s t r e n g th  o f  t h e  r e in fo rc e d  e a r th  s a m p le  (S c h l o s s e r , 1972); 1 —  re in fo rc e d ;
2— n o n re in fo rc e d

cen t in  the given exam ple) in  the soil m aterial’s shear strength (or breaking  
resistan ce). The m agnitude o f th is increase depends on the deviatoric stress. 
S ch lo sser  supports his experim ental results w ith  physical considerations and
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proves that reinforcem ent in the horizontal direction gives the soil material 
a vertical, so called anisotropic cohesion b y  virtue o f the friction between the 
granular soil and th e  reinforcement.

Three researchers base their stab ility  investigations o f the reinforced 
earth walls on th is frictional effect. Schlosser (1972), Lee et al. (1973) and 
B acot (1975) assum ed that the stab ility  criteria are fulfilled i f  the strips

— cannot be pulled out o f the soil m ass,
— will not fail as a consequence o f tension stress.
All o f them  had performed model testin g  and through th e  study of the 

failure modes they  proposed a failure m echanism , as shown in F ig. 2. A para
bolic, a simple and a double broken-plane p otentia l sliding surface in the rein-

Fig. 2. Failure surfaces inside the reinforced earth wall; a — S c h l o s s e r , b — L e e  et al. 
с — B a c o t ; 1 — parabola, 2  — plane, 3 — double failure surface (parabola and plane),

4 — strips, 5 — backfill

forced earth zone is proposed by Schlosser , Lee  and B acot, respectively. 
T hey assumed that the reinforced mass left o f  the sliding surface tends to slide 
downwards, but it  is anchored back to the fixed  passive  zone b y  the strips. 
Friction  resistance betw een  the soil and the strips in the active zone does not 
allow the strips to be pulled out, so the w hole system  remains in  a static equi
librium , provided the friction resistance betw een the soil and the strips is 
su ffic ien tly  large. I f  th is friction resistance is exceeded or the strips break the 
w all loses its stab ility  and collapses.

Beside the theory  based on the principle o f  anchorage, there is another 
theory  that starts ou t from the plastic deform ations in  the reinforced earth. 
B y  th is approach the w hole mass of the wall is supposed to m ove as a solid, 
m onolith ic body, w ith  no sliding surfaces inside it  and therefore no anchorag-
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in g  e ffec t taking place (see for exam ple K ezdi, 1966; Smith and B r a n sb y , 
1976). F igure 3 shows th is h y p o th etica l kinem atic behavior of the reinforced  
reta in in g  w all, or abutm ent. A ccording to this theory, the reinforcem ent and 
th e  so il m ass in the wall w ork  together from a physical point o f v iew  and 
suffer a shearing or tilting  deform ation  under the influence o f the horizontal 
co m p o n en t of the backfill load . Therefore every horizontal plane m oves for
w ard som ew hat, while point О rem ains in its original position. The va lid ity  
o f th e  designing procedure b ased  on this concept o f collapse was proved earlier 
(Sz a l a t k a y , 1976), m oreover th e  econom ically m ost advantageous structural 
d im en sion s are given by th is  m ethod.

A ll o f  the design m ethods were analyzed and com pared and their d efi
c ien cies w ere discussed recen tly  (S charle and Szalatkay , 1976). H erein only

F ig. 3. Failure mood of the reinforced earth wall by  K e z d i  (1966) and S m i t h  —  B r a n s b y  
(1976); 1 — reinforcement, 2 — deform ation  line, 3 — backfill, 4 — failure surface, 5 — backfill

pressure

th e  d efic ien cy  of the bearing capacity-based design approach is m entioned, 
i.e . th ere  is no way to know  w h at the deform ation o f the reinforced earth  
reta in in g  w all will be, even  i f  w e are convinced o f th e  stab ility  by selecting  
an appropriate value o f the sa fe ty  factor. This sta tem en t is sim ilarly true for 
th e  reinforced earth slabs, L e e  et al. (1975/1 and 1975/2) showed how the th in  
stee l str ip s laid in the subsoil in  layers under a strip load increase th e  bearing  
c a p a c ity  o f  the original so il. The load-settlem ent curves obtained from  
their  te s ts  were compared and supported by theoretical investigations. They  
p u b lish ed  a design m ethod b ased  on their considerations. Their results ind icate  
n ot o n ly  an increase in bearing  capacity, but an essential decrease in  se ttle 
m en ts . Figure 4 illustrates th e  test set-up, the pertinent data and shows 
a ty p ic a l load-settlem ent cu rve. Their calculations are based on the break-
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ing  mechanism show n. Tw o zones are assum ed to form in the subsoil during 
loading. Zone 1 is fixed , while zone 2 m oves together w ith  the foundation. 
The boundary lines o f the tw o zones connect the points o f the rzx shearing 
stress m axim a in the horizontal planes. Failure (or relative displacem ent 
betw een the tw o zones) is prevented by the strips laid across the boundary lines 
and having the desired tension strength. H ence the design m ethod reduces to 
the prevention o f the tensile breaking and slippage of the strips, ju st  as in the 
case of the retaining w all, so the main task  is to solve the bearing capacity  
problem o f an anchored structure.

Similar conclusions result from L e e ’s design approach o f reinforced 
earth slabs. As their deform ation or settlem ent m ust be controlled, th e  capabil
ity  to estim ate these is even  more im portant.

Fig. 4. Failure mood o f the reinforced earth slabs, a — breaking m echanism ; b — load-settle
m ent curve. 1 — H orizontal planes o f the reinforcem ent; 2 — soil; 3 diagram  o f the shearing 
stress; 4 — failure surfaces; 5 — load-settlem ent curve for the reinforced earth; 6 — load- 

settlem ent curve the for noil-reinforced earth

At the sam e tim e a clear trend can be observed in the civ il engineering  
practice according to which both earth work structures and foundations are 
preferably designed for perm issible deform ations rather than for bearing 
capacity  only.
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T h is paper attem p ts to  develop a calculation m ethod for the deform a
tio n s  o f  reinforced earth reta in in g  walls and reinforced earth slabs through  
th e  characterization o f th e  e la stic  response of th e  reinforced earth m aterial.

3 . Calculation o f the elastic  parameters o f the reinforced earth mass

T h e triaxial test set-u p  seen in Fig. 1 is w ell suited to measure the bene
f ic ia l e ffects of reinforcem ent on the soil’s breaking resistance as well as on its  
r ig id ity . The reinforced sa m p le ’s stress-strain curve is steeper than that of 
th e  non-reinforced one, th e  difference can be expressed w ith  Y oung’s m odulus, 
or th e  m odulus of e la stic ity . T he initial value is about three tim es higher for 
th e  strengthened m aterial th a n  for the sam ple m ade o f soil only.

E stim ation  of the e la stic  parameters for th e  reinforced earth, however, 
is m u ch  more com plicated th an  its laboratory m easurem ent, because of its  
an iso trop ic  elastic response. S tartin g  from identical physical and alm ost iden
tic a l geom etric assum ptions, H a rriso n  and  Ge r h a r d  (1972) and H e r r m a n n  
et al. (1976) deducted th e  e la stic  constants of the transversally anisotropic  
co n tin u u m . The former a u th o rs’ reinforcement m odel consists of m etal sheets, 
w h ile  th e  latter’s so-called “ u n it cell” contains a steel strip in the m iddle of 
th e  so il prism, with vertica l and horizontal spacing dim ensions corresponding 
to  th e  conditions obtain ing in  an in situ w all. This difference in the in itial 
assu m p tion s means, h ow ever, no difference in th e  residts because as it  w ill be 
seen  la ter , the reinforcing sy stem s (sheets, or strips) can easily be transform ed  
in to  each  other.

W ith ou t going in to  th e  details of the derivation , the basic assum ptions 
and th e  resulting expressions are presented below. It is assumed that

— the two com ponent m aterials, that is the soil and the steel, are h om o
g en eo u s and isotropic from  a m echanical point o f view ;

— the two com ponent m aterials are linearly elastic and therefore their  
b eh a v io r  can be described b y  tw o pairs of param eters, the Y oung’s m odulus 
E sl an d  E so and the P o isson -ratio  vsl and vso for th e  steel and soil, respectively;

— along the con tact surfaces of the soil and steel no relative displace
m en t can  occur as the so il particles adhere perfectly  to  the strips, through  
fr ic tio n  resistance;

— the com posite m ateria l o f reinforced earth is transversally aniso
trop ic  from a mechanical p o in t o f view.

Supposing an elastic and linear response in  th e  stress-strain relationship  
o f  a so il material is rather a course approxim ation. The third assum ption is 
also  an approxim ation, th o u g h  less far fetched, w hile the last one follows from  
th e  f ir s t  three.

Figure 5 specifies th e  geom etric and physical characteristics of the basic 
reinforced  earth elem ent. F rom  our assum ptions it  follow s that all o f the
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strains for the soil, the steel and for the com posite material are equal in all 
directions. So, for exam ple, strain eh for the reinforced earth is equal to the 
strains Ehst and e£0 for the steel and soil respectively, in the same h direction, or

ffc ^  £ s t  =  S so  ( 1 )

For all o f the six  strains of the reinforced earth and its com ponent 
materials an equation, sim ilar to equation (1) can be written along the axes, 
h ,  h  and V. This procedure leads to six equations, from which, through substitu 
tion of the geom etric and elastic parameters all o f  the elastic constants of the 
com posite m aterial can be defined. Two o f the m ain axes in the horizontal 
direction are m arked by h, referring to the axial sym m etricity  o f the physical

/

Fig. 5. Sketch of the reinforced earth elem ent; l — soil, 2  — reinforcing sheets

constants, resulting from the axially sym m etric arrangem ent of the tw o ele
m ents.

Let us introduce the geom etric constant f, characterizing the reinforcing  
density, or the q u an tity  o f steel in the soil:

X dt = ----
X

where x is the vertical distance between tw o reinforcem ent planes (or the 
thickness of the soil layers) and d  is the th ickness o f the steel sheets. The

( 2 )
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va lu e o f  t approaches zero as the quantity  o f steel increases and is u n ity  when  
th ere is  no reinforcing m aterial.

T he elastic param eters o f  the reinforced earth in the principal directions 
are as follow s

(1 0  E S0VS0
■ +

tE slvsl
1 Ao 1 -  A,

(1 t ) E s0
4 - -

tE st

1 i4  1 A ,

Vhv  =  (1

E h =  (1

vh)

A)

(1 t) Vs0 + tvst
1 Vso 1 -  vst _

r (1 t) E s0
+

iEsl
1 V2so 1 At

1 1 t
1 2 i & ■ 1 i l 2 A, 2 A V

E v Es0 1 ŝo , Es, 1 1 vs! (1 vh) E h

Gh
_E „

2(1 vh) ’

J_  =  2(1 -  Q(1 +  vs o ) 2l(l +  Vs,)

Gr E s0 E st

(4)

(5)

(6) 

(?) 

( 8 )

T he seven equations express seven different elastic param eters, o f  which  
on ly  f iv e  are independent. A nyone o f the f iv e  can be calculated and the other 
tw o  can  be expressed w ith  th em , because of the geom etrical sym m etry and 
th e  isovolum etry  during shearing strain.

N ow , as we have all o f  th e  elastic constants, the strains produced by any 
sta te  o f  stress can be determ ined num erically from the physical equations, 
as fo llow s:

«л =
1 Vh

E~
Vvh  „

<Vh (Vv  ,
E r

(9)

tfi = Vvh

E ,  "
Vh

(Vh , (10)

4  =
1

E, ~
V th

е Г '
v t h

(Vh ? 
E h

(И )

У  ho =
~thv

G ’
(12)
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(1 3 )

Thh (14)

It is seen im m ediately  that w ithout subscripts these equations reduce 
to the physical equations of an isotropic m aterial.

Since the form s o f the static equations are unchanged all the expressions 
needed to solve any continuum  m echanics problem  of reinforced earth struc
tures are now at hand.

To sum m arize the im portant geom etric and physical quantities for the 
calculation of the elastic constants o f reinforced earth are

— density  t o f the reinforcement;
— the tw o elastic parameters for the steel (E sl, vsl);
— the tw o  elastic constants for the soil (Es0, vs0).

To clarify things we have worked out tw o numerical exam ples, but first 
the reinforced earth unit cell m entioned in the previous section  m ust be 
brought into correlation with the real world. This would force us to regard 
it as a three d im ensional isotropic continuum . As, however, the problem s below  
are plane strain ones, we can solve them  w ith  the formulas developed earlier 
for the transversally anisotropic m aterial.

Figure 6 show s the characteristics o f  the steel strips. The strips (or ties) 
of tv width and d tt thickness are placed in to  the soil at a separation o f s and 
X horizontally and vertically , respectively. I t  is easy to  prove th at the physical 
properties in the laying direction are not changed if  the strips are substituted  
w ith  sheets having the sam e cross sectional area. This means th at the strips, 
placed at a separation o f x, have to be spread continuously in the horizontal 
plane and a new , equivalent, or “ theoretical” sheet thickness has to be cal
culated from th e dim ensional param eters o f  w, drl and s. The condition  of the 
cross sectional equality  is expressed as

H aving estim ated  the theoretical sheet thickness d , Eq. (2) can be used 
to calculate th e  geom etric constant t for use in equations (3) through (14).

4. Plane deform ation problems for reinforced earth structures

ds ivdrt , (15)
from which

(15a)
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Fig. 6. E stim ation  of the “theoretical”  strip  thickness; 1 — face of the wall; 2 — strips; 3 —
equivalen t sheet

B ecau se  of the plane n ature o f the deform ations, strains eh, yvh, and у лл 
are zero in  (10), (13) and (14), th u s we get a sim pler set o f equations. As there  
are no stra in s in the vertical p lane perpendicular to the strips (as follows from  
the p la n e  strain condition) deform ations in a retaining wall and settlem ents  
under a strip  load can be read ily  calculated.

A fter  these considerations le t  us exam ine the case of the reinforced earth  
reta in in g  w all. It was proved earlier by model testin g  that the horizontal 
co m p o n en t o f the backfill load  produces a shear strain inside the w all in the  
vertica l p lane, parallel to the strip s (Smith  and B r a n s b y , 1976; Sza l a t k a y , 
1976). T h is horizontal backfill pressure can vary from a passive load to an 
a c tiv e  on e, producing a w all t i lt . I f  we know how the earth pressure ratio К  
varies in  term s of the wall t ilt in g  a, we can express it  as K ( a0) earth pressure 
fu n ctio n . W e assume that the specified  or allowed a 0 tiltin g  is constant along  
the h e ig h t o f the wall, as defined  b y  the function К  =  K(aC) (F ig. 7). A ssum ing  
further th a t  the behavior o f th e  reinforced earth can be described w ith  the  
elastic  param eters derived in th e  previous sections, the w idth of the wall (or 
th e  le n g th  o f  the ties) can be con ven ien tly  estim ated.

N o w , we can proceed w ith  th e  derivation through the help of the work 
th eorem s known from stress analysis.

=  Wc (16)

m eans th a t  the internal d eflection  work, performed by the shear strain inside  
the w a ll equals the external w ork W c of the backfill pressure. C onsequently,
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Fig. 7. E stim ation  of the deformation in the reinforced earth retaining wall, a — Sketch  o f the 
wall displacem ent; 1 — the reinforced earth retain ing wall: 2 — deformation line; 3 — backfill 
pressure; 4 — displacem ent originated from the w all-tilting; b — calculation o f  the earth  

pressure, 5 — exact curve for К  =  K (a)  function; 6 — approxim ate stra ight line

the tw o quan tities can be expressed as

1 rH
w c =  - t ^ d h (17)

2 Jo Gr
and

IK
1 rH

= -  h y K (XoX *o(H  h) (18)
2 Jo 2

where I is the w idth o f the w all, r h is th e  shear stress in any horizontal plane 
at height h , H  is the height o f the w all, y  is the density of the soil and K(a.0) 
is the earth  pressure coefficient, dependent on a0, the perm issible tilt in g  of 
the w all. r h, the shearing stress, can be expressed as

Tft
E h _  h - y

I 21 Щ« o) (19)

A fter rearrangem ent o f (17) through (20), the necessary len gth  o f  the  
ties can be obtained:

! =  J _  H 2 K (*o) r
10

( 20)

T he m axim um  value o f Щ а0) corresponds to the coefficien t o f  earth  
pressure at rest, when a 0 =  0. In th is case

К.. =  l — sin Ф . (21)
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T he only  snag is th at (20) does not g ive a usable result for k0 =  0 (be
cause th e  denom inator becom es zero). It is very  probable that at about k0=  1/800  
the a c tiv e  sta te  is reached in  m ost o f the granular soils. A lthough no experi
m ental resu lts are available on this subject at present, it is supposed th a t  
K ( a 0) is linear in  the 0 <  oc0 -< 1/1000 range, w ith  only a small error.

T he Gv shear m odulus o f  the reinforced earth can be calculated from  the  
th eory  discussed above. H aving  estim ated th e  theoretical strip thickness d  and  
t, th e  reinforcing density  o f  steel, from (16/a) and (2), the only unknow n  
p h ysica l q u an tity , the shear modulus G„, is calcu lated  from (8). The la tter  
consists o f  tw o term s; the first includes th e  elastic  parameters o f th e  soil 
(E so, vsg), the second those o f the steel (E sl, vsl). In  both terms the va lu e o f t 
is a lm ost zero. Assum ing t =  0 results in th e  fo llow ing sim plification:

1 „ , 2(1 +  vs0) 1 /2£\
G TT c  '  'V -c 'so '-'so

N o te  that only the so il’s elastic con stan ts are in the expression. This 
does not mean at all that the wall could stand up w ithout reinforcem ent. 
R ather, the case is that strengthening takes p lace indirectly, the reinforcing  
strips cause the w all to deform in a w ay th a t consum es much more energy  
than  it  w ould w ithout reinforcement.

E stim atin g  the elastic constants o f th e  reinforced earth m ay be helpful 
for th e  calculation o f the settlem ent under a strip  foundation. The loading and  
reinforcing system  show n in F ig. 4 can be m odeled  as a three-layered subsoil, 
show n in  F ig. 8. Layers 1 and 3 have th e  original soil’s physical properties. 
B etw een  these there is the layer 2, having reinforcem ent of thickness

V =  n x  (23)

w here n  is the num ber o f reinforcem ent p lanes in  the subsoil. This m iddle  
layer has the elastic param eters calculated as show n in the previous sections. 
L ayer 1 is o f thickness u, w hile layer 3 reaches th e  bottom  of the soilbox.

T he physical param eters of the layers can be determined in a stra igh t
forward w ay. The physical behaviour o f th e  upper and lower layers can be 
characterized by Y oung’s modulus E so and th e  Poisson ratio vso. L ayer 2, 
situ a ted  in  betw een, having a thickness o f v, is m ore rigid, its physical proper
ties in  all directions can be calculated from  (3) through (8). E quations (9) 
through (14) are useful to estim ate the elastic  response to the load applied  
on th e  surface.

Calculating the settlem ent only in a p lane perpendicular to the axis of 
a strip  load  m eans a certain am ount o f sim plification , too, but it is still a m uch  
m ore com plicated  case than  that of the reta in ing  w all. The shear strain y hv is,
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s f

F ig. 8. T h e  th ree -lay e red  subsoil sy s tem  in th e  case o f re in forced  e a r th ; 1 — re in fo rc em e n t
p lan es

in fact, not the only one; vertical and horizontal normal strains, e„ and eh, 
also occur in that plane. This m eans th a t all o f the fiv e  independent variables 
(E h, E r, Gh, vrll and Gr) found in  (9), (10) and (12) m ust also be determ ined.

E ven  in the knowledge o f the physica l parameters and the equations the  
settlem en ts under the reinforced earth slabs cannot be calculated as easily  as 
could be done in the case o f the retain ing wall (from a closed m athem atical 
expression), but by applying the fin ite-elem en t method for th e  estim ation  it 
becom es a routine task for a com puter.

Such an exam ple is shown in F ig . 4 . L e e ’s experim ental resu lts (1 9 7 5 )  

w ere used for com parison and one o f  his loading and reinforcing system s was 
used in  our exam ple. The dim ensions o f  his soilbox are shown in  F ig . 8. As 
seen, the ties are m odeled by alum inium  foil strips. A ltogether 1 7  such strips 
were placed in 3 horizontal planes, spaced x  =  25 mm apart. T he geom etrical 
arrangem ent and the physical param eters are also indicated in F ig . 8.

Figure 9 shows the final result o f  the comparison, including tw o curves 
obtained  by L e e  and tw o straight lines estim ated  by the fin ite  elem en t m ethod, 
for w hich a com puter program was w orked out in the H ungarian In stitu te  for 
B uild ing Science. The sm all difference o f  the experim ental and theoretical 
data shows that th e  considerations and th e  estim ation m ethod o f  th e  physical 
properties o f the reinforced earth are valid  and reasonably accurate and that 
the elastic theory should be introduced as a useful technique for th e  design 
o f reinforced earth structures.

A t the end o f th is paper let us refer to  the assum ption m ade in  the intro
duction  about the linearity o f  the stress-strain characteristics o f  so il, as the
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load  o n  th e  s u r f a c e  p ,  k p / c m 2

Fig. 9. Comparison of L e e ’ s  experim ental and ÉTI’s ca lcu lation  data; 1 — estim ated results; 
2 — experim ental curve; 3 — reinforced; 4 — nonreinforced

crudest o f  the approxim ations. Though this problem  exceeds the frame o f th is  
w ork, y e t , as the soil param eters have an im portant role in the accuracy o f  
th e  deform ation estim ation , the question cannot be avoided.

E lastic  behavior o f  th e  soil can be characterized on several accuracy  
lev e ls , depending on th e  requirem ents and on th e  calculation m ethods ava il
able. T he least exact, but fa stest method is the use o f  the tabular data published  
in  handbooks on soil m echanics. Different triaxial te sts  may give low or high  
accuracy  during the estim ation  o f Young’s m odulus and the Poisson ratio o f  
soils. In  connection w ith  th e  approxim ation m ethod , B alla’s study (1967) 
can  be m entioned. H igher accuracy is reached b y  th e  testing  m ethod reported  
b y  Ch a n g  and D uncan  (1970), D omatschuk and W ade  (1969). The latter  
tw o  ta k e  the nonlinearity and the effect o f the in itia l stress state into con 
sid eration , but this com plicates the calculation procedure so much, that on ly  
a com puter can successfully  crunch through it.

According to these principles given in th is paper it can be said that the  
accuracy  o f any calculation  depends essentia lly  on the accuracy of the soil 
param eters, e.i. E so, vso, or К  =  K ( a 0), the w hole s ta tic  behavior o f these sorts  
o f  structures, however, can on ly  be verified or determ ined by a new calcu lat
ing  m odel based on som e in  situ experim ental m easurem ents.
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Die Elastizilätseigenschaften des stahlverstärkten Bodens. Der stah lverstärkte Boden ist 
eine Verbundkonstruktion, die aus abw echselnd übereinander gelagerten Stahlbändern und 
Bodenschichten besteht. Seine m echanische Untersuchung kann m ittels zw eier traditioneller  
M ethoden der Festigkeitslehre der P lastizitätslehre und der E lastizitätslehre durchge
führt werden. In analoger W eise können auch die Festigkeitsbem essungen der stah lverstärkten  
B odenkonstruktionen klassifiziert werden. Sobald das anisotrope p lastische V erhalten des 
stah lverstärkten Bodens geklärt ist, kann auch die G renztragfähigkeit der stah lverstärkten  
B odenkonstruktionen bestim m t werden. Mit Hilfe der anisotropen E lastizitätscharakteristika  
kann auch die Form änderung der K onstruktionen berechnet werden. D ie K onstan ten  der 
E lastizitätslehre können aufgrund der Angaben über die Festigkeitsparam eter der Einlagen  
und des Bodens, der Einlagenabm essungen und der Angaben über die A uslegung der Einlagen  
bestim m t werden. Mit den K onstanten des in Querrichtung anisotropen M aterials können so
wohl die Neigung der stah lverstärkten B odenstützm auer, als auch die im verstärkten  Grund 
auftretende Senkung berechnet werden.

Характеристики упругости армированного грунта. А рм ированны й г р у н т  предста"  
в ля ет  со б о ю  ком бинированны й конструк ци он ны й  м атери ал, которы й с о с т о и т  и з разм ещ ен “ 
ны х п опер ем ен но д р у г  н ад  д р у го м  м етал л и ч еск и х  л ен т  и сл оев  грун та . М ех а н и ч еск о е  испы 
тан и е такого к он стр ук ц и он н ого  м атер и ала п р оизводи тся  с  помощ ью  д в у х  обы чны х м етодов  
теор и и  соп р оти влен и я  м атер и алов  (теори и  пластичности  и теории у п р у г о с т и ). П ри  по
м ощ и этого  метода м о ж н о  аналоговы м  сп особом  классиф ицировать т а к ж е  дин ам ическ и й  
р асч ет  арм ированны х грун товы х к он стр ук ц и й . П оск ол ь к у  вы яснено п о в ед ен и е  с  точки  
зр ен и я  анизотропной  теории  п ласти ч ности  арм и рован н ого гр ун та , то  п р едста в л я ет ся  
возм ож ны м  оп редели ть  п р едел ь н о  д о п у сти м у ю  н а гр у зк у  арм ированны х гр у н т о в ы х  к он 
стр у к ц и й . С помощ ью  ан и зотр оп н ы х хар ак тер и сти к  теории  уп р угости  м о ж н о  п роизводи ть  
р асч ет  деф орм ацию  к он стр ук ц и й . О п ределен и е постоянны х теории у п р у г о с т и  п р ои зв одя т  
на о сн ове парам етров  по теории  соп р оти в л ен и я  м атери алов , дей стви тельн ы х д л я  ар м и р о
вания и гр ун та , а т а к ж е  данн ы х по разм ерам  арм атуры  и по ш агу ар м атур ы . С помощ ью  
п олуч ен н ы х п остоян н ы х м атер и ала, которы й в поперечном  н аправлении  в ед ет  с е б я  ан и зо
т р о п н о , п р едстав л яется  возм ож ны м  п р оизвести  расчет как угла  отк о са  арм и рован н ой  
грун товой  опорной  стены , так и п о гр у ж ен и я  ук р еп л ен н ого  арм ированием  гр у н т а .
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ERRATA

In the paper “ Paraboloid Shells w ith Vertical Director Line” published by P. Csonka (Acta  
Techn. Hung. 84 (1977), 207 220) the right form of Eq. (3) is

ha2 У Э2 F . « ha2 У a 2F о hal 1 a 2F
6 b2 X4 Эу2 8 b2 X 3 э* • ay ~ ь2 X2 Эх2

Accordingly, Table 2 should be corrected as follows:

Кп = F пт

Ь2 (a - 5  o 1s) (x ~ 4° — a , 10) — (a - 1 0  — a , 10) (x ~ 3 — a , 3)
lOOfca* u _ lo a ï 5 — a _3 a f 40

У2 Ь2 (a ~ 4 a , 4) (x - 9 a ï 9) (a - 3  — a \ a) (x ~ 4 a f 4)
X 12ha2 a _ 9 a , 4 a _4 a 1 9

У2 b2 (a - 3  « , 3 ) ( x - 8 -  a ï s) (a - 8  a f 8 ) ( x - 3  — a , 3)
X 2 48 ha2 a~ 8a ï 3 a ~ 3a \ 8

У2 ь 2 (a “ 2 a , 2 ) ( x - 7 - a f 7) (a “ 7 ( i ,7) ( x - 2 a f 2)
X 3 28 ha2 a~ 7aï'2 a ~ 2a \ 1

У2 b2 (a - 4  — a f 4) (x - * — a j e) (a - 6  a , e) ( x _ l « 7 1 )
X4 1 2ha2 a -(ia7 1 a ~ 'a j e

У2 b2
( _  a í a3 lu a ““ ** a3 In a r3 ln  r ïXs 1 0  ha2 V a5 « ï a5 « 1  J

У2 Ь2 (a a , ) ( x - 4 — a , 4) -  ( a - 4 a f 4) (x n,)
X« 8 ha2 a -4 «! a  a^ 4

V4 Ь2 (a - 7  — a , 7) (x - le  -  a ï ' 6) -  ( a - ‘e -  a f 444) ( x - 7 -  a , 7)
У 224ha2 a “ ,ea f 7 а~7а^1в

У4 h2 (a~* — a, 44 ) (x - 1 5  — a f 43) (a ~ 43 -  a f 43) (x~* af")
X 180Л«2 a - ,6 a76 a -6 aj'15

У4 b2 (S -3 -  «I13) ( x - 14 a f 14) -  ( a - 14-  ar14) ( x - 3 a , 3)
X 2 140ha2 a _ 44a f 3  a _ 3 a f 14

У* b2 (a - 4 -  ar4) ( x - 43 -  o f 13) -  (a " 43 -  a f 43) (x ~ 4 a ï 4)
X 3 104Л«2 a ~ l3a j 4 a~ 4a j 13

У4 b2 (a - 3  a f 3 ) ( x - 4 2  O]12) (a - 4 2  a f 12) (x - 3 — a , 3)
X4 12ha2 a - ,2 a^3 — a -3 ap12

У4 b2 ( a - 1 -  a f 2 ) ( x ~ 44 -  a f 44) -  (a - 44 -  a f 4 4 ) ( x - 2 -  a f 2)
X4 44 ha2 a ~ l l a j 2 — a -2 a^11

У4 b2 (a - 4  — a f 1) ( x - 4 0  — a f 144) — (a- 1 0  — a f 40) ( x - 4  — a f 4)
х‘ 2 0  ha2 u _ 4 0a f 4 — a - 4a f 40

У





Lightweight Construction
b y  Gy. Sebestyén

Lightw eight constructions occu p y  a most im portant place am ong modern  

building techniques. This book sum m arizes the inform ation o f lightw eight 

construction dealing among other topics w ith the main solutions o f  building  

structures, production technologies, and the consequences o f  lightw eight 

construction on heating, ven tila tion  and air conditioning. No sum m arizing  

work similar to  th is has been published up to  the present tim e neither in H un

garian nor any other language. The large num ber o f drawings provide orienta

tio n  on the various trends o f developm ents in this field.

In  English • Approx. 400 pages • Cloth
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Hochfrequenzanwendungen 
von Halbleiter-Bauelementen
Die in der Nachrichtentechnik gebräuchlichen verschiedenen Hochfrequenzkreise 
werden in Hinblick auf die Funktion der Halbleiter-Bauelemente besprochen. Die 
Ausführungen über diese Bauelemente für Hochfrequenz berühren im einzelnen 
ihre Herstellungstechnologien, Konstruktion, elektrischen Parameter, Ersatzschal
tungen, ihren Anwendungsbereich sowie die durch ihre Anwendung bedingten 
besonderen Probleme. Das Buch behandelt die für die praktische Anwendung wesent
lichen Hochfrequenzkreise, die Breitbandverstärker und die Selektivverstärker, die 
Oszillatoren, Vervielfacher und Mischkreise. Besondere Beachtung verdienen jene 
Teile des Buches, in welchen die Breitbandverstärker mit Leitungsformator und 
die Extremhochfrequenzverstärker besprochen werden.

In deutscher Sprache — Etwa 370 Seiten — 1 7 x 2 5  cm — Ganzleinen
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Die japanische Baukunst — mit seinen charakteristi
schen Formen und Farben — hat immer Bewunderung 
ausgelöst. In letzter Zeit faßt in Japan immer mehr die 
moderne Baukunst Fuß; daneben besteht aber auch die 
herkömmliche, charakteristische Architektur des fernen 
Ostens weiterhin. Kenzo Tange ist einer der größten 
Meister dieser neuen Baukunst. Das Buch Zoltán Kósas 
zeigt vor allem, wie die Werke des heute vierundsechzig- 
jährigen Meisters entstanden, welche Schöpfungen ihnen 
vorausgingen und wie aus einem, in althergebrachter 
Tradition herangewachsenem Japaner, ein modernen 
Architekt unserer Tage wurde. Seine Gemeindebauten, 
seine Städtpläne sind nicht nur für Fachleute aufschluß
reich, sondern auch für Studenten und Laien von In
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Recreation in Town Planning

244

The book is written on the formation of environment 
designs (the development of environs and planning of the 
environment, i. e. the principles of planning and the 
efficiency and success of action in this field), which also 
fulfill man’s physical and intellectual requirements. 
The book consists of four chapters which deal with the 
surroundings that man created for himself: with those 
of residential areas, work places, recreation centres and 
holiday resorts. The last chapter applies the guiding 
principles to Hungarian towns awaiting reconstruction.
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Szécliy, Károly-Varga, László:
FOUNDATION ENGINEERING
Soil Exploration and Spread Foundations

This book deals with the theoretical and practical problems 

of the design of spread foundations. The first chapter discusses 

the methods and tools of the related soil explorations. Chapter 

2 deals with the theoretical principles involved in calculating 

the bearing capacity of spread footings; several calculation 

procedures which correspond to different loading conditionsare 

presented. Stress distribution arising in the subsoil under 

different conditions are discussed in the third chapter. The 

calculation of the settlement of spread foundations and other 

problems related to the settlement of buildings are treated 

of in Cahpters 4 and 5.

In English — Approx. 560 pages — 330 figures — Cloth
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Problems Manual

In compiling the present Problems Manual, the authors’ purpose 

was to present the principal circuit groups of power electronics: 

line-commutated converters, AC choppers, DC choppers, 

forced-corn mutated inverters, by worked numerical examples. 

Separate chapters have been allotted to the overvoltage and 

overcurrent protection of semiconductor elements and convert

er circuits. A further chapter deals with the designing of the 

more important banc electronic connections occurring in 

control and protection circuitry.
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Acta Techn. Hung. 8 6  (1 9 7 8 ), p p . 9 — 41

K n a p p . 11. H. S z il á r d , К.: N onlinear S tab ility  A nalysis o f  Pseudo- 
Cylindrical Shells

An unconventional geom etric configuration is introduced for cylindrical 
shells. The cylindrical surface has been replaced by an assemblage o f fla t  
polyhedral elem ents. Buckling characteristics o f the so-obtained Pseudo- 
C ylindrical Concave Polyhedral (PCCP) shell, subjected  to external pressure, 
is analyzed by m eans of a finite elem ent approach. To verify the com puter  
results a sm all scale model test has been carried out. These two independent 
investigations show  excellent agreem ent. Comparison w ith the buckling  
pressure of a “ true” cylindrical shell ind icates th a t the proposed m odifica
tion of the geom etrical configuration results in considerably higher buck
ling resistance. In addition, such a pseudo-cylindrical shell exhibits other  
desirable structural qualities such as relative ease in fabrication and high  
in sensitiv ity  to in itial imperfections. C onsequently, it  can advantageously  
be used for various undersea structures.

Acta Techn. Hung. 86 (1978), pp. 43 — 53

K e s h a v a  M u r t h y , K. — G o p a l a k r i s h n a  P i l l a i , К .: On the Design o f  a 
Quadratic Weir w ith Semi-Cubic Parabola as the Base

This paper deals w ith  the design of a quadratic notch , which finds applica
tion in the proportionate method of flow  m easurem ent in a by-pass, such  
that the discharge through it is proportional to the square root o f the  
head measured above a certain datum . The w eir notch consists of a bottom  
in the form of a sem i cubic parabola o f top  w idth  ‘2W ’ and depth ‘a’ 
over which a designed curve is fitted . U sing the ‘slope discharge continuity  
theorem ’ the problem is reduced to the determ ination  of an exact solution  
of the Volterra’s integral equation in  the A bel’s form. It is shown that in  
th is case o f the quadratic weir notch, the reference plane or the datum  is 
situated at 5/6 a above the crest o f the weir so th a t the discharge is pro
portional to the square root of the head m easured above the datum .

,4cia Techn. Hung. 86 (1978), pp. 55 — 75

K o l l á r , L. : Continuum Method o f A na lysis fo r  Double Layer Space Trusses 
o f  “ Hexagonal Over Triangular” Mesh

Structural consequences o f the in stab ility  o f one chord plane of a double  
layer space truss o f “ hexagonal over triangular”  m esh as well as conditions 
for obtaining a statica lly  determ inate truss have been analyzed. Structural 
characteristics of “ grid tubes” providing for torsional stiffness permit to  
deduce the set o f differential equations o f a continuum  equivalent to the  
space truss. E quations of boundary conditions as well as the m ethod of 
com puting bar forces from internal forces o f the continuum  have been 
presented.





Acta Techn. Hung. 8 6  (1 9 7 8 ), p p . 7 9  - 92

F e r e n c z ,  C s . :  Electromagnetic Wave Propagation in  Inhomogeneous M edia: 
Method o f  Inhomogeneous Basic M odes

The paper g ives a calculation m ethod for electrom agnetic wave pattern in  
a group o f inhom ogeneous media. I t  shows th a t the given pattern m ay  
always be executed  if  the solution ex ists. I t  analyses and justifies the  
m ost im portant properties o f the m ethod. B ased on that it gives a critical 
analysis o f the A ppleton —Hartree form ula and shows exam ples of appli
cation.

I

Acta Techn. H ung. 86 (1978), pp. 9 3 — 115 

D u l X c s k a ,  E . :  B uckling o f r. c. Shell Structures

The paper exten ds the possibility for the app lication  of the indentation  
theory of elastic  shell structures over th e  field  o f reinforced concrete shells. 
In doing th is, the creep, plastic behaviour, the cracks of the tenson flange 
of cross sections and the position and qu antity  o f the reinforcement are 
taken into account. The critical load to be determ ined by the worked out 
m ethod is in good agreement tilth  th e  results o f  the experim ents.

Acta Techn. H ung. 86 (1978), pp. 117 — 129

S A N D O K ,  I.: Rheological Investigation o f  the Theory o f Soil Consolidation

The theory of consolidation of the one-dim ension soil o f compressible 
porosity is dealt w ith . W ith the aid o f  a rheological m odel the differential 
equation is established which is a fourt-order partial differential equation. 
In this w ay a general equation is yielded w hich takes the creep into 
account and w hich was as yet not to  be found in the special literature. 
Two models are com pared and, as a special case o f  them , the equation is 
established found by F l o r i n  (1953) on the basis o f m echanical considera
tions. The sta tem en ts valid for the rheological m odels are summarized and 
com peted . For the solution of th e  partial differential equation the 
m ethods o f the linear algebra are used , nam ely  the grid-line method 
which, due to lack of space, is not dealt w ith  on the basis o f several 
numerical exam ples statem ents have been m ade lay in g  particular stress on 
creep in the theory o f  soil consolidation.





Acta Techn. Hung. 8 6  (1 9 7 8 ) , p p . 147  — 1 5 6

T e r s z t y Xn s z k y , T .  — T u s n a d y , G. : A n  E stim ation  o f the M axim um  Loads 
o f Interconnexions

Loads in excess o f transmission capacities o f tie-lines m ay cause system  
disturbances. The paper presents a theoretical m ethod which can be used  
for determ ining the probability o f m axim um  loads of random character 
occurring above a given value. The obta ined  theoretical values are com 
pared w ith data measured in practice. The m ethod is suitable for planning  
the reliability o f interconnexions betw een electrical power system s.

Acta Techn. H ung. 86 (1978), pp. 157 — 167

ÜUT.ÁCSK-A, E .: The In itia l Eccentricity to be Taken into Account in  In 
vestigating Local Buckling o f Shell Structures

The eccentricity o f  the stresses developed in  the small wall significantly  
reduces the m agnitude of the critical load causing local buckling o f  the  
shell, therefore, it  is o f great im portance o f taking exactly into account 
eccentricities. The paper deals w ith the determ ination of the eccentricity  
caused by in itia l random  waviness and edge disturbances.

/

Acta Techn. Hung. 86 (1978), pp. 169 — 213

F e r e n c z , Cs .: Electromagnetic Wave Propagation: The A nalysis o f the Group 
Velocity

The paper g ives a detailed analysis o f energy propagation, the group  
velocity . It critically  investigates the com m only used definition of group 
velocity. It exam in es in detail the defineab ility  o f average energy w ith  
suppositions and consequences. U sing th e  “ m ethod of inhom ogeneous 
basic inodes” , i t  investigates the group v e lo c ity  in strictly linear and 
quasi-linear, dispersive media, deducing th e  group velocity directly from  
M axwell’s equations. It shows exam ples o f  practice and sees the con
sequences o f the results on an im portant question  of relativistic e lectro
dynam ics and propagation of different m odes o f modulation.
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S z a l a t k a y ,  I.: Elastic Properties o f  the Reinforced Earth

Reinforced earth is a com posite material m ade up of soil layers and steel 
strips placed on each other. M echanical characterization of this m aterial 
can he achieved by tw o conventional m ethods: one is the theory o f  
plasticity, the other is the theory of elasticity . Accordingly, the structural 
design m ethods can be classified as bearing capacity oriented and as de
formation specifications oriented. Bearing capacity is calculated from  the  
known plastic behaviour o f the reinforced earth, while the deform ation or 
strain of the reinforced earth retaining walls and slabs can be calcu lated  
from the elastic  properties o f  the material. E stim ation of the elastic  con
stants requires the knowledge of the elastic  parameters o f the soil and  
steel, and the geom etry o f the reinforcem ent. From the constants o f the  
transversally anisotropic m aterial the tilting  of the reinforced earth wall 
and the settlem ent o f the reinforced earth slabs are com putable.

Aria Techn. Ilung. 8 6  ( 1 9 7 8 ) .  p p . 21 5  — 2 2 9
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IN МЕМОШАМ PROFESSOR GY. MIHAILICH

Diese Zeilen sollen dem  Andenken des vor einem  Jahrhundert geborenen  
G elehrten, Prof. Győző M i h a i l i c h , Mitglied der U ngarischen A kadem ie der 
W issenschaften gew idm et sein, den seine F achkenntn isse, seine technische  
E rfindungsgabe, seine E ntschlossenheit und sein sicheres U rteilsverm ögen zu 
einem  der größten ungarischen Ingenieure erhoben. Seine m arkante Person  
bestim m te ihn während langer Jahrzehnte zur le iten d en  Persönlichkeit der 
ungarischen Ingenieurgesellschaft. Sein Nam e w ar w eit über die Grenzen 
U ngarns bekannt und geachtet.

G y ő z ő  M i h a i l i c h  wurde 1877 in Tem esrékás, einer kleinen O rtschaft des 
B anats, als Sohn des G em eindenotars geboren. D as G ym nasium  absolvierte er 
im Herzen der ungarischen Tiefebene, in K ecskem ét, v o n  wo er nach B udapest 
kam  und 1899 an der T echnischen U niversität das Ingenieurdiplom  erwarb. 
H ier erlangte er in rascher B eihenfolge als A ssisten t am Lehrstuhl des berühm 
ten  Professors A n t a l  K h e r n d l  den w issenschaftlichen Grad eines D oktors 
der technischen W issenschaften , den T itel eines P rivatdozenten  und wurde 
kurz danach als Lehrbeauftragter m it dem Vortrag des G egenstandes Stahl
betonkonstruktionen betraut. Im  Jahre 1916 wurde ihm  der T itel eines außer
ordentlichen U niversitätsprofessors verliehen und 1920 wurde er zum öffent
lichen  ordentlichen Professor an dem dam als errichteten  II. L ehrstuhl für
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B rückenbau  ernannt. D iesen  A rbeitskreis versah er 37 Jahren lang, bis zu 
seiner in  1957 erfolgten Pensionierung. Inzw ischen bekleidete er m ehrm als das 
A m t eines Dekans der F a k u ltä t für Ingenieure und war zw eim al auch Rektor 
der Technischen U n iversität.

Seine Aufm erksam keit ga lt bereits zu B eginn seiner L aufbahn der damals 
n och  in  ihren A nfängen befindlichen  und in  Ungarn wenig bekannten  Stahl
betonbauw eise. Sein erster P lan , den er noch als Student der U n iversitä t aus
arb eite te  und der, die k on stru k tive Lösung einer Stahlbetonbalkenbrückc zum  
G egenstand  hatte, wurde an der Pariser W eltausstellung von  1900 m it einer 
Belobungsurkunde ausgezeichnet. Von nun an befaßte er sich noch  eingehender 
m it der E ntw icklung des ungarischen Stahlbetonbauw esens und leistete  zu
sam m en  m it Prof. Dr. S z i l á r d  Z i e l i n s z k i  bahnbrechende A rbeit auf diesem  
G ebiet.

Seine ersten w issenschaftlichen  A ufsätze waren auch den zeitgem äßen  
F ragen  des Stahlbetonbaues gew idm et. In der W ochenzeitschrift des U nga
r isch en  Ingenieur- und A rchitektenverbandes behandelte er in  zahlreichen  
A u fsä tzen  die bedeutendsten  Schöpfungen des ausländischen Stahlbetonbaues  
und in  der Zeitschrift Beton und Eisen  schrieb er einen A ufsatz über die von 
ih m  geplante Stahlbeton-B alkenbrücke über die Bega in T em esvár, die seiner
ze it die größte Spannw eite v o n  Brücken dieser Art aufw ies. D ieses Werk 
errang auch in den ausländischen Fachkreisen allgem eine A nerkennung. Dieser 
E rfo lg  förderte die E n tw ick lu n g  des Stahlbetonbaues in  U ngarn in  so hohem  
M aße, daß auf diesem  G ebiet zahlreiche, w eit größere Länder übertroffen  
w urden.

Sein  Nam e als K onstrukteur ist m it einer ganzen R eihe großer Schöpfun
gen verbunden. Außer der b ereits erwähnten B ega-Brücke in  T em esvár ist die 
T heiß -B rücke in Szolnok zu nennen (Zeitschrift des U ngarischen Ingenieur- 
und  A rchitektenvereins, 1912) die die erste Stahlbrücke in Ungarn m it Streben
fach w erk  war. D ie F ahrbahnplatte  dieser Brücke wurde in  S tah lb eton  ausge
fü h rt u n d  stellt eine v o lla u f neue K onstruktion dar. Er entw arf auch die Pläne 
der Stahlbetonbrücken über die F lüße Sebes Körös in  B erekböszörm ény (1910) 
und F ek ete  Körös bei T em eshida (1912). N ach seinen Plänen w urde die Margit- 
B rü ck e in  Budapest verstärk t und verbreitert (1929). Er b ete ilig te  sich am 
W ettb ew erb  der P lanung der Budapester Arpád-Brücke und gewann mit 
P rof. J ános KossALKA den I . und II. Preis. Er beteilig te  sich auch am W ettbe
w erb der Planung der B udapester Petöfi-B rücke und errang den II. Preis.

E r entwarf auch den G etreidespeicher im  Freihafen von  Csepel ( Beton 
und E ise n , 1929), wo in  U ngarn erstm alig eine Pilzdecke und G leitschalung  
A nw en d u n g  fanden. A n sein en  N am en knüpft sich auch der E n tw u rf der 
Stah lkonstruktion  der A utobusgarage in der Szabó József-G asse in  Budapest 
( D ie  Bautechnik, 1931), die eine neuartige, aus Rahm enträgern und aus zwi
sch en  diese gesenkten O berlichtstreifen bestehende K onstruktion ist.
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Eines der bedeutendsten  Produkte seiner w issenschaftlichen T ätigkeil 
is t  das 1922 ausgegebene Lehrbuch Stahlbetonkonstruktionen, das der U nga
rische Ingenieur- und A rchitektenverein m it der goldenen M edaille auszeich
nete. G estützt auf reiche Versuchsergebnisse b efaß te sich der A utor in  diesem  
W erk m it den verschiedenen zeitgem äßen Problem en des Stahlbetonbaues, 
m it ihrer Lösung, ja  m it bis dahin unbekannten Lösungen. Das B u ch  war jahr
zehntenlang das einzige Lehrbuch bzw. H andbuch, das den am Stahlbetonbau  
interessierten K reisen zur V erfügung stand. So war es ein langentbehrtes Werk, 
von  größter B edeutung.

D as dem Lehrstuhl angeschlossene F orschungsinstitut le is te te  aus
gedehnte Forschungsarbeiten. D ie bedeutendsten  dieser auch von  der W issen
schaftlichen Széchenyi G esellschaft unterstü tzten  Versuche b ezogen  sich auf 
die m it Silizium stahl bew ehrten T-Träger. U ber die Ergebnisse d ieser Versuche 
berichtete Prof. Mihailich  am in 1932 abgehaltenen Kongreß der In tern ation a
len Vereinigung für Brückenbau und H ochbau als A bgesandter der ungari
schen Regierung, sow ie in  seiner E igenschaft als V izepräsident eines U nter
ausschußes des K ongresses. Mit seienen V ersuchen hat er nachgew iesen , daß 
die Schubbewehrung der B alken der üblichen  Bewehrung gegenüber ohne 
G efährdung der Sicherheit w esentlich  verm indert werden kann. S päter führte 
er im Anschluß an diese Versuchsreihe U ntersuchungen von , m it F lußstahl- 
und Stahlbewehrung versehenen, m it Portland- und B auxitzem ent angefertig
ten  T-Trägern durch (Anyagvizsgálók Közlönye,  1934). In seiner A n trittsvor
lesung an der Akadem ie der W issenschaften b efaß te er sich m it dem  E influß  
der W ärm ewirkungen auf die Festigkeit der B auxitbetone (M a tem a tik a i  és 
Természettudományi Értesítő, 1926). Seine diesbezüglichen V ersuche waren für 
die Festigkeitseigenschaften  des B auxitbetons von  grundlegender B edeutung. 
Sehr w ertvoll erwiesen sich auch die V ersuche, die er zwecks E rm ittlu n g  der 
Eigenschaften  der ungarischen Zem ente vornahm  (A cta  Techn. H ung.,  1952). 
D iese befaßten sich vornehm lich m it dem Schw inden der B eton e, sow ie mit 
der W irkung der D am pfbehandlung und der H aftung der B ew ehrungsstähle  
an den B eton . Zahlreiche seiner A ufsätze sind der stets fortschreitenden E n t
w icklung des Stahlbetonbaues bzw. ihren künftigen  E ntw icklungsm öglich
keiten  gew idm et.

N ach seiner 1957 — in seinem  80. L ebensjahr — erfolgten Pensionierung  
setzte  er seine literarische T ätigk eit fort. Zu dieser Zeit verfaßte er das Werk 
‘‘''Geschichte des ungarischen Brückenbaues im  19. und 20. Jahrhundert” , dann 
unter M itwirkung seines M itarbeiters Prof. L á s z l ó  P a lo tás  das B u ch  “ Sia/d- 
betonlehre” . D ie A usgabe seines m it seinem M itarbeiter G y ő z ő  H a v i á r  ver
faßten Buches “Anfänge des Stahlbetonbaues und  die ersten Stahlbetonbauten in 
Ungarn” konnte er leider n ich t mehr erleben.

N eben seiner Lehr- und F orschungstätigkeit spielte er auch im  öffent
lichen Leben eine bedeutende R olle. Jahre hindurch war er P räsid en t und
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L eiter  der Budapester Ingenieurskam m er, dann D irektor des von ihm  angereg
te n  F ortb ildungsinstituts für Ingenieure. In seiner Eigenschaft als Präsident 
des Stahlbetonausschusses n ah m  er lebhaften A n te il an der Arbeit des U ngari
sch en  Ingenieur- und A rchitektenvereins, sowie an jener des Vereins der U nga
r isch en  W erkstoffprüfer. U n ter  seiner Leitung w urde unter anderen 1931 die 
n eu e Stahlbetonvorschrift angefertigt.

In  Anerkennung seiner um fassenden fachm ännischen  und w issen sch aft
lich en  T ätigkeit wurde er 1933 zum korrespondierenden und 1949 zum  ordent
lich en  M itglied der U ngarischen  Akademie der W issenschaften gew äh lt. Im  
R a h m en  der Akademie b ek le id ete  er jahrelang die Stellung eines Präsidenten  
der S ek tio n  für technische W issenschaften, b e te ilig te  sich eingehend an den 
A rb e iten  der verschiedenen A usschüsse der A kadem ie, vornehm lich an der des 
H auptausschuß es für B auw issenschaften , deren Präsident er w ährend eines 
J a h rzeh n tes  war. In W ürdigung seiner T ätigkeit w urde er zum E hrenpräsiden
ten  d es H auptausschußes gew äh lt.

Sow ohl die ungarische Regierung, als auch die ungarischen und  aus
lä n d isch en  U niversitäten w ü rd igten  seine T ätigkeit durch Verleihung v o n  hohen  
A uszeichnungen . 1938 w u rd e Prof. M i h a i l i c h  das K om turkreuz des U nga
r isch en  Republik verliehen. 1948 erhielt er die h öchste ungarische A uszeich 
n u n g , den goldenen Grad des K ossuth-Preises. 1950 wurde er m it dem  Ver
d ien stord en  III. K lasse der Ungarischen V olksrepublik  ausgezeichnet. Der 
P räsid ia lra t der U ngarischen Volksrepublik verlieh  Prof. M i h a i l i c h  im  Jahre 
1957 d en  Verdienstorden der R oten Fahne und 1962 den Orden der A rbeit. 
A n lä ß lich  seines 80. und 85 . Geburtstages w urden ihm , sowohl se iten s der 
T ech n isch en  U niversität für Bau- und V erkehrsw issenschaften feierliche  
E h ru n gen  zuteil, aber auch ausländische Fachkreise würdigten seine Schöpfun
gen  m it großer A nerkennung. B ei dieser G elegenheit würdigten die F ach
zeitsch r iften : “Die Bautechnik'’, und “ Beton- und Stahlbetonbau ’ eingehend die 
V erd ien ste , die Prof. M i h a i l i c h  auf dem G ebiet der Entw icklung des S tah l
b eto n b a u es erwarb.

D ie  Budapester T ech n isch e U niversität ze ich n ete Prof. M i h a i l i c h  1948  
für se in e  wertvolle w issen sch aftlich e Tätigkeit m it der Verleihung des w issen
sch a ftlich en  Grades eines D r. E . h. aus. D erselbe T ite l wurde ihm 1954 v o n  der 
D resd n er Technischen U n iv ers itä t zugesprochen. D as diesbezügliche D iplom  
ü b erreich te  ihm feierlich e in e  Abordnung der D resdner Technischen U niver
s itä t , an deren Spitze der R ek to r  der U niversität stand .

A nläßlich der h u n d ersten  Jahreswende des G eburtstages des hervorra
gen d en  Gelehrten, Professors und ungarischen Ingenieurs gedenken w ir seiner 
in  t ie fe r  Ehrfuhrt. Zwar ver ließ  er uns, doch wird sein  an Schöpfungen reiches 
L eb en  ste ts  als ein edles B e isp ie l einer hervorragenden Persönlichkeit dienen. 
S ein e kühnen B rückenkonstruktionen großer Spannw eiten , seine hochragenden, 
s to lz e n  Bauwerke w erden zahlreiche G enerationen hindurch den R u f und die

Acta Technica Academiae Scientiarurn Hungaricae 86, 1978



IN MEMÓRIÁM PROFESSOR GY. MIHAILICH 2 3 5

unvergänglichen V erdienste des gelehrten Professors verkünden. S einen  hoch
sinnigen Geist werden seine T ätigkeit im m er bezeugen. Das A ndenken an seine 
m arkannte Persönlichkeit, die ein langes M enschenleben hindurch dem  U nter
rich t der jungen Ingenieurgeneration und der Fortentw icklung der ungarischen  
technischen  W issenschaften  diente, wird n icht erlöschen.

G y ő z ő  M i h a i l i c h  is t  verschieden, doch als Unsterblicher in  das Pantheon  
der großen ungarischen Ingenieure eingezogen.

P . Csonka
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The aim  o f  the present paper is to introduce a theory of hazards, and an actual 
application thereof. This theory describes the idea o f hazards by logic rather than by  
an algebraic qu antity . The introduction inform s on how to model the hazards o f any  
actually operating plant. As an application o f th e  theory of hazards, a stu dy  on com 
bustion processes using the m ethod of stationary therm al conditons will be described. 
Then, on th is basis the coefficients o f com bustion  process hazards are determ ined. 
W ith these factors known, the hazards o f all the elem entary events feasib le in the 
area associated w ith  the com bustion processes w ill be theoretically calculated , b y  tak 
ing into full account the preconditons o f hazards.

Introduction

In 1972, one o f  the major scientific organizations o f the U nited  States, 
the Institu te o f  E lectrical and E lectronics Engineers (IE E E ) had elaborated  
in a m ethodical m anner |1] a logical procedure for the studies on hazards, 
applicable for the facilities of nuclear energy production. This m ethod is based  
on the observation th at the factors m aking an equipm ent (nuclear reactors, 
steam  hoiler, pressure vessel, etc.) hazardous can rather be described by a 
collection  of yes-or-no statem ents, than b y  differential equations, continuous 
and analytical fu n ction s, or sim ilar means preferred in m athem atical physics.

It was recognized, furtherm ore, that th e  hazards o f an equipm ent cannot 
be calculated in th a t sense, for exam ple, as its  strength , operational tempera-4 
ture, or pressure is usually  determ ined, designed, and dim ensioned. The hazards 
of an equipm ent are far more estim ated  than  calculated.

The hazards o f  an equipm ent considered hazardous in practice are 
represented b y  a tw o-valued  physical q u an tity , i f  it is expressed in the term ino
logy  of physical description. These tw o values are the two logical values o f a 
proposition or statem en t: the “ y es”  and th e  “ no” , or the “ true”  and the  
“ fa lse” .

It was nuclear reactor engineering, in th e  elaboration o f w hich, as in 
publicly known, som e of the top m athem atical authorities o f the world like 
J .  von  N e u m a n n  and G. B i r k h o f f  [2] have also participated, where it  was 
recognized for th e  first tim e that the param eters involved and m ost essential

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



2 3 8 POLINSZKY K. et al.

from  th e  aspect of hazards w ould  greatly differ from other physical quan tities  
ch aracteristic  o f reactors. T his difference is expressed by the fact th a t the  
characteristics used to  describe the hazards are correlated in  quite another  
w a y  th a n  the physical properties. H ere, for exam ple, pressure and volu m e are 
n ever m ultip lied  w ith  each other (although th is product would u n doub ted ly  
characterize the hazards, am ong others, in  one w ay or another), but th e  factors  
o f exp osu re to danger are “ conjugated” .

Such  a factor m ay be th e  tem perature increase in  the equipm ent

ZlT >  0,

w h ile  another one m ight be represented b y  the increaded concentration  of 
th e  fuel:

AC  > 0 .

T he jo in t  effect of the above tw o factors can be described by the expression

(zIT >  0)A (AC  > 0 )

w here Л is the sym bol o f th e  logical conjunction  and it  means “ and” or “ e t” .
T h e effect o f the factors o f  hazards m ay he sim ultaneous or a lternative. 

T he sim ultaneous effect o f th ese  factors can he described by their conjunction , 
w hile th a t  o f  the alternative factors (jo intly  considered in logics, but n o t neces
sarily  jo in tly  encountered) b y  their d isjunction. In the previous exam ple, the  
fact th a t  at least one o f the tem perature and concentration o f an equipm ent 
has g rea tly  increased, m ay b e described b y  th e  follow ing logical expression:

(A T  > 0 )  V (AC  > 0 )

w h ich  is the disjunction o f th e  tw o factors (the tw o events A T  >̂ 0 and 
AC  >  0). This is another peculiar operation in  m athem atical logics, quite  
differen t from those usually  perform ed w ith  num bers, as addition, m ultip lica 
tio n , e tc .

T he factors o f hazards m ay be im plied b y  each other. For exam ple, an 
increased  concentration m ay cause tem perature increase. In such cases the  
fo llow in g  expression m ay he w ritten:

(AC  >  0) => (ZlT >  0).

T his is  a relation betw een th e  hazard factors, resem bling from several aspects  
the re la tio n  “ being larger th a n ”  in connection  w ith  numbers, such as asym 
m etrica l, transitive, etc. The coefficien ts o f  exposure to  hazards h ave their  
reverse expressions as w ell. T hus the reverse o f  ZlT >  0 is

zJT < ; 0 .

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



A LOCIC THEORY OF HAZARDS 2 3 9

It is easy to realize th at the reverse of

{A T  >  0) Л {AC  >  0) 
is

{A T  ^  0) V {AC  ^  0).

V erbally, the reverse o f  increasing both  tem perature and concentration  is that 
at least one of th em  w ill not increase. The individual chapters o f  m athem atical 
logics deal w ith th e  regularities o f  the “ and” , “ or” , “ if  — th en ” , “ no” , etc. 
operations and relations. These can  be described and used in  th e  sam e exact 
w ay as, for exam ple, the four operations o f arithm etic. The paragraphs below  
sum m arize the form al basic know ledge m ade use o f in  the logic theory  o f the  
factors of hazards. These, by th e  w ay, coincide w ith  the operations o f  the  
so-called “ event algebra” em ployed in probability  theory and w ith  those o f  
the “ proposition algebra” , the other concretization  o f Boole algebra w idely  
used in com putation  engineering.

To sum up, the concept o f  hazard factor covers the follow ing ideas:
(1) I f  p  is a physical q u an tity  and A p a change in p ,  then the statem ent 

(even t, relation)
Ap  >  0

is a hazard factor.
(2) The reverse o f a hazard factor is again a hazard factor, th a t is, i f  

then the statem ent (event, relation)

Ap < , 0

is again a hazard factor.
(3) I f  a and b are hazard factors then the events

а Л b, and a V b

futherm ore, a' and b'
are sim ilarly hazard factors; here

а Л b is th e  conjunction o f  a and b, 
a V b m eans the d isjunction o f a  and 6, and  
a' {b') represents the reverse o f a resp. (6).

The m athem atical definition o f conjunction , d isjunction, and reverse, respectiv
ely , is given below .

To begin w ith , tw o events hazard factor are considered equal i f  th ey  are 
m utually  im plied b y  each other or, in the form o f an expression:

W e say a =  b, i f  a >  b and b >  a
A tten tion : Here th e  term  “ and” cannot be replaced by the sym bol Д , since 
a >  b and b >  are not hazard factors anylonger, only sta tem en ts about them .
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In  order to define the fundam ental equations o f  the hazard factors two  
m ore auxiliary notions have to  be introduced: the absolute hazardous and the  
a b so lu te  harmless events (hazard factors). The former, denoted b y  I. means 
e v e r y  ev en t that is im plied b y  an y  event together w ith  its denial, such as

( z i r > 0 ) V ( ^ < 0 )

s in ce  o u t o f a hazard factor and  o f its reverse at least one has to  be hazardous 
(in  th e  above exam ple A T  0 is really dangerous although, w hen freezing  
A T  0 w ill become the a c tu a lly  hazardous event).

A  fundam ental feature o f  th e  logical theory o f  hazards is th a t the absolute  
d an gerou s events are not d istinguished . Thus the absolute hazardous event

(A C  >  0) V (AC  ^  0)

is considered  to be equal to  (A T  > 0 )  V (A T  <[ 0) above, although the tw o  
c a n n o t be said to be m u tu a lly  im plied.

On this basis the absolu te dangerous event can now be discussed as denoted  
b y  a single letter sym bol, sa y  I. An absolute harm less event, on the other  
han d , is which brings about every  and any other event together w ith  its 
reverse , as

( A T  >  0) A (AT < ,  0).

A lth o u g h  this never takes p lace , but if  it ever w ould, we could arrive at the  
con c lu sio n  that, am ong o th ers, A T  >̂ 0 and, o f course, A T  <( 0. In  other 
w ord s, th e  (AT  >  0) sta tem en t, together w ith its reverse, w ould follow  from  
an ab so lu te  harmless event. J u s t  as in  the case of the absolute hazardous events, 
here again  only one absolute harm less event m ay ex ist, denoted by 0. It m ight 
be sa id  th at absolute hazardous is the event w hich alw ays takes place, w hile  
a b so lu te  harmless is w hich n ever occurs. This clarifies the basic concept of 
th e  lo g ic  o f hazards and, accordingly , the fundam ental rules of the logic of 
ex p o su re  to hazards m ay now  be set up.

T h e first two rides assure th a t the grouping o f the hazard factors is 
ir re lev a n t whenever more th a n  tw o such factors are dealt w ith  either sim ulta
n eo u sly  or alternatively:

(b ,)  a A (b A c) =  (a A b) Л c

(L2) a V (/' V c) =  (a V b) V c

and  L 2 are the associative law s o f  the hazard factors.
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The second tw o rules express the indifference o f  the order o f  the hazard 
factors in the case o f  their conjunctions and disjunctions:

(L3) а Л b =  b A a,

(L t) a V b =  b V a.

The third tw o rules describe how the factors o f  danger surpass each 
other. I f  factor “ a” m ay be spoken about in connection w ith  “ 6” , both sim ulta
n eously  and alternatively , then “ a ”  w ill be the decisive factor in  the following
sense:

(L5) a A (b V a) =  a,

(Lc) я V (b A a) =  a.

These are the superiority laws o f  hazards.
The fourth pair o f rules describe the formal relation o f th e  coffecients of 

hazards to their respective reverse:

(L7) я A a' =  0,

(Lg) я V a' =  I.

T his includes by stipulation , th at on ly  one opposite hazard factor pertains to 
every hazard factor and that on ly  a fin ite  number o f hazard factor ex ist.

B y  means o f  laws L[—Lg it  is easy  to show th at the fo llow ing tw o pairs 
o f  rules, are also valid:

(L(J) a A (b V c) =  (a A 6) V (a A c),

(L 10) a V (b Л с) =  (я V l>) Л (я V c). 

th e  distributive law s o f hazards, and

(L u ) (a A b)' = a' V b',
( L 12)  ( я  V b)' = a '  Л b'

th e  De Morgan law o f exposure to  danger.
The logic theory o f hazards can readily be elaborated on th is algebraic 

basis as w ill be show n later on.
Now a few  words on the evalu ation  o f the coefficien ts o f  hazards, as 

th is  has not even been touched upon  yet. In other words, it has not been men
tioned  wether the even t expressed by the hazard factor w ould actu a lly  occur 
or not?
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F rom  now on the danger va lu e o f the hazard factor (or event) x  w ill be 
d en o ted  b y  the sym bol v(x).

L et us assume on ly  tw o  possibilities: even t x  w ill either take place 
or n o t.

I f  x  occurs then its  danger value is 1, so w e w rite

v(x) =  1.

If, on  th e  other hand, л; does n o t occur then

v(x) =  0

is w r itte n , and the danger v a lu e  o f the hazard factor (or event) x  is said to  
be 0 .

Clearly, the danger v a lu e  o f  an absolute harm less even t is 0, while th at  
o f  an  absolute dangerous one equals 1, that is,

t>(0) - 0 , v(I)  =  1 .

A n o th er  assum ption on th e  va lu e  of hazards is th a t

v(x')  =  1 — v(x),

v(x  V y )  +  v(x  A y )  =  v(*) +  v(y).

I f  a num ber v(x) betw een 0 and 1 is assigned to  every  x even t, and i f  in  the  
case o f  x  ^  0 we have

v(x) ^  0

th e n  a quantitative th eory  o f  hazards can be elaborated. For exam ple, if  the  
e v e n ts  x  and у  turn a to  be in  th e  relationship

v(x) >  v(y)

th e n  it  m ight be said th a t x  is  more dangerous than  y .  Thus, a theory can be 
d ev e lo p ed  in this d irection as w ell.

Application of the theory

1. E xam in a tion  of the combustion process

In  order to illu strate w h a t has been said so far, le t us now take an actual 
ex a m p le  whereby all the principal notions o f  th e  theory  m ay be clearly pre
sen ted .
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The exam ple xvill be based on a com bustion cham ber m odel, in  th e  form  
elaborated b y  V ulis [4] and his H ungarian followers [5], [6].

The m ethod o f the stationary  therm al conditions was estab lish ed  by  
Y ulis [4] in the early fifties. E ssentia lly , the m ethod determ ines relationship  
betw een  data characteristic o f  th e  firing. This requires certain assum ptions, 
o f  course, and the latter determ ine both the v a lid ity  and structure o f  said  
relationships and the num ber as w ell as character o f the physical properties  
taken  into  consideration. In recent years our In stitu te  has worked out a diagram  
technique for the V ulis m ethod, in the very first phase of the research only  
for th e  sim plest, although in practice, already a quite prom ising case.

The rt isearch work in vo lved  the participation  o f A ndrás B é k é s s y , and 
th e  results were reported on in a brief publication [5] [6]. The present paper 
m ainly  deals w ith the problem s o f stab ility .

In the follow ing paragraphs, starting out from a sim plified , so-called  
null-dim ension m odel o f the com bustion process, a practicable calcu lation  
technique w ill be elaborated, w hose form alism  can be applied for even  the  
m odels of more sophisticated  com bustion processes. H ow ever, th e  reduction  
itse lf  w ill not be illustrated  in detail but only by a suitable m odel exam p le, so 
th e  possib ility  o f involv ing  other secondary features o f the com bustion  pro
cess, as w ell as, to  the discussion w ill not be dealt w ith , either, as th e  essentials  
o f  th e  m ethod to be presented, designed b y  Y ulis as referred to  above, can  
read ily  be understood even on the basis of the sim plest m odel.

Let us take a vessel F ig. 1, to  which a gas m ixture is in troduced  at a 
certa in  rate.

Im m ediately  after its introduction  to  the reaction area th e  com pound  
Avili there be uniform ly m ixed so an hom ogeneous distribution w ill develop  in 
th e  entire space. The condition  o f  the gas leaving the vessel corresponds to  the  
sam e. In a unit tim e a G am ount o f m ixture enters the vessel com bustion  
cham ber w ith  concentration c0, and the sam e qu an tity  w ill leave it , b u t w ith  
concentration  c. The gas entering the com bustion cham ber is characterized  
b y  tw o data: tem perature T 0 and by the stoichiom etric concentration  c0, 
w hile the characteristics o f the ou tlet gas are T  and c.

Since in a unit tim e a G am ount o f m ixture enters the com bustion  cham ber  
Avith concentration c0, and the sam e quantity  Avili leaA'e it but Avith concentra
tion  c, the m aterial transform ation per unit tim e w ill be

G(c0 — c).

fuel
mixture—»-Co ,To 
extrcnce --------

combustion
chamber

C.T

fuel
mixture
outlet

Fig. 1
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I f  a first order reaction rate m ass effect law is assum ed then the follow ing mass 
b alan ce can be w ritten :

G(c0 — c) =  Gkk 0 exp ( — E jR T )  ■ c (2)

w h e r e  G k  is  th e  w e ig h t o f  t h e  m ix tu r e  a lw a y s  p r e s e n t  in  t h e  c o m b u s tio n  c h a m b e r  ( fir in g  
e x te n s ity ) ,

k n is th e  “ p r e - e x p o n e n t ia l  c o e f f ic ie n t”  o f  t h e  r e a c t io n  r a t e  c o n s ta n t ,
E  m e a n s  th e  a c t i v a t io n  e n e rg y ,
R  is  th e  id e a l g a s  c o n s t a n t ,  a n d  
G  re p re se n ts  t h e  “ f i r in g  i n t e n s i t y ” .

I f  th e  sym bols

0  =
R T

I T ’
G 1

are introduced, from  (2) w e obtain

co — c __ _  e - i /e
C T

(3 )

(4)

S im ilarly  to the m ass b a lan ce the thermal equilibrium , too, m ay be expressed  
b y  assum ing th at th e  ch em ica l reaction tak es p lace under isolated  conditions 
and, therefore, the h eat th u s produced w ill increase the enthalpy. I f  the specific  
h ea t pertaining to  th e  co n sta n t pressure is considered as being constant, the  
h ea t released in the u n it tim e w ill be

(?i =  G(c0 — c)q (5)

w here q is the reaction  h ea t per unit w eight. The enthalpy increase o f the 
m ixtu re w ill am ount to

Qn  =  Gcp(T  — T 0).

T hus the thermal balance b y  (5) and (6) w ill be expressed by

G(c0 - c ) q  =  Gcp(T  -  T 0).

I f  th e  expression
Cp E  =  J_  

c0q R  #

(6)

(7)

( 8 )

is now  introduced, w e ob ta in

£0^  1 ( 0 _ 0 O).
cn V

(9)
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It can easily  be seen th at heat production and dissipation specify tw o  different 
functions c(6) according to  (4) and (9). I f  now  th e  new variable

<P ( 10)

is introduced then (6) and (9) m ay be w ritten  in  a sim plified form, and from  (6) 
we obtain

that is,

qp(l — cp) =  T exp

1
1 + T - i e i / ö (И)

This is called, as it  has been obtained b y  th e  transform ation o f  th e  heat 
production equation (4), the transform ed h ea t production function, or briefly  
the em ission function. Sim ilarly, from (10) w e obtain

cp = — ( 0  —  0 O)
V

( 12)

and <p(0,0O,$) is known as the transform ed h eat dissipation or, b r ie fly , the  
absorption function.

N ow  let us study the features o f th ese  functions and fin d  ou t w hat 
physical conclusions m ight he arrived at therefrom .

F irst le t us discuss the physical m eaning o f  the quantities in v o lv ed , then  
the relationship derived thereby and, fin a lly , th e  stationary therm al conditions  
w ith, how ever, the relationships referred to  alw ays taken into fu ll account.

Param eters G, Gk, c0, and q are know n to  be given by the fu e l and the  
equipm ent. G is the fuel flow , Gk means th e  w eigh t of the fuel in  th e  com bus
tion  cham ber c0 represents the in itial stoch iom etric  concentration o f  th e  fuel 
entering th e  com bustion cham ber and q , as th e  specific reaction h ea t, is the  
m aterial characteristic o f the fuel.

In addition, the description of the p h ysica l process involves, th e  basic  
quantities k 0, E , cp, R , T,  and c as w ell, w h ereof k 0, E, and cp are m aterial 
characteristics, denoting the reaction rate constant, the activation  energy, 
and the specific heat at a constant pressure, w h ile  c and T  are the s ta te  deter
m inants o f  the com bustion process. R  is a un iversa l constant. T hus, th e  com 
plete com bustion process is characterized b y  ten  data:

T 0, c„, fc0, E, cp, G, Gk, T , c, and q. (13)
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F iv e  new quantities h a v e  been introduced earlier by transform ations (5), 
(8 ), and  (10):

0O, 0, T , 0, cp. (14)

T h ese , according to (5), (8) and (10), are in  th e  follow ing relations to  th e  ten  
d a ta  o f  (13):

0

T

0

coq .

c p

1G

k 0Gk
(15)

w h ereo f on ly  the last tw o  depend on the sta te  determ inants T, c, so th e  first 
th ree  are called transform ed parameters, w h ile  0 and cp are known as tran s
form ed  sta te  determ inants. B y  the way, transform ation  (15) is o ften  referred  
to  as sim ilarity  transform ation. The data thus transform ed are d im ensionless 
n character, and yield  tw o  equations under sta tio n a ry  conditions:

1

4 1 +  re1/e ’
(16)

cp = " — (0 — 0o) •
V

(17)

V a lu e  pairs (p, 0, sa tisfy in g  th ese  tw o equations, represent the intersection  poin ts  
o f  th e  em ission and absorption  functions. E q u a tio n s (16) and (17) in v o lv in g  
th e  a b o v e  fiv e  quantities determ ine two data. T hus if  0O, 0, and т are sp ecified , 
th e n  <p and 0 can be ca lcu la ted  from (16) and (17). And since the expression  
u n d er (16) is transcendent, b o th  the easiest w a y  o f its  solution and discussion  
is  to  do it  graphically.

T h e best review is feasib le  b y  specifying tw o  o f the 0O, 0, and r param eters  
and v a ry in g  the third one, th en  studying th e  developm ent of the in tersection  
p o in t and  com bustion cond itions as the fu n ction  o f  it . Accordingly, th e  fo llow 
in g  cases m ay he encountered:

(a) 0O, 0  fixed , r  variab le , (18)

(b) 0O, r fixed , 0  variab le , (19)

(c) 0 , r fixed , 0O ch anging . (20)
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Cl Cj

Fig. 2. T h erm al condition ty p es possible in practice

T heoretica lly , the num ber o f intersections m ay be one, two, or three, in  each  
case. I t  is not certain at a ll, on the other hand, w hether at a jo in t fix ed  param 
eter pair value any o f the three cases m ay be arrived at m erely b y  changing  
th e  th ird  param eter (th is w ill happen on ly  in  case a3 o f the attached  figures, 
see below ).

Taking into consideration  the possib le num ber of points o f in tersection , 
a to ta l  o f 9 cases w ill be feasible (Table I). In  Table I all the sta tes h a v e  been  
in d ica ted  where the num ber o f the points o f  intersection is one, tw o , or three  
(singular, double, and trip le states, resp ectively ). The conditions correspond
in g  to  these 9 cases are illu strated  in F igures 2/av  a2, a3; 6X, b2, b3; cx, c2, c3. 
S ym b ols for the points o f  in tersection  include a letter sym bol referring to the  
principal cases (a), (b) and (c) o f (18) to (20), a first index applying to  sub-cases 
1., 2 . and 3. o f T able I, and a second in d ex  increasing w ith  th e  sim ilarly  
increasing  ordinate va lues.
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Table I

Cases
Fixed

param eters
V ariable

param eters

No of th e  points 
of intersection 

(feasible sta tionary  
states) — 

“ m ultiplicity”

Symbol of the points 
of intersection

° i o 0, & T s in g u la r
1

« И

«2 o 0 ,  9 T d u b le
2

«21 ®22

«3 0 „ , 9 T t r ip l e
3

a 31 a 32 ®33

Ьг » W  T 9 s in g u la r
1

bn

^2 9 0- Г 9 d u b le
2

b%\ &22

b3 » o -  r 9 t r ip le
3

^31 ^32 ^33

C1 ■&, T o „ s in g u la r
1

C11

<•2 T » 0 d u b le
2

^21 ^22

C3 9 ,  T о 0 t r ip l e
3

C31 C32 C33

Fig. 2 reveals th a t two poin ts of in tersection  are possibly on ly  o f at 
least one thereof is a tangent point.

N ow  let us stu d y  the physical states represented by the 9 possible points 
o f intersection (o lt  . . . c33).

O bviously, a precondition o f  stab ility  is to have a lower or higher em is
sion function value w hen  increasing or decreasing th e  tem perature o f the system  
th an  that of absorptions respectively, as th is would mean th at the heat 
absorbed within a u n it volume per unit tim e w ould he greater or sm aller, 
respectively , than th e  heat actually produced or, in  other words, that the tem p e
rature o f  the system  should attem pt to decrease or increase, again respectively , 
th a t is, to restore its  original value.

Left-side m etastab le  (instable from the left, stable from the right) is 
the sta te  where absorption exceeds em ission upon either an increase or a de
crease o f the tem perature, while right-side m etastable (instable from the right 
and stable from th e left) is any condition  under w hich the em ission w ould  
exceed  absorption at a tem perature increase and decrease alike.

In Fig. 2 the stab le  states are sym bolized b y  arrows directed to the appro
priate point, while th e  instable conditions b y  th ose follow ing opposite direc
tion s from that p o in t. The left and right-side m etastah le  states are show n by  
connection-oriented arrows pointing to the le ft and right, respectively . These
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arrow s reveal, at the sam e tim e , th e  reaction trend o f the system  upon the  
e ffec t o f  minor perturbations.

F ollow in g the d iscussion  o f the stable sta te  conditions, le t  us now  
ex a m in e  th e  so-called critical sta tes . A stationary sta te , or the point represent
in g  su ch  a state, is called cr itica l i f  its state characteristics (or (p and в co-ordin
a tes) are n ot continuous fu n ction s o f the param eters 0O, ft, and r.

F ig . 2. shows th a t all m etastab le  states or tan gen t points, and on ly  those  
are cr itica l. Point o21, for exam p le , is critical because by any arbitrarily sm all 
v a r ia tio n  o f 2, line q>a w ith  param eters 60 w ill cease to touch the new  em ission  
cu rve w hereby 9 ^  w ill n ot be a continuous function o f r, anym ore, since 
in  th e  case o f fixed  9 0, ft it  is  undefined  for т  4 -  Ат  however sm all A t  is.

L e t us now exam ine a le ft-sid e  m etastable sta te , m eaning th a t b y  decreas
in g  e ith er  90, ft or l /т the double state  w ill be transform ed in to  a singular one, 
sin ce  th e  reduction o f 9n w ou ld  m ake cpa sh ift to the left, parallel to itself, 
w h ereas an increased 1/ft w ill m ake the straight line rotate anti-clockw ise  
around  0 O, and an increase o f  r _1 w ill cause th e  displacem ent o f  curve <pe to  
th e  r ig h t. Thus (pa and cpe w ill not touch anylonger, in  any o f the three cases, 
no n ew  intersection w ill be created  and, therefore, actually  a double to  singular 
tra n sitio n  will occur.

N ow  what does th is  tran sition  mean from  physical aspects?
A  reduction o f 60 o b v iou sly  means a cool-off for the m ixture entering  

th e  sy stem , that of ft a decrease o f at least one o f  c0 or q, according to  (15), 
th a t  is , a reduction of the th erm al power o f the m ixture introduced, whereas a 
red u ctio n  of 1/r would lead, according to  (3), to  an increased rate o f  the m ixture  
b lo w n  in . In our approach how ever, these three m om ents m ean ex a ctly  the  
“ b lo w -o u t” of the fire. I t  is , therefore, fu lly  justified  to  call th is leftside  
m eta sta b le  state as the ex tin c tio n  point, since w ith  the above phenom enon the  
e x is t in g  sta te  would be transform ed into a sta te  o f a lesser tem perature and 
lesser  concentration variations

th a t  is , oxidation w ould slow  dow n (this is w h y  a candle MÛ11 keep on glowing  
after  extinction).

T he right-side m etastab le  sta te  can be interpreted in a sim ilar w ay, but 
characterized  by exactly  th e  opposite m om ents. I f  the sytem  is in  th is state  
(th e  right-side m etastable s ta te  o f a double case), then, upon any arbitrarily  
sm a ll tem perature increase, th e  state  would correspond to the on ly  one possible  
cn  form . If, on the other han d , tem perature 60 is sligh tly  reduced, then , since 
th e  s ta te  is o f the left-side stab le  typ e, no sign ificant change w ill take place, 
b u t th e  system  w ill a ttem p t to  return to its original condition. This phenom enon  
o f  ig n itio n  is well know n: ev ery d a y  experiences show that firing sim ply m ust
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have a phase th a t w ill change over into a state  o f  radically  higher tem perature  
w hen the tem perature o f  th e  m ixture feed is increased even to on ly  an arbitrarily 
sm all degree (flash poin t). The sam e changeover w ill be experienced upon the 
increase o f d  or l /т. The la tter  means that a reduction  o f the b last rate m ay  
lead  to  flash-up. A ccording to  another everyday experience, i f  th e  fire of 
barbecue place “ does n o t w ant to  start burning” , we start blow ing it  and, if 
the blow is in tensive, enough, flam e-up w ill alw ays follow.

Based on the above findings, it  m ay be sta ted  th a t the notions o f  m eta
stab le and critical conditions are equivalent, and th a t the left-side m etastable  
conditions represent ex tin ction  points, while th e  right-side ones flash-up or 
ignition  point cases, as such events w ill lead to  increased #  and l /т  param eters, 
th at is, to in stab ility .

2. Coefficients o f  hazards in the combustion process

The reason w h y  th e  com bustion cham ber m odel had to  be discussed in 
such detail was to  prove th a t the factors prom oting the developm ent of 
hazards would accum ulate in on ly  three theoretical values: 0O, # , and r.  Increas
ing any o f them  w ould  transform  the point o f  intersection  o f the heat 
production and therm al absorption curves in to  a tangent point, w hereby a 
critical condition m ight be achieved.

From a practical v iew p oin t, therefore, the hazard factors w ill be those  
on w hich param eters 6, $ , and т depend in a m easurable and physically  
known w ay.

These are, as has been pointed out above, th e  physical quantities

To, Fq, G, Zcq, FJ, Cp, ç, and Gj(

wherefrom the hazard factors are obtained by creating events o f the

Ap  > 0  or 

Ap <  0

form . An adequate discussion m ay be assum ed in  one o f tw o schem es. I t  m ight 
be agreed th at, for exam ple, i f  a physical q u an tity  p  is reducing instead  of  
increasing any o f the hazard factors 0o, 'd and r th en  p  should be replaced  
b y  1 Ip as in the case o f  k 0, E ,  or cp. As another convention , how ever, instead  
of e.g. the event
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w e m a y  deal with the hazard factor

A k  <  0.

H erea fter  the present paper w ill accept the latter.
A ccordingly, the hazard factors of the Y ulis com bustion cham ber w ill be

AT0 >  0, Ac0 > 0 ,  AG >  0, Ak0 > 0 ,  A E  <  0,

Acp < 0 ,  Aq >  0, AGk >  0.

T h ese  ev en ts  represent a com p lete  event system  in  the follow ing sense. I f  they  
are d en o ted  by ev  e2, . . . e8, th e n  it  m ight be said th a t the absolute dangerous 
s itu a tio n  w ill only occur i f  a t lea st one of the above events takes p lace:

or b r ie f ly
I  => ex V ег V e3 V e4 V e5 V eß V e7 V e8 

8

I  => V e,
i = i

and , sep arately  for each e,(i =  1, . . .8):

e, => I .

B y  m ean s of this com plete ev en t system  each elem ent of the ev en t scheme 
a sso c ia ted  with the system  in  question  (here th e  Vulis com bustion  chamber) 
can  b e  readily obtained.

I t  is to be noted here th a t  the literature u su a lly  adds to  th e  com plete  
e v e n t  sy stem  idea the fact th a t  th e  members (elem ents) o f such a system  exclude  
each  o th er  m utually. In our w ork  such a system  o f events is know n as a norm a
lized  e v e n t system  w hose e lem en ts are connected to  create 8-m em ber conjunc
tio n s  consisting of the above e15 e2, . . .e8 events and their e[, e'2, . . .  e8 opposites, 
in  w h ic h  each element or its  reverse m ay occur on ly  once. These conjunctions 
are regarded as elem entary even ts.

Such  an elem entary e v e n t is, for exam ple,

e( Л e2 Л e3 Л e4 A e5 A e6 A e7 A e8 

or, in  an  abbreviated form :

e l  e 2 e 3 e 4 e 5 e e e 7 e 8

In  our example th is m eans that

AT0 <; 0, Zlc0 ^ 0 ,  AG >  0, Ak0 < 0 ,  AE  <  0,

Acp < 0 ,  Aq <; 0, AGk =  0.
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In other words, the firing system  was affected  by a disturbation in  which five  
of the eight param eters, except tem perature, concentration, and firing exten 
sity , had been dangerously changed. S im ilarly, in the course o f  the

A ea A e3 A e4 A es Л ee A e7 A e8

elem entary event all the param eters have been m odified to a dangerous degree, 
w hile the elem entary even t

e[ Л e3 Л e3 Л e4 Л e3 Л е'ъ A e7 A e3

has been developed w ith ou t any of the param eters having been changed to  
hazards.

Thus, the ev en t schem e associated w ith  the Yulis firing system  m ay be 
said to have an 8-dim ensional character, as the events in  the com bustion  
cham ber are described b y  8 variables. So it  is easy to see th a t in  the Yulis 
space the num ber o f  elem entary events is 28 =  256.

3. Calculation o f  the hazardous states

Certainly not all o f the elem entary even ts should be considered as hazard
ous. One o f the fundam ental duties o f th e  theory of hazards is exactly  to 
su p p ly  a m ethod w hereby it could be determ ined under the know n conditions 
o f hazards w hich o f the elem entary events w ould prove to  be hazardous, and 
w hich not.

In order to  illu strate the above sta tem en t, let us now deal w ith  the  
conditions o f hazards w hich are sim ilarly sta tem en ts but, in turn, o f  a character 
b y  means o f w hich th e  hazards o f the in d iv id u al events m ight be assessed.

A typ ica l exam ple on the conditions o f  hazards m ay be found in the 
IE E E  standard referred to in the In troduction  o f this paper (1), w hich  is the  
generally accepted “ 2/3 condition” . This m eans that in a threedim ensional 
space of events an elem entary event w ill be regarded to  be dangerous if  at 
least two o f the three hazard factors vary in a dangerous w ay. N atu ra lly , some 
other (simpler or more sophisticated) cond itions o f danger are also considered  
in practice. The condition  of hazards we have the intention to  discuss here is 
o f  the so-called

“ all/one”

typ e. This m eans th a t an elem entary ev en t is regarded hazardous, if  all the  
param eters increasing at least by one o f  th e  theoretical param eters 0O, h, and 
T change dangerously.

This stipu lation , rather com plex at th e  first glance, is actu a lly  quite 
plausible and is o ften  used in the theory o f  hazards.
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In  order to bring the “ a ll/one” condition in to  m athem atical form , let  
us con sid er the dependence o f  th e  param eters 0O, and т o n T 0 . . . Gk in  the  
case  o f  th e  Yulis model. F rom  the aspects o f the theory o f hazards, th is  is 
sum m arized  in the follow ing Table:

Tabic II

C oefficients (events) of ei e2 e 3 4 4 e7 e 8
hazards

Physical-chem ical T 0 C0 G 1/fco 1 IE V cp <1 1 IGk
param eters 

T heoretical parameters

00
&

T

+ +
+ + H-

In  th is table the cross sign  m eans that the physical-chem ical param eter  
in  th a t  colum n will increase th e  theoretical fuel engineering param eter in  the  
corresponding row.

B ased  on what has b een  so far said, all the disturbations and danger 
va lu es can  readily be determ ined  now. The relevant calculation resu lts are 
su m m arized  in Table III .

T h u s, for exam ple, T 0 w ill increase 0O but not $ , 1 /k 0 is increasing r, 
etc . I t  should  not be forgotten  th a t, from the aspects o f  the theory of hazards, 
on ly  th e  increasing coefficien ts o f  0O, $ , and т are in teresting. Table I I I  show s 
for ex a m p le , that disturb ation .

e[ A e2 Л e3 Л e4 А е'ъ Л e'6 Л e7 A e8 =  D 1U 

is n o t dangerous, as it  m eans th a t

c0, G, 1 /k 0, q, and 1 jGk

h ave increased , but none o f  th ese  f iv e  param eters include a group in  w hich  
all th e  increasing factors o f a n y  o f 90, #  or r w ould occur since, for in stan ce, 
th ose  o f  в 0 are e4 and e5, bu t e1 can n ot be found in  D l u .

Sim ilarly , the increasing factors o f $  are e2, et, ee and e7, hut on ly  e2 and  
e7 can  b e  discovered in D 114. F in a lly , the increasing factors o f т are e3, e4 and  
e8, b u t  D xu has no e8.

A  few  words on the num bering of the d isturbations. The to ta l o f  256  
d istu rb ation s actually feasible are best num bered in such a manner th at a con 
clu sion  should  he arrived at from  this num bering to  the disturbation proper.
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The so-called binary coding is the m ost su itab le  for this purpose. This is based  
on ordering to the even ts el5 e2, . . .  e8 to  th e  num bers

128 =  2 7, 64 =  26, 32 =  2 5, 16 =  24, 8 =  23,

4 =  2 2, 2 =  21, and 1 =  2 0

and then m ultip ly th em  b y  1 or 0, according to  w hether the even t itse lf, or 
its reverse plays a role in  the disturbation. The products thus ob ta ined  are 
added up, and the resu lt w ill be the serial or code number of the d isturbation  
in question. For instance, in  the above exam ple the events

e2, e3 and e7,

are in vo lved  w ithout, how ever, their reciprocals (the others are present re
versed.)

T hus, the code w ill be

2«-2 . 1 28-3 . 1 _f_ 28-4 . I _|_ 28-7 . I =

=  64 +  32 +  16 +  2 =  114

In a more detailed form , the code o f the

e[  A e2 A e3 A e4 Л e'5 Л е'й A e7 A e8

disturbation w ill be

28-1 . 0 +  28 -2  • 1 +  28-3 • 1 +  2 4- 4 - 1  +  28~ 5 • 0 +

+  28-® • 0 +  28- 7 • 1 +  28-8 • 0 =  114.

G enerally, a disturbation m ay be specified in  an n-dim ensional space o f  even ts  
b y  the fo llow ing form ula:

eu e 2  ез3 • • • eni where =  0 or 1, and 

e ? =  e
e'’ (i -  1, 2, . . n) 

e j  =  e,-.

In a still more concise form , the general form o f disturbation m ay be w ritten  as

n
A eî'

i=l
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w h ile  th e  serial num ber o f th e  disturbation can be expressed, in general, as

2 » - i  • e i  +  2 " - 2 • ^  +  2 " - 2 • e j  +  • • • +  2 " - "  • e'n
w here

ei =  1 — elt (i =  1, 2, . . n)

T h u s, again  still more concisely , the serial num ber o f disturbation

П

A e e‘
í=i

w ill be

jv ’ 2n ~ i e'l .
i=i

L et us see by w ay o f an exam ple, d isturbation  N o 77:

77 =  64 +  8 +  4 +  1 =  2s - 2 +  28- 5 +  28"6 +  28~8 

and sin ce th is resolution is clearly unique th u s the events

2, 5, 6 and 8

are con ta in ed  by d isturbation  No 77 unreversed and the others reversed. Thus, 
w e ob ta in

D 77 =  e [  A e ? Л eá A e [  A e5 A ee A e'~ A ea

w h ich  m eans that

zlT0 ^  0, Ac0 > 0 ,  AG <  0, A l / k 0 ^  0, (Ak0 >  0),

A l j E  >  0, ( A E  <  0), Al / cp >  0, (Acp <  0),

A q < ,  0, J l /G fc > 0 ,  (/1G ,;<  0).

T his 4s such a d isturbation o f  the param eters, w hen
— the fuel tem perature does not increase (T 0),
— the fuel concentration  is increasing (cn),
— firing in ten sity  does not increase (G),
— the reaction rate constant w ill not decrease (A;0),
— the activation  energy is decreasing (E ),
— the specific h eat at a constant pressure w ill decrease (cp),
— com bustion heat does not increase (q '), and
— the firing ex ten sity  (G;.) is decreasing.

T ab le  I I I  tells that th is is not a hazardous d isturbation  as 0n does not increase  
th rou gh  T 0, neither does §  b y  q , nor т by eith er G or k 0.
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Table III

Dangerous disturbations

Sering
№

Serial
т»

Temperature
C0

Concentrât ion
G

Firing
к

Reaction rate  
constant

E
A ctivation

energy
.CPSpecific heat

4
Combustion

heat
Firing

extensity
H azards

0 No increase No increase No increase No decrease No decrease No decrease No increase No decrease Harmless

1 No increase No increase No increase No decrease No decrease No decrease No increase Decreasing Harmless

2 No increase No increase No increase No decrease No decrease No decrease Increasing No decrease Harmless

3 No increase No increase No increase No decrease No decrease No decrease Increasing Decreasing Harmless

4 No increase No increase No increase No decrease No decrease Decreasing No increase No decrease Harmless

5 No increase No increase No increase No decrease No decrease Decreasing No increase Decreasing Harmless

6 No increase No increase No increase No decrease No decrease Decreasing Increasing No decrease Harmless

7 No increase No increase No increase No decrease No decrease Decreasing Increasing Decreasing Harmless

8 No increase No increase No increase No decrease No decrease Decreasing Increasing Decreasing Harmless

9 No increase No increase No increase No decrease Decreasing No decrease No increase Decreasing Harmless

10 No increase No increase No increase No decrease Decreasing No decrease Increasing No decrease Harmless

11 No increase No increase No increase No decrease Decreasing No decrease Increasing Decreasing Harmless

12 No increase No increase No increase No decrease Decreasing Decreasing No increase No decrease Harmless

13 No increase No increase No increase No decrease Decreasing Decreasing No increase Decreasing Harmless

14 No increase No increase No increase No decrease Decreasing Decreasing Increasing No decrease Harmless

15 No increase No increase No increase No decrease Decreasing Decreasing Increasing Decreasing Harmless

16 No increase No increase No increase Decreasing No decrease No decrease No increase No decrease Harmless

17 No increase No increase No increase Decreasing No decrease No decrease No increase Decreasing Harmless

18 No increase No increase No increase Decreasing No decrease No decrease Increasing No decrease Harmless

19 No increase No increase No increase Decreasing No decrease No decrease Increasing Decreasing Harmless

20 No increase No increase No increase Decreasing No decrease Decreasing No increase No decrease Harmless

21 No increase No increase No increase Decreasing No decrease Decreasing No increase No decrease Harmless

22 No increase No increase No increase Decreasing No decrease Decreasing Increasing No decrease Harmless
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23 No increase No increase No increase Decreasing

24 No increase No increase No increase Decreasing

25 No increase No increase No increase Decreasing

26 No increase No increase No increase Decreasing

27 No increase No increase No increase Decreasing

28 No increase No increase No increase Decreasing

29 No increase No increase No increase Decreasi g

30 No increase No increase No increase Dccreasi g

31 No increase No increase No increase Decreasing

32 No increase No increase Increasing No decrease

33 No increase No increase Increasing No decrease

34 No increase No increase Increasing No decrease

35 No increase No increase Increasing No decrease

36 No increase No increase Increasing No deerease

37 No increase No increase Increasing No decrease

38 No increase No increase Increasing No decrease

39 No increase No increase Increasing No decrease

40 No increase No increase Increasing No decrease

41 No increase No increase Increasing No decrease

42 No increase No increase Increasing No decrease

43 No increase No increase Increasing No decrease

44 No increase No increase Increasing No decrease

45 No increase No increase Increasing No decrease

46 No increase No increase Increasing No decrease

47 No increase No increase Increasing Decreasing

48 No increase No increase Increasing Decreasing

49 No increase No increase Increasing Decreasing

No decrease

Decreasing

Decreasing

Decreasing

Decreasing

Decreasing

Decreasing

Decreasing

Decreasing
No decrease
No decrease

No decrease

No decrease

No decrease

No decrease

No decrease

No decrease

Decreasing

Decreasing

Decreasing

Decreasing

Decreasing

Decreasing

Decreasing

No decrease

No decrease

No decrease

Decreasing 

No decrease 

No decrease 

No decrease 

No decrease 

Decreasing 

Decreasing 

Decreasing 

Decreasing 

No decrease 

No decrease 

No decrease 

No decrease 

Decreasing 

Decreasing 

Decreasing 

Decreasing 

No decrease 

No decrease 

No decrease 

No decrease 

Decreasing 

Decreasing 

Decreasing 

No decrease 

No decrease 

No decrease

Increasing 

No increase 

No increase 

Increasing 

Increasing 

No increase 

No increase 

Increasing 

Increasing 

No increase 

No increase 

Increasing 

Increasing 

No increase 

No increase 

Increasing 

Increasing 

No increase 

No increase 

Increasing 

Increasing 

No increase 

No increase 

Increasing 

No increase 

No increase 

No increase

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 
No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

No decrease 

No decrease 

Decreasing

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 
I Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

Harmless 

! Harmless 

Harmless 

Harmless 

j Harmless 

! Harmless 

Harmless 

Harmless 

Hazardous
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Table III (continued)

Serin g 
№

Serial

T 1 0
Temperature

Co
Concentration

G
Firing

К
Reaction rate  

constant

E
Activation

energy

50 No increase No increase Increasing Decreasing No decresae
51 No increase No increase Increasing Decreasing No decrease

52 No increase No increase Increasing Decreasing No decrease

53 No increase No increase Increasing Decreasing No decrease

54 No increase No increase Increasing Decreasing No decrease

55 No increase No increase Increasing Decreasing No decrease

56 No increase No increase Increasing Decreasing Decreasing

57 No increase No increase Increasing Decreasing Decreasing
58 No increase No increase Increasing Decreasing Decreasing

59 No increase No increase Increasing Decreasing Decreasing
60 No increase No increase Increasing Decreasing Decreasing

61 No increase No increase Increasing Decreasing Decreasing

62 No increase No increase Increasing Decreasing Decreasing

63 No increase No increase Increasing Decreasing Decreasing

64 No increase Increasing No increase No decrease No decrease

65 No increase Increasing No increase No decrease No decrease

66 No increase Increasing No increase No decrease No decrease

67 No increase Increasing No increase No decrease No decrease

68 No increase Increasing No increase No decrease No decrease

69 No increase Increasing No increase No decrease No decrease

70 No increase Increasing No increase No decrease No decrease

71 No increase Increasing No increase No decrease No decrease

72 No increase Increasing No increase No decrease Decreasing

73 No increase Increasing No increase No decrease Decreasing

cp
Specific heat

4
Combustion

heat

Ok
Firing

extensity
H azards

No decraese Increasing No decrease Harmless

No decrease Increasing Decreasing Hazardous

Decreasing No increase No decrease Harmless

Decreasing No increase Decreasing Hazardous

Decreasing Increasing No decrease Harmless

Decreasing Increasing Decreasing Hazardous

No decrease No decrease No decrease Harmless

No decrease No increase Decreasing Hazardous
No decrease Increasing No decrease Harmless

No decrease Increasing Decreasing Hazardous
Decreasing No increase No decrease Harmless

Decreasing No increase Decreasing Hazardous

Decreasing Increasing No decrease Harmless

Decreasing Increasing Decreasing Hazardous

No decrease No increase No decrease Harmless

No decrease No increase Decreasing Harmless

No decrease Increasing No decrease Harmless

No decrease Increasing Decreasing Harmless
Decreasing No increase No decrease Harmless

Decreasing No increase Decreasing Harmless

Decreasing Increasing No decrease Harmless

Decreasing Increasing Decreasing Harmless

No decrease No increase No decrease Harmless

No decrease No increase Decreasing Harmless
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74 No increase Increasing No increase No decrease

75 No increase Increasing No increase No decrease

76 No increase Increasing No increase No decrease

77 No increase Increasing No increase No decrease

78 No increase Increasing No increase No decrease

79 No increase Increasing No increase No decrease

80 No increase Increasing No increase Decreasing

81 No increase Increasing No increase Decreasing

82 No increase Increasing No increase Decreasing

83 No increase Increasing No increase Decreasing
84 No increase Increasing No increase Decreasing

85 No increase encreasing No increase Decreasing

86 No increase Increasing No increase Decreasing

87 No increase Increasing No increase Decreasing

88 No increase Increasing No increase Decreasing

89 No increase Increasing No increase Decreasing

90 No increase Increasing No increase Decreasing

91 No increase Increasing No increase Decreasing

92 No increase Increasing No increase Decreasing

93 No increase Increasing No increase Decreasing
94 No increase Increasing No increase Decreasing

95 No increase Increasing No increase No decrease
96 No increase Increasing Increasing No decrease

97 No increase Increasing Increasing No decrease

98 No increase Increasing Increasing No decrease

99 No increase Increasing Increasing No decrease

100 No increase Increasing Increasing No decrease

Decreasing 

) Decreasing 

J Decreasing 

j Decreasing 

Decreasing 

Decreasing 

No decrease 

No decrease 

No decrease 

No decrease 

No decrease 

No decrease 

No decrease 

j No decrease 

Decreasing 

Decreasing 

Decreasing

I Decreasing
i

Decreasing 

Decreasing 

Decreasing 

! Decreasing 

No decrease 

No decrease 

j No decrease 

No decrease 

j No decrease
I

No decrease 

No decrease 

Decreasing 

Decreasing 

Decreasing 

Decreasing 

No decrease 

No decrease 

No decrease 

No decrease 
Decreasing 

Decreasing 

Decreasing 

Decreasing 

No decrease 

No decrease 

No decrease 

No decrease 

Decreasing 

Decreasing 

Decreasing 

Decreasing 

No decrease 

No decrease 

No decrease 

No decrease 

Decreasing

Increasing

Increasing

No increase

No increase

Increasing

Increasing

No increase

No increase

Increasing

Increasing

No increase

No increase

Increasing

Increasing

No increase

Increasing

Increasing

Increasing

No increase

No increase

Increasing
Increasing

No increase

No increase

Increasing

Increasing

No increase

J  No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

j No decrease 

Decreasing 

No decrease 
J Decreasing 

No decrease 

j  Decreasing 

No decrease 

I Decreasing 

No decrease

Harmless

Harmless

Harmless

Harmless

Hazardous

Hazardous

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Hazardous
Hazardous

Harmless

Harmless

Harmless

Harmless

Harmless
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Table III (continued)

Sering
N«

Serial
„  T .
Temperature

to
Concentratiou

G
Firing

К
Reaction rate 

constant

E
Activation

energy
Cp tSpecific neat

Я
Combustion

heat
,G*Firing

extensity
H azards

101 No increase Increasing Increasing No decrease Decreasing Decreasing No incerease Decreasing Harmless

102 No increase Increasing Increasing No decrease No decrease Decreasing Increasing No decrease Harmless

103 No increase Increasing Increasing No decrease No decrease Decreasing Increasing Decreasing Harmless

104 No increase Increasing Increasing No decrease Decreasing No decrease No increasing No decrease Harmless

105 No increase Increasing Increasing No decrease Decreasing No decrease No increase Decreasing Harmless

106 No increase Increasing Increasing No decrease Decreasing No decrease Increasing No decrease Harmless

107 No increase Increasing Increasing No decrease Decreasing No decrease Increasing Decreasing Harmless

108 No increase Increasing Increasing No decrease Decreasing Decreasing No increase No decrease Harmless

109 No increase Increasing Increasing No decrease Decreasing Decreasing No increase No decrease Harmless

110 No increase Increasing Increasing No decrease Decreasing Decreasing Increasing No decrease Hazardous

111 No increase Increasing Increasing No decrease Decreasing Decreasing Increasing Decreasing Hazardous

112 No increase éncreasing Increasing Decreasing No decrease No decrease No increase No decrease Harmless

113 No increase Increasing Increasing Decreasing No decrease No decrease No increase Decreasing Hazardous

114 No increase Increasing Increasing Decreasing No decrease No decrease Increasing No decrease Harmless

115 No increase Increasing Increasing Decreasing No decrease No decrease Increasing Decreasing Hazardous

116 No increase Increasing Increasing Decreasing No decrease Decreasing No increase No decrease Harmless

117 No increase Increasing Increasing Decreasing No decrease Decreasing No increase Decreasing Hazardous

118 No increase Increasing Increasing Decreasi g No decrease Decreasing Increasing No decrease Harmless

119 No increase Increasing Increasing Decreasing No decrease Decreasing Increasing Decreasing Hazardous

120 No increase Increasing Increasing Decreasing Decreasing No decrease No increase No decrease Harmless

121 No increase Increasing Increasing Decreasing Decreasing No decrease No increase Decreasing Hazardous

122 No increase Increasing Increasing Decreasing Decreasing No decrease Increasing No decrease Harmless

123 No increase Increasing Increasing Decreasing Decreasing No decrease Increasing Decreasing Hazardous

124 No increase Increasing Increasing Decreasing Decreasing Decreasing No increase Decreasing Harmless
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125 No increase Increasing Increasing Decreasing

126 No increase Increasing Increasing Decreasing

127 No increase Increasing Increasing Decreasing

128 Increasing No increase No increase No decrease

129 Increasing No increase No increase No decrease

130 Increasing No increase No increase No decrease

131 Increasing No increase No increase No decrease

132 Increasing No increase No increase No decrease

133 Increasing No increase No increase No decrease
134 Increasing No increase No increase No decrease
135 Increasing No increase No increase No decrease

136 Increasing No increase No increase No decrease

137 Increasing No increase No increase No decrease

138 Increasing No increase No increase No decrease

139 Increasing No increase No increase No decrease

140 Increasing No increase No increase No decrease

141 Increasing No increase No increase No decrease

142 Increasing No increase No increase No decrease

143 Increasing No increase No increase No decrease

144 Increasing No increase No increase Decreasing
145 Increasing No increase No increase Decreasing
146 Increasing No increase No increase Decreasing
147 Increasing No increase No increase Decreasing

148 Increasing No increase No increase Decreasing

149 Increasing No increase No increase Decreasing

150 Increasing No increase No increase Decreasing

151 Increasing No increase No increase Decreasing

Decreasing 

Decreasing 

j Decreasing 

No decrease 

No decrease 

No decrease 

! No decrease 

No decrease 

I No decrease 

No decrease 

No decrease 

Decreasing 

; Decreasing 

Decreasing 

Decreasing 

I Decreasing 

Decreasing 

Decreasing 

j Decreasing 

No decrease 

I No decreaseI
No decrease 

No decrease 

No decrease 

No decrease 

No decrease 

No decrease

Decreasing 

Decreasing 

I Decreasing 

No decrease 

No decrease 

No decrease 

No decrease 

j Decreasing 

j Decreasing 

Decreasing 

Decreasing 

No decrease 

No decrease 

No decrease 

No decrease 

Decreasing 

Decreasing 

Decreasing 

Decreasing 

No decrease 

No decrease 
No decrease 

No decrease 

Decreasing 

Decreasing 

Decreasing 

Decreasing

No increase 

Increasing 

Increasing 

No increase 

No increase 

Increasing 

Increasing 

No increase 

No increase 

Increasing 

} Increasing 

No increase 

No increase 

Increasing 

{ Increasing 

No increase 

No increase 

! Increasing 

j  Increasing 

No increase 

j No increase 
Increasing 

j  Increasing 

No increase 

I No increase 

Increasing 

Increasing

I Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing 

No decrease 
Decreasing 

No decrease 

Decreasing 

No decrease 

Decreasing

Hazardous

Hazardous

Hazardous

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Harmless

Hardous

Hardous

Hardous

Hazardous

Hazardous

Hazardous

Hazardous

Hazardous

Harmless

Harmless
Harmless
Harmless

Harmless

Harmless

Harmless

Harmless
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Tabic III (continued)

S erűig 
№

Serial

T .
Temperature

C0
Concentration

G
Firing Reaction rate  

constant

E
Activation

energy
CP

Specific heat
4

Combustion
heat

c t
Firing

extensity
H azards

152 Increasing No increase No increase Decreasing Decreasing No decrease No increase No decrease Hazardous

153 Increasing No increase No increase Decreasing Decreasing No decrease No increase Decreasing Hazardous

154 Increasing No increase No increase Decreasing Decreasing No decrease Increasing No decrease Hazardous

155 Increasing No increase No increase Decreasing Decreasing No decrease Increasing Decreasing Hazardous

156 Increasing No increase No increase Decreasing Decreasing Decreasing No increase No decrease Hazardous

157 Increasing No increase No increase Decreasing Decreasing Decreasing No increase Decreasing Hazardous

158 Increasing No increase No increase Decreasing Decreasing Decreasing Increasing No decrease Hazardous

159 Increasing No increase No increase Decreasing Decreasing Decreasing Increasing Decreasing Hazardous

160 Increasing No increase Increasing No decrease No decrease No decrease No increase No decrease Harmless

161 Increasing No increase Increasing No decrease No decrease No decrease No increase Decreasing Harmless

162 Increasing No increase Increasing No decrease No decrease No decrease Increasing No decrease Harmless

163 Increasing No increase Increasing No decrease No decrease No decrease Increasing Decreasing Harmless

164 Increasing No increase Increasing No decrease No decrease Decreasing No increase No decrease Harmless

165 Increasing No increase Increasing No decrease No decrease Decreasing No increase Decreasing Harmless

166 Increasing No increase Increasing No decrease No decrease Decreasing Increasing No decrease Harmless

167 Increasing No increase Increasing No decrease No decrease Decreasing Increasing Decreasing Harmless

168 Increasing No increase Increasing No decrease Decreasing No decrease No increase No decrease Hazardous

169 Increasing No increase Increasing No decrease Decreasing No decrease No increase Decreasing Hazardous

170 Increasing No increase Increasing No decrease Decreasing No decrease Increasing No decrease Hazardous

171 Increasing No increase Increasing No decrease Decreasing No decrease Increasing Decreasing Hazardous

172 Increasing No increase Increasing No decrease Decreasing Decreasing No increase No decrease Hazardous

173 Increasing No increase Increasing No decrease Decreasing Decreasing No increase Decreasing Hazardous

174 Increasing No increase Increasing No decrease Decreasing Decreasing Increasing No decrease Hazardous

175 Increasing No increase Increasing No decrease Decreasing Decreasing Increasing Decreasing Hazardous
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GO*
176 Increasing No increase Increasing Decreasing

177 Increasing No increase Increasing Decreasing
178 Increasing No increase Increasing Decreasing
179 Increasing No increase Increasing Decreasing
180 Increasing No increase Increasing Decreasing
181 Increasing No increase Increasing Decreasing
182 Increasing No increase Increasing Decreasing

183 Increasing No increase Increasing Decreasing

184 Increasing No increase Increasing Decreasing

185 Increasing No increase Increasing Decreasing
186 Increasing No increase Increasing Decreasing
187 Increasing No increase Increasing Decreasing
188 Increasing No increase Increasing Decreasing
189 Increasing No increase Increasing Decreasing

190 Increasing No increase Increasing Decreasing

191 Increasing No increase Increasing Decreasing

192 Increasing Increasing No increase No decrease

193 Increasing Increasing No increase No decrease

194 Increasing Increasing No increase No decrease
195 Increasing Increasing No increase No decrease
196 Increasing Increasing No increase No decrease
197 Increasing Increasing No increase No decrease
198 Increasing Increasing No increase No decrease
199 Increasing Increasing No increase No decrease

200 Increasing Increasing No increase No decrease

201 Increasing Increasing No increase No decrease

202 Increasing Increasing No increase No decrease

No decrease No decrease IN о increase No decrease Harmless

No decrease No decrease No increase Decreasing Hazardous

No decrease No decrease Increasing No decrease Harmless

No decrease No decrease Increasing Decreasing Hazardous

No decrease Decreasing No increase No decrease Harmless

No decrease Decreasing No increase Decreasing Hazardous

No decrease Decreasing Increasing No decrease Harmless

No decrease Decreasing Increasing Decreasing Hazardous

Decreasing No decrease No increase No decrease Hazardous

Decreasing No decrease No increase Decreasing Hazardous

Decreasing No decrease Increasing No decrease Hazardous

Decreasing No decrease Increasing Decreasing Hazardous

Decreasing Decreasing No increase No decrase Hazardous

Decreasing Decreasing No increase Decreasing Hazardous

Decreasing Decreasing Increasing No decrease Hazardous

Decreasing Decreasing Increasing Decreasing Hazardous

No decrease No decrease No increase No decrease Harmless

No decrease No decrease No increase Decreasing Harmless

No decrease No decrease Increasing No decrease Harmless

No decrease No decrease Increasing Decreasing Harmless

No decrease Decreasing No increase No decrease Harmless

No decrease Decreasing No increase Decreasing Harmless

No decrease Decreasing Increasing No decrease Harmless

No decrease Decreasing Increasing Decreasing Harmless

Decreasing No decrease No increase No decrease Hazardous

Decreasing No decrease No increase Decreasing Hazardous

Decreasing No decrease Increasing No decrease Hazardous
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Table 1П (continued)

Serine
No

Serial

T,
Temperature

C0
Concentration

G
Firing

*°
Reaction rate  

constant

E
Activation

energy

Cp
Specific heat 

Я

Combustion
heat

Gk
Firing

extensity
H azards

203 Increasing Increasing No increase No decrease Decreasing No decrease Increasing Decreasing Hazardous

204 Increasing Increasing No increase No decrease Decreasing Decreasing No increase No decrease Hazardous

205 Increasing Increasing No increase No decrease Decreasing Decreasing No increase Decreasing Hazardous

206 Increasing Increasing No increase No decrease Decreasing Decreasing Increasing No decrease Hazardous

207 Increasing Increasing No increase No decrease Decreasing Decreasing Increasing Decreasing. Hazardous

208 Increasing Increasing No increase Decreasing No decrease No decrease No increase No decrease Harmless

209 Increasing Increasing No increase Decreasing No decrease No decrease No increase Decreasing Harmless

210 Increasing Increasing No increase Decreasing No decrease No decrease Increasing No decrease Harmless

211 Increasing Increasing No increase Decreasing No decrease No decrease Increasing Decreasing Harmless

212 Increasing Increasing No increase Decreasing No decrease Decreasing No increase No decrease Harmless

213 Increasing Increasing No increase Decreasing No decrease Decreasing No increase Decreasing Harmless

214 Increasing Increasing No increase Decreasing No decrease Decreasing Increasing No decrease Harmless

215 Increasing Increasing No increase Decreasing No decrease Decreasing Increasing Decreasing Harmless

216 Increasing Increasing No increase Decreasing Decreasing No decrease No increase No decrease Hazardous

217 Increasing Increasing No increase Decreasing Decreasing No decrease No increase Decreasing Hazardous

218 Increasing Increasing No increase Decreasing Decreasing No decrease No increase No decrease Hazardous

219 Increasing Increasing No increase Decreasing Decreasing No decrease Increasing Decreasing Hazardous

220 Increasing Increasing No increase Decreasing Decreasing Decreasing No increase No decrease Hazardous

221 Increasing Increasing No increase Decreasing Decreasing Decreasing No increase Decreasing Hazardous

222 Increasing Increasing No increase Decreasing Decreasing Decreasing Increasing No decrease Hazardous

223 Increasing Increasing No increase Decreasing Decreasing Decreasing Increasing Decreasing Hazardous

224 Increasing Increasing Increasing No decrease No decrease No decrease No increase No decrease Harmless

225 Increasing Increasing Increasing No decrease No decrease No decrease No increase No decrease Harmless

226 Increasing Increasing Increasing No decrease No decrease No decrease Increasing Decreasing Harmless
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227 Increasing Increasing Increasing No decrease No decrease No decrease Increasing No decrease Harmless

228 Increasing Increasing Increasing No decrease No decrease Decreasing No increase No decrease Harmless

229 Increasing Increasing Increasing No decrease No decrease Decreasing No increase Decreasing Harmless

230 Increasing Increasing Increasing No decrease No decrease Decreasing Increasing No decrease Harmless

231 Increasing Increasing Increasing No decrease No decrease Decreasing Increasing Decreasing Harmless
232 Increasing Increasing Increasing Decreasing Decreasing No decrease No increase No decrease Hazardous

233 Increasing Increasing Increasing Decreasing Decreasing No decrease No increase Decreasing Hazardous
234 Increasing Increasing Increasing Decreasing Decreasing No decrease Increasing No decrease Hazardous

235 Increasing Increasing Increasing Decreasing Decreasing No decrease Increasing Decreasing Hazardous

236 Increasing Increasing Increasing Decreasing Decreasing Decreasing No increase No decrease Hazardous

237 Increasing Increasing Increasing Decreasing Decreasing Decreasing No increase Decreasing Hazardous

238 Increasing Increasing Increasing Decreasing Decreasing Decreasing Increasing No decrease Hazardous

239 Increasing Increasing Increasing Decreasing Decreasing Decreasing Increasing Decreasing Hazardous

240 Increasing Increasing Increasing Decreasing No decrease Decreasing No increase No decrease Harmless
241 Increasing Increasing Increasing Decreasing No decrease Decreasing No increase Decreasing Hazardous

242 Increasing Increasing Increasing Decreasing No decrease Decreasing Increasing No decrease Harmless

243 Increasing Increasing Increasing Decreasing No decrease Decreasing Increasing Decreasing Hazardous

244 Increasing Increasing Increasing Decreasing No decrease Decreasing No increase No decrease Harmless
245 Increasing Increasing Increasing Decreasing No decrease Decreasing No increase Decreasing Hazardous

246 Increasing Increasing Increasing Decreasing No decrease Decreasing Increasing No decrease Harmless

247 Increasing Increasing Increasing Decreasing No decrease Decreasing Increasing Decreasing Hazardous
248 Increasing Increasing Increasing Decreasing Decreasing No decrease No increase No decrease Hazardous

249 Increasing Increasing Increasing Decreasing Decreasing No decrease No increase Decreasing Hazardous

250 Increasing Increasing Increasing Decreasing Decreasing No decrease Increasing No decrease Hazardous

251 Increasing Increasing Increasing—s. Decreasing Decreasing No decrease Increasing Decreasing Hazardous

252 Increasing Increasing Increasing Decreasing Decreasing Decreasing No increase No decrease Hazardous

253 Increasing Increasing Increasing Decreasing Decreasing Decreasing No increase Decreasing Hazardous

254 Increasing Increasing Increasing Decreasing Decreasing Decreasing Increasing No decrease Hazardous
255 Increasing Increasing Increasing Decreasing Decreasing Decreasing Increasing Decreasing Hazardous
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A LOGIC THEORY OF HAZARDS 269

In te r e s tin g ly , h ow ever , th a t  d istu r b a tio n  N o 78 is a lread y q u ite  d an ge
rous:

D . 9 =  e [  A e2 A e;J Л e \  A e5 A e6 A e -  A

as here f t  is  d e f in ite ly  in creasin g  through  a ll o f  its  variables (in creasin g  factors), 
th a t  is , e2, e s , ee and e7.

T h e h azard ou s ch aracter o f  d istu r b a tio n  I J 79, for exam p le, ca n  b e s im i
la r ly  seen .
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Logische Theorie der Gefährlichkeit und ihre Anwendung auf Verbreiinuiigsvorgänge.
Ziel der vorliegenden Arbeit ist Besprechung der T heorie der Gefährlichkeit und Vorführung  
einer Anwendung. S ta tt durch eine algebraische Größe wird der Begriff der G efährlichkeit 
durch eine logische Größe beschrieben. Die E inführung in die Arbeit inform iert über die 
M odellierung der Gefährlichkeit eines beliebigen funktionierenden Betriebes. Als A nw endung  
der G efährlichkeitstheorie werden die Verbrennungsvorgänge nach der M ethode der sta tio 
nären W ärm ezustände untersucht. Aufgrund dessen werden die G efährlichkeitsfaktoren  
des V erbrennungsvorganges erm ittelt. Im B esitz der Faktoren werden für säm tlich e in 
B etracht kom m ende elem entare Ereignisse des vom  Standpunkt der G efährlichkeit den 
V erbrennungsvorgängen zugeordneten Ereignisfeldes, die Gefährlichkeiten, unter B erü ck sich
tigung der G efährlichkeitsbedingungen, theoretisch berechnet.

Логическая теория опасности и ее применение для процессов горения. Данным со- 
общением ставится цель ознакомления с теорией опасности и демонстрировать один из 
вариантов ее применения. Теория опасности понятие опасности описывает вместо алгеб
раического количества с помощью логического количества. Вводная часть сообщения дает 
информацию относительно моделирования опасности любого работающего производ
ственного предприятия. В качестве применения теории опасности дается исследовани 
процессов горения методом стационарных тепловых состояний. На основе чего опреде
ляются коэффициенты опасности процесса горения. При использовании указанных 
выше коэффициентов теоретическим путем вычисляется опасность всех элементар
ных событий, которые могут придти в расчет на основа учета условий опасности про- 
странтсв опасности, приданных к процессам горения с точки зрения осапности.
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SURVEY OF SOME VARIATIONAL THEOREMS 
IN ELASTOSTATICS

J . BARTA*

DOCTOR OFTECHN. SCI.

[M anuscript recevied 6 October, 1977J

Variational theorem s w ill be exam ined to show whether these are m in im al theo
rems a t the sam e tim e. T he proofs will be carried out by applying the in fluence num bers 
as is usual in the theory o f structures. A num erically elaborated exam ple e lu cid ates the  
application o f the different theorem s.

In th is  paper, the theorem s w hich are to  be surveyed, are num bered  
from  I to  V III . Each o f these theorem s is a variational theorem , in  addition , 
I, II , I II , IV , V I and V III are m inim al theorem s. In I and II, the adm issible  
variables are restricted to  stresses w hich satisfy  equilibrium cond itions (first 
restriction). In  III  and IV , the adm issible variables are restricted to  d isplace
m ents (second restriction). From th e tw o restrictions, V, V I, V II and V III  are 
free. B ut V  and V II are not m inim al theorem s.

I is already due to L. F . Mé n a b r e a  and A. Castigliano [1]. II is a gener
alization  o f I. In  the literature, II  is called the theorem  of m inim um  com ple
m entary energy, [2]. IV is a generalization o f III . In  the literature, IV  is called  
th e  theorem  o f minim um  p oten tia l energy, [3]. V is due to E. R e i s s n e r , [4]. 
V II  is a generalization o f V, and V III  is that o f V I. Form ulation and p roof of 
V I, V II and V III  w ill he given  in  th e  present paper.

The fo llow ing usual assum ptions can be accepted: Frictionless jo in ts  and 
rigid supports prevent the body from  m oving. The supporting forces do not 
work. The b od y  and its support are sta tica lly  determ inate or sta tica lly  in d eter
m inate, and free from in itia l stresses. I t  is assum ed that only sta tica l effects  
arise, th a t is , neither dynam ical nor therm al effects take place. T he m ate
rial o f the b od y  is hom ogeneous or heterogeneous, and isotropic or an iso trop 
ic. W e assum e the linear e la stic ity  and the va lid ity  o f principle o f  superpo
sition .

In th e  present paper, tw o kinds o f external forces ase d istingu ished , 
nam ely  the prescribed external forces (in other words: active forces) and the  
supporting forces, also tw o kinds o f  displacem ents, nam ely, the prescribed  
displacem ents and the free displacem ents.

* Prof. Dr. Ing. J. B a r t a , József körút 35, H -1085 B udapest, Hungary
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Notations

U  strain  energy as a hom ogeneous quadratic function o f  th e  internal forces (stress com ponents). 
For ex., in the case o f  ax ia l loaded prism atic bar, U  =  S*ll(2EF)  where S  is the force 
in  the bar, l the len g th  o f the bar, E F  the m odulus o f  rigidity.

V  strain  energy as a hom ogeneous quadratic function o f  th e  displacem ents (strain com ponents). 
For ex., in the case o f  an axial loaded prism atic bar, V  =  e-EF!(2l)  where e is the  
elongation of th e  bar.

W  strain  energy as a hom ogeneous quadratic fun ction  w h ich  is hom ogeneous linear, w ith  
respect both to th e  in ternal forces (stress com ponents) and to the displacem ents (strain  
com ponents. For e x ., in  th e  case o f an axial loaded  prism atic bar, W  =  Sei2.

L d  v irtual work of those ex tern a l forces for application poin ts for which the displacem ents 
are prescribed.

L p  v irtu al work of those ex tern a l forces which are prescribed.

Six theorem s

Theorem I: I f  th e  s ta te  o f stress and d isp lacem ent is caused by prescribed  
extern a l forces, but n o t b y  prescribed d isp lacem ents, then am ong all states  
o f  stress which conform  to  the prescribed extern a l forces and satisfy  the  
equilibrium  conditions, th e  actual stresses are such as to m inim ize the ex 
pression

U. (1

Theorem II: A m on g all states of stress and displacem ent which conform  
to  th e  prescribed ex tern a l forces and sa tisfy  th e  equilibrium  conditions, the  
actu a l stresses are such  as to  minimize the expression

U - L d . (2)

Theorem I I I : I f  th e  sta te  of stress and d isp lacem ent is caused by prescrib
ed  displacem ents, b u t n o t b y  prescribed ex tern a l forces, then among all states  
o f  displacem ent w h ich  conform to the prescribed displacem ents, the actual 
displacem ents are such  as to  minimize the expression

V. (3)

Theorem I V :  A m on g all states of stress and displacem ent which conform  
to  th e  prescribed disp lacem ents, the actual d isplacem ents are such as to m in i
m ize the expression

V - L p . (4)

Theorem V: A m ong all states of stress and displacem ent which conform
to  th e  prescribed displacem ents, the actual stresses and displacem ents are 
such  as to make th e  fir st variation of the expression

U - 2 W  +  Lp (5)
vanish .
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Theorem V I : Am ong all sta tes  o f  stress and displacem ent w hich  conform  
to  the prescribed displacem ents and to the prescribed external forces, and 
sa tisfy  the equilibrinm  cond ition , the actual stresses and d isp lacem ents are 
such  as to  m inim ize the expression

U  +  2 V - 2 W - L p . (6)

P ro o f o f  the theorem  VI

W hen proving, le t the b od y  (beam , frame, truss, p late, etc.) be character
ized  by the influence num bers

Я ц  , . . а ц { ,  a i(fc+i) I • • ч  a in  »

a k l  i  • • a k k i  a k (k + l)  1 • • •» a kn  »

°№ + l)l»  • • •» a (k + l)k -  a «+ l)(/< + l)’ • • a l( li+ l)n  ■>

a n 1 » • • •* a nl< 1 a n (k + 1) 1 • • •» a n n  ( 7 )

and let the num bering

i =  1, 2, . . ., к, к  -(- 1, к  -)- 2, . . ., n (8)

be chosen as follows:
P v  P 2, . . P,. are those external forces for application points for w hich the

displacem ents are prescribed.
P/c+i, Pk+ 2 ' • • •’ are those external forces which are prescribed. 
i also denotes the direction o f the external force, (F ig. 1).
d, is the d isplacem ent vector o f  the application point o f  P (, (F ig . 1).
dj is the com ponent o f d, in direction i, (Fig. 1).
Ojj is the in fluence num ber, th a t is, the value o f d h i f  d, w ill be produced  

by an unit external force Pj.
In order to  elucidate th e  num bering (8), let us consider the tw'o-dimen- 

sional case show n in Fig. 2. The body, its supports, the external forces o f  28 
u n its, o f 45 units and o f 36 u n its, the displacem ents o f  0,03 units and o f  0,07 
u n its are given. W e can introduce the numbering as shown in F ig. 3. Thus полу 
in  expressions U, V , W , L d, L p, the quantities

P i, P ,, P , =  28. P x =  45, P 5 =  36,

d x =  0,03, d  =  0 ,07, (/.,, dv  d5,

occur. From am ong these, d L, d2, P.,, P 4, P 5 are given, P 4, P 2, d3, dx, d5 are un
know n. In the three-dim ensional case, the num bering can be carried out in a 
sim ilar manner.
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The determ inant o f  th e  influence num bers (7) takes the form

■ ön . . . űi.
D  =

a n l  • • •

(9 )

L et zl denote the reciprocal determ inant o f D ,  th a t is,

A =
D\  1 • • • D ln

D n 1 • • • D n

( 10)

w h ere D n , D 12, . . ., D ln are the minors o f  D .  A ccording to  w ell known pro
p erties o f the influence num bers, for the actual external forces and displace
m en ts , we have the eq u ation s

® 11 ■ ? !  +  • • •  +  -F*n —  *^1>

« Щ  P n +  •

Dl1 d 1 +

di +

“k ann P .  d n 

D

D

D n 1

+  ■
D

D„,

d„

D D
d„ =  I \ ,

0 1 )

( 12)

and  th e  ascertainm ent A : B o th  the determ inant (9) and the determ inant (10) 
are sym m etrical and p o s it iv e  definite.

U sing the d efin ition s o f  U, V, W, L d, L p and the form ulae (11) and (12), 
w e can  write

u  =  —  [ l ° l ( a l l  P1 +  • • • +  « l n  Pn)  +  • • • +  P n (a m  P1 +  • • • +  « n n ^ r i ) ]  5 ( 1 3 )
Z

V  = ± [ d 1(D11d 1 + . . .  +  D lnd J  +  . . .  +  d n( D n l d l + . . .  +  D nnd)]ID,  (14)
Zi
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w =  i +  . • • +  Pn dn) 1 (15)

I'd =  Pl d 1 +  . . . +  P/c d k , (16)

L P ~  ”k+l dk+1 + • • • +  Pn dn . (17)

Introducing the notation

ß  =  U  +  2 V  -  2 W  -  L P (18)

and tak ing into account the expressions (13), . . (17), we can see th at ß  is
a function  of

i p  Рг, . . P k, dk+l, dk+2, . . . dn .

Thus, th e  m inim um  problem  o f this function is in question. A p ply ing  both  
form ula (18) and equations (13), . . . ,  (17), we obtain the partia l derivatives

Э ß
— —  = a n P 1 +  . . .  +  a lnPn — d l ,

— aia P i  +  • • • +  akn in  ~  dk ,
a ß

э Pk

— ------=  —  (ö ( / í+ i) i  d k +  • • • +  ö(fc+i)n d , ,) — 2 Pk + l,
aak+i U

^ ~  =  ~  ( A .i  di +  . . . +  D nn dn) -  2 P„
odn D

(19)

In consequence o f equations (11) and (12), for the actual extern al forces and 
displacem ents, the right sides o f  equations (19) vanish (ascertainm ent B). 
W e also obtain the second derivatives

a2ß
"эP f

=  a.
a 2ß a 2 ß

Э Р ,Э Р 9 aPi ddk+l
=  0 ................

a 2 ß  

a dî
2 D J D .

Therefore, the determ inant o f the m inim um  problem  in question  takes the 
form

« u  • • • «1 к 0 0

«kl • . . akk 0 0

0 . . .  0 2P(k+l)(k+l)!P  ■ ■, .  2 Ö(k+D„/P

0 . . . 0 2Р П(к+1)1Р • • • 2 D J D

( 20)
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I t  fo llo w s from the ascerta inm ent A that the determ inant (20) is p ositive  
d efin ite  (ascertainm ent C). T h e  ascertainm ent В and C dem onstrate th at the  
co n d itio n s o f minimum are fu lfilled . W ith th is, theorem  V I is proved.

R em arks. — The m eth od  b y  means of which w e have proved theorem  V I, 
is b a sed  on  applying the in flu en ce  numbers (7), since during the proof, we have  
con sid ered  a structural b ody as beam , frame, truss, p la te , etc. The sam e m ethod  
is appropriate also for p rov in g  the theorems I, I I , . . ., V. In the literature  
[2, 3 , 4 , 6] where a continuous b od y is considered, th e  usual m ethod o f proof 
is b a sed  on applying the d isp lacem ent-stress relations

du/dx =  [<7X — n(ax +  oy) \ !E , . . ., Эvjdz - f  0w/0y =  r yJG, . . .

T he tw o  m ethods have essen tia lly  the same train o f  thought. — In the above  
p resen ted  proof of theorem  V I , equations (19) have th e  scheme

=  . . . - d

- d , 
- 2  P,fc+i’

- 2  P n.

In  a v e r y  similar and here n o t presented proof o f theorem  V, the corresponding  
eq u a tio n s have the schem e

=  . . . —d k,
=  0,

=  0.

T he tw o  schem es show th a t th eorem  V I needs the phrase “ and to the prescribed  
ex tern a l forces and satisfy  th e  equilibrium  con d ition ” , but theorem  V does 
n o t. — A s is well known from  th e theory o f structures, the above defin ition  
o f th e  in fluence number a^  a lso remains valid  i f  P } denotes a m om ent, and  
d; a ro ta tio n  vector.

Example

T h e elastic body show n in  F ig . 4 is com posed o f three prism atic parts. The 
q u a n titie s  l r — 3, l2 =  5, l3 — 4 , =  15 000, E 2F 2 =  5000, E 3F 3 =  10 000
are g iv en . The ends of th e  b o d y  are fixed. P A =  14 is th e  prescribed external 
force, d B =  0,01 is the prescribed displacem ent.
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u

A

|* U

l2

В

•-♦0,01

J i— I
Fig. 4

U sing these data and the definitions o f U, V, W , L d, L p , w e w erite

th at is

and

S?3 SI 5 ____S f 4___

2 • 15 000 "+" 2 • 5000 +  2 • 10 000 ’

dilSO O O  , (0,01 -  dA)2 5000 , ( - 0 ,0 1 ) 2 10 000
— -  |- — -  - 1------------------ ----------
2 - 3  2 * 5  2 • 4

S , d A S 2 {0,01 — d A)S , ( - 0 , 0 1 )

~ T  + --------- 2---------- + --------- 2------- ’

U =  0,0001 SI +  0,0005 SI +  0,0002 S |, (21)

V  =  3000 d \  -  10 dA +  0 ,175, (22®

W  =  0 ,5S! d A -  0,5 S2 dA +  0,005 S2 -  0,005 S 3 (23)

L d =  0,01 P B, (24)

L p =  U d A. (25)

L et us apply theorem V. E xpression (5) has to  be scrutin ized. To do this, 
we introduce the n otation

Ф =  U  -  2 W  +  L P .

Inserting here (21), . . (25), the equation

Ф =  0,0001 Sj  +  0,0005 SI +  0,0002 S§ -  

-  S , d A +  S2dA -  0,01 S2 +  0,01 S 3 +  14 dA

arises. A s can be seen, Ф is a function o f S 15 S2, S 3 and dA. From  th e vanish ing  
of th e  first variation, th e  equations

=  0,0002 S, — d A =  0,
0 S t

=  0,001 S2 +  dA -  0,01 =  0,
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г)Ф
9 S 7

ЭФ
ddA

0,0004 S3 +  0,01 =  0,

- S ,  +  S2 +  14 =  О (26)

fo llo w . From  these four  eq u ation s, we com pute th e  four  unknowns S v  S2, S 3, 
d A and  obtain the result

S x =  20, S 2 =  6, S3 =  - 2 5 ,  dA =  0,004. (27)

T h u s th e  actual stresses and displacem ents are such  th a t equations (27) hold. 
T h a t in  th is case, there is no m inim um , w ill be in d icated  as follows.

дЧ>
V s \

0 .0 0 0 2 ,
Э2Ф _  Э2Ф

aSiOSjj ’ esi
0,001, . . .

are th e  second partial d er iv a tiv es , and these y ie ld  the determ inants

D  ! =  

D2 =

D 3 =  

0 4 =

0 , 0002 ,

0,0002
0

0,0002
0
0

0.0002
0
0

— 1

0
0.001

2 ■ 10- 7,

0
0,001

0

0
0,001

0
1

0
0

0,0004

0 
0

0,0004
0

8 • 10 - 11,

— 1 
1
0
0

=  - 4 8  -1 0 -8 .

N o t  each  of these d eterm in an ts is positive or zero. Thus there is no m inim um  
in  th is  case. W ith th is, it  is show n that theorem  V  is not a m inim al theorem .

N ow , let us apply theorem VI.  In order to  scrutin ize expression (6), the  
n o ta tio n

ф =  U  +  I V  — 2 W  - L P

w ill b e  used. From th is and from  (21), . . ., (25), th e  equation

W =  0 ,0001  Sf  +  0,0005 S ! +  0,0002 SI +  

+  6000 d \  -  20 dA+  0 ,35 —

- S 1d A +  S 2dA — 0,01 S2 +  0,01 S 3 -  14 dA
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ensues. Let us not forget th a t according to theorem  V I, the qu an tities S x, S2, 
S 3, d A have to be conform ed not on ly  to the prescribed displacem ents but also 
to the prescribed external forces (equilibrium ). This means th at in the present 
case, we have to su b stitu te  S2 =  Sj — 14 and S 3 =  — 14 — P B. Therefore,
w e write

P  =  0,0001 S l +  0 ,0005(Sj -  14)- +  0 ,0002(SX -  14 -  P n)2 +  

+  6000 d A — 0.48 d A -  0,01 P B +  0 ,3 5 .

A s can be seen, P  is a function  o f S 15 d A and P B. The vanish ing o f  the first 
variation  claims the equations

Э Р

OSj

Э Р
rldA

0,0016 S t -  0,0004 P B 

12 0 0 0 dA -  48 =  0 ,

0,0196 =  0,

ЪЧ'

ЭР в
— 0,0004 S i 4- 0.0004 Р в 0,0046 =  0. (28)

From  these three equations, we com pute the three unknowns S A, d A, P B and 
obtain  the result

S , =  20, dA =  0,004, P B =  31. (29)

T hus, the actual stresses and displacem ents are such that equations (29) hold. 
O f course, (29) does not contradict (27). That in th is case, there is a m inim um , 
w ill be indicated as follow s. The second partial derivatives

Э2 P

dSf
0 .0016 ,

э 2 P  _  э * Р ^

3 S 1 Э dA d d \
12 000 , . . .

yield  the determ inants

D x =  0 ,0016,

1) 2

D 3

0,0016 0
0 12 000

0,0016 0
0 12 000

- 0 ,0 0 0 4  0

19,2,

- 0 ,0 0 0 4
0

0,0004
0,00576.

4 Acta Technica Academiae Scientiarum Hungaricae 86, 1978



2 8 0 BARTA, J.

E a ch  o f  these determ inants is  positive. Thus, th e  com putation  shows th a t for 
th e  q u a n tities  (29), the exp ression  (6) assum es its  m inim um  value. This result 
w as a lrea d y  to he expected  b y  virtue of theorem  V I.

T w o  further theorem s

U , V, W.  L d, L p are fu n ction s defined at the beginning o f the present 
p ap er. W e have seen th a t b y  applying theorem  V , the expression

U - 2 W + L p ,

and  b y  applying theorem  V I, th e  expression

U  +  2 V -  2ÏE -  L P

is to  b e  subjected to a var ia tion a l procedure. N ow , it  is natural to ask whether 
it  m ig h t not be possible to  chose five  constants

P , q, r, s, t (30)

so th a t  a similar variational procedure be applied to  the expression

p U  +  q V  r W  -\- sLj  4~ t L p .

T h is qu estion  is answered in  th e  two following theorem s.
Theorem VIT.  I f  th e  con stan ts p ,  q, r, s, t fu lfil the conditions

P 4— - — f  s =  0, q 4— - — 4  t =  0 (31)
Zi &

th e n  am ong all states o f stress and displacem ent w hich conform to the pres
cribed  displacem ents and to  th e  prescribed external forces, and satisfy  the e- 
q u ilib riu m  condition, the a c tu a l stresses and displacem ents are such as to  
m ak e th e  first variation o f expression

p U  +  q V  +  r W  +  sLj  +  tLp  (32)
v a n ish .

Theorem V I I I : I f  th e  constants p,  q, r, s, t fu lfil both the conditions

p  4--------- b s =  0? q 4— г— h t =  0 (33)

and th e  conditions
p  >  0, q >  0 (34)
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then am ong all states o f stress and displacem ent w hich conform to th e  prescribed  
disp lacem ents and to the prescribed external forces and satisfy th e  equilib 
rium cond ition , the actual stresses and displacem ents are such as to  m in i
m ize th e  expression

p U  +  q V  -I r W  +  sLd +  lLp . (35)

Proof of theorem s VII and VIII

H ere, the same course o f reasoning w ill be followed as by th e  p roof of 
theorem  V I. E quations (11), . . (17) hold also here. Instead of (18),

Ü =  p U  +  q V  -f- r W  -\- sLd +  tLP (36)

will be w ritten . Equations (19) assum e the form

=  P(a ll P ! + • • •  +  <*!„ P n) +

' , ) ü

ЬРк
P(aki Pi +  • • • +  «/m P,,) + s dk ,

’o i l

ddk+ l
~ ( D ( k + m ^ i +  • • • +  D ^ +1)rld ri) +

Г
n + ,

- 2 "  = - * - ( ! ) „  Í ,
ddn D

D n„ d „) + (37)

nt (20) assumes the form

P a n  • • • p»ik 0 . 0

P°k 1 • • ■ p akk 0 . 0
0 . 0 '/P /.+lXA+l)i P  • • qD̂ k+i),,, d

0 . 0 qDntk+ti/D ■ q D J D

(38)

B y ap p ly in g  the above ascertainm ents A, В and C to  (37) and (38), w e can  see  
that b o th  theorem  V II and theorem  V III  are proved.
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Continuation of the exam ple

Theorem s V II and V III  perm it a certain lib er ty  in choosing the constants  
p ,  q, r, s, t because in  V II  on ly  the condition (31), in  V III  only the conditions 
(32) and  (33) are to  be fu lfilled . B y  making u se  o f  th is liberty, one endeavours 
to  choose such con stan ts p ,  q, r, s, t which fa c ilita te  the num erical com puta
tio n . T his idea w ill be em ployed in w hat fo llow s.

L et us apply theorem V II .  W e shall choose

p — 0, ç = l ,  r — —2, s — 1, t =  0. (39)

B y  th is  choice, con d ition  (31) is fulfiled. E xp ression  (32) now has the form

V — 2 W + L d. (40)

In  order to scrutinize expression (40), we in trod u ce the notation

Л  =  V - 2 W +  L d.

A fter inserting (21), . . ., (25) we obtain th e  function

A  =  3000 d |  -  10 dA +  0,175 -  

— S 3dA +  S2d A — 0,01 S2 +  0,01 S 3 +

+  0,01 PB.

Since according to theorem  V II, the q u an tities S 15 S2, S 3, dA, P B have to  be 
conform ed not on ly  to  the prescribed d isp lacem ents but also to the prescribed
ex tern a l forces, w e su b stitu te  S2 — S d — 14 and S3 =  S x — 14 — P B, and
ob ta in

Л  =  3000 d% - 2 4  d A +  0,175.

A s can  be seen, Л  is a fu n ction  of dA. From th e  vanish ing of the first variation ,

=  6000 dA -  24 =  0 (41)
ddA

fo llow s. From  th is single equation, we can  com pute the single unknow n d A 
and obtain  the result

dA =  0 ,004. (42)

T h u s, the actual stresses and displacem ents are such that equation (42) holds. 
B y  applying theorem V I I I ,  the choice

p  =  1, q =  0, r — 0, s =  — 1, t =  0
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yields theorem s I and I I , and the choice

p  =  0, q =  1, r = 0 ,  s =  0, t =  —1

yields theorem s III  and IV. A lthough th e  application  of theorems I , I I , I I I  and  
IV is already presented in  several tex t-b o o k s, y e t for entirety’s sake, le t  also 
the theorem s I, II , III  and IV be applied  to  the simple structure show n in  
F ig. 4 . Since th e  application o f I, II , I I I  and IV  will be carried ou t in the  
very sam e m anner as that o f V, V I and V II , we content ourselves w ith  the  
fo llow ing concise presentation.

I f  the sta te  o f stress and disp lacem ent is caused only by P A =  14, and  
theorem I  w ill he applied:

U  =  0,0001 S? +  0,0005 SI +  0 ,0002 S2 =

=  0,0001 S 2 +  0 ,0005(SX -  14 )2 +  0,0002(Sj -  14)2,

—  - 0 ,0016 S, -  0,0196 =  0 .
d S J
S 1 =  12,25. (43)

I f  th e  sta te  o f stress and displacem ent is  caused by P A =  14 and d B =  0 ,01, 
and theorem I I  w ill be applied:

U  =  0,0001 S2 +  0,0005 SI +  0 ,0002]S2 =
=  0,0001 S2 -F 0 ,0 0 0 5 ^ ! -  1 4 )2 +  0 ,0 0 0 2 ^  -  14 — PB) 2,

L d = 0 , 0 1 P B ,

— { U  — L d) =  0,0016 S 1 -  0 ,0 0 0 4 PB -  0,0196 =  0,
0Sj

—  ( U  -  L d) =  - 0 ,0 0 0 4  Sj +  0 ,0004 PB -  0,0004 =  0.
d P B

S t =  20, PB =  31. (44)

I f  th e  sta te  o f stress and displacem ent is caused only by dB =  0 ,01 , and  
theorem I I I  w ill be applied:

V  =  3000 -

dV_

dd~&
=  6000 d A

10 d \  + 0 ,1 7 5

-  10 = 0 ,

d A
1

600
(45)
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I f  th e  sta te  o f stress and displacem ent is caused b y  P A =  14 and d B =  0 ,01 , 
and theorem I V  w ill be applied:

V  =  3000 d \  — 10 dA +  0 ,175,

L p =  14 dA ,

—- — ( V  — Lp) =  60 0 0 d A -  24 =  0 ,  
d d A

d A =  0 ,004. (46)

O f course, (43), (44), (45), (46) are not in contrad iction  with (27), (28), (29).

Retrospection

T he problem , the so lv ing  o f which th e  varia tion a l theorems w ill o ften  be 
ap p lied , is the follow ing: D eterm ine the stresses and displacem ents o f  an  
elastic  b od y  in equilibrium  when at certain p o in ts the displacem ents, and at 
certa in  points the external forces are prescribed.

Such a problem  w as treated in th e  above exam ple. For solv ing, th e  
su rveyed  theorem s w ere applied. As is w ell know n, the theory of linear-elastic  
structures leads to linear algebraic equations. A lso in the above exam ple, 
th e  com putation  led to  linear algebraic equations w ith  more or less unknow ns: 
four in  (26), three in  (28), tw o in (44), one in  (41). The unknowns w ere not  
alw ays th e  same q uantities. Thus, by applying different theorems, the m agn i
tu d e o f  com puting work m ay  be different. F or th is  reason, one endeavours  
to  choose, from tim e to tim e, one of the su itab le  theorem s.

In  th e  above exam ple, a very sim ple structure (Fig. 4) was considered. 
O f course in  practice, more com plicated structures occur, but a very  sim ple  
structure was sufficient to  explain the app lication  o f theorems.
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Übersicht e in iger Variationssätze in der E la slo sla tik . Es wird untersucht, w elche von  
den V ariationssätzen zugleich M inimalsätze sind. Zum  Beweis der Sätze wird s ta tt  der übli
chen Spannungsanalyse die Einfluß wert me thode verw endet. Der Verfasser arb eitet Zahlen
beispiele aus um  zu zeigen, daß man in konreten F ällen  bald den einen, bald den anderen von  
den Sätzen anw enden soll, wenn m öglichst wenig B erechnungsarbeit aufgewendet soll.

Рассмотрение нескольких вариационных положений теории упругости. А в т о р  и с 
с л е д у е т ,  ч т о  к о т о р ы е  и з  п о л о ж е н и й  я в л я ю т с я  п о л о ж е н и я м и - м и н и м у м .  Д о к а з а т е л ь с т в о  п о 
л о ж е н и й  в м е с т о  о б ы ч н о  п р и м е н я е м о г о  а н а л и з а  н а п р я ж е н и й  в ы п о л н я е т с я  а в т о р о м  с  п о 
м о щ ь ю  з н а ч е н и й  в о з д е й с т в и й ,  п р и м е н я е м ы х  в  т е о р и и  н е с у щ и х  к о н с т р у к ц и й .  С п о м о щ ь ю  
р а з р а б о т а н н ы х  ц и ф р о в ы х  п р и м е р о в  а в т о р  у к а з ы в а е т  н а  т о ,  что  с р е д и  и м е ю щ и х с я  в  р а с п о р 
я ж е н и й  в  к а ж д о м  о т д е л ь н о м  с л у ч а е  с л е д у е т  в ы б и р а т ь  д л я  и с п о л ь з о в а н и я  т о  п о л о ж е н и е ,  
к о т о р о е  т р е б у е т  м е н ь ш и х  п о  о б ъ е м у  в ы ч и с л и т е л ь н ы х  р а б о т .
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PLASTIZITÄTSMECHANISCHE UNTERSUCHUNG 
DES SPANBILDUNGSVORGANGES

H. W E B E R * —J. LEO PO LD**

[E ingegangen: 30. März 1977]

Im  Beitrag wird ein M odell zur Berechnung der Spannungen an der Sp anfläch e  
eines Schneidwerkzeuges vorgestellt. Grundlage der Untersuchungen is t  d ie Gleitli- 
nientheorie. Die von L ee  und Shaffer bekannten Gleitlinienfelder w urden hin
sichtlich  des Reibwertes, des m öglichen Spanwinkels und der B erücksichtigung einer 
realen Schneidkantenrundung erweitert. Einige Ergebnisse von num erischen B erech
nungen werden diskutiert. D araus wird der große E influß des Schncidkantenradius auf 
die Spannungsverteilung ersichtlich .

1. Einleitung

Von den Forschungsergebnissen der Fertigungstechnik wird zunehm end  
erw artet, daß sowohl M aßnahm en zur Reduzierung der Fertigungskosten , der 
ein gesetzten  Energie und des M aterialverbrauches abgeleitet w erden als auch  
den stän d ig  steigenden Forderungen nach Erhöhung der Q ualität der E rzeug
n isse  R echnung getragen wird. D ie Q ualität und dam it die G ebrauchsgüte von  
bearbeiteten  Teilen hängt entscheidend von der O berflächenbeschaffenheit ab. 
So w irkt sjch der nach der spanenden Bearbeitung veränderte Z ustand der 
O berflächenschicht, d. h. die in  ihr verbleibenden Spannungen, die Stärke  
der verfestigten  Schicht und die eingetretenen G efügeveränderungen au f die 
m echanischen E igenschaften des B auteiles und dam it auf dessen L ebensdauer  
sow ie Zuverlässigkeit aus [1].

Zum  anderen erfordert die ständig steigende Erhöhung der A rbeits
geschw indigkeiten  der M aschinen eine verstärkte A utom atisierung der B e
arbeitungsvorgänge. D ie T atsache, daß die K enntnisse über die F ertigu n gs
verfahren größtenteils em pirisch gewonnen wurden und phänom enologischen  
Charakter tragen wirkt sich erschwerend auf die B ildung eines m öglichst v iele  
S eiten  des Spanbildungsvorganges beschreibenden Modells aus. W eiterh in  hat 
eine Verbesserung der M odellbildung ebenso großen E influß au f die bessere

* Prof. Dr.-Ing. habil. H orst Weber . Rektor — Technische H ochschule K arl-M arx-
S tad t.

** Dr. Ing. Jürgen Leopold. W issenschaftlicher O berassistent, Technische H ochschule  
K arl-M arx-Stadt, Sektion Fertigungsprozeß und Fertigungsm ittel.

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



A
cta 

Technica 
A

cadem
iae 

Scientiarum
 

H
ungaricae 

86, 
1978

EINGANGSGRÖßEN Yj (t) ZUSTANDSGRÖßEN ZK( M)  AUSGANGSGRÖßEN Xj (t)

M __________Yi (t)

1 Werkstückgeometrie
2 Schnittgeschwindigkeit
3 Vorschub
4 Schnitt iefe

5 Kühlung- Schmierung
6 Statische und dynamische

Steife des Systems 
Maschine - Werkzeug - Werkstück

7 Werkstoff des Werkstückes
8 Werkstoff des Werkzeuges

К Zk (t-1)
1 Globale Materialkennwerte 

E - Modul 
Poissonzahl 
Schubfließgrenze 
Viskosität

2 Geometrie des Werkzeuges 
Schneidenrundung 
Aufbauschneide 
Freiflächenverschleiß

3 Versetzungsdichte
4 Eigenspannungsverteilung
5 Verfestigung

j l _________X, (t)__________

1 Kräfte
2 Spanstauchung
3 Energie
4 Oberfläche -  Gestalt

-Beschaffenheit
-Verhalten

7 Spanablaufgeschwindigkeit

5 Kontaktlänge
9 Temperatur

Bild. 1. Kenngrößen im  Prozeß der Spanbildung

288 
W

EB
ER

, H
. —

LEO
PO

LD
.



UNTERSUCHUNG DES SPANBILDUNGSVORGANGES 289

Beherrschung von M eßaufgaben in kom plizierten  F ertigungssystem en. Nach  
E inschätzung des V II. IM EK O -K ongresses [2] wird die G ew innung größerer 
a-priori-K enntnisse über das zu steuernde M odell immer noch u nterschätzt. 
H inzu kom m t, daß seitens der CHIP [3] eine Prognostizierung der Zukunft 
der Fertigungstechnik  ergab, daß um 1985 m it einer vo llständ igen  on-line- 
A utom atisierung und Optim ierung kom p letter  Fertigungsbetriebe zu rech
nen ist.

2. Methoden der Modellbildung des Spanbildungsvorganges

B ild  1 zeigt w esentliche K enngrößen im  Prozeß der Spanbildung. Unter 
den Eingangsgrößen Y l(x) dienen Schnittgeschw indigkeit, Vorschub und  Schnit- 
tiefe  als steuerbare Prozeßgrößen. M eßgrössen zur Charakterisierung der Span- 
h sôff2éteçees aus. H istorisch gesehen und au f eine einfache praktische H and
habung ausgerichtet, dom iniert die technologische M odellbildung. Hierzu 
gehören die Schnittkraftgieichungen nach K konenberg  und K ie n z l e  sowie 
die B erechnung des Standzeitverhaltens nach  T aylor. G egenw ärtig werden  
Erw eiterungen z. B . für Problem e der F einbearbeitung vorgenom m en, sowie 
Schnittw ertspeicher für eine Vielzahl v o n  W erkstoff W erkzeugpaarungen und 
unterschiedliche Schnittbedingungen angew endet [4]. Grundlegende E rkennt
nisse zum  Elem entarvorgang sind durch Änderungen des M odells nach dieser 
M ethods n icht mehr m öglich. Lediglich die Verfahren zum A u fste llen  der 
nötigen  R ichtw erte haben sich den m odernen technischen M öglichkeiten  und 
m athem atischen  Verfahren angepaßt [5].

E ine genauere Beschreibung der im  Zerspanungsprozeß ablaufenden  Vor
gänge gew innt man durch eine breitere A nw endung naturw issenschaftlich
m athem atischer Erkenntnisse.

Zu den Verfahren der elem entaren T heorie, die Lösungen über G leich
gew ichtsbedingungen erm itteln, gehören G leitlinienm odelle. H ierbei kann 
zw ischen jenen M odellen unterschieden w erden, die den realen Spanbild ungs
vorgang experim entell (z. B. m ittels V isiop lastiz itä t, M oireverfahren) unter
suchen und solchen, die vereinfachte G leitlin ienfelder unter B eachtung gültiger  
R andbedingungen zu H ilfe nehm en. Z w eckm odelle haben den V orteil, zu prak
tisch  verw endbaren analytischen B eziehungen  zu gelangen, die für eine Steue
rung des Vorganges von großer W ich tigk eit sind.

In  jüngster Zeit wurde der Spanbildungsvorgang mit Hilfe von  E xtrem al- 
prinzipen m odelliert, die auf E nergiebetrachtungen basieren. E s läß t sich 
zeigen, daS die G leitlinienlösung stets e ine gute Näherung darstellt [6].

E ine E inbeziehung des viskosen M aterialverhaltens im G esam tbereich  
der Spanbildung (G lobale-Fließm odelle) bzw . lediglich zur B eschreibung der 
F ließ sch ich t an der Spanunterseite (lokale-F ließm odelle) erweitert den G ültig
keitsbereich  der Spanm odelle. Der gegenw ärtige Stand der M odellierung des
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Methoden der Modellierung des Sponbildunqsvorqonqes

Technoloaische
Modellbilduna

Naturwissenschaftliche
Modellbilduna

Kybernetische
Modellbilduna

ULRICHTAYLOR
KRONENBERG 1 SHIRAKASHI /  USUI
KIENZLE

ExtremalonnziD Gleitlinienmodell# Flieiimodelle
Modelle

JOHNSON / MAHTAB 1 LAMM
OKUSHIMA Erkenntnis- Zweck- SCHALLER
POMEY modelle modelle SCRUTTON
KATO u. a. GUN

FUJII u. a LEE / SHAFFER ERFURT
ROTH ! OXLEY SHAW u. a.
TRETJAKOV KUDO
MAKINO WEBER

Bild. 2. M ethoden der Modellierung des Spanbildungsvorganges

V organges der Spanbildung zum  Zwecke einer Steuerung bzw. Regelung beru h t  
größ ten teils auf F austform eln  für Kräfte und Tem peraturen. Diese sta tisch en  
B eziehungen  werden “ d ynam isiert“ , indem V orschub bzw. Schnittiefe zu Z eit
fu n k tion en  werden. N euerdings werden S im ulationsm ethoden angew endet, die  
W erkstoffprüfung unter Zerspanungsbedingungen und numerische M odell
berechnungen  in w echselseitiger Abhängigkeit vornehm en.

B ild  2 zeigt eine Ü bersich t zu M ethoden der Modellierung des S p an b il
dungsvorganges.

3. G leitlinienm odell des Zerspanungsvorganges

A us der vorangegangenen Übersicht v o n  M ethoden zur B eschreibung  
des Zerspanungsvorganges is t  ersichtlich, daß eine allgemeine Theorie der 
Spanbild ung noch aussteht. Sowohl der th eoretisch e E ntw icklungsstand v o n  
M echanik, M athem atik und Physik  als auch die Forderung nach m öglich st  
ein fach en  und praktisch le ich t anwendbaren E rgebnissen  zwingen zu A nnahm en  
und größeren E inschränkungen.

W ie das M oirebild einer Spanwurzel (B ild  3) zeigt, konzentrieren sich  
die D eform ationen  im  w esentlichen  auf einen schm alen  Bereich in  u n m itte l
barer N ähe der Scherlinie. Flinzu kom m t, daß beim  quasistatischen Prozeß  
(sta tion ärem  Spanen) kein W echsel von B e- und E ntlastung vorliegt, so daß  
im  G ebiet uneingeschränkten plastischen F ließ en s starr-ideal-plastisches 
M aterialverhalten  eine gute Näherung ist. D ies g esta tte t es, unter V ernach-
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B ild . 3. M oireaufnahme einer Spanwurzel

lä s s ig u n g  e la s t is c h e r  b z w . v isk o se r  A n te i le  d ie  M iSE s’sche S p a n n u n g s -D e fo r m a 
t io n s b e z ie h u n g  G l. (3 ) zu b e n u tz e n . D a  g le ic h z e it ig  in  d ie se m  B e r e ic h  d ie  
D e fo r m a t io n s g e s c h w in d ig k e it e n  seh r  g r o ß  s in d  (v o n  N a u ma nn  [7] w u r d e n  
b e im  Z e r sp a n e n  e in e r  s u p e r p la s t is c h e n  P b -S n -L e g ie r u n g  | e |  ^ 3  • 10 1 s ~ 1 
e r m it t e l t )  w ir d  d ie  M iSE s’sc h e  F lie ß b e d in g u n g  (G l. 2) im  g e s a m t e n  p la 
s t is c h e n  G e b ie t  a ls  g ü lt ig  a n g e se h e n . N a c h  W e b e r  [8] is t  e s  g e r e c h t f e r t ig t ,  
u n te r  g e w is s e n  Z e r sp a n u n g sb e d in g u n g e n  (z . B . für S p a n u n g s v e r h ä ltn is s e  
4 a | s  20) e in e n  eb e n e n  D e fo r m a t io n s z u s ta n d  v o r a u sz u s e tz e n .

I m  w e ite r e n  w ir d  a u sg e g a n g e n  v o n  d e n  B ed in g u n g en  d e s  s t a t is c h e n  

K r ä f te g le ic h g e w ic h te s

+  =  o, ; =  1 , 2 , 3
dXi 3x2 d x 3

d e r  F l ie ß b e d in g u n g e n  v o n  M is e s

I., — K 2 m it  I 2 =  —  j y  of,
2  i.J=l

<*ii ' (Jij bi j

1 X?
°m  =  V  — ° 4  

1 U - i

( 1 )

( 2 )

A da  Technica Academiae Scientiarum Hungaricae 86, 1978



2 9 2 W EBER, H. LEOPOLD, I.

u n d  d e m  S to f fe e s e tz
К  • s  . 1 3

«u  =  — r r L  I 2 =  -  2  4  • (3)
М 2  ^  1,7= 1

E n ts p r e c h e n d  u n serer  e in g a n g s  g e tro ffen en  A n n a h m e  w ir d  der eb en e  D e fo r m a 
t io n s z u s t a n d  b e tr a c h te t .

F ü r  d ie  S p a n n u n g e n  w ir d  a n g e se tz t

=  P + k  ■■ s in  2 0 , (4 .1 )

=  p  — к •• s in  2 0 , (4 .2 )

=  -  к  ■■ c o s  2 0 (4 .3 )

m it  d e r  M it te ls p a n n u n g  p ( x , y )  =  p  =  ( l/2 )(cr11+  <r22) u n d  d em  W in k e l  
d { x , y )  —  0 , d en  d ie  T a n g e n te  an  e in e  e r s te  G le it l in ie  im  P u n k t P ( x ,  y )  m it  
d er  p o s i t iv e n  y -A c h se  b i ld e t .  D a n n  s in d p ( * ,  y )  u n d  ß ( x ,  y )  L ö su n g en  d es  q u a s i 
l in e a r e n  p a r t ie lle n  D iffe r n t ia lg lo ic h u n g s s y s te m s .

9 P
d x

+  2 K

Э P

9у
+  2 К

9 0

Эл;
2 0

—  sin  2 0
9.т

9 0

Э у

9 0

9у

s in  2 0

c o s  2 0

=  0  , 

=  0 .

(5.1)

(5.2)

D ie  G le ic h u n g e n  (5 ) w u r d e n  u n te r  der V o r a u s s e tz u n g  a b g e le ite t , d a ß  d ie  
F lie ß s c h u b s p a n n u n g  к  im  g e s a m te n  G eb ie t d e s  u n e in g e s c h r ä n k te n  p la s t is c h e n  
F l ie ß e n s  k o n s t a n t  is t .

S o l l  d er  E in f lu ß  d er  im  r e a le n  Z e r sp a n u n g s v o r g a n g  w irk en d en  V e r f e s t i 
g u n g  b e r ü c k s ic h t ig t  w e r d e n , m u ß  e in e  v o n  Christophersein  [9] v o r g e n o m m e n e  
u n d  v o n  P almer/O x l e y  [1 0 ]  v o lls tä n d ig  a u f  d ie  Z ersp a n u n g  a n g e w e n d e te  
v e r ä n d e r lic h e  F lie ß s c h u b s p a n n u n g  к  =  k [ x , y )  b e r ü c k s ic h t ig t  w erd en . N e u e r 
d in g s  w u r d e n  au s e x p e r im e n te l le n  U n te r s u c h u n g e n  d e s  Z e r sp a n u n g sv o r g a n g e s  
m i t t e l s  d e r  M e th o d e  d er  V is io p la s t iz i tä t  v o n  Ma r in o  [1 1 ] G le it lin ie n fe ld e r  Lind 
S p a n n u n g s v e r te i lu n g e n  b e r e c h n e t .  Ü b er  e in e n  Z u sa m m e n h a n g  z w isc h e n  d e r  
Ä n d e r u n g  d er  G le ic h g e w ic h ts k o m p o n e n te n  v o n  M a te r ia lte ilc h e n  g e m ä ß  d er  
G e ir in g e r -G le ic h u n g e n  u n d  d e n  K o m p o n e n te n  d e s  V e r se tz u n g s c h ic h te te n s o r s  
b e r ic h t e n  W eng /P hillips  [1 2 ] .

S in d  g e e ig n e te  R a n d b e d in g u n g e n  g e g e b e n , d a n n  k ö n n en  L ö su n g e n  fü r  
d ie  G le ic h u n g e n  (5) g e fu n d e n  w e r d e n  u n d  es i s t  m ö g l ic h ,  d ie  S p a n n u n g s v e r te i
lu n g  fü r  d ie s e s  P r o b le m  d e s  e b e n e n  p la s t is c h e n  F l ie ß e n s  zu  e rm itte ln . H ie r b e i  
s in d  b e r e it s  b e k a n n te  M e th o d e n  der A n a ly s is  a n w e n d b a r .

B i ld  4  z e ig t  d ie  fü r  d ie  w e ite r e n  A b le itu n g e n  n ö t ig e n  D e f in it io n e n . D a r a u s  
w ird  d e u t l ic h ,  d aß  d ie  S c h u b s p a n n u n g  in  d en  P u n k t e n  I  b z w . I I  ih ren  M a x im a l-
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b) Mohrscher Spannungskreis

Bild.  4. D efinitionen in der physikalischen Ebene und Spannungsebene

wert erreicht und betragsm äßig gleich der Schubfließgrenze к  ist. D ie  im  B ild  4 
eingezeichneten Strecken I -P  bzw . I I -P  repräsentieren die beiden G leitrich tun
gen. E ine G leitlinie ist eine K urve, die in jedem  ihrer Punkte den gleichen  
N eigungsw inkel w ie die R ichtung der entsprechenden G leitrichtung b esitzt. 
Sie sind H auptschuhspannungslinien, längs deren die Schubspannung kon
stant ist.

D ie G leitlinienm ethode ist w eit entw ickelt und liefert m it W erten  der 
P raxis re la tiv  gut übereinstim m ende Integralgrößen. Daher scheint es zw eck

A da Terhnira Acailrmiae Scienliarum Hungaricae 86, 1978
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m ä ß ig ,  tr o tz  der e in g a n g s  e r w ä h n te n  E in sc h r ä n k u n g e n , d ie  G le it lin ie n m e th o d e  
z u r  U n te r su c h u n g  d e s  Z e r sp a n u n g sv ö tg a n g e s  a n z u w e n d e n . L e e /S h a Ff e r  [13 ]  
w e n d e t e n  sie e r s tm a ls  a u f  d e n  S p a n b ild u n g sv o r g a n g  a n . Siü g in g e n  ç lavon  au s, 
d a ß  d ie  S ch ereb en e  g le ic h z e it ig  G le iteb en e  i s t .  D a m it  ergab  s ic h , [b eg in n en d  
v o n  d e r  S ch ereb en e  ( v g l .  B i ld  5a) e in  F e ld  k o n s t a n te r  S p a n n u n g e n . P r a k tis c h e  
U n te r s u c h u n g e n  z e ig te n  d e u t l ic h e  A b w e ic h u n g e n  v o n  der T h eo r ie . In sb e so n d e r e  
fü h r e n  groß e R e ib w in k e l  u n d  k le in e  b zw . n e g a t iv e  S p a n w in k e l zu  g ro ß en  b zw . 
u n e n d lic h e n  W e r te n  fü r  d ie  S c h n it tk r ä fte . D u r c h  B e r ü c k s ic h t ig u n g  e in er  A u f
b a u s c h n e id e  an der S c h n e id k a n t e  u n d  d em  E in f ü g e n  e in e s  in  P 0 •— ie n tr ie r te n  
F ä c h e r s  k o n n te n  g e w is s e  S c h w ie r ig k e ite n  b e s e i t ig t  w erd e n .

D ie  v o n  W e b e r  [8] v o r g e n o m m e n e  E r w e ite r u n g  der L ö su n g e n  v o n  
L e e /S h a f f e r  [13 ] e r fo lg te  so , d aß  a lle  m ö g l ic h e n  R e ib w e r te  ^  =  o'12/o'11 im  
B e r e ic h  0 < [ ц <Ç 1 a u f  d e r  S p a n flä ch e  fü r  j e d e n  m ö g lic h e n  S p a n w in k e l  
— 9 0 °  =  у  =  + 9 0 °  a u f t r e te n  k ö n n en . In  (8 ) w e r d e n  G le it lin ie n fo ld e r  e n t 
w ic k e lt ,  d ie  d ie sen  e r w e it e r t e n  B e d in g u n g e n  e n ts p r e c h e n .

F ü r  th e o r e t is c h  s c h a r fe  W erk zeu g e  z e ig t  B ild  6 d ie se  F e ld e r . B e r e it s  
n a c h  k u rzer  S c h n it t z e i t  z e ig t  d ie  S ch n e id e  e in e  S c h n e id k a n te n r u n d u n g  so w ie  
F r e if lä c h e n v e r s c h le iß . D e s h a lb  sind  e r w e ite r te  G le it lin ie n -  u n d  G e sc h w in d ig 
k e it s f e ld e r  n ö tig . M e s s u n g e n  v o n  Smejcal [14] z e ig te n  u . a . e in e  k o n k a v e  
K r ü m m u n g  der S c h e r lin ie  im  B ere ich  der S c h n e id k a n t e .  H in z u  k o m m t, d aß  
j e d e s  im  E in g r iff  b e f in d l ic h e  W erk zeu g  e in e n  S c h n e id k a n te n r a d iu s  a u fw e is t .  
D a s  G le it lin ie n fe ld  n a c h  B ild  5 b e fr ied ig t a lle  d ie s e  F o rd e r u n g e n .

D er  S p an  g le i t e t  ü b e r  der S p a n flä c h e  d e s  W e r k z e u g e s  in n e r h a lb  der  

K o n t a k t lä n g e  1A. =  0  — P k . In  P k u n d  s o l l  S p a n n u n g s fr e ih e it  h err sch en . 
D ie  L in ie  P k — g ib t  d ie  R ic h tu n g  d er  g r ö ß te n  H a u p ts p a n n u n g  a n . D a s  
G le it l in ie n fe ld  P k — — P M1 — P k  i s t  e in  G e b ie t  k o n s ta n te n  Z u sta n d e s
( B i ld  5 a ) . D ie sem  p la s t is c h e n  F e ld  k o n s ta n te r  S p a n n u n g e n  s c h lie ß t  s ic h  e in  
z e n tr ie r te r  F ä ch er  m i t  d e m  M itte lp u n k t in  M 1 u n d  d em  Ö ffn u n g sw in k e l 0  

a n  (B i ld  5b ). D er  T e il  — P x г des F ä c h e r s  i s t  d er  g era d e  T e il d er  S c h e r lin ie .  
I h m  fo lg t  ü ber d en  S c h n e id k a n te n r a d iu s  d er  g e k r ü m m te  T e il der S ch e r lin ie

-- -
D ie  R a n d g le it l in ie n  P M  k — P r 1 u n d  P X1 — P 1 N  g ren zen  e in  a llg e m e in e s  

HENCKY-PRANDTL-Netz g e k r ü m m te r  G le it l in ie n  a b .
I n  [8] w erd en  a u c h  N ä h e r u n g s lö s u n g e n  fü r  d ie  S c h n it tk r ä f te ,  a u s  d en  

S p a n n u n g s v e r h ä ltn is s e n  lä n g s  der S c h e r flä c h e  a b g e le i t e t .  F ü r  d ie  S c h n it tk r a f t  
F s  u n d  d ie  D r a n g k r a ft  F D  g ilt :

F  =  -  к  ■ b ■ h [c o t  Ф  +  (1 — 20)] ,  (6.1)

F  =  + к  • b  ■ h  [(1 — 2 0 )  c o t  Ф  -  1 ]. (6.2)

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



UNTERSUCHUNG DES SPANBILDUNGSVORGANGES 2 9 5

B ild . 5. Erweitertes Gleitlinienfeld für einen  negativen  zentrierten Fächer un d  Schneid
kantenrundung
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B i l d .  6 .  Spanbildungsm odelle für theoretisch  scharfe Werkzeuge

Z u s a m m e n  m it der S p a n s t a u c h u n g

cos y  • c o t  Ф  -f- s in  y (7)

s t e h t  e in  S y ste m  v o n  d r e i G le ich u n g en  zu r  V e r fü g u n g , m it d em  a u s  e in e r  
M e s s u n g  v o n  F s ,  F d  u n d  h j h  d er  S ch erw in k e l Ф ,  d e r  F ä c h e r ö ffn u n g s w in k e l 0  
s o w ie  d ie  S c h u b flie ß g r e n z e  к  b e s t im m t w e r d e n  k ö n n e n .

W ie  U n te r s u c h u n g e n  in  [8] z e ig te n , s t r e b t  d ie  S c h u b flie ß g r e n z e  fü r  
g r o ß e  S p a n u n g sd ic k e n  u n d  h o h e n  V e r fo r m u n g sg e s c h w in d ig k e ite n  e in e m  G r e n z 
w e r t  z u . D ieser  is t  m a te r ia la b h ä n g ig .

Z u m  B e isp ie l w e r d e n  fü r  C  15 das K Grenz =  4 4  k p /m m 2 u n d  fü r  C  60  
d a s  K Grenz =  65 k p /m m 2 e r m it t e l t .  E s w ir d  a n g e n o m m e n , daß  d ie se  G ren z 
w e r t e  d e n  B e la s tu n g e n  in  d e r  S ch ereb en e  e n ts p r e c h e n .

M it  H ilfe  d ie ser  S c h u b s p a n n u n g sk o r r e k tu r  i s t  es m ö g lich , ü b e r  d ie  
G le ic h u n g e n  (6 )— (7 ) e in e n  m it t le r e n  w ir k e n d e n  S p a n w in k e l yw e in e n  w ir k e n 
d e n  S c h e r w in k e l Ф № u n d  Ö ffn u n g sw in k e l 0 W zu  b e r e c h n e n . S ie  s in d  d er  A u s 
g a n g s p u n k t  für d ie  K o n s tr u k t io n  des G le it l in ie n fe ld e s  ob erh a lb  d er  S p a n 
f lä c h e .

4. N um erische Berechnung des G leitlinienfeldes nahe 
der Schneidkantenrundgung

N a h e  der S c h n e id k a n t e  w ird  das W e r k z e u g  a m  stä r k s te n  m e c h a n is c h  

b e la s t e t .  D a m it  is t  d a s  p la s t i s c h e  G eb iet P l x  — P i n  — F M  г — Р х t v o n  b e so n -

d e r e m  In te r e sse . I n fo lg e  d e r  K rü m m u n g  d er  S c h e r l in ie  zw isch en  P 1 x ~ P l , N
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h a n d e lt  e s  s ic h  h ie r b e i u m  e in  v e r a llg e m e in e r te s  ÜENCK Y -PR A ND TL-Netz 
g e k r ü m m te r  G le it l in ie n . D a s  zu  b e s t im m e n d e  G le it lin ie n fe ld  w ir d  b e g r e n z t

d u rch  d ie  e r s te  G le it l in ie  P M 1  — P , ,  (K r e is b o g e n ) ,  d u rch  d en  g e k r ü m m te n

T e il  d er  S c h e r lin ie  P ,  ,  — P ,  N  (z w e ite  G le it l in ie )  so w ie  durch  d ie  S p a n f lä c h e  
d es  W e r k z e u g e s , b e s t e h e n d  aus d en  B o g e n  d e r  S c h n e id k a n te n r u n d u n g  m it  
d em  R a d iu s  R 2 u n d  d e m  s ic h  a n sc h lie ß e n d e n  g e r a d e n  T e il b is zu m  P u n k t  P M 1 .

Z w e c k m ä ß ig e r w e ise  w erd en  z u e r s t  a l le  d im e n s io n s lo se n  V a r ia b le n  d es  
S p a n n u n g s z u s ta n d e s  со ,  ,  u n d  •&, x e n t la n g  d e r  R a n d g le it lin ie  P M  x — P , ,  

b e s t im m t , u n d  a n s c h lie ß e n d  d ie  со ,  ,  b z w . # x j  e n t la n g  des g e k r ü m m te n  T e ile s  
d er  S c h e r lin ie . I n  P M  ,  g i l t  n a ch  [8 ] p  =  — k  u n d  d a m it fü r  с о ,  x =  — 05 . 
D e r  W in k e l x d er  e r s te n  G le it lin ie  in  P M  x e r g ib t  s ich  zu

l  —  7 w  ~  О  ív —  Фи> +  —  ■ (8 )
Za

D a  fü r  d e n  n e g a t iv  z e n tr ie r te n  F ä c h e r  M ,  P i  , i  -  P m . x — M 1 d ie  R a n d -

g le i t l in ie  P ,  j — P M  ,  e in  K r e isb o g e n  i s t ,  e r h ä lt  m a n  b e i ä q u id is ta n te r  Ä n d e 
ru n g  d e s  F ä c h e r ö f fn u n g s w in k e ls  0  fü r  d e n  N e ig u n g s w in k e l ß ,  x

f i j . i  —  & м, i" +
M
M -  1

0 ,  /  -  1 , 2 M. (9)

N a c h  e in e m  S a tz  v o n  H e n c k y  fo lg t  fü r  со, x

œ i, l  — ® /+ i,i +  fij, 1 — &1+1,1- (19)

V o m  P u n k t  P M  ,  b e g in n e n d  w erd en  d ie  со, x u n d  & , ,  e n t la n g  der e r s te n  G le it l in ie  
b is  P ,  t  b e r e c h n e t  u n d  v o n  d o rt a n a lo g  d ie  со, j  b z w . { ) ,  j  b is  P ,  N . Z u r  K o n 
s tr u k t io n  d es  G le it l in ie n fe ld e s  im  In n e r n  d ie s e r  R a n d g le it lin ie n  w ir d  d ie  
S e k a n te n m e th o d e  b e n u t z t  (B ild  7 ).

J e d e s  B o g e n s tü c k  w ir d  d u rch  e in e  S e h n e  e r se tz t , d eren  N e ig u n g  d a s  
M itte l d er  E n d n e ig u n g  i s t .  U n te r  N u tz u n g  d e r  O r th o g o n a litä ts b e d in g u n g e n  
d er  G le it lin ie n  fo lg t  fü r  d ie  K o o r d in a te n  v o n  P ,  y .

X  _  X i - U  — У ц - 1 T  x i - i j  c o t  $*,J+ X , j . y ta n  - d j j
c o t  j  +  t a n  j

v  v  ̂ I X i - \ J  ~  X U
*r, j  — *1 -1 J  H ------------- ----------- --  - -  >

ta n  V * j

Ĵ.J = у  («ij + ö j - i j )

( П )

( 12)

(1 3 )
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B ild .  7  A pproxim ationsm odel zur näherungsw eisen Berechnung innerer P u n k te  des
Gleitlinienfeldes

D ie  R e ih e n fo lg e ,  in  d er  d ie s e  P u n k te  b e r e c h n e t  w e r d e n , is t  b e lie b ig . P r a k t is c h  
h a t  e s  s ic h  a ls g ü n s t ig  e r w ie s e n , erst a lle  P u n k t e  e in e r  G le it lin ie  zu  b e r e c h n e n ,  
b e v o r  d ie  n ä c h s te  fo lg t .  D ie  B e r e c h n u n g  w ir d  a b g e b r o c h e n , w e n n  d ie  S p a n 
f lä c h e  a m  W e r k z e u g  e r r e ic h t  b z w . g era d e  u n te r s c h r it t e n  w u rd e.

M it H ilfe des ersten  HENCKY’schen S atzes kann der N eigungsw inkel 
der durch  den Punkt P 1 j  gehenden ersten G leitlin ie  zu

& I J  —  0 1-1,J  +  ö I - 1 J  —
b e s t im m t  w erd en .

F ü r  o ) j i  e rh ä lt  m a n

(1 4 )

M I, 1 =  m I - l j  ~  ^ / - 1 J  +  • (1 5 )

D ie  N o r m a l-  b z w . S c h u b s p a n n u n g e n  im  P u n k t  P ,  j  sin d :

cru ( I ,  J )  =  к  • œ ,  j  +  к  • s in  2 д ,  j , (1 6 .1 )

cr22( I ,  J )  =  к  ■ со ,  j  —  к  • s in  2 ö ,  j , (1 6 .2 )

(Ti2( I ,  J )  =  — к • co s  2 j  . (1 6 .3 )

M it  e in e m  a u f  d ieser  G r u n d la g e  e r s te ll te n  F O R T R A N -P r o g r a m m  [1 5 ]  w u r d e  
u . a . d ie  S p a n n u n g s v e r te ilu n g  im  B e r e ic h  d e s  F ä c h e r s  für d rei v e r s c h ie d e n e  
S c h n e id k a n te n r a d ie n  b e r e c h n e t .  W ie  au s B i ld  8 e r s ic h tlic h , h a t  d er  S c h n e id 
k a n te n r a d iu s  e in en  b e s o n d e r s  g ro ß en  E in f lu ß  a u f  d ie  N o r m a ls p a n n u n g  ffn  
(ä u ß e r e  N o r m a ls p a n n u n g  a u f  d er  S p a n f lä c h e ) . D ie s  d e u te t  d a r a u fh in ,  d a ß  e in
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0 0  01 0,02 0,03 0,04 0,05 0,06 0,07 mm 0 , 0 3

X0 —

B ild . 8. A bhängigkeit der Norm alspannung a n  vom  Schneidkantenradius R s im  Berech
des Fächers

s ic h  v e r g r ö ß e r n d e r  S c h n e id k a n te n r a d iu s  im  B e a r b e itu n g s p r o z e ß  n ic h t  nu r  
u n m it te lb a r  in  S c h n c id k a n te n s p itz e  h ö h e r e  W e r k z e u g b e la s tu n g e n  h e r v o r r u ft ,  
so n d ern  im  g e s a m te n  B e r e ic h  d es  F ä c h e r s . E in e  E r w e ite r u n g  d er U n te r s u c h u n 
g en  a u f  d e n  B e r e ic h  der F r e if lä c h e  is t  m ö g lic h .

5 . Z u sa m m e n fa s su n g

D ie  b e sc h r ie b e n e  M e th o d e  d er  M o d e llie r u n g  d es S p a n b ild u n g s v o r g a n g e s  
m it te ls  G le it l in ie n  k a n n  in  a n a lo g e r  W e is e  a u f  d ie  B e r e c h n u n g  d er  S p a n u n g s 
v e r te i lu n g  e n t la n g  der F r e if lä c h e  e r w e ite r t  w erd e n . D e r a r tig e  B e r e c h n u n g e n  
w ü rd en  es  g e s t a t t e n ,  d ie  B e la s tu n g e n  d er  F r e if lä c h e  zu  e r m itte ln  s o w ie  A u s 
sa g e n  ü b e r  zu  er w a r te n d e  V e r fe s t ig u n g s t ie fe n  an  g e sp a n te n  O b e r f lä c h e n  zu  

tr e ffe n .
D a  b e i  je d e m  r ea le n  S p a n b ild u n g s v o r g a n g  d ie  S c h n e id e  g e r u n d e t  is t ,  

is t  im  B e r e ic h  d er  S c h n e id e n r u n d u n g  e in  n e g a t iv  z e n tr ie r te r  F ä c h e r  v o r h a n d e n .  
D ie  S ta u z o n e  k a n n  so w o h l im  “ fe s t e n “  a ls  a u c h  im  p la s t is c h e n  Z u s ta n d  v o r 
h a n d e n  s e in . D ie se r , Z u sta n d  w ird  d u rch  d ie  T e m p e r a tu r  in  der u n m it te lb a r e n  
U m g e b u n g  d er  S c h n e id e  so w ie  d u rch  d ie  W e r k s to f f -S c h n e id s to f f -P a a r u n g  
b e s t im m t . D a m it  is t  d ie  S ta u z o n e  der K e im  fü r  e in e  A u fb a u s c h n e id e n b ild u n g .  
E in e  A u fb a u s c h n e id e  k a n n  s ic h  b e i a lle n  S p a n w in k e ln  b ild e n . I h r e  G r ö ß e  is t  
v o m  S p a n w in k e l a b h ä n g ig .

D ie  V o r a u s s e tz u n g  s ta r r - id e a l-p la s t is c h e n  W e r k s to f fv e r h a lte n s  z w is c h e n  
P M  x u n d  P K  m u ß  a ls e in e  g r o b e  N ä h e r u n g  a n g e se h e n  w erd en , w ie  V e r g le ic h e
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z w is c h e n  d e n  n a c h  d ie s e m  M o d e ll b e r e c h n e te n  K o n ta k t lä n g e n  l K  u n d  V e r 
s u c h e n  z e ig e n . Z u m  a n d e r e n  m ü ssen  d ie  s ic h  in  d e r  F lie ß s c h ic h t  a n  d er  S p a n 
u n t e r s e i t e  b zw . F r e if lä c h e  a b sp ie le n d e n  V o r g ä n g e  a u sg e k la m m e r t w erd en  
u n d  g e tr e n n te n  U n te r s u c h u n g e n  V o rb eh a lten  b le ib e n .

D e r  e x a k te n  B e s t im m u n g  der G röße d e s  S c h n e id k a n te n r a d iu s  m u ß  g ro ß e  
A u fm e r k s a m k e it  g e s c h e n k t  w er d e n . Ä n d e r u n g e n  im  B e r e ic h  v o n  1 <Ç R s  < |  
<  15  / u m  erg a b en  s ta r k  v e r ä n d e r te  S p a n u n g s v e r lä u fe  e n t la n g  d er  S p a n f lä c h e .
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И ссл едован и е м ех а н и зм а  пластичности  п р о ц есса  о б р а зо в а н и я  н а п р я ж е н и я . В д а н н о й  
р а б о т е  п р иведен а м о д ел ь  д л я  вы числения н а п р я ж е н и й  на н а п р я ж ен н о й  п ов ер х н о ст и  
р е ж у щ е г о  инструм ента. В к ач естве основы  и ссл едо в а н и й  с л у ж и т  теор и я  линии  с к о л ь ж е 
н и я . П о л я  линии ск о л ь ж е н и я  L e e  и  S h a f f e r  р а сш и р ен ы  в  отнош ении п ок азател я  
т р ен и я , возм ож н ого  у г л а  н а п р я ж е н и я  и с учетом  р еа л ь н о г о  о к р угл ен и я  р е ж у щ е й  кром ки. 
П р и в ед ен о  о б су ж д е н и е  н ек о т о р ы х  результатов  ч и слов ы х вы числений. Н а осн ове чего  
уст а н о в л и в а ет ся  бол ь ш ое в оздействи е радиуса  р е ж у щ е й  кром ки на р а сп р едел ен и е на
п р я ж е н и й .
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SIMPLE, DISCRETE MODELS OF THE ELASTIC
SUBGRADE

S. K A L ISZ K Y *

D R. TECH N . SCI.

[M anuscript received 8 Septem ber, 1977]

Paper presents the pyram id and the shear models of subgrade w hich both  can 
be used for th e  num erical analysis o f e lastically  supported structures and th e  subgrade, 
as well. Containing two independent param eters the shear m odel is qu ite  general, 
since as special cases the W inkler Zim m erm ann and the pyram id m odels are also 
included in it. The application o f  th e  two discrete models is illustrated b y  a numerical 
exam ple.

1. Introduction

T h e  in v e s t ig a t io n  o f  th e  in t e r a c t io n  b e tw e e n  th e  s u p p o r t in g  c o n t in u u m  
a n d  th e  s tr u c tu r e  is  an  im p o r ta n t  p r o b le m  o f  te c h n ic a l m e c h a n ic s .  A t  th e s e  
p r o b le m s , h o w e v e r , th e  e x a c t  e la s t ic  a n a ly s is  o f  th e  c o n tin u u m  (in  t h e  fo llo w in g  
su b g r a d e )  y ie ld s  in  v e r y  c o m p lic a te d  c a lc u la t io n  [ 1 , 2 ]  th e r e fo r e  in  t h e  p r a c tic e  
t h e  u se  o f  su ch  m o d e ls  h a s  b e c o m e  g e n e r a l w h ic h  re su lt  in  r e la t iv e ly  s im p le  
a n a ly t ic a l  s o lu t io n s  or ca n  fo rm  a b a s is  fo r  n u m e r ic a l c o m p u t a t io n s .

T h e  m o d e ls  e la b o r a te d  b y  W i n k l e r — Zim m er m a n n  [ 3 , 4 ]  P a s t e r 
n a k  [5 ] , F il o n e n k o - B orodits  [6 ] a n d  V lasov  [7] r ep la ce  t h e  s u b g r a d e  b y  
a s in g le  la y e r  o f  e la s t ic  e le m e n ts  ( e .g .  sp r in g s);  th ere fo re  t h e y  le a d  t o  r e la t iv e ly  
s im p le  a n a ly t ic a l  so lu t io n s  b u t  c a n  n o t  p r o v id e  a n y  in fo r m a t io n s  a b o u t  th e  
s t r e s s  an d  s tr a in  d is tr ib u t io n  o f  th e  su b g r a d e . U s in g  n u m e r ic a l m e th o d s  as 
t h e  f in i t e  e le m e n t  m e th o d  a c o m p le te  a n a ly s is  o f  th e  s tr u c tu r e  a n d  th e  su b 
g r a d e  ca n  b e ca r r ie d  o u t  b u t  i t  n e e d s  v e r y  la rg e  c o m p u ta t io n s .

In  ord er to  e lim in a te  th e s e  d e f ic ie n c ie s  a n d  to  o v e r ta k e  t h e s e  d if f ic u lt ie s ,  
r e s p e c t iv e ly ,  th e  a p p lic a t io n  o f  su c h  d is c r e te  m o d e ls  m a y  b e  u s e f u l  in  th e  p ra c 
t i c e  w h ic h  are b e tw e e n  th e  “ o n e - la y e r ”  m o d e ls  and  th e  f in it e  e le m e n t  m o d e l  
b o t h  in  r e sp e c t  to  a c c u r a c y  a n d  c o m p u ta t io n a l  w ork . S u c h  d is c r e te  m o d e ls  
a re  th e  p y r a m i d  m o d e l  a p p lie d  fo r  a n a ly t ic a l  so lu tio n s  b y  K a n d a u r o v  [8] 
a n d  la te r  e x te n d e d  for  n u m e r ic a l in v e s t ig a t io n s  [9 , 10] a n d  t h e  s h e a r  m o d e l  

p u b lis h e d  f ir s t  in  [1 1 ] . In  th is  p a p e r  b o th  th e  p y ra m id  a n d  t h e  sh e a r  m o d e l 
w il l  b e  r e v ie w e d  a n d  w ith  th e  a im  o f  c o m p a r iso n  th e  r e su lts  o f  n u m e r ic a l  e x a m 
p le s  w ill  b e  a lso  p r e se n te d .

* Prof. Dr. S. K a l i s z k y , Delej u. 25. 1089 Budapest, Hungary.
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2. The pyramid m odel

T h e  p y r a m id  m o d e l  o f  su b g ra d e  c o n s is ts  o f  s m o o th  p r ism a tic a l e le m e n ts  
w h ic h  o n ly  tr a n s m it  n o r m a l  s tr e sse s  on th e ir  c o n t a c t  su r fa ces  to  e a c h  o th e r .  
E v e r y  seco n d  la y e r  o f  t h e  e le m e n ts  is  s h if f te d  h o r iz o n t a l ly  in  su ch  a m a n n e r  
t h a t  a  fo r c e  a c tin g  o n  t h e  b o u n d a r y  o f  th e  s u b g r a d e  sp r e a d s  a w a y  in  a tr ia n g u la r  
r e g io n  a s in  ca se  o f  a  s t o n e - w a l l  or a p y r a m id  ( F ig .  l /а ) .  H a v in g  n  la y e r s  th e  
p r e s s u r e  is  d is tr ib u te d  t o  t h e  d e p th  H  =  n b  o n  t h e  b r e a d th  L  =  n a .  B e c a u s e  
o f  t h e  p ressu re  th e  e le m e n t s  in  th e  reg ion  A  a re  d e fo r m e d  a n d , as a c o n se q u e n c e  
o f  i t ,  th e  s tr e ss le ss  e le m e n t s  in  th e  reg io n s  В  u n d e r ta k e  r ig id  b o d y  m o t io n .  
C o n s e q u e n t ly , th e  e f f e c t  o f  a  fo r c e  e x te n d s  to  t h e  d is ta n c e  L  =  n a  on  th e  b o u n d 
a r y  o f  th e  su b g ra d e .

A p p ly in g  a u n it  v e r t i c a l  fo rce  a t th e  p o in t  к  o f  t h e  b o u n d a r y  th e  r e s u lta n t  
v e r t i c a l  fo rces  Sy a r is in g  in  t h e  e lem en ts  c a n  b e  c a lc u la te d  from  th e  re c u r r e n t  
fo r m u la  (F ig . 1 /b ):

s ° j  =  ô ,  w h ere  ô  =
1, i f  j =  k ,  

0 , i f  j  ^  к

—  _ _  I <j°. " ! sq
b‘J —  2  V ' - l J - l .  ' l j l v

( 1 )

(2)

T h e  re su lts  u p  t o  n  =  6  la y e r s  are i l lu s t r a t e d  in  F ig . 2 . H a v in g  a s y s te m  
o f  v e r t ic a l  c o n ta c t  p r e s s u r e s  a c t in g  on th e  b o u n d a r y  th e  n o rm a l fo rces a r is 
in g  in  t h e  e le m e n ts  c a n  b e  u n iq u e ly  d e te r m in e d  b y  u s in g  fo rm u la  (1) a n d  (2) 
a n d  t h e  p r in c ip le  o f  s u p e r p o s it io n .

L e t  u s  su p p o se  t h a t  t h e  su b grad e  is  o f  h o m o g e n e o u s  an d  lin e a r  e la s t ic  
m a t e r ia l .  T h en  th e  e la s t ic  p r o p e r t ie s  o f  e a c h  e le m e n t  w ith  th e  ed g es a , b  a n d  c 
c a n  b e  c h a r a c te r ise d  b y  t h e  s a m e  sin g le  p a r a m e te r  к  w h ic h  is  th e  fo rce  a c t in g  
in  t h e  d ir e c t io n  z a n d  c a u s in g  a u n it  s tr a in  in  t h e  sa m e  d ir e c t io n  (e2 =  1). 
I n  c a s e  o f  p la n e  s tr e s s  (crv =  0 ) and  p la n e  s t r a in  (e y  =  0 ) , r e sp e c t iv e ly :

„ ас пае
к  =  E  ----- =  E -------- ,

b  H

,  E  ос E  п а е

1 — V2 b  1 — г 2 H

(3 )

(4)

H e r e  E  is  th e  Y o u n g ’s m o d u lu s  an d  v  is  th e  P o is s o n ’s r a t io  o f  th e  m a te r ia l .
C o n sid er in g  t h e  u n i t  fo r c e  a c tin g  a t  th e  p o in t  к  o f  th e  b o u n d a r y  th e  

v e r t ic a l  d is p la c e m e n t  in  t h e  p o in t  l  o f  th e  b o u n d a r y  c a n  b e  c a lc u la te d  fro m  
t h e  fo r m u la :

^ = \ 2 2 s í j ^ -  (5)
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Here *«* and sjj are the forces o f  the elem ents caused by the un it boundary  
forces acting at th e  poin t к and /, respectively. In  form ula (5) the sum m ariz
ation extends for all th e  elem ents where none o f  s a n d  is equal to  zero. 
D epending on the num ber o f layers applied the in fluence coefficients vM are

Fig. 1
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g iv e n  i n  T a b le  I . A s w e  s h a l l  s e e  in  S e c t io n  4 . h a v in g  th e s e  in f lu e n c e  c o e ff ic ie n ts  
a n d  t h e  fo r c e s  s “. th e  c o m p le te  e la s t ic  a n a ly s is  o f  a  s u p p o r te d  s tr u c tu r e  a n d  th e  
s u b g r a d e  ca n  be carr ied  o u t .

Table I

P yram id model

N um ber E nlarged vertica l displacements caused by  a u n it force (kv/a)
of layers 
app lied The point of displacement(l)

(n ) 1 2 3 4 5 6 7 8 9

l l

6 l
2

“ Г ~ r

3
30 8 1

16 16 i6

4
140 47 10 l
64 64 64 64

5
630 244 68 12 1
256 256 256 256 256

2772 1186 392 93 14 1

1024 1024 1024 1024 1024 1024

1 2 0 1 2 5536 2063 592 1 2 2 16 l
4096 4096 4096 4096 4096 4096 4096

8
51480 25147 10254 3369 852 155 18 1
16384 16384 16384 16384 16384 16384 16384 16384

9
218790 112028 49024 18004 5228 1180 192 20 l

65536 65536 65536 65536 65536 65536 65536 65536 65536

3 . T h e  sh ea r  m o d e l

3 .1 .  D e s c r i p t i o n  o f  t h e  m o d e l

T h e  sh ear m o d e l o f  su b g r a d e  c o n s is ts  o f  p r is m a t ic a l e le m e n ts  w h ic h  ca n  
o n ly  t r a n s m it  n o rm a l s t r e s s e s  o n  th e ir  h o r iz o n ta l c o n ta c t  su r fa c e s  to  ea ch  
o t h e r ,  o n  th e  v e r t ic a l s u r fa c e s , h o w e v e r , in  a p r e sc r ib e d  m a n n e r  sh e a r  s tr e sse s  
c a n  a ls o  arise  (F ig . 3 /a ) . T h e  e le m e n ts  c o n s tr u c t  a r e c ta n g u la r  m e s h  th u s , in  
t h i s  m o d e l  th e  sh ear  s t r e s s e s  are d e s t in e d  for  th e  d is tr ib u t io n  o f  th e  p ressu re  
in  t h e  su b g ra d e . I t  is  s u p p o s e d  th a t  a c e r ta in  p r o p o r t io n  (2 a ) o f  th e  force  
a c t i n g  o n  th e  to p  o f  a n  e le m e n t  is  tr a n s m it te d  b y  sh e a r  to  th e  tw o  n e ig h b o u r in g  
e le m e n t s ,  w h ile  th e  r e m in d e r  p a r t  ( / 3 = 1  — 2 a ) o f  th e  fo r c e  lo a d s  th e  su p p o r t
in g  e le m e n t .  T h e n e ig h b o u r in g  e le m e n ts  fu l ly  t r a n s m it  th e ir  fo r c e s  to  th e ir  
s u p p o r t in g  e lem en ts  b y  n o r m a l s tr e s se s  i .e .  n o  sh e a r  fo r c e s  d e v e lo p  b e tw e e n  th e  

fu r t h e r  e le m e n ts .
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H a v in g  n  la y e r s  th e  p ressu re  is  d is tr ib u t e d  to  th e  d e p th  H  =  n b  o n  th e  
b r e a d th  L '  —  2 n a .  B e c a u se  o f  th e  p r e ssu r e  th e  e le m e n ts  in  th e  r e g io n  A  are  
d e fo r m e d  a n d  as a c o n se q u e n c e  o f  i t  t h e  s tr e s s le s s  e le m e n ts  in  th e  r e g io n s  В  

u n d e r ta k e  r ig id  b o d y  m o t io n . C o n s e q u e n t ly , th e  e ffe c t  o f  a fo r c e  e x t e n d s  to  
th e  d is ta n c e  L  =  n a  o n  th e  b o u n d a r y  o f  t h e  su b g r a d e .

A p p ly in g  a u n it  v e r t ic a l fo r c e  a t  t h e  p o in t  к  o f  th e  b o u n d a r y  t h e  v e r t ic a l  
fo r c e s  s h a d i n g  o n  th e  to p  o f  th e  e le m e n ts  c a n  b e  c a lc u la te d  fro m  t h e  r e c u r r e n t  
fo r m u la  (F ig . 3 /b ):

siJ =  à, w h ere  Ô =  (  Ú [  k ’ (6)
I 0? if j  -7*— k .

s 'ij =  (1 — 2a)s"_iJ  +  7. ( s +  S; _ 1J+1). (7)

T h e  r e s u lts  in  te r m s  o f  a  a n d  ß  =  (1  —  2 « ) u p  to  n  —  6  la y e r s  a re  g iv e n  
in  F ig . 4 .
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L et us suppose th a t th e  subgrade is o f  hom ogeneous and linear elastic  
m ateria l. Then, neglecting  the shear deform ations and assum ing th a t the  
v ertica l pressure in  an elem ent does not v a ry  th e  elastic deform ation o f each  
e lem en t can he characterized by the same single param eter given by form ula

©
1

t L = na P  -  1 - 2  cc

Tz l— I

Fig. 4

(3) and  (4). In order to  be able to  compare th e  resu lts calculated b y  th e  use
o f d ifferent number o f layers it  m ay be useful to  introduce a param eter w hich
does n o t contain th e  num ber o f layers. This param eter is in the sta te  o f  p lane  
stress and plane strain, respectively:

and
n

(3a)

j  к  E  а с

~ n ~  1  -  V 2 I F '
(4a)

One has to  n otice th a t the behaviour o f  th e  shear m odel is stron gly  
in flu en ced  b y  the param eter a, too , but since th e  shear deform ation are n eg 
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le c t e d  th i s  p a r a m e te r  o n ly  p la y s  a r o le  in  t h e  d is tr ib u t io n  o f  th e  p r e s s u r e  as 
i t  w il l  b e  i l lu s tr a te d  la te r . B y  a ll  m e a n s  o n e  c a n  s t a te ,  th a t  th e  s h e a r  m o d e l  is  
o f  tw o  p a r a m e te r s  s in c e  th e  b e h a v io u r  o f  t h e  su b g ra d e  ca n  b e  d e s c r ib e d  b y  
tw o  in d e p e n d e n t  p a r a m e te r s  ( к  a n d  a ) .

C o n s id e r in g  a u n it  fo rce  a c t in g  a t  t h e  p o in t  к  o f  th e  b o u n d a r y  t h e  v e r t ic a l  
d is p la c e m e n t  in  t h e  p o in t  l  o f  th e  b o u n d a r y  c a n  b e  c a lc u la te d  fr o m  t h e  fo r m u la :

M =  J 1 «&*■ (8 )
к  i = l

H e r e  4 *  d e n o te s  th e  fo rces  o f  th e  e le m e n ts  in  th e  c o lu m n  j  =  l  c a u s e d  b y  
t h e  u n it  fo r c e  a c t in g  a t  th e  p o in t  j  —  к  o f  th e  b o u n d a r y . T h e  d is tr ib u t io n  
o f  th e  in f lu e n c e  c o e f f ic ie n t  v k i fo r  d if fe r e n t  v a lu e s  o f  a  a n d  n  a re  i l lu s t r a te d  
in  F ig . 5 . a n d  6 . a n d  are g iv e n  in  T a b le  I I .  a n d  I I I .  A s w e  sh a ll se e  la t e r  h a v in g  
th e s e  in f lu e n c e  c o e f f ic ie n ts  an d  th e  fo r c e s  s “y th e  c o m p le te  e la s t ic  a n a ly s is  o f  a 
s u p p o r te d  s tr u c tu r e  a n d  th e  su b g r a d e  c a n  b e  carr ied  o u t.
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Table П

Shear model a =  0,25

Number of layers 
applied

H

Enlarged vertical displacements caused by a unit force (kvjd)

The point of displacement (l)

1 2 3 4 5 6 7 8 9

l l

3 0,625000 0,166667 0,020833

5 0,492180 0,190625 0,053125 0,009375 0,000781

7 0,418945 0,193080 0,071952 0,020647 0,004255 0,000558 0,000035

9 0,370941 0,189935 0,083116 0,030250 0,008863 0,002000 0,000326 0,000034 0,000002

Table III

Shear model n — 9

Enlarged vertical displacements caused by a unit force (kv/a)

a The point of displacement (1)

1 2 3 4 5 6 7 8 9

0,50 0,273437 0,162326 0,105902 0,049479 0,029513 0,009548 0,005208 0,000868 0,000434

0,40 0,296512 0,177618 0,096861 0,047090 0,020161 0,007282 0,002185 0,000473 0,000073

0,35 0,316103 0,182049 0,093893 0,042540 0,016528 0,005321 0,001348 0,000243 0,000025

0,30 0,340268 0,186287 0,089609 0,036956 0,012717 0,003507 0,000729 0,000102 0,000007

0,25 0,370941 0,189935 0,083116 0,030250 0,008863 0,002000 0,000326 0,000034 0,000002

0,20 0,411635 0,191899 0,073506 0,022450 0,005288 0,000920 0,000109 0,000008 0,000000

0,15 0,469122 0,189407 0,059261 0,014006 0,002437 0,000302 0,000025 0,000001 0,000000

0,10 0,557847 0,174986 0,039220 0,006215 0,000696 0,000054 0,000003 0,000000 0,000000

0,05 0,710445 0,128582 0,014963 0,001168 0,000062 0,000002 0,000000 0,000000 0,000000

0,00 1 0 0 0 0 0 0 0 0
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3 4 5 6 7 8

Fig. 6

3.2. The role of  the parameter  a

The param eter a o f  the shear model has an im portant role, since b y  its  
choice one can influence th e  pressure distribution  in the subgrade. A t the  
pyram id m odel there is not such a possib ility  since after assum ing th e  m esh o f  
the m odel the pressure distribution is un iquely determ ined by E qs (1) and 
(2). Thus, the shear m odel is more general than the pyram id m odel, its  behaviour 
can be controlled b y  th e  suitable choice o f tw o param eters.

The param eter a can vary  between 0 and 0,50 In case o f a =  0 there is 
no interaction betw een th e  neighbouring elem ents, therefore a force acting  
on the boundary o f the subgrade is only carried b y  the elem ents ly in g  on the  
vertical line o f the force, in  question. Thus, th is  special case corresponds to  
the W inkler-Zim m erm ann-m odel of subgrade. In the other extrem e case 
(oc =  0,50) the elem ents transm it all their loads b y  shear forces to  th e  neigh
bouring elem ents. As a consequence o f it  the pressure distribution o f th e  sub- 
grade belonging to  a u n it load and presented in  T able IV. is very extrem e (the  
normal force is equal to  zero in every second elem ent) and therefore th e  curve
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Table TV

Shear model a  =  0,50

i
Force distribution in the subgrade corresponding to a unit load

1 2 3 4 5 6 7 8 9

1 l

2 0 0,5 г
3 0,5 0 0,250
4 0 0,374 0 0,125

5 0,375 0 0,250 0 0,0625

6 0 0,3125 0 0,15625 0 0,03125

7 0,3125 0 0,234375 0 0,09375 0 0,015625

8 0 0,273438 0 0,164062 0 0,054688 0 0,007812

9 0,273438 0 0,218750 0 0,109375 0 0,03125 0 0,003906
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o f  d is p la c e m e n ts  i l lu s tr a te d  in  F ig . 5 is a lso  irregu lar . I t  is  e v id e n t  t h a t  su ch  
a su b g r a d e  w h ich  c o r r e sp o n d s  to  th e  v a lu e  a =  O,5Í0 d o es  n o t  e x s i s t  in  th e  
r e a li ty , th ere fo re  th is  c a se  h a s n o  p r a c tic a l im p o r ta n c e .

A p a r ticu la r  a t t e n t io n  sh o u ld  b e  p a id  to  th e  c a se , w h e n  a  =  0 ,2 5 . I t  is 
e a s y  to  p r o v e  th a t  in  su ch  a ca se  b e tw e e n  th e  fo rces a n d  b e lo n g in g  to  
th e  p y r a m id  and  th e  sh e a r  m o d e l, r e s p e c t iv e ly  th e r e  is th e  s im p le  r e la t io n sh ip

4 Г П ,  =  , (9)
I

t h a t  m ea n s th a t  th e  fo r c e s  a r is in g  111 ea ch  se c o n d  la y e r  o f  th e  p y r a m id  m od el 
are  e q u a l to  th e  fo r c e s  o f  th e  sh ea r  m o d e l. B e s id e s , i t  ca n  h e  a ls o  p ro v ed  
t h a t  a p p ly in g  th e  sa m e  n u m b e r  o f  la y e r s  (n ) th e  in f lu e n c e  c o e f f ic ie n t s  v pkl an d  v skl 

o f  th e  p y ra m id  an d  th e  sh e a r  m o d e l are id e n t ic a l:

v kl ~ »ki r n

I t  m ea n s th a t  w h e n  « =  0 ,2 5  fro m  th e  p o in t  o f  v ie w  o f  t h e  su p p o r t
ed  s tr u c tu r e  th e  sh e a r  m o d e l y ie ld s  in  id e n t ic a l  r e su lts  w ith  th e  p y r a m id  m od el. 
T h u s ,  t h e  p y r a m i d  m o d e l  c a n  b e  c o n s i d e r e d  a s  a  s e p c i a l  c a s e  o f  t h e  s h e a r  m o d e l .  

B e c a u s e  o f  th e  d if fe r e n c e  e x p r e ss e d  b y  E q . (9 ) th e  s tr e ss  d is t r ib u t io n s  o f  th e  
su b g r a d e  o b ta in e d  b y  th e  tw o  m o d e ls  are n o t  id e n t ic a l , s t i l l  th e  d isc r e p a n c y  
is  n o t  v e r y  s ig n if ic a n t .

I t  is  to  b e se e n  fro m  F ig . 5 . th a t  th e  p a r a m e te r  a h as a s ig n if ic a n t  in f lu e n c e  
o n  th e  d is tr ib u t io n  o f  th e  d is p la c e m e n ts  o f  th e  b o u n d a r y  c a u s e d  b y  a u n it  
lo a d . A t lo w er  v a lu e s  o f  a  th e  d is p la c e m e n ts  are larger  b e lo w  t h e  lo a d  b u t  
d e p a r t in g  from  i t  th e y  r a p id ly  d im in ish , w h ile  a t  h ig h er  v a lu e s  o f  a  t h e  d is tr ib u 
t io n  o f  th e  d is p la c e m e n ts  is  m o re  e q u a l. A t  a g iv e n  p r o b le m  t h e  v a lu e  o f  a 
sh o u ld  h e a ssu m ed  c o r r e sp o n d in g  to  th e  a c tu a l b e h a v io u r  o f  t h e  su b g ra d e  
o n  th e  g ro u n d  o f  th e o r e t ic a l c o n s id e r a t io n s  or e x p e r im e n ts . T h e  d e ta ile d  
d is c u ss io n  o f  th is  q u e s t io n  is  b e y o n d  th e  s c o p e  o f  th is  p a p er . F u r th e r  on  a 
s im p le  fo rm u la  w ill  b e  o n ly  p r e se n te d  w h ic h  c a n  e n lig h te n  th e  p h y s ic a l  m ea n 
in g  o f  th e  d if fe r e n t d is c r e te  m o d e ls , in  q u e s t io n . T h is  fo rm u la  h a s  b e e n  d ed u ced  
o n  th e  c o n d it io n  t h a t  th e  v e r t ic a l d is p la c e m e n ts  o f  th e  m id d le  p o in t s  o f  th e  
v e r t ic a l c o n ta c t  su r fa c e s  o f  tw o  n e ig h b o u r in g  e le m e n ts  sh o u ld  b e  e q u a l .  T h en , 
in tr o d u c in g  so m e s im p li f ic a t io n s  th e  fo l lo w in g  r e la t io n sh ip  b e tw e e n  th e  p a ra 
m e te r  a, th e  Y o u n g ’s m o d u lu s  E ,  th e  sh ea r  m o d u lu s  G  and  t h e  s iz e  a  an d  b  

o f  th e  e le m e n ts  a p p lie d  c a n  b e  o b ta in e d  (F ig . 7. ):

a
2

1
(И)
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O n e  c a n  se e , th a t

i f  G / E  —*■ 0 , th en  a — 0,
i f  G / E  —*■ o o , th en  a  —► 0 ,5 0 ,
i f  b C / a E  =  1 , th en  я =  0 ,2 5 .

A c c o r d in g ly , th e  W in k le r -Z im m e r m a n n -m o d e l co rre sp o n d s to  a s u b 
g r a d e  w i t h  zero sh ear s t i f f n e s s  (G =  0 ), w h ile  in  c a s e  o f  я =  0 ,5 0  th e  su b g r a d e  
is  o f  in f in i t e ly  large  sh e a r  s t i f f n e s s  (G —► o~) or o f  z e r o  c o m p r e s s io n a l s t if fn e s s  
( E  —*■ 0 ) .  A cco rd in g  to  t h e  th ir d  case  a b o v e  t h e  p y r a m id  m o d e l d e sc r ib e s  
c o r r e c t ly  th e  b e h a v io u r  o f  t h e  su b g ra d e  in  t h a t  c a s e  w h e n  th e  s ize  o f  th e  e le 
m e n t s  a p p lie d  are a s s u m e d  co r r e sp o n d in g  to  t h e  r a t io :  b / a  =  E j G .  I t  m e a n s ,  
t h a t  a t  th e  p y ra m id  m o d e l  t h e  m esh  o f  th e  su h g r a d e  ca n  n o t  h e  a s s u m e d  
o p t i o n a l l y ,  on  th e  o n e  h a n d , a n d  i t  p ro v id es  w ith  s o m e  id e a , on  th e  o th e r  h a n d , 
fo r  t h e  su ita b le  c h o ic e  o f  t h e  s iz e  o f  th e  e le m e n ts  a t  a g iv e n  su b g ra d e  [9 , 1 0 ] .

A t  th e  sh ear m o d e l t h e  r a tio  b j a  ca n  b e  a s s u m e d  o p t io n a lly  a n d  th e n  
u s in g  fo r m u la  (11) th e  p a r a m e t e r  a can  b e  c a lc u la te d .

4 . T he n u m e r ic a l a n a ly s is  o f  th e  s tr u c tu r e  a n d  th e  su b grad e

4 .1 .  T h e  p r o c e d u r e  o f  c o m p u t a t i o n

T h e  tw o  m o d e ls  p r e s e n t e d  are su ita b le  to  t h e  n u m e r ic a l a n a ly s is  o f  an  
e la s t i c a l ly  su p p o rted  e la s t ic  s tr u c tu r e  and  th e  s u b g r a d e . T h e  p r o ced u re  o f  th e  
c o m p u t a t io n  a t b o th  m o d e ls  is  th e  sam e and  c a n  b e  ca rr ied  o u t  as b e lo w .

L e t  u s  con sid er  a n  e la s t i c  p la n e  s tr u c tu r e  r e s t in g  o n  an  e la s t ic  s u b g r a d e .  
A s  i t  i s  u su a l a t n u m e r ic a l c o m p u ta t io n s  le t  u s  a s s u m e  a lo n g  th e  p a r t  o f  th e  
s t r u c t u r e  b e in g  in  c o n t a c t  w i t h  th e  su b g ra d e  N  j o in t s  in  e q u a l d is ta n c e  a .  

W e  s u p p o s e  th a t  t h e  s u h g r a d e  an d  th e  s tr u c tu r e  o n ly  a t  th e s e  jo in t s  are  in  
c o n n e c t io n  and here o n ly  n o r m a l forces ca n  b e  d e v e lo p e d  e q u a ly  in  c o in p r e s -
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s io n  a n d  in  te n s io n . T h e n , s ta r t in g  from  th e  d e p th  H  o f  th e  su b g r a d e  w e  a ssu m e  
th e  th ic k n e ss  ( b )  a n d  t h e  n u m b e r  ( n ) o f  th e  la y e r s ,  r e s p e c t iv e ly  a n d  c a lc u la te  
th e  c o e f f ic ie n t  к  a n d  p a r a m e te r  a. F rom  th e s e  a t  th e  a p p lic a t io n  o f  a n y  m o d e l  
th e  in f lu e n c e  c o e f f ic ie n t s  v kt ca n  h e d e te r m in e d  a n d  th e  f l e x i b i l i t y  m a t r i x  F  
o f  s iz e  N  X iV o f  th e  su b g r a d e  ca n  be c o n s tr u c te d . I n v e r t in g  F  o n e  ca n  g e t  th e  
s t i f f n e s s  m a t r i x  К  o f  th e  su b g r a d e . F or  e x a m p le  a t  th e  p y r a m id  m o d e l in  c a se  
o f  n  =  3 an d  N  —  8  t h e s e  m a tr ic e s  arc a s b e lo w :

F
30 8 1

0 0 0 0 0
16 16 16

8 3 0 8 1
0 0 0

1 6

1

16

8

16

30

16

8

0

1
0 0 0

16 16 16 16 16

0
1 8 30 8 1

0 0
16 16 16 16 16

0 0
1 8 30 8 1

0
16 16 16 16 16

0 0 0
1 8 3 0 8 1

16 16 16 16 16

0 0 0
1 8 30 8

0
16 16 16 16

0 0 0
1 8 30

0 0
16 16 16

“  ,57512 - ,1 5 9 6 4 ,02364 - ,0 0 0 8 2 ,00062 ,00020 ,00003 ,00000 -

,15964 ,61943 — ,16620 ,02387 ,00065 -  ,00068 ,00021 ,00003
,02364 — ,16620 ,62040 - ,1 6 6 2 4 ,02384 ,00064 -  ,00068 ,00020

,00082 ,02387 — ,16624 ,62040 - ,1 6 6 2 4 ,02384 ,00065 ,00062
-  ,00062 — ,00065 ,02384 - ,1 6 6 2 4 ,62040 - ,1 6 6 2 4 ,02387 -  ,00082

,00020 — ,00068 -  ,00064 ,02384 - ,1 6 6 2 4 ,62040 ,16620 .02364

,00003 ,00021 -  ,00068 - ,0 0 0 6 5 ,02387 - ,1 6 6 2 0 ,61943 ,15964

,00000 — ,00003 ,00020 - ,0 0 0 6 2 - ,0 0 0 8 2 ,02364 ,15964 ,57512 _

T h e  F  and  К  m a tr ix  o f  th e  su b g ra d e  ca n  b e  in c o r p o r a te d  in  th e  f le x ib i l i t y  
and  s t if fn e s s  m a tr ix  o f  th e  s tr u c tu r e , r e s p e c t iv e ly  a n d  th e n , b y  th e  u se  o f  
th e  fo r c e  and  th e  d is p la c e m e n t  m e th o d , r e s p e c t iv e ly  th e  a n a ly s is  o f  th e  s tr u c 
tu r e  c a n  b e carr ied  o u t . A s  a r e su lt  o f  th is  c a lc u la t io n  b e s id e  th e  s tr e s se s  an d
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s t r a in s  o f  t h e  stru c tu re  th e  c o n t a c t  fo rce s  q  a n d  th e  v e r t ic a l d is p la c e m e n ts  v  

o f  t h e  b o u n d a r y  o f  th e  s u b g r a d e  c a n  b e  a lso  o b ta in e d  a n d  f in a l ly ,  b y  t h e  u se  
o f  t h e  fo r m u la  o f  th e  Sy fo r c e s  t h e  d is tr ib u t io n  o f  th e  v e r t ic a l n o r m a l s tr e s se s  
( a z) c a n  b e  d e te r m in e d . T h u s  i t  c a n  b e  s ta te d , t h a t  th e  p y r a m id  a n d  t h e  sh ea r  
m o d e ls  a r e  m o re  a d v a n c e d  t h a n  e .q . th e  W in k le r -Z im m e r m a n n  or P a s te r n a k  
m o d e ls  s in c e  b y  m ea n s o f  s im p le  c a lc u la t io n  t h e y  p r o v id e  w ith  a p p r o x im a te  
in f o r m a t io n s  a b o u t th e  s tr e s s  a n d  s tr a in  f ie ld  o f  th e  w h o le  su b g r a d e . F in a l ly ,  
i t  s h o u ld  b e  n o t ic e d , t h a t  b e c a u s e  o f  i t s  reg u la r , r e c ta n g u la r  m e s h , t h e  sh ea r  
m o d e l  i s  m o r e  su ita b le  fo r  n u m e r ic a l  c o m p u ta t io n s  th a n  th e  p y r a m id  m o d e l.

4 .2 .  N u m e r i c a l  e x a m p l e

T h e  a p p lic a t io n  o f  th e  s h e a r  m o d e l a n d  th e  in f lu e n c e  o f  th e  p a r a m e te r  
a  o n  t h e  r e su lts  w ill  b e  i l lu s t r a t e d  b y  a s im p le  n u m e r ic a l e x a m p le  sh o w n  in
F ig .  8 .

РИООМр EJ = 5,4 IĈ Mpm2

1 1  h . , . . v , . , T n . . r n .

b=0,5m

w -

n = 9

Г....... 1
c =1,0 rn
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Fig. 9

The elastically  supported infin itely  long beam  loaded by a force at its free end  has the  
flexural stiffnes E J  =  5,4 ■ 104 M pm 2, and the w id th  c =  1,0 m, while the subgrade is characte- 
risejl by  the Y oung’s m odulus Es =  1000 M p/m 2, the P oisson’s ratio vs =  0 (for th e  calculation  
o f  k)  and the depth H  ■ 4,5 m. The size o f the elem ents applied is a =  6 =  0 ,5  m , conse
q u en tly  the num ber o f layers is n =  9.

T h e  d is p la c e m e n ts  and  b e n d in g  m o m e n ts  o f  th e  b ea m  a n d  t h e  d is tr i
b u t io n  o f  c o n ta c t  p re ssu res  a n d  th e  n o r m a l s tr e s se s  a z a lo n g  t h e  l in e  o f  th e  
lo a d  are i l lu s tr a te d  in  F ig s  8 . a n d  9 . I t  c a n  b e  se e n  th a t  th e  p a r a m e te r  a h as  
a n  im p o r ta n t  in f lu e n c e  o n  th e  r e su lts  o f  c a lc u la t io n . T h e  resu lts  o f  t h e  W in k le r -  
Z im m e r m a n n -m o d e l e s p e c ia lly  sh o w  a g r e a t  d ifferen ce  co m p a r e d  w it h  th e  
r e s u lt s  o f  th e  c a se s  «  =  0 ,1 5  — 0 ,2 5  w h ic h  p r e s u m a b ly  are n ea r  t o  t h e  a c tu a l  
b e h a v io u r  o f  th e  su b g r a d e . I t  re fers to  t h e  w e ll  k n o w n  d e f ic ie n c y  a n d  th e  
b o u n d s  o f  a p p lic a t io n  o f  th e  W in k le r -Z im m e r m a n n  m o d e l.

5 , C o n c lu s io n s

T w o  d is c r e te  m o d e ls  h as b e e n  p r e s e n te d  w h ic h  b o th  are s u i t a b le  fo r  th e  
n u m e r ic a l a n a ly s is  o f  e la s t ic a l ly  su p p o r te d  s tr u c tu r e s  and  th e  s u b g r a d e .

T h e  p y r a m id  m o d e l k n o w n  a lr e a d y  fr o m  th e  lite r a tu r e  y ie ld s  in  s im p le  
c a lc u la t io n s  i t s  d e f ic ie n c y  is , h o w e v e r , t h a t  th e  b e h a v io u r  o f  th e  s u b g r a d e  is  
c h a r a c te r iz e d  b y  a s in g le  p a r a m e te r  a n d  th e r e fo r e  th e  d is tr ib u tio n  o f  t h e  p r e s 
su r e  ca n  b e  o n ly  in f lu e n c e d  b y  th e  c h o ic e  o f  th e  s iz e  o f  th e  a p p lie d  e le m e n ts .  
T h e  sh e a r  m o d e l p r o p o se d  in  th e  p a p e r  c o n ta in s  tw o  in d e p e n d e n t  p a r a m e te r s  
a n d  th e r e fo r e  e lim in a te s  th is  d e f ic ie n c y . T h is  m o d e l can  b e c o n s id e r e d  a s th e  
g e n e r a liz a t io n  o f  th e  k n o w n  s im p le  d is c r e te  m o d e ls  o f  su b g ra d e  s in c e  a s  sp e c ia l  
c a s e s  th e  W in k le r — Z im m erm a n n  an d  th e  p y r a m id  m o d els  are a ls o  in c lu d e d  
in  i t .
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I n  a p r e v io u s  p a p e r  i t  h a s  b een  a lr e a d y  s h o w n  [1 0 ] th a t  th e  p y r a m id  
m o d e l  i s  s u ita b le  for  th e  in v e s t ig a t io n  o f  in h o m o g e n e o u s  and  p la s t ic  s u b g r a d e ,  
t o o ,  a n d  b y  th e  u se  o f  i t  s p a c e  p ro b lem s a n d  s u b g r a d e s  h ou n d ed  b y  a v e r t ic a l  
p la n e  c a n  b e  a lso  a n a ly s e d . S u c h  g e n e r a liz a t io n  o f  t h e  sh ea r  m o d e l is  a ls o  p o s 
s ib le .  I t  h a s  b e e n  a lso  p r o v e d  th a t  on  th e  g r o u n d  o f  b o th  d is c r e te  m o d e ls  
s t a t i c a l ly  a d m iss ib le  s t r e s s  f ie ld s  o f  th e  s u b g r a d e  c a n  b e c o n s tr u c te d  a n d  
t h o s e  c a n  h e  u sed  for  th e  l im i t  a n a ly s is  and  o p t im a l  d e s ig n  o f  p la s t ic  s t r u c tu r e s  
r e s t in g  o n  p la s t ic  s u b g r a d e . T h e  resu lts  o f  th e s e  in v e s t ig a t io n s  w ill  b e  p u b lis h e d  

e ls e w h e r e .
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E infache diskrete M odelle der elastischen U n terlage. D ie  Abhandlung beschreibt die P y ra 
m iden- un d  Schubm odelle, die zur numerischen U n tersu ch u n g  von  K onstruktionen auf e la sti
scher U nterlage benutzt w erden können. Das zwei freie Param eter enthaltende Schub m o
dell i s t  allgem einer, da es als Sonderfall auch das W inkler-Zim m erm annsche und das Pyra- 
m idelm od ell is sich enthält. D ie  Anwendung der beiden diskreten  Modelle wird durch ein  nu
m erisches Beispiel erklärt.

Простые, дискретные модели упругого основания. Статья излагает п и р а н и дн а я  и 
к а с а т у л ь н а я  м одели п р и м ен я ю ш ч и еся  численны м р еш ен и ем  конструкции  л е ж а ю щ и  на 
у п р у г и х  осн ован н иях. К а с а т е л ь н а я  модель я в л я ется  б о л ь ш е обш ой, потом ущ что с о д е р ж и т  
сп ец и а л ь н ы й  случайем  и м о д ел ь  В ин кл ерф иц и м м ерм ан а, и пирам идная м одел ь . П р и м е
н ен и е  д в у х  ди ск р етн и х м о д ел и  рассчотрнвается  ч и слен н ы ч  причерач.
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REMARKS ON THE CALCULATION 
OF THE TOOTH FRICTION LOSSES OF GEARS

L. H USZTH Y*

[M anuscript received February 6, 1975]

Num erous books and papers have dealt w ith  the to o th  friction losses o f gear pairs. In 
the basically  equ iva len t formulae deduced b y  different authors the coefficient of 
friction  is a m ean va lue determ ined by som e experim ent. The present paper aims at a 
more accurate defin ition  of the “ mean” friction coefficient and at clarifying the con
ditions under which the relation for tooth friction are valid.

Symbols

a — center distance
d x, d2 =  diam eter o f pinion and gear rolling circle, resp.
6], e2 =  contact section len gth  from pitch point to addendum  circle 
i — gear ratio
k, l =  length  o f section corresponding to double co n ta ct on the line of action  
r,, r2 =  radius of rolling circle o f pinion and o f gear 
t =  p itch
ta =  base pitch
ux, u2 =  length  of single-pair contact on line of action  
V =  peripheral v e loc ity  at the pitch point
v x, v2 =  circum ferential v e loc ity  com ponents on the to o th  profileof pinion and gear, respective

ly , at the point o f  contact 
va =  m ean sliding v e lo c ity  between teeth
v r =  v x—v2 =  relative sliding velocity  betw een tee th
vs =  - J -  V« so-called transportation velocity
z |, z2 =  num ber of teeth  o f pinion and gear 
X, y  =  coordinates 
A , E  end points o f contact section  
E x, E 2 end points o f single pair contact section  
C =  p itch point
F n =  too th  force in norm al direction
M  =  m om ent
P  -  power
W 0 =  too th  friction work per unit time
Wa =  to o th  friction work per base pitch on contact line

=  too th  friction work per tim e of contact o f one teeth  pair 
a = pressure angle
f  =  contact ratio
C =  v iscosity  o f lubricate
rj =  efficiency
fii =  coefficient o f friction
г =  tim e
a)v  (o2 =  angular v e loc ity  o f  pinion and gear

* Dr. L. H u s z t i i y , M iskolc
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In tr o d u c tio n

G e a r  p a irs  are p r a c t ic a l ly  d im e n s io n e d  a c c o r d in g  to  s e v e r a l p r in c ip le s  
d e p e n d in g  o n  th e  p u rp o se  o f  t h e  g e a r b o x , u n d e r  w h a t  o p e r a tin g  c o n d it io n s  
t h e y  a r e  e x p e c te d  to  o p e r a te . I n  th e  v e r y  e x te n s iv e  l i te r a tu r e  are fo u n d  th o s e  
d im e n s io n in g  m eth o d s w h ic h  p r o v id e  lo n g  l i fe , h ig h  s tr e n g th  (a g a in s t  b r e a k in g  
a n d  s u r f a c e  d a m a g e), p o s s ib i l i t y  o f  h y d r o d y n a m ic a l lu b r ic a t io n , q u ie t ,  n o is e le s s  
o p e r a t io n  e tc . and  p o s s ib ly  t o  a im  a t  se c u r in g  th e  c o m b in e d  r e a liz a t io n  o f  
s e v e r a l  fa v o u r a b le  c h a r a c te r is t ic s  [2 , 3 , 1 1 , 12 , 1 4 ] .

I n  t h e  a p p lica tio n  o f  g e a r s  th e  e f f ic ie n c y  is  g e n e r a l l y  o f  n o  p a r t ic u la r  
s ig n i f i c a n c e .  W ith  gears m a d e  fr o m  su ita b le  m a te r ia l , a c c u r a te ly  m a c h in e d  
a n d  a s s e m b le d ,  in  w e ll m a in ta in e d  g e a r b o x e s , th e  p e r c e n ta g e  o f  t o o t h  fr ic t io n  
lo s s e s  o f  o n e  gear p a ir  is  in  g e n e r a l n e g lig ib le , a s  co m p a r e d  to  th e  tr a n s m it t e d  
p o w e r  (0 , 2 , . . .1 ,5% ).

N e v e r th e le s s  th ere  are  c a s e s  w h e n  th e  to o t h  fr ic t io n  lo ss  is  o f  im p o r ta n c e  
or w h e n  i t  ca u ses  to o t h  d a m a g e .

I n  “ D ie  T r a g fä h ig k e it  d e r  Z a h n rä d er”  Thomas [12] rem a rk s: “ B e c a u s e  
o f  t h e  lo w  s lid in g  v e lo c ity  a t  v e r y  lo w  sp e e d s  d r y  fr ic t io n  sh o u ld  b e  a n t ic ip a te d  
a n d  th e r e f o r e  shorter  l i fe  — a p r o x . h a lf  o f  th a t  fo r  m e d iu m  sp e e d s  . . a t  v e r y  
h ig h  s p e e d s  a lso  d ry  fr ic t io n  o c c u r s  b e c a u se  o f  th e  lu b r ic a n t  b e in g  th r o w n  o u t.  
S u c h  g e a r s  te n d  to  o v e r h e a t  a n s  s ie z e  a lr e a d y  a t  sm a ll lo a d s .’1

I n  h is  “ G ear H a n d b o o k ”  D u d l e y  [3 ] a t t r a c t s  a t t e n t io n  to  th e  f a c t  t h a t  
“  . . .  i f  t h e  p ow er  m u st b e  t r a n s m it t e d  w ith  th e  s m a lle s t  p o ss ib le  e n e r g y  lo s s  . . . 
s l id in g  m u s t  b e  k ep t a t  th e  s m a lle s t  v a lu e  p o s s ib le ;  . . .  an  a c c e le r a t in g  d r iv e  
is  t h e  m o s t  se n s it iv e  to  f r ic t io n  b e tw e e n  t e e t h ” . F u r th e r m o r e : “ W ith  a n  a c c e le r 
a t in g  d r iv e  th e  h ig h er  e f f i c i e n c y  m a y  h a v e  in c r e a s e d  im p o r ta n c e ;  th e r e  h a v e  
b e e n  c a s e s  w h en  b eca u se  o f  t h e  h ig h  fr ic t io n  a n d  u n s u f f ic ie n t  lu b r ic a t io n  s e l f 
lo c k in g  h a s  o ccu rred ” . (W ith  a  h ig h  c o e f f ic ie n t  o f  fr ic t io n  th e  r e s u l ta n t  o f  th e  
t o o t h  fo r c e  a t n orm al d ir e c t io n  a n d  th e  fr ic t io n  fo r c e , a c t in g  on  th e  d r iv e n  gea r , 
a t  t h e  b e g in n in g  p a r t o f  c o n t a c t  s t r o n g ly  d e v ia te s  fro m  th e  d ir e c t io n  o f  th e  
t o o t h  n o r m a l to w a rd s th e  a x is  o f  th e  d r iv e n  g ea r , th u s ,  th e  tr a n s m it t e d  to r q u e  
is  g r e a t l y  red u ced ; w ith  a n  a c c e le r a t in g  d r iv e , in  th e  e n te r in g  s e c t io n  o f  th e  
e n g a g e m e n t  a t  th e  fo o t  p a r t  o f  th e  d r iv in g  g ea r  a h o llo w , a t  th e  a d d e n d u m  
p a r t  o f  t h e  d iv en  gear a b u lg e  fo r m s  [1 3 ] , w ith  a co r r e sp o n d in g  b r a k in g  e f f e c t ) .

I n  th e  tr a n sm is s io n  o f  la r g e  p o w ers  th e  t o o t h  fr ic t io n  lo s s  c a n  a m o u n t  
t o  a  h ig h  v a lu e , i f  n o t  p e r c e n t u a l ly ,  b u t  a b s o lu te ly , a n d  in  th a t  c a s e  r e d u c t io n  
o f  f r i c t io n  is  c e r ta in ly  u s e f u l  [1 1 ] .

F r o m  th e  p o in t  o f  v ie w  o f  fr ic t io n  lo s s  e v a c u a t io n  i t  is  e s s e n t ia l  t o  k n o w  
t h e  v a lu e  o f  to o th  fr ic t io n  lo s s  a n y h o w  a n d  to  r e d u c e  i t  i f  p o ss ib le  [1 1 ] .

I n  t h e  fo llo w in g  so m e  r e m a r k s  w ill  b e  m a d e  in  c o n n e c t io n  w ith  t h e  c a lc u l
a t io n  o f  t h e  to o th  fr ic t io n  lo s s e s  o f  sp u r  g ea rs.

I t  i s  a ssu m ed  t h a t  a c c u r a te ly  m a n u fa c tu r e d  a n d  a sse m b le d  g e a r s  are  

d e a l t  w i t h .
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1. Oil the tooth friction in general

T h e  in s ta n ta n e o u s  v a lu e  o f  th e  t o o t h  fr ic t io n  p o w er  o f  m a t in g  g ea rs  is

P  =  f i F n \ v r \ . (1 )

I f  a g ear  p a ir  is  w o r k in g  a t c e n te r  d is ta n c e  a  w ith  a ra tio  i  a n d  th e  to o t h  
p r o fi le  o f  o n e  w h e e l  (g e n e r a lly  o f  th e  p in io n )  a t  th e  m o m e n t т  =  0 is  d e s c r ib 
ed  b y

X =  x(q>)
( 2 )у  = y(cp)

in  so m e  s u ita b le  s y s t e m  o f  c o o r d in a te s  (F ig . 1 ), w h e r e  cp is  a g e o m e tr ic a l p a r a 
m e te r , th e  e q u a t io n s  d e sc r ib in g  th e  to o t h  p r o f i le  o f  th e  o th e r  w h e e l are u n iv o c -  
a lly  g iv e n  an d  th e  r e la t iv e  s lid in g  v e lo c i t y  o f  th e  m a t in g  p r o file s  ca n  b e  d e te r 
m in e d  as w e ll a s th e  n o r m a l to o th  fo r c e s  a t  th e  p o in t  o f  c o n ta c t .

T h e  concrete s ig n if ic a n c e  o f  th e  p a r a m e te r  cp is  n o t  e s s e n t ia l  fo r  w h a t  is  
to  fo llo w  in  th is  p a p e r ;  o f  im p o r ta n c e  is  th e  geom etrical c h a ra c ter  o f  th is  p a r a 
m e te r  (cp m a y  b e  a n  a n g le , an  arc, a d is ta n c e  e t c .) .  I f  for  d e sc r ib in g  th e  p la n e  
c u r v e  p r o file  t h e  p la n e  v e c to r  z =  x(cp) +  jy(cp)  (c o m p le x  n u m b e r ) is  u se d ,  
w ith  j  for  th e  im a g in a r y  u n it , th e  d e r iv a te  z '  =  x'(cp) +  j y ' { < p )  s ig n if ie s  th e  
tangent vector to  th e  p r o f i le  a t  so m e  p o in t ,  w h ile  th e  d e r iv a t iv e  w ith  r e sp e c t  to  
r  o f  th e  v e c to r  z  =  x((p; r )  -|- jy(cp; r) h a s  t h e  c h a r a c te r  o f  a v e lo c i ty .

In  th e  fo r m u la  fo r  th e  to o th  fr ic t io n  p o w e r  (1 ) th e  c a lc u la t io n  o f  v r is  
th e  s im p le s t  ta s k . A c c o r d in g  to  E q . (2 6 ) [6 ]

\ v r \ =  a 2 —  2 a ( l  -|- i ) ( x  s in  a q r  +  y  c o s  a q r )  +  (1 +  i ) 2( x 2 -(- y 2) (3 )
i

a n d  co r r e sp o n d in g  to  (1 3 )  [6] th ere  sh ill  h o ld s

; x ' *  0

(T h e  c o m m a  d e n o te s  t h e  d e r iv a t iv e  w ith  r e s p e c t  to  q <).
E q . (4 ) c r e a te s  a c o n n e c t io n  b e tw e e n  t h e  p a r a m e te r  cp o f  an  a r b itr a r y  

p o in t  o f  th e  g iv e n  in i t ia l  p r o file  and  t h a t  in s t a n t  r  w h en  th e  p o in t  w ith  th is  
p a r a m e te r  (p c o m e s  in t o  t h e  p o s it io n  o f  c o n ta c t .

B y  c o m b in in g  E q s  (3 ) and  (4 ) , |rr| c a n  b e  e x p r e s s e d  as a fu n c t io n  o f  cp 
o n ly  or, o f  r  o n ly .

W ith  h ig h  lo a d s  t h e  te e th  (an d  th e  o th e r  e le m e n ts  o f  th e  g e a r b o x ) are  
d e fo r m e d , b u t  th e s e  d e fo r m a tio n s  h a v e  n o  e s s e n t ia l  in f lu e n c e  on  fu n c t io n  v r ( r ) .

r (cp) = -----
Oil

. 1 +  i ) { x x  +  y y )  y
arc  s in  - J L z ------a rc ta n  ——

a  'Jx ' 2 -(- y ' 2 x '
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T h e  c a lc u la t io n  o f  th e  n o r m a l t o o t h  fo r c e  F n c a u se s  co n cern  m o r e . I f  th e  
s h a p e  o f  t h e  te e t h  is  m a t h e m a t ic a l ly  a c c u r a te  (a c c u r a te ly  fu lf il ls  th e  c o n d it io n  
ï  =  c o n s t ) ,  a n d  i f  o n ly  su c h  s m a ll  lo a d s  o c c u r  or th e  g e a r b o x  is  so  r ig id  t h a t  
th e r e  a r e  n o  a p p rec ia b le  d e fo r m a t io n s , t h e n  th e  fu n c t io n s  (2) d e te r m in in g  th e

Fig. I

t o o t h  p r o f i le  o f  o n e  w h e e l a ls o  d e te r m in e s  th e  s iz e  o f  fo rce  F n . A c c o r d in g  to  
[ 6 ] ,  E q .  (4 0 ) ,

F П =  M x
I V 2 +  у '  г  

x x '  -f- у  у  '
(5 )

a n d  h e r e  E q . (4) is  v a l id  to o ,  w ith  th e  a id  o f  w h ic h  F n ca n  b e  e s ta b lis h e d  as  
a  f u n c t io n  o f  <p o n ly , or o f  r  o n ly . I t  is  a s s u m e d  t h a t  th e  r e p a r t it io n  o f  th e  
t o o t h  p r e s s u r e  a lo n g  th e  t o o t h  le n g th  is  u n ifo r m .

B u t  i f  d u e  to  la rg e  lo a d s  a n d  to  th e  d e s ig n  o f  th e  g e a r b o x  a p p r e c ia b le  
d e f o r m a t io n s  arise  on  th e  e le m e n ts  o f  th e  g e a r b o x , th e  r e p a r t it io n  o f  th e  t o o t h  
p r e s s u r e  a lo n g  th e  le n g th  o f  th e  t o o t h  is  fa r  m o re  c o m p lic a te d . I n  s u c h  c a se s  
th e r e  i s  a ls o  a su ita b le  m e th o d  o f  c a lc u la t io n  for  a g o o d  a p p r o x im a t io n  o f  th e  
d is t r ib u t io n  o f  th e  to o t h  p r e ssu r e  [1 5 ] , b u t  fo r  th e  p r o d u c t F n \ v r \ s u c h  a c o m 
p l i c a t e d  e x p r e ss io n  is o b ta in e d  t h a t  i t s  p r a c t ic a l u se  w o u ld  b e v e r y  a w k w a r d .  
T h e  t o o t h  p ressu re  c h a n g e s  fr o m  p o in t  to  p o in t ,  o n ly  th a t  r e m a in s  tr u e  t h a t  
t h e  in t e g r a l  o f  th e  to o th  p r e ssu r e  a lo n g  th e  to o t h  le n g th  is  e q u a l to  t h e  fo r c e s  
fr o m  E q .  (5 ) .

T h e  c o m p lic a te d  c h a r a c te r  o f  th e  fu n c t io n  d e sc r ib in g  th e  t o o t h  p r e ssu r e  
m a k e s  i t s  p u r e ly  th e o r e t ic a l c a lc u la t io n  w ith  a g o o d  a p p r o x im a tio n  o f  r e a l i t y  
n e a r ly  im p o s s ib le .

T h e  fr ic t io n  c o e f f ic ie n t  d e p e n d s  o n  m a n y  v a r ia b le s  [ 1 , 7 — 1 0 , 1 3 ] .  
O m it t in g  d e ta i ls  a v a ila b le  in  th e  l i te r a tu r e  o n ly  th o s e  m ore e s s e n t ia l  p a r a m e te r s  
a r e  l i s t e d  w h ic h  s t r o n g ly  in f lu e n c e  th e  v a lu e  o f  th e  c o e f f ic ie n t  o f  f r ic t io n :  

t h e  sh a p e  o f  th e  m e s h in g  p r o f i le s ,  
t h e  r o u g h n e ss  o f  th e  t o o t h  su r fa c e ,
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th e  m a te r ia l c h a r a c te r is t ic s  o f  th e  t e e t h ,  
th e  r e la t iv e  s l id in g  v e lo c i t y  o f  th e  t e e t h ,  
th e  in s ta n ta n e o u s  v is c o s i t y  o f  th e  lu b r ic a n t ,
th e  s ta te  o f  f r ic t io n  (p u r e ly  m e ta llic  f r ic t io n , b o u n d a r y  la y e r  fr ic t io n , 

m ore o r  le s s  h y d r o d y n a m ic a l lu b r ic a t in g )  
th e  o x id e  la y e r ,  d ir t , w h ic h  m ig h t c o a t  t h e  su r fa c e s , e tc .
T h e  p a r a m e te r s  l i s t e d  are a lso  in  a v e r y  c o m p lic a te d  m u tu a l c o n n e c t io n s  

t o  e a c h  o th er , o f  w h ic h  o n ly  th e  m o s t  im p o r ta n t  are m e n t io n e d :
u n d er  lo a d  t h e  t e e t h  are d e fo rm ed  — in  c o m p lic a te d  r e la t io n s  w ith  th e  
e le m e n ts  o f  t h e  g e a r b o x ,
th e  d e fo r m a tio n s  c h a n g e  th e  r e p a r t it io n  o f  th e  to o t h  p ressu re , 
th e  v is c o s i t y  o f  th e  lu b r ic a n t  s t r o n g ly  v a r ie s  w ith  te m p e r a tu r e ,  
b eca u se  o f  t h e  m e c h a n ic a l a c tio n s  a n d  t h e  p r e se n c e  o f  th e  lu b r ic a n t  th e  
m a te r ia l c h a r a c te r is t ic s  in  th e  su r fa ce  la y e r s  o f  th e  te e th  c h a n g e , e tc .  
T h e o r e t ic a lly  i t  w o u ld  b e  p o ss ib le  to  c o n s t r u c t  th e  fu n c t io n  f i ( r )  or  

d e sc r ib in g  th e  c h a n g e  o f  th e  c o e f f ic ie n t  o f  f r ic t io n  d u r in g  th e  e n g a g e m e n t ,  
b a se d  o n  p a r t ia lly  e m p ir ic a l fo rm u la e  s u p p o r te d  b y  e x p e r im e n ta l r e su lts .  
C o n se q u e n tly  i t  w o u ld  b e  p o s s ib le  to  e s ta b lis h  th e  fr ic t io n a l p o w e r  P (r )  or 
P ( c p )  a n d  to  e x a m in e  i t  fr o m  in s ta n t  to  in s ta n t  o r  from  p r o file  p o in t  to  p r o file  
p o in t ,  a n d  th a t  fo r  t h e  m o s t  d if fe r e n t to o t h in g s .  B u t  su c h  a fu n c t io n  P ( t) or 
P ( ( p )  w 'ould be e x t r a o r d in a r i ly  c o m p lic a te d , a n d  i f  fo r  th e  sa k e  o f  e a s y  c a lc u la 
t io n s  n e g le c t io n s  w e r e  m a d e , th e  r e lia b il ity  o f  t h e  a lr e a d y  r e la t iv e ly  v e r y  sm a ll 
fr ic t io n a l lo ss  w o u ld  b e c o m e  to t a l ly  u n r e a lis t ic .

2. The tooth friction loss of the involute toothing

a) I f  oq =  c o n s t ,  t h e  c o n ta c t  p o in t  o f  t h e  p r o f i le s  tr a v e r s e s  th e  c o n ta c t  
le n g t h  a t  th e  c o n s t a n t  sp e e d  ralaq (F ig . 2 ). I n  th is  c a se  th e  c o n ta c t  l in e  c a n  a lso  
b e  co n s id ered  a s a t im e  a x is  w ith  u n ifo rm  d iv is io n s .  I f  to  th e  p itc h  p o in t  C  th e  
m o m e n t r  =  0 is  o r d e r e d , th e n

k l  =  ( « 1  +  W2)r„ iffli |t | . (6)

I f  i t  is  a s s u m e d  t h a t  f i  =  c o n s t , th e n  o n  t h e  s e c t io n  o f  s in g le  e n g a g e m e n t  

К г К 2 th e  fr ic t io n a l w o r k  is  a c c o r d in g  to  [5 ]:

IF =  [ x F n I T‘ |iq| d r  =  p F „(f/q  +  oq) r0 l ctq I Г: |т | d t  =
J  F1 J  — T1

=  —  +  oj2)  ra l a q (r ?  +  x \ )  .
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N o w

2 I 2
ч  +  ч  =

Е ХС
+

С Е . ,

a n d  w i t h  th e  n o ta t io n s

a n d  w i t h  th is

E y C  =  и  ̂ ,

E , C  =  u 2 ,

. 2 __ Uf +  U\

r„. O)t

E XC 2 +  £ 2C 2 

ra i o>l

W  =  —  f i  F n n>1 +  -  
2 r„, co-i

(n j  +  ujj) .

I f  e  =  1 , so  Mj =  «j a n d  u 2 =  e2, a n d

- F n (el + e l ) .
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For a cons tant coefficient o f friction and single contact the instantaneous  
frictional power is from (1) proportional w ith  |iy| (Fig. 3). The friction  work  
according to  (7) is proportional to the area below  the graph.

Let us exam ine the case of double engagem ent (Fig. 4).

A ssum ing provisionally  that ц  =  const and that on the sections o f  double 
contact к and / the tooth  force in normal d irection  F n is divided h a lf and half 
betw een th e  tw o teeth  pairs meshing sim ultaneously . Then the friction  power 
on the various sections is represented by th e  graph on Fig. 4; th e  frictional 
work is proportional to  the area below the graph.

W hile the point o f contact of a selected pair o f  teeth traverses th e  contact 
section  in d irection E  —* A ,  the friction work consum ed is given by th e  follow ing  
— now based on ly  on intuition:

The areas above the sections к and / o f  the double contact are added  

(while the con tact point o f  the exam ined pair traverses section E E X, sim ulta
neously th a t o f  the preceding pair traverses section  E.,A) to this sum  are added  
the areas above sections u v  u2, to th is sum  are added again the areas above  

the sections к and l (because simultaneously  w ith  the contact on section  E 2A

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



3 2 4 HUSZTHY, L.

of th e  exam in ed  pair o f teeth  th e  contact point o f  th e  adjacent — follow ing — 

pair traverses section E E V)
T h e double of areas over the the sections к and l appearing in  th e  sum , 

the fr ic tio n  work consum ed during contact o f  one pair of teeth  is the sam e as 

if  th ere  w ere e =  1 and on th e  whole section  A E  the whole force F n w ould  
act on  on e single pair o f tee th  and so Eq. (8) rem ains correct in this case too.

In  rea lity  the friction force varies during th e  contact and the force F n 
is n o t d iv id ed  half and ha lf during the double contact, therefore, in  general 
one c a n n o t sta te  that for s 1 the friction work for the time of contact o f  one  

pair w o u ld  be the same as i f  on the whole section  E A  only one pair o f  tee th  
w ou ld  m esh . Therefore, E q. (8 ) is true only for e ^  1 also if  fi =  const and F n 
are e q u a lly  divided betw een th e  m eshing tw o pairs o f teeth.

In c id en ta lly  let us rem ark — as Prof. D r. J . M a g y a r  has p o in ted  out 
to  th e  au th or — it is more logical to calculate th e  tooth  friction work, n o t for 
the to ta l  con tact tim e of one pair of teeth , but for th e  tim e required for travers
ing sec tio n  ta — E E 2, th is b eing  the period o f the function  describing th e  perio
d ica lly  vary in g  tooth friction power.

b )  In  his “A nalytical M echanics of G ears“ B u c k in g h a m  [2] g ives the  
fo llo w in g  form ula for the friction  work per u n it tim e of hardened steel in v o lu te  
gears (p . 401 , Eq. 19—6):

FП ral eq

ß i  +  ß'i
y ( Æ  +  Æ ) ( i  +  y )  • ( 9 )

H ere and ß2 denote th e  angles m arked on Fig. 5, fi is th e  “ m ean“  
co effic ien t o f  friction depending on the circum ferential pitch circle v e lo c ity  
(p. 4 0 6 , E q . 1 9 -1 2 ) :

fi =  O.Oőe-0 .125* -j- 0,002 \ v  . (10)

H ere th e  dim ension o f v is feet/m in .
Sim ilar relations give [2] for gears m ade from  other m aterials.
R e m a r k : in the cited  book the form ula for the work W 0 is erroneous; 

after th e  equality  sign, in  th e  num erator o f th e  fraction  there stands W 1 +  
in stea d  o f  -f- ß2, the form er being, according to  th e  sym bols used in  th e  book, 
th e  w ork  delivered by the driving gear in  th e  entering, resp. in th e  leav in g  
section  o f  th e  engagem ent.

T ak in g  into account th a t the tim e required for covering th e  angle

ßi  +  ß-i is

_  ßi  +  ß2 
т 12 —

coi
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the tooth  friction work o f one pair o f  tee th  in the whole range o f  con tact is

Wk =  W 0 Tj2 =  F " r a l°>l
ß l  +  ß,

= F n ra l (ßl  +  ßl )

P  JS _ W1 “Ь  /02  I o2\
—  —  *  n ra l -------------------- ( P l  +  P 2 )  •

2 0 )1

(ßl +  ßl) 1 +  -
ßi  +  ß2

Fig. 5 shows th at

ßi +  ß i =

therefore finally

E C

'a 1

' \2
+

C 'A ' Е С 2 +  C A 2 ej +  ej

’ a l

П 7 Р  it* ^ 1  ~ f~ OJ2 . •> -
Wk =  » F n — 4-------— (eT +  eî) 1

which is identical w ith  formula (8).
According to  th e  statem ents in para, a) Buckingham ’s form ula (9) — which  

reflects the case o f  e =  1 or o f a force repartition F J  2 —F J 2  for e  ^  1, and 
a constant coefficien t of friction, can o n ly  be used if  ц  is an experim entally  
determ ined "m ean” value.

c) In the Sh e l l  Co. publication “ Lubrication of Industrial Gears”  [9] 
for the efficiency o f  involute gear pairs th e  formula

rj =  100 — pd (11)

I

Fig. 5
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is g iv en , where fi is the “ m ean” coefficient o f fr iction

£°>25 sin a

3,5
~ d ~ d 2 I 0 .5  

<̂1 +  2̂

( 1 2 )

In  th is  form ula the con stan ts are expressed in th e  E nglish system  o f u n its, 
£ in  cen tistok es, the d iam eters in inches, the v e lo c ity  in feet/min.

T h e shape factor g iv en  in (11) is

100
cos a

1 ] «Î +  ej 
d2 j e1 +  e2

(13)

W ith  su itab le transform ations

H ere F n(e1 e2), in  the denom inator of the la st fraction , is the work introduced  
during th e  engagem ent o f  one pair of teeth .

F in ally

r] =  100 —  fid =

=  100

100 — 100 p  °h  4~ ( » 2  . 4  e2

2 ra i ^ i  F n ie i +  e2)

^ ^ - ( e f  +  ei)
ral 011___________
If
" in t r o d u c e d  J

T his form ula corresponds to  the definition o f  th e  efficiency, the num erator o f  
th e  fraction  in the parentheses is identical w ith  the work lost by fr iction  
according to (8).
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In this formula also g  is th e  experim entally found “ m ean” value.
The Shell publication  refers to the disk tests for the determ ination  o f  the 

coeffic ien t o f friction; th e  sam e is to he found in  other literature (e.g . [10]). 
These experim ents are m ade w ith  rotating discs in  contact along a generatrix  
and pressed together. B y  vary in g  the radii o f the discs, the pressure, th e  circum 
ferentia l speed o f the w heels, and the v iscosity  o f  the lubricating o il, relations 
apt for form ulating, were obtained between the coefficient o f friction  and its 
param eters.

The author th inks th a t the use of these form ulae for the ca lcu la tion  of 
to o th  friction losses is open to  discussion. I t  is true th at the variation  during 
con tact o f the curvature at th e  point of contact and o f the sliding v e lo c ity  can 
be described w ith  m athem atical accuracy; but it  is m uch more d ifficu lt to 
assess the deform ations w hich  have a great influence on the coeffic ien t of 
friction , and the change o f  oil v iscosity  w ith  tem perature can grea tly  differ 
from  the variations experienced at the disc tests.

3. G eneral rem arks

a) The coefficien t o f  friction  called “ m ean” in the preceding is not the 
m athem atical m ean o f th e  function  g(r)  calculated  for the tim e o f  contact.
I .e ., i f  in (1) the notation  -F„|vr| =  Ф(т) is used, so for the given in terva l

Ti ^  г ^  r2
th e  friction work is

W  =  I ' g( т)Ф(т) d r .
rl

For such integrals, i f  in th e  integration  in terval fi(r) and Ф(т) are continuous  
and i f  the sign of Ф(т) is alw ays the same (these conditions are generally  full- 
filled  w ith  gears), the generalized integral mean theorem

f^V (r) 0 { r ) d r  =  ц(тк) ^ '  Ф(r) d r  (14)

is  va lid , where g (rk) is the value o f  the coefficient o f friction assum ed in  some 
in term ediate place o f the in terval.

I f  Ф(т) =  1, then g ( r k) is ju st the ordinary integral mean o f  g  calcu lated  
for th e  interval in question (arithm etic mean), but otherwise there is no guaran
tee  for g (rk) being the arithmetic mean  in the m athem atical sense. I t  is better  
to use instead of the “ m ean” coefficient of friction the expression “ m edium ” 
coefficien t o f friction; let its  sym bol be g.

b) As long as it  does not becom e technically  feasible to  m easure w ith  
more or less accuracy the variation  in tim e o f the coefficient o f fr iction , the
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fo llow in g  method seem s to  b e useful — even i f  n o t cheap — for the prelim inary 
calcu lation  of the to o th  friction  coefficient:

1. Let us m anufacture a carefully m achined and assem bled gearbox for 
th e  g iven  axial d istance and ratio.

2. Knowing the shape o f  the tooth profiles for a given driving torque  
and angular velocity  oq, le t us calculate the in tegra l

Г  =  G (M 1;n q )  .
J  T j

L et us express F n from  E q s (5) and (4), |vr| from  (3) and (4) as functions of r. 
In  th e  calculation o f th e  v a lu e  G(M1, oq) neither th e  dependency o f the tooth  
pressure repartition from  th e  deformation, nor th e  fact th at for e 1 in  the 
range o f  double con tact th e  norm ally directed to o th  pressure is n ot divided  
in to  equal parts beacuse o f  th e  deform ations, are taken into account.

3. Let us measure experim entally, using  a given lubricant, the tooth  
fr iction  loss for the tim e in terva l (tq, T2) and from  th e equation

W  =  ;u (r ,() G ( M j; o q )  =  J i G ^ M ^  c q )

and le t  us calculate fi. T his va lue [г contains im p lic ite ly  the influence o f all 
factors, not considered w h en  calculating G, W  being the num erical value  
m easured on the real gearbox.

4. This m edium fr iction  coefficient ц is v a lid  for a gearbox w ith  a given  
geom etry , made from a g iv en  m aterial (and on ly  for th is) and w ith  th e  assum ed  
М г and nq.

5 . W ith the same  gearbox, varying and nq the influence on p o f the  
load  and of the v e lo c ity  can  be measured;

6 . then carrying ou t a similar series o f  m easurem ents for an equal 
gearbox w ith a different m aterial com bination, different surface roughness, 
different lubricant, th e  in flu en ce of these factors on [i is found.

7. F inally repeating  th e  foregoing m easurem ents for gearboxes w ith  
other geom etry the dependence of ц from th e  m ost characteristic param eters 
can  b e tabulated. These v a lu es o f ц already provide quite good approxim ations 
for th e  calculation o f  to o th  friction losses in  th e  design of gearboxes w ith a 
sim ilar geometry.

N aturally, th is m eth od  is very expensive and lengthy; possib ly the in 
v e ste d  work is not recovered; but it is sure th a t a friction  coefficient determ ined  
b y  one given experim ent o n ly  gives a very inaccurate result for the calculation  
o f  th e  friction losses o f  a com p lete ly  different gearbox, m aterial quality , surface 
q u a lity , geom etry o f  th e  gearbox, load, speed  e tc ., influencing strongly the  
va lu e o f  the coefficient o f  friction.
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E inige Bernierkungen über die Z ahnreibungsverluste von Zahnradpaaren. Zahlrei
che B ücher und B erichte befassen sich m it den Zahnreibungsverlusten von  Zahnradpaaren, 
ln  den von  den verschiedenen Verfassern abgeleiteten  und im w esentlichen gleichw ertigen  
Form eln für Evolventenzahnräderpaare ist der R eibungskoeffizient ein versuchsm äßig  bestim m 
ter D urchschnittsw ert. D ie Arbeit strebt an die D efin ition  des “durchschnittlichen”  R eibungs
koeffizien ten  zu präzisieren, bzw. diejenigen B edingungen  zu klären, für w elch e  die auf die 
Zahnreibungsverluste bezüglichen Zusam m enhänge g ü ltig  sind.

Зам ечан и я  по в о п р о су  расчета п отерь от т р е н и я  зу б ь ев  зубчаты х к о л е с . В оп р осам и  
п о тер ь  от тр ени я  зу б ь ев  зубч аты х п ар  за н и м а ю т ся  м ногие книги и м н о ж е с т в о  статей. 
В ы веденны е различны м и авторам и  и по су щ ес т в у  я вл яю щ иеся  эк вивал ентн ы м и  ф орм улы  
(действительн ы е д л я  зу б ч а т ы х  пар эв ол ь вен тн ого  зац еп л ен и я ) к оэф ф и ци ен т т р ен и я  яв 
л я ет ся  ср едн им  зн ач ен ием , оп ределен н ы м  п р и  п ом ощ и  какого-нибудь оп ы та. Д а н н о й  стать
ей  став и тся  ц ель уточ ни ть  толк ов ен и е «среднего» коэф ф ициента трени я  и , соотв етств ен н о , 
вы яснить те  у сл о в и я , п ри  к оторы х дей стви тел ь н ы  зависим ости, к а са ю щ и еся  п отерь  от 
тр ен и я  зу б ь ев .
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A CLEAR ALGORITHM FOR THE CALCULATION 
OF THE LINEAR INDUCTION MOTOR, 

BASED ON FIELD THEORY
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[M anuscript received: 21 April 1976]

The authors discuss an (approxim ate) algorithm  based on “ field theory” consisting  
of relatively  sim ple form ulae for calculating the linear induction  m otor, which takes 
into  account the skin effect, the transversal and longitudinal end effects and the  
connection betw een excitation  and winding. I t  creates the connection w ith  the equiv
alent circuits o f the traditional induction m otor, neglects the excitation  of the 
primary iron body and the harmonics o f the w hole order o f the travelling field , but 
describes the longitudinal end effect by two undam ped field  harm onic w aves o f fraction
al order. The calculations are compared w ith m easurem ents carried out on a stationary  
m otor and fina lly  characteristics o f linear m otors are calculated w ith  the m ethod pre
sented.

1. Review of the literature; Objectives

Num erous papers deal w ith  the calculation o f the linear induction  eddy- 
current motors w ith  nonferrom agnetic secondary. T hey show wide variety  in 
the creation o f the m odel as for the m ethod o f calculation. The determ ination  
o f the eddy currents in  the secondary requires the calculation o f the electro
m agnetic field , and the character o f the m odel is essentia lly  determ ined b y  the  
decision in which parts o f the linear motor and w ith  w hat neglections, approxi
m ations to use field  theory and in what place to use traditional asynchronous- 
m otor calculation. The neglections concern the end effects in  longitudinal 
(m ovem ent) direction and in  transversal d irection, and the skineffects, thus 
th ey  concern the question  as to  how7 m any dim ensions the partial m odel for 
the field  calculation is to  have. B oth  analytical and num erical m ethods occur. 
A m ongst the papers know n by the authors the m ost acóurate analytical calcula
tion  m ethod is published b y  [11], where the connection betw een the electro
m agnetic field and the excita tion  is correctly established as w7ell. B u t these  
“ accurate” analytical solutions are fairly com plicated , review ing the influence  
of the param eters is possib le only by tim e-consum ing com puterized evalua
tion  and it  is hardly possib le to  give a clear picture w ith  the usual asynchronous 
m otor equivalent circuits.

* Gy . T evan  Lóránt u. 8/a, H -1125 B udapest, H ungary
** F. T óth  K atow ice u. 6, H -3526 Miskolc, H ungary
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In  th is paper a m ethod based  on field  calculation is presented which  
lead s to  an algorithm  consisting  o f  re latively  sim ple analytical form ulae, takes  
in to  consideration  the sk in -effect, th e  connection betw een the excita tion  and 
th e  electrom agnetic field , approxim ates the longitudinal and transversal end 
e ffec ts , is  physically  easy to  su rvey  and creates the link w ith  the usual asyn
chronous m otor equivalent c ircu its, only the effect o f the slo t harm onics and 
o f  th e  excita tion  falling on th e  to o th  are neglected. F inally  it  is to  be noted  
th a t  som e elem ents o f the m eth od  to  be discussed can also be found in  the 
litera tu re  [1, 2, 4, 7, 9. 13].

2. The fie ld  im p ed a n ce  o f  th e secon d ary  o f  th e  in fin ite  
linear in d u ctio n  m otor , referred to  th e  prim ary

F ig . 1 shows the outlines o f  a sym m etrical bilateral plane linear motor 
and o f  an unilateral linear p lane m otor where a lam inated  ferrom agnetic part 
is p rov id ed  on the unexcited  side o f  the secondary. Such an unilateral linear 
p lane m otor has a greater tra c tiv e  force as com pared to  the case w ith ou t a 
m a g n etic  conductor and therefore, we shall deal on ly  w ith  such a motor.

F or reasons o f sym m etry , in th e  sym m etry plane o f the b ilateral linear 
m otor th e  m agnetic field  has on ly  a com ponent norm al to  th is plane and 
ap p rox im ately  likew ise is th e  case in  the boundary plane o f the ferrom agnetic 
la m in a ted  part and the secondary part.* Therefore, it  is sufficient to  deal only  
w ith  th e  unilateral m otor, because the relations for the unilateral m otor with  
a secon d ary  part thickness v  are va lid  for both  halves o f  a bilateral linear m otor 
w ith  a secondary o f th ickness 2v, assum ed to  be cut in  h a lf b y  the plane of 
sy m m etry .

primary (excited) part

conducting layer ferromagnetic laminated part 

Fig. 1

* B elow  the conducting la y er  the m agnetic induction is far below  the saturation  value.
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Considering — provisionally  — the plane surfaces in fin ite in  both direc
tions, in  the system  o f  rectangular coordinates according to  Fig. 1 th e  m agnetic 
field  has only x- and z- com ponents, the electrical field  has only a y-com ponent. 
For the conducting layer o f conductiv ity  y  o f  the secondary, neglecting the 
displacem ent currents, M axwell’s equations are

9 H x n

dz dx
У

9 E ЭЯ,
— =  —f*o

d t()x

9 E
— /*0

9 H x
dz ‘öt

( 1 )

( 2)

(3)

Calculating only w ith  the basic harmonic o f  the m agnetizing fie ld  travelling  
in the 2 direction, created by the three-phase excitation ,

E = l m [ \  2 е Д ,,/+ «■*)],

H x =  lm  I ]/2 Н > Д “'+ T  *)],

where Im  denotes th e  im aginary part o f  the expression in brackets, a> is the 
angular frequency o f the secondary current, a is the pole pitch, E , H x and Нг 
the phasors depending on the variable x (the com plex effective va lues giving  
also the phase position). Substituting the values E , H x and if., in to  E qs (1, 2, 3), 
the com plex fie ld  characteristics (phasors) becom e:

. ^ __ d II. , .  /.I
J —  Hx -  - г -  =  yE  , (4)

a dx

4 r  Hz, (5)
dx

j  —  E  =  jcofi0 H x . (6)
a

The primary three-phase current o f angular frequency a> =  2лf  excites a 
travelling m agnetic fie ld  o f velocity

c0 =  —  «о  =  2a/  • (7)
71
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I f  th e  secondary part travels w ith  the velocity  c in  the same direction, the  
v e lo c ity  o f  the travelling m agn etic  field  is c0—c w ith  respect to  th is and the  
angu lar frequency of the in d u ced  currents is

co ( 8)

w here s is  the slip.
B ecau se  of the p eriod ic ity  in  z direction energy flow s only in th e  x  direc

tio n ; th e  power per unit surface flow ing from the prim ary to the secondary, i.e. 
in  th e  direction  opposite to  th e  x  axis, the n egative com plex value o f  the x 
co m p o n en t of the P oynting  v ec to r  is

— EH*,

w h ere th e  asterisk denotes th e  conjugated com plex value. The field im pedance  
corresponding to this energy f lo w  is

E

”  ЙГ

In  th e  system  of coordinates m oving together w ith  the primary an electric  
fie ld  larger by

co _  1  ^  Q>o 

C q c s  CO

is  in d u ced , therefore, the field  im pedance referred to  the primary is

Z =
E

со H ,
(9 )

b eca u se  Н г in  the two sy stem s is (practically) th e  sam e. From  the defin ition  
eq u a tio n  (9)

d Z eoc

dx co
I dE  E d H :

I T  f f i  dx

In tro d u c in g  Eqs (4, 5, 6): 

dZ co

dx

and aga in  using Eq. (9):

о
co

о +
E 2
Щ a* co[i0

— У

dZ  . со
—  =  ja>о Mo H------- Z
dx con а 2соц0 ~шУ
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Introducing fin a lly  the notation

„  a Wo ®  а * уц о а>0m ---------------- = ---------------- s ,
Л2 Л2

the differential equation for Z takes th e  fo llow ing form:

( 10)

d Z

dx -JMо Mo 1 +
a 2 coq Mo

Z2(l +  jm ) ( И )

The general so lu tion  for this separable d ifferential equation is

Z = ao)о Mo
л  I 'l  + j i

rtan
. л

J —  x a
V 1 +  j m  +  C ( 12)

where C is an in tegration  constant. F  or determ ining it  le t us take in to  considera
tion  th at for x  =  0, H . =  0, which m eans th a t

lim  Z =  oo.
x—o

On the base o f  th is  from Eq. (12), С =  tt/2 and thus

2 _  o c o0 Mo _ £__
л  lrl  + j m tan —j V  1 + j m  —  x

This is the fie ld  im pedence at an arbitrary point x. The im pedance o f  the  
whole secondary o f  the infin ite linear m otor is obtained by su b stitu tin g  x  =  v

rj _  a œ o Ma г.Ŝoo
71

where

k„ =
У 1 +  j m  tan j  У1 +  jm

nv

(13)

(14)

3. Linear m otor o f  fin ite  width

In  the real linear motor the lam inated-iron  primary as well as th e  secon d 
ary are o f  fin ite  w idth . The currents induced  in  the secondary m u st close, 
therefore, the current density and thus th e  electric field m ust also h ave a z 
com ponent. W ith  H x only J y can provide a force in the z direction, therefore,
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it  is u sefu l to  m ake th e  secondary wider than  th e  prim ary and thus the ed d y  
currents close in  the part overreaching the iron core (F ig . 2).

T he m odifying in fluence o f the fin ite  w id th  is calculated as follow s  
(cf. [4 ]):

a) in  addition to  the electrom agnetic fie ld  discussed in Section 2), in  the  
part o f  th e  conductor below  the iron body, such an additional electrom agnetic  
fie ld  is calcu lated  where the m agnetic field  has exclusively  x  direction, but

th e  electric  field  has also an y  and a z com ponent, and besides from t and z 
th ese  depend only  on y ;

b) the flu x  excited  b y  the winding heads and passing through the con 
d u ctin g  p late parts overreaching the iron b o d y  is neglected (the bulk o f  the  
f lu x  in d eed  passes through th e  iron body);

c) in  the parts o f the secondary con d u ctin g  p lates overreaching the iron  
b o d y  th e  currents in direction x  and depending on x  o f  the field  characteristics  
are n eglected  (this la tter m eans neglecting th e  skin  effect).

d) sim ilar to  w hat has been discussed in  Section  2), only the basic har
m onic w aves are taken  in to  consideration.

M axw ell’s equations for the com ponents

E ya =  Im E va exp

E za =  У 2 1 m J Ега exp  

Hxa — У2 I m  IH XQ exp

~ . 71 Y
j ( ú t - 1------z

a !.
- л  '

j (ú t —j------ Z
Cl

j
, 71

COÍ H----- z
« I.

o f  th e  basic harm onic o f th e  additional fie ld  in  th e  part of the secondary con
d u ctor  below  the iron body, lead — tak ing  in to  account that the phasors of 
th e  fie ld  characteristics depend only on у  — to  the following relations:
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d  E ;a
d y

j  ®va j ^ P 'O  ’ 
a

(15)

d H
— r ~  = ^E - ’dy

(16)

j  —  H xa =  y E y a  . 
a

(17)

B y  derivating E q. (15) w ith  respect to  y  and m aking use o f (16) and (17) 

d* E r„
d y 2

. n
-  J —

■ 71 I.- J  —  E ,  
a

ja>n0 y E z

w hich  after rearranging and introducing the notation  (10) takes th e  shape

d 2 E л 2
-  —  (1 +  jm )  Ега =  0  . 

d y 2 a 2

For reasons o f  sym m etry Ега m ust be an im pair function. Such a so lu tion  of 
th e  former differential equation is

E:a =  E0sinh \— \ l  +  j m  у (18)

E lim inating  H xa from  Eqs (15) and (17)

1 d  E .
Eya =

У—(1 +ym) dya

su b stitu tin g  Eq. (18):

Ey„ =
|Ai

J' E V  cosh + j m y
j m

(19)

According to the approxim ations b) and c) in the secondary conductor  
part overreaching the iron body the current density and thus th e  electric  
field  are potentia l ones, furtherm ore th ey  have no x  com ponent, and do not 
depend on x  so th at

„  d V  _  э V  d 2v  , б 2 V
E  = ------ , E z = ------- , -------- H------- —  =  0 ,

d y  dz  d y 2 dz~

but w ith  the conditions d)

V  =  У 2 Irn [ v ( y ) e ; (°"+ T  *)] ,
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su b stitu tin g  this into L ap lace’s equation

and from  this

d 2 X n 2
d y 2 a 2

0 ,

V =  \ e a У +  Be
7Г У

A t th e  edge of the conductor no current em erges, therefore at у  =  (l -f- d)/2, 
E y =  dV /dу  =  0, th a t is  dX /d y  =  0, therefore

n l+d n l+d
—  A e T ~ - -  Be “~ _ r ’ = 0 ,  
a a

and from  this 

For th is reason
в = ^ ( i + m  a .

V = A
^ a + d - y )  

+  e ]■ ( 20)

A t th e  junction  of the parts below  the iron b o d y  and those overreaching it , at 
y  =  Z/2, the electric fie ld  m ust be continuous. T his is sim ply to  fulfil for the z 
com ponent: in  the overreaching part E  — dV /dz  and its  derivative w ith  respect 
to  z  is jn /a  tim es the phasor, thus from Eqs (18) and (20)

4  ae =  E 0 sinh —  V 1 +  j m (21)

The у  com ponent o f th e  electric field  under th e  iron body is E -f- Eyû, where 
E is t h e y  com ponent o f  th e  original electrom agnetic field discussed in  section  2, 
and in  the part overreaching the iron body E v =  dXfdy.

1 r v
( E  - j -  E j ,ü) j ,= //2 dx =

V  Jo

d \ _
d v У-112

Е does n ot depend on y  and on the base o f E qs (19) and (20)

1 Г

V  J o
E dx - JE о

V i +  j
cosh

j m
л  l
2 a

] / l  +  jjml =  —  Ae
— _L
2 a l  —

— d

From  E qs (4) and (6), also using the n otation  (10)

—  O' — m) E
m

d U z

dx
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introducing th is into the form er equation and considering th a t (Н г)х=ю =  0,

—  - т ^ ( Н г) _  =  i7 t4 _  E 0 cosh 
v y  J  — m  Z 1  +  j m

71 l

2 a V i + J ij m +

H------e
a

71___l_
71 2 a l  — A.

Substitu tin g  from Eq. (21) th e  value o f A

—  (Н г)х -е =  E 0
v y  j  — m 1 + j m

cosh -f- —  f l  + 7 m j —
z a I

1 —
— J

1 +  e °
7 Г  sinh I~  ~ V 1 + j ”1

( 22)

For calculating the additional im pedance o f the additional fie ld  only the 
correcting influence o f E ya needs to be taken into account, because w ith  Н г 
on ly  th is furnishes power. E ya depending o n y , the m ean value o f  th e  correcting
fie ld  Eya is

U sing E q. (19)

E m =
1 f ,/2

=  T  Eya f y
* J -U  2

Em = ---- - y  E„ -  1 sinh 1- -̂ — }rl  +  ym | .
ni  1 +  j m  ( 2 a )

Thus, in  a similar m anner as for E q . (9) the additional im pedance w ill be

E m

n l
(23)

Z«, =
ы ( Н г)х-г

and thus after inserting E qs (22) and (23), using the notation  (10) and rearrang
ing w e obtain

Zsa — —
œ a[ina

71 1 +  j m
X

X

a

ль

—— — У1 j m  coth  -----— У1 -f- jm
2 a 2 a

1л  l e a +  { l + jm )  ±  d

2 °  e" -f- 1
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L et u s introduce the n otation s

W ith  th ese

w here

—  —  У1 +  j m  co th  IIt —  V i + jfm | =  cx + j c r (24)
2 a 1 2 a )

d

71 l e a — 1
(25)

® 2 a d
en ° +  1

7  — w o^oa 1, (26a)^sa Ka
n

k„ =
(1 +  j m )  [сг + q + j ( c2 + m?)]

T he secondary im pedance referred to the whole prim ary is

(26b)

z s — Zs„ - f  ZM,

and so after introducing E q s (13) and (26a)

w h ere

2  асоо ^ о  jj. (27a)
71

k  =  k „  —  k a . (27b)

F in ally  the electrom agn etic  field of the linear m otor w ith  fin ite w idth  
is  approxim ated by the red u ced  electrom agnetic fie ld  o f  such a linear m otor 
w ith  in fin ite  width for w hich

E r =  E  +  E m, (28a)

H zr =  H „ (28b)

Hxr =  Er =  Hx +  — E m . (28c)
о cop о acop0

L et u s remark that the secon d  member of the right hand side o f (28c) is not 
th e  m ean  value of H XQ b ecau se  besides Eya th is also induces E ZQ.

A t the beginning o f th is  Section we have already remarked th at for 
in creasin g  the traction force i t  is advantageous to  m ake the secondary part 
w id er than  the primary iron b o d y . In the form ulae th is appears by the absolute
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value o f  th e  factor k 0 (corresponding to  th e  additional field according to  (26b)) 
dim inishing w ith  increasing q ; according to  (25) the increase o f  d  entrains the  
increase o f  q. Therefore, it  is appropriate to  m ake the thickness o f  th e  over
reaching d  as large as possible. B ut as for d  =  1,5a practically q — Tr//2a,it is not 
w orth w hile to  m ake the secondary w ider th an  1,5a.

So i f  we do not obtain a secondary o f  disproportionate w id th  —

d  «=! 1 ,5a (29a)

can be recom m ended and in this case (25) tak es the more sim ple form

Я
n l 
2 a

(29b)

4. The influence o f the air gap on the impedance

The electrom agnetic field  o f  the secondary part connects th rou gh  the 
electrom agnetic field  o f  the air gap to th e  electrom agnetic field  o f  th e  excited  
prim ary.

The field im pedance also accounting for the electrom agnetic f ie ld  o f  the  
air gap is sim ilarly obtained from (12) b y  su b stitu tin g  x  =  6 -f- v, considering  
that in th e  air gap the electric co n d u ctiv ity  у  — 0 , and therefore from  (10) 
rn =  0. H ence

Z ls =  flW° ^  tan j  —  (b -f- v) +  C 
a

Because for 6 =  0, Zis =  Zs

Z = aw0Po
л

. 7ZV
tan  hi --------h C

and therefrom  w ith  regard also to (27a) a

C =  arc tan к — j
. nv

and re-introducing th is in to  the formula o f  Z Is

Z,„ =  — 0 ^  tan
. T ib  , .

j --------h arc tan к
a
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th erefore, w ith  the ad d itional theorem  of the ta n g en t function and the id en tity  
ta n  (j x ) =  j  tanh *

Z ls =  aco° ^ 0. к (30)
n

w here

К  =

к -f- j  tanh b 171---
a )

1 — j к tanh
b \n  —
a )

(31)

So far the flu x  “ escap in g ’4 in  the у  direction  in  the air gap has n o t b een  
considered  because H y has been taken as being zero. Calculating the p o ten tia l 
m a g n etic  field  of the air gap w ith  a three-dim ensional model

H x =  — , H v =  — , H . =  у —  w
9 a; d y  a

w here W  is the com plex p o ten tia l and according to  Laplace’s equation

8 *W 0 2W
Эл:2 0y 2 a 2

B u t in  the tw o-d im ensional model used so far, the derivated w ith  respect  
to  у  w ere zero, therefore

d 2 W
d x 2

W  =  O .

I f  th e  com plex poten tia l function  in the three-d im ensional model is approxim 
a ted  b y

W  =  W i(*) • 1,17 cos [ 2 , 3 4 ^

— th e  factor o f W x(a;) approxim ates, at equal area and with m inim um  square  
error, th e  rectangle ex ten d in g  from у  =  —//2 to  + / /2  and unit ordinate — in 
trod u cin g  it  into L aplace’s equation gives

d 2 W ,
d x 2

'( 2,34 2 7Г2
~\----- --

/ a 2 J
W x =  0  .

T h en  W L can be interpreted  as the com plex p o ten tia l of a tw o-d im ensional 
p o ten tia l in  which in stead  o f  n 2ja 2 takes p lace

У 1 +
2,34 a

I F
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In E q. (31) th is is equivalent to increasing the air gap to the value

b' =  fc

W ith  this

1 +  0 ,554  —  . 

b ’
к -j- j  tan h

К
1 — у к tanh  л b'

B y rearranging

1 — ta n h 2
К =

tanh
b' 1 — j к tanh

лЬ' I 

а ! 
лЬ'

(32а)

(32Ь)

This shows that by increasing b'ja above 0,5 the value of th (лЬ'/а) rapidly  
approaches one and so К  becom es independent o f  к and so purely im aginary. 
N o active power gets into the secondary, th a t is possible only i f  no eddy cur
rents flow  either. So by increasing the air gap the secondary currents and 
pow er strongly drop.

In the case o f a plane motor o f in fin ite  length the first non-disappearing  
upper harmonic of the travelling w ave is the fifth . Its pole pitch being the  
fifth  o f the basic harm onic, for the fifth  harm onic the value b'/a is f iv e  tim es 
larger. The air gap exercises a filter action  on the upper harm onic w aves. 
Th is is partly the reason w hy we calculate w ith  the basic harmonic w aves only.

5. The total impedance of the m achine referred to one slot

The im pedance referred to one slot is defined by forming th e  ratio of 
h alf o f  the mean winding voltage and to th e  whole current flow ing in  th e  slot, 
w here the w inding voltage includes the vo ltages across the active resistance  
and th at across the slot, — and the w inding head leakage reactancies. F irst 
on ly  the im pedance formed with the induced voltage Z,wj is determ ined:

Tl U,w
21

where U,,,,- is the mean value o f the induced  w inding voltages. H a lf  o f the  
induced winding voltage is, w ith the n otations o f  the preceding section  — also 
expressing the dependence on 2 —

-  /( E +  Em)x_ v+b^ - e i « * =  / г ,Л Н г)х_ е+6е' « 2
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I f  th e  number o f slots per phase and pole is qx =  1, then w ith the n o ta 
tion s o f  F ig . 1, half o f the m ean o f induced w ind ing voltage formed along th e  
w idth  o f  th e  slot is

and th u s

w here

T u »< / Z,
1 r g l  2 .

( H - W b -  e; а г dz ,
g J -g l*

Z Wi — l Z,

g

( X- tH b

JL JLa 2
I =

JC_ _g_
a 2

. л
J —  g  a

л _  _g_

a 2

(33)

(For ca lcu la tin g  the system  o f coordinates it  has been assumed that the sy m 
m etry  p lan e of the slot under exam ination is th e  p lane z =  0).

I f  qt ^  1, the above |  is to  be m ultip lied  b y  the well-known w ind ing  
factor and  so the general form  o f |  w ill be

7Z2 </, s in -----
69i

ZL A
a 2

(34)

For fu rth er  developing form ulae (33) the spatial distribution of H , is represent
ed for X  =  V  -f- b and for th e  excitation  of one phase, for =  1 (Fig. 3).

A lon g  the opening o f th e  slot H z is taken as being uniform ly d istributed , 
on th e  other places H z =  0, because the H  lines arrive perpendicularly on th e  
surface o f  the primary iron body. Furtherm ore, for linear motors the ex c ita tio n
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of the iron part is negligible because o f  th e  large air gap (from th is point of 
view  the non ferrom agnetic secondary is also considered an “ air gep” ). So 
the excitation  o f th e  slo t current falls upon th e  opening of the slot and there 
H z =  I^lg. The basic harm onic o f this d istribution  is

rr 4 ( 4 - T  j wH 2l =  —  I -----cos
я  J 0 g

i  Л Л  \

7 *
d

k l
z =  ----- sin ---------

ng
n  g
a  2  )

I f  qx ^  1, the ex c ita tio n  picture is regularly repeated qt tim es w ith  a shift o f  
a/3qx and the value o f  H zl is m ultiplied by th e  well-know n w inding factor and 
by 9 l :

H z l= Iw sin —
л  g 41

ng 2 о ■ n s in ——
6?i

H ence w ith  the n o ta tion  (34) the basic harm onic is

21Я “1»Л — s<jfi •
a

The result o f the single-phase excitations is  a travelling basic harm onic w ave  
H z w ith  a peak va lu e  o f  ЗН г1/2. The peak o f  a travelling w ave reaches the  
centre o f a slot (a slot group, respectively), i f  in the slot (slot group) the  
excitation  is m axim um . For this reason

(H ,)x. r+6 = - ^ f i lv
a

which by introducing in to  Eq. (33) results in

7  _  £2  7"iW — -------b A ls ,
a

and on the hase o f  E q. (30) it gives

2 wi =  — f 2 ai0 / i0 I K .
Л

(35)

If the area of the slo t filled  with copper is A y,  the resistiv ity  o f the copper is 
gj, the length of the w inding heat (at one side) is lv  the active resistance referred 
to one slot will be

R i =  Si
l ±  h

A 1
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Im a g in in g  the cross section “ sm eared” along the circum ference, its  th ick n ess  
w o u ld  b e

a

In tro d u c in g  the parameter

■ _ % 1-^t I
a l +  li

(36)

w h ich  h as the dimension o f a len g th ,

t f i  =  ei — l—  ■ ' (37)
h  —

3Çi

A t 50  H z  th e  leakage reactancies o f  the slot and th e  w inding head are tak en  
as p rop ortion a l to R 1 and th u s

X n  =  v . - ^ - R l (38)
w50

w h ere co50 is the angular freq u en cy  belonging to  50 Hz ( =  lOOic/sec) and a is 
a fa c to r  o f  proportionality.

T h e  tota l slot im pedance is now

Zu, — R i  +  j X t i  +  Z„„. (39)

F in a lly  le t  us remark th a t o b v iou sly  for the r-th upper harm onic w a v e  in  
sp ace  E q . (34) takes the form

sin  I
’ l l

sin L j l a
a 2

qx sin i„. 71 V—  JL-
a 21 6 ?1j

(40)

In  th e  ca se  o f an infinite lin ear m otor the first non-disappearing upper harm onic  
is  th e  f if th . Chiefly, because o f  the second factor | s is much sm aller than  
I == | 15 therefore £5 and  in  connection w ith  E q. (35) Z wi is in flu en ced  but 
l i t t le  b y  th e  upper harmonic w a v es. This is another reason w hy the sp atia l upper 
h arm o n ics  can be neglected.

W ith  a linear motor o f  f in ite  length  the excita tion  picture is not periodical 
(S ee S ec tio n  8).
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6. C alcu lation  o f  the tractive  force and norm ally-directed  force

I f  the to ta l excitation  o f the slot is I w, the air gap power referred to  one
slot is

Piw =  I I  Re ( Z wi) ,

the synchronous speed according to  (7) is

л

hence the tractive force for one slot is

F,„ = —  I I  Re (Z w/) .
aco0

This m ethod o f calculation corresponds to  th e  m odel created so far: according  
to  the condition  b), Section 3, the pow er penetrates into the secondary on ly  
across the iron body, and thus, from th e point o f view  o f power on ly  th e  y  
com ponent o f the electric field  is decisive. Its  value in the system  is m oving  
together w ith  th e  secondary s tim es th e  va lu e o f that in the system  m oving  
w ith the prim ary, and this fact ju stifies th e  above method o f calcu lation . (If  
we were also to  consider the power o f  the currents induced by the w inding heads 
into the secondary parts protruding from  the iron body, we could do th is in  
the equ ivalent circuit discussed in the fo llow ing Section — b y  im agin ing th is  
loss on the prim ary winding and increasing R r).

In the secondary an area

belongs to  one slo t, and so, the tractive force per unit surface is

F
T

3gi F w
al

3

a 2 lw 0
И  Re (Z wi) .

To one slot belongs a circumference part aj3çj and thus the circum ferential 
current is

d , =  . (41)
a

W ith th is and form ula (35) the last relation  becom es

4 = ^ 0 í2rf?Rc <k)-A
(42)

This form ula gives the tractive force per u n it surface.
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T he ratio o f th e  norm al force F n (in x  d irection) and the tractive force F,  
actin g  in  the opposite direction to the z axis corresponding to the direction of 
th e  travellin g  w ave, is from the M axwell stresses

F n 1 {H%r -HJrr) tim e-m ean

F ’ 2 (  H xr H zr) tim e-m ean

F n 1 H xr H*r -  H H*r
F 2 - R e  (H Xf. H*r)

(43)

w here th e  “ reduced” fie ld  characteristics according to  Eqs (28) must be tak en  
on the surface o f  the secondary part,  at x — v. From  Eqs (28)

H xr 71 E +  E m

x= v aa>p0 H
— - —  (Z so3 -f- ZSQ) =  — ^—  Zs
ao)0p 0 асо0ц 0

fin a lly  on the base o f  (27a)
H

H,
k ,

and introducing th is in to  (43), the ratio o f  th e  norm al force and the tractive  
force is

F„ _  lk[2 -  1
F  2 Re к

(44)

From  Eq. (44) the force in normal d irection , directed along the p ositive  
x  ax is is positive; th e  force in  question is th a t actin g  on the secondary, an a ttra ct
ing  force is positive, a repulsive force is n egative .

7. The equivalent circuit analogous to that o f the asynchronous m achine

The form ulae discussed so far are su itab le for determ ining the electrical 
param eters of the linear plane m otor of fin ite  w id th  (and infinite length). The  
linear induction  m otor being after all an asynchronous machine, as a com pari
son w ith  the electrical param eters of the usual asynchronous m achines, it  is 
usefu l to  construct its  equivalent circuit.

In  the equ ivalent circuit of the trad ition a l asynchronous m achine th e  
im pedance o f the secondary circuit is

z ;  =  —  +  j X i
s
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where R !, is the reduced secondary active resistance (not depending on the slip) 
and X'2 is the reduced secondary leakage reactance (not depending on the slip  
either). I t  is characteristic for ZÓ th at in case o f  s —► 0 it  tends tow ards oo. 
The secondary field im pedance* Zs of the linear motor according to  (27a) 
does not behave in  th is w ay, but for s —*- 0, i.e . m —+ 0 according to  E q . (10), 
on the base o f E qs (26b), (24). (14) and (27b)

7CV
def

tanh
nv Л  l  ,

--------coth
2 a

’ 71 1 I
2 a  I tanh

71V
(45)

For the tim e being calculating only w ith  th e  dim ensionless im pedancies, the  
im pedance к is replaced by two such im pedancies, in  parallel, w here one 
becom es oo for m —*■ 0. D enoting the latter b y  k m (because o f its dependence  
on m) it is obvious th a t the other im pedance is ju st  jF‘/tan h (jn //a ), thus

and from this

к -=
tanh

j

nv

+  k„
tanh

nv

к

1 -f- j  tanh n v ’ j k
a 1

(46)

and for th is lim  k m =  o o .  [The value v'  ca lcu lated  from (45) tends tow ards v
m —0

for l —>• o o ] .

The form ula, tak ing  into account the air gap (32b), is a linear fractional 
function with respect to  k. Such functions h ave three free param eters and, 
therefore, the effect o f  the air gap on the im pedance К  can be accounted for by  
a T-m em ber (F ig. 4a).

U sing in E q . (32b) provisionally the n o ta tio n  th  (nb'/a) =  t and m aking  
equal the values o f  К  from (32b) and from th e T-m em ber, we obtain:

к + j t  _  k  k /,(ks2 +  k)

1 —  У к  t 51 k p  +  k j j j + T c

* The connection  betw een the circuit im pedance and the field im pedance has been  
discussed when deriving E qs (33) and (35);
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and th is  m u st be true for every  k . For к  —> oo

t
k s l  +  k p . (47a)

From  th e  id en tity  o f the pole locations

^s2 ~f~ kp

fin a lly  for к =  0

к  к
j t  =  ksl +  - №

kp +  k s2

(476)

(47c)

One so lu tio n  of the system  o f  equations (47) is

or, a fter  reintroducing the relation  t =  th  (лЬ'/а)

k P =
J к  —  к  —  т tanh “ •si —  “ s2 — J

л  b'

sinh
{ я Ь ' ] ’ 2 а

a )
In  accordance w ith th is the equivalent circuit o f  F ig. 4b has been estab lished , 
also rep lacing к  by parallel branches, as w as discussed at the beginn ing  o f  
th is  S ection . B y  deltastar transform ation th e  circuit according to  F ig . 4c is
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obtained where

tanh
nv'

cosh
nb' l 7tb'+  sin h -

a a l a

x1 — tanh
nb'
2 a

1 -|~ x 0 tanh
nv

Xo =  X . cosh
nb'

— 1

(48)

(49)

(50)

The equivalent circuit o f F ig. 4c provides the dim ensionless im pedance K, 
w hile the im pedance for one slot Z wi according to Eq. (35) is ob ta ined  b y  m ulti
p ly ing  w ith  the expression

r =  —  9i £2 “>ot*ol
Л

(51)

w hich has the dim ension o f a resistance. Thus, the equivalent c ircu it for the 
com plete slot im pedance according to  (39) takes the shape of F ig . 4d . From  
th is , using the traditional notations

Z 0 =  j r x 0 ,

z i =  R 1 +  j ( X tl  +  rxx) ,

Z2 =  rkm +  j r x 2 .

Therefore, the main flu x  reactance o f the linear m otor w ill be

* 0  =  rx0’

its  prim ary leakage reactance w ill he

X i  =  X n  +  r x v

its  reduced secondary leakage reactance

X 2 =  r[x2 +  Im  (km)] (54)

and its reduced secondary active resistance

R'._ — sr Re (km) (55)

(52)

(53)
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The resistance R x and th e  values in  the foregoing form ulae can be determ ined  
from  th e relations (37, 38, 27b, 45, 46, 48 — 51).

In  the equivalent circuit Fig. 4d only th e  im pedance rk m depends on  
m  and th u s on the slip. Correspondingly only R'2 and X'2 can depend on the slip. 

F in a lly  the case m erits special m ention w here

---- > 5  and - ^ - < 0 , 1  (56)
a a

From  th e first condition it  follow s that the va lue o f  k a in  (26b) can be neglected  
as com pared to k M, and th u s from (27b)

к ~  к

from  th e second restriction  on the base of E q. (14)

k„ e*-

hence on the base o f  E qs (45) and (46)

jm

1 -f- j m яг
. nv r tlT lV

a 1 -j- jm  nv

w here k m is real. W ith all th ese from (54) and (55), th ese formulae are deduced:

X 2 =  r?.2 (54a)
aud

R!,
s та

m nv

from  w hich latter b y  su b stitu tin g  the n otations (51) and (10) the relation

R!2 =  P — -------------  (55a)
V Я
^  ------- V

h i

p h ysica lly  easy to in terpret, is deduced. Thus w ith  the conditions (56), R 2 and  
X 2 are independent o f  the slip: a circuit com p lete ly  equivalent to th at o f the  
asynchronous m achine is obtained, w ith a m ain f lu x  reactance X 0 very m uch  
sm aller than  th at o f th e  traditional m achine, assum ing an equal pole p itch .
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8 . Linear motor o f  fin ite  length

Considering its  param ount im portance on ly  th at case is d ealt w ith  where 
th e  prim ary is o f  fin ite  length , but the secondary can be considered as in ifin ite . 
T he m agnetic fie ld  distribution (Hz)x_ v+b due to the exc ita tion  b y  one 
phase here, differs from th at shown on F ig . 3, in that it term inates at both  
sides (for the m om ent we restrain ourselves to  <jq =  1). Let us consider here 
also th e  fundam ental harmonic o f the ex c ita tio n  repartition, b u t le t  us term i
n ate th e  sine w aves o f the basic harmonic from  both  sides, exceeding th e  extrem e  
slots, at the passage through zero ! (This approxim ation m inim izes th e  square 
error integral in the sam e w ay as the in fin ite  sine wave the in fin ite  excita tion  
distribution). On those places where there is  excitation, the ex c ita tio n  waves 
in the phases o f  the basic harmonic are th e  follow ing (the am plitude is  taken  
as 1):

sin z'  cos t'  =  —  sin (z' - i -  t') f -  —  sin (r' — t ' ) ,
2 2

sin (z' -  120°) cos (t' +  120°) =  —  sin (z' +  t ') sin (s' -  f  — 2 4 0 °),

sin (z' — 240°) cos (t' +  240°) =  —  sin (z'  +  t')  +  —  sin (s' — t' — 1 2 0 °),

where

z '  =  —  180° and t — cot. 
a

As the excita tion  on both sides is interrupted for each phase at an oth er  place, 
the travelling  w aves o f negative and p ositive  order, obtained at th e  r ight hand 
side, start for each phase at a different p lace and end at d ifferent places. 
Correspondingly th e  resulting positive and negative  order w aves ta k e  shape. 
F ig . 5 shows the distribution o f a resulting travelling wave of p o sit iv e  order, 
F ig. 6 th a t o f n egative order for tw o poles (p  =  1).

11 magnitude of travelling wave 
of positive order

F i g .  5
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(In  F ig. 6 the vertica l lines at 60° and 420° separate from each o th er  
the tra v e llin g  w aves o f n eg a tiv e  order and different phase position).

In  th e  follow ing th e  effect o f the waves o f  n eg a tiv e  order will be n eg lected ;  
th ey  e x is t  only at the edges o f  the winding and th e ir  am plitude is sm aller th an  
th a t o f  th e  positive w aves. Furtherm ore no great error is made by considering  
the w in d in g  of length 2ap  in fin ite ly  repeated, w ith  a period length 4ap and

' magnitude of travelling wave 
of negative order

i n ___ _ , m  .
60° 120° 180° 240° 300° 360° 420° 480° z ‘

Fig. 6

tak in g  one period o f th is excita tion  picture o b ta in ed  as the appropriate m odel 
of th e  real situation. I f  z  =  0 it  is taken for th e  cen tre of the winding, th en  th e  
first th ree  members o f th e  Fourier series for a period  4pa  of Fig. 5, assum edly  
rep eated  are

b0 +  cos -------- f- b2 cos
2pa

l 2 jгг 

! 2p a

w here —  taking for u n it th e  am plitude at z =  0 —

bо

1 4- 2 cos i-^ —
2_ ___________ 1 6p
л  3 108p2j

62= 0 ;

(the d eta iled  calculation is om itted).
Corresponding to  th e  travelling wave th e  d istribution  according to  F ig . 5 

m ust s t ill be m ultip lied  b y

ê z+“0‘)

and from  this by o m ittin g  e.]m°’ the d istribution  o f (Hz)x=v+b is ob ta in ed , 
expressed  by the value (3q j a )  £IW from Section  5:

(H ,) _ 3gl tT
'x= V + b

a
b0 b1 cos

7ZZ

2 ap

-- 2(1+è )  +  e i~a
2 2

(57)
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Thus f r o m  a  p a r t  o f  th e  b a s i c  h a r m o n i c  w a v e  a  “f r a c t i o n a l ” h a r m o n i c  w a v e  

o f  o r d e r  1 -)- 1/2p  a n d  o n e  o f  o r d e r  1 — 1/2p  a r e  s p l i t  o f f .  For a linear m otor of 
in fin ite  length, i.e. for p  —► oo the fractional harmonics coincide w ith  the 
basic harmonic and therefore,

lim
P - “

m ust be 1. B ut the calcu lation  gives 1/2 -f- 2 /я  =  1,137. The excéd en t is due 
to th e  omission o f the neglected  upper harm onics of the above Fourier series. 
A pproxim ating their in fluence as being uniform ly distributed over th e  three 
w aves, finally  the follow ing w eight factors are taken into account:

A, =  0,44; A 1 =  0,28 i l ------ — 1 . (58)
l 1 0 8 p * j

The pole pitch o f  the special harmonic o f r-th order is

(59)

and in the calculation o f the harm onic im pedance o f order v ,  a v m ust be put 
in  th e  place o f a  in Eqs (10, 14, 24, 25, 26b, 32b).; thus an im pedance factor K„ 
is obtained from (32b). For in Eq. (30) a v m ust be put in the p lace o f  a, but 
according to (57) in the unnum bered equations preceding (35) a  rem ains, the 
right side of (35) m ust be m ultip lied  by a vj a  =  l/j>. The vo ltages induced by  
th e  progressing w aves add up and hence also the im pedances w ith  the cor
responding weight factors. F in a lly  in the place o f (35) one m ust calcu late with

zwi = ^ w 0p0i 2 K - K  (60)
Л  V

( v  =  1, 1 -f- 1/2p ,  1 — 1/2p ) ;  the value of can be calculated from  (40). 
Sim ilarly reasoning the place of (42) is taken by

F_

A
=  ^o d j  ^ А „ Г ;  Re(K„).

V

(61)

Introducing the factor

<tv
lk , l2 -  1

2Re(k„)
(62a)
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corresponding to the right sid e  o f (44) the ratio o f  the normal and tangential 
forces becomes

2 Ч Л £ К е ( К „ )
r  n  __ V_____________________

F  ~  V A „ ^ R e ( K „ )
(62b)

For all three harm onic progressing w aves th e  equ ivalent circuit discussed  
in  S ection  7. can be con stru cted  w ithout the im p ed a n ce!^  — j X a ; to  form the  
resu ltin g  impedance th e y  are connected in series w ith  each other on the input 
side and the im pedance +  j x n .

The velocity o f  th e  r-th  fie ld  harmonic w ave is th e  v - t h  part of the basic  
h arm onic, and therefore th e  slip referred to  th is w ave is

c о c
V

V

;v(l — s)  .

For the fractional harm onic v =  1 +  1 /2 p  therefore

2 p
( s -  1 ) .

T his shows th at for s =  0, but also w ith  sm all positive slips for th is  
fraction a l harmonic, a n eg a tiv e  slip and thus a generating force is obtained, 
w h ich  in  fact reduces th e  resu lting force and even  th is can shift it  to the  
n eg a tiv e .

T he method described here discusses the longitud inal end effect w ith  
u n d a m p e d  t r a v e l l i n g  w a v e s .  T he solution o f Ob e r r e t l  [11] consisting of un 
d am ped  travelling w aves is m ore accurate but less lucid . Y am am ur a  [8, 15] and 
V o l d e k  [5, 14] calculate w ith  d a m p i n g  t r a v e l l i n g  w a v e s .

9. R esu lts  o f  ca lcu lations and m ea su rem en ts

W ith  the previously  discussed calculation m ethod  the calculation and  
m easurem ent results o f  th e  available motor for th e  sta te  s =  1 are shown in  
F igs 7, 8 and 9. The d ata  o f  th e  motor are:

pole pitch 0,054 m
air gap 2, 4, 6 and 10 m m
thickness of secondary 0 ,0025  and 0,005 m
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_F_

A

Fig. 7

overreaching o f  secondary 0,15 m
slot w idth 0,012 m
m otor w idth 0,15 m
num ber of pole pairs 9
number of slots per phase and per pole 1
resistivity o f secondary 0,303 • 10 ~ 7 ohm  m
primary angular frequency 314 1/s
reduced conductor height 0,0037 m
primary resistiv ity  0,2 • 10-7  oh m  m
leakage reactance of slot and w ind ing head (estim ated value) 1,6 l l j  
nom inal slip 1
nom inal circum ferential current 50 000 A/m.
Fig. 7 shows th e  tractive force per un it surface, Fig. 8 the active pow er per u n it surface, 

w hile Fig. 9 shows th e  cos <p as a function  o f  the air gap, a t stationary sta te  and under feeding  
w ith  a constant term inal voltage.

£  [ kw ] 
A Lm2J 

40

30

20 -

10

H----------1------------1-----------<-----------1-----------*.
2 4 6 6 10 blmml

Fig. 8
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Fig. 9

Calculated traction force , current vector diagram fo r  motors o f  various synchronous speeds

Fig. 10 shows the ca lcu la ted  traction force per unit surface of a motor w ith  a velocity  
o f  c0 =  3,5 m/s and its e ffic ien cy  as functions of the slip.

Fig. 11 presents the current vector diagram o f the sam e m otor. In both cases the term i
nal v o lta g e  is constant.

In this case the ca lcu la tion  data where: pole p itch  0 ,35 m , air gap 10 mm. secondary: 
th ick n ess  10 mm, overreaching 0 ,5  m , resistivity 0,35 • 1 0 ~ 7 ohm  m , slot w idth 0,02 m, m otor  
w id th  0,2 m, number of po le  pa irs 7, number of slots per phase and pole 3, prim ary angular 
freq u en cy  62.83 1/s, reduced condu ctor  height 0,005 m, prim ary resistiv ity  3,5 • R ,, nom inal 
slip  0 ,1 , nominal circum ferential current 50 000 A/m.

In  the next calculation  exam p le  the synchronous sp eed  of the machine is 20 m/s. The 
characteristic  data are: po le  p itch  0,2 m, air gap 10 m m , secondary: thickness 10 mm , 
overreaching 0,3 m, res istiv ity  0 ,37  • 10~7 ohm m , slot w id th  0,02 m, motor w idth  0.2 m, 
nu m b er of pole pairs 10, nu m b er o f slots per pole and phase 2, prim ary angular frequency  
31 4 ,2  1/s, reduced conductor h e ig h t 0,005 m, primary res is tiv ity  0,2 • 10 ~7 ohm m, slot and 
w in d in g  head leakage reactan ce  3,5 • R 1? nominal slip 0,05 nom inal circumferential current 
50 .000  A/m.

Fig. 12 shows the v a r ia tio n s o f the traction force and o f the efficiency in m otor and in 
generator operation (1 ^  s — 1) a t constant term inal v o lta g e  feed.

Fig. 13 shows the current vector  diagram of the m achine also for constant voltage feed.
Curve 1 o f Fig. 14 show s th e  traction force of the above m achine as a function o f the 

slip , if  the current flow ing th ro u g h  the windings is constan t. Curves 2, 3 and 4 represent the 
tra ctio n  force of the sam e m otor  at constant current feed , on ly  the length and w idth dim en
sio n s o f the motor change. W ith  curve 2 the length o f th e  m achine is fin ite (p  =  10) but its 
w id th  is infinite; w ith curve 3 th e  length  is infinite (p — oo), the w idth  is finite (0,2 m); finally  
w ith  curve 4 the width o f th e  m achine as well as its len gth  are infin ite.
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Fig. 11
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Fig. 12

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



CALCULATION O F T H E  L IN E A R  IN D U CTIO N  MOTOR 3 6 1

R E F E R E N C E S

1. T u s c h á k , R.: Strom verdrängung von in kreisförm igen N uten  gebetteten  m assiven Leitern.
Per. Polyt. Eleclr. E n g g .—Elektrotechn. 1, (1957), 27 — 51

2. F r e e m a n , E. M.: T ravelling W aves in  Induction M achines: Input Im pedance and Equaiva-
len t Circuits. Proc. I E E ,  115, No. 12 (1968 dec.), 1772 — 1776

3. N a s a r , S. A.: E lectrom agnetic F ields and Forces in  a Linear Induction  M otor, Taking
into Account E dge E ffects. Proc. I E E , 116, (1969 april) no. 4, 605 — 609

4. B o l t o n , H.: T ransverse Edge E ffect in  Sheet-R otor Induction M otors. Proc. I E E  116,
(1969 M ay), N o. 5, 7 2 5 -7 3 1

5. V o l d e k , A. L — L a z a r e n k o , L. F.: Prodolnye kraievye effekty  v  linejnykh induktsionnykh
m agnitogidrodinam icheskykh m ashinakh. Eleklricheslvo 1970, N o. 11, 26 — 30

6. J u f e r , M.: D éterm ination des caractéristiques spécifiques du m oteur lineáire. R.G.E.  80,
No. 2, (1971 Février), 105 — 113

7. P o l o u j a d o f f , M. et. R e y  X , Ph.: M éthode interm édiaire pour l ’analyse d’un m oteur à
induction linéaire. R . G. E. 80, (F évier 1971), No. 2, 99 — 104

8. Y a m a m u r a , S. —  I t o , H . — I s h i k a w a , Y .: Theories o f  the Linear Induction  Motor and
Compensated Linear Induction M otor. I E E E  Winter Meeting,  N ew  York, 1972 
Jan. 30 — Febr. 4

9. K a p c s o s , P .—Tevan, Gy .: Ferrom ágneses betétű , lineáris örvényáram m otorok alkalm a
zása és szám ítása. Elektrotechnika 65, (1972), N o. 12, 458 — 465

9 * Acta Technica Academiae Scientiarum Hungaricae 86, 1978



3 6 2 TEVAN, GY.-TÓTH F.

10. S c h i e b e r , D.: Principles o f O peration  o f  Linear Induction D evices. Proc I E E E , 61, (1973,
M ay) N o. 5, 647 — 656

11. O b e r r e t l , К .: D reidim ensionale Berechnung des Linearm otors m it Berücksichtigung
der Endeffekte und der W icklungsverteilung. Archiv f .  Elektrotevhn. 55, (1973) H . 4, 
181 — 190

12. B o o n - T e c k  O o i : A G eneralized M achine Theory of the Linear Induction  Motor. I E E E
W in te r  Meeting, N ew  Y ork 1973 Jan . 28 — Febr. 2, 1252 —1259

13. A l d e n , R . T. Н ,—N o l e n , P. I.:  Transfer-M atrix A nalysis o f  Linear Induction  M achines
w ith  F in ite W idth and D ep th . Proc. I E E E  121, (1974 N o v .) N o. 11. 1393 —1398

14. V o l d e k , A. I . — T o l v i n s k a i a , E . B .: O snovy teorii i m etod ik i raschota karakteristik
lin ejn y k h  asinkronnykh m ash in . Eleklrichestvo, 1975, N o. 9, 29 — 36

15. S a k a e  Y a m a m u r a : Theory o f  L inear Induction Motors. John  W iley and Sons, N ew  Y o rk —
L on d on  —Sydney—Toronto, 1972

E in  übersichtlicher A lgorithm us für die Berechnung des Linearm otors aufgrund der 
F eld th eorie . D ie Arbeit bespricht e ine au f der “ Feldtheorie”  beruhende, aus verhältn is
m äßig  ein fach en  Formeln b esteh en d e (annähernde) B erechnungsm ethode für den linearen  
In d u k tion sm otor . Die M ethode b erü ck sich tig t den Skineffekt, den Zusam m enhang zwischen  
E rregung un d  W indung, schafft den  Zusam m enhang m it den E rsatzschaltungen des trad itio
nellen  Induktionsm otors, wobei die a u f  den primären Eisenkern entfallende Erregung und die 
g a n zzah ligen  Harmonischen des fortschreitenden  Feldes vernach lässigt werden, aber der 
lo n g itu d in a le  Endeffekt durch zw ei u n ged äm pfte  Feldharm onische von  gebrochenen Ordnung 
b esch rieb en  wird. Die B erechnungen w erden m it M essungen an einem  stehenden Motor ver
glichen; schließ lich  werden die K en n lin ien  der m it dieser M ethode berechneten Linearm otoren  
vorgefü hrt.

Я с н ы й  расчётный а л го р и т м  л инейного и н дук ц и он н ого  д в и га те л я  осн овы ваю 
щ и й с я  н а  теории  поля. В с т а т ь е  о п и с а е т с я  ( п р и б л и ж а ю щ и й )  р а с ч ё т н ы й  а л г о р и т м  
л и н е й н о г о  и н д у к ц и о н н о г о  д в и г а т е л я ,  у ч и т ы в а ю щ и й  п о в е р х н о с т н ы й  э ф ф е к т ,  п о п е р е ч н ы й  
и  п р о д о л ь н ы й  к р а е в о й  э ф ф е к т ,  с в я з ь  в о з б у ж д е н и я  с о б м о т к о й ,  с о з д а е т с я  с в я з ь  с  э к в и в а 
л е н т н о й  с х е м о й  т р а д и ц и о н н о й  а с и н к р о н н о й  м а ш и н ы , п р е н е б р е г а я  в о з б у ж д е н и и  н а  п е р 
в и ч н о м  с е р д е ч н и к е  и  в ы с ш и м и  г а р м о н и к а м и  ц е л о г о  п о р я д к а  б е г у щ е г о  п о л я ,  н о  п р о д о л ь н ы й  
к р а е в о й  э ф ф е к т  д а ё т с я  д в у м я  ( н е з а т у х а щ и м и с я )  п р о с т р а н с т в е н н ы м и  г а р м о н и ч е с к и м и  в о л 
н а м и  д р о б н о г о  п о р я д к а .  Р а с ч ё т  с р а в н и в а е т с я  и з м е р е н и я м и ,  в ы п о л н ё н н ы м и  н а  с т о я щ е й  
д в и г а т е л и ,  н а к о н е ц  п р е д с т а в л я ю т с я  х а р а к т е р и с т и к и  л и н е й н о г о  д в и г а т е л я ,  в ы ч и с л ё н н о г о  
д а н н ы м  м е т о д о м .
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ELECTROMAGNETIC WAVE PROPAGATION 
IN INHOMOGENEOUS MEDIA

T H E  A N ALYSIS O F T H E  RO TATIO N OF PO LA RIZA TIO N, A N D  T H E  A PPLICA TIO N  
OF T H E  P R IN C IP L E  OF M O D IF IE D  R A Y  TR A C IN G , PA R T  I

CS. FERENCZ*

[M anuscript received 24 M ay, 1977]

Part I: The propagation o f m onochrom atic electrom agnetic w aves in inhom o
geneous m edia is investigated using the “ m ethod of inhom ogeneous basic m odes” and 
the “principle o f  m odified ray tracing” . Several basic facts are obtained for the 
propagation in  inhom ogeneous m edia. The basic aim o f the author is to explain the  
“ W”-shape transients observed during the solar occu ltations of Pioneer-6 and -9 space 
probes. After explain ing the m ethod of investigation , in the first part, the investigations 
of propagation in inhom ogeneous m edia are given in detail. In Part II, after exam ining  
the propagation is anisotropic m edia the “ W” polarization transient is explained and 
the results o f  th e  investigations are summarized. It is shown that in inhom ogeneous 
media besides th e  known Faraday rotation an “ inhom ogeneous polarisation-rotation”  
also occurs. T his necessarily causes “ W ” shape polarisation transients a t the tim e of 
solar occultations. Thus, new w ays for investigating the structure o f the front o f “spread
ing interplanetary phenom ena” are opened up.

In trodu ction

In the recent years in the literature “ anom alous’4 electrom agnetic w ave  
propagation effects and their more-or-less artificial “ explanations”  have re
peated ly  been reported. Earlier w e have discussed several tim es the question of 
“ anom alous” redshifts [1 — 6]. In these works we showed th a t the redshifts are, 
in fact, not anom alous and that th e  effect that necessarily occurs in inhom oge
neous media flow ing w ith  high ve loc ity  can be calculated by the m ethod of 
relativ istic  ray tracing, which can be assumed to be exact for the accuracy 
needed here [7— 12]. It is lam entable, though, th at the consequences o f these  
investigations still are not as w idely  appreciated as it  w ould seem desirable 
and hence we still m eet rather arbitrary explanations for w ave propagation  
phenom ena that are term ed anom alous because th ey  cannot be fu lly  explained  
on the basis o f th e  oversim plified m odels (assum ption o f hom ogeneity , etc.) 
th a t are being used.

From this p o in t o f view the question o f the polarization rotation tran
sient events observed during the solar occultation  o f Pioneer-6 and 9 look

* Dr. Cs. F e b e n c z  G overnm ent C om m ittee on Space Research H -1369 B udapest 5 ,  
F.O .B . 315. Hungary
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Fig.  1. Polarization transients observed during the solar occu ltation  o f Pioneer-6 in 1968 —
from  Ref. [13]

p articu larly  relevant; an a ttem p t at a rather sophisticated  explanation  o f these  
p h en om en a  has been pub lished  [13]. The transients — taken  from  the reference 
in  q u estio n  — can he seen in  F igs. 1 and 2. H ow ever, th e  a ttem pted  explana
tio n  [13] does not offer a unique cause for this group o f apparently identical 
e v e n ts  published b y  L evy  et al. for Pioneer-6 (occultation: N ovem ber 1968), 
and b y  Cannon et al. for P ioneer-9  (occultation: D ecem ber 1970). The essence 
o f th e  phenom ena: superposed on the naturally  occurring Faraday rotation, 
b u t in  an opposite sense, polarization-rotation  transients o f  a shape rem iniscent 
o f  th a t  o f  letter W  have been  observed.

Instead  of invoking d ifferent, rather artificial-looking m echanism s [13] 
it  seem s self-evident to  ascribe the transients to  the inhom ogeneity  o f the 
m ed iu m  through which th e  w aves pass; e.g. to  plasm a clouds ejected b y  the
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I'ig- 2. Polarization transients observed during the solar occultation of P ioneer-9 in 1970
fro m  R ef. [13]

Suit. W e know from earlier work [14 15] th at such an in h om ogen eity  in
itse lf  gives rise to anisotropic m edium  characteristics etc .). H ow ever,
the sam e investigations indicated th at th e  determ ination o f this “ inhom ogeneous  
p erm ittiv ity” , etc. in the w ay given is alm ost unm anageably d ifficu lt. The 
exact solution of this problem  can be obta ined  in the way h in ted  a t b y  the 
exam ination of the relationship betw een  the phase and group v e lo c itie s  [16] 
m aking use o f  the results obtained in th e  course of the eventual geom etriea, 
clarification [17] of the discrepancy betw een  the phase ve loc ity  o f  a plane 
w ave and the E instein ien  velocity  addition  rule, which gave a u n ifica tion  of 
particle and wave descriptions on the basis o f  classical physics.

U ntil these results becom e im m ed iate ly  applicable, we m ay  content 
ourselves by a suitable application o f ray  tracing method. So we can  sta te  the  
task  as follows:

Let us determ ine for a m onochrom atic electrom agnetic p lane w ave the  
relationships governing the passing through perm ittiv ity  d iscontinu ities and 
find  a w ay for the description of the entire process of propagation from  the 
transm itter to  the receiver, w ith particular atten tion  paid to th e  problem  of 
polarization changes. Because of the la tter  requirem ent, we can n ot neglect 
th a t the resultant signal in any individual layer is made up o f in fin ite ly  m any  
convergent reflexions.
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The aim of the p resen t investigation  is tw ofo ld : to  obtain general conclu
sio n s on  the one hand, and som e specialized sta tem en ts  concerning polarization  
ch an ges on the other.

I . Description of the m ethod

O f the m ethods described  earlier, we w ill f in d  useful the m ethod of 
“ inhom ogeneous basic m o d es”  [18] extended to  tak e account the features  
ap p earin g  due to the presen ce  o f step-functions, and the “ m odified principle 
o f  ra y  tracing” which can  b e applied for the consideration  of the com pound  
e ffec t  o f  infin itely m any reflex ion s for each layer, e tc . [14, 19].

So in the present in v estig a tio n  in order to  avo id  the difficulties due to  
a continuously  changing p erm ittiv ity  в/]у н ( г ) ^  е н о м ( г ) [14s 15, 19] w e d ivide  
th e  m edium  into hom ogeneous layers as it is usual in  the m ethod of ray tracing  
(r is  th e  position vector). T hen we carry ou t th e  calculations w ith  eHOM 
(d en o ted  by e in w hat fo llow s) which is w ell-know n for a number o f m edia. 
W e m ake use of the exp ression  of p erm ittiv ity  o f  an isotropic gas consisting  
o f  n eu tra l, polarizable p artic les, which is a scalar, i.e .

e =  e l =  n 2l ,  (1)

w h ere n  is the refraction in d e x  and n  ]> 1. Its  structure is irrelevant for our 
purposes. We need th e  p erm ittiv ity  of the m agn etized  plasm a as w ell, w hich  
is  g iv en  by a well-known expression  if  the m agnetic fie ld  (mf?0) is pointing in  the  
-(-z -direction and the - \ - x  a x is  is in the plane spanned by mB 0 and th e  w ave  
propagation  vector [20]

ei — j Ex 0
e = j EX « 1 0 ( 2 )

_ 0 0 e l l -

w h ere the meaning o f  th e  individual com ponents is well-known. (2) w as 
ch osen  for the sake o f ap p lica tio n  for the solar corona [13]. (For i n d u s t r i a l  appli
ca tio n s e =  1 and p. =  p. (ferrite) is the right choice. However, the in terested  
reader working in  in d u stry  can  work out the ad ap tation  of the results for th a t  
case). In  both (1), and (2) th e  perm ittiv ity  p. - 1, and the bianisotropic charac
ter is t ic s  Y .  =  V =  0 .

N ow  we have to  d eterm in e the signals p rop agatin g  in each hom ogeneous 
la y er , the relationship b etw een  the layers, and th e  changes of polarization.
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1 /1  T h e  m e t h o d  o f  th e  i n h o m o g e n e o u s  b a s i c  m o d e s  f o r  a  m e d i u m  c h a n g e  d e s c r ib e d

b y  a  s t e p - f u n c t i o n

In what follow s we have to  determ ine first o f all the electrom agnetic  
w ave propagating in a m edium  divided into hom ogeneous layers, i.e . described  
b y  step-functions or distributions (generalized functions) [26] 1 [r(j>, q ) ] ,  where 
p  and q  are the param eters determ ining the surface at which th e  d iscontinu ity  
occurs. The quantities we have chose are — according to (1) and (2)

D  =  Œ  and В  =  H  , (3)

w here E  is the electric fie ld  D , is the electric displacem ent vector , В  is the 
m agnetic induction, and H  is the m agnetic field . As we know [21], th e  form of 
th e  M axwell equations can be chosen to be, w ithout any restrictions, the fol
low ing

— fr 3 D
V X H — ,

9 1

d B
V X Í  =  - p 0 ------- , (4)

9 1

y ß  =  0  ,

yD = о ,

w here t denotes tim e, e 0 and p 0 are the p erm ittiv ity  and the perm eability  of 
th e  vacuum , respectively .

Let us assum e th at the m edium  is linear — either strictly  linear, or linearly  
dispersive [16] — th at it  does not m ove and is stationary in tim e:

W e do not analyse in  general w hether a solution w ill exist at all. A  general 
in vestigation  o f the ex istence o f the solution requires the consideration  of 
boundary conditions and o f the m edium  characteristics. In our case because 
o f the form 1 [r(p, q)]  o f  the variation  the dispersion equation required by  
F loq u et’s theory ex ists, on the hom ogeneous intervals and so th ere ex ists a 
solution  of the form F(r)eJ'w — i  =  1, 2, 3 — [22, 2 3 ],w h ereF  stands for either 
o f th e  quantities E ,  D ,  В ,  H .  H ow ever, the existence of the so lu tion  has been 
proven only for stationary, str ictly  m onochrom atic signals o f  th e  form  [21]

F =  F0 • e J ^ - r i  , (5)
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w here ы 0 is the angular freq u en cy, cp is the phase, j 2 =  — 1 and F 0 is the  
a m p litu d e to be interpreted  in  a general sense. H ence in  w hat follows we are 
going  to  seek only s t r i c t l y  m o n o c h r o m a t i c ,  and con seq u en tly  stationary, solu
tio n s.

R e m a r k : It seem s im p ortan t here to m ake a com m ent w ith possibly  
far-reaching consequences. I t  is custom ary to  s tu d y  tim e-dependent signals 
b y  u sin g  the Fourier-transform ation and characterize them  by the frequency  
sp ectru m  S(a>) instead o f  th e  tim e dependence / ( t ) .  H ow ever, on the basis of 
[1 4 — 19, 21] and the p resen t work лее have reached th e  following conclusion  
concerning the question o f  stationarity  and tim e dependence:

A  fundam ental rev ision  o f results obtained for so-called tim e-varying  
sign a ls w ith  the help o f  Fourier-transform ation is needed . N am ely, th e  s p e c t r u m  

S(a>), and the Fourier-transform ation as a Avhole, represents the interference 
p a ttern  as the interference o f  s t a t i o n a r y  signals h av in g  existed  for an in fin itely  
lon g  tim e which is co n seq u en tly  also stationary in  space-tim e, though it  is 
propagating . (This can be show n to be true even  for lum ped networks.) So it 
is self-e^ddent that th e  sp ectru m  obtained for a pu lse  contains “ predictions” 
луАЬ oscillations in front o f  th e  pulse, as it  is w ell-know n. R e a l l y  t i m e - d e p e n d e n t  

s i g n a l s  the com ponents o f  w h ich  have not been in  ex istence for an in fin itely  
lo n g  tim e, c a n  be c h a r a c t e r i z e d  o n l y  b y  a  s p e c t r a l  f u n c t i o n  S(a>, t ) .  This is a funda
m en ta l difference of princip le and we are going to  return to th is point in  an 
oth er article.

I t  is im portant to  n o tice  th at our investigation s are valid  for stationary  
so lu tion s. The analysis o f  sign als w ith  a spectral fu n ction  S(o>, t )  has to be done 
sep arate ly .

L et us attem pt to  seek  th e  solution (5) b y  m eans o f  the “ m ethod o f in
hom ogeneous basic m odes”  [18] (which луе assum e th e  reader to he fam iliar  
w ith ), in  spite of the fa c t th a t  we know, because o f  th e  occurrence of the distri
b u tio n s 1 [ r ( p ,  qr)],if for no other reason, that for th e  quantities figuring here 
( F f  c t  f  class of functions to  which /*  =  /" A  w ould  be true. So ллге shall
h ave to  disregard those resu lts  that would follow  if  th is  condition were fulfilled. 
Hoлvever, it is true [18] in d ep en d en tly  o f th is th a t a solution  of the form (5) 
can  h e sought as

F  =  2  2  ( “ «  e4rdi F  ou) e i (- ^ - > =  y  F  и ,  ( 6 )
í = l i=v,k i,l

w h ere i  —  1, 2, . . ., n  d en o te  the individual inhom ogeneous basic m odes, qo,- 
are th e  phase functions o f  th e  inhom ogeneous b asic  m odes, 1 =  v  stands for 
real, and 1 =  к  for th e  im agin ary  part, vdiile th e  rest o f the notations is self- 
e \ id e n t .
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As it  is well-know n [18], by defin ition  the inhom ogeneous basic modes are 
given b y  the system  o f equations

K j  X Н ц  — о  Q f  () C-Eji ,

K j  X E / i  —  con jU0 Н ц  , 

K t e É j ,  =  0 ,

K i  H „  =  0 ,

( ? )

taking into account (3) as well, where =  grad q?,-. The still m issing functions 
are obtained from the system  o f equations

2
1.1

X
1.1

X
1.1

x
w

grad (In a n —  j<pai) X Н ц  +  У т н о п  H it 

grad (In Чц — jtpoi) X Ë n +  Ч т е о ц Ё ц

=  О ,

-  О ,

grad (ln а  и -  j<pal) е Е ц  +  y t Е и  +  <у,„ Е ц } =  0  ,

g r a d  (ln  а  и — jcpai) Н а - f  < y uf, На > О ,

which are satisfied  independently  o f  (7), and where

V t h o ii  —

0

a in  п

a in H.20 H

дг

10/7

d z

a in нш,
Ъ у

о

a in н,,„п
д х

a ln Н 30ц 

d y

a in н.ш
d x

О

a in E oi, к

d x

Vteoh is  a n a lo g o u s  to  V thoíí’

(Vt i l ) j k  =  e j k  

Vt =  Vе î

y w-i is  a n a lo g o u s  to  y £!i, s in c e  w e  k n o w  th a t  p  =  1;

<u> =  u L +  u2 +  u 3 .

( 8 )

H ow ever, now we have to  disregard the statem ents th a t w ould  follow  for the 
autom atic fulfilm ent o f the equations corresponding to  the d iv  equations using
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th e  co n d itio n  for the m ixed secon d  partial derivatives. W e postpone the discus
sion o f  th ese  equations until th e ir  actual solution.

T h is w ay of solution has to  be analysed considering th a t e(7) contains, 
b y  d efin itio n , the dependence l[r (p ,g ) ] .  The usefulness o f  the m ethod has 
a lread y  been indicated by th e  analysis of M axw ell’s equations in situations  
d escrib ed  b y  distributions [2 4 ], and by a couple o f sim ple applications [19, 25]. 
In  our case an elem entary an a lysis o f (4) im m ediately  shows that M axw ell’s 
eq u a tio n s separate into parts w h ose space dependences are given  hy

l[r (p , g)] and ô [ r ( p , q ) ]  resp ec tiv e ly ,

and ju s t  according to the separation  shown by (7), and (8). Here ô (r )  is D irac’s 
ő-d istr ib u tion . Furthermore, th e  system  of equations (7) can be further separated, 
and w ritten  down for each  individual layer separately , thanks to  the 
p rop erties o f 1 [r(p, ç)]. (8) also becom es separated because o f the particular 
fea tu res o f  d[r(p, q) |, and can b e w ritten  down for each surface r(p, q) separately. 
(W e do n ot go into the d eta ils o f the elem entary proof w hich can be found  
in  [26 , e tc .]) . The result is analogous to  those found in [24], on ly  in a form speci
f ic a lly  su itab le for electrom agnetic waves.

A d ditionally , one fin d s th a t the inhom ogeneous fundam ental m odes, 
w h ich  are to be determ ined separately  for each layer belonging to  a n  in  the  
to ta l so lu tion  — though it is exp ed ien t to indicate it  separately — have to  
be m u ltip lied  hy the function

sj ( r )  =  { 4 r ( P j - 1 , q j - 1)] — 1 [ r ( p j ,  q j ) ] }  (9)

for th e  layer j .  This am plitude-coefficient is the sam e for all the m odes of 
layer  j .

T ak in g  all this into consideration , all the possible basic m odes occurring 
in each  particular layer can b e obtained  from the system  o f equations

Kjj  X Hjij  =  co0 e0 t jEi i j  ,

Kij  X Ejij =  co0 p 0 Huj  ((1®)

and from  the corresponding dispersion equation

| К у К у  +  *8б; | =  о ,  ( i l )
w here

kl =  cog e0 p0 ;

0 - K i j  3 Kij2
К,7з 0 - K ij 1

- K i j , Ki j ! 0
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N ow  the to ta l so lu tion  sum m ing for all com ponents is

F  = V  F a
l = v , k

( 12)

and for every boundary layer we have a sy stem  o f equations from  (8) w hich  
for the boundary o f j th and ( j  l ) ,ft layers is

У+1 --------  _
J j ’ gradj j + l Sj ( r )  X

j
У+1--------  _
^ g r a d j j + l Sj ( r ) X 

J
У+1
2  g r a d y,y+i * / r) е У

2 :  E n
i , l

2 Ë n
i , l

2  grady.y+i Sj(r ) J 2  H
j L i,i

2 > n u \ = o ,
i.i J  j

=  o ,  

=  0 , 

=  0, (13)

and we are going to  see in concrete cases th a t th e  second pair of equations in  (13) 
is identical to  a pair o f com ponents from th e first pair o f equations. O f course 
one knows th a t

grady.y+i sy(r) =  ±<5[r(py, q j )} n oj , (9a)

w h ere n 0j  is the norm al vector o f the surface r ( p j ,  q j ) .  Equations (13) te ll us 
w hich o f the possib le basic modes (10) and (11) w ill actually appear.

W e have to  proceed as described ab ove w hen setting out to  determ ine  
the w ave pattern  or its elem ents.

1 /2 .  T h e  p r i n c i p l e  o f  “ m o d i f i e d  r a y  t r a c i n g ”

The principle o f  m odified ray tracing is also known from earlier w ork [14, 
19, 25, 27] and w e also know that essentia lly  sim ilar m ethods have been  w orked  
out [28, etc.] in  th e  theory o f networks (in  th e  theory of w aveguides). The 
principles m akes it  possible to determ ine th e  fu ll resultant wave pattern  em erg
ing as a result o f  in fin ite ly  m any reflexions in  the course of the propagation  
w ith the help o f  th e  m ethod o f ray tracing, and so enables us to  carry out 
exactly  — w ith in  the lim itations of the step -function  approxim ation o f  ray
tracing — the calcu lation  of the variation o f  th e  energy, am plitude, polariza
tion , phase, etc.

The p r i n c i p l e  briefly  stated  is the fo llow ing: we follow the propagation  
o f  the signal b a c k w a r d s  from that point o f  space, a f t e r  w h i c h  c e r t a i n l y  n o  m o r e
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r e f l e x i o n s  o c c u r , i.e . from  w hich no signal propagating backwards has to  be 
considered. H ow ever, for each layer we tak e  in to  account all the possib le  
( c o m p a t i b l e  — to be defined  later) modes. A t th e  end we compare the in itia l 
va lu es for the ingoing p o in t w ith the in itia l va lu es calculated from the p aram 
eters o f  the outgoing p o in t, and iterate u n til th e  discrepancy does not exceed  
th e  lim it  set by the desired accuracy.

The outline o f  the m o d i f i e d  ray tracing program  is as follows:
a) W e determ ine th e  m ost expedient w a y  o f  decomposing the m edium  

in to  layers. The layers can be either hom ogeneous or quasihom ogeneous [21] 
(or w e can even d ivide in to  layers according to  inhom ogeneity and m edium  
flo w  — which is th e  “ relativ istic  ray-tracing” [7, 8, 12, 14]).

b) Follow ing th e  m ethod described in  Section  1/1 we determ ine all the  
p ossib le  modes for every  layer. Thereafter — w ith  the help of (13) -— on the  
layer  boundaries w e get th e  c o m p a t ib l e  fu n dam ental modes and their re la tion 
sh ips.

c) Making use o f  th e  results o f b) we determ ine the set o f all the c o m p a t i b l e  

m odes for the w hole m edium  corresponding to  th e  starting signal. This g ives  
us th e  com plete system  o f the energy parts propagating in different w ays. 
(For th is  point, cf. th e  defin ition  of c o m p a t i b i l i t y  and p l a n e - p a r a l l e l i s m  in  the  
g iven  exam ples !).

d) W e follow  th e  signal from the receiver to  the transm itter (ingoing  
p o in t backwards) — i.e . opposite to the d irection  o f the “beam ” — from  the  
border o f  the in h om ogen eity  where either all th e  outgoing modes o f th e  w ave  
lea v e  th e  inhom ogeneity  for good — i.e. w hereafter no further reflexion occurs — 
or from  where the relationship  between th e  forward propagating and reflected  
signal is determ ined un iq u ely  (independently o f  the inhom ogeneity) because  
o f som e other boundary conditions. In th e  case o f  the dispersal of energy  the  
u ltim a te  (relative) relationship  between th e  individual parts is determ ined  
b y  th e  in itia l conditions referring to the ex c itin g  signal at the ingoing poin t.

W e have to  com pare the in itially  g iven  and the calculated param eters  
for th e  ingoing poin t, m odify  our assum ptions for the outgoing signal according  
to  th e  discrepancy found and repeat cyclica lly  at least the operations o f  d) 
u n til the required accuracy is achieved.

The application o f the principle is show n in  detail for media character
ized  b y  (1), and (2).

7/3. D e t e r m i n a t i o n  o f  th e  p o l a r i z a t i o n  c h a n g e s

In  the follow ing w e shall not be concerned w ith  polarization ro ta tion  
(F araday-effect, etc.) due to  well-known effects such as anisotropy, etc . W e  
are going to determ ine, or at least estim ate, on ly  the additional polarization  
changes due to inhom ogeneity , i.e. due to  th e  varia tion  in s; (r). For th is purpose
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w e shoose a reference d irection (plane) along the surface r ( p j ,  q j )  and refer 
th e  direction o f the fields E  and H  to this. (In our case, because o f  (1) and (2), 
it  is advantageous to  use the field  I I ) .  I f  the cosine o f reference angle is ß  than

A P JJ+1 =  arc cos ß n J+i  — arc cos ß Hj . (14)

W e shall go into the details o f  how to  choose the reference d irection  and make 
th e  actual calculations later, w hen dealing w ith  the solution o f th e  problem . 
In  som e cases cos A P  can be obtained by taking a scalar product.

It is i m p o r t a n t  and can be verified  b y  elem entary m eans th a t A P j  , + 1 
occurs additonally to  the rotation  — e.g. Faraday rotation — u su a lly  consider
ed. In the quasi-longitudinal approxim ation

Q f =  C P \ N mB 0 d s .  (15)

where C F is a constant, N  is the electron density, and d s  the line elem ent to be 
m easured along the “ ray-path” . Then the above expression for Q F holds as 
long as the “ ray p ath ”  is the sam e for all the propagating m odes in the case 
corresponding to (2). The integrand o f (15) does not change w hen passing  
through the d iscontinu ity  ( j ,  j  +  1 )! It is sim ilarly accepted th a t no polariza
tion-rotation  occurs in  isotropic m edia described by (1).

The exam ination o f A P j  ;+1 unam biguously shows th at, on th e  one hand, 
p o l a r i z a t i o n  r o t a t i o n  o c c u r s  i n  i n h o m o g e n e o u s  i s o t r o p i c  m e d i a  a s  w e l l , and on 
th e  other, that expressions th at are like (15) but do not take in to  account (14), 
accurate as they  m ay be, w i l l  n o t  s u f f i c e  to  d e s c r ib e  a n i s o t r o p i c  m e d i a .  A t the 
sam e tim e we are going to  give a u n i f  i e d  e x p l a n a t i o n  o f the W - s h a p e d  polariza
tion-rotation  transients the observation o f which by Pionecr-6 and 9 has been  
reported.

II. A nalysis o f isotropic inhom ogeineous media

In w hat follows we exam ine the propagation of m onochrom atic electro
m agnetic w aves in  m edia, divided into hom ogeneous layers, and characteriz
ed by (1)

D  =  e E ,  В  =  Я , (16)

and where p 0 and e0 have been incorporated into M axwell’s equations. As u s u a l , 
le t us use the planew ave approxim ation, w hich is accurate enough for m ost 
practical purposes, so let the excita tion  be a plane w ave. H ence it  is expedient 
to use the Cartesian coordinates ( x ,  y ,  z ) .
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I I / l  D e t e r m i n a t i o n  o f  th e  b a s i c  m o d e s

On the basis o f (10), (11), and (16) the plane w ave forms possible in  an 
in d iv id u a l layer are given  b y  th e  relationships

and b y

E íj X H0„j — co0e0ejEouj
Kjj  X Eoilj =  co0fi0H0i,j 

|K Iy- K,y +  k \  e j  1| =  0

(17)

(18)

(18) can  be solved in an elem entary  manner. It en ta ils a restriction o n l y  on 
I K j j  I =  K , j .  but in itse lf  does n o t fix  any direction.

K j j  =  k 0 ÿ£ j ; K j j  =  k 0 y ë j S K jj ( 1 9 )

and
<pij =  K  Ÿ £ j { ë K i j  г)  +  <poij; cpoij =  constantly,

w here d<P0i j ld x i  =  0 and ë Kij  is an arbitrary unit vector. 
Thereafter, from (17) w e obtain that

* 0  i f i j  ®K i j  X E qUj - (O0£08j Eoiij
fco Y & j  ® к i j  X  E o i i j  =  co0f i 0 Hollj.

H en ce  it  follows that

and

E piij

H oii j
Í  Mo =  z ,0;

® к  i j  X. H p i i j  „  E p u j  *
Z p j

£ к i j X Epuj =  Zpj Hpuj .

( 20)

(20a)

According to the assum ptions (1) we m ade, le t us deal w ith ideal, non- 
d iss ip a tiv e  media for w hich £ ■ is real. (This is on ly  for th e  sake o f com putational 
con ven ien ce; losses could b e included in an analogues manner w ith ou t any  
sig n ifica n t change in th e  resu lts, they w ould m erely lead to attenuation). 
I t  is  usefu l to introduce th e  brief notations

and
E p u j  — - E p u j  ë j [ j  

H p u j  =  H 0nj h u j ,

w h ere ë  and h  are unit vectors.

(21)
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It is know n from here that

E oii j  -L K y i  I I 0„j -L K „  and E qhj _L H m j

follow, and the same is true for the unit vectors defin ing their directions: 
ë K , ë , h .  Furtherm ore

®Kij X  hj/j =  ёцj ,

êKtj X ê,„ =  h Uj. (21a)

Now we have obtained the possible basic m odes. Let us in vestigate  their 
propagation through the boundary ( j ,  j  1).

I I / 2 .  P r o p a g a t i o n  th r o u g h  th e  s u r f a c e  r ( p j ,  qj)

Since we use the plane-w ave approxim ation we can only deal w ith  cases, 
where th e  boundary surface (c?) can be replaced by the tangent plane over 
regions th e  dim ensions o f  w hich are significantly larger th at the w ave length  
(A), i.e. th e  surface can be replaced by a plane over areas for w hich

| | | F | | > A 2 .

In previous investigations [16, 17] it has been unam biguously concluded that 
for a non-plane-w ave description one must attack  the problem in  a funda
m entally  new manner, and the sim ple exp j(a>nt  — <p) approach is basically  
plane-oriented. W e do not aim at the solution o f th is problem in th e  present 
work.

In w hat follows we m ake use of the assum ption оf j  —► r ( p j ,  q j )  ~  plane 
and of the arrangem ent show n in Fig. 3. In th is case r ( p j ,  q j)  is the coordinate 
plane z =  0 and the param eters p and q j  are identical to  the coordinates x  and 
y .  This choice is facilitated  by the fact that in I I / l .  no preferred direction was 
found so the coordinate-system  could be chosen to su it our convenience.

J \ -  plane

Fig. 3. The choice o f the coordinate system  for the boundary surface between layers ( j ,  j  +  1)
in isotropic m edium
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Consequently, (9) becom es

* A )  =  Sj(z) =  1 (z -  27_ j) — 1(2 -  Zj)

■which is  equivalent to th e  step-functions

( 2 2 )

SA ‘ ) =  ! - ! ( *  — sj)
and

s j+1( z )  =  1 (* — *;) (22a)

only a t th e  interface -f- 1). I t  is well-known th a t from (22a) also follow s that

grad Sj (z)  =  — 0(z — Zj) к
and

grad s j+1 (z) =  0(z -  Zj) к . (22b)

F rom  th e  choice of the coord in ate system  it follow s th a t (13) in th is case gives 
rise to  altogether 6 equations. For the sake o f b rev ity  we use a form al abbrevia
tio n  o f  (6)

F j  =  2  F a i j  (6a)
i

and in  th e  layer ( j  1) w e change the indices i  —>- k .

T h en  after  the trivial d iv id in g  b y  the factor exp (ju > 0t )  (13) becom es:

0(Z -  Zj) ■ 2  +

“Ь H okj+ 12 e
к

- f i ,  V*K1+1 eKt+1 r I —  0  ,

ô(z  -  *j)  { -  2  Н о т  е - * ' Ъ ~ е™ 7 +

“b 2  H okJ+11 e
к

-fi ,  Уei+ 1 ек ч + 1 r =  О,

Ф  -  Zj) Z o j( ë Kij  X H oij+1)2 e ~ Jk- 7 -

-  2  Z 0J+1 (ê K kj X H okj+ x)2 e - jk ’ ê +1?J =  0 ,  

«5(z -  Zj) Z 0J ( ë K ij  +  H olj) i e - Jk- Y7> -
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0(2

-  2 z o m ( i Kk]+1 ж  * « ♦ » ' ' }  =  0 ,

- ^ ) { - ^ ' Я 0, з  e - ^ ^ 7 +

+  2 :  h (0llj+13e jk . У */ +1 еЖЧ+\ ' =  О,

à(*  -  ж} U j 2 Z 0j ( ê Klj X H olj ) ae - Jk- y7' ‘ " T -
(23)

~ ej+l 2  ^Oj+li^Kkj+1 X Hokj+1)3 e  7 *  ̂ Ь  1 **,+ '

In (23), apart from exp  ( — j K ^ r ) ,  each q u an tity  is either constant, or known  
from I I / l ,  or to be determ ined. Taking into account the form o f the Dirac- 
distribution

<5(z — z , ) e ~ j K <fr —► е~Лк<пх+к‘Я у + К ц з  г>) (23a)

our equations m ust hold for any pair of values ( x ,  y ) ,  i.e . for ( p j , q j ) ,  independ
en tly  o f  its choice. L et us suppose that the equations hold in the point (x 0, y 0), 
or ( p j 0, 9 J0); then w ith  a self-evident abbreviation any o f the six equations  
assum es the form

2 & m  =  0 or 2  сЯ т =  - o f L M . (24a)

Then at the point ( x 0 +  | ,  y 0) ,  also with unam biguous notations,

2  =  0 or 2  оЯт C (m =  — аЯм  CfM (24b)

results. H ow ever, (24a) and (24b) can be brought in to  a single expression by  
the substitu tion  o f сЯ м  and then we obtain the eq u ality

тФМ тфМ
(24c)

(24c) has to hold everyw here along Ш. This is th e  condition  of the com pati
b ility  o f  the tw o sides, i.e . th e  g e n e r a l  f o r m u l a t i o n  o f  t h e  l a w  o f  r e f r a c t i o n  a n d  

r e f l e c t i o n  for our case. From  (24c) im m ediately fo llow s that

C m -  С м  «a C (24d)

m ust be true, otherw ise a contradiction w ill result.
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I I / 3 .  T h e  r e f r a c t i o n - r e f l e c t i o n  la ic s  

F rom  the com parison o f  (23a) and (24d) we get

Y  ej  e K i j l  =  V s j+1 e Kkj+11 »

V ej  e K i j i  =  V Ej + i e Kkj+i2 25)

for a n y  i  and k .  L et us further have ek(cos «, cos ß ,  cos y ) ;  th en  from  (25) it 
fo llow s th a t  for com patible m odes w i t h i n  t h e  s a m e  la y e r  

cos aj  and cos ß j  are identical.
F or com p atib le  modes i n  th e  l a y e r s  j  a n d  jr* —{— 1, respectively

|,re~ cos a;- =  V E ] + 1  cos ay+ 1 ,

Y E j  CO S ß j =  Y  E j + 1  CO S ßj+1.

H en ce i t  is very sim ple to  obtain

cos a j  cos a;+1
cos ß j  cos ß J+1

i.e . th e  propagation vectors o f  all the m odes are in the sam e plane containing  
th e  z  a x is . In  an isotropic m edium  the plane (к , ëkij )  cannot change. A t the 
sam e tim e , from (25a) one obtains th at

sin  У J+i =  Í  J j _  =  nJ (26b)
sin  Yj (  E j + i  n j+ 1

b ein g  th e  well-known refraction-reflection  law, However, (24d) s t ill perm its 
— w h ile  th e  condition (26b) rem ains being obeyed — the ex isten ce  o f

cos ay, cos ß j )  — i  cos y;-. (26c)

H en ce w e have finished th e  characterization  o f all the possib le c o m p a t i b l e  

m odes.
S in ce the plane (к , ëkij )  cannot change, and we have no restriction  on the 

choice o f  the coordinate axes x  and y ,  we can assume w ithout loss o f  generality  
th a t th e  x  — axis lies in  th e  p lane ( k ,  ëkiy). Then

K u  -  ( K xU,  0 , K zi]) .

B eca u se  o f  (25a) all the com patib le  K xij  have the same value, so le t  us have

K xij =  y  (27a)

and th is  w ill be the boundary cond ition  for propagation we henceforth  adopt.

(25a)

(26a)
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So the num ber o f the com patible “ inhom ogeneous basic m odes” possible 
for each layer is 2, nam ely

K j  =  y i  ±  ] / k l s j  —  y 2 ic =  K x i  ±  K zj к  . (27b)

Now the m eaning o f both  (20a) and (21a) has been made unam biguous and we 
can continue th e  solution  o f (23).

R e m a r k : Our previous statem ents are obviously  true w hile w e are work
ing w ith  plane-parallel layers. Also, there is no d ifficu lty  in  m aking the - \ - z  

axis o f our coordinate system  coincide, layer-by-layer, w ith  the norm al vector, 
j  —► j  -f- 1 o f th e  tan gen t plane of oF,-. Then the vectors have to  be transform ed, 
layer-by-layer, w ith  the rotating tensor T yj+1. This is not problem atic, even  
num erically. H ow ever, on contem plating the situation , a few  rem arks are in 
order:

a) The actual p lane-w ave approxim ation can only be applied w ithout 
hesitation o f cFj  || oFy+1.

b) The p lane-w ave approxim ation can also be ju stified , i f  for tw o con
secutive layers th e  incident planes — (26a) — do not change, or do so on ly  to  
a negligibly sm all degree, i.e.

m ax [ A  cos ayj+1; A  cos ß j j + n ]  

y / k 0 Yê j
< v , (28a)

where v , which is a su ffic ien tly  sm all number ( v  1), can be deduced from the
desired degree o f  accuracy. Moreover, th e  approxim ately in fin ite ly  many 
reflexions, leading to  the emergence o f  the resu ltant stationary w ave pattern  
for inhom ogeneity , m ust take place over an in terval negligible in  com parison  
w ith the in terlayer d istance ( A z j +1 being the d istance betw een oFy an d & j + 1). 
Let us denote b y  soFy th e  tangent plane w hich, b y  defin ition , is a good sub
stitu te  for a fp  we have

8 \ L ( A z j y / k 0 y ê j )  m ax \ \ sr'Pj(p j . .  q;)|; \sr ^ ( p j ,  д; )\]

A z j
<  v , (28b)

where, as it  can be estim ated  from the reflection  attenuation , $11 is a su ffic ien tly  
large positive num ber giv ing a lower bound on the num ber o f  reflections 
within the layer, th a t have to  be considered to  achieve the desired accuracy. 
The expression (28a) is contained in (28b).

c) In case the relationships (28) no longer apply, but the structure and 
geom etry of th e  inhom ogeneity  are still su ffic ien tly  sim ple, one m ust keep 
in mind th a t th e  reflected  signals do not add to  the w ave pattern form ed by  
the incom ing signals, b u t give rise to independent “ bundles” . Their direction
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( К y )  can  be traced on the basis o f  w hat we said previously. Once we have deter
m ined  a ll the com patible m odes o f  the entire pattern  to the desired accuracy  
(a ch iev ed  w hen the energy dim inishes below a preset threshold value as a result 
o f  d iv id in g  into layers, and because o f the reflections), we are in the position  
to  ca lcu la te  different features (energetical, etc.) o f  the s c a t t e r e d  w ave pattern  
b y  m eans o f  the m odified ray  tracing. (This is, o f  course, m erely an approxim a
tion ; an  accurate description becom es possible on ly  through a fundam ental 
ch an ge in  the way o f describ ing the propagation [17]). It is expedient to  seek  
th e  in d ep en d en t bundles corresponding to different y ’s on the “ transm itter —*- 
—V rece iver”  path, just by tracin g  K tj .  Generally, in non-plane-parallel layers 
Sky — bundles w ill be form ed from  a single bundle. In w hat follow s, m odes 
b e l o n g i n g  to  th e  s a m e  y  w ill b e considered c o m p a t i b l e , w hile the m odes form ed  
from  a single incom ing bundle, and belonging to  a l l  th e  p o s s i b l e  y ' s ,  w ill be 
called  th e  c o m p le t e  s y s t e m  o f  m o d e s  o f  th e  w a v e  p a t t e r n .

E ven tu a lly , in con n ection  w ith  the relationships (27) we m ay m ention  
th a t th e  signal starts from  th e  source (transm itter) w ith  the parameter

У ^  1 t̂ransmitter ’
w here

1 K l  transmitter -Ky transmitter =  У •

I t  w ill be propagating as long as the inequality

y  < k 0 y ë j

h old s, and  i f  suffers t o t a l  r e f l e c t i o n  from the boundary layer — i.e. t h e r e  w i l l  

n o t  e x i s t  a  c o m p a t i b l e  m o d e  i n  ( j  -f- 1) — if  y  ]> k 0 Y  Ej+ i  b e c o m e s  t r u e .  The sm all 
u n certa in ty  associated w ith  th e  sign of equality  can be avoided in the actual 
program  b y  a small m od ifica tion  o f the situation  at the layer boundary. 
(M etals belong to this class, as w ell). Hence at the sam e tim e it  also follows 
th a t  f in a lly  the inhom ogeneity  w ill not turn the signal back on a “ ray-path” 
to  be described by a “ continuous derivative” but in  the case cos у ,  =И= 0 to ta l 
re flec tio n  w ill also occur, i f  th e  refraction index decreases. Then the ray path  
w ill h a v e  a b r e a k  p o i n t .  The conclusion  will receive further corroboration later.

1 1 / 4 .  T h e  e le c t r i c  ( E M )  a n d  m a g n e t i c  ( H M )  m o d e s

M aking use of the previous results, and o f a su itab le choice o f the coordi
n a te  sy stem , we can determ ine the form o f the com patible basic m odes va lid  in 
th is  case , which we have a lready used w hen solv ing  (23). After som e trivial
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m anipulations, and using the relationships and notations in (19), (20), (21), 
and (27), the com patib le basic m odes w ill be the follow ing

and
(29a)

Furtherm ore, we know  th at

sK j l ■> eKi2 — 0, eKij3 — ± 1 —
k 0 У ej =  ± « .Kj3 •

(29b)

(29c)ov Ki2

I f  we wish to take th e  fu ll signal am plitude as an independent variable, then e.g.

Щи — H%,iy +  5Cfniy (29d)

and then the second independent param eter appearing along w ith  H m[ w ill 
be any o f the direction  cosines from

E f i y  +  e f i y  =  1 . (29e)

Then it is advantageous to  use the direction cosines and the am plitude H ml 
in  (29a), and (29b) as w ell. Choosing for exam ple’s sake, hjiy :

'iljx =  eKlj3 kiljy; к iljx — —eKij3 i  1 ~ kfi jyi

'iljy =  1' 1 hfijy , кiijy — к iijy , (29f)

'il jz — eKjl к iljy ; 1r-H■*N*II.N kfijy ■

W e find  that we have 2 — 2 compatible modes, differring  in  ^  signs only, on 
the two sides of  the p lane  soFj .  In our case th is am ounts to  altogether 4 m odes. 
This decreases to 2 (on one side only) in the case o f  total reflction. W hile in the
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case o n  t h e  s i d e  ( j  +  1) th e  s i g n a l  s u f f e r s  n o  f u r t h e r  r e f l e c t i o n , i . e .  the m edium  
is h om ogen eou s, or when saFj+ г does not fu lfill the condition of plane parallelism , 
and so th e  reflected signals generate o)H independently propagating groups 
o f s ig n a ls  (28b), th e  n u m b e r  o f  c o m p a t i b l e  m o d e s  i s  3.

Furtherm ore, (29a) and (29b) also show that the w avem odes are inclined  
to  sep a ra te  into two independent parts, one o f them  depending on ( H mly),  

and th e  other only on (Z 0y 3£m;y), i.e . on (E mly). Since because o f  the inhom o
g e n e ity  th e  у -axis w ill becom e distinguished also physically  as the direction  
perp en d icu lar  to K j  and ly in g  in  si f j ,  we expect th at th e  signal w ill really  
sep a ra te  in to  two parts at th e  inhom ogeneity .

L e t us call from now on th e  part depending o n  (H mly) the m a g n e t i c  m o d e ,  

in  sh o r t H M ,  and the part depending o n  ( E mly) the e le c tr i c  m o d e ,  shortly  E M .  

W e sh a ll see that the more in tr ica te  the m edium  through w hich the signal 
p ro p a g a tes , the clearer the separation  o f H M  and E M  is. (Section  III ) .

L e t us now expand (23) tak in g  into account (23a), (24), (25), and (29). W e 
im m e d ia te ly  notice that th e  th ird  equation o f (23) is identical to th e  fifth , 
w h ile  it s  s ix th  equation to th e  first, so one o f each can be om itted . The equa
tio n s  are w ritten  down for th e , at m ost four possible com patible m odes:

-  ( H lvy +  _  ( H 2vy +  ; Я йу) е - Л г- а д  +

+  ( H 3vy +  j H 3ky) e - J to PA*+ K 4+lZil +  ( H ivy  +  j H iky) e - J t o A i - K i . + i z d i ^  о ,

-  e Kj3 +

+  e K j+ ia  № 3vy+ j K 3ky) e - n ^ « ^  -  (:XiVy + j W iky) \ e - ^ - K 4 + ^ ]  =  0,

-  Z oj№ lvy +  j ^ i k y )  e ~ № а 1+ Kz<zP (%2vy f ~ j ^ 2 k y )  e ~ J^ A t~ Kzizd]  +  (30)

+  ^ 0;+ l№ » y  +  j ^ -Зку) e  +  ( ^ « +  j ^ iky )  e  -Л ^ - К « +1г,)] =  0 ,

-  e K ], Z 0j[ ( H lvy + j H lk y ) -  ( H 2 vy+ j H 2ky) е М Ы г - к ^ ц  +
+  e K j+ ia Z 0j+ i [ ( H 3vy- \ - j H sky) e - J C r . s + K ^ , )  _

— ( H 4vy +  j H iky ) e - i ^ A*~K *i+'zi)\ =  0 ,

w here cp^m is understood to  con ta in  both  cpai and cpoij ; from  the indices  
m  —  1 , . . ., 4, 1 and 2 refer to  th e  com patib le modes in  the j lh w hile 3, and 4 
to  th o se  in  the (j  -(- l ) ttl layer (k ). W e can see th at at the layer boundary, i.e. 
in  (30)

<pAm ±  K z j Zj =  co n sta n t^  =  <pom , (31)

i.e . i t  can  be handled as a co n sta n t phase. From  a glance at (30) it  follow s in  
an e lem en ta ry  manner th at (30) gives on ly  th e  d e v i a t i o n  o f  <p0m f r o m  th e  other 
(p0m v a lu e s;  the total value has to  be calculated layer-by-layer from  the in itia l 
v a lu e  o f  phase, applying (31).
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It is  an i m p o r t a n t  c o n s e q u e n c e  th a t th e  boundary surface ß (th e 2  =  0 
coordinate plane in our case) as an i n h o m o g n e i t y ,  s e p a r a te s  th e  w a v e  i n t o  E M  

a n d  H M  m o d e s  in a w ay analogous to  anisotropic media ! (Cf c 1NH in  [15, 19], 
and also Section  III  o f the present work). (30) falls into two entirely  independ
ent parts. The relationship o f  the tw o  m odes w i t h i n  th e  h o m o g e n e o u s  r e g i o n s  

can be obta ined  from (17), and (13) as

K-EMj ^  K h MJ a n < J <pAmEM *  <pAmHM ■

H ow ever, th e  tw o pairs of equations for H ,  and respectively, are different 
which proves th a t w i t h i n  th e  r e g i o n  o f  i n h o m o g e n e i t y  i t s e l f

К  E M  inh ^  K H m  i n h i  *-e - EH O M  1  ^  e l N H  »

w hich, in p o in t o f fact, we have already verified  [15, 19]. Furtherm ore, from  (30) 
it  is also o b v i o u s  that — eKj3 — both  E M  and H M  propagation depend on the 
“ incidence angle” measured from  the norm al vector of the surface ßFj .

S t a t e m e n t : From the previous discussion it  transpires th a t there is no 
w ay o f ob ta in ing  a correct result for propagation in an inhom ogeneous m edium  
assum ing e (r ) l ,  since the e s s e n c e  o f  i n h o m o g e n e i t y  is the difference o f  E M  and 
H M  propagations, to  be described b y  c 1NH.

There is an exception though, w hen for some direction o f propagation  
from (29a) and (29b) we obtain  K EM tnh  =  K H M inh , i.e. the in h om ogen eity  
appears isotrop ic [31]. Such is the case o f  normal incidence (parallel to -th e  
2 -axis), or th e  case o f tota l reflection  for both  modes (m etals, e tc .).

C o n s e q u e n t l y ,  for non-ray-tracing-like description (it is understood  th at  
the m odified  version is better), for analytical investigations, e tc ., one has to  
give (as w e shall do in  another paper) the possible phenom enological £j n h 's 
(p.i n h » etc .). I t  m ay happen th a t on ly  a non-linear description is feasib le [19], 
or it  m ay he th a t a linear one w ill suffice. N ow  we are going to  see exam ples  
for the solu tion .

1 1 / 5 .  E m e r g e n c e  f r o m  i n h o m o g e n e o u s  m e d i u m ;  th e  th r e e - m o d e  c a s e

B y defin ition , a signal leaving the inhom ogeneous m edium  does not 
undergo any further reflections. So in (30) we choose

H  iv y  —  H i k y  —  =  X) ky  —  0 (32a)

w ith  the exclusion  of the directionsw ise correct, coherent, sim ultaneous ex c ita 
tion  corresponding to ( m  —  4). Since in  (30) only relative phase m atter, 
w ithout loss o f  generality we can assum e

-- 0, cp03 =  0, Н з г у  =  H 0 and 2£3ry =  2f0 • (32b)
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(W ith  th is we have fix ed  th e  m om ent ( =  0 rela tive  to  the w ave pattern). 
T he from  (30)

—  ( H ivy +  j H lk y ) e - j *«■ —  ( H 2vy +  j H 2ky) е - i f »  +  H 0 =  0

— Z o j e к i'i ( H i r y  +  j H lky)  e - i ? "  +  Z o j e Ki3( H 2ry +  j H 2ky) el*» +

+  Z o j + 1 e Kj+1 H a  —  0

e Kj3 f f l i v y  +  f l t x k y )  e ~ l* »  — e Kj3(‘3i2ry +  Ж2ку)  e - l * »  — eK;+133C0 =  0 

— Z 0j ( % i ry +  j ' X lky ) e - f c "  — Z 0J{%2vy - \ - j ^ 2ky)  e ~*<p"  +  Z o m 7C0 =  0 (33)

fo llow s. Because o f  (32h), (33) refers to the case w hen the appearing signal 
is polarized  in plane. This m eans restriction to  a special case, but the result 
w ill s t ill enable us to  carry out a simple analysis o f  polarization changes. The 
general case of non-planepolarized signals w ill be exam ined  in the more general 
four-m ode case.

From  (33) it can be im m ediately  seen th a t

and
H lk y  — H ,  д.„ — 3Cltv — Ж9к„ =  0J2 k y I k y L 2k у

Vol  —  Vo2 —  ® » (34)

i.e . in  th is s p e c i a l  c a s e  no phase d iscontinuity, or turning a plane-polarized  
sign a l in to  circularly polarized one, occurs.

H ence
H \ vy +  H 2vy — H 0 =  0

Z qj e  к  уз H lvy —- Z 0j e Kj 3 H 2vy Z 0j +1 e Kj+ l 3 H 0 =  0. (35a)
and

e K j 3  ^ l r y  e K j 3  У ^ г с у  e K j + 1 3 ^ 0  =  0

Z o j K lvy +  Z 0 j  3C2t.y Z oj+l 3C0 =  0 . (35b)

F rom  (35) im m ediately  follow s that assum ing eKy3= e Ky+13 =  0 the relation
ships becom e indefin ite and the problem cannot he solved. B ut such a case 
does n o t exist, since th is assum ption contrad icts (27a). On the one hand  
th is  supports the rem ark w e made in  II/3 /c . On th e  other hand, we see th at  
th e  assum ption o f an in fin ite  plane excita tion  perpendicularly to saF. can  
n ever be justified . W e can excite only one layer  in such a w ay (e Kj3 — 0), 
and th e  other com patib le signals, if  th ey  ex ist a t all, have to be deduced. 
H ence

a  2 , ,  __ 2 u
n  о  —  7  _ -“ 1 v y  n l v y  >

1  I ^oy+i еку+1з ry+

Z o j e K2
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r __ ^ O j e K j »  Z o j + l e K j + l  3 и
3vy —  „  -  n lvyi

^ 0 j eKj3 ' I  ^Oj+1 eKj+1 3

* o  — у  “ ^ltiy — H y v l ,
t 'O j+ l  _|_ e K j+ 1 3 r x+

Z qj e K j 3

q/> __ Z 0j +1e Kj 3 ZojeKj+l3 q/>
Л 2«У —  y  у  " ~ Л 1гу •

^ O j + 1  e N ] 3  I ' J()j e K j + l 3
(36)

From  (36) i t  can be d irectly  seen th a t apart from  a few special cases, such as 
e Kj 3 —  e Kj + 13  =  1 (norm al incidence), e tc ., rx+ ^  ry+. So, i n  g e n e r a l ,  the  
tw o com ponents determ ining the resultant polarization — E M  a n d  H M  — 
h a v e  d i f f e r e n t  r e f l e c t i o n  d a m p i n g s ,  i.e . in  the course o f propagation t h e  p o l a r i 

z a t i o n  o f  th e  p r o p a g a t i n g  s i g n a l  c h a n g e s .

One m ust separately exam ine the case rx+ =  rv+, when th ere  is no 
polarization change. The corresponding requirem ent from (36) is

Z qj    Z 0j+ j ,

i.e . for “ m atched” layers there is no polarization rotation. In general, this 
requirem ent cannot be satisfied .

The va lid ity  o f  the results can he verified  b y  writing down th e  equation

(37)

for a closed surface of in fin itesim al w idth  ^  d z j  on soF; ; in our case  (37) is 
seen  to be satisfied .

1 1 / 6 .  P r o p a g a t i o n  t h r o u g h  a n  a r b i t r a r y  l a y s r :  th e  f o u r - m o d e  c a s e

In order to  see an application o f the m odified principle o f  ra y  tracing  
for c o m p a t i b l e  m odes — after having clarified all other, even if  o n ly  sligh tly  
non-routine, parts o f  ray tracing (plane-parallelism , energy dispersion, general 
features o f program -building, the prelim inary sorting out o f all th e  com 
patib le scattered m ode-groups in the “ transm itter-receiver” d irection  on the 
basis o f (27a), etc.) — let us now m a k e  a  s t e p  b a c k  f r o m  th e  l a y e r  s&' to

Modes 3 and 4 for th is  case are already given as modes 1 and 2 o f  the  
previous case; the unknow ns are m odes 1 and 2 for the layer soFy_ 1. T he layer  
w idth  A i j ,  i.e . the distance betw een the “ plane-parallel” s§ ,  and scP _ x, w ill 
be a new param eter. A pplying the previous results w ithout m od ifica tion ,
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J & j - i  is  identical to  th e  p lane z =  —A z j .  T he already known p erm ittiv ity  
va lu es are

Ej — £ j - i  +  A s j - 1 1 (z +  A z j ) ,

Ej+i  =  [e7- i  +  A ej^ j 1 (z +  A z j ) ]  +  A e ] \ { z ) .

H ow ever, from one p o in t o f  view  the previous resu lts need generalization. As 
w e are going to see, in  general the phase changes o f  E M  and H M  w ill n o t be 
id en tica l. So it  was a sp ec ia l restriction th a t th e  E M  and H M  phases o f  the  
sign a l eventually  leav in g  th e  inhom ogeneity be id en tica l — (32b). Thereforer 
w e generalize our resu lts from  the previous con d ition  % 3vy =  5£0 to  another  
one referred to sof j

<^3«ry +  f â s k y  —  3£ 0 е^ЗСО,

(36) s t i l l  r e m a i n s  v a l i d ,  b u t has to be augm ented w ith

<рЖ1 =  <p5f2 =  <pxo ■ (36a)

(In  a sim ilar way <pH0, e tc . and can he brought in ).
N ow  let us w rite dow n (30) for this scfy_1 case. After elem entary steps 

in calculation  one fin d s it  expedient to in triduce th e  notations

E »+  _ 1  1 ■ Z o j+ l e K 7 + l  3 
n H M j  — 1 П 5 

' - ‘o j  e K j 3

from  which

_ 1 Z oj+1 e K j +1  g
l x H M j  1 —  ■>

Z qj e K j 3

(37)

Furtherm ore
R H M j  +  R H M j  =  2 -

TO+ Z()j+1 , e K j + 1 3 
n E M j  +

j  e K j S

from  where we getО

T) — Z 0j +1 e K j + 1 3  
J X E M j  , 

^ o j  e K j 3

R E M j  ~\~ R E M j  2
^ 0  j

(38)

M aki ng use of (37), and (38), (30) can be rew ritten  so as to assume the fo llow ing  
analogous forms

Я ,

eM ci

R .H M j- l  Щ  R H M j - l  e - j 2 Кг, àZi

2 2

R E M j - l  ^  j<f%3 I _R F . M j - l  ж  g J (n i - 2 K t f á z j )

2 3 2 4
etc.
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where, for instance

Я. =  Я 0, Н , = ^ Ш Н 0, etc.
2 . 2

In  th is w ay we can obtain  all the quantities we are looking for, w hich are the 
follow ing, taking the phase o f  H 3 for reference:

t f , =  + H 3 +  я 4 cos 2 K z, A zjY  +
2 . . 2

+ я 4 sin 2 K zjA z ^
Ml

q)Hl =  arc tan
-  Я 4 sin 2K z] Azj

Rh m !~±  H 3 +  Rhm/~1 Я 4 cos 2 K zj Azj

H 2 R hmí-  1 H i-" му~к H.  +  - нму~1 Я 3 cos 2 K zl A z \  +2 2 У yl
+  1 H 3 sin 2 K Z, Azj

R,

1/2

<f>H2 =  arc tan

+  A l i m z 1 H 3 sin 2 K , j  Azj

R hmj-1 h  +  R hmj- l h  cos 2 K  Az

2 4 2 г/ y

(39)

56, = cos ^ 3  +  f e t L ' J C ,  COS (^ 4  -  2 К г;. zj2y)

+  X , sin fK3 +  R e ^  X4 sin (qp** -  2Я гу zlzy)
1/2

9>3fi =  arc tan

5f3 sin ç * , +  X4 sin («JD3Í4 -  2 K zj Azj)
2 2

3 È MJ - \  X3 cos tp*3 +  Rem>~1 X, COS (Ç.X4 -  2 K z,  Azj) 
2 2

ж2 ==  + [ j ~  g '~ LX« cos ç,** +  x3 cos (<pia +  2 K zj Azj)

+  (—^My~1 %4 sin r™ +  * ^ ± W 3 sin fo*3 +  2 K zj Azj) 
l 2 2

1/2
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</5(2 =  arc tan

ж4 sin  <рЖ4 +  J k w - 1 2£3 Sin (4P» 4 -  2K ZJ A z j )  
2 2

% 4 cos <f%4 +  ^ e m j - 1  %3 cos {(p%3 +  2 K t j  A z j )
2 2

A t th e  follow ing layer bou n d ary  — ŝ j - 2  — the phases o f  H 3 and w ill no 
lo n g er  b e  identical. H ow ever, th is  can evidently  be taken  in to  account in  (39). 
O ne ca n  take all the phases d ifferen t from zero, i f  necessary.

So th e  com plete so lu tion  on the interval Zy_ 2 <Ç z  zj - i

SCj =  eXl CA\ eif-xi ejl^t-vx-K^z-z^ . [ i ( z _  Z;_ 2) _  i ( z __ z .e l ) ] , (40)

w h ere ёзп can be obtained from  (27b) and (29f). The other m odes can be 
g iv en  in  an analogous w ay. (39) can be checked on the basis o f (37), and turns 
ou t to  b e  correct. On the b a sis  o f  the previous discussion , a “ modified ray 
t racing pro gra m” can be constructed; we w ill not go in to  details here.

T h e  only remaining ta sk  is  th e  investigation  o f the polarization changes.

II/7. The ana ly s i s  o f  the polarization changes

O n th e basis o f the forego in g  we are now in  the position  to stu d y  the  
p o la r iza tio n  change A P  g iven  b y  (14).

F o r  the investigation w e  choose the follow ing reference:
I n  view  of (1) we can  assert that in case o f  accurate orientation  our 

m easu rin g  aerial turns in th e  d irection  of K rtceiver. So it  is both  expedient and 
rea lis tic  from  the point o f  v ie w  o f m easurem ent tech n ology  to choose as a 
referen ce plane the (I irecejver, у -ax is) plane, or in an arbitrary point o f  space 
th e  (К , у -axis) plane.

So th e  direction of 0° p o larization  in the plane perpendicular to  К  is the  
d irec tio n  o f the line (0, y ,  0 ) — or, generally, the direction  given  by (я0, y , z0). 
—|— 90° w ill belong to the lin e  o f  intersection  of the se lf sam e plane w ith  plane 
( — X ,  0 , + z ) .  The measured an g le  o f  polarization is then

P  =  <  у  — a x is ) . (4 1 )

T his m easurem ent instruction  g iv es  at the same tim e the form  o f ZlP-(14)-valid  
in  th e  present case which is

ZIP =  arc cos h3vy — arc cos hlTy (42

for th e  plane-polarized  case (I I /5 ) . ZIP is the polarization  change occurring 
a long th e  direction of p rop agation , including the correct sign factor. In  case

A d a  Technica Academiae Scientiarum Hungaricae 86, 1978



ELECTROMAGNETIC WAVE PROPAGATION 3 8 9

of elliptic polarization (41) cannot be so s im p ly  rewritten, so w e shall stick  
first to  the basic case o f  plane polarization .

a) The case o f  polarization in pfane( eva lu ation  of H/5) 
cos A P  can he im m ediately  giveii on the basis o f  (42), with the help  o f  som e 
o f the previous results. From (36), (37), and (38)

zip h\ry h0 +  | / l ~h\v y n

R Ù M j H  0

К -

R emí  Kp

R emí

) [Щ +  №0

Kp

УЩ  +

+

(43)

which after elem entary m anipulation becom es

tg  Z1P = %  l / l  -  h i

where
eJh0 -+- (Z oj eKj+1 3 +  Z 0J+1 eKj3) 

^  =  K ( Z oj Zoj+i) (eKjs eKj+u)- 

From (44) it  can be concluded that generally

A P ^ 0 °

The conditions o f  getting A P  =  0°

(44)

(45)

a) h0 =  1, i.e . 3C0 =  0 ;

b) h0 =  0, i.e . H 0 =  0; (46)

c ) e K j 3  =  e K j + 13’ which can be true on ly  i f  eKß  =  eKj+13 =  1, i.e . in  the  
case o f incidence (in the direction o f -f-z);

d) Z 0j  =  Z 0j +V w hich generally can n ot he fulfilled.
W e have already m et case c), and also in vestiga ted  d). Cases a) and b) are 
p retty  easy  on the basis o f  previous resu lts, b u t we are going to  b r ie fly  return  
to them  later.

For the in vestigation  o f A P  (including its  sign) in the d irection  o f pro
pagation  we m ake use o f sin zlP, the form  o f  w hich can be obtained  in  an ele
m entary m anner, analogously to previous derivations, and its  v a lu e , w ith  
the notations o f  (36), is

sin A P  = H l v y  -̂lvy

rx+ ry+ “b 1/ (щ . у + К у) ! 11' ”  +1 ГУ+ r*+

rx+)-  (47)
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To e v a lu a te  /JP we have to  exam ine (ry+ — rx+), w hich  is

(»•v+ — rx+)
(Zqj Zoj+l) { e K j 3 eKj+i i )

Z 0 j  e K j 3

(48)

I t  is  im portant to recall th a t  in  (29c), by d efin ition , eKp  >  0, i.e. it does not 
c o n ta in  sign. From (48) i t  can  be directly seen th a t

in  the case o f  A ej >  0 (ry+ — rx+) <  0,

and in  th e  case o f zle, <T 0 (ry+ — rx+) <T 0. (48a)

So in  our case the electric m ode is under any circum stances more strongly- 
reflected than the magnetic m ode.

Я  » >

Яц.у 3̂ 1 By
(49)

and th e  sign of eq u ality  app lies only in the four cases enumerated in  (46). 
In  th e  energy, and in th e  sign al propagating further, the H M  com ponent is 
“ en rich ed ” .

N ow  in (47), tak in g  in to  account the possib le  signs of H lvy and 3£lvv, 
w e o b ta in  that

A P  5£ 0

accord in g  to the sign o f  approach to the d irections o f  0°, or 180°, resp ectively . 
T h is is  determ ined exclusively  by  the polari zat ion at entering the in h o m o 
g e n e ity , and thereafter in th e  course of propagation  /IP  approaches th is d irec
tio n , b u t  it does not change sign ! (Q uasi-plane-parallel case). — A separate  
a n a ly sis  has to be done for th e  non-plane-parallel case, but if  for instance the  
-\-y  d irection  does not change (a plasma cloud can  always be m odelled th is  
w a y  — see Fig. 4), th en  th e  -f-z direction change leads to scattering on ly , 
and d oes not alter the character of change o f  ZIP.

B y  a similar analysis it  can be seen th a t in  the case of the Sun [13]
e.g . th e  sizeable inhom ogeneities which cannot be represented by ß fj p erp en d i
cu la r ly  to  the plane o f  th e  eclip tic , in the case o f  th e  Pioneer experim ents lead  
to  th e  scattering of the sign al out of the p lane o f  the ecliptic (very strong  
fad in g , and disruption o f com m unication for shorter or longer tim e).

So in  the case we w ish  to  interpret we can assume  that the inhomogeneities 
can be characterized by a у -axis perpendicular to the p lane  of  the ecliptic, and so 
our resu lts  are applicable.

Interpretation:

E v e n  in  th e  simplest case possib le  (!) — that o f  a single inhom ogeneity zle — it  
is se lf-ev id en t on the basis o f  our results th a t w hen  the signal reaches th e
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Fig. 4. A  sim ple model o f inhom ogeneity  for the investigation of the propagation  o f
electrom agnetic waves

inhom ogeneity, eKj-3 is the sm allest and A P  is the largest. A fter th is steep  
“ju m p ” A P  returns, depending on th e  geom etry o f the “ front” o f  th e  inhom o
gen eity , to zero (!) since the centre o f  the inhom ogeneity belongs to  case c) o f 
(46), then  it again changes in the sam e sense as before. After the inh om ogen eity  
leaves the beam -path, th is “ transien t” ceases.

Then for very  sm all values o f  Aej/ej

A P  ^ 2 K x 2  .
c i  n  /V o n e  re \— 2

K z
0 1 XX J.и  L U O

’

where a 0 =  arc cos h0 and A P total ~  N rAP,  where N r is the num ber o f layers. 
If, for exam ple,

Ac
—  ~  1 0 - 2 4- i o - 4 
4e

and

arc tg  ^  ~  45° H- 85° , 

then  A P  lies in the intervals

A P  ~  (0,6° -г  0,006°) and (1° 4- 4 7 ° ) ,

respectively , for passing through a single d iscontinuity. (For th e  upper lim it 
47° th e  approxim ate relationship is rather inaccurate). So th e  occasionally
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unidirectional character and the size of A P  can b e explained even in  th e  fram e
w ork o f the elem entary analysis assuming iso trop y .

However, in an isotropic medium “ if f” and  “ IP” shapes would be equally 
possible,  while in  th e  experim ents only “ IF” w as found.

It is also impor tant  that for sm all, gen tle  inhom ogeneities — whose 
character is very d issim ilar to the one described b y  l[r (p , q)] — A P  can be 
very  sm all.

b) The case o f ell iptical polarization — th e  evaluation  of I I /6 .
Let us define th e  p lane of polarization as th e  plane containing the prin

cipal axis o f the ellipse. I t  is  given by the d irection  o f the maxim um  of m odulus 
o f  th e  space-and tim e-vary in g  vector produced b y  the algebraic H  and Ж. 
A t a given point o f space — (0, 0, 0) or anyth ing  else — the analysis is identical 
to  th a t of

(i { i eJm  +  # i  eÍíi) eJa°‘ =  H i  to*.
H ence

H i  tot =  H j  s in - (w 0t -|- <pH 1 )  3f] s i n 2 (ft)0i (pw i)

and the m axim um  w ith  respect to tim e — since the position is given  — is 
found by solving th e  equation

tot __ q

31

Introducing the n otation

ф  =  a r c  H i  s in  2cP n i  +  %i sin 2срЖ1 
H i  cos 2<pH1 -f- cos 2q)%\

th e  f i r s t  maximum  is found  at

tM — — ( —Ф +  л); tM n — —----- ( —Ф ± « я ) ,  (50)
со q со q

w here n is a positive in teger . In what follow s w e stu d y  how the polarization  
changes from the v a lu e  ta k en  at time t =  tM.

sin zlP  = ________^ i(*mi)________________ H 3(tM3)__________
№ ( t M1) +  3£f(tMi) ][Щ(*мз) +  Ш т )

________i)_____________ _________% ( t MS)_______

' Ш М  +  ) v m  м з )  +  Ш м г )
sin zlP  =  f  1( H j, Jí(, tMÍ) pCi(íTvn) H 3{tM3) Я Х(*М1) ?£3(<Мз)]

( 51)
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(51) can be further discussed analytically  on the hasis o f th e  foregoing; or 
built in to  the com puter program  as it  stands. W e shall not discuss it  in detail, 
m ainly in  view  o f (48), since it  can be seen from (39) th a t the tendency of 
enrichment in H M  w ill persist in  the course o f the propagation.
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Р асп р остр ан ен и е м о н о х р о м а т и ч еск и х  эл ек тр ом агн и тн ы х волн  в н егом огенной  
с р е д е  п р и  применении «м етода  н его м о ген н ы х  осн овн ы х м оду со в »  и «м одиф ицированного  
п р и н ц и п а  лучевого с л е ж е н и я » . В  д а н н о й  р а б о т е  и с с л е д у е т с я  р а с п р о с т р а н е н и е  м о н о 
х р о м а т и ч е с к и х  э л е к т р о м а г н и т н ы х  в о л н  в  н е г о м о г е н н о й  с р е д е  п р и  п р и м е н е н и и  « м ето д а  
н е г о м о г е н н ы х  о с н о в н ы х  м о д у с о в »  и  « м о д и ф и ц и р о в а н н о г о  п р и н ц и п а  л у ч е в о г о  с л е ж е н и я » .  
С д е л а н о  р я д  ф у н д а м е н т а л ь н ы х  п о  с в о е й  п р и р о д е  з а к л ю ч е н и й  п о  в о п р о с у  р а с п р о с т р а н е н и я  
в  н е г о м о г е н н о й  с р ед е . О с н о в н о й  н а ш е й  ц е л ь ю  я в л я е т с я  — д а т ь  о б ъ я с н е н и е  «W o- о б р а з н ы х  
п е р е х о д н ы х  п р о ц е с с о в  п о л я р и з а ц и и ,  н а б л ю д а в ш е й с я  н а  к о с м и ч е с к и х  з о н д а х  П и о н е р - 6  и  -9  
в о  в р е м я  о к к у л я ц и и  С о л н ц а .  П о с л е  и з л о ж е н и я  м е т о д и к и  и с с л е д о в а н и я  в  1 ч а с т и  д а е т с я  
д е т а л ь н о е  и з л о ж е н и е  и с с л е д о в а н и й  р а с п р о с т р а н е н и я  в  и з о т р о п н о й  с р е д е .  В о  I I  ч а с т и  
о б р а з н о й  п е р е х о д н о й  ф о р м ы  п о л я р и з а ц и и ;  п о с л е  ч е г о  д а е т с я  о б о б щ е н и е  р е з у л ь т а т о в  п р о 
в е д е н н ы х  и с с л е д о в а н и й .  П о к а з а н о ,  ч т о  в  н е г о м о г е н н о й  с р е д е  н а р я д у  с и з в е с т н ы м  я в л е н и е м  
р о т а ц и и  Ф а р а д е я  в о з н и к а е т  т а к ж е  « н е г о м о г е н н а я  п о л я р и з а ц и о н н а я  р о т а ц и я » .  Д о к а з ы в а 
е т с я ,  ч т о  н е г о м о г е н н а я  п о л я р и з а ц и о н н а я  р о т а ц и я  в о  в р е м я  о к к у л я ц и й  С о л н ц а  в  с и л у  н е 
о б х о д и м о с т и  д а е т  в  р е з у л ь т а т е  « \\6 > -о б р а зн ы е  п е р е х о д н ы е  п р о ц е с с ы  п о л я р и з а ц и и .  С э т и м  
о д н о в р е м е н н о  о т к р ы в а е т с я  н о в ы й  п т у ь  в  о б л а с т и  и с с л е д о в а н и я  ф р о н т а л ь н о й  с т р у к т у р ы  
« р а с п р о с т р а н я ю щ и х с я  м е ж п л а н е т н ы х  я в л е н и й » .
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The paper presents a less simple exam ple for constructing th e  variational error 
functional, the idea of which was outlined previously. Starting from  th e  governing 
equations o f the e lastic ity  w ith nonhom ogeneous boundary conditions it  constructs 
the equivalent energy expression, which proves to be the w ell-know n form  of the 
potential energy.

In a previous paper the obviousness o f conceiving the approxim ating  
m ethods as a couple o f an approxim ating principle and an approxim ating  
technique has been show n ([2]). The error principles of m inim izing a bilinear 
form  of the error vectors or orthogonalizing one of them  w ith respect to  some 
vector space had been proved to be equ ivalent. N evertheless, ow ing to its 
physical im portance the energetical approxim ating principle is ju s t ly  consider
ed as the m ost su ited  one to the nature o f the engineering problem s. The 
paper referred to above only contains th e  general idea o f the error principles 
and takes into consideration the advantage of the hom ogeneous boundary  
conditions of the g iven field  problem. H ere we present a sim ple exam ple for 
constructing the energetic error-functional in the inhom ogeneous case.

Consider the general problem o f linear elasticity , form ulated  for the 
dom ain V  covered w ith  the surface S, in  th e  form of

1. The error principle

2. The non-hoinogeneous field  problem of elasticity

<*ij =  —  Cijkl(ukii +  ulk) in V .
Zi ( 1 )

u, =  dj ( 2 )

* P. Scharle, P éterfy  S. u. 44, H —1076 B udapest, Hungary
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w here u, stand for the com p on en ts of the d isp lacem ent vector defined over  
V  and  S.  d t are the prescribed displacem ents on th e  boundary Su CZ S.  W e 
restr ic t th e  class of the it,- fu n ctio n s allowed for th o se  fu lfilling the equations 
(1) and  (2): the com patible d isplacem ent fields. For th e  exact solution u® th e  
eq u a tio n s o f  equilibrium

+  Qkt =  0, in  V  (3)

<*iPj =  Pi: ОП S a (4)

are fu lfilled . Here qkt are th e  com ponents of the volum e-force vector, p t stands  
for th e  surface force com ponents prescribed.

F o llow in g  the procedure suggested by M ik h l i n  ( [1 ] )  le t us assum e th e  
e x is te n c e  o f  the vector y>j sa tis fy in g  the boundary conditions (2) and (4), in  
th e  la t te r  case in the sense o f

—  CijkiiVk,, +  Vi,k) rij =  Pi-
Zt

L et ÿ7,- continuous and differentiable at least tw o  tim es  
V. In  o th er  words,

continuously  in

Vi =  di Is, (5)
nJ =  Pi IScr (6)

are fu lfilled .*  We assume S =  S u U S„ and S„ П S ,  =  0.

W e introduce now the transform ation o f

v i =  ui -  Vi ■ (7)

T h is translation o f it,- resu lts  in  the follow ing equations:

S
CQ

ОIIsT (8)

nj =  Oy ni -  Pi  bo- • (9)

T h e  m odified problem  now  presents itse lf  as constructing the vector n,-, 
w hich fu lfils  the equilibrium  equations of

<y'ij,i =  — eki — cjjj,  in  V ( 10)

<yvij П, =  0 , on S„ (И )

* In  w hat follows we use th e  short conventional sym b ol of

alj =  ~2 Cijkl(vk,l +  vl,k) : 

w hile afj  stan d s for the exact so lu tio n .
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3. The energetic error principle

Let us restrict now the set o f the functions v( adm itted for th ose  fulfilling  
both  (8) and (11). In this case we define for the approxim ating so lu tion  v the 
follow ing error vectors:

g, - 4  — Vi,
hi =  — Ф, — ajjj — <fvijj  in V  , (12)

where p® stands for the exact so lution . The boundary conditions are hom oge
neous. The bilinear form to be m inim ized (in the sense o f (18) — [2]) w ill be 
as follows:

H =  \ v gihidV =  j v K  -  Vi) ( - Qki -  d J j j - c r l j j )  d V  =

-  \ v v'l Qki d V - 1  t>? a \ ,  d V - \ v v0, a'ij j d V  +

+  j  v vi gki d V  + [v V/ j  d V  + |'^ v t d V. (13)
Here the first tw o term s contain on ly  known or unknown con stan ts; let

A i = -  J v  tft Qki d V -  J v  v'l a^j j  dV.  (14)

In the third term  we take the advantage o f the w ell-know n id en tities of 
th e  G auss-Ostrogradski form ula

Jv 4  4 dV  + \v 4 j ß i d v  = Js 4  ni ß i dS

and the M axwell-theorem

J v 4  4 d V =  J v  CiW 4 4  dV=\y eh 4  d V.
Therefore,

-  J’v 4  a l j j  d V =  J v/ a’ij elf d V -  fs ah nj 4  dS  =  

=  J v. 4 j  eh d V  — \s 4  ni 4  dS  =

-  j v. 4j , i  v ' d V  +  | s  alf rijVi dS  -  j s  ah ni i f  d S .
Here

|s ( 4  ni v,- — 4  nj 4 ) dS =  o,

(15)

(16)

(17)
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since
Vj =  О, r” =  0, on S u

and
a'-j ríj =  0 , a'jj tij =  0 on S a.

B y  this transform ation  w e obtain

Я  =  A x +  Vj ij ĵj d V -  2 J v Vj d V  (18)

sin ce  th e  fourth and f if th  term s in  (13) may be coup led  b y  using (10).
L et us turn back n ow  to  th e  и,- vector b y  th e  inverse transform ation o f (7), 

b earin g  in mind that th e  se t  o f  the com patible u, vectors are restricted by the  
con d ition

oy nj =  Pi- (!9)

Expanding (18) w e o b ta in

H  =  A ,  +  J v Uj o?/>; d V  — Vf afj j d  V  — 2 J u, d V +

+  Jv ui и  d v  +  2 Jv Vi r f i j d V  - \ v Wi <*Jjj d V - ( Щ

In  this expression th e  la st two terms con ta in  on ly  known and unknow n  
co n sta n t functions — le t  us n ote  them by A 2. T herefore,

H  =  A x +  A 2 — 2 j  ̂ Uj (f>jj d V  +  Uj ( f f j jdV  +

+  \ y  u i at'J d V -  Jv Vi d V  ■ (21)

B y  virtue of (3) th e  f ir s t  integral term m ay be shortened here. The n ext  
term  w e shall expand b y  u sin g  the Gauss-O strogradski theorem , and the last  
tw o  term s may be tran sform ed  into surface in tegra ls b y  Green’s form ula. W e 
fin d

H  =  A x +  A 2 +  2 Uj gkj d V  — Gy e f jdV  +

+  J s  cr)' T i j ( u ,  -  vi) dS  +  J s  cfjj Uj Uj dS.  (22)

According to th e  con d ition s given above

Щ =  Vi =  dj\ Su and afj re, =  o$ rij =  p ,| s„ ■

Therefore, we fin d  for th e  surface integrals in  (22) the following expres
sion:

-  V i)  dS  +  J s  аЪ nj d i dS  +  JSo.P<«/ d S  =  A 3  +  2 \ S(TPi u i d S >
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where

A  =  — J Pi Vi dS  +  j Su <rfj Vj d i dS  >

analogously to  A 1 and A 2 is not to be variated.

In th is m anner we find

H  =  A 1 -f- A 2 -f- A 3 -f- 2 f  u, pfc, d V  — Ï oft eft d V  2 j p , u,- d S . (23)
J  V  J  V  J  Ser

The quantities A x, A 2, A 3 vanish, variating the unknow n functions u,- 
and defining th e  to ta l potentia l energy as

Ф(и) =  - у Я ,

we obtain the w ell-know n formula of

Ф(и) =  f v Щ и )  d V - f v 6k, u , d V -  J ^ p ,  u, d S ,

where

Щ и )  =  —  a)) sfj

(24)

(25)

The functional Ф (u) should be variated over the set o f the и,- vectors 
fulfilling the conditions (2) and (19).

N evertheless, the case m entioned by M iic h l in  occurs ( [1 ] , p. 119, N ote 2), 
when the functional in vo lves a natural boundary condition  too. In particular,

■0Ф(и) =  — <5—  Г er,“ e -у d V  -f- ó I рк,- ut d V  -f- ó l  p, it, d S  =
2 J y  J J Sa

=  — j af j(ôuj ) jdV  -f- I pk, ôuj d V  -f- I p,- ôut dS  —
J  y  J  y  J S a

=  J afjj  ôuj d V  -)- j pk, ôuj d V  -\-
J  y  J v

г I p, ôuj dS  — Г  afj Uj ôu, dS  =
J Sa J s

=  Г W j . j  +  A )  à u i d V  +
J v

+  ( P i  ~  aij n j )  ÔUi dS  — 07“ rí j  ôuj d S .
%) S(x */ Su

(26)

Acta Technica Academiae Scientiarum Hungaricae 86, 1978



4 0 0 SCHARLE, P.

In  th is  manner, for arb itray b u t com patible <5и, the condition  (4) o f the 
rela tive  extrem um  is au tom atica lly  realized and it is not necessary to  prescribe 
it  in  ad van ce.
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E in  Beispiel für die konstruktive Anschreibung des (energetischen) Variationsprinzips.
D ie A rb e it bringt ein weniger e in faches Beispiel für die früher allgem ein beschriebene An
schreib ung des V ariations-Fehlerfunktionals. Ausgehend von  der m ittels inhom ogener R and
b ed in gu n gen  formulierten G rundaufgahe der linearen E lastizitätslehre werden die entsprechen
den E nergieausdrücke konstruktiv  abgeleitet. Es ste llt sich heraus, daß auch auf diese W eise 
der g u t b ek a n n te  Ausdruck für die gesam te potentielle Energie abgeleitet werden kann.

П р и м ер  конструк тивной  за п и с и  вари ац ион н ого  (эн ер гет и ч еск о го ) п р ин ц ип а по
г р е ш н о с т и . В  р а б о т е  п р и в о д и т с я  о т н о с и т е л ь н о  п р о с т о й  п р и м е р  з а п и с и  в а р и а ц и о н н о г о  
ф у н к ц и о н а л а  п о г р е ш н о с т и ,  о п и с а н н о й  п р е д в а р и т е л ь н о  в  о б щ и х  ч е р т а х .  И с х о д я  и з  о с н о в н о й  
з а д а ч и ,  с ф о р м у л и р о в а н н о й  н е г о м о г е н н ы м и  к р а е в ы м и  у с л о в и я м и  л и н е а р н о й  т е о р и и  у п р у 
г о с т и ,  с  п о м о щ ь ю  к о н с т р у к т и в н о г о  м е т о д а  в ы в о д я т с я  с о о т в е т с т в у ю щ и е  э н е р г е т и ч е с к и е  
в ы р а ж е н и я .  В ы я с н я е т с я ,  ч т о  и  т а к и м  о б р а з о м  м о ж н о  п о л у ч и т ь  х о р о ш о  и з в е с т н о е  в ы р а 
ж е н и е  п о л н о й  п о т е н ц и а л ь н о й  э н е р г и и .
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ON THE ESTIMATION OF THE TORSIONAL RIGIDITY
OF PRISMATIC BARS

I. ECSEDI*

[Received on June 10, 1977]

B y  m aking use o f the inequalities deduced in the present paper, lower and upper 
lim its m ay be produced for the num erical values o f the torsional rig id ity  o f prism atic  
bars o f solid cross section  and of hom ogeneous m aterial.

1. Introduction

In this paper inequalities are presented to be used for the estim ation  of 
the torsional rigidities o f  prism atic bars o f  solid  cross section and o f elastic 
m aterial. The estim ation  o f the torsional rigidities o f prism atic bars o f elastic  
m aterial by num erous reputed authors has been dealt w ith. The m ethods deve
loped by J .  B. D iaz and A. W e in s t e in  were based m ainly on the application  
of Schw artz’s in eq u a lity . B y making use o f  Schw artz’s inequality  lower and 
upper lim its are produced for the value o f  D irich let’s integral w hich permits 
the estim ation o f th e  torsional rigidity o f  a hom ogeneous prism atic bar of 
elastic m aterial [1 ], [2], [3].

E stim ations related  to the m inim um  principle o f the poten tia l energy  
and com plem entary work were presented by C. W e b e r , W. G ü n t h e r  [8 ] and 
A. I. L u r j e  [7]. J . B arta  [4] reported on a m ethod for the estim ation  o f the 
torsional rigid ity, other than the m ethods quoted above.

The present paper exposes formulae and inequalities in  connection  w ith  
the torsional rig id ity  o f  prism atic bars o f solid cross section o f the sam e struc
ture as that presented b y  J . B a r t a . One o f th e  results o f the paper is a direct 
outcom e of the in eq u alities deducted by J . B a r t a  to the torsional rigid ity of 
prism atic bars of solid  cross section [4]. The purpose o f this paper is to  deduce 
the form ulae (20), (2 1 ), (32 ), (33), (34), (35). These form ulae, just like J . B a r t a ’s 
ones, m ay be used for the estim ation of the torsional rigidity of prism atic bars 
and partly  they  resu lt from  those ones. H ow ever, their deduction is a simpler 
operation.

* Dr. I E c s e d i ,  V ászonfehérítő u. 24, IV/1, 3531 M iskolc, Hungary.
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2. E lasticity principles

I t  is familiar that th e  torsional rigidity S  o f the prism atic bar o f  solid  
cross section  depicted in F ig . 1 is to  he determ ined w ith  the aid o f th e  form ula

S =  2G f U d T ,  (1)

w here
U  =  U (x ,  y )  is th e  stress fu n c tio n  o f  th e  cross sec tion  (x , y  b e in g  th e  o rth o g o n al c o o rd in a te s) , 

a n d
G is  th e  shear e lastic ity  m o d u lu s  o f  th e  b a r m ate ria l.

T h e stress function U  =  T J(x ,y )  satisfies in  th e  region T  determ ined b y  
th e  cross section of the bar th e  differential equation o f Poisson’s ty p e

d 2U  | э2u

d x 2 d y 2
+  2 = 0 (2)

and on  th e  lim iting curve y  o f  th e  cross section the hom ogeneous boundary  
co n d itio n

17 =  0. (3 )

O ften  seems to be con ven ien t to solve the the torsion problem  b y  the  
d eterm in ation  of the fu n ction  V  =  V ( x , y J  interpreted by the prescription

V  =  V(x,  y )  =  U(x, y )  +  * 2 + y2 . (4)

F rom  E q s (2), (3) and (4) fo llow s that the harm onic V  =  V ( x , y )  sa tisfies in  
th e  reg ion  T  and on the lim itin g  curve y  the boundary conditions

d 2V  | d 2V  
d x 2 d y 2

and
y  _  * 2 +  Уг

2
resp ectiv e ly .

Fig. 1. P r is m a tic  b a r  o f solid cross sec tion

(5 )

( 6)
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B y  m aking use o f  the function  V  =  V ( x ,  y )  the torsional stiffn ess o f  the 
cross section  m ay be determ ined by equation

S =  G(2 i T V d T - l )  , (7)
w here

I = $ T ( x * + y * ) d T . (8)

L et us designate the Green’s function  associated  with Laplace’s d ifferential 
operator

o f  th e  region T  by

a 2
0y  2

g g(x, y ;  £, rj).

B y  m aking use o f Green’s function  g  =  g ( x ,  y ;  Ç) the so lu tion  to  the 
boundary value problems designated b y  E qs (2), (3) and (5), (6) m a y  be pro
duced  in  the forms

U ( x ,y )  =  2 \Tg ( x , y ;  r j )dT

and
Г £2 ! Д

F (*>y) =  s ------ —- g { x , y ; £ , r i ) < l s ,
Jy   ̂ on

resp ectively  [6 ], [9]. In  Eqs (9) and (10) the variables o f in tegration  £, r), 
further, in E q. (10) Э/Эn designate the d erivative  calculated along th e  unit 
vector  o f  the n normal o f the lim iting curva y,  and s denotes an arc coordinate  
on  th e  curve у  [9].

(9 )

( 10)

3. Som e inequalities in connection w ith the torsional rigidity

B e the function  F  — F ( x , y )  o f  tw o variables continuously derivable  
through the region T  which on the curve y  satisfies the hom ogenic boundary  
cond ition

F  =  0. ( 11)

B y  m aking use o f the function H  =  H ( x , y )  which satisfies the eq u ation

a 2F  ( a 2F  (
Э я 2 9 y 2

Я  = 0 (12)
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and o f  Green’s fu n ction  g  =  g ( x , y ;  rj) ,  th e  fu n ction  F  =  F(x ,  y )  m ay also
be g iven  in  the fo llow ing form

F(x,  y )  =  J7 H(£, rj) g(x,  y ;  rj) d T . (13)

From  E q. (13) follow s

F{x,  у )  = у й ( | , ^ )  j  2g ( x , y ;  I , rj) dT.  (14)

H ere, !; =  (x,  y ) ,  rj =  rj (x ,  y )  designate a con ven ien t “ interm ediate” va lu e
[(£, V) € T]  falling in  th e  region T, depending on th e  coordinates x, у  accord
ing  to  th e  mean va lu e theorem  of the in tegral calcu lus. B y applying th e  fo r
m ula (9) the follow ing resu lt w ill he obtained

2 F ( x , y )  =  H { x , y )  U ( x , y ) , (15)
where

H  =  H ( x , y )  =  H [ S ( x , y ) , ÿ ( x , y ) ] . (16)

From  E q . (15) follow s

4 [  F { x , y ) d T  =  H*  (2 1' U ( x , y )  dT] =  H*S. (17)

H ere H*  denotes th e  va lu e assumed in th e  region T  for the fu nction  
H  =  H ( x ,  y )  on a co n ven ien t interm ediate locu s. L et us designate further the  
m axim um  and m inim um  values of the function

Я  =  H(x, y )  =

b y  H max and H min, resp ectively . 
H aving S 0 [1], further

0 2F  d 2F \  

d x 2 9 y 2 )

(18), (19)

in consequence o f E q . (17) for the torsional stiffn es S  the follow ing pair o f  
inequalities are true

H maxS > 4 f r F d T , ( 20)

H minS ^ 4 j r F d T . ( 21 )

The above in eq u alities are obtained from  th e  formulae (1), (2) o f  J . B a r - 
Ta’s stu d y  [4] quoted  above, to  the special case  where the estim ation is car
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ried out w ith the aid o f  such functions w h ich  van ish  on the boundary curve y. 
J. B arta  deduced his result w ith the aid o f  an other method.

In the fo llow ing one accepts for base th e  function V =  V(x ,  y )  in  apply
ing the above train  o f  thought. Let L  — L (  x , y )  designate the va lue o f  th e  func
tion К  =  K ( x , y )  (w hich is harmonic in th e  region T), taken on th e  curve y.

W ith  the aid o f  Green’s function g  =  g ( x ,  y ;  f ,  rj) the fu n ction  K  =  
=  K ( x , y )  m ay estab lished  in the form [9]:

From the id en tity

Щ х ,  у )  =  Г Щ ,  ri) — g(x ,  y ;  I , rj) ds. 
J v d n

2 L ( j , v ) S2 + V 2 

“ I 2 +  V2 2 — g ( x , y ;  f ,  ri) ds 
d n

( 22)

(23)

by m aking use o f the m ean value theorem  o f  th e  integral calculus and o f the  
Eq. (10) one obtains

K(x,  y )  =  A(i, rj) V(x,  y ) , (24)
where

h =  fc(f, rj) = Щ ,  rj)
i 2 +  t?2

(25)

and £ — l ( x , y ) , r )  =  rj (x,  y )  are coordinates w hich determine the “ convenient  
point P  on the curve y  depending on the coord inates x , y ,  [f£ , rj) Çy].

E q. (24) y ields b y  integration and b y  application of the m ean value  
theorem , o f the in tegral calculus

I’ K ( x , y )  d T  =  h* J' V ( x , y )  dT. (26)

In the above equation  h* designates th e  value of the fu n ction  h(Ç,rj )  
assum ed on a con ven ien t locus

£ =  i ( x * , y * ) ,  rj = r j ( x * , y * ) / ( x * , y * )  Ç T, (I, rj) £ y) . (26a)

Let us denote the m axim um  and m inim um  v a lu e  o f the function

h =  h(x ,y )  =  2 - ^ - y ) - (27)
x z -\- y z

interpreted on the curve y  b y  hmax and Amin resp ectively .
Since

j  V ( x , y ) d T >  0
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(b ecau se  V  =  V(x,  y )  in  th e  region T  is harm onic and on the curve 

further,

0 ) ,

m in ’ (28), (29)

In  con seq u en ce of Eq. (26) th e  following pair o f  inequalities are va luab le

i r K ( x ,  y )  d T  <,  hmax \ r V(x, y )  dT,  (30)

Jr K ( x ,  y ) d T  >  hmin J r V(x,  y )  d T . (31)

C om b in ation  of form ulae (30), (31) and (7) y ie ld s for the torsional r ig id ity  S 
th e  fo llo w in g  inequalities

Am a x  S  >  g ( 2 J T K d T  -  hmax / )  ,  (32)

Amin s <: c (2 Jr K d T  -  Aminl )  . (33)

B y  m ak in g  use of the harm onic function К  =  K ( x , y )  =  1, from th e  above  
form u lae w e have

S > G ( R l - m T -  I) ,  (34)

s  <  C(B2max T  — I ) , (35)

w h ich  are the lower and upper lim its resp ective ly  for the estim ation  o f  the  
to r s io n a l rigid ity S, for,

I\ K ( x , y )  d T  =  J 7 d T  =  T,

h =  h(x, y )  =
X2 +  y 2 R 2

*'min 2  /  2  ’ '^ m a xd 2 a D2
J l m a x  л ш1п

(36)

(37)

(38), (39)

H ere -Rĵ ax, and R 2min d en ote  th e  m axim um  and th e  minimum value repecti- 
v e ly  o f  th e  function R 2 =  x 2 +  y 2 on the curve у  (F ig. 2).

[5] verifies the in eq u alities (34) and (35) w ith  the aid o f the m axim um - 
m in im u m  priciple relating to  the harmonic functions.

E x.  1. Consider th e  so lid  cross section  o f  th e  form of an isosceles triangle. 
T h e equations of the sides o f  the triangle are as follow s (Fig. 3):
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e1: y  -f- kx — 0,

e2: y  — kx =  0, (a)

e3: X — 1 = 0 .

Be the F  — F ( x , y )  function needed to the application of the pair o f  in
equalities (20), (21)

F ( x ,y )  =  ( y 2 -  k 2x 2) (x -  1). (b)

Calculation w ith the above function yields

# m in  =  4 fc2,
H max =  2 -  fc22 (c)

assum ing th at 0 <  к l/V-J, further

( d )

C alculating w ith  the shear e lastic ity  m odulus G =  1 the follow ing low er and 
upper lim iting values m ay be derived for the torsional rigidity S

S < .
к
15

(0 < k

2 кя
5(1 -  к 2)

1

Уз]

(e)
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T he va lu es of the low er and upper lim its A — I /F 3 (which is the case o f th e  
equ ilateral triangle), are th e  sam e and yield  th e  resu lt

S = 1

15 1/3
(0

th e  correctness of w hich  m a y  be checked [7], [8 ].
Ex.  2. In connection  o f this problem low er and upper lim its are given  

for th e  torsional r ig id ity  o f  th e  cross section o f  th e  form of isosceles triangle  
d ep icted  in  Fig. 3, b y  th e  application of the pair o f  inequalities (32) and (34).

The estim ation m igh t be carried out w ith  th e  aid o f the harm onic func
tion

К  =  K ( x ,  y )  =  - y ( * 3 -  3x y 2) +  (** -  y 2) . (g)

The va lu es of the fu n ctio n  h =  h(x,  y )  on each  side of the -triangle are 
fo llow s (Fig. 3):

(3А2 -  1) X +  2(1 — A2)
ex: h =

e2: h =

А2 +  1

(ЗА-2 -  1) X +  2(1 — A2)
1

H ence

on condition  that

ез h =  !•

_ 2 ( 1 - ^ 2!
^ r n i n  —  9 л ш а х  1

1 +  Ä“

k > —=r.
~ V 3

( h )

(i)

C alculating w ith th e  assum ed  function К  =  K ( x , y )  one obtains

J % j ) dT  =  — A +  — A3. 
10 30

R eplacem ent of the ab ove expression into th e  inequalities (32), (33) y ields for 
th e  torsional stiffness th e  follow ing lower and upper lim iting values, on con
d ition  th at G =  1 :

s;>
10

ЗА5+  10A2 - y 3 k  
15(1 -  A2)

1

R

( k )
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I t  is easily verifiable th a t in  the case o f the value к — 1/]/ 3 (w hich is the case 
o f  the equilateral triangle) the values of the above lower anti upper lim its are 
th e  sam e, and we obtain th e  result

for the torsional r ig id ity .

S =
1

15 1/3
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Über die Schätzung der T orsionsstcilheit von priniatischen Stäben. Durch A nw endung  
der in dieser Abhandlung abgeleiteten  Ungleichheiten können untere und obere Schranken für 
den numerischen Wert der T orsionssteifheit eines prism atischen Stahes m it V ollquerschnitt aus 
hom ogenem  Material angegeben werden.

Об оценке жесткости на кручение призматических стержней. П утем  п р и м ен ен и я  не
равенств , вы веденны х в д а н н о й  р аботе, д л я  числовы х зн ач ен ии  ж ест к о ст и  на к р учени е  
призм атического ст ер ж н я , и зготов лен н ого  из гом огенного м атериала и и м ею щ его сплош ное  
сеч ен и е , м ож н о образовать  н и ж н и е  и вер хни е огран и ч ен ия .
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THE EVALUATION OF THE SEPARATION OPERATIONS

PETH Ő , SZ* O R T U T A Y , M*

DOCT. OF TECHN.SCI. 

[Manuscript received M arch 30, 1977]

The authors have exam ined the e ffic ien cy  of the tw o-constitent separation. 
As the extrem e case of separation they  consider th e  dim inuation o f th e  specim en and 
the absolutely efficient separation. R elations are established for calculating th e  separa
tion efficiency. Several separation operations can be evaluated by the effic ien cy  indexes 
even if  the separation parameters and the m ass yields are different.

Symbols

В  m ass o f raw m aterial
f ( x )  d ensity  function
F(x)  d istribution function
H , M  m ass o f products
M hm error m om ent
m  m ass y ield
T  fau lty  m ass fraction
X physical characteristic o f m aterial
X average quality
[*max> *min] interval o f raw m aterial d istr ibu tion  
xa, x j  lim its o f  separation range 
X  equalizing parameter
z  separation zone

Su bscrip ts :
m value referring to product M
h value referring to product H

Superscr ip ts:
t value referring to the theoretical separation
i value referring to the absolutely in e ffic ien t separation 1

1. Introduction

The m easure o f separation of the concrete separation operation  is the 
equalizing param eter. The m ost useful characteristic  for the sharpness o f  se
paration is the fraction  o f fau lty  m aterial and its first m om ent sum  w ith  
respect to  the equalizing param eter. Several te sts  for the sharpness o f  separa
tion , using th is characteristic, can be com pared only  i f  the separation has been  
m ade for the sam e equalizing param eter.

* Dr. P e t h ő , Sz . 1 Nehézipari M űszaki E g y e tem , M iskolc E gyetem város, H un gary  
Or t u t a y , M. J
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In  th e  follow ing the authors deal w ith  th e  evaluation  of the separation  
op eration s. W ith the eva lu ation  indexes separation  tests o f different sizes  
can also  be compared and th e  quality o f the separation  can be decided. The  
basis o f  th e  evaluation is b y  com paring the sharpness factors of the actual, th e  
a b so lu te ly  efficient and the absolutely  in effic ien t separation operations.

T h e m aterial to  be separated is considered as being granular a lth ou gh  
th e  general m odel also refers to  the separation o f non-granular m aterial — 
e.g. th e  d istillation  o f a com plex  m ixture.

2. Param eters of real separation operation

F ig . 1 shows the th eoretica l diagram o f a real separation process, F ig . 2 
show s th e  probability d istribution  and prob ab ility  density functions o f  the  
m ass flo w s in  the separation operation. The p h ysica l characteristic o f th e  grains 
to  be separated is x,  the d istribution  and p rob ab ility  density functions o f  the  
raw m ateria l are F ( x )  and f ( x ) .  Fig. (2) shows th e  distribution and probabilité  
d e n s ity  functions F h( x )  and f h( x ) ,  and F m( x )  and f m( x )  o f the separation  
p rod u cts m ultiplied b y  the m ass yields.

T h e range of the feed m aterial is xmax — Amin. The range of the separation  
is z,  w here x a is the lower and Xj the upper lim it, z =  Xj — xa. B oth separation  
p rod u cts contain grains w ith  th e  characteristic x a <  x  <C Xj.

T h e mass y ield  m h can be determ ined from  the input and ou tput m ass 
flo w s B .  Fl. M  o f the in sta llation :

m h
H
в

( 1 )

K now ing the density  and distribution fu nctions the average q u a lity  o f  
th e  raw  m aterial and o f the products can be calcu lated  by

x  =  Г та7 (* )  x d x  =  *min +  f*“  [1 -  (F a)] d x ,
J  Xmin «- 3Cmm

xh =  I V fh(x ) xdx  =  * m l n  +  Г ' [1 — F h(x)] dx  ,
J Xmin • ' Xmtn

X,n =  fXma7 m(x ) xdx =  xa +  ( Г 1 [ !  — F m{x)] dx .
J  Xa J  Xa

--------------- lH.Fh(x), fh(x)
B.F(xff(xj S epara tion

plant M,Fm(x).fm (x)

Fig. 1. Schem e of tw o-com ponent separation

( 2)

( 3 )

(4)
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The characteristic o f  the separation  is the equalizing param eter X .  It 
can he proved [2, 4] th at the mass T h o f  th e  grains of product H  w ith  a qu a lity  
larger th an  X  and the m ass Tm o f the garins o f  product M  w ith a q u a lty  below  
X  are equal: T h =  T m =  T hm. T hese d efective  m aterial fractions characterizing  
the sharpness o f  the separation can be ca lcu lated  from (5):

The proportions o f the products o f  th e  fau lty  material are show n on the  
density  functions o f F ig. 2 by hatched areas;

A c ta  T ech n ica  A cadem iae Scienliarum  H un g a rica e  8 6 , 1978

Fig. 2. D istribution and density fun ctions o f  two-product separation
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T he absolute sum o f the first m om ents o f  th e  mass fraction sm aller than  
x(xa <  X < [ Xj) o f the product H  and that o f the product M  greater than  x  are 
m inim um  for the equalizing param ter X .  Correspondingly, the first m om ents  
w ith o u t th e  sign o f the fau lty  mass fraction according to (5) for the equalizing  
param eter are a criterion o f separation sharpness

M hm =  mh JI'/ft(*) (x — X )  dx  + m m \  ( X  — x ) d x  =

=  mh Q  [1 — F(x)] dx +  rnm^ F m(x) dx . (6)

T he doctorate d issertation  o f E n g e l  con ta in s m any measuring resu lts  
referring to  separation. Table I. and F ig. 3 have been made by using one o f

Table 1

In te rval
[mm] F ( x ) m h  F h  (*) m m  F jn  (*)

1 - 2 1 ,0 0 0 0 — 0 ,5 2 5 2

0 , 7 5 - 1 0 ,9 0 7 2 0 ,4 7 4 8 0 ,4 3 2 4

0 , 5 - 0 , 7 5 0 ,8 3 5 9 0 ,4 7 4 2 0 ,3 6 1 7

0 , 3 - 0 , 5 0 ,6 5 6 3 0 ,4 4 2 3 0 ,2 1 4 0

0 , 1 - 0 , 3 0 ,2 2 7 6 0 ,1 9 6 7 0 ,0 3 0 9

0 - 0 , 1 0 ,0 0 2 9 0 ,0 0 2 9 —

A c ta  T ech n ica  Academ iae S c ien tia ru m  H ungaricae 86 , 1978

Fig. 3. D istribution  functions of experim ental separation
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his results. From  the experim ents th e  follow ing values have been calcu-
lated:

X 0,415325 mm, x — 0 ,530402 mm, x h =  0 ,331945 mm,

IIl*E 0 ,709815 mm, m h — 0 ,4748 , mm — 0 ,5252 ,

T'hm 0,13648, M hm=  0 ,024108.

3. The parameters o f absolutely efficient and of absolutely  
inefficient separation

H ow ever be the separation, for unchanged mass yield  th e  separation  
param eter also rem ains unchanged. T h eoretica lly  the separation m a y  h ave two  
extrem e cases. In  one case the separation  is absolutely efficient, in  th e  other 
it is absolu tely  inefficient.

W ith an absolutely efficient sep aration  at the equalizing param eter X  
the result is m ass yields equal to th a t o f  th e  real operation and th e  products 
do not contain  grains w ith equal properties. The average qualities x'h and xlm 
of th e  separated products can be d irectly  determ ined from the d en sity  and d istri
bution  functions o f  the raw m aterial.

f *  / ( * ) xdx = *mln +  Г* [ l - J - F(x) d x , (7)
Xmin J Xmln mh

p ^ m ax —  1 ГХm ax _

f (x)  xdx = X  +  — 1 - F(x)] d x . (8)
l x ™m J x

B ecause o f the absolutely efficient separation  for the product i f ,  (x) =
=  f (x ) ,  i f  a;min and it  is f'h (x) =  0, if  x  >  X . For the product M,
mmfh (x ) =  /(*)> i f  X  < x <  x max, and f m (x) =  0, if  x <  X . T h e density  
functions o f the absolutely efficient separation  are shown in F ig  2. I f  the raw  
m aterial o f T able I. w ith a distribution fu n ction  F(x) could be separated  per- 
fecte ly  the average grain sizes o f the p rod u ct would be:

x'h =  0,281169; x'm =  0,755718.

As the products do not contain d efective  material parts, th e  va lu es of 
the param eters, w hich can be determ ined from  (5) and (6), are zero, i.e .

Пт  =  0 and M'hm =  0.

It is also possible to  divide the rawT m ateria l in accordance w ith  th e  reduction  
of th e  sam ple, inproportion w ith the m ass y ields. I f  the sam ple red u ction  is 
perfect, i.e . the separation zone is equal to  the range of the raw m ateria l and

Acta Technica Acudemiae Scientiarum Hungaricae 86, 1978
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there is no separation according to the q u ality  o f  th e  grains, the density and  
d istr ib u tion  functions o f  the separation products and also their average q u a lity  
are e x a c tly  the same as those o f  the raw m aterial. Such a separation is qualified  
as ab so lu te ly  inefficient. T he value of the d istribution  functions m ultip lied  
b y  th e  m ass yield  are also conatined in Fig. 2.

In  th e  case o f an absolu tely  inefficient deparation  the laws concerning  
the equalization  param eters hold as well, from  (5) and (6) the faulty m aterial 
q u a lity  and the sum o f the m om ents can also be determ ined in this case.

T he defective m aterial proportion o f the products is

T lhm =  111 m \ X  f ( x ) dx =  m h j -J"'f(x) dx.

C onsidering that I X f(x) dx — mh, the fau lty  m ateria l fraction can be calcu lated
J  3Cmln

d irectly  from  the yields:

T/,m =  mmmh =  mh{I — m„) . (9)

The sum  o f the first m om ents w ith  respect to  th e  equalizing parameter can  
be determ ined  for ab solu tely  inefficient separation  w ith  the aid of (10):

M lhm =  m h(xmax — X )  +  I A F(x) dx — m h I F(x) dx =  тпттпь{х1т — x ‘h) .
•J ^min •’ ^min

( 10)

For a sam ple reduction o f th e  raw m aterial according to  Table I. the fo llow ing  
param eters, characterizing th e  products can be calculated:

T ‘hm =  0,249365,

M * m =- 0,118336 m m 2.

4. E valuation of the separation operation

T he efficiency characteristics m ust com p ly  w ith  several requirem ents. 
A ccording to B a r s k ij  [1] and S c h u lz  [3] it  is basica lly  im portant th a t th is  
effic ien cy  should

— be applicable to  any physical separation  and not depend on th e  
m achinery used;

— result in  1 or 100%  values for perfect separation, while for a m ere  
sam pling process it  should give 0, or 0% ;

— be a function  o f th e  quantity and th e  com position  of the raw m ateria l 
and the products;

— have a physical m eaning. Its ca lcu lation  should cause no d ifficu lties.

Acla Technica Academiae Scientiarum Hungaricae 86, 1978
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The real separation  can be evaluated  on  the basis o f the param eters o f  the  
separation possib ilities discussed in paras. 3 and 4, because in the sen se o f  F ig. 4 
its position  is un iq u ely  defined betw een th e  extrem e lim its.

basic
material

3 _

absolutely
inefficient

realseparation

absolutely
efficient

В = H +  M

legends

Fig. 4. Comparison o f  separation  possibilities

The given separation operation can be evaluated by com paring its  sharp
ness param eters to  th ose o f an ab solu tely  effic ien t and o f an ab so lu tely  in effi
c ien t separation.

The separation operation is the m ore efficient, the more it  approaches 
the theoretica lly  obtainable one and is th e  less efficient, the nearer it  is to  
sam ple reduction. This definition can be form ulated  by Eq. (11) as follow s:

E ffic iency
index

real separation! param eter of absolutely' 
param eter in effic ien t separation

param eter of absolutely  
efficient separation

parameter of absolutely  
innefficient separation

( 11)

B y  using the exam ined  parameters the fo llow in g  indexes ind icating th e  e ffi
ciency  o f  the separation  can be calculated:

a =
T _ rr i  T  T
•* hm_____ •* h m __ ^  x hm __  ^ _____ x hm

T hm -  T hm T hm m hm ,n

о __ M hm —  j  __  M hm

' m u  -  M lhm  ~  m l ’

T L  =  о and M'hm =  0.

( 12)

(13)
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S tartin g  out from th e faultless m aterial fraction  of any product, th e  
in d ex  g iven  by Eq. (12) can be deduced. For th e  product H  the perfect m ateria l 
fraction s o f the real, the absolutely  efficient and the absolutely in effic ien t  
separations are m h — T hm, m h and m h — T ‘hm. F or  the product M  the sam e  
are m m ~ Thrni mm and m m — T ‘hm. The sam e in d exes also are obtained, i f  th e  
sum  o f  th e  perfect m ass fractions are taken, becau se the perfect mass fractions  
are in  th e  former order 1 — 2 T hm, 1 and 1 — 2 T lhm. The refore the in d ex  a is  
the com plim entary yield  o f the defective m ateria l o f the separation products  
referred to  the absolutely  ineffic ien t separation and at the same tim e « is th e  
y ie ld  o f  th e  real perfect mass fraction related to  th e  absolutely efficient sep a 
ration . In  the case o f an absolutely  efficient separation the mass y ield  is in  
b oth  cases 1.

F or the separation according to Table I. th e  efficiency index a is in  b oth  
cases 0 ,452688. This m eans th a t after separation  the defective mass fraction  
has dropped by 45%  and b y  elim inating further 55%  the separation w ould  be 
in e ffic ien t altogether. The yield  o f the perfect m ass fraction of the real separa
tion  re la ted  to the absolutely  efficient separation  is also 0,452688.

T h e starting point for establishing E q. (13) was the sum of th e  fir st  
m om en ts w ith  respect to  the equalizing param eter o f the defective m ass frac
tion s (6), which in the literature in accordance w ith  the denom ination g iven  
b y  M a y e r  [2, 7] are taken  as the error m om ent o f  separation. A lthough th is  
param eter does not entirely fu lfill the prelim arily  discussed requirem ents, it  
freq u en tly  occurs in qualifications.

B y  re-arranging E q. (6) an expression (4) can  be obtained which p erm its  
a new  interpretation  o f the sum s of first m om en ts, not known so far in  th e  
literatu re .

M hm =  (*H — x d mh — (x ‘h — X.) mh,
M hm =  (x m — X,) m m ~  (x i ~  x m) ™m,

Xj o f  Eqs. (14) is arbitrarily chosen, b u t after the choice is m ade, i t  re
m ains constant.

M hm is the difference o f  the first m om en ts w ith  respect to x t, w h ich  
m om en ts also take in to  account the average q u alities of the real and o f th e  
ab so lu te ly  efficient separations. Therefore, M hm is not only the (separation) 
error m om ent characterizing the given separation , but permits the com parison  
w ith  th e  absolutely effic ien t separation for any separation product.

In  connection w ith  the efficiency index  ß  (13) it  is useful also to express
the m om en t sums (6) and (14) as follows:

M hm =  mh(xh — 4 ) ,  (15a)

Mhm =  mrn{xm x m) i (15b)
M lhm =  mh{x — xi )  , (16a)
M ‘hm =  тт(х‘т — x) . (16b)
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B y  these relations the irregular areas in the corresponding d istribution  function  
diagram s becom e rectangles. The vertical sides o f the rectangles are the mass 
yields, their horizontal sides are the differences o f the average q u a lities. There
fore, the m om ent sum s M /lm and M ‘hm are th e  losses of the real and  o f the ab
so lu tely  inefficient separation o f the valuable com ponent (e .g . m eta l loss, 
in  classification  the products o f the mass y ield  and the differences o f  the mean 
grain sizes) as com pared w ith  the absolutely  efficient separation . These 
valuable com ponent m asses are obtained from  the product H  (E q s (15a) and 
(16a) ( in to  the product M  (E qs. (15b) and (16b) ). and spoil th e  q u a lity  of 
both  separation products.

Introducing the former m om ent sum s in to  (13), the effic iency  in d ex  can be 
directly  calculated from  the qualities:

ß
X  —  X h  

X  —  x'h
(17)

Starting from this efficiency index  the average quality o f  th e  raw ma
terial can be given by

X h X „ *m x'h
(x„ +  x'm) — (xm +  x'h)

Eq. (17) points out th at the efficiency index ß  also describes th e  ratio 
o f  the changes in the average qualities. (13) and (17) also show  th a t  th e  sums 
o f  the first m om ents o f the fau lty  mass fractions result in the sam e efficiency  
param eters as those calculated from the qualities of the products.

In the exam ined num erical exam ple ß  =  0,796272. This e ffic ien cy  pa
ram eter points out that the change in the m om ent sums of the fa u lty  m aterial 
fractions o f the products and in the com positions of the products is approx. 
80%  of the possibilities.
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Qualifizierung der T rennverfahren . Die Verfasser u n tersu ch en  den W irkungsgrad der  
Z w eiproduktentrennung. A ls e x trem e  Fälle der Trennung w erden  die M usterverkleinerung und  
die a b so lu t wirksame Trennung angesehen. Zusam m enhänge w erden abgeleitet, m it deren  
H ilfe  d ie  W irksamkeit der T rennung festgestellt werden kann. M ehrere Trennverfahren können  
m itte ls  der W irksam keitsindices a u c h  dann qualifiziert w erden , w enn die Trennparam eter 
u n d  d ie  M assenausbeuten v ersch ied en  sind.

Классификация процессов разделения. А в т о р ы  в  с в о е й  с т а т ь е  и с с л е д у ю т  э ф ф е к т и в 
н о с т ь  р а з д е л е н и я  с д в у м я  п р о д у к т а м и .  В  к а ч е с т в е  к р а й н и х  с л у ч а е в  р а з д е л е н и я  с ч и т а ю т с я  
р а з д е л е н и е  с  у м е н ь ш е н и е м  м о д е л и  и  с  а б с о л ю т н о  э ф ф е к т и в н ы м  р а з д е л е н и е м . В ы в е д е н ы  
з а в и с и м о с т и  с  п о м о щ ь ю  к о т о р ы х  м о ж н о  о п р е д е л и т ь  э ф ф е к т и в н о с т ь  р а з д е л е н и я .  Р я д  п р о 
ц е с с о в  р а з д е л е н и я  м о ж н о  к л а с с и ф и ц и р о в а т ь  с  п о м о щ ь ю  п о к а з а т е л е й  э ф ф е к т и в н о с т и  д а ж е  
в  т о м  с л у ч а е ,  к о г д а  п а р а м е т р ы  р а з д е л е н и я  и  м а с с о в ы е  в ы х о д ы  я в л я ю т с я  р а з л и ч н ы м и .
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ANALYTICAL TREATMENT OF DISCRETE MODELS 
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A one-dim ensional m odel o f reinforced and prestressed concrete members, 
com posed of elem ents sim ulating the concrete, the steel and their bond has been analy
zed. A nalytic treatm ent of the equation system  for the discrete m odel is facilita ted  by 
the possibility  to invert in closed form the coefficient m atrix o f the system . Cracks are 
taken into consideration b y  m odifying the coefficient m atrix b y  one d iade for each. 
Also a m ethod for reckoning w ith  plastic deform ations will be outlined. The obtained  
closed form ulae show how this phenom enon related to cracking develop s for one, two 
or more cracks. — A pplicability  o f  the relationships is dem onstrated b y  exam ples. For
m ulae of internal forces, deform ations and crack w idth involving also th e  m esh of the 
discrete model, the effect o f selecting the m esh can be weighed.

1. Introduction

The analysis o f lim it sta tes o f deform ation and cracking ([1 6 ], [25]), 
gains increasingly more im portance in the developm ent of lim it sta te  design 
of reinforced and prestressed concrete beam s. Several problem s are inapplicable  
to the classic theory o f reinforced concrete, reducing the problem s to  relation
ships o f  elem entary m ethods o f  the strength o f m aterials. A n alysis o f local 
forces in deep girders, at crack surroundings, etc. require com p u tation s taking  
general plane (or spatial) strees sta te  into consideration.

To solve hi- and tri-dim ensional problem s, fin ite  elem ents m ethods are 
increasingly gaining ground ([1 ], [5], [10], [11], [26]), som e o f th em  specify  
reckoning w ith the effect o f reinforcem ent, cracking and n on -lin earity . The 
theory based on fram ework analogy makes it  possible to produce a com pre
hensive, uniform m odel o f  reinforced and prestressed concrete u n its  in stress 
states I and II, possib ly  w ith  the consideration o f certain non-linearities ([18]). 
The hi- or tri-dim ensional discrete problem can, however, be dem onstrated  
not to  be solvable in closed form even w ith  a su itab ly  chosen grid, ju st as no 
closed analytic so lution  o f continuum  problem s is possible even  in special 
cases ([20]).

The one dim ensional fin ite  m odel even com posite, or h av in g  disconti
nuities w ill be show n to be suitable for analysis provided, o f course, equidistant 
nodes have been assum ed.

* Prof. Dr. G. T a s s i ,  Veres P éter ú t 181. H -1165 Budapest, H ungary
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2. Field of applications and purpose of one-dim ensional models

O ne-dim ensional m odels are expedient for exam in in g  local stresses in  
u n its  w ith  force transfer b e tw een  tw o units in tru ly  equ id istant points, such  
as in  w eld ed  fabric-or ladder-reinforced units ([3 ], [7]) or m ultiple D m itriev- 
loop s ( [4 ] , [6]). The m odels a lso  lend them selves for exam ining the interaction  
b etw een  tw o different u n its  continuously  joined. A  g iven  problem in volv ing  
th e  m o d e l of a linear bar o f  tw o  connected units has been dem onstrated ([22]) 
to  b e  accessible to m atrix a n a ly s is , and so are problem s inexpressible b y  one 
lin ear  equation system . F orm u lae of total elongation  due to axial forces, of 
stresses  in  concrete and rein forcem ent, as well as o f  bond have been established. 
O ther possibilités are to  d eterm in e the effect o f  cracking and the arising non
lin e a r ity  o f  the relationship betw een  bond and th e  relative displacem ent on 
th e  stress and deform ation sta te s .

T here are some tru ly  one-dim ensional problem s (ties and stays, etc.) 
th a t  are continuous or rea lly  discrete. Calculated characteristics o f the forces 
and reaction s of models for b i- and tri-dim ensional problem s depend on the  
m esh , th e  more so if  th e  q u a n tities  are related to  effective discontinuities, 
crack s, local plastic deform ation s. Closed solutions o f  the one-dim ensional 
prob lem  directly or in d irec tly  contain the m esh d istance, facilitating the  
e v a lu a tio n  of results of p rob lem s solved by num erical m ethods. O ne-dim en
s io n a l exp erim en ta lm od elslen d th em selvesfortestin g  th e  typ e o f bond between  
co n cre te  to  steel, the stiffn ess o f  reinforced or prestressed  concrete members, 
th e  cracking conditions (e.g. [2 ], [12], [23]) and developm ent of suitable  
co m p u ta tio n  methods w ill p erm it tracing and ev a lu atin g  these tests.

3. One-dimensional m od el analysis of reinforced and prestressed 
concrete members

Several fundam ental cases w ill be presented w hich  w ill help in deducing  
so m e general conclusions.

3.1. P r in c ip le  and basic form s o f  models

In  the model — in  e la s tic , uncracked con d ition  — the concrete unit is 
rep resen ted  by a bar o f g iv en  stiffness, and the reinforcing or prestressing steel 
b y  an oth er. Bond is represented  by bars of given  m echanical properties con
n e c tin g  th e  two elem ents. T h is  is in harmony w ith  th e  concept th at the bond  
force is  a function of re la tiv e  displacem ent ([17]). In  the m odel the axes of 
e lem en ts  sim ulating the co n crete , the steel and th e  bond coincide in  the  
rectilin ear  axis of the co m p o site  bar, and it is p lo tted  only for the sake of 
d em ostra tion  as in Fig. 1 and  sim plified in Fig. 2.
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3.2. M odel o f  reinforced or prestressed concrete unit varieties in the case o f  
concrete and steel in elastic condition

Let us consider first the build-up o f th e  m odels, to  be followed by the  
solution  o f actual problem s.

3 .21 . Consideration o f bond type in  a coaxial bar o f  steel and concrete 
units

The bond is rather com plex, to be spoken o f as a strength characteristic  
o f som e structural m aterial only by analogy.

3.211. R ig id  connection

W ith  no relative displacem ent betw een  originally com m on points of 
concrete and steel, the m odel o f the u n it is th a t in F ig. 3. Let be b the stiffness  
of the m odel section  for the concrete, and vb th a t for the steel, then the stiffness  
m atrix o f  the m em ber m ay be w ritten  as

K = i(l+v) 1 -1 
- I  2 -1

- 1  2 - I  

- I  2

W ithout entering into details o f  the rigid connection , notice th a t m atrix  
К  is non-singular (supported structure) sym m etric, tri-diagonal w ith a so-called  
one-pair m atrix as its inverse ([9], [13]). The peculiarity o f this special case is 
pointed out by th e  remark that — considering the bonding force as unknow n  
— th e coefficien t m atrix o f the set o f equations w ritten  according to  the  
m ethod o f forces is a one-pair m atrix.

F ig. 1
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3.212. R ig id  elastic connection

Considering relative d isplacem ent to  be zero up to a given value o f  bond  
stress , and thereafter to vary  linearly , a section  o f the model has to  be assum ed  
to  be o f  rigid connection, thereafter the bars sim ulating the linear connection  
(F ig . 4) o f  stiffness yb w ill have th e  stiffness m atrix

3.213. Elastic connection

T he assum ption o f an in itia lly  linear connection betw een bond force 
and rela tive  displacem ent results in  m odel o f F ig. 5. Particulars o f  the coeffi
c ien t m atrix  o f the set o f  equations w ritten  according to  the d isplacem ent 
m eth o d  — the stiffness m atrix  — w ill be found in  item  4.1.

H ere again it  is only pointed  out for the sake o f interest th a t th e  coef
f ic ie n t  m atrix o f the set o f  equations w ritten  by the force m ethod — again  
w ith  bond forces as unknow ns — is a linear com bination o f a one-pair m atrix  
and o f  th e  unit m atrix m odified in  its  elem ent o f  subscript 1,1.
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3.214. E lastic -p lastic  connection

A ssum ing an in itia lly  lin ear relation betw een the bond force and the  
r e la tiv e  displacem ent, and a con stan t force after a certain d isplacem ent, the  
co n n ectio n  bar has to be considered  an elastic-p lastic m aterial. The fictitiou s  
co n n ectio n  bar is elongated b y

Al =  u, — un+i =  ubi — uai.

F or on e connection bar y ie ld ed , vector  qm in the equation  (see [14], [18])

becom es
K"u" =  qq +  qm

0 -

0

T F
0

=  T •V,

(i

(n +  i

0 _ i

w here e ;- is a я -th order £-th u n it vector, hence v has 2n elem ents. M odified  
c o e ffic ien t m atrix K "  is ob ta in ed  b y  cancelling the elem ent for the y ielded  bar 
stiffn ess . I f  one connecting bar y ield s, the coefficien t m atrix valid  before the  
bar y ie ld  is modified by a d iad e, hence the m atrix

b y \Y *

has to  b e  subtracted.

3.22. Consideration o f  the crack in the elastic model

Considering the concrete as a linearly elastic m aterial of tensile stiffness, 
or i f  th ere  is an a priori cracked  elem ent, m odel in  item  3.2  w ill o f  course 
ch an ge . O bviously, om ission o f  a bar (item  3.14  in  [18]) corresponds to  the  
m o d ifica tio n  of the stiffness m atrix  b y  a diade. In  case o f the rupture o f  the
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concrete section  betw een points w ith  subscripts — 1 and (F ig . 6) the  
original coefficien t m atrix has to  be dim inished b y  a diade producible from  
vectors corresponding to  the m odification  o f the nodal stiffnesses o f  two  
neighbouring concrete points. The diade to  be subtracted  for the concrete crack
ing bww* w ill later be explained to  be w ith

0

and so can the subsequent cracks be reckoned w ith.

3.3 . The load

Producing the inverse o f the original or m odified coifficient m atrix  in 
closed form  for an arbitrary load, m odel nodal displacem ents are ob ta in ed  by  
m ultip lication . The internal forces can be calculated  from the d isp lacem ents. 
The one-param eter load can be w ritten in  th e  form of </q in the general case, 
where the vector of 2n elem ents

?1 1 =  4 Г Ci n
' h Co

4n Cn

4n + 1 c n +  1

Чп+г cn + 2

—
1 СЧ -  c1n -1

applies to  the case described in item  3.213. In the case of item  3.211 th e  vector  
m ay have n elem ents, the transitory case being that of the rig id-elastic con
nection (item  3.212). The purpose o f analysis is m et by determ ining th e  forces 
in the m odel exclusively  for those in the free end, although neither th e  general 
case has theoretical hindrances. In  general, th e  unit end load is

П ~ c Съ
0

0

0

c a e l

w ith q in  term s o f N(or kp), cb and ca in pure num bers or vice versa.
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L et us consider now som e peculiar load  cases. In  case of perfect ancho
rage in  th e  prestressed bar ([24]), the concrete u n it is subject to force

P ,
P„ =  -

and th e  stee l to

1 +  V

P  =
a  1  +  V  '

P j b e in g  th e  prestressing force. Thus, applying load

q = 5M '  , =  T + -L rex J 1 +  V

in  th e  case o f the elastic crack-free member is required to develop a strain  
con d ition  hom ogeneous along its length, and id en tica l to that due to  th e  fu lly  
anchored force Py, and, obviously , in th is case th e  connection force w ill be 
zero throu gh ou t (see[24]). O f course, the prestressing steel force is obtained  by  
m od ify in g  the prestressing force by the steel force g iven by the solution.

T o analyze the tendon anchorage, the load  vecto r  m ay be assum ed accord
ing to  th e  follow ing considerations. For a lin ear relation betw een the bond  
force and the relative d isplacem ent, calcu lation  shows im possib ility  o f  full 
anchorage over a fin ite  length  ([24]). Force transfer characteristics are obtained  
b y  a p p ly in g  the load

Ш  - f  ■

In  a cracking condition  test, if  the free end o f the steel bar is loaded , 
load v ec to r

q = ?r о-----— 1
. e i .

and clam ping the concrete end vector

have to  be applied.
D ifferent structural designs of stays and ties  involve different cases o f  

cb and  ca.
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4. D etailed analysis o f the elastic  crack-free model

Let us consider the model seen in F ig . 7 for the case o f lin early  elastic 
concrete, steel and their bond.

4.1. The coefficient matrix and its inverse

W ith the in troduced  notations, th e  coefficient matrix becom es

K = fc

I  2 

Ц  - I  

- I  2+ y  - I

- 1  2 + r  - I

-1 7+2

l+V -V

-V 7+2v ~v

- V  7 + 2 v  t V

- T

- V  7 + 2 v  - V

—V 7+2v

dem onstrable to  be a special case o f  th e  plane reinforced un it m odel (item  
3.24  in  [18]).

To need as few  basic type blocks for writing the coefficien t m atrix  as 
possible, take th e  form
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g iv in g  th e  coefficient m atrix  in  the form

К  = G +  D 

- D
- D

vG +  D
( 2 )

In v erse  o f  th is m atrix p artitioned  to four blocks can  be written in the know n, 
also p artitioned  form  ([13]).

G being a non-singular, sym m etric tr i-d iagonal matrix, its inverse is  
kn ow n  to  be a one-pair m atrix  ([9], [13]). A sim p le calculation proves

w ith  elem ents possible in  th e  form

R l n +  1B U =  , ,n  - f -  1

H en ce, th e  inverse sought for can be w ritten as

—  K 1
b

B (E  -  DC)

BDC В

BDC

E  — —  DC
V

w here

G +  1 +  V D

(3)

(4)

S ince th e  resulting C is th e  inverse of a tri-d iagonal m atrix  again, hence a one- 
pair m a tr ix , its elem ents w ill be obtained by m eans o f  parameter introduced b y  
th e  transform ation.
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1 4 -  t) $ 1 - 1 - 1 »
2-1------y =  2 c h $ ;  i.e. 4 sh 2— =  - ■■ y

V 2 V

in  th e  form

C„

ch(r — 1) $  sh (n -)- 1 — /) $  . .
; i f  * < > 7

ch n ê  sh $

ch(j — 1) $  sh (re - f-  1 —  i) $

ch n ê  sh ê

In  particular, 

sh ê  ch n ê C =

shn$ s h (n - l)#  sh(re-2)$ . . . s h 2 $
s h (n - l)#  sh (n -l)$cli?‘> sh(re -2)$ch$  

sh(n -2)$ sh(n 2 )$ch #  sh (n -2 )#ch 2$

; i f  i > j -

sh2ê
sh$

sh2$

sh#
ch # sh2#  

ch #  sh#
ch2#

ch2#

sh#
sh2#ch# sh #ch #

sh2#ch2# sh #ch 2#

sh2#ch(w--2)# sh # ch (n -2 )#  

sh2#ch(re-2)# sh # c h (n - l)#

qcb

\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\

2'
V
qco

и
crack

2
1

qcb

\
\
\
\
\
\
\
\

\ ä

\К
\
\
\
\
\
\
\
\
\
4

qcQ

\  
\к
\

k\
л

crack \i»-i к 
£ \
-  \

иЬ
crack, 4

\
\
\
\I

qct
'qcQ

F i g .  7 F i g .  8 F i g .  9
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T h e inverse will be transform ed  from (4) to the clear form

—  (1 -  v) K - 1 =  —  
b b

В +  rC В — C 

В -  С В +  — c
V

_

(6)

4 .2 . The load and the n oda l displacements quan tities needed for determining 
internal forces

Since elements o f  th e  inverse (6) can be w ritten  in  closed form, the prob
lem  can  be solved for an y  lo a d  case. For exam in ing  reinforced or prestressed  
con crete  bar behaviour phenom ena, it is su ffic ien t to  consider loads on free 
m em ber ends. P artition ing К  as in (1) in the eq u ation  system  o f the displace
m en t m ethod,

и = »ft
u 6

K - i q

cn e l
(?)

q b e in g  the load param eter and e t a first unit vecto r  w ith  n elem ents. U tilizing  
b lock s in (6) of the in verse K -1

4_ к - i  - CA ei 
b L Ca e 1

4 1 .
6 1 -f- V

(Cft +  О  {n +  1 — i) +  (cbv — ca)
sh (n -f- 1 — i) d

(cb +  ca) (n  +  1 — l) —

sh $  ch n& 

cbv — ca sh  (n  - f  1 — i) D 

v sh D ch n?9

( 8)

T h e entire bar stiffnes is characterized by u ^ n ^ ;  (index  (°) refers to crackless- 
n ess),

,(q) =  1-*61 — \n  
l  +  v \

(«6 +  ca) +  (c bV — ca)
sh nil

sh #  ch n#

“ a t  =  ~~ 7 - 7 ------j » ( c 6 +  ca)
b  1 F v  I

cbv — ca
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Internal forces can be determ ined from th e relative displacement o f  neighbour
ing nodes, in concrete

A u $  =  u$> — ug)+1; (u ftn+1 =  0),
and in  steel

=  и$> — u(J}>+1; (иая+1 =  0).

Introducing a m atrix form ing differences

N = - I

1 -1

1 -1
1 ( n

the vector o f  relative displacem ents can be w ritten  as

•lu ft = ■ N ! 0 ' u„

^ u 0 0 Í N J . ua
( 10)

U sing relationship (7), elem ents of the h ypervector made of re la tiv e  displace
m ents are expressed by

Г M V  1 I g 
L d u f f  J 1 + V b

c b +  c a +  ( c b v  —  c a )

ch n — i -\-----
I _ __2_

ch nb ch3 — (n

c b +  c a —’

ch n — i -)----- ) b
v  — ca 2 I

ch b  ch (2 n
( И )

E lem en ts o f the relative d isplacem ents for determ ining the bond  m odel bar 
forces, hence of the difference vector

are
M lh  =  » i f  - и(0 )at

,.<0) ubi — . (0) __ q 1 . . sh (n — i +  1) #
7----- (Cbv — ca) ------ \ ------------ - Í—
b V ch nb sh b

( 1 2 )
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5. M odel o f  the elastic, cracked m em ber

A s referred to in  3 .2 2 , concrete cracking can  be sim ulated in th e  m odel 
b y  m odify ing  the stiffness m atrix  by a diade.

5 .1 . Case o f a single crack

R upture of the bar connecting points — 1 and i1 (Fig. 8) in v o lv es  
su b traction  of m atrix o f  rank 1 from the original m a tr ix

l - 1

-1 ]

J  (2h

The m atrix  to be subtracted  is equivalent to  th e  d iade  

6 ww* =  b I'ii.-t__ y_i
0

[ e * _ L - e * j ^  0 J  

n 2 n
(13)

T he equation system  o f m odified  coefficient m a tr ix  is solved by using  th e  
th eorem  b y  Sherm an  and and Morrison  ([1 3 ], [1 5 ]), producing the in verse  
o f th e  m atrix m odified b y  a diade by m odifying th e  original inverse b y  a d iade

1

7
w [w * l “ 1 Ч к - 1 +  -

K - 1 WW* K  1

1 И  + 1 — W*K->W
(14)

M ultip lied  by the load v ec to r , the vector (7) u  =  u (0) has to be increased b y  
th e  vector

mW = m
m

( 1 )  nb__
( i )a

K 1 w w * K - !q  

1 — w * К 1 w
(15)

ex p ed ien tly  calculated b y  m ultip lying the vector

K Rv

b y  th e  scalar value

__1__
1 +  V

'  (B +  kC) ( e , , - !  — e,-,) I  (n

. (B -  c) — eó) J (2n

1 w* K - 1 q 

b 1 — w* K 1 w

(16)

(17)
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Substitu tin g  elem ents (3) and (5) o f m atrices В and C and using them  to 
produce vectors

B K —1 -  e /,). = (1
(2

( i i -  1
(ii

_  0 J  (n
and

ch  nft sh ftC(ejt_ 1 — e,-,) =

sh (n -f- 2 — ij)ft — sh (n -j- 1 — i^ ft
[sh (n +  2 -  ii) ft - sh(re + 1 + ii)ft] ch ft (2

[sh (n +  2 -  i i)#  - sh (n + 1 - i jf t]  ch (ij — 2) ft ( i i  — 1
sh (n +  1 -  ij) #[ch (ii - 2) ft - ch (ix — 1) ft] ( ii
sh (n -  нЩ сЪ  (i1 - 2)ft --  ch (ц -  W ] ( il  +  1

sh $[ch  (ij -  2) ft - ch ( ix — l ) f t (n

(1

resp. perm its to  calculate elem ents o f the m odel part sim ulating th e  concrete 
or the steel — either i — 1 or i i 1 — constituting vector (17). W riting

, • . [> (14th is  latter in  the form — ■ , denoting its elem ents for the concrete and the
i y Dj

stee l by <pW and y/-1* respectively , results in  terms 

f(B  +  vC) ( e , ,^  — e j ] ,  =  y ?  =

V c h

1

n + |
ch (i — 1) ft; i f  i iy — 1

ch nft ch

V sh
sh (n 1 — i) ft; if n  1

ch nft ch -
(18)
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[(В  -  С) (e,w  -  e j ] ,  =  №  =

ch n + - - i ,
ch (i — 1) ê; i f  i  ij  — 1 ,

ch n ê  ch

sh

ê
ch n ê  ch —  

2

sh (n -f- 1 — i) ê;  i f  i *!•

T h e determ ined (pj1̂ yjj1) help  to  obtain the scalar m ultiplier (15) hy a sim ple 
ca lcu la tio n  as follows (for th e  case where the one-param eter load acts at the  
b ar end  alone)

1 w* K -1 q </ 1 cb(p\x) +  cay>^
V* К  ~ 1 wb 1 b 1 v 1 -

1

1 +  f

(19)

( # 1 - ^

E q s (18) permit to  replace (19) by

ch

cb +  ca +  (cbv — ca)

n -\----------ij I ê

q 1
ch n ê  chi? —  ê

2

 ̂ v sh (n  — 1) ê  — sh n ê  — 2 sh 2 —  sh (re — 2 i t 3) ê
2

ch n ê  sh  ê

w h ich , m ultiplied b y  v e c to r  (17) and considering (18) leads to  vector m*1* 
accord ing  to (15). From  am ong absolute d isp lacem ents, only that at the free 
bar end is of im portance, o f  values and Bar end displacem ents are
o b ta in ed  as sum o f and  for the crack-free case, and o f and m ^  
from  crack m odifications. A fter substitutions

, u )_q_
Ы -  b

(1 -f- v) 2 sh i , ------- ê  sh
2 1

cb +  ca +

( W  — ca)

ch re -I---------- i,
( 2

ê
ch n ê  ch  —

_j_ W  — ca cb +  Cg 
V V

ch n ê  ch

ch и -I----------i,
1 2
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and so mjj1]. Increasing the m odification b y  the displacem ent for a crack-free 
bar (9) yields

„(1) —  
u b l  -

q 1
b 1 +  V

n ( c b +  cű)  +  ( c b v  —  c a) ' „----- h
sh ft

3 )
2 sh -  —  ft sh ft

+

+  (cbv -  C „)

ch nft ch —  ^
2

/ ch

+

V

( c b +  c a )

n  +  {  -  *>)

ch nft ch

1 +

ft \

v ch
n + T ~ {l

■o
+

and so u*1» can be w ritten
The vector of d isplacem ent m odification  due to cracking under arbitrary  

load is obtained according to (14) by m u ltip ly in g  the load vector b y  th e  second  
term  in (14). Making use o f quantities and ipW introduced in  (18), reduc
ing  and sim plifying y ields the m odifiy ing m atrix , a single diade, in  th e  form

1 1 1
b v 1 4- v ch nft sh ft ch

1 ' ф'/> "
3 I . 3

n -1--------- iJ  i) sh
11 - j \

ft ÿ /( D

\ 0 f  ! У)1’] ,

where

Ф\11 =

ft I 3
ch re# c h ----- [- v ch n - j ------------ i ,

2 2

v sh u \ -------
1 2

ft ch (i — 1) ft; i f  i  ij — 1,

ft sh (n +  1 — i) ft; i f  i  ;>  ij,

ÿ /J D

ch nft c h ------- ch
2

sh

n + j - H »  ch (i -  1) t ;

i , ------- ft sh (n 1 — i) ft;
2

i f  i < [ i x — 1 , 

i f  i  i v

O f course, now the absolute d isplacem ent vector w ill he obtained b y  adding  
the m odification vector to  (8) defined b y  th e  given q. The vector  o f  relative
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disp lacem ents betw een neighbouring nodes, n eed ed  for com puting in ternal 
forces in  each bar section  is  obtained by form ing product

N 0

0 N

,.<i>

m (l)

and  adding it  to vector  (10)

M ?  =
q 1 (c b +  c a )

sh
1

1 '
2 J

ft'
b 1 +  V sh (■ 3

V

+

+
4V  -  ca

ft
eh ti#  ch —

2

ch

ch n — i +  — \ft
— ) ft sh (■ 1

l i -------■ ft
2 ) 2

=

if  i ii  — 2,

?  c b +  c a

b 1 4- V

f ch 

1 ---------

sh

n -f- —---- i I ft N

V ch
П + ~ 2 ~

; if  i ^ i i

and  for i =  ii — 1 h en ce th e  relative d isp lacem en t between tw o concrete  
p o in ts  adjacent to th e  crack  cross section (the crack width) is

1 =1 b ft 3 V'-a T  6) 3
b 2rsh  —  sh ------- ch n  -\---------- l i

2 2 2 j

ch  nft ch -

+ {cbv - c a)

E lon gation  of reinforcem ent intervals

( sh
i

f t \
q cb +  ca 1 +  1 2 )
b 1 +  V v sh

3l i ------- ft
V 2 У

c„v sh (ii — 1 — i) ft
( !  +  v)v sh 

i f  i ^  ii — 2,

ft c h  -
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ch In -|—1---- ij // '
1 2 1

I) 1 -f" V ch " + y - * l  И

, i f  i

and in the crack cross section , hence for i =  i l — 1 obviously,

Л ц Ш  =  1 _  c » +  c ° 
l u a t i - 1 .

6 P

R elative displacem ent z lu ^  =  u*,1* — u^nceded  for determ ining forces in  the 
bar sim ulating the bond results from adding th e  corresponding m odification  
to (12) to vield

1(

- K ‘<!
ca ch (i — 1) 0 CfjV — ca

ch i — h  + 0  \

20 sh  —  sh
2

b — — 0 V sh 0 sh

=

if  » <; ij — l ,

q Ch +  c„ sh (n - f  1 — i) 0
/ $
" 2v s h c h n —(- -----ijJ 0

; i f  i ^  *i> ( 20)

5.2. Case o f two cracks

Let us consider now the case where tw o cracks develop, hence the concrete 
stiffness vanishes betw een  nodes — 1, and i2 — 1, i2 (Fig. 9). Stiffness 
m atrix of the bar w ith  tw o cracks is obtained  by m odifying the original 
coefficient m atrix (1) by tw o diades.

In this case, the m odification will be b y  a m atrix o f  rank 2, w ritten as 
the sum  of two diades, to be factorized out by analogy to  (13) as

-• 1 =  b e i'l —1 * / ,  ®(a — 1 e /a

о1T
О _1 о L « i - i  -  ef, i 0

Generalizing the theorem  apllied for one crack, th e  inverse o f the m atrix mo- 
difed by two diades can be w ritten as

K -

K - 1 +  к - 1 E - w*

w2*
К -1  Г

w*

К 1 .
( 21)
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U tiliz in g  relationships for one crack in  item  5.1 [see. (17) and (18)], now  we 
o b ta in

W* 1 K - i  =  — —  \  e *'-1 e *‘ 1 [B  +  vC ! В -  C] =
W2 J 1 +  V L ef,_! — ef, J

v f  i w T n
ч>Т ! v f

l  +  v 1

ch

1 +  V'

n + j - H ft ch  ( j  — 1) ft sh

ch nft ch
ft — v ■

1 +  v

1

ft sh  (n +  1 — j )

ch nft ch -

ch

1 +  V-

n -f- ■ ft ch  ( j  — 1) ft sh IL -------
2 ,

ft sh (n -j- 1 — j )  ft

ch nft ch —
2

ch nft ch —
2

7  ^  h  -  1 7  >  h

7 ^  *i —  1

1 —
ch  |ra +  —---- i 1 ft ch ( j  — 1) ft sh

3
ft sh  (n +  1 — j )  ft

ch nft ch
ft

ch n ft ch -

1 —
Ch | n +  — _ i 2j #  ch ( j  

ft
ch nft ch —

j  < . i 2 — 1

1) ft sh ft sh (re +  1 — j )  $

ch nft ch —
2

7 >  h (22)

lea d in g  sim ply to a m atrix o f  order tw o in (21)

E - ^ l  j K - i f Wl W2" l -  y
ch nft sh ft

sh ft ch

_5h
ft ch j

3_
2

3

i , -----—! ft ch I n  4 -  —------ i 9
2 2

ft ch j re -[■ —---- i2
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to be inverted in to
E -

*
К  1 f i W2j J _1

sh #

У s h  (Éj —  i j )  b

sh I i2 —

sh 1*1 - у

- 1

ch И
ch , 3 .1n J--------- i \

2 1
ê

(23)

B y  analogy to  the case o f  one crack, in the fo llow ing the only case o f  a load  
vector

4  ®i
cn e,

(n
(2 n

will he considered. M ultiplying m odified inverse (21) hy load vector q and 
utilizing (22) yields

(24)
w*

К - q  - « <W I1’ +  caW\) "
WÎ J 1 +  V <W f  +  CaW'P .

Sim ilarly to  vector (15), vector m <2* m odifying the displacem ent vector u*2̂  
of the m em ber w ith  tw o cracks compared to  th e  crackfree case is obtained  on 
the basis o f (21) b y  post-m ultip lying the inverse (23) by the tw o-elem ent vector  
(24) and pre-m ultip lying b y  the transpose o f  (22), by the bi-colum n m atrix

wi : w2
1

1 + V > >

* (1> ÿ<2)
_ •

I
I + v

ch(» I I -I-, )a

ch nO ch ^

sl,|(*. -  2)^
J

ch nO ch —

ch (/i + | - / , ) ü

ch n ö  ch —

sh 1

ch (/ -  1 ) t>; i <  /'.
cl' (« I ' <J )i>

ch n 0  ch .

(*2 'll0
ch nO ch :

— ch( i - !)i); / ^ / -  -  I 0 1

sh (« + 1 -  i ) 0 \  i > i 2

ch ( i  ~  lji9; / < /. -  1
<* I” + 1 - <> if

ch nO  ch ^
ch(/' - / < ,iy  -  1

Sh i*2 -  f  )ű
^ sh (n + 1 - i)0; i >  / | ----------- sh (/? + 1 - i)0; i > i2

ch nO  ch -J ch nO  ch —
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M ultiplication b y  th is  la tter involves the follow ing considerations. 
A ssu m e i2 >  iv  Terms <p\1̂ and cpf̂  and and resp. are obv iou sly
[see (18)] subject to d ifferent analytic form ulae, depending on w hether

i ^  — 1 or i i 1 and i i2 — 1 or i ]> i2 resp.

T h u s, in  m ultiplying b y  m atrix  (25), there are three different analytic form ulae  
to  exp ress m odification o f th e  d isplacem ent vector m^2\  depending on w hether

i < .i i — l,

h  ^  ^  *2

A m on g  elem ents o f vector
b  ^  *•

ц(2) - 4 2>
u<2>

o n ly  elem en ts uj,2( and u*,2] characterizing the bar stiffness are w anted.
B y  analogy to the one-crack case, these are obtained by increasing crack- 

free bar end displacem ents and и^  by m odifications mj,2/  and m $ .  M aking 
u se o f  (25), (23) and (24)

q sh  •&
< >

6 ( 1 +  v)2 у  sh (i2 — i j ) #  . 
r~

«Pi1' <p{2)

sh k -  —  U
2 )

sh

ch

— 1

— 1

" + T_,‘
ch n A----------L

2 2

4  <Pl) +  ca V’l( 1 )

Cb <P(2> +  ca ,(2)

m<al =
sh  &

6(1 +  v)2 у  sh (i2 — i j ß
V>iv  ! v i2)I1

sh J
h i i 1*

sh j
h i ) 1*

ch re +

ch n + b

Cb +  c a V P

cb <P{i } +  CaV>1i(2)
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A dding to the crack-free bar end displacem ent (9) results in

4 1
b 1 п(сь +  ca) +  К  V — ca)

coth » 1 - — u
2 )

sh ê
+

, 2cftv +  ca(v  — 1) cft +  ca
ft

2v sh l i , -----— I# sh —
I 2 ) 2

coth i , -----— d -f- th n  -I--------------L
2

2 th  —
2

+
th  (i2 -

г. #  th  —

and so w ill u $  be sim ilarly.
R elative displacem ents needed for determ ining internal forces in  each  

in terval o f the m em ber can be com puted sim ilarly  to  the case o f one crack, by  
adding vector (10) to  product

' N 0 ‘

0 N . m {a ]1.
(16)

M ultiplication b y  m atrix  N yields the difference b etw een  elem ents o f  vector  
m),2* and m*a2). Considering expressions (25) f iv e  different form ulae each are 
obtained for the product elem ents, depending on w hether

1. i <; ij — 2,
2. i =  — 1,

3. i i  ^  *2 2,
4. i — i.) 1,

5. i2 ^  1.

In the case of concrete, cases 2  and 4 are th ose  o f  crack width, w hile for steel 
it  necessarily leads to  a form ula differing from  cb +  ca by a constant m ultip lier  
alone. M ultiplication (26) is advisably done b y  m ultip lying the inverse (25) 
post-m ultip lied  by the tw o-elem ent vector (24) now by the tw o-colum n m atrix

1
1 +  V

N <p<» j N <p<2>
-----------1------------

N ] N1/><«

obtained from (25).
Perform ing the operations we obtain vectors /Imj,2* and /h n ^  m odifying  

the elongation o f crack-free bar lengths. A dding it  to  vector (11) yields:
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C oncrete in terval elongations

A u ff  =  ±
b 1 +  V

ch

( c 6 + c a ) 1 —

sh
K )

1
, CbV — Ca

3
sh » !------- ft ch nft ch —

2 / 2

re — » -f~ ■—  
2

ft
ch re — », -I------

2
Í  sh i —

sh

=  Au$-, i f  i <, i 1 — 2,

c h *

=  —  0
cb +  co

ch ( ix +  i2 — 3)

3 n , . 4 §  '
sh ft ch (i2 — i x) —  

2

Cfc V — ca
ft /.2v sh —  sh », — - H2 1 2 ) j

+

g iv in g  th e  w idth  of the crack nearer to the beam  free end;

A u ®  =  S -
b 1 +  V

ch
1 -

i +  1 -  A ± J i .

ch (i2 — »,)
; i f  »

С/ V
ch —  sh (2 re +  3 — i2 — »i) — 

zJre<^_1 =  X  Í L ± £ « .  -  2 2
b V „ , # , / •  • ч #  , i  , 32 sh  —  ch (i9 — I,) —  ch re H----- — »,

2 2 1 2

b ein g  th e  crack width nearer to  the clam ping, and

M ?  =

ch red- - - - - - - » ftq сь + са 1 2 J
b 1 -f- V ch re -j— - --- »2 ft2 /

; i f  » >  i2
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Steel interval elongations

M V  =  4 -
c b +  c a

b 1 +  V i + i -

sh \

Au®  =  3 -

V л •sh гл -----

sh ( ix — i — i)ft
I 3 ft

sh lî, - ft ch —
Г 2 2

f
i ch [i +  1 -

_3
2 I У

=  A u® ; i f  i  <; i x — 2 ,

b 1 +  V

t2 +  *1

1 +

A it® = q со +  c0
6 l  +  p

1 +

ch (i2 — i x)

ch (re 4- —-----i |  #
1 2

; i f  i x ^  i ^  i2 2,

V * ch n  A------------L
2

; i f  i  i2.

/

A t both cracks, i.e. for i =  i l — 1 and i =  i2 — 1 it  is

Au® -  J L  c» +  c° .
b V

E longation o f the bar sim ulating the bond

Au% =  u ® - u ®

is obtained by increasing (12) by the corresponding m odification

(

ЛЛ2) _  _ï_n u bai —  .
b

4  +  c0 ch (i — 1) ft

2 r s h —  sh
2

h — -
+

ch

+
W  — ca 
V sh ft

* — * i +

2

1

ft

ft \
=  Au® ti i  ^  i x — 1 ,

Ada Technica Academiae Scientiarum Hungaricae 86, 1978



4 4 6 TASSI, G.

M Ü :  =

d u ($ i  =

Я c b +  c a
sh i -|------

b 2 v s h ~
; i x <  i -  1 ,

eh (i2 — ij) y

q Cb +  c a sh (re +  1 — i) ê

2v s h —  eh re -I------
2 2

; i t2 •

5.3. Case о /  are arbitrary number o f  cracks

N o w  the general case o f к cracks in  the concrete w ill be considered  
(F ig . 10) where stiffness of the elem ent sim ulating the concrete van ish es betw een  
nodes ir — 1 and ir (r =  1, 2 , . . . , k). B y  analogy to the one or tw o  crack  
cases, b locks G -|- D o f the original m atrix  [see (2)] pertaining to  th e  crack- 
free case have to he reduced b y  the m atrix

■'! -  0 
*i>

1
-1

-1
1

h -  *)
h)

I

-]
- l
l

I  - 1  

1 1

1 -1 
-1 1
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of rank r, hence w ritten as the sum o f r diades, in the factorized form

b W1 W2 w r . . .  w , (
W .T

W?

-  w *

=  b

\

I
g>*S \

c r a c k  \

<-i \
\

c r o c k \

\  
ir \  

c r o c k \  

i r -1  \
\

c r o c k  \  

\  \  <, К
c r o c k  N

qcb '
'iqc,,

Fig. 10

OJ\at \
I \
о \

\
\
\

%

ir
crock
k-1

crack

2
1

qc„ I

( f

(2
(1

I'qca

Fig. 11
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L et us introduce n otation

w 1 W2 . . .  w r . . . w fc and w*

G eneralizing (14) for (21) y ie ld s for the inverse o f  th e  m atrix m odified b y  к 
diade

{ K  — W W '} - ‘ =  к - 1 +  K 1 W {E  — W * к - 1 w } - 1 W* к - 1. (27)

T hus, under the considered m odified conditions, displacem ents are g iven  
accord ing  to Eq. K u =  q b y

U  =  (K  -  W W * ) - ! q  .

S u b stitu tin g  (27) yields

u « =  K - ! q +  K - ‘ W { E  -  W ^ - i W j - i W W ' K - i q .

m ean in g  th a t vector u ^  o f displacem ents at к  cracking is obtained b y  increas
in g  v ec to r  u ^  for the crack-free case by the m od ifica tion  of the d isp lace
m en ts due to cracking, w here

mt* =  K - ! W { E  -  W* K - í W J - ' W *  K - i q .

L et us determ ine first th e  sub-vectors m^* and o f vector U tiliz in g
(17), (18) and (22)

1
W* K - i

1

1  -J- V

e * -l - e*
e* -l - <

ei - l  - e* _

<PJ1] j vj1*
< p f V ?

• &• 
__

1 v > f

[B  +  vC i В — C] =

(28)
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where

1  +  V

ch re -|- —---- ir \ ft ch ( j  — 1) ft

<p)r) =

ch nft ch —
2

» if  j  < . i r — 1*

sh l r  — sh (re +  1 — j )  ft

—  V

ch rift ch
ft • 1 if  У >  V

ch re ----------ir #  ch (jf — 1) ft
2 !

ch nft ch
ft , i f  j  < L ir — 1,

Vjfr>
sh ft sh (re -f- 1 — У) ft

ch re# ch
ft > if  у ;> *r »

(29)

and r =  1, 2, . . . , k.
B y  th is means r-th order m atrix in  (27) to  be inverted becom es

E - W * K 1W = - — —  [**]; s , i =  1, 2,  r, 
ch nft sh ft

k ,

where

furtherm ore

and

*s< =
Xs » if

« Л м  if

s <; t, 
s ^ t ,

ft

cos =  ch ft.

T he obtained &-th order m atrix to  be inverted  is seen to be a one-pair m atrix, 
hence its inverse is a sym m etric tri-d iagonal. W ith reference to  item  4.1 , a 
sim ple calculation show s the inverse to  be
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{ E - W T ’ W r  1 =

sh 0 
7

sh 1*2 ~ 2*
sh (i’i -  — )»7 sh (/2- i })d

1
sh(i2

1
sh (i'2 -»])«>

sh (ij -  ij)iJ 
sh(/3 -  i2)«>sh(/2 sh (i'3 - i 2)0

1

1_________ch
Л<‘* ~'k- ' )Ő ch(" + f-'*)'J*(í*-'*-|)'’

T h is is  a general case o f  crack ing  to be considered for one-parameter load  
q a c tin g  at the bar end. M u ltip ly in g  the m odified in verse  (27) by q, the colum n  
v e c to r  o f  к elements becom es

W * K - i q = — 2—  [cb<p[r) +  ca y>P],  r =  1 , 2 , . . . , * .  (31)
1 \- V

A ccord in g  to (27), vector o f  the m odification th e  displacem ent vector u ^  
o f  th e  u n it with к cracks com pared  to the crack-free u n it is obtained b y  post- 
m u ltip ly in g  inverse (30) b y  v ec to r  (31) and p re-m u ltip ly in g  by the transpose  
o f (28), a m atrix w ith к co lu m n s

K -!W
1 fp(,i) qr,(2) _ _ . <pF) . . .

1  +  V . 1/jF )  . ■ V>W  .
(32)

P rev io u s considerations for tw o  cracks will be com p leted  by the follow ing: 
ik >  tfc-i >  • • • >  ir >  . . . >  i2 >  ix. From (29) o f  <pjr) and f \ r) (i =  1, 
2, . . . n; r =  1, 2, . . . , k) resu lts  in fact th at upon  m ultiplying by m atrix  
(32), m odification m ^  o f th e  displacem ent vecto r  can  be given in к +  1 
d ifferen t analytic form s, d ep en d in g  on whether

» *i — 1,
i f - 1 <1 Í <1 ir — 1 » r =  2, . . ., к

A m o n g  elem ents of vector
4  < , i

,W :

aga in  th ose  expressing m em ber end point d isp lacem en ts u ^ ; u*  ̂ alone are 
need ed
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„<*> ____ 2___
61 6 ( 1  +  V )2

^  (4". 4 2*.

__  ±__

I sh(f3 - r , ) d  I
sh(i2 -  /j)0  sh(i'3 -  /'2)i? sh(/‘2 - / j ) i  sh(/j

1_________ dl (H 4 f - 4  > ____
sh*■'* c h ( n + | - i t )ijsh(it

V i” + <>

нг *( 2 )
I

Cb* 1 (A)1

and so m^l can be calculated . Adding disp lacem ents (9) of the crackless bar 
end to the m odification  yields

„№) — _ i_  1
bl ~  t  i Ib  1  V

n ( c b +  c a )  +  ( c 6 V +  C0 )

co th  i , ------- #I 1 2 I

sh ß
+

2cft V +  Cg (v — 1 ) ___ Cft +  Cg

2v sh d  sh —
2

coth i
‘- 1 )

#  +  th  Ira +  ~  — i fc| b k t h (ij—ij-x)
-4-- 5---’-+ 2

2 th У-=2 th

Ada Technica Academiae Scientiarum Hungaricae 86, 1978



4 5 2 TASSI, G.

and so i.e. ( u $  =  — A w ill be obtained . E longation o f  section s o f
bar cracked at к places is obtained b y  adding vector (10) for th e  crack-free 
case to  th e  product

Г N 0
. 0 N .

m ik> ~]

m<*> J '
(33)

M ultip lica tion  by m atrix N now yields th e  difference betw een elem en ts o f  
vecto rs and m^*. Taking expressions (p*f\ yt-A [see (29)] in to  considera
tio n , th e  elem ents o f the products w ill have 2k  -f- 1 different form ulae, depend
in g  on  w hether

i < [ — 2
i =  i 1 — 1

i r — 1 <[ i 5Ç i r — 2 r =  2, . . к
i =  i r — 1 r =  2 , . . ., к  — 1

i =  ik — 1 
ik <; i.

A lso n ow , m ultip lication  (33) is advisab ly  done b y  post-m ultip lying inverse  
(30) b y  vector  (31) pre-m ultiplied b y  m atrix

1 - j-  V
N Щ<к)

ï V 2> . . .

ob ta in ed  from  (32). Perform ing these operations, results in vectors Amiy> and 
z lm ^  m od ify in g  the elongation  of crackfree bar sections. Adding it  to  vector  
(10), y ie ld s for the elongation  o f concrete and steel sections

ч СЬ +  с а
(

1
sh hl)

b 1 +  V
V

sh
(. 3

V
/

+
cb v

1 +  v ch n b  ch —
2

n — 1 -I------
2

í . 3 & sh
f. 1«  — h H---- i -------

l 2 2

sh I i-i-------
' 2

=  A u $ ,

i f  i <,  i x — 2 ;
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A u®  =  -Ï-q
ch  —

c b + c a 2
ch  (ij

b v  2 sh —  sh - I ] f t  ch  (i2 — ij) у
+

+
Ch V ---  C„

2vsh  —  sh ( i , -----—
2 2

, i f  i  =  i x — 1 ,

w hich represents the crack w idth  n ex t to  the free beam end,

A u &  =  -SL Cfc +  c°

А»й> =

6 1 +  v

4  c b +  c a

1 ch fi +  1 -  lr +  ' r~l ' л 
1 ______ !______________*

ch ( i r -  i,_ j) ±
, i f  i f- i  ^  i  <  i r —  2 >

/

c h *

2 shh 1»

la tter  being the width o f the r-th crack,

4  c b +  c a

t̂h  (*r — i r- i ) y  +  th  (ir_ , -  ir) y j  , i f  i  =  i r -  1,

г!«й> =

ch - y  sh (2re +  3 — i k — i k —i )  —

f t  . .  f t  [ 3
2 sh —  ch ( ift — i k_ i) —  ch re ------- i k

2 2 2

, i f  i  =  i k -  1,

w hich is equal to  the w idth o f  the crack next to the clam ping,

M V q c b +  c a
ch

1 n + T - \
ft

b 1 +  V ch
V

n  +  —-----i k
Zj

ft

{

А  И<Й> =

V

c b +  c a 

1 +  1»
1 +

sh £ -------
1 2

Cb V — Cg 
(1 -j- v )v

v  sh 

sh ( ix — 1 - i ) f t

sh i , -------
1 2

f t  ch ■

if  i k

=  А и $ , if  i  < .  i x —  2  ;
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А и &  = 9 Cb +  Cg
b 1 - f  v

1 +

ch £ +  1 — V +  i r- i

eh (ir — £r_!)
, i f  ir- i  < [ £ < .£ -  2r;

2 7

Au№  = J L .C» +  c°
b 1 +  v

1 +
ch и -l------------- £

1 2

V
1 3ch \n -)--------
l 2

-  £fc ft
, i f  i ft <; £.

7

T o th e  analogy o f item s 5.1  and 5.2, steel elongation  across the cracks

zluf/P =  4 €ft +  C°
i f  i =  i r — 1,

r =  1, 2 , . . к .b v

E lon gation  of the bar sim u latin g  the bond

A u $  =  u£> -  u<‘>

is ob ta in ed  by increasing (12) by the corresponding m odification

АиШ  =
q \ cb +  ca ch  (i  — 1) d cbv — ca

ch 1 U \

—  sh
3

i t ------- b v s h &  sh Í. 3
h -----“ b

2 2 2

= A ab/9

7

Zln^i 9
sh | f +  i - _  t — h = i 

2 2

2r s h —  ch ( i r — ir- i )  —
2 2

/ 1» $ ,  =  - - * -
9 cb +  ca sh  (n +  1 -  i)0

 ̂ 2 i>sh —  ch In -)-—---- lb
2 2

* £i — l ;

; 1 r 1 ; ir—1 ^  ^  ir 1»

i > * k -
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6. E ffec t o f  th e  yield  o f  th e bar sim u la tin g  the bond

In course o f concrete cracking, relative displacem ent o f  concrete and 
steel points originally in the sam e cross section abruptly gets a va lu e  over a 
longer section where there is no more bond stresses increase. This case is rather 
difficult to  analyze — especially  i f  at a point th e  bond stress does n o t increase 
m onotonously or changes its sign. The forces and reactions and th e  deform a
tion  condition in the m odel m ay be w ritten in  more detail th an  w ill be seen 
here in the case o f the bond described under 3.214, here sim ply th e  com pu
tation  principle w ill be outlined. For a load arranged as under 5. w ith  a param 
eter qn in  the former, fix ed  condition, increased now to q, con com itan t to  the 
assum ed yield at f  places o f the connecting bar one side o f an interm ediate  
crack (Fig. 11), denoting displacem ents in the actual case by u ' ' =  yields 
the equation system

K" = qc + 4m =  q —
1

Cb o- +  T F
-  -

0
1
1

0
1

ca
0

- 1
—1

----------1
О

1
rH

’• 
1

J

(i
i b  +  1

( i r + f ~  1

(b
(v  +  1

(b  +  /  — 1

For the sake of com prehension, le t us write th e  stiffness m atrix for a concrete 
cracked betw een m odes ir — 1 and ir and for th e  yield o f a bar jo in in g  node ir 
at the crack edge. T aking (1), (27) and the connecting bar y ie ld in to  consider
ation, the coefficient m atrix becom es
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Ь 1+1 -1 

-1 2+7 -ol

7
2

-2

-  О

'У

-1  2+7 -1

- 1  1+7 О

О 1 -1
- 1  2+7 -1

7

О

-1  2+7

- V  7 + 2 V

о

- 7

- V  7 + 2 v  - V

- V  2 v  - V

- V  7 + 2 v  - V

- V  7 + 2 v

H en ce , the original coeffic ien t m atrix for the e la stic  crack-free case has to  be  
reduced  by a m atrix К  — W  W * m ultiplied b y  v, and by a matrix

by

ir)

'г)

(35)

M atrix  (35) is a diade w h ich , b y  means of the vec to r  o f  2n elem ents

can be written in the form

by  v x v* =  bfÿ  v'ÿ v * .
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Coefficient m atrix K "  for the case of yield  o f the connecting bar jo in in g  node
i r, ir-f- l, . . . ,ir -\- f — 1 and is obtained by deducing from m atrix К  — W W* 
the product V yV  [/у  V* for yielded bonds, where

More detailed treatm en t w ill be now om itted , exam ples in item  7 refer 
to  the elastic case on ly .

As an exam ple for th e  crack analysis o f reinforced and prestressed  concrete 
structures resp., th e  com m on case of ax ia lly  reinforced or prestressed  bars 
w ill be considered. O m itting  the control o f  the tensile strength  o f  concrete, 
we do not have to  d ifferentiate according to  whether the m em ber is a fully  
anchored prestressed or a norm ally reinforced one, cracking has b een  assumed 
em pirically.

Calculations are essentia lly  aimed at internal forces, deform ations, 
crack w idths for different m esh. Our exam ples w ill refer to concrete, steel and 
bond w ith alinear function  (item  4.).

7.1 Characteristics o f  the examined members

Published data ([2]) were applied in analyzing a member o f 160 cm  length. 
Because o f sym m etry considerations, calculations applied for a bar clamped  
at one end L  =  80 cm in length . The exam ined concrete bar has a cross-sec
tional area o f 192 cm 2, and a modulus of e la stic ity  of 35 000 M Pa (350 000 
kp/cm 2), hence 6[0,1 M Pa] =  b[kp/cin2] =  8 X 107//i (/i being the m esh). R einforce
m ent o f 2 cm 2 cross-sectional area has a stiffness of round 4 X 106/A, resulting  
in  the ratio v =  0 ,05. The bond characteristic coefficient is у  — 1 ,25 X 10 -8 /i2 
P d / A ,  where p J A  has tw o different characteristics, 4 X 102 MPa (4 X 1 0 3 kp/cm 2) 
and 1 2 x l 0 2 MPa ( 1 2 x l 0 3 kp /cm 2) taken o f our tests ([23]). H ere p d is the 
perim eter o f the reinforcing steel and Л  the reciprocal slope o f  th e  linear 
bond shear stress versus relative displacem ent function. Load param eter has 
uniform ly been taken as 4 x l 0 3, irrelevant in  the actual case.

N odal points outside the clam ping cross section am ount to  n =  L/h.  
Indicating the place o f  cracks as the abscissa y r measured from th e  free end, 
w ith  notations in F ig. 12

(36)

Thus
К" =  К  -  WW* — i ÿ  V Ÿÿ V* .

7. Som e resu lts o f  th e an a ly tic  so lu tion  o f  on e-d im en sion a l p rob lem s

ir =  2 -f- entier
h
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I f  th e  ob ta in ed  i r =  ir+l =  ir+2 =  . . .  =  ir+s, th en  the cracks ir+v ir+2, • • • , 
i r+s are le ft out of consideration h y  the calcu lation  since the cracks are w ith in  
th e  sam e interval. To find  th e  subscript i for an arbitrary abscissa y ,  we need  
to  a p p ly

i  =  l +  entier —  .
h

P aram eters for which the fu n ction  values have been determ ined in  the  
exa m p les  have been com piled in  Table I.

Table I

Sign
o f series

N um ber 
of cracks (к ) У'<

[cm]
c a  
[ ]

Cb
[ I

P d IA
[102 MPa] 

[10s kp/cm 2]

A 0 — V l 4

l 35

2 3 5 ,  5 2

4 2 0 ,  3 5 ,  5 2 ,  6 8

В 0 — l 0 12

1 35

2 3 5 , 5 2

4 2 0 ,  3 5 ,  5 2 , 6 8

C 0 — 4

1 35

2 3 5 , 5 2

4 2 0 ,  3 5 ,-  5 2 , 6 8

In all th e  cases h  =  80 cm, q =  4 • 104 N (4 • 103 kp), bh =  8 • I08 N(8 • 107 kp), v =  5 • 10 2, 
h — 10,5, 1 and 0,5 cm

7 .2 . Calculation results

A m on g  the great m an y  data  results for cases А/ l ,  A/2, A /4 and C /l, 
C/2, C/4 in  Table I w ill be p lo tted . The represented quantities are proportional 
to  th e  deform ation o f the elem ents sim ulating th e  concrete, the steel and in  
som e exam p les the bond (Aubi, Auai, Aubai) and, since these are elastic system s, 
to  th e  in ternal forces. F u n ction  values obtained  by analytic form ulae have  
been  p lo tte d  in  mid division  and points connected , in certain cases, a single  
p o in t cou ld  be p lotted (Fig. 12).

T o  visualize the m esh effect, values obta ined  for h =  0,5 cm have been  
traced  in  fu ll line, and for h =  10 cm w ith dashed line, both reduced to  h =  
=  10 cm .
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E longation values characterizing the member stiffnes (ubl) have been 
determ ined for different cases o f  cracking. The increase o f th e  overall elonga
tion  w ith  each crack under constant load is quite conspicuous. F or instance, 
in exam ple A ,  in cases o f  one, tw o, four cracks, the calculated stiffn ess ratio 
com pared to  the crack-free bar w as, for a m esh h — 10 cm (ft =  5 cm in 
brackets): 0,0566 (0,0564); 0,0476 (0,0488); 0,0376 (0,0336).

The stiffness o f the tested  tension  m em ber was seen to ab ru p tly  decrease 
after the first crack b u t to  vary less after subsequent cracks, p o in tin g  to  the 
n ecessity  o f prestress in  stays or tie  rods o f  huge structures (e.g. [21 ]), and to 
th e  im portant change o f  forces and reactions due to stay cracking. T he exam ple 
show s the effect o f m esh to  be m oderate. On the contrary, d ifferent mesh 
w ould be disturbing. T hus, apparently, there is no unam biguous dependence  
betw een calculated stiffness and m esh. R elative deviations b etw een  overall 
elongations, calculated w ith  otherw ise equal data, as a function o f  the mesh, 
ranged from 1,1% to  11,2% . R esults o f  exam ples В  and C dem onstrated  the 
effect o f bond characteristics.

Also the calculated crack w idth  depends on Л and y, and on the crack 
position . R elated  to the series in B,  for у  m odified according to  exam ples C, 
relations o f crack w idths calu lated  w ith  other-w ise equal param eters for mesh 
o f ft =  10 cm (in brackets A — 5 cm) are, in  case o f one crack, 1,371 (1,402), 
for four cracks 1,057 (1,054); 1,029 (1,043); 1,058 (1,046); 1,082 (1 ,069) in this 
order. Several com parisons showed the crack w idth not to  depend typ ica lly  
on the mesh. N ote th at in  the investigated  cases, the relative d ev ia tion  bet
w een crack w idths ranged from 1,6%  to  7,4%  according to  th e  m esh. The 
exam ples included no case where th e  calu lcation  would refer to  one, rather 
than  tw o or more cracks because o f  increased m esh. O bviously, i t  w ou ld  cause 
a rough error, to  be absolu tely  avoided by chosing a mesh incom parable w ith  
the crack distance.

7.3 Conclusions drawn from  calculation results

The elaborated relationships lend them selves also to th e  q u an tita tive  
analysis o f one-dim ensional reinforced or prestressed concrete m odels. For a 
given crack condition stiffness characteristics o f  the member can be calculated. 
The relationships are su itab le to ex a ctly  determ ine internal forces o f  elem ents 
o f an actually  discrete behaviour based on the starting data, or to  apply the 
discrete m odel form ulae — aptly  selecting th e  mesh — as a fair approxim ation  
of the continuous bond.

Selection o f the m esh involves the follow ing conclusions: In  tw o diffe
rent m odels, even i f  the ratio o f in terval lengths is as much as 20 , b u t there are 
su fficien t mesh intervals in  the given dom ain or between the cracks — calcu
lation  accuracy is little  affected  b y  the mesh size. Also, if  m esh d istan ces are
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com parable to crack sp acin gs, the calculation is som ew h at m eaningless. Thus, 
m esh intervals are a d v isab ly  assum ed as lower b y  an order than the expected  
crack w idth . It is easy  to  understand that the accuracy  o f a result does not 
depend  exclusively or p rim arily  on the m esh. N am ely , i f  in  a continuous 
m em ber some crack is s itu a te d  nearer to a node o f  a discrete model belonging  
to  a coarser mesh than  to  th a t  o f a finer one th en  calculation for a coarser 
m esh w ill better approxim ate th e  continuum  con d ition s in the surroundings 
o f  th e  investigated  sp ot (see e.g. the surroundings o f  both  cracks o f  exam ple  
C/2 in  F ig . 12). Of course, th e  deviation  is more lik e ly  to  be greater for a coarser 
m esh as compared to  th e  e x a c t  case for the con tin u u m , but the other case is 
o n ly  possible, as exem p lified  b y  the calculation va lu es referred to. It is typ ica l 
th a t  in  a cracking case, s tiffn ess  or crack w idth, as a function  of the m esh could  
be represented by a m on oton ou sly  increasing, m on oton ou sly  decreasing func
tio n  or such showing in term ed ia te  extrem e values.

To increase the accu racy , reducing the m esh in  subsequent calculations 
for th e  selected system , and  desirous to avoid th e  case referred to  — where 
reducing  the mesh hence add ing  to the calcu lation  work did not result in any  
increased  accuracy — m esh  had  to be reduced according to increasing powers 
o f 1/3. N am ely, in th is co n cep t, odd m ultiples o f  h a lf  interval h w ill y ie ld  ab
scissae to  which characteristics determined from  th e  relative displacem ents 
b etw een  neighbouring n o d es w ill be assigned. T hese mesh halves exactly  
co in cid e  with halving p o in ts  obtained from a finer m esh if  the new in terval is 
( l /3 ) /l tim es the original one (fe =  1 , 2 , . .  .).

8 . Conclusions

A nalytic treatm ent o f  the system  o f eq u ation s for one-dim ensional 
d iscrete reinforced or prestressed  concrete m odel analyses written according  
to  th e  displacem ent m eth od  w as facilitated b y  th e  recognition th at it  is pos
sib le and advantageous to  partition  the coeffic ien t m atrix into four blocks, 
b y  correctly selecting th e  order o f unknowns .

A lthough w ithin  th is  problem , blocks o f th e  coefficient m atrix are not 
com m u tative  even in  th e  sim p le case — th at o f  an elastic, crack-free member 
— blocks of the inverse cou ld  be written. C alculations are centered around the  
th esis  o f  the matrix th eo ry  sta tin g  that the in verse o f  any tri-diagonal m atrix  
is a one-pair m atrix, and v ice  versa.

Consideration o f cracks modified the coeffic ien t m atrix, so th a t each 
crack was affected by one diade of m odification . Thereby the theorem  for 
producing the inverse o f  m odified  matrices could  be applied. Its practical 
application  in the g iven  case  was again perm itted  b y  the quoted reciprocity  
betw een  one-pair and tr i-d iagonal matrices. T he applied principle and the
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developed m ethod permit us to determ ine, for an arbitrary load, the forces 
and the deformed condition, here, how ever, formulae were on ly  g iven  for the 
practical case where external forces act only at the free end o f  the member 
sim ulating the concrete and the steel, o f  arbitary ratio.

The obtained form ulae dem onstrate m odification o f the phenom enon  
upon one, tw o or more cracks. The analysis is much com plicated  b y  the yield 
o f th e  bond model. The m athem atical treatm ent is again m ade possib le by the 
recognition  of the need to m odify the coefficient m atrix already m odified  
because of the cracks by as m any further diades as there are y ield ed  bars.

The exam ple shows the su itab ility  o f the developed relationships for 
th e  exact analysis o f axially  reinforced or prestressed units w ith  really  equidis
tan ce load transfer intervals. Form ulae for the discrete m odel tru ly  illustrate  
the replacem ent o f a continuous m odel by a fin ite one, the obta ined  analytic 
relationships are essentially  contributions to  the evaluation o f th e  m esh applied 
in th e  fin ite  model.
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Bidim ensional Structures. Inst, d i Sc. e Techn. delle Conslr. Milano №  40, 1974

6. D i m i t r i e v , S. A. K a la tu rov , B. A.: R aschet predvaritel’no napryazhennykh zhele-
zobetonnykh konstruktsiy. Stroyizdat, M oscow 1965

7. F o g a r a si , Gy . A d a m i k . M.: H eg esz tett betonacél vázak  (W elded Sk eletons of Rein
forcing Steel). M űszaki K önyvkiadó B udapest. 1976

8. F u j i i ,  M.: Shear Design of Prestressed Concrete Stepped Beams. Journal o f  J a p a n  P. C.
Engineering Association  16 (1974) 5. 33 40

9. Ga n t m a k h e r , F. R. K r e y n , M. G.: O stsillatsionnye m atritsy i yadra i rnalye kolebaniya
m ekhanicheskikh sistem . G ostekhizdat, M oscow 1960

10. G u y o n , Y. : Béton précontraint. E tude théorique et expérim entale. E yrolles, Paris, 1951
11. N i l s o n ,  A. H.: Nonlinear A nalysis o f Reinforced Concrete by F in ite E lem ent Method.

A C I  Journal (1968), 7 5 7 - 7 6 6
12. R o b in s o n , J .  R. — Mo r iss e t , A.: Param ètres fondam entaux de la fissuration  des tirants

en béton armé. Annales de l’Institu t Technique du Bâtiment et des T ravaux Publics 254, 
(1969), 2

13. R ó z s a ,  P.: Lineáris algebra és alkalm azásai (Linear Algebra and its A pplications). Műszaki
K önyvkiadó, B udapest. 1974

14. R ó z s a ,  P. —T a s s i ,  G.: Eine M atrizenm ethode zur Lösung statisch un bestim m ter  System e
im  elasto-plastischen Bereich. Wissenschaftliche Zeitschrift der Technischen Universität 
Dresden. 10, (1961), 1 3 2 9 -1 3 3 2

15. S h e r m a n , J .  — Mo r r iso n , W. J . :  A d ju stm en tofan  Inverse Matrix Corresponding to Changes
in a given Column or a Given Row of the Original Matrix. The A nnals o f  M athem a
tica l Statistics 21, (1949), 124

16. S z a l a i ,  K. —A l m ä s i .  J .  —H e g e d ű s , I. — K o v á c s ,  B.: A vasbe ton  sze rk eze tek  új tervezési
szabványának m űszaki-gazdasági következm ényei (Technical-Econom ical Consequences
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o f  the New Standard for R einforced  Concrete Structures). M a g ya r É pítő ipar 32, (1974),
8 9 - 9 6

17. T a s s i , G.: A feszített b e té t  b etonb an  való lehorgonyzódásának elm élete (The theory of
Anchorage of Prestressed R einforcem ent in Concrete). É p íté s-  és Közlekedéstudom ányi 
K özlem ények (1959) 1 —2, 217 — 218

18. T a s s i ,  G.: Analogy-Based M athem atical Model o f R einforced and Prestressed Concrete
M embers. Periodica P o ly tech n ica , 22 (1978), 3 — 4. 169—204

19. T a s s i ,  G.: Experim entelle F orschungen und B erechnungsm ethoden zur Prüfung der
Grenzzustände von  Spannbetonbalken . Periodica Polytechnica  18, (1974), 189 — 207

20. T a s s i ,  G.: Feszített v a sb eto n  tartók  feszültségi és a lakváltozási állapotai (Stress-Strain
Conditions of Prestressed Concrete Members). Thesis, A cadem y o f Sc. Hung. 1975

21. T a s s i ,  G.: F üggesztett és szabad on  szerelt feszíte ttb eton  hídszerkezetek. (Stayed and
Cantilever Mounted P restressed  Concrete Bridge Structures). M élyépítéstudom ányi 
Szem le. 23, (1973), 5 2 2 - 5 2 6

22. T a s s i ,  G.: Két kapcsolt e lem b ő l álló rúd egydim enziós szám ítási modelljének vizsgálata.
(A nalysis of a O nedim ensional M athematical Model o f  a Bar o f Two Connected E le
m ents). B M E  É p ítő m é rn ö k i K a r  Építőanyagok T a n szék  Tudom ányos K özlem ények 21, 
(1975), 1 4 1 -1 6 6

23. T a s s i ,  G.: Kísérleti k u ta tá so k  a feszíte tt betét lehorgonyzódásának vizsgálatára (E xperi
m ental Research on the In vestiga tion  of Self-A nchorage of the Prestressing Steel.). 
É p ítés- és K özlekedéstudom ányi Közlemények (1960), 2 3 5 —265

24. T a s s i ,  G.: The P ossib ility  o f  Anchorage on F inite L ength  in Pretensioned Prestressed
Concrete. Sc. Publ. o f  the T ech n , Univ. o f  Arch. B u ild g . Civ. and Transp. Engineering  
(1957), 4 1 - 5 0

25. T a s s i ,  G .—W i n d i s c h ,  A.: A  fe sz íte tt  vasbeton szerkezetek  új szabványának m űszaki
gazdasági következm ényei (Technical-Econom ical C onsequences of the New Standard  
for Prestressed Concrete S tructures). M agyar É p ítő ip a r  23, (1974), 97 —103

26. T a s s i ,  G. —W i n d i s c h ,  A .: A n a ly sis  and Model T esting o f  the Anchorage Zone of Post-
tensioned Beams. F 1 P  V I I .  Congress, New York (1974)

Analytische Untersuchung der diskreten Modelle von Stahlbeton- und Spannbeton- 
e lem en ten . Es wird das aus den B e to n , die Bewehrung und die V erbindung repräsentierenden  
E lem en ten  zusam m engesetzte, eindim ensionale Modell von  Stah lb eton - und Spannbetonstäben  
a n a ly tisc h  untersucht. E ine a n a ly tisch e  Behandlung des für das diskrete Modell angeschriebe
nen  Gleichungssystem s wird d ad urch  ermöglicht, daß die K oeffizientenm atrix  des System s in 
gesch lossener Form invertierbar ist. D ie Berücksichtigung der R isse ergibt sich als die M odifi
k a tio n  um  je eine Dyade der K oeffizientenm atrix. D ie A rbeit zeigt auch eine M ethode zur 
B erücksich tigung gewisser p la stisch er  Fromänderungen. D ie  erhaltenen geschlossenen For
m e ln  zeigen, wie sich die E rschein un g in Verbindung m it der R ißbildung im  Falle eines, zweier 
od er  weiterer Risse beliebiger A n zah l gestaltet. Die A nw endbarkeit der Beziehungen wird an 
B eisp ie len  gezeigt. Da die F orm eln  der inneren Kräfte, der Form änderungen und der R iß
b r e ite n  auch das T eilungsintervall des diskreten Modells en th a lten , läßt sich die W irkung der 
W a h l des Teilungsintervalls gu t beurteilen .

А налитическое и с с л е д о в а н и е  дискретны х м одел ей  эл ем ен тов  и з ж ел езобетон а  и 
п р едв ар и тел ь н о  н а п р я ж е н н о го  ж ел езо б ет о н а . В работе р ассм атр и вается  аналитическим  
п у т е м  одном ерная м одель ж е л е з н о б е т о н н ы х  и п р едн а п р я ж ен н о -ж ел езо б ет о н н ы х  стер ж н ей , 
с о ст а в л ен н а я  из элем ентов , п р едста в л я ю щ и х  бетон, ста л ь  и св я зь . Т рактовка ан али ти ч ес
к и м  п у тем  системы у р а в н ен и й , за п и са н н о й  для  д и ск р ет н о й  м одел и  возм ож на бл агодар я  
т о м у , что матрица к оэф ф и ц и ен тов  системы  м ож ет  бы ть и н в ер ти р ов ан а  в зак он ченн ой  ф ор
м е . У ч е т  трещ ин получ ается  к а к  м одиф икация м атрицы  к оэф ф и ци ен тов  по ди аду . В работе  
п ок азы в ается  и метод д л я  у ч е т а  некотор ы х пластичны х д еф о р м а ц и й . П олучени е связанн ое  
с трещ иноватостью  в сл у ч а е  о д н о й , д в у х  или больш е — л ю б о го  числа — трещ ин. П рим еры  
до к а зы в а ю т прим енимость за в и си м о ст ей . Так как ф ор м ул ы  в н утр ен н и х  сил, деф орм аций  
и ш и р и н  трещ ин зак лю ч аю т в с е б е  и ш аг дискретной м о д ел и , вли я н и е выбора ш ага хор ош о  
о ц ен и м о.
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G. Ammeiburg

K O N F E R E N Z T E C H N IK  

V D I-V erlag G m bH  Düsseldorf, 1976, 176 S.

Jetzt, wo auch in Ungarn eine neue Form des Unterrichts der Führungstechnik  in den 
Vordergrund trat, kann diese in der B R D  erschienene, für Ingenieure zusam m engestellte  Arbeit 
von  Interesse sein.

Der Verfasser geht davon aus, daß im Verhältnis zu anderen M itteln der Führung die 
verschiedenen Konferenzen einen relativ schlechten Wirkungsgrad haben. In der Einleitung  
faßt das Buch sofort die tatsächliche S ituation  der Konferenzen zusam m en und es hat eine 
niederschm etternde Meinung von der O rganisation, der Vorbereitung, der L eitung, dem Ablauf, 
dem W irkungsgrad und dem Erfolg der heutigen Konferenzen. Da jedoch die Konferenzen  
unverändert nützliche M ittel der Inform ation, M otivierung, K om m unikation sein können, 
behandelt der Verfasser der Reihe nach die dam it zusam m enhängenden Problem e, Schwierig
keiten  und Lösungsinöglichkeiten. Solche sind z. B. der Führungsstil und die Führungstechnik, 
die diesbezüglichen K enntnisse aus P sychologie und Soziologie; die G ruppengespräche als 
Führungsm ittel; die Persönlichkeit des K onferenzleiters: die Vorbereitung und Regulierung; 
viele E igenarten der K onferenzleitung und des Konferenzablaufs; die R ückkopplung (feed 
back), schließlich die auf der K onferenz sich ergebenden mehrerlei besonderen Situationen.

Das Buch schließt m it der Zusam m enfassung der Benennung der K onferenzarten, 
W iederholung der 17 Thesen der K onferenztechnik und dem Literaturverzeichnis m it 24 Hin
weisen.

Es ist der Mühe Wert als G eschm acksprobe die bald deutschen, bald englischen Aus
drücke der Nomenklatur der K onferenzarten im  Original zu zitieren: B esprechung, Brainstor
m ing, Case-m ethod, D em onstration, Forum , Hearing, K ollege, K ollektiv, K olloqu ium , Meeting, 
M etaplan, Panel discussion, Presentation , Pressekonferenz, Runde, R undgespräch, Seminar, 
Sit-in , Teach-in, Sitzung, Sym posion, Tagung, Team work, Versam m lung, Lehrkonferenz.

Im  Gegensatz zu dieser ausführlichen (und a u f Einzelheiten n icht eingehenden) Auf
zählung beschränken sich die praktischen R atschläge auf eine ausgesprochene Art der Unter
nehm enskonferenz mit nur 8 12 Teilnehm ern.

Die 17 Thesen fassen auch v iele nützliche Ratschläge zusam m en und charakterisieren  
zugleich den wesentlichen Inhalt des B uches, desw egen zählen wir sie hier auf:

1. K onferenzleiter sollte nicht der höchste anwesende Vorgesetzte und auch nicht der 
beste Fachm ann der anstehenden T hem atik sein, sondern ein Könner in K onferenztechnik .

2. Wer sich in einer Konferenz m anipuliert füh lt, sollte zunächst einm al sich selbst 
überprüfen, ob er nicht Vorurteilen unterliegt, und dann freim ütig versuchen diese abzubauen.

3. Wenn eine Konferenz n icht mehr erbringt als die Summe der E inzelleistungen der 
Teilnehm er, dann sollte sie besser unterbleiben.

4. Bei Routinekonferenzen oder häufig sich wiederholenden K onferenzen der gleichen 
Gruppe sollte ein turnusm äßiger W echsel der K onferenzleitung grundsätzlich  angestrebt 
werden.

5. Vertrauen muss als Basis jeglicher K om m unikation zwischen M enschen auch in der 
K onferenz angestrebt werden.

6. Konferenzzeit ist Arbeitszeit eines jeden einzelnen, m ultipliziert m it der Anzahl der 
Teilnehm er.

7. Je besser die A rbeitsvorbereitung, desto mehr Erfolgserwartung für eine rationell 
ablaufende Konferenz.

8. Cliquenbildung jeglicher Art wird stets zum Tod einer K onferenz führen.
9. Die Gegebenheiten des K onferenzraum s tragen entscheidend zum  A b lau f und zum  

E rgebnis einer Konferenz bei.
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10. E ine optische D em onstrationsm öglichkeit gehört unabdingbar zur A usstattung  
eines K onferenzraum s.

11. Pünktlicher B eginn und pünktlicher Schluß sind des A  und Q jeder guten Konferenz.
12. Jeder K onferenzteilnehm er so llte  nach M öglichkeit — ausreichend Vorinforma

tionen  erhalten und ist verp flich tet, sich  intensiv auf die K onferenz vorzubereiten.
13. Der K onferenzleiter greift in die Diskussion der K onferenz nur ein zwecks Steuerung  

und R egelu ng der Ordnung. D ie  e igene Meinung hat er unbedingt zurückzustellen.
14. Nam enschilder (T ischkarten) sind eine w ichtige K om m unikationshilfe; auf diese 

so llte  auch  nicht verzichtet w erden, w en n  die Teilnehmer einander gut kennen.
15. Abstim m ung sollten bei K onferenzen nur dann praktiziert werden, wenn keinerlei 

Chance m ehr für eine K om prom isslösung vorhanden ist.
16. Jeder K onferenzteilnehm er darf sich in der K onferenz so gut blamieren, wie er kann. 

N ur der Konferenzleiter darf a u f k e in en  Fall einen T eilnehm er vor der Gruppe bloß stellen  
oder lächerlich  machen.

17. E in allseits befriedigender Konferenzabschluß ist die beste  Voraussetzung für eine 
p o sitiv e  E instellung der T eilnehm er zur nächsten Konferenz.

E s is t  zweifellos ein W ert des B uches daß es die m it der kom pletten  Abwicklung der 
K onferenzen  verbundenen B egriffe zusam m enfaßt, erläutert un d  zweckm äßige Ordnungsprin
zip ien aufstellt.

Z. Terplán

B E T O N T E C H N ISC H E  B E R IC H T E , 1976

B eto n  Verlag GmbH D üsseldorf

D ie  Publikation en thält a c h t Abhandlungen, die über die neuesten Ergebnisse de 
F orschungsinstitu te  der B undesrepub lik  Deutschland berichten.

D ie  Stuttgarter Forscher beantw orten  auf Grund ihrer Forschungen die Frage, ob die 
Schalldäm m ung der B etonbauw erke den Anforderungen entspricht.

D ie  Schalldäm m ung der aus norm alen Beton (Schw erbeton) errichteten Bauwerke ist 
bei den  durch die üblichen A b m essun gen  bedingten G ew ichte bzw. M assenverhältnisse aus
reichend.

D ie  in den aus Sch ichten  bestehenden Elem enten der P lattenbauten angeordneten  
W ärm edäm m schichten steigern die Schalldäm m ung dieser K onstruktionen . Im  Beton ist die 
V erbreitung des Körperschalls b ed eu ten d , doch ist sein D äm pfungsverm ögen nicht m inder
w ertiger, als das der Ziegelbauten. D ie  Düsseldorfer Versuchsserie lieferte wertvolle A nhalts
p u n k te  zur Planung von Spannbetonreaktoren. Die Ä nderungen der m echanischen K ennwerte  
des B eto n s infolge von N eutronbestrah lung sind unbedeutend. D ie Verminderung der Druck
fe stig k e it ist erst nach Ü berschreitung des Wertes von etw a 3 • IO19 Neutron/cm 2. die der 
Z ugfestigkeit bei mehr eis etw a 1 IO19 Neurron/cm2 zu beobachten . Bei richtiger W ahl des 
Z uschlagstoffes erträgt der B eton  e in e  Temperatur von 200 -r- 300 °C ohne jede Verm inderung 
der F estigk eit. Für diesen Zweck e ig n ete  sich K alksteinsplitt am  besten. Beim Bau von R eakto
ren erw ies sich der im V olum enverhältn is von 3% angefertigte “ Stahlfaden-, Stahlfaserbeton” 
als sehr vorteilhaft.

D ie  gute W ärm eisolierung der Gebäude bildet eine bedeutend e Grundlage der Ener
gieeinsparung. Die diesbezüglichen m inim alen Anforderungen sind in D IN  4108 unter Berück
sich tigu n g  der W ohnungshygiene b ereits festgelegt, doch hat die E rm ittlung der tatsächlichen  
W ärm everluste der Gebäude eine w eitere  Verschärfung der V orschriften  erfordert. Im  R ahm en  
dieser Bestim m ungen wurde der W ärm edurchgang nicht nur der Fenster und Türen, sondern  
auch  der Decken (K ellerdecke u n d  Dachdecke) eingeschränkt. Der W ärmeschutz erstreckt 
sich  a u f die bauphysikalischen Zusam m enhänge zwischen der W ärm edäm m ung, den Tem pera
turschw ankungen und der k lim atisch en  Feuchtigkeit.

Bekanntlich sind die w ärm etechnischen E igenschaften des B etons günstig. Der Autor  
b ie te t  ein ige Beispiele für die A nordung der Wärme- und Dam pfsperrschichten. D ie richtige  
W ahl der zur Verfügung stehend en  u n d  in großem Ausm aß angew andten  technischen Lösungen  
erm öglichen die Befriedigung der Anforderungen der bestehenden  Vorschriften.

D ie  Abhandlung von  W a l y  analysiert, gestützt auf deutsche und amerikanische U n
tersuchungsergebnisse, die m echanischen  Eigenschaften 30- und 50-jähriger B etone und kom m t 
zum  Schluß, daß die D ruckfestigkeit des im Freien gelagerten  Portlanzem entbetons nach  
30 Jahren  2,3mal und nach 50 Jahren  2,5mal größer ist, als die 28tägige Druckfestigkeit. D ie  
Steigerun g des E lastizitätsm oduls kan n  m it 15 -r 20% angenom m en werden.
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Die beschränkte oder hohe Frostbeständigkeit des Betons gew ährleisten  die frostbe
ständigen Zuschlagstoffe. D ie den diesbezüglichen Vorschriften von D IN  4226 entsprechend 
vorgenom m en U ntersuchungen erwiesen sich als unzulänglich, weshalb fü n f große Forschungs
institu te der Budesrepublik Deutschland auf Grund von 130 U ntersuchungen eine neue Quali
fizierungsm ethode ausgearbeitet haben, die den jew eiligen an den B eton  gestellten  Anforde
rungen (Frostbeständigkeitsgrad) unter seiner Bestim m ung (z.B. S ichtbetonfläche, Straßen
belag usw.) entsprechend, die anzuwendende U ntersuchungsm ethode und ihre Auswertung 
vorschreibt.

Die Abhandlung L o c h e r s  befaßt sich m it den die D ruckfestigkeit der Zem ente betref
fenden Fragen. Anhand von fachliterarischen D aten  und auf Grund seiner eigenen Versuchser
gebnisse hat er festgestellt, daß die m ittlere (spezifische) D ruckfestigkeit des Zem entsteins 
2000 kp/cm 2 beträgt. Dieser W ert verm indert sich gesetzm äßig m it dem  Maß der kapillaren 
Porosität. Auch der Erhärtungsprozeß und die Zusam m ensetzung des Z em ents wirken sich 
auf die spezifische D ruckfestigkeit aus. Durch Druck bei hoher Tem peratur kann eine spezi
fische Festigkeit von  6000 kp /cm 2 erzielt werden. Der Erhärtunsprozeß n im m t nach einer 
“ Ruhepause” von 6 Stunden seinen Anfang. Dieser Vorgang kann durch Zugabe von Chemi
kalien oder durch W ärm ebehandlung beschleunigt werden. Das Feinm ahlen des Zementes ist 
nur innerhalb gewisser Grenzen vorteilhaft, da der zu fein gemahlene Zem ent im  Interesse der 
Verarbeitbarkeit des B etons die erhöhte Zugabe von Wasser erfordert, was die Verminderung 
der Festigkeit des B etons zur Folge hat.

Gegenstand der Düsseldorfer Versuche war die Wirkung der verschiedenen Zem ente auf 
die Stabilität der Zem entsuspension und der Verflüssigung zu erm itteln. E s können lückenlose 
Zusam m enhänge zwischen den physikalischen, chem ischen und m ineralogischen Kennwerten, 
sowie den rheologoschen E igenschaften der Zem entsuspension festgeste llt werden. Zu den 
Versuchen wurden 19 Zem entarten m it W asserzem entfaktoren von 0,6 bis 2,0 verw endet. Das 
Resultat wurde m it elektronischer D atenverarbeitung nach dem R egressionsverfahren erm it
telt. Die Stab ilität der Zem entsuspension kann in Funktion der V iskosität und des W asserze
m entfaktors ausgedrückt werden.

Die A bsetzgeschw indigkeit bestim m en vor allem der W asserzem entfaktor und die 
К orn Verteilung.

Die letzte A bhandlung der Ausgabe behandelt die derzeitige Lage und die künftigen  
Aufgaben der B etontechnologie.

Die E igenschaften des Betons sind bekannt und sein Verhalten versch iedenen Einflüs
sen gegenüber können als bereinigte Fragen erachtet werden. In K enntniss dieser ist es stets 
m öglich die technisch  und wirtschaftlich entsprechendste Lösung zu w ählen.

Die A bhandlungen enthalten reiche literarische Inform ationen. D ie Ausgabe ’76 
schließt ein Verzeichnis der bisher veröffentlichten Abhandlungen ab.

B. Goschy

Aurel A .  Beles— Mircea V. Soare

E L L IPT IC  A N D  H Y PE R B O L IC  PA R A B O L O ID A L  SH E L L S U S E D  
IN  CONSTRUCTIONS

Editura Academ ie R om ane -Christie and Partners, Boucharest London 1971, 750 pages,
230 figures, 95 tables, autor’s index

The book entitled  “ E lliptic and H yperbolic Paraboloidal Shells U sed  in Constructions” 
is the expanded translation  o f the one published in 1964 in Roum anian. I t  w as form arly trans
lated  into French (D unod Paris, 1967) and also into German (VEB Verlag für B auw esen, Ber
lin 1971).

The work is divided in to three parts and into  16 chapters, com plim ented b y  8 appen
dices.

The first part discusses the principle rules and solution m ethods o f  the theory of shell 
structures. The second part deals w ith the m em brane theory of elliptic and hyperbolic para
boloidal shells, including the deform ation problem s of the m em brane-like sta te  o f stresses. 
The third part treats the bending theory of elliptic and hyperbolic paraboloidal shells. The 
appendices contain different kinds of useful function tables.

The book collects in one framework all those knowledges which have been w idely  discus
sed on pages o f different international periodicals and congress proceedings. In th is framework
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a considerab le  part is devoted to th e  im portant research results ach ieved  by the authors them 
selves. T h ese  contributed to a great e x te n t  to the clarification o f the sta te  o f stresses and de
form ation s o f elliptic and hyperbolic paraboloidal shells.

A ll th e  problems treated in  th e  book  are discussed in detail. T he form of the discussions 
is com preh en sib le  and clear, the sta tem en ts are convincing. The w hole work is w ell-illustrated  
by figures and diagrams, giving a true in sig h t into the subjects under discussion. All the chapters 
are com plem ented  by a detailed  lis t  o f  references. Through these  th e  possibility is given for 
the fu rth er  stu dy  of the treated problem s.

T he E nglish version o f the book  assures that this prom inent work would become know n  
is a w ider circle than up till now. I t  w ill be a useful aid for all those  who, all over the world, 
are d ea lin g  w ith  theoretical and practica l problems of shell structures. The book could also 
be e x ce lle n tly  used as an tex t book for university students.

P. Csonka

О. Föllinger

L IN E A R E  ATASTSYSTEM E

R . Oldenbourg Verlag M ünchen, W ien 1974, 329 Seiten , 113 Bilder, 2 Tabellen

Prof. Dr. rer. nat. O tto F ö l l i n g e r  schreibt im V orw ort seines Buches: 66 . . . D em nach  
sind die M ethoden zur B ehandlung von  A btastsystem en bis her n ich t in der gleichen w eise  
A lleg em ein g u t geworden wie die M ethoden für kontinuirlichen System e, obgleich durch die 
V erw en du ng  von Prozessrechnern zur Steuerung und R egelung ein sehr aktuelles Interesse  
an derartigen  System en besteht. A us diesen Grund wurde das T hem a in die Reihe “ M ethoden  
der R egelu ngstech n ik” aufgenom m en. Entsprechend der Z ielsetzung der Reihe beschränkt 
sich der T e x t auf die w esentlichen Züge der Theorie und versucht, diese anschaulich und an
w en d u n gsn ah  darzustellen” .

D as B uch beschäftigt sich  m it den Grundprinzipen der linearen A btastsystem en, be
h an d elt die diskrete ^-Transform ation, g ibt Bedingungen für die S tab ilitä t geschlossener R e
gelkreisen , entw irft ein A lgorithm  für endliche Einstellzeit und schlieslich führt in die Theorie 
des Z ustandsraum s ein.

N achd en  im K apitel 1. das A btastvorgang durch B eisp iele deutlich  erklärt wurde, wird 
der D irek ter  Digitaler K ontrolle ( d d c )  am  Hand einer konkreten R egelstrecke erklärt. Zwei — 
in  den Prozessrechnern übliche A lgorithm en die PI P ositons- und Geschwindigkeits A l
gorith m en  werden abgeleitet.

K ap itel 2 ist die m ath em atisch e  Beschreibung des A btastvorganges. Die Erzeugung  
einer Treppenfunktion aus einer kontinuirlichen  Funktion kann au f zw ei W eisen im plem entiert 
und aus einfachen m athem atischen O perationen aufgebaut werden. Physikalisch te ilt es sich  
a u f A b ta stu n g  und Speicherung über die Abtastzeit. D ie m athem atisch e Zerlegung der T rep
p en fu n k tion  führt zu der R eihenschaltun g von Im pulsabtäster und H alteglied. Aus der a llge
m ein en  Beschreibung eines H a lteg lied es werden die Im pulsantw orten  der üblichen H alteglie
der О-ter  und 1. Ordnung hergeleitet.

K ap itel 3 ist die m ath em atisch e  Behandlung von  A b tastsystem en  in der Zeitbereich  
und in  Form  der ^-Transformation. D ie Rechnenregeln w ie Verschiebungs-, D äm pfungs-, 
D ifferenzbildungs-. Sum m ations-, F altungs- und G renzwertregeln, sowie die M ethoden der 
^-Transform ation rationaler L aplace Funktionen und die R ücktransform ation der z-Transfor- 
m ierten  werden ausfühlich ab geleitet. D ie  Transformierten häufig  vorkom m ener F unktionen  
sind in T afeln  zusam m engefasst.

Im  K apitel 4 wird die z-Ü bertragungsfunktion zur m athem atischen  Beschreibung von  
A b ta stsy stem en  eingeleitet. M it deren H ilfe werden die F ührungs und Störübertragungs
fu n k tion en  geschlossener R egelkreisen  abgeleitet.

K ap itel 5 ist dem Problem  der Stab ilität gewidm et. N ach  der D efinition der S tab ilitä t 
w erden notw endige und hinreichende Stabilitätsbedingungen in Zeit und z-Bereich hergeleitet. 
A us den  v ielen  algebraischen Stabilitätsuntersuchungen w erden die bilineare Transform ation, 
die M ethode von Schur-Cohn-Jury, und das Reduktionsverfahren ausführlich behandelt. U m  
S ta b ilitä t , oder Labilität schnell zu  bestim m en werden nur notw endige und nur hinreichende  
B edingu ngen  auch gegeben. S tab ilitätsungleichungen für Polinom e niedrigen Grades, w elche  
in  der P raxis häufig Vorkommen, s in d  auch presentiert. Als graphische Stabilitätsuntersuchun
gen w u rd en  das W 'urzelortverfahren, das Nyquist -Verfahren, die Verwendung der A btast- 
O rtskurve und Frequenzkennlinien dargestellt.
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lin K apitel 6 wird ein Syntheseverfahren behandelt, das es bei kontinuirlichen Syste
men nicht gibt, der E ntw urf au f endliche E instellzeit. Es ist von besonderen Bedeutung, weil 
man den m it dem  Führungsw ert vorgeschriebenen Wert m it konventionellen diskreten Regeln  
in kurzer Zeit n icht erreichen kann. Um eine endliche E instellzeit zu erreichen, kann es sinn
voll sein auch in ein ursprünglich kontinuirliches System  einen A btaster stellen. Die Synthese
gleichungen werden hergeleitet und durch Beispiele erklärt. Der optim ale E ingangssygnal der 
Strecke ist im geschlossenene Regelkreis als Ausgang eines Reglers herstellbar, die Param eter 
des diskreten Reglers werden gegeben. Der Regler ist durch A btast-H alteglieder oder mit 
H ilfe von rationalen kontinuirlichen Übertragungsgliedern realisierbar.

Im  K apitel 7 wird die Beschreibung der A b tastsystem e im  Zustandsraum  presentiert. 
Nach der Behandlung der Grundbegriffe, der T ransform ationen, der Steuerbarkeit und der 
B eobachbarkeit wird der Regler auf endliche E instellzeit im Zustandsrauin entworfen und 
durch ein Beispiel ausführlich erklärt.

Das B uch entspricht den Zielen entsetzt bei dem  Author. Es ist eine gute Einleitung  
in die Theorie linearer A btastsystem e. Sein Vorteil verglichen m it anderen Büchern ist, daß 
das ganze Them a zuerst in der Zeitbereich und nur später m it H ilfe der ^-Transformierten 
behandelt w ird, so verliert der Leser den K ontakt m it dem  ursprünglichen Regelproblem  nicht, 
das in der zeitbereich abgefasst wnirde.

Das B uch, wie andere M onographie der Reihe “ M ethoden der R egelungstechnik” , ist 
als T extbuch für Studenten sow ie für Ingenieure, die das Them a A btastregelungen kennenler
nen m öchten, vorgeschlagen.

R . Haber

G. Franz  (Schriftleiter)

B E T O N -K A L E N D E R  1977

Verlag von W ilhelm  E rnst u. Sohn. Berlin München D üsseldorf 1977. Teil I.: 1085 Seiten,
Teil II.: 1135 S

Di eses W erk ist nun der 66. Jahrgang des von Jahr zu Jahr verjüngt erscheinenden  
vorzüglichen T aschenbuches.

Der erste Band en th ä lt 10 K apitel. Unter diesen sind die bedeutendsten jene, die sich 
mit den Stahlbetonkonstruktionen (W. S c h u h m a c h e r ) ,  m it der Festigkeitslehre (Prof. N. D i 

m i t r o v ) ,  Statik der Stabtragw erke (H. A h r e n s  Prof. II. D u d e c k ) .  B em essung der Stahlbe
tonkonstruktionen und Stabilitätsproblem en ( G .  G r a s s n e r .  Prof. K .  K o r d i n a  Prof. 
U. Q u e s t ) ,  sow ie m it der Bem essung der Spannbetonbauteile (Prof. H. R ü s c h  Prof. H. K u p 

f e r )  befassen.
Der zw eite Band des W erkes enthält 6 K apitel. V on diesen ist die für den Ingenieur 

der Theorie und Praxis unentbehrliche Sam m lung der B estim m ungen am  w eitläufigsten  be
handelt ( I I .  G o f f i n ) .  W iederholt erscheinen einige aus den vorherigen Jahrgängen schon be
kannte K apitel: die A bdichtung von Bauwerken (R. L i n d e r ) ,  die Frage des Erddruckes, 
sowie die Teile, die sich m it der Gründung beschäftigen (N . K l ö c k n e r  H. G. S c h m i d t ) .

Erwähnenswert ist noch unter den neuen K apiteln derjenige Teil, der sich m it der 
Lagerung und den Lagern der Bauwerke befaßt, und diese so äußerst w ichtige und oft ver
nachlässigte Frage des Stah lbetonbauens durch die scharfe G egenüberstellung der richtigen 
und fehlerhaften Lösungen erklärt.

Als neues K apitel erschien im Taschenbuch der B eitrag über Silos (G. T i m - W i n d e l s ) .  

Hier werden säm tliche Fragen in Bezug auf die P lanung, Ausführung und B enutzung der 
Silos eingehend behandelt, und anhand von lehrreichen Bildern und Diagram m en werden 
alle K enntnisse, die auf diesem  Gebiet w ichtig sind, zusam m engefaßt.

Der Schriftleiter Prof. G. F r a n z ,  und die Verfasser der einzelnen K apitel haben sorg
fältig  geachtet darauf, daß dieses Buch über den derzeitigen Stand, resp. über die aktuellen  
Problem e des S tah lbetonbauens einen kurzgefaßten, aber klaren und ausführlichen Bericht 
gibt. Der Text wurde durch zahlreiche Bilder, nützliche Tafeln, D iagram m e und Formeln 
ergänzt. Sehr w ertvoll sind die am Ende der einzelnen K ap itel befindlichen L iteraturverzeich
nisse, die zum weiteren Studium  der verschiedenen behandelten Fragen dienen.

Alles zusam m engefaßt, ist festzustellen, daß der neue Jahrgang dieses Handbuches 
von langjährigen V ergangenheit, der alten Tradition getreu, den Interessen des Stahlbeton- 
bauens nicht nur au f deutschem  Sprachgebiet, sondern auch über dessen Grenzen gute Dienste  
leisten wird.

P. Csonka

Ada Teclinica Academiue Scientiarnm Hungaricae 86, 1978



4 7 0 BOOK REVIEW

V. I . K arpm an

N IC H T L IN E A R E  W E L L E N  IN  D IS P E R S IV E N  M E D IE N  

A k a d em ie  — Verlag Berlin 1977, 235 Seiten , 25 Abbildungen. Ü bersetzung aus dem  Russischen

D a s  vorliegende B uch gehört zur Serie “ W issenschaftliche T aschenbücher” , Reihe  
M athem atik /P hysik . Es ist die überarbeitete  und erweiterte Fassung eines Vorlesungszyklus, 
den der A u tor an der Staatlichen U n iversitä t in Nowosibirsk gehalten hat. In einigen Fällen  
w urde die Auswahl des Stoffes bis zu  einem  gewissen Grade von  den eigenen Interessen des 
V erfassers diktiert, auf der anderen Seite hat m an sich bem üht, die Grundgedanken und  
-ergeb n isse  m öglichst vollständig wiederzugeben.

D a s  B uch enthält fün f K a p ite l. D as erste K apitel beschäftigt sich m it der linearen 
N ä h eru n g , das zweite gibt B eispiele für dispersive Medien. In dem  dritten K apitel werden die 
F ragen  der nichtlinearen stationären  W ellen, dabei im  vierten die Theorie der nichtlinearen  
W ellen  in  M edien m it schwacher D ispersion behandelt. D as fünfte K apitel beschreibt die 
“ E n v e lo p p en ” -W ellen. Im A nhang w erden die Probleme nichtlinearer W ellen m it langsam  
verän d erlich en  Parametern, die E ntw ick lu ng  elektroakustischer W ellen im  Plasm a m it nega
tiv er  D ielektrizitätskonstante, die ponderom otorische K raft eines hochfrequenten W ellen
fe ld es im  m agnetoaktiven Plasm a un d  der K ollaps von P lasm aw ellen behandelt.

D ie  B enutzung des B uches is t  durch Inhalt-, Literatur- und Sachverzeichnis erleichtert.
D a s Studieren des B uches erhebt Anspruch auf m athem atischen und physischen  Vor- 

k en tn isse  v o n  hoher Niveau. Das B u ch  ist für m it dem Problem kreis befassenden Studenten, 
P h y sik er  u n d  Ingenieure zu em pfehlen .

F . C sáki

Ä. Kézdi

F R A G E N  D E R  B O D E N P H Y SIK

A kadém iai Kiadó Bp. 1976. 148 Seiten, 215 Photos und Bilder, 6 Tafeln

D a s Buch von Prof. K e z d i  herausgegeben vom  Akadém ie-Verlag im Jahre 1976 im  
A u ftrag  v o n  dem Verein D eutscher Ingenieure (VD I) ist ein wertvoller Band des vielseitigen  
fach literarischen  Wirkens des A utors auf dem  Gebiet der B odenphysik , der Bodenm echanik  
und der Geotechnik. Das Buch b esch äftig t sich m it einigen hervorgehobenen Fragen der 
B o d en p h y s ik  und beantw ortet d ieselben  aufgrund von neuen Angaben, die im Zusam m enhang  
m it der V erteilung der Körner und Poren nach dem R aum inhalt, m it der Verdichtbarkeit der 
Sande u n d  der sog. Übergangsböden, m it dem  hydraulischen Bodenbruch, der Suffosion und  
E rosion , der Phasenänderungen, die in  den Sandböden auftreten, und m it der Schubfestgkeit 
und Z ugfestigkeit der bindigen B öd en  sow ie m it den anderen bezüglichen Problem en entstehen.

K ennzeichnend für das B u ch  ist , daß es die W echselw irkungen der im  B oden anw esen
den drei P hasen (die B odenteilchen, das W asser und die L uft) untersucht. Der A utor führt 
für den  zw ischen den körnigen un d  bindigen Böden befindlichen Boden eine neue D efin ition  
ein u n d  te ilt  die auf denselben bezüglichen  und aufgrund von E xperim enten erhaltenen K ennt
nisse m it. A uch im Zusam m enhang m it den Phasenbew egungen wird über neue K enntnisse  
b er ich te t, un d  zwar in Z usam m enhang m it der M öglichkeit der Versandung der E ntnahm ebrun
nen u n d  m it der in den D reiphasenzonen auftretenden W asserbewegungen. Im  Zusam m en
hang m it  dem  Verhalten wird der sog. Selbstfiltereffekt ausführlich analysiert. E in besonderes 
V erd ien st des Buches ist, daß es eine einheitliche U ntersuchungsm ethode durchführt; die 
A u sw irku ngen  der Phasenänderungen wurden m it Hilfe des Dreiecksdiagram m s analysiert.

In  dem  Einleitungskapitel g ib t der Autor die Untersuchungsgründe der Phasenände- 
rungen  bekannt. Abschnitt II behan delt die bodenphysische A nalyse der Bodenteilchen und  
der T eilchenm engen, und zwar die V erteilung der Grobkörner, der Porengrößen im  feinkörnigen  
M aterial, den Zusammenhang zw ischen  der Kornverteilung und der V erdichtbarkeit, die E igen
sch a ften  der körnigen M ischungen un d  die Verdichtbarkeit der Übergangsböden. A bschnitt III  
erörtert d ie  Fragen dier F estigk eit, und zwar der F estigkeit der Sande, der Übergangsböden  
und der bindigen Böden, den Sprödbrucli der Böden, und die Schubfestigkeit der bindigen  
B öd en . E in ige  Fälle der P hasenbew egungen werden im A bschnitt IV behandelt, wo nach der 
Z usam m enfassung der grundsätzlichen G esetzm äßigkeiten der W asserbewegung in den ge
sä tt ig te n  Sanden der hydraulische B odenbruch, die Suffosion und Erosion, die in den Drei-
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phasenzonen auftretenden Phasenbewegungen, w eiters, in den bindigen Boden stattfind en den  
Bewegungen erörtert werden.

Das L iteraturverzeichnis um faßt 87 W erke und Abhandlungen. Es is t  bedauerlich, 
daß die auf den Zwei- und Dreiphasensickerungen bezügliche heimische und ausländische  
(besonders die neueste) W asserbau-Fachliteratur im  Verzeichnis kaum erwähnt wird.

Das Fachbuch, welches die neuesten E rgebnisse der Bodenphysik und darunter in erster 
Linie die Versuchsergebnisse der Autors und des G eotechnischen Laboratorium s der Buda- 
pester Technischen U niversität darstellt, kann in den  K reisen der sich m it der B odenm echa
nik und G eotechnik beschäftigenden Ingenieure m it voller Anerkennung rechnen. A uch  die 
in  der Praxis arbeitenden Fachleute können in d iesem  B uch Lösungen zu Problem en finden, 
m it denen sie sich seit langem  beschäftigen.

Ő. Starosolszky

Miklós K o zá k

B E R E C H N U N G  D E R  NICHT P E R M A N E N T E N  W A S SE R B E W E G U N G E N  
B E I F R E IE R  O B E R F L Ä C H E

Akadémiai K iadó, 1977. 410 Seiten

Das Buch befaßt sich im I. Teil m it der T heorie, im  II. Teil m it der praktischen Be
rechnung der n icht perm anenten W asserbewegungen bei freier Oberfläche.

D ie W ahl des Them as ist ungemein zeitgem äß, da die Mehrzahl der in der N atur auf
tretenden W asserbewegungen temporär veränderlich, also nicht permanent ist. In der Praxis 
des W asserbauingenieurs ergeben sich zahlreiche A ufgaben , wo es unerläßlich ist, den zeit
weise wechselnden Charakter der W asserbewegung in B etracht zu ziehen. Solche sind z.B. 
die Ansam m lung der W asser im Zuflußgebiet, das A bziehen der Flutwellen und die M öglich
keit ihrer Vorhersage, U ntersuchung des W asserhaushaltsgleichgewichtes von See, Speichern, 
die Berechnung von , in K anälen und Flüssen en tsteh en d en  nicht perm anenten Ström ungen, 
ferner die tägliche Regulierung von Staustufen und Spitzenkraftwerken, die planm äßige  
Sicherung der Vorbedingungen der Schiffahrt, d ie planm äßige Inbetriebhaltung des kom pli
zierten, geregelten B etriebes von Bew ässerungskanalsystem en, Betriebsproben von  Durch
flußbauwerken und W asserstandregulierungswerken usw . In allen angeführten F ällen  kann es 
erforderlich sein allgem eine hydraulische Berechnungen vorzunehmen, deren Z w eck es ist, 
die w ichtigsten hydraulisch-technischen K ennw erte des System s für die ganze D auer des 
Vorganges zu bestim m en. Die Berechnungen können m it H ilfe der Theorie der n icht perm anenten  
Ström ungen durchgeführt werden.

Zur Lösung solcher Aufgaben bietet das B uch theoretische Grundlagen und zahlreiche 
praktische A nleitungen.

Im  ersten Teil des Buches hat der Autor die theoretischen Grundlagen des Problem s bei 
eingehender Bearbeitung der internationalen F ach literatur festgelegt und m it se inen  eigenen  
Forschungsergebnissen ergänzt, die sich vornehm lich auf die Berechnung der, in B etten  mit 
zusam m engesetzten Profilen entstehenden, nicht perm anenten W asserbewegungen beziehen. 
Das Verdienst des Verfassers besteht in der E in fachh eit, Verständlichkeit und in der klaren, 
deutlichen Fassung des Stoffes. Im  Interesse der V erständ lichkeit ist die der H ydrau lik  entspre
chende, ingenieurm äßige Denkungsweise in den Vordergrund gestellt.

D ie sehr reiche Fachliteratur hat der Autor richtig  verarbeitet und in B etra ch t gezogen  
und war hauptsächlich darauf bedacht, für die Berechnungsverfahren der eindim ensionalen  
Ström ungen gut brauchbare theoretische G rundlagen zu schaffen.

Ein besonderes V erdienst des Buches b esteh t in der Fortentwicklung zahlreicher E in
zelheiten des Them as, besonders in der ausführlichen Bearbeitung und Lösung von  prakti
schen Aufgaben, wie die Berechnung von F lu tw ellen , das ergänzende O berflächengefälle, Theo
rie der Charakteristiken, Berechnung und B em essung der kom plexen Speicher, K analsystem e  
und B etten  zusam m engesetzter Profile, der D am m brüche usw.

Im  ziveiten T eil des Buches löst der Autor ausschließlich praktische B eisp iele , denen er 
kom plette in FO R T R A N -IV . verfaßte Program m listen beifügt.

Es ist den Fachleuten allgemein bekannt, daß  die nicht permanenten W asserbew egun
gen bei freier O berfläche — praktisch — nur m it e inem  Digitalautom aten berech n et werden 
können. Der Autor g ib t deshalb für alle w ichtigeren Berechnungsverfahren das vollständige
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in  F O R T R A N -IV  verfaßte m athem atische Programm an. D ie Programme sind irn Subrutin- 
sy stem  angefertigt und eignen sich  in entsprechender W eise zusam m engestellt — zur L ö
sung zahlreicher Aufgaben. D etaillierte  Beschreibungen und Beispiele erleichtern das V er
stä n d n is  der Programme.

D a s W esen der auf dem  Subrutinsystem  beruhenden Berechnungen besteht darin, daß  
die B erech nu ng der einzelnen P hasen  der nicht perm anenten Strömungen (die B erechnung  
der P rofilkennw erte, G leichungskonstanten, P hasenkonstanten, Anfangs- und G renzbedin
gungen  usw .) in je einer selbstständ igen  Algorithm engruppe und diese dann in FORTRiVN IV 
angegebenen  Subrutinen zusam m engefaßt sind. H ierm it hat der Autor einen neuen W eg  
in der H ydrau lik  eröffnet, nam entlich  die Normung der B erechnung der nicht perm anenten  
W asserbew egungen , ihre V ereinfachung und M echanisierung. D ie U neigennützigkeit des V er
fassers b ezeu gt der U m stand, daß er im Buch zahlreiche, vollständige Programme angib t, 
die u n m itte lb a r  abgeschrieben w erden können und die v ielerorts noch als A m tsgeheim nisse  
b eh a n d e lt werden.

D ie  in  Buchform erfolgte Veröffentlichung solcher, detaillierter Programme, die sofort 
kop iert w erden können, ist heute noch  ungewohnt. D er A utor w ollte auch hiermit die L ösung  
zahlreicher hydraulischer A ufgaben m it Hilfe von R echenautom aten und die raschere V er
b reitu ng  solcher Verfahren fördern.

H insich tlich  der hydraulischen Berechnungen ist es ein langentbehrtes Werk, das sow ohl 
Forscher, als auch praktisch tä tig e  Ingenieure gut gebrauchen können. Einen besonderen  
V orteil b ie te t  das Buch dadurch, daß es auch zu Lehrzw ecken geeignet ist.

J .  B o g á r di

László Rétházi

G R U N D W A S SE R  IM T IE F B A U

ln  der ungarischen F ach literatur ist dies das erste B uch , welches die technischen und  
w irtsch a ftlich en  Probleme des Grundwassers in allen seinen Zusammenhänge ausführlich  
um faß t. E s handelt sich n icht um  “ technische L iteratur” , denn dieses Buch kann n ich t nur 
von  den  F ach leuten  des T iefbaus, sondern auch von denselben der Geologie. H ydrologie, Me
teoro log ie , und auch der Landw irtschaftskunde m it E rfolg entweder als Sam m lung v o n  In 
form ation sbelegen  und R ichtlin ien  für eine M ethodologie oder zu deren w issenschaftlichen  
F orsch u n gen , sowie zur Lösung ihrer praktischen A ufgaben benu tzt werden. Dies soll zugleich  
ein H in w e is  darauf sein, daß dieses Werk auch die Forschungsergebnisse aller zugeordneten  
D isz ip lin en  (der anderen W issenschaftszw eigen wie P h ysik , Chemie, Mathematik, usw . m ite in 
b egriffen ), die m it dem A uftreten  des Grundwassers, m it seinem  Vorkommen, seinen E ig en 
sch a ften  und m it seiner B ehandelbarkeit in Beziehung gebracht und in diesem Z usam m enhang  
verw ertet werden können.

In  e inem  Sonderabschnitt beschreibt der A utor die m athem atischen M ethoden, m it 
deren H ilfe  die m it B eobachtungen und Datenm engen arbeitende semiempirische G eophydro- 
logie erfolgreiche Voraussagen m achen kann. Dazu gehören der Bestand der D ich te- und  
V erteilungsfunktionen , die A ufste llung der stochastischen Zusammenhänge, wie auch  die 
U n tersu ch u n g  der Periodizität.

D ieses Werk ist eine M onographie, in welcher die Forschungsergebnisse der V erfasser  
der im  Literaturverzeichnis angeführten 342 Abhandlungen und Bücher zu finden sind und  
w ozu der A utor besondere A usw ertungen, Grenzwerte un d  Feststellungen im Zusam m enhang  
m it deren Zuverlässigkeit hinzufügt. Der Autor hat auch den S to ff seiner eigenen 26 A u fsätze  
b en u tzt, wodurch das W erk die eigenen technischen Erfahrungen und Kentnisse des A utors  
als des b esten  Fachm anns der D iszip lin  in Ungarn dem  Leser m itteilt.

D as W erk gliedert sich in zw ei Teile. Der erste Teil behandelt theoretische und m eth o d i
sche P rob lem e, w'ährend der zw eite sich m it den praktischen Fragen beschäftigt. D iese beiden  
T eile s in d  im  Verhältnis zueinander und die einzigen A b schn itte  untereinander harm onisch  
proportional aufgebaut. D ie A bfassung ist nicht w ortreich , sondern klar und fo lgerichtig . 
D ie A b bildun gen  erklären in entsprechender Zahl und m it gehöriger Kraft den T ext, un d  die 
in dem  A nhang von 20 Seiten zusam m engestellten T abellen  beeinsträchtigen in keiner W eise  
die L esbarkeit.

D er erste Teil enthält die folgenden Kapitel: die E ntsteh un g und K lassifikation  der 
G rundw asser; die physischen, chem ischen und biologischen Kennwerte des G rundwassers;
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W ärme- und W asserhaushalt und K apillarität der oberen Bodenschicht; die atm osphärischen  
Erscheinungen, der N iederschlag, die Verdunstung; die räum lichen und zeitlichen Änderungen  
des G rundwasserstandes; die Voraussage des G rundwasserstandes und der dam it zusam m en
hängende m athem atische Apparat.

Der Inhalt des zw eiten Teils ist: die V orbereitung der Tiefbauarbeiten; A ufklärung der 
G rundwasserverhältnisse; Wirkung der natürlichen und künstlichen Faktoren (der W asser
läufe, Verhältnisse der Geländeobefläche, der technischen Einwirkungen, usw .); E rm ittelung  
der Grenzwerte des Grundwasserstandes; der W asserentzug und die Lösungen von  weiteren  
Tiefbauproblem en; A nalyse von  Gebäudeschäden.

Zusam m enfassend kann festgestellt werden daß das Werk eine Menge von während  
eines Lebens angehäuften gründlichen K entnissen eines hochgebildeten W issenschaftlers 
enthält.

H. H êjj

G. Franz (Schriftleiter):

B E T O N -K A L E N D E R  1978

TASCHENBUCH FÜR BETON- ,STAHLBETON- UND SPANNBETONBAU, SOWIE DIE VERWANDTEN FÄCHER 

Verlag von  W ilhelm  Ernst u. Sohn. Berlin M ünchen Düsseldorf 1978

Der B E T O N -K A L E N D E R  das zweibändige Standardw erk des B etonbaues steh t nun 
in  seiner 67. Auflage den E xperten  des Faches zur V erfügung.

Der erste Band des W erkes besteht aus 12 K ap ite ln  in einem Um fang von  1165 Seiten. 
Diese befassen sich unter anderen eingehend m it den E igenschaften  der Stahlbetongrundstoffe  
(Prof. J. B o n z e l . W. S c h u m a c h e r ), m it dem K räftesp iel der drei- und vierseitig  gelagerten  
R echteckplatten  (Prof. F. Cz e r n y ), m it den w ichtigen Aufgaben der Festigkeitslehre im  In
genieur-Bauwesen (Prof. N . D i m i t r o v ), m it der S ta tik  der Stabtragwerke (H . A h r e n s , Prof. 
H. D u d d e c k ), m it den gültigen Bem essungsnorm en der Stahlbetonkonstruktionen. 
(E . G r a s s e r ), m it den Bem essungsproblem en der Stah lbetonbauteile  (Prof. K. K o r d i n a , Prof. 
U. Q u a s t ), sowie m it dem  Problem  der Spannbetonkonstruktionen (Prof. H, R ü s c i i , Prof. 
H . K u p f e r ).

Der zweite Band en thält 1006 Seiten, deren H älfte ungefähr über die in der B R D  gülti
gen B estim m ungen und Norm en eingehend berichtet (II. G o f f i n ). Sehr gründlich wird die 
Berechnung der B auteile  m it zweiachsigen Spannungszustand (Scheiben) (W . S c h l e e h ), 
sowie die Fragen des B etonstraßenbaues behandelt (J . S c h l u m s , Prof. D. S c h w ä r ).

In der neuen Ausgabe wurden die aus den vorigen  übernom m enen K apitel vollständ ig  
um gearbeitet. Das war besonders von dem U m stand begründet, daß ab 1. Jänner 1978 in  der 
B R D  anstatt der früheren M esseinheiten das neue SI-M ess-Systein eingeführt wurde, und in
folge dessen auch die B enennung einiger Baustoffe sich änderte.

Im Vorwort des Buches wird ein schönes A ndenken  dem unlängst im A lter von  88 
Jahrerf verstorbenen Prof. E. R a u s c h  gestellt und a u c h  dessen ungarische H erkunft erwähnt 
(hervorragender Autor des K apitels »M aschinellfundam ente«). In der neuen A usgabe wurde 
dieser Problem enkreis (F . P. M ü l l e r ) m it den B em essungsfragen der B audynam ik erweitert. 
Neu ist weiterhin das K apitel, welches die N iederländischen Stahlhetonbestim m ungen w eitge
hend behandelt ( W .  H o f ).

Diesen reichen und abw echslungsvollen S to ff des Taschenhuches überblickend ist ein
deutig festzustellen, daß der bekannte Redaktor Prof. G. F r a n z  die sich gut bew ährte Tradi
tion treu bewahrt hat: die neue Ausgabe —  den bisherigen ähnlich -  den Interessen des B eton
baues vorzüglich dient, und als solche, auch w eitaus über die Landesgrenzen, eine bedeutende  
Hilfe für die Fachkreise sein wird.

P. Csonka
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A . M älm eisters , V. T am uzs , G. Teters 

M E C H A N IK  D E R  PO L Y M E R W E R K ST O FFE  

A kadem ie-V erlag, Berlin, 1977, 597 Seiten

D ie  rasche Entw icklung der chem ischen Industrie erm öglicht die m assenhafte und  ver
h ä ltn ism ä ß ig  billige H erstellung v o n  K unststoffen versch iedenster Eigenschaften. D iese Stoffe  
k ö n n en  aber in  der M aschinen-, Fahrzeug- und B auindustie nur dann Anwendung finden , wenn  
gen ü g en d e  und verläßliche T heorien und Verfahren zur Beschreibung der F estigk eitse igen
sch a ften  dieser Stoffe und des m echanischen Verhaltens der aus diesen angefertigten K onstruk
t io n en  u n d  Bestandteilen zur V erfügung stehen.

B ekann tlich  weichen die F estigkeitseigenschaften  der K unststoffe wesentlich v o n  jenen  
der herköm m lichen Stoffe ab. D ie K unststoffe sind im  allgem einen anisotrop, auf T em peratur
än d eru n gen  sehr em pfindlich, ihre Schubsteifigkeit ist gering und sie neigen sehr zu b ed eu ten 
den p la stisch en  und viskosen Form änderungen. Daher eignen sich die herköm m lichen Theorien  
der M echan ik  nicht zur U ntersuchung von, aus K un ststo ffen  hergestellten K onstruktionen . 
S ta tt  d en en  sind solche allgem ein gültige Theorien erforderlich, die auch die erw ähnten beson
deren E igenschaften  der K u n ststoffe  in Betracht zu ziehen geeignet sind.

D er  großen technischen u n d  w irtschaftlichen B edeutung der K unststoffe entsprechend  
n im m t d ie  Anzahl der Werke und A ufsätze, die ihr m echanisches Verhalten behandeln, laufend  
zu. D ie  v o n  A. M ä l m e i s t e r s ,  V. T a m u z s  und G. T e t e r s  1972 in russischer Sprache verfaß te  und 
1977 a u ch  in deutscher Ü bersetzung erschienene M onographie ist von besonderer B edeutung. 
In  d iesem  W erk veröffentlichen die Autoren in einer einheitlichen Form die zur U ntersuchung  
v o n  K unststoffkonstruktionen  geeigneten  Theorien und Berechnungsverfahren und führen die
se, an  der Lösung von zahlreichen Beispielen der Ingenieurpraxis vor. Das W erk e n th ä lt die 
fo lg e n d e n  w ichtigsten K apitel: B eschreibung des Spannungs- und Form änderungszustandes; 
Z usam m en han g zwischen Spannungen und Form änderungen bei elastischen Körpern; Stoffe  
m it Theologischen Eigenschaften: P lastische Körper; B ruchtheorien; Steifigkeits- und Stab ili
tä tsu n tersu ch u n gen  von Stäben , P la tten  und Schalen.

W ie  aus obiger A ufzählung ersichtlich, behandelt das B uch von den G rundbegriffen  
a n g e fa n g en  alle wichtigeren T heorien  der Festigkeitslehre; befaßt sich besonders m it der 
W irk un g der durch T em peraturänderung und Schub verursachten Form änderungen, ferner 
m it d en  v iskosen , plastischen und n ich t linear elastische Stoffen , da diese Fragen im  Zusam 
m en h an g  m it K unststoffkonstruktionen von  grundlegender B edeutung sind. Für die Praxis 
sind besonders die beiden letzten  K ap itel interessant, w eil sie anhand der Lösung zahlreicher  
B eisp ie le  aufzeigen, in welcher W eise die angeführten besonderen W irkungen und M aterial
e ig en sch a ften  der K unststoffe bei den  Festigkeits-, S teifigk eits- und Stabilitätsuntersuchungen  
von  S tä b en , Balken, P latten  und Schalen in R echnung zu Stellen sind.

D ie  Verfasser behandeln den  S to ff auf einem  hohen theoretischen N iveau in einheitlicher, 
ü b ersich tlicher Form, wo sie m it In d izes versehene T ensorzeichen verwenden. Die versch iedenen  
A u fgab en  sind analytisch gelöst, die M öglichkeit der A nw endung numerischer M ethoden ist 
n ich t erw äh nt. Die in L iteraturverzeichnis angeführten 350 Bücher und A bhandlungen sind  
v o rn eh m lich  der sowjetischen F achliteratur entnom m en und bieten eine vorteilh aft^  Ü ber
sich t der erzielten  w issenschaftlichen Ergebnisse.

D a s in theoretischer und didaktischer Beziehung gleicherm aßen vorzüglich verfaß te  
W erk v o n  A. M ä l m e i s t e r s ,  V. T a m u z s  und G. T e t e r s  befriedigt vor allem die auf den neuen  
G eb ieten  der Festigkeitslehre tä tig en  Forscher, Lehrer, sow ie die Hörer postgradualer F ort
b ildu ngsk urse, doch bietet es auch  den in der Industrie und in K onstruktionsbüros tä tigen  
T ech n o lo g en  und K onstrukteuren w ertvolle Hilfe.

S. K a lis zk y
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Stiller, Th.

GROSSE FO R SC H ER  U N D  E R F IN D E R . L E B E N  U N D  W E R K

SCHÄTZE IM D EU TSC H E N  MUSEUM

V D I Verlag — Verlag des Vereines D eutscher Ingenieure. D üsseldorf 1978

U nlängst wurde die 75. Jahreswende der Gründung des Münchener D eutsch en  M useums, 
eines der ältesten  und reichsten fachgesch ichtlichen M useen der W elt, gefeiert. A nläßlich  dieser 
Feier hat die D irektion in neuer und schm ucker A usstellung den Band erscheinen lassen , welcher 
das dort aufbew ahrte, äußerst wertvolle G edenkm aterial dem onstriert.

D ieses Werk en th ä lt das Porträt, die kurze Beschreibung des Lebens und Lebensw erkes 
von 77 ausgezeichneten W issenschaftlern, deren bedeutendstes Werk im M useum bew ahrt blieb. 
U nter diesen werden erwähnt N e w t o n ,  L e i b n i z ,  B e r n o u l l i ,  E u l e r ,  E i n s t e i n ,  H e i s e n b e r g  

und unter den berühm ten Erfindern W a t t ,  S t e p h e n s o n ,  S i e m e n s ,  E d i s o n  und 
unter den berühm ten Erfindern W a t t ,  S t e p h e n s b o n ,  S i e m e n s ,  E d i s o n  und die Brüder 
W r i g h t .  Jedem  Forscher, resp. Erfinder werden im B uch nur je zwei Seiten  gew idm et, und 
auch deren großer Teil ist vom  Bildm aterial besetzt. Infolgedessen sind die T ex tte ile , die über 
die einzelnen Gelehrten berichten, äußerst kurz gefaßt, doch zeigen sie sehr treffend und über
zeugend ihre Tätigkeit und ihre Bedeutung.

Das W erk ist durch sein reiches und schönes B ildm aterial, sowie durch seinen w ertvollen  
Inhalt eine besonders interessante Lektüre und zugleich auch ein schöner B ew eis von  dem  
außerordentlich wertvollen und reichen G edenkm aterial, das im  D eutschen M useum  bewahrt 
blieb.

P . Csonka
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P o lin szk y  e t  al.: A Logic Theory o f  H azards and its A pplica tion  to Com
bustion Processes

The aim  of th e  p re sen t p ap er is to  in tro d u c e  a theo ry  of h a za rd s , an d  an  
a c tu a l a p p lica tio n  thereof. T h is th eo ry  describes th e  idea of h a za rd s  by  
logic r a th e r  th a n  b y  an  a lgeb raic  q u a n ti ty .  T he in tro d u c tio n  in fo rm s on  
how to  m odel th e  h a za rd s  o f any  a c tu a lly  o p e ra tin g  p lan t. As a n  a p p lic a 
tio n  of th e  th e o ry  of h a za rd s , a s tu d y  on  com bustion  processes u s in g  th e  
m eth o d  of s ta tio n a ry  th e rm a l co n d ito n s w ill be described. T h en , on  th is  
basis th e  coefficien ts o f co m b u stio n  process h aza rd s are d e te rm in e d . W ith  
these fac to rs  know n , th e  h aza rd s  o f a ll th e  e lem en tary  e v en ts  feasib le  
in th e  a rea  assoc ia ted  w ith  th e  co m b u stio n  processes will be th eo re tic a lly  
ca lcu la ted , b y  ta k in g  in to  fu ll acco u n t th e  p recond itons o f h a za rd s .

Acta Techn. Hung. 86 (1978), pp. 271 — 285

B a r t a ,  J.: Survey o f  Some Variational Theorems in Elastostatics

Variational theorem s will be exam ined to  show whether these are m inim al 
theorem s at the sam e tim e. The proofs will be carried out by applying  
the influence numbers as is usual in the theory of structures. A num erically  
elaborated exam ple elucidates the application of the different theorem s.

Acta Techn. H ung. 86 (1978), pp. 287 — 300

W e b e r ,  J. — L e o p o l d ,  J.: A n  Investigation o f Chip Form ing B ased on 
the Theory o f  E lasticity

The paper presents a m odel for calculating the stresses on th e  cu tting  
surface of a cu tting  tool based on the theory of sliding lines. T he sliding  
line fields know n since L e e  and S h a f f e r ,  are extended ad for the coefficient 
of friction, the possible chip angle and a realistic cutting edge radius. 
Some results o f numerical calculations are discussed; they show  the great 
influence o f the cutting edge radius on the stress distribution.





K .A LIN SZK Y , S.: S im ple , Discrete Models o f  the E lastic Subgrade

Paper presents the pyram id and the shear m odels o f subgrade w hich  
both can be used for the numerical analysis o f elastically  supported struc
tures and the subgrade, as well. Containing tw o independent param eters 
the shear model is qu ite general, since as special cases the W inkler — 
Zimmermann and the pyram id models are also included in it. The applica
tion of the two discrete m odels is illustrated by a numerical exam ple.

Acta Techn. Hung. 8 6  ( 1 9 7 8 ) ,  p p .  30 1  — 3 1 6

Acta Techn. Hung. 86 (1978), pp. 317 329

H u s z t h y ,  K . :  Rem arks on the Calculation o f  the Tooth Friction Losses 
o f  Gears

Numerous hooks and papers have dealt w ith the tooth friction losses o f  
gear pairs. In the basically  equivalent formulae deduced by different 
authors the coefficient o f friction is a mean value determined by som e  
experim ent. The present paper aims at a more accurate definition of the  
“ mean” friction coefficient and at clarifying the conditions under which  
the relation for tooth  friction are valid.

Acta Techn. Hung. 86 (1978), pp. 331 -362

T e v a n ,  G y .  T ó t i í ,  F . :  A  Clear Algorithm fo r  the Calculation o f the L inear  
induction M otor, Rased on Field Theory

The authors discuss an (approxim ate) algorithm  based on “field theory” 
consisting of relatively sim ple formulae for calculating the linear induc
tion motor, which takes into  account the skin effect, the transversal and 
longitudinal effects and the connection between excitation  and winding. 
It creates the connection  w ith the equivalent circuits o f the traditional 
induction motor, neglects the excitation  of the prim ary iron body and the  
harmonics o f the whole order of the travelling field, but describes the  
longitudinal effect by tw o undam ped field harm onic waves of fraction
al order. The calculations are compared with m easurem ents carried out on 
a stationary motor and finally  characteristics o f  linear motors are calculat
ed w ith the m ethod presented.





F e r e N C Z ,  C s . :  Electromagnetic Wave P ropagation in Inhomogeneous M edia:  
The A n a lysis  o f  the Rotation o f P olarization , and the A pplication  o f  the 
Principle o f  M odified R ay Tracing Part. I.

The propagation of m onochrom atic electrom agnetic waves in inhom o
geneous m edia is investigated using th e  “ m ethod of inhom ogeneous basic 
m odes” and the “ principle o f m odified ray tracing” . Several basic facts  
are obtained for the propagation in inhom ogeneous media. The basic aim  
of the author is to explain the “ W ” -shape transients observed during the  
solar occu ltations of Pioneer-6 and -9 space probes. After explain ing the  
m ethod of investigation , in the first part, the investigations of propaga
tion in inhom ogeneous m edia are given in  detnil. In Part II, after exam in 
ing the propagation is anisotopic m edia the “ W ” polarisation transient 
is explained and the results o f the investigations are summarized. I t  is 
shown th a t in inhom ogeneous m edia besides the known Faraday rotation  
an “ inhom ogeneous polarisation-rotation” also occurs. This necessarily  
causes “ W ” shape polarisation transients at the tim e of solar occu lta
tions. T hus, new  w ays for investigatin g  th e  structure of the front o f  
spreading interplanetary phenom ena”  are opened up.

Acta Techn. Hung. 8 6  ( 1 9 7 8 ) ,  p p . 3 6 3  3 9 4

A cta Techn. Hung. 86 (1978), pp. 3 9 5 -  400

S c h a r l e ,  P.: A n  E xam ple fo r  Constructing the Variational ( Energetic)  
Error P rinciple

The paper presents a less sim ple exam ple for constructing the varia
tional error functional, the idea of w hich was outlined previously. Starting  
from the governing equations of the e lastic ity  w ith nonhom ogencous 
boundary conditions it constructs the equivalent energy expression, 
which proves to be the well-known form  o f the potential energy.

Acta Techn. Hung. 86 (1978), pp. 401 — 409

E c s e d i ,  I.: On the Estim ation o f tde Torsional R ig id ity  o f P rism atic Bars

B y m aking use of the inequalities deduced in the present paper, lower and 
upper lim its m ay be produced for th e  num erical values o f the torsional 
rigidity o f prism atic bars of solid cross section and of hom ogeneous 
m aterial.





Ркпнб, Sz. — O R T U T A Y ,  M.: The E valuation o f the Separation O perations

Acta Techn. Ilung. 8 6  (1 9 7 8 ) , p p . 4 1 1 — 4 2 0

t The authors have exam ined th e  effic iency  of the tw o-constituent separa
tion. As the extrem e case o f separation  they consider the d im inu ation  
of the specimen and the abso lu tely  efficient separation. R elation s are 
established for calculating the separation efficiency. Several separation  
operations can be evaluated by the efficiency indexes even, if  the separa
tion  parameters and the m ass y ields are different.

A cta Techn. Hung. 86 (1978), pp. 4 2 1 —464

T a s s i ,  G .: A nalytical Treatm ent o f  D iscrete Models for Reinforced and  
Prestressed Concrete Members

A one-dim ensional m odel of reinforced and prestressed concrete m em bers, 
com posed of elem ents sim ulating the concrete, the steel and their bond  
has been analyzed. A nalytic trea tm en t of the equation system  for the  
discrete m odel is facilitated by th e  possib ility  to invert in closed from  the  
coefficient m atrix o f the system . Craks are taken into consideration by  
m odifying the coefficient m atrix by one diade for each. Also a m eth od  
for reckoning with plastic deform ations will be outlined. The ob ta in ed  
closed formulae show how this phenom enon related to cracking d evelop s  
for one, tw o or more cracks. A pplicab ility  of the relationships is de
m onstrated by exam ples. F orm ulae of internal forces, deform ations and  
crack w idth involving also the m esh o f the discrete model, the e ffect o f 
selecting the mesh can be w eighed.
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