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CORRUGATED CONICAL SHELLS

E. BOLCSKEI*
CORR. MEMBER OF THE HUNG. AC. OF SCI.

(Manuscript received September 10, 1974)

Corrugated conical shells having a vertical axis, a circular ground plane and free
boundary are analysed in a cylindrical system of co-ordinates. The investigated shells
are subject to uniform vertical loads, and supported by radial ribs. Formulae are given
for the determination of the reduced stress resultants. Their distribution is illustrated
for two practical cases.

1. Differential equation of membrane shells written
in cylindrical co-ordinates

Internal forces in the usual types of membrane shells subject to distrib-
uted vertical loads are generally determined by means of the Pucher differential
equation written in orthogonal co-ordinates. There are, however, some special
shell surfaces easier to solve — with less mathematical difficulties — by
transforming this differential equation into cylindrical co-ordinates.

Differential equation of membrane shells subject to distributed vertical
loads written in cylindrical co-ordinates takes the form:

1 (Frznr + - (Frrzg@+ F,, *m) - 2 — F + P—0,

F (r, ¢p), z (r, (o) and p(r, o) being the stress function, the shape function
and the reduced load function, respectively, written in cylindrical co-ordinates.
Here and throughout this study, subscripts indicate partial differentiation
with respect to the corresponding variable.

Reduced stress resultants are obtained from expressions:

MNpe~ Frr s

e>r=-K + \F ,, .
r rl

#Prof. Dr. E. Bolcskei, Muskotaly u. 37., H-1118 Budapest, Hungary.
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2 BOLCSKEI, E.
2. Equation of a corrugated conical shell -written
in cylindrical co-ordinates

A so-called corrugated conical shell is a free-edged surface (Fig. 1) expressed
as:

z= cr sinxrp - hr, Xx = 1,2,3, .. n

any of its cylindrical sections giving a sine curve, if expanded.
Derivatives are:

zr = csinxep - h,
in =0,

Zy = QATCOSQAp.
iff = - ca2rsincap,
Zrp = cx COS XOp.

This surface has inflection lines at xep = 0, n, .. nn. Therefore, it is advisable
to take such a surface where the absolute value of the sine curve can be reck-
oned with. This surface, shown axonometrically in Fig. 2, is described as:

z = erlsinxpl-f hr.

Of course, ribs are to be applied along the troughs to be supported.

Ada Trchnica Academiae Scientiarum Hungaricae 82, 1976



CORRUGATED CONICAL SHELLS 3

A special case is that with a constant h — 0, where the cone vertex is in
the ground plane. Such a surface is shown in Fig. 3 and the case where z is
replaced by its absolute value, in Fig. 4.

3. Analysis of the state of stresses

Be the reduced shell load p = constant. Substituting the earlier defined
partial derivatives into the differential equation of membrane shells, written in
cylindrical co-ordinates, and so arranging the results, the relation

1
Frr[c(l —a2sinouwp-f-h] = —p

is obtained, valid for the sector 0 < x<p < n. Hence,

F Pr Pr

c(l a2) sin xcp-{-h B sin xcp -(- h

and twice integrating gives the stress function:

pr~
Fr= + K, ,
2 Bsinxcp4-h )
F = ! pra + <Kli(<p)+K2(p)
6 B sinap-fh P P
Hence:
1 r3fx Cos
P L HKif\-(K2v,
6 (Bsinxp+ h)2
F o= pr3Rot2 R (1-)-cos2cup) -(-/isin
- - = Ki + Ne 27
(% sin oup - h)3 r)pp+ Ne 2",
pr2Rct cos cup
“ (Pst wp-¢ 7+
where
B=c(l- «2.

Knowing the stress function, the derivatives permit to calculate thereduced
stress resultants:

_ Pr
R sin ap-j- h
Pr Bx2 B(l -)- cos2a<p -(- h sinag?
1 -

2 Bsinowp-)-h) 3 (R 'sin «p4 h)2

1

+ — [K1+ + —
r

1« Ada Technica Academiae Scientiarum Hungaricae 82, 1976



4 BOLCSKEI, E.

COS bIp
(B sin xcp -|- h)2

4. Boundary conditions

No force is known to be an outlet along the boundary r = R, thus,
itrip— 0,
nr = O

From these conditions the unknown constants can be determined, nam
from the first condition

1 no QCS cup 1
- . . AL ) - 0
nrf 1 PR Rx gp Sin x<p-\-f?y77 + R 2 0
hence,
\ 1 0 COS 005
= — K S J—
3 P&t (p sin ct(p-\-hy7
is obtained and from the second one:
PR 1+ /3a2 /3(1 -f- cos2x<p) + h sin a/3
2 (Bsinoup+ h) (B sin oup-\-h)2
1 1
+ — Ki+CKiw]+ — (Kew —°-

Expression (K2)qalready being known from the foregoing, thus

/5(1+cos2xcp)-\-h sin x<p

(KJ,,=-2pR*RBx .
(8 sinag - h)3

hence
PR pRBx2 "
2 (/3sin xcp -f- h) 2
/3(1 4- cos2d<p) + h sin xp

K Ki)J =0
(/3sinasp+ h)3 B+ (K1)

and as a conclusion:

Kr+ (X,)w = PRI |(/3 sin ag -f- h)2+
2(/Ssin nep -|- h)3

+ /3a2[/3(1+ cos2xcp) + hsinayl}

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



CORRUGATED CONICAL SHELLS 5

Thus, the boundary conditions led to a differential equation of the second
order, one particular solution being:

pR2
K 1= )
2 (B sin cup -f- h)
Namely:

pR2Rx cos Xp

(KX = 2 ®sinxp h)2
pR2/3a2 /3(1 + cos2age) + h sin x>

(Ki), =

2 (R sin a<sp -f- h)3

The substitution of these values into the differential equation yields an iden-
tity. Thus, the reduced stress resultants sought for are:

B sin x<p m+ h
1 ) COS XwW R3
“re pr Bx - -1
3 (B sin x(p h)2

pr R2
2(/3 sin x<xp + h)

-1 4

1 |9 9/3(1 + cos2x<) + hsinxq>f10 R2 ) R3
O -
3 (/3 sin xrp -f- h)2 3

5. Examples

To show the application of the above investigations, two examples are
presented.

As a first example the structure to be seen in Fig. 2 is discussed, where
h > 0. Its internal stresses are shown in Figs 5 and Fig. 6. Stresses are seen to be
finite, throughout, except at the cone vertex, where the reduced radial and
tangential stress resultants are infinite.

As another example, the same surface is presented for h = 0. Fig. 6
shows all three reduced stress resultants, along the supported edges to be in-
finite. Thus, such structures can only be built if flexural reinforcement is
applied in areas where the reduced stress resultants are infinite.

Ada Technica Academiae Scientiarum Hungaricae 82, 1976
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4r
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CORRUGATED CONICAL SHELLS 7

Wellenkegelschalen. Wellenkegelschalen mit lotrechter Achse, Kreisgrundrif und
freiem Rand werden in einem zylinderischen Koordinatensystem analysiert. Die untersuchten
Schalen sind durch gleichverteilte Vertikallast beansprucht und durch radiale Rippen ver-
steift. Flur die Restimmung der reduzierten Spannungsresultanten sind Formeln angege-
ben. Die Spannungsverteilung wird an zwei praktischen Beispielen gezeigt.

KoHycoo6pasHble ropupoBaHHble 060/104KN. Pa6oTa 3aHWMaeTcs WccnefoBaHWEM Ko-
HYCc006pa3HbIX ropUpoBaHHbLIX 060M10YEK KPYrA0ro nnaHa ¢ BEPTUKanbHOW OCbl0 M CO CBO-
6OAHBLIM KpaeM B cCUCTEME LWUAMHAPUYECKUX KoopauHaT. CBOGOAHO Bpaljarolyuecs 060/104KM
paboTalT NOJ HArpy3Koil COBMECTHO pacnpefenstolnuxcs BepTUKaNbHbIX YCUANIA U onupatoTes
Ha paguanbHble pe6opabl. B gaHHO! pa6oTe NpuBOAATCA (HOPMYNbl ANA pacyeTa pedyLMpoBaH-
HbIX CEKYLUX YCUNWA U WX pacnpefeneHue WNNOCTPUPYETCS ABYMS MPakTUYeCKUMU Npu-
Mepamu.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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SOME RECIPROCAL PROPERTIES
OF STRESS COMPONENTS

J. BARTA*
DOCTOR OF TECHN. SCI.

[Manuscript received December 15, 1974]

Two of the reciprocal properties presented here, are purely mathematical prop-
erties referring not only to stress components, but also to all vector components.
The further reciprocal properties shown here are, in the last analysis, physical prop-
erties, because they are derived from the well-known equality pab= pba which is
a consequence of the dynamical equilibrium.

The aim of the present paper is to prove that stress components possess

reciprocal properties I1—VI. The reciprocal property | is well-known in the
Analysis of Stresses (see for ex. [1]) and will be used here to prove II, IIl and
VI.

Ler Q be a point of the continuum, Fig. 1. Let the surface elements A., B,
C, pass through the point Q. We denote the normals of A, B, Cby a, b, c, the
stress vectors acting on A, B, C by pa, pft pc. The stress components

Paab’ Pabb’ Pabc’ *' ' Pcba (1)

are defined as follows: pbec (for example) signifies the component of p6 in
direction a when the cutting plane is orthogonal to c. Stress components p bec
and phbc can be seen in Fig. 2, so that the normals a and c lie in the drawing
plane, hut the normal b and the stress vector ptdo not generally lie there; the
cutting plane is indicated by a dotted line. The stress componente have the
unit kg/cm2.

*Prof. Dr. Ing. J. Barta, Jozsef korat 35. H-1085 Budapest, Hungary.
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10 BARTA, J.

As usual, two sorts of continua will be distinguished, namely, classical
continuum and Cosserat continuum. In the classical continuum, only ordinary
stresses and forces are present. In the Cosserat continuum, in addition to the
ordinary stresses and forces, also couple stresses (or couple stresses with volume
moments) are present. The notion “Cosserat continuum” includes the notion
“classical continuum” as a special case. Thus, all ascertainments referring to
Cosserat continuum refer also to classical continuum, but the reverse does not
generally hold. We denote the couple stress vector acting on A, B, C by mn,
mft, m(, The couple stress components are scalar quantitites, having the unit
kp/cm, and will be denoted in the present paper by

maab’ mabbi mabc e+ mda (2)

defined in the very same manner as (1).
Most authors denote the stress components by

of °> 0z> AZy’ xzx’ Axz' Xxy' tyx (@)
where the directions x, y, z are orthogonal to one another, and write

oy instead of Pxxx

Xyz instead of Pyzz

pap instead of Pabb
Ppa instead of Pbaa

Ppc instead of Poce

In the classical continuum, the relations Tyr = Try, rzx= Tx2, Txy = Tyx hold,
but in Cosserat continuum, they do not generally hold.

We shall consider the following reciprocal properties of the stress com-
ponents:

I. If a and b are two directions, then at any point of the classical con-
tinuum, the equation pabb = pbaa holds.

Il. If a and b are two directions, then at any point of the classical con-
tinum, the equation paab — phba holds.

Ill. If a, b, c are three directions, then at any point of the classical con-
tinuum, the equation paxpbapcd = pabpbec pda holds.

IV. If a, b, c are three directions, then at any point of the Cosserat con-
tinuum, the equation pabaphbbpcac = pacap babpdx holds.

V. If a, b, c are three directions, then at any point of the Cosserat con-
tinuum, the equation maba mbdb mcac = maca m,,ab mdx holds.
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RECIPROCAL PROPERTIES OF STRESS COMPONENT 1

VI. If the directions a, b, c form an equiangular tripod (Fig. 3), then at
any point of the classical continuum, the equations pax = pcbha phca= pach,

Pcab = Pbac hold-

Fig. 3

W ith the notations (4), one writes (for example) in |
Pab = Pba instead of pab= pbaa

The proof of Il can be carried out in the following manner. It is to be

seen from Fig. 2 that the equation phbec = phbec cos (¢, a) holds. By writing a
instead of b, and b instead of ¢, the equation

Pabb = Paab €O0S (b, a) (5)

arises. Analogously, also the equation

Pbaa = Pbba C°S (0, b) (6)

isto be found. Inserting (5) and (6) into I, and taking into account the equality
cos (b, a) = cos (a, b), Il is obtained.

The proof of I1l can be carried out as follows, abc are the unit vectors of
the normals a, b, c. As usual in Vector Calculus, ac signifies the scalar product of
a and c. From Fig. 2 and relation ac = cos (a, ¢), the equation

PftC
Pbac ac (V

follows. According to I, the equation pbc = pdbis valid. This reads, in vector
notation,

p..c = Pcb. (8)
Introducing (8) into (7),

_ prb _ pcb _ ab Pcb ab

Pbac * Pcab
ac ca ca ab ca

is obtained. Thus the equation
ab
a Pcab Pbac 9)
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is valid. Similarly, also the equations

be ca /in, n\
b Pabc  Pcbai be Pbca  Pacb &1" 11)

hold. By multiplying the left sides and also the right sides of equations (9),
(10), (11), HI is arrived at.

The proof of IV can be carried out in the following way. After replacing
b by a, aby b, cby a, (7) takes the form

~_Pa_ «wa Pa _ <an
Paba Paca ¢

ba ba ca ba

This shows that the equation

Pab "p 1
aba ba aca (1)

is valid. A similar way leads to equations

ab be /tO
Pbcb Pbab 1  Pcac Pchc ("3 14)
cb ac

If the left sides, and also the right sides of equations (12), (13), (14) are mul-
tiplied, and the equalities ab = ba, bc = cb, ca = ac are taken into account,
then IV arises.

The proof of V the is following. We consider the fact that IV expresses
only a property of vectors, regardless of the physical meaning of the vectors,
and its proof happened without direct or indirect employment of I. Also m (],
m 6, are vectors, and their physical meaning does not play a role in V.
Thus, the validity of V immediately follows from IV.

The proof of VI can be carried out in the following way. We take into ac-
count that the directions a, b, c now form an equiangular tripod. Hence, the
relation be = cb = ca = ac = ab = ba subsists. Therefore, equations (9),
(10), (11) express VI.

Remarks: Reciprocal properties IV and V are purely mathematical
properties, because not only the stress components but also all vector compo-

nents possess these properties. — Reciprocal properties I, II, IIlI, VI are
physical properties, because they were derived from the dynamical equilib-
rium of the continuum. — If the directions a, b, c are perpendicular to each

other, then | yields the equations pyz = pzyy, pzxx = pXZpxyy = Pyxx which
in the most books will be written in the form xyz= 712X Trx= TX, TXYy = TyX,
however, II, IIl, IV, V, VI yield only the uninteresting equation oo = o0o0.
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Uber einige Reziprozitatseigenschaften der Spannungskompoiienten. Es werden einige
Reziprozitatseigenschaften der Spannungskomponenten mitgeteilt. Zwei von diesen sind
reine mathematische Eigenschaften, denn sie beziehen sich nicht nur auf Spannungskomponen-
ten, sondern auch auf allerlei Vektorkomponenten. Die ubrigen sind physikalische Eigen-
schaften, denn sie grinden sich auf die Gleichung pa( = p(w also auf das dynamische Gleich-
gewicht.

HeKoTopble 06paTHbIe CBOWCTBA COCTABMSIOWMX HAMNPSHKEHWA. M3 uucna nepedncneH-
HbIX B [laHHOI pab6oTe 06paTHLIX CBOICTB [Ba CBOICTBA ABNAKTCS YMCTO MaTeMaTUUYECKUMU,
TakK KaK OHM KacaloTCs He TOMbKO COCTAaBAAIOWMX HAMPSXEHWUN, HO U NOGLIX BEKTOPHBIX CO-
cTaBnslouMX. OAHAKO, OCTaNbHbIE XE MOXHO CYMTATh B KaYecTBe PU3MYECKNX CBOIACTB, TaK Kak
WX BbIBOJ| OCHOBbLIBAETCA Ha paBeHCTBe Pab= Pab, a 3T0 paBEHCTBO ABAAETCA CleCcTBMEM
AMHAMUYECKOTO paBHOBECUS.
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DESIGN OF STAR-SHELLS SUBJECTED TO FULL LOAD

P. CSONKA*
DOCTOR OF TECHN. SC.

[Manuscipt received October 1, 1975]

The paper deals with paraboloid shells of revolution subjected to an axisym-
metrically distributed full load (dead load and snow load applied simultaneously)
acting in vertical direction. The form of the base over which the shell in question is
constructed, is a regular polygon-like configuration with concave curved sides, a so-
called star-polygon. The treated shell — the so-called star-shell — is bordered by an
edge beam supported along its whole length by a wall, wherefore, the cross-section of the
edge beam is only subjected to a centric normal force, the so-called string force. By
using a convenient calculation method the shape of the starpolygon is so designed
that the stress resultants, generated in the shell, can be calculated with the aid of closed
formulae. A numeric example proves the suggested method as being expedient.

1. Introduction

By the term star-polygon a regular polygon-like planar configuration is
understood having concave curved sides; a paraboloid shell of revolution con-
structed over a star-polygonal base, is called a star-shell (Fig. 1). In connection

Fig. 1. Five-sided star-shell
*Prof. Dr. P. Csonka, Barték B. u. 31. H-1114 Budapest, Hungary.
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16 CSONKA, P.

with this latter it is assumed that the shell is bordered by an edge beam sup-
ported along its whole length by a wall. In the cross-sections of these edge
beams only centric normal forces — string forces — are generated [5].

Axisymmetrically distributed vertical forces are assumed as being applied
on the shell (dead load and a simultaneously acting snow load).

The investigations are performed by using the customary assumptions of
the membrane theory. The bending and torsional forces generated by the diverse
deformations of the shell and edge beam are neglected.

Depending on the load system to be taken into account, the shape of the
star polygon will be designed so that the stress resultants induced in the shell
wall by this load system (or load systems proportional to it) can be calculated
with the aid of closed formulae.

A particular simple type of star-shells, i.e., the problem of star-shells
design for a load system uniformly distributed on the base surface, was already
treated in two previous papers by the author [3, 4]. In the present paper a
more general problem, that of star-shells loaded by axisymmetrically distrib-
uted system of vertical forces (dead load and snow load applied at the same
time), is discussed.

2. The shape function

The investigations will be carried out in a cylindrical system of co-or-
dinates O(r, <p z) represented in Fig. 2. The origin 0 of this system of co-or-
dinates is at the vertex of the middle surface of the shell, the axis z coincides
with the axis of revolution of the paraboloid shell. The positive leg of axis z is
directed downwards from the origin, and the polar plane (p = 0 halves one ofthe
sides of the base figure.

The radius of the circle circumscribed around the star-polygon isdenotedby
R, that of the inscribed circle by r0,and the altitude of the shell by h.

The co-ordinates of the corners of the star polygon having n sides are as
follows:

A 3a . 54 @2n — Djr
n n n n

In the system of co-ordinates O(r, ¥, z) the shape of the star-shell is
characterized by the equation of its middle surface:

This equation is called the shapefunction of the shell.
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STAR-SHELLS 17

Fig. 2. Cylindrical system of co-ordinates 0 (r, 9 2)

3. The load function

The load to which the shell is subjected, is characterized by its specific
value related to the unit area of the base surface, the so-called reduced load.
The function

P = P(r)

expressing the reduced load-value is called load function.
Two types of load functions are dealt with hereafter.

3.1 The exact load function

This is the term for the load function expressing the total value to
which the shell wall is subjected: the dead load of the shell wall of constant
thickness and the load, uniformly distributed on the basic surface. Be the spe-
cific weight of the shell wall related to the unit area of the middle surface

p 0— const.,

and the specific value of the snow load related to the unit area of the base
surface

ps= const.

2 Ada Technica Academiae Scientiarum Hungaricae 82, 1976



18 CSONKA, P.

In this case the exact load function Kiay be expressed by the formula

P=Po + Ps — P00 1+ - = + Ps- (2)

By introducing the simplifying notation
R-

* R

formula (2) may be reduced to the form

p- PO a2+ -+ ps. 4

3.2. The approximate load function

This is the name of that load function, where the total load to which the
shell is subjected (dead load and snow load applied simultaneously) is ap-
proached by a polynome having the form

r2 r4 rx
p=A0+ /1 — + A3— + eee+t ] (3)

A load function of similar construction may also be applied as an approxi-
mation in lieu of the *“exact” load function described in paragraph 3.1. In
these cases, as an approximate polynome, the expression

9 r- 2 r4 .
p* = (Po+ P/1+yPoY — - (5™)

may be used, where
/i2

4. The stress function

The stress function F = F(r, ¢ of shells of revolution subjected to uni-
formly distributed vertical forcesp = p(r, @) has, in general [3], to satisfy the
following differential rquation:

RF 1 dz 1 0F &F_ dz | = Q
3r2 r dr r dr dr2 r2 3q2 dr2 A
In ease of a paraboloid shell of revolution the relations
dz 2h r dZ 2h 1
dr R2 a dr2 R2 a
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are valid and so the differential equation to be satisfied by the stress function
will be simplified as follows:

d2F 1 dF 1 9%
e = B N |-aVv—o0.

9r2 r dr r2 9o

Hereafter, a finite solution to the above differential equation is to be
sought for which satisfies on the one hand the condition

F=0 (7)
along the edge line of the shell, and on the other hand

=
- -0 (8)

at the corners of the shell.

The boundary condition (7) might be prescribec to every shell whose edge
beam is continuously supported [5], while the restriction (8) is justified by the
fact that the points r = R ofthe edge line of the star-polygon must be so-called
double points. A further condition of the existence of the double points, i.e.,
that at the points r = R, at least one of the second derivatives of F should
differ from zero, is fulfilled in this case, because at the points r = R the load
value is p 0.

4.1. Case of the exact loadfunction

In case of the “exact” load function (4), the differential equation (6) will
take the following form:

®F 1 _9F 1 92F o
+ PoY°2+ r2+ Psa= o.
dar2 ' r or r2 aqe 0 ' sa ° ©)

The function F satisfying the differential equation (9) will he composed of
two parts: from the axisymmetrical solution of the form

F, = F.(n
of the inhomogeneous differential equation, and from the solution of the form
Fh— Cnrncos n (p, Cn = const,
of the homogeneous differential equation. Accordingly we have
F=F, + Fh= Fj-fCnrncos nao (10)

First the function F ¢ should be determined. An axisymmetrical case
being at issue, the following ordinary differential equation, instead of the par-
tial differential equation (9), may be used:

d2F | 1 dFt

[«2+ 12+ Ps« = 0.
dr2 r dr t Po ¢
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This second-order differential equation is transformed by the substitution

dFt
= W) (11
dr
into the first-order differential equation
du 1
) H--—--dU + p0Ya2+ r2-fpsa= 0,
r r

whose general solution is

po Y(@2+ r23 Co'

u= - ~Ps
Consequently,

df, Po V(a2+ r3 , CO ar

~d7=~ 3 ~2~

and hence, after integration

4a24- r2
F,= — Pn \[a2 r2—a3ln (a+ | a24-r

ar- (12
a3lnr 4" COInr Ps 2 t" CI*

The above expression can only be finite, if
C0= —a3.

W ith this replacement, formula (12) of function F(becomes:

Po 4a2

ka2 4- r2— a3ln (a -f- Ya24*t2) —Ps -Zl_ 4- Ct. (13)
3

The function F,-, i.e., the first part of function F being familiar, function F
itself can be produced by completing this part of the function with the
expression Cnrn cos ncp.

Accordingly
4a2
F= Po Wa24- r2— a3ln (a - Ya2 + 2
3

(14)
— Ps— + CL4-Cnrncos p.
4

The indefinite constants and Cnentering the above formula should and could
be determined by taking the boundary conditions (7) and (8) into account.
First, let us put down condition (8), i.e., the requirement that at point
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r= R, (p= Tzn, the derivative of function F with respect to r could disappear:

pa 2aXR + Kn aR
3 Va2+ R2 (a+]fa2+ R2)\ a2 + R2

—Ps - CnnRn-1= 0.
Hence,
a2+ N2 1
c.= - "0 a Ps (14a)
a -f- Ja2+ R2 nRn-2 2nRn-~2
Substitution of this value into formula (14) yields
432 f- 12 "
Po Ao2F- A2—a3in (@ 1a2-) rd -)
3
a2+ R2 rncos nap ' r2 1 rncos ncp
Psa + Q. (15)
a+ Ya2-\-R2 nRn-2 4 2nRn~-2

Afterwards, the only thing to be done is to satisfy condition (7), i.e., to
make sure that all along the edge line of the star-shell the value of function F
should be equal to zero. This requirement should, in the first line, be written
only in respect to the corner point r = R, (p = n/n:

To '4a2+ R2
3

1/a2-f-R2- a3In (a -)- ]2 N2 —

a2+ R2 1K R2 R2 ;
— Psa G =0
a+ JfcP+ R21 n 4 N7

Expressing Cx from this equation and replacing it into formula (15), the
following expression is obtained as stress function:

F—-— — + 2Y2 + r2- sa2 + jR2 a2+ 1t2-
3
— 03In @ -j- Ya2 - r2 w a2+ R2 Rn -——rncog ny
a
a -)- [fa2-f- R2 a+ Yaz+ R2 n Rn-2
R2 _ r2 R n rn COSTI/p (16)
Psa
2n R"~2

However, condition (7) should be satisfied all along the length of the
edge line, and not only at the corners. Therefore, the outline of the base figure
cannot be assumed arbitrarily; it should be so drawn that along the line in
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question, F should be equal to zero everywhere, i.e., the following condition
should be satisfied all along the length of this line:

pog 4a2+ r2 4a2 + R-
VA2 + 12— V«2 + ip -

3 3

H & R
a4'| n _f_i___bl yqi + . t& + a a2+ R2 n tup
a-f- Vaz + R1 a+ faM/~R?2 nRN-
R2 Rn " cos rup
Psa = 0. (17)
2n Rn~2

Formula (16) is that ofthe stress function ofthe star-shell designed for the
“exact” load, and formula (17) is the equation of the edge line of the star-
polygon, i.e., of the base figure of the shell.

4.2. Case of the approximate load function

If the load applied to the shell is expressed by polynom (5), then for the
stress function of the shell the formula

,D'4 r2fC+2
1--hl, + 4 -U - ceet- 1—
8h Iﬁl (fc+ 1)2 RIk~2
A R 18
— (4 S- + + eee + 1+ cos n<p ( )
fc+i Rn
and for the edge line of the star-shell the formula
2 A r2fce2
A 1 - +  eee +
| R2 *+ -A- R* (k+ 1)2 +2
(19)
2 1A
S0 A + 14-—--cos P = 0
k+1 Rn

are obtained.
Should the load to which the shell is subjected be taken into accountby the

approximate formula (5*) instead of the exact formula (4), so

A —po pst

A =Y p°y’

(20)
A = -y Fo0?2
A,= A= ...= A, =0
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In this case, the formula of the approximate stress function will be

r2 9 re

F* = + 1-
gn (PO+PS) R2 + MF°y P4 o7 POF Pe
2 9 2
Po+ Ps+ — Porl - —Por Ll €os ncp (18*)
n Rn

and the equation of the edge line of the star-polygon is

r*
Po+ps) 1- P2 + ™p°r e g7 0T 1 P6
(19%)
........ Po + Ps + 10 Po7 - —Porl 1-j----|-:-),-;cos rege 1= 0.
In the above formulae
y= 9%
P2

5. Stress resultants

The reduced stress results of the star-shell can be calculated with the aid
of the following well-known formulae [2]:

1 JF - d2F
Nr= t B
r dr - o
1 dF 1 82F
r2 o9 I dre9gp
N RF
iyt dr2

The positive sense of these stress resultants is shown in Fig. 3.

Fig. 3. Reduced stress resultants Nr, Nrpi
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5.1. Case of the exact load function

When formulae (21) are applied to the exact function F given by equation
(16), then, for the reduced stress resultants the following formulae are obtained:

3 r2 2

In the above formulae, the meaning of Cnis as given by (14a).

5.2. Case of the approximate load function

Applying formulae (21) to the approximate stress function (18), the fol-
lowing formulae are obtained for the reduced stress resultants:

Should the total load to which the shell is subjected, be taken into ac-
count by the approximate polynome (5*), so the formulae of the reduced stress
resultants will take the forms:
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6. The string force

In the edge beam ofthe star-shell only axial forces — string forces — are
induced. The value of these forces is, at the corners of the edge beam equal to
zero, their maximum value being generated in the cross-sections (p= 0,

2 Tijn, 4n/n, ... (2n—=2)n/n.

In the following, the cross-section (p-< yr/n will be called cross-section |
and that of f = jr/n cross-section 11, and the forces belonging to them are
designated by superscripts I and II, respectively.

The horizontal component H1 of the string force H larising at any cross-
section | of the edge beam, can be determined by analysing the conditions of
the equalibrium of the shell sector 0 I 1l, cut out of the shell according to
Fig. 4. On the side 0 Il of this shell sector, only forces IVj,1are acting, and on
the cross-section O Il of the edge beam the string force is equal to zero. Thus,
H 1 can easily be defined.

Fig. 4. Sector of shell cut out for the investigation of equilibrium

7. Numerical example

Let us apply the process of calculation described above to the axisym-
metrical paraboloid shell ofrevolution having a constant thickness, constructed
above a star-polygon having n = 5 sides, depicted in Fig. 5.

The geometrical data of the shell to be calculated are as follows:

R — 20,0 m; h= 14,0 m.
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Fig. 5. Numerical example

The loads are: dead weight of an intensity of
p0= 200 kp/m2
and snow load applied at the same time

ps m80 kp/m2

In case of the problem in hand

h2 14.02
Y Rr 20.02

and hence, the “exact” load function according to formula (2) is

0,49,

p = 200 j/ 4y2R_ 80 = 200 /1+ 1096 K2 80,
and the approximate load function according to formula (5%)
p* = 280 4— 200 ¢ 0,49 ——- - 200 ' °’492 = 280 + 176’4 ~ 327018 .

The exact load value p and the approximate one p*, as well as the relative value of
the error, due to the application of the approximate load function instead of the exact one,
are indicated in Table I. As is to be seen, the greatest divergence between the two load values
is only 0,003 times of the exact load value, i. e., it is quite negligible. The error being quite
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Table |

Relative value ofthe error when using the approximate load values p* instead of the
exact values p

R p kp/m2 p* kp/m2 - plp
0 280,0 280,0 0,00
0.1 282,0 281.8 -0,001
0,2 287,7 287,0 -0,002
0,3 296.9 295,6 -0,004
0,4 309.2 307,4 —0,006
0,5 324°1 322,1 —0,006
0.6 341,2 339,4 -0,005
0,7 360,0 358,7 -0,003
08 380,3 379.8 -0,001
0.9 401,7 401.9 +0,000
1,0 424,1 4244 +0,001

insignificant, it is always permitted to use the approximate load function (5%*) instead of the
exact one (4).

In case of the approximate load function, the stress function of the star-shell will,
according to formula (18*), be as follows:

Fe- Trrbrem +4X*- X) jl-W2oo' o4 (“- X) -

2 S_ ré 5 2 1 9
- — 200049211 - -"-1-—-- — 1200 + 80 + 200 =0,49 -

-"§-200 m0,492 (I + cos 57?),
and the equation of the edge line of the star-polygon, according to formula (19%):
(1
20 (*-) + (m -XK)~ 3F« (*—p-)-
- 143.0115 (I + ~ cos5pj = 0.

Knowing the equation of the edge line of the star-polygon, the radius r0 of the circle
inscribed in it, may be obtained from the equation:

(- )+ ~ x) - Fai- x)
- 14301151 t -M-) = 0

and the radius vector rt associated to the polar angle 9= a/10 = 18° may be determined with
the aid of the equation

280 (1 - -pr) + 441 (1- -jl-) _ 355703 (I - -~-)- 143,0115 = O.
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The results of the calculation are:

H — 0,7097, thus r0= 14,194 m,

4Ab = 0,7636, thus T = 15272 m.

In possession of these values, the edge line of the star-polygon may easily be drawn.*
The reduced stress resultants induced in the shell wall can be calculated according to

formula (23*). Their values given in kp/m are:

* = - - ~
N* = 2000 630 Aff + 76,2 Ad + 1430,115K6 cos 5%

Ntp= - 1430,115~  sin &p,

jy*= -2000-1890-&,; + 381, AT 1430,115 4 rr cos 5

The distribution of the stress resultants Nx* and Ny* along the cross-section y = 0
is represented in Fig. 6.

Fig. 6. Distribution of the reduced stress resultants Nx, Ny along the cross-section y = 0

* |f the sides of the star-polygon would be replaced by circular arcs of a radius Q=
= 35,792 m, passing through the points r — 14,194, = 0 and r = 20,0, (p — +36°, then

the length of the radius vector of the edge line at the point 9= +18° would be 15,252 m,
instead of the exact value 15,272 m. Thus, the divergence between the two values is not greater

than 2 cm.
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The diagram of the IV,,-forces shown in Fig. 6. also allows to easely determine the maxi-
mum string force, generated in the edge beam of the star-shell. This force is, namely, by simple
reasons of equilibrium, equal to the surface of the diagram in question. Its value can be deter-
mined with the aid of formula

-200

2000-630 76.2 1430
" R2 R 115K K

14,104

Performing the calculation for the maximum string force, the value

. ) Smax = 78356 kP
is arrived at.
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Berechnung von Sternschalen fiir Totalbelastung. Der Aufsatz befallt sich mit der
Berechnung von Drehparaboloidschalen belastet durch eine drehsymmetrisch verteilte ver-
tikale Totallast (Eigengewicht und Schneelast). Die GrundriBfigur der behandelten Schalen
ist ein regelmé&Riges vieleckdhnliches Gebilde mit nach innen gebogenen Seiten, die als Stern-
vieleck bezeichnet wird. Das Randglied der in Rede stehenden Schalen — der Sternschalen —
ist in seiner ganzen L&nge durch Mauerwerk gestitzt, darum kénnen in den Querschnitten
des Randgliedes ausschlieBlich Normalkréfte, sogenannte Seilkrafte zustande kommen. Die
Form der Sternschale selber ist mit Hilfe eines entsprechenden Rechenverfahrens so bestimmt,
daB ihre Schnittkrafte mit geschlossenen Formeln berechnet werden kénnen. Die ZweckméaRig-
keit der vorgeschlagenen Berechnungsmethode wird anhand eines Zahlenbeispieles bewiesen.

MpoeKTMPOBaHe 3Be34HbIX 060/104eK A5 TOTANIbHBIX Harpy3ok. Pa6oTa 3aHUMaeTcs
MPOEKTMPOBaHMEM 060/104eK B BUfe Mapabosionfa BpalleHWUs, K KOTOPbIM MPUOXEHA LEHT-
panbHO CUMMETPUYHAs pacnpefensiolancs ToTalbHas Harpyska (Mpy OAHOBPEMEHHO [eid-
CTBYHLLMX Harpy3Kkax OT COB6CTBEHHOrO Beca M Beca CHera). dOpMa OCHOBaHUS paccmaTtpuriBae-
MbIX 060/104eK UMeeT NpaBu/ibHy0 (OpMY B Bife T. H. 3Be3JHOTO MHOTOyrofbHuKa. Kpaesas
6anka paccmarpvBaeMblx 060/104eK, TO €CTb T. H. 3Be3AHbIX 060/104eK MO BCeii CBOEV AnMHE
MMET CTEHOBYIO OMOPY, BCEACTBIE YEro Ha paspes 6asoK AeCTBYET TOMbKO LEEHTPabHOE YCusne
— BepeBOYHOE ycwnve. dopma Camoro 3Be3[HOT0 MHOFOYrOfbHMKA OMpefefieHa C TakuM
pacyeToM, UTOBbI CW/IbI HATSHXKEHUS 0GOIOUYKA MOXHO 6bII0 Bbl PACCUUTHIBATHL C MOMOLLBIO 3aM-
KHYTbIX (hopmyn. [lpocToTa Npef/ioKeHHOr0 MeTofa pacueTa MNOATBEPXKAAETCH UMC/IOBbIM
npMepoM.

*In Hungarian.
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BERECHNUNG FORMORTHOTROPER
FLACHENTRAGWERKE

R. BARE&*
KANDIDAT DER TECHN. WISSENSCHAFTEN

[Manuskript eingegangen am 27. Januar 1975]

Es wird eine Methode zur Berechnung forniorthotroper Flachentragwerke vor-
gefuhrt. die neben der Biegungs- und Torsionsteifigkeiten auch den EinfluR der Kon-
traktionsfahigkeit der Konstruktion beriicksichtigt. Durch die angegebene Methode
kann der muhsame Teil der Berechnung und die Arbeit des Statikers auf ein Mindest-
maR beschréankt werden.

Analog zur M aterialorthotropie bei Platten werden heute formorthotrope
Flachentragwerke bereits laufend mit ausreichender Genauigkeit analysiert,
die schon vielmals nachgewiesen wurde [4, 12]. Die meisten Methoden sind
jedoch entweder uUbermd&Big muhevoll, oder sie beruhen auf einigen nicht
vollig berechtigten Voraussetzungen. Der Autor legt eine Methode der Berech-
nung formorthotroper Fldchentragwerke eines einfachen Brickentyps vor, die
neben den Biegungs- und Torsionssteifigkeiten auch den Einflu der Kontrak-
tionsfahigkeit der Konstruktion in Rechnung stellt; die Methode ist so ge-
staltet, daB der miuhsame Berechnungsteil tabelliert und die Arbeit des Stati-
kers auf ein MindestmalR beschrdnkt werden kann. Die Hubersche Gleichung
wird nach der Methode der dimensionslosen Beiwerte geldst, deren Vorteil-
haftigkeit schon friher, z. B. in [1, 5, 10, 11] nachgewiesen wurde.

Die Formorthotropie der Platte entsteht entweder durch ihre verschie-
dene Bewehrung oder Vorspannung in zwei orthogonalen Richtungen oder
durch ihre Verbindung mit Balken, sei es in der L&ngsrichtung, Querrichtung
oder in beiden Richtungen, eventuell durch die Verhinderung oder absicht-
liche Reduktion der Ubertragung einiger Krifte in der Querrichtung (der
zusammengesetzten Konstruktion). Die materialorthotrope Platte ist der erste
Grenzfall, im zweitem Grenzfall wird die Konstruktion nur durch zwei Systeme
von Balken (Langstragerund Quertrédger) gebildet. GemaR der relativen Wich-
tigkeit der einzelnen Elemente (der Platte, prismatische Elemente) und der
Anordnung der Konstruktion &ndert sich stark der Einflu der Torsion und der
Querkontraktion auf den inneren Spannungszustand.

* Richard BareS, Institut fir theoretische und angewandte Mechanik der Tschecho
slowakischen Akademie der Wissenschaften, Prag, CSSR.
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Das Verhalten einer allgemeinen formorthotropen Fldchenkonstruktion
gemdR Bild. 1 wird durch die fur eine &quivalente Platte formulierte Hubersche
Gleichung beschrieben

04C
No-+ 2H O 9Hg-- 4 p(x,y). (1)

0*4 dx2dy2 Oy4
Unter den Einheitsbiegungssteifigkeiten gl und @versteht man die Biegungs-
steifigkeiten der wirklichen Konstruktion in der L&ngs- und Querrichtung,

Bild 1

bezogen auf die Schwerpunktsachse des Querschnittes auf die Einheit der
Breite bzw. Lénge. Das mittlere Glied 2H hat die Bedeutung

2ff= (Q\a+ @W + (yL+ Ya). )

Unter den Einheitstorsionssteifigkeiten yL und yQversteht man die Torsions-
steifigkeiten der wirklichen Konstruktion in der L&ngs- und Querrichtung,
bezogen auf die Einheit der Breite, bzw. L&nge. Die Beiwerte vLund Vg sind
nicht Poissonsche Beiwerte in prédzisem Sinn, sondern sie bezeichnen den Ein-
fluR der Spannung env(crx) auf die Verformung ex(ey)und umgekehrt, keineswegs
den durch die Anisotropie des Materials, sondern den durch die Orthotropie
der Konstruktion verursachten Einfluf [4]. Sie beeinflussen in gewissem Sinn
alle Steifigkeiten (gL, @, yL, y*). Durch die Unterbrechung der Kontinuitat des
Querschnittes in einen Horizontalebenen der formorthotropen Konstruktion
wird die Queribertragung der Verformungen unmadglich gemacht, und dadurch
werden sich die Werte vL, Vg immer von denjenigen unterscheiden, die dem
M aterial, aus dem die Konstruktion hergestellt wurde, entsprechen.*

*L)ie Bestimmung der Steifigkeit eines formorthotropen Flachentragwerkes bei kon-
sequenter derartiger Berlcksichtigung des Einflusses der Querkontraktion, daR sie der Wirk-
lichkeit entspricht, ist nicht einfach; diese wurde in [2] behandelt.
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Die Innenkrédfte ML Mg, MT, QL, Qg, Qt sind durch die bekannten
Ausdricke [7] gegeben, in denen die Indizes L, Q die Indizes x, y zur
Unterscheidung der Formorthotropie von der Materialorthotropie ersetzen.

Man kann sdmtliche Querschnitts- und Materialeigenschaften der Kon-
struktion durch folgende drei dimensionslose Parameter vollkommen charak-
terisieren:

l. Die verhéltnisméaRige Querbiegsamkeit der Konstruktion gibt, gemé&R
[6], der dimensionslose Parameter

an, der Parameter der Querversteifung heil3t. Je gréfer é ist, um so nachgiebiger
ist die Querversteifung. Ihre GroRe kann sich im Bereich von 0 <7 $ <7 qq
bewegen.

1. Die verh&ltnismaRige Torsionssteifigkeit der Konstruktion gibt,
gemdl [10], der dimensionslose Parameter

a= Yi+ yo

2 VQI' Pq

an, der Torsionssteifigkeits-Parameter heillt. Seine Groe kann Werte im Be-
reich von 0 a <C 1 erreichen. Einen hdéheren Wert von « als den Wert 1, der
einer vollen orthotropen (oder isotropen) Platte angehdrt, kann man sich nicht
vorstellen.l

Bild 2

'Man kann sich ndmlich jede, durch Balken versteifte Konstruktion des Plattentyps
reversibel als eine Platte vorstellen, deren Dicke dem hdchsten Querschnitt der Konstruktion
gleicht, von der der Teil der Masse zwischen den Balken ausgenommen ist. Es ist einleuchtend,
daB die Torsionssteifigkeit einer derartigen geschwéchten Platte kleiner sein muf als die einer
vollen Platte. Trotzdem zwingen einige Autoren [4, 9] irrtimlich der dritten von den mégli-
chen Rechnungslésungen der charakteristischen Gleichung der 4. Stufe, d. h. fir den Fall,
wo H2 > o/ Qg (oder a > 1), einen physikalischen Sinn auf. Jedoch der einzige, der bestrebt
war, die Existenz einer Konstruktion dieses Typs nachzuweisen, und dessen Ergebnisse auch
die Ubrigen Autoren Ubernahmen, war, soweit dem Autor bekannt ist, Gedizli [3]. Seine
Berechnung fur eine Konstruktion, die von einer Platte mit engen Ausschnitten gemall Bild
2 gebildet wird, war jedoch ungenau, da er bei der Berechnung der Biegungssteifigkeit nur
den gedriickten Querschnittsteil (nach den Bauvorschriften), bei der Berechnung der Torsions-
steifigkeit den ganzen Querschnitt gemaR der Elastizitdtstheorie beriicksichtigte. Bei richtiger
Berechnung gemdR der Elastizitatstheorie, fur die die Methode abgeleitet ist, geht allerdings
a <; 1 auch in diesem Fall hervor.
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Mit dem Index Q sind hier die unter der Voraussetzung, dalR der Quer-
kontraktionsbeiwert des Konstruktionsmaterials einen Nullwert hat, berechne-
ten Steifigkeiten bezeichnet. Bei einer dquivalenten Platte ist also

L

N ) Q Q
I+V yq_-li — Q 1Q

+4

so daB man gleichfalls setzen kann

-
=

20 —=V)YQ1I Qq
1. Wenn man die aus dem reziproken Bettischen Theorem [3] hervor-
gehende Symmetrie der Einheitssteifigkeiten einfiihrt

1Q = vaQr, (5)
dann drickt die verhaltnismaBRige W iderstandsfahigkeit der Konstruktion
gegen Querkontraktion der dimensionslose Parameter

6)

aus, der Kontraktionsfahigkeitsparameter heit. Seine Gréfe kann sich im
Bereich von 0<[ A< 0,5 bewegen.

Durch Einsetzung der vorhergehenden Beziehungen in (2) und durch
Zurichtung erhalten wir, daB

2H = 2 \fQL Q@Q[rj+oc(l—ri)] = 2e]rQ @Q )

wo e Parameter des Mittelgliedes der Huberschen Gleichung benannt ist, und
er ist

e= g+ a(l —n)] = [c+ rj(l—<A 8
Ebenso wie der Parameter a kann auch e aus gleichen Griunden nur im Bereich
von 0 <C e < 1 sein. Aus der oben angefiihrten Darlegung ersieht man, daR bei
rj #=0 der relative Wert des Mittelgliedes der Huberschen Gleichung im Be-
reich

2H
Mn< <

2YQ1 Qg
bleibt.
Die LOosung der Grundgleichung der Platte finden wir als Summe der
Lésung der homogenen Gleichung 2w nach M. Lévy, in der Form

. Jurix
hv = 2 Yiyr Sin-— (9)
m=1 |
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und der partikularen LOdsung fur eine endlos breite Platte (Gurt) d. h.
w = hv .+ 2w; (10a)
unter folgenden Voraussetzungen:

—Die Belastung ist sinusférmig in der Richtung der Haupttrdger verteilt, d. h.
die Belastung ist definiert als

Px = 2éPm sin —— ; (11)
m i
wo pmdie Amplitude des m-ten Gliedes der Belastungsentfaltung in der Form
einer einfachen Fourierschen Reihe bedeutet, also die GroBe der Belastung in
x =2 (Bild. 3);

E’()Q e, [MYTX
=Pmsim —j—
4rr

Bilcl 3

— die Randbedingungen an den freien Rdandern sind, wenn man die
Kirchhofsche Vereinfachung [7] fiur den Ersatz der Randtorsionsmomente
durch zusatzliche Schubkréafte verwendet

32w —
Mr =0
Q y=%b (12)
33w + 4 > [FE - 0
Qq 9j3 + o8] Qx2dyly=+b ’
die Randbedingungen an den zwei anderen, frei aufliegenden Seiten
sind
i92M
Wx02) = 0, 0. (13)
a2 (x=00

Die Funktion Ym der homogenen Lésung ebenso wie die in [11] angefihrte
partikulare Lésung gelten auch hier, wenn e gegen x ausgetauscht wird. Fir die
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vollstdndige Ldsung wird ein zu [11] analoger Vorgang verwendet. Aus den
Bedingungen an den freien R&ndern werden vier Gleichungen fir die Be-
stimmung der Integrationskonstanten A, B, C, D gewonnen:

emnb{[(e — rf)Am+ ]/l —e2Bm]cos mth -f [—f] — e2Am+ (e — rj) Bm]

..sin mtb} + e~mnb {[(e — 1)) Cm— f1 — e2D m] cos mtb [1/71 —e2Cm 4-

-f- (e — rj) Dm\sin mtbh} -f- Cne_mZi"d [(1 — rj) sin mtjb—e\ —

— (1 — rj) cos mt\b —e|] — O,
/
e-mnb {[(e —ri)Am+ Y1 —£8T]cos mtb + [/ —£2Am—(e — rj) Bm\ ...

.. sin mtb} -f~emnb {[(r — rj) Cm- fl — £2Dm] cos mtb [ j*l — £2Cm +

+ (e — rj) Dm\ sin mtb} - Che mnb+e) [(L — rj) r'lT_~e sin mt(b -j- ) —

— (1 + 1) cos mt(b + e)] = 0, (14)
..mnb (-1+ V) 4 . (1+ V)Bn mtb —1+ v)Am+
f(—1+v) Pt EB.  mw G-vy

(1 -f rj)Dm\ cos mth + @+ r)Cm+ (- 1) 12 EDm} sin mtb% +

D — C* 8 [(e — rj) sin mtb —e\+ }/| —e2 cosmth—e]= 0,
1—¢£
Omnb 1+ e . . .
- 4 1.6 + (L+ rj)Dn cosmtb + [ + rj)Cm — (1 —1j) ...
P -mnb - + €
sin mtb (! —n) 1_£y|’m+ (I'+ ii)-"n
1+ £ _ 2
cos mth f- (1 — rPDAm+ {1- M)~ B,, sin mtb 1 r~ ...
. e~m(b+e) [(fi — rj) sin mt(b -—) +—11 — £2cos mt(b + €)] = O,
o + e.
b 2
1
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Durch die Lo6sung folgt

*
$em © fu+ w) = Cc*A'm,
2Yry2
C*
B,n = . — (X + Y)= C*B'm
2 Fj1
o cMo(w- u)=c;c,
2 Yr y2
C*
Dm= (X - ¥)= C"D'm,
2V,V
wo sukzessive
U= y,(Qnt- Tns), 0= G -H
W = V2(Rn2- Snt),
R = G+ H
X = YAy + Snb), c*
o E+ F
X = Vi(Qn3 + Tnl) S -
«l«6 + MNAIB= ViI=> E - F
T = . (16)
n3ns + n4n7= V2, L

ni = Ke —V) — y{]fl —e2 «s = L(I —*N«+ 01+ ¥p

R=KIRI+7)+7 £-"% . n -7 1% 8 74 -U)«
] _

~ e /- - i
1 2 ! 2
m3= Le—i?) —Yyl—e21 ni=W1l1—Ma+ Y1+ V),
na= L2a+e + 1 ¢ qg- g 1*Y  NA- ™a
1—r
2

E = C?e tn's1 V)[(i — ij)asin mt\n —y) — (1 + ij) cos mt'(n —y)],

F = C* e~Tn'(n+A [(1 — ij)a sin mt\n-\-xp) — (1) cos mt'(n-\-ip))],

. G - .
G = 2C* e-™Y-<p) 7 sin mt'(n —y) + acos mt'(n — %)

1—e
G- T . .

H = 2C* sin mt'(n ip) -(- a cos mt'(n -(- M)
1—e
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(16a)

K= (emn21 + e~mnn)costn'n, n(b-f-e) = n'(ir f- ip),
L

= (etn'n — g-mn--i) cogmn'n® t(6 -)-e) = {'(n: + vy),
I = (emnn -\- e~mnn) sinTn'n, nb—e = n'(y>—n).
J'= (etn'n — g-Tn'A* ginmn,7t" (fr —e — ("(n — vj).

Die Gleichung (10a) fur die Durchbiegung der untersuchten Konstruktion
kénnen wir wie folgt schreiben:

mP . mnx
wioey) =y P A )T e (10b)
m 2bmin3qgl
md
K(y)m = {nrtrt + [C, 0 Tm D),, P ?m]
Vo + e

~b [MNd—4dm “b il Mip—vIm]}
der erste dimensionslose Beiwert ist, der von o, ip, 8, a und t] abhdngt. Fir ihn
gilt, daR

o <p R
und
+t

L (on Rg()dr =1
26 b(1+ K°)

wenn K° den Wert des dimensionslosen Beiwertes fiir eine harmonische, auf die
Breite gleichmdRig verteilte Belastung bedeutet. Die Werte M, N, 0. P sind

Mfm = eTnwcos mt’ o,
Nvm= et sin mt'<® 0,_vim= e mn'w v cos mtl<p — W,
Cym “Mr®cos mt'cp,

P<om= e~mn’vsin mtcp, PA-vim = e mn'w M sin mtjgr —ip .

Fur die Biegungsmomente in den Haupttrdgern (in der Richtung X) gilt, dal

M, = & Pml2_ - sin mnx 20y
y 2b n mi%(y)m 4% Vfi(y)m} |

wo der zweite dimensionslose Beiwert, der von o rp, #, a und 1/ abhédngig ist,
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folgenden Wert hat:

= . e(1T M 2m + B'mMNym) + V1 — e-(— A'TNym -f-

f2(1+ £)
BT Mfm)+ eCTOfm+ Dmprm + V T (C "mpvm - (21)
- DmO N fA+ Igp-fim = O,\4f=rp\m

Fir die Biegunsmomente in den Quertrdgern (in der Richtung Y) ist

M + «i 22
a 2 ey T2]'IT K(y)T+ KyT)] «in T7|1X (£2)

Die Torsionsmomente sind gegeben durch den Unterschied

@MLQ- ML = Va(l - n)-TulL [T (j)m] COS ~ , (23)
Irfi

2tztu |

wo der dritte dimensionslose Beiwert, der von o, ip, #, ccund rj abhdngt, folgenden
Wert hat:

1
r(y)m — [Am Mym -f- B'mN m\ l+e[»A'mN.cpm
+ B'mMym\ — [CmOym + D'mP ] + X (24)
X [—CmPfm + DmO0fm] =F | (p—gm *
n -

Das Vorzeichen des letzten Gliedes ist unterschiedlich gem&R der gegenseiti-
gen Beziehung von @ und ip. Fur ip > <p gilt das Pluszeichen, fir ip<i (p das
Minuszeichen. Die Torsionsmomente fir die Richtung x der &quivalenten
Platte sind

MLQ = -—-- I (MLQ- MQL) (25a)

und dhnlich fur die Richtung Y
MQL= -—~+ —— (MLQ- ™MQL). (25h)
71+ Tq

Die Schubkréfte in den Haupttrdgern (in der Richtung Xx)

TI7CX
Q1 = LLy) T+ YO L v Ay)n cos (26)
2bm rsSL Qq
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und fur die Reaktion gilt &hnlich

Q1 = o 26m {KMT + (2e — n) u(y)T}cos " '/P (27)

Die Schubkrafte in den Quertrdgern (in der Richtung Y ) sind
mnx

Q=2 Rn 2+ m " xy)m sin (28)
Q1 Qq '

wo der vierte dimensionslose Beiwert, der wieder von quip, $, cund rj abhangig
ist, folgenden Wert hat:

K{y)m= - 7 [(2e - 1)(~ + B'mNfm) - (2e + 1) %+ (A'm N.qm
e
BmMOm) - (2e - 1)(CmO,m+ Dmpom - (2e + 1) i ¢ x
+ e
2f
X (c; P_m- d;,o0_1)d Ic—ylm 20 |"p_yjm) (29)
Y1 -

Sobald die dimensionslosen Beiwerte berechnet sind, ist die weitere
Berechnung duBerst einfach, nur auf einige algebraische Operationen beschrénkt.
Immerhin wird der praktische Vorgang nur dank folgenden zwei Tatsachen
ermdéglicht:

A. Fir eine allgemeine, in die Fouriersche Reihe in der Richtung X ent-
wickelte Linienlast mufR man gewdhnlich mit mehr Gliedern der Reihe als mit
einem einzigen rechnen, besonders fir einige statische GréfRen (Momente,
Schubkrafte, Reaktionen). Die Tabellierung der dimensionslosen Beiwerte x
wirde allerdings in Anbetracht des UbermdaRigen Umfanges ihre praktische
Bedeutung verlieren, sobald man die Werte der Beiwerte fiir mehr Glieder
der Reihe zahlenmaRig festlegen miRte. Glicklicherweise zeigte es sich bei
detaillierter Analyse der Gleichungen, dal das m-te Glied der Reihe, das der
Verteilung der Belastung

mnx
p(x) 2Pm sin

entspricht dem ersten Glied der Reihe eines Systems mit m-fach nachgiebige-
ter Querversteifung, d. h. mit dem Biegungssteifigkeitsparameter m #, gleich

1An den Réndern gilt allerdings mit Ricksicht auf die Kirchhofsche Vereinfachung

Q=2 Pm[(2« —V)Ry)m+ K(y)nj sin m*— m (28a)
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ist. Das bedeutet mit anderen Worten, dalR die Querversteifung fiur die Bela-
stung

.. . mnx
p(x)m= Pm Sin —j—

zu einer m-fach biegsameren wird als fiur die Belastung

. _ . nx
xh = Pism

Diese Erkennntnis ist auBerordentlich wichtig, denn sie ermdglicht, die
dimensionslosen Beiwerte % nur fir das erste Glied der Reihe, d.h. m = 1, zu
tabellieren, sie jedoch fir ein beliebiges Glied der Entwicklung zu verwenden.
Die Beiwerte %{y)v x{y)® X(y)3 ........... X(y)T fir die Belastungen

bnx .orrmx

. Xn . 20X .
P1sin , p2sm ——, p3sm- -- ... sin ——

werden aus den Tabellen der Werte x(y)n fortschreitend fur #, 2ft, 3# ... m{)
gewonnen.

B. Die dimensionslosen Beiwerte % sind (aufler @und rp) Funktionen der
dimensionslosen Parameter $, a, rj, die in ihren vorher angefiihrten Grenzen
beliebige Werte erlangen kénnen. Das wiirde natirlich auch wegen des untrag-
baren Umfanges eine Tabellierung der Beiwerte % unmdglich machen: es
wére unbedingt ndtig, jeden Beiwert / in jedem System qund \pfir alle Kom-
binationen der drei Parameter $, a, Y mit angemessen detaillierter Teilung zu
tabellieren. Die praktische Verwendbarkeit der Methode ermdglichte der Um-
stand, daR die Anderung der dimensionslosen Beiwerte mit « bzw. T in den
Grenzen ihrer Extreme durch eine kontinuierliche, meist monotone und leicht
ausdrickbare Interpolationsfunktion gegeben ist. Es zeigte sich, daB man in
allen Fallen, ohne eine Verringerung der Genauigkeit der Methode erwé&gen
zu miuissen, zwischen des Grenzwerten (Grundwerten) der Parameter a = 0,
a= lundr= 0,1r= 0,25interpolieren kann, und dall man einheitliche para-
bolische Interpolationen gemaR der Formel

Xk Xmin {Xmax Xmin) F(k) (30)

verwenden kann. Dadurch wird die Tabellierung der dimensionslosen Beiwerte
auf ein annehmbares Mal reduziert: im praktisch verwendbaren Umfang des
ersten Parameters $ von 0,05 bis 5,0 muR man die Beiwerte nur fiur die zwei
Grenzwerte des zweiten Parameters a = 0 und a = 1 sowie die zwei Grenz-
werte des dritten Parameters rj = 0 und rj = 0,25 tabellieren.

Gemé&B dem Charakter des Verlaufes der dimensionslosen Beiwerte in
Abhéngigkeit von @ und rj erwies es sich ferner als vorteilhafter, fir alle
dimensionslosen Beiwerte %= f(ix, rj) die Interpolation vorerst gemdaR 1
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(sukzessive fur x — 0 und fiur « = 1) auszufuliren. Das bedeutet, dal mit
Hilfe der Grundfunktionen X 0,0, X 0.25, X1,025 die Funktionen X0~ und X 17
gefunden werden. Erst danach wird die Ubriggebliebene Interpolation zwi-
schen diesen zwei Funktionen gemé&R x ausgefuhrt, d. h. es wird die gesuchte
Funktion X a gefunden. Der Wert F(k) ist fur verschiedene dimensionslose
Beiwerte maBig unterschiedlich und er ist auRer x bzw. rj auch von #, ® und
ip abhangig; dieser Wert muR daher fiur jeden dimensionslosen Beiwert ge-
sondert bestimmt werden.

Die Interpolationsfunktionen wurden durch eine detaillierte Analyse der
berechneten Werte der Beiwerte flr verschiedene #, x = 0, x = 0,25; x = 0,5,
X = 0,75, x = 1,0 und tJ = 0; §= 0,075; rj = 0,15; rj— 0,20; 1] = 0,25 und
fur das Netz von 49 Punkten in Abhéngigkeit von Qund ipbestimmt. Es wurde
darauf geachtet, daB der reduzierte Fehler zwischen dem richtigen und dem
interpolierten Wert nirgends grofer war als 2,5%; die Reduktion des Fehlers
wurde fur jeden Parameter $ im Verh&ltnis des groRten absoluten Wertes des
Beiwertes Xmax zum ermittelten Wert des Beiwerts X ausgefihrt. In Tafel |
sind die derart gewonnenen Werte der Interpolationsfunktion F(k) ange-
fahrt.

Im Spezialfall, wo die harmonische Belastung p(x) auf die Breite 2b
gleichmélRig aufgeteilt ist, d. h.

mnXx p(X)

P(x> = Pm sin
| 2b

ist die Berechnung der Integrationen der EinfluRflachen der einzelnen Innen-
krafte mihsam und ungenau. Durch ein gleichartiges Verfahren kann man
jedoch analoge Beziehungen fir die einzelnen Innenkrdfte bei gleichmdRig
verteilter Belastung direkt, wie im folgenden gezeigt wird, erhalten.

Die Durchbiegungsfunktion ist

»1*. ym = m Qigp i {1 + [ [A%(Mfm+ Ovm) - B%(Nrm- P,m)]j sin ~ ,
Qlnami1 J |
(31)

wo das erste Glied die Dimension der gesuchten GréRe hat und wo K°(y)m der
erste Beiwert aus einer weiteren Doppelreihe dimensionsloser Beiwerte, von
99, #, x und 1j abhéangig ist und den Wert

Ke(y)m = + Ofm) - B%(N9m - P,pm)] (32)
hat, wo
A’m = C« = Cﬂrrikﬂe _ Jo' __ TI**Tr0'
(33)
r** H_b i :
Bo:_Do:_ __r>\—>\—Ro_r**EH‘H>
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0,05

5,0

0,05

5,0

und weiter
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Tafel |
Wert der Interpolationsfunktion F(k)

Interpolations- Interpolations-
geml3 gemaly

0 f a

«=1

X

0,05
( 0,06 + 0,90 #)
a

0,40
0.45

{ ya

5,0

005  4-tp %0 yey) 0
| a(-0,012+o,72#) L(1.07-1,21 #)

0,40

0,45

41 4]

50

0.05 w= 0 v 0

| ,(0.075-1,42#) (-0,055+0.88%)
0,40

0,45

| ya
5,0

0.05

4 417

( 0.045 + 0,70 #)
a

04
0.45

i Ve

41 4n

Z= + nnb, (34)

cH? = - ~ f r,- (35)
gl jidm4

nv n2 n5neund M, N, O, P sind durch die Beziehungen (16) und (19) gegeben.
Das Ldangshiegungsmoment ist

M °L= 2 44 [t + Ke(ym- We(msin (37)

m

7t2 Tt~
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Pe(y) T = N{e(AL MrT - BLU NdagT) - ][l - €2(Al Nm+ B* M1 )+
+ e(- A%OTr+ BYUPfm)- ¥ I~ (Al P9T+ B% O0(fm},

das Querbiegungsmoment

Prn >

_ - iAy)m+ VK°(y)m] sir
Mb =2 |oaom 1 y) (y)m]

der Unterschied der Torsionsmomente

(MLQ- MglL)°=2 2p"V W («- 4)[/1ybl cos~
m TV-m~ it 1

1-
fy)T = n MR W BNy b — +£e{A| Nfm +

AO' P L. RO'n \1
m *_

K M,m+ {AlO<m- BIP ) 2V Pt Ry

die Lé&ngsschubkraft

a = # [ I + K»Wm - + (2* - ®m»Ne ,,w 1lcos

m nm \ A+ O

die Reaktion

S

A = {L+ Wy)T- (26 1l (y)n}oos

und schlieBlich die Querschubkraft

Qg = 2 Pm b o Ay)m - X (y)m,
QA

tim b

wo

Ay)m=n L+e (1. 2e)(Al Mfm- BI Nfm) -

@+ 20) J (AN BY Mem -

(- 28) (Al Ofm- BI Pvm + (1 + 28) X
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Auch fur diese Belastung kann man ein analoges Tabellierungs- und
Interpolationsverfahren anwenden. Die Interpolation wird gemdl der gleichen
Beziehung (30) ausgefihrt, und die Interpolationsfunktionen F(k) sind in der
weiteren Tafel

Beiwert

K0

0,05

0,50
0,55

5,0
0,05

0,50
0,55

5,0

0,05

5,0

0,05

I
0,50

0,55

I
5,0

angefuhrt.

.exp(0,65—0,82%)
41ij

Tafel 11

Wert der Interpolationsfunktion F (k)

a= 0

Interpolation geméaR 77

4 rpu*

4n

(4 )54

(4 »)

po 7

exp(0,74—0,17 ft)

(4 ri)

P=n

4nf

< Interpolation geméR a

0,05
4 exp(0,62—0,45%)
ri

0,50
0,55
(4 rj)43 |
5,0
0,05
(4 ri) t
0,50
0,55
(4 ri) i
5,0
0,05

0,50

(41 5.0

0,55
0,05

0,50

(4 ri)
0,55

5,0

1An den Ré&ndern gilt die Gleichung

Qq

Jt
M

TILTtV

v) Ay)m *° (y)m) sin mfI

(1,06 —1,14 ft)
a

V*

(1,05 —1,11 ft)
a

y*

(1,02—0,73
a

- (44a)
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Analysis of Structurally Orthotropic Plane Structures. Paper describes an analysis

of structurally orthotropic plane systems. It takes into calculation not only the bending and
torsional stiffness of the structure but also its contraction ability. Application of the derived
method reduces the lengthy and most tiring part of the calculation, as well as the structural
engineer’s work to the minimum.

PacueT no hopMe OPTOTPOMHbIX MOBEKMX KOHCTPYKLMIA. B paboTe Ans pacyeTa TOCKMX

KOHCTPYKLMIA OpPTOTPOMHbIX MO (POpPME OMUCLIBAETCS Takas MeTOAMKA, KOTOopas KPOMEXECT-
KOCTU KOHCTPYKLMW B OTHOLUEHWM W3rM6a M KPYYEHUS YUMTHIBAET TaKXKe KOHTPaKLMOHHbIe
CMOCOBHOCTY [jaHHOM KOHCTPYKLMKU. Bnarogaps onucaHHo METOAMKM pacyeTa 4acTb PacyeToB
TpebytoLLash MHOTO 3HEPTUM N B TOM MecTe paboTa CTaTMKa CTaHOBTCS MUHMMA/IbHBIMM.
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NONSTEADY TEMPERATURE FIELD
IN THE ROTATING ANODE OF AN X-RAY TUBE

U. GAMER*

[Manuscript received March 6, 1974]

Using the temperature distribution due to an instantaneous point source, the
temperature field in an infinite disk caused by a heat source moving along a circle is
calculated. For constant output and constant circular frequency the mean value of
the temperature over the circumference is received in closed form by application of the
Laplace transformation and short time expansion. The numerical results are represent-
ed graphically.

1. Introduction

The life time of the anode of an X-ray tube may be limited by several
causes. All of them are connected with the high temperatures occurring in the
anode. Evaporation of the material takes place. In tubes operated on A. C.
overheating results in inverse emission [1]. Thermal stresses may cause failure.
To reduce the maximum temperature, rotating anodes are sometimes used.
Elastic-plastic thermal stressesin the rotating anode of high-power X-ray tubes
and the condition for shakedown were investigated by [2]. To calculate the
thermal stresses, the knowledge of the temperature field is essential. To numeri-
cally evaluate the formula for the temperature given there a computer is
needed since it involves twofold infinite summation. A simpler formula which
gives the temperature in terms of tabulated functions is derived in the fol-
lowing.

2. Statement of the problem and solution

The anode is considered an unbounded thin disk heated by a point source
of constant output moving along the circle r — a with constant circular fre-
quency o (Fig. 1). Since loads of short duration are considered only, the tem-
perature field in the infinite disk applies also as a good approximation of the
finite disk as is shown below. Differences of temperature in z-direction and dis-
sipation of heat by radiation are neglected.

*Dr. U. Gamer, |. Institut fir Mechanik der Technischen Hochschule Wien, Osterreich.
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Using the method of point sources, the problem can be solved exactly.
Under the conditions stated, heatflow occurs in the x,y-plane only, and the tem-
perature at pointr,yasa function oftime t caused by the release ofthe amount
of heat Q per unit length in z-direction at x',y"' and time t' is

Q x—=x'Y + (y —y'f
4nX(t—t") 4k(t - tY)

T(X, Yy, t) (1)

Here Ameans the thermal conductivity and k the thermometric conductivity.

The source of constant output W per unit length is supposed to start at
(= 0 at the point x = a,y = 0. This does not imply a loss of generality but
fixes the coordinate system and the time scale. It moves according to

X — a COS (O,
y = a sin oot
Replacing the Cartesian co-ordinates by cylindrical coordinates
redl= x -)- iy
mid integrating over i', there follows
t
r2 a2 — 2ar cos (@ — cot’)

T(r, oY dett - 1) (2)
0

The temperature at a fixed point oscillates about a monotonously in-
creasing level. The amplitude becomes the smaller the faster the anode runs.
The mean value of the temperature over the circumference is by integration [3]

2
T(r,t) = — IT(r, pt)dy =

-

w r. .| r2+ a2 / ar dt' 3

41X o O@ [ dfe(t- 1) okt—t) t -t
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where 10represents the modified Bessel function of the first kind. It is not ex-
pressible in terms of tabulated functions [4]. The numerical evaluation of this
integral is not easy. Since the load is applied for short times only, a closed form
solution of the equation of heat conduction is derived by application of the
Laplace transformation and short-time approximation.

3. Mean value of the temperature over the circumference for
short times

The infinite disk is separated into two regions r <[ a and r > a free of
sources. Heat is supplied at the boundary r = a. The temperature is governed
by the equation of heat conduction

2r 1 9T 1 BT 0
+ 4)
dr2 r dr K 9t
and the boundary conditions
Tv— B2,
3T, 0T2 r= a
2nal = WU(t) (%)

dr dr

The subscripts 1 and 2 designate the inner and outer region, respectively. U(t)
is the Heaviside unit-step function.
Taking Laplace transforms, (4) and (5) read

d2T1* AdT* _ s 6
dr2 r dr K ®)
T4 —=1"2
fdT* dT? w r= a. (7)
(dr dr s

T*(r, s) means the Laplace transform of T(r, i). The two solutions of (6) are the
modified Bessel functions of order zero 10(gr) and K 0(qr) with g = ]/s/ke Since
bounded the transformed temperature is represented in the inner region by

Tf = A10qr)
and in the outer region by
T* = BKn(qr).

A and B are determinzd from the boundary conditions

I 0{ga)A — K 0(qa)B = 0,

h(ga) A + K,{ga) B = — ,
(qa) {ga) I aAgs
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and thereform

T* w K 0(qa) .
T 27ia).gs  10(ga) KAga) + K u(ga) 1ga) TPy » (8)
T — w 1 0(qa) K or) o

2naXgs 10(ga) K*ga) + Ku(ga) I1"qa)
The denominator becomes ([5], p. 375)
/'u(ga) K*qa) + Ku(ga) 1"qa) =
ga
Expansion of the modified Bessel function of zero order for large values of the
argument z| yields ([5], p. 377/378)

|+ — Heo e
I oW 12: * 8z 128 72

1
i I Le"2 l - + —g— + eeo o
KO@) 17y, 8z 12822

W ith the first three terms of these series, Tf, in a form suitable for inverse

transformation, reads

s W g k2111

4n/. ][c s12 8 r a S2

1 9 2 fc3-
+

+ - U
128 lra  ar * Ta] e

A similar expression is obtained for T*.

Using pair No. 11 ofthe table of Laplace transforms in [4], p. 494, and the
recurrence formula for the repeated integrals of the error function ([4], p. 484)
one arrives, after tedious but straightforward calculation, at

1
Tr= 9 - 50p + 9g2 +
r 768( P 92 e
) 1
1—erfl~ 9 , 2H-—- — (9 - 50e 9e2 X
128 2Yr 384
1 9
X Hememe - 9 + exp (10
e 96 1 5" n -~
. w 1 1 9 50
L= (2- 1 ] ' -
i Yo ( ) 268 hj (e 12
9
. 1 —erf H + 2+ X
128 2 Y-i 384
X(e-iy _ bl .
2 g6 TP o
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The temperature is expressed as a function of the nondimensional radius
g = rla and the nondimensional time x = tfc/a2. A table of the error function
erf x can be found e.g. in [5]. Fig. 2 shows the nondimensional temperature
T 4 TIA/W in the region 0,6 < g <C 1,35 for different times up to r = 0,02.

It should be noted that (10) cannot be used for small values of gbut it is
of sufficient accuracy in calculating the temperature in the neighbourhood of
the source. Within the range 0,6 <Cg 1 there is very good agreement
between the temperature calculated from (10) and that calculated according
to (8.4) in [2] involving twofold infinite summation.

Still open is the question whether the unbounded disk is a reasonable
approximation for the finite disk. If dissipation by radiation is neglected, there
should be no heat flow through the cylindrical surface since the anode is sur-
rounded by vacuum. With the help of (11) numerical calculation shows that
forr = 0,02 only 0,8 per cent ofthe total heat supplied pass the radius g = 1,5.
Therefore (10) and (11) are valid for finite diks, too.

The removal of the heat source is equivalent to the superposition of a
second source of output —W, and thus, the temperature field during cooling of
the disk can easily be calculated.
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Das instationdre Temperaturfeld in der rotierenden Anode einer Rdntgenréhre. Unter
der Verwendung der Temperaturverteilung zufolge einer instantanen punktférmigen Wéarme-
quelle wird das Temperaturfeld in einer unendlich ausgedehnten Scheibe bei Erwdrmung durch
eine sich langs eines Kreises bewegende Warmequelle angegeben. Fiur konstante Leistung und
konstante Winkelgeschwindigkeit folgt die geschlossene Lésung des Mittelwerts der Tempera-
tur Uber den Umfang, die durch Laplace-Transformation und Kurzzeitentwicklung gewonnen
wird. Das Ergebnis ist in einem Schaubild dargestellt.

HecTaunoHapHoe TemnepaTypHoe Mojie BO BPALLAIOLLEMCS aHOfAe HeKOTOPO peHTre-
HOBCKOM TpY6KW. B OTHOLUEHUM MPUMEHEHWs pacrnpefeneHust TemnepaTypbl Ans HeKOTOPOro
HEeCTaLMOHapHOTO TOYKOOGPA3HOTO WCTOYHMKA Tenfa AaeTcsl TeMMepaTypHOEe Mofe B HEeKo-
TOpPOM GECKOHEUHOM AMCKE MPU HarpeBe OT HEKOTOPOro MCTOUHMKA TeMa, JBUraloLLerocs BAo/b
HEKOTOporo Kpyra. [ins KOHCTaHTHOW MOLUHOCTM W fiN1s KOHCTaHTHO YrioBoii CKOpocTW mnony-
UaeTCs peLUeHue 3aMKHYTOl (DOpMbI A1 CPeHEro 3HaYeHWUs TeMMNePaTypbl 471 06beMa, KOTOpoe
peLLeHWe MoyyaeTcs C MOMOLLLIO NpeoGpasoBaHUs Jflamnaca M KPaTKOBPEMEHHOrO pasno-
XKEHUS.

Acta Teehnica Academiae Scientiarum Hungaricae 82, 1976



Acta Technica Academiae Scientiarum Hungaricae, Tomus 82 (1—2), pp. 53—59 (1976)

ON THE RELATIONSHIP BETWEEN DIFFERENT
APPROXIMATING METHODS

P. SCHARLE*

[Manuscript received January 28, 1974]

The paper deals with some common properties of several well-known approxima-
ting methods. It separates the concepts of the approximating principle and approxima-
ting technique. Attempts are made to construct a general treatment for relating -the
approximating principles used in the numerical investigations of a wide class of non-
linear continuum problems. It is possible to recognise a very expressive connection
between the different methods as the least squares, weighted residuals, direct approxi-
mation and variational ones.

1. The concept of error vectors

Let us consider the problem of having a general operator equation
such as

Ww) = f (€

where N may be a linear or nonlinear operator. Here u is a generalized vector
containing scalar-function elements; the domain of definition for these func-
tions will be the cartesian product of the three-dimensional euclidean space
B with the boundary dB and the time interval (—oo0, 00), It is understood
that (1) is to be satisfied in B. On dB, for the sake of simplicity, we assume to
have homogeneous boundary conditions. Assuming that an exact solution u0
exists (in B, on dB) at least locally. In other words we presuppose the exis-
tence and the uniqueness of u0 — for the case of nonlinear N this uniqueness
is local. In what follows we only consider the problem of finding an appro-
ximating solution, which is an element in the U-space, U being the domain
of N. Letf C \, V being the range of IV, then we can call the F-space the
image of U, U and V are real Banach spaces. We shall assume that N is re-
gular in the sense that there is a one-to-one correspondence between the ele-
ments of U and V.
Our aim is to find a “good” approximation for u0. We propose that

u= au=" Qgu; (2)*
1=1
*Dr. P. Scharle, Péterfy S. u. 44. Il. 1. H-1076 Budapest, Hungary.
*Summation convention on repeated indices is applied in the sequel.
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where u, C U are a set of linearly independent elements. The union of these
elements determines a subspace Unin U, c, are undetermined parameters. In
the [/-space uOand u can be considered as vectors and likewise fin the F-space
(fis the image of u0). Now we have for the image ofu

V() = N{(ciu,).
In this manner, we can interpret two kinds of error vectors (see Fig.; Odman[2])

g= U0— cu, 3)
and
h = f- N(c,u,). (4)

Naturally, g and h are not independent. For instance, if N were linear,

h = N(9).

The first step for constructing an approximating solution is to define
that we consider the approximation as “good” if some measure of g and/or
h is rather small. There are several possibilities in choosing this measure (e.g.
atype of norm, a vector, etc.). In what follows we will accept that this measure
is a scalar, without discussing any of the other possibilities. In this case we
have two alternatives; we can require either

a) the length of the chosen error-vector, which is the projection of the
vector on itself, shall be a minimum, or that

b) some projections of the error vector should be zero — in other words
the vector must be orthogonal to some subspace.

To define the length and orthogonality conditions we shall use the con-
cept of a scalar-product. This product is defined as a bilinear functional in its
arguments and indicated by

<a, b>

where a, b are the arguments, not necessarily defined in the same function-
space (Tonti [3]). This bilinear functional puts U and V into duality.
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If the number of the linearly independent u, vectors is large enough, we
can expect that the chosen measure of the error, e. g.

a) the length of the error vector or

b) the non-vanishing components of the error vector will become neg-
ligible small.

The second step is the selection of the error vectors. We can consider only
g or only h, or simultaneously both of them. Clearly, the two steps are not
totally independent, moreover in some cases the a) and b) alternatives are
equivalent (in accordance with the projection-theorem in Hilbert-spaces).
However, we will not discuss these questions in this paper.

2. The approximating principles

It seems to be appropriate to separate the ideas of the approximating
principle and the approximating technique. An approximating principle needs
to have a definition of error and a measure of it, according to the above de-
finitions. On the other hand, it is usually important to find a rather wide 1In
subspace of the u, approximating vectors. The approximating techniques of
finite differences, finite elements or the Kantorovich, for instance, because of
the discretization involved allow for a wider subspace, independent of the
approximating principles applied. We can call an approximating method the
coupling of some approximating principle and some approximating technique.
However, in what follows, we will only be concerned with the approximating
principles defined in the above sense.

Generally, we can separate six type of these principles:

2.1. Consider the error-vector g and the minimum-condition

<g, g> = min. ®)

This condition is not useable as we cannot eliminate from it the unknown u,,.
2.2. Consider the error-vector g as orthogonal with respect to a set of
linearly independent functions (¢,) constituting some space

g ®>= 0, v=1,2 ... n. (©)
Expanding (6) we find
<Ug— U, P)= <uo ,>— <y, §,>= 0. 7

This equation again contains the u0solution, but now we can choose ®,, as a set
of images of an arbitrary ¢ 4 1 set, so that

o, = iV(cp,,)- (8)
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Now, from (7) we obtain
<u0, N(4>v)) = <c, u,, JIV(cpv)>. 9)
If the N operator is symmetric* in the sense

<p, N(@)> = <q, IV(p)> (10)

where p, g £ U (Tonti [3], Oden [4] etc.), then from equation (9) can be
written
<c-u,., N{cpj) = <cpv, W, u0>. (11)
This equation is the general form of the so-called direct approximation method
(Tottenham [5]).
2.3. Consider h error with the minimum-condition:

<h, h>= min! (12)
By expanding (12) we obtain
<iV(u0, IV(@u0> — <IV(@u0), N(ctu,)> - (N(Cfu<-), IV(u0) >+
+ <JV(ciu/), IV(c,u.)> = min! (13)

The necessary condition for the minimum is

<h,h> =0 (14)
3¢,

which give
Wuo,~ ~ We,u))- (J - N(c,u.), N (uog) +
(15)

+ N(Cjuf), N(Cjmi)\+/N (ciu,),— N(ctu))= 0.
\3c,, [\ 3c,,

This expression is the most general form of the least squares approximation
method.
2.4. Consider the h error-vector with the orthogonality condition:

<h, m") = 0 (16)

where m,, is an arbitrary system of linearly independent vectors. Equation (16)
can be written
m,> = <IV(u0), m,>. (17)

This is the general form of the weighted residual method.
2.5. Consider simultaneously g and h with the minimum-condition:

<g. h> (18)

*Here we take the advantages of the homogeneous boundary conditions. The inhomo-
geneous case is more involved but can be accommodated in a similar manner (see Oden [4]).
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Expanding (18) we obtain
<u0, iV(u0> — <cfu,-, N(u0> — <Ugq iV(cu,)> + <cjU/, iY(c,u,.)>= min ! (19)

:first term on
appears and the others become

/ 0
li)> + (u0>-é---
= (20
—(cu,,- N(cju,)\=o,
( e (cju,)

or, in a more conscise form,

<u,, h>+ (g, — NECju))= 0 (21)

where the second term of the left-hand side contains the unknown solution.
If the first Gateaux-derivative (see, for example Vainberg [9]) of the operator
N is symmetric in the sense defined by (10), uO can be eliminated and (21)
furnishes a usable equation for c,. Thus, we have obtained the general expres-
sion of the so-called variational formulation.

2.6. Consider g and h with the orthogonality-condition:

<g, h> = 0. (22)

Analogously to (5) the left-hand side is now fully symmetric in u0Q even if
C ,N( )yisnotsymmetric and (22) does not provide a new approximating
principle. Nevertheless, it is well worth noticing that (22) is fulfilled and the
two error-vectors are orthogonal in the sense of (21), as they are expressed in a
unique biorthogonal system, but in two complementary subspaces of that one.

3. Some consequences and remarks

3.1. Clarly, each of the above principles can be restricted, in accordance
with the actual structure of the N operator. For example, if N was linear and
symmetric, from (9) we obtain the “auxiliary solution method” referred by
Tottenham [1]; from (15) we arrive to the familiar expression of the least
squares method:

<. N(Uj) - Wu0), N(u)>= 0

and from (19) we obtain (leaving the first term out as we know we shall derive
the expression) the Mikhlin [6]-problem

<¥(cm;) — 21V (u0), c-u.>= min!
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The possibilities provided by (17) are discussed in great length by Finlay-
SON [7].

3.2. Each of the principles has advantages and disadvantages. For
example, the direct approximation furnishes linear equation for c,, the least
squares principle provides symmetric coefficient-matrix, and so on. Our
choice among the principles may be governed by our possibilities of finding
an appropriately wide Un subspace and, in this context, is also influenced
by the applied techniques. In general, however, if n is rather large, there is no
preferred approximating principle (Crandall [10]). The extensive analysis of
this question is beyond the scope of this paper.

3.3. The power of the Galerkin-method is due to the possibility of
choosing for the u:functions the eigenfunctions of the N operator. When this
happens, each of the approximating principles becomes more simple (for
example, we arrive at the direct method used by Mikh1in [8], relating to (11)),
and each of them can be considered as a modification of the other.

For the variational method, both of the error-vectors are controlled and
for this reason it provides a very rigorous solution. However, the requirement of
the symmetry of the Gateaux-derivative is a severe restriction in comparison
with the other principles. Moreover, the condition of the meaningful existence
of (18) requires further analysis. We may assume — mostly intuitively and
with certain optimism — that if our governing equations are independent and
the state-fields are able to describe the interactions of the considered physical
problem, N will be, at least locally, linear and there will exist a variational
principle.

3.4. For time-dependent problems, <[, > represents the Gurtin-convolu-
tion product (see [3], for example). As to the regularity of N, intuitively we can
expect it to be equivalent with the principle for the conservation of the energy
(and matter). If there were zero-eigenvalues for N, it may mean that we have
left out some of the interactions connected with the investigated physical
problem.

3.5. It is worth remarking that in (21) the idea of the complementary
variational principles is implied.

3.6. The intention of this paper was to relate the different approximating
principles presented in the literature.Thiswork may give rise to some statements
which can be considered as work-hypotheses and still require a more rigorous
analysis. We hope it will help to further interest in the existing topic of com-
puting methods.
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Einige Fragen des zwischen den Annd&herungsmethoden bestehenden Zusammenhangs.
Gewisse gemeinsame Eigenschaften einiger wohlbekannten N&herungsmethoden werden be-
handelt. Die Begriffe des N&herungsprinzips und der N&herungstechnik werden abgesondert.
Die Systematisierung der bei der Untersuchung von nichtlinearen Kontinuumproblemen
gebrauchten Né&herungsprinzipien wird versucht. Ein sehr ausdruckvoller Zusammenhang
ist erkennbar zwischen den Methoden der kleinsten Quadrate, der gewogenen Restbetrége
und der direkten N&herung, sowie dem Variationsverfahren.

HekoTopble BOMPOCLI CBSA3W, CYLLECTBYIOLUEN MeXAy MPUBAKEHHBIMU METOAaMM.
[JlaHHas pa6oTa 3aHMMAeTCs ONpeaeneHHbIMU OGLMMK CBOWCTBAMU HECKObKMX XOPOLUO W3-
BECTHbIX MeTOZ0B. [NpOU3BOAUTCS pa3fe/ieHre NpUHLMNA NPUGIMXKEHNS U TECHUKN NPUG/NXKe-
Hus. CfenaHa nonbITKa CMCTEMATU3ALMU NPUHLIMMOB NPUBVKEHUS, NCMOMb30BaHHbIX BO BPEMS
UKMCNOBOrO aHaNN3a HEMHERHbIX KOHTUYYMHbIX 334a4y. MOXHO YCTaHOBUTL OYeHb SIPKO Bbipa-
YKEHHYIO 3aBUCUMOCTb MEXAY METOfamMii HalMeHbLUMX KBaApaToB, B3BELUAHHbIX OCTATKOB W
HEMOCPEACTBEHHOTO MPUGKEHUS.
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AN INFINITE VISCOELASTIC THICK PLATE
CONTAINING AN EXTERNAL CRACK

SATYANARAYAN MANDAL*

[Manuscript received: July 12, 1974]

This paper is concerned with the stress fields in an infinite viscoelastic thick
plate containing an external crack due to the application of normal pressure to its
faces. The crack is taken to lie in the central plane of the plate normal to the axis of
symmetry and occupies the region outside the circle. It is assumed that the two faces
of the crack are loaded exactly the same way and the viscoelastic layer is in a rigid
casing. Hankel transforms of the displacement vector are introduced. Mixed boundary
conditions lead to dual integral equations. These equations are then reduced to Fred-
holm integral equation of the second kind. This type of equation is solved by an itera-
tive process for large values of thickness of the plate. The stress intensity factor has
been calculated.

1. Introduction

For axisymmetric stress distribution to the plane of the crack, solutions
have been given by Sneddon [1]. Lowengrub [2] has dealt with the stress
field in the vicinity of a crack in a thick plate. Dhawan [3] has derived the
stress distribution for an infinite elastic thick plate containing an external
crack due to the application of normal pressure to its faces.

This paper concerns the distribution of stress in an infinite thick vis-
coelastic plate containing an external crack due to the application of normal
pressure to its faces. The medium of the plate is viscoelastic and of the special
linear type, its thickness being 2h. It is assumed that there is symmetry
about the Z- axis and the external crack lies in the central plane of the plate
normal to this axis. The crack occupies the region outside the circle of radius
unity whose centre lies on the axis of symmetry.

The boundary surfaces of the plate are constrained by two rigid walls,
vide [4], which permit no normaldisplacement. Further, the contact between
the viscoelastic layer and its rigid casing is frictionless so that the shearing
stress on the surfaces z = ~ h of the plate is equal to zero.

Physical quantities of maximum interst appear to be the normal compo-
nent of the stress tensor and the normal component of the displacement vector

*Satyanarayan Mandal, Hatuganj M.N.K. High School, P. O. Hatuganj, Dt. 24-
Parganas, West Bengal.
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for their usefulness in computing the stress intensity factor and the crack
energy.

By introducing Hankel transforms of the displacement components, the
partial differential equations of equilibrium are reduced to ordinary differen-
tial equations. On applying mixed boundary conditions, the pair of dual integ-
ral equations are obtained. These equations are, thereafter, reduced to Fred-
holm integral equation of the second kind. For particular types of loading this
equation is solvable by the technique employed by Dhawan [3] for small
values of 1/h. The stress intensity factor has been calculated.

2. Formulation of the problem

Let us choose cylindrical co-ordinates (y, s, z) and the axis of symmetry
to the Z- axis. For a symmetrical deformation of the viscoelastic plate this
displacement vector U may be taken to have components (u, s, iv), whereas the
only nonvanishing components of the stress tensor are orr, awe, 02z, arz.

In this paper the distribution of stress is considered in an infinite visco-
elastic plate of finite thickness 2h. The crack is taken to lie on the line z = O,
1 r< 00, (—h <[Z < h). It is assumed that the two faces of the crack are
loaded exactly the same way and it is convenient to convert the problem to a
mixed boundary value problem for 0 < Z <[ N

The equations of equilibirium are given by

90T N offr;
dy tiz

9oyr . 90z +
dr tiz

The stress-strain relation for homogeneous viscoelastic medium of the special
linear type is taken as

1+ ai 44 on= 2% 1+ bj—, 2
tit fit “
where Oj and eiy respectively are the stress tensor and the strain tensor,

whereas av bI?kl are material constants.
The boundary conditions are taken as on z = O:

we o onind (3.1)
g2 0, <0 (3.2)
0z — —p(r)e~nmt, 1< y < oo, t;> 0,IC>0 (3.3)
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on z — h:
w — O, r< 0 (34)
oz = r~o (3.5)
3. Method of solution
From Eq. (2) we obtain
9 d d
1 arr = 2ky .
' ot . 1at, dr
i} . "
aee — 2k, 1+ K eee — 2fc, 1 + HBx_L
0t at  r
. 4
. am )
1+ ai— Gz —2k, 1+ ~ — ez —2k, 1+ bl |
dt at O dz
dw A du

9\
1 a,— o= 2k, 1+ 6-2-| erz= k, 1+ 6,
01 Ot dt dr dz

Eq. (1) and (4) give

A
o 1+ V 0 02u 1 dw 1 du du U\
at  dye2 2 dydz 2 dr2 dy ¥2)
i ) ()
1 da) 1 d2vu d2(i 1 dco 1 du
AR —_—t = - 3o —t — -+ = 0.
1'+ST 3 ~2y dz
t
Let us choose
u(r, 2, t) = u,(r, %e—ﬂﬁ,
d (6)
w(r, 2, t) = Mi(r, r)e~ul
Using Egs (6) we get from Eq. (5)
2 | Q! w) + az2w + azm, _ 0
3y2 y dy dz2 dy dz ()
azm, M 1 am. azm, a (9m,
+ 2 + 4—e—m = 0. (8)
dr2 r dr dz2 02 or r

We introduce the first-order Hankel transform of the radial component of the

displacement vector by the equation

u,(], z) = (; ru,(r, z) J, (Er)dr (9)
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and the zero-order Hankel transform of the z component of the displacement
vector by the equation

wq(l, 2) = 6f rwq(r, z) JO(Er) dr). (10)

Multiplying both sides of Eq. (7) by r, JAIr), integrating with respect toy
from 0 to oo and making use of the well-known properties of Hankel transform,
we obtain

(02—2 Dwmy= 0 (n)

-where

Again, if we multiply both sides of Eq. (8) by rJ ){Cr) and integrate from r = 0
to r=oo0, we get

2H2- | KX + "0~=0. (12
Eliminating w and nq in turn from Eqs (11) and (12)
(D2—12) 4 = 0, (13)
(O*—{*)*»!= 0. (14)
The solution of Eq. (14) may be taken as
itg= (A + Bz) cosh 1z (c + Dz) sinh | z (15)

where A, B, C, D are functions of |.
Using Eqs (12) and (15) we have

Dux= —[(A + Bz) lcoshls+ (c+ Dz)fsinh|Tr 4B sinh

p (16)
+ 4 D cosh I r].

Substituting expressions for n and ft) into the last equation of Eqs (4), applying
first-order Hankel transform, we have

1+ «1—3 02= k,(l — iqgco) e~nt [Hig — £ uq]. 17)
911

On wusing Egs (15) and (16) into Eq. (17), boundary condition (3.2)
gives

£EA= —2D. (18)

Also boundary conditions (3.4) and (3.5) give respectively
(A 4- Bh) cosh I h (c -)- D h) sinh | h= 0. (19)
D= —B tanh I h. (20)
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On using Eqgs (18), (19) and (20), boundary conditions (3.1) and (3.3) give dual
integral equations

3¢(|)J0(£r)d|=0,0< r< 1. (21)
[® (D[1 - -W! A)]JIOo(r) dE£=f(r), > 1, (22)
where
I A() = o)) (23)
£/i ~f sinh Ih cosh £/i
H = 1-
( sinh2 |Ih (24)
(1 - alfo)p(r)
= 25
f(r) fcj(1 — Iqco) (25)

Let the solution be assumed as

D) = J y(«) cos £Xdx (26)

where
lim xp(x) = 0 27)

Now the Eq. (21) is satisfied identically for any function y>(x), which are conti-
nuous together with their first derivatives in the closed interval (1, »),

, 0< r< «,
where I Jo (fy) cos £<xdf = (28)
(r2-* 212, r> a.
Substituting the value of®(£) from Eq. (26) into Eq. (22), we find [3]
(29)
where
PR 0 . BT,
ro(|r) sin i3 di (2)-125 B> r5 (30)
sin ly d
ro(Ssr)y = — f y o (31)
aJ My2—r- '
Wi 7
cos-L-J ----- dco , (32)

5 Acta Technica Academiae Scientiarum Hungaricae 82, 1976



66 MANDAL, S.

Eqg. (29 )on inversion gives

VI(F) -~ ~ JW)[C'(* + ¥) + G'{x - y)] dy
2 d
q (Hx;’(f]fn’s S L IR

Since p(r) is continuous differentiable in (1, oo), we integrate Eq. (33) and on
using Eqg. (27), we obtain Fredholm integral equation of the second kind

ip)  -L | W y) iy g (34 ¢ * <
where

K(*,y) = G(x + j) + G@a —y) = 2JI H(w2) cos WAX cos V\f];* dw. (35)

0
Now
N*-0 = e atK ]z=0 = e- (f V() dx r>1 (36)
J Y71r-*
where \p(x) satisfies Eq. (34).
Let us assume
az(r, z, t) = a(r, z)e~M 37)
Using the third equation in Eqgs (4) and (37)
N _ i *
«r, o, 1) = 2/"(1 — blw) e nt W0 Cf ¥ (M)dx _ Fin (3g)
(1 — Ojic) 11 3 Ix2- r2
0<r< 1
where
F(y)= "J-y=p-IJW )[G '(y + x) + G{y - *]dy (39)

Eq. (34) is solved in [3] for particular types of loading. Stress intensity factor
is given by

N=1Ilim!1l—raz(,ot) 2k](1 - bwm;) e-wip(l)

(40)
r-.a- (1 — ape)
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Eine unendliche viskoelastische dicke Platte mit einem &uReren Sprung. Gegenstand
der Arbeit sind die Spannungsfelder in einer unendlichen, dicken, viskoelastischen Platte, die
einen &uferen Sprung enthdlt, der durch die Anwendung von Normaldruck auf ihre Ober-
flachen verursacht wurde. Angenommen wird, dal der Sprung in der Mittenebene der Platte
normal zu der Symmetrieachse liegt und den Bereich auBerhalb des Einheitskreises einnimmt.
Angenommen wird ferner, daB die zwei Oberflachen des Sprunges in genau der gleichen Weise
belastet werden und daR die viskoelastische Schicht sich in einem starren Gehé&use befindet.
Fir den Verschiebungsvektor werden Hankel-Transformierte eingefihrt. Gemischte Grenz-
bedingungen fiihren zu doppelten Integralgleichungen. Die Gleichungen werden dann auf eine
Fredholm’sche Integralgleichung zweiter Art reduziert. Diese Typen von Gleichungen kdnnen
fur groBe Werte der Plattendicke durch Iteration geldst werden. Der Spannungsintensitéts-
faktor wurde berechnet.

BeCKOHeUHbIli BA3K0INACTUYHBIV TONCTBIA INCT C BHeLLIHel TpeLLMHoiA. MpeameToM  AaH-
HOi paboTbl ABNAGTCA MONe HaNpAXeHWA B 6ECKOHEYHOM BA3KO3NACTUYHOM TONICTOM NUCTE C
BHELUHei TPELHOW, B Clyyae KOTOPOro TpewHa NpoMCXOAUT OT BEPTUKAbHOMO YCNuns,
[eACTBYIOLIEr0 Ha MOBEPXHOCTb /iMCTA. Ha OCHOBE MpefnonoXeHus TpeliHa pacnonaraeTcs
MpeneHAUKYISPHO K OCU CUMMETPUW B HEATPANIbHOWM MAOCKOCTW NCTA U TPELLMHA 3aHUMaeT 06-
NacTb BHe AMHUYHOTO Kpyra. MNpeanonoxuM, Yto 06e MOBEPXHOCTW TPELLMHBI HarpyXXeHbl TOu-
HO TakMM >Xe 06pa3oM M UTO BS3KO3NMACTWUHBIN COW HAXOAMTCS B XKECTKOW 060/ouke. ABTOP
BBOAWT Npeo6pa3oBaHve MaHKeNs BekTopa casura. CMellaHHble NpeaenbHble YCoBUS NMPUBOAAT
K C[BOEHHbIM WHTErpaibHbIM YPaBHEHUSIM, 3aTEM 3TU YPaBHEHWUS NMPUBOAUT K UHTErpaibHOMY
ypaBHeHW0 ®pefromMa BTOPOro pofa. YpaBHeHWs Takoro Tuna B C/y4ae JIMCTOB C Q4eHb 6OJib-
MMM pa3MepaMi Mo TO/LLMHE MOTYT GbiTb PelleHbl C NOMOLLLIO UTepaLioHHOro MeToda. ABTO-
POM BbIYMCNEHBI (haKTOPbI MHTEHCUBHOCTU HAMPsHKEHNIA.
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ALGORITHM FOR AUTOMATIC TRIPLET DESIGN
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After summing up the experiences collected through the application of the
automatic design methods of optical systems known so far, an algorithm entirely new
in its starting point and initial stages, suitable for the optimized automatic (and tradi-
tional) design of classical triplet-type objectives is decribed. The paper explains in detail
the definition of the notion of performance-determinant parameters, the derivation
of the basic triplet equations, and the relations of glass material selection; the well-
known methods of bending and fine correction are covered only as much as needed.
The important advantage of the new algorithm easy to program for a computer and
providing for a number of optimization possibilities is that it requires as a starting
point for automatic (and traditional) triplet design nothing but the knowledge of the
relative aperture and field angle given in advance, and the data of the adaptable glass
types, and that it is suitable for multilateral generalization (other optical system types
containing cemented lenses as well, finite object distance, etc).

1. Introduction

Classic triplets [1] have about 80 years of traditions by now, while the
application of computers in optical design can look back to a past of about 25
years. Nevertheless, the triplet theory, that is, the theory of the most thorough-
ly studied optical system cannot be considered as settled [3] in spite of certain
opposite opinions [2], nor have been all the problems solved in the scope of
automatic triplet design [4]. The present paper attempts to render much more
exact fundamentals to the triplet theory than those known so far [3] by
making the algorithmos expressing new correlations advantageously adaptable
for both automatic and traditional [5] design efforts.

2. The present state of the automation of optical design [6]

Experiences collected through the application of automatic optical
system design may be summarized as follows [7], [8]:

2.1 For the automatic design of optical systems of an optical type no
adequate method could be elaborated so far.

*Dr. P. Kar1s, Kapy u. 26/B, 1025 Budapest, Hungary.
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2.2 For the automatic design of optical systems of a given type meeting
the specified requirements with a fair approximation, already more or less suit-
able methods are known, but these may actually be considered as compu-
terized alternatives of the relations of traditional design techniques as they do
not contain new algorithms (special processes).

2.3 The success of the (traditional and) automatic optical system design
methods depends decisively on the starting point.

2.4 With respect to the requirements set to image production, the
multivariable function or functions describing the behaviour of the optical
system has or have, respectively, several minima. One does not known, how-
ever, of the minimum determined from a given starting point by means of a
given method which of all the possible minima it is, whether it is one of the
“minimum minima” or not.

2.5 It is due among others, to the uncertainties under 2.3 and 2.4 that
there is such a multitude of merit functions and mathematical methods of
special techniques, suitable only for fine correction, that may be made good
use of for the autom atic design of given type optical systems. It is no exaggera-
tion if we state that in this field the labyrinth of mathematical methods and
symbols are often suffered, unfortunately, by the physical contents and objec-
tives of the essential features of optical design.

Delineating in detail the target of the present paper as specified in its
title, hereafter in the determination of the automatic design algorithm of
triplet-type objectives corrected to a distant object (sx= o00), mainly the
elimination of the uncertainties under 2.3, 2.4, and 2.5, and the ensurance of the
possibility of generalization (2.1) will be endeavoured. An algorithm suggested
for automatic triplet design must be of such a character that, by means of the
program making use thereof, and with the relative aperture, field angle, and
available glass assortment data given, the computer should be able to select and
calculate the structural characteristics of the corrected system (radii, air
spaces, thickness values, glass type features) without any human intervention,
whatsoever.

3. Introduction of the definitions of performance-determinant
parameters

The majority of difficulties in (traditional and) automatic optical design
work can be attributed to, and are concentrated in, the selection of a correct
starting point (2.3).

This is why considering theinitial data as performance-determinant param -
eters seems to be entirely justified. By using the symbols interpreted accord-
ing to Fig. 1, the performance-determinant parameters of the triplet may be
divided into two categories easy to distinguish. The extermal performance-
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f| 2 i3

Fig. 1. Symbols

determinant parameters are the s3image distance and the L overall length (sys-
tem characteristics), related to the triplet as a whole. The internal performance-
determinant parametes, on the other hand, are the fv f 2, f3 focal distances of
the triplet components, and the ev e2 air spaces between them.

The advantage of an approach based on the performance-determinant
parameters is that, thereby, the difficulties of the initial optical design stage
can be readily overcome, as the relations involved can be treated in two
steps:

3.1 First, the relation of the 1 :0 R relative aperture and 2Bcl field angle
(specification requirements), decided upon in advance, to the external per-
formance-determinant parameters is defined;

3.2 Then the regularity or regularities concerning the external and inter-
nal performance determinant parameters are established.

4. Relations between the specification requirements of the triplet
and the external performance-determinant parameters

Since literature supplies the conjugate specification data and structural
characteristics of a number of corrected triplets, the relations between the
specification requirements and the external performance-determinant param -
eters can be successfully approximated empirically.

A total of 15 triplets obtained from the sources listed in Table I have
been studied. First, the thin system of the individual triplets was determined
then, with the corresponding characteristics correctly arranged, the relations
were graphically plotted (Fig. 2). The graphs do not contain the scatter of the
individual data exhibited by the thin systems of all the 15 triplets, as this
would have made Fig. 2 far much crowded for a clear survey.The conjugate s3
image distance and L overalllength data, as represented by the graphs, deviate
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Fig. 2. Correlations between the specification data and the external performance-determinant
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from the corresponding data of the 15 triplets tested only by maximum 10 per
cent. In the determination of the external performance-determinant parameter
values, this accuracy satisfies the practical requirements, with the further ad-
vantage of making the correlations easy to review graphically.

The graphs of Fig. 2 reflecting the correlations between the specification
requirements and the external performance-determinant parameters reveal
that the graph of the ®R reciprocal relative aperture and the RBcl half field
angle, illustrated in the function of sj/L, is a straight line. The graphs are used
as follows: first, it will have to be determined whether the values of the 1 :®R
relative aperture and the Rcl half field angle, given as requirements, can be
satisfied by a triplet-type objective, or not, that is, the Bcl half field angle
value must be located, with fair approximation, at the same ordinate where the
@p reciprocal relative aperture value can be found. If the Rcl half field angle
value exceeds that permitted by the graph, then the requirements set cannot
be satisfied by a triplet, whereas, if it is smaller, then the triplet is not suffi-
ciently utilized (or, for example, a limitation of rays much more favourable
than usual is endevoured), and it is quite possible that the requirements might
be satisfied with a system much simpler than a triplet. Finally, the S3image
distance and L overall length data pertaining to the ®p reciprocal relative
aperture value are read off along the ordinate associated with the given ®R
value, by means of the corresponging curve.

5. Correlations of the external and internal performance-determinant
parameters of a triplet. The basic triplet equation

The image distance sj and the overall length L, that is, the external
performance-determinant parameters corresponding to the specification require-
ments, have been determined graphically as described under 4. When deriving
the correlations between the external and internal performance-determinant
parameters, by using the symbols of Fig. 1 (f = 1, sx= 00), the procedure
starts from the following conditional equations:

L —el e2 > 62—1L el (1)
h\ f — h K (fi —ei
- ( ) 2
h2 f 1
1
fim2m3= 1 e > m0— - (3)
flms
J— + b - A
m.
Q)
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73 _ !
m3+ T -=1 > Ub= 7 (5)
fa B3
eI—fI+/2—fI (6)
m?2 /2

The above (1)—(6) equation system contains the folio-wing 8 unknowns,
if S3, L and ®«k (hj) are given:

/1 /2 /3
el e2 (7)
m 2 m3
ho

because, if the size of the ®«k reciprocal relative aperture is known, the value
of h3 will be

SA- (8)

Substituting the value of m3 from equation (5) to (3), and the m2value
thus obtained into (6), equations

/3 (9)
Mfa - sq)
and
ei —/1+ /2 ~ AM f/as- ) (10)

will be arrived at.

Since the left side of equations (4) and (9) is identical, their right-hand
sides must be equal. Thus, substituting the expression of e3from equation (10),
and the m3value from (5), the following equation is obtained:

33 1 £ _y ] ffffs ~

/3 ¥3 3 /3 (11)

N(/3-*3) /I fl /2 AfAfa - s3
/3

where the last two members of the numerator and denominator are identical
and, therefore, it may be written as

(£-/nN(/3-*3) + *3/3

/3 o fa 53 s 1 (12)
11(/3 — s fil~- fa fffa s3)
fa
Rearranging
mll.-/1 (/»-«£)] = I3[(b-/X(/3-")+5"'/3 (13)
fi fi (fa —B3) —fa
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Finally, expressing the/ 2value from equation (13), the basic triplet equation is
obtained:

liB[L- 1903 - @+ S (14)
[l.3- - AY

W ith respect to the simplicity of this basic equation, and since all the
possible values of the fv f 2 /3focal distances of the components are within a
relatively narrow range, the f 2focal distance values of the negative lens can be
determined after the correct selection of the adequate spacings offt and 3,
and the optimum alternatives can be readily selected; determination of the
air spaces and, with the relative aperture given, that of the entrance height of
the aperture ray will cause no difficulties, whatsoever, by making use of equa-
tions (10), (1), (2) and (8).

6. Selection of the aperture stop position, and considerations on the
tolerances of form-independent image production errors

As a result of the determination of the fundamental correlations between
the performance-determinant parameters (Fig. 2, basic equation (14)), and
starting from the (®a, 2/2l) specification requirements given in advance, it is
possible to determine the thin triplets characterized by the most favourable
(e.g. of the maximum absolute value) focal distance triplefv f 2f3 whose ev e2
air spaces and hv h2 h3 aperture ray entrance heights are known. These data
are sufficient for the expression of the longitudinal chromatism and the
Petzval curvature, as some of the form-independent image production defects,
or, more precisely, for the expression of their third-order approximative equa-
tions, but in the case of a transversal chromatism the position of the aperture
stop must also he known. As for selecting the latter, the following considera-
tions should be taken into account.

It is well known that, among the third-order image production errors,
transversal chromatism, astigmatism, and distortion depend on the aperture
stop position. In the case of an aperture stop in the central range of the overall
length, the central coma will not depend in practice on the position of the
aperture stop. If the requirements set to distortion are not overstrict, then the
correction of distortion will be potentially provided for by an aperture stop in
the neighbourhood of the middle point of the overall length, in which case
generally no astigmatism problems will be encountered, either, so the transver-
sal chromatism will have to be compensated for with respect to this very point
of aperture stop.

Thus the thin triplets available as described above can be selected, with
respect to the air spaces ev e2 according to the satisfaction of the following
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preconditions:

jei—e21< 0.06/', or ~0.1 /*" > |ex—e,|>0.06/", (15)

where/' is the resultant focal distance of the thin triplet. The thin triplets of an
air space size satisfying the first inequality are suitable for such objectives
wherein no variable dia aperture stop is to be included (in this case the aperture
stop will be represented by the mounting of the central lens). Triplets, on the
other hand, of an air space size conforming to the second inequality may be
used as starting points for objectives to which variable diameter aperture
stop, too, must be added. Here the aperture stop is positioned within the larger
air space, immediately next to the middle lens.

Finally, it will have to be noted here that hence, when correcting form
and aperture stop position-dependent image production errors (above all
astigmatism), occasionally the aperture stop position has to be modified, but
not to such an extent, whereby the previous correction of the transversal chro-
matism could be significantly affected.

In the next step, taking the realistic requirements that may be set to the
triplets as a basis, we have summarized in Table Il the Ra3exit aperture angles
and H 'image heights pertaining to the different 1 :0 Rrelative apertures, and
determined the corresponding Tv T2 T3 optical tolerances in the case of a
transversal and longitudinal chromatism, respectively, and when a Petzval cur-
vature is encountered.

It is well known that, in the case of relative aperture and field angle
(image height) requirements as shown in Table Il, the triplets, due to their
relative simplicity, cannot ensure that the third-order residual image production
errors should not exceed significantly the values specified by the relevant
tolerances. On the basis, therefore, of the data presented in Table Il, the fol-

Table 1l
Tolerance values, mm
S?\‘réal oF H3 mm T 0,025

T Ha e ‘ sin"AB siﬁ
| 1,75 16,0 22,1 12,5 0,00452 0,00728 0,0910
2 2,00 14,1 26,7 15,0 0,00425 0.00933 0,103
3 2,25 12,6 31,5 17,5 0,00402 0,0116 0,115
4 2,50 11,3 36,3 20,0 0,00388 0,0143 0,128
5 2,75 10,3 41,3 22,5 0,00377 0,0172 0,140
6 3,00 9,50 46,5 25,0 0,00356 0,0202 0,152
7 3,25 8,80 51,8 27,5 0,00347 0,0235 0,163
8 3,50 8,20 57,7 30,0 0,00337 0,0273 0,176
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lowing optical tolerances are selected rather arbitrarily for all the triplets that
may be reckoned with here, when/' = 100 mm:

T1=4.10-3 T2= 5Tj T3= 50T, [mm], (16)

7. Determination of the conjugate refractivities and Abbe indices
of glass types providing for the optimum compensation of the
form-independent third-order image production errors

Sinee the numerical values of the image production tolerances are taken
into account with + signs, it will suffice to express the third-order equations
only for the absolute values of the form-independent image production errors
which, in the sequence of Petzval curvature, longitudinal and transversal
chromatism, are as follows [9]:

-J 4 1 1
- ) + = p m50 7\, a7
VAR fillo /3 »3 -
"ot = p mSTi (18)
%4 kv, ’
'aA a2nr2 ash (19)
fiVvi Uva favs

where the symbols not used so far should be interpreted as follows:

p is a proportionality factor indicating that, due to the limitations of the glass type
assortment, the form-independent image production residual defects approximate
only, but do not reach the ideal values specified by the tolerances (in practice, there-
fore, the numerical value of p is always more than unit), *

av a2 a3coefficients, related to the three lenses, represent the quotients of the incident
height of aperture ray and the half diameter of the aperture stop,

bv 62 b3 are aperture stop coefficients, representing the quotient of the incident height
of the central ray and the tangent of the angle included by the central ray passing
through the centre of the aperture stop, and the optical axis [9].

Now, let us divide the conditional equations (17), (18), and (19) by the coeffi-
cients at their left-hand side, and introduce the following symbols:

2 +50 7\ 57> |
- ! (20)

My'2

If these are then substituted into the conditional equations (17), (18), and (19),
then the equations expressed below will be obtained:

T B S—. Ty (21)
fln: f oo fans
az2
« + L+ = c>p> (22)
Vifx v, Vsfs
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oj fc, a2b2 a3b3
VI3i V0J2 V3f3

a3p. (23)

K ony let us deal only with (22) and (23) of the three above equations in
order to determine the correlations between the Abbe numbers. Let us express
the value of ~/(Fj/j) from both of them:

------- =GP e (24)
Vir V., Vi3’
c3 2b2
cq p a «363 (25)
vijil\= bt Viis W

From the equality of the left-hand side of equations (24) and (25) the same of
their right sides follows, that is

« 2 «3 e3P « 262 a3 (26)

Nag2 N3 6, Naf 2n1 J3/s 1A

Let us, furthermore, express V3in the function of V2 preferably in the fol-
lonving nyay:

; I
«3 i «363 o+ (.0 d2b2 @7)
VJ3  V3f3b, vj* vofab,
«3 63 «3 B 2p2 1 +p c3 c (28)
I eX ' J Vo L /A 1213 61 1
«213(61 — b2) f3(c3 — c2bxy (29)
V3 V2 _«3/2(63 6j) . «3(63 6))

Finally, if similarly to equations (24) and (25), a3I(V33) is expressed
instead of «i/[FJj), and the corresponding derivation (26)—(28) is performed,
the equation

1 1 «2/1(63 — 62) 1 + 11(@ «263)

(30)
VI Vo ol/26l—gg| - @6l 6

will be obtained.

Algorithms (29) and (30), together with conditional equation (21), can
be used for the determination of the conjugate Abbe indices and refractivities
of the glass types providing, with good approximation, for the compensation
of the form-independent image production errors of triplets as described below.

The conjugate Abbe index and refractivity data of the available glass
type assortment is assumed to be knoivn. By means of algorithms (29) and (30)
the Vxand V3values can be readly generated in the function of V2 that is, we
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shall obtain the Vv V2 V3 Abbe index triples compensating for the color
aberrations with a good approximation w'hich, however, must be reviewed
whether the available assortment contains, or not, a glass type of that Abbe
number which approximates to a satisfactory extent the calculated V1and V3
Abbe indices. Then, substituting successively the refractivities pertaining to
a reasonably narrow range of the Vv V2 V3 Abbe numbers (for example
AV = i 3)into equation (21), the possibly best approximation of the value
of Cjp is attempted. If in the case of the optimum alternative the p value cal-
culated from (21) is much higher than that used in algorithms (29) and (30),
the entire procedure should be repeated with a new p value sufficiently ex-
ceeding the original one, in order to approximate the “equal strength” deviation
of each of the three form-independent image production errors from the cor-
responding tolerance (successive approximation).

Finally, it should be noted that the method described above might be
used even if, for example, due to some special requirements, certain form-
independent image production errors ought to be preferred against some others.
Let us explain this through an actual case. When designing a large relative
aperture and small-field angle triplet, correction of the longitudinal chroma-
tism may be of a primary importance as against transversal chromatism or
Petzval curvature. In the determination, therefore, of the constants (20) the
value of c2is left unchanged while that of cx and c3, respectively, isincreased.
The value of the new constants marked by asterisk, much more suitable for
the purpose, may he as follows on the basis, of course, of (20):

c* = 5cb c*= c2, C*= 2¢cv (31)

8. Compensation of the form-dependent image
production errors

If the requirements set to distortion are not overstrict (1 ... 3 per cent)
then, when selecting the aperture stop position, the compensation of the
distortion will be completed by the satisfaction of the form-independent
conditions of distortion while compensating, and together with, the other
form-dependent image production errors. Bending of the thin system is best
performed by making use of the Coddington—Taylor equations [9]. Here,
without going into minor details, only a structural explanation will be ren-
dered. The quantities in the third-order image defect equation of spherical
aberration, central coma, and astigmatism, respectively, are summarized
in Table I11.

The symbols of Table 111, not used so far, mean:

o0 is the aperture stop radius,

7ii indicates the position coefficient of the components, and
<7j represents the form factor of the components involved.
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Table 111
function

nift m <4 N« 6 -3 a
Image production
defect of the thin triple*
Spherical aberration, AS' X X X X X X X
Central coma, AK'C X X X X X X
Astigmatism, AA' X X X X X X X

NOTE: 1. i= 1,2, 3

2. The image production errors depend on the quantities marked by x.

It is well known that the spherical aberration and astigmatism of the
individual lenses are second degree, whereas the central coma a linear function
of the form factor [9]. The individual image creation defects of the thin system
of the triplet as a whole can he determined by summing up the homogeneous
image production errors of the individual components. The task now is to
determine the form factor triad at which.

(1) the joint value of the three form-dependent image production defects
of the triplet equals zero, or

(2) the spherical aberration, minimum and central coma, and astigmatism
of the triplet equal zero.

Since we have three equations with three unknowns, the av a2, a3 form
factor values can he readily determined (if the distortion value is not suf-
ficiently low, successive approximation must be used because the equation of
distortion, too, has to be taken into account). The solution of this problem is
facilitated by the experience collected through calculation practices according
to which, in the case of triplets, we have +0,5 <C + + 25 and + 0,5 > a2
that is, a3 > —1,5. If the second one of the two above cases is actually existing,
that is, A S' = and AKc— 0, AA' — 0 (where A S' is the spherical
aberration, A K's the central coma, and A A 'the astigmatism), then, if 1>
+ 5 mm, the triplet cannot be corrected (this alternative must be rejected),
whereas if A -< 5 mm, then the A SJAnvalue must be reduced at least to
1+ 2 mm by increasing the refractivity of the second lens (at an almost
unchanged Abbe index). If this is feasible, the system can most likely be cor-
rected, but if not, then this version does not deserve further consideration
(f = 100 mm).

9. Fine correction

W ith the form factors av a2 and °3 as calculated in the previous chapter
known, the frontal curvature radii of the triplet’s three components are deter-
mined. The dv d2, and d3thicknesses of the three lenses, in the function of the
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1:0 Rrelative aperture, are presented in Table IV. (It will be noted here that
the lens thickness values in Table IV have been given with a certain safety,
perhaps greater than necessary, but these offer a better starting point for fine

(The resultant focal distance of the triplet: /' = 100 mm)

to correct

Fig. 3. Block diagram of automatic triplet design
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correction). The second curvature radii of the three lenses are determined by
starting from the assumption ofunchanged/ x /25and/3focal distances. Finally,
the er and e2air spaces as well as the aperture stop position are modified with
respect to the principal plane positions of the thick lenses. The form-dependent
residual image formation defects of a thick triplet appropriately characterized
by each ofits parameters will not exceed 1 or 2 per cent of the resultant focal
distance, or 1 to 3 per cent thereof in the case of distortion.

The leftover triplet corrections will not be discussed in detail here since
the last, that is, fine correction stage of optical design may be considered as the
most successfully mechanized and automated area of optical calculations. So
it will suffice to refer to the relevant literature [10], [11], and the further
references therein. In addition, this is particularly justified by the fact that
previously we have endeavoured to determine the alternatives that might be
considered as optima because of their performance-determinant parameters.

For the sake of an easier survey, our train ofthoughts as a summary of the
present paper is illustrated by the block diagram in Fig. 3, completed with the
corresponding Chapter numbers. Finally, the algorithm described above will be
verified by [3], and the triplets designed with a traditional method (without a
computer aid, [12]), meeting even extreme specification requirements and
characterized by the data of Table V as well as the characteristic diagrams of
Fig. 4. The new algorithm described in detail above, and summarized in the
block diagram of Fig. 3 enables the preparation of a program for the realiza-

Table V

Triplet, / ’= 100; 1;1,9; 2x20°

Lens Eﬂ?ﬂ;;gumrgf Thickness Alr space Refranztivity Abbe_index
| + 48,57 962 15,00 1,79219 50,24
+ 217,1 '
1 :lé%:gl 12,22 10,10 1,62118 30,67
hi + gézzg 577 1,79219 50,24
Triplet, f = 100; 1;32 2x30°
| : 88(2):?9 784 6,59 1,88580 40,77
" . gi:g? 581 672 1,62118 30,67
1l ] $76 5,56 1,88580 40,77
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Re,t°] 20 4 Rc,--— o!)os
%6 r°130 20 %4
15

Fig. 4. Characteristic diagrams of the triplets described by the data of Table Y

tion of automatic triplet design. Due to our field of interest, objectives, and
possibilities, the actual composition of the program is not one of our targets, as
we intend to carry on further investigations similar to the present work in-
stead, like referred to under 10,1. etc.

10. Conclusions

The advantages of the new method described above can be summarized
as follows, with references to those under 2. in brackets:

10.1 Due to its starting conditions and character, the new method is
suitable for generalization in both the stricter and wider sense, respectively,
of the term (2.1).

The algorithm described here is suitable for the automatic design of
classical triplets but, by introducing the notion of equivalent simplet, and with
a minimum of supplementation, it can also be used in the case of triplet modi-
fications (e.g. Petzval, Tessar, Heliar, etc., types). There seems to be a realistic
possibility for generalization from object distance aspects as well, since we are
convinced that, unlike in the case of a distant object (sx= 00) as assumed so
far, there is a basic equation existing which can be readily determined, even if
we start from a finite object distance, that would generate the performance-
determinant parameters of all the possible triplets, and that might resemble
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the one used at present (14), although of a much more sophisticated structure.
Finally, if we start from the fact that any objective system can be reduced to a
“triplet” consisting of three fundamental groups, it follows that the new method
is suitable for total generalization as well.

10.2 The new method is based on algorithms given in both graphic and
algebraic forms, advantageously adaptable for classical design tasks and, at the
same time, excellently programmable for computer use (2.2), see (14), (29),
(30), and Fig. 2.

10.3 The new method provides for the determination of the optimum
initial data (2.3) by defining the correlations (Fig. 2 and (14)) between the basic
specification data (relative aperture, field angle) and the performance-deter-
minant parameters (image distance, overall length, focal distances, and air
spaces). This way the residual values of the image production defects of a
triplet obtained as a result of automatic (or classical) design will be some of the
most favorable minima (2.4) a priori, at that, exactly because of the very start
proper.

10.4 Development of the new method started from the fundamental
correlations between optical design and geometrical optics (2.5), as such. As
another essential feature, contrarily to the hitherto solutions, the new method
is absolutely correct and precise in its objectives and algorithms both at the
very beginning of the design work and in the course of delineating the perform-
ance-determinant initiation. The order of subsequent approximations will
continuously decrease with the progress of problem solving (third order: glass
type selection and thin system bending, first order: linear fine correction).

10.5. As a last advantage of the new method, it permits the systematic
examination of all the feasible starting alternatives. The resultant safety is
further increased by the objective possibility that in the case of automatic
design, due to the very small number of data requiring any comments, even a
low-storage capacity computer might run as much as ten alternatives parallelly
by steps, that is, simultaneously.

Ever since, the computers appeared on the scene, the optical design
methods and means did not create “uniform strength” systems. The computers
accelerated the performance of numerical calculations by orders of magnitude,
and the design time of optical systems diminished to some fractions of the ori-
ginal [7]. To eliminate this contradiction manifesting itself in an increasingly
marked manner, and to follow the road towards some still better solutions of
automatic optical system design, we must endeavour to create new effective
algorithms suitable for multilateral generalization.
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Ein Algorithmus fir den automatischen Entwurf von Triplets. — Die bei der Anwen-
dung der bisher bekannten automatischen Berechnungsverfahren fur optische Systeme ge-
machten Erfahrungen werden zusammenfassend ausgewertet. Fir den optimierten, automa-
tischen (und traditionellen) Entwurf der klassischen Tripletobjektive wird ein in seinem Aus-
gangspunkt und Anfangsabschnitt vollkommen neuer Algorithmus vorgestellt. Die Arbeit
behandelt eingehend die Definition des Begriffes »leistungsbestimmende Parameter«, die
Ableitung der Grundgleichung fur Triplets und die Zusammenhdnge bei der Auswahl des
Glaswerkstoffes; auf die bekannten Methoden der Durchbiegung und der Feinkorrektur wird
nur im allernotwendigsten Ausmal eingegangen. Die Bedeutung des neuen, gut program-
mierbaren und zahlreiche Optimierungsmaoglichkeiten bietenden Algorithmus liegt darin,
daB zur automatischen (und traditionellen) Berechnung der Triplets als Ausgang nur die
voraus angegebene relative Offnung, der Objektwinkel sowie die Angaben der verwendeten
Gléaser notig sind und dal er in mehreren Richtungen (andere Typen von — auch geklebte
Linsen enthaltenden — optischen Systemen, endliche Objektweite, usw.) verallgemeinert
werden kann.

AIrOpUTM  A1s1  aBTOMATUYECKOro MPOEKTUPOBaHuUs TpunseTta. locne 0606LatoLei
OLIEHKM OrbITa, HAKOM/IEHHOTO BO BPEMsi MPUMEHEHWS M3BECTHbIX 40 CUX MOP METOAOB aBTO-
MaT14YeCKOr0 MPOEKTUPOBAHMA OMTUYECKNX CUCTEM, [AeTCA OnMCaHMe anropuTma, KOTopbiii B
WCXO[HOW U Haua/lbHOW YacTsaX SIBASETCH COBEPLUEHHO HOBbIM U KOTOPbIWA MPUrofeH Ans ontu-
MU3MPOBAHHOTO aBTOMATWUYECKOro (M 06bIYHOT0) MPOEKTUPOBAHWS K/ACCUUYECKUMX OGLEKTUBOB
TpUNNEeTHOTO Tna. B paboTe AeTanbHO paccMaTpUBAOTCS OMpedeseHVe MOHSTUIA NapaMeTpos,
[ETEPMUHMPYIOLLMX MOLLHOCTb, BbIBOJ OCHOBHbIX YpaBHEHUIA TPUMIETOB 1 3aBUCUMOCTU BblOOpa
CTEKONIbHOrO0 MaTepuana; ¢ WM3BECTHbIMM METOJaMW W3rMOOB U TOYHOW KOPPEKLMU 3aHUMaeTCs
aBTOpP TO/bKO CXKaTo, B Camoii HeOGXOAMMOM CTerneHW. 3HaueHne HOBOFO airopuTMa, UMEIOLLEro
(hopMy, XOpOLLO NporpamMmupyemyto ans 3BM, 1 06ecreyrBatoLLEero psif, BO3MOXHOCTEW onTu-
MU3aLuMKM, COCTOMT B TOM, UTO [/ Hayasa aBTOMAaTM4eckoro (M 0BbIMHOFQ) MPOEKTUPOBAHUS
TpUNNeToB TPeGyeT TOMBKO AaHHbIE MO NPeABapUTE/bHO 33aHHbIM — OTHOCUTENIEHOE OTBEPCTHE,
Yo/l 3peHnsi, a TaKXKe faHHbIe MO UCMO/b3YeMbIM COPTaM CTEKOJ1, M NMOAXOAUT ANs 0606LLEHUS
B Pa3NNYHbIX HanpaBfieHNsX (ONTUYECKWe CUCTEMbI MHOTO TUMA, COLEPXKALLME TAKXKE CKIeeHble
JINH3bI, KOHEYHOE PAcCTOsHUE [0 NpeaMeTa U T. [.).
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GENERALIZATION OF PHYSICAL NETWORKS
LINEAR GEOMETRIC NETWORKS

Zs. GASPAR*

[Manuscript received April 18, 1974]

Equations of the physical network (physical graph) defined as the generaliza-
tion of bar systems directly yield relationships between bar systems in small displace-
ment and linear electric circuits as special cases.

1. Introduction

Relationships for a linear physical network are generalized for small
displacements of spatial bar systems.

Displacement values of the ends ofbars — possibly of variable stiffness
and curved axis — joining at nodal points need not be equal. The connection
may be such that some of the displacement components are identical alone.
The structure is assumed

— to be subject to loads at nodes alone;

— to suffer nodal displacements not greater than allowing the required
accuracy to be obtained from relationships of the first-order theory;

— to have all bars under the validity ofthe Rernoulli—Navier hypothesis
and the de Saint-Venant assumption.

All bars have their statical, pyhsical and compatibilty equations, united
in knowledge of the structure topology, and equilibrium equations are also
written for the nodes.

Relationships for the linear geometric network are written in item 2
using terminology of physical networks rather than of the bar system.

Item 3 presents adaptation of general relationships for bar systems or to
structures consisting of bars of constant stiffness and straight axis, as solved
in particulars in [1].

Item 4 demonstrates how equations of linear electrical networks result
from general relationships.

Zs. Gaspar, Kapy Gt 40/b, 1025 Budapest, Hungary
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2. Linear geometrical networks

M athematical models have been established for stationary and linear
physical networks consisting of bipole branches where:

a) several intensive quantities result in extensive quantities;

b) nodal connection of branch edges may also be a partial one;

c) a preferential co-ordinate system may be specified for each branch.

2.1 Theoretical considerations

Letusconstruct a graph from m oriented bipole branches and n nodes. To
any starting and end point of each branch, d independent intensive quantities
belong. Let these be contained by vectors ibkand ig at branch j. Discontinuity
of intensive quantities may be specified at branch ends, denoted by iMj at
branch j.

Because of the inhomogeneity of intensive quantities, at branch ends d
independent extensive quantities (eQ) are induced, defined by the material law
(physical equation). Using the branch balance equation, vector eq yields ex-
tensive quantities efly belonging to the starting point.

There is no absolute coincidence between vectors of intensive quantities
belonging to branch ends joining one node. If among intensive quantities
belonging to branches joining at node kK there are dk independent ones, then
these are united in vector ipkof size dk. Graph branch connections are character-
ized by indicating the specified element ratios of vectors ipkto i6/and ig. Any
intensive nodal quantity may be specified as zero, then no corresponding inten-
sive element will be involved in vector ipk.

Also extensive quantities are transferred to the node like the intensive
ones. Extensive quantities transferred from all the joining branches and
vectors epk containing the source of extensive quantities specified for that node
have to meet the nodal balance equation.

If the vector of extensive quantities belonging to the branch ends can be
subjected to orthogonal transformation, differing for each branch as a rule,
granting the vector elements a preferential meaning, then also these transfor-
mations will be performed.

2.2 Relationships

Vectors assigned to starting and end points of branches should contain
always the same independent quantities, in the same order. Nodal vectors
differ by size, hence it is only required that the corresponding elements of ipe
and epk assigned to the same node should be mutually complementary.

Let us introduce notations:
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dg— m .d,

11, e _ -~V

- esy =

< L L
In these vectors and the subsequently introduced ones, corresponding

hypervectors referring to the entire structure will be marked by omitting

subscripts j and k.

Branch-to-node correlations will be given by matrix T of size 2 da X dp

h=TiP M
where
igi/ipi 1 if this is a specified ratio;
0 otherwise.

(Tjj being thej-th element in the i-th row of matrix T; vector subsripts i and j
refer to the i-th orj-th scalar.)

In the general case, the vectors ilj belonging to the starting point of the
jf-th branch can be reduced to the end point by means of a so-called transfer
matrix Bj. Intensive quantities belonging to the end points differ by:

IAsj — hj + *ep
For the entire network
i* = Big= BTip )]
where
B =
(dgx2dyg)

E being a unit matrix, and the blocks without notation are zero.
Vector iAwas specified to contain discontinuity i, extensive quantities
being their difference:
n- 1A 1At — BTin * »e ©))
According to the Onsager relationship (the constitution law), extensive
quantities developing in the j-th branch can be calculated as:

eg = = B 1liA-
Matrices Fj and K; can be composed into a hyperdiagonal each (F and K),
to yield:
ee= Kij= K BTip—iA. (4)
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Be the matrix reducing the end-point extensive quantities (eejj to the
starting point temporarily denoted by X. The result of the scalar product
ijsy eej does not change if both vectors are reduced to the starting point of the
branch:

1%j*ej = (Bj'ijsi)* (Xed) = i*sjB*-1 Xegy
hence
B*"1X = E,
that is,
X = B*,
Since the branches were not permitted to contain the source of the exten-
sive quantities, they have as balance equation:

ebj + B* eedJ= O.
Hence
= B*ee= B* K(BTip- 11). (5)

Intensive quantities at branch ends and in nodes are related by (1). The
corresponding extensive quantities are related by —T*. According to the nodal
balance equation, sources of extensive quantities transferred from branches
and of those prescribed for the nodes add up to zero:

-T*eg+ ep= 0,
hence, nodal extensive and intensive quantities are related as:
ep= T*B* K (BTip- iA. (6)

For given sources of intensive and extensive quantities and ep, the nodal
intensive quantities ipand branch-end extensive quantities ee can be expressed
as:

ip = (T*B* KBTI (ep + T*B* KiA0), )
ee= K (BTip- 1i,0. (8)

Relationships between known and unknown quantities can be included in a
hypermatrix equation:

_ T*R* , ,
r o TB* o
L- bt F .ee. 10

If an orthogonal transformation Rj can be given for each branch, that
applied to vectors ee}and iAD makes their elements preferential, then matrices
Rj will be included in hyperdiagonal R, the new quantities will be marked by
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superscript E and (9) can be replaced by

0 -T*B*R*  |p + ¢p
—RBT F-

An advisable mode of solving (10) is by depending on the structure of the
coefficient matrix, outside, however, the scope of this paper.
Network theory symbols have been complied in Table 1.3

Table |
Symbol Definition
m number of branches
n number of nodes
d number of independent extensive or intensive branch
end quantities
K fc-th node
j j-th branch
g branch
p point
b starting point
e end point
A difference
o initial value

intensive quantity

e extensive quantity
T branch-to-node relation matrix
By transfer matrix

B matrix for branch orientation and branch end junction

orthogonal matrix to transform into the preferential
co-ordinate system pertaining to the branches

conduction matrix
F K 1

3. Application for bar systems in small displacement

Interrelation between relationships oflinear geometry networks and those
obtained by the first-order theory for spatial systems of straight-axed bars with
constant stiffness [1] will be expounded, taking also changes due to curved axis
and/or variable stiffness into consideration.
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3.1 Mutually corresponding notations

Bar system data will be given in an orthogonal, so-called global co-
ordinate system X(x,y, z). Intensive quantities are displacements, extensive
quantities are generalized forces. In [1], displacements along, and rotations
about the co-ordinate axes were chosen as independent intesive quantities.
Accordingly, independent extensive quantities are axial forces and moment
vectors. Thus, for general spatial bar systems: d = 6.

Sources of nodal extensive quantities are loads, and for bars correspond-
ing to branches, the internal forces. Bars are granted so-called local co-ordinate
systems S (£ being the bar axis, r] and £ the principal directions of inertia),
where each bar force component has its name (normal force, the two shear
forces, torque, the two bending moments). Orthogonal transformation Rycor-
responds to matrix Tjk.

The constitutional law involves flexibility and stiffness matrices F and K.
For a straight-axed bar of constant stiffness:

EA
13 P
3EJi 2E Ji
P P
3Wr, 3EJV
I
GJ¢
P I
2EJr, EJV
P I
L 2EJC EJC

A bar of varying stiffness or curved axis will be approximated by a polygon
containing intervals of straight lengths and constant stiffness. This po-
lygon is considered as clamped at its starting point, and displacement of
the cantilever and due to unit forces parallel to the axes of a co-ordinate
system belonging to its end point Pjei Pje-, MH, Mijeri, MJe() will be
determined. The /x-th component of the displacement due to the r-th unit
force referred to the end-point co-ordinate system yields the jix-th element of
the r-th column of matrix Fj (g,v = 1,2,.. ., 6). The calculation is rather
easy because of the peculiar advantages of the cantilever. Transfer matrix
Bjk in [1] lends itself for transforming vectors in the local co-ordinate system,
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here B; is valid in the global co-ordinate system:

B, — zb Yb— Ye
zb — ze xe — xb

1 yve —ybu — xe

1 A

with e.g. th standing for the co-ordinate Z of the starting point of the j-th bar.

The counterpart of matrix T is the connecting matrix P (p. 87 in [1]).
Product —RB is identical with the geometry matrix of the still unconnected
structure. The triple product —BBT is identical with the geometry matrix of
the connected structure, omitting columns corresponding to boundaries.
Correspondence between symbols in item [2] and in [1] are shown in Table II.

Table 11
Network
theory Bar system
d 6
P u nodal displacements
ep 4 nodal loads
h bar end displacements
ef S internal forces
* Au relative bar end displacements
*d 0 t initial strains
o] relative bar end displacements from bar de-
formation
B: ~Bjk transfer matrix (in another co-ordinate system)
«j *Jk rotation matrix
Fs F flexibility matrix
RS F-i  stiffness matrix
T P connecting matrix
-RB Gr geometry matrix of the unconnected structure
—RBT G geometry matrix

3.2 Deviations from, the bar system theory

Some minor differences between relationships of the general network
theory and the bar system theory [1] are the following:
a) As mentioned in 3.1, transfer matrices By and Bjk belong to different
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co-ordinate systems. This modification is advantageous for the calculation of
structures with some curved bars [4].

b) The network theory left the displacements defined by constraint
conditions inconsidered. Thereby the analysis of the effect of support move-
ments (requiring application of kinematic loads) and the calculation of reactions
(requiring addition of stresses in bar ends joining at a fixed node) are far from
self-intended.

c) Displacement other than along the co-ordinate axes may be required
to he equal or zero. This will be exemplified on a simple beam for sake ofsim-

plicity (Fig. 1):

For the beam on two supports, sketched in Fig. 1:
)ﬁl [« |p2
_(pi.

According to (1), bar ends and nodes are related as:

~ubx~~ "0 0 0~ Fi
uby 0 0 0
b 1 0 0 Jf2.
ucx 0 cos a 0
Uey 0 -sin-a 0
- 4 - _0 0 1_
3.3 Remarks

a) The denoted matrix multiplications need not always be performed on
full matrices, thus for instance R*B*KBR will be a hyperdiagonal one, which
may he computed block-wise.

b) In structure where — as a frequent case — bar ends joining the node
else than rigidly are not subject to loads corresponding to the lifted constraint,
neither are stiffly connected bar nodes hinged (Fig. 2), the stiffness matrix
T*R*B*KBRT of the entire structure can be constructed by compilation.
Thereby also the equation systems decrease (by omitting e. g. the rotation ofthe
hinged bar end) and advantage may he taken from the factthat the stiffness
matrix is a symmetric band matrix.
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4

Fig. 2

c) Structure relationships may be arrived at by induction as Singer, D.
did it ([2, 3]). In generalizing, however, linear electric circuit relationships, one
must remind that for bar systems:

— beside topology, also structural geometry is of interst;

— intensive and extensive variables are vectors rather than scalars;

— extensive quantities vary along branches hence they can only be
assigned to given points of the branch to be unambiguous;

— branch end connections are more general, and may also mean the
identity of certain components;

— variables may be interpreted both in local and in global co-ordinate
systems.

One must be careful in applying the inductive method since, leaving some
differences out of consideration or generalizing erroneously leads to wrong
results.

4. Application for linear electric circuits

For electric circuits constructed from branches with known impedances,
branches may be specified to contain voltage sources and nodes current sources.
It is aimed at determining nodal voltages referred to basic points, and branch
current intensities. At a difference from [2], current sources have been assumed
at nodes as some other authors do ([5], [6])-

In electric circuits also intensive and extensive quantities of branches,
(voltages referred to basic points, and current intensities, resp.) are scalars,
thus, d = 1. Intensive quantities are equal on all branch ends joining a
node, hence dk — 1, and matrix T cannot have other elements but 0 and 1.

The circuit has no preferential co-ordinate system for each branch, hence
R = E, and (10) may be replaced by (9).

The current intensities at starting and end points of branches differ
only by sign, hence By = B* = 1. Matrix B reflects only the graph orientation
(with elements: 0,1, —1). Correspondence between notations in item 2 and [2]
are seen in Table I11.

W ith these symbol changes, first matrix equation in (9) becomes:

A*i+ I = O,
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Table 111
Nteht\évoor;,k Electric network
d 1
dk 1
Cipk e Nodal voltage referred to the basic point
epk r nodal current sources
/S5 e voltage difference between two branch ends
~ ijoj E specified voltage source
Aj \ e+ E
eej i current intensity
83 1 transfer
R unit matrix
-BT A branch node matrix
F Zz primitive impedance matrix
K Y primitive admittance matrix

the second matrix equation in (9) is:

co
en

—A e -fZi—E=0

nceivable as a different formulation of Kirchhoff’s second theorem (differ-
ce between voltage drops at resistors and voltage sources equals the differ-
ence of scalars assigned to the joining nodes for each branch, hence it is zero

for each loop).
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Eine Verallgemeinerung physikalischer Netze (lineargeometrischer Netze). Gleichun-
gen des physikalischen Netzes definiert als Verallgemeinerung der Stabwerke (physikalischer
Graph) ergeben unmittelbar die Zusammenhénge zwischen Stabnetzen mit kleinen Verrickun-
gen und linearen elektrischen Netzen als Sonderfall.

OpnHo 0606LLeHVE (3MYECKUX CETER. YpaBHEHNA duanueckoi ceTn (dusnueckuii rpad),
onpefenieHHble B KayecTBe 0606LLEHNS CTEPXHEBbIX KOHCTPYKUMIA, B KayecTBe CreLuanbHOro
Clyyas HenocpefiCTBEHHO [JatOT 3aBUCUMOCTM CTEDXKHEBbIX KOHCTPYKLMIA, MpeTeprnesaroiimx
HebonbLIME CABUMM, U IMHENHBIX 3/IEKTPUYECKUX CeTe.
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CONSOLIDATION AROUND SAND DRAINS
IN NON-DARCIAN SOILS

R. J. KRIZEK* —H. A. ELNAGGAR**—A. S. AZZOUZ***

[Manuscript received May 22, 1973]

The effect of non-Darcian flow on the consolidation behavior of clay soils is
evaluated for conditions of radial drainage only and combined radial and vertical
drainage. This is accomplished by postulating a reasonably general four-parameter
velocity-gradient relationship, which by proper choice of parameters is capable of
characterizing much of the published experimental data on the flow of water through
clay soils, and combining this relationship with the other standard assumptions of
classical consolidation theory to develop a nonlinear parabolic partial differential
equation, which is solved by use of finite difference procedures. Several typical solutions
show that the time rate of consolidation for soils which exhibit non-Darcian flow
characteristics is substantially less than that predicted by classical consolidation theory.
Although a numerical solution to the two-dimensional flow problem was easily obtained
by an explicit finite difference scheme, restrictive stability criteria rendered such solu-
tions expensive.

Symbols

The following symbols are used in this paper:
a Empirical coefficient
d re-rr
H Thickness of single-drained clay layer
i Hydraulic gradient
if Apparent threshold gradient
K Coefficient of permeability
km Minimum permeability
ku Ultimate permeability
kuo Value of ku at top of clay layer
kur Value of ku in radial direction
kur  Value of ku in vertical direction
m Modulus of volume change of the soil matrix
m0 Value of m at top of a clay layer
r Radial coordinate axis
re  Radius of influence of sand drain
r,v Radius of sand drain
S dH
Tr  Time factor in the radial direction
Tz Time factor in the vertical direction
t Time
" Excess pore water pressure

’Raymond J. Kbizek, Professor of Civil Engineering. The Technological Institute,
Northwestern University, Evanston, Illinois

**Hameed A. Einaggab, Assistant Professor of Civil Engineering, University of
Pittsburgh, Pittsburgh, Pennsylvania

***Amr S. Azzouz, Research Assistant in Civil Engineering, Massachusetts Institute
of Technology, Cambridge, Massachusetts
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% Discharge velocity

W  Dimensionless excess pore water

z Vertical coordinate axis

a Coefficient expressing permeability variation with depth
R Coefficient expressing compressibility variation with depth
yw Unit weight of water

£ Dimensionless depth

0 Empirical coefficient

A
M,-

Ykurlkuz

Threshold gradient parameter in radial direction
Inr Threshold gradient parameter in vertical direction
p Dimensionless radial distance
ge Dimensionless radius of influence of sand drain
gw Dimensionless radius of sand drain
Aa Increment of load intensity applied at the surface
$ Variable coefficient

1. Introduction

The existence of non-Darcian flow can serve to explain (though not
uniquely) many of the discrepancies that are often observed between field
measurements and theoretical predictions of time rates of settlement in a clay
stratum. W hether or not Darcy’s law be used to characterize the MNone of water
through clays has been subject to much debate among soil engineers and soil
scientists (King, 1898; Miller and Low, 1963; Olsen, 1965; Kraft and Y aa-
kobi, 1966; Mitchell and Younger, 1967; and others). In general, mostre-
searchers agree that deviations from Darcian flow probably exist under low hy-
draulic gradients, but these deviations can be detected only if extremely sensi-
tive measuring equipment and careful laboratory procedures are employed. Al-
though some investigators support the concept of a threshold gradients, others
claim that it does not exist, and the potential errors associated with experi-
mental measurements are sufficiently large to render either argument in-
conclusive. Presented herein is an evaluation of the effect of non-Darcian flow
(where Darcian flow is a special case) on the time rate of vertical consolidation
due to radial drainage only or combined radial and vertical drainage in a sand
drain installation.

2. Brief background

Extensive studies of sand drain performance have been reported by
Rendulic (1935, 1936), Barron (1948), Richart (1957), Moran, Proctor,
Mueser, and Rutledge (1958), and Hansbo (1960), but all of these investi-
gators have employed the assumption of Darcian flow. In this comprehensive
review of sand drain theories, Richart (1957) showed that time-dependent
variations in void ratio did not significantly affect the consolidation-time
response for vertical consolidation due to vertical drainage; accordingly, he
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did not introduce any modifications to the assumptions of classical consolida-
tion theory. However, Schiffman (1958) considered the sand drain problem
in which the permeability of the soil varies with time and therefore void
ratio. Much of the discussion presented in the report by Moran, Proctor,
Mueser, and Rutledge (1958) deals with the effect of boundary conditions
(such as smear at the well face) on the performance of sand drains. Although
many researchers have considered the influence of various deviations from the
assumptions of classical consolidation theory of the rate of vertical consoli-
dation due to vertical drainage, virtually nothing can be found in the literature
on the role of non-Darcian flow in the performance of sand drain installations.

3. Proposed flow relation

In many cases the flow of water through a clay soil may be conveniently
characterized by the empirical relationship (E1tnaggar, Karadi, and Krizek,
1971)

Vo= 1 a)it 1 —exp (1)
where v is the discharge velocity, iis the hydraulic gradient, and ku, it, a and
0 are constants for a given soil. The initial slope, which may also be defined
as the “minimum permeability”, km ,is given by

=M1l - (1- a)s], (2)

and the equation of the asymptote may be written as

v = ku(i-it), (3)

Fig. 1. Velocity-gradient relationship for proposed flow equation
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where kuis the maximum or “ultimate permeability” and it is the “apparent
threshold gradient”; these parameters are illustrated in Fig. 1. Equation (1)
reduces to Darcy’s law if it equals zero or if a equals unity.

4. Field equation

If a clay stratum of uniform thickness is fully penetrated by sand drains
spaced in a triangular pattern, the zone of influence for each drain is hexago-
nal; however, these hexagons may be approximated by circles with a diameter
that is slightly larger than the spacing of the drains. Thus, the consolidat-
ing domain is axially symmetric, and the inner and outer boundaries are cyl-
indrical with radii rw and re, respectively. Except for the flow relation, the
one-dimensional consolidation equation derived herein incorporates the stand-
ard assumptions of classical consolidation theory (Terzaghi, 1923); hence,
we may write

1 1 dva 3V? ud
B [ 4)
r r 30 dz dt

where vr, ve, and vz are the velocity components in the x, y, and s directions,
respectively, m is the modulus of volume change of the soil matrix, i is time,
and u is the excess pore water pressure. For the axially symmetric case Eq. (4)
reduces to

1 3 dvz du

™ m """ 5
r dr(r)+ dz 31 ()

If the non-Darcian velocity-gradient relationships in the vertical and radial
directions are given by

1 —a)it 1 exp (6a)
(6b)
where

1 du (72)

Vw 92

. 1 du
ir = - , (7b)

7w 9r

and if the vertical permeability and compressibility are assumed to vary with

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



CONSOLIDATION AROUND SAND DRAINS 103

depth according to
iz = RO (8a)
and

(8b)
H
where ku0 and mO denote the vertical permeability and compressibility, re-
spectively, at the top of the clay layer and a and B are two parameters which
characterize the respective variations with depth, the governing consolidation
equation may be written as

mOyw du -0 du 32u
1 — (1 —a)O0 exp
kun dt 1+ Bz/H [ Cityw  dr . 9r2
)? [du i 0 du
— (1 —a)itywll — exp |—-—-- — -
r(l + Bz/H) Ldr hYw  9r
1+ /4
az 1— (1 —a)& exp 0 du 02M
(1 + B*/H) hyw dz  dz2
du —0 d
: (1 — a)ityw —exp Y )
H(l+ Bz/H) dz hvw 9z

where i, is the same in both the vertical and radial directions and
2= (10)

If both the permeability and compressibility are assumed to be constant
thoroughout the clay layer, Eq. (9) reduces to

A}
myw du 1— (1 — a)& exp 0 du d2u
kar - 91 ityw dr) dr2
) -0 du
~r~— (1 —a)ityw 1 —exp +
r dr [ Jitvw dr 11
0 du d2u
+ 1— (1 —a)0exp (11
i,yw dz dz2

which, for radial flow only, becomes

myw du 0 du 1" 02u
1—(1—«)0 exp
kur dt hvw dr JJ dr2
12
du _ -0 auH (9
+ = 1 —a)ityw|l — exp ..
dr h7w  9r)]]
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46

a6

H,l

impervious  boundary

4
(b) Combined radial and vertical drainage

Fig. 2. Boundary configuration and discretization for problems considered

K we define the dimensionless variables (Fig. 2)

w= " (13a)
Aa ’
' ' (13b)
re — rw d
c= (13¢)
=
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where d = re—rw and Aa is the increment of load intensity applied at the
surface, Eqs (11) and (12) become

(14)

and

(15)

In Eqs (14) and (15) and may be termed “thresehold gradient” parameters,
and they reflect essentially the effect of the apparent threshold gradient it
relative to the magnitude of the load increment Aa under which the clay
stratum is being consolidated. When these “threshold gradient” parameters
vanish (thatis, it = 0), Eqs (14) and (15) reduce to the field equations of clas-
sical consolidation theory.
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5. Vertical consolidation due to radial flow only

The boundary conditions for the problem of vertical consolidation due
to radial flow have been expressed in two different ways (Barron, 1948);
the first is called the “free strain” case and corresponds to a situation of
uniform surface loading under which the soil is free to settle as the pore water
pressure dissipates, whereas the second is termed “equal strain” and corre-
sponds to the situation wherein vertical strains in the consolidating soil mass
are everywhere equal. In actuality, however, an intermediate condition is most
probable. For linear problems Barron (1948) and Richart (1957) presented
results which indicated that the difference between the “free strain” and “equal
strain” solutions is small, and they preferred the “equal strain” approach
for reasons of simplicity. However, since “free strain” is more representative
of actual field conditions, this case was chosen for the analysis herein (Fig. 2a).

5.1. Boundary and Initial Conditions

Accordingly, the boundary conditions for a signle sand drain are

W(ew, Tr) = 0 (16a)

and

(16b)

1
o

(ee, TT)
3B

Since the initial pore water pressure is assumed to be uniform throughout the
soil mass and equal to the instantaneously applied load Aa ,the initial condition
may be expressed in dimensionless form as

Ue, 0)= 1, Qw<,e<,Qe, (i6c)

5.2. Numerical Solution

Equation (15), subject to the boundary and initial conditions given by
Eqs (16), may be expressed explicitly by the finite difference equation

Wd+iWj + KMuw b + 2aq G € J+—Qt Ei. (17)
i= 1,2,...N, and j = 0,1,2,.
where
P= 1—(1—a)0 exp B 3W (18a)
Wr 93
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wd
E = (1-a)Hr 1 exp (18b)
dg
anil
AT,

Rr=
{AqY

(18c)

If the domain (pw< <Cpe) is divided into N equal subintervals, each of
length Ap equal to 1/JV, we may write

Q = Qw+ iAo. (19)

As verified by experience, the stability criterion for the numerical solution to
this problem is

, (20)
2

since the coefficient 1/q of the lower-order term in Eq. (15) will always be
positive.

5.3. Results

As can be seen from Figs 3a and 3b, the ratio n of the effective radius re
to the radius ofthe drain well rwexerts a considerable influence on the time rate
of consolidation, whether the flow is Darcian (/ir = 0) or non-Darcian (yr = 5;
a = 0,50). Figs 3c and 3d show the average percent consolidation as a function
of time for various values of fX and for a equal to 0,01 (almost zero) and 0,50.
As noted, the process of consolidation becomes considerably slower as pr in-
creases; for example, Fig. 3c shows that, at a time factor of 0,8, over 60 percent
consolidation is predicted by classical theory \pr= 0), but only 30 percent is
perdicted when prequals 5. A comparison of Figs 3c and 3d also indicates that
the rate of consolidation decreases as the parameter a decreases; since a = 1
corresponds to the case of classical consolidation, three values of a (0,01, 0,50,
and 1,00) are actually represented on these figures. The distribution of excess
pore water pressure over the radius of influence of a sand drain is given as
function oftime in Figs 4a and 4b for (irequal to 0 and 5, respectively, where n
was assumed to be 10; it is apparent that the existence of non-Darcian signifi-
cantly impedes the dissipation of excess pore water pressure. The effect of
non-Darcian flow is'illustrated in Figs 5a and 5b, where the excess pore water
pressures at one-half d are shown. The delay in the pore pressure dissipation
may be readily seen, especially at large times; in other words, the excess pore
pressure dissipates faster during the early stages of consolidation than toward
the end.
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Fig. 3. Percent consolidation versus time factor for radial flow only
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radial distance, <J—
re

Fig. 4. Radial distribution of excess pore pressure for radial flow only

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



HO KRIZEK et a).

Fig. 5. Excess pressure versus time factor for radial flow only

6. Vertical consolidation due to vertical and radial flow

Consider now the case in which vertical flow toward a sand blanket is
combined with radial flow towards a sand drain; the governing differential
equation of consolidation for this situation is given by Eq. (14), and the most
general solution presented herein is for the case where the flow of water in both
the vertical and radial directions is assumed to be non-Darcian with different
values for the vertical and horizontal permeabilities (Fig. 2b).
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6.1. Boundary and Initial Conditions

The boundary conditions for this problem are

W(qu, £, T2 = 0, (21a)
Lle, 0, tz) = 0, (2ib)

dw . B )
0 (e~£*TT) = o, (2ic)

-Me. ATz = 0. 21
Me. aTy fid)

and the initial condition is

W(p, C, 0 = 1, (21e)

for Qs P Q@an(l o ~c M.

6.2. Finite Difference Formulation

The finite difference technique is used to solve the two-dimensional
partial differential equation given by Eq. (14). After the spatial domain (g—£)
is replaced by a rectangular or square grid, the g-dimension is divided into M
equal intervals of length A g and the ~-dimension is divided into N equal in-
tervals of length AC- The coordinates of the nodal points in the (g, £)-plane are

(9, C)= (iAg,j AE) fori=10,1,2,...Mandj —0,1,2,...N.The time
dimension forms a third ordinate such that the time-spatial nodal points have
the coordinates (g,, Cp Tk) = (iAg, j A £ kATz) forxk — 0, 1, 2, .. where

the time axis is perpendicular to the pbme of Fig. 2b and the nodal points are
situated at various time increments A Tz.

In order to simplify the presentation of the equations for the finite
difference solution, when the values of the variable W(g, £, Tz) at time Tz are
known, this variable will be called Y(g, £) otherwise, it will be referred to as W.
Thus, the explicit finite difference scheme for Eq. (14) takes the form

(22)
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where
j =1 —(@1—a)0 exp 0 (23a)
2(iz SAq
-0
VtJ = 1- (l-a)0 exp (23b)
2ur AC
and
Efj= (I-«)/*:S 1 0 (23¢)
rj= (l-«)/*: — ex
i= (1-<) P u2salg W b

6.3. Stability Condition

The explicit finite difference representation given by Eq. (22) appears
to be simple, but, in fact, it is very complicated from a computational point of
view. This is due to the increased number of unknown nodal points and, more
importantly, the stability requirements, which are given by

ATz XL r , aTr 2

(24)
(zip)2 S2 <Fi;  (ACf 2

for all values of i andy. The use of R, = Z TJ(AC)2 allows the stability condition
to be expressed as

Rz < (25)

M AR T 2m
N--$2\ T+ Vil

and the explicit method, with A Tz, A q, and AC satisfying Eq. (25), was used to
obtain the solutions presented herein. The consolidation domain (p, f) was
replaced by a grid with the same number of subdivisions in both directions;
hence, M is equal to N. The intervals of A Qand AC were taken equal to 0,10,
and A T2was chosen such that the stability condition specified by Eq. (25) was
satisfied.

6.4. Results

Shown in Fig. 6 is the average percent consolidation versus the time factor
for 4 and S both rqual to unity, n equal to ten, a equal to 0,01, and various
values for the threshold gradient parameter /jz. Comparisons with the classical
consolidation case (fluz = 0) indicate that non-Darcian flow exerts a significant
effect on the consolidation rate. The excess pore water pressure at midpoint
between drains is given in Fig. 7a as a function of depth and the factor; alter-
natively, Fig. 7b shows the excess pore water pressure along the impervious
bottom of the clay stratum as a function of time and radial distance. In order
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time factor, Tz

Fig. 6. Percent consolidation versus time factor for radial and vertical flow

Fig. 7. Various distributions of excess pore pressure for radial and vertical flow
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to better illustrate the effect of non-Darcian flow on the time rate at which the
excess pore water pressure dissipates, the response is given at two spatial
points, (g2 1) Fig. 8a and (gw-f- 0,5, 0,5) in Fig. 8b. Once again, the drastic

time factor, Tz

Fig. 8. Excess pore pressure versus time factor for radial and vertical flow

effect of the threshold gradient parameter is observed. The distribution of
excess pore water pressure in a typical (g, £)-plane at T2equal to 0,50 is shown
isometrically in Fig. 9a, 9b, and 9c for p2equal to 0, 0,6, and 1,0, respectively,
and the values of W for these plots are summarized in Table I.
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0,10
0,20
0,30
0,40
0,50
0.60
0,70
0,80
0,90
1,00

0,10
0,20
0,30
0,40
0,50
0,60
0,70
0,80
0,90
1,00

000

0,01
0,03
0,04
0,05
0,06
0,07
0,07
0,08
0,08
0,08

000

0,04
0,07
0,10
0,13
0,16
0.18
0,20
0,21
0,22
0,22

010

0,60

0,02
0,04
0,06
0,08
0,10
0,13
0,15
0,16
0,18
0,20

Table 1

Dimensionless excess pore water pressures as afunction of radial distance and depth

100

0,02
0,05
0,07

0.11
0,13
0,15
0,17
0,19
0,20

000

0,04
0,07
0,11
0,14
0,17
0,19
0,21
0,22
0,23
0,24

0,70

0,60

0,08
0,17
0,25
0,33
0,41
0,49
0,56
0,64
0,71
0,77

(T = 0.50, a = 0.01, and n = 10)

Dimensionless excess pore water pressures for

Different values of q (frist row) and ju2 (second

000

0,03
0,05
0,08
0,10
0,12
0,13
0,15
0,16
0,16
0,17

000

0,04
0,07
0,11
0,14
0,17
0,20
0,22
0,23
0,24
0,24

0,30

0,60

0,05
0,10
0,15
0,20
0,24
0,29
0,33
0,38
0,42
0,46

0,80

0,50

0,09
0,18

0,52
0,60
0,68
0,76
0.83

100

0,06
0,11
0,17
0,22
0,27
0,31
0,36
0,40
0,44
0,47

100

0,10
0,20
0,29
0,39
0.47
0,56
0,64
0,71
0,79
0.85

000

0,03
0,06
0,09
0.11
0,14
0,15
0,17
0,18
0,19
0,19

row)

000

0,04
0,08
0,11
0.14
0,17
0,20
0,22
0,23
0,24
0,25

0,40

0,60

0,06
0,12
0,18
0,24
0,30
0,35
0,40
0,46
0,50
0,55

0,90

0,60

0,10
0.19
0,28
0.38
0,47
0,55
0,64
0,72
0,80
0.88

100

0,07
0,14
0,20
0,27
0,32
0,38
0,43
0,48
0,53
0,57

000

0,03
0,07
0,10
0,12
0,15
0,17
0,19
0,20
0,21
0,21

100

0,08
0,16
0,23
0,30
0,37
0,44
0,50
0,56
0,61
0,66

100

0,11
0,21
0,32
0,42
0,52
0,61
0,70
0,78
0,87
0.94
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7. Ultimate settlements

If kmwere equal to zero, the velocity-gradientrelationship illustrated in
Fig. 1 could be expressed as

V=0, i<.it,
(26)

V= ku(i— it), ios i,
and all excess pore water pressures associated with a gradient less than it
would be unable to dissipate, thereby reducing the ultimate settlement deter-
mined by means of classical consolidation theory. One such case of undissip-
ated or “residual” excess pore water pressures in a Norwegian clay deposit
hundreds of years old was reported by Bjerrum (1970). However, regardless
of whether or not a threshold gradient does actually exist in a clay soil, the
numerical procedures employed in this study do not admit the singularity
that would develop if Eq. (26) were incorporated into Eq. (5). Consequently,
use of the “smooth” velocity-gradient relationship given by Eq. (1) implies
that all excess pore water pressures will fully dissipate at sufficient large times,
and the ultimate settlements predicted by this modified theory will be equal

to those calculated from classical theory.

8. Conclusions

Based on the non-Darcian flow relationship proposed herein and the
associated modified theory of consolidation applied to sand drain installations,
the following conclusions can be advanced:

1. Therate of consolidation due to radial drainage only, as well ascombin-
ed radial and vertical drainage, may be substantially delayed in soils which
exhibit non-Darcian flow characteristics, thereby providing one feasible
explanation for the discrepancies that are often observed between the actual
field performance of a sand drain installation and the theoretical estimates that
are deduced from classical consolidation theory.

2. The spacing of the sand drains and the ratio of the effective radius to
the radius of the drain well exerts a considerable influence on the time rate of
consolidation, whether the flow is Darcian or non-Darcian.

3. The consolidation process is considerably accelerated by the combined
use of vertical and radial drainage, as opposed to radial drainage only, but the
influence of non-Darcian flow is strong in both cases.
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Befestigung von Bdden die dem Darcyschen Strémungsgesetz nicht folgen, im Bereich
der Sandsickerdrainage. Der EinfluB der nichtdarcyschen Stromung auf den Befestigungs-
vorgang der tonigen Bdden wird ermittelt, teils fur den Fall von radialen, teils von kombi-
nierten radialen und vertikalen Sickerdrainen. Dies geschieht durch Ansetzung einer verniinf-
tigerweise allgemeinen, vierparametrigen Abhéngigkeit fir den Geschwindigkeitsgradient des
Ablaufs der Befestigung, die im Fall von richtig ausgewdhlten Parametern geeignet ist zur
Charakterisierung von zahlreichen empirischen, d. h., Versuchsergebnissen iber die Strémung
des Wassers durch tonige Bdden und durch Kombination dieser Abhé&ngigkeit mit anderen
allgemeinen Voraussetzungen der klassichen Bodenbefestigungstheorie zur Entwicklung einer
nichtlinearen partialen Differentialgleichung, die durch Anwendung des Verfahrens von end-
lichen Differenzen geldst werden kann. Mehrere Ldsungstype beweisen, dal die Geschwin-
digkeit des Befestigungsvorgangs in Bdden, wo die Wasserstromung nichtdarcysche Eigen-
schaften aufweist, erheblich kleiner sind, als der mit Hilfe der klassischen Befestigungs-
theorie ermittelte Wert. Dessen ungeachtet, daR die Aufgabe der Zweidimensionsstromung
mit Hilfe einer expliziten Formel der endlichen Differenzen leicht geldst werden kann, einige
Beschrankungskriterien der Stabilitdt machen derartige Ldsungen kostspielig.

YNpoyHeHWe FpyHTa BOKPYr MecuaHblX (DWbTPOB B FPYHTaxX, He Y/0BNETBOPAIOLIMX
3akoHy Japcv. OnpeaeneHue Bo3feliCTBUS Ha NPOLECC YNPOUHEHUS! TIMHUCTbLIX FPYHTOB [BM-
YKEHUSA MOTOKA He B COOTBETCTBUM C3aKOHOM [lapcy B Cyyae UCKMIOUMTENLHO TONbKO pafmnab-
HOV cucTeMbl (UNbTPaLMKM, a TakkKe B Cly4Yae COBMECTHOTrO PafManbHOro U BEPTUKaIbHOIo
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CUCTEM (MUNBTPALMK. 3TO ONpedeneHre NMPOU3BOAUTCS NMPU MPUHATIAM 33 OCHOBY TaKOii Lieneco-
06pasHo 06LLel YeTbIpexnapaMeTpUYHOI 3aBUCUMOCTU TPajMeHTa CKOpocTu, KOTopas Mmpu npa-
BWbHOM BbIGOpe NMapaMeTpPOB MPWUrofHA A8 XapaKTepUCTUKU 6OMbLUOM YaCTV COOBLUEHHbIX
Pe3yNbTaToB, KacaloLIMXCA ABUXEHMS NOTOKA BOAbl B FINHUCTBIX FPyHTax, M Mpu COBMECTHOM
MCr0/Ib30BAHMI 3TOV 3aBUCUMOCT M MPOUMMM_OBbIMHBIMI NPEAMONOKEHNAMU OObIHHOI TeOpUM
YNpoUeHns [N BbiBOJA HEKOTOPOrO HeMNHeHOro MapabonMyeckoro napumanbHoro audde-
PEHUMaNbHOTO YPaBHEHWS, KOTOPbI NOCNEAHWA MOXHO pPewnTb C MOMOLLBID MPUMEHeHus
METOfja KOHEYHbIX PasHOCTEiA. PAf TUMMUHBIX PELleHMii NoKasbiBaeT, YTO MpOTeKaHue ynpouy-
HEHWS BO BPEMEHU B OTHOLLEHWM TaKWX FPYHTOB, B C/lyYae KOTOPbIX MOXHO YCTaHOBUTbL CBOWA-
CTBa ABWXEHUs MOTOKA, HEe Y[OB/JETBOPAIOLLMX 3aKOHY Jlapcy, UMEET 3HAUNTENbHO MEHbLUYHO
CKOpOCTb, YeM KOTOPYH MOXHO OMpeAeUTb Ha OCHOBE 0BbIYHOI TEOPUM YNPOUHEHUSs. HecMoTpst
Ha TO, YTO [IByMepHas 3afja4a [BWKEHUA NOTOKa MOXKET GbITh PeLLeHa YMC/IOBLIM METO0M NIerKo
Mpy NPUMEHEHN HEKOTOPOI SKCMMLMTHON (hOpMY/bl KOHEUHbIX Pa3HOCTeNA, BCe-Taki CTporue
YC/IOBUSI YCTOMUMBOCTM TaKoe pelleHue [enakT C/MLLIKOM [OpPOrvM.
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EXPERIMENTAL INVESTIGATION OF THE LIFE OF
SEMICONDUCTOR DEVICES, IlIl.

BULK BREAKDOWN MECHANISMS AND
TRANSISTOR LIFE TESTS IN SWITCHING OPERATION

A P. KEMENY*

[Manuscript received October 15, 1973]

The generally used methods of prolonged d.c. operating life tests of transis-
tors, which provoke mainly the thermally activated surface degradation phenomena,
give little information on the deterioration in switching operation. A method is pro-
posed where the transistors are loaded as common base inverters in switching oper-
ation with fixed 50 Hz or higher repetition frequency, at exactly controlled and de-
termined swithing- on and -off transient energy. This method permits the economical
examination of large samples and is useful mainly as a screen test for the quick selec-
tion of individuals with hidden structural defects. Such tests supported by micro-
photographs of failed samples seem to be in accordance with the analytical results
of a bulk degradation process treated here and emphasize the necessity of a flawless
geometrical structure of such devices.

1. Introduction

Transistor life expectancy in switching service is an important area
especially in the development of digital circuits, e.g. second generation comput-
ers or solid-state telephone centrals where transistors are used in big lots.
Though the method of life testing of transitors employed in analog circuits were
well-known [1—10, 17] and widely used (utilizing the continuous or inter-
rupted d.c. electrical stress), they do not give really useful information of the
failure rate of a transistor type used in switching service. Surely, the failure
rates gained in a d.c. electrically loaded operation or simply in a thermal stress
are too loosely related to the degradation in switching operation mode, al-
though some correlation undoubtedly exists.

Obviously, the best solution would be the life testing conducted in
switching operation. However, some obstacles arise there as may be summarized
in the followings.

In the d.c. electrical stress the results gained at a given collector dissipa-
tion (i.e. junction temperature) and at a given collector reverse voltage, may be
converted into failure rates valid at a different junction temperature (dissipa-
tion) or at a different collector voltage, aided by a relatively simple Arrhenius-

Dr. AL P. Kemeny, Rajk L. u. 48, H-1136 Budapest, Hungary
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type formulae, well-known in the practice and describing the relationship among
the failure rate, the junction temperature and the collector voltage [1—9, 17].
This relationship is well-established by numerous experimental data and it is
proved that degradation in analog (e.g. in d.c.) electrical operation is related to
surface phenomena activated by the elevated temperature and by the reverse
voltage of the collector diode [1—10, 17]. Hence, life tests executed in analo-
gous (d.c.) operation may be standardized: it is sufficient to make the experi-
ments at a given single — usually high — temperature and voltage level and all
failure rates in differring conditions may be reduced to the one gained from the
standardized unique test [8, 9, 10, 17].

The situation is quite different with the switching service life testing
because an almost infinite variety of stress conditions may be imagined since
degradation is influenced by repetition frequency, duration of turnover tran-
sients (rise and fall time), further by the applied collector voltage and collec-
tor current stress levels, let alone the ambient temperature and collector cir-
cuitry (resistive or inductive load). One can conclude that standardization of
switching service life tests seems to be a hopeless aim. This statement is con-
firmed by the fact that recently no interrelation is known among failure rate
and the previous parameters and the experiments presented in this article
proved to still be insufficient to draw a well-estiblished numerical relationship
between failure rate and stress parameters, obviously because the number of
tests conducted and of the tested transistors, were too few. The work dealt
with here is meant to be the first step.

To overcome the problem of “standardization”, one may suggest always
to make the tests in the circuit where the transistors are used, under normal
or forced operational conditions. If atransistor type is used in a great number of
identical or nearly identical digital circuits, e.g. in a computer, this seems to be
an adequate solution and the life tests may be conducted by the equipment
manufacturer as well as by the transistor manufacturer. This is the situation
especially at highly complex IC-s where operation mode (supply voltage,
temperature etc.) is standardized.

But what can the transistor manufacturer do if a given type is specified
for a wide variety of applications generally used in switching service ? Naturally,
circuit-development engineers need some general data of reliability if making
a choice among various makes or types. Hence, some form of “standardiza-
tion” in switching service life-testing seems inescapable.

A relatively simple but still efficient method is suggested here where the
tested transistors are operating on a common base inverter circuit with re-
sistive load, since most pulse circuits may be originated from the plain tran-
sistor inverter. For the sake of simplicity, a repetition frequency equal to the
50 Hz mains frequency was chosen at the low switching-rate types (e.g.
alloyed ones) and 5 kHz for high-speed (mesa or planar) types.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



LIFE OF SEMICONDUCTOR DEVICES 111 123

Comparative test results had shown that at normal or low pulse current
stress levels the degradation processes were indistinguishable from the processes
occurring in a d.c. electrical stress. However, by high stress levels, usually
beyond data-sheat limit values of ICmax, truly volumetric degradation causes
were beginning to play the leading role, obviously originating from structural
irregularities in geometry or material constants. Thus, the pulsed life testing
method presented here finds its use mainly as an accelerated screen-testing
method to sort out transistors inherently poor in life expectancy, due to struc-
tural faults. Nevertheless, it was proved that some puzzling failures, occurring
in the switching service still within data-sheet limits and unexplainable by d.c.
parameter measurements as well as by life tests conducted in d.c. electrical or in
elevated-temperature storage stress, may find their explanation in inherent
structural failures. These failures leading to the occurrence of hot-spots-forma-
tion and hence punch-through in the transistor bulk, may fully develop in the
test method given here in the followings. Surface phenomena, on the other
hand, have no significant importance on switching service degradation.

2. Basic degradation causes

Information gained from experiments which will be dealt with later,had
shown that in switching circuits the average dissipation (and hence the average
junction temperature) plays but a minor role in the degradation or deteriora-
tion of the transistors. This picture is in contrast with the one ruling degrada-
tion processes in analog or d.c. service where junction temperature is of main
importance. Maximum collector emitter) current and maximum collector
voltage have, on the other hand, a very important but indirect influence. The
main cause of deterioration, as was proved, is the occurrence of “hot spots”
i. e. elevated-temperature- zones in some minute volumes along the junction,
due to the very high transient energy peaks during the transition [turning-
over from the saturated (switched-on) state to the cutoff (switched-off) condi-
tion or vice versa]. A calculus of these turnover transient energies will be
presented later, in Section 6.

Since Ge or Si semiconductor materials have rather good heat conductive
properties, the temperature gradient along the junction is practically zero at a
continuous (i.e. at d.c.) electrical load in the d.c. electrical life testing. The si-
tuation is quite different at the switching service life test, where a brief but
large energy peak occurs at the turnover.

As will be explained in the subsequent paper in this series [22], the tem -
perature increase due to the turnover transient lies in the order of some tenth
°C ...some °C considering a fair plane-parallel structure with even current
distribution along the collector (and emitter) junction, in spite of the huge turn-
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over power, because the heat source —actually the collectordepletion layer —is
excellently cooled by its surroundings in the semiconductor wafer. W hat counts
here, is the energy of the turnover transient divided by the thermal capacity of
the wafer’s volume section heated up by the transient and, on the one hand,
this thermal capacity is rather large; and the heated-up volume section extends
on both sides of the laminar collector junction as the square root of time, on the
other, which means that the longer a turnover transient, the worse will be the
cooling properties of the wafer. At the brief turn-on and turn-off times of a
usual transistor, however, the cooling properties of the wafer for a brief trans-
ient thermal thrust remain excellent and this explains the amazingly low
temperature jumps in a perfect structure.

This advantageous picture, however, is spoiled by the fact that a junction
is scarcely perfectly plane-parallel and free from resistivity inhomogeneities,
hence a current concentration takes place preferently at the loci of these ir-
regulaties where enormous current density (approximating still 104 A cm ~2)
comes into existence causing the formation of hot spots and leading to a punch-
through between collector and emitter or a breakdown between base and
collector. Thus, the peak instantaneous power amplitude and the duration of
turn-over transient play the main role in switching service degradation.

Let us imagine the situation during and after the turn-over from the
saturated state to the cut-off state. If there is a geometrical irregularity of the
collector-base junction where the base layer width is narrower than in the
remaining junction area, i. e. the junction barrier has a curvature showing to-
ward the base, the current density pattern will be uneven and the emitter
current will be concentrated into this tiny area of irregularity, causing an
overheating in a minute volume in the very vicinity of the junction, within the
base region. The same situation occurs when instead of a geometrical curvature,
a speck of low-resistivity material is embedded in the high-resistivity base
structure, near to the junction. The overheating is still significant in the
saturated (switched-on) state but will be tremendous during the turn-over
transient within an arising hot-spot, if the collector current level is high
enough. After the turn-over, the transistor gets in cut-off state and the
VCB reverse collector voltage appears on the junction, causing the reverse
current 1CB0O to flow. Since the reverse current is exponentially proportional to
the junction temperature, the reverse current will be highly increased in the
zone of inhomogeneity, causing the reverse power dissipation (during cutoff) to
rise significantly, hence heating the device further in the hot-spot region. In
other words, the formation of hot spots and the increased reverse current flow-
ing through them counteracts cutoff and leads inescapably to a cumulative
thermal-electrical feedback process, or thermal runaway and, consequently,
the temperature may reach the melting point of the semiconductor material
within the minute volume of the hot spot, and hence, alloying goes further
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toward the emitter junction : the highly doped collector zone advances to-
ward the emitter, and the base zone width will become gradually narrower.
The gradual advance of the highly doped collector zone will terminate in a
complete short at the instant when the barrier of the collector depletion layer
reaches the emitter junction barrier, that istheFpi punch-through voltage ofthe
transistor, after a gradual decrease, reaches and falls short of the applied col-
lector voltage.

The failure process described above [11, 12] creates a pinhole-like narrow
channel in the base consisting of the highly doped material of the collector.
This is the unambigous situation if the base layer consists of a lightly doped
(high-resistivity) material, e.g. in the case of an alloyed transistor structure (see
Insets 1 and 2). If the structure is reversed, as in the case of a planar or mesa
transistor where the collector zone is made of a high-resistivity material, the
advance of the low-resistivity base zone toward the collector takes place. If the
collector zone is a relatively narrow epitaxial layer of high-resistivity material
and a low-resistivity collector contact zone follows, the situation will be the
same as dealt with earlier but in the reverse direction: the advance of the low-
resistivity material through the collector zone (toward the collector contact
zone) will stop if the remainder of the epitaxial collector zone width Avili be
equal to the collector depletion layer width at the given VCB collector voltage.
After this event, the width of the depletion layer will gradually become nar-
rower and finally the breakdown of the collector diode takes place: a short
between base and collector, also in the form of a narrow pinhole-like molten
and recrystallized channel through the epitaxial layer (see Inset 4 in the
Appendix).

If the planar or mesa structure is not an epitaxial one, the thermal
runaway process will terminate — usually at relatively higher current levels, or
later — in a complete melting-through of the structure, i.e. in a complete
short, within a narrow channel [12].

Thus, the volumetric degradation previously described causes a new
scale of catastrophic failures, which in turn causes the punch-through of the
transistor structure, not known in d.c. electrical life tests [10, 11, 12]. The
unique degradation-type failure which may occur due to the above volumet-
ric causes, is the significant decrease of the Vpf punch-through voltage, when
the base layer is made of a high-resistivity material (alloyed transistor). This
phenomenon precedes the complete punch-through by a short time and hence,
there is little probability to catch a specimen by Vpt measurement, where the
punch-through voltage was decreased to some volts from some hundred volts.
In the other case, if epitaxial planar or mesa types are tested, the gradual
decrease of the epitaxial collector zone width will lead to the occurrence of a
sensible decrease ofthe BV CBOvolumetric breakdown voltage, which latter may
easily be measured by pulsed methods [13, 14].
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To explain the events of the decrease of the punch-through voltage, and
the occurrence of complete punch-through or breakdown numerically, the
well-known relationship the VCBcollector voltage, the field strengthEM and the
depletion layer width X should he introduced:

| erfo / ereo fiQ er EQ

where:

-Ea! = maximum field strength within the depletion layer at the metallurgical junction,
in V/cm; q = charge of electron, that is —1,6 X 10_]9 Asec; N\ = the net impurity concentra-
tion in the lightly doped layer in cm-3; er = the relative dielectric constant of the semiconduc-
tor material (16,5 for germanium and 12 for silicon): £, = the dielectric permittivity of the
void space, that is 8,86 X 10-11 Asec/Vcm; /t = majority carrier mobility in cm2Vsec in the
lighter doped side; o = resistivity of the lightly doped side in Ohm cm; X = width of the
depletion layer in cm.

If a breakdown of the collector diode takes place (e.g. at an epitaxial
planar or mesa structure) then VCB— BV CBO and EM=E MB, further X = X B,

thus
1/2
Xz % bvecbo K2 ere0 HQ B VCBO (2)
gNx

will be the critical width of the remaining collector zone in an epitaxial planar or
mesa structure, when a gradual narrowing of this zone takes place due to hot-spot
formation and the base-collector barrier advances toward the low-resistivity
collector contact during the switching service operation. Obviously, when the
B Vcbo voltage gradually decreases and finally reaches the applied VCBvoltage,
the breakdown and the destruction of the transistor takes place (provided that
collector currentis not limited by Rc to a safe low VGJRCvalue).

In the case of an alloyed transistor where the highly doped collector
zone penetrates through the base zone during the switching service stress in the
narrow cross section of an occurring hot spot, the critical base layer width
(equal to the critical depletion layer width) will be at complete punch-through,
using equation (1):

i)

/\BITIn —-’U‘it 7X .0 ypl (3)

where vCB= v pt, the critical punch-through voltage will be then equal to the
applied collector voltage. During the actual life test measurements, especially
by power transitor types having a large collector junction area and just before
complete punch-through, a rate of W Baverage/ WBmin]> 10 could be iden-
tified on specimens having an excessively inhomogeneous structure. The
electrical measurement of iEBaverage, the mean base width of the “sound”
portion may be accomplished by alpha-cutoff-frequency measurement [11],
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while the actual “minimum?” base width of the defective portion can be com-
puted on the basis of equation (3) by punch-through voltage measurement, if

Vpt B ” cbo-

3. Peak temperature during commutation

Let us deal with the problem of the peak temperature jump during commutation
which is of paramount importance. To attack this sophisticated thermodynamical problem,
a lot of neglections or approximations must be considered, as was the situation in ref. [22],
i. e., the following paper of this series where an analysis and some numerical examples are
presented.

First of all, the question arises whether or not the heat generated during the huge turn-
over transient causes aserious warming-up of the device. This depends primarily on the thermal
capacity of the heated-up volume in the semiconductor bulk, till the heat-flow reaches out at
the end of the the turnover transient. It is surprising on first consideration, how large this
“inner” thermal capacity actually is which plays a role at the brief process of turnover, con-
trary to the customary concept, and in spite of the fact that this volume section along the lami-
nar heat source, i. e. the collector junction, is actually rather small. In fact, the boundaries
of elevated temperature due to the high turnover transient energy hardly leave the thin collec-
tor depletion layer during the commutation, since the velocity of heat conduction is surprisingly
low also in solids, e. g. conductors or semiconductors with good heat-conductive properties.
Speaking the language of solid-state physics, the highest propagation velocity of a disturbance
in a solid is the velocity of sound due to phonon-to-phonon interactions in the crystal lattice,
thatis, some 103 m/sec in metals, since this kind of disturbance of the crystal lattice is “orient-
ed”. However, the propagation velocity of heat conduction (as well as electrical conduction)
is less by orders of magnitude, lying in the order of some (or split) m/sec, since the vibration
of metal atoms in the crystal lattice is a random movement (a stochastic process). Moreover,
the heat propagation velocity is not a constant as the sound propagation velocity but is pro-
portional to the thermal gradient [19—21] which means that during the advancement of
heat conduction, after a brief thermal thrust, this thermal gradient will be gradually less and
less as the heated-up volume section extends and, consequently, the thermal conduction
velocity will also be gradually slower. In other words, the thermal propagation velocity is in-
versely proportional to the square root of time, i. e., the switchover transient duration, as may be
proved by the solution of the thermal conductivity differential equation [19—22]. No wonder
then that the heat cannot spread widely in the semiconductor bulk during the brief switchover
transient of some nanosec to some psec duration and the bounds of elevated temperature re-
main well within, or but inconsiderably exceed, the depletion layer width, the latter mounting
up to some pm at a usual voltage Vqq lying in some 10 V order of magnitude. Despite this
tiny volume (approx, the product of X and junction area A), its thermal capacity is rather
high and so the temperature jump is rather small. For a quick survey of conditions, three
examples are given in Table 1regarding a minute TTL —IC totem-pole (output circuit) transis-
tor, a medium-power silicon planar transistor BSY 34 and a bulky germanium alloyed power
transistor ASZ 18, the computation methods for the determination of the heated-up volume
being presented in ref. [22].

The estimation of peak temperature jump due to the commutation transient energy
goes ahead with the afore mentioned assumptions quite simply:itwould be the turnover energy
divided by the product of the volume of collector depletion layer [more accurately, the afore
mentioned volume VA7j)(t = ioff) in which the elevated temperature occurs till the end of the
transient] and the specific density and specific heat of the semiconductor material in question,
as is shown in Table 1 and in the analysis and numerical examples of ref. [22].

The following conclusions may be drawn from the numerical examples
in Table 1:

(i) At the very low switching power rates of a digital IC, i.e. at
V and some mA levels, the turnover energy is also very low, leading to turnover
temperature jumps only in the 10 4 4- 10 ~2 °C order of magnitude assuming a
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Table |

Thermal relations during switching-off of some typical transistors

BSY 34 ASZ 18
Transistor type TTL IC (totem-pole) npn epitaxial planar pnp alloyed germanium
(e-g. SN 7400 N) silicon, medium-power low-speed, high power
Junction area, Anom 1,2x 10-3 mm2 0,25 mm?2 5mm2
Supply voltage, Vqqg 5Y 40V -30V
Peak switching power. p~t max,
cf. Eq. (12) 20 mw 5W 45 W
Switching-off time, toff 5 nsec 0,5 fisec 35 /Asec
Total switching-off energy, L oif,
cf. Eq. (9) —0,1 nWsec 0,475 fiWsec 1,67 mWsec
Heated-up volume section, V(i) (t= toff)
during switch-off, till t = tOff * N2 X10_6 mm3 2x 10-s mm3 0,66 mma3
Thermal capacity of \{gi) volume sec-
tion Ci(i)(t=toH) = yct Vi(i)(t=off)**  —3,5 nWsec/°C 3,5 fiwsecl°C 1,08 mW'sec/°C
Max. temperature jump during turn-
oOVer AT m(off)= L off/Q (o (i= foff)*** —0,029 °C 0,135 °C 1.46 °C

*See ref. [22].
**y stands for specific density: 2,3 gcm-3 for silicon and 5,3 gem -3 for germanium;
denotes specific heat: 0,735 Wsecg-10C_1 for silicon and 0,31 Wsecg~10C_1 for ger-
manium.
* Assuming an even current distribution without appreciable current concentration.

fair structure. Consequently, at digital IC-s the effect of transient turnover energy
plays but a negligible role, and shorts occuring there during switching or d.c.
operation, though advancing by “hot-spot” mechanisms too, are caused by
other phenomena, e.g. slow spurious diffusion of the dopant or contacting
metal through “pinholes” in the thermally grown Si0O2 layer due to photo-
lithography failures [23], see Insets 6 and 7.

(ii) The peak temperature jumps are low or quite negligible (some tenth of a
°C) at low-power devices assuming a structure of perfect or near-perfect geometry
and homogeneity; whilst

(iii) At power types with a fair structure, the temperature rise due to the
turnover transient might be significant (some °C) which can be described, contrary
to a larger junction area, to the fact that the advantages of the good "static” (d.c.)
cooling ofthe case get lost totally at the very briefturnover duration and ivhat really
counts here, is the many times higher turnover power of some ten V and some A
switching level, quickly heating the depletion layer having here a volume not
essentially larger (e.g. only by a factor of 5 to 50) than in a low- or medium-
power device. This is the reason that the power transistors are more likely prone
to switching service deterioration, the larger junction area and thus a higher
probability of structural defects here play only a secondary role.
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Such mild overheating as occurs at geometrically perfect and homogeneous
structures spreading evenly in the whole volume of the collector depletion layer,
cause but little harm. The really dangerous case is if there is a strong tendency for
current-flow concentration, due to a structural imperfection. Then the energy of
turnover transient concentrates in a considerably less volume, causing there a tem-
perature jump inversely proportional to the real volume involved in currentflow
(so in heat generation), as compared to the whole volume of depletion layer.
A concentration ratio of 103, or even more, can be considered as not a too
rare event, hence, the temperature may rise to some 100 °C or greater by a
thermal runaway process, leading to a melting-through of the semiconductor
material in the “hot-spot’s channel” and finally, to total destruction.

4. Volumetric failure mechanisms due to bonding
and contacting

At high-current levels the voltage drops across the “lead-in” spreading
resistances of the transistor will be considerably increased, so VEB due to rE;
JACRsat due to rc; finally, both voltages due to rBB, base spreading resistance.
Thus, in turned-on (saturated) state the instantaneous power loss

I~EpirE “F (rbb"Jlfe)\

on the emitter side, while

M rc (rBB'IM fe)]

on the collector side will be significant if the lead-in resistances increase during
the operation due to contacting degradation. At planar and mesa types the
increase of rE collector-side contact resistance is rare since this contact con-
sists of the soldering-on of the w'afer onto the header with gold. All the more
important are the failures of the base and emitter contacts due to the well-
known “plague” of these thermo-compression Au—Al bonds (see Insets 3
and 5), i.e. the occurrence of Au Al2 AuAl, Au2Al, AubA12 and AudAlinter-
metallic compounds which are still good conductors but mechanically brittle
and full of voids due to volume changes and so structurally weak [9, 10]. The
situation due to such contact-plague failures is still more serious at pulsed life
tests while the plague process is temperature-activated and so an uneven cur-
rent distribution at the bonding, especially at the high current level of the
emitter contact, leads to a further source of “hot-spot” formation and to the
rapid development of a cumulative plague process until the contact will be
completely broken. This is another family of “volumetrically originated”
failures where instead of the average temperature, the temperature of the
“hot spot”, thus indirectly, again the current level plays the first role.
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The main difference as compared to other “volumetric” failure mecha-
nisms is at such “contact-plague hot-spot” degradation processes that the tp
duration of the switched-on (saturated) state (i.e., the pulse duration) and
so the tpfr duty cycle are no longer unimportant since the thermal energy
developing the contact failures is directly proportional to tp, and so is the
average power proportional to the product tpfr. Consequently, the executed
testing equipments are provided with a pulse duration control where tp pulse
duration can be varied in a ratio of 1:4 and, moreover, these equipments
which will be dealt with later have been constructed in two different ver-
sions, namely, one for low-speed alloyed transistors where tp ranges between
150 -r 500 fisec and another for high-speed planar types exhibiting a 1,5 -f- 5
psec pulse duration range. In the Appendix some life test results are shown
applying both kinds of transistors and especially of the experiment (f ) where a
planar epitaxial transistor type exhibiting serious technological imperfections,
e.g. plague-afflicted bonding, was tested and a surprisingly high portion failed
because of broken emitter (see Table Y) if the tested lot 0f 480 pcs was subjected
to a low-frequency, high switchover-energy testing alternative using tp = 200
jusec: 136 of 480 failed in this manner, obviously (at least partly) due to the
afore mentioned “contact-plague hot-spot” volumetric degradation (see also
the emitter contacts badly afflicted by intermetallic formation in Inset 5,
especially SEM pictures b, ¢, and d where the bonds were completely detached).
Contrary to this, if the high-frequency, low switchower-energy test alternative
with tp = 5 psec had been made use of, in another lot of 480 transistors taken
from the same batch only 1 failed for broken emitter.

Another family of volumetric failures frequently occurring in the minute
transistor structures on monolithic ICs [23] due to pinhole-caused shorts, is
shown in Insets 6 and 7.

5. Basic principles of the test method

Since the energy of turn-over transients is of the greatest importance by
switching service life tests, both magnitude and duration of these transients
must be held so constant and reproducible during the test, while the repetition
is held automatically constant at 50 Hz mains frequency for the low-frequ-
ency alloyed types or higher (e.g. 5 kHz) for high-frequency types.

One may suggest, too, that varying the duration of the turnover tran-
sients (naturally with exact reproducibility) seems to be a convenient means for
the alteration of the transient energies. This idea was put into practice by the
executed life testing apparatus.

The turn-on and turn-off states are not identical in all respects from the
degradation point of view, though theoretically both transient energies are the
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same if rise time and fall time are equal. As was stated in the Section 2, the
situation is more critical at the turning-off transition since then a high reverse
voltage VCB appears and larger-than-normal reverse current flows through the
“hot spots” leading to local thermo-electrical feedback and finally to the punch-
through or breakdown of the device.

If current density, reverse voltage, further the duration and the repeti-
tion frequency of the turn-off transients are all sufficiently high, this degra-
dation process will be accelerating rapidly on devices having a poor structure,
as is described in Section 2.

In the applied test method, therefore, the amount of turn-off transient
energy, i.e. the duration of this transition, was chosen to he much greater than
the duration of the turn-on transient. On the other hand, this energy must be
held exactly constant during test and be made variable between wide limits and
with fair reproducibility.

If turn-off (as well the turn-on) time was made much longer artificially
than the spontaneous switching-offtime (and switching-on time) of the tested
transistors in the given inverter test circuit, the aim is acquired. This condition
can only be accomplished in a common base circuit configuration where the
transistor’s spontaneous switching-on and -offtimes are much shorter than in a
common emitter circuit.* The relatively long turn-over transient times are
compelled to the tested transistors by the emitter current pulse generator.
Thus, the common base configuration was chosen despite a much higher pulse
generator output current demand. By this method the interference caused by
the spread of spontaneous switching times of the tested transistors in the
circuit, are avoided.

Fig. 1 shows the basic schematic test circuit and the wave form of pulse
which drives the tested transistors into the saturated (turned-on) condition.
A heavy-duty transistorized pulse generator in series with the individual RE
emitter resistors acts as an emitter current generator. The collector circuit
containing individual collector resistors Rc and a common, high-current, VCB
supply.

The repetition frequency of the driving pulse equals the 50 Hz mains
frequency for a simple outfit of the pulse generator. The pulse wid this contin-
uously adjustable between 150 and 500 microseconds. The turn-on time is
held at a constant 10 microseconds value, whilst the more important turn-off
time is adjustable between 10 and 100 microseconds in 24 fixed and calibrated
steps. This setup was used for low-switching-rate, alloyed Ge transistors. —
Another construction served for the testing of high-speed planar and mesa
types with an adequately higher repetition rate of 5 kHz, a fall time adjustable
between 0,1 and 1 psec, a fixed rise time of 0,1 psec and with a pulse duration
variable between 1,5 and 5 psec.

*Actually, by a factor of approx. 1 -f- hje.
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life testing drawer(s)

Fig. 1. Basic schematic circuit of the suggested switching-mode life testing equipment and

characteristic voltage (and current) wave forms of the emitter current pulse generator. The

testing of a p-n-p type transistor is depicted here. For n-p-n transistors, all polarities should
be reversed

6. Calculus of the transient power and energy during commutation

The quasi-stationary dissipated power in the saturated (turned-on) state
(*CSsat + VEBp)lcp, averaged to the full period time is, using here the ap-
proximation IEp I Cp, see Eq. (6), with hFB current amplification factor not
considerably less than unity:

Pon = tpfr(VCBsat+ V EBp)ICp, (4)

since in the saturated state both voltages V(Bsat and VEBp on the collector
and emitter junctions are forward-directed and being in the same order of
magnitude (0,3 4- 1,5 ¥), thus both causing significant power loss.
Similarly, in the cut-off (turned-off) state the averaged quasi-stationary
dissipated power will be
n
foff = fr Vcc 6] IcBoit) d(wt)  \cc ICBO, (5)

by the latter assuming that ICBOreverse current is constant in time, and the
device is not in a thermal runaway condition, further that the tpfr duty cycle
is low, i.e. tpfr 1, otherwise Eq. (5) should be multiplied by (1—tpfr). Here tp
is the duration of the current pulse (i.e. the duration of the turned-on time), fr
the repetition frequency, V(@Bsat is the saturation voltage of the turned-on
transistor (up to about 1,5 Y), Vccis the collector supply voltage and, finally,
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I1Cp is the collector current amplitude in a saturation state, and may be
computed as
lcp = hFB VifeK1 + hFE)] I Ep (6)

and IEp= V,IRe
where V- is the output voltage amplitude of the pulse generator (here it is
usually 25 volts).

The value of the collector resistor Rc cannot be assumed to be indepen-
dent, since

(1 + hFE) Vcc
RC = === ==eecceaaa- (7)

and at the very high emitter current of the life test, hFE is not yet markedly
greater than unity, thus

hFB = hFE/(l -f- hFE)

is significantly less than unity (e.g. about 0,8 to 0,95).
In this wise one may draw the conclusion that both quasi-stationary

losses Ponin saturated state, and -foff in cut-off state are negligible in compari-
son to the turnover transient power losses, since in Eq. (4) in the saturated state
V CBsat is very low, though the full current 1Cp, is flowing, while in the cutoff
state 1CBOis very low (at least compared to 1Cp), though Vcc supply voltage is
usually high. To prove this, let us calculate the turnover transient energies
and powers, using the exponential approximation of switchover-transient
currents and voltages.

The amount of transient energy at each turning-off commutation,
integrating the product of the exponential voltage and current vs. time func-
tions displayed in Fig. 2, between the normalized time boundaries 0 and /0
and multiplied by To, will be:

Lonitho)

and after the integration

to VEC
Moff(*/T0) R L + exp 2 exp (8)
c

Obviously, the energy of the turn-on transient has the same form except
that the r, turn-on time constant must be substituted instead of r0 turn-
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Fig. 2. Characteristic time functions of the turn-over transients. Time is normalized in t/1,-

and t/ro terms. Lower diagram: exponential rise or fall of collector current (Iq) and collector

voltage (VCB) 'l h+ c/Fee and VgbI*CC normalized terms. The peak transient power appears

when both current and voltage are at the half of their quasi-stationary final amplitudes at

the normalized time instant of t/r 20,69 as In 2. Upper diagram: the time function of the
instantaneous power, P " i/t)

off time constant. The expression (8) will than give at t = o0 (0or, more
practically, with t r 0)
boff = to'Vbd2 Rc = 10Vcec 792 9)

for one single turn-off commutation process, which can be in turn a tremendous
amount of energy, especially at high switching power levels.

The instantaneous power of the turn-off transient may be gained as the
product of instantaneous 7c(i/r0) and VCB(tjx0) exponential time functions
of Fig. 2, as

P(It off (M TQ) <
(10)
Mnec
Rr

[exp (-t/t0Q) — exp (—2t/r0)].

Differentiating this time function by t, the maximum value of Pdloff will be
where d Pdofffldf = 0, hence

Vac
dPdt off/dt —1+ 2exp

TR
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thus 2 exp (—tjr0) = 1, and Pd(off has the maximum when

t/r0= 1In 2 6i 0,6931

as can be seen in the upper diagram of Fig. 2 and further, in the instant Ic(t) =
= 1Cpl2 and FCB(t) = Fcc/2. In other words, at the instant of the transient
power peak both the collector current and the collector voltage are exactly
at the half of their quasi-stationary maximal amplitudes.

Thus, substituting exp (—t/r0) = 0,5 into the function (10), the maximum
value of the instantaneous power at each turnover (turn-on as well as turn-off)
will be

Pdtmax = Vcd*Rc = “cc IC p | (12)

which is a really considerable power peak if switching levels are high and for
which the switching-service degradation can be blamed if this transient power
peak concentrates in one or more of the minute volumes of “hot spots”. This
power surge occurs twice in every switching cycle: once at switching-on
and once at switching-off.

Finally, the power of the turn-off transient, when averaged for the full
Ufr period time, is equal to the whole energy of the transient in equation (9),
multiplying it by fr:

P dioff = Lofffr — fofr 1/Cc/2 Rc = TOf rVcc lcp/2- (13)

It may be seen, comparing this result to Ponin equation (4) and to Poif in

equation (5), that these quasi-stationary dissipated powers Pon and Poffcan be
in most cases (i.e. if switching power level is high) neglected, since Vcc > Inasat
and 1@ ICBO, though tp pulse duration is larger (but only about with one
or some orders of magnitude) than rOturn-off time constant.

In Fig. 2 the lower diagram shows the exponential voltage and current
time functions for both the turn-on and turn-off transients with the justi-
fiable neglections VCB sat Vce and 1CBO I, both in normalized terms of
Vebl Vec and IcRJVcc in the dependence of time also normalized as tjr, or
t/r0. These functions are e.g. for the turning-off

les(*) = Vec exP (—f/*0) and Ic (t) = (Fcc/~c) [L — exp (—t/rQ).

Since these functions are symmetrical in respect to IgRclFcc= or
VeblVee = A5 and also for the independent variables tjtt — In 2 or tjr0=
= In 2 and in the previous equations always the product of current and
voltage time functions are utilized, it may be seen that the end results in
equations (9), (11), (12) and (13) are obviously valid for the turn-on transient
too, only tj turn-on time constant should be written instead of TO, and natural-

ly, Lon, Pdton and Pdton should be meant.
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Finally, let us seek for a numerical example choosing a low power, universal-use
silicon epitaxial planar transistor* where lcp= Pccl™c —0,25 A; Vgg = —32 V = f"cs max,
hence Rg = 125 Ohms. If ro = 100 /tsec is compelled by the pulse generator adjusted this
way, the transient energy of one single turn-off transient will be, using equation (9)

LOFf = t0Féc/2 Rc = 10-1X3222,5 X102 = 4X 104 W sec,

and this nearly one half mWsec is indeed a very large energy, taking the minute volume of
some cubic microns of a hot spot into consideration.
The surge amplitude of the transient power, using equation (12), will be

Pit max = lcc/4 Rc = 3225 x102= 2 W

also many times exceeding the maximum d. c. power dissipation of 125 -f- 250 mW of these
given transistor types.

On the other hand, let us compute the quasi-stationary averaged power losses in the
same type. With VcBsat = 1V = VBBp and Igbo = 30/tA, tp = 250/rsec and fr = 50 Hz,

Eq. (4) gives at IBp = 0,25 A current level Pon= 6,2 X10~-3W and Eq. (5) gives PoB =
= 10-3W.

Comparing these results to the averaged power originating from the
turn-over transients and utilizing Eq. (13) with t, = 10 psec and t0= 100

psec, this gives for both switching-on and -off transients together Pdt =
= 22 X 10“3W which latter in turn is higher by two orders of magnitude as

compared to Poff and by half an order of magnitude as compared to Pon. Thus,
the latter quasi-stationary power losses cannot he neglected if there is a con-
siderably high VCBsat or VEBp voltage drop across the junctions due to serious
contacting failures, e. g. contact plague;* and also if Eccis relatively low, lying
in the order of VCBsat (as is the situation e.g. at digital IC-s).

7. Some ideas on test principles

The question may arise here whether this concept of exactly equal
switching-on or -off times from transistor to transistor, compelled to the tested
specimens by an external pulse generator, is the right method of life testing.
On the other hand, there is the life-test method where the given transistor type
operates in a typical common emitter inverter circuit, e.g. in the test circuit
given in the data-sheet of the type, and one makes use of a driving pulse
generator having turn-over time durations much shorter than the transistor
itself. This second method has, of course, some advantages as follows. Surely,

*E. g. npn types BC 108, BC 109, BC 172, BC 173, BC 238, BC 239, BCY 58, 2N 2368
and 2369; further pnp types BC 252, BC 253, BC 262, BC 308, BC 309, BCY78 and 2N 212
as well as alloyed Ge pnp types OC 72 and AC 125.

*Contact plague as a main failure cause, leading to an enhanced contact resistance and
later to a complete open circuit, emerges at high temperatures after a prolonged operation at
wire bonded contact systems of gold and aluminium (i. e., thermocompression bonds of Si
and Ge, planar and mesa, technologies, thus also at monolithic ICs) by AumAl,, intermetallic
formation, containing voids in an ever growing extent. This process has a characteristic acti-
vation energy of 1leV.
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the switching-on and-off times ton and ioff have a significant spread by a given
transistor type. A sample with large turnover times will certainly be subjected
to a higher stress since the amount of transient turn-over energy is proportional
to the switching-on and -off time in the given test circuit, cf. Eq. (9). Hence,
a larger turn-over time will represent a larger proneness to more rapid degrada-
tion and deterioration. Putting the idea of this second test method into opera-
tion, individual differences in a spontaneous turnover time of the tested
transistors are influencing the degradation processes and hence, long-run life
tests conducted with this method will furnish results most exactly related to
real inverter service, but, unfortunately, only in one single typical inverter
circuit, thus far from any “standardization”.

Another advantage of this testing concept is the use of a more simple
driver pulse generator with significantly lower output power. However, the
inability of this method to make significantly accelerated tests may be con-
sidered as a disadvantage, since turn-over times are determined by the tested
transistor itself and only elevated collector current and collector voltage
levels as well as repetition frequency and ambient temperature may be counted
in for acceleration parameters but within very restricted limits.

The most adequate means for acceleration, the increasing of repetition
frequency is hindered by the finite switching-on and -off times of the tested
transistor. Rising of the Vcc supply voltage is obviously limited by the
breakdown of the collector diode and, on the other hand, the increasing of 1
will lead to an enormous fall of hFE, thus to an excessive driving power demand,
not significantly less than in the common base circuit. Finally, as was pre-
viously stated, the elevated ambient temperature does not act as a main volu-
metric failure cause.

Let us deal with the method of compelling the turn-over transient times
equally on the tested transistors and using a driving pulse generator with
turn-over time durations much in excess of the spontaneous common base
turn-over times of the tested transistors itself, i.e. the method chosen here.
If one wishes to seek for the relationship between degradation (the failure
rate) and transient turnover energy, this method seems to be more adequate,
since the exact amount of turnover energy may always be computed with
ease, contrary to the previous method where, due to the spread of individual
turnover times of the tested transistors, this is impossible. On the other hand,
acceleration of the test may easily be accomplished by the artificial elongation
of the turn-off transient time, with really fair reproducibility.

Finally, though this method is not intended for giving characteristic
failure rates of a given transistor type in switching service, the method seems
to be an excellent means for sorting out samples with an inherently poor
structure, i.e. as a good “screening” method and nevertheless as a quick com-
parison test for different batches or makes.
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The method also tends to an easy “standardization” as a life test inde-
pendent of circuit parameters and circuit characters, since all instantaneous
peak and average powers as well peak transition energies may easily be com-
puted and settled.

One can say that the proposed test method seems to incline toward
excessive acceleration of degradation processes, since the artifically elongated
turn-off transient time represents a too high stress on the tested transistors.
Surely, the fall time adjustable between 10 and 100 p sec is several times in
excess of the spontaneous turn-over times of some tenth of a microsecond by a
low-speed, alloyed transistor in c.b. circuit and this is the situation also with
the 0,1 -Y1psec fall times compared to the c. b. turn-over times of high-speed,
mesa or planar types which latter lie in the order of some nanoseconds. How-
ever, these turn-over times are much longer in c. e. circuit if no reverse bias is
applied in the cut-off state onto the base circuit (for the quick removal of
stored charges in the base region).

The employded artificial elongation of the turn-off time in one version
of the executed life testing equipment, ranging from 10 to 100 p sec, seems
adequate for low-speed switching service transistors (e.g. alloyed ones), both
for low-power and power types, although it is surely too long for high-speed
switching types with thin base structures. The experiments, presented here
later, were made predominantly on low-or medium-speed alloyed Ge types,
but the concept was put into operation also with several times smaller turn-
over times, according to high-speed planar transistor types too, as it was with
the 5 kHz repetition frequency, 0,1 -y ip sec fall time version, cited earlier.

Obviously, the two different life test methods mentioned here, find their
particular use for different aims and are not intended to replace each other.

8. Circuitry of the pulsed life-testing apparatus

The version for testing the low-speed alloyed transistors is dealt with here. The pulse
generator (Fig. 3) uses a big storage capacitor Cy which is fully charged by the rectified a. c.
mains voltage through a high-current transformer Trl, a silicon power rectifier diode Dch
and a low-valued charging resistor Rd,. The switching element is a transistor emitter-follower
cascade (EFC), apt for the reliable switching of 200 A pulse current. This EFC swatch (shown
in the Fig. 3 within dashed lines) contains 4 stages, employing thoroughly cheap, alloyed Ge,
low-speed power transistors.

The EFC is driven by a solid-state gate pulse generator shown at the bottom of Fig. 3.
This generator serves gate pulses negative in respect to the common ground with mains fre-
quency repetition and pulse durations adjustable between 150 and 500 fisec. The operation
of the generator is similar to the one described in another work of the author [15]. The phase
shifter Rp, Cpis necessary since it allows that the instant of the output pulse will coincide with
the peak of the mains voltage, i. e. when the storage capacitor C$ is fully charged. Omitting
the phase shifter, the instant of the output pulse would be around the zero transition of the
a. ¢c. mains voltage, since the driving pulse generator operates in such a manner, that the gate
pulse front coincides with the zero-transition of the 50 Hz input voltage led to the base of the
first stage Tv Adjusting the optimal phase lag of 90 deg. by the potentiometer Rp, has the
advantage that the charge of the output pulse only partly originates from the charge stored
in Cs, the other half of it is gained directly from the high-current transformer secondary,
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Fig. 4. Dependence of the fall time on the load current at the executed pulse generator TPG-
200 (the 50 Hz version)

without the risk of severe ringing (attenuated oscillation) after the turning-on and turning-off
of the EFC, due to the stray inductance of the transformer and circuit. However, the trans-
former’s stray inductance, the C$ storage capacitor and the full series resistive component of
the charging circuit (including the low-valued 0,03 Ohm extra resistor) is forming a circuit
a bit beyond the aperiodic boundary condition. By this means it was achieved that a much
smaller storage capacitor of 10 000 jiF value reached out without perceptible ringing. The
negative-going output-gate-pulse is led to the base input-point of the EFC through a CR5
150 (.IF coupling capacitor and the variable Rr series resistor, the latter serving as the control
of output pulse rise time.

The fall time may be controlled by the variable amount of reverse bias applied on the
bases of the EFC transistors. The fall time will be the longest when this reverse bias is zero,
i. e. the slider of the 24-step potentiometer Rj (point P of the EFC) is connected to the common
emitter point (E) of the EFC. The reverse voltage is connected to each base of the EFC stages
by the RR5. . Rbs “draw-out” resistors. The operation of the fall-time control lies in the fact
that the charge stored in the base zone of the turned-on EFC transistors and originating from
the pulse current, can disappear after the turning-off only in a finite time. If there is no reverse
bias applied, the disappearance of the stored charge occurs only by recombination, and the
latter is a relatively slow process since the base zone is rather wide in alloyed types. When
a reverse voltage is applied through a fairly low-valued resistor to the base, the stored charges
are drawn-out the more rapidly, the higher the reverse voltage i. e. the larger the “drawing-
out current” is. This is accomplished here by utilizing the potentiometer Rf, the latter having
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Fig. 5. Dependence of the pulse duration on the load current at the executed pulse generator
TPG-200 (50 Hz version)

24 fixed steps in a near-parabolic manner and so allowing a nearly linear characteristics of fall
time increment pro step.

Surely, this simple method for the control of fall time has the disadvantage that the
fall time is dependent on load current. This can be surmounted in a manner, where fall time is
calibrated at full load and the dependence of fall time vs. load may be displayed on the front
panel of the pulse generator in tabulated form, or using a diagram similar to Fig. 4, where,
as is shown, the fall time depends nearly linearly on load current between full load and one
quarter of it. The pulse duration also depends on the load current but to a considerably less
extent. The situation is depicted in Fig. 5. It may be assumed that this dependence is not
significant between full load and 1/4 of the full load, thus it seems unnecessary to use a correc-
tion diagram, since small variations in pulse length have no effect on degradation because the
dissipation of the saturated (turned-on) transistor can usually be neglected in comparison
to the turn-over transient power losses.

The output pulse peak current meter is a diode voltmeter with a transistorized linear
pulse amplifier preceding it. The current is measured by utilizing a low-resistance shunt in
the output circuit. This shunt has a value of 0,00044 Ohm, and is made from numerous short
bars of manganine resistance wire, parallel-connected between heavy copper bars and having
very low inductance. The voltage drop on the shunt is very low in this way, that is, approx.
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0,1 V. The output amplitude may be adjusted between 12,5 and 27,5¥ limits, using the
tappings of the high-current transformer secondary as a rough control and the Rpr variable
resistor in the same transformer’s primary (with 12 steps) as fine control or by the use of a
toroidal (variac) transformer in the primary.

It is very important that the probability of EFC short-circuit and hence, the risk of
overloading the tested transistors should be very low. For achieving this aim, derating of the
used components as well as redundancy techniques have been used. For example, the storage
capacitor Cg, the charging diode Dd/, further the diode Dsare employed as Moore —Shannon
“hammocks” containing four identical components. Parallel redundancy was used at the
last stage of the EFC and at R s. Calculation and live test for the m.t.b.f. (mean time between
failures) showed that this value fairly exceeds 5X10' test hours of undisturbed use. Five
pieces of this pulse generator are in operation for more than five years and only 3 failures
were registered (all in the last year) for a net operation time of about 5x3x 104 hours (in all
three cases a transistor was shorted in the EFC last stage). The gate pulse generator has non-
redundant circuitry. Since a capacitor (Cg5)is applied between the gate pulse generator output
and the EFC input, the EFC remains in cutoff (turn-off) state when the gate generator ceases
to give driving pulse output.

Fig. 6 shows the shape of the output pulse voltage, varying the load current and the
fall time, while in Fig. 7 the oscillograms of the pulse front are depicted, varying the load
current and rise time.

The collector power supply has the same charging—storage capacitor circuitry as the
one used in the pulse generator, with the obvious exception that here is no EFC and the
related gate pulse generator. Naturally, the polarities of the charging diode Dcf, and the elec-
trolytic storage capacitor are reversed, and in this way the supply gives negative collector
voltage (in respect to the ground) when a p-n-p type is tested. The output points in this case
are the ones marked by alpha and beta in Fig. 3.

The VQQ voltage may be adjusted between 12,5 and 32 volts in the same way (trans-
former secondary tappings and series variable resistor in the primary) as in the pulse gener-
ator. Here the meters are, of course, moving coil types, one for the indication of the d. c. col-
lector voltage, the other serving as average output current meter. The voltmeter may be
switched over to measuring the peak VRBp voltage between emitter and base, when the tested
transistors are turned-on (i. e. the pulse generator just gives a pulse), aiding a diode peak meter
circuit with 2,5Y range.

The primary of the mains transformer is connected to the primary of the pulse gener-
ator’s mains transformer in such a manner that in the instant of the pulse (that is when the
a. c. secondary voltage in the puiser is at the positive peak and Dch is conducting) the a. c.
secondary voltage in the collector power supply should be at its opposite (negative) peak
value and, hence, the charging diode IK>should be conducting at this instant, too. Thus, the
charge of the collector current pulse is gained here, too, only partly from the storage capacitor,
with the other part originating directly from the transformer secondary. Though this method
has the advantage of using storage capacitors having only about one third capacitance as it
would be otherwise necessary, the uneven, pulse-like load toward the mains and also the
constraint to use larger transformers with larger secondary copper cross section may be re-
galded as disadvantages.

Both the pulse generator and collector power supply are fixed and permanent units
in the whole apparatus. The life-testing drawers, containing the Rg emitter and R q collector
resistors per testing place, are connected to them by heavy copper bars, since pulse current
amplitudes up to 200 A or more are flowing there and the stray inductance of these inter-
connections must be held at minimum, counteracting the elongation of the rise time or prevent-
ing “overshoot” after the turning-on.

One set of a pulse generator and collector supply can serve one or more life-testing
drawers, up to a total pulse current consumption of 200 A depending on the type (i. e. power)
of the tested transistors. Eight types of such life-testing drawers were developed, namely,
5 types for fixed collector peak currents between 0,05 and 1,2 A, each with 160 test positions
for the life-testing of small-to-medium power transistors, and three further types serving for
the life-testing of power types (e. g. in TO-3 case) with built-in heat sinks for the cooling of the
tested transistors, for peak collector currents ranging from 3to 15 A and for 30 or 12 test sites
each, respectively. The Rq and R q resistors are of fixed and equal value. For a given Iqp
current these fixed resistance values determine the necessary Vvqc and IK voltages. The
collector current amplitude value may be so adjusted in a relatively wide range by the si-
multaneous adjustment of both IK and Vqgc voltages, depending on the chosen amount of
IcpS™Ep ratio, orin other words, on the chosen hpg (or hpp) value held at the test, cf. Eq. (7).

For the measurement of VqRBp during the life test, the emitter point of each tested tran-
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Fig. 6. Oscillograms of the output voltage pulse at various load current levels at the 200 A,
50 Hz puiser version. Nominal pulse duration is 200 //see. Fall time control is adjusted to
toff = 20, 30, 50, 70 and 100 //sec nominal (scale) values. Time base is 50 //sec div.

(a) 200 A load, toff= 20,30, 50, 70 and 100 tisec
(b) 100 A load, toff= 11,17, 32, 49 and 75 /tsec
(c) 50 A load, toff= 8,11, 21, 36 and 64 (isec
(d) zero load, toff= 2,25, 3, 8 and 38fisec

The variation of fall time due to load current change may be studied. At zero load a minute
amount of ringing occurs. Pulse top fall increases with rising load current. The oscillograms
were made by multiple exposure. (Vertical scale is 5 V/div.)
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Fig. 7. Oscillograms of the pulse front at various load current levels. Pulse duration is 200 /.isec
Vertical scale is5 V/div., horizontalscale is 5 (isec/div.

(a) 200 A load, tonmin — 5 fisec” ton —a 8 fxsecj ton max — 12,5 [xsec
(b) 100 Aload. tonmjn = 5 “usec;tOnmax = KO "usec-
(c) zero load, tOnmin = 2 /tsec;tonmax : 3,5 fxsec

sistor may be connected to the V”Bp diode peak meter (on the collector supply) in sequence,
utilizing multi-pole switches. This measurement also serves for the quick determination of
catastrophic failures of the tested specimens. If VBBpis zero, the transistor in question is short-
circuited between emitter and base. If the indicated voltage equals the F- pulse amplitude
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Fig. 8. Photograph of a pulsed-operation life tester accommodating 320 medium-power npn
planar transistors of 0,6 A collector current pulse amplitude for each (50 Hz version)

10
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Fig. 9. Photograph of a pulsed operation life tester for 30 pnp power transistors of 6 A peak
collector current. The outfit serves for types having TO-3 cases. Details on the front panels
of all units may be clearly seen (50 Hz version)
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(around 20 4- 30 V), the emitter diode is broken. A range between 0,2 and 2 ¥ represents
here an “operating” (sound) device. Using simple sensor circuits for the above standing voltage
limits (aiding Schmitt-trigger or similar solid-state circuits), the three conditions are indicated
by signal lamps. The collector points of all the tested transistors are similarly led to the VCC
moving coil meter, using the same multi-position switches. If there is a collector-base or collec-
tor-emitter short, the indication of the meter will be zero and this fact may be used for the
indication of collector short-circuit by a signal lamp. Bringing out the emitter and collector
points through the multi-position switches to two pairs of binding posts, this gives the possib-
ility of an individual wave-form checking by an oscillo-synchroscope and hence for the measure-
ment of Vcbsat saturation voltage by the scope.

When a collector diode short-circuit occurs in one or more tested transistors, this leads
to the overload of the R q resistance as well as of the collector supply. To prevent this, fuses
are placed in series with the rRq collector resistor. At the life test drawers of 1 A peak collector
current or in excess of it, this can easily be made by individual fuses per testing position. At
the lower-current types, group fuses are joining twin or quintuple test positions. In the latter
case, special low-resistance fuses must be used. In the 0,05 A and 0,1 A drawers, no fuses are
employed at all.

When an EFC short occurs in the pulse generator, this is harmless for the tested tran-
sistors (which become in a saturated condition for a short time) but both pulse generator and
collector supply would hardly be overloaded, let alone the Rq and R q resistors. If this occurs
the fuse Fu2 in the charging circuit blows. Since a similar fuse is placed in the charging circuit
also in the collector supply, both units and also the Rq and R q resistors are fully protected
against overload.

Fig. 8 shows the photograph of a life tester unit having 2 drawers for 0,6 A peak col-
lector current per testing position, for a total of 320 n-p-n test sites. In Fig. 9 a similar pulsed
life tester is shown but for the accommodation of 30 p-n-p power transistors, in the TO-3
case in one single life-testing drawer at the top.

Separate types serve for pnp or for npn types. For testing npn types, the base (B)
and emitter (E) terminals of the EFC in Fig. 3 must be reversed and the polarity of both
charging diodes Ddl and also both storage capacitors Cgin the puiser and in the collector supply
must be reversed.

The other version for testing the high-speed switching transistors differs in several
ways in construction of the puiser only, though using the same principles. Instead of the 50 Hz
phase shifter a 5 kHz astable multivibrator drives a gate pulse generator with shortswitching
times and with a pulse duration variable between 1 and 5 ;<sec. The EFC here contains fast-
switching planar transistors, e. g. 25 pcs of a rather expensive 10 A, 50 V, 50 nanosec power
type in the last stage.

A more detailed description of the circuits and the operation of them is described
elsewhere [16].

9. Some test results and their interpretations

All life tests in this section, as follows, were made on alloyed Ge, low-
speed pnp transistors. The results of three typical experiments are described
here, executed” by the test method suggested in this article. — Comparative
screen test experiments made on other alloyed transistors as well as medium-
power, medium-speed silicon planar transistors are presented in the Appendix.

Another non-accelerated experiment, conducted on a medium-speed,
micro-alloyed pnp Ge type at collector current stress levels within data-sheet
limits, has shown no added informations beyond the usual d. c. electrical
life test results and hence is not interpreted here.

Really, the experiments mentioned above and approximating 12 million
device-hr in total, have been made as parallel step-stress tests where the col-
lector current level was doubled in each step. These relatively large steps are
reasonable since the RE and Rc resistors are fixed (and identical) in the life-
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testing drawers and if all voltage levels remain unaltered in the subsequent
steps, the doubling, quadrupling etc. of the pulse current levels may easily be
accomplished by connecting parallel 2, 4, 8 etc. test positions. By this rude
method some informations could be gained on the relationship between failure
rate and pulse current level.

Experiment (a)-

A medium-power, low-speed, germanium pnp alloyed type (similar to OC 72) was tested
having the following characteristic data: Yes max = —32Y; Yes max = ~ 10V; Igmax =
= 0,25 A; Ip max = 0,125 A; Tjmax = 75 °C; Rp 0,4 °C/mW without any heat radiator,
in free (resting) air environment at room temperature (25 °C).

Normal and accelerated tests were made in the “low-frequency, high turnover energy”
(50 Hz) version in three parallel groups taken from the same manufacturing batch. The normal
(non-accelerated) test conditions correspond to the ones described as a numerical example,
at the end of Section 6. Acceleration was made simply by doubling and quadrupling the I*p
collector pulse current level.

The test conditions and test results are summarized in Table Il. icmax *s there the
collector peak current data-sheet limit, Lon is the energy of the turn-on transient and Loff
is the same for the turn-off commutation, aiding equation (9) with the T- and ro turn-over
times given in the table and used in the experiment. The value of hpp — lcpllIBp — 0,9 was
held by the properly chosen ratio of voltages VeblYi — hFB (if RC= ~e), cf- Appendix
A. 2. The value of the power peak of both commutations is 2 W as the numerical examples
show at the end of Section 6. The cumulative failure rate was computed as

A = *totW, *tot’

where V0 is the initial number of tested specimens and
the total number of failures during the ttot total test time.

In the Tables kuy denotes the number of degradation-type failures while kc the catastro-
phic ones, further Amn/A is the lower relative confidence limit and Aaax/A the upper relative
confidence limit.

The two last bars of Table Il represent seriously accelerated tests. At the most acceler-
ated experiment (a3) with lcpllC max = 4, the single failure caused by volumetric degrada-
tion, Vpt too low, occurred after the first 100 hours and all other failures, except two IcbO
failures, within the first 1000 hours. At the Icp/lcmax — 2 experiment (a2) the single failure
occurred between 200 and 500 hours. Finally, at the non-accelerated test (al) one failure
appeared before 500 hours and the other after 3000 hours.

In Table 1l the Prf(max transient peak power computed on the basis of Eq. (12), as

well as the average power losses Puon and P<poff computed from equation (13), finally the
averaged quasi-stationary losses Pon and Poff calculated by Eq. (4) and (5), are shown. All

the four latter average power dissipations are summed up in the row Pntot cf. equation (14)
later, and contribute in the heating of the transistor, leading to a junction temperature rise

ATj = Prftot Rpalso indicated in the middle row of Table Il. Adding ATjto the 25 °C ambient
test temperature, one can conclude that the Tj av junction temperature occurring in this way
rises significantly due to the previous average power losses, especially at the (a3) experiment
where Tj av approximates the Tj max data-sheet limit value. Consequently, the average junc-
tion temperature rise also contributes in degradation at the highly accelerated experiments
(a2) and (a3), causing “surface-type” (degradation) failures nearly as much as the high-current-
level-originated “volumetric” (“catastrophic”) failures e. g. shorts due to the turn-over
transients and hot-spot’s formation. This way the “surface-originated” and “volumetric”
failures cannot be separated unambigously. However, by raising the current level the volu-
metric failures are prevailing more and more.

In the last row of Table 2 the estimate of peak temperature rise during switch-off is
also shown, based on the method given in the next paper of this series [22].

Experiment (b) :

Since at the non-accelerated stress level (Icp4c max = 1) test conditions of the experi-
ment (al) very few failures occurred to gain a satisfactory statistical confidence, a prolonged

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



LIFE OF SEMICONDUCTOR DEVICES 11 149

Table 11
Test results of experiment (a):

Medium-power, low-speed, alloyed Ge, pnp transistor (OC 1072).
Test conditions: tn — 250/tsec; r ¢= 10,usec; r0 = 100 jiisec;/,- = 50 Hz;

V/ = 35V; Vcc = —32V; Ta= 25 + 3 °C; test time 3000 hr
Experiment code (@ @) (@3
lcp (A) 0,25 0,5 1,0
ICpll CTax 1 2 4
lie = Re (-0) 125 62,5 31,25
Lon (mWsec) 0,04 0,08 0,16
Loff (mWsec) 0.4 0,8 16
~dimax (W) 2 4 8
Pdton (mW) 2 4 8
1dtott ) 20 40 80
PON U ) 6,25 12,5 25
Pott (mW) ~1 —1 —1
Pdtot (mW) 29,25 57,5 114
ATj (°C) 12 23 45,5
Tj,, = Ta+ ATj (°C) 37 48 70,5
N O initial lot (pcs) 320 80 40
fatot, failed (pcs) 2 2 12
fie, catastrophic (pces) - 1 7
failure cause: C—E short C—E short
ka, degradation (pcs) 2 1 5
failure causes: eXCess lgbo eXCess 1qb0 lcbo (2pcCs)
BVcbo (2pcCs)
vpt (lpc)
2, approx., (1/hr) 21x10-6 8,3x10-« Ixio-4
Amin/A- * 0,18 0,18 0,58
Amax/l * 3,15 3,15 1,63
ATm, approx. (°C) ** 1,43 2,86 5,72

*At 90%, bilateral, confidence level.

**Minimum estimate of peak temperature jump along the junction due to the transient
jurn-off energy, assuming gn = 2 ohm-cm base resistivity and A = 3,85X 10_3 cm2 nominal
tunction area and perfect structure with even current distribution; cf. ref. [22], Eq. (28)
(here.
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experiment was conducted with a large initial lot on the same type and in the same conditions
as was in experiment (al). A total number of 480 transistors were tested for 10 000 hours
with 1e¢p — 0,25 A = Iq max, where only nine failures resulted as a total. In details, one tran-
sistor was found to be C—E short-circuited between 2000 and 3000 hr, seven transistors failed
by excess Igbo reverse current and another one by too low a hpp. Most of the failures occurred
in the first 2000 hr. This result gives a total cumulative failure rate of 1,87 x 10-0/hr with
relative confidence limits of Amax/A = 1-9 and /mjn/A = 0,63, both at 90%, two-sided confid-
ence level. Thus, this experiment does not serve any significant new information in comparison
to the d. c. operational electrical stress experiment made on the same transistor type [9, 10,
17] at Pdmax = 128 mW and Vcb max = —32 Y data-sheet limit stress levels, where the total
failure rate was approx. 1,5x10~5hr for a 12 000 hr experiment on a lot of 720 transistors.
The relative distribution of failure causes were nearly the same at this d. c. electrical test and
by experiment (b): the main failure cause was excessive fcBO- over 60% in proportion, and
only one sample has shown catastrophic failure (C—E short), probably originating from volu-
metric degradation by experiment (b), while 2 catastrophic failures occurred altogether (only
1 shorted transistor) in the d. c. electrical test. These facts suggest the idea that the switch-
ing operation life test conducted at relatively low, e. g. normal (not heavily accelerated)
stress levels, causes but an insignificant effect on volumetric degradation and surface degrada-
tion mechanisms dominate. This is the situation at least by alloyed types, e. g. with all the
previously described experiments except (a3), where the H-pIf max = 4 stress level ratio
seems to be sufficiently high to develop latent proneness to volumetric degradation

Supporting the previous idea, let us compute the average junction temperature rise
caused by all of the transient and quasi-stationary losses in the transistor. The overall loss
will be the sum of the average power losses in Eqs (4), (5) and (13) and the same as Eq. (13)
but with Tj instead of r0. Hence

Fftot — Fon + POff + Pdton + Pd/ off- (14)

Calculating Eq. (14) with the test conditions of experiment (al), that is, with the values
of the numerical example given at the end of Section 6: T/ = 10 fisecc0J2; ro = 100/isec”
csitQFf/2; tp = 25014tsec; I¢p = 0,25 A; vcec = —32 Y, further with vRgp = 1V and vgb sat =

= 1v and finally, with Icbo~ 30 aAdata-sheet limit values, the results are Fdf off = 20 m f,
Pdlon= 2 mf, Pin= 6,2 mW and Poffsa 1 mW.

Thus, with Prftot — 29 mW, the average junction temperature rise above the Ta = 25 °C
ambient temperature by the experiments, with Rp = 0,4 °C/mW thermal resistance of the
given type, will maximally be a7j - RpPdtot- 0,4x29 aad 12 °C. Hence, the average junc-
tion temperature will be equal to, or less than, Tjav= 25+ 12 = 37 °C.

In the next step let us estimate the failure rate of the type at this low temperature from
the failure rate gained by the d. c. electrical life test at Pd max as it was referred to in the first
paper of this series [17] and, where the junction temperature was near to Tj max = 75 °C,
say at Tj = 70 °C. The related literature [1—9, 17] gives an activation energy of qVJk —
= 12 000 °K (i. e., round 1 eV) for temperature-activated surface degradation mechanisms,
which corresponds approximately to a doubling of the failure rate for each 8 °C temper-
ature rise. Since the failure rate of I,5x10-5 hr, gained at 70 °C, must be divided by ap-
prox. 16 (corresponding to a 33 °C temperature difference of the pulsed and the d. c. electri-
cal life test experiments), the estimate of the failure rate of a pure d. c. electrical stress at
37 °C temperature will be 1,5 X 10-516 a7 1X 10_6/hr. Hence, one can conclude that the re-
sult of the experiment (b): A= 1.87xlI0—&hr is fairly close to the previous estimate.

This way theformer assumption that a pulsed life test made at non-accelerat-
ed current stress levels does not develop significantly the volumetric failure mech-
anisms related to structure failures, is supported and it is suggested to conduct
“screening” type life tests at elevated collector current levels well beyond data-sheet
limits, at least by alloyed types.

Experiment (c):

Small lots of a typical low-speed alloyed germanium p-n-p power transistor were life-
tested for 3000 hours in the pulsed circuit of Fig. 1 and 3.
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The tested OC 26 type having a TO-3 casing has the following typical and limiting
data: VCBmax= —40V; lcmax = 3,4 A; Tjmax = 90 °C; Rt(J-9 2 °C/W between junc.
tion and case. Test conditions are shown in Table Il1l. For calculating the Patot average dissi-
pated power, the mean values of Vgb sat = 0,7V and VBBp = 0,7 Y too, further the Igbo

1mA (at Ta= 25 °C and VCB = —32 YY) were used.

Since the transistors are mounted in the test equipment on cooling fins having a ther-
mal resistance of about Rr(c/) = 16 -r 18 °C/W, the junction temperature rise is:

ATjav= (RT(j-c) + R-T(cf)) 'pdto 1
These values, added to the Ta= 25°C ambient temperature, are also shown in Table III.

Allthat was concluded atthe end of description of experiment (a), applies
also here. However, the shift toward a “volumetric” failure prevalence with
rising current level seems here more emphasized. As can be seen in Table 111,
the junction temperature rise is not too significant, yet at the highest stress
level of the experiment (c3), and thus average junction temperature plays but
the second role in degradation. (However, the effect of average power losses on
degradation cannot be fully neglected here either.) Contrary to this, collector
current stress level acts as the main cause of volumetric degradation. At the
highest stress level of the experiment (c3), all failures except one (high 1CBO)
are assumed as being of volumetric origin, e. g. also the 2 degradation-type
failures of too low Vpt. Also the proportion of catastrophic-type failures in-
creases here more rapidly with a rising 1Cp level than it does by low-power
transistors, cf. Table Il (e.g. the 8 C—E shorted transistors in the experiment
with the highest stress level). Hence, one can risk the statement that failures
of volumetric origin are more likely occurring at power transistors due to the
several times higher turnover energy concentrating at a not essentially larger
volume. — Unfortunately, the number of tested transistors proved to be too
few at the lower stress levels and hence statistical confidence of the results are
there too low. However, one can also risk the statement that the volumetric
failure mechanisms are “masked” here as well by surface processes at rela-
tively low stress levels.

In the last row of both Tables Il and Ill, the peak temperature jumps
A Tmduring the turn-off transient are given, based on the estimation presented
in Section 3 and ref. [22], assuming a perfect structure without any current
concentration. As can be seen, these temperature jumps of 1,4 -j- 5,75 °C are
harmless even at the highest current levels despite the elongated turn-off time.
However, if a considerable current concentration takes place as a consequence
of structural imperfections and thermo-electrical feedback process, huge
temperatures may occur since A 'Pmis proportional, besides Loff, also to the
reciprocal ofthe thermal capacity ofthe volume involved in current conduction
and which is heated up during the turnover transient. If the actual conducting
junction area is decreased by a given factor due to hot-spot formation, the
temperature jump A Tmwill be increased by the same amount, e.g. at a current
concentration diminishing the actual conducting area by a factor of 100, the
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Table 111
Test results of experiment (c):

Low-speed, alloyed Ge, pnp power transistor (OC 26).
Test conditions: tp = 250 psec; r, = 10 /nsec; r0 = 100 psec;fr= 50 Hz;

V/ = 35Y; Vqc = —32Y; Ta= 25 + 3 °C; transistors mounted on
R7 — 18 °C/W heat sink; test time 3000 hr
Experiment code (cl) (c2) (c3)

he o (A) 3,0 6,0 12,0
I¢pilcrax 0,855 1,715 3,43
Rc = Re (-0) 10,5 5,25 2,625
Lon (mWsec) 0,49 0,98 1,96
LOff (mWsec) 4,9 9,8 19,6
P&t max (w) 24,5 49.0 98,0
Piton (W) 0,0245 0,049 0,196
Pitoti ( ) 0,245 0,49 1,96
PO (w) 0,0625 0,125 0,250
Pott (w) —0,032 —0,032 —0,032
Pitot <w) 0,364 0,696 2,44
ATj (°C) 73 14,0 48,8
Tjav = ATj + Ta (»C) 32,3 39,0 73,8
M, initial lot (pcs) 120 60 30

failed (pcs) 1 2 11
ke, catastrophic (pcs) — 1 8

failure cause: C—E short C—E short
k= degradation (pcs) 1 1 3

failure causers excess lcbO excess IqbO excess lgbo (Ipc)

low Vpt (2pcs)

A, approx. (1/hr) 2,78x10-6 LIIxIO-5 1,22 x 10-4
ATT/A* —0,065 0,18 0,56
Atax/'A* N T4 3,15 1,65
JT m, approx. (°C)** 1,36 2,72 5,45

*At 90% bilateral confidence level.

**Minimum estimate of peak temperature jump during turn-off, at even current distri-
bution and perfect structure, see ref. [22], eq. (28); with gn = 3 ohm-cm base resistivity and
ylnom= 5x 10-2 cm2 junction area.
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peak temperature rise will be the hundredfold of those given in Tables | and II,
i.e. amounting to 140 -F 570 °C which in turn lead to rapid or quite instan-
taneous deterioration.

It is also interesting that the values of AT mdiffer but negligibly from each
other in the interrelated test pairs (al)—(cl); (a2)—(c2) and (a3) —(c3), i.e. if
comparing the values with the same relative collector current level JCu/lc max.
However, this is not surprising considering the fact that current density as
well as specific turnover energy density are nearly equal at both the tested
medium-power and power types (since the junction areas are proportional to
Igmax)’ and furthermore, Vcc and switching times are identical at both ex-
periments (a) and (c).

Experiment (d):

This was in fact a repetition of experiment (c) on enlarged lots of the same OC 26 power
transistor but originating from another manufacturing batch, with the obvious aim of collect-
ing more information on failure behaviour. Only the (cl) and(c3) experiment have been repeat-
ed, i. e. the ones with the lowest and highest collector current stress level. Test conditions
were exactly the same as in experiments (cl) and (c3).

In experiment (dl), 180 pcs were submitted at lcpl*C max = 0,855 (i.e. Igp= 3 A)
to a 3000 hr test, yielding in total only asingle Ip BO failure and a failure rate of 1,85 X 10~6/hr.
This single failure can hardly be attributed to the turnover stress i. e. to a volumetric origin,
thus the test was ineffective.

In experiment (d3) an initial lot of NO = 120 pcs was also submitted to a 3000 hr test
but with the highest 1Ep = 12 A stress level. 51 transistors failed here, yielding a cumulative
failure rate of 1,42 X 10-4/hr, a bit higher than in experiment (c3) though the difference is not
considerable. Most of the failures (38 pcs) occurred in the first 500 hr. Emitter-collector shorts
prevailed: 39 pcs (i. e. 76,5% of all failures), the rest being 2 broken emitters (obviously due to
a preceding C—E short), a collector-base short and 3 pcs too low J Pd further 4 pcs failed by
excess lcbG>one by too low BVgEq and one by too low hpE. Hence, the ratio of failures
suspected of volumetric origin (including all shorts, the broken ones and also the Vpl failures)
of all failures was here 45/51 = 0,89 while the similar ratio was 0,91 —nearly the same — at
experiment (c3). Contrary to these results of power transistors, this ratio was 8/12 = 0,67, i. e.
considerably lower at the experiment (a3) which latter was also conducted at the highest
ICpHc max = 4 stress level. These results seem to support the idea that the higher ratio of
transient turnover energy to depletion-layer volume at power transistors (i. e. the many times
higher current levels and the loss of all advantages of better cooling of the wafer in the swift
turnover process there) can be blamed for the fact that power transistors are more likely to
fail in switching service than low-power ones do.

A comparative test of the same OC 26 power transistor type, where no elongated turn-
over times have been compelled to the transistors, is given in the Appendix 1. For comparison,
the failure rate of this power transistor type was about 3X 10_5/hr in a d. c. electrical life test
at pdmax (i- e- near to Tj max) and Vgb max conditions.

To make a rough estimate for the relationship between degradation and
pulse current stress, the total failure rate is plotted against the normalized
1J1c max current stress level in Fig. 10, where the results of the previous life
test experiments, as well as the planar types dealt with in the Appendix, are
utilized. Although there are too few points for risking an unambigous statement,
it seems that the logarithm of the failure rate versus the 1Cp pulse current rate
gives a linear relationship. However, the slope of the real relationship is sup-
posedly much steeper than in the Fig. 10, since there all failures are included in
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Icp/lcmax' relative stress level

Fig. 10. Relation between failure rate and I¢pllc max relative current stress level by the ex-

periments (a), (b), (c), (d), (e) and (f). The upper 3 straight lines represent npn planar silicon

types while the 3 lower ones p-n-p, alloyed transistors. The logarithm of failure rate seems to
be proportional to the Icp stress level, with only minor differences in slope

InF TUT RcJOa
pulse generator
. RB 47 5 out vr
0 ir
0Vp; 50 H 1
J

Fig. 11. Test circuit for the life testing of an alloyed p-n-p power transistor (OC 26) in c. e.

pulsed operation (inverter service) where the spontaneous switching time durations of the

transistor determine the turn-over transient energies. This is the data-sheet circuit for the
determination of switching times

the computation of failure rate and hence the usual surface-degradation
mechanisms “mask” the effect of the pure volumetric degradation at least at
relatively low stress levels. On the other hand, the number of failures of pre-
sumably volumetric origin are too few in the executed experiments, especially
at low ICp, to make an attempt for a proper extrapolation.

Test results of medium-power silicon planar transitors are presented in
Appendix 2.
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10. Conclusions

An electrical life test method was suggested here to obtain the dependence
of the failure rate on stress parameters of transistors in switching-operation,
where it is presumed that degradation is caused mainly by volumetric processes.
The method makes use of a common base inverter test circuit where the rise
and fall times are artificially elongated by a transistorized pulse generator and
these turn-over transient times exceed several times the spontaneous turn-
over times of the tested transistors.

The causes of switching-operation degradation have been elucidated and
the computation of transient energies and powers was given. The conclusion
was drawn that the huge amount of turnover transient energy can be blamed
primarily for volumetric degradation, leading at properly high switching
power levels to the formation of hot spots due to uneven current distribution
(caused but only by structural imperfections) and finally to the destruction of
the transistor by collector-emitter (alloyed types) or collector-base (epitaxial
mesa or planar types) short-circuit or to a too low punch-through voltage. It
was, or will also be [22] demonstrated that junction temperature rather closely
follows the transient power-time function during commutation at the beginning
portion of temperature vs. time function, since the collector depletion layer
where the heat is generated and from which the thermal energy of the com-
mutation transient can hardly spread further during the brief transient (be-
cause heat conduction is a very slow process), exhibits a rather low thermal
resistance and a rather high thermal capacity. Although this transient tempera-
ture does not cause any harm in a transistor with a fair structure (where it
amounts to some tenth ... some °C), excessive temperature and thermal
gradient may arise in the inherently uneven transistor structure at the be-
ginning of the very briefturn-over time where these thermal processes may be
assumed as nearly adiabatic and the turnover energy concentrates in the minute
volume of the occurring hot-spot, instead of spreading evenly through the
whole collector depletion layer. Quasi-stationary power dissipation in both the
saturated and the cut-off state, on the other hand, may be neglected as compared
to the power losses originated from the turn-over transients, at least if the
collector supply voltage is high {Vcc* sat)- Hence, the average junction
temperature has not a prime effect on volumetric degradation. Instead of,
the pulse current level and the duration of turn-over transients are playing the
leading role.

The circuitry of the pulsed service-life-testing equipment was given.

The life test experiments, conducted on low-speed alloyed germanium and
medium-speed silicon planar transistor types and which utilized a parallel
step-stress methodology varying the pulse current level, supported the pre-
vious hypotheses of volumetric degradation mechanisms. Though the experi-
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ments presented here seem to be insufficient in number and also in tested
transistor lots (obviously due to economic considerations), some conclusions
may still be drawn (valid at least for alloyed transistors) which are summarized
as follows:

(i) Life tests conducted in such a manner that the collector pulse current
stress level (as well as the VCB collector voltage) remain well within the
data-sheet limit values, do not serve any further information about switching-
operation life expectancy and volumetric degradation processes than a usual
pure d.c. electrical stress does, contrary to the fact that the “compelled”
turn-over transient time durations are 10 -f- 100 times longer than the spon-
taneous turn-over times of the transistor itself. In such test conditions failures
are mainly surface-degradation-originated and surface degradation processes
tend to conceal the volumetric processes.

(ii) If the collector pulse current level is much beyond the data-sheet
limit value, the test method will be effective to develop real volumetric degra-
dation processes and hence the suggested method seems to be useful primarily
as a screen-test for sorting out samples inherently poor in structure and prone
to later deterioration in switching operation mode. Such an accelerated screen
test of some hundred hours seems to be adequate. Acceleration factors ranging
to 1Cp/lc raax = 4, may be assumed as non-destructive for transistors of rather
good structure (i.e. tend to accelerate already existing failure mechanisms
instead of developing new ones), at least by alloyed transistor types. The same
is true but with IlICmax = 1 -r 2 for mesa or planar devices with more
delicate structure.

(iii) At high current stress levels, failure types of characteristically volu-
metric origin occurred in an exponentially increasing manner by raising the
collector current level, mainly as C—E shorts and in few occasions as a heavily
decreased punch-through voltage. Contrary to this, at stress levels ranging up to
"mCpAc max — 4, the proportion of typical surface degradation failures (e.g.
excessive I1CBO or too low bpe) did not show such an excessively increasing
tendency, obviously because the raising of the collector current level increased
the junction temperature, but only moderately.

(iv) Having turn-over times held constant, the failure rate seems to be
exponentially proportional to the collector pulse current level, at least until
IcJlc max = 4 at alloyed types and until 1Cp = Icmaxatthe lessruggedplanar
types.

(v) Power transistor types (having several times larger junction area)
seem to be more subject to volumetric degradation processes, e.g. to collector-
em itter punch-through or C—B short, than low-power types with small junc-
tion diameter/base width ratio, obviously also because by the power transis-
tors the probability of a structural imperfection is larger due to the larger
junction area; but the main cause is here the many (10-~100) times higher
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current, i.e. switching power level, consequently also the 10--100 times
higher transient peak power of the commutation which concentrates here in a
depletion layer volume not essentially larger than in low-power devices — at
least not larger proportionally with the switching power. Hence, the density of
the commutation transient energy is considerably greater in power transistors
and so the transient temperature crest will be several times higher than in
low-power devices despite the better stationary cooling of the wafer here, which
latter advantage gets totally lost, since the thermal commutation energy can
hardly leave the bounds of the depletion layer during the brief turnover time,
so the better cooling (lower thermal resistance) remains ineffective here.

The final aim of such life test experiments is udoubtedly to find a rate
process formula similar to the “Arrheniusian” or Eyring one used at d.c. elec-
trical, and thermal storage, life tests, which describes the relation between
failure rate and stress parameters as 1Cp/lc maxnormalized pulse current level,
turnover transient energy (orturnover transient time durations) as main agents,
furthe as collector supply voltage and junction temperature, as degradation
cause agents ofsecondary importance. However, the life test experiments present-
ed here have been too few for achieving this final aim. Such experiments, where
only the amount of turn-over energy would be varied and all other parameters
held constant, have been considered to be carried out later, though an attempt
is also made here dealing with planar transistors. The sole statement could be
made that the logarithm of the failure rate seems to be proportional to the
collector pulse current amplitude but the slope of this relationship could not be
determined due to the “masking” effect of surface degradation processes at
lower current stress levels on the one hand, and the current level steps have been
chosen too roughly for making a proper extrapolation, on the other. These
relationships are supposedly different to less or more extent with transistor
technologies strongly differing from the alloyed and planar techniques. In the
beginning step here only the alloyed technology was dealt within details in this
respect, with some results of planar types added. It will be a future work to
make sufficient experiments for the establishment of a really useful rate process
formula.
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APPENDIX

A. 1. Comparative power transistor tests in c. e. circuit, without artificial elongation
of switchover times

Experiment (d)

A comparative life test experiment (c4) was made by the transistor factory on the same
low-speed alloyed power transistors as described in Section 9, experiments (c), originating from
the same batch, in the test circuit of Fig. 11, where the transistors operated as common-
emitter inverters in a “typical” circuit and where switching times had not been elongated
artificially.

Th):e driving pulse generator was of very lowToutput impedance and having rise and fall
times falling short of 1 /xsec, thus the base current turn-over times were several times shorter
than the spontaneous turnover times of the collector current pulse. Test conditions have been:
Vce = 32Y; R¢ = 1012; thus Igp = 3,2 A, nearly the same as in experiment (cl), further
a base current of approximately 0,2 A compelled by the base resistor. Repetition frequency
was 50 Hz and base current pulse duration 200 /usee. Hence, the conditions of this experiment
corresponded to the experiment (cl) in all respect with the only exception that no prolonged
turn-over times had been compelled by the test circuit.

The characteristic switching time durations are in this operation: ton = max. 25 /usee,
switching-on time and fOff = max. 30" sec, switching-off time, the latter is well below the
100 psec turn-off time compelled in the experiment (cl).

A lot, a total of 400 transistors was tested for 5000 hours. The results of this experiment
(c4) have shown no sign of significant volumetric degradation. Six failures occurred, out of
which four with excess ICEO-> one with too low hpp and one with C—E short-circuit: this last
one may be assumed as being of suspectedly volumetric origin, and all the others obviously
were developed by surface degradation. The total failure rate mounted up to 3x10_é/hr,
which is only insignificantly higher than the result of experiment (cl), despite the fact that
the stress level was here a bit lower since turn-off transient was shorter.

Experiment (c5)

As a control test, the sound remainder of experiments (c3) and (d3), that is, the power
transistor type OC 26, was repeatedly tested in the same c. e. circuit conditions as Fig. 11 and
so in operating conditions identical with experiment (c4) but here for a subsequent 17 000 br
after the 3000 hr, 12 A current-level, elongated switching time screening of experiment (c3)
or (d3). Thus, 19 pcs were involved as the sound remainder of experiment (c3) and 69 pcs
in the same way from experiment (d3), i. e. 88 pcs total. It is not too surprising that only a
single failure occurred (excess Igbo) and no shorts at all, showing that the elongated turnover,
enhanced current-level screening prior to this long duration test was very effective in sorting
out specimens prone to volumetric degradation due to inherent structure unevenness. The
single failure means a failure rate \ = 1/(88x17 000) ~ 0,67 X10~6&hr which is nearly by
an order of magnitude less than the result of the unscreened lot of experiment (c4). These
figures show the potentialities of such screening tests dealt with in Tables I1—Y.

A. 2. Step-stress screen tests carried out on planar transistors

Two medium-power, medium-speed types were submitted to parallel-series step-
stress experiments for rough and quick orientation of the potentialities of the method suggested
in this paper for this most important technology.

One type tested was the BFY 33 npn silicon planar transistor (not an epitaxial one), having
the maximum ratings of VcbO= 50 V; I¢ max = 0.5 A; Tjmax = 200 °C; Rp < 0,22 °C/mW
(between junction and still air environment); finally Yppp <, 15V; sat < 25V; fp
1> 80 MHz and tO* max = 0,25 /usee; all the four latter parameters referred to Iqg = 05 A
and Ip — 0,05 A

The other type, BSY 56 is a similar but epitaxial planar transistor having the limit
ratings of VCBo = 120V; lcmax= 0,5 A; Tjmax = 200 °C; Rp <[ 0,22 °C/mW (between
junction and resting ambient air); further VEBp”™ W V; VCEsat< 14V;fT" 145 MHz
and iOff max = 0,16 /usee: all the four latter data corresponding to I¢ = 0,5 A and Ip = 0,05 A.
Hence, this type is a higher frequency (faster switch), higher-voltage construction than the
BFY 33, though being identical with the latter in all other data. The particular sample tested
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here originated from an early (1971) pilot-plant production exhibiting several serious technolo-
gical imperfections, mainly a poor thermocompression bonding.

Experiments on both types were carried out in the c. b. test circuit of Fig. 1 in two
groups corresponding to the “high-frequency” (5 kHz) and “low-frequency” (50 Hz) test
circuit versions and, furthermore, in two subsequent current-level steps for each group. The
first group of each type was so tested atfr= 5kHz and tp = 5,usec, i. e. a duty cycle of tpfr =
— 0,025 and compelling in the same time elongated switching times of ton= 0,2 /tsec and
*off = 2 fisec on the transistors, at lcp/lc max= 0,5 and 1 current level steps. The second
groups of both types were submitted to a test made atfr= 50 Hz and tp = 200 /tsec (i. e.
tpfr =*0,01), compelling ton = 20 /(sec and toff = 100 /tsec excessively elongated switchover
times on the transistors, also at Icpllc max = 0,5 and 1 relative current levels. Test times
were 168 hr (one week) uniformly for each step, with test conditions being identical for
both types in the corresponding step. In all these tests, V¢g — 22 ¥ and a ratio lcp/IRp —
= 10 ed hpB were used. The latter criterion can be simply fulfilled by the properly chosen
ratio of VcctVi voltages (V.- is the pulse generator output amplitude) assuming Rp = Re
(see Fig. 1) since, utilizing Eqs (6) and (7) and the relationship lep= (V i— Rebp)IRe — y,IRc
(because usually V-S> VEBp)i one gets

hFB = hFEI(1 + hFE) = VcciVi

i. e., in our case a V/ exceeding Vcc by 10% has to be used to ensure hFE — 0,9 or hFE = 10.
Test results are given in Tables IV and V. The test conditions chosen are the same in
both types (since both types have identical current and thermal ratings), slight differences

being only in Ponand consequently, in Patot and AT], because the epitaxial BSY 56 type has

a bit lower saturation voltage. The power loss / may be fully neglected since the Ip BOreverse
current lies in the very low nanoampere range by planar silicon transistors. Moreover, the
ATj junction temperature rise is negligibly small in all tests, thus it has no considerable effect
yet on surface degradation either.

By the test pairs made in the “high-frequency” and “low-frequency” testing equipment
versions, the test conditions were selected in such a manner that there are considerable differ-
ences only in the transient turnover energies, i. e. Lon and Toff, where 50 -j- 100 times higher
energies occur at the “low frequency” (50 Hz repetition rate) test pairs as compared to the
corresponding turnover energy levels of the “high-frequency” (5 kHz repetition) tests, since
rise and fall times are longer in the 50 Hz version in the same amount. The average power

dissipations Pdlon and P " off. however, are equal or differ only slightly despite the turnover
energies differing 50 !'m100 times from each other, because the repetition frequency is 100 times
higher in the 5 kHz (“high-frequency”) version and this compensates the effect of the turnover
energies being 50 100 times less there, cf. Eq. (13). Thus, the sole main difference between
test conditions of experimental steps with identical IEp current levels and differing only in
fr, that is, the experiment pair of even codes or odd codes, lies in the 50 times higher L Off
turn-off energy of the 50 Hz version which leads suspectedly to a many times higher rate of
deterioration, especially to those failures that have a “volumetric” origin. Considering the
results, this indeed is the situation if one compares the results of (e3) to the ones of (el), or
similarly, (e4) to (e2) etc.

Experiment (e)

As is shown in Table IV where the non-epitaxial type is dealt with, the failure rate is
only slightly higher at the 50 ~ 100 times higher turnover energies of the “low-frequency”,
50 Hz, 50 /nsec test pair (e3) —(e4) as compared to the results of the “high-frequency”, 5 kHz,
1 /lsec test pair (el)—e2). Moreover, in the “high-frequency, low turnover energy” test pair
(el)—(e2) no “volumetric” failures occurred at all and the single 1 qbo failure at the test (e2)
can be attributed to the mild junction temperature increase of 18 °C there, i. e. to a “surface” -
originated cause. Hence, both steps (el) and (e2) of the “high-frequency, low turnover energy”
test version may be judged as completely ineffective in developing inherent “volumetric” failures.
Contrary to this, the conditions of the “low-frequency, high turnover energy” test pair (e3)—
(ed) turned out to be a bit coarse for the delicate structure of such a planar type: the predomi-
nant majority of failures were “broken emitter”, i. e., the thin gold wire leading to the thermo-
compression bond evaporated suspiciously due to a previous short and one cannot be sure that
all these failures, although not too high in number, (9 pcsin a lot of 960, total, and taking place
during a week) originated by actually serious structure deficiencies and not by the excessively
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Table IV
Results of the step-stress experiments (e)

Medium-speed, silicon planar npn transistor BFY 33.
Two parallel step-stress experiments each consisting of 2 subsequent current-level steps of
168 hr and containing initial lots of 480 pcs; in Ta= 25 + 3 °C resting air ambient, without
any heat sink, Vgqgq = 22 V.

Experiment code (el (e2) €3 n)
lcp (A) 0.25 0,5 0,25 0.5
ICpUC max 0,5 1,0 0,5 1,0
rc=re (B) 82,0 41,0 82,0 41.0
fr (Hz) 5000 5000 50 50
tp (usee) 5,0 5,0 200 200
«n2 =* 1/ (usee) 0,1 0,1 10 10
«ff2 — To («sec) 1.0 1,0 50 50
Lon (mWsec) 0,296 0.592 29,6 59.2
LOff (|(f\Wsec) 2,96 5,92 148,0 296,0
Pdt max W) 1,48 2.96 1,48 2.96
Pdt~A~ (mW) 1,48 2,96 1,48 2.96
Pdt off (mW) 14.8 29,6 7,40 14.8
H.on W) 25,0 50,0 10,0 20,0
Hrftot (mW) 41,3 82,6 18,9 37,8
AT] = PdtotRT fC) 91 18,2 4,2 8,3
IG5, survived (pcs) 480 479 478 471
[ctot, failed (pcs) - 1 2 7
kc, catastrophic (pcs) - - 1 4
failure causes: E broken E broken
kd, degradation (pcs) — 1 1 3
failure causes: excess 1qbO excess lqbO 2 pcs excess lgbqg
1 pc low hpB
A, approx. (1/hr) — 1,24x 10-5 2,48x10-5 8,75x10-5
upper 60% confidence
limit, (1/hr) 1,18 x 10-5 2,57x10-5 3,92x10-5 1.05x 10- 4

ATm, during turn-off
(cCc) * 0,34 0,68 2,92 5.84

*Minimum estimate of turn-off transient temperature jump by even structure with
n — 2 ohm-cm collector resistivity and A = 2,5X10-3 cm2 nominal (and actual) junction
area; cf. Ref. [22], Eq. (27) there.
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Table V

Results of the step-stress experiments (f)
Medium-speed; silicon epitaxial planar npn switching transistor BSY 56.
Two parallel step-stress experiments, each consisting of 2 subsequent current-level steps
of 168 hr and containing initial lots of 480 pcs; in Ta= 25 + 3 °C resting air environment,

without any heat sink; Vgc — 22 V.

Experiment code ()] (f2) B («
icp (A) 0,25 05 0,25 05
ICpll CTax 05 1,0 0,5 1,0
rc=re (B) 82,0 41,0 82,0 41,0
fr (Hz) 5000 5000 50 50
tp (//sec) 5,0 5,0 200 200
‘on/2 — T (psec) 0,1 0,1 10 10
*oft2 = ro (/«sec) 1,0 1,0 50 50
ion O'Wsec) 0,296 0,592 29,6 59,2
Loft 0'w sec) 2,96 5,92 148.0 296,0
Pdt max (W) 1,48 2,96 1.48 2,96
Pdton (m” ) 1.48 2,96 1,48 2,96
Pdt off (m” ) 14,8 29,6 7,40 14,8
Pon (mW) 18,2 36,4 7,25 14,5
Pdtot <mV) 34,5 69,0 16,1 32,3
ATj = Pdto,RT (°C) 7,6 15,2 35 71
Ns, survived (pcs) 478 469 404 153
Atot, failed (pcs) 2 9 76 251
kr catastrophic (pcs) 3 47 200
failure causes: 1pc, E broken 21 pes 115 pcs,
E broken E broken
2 pcs, 3 pcs, 63 pcs,
C B short E —B short E —B short
7 pcs, 15 pcs,
C—E short C—E short
16 pcs, 7 pcs,
C—B short C—B short
degradation (pcs) 2 6 29 51
failure causes: excess Jcbo 2 pcs, 16 pcs, 32 pcs,
excess lgbO excess 1CBO excess 1CBO
excess JgBo 4 pcs, 12 pcs, 17 pcs,
1—1 pc excess 1EBO excess |EBO excess 1EBO
1 pc, low hEE 2 pcs, low hEE
A, approx. (L/hr) 2,5 XIO-5 1,06 X10“4 9,4x 10- 4 3,7x10-3
Upper 60% confidence
limit (1/hr) 3,95x10“5 1,24 X10- 4 -9,5 x10-4 —3,7x10-3
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high turnover energy stress conditions. Beyond doubt, the failed transistors were presumably
the ones having the worst structures. The tested type, however, can be considered as having
a satisfactory quality.

Experiment (f)

Dealing with the epitaxial type (Table YY), deterioration was significant also in the “high-
frequency, low turnover energy” tests (fl)—(f2) but turned out to be truly disastrous at the
“low-frequency, high turnover energy” test pair (f3)—(f4). No catastrophic failures occurred
at the low-current-level test (fl) but 3 pcs failed by short or open-circuit at the maximum
rated collector current-level test (f2), 2 of which has been C—B short. Beside these failures,
surface-originated excess reverse current failures were dominating. — Discussing the results
of the “low-frequency, high turnover energy” test pair (f3)—f4), the failure pattern was
reversed and failures of typically volumetric origin prevail there: in the overwhelming majority
of cases the emitter (or base) leadout gold wire was broken in the form of a ball-shaped molten
ending probably due to a previous short and solidified thereafter, near to the bonding. All these
open-circuit failures as well as the C—E and C—B shorts are typical consequences of volumetric
failures described in Section 2 and it is at least suspicious that the bonding failure mechanisms
described in Section 4 have also had an important role in the excessively high number of such
failures. For the C—B shorts are supposedly a direct consequence of the collector-base voltage
breakdown described in Section 2, a pinhole-like molten and recrystallyzed channel within
the collector epitaxial layer is expected to be found if making a microsection on a transistor
failing in this manner. The lapping of the delicate structures, however, scarcely reveals such
a failure since the probability to find the thin recrystallized channel in the bulk is very small
(comparable to finding a needle in a haystack) and no “surface” marks exist which call atten-
tion to the presumed locus of bulk breakdown. Such a microsection where a channel rises from
the ring-formed geometrical curvature of the collector junction beneath the emitter perimeter,
i. e. an “emitter dip” rim and points toward the n—n+ boundary of the epitaxial collector
zone and the substrate and where this structure deficiency is presumed as the shorting channel,
is shown in Inset 4. — It is surprising, however, that this particular C—B short failure occurred
relatively rarely here, i. e, in only 25 cases among a total of 250 catastrophic failure events.
A possible explanation for this is that the vqc = 22V reverse voltage applied in this test
was many times lower than the V¢po = 120Y data-sheet limit. The C—E shorts (22 pcs
total), on the other hand, may also be attributed to hot-spot formation in, or near to, the emit-
ter-base junction where current concentration is high (in fact, higher than in the collector
junction) and turnover energies can also be significantly high, especially if Vppp is excessively
large. This latter phenomenon, or the local heating-up of the degradated emitter thermo-
compression bond (due to a Kirkendall-void formation, cf. Section 4 and Inset 5) may give
the explanation for the amazingly high number of emitter-base shorts (68 pcs failed in this
mode). — Anyway, the type tested here exhibited serious technological imperfections, also
manifesting in an unusually high failure rate in simple storage and d. c. operating life test
experiments and just this short-term pulsed screening method revealed the technological
flaws in the pilot-plant production stage.

Experiment (g)

Finally, the results of a 168 hr screening of a medium-power, high-speed epitaxial planar
transistor type BSX 59 are presented. A lot of 160 pcs originating from pilot-plant production
was tested. Limitratings and typical data are as follows: VgbO= 70V max, Vgpg = 45V max,
lc max = 1A, Tjmax = 200 °C and Rp 0,22 °C/mW; further fp 250 MHz, ton < 35 nano-
sec and toff < 60 nanosec, all three previous data valid at Iq = 1 A and IR = 0,1 A. The test
was made in the “low-frequency, high turnover energy” equipment version in the most adverse
conditions, i. e.fr = 50 Hz, tp = 500 ~tsec, ton = 10 /isec, tOff = 100 /tsec, V¢¢ = 25V, hpg =
= 0,9 Rg= Rp = 20,5 ohms, Ipp— 12 A, Ta= 25 + 3°C (transistors applied without
any heat sink), thus Pamax= 25 VX12 A/4 =75 W, LO,= ton PPmax = 0,075 mWsec;
similarly but with tog, the LOff = 0,75 mWsec. Despite these severe screening conditions only
8 transistors failed in a catastrophic mode, giving a cumulative failure rate of approx. 3 X 10 “4/hr,
thus the type and its technology may be considered as acceptable. Failure causes were
6 C—E short, a single C—B short and a single broken emitter. The conclusion may be drawn
from this experiment that a rather delicate high-speed epitaxial planar type can still withstand
the enormously elongated switchover transients of 100 //-ec duration and approx. 1 mWsec
energy level if both technology and structure are adequate.
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Summarizing the results of the above experiments it seems that the method of artifici-
ally elongated turnover transients as presented here is well applicable also in silicon planar
transistors. Nevertheless, it has been proved that the volumetric failure mechanisms dealt
with in Sections 2 and 4 are effectively developing in such stress conditions. For achieving
the most characteristic results, however, the test conditions must be “matched” carefully
to the particular type: for a medium-speed type/r= 1 -5 kHz, tp = 3 —30/(sec and toff =
= 1 -i- 10 //sec seems to be the optimum, whilst for a high-speed type with delicate structure
and minute geometry the recommended test conditions arefr = 5 -r 20 kHz, tp = 0,3 4- 3 -
sec and (,ff = 0,1 4- 1fisec. The compelled rise time ton should always be chosen as the 1/10 4-
-r- 1/5 of toff The “low-frequency, high turnover energy” version dealt with previously and
having conditions offr = 50 Hz, tp = 150 4- 500 (isec and tOff = 10 3- 200 /«sec is adequate
for testing low-speed (e. g. alloyed germanium) transistors but seems a bit rough for screening
medium-speed types. Test times of some hundred hr and relative current levels of lepik' max =
= 1 r1 2 are typical in planar transistors and fit the requirements of a screen-test develop-
ing “latent” structural imperfections. —On the other hand, repetition frequency can be assum-
ed as a factor of secondary importance (since only the average power loss is proportional to
it), the main agent being the turnover energy level, that is, the product of peak power (i. e.
0,25 Vc¢qlgp) and turnover duration.

Inset 1 (to Section 2)

Microsections of excessively inhomogeneous, waved or indented junctions of a medium-
power, low-speed, alloyed Ge pnp transistor type (OC 1076). The base layer appears in white,
near the boundaries of which the metallurgical junctions appear as thin black lines and the
lower being the emitter junction. Both specimens exhibited a punch-through voltage well
below B VCBO, before a complete punch-through (white arrows) occurred after a couple of
hours in testing conditions identical with the ones in experiment (a3). (By courtesy of Mr.
M. Kocsis, HIKI.)
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Inset 2 (to Section 2)

Microsections of alloyed Ge pnp, slow-speed, high-power transistors ASZ 18, showing
up excessive inhomogeneity in base layer thickness (the latter appearing in bright white
and the metallurgical junctions near to its hounds developing as thin black lines). The strongly
waved emitter junction is the lower one. Due to mechanical strains by alloying, the junctions
are badly warped. In the lower photograph the molten and recrystallized punch-through
channel between collector and emitter can be clearly observed (white arrows). (By courtesy
of Mr. M. Kocsis, HIKI.)

Inset 3 (to Section 4) (on the right)

Plague-afflicted Au—AIl thermocompression bonds of a silicon planar transistor. (By
courtesy of Tungsram Works Ltd, Budapest.)

Inset 4 (to Appendix A. 2)

Microsection by angle lapping and staining of a medium-power, epitaxial, planar
transistor revealing a breakdown channel (white arrows) between collector-base junction
and n+ substrate through the 8 /w thick collector epitaxial layer, rising from the “emitter
dip” curvature of the C—B junction.
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Insel 5 (to Appendix A. 2)

A u—Al nailhead thermocompression bonds at the emitter of a planar transistor, all
badly afflicted by severe intermetallic formation (after exposure at 200 °C for 168 hr, followed
by the screen test of experiment (/)). All micrographs were made with a usual, secondary
electron mode, Scanning Electron Microscope (SEM).

(a) Characteristic plague compounds on the Al metallization around the gold ball.
Contact resistance increased but the bond is still alive, (b) The aluminium side after complete
and spontaneous separation of the gold ball, shows the bulky intermetallic products and voids
left there, (c) A contiguous Kirkendall void has grown below the periphery of gold ball showing
nondescript, coarse-grained intermetallies and “stalactite” features as well, (d) The aluminium
side of picture (c) after almost spontaneous separation of the bond shows coarse grains, “huge”
voids and “stalagmite” features of intermetallic on the periphery of bond, with a sharp bound-
ary. (Courtesy of Mr. V. stefaniaY of Res. Inst, for Metallurgy, Budapest and Mr. G. Kaimar,
Tungsram Works Ltd, Budapest.)
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Inset 6 (to Section 4)

SEM micrograph of a typical volumetric failure of an IC transistor (an output transistor
of a TL 7472 N master-slave J —K flipflop, after 6000 hr switching operation stress at 125 °C.
The potential contrast technique reveals a latent collector-base short (arrows) as a dark spot
on the otherwise light base zone, at the upper right corner of the U-shaped emitter metallized
stripe. The collector stripe (bigger U) and the underlying collector zone appear as dark (be-
cause of being biased -f-5,25 V positive with respect to emitter and base, which appear as light
areas). The scratch along the collector and emitter stripes (right center) proved to be harmless.
The short was caused by a major pinhole above the fault site in the Si02 layer, through which
a spurious boron diffusion (base dopant) advanced during operation at this “hot spot” and,
after reaching the collector zone, made a complete short. (Courtesy of Mr. V. Stefaniay and
Mr. G. Karmar; Res. Inst, for Metallurgy and Tungsram Works, Ltd, Budapest, resp.)

Inset 7 (to Section 4)

This interesting SEM micrograph reveals a “volumetric” short between the Alstripe on the
top, and the underlying collector zone through a major pinhole in the oxide between them.
The “hot spot” enhancing the migration of Al through the pinhole channel was originally
started by the Joule heating of the constricted metal stripe above the failure site, due to the
high current flowing through it, enhancing electromigration by the temperature gradient.
The picture clearly shows the marks of the molten metal above the failure site, due to the short
terminating this sequential failure of an analog IC. (Courtesy of Mr. V. Stefaniay and Mr.
G. Karmar; Res. Inst, for Metallurgy, and Tungsram Works Ltd, Budapest, resp.)
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Experimentelle Untersuchung der Lebensdauer von Halbleiter-Bauelementen. — II1I.
Réaumliche Fehlermechanismen und Untersuchung der Lebensdauer von Transistoren in
Schaltbetriebsart. Die bei Transistoren allgemein verwendeten statischen Dauerbelastungs-
methoden, welche hauptséchlich thermisch aktivierte Oberflachendegradationserscheinungen
hervorrufen, sind wenig informativ in Bezug auf das Zugrundegehen im Schaltbetrieb. Hier
wird eine Methode vorgeschlagen, wo die Transistoren im Schaltbetrieb mit gemeinsamer
Basis als Inverter mit fester Wiederholungsfrequenz von 50 Hz oder mehr belastet werden,
bei genau festgelegter und regelbarer transienter Ein- und Aussehaltenergie, welche Methode
die wirtschaftliche Untersuchung von groRen Mustern ermdglicht und in erster Reihe als
Screening-Untersuchung fir die schnelle Auswahl von strukturell fehlerhaften Exemplaren
von Nutzen ist.

SKCNepuMeHTaIbHOE UCCNEAOBAHME CPOKA C/YXG6bl MONYNPOBOAHUKOBbLIX NPUGOPOB,
[11. MexaHn3mbl 06beMHbIX AE(EKTOB U UCTbITaHWe TPAH3UCTOPOB HA CPOK CMyX6bl B nepe-
K/IOUaTelbHOM PEXWUMe PaboThl. [pMeHseMble 18  TPaH3MCTOPOB  CTAaTWUECKMe MeTofbl
3NEKTPUYECKNX UCMbITAHUA NPOAO/KUTENbHOW HArpysKoW, KOTOpble BbI3bIBAHOT B OCHOBHOM
TEPMUYECKM aKTUBMPOBaHHbIE MOBEPXHOCTHbIE AerpajjaliMoHHbIe MPOLIECChI, He Jal0T J0CTaTOuHO
NH(OpMaLWiA OTHOCUTENbHO MOPYM B NEPEKoYaTeNbHOM pexume paboTbl. ABTOP B [aHHOV
paboTe npeanaraeT Takoii MeTod, B Clyyae KOTOPOro Ha TPaH3NUCTOPbI B KayecTse paboTaro-
WWX B MepeKioyaTeNbHOM pexume paboTkl C 06LLeii 6a3oii MHBEPTEpOB MojjaeTcs Harpyska
(hrKcmMpoBaHHOIA YacToTbl B 50 Iy K 6onee BLICOKOI 4aCTOTbI MOBTOPEHUA MM TOYHO OMpe-
OENEHHOI 1 Perynnpyemoii nepexofHo 3Heprum BKIOUEHWS U BbIK/HOUYEHUS; 3TOT METOA Mo-
3BONSIET OCYLLECTBATH 3KOHOMWUYHOE UCMbITaHWE 60/bWIMX cepuil 06pasuoB. Mpeanaraembiii
METOZ, SIBISIETCS MOME3HbIM B MEPBYIO OYepeflb B KAUeCTBE CENEKTUBHOTO METoAa A1 BbiCTPOro
0TAeNeHus 06pasLoB CO CKPbITHIMU CTPYKTYPHbIMU fedheKTamu. Takue WUCMbITaHWUs, MOATBEPX-
LEHHbIE MUKPOCHUMKaMU, CMSATbIMU C MOBPEXZEHHbIX MOAYNPOBOAHWKOBLIX MPUGOPOB, COr-
nacytoTcs C pesynbTaTaMi PacMOTPeHHbIX 3[eefb aHa/IM30B OOBEMHbIX [erpananmoHHbIX
MPOMeCCcOB M 06PALLAOT BHUMaHWE Ha HEOBXOAMMOCTb 6e3Aed)eMTHOI reoMeTPUYECKOl CTPYK-
Typbl Takux NpuGOPOB.
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POROSITY OF CEMENT STONE AS A FUNCTION
OF THE WATER-CEMENT-RATIO

J. ROSTAS*
[Manuscript received December 18, 1974]

Due to theoretical considerations the porosity and the solidity of the cement
stone will be deduced as a function of water—cement-ratio and hydration degree. The
results deduced for the various cases will be compared to experience, and good corre-
spondence will be found.

1. Introduction

For the porosity of the cement stone as an important parameter for
concrete, an empirical formula of approximating character is known so
far [1].

Difference is made at the beginning, capillarity depending on the hy-
dration degree and on gel porosities. Total porosity is considered as a sum of
these two porosities. We will attempt to deduce the relation of porosity ®, hy-
dration degree H(t) and water-cement-ratio vc from the general theoretical

manner.

2. Porosity if no change of volume is taken
into consideration

The cement powder mixed with water starts a reaction with porous solid
cement stone as a result of the hydrogen. The mass of non hydrated cement, at
time moment t is marked by Mc(t). At initial time t= 0: Mc(0) = M then,
according to the definition, the hydration degree at moment t is:

Mwo- Mdt) _ 1 M c(t) 2.1

H(t)
M m M

The mass of the arisen hydrated product assumes the form Mg(t) and the
mass of non hydrated water Mv(t) is marked astime moment t. According to
the law of mass conservation:

Mo+ MW= Mct) + Mr(t) + Mg(t). (2.2)

* ). Rostas UNGI Gt 53/b, H-1091 Budapest, Hungary
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Considering the water, the cement grains and the hydration products as a
homogeneous medium:

M = gV. (2.3)
By using (2.3), (2.2) is equal to

Qcko + QKo = e Kil) + QuK(l) + Qu\gft) » (2-4)

In the mixture of cement and water hydration does not proceed to the
full extent (due to different reasons), or even if the conditions of hydration are
ensured for a long time. Therefore, in case

K(t) + vat) + W) > Vot Wo (2.5)

which is always available (this will be proved later), following hydration of a
duration oft, the total volume of the pores remaining in the solid cement stone
will be equal to the remaining water that has not taken part in the hydration
process

W= K(t). (2.6)

Here, in the first approximation the water fixed at the surface is not taken into
consideration, yet

VP = > { VD — K(t)) + QtK o — QgVgU)} m (2.7)

Porosity @ and water-cement-ratio vc are defined in the following ways

o= Vp (2.8)
Vo
M vo (2.9)
Mm

Here it is assumed, during solidification time, that cement does not creep and
expand:

Va= w0+ \co. (2.10)
By using (2.6), (2.7), (2.8), (2.9) and (2.10)

Q(Vo — Vejt)) + ayvyo (2.11y

VvV Co + Vvo
Instead of the volumes the masses and densities are written as:

Mo- Mdt) + Mw- Mgt
o= g MO MA) T M- Mgy 212

Qi>Mco + QcM c,
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By using (2.9) and ov= 1, (2.12) is equal to

MAD | o MO

o_ @ M M 00 2.13)
1+ Qe

It is assumed that the mass of the water M* used for hydration is pro-
portional to the mass of the hydrated cement
M*{t) = KM=*{t) (2.14)
where K is constant, a proportion factor. By using (2.1), (2.2) and (2.9)
= ,c+uw ,)- MAD) (2.15)
M n Mr.

Up to time momentt the mass of the hydrated cement and water are as

follows:
M*(t) = Mmo- Mc(t), (2.16)

M*[t) = Mw - Mv(t). (2.17)
By using (2.1), (2.9), (2.14), (2.16) and (2.17)

M M

K H(t). (2.18)
Mr.
W ith the aid of (2.1), (2.15) and (2.18), (2.13) is equal to
vc- K H(t
o= o ® (2.19)
1 (lyc
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According to the tables, this is equal to 2,95 -f- 3,15 gramm cm-3. For
the calculations gc= 3,1 has been used. According to Czernin [2] K = 0,25.
Using this value at different degrees of hydration for porosity ® as function
of water-cement-ratio vc the resulting host of curves is indicated in figure 1,
illustration No. 1. The measuring results of Powers [3] and Feldman [4]
have been drawn up on the host of curves. Comparing the measured results
with the theory, the following conclusions can be drawn. The theoretical curves
closely follow the empirical values. Both authors succeded in keeping the
hydration degree atthe same level for different water-cement-ratio factors vc.

3. Porosity, taking into consideration
the change of volume

Eq. (2.19) was deduced on the assumption that there is no change of
volume during solidification. If change of volume is permissible

V0= K(t) + vot) + vgt), (3.1)
then taking into consideration (2.7), (2.8), (2.9) and (3.1), porosity ®is equal to
® _  °cMo- VAY) + Ko — @wW(t) (3.2)

W(t) + m + vg(t)

Expressing the volumes by masses and densities at gv= 1

1_BA. 6 E°__

\T M
b= QY— B 1 Mgt) . M) (3.3)
%8 M hQC"@;;n"““ RNV
With the aid of (2.1), (2.9), (2.15) and (2.18), (3.3) is equal to
¢} = Mg [Vc-KH(QI -

6c9s[ve- K H(t)] + pf(l + K) H(t) + pg(l - H(t))

If it is represented as a function of vc, the result will be similar to illus-
tration No. 1.

As a matter of fact, the highest change of volume can take place at the
highest hydration degree. Therefore, for the case of H = 1 the (2.19) and (3.4)
are presented in illustration (see: illustration No. 2). From the illustration it is
apparent that at the values vc< 1 (for regular concrete) the deviation be-
tween the two formulas is not too significant. Up to the end of function (3.4) it
remains under (2.19) throughout. This, at the same time bears evidence to our
assumption under (2.5), as the deduction of (3.4) differs from (2.19) only in the
fact, that here instead of V@ Vm we divide by U ()t Vdt) + Fgt).
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4. The concept of the density factor, its dependence on water-cement-ratio V/
and hydration degree H(t)

For the cement stone, in a similar manner to the pore space, a dense
volume Vt can also be defined in the following way
Vt= Vo — Vp. (4.1)
By using (2.8) it will be
V=K1 - o). (4.2)
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On the other hand, the density factor of the cement stone can be defined
as a quotient of the dense volume and the total cement volume

(4.3)
By expressing this with the aid of (4.2) the result is
= 1—0. (4.4)
According to (2.19), (4.4) (pcis equal to
1+ K H(t
Ve (®) (4.5)
1+ Qvc

Then by using (3.4)
{@ + -k) @— gg} H(t) -f gg
Q@{Ve- KH(1)) + el + K) H(t) - Q@(1- H()) *

By taking (2.8), (2.9) and (4.2) into account the pore and the dense volumes are

Ve =

Vp= Mo(vc— K H(1)), 4.7)
vi="r (I + QcKH(t)). (4.8)
Q

By using the porosity expression (3.4), Vp will be equal to (4.7) and at the same
time Vt will be

vt= M«L r[(1 + K) @ — ee] H(t) + . (4.9)
Q@

5. Porosity of the cement stone taking the different mineral components
into consideration

Taking into consideration that the cement consists of different minerals,
marking the mass of the number i component by Mf, and the number r of the
hydration products by Mf, the law of mass conservation can be written as
follows

M?(t) + Mv(t) + 2 = >MdD+ MW~ (5.1)
1 r=1

1=1

From this, expressing the M v(t) by the density and the volume and taking into
consideration ov= 1, the pore volume is:

Vp:% Mo: mwo. > (0 - 2 | (5-2)
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We shall take into consideration only the case without change of volume,
thus according to (2.10)

. “MA M
vo= (5.3)
i=1 Qi Qv

By using (5.2) and (5.3) the porosity is:

2NEND 2 - Z2\avI
o — ) (5.4)
y M t, MO
p /D, -+
=1 =]
Here, porosity is expressed only as a function of the individual mineral compo-
nents. Then the water-cement-ratio is:
XI. 1

i-n

U S A

1=1 1=1 IC«pa

(5.5)

Introducing the water-cement-ratio relative to the individual minerals, vciin
the following manner is:

et - (5'6>
By using (5.5) and (5.6) for the water-cement-ratios the result will be:
(5.7)

In other words the water-cement-ratios relative to the individual minerals are
added together in the same way, as are the resistences in parallel connection in
electrotechniques.

By using (5.4) and (5.5) the porosity will be:

M r(t)

P = (5.8)

1 1
i=i 0/
This porosity formula already contains also the dependence on the individual

cement components. We transform its first factor by introducing the volume of
the solid cement stone V* in the following way:

M v(t)
Mwv(t) _ V* _ e, 0 (5.9)
M0 .M*o_ Qo
V*
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From (5.8) and (5.9)

A1

i=1 B

® = Qff 00 (5.10)

6. A method to measure porosity

The expression of porosity (5.10) involves the possibility of measuring
porosity without destruction. When marking the second factor by a constant
D* it can be written in the following manner:

®— Qf) D*» 61)

D* can be calculated from the preparation parameters or it must be determined
by some other measuring procedure.

As dry cement stone provides electric insulation, it can be assumed that
specific electric conductivity of the cement stone depends on the D,(t) inherent
in it, i.e. it is proportional to

0(0 = 6y(t) D** (6.2)

where D** depends on the ratio of the ions dissolved in the water and on the
degree of dissociation. This must also be determined by some measuring pro-
cess. Assuming that D* and D** have already been determined, then taking
these two constants together into a D constant, from (6.1) and (6.2)

® = a(t) D. (6.3)

In this manner the measuring of porosity D* and D** specific resistence
can be traced back. The way of determining D* and D** will be discussed on
another occasion.
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Porigkeit des Zementsteins in der Abhéngigkeit des Wasser-Zement-Faktors. Aus the-
oretischen Erwéagungen werden die Porigkeit und Dichte des erhdrteten Zementsteins als
Funktion des Wasser-Zement-Faktors und des Hydratationgrades abgeleitet. Die Gegen-
Uberstellung der fur die verschiedenen Félle erhaltenen Ergebnisse den empirischen Werten
ergab eine gute Ubereinstimmung.

Mo PUCTOCTHLLEMEHTHOIO KamHsi B (DYHKLMM OT BOAO-LIEMEHTHOro (haktopa. [opuctocTb
3aTBEP/EBLUErO LIeMEHTHOTO KaMHsi 1 ero Ma0THOCTb BbIBOAATCA B KauecTBe (DYHKLMW BOJO-
LieMeHTHOro (hakTopa VC 1 cTenenm ruapataymnn ii(t) — Ha ocHOBe TeopeTnyeckx coobpaxe-
HUA. Pe3y/ibTaTbl, MOMy4YeHHbIE 1S PA3IUYHBIX Cy4YaeB, CPABHUBAKOTCS MexXZy COGOW U
NpaKTUKOI; NpU 3TOM YCTaHaB/IMBAETCS Y0BNETBOPUTENILHOE COBMAZEHME.
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RESULTS OF SEMI-PILOT-MEASURINGS CONCERNING
THE STEAM AMMONIA HEAT-TRANSFORMATION
IN BINARY POWER STATION SYSTEM

I. SZENTGYORGYI* —J. VARGA**-G. VERES***

[Manuscript received May 10, 1973]

At the beginning of the 1960’s, when improving the air condenser system,
Professor Her1er suggested the realization of the combined steam ammonia system.
Later, in 1965, he published his recommendations concerning the structure of the
suggested new system. Here he pointed out the dominant role of the heat exchanger
dividing the partial cycles and also the difficulties concerning the realization were
mentioned. It became evident, that experimental research was needed prior to realiz-
ing the dividing heat exchanger. Only the results of these experiments could show
whether it is possible to build — at the necessary thermal conditions — a rational-
dimension heat exchanger. In the course of the experimental work it was found possible
to build a rational-dimension, steam—ammonia condenser boiler, which operates
suitable even at the low, about 4 - 6 °C temperature differences required from the
thermal point.

Symbols
Ai  heat drop
i*  fluid enthalpy
i" saturated vapour enthalpy
K overall heat transfer coefficient
r heat of evaporation
4 heat load
At temperature difference
v'  fluid specific volume
v" vapour specific volume
X difference, steam-content, relative enthalpy (i—i")/r
F  surface
G  material flow
H height of heat-exchanging tube
N  performance
Q heat amount
S entropy
T  temperature
VvV volume
a heat transfer coefficient
y specific weight
7 efficiency
X heat conductivity coefficient

dynamic viscosity

=

*1. Szentgyorgyi, Alpéari Gy. u. 5. H-1051 Budapest, Hungary.
**J. Varga, Toldi u. 11, 2330 Dunaharaszti, Hungary.
***G. Veres, Bogar u. 29/d. H-1022 Budapest, Hungary.

12* Acta Technica Academiae Scientiarum Hungaricae 82, 1976



180 SZENTGYORGYI, I. et al.

1. System Analysis

Together with the rapid growth in electric power requirements all over
the world, and the development of ever greater, cooperating electric power
systems, the tendency of development indicates the use of growing unit-per-
formance turbo-generators, steam turbines and electric generators.

However, the volumetric conditions of the working medium flowing in
the turbine pose alimit, over a certain value, to the growth in unit performance.
Thus, first of all, it is the discharge cross section of the steam turbine that is
such a limiting factor, as the blade length of the last stage, considering strength
viewpoints, cannot be increased beyond a certain value.

Another major point, when establishing new, high-performance energetics
units, is the maximum economy in cooling water, which requirement encourages
the utilization of air-cooled, so-called “dry” cooling towers. Thus, the system
to be evolved has to enable a rational consideration of the dry cooling tower
solution.

The requirement noticed in the intensive industrialisation of very cold
climates cannot be left out of consideration either, when bringing about new
energetics units, namely, that these, serving the newly established industry
and also the ample power supply of the inhabitants, have to operate in all
circumstances without the danger of freezing. An added advantage, of course,
is if the applied system is also in a position to utilize the potential thermo-
dynamic capabilities of the surroundings.

For the striking solution of this group of problems Professor Heller
suggested the realization of a combined cycle where in the upper stage a steam
cycle and in the lower one a “cold-vapour” cycle, as applied in cooling technol-
ogy is the most suitable for an ammonia-cycle [1].

This combined cycle answers all the special requirements outlined above.
As is to be seen from the T —S diagram characteristic of the cycle Fig. 1,
in the upper temperature range the energy carrier is water while in the lower
temperature range the working medium is NH3. It is expedient to separate the
two part-cycles from each other at a temperature where, on the one hand, the
decisive amount of the heat fed to the NH3process can be taken into the sys-
tem isothermally and, on the other, the structural elements of the part-cycle
operating with Mater do not get under atmospheric pressure.

The schematic diagram in Fig. 2 gives information about the main
equipment units of the system.

Between the upper and lower stage, as is also to be seen in Fig. 2, the
energetics connection is provided by an intermediary heat exchanger which
is practically a “cold” vapour boiler heated with condensing steam. The
economy of the combined cycle is influenced in a major way by the charac-
teristic features of this heat exchanger.
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Fig. 1

nvLa
Fig. 2

On the basis of the system-technical and thermal investigations carried
out with the suggested system in the past ten—twelve years, it was found that,
expect for the heat exchanger of the combined system, all other system units
can he realized. No special research and test is needed prior the their realiza-
tion, the design work can be considered to be engineering task.

The same, however, cannot be stated about the heat exchanger. Already
in the course of the initial investigation it became clear that this equipment-
unit will cause the greatest difficulties when realizing the cycle. The construc-
tion of an experimental equipment was absolutely necessary with the aid of
which, as for as possible, the processes evolving in the poncer station equipment
could he simulated in the future.

In the course of experimental work some basic tests had to be carried
out. Their residts served as a kind of guarantee when designing the thermal and
hydraulic dimensioning of the intermediary heat exchanger which, from the
point of realization, is of great importance.
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The heat transfer between the two media, as it is an isothermal one on
both sides, will most probably be suitable. While, however, the condensation
heat transfer of steam is a known process, there were no data available con-
cerning that of ammonia. Though quite a number of measuring data were
available concerning the boiling heat transfer of ammonia, these however,
were measured in the low 1 -f- 10 at a pressure range usual in cooling technol-
ogy and therefore the heat transfer coefficients were rather small [2, 3, 4. 5].

There are, of course, appropriate methods for calculating the boiling heat
transfer coefficient, these methods, however, gave no unambiguosly identical
results concerning ammonia (boiling heat transfer in this case is called the
heat transfer process, when bubbles evolve from the fluid on the heating sur-
face). Between the heat transfer coefficients calculated with the methods of
Rohsenow [6] and/or Stephan [2], the difference was, for example, nearly
one order of magnitude.

The endeavour in the course of the experimental programme to deter-
mine the boiling heat transfer coefficient of ammonia and/or the achievable
heat transfer coefficient in a steam—ammonia heat exchanger in a semi-pilot
character equipment, at a realistic pressure was highly justified.

The primary objective of the experimental programme was to establish
whether an exceptably dimensioned heat exchanger could be built in to the va-
pour ammonia heat exchanger, at an optimal 4 -f- 6 °C temperature gap.

Let us now study, briefly, the considerations that justifield this small
temperature gap, which posed a difficult task.

The heat flux in the heat exchanger could quite simply be calculated in
such a way as to multiply the overall heat transfer coefficient with the surface
and the temperature difference:

Q= kf.A t

The relationship between the surface and the temperature difference
manifests itself in the fact that in case of a high temperature difference a small
surface is needed, thus the heat exchanger would be cheap, while in case of a
small temperature difference it would be costly. However, the relationship is
not as simple as that. The temperature gap between the two media increases the
thermal loss of the cycle. This loss is the smaller, the higher the dividing tem-
perature is. The upper limit has to be below the critical temperature of ammo-
nia (132,4 °C), while the lower limit has to be above the atmospheric boiling
point of water (100 °C). Between such restricted temperature limits the optimal
value is determined by the fact that the operation cost of the ammonia feed
pump and the investment cost of the steam—ammonia heat exchanger is to be
low. At such conditions the optimal dividing temperature is around 100 °C.

For the optimation of the heat exchanger temperature gap we have to
know the size of this loss. This loss can be expressed with the aid of the con-
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densation temperature (Tf bottom temperature limit) and the entropy in-
crease [7].
AQ= TO0.AS.

The entropy increase can be expressed with the heat flux in the heat
exchanger Q, and the temperature prevailing on the two sides of the heat
exchanger

At
AS = =
Q Q
where Tvis the condensation temperature of steam, Ta the evaporation tem-
perature of ammonia in °K
TMa= (TveTa)a5 and Tv-T a= At.

Substituting A S into expression A Q

AQ At.

Let us express this loss related to the heat amount derived in the heat ex-
changer as

AQ
Q

If, for instance Tva = 380 °K, TO— 303 °K, then

-~- = 0,002 At.

Applying a temperature gap of At = 5 °C, the loss is 1 per cent of the heat
derived in the heat exchanger.

A more accurate results also considering the quantitative relationship of
steam and ammonia vapour and the expansion in the turbine, could be achieved
if the equation expressing the efficiency of the combined system was applied to
determine the loss of the temperature gap [8].

A= + tpAig
dtvt %(dia + dika)

where @= GJGV is the quantitative ratio to be computed from the thermal
balance of the heat exchanger, zli, is the steam heat drop, Aiais the ammonia
vapour heat drop, determined from the expansion line where the losses have
already been considered, A ikais the heat dissipated in the amonia condenser.

If this efficiency is determined taking the temperature gap of the heat
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exchanger into consideration and/or not considering it, the loss due to the tem -
perature gap can be calculated from the At] difference of the two efficiencies.

AN = Mg
Jl

(efficiency here is the multiplication of the thermal efficiency and the turbine
efficiency).

W ith the aid of this loss-calculation method, besides the quantitative
relationship of the two media, also the character of the upper cycle is con-
sidered, as, for instance, in a high-pressure, superheated steam-cycle, Aiv is
much higher than in the saturated steam cycle of atomic power stations and,
at the same time also the temperature gap loss will be different.

Knowing the temperature gap loss, the temperature gap can now be
optimized. A possible method of optimation is to start from the fact that,
despite the performance loss caused by the temperature gap of the heat ex-
changer, the performance of the power station has to remain unchanged. This
can be achieved if this loss is already taken into consideration during the design
work and a bigger power station is designed. A bigger power station, estab-
lished with a surplus investment due to loss (the surplus investment burdens
only certain installations of the power station) has to produce the performance
loss caused by the heat stage with a surplus amount of fuel. Thus, when op-
timizing the temperature gap ofthe heat exchanger, the minimum ofthe yearly
cost-ratio of the surplus investment (A Ca), the surplus fuel (A Cj) and the
price of the heat exchanger (A Ch), viz. the solution of equation

d[ACa(At) -j- ACj(At) -f- ACh(AD)]_"
"d(At)

is looked for [9]. The qualitative determination of such a cost minimum is
shown in Fig. 3. In case of low temperature differences the surplus investment

Fig. 3
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and the fuel cost of the heat exchanger in a linear way, while the yearly cost
of the heat exchanger in a hyperbolic way as regards the temperature gap.
According to the power plant type (lignite-, coal-, oil heating or atomic power
plant) the effect of the individual cost factors is not identical, thus an accurate
value can be indicated only when precisely knowing the type ofthe power plant,
power and heat exchanger price. However, from our hitherto investigations it
can he established that the value of A toptis between 4-y6 °C.

This 4-y6 °C temperature gap, however, is very small, lower than the
usual value in heat exchangers or condensers. The question therefore crops up
whether it is possible to establish a steam—ammonia heat exchanger with
suitable dimensions, even at such a small temperature gap.

Investigating the heat transfer on both sides of the heat exchanger, it
can be seen, concerning the condensing heat tansfer of steam that the small
temperature gap provides no disadvantage, as the condensing heat transfer
coefficient is highly suitable just in the case of low temperature differences.

The situation in case of the boiling heat exchange of the ammonia-side
is the reverse, however, as in case of boiling the heat transfer coefficient
changes by 2,3 powers of the temperature difference of the heating wall and the
saturation temperature of the fluid, the so-called temperature difference of
superheating. As the entire temperature difference of the heat exchanger may
not exceed 4-y8 °C, it was thought that no sufficiently high heat transfer
coefficient could be achieved at the 24-3 °C temperature gap pertaining to the
ammonia side.

2. Semi-pilot measurings

On basis of purely theoretical considerations no reassuring answer could
be given to this question. We therefore decided to construct an equipment in
the frame of the experimental program, with the aim of which an answer could
be obtained concerning the heat transfer circumstances evolving int the
flowing NH3tube, at boiling point. A major aspect was that, as far as possible,
physical and geometrical conditions could be guaranteed in the experimental
loop that could be realized in industrial circumstances in the future energetics
installations.

The experimental installation was built in the laboratory of the Depart-
ment of Energetics of the Technical University of Budapest, constructed by
VEIKI, on basis of a commission by EGI. Former also undertook the measur-
ings. The units of the installation, except for the instruments, were situated
in the open air. The flow diagram of the test apparatus is to be seen in Fig. 4
[10, 11, 12].

The measuring section in the experimental measuring equipment was a
5 m long, having a 25 mm internal diameter tube, through which ammonia was
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volumeter tank
for condensate

Fig. 4

coursed with the aid of a pump. The heating was realized by steam conden-
sation on the external tube-wall. The pressure of the ammonia (70 at), the
length and diameter of the tube guaranteed the realistic simulation of a small
part (a pipe) of the combined system heat exchanger.

Part of the ammonia evaporated in the heat exchanger, the evolving
vapour had to be condensed. A fluid-vapour two-phase mixture leaves the
heat-exchanger, in front of the condenser the fluid is separated from the vapour
by way of a vapour separator, wherefrom the separated fluid and the conden-
sate is led to a pump, which keeps the flow up by interposing an after-cooler
(to eliminate cavitation).

The density of the two-phase mixture evolving in the heat exchanger is
lower than that ofthe fluid in the cold pipe section in front of the pump. Due to
the difference in specific weight of the two pipe sections, a free flow may evolve
in the heat exchanger. When starting the experiments we did not know whether
the heat transfer coefficient of the ammonia side would be high enough, there-
fore also a circulating pump was built in. (A Riitchi product, glandless, Acid-
Perfecta pump.)
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The ammonia penetrates into the steam—ammonia heat exchanger, pre-
heated by steam, which first warms to the saturation temperature in the heat
exchanger and is then followed by the vapour formation. When designing the
experimental apparatus, we endeavoured to produce both a few degrees sub-
cooling (with the after-cooler) and a saturated temperature and (or relative
enthalpy state higher than zero) with a pre-heater built at the inlet side of the
section.

In the heat exchanger we measured the overall heat transfer coefficient
and the boiling heat transfer coefficient on the ammonia side. For this purpose,
the temperature of ammonia and the tube wall had to be measured with a high
accuracy. Two kinds of sensors were applied for measuring the temperature,
100 ohm Pt. resistance thermometers and thermocoax crommel-alumel termo-
couples. The temperature measured with the resistance thermometer were
determined with a precision thermometer-bridge, while those measured with the
aid of thermo-couples with a 16 measuring stage Kent-type compensograph.
No problems were encountered in taking the steam and ammonia temperatures,
the only thing that had to be guaranteed was to place the applied thermo-
couples and resistance thermometers in a thermometer-case that do not con-
duct heat from the environment to the point of the measuring, and thus the
temperature dominant at the measuring point was taken [13].

Greater care was needed when measuring the temperature of the tube-
wall. A widely used method is to solder the thermo-couples to the external

tube-wall. In our case, however, this method was not adequate as the heat
transfer (condensation) on the tube-wall was very good and therefore, the
thermo-couple soldered on to the surface — similar to a fin — would transfer

heat to the surface. In this way, the thermo-couple would have measured a
higher than real temperature. To avoid such an error, the thermo-couples were
placed in a slot in the tube-wall, thus the thermo-couples did not protrude
from the tube wall (Fig. 5.).

However, the termo-couple fastened to the tube wall measures a local
temperature (which changed from one point to the other). The heat transfer
coefficient on the other hand was computed from the temperature determined
with the condensed vapour along the entire heat exchanger and thus suitable
places had to be selected for measuring the wall temperature where the local
heat transfer coefficient corresponded to the mean. This, seemingly complex
method was needed because the vapour condensate on the heat transfer tube
develops a precipitate film thickening towards the bottom, the heat resist-
ance of which deteriorates the condensation heat transfer coefficient of vapour.

According to Nusselt’s theory, the value of the local condensation heat
transfer coefficient [14], is:

r y243
ifi XAt
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the mean transfer coefficient, the one relating to an H tube-length is:

I f« T 4 Tryusiua
X = - xx aX =
H Jo 3 4tH At

On the point in question x = 0,316 H, and with this condition
t= 0,316 H.

A problem was encountered when measuring the mass flow of ammonia.
After an unsucessful attempt to build-in a metering orifice, the reliable solu-
tion was achieved by applying turboquant turbine flow-meters.

The pressure of ammonia and steam was measured with Bourdon-tube
manometers.

The basis for thermal calculations was the accurate measuring of the
heat flow in the heat exchanger. For this purpose the most appropriate method
was to determine the thermal balance on both sides of the heat exchanger,
concerning the flowing material. On the condensation side the thermal balance

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



STEAM-AMMONIA HEAT-TRANSFORMATION SYSTEM 189

meant an accurate determination of the condensate

Q= Gr

measured in a volume meter. In the heat exchanger the steam does not only
condensate on the heat transfer tube but, because of the heat loss, also along
the external casing wall. Due to the inaccuracies in thermal loss calcula-
tion, an intermediary tube was placed around the heat transfer tube in the
experimental equipment, which was split along a generatrix. This intermediary
tube caused no resistance in the flow of steam, at the same time we were able
to effictively separate the condensate of heat loss. The steam for heating was
obtained from the steam-network of the Laboratory and, as here the steam
was mostly moist, a moisture separator was built-in following the main steam
valve.

The thermal balance on the ammonia side can be determined on basis
of the relationship

Qi = Ga(*2-ii)
where i2is the enthalpy of the outlet ammonia and that ofthe inlet ammonia.
The inlet enthalpy can be determined in aunanimous way from the temperature
ofthe ammonia, while for the outlet one we have to know the vapour content of
ammonia, thus

i2= T + xr.

The steam content can be best determined in the ammonia condenser
(from the amount of the condensate). The method, however, is rather a com-
plex one and, therefore, we rather measured the volume of the ammonia —
ammonia vapour mixture in the outlet cross section of the heat exchanger
and specified the vapour content from the ratio of the inlet and outlet volume
(VJIV)

vm = [(1-*)»" + xv'1 G
wherefrom

"
I 1 Vr -1
\% 1V

The method could be applied as the circulating volumes at the inlet side
of the test section (without vapour content) and after it (two-phase mixture)
were measured with a high-accuracy turbine flow meter. The thermal balances
calculated with the two methods coincided.

The test apparatus was dimensioned to 70 at, the assumed operational
pressure. From the point of security several equipments, controlled by pres-
sure-were installed, these guaranteed that the pressure in the loop should not
exceed 90 at. As a safety valve a splitting disc operating at 90 at was built in,
through which the ammonia —in case the disc broke — could getinto an absorb-
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ing tank, half filled with water (in the measuring carried out till the splitting
disc was not necessary).

In the course of measurings we found that the commercial-quality am-
monia, delivered in bottles, contained both water and oil as contaminants. As
contaminants are disadvantageous both from the point of corrosion and heat
transfer, a distiller was built into the system to purify the ammonia. This
distiller was also suitable for pouring out the entire ammonia amount from the
heat exchanger during operation and then purify it by distilling.

Windows were built into it to observe the purify of the ammonia in the
system and the flow-circumstances developing in the heat exchanger.

The heat transfer coefficents computed from the data measured in the
experimental heat exchanger are to be seen in Fig. 6 (because of measuring
technical causes, greater than optimal, 2,5 mm-thickness steel tubes were built
into the experimental heat exchanger and thus the temperature drop across
the wall is higher than can be seen in Fig. 9, while the heat transfer coefficient
was lower).

As not only the temperature of the two media but also that of the tube
wall was measured, the temperature gap of the ammonia side could be calcu-
lated from the temperature of the tube wall and the ammonia

Ahy hr Nhr

and then also the heat transfer coefficient on the ammonia side

(The heat transfer coefficients on the ammonia side are shown in Fig. 7.)

Fig. 6
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Fig. 7

The boiling-heat transfer of ammonia was measured in the experimental
heat exchanger in conditions identical with a real situation. Sometimes the
boiling heat transfer coefficient is also measured in a pool (pool boiling). In
certain circumstances the results obtained in this way could also be applied
concerning convective boiling (if the thermal load, at a given velocity and
subcooling exceeds a limit value, we speak about a “developed” boiling and in
such cases the boiling heat transfer coefficient is independent of the valocity).3

3. Pool boiling measurements

In the laboratory of the Department of Chemical Machinery (T. U. of
Budapest) the pool boiling heat transfer coefficient of ammonia was measured
in the range of high pressure and thermal load. (This test was carried out
together with L. Vimmer.) The dependence of the heat transfer coefficient on
thermal load and pressure could be more accurately determined from measur-
ing the data of pool boiling as in a semi-pilot plant, thus the heat transfer
cricumstances of the ammonia side could also be investigated more profoundly.

Atlow pressure the heat transfer coefficients of pool boiling coincide, with
a good approximation to the already mentioned measuring data available in
literature and at high pressure with those measured in a semi-pilot experimen-
tal equipment. In this way a connection could be established between the high
boiling-heat transfer coefficients indicated in literature as measured in a labora-
tory and a semipilot equipment.

In Fig. 8 the pool boiling-heat transfer coefficients in the function of
heat load, at differente pressure, are clearly to be seen. The boiling-heat trans-
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Fig. 8
fer coefficients of ammonia can be calculated — in the function of thermal
load and/or temperature gap — with the following expressions: (15)

xa= A qa = 1.75(1 + 0,0735 p) g°7,

a0= A'ni23= 7,6(1 + 0,0735 p)37A f2-3.

(p = 7 -7-50 at pressure-range, valid only for ammonia).

4. Conclusions

From the theory of heat transfer it is known that the heat transfer
coefficient can be effectively increased, if the heat transfer of the worse side is
improved, while the heat transfer improvement of the “good” side but slightly
changes the heat transfer coefficient.

However, in the course of our experiments we observed a seemingly
paradox phenomenon, viz. that in the case in question the heat transfer con-
ditions of the better side have to be improved to receive a higher heat transfer
coefficient concerning the complete heat exchange. As aresult of improving the

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



STEAM-AMMONIA HEAT-TRANSFORMATION SYSTEM 193

better side, we found that, regarding the complete temperature difference, the
part of the better side is less, which, of course entails an increase in the tem -
perature gap on the worse side. As is known, the boiling heat transfer coeffi-
cient can be increased only by a very high increase of the flow velocity (and
this, of course, would not be economic because of the high power requirement
of circulation) and, also a change in the surface roughness would bring about
only a temporary improvement as, after a certein time, the surface roughness
would be equalized. On the other hand, the boiling heat transfer coefficient
can be improved in a major way by increasing the temperature difference
between the heat-transmitting wall and the medium, as the boiling-heat
transfer coefficient changes by a 2,3 exponent power of the temperature dif-
ference. In this way we achieved a decisive improvement of the worse side
by improving the better one, aphenomenon indicating that with this seeming-
ly paradox method we succeeded in a decisive way in improving the entire
heat transfer coefficient.

However, as a result of the measurings that were carried out it was found
that at a 70 at pressure, corresponding to the industrial one, the heat transfer
coefficient of ammonia is very appropriate even at a less than 2 °Ctemperature
gap on the ammonia side (itis about 20 000 kcal/m2nh°C) and that this high heat
transfer coefficient is already realized at a very low, 0,2 -y 0,3 m/s velocity.
As has already been mentioned, the boiling-heat transfer coefficient of the
ammonia side changes by a 2,3 power of the temperature gap, when increasing
the same, the conclusion can be drawn that the ammonia side heat transfer co-
efficient is now better than the value to be achiebed in steam condensation,
though this value is still better than those to be achieved in power plant con-
densers (due to the change in physical properties and because of a deficien-
cy in condensing gases).

Not following the paradox consideration anymore longer but the usual
method, viz. we aimed atimproving the steam-side condensation, that of the
worse one. Together with improving the steam condensation heat transfer we
increased the heat transfer coefficient of the ammonia side too, something that
would not have happened in the reverse case. In this way, however, the above
mentioned paradox case is resolved, so, to improve the heattransfer, we followed
the usual way, by taking steps on the worse side.

At the same time we improved the steam condensation coefficient by
hindering a thickening of the condensate-film falling on the tube wall. Already
during the first stage of measurings discs, serving to remove the falling conden-
sate film, were placed at distances of H — 0,5 m, while we endeavoured to
improve condensation, and together with it the heat transfer coefficient by
increasing the number of these discs.

The phenomenon can be illustrated as follows: In case of a 110 °C steam
and 105 °C ammonia, the temperature drop of the condensation, the ammonia-
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side and the tube-wall were sketched in the function of the thermal load of the
heat exchanger (A tst, A ta A tu). In the case of the curve to be seen in Fig. 9
the vapour condensation developed at a H = 0,5 m relative height tube (cal-
culated value). As the condensation heat transfer coefficient changes according
to the —0,25 exponent power of the temperature gap, while the ammonia
boiling-heat transfer coefficient according to the 2,3 exponent power, the
condensation heat transfer coefficient slightly worsens when increasing the
thermal load, while the boiling heat transfer coefficient is ameliorated in a
major way (accordingly, in the figure the temperature gap of condensation
greatly increases in the function of thermal load, while the boiling heat trans-
fer temperature gap changes but slightly).

The temperature gap of the heat exchanger is the sum total of the three
partial temperature gaps and, according to the data of the figure, is 5 °C in
case of a thermal load of q = 24,500 kcal/mzh (k = 4900 kcal/m2h°C). If we
improve the condensation heat transfer (by increasing the number of conden-
sate-removing discs placed at a distance of H = 0,5 m to a distance of H' =
= 0,1 m), the sum total of the three part-temperature gaps will be 5 °C at
g’ = 32500 cal/mzn (k = 6500 kcal/m2nh°C). Expressed in a quantitative way,
this means that the temperature gap on the condensation side decreases
from 2,58 °Cto 2,18 °C, at the sametime the temperature gap of the ammonia
side increased from 1,53 °C to 1,64 °C. Thus, a 57-per-cent improvement in the
condensation heat transfer coefficient was accompanied by a 23-per-cent
improvement in the ammonia side heat transfer. Accordingly, the overall
heat transfer coefficient improved by 33-per-cent. The condensation heat*

* Instead of Atv the correct value is dts,
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transfer coefficient did not only improve as a result of decreasing the H height
but also because the condensation temperature gap diminished too, and
thus the improvement is

*k ( At 1/4 q

«ft U Ij H'

It is a pity that, due to the high pressure and the agressive character of
ammonia, no copper or aluminium tubes could be used —which have alow ther-
mal resistance, — and that the thermal resistance of carbon steel tubes di-
minishes in a major way the value of the overall heat transfer coefficient.

The thickening of the steam condensate along the vertical heat transfer
tube can be hindered with the aid of condensate-separating discs. Care has to
be taken at the same time that the separated condensate does not go back to
the neighbouring tube. Even in case of a suitable structural solution we have
to reckon, however, with the fact that some of this condensate does penetrate
into the neighbouring tubes and thus the heat transfer coefficientinprovement
cannot be more than gs-times, where (p< 1-

The values of heat transfer coefficients obtained after increasing the
number of the original H = 0,5m-interval condensate-separating discs (Hf =
= 0,08 m) are also shown in Fig. 6.

From the measuring results of semi-pilot steam ammonia heat exchangers
it could be seen that in a combined power station heat exchanger a very inten-
sive heat transmission takes place and thus, despite the optimal, though small
(4 f- 6 °C) temperature gap, a high, g = 10 -f- 40. 103 kcal/m2h thermal load
can be brought about.

Also on the basis of the above measuring results it could be observed
that it is possible to construct a rational surface dimension heat exchanger, ap-
propriate for our purposes, even with small temperature gaps. For a detailed
and reliable designing — especially to be able to judge the hydromechani-
cal behaviour, further experiment series are needed. In the course of this
work we wish to determine mainly data concerning the heat transfer and
hydromechanics of a two-phase medium with a relative enthalpy higher than
zero.
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Ergebnisse von halbbetriebsméaRigen Messungen im Zusammenhang mit der Warme-
transformation Wasserdampf—Ammoniak in Zweitstoffkraftwerken. — Anfang der sechziger
Jahre schlug Prof. Heller im Zuge der Vervollkommnung des Luftkondensator-Systems
vor, ein Wasserdampf—Ammoniak-Zweitstoffsystem zu verwenden; 1965 verdffentlichte er
Vorschldge fur den Aufbau des neuen Systems [1]. Hier wies er auf die entscheidende
Bedeutung des die Teilvorgdnge trennenden Wéarmeaustauschers hin, sowie auf die Schwie-
rigkeiten bei dessen Realisierung. Es wurde klar, daR vor der Verwirklichung des Trenn-
wérmeaustauschers experimentelle Forschung bendtigt wird. Nur die Durchfihrung der
Versuche kann darauf Antwort geben, ob bei Einhaltung der notwendigen thermischen
Bedingungen ein Warmeaustauscher von rationellen Abmessungen gebaut werden kann. Im
Verlauf der Versuchsarbeit konnte festgestellt werden, dal es mdglich ist, einen solchen
Wasserdampf—Ammoniak-Kondensator-Kessel zu bauen, der auch bei den thermisch er-
winschten kleinen Temperaturdifferenzen von ca. 4—6 °C zufriedenstellend arbeitet.

Pe3ynbTaTbl MOMY3aBOACKMX W3MepeHWli B CBSA3U C TepMOTpaHc(opmaluein BoAsSHOrO
napa — aMMOHUsA ABYXCPeAHOW anekTpocTaHumu. B Hayane 60 rogos npodeccop Xennep npu
YCOBEPLLEHCTBOBAHUM CUCTEMbI BO3AYLLUHOW KOHAEHCAUWW MNPeanoXua WCMo/b30BaHUE ABYX-
CpefHOli KOMBUHMPOBAHHOM CUCTEMbI Ha 6a3e BOASHOIO napa — amMMOHKSA.  [10c/ie BbINOMHEHWS
vcenefoBaHnii B 1965 rogy npodeccop Xennep ony6nnKoBa CBOW NPEA/IoKeHNs, Kacatolmecs
nocTpeHWs NPefI0XKEHHOW M HOBOW cucTeMbl (1). B gaHHOM Ny6auKauum OH yKasan Ha peLuato-
UMM 00pa3oM BaXXHYHO POJb TeMJ000MEHHMKE, pasfensiowero YacTHble UMPKYNALUMOHHbIE NpPo-
LIECChl, W Ha 3aTPYHEHUS, BO3HMKAIOLLME NPY PELLEHUN TaKOi cucTemMbl. CTano SCHbIM, YTO Mepeq,
pa3paboTKoW pa3fenuTeNbHOro TemnooOMeHHMKa He06XOAMMO NPOBECTU 3KCMEPUMEHTaNbHO-
nccnenosateibCkyto paboTy. TOMbKO Nocne 3aBepLueHns IKCMepUMeHTANIbHbIX OMbITOB MOXHO
MoNy4YnTb OTBET HA BOMPOC, YTO BOSMOXHO /M MPU HEOBXOANUMBIX TEPMUYECKUX YCNOBUAX MO-
CTPOUTL pauMOHa/IbHbIM N0 pas3mepamM Terni1006MeHHUK.

Bo Bpems 3KCMEpUMEHTa/IbHbIX OMbITOB YCTAHOB/IEHO, YTO MOXHO MOCTPOMTL TaKoiA
pauuoHanbHbIA N0 CBOMM pa3MepaM KOHAEHCATOPHbIA KOTen ANS BOASHOIO napa v aMMOHUS,
KOTOpbIA paboTaeT yAOBNETBOPUTENIbHO AaXe B C/lyvyae HeobGX0AWMMONM Masoli pasHOCTU Tem-
nepatyp B npubn. 4—6° C.
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EXAMINATION OF MIXING IN WATER STREAMS
USING MASS FLUX CONSTANT CURVES

L. SOMLYODY*

[Manuscript received March 5, 1975]

The report deals with the mixing of a dissolved passive pollutant permanently
released into a water stream. It assumes the velocity field as being known and makes
use of the equation of turbulent diffusion, describing the said phenomenon by the
introduction of depth-averaged values, in a co-ordinate system consisting of streamlines
and equipotential lines normal to them. As in the case of streamlines, it defines the
curves of mass flux constant which divide the original differential equation into two
equations, more convenient to handle computationally. Furthermore, the report outlines
certain characteristics of the curves, then deals with the computation of the distribution
of the concentration, respectively, with the inverse case: the determination of the dis-
persion coefficients obtained by tracer measurements.

Symbols

Xy, r Cartesian co-ordinates [m]
s, b,z Right-handed curvilinear orthogonal co-oordinate sys-

tem; s being a streamline and b a co-ordinate normal

to it [m]
Hs, Hb Lamé coefficients
bm Co-ordinate of the mass flux constant curve [m]
B W idth [m]
h Depth [m]
VS, I, T Velocities in the directions of s, b, and z [ms-1]
c n Concentration [kg m—3]
D,D''D*,D* Diffusion and dispersion coefficients [m2s_1]
q(b) Distribution of the water discharge [m3s_1]
m(b) Distribution of the mass flux [kg s_1]
a Time-averaged value of (a)
a' The fluctuations of value (a)
a The depth integrated value of (a)
a* The deviation of (a) from &

Introduction

In case of a turbulent flow the mixing of a passive dissolved substance
released into a water stream is described by the Reynolds equation of motion
and by the equation of turbulent diffusion.

Although for the efficiency of water quality control the solution of this
type of problem is indispensable, our knowledge in this field is still insuffi-
cient.

*Dr. L. Somiyoédy, Szamoéca utca 6/b, H-1125 Budapest, Hungary.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



198 SOMLYODY, L.

One of the difficulties lies in the fact that hot only are we unable as yet to
compute correctly the distribution of the velocity in space but we cannot
easily, for the time being, make on-site measurements either. Further facts
which cause concern are the determination of the diffusion coefficients — of
which we know very little — and the resolution ofthe equation of diffusion
which, in a closed form, is at present only known for some special cases. As
a consequence, research workers are compelled to seek solutions to certain
part problems only.

Author in this report deals with the case of permanent mixing, assuming
the velocity field as being known, and studying the phenomenon in a coordinate
system consisting of a streamline and a trajectory normal to it (Chapter 1).
It is assumed furthermore that release takes place without any differences in
the density and in the velocity.

Author defines the mass flux constant curves (the lines along which the
mass flux is constant) in Chapter 2. The so obtained equations are easy to
handle numerically, in the determination of the distribution of concentration
(Chapter 3), aswell as in the determination of the dispersion coefficient (Chap-
ter 4).

The method is applicable to optional water streams, within the limits set
by the introduction of depth-integrated values.

1. The depth-averaged form of the governing equation of turbulent
diffusion in a curvilinear co-ordinate system

The spatial distribution of a passive dissolved substance (pollutant)
released permanently into a water stream, in the (s, b, z) right-hand curvi-
linear orthogonal co-ordinate system is given by the equation of turbulent
diffusion

— (HbvsQ+ 4 - N vbc) + — (HsHbvzc) =
ds db dz A

— (- Hbny + -A-(-H sHb
ds( v 9b dz( )

where the over-bars designate the average in time and the commend terms stand
for the pulsations.

The system (s, b, z) will be more precisely defined later. For the time
being, suffice it to state that s and b denote the “streamline” in the tangential
plane of the free surface and the curvilinear coordinate normal to it, respective-
ly, while z is the linear coordinate normal to the plane ofs and b. Hs, Hbin the
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equation are Lamé-coefficients [2]:

2 3y 2 ~ o .
A /[[”35 * ds Hb= Yldb]+’l/d|b)

while x and y in this case are Cartesian co-ordinates.

Eqg. (1) can be resolved in kliiowing the boundary, the boundary condi-
tions (along the boundaries the normal gradient of concentration is equal to
zero), the velocity field and the correlations on the right-hand side. The latter
are usually replaced by the coefficients of turbulent diffusion Ds. Db and Dz
according to the Boussinesq hypothesis [3].

Experience has shown that the variations along z, following from the
usual geometry of water streams (width depth) quickly decay [4]. This
allows the simplification of the problem in such a manner that instead of the
exact solution of (1) such solution is sought for which satisfies the equation
along the depth, on an average.

Let us, accordingly, integrate the relationship (1) from the free surface
to the bottom then, making use of the rule of Leibnitz, let us interchange the
order of integration and differentiation [5]. Under such circumstances, in
consideration of the conditions prevailing at the free surface and at the bottom
(the normal gradient of the velocity and the concentration are equal to zero
[4]), we have

— | Hbvscdz + — | Hsvbcdz =
db Jo
s (2)
== "y bvscrdz + =« Hsvbc' dz
kJo ].

(in the time average of v and c the over-bars will hereinafter be omitted).
Here

3HJdz= 3HJdz—0
and introducing the relations
C= i + c*, Vs = vs4-V*, Vb= Vb + V*

(denoting with curved over-bar the depth-integrated values (2)), it assumes the
following form:

(H,, hvsc) 3 (Hshvbc)=
b

S 3
3 rh
Hb (—Vsc' —v*c*)dz + (2a)
ds L Jo0
A ho
+ ~r Hs (—vbc —v~c*) dz
db jo
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Let us now fix the directions s and 6 by dropping the second term on the
left-hand side. This is fulfilled if the conditions

8
/L hvt, = 0 and (Hshvbh = 0
06

are satisfied, which means that the direction s — under the continuity equation
— (we assume that 8 t/3 t = 0) must correspond to the tangential direction of
the streamline. This is gained at the intersection of the free surface and the
plane, obtained by the stra:ghtening of the stream surface arced along z [6].

Since, generally from field measurements, the velocity field in any given
problem is known in advance, the (s, 6) co-ordinate system may be chosen
according to the method outlined above and can be simplified accordingly.

Let us now study the right-hand side of equation (2a) and introduce the
following “Fickian” laws:

( (Vsc' -F v*c*) dz -~r(Ds+ Ds)~ h, (3a)
370 Hs 0s

-1 Wbc + c*) dz —— Db-— h—v*c* h (3b)
JO H,, 86

1-(Dh+ Db-'-h
Hh 86

Thereby:
d 8 Ej oc
..... (thvsc) =_2 FEi h (DS+ D'S) q +
8s 8s S
(4)
8
+
96
where

Ds = Ds1 D's designates the longitudinal, and
D*= Db+ Db the transversal coefficient of dispersion.

The first terms express the effect of turbulence, the second terms the
deviation of the total convective effect from the average. Ds, and Db are posi-
tive numbers and so is D* according to Taylor and Etder [7, 8]. D*, however,
depending on the secondary flows, the relative mass transport associated to
them and on the character of the turbulent mass transfer, may also be negative.
In such a case the introduction of the concept of transverse dispersion would
be of no use and it is more reasonable to use the first line of the expression (3b).
(A general method would be given only by the three-dimensional treatment
which is at present beyond the range of our knowledge.)
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D', respectively D'b disappears if
c* = 0;

- 0, vv = 0

or if the conditions

s vx c*dz = 0, vec*dz — 0

are met.
Due to these and to the order of magnitude of the derivative 3 ¢/3 s, it is
generally assumed that

_ yhhor % g0

as [Hs ds

This assumption, except in the immediate surroundings of the pollutant source
is fulfilled with a fair approximation (as proved by literature [4]).

It should be noted that the introduction of the concept of longitudinal
dispersion is often unnecessary. If so then — neglecting the term with Ds(which
is possible with a good approximation as verified by measurements on macro-
turbulence in a straight open laboratory-size channel [6]) — (4) takes the fol-
lowing form:

3c

3
— {Hbh?s (4a)
3s 7) 3b ab

It deserves to be noted that D* defined by the relation (3a) differs from
the D1 longitudinal dispersion coefficient [9, 10] used in the one-dimensional
method of writing.

The one-dimensional form and DL may be derived by the integration of
equation (4) in the direction of 6, between the two banks of the water stream.

2. Mass flux constant lines

Once more, let us study the phenomenon of mixing in the previous co-
ordinate system. Its b = const, lines, respectively, its surfaces normal to the
(s, b) plane superposed thereon, are characterized by no water transport across
these elements along z.

Lines or surfaces along which there is no mass transport may be inter-
preted in the same manner.

Fig. 1 shows the curves ofthe mass flux constant. To determine them, let
us write down the time average of the mass fluxes across the planes normal to
the water surface superposed upon the arced elements dss and db bm which,
according to the laws of conservation of matter, are equal to each other.
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W ith the customary designations

After slight transformations, neglecting the quantities of second order
and introducing depth-integrated values and the relationships (3a, b), we
obtain

Jk-(Db+ Db)~-hds vschHb-”~ -D s~ h db,. =
Jtih do H, 9s 6
(9)

i)schHb— Hb (Ds+ D's)— h dbn
f, ds

Hence, the equation of the mass flux constant curve (to be interpreted as

time average) in the streamline — the equopotential line co-ordinate system
will be
ds
o s dK 0. Y
D, hHh N-(D6+ Hi)— A
H, 9s H, 96
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The expression is analogous with the differential equation of the stream-
lines in a two-dimensional flow.

For the tangent of the angle enclosed by the streamlines and the m(b) —
= constant curves (assuming that the denominator of the first term of (7)
differs from zero), equation (7) yields the following relationship:

9c
(Db + Dh)
db

dom __ 8
ds Hb oo Hb Hb 9c (0)

9s

or, with the first equality of (3b):
3 N~

Dh~-v*c*H Db
dbm ob (82)

ds H* TTHb-2*-D . *L

According to the foregoing, vsc may be replaced by vsc—D¢s/ifs. 9 ¢/9s;
but the terms containing Ds and D's are mostly neglected.

To resolve a problem (8) in itself, this is not enough, since not only ¢
but also dbmlds, is unknown.

According to the second equation, the variations of the mass flux along
the stream-line are equal to the mass flux along the arced element dbm.

The equation can be derived as follows.

Let us take two trajectory elements at a distance dss apart, and the
g(b) = constant streamline (Fig. 2), and a distribution of the mass flux which
corresponds to Fig. 3.

The mass flux constant curve is characterised by dm = 0.

This means that

am=— ds ™ dom= o0,
ds db

where the first term indicates the changes along line 1 and the second stands for
the changes along line 2.
Hence

dbm ~ 9Im/9s N
ds dm/db

The time-averaged mass flux is

b 9
vs ¢ hHbdb —~D ““ hdb,
i 9s
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* "*ubDm

g(b) =const

Fig. 3

and with it (9) takes the following form:

9
. chH,,db - — &b Ds— hdb
&, 9s D 9s Jo Hs  9s
=
ds

AchHb-~-D s— h
Hs ds

The comparison of the relationship so obtained with (8) yields the ori-
ginal equation (4).

Accordingly, of the introduction of the mass flux constant curves the
differential equation (4) is replaced by two equations. Their use, if a closed
solution were sought for, would not allow simplification under all circumstances
but their numerical application —as will be proved later — becomes consid-
erably easier.
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2.1. Some characteristics ofthe derivative dbmjds and the mass
flux constant curve

Setting out from equation (8) we assume that (Db+ D'b) > 0.
Since the boundary conditions at the points 6 = 0 and 6 = B are

9c ac | 0
) 11
96 1t>=0 96 ,b—B ( )
from which
dbm dbj - 0 (12)
ds =0 ds b=B

all the more, since equation (8) is valid even for the flow of an ideal medium
with which

Vs'h=0" Vs|fidgy 7~ 0,

and the denominator differs from zero — which means that (11) cannot be
fulfilled in the general case, unless (12) holds true (see (8)). According to (12),
the two banks are not only streamlines but also mass flux constant curves.

If, within the range, some of the cross-sections in point 6 are dcjdb = 0,
this, too, is only possible then if dbm/ds = 0.

Introducing these points of successive cross-sections according to (8)
and (9), the so obtained curve is not only a streamline but also a mass flux
constant curve (with, naturally, every m(6) = constant curve passing through
the point of release).

Since at 9¢/96 = 0 a maximum is concerned, the peak concentrations
will be located along the above streamline (since in the opposite case the
applicability of the second equation of (3b) becomes doubtful — see (4)).

From the above it follows that between the two banks of the water stream
6= 0, 6= B) the function dbm/ds —f(b) — unless it is zero at every
point — must have an extreme value at least at one point of 6. The extreme
value (if there are several, then the one representing the highest absolute
value) gives the tangent of the possibly greatest angle of spread in the cross
section.

As complete mixing is approached, 9¢/9 6, whereby dém/ds —0, viz. the
mass flux constant curves tend increasingly towards the streamlines.

A considerable advantage offered by the use of these curves is that they
provide a picture also of the geometry of the mixing process.
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3. Computing the distribution of concentration

In general, there is no closed solution to (8) and (10), although at a
given value of s, in possession of dom/ds = f(b) and neglecting the longitudinal
dispersion, 6(6) can be computed from (8). In this case, namely, the equation is
reduced to an ordinary differential equation in which the variables can be
separated.

The solution is
dbm

~0) c(M exp ds (13)

where 6(6" must be determined from the continuity condition:
\ T b L ys dbmdb,
M = 6(6, H bdb, 14
©I KexpH 7T 1y & -

and it is rational to assume 6aon the streamline passing through the point of
release.
W ith the expressions (13) and (14) we have (15)

i(b) = f M X
CBpysexp | W vs dom UATT 1
10 [ jbHs W ds (15)
X expr rm dK db,A

L J», h, DI ds

This, provided that Hb= Hs— 1, vs, h, D* = constant, b* = 6—6p
6*(6 = 0) —m —oo0, b*(b = jB)— 00, and

*
dbm b (16)
ds 2(s - Sb
(viz. the mass flux constant curves are parabolas with the axis s)
will assume the form of
6(6) M exp (15a)

2h\n D* vs(s — Sj) 4D vs(s - Sj)

corresponding to the well-known case of release from the point (s1? 6j) into an
infinitely large space.

Since thus solution isonly rarely feasible, the followingapproximationmay
be applied.

Boundary, boundary conditions, the velocity distribution vs (and with it
the streamlines, the equipotential curves, the coefficients Hs, and Hband the
transverse dispersion coefficients) are given (for simplicity’s sake the longi-
tudinal ones are neglected).

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



MIXING IN WATER STREAMS 207

Also the M mass flux is known and the point and manner of release. As
regards this latter, two cases can be distinguished for the purposes of compu-
tation.

First, it is assumed that along a finite length the concentration in one
cross-section (at/or downstream from the point of release) is known. If so, then
the distribution

dbnjds(b)

can be computed from (8) and, replacing the curve m(b) = constant by its
tangent (viz. using the differences), the points in the subsequent cross-sec-
tion may be determined. Since between two adjacent mass flux constant lines
the same mass is flowing, in possession of vs, h both cand the distribution in the
new cross-section c(b) can readily be determined.

Using this procedure over the entire region, the concentration field
becomes obtainable.

In the second case release does not take place over a finite length, but
point-like. Therefore, the concentration function will be singular and cause
difficulties in the numerical solution. If this can be overcome and if a concen-
tration distribution along afinite length near the source can be determined, then
the process will be the same as described before.

There may exist an iterative method which, setting out from an approxi-
mation of the function dbnids — f(s, b) is based on Eqs (8) and (10).

However, lacking the means to prove the convergency, it is reasonable to
choose another method and assume that in the close vicinity of the point of
release the spread is the result of random effects. In this case the distribution
of concentration, unless the release takes place near the banks of the stream,
will occur according to (15a). W ith pollutant sources on or close to the banks,
solutions similar to (15a) — applying the principle of reflection — may be
used [4, 11, 12].

This allows transition to finite length and the computation of the entire
concentration field.

4. Determination of the dispersion coefficient from tracer
measurements

Now, we wish to establich the coefficient defined by the known rela-
tionships (3a, b) in possession of the boundary, the velocities and the concentra-
tion field (the latter from tracer measurements).

From among these, the determination of the coefficient of the longi-
tudinal dispersion, with the approximation D* ~ D's is only possible if
the distributions vs(z),;c(z) are also known. The computation on the basis of
(3a) will cause no difficulty whatsoever.
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Being interested primarily in D*, for simplicity’s sake let us assume that
D* «0c¢9sw 0. (This restriction, in the method to be described below, is
unnecessary.)

From the measurement results first the distributions m(b) are computed,
from which the curves m(6) = const, and the derivatives dbm/ds can be easily
obtained (the latter possibly with equation (10)).

Assuming that D* > 0(Db> Db); vsc domlds and the zero places of
dcjdb coincide (see (8)), further that here there exists a finite limit value of

dbn  dc_
ds db
D* can be expressed as
LLL, ds
Dt(s, b 17
0 g (a7

db
and computed point by point.

In order to avoid the derivation of 3 ¢j3 b Taylor’s polynom for D*
should be used and (17) should be rearranged.

As to whether it is worthwile to assume the dispersion coefficient as one
varying in the flow field studied, we cannot say on the basis of the little infor-
mation available to us at present.

On the one hand, most methods ‘ab ovo’ assuming that D*(s. b) = con-
stant [except, forinstance, Holley (4) who computes D*(s)hy the “generalized
change of moments” method, from the changes in longitudinal direction of the
variance of the distributions m(6)], on the other hand, we do not know to what
degree errors in the measurements and evaluation effect the variations obtained
as the result.

The definition of the function D*(s, b) in great detail is justified as a
means to study better the transverse transport and the various effects it
involves (see 3b), in particular, if itenables their separation. This, in fact, is
feasible at certain points of the range being studied. Namely, as outlined in
Chapter 2.1, if D* > 0, the streamline passing through the point of release
and the mass flux constant curve (on which also the concentration maxima are
located), will coincide.

Let us now study a case in which this provision is not fulfilled. Obviously,
in this case there is no reason to introduce D*, so let us take equation (8a).

At some fixed s there are two characteristic points which meet the con-
ditions

dbm/ds = 0, and dcjdb — 0, respectively.
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At 6,, according to the first
Bﬂ1)~b (bx) = t~*(M Hb(bj) , (18)
a

the concentration peak not falling on the common line g{b) = const, and m(b) =
= const.
In the second case (with the foregoing approximations):

vir(bty= (b2 vs(b co) » - (62) (19)

viz. transverse transport, deviating from the turbulent, can be computed in
point b2*At some other b values this and also the separation ofthe two forms of
mass transfer are feasible only with different assumptions and the consid-
eration of (18) and (19).

This tends to show that (17) may be used to advantage in the computa-
tion of the variations of D* within the cross-section, while (18) and (19) pro-
vide information about the transports of two different characters.

Nevertheless, we also need a relationship which helps define the average
D* for one cross-section.

It is rational to strive to obtain the correct mass flux computed with the
average (J)j) viz. transform (14) into

M hvsexp ANC -n~inr~d b " Hbdb, (14a)
D*Jb Hs ds

which provides c(6r). From (14a) D* may be expressed using iteration.

Similarly, it is possible to prescribe the equality of the variance of the
mass flux distribution or to fulfil a best fitting for ¢ (both between measur-
ed and computed values, using Eq. (13)).
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Untersuchung der Vermischung in Wasserlaufen. — Gegenstand der Arbeit ist die
Untersuchung der Vermischung einer in einen Wasserlauf permanent eingeleiteten passiven,
geldsten Verschmutzung. Das Geschwindigkeitsfeld wird als bekannt vorausgesetzt und die
turbulente Diffusionsgleichung wird unter Einfuhrung der entlang der Tiefe integrierten
Werte in einem aus Stromlinien und Niveaulinien bestehenden Koordinatensystem ange-
wendet. Als Analogie der Stromlinien werden die Linien des konstanten Massenstroms de-
finiert. Durch deren Verwendung zerfdllt die urspringliche Differentialgleichung in zwei —
bei der numerischen Lésung sehr einfach zu handhabende — Gleichungen. Einige Eigenhei-
ten der obigen Kurven werden besprochen. Die Arbeit beschaftigt sich auch mit der Be-
rechung der Konzentrationsverteilung bzw. mit der umgekehrten Aufgabe, der Bestimmung
der Dispersionsfaktoren aus Farbenmessungen.

WccnegoBaHue cMelIMBaHWS B BOAOTOKax. PaboTa 3aHMMAeTCs MCCMefoBaHUEM CMe
LUMBAHWS MAaCCMBHOFO PACTBOPEHHOTO 3arpsi3HSIOLLEr0 BELIeCTBa, MOAAHHOTO B HEKOTOPbI
BOAOTOK. MMone ckopocTeli NpeAnonaraeTcs U3BECTHLIM, U YpaBHEHWe Typby/eHTHON andidysum,
OMMCbIBaIOLLEE IaHHOE SIBIEHUE, MYTEM BBEAEHUS UHTErPA/IbHBIX CPEAHUX BAO/b BEPTUKAIbHOTO
paspesa MPUMEHSIETCA B CUCTEME KOOPAMHAT, COCTOSLLEN W3 MHWIA 06TeKaHUs, nepneHamKy -
SPHBbIX K TOCMEAHMM NIMHWIA YpOBHS. B KauyecTBe aHaIOrUM NMHUIA TOKa [AaeTcs onpefe-
NIeHNe TeX KPUBbIX, MO KOTOPbIM TEYeHWe Macchl SIBASIETCS MOCTOSHHBIM. [pyU UX WCMosb-
30BaHWU MepBOHaYa/bHOE AUM(HEpPEHLMANbHOE YPaBHEHWE pa3faraeTcsi Ha [Ba YpaBHEHMS,
KOTOPbIE C TOUKM 3PEHNSI YMCIIOBLIX BbIYUC/IEHMIA IBNSIOTCS NErKUMK B 06paLlieHnn. 13naratoTcs
HEKOTOpPble XapaKTepHble CBOCTBA YMOMSHYThIX BbiLle KPUBbIX, MOC/e Yero paccMaTpuBaeTCs
BbIUMC/IEHVe pacnpefeneHns KOHLEHTpauum, a Takxe obpaTHas 3ajada, TO ecTb OMpefeneHue
KO3(h(OMLIMEHTOB AMCMEPCUM HA OCHOBE [aHHbIX M3MEpEHUIi METOZOM MEeYeHWs.
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A METHOD TO SOLVE SOME AXI-SYMMETRICAL
PROBLEMS OF THE THEORY OF ELASTICITY

I. ECSEDI*

[Manuscript received August 6, 19731

The paper deals with the solutions of axisymmetrical quasi-static problems of
continua consisting of layers of infinite extension parallel to a given plane. It is assumed
that each layer is homogeneous and isotropic, consisting of linearly elastic material
having insignificant deformation.

Symbols

cylinder coordinates
_unit vectors of a cylindrical system of coordinates r, %, z
t = u(t, z) er §- w(r, z) ez displacement vector

MT change of angle
«/l £2 specific elongations
°r @ normal stresses
Trz shear stress

A deformation tensor
E stress tensor
G shear elasticity modulus
v Poisson’s ratio
9 = a(r, z) er § b(r, z) ez intensity of system of forces distributed on volume
= — + A P=_ - ili
ar P drrZ f—rrZ auxiliary values
U= Gu, V= Gv, W= Gw
n= t;(r,z)r 1 0(kr) dr zeroth-order Hankel transform of function v= v(r, z) in variable r;
zeroth-order Hankel transform is designated by the sign “a” over
the symbol of the function
Jo(r) zeroth-order Bessel function of the first kind
1j(r) first-order Bessel function of the first kind
X, J5, X column vectors
C, K = AE—C fourth-order quadratic matrices
E fourth-order unit matrix
det K determinant of matrix K

T(k, z, V) = T(k, z) transfer matrix related to vector X(k, 0)
L(k, z, G, ?) = L(k, z) transfer matrix related to vector £(fc, 0)

P, Q fourth-order permutation matrices; sign of layer “i” (i = 1,2,...,
n—=1,n)
G(L Vi material constants of layer “i”

L| = L/(k/, Zj = hj, G,i v() transfer matrix with respect to layer “i”
n
L=1Lm,Lm_o,. ..,L,L, = 7/ Lzresulting transfer matrix of the elastic body consist-
ing of n Iayers,_with respect to vector xx(k, 0)
Other values and symbols are explained in the text.

*Dr. I. Ecsedi, H-3531 Miskolc, Vaszonfehérité u. 24, Hungary.
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1. Introduction

The paper at hand is intended to present a method suitable for solving
axisymmetrical peripheral value problems concerning the quasistatic conti-
nuum of infinite extension in the direction of the axes x, y; of isotropic, in
each of its layers homogeneous linear elastic material, subjected to small
deformations, represented in Fig. 1.1. The solution to the above problem,
disregarding the axisymmetry, limited to one layer both to planar and space
problems, is detailed by W 1assov’s and Leontev’s book [1]. Here, the equa-
tions established with the aid of the method of initial functions worked out
by W 1assov are solved by means of the formal operator calculus. The analysis
of axisymmetrical problems of a body of finite thickness built up in several
layers, each layer consisting of an elastic material, is dealt with by Nikitin
and Sapiro [4]. The basic principle of their method is the simultaneous deter-
mination of the integration constants entering the zeroth-order Hankel trans-
form Love’s stress functions. In the basic conception of the procedure, present-

z-0 yi
1
Gv vl
G2. v2 2
™
r -C
L]
[4 n.
iz Grv vn
n
Z=5h:
bl 1 z1
X
Yy

Fig. 1,1. Layered body in every layer of a homogeneous, linearly elastic material
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ed in the paper, follows the method of “transfer matrix” worked out by Leon
Y. Bahar [2] for the analysis of a layered elastic medium in a state of planar
deformation and planar stress state for solving the non-planar axisymmetrical
problem described in the following.

2. Problem of axi-symmetrical boundary value of the theory
of elasticity

First, the investigation of the axisymmetrical deformation of a body
consisting of isotropic linearly elastic material having a thickness h, and of in-
finite extension of the axes *,y, represented in Fig. 2.1, is treated. It is known,
as can be read in, for example, in [3], [8], that if the problem of the boundary
value of the theory of elasticity, in connection with the above described body is
axi-symmetrical then, in the cylindrical system of coordinates r, @), z conveni-
ently selecting the vector of displacement of a point P of the body in question
will be

t = u(r, z)er+ w(r, z)ez (2.1)

further, in the cylindrical system of co-ordinates r, <, z the deformation and

Fig. 2,1. Homogeneous elastic layer of thickness h
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stress tensors at point P, respectively take the forms as follows:

1 ~1
er 0 L yrr
= 0 £ 0 (2.2)
1
7zr O £z
2
| |
0 tw
F = 0 0 (2.3)
- T 0 °z -

Here, all of the scalar ordinates of A and F are only functions of r and z.
In this case, the governing equations — geometric equations, Hooke’s law,
equilibrium equations — describing the behaviour of the homogeneous,
isotropic, linearly elastic quasi-static body undergoing small deformations will
be as follows:

— geometric equations connecting the elements of the vectors of dis-
placement and deformation:

3 m ’

(2.4)
dr
n

(2.5)
r
dw

(2.6)
dz
3u div

(2.7)
dz dr

— Hooke’s general law expressing the relation between the stress tensor
and deformation tensor:

2g
er= ., [ vyer+ v(e + €], (2.8)
1—1lv
9r
ap= - . [ v) e + v (er+ £4)], (2.9)
1 — 2V
2g
<wz= n [ »er+ v(er+ £f)], (2.10)
1 — 2V
rrz = br }'rz; (2.11)
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AXI-SYMMETRICAL ELASTIC PROBLEMS 215

— the equations of mechanical equilibrium not identically satisfied :

9ay | dtrz 0. (2.12)
9r 92
3Tz . 9<, 0. (2.13)
dr dz

In this latter equation a — a(r, 2) and b = b(r, z) designate the scalar coordinat-
es of the directions & and ez of the specific load vector

q = a(r. z)er+ b(r, z)ez (2.14)

oy, af, az and Trz may directly be expressed by the coordinates u, w of the
displacement vector

d d
26 )y ™ W (2.15)
1- 2v dr dz
2G d d
@—r)mepy (2.16)
1. 2. r dr dz
2G dw du ™ wn
(1-1) 2.17
dz dr r ( )
G i + (2.18)
92 dr ,

Let us introduce the following notation and new variables:

U= Gu, (2.19)

W = Gw, (2.20)

az= Z, (2.21)

Tz= R’ (2.22)
du , nu

(VA b (2.23)
dr r

V=G, (2.24)

p=" +A. (2.25)
dr r

The intention is to establish in the following a set of equations with the
aid of which the variables U, W, V, Z, R, P from the “initial” values assumed
in the plane z = 0, the values assumed in an arbitrary plane defined by the
coordinate z (0 2 h), may directly be determined.
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By virtue of Eq. (2.17) can be written

d 1—2V \ A
- cr, G ou 4
9z 21 —v) 1—V 9r

(2.26)
By producing the difference between Eqs (2.15) and (2.16), the equation

ar - R ¢ QR — (2.27)

is obtained.
Substitution of Eq. (2.26) into Eq. (2.15) enables us to express ar also in
the form
2G du 2vG wun v

v dr vV T 1- v

(2.28)

Replacement of Eqs (2.27) and (2.28) into Eqg. (2.12) and eliminating arand af
gives

2G 9 du ~ wn v derz
--------------------- a. (2.29)
0z 1—v dr dr r 1—v dz
And from Eq. (2.13) it follows
Elrr_ + L + b (2.30)
dr rl
Eqg. (2.18) may also be rearranged into the form
du
G + X1z (2.31)
dz

From Eqs (2.31), (2.26), (2.30), (2.29), by making use of the new variables,
defined by Eqs (2.19), (2.20), (2.21), (2.22), the following set of equations are
obtained:

du dw
al (2.32)
dz dr
dw % /21 4 1—2r
T, -z, (2.33)
dz 1—V (dr 2(1- v)
dz I1dR R
[ b — b, (2.34)
dz (dr r
dR 2 8
J7|__r_ 0z a (2.35)
dz 1— v dr rl 1—v dz

In case of an actual boundary value problem in the theory of elasticity,
some of the combinations of the assumed values of the unknown variables
(U, TV, Z, R) assumed to be in the planes defined by z= 0 and z = h,i. e, on
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AXI-SYMMETRICAL ELASTIC PROBLEMS 217

the limiting surfaces of the body investigated, are given. In other words,
only the above variables will enter the boundary conditions.

By adding the paire of equations obtained from Eqs (2.32) and (2.35), by
deriving with respect to r, and dividing with the variable r, then replacing the
new variables defined by Eqs (2.23), (2.24) and (2.25) into the two new equa-
tions the following may be established:

dv
d2w+ + ~} + P, (2.36)
dz dr2 r dr
dP 2 d2v ~ 1 dv
dz 1-r dr2 r dr
(2.37)

v_ 1w 1 dz

Vidr2 r dr
Here, the notation

(2.38)
dr r
From Eqs (2.36), (2.33) and (2.37) the set of equations
dv (d2w I dw\
dz [ 8r2 r o dr ]
aw NERVNE AN
dz 1.V 2(1 - V)
dz
= -P - 6, (2.39)
dz
dP 2 da2v J_ dav)
dz 1- V. orz r dr
\Y 8Z 1
+
1-v dr2 dr

will be built up, serving as a basis for further investigations.
For the solution to this setofpartial differential equations, the method of
integral transformation may be the most conveniently applied (see, for example

[61. [7D-
3. Solution to the problem of the boundary values, making use of the
Hankel transformation

By assuming the zeroth-order Hankel transform of the equations of the
set of Eqs (2.39) “in the variable r”, one arrives at the following set of ordinary
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differential equations

8V

dz k2w + P,

dw v+ -2v

dz (1-v) 3.1)
= P-b,

8P ZfCZ_P "

dz 1-V

Here, V, W, Z, P, b, A stand for the zeroth-order Hankel transform of the
functions v, W. Z, P, b, A, respectively, with respect to the variable r, i.e.. for
example

vV =V(k, 2) = 15 V(r, z)r 10(kr)dr, (3.2)
W = W(k, z) = £ LWWr, z)r fo(kr) dr, (3.3)
(k > 0)

etc. By introducing the vectors

-~V ~ 0 -
A 0
X = X(k, 2) , B= (3.4-3.5)
z -b
P _ AL
and the matrix
0 K2 0 1
\ 11— 2r
0 0
11—V -V
c= Gk = 2 -V) (3.6)
0 0 0 — 1
2 K1 K2
0 0
| -v 1- V

the set of ordinary differential equations (3.1) may be concentrated into the
following lion-homogeneous, linear, first-order, vector differential equation of
constant coefficient matrix

X
— =CcxX+ B. 3.7
dz 3.7)
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The solution to the above differential equation is according to[5]:

X = X(k,z) = exp (Cr) X(k,0) -
(3.8)

-|-loexpC(z— C)é(k,C)dC.

As is known, (see [5]), the canonical resolution of the exponential matrix
functions entering in the appearance (3.8) should be performed in different
ways, depending on whether the roots of the minimum equation of the matrix
C(k) are simple or multiple. In the problem in question the highest common
divisor of the third-order minors of the characteristic matrix defined by the
relation

K(A) = AE-C (3.9)

i.e., the elements of the matrix adj (AE —C) built up from the foregoing minors,
equals 1, therefore the matrix minimum equation

det K(A) = det (AE-C) = 0 (3.10)
of C.
In the above equationsE stands for the fourth-order unit matrix. Develop-
ing the expression (3.10) results in

A 2 0 1
% 1- 2
A 0
1. v 2(1-
det K(A) = (A2— 122 (fc > 0). (3.11)
0 0 A
2k.2 vk2
0
1. v 1. v

The roots of the above characteristic equation are
A= A= ft, B= M= -k, (k> 0). (3.12)
The desired matrix functions may be established in the following form [5]:

exp (Cz) = [exp (kz) E -j- z exp fcz(C—fcE)] A 10(C) -j-
-|- [exp (—kz) E—rexp (—kz)(C -f- fcE)] H 20(C),

(3.13)

exp [C(z—£)] = [exp k(z—£) E -f- (z—£) exp fc(z—E£)(C—KE)]HIuC
+ [exp fc(C-z) E + (C—z) exp fc(E—z)(C + feE)] A 20(C),

(3.14)

where A10(A) and fT20(A) are the so-called Hermite polynomials satisfying the
equations:
H10(k) = H.2o(—k) = 1, (3.15)

Hlu(-fc) = H2ukk) = 0, (3.16)
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dH 10(X) d A 20(A)
=0 (3.17)
dX *=xfc dX *=xfc
The explicit forms of the Hermite polynomials are:

1
710(7) = X+ 1 (X+ kf, (3.18)
2K- 2K

T S oK 019

In consequence of the properties of the Hermite polynomials we have

(see [5]):
# 10(C) + A 20(C) = E. (3.20)

By making use of the above equations we obtain the explicit form of the
solution

exp kz
X = X(K, 2) = (- C2+ KC + 2KE) + 2(- C3
43
v 2k 2+ k2c- 2f3E) PR oot e
4/c3

2k2E) - r(C3+ 2k C2- k2C- 2fe3E)]J X (K, 0)

+ (- C2+ kC + 2f2E) rexp fc2 - C).
&3 Jo

(0.0, bfk, 0, /I(x, O f MC4—re(- C3+ 2A0C2+ - 2K3E) X

XJ Z(2- 0 expk(z- 0 [0,0,6(f, 0, /1(k, O f dC + (3.21)

+ J_(C2+ fcC- 2k2E) rexp fc(£ - 2)
fr3 Jo

X 0,0, bfk, c), A(k, O f dC 4----f(§c3 + 2k C2—k2C - 2k3E) X
X — 7) exp fe(f — 2).

[0,0, b(k, C), ~(fe, O f do
where
0

0

0,0, h(fe,o,”~(fe,0]7
[ ( ( ] i>(k, 0

n(k,o
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AXI-SYMMETRICAL ELASTIC PROBLEMS 221

In the following, equations will be established with the aid of which the
scalar coordinates of the displacement vectors u = u(r, z), w = u>r, z) and
those of the stress tensor or= or(r, z), af — af{r, z), az= az(r, z), xrz = trzr, 2)
can he directly calculated from the coordinates of the vector X(k, z).

On the basis of the inversion formula relating to the zeroth-order Hankel
transform this might be written as

tv — w(r,r) = - r W(k, z) 10(kr) kdk, (3.22a)
GlJo
tv = u(r, z) = [oiv(k, z) I0(kr)kdk. (3.22h)
(0 <[ r <7 oo, 0 z h).

From the equation
du 7 \

(3.23)
dr G

-

by making use of the inversion fromula of the zeroth-order Hankel transform
and the equations

"+ — = r~~-("0 , (3.24)
or r or

r£/,,(£*) dC = —Ij{kr), (3.25)
Jo K

and by applying the rule of the partial integral, the following equation may be
introduced

= ,2) = I V(k, z) 1"kr) dk, 3.26
w=utr g = V(K 2) 1%T) (3.262)
U= u(r,z) =j~v(k, z) I*kr) dk, (3.26h)

O0O<~rr<~, 0<,A><,h).

By proceeding in a similar way, the following final formulae are given to az
and Trz

= az(r> a:JOZ(k, ) 10(kr)dk, (3.27)

Gz = Gz(r, s) = \DH k,2) h(kr) dk’ (3.28)
(0~ r< o0, 0<7z<T7fc).
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For determining ar=ar(r,z), it should set out from the equilibrium Eq.
(2.12). Let us put this equation into the form

(r20) = rr(<ar+ 1) —1r2 —Ta, (3.29)
dr dz
Using the equation
d
(ar+ )= 2G IR T v
1. 2. 1dr r 02
2G . :
P+ 2v
1—2r 02
8W
It ’ K 10(k r) dk = (3.30)
=STATTL. T (r)+ 2L @ * 1D
= [ vk g+ XY «ragenak,
1- 2VioL dz
the following equation may he written
L
— V{k,2) + 2v fe 70 (fer) dk —
A >= T=
IN(ri>= 1=kf. 61
o PR D o fen) die — r2a.
-1, dz

From the above equation, by integration with respect to r and using the
equations

I'|7 (| fe)d| = — 7j(fer) , (3.32a)
J o fe

Fi12/id k)yd~r=~ h(kr) - 4 /,(*", (3.32b)
30 n* ri

the equation

F(fe, 2) + 2r

8IF(C. 2)  itfer) dk -
02

(3.33)
rr 9P (fe,2) h(kr) r 1 0(kr)

dk - ;
Jo dz 2 o Jo 12a(t,z)di

might be deduced. In the following the investigations will be restricted only to
stress distributions where

li 2= 0. 3.34
i (arr (3.34)
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W ith the restriction (3.34) in view, the final formula of a, will be

2v - dwW(k,z) .
= = " V(k,z) f-2 li(kr) dk —
0= oD = gy |y VD i
(3.35a)
3P(k,2) a g _  iQkn
3z rk2 K dk 4r--Jr0
2g e div(k, r
v(k, z) -f- 2v (dz ) li[kr) dk —
(3.35b
3P(k,z) 2h(kr) 1 0(kr)
dz k2 dk - r2J 0120("r) df,
(0<r< o0, 07 z< fo).
Determination of er = crfr, z) may conveniently be carried out, starting out
from equation
av= (ar+ ar)~ ar- (3.36)
Replacing (3.30) and (3.35) into (3.36), we obtain
dw
= 1 223, Lfc,2) F 2p a K I 0(kr) dk —
2 I 3ip
V(k, z) f- 2 li(kr) dk -f- (3.37a)
(1—2 v)r\]o (k. 2) ' 3z i(kr)
r 3P(fc,z) 2h(kr) 1Okr) 1ca
+Jo dz oF Py dA + ?JIOIZa(r, ) d|[,
2 . dw(k, z)
= k,z) -j- 2 1 0(kr) dk
12210, vk 520 "D o
26 T . 3u>(k,z)
. v(k, z) -j- 2 I"kr) dk +
(1=2 p>)h]0 (k. 2) 3= 2p dz ) (3.37h)
j “ 3P(k,z) 1 Ofkr) N .
+ 35 Kb 2 « dk + ~ r \ j 2a(r, I) df,
(0;<r< oo, 0N zn fo).
Let it be:
T(fc, z, v) = ('x;l)((b) [/- C2+ fcC+ 2FE/ +
3
+ z(—C3+ 2AC2+ FC 2fc3E)] +
(3.38)

+ exP(~b>[(P+tC -29E)-
K3

- z(C3+ 2k C2- F C- 2FE)].
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Hereafter, we assume that no system of forces distributed on the volume
can be applied to the body investigated, i. e.,

B(k, z) = [0, 0, b(k, z), Ak, 2)]T= 0. (3.39)

In this case, Eq. (3.37) will be a homogeneous differential equation, and
its general solution may be obtained as

X(k, z) = T(fc, z, v)X(k, 0). (3.40)

In connection with only one layer the dependence T(k, z, v) on vis not
particularly emphasized, i. e., we apply the simplifying designation

T(fc, z, v) = T(fc, 2). (3.41)

Since the matrix T(k, z) transforms the vector X(k, 0) into the vector X(k, z).
therefore, T(fc, z) is called transfer matrix of the vector X{k, z). The relation-
ship between X(k., 0) and X(k, z) — by using the way of representation adopted
in the control technique — is schematically depicted in Fig. 3.1.

X,(k,0) ) X(k2)

Fig. 3,1. Representation of the transfer matrix

On the basis of Eqs (3.22) (3.26), (3.28), (3.25), (3.37) and (3.39) it is easy to
see that with the knowledge of vector X (k, 0), correspondingtothe boundary con-
ditions, all the variables of the boundary-value problem might be directly de-
termined by an improper integral. For determining the vector X(k, 0) asso-
ciated with the boundary conditions, let us write down by virtue of Eq. (3.40),
the relationship between the vectors X{k, h) and X(k. 0)

X (k, h) = T(fc, h) X (x, 0). (3.42)

In general, in the above equation, in case of an actual boundary value
problem of the theory of elasticity, two co-ordinates of each of the vectors
X(k, h) and X(k, 0) are known. In order to determine the unknown co-ordinates
of the vector X(k, 0), it is advisable to transpose and partition the coefficient
matrix of the set of equations (3.42) according to the unknown vectors

—

S Y - -Sa  s22- - *0,2
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Here

Yn, vector in two dimensions uniting co-ordinates of the vector \(k. h) given
directly or to be determined on the basis of the boundary conditions;

Yo column vector in two dimensions uniting unkown co-ordinates of vector

. X(fc, ft);

YOj column vector in two dimensions uniting co-ordinates of vector X(fc, 0)
given directly or to be determined from the boundary conditions;

YO«  column vector in two dimensions uniting unknown co-ordinates of vector
X(fc, 0);

S = = PT(fc, f) Q (3.44)

further, P and Q denote fourth-order permutation matrices, which satisfy Eqs (3,45) and
(3,46):

| " Yhii "Yo,i "'
P X(fc,ft) = . X(k,0) = Q (3.45-3.46)
. Y,.2 - - * L« -

The blocks S are two-by-two matrices. Application of the above re-

solution yields
Y ft,i= snYo,i+ si2y o2 (3.47)

i.e.,

02 — s Yhi s;i2s1lv 01 (3.48)

provided that det S12 0. Replacement of (3.48) into (3.46) results for the
vector X (k, 0) are given in the following:
0 p
X(k, o) °© |
S Lyhi

(3.49)

In this equation E is a second-order unit matrix and 0 is a two-by-two
zero matrix. Replacement of the vector X(k, 0) satisfying the boundary condi-
tions into (3.39) gives X(k, z), wherefrom, by virtue of (3.26), (3.27), (3.28),
(3.35) and (3.37) the displacement vector and stress pattern of the points
of the investigated layer may be determined.

4. An example for the determination of the
vector X ( ft,0)

The body stiffly fixed at the face characterized by the coordinate z = 0,
depicted in Fig. 4.1 is subjected on the plane of the co-ordinate z = ft, to a
distributed load of given intensity:

°V(r, ft)
Trr(r, ft)

1(r) (4.1)
0. (4.2)
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1Z.Z I yzz222222000 010111

z2=0 T u=0 i

*w =0

GV

z=h \F=f(n)j / Gz =f(r), TrZO

z,

Fig. 4,1. Elastic layer of thickness h with axi-symmetrical boundary conditions

Apparently, the boundary condition at z = 0 is

o O == (4.3)
iv(r,0) = 0. (4.4)

From Eqs (4.3) and (4.4) it follows

Vv(r, 0)= 0, (4.6)
V(r, 0) — 3il(r,0) U(r.o) _ 0 (4.7)
or r

i.e., the first two co-ordinates of the vector X (k, 0) are equal to zero. Thus,
taking Eqs (4.6), (4.7) into consideration, the vector X (k, 0), figuring in the
problem in question, will be

0

0
X(k, o 4.8
(k, o) 2(k, 0 (4.8)

y 02_
Hk, o) _

Taking the boundary conditions prescribed at the face z = h into account, it
can be written that

vk, h) -
Yhi W(k, h)
X (k, h) (4.9)
no2- f(k)
0
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By virtue of Eqs (4.7) and (4.9) the fourth-order permutation matrix of
P and Q can directly be written as:

-1 0 0 O- -0 0 1 0-
0 1 0 O 0 0 0 1
E = , p = (4.10-4.11)
0 0 1 0 1 0 0 O
o0 0 0 1 _ _0 1 0 0_
By making use of the form:
T(fc, h) = (4.12)

of the T(k, h) partitioned to two-by-two blocks, and by applying (3.44) we
obtain

mSu Sl T2 T2

_Sa S22 . Tu T2

Finally, from Eqs (4.13) and (3.49) follows the result for X(k, 0)

0
m 0
X(k, 0) = - - - (4.14)
*33 *44 *34 *43 44
where
T(fc, h) = 1 i,j < 4

5. Axi-symmetrical boundary value problems of a layered body with isotropic
layers of homogeneous linearly elastic material

The findings in connection with a one-layer body of homogeneous iso-
tropic, linearly elastic material may be generalized to alayered body of finite
thickness, consisting of linearly elastic material, homogeneous in each layer
possessing axi-symetrical boundary conditions represented in Fig. 5.1.

The quantities related to the layers designated with i (i= 1, 2, ..
n—1). Thus, for example, parameters of the layer marked by i are:

— hj thickness,

— Vi Poisson’s ratio of material,

B Gi shear elasticity modulus of material,

— Ti = wT{+ utjézi= displacement vector of point P, of layerin a cylindrical system
of coordinates r¢ (/. z, represented in Fig. 5,1,

etc.
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Fig. 5,1. Layered body of thickness h with axi-symmetrical boundary conditions

To each of the layers a cylindrical system of co-ordinates (r,-, ¢ 2,) is
connected (see Fig. 5.1) so that we have

The investigation also henceforward is restricted to the case where the vector of
intensity g) (i = 1,2,.. ., re—1, re) of the volumetric system of forces is equal to
zero. In connection with the layer i (i =1, 2, ..., re—1), by virtue of Eq.
(3.40), it can be written with respect to the cylindrical system of co-ordinates
rm > zi-
Xi(k, st) = T(k, z, V) X(k, 0) (5.3)
(0< z.< A, Kk > 0).

In the above equation k is not marked with i, because all the r,s (i — 1, 2,
., re—1, re) are equal to each other and k is related to the integral transfor-
mation performed with respect to the variable r. It is advisable to change over
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from the variable Xj{k, 2) to another one which does not include the material
constant Gj, but has the same properties as Xj{k, 2). Let the new variable be:

X,(k,z,) Z.(k, 2) (5.4)

p.(M/)_

The relationship between Xj(k, 2) and #,(&, 2,) is expressed by the equations

Xi(k, 29 = G, Xi(k, (5.5)
Xi(k, 2) = F.X.(k 2), (5.6)
G,r,=E (5-7)
where
"G 0 0 0
_ 0 G 0 0 (5.8)
G, = 0 0 G, 0 .
o 0 0 g
1
0 0 o0
g;
1
0 0 o
r= o/ ! (5.9)
0o 0 0
G
1
0o 0 o0
~Gi-
|

and E is a fourth-order unit matrix.
Considering those mentioned in the foregoing, for the vector x(k, 2()
we obtain:

*igk, 2,) = Li(k, r- v Gi)Xij(k, o) (5.10)
and the matrix L,(A;, 2,) = L, (& z,, p~ G,) describing its transformation
L.(K, 24 V- G) = r, T, (fe z- p) G. (5.11)

The issue of the chain-like interconnection of the layers — i.e. the fitting of the
variables u, w, az, trz — is the following equation (see Fig. 5.2):

ii(k, kJ = xi+i(k, 0), (5.12)
(i—1, 2, ... n—1).
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X(k0) Ak h)=2X2(ko) X2(khn)=.....=Xnko) *n(khn)
Fig. 5,2. Representation of the equation xi(k, hi) = £/+j(k, 0) (i= 1,2, ..., n-1)
Xk hr)
L=ir§j = Ln LNi..... L2Li

Fig. 5,3. Representation of the resultant transfer matrix

By making use of Eq. (5.12), the vector x*k, 0) may be brought into
direct connection with the vector xn(k, hn) through the equation

xn(k, hn) = Lx"k, 0) (5.13)

where L = L(k, hv fc(, ..., fo; w v2, mm vn; Gv G2...Gn) designates the re-
sulting transfer matrix of the layer n which is to be established on the basis of
the equation

L—L,Ln=1...L2Lx—JY Lt(k, hj, vt,G,). (5.14)
i=i
Here, the notation
lji — L' (k, hi, vi, Gi) , (5.15)
i=1,2,... n—1, re)

is introduced. The matrix L depends on the material constants of all of the
media, globally characterizing the layered body. A possible demonstration of
Eq. (5.13) is — by making use of a control-technique comparison — outlined
in Fig. (5.3).

In case of a particular boundary-value problem as a first step, the result-
ing transfer matrix, therefore, the vector %(k, 0) should be determined from the
equation

Xj(k, 0) = Q O o (5.16)
°11 M2J A
In this equation
— E second-order unit matrix,
— 0 two-by-two zero matrix,
— Jot column vector built up from the two coordinates directly given or to be
determined from the boundary conditions of the vector 0),
— Yihi column vector containing the two coordinates directly given or to be deter-

mined from the boundary conditions of the vector xn(k, hn),
— S12and Sn denote the blocks of the following two-by-two matrix.
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su sP
.S2i S22

PLQ, (5.17)

— here P and Qdenote the fourth-order permutation matrices involving the equations

Pink, K) = YW (5.18)
YK 2
*itfc, 0) = @ YOR (5.19)
J02J
where
Vh?2 two-dimensional column vector uniting unknown coordinates of the vector
xn(k, hf),
Yo0,2 two-dimensional column vector uniting unknown coordinates of the vector
X, (k, 0).
In the next step the vector x,(k, 0) from the equation
Xi(k, 0) = Mx,(fc, 0) (5.20)
where
M-= L(=1L_2 «meL2Iq = // (5.21)
s=1
is the resultant transfer matrix of the firsti—1,s= 1,2, ... i—1layers with

respect to the vector x*k, 0). Knowing the value of xt(k, 0), the vector xt(k, z,),

hi, 0 < k), in the layer i, from Eq. (5.10) will be formed. From the
co-ordinates t,(fc, zf), tr,(fc, zt), z,), P(k, z,) of the vector x,(/c, z,), from Eqgs
(3.22a), (3.26a), (3.27), (3.28), (3.35a), (3.37a) the scalar co-ordinates u,(r, z,),
Wj(r, z,)and Gzi(r, z,), afi{r, z,), az,(r, z,), rr2,(r, z,) of the displacement
vector and stress tensor, respectively, may be determined.
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Eine Ldsungsmethode einiger Achsensymmetrieprobleme der Elastizitatslehre. Be-
handelt wird eine Lésungsmethode quadratischer Achsensymmetrieprobleme von mit einer
gegebenen Ebene parallel unendlich ausgedehnten, kleinen Verformungen unterworfenen, in
allen ihren Schichten aus homogenem, isotropischem und linearisch elastischem Material
bestehenden Kontinua.

OmH 13 METOAOB PELLEHUST HEKOTOPbIX LIEHTPaslbHO CUMMETPUYHBLIX 3afay Teopum
ynpyrocTu. [laHHasi paGoTa 3aHWMAeTCs PeLUeHVEM KBA3UCTATUYECKMX LIEHTPabHO CUMMETPU-
UHbIX 3aflad KOHTWHYYMOB, NPETepreBLUMX HeBOMbLIYIO AehOpMaLMio N UMEHOLLMX Mapanie/b-
HO C BbI€NEHHOI MIOCKOCTbI0 GECKOHEUHbIE Pa3Mepbl, M3 MOCM0MHO FOMOTFEHHOT0, M30TPOMHOIO
U NMHEapHo ynpyroro matepuana.
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Acta Techn. Hung. 82 (1976) pp. 1—7
Bolcskei, E.: Corrugated Conical Shells

Corrugated conical shells having a vertical axis, a circular ground plane
and free boundary are analysed in a cylindrical system of co-ordinates.
The investigated shells are subject to uniform vertical loads, and supported
by radial ribs. Formulae are given for the determination of the reduced
stress resultants. Their distribution is illustrated for two practical cases.

Acta Techn. Hung. 82 (1976) pp. 9—13
Babta, J.: Some Reciprocal Properties of Stress Components

Two of the reciprocal properties presented here, are purely mathematical
properties referring not only to stress components, but also to all vector
components. The further reciprocal properties showned here are in the
last analysis, physical properties, because they are derived from the well
known equality paj = pja which is a consequence of the dynamical
equilibrium.

Acta Techn. Hung. 82 (1976) pp. 15-29
Csonka, P.: Design of Star-Shells Subjected to Full Load

The paper deals with paraboloid shells of revolution subjected to an axi-
symmetrically distributed full load (dead load and snow load applied
simultaneously) acting in vertical direction. The form of the base over
which the shell in question is constructed, is a regular polygon-like con-
figuration with concave curved sides, a so-called star-polygon. The treated
shell — the so-called star-shell — is bordered by an edge beam supported
along its whole length by a wall, wherefore, the eross-seetion of the edge
beam is only subjected to a centric normal force, the so-called string
force. By using a convenient calculation method the shape of the star-
polygon is so designed that the stress resultants, generated in the shell,
can be calculated with the aid of closed formulae. A numeric example
proves the suggested method as being expedient.






Acta Techn. Hung. 82 (1976) pp. 31 —46
BareS, R.: Analysis of Structurally Orthotropic Plane Structures

Paper describes a calculation method for formorthotropic plate-like struc-
tures. It takes into calculation not only the bending and torsional stiffness
of the structure but also its contraction ability. Application of the above
method reduces the lengthy ad most tiring part of the calculation, as
well as the structural enginer’s work to the minimum.

Acta Techn. Hung. 82 (1976) pp. 47 —52

Gamer, U.: Nonsteady Temperature Field in the Rotating Anode of an
X-ray Tube

Using the temperature distribution due to an instantaneous point source,
the temperatured field in an infinite disk caused by a heat source moving
along a circle is calculated. For constant output and constant circular
frequency the mean value of the temperature over the circumference
is received in closed form by application of the Laplace transformation
and short time expansion. The numerical results are represented graphi-
cally.

Acta Techn. Hung. 82 (1976) pp. 61—67

Mandat, S.: An Infinite Viscoelastic Thick Plate Containing an External
Crack

This paper is concerned with the stress fields in an infinite viscoelastic
thick plate containing an external crack due to the application of normal
pressure to its faces. The crack is taken to lie in the central plane of the
plate normal to the axis of symmetry and occupies the region outside the
circle. It is assumed that the two faces of the crack are loaded exactly
the same way and the viscoelastic layer is in a rigid casing. Hankel trans-
forms of the displacement vector are introduced. Mixed boundary con-
ditions lead to dual integral equations. These equations are then reduced
to Fredholm integral equation of the second kind. This type of equation
is solved by an iterative process for large values of thickness of the plate.
The stress intensity factor has been calculated.






Acta Techn. Hung. 82 (1976) pp. 69—85
Katte, P.: Algorithm for Automatic Triplet Design

After summing up the experiences collected through the application of
the automatic design methods of optical systems known so far, an algo-
rithm entirely new in its starting point and initial stages, suitable for the
optimized automatic (and traditional) design of classical triplet type
objectives is decribed. The paper explains in detail the definition of the
notion of performance determinant parameters, the derivation of the
basic triplet equations, and the relations of glass material selection;
the wellknown methods of bending and fine correction are covered only
as much as needed. The important advantage of the new algorithm easy
to program for a computer and providing for a number of optimization
possibilities is that at requires as a starting point for automatic (and
traditional) triplet design nothing but the knowledge ofthe relative aperture
and field angle given in advance, and the data of the adaptable glass
types, and that it is suitable for multilateral generalization (other optical
system types containing cemented lenses as well, finite object distance,
etc.).

Acta Techn. Hung. 82 (1976) pp. 87 -97
Gaspar, Zs.. Generalization of Physical Networks

Equations of the physical network (physical graph) defined asthe general-
ization of bar systems directly yield relationships between bar systems in
small displacement and linear electric circuit as special cases.

Acta Techn. Hung. 82 (1976) pp. 99—119

Krizek, R.J.—Etnaggar, H. A.—Azzouz, A. S.: Consolidation Around
Sand Drains in Non-Darcian Soils

The effect of non-Darcian flow on the consolidation behavior of clay soils
is evaluated for conditions of radial drainage only and combined radial
and vertical drainage. This is accomplished by postulating a reasonably
general four-parameter velocity-gradient relationship, which by proper
choice of parameters is capable of characterizing much of the published
experimental data on the flow of water through clay soils, and combining
this relationship with the other standard assumptions of classical consol-
idation theory to develop a nonlinear parabolic partial differential equa-
tion, which is solved by use of finite difference procedures. Several typical
solutions show that the time rate of consolidation for soils which exhibit
non-Darcian flow characteristics is substantially less than that predicted
by classical consolidation theory. Although a numerical solution to the
two-dimensional flow problem was easily obtained by an explicit finite
difference scheme, restrictive stability criteria rendered such solutions
expensive.






Acta Techn. Hung. 82 (1976) pp. 121 —168

Kemeny, A. P.: Experimental Investigation of the Life of Semiconductor
Devices 111.

The generally used methods of prolonged d. c. operating life tests of transis-
tors, which provoke mainly the thermally activated surface degradation
phenomena, give little information on the deterioration in switching
operation. A method is proposed where the transistors are loaded as
common base, inverters in switching operation with fixed SO Hz or higher
repetition frequency, at exactly controlled and determined swithing on
and off transient energy. This method permits the economical examination
of large samples and is useful mainly as a screen test for the quick selec-
tion of individuals with hidden structural defects. Such tests supported
by microphotographs of failed sampler seem to be in accordance with
the analytical results of a bulk degradation procers treated here and
emphasize the necessity of a flawless geometrical structure of a such
devices.

Acta Techn. Hung. 82 (1976) pp. 169—177

Rostas, J.: Porosity of Cement Stone as a Function of the Water —Cement-
Ratio

Due to theoretical considerations the porosity and the solidity of the
cement stone will be deduced as a function of water —ccment-ratio and
hydration degree. The results deduced for the various cases will be com-
pared to experience, and good correspondence will be found.

Acta Techn. Hung. 82 (1976) pp. 179—196

SzentgyORGYI, |.—Yabga, J.—Veres, G.: Results of Semi-Pilol-Measu-
rings Concerning the Steem-Ammonia Heat-Transformation in Binary
Power Station System

At the beginning of the 1960’s, when improving the air condenser system,
Professor Herter suggested the realization of the combined steam am-
monia system. Later, in 1965, he published his recommendations concern-
ing the structure of the suggested new system. Here he pointed out the
dominant role of the heat exchanger dividing the partial cycles and also
the difficulties concerning the realization were mentioned. It became
evident, that experimental research was needed prior to realizing the
dividing heat exchanger. Only the results of these experiments could show
wheather it is possible to build — at the necessary thermal conditions —
a rational dimension heat exchanger. In the course of the experimental
work it was found possible to build a rational dimension, steam — am-
monia condenser boiler, which operates suitable even at the low, about
4 — 6 °C temperature differences required from the thermal point.
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Acta Techn. Hung. 82 (1976) pp. 197—210

Somlyeédy, L.: Examination of Mixing in Water Streams Using Mass
Flux Constant Curves

The report deals with the mixing of a dissolved passive pollutant perma-
nently released into a water stream. It assumes the velocity field as being
known and makes use of the equation of turbulent diffusion, describing
the said phenomenon by the introduction of depth-averaged values, in
a co-ordinate system consisting of streamlines and equipotential lines
normal to them. As in the case of streamlines, it defines the curves of
mass flux constant which divide the original differential equation into
two equations, more convenient to handle computationally. Furthermore
the report outlines certain characteristics of the curves, then deals with
the computation of the distribution of the concentration, respectively,
with the inverse case: the determination of the dispersion coefficients
obtained by tracer measurements.

Acta Techn. Hung. 82 (1976) pp. 211—232

Ecsedi, I.. A Method to Solve Some Axi-Symmetrical Problems of the
Theory of Elasticity

The paper deals with the solutions of axi-symmetrical quasi-static problems
of continua consisting of layers of infinite extension parallel to a given
plane. It is assumed that each layer is homogeneous and isotropic, consist-
ing of linearly elastic material having insignificant deformation.

Acta Techn. Hung. 82 (1976) pp. 53—59

Scharte, P.: On the Relationship between Different Approximating
Methods.

The paper deals with some common properties ofseveral well-known approxi-
matingmethods. It separates the concepts of the approximating principle
and approximating technique. Attempts are made to construct a general
treatment for relating the approximating principles used in the numerical
investigations of a wide class of non-linear continuum problems. It is
possible to recognise a very expressive connection between the different
methods as the least squares, weighted residuals, direct approximation
and variational ones.
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MEMBRANE SHELLS
WRITTEN IN CYLINDRICAL CO-ORDINATES

E. BOLCSKEI*
CORRESP MEMBER OF THE HUNG. AC. OF SCI.

[Manuscript received 1 Nov. 1974]

Examples have been presented to show unambiguously that several types of
shell structures lend themselves for treatment in cylindrical co-ordinates, rather than
for shells of revolution alone. This statement is also valid for shells with intricate
cyclic folds, or waves. For shells over sector — or ring sector — shaped ground-plans,
also the boundary conditions can be relatively simply to be taken into consideration.

1. Introduction

In general orthogonal co-ordinate systems have been applied to investi-
gate the state of stresses in membrane shells. These have been applied up
to now to analyze the

barrel vault shells,

elliptical paraboloid shells,

hypar shells,

conoids,
the most commonly used types of shells in practice, while only equations
describing the middle surfaces of shells of revolution, as well as differential
equations describing their state of stresses, have been written in cylindrical
co-ordinates.

In the present paper it will he pointed out that several practically
feasible other shell forms, different from that of revolution, arc rather simple
to write in cylindrical co-ordinates. Again, the state of stresses analyzed
in cylindrical co-ordinates often leads to differential equations which can be
easily handled and solved.

In the following some shell surfaces will be presented, which are likely
to be more simple to write in cylindrical, than in the usual Cartesian orthogonal
co-ordinate system, such as:

helical shells,

corrugated conical shells,

waved shells,

* Prof. Dr. E. Bolcskei, Muskotaly u. 37, 1118 Budapest, Hungary
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cup-like shells,
polar-translation shells,
conoidal shells,

twisted shells,
calyx-shaped shells.

2. Helical shells

An ordinary helical surface is characterized by invariably horizontal
sections parallel to the base plane (Fig. i). It is expressed by:

The middle surface of the so-called conical-helical shells, expressed by
z= cep,

is somewhat more complex. It has again straight generatrices, these, however,
invariably pass through the origin of the co-ordinate system. Such a surface
is showm in Fig. 2; a) Feing the first thread cut from the surface by a cylinder
r = constant, b) being its section cut by a plane parallel to the base plane
at a height z = constant.

Helical shells are of practical use, e.g. to support helical stairs, or as
ramps in multistorey garages.

3. Corrugated conical shells

This shell type can be characterized in cylindrical co-ordinates by the
general equation

z = cr sin W - hr

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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where ¢, h, care constants, « being the number of waves for a single revolution,
numbering 6 in the examples of Fig. 3a.

If for practical reasons the valleys are to be replaced by ridges, then
the absolute value of the quantity sin m@ has to be reckoned with. Fig. 3b
shows an example of this type of shells. Its equation is:

2 = er Isin o |-\ hr.

A special case of this shell type is the cross-vault with sine directrix.
An example having a circular ground plan and a horizontal crown line is
shown in Fig. 4.

Omitting the additive term, we obtain

2 = cr sin a@
or
2= cr sin L

1* Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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Fig. 3

In the latter case, valleys have again heen transformed into ridges. Two
varieties conform to the above equations are shown in Figs 5a and 5b.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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4. Waved shells

A waved shell with an arbitrary directrix is described by the general
equation
z = f(r) sin cup

where function f(r) can be chosen at will, such as:

f(r) = cer, ¢ cos hr, cr2etc.

Accordingly, the shell can be termed a parabolic etc. one, with directrix er,

cosh r or r2 etc.
The so-called parabolic waved shell with directrix r2 has a general

equation of the form:

zZ = cr2 sin x<p-|- hr2
Eliminating the valleys:

2= er2lsin cup | -|- hr2

as is shown in Fig. 6, with a = 3 and h < 0.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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Choosing the additive term as h = 0, and taking >x= 6, results in a
parabolic waved shell (Fig. 7) expressed by:

2 = CIr2 Sin Xp .

5. Cup-like shells

Rather interesting, beautiful surfaces — cup-like shells - result from
applying the periodic function used earlier as a multiplier e.g. the sine
function as denominator, completed by an additive term R. For /3 ;> 1,

the denominator is non-zero, hence, the fraction is never infinite.
The simplest form of cup-like shells that having a straight directrix,

with the equation

illustrated in Fig. 8.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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The linear function can be replaced by any other function of the
variable r, hence, the general equation of the so-called cup-like shell is of
the form:

z = A

sin < F- B
One of the simplest form of /(r) is a parabola
f(r) = cr2
The corresponding parabolic cup-like shell (Fig. 9) is characterized by

cr2
Z__

sin x<p -f- B

Acta Technica Academiae Scientiarui Hungaricae 82, 1976
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6. Polar-translation shells

The middle surface of a polar-translational shell is obtained by turning
a planar curve around a vertical axis and moving it at the same time up and
down, so that it always touches a sinusoidal line drawn on a concentric
cylinder surface. When the moving curve is a sinusoid then the equation
of the shell’s middle surface is

2= asin 2n -y— (- 6 sin oap.

A sector of this shell’s middle surface cut out by two radial planes and a
cylinder,'is shown in Fig. 10. A part of a similar surface limited by two vertical
planes passing through the axis and by two concentric cylinders (Fig. 11)

Fig. 10

—

Fig. 11

Ada Technica Academiae Scientiarum Hungaricae 82, 1976
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is characterized by the equation:
. (r j .
Z = asin2n ----—--— - f- b sin xcp .

Surfaces confined by concentric circles and by straight radii are, in
general, also easy to treat in cylindrical co-ordinates.

7. Conoidal shells
A conoidal shell with a radial straight directrix is shown in Fig. 12.
Its equation is:
2=c¢(r a) (@ o.

The polar harmonic shell, described by

z=ce(r a2 @@ a2,

Acta Technica Academiae Scienliarum Hungaricae 82, 1976
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is similar in character, except that here the radial sections are parabolae of
the second-order instead of straight lines. Such a shell over a ground-plan
confined by two radial straight lines and two concentric circles is shown
in Fig. 13.

8. Twisted shells

A shape often encountered in Baroque architecture is the surface of
a twisted column. The equation of its surface (Fig. 14) is easy to write in
a polar system of co-ordinates as

r=asin Op- cz),
or, in the usual form:

z——lnn(p arcsin_r\
c | al

Considering in the former equation the absolute value of the sine term, i.e.
taking
r= alsin bp—ez) I,

another twisted surface is obtained (Fig. 15), differing from the former by
featuring only convex sine half-waves.
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9. Calyx-shaped shells

This expediency of the use of a polar co-ordinate system is pointed
out by the polar translation shell having the equation

z=a ln br+ ¢ sin np.

Fig. 16 depicts axonometrically a part of this shell, limited by a concentric
cylinder and also shows its sections cut out of the middle surface by planes
zla = 1/2, z/la = 0 and zja = - 1/2. This surface having a relatively simple

equation, adapts itself to natural flower shapes.

Fig. 16

Behandlung von Membranschalen in Zylinderkoordinaten. Beispiele sind vorgefihrt,
die eindeutig beweisen, daB sich eine Anzahl Schalenkonstruktionen fiir eine Behandlung in
Zylinderkoordinaten eignen. Diese Behauptung beschréankt sich nicht auf Rotationsschalen,
sondern gilt auch fur verhaltnisméaRig verwickelte Schalenflichen mit periodischen Falten.
Bei Kreissektor- oder Kreisringsektorschalen lassen sich auch die Randbedingungen ziemlich
einfach beachten.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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Mem6paHHbie 060/104KM B LMAMHAPUYECKUX KoopAuHaTax. MpuBeseHHble MpUMepb! Of-
HO3HAYHO MOATBEPXKJAOT, UTO 06O0/I0YEYHbIE KOHCTPYKLMM OTHOCWTENBHO CIOXHOW (hOpMbI
OT/MYHO MOAXOAAT ANA PaCCMOTPEHMA WX Ha OCHOBE LMAMHAPUYECKUX KOOpauHaT. [aHHoe
OMpefiefieHne KacaeTcsi He TO/IbKO 060/104eK B POPMe MOBEPXHOCTM BPALLEHNSI, HO OHO AEUCTBY-
TE/IbHO TaKXe A/1si OTHOCUTE/IbHO C/IOXHBIX MOBEPXHOCTEN 060/104eK, ODOPMIIEHHBIX C NEPUOAN-
UeCcKM MOBTOPSILLMMCS rodpupoBBaHMeM. OKPYXXHbIE YCIOBUS MOXHO YUMUTbIBATb OTHOCUTE/LHO
MpoCTO B TOM C/ly4ae, KOrAa MAeT peub 06 060/104KaX C NJaHOM B Bue CerMeHTa Kpyra wuam
CerMeHTa Ko/ibLia, OrpaHMUYEHHOT0 Ha MaHe PaauanbHbIMU MPAMBIMA UV XKe KOHLEHTPUYECKUMN
Kpyramu BOKPYT OCW BpaLleHus.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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PROCESS OF HYDRAULIC SOIL FAILURE

A. KEZDI*
MEMBER OF THE HUNG. AC. OF SCI.

[Manuscript received 7 March, 1975]

The quicksand condition which takes place under the influence of the water
flow directed upwards within a sand mass, is commonly calculated on the basis that
the soil structure forms a rigid skeleton. Laboratory tests showed that by increasing
the value of the hydraulic gradient, partly the phenomenon of outwash, partly loosen-
ing or densification takes place, depending on whether the initial state was dense or
loose, respectively. The full failure itself, just as the shear failure, is associated with the
development of a critical void ratio. Attaining a hydraulic gradient determined on the
basis of the assumption of a mentioned rigid skeleton, means the transition from the
laminar flow of water into the turbulent one. In the course of the development of the
quick condition, the permeability changes in another way than had been believed
on the basis of the change in density; also this may be explained by the occurrence
of turbulent flow.

If there is an upward directed vertical water flow in a sand mass bounded
by a horizontal unloaded surface, and the water supply is sufficient to keep
the value of the hydraulic gradient at a constant level then, within the sand
layer, the pattern of the vertical stresses is as shown in Fig. 1 (see Kezdi,
1974). The level of the ground water coincides with the soil surface, accord-
ingly, on the surface, the piezometric head is equal to zero; but in the piezom-
eter pipe arranged at a depth h, the water level must be above the soil
surface by a value Ah in order to allowr a vertical water flow to be directed
upwards. If Ah = 0, the pattern of the neutral stresses develops according
to the broken line 13; the total stresses are shown by the broken line 15.
If a differential pressure Ahyw is produced, the neutral stress at depth h
increases by the value Au = Ahyw, and since the total stress did not change,
the effective stress had to decrease by the same amount. That is, at depth h:

<= hyt— {h+ Ah)yw. (1)

By increasing the value of Ah and at the same time also that of the
hydraulic gradient i = Ahjh a condition will be attained where the value
of the effective stress is equal to zero: az — 0. In this case, from Eq. (1) the
associated so-called critical hydraulic gradient may be determined:

- Ah g -1wW % @
h W w
*prof. Dr. A. Kezdi, 1012 L6godi u. 9. Budapest, Hungary
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Fig. 1. Vertical stresses in a sand mass of infinite extension, due to its own weight

Hero ybis the bulk density of the soil reduced by the uplift force, the so-called
buoyant unit force weight. Since in this case only neutral stresses are acting
in the sand mass, the shear strength of the sand is zero, and the sand grains
are not supported either from above, nor from below, the mass behaves as
a viscous liquid having a bulk density yb.

The simple considerations outlined above assume that the grains of
the sand mass during the increase of the value of Ah up to zihcrit constitute
a skeleton; no change in the volume takes place and the strength rapidly,
becomes zero almost in a moment. If this would be true, the value icrit = yblyw
would indeed precisely express its condition. However, this is not the case:
on increasing Ah. in general, two processes are taking place: on the one hand
from the mass some fine grains will be washed out, and on the other hand,
grains become more inclined to move due to the reduction of the effective
stress, and a displacement which implies volume change. This volume change
may be both loosening and compaction. Both phenomena cause changes
in the value of the void ratio and coefficient of permeability. Therefore, the
process of the quick condition may be described only as a first approximation
by the simple formula shown in Fig. 1 and by Eq. (1).

Let us first investigate the question of washing out. Let us assume
that a grain having a diameter d during the increase of the value Ah is no
longer supported at its sides and is only subjected to vertical forces. The
velocity of the upward flow of water according to Darcy’s law is:

\ Ah 1

= K - o 3
n h n (%)
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Fig. 2. Critical grain diameter with respect to outwash as a function of the hydraulic gradient

Fig. 3. Grain-size-distribution curves of soils used at tests

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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Fig. 4. Scheme of test set-up

If we assume spherical grains, the velocity of water flow directed upwards
at which the grain attains the state of suspension, may be calculated from
Stoke’s law as follows:

Y *okxy 4
18 ri “)

where rj is the viscosity of the liquid and d is the diameter of the spherical
grain. If the velocity of the water flow reaches this value, also the lower
support of the grain will be discontinued and the grain goes into a suspend-
ing movement. If the hydraulic gradient i is given, so the diameter of the
grain going into the state of suspension, may he calculated by equating the
right-hand sides of Eqs (3) and (4):

1871 ki K vim (5)
ys-7w n n
The values of dcrit under average conditions at several values of k are plotted
as functions of i in Fig. 2. Grains of smaller diameters may he washed out
of the mass if their free displacement is possible.
The volume change due to the increase of the value Ahjh has been
experimentally investigated. In the following some characteristic test results
are presented.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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Fig. 5. Development of the void ratio and coefficient of permeability with increasing hydraulic
gradient

The grain size distribution curves of the soils investigated are given
in Fig. 3. The soil samples were tested at different initial densities. After
having saturated the samples by capillarity, Ah was increased stepwise.
On reaching the stationary condition the rate of flow of water per minute
has been determined and the length of the specimen measured (Fig. 4).
Thus the coefficient of permeability and void ratio of the sample could be
calculated.

A characteristic result is to be seen in Fig. 5. Here the permeability
and void ratio are plotted for samples having different initial density versus
the hydraulic gradient. It is an interesting, however, as a matter of course”®

2 Acta Technica ficademiae Scientiarum Hungaricae 82, 1976
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Fie. f). Determination of the critical void ratio

quite a reasonable phenomenon that in increasing the hydraulic gradient,
also here, just as in the case of shear tests, there is a critical void ratio: on
increasing the value i, the originally loose sample becomes denser, while
the originally dense sample will be looser. Accordingly, the “failure”, i.e.,
the complete liquefaction (“quick condition”) of the sand, i.e., the state
az = 0 always takes place at a certain void ratio, independently of the
initial value.

If one considers, that in the sand mass besides local heterogeneities
in the grain size distribution, also during the increase of the hydraulic gradient
shear deformations take place which, as a matter of course, also cause volume
changes, the phenomenon should be accepted as a logical consequence (Kezdi,
1963). If we plot the void ratio developed vs. the initial void ratio, the critical
value can immediately be read off (Fig. 6). These void ratios are also given
in Fig. 7 where the grain size distribution curves of the soils are in the system
of coordinates (log dmax, log U) characterized by one-one point each. From
the experiments conducted so far it seems that the smaller the value of U,
the greater that of the critical void ratio is which develops at quick condition.

As is familiar, the critical void ratio which occurs in the shear tests
and which can be measured, is the function of the normal stress; it decreases

Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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Fig. 7. Critical void ratio of the soils tested in the system of coordinates (log <max, log U)
characterizing grain size distribution

with the increase of the latter. The critical void ratio associated with the
quick condition may he considered as coordinated to the stress a= 0, and
thus, it represents the maximum value.

As to the coefficient of permeability, its value approaching the quick
condition, somewhat increases in that case where it has been started from
the dense state, i.e., when the volume change was a loosening. However,
the increase is not so significant that it would ensue from the degree of
loosening. If the value of the void ratio was high at starting (e > ecrit) and
thus near failure densification took place then, as a matter of course the
permeability is reduced. However, this reduction was much greater than
would have been assumed. Both experiences showed that the water flow
became more and more turbulent near the failure and thus, in this region

2. Acta Technica Academiae Scientiarum Hungaricae 82, 1916
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Fig. 8. Behaviour of the seepage velocity with increasing hydraulic gradient

Darcy’s law does not hold any longer. This effect is clearly demonstrated
in Fig. 8, where the seepage velocity calculated on the basis of the amount
of water flown through at different initial void ratios is plotted versus the
hydraulic gradient. The relationship is at values i (yt — yw)lyw linear but,
by surpassing this value, one obtains a diagram which, anyhow, is charac-
teristic of the turbulence. Thus, the “critical” hydraulic gradient calculated
with Eq. (2), indicates the state where the flow of the water, laminar so far,
turned into a turbulent one, however, the quick condition did not developed
fully. This only occurs if i further increases during this process.

It is also worthwhile to note that in case of coarse grained soils, (for
example, at that No. 31) major volume changes could not be observed as
a result of the increase of i. It is possible that the water flow here even at
small values of i is turbulent owing to the comparatively small specific sur-
face; the effect of the flow on the structure is not too significant. One obser-
ves only loosening in the case of the soil No. 23, thatis, a sample looser than
ecrit here could not be produced (Fig. 9).

Contrary to the test results it may be observed in nature, that in three-
phase soils at lower values of i, than those given by Eq. (2) a phenomenon
takes place which might be called hydraulic failure. Here, two circumstances
may interfere: either the effective path of seepage is shorter than that as-
sumed because internal erosion developed or, in the three-phase soil the
enclosed air bubbles get compressed under the process and thus, positive
neutral air-stresses come into being, thereby reducing the shear strength.

Acta Technica Academiae Scientiarurn Hungaricae 82, 1976
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Fig. 9. Development of the void ratio with increasing hydraulic gradient in a coarse grained
soil (No. 31) and in a soil of uniform (No. 23) size distribution
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Vorgang des hydraulischen Grundbruchs. Die Bedingung des unter der Einwirkung der
in einer Sandmasse aufwarts gerichteten Wasserstrémung eintreffenden Grundbruchs wird, im
allgemeinen, unter der Voraussetzung ermittelt, daB das Skelett keine Bewegung und keine Vo-
lumenénderung vollfihrt. Es wurde durch Laborversuche nachgewiesen, dall infolge der Er-
héhung der hydraulischen Druckgefélle teils Auswaschung, teils Auflockerung oder Verdichtung
auftritt, demgemaR, dal der Anfangszustand dicht oder locker war. Der vollstdndige Bruch,
ebenso wie bei einem durch Schubbeanspruchung hervorgerufenen Bruch, ist mit der Ent-
wicklung einer kritischen Porenzahl verbunden. Die Erzielung der kritischen hydraulischen
Druckgefdlle, die aufgrund des vorausgesetzten steifen Skeletts ermittelt werden kann, ruft
einen Ubergang von der laminaren in die turbulente Strémung hervor. Unter dem Vorgang
der Entwicklung des hydraulischen Bruchs &ndert sich die Permeabilitat auf eine andere Art,
als es aus der Anderung der Dichte voraussichtlich war; diese Erscheinung kann auch durch
den Auftritt der Turbulenz erkléart werden.
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Mpouecc rMapaBAMYECKOro paspyLUeHns FPpyHTa. YCN0BUS TMAPaB/MYECKOro paspylue-
HWSI OCHOBAaHWS!, MPOUCXOMSALLErO MO/ BO3AEWCTBIEM [BUXEHUS BOAbl CHWU3Y BBEPX B MECUaHbIX
MaccuBax, 06bIMHO NPUHATO PacCUMTbIBaTb Ha TO OCHOBE, UTO CKe/leTHas CTPYKTYpa He mpeTep-
neBaeT [BWXKeHWs. JlabopaTOpHbIe OMbITbl MOKAa3aiW, YTO B MPOLIECCE MOBLILIEHWS TUAPaB/IU-
UECKOro rpaJyeHTa BO3HUKAOT, C OAHOW CTOPOHbI, Pa3MbiB, a C APYrOi CTOPOHbI, paspbiX/ieHue
WM XKe YMNOTHEHME, 8 UMEHHO B 3aBUCUMOCTM OT TOFO, YTO Haua/bHOe COCTOSHWUE GbIIO /i N/IOT-
HbIM W Xe pbix/bIM. CaMo MOJIHOe paspyLUeHue, aHaIOMMYHO PaspyLUEHWUIO CABMIa, COMPOBOX-
AaeTcs POPMMPOBaHMEM KPUTUYECKOTO KO3h(ULIMEHTA MOPUCTOCTU. JLOCTUXEHME KPUTUYECKOTO
TMAPaB/IMYECKOr0 TPafMEHTa, OMPEeAEeNIeHHOro Ha OCHOBE YMOMSIHYTOMO BbIlUE MPeANO/IoXeHUs
(KECTKWiA CKeneT), 03HauaeT Nepexoj NaMVHAPHOTO [BVKEHWS MOTOKA Bodbl B TPYBYNEHTHOE.
B npouecce GopMmUpoBaHMs TMAPABAMYECKOTO PaspyLUeHUs NPOHULIREMOCTb U3MEHSIETCS UHAYe,
Uem 3TO [IO/HKHO 6bI0 MPOMCXOAWUTb HA OCHOBE M3MEHEHWS! MOTHOCTM; 3TO SIBJIEHUE MOXHO
06BACHUTL TaKXKe BO3HUKOBEHUEM TypBYNEHTHOTO [BUKEHWS MOTOKA.

Acta Technica Academiae Scientiarum Hungaricae 82t 1976



Acta Technica Academiae Scientiarum Hungaricae, Tomus 82 (3—4), pp. 255—279 (1976)

INTRODUCTION A QUELQUES PROBLEMES DE
TURBULENCE

I. MATHIEU*

[Manuscrit recu le ler Septembre 1974]

Cet exposé qui ne se veut qu’introductif a uniquement pour but de mettre en
place une ligne de pensée et un langage commun susceptible de faciliter les discussions
que nous serons amenés a conduire dans la présentation des recherches sur les couches
limites perturbées ou les couches limites déstabilisées par chauffage. A travers lui,
on pressent également quels pourraient étre, dans ce domaine, les développements
futurs; I’étude des phénomenes thermiques, celle des couches limites tridimension-
nelles et des écoulements confinés s’imposent a bien des égards.

Notations

vecteur position du point M
vecteur position du point M’
composantes du vecteur position
vecteur position relative M M'
vecteur position relative

longueur caractéristique

rayon de la conduite

épaisseur de la couche limite
vecteur vitesse

composantes de ce vecteur
composantes de la vitesse moyenne
vecteur vitesse fluctante
composantes de la vitesse fluctuante

pression moyenne
pression fluctuante
dissipation moyenne
212 = dTJIQx,

temps

temps de structuration
temps d’extinction
température

température moyenne
température fluctuante
concentration

vecteurs nombres d’onde
fonction spectrale

noyau

3(7,/3arw

00/ 0#/

tenseurs dans le plan physique
tenseurs dans le plan spectral
tenseurs spectraux intervenant lors
d’un processus thermomécanique

*J. Mathieu, Ecole Centrale de Lyon, Université de Lyon
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8 symbole de Kronecker
v viscosité turbulente
T contrainte
v viscosité cinématique
a = AlgCp diffusivité thermique
nombre de Prandtl
0 masse volumique
nombre de Reynolds turbulent

Il nous a semblé utile, avant d’aborder quelques objectifs de recherche
plus spécifiques, d’examiner quelles peuvent étre actuellement sur un plan
tres général les lignes directives suivies au Laboratoire, et comment elles
se rattachent aux développements mondiaux sur le theme de la turbulence.

C’est pour nous un sujet de préoccupation ancien que celui d’une liaison
université industrie. Si la réalisation d’un tel programme s’avére, dans tous
les cas, difficile, cela tient sans aucun doute a ce que pour étre mise en place,
cette formule doit ménager bon nombre de relais intermédiaires, a travers
lesquels chemine I'information. Par le panorama assez étendu des recherches
présentées, on peut voir que bon nombre ont pu étre ainsi mis en place.
Il serait bien évidemment difficile d’intéresser tel ou tel constructeur a quelque
structure de «noyau» dans la théorie de K raichman. Plus tangible lui parait
la fourniture d’un programme de calcul qui, tenant compte au mieux des
mécanismes turbulents, fournit des informations dans un trés grand nombre
de cas. Nous essaierons de montrer dans ce qui suit comment, ouverts aux
différentes voies de recherches, nous tentons plus spécialement d’en faire
progresser certaines, nous efforgant de toute fagon de dégager de ces investi-
gations théoriques ou expérimentales quelques idées utiles a la mise en place
de moyens calcul. La formule reste, bien entendu, souple dans son application,
c’est-a-dire que le programme défini est, dans bien des cas, une tendance
plus qu’un aboutissement. Cependant, ce type d’arbitrage est toujours
implicitement recherché.

Nous n’aborderons pas, dans ce qui suit, les travaux conduits dans le
domaine de I’aéroacoustique, lesquels bénéficient d’une attention plus spéciale
de notre collégue le Professeur G. Comte-Belttot; il serait du reste difficile de
le faire dans un temps aussi court. Nous préférons donc borner notre exposé
aux problémes des écoulements dans leur relation avec la turbulence.

Qu’il s’agisse d’aérodynamique interne ou d’aéroacoustique, et si I’on
met a part les problémes concernant I’étude des fluides non visqueux lesquels
sont a I’heure actuelle assez bien traités, on est dans tous les cas confrontés
au probléme de la turbulence. Nous ne reviendrons pas sur la description
globale de ce phénomeéne dont I’essentiel avait été déja bien saisi a la fin du
siécle dernier par Boussinesq et Reynolds. On peut dire, sans s’inscrire
en faux par rapport aux idées actuelles, qu’il s’agit de la manifestation
tangible d’une instabilité essentielle propre a la structure des équations de
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Navier. Des travaux mathématiques récents concernant I’équation de Navier
elle-méme, ou celle qui lui fut trés souvent associée du fait qu’elle présente
une structure mathématique analogue, nous voulons parler de I’équation de
Burgers, confirment tout a fait ce point de vue. Le caractére non linéaire
de ce type d’équation, d0 a la présence des termes d’accélération convective,
est a coup sdr déterminant. Sur le plan physique, il donne au probleme son
visage essentiel tandis que, sur le plan mathématique, il le complique a tel
point que I’on ne peut montrer que les équations:

3L(X0 + £(. r)yllx, t) = Ap{i, t) + v\:* U(x, 1)
8t

yu= 0

jointes a un jeu de conditions aux limites et initiales constituent un probléme
bien posé. Pour étre bref, disons qu’en tridimensionnel, I'unicité est assurée pour
des temps trés courts si v est petit et qu’elle est établie pour n’importe
quel temps si v est grand.* Les difficultés rencontrées en tridimensionnel sont
évitées en bidimensionnel et en axisymétrique et ceci est en accord avec le
fait bien connu que la régularité mathématique des solutions d’une équation
aux dérivées partielles croit lorsque décroit le nombre de dimensions de
I’espace dans lequel est recherchée une solution. Tout comme sera essentielle
I’influence de la viscosité dans le processus turbulent, sera crucial le role
joué par les termes d’ordre le plus élevé des équations de Navier; la présence
de termes biharmoniques assurera par exemple 'unicité de méme que I'intro-
duction d’une liaison adéquate entre le coefficient de viscosité et le taux
de déformation.

Du point de vue qui nous occupe, la non-linéarité fondamentale des
équations de départ traduira une interaction entre modeles et s’il nous est
possible de décomposer fictivement I’écoulement en champ moyen et en
champ fluctuant, il ne nous est pas permis de considérer ces deux modeles
évoluant séparément. Leur cohabitation ne va pas sans une action de I’un
sur l’autre; en bref, le champ moyen sur lequel I’ingénieur voudrait porter
son attention est profondément remanié par le phénomene turbulent. Les
termes d’inertie liés aux fluctuations du champ turbulent sont alors inter-
prétés comme une contrainte supplémentaire dite contrainte de Reynolds
(jue I’on ne sait pas a priori exprimer. Le probleme ainsi posé est dit ouvert,
et il en va de méme de tout probléme non linéaire de nature statistique, la
théorie quantique des champs en fournissant d’autres exemples. Sous des
aspects différents mais rigoureusement identiques quant au fond. le chercheur
et I'ingénieur se trouveront ainsi confrontés a une méme difficulté centrale.

* Les expressions «temps petits pet «temps grands » sont précisées en tant qu’environ.
nement temporel et aussi spatial en faisant jouer la viscosité.
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Pour mieux la réduire, le premier recourra d’emblée a des modeles turbulents
simples: tel celui fourni par la turbulence homogéne et isotrope, le second
confronté a une réalité précise ne pourra pas chercher sur ce plan d’échap-
patoire, en revanche, il prendra certaines libertés en adoptant le plus souvent
des fermetures grossieres dont certaines bien connues de tous seront succinc-
tement rappelées. On sent en fait a partir de quel stade du raisonnement
les deux cheminements divergent.

Nous tenterons maintenant un trés bref tour d’horizon pour essayer
de dégager quelles peuvent étre les difficultés centrales du probléme et com-
ment on y est de toute fagcon confrontés. Nous avons déja laissé entendre,
pour n’y plus revenir, a quels types de difficultés mathématiques I’on se
heurtait. C’est davantage d’un point de vue physique que nous nous placerons
désormais. Comme nous le verrons plus en détail, par la suite, la nécessité
de classer les structures turbulentes suivant leur taille afin de leur découvrir
une certaine spécificité fait que les analyses seront conduites, explicitement
ou implicitement, dans |’espace des nombres d’ondes. Aux grosses structures
sont attachés de petits nombres d’ondes et aux fines structures de grands
nombres d’ondes. La transformée de Fourier jette un pont entre I’espace
physique et I’espace spectral, toute propriété établie dans I'un des espaces
ayant son corollaire dans I’autre; pour un fluide incompressible I’équation
de continuité introduira une liaison dans le plan spectral: les perturbations
devront étre polarisées dans des plans normaux a la direction de propagation
de la perturbation; la nécessité de définir une énergie cinétique d’agitation
nositive se traduira dans I|’espace spectral par la condition de Krammer,
c’est-a-dire par une contrainte sur la forme du tenseur spectral. Cette trans-
formation intégrale peut étre appliquée aux fonctions de corrélations u(u {r)
qui sont des fonctions réguliéres et aussi moyennant quelques précautions®
aux équations de Navier elles-mémes. C’est ainsi que pour la fluctuation
U on obtiendrait:

Le terme de gauche de cette équation correspond a la partie linéaire du
probleme de départ, on reconnait l'opérateur convection diffusion. Ainsi,
en tout point kO de I’espace spectral I’évolution convection diffusion de

* Ces précautions viennent du fait que les vitesses u, ne sont pas des fonctions régu-
lieres; on surmonte alors la difficulté en utilisant la théorie des distributions.
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U (Jeu, t) est contrdlée par la viscosité intervenant linéairement du fait de
I’lhypothese de départ (fluide Newtonien) tandis que les termes d’inertie
responsables de la non-linéarité du probleme et rejetés au second membre
peuvent y étre interprétés, pour des raisons de commodité, comme des termes
source. On voit ainsi que, si le probléme était linéaire, une perturbation
d’ordre Jwu n’évoluerait pas dans I’espace spectral mais seulement dans le
temps; il est ici clair que deux perturbations de vecteurs d’ondes différents

Fig. 1

p et g peuvent se recombiner pour créer une fluctuation de nombre d’onde
U a condition toutefois que soit respectée la forme tryadique ici indiquée.
On peut donc en principe voir des tourbillons de dimensions tres diverses
intervenir sur un certain mode £ étant toutefois entendu que la composition
qui vient d’étre rappelée engendre certaines contraintes, précisément celles
qui résultent de la possibilité de former un triangle. D’une certaine maniere,
nous ne faisons,ici que réaffirmer la possibilité offerte par tout systéme non
linéaire complexe de générer harmoniques et sous harmoniques*. Apres
I’introduction avec Taylor du point de vue statistisque, on peut dire que
Kolmogorov formula dés 1941 des idées qui sont encore considérées comme
essentielles et que I’on retrouve sous-jacentes dans les théories actuelles.

1. Les transferts inertiels, sont un phénomene local dans I’espace des
nombres d’ondes, c’est-a-dire que la probabilité de transfert sur un large
domaine reste faible et ceci limite grandement les possibilités offertes dans
Ja construction des triades précédentes.

* En fait, le processus doit bien étre retenu; il pourrait sans doute servir de base a
une critique des modéles ou. développant un mode de transmission par trop local dans I’espace
des nombres d’ondes, on arrive, pour une turbulence isotrope, a des difficultés, en particulier
dans certaines régions dissipatives du spectre; I’idée d’H eisenberg qui consiste a prendre en
compte les actions dynamiques a un certain nombre kf) en considérant toutes les structures
turbulentes telles que k > k,,. Les hypothéses précédentes ne sont donc en fait vérifiées que
si le spectre est dit «d’équilibre ». Dans ce cas I’énergie traverse la zone inerte, elle sans
altération en moment. Une seule échelle peut alors caractériser le champ turbulent comme
associée pour donner une viscosité fictive:

E(k, i)

K3dfC

) = vTC- |

donne pour les grandes valeurs de | % des formes spectrales en puissance 1/7 en contradiction
avec l’existence de moments de tous ordres. Une certaine indigence du modéle dans cette
région du spectre est peut-étre a rapprocher de cette remarque. En effet, I’introduction d’une
forme tryadique devrait y précipiter la décroissance de E(k,t). Une discussion approfondie
des modeles type diffusion dans I’espace des /c, modéles que nous retrouverons sous une autre
forme avec K raichman, serait éclairante.
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2. Si le phénomeéne répond a ce schéma, il est alors possible de distinguer
différents domaines dans le spectre, I’énergie cheminant en moyenne de facon
bien définie (des grosses vers les petites structures)*

a) le domaine des faibles |k \ fortement marqués par le champ moyen
échappe a une analyse générale, c’est la partie contingente du spectre.

b) le domaine inertiel ou s’effectue I’émiettement des structures tur-
bulentes,

¢) le domaine dissipatif.

Le comportement des systémes mécaniques non linéaires a nombre
fini de parameétres est assez bien connu et I’on sait que des systémes non
dissipatifs, tel le suivant:

dxj

Xi+2 "b xi-1#1-2 2 xi+1Xj_!
dt

ou

qui retient un certain nombre de caractéres des équations de Navier et en
particulier des interactions quadratiques, vérifient au bout d’un certain temps
un principe d’équipartition, c’est-a-dire que les xf tendent a prendre une
valeur identique. Ceci dut encourager Kolmogorov a postuler que pour
des X I suffisamment grands la turbulence était isotrope, quelle que soit la
géométrie des structures primaires qui ont servi a extraire [|’énergie de
I’écoulement moyen.

Ces idées ont pu servir de guide et doivent étre retenues jusqu’a plus
ample informé.

Que dire, par contre, des hypothéses de fermeture elles-mémes? Pour
ne parler que de celles de Proudman et Reid et de Kraichnan, NOUS en
saisirons vite les lacunes ou pour le moins les difficultés. La premiére qui
tentait une démarche au niveau des corrélations quadruples lesquelles étaient
supposées reliées aux doubles suivant un schéma de loi normal** a abouti

* 1l est bien clair que telle que les interactions ont été précédemment représentées, le
cheminement ici indiqué ne peut étre considéré comme une contrainte absolue. Une pertur-
bation brutale trés localisée caractérisée par un nombre d’onde | ko laffectera dans un premier
temps les deux régions voisines du spectre, celle correspondant a | | < | fe0| et celle corres-
pondant a Inl< I L

** Dans une distribution normale les corrélations entre les variables centrées V, V., V31,
doivent vérifier

<b,y, v3ve = <FjK><TGVt> + <KY B <KVa+ <Tlvt><yTvd

les corrélations triples étant évidemment milles. On sait par ailleurs que certaines corrélations
triples jouent un rdle essentiel et ceci est flagrant dans I’équation relative au tourbillon.
Il faut ici bien remarquer que la condition imposée par Proudman et Reid est une condition
nécessaire que doit vérifier toute réalisation suivant la loi normale, mais cette condition n’est
pas suffisante. L’hypothése introduite n’était donc pas a priori trés restrictive, du moins, elle
ne contenait pas — croyait-on un peu naivement — de contradiction évidente avec le mécanisme
connu de la turbulence. Elle conduisait a I’écriture symbolique suivante:

-((:Ijt YoYU = tortru—=—tu—tr
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a un échec, certaines régions du spectre fournissant une énergie cinétique
turbulente négative, ce qui est évidemment absurde. On comprend assez
mal comment une telle hypothése a pu conduire a un échec aussi net bien
ques raisons plausibles aient été avancées par Kraichman et Edwards.
A coup sar, les termes d’inertie sont mal pris en compte et dans cette formu-
lation rien ne vient tempérer une erreur possible; le terme que I'on peut
considérer comme «terme source »dans I’expression des corrélations quadruples
ne faisant intervenir que des corrélations d’ordre deux, aucun autocontrdlé
de I’équation n’est a espérer. Certaines régions de l’espace spectral peuvent
en quelque sorte se vider de leur contenu et provoquer la contradiction men-
tionnée.*

Kraichnan tente de cerner le probléme en introduisant une fonction
de Green Gin caractéristique de la réponse du champ turbulent sollicité de
facon infinitésimale par une force 6fn

ouj (£, 1) = I GinJc, t, t') <5l (£ i') dt’

encore faudrait-il savoir quelle forme donner au noyau Gin, lequel vérifie
une équation fort complexe. Pour les grands nombres d’ondes si seule intervient
la viscosité v une forme asymptotique peut étre aisément donnée

Gin(Z,t t') :Gin (moyen) = H(t G) Pin(Je) e—*tf-0

la forme de Pin assurant que I’équation de continuité est remplie. Edwards
par exemple élargit cette formulation en adoptant pour le noyau une forme
diffusion susceptible de prendre en compte les interactions locales, c’est-a-dire
celles situées dans la frange dic relative a k.

GIn(Jc,t 1) = H(t t)PIn(Jc)e-«M-V
avec
rj(k) = vkr si k est grand
et
i](k) = Dell3k23

dans le domaine inertiel du spectre. On retrouve la I’introduction sous-jacente
d’un coefficient agissant dans I’espace spectral a la maniere d’un coefficient
de diffusion turbulente; ce coefficient est ici construit sur une vitesse liée
a I’énergie cinétique localisée dans la bande dk et une longueur 1jk. Des calculs
complexes sont ensuite conduits mais I’on voit combien sur la plan fonda-

* Certains termes régulateurs introduits trés récemment sous la forme d’opérateurs

linéaires par certains auteurs pourraient bien étre appelés a jouer ce réle. Toujours symboli-
quement on écrirait alors

uuu - uu Si = nuuu
dt
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mental, la construction de la fonction reste a bien des égards incertaine, les
multiples retouches apportées aux différents modeéles traduisant un évident
embarras*.

Cette ligne de recherche toujours en cours de développement, si elle
nous éclaire sur bon nombre de mécanismes turbulents et peut nous servir
de guide, est loin de tirer au clair le probleme, méme dans le cas apparemment
simple d’une turbulence homogeéne et isotrope. On congoit que d’autres voies
dans ces conditions aient été ouvertes. Comme nous l’avons dit, elles abordent
des problemes aux géométries compliquées, mais, dans la plupart des cas,
bornent quelque peu leurs ambitions quant a la perception du phénoméne.
Si nous rappelons trés brievement ici les plus anciennes, bien qu’elles soient
actuellement tres connues, c’est surtout pour en analyser les causes de succes
apparent et montrer que seul un optimisme coupable né d’un irréalisme
évident pourrait nous les faire considérer comme définitives. Elles sont,
tout au plus, un refuge, 6 combien utile, mais 6 combien temporaire. L’une
introduite par Boussinesq lui-méme est une transposition au cas turbulent
du formalisme rencontré dans le cas laminaire. L’autre proposée, bien plus
tard par prainat1, tente d’utiliser un schéma dont on connafit le succés en
théorie cinétique des gaz. Retenons que, dans les deux cas, la liaison cherchée
entre champ moyen et champ turbulent est locale. Aussi, ces représentations,
a vrai dire sans grand fondement, ne seront-elles capables de simuler des
phénomenes turbulents, que lorsque s’instaure une situation d’équilibre,
c’est-a-dire pour laquelle I’énergie d’agitation produite en tout point est
consommée sur place. Les termes convectifs liés a I’action du champ moyen
et ceux prenant en charge I’action de la turbulence sur elle-méme, c’est-a-dire
en fin de compte le processus non linéaire, doivent de toute fagon étre nuis
ou du moins tres petits.

Ces deux modeéles, malgré leur age, rendent encore d’importants services,
le plus ancien: celui de Boussinnesq n’étant pas le plus démodé. Cette généra-
lisation au cas turbulent des modeles a gradient, dont on connait les succes
en physique classique ou un total découplage existe entre I’aspect macrosco-
pique d’un phénomeéne et le micro-mécanisme qui le contréle, nous inciterait
a discuter précisément le champ d’application des modeéles a gradient. Ceci
a été fait de fagon tres suggestive par Corrsin qui S’appuie sur un modele
unidimensionnel discrétisé prenant en charge la promenade aléatoire d’une
particule. La validité de théories dites du «premier gradient» implique que
soient vérifiées certaines conditions portant d’une part, sur les dérivées
spatiales (définies dans I’étude précitée parr apport a l'unique variable x)
de quantités statistiguement définies telle que la concentration J1 d’autre

* Il est impossible de donner, dans un exposé qui ne veut que situer le probleme, un
apercu de cette évolution aux contours multiples.

Acta Technica Academiae Scientiarum Hangaricae 82, 197b



QUELQUES PROBLEMES DE TURBULENCE 263
part sur la valeur du libre parcours moyen 1. On devrait avoir, par exemple;

r | <j ra <1 *)
rx 24

En prenant en compte, de facon, il est vrai, quelque peu arbitraire I’histoire
de la viscosité turbulente vr, Kovasznay tente d’élargir le champ d’application
des modeles a gradient. Cette fois, vr est sensé vérifier une équation du méme
type (pie celle qui fixe, par exemple, I’évolution de [’énergie cinétique
d’agitation; c’est dire que la viscosité turbulente est non seulement produite
et dissipée, mais encore convectée et diffusée. Il est intéressant de noter
que vr régle, dans ce cas, son propre mécanisme de diffusion et ainsi, ’aspect
non linéaire du probléme, qui résulte de I’action de la turbulence taine
sur elle-méme, est pris en compte d’une certaine maniére:

dvT dvr 3 dvT
U +V vT -
dx dy dy dy

-j- Prod -f- Dissip.

Si cette formulation élargit considérablement le cadre d’application des
modeles a gradient, puisqu’elle permet d’aborder le cas d’écoulements hors
d’équilibre, elle préte assez largement flanc aux critiques. Les conditions
brievement rappelées pour qu’un tel modele demeure valable n’étant pas ici
remplies, Jeandel prend en charge, de quelque autre facon, le rdle des grosses
structures turbulentes par un terme dont le rdle est quelque peu hybride, du
fait, qu’il ne vérifie pas les conditions imposées a tout transport.** Les contrdles
expérimentaux sont alors satisfaisants. Resterait bien entendu a discuter
ainsi que le font Jeandel et Mathieu, la validité d’une expression de départ
du type

t(x,t) = vT(x + r, t+ t) dU- (x,t).
dy

Cette écriture précise clairement que la mémoire des structures turbulentes
est ici uniquement prise en compte par vT a travers un double voisinage
spatial r et temporel t'; en revanche, contrainte T et gradient 3U/gy sont
pris au méme point x et au méme instant.

* Ce modele a été repris et amélioré par Lumley (communication personnelle); les
conclusions précédentes demeurent.

** La modification apportée corrige convenablement le modéle, ainsi que le confirme
Lumley (communication personnelle), si Fon tient compte du caractere hybride du terme
ajouté qui altérerait aussi quelque peu les autres.
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L’étude des champs turbulents homogenes*, ouverte entre autre par
Craya, montre que, si la classe des tourbillons qui créent les contraintes
échappe a I’'emprise directe de la viscosité, ce qui suppose le nombre de
Reynolds suffisamment élevé, alors

r(x, t) du
— — = 8 (st) ou s
or (st) ay

La contrainte devient dépendante de Faction cumulée du gradient de vitesse
moyenne supposée ici constante et égale a «s». La méme conclusion peut étre
tirée de considérations trés générales qui prolongent dans ce cas une étude
de Lumley, récemment publiée. La nécessité d’opérer a grand nombre de
Reynolds dans des régions suffisamment éloignées des parois** pour qu’une
hypothése de quasi-homogénéité demeure valide est également ici sous-
jacente.

A vrai dire, I’équation proposée par Nee et Kovasznay résulte surtout
d’une intéressante intuition a laquelle certains développements de Philipps
pourraient servir de support. La mise en place d’une méthode de calcul
opérationnelle fondée sur les équations classiques de continuité et de quantité
de mouvement d’une part, et sur I’équation de I’énergie cinétique turbulente
d’autre part, revient a Bradshaw. C’est en fait par I’équation des corrélations
en un point que s’introduit I’effet du mouvement d’agitation dans I’équation
de quantité de mouvement relative au champ moyen. On pourrait donc
s’étonner de I'approche de Bradshaw qui, travaillant sur I’équation d’énergie
cinétique, s’éloigne du probléme et ne le rejoint en fait que grace a une nou-
velle hypothése: en tout point contrainte T et énergie cinétique turbulente
gg2sont dans un rapport constant. C’est dire que le temps de structuration
de la turbulence par le champ moyen est considéré comme petit devant celui
qui contréle la vie des structures turbulentes caractérisé par le rapport g2é.
Bien sdr, ceci s’inscrit en faux par rapport a la relation r/pg2 = $(st) mais
elle permet a Bradshaw de travailler sur une équation scalaire qui ne
comporte qu’un nombre limité de termes, du fait des contractions qui inter-
viennent lors du passage de I’équation en UjUj a I’équation en g2. Dans ces

* Entendons par la un champ turbulent dans lequel toute propriété statistique dé-
finie en deux points M et M' ne dépendrait que de la position relative de M par rapport a M',

c’est-a-dire de MM mais pas des vecteurs position absolue OM, OM".

** Pour fixer les idées, disons que, dans le cas d’une couche limite d’épaisseur &, la vali-
dité des modéles proposés ne peut de toute fagon étre considérée comme acceptable que si
y/6 > 0,1. Des ajustements sont nécessaires prés de la paroi lesquels ont fait I’objet d’une
étude détaillée conduite par K am Hong Ng a I’Imperial Collége sous la direction du Docteur

Launder.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



QUELQUES PROBLEMES DE TURBULENCE 265

conditions, Bradshaw considéere le probléme défini par les équations:

§ du 1 3P 3t
U™ -+
dx 9y Q dx
U 3
o2 _ di £,
3a 3y 9] 9j 2
dD dv
0, = Cste .
dx 3y gq4

L’hypothése au demeurant fort restrictive

T/gg2 = gt ,

élimine du domaine d’application de cette méthode les écoulements confinés
encore que méme dans le cas des écoulements du type couche limite (entendons
par la écoulements a direction privilégiée), bien des restrictions soient a
apporter. Dans le cas d’un jet symétrique, une modulation sera nécessaire
sur I’axe ou la contrainte est nulle sans que, pour autant, I’énergie cinétique
d’agitation le soit. Dans le cas d’écoulements dissymeétriques: jets pariétaux,
sillages asymétriques .. ., I’échec sera encore plus sensible. Indépendamment
de ces limitations, deux difficultés demeurent encore: il reste en effet a
évaluer, dans I’équation d’énergie, les termes diffusion et dissipation. On
sait que I’évaluation des termes diffusion est une des difficultés centrales

du probleme a laquelle nous ne cessons d’étre confrontés, I’introduction
d’une fonction ajustée expérimentalement et spécifique a chaque cas;
couches limites, jets ... palliera cette premiére difficulté

4 +r = T -~ T

ou Tmax est la contrainte maximum dans cet écoulement du type couche
limite et

3V
L2
, or
La dissipation sera prise de la forme
é s* u3L

L étant une longueur caractéristique de I’écoulement définie au moyen
d’ajustements expérimentaux spécifiques a chaque type d’écoulement et pris
sous la forme LJ6 =/i[y/d] .
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Hanjalic et Launder travailleront dans une direction quelque peu
similaire, mais leur approche a nombre d’égards beaucoup plus élaborée
permettra d’atteindre certains types d’écoulements confinés. A I’équation de
quantité de mouvement relative a I’écoulement moyen sera adjointe cette
fois 1I’équation d’évolution des corrélations Mu. et une équation contrélant
de la dissipation.

iDm,m, - au, an 19m,  diij
Dt 1“’UR dxk dxL 19a, g«
j b 9u, duj dujuj ,
1, 9a ~ 9a, dxk 4uiuk dxk + — (ajkui+aikuj [
De _ QU, 19m, 9uk du. oM, M- du, 9uk
Dt AXK 19a, 9a, 9a, 9af{ V dxk 9a, 9a,
1 9-m, j2 9 v 9 3p  9m,

j1 dxk9a, ] 9a, U*'S- o0 9a, 9a, 9a,

Les nombreux termes figurant dans ces équations seront évalués localement,
I’approche-adoptée étant a bien des égards intuitive, mais la démarche
plus rigoureuse de Lumiey qui confirme dans I’ensemble les évaluations
de Launder procede un peu du méme mode de pensée. Il ne nous est guere
possible de rentrer ici dans le détail de cette méthode que on désigne souvent
par méthode de fermeture en un point (one point closure method), cette
appellation pouvant du reste appeler discussion*. Les résultats obtenus
par cette voie sont trées prometteurs bien que I’on puisse formuler, en ce qui
concerne l'approche de Launder, au moins deux remarques. Notons tout
d’abord que la fermeture introduite au niveau des corrélations de vitesse
fait intervenir une hypothése de quasi-normalité et I’on sait les ennuis aux-
quels elle conduit dans le cadre d'une analyse (espace spectral) plus fine telle
celle menée par Proudman et Reid. Ici, ces difficultés sont aplanies du fait
que travaillant dans I’espace physique, on ne retient que I’aspect intégral du
probléme, c’est-a-dire celui qui prend en compte I’action de toutes les structures
turbulentes quelle que soit leur taille. Une autre hypothése fondée sur I’idée que
les pressions jouent dans ces équations un role répartiteur, reprend la formu-

* Dans I’approche de Lumley (communication personnelle), on ne trav aille apparem-
ment que dans I’espace physique (non dans celui des transformées de Fourier). Le fait de se
placer a de grands nombres de Reynolds permet bien entendu de traiter spécifiquement la
région dissipative du spectre. Les structures turbulentes responsables de la dissipation d’éner-
gie mécanique ont, du fait de leur petite taille, un comportement dynamique qui peut étre
pris en compte ponctuellement (ce qui revient a dire en langage spectral que I’on travaille
dans la région des grands nombres d’onde). Lorsqu’il s’agira d’évaluer des corrélations du type
puj, lintroduction de temps de relaxation permettra d’échapper implicitement a une telle
localisation.
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lation tie Rotta. 11 est certain qu’on se trouve ici en présence d’une double
fermeture alors que pour un champ turbulent homogéne, une seide suffit.
La compatibilit¢ de ces deux hypothéses resterait évidemment a montrer.
En fait, ces difficultés ne conduisent pas dans le plan physique a des incom-
patibilités de calcul pour les raisons que nous avons dites et de nombreuses
extensions de la méthode ont été faites dans le cas des écoulements confinés,
des écoulements siege d’influence thermique, . ..

Les recherches conduites au Laboratoire parJeande1 essaient d’exploiter
au maximum un certain nombre d’informations tirées des modeles turbulents
homogenes et d’en appliquer certaines conclusions aux écoulements du type
couche limite, des extensions aux écoulements confinés demeurant de toute
évidence possibles. La méthode utilise, dans son stade actuel, I’équation de
continuité, I’équation de quantité de mouvement, I’équation relative a I’évolu-
tion de I’énergie cinétique turbulente et une équation fixant le comportement de
la longueur de corrélation*. En outre, le rapport r/gg2n’est plus comme dans
la méthode proposée par Bradshaw, SUpposé constant; c’est ainsi que I’on
tient compte de I’effet cumulé des déformations imposées par le champ
moyen pour fixer la valeur de ce rapport. L’idée d’une telle liaison donnée
par J. Mathieu a pu étre précisée soit par voie théorique, soit par voie
expérimentale. Il vient alors:

3N dul N+oeo____
0= YA ( £+ A - Wu2 dr
2 16 31:2.1 —co
r+®qu 3 f+« 23
+ ' u, u>dr\ -
voe ST *i+r o1 167 .0 I
écoulement ui + 3 Jl ) - Yy o
"f)'rTciﬁiT_l L 16 ar (Uju2uj pun:2 pru2)dr\

On peut lui préférer avec raison I’équation d’évolution de la dissipation dont
nous reparlerons ultérieurement.

Avant de voir la méthode plus en détail, il convient de dire ce qui
dans cette approche, sépare le champ turbulent réel du modele homogéne
faisant référence. Remarquons tout d’abord que les recherches conduites
sur les champs turbulents homogénes a travers I’équation donnée par Craya
portent sur une analyse des corrélations en deux points. En effet, il est, dans
ce cas, possible d’évaluer les corrélations pression vitesse en deux points
au moyen des seules corrélations doubles et triples de vitesse prises également
en deux points et ceci d’autant plus facilement que le probléme est d’emblée
posé dans I’espace spectral ou les opérateurs différentiels deviennent des

* L’équation d’évolution des échelles turbulentes se déduit de I’équation des corréla-
tions en deux points par intégration dans le plan physique.
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opérateurs .algébriques.* Ceci dit, reprenons dans I’espace physique la com-
paraison entre champ réel et champ homogene. L’équation complete s’écrit:

Nous avons souligné les termes qui s’effacent dans le cas du modele homogene.
On voit que les termes convectifs liés au mouvement moyen et au mouvement
d’agitation sont de ce nombre, ainsi qu’un terme portant sur les corrélations
pression vitesse et deux autres contrdélant en partie le processus dissipatif.
Tous les termes négligés font nécessairement apparaftre des dérivées de
position du point M ; on peut, de ce fait, penser que leur réle restera modéré,
sauf, bien entendu, celui des deux termes convectifs. Lorsqu’il conviendra
d’évaluer la restructuration du champ turbulent, mesuré par le rapport
ripg2, par le champ moyen, on tiendra compte de la convection par le champ
moyen et de quelque facon, des retouches seront apportées pour évaluer
I’influence du mouvement d’agitation. L’équation des corrélations en deux
points s’écrit, en posant:

oo w_ _u; -G, _u'- u,

dxm %tn - %m m

Tij(+ N = T9T Qli(+ r)
sg(+n =—=>Fj(+n),

~ P-ij+ N7 . + AlPIlj+ ~jlpPil
ut i ugi { i i }

{Tu+ Tji]- {Su+ s;} - 2VAR-j= 0

* Les corrélations pression vitesse en un point sont liées dans le plan physique au champ
de vitesse par une intégrale de Poisson étendue a tout I’espace ou plus précisément a un do-
maine avoisinant le point et dans lequel les corrélations ne sont pas négligeables. Le choix
d’une équation portant au départ sur les corrélations en deux points se comprend de lui-
méme. On voit aussi comment les corrélations pression vitesse mettent en jeu a la fois des
termes linéaires (corrélations doubles de vitesse) et non linéaires (corrélations triples).
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et dans I’espace spectral
JLd), 4-W, =0 2vk2®,
ot

Le tenseur ®(; est la transformée de Fourier de Ry . Le tenseur TU se fait
ici I’écho du gradient de vitesse moyenne tandis que Q/j prend en charge
les aspects non linéaires. Le probléme de fermeture, sans étre bien entendu
résolu, est ici bien posé car 2~ prend également en charge les corrélations
pression vitesse qui ont été dans cette approche exprimées en fonction du
seul champ de vitesse. Parmi les résultats qui ont pu étre aussi obtenus,
nous retiendrons ceux donnés par Courseau et Loiseau. lls concernent
entre autre I’évolution du coefficient de corrélation (qi®/jujuj) lequel est obtenu,
dans un premier temps, en négligeant les corrélations triples. Un champ
turbulent isotrope pour lequel donc u,u2 — 0, introduit en tant que condition
initiale dans un champ a gradient constant du type Craya, Se restructure
au cours du temps. Deux quantités reglent en fait ce mécanisme: Al = st
et mais I’on peut penser que la classe des tourbillons sur lesquels agit
la viscosité est découplée de celle qui crée les contraintes; il suffit, pour cela,
que le nombre de Reynolds de la turbulence soit suffisamment grand. On a
pu constater que, pour des variations raisonnables du rapport v/s, MM (uju2)
n’était fonction que de st.

Les travaux expérimentaux de Champagne, Harris €t Corrsin appor-
tent un heureux complément d’informations a ces considérations. Elles ne
révelent en tout cas aucune contradiction. Les valeurs expérimentales du
coefficient de corrélation sont plus faibles que celles calculées a partir de
I’équation de Craya en négligeant les corrélations triples et ceci parait
conforme a I'idée que I’on peut se faire, a priori, du rdle joué par la non-
linéarité du mécanisme.

Nous reviendrons ultérieurement sur les problemes de fermeture, nous
attachant pour I’instant a donner un apercu des résultats que I’on peut
obtenir au moyen d’une telle méthode.

Si I’on emprunte a I’expérience des données relatives au temps de vie
des structures turbulentes, on s’aper¢oit que, dans la plupart des cas, la
valeur calculée de I’'intégrale des déformations permet d’atteindre I'état que
nous avons appelé «d’équilibre turbulent» lequel correspond a la valeur de
«eq» adoptée par Bradshaw et a celle non moins classique de 0,4 pour le
coefficient de corrélation. Dans certains cas: jet pariétal, couches limites se
développant dans un écoulement extérieur perturbé ... des régions d’écoule-
ment échappent a cette analyse et I’on est amené a tenir compte d’un processus
de restructuration, contrélé dans le temps par le gradient de vitesse moyenne
s - A2. Dans le cas d’un jet pariétal, on saitque I’ordonnée a laquelle s'an-
nulle la contrainte tangentielle ne correspond pas au point ou la vitesse
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est maximum. L’explication basée sur les réflexions précédentes avait donnée
été par J. Mathieu, dés 1971. La mise en place d’une méthode de calcul
rend compte de ce résultat du reste décrit par Hanjatic €t Launder mais
par une autre voie. Méme dans un tel cas du type couche-limite, on constate
que, non seulement le rapport eq= r/gg2n’est pas constant, mais qu’il change
de signe dans une section droite du jet. Une situation qui peut parafltre
paradoxale si I’on s’en tient a une compréhension par trop sommaire du
phénomene est celle recontrée sur I’axe d’un jet ou la contrainte est nulle,
bien que I’énergie cinétique turbulente y soit tres importante.

Le probléme n’a de commun avec le précédent que I’existence de deux
centres producteurs, mais alors que, dans le jet pariétal, le transport convectif
jouait un r6le essentiel, c’est ici la combinasion de structures turbulentes
émanant des deux centres et algébriguement marqués du point de vue de
leur état de structuration qui conduit sur I’axe pour les contraintes a un
bilan statisquement nul. Une discrimination des informations a pu étre faite
dans un tuyau a partir du signe de v par Sabot €t Comte-Bellot QUi ont
pu confirmer cette partition des corrélations en uv <[ 0 pour v> 0 et uv j> 0
pour ti<T O certaines structures informelles venant se placer dans les alternances.

Sil’ondevaiten peu de mots caractériser les méthodes du type Bradshaw
ou rjgg2= tq et celle qui vient d’étre ici proposée, on pourrait dire que, dans
le premier cas, le temps de structuration de la turbulence est supposé négli-
geable devant celui qui fixe son déclin, alors que, dans le deuxiéme cas, on
serait au moins, dans un premier stade appelé a les confondre. On pense
actuellement que celui-ci est plus grand que celui-la mais, de toute facon,
ils sont du méme ordre de grandeur, ainsi que le montre le tableau suivant
qui permet, a partir des essais de Sabot €t Charnay, des comparaisons dans
le cas d’un écoulement en conduite et d’une couche-limite.

On serait amené a comparer un certain temps d’extinction re au temps
mis par exemple par une turbulence isotrope pour atteindre un état que nous
appellerons pour faire bref, «d’équilibre» tsw, 1/s et qui correspond a la
valeur adoptée par Bradshaw.

[

SP suU

- ts~ — 4 ' t
x2/R 8xt —s S e Xrla or. s h €
0,1 4,15s-1 0,012 0,08 sec-1
0,2 208 s-1 0,024 0,12 0,2 93,5 0,153 0,063
0,5 95s-1 0,053 0,15 0,4 48,3 0,103 0,083
0,7 60 s-1 0,083 0,20 0,6 32,1 0,156 0,095
1 sec-1 0.20 0,8 22,0 0,227 0,11

conduite couche-limite
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Nous avons parlé du probléeme de «fermeture» dans I’équation de Craya
et signalé que ce type d’approche qui fait intervenir deux points de I’espace
physique permettait de le bien poser. C’est donc ici seulement une expression
du tenseur qui joue lerble de terme source qu’il faudra postuler. Une toute
premiere tentative a été faite dont on peut saisir trés brievement le chemine-
ment. Pour tout point J de I’espace spectral, les composantes du tenseur
0jj sont du fait de I'incompressibilité localisées dans un plan normal a X,
autrement dit I’espace tensoriel dans lequel est défini ®-mest construit a partir
de ce plan. Si I’on choisit dans le méme espace, on pourra alors supposer
ce terme-source proportionnel a @, . La fonction de transfert empruntée
au cas isotrope (exp. de Comte-Bellot et Corrsin par exemple) aura le
role décisif: celui d’assurer le transfert dans I’espace spectral. On ne pourra
parler de fermeture au sens mécanique du terme, puisque dans Q on a
introduit une donnée expérimentale: la fonction de transfert de la turbulence
isotrope seulement pondérée par @,; . Le modéle est exploité par Courseau
qui s’intéresse pour l’instant au cas de la déformation pure. Si les conditions
de Cramer sont vérifiées de par la forme choisie pour R,- , on décele déja
certaines faiblesses de I’hypothése dues tout d’abord a sa connexion par
trop étroite avec le cas isotrope, par exemple les corrélations pression vitesse
provenant des termes non linéaires sont nulles, toutefois, la modification
apportée au modele linéaire par les termes en B, ainsi introduits va bien
dans le sens souhaité.

Pour le domaine thermique,* disons seulement qu’il est possible
d’introduire des développements analogues, chacune des hypothéses précédentes
ayant en quelque sorte son corollaire. On pourra, par exemple, admettre que
les corrélations vitesse-température ont une valeur donnée, et travailler,
non sur I’équation vectorielle qui fixe I’évolution de wO mais sur I’équation
scalaire plus simple, controlant I’évolution de O'l- Un traitement analogue
a celui donné par Craya conduit Mathieu et al au systeme suivant dans
le plan physique:

Si I’on pose OT = du,ldxm et vy, aB/gx,

du, O' du, B’ .
I Am o~ A f e . ujufOl—u, w O'
0( - -F om*m Sf, Holug * + Y WW oL (uj w 0"
1 aps’ a2n,6>
..... V 0l
Q 9| “afr
300" ,, . dooO' | 0 , o 200’
—Qt—h 0TON [U~——hyi\ul0 + u 0) 3| {n,B8" —n',00") + 2% 9¢

(AZm et yt étant des constantes),

* La totalité des réflexions qui suivent n’est valable que dans le cas ou il n’existe pas
interférence entre phénomenes mécaniques et thermiques.
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tandis que les tenseurs spectraux étant définis comme suit:

on a dans I’espace transformé les équations:

"o [ Im - (fi)y-  qm+t 2—K2 om Vi dun +

+V 1+ -§ @ k (AimTmi Ta)

?yi 7,m%(’\/ri) + Yi(Vit P+ 2aden = kt(r, —[)

3 3kn,  mmm==——e- > a

Dans ces conditions, le probléme a résoudre se met sous la forme matricielle

® | @ 2y ]
At n Vi T ki (r+a)ip; — Qi
v -} Wi+ 4%\ 2ar Q

Pour des laps de temps trés courts, Gence a pu traiter le probléme et montrer
entre autre qu’il fallait se défier des généralisations trop hatives, par exemple,
en ce qui concerne la restructuration du champ thermique.

En particulier les niveaux et les temps de restructuration dépendent
essentiellement du rapport entre le gradient thermique et le gradient ciné-
matique, dans le cas d’un écoulement de cisaillement tout au mains.

©* conjugué de ¢X.
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Annexe |.
Limitation des modeéles de transport aléatoire a gradient

Dans ce qui suit, nous mettons en évidence avec Corrsin l’ensemble
des hypothéses qui conduisent au modéle de transport a gradients et nous
appliquons ces considérations a un exemple simple a une dimension.

Si I’on s’intéresse au transport spatial d’un champ scalaire, dont la
concentration moyenne est F(z,t), nous pouvons écrire que le flux moyen
F(z,t) en 2de I' venant de tous les points de coordonnée inférieure a z s’écrit:

F(z,,)=’5i5_mp(z\t)dz' . 1)

L’équation différentielle de conservation qui s’en déduit étant:

8F OF

2
dt 0z (=)

Dans le cas général, F peut étre considéré comme une fonctionnelle de F et
des propriétés statistiques des fluctuations de vitesse et de concentration,
toutefois, pour un mécanisme de transport a caractere local dans I’espace et
dans le temps, on peut supposer que F(z,t) s’exprime comme une fonction
de la concentration F(z,t) et de ses dérivées partielles, soit:

F{z, ) =/(F,F2Ftrzrdrrtu, .,z 1t). €)

Si, de plus, on suppose le processus homogeéne, stationnaire, indépendant de
I et fonction linéaire des dérivées de F (nous en verrons plus loin un exemple)
la relation (3) devient:

r(z,t) = klFz -f-k2Ft fi3Fz ktl 2 «kbFtt+ ... 4)

les constantes Kj dépendant du mécanisme (c’est-a-dire des propriétés statis-
tigues du champ des fluctuations de vitesse et de concentration).

Supposons encore le phénomeéne symétrique dans I’espace et la con-
vection aléatoire s’effectuer a des vitesses suffisamment élevées pour que
les dérivées par rapport au temps soient négligeables par rapport aux dérivées
spatiales. 11 vient alors

F(2,t) = k(bTz+ T2+ ... (5)

(les dérivées d’ordre pair en z ainsi que les dérivées par rapport au temps
ayant disparu).
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Enfin si les dérivées d’ordre supérieur sont négligées:

F(z,t)=-® fz ()]

et I’on retrouve la loi de Fick qui conduit, en reprenant I’équation (2) a une
classique équation de diffusion:

rt= —@raz @)

Appliquons ces raisonnements a un phénoméne dans lequel le transport de
Jlest effectué par un mouvement aléatoire stationnaire de particules ayant
un libre parcours moyen | et étant animées d’une vitesse quadratique moyenne
V suffisamment élevée pour que, surladilatance I, F ne varie pas sensiblement

Fig. 2

Si le plan z est tel que:

et si I’on suppose que n/2 particules traversent par unité de temps une unité
d’aire du plan z dans chaque direction, le flux moyen de F s’écrit:

F o lnbdf o é T 8

Puisque | est petit devant les distances sur lesquelles [ varie, on peut
développer le deuxiéme membre en série de Taylor et cela fournit:

F(z,t nv '-/E + -1
(z.1) 2 7 3l ©)

L’équation différentielle (2) implique alors:

1
3!

F{z,t)= nV

L’approximation du lr gradient est alors applicable lorsque les termes d’ordre
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supérieur ou égal a deux sont négligeables par rapport a ceux du Zler ordre,
ce qui se traduit par:

A 1J— <q 1 pour F et par " lpour

rE \24 | FZ,Z 24 dz

Il vient alors:

F(z,t)= - nV — «f z.
2

Si, par contre, on ne considére plus que / (z,f) varie de facon négligeable
pendant le temps libre moyen r /1b", le flux au temps t dépend du champ
de concentration qui existait au temps t r et le développement de Taylor
doit s’effectuer aussi bien dans I’espace que dans le temps, et ainsi:

F(z, t)= NV —{Ir+ rrnt+ ome}e
Pour retrouver, dans ce cas, I’approximation du premier gradient, il faut’
£J, 1 ou <il.
r-
Annexe II.

Exemple de modélisation d'aprés Lumley

Aux grands nombres de Reynolds (en toute rigueur lorsque tend vers
I’infini), la dissipation que lI’'on peut écrire, dans ce cas
é = v 'uilksUfc

est goun'ernée par I’équation:

E+ UJde'j + 2 ‘uikuij Ujk + Ui, kj'-'v'Uj Ui,h +
+ Utj2vujkuik + (euj),j + 2 oV MuikuUjuuk
= - 2v P'tIG + Vsjj — 2 "13 " utkiuikj m

Il est évident que son exploitation nécessite un certain nombre d’approxi-
mations dans lesquelles nous ne retiendrons que les termes de I’ordre de e et
Uj *~a1 . Toutefois, une telle évaluation reste complexe et nous donnons un

Acta Technica Academiae Scientiarw Hungaricae 82, 1976



276 MATHIEU, 1.

exemple de la démarche proposée par J. Lumiey en I'appliquant au terme
souligné:

2v tuikuij v U1k

qui, comme nous le verrons, est négligeable.

Manifestement un-ku-; est de I’ordre de e/v et lui est exactement égal
pour j = k. D’autre part, ce terme, qui souligne I’'influence des petites
structures, doit dépendre, si I’on accepte I’hypothése de Kolmogonov, de
e et Vet de I’anisotropie de grosses structures qui fixent I’énergie a dissiper
et qui est caractérisée par les gradients moyens [/eye* J- Lumiey propose
une relation fonctionnelle du type:

uikui,j = s/—@kj{Uij e, v},

Si I’on se place dans le cas d’une turbulence homogéne associée a un champ
de gradients constants JJj,, pour les structures considérées, I’histoire de la
turbulence rentre peu en ligne de compte, les temps de restructuration étant
petits par rapport aux temps caractéristiques de ces structures, et par suite
8kj devient une simple fonction. De plus, nous ne conserverons que la partie
taux de déformation Sy du tenseur [/,-,, la partie rotation en bloc n’affectant
pas les petites échelles. Il vient ainsi:

uik uij V""kj{‘-’/j’ V}e

L’analyse dimensionnelle montre qu’avec les trois quantités S-- € v et les
deux grandeurs fondamentales intervenant (longueur et temps), on peut
former:

sj= | T Sy

d’ou
N

9
gkj = uikuij” v * ®kj(s u)-

Ainsi, le tenseur symétrique gk/ — 8kj(Sjj) est fonction d’un autre tenseur
symétrique Sy ¢. Or, la théorie des invariants montre que la dépendance
ne peut étre quelconque et en particulier que, si Ak et Bk sont deux vecteurs
arbitraires, I'invariant bilinéaire:

ékj A Bj = <p(A, B.S)

doit étre fonction des invariants que I’on peut former a partir de A, B, S m
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En ce qui concerne S seul, on peut former

I = Sa — 0 (continuité); 11 = Sy ; 11 =S,j Sjk Ski

les autres étant fonctions des trois premiers d’apres le théoréeme de Cayleih
Hamilton.

On aura aussi:

A A. At B, B, Bi
A, Sa A, A, Su B, B si, B,
Ai Sjj Sjk Ak Ai Sjj Sjk Bk Bt S,jSJkB K
A, Sjj SjkSkiAt
etc. ...
Ceux d’ordre supérieur étant fonction des précédents.

Comme, de plus, @ doit étre bilinéaire en A et B, nous aurons

gki Ak B, = 71(11-111) 6kjAj Bt + W 1\.\T1)KAKSkJBj +
+ 73(MAM)M SKIS,j Bj + 74(11,HD 4aSk Sim Sni-Bj

ce qui fournit par identification:

gkj = 9%i(H,IH)<5A/ + ~(H 4 H) Ski + $UAU)SKIS,j +
+ 74(11,111) SKI S/mSmj

Or S est un tenseur assez petit au sens des normes de matrices traditionnelles,
comme:

w= 1s||j< 1
On pourra développer-chaque %9 selon:
o (11,111) ~ af+ 6/ + c,I1I .

En se limitant au deuxieme ordre et en regroupant les constantes, il vient:

gkj» a”kj + Skje
Ainsi, nous pouvons écrire

S I Vv
uikuij=m a&j+ /T SK+ e

les termes supérieurs plus petits étant négligés.
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En sommant sur k etj il vient

= (3a+ 0+ ...).
v

v
D'ou
e 1ok .
iy - oy FEDTV
Le ternie complet donnera
Lo ! Lv
2vuitk uit] U jik 2 e Y CUhK S Kj 1T +

soit enfin:
2vuiku<j Ujtk 2 b \ve UJtk SkJ.

Si alors 1 est une échelle intégrale et u' la moyenne quadratique des fluctuations
de vitesse, on aura:

lu' |

Sq™ Ujk'

et enfin

2vu, kuij Ujtk
négligeable devant e qui est lui, conservé.

Introduction in Some Problems of Turbulence. The paper intended to be an introduc-
tion for purpose to show the train of thoughts which is the guiding principle of the experi-
ments conducted in the hydrodynamic laboratory of the Ecole Centrale de Lyon in connection
with the turbulence. With this the development of a common language is wanted which makes
easier the description and discussion of the research work performed on the subject of the
boundary layers disturbed and those, instabilized by heating. Through this also the future
directions of development of this discipline might he estimated; a number of viewpoints
justify the expediency of studying the thermic phenomena, three-dimensional boundary
layers and flows bounded by walls.

Einleitung in einige Aufgaben der Turbulenz. Die nur fir Einleitung beabsichtigte
Abhandlung hat den Zweck eine Gedankenfolge darzulegen, die als Richtlinie zu den im hydro-
dynamischen Laboratorium der Ecole Central de Lyon im Zusammenhang mit der Turbulenz
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angestellten Versuchen dient. Damit soll eine gemeinsame Sprache erschafft werden, die die
Beschreibung und Diskussion der im Problemenbereich der gestérten Grenzschichten sowie
der durch die Heizung instabilisierten Grenzschichten durchgefiihrten Forschungsarbeit er-
leichtert. Dadurch kénnen die zukinftigen Entwicklungsrichtungen auf diesem Fachbereich
abgeschéatzt werden; die Untersuchung der thermischen Erscheinungen, die dreidimensionalen

Grenzschichten und durch Wé&nde begrenzten Strdmungen scheint aus mehreren Gesichts-
punkten erforderlich und zweckmaéssig zu sein.
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UNTERSUCHUNGEN UBER DAS VERHALTNIS
ZWISCHEN MEMBRAN- UND BIEGESCHNITTKRAFTN
IN KREISZYLINDERSCHALEN
UNTER WINDBELASTUNG

L. JANKO*

[Eingegan.gen am 7. Februar 1973]

Mit Hilfe einer vereinfachten Biegetheorie wird das statische Verhalten der
Kreiszylindeschale mit Membranabstitzung unter Windlast analysiert. In diesem
Rahmen wird eine Antwort auf die Frage gesucht, ob im Falle, wenn das Gleichgewicht
zwar durch das Membrankraftespiel gewdéhrleistet ist, infolge der auftretenden grofen
Forméanderungen nicht etwa groBere Biegespannungen als die Membranspannungen
in der Schale auftreten werden. Verfasser stellt fest, daR das Arbeiten als reine Membrane
nur bei kleinen Harmonischen und im Falle dinnwandiger, niedriger Schalen mdglich
ist; daraus folgt, daR sich bei hdéheren Harmonischen oder fur hohe, dickwandige
Schalen die Membrantheorie nicht als Partikuldrlésung anwenden 14aRt.

1. Einleitung

Einen wesentlichen Teil der Beanspruchungen der Ingenieurbauten von
turinférmigen Kreiszylindern (Fernsehtiirme, Fabrikschornsteine, Silos usw.,
Abb. 1)) bildet die Windlast. Fur die Berechnung dieser Beanspruchungen
sind mehrere gut brauchbare Verfahren bekannt, z. B. [1], [2], [3], nach
denen je nach der erforderlichen Genauigkeit die inneren Kréfte ermittelt
werden kdnnen. Aus den Untersuchungen geht auch hervor, dal die Wind-
lastkomponenten im Abb. 2 die entlang der Erzeugenden der Schale gleich
verteilt sind auch allein durch Membrankrafte im Gleichgewicht gehalten
werden kénnen.

Sowohl theoretisch als auch praktisch ist jedoch die folgende Frage
gerechtfertigt: obzwar es richtig ist, dal die Schale diese Lasten auch durch
Membrankrafte tragen kann, wie steht es jedoch dann mit der Kompatibilitit
der Formé&nderungen bzw. mit der Wirkung der Querschnittsformé&nderung
auf die in der Konstruktion auftretenden Spannungen? Es ist also in Abhé&n-
gigkeit von den geometrischen Parametern der Schale (Abb. 1 L, R, h) zu
prifen, wann die Ergebnisse der Membrantheorie infolge der entstehenden
Forméanderungen und der damit verbundenen Biegebeanspruchungen unan-
nehmbar werden.

In der vorliegenden Arbeit soll diese Frage beantwortet werden. Dazu

*L. Janke, Lajos u. 142. H-1036 Budapest, Ungarn.
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Abb. 1 Geometrie der Kreiszylinderschale

Abb. 2 Verteilung der Windlastkomponenten im Querschnitt

werden die mit Hilfe der Membrantheorie ermittelten inneren Kréafte mit
den Ergebnissen einer handlichen anndhernden Biegetheorie verglichen.
Das Proliiéin der Randstérungen wird liier nicht behandelt (sie werden
als unabhdngige Wirkung betrachtet, die z. B. nach [1] leicht zu berechnen
sind) und so werden die Berechnungen an einer Kreiszylinderschale mit
Membranabstitzung durchgefilirt. Die Membranabstiitzung wird mit den
Bezeichnungen der Abbildungen 1 und 3, wie folgt, definiert:

NZL) = NZL) —n(0) = ®0) = 0. (1.1)
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2. Lastfunktion, statisches Modell

Die langs der Koordinate z als unverdnderlich betrachtete, am Umfang
verteilte und in jedem Punkt in Normalrichtung wirkende Windlast p wird
im allgemeinen in Form eines Polynoms angesetzt:

r
p = I(\_/Opk cos kx, (2-1)

wo die einzelnen pk Werte als Produkte der in den Baunormen vorgeschrie-
benen Formfaktoren ch und des Staudrucks q erhalten werden. Eine derartig
mdgliche Lastfunktion lautet nach dem Ungarischen Standard MSZ 15021 —57
wie folgt:

p=9q( 03--05 cos x -j-0,8 cos 2a) + Druck, — Zug .

Nach Einfohrung der Symbole

9( )

()
02 (2.2)
K1 _, .\
8a - ( )

wird die Vorzeichenregel der Schnittkrafte nach Abb. 3. festgelegt.

Abb. 3 Membran- und Biegekrafte der Schale
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Im weiteren sollen die Grundansdtze des von W lassow [6] eingeflhrten,
vereinfachten Rechenmodells kurz zusammengefallit werden:

1. Die Biegungs- und Torsionsmomente in L&ngsrichtung durfen ver-
nachlassigt werden, da sich ihre Wirkung auf die unmittelbare Umgebung
der an der Formé&nderung durch die Ré&nder gehinderten Querschnitte
beschrankt. Dementsprechend ist auch die Querkraft in Richtung der Erzeu-
genden gleich Null, wéhrend die uUbrigen inneren Kréafte auf Abb. 3b veran-
schaulicht sind.

Es sei bemerkt, daB die daraus folgenden Gleichgew'ichtsgleichungen
den Ergebnissen der im deutschen Fachschrifttum allgemein bekannten
»unvollstindigen Biegetheorie« bzw. der in der angelsdchsischen Literatur
als Schorersche Biegetheorie bezeichneten Methode entsprechen.

2. Als Ergénzung dieser statischen Ansdtze wird die Dehnung der
Schalcnkonstruktion in Ringrichtung als gleich Null betrachtet (es = 0) und
auch die Formanderung durch Schubbeanspruchung auf der Mittelflache ver-
nachléssigt (yzs = 0).

Die eingehende Analyse der genannten Bedingungen betrachten wir
nicht als unsere Aufgabe, es sei nur bemerkt, dafl die obigen Vereinfachungen
nach [4] aus einer einzigen Vereinfachung abgeleitet werden kdnnen: es wird
angenommen, daB alle Verschiebungs- und Spannungédnderungen in Richtung
2 glatter ablaufen als in Umfangsrichtung.

Abb. 4. Statisches Modell der Konstruktion
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Von Ramaswamy [7] werden die von verschiedenen Verfassern fur auf
Biegung beanspruchte Kreiszylinderschalen aufgestellten Theorien ausfihrlich
erértert und es wird auch auf die Grenzen der Anwendbarkeit der Schorerschen
Theorie eingegangen.

Nach dem Besagten gelten also

es = o,

2.3
Vzs = 0. ( )

Nach Einfuhren der genannten Ansdtze, 4Rt sich die behandelte Kreis-
zvlinderschale durch eine dinnwandige Konstruktion nach Abb. 4 ersetzen.
Diese besteht aus einer Reihe durch ein Fachwerk verbundener Ringe und
die Verbindung zwischen den als Biegeringe arbeitenden, dinnwandigen
Schalenringen wird durch das die Membrankréfte aufnehmende Fachwerk
gewadhrleistet.

3. Nach der Membrantheorie wirkende Schnittkrafte

Wird die Gesamtlast lediglich durch Membrankrdafte ausgeglichen, so
erhalt man die Ausdricke der Schnittkrafte in sehr einfacher Weise, z. B.
aus den Gleichgewichtsgleichungen auf S. 86 in [5] unter den Randbedin-
gungen

NJL) = 0,
) (3.1)
ivV.L) = 0.
Die drei Schnittkrafte ergeben sich dann zu:
NSk= - pkR coskx, (3.2)
N zs* =Pk(L — z)ksinkx, (3.3)
NZk= pk— - k2cos kx , (3.4)
ZK

wo K= 0,1,2...r. bedeutet.

Prift man die Membran-Formé&nderungen der Schale, so stellt sich
heraus, dafl die Nullpunkte der Funktion der Verschiebung in normaler
Richtung (Abb. 1 w) dort liegen, wo die Nullpunkte der Lastfunktion ([1],
im allgemeinen w = W'cos kx). Durch die Inflexionspunkte wird der Umfang
in 2k Bogen aufgeteilt; analysiert man die Spannungsverhdltnisse je eines
Bogenabschnitts, so 14Rt sich feststellen, daR man eigentlich 2k Kragbalken
&hnlich arbeitende Trager mit bogenférmigem Querschnitt (mit dem Mittel-
punktswinkel n/k) erh&lt, von denen k nach innen und k nach aufen gebogen
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sind, und die Verbindung zwischen ihnen durch die l&ngs der Anschluf3-
flachen auftretenden Schubspannungen gewé&hrleistet wird. Auf diese Analogie
werden wir noch in den Punkten 7 bzw. 8 zurickkommen.

4. Die vereinfachte Biegetheorie

Werden neben den Membrankraften auch die Biegeschnittkrdfte zum
Tragen der Lasten herangezogen, so erhdlt man mit den friheren Verein-
fachungen folgende Zusammenhdnge:

4.1. Die Differentialgleichung der Aufgabe

Die Gleichgewichtsbedingung des Schalenelements in Abb. 3b entspricht
der Befriedigung der folgenden Gleichungen:

N+ T'f =°, (4.1)
K
4 iV —0 (4.2)
R % R ’
Ns+ Qs+ pR =0, (4.3)
0=v° (4.4)
N zS= N SZ. (4.5)

Fur die weitere Behandlung werden diese Gleichungen zu einer einzigen
partiellen Differentialgleichung héherer Ordnung zusammengezogen. Wird
(4.1) nach z und (4.2) nach a differenziert, und werden dann die beiden
Gleichungen unter Anwendung von (4.5) zusammengezogen, so erhdlt man

w-N"-Ns+ Qs= o.

Sodann wird die aus (4.3) durch zweifache Differenzierung nach x

erhaltene Beziehung
Ns+ Qs + Rp = o

mit Hilfe von (4.4) mit der vorigen zusammengezogen, und man erhdlt die
gewliinschte partielle Differentialgleichung vierter Ordnung in der Form

w+ -~ (Ms+ MD = - . (4.6)

Diese wird im weiteren in die Form mit einer Verdnderlichen gebracht.
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Die Komponenten in Tangential- (n), Umfangs- (v) und Normalrichtung
(w) der Verschiebungsvektoren samtlicher Punkte in der Mittelfliche kdnnen
mit den Deformationselementen in der Mittelfliche ez, £s und yzs bzw. mit
der Krimmungsdnderung in Ringrichtung xs ausgedrickt werden:

£ = u. (4.7)

e, = --F-a--(v iv) (4.8)

Yzs = Q « + V', (4.9)

X-= —(V + W). (4.10)
R2

Bei der Auflosung wird die Querkontraktion aufer acht gelassen
(* = 0) und die physikalischen Gleichungen werden in der folgenden verein-
fachten Form aufgeschrieben:

(4.11)
2 D
Ms
O — , (4.12)
K
WO
D = Eh , (4.13)
und
K = Eh-, (4.14)
12

Nach Einfiuhrung der Formé&nderungshilfsfunktion @ = <ZS) entspre-
chen unter Berucksichtigung von (4,7 4,10) den Grundsétzen (2.3)
Uber die Formé&nderungen folgende Zusammenhénge:

= (4.15)
1
(4.16)
if*-
! (4.17)
-I-'\;“¥ > .
(4.18)
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In Kenntnis derselben kénnen die Kraft N, in Richtung der Erzeugenden
und das Biegemoment Msin Ringrichtung mit Hilfe von pdirekt ausgedriickt
werden:

Nz= - Eh cp" (4.19)

s= - Rl’(i (P +<P )e (4.20)

Wegen der Bedingung (2.3) (yzs = 0) laBt sich die Schubkraft Nz, nur
mit Hilfe einer Gleichgewichtsgleichung mit anderen Gréfen in Beziehung
setzen, u. zw. zweckmédRigerweise mit Hilfe der Gleichung (4.1)

Nzs= RN". (4.21-a)

Infolge der Vernachldssigung der ringfdrmigen Dehnung (es = 0) wird
die Ringkraft N, aus der Gleichgewichtsgleichung (4.2) bestimmt

N*= R\ Kk - JVA&Ja*- (4.21-b)

Fir eine geschlossene Zylinderschale 1a4Rt sich die Hilfsfunktion @ = <p(z,)
in Form der Reihe (4.22) aufschreiben:

f(z,s) = yr Fk(z) cos kx. (4.22)
k=1

Nach Einsetzen von (4.22) in die Gleichungen (4.19), (4.20) und (4.6)
wobei von den weiteren, ausschlieflich mathematischen Erdrterungen
Abstand genommen wird erhdlt man fur die Koeffizienten Fk(z) ein
unendliches lineares Differentialgleichungssystem mit konstanten Koeffizien-
ten, das durch die Ausdricke (4.23—24) veranschaulicht wird:

aFi" = fi, (4.23)
nFk + bkFk=-f |, (4.24)
K= 2,3,... r,
WO
a= hR, (4.25)
bk = k4k2 1)2 A3 , (4.26)
" \Y; . 12 R>
und
Jk— — Pk» (4.27)
E
K= 1,2 r
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4.2 Loésung des Differentialgleichungssystems

Um die Differentialgleichungssysteme (4.23) und (4.24) mit konstanten
Koeffizienten zu lésen, wird der Parameter pk eingefihrt:

4

Kk = (4.28)
4a
Die Randbedingungen der Schale mit Membranabstitzung werden mit

Hilfe von
NfL) = NZAL) = u(0) = v(0) = 0 (4.29)

wie folgt aufgeschrieben:

F;(L)y=Ff ()= F]'(0)= Ff0)= 0,

(4.30)
F'I(L) = Ff (L) = Fk(0) = Fk(0) = 0 .

Die Ldsung der GIl. (4.23) mit der aus der Theorie des Navierschen
Biegebalkens wohlbekannten Form wird durch das Polynom

FJz) = -A - (Z4+ 6L222 4Lz3 (4.31)
24a
geliefert.
Sucht man eine Partikuldrlésung einer zu den Indizes k = 2,3... r

gehdrenden homogenen Gleichung des Differentialgleichungssystems (4.24)
nach Euler in der Form F°. = ep", so erhélt die allgemeine L6sung der homo-
genen Gleichung mit Hilfe der Wurzeln pl123i = (i 1i i) AGder betreffen-
den charakteristischen Gleichung

P4+ 4AG= 0 (4.32)
folgende Form:

FI —Ckl®ok + CROrR+ CK3dK + Cki Dk (4.33)
In diesem Ausdruck sind

dKI(r) = cosh fikz sin fik z,

dK2(r) = cosh fikz cos fik z,

(4.34a-d)
®k3(r) = sinh fkzcos z,
dw{?) = sinh Pa2sin AG2 >
K= 2,3... T
Mit Hilfe der Hilfsverdnderlichen
K-
Gk= 5k PK, (4.35)
bk Ebk
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die eigentlich das Glied Fk = Gk der Lésung Fk = Fk -)- Fk des Differential-
gleichungssystems (4.24), also eine Partikul&rlésung der inhomogenen Glei-
chung ist, nimmt die Ld&sungsfunktion Fk, die die Randbedingungen (4.30)
befriedigt, die Form

Fk (z) = [Cl.-3(®P*3 _ + CKki + (1 — ®nh)] Gk (4.36)

K= 2,3,...r
an.
Die Integranden Ck werden durch Auswertung der folgenden Aus-
driicke gewonnen:

1 sin 2pkL -f- sinh 2 pkL

C
8 2 cosh2[ikL -f- cos2pkL
k2
Cif2 = * k=
k= gy PK (4.37)
o - - CKkl,

sinh2pkL -)- cos2[ikL
cos/i2pkL -)- sin2fikL

K- 2,3... r

5. Die Ausdriicke der inneren Krafte

5.1 Schnittkrafte im Falle k —1

Die Zusammenhdnge (4.19), (4.22) und (4.31) ergeben in Form
Nn="-(L-2zf cos* (5.1)
ZK

die aus dem antimetrischen Teil der Windlast stammende Kraft in Richtung
der Erzeugenden.

Man kann sich leicht davon (Uberzeugen, dafl es sich im vorliegenden
Falle um die Ldsung einer als Navierscher Balken aufgefalRten Kreiszylinder-
schale handelt, d. h. daB unter Einwirkung der antimetrischen Lastkompo-
nenten der Querschnitt nicht deformiert wird und auch weiterhin senkrecht
zur verformten Lé&ngsachse des Stabes stehen wird.

Die Resultierende der Windkréfte in einem beliebigen Querschnitt ist

py cos2x dx = p,n,
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damit ist das auf einen Schnitt mit der Koordinate z wirkende dufRere Biege-
moment

Mz(z) = ~ PIn(L 2)2;

daraus erhéalt man mit Hilfe von 10 n hRi

. - f
Nrrax(o)—db"'lw;Rh—u pi £ 1
0

eine Beziehung, die sowohl mit (5.1), als auch mit der Membrankraft (3.4)
Ubereinstimmt, da ja in den Querschnitten kein Ringmoment entsteht, das
einen Teil der Last aufnehmen wirde.

5.2 Schnittkrafte im Falle k = 2,3. .. r

In Kenntnis der Ergebnisse in Punkt 4 lassen sich die inneren Krafte
anhand der Biegetheorie leicht ermitteln; die fiur die Berechnung ginstige
Form lautet:

nz .k ——"c3("M4-Pn)+ Cm du+PH

5.2
2Y3R2 \ oskx, (5.2)
(f2 1A
Ngk—[2C,30K2 (C/C4+1) DB+ (ClcdA 1) DK\ m
5.3
p ksin KX, (5-3)
2 M
N sk= &KI) + Cki™M(@4  okr+ 1] (5.4)
K-
1JRpkcos kx,
K2 -
Msk = [CK3 (Pk3 + CGMoK o2+ 1]
cR2 pP,. COS K x . (5.5)

5.3 Ein Zahlenbeispiel

Die bisherigen Ergebnisse sollen durch ein Zahlenbeispiel veranschau-
licht werden. Die Abb. 5 bis 8 zeigen die Gestaltung der Beanspruchungen
l&ngs der Erzeugenden einer Kreiszylinderschale, die durch die geometrischen
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Abb. 5 Verteilung der Ringkrafte langs der Erzeugenden (L= 50 m, R = 5m, h= 0,2 m)

Abb. 6 Verteilung der Mittelflichen-Schubkréafte 1&ngs der Erzeugenden (L = 50 m. R — 5w
h=02 m)
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Abb. 7a Verteilung der in Richtung der Erzeugenden wirkenden Membrankrafte langs der
Erzeugenden (L= 50 m, R = 5m, h= 0,2 m)

Abb. 7b Verteilung l&ngs der Erzeugenden der nach der Biegetheorie erhaltenen, in Richtung
der Erzeugenden wirkenden Kréfte (L= 50 m, R =5 m, h= 02 m)
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Pk=1Mp/m2
K=234

0 2 4 6 8 10 12 Ms, kiIMpm/m)
Abb. 8 Ringmomentverteilung ldngs der Erzeugenden (L= 50 m, R=5 m, h= 02 m

Daten L = 50 m, R — 5 m, h = 0,2 m gekennzeichnet und durch eine Wind

last mit der Amplitude = 1 Mp/m2und von der Verteilung p pk cos koc
belastet ist, im Falle von Kk = 2,3,4. In diesen Abbildungen und auch
im weiteren — werden die nach der Membrantheorie bestimmten Bean-

spruchungen von den aus der Biegetheorie gewonnenen Beanspruchungen
durch einen Hochstrich unterschieden.

Die Berechnungen wurden auf der elektronischen Rechenmaschine TPA
des Unternehmens EM. SZAMGEP von Dénes Wirtaner durchgefiihrt.

6. Die Aufteilung der Gesanitwindlast (p pkcos ka) auf durch
Ringbiegekréafte (pk) und auf durch Mittelflaichenkréfte (pj)
aufgenoinmene Lastanteile

Dem ceingefihrten statischen Modell entsprechend setzt sich das durch
(5.2) bis (5.5) bestimmte Kraftesystem aus zwei Teilen zusammen (Abb. 9):

Die eine Kraftegruppe (Abb. 9a) ist das innere Kréaftesystem eines
gewodhnlichen Biegeringes (Nfk, Mkk, Qgk), das die Lastkomponente
tragt, die andere Kréftegruppe (iV/JJ, N*k, N™k) nimmt den ihr entsprechen-
den Lastanteil p™ membranartig auf (Abb. 9b). Daher kdnnen folgende
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a. b.

Abb. 9 Verteilung der Gesamtwindlast (pk) auf durch Ringbiegekrafte (pfl) und Mittelflachen’
krafte (pM) getragene Lastanteile

Beziehungen aufgeschrieben werden:

Nzk= N%, (6.1)
Nzsk= N £k, (6.2)
NSk= N*k+ N 5, (6.3)
VsK= MUk, (6.4)
Qsk= Qsk> (6.6)
und
Pk +Pkl= YPk+ (! Y)Pkm (6.6)
Danach erhdlt inan unter Anwendung der allgemein bekannten hzw.

aus den Gleichgewichtsgleichungen (4.2) bis (4.5) leicht ableitbaren Grund-
forinel der Ringbiegung

R
M*k = - cos kx (6.7)

den Zusammenhang zwischen der Amplitude (pk) der Gesamtlast und der
Amplitude (pk) des durch die Ringkréfte aufgenommenen Lastenteils in
der Form

Pg = \CK3(®K3- ®,a) + Cu ®bl  dk2+ 1]Pk. (6.8

Nach dem Besagten betrdgt der Prozentanteil der durch die Ringkrdafte
getragenen Last

Y= 100 [C,3 (®,3 - ®K) + CM PKA b, 2+ 1] (6.9)

Pkii= YPKkm (6.10)
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7. Analyse des Verhaltnisses der nach der Biegetheorie erhaltenen
(Nzk, N zsk,N xk) zu den nach der reinen Membrantheorie erhaltenen
(Nzk Nzsk, Nsk) Mittelflachenkréaften

Aus der eingehenden Analyse der Ausdricke (5.2) bis (5.4) bzw. (3.2)
bis (3.4) fur die mit Hilfe der Schorerschen Biegetheorie erhaltenen Mittel-
flachenkrafte Nzk, Nzsk und Nsk bzw. fir die durch die reine Membran-
theorie gelieferten Mittelflachenkré&fte N zk, Nzskund Nsk lassen sich folgende
Schlisse ziehen:

1. Bei konstanten Parametern Rjh und L/f? wachsen die nach der
Membrantheorie erhaltenen inneren Krafte (Nzsk, Nzk) mit dem zuneh-
menden Multiplikator k des Arguments, wéhrend die nach der Biegetheorie
erhaltenen Schnittkrafte (Nzsk, Nzk) abnehmen. Das 148t sich dadurch
erklaren, daB mit der Zunahme von k die Pfeilnéhen der Bogenabschnitte
zwischen den Inflexionspunkten des Binges fortw&hrend abnehmen, d. h. die
Steifigkeit in Erzeugendenrichtung der Kragtrdger mit den diesen Bogen-
abschnitten entsprechenden Querschnitten (vgl. Punkt 3) immer geringer
wird; mit abnehmender Bogenldnge werden hingegen die Trégerabschnitte
im Vergleich zur Membransteifigkeit in Kingrichtung immer steifer. Das
bedeutet, dal danr(l( die Kréafte Nzsk, N,k und Nsk (bei z 0 vermindert
sich auch Nsk; vgl. Abb. 5) von der Gesamtlast immer weniger aufnehmen
missen.

Wird von der Biegungssteifigkeit der Schale abgesehen (K = 0), also le-
diglich mit Membrankrdften gearbeitet, dann nehmen (bei konstantem Arsk)
die Krafte Nzsk und N s¥{ mit k zu.

2. Bei gleichem k und konstantem L/R werden die Quotienten N zkINzk
un Nz N zk mit zunehmendem Rjh (d. h. mit abnehmender Biegungs-
steifigkeit) immer gréfRer, da ja in diesem Falle die Ring-Biegekrédfte (Msk,
Qsk) einen geringeren Anteil der Gesamtlast tragen werden und sich das
Kréaftespiel dem reinen Membranzustand néhert.

3. Bei konstanten L/R und Rjh machen die bei A =4 auftretenden
Kréfte Nzsl,und Nzk nur einen Bruchteil der bei kK — 2 entstehenden entspre-
chenden Kréfte aus. Diese Tatsache wird auch in den Baunormen berick-
sichtigt; z. B. die Vorschriften der Norm MSz 15021 —57 enthalten von der
allgemeinen Lastfunktion

nur die Glieder K 0.1,2.
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8. Das Verhdltnis der durch die nach der Biegetheorie
erhaltenen Ring-Biegekrédfte (A% Q iV],) zu den durch die Schnittkrafte
Nr& N~l) getragenen Lastenteilen

In den Abbildungen 1 —12 ief die Anderung lings der Erzeugenden der
durch die beiden Kré&ftegruppen getragenen Lastanteile (pk = pky bzw.
p™ = p;(l —y)in Abhédngigkeit von den Parametern Rjh und LjR der Kreis-
zylinderschale dargestellt.

Eine Analyse der Diagramme fihrt zu folgenden Schlissen:

1. Bei konstanten Rjh und LjR und zunehmendem k nimmt auch y zu.
Das zeigt wiederum, dafl die Zunahme von k durch eine zunehmende Ring-
steifigkeit der Schale begleitet wird, d. h. die wie halbe Kragbalken arbei-
tenden Trdger mit durch die Inflexionspunkte getrennten Querschnitten
(s. Punkt 3) einen immer kleineren Teil der Gesamtlast tragen kdnnen.

2. Hohe dickwandige Tlirme nehmen den Uberwiegenden Teil der Lasten
durch Biegekréafte auf, wéahrend bei niedrigen dinnwandigen Kreiszylinder-
schalen die Schnittkrafte eine entscheidende Rolle spielen.

3. Eine sehr wichtige SchluBRfolgerung ist, dal sich bei hdheren Har-
monischen und hohen dickwandigen Zylinderschalen die Membrantheorie
nicht als Partikuldrlésung anwenden |&4Bt. Das betrifft vor allem die Um-
gebung des oberen Randes. Als reine Membrane kann ndmlich nur eine
niedrige dinnwandige Zylinderschale bei kleinem k arbeiten.

4. In den Abbildungen 10 bis 12 fallt auf, daB y stellenweise Uber 100%
ansteigt. Der besseren Verstandlichkeit halber betrachten wir Abb. 9. Solang
y < 100%, entspricht das Vorzeichen der inneren Kré&fte dem Abb. 9. Durch
jeden Wert der entstehenden Biegemomente M fk wird je ein Lastanteil
bestimmt, der im Falle gewisser geometrischer Verhéltnisse auf einem Teil
des Zylinders 100% Uberschreiten wird. In diesem Falle muR das
Vorzeichen wechseln und daher wird auch p das umgekehrte Vorzeichen
erhalten. Diese Erscheinung wird nach der Balkenanalogie im Punkt 3 erklart,
d. h. esverschieben sich die Membrankragtrédger, die als auf den »Ringtrdgern«
elastisch gelagerte Balken arbeiten, im oberen Schalenbereich in einer der
Lastrichtung entgegengesetzten Richtung und damit belasten sie die Ring-
trdger. Anstatt an der Lastibernahme teilzunehmen, bedeuten in diesem
Falle die Schnittkrdfte noch eine Mehrbelastung zu den Ring-Biegekréften.
Deshalb erflllt sich in diesem Falle die Gleichheit

Pk = Pk + Pk m
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Abb. 10 Anderung der durch Ring-Biegekrifte und der durch Mittelflichenkrafte aufgenom
menen Lastanteile (y°/0 bzw. 100-y%) ldngs der Erzeugenden, in Abhéngigkeit von den Para
metern R/h und L/R, bei k= 2
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Abb. 11 Anderung der durch Ringbiegekrédfte und der durch Mittelflichenkréafte*aufgenom-
menen Lastanteile (y% hzw. 100-y%) ldangs der Erzeugenden, in Abh&ngigkeit von den Para-
metern R/h und L/R bei = 3
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Abb. 12 Anderung der durch Ringbiegekrifte und der durch Mittelflichenkréifte aufgenonn
menen Lastanteile (y°/0 bzw. 100-y%) ldngs der Erzeugenden, in Abhangigkeit von den Para-
metern R/h und L/R bei k = 4
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Analysis of the Ratio of the Membrane and Bending Forces of a Cylindrical Shell Sub-
jected to Wind Load. The static behaviour of the membrane supported cylindrical shell-
subjected to wind load is analysed with the aid of the simple theory of bending. In this connec-
tion answer is given to the question that if the membrane stress pattern realizes the equi-
librium, so the large deformations do induce or not bending stresses in the shell wall greater than
membrane stresses. It is stated that pure membrane behaviour is only possible in case of small,
low, and thin-walled cylindrical shells, therefore, in case of higher harmonics or high,
thick-walled cylindrical shells the membrane theory cannot be applied as particular solution.

AHaM3 OTHOLIEHMIT MEMBPaHHbLIX WM U3rMGAOLLMX YCUIUIA LIMSIMHAPUYECKUX 0BOOYEK,
paGoTaloLWux npy BETPOBOI Harpyske. ABTOP NpuW UCMO/b30BaHUM YNPOLLEHHON TeopUM M3rnba
[aeT aHa/M3 CTaTWYECKOro MoBefieHUs! paboTatoLieil Npu BETPOBOW Harpyske LM/IMHAPUYECKOI
060/10uKM, VMEIOLE MeMOpPaHHYO Omopy. B pamkax Yero aBTop CTaBUT CBOEI Lie/blo AaTb
OTBET Ha BOMPOC, YTO B TOM C/lyyae, Korfa paboTa MemGpaHbl 06ecreunBaeT pasHoBECUE, TOTAA
BO3HMKatoLMe 60/blUMe [eddopMaLn He CO3AAKOT M HanmpshkeHus u3rnba B MemGpaHe, Kak
MeM6paHHble HamnpshKeHUs. YCTaHOBMEHO, UTO uuMcTas MeMmbpaHHas paboTa BO3MOXHA NWLLb
B C/lyyae HeBGOMbLUMX TapMOHUK U HU3KUX TOHKOCTEHHBIX LMAMHAPUYECKMX 0BO/OYEK: BCMef-
CTBUE YEro B C/lyyae 60/1ee BbICOKMX FapMOHVK U/ BbICOKUX TONCTOCTEHHbIX 060/104eK MeMBPaH-
Hasi TEOpUS He MOXET 6bITb MCMO/b30BaHA B KAYECTBE NMAPTUKY/ISIPHOTO PELLEHVS.
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EXPERIMENTAL INVESTIGATIONS OF THE LIFE
OF SEMICONDUCTOR DEVICES, IV

THE HOLE OF THE PEAK TEMPERATURE CAUSED BY THE SWITCHING
TRANSIENTS IN THE SPATIAL BREAKDOWN OF SWITCHING
TRANSISTORS AND DIGITAL INTEGRATED CIRCUITS

P. AL KEMENY

[Manuscript received: 15 Oct. 1973]

The transient temperature rise due to the switching power transients can be
made responsible for some characteristic spatial breakdowns in high-level switching
operation, such as C E “pinning” and C—B short-circuit. Calculating the “thermal
penetration depth” on both sides of the collector junction, and also the thermal capacity
and the thermal resistance of the heated space part until a given moment after the
start of the switching transient, a suitable unidimensional thermal model is obtained
for estimating the junction temperature rise: in possession of the transient switching
power vs. time and the design data of the given bipolar transistor the transient junction
temperature can be calculated as a function of time. On numerical examples for some
transistor types with characteristic technology (from the large, robust Ge and Si power
transistors until the monolithic miniature integrated circuits), assuming faultless
structure and uniform current distribution, it is shown that the switching temperature
peaks are completely inoffensive.

1. Introduction

Collector-emitter punch-through and collector-base breakdowns are
frequently occurring as typical bulk failures at high-power-level
switching operation of transistors especially if a transistor exhibits uneven
structure and so a current concentration takes place preferently at the loci
of irregularities which latter leads, by a thermo-electrical feed-back process
(runaway), to the occurrence of hot spots and is terminated by such a short
[3, 4]. For these failure types the energy of the turnover transient can be
blamed, as the author had pointed out earlier [3, 4]. the temperature increase
caused by these transients are of paramount importance but so far reckoning
of these temperature jumps has been too sophisticated in the lack of an
appropriate thermal model, due to the intricate nature of thermodynamical
behaviour in a rather complicated device as a transistor. An attempt is made
here to elucidate the questions on a good-working model.*

*Parts I, Il and Ill appeared in this periodical, cf. references [1, 2, 3].
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2. Exponential approximation of turning- on and -off voltages,
currents and powers

Huge power peaks appear during switching-on and -off transitions
being several times higher than the quasy-stationary power losses in saturated
(turned-on) or cut-off (turned-off) states of a switching transistor. Recapit-
ulating the findings of the literature [3, 4], the relationships of these quantities
are given here briefly.

Collector voltage VCB and collector current Ic, both as a function
of time at turnover of a transistor inverter, can be fairly approximated by
exponential functions as is depicted in Fig. 1, e.g. at switching-on:

veb() = vcecexP ( Mi) (1a)

MD=M1eH(-M] B

where Vcc is the collector supply voltage and 1Cp = VccjRc is the turned-on
saturated) collector current of an inverter whereas r, is the switching-on
time constant (r:Q£10n1" at a usual inverter where ton is the switching-on
or rise time). At turning-off, the above equation pair holds valid symmetric-
ally but currents should be substituted by voltages and vice versa and
r0= t,ffl2 switching-off time constant should be considered:

and

MO = M exP (—Mob (Ic)
and

Veb(0= Vcee [!' exP( Mo)]- (id)

Fig. 1. Exponential approximation of voltages and currents (below) and power (top) of a
transistor during commutation
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In Eqg. (1) it is assumed that Vcc VCE sat and also that 1 1 CBO (or
J(EO, depending on inverter circuitry), which are true at least at high-voltage,
high-power-level transistor switches.

The instantaneous power during the transition from cut-off to satur-
ation (turning-on) can be expressed [3, 4] as the product VCB(t) mlc(t), i.e.
multiplying Eqs (l.a) and (l.b) which gives

pdt,(0 = ycc lep [exp ( t/T,) - exp ( 2t/r,)] (2)

and substituting r0 one gets PdtO(t) in the same way, which function is
depicted at the top of Fig. 1. Forming dPtdi(t)jdt = 0 by differentiating
Eq. (2), the maximum of the transient power-time function comes about
[3, 4]:

dt i max dt 0 max P, =V, (3)

in the instant ffr,-= log" 2 ad, 0,69 (or z/r0asd 0,69 at switching-off as well)
just when both Ic and VCBare exactly at the half of their quasi-stationary
maximum values 1Cp and Vcc, resp. which power is rather large, at least
compared to the quasi-stationary power losses dealt with in Refs. [3, 4] and
later in Eqs (23) and (24).

Finally, the time function of transient turnover energy is of importance
which may be presented [3, 4] as the time integral of Eq. (2) multiplied in
the same time by r, or rOQ:

Lon(l) = "i\.ol P dt - (t, Ycehpl2) [1 2exp( fIr-) + exp ( 2f/r))], (4)

standiug for the turning-on energy function and being symmetrical for LGf(t)
turning-off energy by the substitution of tO instead of r,. For the whole
energy of the transient, i.e. for I = 00 or more practically, t r, or f ro,
Eq. (4) yields [3, 4]

pon — Ti Yce lcpl2 2 T; Pdimax = Ln P dt max (Sa)
and

LofJ— TOVcc lcpN — 2 TOPdlmax = L ff Pdl max (5b)

which in turn is a rather high amount of energy if Pd max is high too and,
at one also needs the same time, the turnover process is rather long.

For further calculation one also needs the relationship between the
reverse voltage ves and the width of the collector depletion layer, the latter
denoted by X, which is [3, 4]

1/2

2f_r£o yCB =)2 ereofin Vg (6)

W Ycs) gIV,
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where er is the relative dielectric constant of the semiconductor (12 for
silicon and 16,5 for germanium), eo = 8,86 X 10'4 Asec Vein the dielectric
permittivity of the free space; fir denotes the electron mobility (1260 cm:i/Vsec
for silicon and 3600 cm2Vsec for germanium); q is the electron charge
(1.6 x 10“19 Asec); further iVj is the net impurity concentration (cm*3)
and gn the resistivity (ohm. cm), both latter referring to the lighter doped
junction side, which in turn is the collector layer at npn planar or mesa
structures, whilst it is the base at pnp alloyed devices. Since only these
technologies are dealt with here in the numerical examples, the afore men-
tioned data could be reached for in the calculations.

3. Thermal penetration depth and the heated-up volume section
during the turnover transient

Cooling-down after a heating by electrical power in a transistor is a
pure heat-conductive process and consequently, a diffusion-like stochastic
problem which can generally be described as a special form of a Kolmogorov-
equation by the three-dimensional differential equation as a function of
time (t) and the space coordinates x,y, z [5...8] as

9T 0 7] N _32 s- AT @)
91 32 9y?2 92
where 0 is the thermal diffusivity [cm2 sec 4 obtained as 0 V rc# and
where stands for the thermal conductivity [W c¢cm '10C~ ; vy is the
specific density [g cm '3] and ct denotes the specific heat [W sec g '10C~ 4]
of the semiconductor material in question. These material constants (valid
at approx. 25°C) are given [9] in Table I.

In the case of a practical transistor the problem can be reduced to a

one-dimensional form since the heat source actually the collector depletion

Table 1

Thermal and electrical material constants of semiconductors

e Specific . . Thermal Relative Electron
v Unit density Specific heat  Thermalconductivity gifusivity  dielectric  mobility
. constant
7 > e —Afiycu f1n
) g Wsec j cal w cal cmz er cmz
Material era3 g OK- g°K cm °K  cm sec °K sec V sec
Germanium 53 0.31 0,074 0,64 0,155 0,384 16,5 3600
Silicon 2,3 0,755 0,18 0,84 0.20 0,438 12,0 1260
*at 25 °C.
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layer embedded in its own-material may be regarded as a laminar (plain)
layer with a very thin thickness X of some p as compared to the thickness
dimension of the semiconductor wafer (in practice some hundred pm) let
alone the diameter of the junction which latter amounts to some 100 -f- some
1000 jum. Hence, the differential equation describing the heat conduction
can he written as a function of time t and distance x perpendicular to the
heat-source surface area d, in a one-dimensional form as

dr/dt = OAT/dx1). (7a)

Let us assume X x (that is, a very thin heat source with a minute volume
of V#x) submitted to a heat pulse of A.Lt0 = yct AT( energy taking
place in an infinitesimally brief duration, i.e. in a form of Dirac-delta step
function where ATO is the temperature jump above the mean temperature
of the wafer. In this case the solution of (7.a) differential equation [5 — 8]
is a normal distribution in the form

X*

AT(x.t) = —===m exp
4rrof 40f 8

having a standard deviation | 26>t defined as thermal penetration depth:

r#) = \20t m 9

The thermal relations in the case of a brief Dirac-delta heat transfer
are depicted in Fig. 2. The heat generated in the depletion layer of X/ £ equiv-
alent thickness (| will be elucidated later) spreads on both sides of the

Fig. 2. Temperature distribution in the vicinity of collector depletion layer (a), and time de-

pendence of peak temperature ATm within the depletion-layer heat-source (b), after an in-

finitely short Dirac-delta heat pulse. Temperature shows a normal distribution perpendicular

to the thin laminar heat source, spreading ever wider with advancing time in the same propor-

tion as peak temperature ATm decreases. Thus, the areas (thermal energies) below the bell-

shaped distribution frequency curves at various times tx. .. t5 are equal to the original one
(the shaded rectangle) att= 0
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junction symmetrically and rather quickly in time, further and further — with
ever increasing r9 standard deviation in distance while simultaneously
with ever decreasing mean value ATm (at x = 0) of the maximal temperature
in time, albeit this decreasing time function is not an exponential one only
similar to it since both terms in the denominator of the coefficient and
of the exponent are time-depending. However, the solution (8) holds valid
only for a Dirac-delta heat-transfer pulse infinitely short in duration and,
consequently, representing an infinitely high thermal energy independent of
the value of ATO, hence yielding AT = oo if t = 0. For practical boundary
conditions of a finite heat transfer duration incomparably shorter than
(1/0) (x /1)2, the solution differs from Eq. (8) - although this condition also
cannot be realized in practice, while switching times are many times longer
but yields finite a result at both t= 0 and x = 0, with a rectangular short
step-function of the L O electrical energy

AT(x, t) OdATmexp

40t+ (X /2])2 (@)

Lp X-
2yePA[(X/2E)  4n@t] “XP 40t + (X/2f)2

which result will be explained later. However, the spreading of the
heat energy in distance x, perpendicular to the heat-source surface in advancing
time in the bell-shaped form of a normal distribution frequency function

is characteristic for this particular one-dimensional heat-conducting process
in a transistor, disregarding the initial duration ofthe heat-dissipating electrical
turnover transient. The conditions are qualitatively depicted in Fig. 2(a) as
AT[x) function of distance, utilizing time as a parameter, where the normal
frequency function is split into two equal and symmetrical parts along the
X = 0 mean value and jointed symmetrically to both boundaries of the heat
source of X/f equivalent thickness in which latter the temperature is assumed
as being uniformly ATm. In Fig. 2(b) the time dependence of ATm maximal
(mean) value of the heat source is shown.

The thermal penetration depth r®, depending on the square root of time,
can be defined as the distance until the elevated temperature due to a step-
wise increase of dissipated electrical power reaches in a given time, that is,
where the inflexion point of the bell-shaped AT(x) function lies. Differentiating
the rt(t) time function, Eq. (9) yields the propagation end-velocity of heat
conduction as

VA*) (10)
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whilst the average thermal propagation velocity during a given t time is

L) = ro{t)jt = fW ft = 2 v(t) . (10a)

Utilizing Eqs (9) and (10), the thermal penetration depth and propagation
end velocity are given in Table Il depending on time for germanium and

Table 11

Thermal propagation end velocity {vf) and the related thermal penetration depth (rf)
as functions of time

t (fx sec) 0,01 0,03 01 03 1 3 10 30 100 Unit
Ge 44 25,4 14 8,10 4,40 2,54 1,40 0,81 0,44 m/sec
4 .
Si 49 28 15,5 8,95 4,90 2.80 1,55 0,895 0,49 m/sec
Ge 0,78 1,43 2,5 4,53 7,8 14,3 25 45,3 78 /ul
‘0
Si 0,98 1,79 3,1 5,66 9,8 17,9 31 56,6 98 /il

silicon, in a time range covering the swithcing times of most practical trans-
istors. For comparison, the depletion layer width in the dependence of VCB
collector reverse voltage and of (n resistivity of the lightly doped junction
side are given both for germanium alloyed pnp and silicon planar npn trans-
istors in Table Il1l. (By these types the lightly doped side is re-type material.)

Table 111

Width of collector depletion layer vs. reverse voltage Yes and depending on the
Q resistivity of the lightly doped junction side

oQ scm Fuu W 1 2 5 10 20 50 100 200 Unit
05 0428 0604 0,95 1,35 1,90 3,00 theoretical
beyond the
1 0,604 0,855 1,35 1,90 2,70 4,28 avalanche break-
p+—np—+ 2 0,855 1,20 1,90 2,70 3,82 6.04 8,55 pm
alloyed
5 1,35 1,90 3,00 4,28 6,04 10 135 19
10 1,90 2,70 4,28 6,04 855 135 19 27
05 0,365 0515 0,81 115 1,62 2,58 beyond the
Silicon 1 0,515 0,73 1,15 1,62 2,30 3,65 avalanche break-
S,;apr_” 2 073 103 162 230 326 515 7,30 pm
& mesa 5 1,15 1,62 2,58 3,65 5,15 8,15 115 16,2
10 1,62 2,30 3,65 5,15 730 115 16,2 23
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The ranges of VCB and gn here also cover the practical values of transistors
and the depletion layer width is calculated on the basis of Eq. (6).

Comparing the thermal penetration depth occurring at a switching
time characterizing a given transistor type, to the depletion layer width
taking place at a usual VCB voltage on the same transistor, one can conclude
that and X fall in the same order of magnitude. A detailed analysis from
this point of view will he dealt with later in the course of practical numerical
examples. Presenting here too extreme examples, let us consider a bulky
high-voltage, low-speed germanium pnp power transistor with ol = 10 ohm-
ecm base resistivity and at "CB - 50 V which gives X = 135 pm while
at t@3 = 30 psec switching-offtime rt = 45.3 pm. The other extreme siatiation
is a low-voltage, low-power, silicon planar npn high-speed switching transistor
with = 0.5 Ohm «cm collector epitaxial layer and t0*® = 30 nanosec
switch-off time, at VCB = 5V which yields X = 0,81 pm and = 1,79 pm.
Thus the conclusion can he drawn that during the switchover time of practical
transistors the ratio of the maximum thermal penetration depth to the
maximum depletion layer width hardly exceeds 3.

In the next step the “equivalent” thermal penetration depth should
be defined, since expression (9) only gives the rt standard deviation and
ATm mean (i.e., maximum) values of the hell-shaped AT(x) distribution
function. The hell-shaped frequency function should be substituted by a
rectangle of uniform ATm(t) height and a base width rie®(t) corresponding
to a value where the area zITm(t). r(t) is exactly equal to the half area
(i.e., half heat energy) below the bell-shaped normal AT(x) distribution
frequency function, as is shown in Fig. 3. [It is obvious from Fig. 2(a) that

Fig. 3. Definition of equivalent thermal penetration depth and the equivalent thickness

of heated-up volume section W "y The heat source has an equivalent thickness X/£ and along

both sides the temperature distribution is normal, showing the halved bell-shaped frequency

distribution curves with the standard deviation r# at both inflexion points. The heated-up

volume section can be substituted by a layer of W$gj width or (X/2£) - r$gj half-width, in

which the temperature distribution is constant and temperature amounts to ATm maximal
value
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the amount of original thermal energy remains unaltered in the function
of time and only the spread rc along distance x increases and the mean value
ATm decreases in the same proportion, leaving the area under the distrib-
ution frequency function unaltered.] Since the normal distribution written
in general form is

| —_
—exp — lgives at x = 0 the value 1/(a\ 2n),
al2n 2a)

consequently the standard deviation a must be multiplied by (] 2n/2) =
= ]®/2 to gain a rectangle of 1/(cr] 2n) height and having the same area
as the half area under the bell-shaped original normal distribution frequency
function. Thus, rt(t) of expression (9) must be multiplied by |n)2 too,
yielding

AII(0 = (bl 2>00 =\n&1- (9a)

4. The equivalent volume of the heat source

The temperature distribution along the width of the collector depletion
layer (as the heat source) is actually not constant. At a step junction (i.e.,
in the case of an alloyed transistor) the field strength E decreases linearly
from the maximum value EM at the metallurgical junction (that is, x = 0
in Fig. 4) along the distance x within the lighter doped junction side till
E = 0 at x = X boundary of the depletion layer. At the same time the
potential V as the integral of E, decreases with the square of x from the
maximum value VCB at x = 0, till V= 0 at x — X, cf. Fig. 4. Since the
heat generation in the depletion layer originates from the inelastic collisions
between phonons (i.e. the atomic binding forces of the crystal lattice) and
the charge carriers in our case electrons that is, heat generation is
proportional to the kinetic energy of electrons accelerated by the electrical
field, it isobvious that heat generation will be maximal along the metallurgical
junction where potential is the maximal V = VCB and its gradient also
being the maximal E = EM, and will be zero at the boundary x = X. Since
the impact heat energy of a colliding electron equals the product of F potential
runned through till the collision and the electron charge g, and on the other
hand, on the basis of Eq. (6) the dependence of potential on distance may
be expressed as V(x) = (x[X)2VCB, thus the impact energy of charge carriers
can be written as qV(x) = (xjX)2qVCB, which yields, after integration from
x= 0 till x = X

Vo ja( Xl dx = qSV;BZ 4ycs (11
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Fig. 4. Explanation of the equivalent heat source thickness X/f at a step junction. 0 and X

are the bounds of the depletion layer width, along which field strength E decreases linearly

whilst potential VgB and carrier-phonon impact energy qV¢B decrease with the square of

distance to the metallurgical junction. The equivalent width is X/3 within which the impact
energy and so temperature may be assumed as constant and maximal

which in fact gives the width X/3 of such an equivalent heat source where
the impact energy of carriers is assumed to be a constant qVCB value, or in
other words, the depletion layer having nonuniform thermal energy distri-
bution may be substituted by an equivalent heat source of uniform maximal
thermal energy in a form of a rectangle having X/3 base width and the same
area as the qV(x) — (x/X)xyVvCB function, cf. Fig. 4. If the junction is linearly
graded (as it is nearly so by planar or mesa transistors), the E(x) field strength
function decreases quadratically along the distance x instead of being linear
and, consequently, the V(x) potential function decreases with the third power
of x. Hence, the equivalent thickness of the heat source will be X/4 in this
case. Thus, 1/1 denotes the multiplying factor of the equivalent heat source
thickness, substituting i — 3 at a step junction and f = 4 at a linearly graded
junction. The equivalent volume of the heat source is then AX/!; where A
is the collector junction area.

5. The general time dependence of the “inner” thermal resistance
and “inner” thermal capacity

The equivalent thickness of the warmed-up volume section till a given
time i, along both sides of the junction will be the sum of the equivalent
heat source thickness and the doublefold value of the equivalent thenna
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penetration depth, the latter as expressed in Eq. (9a), since the heat energy
spreads symmetrically into hoth sides of the laminar heat source. Thus,
denoting this overall thickness of the warmed-up volume section by Wie,"

= (X/E) + 2rueff(t) = (X/C) + Y4n&t, (12)

and in the same way, the equivalent volume of the head-up section will he
Eq. (12) multiplied by the junction area A. Multiplying the volume by the
specific density and specific heat, one gets the “inner” heat capacity of the
warmed-up volume section:

Cm {t) = yctA [(X/i) + 1/4nOt] = ,(13)

The “inner” thermal resistance that is, the connection between the
warmed-up volume section of A area and W ,e. thickness and the surrounding
own-material of the wafer (the latter incomparably larger in volume), is
obviously proportional to the half thickness W09e,(t)j2 = (X/2]) -)-r, et of
the heated-up “inner” volume, further it is inversely proportional to area
A and the specific thermal conductivity A,, in full analogy with the electrical
conduction. The expression must be divided by 2 since the thermal cond-
uction is symmetrical on both sides of the laminar heat source. Furthermore,
a constant R is introduced which is related to the heat transfer and junction
geometry: B approaches unity only if the collector layer lies deep in the tvafer
and rie. falls short of the collector junction depth at a mesa or planar structure,
but approximates 2 if there is a shallow collector junction, r,e* exceeding
considerably the junction depth. At an alloyed structure, the indium button
collector contact lies in the proximity of the metallurgical junction and
indium has a bit worser heat-conductive properties than germanium*, thus
the constant B should be assumed to be a bit higher than unity, say 1,24-1,5.
Hence:

W O + (*/2g) _ n\m6t+ (X/21) (14)
2K A P 21, A

The above results are valid only if the thermal penetration depth r, ey falls
well short of the minimum geometrical dimension of the wafer, i.e. the thick-
ness of it. If the penetration depth exceeds the boundary of wafer thickness
well, after the passing off of the turnover transient, the thermal resistance
of the wafer contacting or soldering-on should also be taken into consideration.
The fact that the wafer is soldered-on onto a header or not, can radically
influence the thermal conditions in this case. Furthermore, the existing or

*Thermal material constants for indium [9] are at 25°C: y = 7,3 g*cm-3; c, =
= 0,24 Wsec g-1 °C-1; X, = 0,25 Wcm-1 °C-1 and consequently, 0 = 0,137 cm2 sec-1.
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lacking external heat sink alters substantially the thermal relations in such
a case if the wafer is soldered-on onto a header or base plate. In the latter
case, Eqs (13) and (14) should be rewritten as

Q(i)(0  ¥scsc n-sc [dCB NME) “b Invse Gel “bYm em AT (nomtm-1- ... (13a)
and
f,\__ y~&sctsc -r (XI1£)d¢B ''\UO0 mtm _|
Ramna— . . R h . (14a)
M)\4 "oc Psc * Fam 4 m "

where the indices “sc” denote the material constants of the semiconductor
wafer, Asc the collector junction area and tsc the time in which the heat
penetration reaches the semiconductor-soldering metal boundary; whilst
indices “m” denote the material constants of the solder- or header metal,
Am the soldering-on area of the wafer involved in actual heat conduction,
and, finally, tmthe duration of heat conduction in the header metal. Naturally,
t — t,c-j-tm-f-... . The collector junction depth is marked by dCB.

In the case of a usual silicon planar transistor, the depth of the collector
junction is relatively shallow: it lies 2410 pm below the emitter contact
surface (or the Si02Si interface). This depth falls in the magnitude order,
or exceeds it but insignificantly, the thermal penetration depth taking place
during the usual 10-i-300 nanosec switching times of such transistors. Since
the thermal conductivity of the alumizized or gilded emitter and base contact
areas as well as the thin gold bonding wires may he neglected, the thermal
wave front arriving from the collector junction is reflected. Consequently,
a factor B near to 2 should be utilized and the first terms of expressions (13a)
and (14a) should be used if ri{l/ > dCB but rie,, falls considerably short of
the wafer thickness. The same also holds for an alloyed Ge transistor with
dCB= 0; Ass= Am; tsc= tm=t and the index m denoting the material
constants of indium. In this latter case, a third additive term in the same
form as the second one follows in both expressions (13a) and (14a) if the
heat penetration depth exceeds the boundary of indium button-base plate
metal joint, substituting in the third term the material constants of the base
plate metal, the area of joint and the time in which the thermal wafer front
spreads in the base plate metal.

6. The “inner” thermal cooling-down time constant

Since the time function of cooling-down [e. g. after a Dirac-delta heat transfer, cf.
Eq. (B)|, is not an exponential one but a normal distribution, there is no physical reason to
for considering the “inner” thermal time constant as the product RC in the electrical analogy,
all the more because both the “inner” thermal capacity C”/) and “inner” thermal resistance
R$(i) are time-dependent. Hence, the definition of “inner” thermal time constant is more or
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less arbitrary: it will be the time i$(i) after which the initial ATm{t = 0) maximal temperature

diminishes to the relative value 1/g 04 1/2,72 6i 0,368, as is shown in Fig. 2b. — Since the
initial heat energy remains constant but spreads only in the volume along both sides of the
collector junction, the “inner” thermal time constant will be the time in which the heat

energy occurring in the thin laminar heat source of X/f equivalent thickness, spreads in a vo-
lume £ = 2,72-times larger as the heat source volume, i. e. 2,72-times larger in thickness as
the original X/f value. Thus, utilizing Eq. (12):

(X/) + I*&rm
(X /1)

O Py g

hence the inner thermal time constant depends only on the square of the collector depletion
layer thickness*, besides the material constant & and type of the junction (f = 3 or 4), as is
shown in Fig. 5. The value of T#() is surprisingly low, at least as compared to the switching
times of a given transistor. Considering again two extreme cases of

(a) a bulky, low-speed alloyed Ge pnp power transistor ASZ 18 operating in a c.e.
inverter circuit of Fig. 8 with the ratings of VCC— 30V; |Cp= —6A; Ibx= —06A

6 2,72 =
which yields

10~5 — » 104 X(cm) Krs3 102

Fig. 5. The “inner” cooling-down thermal time constant T in dependence of the depletion
layer thickness X, by alloyed Ge(E = 3) and planar or mesa Si(£E = 4) transistor structures

* However, X depends on the square root of Vgb voltage, thus is linearly propor-
tional to VCB-
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Fig. 6a. Transient ~temperature jump ATm of the collector junction during switchover of various transistor
types vs. normalized time i/r, at turning-on (dashed lines) and t/r0 at turning-off (solid lines). Also the time
function of transient turnover power P?/ is shown in FdtI*CC-"Cp normalized term (thick line). The falling
sections have a slope of —1/2 in the doubly logarithmic plot since temperature decreases with the square root
of time. ASZ 18 and BUY 12 are power transistors while AC 125 U and BSY 34 are medium-power types
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Fig. 6b. The temperature vs. time curves of Fig. 6a. normalized as AT T//1TT, referred to their peak values.

The time difference between the maxima of the temperature curve ,17m//|7'm and the power function

Pdl/Pat max fairly approximate the “inner” thermal time constant of the various transistors save

the ASZ 18. Note that the curves of both silicon (planar and mesa) types coincide and there is also an
insignificant difference between the Ge alloyed types
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Fi;. 7. Equivalent duration of the turnover transient power vs. time function. The equivalent

step function of power has an uniform height of Pumax = | IQn L and a duration of t = 2r0

at switching-off or t = 27,-at switching-on, since the shaded areas lying left and right from the
abscissa t/T = 2 have equal areas (thus, representing equal energies)

Fig. 8. Common-emitter inverter circuit and its characteristic parameters and wave forms
corresponding to the numerical examples of Table IV and Figs 6a and b

forward base current and I8y = 0,6 A peak drawing-out base current for fast removal of
stored charges in the base, in which operating point t0f< = 35ji sec max. The base resistivity
isn = 50hm «cm and { = 3in the step junction. The depletion layer width is X = 5,15 /im
at Fcc/2 = —15V where the peak transient power occurs, calculated from Eq. (6). On the
basis of expression (15), T~(,) 0,24 sec i> tfj = 35 /tsec.

(b) The minute epitaxial planar transistor (T4) in the totem-pole output stage of a TTL
“NAND?” gate integrated circuit, e. g. the SN 7400 N. Operating data during turnover, just
at the instant of peak transient turnover power (cf. Fig. 9): Ve b osi0,1\;
{cp,” 15 mA. The switching-off time is for this transistor t0fj Qd 5 nanosec, and the collector
depletion layer penetrates into the epitaxy of 0,1 ohm e¢cm resistivity. Thus, with f/CB =
= 0,7V eq. (6) gives X = 0,137 fim. Calculating with | = 4, Eq. (15) yields T(,q  10-10 sec =
= 0,1 nanosec tOff = 5 nanosec.

Thus, it is proved thi.

ton > < lo/f or Tt>\rm < To (16)

7. Calculation of the temperature vs. time function and the
[6 estimate of the peak temperature during switch-over

The exact calculus of the ATm(t) function is rather sophisticated. How-
ever, the general method is presented here and numerical examples are given
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as well, to let one make comparison to the results of a more simple estimation,
the latter yielding the peak temperature jump ATm directly.

Eq. (2) gives the time dependence of transient turnover power Pdt .
Multiplying this instantaneous power by the thermal resistance between
the heat source of (X/|) equivalent thickness and the surrounding hulk,
i.e. by =0)= at a given instant, one gets the ATm(t = 0)
temperature jump due to the instantaneous dissipated power Pd at the
given instant. However, both Pd and X are time-depending. As it may be
seen in Eq. (2), the P di(t) function is symmetrical for switching-on (by substit-
uting «() and switching-off (substituting ro0). Contrary to this, the X(t)
function may be derived from the voltage dependence of the depletion layer
width, utilizing Eq. (6), and Vcb voltage there depends on time exponentially
(see lower diagram in Fig. 1), the latter showing up only complementary
symmetry for switching-on and - off: VCB = Vcc «exp (t/1,) for switching-on
and VCB= Vecc [l-exp( /t0)] for switching-off, cf. Eqs (la) and (ld).
Thus, the resulting ATm(t) function is not symmetrical for switching-on and
-off. Consequently, the “inner” thermal resistance of the heat source will be
from Eq. (14), substituting there r?a(*= 0) = 0., thus yn&t= 0, also
utilizing Eqs (6) and (l.a):

| W Cb) _ R f (173)

R-e(hs)on (0 4a . A ATA, A 2 «r«oPnQnVcB- exp

for switching-on and using the afore mentioned equations hut Eq. (Id):

.
RAt(hs)0f) (.0 B 12ere0fnQiVgg 1  ex (17b)

p
R

for switching-off.

Multiplying this expression by the time function of instantaneous
transient turnover power, i.e. by Eq. (2), one gets the instantaneous tem-
rature increment in the junction at a given instant t. However, this tem-
rature increment Pdt(t). R~sfa) builds up over a similar temperature
increment preceding this one by the infinitesimal time difference dt and
diminishing during the time interval dt by heat conduction. In other words,
the temperature integrates up during the turnover transient and will be
much higher than Pdi(t) =R 4hs)(t).

To attack this problem, the electrical circuit analogy of this thermo-
dynamical process is made use of. In the electrical equivalent, voltage V
corresponds to temperature difference, current | to thermal power, further
electrical resistance R to thermal resistance, capacitance C to thermal
capacity. This particular thermal problem is in analogy with a resistor-
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capacitor network, the capacitor C being uncharged and series-connected
to a charging resistor R and the whole network connected to a voltage source
V, to simulate the switching-on thermal process; and, on the other hand,
the capacitor charged-up to voltage V is discharged across the resistor, to
simulate the switching-off thermal process. For the switching-on process
the voltage vs. time differential equation for the electrical equivalent will be

V(t) = R-1(t) + -T-('1(»)*.
Clo

Of course, the well-known exponential solution of this equation cannot be
used for solving the thermodynamical problem since and Ca(i- thermal
quantities are both not constants huttime-dependent and, on the other hand,
the power vs. time function substantially differs here from the exponential
R «I(t) one in the electrical analogy. Thus, the differential equation is
employed directly, leading with the thermal problem at switching-on to

dTJt) = Pdi(t)- Rnh -1 PA(i) A 18
t) ® nS)(t)+W(’)(DJO (1) (18)

where the first term on the right-hand side corresponds to the instantaneous
temperature jump due to the instantaneous power PIUt) while the second
term refers to the integrating-up tendency of the temperature and is in fact
the thermal energy divided by the heat capacity of the warmed-up volume
section, from the beginning of the turnover transient till the instant t.

Thus, utilizing Eq. (2) for Pdt(t), further Eq. (4) for the expression of
switching-on energy time function and, further, making use of Eq. (17a)
for the expression of R~ fts)on(t) heat source-to-wafer thermal resistance and,
finally, employing relationship (13) for Ce"(t), one gets the end result for
switching-on as:

vee | 1t /21
J Tmlon)(t) A P exp LT exp DT
s /o, 1 ri
5 SreOMVnBn1cc mex +
4CAt P ri
t .
1 2 exp + exp 21
ri Ti
\A7iot -)- 12 Bfov:; QiVce Mexp
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and similarly for switching-off but applying Eq. (17b) for 8 (.~04 (0«

Vccle ' / 21
ATTLL)(O = P exp - Exp rol
1 1 LO
1 ex
2 freo/G nYX p | o 2yct
| 21
exp 11y exp
1 To 1 ul .(19b)
1/ j
4nll-\- — / 2ereo/jn-Vcc 1—exp
To 1.

Of course these relationships are valid only if Vcc S> UCf£sat; fcp A 4CBO;
further ¥Y4n0(<CdCB collector diffusion depth and [4nSt remains well
within the boundaries of the semiconductor wafer.

Fig. 6/a shows the ATm(t) functions both for switching-on (broken
lines) and switching-off (solid lines) with the time function normalized as
tr, or i/rOfor five characteristic transistor types of: (a) ASZ 18, a low-speed,
alloyed Ge pnp power transistor; (b) AC 125 U, a medium-speed, medium-
power, alloyed Ge pnp transistor; (¢) BUY 12, a medium-speed, Si npn
epitaxial mesa, high-power transistor; (d) BSY 34, a high-speed, medium-
power, Si npn epitaxial planare transistor and finally, (e) the minute totem-
pole output transistor between the output and ground terminals of a typical
TTL-series NAND gate, e.g. SN 7400 N (see Fig. 9), the same as given earlier
in example (b) of Section 6. All transistors, except the TTF IC output stage,
operate in a common-emitter inverter of Fig. 8 at an operating point given
in Table IY as well as in the numerical examples of the last section. In Fig.
6(a) the normalized Pd((t) function is also depicted as PdtjVcAcp vs-
for comparison. In Table IV are also presented the maximal values of the
function as ATmboth at turning-on and -off, as well as the loci of the max-
imums in normalized terms t/T- and t t0. As it can be seen, the maximal
values ATm are surprisingly low contrary to the fact that the collector current
levels in the inverter service are identical to the data-sheet limit-values and
Vcce voltages also approximate the allowed limit level, leading e.g. to 100 W
switheing power surge at the BUY 12 type. The maximal temperature jump
is only 1,2 °C at the alloyed Ge power transistor type ASZ 18 and only 0,34 cC
at the Si mesa BUY 12 power type, while it lies between 0,165-y0,2 °C both
at the alloyed Ge and planar Si medium-power types. Negligibly low is the
peak temperature jump at the TTF IC transistor contrary to the minute
geometrical dimensions, obviously because the very low voltage and current
switching levels: approx. 0,023 rC.
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Fig. 9. Circuit diagram (below) and Vou,(Vin) transfer characteristics (top) of a typical TTL IC

“NAND?” gate. Voltages, currents (arrows) and dissipated powers (in rectangles) are shown

at the instant of maximum power during commutation. Maximal power dissipation of active

elements occurs when Vout = Vjn (simulated by the direct connection of inputs to the output),

all transistors being in the active region. The lower transistor T4 in the totem-pole output
stage has in this condition the highest power dissipation of nearly 20 mW

Of course, the afore mentioned peak temperature jumps are related
to an even current distribution along the collector (or emitter) junction
without any appreciable current concentration, referring to a fair structure:
the junction area A equals to the nominal area Anom. This way, the ATm
maximal temperature jumps are completely harmless from degradation point
of view, if the structure is fair, because the usual ATm peak values ranging
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Table IV

323

Thermal and electrical relations during switching-off at some characteristic

Technology
Type

Vcce’ supply voltage (V)

Icp, peak collector cur-
rent (A)

I'1lx. driving base cur-é
rent (A)

Jgp, charge-drawout
base current (A)

toff max’ switching-off
time (jiisec)

pdl max’ turnover
power (W)

xo, depletion layer
with (/mi)
(at VCB — Vcc/2)

wteff (at 1= xoff) s (H

A nom nominal junc-
tion area (mm2)

icnorrr Nnominal cur-
rent density (A/Imm2)

= “nom -“p/E
heat source volume

(mm3)

Pdtnmx/TI m (W/mm3)
SpecIfIC turnover power

density

LOf= 2 rOP(it max (/*Wsec)
switching-off energy

V(0i)=A romW ielfn (mm3)
att = toff)

Loff/V~i) (ItWsec/mm3)
specific switch-off energy
density

transistor types

Alloyed germanium

ASZ 18 Alﬁe (:jlizuSmU
Power power
—30 —40
_ -0,25

0.6 — 0,025
0,6 0,025
35 1
45 2,5
5,15 3.82
132 23,3
5 0,385
1,2 0,65

8,6 X10-3 4,9XI0"4

5,25 X 103 5,1 X 103

1670 2,5

0,66 8,9x 10-3

2530 280

Mesa or pimar silicon

BUY 12

power

40

10

6,2

18,2

5,45

1,84

8,4x 10-3

1,2 X104

50

0,1

500

BSY 34

medium

power

40

0,5

0,05

— 0.025

0,095

3,26

8,07

0,25

2X 10-4

2,45 X 101

0,475

2x 10“3

238

TTLIC,,NAND”

gate, totem pole
transistor T4

(e. g. SN 7400 N)

~ 13Vv=V

~1,55x10-2

see Fig. 9

~5X 10-3

—2X10-2

0,137
(at VCE =
= 1,3V)

1,69

~l,2x 10-3

~4,Ix 10-«

~4,9X 105

~1Ix 10-4

~2 X10-6

~50
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Table 1Y
(cont.)
Alloyed germanium Mes or planan silicon TTL [C“NAND”
Technol
echnology Asz 18 AC 125 U BUY 12 BSY 34 gate, totem pole
Type medium medium transistor Ti
power power power power (e. g. SN 7400 N)

ZITm, peak tempera- (°C)

ture jump estimat- 1,46 047 0,29 0,135 —0,029
ed by Eq. (26) ©

2JT 5, at turn-on cal- (°C) 1,15 0,165 0,304 0,180 —0,0213
dilated by Eq. (19a)+
appearing at i/T/ " 1,8 1,25 1 1 1,6
ITm, at turn-off cal- (°C) 1,20 0,170 0,338 0,197 —0,0236
culated by Eq. (19b)i
appearing att/ro = 2,1 1.4 1,15 1,2 1,75

TE(,), “inner” thermal
time constant for ;
cooling-down (/tsec) 0,2 0,12 0.175 0,045 —X10-D
(for a Dirac-delta sec
heat pulse)*

T4 MY* cooling-down (g3ec) 350 8,75 2,7 0,63 —4,2x 10-*
time at natural sec
turning-off, for (t/ro~ 20) (#10—17,5) (*/t0—10,7) (t/r,, c* 14)  (t/r, C- 17)

jr mlATm= 0,368

§ Equivalent thickness of the volume section enclosing the heat source i. e. the collector
junction and heated by the turnover transient, in which the transient thermal.

0 The volume of the above (s) standing volume section heated up by the turnover trans-
ient energy.

1 Assuming Aeff— Anom* e-aperfect structure without considerable current concentra-
tion.

*At VvCB = VCcl2.

between some tenth and some °C, fall short by 1-~2 orders of magnitude of the
quasi-stationary temperature increment fidtot averaged at the period time.
Volumetric degradation might be significant only if a considerable current
concentration takes place in the form of hot spots where the relative actual junction
area AjAron may be decreased to 10~2-i-10_3, since the peak temperature jump
is inversely proportional to the actual junction area, cf. Eqs (19). However,
such excessively and originally bad structures can hardly get into a controlled
and saled lot because such bad specimens fall out at the static (d.c.) or
dynamical parameter measurements. A highly uneven structure can lead
only to such a degree of current concentration in prolonged switching service
at high current- and voltage-levels by thermal-electrical feedback (runaway),
the mathematical model of which being beyond the scope of this work and
being rather sophisticated as well.
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Some interesting features of the ATm(l) functions may be observed if they are normalized
on their vertical scale as ATmIATm hence, all maxima then lie on the ordinate 1, as is sh'éwn
in Fig. 6b for the afore mentioned 4 discrete transistor types. The transient turnover-power
vs. time function is also normalized in such a manner as 4 Pdtl Pcc-Cp- First of all, the switch-
ing-on and -off curves are different but only on their rising and peak section. An insignificant
difference arises in the absolute maxima, cf. Fig. 6a, since switching-off maxima are a bit
higher and the loci of maxima are shifted but inconsiderably toward higher i/ro values at turn-
off as compared to the turn-on i/T- maxima (see also in Table IY). The maxima of the ATm(t)
functions are markedly shifted in comparison with the maximum of rit max peak transient
turnover power at t/t- = i/r0 = log¢ 2; i. e. the maxima of silicon planar or mesa transistors
lie very near to i/r,-”~ lori/ro 1,2; whilst at the slower alloyed Ge types the maxima are
between i/r- 74 1,25 -y 2,1, depending on type. At both silicon types, the time lag of the maxi-
mum of ATm(t) function as related to the t/1,- = i/r0 = logE 20" 0,69 maximum of the P#(i)(t)

function, is fairly around the “inner” thermal time constant value given in Eq. (15) if
VCb — Fcc/2 is considered there [that is, at the maximal value of prt max = Pcc lcp/d at
the instant i/T, = /r0 = logE 2~ 0,69 the collector reverse voltage is just Vqql2]. The time

lag of maximal transient temperature jump in respect to maximal Pt is, however, a bit higher
by the alloyed Ge types, e. g. it is about 3-times the Ty thermal time constant by the medium-
power alloyed AC 125 U and a greater difference arises only at the ASZ 18 alloyed Ge power
type. Thus, r#(/) has also some physical meaning at the relatively slow turnover power trans-
ient, yielding roughly the time lag between the power- and temperature-maxima. — At the
rising section of the ATm(t) function, the time lag between the power- and temperature-time
functions becomes continually more and more if time is increased, but the time lag is markedly
less at switching-on than at switching-off. The cause of this lies — as can be observed compar-
ing Egs (19a) and (19b) —in the fact that at switching-off the depletion layer width increases
from zero to its maximum value at I'ce = vcc and consequently the thermal resistance
JRY/iS of the heat source also increases from zero toward its maximum and thus, the first term
in the function (19b) gives lower values at a given instant t than the first term in Eq. (19a)
but the rise is steeper. Contrary to this, at the beginning of switching-on. the depletion layer
width (at vce = Vcc) as well as the thermal resistance R$ //s) have their maximal value and
both diminish with t. This is the reason too, for the small difference in maximal values ATm(ony
and ATm((j), as well as in their maximum loci. However, if T- and r 0 are equal, the areas below
both functions ATrr{0-.)(2) an(* “"PmiofJ)") are exactly equal, i. e. both heat energies are of

course equal, in spite of the differing rising sections and maxima.

If is remarkable that the ATnI(t/T) curves of both silicon types dealt
with here coincide with each other exactly, while there is only an insignificant
difference between the curves of alloyed Ge types. Thus, one may suggest
that a given function normalized in t ¢, or t rOterms and as well as in ATm/ATm
terms is characteristic for a given technology and it is sufficient to calculate only
some points around the maximum, to construct the whole function in this way.

Finally, let us consider the falling section of the ATm(t) functions.
There is no perceptible difference between the switching-on and switching-off
functions if tjrt 4 < t/r0, since, on the one hand, the first, “thermal
resistance” term in Eqgs (19) becomes negligible as compared to the second,
“thermal capacity” term there. On the other hand, in the numerator of the
second (“thermal capacity”) term the exponential terms become negligible
compared to 1, and finally, in the denominator, the term 14jiQt becomes
incomparably larger than the other additive term under the square root
sign. Thus, both Eqgs (19a) and (19b) can be reduced to the simple form

A op(esarg e ToveelG (20)
4yct A \nQt

for turning-off process, while the same holds valid with r, for turning-on.
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Thus, cooling-down after the rolling-off of the turnover power transient
is a relatively slow process since the heat conduction toward the bulk - i.e. the
decrease in temperature — goes ahead by the square root of time resulting in
a straight falling section in the doubly logarithmic plots of Figs 6(a) and
6(b) with a slope of 1/2. In Table IV the cooling-down times r”c *are given
in the last row and defined as the time elapsing between the peak value
ATm and the value ATm/£ = 0,368/ITm, also expressed in normalized terms
t/r0. These cooling-down times, however, are relatively brief: between some
tenth and some psec at the various transistors, except the bulky alloyed
Ge power transistor.

8. Time function of the absolute junction temperature

If the repetition frequency of switch-over is high, i. e. the switching time ton and tQp
become comparable to the switch-over period time, the average temperature rise due to the
switchover transient peaks should also be taken into consideration. The average value will
be the sum of both turn-on and turn-off energies of Eqs (5a) and (5b), the sum multiplied by
the repetition frequency /), the way in which one gets the turnover power averaged for the
LIfr period time:

P(ti(on+off)y  (ri “b To)fr Icc ICp 2 = (ton | t4])fr Vcc Igp, (21)

and consequently
1(to) — R j Pdt(on+off) — (ri + To)fr pReNe 27 (tOn + toff)frVCAcCpR'r (22)

will be the average temperature rise caused by the turnover energy peaks. This value must be
subtracted from the ATm peak temperature to gain the real maximum temperature jump
above the average since the instantaneous temperature fluctuates around the ATj(tQ) average
value, having identical areas (thermal energies) above and below the average. Taking the other
quasi-stationary power dissipations also into consideration [3, 4] as the turned-on (saturated)
average power on the one hand as

Pon = 1pfripcBsat ~b YEBp)~Cp (23)

and the same for the turned-off (cutoff) state, on the other, as

Pofi = (1 — tpfr) I'CCACBo (24)

(tp denoting the duration of “on” state of inverter Vgb sat and YBEp ~1e collector and emitter
residual voltages in saturation at current Igp and lgbo the collector reverse current), one
obtain by summing up Eqgs (23) and (24):

Tj(t) - ATJt)+ Rr(Pon+ Poff) + Ta (25)

which means the Tm(t) function superimposed on the RT(Pon + P@j) + Taaverage tempera-
ture, the ATm(l) “rippling” being negligible as compared to the rest of both the last right-
hand additive terms, so far as there is no appreciable current concentration or, in other words,
occurrence of hot spots. In Eq. (25) Tastands for the ambient temperature and R pis naturally
the stationary (d. c.) thermal resistance of the transistor between junction and ambient (still
air environment).
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9. A simplified estimate of turnover-transient temperature jump

The Eqs (19a) and (19b) are too sophisticated for practical quick
reckoning of a peak temperature jump. A more simple estimate, however,
gives fair results as follows. For starting, the Eq. (19) may be used, neglecting
first of all the “thermal resistance” additive term since it shares quite little
in ATm peak value and is important only at t/t- or t/r0O normalized times,
less than 0,5. On the other hand, let one substitute the Pdt(t) function, as it
stands into Eq. (2), by a rectangle step function which has the same area
below it as the resulting

[; pdt (Hdt  L(t)

total turnover energy, i.e. with a constant height Pdtmax = Fcclc,/4, as
is shown in Fig. 7, which has naturally the width (duration) 21- or 2rH,
because Eq. (5b) gives POf — "Acch-cpl® ~ “To P<dtmax = toff P<itmax’ since
the duration 2r0is after all fairly equal to the switching-off time t0fj (as well
as 271- LW ton) if the switching current level is high (comparable to maximum
rating) and 1CpjIBpai 10 (according to the usual standard of VCEBat an<l
switching-time measurements) and moreover, the switching-on base current
IBXp and the reverse-direction “drawing-out” base current peak amplitude
—1by ¢ (f°r quick carrier charge removal from the base) fall into the same
order of magnitude (cf. Fig. 8).

The estimation of peak-temperature jump makes use of the concept
ATm= L{j(t = °°)/CY(j(t = 2r0) on the basis of the afore mentioned assump-
tions where the equivalent energy function has a constant ordinate of Vcchp!4
and equivalent duration of 2rOe= t0ff (at switching-off). Thus, the inner
thermal capacity C9(i)(t = 2r0 should be considered in Eq. (13), yielding

AT ___ -Moff - Tokege Igp 1261
mOff) = Cm (t= 2r0) “ 1yct A [(Xp/f) + V8 r QI

here X hmeans the depletion layer width at VCB = Vccj2, where the maximum
of the Pdt(t) function occurs and which is |/2-times less than the maximal
X at VCB = Vcc. The resulting Eq. (26) is after all identical to the accurate
result of Eq. (19.b) if the first “thermal resistance” additive term within
the figure brackets is omitted, further the exponential terms in the numerator
of the second “thermal capacity” additive term are neglected as compared
to 1 (which is rightful since the whole turnover energy is considered); more-
over, the second square root term in the denominator, ]j2erea... is substi-
tuted by X dy, i.e. in the last exponential term t,t0O= loge 2 w 0,69 is intro-
duced, which coincides with the instant of the turnover transient power peak,
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giving at the same time the average of depletion layer width; and finally,
t = 2t0is substituted in the first term under square root sign in the denom-
inator of the “thermal capacity” term.

As is presented in Table IV and in the following numerical examples,
expression (26) gives a fair estimate in good agreement with the results based
on Eqs (19a) and (19b). — For ATT(V Lon and r, should be substituted in
Eq. (26) instead of LOf and rO.

10. Numerical examples of some characteristic transistor types

(a) ASZ 18, an alloyed Ge pnp, low-speed power transistor, similar to the “test vehicle”
used in experiments (c) and (d) in refs [3, 4].
Maximum ratings:

VCBo= —80V; lcmax= -6 A; Tjmax = 90 "C; Rjj-c = E5 °C/W.
C. E. inverter operation of Fig. 8 at:

Vece = ~30V; Ilcp= —6 A; IBXp= 06 A; IBYp= 0,6 A:
in which case

21/ tonmax = 30/«sec and 2r0 = i0// max = 30 /Esec (1 di max = 45 W).

Construction data: gn = 5 ohm mcm base resistivity; Anom = 5x10~2cm2 With
A = Anom; X = 515 ,«m and £= 3 (step junction); ATm’(])Ssi 1,46 °C which in fact in-
considerably exceeds the value 1,20 °C gained by Eq. (19b). With A = 0,01 Anom, ATm((f)
will be 146 °C where the occurrence of hot spots and destruction takes place rapidly. Thus,
this type is particularly sensitive to volumetric degradation at high switching power levels.

(b) AC 125 U, medium-power, medium-speed, alloyed Ge pnp transistor, similar to the
types used in experiments (a) and (b) in refs [3, 4].

Maximum ratings: VCBo= -60 V: /Cmax 0,25 A; T, max= 70 °C; R, max =
-0,4 °C/mW without any radiator in resting air environment. C. E. inverter operation of
Fig. 8 at: Vagq -40 V; ICp = -0,25 A: (Pdtmax = 25 W); IBXp = -0,025 A - - IBYp;

in which case 2ro 2rl~ tdf LUton = 1”sec max. Construction data: gn = 2 ohm <cm,
thus X¢ = 3,82//m; Anum 3,85 X10“3cm2 With A = Arom and ”~ = 3. Eq. (26) yields
\Trr(off) = 0,17 °C. exactly the same as gained from Eqg. (19b). Having A = 0.01 Anom, the
peak temperature jump increases to 17 °C which in turn is still harmless from a degradation
point of view. Thus, this type is less prone to collector-emitter punch-through.

(c) BUY 12, a doubly diffused, silicon mesa npn high-power, high-voltage transistor
of medium switching speed and with epitaxial collector layer.

Maximum ratings: Vecbo = 210 V; Vqe0 — 80 V; /c wax = KO A; Tjmax 150 °C;
Rji-¢ ™ 1-5 °C/W between junction and case (base plate). C. E. Inverter operation of Fig. 8.
at: VC¢ = 40 V; ICp= 10 A; (Pdtmax = 100 WI); IBXp - 14 A = I8 \p\in which operat-
ing point 21/~ ton = 0,5 fisec max = tOfj ~ 2r0.

Construction data: gn 7,5 ohm ecm collector epitaxy resistivity; Annmn= 545 X10~2 cm2
£ = 4 (linearly graded junction). With A = Anom, Eq. (26) results in ATm/ff* Qd 0,29 °C, a
bit less than the more accurate result 0,338 °C gained by Eqg. (19b). There is no serious harm
for deterioration until a current concentration rate of AnomA = 103 since a temperature
reaching or exceeding 1000 °C is necessary at silicon for the rapid advancement of diffusion
profils.

(d) BSY 34, a medium-power, high-speed, epitaxial planar npn silicon transistor.
Maximum ratings: VebO= 60 V; Il¢ max 0,6 A: Tjmax = 200 °C; RT max = 0,22 °C/mW
in resting air without any radiator; Rjj-c 0,06 °C/mW. C. E. inverter operation of Fig. 8
at: Fcc = 40 V; ICp = 0,5 A: (Fornax :5W); IBXp :0,05A: Isyp= —0,025 A; when
2t. ™ ton = 90 nanosec max., and 2r0 ™ tJj = 95 nanosec max.

Construction data: or = 2 ohm «cm epitaxy, hence X = 3,26 m: Anon — 2,5 X
X10~3 cm2 Substituting A Arom and £ — 4 into Eq. (26): ATrr.(@f) L 0,135 °C, sensibly
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less than the accurate result 0.197 °C of Eq. (19b). Thus, the type is insensitive for volumetric
deterioration still assuming an excessive current concentration ratio of AnomlA = 103 which
in turn can hardly occur, since peak temperature jump approximates in this unbelievable
case only 135 (or 197) °C which latter still falls short of Tj max. Finally,

(e) Totem-pole output transistor (between output and gnd.) of a TTL-series NAND
gate integrated circuit (e. g. SN 7400 N). The operation data correspond to those given in sec-
tion 6 as well as in Table IV and in Fig. 9, at the instant of maximal turnover power during
commutation as: VpE = 1*3 V; Igp = 15 mA, thus Pdt max * 20 mW; 2r0  tdf ~ 5 nanosec
fall time for this particular stage. Construction data are on = 0,1 ohm ¢ cm collector epitaxy,
so X¢ = 0,137 “m at the appearing Vgb = 9,7 V; Anom = [,2x10-5 cm2

Substituting A = Anom, £ = 4 and, instead of Vpc"Cpl2* the power 2 Pdt max =
= 0,04 W into Eq. (26), it yields the very low temperature increment ATm/gj) 0,028 °C
in good accordance with 0,0236 °C computed on the basis of the accurate Eq. (19b), which
results suggest that the harm of a volumetric degradation may still be completely neglected
in the improbable case of a current concentration ratio of 103 (in which case the peak tempera-
ture jump is raised to approx. 24 -r 28 °C).

As may be seen in Fig. 9, the maximal transient power during switchover occurs just
at this lower totem-pole transistor T4 A similar transient power peak arises at the upper totem
pole transistor T3, whilst the power peaks by the other transistors can be fully neglected. The
peak temperature jumps at transistors T4 and T3, however, is only 1/10 -r 1/30 of the ATm
increments found in the examples of usual disciete bipolar transistors despite the minute
geometrical dimensions of transistors in a monolythic /C, cf. examples (d) and (e).

11. Refinements of the thermal model if turnover transients
are rather elongated

Finally, let us deal with the estimate of ATm in the cases if the turnover transients
are rather elongated (as compared to the usually brief t0* and tQj switching times) and so the
bounds of the heated-up volume, or more precisely, the thermal penetration depth, exceed
well the distance of the collector-junction-to-the-wafer bounds in either perpendicular direction
from the collector junction plane. This is the situation, in general, at shallow-collector-junction
planar devices as well as at alloyed devices where the metallurgical junction between indium
collector zone and germanium base zone lies very near to the real p-n electrical junction. This
problem, however, becomes serious especially at the pulsed service life tests of Refs [3] and
[4] where an effective screening technique for latent structural inhomogeneity and as a con-
sequence of the former, for an imminent hot-spot’s formation and short, makes use of the
artificial elongation principle of turnover transients. Such kinds of screening results have been
reported in the experiments (a), (c), (¢) and (f) as well as in the corresponding Tables I IV
of Refs [3] and [4] and the ATm values given there are computed on the basis given in this
section, as refinements of Eq. (26), and on the construction data (pn, Anom) presented in these
Tables for the case of a perfect-structure transistor. In experiments (e) and(f) and Tables 111
and IV, resp., of Ref. [4] two medium-power planar transistors (BFY 33 and BSY 56) are dealt
with, both types having equal nominal collector junction areas A nom, as well as equal voltage
and current ratings, consequently both experiments were conducted at identical operating
conditions corresponding to identical VCC* "Gp> tp>fr and so Lon, T&i r« max condi-
tions were also equal. Thus, ATmOn values there are also identical and were presented only in
Table I11 for the BFY 33 type. The sole difference between both types is that the resistivity of
the epitaxial collector layer is p., = 4 ohm «cm at the BSY 56 type while it is 2 ohm «cm at
the BFY 33. This difference is, however, still unimportant since in Eq. (26), the term / 8n®©t

(X®/£) due to the rather elongated transient switch-over times and the equivalent heat
source thickness Xd/| which is only influenced by on, can be totally neglected in comparison
with the thermal penetration depth. — Contrary to this, both planar types in experiments (e)
and (f), as the most usual planar devices, exhibit relatively shallow collector junction depths
¢2CB of 2,5 /im (BSY 56) and 3 fim (BFY 33) which must be considered in the calculation of
thermal capacity Cl/) here because at the badly elongated switching times r$a certainly exceeds
4R. As a consequence, the results at the end of Section 5, i. e., expression (13a) fit here natur-
ally utilizing the first term only by substituting it into Eq. (26), leading to

AT oty = ——To Veglen rovee he (27)
2ycia [nes + (Xp/E) + 2yc#A TnOtGf
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where the more complicated first form of the right-hand side is generally valid for shallow-
junction planar transistors while the simpler, extreme-rifjht form can be applied at rather
elongated turnover times.

Similarly, for the alloyed germanium types where the electrical p-n junction is in the
closest to the indium (collector button zone) and germanium (base wafer zone) boundaries,
the thermal energy penetrates an one side into the indium and on the other into germanium.
In this case also the Eq. (13a) is considered but utilizing both right-hand additive terms, in the
first one using indices Ge standing for the germanium wafer (base zone), and in the second one
substituting indices In for the indium collector-button metal:

r,,Vcclep

(28)
{yGecPGe I(» ®'-) :“t?i(~)Ge *0//l ~~¥YIn citin ¥Y-i*In "off}

where the term Xd'c may be neglected if t0fj is rather long. For the turning-on transient natur-
ally 1Tm(ony Tj and ton should be substituted in Eqs (27) and (28). For the switching-on and
-off times, also here ton  2r, and t@j ad 2t0 can be substituted in the common-base circuitry
with | = Oreported in Refs. [3] and [4]. All ATT(® results of the alloyed Ge experiments
(a) and (c), i. e. in Tables I and Il of Refs [3] and [4] are computed on the basis of Eq. (28).

12. Conclusions

A simple thermal model was constructed for the reckoning of a peak
temperature jump and the calculating of the actual junction temperature
increment vs. time of a transistor during switch-over, making use of the one-
dimensional solution of diffusion-like thermal conductivity differential equa-
tion in a solid. Boundary conditions were selected in this manner, e.g. assuming
a plane junction with even current concentration to make possible a one-
dimensional treatment and utilizing an exponential approximation for the
P di(t) heating switch-over power vs. time function. Thermal behaviour was
analyzed first of all hy utilizing a delta function heat transfer to the laminar
heat source, namely, the collector depletion layer having an effective width
less than the electrical, within which the temperature was assumed to be
constant and the heat energy as spreading in time toward both junction
sides in the form of an ever extending normal distribution and with a mean
ATm value diminishing in the same proportion as the standard deviation
of the normal distribution (defined as thermal penetration depth) increases,
the latter as the square root of elapsed times. This way, the “inner” thermal
capacity and the “inner” thermal resistance of the ever increasing heated-up
volume can be calculated in the function of time. Multiplying the instant-
aneous turnover power with the “inner” thermal resistance and, further,
superimposing this product onto the ratio of electrical turnover energy
to the “inner” thermal capacity, one gets the temperature rise vs. time
function.

The model was extended to uneven current flow pattern, i.e. into a
three-dimensional case in the most simple way, actually assuming that
collector current and so heating power is concentrated in junction areas
several times smaller than the nominal, i.e., in “hot spots” and considering
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the current flow in the remaining area as zero. This approach, although not
exact, gives a fair picture about real bulk degradation conditions and causes,
since with the presumption ofa perfectly even currentflow pattern, i.e. calculating
with the nominal collector junction area, actual peak temperature jumps due
to the turnover transient power spikes at maximum allowed data-sheet switching
power levels, und still well beyond them, mount up only to some split °C at medium-
-power transistors and are well below 1~2 °C at high-power ones let alone the
minute transistors of a digital IC chip where jump hardly exceeds some hundredth
of a °C and so they are completely harmless from bulk degradation point of view
so far structure (current flow) exhibits no serious unevenness. A ratio of
nominal to actual (conducting) junction area of 102...10:, that is, extremely
bad structure can initiate only a thermal runaway process leading to hot spots
in the bulk and finally, to deterioration by short. A lot of numerical examples
of various up-to-date transistor constructions (ranging from the minute
monolythic IC transistor to bulky, 100 W alloyed Ge power types) suggests
the following conclusions:

(i) The temperature jump due to the turnover is, in general, higher
at alloyed Ge types than at planar or mesa silicon devices. This is a consequence
of differing technologies since many times thinner base widths and so many
times faster transistors can be made by the planar or mesa diffusion tech-
niques with accuracy and ease. This picture is aggravated by the fact that
in germanium the diffusion velocity of dopants into the lighter doped junction
side is raised to a dangerous degree still at about 450-*-550 °C while the same
in silicon takes place only at 900A-1HKO °C. This drawback of alloyed Ge
transistors is compensated somehow7 by the more robust construction (e.g.
thick soldered-on joints instead of the sensitive and thin gold wires bonded
by thermocompression) and the thicker base layer.

(i) The temperature jump during switch-over is especially high and
dangerous at power transistors since the LOfIVO* = xnVcclcJ2AW y(i* at
specific turnover energy density (see Table IV) it is markedly higher than
the usual low- and medium-power types.

(iiif) In monolithic (digital) integrated circuits the sole of volumetric
degradation processes is unimportant as compared to other (surface- and
contact-plague-originated) degradation mechanisms because operating voltages
and~turnover transient power peaks are both very low. Hence, it is not
reasonable to making such expensive kinds of switching-mode life tests on
monolithic IC-s.
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Experimentelle Untersuchung der Lebensdauer von Halbleiter-Bauelementen. Die Rolle
der durch umschalttransienten verursachten Temperaturerhdhung beim rdumlichen Zugrunde-
gehen von schalttransistoren und digitalen integrierten Stromkreisen. Die zufolge der Um-
schalt-Leistungstransienten zustandekommende transiente Temperaturerhdhung kann beim
Schaltbetrieb auf hohem Niveau fir einzelne charakteristische rdumliche Defekte verantwort-
lich gemacht werden, wie den C—E “Durchstich” und den C—B Durchschlag. Nach Berech-
nung der “thermischen Eindringtiefe” auf beiden Seiten der Kollektoriibergangs- und Wéarme-
kapazitdt des sich erwdrmenden Raumteiles und seines thermischen Widerstands erhdlt
man ein geeignetes eindimensionales thermisches Modell fir die Schéatzung des Ubergangs-
temperaturanstiegs. Im Besitz der Zeitabh&ngigkeit der transienten Umschaltleistung und
der Konstruktionsdaten des gegebenen bipolaren Transistors kann die Zeitabhdngigkeit der
transienten Ubergangstemperatur berechnet werden. An Hand von Zahlenbeispielen fiir einige
Transistortypen mit charakteristischer Technologie (von den robusten, groBen Ge- und Si-
Leistungstransistoren bis zu den integrierten Monolith-Miniaturstromkreisen) wird nachge-
wiesen, dal — fehlerlose Struktur und gleichférmige Stromverteilung vollkommen gefahrlos
sind.

SKCNepUMEHTa/IbHOE UCCTIEl0BaHIE CPOKa C/YXK6bI MOJTYNPOBOAHNKOBbLIX Npu6opos, 1V,
Ponb NWKOBOW TeMMepaTypbl, BbI3BaHHOV NEPeXoAbIMM NPOoLecCcaMyi NepeKioYeH s, B 00beMHOI
nopye nepekoyaTeNibHbIX (MMMY/bCHbLIX) TPAH3UCTOPOB U AUTUTAMbHBIX UHTErPa/IbHbIX CXEM.
MepexofHoO pocT TemnepaTypbl, BO3HUKAMOLLMIA BCeACTBME MEPeK/0YaTENbHbIX NEPeXoaHbIX
MPOLLECCOB MOLLHOCTW, ABNAETCA OTBETCTBEHHBIM 3a OTZAE/bHbIE XapaKTepHble 00beMHbIE MOBPEX-
[leHVs, BO3HUKAIOLLIME B MEPEK/OYaTENIbHOM PEXMME BbICOKOr0 YPOBHS, KaK, HaNpuMep,»MpoKon«
C—E u npo6oii C—P. Mpu pacyeTe ¢ 060MX CTOPOH KOMNEKTOPHOrO Mepexofa »rny6uHy Tep-
MWUYECKOTO MNPOHWKHOBEHUAK, Aanee TennoeMKoCTb UM TEePMUYECKOe COMPOTUBIIEHUE Harpesato-
Leiics yacTW NPOCTpaHCTBa A0 3afaHHOr0 MOMeHTa MOC/e Hayvana nepexofHOro npoiecca nepe-
MeHbl Mosy4yaeTcd MoAxoAsiias OfHOMepHas TepmofuMHaMUyeckas MOAenb AN OLEHKW pocTa
TemnepaTypbl nepexoga: pacnonaras AaHHbIMU BPeMeHHON (YHKLMU MOLLHOCTW MepexofHoro
npouecca NepektoYeHns U KOHCTPYKLMOHHBIMU AaHHBIMU JaHHOro GUMOASpPHOro TPaH3ncTopa,
MOXHO BbIMUC/MTb BPEMEHHYIO (DYHKLMIO MEpexoAHOW Temnepatypsl nepexoda. Ha ocHose
YMCNOBbIX NPUMEPOB HECKOJTbKMX TUMOB TPAH3UCTOPOB C XapaKTePHOW TEXHOMOTUER (HaunmHasa oT
KPYMHBLIX TepMaHueBbIX M KPEMHMWEBbIX TPaH3UCTOPOB MOLLHOCTV W BMIOTb 0 MUHMWATIOPHbLIX
MpPMOOPOB MOHOMNTHBIX MHTErPasbHbIX CXEM), MPU MPeAnonoXeHn 6e3neteKTHOM CTPYKTYpbI 1
paBHOMEPHOro pacnpefienieHns ToKa, aBTop [OKa3blBaeT, YTO BO3HWKAKOLLME CKaUYKW HUKOBbIX
Temnepartyp npy NepexkoYeHnn ABNAIOTCA COBEPLLEHHO 6e30nacHbIMMU.
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CaO AND MgO COMPOUND FORMATION
IN PROCESSING CALCITE-DOLOMITE REARING
BAUXITES BY THE BAYER METHOD

ZAMBO, J.* and Mrs. ORBAN-KELEMEN, M.**

[Manuscript received 8 January, 1974]

The operational problems in the course of processing the llalimba type calcite
and dolomite bearing bauxites necessitated the examination of the Na2-Al23-Ca0-
-MgO-TiOj-SiOo-fEO-CO, system under the conditions of the Bayer technology
parameters. It was observed that the quality and quantitative ratio of the Ca and Mg
containing phases produced during the recovery of dolomite bauxites are governed,
primarily, by the components dissolved in the alumina liquor, although they are also
affected by the solid phases capable of reacting with the individual components of the
solution.

1. Theoretical

In certain parts of the Halimba bauxite field the CaO and MgO content
of the bauxites exceeds the usual 0,4 and 0,1 per cent values, respectively,
to a considerable degree, since this field contains, on the average, 2,7 per cent
CaO and 0,7 per cent MgO. Calcium and magnesium appear in the bauxite
mainly as calcite and dolomite. In the practice of alumina production the
decaustification effect of the carbonate minerals is a well-known phenomenon.
However, when processing increasingly contaminated bauxites also some
other problems will emerge along the washing line during sludge separation.
In the overspill of the Dorr washers the red mud content will greatly increase,
and a considerable amount of high solids contaning foam will float over
the surface which, when accumulated in the system, may cause a breakdown
in the most serious cases preventing the operation of the entire washer line.
Since these difficvdties are correlated to the calcium and magnesium containing
compounds, a detailed study of this problem appeared to be simply indis-
pensable.

In the Na2-Al2 3-Ca0-Mg0-C02H20 system the determination of the
solid phases in equilibrium with the solution is an extremely difficult task
at the 5-7250 g/lit Na,Ofr concentration usual with the Bayer technology,
involving a 1,6 to 3,5 Na20” per A120 3mole ratio and a 70 to 240 °Ctemperature

*Dr. ZAMBO, J., Fehérvari Gt 14, H-1116 Budapest, Hungary
** Obbanné dr. Kelemen M., Lajos u. 11—15, H 1023 Budapest, Hungary
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range. The given case is further complicated by the fact that in bauxite
digestion part of the Si02and Ti0O2 content will also be dissolved, whereby
an 8-component system is obtained. In addition, the solid phases thus
produced may transform with the changes of temperature and concentration.

In such a complicated system the determination of the solid compounds
of equilibrium is simply impossible by increasing the number of components,
i.e. in the usual way, because of the great number of investigations required
for the purpose. There are, however, an infinite number of data already
available on the details of the system rather important from the aspects
of alumina industry, on which basis further laboratory investigations clarify,
without the determination of the equilibrium phases of the entire system,
the conditions of producing calcium and magnesium containing compounds
under the circumstances of bauxite digestion and red mud washout.

From the Na2-Al2 3Si0,-H2 system, according to the temperature
and concentration conditions conforming to the alumina industry practices,
different sodium-aluminium-silicates will be separated. At temperatures below
100 °C the so-called “Linde-Zeolite A” will be formed, with foreign atoms
built in the silicate lattice and its vacant positions. Up to 180 °C there will
be sodalites produced, the chemical composition of which has been given
by Vores [1] in the form of 3(Na2 <« Al20 3 +2SiOa) Na2X <nH,0, where
where X = C03~ SO4-, 2C1~, 2A10.I', 20H ~. Sodalite is, essentially, a mixed
crystal which means that the quality and quantity of the X anion depends
on the momentary solution concentration, composition, and temperature.
The carbonate-sodalite quantity will increase or decrease with the variation
of the soda content of the aluminate liquor while the aluminate-sodalite
amount will vary with a change in the mole ratio.

According to the investigations by Barrer and White [2], at 210 °C
or over, either sodalite and cancrinite, or only the latter will be produced,
depending on the mole ratio. Cancrinite is defined by the formula 3(Na20 -
Al120.j +2Si02Na2C03 or by 3(Na2d «Al203+2Si022 NaOH which are iden-
tical to the composition of carbonate-sodalite and hydroxi-sodalite, res-
pectively, although their crystal structures differ. In sodalite the anion
changes enable the replacement of part (appr. 10 per cent) of the Na2 losses
by inexpensive NaCl or Na,S03 [3]. Seimiya [4] similarly identified sodalite
type mixed crystals and cancrinite type compounds in red mud.

Examination of the equilibrium conditions in the Na2-Al20 3Ca0-
-CO,,-H20 system was carried out by a number of Soviet research workers
in the ‘fifties. Their efforts were aiming at the elaboration of the so-called
soda-lime technique which caustifies by lime the soda used to replace the
caustic soda losses, simultaneously to the bauxite digestion.

Simple carbonates like calcite, dolomite, or siderite will interact with
the liquor during the wet grinding and digestion of the bauxite, and trans-
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forming it into soda. At 25 °C the equilibrium constant of the
CaC03+ 2NaOH N~ Ca(OH)2+ Na2C03

reaction will be 2,82 x 10~3 [5].
Upon heating, the equilibrium constant of the reaction will increase,
since in equation

aco& G0
K-a = 2 = |

aOH- tjCa(OH),

where ac 0 and «0oH- represent the activity of the ions, the solubility product
of CaCO03, that is, (LCaCO) will increase while LCa(OH)2 decreases. At 200 °C we
obtain Kn 1.

It follows that, upon heating, the calcite will react better with the
liquor, and an increasing liquor concentration will further promote calcite
decomposition.

At 25°C the magnesite reaction [6] will be

AMgCO, 1,7X10-
AMgfOH)! 5x 10-12

3,4 X105

Upon heating, the equilibrium constant will increase, the reaction is irre-
versible and takes place, in practice, in low concentration liquors as well [7].

In a hot aluminate liquor the calcite will decompose while soda and
calcium-hvdroaluminate are being produced, the dissolution of which will
be lower than that of the lime:

3CaC03+ 2NaAIl(OH)4+ 4NaOH ~ 3CaO *Al1203+6H2 + 3Na2C03

Fig. 1 illustrates the equilibrium curve of soda caustification in alumi-
nate liquor at 95 °C and otk = 1,65 as shown by Leiteysen and Potapova,
while Fig. 2 represents at different temperatures the CaC03 production range
in the Ca0-Al20 3Na20-C02H2.0 [8J. In the domain delineated by the curves,
tht solid phase of CaO *nAl203+«mH2 composition, while above it the
CaC03+aNa.,C03 *bH2 double-carbonate will be separated from the solution.

Tricalcium-hydroaluminate will not stay stable with an increasing
temperature, but will react with the liquor according to the equation

3Ca0 WAI203+6H2+2Na0H ~ 2NaAl(OH)4+ 3Ca(OH)2

The isotherms of the reaction are shown in Fig. 3, according to Leiteysen
and Potapova [10].
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1. in synthetic
2. in plant aluminate
liquors

Fig. 1. Caustification curves in the Na,0-Ca0-Al203C02H2 system at 95 °C

--—-_———— CaC03.aNa2C03.bH20

Ca0.nA203.TH20
limited by the phases

Fig. 2. CaC03formation area

1 e gibbsite
N J R — boehmite
diaspore

Fig. 3. Isotherms of the reaction according to Leitysen [10]

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



CaO AND MgO COMPOUND FORMATION 337

For the sake of comparison the same figure presents the solubility of
gibbsite (95 °C), boehmite (155 and 200 °C), and diaspore (200 °C), respec-
tively. At the temperatures of Fig. 3 the A12 3 concentration in equilibrium
with tricalcium-hydroaluininate is lower than the solubility of gibbsite or
boehmite, while at 200 °C it approximates that of the diaspore, so no calcium-
aluminate will be produced when digesting diaspore bauxites. On the other
hand, the preconditions of 3CaO + A120 3 « 6H20 formation are very favourable
during the cooling and dilution of the sludge.

In the presence of Si02 hydrogarnets will be produced. Regularities
of the formation of hydrogarnets crystallized from the Na20-Al204-Ca0-
-Si02-H20 system have been thoroughly studied by many authors [10, 11,
12, 13]. It was found that there would be

3Ca0 ¢«Al203+kSi02 ¢ (6-2k)H2
produced, that is, the solid phase of

3Ca0 *A1203+0H20 = C3AHe(*)
and
3Ca0 <A1 3+3Si02= C3AS3(*)

According to the examinations [14, 15], the size of the elementary
cell in the cubic lattice of hydrogarnets will vary linearly, depending on the
Si02: A120 3molecular ratio. In the case of C3AH6we have a = 12,55 A which,
however, will decrease to 11,86 A if C3AS3 is involved. This change can be
readily measured on X-ray diffractograins, but it can be similarly quite
clearly followed in well-crystallized phases by the determination of the optical
refractivity, since the latter would vary between 1,640 and 1,670 instead
of in the 1,590 to 1,600 range.

The k value of hydrogarnets is governed by the A12S03: Si02 mole ratio
of the solution which, in turn, is limited by the solubility of Si02. In con-
nection with the stable and metastable solubility of Si02 and that of the
sodium-hydroaluminium-silicates, the relevant data are summarized within
a wide concentration and temperature range by [16] and [17]. These reveal
that the A120 3 quantity in the aluminate liquors is generally about two orders
of magnitude greater than the Si02 content whereby under certain concen-
tration conditions, rather interesting from practical aspects, it is easy to under-
stand that the k value of hydrogarnets is less than 1. and a If > 2 composition
phase can be synthetized only under very special circumstances. Arakelyan
[15] achieved the best results when treating a mixture of Na2 «Al120 3«
*Si02+nH2 and Ca(OH)2in the 10 to 20 per cent solution of NaOH, at
220 °C for a few days, and obtained k = 1,8 to 2.

(*) Arbitrary abbreviations.
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The Na.,0 content of the solid phase is bonded in the NAS, simul-
taneously precipitating with the hydrogarnets.

On the behaviour of MgO the alumina industry literature has so far
hardly published any information. In NAS synthesis at 100 °C, Arakelyan
[15] discovered needle-prism crystal formation on the effect of MgO addi-
tives, with a refractivity between 1,570 and 1,492; so assuming the formation
of Mg(OH)2 and such a solid solution where in the sodium-hydroaluminium -
silicate a certain part of Na+ is replaced by Mg2+ ions (sodalite and/or can-
crinite = NAS).

Many studies have been made of the Ti02 behaviour in aluminate,
liquors, but the opinions on the compounds thus produced greatly differ due,
most likely, to the different technological parameters of the experiments
and also on the different test methods. The compounds described by these
authors have been summarized in a paper by Sotymar and Mrs. Hazai [18].
Experiments by these authors revealed that 24 per cent of the anatase would
not react with the aluminate liquor at 180 °C. and that the titanium content
would assume an amorphous sodium-titanate form. In bauxite digestion
the reaction of aluminum and titanium minerals with the liquor will parallelly
take place but at different rates. Other authors [19, 20] found that the
amorphous Ti02 and anatase would react with the base at a relatively high
speed, and at a temperature of 200 to 220 °C the Na.,0 «3TiO,, *2,5H.,0
production would be completed within 30 min. Under similar conditions
the rutile would react at a much slower rate, and the titanate formation
might not be completed even in 2 hours. In the case of a liquor concentration
exceeding 400 g/lit Na20,. we shall have 3Na.,0 «5Ti02+3H2 formed. With
anatase, this reaction takes place rather rapidly, even at a temperature as
low as 110 °C. Aluminate liquor solutions react with Ti0O2 at a rate almost
identical to that at which its reaction with other bases.

Wefers measured in detail [21] the equilibrium conditions of the
Na.,0-AEO.j-TiO.,-H.,0 system. The titanium compounds had been determined,
and their equilibrium domains are presented in Fig. 4. The existence of these
compounds in the equilibrium area is confirmed by the test results obtained
in the Hungarian Research Institute for Non-Ferrous Metals [13].

When washing with water, the titanates will hydrolize and the com-
position of compound thus obtained will depend on the washing time and
temperature, although the hydrolysis will not be completed during an
extended washing time, either, presumably because of the formation of a
continuous protective lay'er.

In the presence of Si02 on the interaction of Ti02 and alkali solu-
tion, we shall have Na.,0 «2TiO., «2SiO,, produced [22] which cannot be ob-
served in the case of aluminate liquor.

With aluminate liquor, when testing the depositions in expansion
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I v NazTi60i3 Il. o Na2Ti307.2H20

Il « Ng2Ti307 NV ° No2Ti205
Fig. 4. Equilibrium diagram of Na,0 A1>0, = TiO, = ICO

vessels, a compound of NaZliSi4Ou composition was found in NaA102
enriched red mud [23].

In these of CaO, independently of any other eventual component of
the aluminate liquor, its interaction with Ti0O2will produce perovskite (CaTiO;i)
or Ca(Mg.Al)-titanate [23].

When caustifying sodium-titanates with CaO, the reaction will lead,
via Na20 «5TiO, ,to the production of CaO «5Ti02and CaTi2 40H )2phases [13].

Accordingly, calcite and dolomite decomposition in aluminum liquor
would start when heating the sludge, while CaO. MgO. and CO02 are being
produced. C02 will create soda with caustic soda, while CaO and MgO will
either be transformed into hydroxides, or react directly with one of the
solution’s components. It is well known that in Hungarian bauxites most
of the Si02 can be found in kaolinite form which would produce NAS as
early as at 100 °C. Owing to the equilibrium between the aluminate liquor
and the NAS products, there will he a considerable quantity of Si02in the
solution which, in turn, satisfies the preconditions of hydrogarnet formation.
The intensive dissolution of anatase starts at 180 °C, so the production of
various titanates from titanium entering the solution must also be reckoned
with.

Smirnov [24] proved that in the Na2-Al203C02-H20 system, when
C02:Na2 >« 1, the solid phase of the equilibrium would be represented by
sodium-hydroaluminium carbonate wherefrom the compounds

Na2) mA1,03+2C02+2H2
and
Na.,0 *Al2032C02+5H,0
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could be identified, although this should not exclude the presence of other
sodium-hydroaluminium carbonates as well. Investigations confirmed that
at a suitable temperature these hydroaluminium carbonates might also be
produced by the interaction of aluminium hydroxides and bicarbonate
solutions.

In the case of a high C02 content, the formation of hydroaluminium
carbonates is still not excluded. Thus, from calcite or dolomite the production
of the following phases might he expected under the conditions of the Bayer
technique:

1. Ca(OH),, ASTM 4-0733
2. 3Ca0 *Al1.03. 6H..0 = CA* ASTM 3-0125
3. 3Ca0-Al1“03-kSiO26-2k)H.,0 = CAS** ASTM 3-0125
4. CaTi03 ASTM 9 365
5. CaAl,06(8-12)H ASTM 2-0083
6. CaAlJb4 ASTM 1-0688
7. Mg(dH),, ASTM 7 - 239
8. MgrAl..CO3OH)16+4H..0 ASTM 14- 91
9. Mg4AlL.~(ALSi.,)01((0H )8 = MAS*** ASTM 11- 157
10. MgAlD» 4 ASTM 10- 62
11. Ca(Mg, Al)-titanate ASTM 13 552
12. CaCo03 ASTM 5-0586
13. MgCO03 MgC03-3H..0 ASTM 8- 479.
14. Ca(Mg)C03 ASTM 5-0586
IS. 3(Na.,0 *Al.,03+2Si0.,)Na..X *aq ASTM  3--0338
16. Ti02 ASTM 4-0477
17. Na,, 0 3Ti02¢nH.>0 ASTM 11 290
18. NaCa2Mg5Si7A10.."F,, ASTM 10- 431
19. Na,0" 8Ca0 *3AU03+5SiO,, ASTM 8- 186
20. MgTi03 ASTM 6 0494
21. Mg2Al4Sisn , 8 ASTM 12 244
* CA,

** CAS and

** MAS are arbitrary abbreviations.

The aim of our investigations was the determination of which possible
phases and in what proportion would, during the digestion of calcite-dolomite
bauxites be produced, and what transformation the phases thus produced
would undergo under the conditions represented by the operational param-
eters of red mud washing.

2. Experimental

The experiments involved CaO, MgO, amorphous Si02, bauxite, calcite,
and dolomite all of analytical purity. The chemical and phase compositions
of calcite-dolomite bauxite (KDT-3) and of the calcite as well as dolomite
obtained directly from the bauxite field (KDT-10 and KDT-9, respectively)
are represented in Table |I. The experimental parameters were 1,5 h heating
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Table |
Chemical composition Material (symbol]
% Calcite= Dolomite = Bauxite —
= (KDT-10) = (KDT-9) = (KDT-3)
A1 3 1,6 1,5 43,0
Si02 0,6 0,2 4,2
Fe2 3 0,8 0,5 19,3
TiO, 0,2 0,2 21
CaO 53,0 31,3 6,1
MgO 0,6 20,3 3.8
lzz. v. 43,0 45,9 19,4
Cco02 42,2 46,7 8,9
Mineral composition

Component per phase
AloO3 in gibbsite 0,2 0,3 traces
boehmite 0,8 11 37,5
diaspore 0,6 — 1,0
goethite — — 0,5
hematite — — 0,5
kaolinite traces 0,2 3,2
Fe2 3 hematite 0,8 0,5 13,6
goethite — — 57
Si02  kaolinite traces — 37
quartz 0,6 0,2 0,5
Ti02 rutile — — 0,6
anatase 0,2 0,2 15
CaO calcite 52,4 25 0,8
dolomite 1,0 28,5 53

and 1 h digestion at 210 °C. The ratio of bauxite to digestion base was deter-
mined on the basis of the reactions expected in such a way as to make the
post-digestion mole ratio of the aluminate liquor equal 1,68, whereafter the
reaction of the additive and the 1,6 and 3,5 mole ratio aluminate liquor,
respectively, of a concentration as tabulated was studied with respect to
the operational conditions of digestion and sludge washing. The experimental
results are presented in Tables Il —V.

Since the phases obtained from calcite are essentially identical to
those produced by the reaction of CaO -~ Si02-f- aluminate liquor, these
results of the measurements have not been presented separately.
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Table 11

Compounds produced in the presence of Si02 and Ti02 at 210 °C on the interaction of CaCb
MgO and dolomite on one hand, and aluminate solution on the other

3,5 mole ratio aluminate 1,6 mole aluminate -f- ratio
liquor -1- additive + additive
DT
§i02  Tip2
1 2. 3. 4. 5. 6. 7. 8 9. 10. 11.
Solid phase composition, %
1. Ca(OH)2 14 8
2. 3Ca0-A1,03. 6HD 45 2
3. 3Ca0 AI1203-kSi02-(6-2k).H,0 92 100 29 5
4.  GaTi03
5 Ca3A120¥8—12)11,0 41
6. CaAl.,0,
7. Mg(01l1)2 88 54 50 14 9

8. MgBAI2C03(0H))e.4HD 8 2 48 3

9.  Mg4AI2(Al2Si2010(0H)8 23 7 16
10.  MgAID 4 2 4 2

11.  Ca(Mg, Al)-titanate 1
12. CaCo03 5 5

13.  MgC03 MgC03-3H20 7 10
14. (Mg, Ca)C03 17 15
15.  3(Na,0 -A120 3.2Si0,).NaX.aq 33 50 33 24
i6. Ti02 anatase 10
17. Na2 . 3Ti02.nll2D 7
18. NaCa2Mg5Si7A1022F 2 6
Combined water 1

Digestion by industrial grade aluminate liquor. Determination of the combined water
and amorphous phase by a derivatograph.

The phase analysis data of the sludge obtained by the digestion of
KDT-3 bauxite are shown in Table VI as resolved by components.

In order to determine the reaction sequence, Kossuth Mine bauxite
was digested at 210 and 240 °C, with the addition of an increasing dolomite
quantity. The chemical and phase compositions of bauxite are presented
in Table VII, while the X-ray diffraction phase analysis data of the red mud
in Figures 5 and 6.
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Table 111

Phase transformations of the compounds produced under the conditions of in-plant
red mud icashing

Na,0<= 85 ¢/l ak=2,1 T= 8°C t = 24 hours solids content = 200 g/1

Solid phase composition, %

1.  Ca(OH), 25 10

2. 3CaO *Al20 3+ 6H20 73 2

3. 3Ca0.Al20 3kSi02(6—2k)H,0 90 100 30 6
4. CaTi03

5. Ca3AlD (-(8—12)HD

6. CaAln4

7. Mg(OH), 81 42 14

8. MgeAlI2C030H), 6 4H20 13 14 4

9.  Mg4AI2AIZSi2)010(0OH)8 4 23 7 16
10. MgAID 2

11.  Ca(Mg, Al)-titanate 1
12.  CaCo03

13. MgCO03 MgCO03- 3H..0 2 7 10

14. (Mg, Ca)CO03 17 12
15.  3(Na2 m=Al.,032Si02).-Na2Xaq 33 49 31 26
16. Ti02anatase 10
17.  Na2 . 3Ti02- nH2

18. NaCa2Mg5Si7TA1022F 2

Combined water 1

3. Evaluation of the results

The quality and the quantitative proportions of the CaO and MgO
containing phases produced when digesting dolomite bearing bauxites are
primarily determined by the components dissolved in the alimunate liquor
at the time of formation, although they are influenced by the solid phases
capable of reacting with the individual components of the solution. From
this aspect it is rather important that Si02is present in the form of a readily
soluble kaolinite or a quartz rather difficult to digest, whereas Ti02as a
ready to react anatase or a much less soluble rutile. Calcite and dolomite
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Table IV

Phase transformations of the compounds produced under the conditions
of in-plant red mud washing

Najo”r = 40 g1 aft= 2,25 T= 80°C t = 24 hours solids content = 200 g/1
1 2 3. 4. 5. 6. 7. 8 9. 10 n

Solid phase composition, %

1. Ca(OH), i6 14

2. 3CaOmAl1,03*6H2 71 2

3. 3Ca0.AlD 3kSi02(6—2k)H2D 86 97 34 7

4.  CaTi03

5. Ca,AlOk- (8—12)11,0

6. CaAl.,0,

7. Mg(OH), 73 34 13 6

8.  Mg,Al,C03(OH)lc- 4H2 20 19 5 3

9. Mg4All(AlIZSi2010(0H)8 5 23 7 16
10.  MgALO, 2
11.  Ca(Mg, Al)-titanate 1
12.  CaCoO, 10 3 6 5
13. MgCO03 MgCO03+ 311,0 3 10 1
14. (Mg, Ca)CO03 17 13
15, 3(NaXd.Al20 3.2Si02).Na2X.aq 32 48 26 24
16. Ti02 anatase 10
17.  Na,0 « 3THO,* nH.O 7
18. NaCa,Mg5Si7A1022F 2 6

Combined water 1 1 1
Amorphous CaC03 2

will be transformed, depending on the degree of crystallization, only at
temperatures above 180 °C into reacting CaO and MgO, whereas kaolinite
into sodalite as early as at 100 °C, while quartz and rutile will react with
the base only partially, even at a temperature of as much as 240 °C. As a
consequence, the mineral phases will precisely determine the feasibly reactions.
Based on the experimental data the following conclusions may be drawn:

on the effect of CaO, calcium-aluminate will always be formed [2]
from the aluminate liquor, but in the case of an excessive lime surplus or
high mole ratio base Ca(OH)2 [1] will also be found;
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Table V

Phase transformations of the compounds produced under the conditions
of in-plant red mud washing

Na20” = 5 g1 ak = 2,70 T= 8°C t = 24 hours solids content = 200 g/l
1 2. 3. 14. 5. 6. 7. 8 10. 11.

Solid phase composition, %

1. Ca(OH), 15 8

2. 3Ca0 .ALO,.6H,0 68 I

3. 3Ca0'AlD 3-kSi02-(6—2k)H,,0 85 93 36 7
4. CaTiO.,

5. Ca)Al0p- (8- 12)HD

6. CaAl.,0,

7. Mg(OH)2 67 25 10 6

8. Mg,Al2C0.,(0H)1B.4H 20 25 28 8 3

9. Mg, AIXAISi20,0(0H)8 5 23 7 16
10.  MgALOj 2

11.  Ca(Mg, Al)-titanate 1
12. CaCo., 16 7 7 7 5
13. MgC03 MgC03*3H20 4 10 1

14. (Mg, Ca)C03 18 13
15. 3(Na2 -Al,0.,2 -SiO,,)-Na.Xaq 32 48 23 23
16. TiO2atanase 10
17. Na2 -3Ti02.nH20

18. NaCa,Mg5Si7A1022F 2

Combined water 1 1 1

- the Si02 content of the kaolinite will form sodalite [15] or can-
crinite [15] with the aluminate liquor;
in the simultaneous presence of CaO and SiO,, in practice there
will only be a hydrogarnet type [3] calcium-aluminium silicate, that is, CAS
[3] separated from the aluminate liquor;
when MgO is added, there will mainly he Mg(OH)2 [7] produced in
the aluminate liqguor, magnesium-aluminate MgAI2 4 [10] will be found only
in a small amount, while for the production of basic magnesium-aluminium
carbonate MgOAI2CO3(OH)I0 «4HD [8] the CO02 content of an operational
grade base will suffice, and in the presence of Si02 the basic magnesium-
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Table VI

Phase composition of the red mud of KDT-3 bauxite

Components in %

A120 3 in hematite 0,7 Fe20 3 in goethite 6,0

in goethite 01 in hematite 30,6

in CAS 4,0 36,6
in MAS 2.3

in sodalite 15 Si02 in quartz 0,5

NaO «8Ca0 «3A120 3+10Si02 10 in sodalite 16

in diaspore 05 in cancrinite 19

in Mg—AIl-carbonate 15 in MAS 13

135 in CAS 0.4

Na—Ca—Al-silicate 2,0

MgO in MAS 18 7,7
in dolomite 0,7
Mg—Al-carbonate 3,3

in titanate 11 CaO in CAS 6,3

72 NaCa—Al-silicate 15

in calcite 0,5

in dolomite 10

in Ca-titanate 15

10,8

aluminium silicate (MAS) phase [9] will also appear in addition to Mg|
m

in the simultaneous presence of Ca() and MgO. there will mainly be
CAS [3] separated on the effect of Si02;

following the dissolution in the aluminate liquor, Ti0O2 will readily
react with MgO or CaO, producing Ca(Mg,Al)-titanate (11), Ca [4], orMgTi04
[20], depending on the ratios involved. The formation of these compounds
will precede the production of the usual sodium-titanates. In the case of a
sufficient amount ofTi02there will he no Mg(OlIl)., [7] produced and, interest-
ingly, if SiO, is added to the system, then a Mg2AI3Si50 18 composition com-
pound [21], rather different from those referred to above will be formed;

a reduced mole ratio of the base (increase its Al content) will
decrease the crystallization degree and grain size of the solids while phases
of a higher Al content will be formed, while the surface articulation of the
phases is increasing;
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Fig. 5. Production of the Ca, Mg containing phases

tehén digesting calcite-dolomite bearing bauxites, the SiO., content
of the kaolinite will be transformed into sodalite [15] prior to the production
of active CaO-MgO, part of which will then be caustified or transformed
into CAS [3] and MAS [9];

the phase formation sequence in the case of Hungarian bauxites
is as follows:

In the case of minor calcite and dolomite contaminations first the
Ca,Mg-titanates will be produced, parallel to the CAS [3] formation; with
an increasing calcite and dolomite content the titanate formation will be
completed and MAS [9], too, can be discovered in addition to CAS [3]; in
the absence of free SiO.,, there will be CA [2], low fe-value CAS [3], Ca(OH)2
[1], and mainly Mg(OH)2 [7] or Mg-Al-carbonate [8] produced from the
entire CaO and MgO quantity;

— under the conditions of sludge washing the Ca and M g-titanates [11],
MAS [9], and the Mg-Al-carbonate. [8] will not undergo any changes, CA [2],
Ca(OH)2 [1], and CAS [3] will caustify the soda content of the base or the
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Fig. 6. Production of the Ca, Mg content phases of red mud at 240 °C

sodalite [15], while Mg(OH)2 [7] will be transformed into a Mg-Al-carbon-
ate [8].

The qualitative and quantitative ratio, respectively, of the compounds
thus produced will significantly modify the Na0O2 and A12 3 losses which
can usually he observed. The soda quantity obtained will be proportional
to the calcite and/or dolomite quantities introduced into the cycle. The
dissolution efficiency and the final result of the Dorr-series recaustification
referred to may be calculated on the basis of the CaC03 and MgCO03 content
of the red mud, being in practice usually about 70 to 75 per cent.

The magnitude of A120 3 and Na2 losses in red mud is related to the
sodalite [15], where the ratio of the Na20/Si02 molecules is 1,67 while
SiI02ZAI203is 2. In CAS [3], if the k factor is 2, the Al12 3 loss will decrease,
otherwise it will increase; the latter is more frequent.

The bonded Na20 loss will decrease proportionally to the Si02in CAS [3].
Mg-Al-silicate formation [9], too, will reduce Na2 losses but the Al loss
in this compound, if related to Si02 will be double.

Ca(Mg)-titanate formation is associated with a slight decrease of the
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Table VII

Chemical composition of the bauxite, %

Fe20 3 23,3
A1,03 47,3
Si02 7,43
lose 18,6
Ti02 2,3
CaO 0,5
MgO <0,1

Phase composition of the bauxite, %

ai2o 3 inkaolinite 5,0
ai2o 3 in gibbsite 23,3
ai2o 3 in diaspore 17
A1,03 in boehmite 16,1
ai2) 3 in goethite 0,5
aiZ 3 in maghemite 0,2
ai2 3 inhematite 0,5
Fe203 in goethite 6,0
I e20 3 inhematite 14,8
Fe2 ;! in maghemite 2,5
Si02 in kaolinite 59
Sio, in quartz 15
Ti02 inanatase 1,6
Ti02 in rutile 0,8
CaO in calcite 0,4
Ca0 in dolomite <0,2
MgO  in dolomite <0,15

soda loss. From a practical viewpoint, the Mg(OH)2 [7] or Mg-Al-carbonate [8]
produced on increased Mg contamination wdll lead to a significant base loss
excess, and a considerably reduced Al recovery.

The quantity and quality of the phases produced, as well as the develop-
ment of the fixed NaaO and Al12 3losses in the function of increasing dolomite
content are shown, in the case of a Halimba bauxite, in Figures 5, 6, 7, and 8.
Figures 5 and 6 also illustrate the formation sequence of the individual phases.

In addition to the chemical losses, the new phases thus produced will
cause the operational problems mentioned above. In the supernatant material
formed at red mud washing, the enrichment of MAS [9] and that of the
basic Mg-Al-carbonate [8] could always lie observed together with undigested
hoehmite and the Dorr-series hydrolysis product: gibbsite. However, this
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phenomenon may be regarded as a usual flotation process since these Mg-
containing phases are of a lamellar structure, having small grains hut a large
surface, and under Dorr-series conditions, in spite of the high soda concen-
tration and temperature, they are excessively connected to the air bubbles
always present in the sludge. Characteristically, while the specific surface
of a red mud made of normal bauxite is 12 to 15 m2g, that of MAS [9] is
35to 40 m2g, and that of Mg(OH)2 [7] or the Mg-Al-carbonate [8] is as much
as 45 50 m2g. The different physico-chemical properties of the phases
produced, including

hydration heat,

— surface adsorption,

foaming capacity
have revealed that the behaviour and characteristics of the Mg-containing
phases, in an aluminate liquor conforming to the Dorr-series conditions, will
be entirely different from those of the other red mud components where
the adhesion of the solid phase and air is excessive and, in certain cases,
the red mud content of the foam phase may exceed that of the settled sludge.
This, however, would make the operation of the washing line quite impossible.
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Bildung von CaO- und MgO-Verbinduiigeii bei der Verarbeitung der kalzitiseli-dolo-
mitsehen Bauxite nach dein Bayer-Verfahren. Die bei der Verarbeitung der kalzitisch-dolomi-
tischen Bauxite von Halimba auftretenden Betriebsprobleme machten es notwendig das
Na2d AL_0B3—CaO MgO Ti02—Si02 H2 —CO02System unter den Bedingungen der
Bayer-Technologie zu untersuchen. Es wurde festgestellt, dal die quantitativen und qualitati-
ven Verhdltnisse der bei der AufschlieBung sich bildenden Ca- und Mg-hdltigen Phasen vor
allem von den in der Aluminatlauge gelésten Komponenten bestimmt, aber auch von den,
mit einzelnen Komponenten der Ldsung reaktionsfahigen, festen Phasen beeinflult werden.

O6pasoBaHue coenHeHuii CaO 1 MgO B npoLiecce nepepaGoTKy KanbLUTHO-A0NOMUTHbIX
GoKCMTOB MeTogoM bBailepa. Bo3HuKalowme BO Bpems nepepaboTkU KanbLMTHO-A0NOMUTHBIX
6OKCHTOB MecTopoXAeHUs Xanumba Npobnembl MO BEAEHUIO TEXHOOMMYECKOro npouecca no-
TpeboBanu nposefeHWs aHanusa cuctemMbl Nad) —A1D 3—Ca0—MgO—T i02—Si02—H2 —CO03
npy napameTpax TexHonorun Bailepa. YCTaHOBMIEHO, YTO MPOMOPLMM KayecTBa U KOMM4ecTBa
(a3 ¢ cogepxaHvwem Ca v Mg, 06pasyloWmMXCA NpU PasnoXeHUW AONOMUTOBLIX 6GOKCMTOB,
onpedensaloTCs  MepBYI0  OYepedb PAaCTBOPEHHbIMW B allOMUHATHOM LLEN0YM KOMMOHEHTaMu,
HO Ha YKasaHHble Bblllle MPONOPLMK BO3AEMCTBYIOT TakxKe TBepable (hasbl, CNOCObHbIe BCTYNaTb B
peakuuio C OTAe/bHbIMWA KOMMOHEHTaMM pacTBOpa.
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SOLUTION OF ELASTIC CONTACT PROBLEMS BY THE
FINITE ELEMENT DISPLACEMENT METHOD
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Contact problem of elastic continua subject to arbitrary load and of arbitrary
surface is a rather intricate one, contact domains not being known a priori. Here, the
continuum is replaced by a bulk of elements of finite degrees of freedom, the obtained
elastic system serving as basis for the solution of the problem based on the principle
of potential energy minimum. Because of the unilateral relations between the bodies,
the mathematical programming can be discussed as a quadratic programming problem.
Use of the Khun-Tucker conditions yields a solution for the dual of this primal problem,
much easier to establish and solve than the original one. Friction and adherence be-
tween the bodies are considered as negligible, and displacements, deformations to be
small.

Introduction

With the advent and generalization of computers, elasticity and mathe-
matical methods easy to computerize have been developed, such as the method
of finite elements and various methods of mathematical programming.

In spite of the approximation involved in the combined application of
both methods, its practical significance must not be underestimated, since the
complexity of mechanical or architectural structures, of various types of load
practically prevents any exact solution.

A practical satisfactory solution of the contact problem is possible by
discretizing the finite elements according to size and kind, and applying the
so-called condition of the contact/separation discussed in item 1.2.2.2.

According to the Author’sknowledge, the first publications on the mathe-
matical programming of contact problems date back to 1967. An interesting,
universal, efficient method has been suggested by Friedmann, V. M. and
Tschernina,V. S. [1], [2], i. e. cyclic iteration based on the gradient method,
to approximate the first-kind integral equation-inequality describing the
contact-separation phenomenon; and that with a universal formulation,
suitable for examining a wide range of structures. As an example, solution of
contact problems of coaxial cylinders and rings, as well as of a circular plate
under symmetric load and a Winkler type foundation is described in [2].

Theoretical bases and a concrete solution method for the calculation of

*Dr. |. PAczeLT, Gyéri Kapu u. 37, H-3531 Miskolc, Hungary.
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elastically an bedded structures involving the method of quadratic pro-
gramming has been considered in the significant, pioneering work by Dupuis,
G. and Probst, A. [3]; potential energy of the system is minimalized under
the constraint expressing the conditions of the contact/separation at a finite
number of points. The elastic strain energy of the foundation and the beam
contacting is approximated by the method of differences.

For the sake of completeness, let us mention references [4] to [7] con-
cerning the theoretical and practical problems of unilateral relations occurring
at structure supports although these do not strictly belong to the scope of
this study.

Thesis [8] suggests developping ideas in [2] permitting the consideration,
in addition to rigid-body displacements, also of angular rotation between
solids, what is more, a subsequent paper [9] accepts in addition to contact
forces, internal forces developing at structural joints (e. g. of shells, plates)
as unknowns.

[10] and [11] are concerned with the contact problem of advancing
bodies by means of the method of quadratic programming assuming that
within the proposed zone of the contact, the system of (other than contact)
forces acting on the bodies causes no displacement, and that the relative rigid
body translation between the bodies can only be positive, i. e. an approach.
Solutions in [1] and [9] are exempt from these restrictions.

The problem of contact between the beam or plate and a Winkler-type
foundation is solved in [12] and [13], so as to minimize the potential energy
by the constants involved in the series expansion of the deflection functions,
keeping in mind the conditions of the contact separation; the solution is ob-
tained by quadratic programming.

A similar concept is encountered in [11] for the solution of the contact
between a symmetrically loaded circular plate and the elastic semi-space.

Several works by (lonway, H. D. and Engel, P. A. have been concerned
with contact problems in cold rolling. Among them, [15] analyses the contact
between the stiff cylinder and the elastic layer; the contact separation condi-
tion is checked at a finite number of points; step-wise load increments are
determined by involving ever more points in the contact. The algebraic equa-
tion-inequality system expressing the contact separation is essentially the
same as that for the approximate solution of the Fredholm integral equation
inequality encountered on setting up this problem. In this relation it is affine
tothat by Friedmann,Y. M., Tschernina, V. S., while solution steps of the al-
gebraic equation inequality system are quite different. Another paper by them
[16] also reckons with the effect of friction.

Along with the popularization of the finite element method, several
papers were published on the calculation of various elastic supports ([17],
[18], [19]), considering the connection between the bodies as bilateral.
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Fig. 1. The problem is to find the real contact domain Qp between bodies 1and 2, displacement
vector field and stress state of the bodies

Fig. 2. Geometry conditions of contact separation:

forw —wu/l) -f~-h = 0 contact,
for -j- h > 0 separation (gap)

A quite different approach is encountered in [27], also taking the Cou-
lomb friction between the bodies into account; separation and contact domains
can be determined by gradually increasing the load and solving the problem
step-wise. Convergency of the method is, however, questionable.

120] presents a contact problem between a rigid sphere and an ideally
plastic semi-space.

Slide ways of tool machines are analysed by the finite element method
in [21], making use of the empirical relationship between deflection and pres-
sure, depending on the design, to determine the contact pressure. The method
suggested in this study eliminates the empirical relationship.

After this short survey of literature with no claim to completeness
let us consider the contact problem itself.
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For the sake of simplicity, let us assume that the elastic system consists
of two bodies, with no restriction for the generality of the problem, at the same
time facilitating to expose, set out and simply treat peculiar problems of
contact.

Let the bodies in Fig. 1 be denoted by t = 1, 2; assignment of any magni-
tude will be indicated by the superscript in parentheses. Body surfaces will
be separated into three domains:

A~ — body surface part bearing a given surface load;
A — body surface part with given displacements (kinematic boundary
conditions);

proposed zone of contact;

A« = Af + A® + Q) body surface.

Coupling each two points of body surfaces into domain their displace-
ments or a component in some direction e. g. normally will be represented
in course of the deformationl (Fig. 2.).

Correlation between points in domains i3*1' and (2> being settled, in
the following the superscript will be omitted, writing Q alone.

Unilateral relations between bodies implies that for a difference

nr(u)2d  ud»-)- hr) = yM — j</2) -j- A==y 0, (1)

between the projections of the displacement vectors2u[r=of points in domain Q
in a given direction (e. g. the outer normal of body 1 at point (),) separation
occurs, that is, the contact force is zero, p = 0, and for

- W+ hr) = n/2*— f-h=y —0, (2)

the body point couples contact each other, hence p > 0. Let the separation
gap domain be denoted by x£UO0, the contact domain by x£Up, and be Q =
= 20+ 12p, where x is a tridimensional co-ordinate in spatial problems,
a two-dimensional one for planar problems, and a linear one for single-variable
problems; n'1* is the outer normal of body 1; up the displacement vector
of body t; and hr the vector of the initial gap. By definition. tv{l) is the projec-
tion of the displacement of a point in domain Q in the indicated direction,
furthermore, domains Qa and Qp are unknown.
Because of the unilateral connections, for points in domain Q:

yp 0, x£Q. (3)

1The same hypothesis is encountered in classic solutions of rigid-punch semi-space
semi-plane contact problems assuming small displacements (see e. g. in [22]).

2Vectors and tensors with covariant or contravariant components are denoted by sub-
scripts and superscripts, as is usual. Latin letters may assume values of 1,2,3 [22].
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1. Solution of contact problems according to the
principle of potential energy minimum

1.1 Setting the problem

To solve the contact problem, the displacement vector field of bodies
belonging to the elastic system will be approximated by the finite element
method, also taking the interaction of bodies due to unilateral connections
(contact effect) into consideration, in determining the unknown parameters.
This approximation is especially advantageous for bodies complex in form,
difficult to clamp, and subject to combined loads; inconvenient, practically
impossible to solve.

Let us assume a priori a bilateral connection between the bodies in the
indicated direction nj.I* that is:

- icd |- h = 0, xC_Q. (4)
The displacement field u[l) to be approximated is required to meet kinematic

boundary conditions on surface AMNK Then the potential energy of body t
(for zero initial deformation and stress):

A0= 1T CWsaktarsdV r f usdVvV { pOusdA, t= 1,2 (5)

2 J(w) J (VD) M °)
where volume of body t; A" its surface under prescribed surface
traction ps; CKirs matrix of material constants; ars - strain tensor; gqs —
volumetric force intensity vector, ars = Crskl akl stress tensor according

to Hooke’s law.
Introducing functional

Lx= Lt(ur> uf\p)= T2 + J p(ic ic® h)dA (6)

in view of ars= [(«rv §) + (VrM)]/2, for small displacements, involving the
Hamilton differential operator i7s; and Ckirs = Crskl, displacement field i. e.
stress rs in points of domain Q can be separated into components in
a given direction n”r and normally to it, then, from Hooke’s law and the
Gauss Ostrogradskv integral transformation theorem, the following conclu-
sions of the Euler equations belonging to the stationary value of the functional
(OLX= 0) are obvious, assuming the relation to be bilateral:

1. the Lamé equilibrium equation in terms of the displacement vector:

pkoW (u<f + q(t3= 0, FM;
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2. fulfilment of the dynamic boundary condition:

n(0 a(t)rs _ pS»x £ ~ (0 .

3. fulfilment of the supplementary kinematic boundary condition (4)
related to both bodies, arising from their bilateral relation;

4. relationship for the contact force as an internal force:
p = - n*4-nW p = nWorssnf ;
5. zero tangential stresses from neglecting the friction and adherence

TO ) = jM) a(i)rsnP)p e
spv

td|= n?2J*¥*nm e,

where erst is the Levi-Civita tensor [22].
Change of functional (6):

ALX= OLX+ 6% = 626+ [ Op(divw - <W2)dA ,

since 6L1= 0, while according to ga2n 0, n=n -f is a potential
energy with a minimum.
Taking note that, because of (4), in case of an exact solution

bi T« 4+ p@ )
This relationship is also valid in case of a unilateral relation between the bodies,
hence, where equality (4) is replaced by inequality-equality (1), (2) and expres-
sion (3). Since the unilateral relation leads to p f> 0,y > 0,y *p = 0, the
problem has to be developed so as to permit application of mathematical
programming methods.

1.2. Treatment of the contact problem by
quadratic programming

From the mentioned aspect, the problem has to be discretized; partly,
the displacement vector field ofthe bodies will be approximated by a kinemati-
cally admissible displacement field, and partly, the integral value from the
constraint over the domain Q involved in the functional (see in (6)) will
be so approximated that it appears as a finite sum.
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1.2.1 Assumption of the displacement field to be approximated

Kinematically possible displacement fields are required to meet the
kinematical boundary conditions on the surface Aj-1and to deliver the strain
tensor. The displacement vector field could also be approximated in series
form according to the Ritz method, but because of the important change of
the stress tenzor field adjacent to the contact domains, as well as the compli-
cated form and load of the bodies constituting the elastic system, it seems more
expedient to apply the so-called compatible displacement model of the finite
element method3or of any other model expressing the potential energy of the
system obtained by transforming the functional, to be minimized in terms of
the generalized nodal displacement vector, such as models of hybrid displace-
ment, by P. Tong [24] and by T. H. H. Pian [25] of hybrid str<*ss and mixed
fields.

In the compatible displacement model of the finite elements method,
the kinematically admissible displacement field is approximated by the entity
of functions assumed to be element-wise [26]. Let the displacement field be4
inside element e obtained by seperating the body denoted by wne(x), and its
(generalized) nodal displacements by ue. In terms of the assumed approxima-
tion matrix Afx), the displacement field inside the element is:

ue{x) = Ae(x) uL (8)

Denoting vectors formed of members of the strain and stress tensor by eeg(x)
and Ge(x) resp., and in knowledge of the displacement field:

ee(x) = D iT(.r) B*(.r) ue 9)

where D — differential operator matrix, while making use of Hooke’s law
and assuming initial deformations and stresses to be zero,

aeg(x) - Ceeefx) - - CeW(x) ue (10)

where Ce — is the matrix of material constants.

Applying the compatible displacement model, the assumed approxima-
tion matrix Ae(x) must yield strain ce(x) = 0 if the element performs a rigid
body motion, further, the transition from one element to the other has to
respect the displacement continuity [26].

Introducing the above magnitudes in (5) yields the potential energy for
element e:

K'u’ gé u n)

3Bases of the finite element method are assumed to be known.
4 Multidimensional vectors and matrices are marked by bold letters, and their trans-
position by the right superscripts T.
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where

K" J(0 Brr(*) CeBox dV the stiffness matrix of the element;

generalized nodal force val-
ues from volumetric and
surface loads qf(*) and

Fe= |(61') A'”I’(*)P’(*)dA pe(*), resp., and:

H=cptpe

M aking use of the identity of the generalized displacement vector at identically
marked nodes of adjacent elements, permitting the production of potential
energy for the tested body:

de = j(V,) AeT(x) gf(r)dF
and

TO=  wETKE.O0  aTql>, f 12 (12a)
where:
u() — generalized nodal displacement vector for body i;
K.O — stiffness matrix (K/'l= K~’/);
g” — generalized nodal load vector from external loads.

The value of the displacement vector field at nodes on the body surface
XCAN being known, u(@>can be separated into two parts, i. e. vectors with
unknown and with known components: u”'7 = [uM),T tT(),/]; and so can
be q(f* q«-r = [<CGT q«'T]. Then:

K> ke ul 67 e

0 - [gOT #Or
O =5 K@ Ke | &
[

'[ [——

and after performing the operations, and taking into consideration that in
ii,) the only unknown is u(,), for the functional to be constructed, n may be
simply understood as:

= 2 UDQTK"m<0  u(,Tq0 = n() const (12b)
where
q) q@) — G(@1) — generalized nodal load vector from the known
external load system and the displacement
vector u(,).
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1.2.2 Discretization of the constraint

Let us approximate the integral value in functional Lt:

1.2.2.1 Checking contact/separation in discrete points:
p(w(@) —w/2)—h) dA = p(X)(uFd\x) - - h{x))dA ad

A 1?1 P(xi) JIBAw@(*i) - vE»\x,) - h(xf) =

= i’'P,(icp) wfr h)= VPj. (13)
i-1 —

introducing notations

Pt = p(Xi) AAt> 0, w@d{xi)= w(*\ t= 1,2,

yl= uft —w\)+ h, > o0;

non-negativity of P, and yt follows from the unilateral relations (see in (1)
through (3)).

Integral approximation can be mechanically interpreted as follows:
domain Q is separated into k finite small parts AAt, the contact force distributed
over them is replaced by its “resultant” P, realized at an inner point (e. g.
center) of the given domain part AAt, and other terms of the integrand are
calculated at these inner points.

Thereby the contact separation condition is checked at k points. Increase
of k and a more exact calculation of integral (13) means the increase in accuracy
by solving the contact problem.

Introducing the resultant vector of the contact surface stress

VT = [PKEP2..+,Pk]> 0 (14)
and vectors of size (1xk)
wl)T = [m/gwt, ..,mA],t =12 (15)
hT = [hifh2 .. ., hk], (16)
fT= bT>Y2>ee 'YK\ N 0 (17)

construction of a corresponding permuting matrix may yield:
w()= GQu() t= 12 (18)
hence, in view of (3), the constraint (13) may be written more concisely:

[ p{wW - 12 - h) dA = pT[GQ u<!>- GE>u(>- h], (19a)

1

p'y = 0;p> 0;y> 0. (19b, c, d)
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1.2.2.2 Checking contact/separation in small finite sections

The previous approximation is valid for a displacement field inside the
element, considered as varying, according to a linear law. Now, the stress
state of the element is constant (in a spatial case it is a tetrahedron of 12
degress of freedom, in plane problems triangles of 6 degrees of freedom), i. e,
the generalized nodal force due to contact force p considered as constant
becomes a concentrated force (resultant) of direction

In cases where the selected element type approximates the displacement
field inside the element by polynomials higher than of first degree, the general-
ized nodal force due to the contact force developed on the element surface
in domain Q can only be calculated from the relationship

P* = J(a«) Aer(x) pe(x) dA .

The initially unknown contact force pe(x) cannot be approximated by a poly-
nomial of higher degree than the selected element type is able to yield. If this
fact is respested, our calculation will comply with the relationship for “the
contact force as internal force” belonging to the stationary value of the func-
tional L,

Three points of view support the use of element types delivering a non-
constant stress field inside the element, viz.:

1. according to computational experience, applying the element type of
more degrees of freedom for approximating the stress state at the same accuracy
leads to far less unknowns in the final set of equations than for the simpler
elements;

2. stress state approximation is improved, a major requirement espe-
cially near domain fi;

3. not too small elements have to be handled near the domain U, either.

Assuming the approximation matrices A@\x) (row vectors) to be pro-
duced by using matrices Ar(n:) for approximating displacements w(t\x) (t = 1,2)
along the indicated direction in domain Q. If the generalized displacement
vector is known:

w(t\x) = AM(x) u() = AM(x) u(i)+ AMx) 0d, xC Q. (20)

The initial gap can be written by means of vector h composed of approxima-
tion matrix L(.t) (row vector) and its h values at discrete points:

h(x) = LWx) h. (21)
Accordingly, the contact force is approximated in the form:
p(x) = PT(r) p, XiU (22)
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where

PT(r) — approximation matrix (row vector) depending on the element
type;

p — a vector produced from the contact surface stresses develop-
ing at a finite number of points but not absolutely element
nodes [N/cinZ2].

Now:

|[(Np[w« - m<2>- h] d.4 at pTIAQu@) - A>u<2- b], (23a)
where
A(C = J(O)P(*) A<O(*) dA, t - 1.2 (23b)
h - | P(nr) h(x) dA h |-
(fexl)
+ J(O)P(*) A@(x) dA u(>—
- [J ® P(*) A<>(*) dA ((2>. (23c¢)
Introducing magnitudes
A - [AQ A2, (24a)
kx(m +n) (kxm) (kxn)
u*y’
(mxl)
u (24b)
(m+n)x 1 u<2>
(nxI) .
- yO= Au-b~no (24c¢)
(fex 1)
permits the production of the constraint in the form:
—w”" —h] dA w p; [Au b] (25a)
p>0, y@0 ;> 0. pTy<) = 0. (251), c, d)

1.2.3 Formulation of the quadratic programming problem

1.2.3.1 Primal problem

Constraints obtained by transformations described

in items 1.2.2.1

and 1.2.2.2 were seen to be formally identical but physically, qualitatively
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different. Further computations will be based on constraint expressed by
relationships (25a—d) in item 1.2.2.2 but statements are also valid for con-
straint in 1.2.2.1.

Solution of the examined contact problem was proved in item 1.1 to
be provided for by the stationary position of functional Lv provided bodies
are bilaterally related. Because of the constraint (25a—d) resulting from unilat-
eral relations, and of the kinematically possible displacement field approxi-
mated by the finite element method, the functional is modified, that is, apply-
ing (12b), (24a, b) and (25a), the initial L x is replaced by L2:

Li = Lrun, ufip) -+L2= L2(u® @ p)>

that is
= Lru(>T U, K®O ‘ud [u()'r U® T]
Y. BT O 0 K® u® ¥
- (26)
+ pT([A@>I - A®] [U®J ,
or, more concisely:
L2a= LAU-P)= ~ rKu~ Lid+ PIAU D) —wau) + Pryo. (27)
where
K® 0
K 0 K® o4 = (28a, b)
P> 0, y<e> > 0, pr y<> = 0. (29a, b, C)

Assuming a rigid-body-like relative displacement between solids to be
possible, matrix « is positive semidefinite (x» k x o, for x o), that is,
potential energy :r(u) of the system is a strictly quasi-convex quadratic func-
tion of the generalized displacement vector u.

Thereby, the contact problem could be reduced to the following quadratic
programming problem:

min Ku—u7qg Au b~O (30)

(27) can be considered as -a Lagrange function of programming problem (30).

1.2.3.2 Dual problem

Theory of mathematical programming has demonstrated that the primal
problem can be assigned a dual problem, and that the existence of solution
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for one involves that for the other. Often — in actual computations — solu-
tion of the dual problem, followed by the determination of unknowns in the
original problem, seems more practical than finding a direct solution for the
primal problem.

In this case, the dual problem belonging to (30) can he produced by
making use of the Khun—Tucker theorems of non-linear programming (see
in the Appendix).

The theorem leads to relationships

2= KQu@®) gD+ AW p=0, . (31a)
au'l) 4 p

(according to (A.8) where x wf), t= 12)

8L2=K<2u2> qb)- AZTp= 0, (31b)
8u«)
further:
= AQu@l>- AfQu»)— b= —y0>< 0 (32a)
pr 8L2 _ pTy(© _0 (32b)
8p

(according to (A.7) where u = p).
Assuming body 2 not performing rigid-body motion, det A0, thus,
from (31b):
U= [K<2-1g2+ [K-1A@Q),rP. (33)

Body 1 can perform rigid-body motion, hence, its stiffness matrix is a
singular one, but anon-singular quadratic matrix of the size of the original
matrix lessened by the degrees of freedom of the rigid-body motion can always
be designated to it. Assuming matrix KU* in the lower right corner of matrix
K (@) not to be singular. (This is always possible by duly rearranging rows and
columns.) Partitioning Eq. (31a) yields:

Kfi> K-> «1 . AN
K> Kg) dyj AT "7 °

(34)
thus, partly

Uv= [K~]-1gy  [K«]-1AVTp  [K~]-1Kg) uo) (35)
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and partly, by introducing magnitudes:

D = Kft) - Kg>[KE>]-i K«, (36a)
GT = AT - Kft>[Kft>] (36hb)
g= <)-K<BH[KDB]-V 1> (36¢)
yields:
Duft>- g+ GTpP = 0, (37)

equilibrium equation of nodes belonging to vector uft); D uft), —q and GTp
being generalized force values transmitted from the internal forces, from the
known external load, and from contact forces, respectively, to the node, D
being a positive semidefinite matrix5.

Since u«-T= [uft*T juft>"T],

(1Xm) | m—|
applying (35) yields
- e uft» 0 O qft" 0
dj * P, (38)
-[Kg)] Kft), 0 [Kft)]-1. . [Kft»] ARDT ,

(E(>— is a unit matrix of size (ZX/)) and from (32a) taking (38) and (33)
into consideration:

K> - Aft) [Kft»]"1Kft>] uft) + [0 Aft> [Kft)]-1] g« _

KNkl ~a'l p- (39)
- AZ[K@Q]-1 - A<)[K(]_1 p—b——y()

Since Kft* = K « T taking (36b) as well as matrices and vectors

F@O= [0 I Aft) [Kg)]"]Q, f@®= F@ qd>, 40a. b
(txm)  (frx!) (tx(m-1)) (/exl) (ftXm)(mxl) (40a, b)

51t can easily be demonstrated. K.6) being a positive semidefinite symmetric matrix,
the inequality

0<;UNTK « uo) = uft>"T K (1) uft)y + 2uW T Kft) uft) + ug) Kft) uft)

holds. Be
U(|]|') - [K ft)]-1Kft) uft),

then for symmetric Kb), for any uO);

0 < uft*'7 [Kft* - Kft* [Kft»]"1Kft»] uft) == uft)-T D uft) .
Q.ed.
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FO= AQI[K@Q]_1 . = F@ q(2), (40c, d)
(kxn) (nxn) (kx1) (kxn) (nxl)
¢ = <)_f(2) b
(foxi) (40e)
H®> = o <
(k) DR(m—A] Hmx @—A] [(m-1)xd] (412)
HO = AQ [KQ@] 1AQ)T,
(kx§>) (er(12)) [(n(xr)1])_ (n(xk)) (41b)
H= HQ+ HQ), (41c)

into consideration, geometrical equation inequality (39) expressing contact
separation can be replaced by

Hp- Gu« - t= y0> 0 (42a)
and from (29c)
PTy9= 0 (42b)

H being the resultant “influence coefficient matrix”, t the displacement from
known loads and the initial gap, and G a matrix also involving the structure
geometry.

Equations of equilibrium (37) and of geometry (42a) yield a hypermatrix
equation

D Gr ¢ 4 0
-G H p oty oy
MO
where
c * (44)

denoting the unknown beyond the contact forces. Matrix M° of the obtained
equation is positive semidefinite.6 To have positive quantities for unknowns,
vector c is produced as the difference of two positive vectors, i. e.

c=¢ —cCc |,
(45)
c+> 0, ¢~ >0

6This statement is easy to prove. Since
(zTM"2)T = zT M°Tz,
it is:
T(M°+ M°T)z 2:TM° z,
and

a positive semidefinite matrix because of D and H.
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and the first matrix equation in (43) is replaced by two matrix inequalities,
residting in

D -D GT1 ~c+" 4 y(@
D D—Gr ¢ — .q — (46a)
—G G H p t yo>
M X d y
or, more concisely:
MX—d—y=0 x7y=0, X>0 vy 0 (46b —e)

where the positive semi-definiteness of M° involves that of matrix M.
From the Khun—Tucker theorems it is obvious that the programming
problem belonging to (46) is:

min (y(x) = XxXTMx—xTd x 0, Mx --d < 0} (47)

easy to solve by the standard methods of quadratic programming [23]. Problem
(47) can be considered as dual of (30).

In knowledge of x and y obtained by solving (47) and making use of
(45), (44) yields u)d, (35) yields u,®, hence the generalized nodal displacement
vector of body 1, and from (33) that of body 2, all these permitting the deter-
mination of deformation and stress states of the bodies.

1.2.4 Formulation of the quadratic programming problem where one body is rigid

Quite often, structures are encountered where one body can be considered
as rigid compared to the other one.

1.2.4.1 Rigid body acted upon by a known system of forces

Assuming body 1 to be rigid and able to perform rigid-body motion.
Let the vector be composed from the couple of vectors (FA\ MPQ reduced
to the origin of the reference system of the known force system acting on this
body denoted by

r ‘miYr] = qnT, (48)
where

Fg) —= being the resultant force, and

K ' —»m{]) the resultant moment. Applying (12b), potential energy
of the system is:

n = %u@'TK(2>u<-> c(/)qg6) — q®, (49)
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where
c is the vector of the rigid-body motion of body 1 composed of its dis-
placement along, and rotation about, the co-ordinate axes.
Lagrange function belonging to the contact problem can be written as:

L3= - | pM>®—w® - h)dA . (50)

Body 1 being rigid,
rc®(x) = A" (a)c (51)

A”(k) being a matrix (row vector) depending on the body geometry,
on the direction of unilateral relations.
Approximating the integral from the constraint in jL} according to 1.2.2.2
and applying (20) to (22) and (51), we get:

J p(ipd) —ni® — h)dAad pT[Gwc A®u® bw] , (52)

where A®, GR and bR are quantities obtained from (23b) and by omitting the
last terms in (23c).

Repeating statements in item 1.2.3 yields functional belonging to the
quadratic programming problem of the form:

c
L4= L4c,u®, p) = — [cT u27] ®

0 K@ u (53)

— [cT u®-r] s P7([Op i A b#

& (O AA 1) )

or, more concisely:
1

= — URKRUR—uRgR-f yt(Aru# — bR), (54)

all quantities in (54) being obvious from a comparison with (53), and from the
unilateral relation,

p> 0, -yR= Arur - bR< 0, pPyR= 0.
The programming problem:

{— «a KRUR — UR4/? IARUR <0 (55)

Dual of problem (55) is obtained by applying the Khun —Tucker theo-
rems. Repeating statements in item 1.2.3.2 into the same sense, in conformity
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with the Khun Tucker theorem:

9L x
= —qh)+ GEp= 0 (56a)
9c
9L 4
= u2>—q@ A"Tp=0 (56b)
Qu®
further
9L4 .
= Gfic AQ@u@ - bR= yR< 0, (56¢)
ap
oL » L.
' . = p7y(( = 0. (56d)
9p

Again assuming body 2 not performing any rigid-body motion, u(?
can be expressed from (56b) and substituted into (56c):

-Grc + H<>p *R = yR> 0, (57)
where
H2>= A[KQ] 1a<dt,

t; = - AP[KQ]-iq<?) K = -f(2)- V

Hypermatrix equation from (56a) and (57):

0 . cC ad 0
’r (58)
GR H2Z p IR . .yR.
Again, producing vector c as a difference of two positive vectors:
0 0 Gl 1 ¢© q(H y(]_)
0 0 or c qQd -~ y(Z) =0
-G (1> gg»> HG  p IR - -Yaq-
M r X R y
or, concisely:
MrX— dR y 0. X> 0, xry= 0. (59)
The relevant programming problem:
min {?i(x) = X7 M\ X —x7dw x > 0, —M, x + d? <[ 0/, (60)

Obviously, the final programming problem is the same, either both
contacting bodies are elastic or one of them is rigid. Of course, equilibrium
equations (58) and (43) are essentially different by physical purport: one
referring to the body as a whole, the other to given nodes for the support of
the “primary structure” (det KL’ & 0).
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1.2.4.2 Known displacement of a rigid body

In the case where rigid-body displacement ¢ of body 1 is a given value,
no equilibrium equations need be written for body 1, the contact problem can
be set up by means of the geometry equation/inequality expressing the contact
separation.

Omitting deduction:

H@p — (Gffc + tR)= yR> 0. p7Ya= 0, (61a)
where

t* = - AQIK@]F1q® 1J(0) P(x) L(x)dA h +
t

H® being a positive definite matrix, the programming problem is:

0) P(*)A<2>(*)<L4u®|

min|/l(p) ~p'H®p p'(GRc + tR)jp>OJ. (62)
1.2.5 Another possibility for solving the contact problem

Let us remark that if both bodies are elastic, one construction of the
problem may be similar to (58), except for H® being replaced by the sum of
the influence function matrix H® based on the “primary structure” 1 and of
H®, tR is modified to the same sense, replaced by

t=f® - f® - b

terms delivered by (40). (41) and (23). Interpretation of vector ¢ for a plane
structure is to be seen in Fig. 3.

Indicated
direction

Fige 3. Body 1 of the plane structure may perform rigid-body motion. Interpretation of vector
c: cT = [c, e2 c3
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Such a setup of the problem is considered in [1], [2] and [9], the solution
being obtained by a cyclic iteration according to the method of gradients.

Obviously, such a setup of the problem cannot be considered as the
strict dual of programming problem (30), (47) being the dual of problem (30).

1.3 Comments on practical computations

In actual applications of the described method, setup of influence
matrices (4la, b) involves the inversion of matrices K(i). Complicated body
designs often call for a high number of elements to be assumed, preventing
the K<) for the entire structure to be kept in the active storage unit of the
computer. In this case, influence matrices H(t* are advisably produced as
follows:

1. In case of body 1 performing rigid-body motion, a “primary structure”
with a kind of support has to be assumed, so that the relevant KU* will not
degenerate any longer, and supports have to be located in a domain where
matrix A)l) is absolutely zero (see in (23), (34); see e. g. Fig. 4).

2. Respective J-th columns of matrices H(i), t = 1,2, will be delivered
by vectors obtained by multiplying from the left the displacement vectors

Unfavourable

Fig. 4. Assumption of basic structure for a plane structure if co-ordinates of the generalized
nodal displacement vector are displacements
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at nodes and u(j\ arrived at by solving algebraic equations

K£>Uy> = At>-Tp,
K<2>u f =mAM-Tp

related to loads for unit values of vector p in (22) at different points J.

3. Knowing Kft, Kft - Kft? obtained in producing the “primary
structure” of structure 1, matrices D and G can easily be calculated.

4. Nodes in domain Q are advisably consecutively numbered; thereby
matrix A() will become quasidiagonal, greatly simplifying calculations.

Conclusions

The contact problem was seen to be constructed on the Lagrange varia-
tion principle, and treated as a quadratic programming problem owing to
unilateral relations. The kinematically possible displacement field is approxi-
mated by the finite element method, and the condition of contact/separation
is checked in a predetermined (indicated) direction at a finite discrete number
of points according to item 1.2.2.1 and by comparing integral values for small
finite sections according to item 1.2.2.2 (see (23) to (25)).

This latter procedure is justified anyway in case of a field of displacement
vectors approximated by a higher than linear polynomial element-wise, and
it is especially adequate for thin shells and plates. Use of elements of higher
degrees of freedom leads to a decrease in the size ofthe final algebraic equation
system, permitting an important time saving, and besides, yielding a true
picture of the stress state prevailing on the contact domain.

Appendix
Essentials of the theory of quadratic programming.
A quadratic programming problem 1 is understood as minimizing the strictly quasi-
convex quadratic function7:
iX) = xrCx —cTX vy, i"O. xrCi>0, (A. 1)
subject to the constraints of equation-inequality
A X<:b, X:>0 (A. 2)
I. min (XTCx —crx-|-y|x>0, Ax b} (A. 3a
7A function I(x) is quasi-convex if for any 0 < A< 1 of the convex domain x g D
and for conditions x1 and x- G U the inequality
I(AX1+ (1 - Ax2) ™ Alx) + (1 - AlX2

holds; this is invariably the case if Cis a positive semidefinite matrix.
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Besides, depending on the constraints, also problems Il and |1l are spoken about, namely:
Il. min x7Cx-c7x-|-y|Ax = b, x> 0} (A. 3b)

an I, min {x7Cx c¢7x-fy Ax<Cb} (A. 3¢)
Problems Il and Ill can be transformed to problem 1I; Il by means of inequalities
AXx<b and - Ax < —b: Ill requiring a variable transformation x = x+ —x_, x+J> 0,

X“ > 0, X7 = [x+¥ x->7] > 0.

The conditional extreme value calculation is generalized by the Khun- Tucker theorem
for the case where the constraints not only contain equations but also inequalities. According
to this theorem, the Lagrange function belonging to (A. 3a):

L= Xx7Cx—c7x -y+ tiT(Ax —b) (A. 4)

has a saddle point for the optimum solution for x° of the minimization problem (A. 3a), hence
there is vector u° with an inequality relationship

L(x. u°) > L(x° ii°) > L(x°, u) (A. 5)
for any x> 0 and u > 0. This fulfils of so-called local conditions

9L

_ 9L 7 9L | —
V= 0X (x°, U°) “ 0. %07 0X (X%, u°) ° (A 62, )
¥,: - 35, Il(x°, ) > 0, u«/l = [(x°, 0 =0 (A. 7a. b)

as necessary and sufficient conditions. OL/9x being a column vector with components obtained
by taking the partial derivative of function L(x, u) with respect to components of x: OL/9u
being a similarly interpreted vector. Lacking a non-negativity requirement for x, (A. 6a) is
replaced by relationship [23]:

(A.8)
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Anwendung der Verschiebungsmethode der finiten Elemente zur Lésung von Problemen
der elastischen Beruhrung. Die Kldrung des Beruhrungsproblems elastischer Kontinua bei
beliebiger Belastung und Flache ist sehr umstédndlich, da die Berihrungsbereiche im vorherein
nicht bekannt sind. Im Beitrag wird das Kontinuum durch eine Menge von Elementen mit
endlichen Freiheitsgraden ersetzt und auf das so erhaltene elastische System wird nach dem
Prinzip des Minimums der Potentialenergie die Losung der Aufgabe aufgebaut, die sich wegen
der einseitigen Verbindungen zwischen den Koérpern (die Kontaktkraft kann nur gegen das
Innere des Korpers gerichtet sein und wird dann als positiv betrachtet) als quadratische
Programmierungsaufgabe der mathematischen Programmierung behandeln [4Bt. Unter
Anwendung der Khun—Tuckerschen Bedingungen ist auch die zu dem obigen Primalproblem
gehdrende Dualaufgabe geklart, die es bei konkreten Berechnungen vorteilhafter aufzustellen
und zu lésen ist, als die urspringliche Aufgabe. Es wird vorausgesetzt, daB die Reibung und
Haftung zwischen den Kdrpern vernachldssigt werden kénnen und daB die Verschiebungen,
Formé&nderungen gering sind.

MpuMeHeHVe MeTOfa KOHEUHbIX 3/IEMEHTOB A1A PEeLUeHUs KOHTaKTHbIX 3afay. PelleHune
KOHTaKTHbIX 3a7a4 AnS CM/OLIHBIX CPefj MpU MPOM3BOMLHKIX Harpy3kax M KOH(Mrypauusx
SIBNSIETCS OYeHb CMIOXHBIM, TaK KaK 3apaHee HeW3BECTHbl 06/1aCTW KOHTAaKTa. B flaHHOW paboTe
CMOLIHAs Cpeja 3aMeLlaeTcsl MHOXECTBOM 3/IEMEHTOB C KOHEUHOI CTenmeHbio cBoGogbl. Ha
MOMyYeHHY0 TakUM 06pa3oM YMpyryr cucTemMy 6a3upyeTcsi — Ha OCHOBE MWHUMYMa MOTEH-
umMansHoil aHeprum pelleHVe 3aJaun, KoTopas BC/iefiCTBME OJHOCTOPOHHEW CBA3N MEXAy
Tenamu (KOHTaKTHOE [laB/ieHUe MOXET BGbITbHANpPaB/IeHO TOMIbKO B Te0, W B 3TOM C/lyuyae OHO
CUMTAETCS MOMOXKMTENbHLIM) B KOHEYHOM CUETE CBEfiEHA K PELLEHWIO 3afjaul KBafpaTUyecKoro
nporpaMmMnpoBaHus. Mpy UCnonb3oBaHWK ycnoBuii KyHa-Takkepa BblsiCHeHa flyanbHas 3ajava,
OTHOCALLAsACS K BbileY MOMSIHYTOW NpUManbHOl 3afave. MocTaHOBKa W pelleHne gyanbHoi
3a/la4n NpY KOHKPETHBIX BbIYUC/EHUAX KaXKETCS 6O/ee BbIFOAHOM, YeM peLleHue NpUMasbHON
3agaun. MpeanonoraeTcs, YTo TPEHWEM W1 CLEM/IEHVEM MEX.Y TeflaMu MOXHO NpeHe6peub, fanee
nepemeLLeHVe 1 aediopMaLys SBASIOTCS MalbAMU.
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INFLUENCE OF EXPERIMENTAL ERROR
ON EFFECTIVENESS OF CERTAIN RULK
MATERIAL INSPECTION SCHEMES*

V. HORALEK**

DOCTOR OF TECHN. SCI.

[Manuscript received 25 January, 1974]

A theoretical analysis of three sampling inspection schemes, used when inspecting
bulk materials, (liquids, powder and the like) is given. The influence of the experimental
error on the operating-characteristic is investigated. In order to describe more accurate-
ly the effectiveness of the inspection scheme the graphs of the errors of the first and of
the second kind, from the point of view of the experimental error, are introduced
besides the operating-characteristics. In order to facilitate the calculation of the points
of these graphs nomographs have been constructed.

1. Introduction

This paper describes the mathematic statistical analysis of three stan-
dardized inspection schemes currently used for the inspection of bulk materials
(solid and powder materials, liquids, etc.) which are dispatched in bags, barrels,
casks, etc. An extension and generalisation of results of [1] and [2] are given.

The decision about the quality of the inspected lot with regard to the
characteristic under consideration, is arrived at by one of these methods:

A:) on the basis of the analysis of one sample chosen at random from
the lot;

B:) on the basis ofthe result of the analysis of one average sample, which
was obtained by thoroughly mixing a sample (of identical weight, volume etc.),
which was picked at random from the lot. At the same time we assume, that
the so-formed average sample will yield the average value of the checked
quality characteristic of all the chosen samples;

C:) on the basis ofthe value of the mean sample the results of the analysis
of n random samples, each sample being analysed separately.

In inspection schemes B and C, one sample at the most is taken from
every primary unit (bag, barrel, etc.).

If we denote the number of samples taken m and the number of ana-
lyses performed n, then instead of speaking of inspection schemes A), B), C),

“ A part of this work was presented at the 10th EOQC Conference, Section C, Stockholm
1966.
*kV. Horélek, DrSc., National Research Institute for Machine Design, Béchovice, CSSR
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we can denote them uniformly (mjn) and therefore
A=(11); B (m 1); C=(n n).

In all further discussions we shall therefore speak of inspection scheme
(m n).

We assume, that the specification limits U (the upper limit) eventually
L (the lower limit) of the checked quality characteristic of the raw material
are given hy a standard, a technical requirement and the like. We identify
the concept of the accuracy of the analysis with the term “total analysis error”,
into which we include errors arising during the preparation and the proper
analysis of the inspection samples such as, for example, the influence of the
duration and quality of the mixing of the samples, the ambient temperature,
the errors of the chemical analysis etc.

In this paper the influence of the total analysis error on the operating-
characteristic for the inspection scheme (m\n) is investigated. It assumes, that
the magnitude of the total analysis error is independent of the real value of
the checked quality characteristic and further, that the total analysis error
has a normal distribution N(0,ay) resp. N(0,aj), with known variances ay
and az.

In order to describe more accurately the effectiveness of the inspection
scheme the graphs of the errors of the first and of the second kind, from the
point of view of the experimental error are introduced, besides the operating
characteristics. Nomographs have been constructed in order to facilitate the
calculation of the points of these graphs.

The results of the solution have been applied for working out the draft
of an inspection scheme for certain raw materials for the manufacture of cables
(chalk, tar, oil R 40 etc.) and certain raw materials for the chemical industry.

2. Fundamental consideration

Let us consider a random variable r] having the probability density

exp 1 (y

yy) <y (1)

with unknown parameter g, hut with a known ay. Let L and p,( - 00 L
00; 0 </>1!< 1) begiven constants. On the basis of a random sample of the
size m we have to test the hypothesis //,, against the hypothesis //,, where

Ho-\l 4y)dy = Pi and Hi-\L h(yW>Pi- 2
This test is equivalent with the test of the hypothesis

HO:fi= L Kppy against A Lpm>T K pioy, ?3)

Acia Technica Acaderniae Scientiarum Hungaricae 82, 1976



INFLUENCE OF EXPERIMENTAL ERROR 379

where
4)
For the test we use the sample characteristic
1
Vin= . Y ()
m 1=1
where the mutually independent random variables (i=1,2,...m) are
equally distributed with the probability density (1). The sample space, i.e.
the set of all points Y = , tfm% is identical with the m-dimensional

Euclidean space Em. The critical region W = Emof the given size @ consists
of these element of Em for which rjmy ¢, where
KP) m <,

C L + v (6)
m

Equation (6) follows from the expression for the a-per cent critical
point of the distribution of the random variable rjm, defined in (5), and
from (3).

It is evident, that the described test also includes that case, when the
hypothesis Hn has the form HO: u<l L KPI, ay, since for every p <7 p, is
PWEU,,|p) < a, so that the probability of an error of the first kind is at
best a.

The operating characteristic of this test, which we shall denote L(p\p”"),
is evidently given by

Up\Pl)=P M Em Wm\p) =0[R(p PI)L )
where
Wp Pi] = \miKp K,n+ KJ!I'm) 8)
and
1 -—
%=1y § e 24t ©)

Let us now assume, that an experimental error exists and let us consider
the random variable 'Q which takes on the values of this error and has the
probability density
1 1z 2

P — o0 2 co (10)
) 1¥n az exP1

<z

where the parameter a2is known.
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In that case for the test of the hypothesis (2) its equivalent test (3)
against the corresponding alternative hypothesis, we have to use the sample
characteristic

In = Vm + Cn
where
n
M= im (12)
while Y4 i 1, 2, ..., n, are mutually independent random variables

equally distributed with a probability density (10). According to the assumption
and M they are mutually independent.

The sample space, i.e. the set of all points C= (| , ..., """correspond-
ing to the given test is, therefore, identical with the n-dimensional Euclidian
space E,. The critical region U ,cEnofthe same size x as UJ, consists of these
elements of En, for which £n ~>c*. We have determined the value of c*
from the expression for the x per cent critical point of the distribuion of
the random variable tn and from (3).

W ith respect to the mutual independence of rfl>and tn has again
evidently a normal distribution with the parameters /i and a\ = <tym —
-\-aljn again. If we put

b= ajoyc+, (13)

we find, that c* is the solution of the equation

Y m e mn (xyy
1 e on+mth \ o) dX 4 (14)
2n{n + ma2ayJc
so that according to (3) and (4)
. f n + mb2
b* =L —+a. Kpi- Ky (15)
From (6) it follows, that always c< c*.
The operating characteristic of this test is
b*(plp) = P(CEE, - WI[p) = ®[iA*(p|pD], 16)
where
n+ mb2'
R*(p \p i) Kp KA+ Ky (17)

n -j- mb2

Due to the presence of an experimental error in the sample character-
istic (11) the following events may occur:
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a) (CeU*; irJ€EEm 1%) that means, that on the basis of an observed
value, containing an experimental error, we reject hypothesis Hn despite the
fact, that if the experimental error would have a zero value, we might accept
it. This, therefore, causes a sort of error of the first kind;

b) (CEEr—U),; Y£wunl) that means, that on the basis of an observed
value, including an experimental error, we accept hypothesis //0, despite the
fact, that if the experimental error were zero, we would reject it. This, there-
fore, causes a sort of error of the second kind.

The probability of the above described events is a function of the true
value of parameter p.

Let N be a set of all natural numbers and E, a set of all finite real num-
bers.

Definition 1 : Probabilities

P(CCUN;»I€EEM—V?) = Qi(p \pi)®w (18)
and
;]G 1%) = Q. (p \pf (19)

will be called the functions of the errors of the first, resp. of the second kind
from the point of view of the experimental error, if the true value of the pa-
rameter be p.

Definition 2 : The trio of numbers (m, re, c), where m( N, n£N, c£ Ex
we call the acceptance plan of inspection scheme (rei]re), when no experimental
error exists.

Definition 3: The trio of numbers (m, re, c*), where m£N, n£N, c*CE B
we call the acceptance plan of inspection scheme (mjre), due to experimental
error.

The effectiveness of every acceptance plan (m, re c) is fully described
by the operating characteristic L(p pf. The effectiveness of every acceptance
plan (m, re, c*) is fully described by the functions L* (p p,), Q*plp”) and

Q-APIPi)-
3. Relations between functions L, L*, Qx and Q2
The acceptance plans (m, n, ¢) and (m, re, ¢c*) have already been given.
Then from relations (7) and (16) if we realize, that according to their definition

the~quantities m, re, and b are positive and that Kpis the decreasing function
of p, we obtain

L (P IPi) L*(p\pi)>0 for P € (°>PiL
=0 for p—20,p1,1, 20y
<0 for pi (px,1).
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Further, due to the assumptions about the random variables rff and
for the joint probability density g(xn, ym) of random variables Ch and dm
holds

g\xni YT) = ~ _ —om- exp ten 2‘:;' (21)

so that with respect to (18) and (19)

QAP Pi) = JI g(xn,ymydxndym, (22)
P
Qilp Ipi) - "_ g{xn,ym)dxn dym. (23)
(027 R
Applying the transformation
toy S0z n + mb2
YT = ~Tr=-~ + P and xn = — — hi* (24)
1T b men

in (22), we obtain the probability density of a bivariate normal distribution
/(s, i, § with a coefficient of correlation

- 25
B n-- mb2 (25)

where b is defined in (13). According to (8) and (17) the expressions (22) and
(23) become

Qi(p IPi) = il R*(p|Pl)<s<oo f(s»b e)ds dt (26)
and
QAP P —csrreplpy /(5 1 s Ot (27)
Now let
M (p.fe, p) f(s, t, g)ds dt (28)

U<s<0
A k<ts<ooo

where u, t> 0. If we use (28) and (9) and write Qi(p pp, R, R*) instead of
O, (pIPj), i 7 1, 2, in order to express the dependence on integration limits
of integrals in (26) and (27), we obtain

Qp\pL,R,R*) = Qp\pl,- R; R*) = 1- <P(R¥ M(R*. R, &), (29)

QAp\PI;R,R*)  QXYp\pL-R;~R*)=1-0(R) M(R* R e); (30)
QAp 1r+ R, R*)= Qap \Pli-R,R*) = 0(R*) + O0(R) +

+ M(R*iRi-e)- 1, 31)

Q2p \PI:R, - R*) =QIP \Pl;- R.R*) = M(R*, R, - g (32)

where R and R* are non-negative numbers.
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From (29) and (30) eventually from (31) and (32) we obtain with respect
to (7) and (16)
L (P\Pi) L*(P Pi) - QAP Pi) Qi(P Pi) (33)
for every p £<0. 1).
From (20) and (33) it follows that
Qi(p\Pi) QAP Pi)>9 or P £(0'Pi)>
=0 for p=0;pLl, (34)
"0 for p £ (pv1l).

Further it may be shown that

SUp QAP Pi)= QAPM Pib (35)
sup Q.,(p PI1)= Q-{p@d IPi), (36)
P€<0,1>

where p(l) is the unique solution of equation

11—l - - exp W p)
1+ 2
. l ¢
ad (K,, - Kpi)[m(l - e?) + K exp [R*(p)f\= 0,
1+ 9
(37)
and is the unique solution of equation
K\ |
@ exp - Wp)
1+ 2
pl o (Kp-K p)\m(1 <h+w 1 7
1+ P
exp [R*(p)Y\ = 0. (38)

Proof of equations (35) and (26) is given, in the Appendix.

4. Modification of the model in the case of the selection of the value p.2

So far the considerations assumed the case, that the supplier desires
a guarantee, that lots with a fraction p x of sub-standard quality raw material
will be rejected with a probability a (usually = 0,05). The results derived
for this case can, after a simple modification, be also applied to the case, when
the customer desires a guarantee, that the lots with a fraction p 2> p Lof sub-
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standard quality raw material will be rejected with a probability 1—8 (usually
R = 0,05 or 0, 1). All we have to do is to replace the values Kx and KP by
values K Y Rresp. KPr. All the expressions determined under the condition,
that p, be given, are thus transformed into expressions dependent on the given
value p 2 Thus we obtain expressions for L(p\p2), L*(p\p2), R(p\p2),R*(p\p2),
Qi(p\Pi) anfl QAP Pi)- We introduce only one change, in the designation of ¢
c*. In the case of unacceptable fraction p 2we shall use the symbols d and d*.
The corresponding acceptance plans will have the form (m, n, d) resp. (m, n, d*),
where always d>rf*. This designation will also be used in the numerical example
described in paragraph 6.

5. Graphs for the calculation of the function

The functions Qj(p) | 1,2 can be advantageously plotted with the
aid of 9 points, of which 7 we shall determine from graphs I to IV (Fig. 1 to 4)
and the remaining two from the relations Qj(0) = Qj(I) = 0,j = 1, 2.

For the fixed values R(p) andj(j =1,2) the graphs represent the relation
(following from the annulled equation (26) resp. (27)) between the three
variables Qj(p)-, R*{p) and bmn, where

(39)

b being given by (13). For the construction of the graphs we put L(p) =y
for y = 0,95; 0,90; 0,70; 0,50; 0,30; 0,10 and 0,05.

In the construction of the graphs we started out from equations (29)
to (32), using the tables [5] of distribution function ®(u) and further

a) for bmn 0,3286 the tables [4] of distribution function M(u,k,p) de-
fined in (28) and tabulated for 0, fe7>0 and 0 <[ g<7 1 (by steps of 0,05)
and

b) for 0 <C bmn<7 0,3286 the tables [3] of function

fa 1
2nJo 1+ X2

T(u, a)

in which 0 <7 n <7 4,75 and 0 < a< 1,0.
Each of the graphs permits the calculation of both values Qj(p*) — =
= 1,2- with the aid of the given values bmn and R*(p*), where p* is a root

of the equation
L(p) =y, for 0<7y< 1 fixed. (40)

We determine the value bmn from equation (39), the value R*(p*) from equa-

tion

R*(P* Pl)= K1 + K: (41)
md- n mo2
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- 0.95i 0,05

0 01 0,2 03 [oX 0,5
Fig. 1

1=0,90, 010
Fig. 2

We can obtain this equation as follows: According to the assumption (40) is
valid. Then, due to (7) p* is the root of equation

®[LWp)] =y . (42)
The existence of a solution of (42) and its uniqueness are evident. For a given
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/3 0,70; 0,30
bmn,1
Fig. 3
/-0,50
Fig. 4
oT, n, pj and %then it follows from (8) due to (4)
Kpy -, [K..y- K.,]+ Knpi. (43)

I'm

After the substitution of this expression into (7) we obtain (41). Equation
(43) further permits a determination of the values p* from the tables [5] of
the normal distribution.
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On the graphs the scale iscommon for both considered cases (j = 1,2,).
To determine the values QRBp*) we use the values R* and bmn t and analogously
in the case Q2p*) the values R* and bmn 2. The mutual relations between the
values QBp) and Q>(p) are expressed by equations (29) to (32). As is evident
from these equations, all values QRp) and Q-,(p) can he mutually expressed as
functions of the non-negative values of the argument R.

Therefore it is sufficient as a consequence of the validity of the relation

<fi[R(p*)] o] R(pf-r)]-y;«>0;0<y"I, (44)

to construct graphs only for the levels 0,5 < y < 1since this also includes
the complementary levels 1 .

Graph 1 permits the calculation of values QBp*) and Q2(p*) for the
levels y = 0,95 and 0,05, corresonding to values R*(p* 9) — 1,6449 and
R(P*,00) = ~1,6449; graph Il for levels y = 0,90 and 0,10, corresponding to
values R(p*90) = 1,2816 resp. R(p*]0) = 1,2816; graph 111 for the levels
y = 0,70 and 0,30, corresponding to values jR(p*,70) = 0,5244 resp. A(p*30) =
= 0,5244, and finally graph IV for the level y = 0,50 corresponding to
the value R(p*5 = 0.

6. Effectiveness of acceptance tests of asphalt consistency

The consisitency of asphalt is determined by a penetration test which is
performed on a treated average sample tempered to a temperature of 25°C.
There is a requirement, that asphalt for the production of cables have a maxi-
mum penetration of 50 penetrating units (p. u.). Currently inspection scheme
B is used, where the number of tested barrels mis 3.

Let us suppose that a\ = 4,6., ay= 3,2, p2= 0,02 and B = 0,05.
The corresponding acceptance plan is (m= 3; n= 1; d* = 42,4 p.u.),
while in the case of a zero experimental error (m = 3; n — 1;d = 44,6 p.u.).
We determine the operating characteristics L(p\p2 resp. L*(p\p2 from the
modified equations (7) resp. (16), which in the case of inspection scheme B
and the selection of value p 2have the form:

L(PIPi) = o{Ym(Kp Kpi+ K*pDIm)}, (45)
and

- 1 mb2’ ,
L*(P p2= o ) Kp KPR+ K,_p (45"

1 Uit m
We can perform the calculation of the points of the operating character-
istics either by the current method, selecting several values p in the interval
<0,p 2Y and determining for them the values L(p2 resp. L*(p\p2 or in such
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a manner, that for selected values of L(p\p2 we calculate back the values of p
and then the values L*(p\p2. This second method is more suitable in case that
besides the operating characteristics we also wish to determine the functions
Qi(p\Pi) resp. Q2Ap\p2)-The values of L(p\p2 and L*(p\p2) determined by the
first method for the given acceptance plan are listed in Table I. For their cal-
culation equations (45) and (45°) have been used.

Table 1
p MP/Pa) 1*(p/p0
0,0005 0,6904 0,2369
0,005 0,2295 0,1052
0,010 0,1204 0,0759
0,015 0,0745 0,0597
0,020 0,05 0,05

When applying the second method, we first determine the values p’
for which

Up\Pr) = ¥> 0<yY < 1, (46)

where we choose y equal to 0,95; 0,90; 0,70; 0,50; 0,30; 0,10; 0,05. We deter-
mine the values of p*, which satisfy equation (46) by means of equation (43)
and the normal distribution tables [5]. The values Kp* and p* for the given
levels y are listed in Table 2 in columns (2) resp. (3). Column (4) of Table 2
lists the value R*(p*), determined by means of (41), and column (5) the
values L*(p*\p2, determined by means of (45’). The corresponding values
Qi(p* p 2 an<i QAPyIPi) in columns (6), resp. (7) of Table 2. can be determined
by means of graphs | to IV. One of the input quantities, R*(p*), is already
known (column (4) of Table 2), the second bmn can be determined from (39).
Form = 3,n— 1, b= 1,2isbmnequal to 2,07.

Let us, for example, determine the values QAP*,io) and @2(p*70).
From graph 11l we can read off for bmnl = 2,07 and from R* = —0,702
(cf. Table Il) on scale Qj

QAP*,-) = Qi(piR,R*) = Qi(pi 0,5244;- 0,702) = 0,49
and for bmr2= 2,07 and R* = —0,702 on scale Q
QAPb) = QAP;0,5244; - 0,702) = 0,03 .

On the same graph we can also read off the values QAp* s and Q2p* 3’
In this case R*(p*3) = — 1,158 (cf. Table Il) and R(p*, 3) = —0,5244. But
according to (30)

p;  0,5244; — 1,158) = G2(p; 0,5244; 1,158).
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Table 11
v Kp} 100p} R*(Py) L Qi(Py) Q.(PV>
0,95 3,9532 0,0039 —0,215 0,415 0,540 0,005
0,90 3,7434 0,0091 —0,372 0,356 0,555 0,011
0,70 3,3063 0,0473 —0,702 0,240 0,490 0,030
0,50 3,0035 0,1335 —0,930 0,176 0,367 0,043
0,30 2,7007 0,3460 —1,158 0,123 0,229 0,052
0,10 2,2636 1,1800 — 1,487 0,069 0,079 0,048
0,05 2,0538 2,0000 —1,645 0,050 0,041 0,041
Fig. 5
From graph 11l for bmn 2= 2,07 and jR* = 1,158 we can read off on scale

Qj the value Q2 (p; 0,5244; 1,158) = 0,229 and therefore Qi(p*,3 = 0,229.
We obtain the value Q>(p*,3) by means of equation (29). According to this
equation

Q2p; - 0,5244; - 1,158) = Q" p; 0,5244; 1,158).

On scale Qj of graph 111 we find, that to the values bmnl = 2,07 and R* —
= 1,158 correspond the value Q\(p; 0,5244; 1,158) = 0,052 and therefore
<?2Po*3) = 0,052.

We proceed in the same way when using the other graphs. The calculated
values Qi(p*) and Q2(p*) are listed in columns (6) and (7) of Table II.

The operating characteristics L(p\p2 and L*(p\p2 and graphs Qi(p\p2)
resp. Qiiplp?) are on Fig. 5.
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Let us look mose closely at the shape of curves Q”p) and Q2(p)- While
the curve Q-,(p) attains the maximum values of 0,053 at the value p 0,0048,
the curve @,(p) attains the maximum value of 0,556 at the point p 0,0001
(the values of p are found by solving the modified equation (37) resp. (38).
The presence of an experimental error makes itself unfavourably felt, mainly
for the supplier, not only by increasing of the steepness of the operating cha-
racteristic L*(p) in comparison with the steepness of L(p) but also by the fact,
that even lots, containing a very small fraction of low-grade raw material
will be incorrectly assesed (approximately in 50% of all cases) as being of
sub-standard quality, due to the influence of a large experimental error.
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EinfluR des Versuchsfehlers auf die Wirksamkeit ton gewissen Verfahren fur die
Prifung von Massengitern. Die Arbeit befasst sich mit der theoretischen Untersuchung von
drei Kontrollmethoden mit Stichprohenentnahme fur die Prifung von Massengltern (Flus-
sigkeiten, Pulver u. dgl.). Der Einflull desVersuchsfehlers auf die Operations-Charakteristik wird
untersucht. Um die Wirksamkeit des Kontrollverfahrens genauer beschreiben zu kénnen
werden auBer den Operations-Charakteristiken noch die Kurven der Fehler erster und zweiter
Art eingefiihrt. Um die Berechnung der Punkte dieser Kurven zu erleichtern wurden
Nomogramme konstruiert.

Bo3peiicTBre OMbITHOW OLIMGKYU Ha 3PHEKTUBHOCTL CUCTEMbI KOHTPOAS OMPefe/eHHbIX
6ecthopMeHHbIX MaTepia /IoB. ABTOP B CBOEH CTaTbe PACCMATPUBAET TEOPUIO TPEX CHUCTEM KOHTPO/IS
0T60pa NpoB, KOTOpble UCMOJB3YIOT ANsi KOHTPAs 6eChOpMEHHBIX MaTePUaIoB (KUAKOCTM, Mo-
POLLKM U CXOXUE MaTepuasbl). AHaIM3NpPyeTCs BO3LENCTBME OMbITHOM OLLIMGKM HA OMepaTvBHYHO
XapaKTepUCTMKY. UTOObl MOXHO 6bIN0 Bbl TOUHEE ONMCcaTh 3N(EKTUBHOCT CUCTEMbI KOHTPOS,
KpOMe OnepaTMBHOM XapaKTepuCTUKM BBOAATCS KPUBbIE AMarpaMMbl OMbITHOW OLIMGKK NepBOro
BMa M BTOPOro Buga. [ns 0GMeryeHns BbIYMCNEHUS TOUEK 3TUX KPUBbIX aBTOPOM MOCTPOEHbI
COOTBETCTBYIOLLME HOMOTPAMMBbI.
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BEWEGUNG VON KORNER IN FLUSSIGEN
ODER GASFORMIGEN MEDIEN IM BEREICH
Re = 0,6 4- 800

S. PETHO*
KANDIDAT DER TECHN. WI1SS.

[Eingegangen am 3 Januar 1974]

Im Aufsatz sind die Bewegungsgleichungen fur Teilchen abgeleitet, die sich in
flussigem oder gasformigem Medium absetzen, wenn weder die Gesetze der laminaren,
noch der turbulenten Strémung gultig sind. Die Bewegungsgesetze der laminaren und
turbulenten Strémung wurden von J.'Finkey in seinem vor 50 Jahren erschienenen
Buche »Die wissenschaftlichen Grundlagen der nassen Erzaufbereitung« hergeleitet.

Es ist bekannt, dal im Stokesschen Bereich, d. h. bei Reynolds-Zahlen
0,6 zwischen dem Widerstandskoeffizienten des Mediums und der Reynolds-
Zahl die Beziehung

C (@]

fur Reynolds-Zahlen 30 Ins 300 nach Allen

10
€= = (2)
Rel?2
und fiur Re 800 die Beziehung
0,43
3
Re® (3)

bestehen.

Sucht man die auf die Endfallgeschwindigkeit eines Kornes bezogenen
Bewegungsgesetze fir den Bereich Re = 0,6 800, so wird es zweckméRig
sein, den Zusammenhang zwischen Widerstandskoeffizient und Reynolds-
Zahl auch im Bereich Re 0,6-i-30 bzw. Re = 300 ; 800 ahnlich den vor-
stehenden Formeln zu definieren, namlich als Quotienten aus einer Konstanten
und der Reynolds-Zahl mit einem bestimmten Exponenten:

1= - ' (4)
bzw.
~ Rel35

*Prof. br. S. Peths, Csabai Kapu 36, 3529 Miskolc, Hungary.
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A und C sind Konstanten, die durch Versuche [2] und mit Hilfe der Methode
der kleinsten Quadrate bestimmt wurden. Tafel | zeigt die Konstanten mit
den zugehodrigen Wertepaaren Re und c. Die Werte der Konstanten sind:
A = 23,06; B 11,06 und C = 4,49. Die Konstante B gilt fir den Bereich
30 < Re<C 300. die damit etwas groRer ist als der von Arten vorgeschlagene
W ert. Weiterhin enthdlt die Tafel die Gegenliberstellung der versuchsweise
ermittelten und der berechneten c-Werte, die praktisch voneinander nicht
abweichen.

Im Bild 1 sind Funktionen Ig ¢ =/ (lg Re) mit den angefilhrten Kon-
stanten fir die entsprechenden Re-Bereiche eingezeichnet. Weil die Wider-
standskraft Fk der mit der Geschwindigkeit v im Medium mit der Dichte y
absinkenden Kugel des Durchmessers d

v2 d2n

Fk=c¢
ng 4 6

ist, werden die speziellen Werte in den Re-Bereichen 0,6 —30; 30-~-300 und
300 ; 800 nach folgenden Formeln errechnet:

Aii
0,6 ... 30 891% yrV '3W 43 7
F — Bn n12,02 {dvin 8
8g
F300..800= ~ ~_ ym dv)si3 9
800 8g-'3y (dv) ()

Die Endfallgeschwindigkeiten vHsind entsprechend den W iderstandskraften
und dem Auftrieb

ra = 76-(6) y) (10)
folgende:
4 3/4 1/4 d 5/4
.30 — 3A y (n)
4 B 34
300 — 9 (12
~3B Yy /41'3

4 I 2/5 d 4/3
800 — g (13)

3C y Jum

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



BEWEGUNG VON KORNERN 393

Bild 1. lge= /(lg Re) fir die verschiedenen Re-Bereiche

Tafel |
Re-Zahlen und Widerslandskoeffizienten fiir verschiedene Re-Bereiche

06" rRe”™ 30 30 < ,Re” 300 300 ~ R e <, 800
23,06 11,06 4,49
Re A,%> Aevz Re Re1/s
1 2 3 4 5 6 7 8 9
30 2,045 (2,018)
0,8 33,8 26,8 40 1,735 1,749 300 0,684 (0,671)
1,0 27,6 23,1 50 1,540 1,564 400 0,612 0,609
2,0 14,9 14,5 60 1,398 1,428 500 0,563 0,566
4,0 8,32 9,15 70 1,295 1,322 600 0,526 0,532
6,0 6,05 6,98 80 1,213 1,237 700 0,498 0,506
8,0 4,89 5,77 920 1,148 1.166 800 0,488 0,484
10,0 4,15 4,97 100 1,092 1,106
20,0 2,62 3,13 200 0,806 0,764
30,0 2,045 2,388 300 0,684 0,639

Zur Bestimmung der Sinkgeschwindigkeit wéhrend der Beschleunigungs-
periode mufl die Differentialgleichung

m— =mg0—-Ft 14
it g (14)

geldst werden. In der Gleichung ist g0die Erdbeschleunigung in dem gegebenen
Medium:
a—y

80 8 7 (15)
0
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Unter Berlicksichtigung der beschriebenen Strémungswiderstdnde gilt in allen

drei Re-Bereichen

dv %
dt

bzw.

dv
= go
(»K)n

v0 sind die durch die Gleichungen (11), (12)
geschwindigkeiten. Der Exponent betrdgt fur

Re = 0,6 30 :n
«

Re = 30 4-300:n

Re = 300 4-800:n

(16)

dt. (17)

und (13) gegebenen Endfall-
die Re-Zahlen:

= 4/3,
= 3/2,

5/3.

Die Ldésung der Differentialgleichung fir n = 4/3 lautet:

13 arc tan

Fir t — 0 und V=

0 ist die Integrationskonstante C =

1/3

:g0G.e.3+ C- (18)

0 und somit ergibt

sich:
1/3
1
1 ¥ -’\OJ 1 \Y 3
0 — 3 10 In 1 (19)
go 4 [ 2 vo
Vo
Fur n = 3/2 lautet die Ldsung:
122 , 1”
1 Y > VT
2vn 1In "— Vo arc tan Vo
9 3
(20)
—go*0.. *t C.
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Die Integrationskonstante ist dann fir die Bedingungen t= 0 und

v = 0:
(21)
31/3
und es ergibt sich:
12
Vo
Ly 00 — 3 -2- 1L %
g 9 1+ + —
VO (22)
v 12
arc tan
313
Bei n = 5/3 gilt:
v W3 31 vVoo13 n
3voc — In 1- + -*-1 CcOS —— In 1- 2 cos —
5 vO) J 5 1 5 . D>) 5
2131 on: 13 Kyl 2/3
! ¥ cos—-——)_ln 1+ 2 COS§-—-mmn (S +
vo 5] ) 5 oo
!/3+ cos-?ﬂ- (23)
. 3n
+ = sin----- larc tan 3 +
»* 3n
+ COS —
. 9n 5
+ sm—é—larc tan an (— g0 *300 ... 800 "b ¢ -
Die Integrationskonstante ist:
! . 3n 71
C= 3vn' sin ----- arc tan cot-— +
5 5
(24)

. 9n 3n ! 2n
sin—= arc tan [y- = 3u0----0,5878
5 T 25
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und
' 1/3-
v
®{ . _ 05878 — In 1
go 1 2 - G -
13
+ — J0,30901In 1 1,6180
N lvo VO
vy 13 v 231
0,3090In 1 +0,6180 . (25)
1 gl Vo
0,8090
+ 0,9511 arc tan VO
0,5878
\1/3
0,3090
0,5878 arc tan
0,9511

Die Gleichungen (19), (22) und (25) ergeben die Funktionen t = f(v)
fir die entsprechenden Re-Bereiche. Die Funktionen v  f(t) lassen sich
aus denselben Gleichungen nicht explizite darstellen, da zwischen In- und
arc tan-Funktionen keine mathematische Beziehung besteht. Im Falle einer
Reihenentwicklung werden wegen der erforderlichen Genauigkeit auch die
Glieder héherer Ordnung bendtigt. Aus diesem Grunde lassen sich mit den
auf diese Weise zu entwickelnden Gleichungen die Geschwindigkeiten nicht
ausdricken. Deshalb kénnen auch die Beschleunigungen dv/dt als Funktion
der Zeit in geschlossener Form nicht dargestellt werden.

Zu Werten, die der Beschleunigung dv/dt verh&ltnisgleich sind, gelangt
man mit Hilfe einer numerischen LOsung. Zu den Verhdltnissen w = vjv0
lassen sich aus GIl. (16) die Beschleunigungsverhdltnisse

dv 1 Iy
(26)
dt  go

bzw. aus den Gin. (19), (22) und (25) die der seit Beginn der Bewegung ver-
strichenen Zeit T = g0 (tjv0) verhéltnisgleiche Werte bestimmen. Damit ist
das Beschleunignngsverlrdltnis gemaR Gleichung (26) als Funktion des-Zeit-
verhdltnis gemal T bekannt.

Zu Werten, die dem zurliickgelegten Weg

v dt (27)

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



BEWEGUNG VON KORNERN 397

Bild 2, 3, 4. Graphische Darstellung der der Geschwindigkeit, der Zeit der Beschleunigung
und dem zuriuckgelegten Weg verhdltnisgleichen Werte als Funktion des Zeitverhdltnisses
T = go */»

Bild 2. Re = 0,6 4- 30
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verhaltnisgleich sind, gelangt man durch folgende Uberlegung. Fixiert man
die Geschwindigkeit

V= v0——= vOw (28)
vO0
und die Zeit
VgT
. (29)
go
so wird s:
0 . Vv
s dr 0 wi-ol ie0) V0] (30)
go go - go go VO

Aus (30) ergibt sich der dem zuriuckgelegten Weg verhdaltnisgleiche Wert:

s P (31)
vl
Tafel Il zeigt die der Geschwindigkeit, der Zeit, der Beschleunigung

und dem zurickgelegten Weg verhdltnisgleichen Werte fir vorgegebene
Verhéltnisse r/r0.

Auf den Bildern 2, 3 und 4 sind die Daten der Tafeln in Abhé&ngigkeit
vom Zeitverhdltnis T = g0 tjv0 dargestellt.
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Tafel 11

Die der Zeit, der Beschleunigung und dem Weg verhéaltnisgleichen Werte fur
verschiedene Re-Bereiche

Ke 0,6 — 30 30—300 300—800

v got 1 dt 1 dt o 1dr

\O vo o dt vo vo o dt v* m go dt

1 2 3 4 5 6 7 8 9 10
0 0 1,0000 o 0 1,0000 o 0 1,0000 o

0,1 0,1020 09536 0,0051 0,1013 0,9684 0,0051 0,1008 0,9785 0,0050
0,2 0,2109 0,8830 0,0215 0,2075 0,9106 0,0210 0,2054 0,9316 0,0207
0,3 0,3297 0,7992 0,0512 0,3222 0,8257 0,0497 03165 0,8656  0,0485
0,4 0.4627 0,7053 0,0978 0,4482 0,7460 0,0938 0,4378 0,7829 0,0910
0,5 0,6158 0,6031 0,1666 0,5918 0,6465 0.1584 055742 0,6850 0,1523
0,6 0,7983 0,4939 0,2667 0,7617 055352 0,2518 0,7330 05732  0,2397
0,7 1,0288 03785 04169 0,9728 04143 0,3890 0,9295 0,4481 0,3674
0,8 1,3468 0,2573 0,6554 1,2618 0,2845 0,6058  1,1952 0,3106 0,5874
0,9 18797 0,1311 1,1084 1,7418 0,1462 1,0138  1,6325 0,611  0,9591
0,95 2,4061  0,0661 15950 2,2129 0,0741 1,4496 2,0587 0,0819  1,3533
0,97 2,7916  0,0398 19655 2,5564  0,0447 1,7793  2,3693  0,0494  1,6515
9,99 3.6183 0,0133 2,7750 3,3682 0,0150 2,5749 3.0324 0,0166 2,3014
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The Laws of Motion of a Solid Body for Reynolds Numbers between 0.6 and 800. —
The paper presents the laws of motion of a body descending in a gaseous or liquid medium if
in the laws of motion, neither of laminar nor of turbulent flow can be applied. These laws
have been deduced by Josef Finkey in his basic work “Die wissenschaftlichen Grundlagen der
nassen Erzaufbereitung”, published 50 years ago. In the solving of the differential equations
contained in the paper and in carrying out the calculation, the author has been aided by Mr.
Ivan Raisz, assistant professor, to whom he wishes to express his sincere thanks.

3aKOHbl [ABUMXEHWS TBEpPAOro Tena Mpu 3HayYeHUsX uucna PeilHonbAaca B npefenax
mexay 0,6 u 800. B cTaTbe NpuBefeHbl YpaBHEHWS [ABVXEHWA TBepAOro Tena, Morpyxaro-
Lerocs B rasoo6pasHyto UV XUAKYH Cpefy, Korja He [eiCTBUTENbHbI HU 3aKOHbI TYpOYeHT-
HOTO [BWKEHWUS MOTOKA, HW 3aKOHbl TAMUHAPHOTO ABWXKEHUSA MOTOKA. YPaBHEHUA [BUXeHWS
NamMWHAPHOro 1 Typ6yneHTHOro NOTOKOB BbiBefeHbl Voxethom PUHKEW B (hyHAaMeHTaIbHOM
Tpyde »Aun BucceHwadtimxeH MpyHanareH fep HacceH 3puagbepenTyHr« (HayyHble OCHOBBI
MOKPOVi pyAONOAroTOBKM), ony6ankoBaHHOM 50 fieT TOMy Hasag.
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KINEMATISCHE UNTERSUCHUNG DER AN DEN
SICH BERUHRENDEN FUACHENPAAREN
VERWIRKLICHTEN ZWANGSSYSTEME

B. KIRALY*
KANDIDAT DER TECHN. WISSENSCHAFTEN

[Eingegangen am 15. Dezember 1974]

Bei einem der in technischer Hinsicht wichtigsten Typen der holonomen Systeme
verwirklichen sich die Zwénge durch sich berihrende Flachenpaare, die an den starr
zu betrachtenden Kdrpern ausgestaltet sind. Die Arbeit beschéftigt sich mit der kine-
matischen Untersuchung solcher Zwangssysteme. Zuerst fihrt sie den Begriff des auf
einem einzigen Flachenpaar verwirklichten, sogenannten oberflachlichen Zwanges und
des zum einzigen Berihrungspunkt gehdrenden Elementarzwanges ein, dann ersetzt
sie das Zwangssystem durch ein solches System der Elementarzwénge, in dem die ein-
zelnen oberflachlichen Zwénge den voneinander linear unabh&ngigen Elementarzwén-
gen entsprechen. So kann man das auf den Geschwindigkeitszustand des holonomen

Systems bezlgliche Zwangsgleichungssystem auch in allgemeinen rdumlichen Fal-
len in gedréngter, fir die weiteren Untersuchungen geeigneter Matrizenform auf-
schreiben.

Bezeichnungen

Richtungsvektor aufgenommen auf der Wirkungslinie a des Elementarzwanges
Moment des zur Wirkungslinie a des Elementarzwanges gebundenen Vektors a, auf den
willkurlich gewdhlten Bezugspunkt A

Plicker-Vektor des Elementarzwanges, mit 6 Dimensionen (mit *: als Zeilenvektor auf-
geschrieben)

Matrix des oberflachlichen Zwanges

geometrische Kennzeichnung des Zwangssystems

Anzahl der zum System gehdrenden starren Kdrper mit unbekannten Geschwindigkeits-
zustand

Geschwindigkeitszustand-Vektor des jf-ten starren Korpers

Zeichen des j-ten starren Korpers

kinematische Kennzeichnung des Zwangssystems

Geschwindigkeit des zu Tj gebundenen Punktes A

Projektionsgeschwindigkeit des j-ten starren Korpers, gehorig zur (gerichteten) Wir-
kungslinie des Elementarzwanges a

Geschwindigkeitszustand-Vektor der starren Korper, deren Geschwindigkeitszustand
unbekannt ist

Matrix, konstruiert aus den Plicker-Vektoren der zum oberflachlichen Zwang gehdrigen
Elementarzwénge

Rang von Matrix I, bzw. G i

Winkelgeschwindigkeitsvektor des J-ten starren Korpers

1. Einleitung

Zahlreiche technische Konstruktionen sind bekannt, in denen
Kdrper mit verschiedenen Funktionen durch Berihrung der daran aus-
deten Oberflachen miteinander in Zwangsverbindung sind. Je eine solche

*Dr. B. Kira1y, Csabai kapu 34, H-3529 Miskolc, Ungarn
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Verbindung — abh&ngig von der Ausgestaltung der Oberflichen — kann die
unterschiedlichste Beschrdnkung fur die relative Bewegung der Kdrper bedeu-
ten. Diese Verbindungen haben eine sehr wichtige Rolle, besonders in der
Ausbildung und in der Funktion der sich bewegenden Konstruktionen (Me-
chanismen), sie sind jedoch bedeutungsvoll auch im Aufbau vieler ruhender
Konstruktionen.

Bei kinematischer Untersuchung solcher Zwangsverbindungen soll man
zuerst die beschrdnkende Wirkung der einzelnen sich beruhrenden Flachen-
paare, ausgelibt auf die relative Bewegung der entsprechenden zwei Kdrper,
klarstellen, sodann kann die Untersuchung des ganzen Zwangssystems folgen.
Auf dem Gebiet der technischen Anwendungen werden die Zwéange oft durch
solche speziell ausgebildete Fladchenpaare (Ebenen, Kreiszylinder, Kugeln,
Schraubenflachen) verwirklicht, bei denen man auf die relative Bewegung der
vorliegenden zwei Korper, beziehungsweise auf die beschrdnkende Wirkung
des Zwanges auch auf Grund der unmittelbaren Anschauung folgern kann.
W ahrscheinlich ist gerade dies ein Grund dafir, dall die ein solchesThema behan-
delnden Arbeiten (z. B. [1 -5]) die Zwangssysteme Uberwiegend aus solchen
speziellen Verbindungen (speziellen kinematischen Paaren) aufbauen und die
Moéglichkeit fur deren weitere Zerlegung nicht untersuchen. Um die zusammen-
gesetzten, rdumlichen Probleme leichter behandeln zu kdnnen, ist e§ doch
zweckmé&Rig, die GesetzmdaRigkeiten des zwischen den zwei Kdrpern auf-
tretenden Zwanges etwas eingehender, auch von anderer Seite zu unter-
suchen.

Die Arbeit fihrt den Begriff des Elementarzwanges ein, dann macht sie
eine solche Methode bekannt, die das Zwangssystem aus Elementarzwéngen
aufbaut, und mit ihrer Hilfe kann man die Zwangsgleichungen auf den Ge-
schwindigkeitszustand bezuglich so schreiben, da man aus diesen sowohl auf
die Aquivalenz der Zwangssysteme, als auf die Verhéltnisse der kinematischen
Bestimmtheit des Systems (beziehungsweise auf seinen Freiheitsgrad) auch
in allgemeinen, rdumlichen Féllen — eindeutig folgern kann [6].

Bei den Untersuchungen gehen wir von den nachfolgenden Vorausset-
zungen aus:

a) die zu untersuchende Konstruktion ersetzen wir mit einem aus endlich
vielen vollkommen starren Kdrpern bestehenden Modell,;

b) zwischen den Elementen des aus starren Kdrpern bestehenden Systems
ist eine solche holonome Zwangsverbindung, die mittels der auf diesen Kdérpern
ausgestalteten, sich berihrenden Fladchenpaare verwirklicht wird;

c) zu jedem einzelnen Bertdhrungspunkt der sich beriihrenden Flachen-
paare gehdrt nur eine gemeinsame oberflachliche Normale;

d) die aufdas Zwangssystem bezuglichen kinematischen Untersuchungen
verrichten wir in einer moglichen Lage des Systems, in bezug auf den momen-
tanen Geschwindigkeitszustand;
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e) die Zwénge sind zweiseitig, oder sie sind in der betreffenden
(im betreffenden Augenblick) in Betracht zu ziehende einseitige Zwénge.

Den auf dem einzigen Fldchenpaar verwirklichten (die Voraussetzungen
b) und c) befriedigenden) Zwang nennen wir oberflachlichen Zwang.

Zum SchluB ist es zweckmé&Rig zu erwdhnen, dal man die folgenden
kinematischen Untersuchungen auch auf die hinsichtlich der Geschwindigkeits-
koordinaten linearen anholonomen Zwangsverbindungen erweitern kann.

2. Der zwischen zwei starren Korpern verwirklichte
oberflachliche Zwang

Das an zwei starren Kdrpern ausgestaltete Fldchenpaar kann sich mit-
einander in einem einzigen Punkt, oder in mehr als einem — aber in endlich
vielen — Punkten, oder in unendlich vielen Punkten, z. B. entlang einem
Linien-, oder Flachenstiick berihren.

2.1 Im einfachsten Falle kommt die Berlithrung in einem einzigen Punkt
(auf dem Bild 1P) vor. Einen solchen oberflichlichen Zwang nennen wir
Elementarzwang. Die Uber den Beriihrungspunkt P durchgehende, gemeinsame
oberflachliche Normale ist die Wirkungslinie des Elementarzwanges (a). Diese
kann mit Hilfe des aus zugehdérigen Plicker-Koordinaten aufgebauten sechs-
dimensionalen Zeilenvektors

g~ = [a*; b*1l= [ax ay,a,, bx. by, bz] (1)

(g* ist der Transponierte des Spaltenvektors ga) in irgendeinem orthogonalen
Koordinatensystem x,y, z mit Einheitsvektoren gegeben werden,

Bild 1
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wo a = axi + (yj + a~k der Richtungsvektor der Wirkungslinie a ist (im allgemeinen ist es
zweckmadRBig, wenn |a | = 1);1i, j, k bedeuten die Einheitsvektoren des Koordinaten-
systems x9y, z;
b = bxi byj -f- bzk, das Moment des zur Wirkungslinie a gebundenen Vektors a, gerechnet
auf einen willkurlich gewadhlten Punkt A 4ist (man kann dieses auch in der Form
rapXa schreiben, wenn r*p der von Punkt A zu Punkt P gerichtete Ortsvektor ist).

Bei einem solchen Elementarzwang driuckt die auf den Geschwindigkeits-
zustand bezugliche Zwangsgleichung (die sogenannte Elementarzwangsglei-
chung) das aus, daB die auf die Wirkungslinie a des Elementarzwanges bezo-
genen Projektionsgeschwindigkeiten Va und vak des Berlhrungspunktes der
Korper Tj und Tk (und zugleich jedes auf der Wirkungslinie des Elementar-
zwanges liegenden Punktes) gleich sind, das heif3t

K j= V ok. (2)
Vorausgesetzt, dal Ja] = 1,
Va, = » vPj= a(yAj+ tajXrAP)= a\Aj+ hto;,

wo \pj die momentane Geschwindigkeit des Berihrungspunktes P des Korpers Tj ist;
Yoy = yj die momentane Geschwindigkeit des mit Punkt A zusammenfallenden Punktes
des Korpers Tj ist;
wj die momentane Winkelgeschwindigkeit des Kdorpers Tj ist.

Mit Hilfe der letzteren Quantitdten fihren wir jetzt den in Form eines sechs-
dimensionalen Spaltenvektors aufgeschriebenen Geschwindigkeitszustand-
Vektor

JX

o o ()

jz
des Korpers Tyein, dann auf dhnliche Weise den Vektor pfauf den Kdrper Tk.
So 14Rt sich die Gleichung (2) mit Beniitzung der Glu. (1), (3) und (4) in die Form

gaPy= gu P/ : (5)

oder in die auf eine Seite geordnete Form

gajP; + gpP/ = 0 (@%= - ¢*k= g% (6)

schreiben.
p- pAund g* sind auf denselben, sonst tvillkirlich wéahlbaren Punkt A
bezogen, d. h., sie bedeuten in denselben Punkt A reduzierte Vektorzweier.
Diejenigen Elementarzwédnge, die gemeinsame W irkungslinie haben,
bedeuten ebensolche Beschrdnkung hinsichtlich des Geschwindigkeitszustandes
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(gleichviel, wo der Berthrungspunkt P sich daran befindet). Deshalb ist der
sechsdimensionale Zeilenvektor g* nicht nur zur Kennzeichnung der Wirkungs-
linie des Elementarzwanges, sondern auch zur Kennzeichnung des Elementar-
zwanges selbst geeignet. Im weiteren nennen wir gj den Plicker- Vektor des
Elementarzwanges.

Im Interesse des Weiteren ist es schon hier zweckmdRig, auch solche
fiktive Elementarzwénge einzufuhren, deren Wirkungslinie irgendeine unend-
lich ferne Gerade des Raumes ist. In ihren Pllicker-Vektoren

g" = [a%; b*]

ista — 0 (und zweckmadRig [b | — I). Solche fiktive Elementarzwdnge nennen
wir Drehung behindernde Zwénge, weil die entsprechenden Zwangsgleichungen
nur auf die Winkelgeschwindigkeitskoordinaten der sich berihrenden Kdérper
Tj und Tk Beschrdnkungen bedeuten. Den Vektor b im Pliucker-Vektor des
Drehung behindernden Zwanges nennen wir den Richtungsvektor des Drehung

behindernden Zwanges. Dieser ist der Normalvektor jener Ebenen, deren unend-
lich ferne Gerade die Wirkungslinie des vorliegenden Elementarzwanges ist.

2.2 Untersuchen wir jetzt den Fall, wenn zwei Elemente des Flachen-

paares sich in endlich vielen (mehr als einem) Punkten (auf dem Bild 2
Pv P,, ..., Pm) berihren. Da sollen die zu Kdrpern T -und Tk geh6rigen
Projektionsgeschwindigkeiten auf die Wirkungslinie o, beziglich in jedem
einzelnen BerlGhrungspunkt P, (i -=1, 2, ..., M) gleich sein, d. h., man kann
je eine Elementarzwangsgleichung auf jeden von den Punkten P, schreiben.
So 1aRt sich ein solcher oberfldchlicher Zwang als ein aus M Stlicken bestehendes
System betrachten. Das den Zwang ausdriickende Gleichungssystem hat auf
Grund der Gin. (5), bzw. (6) die Form

g*Pi= g?P-» bzw. ofipj + gfkpk=0 (i=1,..., M), )
die sich auch in einer einzigen Matrixgleichung

Fhy=r-bzw. Ip,+ (—MN)p,=0 (8)

zusammenfassan laRt. Die Matrix

g
?
r= g
- gM -
in den Gin. (8) hat einen Typ M X6, d. h., sie hat M Zeilen und 6 Spalten. Wie

es bekannt ist, bedeutet der Rang einer Matrix die maximale Anzahl ihrer
voneinander linear unabhédngigen Zeilen (bzw. Spalten). Aus dem Aufbau
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Bild 2

der Matrix I folgt, dal ihr Rang g = p(I') zugleich auch die maximale Anzahl
jener zum betreffenden oberflachlichen Zwang gehdérenden Elementarzwénge
angibt, deren Wirkungslinien voneinander linear unabhdngige Geraden sind.
Solche Elementarzwdnge selbst nennen wir auch voneinander linear un-
abhangig. Offensichtlich kann g weder gréfer als M, noch als 6 sein. So soll
man zwei Félle voneinander unterscheiden:

a) wenn o= M (M <76), dann sind die zum oberfladchlichen Zwang
gehdrenden Elementarzwénge voneinander linear unabhéngig;

b) wenn g M, dann sind die zum oberflaichlichen Zwang gehdrenden
Elementarzwédnge voneinander linear nicht unabhédngig, d. h. sie sind linear
zusammenhéngend.

In diesem letzteren Fall ist die Folge der Erfillung der voneinander
linear unabhdngigen g Gleichungen auch die Erfillung der restlichen M — g
Gleichungen wegen der Linearitdt der Gin. (7). Deshalb &ndert sich in solchen
Féllen die beschrdnkende Wirkung des auf den Geschwindigkeitszustand
bezogenen Zwanges mit Weglassen der erwédhnten M — g Gleichungen nicht,
auch dann nicht, wenn wir die entsprechende Elementarzwé&nge weglassen.
So brauchen wir im Falle b) zur Kennzeichnung des originalen oberfldchlichen
Zwanges statt der Matrix ' im weiteren die Matrix

G= ©)

die die Plicker-Vektoren der — voneinander linear unabh&dngigen — Elemen-
tarzwdnge mit maximaler Anzahl in ihren Zeilen enthdlt. Da von den zu einem
oberflachlichen Zwang gehdrenden Elementarzwédngen hdéchstens sechs von-
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einander linear unabhédngig sein kénnen, so kann auch die Matrix G nicht mehr
als sechs Zeilen haben. (Natirlich ist im Falle a) G = [.) Die Matrix G nennen
wir die Matrix des oberflachlichen Zwanges.

2.3 Im dritten Falle berthrt sich das an zwei starren Kdérpern ausgestal-
tete Flachenpaar in unendlich vielen Punkten — meistens entlang eines Linien-,
oder Flachenstiickes (Bild 3) — miteinander. Auch in solchen Fé&llen gehort

zu jedem Berthrungspunkt ein Elementarzwang, dessen Wirkungslinie mit
der oberflachlichen Normalen zusammenfdllt. So kann man den vorliegenden
oberflachlichen Zwang als System der unendlich vielen Elementarzwénge
betrachten. Diese Elementarzwénge sind immer linear zusammenhéngend.
Auf dhnliche Weise, wie im Falle b) des Punktes 2.2 ist es auch hier gentgend,
von den unendlich vielen Elementarzwéngen eine solche Gruppe der Elemen-
tarzwénge auszuwdhlen, die die — voneinander linear unabhdngigen — Ele-
mentarzwénge mit groftmaoglichster Anzahl genthdlt. Dies bedeutet zugleich,
dal s&mtliche weitere Elementarzwdnge von den zur ausgewdhlten Gruppe
gehdrenden Elementarzwéngen schon linear abhdngen. Aus den Plicker-Vek-
toren dieser q Elementarzwénge kann die auf die Kennzeichung des vorliegen-
den oberflachlichen Zwanges geeignete Matrix G von Form (9) geschrieben
werden, die wir auch hier die Matrix des oberflachlichen Zwanges nennen.

3. Die Aquivalenz der oberflichlichen Zwéange

Die oberflachlichen Zwé&nge — von der Ausgestaltung der sich berlhren-
den Oberflachen abhdngig — kodnnen sehr vielfédltig sein. Im Interesse eines
leichteren Uberblickes und leichterer Manipulation lassen sich diese auch von
mehreren Gesichtspunkten vergleichen. Im folgenden mdéchten wir die ver-
schiedenen oberflachlichen Zwdange von jenem Gesichtspunkt aus vergleichen,
welche auf den relativen Geschwindigkeitszustand der anschlieBenden zwei
starren Korper gleiche Beschrdnkung bedeuten. Die Einflihrung der Elemen-
tarzwédnge erleichtert diesen Vergleich und macht sie wesentlich Ubersicht-
licher.

Auf dieselben zwei starren Kodrper bezogene zwei verschiedene ober-
flachliche Zwé&nge nennen wir dann miteinander dquivalent, wenn diese gleiche
Beschrdnkung auf den relativen Geschwindigkeitszustand der zwei Kdrper
bedeuten, d. h., wenn die entsprechenden (auf den Geschwindigkeitszustand
bezogenen) Zwangsgleichungssysteme &quivalent sind. Dies besteht dann,
wenn sédmtliche Ldsungen des einem oberflachlichen Zwang entsprechenden
Gleichungssystems — gegenseitig — auch das zum anderen gehdrende Zwangs-
gleichungssystem befriedigen.

Im Punkt 2 haben wir schon gesehen, dal die oberflachlichen Zwé&nge
sich durch den Pliicker-Vektor eines einzigen Elementarzwanges, oder durch
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eine aus Plucker-Vektoren mehrerer (aber héchstens sechs) Elementarzwéange
aufgebaute Matrix (durch die Matrix des oberflachlichen Zwanges) charakte-
risieren 14Rt, abhdngig davon, ob die Berlhrung in einem Punkt, oder in
mehreren Punkten verwirklicht wird. Auf Grund der obigen Definition 4Rt
sich folglich auch das ausdriicken, daBR jeder oberflaichliche Zwang mit
hochstens sechs — voneinander linear unabh&ngigen — Elementarzwéngen
&dquivalent ist.

Wenn wir von zwei verschiedenen oberflachlichen Zwangen bestimmen
wollen, ob sie &quivalent sind, oder nicht, dann ist es zweckmé&Rig diese Unter-
suchung in den folgenden Schritten durchzufuhren. Zuerst ersetzen wir die
originalen oberflachlichen Zwéange durch das System der zugehdrigen Elemen-
tarzwénge, dann lassen wir von diesem alle Elementarzwénge weg, die von den
restlichen schon linear abhdngen. Damit ersetzen wir die einzelnen oberflach-
lichen Zwénge durch voneinander linear unabhdngige Elementarzwénge.
Im folgenden Schritt soll man die so erhaltenen zwei Systeme der Elementar-
zwénge vergleichen. Zwei auf dieselben zwei starren Kdrper bezogene ober-
flachliche Zwénge sind dann und nur dann miteinander &quivalent, wenn gegen-
seitig jeder zu einem oberflachlichen Zwang gehdrige Elementarzwang von
den zum anderen oberflachlichen Zwang gehdérigen Elementarzwdngen linear
abhangig ist. Damit haben wir die Untersuchung der Aquivalenz der ober-
flachlichen Zwénge zum Problem der linear zusammenhdngenden Geraden
reduziert, was schon leichter zu Uberblicken ist. Dies bedeutet eine gute Hilfe
auch beim Schreiben der Zwangsgleichung, und so kénnen wir auch dariuber
einen Uberblick bekommen, welche weitere Matrizen statt der fir die Kenn-
zeichnung der einzelnen oberflachlichen Zwé&nge eingefiihrten Matrix G brauch-
bar sind, bzw., wie wir zu den einfachsten Ausdriicken gelangen.

Im nachfolgenden werden einige Spezialfélle als Beispiel — die einfache
Beweisfilhrung weglassend — fiir Aquivalenz der aus Elementarzwéingen
bestehenden Systeme, bzw. der oberflachlichen Zwdnge angefihrt.

a) Zwei verschiedene Elementarzwénge (055a2) mit sich in einem gemein-
samen Punkt P schneidenden (und in einer gemeinsamen Ebene S liegenden)
W irkungslinien sind &quivalent

— mit zwei, oder mehr, beliebigen, verschiedenen Elementarzwéngen,
deren Wirkungslinien (z. B. a[, a% aj) sich an den Punkt P und an die Ebene S
fugen (Bild 4);

mit einem oberflachlichen Zwang mit einem entlang einer Kreislinie
sich berihrenden — aus einem Kreiszylinder und einer Kugel bestehenden —
Flachenpaar, wenn der Mittelpunkt der Kreislinie P, und ihre Ebene S ist
(Bild 5).

b) Drei Elementarzwdnge (auf Bild 6 av a2 a3) mit sich in einem gemein-
samen Punkt P schneidenden, nicht in einer gemeinsamen Ebene liegenden
Wirkungslinien sind &quivalent
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Rild 6

— mit drei, oder mehr, beliebigen Elementarzwé&ngen, deren Wirkungs-
linien (z. B. a{, «a, a@3. a[) sich an den Punkt P fligen und die nicht kompla-

nar sind;
- mit oberflachlichem Zwang eines Kugelgelenkes, wenn der Mittel-

punkt der Kugel P ist.
c) Zwei die Ebene S bestimmende Elementarzwédnge mit parallelen

Wirkungslinien (auf Bild 7 av a2 sind dquivalent
— mit zwei, oder mehr, beliebigen, verschiedenen Elementarzwéngen,
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deren Wirkungslinien (z. B. a(, ai, ai) sich an die Ebene fugen und die mit
den Wirkungslinien der zwei originalen Elementarzw &nge parallel sind;

— mit einem Elementarzwang (a)) und einem Drehung behindernden
Zwang (bi"), vorausgesetzt, daR die Wirkungslinie des Elementarzwanges sich
an die Ebene S figt und die mit den Wirkungslinien der originalen Elementar-
zwénge parallel ist, doch der Richtungsvektor des Drehung behindernden
Zwanges auf die Ebene S normal ist:

mit einem oberflachlichen Zwang mit einem entlang einem geraden
Linienstlick sich berihrenden — aus einer Ebene £ und einem Kreiszylinder ®
(oder aus einem Kegel) bestehenden — Flachenpaar, wenn das gerade Linien-
stick sich an die Ebene S fiigt, und die Ebene £ auf die Wirkungslinien der
originalen Elementarzwénge normal ist.

d) Drei Elementarzwdnge (auf Bild 8 av a2 a3) mit parallelen, nicht in
gemeinsamer Ebene liegenden Wirkungslinien sind dquivalent

— mit drei, oder mehr, beliebigen Elementarzwdngen, deren Wirkungs-
linien (z. B. a(, ab, a3, a4, a() mit den Wirkungslinien der originalen Elementar-
zwénge parallel und nicht komplanar sind;

— mit einem Elementarzwang (a)") und mit zwei Drehung behindernden
Zwangen (b8, bj), wenn die Wirkungslinie des Elementarzwanges mit den Wir-
kungslinien der originalen Elementarzwénge parallel ist, doch die zwrei ver-
schiedenen Richtungsvektoren der Drehung behindernden Zwdange darauf
normal sind;

— mit einem oberflachlichen Zwang mit einem entlang einem ebenen
Elédchenstlick (£) sich berihrenden Fl&dchenpaar, wenn die ebene Flache auf
die Wirkungslinien der originalen Elementarzwdnge normal ist.
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4. Die Kennzeichnungen des an den sich berihrenden Fladchenpaaren
verwirklichten Zwangssystems, die Matrixgleichung des Zwangssystems

Jedes solche — aus starren Kdrpern bestehende — holonome System
1aRt sich als System oberflachlicher Zwénge untersuchen, wo die Zwénge
infolge der Berihrung der an den starren Kdrpern ausgebildeten Oberflachen
sich verwirklichen. Die Kennzeichnung und die mathematische Beschreibung
eines solchen Zwangssystems kann sich durch Zusammenfassung der Matrizen
mit Aufbau (9) der einzelnen oberflachlichen Zwénge (Punkt 2.2) in eine
einzige Matrix ereignen. Von dieser Matrix erfordern wir aber auch, dal mit
ihrer Hilfe die Matrixgleichung des Zwangssystems unmittelbar aufschreib-
bar sei.

Im Falle der mit aus starren Kdérpern bestehendem System modellierten,
sich bewegenden Konstruktionen (Mechanismen) ist es zweckmalRig, zum Auf-
schreiben der auf den Geschwindigkeitszustand bezogenen Zwangsgleichungen
im allgemeinen die Kdrper in zwei Gruppen aufzuteilen, je nachdem, ob deren
Geschwindigkeitszustand unbekannt (gesucht), oder bekannt (vorgeschrieben)
ist. Von den vorgeschriebenen Geschwindigkeitszustdnden soll man natirlich
voraussetzen, dall diese mit den unter ihnen vorhandenen oberflachlichen
Zwéangen nicht in Widerspruch sind (dies 1aBt sich erforderlichenfalls auch
kontrollieren). Bei Untersuchung — gerichtet in erster Reihe auf die Klar-
stellung der Frage der kinematischen Bestimmtheit — der ruhenden Konstruk-
tionen kann meistens nur der Geschwindigkeitszustand jenes einzigen in Ruhe
stehenden Kdrpers als bekannt angenommen werden, woran das Koordinaten-
system gebunden ist, aber die Ubrigen Geschwindigkeitszustdnde sind unbe-
kannt.

Bezeichnen wir die Anzahl der zum System gehdrenden starren Kdrper
mit unbekannten Geschwindigkeitszustinden mit N. Der Geschwindigkeits-
zustand dieser Korper laBt sich in irgendeinem Koordinatensystem x,y, z
insgesamt mit 6N Geschwindigkeits-, bzw. Winkelgeschwindigkeitskoordinaten
angeben, was auch in der Form eines einzigen, 61VV-dimensionalen Spaltenvektors
schreibbar ist. Diesen unbekannten Geschwindigkeitszustand-Vektor bezeich-
nen wir mit

Pi
P2
W =
1Pnl
wo py der Geschwindigkeitszustand-Vektor des y-ten Kdrpers nach (4) ist
(y=1,2,..., IV). SchlieBlich kann die auf w bezogene Zwangsgleichung immer
in die Matrixgleichung
Hw =u (10)
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geschrieben werden, wo die Matrix H das geometrische Kennzeichen und u das
kinematische Kennzeichen des Zwangssystems ist.

Aus obenstehendem folgt, dal in Matrix H die geometrischen Matrizen
aller solchen oberflachlichen Zwé&nge auftreten sollen, welche mit einem Kdrper
mit unbekanntem Geschwindigkeitszustand in Verbindung stehen. Es ist
zweckmé&Rig, die Matrix H auf solche Art aufgeteilt zu schreiben, daR jede
einzelne Blockzeile je einem oberflachlichen Zwang, aber jede einzelne Block-
spalte je einem Kdérper mit unbekanntem Geschwindigkeitszustand entsprechen
soll (Bild 9). So haben samtliche (N Sticke) Blocke in der i-ten Blockzeile
einen Typ QiX6, wenn g, die gréfRte Anzahl der voneinander linear unabhdn-

gigen Elementarzwénge ist (dies kann niemals gréRer als sechs sein). Da ein
oberfldchlicher Zwang immer zu zwei Kdrpern gehdrt, stehen zwei von Null
abweichende Blocke in jeder solchen Blockzeile der Matrix H, die einem
zwischen zwei Kdrpern mit unbekanntem Geschwindigkeitszustand auftreten-
den oberflachlichen Zwang entspricht (die anderen sind Nullblécke). Dagegen
steht nur ein vonNidl abweichender Block in der Blockzeile des oberflachlichen
Zwanges zwischen einem Kdrper mit bekanntem und einem mit unbekanntem
Geschwindigkeitszustand. Die von Null abweichenden Blécke stimmen mit den
M atrizen der entsprechenden oberfldchlichen Zwénge Uberein. Wenn in einer
Zeile zwei solche stehen, sind diese voneinander — geméaf (8) — nur im Vor-
zeichen verschieden.

Danach kommen wir auf die Bedeutung des Vektors u, auf die Bestim-
mung der kinematischen Kennzeichnung des Zwangssystems. Ahnlich wie beim
Geschwindigkeitszustand-Vektor w, fassen wir den Geschwindigkeitszustand-
Vektor jener Korper mit bekannten (vorgeschriebenen) Geschwindigkeits-
zustdnden in den Spaltenvektor wn zusammen, die eine unmittelbar in Form
oberflachlichen Zwanges verwirklichte Verbindung mit den Kd&rpern mit
unbekanntem Geschwindigkeitszustand haben. Mit Hilfe des so definierten
Vektors wnlaRt sich das kinematische Kennzeichen u des Zwangssystems aus
der Matrixgleichung

u= Howa
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berechnen, wo Huim Aufbau der Matrix H &hnlich ist; die Blockzeilen von H ¢
nacheinander zu denselben oberflachlichen Zwdangen geh6ren, wie die ent-
sprechenden Blockzeilen der Matrix H, aber die Blockspalten von HO den
Korpern mit bekannten Geschwindigkeitszustdnden entsprechen. HO enthélt
in jeder solchen Rlockzeile auch nur einen Block, wo H nur einen von Null
abweichenden Block enthalt, und zwar einen mit vorstehendem {bereinstim-
menden. Dagegen enthdlt H (keinen einzigen in jenen Blockzeilen (d. h. nur
Nullblécke), woHje zwei von Null abweichende Blécke enthélt. So bedeuten
die im Spaltenvektor u zusammengefalliten Quantitdten — nach und nach —
die zum entsprechenden oberflachlichen Zwang gehdrenden, auf die Wir-
kungslinien der voneinander linear unabhdngigen Elementarzwdnge bezo-
genen Projektionsgeschwindigkeiten der Kdrper mit bekannten Geschwindig-
keitszustanden.

Die kinematische Untersuchung jedes an den sieh berihrenden Flachen-
paaren verwirklichten Zwangssystems |48t sich zufolge des Obenstehenden
immer auf die Untersuchung eines solchen Systems der Elementarzwénge
zurlckfihren, bei dem zu einzelnen oberflachlichen Zwd&angen voneinander
linear unabhéngige Elcmentarzwénge gehdren. Auf Grund weiterer — auf
die Theorie der linearen Gleichungssysteme sich stitzenden — Untersuchung
der Matrix gleichung von Form (10) eines solchen Zwangssystems kann man
eindeutige Bedingungen fur die Existenz und auch fir die Eindeutigkeit
der Ldésung gewinnen.

SCHRIFTTUM

1. Autorenkollektiv: Getriebetechnik, VEB Verlag Technik, Berlin, 1968

2. Kotcsin, N. l.: Mechanika masin 1. lzd. Masinostroenie, Leningrad 1971

3. Kozevnikov, S. N.: Teorija mechanizmov i masin. lzd. Masinostroenie, Moskva 1973

4. Prentis, J. M. Dynamics of Mechanical Systems, Longman Group Ltd., London 1970

5.Waldron, K. J.: A Study of Overconstrained linkage Geometry by Solution of Closure
Equations. Part 1. Method of Study. Mechanism and Machine Theory, 8 (1973), No. 1,
95 —104

6. Kiraty, B.: Merev testekb@l &ll6 holonom rendszer sebességallapota, kényszerrendszere
és kinematikai hatarozottsdga (Der Geschwindigkeitszustand, das Zwangssystem und
die kinematische Bestimmtheit des aus starren Korpern bestehenden, holonomen
Systems). Kandidaturarbeit, 1972

Kinematic Examination of Constraint Systems Realized on Pairs of Surfaces in Contact.
From the technical point of view at one of the most important types of holonomie systems the
constraints are realized on pairs of surfaces in contact which are formed on rigid bodies. This
paper deals with the kinematic examination of such constraint systems. Firstly it initiates
the idea of surface constraint which is realized on a single pair of surfaces and the idea of
elementary constraint belonging to one contact point, and then it replaces the constraint
system by a system of elementary constraints in which each surface constraint corresponds to
elementary constraints linearly independent of each other. In this way the set of constraint
equations concerning the speed state of a holonomie system — also in general space cases —
can be expressed in a concise matrix form which is suitable for further examinations.
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KuHemaTnyecKoe MccefoBaHe CUCTEM CBSA3el, OCYLLIECTB/IEHHBIX MO Napam KOHTaKTHbIX
ApYr C [pyroM roBEpXHOCTEM. W3 TEXHUYECKOWH TOUKW 3peHUs Y OfHOTO U3 BaXHeWLInMX
TWM TOMOHOMHBIX CUCTEM CBS3U OCYLLECTBASIOTCS MO NMapaM KOHTAKTHbIX MOBEPXHOCTEN XECT-
Kux Ten. Ta paboTa 3aHMMAeTCA KMHEMAaTM4YeCKMM WCCefOBaHMEM TaKMX CUCTEM CBA3eN.
Cnepsa BBOAMTCA Wes MOBEPXHOCTHOW CBA3W, OCYLIECTB/IEHHOW NpU eVHCTBEHHON nape
MOBEPXHOCTeN M Wfes 3NeMeHTapHoi CBA3N, NMpUHaAnexalleidl K OAHOMY MYHKTY KacaHWA.
[anee cucTema CBA3ell 3aMeHsETCA TaKo/ CUCTEMON 3nleMeHTapHbIX CBA3ei, y KOTopoii B OT-
A€NbHOV MOBEPXHOCTHON CBA3M 3eMEHTapHbIe CBA3N NNHEHO He3aBMCWMbI ApYr OT Apyra.
Takum_06pa3oM CUCTeMY ypaBHEHWI CBA3el, OTHOCALLYKOCS K CKOPOCTHOMY COCTOSIHWKO FONO-
HOMHOI CUCTEMbI — 1 B O6LUMX MPOCTPAHCTBEHHbLIX Cy4asiXx — MOXHO BbIPasuThb B CKATOA,
MoAXOAALLEN K AaNbHENLUIMM UCCNefOBaHMSM MaTPUYHON (opMe.
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THE NEAR FIELD OF FLAT ACOUSTIC RADIATORS*

D. GAAL**

[Manuscript received April 13, 1975]

The paper investigates the near field of plane radiators in an infinite wall,
using a new mathematical approach. The method consists of a hitherto unknown
series expansion of the Sommerfeld-King integral and of a coordinate transformation
of the Green’s function. Using the new method the author solves mathematically
also the problem of the sound field of the plane radiators working in a finite circu-
lar baffle.

1. Introduction

Numerous papers on acoustics deal witli the sound field generated by
plane radiators. But the mathematically formulated results presented in the
papers are not suitable for immediate numerical calculation near the radiator,
not even in the most simple cases. Even in the most commonly known case
and at the same time the most simple one (the radiating piston in the infinite
rigid wall) the sound field can be calculated (with the aid of tables of functions)
only in the axis of symmetry and in the plane of the radiator. Already the
sound pressure at a general point of the field is given by an improper integral
to be evaluated by a computer. Let us remember here that Stenzel [1] has
numerically determined the acoustic field in the proximity of the piston (by
double infinite series) but that he did not deduce relations for the sound
pressure in an arbitrary point of the field with predetermined accuracy.
This was probably prevented just by the mathematical apparatus chosen
by Stenzel.

For the acoustic pressure of tin- plane radiator working in a finite rigid
wall no mathematical formulation xvhatsoever is known, even for the most
simple velocity distribution (rigid piston). Let us mention that Pachner’s
paper [2] which from the outset exludes the near field, is based on an incor-
rectly evaluated improper integral. The limit case (piston radiating without
baffle) is treated with strong neglections by Sommerfetd [3], while Sil-
biger [4], investigating the radiation of the ellipsoid of rotation and then

* Detailed report on the lectures delivered at the 8th International Conference on Acous-
tics (ICA), London and at the 5th Hungarian Conference on Acoustics.
** Gaal D., Dolgozé u. 2, H-1184 Budapest, Hungary.
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reducing the big axis to zero obtains a correct result for the sound field
of the freely radiating piston.

The first aim of the present paper is to deduce for the plane radiator
in an infinite rigid baffle with rotationally symmetrical velocity distribution,
relations permitting directly computing (with the aid of tables of functions)
and with predetermined accuracy the acoustic pressure at an arbitrarily
small distance from the radiator and in any direction from the axis of sym-
metry. The need for deducing these relations for the near field is justified
by the fact that they permit quasi to dimension the sound field also in cases
where the observation measuring point is notin the far field. (In decent-
ralized sound-systems the ear ofthe hearer is often very near to the sound
source.) A further aim of the paper is to give in some kind of mathematical
form the acoustic pressure, also for the finite baffles which provide much
better approximations for practical purposes, even if the deduced relation
can be evaluated only by a computerized method.

2. Some mathematical theorems

For deducing the results mentioned in the introduction the following
mathematical theorems will be used; but, their detailed proof will be omitted.

2.1. The solution of the Dirichlet problem for the half-space limited by
the infinite plane

If the pressure on the surface S is given — while the time ratio of change
of the pressure is determined by the factor eJit the solution of the Dirichlet
problem for the part of the space |z |> 0 can be given as follows [5] (with
the notations of Fig. 1):

9C'(A,, R2
p(rny) = J!_Jo_ Pn(r) (92” ) - mrmir «dtp (2.1.1)

where
p(rAy) is the sound pressure in the space part jz]> 0
p Q(r) is the sound pressure in the plane of the source
G(iR,, R2 is the Green’s function for the half-space,
complying with the boundary conditions
ro is the radius of the plane radiator.

Naturally, expression (2.1.1) is valid only if we succeed in determining
the Green’s function G'(RLR2) in such a way that its value is zero in the
plane S(z0= 0). Considering that the Green’s function is also proportional
to the sound field complying with the boundary conditions created by the
point source (point radiator) or point sources, G'(RI,R2 can be assumed as
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Fig. 1. System of coordinates for deducing the Green’s function in the space part |z | > 0

being:
B~jkR 1 B— r

G'(RVR,) (2.1.2)
\n\RI Anr2
where
K = ojjc = 2tr/A is the wave number
0) is the angular frequency
¢ is the velocity of the propagation of sound
A is the wavelength.

The Green’s function according to (2.1.2) has been obtained, by taking into
consideration Fig. 1, and placing point radiators of intensity g and q,
respectively, on both sides of the plane S at identical distances z0. If, now,
in Eq. (2.1.2) 1z01—»0, then Rt—=R as well as R2—&R, and G'(RLR2 —»0.
But it easy to recognize from the character of the plane problem that
"3G' " [C) B—]-kRI [ ]er IC) e~JkR 9G
9r0.2.=0 3z0 4nR1 41zR 2 2=0 3z 2nR 3z

Taking this into consideration, (2.1.1) can he written as follows:

pn7y=1 | pol/l m-r-dr-dcp- (2.1.3)

Jo Jo

Eq. (2.1.3) was originally established by Rayleigh, but in deducing it he,
of course, followed another train of thought. Subsequently it will be assumed
that owing to the properties of pQr) and G the order of the differentiation
with respect to z and of the surface integration in (2.1.3) can be inter-
changed, i.e.

P(ri>y)=1M I Po(r) ‘G(R) -r- dr- dcp. (2.1.4)
Jo Jo

In the calculations relation (2.1.4) shall always be used.
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2.2 Shifting the origin of the coordinate system of the Green’s function

If, in Eq. (2.1.4) p O(r) is continuous along the whole range 0 r 00,
or if it is a function with a finite number of discontinuities or distribution
(Heaviside function, Dirac delta, etc.) defined by an integral transformation
which is univocally characterized by the integral transformation itself also
for the range 0 < r < o0 - then according to Figs 1 and 2, (2.1.4) can also
be written as:

c) ran iCC 0 reo B
P(ry) P,.(r) sG{R) mr mdr mcp” — PoiQi) ' Gi r ') sr2mir2dtp,
3z Jo Jo 3r Jo Jo
or else
r-y) = — F | Po(ve2+ 1 Ppr2ecos d
pr-y) 0Z Jo Jo (

(2.2.1)
exp ( jk \'ri + 22)
m2edr., mdrp.
2n Yr|+ 22

Thus, in Eq. (2.2.1), p0and G are given in co-ordinate systems with different
origins, as opposed to (2.1.4). It will appear that using (2.2.1) considerably
simplifies the calculations.

Fig. 2. System of coordinates for the transformation of coordinates of the Green’s function

2.3 Series expansion of the Sommerfeld King integral for 2= 0

Sommerfeld and King [6] have deduced for the surface integral of
the free-field of Green’s function the following integral formula:

r,, n2n e-jkR _
 wir -dcp mrlC exp( z]r2—k2

) )
JoJo 4R 2 70 - K2 =-Live)-JAm,)-Jp-
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Let us separate in the right-hand side of this equation the real and the
imaginary parts in case 2 = 0. Then

7

) . .. o b
| v, JoJowe) .Junro)zlv == he + jhm >
or
lim= ——j’ JO(&p esin #) «Ji{kr0-sind)-dd; (2.3.1)
2Jo
lre= — | JOKkg ecoshu) mix(krOecos/w) mdu (2.3.2)
2Jo
where J nis the zeroth-order Bessel function, the first-order Bessel function.

In the above two expressions the transformation rj/k = sin d and rj/k = coshu
have been introduced.
For the imaginary part let us apply the expansion [7]

JO(kgmsin & 2 gndn ks c0s(2n&)

n-0

where en- 1 if n= 0 and en= 2 if n 0; and using furthermore the
integral [8]

) 7 kr,,
esin #) ecos (2nd) «dd ) (-1)4  +i 5
one gets
y m2 @
hm=  f 2 £n( ITJi(krQ-smo)-n cos (2nd) mdl)
2J0 n=0
(2.3.3)
hhh jgen~1)wx g K g kr:
4

Because in Eq. (2.3.3) the series under the integral sign uniformly converges
with respect to d, the term-wise integration was justified.

For the real part the integral representation of Jn and J1is consid-
ered [9]:

. 2 172 .
J O(kg «cosl/ifi) = — cos (kg mcoshu msin y) dy ;
230
2 A2 A
(krOmcoshu) = — sin (krOecoshu msin O) *sin 6 md6 .
mi 0
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Inserting them into (2.3.2,)

r,, ree '2 M2

cos (kg mcoshu esiny) «dy

|re
2Jo .n 5o

rz maz . . .
- sin (krnmcoshu msin d) sin d«d6 mdu .

_7tJ 0

respect to y and d uniformly

In the above expressions the integrals with
therefore, the order of integrations can he inter-

converge for 0 <[ a 0o,

changed, hence,
r M 2 M 2 1»CO
lre= —1 dy d6 e {sin [(fcg *sin y -|- krgmsin d) ecos/w]
N2J0 Jo Jo
—sin [(kp esiny  kr0Oesin d) ecoshu]} e sind e du.

Now let us consider here another integral representation of Jg [10],

Jo(x) o sin (m eccshu) mdu .

W ith this, the real part takes the following form:

r M 2 M2

[JO(kg esiny + kr(msin d)

—JO(kgmsiny  krQOesind)] ¢sind «db mdy .

Applying the following addition at theorem 111],

J(x xy) — " en(=F 1)" «Jn(x) mJn(y)

we get
0 2M2 “
Ire = oom Ng,32i (KQ 'siny) «J Itl(krg-sin d) «sin d «d0 mdy .
n Jo Jo 11-0

Because of the uniform convergence of the above series, with the aid of the

integrals [12], [13]

M Ji
2Jin(kg-siny)-dy: -, f;p

0
<o

1.Jn+I2J 2,

f»|2 ) #
J 2n(kr0-sind)-sind-dd=
2 2

Jo
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the series can be integrated termwise and finally

k
7l g (2.3.4)
4 2
Also considering that [14]
MO () < - D)) y A (_)+i(r)
then from (2.3.3) and (2.3.4)
kg krn . ler,,
4 1re j*4 nl/ogn-ﬁ] ) *J..1 ) H((ri-X)+i (2.3.5)

is obtained.
Thus, (2.3.5) provides the series expansion of the Sommerfeld King
integral for r = 0. Hence,

, chj
I = «JATN) m (2.3.6)
ot @ kr) kro
_ e -p J 1 N+
4" T (2) T (0D
where is the Hankel function of the first kind.

The series (2.3.6) is uniformly convergent in the range 0 <7 kg < oo for
the values 0 < krn< oo. Furthermore, every member of the series dis-
appears in theinfinite as the function 1/kg . These properties make it possible
to deduce, with the aid of the series (2.3.6), a relatively simple and easily
surveyed formulae for the near field of the plane radiator in an infinite
rigid wall.

In the further calculations the derivative with respect to r0 of the
series (2.3.6) is needed, this is as follows:

dl d . ar]
dro  drn ~2 Jjo Mve) I.Jl(nro),7s7:T 2
tWAL vy I5| kg
X
2 Jo STk V@ n—oEX n 2
krn kr,o ; krn
X Jin-l) Ay, ) H® (2.3.7)
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3. The sound field of the circular line radiator

In order to determine the sound field of a plane radiator with some
rotationally symmetrical velocity distribution, as a first step let us calculate
the sound field of the circular line radiator. For the sake of uniform treatment
the mathematical theorems of Chapter 2 will be used, as now.

Inasmuch as each point of the circular line radiates at the same phase
and with the same source intensity, the velocity distribution function can he
characterized by the Dirac delta v(q1) = vo ¢ 0(p3—r0), where r0is now the
radius of the circular line. The velocity function v(gX) is represented with the
aid of the Bessel—Fourier integral [20]:

v(Qi) = «0'<%i ro)=J0[fOM vu)mom r.)-u mdu | ¢ 3

s MVQi) &v mdr] = vOrO0 [0 JoifjQj) mJ,,(rjr0) mrj-dri

where [r] = m/sec-1 m—L

The integral representation of v(qi) according to 3.1 produces the
velocity function for the whole range 0 < < o0, hence, according to
Huyghens’ principle, for determining the sound field the shifting of the
origin of the co-ordinate system according to (2.2), and (3.1) can be used,
and then

Jof - vwi f o f Jo(r'ro)-Jo{n le2+ r! - 2qt2mcosx) mr dr] X

Jo Jo [Jo
X exp(-jM g+ 2) . .odx
where *c is the specific acoustic resistance of the air. Using also the

additional theorem [15]
Joyl i@-\~r2 2o0r2-cosa) = 0en *J f(rjo) «J n(rjr2) ecos (nx),
n
after integrating with respect to %
Pc —-kro Qal:vOJ|0 J|0 Jn(Vro) * Joive) * Jo7r-i) "U-dr!
exp ( jk 1r| + r2 eredr
I
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Let us now apply the integral [16]

exP (—B Y4 + 22 o4 = P *yy -V)
Ya + 1" Yy —k2

then the well-known Sommerfeld King result is obtained, which had been
deduced by these authors by another train of thoughts:

Pc=jkrOoac-v( j Jdxp( m) 0(n)S) - J O(Nr2)-rj-dri. (3.2)
Jo /T k-
If now into (3.2) z = 0 is inserted and (2.3.7) is taken into account, the sound
field of the circular line radiator in the plane of the radiator is obtained in
the form of an infinite series

mL-rGnoacwO , r, KO
—~J A i K(rQ (3.3)
PO —J A ,1T0bn i, (ro

where the abbreviation

kro kr0
(M) .ho nim I3 =h M
2 n+Z 2

Ftl(ro) —J(n 1)+i 2 o

has been introduced. If now (2.2.1) is applied, from (3.3) the sound pressure
of the circular line radiator is obtained for an arbitrary point of the field.
Thus,

mk-rinpii d M2prm exp (—jk 1[4 + TN

ANC N 424t dz Jovo Yr| + z2
®
X £n'Jn 2gr, @osx  Fn(ro)mr2mdr, mix
n=o0

where, as a further abbreviation, the notation p0= Q 'vo has been used.
W ith the integral [17]

J~(x) = — I JO2x msin B) » cos (2nR) «dR
nJo

and the additional theorem used in (3.2), one can write

= mFr, /), d I2nr exp{-jk \IrN + r2) x
AC 3 8n 1Jolo Yot 2

I ® .
X Ven‘iJ N Em l]mikQ’smrz)’Jm(er'sin B)'Fn(TO)'
n=0 JO

m=0

* €c0S (2m x) mcos (2n R)) m2edr2-dx-dB .
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The series and the integrals uniformly converging, the order of the additions
and the integration can he interchanged and after integrating with respect
to a,

= Bk2 - —jk frf + 22
3 men ( exp ( J._ ) Y, enJ O(kg msin R) m
Pc~ ] 4 ''dzJoJo VITA?N2 n=o0
eJO(kr2esinf) «F h(r0) mcos(2nB) r2-dr2-dR.

Now integration with respect to r, is carried out as in the deduction of (3.2):

f2r >Po d p exP(jz Vc2—k2msin2R)
4 dz Jo n \ K2— Kk2msin2RB

J,,(fco msin B) mcos(2nR) wF'n(r0) mifR .

PC = j

Carrying out the differentiation with respect to z as well.

Pc :]’. k2r2an v enexp (jkz mcosB)-J0(ko sin R) ecos(2re/S) «F'n(r0) mdf3.

On—o

Obviously

0 sin (kz mcos B) mJ O(kg *sin B) mcos (2nR) md} = 0,

hence, finally

2
Pc=1 KTopo mEn J (kn msinR) mcos (kz mcos/?) mcos (2nB) «F'n(rO) mdBR. (3.4)

4 Jo n—-o0O

The zeroth member of (3.4) can be determined by taking into account the
integral [18]

*9 o _f- —
] J..(y msin /?) ecos(a; *cos /?) «dB = n mIn 1#2e32+ x mJo Azt 2= X
0
Finally
O — k210npo0 \rz2+ + z K ]/z2+e2 -
Pc J A PoVo) Jo SZ A 0 (3:5)

The first member of the series (3.4) can be determined considering that
cos (X mos ) mcos (2/?) = — cos (x *cos /?) 4- 2 -(-1----- cos (x mos R)
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So from the zeroth member and from its second derivative

(D T 0 pP> + 2K2 2 0
i 0(-0) d{kz)2
,:DC(OH) :,y(:o)_ ZZ_I“HB + 2k2 d2 ap

FOr0) L dfkzf

By this method every member of the series (3.4) can be determined. But
from the series (3.4) other approximate formulae also can be deduced. Ife.g.
krOis sufficiently small, then it is enough to consider a few members of the
series (3.4); and if simultaneously kz or kg has a predetermined value too,
so the functions cos (kz lcos[)) or JO(kg *sin ) can be approximated with
suitable accuracy by power functions, and then the integration with respect
to B can be performed. If e.g. the members of the series are only considered
until n — 1, furthermore, if

cos (kzmcosR)* 1 ---—--—— mcos2B = 1 ------ [1 + cos (2/3)] ,
2 4

then

K2r0p 0 (kz)2

0 n=0

Pch) (1 -f- cos2/S)  JO(kg msin/3) *

cos (2nBR) «F'n(r0) dBR = j - r°~Po j? enF'n(r0) (— 1)" x (3.7)

0 n=0
K222 - K222 ko ko
rol_*i.
X - Jz -
Jn\ 2 -1
Thus carrying out the summation until n = 1:
l(0+1)’ k2 071Po 1 k272 Jo ko
8
k222 kg k22
n ) - 2 F{(r0) (3.8)
kg k2z kg ko
n n + 12
2 4 2 \Vj
Now let us approximate (3.4) in the following way:
JRkg mssin/3) 1 -—esin2B = 1 - N (1 — cos 2/3)
4 8
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and then it is possible to write

Pcr j kKF -( Y Ba'cos{kzecosR) m'n(r0) X
4 Jo n=o0 ”s
r2,

X 1 A — (1—cos2R) mcos (2n/3) mR.

Given that [19]

2 f12
(—D"Jin{x) = — cos (X ecos <p) mcos (2rup) mdicp ,
nJo
the following is obtained:

K2r0np,,

Pchl Y sn mF'r{r0) (-1)n X
8 n=o
(3.9)
k° . kv .
x 1— K@ mJinikz) 16 [IN-pikz) + J2m+nyrrn
And now carrying out the summation only for n = 1,
Arp2
p0+1) _ mkt npo faro) rp Mkz) - kf~j.Akz)
8 I 8 0
(3n0)
'2il(r0) ®J2(kz) — ~ - (j O{kz)+Ji{kz))
o o

4. The sound field of the plane radiator with rotationally
symmetrical velocity distribution

Let the rotationally symmetrical velocity distribution function on the
surface of the plane radiator of radius r0 be u(r), then on the base of (3.4)
the sound field of the radiator operating in the infinite wall, will be there

P-=j—r'-j I- Y enmcos {kz *cos ) =
4 JoJo n=o

(4.1)
*JO(ko msin ) mcos (2nB) « F'n(r) ev(r) = md rmd3
If now in Eq. (4.1) v(r) = 1 (case of the rigid piston),
Pp = j Lo 7)O g’ en mcos {kz mcos R) «J O(fco *sin R) ecos (2nR) wFn{r0) mI}  (4.2)
2 Jo n=o
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where

[ wir = Fn(ro) = A ~ jnel O W fon 43
10 n(r) mr mdr = . n(ro) = rCjn2 o H <n-i>+l .

has been taken into account. Applying here, too, the approximations (3.7)
anil (3.8), it is possible to write

Pr”.Kero "o(ro) 322 To\(hz> k4222ﬂ k29; (4.4)
200 Kz ‘kgl f2*2 M y fop
.2) 4 tJ+ 8 )1
pr~ ik f ‘Ne ) AApzﬂ(b)- —LZZZ *N1(b)
(4.5)
- 27 (r0) “;’ J2Ab) -~ (N (b ) + N(GNIY.

As a further example let us assume that v(r) = 1 — (r2rj;) and that krO is
sufficiently small, then on ground of (4.1)

-1 r2 FO(r)-r-dr = j X
Jo g.

X [eJkr-(krO+ 2j)kr0 1 elkr)(k2r2+2)\ = j

[ ( )] ( )( N =] a0y o(ro)>

12 Fl{r)-rdr=j 4 X
Jo 8 K *rl7l

X [6(1 eikr)-f kro(2jeJ'kr&+ 4j - kr()\ = j “Ji(ro) e

K4rgn

From the above the near field of the radiator with parabolic velocity distri-

bution is
Fz2 Al k2z2 , lkg

] PO H ' L4 T2 +
PRa" o 170010 4 2 4 12
. fep i kg
+/iw 4TV NS S, 12|
8 25 8 dl o2 vy y Ty
else
o 79/D\ 29 9
0 -A - J0kz) - J,(kz)
Ppaf 5 okp 001 0 o
ky-
+ 2/i(fo Ji(kz)--- (80{k2)+ J 4(kz))
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Investigating the speed of convergency of the deduced series, let us limit
ourselves to the investigation of the axial pressure of the piston radiator
lg= 01. From (4.2)

Pop?=0)=j-— I JV enmos (kz <cos ) mcos (2nR3) mF,,(r0) M3 =
2 Jono

=i AT TR A ir .Fn(ro)-J2n(ka). (49)
4

—0

Instead of detailed mathematical investigations let us consider the absolute
values of some members of the series (4.6) for the values krO= 1 and kz = 2
which already take into account practical points of view. From the tables
of functions:

Table 1

Absolute value of the first four members determining the axial near field of the piston membrane
ivorking in an infinite wall

n en m Vv 2>
0 0,83 0,22 1,82 - 10-1
1 0,29 0.35 2 ul0-1
2 0,87 «10-1 0,39 - 10-3 6,8 =10-5
3 0,32 - 10-1 0fs Ont# 24 +10-7

From the above table it is clear that for (4.4) and (4.5) it was sufficient to
consider only the zeroth and the first member (if krit= 1; kz = 2 or kg = 2),
the member belonging to n = 2 is already smaller by more than three orders
of magnitude than the member belonging to n = 1.

5. The radiator in the finite baffle

Let us start out again from the sound field of the circular line radiator.
The investigations are limited to the case when the circular radiator baffle
and the circular line radiator are concentric. If it is assumed that each point
of the circular line radiates with the same source intensity and at the same
phase, then on the base of Fig. 3 the velocity distribution function in the
plane S is given by

v@Q)~ K A - 1) if of Q@< ro0,
W ,.(2i) if

where VvRj(oj is a function unknown for the time being.
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Fig. 3. System of coordinates and velocity distribution function for calculating the sound field
in the case of a finite baffle

Let to representate now (5.1) similarly to (3.1) with the aid of the
Fourier Bessel integral:

dBi) = «r! Jg(w) -JniVQi) m mdrl + | I Vr,bl -JoiVQo) mQomdo0 .
Jo Jo (YR

mJo(V9i) ' " drj.

Applying again the Huyghens principle and the shifting of the origin of
coordinate system of the Green’s function, the sound pressure can be cal-
culated:

exp (- z1r- K2

PcR,=RQa cr Vol Jo(m) m(rir) - v dri +
Jo Lif — k2 (5.2)

vro(f) exp V_T Y, "k ~Jo(VQ) I»(vedQ" V' doOmdr]j.
rJoJR. \T «

If now the fact is taken into account that the circular line generates by its
back-and-forth movement — in the z direction a sound field where the
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sound pressure in the plane of the radiator |z = 0|, in the range Q>R 0
is zero (dipole effect), so inserting z = 0 into (5.2) and applying (3.3)

ko
0= vO0r™ e nF'n(r)-J2 +
=0 (5.3)

+ Joim) | vR499 *MVQio) *rj mrj.
Jr. It k-
The relation (5.3), valid only for the range gqJ>Rn, is an integral equation
of the first kind for the unknown function f/?0(g0) an(l is solved by using

the Fourier Bessel transformation and the inverse Fourier Bessel one.
From these
0
- «0r > £nK(r Jo(mO
> EnK(r) Jo(m()
" (5.4)

KO S
X r J(kne)-Jn 2 e p- do K2 -rj mdrj.
J R

Basically, the problem of radiation from a finite, circular baffle has been
mathematically solved by the determination of function (5.4).

Inasmuch as on the surface of the baffle some radiator operates with
an arbitrary velocity distribution v(r), the velocity distribution in the z = 0
plane within the range gn> RO is

M«
VRov(e0) jo ev(r) dr. (5.5)
If now, as a special case

I if 0 <Cr< ro0,

v (r) = vp{r) )
(o if r0O< r< Rn,

(case of the rigid piston)
so considering (5.5), (5.3) and (5.4)
2>,
Wop (B0) = - — - > F,,(I’,,)JF MVQo) X
K 0

nn0 (5.6)

kg . .
X 1 JoivQo) 1, * g mo k2 e ij edrj .

Jro _

Re-inserting (5.4) and (5.6) into Eq. (5.2), respectively, the sound field of
the circular line and of the rigid piston operating in a finite wall can be
calculated.
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6. Summary

The formula (3.4) deduced in the paper, giving in the form of an infinite
function series the sound field of the circular line radiator in an infinite
baffle permits calculating, by using function tables, the near field of plane
radiators with an arbitrary, rotationally symmetrical velocity distribution.
Hence, Eq. (3.4) is a basic formula, which can be multiplied by the dimen-
sionless velocity distribution function and integrated termwise, being a
uniformly convergent series.

The relation (5.6) for finite baffles is a basic formula too, and provides
the velocity of the particle excited by the circular line radiator in the plane
of the baffle, but outside its range. This series uniformly converges and,
therefore, it can be integrated termwise after multiplication by the arbitrary,
rotationally symmetrical velocity distribution. Using the relation (5.2) and
with computerized calculation, the practically very important radiation
impedance can be determined, too.

The author, thanks in advance all those who will let him know, in any
form, their professional critical remarks.
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Das Nahfeld von ebenen Schallstrahlern. Die in der Arbeit abgeleitete Formel gibt
das Schallfeld eines Kreislinienstrahlers in einer unendlichen Schallwand in Form einer unendli-
chen Funktionenreihe an. Sie ermdglicht, mit Hilfe von Funktionentafeln, auch die Berechnung
des Nahfeldes von Strahlern mit beliebiger rotationssymmetrischer Geschwindigkeitsverteilung.
Diese Formel ist daher ein grundlegender Zusammenhang, der als gleichférmig konvergierende
Reihe, multipliziert mit der dimensionslosen Geschwindigkeitsverteilungsfunktion, gliedweise
integriert werden kann. Die Beziehung fir die endliche Schallwand ist ebenfalls eine grundle-
gende Formel, welche in der Ebene der Schallwand aber im Bereich aufRerhalb derselben die
vom kreislinienformigen Strahler erregte Teilchengeschwindigkeit angibt. Zufolge ihrer gleich-
formigen Konvergenz kann auch diese Reihe nach Multiplikation mit einer rotationssymmetri-
schen Geschwindigkeitsfunktion gliedweise integriert werden.

BAvkHee mone NOCKOCTHbIX 3BYKOBbIX U3fydateneil. B aaHHoli paBoTe paccmatpu-
BaeTcs G/MKHEE Mojie NJIOCKOCTHbIX U3fyuvaTenieid, paGoTalolyx B GECKOHEUHbIX CTEHAX, Mpw
UCMO/b30BaHUM HOBOTO METaMaTU4eckoro MeTofa. HoBbili MaTeMaTU4eckuidi MeTOA OCHOBbIBa-
eTCS, C OJHO CTOPOHbI, Ha HEM3BECTHOM A0 CWX MOP Pas3NOXeHWU B psf MHTerpana 3oMmep-
thenbga — KuHra, a ¢ Apyroii CTOpoHbI, Ha NPeo6pasoBaHUM KoopaWHAT (yHKUWiA [puHa. Mpu
MOMOLLM HOBOFO MeToJa aBTOp MaTeMaTW4ecky PellaeT Takke Mpob/eMbl 38YKOBOFO MOAS M/oc-
KOCTHbIX W31yyaTefield, paGoTatoLLmMX B KPYT/bIX 3BYKOBbLIX MEPEropoAKax KOHEUHbIX pa3MepoB.
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PENNY-SHAPED CRACK IN AN INFINITE
VISCOELASTIC MEDIUM

SATYANARAYAN MANDAL*

[Manuscript received 20 September 1975]

In this paper the stress field is obtained in the neighbourhood of a penny-
shaped crack in the interior of a special type of linear viscoelastic medium by employing
Laplace and Hankel transforms. The general solution is illustrated in three specific
cases.

1. Introduction

In recent years the problem of interest in fracture and structural
mechanics is the calculation of the elastic stress field in the neighbourhood
of Griffith or penny-shaped cracks in the interior of an elastic body. Know-
ledge of the elastic stress field is potentially useful for the estimation of the
material strength based upon brittle fracture theory. Solutions for axisym-
metric stress distribution in the neighbourhood of a penny-shaped crack
have been given by Sneddon [1], Olesiak and Sneddon [2]. In this analysis
it is assumed that the two faces of the crack are loaded exactly the same way.

Using the system of cylindrical polar coordinates and employing the
method of Hankel transforms, developed by Harding and Sneddon [3],
Olesiak and Sneddon [2], the problem of distribution of stress in the neigh-
bourhood of a penny-shaped crack is reduced to that in a semi-infinite
elastic medium. It leads to calculation of the solutions of a pair of dual integral
equations obtained by the application of the boundary conditions of the
mixed type.

In this paper cylindrical polar coordinates and methods of Laplace
and Hankel transforms are employed. The axis of symmetry is the Z-axis
normal to the boundary plane z = 0 of the solid. The solid considered here
is a special type of linear viscoelastic medium. When the uniformly distributed
normal pressure, which is a function of y at a particular instant of time, is
taken as constant, the shape of the crack is found to be elliptical.

* Satyanarayan Mandai, Hatuganj M.N.K. High School, P. O. Hatuganj, Dist. 24-
Parganas, West Bengal, India.
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The general solution is illustrated in three specific cases. The expression,
at a particular instant of time, for the normal component of stress in visco-
elastic medium considered above agrees with that in elastic medium [1].
The stress intensity factor has been calculated in the general case. In this
paper the author’s treatment involving the standard linear solid is a special
case of the problem considered by Graham [5]. In this special case the time
and space dependence are clearly separated because of the proportional
loading.

2. Formulation and method of solution

The stress-strain relation for a special type of linear viscoelastic medium
is given by
01

1-f «g— au= 2 1+
q by8t

where afj is the stress tensor and is the strain tensor, av bt, ky being
material constants.

The cylindrical co-ordinate system (r, 0, r) is used with origin at the
centre of the penny-shaped crack of radius unity and z-axis, the axis of sym-
metry, is taken into the medium.

If we assume deflection to be symmetrical with respect to z-axis, then
a typical point of the solid may be taken to have coordinates (u, o, w) in this
co-ordinate system and the vanishing components of the stress tensor will
be aez and arB.

Hence the equations of equilibrium are

8 a,, 8ar
8r 8z
(2)
2°Yr o<rir an;
8r az r
On z = 0, the boundary conditions are given by
arz= 0 for all r
= P(r)f(lh 0<r< <1 (3)
w=20 r >1
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From Eqgs (1) we obtain

9 ,9 1 okl 9 du
l+ ai“‘7“‘ arr —2/\'I 1+ &I“r- err — 1 —
ot ot j L+ 6 o
9 . , 9 9 u
1+ ai dee= 2ki 1-p — ee= 2fci 1+ b —
dt dt ot r
4
d = 2kl 9 L+b1 9 div @
1 i— azz' = i err = 2N + —_—
Tt L+ AT dt
9 | 9
+ i— = i + — =
1+ ai p V = 2fci y9t err
£1%;) 8
Sla N [ A U r
9 or 9z t
Now substituting Eqs (2) into Eqs (4) we have
9 R2n 1 R 1 1 du "
2 kx 1-6a 1 n =0,
dt dr2 2 drdz 2 922 rodr re )
1 3200 1 924 Rw 1 dco 1 du
2kA\- ' + = 0.
ot 2 9r2 2 9r9z dz2 2r dr 2r 9z
Laplace transform of a function F(r, z, t) is defined by
F(r,z,8) = f F(r, z, t)e~st dt. (6)
Applying transform (6) to Eqs (5) gives
92u 1 9m n 1 2 d2o
+ g - + [ 7)
dr2 r or r2j ar2 Jydz
/19200 1 %o 9200 9 1du "
-f + 2 + = 0, (8)
By2 2 dr ar2 dz 13r r
Introducing
. f*00 .
u(£, z,s) = fo ru(r, r,s) Ily) dr, 9)
and
»(l,s,s) = [O rco(r,z,s) J n(€r) dr , (10)
we obtain [2] from Eqs (7) and (8)
(D2- 212u - |Dw = O Q1))
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438
and
(2D2- 12w -f- gDd = 0 (12)
where
d
D
dz
Now eliminating u and w in turn from Eqs (11) and (12) we obtain
(D2- 122u = 0, (13)
(D2— 129w = 0. (14)
For a semi-infinite solid s > 0, the solution of Eq. (14) is given by
m = [A(£,s) + B(g,s)z]e~iz. (15)
Introducing Eq. (15) into Eq. (12) gives
Du 12 [g(a + BZ) - 4B]. (16)
Applying transform (6) to last equation of Eqs (4) gives
1-f6js) out du
. ALt an
1+ 0jsy am dy
H.
r(ndi{er)dr = M i+ M ra _{3) (18)
(MIigen) (1 + alS)
Now the boundary condition
[°Vz]z=0 — O
(19)

2B = fA.
Applying transform (6) to last but one equation in Eqs (4), substituting
inversion of Hankel transform of Eq. (15) into it, we have
2kj (I-j-1gs

J(I-y-las) ¢ fJ,(fr)[B - g{A + Bz}] e-fedg- >0)
1 —als)

Introducing the relation (19) and the other two boundary conditions into
Eqs (15) and (20)

=0 r> 1

=. ¥>(9 s)Jn(gr) dg

0< r< 1 (21)

|- gy.(g,s)Jo(gr)dg = (1 + y ) f(s)p(r)
Jo Iti(l + 6]S)
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where
EN(],s) = v>(1s) * (22)

The solution of Eq. (21) is known to he [2]

nG,sf= 2AF QI FLa 1) as
J

p .r,p(XI)dxX
kIn(l-\-b1s) JO i

(23)
(o si x\

Taking inversion of Hankel transform of Eq. (15), substituting Eqs (22)
anil (23) into it, we have on z = 0

2(1 + f Mfs- Xl .
( 9 1) 1 _S Jp( J) rJ,(fryein (f*)« dXIfi§ -
Kll'l(l biS) JOJO \Sf —Xf LJo

2 (1+ ojs)f(s) 1 1y(s,)dsl (24)
Kin(1l + foxs) Jr ¥Ys2 —r2
where
- Ajp{XI)dX
+ (25)
q(si) * J U2 s
and [4]
. (t2-02-2, o<t
d
B he) sin (Jt)d | 0 et (26)
Now inverse Laplace transform of Eq. (24) gives
_2ax . rt rl g(sudsl
0, 1) = / d 27
e ) nKy bl I_ﬂ'0 ¥ *1 Jo (e ' Ir Yo 12 @7)

Substituting the relation (19) into Eq. (20) we have on z = 0 by the appli-
cation of Eqs (22), (23) and (25)

2/00 f1 : .
r= 2siy | £Jo (ly) sin (Csjdij dsl=
a 20 Jo (28)
-A f o, (r2- s2)- 12 dsj
n Jo dsl
where [4]
I 3,(le) cos ([t) d| = O<p <t (29)
Jo (p2 -t2)-12, t <p.
Hence inverse Laplace transform of Eq. (28) gives
<*z(r, o, t) :-2/(0 rlq) ) (y2- *?)- dsx. (30)
n Jo dij
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Now for the case of a uniform pressure p(x1) = pOwe have from Eq. (25)

q(Si) = PoSi » (31)

Substituting Eq. (31) into Eq. (27) we obtain the displacement component
normal to the crack surface:

2 o it ¢ ot e T e et (3
— ol o+ aim s - (32)
At a particular instant of time, writting
‘ f-1)
2 0 (
b AP M+ - Ccf(r)e dar . (33)
N KT bx Jo

Eq. (32) may be expressed as
(34)

which shows that at a particular time the effect of the uniform pressure is
to widen the crack into an elliptical one.
Substituting Eq. (31) into Eq. (30)

o2(r, o, t) = 2F0f(®) (r2 - 1) v r< 1 (35)

71

Hence stress intensity factor

N lim az(r, 0,t) Yr — 1 = «@PoM (36)
rl+

The general solution is illustrated in three specific cases, for the displacement.

Case I. Let
fit) = Hit)

where H(x) is the Heaviside unit function defined by

0 < 0
Hpg = 0 XS
1, o> 0.
Hence Eqg. (32) changes to
to(r,0,t) 2P0 Hipy Pt ey 0<r< 1. (37)

n kxbzx
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Case 1l. Let

where t) is Dirac delta function.

Hence
2a, po0 i — ai
to(r, 0, 1) LPT g PP—al w1y, 0<r< 1 (38)
n kK, bl «1 bi
Case IIl. Let
-at
m
Hence
: ~0i e W)l
(o, o) 29U ar, (e~ SRRl 2, 0<r<I (39)
K, bl ]_ ]_ b,a J
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o~

Pennvformiger Rill in einem unendlichen viskoclastischen Mittel. Der Spannungszu-
stand in der Umgebung eines pennyférmigen, d. h., Griffithschen Ries wird in einem Mittel
besonderer Art mit linearen viskoelastischen Eigenschaften, durch Anwendung der Laplace-
schen und Hankelschen Transformierten, bestimmt. Die allgemeine L&sung ist anhand zweier
spezieller Beispiele dargestellt.

MoHeTo06pasHas TpEL%VIHa B GECKOHEYHO BSI3KOU ynpyroii cpege. B creumanbHoli niHe-
apHO BA3KO-ynpyroit cpefle BONN31 MOHETOO6PA3HO TPELLMHBI HAMPS)KEHHOE COCTOSIHUE MOXHO
ONpefienUTb € MOMOLLBI0 NpeoGpasoBaHuii Slannaca u MaHkens. O6LLee peLLeHVe AEeMOHCTPU-
pyeTcs MPUMEPOM, [eCTBUTENbHBIM AN TPEX CMeLMaNbHbIX Clyyvaes.
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CRYOSTAT FOR THE MEASUREMENT OF
GALYANOMAGNETIC EFFECTS IN SEMICONDUCTORS

K. SOMOGYI*, B. PODOR**

[Manuscript received 25 August 1975]

A simple but reliable cryostat for galvanomagnetic measurements in semi-
conductors is described. The cryostat is designated to cover the temperature range of
77 400 K and can be fitted into a small gap magnet.

Electric conductivity, Hall coefficient and carrier mobility are the most
frequently measured parameters of semiconducting materials. In most cases
these parameters should be measured in function of the temperature. For
this purpose different kinds of metal or metal-glass cryostats are used. Most
of them are difficult to construct or to work with. In most cases vacuum
systems are also needed. The usual glass cryostats are generally bulky, thus
they could not be fitted into small gap magnets.

In the present paper a cryostat, which is simple to construct and also
to build, but easy to handle, is described. This cryostat was designed to cover
the temperature range of 77 ;400 K, and can be fitted between the pole
pieces of a relatively small magnet. It has proved itself very reliable and
useful in the course of many series of measurements in the past six years.
The cryostat is basically similar in design to the one first described by Ure [1].

Fig. 1 shows the drawing of the cryostat. Basically it is composed
of two double-walled silvered Dewars and of a sample holder. Fig. 2 shows
an “exploded” picture of the sample holder block. The sample under inves-
tigation (double-cross or van der Pauw type for galvanomagnetic measure-
ments, or different diode structures) is housed inside the copper block which
can be opened from both sides. The inner chamber is provided with a teflon
insulation, and the thermocouple sensor is placed in intimate contact with
the sample. The copper block which covers the sample from all sides eliminates
the unwanted thermal gradients, and at the same time ensures the stability
of the temperatures.

The coolant is liquid nitrogen which is contained in the bigger, lower
Dewar. The sample chamber is connected with the nitrogen bath via a copper

*K. somogyi, K. Paksi J. u, Itp; II/A H —1047 Budapest, Hungary
** B. Psdor, B.: Szendr6i u. 152/3, Erd —Parkvaros, Hungary
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Fig. 1. Drawing of the cryostat and sample holder.
1 — sample block, 2 — brass rod with heater, 3 — lead-through of the heater, 4 — electrical
leads, 5 — thermocouple, 6 — copper rod, 7 — upper glass Dewar, 8 — lower glass Dewar

rod of 10 mm diameter, and via a short piece of brass rod, the latter serving
as a thermal bridge. The stability and uniformity of temperatures are ensured
by the smaller upper Dewar, which is filled with the dry nitrogen vapours,
evaporated from the nitrogen bath. The outer diameter of the upper Dewar
is 30-733 mm in our case, so the whole assembly can be fitted into a 35 mm
magnet gap. Because of the double Dewar configuration the temperature
of the sample block depends very weakly on the level of liquid nitrogen in
the lower Dewar. On the short brass rod, just under the sample chamber
a heating coil is mounted, with the help of which any temperature above
the boiling point of liquid nitrogen can be set in.

The electrical leads (six) and the thermocouple are led through the
nitrogen bath as shown in Fig. 1. The thermocouple is chromel-alumel, which
has a relatively large thermopower in the temperature range of interest,
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Fig. 2. Sample chamber, “exploded” picture.
1— copper cover, bore in the middle for the thermocouple, 2 — teflon piece, 3 — copper
holder, 4— teflon piece with six pins for electrical contacts, 5 — teflon insulator with six
holes for electrical leads, 6 — copper cover, 7 —brass rod (thermal bridge)

about 17 yttV/K at 77 K and about 40 ftV/K at room temperature. The reference
point is at 0°C temperature.

Before starting the measurements, the sample holder is placed upside
down into liquid nitrogen, then after about 30 minutes, the upper Dewar
is flushed with liquid nitrogen, and the cryostat is assembled. In this way
the temperature of the sample chamber is closer to the boiling point of liquid
nitrogen than 0,5 K, surpassing the performance of Ure’s original construc-
tion [1]. The higher temperatures are set in with heating, supplying the heater
by stabilized voltage. The maximum heating power is less than 20 watts,
and the maximum temperature is 400 K or above. The stability of the system
is so good, that a stability of 0,1 K can be achieved with mere manual control.
The full temperature range can be covered in 67-8 hours in one cycle.

The construction of the cryostat can be modified to accomodate a
sample holder suitable for thermomagnetic measurements, too [2, 3].

The authors operated the above described cryostat for more than 6
years without any difficulties or problems worth mentioning.
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Kryostat fur die Messung von galvanomagnetischen Effekten in Halbleitern. Ein ein-
facher und zuverldssiger Kyrostat fir galvanomagnetische Messungen in Halbleitern wird
beschrieben. Der Kryostat ist zu Messungen im Temperaturbereich von 77 ' 1(H K geeignet
und kann zu einem Magnet mit schmalem Luftspalt angepasst werden.

KpuocTtat gns n3mepeHuns raibBaHOMarHMTHbIX ABAEHWUI B MONynpoBofHMKax. OnucbiBa-
eTCA NPOCTON M HaAeXAHbI KpuocTaT ANA W3MEepPeHWs FafbBaHOMarHUTHbIX ABNEHUIA B Nony-
npoeofHuKax. KpnocTtaT npefHasHayeH AN W3MepeHUId B TemnepaTypHOM MHTepBane oT 77 [0
400 K n MoXeT ObiTb MOMeLLEH B Y3KOM 3a30pe MarHuTa.
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FERTIGUNG VON FINGERFRASERN
ZUR HERSTELLUNG VON SCHRAGVERZAHNTEN
STIRNRADERN

ILTEIL. BESCHREIBUNG UND EINSTELLUNG DER VORRICHTUNG?**

B. SZOKE*
KANDIDAT DER TECHN. WISSENSCHAFTEN

[Eingegangen am 3. April 1974]

In den Kapiteln 5—7 des zweiten Teiles werden der Aufbau und die Einstellung
der Fertigugsvorrichtung behandelt. Mit Rucksicht auf die erforderliche hohe Drehzahl
schien es angebracht zu sein, einen im Handel erhdltlichen Antrieb zu verwenden.
Bezuglich der Ausfihrung schien es fir richtig, zweierlei Aufbauformen bekannt zu
geben. Eine dieser Ausfilhrungen bietet eine gute Wirtschaftlichkeit im Falle, wenn
nur wenige GrolRentypen des Fingerfrasers bendtigt sind. Die zweite Bauart ist glnstig
im Falle einer groBeren Reihe von verschiedenen Fingerfrasern. Beide Bauarten sind
dazu geeignet, auf irgendeine Werkzeugmaschine montiert zu werden.

5. Aufbau der Vorrichtung

Als ein, zur Abwicklung (und zur Rickwicklung) der Berlhrungsebene
des Grundzylinders (mit Halbmesser ra) dienendes, einfachstes Mittel kdnnen,
gem&B Bild 6, zwei Paar Stahlb&nder verwendet werden. Die Beriuhrungs-
ebene soll als ein steifer Rahmen betrachtet werden, in welchem die (gerad-
winklige oder schiefe) zahnflachenerzeugende Gerade e als Fihrungsleiste
enthalten ist. Die Enden der gleichlangen Stahlb&nder sind derart festge-
halten, daB die einzelnen Bédnderpaare abwechselnd an der Beriihrungsebene
(A B C D) und dann am Grundzylinder (Ax Bl —C1 DX befestigt
sind. In dem Bild ist die Berihrungsebene durchsichtig dargestellt.

Beim Abwalzen beschreibt jeder einzelne Punkt der Erzeugenden e in
der zur Achse rechtwinkligen Ebene eine Kreisevolvente (Bild 7). Die nach-
einander folgenden Positionen e0, ex, e2... der Zylindererzeugenden bilden
zugleich die Erzeugende der Zahnflache des geraden Zahnes.

NB.: Zum besseren Verstdndnis wird hier vorerst die Geradverzahnung
und danach die Schragverzahnung besprochen.

In der Herstellung eines Fingerfrdsers fir eine zylindrische Geradver-
zahnung kann man die Werkzeugflache hersteilen, indem man die Schar
der bereits fur das Werkzeug ausgebildeten Zahnflankenerzeugenden e0, ex,
e2,... um die Achse des ruhenden Fingerfrdserrohstiickes rotieren [&Rt.
Wir wollen die Normaltransversalen zwischen der Fréserachse x und der

*Dr. B. széke, Batthyadny u. 139, H-1182. Budapest, Ungarn
** 1. Teir in Acta Techn. Hung. 81 (1975) 411—437
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letzterwdhnten Erzeugenden als n(), n, , n2,. .. bezeichnen. Es ist ersichtlich,
daR wahrend der Rotation von den einzelnen (en...) Erzeugenden eine Schar
von Hillgeraden gebildet wird, die ihrerseits die Kreise beriuhren, deren
Halbmesser den gegebenen Abschnitten der Normaltransversalen entsprechen.

Die Fldche des Fingerfrdsers kann auch derart gebildet werden, daR
man das Fingerfraserrohstick um die x-Achse rotieren, und gleichzeitig die
alleinige Erzeugende e durch die Punkte Elt, Er, E2,. .. der Kreisevolvente
laufen laRt.

Eine dritte Methode ergibt sich, wenn das Fingerfrdserrohstick um
die x-Achse rotiert und erfolgt auch eine Rotation der Erzeugenden e um
dieselbe Achse, wobei diese Erzeugende zugleich die Punkte, 2?0, EI, E2,. ..
der Normaltransversalen durchlauft.

Die technologische Operation besteht aus einem doppelten Arbeits-
gang, d. h. die Erzeugende soll zuerst einen Weg vom Grundzylinder zum
Zahnkopf, dann aber denselben Weg zurlick zum Grundzylinder belaufen.
Diese Hin- und Herbewegung wird in folgender Weise verwirklicht:
es wird in der Achslinie des ruhenden Grundzylinders eine rotierende Welle
z mit einem verstellbaren Kurbelarm k zusammen angebracht: der Zapfen
c der Berlhrungsebene ist durch den Pleuel / mit dem Kurbelarm verbunden
(Bild 6).

Wenn nun das oben als drittes bezeichnete Fertigungsverfahren gewdhlt
wird, so wird eine Konstruktion bendtigt, um den Grundzylinder samt der
Berihrungsebene um die x-Achse rotieren zu lassen.

Hierzu wird an der negativen Strecke der x-Achse eine Welle mit dem
Kegelrad kx montiert, welches mit dem Kegelrad der s-Achse des Grund-
zylinders gekoppelt ist. Infolge der Drehung des Kegelrades kK wird die
Berihrungsebene des Grundzylinders durch das Kurbelgetriebe der Achse z
in eine hin- und hergerichtete Abrollung gebracht.

Zum weiteren Aufbau unsererVorrichtung missen die folgenden, geo-
metrischen Zusammenhdnge bericksichtigt werden: vor allem ist der jeweilige
W inkel zwischen Berthrungsebene und den nacheinander folgenden Normal-
transversalen eine veranderliche GréRe, u. zw. in dem Sinne, dalR dieser
Winkel den Winkel zwischen der Berlihrungsebene und der x-Achse zum
Rechtwinkel ergdnzt. Daraus folgen diese alternativen Lésungsmadglichkeiten:

die Erzeugende e der Zahnfldche kann in der Vorrichtung entweder als
die Achse eines zylindrischen Stabes, um welche die Rotation der Normal-
transversale stattfindet, verwirklicht werden, — oder wird die Erzeugende
in der Vorrichtung mittels einer prismatischen Stange, die um die e-Achse
rotiert, verwirklicht.

Die Beschreibung der Herstellung einer Geradverzahnung war not-
wendig, um nun auf die Unterschiede verweisen zu kdnnen, welche bei der
Herstellung einer Schrdgverzahnung auftreten. Ein Unterschied ergibt sich
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Bild 6. Prinzip der Abwadlz-Berlihrungsebene

*x
Bild 7. Entstehung der geraden Zahnflanke

in dem Umstand, daB zwischen den Elementen, mittels welcher einerseits
die Erzeugende e der Schridgzahnfldche, andererseits die Normaltransversale
verwirklicht wird (Bild 8), nicht nur eine Drehbewegung, sondern auch eine
Verschiebung in Richtung e zustande kommt.

Dies ist klar ersichtlich aus den Zeichnungen (Daraufsicht und Vor-
deransicht) im Bild 9a. Hier bedeutet die Punktreihe Et den Evolventen-
Planschnitt der Erzeugenden e, und die gestrichelte Linie (Punktreihe IV,)
die Raumkurve der Normaltransversalen. Wir kénnen weiters aus Bild 8
(bei gleichzeitiger Betrachtung des Bildes 12) erkennen, dal Achse des
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ry

Bild 8. Die gleichzeitig eine Drehung und eine Verschiebung durchfiihrende Normaltransversale
als Halter des Stahles mit geradliniger Schneide (Draufsicht, Vorderansicht, Seitenansicht)

Fingerfrésers parallel zur Koordinate x des Zylinders verlauft. Da die Normal-
transversale n im Lager L eine zur Grundkoordinate y parallele gleitende
Bewegung in Richtung y} durchfihren kann (Bild 9a), ist es mdglich, bei der
Herstellung einer Geradverzahnung im Lager L (anstelle einer zylindrischen)
eine prismatische Bohrung zuzulassen, weil das Werkzeug mit der gerad-
linigen Schneide e' unverdndert in einer, zur Zylinderachse z parallelen Lage
verharrt. Es ist aber von groBer Wichtigkeit zu wissen, daB der Zapfen n
und zugleich auch das Werkzeug e' mit geradliniger Schneide bei der Her-
stellung einer Schrégverzahnung nicht nur eine gleitende Verschiebung,
sondern gleichzeitig eine drehende Bewegung durchfiihren. Dies soll mit
besonderem Nachdruck festgestellt werden, da erfahrungsgem&BR Fachleute
in der Erkennung der obigen Tatsache ziemlichen Schwierigkeiten begegneten.

Das LagerL(mit zylindrischer Bohrung) soll eine Verschiebung parallel
zur Koordinatenachse x mittels einer Schlittenfihrung durchfihren. In der
praktischen Ausfiihrung ist es oft richtiger, das Lager nur fir Drehung des
Zapfens n zu verwenden, und fir die Gleitbewegung in Richtung yx einen
besonderen Schlitten vorzusehen. Im Bild 8 haben wir den Werkzeugkopf
als den Schlitten des Hobelstahls dargestellt. Im Arbeitshub wirkt der An-
schlag der Riuckflache derart, daBR die Schneide e' in der durch die Zahn-
flachenerzeugende e und die Normaltransversale n gebildeten Ebene eine
genaue Lage einnimmt. Hierdurch ist die Genauigkeit des Fingerfrdserprofils
gesichert. Im Leerlauf wird ublicherweise beim Schwingen um den Zapfen
eine Federkraft zum Abheben des Hobelstahls von der Arbeitsfliche ange-
wendet.
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Bild 9a. Entstehung der schridgen Zahnflache, Draufsicht und Vorderansicht
Bild 9b. Richtungskegel der Grundschraubenlinie (Draufsicht und Vorderansicht). Bestimmung
des Neigungswinkels der Normaltransversalen zur Berlhrungsebene des Grundzylinders
Bild 9c, Die Bestimmung der Normaltransversalen-Verschiebung.
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Mit Hilfe der Bilder 9a, 9b und 9c sind wir in der Lage, den Neigungs-
winkel der Normaltransversalen zur Beriuhrungsebene und auch die Gleit-
bewegung entlang der Fihrungsleiste zu bestimmen. In dem bereits erwé&hnten
Bild 9a sehen wird die Zahnfldche schrédgverzahnter Stirnradder als Beriihrende
der Grundschraubenlinie in Vorderansicht und Draufsicht. Die Berlihrungs-
gerade e0 (mit dem Neigungswinkel #0) der Grundschraubenlinie der Zahn-
flache schmiegt sich an den Halbmesser pO des Fingerfrdsers in dem Punkt
NO= EO. Im Bild 9b ist der Richtungskegel der Grundschraubenlinie dar-
gestellt. Es ist ein geradliniger Kreiskegel mit dem Grundkreishalbmesser
ra; die Kegelerzeugenden bilden einen Winkel Ba mit der Achse. Demnach
ist die Hohe des Kegels

c= rjtan Ra.

Jeder einzelnen Berihrungsgeraden e der Schraubenlinie entspricht eine zu
ihr parallele Erzeugende g am Richtungskegel. Unter Beibehaltung der
Bezeichnungen vom Bild 9b gilt fir den durch die zweite Projektion der
Geraden g0 und der a-Achse gebildeten Winkel R0 die Formel

tan 0= ra cos fjc ,
und durch Substituieren des obigen Ausdrucks von c erh&lt man:

tan B0= cos qgO tan Ra

d. h., in allgemeiner Form

tan B = cos (x + <0)Ra. m

Um den Winkel bestimmen zu kdnnen, der am Richtungskegel durch
die Normaltransversale und die Berihrungsebene des Grundzylinders gebildet
ist, wollen wir uns die folgende geometrische Regel vor Augen halten: wenn
wir eine Ebene parallel zu sich selbst in Richtung der Normaltransversale
verschieben, so bleibt der Neigungswinkel der Normaltransversale mit jeder
einzelnen verschobenen Ebene derselbe.

Wir betrachten eine Normaltransversale, welche einer, den Punkt O
enthaltenden, zur .r-Achse parallel verlaufenden Geraden und irgendeiner
Kegelerzeugenden g zugeordnet ist; hierbei sei, gem&R Bild 9b, X" N" = 1.
Wie bekannt, ist die durch die Kegelerzeugende g und die e-Achse bestimmte
Ebene parallel zur die Zahnfldchenerzeugende enthaltenden Abwaélzebene,
u. zw. aufgrund folgender Parallelititen:

g le, und die Achse des Richtungskegels ¢ ]| Achse z:

Eine als Normale zu g' und zugleich normal zur ersten Projektionsebene
(g'c’) gezogene Gerade X 'V, ist gleichzeitig (d. h. in der Vorderansicht) in
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der zweiten Projektion parallel zur Grundfliche des Kegels, wobei, in der
Projektion der Winkel R" = <€ V"X"N" ist. Die tatsdchliche Winkel-
groée B kann gefunden werden, wenn wir das Raumdreieck VXN um seine
Hohenlinie (in der ersten Projektion) X'V' in die horizontale Lage nieder-
legen. In dieser Lage wird X'N' = X'(N) = 1= X"N" in ihrer wirklichen
GroRe sichtbar. Aus der Vorderansicht des Richtungskegels kann bestdtigt
werden, daB der Winkel B zwischen einer, durch Punkt 0 gezogenen Hori-
zontale und der Normaltransversale gleich jenem Winkel ist, welcher von
der zweiten Projektion g" mit der ¢ Achse gebildet ist; auch der Winkel
(p0 a), welcher von der ersten Projektion g' und der Horizontale gebildet
ist, kann erkannt werden.

Bei Beibehaltung der Bezeichnungen gemé&R Bild 9b, gilt fur die erste
Projektion der EinheitsgréRe X N die Formel:

X'N' = cosR, (1
bzw.
X'V = X'N' sin (x + g0) = cos R msin (x -f~cpn). (rny

Mit Rucksicht auf (111) und das Dreieck X'V'(N) ergibt sich die Gleichung
X'V = X'(N) cos 6= cosd= cosfR msin(a (p0) .
Weiters erhdlt man aus GIl. (1)
tan B = cos (x -j- (p0) tan Ra
und es gilt, nach geometrischen Regeln

cos B = 1/yl-j-tan2B = 1/ 1  cosqtx -(- <o) tan Ra,

woraus die Gleichung

sin(a + y0)
cos 6 (8)
Y1+ cosX* + rma)tan2Ba

folgt.

Um die obige Ableitung zu ergdnzen, soll hier zur Bestimmung des
Winkels O welcher durch die Normale zur Berihrungsebene des Grund-
zylinders und die Normaltransversale gebildet wird, auch der von |. Lipka
abgeleitete, analytische Beweis angefihrt werden.

Um die Zahnflankenerzeugende in der Berthrungsebene zu bestimmen,
greifen wir auf GI. (1) im Teil | zuriick, wobei wir darauf achten, daf
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die Beruhrungsebene vom Parameter (g -)- o©) = @ abh&ngt. Hieraus ergibt
sich fir die genannte Erzeugende das folgende Gleichungssystem:

X = raCOS@—trasin @,
y = rasin@®-\-tracos®, cp=d + 0.
Z—d<p qO)+ ct.

In diesem System gilt fir die Richtungskosinuswerte (der Zahnflan-
kenerzeugenden)

ra Sin @ ra COS c
Y%+ €27 Yrl + c2° fr2+ c2

Mit anderen Worten, wir haben die Koeffizienten des Parameters t jeweils
mit der Quadratwurzel der Quadratsummen der Koeffizienten dividiert.

Um die bezlglichen Richtungswerte der Normaltransversale zu finden,
ist folgendes zu Uberlegen:

Die zur x-Achse in rechtem Winkel stehende Normaltransversale ist
relativ zur selben Achse durch den Richtungskosinuswert Null gekenzeichnet.
Wenn wir den Winkel zwischen der y-Achse und der Normaltransversale als
@ bezeichnen, so ist der Richtungskosinus zur selben Achse cos qp Offensicht-
lich ist der Richtungskosinus zur Z-Achse gleich sin o Zusammenfassend wird
die Lage der beschriebenen Normaltransversale von den folgenden Richtungs-
kosinuswerten bestimmt:

0; cos @; sin @.

Da die Normaltransversale mit der Erzeugenden gleichfalls einen rechten
Winkel bildet, ist der betreffende Richtungskosinuswert gleich Null. So haben
wir

ra c ,

—-COS q)-cos Q4 - - sinp= 0,
\r5+ ¢- 12+ c-

racos@ecos @A csin@= 0,

racos
tan p= ®

C

Mit Ricksicht auf die eoniometrische These

tan
cos ip und sin @ ®

11 -j-tan2ce 1+ tan2@
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und auf die Zusammenhange

C . —ra COS W
cosw =, ; Sinw = I '
Yec2+ [2cos299 lc2+ r2cos: 9

ergeben sich die entwickelten Richtungskosinuswerte

Q. c . Gcos g
|/c2 <) r| cosze YG -2 cos: €

Zur Bestimmung der Normale der vom Parameter wert & = g0+ a
gekennzeichneten Beriihrungsebene des Grundzylinders dienen die folgenden
Richtungskosinuswerte :

COS 99, sin 99, 0 ,

dieselbe Normale bildet mit der Normaltransversale den Winkel 6. Wenn
wir die beiden Richtungskosinuswerte (namlich diese der oben besprochenen
Normale und jene der Normaltransversale) miteinander komponieren so
erhalten wir den Kosinuswert des Winkels &

¢ SiN g
COS o -
lc + T2 cosze
Nun ist
c = racot tg Ra,
und daher
A racot Basin s cot Rasing tan Ra Sin g
1r| cotz Ba -f- Ma COS299 Y1 C0S: (ptan: Ra | 1+ OO tan:Ra

Hier sei bemerkt, dall bei « = a -F- (0 der Ausdruck von cos d der oben er-
wahnten Formel (s) entspricht.

Es ist nicht schwer, die wirkliche GroRe der Verschiebung entlang der
Fuhrungsleiste am Richtungskegel zu bestimmen. Dies kann geschehen,
indem man den Abstand E tN {an der Erzeugenden e( auf eine, durch den Kegel-
winkel Ra gekennzeichnete Erzeugende projiziert. Diese Projektion (£') (iV;)
stellt die tatsdchliche Grofie der Verschiebung dar.

Dagegen ist die rechnerische Ermittlung umstandlicher.

Nach dem Zusammenhang laut Formel (I) und bei Beibehaltung der
Bezeichnungen des Bildes 9a, kann man fiir den Fall a = 0 folgende Gleichung
aufschreiben:

p = rasin® tan R0 = raSin (pucos 0 tan Ba= ratan.b
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Mit Rucksicht auf Formel (1), und durch Anwendung der Bezeichnungen des
Bildes 9c erhélt man:

KH —p tanR® = - r°tanR"sin 2<o - resin2ro
2 cos(a+ @)tan/Sa . cos(a+ 0)

und wir setzen die Ableitung fort:
KE = rasin(x «- ¢0) rax COS (x + <0) ,

HE = KE —KH = rasin(a+ t0) - rax cos(x «(-q0) — ra SIn 29,
2 COS (a4 - q0)

HN = HE COSR,

OH = plsing,

p: MN = OH : HN,

MN - pHN/OH pHE COSR mSinRjp HE COSR «Sin g,

tanp
1+ tan: g

sin B mcos R

tanrR = cos (x + (p0) etanRa,

. cos (a - Q tan Ra
SINR COSR =
1+ CO0S: (x + 9?0)tan2 R,

daher
cos (x + g0)tanRa

M N
1+ c0s: (x + GQ0) tan: Ra

Die effektive Lange der Verschiebung betrégt:

cos (x -F- g0) «tan Ra
cosBa [L '-cos:(x <0)tan:Ral

E(N) = M NIcOosRa HE,

bzw. nach Einsetzen des Wertes von HE:

cos (@ qu)tnnRa

E(N)
COSRa[: 4- COS2 (X 4- 90) tan: R

X rnsSin(x + ) rdxcos (x + (fO)- r SIn “70
2 COS (X + <)
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Wir wollen aus dem zweiten Polynom das Glied rjcos (ot -j- (po) heraus-
lieben:

cos (X R- q0)tanRa
COSRO[1 + COS: (T+ go)tan:Ra  COS (C+ (p0)

sin(sc  9) <cos (a f- () sin 2<)

= (EN)
1/ cos (c+ o) I/cos(sc + qn) 2
ratan Ra sin 2 (sc-(-s ,0)
CoOSBap: + COS: (CR- g0) tan: Ral 2
sin 2<p0

Cos: (C+ 90) = E(N),

und, in durchgefilirtcr Form erhalt man

rtan/ [cos (sc-j2 ¢0) sin T—xcos: (¥+ 9] = E(N).

(9)

Aus GIl. (9) folgt, daB die Verschiebung E(N) in zwei Fallen zu Null

wird: erstens, wenn £= 0, da in diesem Fall, innerhalb der Klammern, jedes

der beiden Glieder verschwindet. Der zweite Fall ist durch die folgende Gleich-
heit bestimmt, da die Differenz in den eckigen Klammern verschwindet:

IRa[l + 0082 (« + <Po)tan2 Ra

cos (x+ 20) *sin £= x cos2 (T + To) »

Hierzu soll bemerkt werden, dal? die Punkte jeder einzelnen Normal-
transversalen M), IV}, No, ... an dem Richtungskegel (Bild 9b) zugleich die
Punkte eines Thales-Kreises vom Durchmesser so bilden. Die Tiefste Lage in
diesem Kreis ist durch den vertikalen Halbmesser gekennzeichnet.

Die im Bild s dargestellte Vorrichtung ist tatsachlich dazu geschaffen,
ein genaues Evolventenprofil herzustellen, da die gerade Werkzeugschneide e
effektiv an der Hullflache der entstehenden Hyperboloide tangential entlang-
gleitet. Diese Bewegung entsteht dadurch, daR die genannte Schneide wahrend
der Fortbewegung in der x Richtung auch eine Verdrehung um den Zapfen
n durchfuhrt.

Im Bild 10 ist das Profil des Frésers als Hullkurve der durch den Meri-
dianschnitt der Hyperboloidenschar entstehenden Hyperbel dargestelit.
Wir ersetzen jede einzelne Hyperbel durch den Kriimmungskreis am Scheitel-
punkt, gekennzeichnet durch den bekannten Scheitelkrimmungsradius
R = p — b2‘a, wobei b die halbe imaginére, a die halbe reelle Achse bezeichnet.
Die Scheitelpunkte sind als Beriihrungspunkte bezeichnet. Wenn wir die, vom
Zapfen n wahrend der Operation durchgefihrte Drehbewegung unbeachtet
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Bild 10. Profil des Fingerfrasers als Hullkurve der als Meridianschnitte der Hyperboloide
entstandenen Hyperbel

lassen, so kdonnen wir leicht dem Irrtum verfallen, als ob die Profilkurve des
Fingerfrasers durch die Punktreihe A1 "2’ *** der Normaltransversalen ge-
bildet ware.

Zum Einspannen der Fréser und Schleifwerkzeuge verwenden wir spezielle Vorrichtun-
gen, die wir an einen im Handel erhéltlichen Antrieb anschliefen kdénnen. Den Turbo-Schleif-
fraser Type USF-35 (Bild 11a) erhielten wir von der Wiener Firma Groh und Sohn
(A-1011 Wien, Lugeck 1); die Anwendungsmdoglichkeiten desselben sind auf Bild 11b dargestellt.

Der Apparat ist durch folgende Angaben gekennzeichnet:
Antrieb: patentierter Druckluftmotor.

Betriebsdruck: 2 ~ 4 kp/cm2 je nach Drehzahl und Leistung.
Luftverhrauch: 280 liter/min bei 4 kp/cm2 Druck

Drehzahl: 25 000 40 000 U/min

Leistung: 720 W, bei 40 000 U/min

Lagerung: hochgenau, vorgespannt, spielfrei.

Schmierung: durch Olnebel, kontinuierlich.

Kihlung: Selbstkihlung, durch Antriebsluft.
Rundlaufgenauigkeit der Spindel: 0,002 mm.
Einspann-Nabe A. D.: 18 mm, auf Wunsch 40 mm.
Werkzeugaufnahme: Spannzange, Verldngerungsdorn.
Werkzeuge: Hartmetallfraser, Diamantwerkzeuge, Schleifstifte, Ringschleifkdrper.
Nettogewicht: 3,2 kg.

Laut Mitteilung der Herstellerfirma kann man bei einer Umdrehung von 40 000 U/min
auch zylindrische Schleifscheiben keramischer Bindung mit einem Durchmesser von 6 10 mm
in der Vorrichtung verwenden. Die Stabilitdt der Vorrichtung 148t die Anwendung von Ver-
langerungsdornen 012x125 mm, oder 012x130 mm zu, ohne jedwede nachteilige Wirkung
beflirchten zu mussen.

Die Zusammenstellung unserer Vorrichtung ist auf 3 Abbildungen dar-
gestellt, u. zw.: Vorderansicht; Bild 12a; Seitenansicht bzw. Querschnitt:
Bild 12b; Draufsicht: Bild 12c. Aus diesen Bildern geht klar hervor, daR
diese Vorrichtung einfach auf eine Drehbank oder auf eine andere Werkzeug-
maschine montiert werden kann, wobei die Antriebswelle x des Abwalz-
mechanismus in der Rohrwelle X gelagert und das Lager V dieser Welle am
Drehbankbett befestigt wird. Ein anderes Lager Z, das entweder mit der
Rohrwelle ein Stick bildet, oder daran rechtwinklig befestigt ist, dient zur
Aufnahme der Welle z. Am Lager Z sind ferner zwei Grundzylinderscheiben,
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A

Bild 11a. UmriR eines mit einer Drehzahl von 40 000 U/min wirkenden Turbo-Werkzeuges;
zur Verfugung gestellt von der Firma Groh und Sohn

Bild 11b. Montage und Anwendbarkeit des Turbo-Schleiffrdsers auf Werkzeugmaschinen
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g
Bild 12a. Zusammenstellung der nach dem Prinzip der Abwélzebene arbeitenden Vorrichtung.
Vorderansicht
Bild 12b. Seitenansicht bzw. Querschnitt derselben Vorrichtung
Bild 12c. Draufsicht derselben Vorrichtung

eine obere und eine untere, beide mit dem Halbmesser ra, angebracht. Zum
Zweck der Abwélzbewegung genligt je eine halbe Scheibe. Demzufolge kdn-
nen wir uns mit einem einzigen GuRstick begnligen, welches nach dem Prinzip
einer zweiteiligen Riemenscheibe, jedoch in einer Ausfihrung einer doppelt
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langen Radnabe bearbeitet werden kann, um beide Halbscheiben einfach auf
die Rohrwelle Z aufspannen kdnnen.

Der steuerbare Bearbeitungsmechanismus und die Lagerung des dreh-
baren Arbeitsstickes kann anstelle des Stahlhalters am Schlitten montiert
werden. Am Ende der Welle x befinden sich 2 Keilriemenscheiben. Eine
davon, die innere, wird von der Drehbankhauptspindel angetrieben. Die
zweite dient zum Antreiben unseres Werkstickes. Natirlich kann der Finger-
frdser auch direkt von der Hauptspindel aufgenommen werden. In diesem
Falle wird die Abwalzvorrichtung entweder am Schlitten, oder unmittelbar
am Bett befestigt.

6. Steuerung nach dem Prinzip der Schraubenbewegung

Im vorigen Kapitel haben wir das Abwadlzen der Berihrungsebene be-
sprochen und gezeigt, da die Zahnerzeugende e ihre erwinschten Positionen
mit Hilfe der beiden Grundzylinderscheiben nacheinander einnehmen konnte.
Jedoch ist ein solches Verfahren nur bei der Herstellung von wenigen Frdser-
typen wirtschaftlich. Nun wollen wir die Notwendigkeit, fir jede Frdsertype
das spezifische Paar von Grundzylinderscheiben herzustellen, umgehen. Dies
kann verwirklicht werden, wenn wir an die Wellen z der Steuervorrichtung
(Bilder 13a und 13b) eine obere und eine untere Schlittenfihrung anbringen,
die beliebigerweise gegeneinander verdrehbar sind und deren Schlitten in der
nach Wunsch verschobenen Lage fixiert werden kdnnen. Die Flihrungsleiste e
kann in verschiebhare Gelenke des oberen sr und des unteren s2 Schlittens
cingespannt und befestigt werden.

Diese Anordnung bildet mit dem Grundzylinder ein starres System.

Wenn dieses System als Grundzylinder die doppelte Bewegung durch-
fuhrt, indem es axial verschoben und um die eigene Achse entsprechend rotiert
wird, so wird durch die aufeinanderfolgenden geometrischen Stellen der Fiuh-
rungsleiste e die Zahnflanke erzeugt.

Nach Bild 13a dient das durch Kegelrad kx angetriebene Kegelrad kz
zugleich als Mutter fur die Gewindespindel r. Nun ist das Kegelrad kzin dem
um die mAchse drehbaren Lager X abgestitzt und so hat die Drehung dieses
Kegelrades zur Folge, dal die Gewindespindel in der axialen Richtung z
verschoben wird. Wir erwarten von der Vorrichtung, daR sie zu jeder Kom-
bination der Grundzylinder von verschiedenem Halbmesser ra und der ver-
schiedenen Zahn-Neigungswinkel Ba verwendbar sei. Dies kann erreicht wer-
den, wenn daflir gesorgt wird, dafl die Drehung der Welle und die axiale Ver-
schiebung der Spindel genau jener Schraubenbewegung entsprechen, die ent-
steht, wenn die Tangente des Grundzylinders ihre eigene Schraubenbewegung
dem Neigungswinkel Ba und der Ganghdhe h entsprechend durchfuhrt.
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Bild 13a. Zusammenstellung der Gewindespindel-Vorrichtung. Seitenansicht
Bild 13b. Teildraufsicht derselben Vorrichtung
Bild 13c. Fortbewegungsrichtungen am Grundzylindermantel, in einer Ebene ausgebreitet
Bild 13d. Alternative Ausfiihrung als hillsenférmige Gewindespindel mit einer darin rotierenden
Welle

w ir haben im Bild 13c folgende bewegungs-geometrische Elemente ein-
gezeichnet: die Berlithrungsgerade der Schraubenlinie mit dem Neigungswinkel
Ra, u. zw. an der in eine Ebene entfalteten Grundzylindermantelfldéche, ferner
die Steigungsrichtung des Gewindes in der Bohrung des Kegelrades kzl eben-
falls in der entfalteten Ebene. Bekanntlich ist die Gewindespindel, als Maschi-
nenelement, durch den Wirkungsgrad = tan xjtan (x -f- p) gekennzeichnet
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mit x als Steigungswinkel und g als Reibungswinkel. In diesem Zusammenhang
ist der gunstigste Steigungswinkel x = 45°; dieser Fall wurde in unsere Zeich-
nung (Bild 13c) aufgenommen. Nun ist das Verhéltnis des Verdrehungsbogens
und der axialen Verschiebung der Spindel gleich tan Ba. Um dies zu verwirkli-
chen, stehen uns zwei verschiedene Konstruktionsmdéglichkeiten zur Verfi-
gung.

Im Bild 13d ist eine der beiden Ldsungen dargestellt.

Diese Losung 4Rt sich wie folgt beschreiben:

Die GewindeSpindel ist als ein Fihrungsrohr ausgebildet. In diesem Rohre
befindet sich die Grundzylinderwelle, wobei die hohle Gewindespindel und die
darin drehbare Welle eine gemeinsame axiale Verschiebung durchfiihren.
W &hrend einer Umdrehung des Kegelrades kz legt des Rohr (samt Welle)
einen Weg von AS /i, zurliick, und die Welle im Rohr verrichtet eine dem
Bogen SHj entsprechende Drehung, wobei SHXSA = tan Basein muB.

Bei der anderen konstruktiven Ldsung besitzt die Geivindespindel keine
Fihrungsbohrung. Durch das Muttergewinde des Kegelrades kz erh&lt die
Gewindespindel die notwendige L&ngsverschiebung. Ferner befindet sich an der
Gewindespindel eine axiale Keilbahn (Bild 13a). Die zusétzlich bendtigte
Drehung der Spindel wird mittels des Dreharmes k bzw. des daran montierten
Einsatzkeils erzielt. Da die hierdurch in Drehung gebrachte Gewindespindel
gezwungen ist, sich auch in den rotierenden Schraubengdngen des Mutterge-
windes im Kegelrad fortzubewegen, muB eine Drehung entlang des Bogens
AB, zugleich einer axialen Verschiebung SB X entsprechen.

Der Verdrehungsbogen im Dreieck ABB Xentspricht dem Umfang der
Schraubenspindel mit dem Halbmesser rc und mit Ricksicht auf den Stei-
gungswinkel von 45°, haben wir

2rcn = hy = AB
und
AB., = AB Xsin Ra,
bzw.
A B X sin 45° — A B :sin (45° f- Ra) .

Unter Bertcksichtigung der folgenden Zusammenhénge:

sin 45° = cos 45° und AB hx 2rcn
erhalten wir
AB., = 2rcn tan Bal(l f- tan Ra) .

Als Beispiel nehmen wir folgende Werte an:
rc= 50 mm; tau Ba= 0,532,

SO ist
AB., = 314 +0,532/1,1532 = 109.
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314 : 109 « 23/8, und demgemadR soll der Arm k 8 Umdrehungen vorauseilen, wéhrend
dessen das Kegelrad 23 Umdrehungen durchfihrt. Also ist die Umdrehungszahl nk des Armes K
gleich 23 8 = 31.

Im Falle einer rohrférmigen Gewindespindel (Bild 13d) soll die Voreilung des Armes K
wdahrend einer Umdrehung des Schraubenmutterkegelrades SHt

SHt = ftjtan Ra = 314 «0,532 = 167,05
Umdrehungen betragen.
Da nun 314 : 167,05 ~ 20/11, also ist die Voreilung des Armes k gleich 11, gegeniiber
der Kegelradumdrehung 20. Die Umdrehung nk des Armes k ist gleich 20 + 11 = 31.

Die Konstruktionsldsung kann leichter gestaltet werden, wenn wir, im
Sinne des Bildes 14a, die Umdrehung des Kegelrades kz als die Umdrehung
eines Sonnenrades in einem Zweirad-Planetengetriebe auffassen, und zugleich
das Sonnenrad a und das Planetenrad b als Wechselrdader betrachten, die dem
jeweiligen Neigungswinkelra zugeordnet sind. Wir wollen auf die Umdrehungs-
zahlformeln [11], [12] und [15] des aufRenverzahnten Zweirad-Planetengetrie-

bes zurlckgreifen:
ana+ bnb (a —b)nk= 0. (10)

In dieser Formel haben die Bezeichnungen folgende Bedeutung:

a — irgendeine passende Angabe des Sonnenrades, d. h. Halbmesser bzw. Durchmesser

oder Zahnezahl,

b — eine ahnliche Angabe des Planetenrades,

Kk — Planetengetriebearm,

/i3, nb und nk — Drehzahlen gem&R FufBindex.

Die Formel (10) kann als Gleichung einer Ebene, (largestellt in einem
dreidimensonalen System aufgefaRt werden, mit den Zahnezahlen a und b
als Konstanten (bzw. gegebene Z&hnezahlen) und nb, nc als Variabein.
Wenn also unser Koordinatensystem durch die Koordinatenachsen na, nbund
nk gebildet wird, so 14t sich die erste Bildebene durch die Achsen nk, na, die

zweite durch nk, die dritte durch rca, nbbestimmen (Bild 14/>).

Bild 14a. Prinzip eines aufenverzahnten Zweirad-Planetengetriebes
Bild 14b. Darstellung des Rechnungsganges zum Zweirad-Planetengetriebe
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Die erste Spurlinie ergibt sich bei nb= 0, die zweite bei der Annahme

0;
nM=na= |+ -t nk, (10a)
a
n2= np= 1+ ”b nk. (10b)

Hierzu sei bemerkt, daB am Halbmesser a die Richtung AC als positiv,
am Halbmesser b die Richtung BC als negativ gilt. Bezeichnenderweise gilt
Gl. (10) fur ein auBenverzahntes Sonnenrad. Fiur ein innenverzahntes Sonnen-
rad lautet die Gleichung:

ana bnh (a b) nk 0. (107)

Als Zahlenbeispiel sollen die Angaben der aufenverzahnten Wechselrdder a und b
in Kenntnis der Umdrehungszahl nades Sonnenrades a, unter folgender Bedingung bestimmt
werden:

nb = gna und nk = na-\-i

wo g und i beliebig gewdéhlte Zahlenwerte bedeuten.
Im Sinne der Formel (10) kann man schreiben:
ana+ bgna (a + b)(na-f-i) =0,
ana -(- bgna ana - bna —ai —bi =0,
ai = b(gna na —i),

und daraus
ab = nAq :ﬂ': 1 na(qi_ 0.
GemédR Bild 130 haben wir na= 23, q= 2, i = 8
Deshalb gilt:
ajp - 23/8 1= 15/8.
In einem anderen Fall mit na= 23, g = 3 und i = 8, ergibt sich

alb = 2n0/8 1= 46/8 - 1= 38/8.

Ein weiteres Beispiel sei bestimmt durch a = 30, b = 16, entsprechend dem Verhéltnis a/6 =
= 15/8.
Hieraus erh&lt man nach Bild 14b die Spurlinien der beziiglichen Ebene, wie folgt:

23 23

H':15HK, n-:AI'I‘<'

Wenn einmal die Spurlinien u, und n2der Ebene bestimmt wurden, so istes mdglich,
die dem Wert z. B. na= 23 zugeordneten Werte rif, = 46 und rii- = 31 durch geometrische
Konstruktion zu finden, me dies aus Bild 146 hervorgeht.

Es sei z. B. ein Punkt gewahlt, fir welchen der Abstand nnder ersten Projektion von der
n/(-Achse gleich 23 und der Abstand der zweiten Projektion gleich rn 2 na - 46 ist; so ist
der koordinierte Wert n/( = 31 in Ubereinstimmung mit GI. (10), wie folgt:

1523 + 846 (15+ 8) 31 =10
das heisst
5na+ 8n/, 23ri = 0.
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Im Bild 13a ist eine Konstruktionsart dargestollt, in welcher der Em-
legeted zur Ubertragung der Drehbewegung an die Gewindespindel, zwecks
Erleichterung der Montage, sich im Deckelteil des Armes k befindet.

Wenn eine automatische Hin- und Herbewegung der Gewindespindel ge-
wiinscht ist, dann mufl fiir einen mechanisierten Richtungswechsel der Drehung
der Welle gesorgt werden.

Zur Bestimmung der Verschiebung der Gewindespindel dienen die geo-
metrischen Zusammenhdnge der Bilder 9a und 13c. Der Evolventenabwdlz-
bogen am Grundkreis im Stirnprofil ist raa; die diesem Bogen zugeordnete
Bogenldnge der Schraubenlinie ist

/ = raalsin Ba.

7. Einstellung der Vorrichtung

Die Fihrungsleiste e soll an der Wé&lzebene-Vorrichtung in einem Winkel
Ra zur s-Achse eingestellt werden. Fur eine Zdhnezahl z und mit den Bezeich-
nungen im Bild 15, ergeben sich:

P= 2n:/42 = jrl2z,
ratan x = raarc (é -)- a), (11)
tan a = arc & + arc x .

Mit Hilfe der Evolvententabelle [13] und als Funktion des Eingriffs-
winkels x kann man schreiben:

arc 0 = inv x tan x arc x

Bild 15. Einstellung der Fihrungsleiste in der nach dem Prinzip der Abwaélzebene arbeitenden
Vorrichtung
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und im Bogenmal

Vo=v-U =-?2L-e. (12
Zz

Um die Gewindespindel-Vorrichtung gemdfR Bild 13a einzustellen, mus-
sen wir den Neigungswinkel Ra der Grundzylinderschraubenlinie bestimmen.

In Kenntnis des Teilzylinder-Neigungswinkels B0 14kt sich auch die Formel der
Ganghohe anschreiben:

h - 2r0qa/tan R0 = 2rasa/tan Ra,

tan Ba- ratan Bjro0,
da

ra= rOcosa = mz cos xNe’

erhdlt man fiir den Winkel Ba die praktischere Formel

tan Ba= tan R0cos %. (13)

Wenn nun Winkel B = 0, dann ist die Fiihrungsleiste e parallel zur Achse
2 des Grundzylinders und die erzeugte Profilkurve ist eine Evolvente.

Zum Zwecke der Einstellung des Fingerfrésers einer Schrédgverzahnung
gemaR Ba wollen wir den Zusammenhang zwischen dem Neigungswinkel 2a
der Schlitten sxund s2, und ihrem Abstand p und dem Winkel Ra festlegen.

Bild 16. Einstellung der Fuhrungsleiste in der Gewindespindel-Vorrichtung
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Wir wollen die Bezeichnungen nach Bild 16 beibehalten:

cos 6 = rJR = mz cos ac/2],, (14)

p = 2R sin d/tan Ra. (15)

Unter Berlcksichtigung der Gleichung mhz = 2r0Q, erhdlt man aus den
obigen zwei Formeln und nach (13)

tan & — p tan Ra2R/2R mhz cos < = (16)
=p tan Ral2rncosa = p tan Ra2r0.

Aus GIl. (14) ist
R r0 cos sc/cos <5,

In Kenntnis der Gréfen R, p und Winkel 6 sind wir in der Lage, den
Winkel Ba einzustcllen.

Es soll hier — im AnschluB an die Berechnung der Wechselrdder (a) und (b) des Zwei-
radplanetengetriebes auf die bereits angefuhrten Zusammenhdnge Bezug genommen
werden:

Mit Rickblick auf das Kapitel 4 kommen wir auf unsere friheren Besprechungen
betreffs der Berechnung eines Rades mit Pfeilverzahnung zuriick:

Werkzeugmodul mn = 27 mm,

Zéhnezahl z = 26,

Neigungswinkel am Teilzylinder = 30 = 30°,

Stirnmodul me = 31,177 mm,

Teilkreishalbmesser r0= 405,299 mm,

Werkzeugeingriffswinkel <sn = 20°,

Eingriffswinkel im Stirnschnitt tana = tan 20°/cos 30°, d. h. a — 23° 45,

Grundkreishalomesser: ra = rOcos a = 405,299 cos 23° 45' = 373,64 mm.

Es betrdgt die Ganghdhe am Teilzylinder: h 2rOrr/tan 30° = 4410 mm,

tan Ba= 2ra~rlh 0,532,
Ra = 28°.

Es diene als Rekapitulation, daR (nach Bild 13c) das Drehzahlverhdltnis sich folgender-
maBen ergibt:

Ausgangswert ist tan Ba = 0,532; demgemé&R erhédlt man fir die Ausfihrung mit einer
Gewindespindelachse nach Bild 13a nani{ = 23/31. Weiters wurde nach Bildern 14a und 14b
bewiesen, daB man dieses Drehzahlverhéltnis bei einem Verhéltnis der Wechselrdder ajb —
= 15/8, z. B. zjzh) — 30/16 erhalt.

Fur eine durchbohrte Ausfiihrung der Gewindespindel (Bild 13d) d. h. mit einer Vor-
eilung nach Bild 13c SH., = SH, gilt nach vorheriger Berechnung das Verhéltnis der Wechsel-
rader alb = 29/11.
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Generating of the End Milling Cutters for Helical Gears Il. The Design and the Adjust-
ment of the End Milling Cutter.. — In Chapters 5—7 the arrangement of the production
and its adjustment are dealt with. As for the design — considering the high r.p.m. required
by the work it was thought that use of a commercially available gear would be the best
solution. Two designs are discussed: one would be economic where only few sizes of end cutters
are needed, while the other solution could be used for the production of the most different cut-
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M3rotoBneHve 06KaTKOM KOHLEBOM (pesbl KOCO3ybbix uuanHapuyeckmnx konec, |l
KOHCTPYKLMS 1 ycTaHOBKa KOHLEBOM (hpesbl. ABTOpPbI MpegsaraloT MNpUMEHEHWe TroTOBOro
nprBOJa W ONUCHIBAIOT ABa BMAA PELLEHNUS, @ UMEHHO: OAVH U3 HUX Bbln 6bl 3KOHOMUYEH B TAKUX
MecTax, rae TpebyeTcs He6GOMbLLOe YMCN0 PasMepoB KOHLEBLIX ()pe3, a BTOPO — MOXET ObITb
MCMONb30BaH ANs1 M3rOTOB/MEHWS CaMbIX Pas/IMUHbIX BUAOB KOHLEBbIX (pe3. Jlobas U3 HUX
MOXET ObITb CMOHTMPOBaHa Ha KaKOWM-HNOYAb NOAXOASALMA METaNNopeXyLwnii CTaHoK.
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H. Jordan—V. Klima K. P. Kovacs:
ASYNCHRONMASCHINEN

FUNKTION, THEORIE, TECHNISCHES

Akadémiai Kiad6, Budapest und Friedrich Vieweg & Sohn Verlagsgesellschaft mbH, Braun-
schweig 1975. ISBN 963 05 0092 2, 531 Seiten, 316 Abbildungen und Tabellen.

Asynchronmaschinen, in dem Leistungsbereich von Bruchteilen eines Watt bis zu
vielen tausenden Kilowatt, werden heute in der ganzen Welt jahrlich zu Hundertmillionen
erzeugt. Viele Fachleute beschéaftigen sich mit diesen meistverbreiteten Motoren, demzufolge
ihre Entwicklung einen hohen technischen Stand erreicht hat.

Trotz des einfachen konstruktiven Aufbaus finden in den Asynchronmotoren kompli-
zierte elektromagnetische Vorgénge statt, andererseits kommt den stérenden Nebenerschei-
nungen, wie Laufruhe, magnetischer L&rm, Zusatzverluste, Drehmomentsdttel usw. eine stei-
gende Bedeutung zu. Diese Probleme sind zwar in der Fachliteratur behandelt, aber es ist
fur den Leser unmaéglich, die groBe Unmenge der Literatur zu verfolgen und erfolgreich zu
bearbeiten. Das vorliegende Buch verfolgt das Ziel, die grundlegenden und weiterfithrenden
Kenntnisse der Asynchronmaschinen zusammenzufassen und aufzuarbeiten.

Das Buch ist als Lehrbuch fur Studierende und als Nachschlagwerke fiir Fachleute
gedacht und deshalb legen die Verfasser groBen Wert darauf, den Asynchronmotor stets als
ein physikalisches Gebilde mit elektromagnetischen Erscheinungen zu betrachten. Die netz-
werktheoretische Behandlung mit Matrizendarstellung als Hilfsmittel der Lésung transienter
Vorgénge wird im zweiten Band des Buches behandelt werden.

Das vorliegende Buch ist der erste Band einer zweibdndigen Serie. Es hat aufer der
Einleitung elf Kapitel, ein Sachverzeichnis und eine Bezeichnungsliste.

Die Einleitung erklért die Bildung des Drehmoments und zeigt einige typische Beispiele.
Das Kapitel |1 behandelt den Problemkreis Drehfelder, Drehmomentbildung und Spannungs-
erzeugung. Die idealisierte Drehstromasynchronmaschine und die wichtigsten Grundbegriffe
werden im Kapitel 11 beschrieben. Kapitel Il beschéftigt sich mit der Theorie der Wicklungen.

Der Grundfeldmotor und dessen klassische Behandlung mit Hilfe der Primd&rstromorts-
kurve (Kreisdiagramm) wird im Kapitel IV beschrieben. Hier werden auch die Besonderheiten
des Kéfiglaufermotors behandelt. Dieses Kapitel ist durch drei Anhénge ergénzt, die die
Problemkreise SI-MaRsystem, die Per-Unit-Schreibweise und die funktionstheoretischen
Betrachtungen tber Kreisdiagramme erdrtern.

Im Kapitel V werden die Fragen des konstruktiven Aufbaus und der technischen Ein-
zelheiten der Drehstromasynchronmaschinen behandelt und im Anfang die wichtigsten VDE
und DIN Normen angefihrt.

Zu der klassischen Theorie gehdrt noch das Thema des VI Kapitels, die Theorie der
Motoren mit Doppelkéafig- und Stromverdrangungslaufern. Die folgenden Kapitel beschéftigen
sich mit Betriebsproblemen, wie Antriebs- und Erwédrmungsfragen (Kapitel VII); Anlassen,
Bremsen, Umsteuern, Schaltwdrme (Kapitel V1I1); Drehzahlstellen (Kapitel 1X).

In dem Kapitel X werden die Sonderbetriebsarten (Generatorbetrieb, Drehsteller,
asynchrone Frequenzumformer, elektrische Welle, Gleichstrombremsung) und im Kapitel X1
die unsymmetrischen Schaltungen von Induktionsmaschinen behandelt.

Die kurze Beschreibung des Inhalts des Buches beweist, dall es die klassische Theorie
der Drehstromasynchronmotoren umfaft. Es wird groRer Wert auf die einwandfreie physika-
lische Erklarung der Zusammenhénge und auf eingehende, sorgfaltige Diskussionen der Ergeb-
nisse gelegt.

Die einzelnen Kapitel sind mit einem ausfihrlichen Literaturverzeichnis versehen.
Schone und zweckmdRige Bilder erleichtern dem Leser die Bearbeitung des Stoffes. Fir den
Text ist klare und zielstrebende Schreibweise charakteristisch. Die schdne Ausfiihrung des
Buches ist ein besonderer Verdienst des Verlages.

F. Csaki und P. Magyar
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Kenneth L. Johnson:

OPERATIONS RESEARCH
VDI-Taschenbicher, T 27, VDI-Verlag Dusseldorf 1973, pp. 193

The subject of the investigation of the scientific trend developed and widely adopted
under the name Operations Research is the structure and characteristic behaviour of integrated
(man-machine) systems organized and controlled with a definite purpose, i.e., the totality
of interrelated activities planned or to be expected, necessary for reaching the result required
in an actual situation. Just this latter, i. e., the way of activity aiming to perform a definite
and perhaps repeatedly occuring task of the man-machine system, is called operation. The
purpose of the operations research is to be helpful in decision making, to make it more deeply
understood; analysis of the operations of the organized system for the most part in a symbolic
model, by determining its optimum or by (computerized) simulation. However, the “Operations
Research” as a key word, does not only countermark the activities of such trends but this
expression is used as a collective title for specific mathematical models, methods and discipli-
nes (linear and non-linear programming; integral programming, sequence programming;
theory of games; dynamic programming and theory of process control; graph theory, theory of
network processes; organization networks; network control systems analysis; theory of sto-
chastic processes; theory of mass attendance; stock piling; and to cover all the mentioned
subjects, heuristic methods and systems simulation, etc.) promoting the solution to decision
and management problems.

Although the expression “Operations Research” has been adopted all over the world,
it may not be considered to be very lucky in any of the languages. Namely, the operation
(i. e., decision and management strategies) according to the present common use of the ex-
pression — is not so much researched as - by relying on the information based upon analysis
of the decision and management situation and on the prevision of the consequences of interven-
tions — as planned. Therefore, also in the English special literature, several synonyms are
applied to designate this concept. In the special literature of West Germany (and also in that
of the Operations Research Society) for several years the American expression has been used.
This is the origin of the title of the VDI-volume.

The book of K. L. Johnson was compiled from the material of the seminary lectures
held for industrial managers.

In Chapter 1, by way of introduction, the interrelation between the operations research
and systems theory, or to be more exact, the approach of the system of operations research
is discussed. It is made clearly understandable that this is not a new discipline of mathematics
but the special technics or technico-economic field which is dealt with, partly developing
together with the field of automatic data processing and computer technique.

In Chapter 2 the linear optimization (or, in other words linear programming) with the
aid of bivariate problems is explained, and the attention is shortly drawn to such further possi-
bilities as the integei valued, parametric, stochastic as well as non-linear optimization, and the
own limits of linear programming are pointed out. Then a concise description is given of the
significant types of problems as, for example, the distribution, cutting out, transport, planning
of roundabout circulation systems and designation problems.

Chapter 3 deals with the questions of dynamic optimization. Here the linear (and other
mathematical) optimization treated in the foregoing chapter, is supplemented with time data.
This is indispensable in situations where decisions relating to given periods, affect those of the
following ones. Here the significant concepts are the planning time horizon, state-space which
also contains the possible states of the system in the given periods, probability of each systems
states, and the optimum politics. Also for the application of the Markov-chain some simple
examples are to be seen.

Chapter 4 makes known the most significant elements and viewpoints of the network
technique.

The subject of Chapter 5 is the digital simulation and within this the production of ran-
dom numbers. These means of anylsis and experimentation is shown by a simple mass attend-
ance example, by the analysis of the capacity of one sf the small repair shops.

Chapter 6 gives insight into the theory ofgames, gives a glance into models practicably
treatable, however, where a real operations research problem could only rarely be defined.

Chapter 7 deals in a relatively more detailed and very up-to-date way with the time
functions. These are very useful and often indispensable in the operations research and mainly
in the theory of simulation and prognostics, but as a discipline belongs to the statistics, there-
fore, commonly no stress is laid on it in the curriculum of the operations research.
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Chapter 8 reports on the interrelated problems of stock piling, i. e., on the amount of
stocks, terms of reorders and on the amounts of the material to be ordered.

Chapter 9 presents the simpler types of sequence planning to be handled more easily;
then in Chapter 10 the work is finished by describing the theory of waiting rows (in other terms,
the theory of mass attendance) and a small example problem to be treated in this way.

The Publisher of the Society of German Engineers (YDI) deserves credit for that in its
series of books, so popular in the professional world, draws the attention of engineers to the
potentialities of the operations research.

G. Jandy

L. Kollar—E. Dulacska:

SCHALENBEULUNG
THEORIE UND ERGEBNISSE DER STABILITAT GEKRUMMTER FLACHENTRAGWERKE

Akadémiai Kiad6 Budapest — Werner Verlag Stuttgart. 1975. 172 Seiten, 125 Abbildungen,
5 Zahlentafeln. Literaturverzeichnis, Namen- und Sachverzeichnis.

Die verschiedenen Schwingungsprobleme der Stabkonstruktionen wurden bereits in
zahlreichen Werken ausfihrlich behandelt, doch ermangelte es bisher einer die Stabilitats-
probleme der Fldchentragwerke erfassenden Monographie. Diesem Mangel soll auf dem Gebiet
der Schalenkonstruktionen das Werk der Verfasser Lajos Koirtar und Endre Dutacska
abhelfen.

L. Korrar, einer der beiden Autoren schrieb das vorziglich verfallte einleitende Kapi-
tel. das die Beulung der Zylinder- und Kegelschalen, der kugelférmigen und elliptischen Kup-
peln, sowie die Stabilitdtsprobleme der hyperbolischen Paraboloidschalen behandelt. Er ist
auch der Autor der Kapitel, die sich mit den Stabilitdtsproblemen der Schalen mit freien
Réandern, sowie mit der Beulung der Rippen und Fachwerkschalen befassen. Die, die Stabili-
tdtsprobleme der orthotropen, der Wellen- und Sandwichschalen betreffenden Kapitel hat
E. Durtacska verfalt. Auch das SchluBkapitel, das die praktische Anwendung der Ergebnisse
der Stabilitdtstheorie beinhaltet, schrieb E. Dutacska.

Die Beulungsprobleme der Schalen bilden das komplizierteste und in vielen Beziehun-
gen auch heute noch ungeklarte Kapitel der technischen Festigkeitslehre. Hunderte von For-
schern suchten diese Probleme theoretisch oder im Versuchswege zu lésen, doch zeitigten ihre
Bestrebungen umso weniger eine befriedigende Ldsung, da ihre Feststellungen voneinander
in vielen Beziehungen wesentlich abweichen. Besonders auffallend ist die vielfach beobachtete
Tatsache, daB die kritische Last der Schalen in einem weiten Bereich schwankt, wie dies
Versuche und die Erfahrungen der Baupraxis zeigen, und wesentlich kleiner ist als der auf
Grund der Berechnungen zu erwartende Wert. Diese Abweichungen finden ihre Begrindung
einerseits darin, daB im Rahmen der theoretischen Untersuchungen statt der tatsédchlichen
Materialeigenschaften von diesen mehr oder weniger abweichende, idealisierte Eigenschaften
der Baustoffe angenommen werden, andererseits darin, dal in den einzelnen Phasen der mathe-
matischen Berechnung, mit Ricksicht auf die hierbei auftretenden Schwierigkeiten, verschie-
dene Vernachldssigungen vorgenommen werden. Eine weitere Ursache der Abweichungen
besteht darin, da bei den theoretischen Untersuchungen die Form der Konstruktion und die
Unterstutzungsart idealisiert und die infolge von Ungenauigkeiten in der Bauausfihrung auf-
tretenden Beulungen aufer acht gelassen, bzw. regelméRig angeordnete Beulungen regelmaRi-
ger Form angenommen werden. Im allgemeinen lassen die theoretischen Untersuchungen auch
die chemischen und physikalischen Wirkungen, wie Wéarmedehnung, Schwinden, Kriechen.
Korrosion, die wéahrend des Bestehens der Konstruktion auftreten, unberlcksichtigt. Ein
weiterer® Fehler ergibt sich ferner daraus, daR die theoretischen Untersuchungen statt der
unendlich vielen Arten der Beulungsverformungen nur eine beschrédnkte Anzahl dieser ins
Auge fassen. Diese Umstdnde, sowie der unbekannte Unterschied, der zwischen der theoreti-
schen und der tatséchlichen Dicke der Schale besteht, verursachen ein ernstes Problem in der
praktischen Anwendung der theoretischen Ergebnisse im Zusammenhang mit der zweckdien-
lichen Bestimmung des Sicherheitsfaktors.

Im vorliegenden Werk sind die Autoren bestrebt, einerseits einen Uberblick des zu be-
handelnden Themas zu geben, andererseits fur die Praxis einen gut brauchbaren Behelf zur
wirtschaftlichen und zuverldssig sicheren Bemessung von Schalen zu bieten. Diese zweifache
Aufgabe 16st das Werk trotz des komplizierten Problems — erfolgreich. Die Berechnung
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der kritischen Spannung nach der linearen Theorie wird unter Verzicht auf lange Ableitun-
gen nur nach dem von E. UuLAcskA entwickelten Verfahren erdrtert, das in geistreicher
Weise auf der Beobachtung beruht, daR sich die Beulungswelle oder die Beulungswellen
der Schalen im allgemeinen auf kleine Fldchen erstrecken und so die Beulung auf Grund der
vereinfachten Beulungstheorie flacher Schalen behandelt werden kann.

Das Werk befal3t sich eingehend mit der Wirkung, die die Abweichung der tatsachlichen
Form der Schale von der theoretischen auf den Beulungsvorgang ausibt. Anstatt in Form von
Formeln und Ableitungen sind die Untersuchungsergebnisse der verschiedenen Forscher in
klaren Diagrammen veranschaulicht und auch die theoretischen Ermittlungen sowie die ver-
suchsmaRigen Beobachtungen des Verhaltens der Schale im Uberkritischen Bereich dargestellt.
Anhand einer ungemein anschaulichen in der internationalen Literatur bisher unbekann-
ten Abbildung wird die wahrscheinliche Beulungsform der tber einem windschiefen Viereck
errichteten Schale und die Mdglichkeit der dehnungslosen Forméanderung erkléart. Von Interesse
ist auch die Zusammenfassung der theoretischen und versuchsmaRigen Ergebnisse, die L.
Kottar im Zusammenhang mit der Stabilitdt der Schalen mit freien R&ndern verdffentlicht.

Mit Rucksicht auf die praktische Anwendung des Werkes wurden die Beulung ortho-
troper Schalen sowie die Stabilitditsprobleme von Schalen besonderer Konstruktion und im
Rahmen dieser die selbststindigen Forschungsergebnisse der Autoren eingehend behandelt.
Besondere Aufmerksamkeit verdient auch das geistreiche und mit praktischem Sinn verfalte
SchluRkapitel.

Im allgemeinen kann festgestellt werden, dal das Werk — seiner Zielsetzung entspre-
chend die ungemein komplizierte Erscheinung der Beulung und deren physikalische Ur-
sachen anschaulich und allgemeinverstdndlich erldutert. Auch die in der internationalen
Fachliteratur verdffentlichten, die Beulung der Schalen betreffenden Forschungsergebnisse,
einige wertvolle Abhandlungen der Autoren mitinbegriffen, sind sorgfaltig angefiihrt. Die
Hinweise auf die Fachliteratur und der mehr als 200 Posten umfassende Literaturnachweis
bieten groBe Mdglichkeiten flir weitere Forschungsarbeiten auf diesem Gebiet.

Das Buch der beiden Autoren l. Korrar und E. Duracska stellt eine nitzliche Er-
gédnzung der einschldgigen internationalen Fachliteratur dar und erhebt zweifellos Anspruch

auf ausgedehntes Interesse.
P. Csonka

Maté Major:
GESCHICHTE DER ARCHITEKTUR, BAND 1.

Akadémiai Kiad6 Budapest 1974 (Gemeinschaftsausgabe des Akadémiai Kiad6 und des
Henschelverlages Kunst und Gesellschaft), pp. 719, 423 figures, annexe: 4 geographical maps.

The book of M. Major, member of the Academy, is the first volume of the trilogy
dealing with the universal history of architecture first published in the Hungarian language
between 1954 and 1960 (dates of publication of the three volumes are: 1954. 1955 and 1960
respectively) then, between 1957 and 1960 in German (1957, 1958 and 1960). Thus, this book
seems to be the beginning of the third edition of the work, however, neither this volume, nor
the second and third ones (the former being completed in manuscript and the latter in hand)
are the mere reprints of the former volumes because their structure and even their function
has undergone a great change since their author first wrote them.

Habent sua fata libelli — this ancient saying, its drift in this regard: this work has its
own history and destiny, and as a work dealing with history has a peculiar affinity with the
branch of our cultural history reviving after our liberation, one of leading personalities of which
was M. Major: this being the revival and development of architecture in Hungary. In the
late forties, the author together with several fellow-workers could be seen among those who
tried to lay down and solve the enormous problems banking up in front of our building in-
dustry. These personalities whose professional and political activities were represented before
our liberation was a pledge of a successful evolution. However, the running events caused M.
Major’s conclusion in playing an immediate part of leading and forming the building industry,
and he gave up his job he had held down in the ministry, for the university chair, the practice
of science. At the Technical University of Budapest he organized a chair of special scope and
herewith became a militant personality not only of the present but also of the immediate future
thus having just as great significance: educationalist of architects of a quite new type with
a qualification to carry out great tasks. He had already had a definite opinion of the up-to-
date architecture of those days knowing that this could be simply replanted into the youth

Ada Technica. Academiae Scientiarum Hungaricae 82, 1976



BOOK REVIEW 475

as it was done at the university earlier where even in the years following the libération the
ancient tradition, deducing, understanding and teaching of architecture on the basis of certain
formalistic principles, was in vogue. The aim was laid clearly before his eyes, however, he de-
voided the methods which would help him in achieving it.

Every kind of revolution has a characteristic, accompanying factor in the intellectual
field; sometimes preceeding it, sometimes being concomitant, the revaluation and consequently
the revision of the material of knowledge. The character of this revaluation is, in general,
twofold, because, on the one hand it takes every motif and information into account in order
to prevent the repetition of errors committed, which led the evolution into a tangle; and on
the other hand, the revaluation cannot be a purpose in itself but is intended to teach and
educate; not only to diffuse information but knowledge. This artistic manner of activity was
matured by similar changes of fortune which is called encyclopedia, and is kept in evidence as
such by science. Well now, M. Major who, at the very beginning had a definite Marxist ideo-
logy, and who by extensive theoretical studies gradually developed the outlines of an up-to-
date discipline so far not existing, the outlines of an architectural theory based on the grounds
of dialectic materialism. He started out with this kind of activity when the task arose to
confront him in bringing his principles into affinity with the tremendous build-up of history,
hereby justifying their correctness. He undertook the hardly realizible work with a revolu-
tionist’s sense of vocation and a scientist’s humility, knowing how it should not be done and
how it must be done, beginning his university lectures not in the traditional way which dis-
closed only one (and therefore necessarily distorted) aspect of architecture, hut tried to present
its Protean entity. In order to do this, he extended his lectures to the domain of the prehistory
up to that time which had bean wholly neglected and is rather significant in understanding
the essentials of architecture, and did not stagnate in analysing the building practice of ancient
times, Near-East and classic cultures also previously discussed, as he drew the attention of
his students to the Far-East architecture which, although hardly influencing European evolu-
tion, still constituted an integral part of the general aspect of the history of architecture.
Undoubtedly. M. major had a basis when starting his undertaking: the encyclopedical works
written by a community of several scientists of the Soviet architectural academy, however,
these only dealt with the architecture of the ancient times and did not discuss a later evolution.
Therefore, the task of starting out with the up-to-date interpretation of the mediaeval, modern
times and our days’ architectural history awaited him. However, all of these would in themsel-
ves have been only the mere quantitative extension of the subject, it became ever more signi-
ficant as he disclosed it saying: the widely drawn social-economic bases, the technical-techno-
logical development, and last but not least, the cultural achievements: among them presenta-
tion of character, defining the strength of sciences and arts, together with architecture, served
to guarantee the dialectical approach to architectural achievements.

All of these first were published in the form of lecture notes and served as sources
for the young generation in thirst of knowledge in architects and in getting acquainted with
the science of architecture. The authenticity of the foregoing has not only been justified by
its inward high scientific level but also by the personality of the professor, because everybody
knew that not a stranger in the professional science is speaking from the chair, hut a creative
architect who left had a successful activity behind, one of the combatants of the avangardist
movement of the years prior to the lineration which was not without any danger; the value
the theory of the scientist and teacher has been countermarked by the status achieved in
the domain of practice. And also inversely: he would not have been so far rigthed in the frantic
architectural discussions without historical studies; at this point his scientific entity came to
the assistance of the person who had to decide in practical affairs, and preserved him against
concessions despite his own convictions, against dogmata, also taking upon himself the grief
of confrontation, But this, however, relaxed before long, just because the complex architec-
tural approach of M. Major eventually achieved his historical justification.

With this, the direct educational didactical “experimental” period of the work came
to an end, it matured into the form of a book. And not only the form of a university text-
book but a scientific manual, as the whole professional society missed the history of architec-
ture written in the period of the dialectical-historical materialism. Criticism of sorts have been
made in respect to the trilogy, more exactly, its first volume referring to the related branches
of knowledge, on the side of history of art and archeology as, for example, the connections
between the foundation and superstructure are not made perceptible with the necessary plasti-
city: the sources utilized are not up-to-date enough. These assertions notwithstanding, neither
the dialectics just acquired, nor the selfconceited, and sometimes sardonic positivism of some
reviewers were not able to contest either the pioneering significance of the work, nor the fact
that no general synthesis of architectural history had ever been published in Hungary, written
by only one author, and representing a uniform and modern view, hut the one in question.
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Neither could they prevent the hook from becoming the competent and authentic guide for
the historical information of the Hungarian society of architects. And as it turned out, not only
in Hungary was such a work ever published but neither in other socialist countries, thus, its
publication in a foreign language was also justified. After three years the publication in Hun-
garian was followed by the first volume translated into German and the two others will be pub-
lished in the same year in both languages.

Anyhow, without what was said in the foregoing the review of the first volume of the
work would not be complete because the book is the integral continuation of its antecedents,
and yet, it is not only such. The basic conception, as a matter of course, remained unchanged,
but the structural modifications carried out made a more refined and detailed explanation of
the phenomena possible. This was promoted by the fact that the social-economic, annals
historical and culture historical part introducing the different eras has been written almost in
the same measure as that discussing architecture. These numerical particulars also express
in themselves the intention of the work, and the advantageous, rich possibilities implied in its
use now becoming quite clear, so much so that the title of the book almost designates less than
its contents. Namely, this is not only the way of the strictly described development of architec-
ture keeping an eye on the professional viewpoint, but, the summary of thousands of factors
creating, and giving way to architecture. Perhaps, all of these could have been better expressed
by such a title as: “History of the architectural culture”.

The subject of the first volume of the Geschichte der Architektur is the presentation of
the architectural culture of a primitive community and slave-holder societies, i. e., the history
of architecture beginning in prehistoric times up to the fall of the roman empire. M. Major,
taught by experience, partly narrows down the content of the first volume (he only refers to
the a«hievement attained in the Far East, partly enlargens on it: in the section finishing the
discussion of ancient Rome, exhibiting the prelude to the future, analysis of the remains of
early Christian architecture of all of the eras, are treated in the same system and order of se-
quence, however, in a more detailed manner than in the preceeding work. Namely, while in the
first Hungarian and German editions the description of the historical stages was treated only
in two chapters, one from among them dealing with culture and the other with architecture,
in the new edition this subject is divided into four chapters. The chapter on general history
is succeeded by the history of culture then, after that chapter the treatment of architecture,
is closed by a short summary. Within this framework, the chapter devoted to general history
starting with the achievements of the material culture, begins with outlining the social econo-
mic bases and continues with the annals of history; the section treating of the culture, first
studies the phenomena and characteristics of religion, then science, and finally the arts, in the
following order of succession: literature, representational arts and music. In the chapter on
architecture after the rewiev ofthe architectural subject matter. demanded by the respective epochs
the description of the building materials and building technic follows, with the material
and personal conditions of implementing, is succeeded by the largest and most important sec-
tion: development of history of architecture. All of these are closed by the section with the
title: “Short summary” which sums up the architectural achievements, and points to those
effects which were exerted on the future developments by the respective eras.

The author applies that system which is capable of displaying consequently those direct
relationships, together with the demonstration of the areas and epochs, which are comparatively
short, independent and the art according to which their architecture might be characterized by
strong features. (See the different periods of architecture of Asia Minor, the architectural cultures
developed round the eastern basin of the Mediterranean). However, curiously one possibility
remained unused: in discussing the architecture of the comparatively long-lasting eras and,
therefore, exhibiting a certain but only illusive uniformity (as the ancient community. Egypt,
Hellas, Rome) this subdivision into four chapters did not prove convenient because the discus-
sion of the different eras distributed among the different sections of the development is not
followed by summaries; the conclusions drawn from the character and significant features of
the architecture of the respective areas are summarized only in one place after demonstrating
the whole subject. Thus, consciously following up the course of development becomes some-
what difficult and compels the reader to do some re-thinking. Straightforwardly: for example,
the history, culture and architecture of the ancient Egyptian Empire and those of the Middle
Empire, etc., are treated in different chapters, however, the evaluations, short summaries of
each part do not follow up these different sections, only a single one referring to all the sections,
although if the changes in history and culture had been exposed according to their stages, also
the development of the architecture of that time ought to be recapitulated briefly with marked
features. In the development of architecture within the different epochs, embracing in many
cases thousands of years, it is all the same whether we mention them as a whole, under the
same term, notwithstanding great changes took place. Thus, for example, between the architec-
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tlire of the Greek Homeric and archaic periods and Hellenism and between that of the Roman
kingdom and republic or the imperial period, there was at least such a great difference as be-
tween the Sumerian and ancient Babylonian architecture, if not greater, etc. However, the
latter have the border mark of their history of evolution, the former have not. As a matter
of fact, the answer to this contestable statement might be given by itself: the author does not
want unnecessarily to interrupt the course of discussion.

The classic, conservative and elegant appearance of the work with which it was published
and the illustrative aids which brings the text near to life, equals the contents of the book.
The abundance and variety of the photographic material which is to a great part quite new,
is completed by drawings which were made by the co-workers of the author, E. H. sipos and
dr. Gy. I1stvanfi. From among the drawings the schemes of building constructions, the works
of dr. Gy. 1stvan+i, of new aspect should be emphasized as for example, the scénographie and
axonometric cross sections of the Cheops pyramid, the rock-cut tomb of Beni-Hassan, the Consu
church in Carnac, the Bouleuterion in Miletos, etc., the demonstration in a new, didactical,
but not boring and not stiff manner, as well as the closed-up maps. Use of the book gives en-
lightment by the annexe of 1. register of figures where the date of origin of the historic monu-
ment and the origins of the photographs are also indicated: 2. list of professional literature;
3. index; 4. register of sites; 5. register of subjects.

This review written in a somewhat irregular manner will exceptionally be terminated
by a recension of the recension and by the recension of another book. In one number of the
English architectural review Architectura Design (Volume XLV, April, 1975, page 254) the
author Hugh pi1ommer, among others, writes in the first volume of Simpson’s Architectural
History, about the book of the academician M. Major, under the title Marxist History. The,
to say, the least biased written reports on this books as being a typical work from behind
the iron curtain which accumulated from the deposit of the western science according to the
dogmata of the Marxist Leninist philosophy. He justifies this statement by the periodicity
also taking the economic and social bases into account, declaring that in contradistinction
to the western custom the origins of not all of the ideas, figures, drawings are recorded, and
some of the imaginary reconstructions do not take recent researches into account, and lastly,
from some of the drawings the indication of the scale has been omitted. He admits that the
book of fine workmanship is a well edited, detailed work which, of course, contains also well-
founded details, as for example, in connection with Boghazkdi and Tiryns estimation of relief-
art; however, its use is, owing to several motifs, not recommendable.

In reading this criticism one wonders and would like to know what can be the basic
standard ofthis categoric judgment, this self-confidence. If somebody takes Hugh Prommer’s
book on the same subject (Ancient and Classical Architecture, Simpson’s History of architec-
tural Development, vol. I, 1956) and only runs over the table of contents, he immediately
observes how a book of history of the ancient architecture is free from dogmata, written in
an up-to-date manner. Namely, this book is over-abound in dogmata, surely not as those he
thinks of in connection with M. Major’s book but in professional ones. P1ommer is so Greco-
centric, as he was as one of the direct students of wincketmann and by that he is adherent to
an aspect which through more than a century old has made the history of art, dealing with
the ancient architecture, quite one-sided. This is at least demonstrated by the large-scale
subdivision into three volumes of his work: | Architecture before Greece, |1 Greece, 111 -
Architecture after Greece. He applies the very same peculiar method of “exclusion” in the first
part, chapter three, where he deals with architecture, with the styles of Asia Minor, Mediter-
ranean Bronze Age and with other prehellenistic styles, under the title Architecture outside
Egypt: thus, the reference basis is Egypt, merely because owing to the durable building material
and favourable climatic conditions a great number of remains- are to be found here, and the
events of history, in comparison to others may well be reconstructed. The illustrious author
lingers on handling ancient Greece at such a great length that it could even be to Palladio’s
or Vigimla’s credit, and besides, he sometimes applies the chronologic and sometimes the typo-
logie method with astonishing elasticity, by that strengthening one’s opinion formed on the
pure conception of the book. To all of these, as a matter of course, the scrupulously careful
details on the sources of the authentic drawings as well as those of recent knowledge of the
subject are added. Thus, the “eastern” reader may certainly amuse himself in guessing how
that great number of obsolete trivialities could be compatible with the novelties precised by
auctorial details.

By the collation of the two books the following lessons may be drawn. The details may
be up-to-date even if the building in its integrity is obsolete, and the house may be new and
may be the property of the future even then, if not all of its details are the products of recent
discoveries. For, in the latter case, only a few bricks should be possibly replaced, while in the
former the whole house is to be demolished. Gy. Hajnéczy
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Gyorgy Sitkéi:
HEAT TRANSMISSION AND THERMAL LOAD IN IC ENGINES
Akadémiai Kiad6 3974, 268 Seiten, 231 Abb.

The book considerably enriches the literature on IC piston engines. Specialists concerned
with piston engines were awaiting for quite a long the publication of book satisfying also
scientific demands which treats the heat transmission phenomena in piston engines and the
related thermal load problems strictly in systematical order, from basic facts up to the most
recent research results.

The first two chapters of the book present the physical and theoretical bases of heat
transmission, heat conduction and heat radiation in IC engines. The author pays special atten-
tion to the correct and precise treatment of radiation problems in the combustion process,
radiation processes which had not been investigated with sufficient thoroughness during re-
search work undertaken in this direction, so far. The following chapters deal with the possibili-
ties of determining the thermal state and the thermal load of the piston, the cylinder liner, the
cylinder head and the valves. Besides giving a comprehensive review of the subject, the author
also presents the results of his own research. Especially valuable are his theoretical and experi-
mental results on heat transmission and radiation, and on temperature distribution in the most
important parts (piston, liners, precombustion chamber resp. combustion space) mainly con-
cerning the Csepel Diesel engines.

The last chapter deals with the problems of thermal stress arising in the IC engines
under the action of thermal load. The varying thermal stress as causing fatigue in the parts
of piston engines the author briefly resumes the knowledge on the fatigue of piston engine
parts, with special regard to the aluminium alloys which are not yet completely known as to
fatigue phenomena, and which are of increasing importance as structural materials for IC
engines. For the calculation of thermal stresses the author presents two methods: one is the
already classical method based on the solution of differential equations which can be put to
good use in special cases, and the other is the modern method of finite elements also suitable
for the calculation of arbitrary cases and for asymmetrical shapes. This latter is of special im-
portance with the spreading of the use of electronic computers and basically it is the only
method for the calculation of any case with whatever required accuracy. A special merit of the
author is that the method of finite elements, which is of general interest, is presented in such
detail that it is really possible to carry out the calculations.

In the final part the reader becomes acquainted with the elements of experimental
stress analysis. The appendix contains the most important data on the structural materials for
IC engines and the tables of functions required for swiftly carrying out some elements of the
presented calculations. The work is completed by an ample list of references also containing
the most recent literature on the subject.

E. Pésztor

Kazniér Szmodits:

BEHELF ZUR STATISCHEN BEMESSUNG VON WANDPLATTENBAUTEN
Epitéstudomanyi Intézet (Institut fiir Bauwissenschaft), Budapest 1975, 175 Seiten, 70 Bilder

Das Werk verfolgt den Zweck, den praktisch tdtigen Ingenieuren mit einem Behelf
zu dienen, der in einer allgemein verstdndlichen Form, anhand von zahlreichen praktischen
Beispielen die zweckdienlichen Methoden fir die Lésung der im Laufe der Berechnung von
Wandplattenbauten auftretenden verschiedenen Problemen enthalt.

Hinsichtlich des Inhaltes setzt sich das Werk aus drei Teilen zusammen. Der erste Teil
behandelt die Bemessung auf Windlast von, aus Vollwandplatten erbauten Gebduden mit un-
regelmédRigem GrundriB, wobei die Wandelemente als in den Boden eingespannte Konsolen
aufgefalt sind, deren Zusammenwirken die als steif angenommenen Decken gewdhrleisten.
Die Formeln und Phasen der Berechnung der einzelnen Elemente und ihres zusammenwirken-
den Systems sind in Punkte gefaflt und ihre Anwendung ist anhand der ausfuhrlichen Berech-
nung eines konkreten Beispiels erdrtert. Die Ableitung und Begriindung der zu verwendenden
Formeln, enthé&lt der dritte Teil des Buches.
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Der zweite Teil des Werkes befaRt sich vorerst mit der Bemessung von mit Offnungen
durchbrochenen Wandelementen auf Windlast und Axialkraft. Die aus vertikalen und hori-
zontalen Wandstreifen bestehenden Umrahmungen der regelméRigen Offnungsreihen werden
hei stets gleicher GeschoBhdhe als ein biegebeanspruchtes zusammenwirkendes System auf-
gefaBt. Die vertikalen Wandstreifen sind in axialer Richtung als zusammendrickbar. die
balkenférmigen horizontalen Wandstreifen in axialer Richtung als unzusammendrickbar
angenommen. Die von den balken&hnlichen Streifen auf die vertikalen Wandstreifen tber-
tragenen Krafte werden als stetige Kraftwirkung betrachtet. Zur Berechnung des Kraftespiels
dieses zusammenwirkenden Systems entwickelt der Autor aufler einem komplizierten, genauen
Verfahren auch ein verhdltnisméaRig einfaches N&herungsverfahren und weist an einem prakti-
schen Beispiel nach, dal letzteres den Anforderungen der Praxis vollkommen genigt.

Nach der Bekanntgabe der Berechnung des von Offnungen durchbrochenen Wandele-
mentes befalt sich der Autor mit dem Kréaftespiel von aus solchen Elementen nach dem
Querwandsystem erbauten Gebduden. AuBer dem genauen Berechnungsverfahren teilt er auch
ein, praktischen Zwecken dienendes Né&herungsverfahren mit, in welchem entsprechend dicke
Vollwinde die von Offnungen durchbrochenen Querwinde ersetzen. Die Anwendung der
genauen Berechnungsmethode und des Nd&herungsverfahrens sind auch hier anhand eines
Zahlenbeispiels erldutert.

Der dritte Teil des Werkes ist zuerst der Torsionstheorie dinnwandiger, prismatischer
Stébe offenen Querschnitts, dann der Biegeverdrehungstheorie gewidmet. In diesem Teil sind
die sektorialen GroRen der Torsionstheorie, sowie ihre Transformation und Normierung aus-
fuhrlich behandelt und ihre Anwendung an konkreten Zahlenbeispielen dargestellt. Sodann
wird die Theorie der reinen Torsion dinnwandiger Stdbe mit geschlossenem Querschnitt, dann
die Biegeverdrehungstheorie dieser erldutert und die Bestimmung der sektorialen GroéRen
anhand von Beispielen erklart. Abschliefend ist die praktische Anwendung der im Buch
enthaltenen Ausfihrungen an zahlreichen Beispielen dargestellt.

Der Anhang des Buches enthélt das von otts Csari ausgearbeitete Rechenmaschinen-
Programm zur Bemessung von mit Offnungen durchbrochenen Querwénden.

Dank des nitzlichen und wertvollen Inhaltes, sowie der die Gesichtspunkte der Inge-
nieurpraxis bericksichtigenden Vortragsweise entspricht das Buch allen Anforderungen, die
an ein gutes Fachwerk gestellt werden kénnen. Besonders hervorzuheben ist jener Teil des
Buches, der sich mit der Bemessung von vollwandigen Wandplattenbauten mit unregelmagi-
gem GrundriB befaBt und hinsichtlich der Einteilung und der Durchfiihrung der Berechnungen
klare und ubersichtliche Hinweise enthélt. Es wéare zweckmé&Rig gewesen, auch die Berechnung
der von Offnungen durchbrochenen Wiénde, sowie die Bemessung von Gebduden mit von
Offnungen durchbrochenen Querwéanden in derselben Weise behandeln. Auch wire es von
Vorteil gewesen, darauf hinzuweisen, dal in vielen Féllen infolge verschiedener Ursachen, vor-
nehmlich infolge von Fehlern in der Bauausfuhrung, die theoretisch als stetig angenommene
Verbindung der Elemente lockerer als vorausgesetzt ist, ein Umstand, der sich auf das Krafte-
spiel der ganzen Konstruktion in bedeutendem MaRe auswirken kann.

Die obigen, an sich unbedeutenden Bemerkungen vermindern keinesfalls das mit diesem
Werk erworbene Verdienst des Autors. Das Buch enthélt ausfiihrliche, seit langem entbehrte
Anweisungen zur statischen Berechnung von Hochhdusern und verdffentlicht ein N&herungs-
verfahren, das die sehr komplizierte rechnerische Arbeit weitgehend vereinfacht. Zahlreiche
sorgféltig konstruierte, lehrreiche Bilder und sorgsam ausgearbeitete praktische Beispiele
erlautern den Text des Buches.

Zusammenfassend ist festzustellen, dal das vorliegende. Buch ein bedeutendes, in der
Fachliteratur lang entbehrtes Werk darstellt, dem seitens der auf dem Gebiet der Bemessung
von Hochhéusern tdtigen Fachleuten bestimmt grofes Interesse entgegengebracht wird.

P. Csonka

Reményi Karoly:

THE THEORY OF GRINDABILITY AND THE COMMINUTION OF BINARY
MIXTURES

Akadémiai Kiad6, 144 pp. 85 fig.
The concept of grindability seems to be selfevident, yet somehow, it could not be

exactly defined so far, still less for developing a commonly adopted method for its investiga-
tion. However, even if one accepts certain grindability indices determined by more or less
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current procedures, also these are only typical with respect to homogeneous materials. In
case of grinding mixed materials, and in practice mostly such are dealt with, the components
interacting on each other, sometimes promote, sometimes impede grinding, and — depending
on the mixing ratio - changing over from helping to making grinding more difficult.

The author worked out the relatively poor and sometimes contradictional literature of
the subject treated, amply completed with his own experimental findings and their thorough
analysis. He performed his tests with two well defined materials which can well be seperated
by solution in water, with rock salt and limestone. Incitement to this work was given by the
coal-grinding problems in the power plants supplied with coals of domestic origin from diffe-
rent mines. The author, starting from simple cases approaches his objective systematically.

Subjects of the main chapters of the monography are as follows: a) analysis of formulas
widely accepted, concerning size distribution of ground products; b) applicability of these for-
mulas to mixed ground products; c) energy requirement for grinding; d) thorough critical de-
scription, not yet published in the special literature so far, of different devices and methods;
e) grinding tests with rock salt and limestone mixes and their evaluation; f) grinding tests
with coal mixtures and their estimation.

On the basis of the test results author points out that the size distribution of each com-
ponent, obeys also in the mixtures the familiar laws, consequently the law loses its validity
with respect to the mixtures. Further, he establishes that the mixing ratio differs in each size
fracture class. For this statement mathematical analysis and extreme values are given. Finally
it was verified that the distribution energy of grinding varies according to the components
during grinding.

Everybody being an axpert in grinding technique may profitably read this book, and
those being well informed on this subject, will find new ideas and statements in it.

B. Beke

H. Hofman:

DAS ELEKTROMAGNETISCHE FELD

THEORIE UND GRUNDLEGENDE ANWENDUNGEN

Springer-Verlag, Wien, New York, 1974, 518 S., 284 Abb.

»Die Elektrodynamik stellt fir alle Elektrotechniker und fur einen GroRteil der Phy-
siker die Basis fur ihre berrfFliche Fachausbildung dar« schreibt der Verfasser im Vorwort
seines Buches. Hiermit kann jedermann einverstanden sein und dies erkldrt die Tatsache, daf
zum hundertsten Jahrestag der Geburt der klassischen Elektrodynamik immer wieder neue,
mit Interesse rechnende Bicher lber das klassische elektromagnetische Feld erscheinen. Der
Grund hierfir ist meistens, daB die Verfasser ihr Thema in je ein gegebenes Unterrichtssystem
—nach gut definierten Vorstudien, also auf gegebenem mathematischem Niveau, mit bestimm-
ter Zielsetzung —einbauen. Eine andere Neuheit kann darin bestehen, daBR die klassische
Elektrodynamik noch nicht vollstdndig geklért ist, und so ihre auch heute noch lebendige
Problematik eingehender oder in neuem Lichte vorgestellt bzw. geldst wird. Ein weiterhin
mogliches Mehr ist die Betonung der neuen, durch die elektronische Rechentechnik gegebenen
quantitativen Ldsungsmdglichkeiten. Eventuell kann auf die Zusammenhénge zwischen der
klassischen Feldtheorie und der modernen Quatentheorie hingewiesen werden, da auch hier
praktische Beziehungen bestehen. Neues kann daher in bezug auf Niveau und Struktur, also
im wesentlichen in padagogischer Hinsicht, aber auch inhaltlich geboten werden.

Das vorliegende Buch bietet auf beiden Gebieten Neues. Es besteht in einfacher und
Ubersichtlicher Weise aus 4 Teilen: 1. Das elektrostatische Feld. 2. Das stationére elektrische
Stromungsfeld. 3. Das stationdre magnetische Feld. 4. Das nichtstationdre elektromagnetische
Feld. Diese vereinfachte Einteilung verbirgt neben den Vorteilen auch Fallen. Das stationére
Strémungsfeld bedeutet im wesentlichen elementare Netztheorie. Sein Umfang betrédgt 84
Seiten (bloR das galvanische Pdement erstreckt sich auf 3 Seiten). Dabei umfallt aber im 4.
Teil der Abschnitt Giber elektromagnetische Wellen nur 39 Seiten. Auch die Besonderheit und
Neuheit der Darstellung der Energie- und Kraftwirkungen waére in einem gesonderten Teil
besser zur Geltung gekommen als in dieser Weise, verstreut.

Als fachliche Neuheit muf — wie dies auch der Verfasser betont — die Besprechung
des Einflusses der magnetischen Werkstoffe auf das elektromagnetische Feld erwédhnt werden.
Der Verfasser untersucht die Erscheinungen sowohl aufgrund des magnetischen Momentes,
als anhand des molekularen Elementarstromungsmodells. Die Darlegung der Kraft- und
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Momentverhdltnisse ist mustergiltig. Schade, dall bei den schnell wechselnden Feldern dieser
Themenkreis fehlt, obwohl auch das Impulsmoment des elektromagnetischen Feldes sehr schdn
in diesen Rahmen hétte eingefiigt werden kdnnen. Sowohl was die Verwendung der mathemati-
schen Mittel anbelangt, als auch vom Standpunkt der Theorie aus betrachtet, iberragen diese
Teile das allgemeine Niveau des Buches, das dadurch einen etwas heterogenen Charakter be-
kommt. Es wdre zweckmadRig, diesen Teil in einer neuen Auflage drucktechnisch durch
Petitsatz, oder durch Bezeichnung mit einem Stern — vom laufenden Text zu trennen.

Zusammenfassend kann gesagt werden, dal das Buch durch seine klare Beweisfuhrung,
Ubersichtliche Anordnung, seine vielen gut durchdachten Abbildungen und praktischen Bei-
spiele dazu geeignet ist, den Leser mit den Grundgesetzen des elektromagnetischen Feldes be-
kannt zu machen, und ihm in einzelnen Teilen auch heutige Probleme vorzufiihren.

Im re Botka - Gyobrgy Erney :

BEMESSUNG VON ZAHNRADPAAREN

2. SCHRAGVERZAHNUNG

Akadémiai Kiad6. Budapest 1974, 398 Seiten

Das vorliegende Werk der Verfasser Uber Schragverzahnungen ist ein Dreivierteljahr
nach ihrem Buch Uber Fragen der Geradverzahnungen erschienen. Sein Aufbau ist dem des 1.
Bandes &hnlich, d. h. nach einer Zusammenfassung der Bezeichnungen folgt der Aufbau
des Tabellenwerks und danach folgt die Dimensionierung der schragverzahnten Stirnréder-
paare samt einigen Zahlenbeispielen. Dies umfaRt — samt dem Literaturverzeichnis — 38
Seiten. Die Ubrigen 360 Seiten sind Tabellen, und zwar Haupttafeln fir 10°, 20° und 30°
Schragungswinkel, mit den zugehorigen Hilfstabellen und den Zahnformfaktor-Tabellen.

Ahnlich dem 1. Teil enthalten auch die Tabellen dieses Teiles die Angaben der sog.
Ganz Botka-Verzahnung, d. h. jene fur die warmeausgeglichene allgemeine Kreisevolventen-
verzahnung fir den Bezugsprofilwinkel von 20°. Die Verfasser haben die Zahnezahlsummen
und Zdhnezahlverhdltnisse samt den ganzzahligen Eingriffswinkeln so dicht gewahlt, da fir
Zwischenwerte die Interpolation praktisch dberflissig ist. Nur bei hdheren Genauigkeits-
ansprichen muf zwischen zwei benachbarten ganzzahligen Eingriffswinkeln interpoliert
werden.

Die Bereichsgrenzen der Zahlentafeln liefern der ZahnfuBunterschied, das Schwinden
des Profiluberdeckungsgrades (frihere Benennung: Stirniberdeckungsgrad) auf 1 und der
Unterschnitt (und manchmal auch die Zuspitzung des Zahnes).

Die Tabellen wurden flr die gunstigste Bearbeitung mittels Zahnstange ausgearbeitet,
so dal bei Fertigung mittels Schneidrad die Bereichsgrenzen durch die Interferenz eingeengt
werden.

Bei der Berechnung des Warmeausgleichs akzeptierten die Verfasser als Bedingung die
Nieinann-Richtersche Kosinus-Ndherung entlang der Eingriffslinie.

GemdR den Tabellen des Werkes stimmt in den meisten Féllen die wérmeausgeglichene
Verzahnung mit der sog. ylE-Verzahnung Uberein, wenn also in den Endpunkten A und E
der Eingriffsstrecke nicht nur die Blokschen Temperaturspitzen, sondern auch die aus zwei
Faktoren bestehenden Almen-Produkte (die Produkte der Heriz-Spannungen und der Gleit-
geschwindigkeit) und die relativen Gleitungen ausgeglichen sind (der Fall des sog. dreifachen
Ausgleichs). Das Buch behandelt aber auch jene Félle, in denen im Abschnitt CE der Ein-
griffsstrecke AE (C ist die Bezeichnung des Walzpunktes) die Temperaturspitze in einem im
Vergleich zum Punkt E weiter innen gelegenen Punkt P auftritt (dies ist die sog. AP-Verzah-
nung) und so die warmeausgeglichene Verzahnung von der AE-Verzahnung abweicht.

Die Tabellen beruhen auf der Annahme, dal die Reibungszahl wéahrend des Eingriffs
konstant ist, wie dies vorlaufig auch die Fachliteratur der ganzen Welt als Vereinfachung
annimmt.

Unter diesen Bedingungen geben die Haupttabellen die auf die sog. gemeinsame Zahn-
héhe bezogenen Verteilungszahlen fiir die Zahnezahlsummen, die Z&hnezahlverhéltnisse, die
Eingriffswinkel und die Zahnneigungswinkel an, ferner die Profilverschiebungszahlen des
Ritzels, die auf den Einheitsmodul bezogene gemeinsame Zahnhdhe, und die vollen Zahnhdéhen,
wie auch schlieRlich die Summe der Profilverschiebungsfaktoren.
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Die Hilfstabellen enthalten die Profilliberdeckungsgrade; die sog. Wéltzpunktfaktoren
der Linienpressung fiir den Fall, daR die Uberdeckung (nach der frilheren Benennung: der
axiale Uberdeckungsgrad) eine ganze Zahl ist; die Faktoren der Hertz-Spannung im Punkte A;
die zum Halbierungspunkt M der Eingriffsstrecke gehdrigen Faktoren der Hertz-Spannung;
und die zum Einheitsmodul gehérige Kopfflachenbreite des Ritzels. Den Zahnforinfaktor-
Tabellen konnen die in der Fachliteratur auffindbaren verschiedenen Z&hneformfaktoren
(nach Niemann und nach ISO) entnommen werden.

Ein besonderer Wert des Buches ist das Kapitel »Bemessung von schrdgverzahnten
Stirnrdderpaaren«, welches zur Zeit die in der ungarischen Literatur modernste derartige
Zusammenfassung darstellt.

Beide Verfasser des Werkes waren Maschinenbauingenieure der Lokomotiv-, Waggon-
und Maschinenfabrik Ganz-MAVAG (bzw. ihres Rechtsvorgédngers der Ganz-Werke). Beide
bauten wéhrend ihrer tdglichen konkreten Aufgaben in der Fabrik (Beantwortung von Berech-
nungs-, Projektierungs- und Fertigungsproblemen) alles das auf, was sie dann wissenschaftlich
verallgemeinern und jetzt jedem Zahnradfachmann zur Verfugung stellen konnten.

Imre Botka’s grofites Verdienst war die Schaffung der Ganz —Botka-Verzahnung und
der Nachweis der Vorteile der allgemeinen Verzahnung auch fur schrdgverzahnte Stirnréder-
paare. Gyodrgy Erney untersuchte mit voller Genauigkeit die Verzahnungsbereiche. Es ist
von grofRem Vorteil fur die Fachliteratur, daB das Verfasserpaar diese beiden Bénde geschrieben
hat; daB mit Hilfe des Elektronenrechners der Ganz-MAVAG-Fabrik die Tabellen angefertigt
werden konnten; und daR der Verlag der Ungarischen Akademie der Wissenschaften auf
Empfehlung des Ausschusses fiir Maschinenbaukunde diese beiden Bicher in geschmack-
voller Ausfihrung in erstaunlich kurzer Zeit herausgebracht hat.

Z. Terplan
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Acta Techn. Hung. 82 (1976) pp. 233—244

Belcskei, E.. Membrane Shells Written in Cylindrical Co-ordinates

Examples have been presented to showunambiguously that several types of
shell structures lend themselves for treatment in cylindrical co-ordinates,
rather than for shells of revolution alone. This statement is also valid for
shells with intricate cyclic folds, or waves. For shells over sector — or ring
sector — shaped ground-plans, also the boundary conditions can be
relativity simply to be taken into consideration.

Acta Techn. Hung. 82 (1976) pp. 245—254

KEzDI, A.: Process of Hydraulic Soil Failure

The quicksand condition which takes place under the influence of the
water flow directed upwards within a sand mass, is commonly calculated
on the basis that the soil structure forms arigid skeleton. Laboratory tests
showed that by increasing the values of the hydraulic gradient, partly the
phenomenon of outwash, partly loosening or densification takes place,
depending on whether the initial state was dense or loose, respectively.
The full failure itself, just as the shear failure, is associated with the
development of a critical void ratio. Attaining a hydraulic gradient
determined on the basis of the assumption of a mentioned rigid skeleton,
means the transition from the laminar flow of water into the turbulent one.
In the course of the development of the quick condition, the permeability
changes in another way than had been believed on the basis of the change
in density; also this may be explained by the occurrence of turbulent flow.

Acta Techn. Hung. 82 (1976) pp. 255—279

Matthieu, |.: Introduction in Some Problems of Turbulence

The paper intended to be an introduction for purpose to show the train
of thoughts which is the guiding principle of the experiments conducted in
the hydrodynamic laboratory of the Ecole Centrale de Lyon in connection
with the turbulence. With this the development of a common language is
wanted which makes easier the description and discussion of the research
work performed on the subject of the boundary layers disturbed and those,
instabilized by heating. Throug this also the future directions of develop-
ment of this discipline might be estimated: a number of viewpoints justify
the expediency of studaying the thermic phenomena, three-dimensiona
boundary layers andflows bounded by walls.






Acta Techn. Hung. 82 (1976) pp. 281 —301

Janks, L.: Analysis of the Membrane and Bending Forces of a Cylindrical
Shell Subjected to Wind Load.

The static behaviour of the membrane supported cylindrical shellsubjected
to wind load is analysed with the aid of the simple theory of bending. In
this connection answer is given to the question that if the membrane stress
pattern realizes the equilibrium, so the large deformations do induce or not
bending stresses in the shell wall greater than membrane stresse. It is
stated that pure membrane behaviour is only possible in case of small,
low, and thin-walled cylindrical shells, therefore, in case of higher harmo-
nics or high, thick-walled cylindrical shells the membrane theory cannot be
applied as particular solution.

Acta Techn. Hung. 82 (1976) pp. 303 —332

Kemeény, A. P.: Experimental Investigations of the Life of Semiconductor
Devices IV, The Role of the Peak Temperature Caused by theSwithing
Transients in the Spatial Breakdown of Switching Transistors and Digital
In}egrated Circuits

The transient temperature rise due to the switching power transients can be
made responsible for some characteristic spatial breakdowns in high-level
switching operation, such as C—E *“pinning” and C—B short-circuit.
Calculating the “thermal penetration depth” ou both sides of the collector
junction, and also the thermal capacity and the thermal resistance of the
heated space part until a given moment after the start of the switching
transient, a suitable unidimensional thermal model is obtained for estimat-
ing the junction temperature rise: in possession of the transient switching
power vs. time and the design data of the given bipolar transistor the
transient junction temperature can be calculated as a function of time. On
numerical examples for some transistor types with characteristic techno-
logy (from the large, robust Ge and Si power transistors until the monolitic
miniature integrated circuits), assuming faultless structure and uniform
current distribution, it is shown that the ewitching temperature peaks are
completely inoffensive.

Acta Techn. Hung. 82 (1976) pp. 333 —352

Zambé, J.—Orban-Ketemen, M.: CaO and MgO Compound Formation
in Processing Calcite=Dolomite Bearing Bauxites by the Bayer-Melhod

The operational problems in the course of processing the Halimba type
calcite and dolomite bearing bauxites necessitated the examination of the
Na20 —A120 3—CaO—MgO—T i02—Si02—H 20 —CO02 system under the
conditions of the Bayer technology parameters. It was observed that the
quality and quantitative ratio of tbe Ca and Mg containing phases produced
during the recovery of dolomite bauxites ate governed, primarily, by the
components dissolved in the alumina liquor, although they are also
affected by the solid phases capable of reacting with the individual
components of the solution.
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Paczert, |.: Solution of Elastic Contact Problems by the Finite Element
Displacement Method

Contact problem of elastic continua subject to arbitrary load and of
arbitrary surface is a rather intricate one, contact domains not being
known a priori. Here, the continuum is replaced by a bulk of elements of
finite degrees of freedom, the obtained elastic system serving as basis for the
solution of the problem based on the principle of potential energy mini-
mum. Because of the unilateral relations between the bodies, the mathe-
matical programming can be discussed as a quadratic programming
problem. Use of the Khun-Tucker conditions yields a solution for the dual
of this primal problem, much easier to establish and solve than the ori-
ginal one. Friction and adherence between the bodies are considered as
negligible, and displacements, deformations to be small.

Acta Techn. Hung. 82 (1976) pp. 391 —399

Petho, Sz.: The Laws of Motion of a Solid Body for Reynolds Numbers
between 0,6 and 800

The paper presents the laws of motion of a body descending in a gaseous or
liquid medium if in the laws of motion, neither of laminar nor of turbulent
flow can be applied. These laws have been deduced by Josef Finkey in his
basic work “Die wissenschaftlichen Grundlagen der nassen Erzaufberei-
tung”, published 50 years ago. In the solving of the differential equations
contained in the paper and in carrying out the calculation, the author has
been aided by Mr. Ivan Raisz, assistent professor, to whom he wishes to
express his sinctre thanks.

Acta Techn. Hung. 82 (1976) pp. 401—415

Kiraty, B.: Kinematic Examination ofConstraint Systems Realized on Paris
of Surfaces in Contact

From the technical point of view at one of the most important types of
holonomie systems the constraints are realized on pairs of surfaces in
contact which are formed on rigid bodies. This paper deals with the kine-
matic examination of such constraint systems. Firstly it initiates the idea of
surface constraint which is realized on a single pair of surfaces and the
idea of elementary constraint belonging to one contact point, and then it
replaces the constraint system by a system of eleementary constraints in
which each surface constraint corresponds to elementary constraints
lineary independent of each other. In this way the set of constraint
equations concerning the speed slate of a holomonic system — also in
general spare cases — can be expressed in a concise matrix from which is
suitable for further examinations.
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Gaal, D.: The Near Field of Flat Acoustic Radiators

The paper investigates the near field of plane radiators in an infinite wall,
using a new mathematical approach. The method consists of a hitherto
unknown series expansion of the Sommerfeld-King integral and of a
coordinate transformation of the Green’s function. Using the new method
the author solves mathematically also the problem of the sound field of the
plane radiators working in a finite circular baffle.

Acta Techn. Hung. 82 (1976) pp. 435—441

Manuat, S.: Penny-Shaped Crack in an Infinite Viscoelactic Medium

In this paper the strees field is obtained in the neighbourhood of a penny-
shaped crack in the interior of a special type of linear vicoelastic medium
by employing Laplace and Hankel transforms. The general solution is
illustrated in three specific cases.

Acta Techn. Hung. 82 (1976) pp. 443—446

Somogyi, K,—Pesdosr, B.: Cryostatfor the Measurement of Galvanomagnetic
Effects in Semiconductors

A simple but reliable cryostat for galvanomagnetic measurements in semi-
conductors is described. The cryostat is designated to cover the tempera-
ture range of 77—400 K and can be fitted into a small gap magnet.
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Széke, B.: Generating ofthe End Milling Cuttersfor Helical Gears I1.

The Design and the Adjustment of the End Milling Cutter. — In Chapters
5—7 the arrangement of the production and its adjustment are dealt with.
As for the design — considering the high r. p. m. required by the work —
it was thought that use of a commercially avai able gear would be the best
solution. Two designs are discussed: one would he economic where only few
sizes of end cutters are needed, while the other solution could be used for
the production of the most different cutters. Any of them could be
mounted one some suitable machine tool.
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