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CORRUGATED CONICAL SHELLS

E. BÖLCSKEI*
CORR. MEMBER OF THE HUNG. AC. OF SCI. 

(M anuscript received Septem ber 10, 1974)

Corrugated conical shells hav ing  a vertical axis, a circular ground plane and free 
boundary  are analysed in a cylindrical system  of co-ordinates. The investigated shells 
are subject to uniform  vertical loads, and  supported by radial ribs. Form ulae are given 
for the determ ination of the reduced stress resultants. Their d istribu tion  is illustrated  
for two practical cases.

1. D ifferential equation o f membrane shells written  
in cylindrical co-ordinates

In te rn a l forces in  th e  usual ty p e s  o f m em brane shells su b jec t to  d is tr ib 
u te d  v e rtic a l loads a re  generally  d e te rm in e d  b y  m eans o f th e  P u c h e r d iffe ren tia l 
e q u a tio n  w ritten  in o rtho g o n al co -o rd in a te s . T here are, how ever, som e special 
shell surfaces easier to  solve — w ith  less m a th em a tica l d ifficu lties — b y  
tra n s fo rm in g  th is  d iffe ren tia l e q u a tio n  in to  cylindrical co -o rd ina tes.

D iffe ren tia l eq u a tio n  of m e m b ra n e  shells sub jec t to  d is tr ib u te d  v e rtic a l 
load s w ritte n  in cy lin d rica l co -o rd in a tes  ta k e s  th e  form :

1 (Fr zr)r +  —r  (Frr z<p? +  F„  *rr) -  2
r  r-

—  F +  P  — 0,

F  (r, cp), z (r, (p) an d  p (r, cp) b e in g  th e  stress fu n c tion , th e  shape fu n c tio n  
an d  th e  reduced  lo ad  fu n c tio n , re sp ec tiv e ly , w ritten  in  cy lin d rica l co -o rd inates. 
H  ere  an d  th ro u g h o u t th is  s tu d y , su b sc r ip ts  ind ica te  p a r t ia l  d iffe ren tia tio n  
w ith  re sp ec t to  th e  co rrespond ing  v a ria b le .

R educed  stress re su lta n ts  a re  o b ta in e d  from  expressions:

П (р ~  F rr  •>

• > r = - K  +  \ F „ .
r r1

n r<p

♦Prof. Dr. E. B ö l c s k e i, M uskotály u. 37., H-1118 Budapest, H ungary.
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as:

2. E quation o f a corrugated conical shell -written 
in  cylindrical co-ordinates

A so-called corrugated conical shell is a free-edged su rface  (F ig. 1) expressed

z =  c r sin  xrp -f- h r, x  =  1,2,3, . . n

a n y  o f its  cy lin d rica l sections giving a sine cu rve , if  ex p an d ed .
D eriv a tiv es  are:

zr =  c sin xcp -j- h , 

in  =  0 ,

Zy =  COLT COS OL(p .

i f f  =  - ca '2 r sin cup ,

Zr<p =  cx  COS XCp .

T his surface has in f le c tio n  lines a t xcp =  0, n , . . n n . T herefo re , it  is adv isab le  
to  ta k e  such a su rface  w here th e  ab so lu te  va lu e  of th e  sine cu rve  can be re c k 
oned  w ith. This su rface , show n ax o n o m etrica lly  in  F ig . 2, is described  as:

z =  er I sin xcp I - f  hr .

O f course, ribs a re  to  be app lied  along th e  tro u g h s  to  be su p p o rted .

Ada Trchnica Academiae Scientiarum Hungaricae 82, 1976



CORRUGATED CONICAL SHELLS 3

A special case is th a t  w ith  a c o n s ta n t h — 0, w here  th e  cone v e r te x  is in  
th e  ground p lan e . Such a surface is show n in Fig. 3 an d  th e  case w here z is 
rep laced  by  its  ab so lu te  value, in  F ig . 4.

3. Analysis o f the state of stresses

Be th e  red u ced  shell load p  =  c o n s ta n t. S u b s titu tin g  th e  earlier defined  
p a r tia l  d e riv a tiv e s  in to  th e  d iffe ren tia l eq u a tio n  of m em b ran e  shells, w ritte n  in  
cy lindrica l co -o rd in a tes , and  so a rra n g in g  th e  resu lts , th e  re la tio n

1
Frr [c ( l — a 2) sin  oup -f- h] =  — p

is o b ta in ed , v a lid  for th e  secto r 0 <  x<p <  n. H ence,

F  ______ P r _  P r
c (l a2) sin  xcp-{-h ß  sin xcp -(- h

a n d  tw ice in te g ra tin g  gives th e  s tress fu n c tio n :

H ence:

Fr =

F  =

1 p r 3 ßx  COS 0CÇ9 

6 (ß sin  xcp +  h)2

pr~

2 ß  sin  xcp 4- h
+  K ,  (<p) ,

1 p rà

6 ß  sin  cccp - f  h
+  <-К1(<р)+К2{(р).

+  r(K i) f - \- (K 2)v ,

F  =  — —p r 3 ßot2 ß  ( 1 -)-cos2 сир) -(-/is in  щ

p r 2 ßct
Cf

w here

(ß  sin  oup -f- h)3 

cos cup
/ О ■ , .42 +  ' f(ß s in  ccrp -(- h y

ß =  c( 1 -  «2).

r (Ki)<p<p +  № 2) ^ ,

K now ing th e  stress  function , th e  d e riv a tiv e s  perm it to  ca lcu la te  th e  reduced  
s tre ss  re su lta n ts :

_ P r
ß  sin  cccp -j- h 

Pr
2 (ß sin oup -)- h)

1
+  — 

r

1 +
ß x 2 ß ( l  -)- cos2a <p) -(- h sinaç? 

3 (ß sin «<p 4  h)2
4-

[ K 1 +  +  —
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ПГ V
cos ыр

(ß  sin xcp -|- h )2

4. Boundary conditions

N o force is know n  to  be an  o u tle t a long  th e  b o u n d a ry  r  =  R , th u s ,

itrip — 0 ,

n r  =  0 .

F ro m  these  cond itions th e  unknow n c o n s ta n ts  can be de te rm in ed , nam  
from  th e  f irs t co n d itio n

1 n o  COS cup 1
nr<f =  -  -  PR ßx J ^ - . -------“ 777 +  =  0 ’1 (p sin x < p - \ - h y  R 2

hence,

\  1  о COS 0CÇ5
=  — P & ß *  — -------— 73 (p sin ct(p-\-hy

is o b ta in e d  and  from  th e  second one:

PR

2 (/3 sin  oup +  h) 

1

1 + /За2 /3(1 -f- cos2 x<p) +  h sin a/3

(ß sin  oup-\-h)2

1
+  —  [■K i+ C K i)w ] +  — (K è w  — ° -

E x pression  ( K 2)q a lre a d y  being know n from  th e  foregoing, th u s

hence

( K J „ = - ± p R * ß x

P R

/5 ( l+ c o s 2 x cp)-\-h  sin  x<p 
(ß  sin a cp -|- h ) 3

p R ß x 2
X

2 (/3 sin  xcp -f- h) 2

/3(1 4- cos2 ct<p) +  h sin  xq> 1
X

an d  as a conclusion:

К г  +  (X ,)w  =

(/3 sin а <p +  h)3

p R 1

R
[■К г +  (K  i ) J  =  0

|(/3 sin  a  cp -f- h)2 +
2(/S sin лер -|- h)3

+  /За2 [ /3 (1 +  cos2 xcp) +  h sin a y l}

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



CORRUGATED CONICAL SHELLS 5

T hus, th e  b o u n d a ry  con d itio n s led to  a d ifferen tia l e q u a tio n  o f th e  second 
o rder, one p a r tic u la r  so lu tio n  being:

К 1 =
p R 2

2 (ß  sin cup -f- h)

N am ely:

( K X  =

( K i) „  =

p R 2 ßx cos xq>
2 (ß  sin x(p h)2

p R 2 /За2 /3(1 +  cos2 age) +  h sin xq>
2 (ß  sin a <p -f- h)3

T he su b s titu tio n  o f th e se  va lu es  in to  th e  d iffe ren tia l eq u a tio n  y ields an  id e n 
t i ty .  T hus, th e  reduced  s tre ss  re su lta n ts  soug h t for are:

ß  sin  x<p ■+ h

"r <p
1 „ cos xw

p r  ß x  -
3 (ß  sin x(p h)2

R 3
- 1

p r

2(/3 sin  x<p +  h)

R 2
- 1 +

1 0 9 /3(1 +  cos2 x<p) +  h sin xq> f0 R 2
I P 1 o -

3 (/3 sin xrp -f- h)2

R 3
2 ---------- 1

.3

5. Examples

To show  th e  ap p lic a tio n  of th e  above in v e s tig a tio n s , tw o  exam ples are 
p resen ted .

As a f irs t  exam ple  th e  s tru c tu re  to  be seen in  F ig . 2 is d iscussed, w here 
h >  0. I ts  in te rn a l s tresses a re  show n in Figs 5 an d  F ig . 6 . S tresses are  seen to  be 
fin ite , th ro u g h o u t, ex cep t a t  th e  cone v e rtex , w here th e  red u ced  rad ia l and  
ta n g e n tia l stress re su lta n ts  are  in fin ite .

As a n o th e r exam ple , th e  sam e surface is p re sen ted  fo r h =  0. F ig . 6 
show s all th ree  reduced  s tre ss  re su lta n ts , along th e  su p p o rte d  edges to  be in 
fin ite . T hus, such s tru c tu re s  can  only be b u ilt  i f  f lex u ra l re in fo rcem en t is 
app lied  in  areas w here th e  red u ced  stress re su lta n ts  are in fin ite .
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Wellenkegelschalen. W ellenkegelschalen m it lo trechter Achse, K reisgrundriß und 
freiem  R and werden in  einem zylinderischen K oordinatensystem  analysiert. Die untersuchten  
Schalen sind durch gleichverteilte V ertikallast beansprucht und durch radiale R ippen ver
steift. F ü r die Restim m ung der reduzierten  Spannungsresultanten sind Form eln angege
ben. Die Spannungsverteilung wird an zwei praktischen Beispielen gezeigt.

Конусообразные гофрированные оболочки. Работа занимается исследованием ко
нусообразных гофрированных оболочек круглого плана с вертикальной осью и со сво
бодным краем в системе цилиндрических координат. Свободно вращающиеся оболочки 
работают под нагрузкой совместно распределяющихся вертикальных усилий и опираются 
на радиальные реборды. В данной работе приводятся формулы для расчета редуцирован
ных секущих усилий и их распределение иллюстрируется двумя практическими при
мерами.
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SOME RECIPROCAL PROPERTIES 
OF STRESS COMPONENTS

J . BARTA*
DOCTOR OF TECHN. SCI.

[M anuscript received December 15, 1974]

Two of the reciprocal properties presented here, are purely m athem atical p rop 
erties referring no t only to stress com ponents, b u t also to all vector com ponents. 
The fu rther reciprocal properties shown here are, in the la s t analysis, physical p rop 
erties, because they  are derived from the well-known equality  pab =  pba w hich is 
a consequence of the dynam ical equilibrium.

T he aim  o f th e  p resen t p ap e r is to  p rove  th a t  s tre ss  com ponents possess 
recip rocal p ro p e rtie s  I I —V I. The rec ip rocal p ro p e rty  I  is w ell-know n in  th e  
A nalysis of S tresses (see for ex. [1]) an d  will be used here  to  prove I I ,  I I I  an d  
V I.

L er Q be a p o in t of th e  co n tin u u m , F ig . 1. L et th e  surface elem ents A., B , 
C, pass th ro u g h  th e  p o in t Q. W e deno te  th e  no rm als  o f А , В , C by  a, b, c, th e  
s tress vecto rs a c tin g  on А , В , C b y  pa, pft, pc. The stress com ponen ts

Paab’ Pabb’ Pabc’ * ' ' ' Pcba ( 1 )

are  defined  as follow s: p bac (for exam ple) signifies th e  com ponen t o f  p6 in  
d irec tio n  a w hen  th e  c u ttin g  p lane is o rthogonal to  c. S tress com ponen ts p bac 
an d  p b(c can  b e  seen in  F ig . 2, so th a t  th e  no rm als a a n d  c lie in  th e  d raw in g  
p lane , h u t th e  n o rm a l b an d  th e  stress v ec to r  pft do n o t genera lly  lie th e re ; th e  
c u ttin g  p lane  is in d ic a te d  b y  a d o tte d  line. The stress  com ponen te  h av e  th e  
u n it  kg/cm 2.

III

*Prof. Dr. Ing. J . B a rta , József kö rú t 35. H-1085 B udapest, Hungary.
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A s usual, tw o so rts  o f co n tin u a  will be  d istingu ished , n am ely , classical 
c o n tin u u m  and  C osserat co n tin u u m . In  th e  classical co n tin u u m , on ly  o rd in a ry  
s tre sse s  an d  forces are p re se n t. In  th e  C ossera t co n tinuum , in  ad d itio n  to  th e  
o rd in a ry  stresses and  forces, also couple s tresses (or couple s tresses w ith  vo lum e 
m o m en ts) are p resen t. T he no tio n  “ C osserat co n tin u u m ” includes th e  no tion  
“ c lassica l co n tin u u m ”  as a special case. T h u s , all a sce rta in m en ts  referring  to  
C o sse ra t co n tin u u m  re fe r also to  classical co n tin u u m , b u t th e  reverse  does n o t 
g en e ra lly  hold. W e d en o te  th e  couple s tre ss  v ec to r  ac ting  on А , В , C by  m n, 
m ft, m ( , T he couple s tress com ponen ts are  sca la r  q u a n titite s , h av in g  th e  u n it 
k p /cm , an d  will be d en o ted  in  th e  p resen t p a p e r  by

m aab’ m abbi m abc • • •’ m cba ( 2)

d e fin e d  in  th e  very  sam e m an n e r as (1).
M ost au tho rs d en o te  th e  stress co m p o n en ts  by

O f  ° >  Oz-> ^zy’ x zx’ ^ x z ' Xxy' t y x  (^)

w h ere  th e  directions x , y ,  z are o rth o g o n a l to  one an o th e r, a n d  w rite

°x in s tead  of Pxxx

Xyz in s tead  of Pyzz
Pab in s tead  of Pabb
Pba in s tead  of Pbaa

Pbc in s tead  of Pbcc

I n  th e  classical co n tin u u m , th e  re la tio n s туг =  тгу, r zx =  Tx2, Txy =  Tyx hold , 
b u t  in  C osserat co n tin u u m , th e y  do n o t genera lly  hold.

W e shall consider th e  follow ing rec ip ro ca l p roperties o f  th e  stress com 
p o n e n ts :

I . I f  a and  b are  tw o  d irec tions, th e n  a t  any  p o in t o f  th e  classical con
tin u u m , th e  eq u a tio n  p abb =  p baa holds.

I I .  I f  a and  b a re  tw o  d irec tions, th e n  a t  an y  p o in t o f  th e  classical con- 
t in u m , th e  eq u a tio n  p aab — p bba holds.

I I I .  I f  a, b, c are  th re e  d irec tions, th e n  a t  any  p o in t o f  th e  classical con
tin u u m , th e  eq u a tio n  p abc p bca p cab =  p acb p bac p cba holds.

IV . I f  a, b, c a re  th re e  d irec tions, th e n  a t  any  p o in t o f  th e  C osserat con
tin u u m , th e  eq u a tio n  p aba p bcb p cac =  p aca p bab p cbc holds.

V. I f  a, b, c are  th re e  d irec tions, th e n  a t  any  p o in t o f  th e  C osserat con
tin u u m , th e  eq u a tio n  m aba m bcb m cac =  m aca m„ab mcbc holds.
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V I. I f  th e  d irec tio n s a, b, c fo rm  an  eq u ian g u la r tr ip o d  (F ig . 3), th e n  a t 
an y  p o in t o f th e  classical co n tin u u m , th e  equ a tio n s p abc =  p cba, p bca =  p acb, 

Pcab =  Pbac hold-

Fig. 3

W ith  the n o ta tio n s  (4), one w rites (for exam ple) in  I 

Pab =  Pba in s tead  o f  p abb =  p baa.

T h e p ro o f of I I  can  be carried  o u t in  th e  follow ing m an n er. I t  is to  be 
seen from  Fig. 2 th a t  th e  eq u a tio n  p bcc =  p bac cos (c, a) holds. B y w ritin g  a 
in s te a d  o f b, and b in s te a d  of c, th e  eq u a tio n

Pabb =  Paab cos ( Ь, a) (5)

arises. A nalogously , a lso  th e  eq u a tio n

Pbaa =  Pbba C°S (o, b) (6 )

is to  be fo und . In se r tin g  (5) and  (6) in to  I ,  an d  tak in g  in to  acco u n t th e  e q u a lity  
cos (b, a) =  cos (a, b), I I  is o b ta ined .

T h e  p ro o f of I I I  can  be carried  o u t as follows, a b c  are  th e  u n it  v ec to rs  o f 
th e  n o rm als  a, b, c. A s  u su a l in  V ector C alcu lus, ac signifies th e  sca la r p ro d u c t o f  
a an d  c. F ro m  Fig. 2 a n d  re la tion  ac =  cos (a, c), th e  eq u a tio n

Pbac
PftC
ac (V

follows. A ccording to  I ,  th e  eq u a tio n  p bcc =  p cbb is valid . T his read s, in  v ec to r 
n o ta tio n ,

p„c =  Pcb. (8)

In tro d u c in g  (8) in to  (7),

_  pr b _  pcb _  ab Pcb ab
Pbac * Pcab

ac ca ca ab ca

is o b ta in ed . T hus th e  eq u a tio n

ab
Pcab Pbac (9)

ca
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is v a lid . S im ilarly , also th e  equations

be ca / in  n \
Pabc Pcbai Pbca Pacb (1” 11)

ab  bc

hold . B y  m u ltip ly in g  th e  left sides an d  also the  r ig h t sides of equ a tio n s (9), 
(10), (11), H I  is a rr iv ed  a t.

T h e  p roo f o f IV  can  be carried  o u t in  th e  follow ing w ay. A fter rep lac ing  
b b y  a, a b y  b, c b y  a, (7) tak es  th e  form

_  P a  _  « a  P a _  <‘a n
Paba . . . Раса •

ba ba ca ba

T h is show s th a t  th e  e q u a tio n

Paba  " Р аса  ( 1^ )
ba

is v a lid . A sim ilar w ay  leads to  eq u a tio n s

ab be /Ю
Pbcb Pbab 1 Pcac Pcbc ' (- 3̂ 14 )

cb ac

I f  th e  le f t sides, an d  also th e  r ig h t sides o f eq u a tio n s  (12), (13), (14) are m u l
tip lie d , and  th e  eq u a litie s  ab =  ba, bc =  cb, ca =  ac are ta k e n  in to  acc o u n t, 
th e n  IV  arises.

T he proof o f V th e  is follow ing. W e consider th e  fac t th a t  IV  expresses 
on ly  a p ro p e rty  of v ec to rs , regardless o f th e  physica l m ean ing  of th e  vec to rs , 
an d  its  p roof h a p p en ed  w ith o u t d irec t or in d ire c t em p lo y m en t of I . Also m (I, 
m 6, are  vecto rs, an d  th e ir  physica l m ean ing  does n o t p lay  a role in  V. 
T h u s , th e  v a lid ity  o f V im m ed ia te ly  follow s from  IV .

T h e  proof of V I can  be carried  o u t in  th e  follow ing w ay. W e tak e  in to  a c 
c o u n t th a t  th e  d irec tio n s  a, b, c now  fo rm  an  eq u ian g u la r tr ip o d . H ence, th e  
re la tio n  be =  cb =  ca  =  ac =  ab  =  ba su bsists . T herefo re , equ a tio n s (9), 
(10), (11) express V I.

R e m a r k s :  R eciprocal p ro p ertie s  IV  an d  V are  pu re ly  m a th e m a tic a l 
p ro p e rtie s , because n o t only  th e  stress co m p o n en ts  b u t  also all v ec to r co m p o 
n e n ts  possess th ese  p roperties. — R ecip rocal p ro p ertie s  I ,  I I ,  I I I ,  V I are  
p h y sica l p ro perties, because  th e y  w ere derived  from  th e  d ynam ica l e q u ilib 
r iu m  o f th e  co n tin u u m . — I f  th e  d irec tio n s a , b, c are  p e rp en d icu la r to  each  
o th e r , th e n  I y ields th e  equations p yzz =  p zyy, p zxx =  p X2Z-, p xyy =  P yxx w h ich  
in  th e  m ost books w ill be  w ritte n  in  th e  fo rm  xyz =  т2Х, тгх =  тхг, тху =  тух, 
h o w ev er, I I ,  I I I ,  IV , V , V I yield only  th e  u n in te re s tin g  e q u a tio n  oo =  oo.
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R EFE R E N C E

1. So k o l n ik o f f , E S.: M athem atical Theory of E lasticity . F irst edition 1946 § 16, or second 
edition 1956 § 16.

Über einige Reziprozitätseigenschaften der Spannungskompoiienten. Es werden einige 
R eziprozitätseigenschaften der Spannungskom ponenten m itgeteilt. Zwei von diesen sind 
reine m athem atische E igenschaften, denn sie beziehen sich n ich t nu r au f Spannungskom ponen
ten, sondern auch auf allerlei V ektorkom ponenten. Die übrigen sind physikalische Eigen
schaften, denn sie gründen sich auf die Gleichung p a(, =  p(w, also au f das dynamische Gleich
gewicht.

Некоторые обратные свойства составляющих напряжений. Из числа перечислен
ных в данной работе обратных свойств два свойства являю тся чисто математическими, 
так к ак  они касаются не только составляющих напряж ений, но и любых векторных со
ставляющих. Однако, остальные ж е можно считать в качестве физических свойств, так  как  
их вывод основывается на равенстве Р аЬ =  РаЬ, а это равенство является следствием 
динамического равновесия.
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DESIGN OF STAR-SHELLS SUBJECTED TO FULL LOAD

P. CSONKA*
DOCTOR OF TECHN. SC. 

[M anuscipt received October 1, 1975]

The paper deals w ith paraboloid shells of revolution subjected to an axisym- 
m etrically  d istributed  full load (dead load and snow load applied sim ultaneously) 
acting  in vertical direction. The form of the base over which the shell in  question is 
constructed, is a regular polygon-like configuration w ith concave curved sides, a so- 
called star-polygon. The trea ted  shell — the so-called star-shell — is bordered by an 
edge beam supported along its  whole length by a wall, wherefore, the cross-section of the 
edge beam is only subjected to a centric norm al force, the so-called string force. By 
using a convenient calculation m ethod the shape of the starpolygon is so designed 
th a t  the stress resu ltan ts, generated in the shell, can be calculated w ith the aid of closed 
formulae. A numeric example proves the suggested m ethod as being expedient.

1. Introduction

B y th e  te rm  star-polygon  a reg u la r polygon-like p la n a r co n fig u ra tio n  is 
u n d e rs to o d  hav ing  concave cu rv ed  sides; a parabo lo id  shell o f rev o lu tio n  co n 
s tru c te d  over a s ta r-p o ly g o n a l base , is called  a star-shell (F ig . 1). In  co n n ec tio n

Fig. 1. Five-sided star-shell

*Prof. Dr. P. Cso n k a , B artók B. u. 31. H-1114 B udapest, H ungary.
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w ith  th is  la t te r  it  is a ssu m ed  th a t  th e  shell is b o rd e red  b y  an  edge beam  su p 
p o r te d  along its  w hole le n g th  b y  a w all. In  th e  cross-sections o f these  edge 
beam s on ly  cen tric  n o rm a l forces — string forces  — are  g en era ted  [5].

A x isym m etrica lly  d is tr ib u te d  v e rtic a l forces are assum ed  as being applied  
on th e  shell (dead load  a n d  a s im u ltaneously  ac tin g  snow  load).

T h e  in v estig a tio n s a re  perform ed b y  usin g  th e  c u s to m a ry  assum ptions o f 
th e  m em b ran e  th eo ry . T h e  b en d in g  and  to rs io n a l forces g en era ted  b y  th e  diverse 
d e fo rm a tio n s  of th e  shell a n d  edge beam  are  neglected .

D epend ing  on th e  lo a d  system  to  be ta k e n  in to  acco u n t, th e  shape of th e  
s ta r  po lygon  will be d esig n ed  so th a t  th e  s tre ss  re su lta n ts  in d u ced  in  th e  shell 
w all b y  th is  load sy s tem  (o r load  system s p ro p o rtio n a l to  it) can  be ca lcu la ted  
w ith  th e  aid  of closed fo rm u lae .

A p a rtic u la r  sim p le  ty p e  of sta r-sh e lls , i.e ., th e  p ro b lem  o f star-shells 
design fo r a load sy s tem  un ifo rm ly  distributed  on th e  base  su rface , was a lready  
tr e a te d  in  tw o prev ious p ap e rs  by  th e  a u th o r  [3, 4]. In  th e  p resen t paper a 
m ore general p rob lem , t h a t  o f star-shells lo ad ed  b y  ax isy m m etrica lly  d is tr ib 
u te d  sy stem  of v e rtic a l forces (dead lo ad  a n d  snow  lo ad  ap p lied  a t th e  sam e 
tim e), is discussed.

2. The shape function

T he in v estig a tio n s w ill be carried  o u t in  a cy lind rica l sy stem  of co-or
d in a te s  0(r, <p, z) re p re se n te d  in  Fig. 2. T h e  origin 0 o f th is  sy stem  of co-or
d in a te s  is a t  th e  v e r te x  o f  th e  m iddle su rface  o f th e  shell, th e  axis z coincides 
w ith  th e  axis of re v o lu tio n  of th e  p a rab o lo id  shell. T he p ositive  leg of axis z is 
d ire c te d  dow nw ards fro m  th e  origin, an d  th e  p o la r p lane  (p =  0 halves one o f th e  
sides o f th e  base fig u re .

T h e  rad ius of th e  circle  c ircum scribed  a ro u n d  th e  s ta r-p o ly g o n  is d e n o te d b y  
R , t h a t  of th e  in scribed  circle by  r 0 ,an d  th e  a ltitu d e  of th e  shell b y  h.

T he co-o rd inates o f  th e  corners o f th e  s ta r  po lygon hav in g  n  sides are  as 
follow s:

я  Зя  5 я  (2 n — l)jr
г =  л ,  cp =  , •) —  , . . . , .

n n n n

In  th e  system  o f  co -o rd inates 0(r , <jo, z) th e  sh ap e  o f th e  sta r-she ll is 
ch a rac te rized  b y  th e  e q u a tio n  of its  m idd le  surface:

T h is eq u a tio n  is called  th e  shape fu n c tio n  o f th e  shell.
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3. The load function

T he lo ad  to  w hich  th e  shell is su b jec ted , is ch a ra c te riz e d  b y  its  specific  
v a lu e  re la te d  to  th e  u n it  a rea  o f th e  base surface , th e  so-called  reduced load. 
T he  fu nc tion

P  =  P (r)

expressing  th e  red u ced  lo ad -v a lu e  is called  load fu n c tio n .
Two ty p e s  o f  lo ad  fu n c tio n s are  d ea lt w ith  h e rea fte r .

3.1 The exact load fu n c tio n

This is th e  te rm  fo r th e  lo ad  fu n c tio n  exp ressing  th e  to ta l value to  
w hich  th e  shell w all is su b jec ted : th e  dead  lo ad  o f th e  shell w all o f c o n s ta n t 
th ick n ess  an d  th e  lo ad , un ifo rm ly  d is tr ib u te d  on th e  basic  surface. Be th e  sp e 
cific w eight o f  th e  shell w all re la te d  to  th e  u n it  a rea  of th e  middle surface

p 0 — const.,

a n d  th e  specific v a lu e  o f th e  snow  load  re la te d  to  th e  u n i t  a rea of th e  base 
surface

p s =  const.

2 Ada Technica Academiae Scientiarum Hungaricae 82, 1976
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In  th is  case th e  e x a c t load  fu n c tio n  Kiay be expressed  b y  th e  fo rm ula

(2)
1 -, ( 2

+  P s  —  P  0\ dr
P =  P  о

B y  in tro d u c in g  th e  sim plify ing  n o ta tio n

R -
a =  -----

2 h

fo rm u la  (2 ) m ay  be red u ced  to  th e  fo rm

P  о

, 4 h2 r°-
1 +  ---------- +  P s-

R i

P = a2 +  r- +  p s.

(3)

(4)

3 .2 . The approxim ate load fun c tio n

T his is th e  n am e o f th a t  load  fu n c tio n , w here th e  to ta l  lo ad  to  w hich th e  
shell is su b jec ted  (dead  lo ad  and  snow  lo a d  applied  s im u ltaneously ) is a p 
p ro a c h e d  b y  a po lynom e h av in g  th e  fo rm

r2 r4 r2 к
p  =  A 0 +  Л —  +  А з —  +  • • • +  ■ (3)

A load  fu n c tio n  o f  sim ilar c o n s tru c tio n  m ay  also be ap p lied  as an  a p p ro x i
m a tio n  in  lieu  o f th e  “ exac t'” load  fu n c tio n  described in  p a ra g ra p h  3.1. In  
th e se  cases, as an  a p p ro x im a te  p o lynom e, th e  expression

9 r -  2 r4
P *  =  (Ро +  Р Л + у Р о У —  -

m a y  be used, w here
/i2

(5*)

4. The stress function

T he stress fu n c tio n  F  =  F (r , q>) o f  shells o f rev o lu tio n  su b jec ted  to  u n i
fo rm ly  d is tr ib u te d  v e r tic a l forces p  =  p (r , cp) has, in  genera l [3], to  sa tisfy  th e  
fo llow ing d ifferen tia l rq u a tio n :

Э2 F  1 dz  1 Í)F &F_ d°-z | _  Q

3 r2 r dr r dr dr2 r2 3 cp2 dr2 ^

In  ease o f a p a rab o lo id  shell o f  rev o lu tio n  th e  re la tio n s

dz  2 h r d2z 2 h 1

dr R 2 a dr2 R 2 a
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a re  va lid  and  so th e  d iffe ren tia l eq u a tio n  to  be sa tis f ied  b y  th e  stress fu n c tio n  
w ill be sim plified  as follows:

d2F  1 d F  1 92F  _
------- -j- —  • ------- - -I------ -- --------|- a V —- 0 .

9 r2 r dr r2 9 <p2

H ereafter, a f in ite  so lu tion  to  th e  above d iffe ren tia l eq u a tio n  is to  be 
soug h t for w hich sa tisfies  on th e  one h an d  th e  co n d itio n

F  =  0 ( 7 )

along  th e  edge line o f th e  shell, an d  on th e  o th e r h a n d

a F—  =  о
а г ( 8 )

a t  th e  corners o f th e  shell.
T he b o u n d a ry  cond itio n  (7) m ig h t be prescribec  to  ev e ry  shell whose edge 

b eam  is co n tinuously  su p p o rte d  [5], w hile th e  re s tr ic tio n  (8) is ju s tif ie d  b y  th e  
fa c t th a t  the  p o in ts  r =  R  o f th e  edge line of th e  s ta r-p o ly g o n  m u st be so-called  
double po in ts. A fu r th e r  co n d itio n  o f  th e  ex istence o f  th e  double  p o in ts , i.e ., 
t h a t  a t  th e  p o in ts  r =  R , a t  le a s t one of th e  second  d e riv a tiv e s  of F  shou ld  
d iffer from  zero, is fu lfilled  in  th is  case, because a t  th e  p o in ts  r =  R  th e  lo ad  
v a lu e  is p  0 .

4.1 . Case o f  the exact load fu n c tio n

In  case of th e  “ e x a c t”  load  fu n c tio n  (4), th e  d iffe ren tia l eq u a tio n  (6) w ill 
ta k e  th e  following fo rm :

Э2 F  _1_ _9F  

dr2 ' r 9 г

1

r2
92 F

a <p2 +  Po У° 2 +  r2 +  Ps a =  o. (9)

The fu nc tion  F  sa tisfy in g  th e  d ifferen tia l eq u a tio n  (9) will he com posed o f 
tw o  p a r ts :  from  th e  ax isy m m etrica l so lu tion  of th e  fo rm

F, =  F,(r)

o f th e  inhomogeneous d iffe ren tia l eq u a tio n , and  from  th e  so lu tio n  o f th e  fo rm  

F h — Cnrn cos n (p, Cn =  co n st, 

o f th e  homogeneous d iffe ren tia l eq u a tio n . A ccord ingly  w e h av e

F  =  F , +  F h =  Fj -f- Cn rn cos n cp. (10)

F irs t th e  fu n c tio n  F (- shou ld  be determ ined . A n ax isy m m etrica l case 
b e ing  a t  issue, th e  follow ing o rd in a ry  d ifferen tia l e q u a tio n , in s te a d  of th e  p a r 
tia l  d ifferen tia l e q u a tio n  (9), m ay  be used:

d 2 F I 1
dr2 r

d F t

dr
+  Po Í «2 +  r2 + Ps « =  0.

2* Acta Technica Academiae Scientiarum Hungaricae 82, 197b



20 CSONKA, P.

T h is  second-order d iffe ren tia l e q u a tio n  is tran sfo rm ed  b y  th e  s u b s titu tio n

dF t
dr

=  Щг)

in to  th e  f irs t-o rd e r d iffe ren tia l e q u a tio n

d U  . 1
H------d U  +  p 0 У a2 +  r2 - f  p s a =  0,

d r  r

w hose general so lu tio n  is

U  =  — P  0 У (a2 +  r2)3 C o '
~ P s

C o nsequen tly ,

d f ,  Po
~ d 7 = ~  3

V (a2 +  r2)3 , C 0 a r
~ 2 ~

a n d  hence, a fte r in te g ra tio n

4a2 4- r2
F, =  — Pn \[a2 r2 — a 3 In ( a +  |  a2 4 - r2)

a 3 In  r  4" C 0 In r
a r-

Ps —  t" Cl* 
4

T h e  above expression  can  only  be f in ite , if

C 0 =  — a 3.

W ith  th is  rep lacem en t, fo rm ula  (12) o f  fu n c tio n  F ( becom es:

( 11)

( 12)

F ,  = Po
3

4a2
|< a2 4- r2 — a 3 In  (a  -f- У a2 4* t2) — Ps - 7 — 4- Ct. (13) 

4

T he fu n c tio n  F,-, i.e ., th e  f ir s t  p a r t  o f fu n c tio n  F  be ing  fam ilia r, fu nc tion  F  
i t s e l f  can  be p ro d u ced  b y  co m p le tin g  th is  p a r t  o f th e  fu n c tio n  w ith  th e  
ex p ressio n  Cnrn cos ncp.

A ccordingly

F  = Po
3

4a2
■ У a2 4- r2 — a 3 In (a  -f- Уа2 +  r2)

—  P s  —  +  CL 4- Cn rn cos тир . 
4

(14)

T h e  in d efin ite  c o n s ta n ts  an d  Cn e n te r in g  th e  above fo rm u la  shou ld  an d  could 
b e  de te rm in ed  b y  ta k in g  th e  boundary conditions (7) an d  (8 ) in to  accoun t.

F irs t, le t us p u t  dow n co n d itio n  (8), i.e., th e  re q u ire m e n t th a t  a t  po in t

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



STAR-SHELLS 21

г =  R , (p =  Tzjn, th e  d e riv a tiv e  o f fu n c tio n  F  w ith  re sp e c t to  r  could  d isap p ea r: 

2a2R  +  К л a3RPa
3 Va2 +  R 2 (a + ] fa 2 +  R 2) \  a2 +  R 2

— Ps -----Cn n R n - 1 =  0 .

H ence,

C„ =  - P  0 a
a2 +  Й 2 1

Ps
a -f- ]/ a2 +  R 2 n R n ~2 

S u b s titu tio n  o f th is  va lu e  in to  fo rm u la  (14) y ields

’ 4a2 -f- r2

2 n R n ~2

P  о 
3

|Ao2 -f- Ä2 — a 3 In (a I a2 -)- r2) -)-

à2 +  R 2 rn cos nap ' r2 1 rn cos ncp

a +  Ya2-\- R 2 n R n~2
Ps a

4 2 n R n~2

(14a)

+  Q . (15)

A fte rw ards, th e  on ly  th in g  to  be done is to  sa tis fy  cond itio n  (7), i.e ., to  
m ak e  sure th a t  all along th e  edge line o f th e  sta r-sh e ll th e  v a lu e  of fu n c tio n  F  
shou ld  be equal to  zero. T h is re q u irem en t should , in  th e  f ir s t  line, be w ritte n  
on ly  in  respect to  th e  co rn er p o in t r =  R , (p =  n/n:

To
3

' 4a2 +  R 2 

3
]/a2 -f- R 2 - a 3 In (a  -)- ]/a2 Л 2) —

a2 +  R 2 I
a +  ]fcP+ R 2 I

К

n
— P s a

R 2 R 2

4 2^7
+  Cj =  0.

E xpressing  Cx from  th is  eq u a tio n  an d  rep lac in g  i t  in to  fo rm ula  (15), th e  
follow ing expression  is o b ta in e d  as stress  fu nc tion :

F  —  — — +  r2 У a2 +  r2 -  4a2 +  jR2 }ra2 + l t 2 -

— o3 In

P sa

a -j- У a2 -f- r2 

a -)- ]f a2 -f- R 2
R 2  _  r 2 R n

3

a2 +  R 2 
a +  У a2 +  R  2 

rn cos тир

a 4“
R n  ---- r n  c o g  n y

n R n~2

2 n R "~ 2

+

(16)

H ow ever, cond ition  (7) shou ld  be sa tisfied  all a long  th e  len g th  o f th e  
edge line, and  n o t only  a t  th e  corners. T herefo re, th e  o u tlin e  o f th e  base fig u re  
c a n n o t be assum ed a rb itra r ily ;  i t  shou ld  be so d raw n th a t  along th e  line in
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q u e s tio n , F  should  be e q u a l to  zero everyw here, i.e ., th e  fo llow ing  cond ition  
sh o u ld  be satisfied  all a long  th e  len g th  o f th is  line:

P  о 
3

4 a2 +  r2

4i a “h V q1 +  t 2 ,a I n ------ , r _ . — +
a-f- Va2 +  R 1

V fl2 +  r2 —

a

4a2 +  R- 

3

a2 +  R 2 
a +  f a M ^ R 2

V«2 +  i p  -

R n tup
n R n-

P s a
R 2 R n r" cos rup

2n R n~2
=  0 . (17)

F o rm u la  (16) is t h a t  o f  th e  stress fu n c tio n  o f th e  s ta r-sh e ll designed for th e  
“ e x a c t”  load , and  fo rm u la  (17) is th e  eq u a tio n  o f th e  edge line  of th e  s ta r-  
po ly g o n , i.e., of th e  b ase  fig u re  of th e  shell.

4 .2 . Case o f  the approxim ate load fu n c tio n

I f  th e  load ap p lied  to  th e  shell is expressed  b y  po lynom  (5), th en  for th e  
s tre ss  function  of th e  shell th e  form ula

Д 4

8 h
1 - - Ы  +  4 - И -

R 1

-  —  ( 4 s - +

fi4
A

+  • • •  +
f c + i

+  • • • + -  

1 +

(fc + 1)2

R

1 —
r2fc+2

R lk~2

R n
cos n<p

(18)

a n d  fo r th e  edge line o f  th e  star-shell th e  fo rm ula

A
l

r

R 2

•2 A

+  - A -  4
1 -

2 l A,
- r -  +

A

R*

+  . . . +

+  ••• +
(k +  l )2

r2fc+ 2

k + 1
1 -4------- cos nq>

R n

+ 2

=  0

(19)

a re  ob ta ined .
Should th e  lo ad  to  w hich  th e  shell is su b jec ted  be ta k e n  in to  accoun t b y  th e  

ap p ro x im a te  fo rm u la  (5*) in s tead  of th e  e x a c t fo rm ula  (4), so

A  — p  о p st

A  =  Y p ° y  ’

A  =  -  y  F o ?2
( 20 )

A,  =  A,  =  . . . =  A ,  =  0.
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In  th is  case, th e  fo rm u la  of th e  ap p ro x im a te  stress fu n c tio n  will be

F *  =
8 h

(Po+Ps)
r

R 2

2 9

+ M F° y
r*
P4 27

P  0 r 1-
P e

2
n

9 2
P o +  P s +  —  Po r  -  —  P o r 1 -I-------- cos ncp

R n

an d  th e  e q u a tio n  o f th e  edge line of th e  s ta r-p o ly g o n  is

(.P o + P s) 1-
P 2 + ™ p °r

r*
~R*" 27

Po Г 1-
P 6

-------- P o  +  P s  +
10 Po 7 - — Po Г 1 -j--------cos reœ =  0 .P" 1

In  th e  above fo rm ulae

(18*)

(19*)

У =
h2
P 2

5. Stress resultants

The reduced  s tre ss  resu lts  o f th e  s ta r-sh e ll can  be ca lcu la ted  w ith  th e  aid  
o f th e  follow ing w ell-know n form ulae [2 ]:

N r =
1 Э F

-
1 1 г
+ d2F

r dr

Ciô-
CO

1 d F 1 82 F
г2 д <p Г dr  • 9çp

N Э2 F
iy f dr2

T he positive  sense o f these  stress re su lta n ts  is show n in  F ig . 3.

Fig. 3. Reduced stress resu ltan ts N r, N rpi
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5.1. Case o f  the exact load fu n c tio n

W hen  fo rm ulae  (21) are ap p lied  to  th e  ex ac t fu n c tio n  F  g iven b y  eq u a tio n  
(16), th e n , for th e  red u ced  s tress r e s u lta n ts  th e  follow ing fo rm ulae  a re  o b ta in ed :

3 r2 2

In  th e  above fo rm u lae , th e  m ean in g  o f Cn is as g iven b y  (14a).

5.2. Case o f  the approxim ate load fu n c tio n

A pply ing  fo rm ulae  (21) to  th e  a p p ro x im a te  stress fu n c tio n  (18), th e  fo l
low ing  fo rm ulae  a re  o b ta in e d  fo r th e  red u ced  stress re su lta n ts :

S hould  th e  to ta l  lo ad  to  w hich  th e  shell is su b jec ted , be ta k e n  in to  ac 
c o u n t by  th e  a p p ro x im a te  po lynom e (5*), so th e  fo rm u lae  o f th e  red u ced  stress 
r e s u lta n ts  will ta k e  th e  form s:
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STAR-SHELLS 25

6. T he s trin g  force

In  th e  edge b eam  o f th e  s ta r-sh e ll on ly  axial forces — s tr in g  forces — are  
in d u ced . The v alue  o f  th ese  forces is, a t  th e  corners o f th e  edge b eam  eq u a l to  
zero , th e ir  m ax im um  v a lu e  being  g en era ted  in  th e  cross-sections (p =  0, 
2 T i j n ,  4 л / n ,  . . . (2 n —2 )л /n .

In  th e  follow ing, th e  cross-sec tion  (p -< yr/n w ill be  ca lled  cross-section  I  
a n d  th a t  o f f  =  jr/n cross-section  I I ,  an d  th e  forces belong ing  to  th e m  are  
d esig n a ted  b y  su p e rsc rip ts  I an d  I I ,  respective ly .

T he h o rizo n ta l co m p o n en t H l o f th e  string  force H 1 a rising  a t  an y  cross- 
sec tio n  I  of th e  edge b eam , can be d e te rm in ed  b y  an a ly s in g  th e  cond itions of 
th e  equalib rium  o f th e  shell sec to r 0 I  I I ,  cu t o u t o f  th e  shell accord ing  to  
F ig . 4. On th e  side 0 I I  o f  th is  shell sec to r, only forces IVj,1 are  ac ting , an d  on 
th e  cross-section  О I I  o f  th e  edge b eam  th e  string  force is eq u a l to  zero. T h u s , 
H 1 can  easily  be d efined .

Fig. 4. Sector of shell cut out for the investigation of equilibrium

7. Num erical example

L et us app ly  th e  process o f ca lcu la tio n  described ab o v e  to  th e  ax isym - 
m e trica l parabo lo id  shell o f rev o lu tio n  h av in g  a c o n s tan t th ick n ess , co n stru c ted  
ab o v e  a star-po lygon  h av in g  n =  5 sides, dep ic ted  in F ig . 5.

T he geom etrical d a ta  o f th e  shell to  be ca lcu la ted  are  as follows:

R  — 20,0 m ; h =  14,0 m.
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T h e  load s are: dead  w e ig h t of an  in te n s ity  o f 

p 0 =  200 kp /m 2

a n d  snow  load ap p lied  a t  th e  sam e tim e  

p s ■ 80 kp /m 2.

In  case of the problem  in hand

h2 14.02
У Rr 20.02 0,49,

and  hence, the “ exact”  load  function according to  form ula (2) is

p  =  200 j / 4y2
R-

80 =  200 / 1 +  1,96 K2

and  th e  approxim ate load function according to form ula (5*)

80,

p*  =  280 4— 200 • 0,49 ---- -------Г  200 ' ° ’492 =  280 +  176’4 ~  32’018 •

The exact load value p  and the approxim ate one p *, as well as the relative value of 
th e  error, due to the application  of the approxim ate load function instead  of the exact one, 
a re  indicated in Table I. As is to be seen, the grea test divergence betw een the two load values 
is only  0,003 times of the exact load value, i. e., i t  is quite negligible. The error being quite
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Table I

R e la t iv e  v a lu e  o f  th e  e rro r  w h e n  u s in g  th e  a p p r o x im a te  lo a d  v a lu e s  p *  in s te a d  o f  the
e x a c t v a lu e s  p

г/R p kp/m2 p* kp/rn2 (p* -  p)Ip

0 280,0 280,0 0,00
0.1 282,0 281.8 -0 ,0 0 1
0,2 287,7 287,0 -0 ,0 0 2
0,3 296.9 295,6 -0 ,0 0 4
0,4 309.2 307,4 —0,006
0,5 324‘1 322,1 —0,006
0.6 341,2 339,4 -0 ,0 0 5
0,7 360,0 358,7 -0 ,0 0 3
0,8 380,3 379.8 -0 ,0 0 1
0.9 401,7 401.9 +0,000

1,0 424,1 424,4 +0,001

insignificant, i t  is always perm itted  to use the approxim ate load function (5*) instead of the 
exact one (4).

In  case of th e  approxim ate load function, the stress function  of the star-shell will, 
according to form ula (18*), be as follows:

F • - тгтЬг <200 + “> (‘ - ж) + w :200 ' о-4’ (‘ - ж) -
2 (  r6 5 2 Í  9

-  — 200 • 0,492 11 -  - ^ - 1 ----- — I 200 +  80 +  200 ■ 0,49 -

- " § - 2 0 0  ■ 0,492j  ( l  +  cos 5 ? ) ,

and th e  equation of the edge line of the star-polygon, according to  form ula (19*): 

280 (‘ - ж) + (■  -ж )~  3'55i« (*—p -)-
-  143.0115 ( l  +  ~  cos 5<p j  =  0.

Knowing the equation of the edge line of the star-polygon, the radius r0 of the circle 
inscribed in it , m ay  be obtained from th e  equation:

280 (1 - ж) + 44Д i l ~ ж) - 3’55ioà í1 - ж) “
- 143,0115(1 +  - ^ - )  =  о

and the radius vector rt associated to  the polar angle <p =  я /10 =  18°, m ay be determ ined w ith  
the aid of the equation

280 ( l  -  - p r )  +  44.1 ( 1 -  - j l - )  _  3,55703 ( l  -  - ^ - ) -  143,0115 =  0.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



28 CSONKA, P.

The results of th e  calculation are:

— 0,7097, th u s r 0 =  14,194 m,H

4 b  =  0,7636, th u s T! =  15,272 m.A

In  possession of these values, the edge line of th e  star-polygon m ay easily be drawn.*
The reduced stress resu ltan ts  induced in  th e  shell wall can be calculated  according to 

fo rm u la  (23*). Their values given in kp/m  are:

N * =  — 2000 -  630 - 4  +  76,2 ~  +  1430,115 cos 5q>,A“ A 4 K 6

N*q> =  -  1430,115 ~  sin 5g> ,

jÿ * =  - 2 0 0 0 - 1 8 9 0 - ^ -  +  381,í  ----  1430,115 4 r r  cos 5<p.A” A

The distribution of th e  stress resu ltan ts N x* and Ny* along th e  cross-section у  =  0 
is rep resen ted  in  Fig. 6.

Fig. 6. D istribution of th e  reduced stress resu ltan ts  N x, Ny along the cross-section у  =  0

* I f  the sides of th e  star-polygon would be replaced by circular arcs of a radius Q =  
=  35,792 m, passing th rough  the points r — 14,194, <p =  0 and r =  20,0, (p — + 36°, then  
th e  leng th  of the radius vector of the edge line a t  the  point <p =  + 1 8 °  would be 15,252 m, 
in s tead  of the exact value 15,272 m. Thus, the divergence between the two values is no t greater 
th a n  2 cm.
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The diagram of the IV „-forces shown in F ig .  6. also allows to  easely determ ine the m ax i
m um  string force, generated in the edge beam  of the star-shell. This force is, namely, by simple 
reasons of equilibrium , equal to  the surface of the diagram in question. I ts  value can be deter
m ined w ith the aid of form ula

-20,0

-  J  I"
14,194

2 0 0 0 -6 3 0 R2 76.2
R ‘

1430 ’115ж к

Performing the calculation for the m axim um  string force, th e  value

S m ax =  7 8 3 5 6  k P
is arrived at.
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Berechnung von D rehparaboloidschalen belastet durch eine drehsym m etrisch  verteilte ver
tikale T otallast (Eigengewicht und Schneelast). Die G rundrißfigur der behandelten Schalen 
is t ein regelmäßiges vieleckähnliches Gebilde m it nach innen gebogenen Seiten, die als S te r n 
v ie le c k  bezeichnet wird. Das Randglied der in Rede stehenden Schalen — d e r  S te r n s c h a le n  — 
is t in  seiner ganzen Länge durch M auerwerk gestützt, darum  können in  den Querschnitten 
des Randgliedes ausschließlich N orm alkräfte, sogenannte S e i lk r ä f te  zustande kommen. Die 
Form  der Sternschale selber is t m it Hilfe eines entsprechenden R echenverfahrens so bestim m t, 
daß  ihre Schnittkräfte m it geschlossenen Form eln berechnet w erden können. Die Zweckmäßig
ke it der vorgeschlagenen B erechnungsm ethode wird anhand eines Zahlenbeispieles bewiesen.

Проектирование звездных оболочек для тотальных нагрузок. Работа занимается 
проектированием оболочек в виде параболоида вращения, к которым приложена цент
рально симметричная распределяющаяся тотальная нагрузка (при одновременно дей
ствующих нагрузках от собственного веса и веса снега). Форма основания рассматривае
мых оболочек имеет правильную форму в виде т. н. звездного многоугольника. Краевая 
балка рассматриваемых оболочек, то есть т. н. звездных оболочек по всей своей длине 
имет стеновую опору, вседствие чего на разрез балок действует только центральное усилие 
— веревочное усилие. Форма самого звездного многоугольника определена с таким 
расчетом, чтобы силы натяжения оболочки можно было бы рассчитывать с помощью зам
кнутых формул. Простота предложенного метода расчета подтверждается числовым 
примером.

*In H ungarian.
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BERECHNUNG FORMORTHOTROPER 
FLÄCHENTRAGWERKE

R. B A R Eá*
KANDIDAT DER TECHN. WISSENSCHAFTEN 

[M anuskript eingegangen am 27. Jan u a r 1975]

Es wird eine M ethode zur Berechnung forniorthotroper Flächentragw erke vor
geführt. die neben der Biegungs- und Torsionsteifigkeiten auch den Einfluß der K on
traktionsfähigkeit der K onstruktion  berücksichtigt. D urch die angegebene M ethode 
kann  der m ühsam e Teil der Berechnung und die A rbeit des S tatikers auf ein M indest
m aß beschränkt werden.

A nalog zur M a te ria lo rth o tro p ie  bei P la t te n  w erden  h e u te  fo rm o rth o tro p e  
F läch en trag w erk e  b e re its  lau fen d  m it au sre ichender G enau igke it an a ly s ie rt, 
die schon  vielm als nachgew iesen  w urde  [4, 12]. D ie m eisten  M ethoden sind  
jed o ch  en tw eder ü b e rm ä ß ig  m ühevoll, oder sie b e ru h en  a u f  einigen n ic h t 
völlig  b e rech tig ten  V orau sse tzu n g en . D er A u to r leg t eine M ethode der B erech 
nu n g  fo rm o rth o tro p e r F läch en trag w erk e  eines e in fachen  B rü ck en ty p s  vor, die 
neben  den  B iegungs- u n d  T orsionsste ifigkeiten  auch  den  E in flu ß  der K o n tra k 
tio n sfäh ig k e it der K o n s tru k tio n  in  R ech n u n g  s te llt; die M ethode is t so ge
s ta l te t ,  daß  der m ü h sam e  B erechnungste il ta b e llie r t u n d  die A rbeit des S ta t i 
kers a u f  ein M in d estm aß  b esch rän k t w erden  k an n . Die H ubersche  G leichung 
w ird  n ach  der M eth o d e  der d im ensionslosen B eiw erte  gelöst, deren  V orte il - 
h a ftig k e it schon f rü h e r , z. B . in  [1, 5, 10, 11] nachgew iesen  w urde.

Die F o rm o rth o tro p ie  der P la t te  e n ts te h t en tw ed e r d u rch  ih re  ve rsch ie 
dene B ew ehrung o d er V o rsp an n u n g  in  zwei o rth o g o n a len  R ich tu n g en  oder 
d u rch  ih re  V erb in d u n g  m it B alken , sei es in  der L än g srich tu n g , Q u errich tu n g  
oder in  beiden R ic h tu n g e n , even tue ll d u rch  die V erh in d e ru n g  oder a b s ic h t
liche R ed u k tio n  d e r Ü b e rtra g u n g  ein iger K rä fte  in  d er Q u errich tu n g  (der 
zusam m engese tz ten  K o n s tru k tio n ) . Die m a te r ia lo r th o tro p e  P la t te  is t der e rs te  
G renzfall, im  zw eitem  G renzfall w ird  die K o n s tru k tio n  n u r  d u rch  zwei S ystem e 
von  B alk en  (L än g sträg e r u n d  Q uerträger) geb ilde t. G em äß d er re la tiv en  W ich 
tig k e it der einzelnen  E lem en te  (der P la t te , p rism atisch e  E lem en te) u n d  der 
A n o rd n u n g  der K o n s tru k tio n  ä n d e rt sich s ta rk  der E in flu ß  der Torsion und  der 
Q u e rk o n trak tio n  a u f  den  in n eren  S p an n u n g szu stan d .

* R ichard  B a r e S, In s titu t für theoretische und angew andte Mechanik der Tschecho 
slowakischen Akademie der W issenschaften, Prag, CSSR.
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D as V erh a lten  e in e r allgem einen  fo rm o rth o tro p en  F lä c h e n k o n s tru k tio n  
g em äß  B ild . 1 w ird  d u rc h  die fü r eine äquivalente Platte fo rm u lie rte  H ubersche  
G le ichung  beschrieben

^ -  +  2 H  9Hg- -  
0 * 4 dx2 dy2

+  Qq
04tC

0y 4
p (x ,  y ) . ( 1 )

U n te r  d en  E in h e itsb ieg u n g sste ifig k e iten  ql u n d  Qq v e rs te h t m an  die B iegungs
s te if ig k e ite n  der w irk lichen  K o n s tru k tio n  in  der Längs- u n d  Q uerrich tu n g ,

Bild 1

bezogen  a u f  die S ch w erp u n k tsach se  des Q uersch n ittes  a u f  die E in h e it der 
B re ite  bzw . L änge. D as m ittle re  G lied 2 H  h a t  die B ed eu tu n g

2-ff =  (QLVq +  Qq VL) +  (yL +  У д ). (2)

U n te r  den  E in h e its to rs io n ss te ifig k e iten  yL u n d  yQ v e rs te h t m a n  die T orsions
s te if ig k e ite n  der w irk lichen  K o n s tru k tio n  in  der Längs- u n d  Q u errich tu n g , 
bezogen  a u f  die E in h e it der B re ite , bzw . L änge. Die B eiw erte  vL u n d  Vq sind  
n ic h t Poissonsche B eiw erte  in  p räz isem  S inn, sondern  sie bezeichnen  den  E in 
f lu ß  d e r  S p an n u n g  erv(crx) a u f  die V erfo rm ung  ex(ey) u n d  u m g e k e h rt, keinesw egs 
den  d u rc h  die A n iso trop ie  des M ateria ls , sondern  den d u rc h  die O rth o tro p ie  
der K o n s tru k tio n  v e ru rsa c h te n  E in flu ß  [4]. Sie beein flussen  in  gew issem  Sinn 
alle S te ifig k e iten  (qL, Qq, yL, y ^ ) .  D u rch  die U n te rb rech u n g  d er K o n tin u itä t  des 
Q u e rsch n itte s  in einen  H o rizo n ta leb en en  der fo rm o rth o tro p e n  K o n s tru k tio n  
w ird  die Q u e rü b e rtrag u n g  der V erfo rm ungen  unm öglich  g em ach t, u n d  d ad u rch  
w erd en  sich  die W erte  vL, Vq im m er v o n  den jen igen  u n te rsch e id en , die dem  
M ate ria l, aus dem  die K o n s tru k tio n  h e rg es te llt w urde, en tsp rechen .*

*L)ie Bestimm ung der Steifigkeit eines form orthotropen Flächentragw erkes bei kon
sequenter derartiger Berücksichtigung des Einflusses der Q uerkontraktion, daß sie der W irk
lichkeit entspricht, is t n ich t einfach; diese w urde in [2] behandelt.
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FORMORTHOTROPE FLÄCHENTRAGWERKE 33

Die In n e n k rä f te  M L, M g , M T, QL, Qq, Qt sind  d u rch  die b e k a n n te n  
A u sd rü ck e  [7] gegeben, in denen  die In d ize s  L ,  Q die Ind izes x, у  zu r 
U n te rsch e id u n g  der F o rm o rth o tro p ie  v o n  d er M ate ria lo rth o tro p ie  e rse tzen .

M an k an n  säm tlich e  Q u ersch n itts- u n d  M ateria le igenschaften  der K o n 
s tru k tio n  du rch  fo lgende drei dim ensionslose P a ra m e te r  vo llkom m en c h a ra k 
te ris ie ren :

I .  D ie v e rh ä ltn ism äß ig e  Q u erb iegsam keit der K o n s tru k tio n  g ib t, gem äß  
[6 ], d er dim ensionslose P a ra m e te r

an , d er Parameter der Querversteifung heißt. J e  g rößer ê  is t, um  so nachg ieb iger 
is t  die Q u erverste ifung . Ih re  G röße k a n n  sich im  B ereich  von  0 <7 $  <7 qq 
bew egen.

I I .  D ie v e rh ä ltn ism äß ig e  T orsion sste ifig k e it der K o n s tru k tio n  g ib t, 
gem äß  [10], d er dim ensionslose P a ra m e te r

a  =  Y Í  +  y'o
2  V Ql  '  P q

an , der Torsionssteifigkeits-Parameter  h e iß t. Seine G röße k a n n  W erte  im  B e
re ich  von  0 a. <Ç 1 e rre ichen . E in en  höh eren  W ert von  « als den W ert 1, d er 
e iner vollen  o rth o tro p e n  (oder iso tropen ) P la t te  an g eh ö rt, k a n n  m an sich n ic h t 
v o rs te llen .1

B ild  2

'M an kann sich nämlich jede, durch Balken versteifte K onstruktion  des P la tten typs 
reversibel als eine P la tte  vorstellen, deren Dicke dem  höchsten Q uerschnitt der K onstruktion  
gleicht, von der der Teil der Masse zwischen den Balken ausgenommen ist. Es is t einleuchtend, 
daß die Torsionssteifigkeit einer derartigen geschwächten P la tte  kleiner sein m uß als die einer 
vollen P la tte . Trotzdem  zwingen einige A utoren [4, 9] irrtüm lich  der d ritten  von den mögli
chen Rechnungslösungen der charakteristischen Gleichung der 4. Stufe, d. h. für den Fall, 
wo H 2 >  o/ Oq (oder a  >  1), einen physikalischen Sinn auf. Jedoch der einzige, der bestreb t 
war, die Existenz einer K onstruktion  dieses Typs nachzuweisen, und  dessen Ergebnisse auch 
die übrigen A utoren übernahm en, war, soweit dem A utor bekann t ist, Ge d iz l i [3]. Seine 
B erechnung fü r eine K onstruktion, die von einer P la tte  m it engen A usschnitten gemäß Bild 
2 gebildet wird, war jedoch ungenau, da er bei der Berechnung der Biegungssteifigkeit nur 
den gedrückten Q uerschnittsteil (nach den Bauvorschriften), bei der Berechnung der Torsions
steifigkeit den ganzen Q uerschnitt gemäß der E lastizitätstheorie berücksichtigte. Bei richtiger 
Berechnung gemäß der E lastizitätstheorie, für die die Methode abgeleitet ist, geht allerdings 
a  <; 1 auch in diesem Fall hervor.
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M it dem  In d e x  Q s in d  h ier die u n te r  d er V orausse tzung , d aß  d er Q uer- 
k o n tra k tio n sb e iw e rt des K o n s tru k tio n sm a te ria ls  einen N u llw ert h a t, b e rech n e 
te n  S te ifig k e iten  b eze ich n e t. Bei e iner äq u iv a le n te n  P la t te  is t also

1 /  T/  L
ÏL V -  Г<?Yq — T  —

1 + 4l + V

so d a ß  m an  gleichfalls se tzen  k an n

Ql
Ql 1 Qq Qq

Y l  +  Yq  
2(1 — V) У  Ql  Qq

(4b)

I I I .  W enn  m an  d ie aus dem  rez ip ro k en  B e ttisch en  T heorem  [3] h e rv o r
gehende Sym m etrie  d e r  E in h e itss te if ig k e iten  e in fü h rt

*l Qq  =  vq Ql , (5 )

d an n  d rü c k t die v e rh ä ltn ism äß ig e  W id e rs ta n d sfä h ig k e it der K o n s tru k tio n  
gegen Q u e rk o n tra k tio n  d er dim ensionslose P a ra m e te r

6)

aus, d er Kontraktionsfähigkeitsparameter  h e iß t. Seine G röße k a n n  sich  im  
B ere ich  von  0 <[ r\ <  0,5 bew egen.

D u rch  E in se tzu n g  der v o rh e rg eh en d en  B eziehungen in  (2) u n d  d u rch  
Z u ric h tu n g  e rh a lten  w ir, daß

2 H  =  2 \ fQL QQ[rj+oc(l — ri)] =  2e]rQL QQ (7)

wo e Parameter des Mittelgliedes der Huberschen Gleichung b e n a n n t 
er is t

e =  [rç +  a (l — rj)] =  [oc +  rj( 1 — <%)].

is t, u n d  

( 8 )

E b en so  wie der P a ra m e te r  a  k an n  au ch  e aus gleichen G ründen  n u r  im  B ereich  
von  0 <Ç e  <  1 sein. A us der oben a n g e fü h rte n  D arlegung  ers ieh t m an , d aß  bei 
rj =̂= 0 d er re la tiv e  W e rt des M itte lg liedes der H ub ersch en  G leichung im  B e
reich

П <
2 H

2 У Ql  Qq
<  1

b le ib t.
D ie L ösung d e r G rundg le ichung  d e r P la t te  f in d e n  w ir als Sum m e der 

L ösu n g  der hom ogenen  G leichung 2w  n a c h  M. L é v y , in  der F o rm

hv  =  2  У1 УУт
m= 1

J117ÍX
s i n ----

l
( 9 )
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u n d  der p a r tik u la re n  L ösung fü r  eine endlos b re ite  P la t te  (G urt) d. h.

w =  hv  +  2w; (10a)

u n te r  fo lgenden  V orausse tzungen :
— Die B e las tu n g  is t  sinusförm ig in  der R ich tu n g  d er H a u p tträ g e r  v e rte ilt, d . h . 
die B elastung  is t  d e fin ie rt als

Px =  2 éP m  sin — -—  ; (11)
m i

wo p m die A m p litu d e  des m -ten  Gliedes der B e la s tu n g sen tfa ltu n g  in  d e r F o rm  
einer einfachen  F o u rie rsch en  R eihe b e d e u te t, also d ie  G röße der B e la s tu n g  in  
x = 2  (B ild. 3);

4rr
г. _ e;_ ПГУТТХP(X) = Pmsin — j—

Bilcl 3

— die R an d b ed in g u n g en  an  den freien  R ä n d e rn  sind , wenn m an  die 
K irchhofsche V ere in fach u n g  [7] fü r  den E rsa tz  d e r  R an d to rs io n sm o m en te  
d u rch  zusätz liche  S ch u b k rä fte  v erw en d e t

M r

Qq

32 w

33 w
9j3  +

Qq
=  0

у=±ь ( 12)

+  - 4 > Æ
Qq Qx2d y ] y = ±b

-  0 ;

sind
die R an d b ed in g u n g en  an  den zwei an d eren , fre i aufliegenden S e iten

Í92M’
W(x=0;Z) =  0,

Эл;2
0 . (13)

(x = 0,0

Die F u n k tio n  Y m d e r hom ogenen L ösung ebenso w ie die in  [11] an g e fü h rte  
p a rtik u la re  L ösung  gelten  auch  h ier, w enn  e gegen x  au sg e ta u sc h t w ird. F ü r  d ie
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v o lls tän d ig e  L ösung w ird  ein zu [11] an a lo g e r Vorgang v e rw e n d e t. A us den 
B ed ingungen  an  den  fre ien  R än d ern  w erd en  v ier G leichungen fü r  die B e
s tim m u n g  der In te g ra tio n sk o n s ta n te n  A ,  B ,  C, D  gewonnen:

emnb{[(e  — rj) A m +  ] / l  — e2 B m] cos mtb - f  [ — f l  — e2A m +  (e — rj) B m] . . . 

. . . sin  mtb} +  e~mnb { [(e  — rj) Cm — f ï  — e2 D m] cos mtb []/1 — e2 Cm 4 -

-f- (e — rj) D m\ sin m tb}  -f- C*n e_m'1|í’"e| [(1 — rj) sin mtjb— e\ —

— (1 — rj) cos mt\b — e|] — 0,
/

e -mnb { [(e — ri) A m +  У 1 — £2 в т] cos mtb  +  [ / l  — £2 A m — (e — rj) B m\ . . .

. . . sin  mtb} -f- emnb { [(г — rj) Cm- f l  — £2 D m] cos mtb [ j^l — £2 Cm +

rÏ T ~ e
+  (e — rj) D m\ sin mtb} -)- C ^ e  mn b̂+e) [(1 — rj) 

— (1 +  rj) cos mt(b +  e)] =  0,
1 -

„mnb ( - 1 +  V )

+  ( — 1 +  v)

1 ‘ (1 +  V) Bn

1 + .£ Вi A- 'm1 — e 

(1 - f  rj)Dm\ cos mtb  +

mtb

mtb

( i - v )

sin mt(b -j- e) —

— (1 +  v) A m +

1 4 -  £  r  ,

m +

(14)

(1 +  r j)  C m  +  (1 -  rj) -  e D ml  sin  mtb) 
1 — £ j I +

-)-------— С* в [(e — rj) sin mt|b — e\ +  } /l — e2 cos mt b — e ] =  0,
1 — £

0mnb (1 -  4)
1 +  e 
1 - 6

sin mtb

+  (1 +  rj)Dn

-mnb

cos mtb +  [(1 +  rj)Cm — (1 — rj) . . .

T +  e
( !  — rj)

. . .  cos mtb -f-
1 +  £

B„

1 — £ 

sin mtb

yím +  ( l  +  íí)-^n 

2
1(1 — r])Am +  { 1 -  г?) ^

. . .  e~mn(-b+e) [(fi — rj) sin  mt(b -)— e) —|— 1 1 — £2 cos mt(b +  e)] =  0 ,

r* • • •

í =

b
Д  +  e . 

2 ’

1
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D u rch  die Lösung fo lg t

4 c*
-rt-m

2 Уг У 2

B,n =
C*

2 Fj 1

c c m
'-'m

2 У г У 2

D m =
с *

{ U +  W ) =  C * A 'm, 

—  ( X  +  Y) =  C* B'm

2 V, V

( W -  u)  =  c ; c ; ,

(X  -  У) =  C^D'm ,

wo sukzessive

U =  y ,(Q nt -  T n s), Q =

R  =

G - H

W  =  V 2( R n 2 -  S n t ),
G+ H

X  =  У 2(Я щ  +  S n 5) , c*
X  =  Vi(Qn3 +  T nl)

«1«6 +  П2П5 =  V l->

s E  +  F
Г*

E  -  F
n3 n s +  n 4n 7 =  V 2,

T  =
r*Ь7Л

ni =  K (e — V) — y{]f 1 — e2b  «s =  L (! — *7)« +  Д 1 +  »?)>

n2=Klr2lî+7) + 7 £- ^  - - г  1 + ч г a -ч)«6 -  4 n -  T 1 +  »? T(
Г-, ’ 

1 ~ e / Î - -  j
1 2 '  2

из =  L (e — í?) — У1 — е2 1 n i =  Щ 1 — П)а +  У (1 +  У),

n 4 =  L (12(1 +  е) +  /
€ — Г]

п8 =  К 1 +  У ^.(1 -  т?)а 
1 — г 

2

(16)

Е  =  С ^е  тп'<л v)[(i — íj) а sin  m t \ n  — у>) — (1 +  íj) cos m t'(n  — у )] , 

F  =  С* е~тп'(л+А  [(1 — íj)а sin  mt\n-\-xp) — ( 1 —|— íj) cos mt'(n-\-ip))],

G =  2C* е-™'У-<р) 

H  =  2C*

G —  T]
— sin  m t'(n  — y) +  a cos m t'(n  — ĵ)

1 — e

G —  TI
sin  m t'(n  ip) -(- a cos m t'(n  -(- гр)

1 — e
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a =

n '  =

<P

1 +  e

b

; t =

ne
~b~

(16a)

1

К  =  (emn 71 +  e~mnn) cos т п 'л ,  n(b -f- e) =  n '( iг -f- ip),

L  =  (етп 'л — g-mn-.-i) cog m n 'n  ̂ t (6 -)- e) =  {'(л: +  у),

I  =  (emn n -\- e~mn'n) sin т п 'л , n b — e =  n'(y> — л).

J ' =  (етп'л — g-тп'л^ gjn m n ,7t  ̂ (fr — e — ( '(л  — yj).

D ie G leichung (10a) fü r  die D u rch b ieg u n g  der u n te rsu c h te n  K o n s tru k tio n  
k ö n n en  w ir wie fo lg t schre iben :

w ( x , y )  =  y
m 2bmi л 3 ql

p m P . m n x
— -------А  (У)т 81П — (10b)

K ( y ) m =
m d

V 2(1 +  e)
{ И т ^ т  +  [C^, 0 Tm D),, P ?m]

~Ь [^|ф—̂p|m “b il ^lip—vlm]} 

d e r  erste dimensionslose Beiwert is t, d e r von  cp, ip, ß, a  u n d  t] a b h ä n g t. F ü r ih n  
g ilt, daß

17 ___ Г7- * * - < p -̂ y},Cp *
u n d

+ft

L  (• л  -Rbg|-(y) dr  =  !
26 J (1 +  K °)

b

w en n  K ° den W ert des d im ensionslosen  B eiw ertes fü r eine h arm on ische , au f die 
B re ite  gleichm äßig  v e r te ilte  B e las tu n g  b e d e u te t. D ie W erte  M , N ,  0 .  P  sind

M fm =  етп ч> cos m t ’ cp, 

N vm =  етп<г sin  m t'<P, 0 „,_vim=  e mn'w vl cos mt'!<p — уV,

Ĉtpm
- m rí  cp cos mt'cp,

P<pm =  e~mn’v sin mt'cp, P^-vim  =  e mn’w vl sin mt'jqr — ip .

F ü r  die B iegungsm om ente  in  den  H a u p tträ g e rn  (in d er R ic h tu n g  X ) gilt, daß

c. P m l2M ,  =  y - { K ( y ) m  4“ Vfi (y)m}
m n x

sin ( 20 )
2b n  m2  ̂ l

w o d er zweite dimensionslose Beiwert,  der von  cp, гр, #, а  u n d  г/ abhäng ig  ist,
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fo lgenden  W ert h a t :

=  -
f 2 ( l  +  £)

е(Лт M ? m  +  B'm Nym) +  V1 —  е- (  —  А 'т N y m  - f -  

В 'т  M f m )  +  е(С'т 0 fm +  D'm p rm) +  V T ( C ' m p vm -  (21)

f \ ±-  D'm О Л Iqp-flm -  o ,„_\(f—rp\m

F ü r  die B iegunsm om ente  in  den Q u e rträg e rn  (in d er R ic h tu n g  У) ist

M a 2  T  к ( у ) т +  К у т ) ]  «in т71Х
2 Ö- т2 л I

( 22)

D ie T orsionsm om en te  sind  gegeben d u rch  den  U n te rsch ied

(■M LQ -  M QL) =  V a ( l  -  n) -TülL  [ T ( j ) m ]  cos ~ , (23)
Irfi 2 tz tu l

wo der dritte dimensionslose Beiwert, der v o n  cp, ip, #, oc u n d  rj a b h än g t, fo lgenden  
W ert h a t:

r ( y ) m  — [ A 'm M y m  - f -  B'm N  m \
1
1 + e

+  B'm M ym\ — [C'm Oym +  D'm Р уШ] +

[  - A ' m N .cpm

X [ — C'm P fm +  D'm 0 fm] =F -у
n  - I (p—tp\ m  *

X (24)

D as V orzeichen des le tz te n  Gliedes is t u n te rsch ied lich  gem äß  der gegenseiti
gen B eziehung v o n  cp u n d  ip. F ü r  ip >  <p g ilt das P lusze ichen , fü r ip <i (p das 
M inuszeichen. D ie T orsionsm om ente  fü r  die R ic h tu n g  X  d er äq u iv a len ten  
P la t te  sind

M LQ = -----^ ------( M LQ -  M QL)  (25a)
V l  +  Vq

u n d  ähn lich  fü r die R ich tu n g  Y

M QL = ---- ^ ------ (M LQ -  M QL)  . (25h)
7 l  +  7q

D ie S ch u b k rä fte  in  den  H a u p tträ g e rn  (in der R ic h tu n g  X )

Q l  =
2b m

Щу)т + УО
r SL  Qq

+  V Á y ) n CO S
ТП7СХ

(26)
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u n d  fü r  die R e a k tio n  g ilt ähn lich

Ql =  { К (У)т +  (2 e — n) и(у)т}  cos " ' P
m 26m /

D ie S ch u b k rä fte  in  den Q u e rträg e rn  (in  d er R ich tu n g  Y ) sind

(27)

(?Q =  2  Rn t? +  ■
V l

Ql Qq
*(y)m sin

m n x

l
(28)

w o d e r vierte dimensionslose Beiwert , d e r w ieder von <p, ip, $ , oc u n d  rj abhäng ig  
is t ,  fo lgenden  W ert h a t:

K { y ) m =  -  7  [(2e -  1) ( ^  +  B'm N fm) -  (2e +  1) ' 1 “
1 +  e

B'm M9m) -  (2e -  1) (C'm 0 , m +  D'm p 9m) -  (2 e +  1)

2 f

(A'm N,<pm

1 -  e
1 +  e

X

X ( c ;  P_m -  d ;, о_т ) d
У1 -

Iç;—ylm 2 0 |^p_y|m) (29)

Sobald  die d im ensionslosen B eiw erte  berechnet sin d , is t die w eitere  
B erech n u n g  ä u ß e rs t einfach , n u r a u f  einige algebraische O p era tio n en  b esch rän k t. 
Im m e rh in  w ird  d er p rak tisch e  V organg  n u r  dank  fo lgenden zwei T a tsach en  
e rm ö g lich t:

A. F ü r  eine allgem eine, in  die F o u rie rsch e  Reihe in  d er R ich tu n g  X  e n t 
w ick e lte  L in ien last m uß  m an gew öhnlich  m it m ehr G liedern  d er R eihe als m it 
e in em  einzigen rech n en , besonders fü r  einige s ta tische  G rößen  (M om ente, 
S c h u b k rä fte , R eak tio n en ). Die T ab e llie ru n g  der d im ensionslosen  B eiw erte x  
w ü rd e  allerd ings in  A n b e tra c h t des ü b erm äß ig en  U m fanges ih re  p rak tisch e  
B e d e u tu n g  verlie ren , sobald  m an  die W erte  der B eiw erte fü r  m ehr G lieder 
d e r  R eihe zah len m äß ig  festlegen m ü ß te . G lücklicherw eise zeig te  es sich bei 
d e ta illie r te r  A nalyse  der G leichungen , d aß  das m -te Glied d er Reihe, das der 
V erte ilu n g  der B e lastu n g

p(x) 2 P m  sin
m nx

l

e n ts p r ic h t  dem  e rs te n  G lied der R e ihe  eines System s m it m -fach  nachgiebige- 
t e r  Q u erv erste ifu n g , d. h. m it dem  B ieg u n g ss te ifig k e itsp a ram eter m #, gleich

1 An den R ändern gilt allerdings m it R ücksich t auf die Kirchhofsche Vereinfachung

Qq =  2  Pm [ ( 2 «  — v) R y)m +  K( y)mj  sin m*—  ■ (28a)
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is t. D as b e d e u te t m it anderen  W o rten , d a ß  die Q uerverste ifung  fü r die B ela 
s tu n g

. . . m nx
p (x )m =  Pm Sin — j —

zu einer m -fach biegsam eren w ird  als fü r  die B elastung

. . n x
x h  =  P i sm

D iese E rk e n n n tn is  is t a u ß e ro rd e n tlich  w ichtig , denn  sie e rm ög lich t, die 
d im ensionslosen  B eiw erte % n u r  fü r  das e rs te  Glied der R eihe, d .h . m =  1, zu 
tab e llie ren , sie jed o ch  fü r ein beliebiges G lied der E n tw ick lung  zu v erw enden . 
D ie B eiw erte  %{y)v  х {у )ъ  х(у)з...........Х ( у ) т  fü r  die B elastungen

х л  . 2 л х  . Ълх . rrmx
P 1 sin , p  2 sm  ——  , p 3 sm  -  - -  . . .  sin — —

w erden  aus den T abellen  der W erte  x (y )n  fo rtsch re iten d  fü r #, 2 ft, 3# . . . m{) 
gew onnen.

B. D ie d im ensionslosen B eiw erte  % sind  (außer cp u n d  гр) F u n k tio n e n  der 
d im ensionslosen  P a ra m e te r  $, a , rj, die in  ih ren  vo rher an g efü h rten  G renzen 
beliebige W erte  erlangen  können . D as w ü rd e  n a tü rlich  auch  w egen des u n tra g 
b a ren  U m fanges eine T abellie rung  d e r B eiw erte  % unm öglich  m ach en : es 
w äre u n b e d in g t nö tig , jed en  B eiw ert /  in  jed em  System  cp u n d  \p fü r  alle K o m 
b in a tio n e n  d er drei P a ra m e te r  $ , а , У] m it angem essen d e ta illie r te r  T eilung  zu 
tab e llie ren . D ie p rak tisch e  V erw en d b a rk e it der M ethode erm öglich te  d er U m 
s ta n d , d aß  die Ä nderung  der d im ensionslosen  B eiw erte m it « bzw . 17 in  den 
G renzen ih re r  E x tre m e  du rch  eine k o n tin u ie rlich e , m eist m onotone u n d  le ich t 
a u sd rü ck b a re  In te rp o la tio n sfu n k tio n  gegeben  ist. Es zeigte sich, d aß  m an  in  
allen  F ä llen , ohne eine V erringerung  d er G enau igkeit der M ethode erw ägen  
zu m üssen , zw ischen des G ren zw erten  (G ru n d w erten ) der P a ra m e te r  а  =  0, 
а  =  1 u n d  rj =  0, r] =  0,25 in te rp o lie ren  k a n n , und  daß  m an e inhe itliche  p a ra 
bolische In te rp o la tio n e n  gem äß d er F o rm el

Xk Xmin {Xmax Xmin) F(k)  (30)

verw en d en  k a n n . D ad u rch  w ird  die T ab e llie ru n g  der dim ensionslosen B eiw erte  
a u f  ein  an n eh m b ares  M aß re d u z ie rt: im  p ra k tisc h  v e rw en d b aren  U m fang  des 
e rs te n  P a ra m e te rs  $ von 0,05 bis 5,0 m u ß  m an  die B eiw erte n u r  fü r  die zwei 
G renzw erte  des zw eiten  P a ra m e te rs  а  =  0 u n d  а  =  1 sowie die zwei G renz
w erte  des d r i t te n  P a ram e te rs  rj =  0 u n d  rj =  0,25 tabe llie ren .

G em äß dem  C h arak te r des V erlau fes d er d im ensionslosen B e iw erte  in  
A b h än g ig k e it von  oc und  rj erw ies es sich  ferner als v o r te ilh a f te r , fü r  alle 
d im ensionslosen  B eiw erte % =  f(ix, rj) d ie In te rp o la tio n  v o re rs t g e m ä ß  rj
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(sukzessive  fü r x  —  0 u n d  fü r « =  1) au szu fü liren . D as b ed eu te t, d aß  m it 
H ilfe  d er G ru n d fu n k tio n e n  X 0;0, X 0.25, X 1;0 25 die F u n k tio n e n  X 0.̂  u n d  X 1.7J 
g e fu n d en  w erden. E r s t  d a n ach  w ird  die üb riggeb liebene In te rp o la tio n  zw i
schen  diesen zwei F u n k tio n e n  gem äß x  a u sg e fü h rt, d. h . es w ird  die g esuch te  
F u n k tio n  X a. g e fu n d en . D er W ert F(k)  is t  fü r  versch iedene dim ensionslose 
B eiw erte  m äßig  u n te rsc h ie d lic h  u n d  er is t  a u ß e r  x  bzw . rj auch  von  #, 99 u n d  
ip  ab h än g ig ; dieser W e r t  m uß  daher fü r  je d e n  d im ensionslosen B eiw ert ge
so n d e rt b estim m t w erd en .

D ie In te rp o la tio n s fu n k tio n e n  w urden  d u rch  eine de ta illie rte  A nalyse d er 
b e re c h n e ten  W erte  d e r  B e iw erte  fü r versch iedene  # , x  =  0, x  =  0,25; x  =  0,5, 
x  =  0 ,75, x  =  1,0 u n d  t] =  0; tj =  0,075; rj =  0,15; rj —  0,20; r] =  0,25 u n d  
fü r  das N etz  von 49 P u n k te n  in  A b h äng igke it v o n  99 u n d  ip b es tim m t. Es w u rd e  
d a ra u f  g each te t, d a ß  d e r  red u z ie rte  F eh le r zw ischen dem  rich tigen  u n d  dem  
in te rp o lie r te n  W ert n irg en d s  größer w ar als 2 ,5 % ; die R ed u k tio n  des F eh le rs  
w u rd e  fü r  jeden  P a ra m e te r  $  im  V erhä ltn is  des g rö ß ten  abso lu ten  W ertes  des 
B eiw ertes X max zum  e rm itte lte n  W ert des B eiw erts  X  au sg efü h rt. In  T afe l I  
s in d  die d e ra rt gew o n n en en  W erte  der In te rp o la tio n s fu n k tio n  F(k)  an g e 
fü h r t .

Im  Spezialfall, w o die harm onische B e la s tu n g  p(x )  a u f  die B re ite  2b 
g leichm äßig  au fg e te ilt is t ,  d. h.

P(x> =  Pm sin
m n x

l
p (x )  
2b ’

is t d ie  B erechnung d e r In te g ra tio n e n  der E in flu ß fläch en  der einzelnen In n e n 
k rä f te  m ühsam  u n d  u n g en au . D urch  ein g le ichartiges V erfahren  k a n n  m an  
je d o c h  analoge B ez ieh u n g en  fü r die e inzelnen  In n e n k rä f te  bei g leichm äßig  
v e r te i l te r  B elastung  d ire k t, wie im  fo lgenden  gezeigt w ird , e rha lten .

D ie D u rch b ieg u n g sfu n k tio n  ist

» 1 * .  y ) m  =  ■ ]lp}  i {1 +  Г, [A%(Mfm +  Ovm) -  B% (N rm -  P , m)]j sin ~ , 
Ql  л 4 m 1 J I

(31)

wo das erste  Glied die D im ension  der gesu ch ten  G röße h a t  u n d  wo K °(y)m d e r 
e rs te  B eiw ert aus e in e r w eiteren  D oppelreihe d im ensionsloser B eiw erte, v o n  
99, # , x  u n d  rj abh än g ig  is t  u n d  den W ert

h a t, wo
K °(y )m =  +  Ofm) -  B % (N 9m -  P,pm)]

c** n
A°m = C « , =

B° =  — D° =  —

m  '* 6  __  J O ' __  Г1** Г 0 '

_ __ Г * *  RO' __ г * *  ПО'■L/m •>
г** ti п Ъ

(32)

(33)
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Tafel I

Wert der Interpolationsfunktion F(k)

Beiwert
Interpolations - 

gemäß
ъ

Interpolations
gemäß

x =  0 « = i а

к
0,05

t 4 r] 4 г]

0,05

1
0,40

( 0,06 +  0,90 #) 
а

i
5,0

0.45
t
\

5,0
Y а

0,05 <f> -tp % 0 у  • у) 0

0,05
+

1
0,40

(-0 ,0 1 2 + 0 ,7 2 # )
а

(1 ,07-1 ,21  #) 
а

I
5,0

0,45

!
5,0

0.05 v> =  0 у> 0

0,05
t 4 rj 4 7]

\
0,40

(0 .0 7 5 -1 ,4 2 # )
а

(-0 ,0 5 5 + 0 .8 8 # )
а

f
5,0

0,45

I
5,0

Y а

0,05

t
5,0

4 rj 4 r\

0.05

Î
0,4

( 0.045 +  0,70 #) 
а

X 0.45

i V«
5,0

u n d  w eiter
Z  =  +  n 2n 5, (34)

c *n? = - ~ f  г,- (35)
ql ji4 m4

n v  n 2, n 5, n e u n d  M , N ,  O, P  sind  d u rc h  die B eziehungen  (16) u n d  (19) gegeben. 
D as L ängsb iegungsm om en t is t

M °L= 2 44 [!  +  K °(y)m -  W ° ( r )m] sin  , (37)
m  7 t2 Ttl~ l
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Р°(у)т =  П { е (А 1  М гт -  ВЦ N фт) -  ][l -  е2 (А\I  N , m +  В *  М т ) +  

+  е ( -  А% Отт +  ВЦ P fm) -  У Г ^  ( A l  Р 9т +  В% 0 (fm)}  ,

das Q uerb iegungsm om en t

м ь  =  2
Prn >>-

b2 7t2 m
[r] -  i A y ) m +  V K°(y)m] sir

m n x

d e r U ntersch ied  d er T o rsionsm om en te

( M LQ -  M qL)° =  2  2p"V W (« -  4) [ Л у Ы  cos ~
m TV- m  ~ i t  1

Л у ) т  =  П M0' M  — B 0' N  1 —m 1ГЛ<рт ±Jm i y (pm J
1 -  e
1 + £

{ A l  N fm +

K  M , m) +  { A l  0 <fm -  B l  P  ) 1____ У l AO' P  I RO' n  \1
I  \ £ V m (pm T  *-*m ку<рт/ J ’

die L än g ssch u b k ra ft

a = # [ l +  K »W m  -  +  (2 * -  ■»№ „„  w  1 cos
m n m  \ QL +  Qq J /

die R eak tion

Й . =  ^  — {1 +  Щ у ) т -  ( 2 e  -  r , № ( y ) m } COS
7t m

u n d  schließlich die Q u e rsch u b k ra ft

Qq =  2
Pm b
ti m  b

V l

Ql  Qq
Ay)m -  X° (y)m ,

WO

Ay)m = n 1 +  e

(1  +  2 b )

-  (1 -  2 e ) ( A l  M fm -  B l  N fm) -  

l ~ e . . . ( A l  N . m +  B% M  m) -j  I £ ’ ' ’ - <pm I m 1ГЛфт/

(1 -  2в) ( A l  Ofm -  B l  P vm) +  (1 +  2в) X

X
1 — s 
1 +  e

( 4 0 ’ p  I RO' n  \
\ m  -*• (pm \ m  '-'w m f
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A uch  fü r diese B elastu n g  k a n n  m an  ein analoges T abellierungs- u n d  
In te rp o la tio n sv e rfa h re n  anw enden . Die In te rp o la tio n  w ird  gem äß der g leichen  
B eziehung  (30) au sg e fü h rt, und  die In te rp o la tio n s fu n k tio n e n  F(k) sind  in  d er 
w eite ren  Tafel I I  an g efü h rt.

Tafel II

Wert der Interpolationsfunktion F (k )

Beiwert &
Interpolation gemäß 77

<> Interpolation gem äß a

a  = 0 a  =  1

K 0

0,05
t
+

0,50

exp(0,65 —0,82$) 
4 ij

ехр(0,62—0,45$) 
4 ri

0,05
t
+

0,50

(1,06 — 1,14 ft) 
a

0,55
t;

5,0

(4 г])Ч* (4 rj)43
0,55

I
5,0

f “

i“ o

0,05
t

0,50
(4 Г)) (4 ri)

0,05
t
+

0,50

a -# )
a

0,55

Î
5,0

(4 í?)5/4 (4 ri)
0,55

î
5,0

V *

<r°
0,05

1
5,0

(4 »;) (4 rj)

0,05
\
\

0,50

(1,05 —1,11 ft) 
a

5,0
t

0,55
y *

0,05

Î
0,50

(p Ф  71 <p =  л
0,05

t
t

0,50
z '

exp(0,74 — 0,17 ft)

(4 ri)

(1,02 — 0,73 
a

0,55

Î
5,0

(4 ri) (4 n f
0,55

1
5,0

b

1 An den R ändern gilt die Gleichung

Qq =  J t '  ~  v) A y ) m  -  *° (y)m ) sin  mf  - (44a)
fYl TTLTtV l

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



46 BARES, R.

SCH RIFTTU M

1. B a r e s , R .—Ma sso n n et , Ch.: Le calcul des grillages de poutres et dalles orthotropes selon
la méthodique G uyon—M assonnet— B ares, D unod, Paris 1956

2. BAREë, R.: B estim m ung der Biege- und Torsionssteifigkeit von Flächentragw erken
u n te r Berücksichtigung der Q uerkontraktion . V D I—Z. 116, 834—839

3. G e d iz l i , H. S.: Bending of R ectangular A nisotropie Slabs, Supported Free a t  Two Sides
and Loaded N orm al to  the Middle P lane, Mémoires A IC P , 11 (1951)

4. G ir k m a n n , K.: Flächentragw erke, 5e éd., W ien 1959
5. G u y o n , Y.: Calcul des ponts-dalles. Ann. des P o n ts  et Chaussées de F rance 119, 1949, pp.

555— 589, 683—718
6. G u y o n , Y.: Calcul des ponts larges à poutres m ultiples solidarisées p a r  des entretoises.

A n n . des Ponts et Chaussées de France (1946) 553—612
7. H u b e r , M. T.: Über die genaue B erechnung einer orthotropen P la tte . Bauingenieur 7

(1925), 878
8. K iR C H H O FF , G. J .: M ath. (Grelle) 40 (1850), 51
9. K o l á r , VI.: V ybrané sta ti z teorie stavebních konstrukcí SNTL, P rah a  1969

10. L e o n h a r d t , F.: Die vereinfachte B erechnung zweiseitig gelagerter T rägerroste, B au
technik (1938), 535

11. M a ss o n n e t , Ch. : M éthode de calcul des pon ts à poutres multiples te n a n t compte de leur
résistance à la torsion, Mémoires A .I.P .C . 10 (1950), 147— 182

12. T im o s h e n k o , S.: Theory of Plates and Shells, New York 1940

Analysis of Structurally Orthotropic Plane Structures. Paper describes an analysis 
of s truc tu ra lly  orthotropic plane systems. I t  takes in to  calculation no t only the bending and 
to rs iona l stiffness of the s truc tu re  b u t also its  contraction  ability. A pplication of the derived 
m ethod  reduces the lengthy  and m ost tiring  p a r t  o f the calculation, as well as the structu ral 
engineer’s work to the m inim um .

Расчет по форме ортотропных повеких конструкций. В работе для расчета тоских 
конструкций ортотропных по форме описывается такая методика, которая кромежест- 
кости конструкции в отношении изгиба и кручения учитывает также контракционные 
способности данной конструкции. Благодаря описанной методики расчета часть расчетов 
требующая много энергии и в том месте работа статика становтся минимальными.
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NONSTEADY TEMPERATURE FIELD 
IN THE ROTATING ANODE OF AN X-RAY TUBE

U. GAMER*

[M anuscript received March 6, 1974]

Using the tem perature  d istribution  due to an instan taneous point source, the 
tem perature field in  an infinite disk caused by a heat source moving along a circle is 
calculated. For constant o u tp u t and constant circular frequency the mean value of 
the tem perature over the circumference is received in  closed form  by  application of the 
Laplace transform ation and short tim e expansion. The num erical results are represent
ed graphically.

1. In troduction

T he life tim e  o f th e  anode o f an  X -ray  tu b e  m a y  be  lim ited  by  severa l 
causes. A ll of th e m  are  co n n ec ted  w ith  th e  high te m p e ra tu re s  occurring  in  th e  
anode. E v a p o ra tio n  of th e  m a te r ia l tak es  place. I n  tu b e s  o p era ted  on A. C. 
o v erh ea tin g  resu lts  in  inverse  em ission [1]. T herm al s tre sse s  m ay  cause fa ilu re . 
To reduce  th e  m ax im u m  te m p e ra tu re , ro ta tin g  anodes a re  som etim es u sed . 
E la s tic -p la s tic  th e rm a l stresses in  th e  ro ta tin g  anode o f  h igh-pow er X -ra y  tu b es  
an d  th e  cond ition  fo r shakedow n  w ere in v estig a ted  b y  [2]. To ca lcu la te  th e  
th e rm a l stresses, th e  know ledge o f  th e  tem p era tu re  f ie ld  is essen tia l. To n u m e ri
ca lly  eva lu a te  th e  fo rm ula  fo r th e  tem p era tu re  g iven  th e re  a co m p u te r is 
needed  since i t  invo lves tw ofo ld  in f in ite  sum m ation . A  sim p ler fo rm ula w hich  
gives th e  te m p e ra tu re  in  te rm s o f  ta b u la te d  fu n c tio n s is derived  in th e  fo l
low ing.

2. S ta tem en t o f th e  problem  and  so lu tio n

T he anode is consid ered  an  u n b o u n d ed  th in  d isk  h e a te d  b y  a p o in t source 
o f  c o n s ta n t o u tp u t m oving  a long  th e  circle r — a w ith  c o n s ta n t c ircu lar fre 
quency  со (Fig. 1). Since loads o f  sh o rt d u ra tio n  are  considered  only, th e  te m 
p e ra tu re  fie ld  in  th e  in fin ite  d isk  applies also as a good ap p ro x im a tio n  o f th e  
f in ite  disk as is show n below . D ifferences of te m p e ra tu re  in  z-direction  an d  d is
s ip a tio n  of h ea t b y  ra d ia tio n  are  neglected .

*Dr. U. Ga m e r , I. In s titu t für M echanik der Technischen Hochschule Wien, Österreich.
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U sing th e  m e th o d  o f p o in t sources, th e  problem  can  be solved exactly . 
U n d e r  th e  conditions s ta te d , h e a t flow  occurs in  th e  x, y -p lane  o n ly , an d  th e  te m 
p e ra tu re  a t  p o in t r , y a s a  fu n c tio n  o f tim e  t caused b y  th e  re lease  o f th e  am o u n t 
o f  h e a t  Q per u n it le n g th  in  z -d irec tion  a t  x ' , y '  and  tim e  t ' is

T(x, y ,  t) Q
4 л  X(t — t')

(x  — x 'Y  +  ( y  — y ' f  
4k( t  -  t')

( 1 )

H e re  A m eans th e  th e rm a l c o n d u c tiv ity  an d  к  th e  th e rm o m e tr ic  co n d u c tiv ity .
T he source o f c o n s ta n t o u tp u t  W  p e r u n it leng th  is su p p o sed  to  s ta r t  a t 

( =  0 a t  th e  p o in t x  =  a , у  =  0. T h is does n o t im ply  a loss o f  g en era lity  b u t 
f ix e s  th e  coord inate  sy s tem  a n d  th e  tim e  scale. I t  m oves acco rd in g  to

X — a  cos со t,

у  =  a sin  со t.

R e p la c in g  th e  C artesian  co -o rd in a tes  b y  cy lind rica l co o rd in a tes

re141 =  x  -)- iy

m id in teg ra tin g  over i ',  th e re  follows

T(r, q>,t)

t

0

r2 a2 — 2ar cos (cp — cot') 

4/c(t -  t ')
( 2)

T he te m p e ra tu re  a t  a fix e d  p o in t oscillates ab o u t a m ono tonously  in 
c rea s in g  level. The a m p litu d e  becom es th e  sm aller th e  fa s te r  th e  anode runs. 
T h e  m ean  value of th e  te m p e ra tu re  over th e  circum ference is b y  in teg ra tio n  [3]

2л

T(r, t) =  —  I T (r , <p, t) dy  =

w Г . ... Í г2 +  а2 / ar d t'
4лХ  „ СХР [ 4fc(t -  t ') 2 k(t — t’) t - t'

0

( 3 )
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w here I 0 re p re se n ts  th e  m odified  Bessel fu n c tio n  of th e  f i r s t  k ind . I t  is n o t ex 
pressib le in  te rm s  o f ta b u la te d  func tions [4]. T he n u m erica l ev a lu a tio n  o f  th is  
in teg ra l is n o t easy . Since th e  load  is ap p lied  fo r sh o rt tim es  on ly , a closed fo rm  
so lu tion  o f th e  e q u a tio n  o f h ea t co n d u c tio n  is derived  b y  ap p lica tio n  o f  th e  
L aplace tra n s fo rm a tio n  an d  sh o rt-tim e  ap p ro x im a tio n .

3. M ean value of the temperature over the circum ference for
short tim es

The in f in ite  d isk  is sep a ra ted  in to  tw o  regions r <[ a an d  r >  a free of 
sources. H e a t is supp lied  a t  th e  b o u n d a ry  r  =  a. T he te m p e ra tu re  is governed  
b y  th e  eq u a tio n  o f h e a t conduction

Э2 Г

dr2
+

and  th e  b o u n d a ry  conditions

2 n a l

1 9 T 1 В Т  0
r dr к 9t

T V — В  2,
ЭТ, 0 T 2

=  W U (t)
dr dr

r =  a.

(4)

(5)

T he su b scrip ts  1 an d  2 d esignate  th e  in n e r a n d  o u te r reg ion , resp ec tiv e ly . U(t) 
is th e  H eav iside  u n it-s te p  fu n c tion .

T ak ing  L ap lace  tran sfo rm s, (4) an d  (5) read

d 2T* ^  dT*  _  s

dr2 г dr к

T *j _ T*— 1 29
f dT* d T ? w

( dr dr S

r = a.

( 6)

(7)

T *(r, s) m eans th e  L ap lace tra n sfo rm  o f T (r, i). T he tw o so lu tions of (6) a re  th e  
m odified  B essel fu n c tio n s o f o rder zero I 0(gr) an d  K 0(qr) w ith  q =  ]/s/k • Since 
b o u n d ed  th e  tra n sfo rm e d  te m p e ra tu re  is rep re sen ted  in  th e  in n er reg ion  b y

an d  in  th e  o u te r  reg ion  by
T f  =  A I 0(qr) 

T *  =  B K n(qr).

A  an d  В  a re  de te rm in zd  from  th e  b o u n d a ry  cond itions 

I 0{qa)A — K 0(qa)B =  0,

h(qa) A  +  K,{qa) В  =  — ,
I n  aAqs
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w K 0(qa)
a n d  therefo rm

T* =

T* -----
2naXqs I 0(qa) K ^q a )  +  K u(qa) I^qa)  

T he d en o m in a to r becom es ([5], p . 375)

27ia).qs I 0(qa) K ^q a )  +  K u(qa) I^qa)  

W  I 0(qa)

Л> ( q r )  » 

K 0(?r ) . (9)

( 8 )

/ u(ga) K ^qa)  +  K u(qa) I^q a )  =
1

qa
E x p a n s io n  of th e  m o d ified  Bessel fu n c tio n  o f zero o rder fo r la rge  values o f  th e  
a rg u m e n t z| yields ([5 ], p . 377/378)

1/ 2 :
l  +  —  H------- —

8z 128 z2I  oW 

K 0(z)

W ith  th e  firs t th re e  te rm s  o f these  series, T f , in  a fo rm  su itab le  for in v erse  
tra n sfo rm a tio n , read s

W

i l L e " 2 1 -
1

+  —9—  +  • • •
1 2 z 8z 128 z2

T?  =
4 л/. ][c

e — (a - r )q k v2 1 1 1 к
+  - — +

s112 8 r a s2

+  -
1 9 2

+  -Ц
128 1 r2 ar à1 j

fc3'-
«5/2

A  sim ilar expression is o b ta in ed  for T*.
U sing pair N o. 11 o f  th e  tab le  o f L ap lace  tran sfo rm s in  [4], p. 494, a n d  th e  

recu rren ce  fo rm ula  fo r  th e  rep ea ted  in teg ra ls  o f th e  e rro r fu n c tio n  ([4], p . 484) 
one  arrives, a f te r  te d io u s  b u t  s tra ig h tfo rw a rd  ca lcu la tion , a t

Т г =

X

г ,  =

128

1

e
w  1

4n i  Y Q
9

1 — e rf

H------- - 9
96 1

- ( 2 - 1)

+

1

768

1 -  g
2 Y r

9

(9 -  50p +  9g2)

1

1

e +

+ 2 H----- -— (9 -  50e
384

в ‘

1

768
9 -

n

50

exp
- ^ n

9 e2) X 

( 10)

e2.i- r  (e  -  ! )2

î  -
128

x ( e - i )2

1 — e rf
2 Y~i

H +  2 +
384

X

1

96
i . i

■ P
x /  —  exP -  -

e -  î )2
4 t

( H )
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T he te m p e ra tu re  is expressed as a fu n c tio n  o f th e  nond im ensional ra d iu s  
g =  rla and  th e  nond im ensional tim e  x =  tfc/a2. A ta b le  of th e  e rro r fu n c tio n  
e rf  x  can  be found  e.g. in  [5]. F ig . 2 show s th e  nond im ensional te m p e ra tu re  
T  4 71À/W  in  th e  reg ion  0,6 <  g <C 1,35 for d iffe ren t tim es u p  to  r  =  0,02.

I t  should  be n o ted  th a t  (10) c a n n o t be used  for sm all values of g b u t  i t  is 
o f su ffic ien t accu racy  in  ca lcu la ting  th e  te m p e ra tu re  in  th e  neighbourhood  o f 
th e  source. W ith in  th e  range 0,6 <Ç g 1 th e re  is v e ry  good ag reem en t 
betw een  th e  te m p e ra tu re  ca lcu la ted  from  (10) an d  th a t  ca lcu la ted  acco rd in g  
to  (8.4) in  [2] invo lv ing  tw ofold in fin ite  su m m ation .

S till open is th e  question  w h e th e r th e  u n b o u n d e d  disk is a reaso n ab le  
ap p ro x im atio n  for th e  fin ite  disk . I f  d issipation  b y  ra d ia tio n  is neg lected , th e re  
shou ld  be no h e a t flow  th ro u g h  th e  cy lind rica l su rface  since th e  anode is s u r 
ro u n d ed  by  v acu u m . W ith  th e  help  o f (11) n u m erica l calcu la tion  show s th a t  
for r  =  0,02 only  0,8 per cen t o f th e  to ta l  h e a t supp lied  pass th e  rad iu s  g =  1,5. 
T herefore  (10) an d  (11) are va lid  fo r fin ite  d iks, too .

T he rem oval o f th e  h ea t source is eq u iv a len t to  th e  su perposition  o f  a 
second source o f o u tp u t  — W , an d  th u s , th e  te m p e ra tu re  field  du ring  cooling o f  
th e  disk can  easily  be ca lcu lated .

4* Acta Technica Academiae Scienliarum Hungaricae 82, 1976



52 GAMER, U.

R E FE R E N C E S

1. O o st er k a m p , W. J .:  T he H eat Dissipation in  th e  Anode of an X -ray Tube, Philips Res.
Rep. 3 (1948), 49— 59 and 161—173

2. Ga m e r , U.: E in radialsym m etrischer W ärm espannungszustand in der ideal-plastischen
Scheibe, Ingenieur-Archiv 36 (1967), 174— 191

3. Gr ö b n e r , W .—H o f r e it e r , N.: Integraltafel, Zweiter Teil. Springer, W ien 1950
4. Ca r sl a w , H. S.— J a e g e r , J .  C.: Conduction of H ea t in Solids. Oxford U niversity  Press,

London 1959
5. A bra m o w itz , M.— S t e g u n , I .  A.: H andbook of M athem atical Functions. Dover. New York

1965

Das instationäre Temperaturfeld in der rotierenden Anode einer R öntgenröhre. U nter 
der V erwendung der T em peraturverteilung zufolge einer instan tanen  punktförm igen W ärm e
quelle w ird das T em peraturfeld  in einer unendlich ausgedehnten Scheibe bei E rw ärm ung durch 
eine sich längs eines K reises bewegende W ärm equelle angegeben. F ür konstan te  Leistung und 
konstan te  W inkelgeschw indigkeit folgt die geschlossene Lösung des M ittelw erts der Tem pera
tu r  über den Umfang, die du rch  Laplace-Transform ation und  K urzzeitentw icklung gewonnen 
wird. D as Ergebnis is t in  einem  Schaubild dargestellt.

Нестационарное температурное поле во вращающемся аноде некоторой рентге
новской трубки. В отношении применения распределения температуры для некоторого 
нестационарного точкообразного источника тепла дается температурное поле в неко
тором бесконечном диске при нагреве от некоторого источника тепла, двигающегося вдоль 
некоторого круга. Для константной мощности и для константной угловой скорости полу
чается решение замкнутой формы для среднего значения температуры для объема, которое 
решение получается с помощью преобразования Лапласа и кратковременного разло
жения.
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ON THE RELATIONSHIP BETWEEN DIFFERENT 
APPROXIMATING METHODS

P. SCHARLE*

[M anuscript received Jan u ary  28, 1974]

The paper deals w ith  some common properties of several well-known approxim a
ting methods. I t  separates the  concepts of the approxim ating  principle and approxim a
ting technique. A ttem pts are m ade to construct a general trea tm en t for relating -the 
approxim ating principles used in  the numerical investigations of a wide class of non
linear continuum  problems. I t  is possible to recognise a very  expressive connection 
between the different m ethods as the least squares, w eighted residuals, direct approxi
mation and varia tional ones.

1. The concept of error vectors

L et us consider th e  p rob lem  of hav ing  a g en era l o p e ra to r e q u a tio n  
such  as

Щ и)  =  f  (1)

w here N  m ay  be a lin ea r  or n o n lin ea r o p era to r. H ere  u  is a generalized  v e c to r  
con ta in ing  sca la r-fu n ctio n  e lem en ts; th e  dom ain  o f d e fin itio n  for th ese  fu n c 
tio n s will be th e  ca rte s ian  p ro d u c t of th e  th ree -d im en sio n a l euclidean  space 
В  w ith  th e  b o u n d a ry  d B  an d  th e  tim e in te rv a l ( — oo, oo), I t  is u n d ers to o d  
th a t  (1) is to  be sa tisfied  in  B .  On d B ,  for th e  sake  o f  sim p lic ity , we assum e to  
h av e  hom ogeneous b o u n d a ry  conditions. A ssum ing th a t  an  ex ac t so lu tion  u 0 
ex ists (in B,  on d B )  a t  le a s t locally . In  o th e r w ords we p resuppose  th e  ex is
ten ce  and  the  un iqueness o f u 0 — for th e  case of n o n lin e a r N  th is  un iqueness 
is local. In  w h a t follows we only  consider th e  p ro b lem  o f find ing  an  a p p ro 
x im a tin g  so lu tion , w hich  is an  elem ent in  th e  U-space , U  being th e  dom ain  
o f N .  L et f  Ç \ , V  be ing  th e  range  o f IV, th e n  we can  call th e  F -space th e  
im age o f U, U  an d  V  a re  rea l B anach  spaces. W e sha ll assum e th a t  N  is re 
gu la r in  th e  sense th a t  th e re  is a one-to-one co rrespondence  betw een  th e  ele
m en ts of U and  V.

O ur aim  is to  fin d  a “ good” ap p ro x im atio n  fo r u 0. W e propose th a t

u  =  a  u, =  ^  Cj u ; (2)*
1 = 1

*Dr. P. S c h a r l e , Péterfy  S. u. 44. II. 1. H-1076 B udapest, H ungary.
*Summation convention on repeated indices is applied in  th e  sequel.
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w h ere  u, Ç U  are a se t o f  linearly  in d e p e n d e n t elem ents. T h e  u n io n  o f these 
e le m e n ts  determ ines a subspace  Un in  U , c, are u n d e te rm in ed  p a ra m e te rs . In  
th e  [/-sp ace  u0 and  u can  be considered  as vecto rs and  likew ise f  in  th e  F -space 
(f  is th e  im age of u 0). N ow  we have  fo r th e  im age o f u

]V(u) =  N ( c i  u,).

I n  th is  m anner, we can  in te rp re t tw o  k in d s o f e rro r vec to rs (see F ig .; Ö d m a n [2])

g =  U 0 — c,u, (3)

a n d
h =  f  -  N (c,u,.). (4)

N a tu ra lly , g and h  a re  n o t in d ep en d en t. F o r in stance , if  N  w ere lin ea r,

h  =  N (  g).

T h e  f irs t  s tep  fo r co n stru c tin g  an  ap p ro x im atin g  so lu tio n  is to  define 
t h a t  we consider th e  a p p ro x im a tio n  as “ good”  i f  some m easu re  o f g and /o r 
h  is r a th e r  sm all. T h ere  are  severa l possib ilities in  choosing th is  m easu re  (e.g. 
a ty p e  o f norm , a v ec to r , e tc .). In  w h a t follows we will accep t t h a t  th is  m easure 
is a sca la r, w ith o u t d iscussing a n y  o f  th e  o th e r possib ilities. I n  th is  case we 
h a v e  tw o  a lte rn a tiv e s ; we can req u ire  e ith e r

a) th e  leng th  o f  th e  chosen e rro r-v ec to r, w hich is th e  p ro jec tio n  of th e  
v e c to r  on itself, shall be a m in im um , o r th a t

b) some p ro jec tio n s of th e  e rro r v ec to r  should  be zero — in  o th e r w ords 
th e  v e c to r  m ust be o rth o g o n a l to  som e subspace.

To define th e  le n g th  and  o r th o g o n a lity  conditions we shall use th e  con
c e p t o f  a sca la r-p ro d u ct. This p ro d u c t is defined  as a b ilin ea r fu n c tio n a l in its  
a rg u m e n ts  and in d ic a te d  by

<a, b>

w h ere  a , b are th e  a rg u m en ts , n o t necessarily  defined  in  th e  sam e function- 
sp ace  (T onti [3]). T h is b ilinear fu n c tio n a l p u ts  U  an d  V  in to  d u a lity .
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I f  th e  n u m b er of th e  lin ea rly  in d ep en d en t u, v ec to rs  is large enough, we 
can  expect th a t  th e  chosen m easure  o f th e  e rro r, e. g.

a) th e  len g th  of th e  e rro r  v ec to r or
b) th e  non -van ish ing  com ponen ts o f  the error v e c to r  will becom e n eg 

lig ib le sm all.
T he second s tep  is th e  selection  o f th e  e rro r vectors. W e can  consider o n ly  

g or only  h , or s im u ltan eo u sly  b o th  o f th e m . Clearly, th e  tw o steps are  n o t 
to ta l ly  in d ep en d en t, m oreover in  som e cases th e  a) a n d  b) a lte rn a tiv e s  are  
e q u iv a len t (in accordance w ith  th e  p ro jec tio n -th eo rem  in H ilbert-spaces). 
H ow ever, we will n o t discuss these  q u estions in  th is  p ap e r.

2. The ap p rox im ating  principles

I t  seems to  be a p p ro p ria te  to  s e p a ra te  th e  ideas o f  th e  ap p ro x im a tin g  
p rinc ip le  and  th e  a p p ro x im a tin g  tech n iq u e . An a p p ro x im a tin g  princip le needs 
to  h av e  a defin ition  of e rro r an d  a m easu re  of it, acco rd ing  to  th e  above d e 
fin itio n s . On th e  o th e r h an d , i t  is u su a lly  im p o r ta n t to  f in d  a ra th e r  w ide 11 n 
subspace  of th e  u , ap p ro x im a tin g  vec to rs . T he ap p ro x im a tin g  tech n iq u es o f 
f in ite  differences, fin ite  e lem ents or th e  K a n to ro v ich , fo r in stan ce , because of 
th e  d isc re tiza tio n  involved  allow  for a w ider subspace, in d ep en d en t o f  th e  
ap p ro x im a tin g  p rincip les app lied . W e can  call an  ap p ro x im a tin g  m eth o d  th e  
coup ling  of some ap p ro x im a tin g  p rincip le  an d  some a p p ro x im a tin g  tech n iq u e . 
H ow ever, in  w h a t follows, we will only  be concerned w ith  th e  ap p ro x im a tin g  
p rincip les defined  in  th e  above sense.

G enerally , we can sep a ra te  six ty p e  o f these  p rinc ip les:

2.1. C onsider th e  e rro r-v ec to r g an d  th e  m in im um -cond ition

<g, g> =  m in . (5)

T h is cond ition  is n o t useable as we c a n n o t e lim inate  fro m  i t  th e  unknow n u „ .
2.2. C onsider th e  e rro r-v ec to r g as o rthogonal w ith  resp ec t to  a se t o f 

lin ea rly  in d ep en d en t func tions (ф„) c o n s titu tin g  som e space

<g, Ф„> = 0, V =  1, 2, . . ., n.  (6)
E x p an d in g  (6) we find

<Uq — U, Ф,) =  < u 0, ф„> — <C,-U,., ф„> =  0. (7)

T h is eq u a tio n  again  con ta in s th e  u 0 so lu tio n , b u t  now  we can  choose ф„ as a se t 
o f  im ages of an  a rb itra ry  ф Д  1/  set, so th a t

Ф, =  iV(cp„). (8 )
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N ow , from  (7) we o b ta in

< u0, N(4>v))  =  <c, u „  JV(cpv)>. (9)

I f  th e  N  o p e ra to r  is sym m etric*  in  th e  sense

<p, N ( q)> =  <q, JV(p)> (10)

w here p , q £ U  (To n t i [3], Od e n  [4] e tc .) , th e n  from  e q u a tio n  (9) can  be 
w ritte n

<c,-u,., N {c p j)  =  <cpv, Щ u 0)>. (11)
T h is e q u a tio n  is th e  gen era l form  o f th e  so-called  direct a p p ro x im a tio n  m eth o d  
(T o tten h a m  [5]).

2.3 . C onsider h e rro r  w ith  th e  m in im um -co n d itio n :

<h, h)> =  m in!

B y  ex p an d in g  (12) we o b ta in

<iV(u0), lV(u0)> — <JV(u0), N ( c t u,)> -  (N (C f  u,-), lV(u0) > +

+  <JV(ciu /), lV(c,u,•)> =  m in !

T h e  necessary  co n d itio n  for th e  m in im u m  is

3

3 c,
<h, h> =  0

w hich give

Щ u 0) , ~ ~  Щ с ,  u,.)) -  ( J -  N ( c ,  u,.), N (u 0) )  +

+  N (C j  u f), N(Cj и i ) \ + / N ( c i  u , ) , —  N ( c t u ,) )  =  0. 
\3 c „  /  \  3c„

( 12)

(13)

(14)

(15)

T his exp ression  is th e  m o st general fo rm  o f th e  least squares ap p ro x im a tio n  
m e th o d .

2.4. Consider th e  h e rro r-v ecto r w ith  th e  o rth o g o n a lity  cond ition :

<h, m^) =  0 (16)

w here  m,, is an  a rb itr a ry  sy stem  of lin ea rly  in d ep en d en t v e c to rs . E q u a tio n  (16) 
can  be w ritte n

m,,> =  <IV(u0), m,,>. (17)

T h is is th e  general fo rm  o f th e  weighted residual  m ethod.
2.5 . C onsider s im u ltan eo u sly  g an d  h  w ith  th e  m in im u m -co n d itio n :

<g. h> (18)

* H ere  we tak e  th e  a d v an tag e s  o f th e  hom ogeneous b o u n d a ry  cond itions. T he in h o m o 
geneous case is m ore in v o lv e d  b u t  can be acco m m o d a ted  in  a sim ilar m an n e r  (see O d e n  [4]).
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E x p a n d in g  (18) we o b ta in

< u0, iV(u0)> — <cfu,-, N ( u 0)> — <Uq, iV(c;u,)> +  <cjU/, iY(c,u,.)>= m in  ! (19)

ap p ears  an d  th e  o th ers  becom e

— ( c, u , , -
0C„

: f ir s t te rm  on

li)> +  (
/  0 
u o> -----àCO

N(cj  u , ) \ = o ,

( 20)

or, in  a m ore conscise form ,

<u„, h> +  ( g, —  N(Cj u,) ) =  0 ( 21)

w here th e  second te rm  o f  th e  le f t-h a n d  side con ta ins th e  u n k n o w n  so lu tion . 
I f  th e  f ir s t  G a teau x -d e riv a tiv e  (see, fo r exam ple  Va in b e r g  [9]) o f th e  o p era to r 
N  is sym m etric  in  th e  sense defined  b y  (10), u 0 can be e lim in a te d  an d  (21) 
fu rn ish es  a usable e q u a tio n  fo r c,. T h u s , we have  o b ta in ed  th e  gen era l exp res
sion  of th e  so-called variational  fo rm u la tio n .

2.6. Consider g an d  h  w ith  th e  o rth o g o n a lity -co n d itio n :

<g, h> =  0 . (22)

A nalogously  to  (5) th e  le f t-h an d  side is now  fully  sy m m etric  in  u 0, even if  
C , N (  )y is n o t sy m m etric  and  (22) does n o t p rov ide a new  ap p ro x im a tin g  
p rincip le . N evertheless, i t  is well w o rth  n o tic ing  th a t  (22) is fu lfilled  and  th e  
tw o  e rro r-vecto rs are o rth o g o n al in  th e  sense of (21), as th e y  are  expressed  in  a 
u n iq u e  b io rthogonal sy stem , b u t  in  tw o  co m p lem en tary  su b sp aces o f  th a t  one.

3. Some consequences and remarks

3.1. Clarly, each o f th e  above p rin c ip les  can be re s tr ic te d , in  accordance 
w ith  th e  ac tu a l s tru c tu re  of th e  N  o p e ra to r . F o r exam ple, i f  N  w as lin ea r and 
sy m m etric , from  (9) we o b ta in  th e  “ a u x ilia ry  so lu tion  m e th o d ”  re fe rred  by  
T o tten h a m  [1]; from  (15) we a rriv e  to  th e  fam iliar exp ression  o f th e  least 
sq u ares  m ethod :

<c,. N(Uj) -  Щ u 0), N ( u„)> =  0

a n d  from  (19) we o b ta in  (leav ing  th e  f i r s t  te rm  ou t as we know  we shall derive 
th e  expression) th e  M ik h l in  [6 ]-problem

<1У(с,и;) — 21V(u0), c,-u,.> =  m in !
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T h e  possibilities p ro v id e d  b y  (17) a re  discussed in  g re a t len g th  by F in l a y - 
SON [7].

3.2. Each o f th e  p rincip les has ad v an tag es  a n d  d isad v an tag es. F o r 
ex am p le , the  d irec t a p p ro x im a tio n  fu rn ishes lin ea r e q u a tio n  for c,, th e  leas t 
sq u a re s  principle p ro v id es  sy m m etric  co e ffic ien t-m atrix , an d  so on. O ur 
choice am ong th e  p rin c ip les  m ay  be governed b y  o u r possib ilities o f fin d in g  
an  a p p ro p ria te ly  w ide  Un subspace  and , in  th is  c o n te x t , is also in fluenced  
b y  th e  applied te c h n iq u e s . In  general, how ever, i f  n  is r a th e r  large, th e re  is no 
p re fe rred  ap p ro x im a tin g  p rincip le  (Crandall  [10]). T h e  ex ten siv e  analysis o f 
th is  question  is b e y o n d  th e  scope o f th is  paper.

3.3. The pow er o f  th e  G a le rk in -m ethod  is due  to  th e  possib ility  o f 
choosing  for the  u ;- fu n c tio n s  th e  eigenfunctions o f th e  N  o p e ra to r. W hen th is  
h a p p e n s , each of th e  ap p ro x im a tin g  princip les becom es m ore sim ple (for 
ex am p le , we arrive  a t  th e  d irec t m e th o d  used b y  M ik h l in  [8], re la tin g  to  (11)), 
a n d  each  of th em  can  b e  considered  as a m od ifica tio n  o f th e  o ther.

F o r the  v a r ia tio n a l m ethod , b o th  of th e  e rro r-v ec to rs  are  contro lled  an d  
fo r  th is  reason i t  p ro v id es  a very  rigorous so lu tion . H ow ever, th e  req u irem en t o f 
th e  sy m m etry  of th e  G a te a u x -d e riv a tiv e  is a severe re s tr ic tio n  in  com parison  
w ith  th e  o ther p rin c ip les . M oreover, th e  cond ition  o f  th e  m ean ingfu l ex istence  
o f  (18) requires fu r th e r  analysis . W e m ay  assum e — m o stly  in tu itiv e ly  and  
w ith  certa in  op tim ism  — th a t  if  o u r govern ing  e q u a tio n s  are  in d ep en d en t an d  
th e  sta te-fie lds are  ab le  to  describe th e  in te rac tio n s  o f th e  considered physica l 
p ro b lem , N  will be , a t  le a s t locally , lin ear an d  th e re  w ill ex ist a v a ria tio n a l 
p rinc ip le .

3.4. For tim e -d e p e n d e n t p rob lem s, <[, >  re p re se n ts  th e  G urtin -convo lu - 
tio n  p roduc t (see [3], fo r  exam ple). As to  th e  re g u la r ity  o f  N ,  in tu itiv e ly  we can  
e x p e c t i t  to  be e q u iv a le n t w ith  th e  princip le  for th e  co n se rv a tio n  of th e  energy  
(a n d  m atte r). I f  th e re  w ere zero-eigenvalues for N ,  i t  m a y  m ean  th a t  we h av e  
le f t  o u t some of th e  in te ra c tio n s  connected  w ith  th e  in v es tig a ted  p hysica l 
p ro b lem .

3.5. I t  is w o rth  rem ark in g  th a t  in  (21) th e  id ea  o f th e  com p lem en tary  
v a r ia tio n a l p rincip les is im plied .

3.6. The in te n tio n  o f th is  p a p e r was to  re la te  th e  d iffe ren t ap p ro x im atin g  
p rincip les p resen ted  in  th e  l i te ra tu re .T h is  w ork m ay  give rise  to  some s ta te m e n ts  
w h ich  can be consid ered  as w ork-hypo theses an d  s till req u ire  a m ore rigorous 
an a ly sis . We hope i t  w ill help to  fu r th e r  in te re s t in  th e  ex is tin g  top ic  o f com 
p u tin g  m ethods.
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Einige Fragen des zwischen den Annäherungsmethoden bestehenden Zusammenhangs.
Gewisse gemeinsame Eigenschaften einiger w ohlbekannten N äherungsm ethoden w erden be
handelt. Die Begriffe des Näherungsprinzips und  der N äherungstechnik werden abgesondert. 
Die System atisierung der bei der U ntersuchung von nichtlinearen K ontinuum problem en 
gebrauchten  N äherungsprinzipien wird versucht. E in sehr ausdruckvoller Zusam m enhang 
is t erkennbar zwischen den Methoden der kleinsten Q uadrate, der gewogenen R estbeträge 
und  der d irekten  Näherung, sowie dem V ariations verfahren.

Некоторые вопросы связи, существующей между приближенными методами.
Данная работа занимается определенными общими свойствами нескольких хорошо из
вестных методов. Производится разделение принципа приближения и тесники приближе
ния. Сделана попытка систематизации принципов приближения, использованных во время 
числового анализа нелинейных контиуумных задач. Можно установить очень ярко выра
женную зависимость между методами наименьших квадратов, взвешанных остатков и 
непосредственного приближения.
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AN INFINITE VISCOELASTIC THICK PLATE 
CONTAINING AN EXTERNAL CRACK

SATYANARAYAN MANDAL*

[M anuscript received: Ju ly  12, 1974]

This paper is concerned w ith the stress fields in  an infin ite viscoelastic th ick  
plate containing an external crack due to  the application of norm al pressure to  its  
faces. The crack is taken  to lie in the central plane of the p la te  norm al to th e  axis of 
sym m etry and occupies the region outside the circle. I t  is assum ed th a t the tw o faces 
of the crack are loaded exactly  the same way and the viscoelastic layer is in  a rigid 
casing. H ankel transform s of the displacem ent vector are introduced. Mixed boundary  
conditions lead to  dual integral equations. These equations are then  reduced to  F red 
holm integral equation of the second kind. This type of equation  is solved by  an ite ra 
tive process for large values of thickness of the plate. The stress in tensity  fac to r has 
been calculated.

1. In tro d u c tio n

F o r ax isy m m etric  stress d is tr ib u tio n  to  th e  p lane o f th e  crack, so lu tio n s 
h a v e  been  given b y  Sn ed d o n  [1]. L o w en g r u b  [2] has d e a lt w ith  th e  s tre ss  
fie ld  in  th e  v ic in ity  o f a c rack  in  a th ic k  p la te . D haw an  [3] has derived  th e  
s tre ss  d is tr ib u tio n  for an  in fin ite  e lastic  th ic k  p la te  c o n ta in in g  an e x te rn a l 
c rack  due to  th e  ap p lica tio n  of n o rm al p ressu re  to  its  faces.

T his p ap e r concerns th e  d is tr ib u tio n  o f stress in  an  in fin ite  th ic k  v is 
coelastic  p la te  co n ta in in g  an  e x te rn a l c rack  due to  th e  ap p lica tio n  of n o rm a l 
p ressu re  to  its  faces. T he m edium  o f th e  p la te  is v iscoelastic  an d  of th e  spec ia l 
lin e a r  ty p e , its  th ick n ess  being  2h. I t  is assum ed  th a t  th e re  is sy m m e try  
a b o u t th e  Z-  ax is a n d  th e  e x te rn a l c rack  lies in  th e  c e n tra l p lan e  of th e  p la te  
n o rm a l to  th is ax is. T he c rack  occupies th e  region o u tside  th e  circle o f ra d iu s  
u n ity  w hose cen tre  lies on th e  axis o f sy m m etry .

T he b o u n d a ry  surfaces o f th e  p la te  are  co n stra in ed  b y  tw o rig id  w alls, 
vide  [4], w hich p e rm it no n o rm al d isp lacem en t. F u r th e r , th e  co n tac t b e tw een  
th e  v iscoelastic  la y e r  an d  its  rig id  casing  is fric tion less so th a t  th e  sh ea rin g  
s tre ss  on th e  su rfaces z =  ^  h  o f th e  p la te  is equal to  zero .

P hy sica l q u a n titie s  o f m ax im um  in te rs t  ap p ear to  be  th e  norm al co m p o 
n e n t o f th e  stress te n so r an d  th e  n o rm al com ponen t o f th e  d isp lacem en t v e c to r

*Sa ty a n a ray a n  Ma n d a l , H atuganj M.N.K. High School, P . O. H atuganj, D t. 24- 
Parganas, W est Bengal.
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fo r th e ir  usefulness in  co m p u tin g  th e  s tre ss  in te n s ity  fa c to r  and  th e  c rack  
en erg y .

B y  in tro d u c in g  H an k e l tran sfo rm s o f th e  d isp lacem en t com ponen ts, th e  
p a r t ia l  d ifferen tia l eq u a tio n s  of eq u ilib riu m  are  reduced  to  o rd in a ry  d ifferen
tia l  eq u a tio n s . On a p p ly in g  m ixed b o u n d a ry  cond itions, th e  p a ir  o f dual in te g 
ra l e q u a tio n s  are o b ta in e d . These e q u a tio n s  are , th e re a f te r , red u ced  to  F re d 
ho lm  in teg ra l e q u a tio n  o f th e  second k in d . F o r  p a rtic u la r  ty p e s  o f load ing  th is  
e q u a tio n  is so lvable b y  th e  tech n iq u e  em p lo y ed  b y  D h a w a n  [3] fo r sm all 
v a lu es  o f 1/h. T he s tre ss  in te n s ity  fa c to r  has been ca lcu la ted .

2. Form ulation o f the problem

L e t us choose cy lin d rica l co -o rd in a tes  (y , s, z) an d  th e  ax is of sy m m etry  
to  th e  Z-  axis. F o r a sym m etrica l d e fo rm a tio n  of th e  v iscoelastic  p la te  th is  
d isp lacem en t v ec to r U  m ay  be ta k e n  to  h a v e  com ponen ts (u , s, iv), w hereas th e  
on ly  n o nvan ish ing  co m p o n en ts  of th e  s tre ss  ten so r are orr, crwe, ozz, arz.

In  th is  p ap er th e  d is tr ib u tio n  o f  s tre ss  is considered in  an  in fin ite  v isco
e la s tic  p la te  of f in ite  th ick n ess  2h. T he c rack  is tak en  to  lie on th e  line z =  0, 
1 r  <  oo, ( — h <[ Z  <  h). I t  is assum ed  th a t  th e  tw o faces o f th e  c rack  are  
lo a d e d  ex ac tly  th e  sam e w ay  and  i t  is co n v en ien t to  c o n v e rt th e  prob lem  to  a 
m ixed  b o u n d a ry  va lu e  problem  for 0 <  Z  <[ Л

T he equa tions o f  equ ilib irium  are  g iven  by

9 Orr
d y

9оуг
dr

+

+

9ffr;
tíz

+

9 Ozz 
tíz

+

=  о,
( 1 )

T h e s tre ss-s tra in  re la tio n  for hom ogeneous viscoelastic  m ed iu m  of th e  special 
lin e a r  ty p e  is ta k e n  as

1 +  a i tít O n  =  2*, 1 +  bj —tít (2)

w here  O j  and  eiy- re sp ec tiv e ly  are  th e  s tre ss  ten so r an d  th e  s tra in  te n so r , 
w h ereas  av  b1? k l a re  m a te ria l co n stan ts .

T he b o u n d a ry  co n d itions are ta k e n  as on z =  0:

w  =  0, 0 ^  r  ^  1

<yrz =  o, r <; о
ozz — —p(r)e~ mt, 1 <  y <  o o ,  t ;>  0 , IC >  0
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on z — h:

w  —  0,

Orz =

r  <  0 

r ^ O

(3.4)

(3.5)

3. M ethod o f solution

F rom  E q . (2) we o b ta in

9

' 9 t .

Э

1

0t

arr =  2 ky 

aee — 2k, 1 +  К

a

a t
9

at

du

eee  — 2fc, 1 +  bx

dt

9 \
1 a , ----  orz =  2k,

0 1

E q. (1) a n d  (4) give

0

1 +  ai —— Gzz — 2k, 1 +  ^  -—  ezz — 2k, 1 +  blat

1 +  6, - ^ - |  er z =  k, 
Ót

1 a t , dr

i _ L и

at r

9 a mi
Ót

(4)

1 +  6,
dt

dz

dw ^  du  

dr dz

2fc, 1 +  V at

“ ‘ I ' + S T

02u 1 d 2u>  ̂ 1 d 2u
d y 2 2 d y d z  2  d z 2

1 d 2ü ) 1 d 2 U  d 2(ü  1 d c o
—--- —— +  —  ---------1-------— +  ——

du U \
dy У2 )

1 d U
-  +

~2y dz

L et us choose

u(r, 2, t) =  u ,(r, z)e~ml, 

w(r,  2, t) =  Mi,(r, г)е~ш1. 

U sing E qs (6 ) we ge t from  E q . (5)

(5) 
=  0 .

( 6)

э2 “ i _|_ Q t*!__ щ )  +  а2 щ +  a2mi, _  0
Эу2 y  dy

a2 mi, ^  1 am.
dr2 r dr

+  2

dz2

a2mi, а (Эм,

d y  dz

dz2
+ 4— •—■

02 0Г Г
=  0 .

( 7 )

( 8 )

W e in tro d u ce  th e  f irs t-o rd e r H ankel tra n sfo rm  of th e  ra d ia l  com ponent o f  th e  
d isp lacem en t v e c to r  b y  th e  equation

u ,( | ,  z) =  I ru ,( r , z) J ,  (£ r) dr  
0

( 9 )
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a n d  th e  zero-order H a n k e l tran sfo rm  o f th e  z  com ponent o f th e  d isp lacem en t 
v e c to r  b y  th e  eq u a tio n

wq(l, z) =  f rwq(r, z) J 0 (£r) dr). (10)
6

M u ltip ly in g  b o th  sides o f  E q . (7) b y  r, J ^ l r ) ,  in teg ra tin g  w ith  respect to  y  
f ro m  0 to  o o  an d  m ak in g  use of th e  w ell-k n o w n  properties o f H a n k e l tran sfo rm , 
w e o b ta in

-where

(0 2 —2 D  му =  0 ( И )

A g a in , i f  we m u ltip ly  b o th  sides of E q . (8 ) b y  r J 0{Çr) and  in te g ra te  from  r =  0
to  r  = o o ,  we get

(2 H2- | 2K +  ^ 0 ^ = 0 . ( 12)

E lim in a tin g  щ  an d  nq in  tu rn  from  E q s  (11) an d  (12)

(D2—12) 4 =  0 , (13)

(D*— { * )* » !=  0. (14)

T h e  so lu tio n  of E q . (14) m ay  be ta k e n  as

itq =  (A  +  Bz) cosh I  z  (c +  Dz) sinh |  z (15)

w h ere  A ,  B, C, D  are functions of | .
U sing E qs (12) a n d  (15) we h a v e

D u x =  — [(A  +  Bz)  I  cosh I  s  +  (c +  Dz) f  sinh |  г

+  4 D  cosh  Í  г].

4 B  sinh
(16)

S u b s ti tu t in g  expressions for и an d  ft) in to  th e  la s t equation  o f E q s  (4), ap p ly ing  
f i r s t -o rd e r  H ankel tra n sfo rm , we h av e

1 +  «1——] 0У2 =  k , ( l  — iqco) e~mt [H iq — £ uq]. (17)
9 1 J

O n u sin g  E qs (15) an d  (16) in to  E q . (17), b o u n d a ry  cond itio n  (3.2)
g ives

£ A =  — 2 D .  (18)

A lso b o u n d a ry  co n d itions (3.4) an d  (3.5) give respectively  

(A  4 - Bh)  cosh I  h (c -)- D  h) sinh |  h =  0.

D =  — В  ta n h  I  h.
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O n using  E qs (18), (19) an d  (20), b o u n d a ry  conditions (3.1) a n d  (3.3) give du a l 
in te g ra l equa tions

w here

\ Ф ( |)  J 0(£ r) d I  =  0, 0 <  r <  1. 
0

| Ф ( |) [1  -  -Щ ! A)] J 0( |r )  d £ =  f ( r ) ,

I  A ( i )  =  Ф (|)

£/i ~f sinh  I h cosh £/i
Н ( Щ  =  1 -  

f(r) =

sinh2 I h 

(1 -  a l£o )p (r)

fcj( 1 — Iqco)

L e t th e  so lu tion  be assum ed as

Ф(£) =  J  y(«) cos £ X dx

w here

lim  xp(x) =  0

> 1,

( 21)

( 22)

(23)

(24)

(25)

(26) 

(27)

N ow  th e  E q . (21) is sa tisfied  id e n tic a lly  fo r an y  fu nc tion  y>(x), w h ich  are  c o n ti
n u o u s to g e th e r  w ith  th e ir  f ir s t  d e riv a tiv e s  in  th e  closed in te rv a l ( 1, » ) ,

w here Г Jo  (fy) cos £<xd£ =
0 , 0 <  r <  « ,

(r2 - * 2)1/2 , r >  a .
(28)

S u b s titu tin g  th e  value ofФ (£) from  E q . (26) in to  E q . (22), we f in d  [3]

w here

г о ( |r )  sin  tjß d i

r0(Sr) =  —  f
я  J

(29)

o , ß  <  Г ,
r2) - l /2 5 ß > r 5 (30)

sin  1у  dy

My2 — r- '
(31)

U Wi 7
c o s ------- dco ,

h
(32)
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E q . (29 )on inversion  g ives

V'(*) -  ~ ~  J W ) [ C '( *  +  У) +  G'{x  -  y )]  dy

2 d

H f í S -  > < * < “ • <3 3 >я  d x  J ]f i
X

Since p (r) is co n tin u o u s  d iffe ren tiab le  in  (1, oo), we in te g ra te  E q . (33) an d  on 
using  E q . (27), we o b ta in  F redho lm  in te g ra l e q u a tio n  o f th e  second k ind

ip(x) - L  j W  y )  i y  =  j -  j  • 1  < *  <(34)

where

N ow

K (*, у) =  G(x +  j )  +  G(a: — y) =  2 I H (w 1) cos WlX cos W]~*' dw. (35)
J  h h

о

,( f  V(x) dx
J  У 7 Г - *

N * - o  =  e at K ]z=0 =  e-

w here  \p(x) sa tisfies E q . (34).
L e t us assum e

az2(r, z, t) =  a(r , z)e~Mt. 

U sing th e  th ird  e q u a tio n  in  E qs (4) an d  (37)

, r > 1 (36)

<tz2(r, o, t) =
2/^(1 — b1w) e mt i/)(l) 

(1  —  Ojic) l 1 -

w W  , f  ¥  ( * ) dx _  F , r)
1 — r- J ]' X 2 —  r2 

1
0 <  r  <  1

(37)

(38)

w here

F(y)  =  ^ J - y = p - J W ) [ G ' ( y  +  x)  +  G '{y  -  *] dy (39)

E q . (34) is solved in  [3] fo r p a r tic u la r  ty p es  o f lo ad ing . S tress in te n s ity  fac to r 
is given by

N  =  lim  ! 1 — r azz (r, o, t) 
r - .1 -

2k ](l -  Ь,м;) e-w,ip(l)  

(1 — ape)
(40)
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Eine unendliche viskoelastische dicke Platte mit einem äußeren Sprung. Gegenstand 
der A rbeit sind die Spannungsfelder in einer unendlichen, dicken, viskoelastischen P la tte , die 
einen äußeren Sprung en th ä lt, der durch die Anwendung von N orm aldruck auf ihre O ber
flächen verursacht wurde. Angenommen wird, daß der Sprung in  der M ittenebene der P la tte  
normal zu der Sym m etrieachse liegt und den Bereich außerhalb  des Einheitskreises einnim m t. 
Angenommen wird ferner, daß die zwei Oberflächen des Sprunges in  genau der gleichen Weise 
belastet werden und daß  die viskoelastische Schicht sich in  einem starren  Gehäuse befindet. 
Für den Verschiebungsvek to r werden H ankel-Transform ierte eingeführt. Gemischte Grenz
bedingungen führen zu doppelten Integralgleichungen. Die Gleichungen werden dann au f eine 
Fredholm ’sche Integralgleichung zweiter A rt reduziert. Diese Typen von Gleichungen können 
für große W erte der P lattend icke durch Iteration  gelöst werden. Der Spannungsintensitäts- 
faktor wurde berechnet.

Бесконечный вязкоэластичный толстый лист с внешней трещиной. Предметом дан
ной работы является поле напряжений в бесконечном вязкоэластичном толстом листе с 
внешней трещиной, в случае которого трещина происходит от вертикального услия, 
действующего на поверхность листа. На основе предположения трещина располагается 
препендикулярно к оси симметрии в нейтральной плоскости листа и трещина занимает об
ласть вне единичного круга. Предположим, что обе поверхности трещины нагружены точ
но таким же образом и что вязкоэластичный слой находится в жесткой оболочке. Автор 
вводит преобразование Ганкеля вектора сдвига. Смешанные предельные условия приводят 
к сдвоенным интегральным уравнениям, затем эти уравнения приводит к интегральному 
уравнению Фредгома второго рода. Уравнения такого типа в случае листов с очень боль
шими размерами по толщине могут быть решены с помощью итерационного метода. Авто
ром вычислены факторы интенсивности напряжений.
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ALGORITHM FOR AUTOMATIC TRIPLET DESIGN

KALLÓ, P.*

[M anuscript received November 20, 19741

A fter summing up the experiences collected th rough  the application of th e  
autom atic design methods of optical system s known so far, an algorithm  en tire ly  new 
in its  starting  point and in itial stages, suitable for the optim ized autom atic (and  tra d i
tional) design of classical trip le t-type  objectives is decribed. The paper explains in  detail 
the definition of the notion of perform ance-determ inant param eters, the derivation  
of the basic trip le t equations, and the relations of glass m aterial selection; th e  well- 
known m ethods of bending and fine correction are covered only as m uch as needed. 
The im portan t advantage of the new algorithm  easy to  program  for a com puter and  
providing for a num ber of optim ization possibilities is th a t  i t  requires as a s ta rtin g  
point for autom atic (and trad itional) tr ip le t design nothing b u t the knowledge of the  
relative apertu re  and field angle given in  advance, and the data  of the adap tab le  glass 
types, and th a t  i t  is suitable for m ultilateral generalization (other optical system  types 
containing cemented lenses as well, fin ite  object distance, etc).

1. Introduction

Classic tr ip le ts  [1] have  a b o u t 80 y ears  o f tra d itio n s  by  now , w hile  th e  
ap p lica tio n  o f com pu ters in  o p tica l design can  look  b ack  to  a p a s t of a b o u t 25 
years. N everth e less , th e  tr ip le t  th e o ry , th a t  is, th e  th e o ry  o f th e  m ost th o ro u g h 
ly s tu d ied  o p tica l sy stem  can n o t be considered  as se ttle d  [3] in  sp ite  o f  c e r ta in  
opposite  op in ions [2 ], no r have  been  all th e  p rob lem s solved in  th e  scope o f  
au to m a tic  tr ip le t  design [4]. T he p re se n t p a p e r a t te m p ts  to  ren d er m u ch  m ore  
ex ac t fu n d a m e n ta ls  to  th e  tr ip le t  th e o ry  th a n  th o se  know n so fa r  [3] b y  
m aking  th e  a lgo rithm os expressing  new  co rre la tions ad v an tag eo u sly  a d a p ta b le  
for b o th  a u to m a tic  and  tra d itio n a l [5] design efforts.

2. The present state o f the autom ation o f optical design [6]

E xperiences collected  th ro u g h  th e  ap p lica tio n  o f au to m a tic  o p tic a l 
sy stem  design m ay  be sum m arized  as follows [7], [8 ]:

2.1 F o r th e  au to m a tic  design o f  op tica l sy stem s o f an op tica l ty p e  no 
a d e q u a te  m e th o d  could  be e lab o ra ted  so fa r.

*Dr. P. K a l l ó , К ару u. 26/B, 1025 B udapest, H ungary.
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2.2 F o r th e  a u to m a tic  design of o p tic a l sy stem s of a g iven  ty p e  m eeting  
th e  specified  re q u ire m e n ts  w ith  a fa ir a p p ro x im a tio n , a lread y  m ore or less s u it
ab le  m ethods are  k n o w n , b u t  these m a y  a c tu a lly  be considered  as co m p u 
te r iz e d  a lte rn a tiv e s  o f  th e  re la tio n s o f t r a d i t io n a l  design tech n iq u es as th e y  do 
n o t  co n ta in  new  a lg o rith m s  (special p rocesses).

2.3 T he success o f  th e  (trad itio n a l a n d ) a u to m a tic  op tica l sy stem  design 
m e th o d s  depends d ec is iv e ly  on the s ta r t in g  p o in t.

2.4 W ith  re sp e c t to  th e  req u irem en ts  se t to  im age p ro d u c tio n , th e  
m u ltiv a ria b le  fu n c tio n  o r  functions d esc rib in g  th e  b eh av io u r o f th e  op tica l 
sy s te m  has or h av e , re sp ec tiv e ly , severa l m in im a . One does n o t know n, how 
ever, o f  th e  m in im u m  d e te rm in ed  from  a g iv en  s ta r tin g  p o in t b y  m eans o f  a 
g iven  m eth o d  w hich  o f  a ll th e  possible m in im a  i t  is, w heth er i t  is one of th e  
“ m in im u m  m in im a”  o r  n o t.

2.5 I t  is due am o n g  o thers, to  th e  u n c e r ta in tie s  u n d e r 2.3 an d  2.4 t h a t  
th e re  is such a m u lt i tu d e  o f m erit fu n c tio n s  an d  m a th em a tica l m eth o d s o f 
specia l tech n iq u es, su ita b le  only for f in e  c o rrec tio n , th a t  m ay  be m ade good 
use o f  fo r th e  a u to m a tic  design  of given ty p e  o p tica l system s. I t  is no  exaggera
tio n  i f  we s ta te  th a t  in  th is  field  th e  la b y r in th  o f m a th em a tica l m eth o d s and  
sy m bo ls are often  su ffe red , u n fo rtu n a te ly , b y  th e  physica l c o n ten ts  an d  ob jec
tiv e s  o f th e  essen tia l fe a tu re s  of optical design .

D elin ea tin g  in  d e ta i l  th e  ta rg e t o f  th e  p re se n t p ap e r as specified  in  its  
t i t le ,  h e rea fte r  in  th e  d e te rm in a tio n  o f  th e  au to m a tic  design  a lg o rith m  of 
tr ip le t- ty p e  o b jec tiv es  co rrec ted  to  a d is ta n t  o b jec t (sx =  oo), m ain ly  th e  
e lim in a tio n  of th e  u n c e r ta in tie s  under 2 .3 , 2 .4 , a n d  2.5, and  th e  en su ran ce  of th e  
p o ss ib ility  of g e n e ra liz a tio n  (2.1) will be  e n d eav o u red . A n a lg o rith m  suggested  
fo r a u to m a tic  tr ip le t  d es ig n  m ust be o f su ch  a  c h a ra c te r  th a t ,  b y  m eans of th e  
p ro g ra m  m aking  use th e re o f, and  w ith  th e  re la tiv e  ap e rtu re , fie ld  angle, an d  
av a ilab le  glass a s s o r tm e n t d a ta  given, th e  c o m p u te r  should  be ab le  to  select an d  
ca lcu la te  th e  s t ru c tu ra l  ch a rac teristics o f  th e  co rrec ted  sy s tem  (rad ii, a ir 
spaces, th ickness v a lu e s , glass ty p e  fea tu re s) w ith o u t an y  h u m an  in te rv e n tio n , 
w h atso ev er.

3. Introduction o f the definitions o f  performance-determinant
parameters

T he m a jo rity  o f  d ifficu lties in  ( tra d it io n a l  and) au to m a tic  o p tica l design 
w ork  can  be a t t r ib u te d  to , an d  are c o n c e n tra te d  in , th e  selection  o f a co rrec t 
s ta r t in g  po in t (2.3).

T his is w hy co n sid e rin g  th e  in itia l d a ta  as p e rfo rm an ce-d e te rm in an t p a ra m 
e te rs  seem s to  be e n tire ly  ju stified . B y  u s in g  th e  sym bols in te rp re te d  acco rd 
in g  to  F ig . 1, th e  p e rfo rm a n c e -d e te rm in a n t p a ra m e te rs  of th e  tr ip le t  m a y  be 
d iv id ed  in to  tw o ca teg o rie s  easy to  d is tin g u ish . T he ex te rm al perfo rm ance-
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f| f2 Í3

d e te rm in a n t p a ra m e te rs  are th e  s3 im age d is tan ce  an d  th e  L  overall le n g th  (sy s
te m  c h a rac te ris tic s), re la ted  to  th e  t r ip le t  as a whole. T he in te rn a l p erfo rm an ce- 
d e te rm in a n t p a ram e te s , on th e  o th e r  h a n d , are  th e  f v  f 2, f 3 focal d is tan ces  o f 
th e  tr ip le t  com ponen ts, and  th e  ev  e 2 a ir  spaces betw een  th em .

T he a d v a n ta g e  of an  ap p ro ach  based  on th e  p e rfo rm an ce-d e te rm in an t 
p a ra m e te rs  is th a t ,  th e reb y , th e  d ifficu lties o f th e  in itia l o p tica l design s ta g e  
can  be read ily  overcom e, as th e  re la tio n s  invo lved  can  be tr e a te d  in  tw o  
s tep s:

3.1 F irs t, th e  re la tio n  of th e  1 : 0 R re la tiv e  a p e rtu re  an d  2ßcl fie ld  ang le  
(spec ifica tion  req u irem en ts), decided  up o n  in  advance , to  th e  e x te rn a l p e r 
fo rm a n c e -d e te rm in a n t p a ram ete rs  is defin ed ;

3.2 T h en  th e  reg u la rity  or reg u la ritie s  concern ing  th e  ex te rn a l a n d  in te r 
na l perfo rm an ce  d e te rm in a n t p a ra m e te rs  are  estab lished .

4. Relations between the specification requirements o f the triplet 
and the external perform ance-determ inant parameters

Since l i te ra tu re  supplies th e  co n ju g a te  specifica tion  d a ta  and  s t ru c tu ra l  
c h a ra c te ris tic s  o f a n u m b er of co rre c ted  tr ip le ts , th e  re la tio n s b e tw een  th e  
specifica tion  req u irem en ts  and  th e  e x te rn a l p e rfo rm an ce-d e te rm in an t p a ra m 
e te rs  can  be successfu lly  ap p ro x im a te d  em pirica lly .

A  to ta l  o f 15 tr ip le ts  o b ta in ed  from  th e  sources lis ted  in  T ab le  I  h a v e  
been  s tu d ied . F irs t, th e  th in  system  o f th e  in d iv id u a l tr ip le ts  w as d e te rm in ed  
th e n , w ith  th e  co rrespond ing  c h a rac te ris tic s  co rrec tly  a rran g ed , th e  re la tio n s  
w ere g rap h ica lly  p lo tte d  (Fig. 2). T h e  g rap h s do n o t co n ta in  th e  s c a tte r  o f th e  
in d iv id u a l d a ta  ex h ib ited  by  th e  th in  system s of all th e  15 tr ip le ts , as th is  
w ould  h av e  m ade F ig . 2 fa r m uch crow ded  fo r a clear su rv e y .T h e  c o n ju g a te  s 3 
im age d is tan ce  an d  L  overall len g th  d a ta , as rep resen ted  b y  th e  g raphs, d e v ia te
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Table I

Serial
No S ource D e s ig n e r

l B rit. P a t. 155 640 H. W. L e e

2 USA P a t. 2,503,751 W. L itt en

3 USA P at. 2,731,884 T. B r en d el

4 USA P at. 2,818,777 L. H udson

5 E. P . 364 994 R . R ich ter

6 USA P at. 1,987,878 A. W . T r o n n ier

7 USA P at. 2,720,816 I. C. Sandback

8 Rozpravy VED M. Maly

9 USA P at. 2,270,234 A. W armisham

10 JO  S A  (1960), 3 J .  Meiro n

11 USA P at. 2,298,090 A. W armisham

12 K ép- és Hangtechn. (1970), 1 P. K alló

Fig. 2. Correlations betw een  the specification d a ta  and  the external perform ance-determ inant
param eters
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from  th e  co rrespond ing  d a ta  of th e  15 tr ip le ts  te s te d  on ly  b y  m ax im um  10 per 
cen t. In  th e  d e te rm in a tio n  of th e  e x te rn a l p e rfo rm an ce-d e te rm in an t p a ra m e te r  
va lues, th is  accu racy  sa tisfies th e  p ra c tic a l req u irem en ts , w ith  th e  fu r th e r  a d 
v a n ta g e  o f m ak in g  th e  corre la tions easy  to  review  g raph ica lly .

T he g rap h s o f F ig . 2 re flec ting  th e  co rre la tions be tw een  th e  sp ec ifica tio n  
req u irem en ts  a n d  th e  ex te rn a l p e rfo rm a n c e -d e te rm in a n t p a ram e te rs  rev ea l 
t h a t  th e  g rap h  o f th e  ФR recip rocal re la tiv e  ap e rtu re  an d  th e  ßcl h a lf  f ie ld  
angle , i llu s tra te d  in  th e  fu nc tion  o f sj/L , is a s tra ig h t line . The g raphs a re  used  
as follow s: f ir s t , i t  w ill have to  be d e te rm in ed  w h e th e r th e  values of th e  1 : Ф R 
re la tiv e  a p e rtu re  an d  th e  ßcl h a lf  f ie ld  angle, given as req u irem en ts , c a n  be 
sa tis f ied  by  a tr ip le t- ty p e  ob jec tive , o r n o t, th a t  is, th e  ßcl h a lf  fie ld  ang le  
v alue  m u st be lo ca ted , w ith  fair a p p ro x im a tio n , a t  th e  sam e o rd in a te  w here  th e  
Фр rec ip rocal re la tiv e  ap e rtu re  v a lu e  c a n  be found . I f  th e  ßcl h a lf  f ie ld  ang le  
v a lu e  exceeds th a t  p e rm itte d  by  th e  g ra p h , th e n  th e  req u irem en ts  se t c a n n o t 
be sa tisfied  b y  a tr ip le t ,  w hereas, if  i t  is sm aller, th e n  th e  tr ip le t is n o t su ff i
c ien tly  u tilized  (or, fo r exam ple, a lim ita tio n  of ray s  m u ch  m ore fa v o u ra b le  
th a n  u su a l is en d evoured ), and  i t  is q u ite  possible th a t  th e  req u irem en ts  m ig h t 
be sa tis fied  w ith  a system  m uch sim p ler th a n  a tr ip le t . F in a lly , th e  S3 im ag e  
d is tan ce  an d  L  o vera ll leng th  d a ta  p e rta in in g  to  th e  Фр reciprocal re la tiv e  
a p e r tu re  v a lu e  are  re a d  off along th e  o rd in a te  assoc ia ted  w ith  th e  g iven  Ф R 
va lue , b y  m eans o f  th e  corresponging  cu rv e .

5. Correlations of the external and internal performance-determinant 
parameters of a triplet. The basic triplet equation

T he im age d is tan ce  sj and  th e  o vera ll len g th  L ,  t h a t  is, th e  e x te rn a l 
p e rfo rm an ce-d e te rm in an t p a ram ete rs  co rrespond ing  to  th e  specification  re q u ire 
m en ts , have  been  d e te rm in ed  g rap h ica lly  as described  u n d e r  4. W hen d e riv in g  
th e  co rre la tio n s be tw een  th e  ex te rn a l a n d  in te rn a l p e rfo rm a n c e -d e te rm in a n t 
p a ra m e te rs , b y  u sin g  th e  sym bols o f  F ig . 1 ( f  =  1, sx =  oo), th e  p ro ced u re  
s ta r ts  from  th e  fo llow ing cond itional eq u a tio n s :

L  — e1 e 2 > 62 — L  e1

h\ _  f  — h к  ( f i  — ei)
h 2 f /1

f 1m 2m3 =  1
1

------->- m 0 — --------
f l m 3

—  +  b  -  ^
m.

( 1 )

( 2)

(3)

(4)

Acta Technica Academiae Scienliarum Hungaricae 82, 1976



74 KALLÓ, P.

m3 + - T - = l
J*3 

fa

m 2 /2

-> Шо = /з

./з

el — f l  +  /2  —
f i

(5)

(6)

T h e  above (1) — (6) eq u a tio n  sy stem  c o n ta in s  th e  folio-wing 8 unknow ns, 
i f  S3, L  an d  Фк (hj) a re  g iven:

/1 /2  /3
e1 e2 (7)

m  2 m3
ho

b ecau se , if  th e  size o f th e  Фк rec ip rocal re la tiv e  ap e rtu re  is know n , th e  v a lu e
o f h3 w ill be

s A - (8 )

S u b s titu tin g  th e  v a lu e  of m3 from  e q u a tio n  (5) to  (3), an d  th e  m 2 va lu e  
th u s  o b ta in ed  in to  (6), equ a tio n s

/з

an d

ei — /1 +  /2  ~

M f a  -  sa)

Á M  fa -  S3)

/3

(9)

( 10)

w ill be  arrived  a t.
Since th e  le ft side o f equ a tio n s (4) an d  (9) is id en tica l, th e ir  r ig h t-h a n d  

sides m u s t be equal. T h u s , su b s titu tin g  th e  expression  of e3 from  eq u a tio n  (10), 
a n d  th e  m3 value fro m  (5), th e  follow ing e q u a tio n  is o b ta in ed :

/3

S3/3 I £  _  у  _  _j_ f f f f s  ~  S3)

Уз 3̂ /з

Л ( / з - * з ) / l  f l  /2
Á fÁ fa  -  s3) 

/3

( 11)

w h ere  th e  last tw o m em bers of th e  n u m e ra to r  an d  d en o m in a to r are id en tica l 
a n d , therefo re , i t  m ay  be w ritte n  as

( £ - / г) ( / з - * з )  +  *з/з

/з __ _________ fa 5з________

/1 (/3  — s;i) f i  I ~  fa f f  fa s3)]
fa

+  1

R ea rran g in g

■Ш . - / 1  (/» -«£)] =  / з [ ( Ь - / х) ( / з - ^ ) + 5 ' / 3]
f i  f i  (fa  — вз) ~~ fa

( 12)

(13)
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F in a lly , expressing  t h e / 2 value from  e q u a tio n  (13), th e  basic  tr ip le t e q u a tio n  is 
o b ta in ed :

/i/з [(L -  / 1) (/3 -  «a) +  S3/ 3]
[/. (/3 -  S3) -  ÂY

(14)

W ith  resp ec t to  th e  s im p lic ity  o f th is  basic  eq u a tio n , and  since a ll th e  
possib le v a lues o f th e  f v  f 2, / 3 focal d istan ces  o f th e  com ponen ts are w ith in  a 
re la tiv e ly  narrow  ran g e , th e  f 2 focal d is tan ce  v alues o f  th e  negative  lens ca n  be 
d e te rm in ed  a fte r th e  co rrec t se lection  o f th e  a d e q u a te  spacings o f f t a n d  f 3, 
an d  th e  o p tim u m  a lte rn a tiv e s  can  be read ily  se lec ted ; d e te rm in a tio n  o f  th e  
a ir spaces and , w ith  th e  re la tiv e  a p e r tu re  given, t h a t  o f  th e  en tran ce  h e ig h t o f 
th e  a p e r tu re  ra y  w ill cause no d ifficu lties, w h atso ev er, b y  m aking  use o f  e q u a 
tions (10), ( 1), (2 ) an d  (8 ).

6. Selection of the aperture stop position, and considerations on the 
tolerances o f  form-independent image production errors

As a re su lt o f th e  d e te rm in a tio n  o f th e  fu n d a m e n ta l co rrelations b e tw een  
th e  p e rfo rm a n c e -d e te rm in a n t p a ra m e te rs  (F ig. 2, basic  equa tion  (14)), an d  
s ta r tin g  from  th e  (Фд , 2 /?cl) spec ifica tio n  req u irem en ts  g iven in  ad v an ce , i t  is 
possib le to  d e te rm in e  th e  th in  tr ip le ts  ch a rac te rized  b y  th e  m ost fav o u ra b le  
(e.g. o f  th e  m ax im u m  ab so lu te  v a lue) focal d istance  tr ip le  f v  f 2, f 3, w hose ev  e2 
a ir spaces an d  hv  h 2, h3 ap e rtu re  r a y  en tran ce  h e ig h ts  are  know n. T hese d a ta  
are su ffic ien t fo r th e  expression o f th e  lo n g itu d in a l ch rom atism  a n d  th e  
P e tz v a l c u rv a tu re , as som e of th e  fo rm -in d ep en d en t im age p rodu c tio n  defec ts , 
or, m ore precisely , fo r th e  expression o f th e ir  th ird -o rd e r  ap p ro x im ativ e  e q u a 
tions, b u t  in  th e  case o f  a tra n sv e rsa l ch ro m atism  th e  position  of th e  a p e r tu re  
stop  m u s t also he k n o w n . As for se lec ting  th e  la t te r ,  th e  following c o n s id e ra 
tions sh o u ld  be ta k e n  in to  accoun t.

I t  is  well kn o w n  th a t ,  am ong th e  th ird -o rd e r  im age p ro d u c tio n  e rro rs , 
tra n sv e rsa l ch ro m atism , a s tig m atism , an d  d is to rtio n  d ep en d  on th e  a p e r tu re  
s top  p o sitio n . In  th e  case o f  an  a p e rtu re  s top  in  th e  c e n tra l  range of th e  o v era ll 
len g th , th e  cen tra l com a will no t d ep en d  in  p rac tice  on th e  position  o f  th e  
a p e rtu re  sto p . I f  th e  req u irem en ts  se t to  d is to rtio n  are  n o t  overstric t, th e n  th e  
co rrec tion  o f  d is to rtio n  will be p o te n tia lly  p rov ided  fo r b y  an  ap e rtu re  s to p  in  
th e  neighb o u rh o o d  o f  th e  m iddle p o in t o f th e  o vera ll len g th , in  w h ich  case 
genera lly  no  a s tig m a tism  problem s w ill be en co u n tered , e ith e r, so th e  t r a n s v e r 
sal ch ro m a tism  will h a v e  to  be com p en sa ted  for w ith  re sp ec t to  th is v e ry  p o in t 
of a p e r tu re  stop .

T h u s th e  th in  tr ip le ts  availab le  as described  ab o v e  can  be selected , w ith  
resp ec t to  th e  a ir spaces ev  e2, acco rd ing  to  th e  sa tis fa c tio n  of th e  fo llow ing
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p reco n d itio n s :

jei—e2 1 <  0 .0 6 / ' ,  or ~ 0 .1  /*' >  | ex—e , | > 0 . 0 6 / ' ,  (15)

w h e r e / '  is th e  re su lta n t focal d istance  of th e  th in  tr ip le t. The th in  tr ip le ts  of an  
a ir  sp ace  size sa tisfy in g  th e  f irs t  in e q u a lity  a re  su itab le  fo r su ch  objectives 
w h e re in  no v ariab le  d ia  a p e r tu re  s top  is to  be in c lu d ed  (in th is  case th e  ap e rtu re  
s to p  w ill be rep resen ted  b y  th e  m ou n tin g  o f  th e  cen tra l lens). T rip le ts , on th e  
o th e r  h a n d , of an  a ir  space  size conform ing  to  th e  second in e q u a lity  m ay  be 
u sed  as s ta r tin g  p o in ts  fo r ob jectives to  w h ich  variab le  d ia m e te r  a p e r tu re  
s to p , to o , m ust be ad d ed . H ere th e  a p e rtu re  s to p  is positioned w ith in  th e  larger 
a ir  sp ace , im m ed ia te ly  n e x t  to  th e  m idd le  lens.

F in a lly , i t  w ill h a v e  to  be n o ted  h ere  t h a t  hence, w hen co rrec tin g  form  
a n d  a p e r tu re  s top  p o sitio n -d ep en d en t im ag e  p ro d u c tio n  e rro rs  (above all 
a s tig m a tism ), occasionally  th e  a p e rtu re  s to p  positio n  has to  be m odified , b u t  
n o t  to  such  an  e x te n t, w h ereb y  th e  p rev ious co rrec tion  of th e  tra n sv e rsa l ch ro 
m a tis m  could be s ig n ifican tly  affected .

In  th e  n ex t s tep , ta k in g  th e  rea lis tic  req u irem en ts  th a t  m a y  be set to  th e  
t r ip le ts  as a basis, we h a v e  sum m arized  in  T ab le  I I  th e  ß'a3 e x it a p e r tu re  angles 
a n d  H ' im age he ig h ts  p e rta in in g  to  th e  d iffe re n t 1 : 0 R re la tiv e  a p e rtu re s , an d  
d e te rm in e d  th e  co rresp o n d in g  T v  T 2, T 3 o p tic a l to lerances in  th e  case o f a 
tra n s v e rs a l  and lo n g itu d in a l ch ro m atism , re sp ec tiv e ly , and  w hen  a P e tz v a l c u r
v a tu r e  is encoun tered .

I t  is well know n  th a t ,  in  th e  case o f  re la tiv e  ap e rtu re  a n d  fie ld  angle 
(im ag e  height) re q u ire m e n ts  as show n in  T ab le  I I ,  th e  tr ip le ts , due to  th e ir  
re la t iv e  sim plicity , c a n n o t ensure th a t  th e  th ird -o rd e r  residual im age p ro d u c tio n  
e rro rs  should  n o t exceed  sig n ifican tly  th e  va lu es  specified b y  th e  re le v a n t 
to le ra n c e s . On th e  b as is , th ere fo re , o f  th e  d a ta  p resen ted  in  T ab le  I I ,  th e  fol-

ТаЫе II

Serial
N o

Tolerance values, mm

0 R H 3',  mm
T  SX t  л T  0,025

2Нд sin ß a3 sin’ÄB sin

l 1,75 16,0 22,1 12,5 0,00452 0,00728 0,0910
2 2,00 14,1 26,7 15,0 0,00425 0.00933 0,103
3 2,25 12,6 31,5 17,5 0,00402 0,0116 0,115
4 2,50 11,3 36,3 20,0 0,00388 0,0143 0,128
5 2,75 10,3 41,3 22,5 0,00377 0,0172 0,140
6 3,00 9,50 46,5 25,0 0,00356 0,0202 0,152
7 3,25 8,80 51,8 27,5 0,00347 0,0235 0,163
8 3,50 8,20 57,7 30,0 0,00337 0,0273 0,176
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low ing o p tica l to le rances are  selec ted  ra th e r  a rb itra r ily  fo r all th e  tr ip le ts  th a t  
m ay  be reckoned  w ith  here , w h e n / '  =  100 m m :

T 1 = 4 . 1 0 - 3 T 2 =  5Tj T3 =  5 0 T , [m m ], (16)

7. Determ ination of the conjugate refractivities and Abbe indices 
of glass types providing for the optimum com pensation of the 

form -independent third-order image production errors

Sinee th e  n u m erica l va lues o f th e  im age p ro d u c tio n  to lerances are  ta k e n  
in to  acco u n t w ith  ±  signs, i t  w ill suffice to  express th e  th ird -o rd e r eq u a tio n s 
on ly  fo r th e  ab so lu te  va lues o f th e  fo rm -in d ep en d en t im age p ro d u c tio n  errors 
w hich, in  th e  sequence o f P e tz v a l c u rv a tu re , lo n g itu d in a l and  tra n sv e rsa l 
ch ro m atism , are  as follows [9]:

- J _  4 1

. / l " l  f  i П о
+

1

/ з  » 3  -

=  p  ■ 50 7 \ , (17)

г  9a i
<4 k V ,

=  p  ■ S T i , (18)

Щ
'  aA

f i V i

a 2 ^ 2  j  a 3  h

U  v 2 f 3 v 3

w here th e  sym bols n o t used so fa r  shou ld  be in te rp re te d  as follows:

(19)

p  is a proportionality  factor indicating tha t, due to the lim itations of the glass type 
assortm ent, the form -independent image production residual defects approxim ate 
only, bu t do no t reach the ideal values specified by the tolerances (in practice, there
fore, the num erical value of p  is always more th an  un it), * 

av  a2, a3 coefficients, related to the three lenses, represent the quotients of the incident 
height of aperture ray  and the half diam eter of the apertu re  stop, 

bv  62, b3 are aperture stop coefficients, representing the quo tien t of the incident height 
of the central ray  and the tan g en t of the angle included by  the central ray  passing 
through the centre of the apertu re  stop, and the optical axis [9].

N ow , le t us d iv ide th e  co n d itio n a l equa tions (17), (18), an d  (19) b y  th e  coeffi
c ien ts a t  th e ir  le f t-h a n d  side, an d  in tro d u ce  th e  fo llow ing sym bols:

c, =
2 • 50 7 \ 5 ï > I

H ’2" з
( 20)

I f  these  are  th e n  su b s titu te d  in to  th e  cond itional e q u a tio n s  (17), (18), and  (19), 
th e n  th e  eq u a tio n s  expressed  below  will be o b ta in ed :

1 , 1 , 1---------- 1-----------■ ~\----------— Ci p  ,
f l  П 1  f  2 n 2  f 3 П 3

(21)

«1

Vifx
+

a 2
v j ,

+
V3 f 3

=  c >p > ( 2 2 )
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O j fc, a 2b2 a3b3

V J i  V 0 J2 V3f 3
c3p . (23)

К олу le t us deal o n ly  w ith  (22) an d  (23) o f th e  th re e  ab o v e  eq u a tio n s in  
o rd e r  to  determ ine th e  co rre la tio n s  be tw een  th e  A bbe n u m b ers . L e t us express 
th e  v a lu e  of ^ / ( F j / j )  fro m  b o th  o f  th em :

a, a ,
--------—  =  c, p -------------------

V J r  V .J ,

c q  c3p  a 2b2
v j \ = bt v j j ;

«3
V J 3 ’

(24)

«363
W l  '

(25)

F ro m  th e  equality  o f th e  le f t-h a n d  side o f equ a tio n s (24) an d  (25) th e  sam e of 
th e i r  r ig h t  sides follow s, t h a t  is

«  2 « 3    £3 P  «  26  2 a3b3
^ 2 / 2  ^3 / 1  6, ^ 2 / 2 ^ 1  J з/s  l>i

(26)

L e t u s , fu rtherm ore , ex p ress  V3 in  th e  fu n c tio n  of V 2, p re fe ra b ly  in  th e  fol- 
loлving луау:

«з _i_ « 3  6 3

V J 3 V3f 3 b,
p  + (lo

v j*
d 2 Ь 2

v 2f 2 b,
(27)

« 3  6 3 «3 1 ü'2 b'2 1
+  p c3 c

/ 6 Х / 3  J V o L / А  / 2 J 6 1  1

« 2 / 3 ( 6 1  — b 2 ) 

v 3 V 2 _ « 3 / 2 ( 6 3  6 j )

f 3(c3 — c2 bx)

. «3(63 6j)

(28)

(29)

F ina lly , if  s im ila rly  to  eq u a tio n s  (24) an d  (25), a3l (V 3f 3) is expressed 
in s te a d  of « i/ÍF J j) ,  a n d  th e  co rrespond ing  d e riv a tio n  (26) — (28) is perform ed, 
th e  e q u a tio n

1 1 «2/1(63 — 62) 1 + /1 (C3 «263)
V1 Vo o1/ 2(61 — 63) J - «1(61 63)

(30)

w ill be  obtained .
A lgorithm s (29) a n d  (30), to g e th e r  w ith  co n d itio n a l e q u a tio n  (21), can 

be  u sed  for th e  d e te rm in a tio n  of th e  co n ju g a te  A bbe indices a n d  re frac tiv ities  
o f  th e  glass ty p es p ro v id in g , w ith  good ap p ro x im atio n , fo r th e  com pensation  
o f  th e  fo rm -in d ep en d en t im age p ro d u c tio n  erro rs o f tr ip le ts  as described  below.

T he con jugate  A bbe in d ex  an d  re fra c tiv ity  d a ta  o f  th e  ava ilab le  glass 
ty p e  asso rtm en t is assum ed  to  be knoivn. B y m eans o f a lg o rith m s (29) and  (30) 
th e  V x and  V3 values can  be read ly  g en era ted  in  th e  fu n c tio n  o f V 2, th a t  is, we
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shall o b ta in  th e  V v  V  2, V3 A bbe in d ex  tr ip le s  co m p en sa tin g  fo r th e  color 
ab e rra tio n s  w ith  a good a p p ro x im a tio n  w'hich, how ever, m u st be rev iew ed  
w h e th e r th e  av a ilab le  a sso rtm e n t co n ta in s , or n o t, a glass ty p e  of th a t  A bbe 
n u m b e r w hich ap p ro x im a te s  to  a sa tis fa c to ry  e x te n t th e  ca lcu la ted  V1 an d  V3 
A bbe indices. T h en , su b s titu tin g  successively  th e  re fra c tiv itie s  p e rta in in g  to  
a reaso n ab ly  n a rro w  range  o f th e  V v  V 2, V3 A bbe n u m b ers  (for exam ple  
A V  =  i  3) in to  e q u a tio n  (21), th e  possib ly  b es t a p p ro x im a tio n  of th e  v alue  
o f Cjp is a tte m p te d . I f  in  th e  case o f th e  op tim u m  a lte rn a tiv e  th e  p  va lu e  c a l
cu la ted  from  (21) is m uch h ig h er th a n  th a t  used  in  a lgo rithm s (29) an d  (30), 
th e  en tire  p rocedure  should  be re p e a te d  w ith  a new  p  va lu e  su ffic ien tly  ex 
ceeding th e  orig inal one, in  o rd er to  ap p ro x im a te  th e  “ eq u a l s tre n g th ” d ev ia tio n  
o f  each o f th e  th re e  fo rm -in d ep en d en t im age p ro d u c tio n  erro rs from  th e  co r
respond ing  to le ran ce  (successive ap p ro x im atio n ).

F in a lly , i t  shou ld  be n o te d  th a t  th e  m e th o d  described  above m ig h t be 
used  even if, for exam ple , due to  som e special req u irem en ts , ce rta in  form - 
in d ep en d en t im age p ro d u c tio n  e rro rs oug h t to  be p re fe rred  ag a in st som e o th e rs . 
L e t us exp la in  th is  th ro u g h  an  a c tu a l case. W hen  design ing  a la rge  re la tiv e  
a p e rtu re  and  sm all-fie ld  angle tr ip le t ,  co rrec tion  o f th e  lo n g itu d in a l c h ro m a 
tism  m ay  be o f a p rim a ry  im p o rtan ce  as ag a in s t tra n sv e rsa l ch ro m atism  or 
P e tz v a l c u rv a tu re . In  th e  d e te rm in a tio n , th e re fo re , o f th e  co n stan ts  (20) th e  
v alue  o f c2 is le f t u n ch an g ed  w hile t h a t  o f cx an d  c3, re sp ec tiv e ly , is increased . 
T he va lu e  of th e  new  co n s ta n ts  m ark ed  b y  a s te risk , m uch  m ore su itab le  fo r 
th e  pu rpose , m ay  he as follows on th e  basis, o f course, o f (20):

c* =  5c15 c* =  c 2 , c* =  2cv  (31)

8. Compensation of the form-dependent im age 
production errors

I f  th e  req u irem en ts  se t to  d is to rtio n  are  n o t o v e rs tr ic t (1 . . .  3 p er cen t) 
th e n , w hen se lecting  th e  a p e rtu re  stop  position , th e  co m pensa tion  o f th e  
d is to rtio n  will be com pleted  b y  th e  sa tis fac tio n  o f th e  fo rm -in d ep en d en t 
cond itions of d is to rtio n  w hile co m p ensa ting , an d  to g e th e r  w ith , th e  o th e r 
fo rm -d ep en d en t im age p ro d u c tio n  e rro rs. B end ing  o f th e  th in  system  is b e s t 
perfo rm ed  b y  m ak in g  use o f th e  C odd ing ton  — T ay lo r eq u a tio n s [9]. H ere , 
w ith o u t going in to  m ino r de ta ils , only  a s tru c tu ra l e x p lan a tio n  will be re n 
dered . The q u a n titie s  in  th e  th ird -o rd e r  im age defect eq u a tio n  o f spherica l 
ab e rra tio n , cen tra l com a, an d  as tig m atism , re sp ec tiv e ly , are sum m arized  
in  T ab le  I I I .

The symbols of Table I I I ,  no t used so far, m ean: 
о is the aperture stop radius,
7 i i  indicates the position coefficient of the components, and 
<7j represents the form factor of th e  com ponents involved.
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Table II I

function

Im age production 
defect o f th e  thin triple*

ni ft m <4 b{ к 6 *3 CTi

Spherical aberration, AS' X X X X X X X

Central coma, AK'C X X X X X X

A stigm atism , A A ' X X X X X X X

NOTE: 1. i =  1, 2, 3.
2. The image production errors depend on the quantities marked by x.

I t  is well k n o w n  t h a t  th e  sp herica l a b e rra tio n  an d  a s tig m a tism  o f th e  
in d iv id u a l lenses are  seco n d  degree, w hereas th e  cen tra l com a a lin ea r  func tion  
o f  th e  fo rm  fac to r [9]. T h e  in d iv idua l im age c rea tio n  defects o f th e  th in  system  
o f th e  tr ip le t  as a w hole can  he d e te rm in ed  b y  sum m ing u p  th e  hom ogeneous 
im ag e  p rodu c tio n  e rro rs  o f th e  in d iv id u a l com ponen ts. T h e  ta s k  now  is to  
d e te rm in e  th e  form  fa c to r  tr ia d  a t w hich.

(1) th e  jo in t v a lu e  o f  th e  th ree  fo rm -d ep en d en t im age p ro d u c tio n  defects 
o f  th e  tr ip le t  equals ze ro , or

(2 ) th e  spherical a b e rra tio n , m in im um  an d  cen tra l com a, an d  a s tig m a tism  
o f th e  tr ip le t  equal zero .

Since we have th r e e  equ a tio n s w ith  th re e  unknow ns, th e  av  a 2, er3 form  
fa c to r  va lues can he  re a d ily  dete rm in ed  (if th e  d is to rtio n  va lu e  is n o t suf
f ic ie n tly  low, successive a p p ro x im a tio n  m u s t be used  because th e  eq u a tio n  of 
d is to r tio n , too, has to  b e  ta k e n  in to  acco u n t). T he so lu tion  o f th is  p rob lem  is 
fa c il i ta te d  by  th e  exp erien ce  collected th ro u g h  ca lcu la tion  p rac tices  accord ing  
to  w h ich , in  the  case o f  tr ip le ts , we h av e  + 0 ,5  <C +  +  2,5 an d  +  0,5 >  a 2,
t h a t  is, a3 >  —1,5. I f  th e  second one o f th e  tw o  above cases is a c tu a lly  ex isting , 
t h a t  is , A S '  =  a n d  A K'c — 0, A A '  — 0 (w here A S '  is th e  spherica l
a b e rra tio n , A K 's  th e  c e n tra l  com a, an d  A A  ' th e  as tig m atism ), th e n , if  ]>
+  5 m m , the  tr ip le t c a n n o t be co rrec ted  (th is  a lte rn a tiv e  m u st be re jec ted ), 
w h ereas  i f  A -< 5 m m , th e n  th e  A  SJAn v a lu e  m u st be red u ced  a t  le a s t to  
1 +  2 m m  by  in c reas in g  th e  re fra c tiv ity  o f th e  second lens (a t  an  a lm ost 
u n c h a n g e d  Abbe in d ex ). I f  th is  is feasib le, th e  system  can  m ost lik e ly  be co r
re c te d , b u t  if  no t, th e n  th is  version does n o t deserve fu r th e r  con sid era tio n  
( f  =  100 mm).

9. F ine co rrec tion

W ith  th e  form  fa c to rs  av  a 2, an d  °з as ca lcu la ted  in  th e  p rev ious ch a p te r  
k n o w n , th e  fro n ta l c u rv a tu re  rad ii of th e  t r ip le t ’s th ree  com ponen ts are  d e te r 
m in ed . T he dv  d 2, an d  d3 th icknesses o f th e  th re e  lenses, in th e  fu n c tio n  o f th e
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1 : 0 R re la tiv e  a p e rtu re , are p re se n te d  in  T able IV . ( I t  w ill be n o ted  here  th a t  
th e  lens th ickness values in  T ab le  IV  h av e  been g iven  w ith  a ce rta in  sa fe ty , 
p e rh ap s  g rea te r th a n  necessary , b u t  th e se  offer a b e t te r  s ta r tin g  p o in t for fine

(The resultant focal distance of the trip le t: / '  =  100 mm)

to correct

Fig. 3. Block diagram  of autom atic trip let design
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co rrec tio n ). The second  c u rv a tu re  rad ii o f  th e  th ree  lenses a re  de te rm in ed  b y  
s ta r t in g  from  th e  a ssu m p tio n  o f u n ch an g ed / x, / 25 a n d / 3 focal d is tan ces . F ina lly , 
th e  ег and  e2 air spaces as w ell as th e  a p e rtu re  sto p  position  are  m odified  w ith  
re sp e c t to  th e  p rin c ip a l p lan e  positions o f th e  th ic k  lenses. T he fo rm -dependen t 
re s id u a l im age fo rm a tio n  defects o f a th ic k  tr ip le t  a p p ro p ria te ly  charac terized  
b y  each  of its  p a ra m e te rs  w ill n o t exceed 1 or 2 p er cen t o f  th e  re su lta n t focal 
d is ta n c e , or 1 to  3 p e r  c e n t th e re o f in  th e  case of d is to rtio n .

The leftover t r ip le t  co rrec tions will n o t be d iscussed in  d e ta il here since 
th e  la s t, th a t  is, f in e  c o rre c tio n  stage  of o p tica l design m ay  be considered  as th e  
m o s t successfully m ech an ized  and  a u to m a te d  area  of o p tica l ca lcu la tions. So 
i t  w ill suffice to  re fe r  to  th e  re lev an t l i te ra tu re  [10], [11], a n d  th e  fu r th e r  
re ferences th ere in . I n  a d d itio n , th is  is p a r tic u la r ly  ju s tif ie d  b y  th e  fac t th a t  
p rev io u sly  we h av e  en d ea v o u re d  to  d e te rm in e  th e  a lte rn a tiv e s  th a t  m ight be 
considered  as o p tim a  b ecau se  o f th e ir  p e rfo rm a n c e -d e te rm in a n t p aram eters .

F o r the sake o f  an  easie r su rvey , our t r a in  o f th o u g h ts  as a su m m ary  of th e  
p re se n t paper is i l lu s tr a te d  b y  th e  block d iag ram  in  Fig. 3, co m p le ted  w ith  th e  
co rrespond ing  C h a p te r  n u m b ers . F in a lly , th e  a lgo rithm  described  above will be 
v e r if ie d  by  [3], an d  th e  tr ip le ts  designed w ith  a tra d itio n a l m e th o d  (w ithou t a 
c o m p u te r  aid, [12]), m ee tin g  even ex trem e  specifica tion  req u irem en ts  and  
ch a rac te rized  b y  th e  d a ta  o f T ab le  V as w ell as th e  c h a ra c te r is tic  diagram s of 
F ig . 4. The new  a lg o rith m  described  in  d e ta il above, an d  sum m arized  in th e  
b lo ck  diagram  o f F ig . 3 enab les th e  p re p a ra tio n  of a p ro g ram  fo r th e  realiza-

Table V

T rip let, / ’=  100; 1 ; 1,9; 2 x 2 0 °

Lens
R adius of 
cu rvatu re , 

r , mm
Thickness 

d ,  mm
Air space 

e , mm
Refractivity

n e
Abbe index 

V e

I +  48,57 
+  217,1 9,62 15,00 1,79219 50,24

11 — 111,6
+  37,51 12,22 10,10

1,62118 30,67

h i
+  82,72 

96,18 5,77 1,79219 50,24

T rip let, f  =  100; 1 ; 3,2 2 x 3 0 °

I +  62,69 7,84 1,88580 40,77
+  800,1 8,59

II 62,69 
+  64,21 5,81 8,72

1,62118 30,67

III OO
-  57,76 5,56 1,88580 40,77

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



AUTOMATIC TR IPLET DESIGN 83
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Fig. 4. Characteristic diagrams of th e  trip le ts  described by th e  data  of Table Y

tio n  o f au to m a tic  tr ip le t  design. D u e  to  o u r field of in te re s t , ob jec tives, and  
possib ilities, th e  a c tu a l com position  o f  th e  p rogram  is n o t one o f ou r ta rg e ts , as 
we in te n d  to  ca rry  on fu r th e r  in v e s tig a tio n s  sim ilar to  th e  p re sen t w ork  in 
s te a d , like re ferred  to  u n d e r  10,1. e tc .

10. C onclusions

T he ad v an tag es  o f  th e  new m e th o d  described above can  be su m m arized  
as follow s, w ith  references to  those u n d e r  2 . in  b rack e ts :

10.1 D ue to  i ts  s ta r tin g  co n d itio n s  an d  ch a ra c te r , th e  new  m e th o d  is 
su ita b le  for g en era liza tio n  in  b o th  th e  s tr ic te r  and  w id er sense, re sp ec tiv e ly , 
o f th e  te rm  (2 .1).

T he a lgo rithm  described  here  is su itab le  for th e  a u to m a tic  design of 
classical tr ip le ts  b u t, b y  in tro d u c in g  th e  n o tio n  of eq u iv a le n t s im p le t, an d  w ith  
a m in im um  o f su p p lem en ta tio n , i t  c a n  also  be used in  th e  case o f tr ip le t  m o d i
f ica tio n s  (e.g. P e tzv a l, T essar, H eliar, e tc ., types). T here  seem s to  be a rea lis tic  
p o ssib ility  for gen era liza tio n  from  o b je c t d istance  aspects  as w ell, since we are  
conv inced  th a t ,  un like  in  th e  case o f  a  d is ta n t  o b jec t (sx =  oo) as assum ed  so 
fa r, th e re  is a basic e q u a tio n  ex isting  w h ich  can  be read ily  d e te rm in ed , even  if  
we s ta r t  from  a f in ite  o b jec t d is tan ce , t h a t  w ould g en era te  th e  perfo rm ance- 
d e te rm in a n t p a ram e te rs  o f all the  p o ssib le  tr ip le ts , an d  t h a t  m ig h t resem ble
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th e  one used a t p re se n t (14), a lth o u g h  o f a m u ch  m ore so p h is tic a ted  s tru c tu re . 
F in a lly , if  we s ta r t  fro m  th e  fa c t th a t  a n y  ob jec tiv e  sy stem  can  be reduced to  a 
“ t r ip le t”  consisting  o f  th re e  fu n d a m e n ta l g roups, i t  follows th a t  th e  new m ethod  
is su ita b le  for to ta l  g en e ra liza tio n  as w ell.

10.2 The new  m e th o d  is based  on a lg o rith m s given in  b o th  graphic an d  
a lg eb ra ic  form s, a d v a n ta g e o u s ly  a d a p ta b le  fo r classical design ta sk s  and, a t  th e  
sam e  tim e , exce llen tly  p ro g ram m ab le  fo r co m p u te r  use (2.2), see (14), (29), 
(30), a n d  Fig. 2.

10.3 The new  m e th o d  p rov ides fo r th e  d e te rm in a tio n  o f th e  op tim u m  
in itia l  d a ta  (2.3) b y  d e fin in g  th e  co rre la tio n s (F ig. 2 an d  (14)) be tw een  the  basic  
sp ec ifica tio n  d a ta  (re la tiv e  ap e rtu re , f ie ld  angle) an d  th e  p e rfo rm an ce-d e te r
m in a n t p a ram ete rs  (im age d is tan ce , o vera ll len g th , focal d istances, an d  a ir  
sp aces). This w ay  th e  resid u a l va lues o f  th e  im age p ro d u c tio n  defects o f  a 
t r ip le t  ob ta ined  as a re su lt  o f a u to m a tic  (or classical) design w ill be some o f th e  
m o s t favorab le  m in im a  (2.4) a p rio ri, a t  th a t ,  ex ac tly  because  o f th e  very  s ta r t  
p ro p e r .

10.4 D ev e lo p m en t o f th e  new  m e th o d  s ta r te d  from  th e  fu n d am en ta l 
co rre la tio n s  b e tw een  o p tic a l design a n d  g eom etrica l o p tics (2.5), as such. As 
a n o th e r  essential fe a tu re , c o n tra rily  to  th e  h ith e r to  so lu tio n s, th e  new  m eth o d  
is ab so lu te ly  co rrec t a n d  precise in  its  o b jec tives an d  a lg o rith m s bo th  a t  th e  
v e ry  beginning o f th e  design w ork  an d  in  th e  course o f d e lin ea tin g  th e  p e rfo rm 
a n c e -d e te rm in a n t in it ia tio n . T he o rd e r o f  su b seq u en t ap p ro x im atio n s w ill 
c o n tin u o u sly  decrease w ith  th e  p rogress o f  p rob lem  so lv ing  ( th ird  order: glass 
ty p e  selection an d  th in  system  ben d in g , f ir s t  o rder: lin e a r  fin e  co rrection).

10.5. As a la s t  a d v a n ta g e  o f th e  new  m eth o d , i t  p e rm its  th e  sy s tem a tic  
ex a m in a tio n  of a ll th e  feasib le s ta r t in g  a lte rn a tiv e s . T h e  re s u lta n t sa fe ty  is 
f u r th e r  increased b y  th e  ob jec tive  p o ss ib ility  th a t  in  th e  case of a u to m a tic  
design , due to  th e  v e ry  sm all n u m b e r o f  d a ta  req u irin g  a n y  com m ents, even  a 
low -sto rage  c a p a c ity  co m p u te r  m ig h t ru n  as m u ch  as te n  a lte rn a tiv e s  pa ra lle lly  
b y  s tep s , th a t  is, s im u ltan eo u sly .

E v e r since, th e  co m p u te rs  a p p ea red  on th e  scene, th e  op tica l design  
m e th o d s  and m eans d id  n o t c rea te  “ u n ifo rm  s tre n g th ”  sy s tem s. T he co m p u ters  
acce le ra ted  th e  p e rfo rm an ce  o f n u m erica l ca lcu la tio n s b y  o rders of m ag n itu d e , 
a n d  th e  design tim e  o f  op tica l sy stem s d im in ished  to  som e frac tio n s  of th e  o r i
g in a l [7]. To e lim in a te  th is  c o n tra d ic tio n  m an ifestin g  i ts e lf  in  an  increasing ly  
m a rk e d  m anner, a n d  to  follow  th e  ro a d  to w ard s som e s till b e t te r  so lu tions o f 
a u to m a tic  op tica l sy s te m  design, we m u s t en d eav o u r to  c re a te  new  effective 
a lg o rith m s su itab le  fo r  m u ltila te ra l g en era liza tion .
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Ein Algorithmus für den automatischen Entwurf von Triplets. — Die bei der Anwen
dung der bisher bekannten autom atischen B erechnungsverfahren fü r optische Systeme ge
m achten Erfahrungen werden zusam m enfassend ausgewertet. F ür den optim ierten , autom a
tischen (und traditionellen) E n tw urf der klassischen T ripletobjektive w ird ein in  seinem Aus
gangspunkt und A nfangsabschnitt vollkomm en neuer Algorithm us vorgestellt. Die A rbeit 
behandelt eingehend die D efinition des Begriffes »leistungsbestimmende Param eter«, die 
A bleitung der Grundgleichung für T riplets und die Zusamm enhänge bei der Auswahl des 
Glaswerkstoffes; auf die bekannten  M ethoden der Durchbiegung und  der Feinkorrektur wird 
nur im  allernotwendigsten Ausm aß eingegangen. Die Bedeutung des neuen, gu t program 
m ierbaren und zahlreiche Optim ierungsm öglichkeiten bietenden A lgorithm us liegt darin, 
daß zur autom atischen (und traditionellen) Berechnung der T riplets als Ausgang nur die 
voraus angegebene relative Öffnung, der O bjektw inkel sowie die A ngaben der verw endeten 
Gläser nötig sind und daß er in mehreren R ichtungen (andere Typen von — auch geklebte 
Linsen enthaltenden — optischen Systemen, endliche O bjektweite, usw .) verallgem einert 
werden kann.

Алгоритм для автоматического проектирования триплета. После обобщающей 
оценки опыта, накопленного во время применения известных до сих пор методов авто
матического проектирования оптических систем, дается описание алгоритма, который в 
исходной и начальной частях является совершенно новым и который пригоден для опти
мизированного автоматического (и обычного) проектирования классических объективов 
триплетного типа. В работе детально рассматриваются определение понятий параметров, 
детерминирующих мощность, вывод основных уравнений триплетов и зависимости выбора 
стекольного материала; с известными методами изгибов и точной коррекции занимается 
автор только сжато, в самой необходимой степени. Значение нового алгоритма, имеющего 
форму, хорошо программируемую для ЭВМ, и обеспечивающего ряд возможностей опти
мизации, состоит в том, что для начала автоматического (и обычного) проектирования 
триплетов требует только данные по предварительно заданным — относительное отверстие, 
угол зрения, а также данные по используемым сортам стекол, и подходит для обобщения 
в различных направлениях (оптические системы иного типа, содержащие также склееные 
линзы, конечное расстояние до предмета и т. д.).

Acta Technica Academiae Scientiarum Hunga ricae 82, 1976





Acta Technica Academiae Scientiarum Hungaricae, Tomus 82 (1 —2 ), pp . 87— 97 (1976)

GENERALIZATION OF PHYSICAL NETWORKS
L IN E A R  G E O M E T R IC  N E T W O R K S

Zs. GÁSPÁR*

[M anuscript received April 18, 1974]

E quations of the physical ne tw ork  (physical graph) defined as the generaliza
tio n  of bar systems directly yield relationships between bar system s in small displace
m en t and linear electric circuits as special cases.

1. In tro d u c tio n

R ela tionsh ips for a linear p h y s ic a l n e tw o rk  are generalized  for sm all 
d isp lacem en ts  of sp a tia l b a r  system s.

D isp lacem ent va lu es  of th e  en d s  o f  b a rs  — possib ly  o f v a riab le  stiffness 
an d  cu rv ed  axis — jo in in g  a t n o d a l p o in ts  need  n o t be equal. T he connection  
m a y  be such th a t  som e o f th e  d isp lacem en t com ponen ts are id en tica l alone. 
T h e  s tru c tu re  is assum ed

— to  be su b jec t to  loads a t  n o d es alone;
— to  suffer n o d a l d isp lacem en ts n o t g rea te r  th a n  allow ing th e  req u ired  

accu racy  to  be o b ta in ed  from  re la tio n sh ip s  o f th e  f irs t-o rd e r th eo ry ;
— to  have all b a rs  un d er th e  v a lid i ty  o f th e  R ern o u lli—N av ie r h y p o th es is  

a n d  th e  de S a in t-V en an t a ssum ption .
A ll bars have th e ir  s ta tic a l, p y h s ic a l an d  co m p a tib ilty  eq u a tio n s, u n ited  

in  know ledge of th e  s tru c tu re  to p o lo g y , an d  equ ilib rium  eq u a tio n s  are  also 
w r itte n  for th e  nodes.

R ela tionsh ips fo r th e  linear g eo m etric  n e tw o rk  are w ritte n  in  ite m  2 
using  term ino logy  o f physica l n e tw o rk s  r a th e r  th a n  of th e  b a r  system .

I te m  3 p resen ts a d a p ta tio n  o f g en era l re la tionsh ips for b a r  system s o r to  
s tru c tu re s  consisting  o f bars of c o n s ta n t  stiffness an d  s tra ig h t ax is, as so lved  
in  p a r tic u la rs  in  [1].

I te m  4 d em o n stra te s  how e q u a tio n s  o f lin ear e lec trical n e tw o rk s re su lt 
from  general re la tionsh ips.

Zs. G á s p á r , К ару  ú t 40/b, 1025 B udapest, H ungary
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2. L inear g eom etrica l ne tw orks

M ath em atica l m odels have been e s tab lish ed  fo r s ta tio n a ry  and  lin ea r 
p h y sica l netw orks co n sis tin g  of b ipole b ran ch es  w here:

a) several in te n s iv e  q u a n titie s  re su lt in  ex ten siv e  q u a n titie s ;
b) nodal co n n ec tio n  o f b ran ch  edges m ay  also be a p a r tia l  one;
c) a p re fe ren tia l co -o rd in a te  system  m ay  be specified  fo r each b ranch .

2.1 Theoretical considerations

L e t us co n s tru c t a g rap h  from  m  o rien ted  b ipole b ran ch es an d  n nodes. To 
an y  s ta r t in g  and  end  p o in t  o f each b ra n c h , d  in d ep en d en t in ten siv e  q u a n titie s  
b e long . L e t these be c o n ta in e d  by  v ec to rs  iы- an d  iej a t  b ra n c h  j .  D isco n tin u ity  
o f in ten s iv e  q u a n titie s  m ay  be specified  a t  b ran ch  ends, d en o ted  b y  iMj a t  
b ra n c h  j .

B ecause of th e  in h o m o g en e ity  o f in ten s iv e  q u a n titie s , a t  b ra n c h  ends d  
in d e p e n d e n t ex ten siv e  q u a n titie s  (eCj) a re  in d u ced , defin ed  b y  th e  m a te ria l law  
(p h y sica l equa tion ). U sing  th e  b ran ch  ba lan ce  eq u a tio n , v ec to r  eej y ields ex 
te n s iv e  q u an titie s  e fty belong ing  to  th e  s ta r t in g  p o in t.

T here  is no a b so lu te  coincidence b e tw een  v ec to rs  o f in ten siv e  q u a n titie s  
b e long ing  to  b ra n c h  e n d s  jo in ing  one node. I f  am ong in ten siv e  q u a n titie s  
b e long ing  to  b ran ch es  jo in in g  a t  node к  th e re  are  dk in d ep en d en t ones, th e n  
th e se  a re  u n ited  in  v e c to r  ipk of size dk. G rap h  b ra n c h  connections are  c h a ra c te r 
ized  b y  in d ica tin g  th e  specified  e lem en t ra tio s  o f v ec to rs  ipk to  i6y and  iej. A ny  
in te n s iv e  nodal q u a n t i ty  m ay  be specified  as zero, th e n  no correspond ing  in te n 
sive e lem en t will be in v o lv ed  in  v ec to r ipk.

Also ex tensive  q u a n tit ie s  are tra n s fe rre d  to  th e  node like th e  in ten s iv e  
ones. E x ten siv e  q u a n ti t ie s  tran sfe rred  from  all th e  jo in in g  b ranches an d  
v e c to rs  epk co n ta in in g  th e  source of ex ten siv e  q u a n titie s  specified  for th a t  node 
h a v e  to  m eet th e  n o d a l ba lance  e q u a tio n .

I f  th e  v ec to r o f  ex ten s iv e  q u a n titie s  be longing  to  th e  b ran ch  ends can  be 
su b je c te d  to  o rth o g o n a l tra n sfo rm a tio n , d iffering  fo r each  b ran ch  as a ru le , 
g ra n tin g  th e  v ec to r e lem en ts  a p re fe ren tia l m ean ing , th e n  also these  tra n s fo r 
m a tio n s  will be p e rfo rm ed .

2.2 Relationships

V ectors assigned  to  s ta r tin g  an d  end  p o in ts  o f b ran ch es should  c o n ta in  
a lw ay s th e  sam e in d e p e n d e n t q u a n titie s , in  th e  sam e o rder. N odal v ec to rs  
d iffe r b y  size, hence i t  is  only  req u ired  th a t  th e  co rrespond ing  elem ents o f i pfe 
a n d  epk assigned to  th e  sam e node shou ld  be m u tu a lly  co m p lem en tary .

L e t us in tro d u c e  n o ta tio n s :
П

dp =  J ?  dk ,
A—1
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dg — m  . d,

1 'lbj 1 . e  _ ~ V
. ’ e SJ ——

1 

-J —
1

In  th e se  v ec to rs  an d  th e  su b se q u e n tly  in tro d u ced  ones, co rrespond ing  
h y p e rv e c to rs  re fe rrin g  to  th e  en tire  s tru c tu re  will be  m ark ed  b y  o m ittin g  
su b sc rip ts  j  an d  k.

B ran ch -to -n o d e  co rre la tions w ill be  given by  m a tr ix  T of size 2 d a X dp

h  =  T i P ( ! )
w here

igi/ipi 1 if  th is  is a specified  ra tio ;
0 o therw ise.

(Tjj b e in g  t h e j - t h  e lem en t in  th e  i- th  row  o f m a trix  T ; v e c to r  su b srip ts  i a n d  j  
re fer to  th e  i- th  or j - th  scalar.)

In  th e  genera l case, th e  v ec to rs  ibj  be longing  to  th e  s ta r tin g  p o in t o f  th e  
jf-th b ra n c h  can  be reduced  to  th e  end  p o in t b y  m eans o f  a so-called tr a n s fe r  
m a tr ix  Bj. In te n s iv e  q u a n titie s  belonging  to  th e  end p o in ts  differ by :

"l A s j  — h j  +  *ep

F o r th e  en tire  n e tw o rk

i*  =  Big =  BTip (2)
w here

В =
(dgx 2 d g)

E being  a u n it m a tr ix , an d  th e  b locks w ith o u t n o ta tio n  a re  zero.
V ec to r iAs w as specified  to  co n ta in  d isc o n tin u ity  i ^ ,  ex tensive  q u a n ti t ie s  

being  th e ir  difference:
1/1 --  1 Ac 1 ATt -- B T in *,»• (3)

A ccord ing  to  th e  O nsager re la tio n sh ip  (th e  c o n s titu tio n  law ), ex ten s iv e  
q u a n titie s  develop ing  in  th e  j - th  b ra n c h  can  be ca lcu la ted  as:

eej = *A1 =  Bj 1 iAj-
M atrices F  j an d  K ; can  be com posed in to  a h y p erd iag o n a l each (F an d  K ), 
to  y ield :

ee =  К  i j  =  К  (BTip — iÆ). (4)
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B e th e  m a trix  red u c in g  the  en d -p o in t ex tensive  q u a n titie s  ( e ejj  to  th e  
s ta r t in g  p o in t te m p o ra r ily  deno ted  b y  X. T h e  resu lt o f th e  sca la r p ro d u c t 
ijsy eej does no t change i f  b o th  vecto rs are  red u ced  to  th e  s ta r t in g  p o in t o f th e  
b ra n c h :

Í%j*ej  =  (Bj ' i j s i ) *  (X ee/.) =  i * s j  B * -1 X eey,
hence

В*"1 X =  E,

t h a t  is,
X =  B*.

Since th e  b ran ch es  w ere n o t p e rm itte d  to  con ta in  th e  source o f th e  e x te n 
sive q u a n titie s , th e y  h a v e  as balance e q u a tio n :

ebj +  B* eeJ =  O.
H ence

=  B *ee =  B* K (BTip -  1Л). (5)

In ten s iv e  q u a n tit ie s  a t  b ran ch  ends a n d  in  nodes are  re la te d  b y  (1). T h e  
co rrespond ing  ex ten siv e  q u a n titie s  are re la te d  b y  —T*. A ccord ing  to  th e  n o d a l 
b a la n c e  equation , so u rces  o f ex tensive  q u a n tit ie s  tra n sfe rre d  from  b ran ch es 
a n d  o f  those  p rescribed  fo r  th e  nodes a d d  u p  to  zero:

- T * e g +  ep =  0 ,

hen ce , nodal ex ten siv e  a n d  in tensive  q u a n ti t ie s  are re la te d  as:

ep =  T* В* К  (BTip -  iÆ). (6)

F o r  g iven  sources o f  in ten s iv e  and  ex te n s iv e  q u a n titie s  a n d  ep, th e  n o d a l 
in te n s iv e  q u an titie s  ip a n d  b ranch -end  ex te n s iv e  q u a n titie s  ee can  be expressed  
as:

i p  =  (T*B* К В Т Г  ( e p  +  T*B* K i A0) ,  (7)

ee =  К  (BTip -  i , 0). (8)

R ela tio n sh ip s  b e tw een  know n and  u n k n o w n  q u an titie s  can  be inc luded  in  a 
h y p e rm a tr ix  e q u a tio n :

Г 0 —T*B* ~ ‘1p ' + Л  '
L - b t F . ee . . lA0 .

I f  an o rth o g o n a l tra n sfo rm a tio n  R j c an  be given fo r each  b ran ch , th a t  
ap p lied  to  vectors eeJ- a n d  iA0 m akes th e ir  e lem ents p re fe ren tia l, th e n  m atrices  
R j w ill be included in  h y p erd iagona l R , th e  new  q u a n titie s  w ill be m arked  b y
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su p e rsc rip t E  a n d  (9) can  be rep laced  by

0  -T * B * R * 'lP + eP
— RBT F - -  . . l  _

A n adv isab le  m ode of so lv ing (10) is b y  d epend ing  on th e  s tru c tu re  o f  th e  
coefficien t m a tr ix , ou tside , how ever, th e  scope o f th is  p ap e r.

N etw ork th e o ry  sym bols h a v e  been com plied  in  T ab le  I. 3

Table I

Symbol D e f i n i t i o n

m number of branches

n number of nodes

d number of independent extensive or intensive branch 
end quantities

к fc-th node

j j -th branch

g branch

p point
b starting point
e end point

A difference
О initial value
i intensive q u an tity
e extensive q u an tity
T branch-to-node relation m atrix

By transfer m atrix
в m atrix for b ranch  orientation and branch end junction
R orthogonal m atrix  to transform  into th e  preferential 

co-ordinate system  pertaining to th e  branches
К conduction m atrix
F K 1

3. Application for bar system s in  sm all displacement

In te r re la tio n  betw een re la tio n sh ip s  o f lin ea r g eo m etry  netw orks an d  th o se  
o b ta in ed  b y  th e  f irs t-o rd e r th e o ry  fo r sp a tia l system s o f stra ig h t-ax ed  b a rs  w ith  
c o n s tan t s tiffness [1] will be ex p o u n d ed , ta k in g  also changes due to  cu rv ed  ax is 
an d /o r v a riab le  stiffness in to  co n sid e ra tio n .
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3.1 M u tu a l ly  corresponding notations

B ar system  d a ta  w ill be g iven  in  an  orthogonal, so-called  g lobal co
o rd in a te  system  X ( x , y ,  z). In ten s iv e  q u a n tit ie s  are d isp lacem en ts , ex ten siv e  
q u a n tit ie s  are genera lized  forces. I n  [1], d isp lacem ents a long , and  ro ta tio n s  
a b o u t th e  co -o rd inate  axes w ere chosen  as in d ep en d en t in te s iv e  q u a n titie s . 
A cco rd ing ly , in d e p e n d e n t ex tensive  q u a n tit ie s  are ax ia l forces and  m o m en t 
v e c to rs . T hus, fo r gen era l sp a tia l b a r  sy stem s: d =  6 .

Sources of n o d a l ex ten siv e  q u a n tit ie s  are  loads, an d  fo r b a rs  co rresp o n d 
in g  to  b ranches, th e  in te rn a l forces. B ars  a re  g ran ted  so-called local co -o rd ina te  
sy s tem s S  (£ being  th e  b a r  axis, r] a n d  £ th e  p rincipal d irec tio n s o f in e r tia ) , 
w here  each  b a r  force co m p o n en t has i ts  nam e  (norm al force, th e  tw o  sh ea r 
fo rces, to rq u e , th e  tw o  b en d in g  m o m en ts). O rthogonal tra n s fo rm a tio n  R y co r
re sp o n d s  to  m a tr ix  T jk.

T he co n s titu tio n a l law  involves fle x ib ility  and  stiffness m a trices  F  an d  K . 
F o r  a s tra ig h t-a x e d  b a r  o f  c o n s ta n t s tiffness:

r- l

E A

L_

l3
3 E J i

P

3W r ,

l

GJç

P

2 EJr,

P

2 E J C

P

2 E J i 

P

3 E J V

l

E J V

l
E J C

A  b a r  o f  v a ry in g  stiffness or cu rved  ax is w ill be ap p ro x im a ted  b y  a po lygon 
c o n ta in in g  in te rv a ls  o f  s tra ig h t le n g th s  a n d  co n stan t s tiffness. T h is p o 
ly g o n  is considered as c lam p ed  a t  i ts  s ta r t in g  p o in t, an d  d isp lacem en t o f 
th e  ca n tile v e r and  due to  u n it forces p a ra lle l to  th e  axes o f  a co -o rd ina te  
sy s tem  belonging to  its  en d  p o in t P jer)i P je-, M H , M jeri, M Je() w ill be
d e te rm in e d . The /х-th  co m p o n en t o f th e  d isp lacem en t due to  th e  r- th  u n it 
fo rce re fe rred  to  th e  e n d -p o in t co -o rd in a te  system  yields th e  jix-th e lem ent o f  
th e  r - th  colum n of m a tr ix  F j ( g ,v  =  1 , 2 , . .  ., 6). The c a lcu la tio n  is ra th e r  
easy  because  of th e  p e c u lia r  a d v an tag es  o f  th e  can tilev er. T ra n sfe r  m a tr ix  
B jk in  [1] lends itse lf  fo r tran sfo rm in g  v e c to rs  in  th e  local co -o rd in a te  sy stem ,
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here B; is va lid  in  th e  g lobal co -o rd inate  sy stem :

B, —  z b У Ь —  Уе

1
zb — ze x e — x b

Уе —  УЬ Ч  —  X e 

1
1

1 _ . /

w ith  e.g. z bj  stan d in g  for th e  co -o rd inate  z  of th e  s ta r tin g  p o in t o f th e  j - t h  b a r.
T he c o u n te rp a r t o f m a tr ix  T is th e  co n n ec tin g  m a tr ix  P  (p. 87 in  [1]). 

P ro d u c t —RB is id en tica l w ith  th e  geom etry  m a tr ix  o f th e  s till u n co n n ec ted  
s tru c tu re . T he tr ip le  p ro d u c t — BBT is id en tica l w ith  th e  g eo m etry  m a tr ix  o f  
th e  connected  s tru c tu re , o m ittin g  co lum ns co rrespond ing  to  b oundaries. 
C orrespondence be tw een  sym bols in  item  [2] an d  in  [1] a re  show n in T ab le  I I .

Table II

Network
theory B a r  s y s t e m

d 6

lP U nodal d isp lacem ents

eP 4 nodal loads

h b a r  end d isp lacem ents

e f S in te rn a l forces

* A u re la tiv e  ba r end d isp lacem ents

*d 0 t in itia l stra ins

•J re la tiv e  b a r end d isp lacem ents from  b a r  de
form ation

B; ~ в jk tran sfe r  m a trix  (in  a n o th e r co-o rd ina te  system )

« j *Jk ro ta tio n  m atrix

F  s F flex ib ility  m a trix

RS F - i stiffness m atrix

T P connecting  m a trix

- R B Gr geom etry  m atrix  o f th e  unco n n ec ted  s tru c tu re

— RBT G geom etry  m atrix

3.2 Deviations from, the bar system theory

Some m inor d ifferences betw een  re la tio n sh ip s  o f  th e  general n e tw o rk  
th e o ry  an d  th e  b a r  sy s tem  th e o ry  [1] are  th e  follow ing:

a) As m en tio n ed  in  3.1, tra n sfe r  m a trices  By an d  В jk belong  to  d iffe ren t
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c o -o rd in a te  system s. T h is  m od ifica tio n  is ad v an tag eo u s  fo r th e  ca lcu la tio n  of 
s tru c tu re s  w ith  som e cu rv ed  bars [4].

b) The n e tw o rk  th e o ry  le ft th e  d isp lacem en ts  d e fin ed  b y  c o n s tra in t 
co n d itio n s  inconsidered . T hereby  th e  an a ly sis  of th e  effect o f su p p o rt m ove
m e n ts  (requiring  ap p lic a tio n  of k in em a tic  loads) an d  th e  ca lcu la tio n  o f reac tio n s 
(req u ir in g  add ition  o f  stresses in b a r  ends jo in in g  a t  a fix ed  node) are fa r  from  
se lf-in ten d ed .

c) D isp lacem ent o th e r  th a n  a long  th e  co -o rd ina te  axes m ay  be req u ired  
to  h e  equal or zero. T h is  w ill be ex em p lified  on a sim ple beam  for sake o f sim 
p lic ity  (F ig. 1):

F o r th e  beam  on tw o  su p p o rts , sk e tch ed  in  F ig . 1:

жр 1 [«Pi l p 2
_ (pi .

A ccord ing  to  (1), b a r  en d s an d  nodes are  re la te d  as:

~ u bx ~ — “ 0 0 0 ~

u by 0 0 0

<Pb 1 0 0
uCx 0 cos a 0
Uey 0 -sin  a 0

-  <Pe - _ 0 0 1 _

Fi

J f  2 .

3.3 R em arks

a) The deno ted  m a tr ix  m u ltip lica tio n s  need n o t a lw ays be p erfo rm ed  on 
fu ll m atrices , th u s  fo r in s tan ce  R * B *K B R  will be a h y p e rd iag o n a l one, w hich  
m a y  he com puted  block-w ise.

b) In  s tru c tu re  w here  — as a f re q u e n t case — b a r  ends jo in in g  th e  node 
else th a n  rigidly are n o t  su b jec t to  lo ad s co rrespond ing  to  th e  lif ted  c o n s tra in t, 
n e i th e r  are stiffly  co n n ec ted  b a r nodes h inged  (Fig. 2), th e  stiffness m a tr ix  
T *R *B *K B R T  of th e  en tire  s tru c tu re  can  be c o n s tru c te d  b y  co m pila tion . 
T h e re b y  also th e  e q u a tio n  system s decrease (by  o m ittin g  e. g. th e  ro ta tio n  of th e  
h in g ed  b a r  end) an d  a d v a n ta g e  m ay  he ta k e n  from  th e  fa c t th a t  th e  stiffness 
m a tr ix  is a sym m etric  b a n d  m atrix .
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4

F ig . 2

c) S tru c tu re  re la tio n sh ip s  m ay b e  a rr iv ed  a t  b y  in d u c tio n  as S inger, D . 
d id  i t  ([2 , 3]). In  generalizing , how ever, lin e a r  electric c ircu it re la tio n sh ip s , one 
m u s t rem in d  th a t  for b a r  system s:

— beside topo logy , also s tru c tu ra l geom etry  is o f in te rs t ;
— in ten siv e  an d  ex tensive v a r ia b le s  are vecto rs r a th e r  th a n  sca la rs ;
— ex tensive q u a n titie s  v a ry  a lo n g  b ranches hence th e y  can o n ly  be 

assigned  to  given p o in ts  of th e  b ran ch  to  be u n am biguous;
— b ran ch  end connections a re  m o re  general, a n d  m a y  also m ean  th e  

id e n t i ty  o f ce rta in  com ponen ts;
— variab les m ay  be in te rp re te d  b o th  in  local an d  in  global co -o rd in a te

sy stem s.
O ne m ust be carefu l in  app ly ing  th e  in d u c tiv e  m e th o d  since, leav ing  som e 

d ifferences ou t of co nsidera tion  or genera liz ing  e rroneously  leads to  w ro n g  
re su lts .

4. A pplication  for lin e a r  electric c ircu its

F o r  electric c ircu its  co n stru c ted  fro m  b ranches w ith  know n  im pedances, 
b ran ch es  m ay  be specified  to  con ta in  v o lta g e  sources an d  nodes c u rren t sources. 
I t  is a im ed  a t d e te rm in in g  nodal v o ltag es  re fe rred  to  basic  po in ts , and  b ra n c h  
c u r re n t in ten sitie s . A t a difference fro m  [2], c u rren t sources h av e  been assum ed  
a t  nodes as some o th e r au th o rs  do ([5 ], [6 ]).

In  electric  c ircu its  also in ten siv e  a n d  ex tensive  q u a n titie s  of b ra n c h e s , 
(vo ltag es  re fe rred  to  basic  po in ts, a n d  c u rre n t in ten s itie s , resp .) are  sca la rs , 
th u s , d =  1. In ten s iv e  q u an titie s  a re  eq u a l on all b ra n c h  ends jo in in g  a 
n o d e , hence  dk — 1, an d  m a tr ix  T c a n n o t h av e  o th e r e lem en ts  b u t  0 a n d  1.

T he c ircu it has no p re fe ren tia l c o -o rd in a te  system  fo r each  b ran ch , hence  
R  =  E , an d  (10) m ay  be  rep laced  b y  (9).

T h e  cu rren t in ten s itie s  a t s ta r t in g  an d  end p o in ts  o f b ran ch es d iffer 
o n ly  b y  sign, hence By =  B* =  1. M a tr ix  В re flec ts  on ly  th e  g rap h  o r ie n ta tio n  
(w ith  elem ents: 0,1, —1). C orrespondence betw een  n o ta tio n s  in  item  2 a n d  [2] 
are  seen in  T able I I I .

W ith  these  sym bol changes, f ir s t  m a tr ix  equa tion  in  (9) becom es:

A* i +  Г  =  O,
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Table III

Network
theory E l e c t r i c  n e t w o r k

d 1

dk 1

~ i p k e ' Nodal voltage referred to the basic point

e p k г nodal current sources

l /Ssj e voltage difference between two branch ends

~  ijoj E specified voltage source

' A j V e +  E

eej i current intensity

B J 1 transfer
R unit m atrix

-В Т A branch node m atrix
F Z primitive im pedance m atrix
К Y primitive adm ittance m atrix

i.e. K irch h o ff’s f ir s t  th e o re m  for a n e tw o rk  loaded  b y  n o d a l cu rren t sources; 
th e  second m a trix  e q u a tio n  in  (9) is:

— A e ' - f  Z  i  — E  =  0

conceivab le  as a d iffe re n t fo rm ula tion  o f K irch h o ff’s second  theorem  (d iffe r
ence betw een  v o ltag e  d ro p s  a t  resistors a n d  v o ltage  sources equals th e  d iffe r
ence o f scalars assigned  to  th e  jo in ing  n odes fo r each b ra n c h , hence it is zero  
fo r each  loop).
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Eine Verallgemeinerung physikalischer Netze (lineargeom etrischer Netze). Gleichun
gen des physikalischen Netzes definiert als Verallgemeinerung der Stabw erke (physikalischer 
G raph) ergeben unm itte lbar die Zusam m enhänge zwischen S tabnetzen m it kleinen V errückun
gen un d  linearen elektrischen Netzen als Sonderfall.

Одно обобщение физических сетей. Уравнения физической сети (физический граф), 
определенные в качестве обобщения стержневых конструкций, в качестве специального 
случая непосредственно дают зависимости стержневых конструкций, претерпевающих 
небольшие сдвиги, и линейных электрических сетей.

7 Acta Technica Academiae Scientiarum Hungaricae 82, 1976





Acta Technica Academiae Scientiarum Hungaricae, Tomus 82 (1—2), pp. 99—119 (1976)

CONSOLIDATION AROUND SAND DRAINS 
IN NON-DARCIAN SOILS
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The effect of non-D arcian flow on the consolidation behavior of clay soils is 
evaluated for conditions of rad ial drainage only and combined rad ial and vertical 
drainage. This is accomplished by  postu la ting  a reasonably general four-param eter 
velocity-gradient relationship, which by proper choice of param eters is capable of 
characterizing much of the published experim ental data on the flow of w ater through 
clay soils, and combining th is re lationship  w ith  the other stan d ard  assum ptions of 
classical consolidation theory  to  develop a nonlinear parabolic partia l differential 
equation, w hich is solved by use of fin ite  difference procedures. Several typical solutions 
show th a t the tim e ra te  of consolidation for soils which exh ib it non-D arcian flow 
characteristics is substantially  less th an  th a t  predicted by classical consolidation theory. 
A lthough a num erical solution to the two-dim ensional flow problem  was easily obtained 
by an explicit finite difference scheme, restric tive stability criteria rendered such solu
tions expensive.

Symbols

The following symbols are used in this paper: 
a Em pirical coefficient
d re- r r
H  Thickness of single-drained clay layer
i H ydraulic gradient
i[ A pparent threshold gradient
к Coefficient of perm eability
km M inimum perm eability
ku U ltim ate perm eability
k u0 Value of ku a t top of clay layer
k ur Value of ku in radial direction
киг Value of ku in vertical direction
m Modulus of volume change of th e  soil m atrix
m0 Value of m a t top of a clay layer
r R adial coordinate axis
re R adius of influence of sand drain
r,v R adius of sand drain
S d!H
Tr Time factor in the radial direction 
T z Time factor in the vertical direction 
t Time
и Excess pore w ater pressure

’ R aym ond J . K b i z e k , Professor of Civil Engineering. The Technological In s titu te , 
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**Hameed A. E l n a g g a b , A ssistant Professor of Civil Engineering, U niversity  of 
P ittsburgh , P ittsburgh , Pennsylvania

***Amr S. Azzouz, Research A ssistant in  Civil Engineering, M assachusetts In s titu te  
of Technology, Cambridge, M assachusetts
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V Discharge velocity
W  Dimensionless excess pore w ater 
z V ertical coordinate axis
a  Coefficient expressing perm eability variation  w ith depth 
ß  Coefficient expressing com pressibility variation w ith dep th  
y w U nit w eight of w ater
£ Dimensionless dep th
0  Em pirical coefficient
A Ÿkurlkuz
и,- Threshold grad ien t param eter in  rad ial direction 
/лг Threshold grad ien t param eter in  vertical direction
p Dimensionless radial distance
ge D imensionless radius of influence of sand drain 
gw Dimensionless radius of sand drain  
Aa Increm ent of load in tensity  applied a t  the surface 
<p Variable coefficient

1. In tro d u c tio n

The ex istence  o f  n on -D arc ian  flow  can serve to  ex p la in  (tho u g h  n o t 
u n iq u e ly ) m any  o f th e  d iscrepancies t h a t  are  often  o bserved  betw een  f ie ld  
m easu rem en ts  an d  th e o re tic a l p red ic tio n s o f tim e  ra te s  o f se ttle m e n t in  a c lay  
s tr a tu m . W h e th e r or n o t  D arcy ’s law  be used  to  ch a rac te rize  th e  Поле o f w a te r  
th ro u g h  clays has b een  su b jec t to  m uch  d eb a te  am ong soil engineers a n d  soil 
sc ien tis ts  (K i n g , 1898; M iller  an d  L ow , 1963; Ol s e n , 1965; K raft  an d  Y a a - 
k o b i , 1966; Mit c h e l l  an d  Y o u n g e r , 1967; an d  o th ers). In  general, m ost r e 
search ers  agree th a t  d ev ia tio n s from  D arc ian  flow  p ro b a b ly  ex is t under low  h y 
d rau lic  g rad ien ts, b u t  th e se  dev ia tions can  be de tec ted  o n ly  if  ex trem ely  sensi
t iv e  m easuring  e q u ip m e n t and  carefu l la b o ra to ry  p rocedures are em ployed. A l
th o u g h  some in v e s tig a to rs  su p p o rt th e  co n cep t o f a th re sh o ld  g rad ien ts, o th e rs  
c la im  th a t  i t  does n o t  ex ist, an d  th e  p o te n tia l errors asso c ia ted  w ith  e x p e ri
m e n ta l m easu rem en ts  are  su ffic ien tly  la rg e  to  ren d e r e ith e r  a rg u m en t in 
conclusive. P re sen ted  here in  is an  e v a lu a tio n  of th e  effect o f  n o n -D arc ian  flow  
(w here  D arc ian  flow  is a special case) on th e  tim e  ra te  o f v e rtic a l conso lida tion  
d u e  to  rad ia l d ra in ag e  o n ly  or com bined  ra d ia l and  v e r tic a l d ra inage  in  a san d  
d ra in  in sta lla tio n .

2. B rief b ackground

E x ten siv e  s tu d ie s  of sand  d ra in  perfo rm ance h av e  been rep o rted  b y  
R e n d u l i c  (1935, 1936), B arr on  (1948), R ichart  (1957), Mo r a n , P roctor , 
M u e s e r , and  R u t l e d g e  (1958), and  H a n s b o  (1960), b u t  all of these in v e s ti
g a to rs  have  em ployed  th e  assum ption  o f D arc ian  flow . In  th is  com prehensive 
rev iew  of sand  d ra in  th eo ries, R ich art  (1957) show ed th a t  tim e-d ep en d en t 
v a ria tio n s  in  void  ra tio  d id  n o t s ig n ifican tly  affect th e  conso lida tion -tim e  
response  for v e r tic a l conso lida tion  due  to  v e rtic a l d ra in ag e ; accord ingly , he
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did  n o t in tro d u ce  a n y  m odifica tions to  th e  a ssum ptions o f classical consolida
tio n  th eo ry . H ow ever, S chiffman  (1958) considered  th e  sa n d  d ra in  p rob lem  
in  w h ich  th e  p e rm e a b ility  of th e  soil varies  w ith  tim e  a n d  there fo re  v o id  
ra tio . M uch of th e  d iscussion p re sen ted  in  th e  re p o rt b y  M o r a n , P roctor , 
M u e s e r , and  R u t l e d g e  (1958) deals w ith  th e  effect o f b o u n d a ry  cond itions 
(such  as sm ear a t  th e  w ell face) on th e  perfo rm ance of san d  d ra ins. A ltho u g h  
m an y  researchers h a v e  considered th e  in fluence  of various d ev ia tio n s  from  th e  
assu m p tio n s of c lassical consolidation  th e o ry  of th e  ra te  o f  v e rtic a l consoli
d a tio n  due to  v e rtic a l d ra inage , v ir tu a lly  n o th in g  can  be fo u n d  in  th e  l i te ra tu re  
on th e  role of n o n -D arc ian  flow in th e  perfo rm ance  of san d  d ra in  in s ta lla tio n s .

3. Proposed flow  re la tion

In  m any  cases th e  flow  of w a te r th ro u g h  a clay  soil m a y  be co n v en ien tly  
ch a rac te rized  b y  th e  em pirica l re la tio n sh ip  ( E l n a g g a r , K a r a d i , and  K r iz e k , 
1971)

V  = (1 a)i t 1 — exp ( 1 )

w here v is th e  d ischarge  velocity , i is th e  h y d rau lic  g rad ien t, a n d  k u, i t, a an d  
0  are  co n stan ts  for a g iven  soil. T he in itia l slope, w hich m a y  also be defined  
as th e  “ m inim um  p e rm e a b ility ” , k m ,is g iven  by

=  M l  -  (1 -  а ) в ] ,
CH i=o

an d  th e  equa tion  o f th e  a sy m p to te  m ay  be w ritte n  as

( 2)

v =  k u( i - i t ), (3)

Fig. 1. V elocity-gradient relationship for proposed flow equation
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w h ere  k u is the  m ax im u m  or “ u ltim a te  p e rm eab ility ”  a n d  i t is th e  “ a p p a re n t 
th re sh o ld  g rad ien t” ; th e se  p a ram e te rs  are  illu s tra ted  in  F ig . 1. E q u a tio n  (1) 
re d u c e s  to  D arcy ’s law  if  i t equals zero o r if  a equals u n ity .

4. Field equation

I f  a clay s tr a tu m  o f  un ifo rm  th ic k n e ss  is fu lly  p e n e tra te d  b y  san d  d ra in s  
sp a c e d  in  a tr ia n g u la r  p a tte rn ,  th e  zone o f influence fo r each  d ra in  is h ex ag o 
n a l ;  how ever, th ese  h ex ag o n s m ay  be ap p ro x im a ted  b y  circles w ith  a d iam e te r  
t h a t  is sligh tly  la rg e r th a n  th e  spac ing  o f th e  d ra ins. T h u s , th e  co n so lid a t
in g  do m ain  is ax ia lly  sy m m etric , a n d  th e  in n er and  o u te r  boundaries are  cy l
in d r ic a l w ith  rad ii rw a n d  re, re sp ec tiv e ly . E x cep t fo r th e  flow  re la tio n , th e  
one-d im ensional co n so lid a tio n  eq u a tio n  derived  herein  in co rp o ra tes  th e  s ta n d 
a rd  assum ptions o f  classical co n so lida tion  th eo ry  (Te r z a g h i , 1923); hence, 
w e m a y  w rite

1

r
1 dva 3 V? ud

---------- — -\------ - =  m -----
г Э 0  dz dt

(4)

w h ere  vr, ve , and  vz a re  th e  velocity  com ponen ts in  th e  x ,  y , an d  s d irec tions, 
re sp ec tiv e ly , m  is th e  m odulus o f vo lu m e change of th e  soil m a trix , i is tim e , 
a n d  и  is th e  excess p o re  w a te r  p ressu re . F o r th e  ax ia lly  sy m m etric  case E q . (4) 
red u c e s  to

1

r

3

dr
(™ r)  +

dvz
dz

du
m -----

31
(5)

I f  th e  non -D arcian  v e lo c ity -g rad ien t re la tio n sh ip s  in  th e  v e rtic a l an d  rad ia l 
d irec tio n s  are g iven b y

(1 — a) i t 1 exp (6a)

w here
1 du

Vw 92

1 du
ir =  -  ,

7w 9 r

(6b)

(7a)

(7b)

a n d  i f  th e  v ertica l p e rm e a b ility  an d  com pressib ility  a re  assum ed  to  v a ry  w ith
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d e p th  according to

and

A- — A-nuz — ÛO
H

H

(8a)

(8b)

w here k u0 and  m 0 d e n o te  th e  v e rtica l p e rm e a b ility  an d  com pressib ility , r e 
spec tiv e ly , a t th e  to p  o f  th e  clay lay e r an d  a  an d  ß  a re  tw o  p a ram ete rs  w hich  
ch a rac te rize  th e  re sp ec tiv e  v a ria tio n s w ith  d e p th , th e  govern ing  conso lida tion  
eq u a tio n  m ay be w r itte n  as

m 0yw du  

kun dt 1 +  ß  z /H  [ 

)? Г du

1 — (1 — a) О  exp
- 0 du 32u

. itYw dr  , 9r2
+

r ( l  +  ß  z /H )  L dr 

1 + a z / Я

— (1 — a)ityw 11 — exp |—------ — -
hYw 9 r

(1 +  ß  */H )

a

1 — (1 — a)& exp
0  du

H ( l  +  ß z / H )
du

dz
(1 — a)ity w

hYw dz  

— exp

0  du

I'ш

02M

dz2 

— 0  du

hVw 9z

w here i, is th e  sam e in  b o th  th e  v e rtic a l an d  ra d ia l d irec tio n s an d

;.2 =

(9)

( 10)

I f  b o th  th e  p e rm eab ility  and  co m pressib ility  are  assum ed  to  be c o n s ta n t 
th o ro u g h o u t th e  c lay  lay e r, E q . (9) reduces to

m y w d u  ^

киг 91

r

1 — (1 — a)&  exp 

~ r ~ —  (1 — a)ityw 1 — exp
dr [

0  du

ity w d r )  

-  0  du

+ 1 — (1 — a )0 exp
0  du

i , y w dz

, itVw dr  

d2u

d2u

dr2

+
11

dz2
( 11)

w hich, fo r rad ia l flow  o n ly , becomes

m y w du

k ur dt
1 — (1 — «)0 ex  p

0  du  I "I 02u

+  ■
du

dr
(1 — a)ityw | l  — exp

hVw dr J J dr2 

- 0  3u HI 
h7w  9 r ) j j

( 12)
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Дб

Дб

T

H,I

rW'
impervious boundary 

_________ d j__________

4
(b) Combined radial and vertical drainage 

Fig. 2. B oundary configuration and discretization for problems considered

к  w e define th e  d im ensionless v ariab les  (F ig . 2)

w  =
и

A a  ’
(13a)

r r
(13b)

re — rw d

c =
z

I F ’
(13c)

Acta Techniea Academiae Scientiarum Hungaricae 82, 1976



CONSOLIDATION AROUND SAND DRAINS 105

w here  d =  re— rw a n d  A a  is th e  in c rem en t of load  in te n s i ty  applied  a t  th e  
su rface , E qs (11) a n d  (12) becom e

an d

+

(14)

(15)

In  E q s (14) an d  (15) and  m ay  be te rm e d  “ th reseh o ld  g ra d ie n t” p a ra m e te rs , 
a n d  th e y  re f le c t essen tia lly  th e  effect o f th e  a p p a re n t th resh o ld  g ra d ie n t i t 
re la tiv e  to  th e  m ag n itu d e  of th e  lo ad  in c rem en t A a  u n d e r  w hich th e  c lay  
s tra tu m  is b e ing  consolidated . W h en  th e se  “ th re sh o ld  g ra d ie n t”  p a ra m e te rs  
v an ish  ( th a t  is, i t =  0), E qs (14) a n d  (15) reduce  to  th e  f ie ld  equations o f  c las
sical conso lida tion  th eo ry .

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



106 KRIZEK et al.

5. Vertical consolidation due to radial flow  only

T he b o u n d a ry  co n d itions for th e  p ro b lem  of v e rtic a l co n so lida tion  due  
to  ra d ia l  flow  h av e  b een  expressed  in  tw o  d ifferen t w ays ( B a r r o n , 1948); 
th e  f i r s t  is called th e  “ free s tra in ”  case a n d  corresponds to  a s itu a tio n  o f 
u n ifo rm  surface lo ad in g  u n d e r  w hich th e  soil is free to  se ttle  as th e  pore w a te r  
p re ssu re  d issipates, w hereas th e  second is te rm e d  “ equal s t r a in ”  an d  co rre 
sp o n d s  to  th e  s itu a tio n  w here in  v e rtic a l s tra in s  in  th e  co n so lid a tin g  soil m ass 
are  everyw here equal. In  a c tu a lity , how ever, an  in te rm ed ia te  cond itio n  is m ost 
p ro b a b le . F o r lin ear p rob lem s B a r r o n  (1948) an d  R ich art  (1957) p re sen ted  
re su lts  w hich in d ica ted  th a t  th e  difference be tw een  th e  “ free s t r a in ” and  “ eq u a l 
s t r a in ”  solu tions is sm all, an d  th e y  p re fe rred  th e  “ eq u a l s tr a in ” ap p ro ach  
fo r reasons of s im p lic ity . H ow ever, since “ free s tra in ”  is m ore  re p re se n ta tiv e  
o f  a c tu a l field  cond itions, th is  case w as chosen  for th e  analysis  h ere in  (F ig . 2a).

5.1. Boundary and In i t ia l  Conditions

A ccordingly , th e  b o u n d a ry  cond itions fo r a signle san d  d ra in  are

W (e w, T r) =  0
a n d

d w

3 в
(ее, тг) =  о .

(16a)

(16b)

S ince th e  in itia l pore w a te r  p ressu re  is assu m ed  to  be u n ifo rm  th ro u g h o u t th e  
soil m ass and  equal to  th e  in s ta n ta n e o u s ly  ap p lied  load A a  ,th e  in itia l co n d ition  
m a y  be  expressed in  d im ensionless fo rm  as

Щ е ,  0 ) =  l ,  Qw < ,e < ,Q e ,  ( i 6c)

5.2. Num erica l Solution

E q u a tio n  (15), su b je c t to  th e  b o u n d a ry  and  in itia l con d itio n s given b y  
E q s  (16), m ay be exp ressed  exp lic itly  b y  th e  fin ite  difference eq u a tio n

Wd+iWj + K  Vu W b  + «  J+ —  Ei . (17)2 A q Qi Qt

w here
i =  1,2 , . . . N ,  an d  j  =  0 ,1,2, .

в  3 W
(p =  1 — (1 — a) 0  exp

Иг 9(3
(18a)
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anil

E  = (1 - a )  Hr 1 exp
Wd

dg  ’

R r =
AT,

{A qY

(18b)

(18c)

I f  th e  dom ain  (p w <  <Ç p e) is d iv ided  in to  N  equal su b in te rv a ls , each  of
le n g th  A p  equal to  1/JV, we m ay  w rite

Qi =  Qw +  iA o .  (19)

As verified  b y  experience, th e  s ta b ility  c rite rio n  for th e  n u m erica l so lu tion  to  
th is  p roblem  is

,  ( 20)
2 <Pi

since th e  co effic ien t 1/q o f  th e  low er-o rder te rm  in  E q . (15) will a lw ays be 
positive .

5.3. Results

As can  be  seen fro m  Figs 3a and  3b, th e  ra tio  n of th e  effective rad iu s  re 
to  th e  rad iu s  of th e  d ra in  w ell rw exerts a considerab le  in flu en ce  on th e  tim e  r a te  
o f  conso lida tion , w h e th e r th e  flow  is D a rc ian  (/i r =  0) or no n -D arc ian  (цг =  5; 
a =  0,50). F igs 3c a n d  3d show  th e  average  p e rcen t conso lid a tio n  as a fu n c tio n  
o f tim e  for v a rio u s v a lu es  o f fxr an d  for a e q u a l to  0,01 (a lm o st zero) an d  0,50. 
As n o ted , th e  p rocess o f  conso lida tion  becom es con sid erab ly  slow er as p r in 
creases; for exam ple , F ig . 3c shows th a t ,  a t  a tim e  fac to r o f  0,8, over 60 p e rc e n t 
conso lida tion  is p re d ic te d  b y  classical th e o ry  \p r =  0), b u t  only  30 p e rcen t is 
p e rd ic ted  w hen p r equals 5. A com parison  o f  F igs 3c an d  3d also ind ica tes t h a t  
th e  ra te  of co n so lid a tio n  decreases as th e  p a ra m e te r  a decreases; since a =  1 
co rresponds to  th e  case o f classical co n so lida tion , th re e  va lu es  of a (0,01, 0 ,50, 
a n d  1,00) are a c tu a lly  rep re sen ted  on th e se  figu res. T he d is tr ib u tio n  o f excess 
po re  w a te r p ressu re  over th e  rad ius o f in flu en ce  o f a sa n d  d ra in  is g iven  as 
fu n c tio n  o f tim e  in  F ig s  4a and  4b for (ir e q u a l to  0 an d  5, re spec tive ly , w here  n 
w as assum ed to  be 10; i t  is a p p a re n t th a t  th e  ex istence o f  n on -D arc ian  s ig n ifi
c a n tly  im pedes th e  d iss ip a tio n  o f excess pore  w a te r p ressu re . The effect o f 
no n -D arc ian  flow  is 'i l lu s tra te d  in  Figs 5a a n d  5b, w here th e  excess pore w a te r  
p ressu res a t  o n e -h a lf d  are  show n. T he d e lay  in  th e  pore  pressure  d iss ip a tio n  
m a y  be read ily  seen, especially  a t  large tim e s ; in  o th e r  w ords, th e  excess po re  
p ressu re  d issipates fa s te r  d u rin g  th e  e a rly  s tag es  o f conso lida tion  th a n  to w a rd  
th e  end.
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n = 10

radial distance, -J— 
re

Fig. 4. R adial distribution of excess pore pressure for radial flow only
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Fig. 5. Excess pressure versus tim e factor for radial flow only

6. Vertical consolidation due to vertical and radial flow

Consider now  th e  case in  w hich  v e rtica l flow  to w a rd  a san d  b lan k e t is 
co m b in ed  w ith  ra d ia l flow  to w ard s  a sand  d ra in ; th e  govern ing  d ifferen tia l 
e q u a tio n  of conso lid a tio n  for th is  s itu a tio n  is given b y  E q . (14), an d  th e  m ost 
g en era l so lu tion  p re se n te d  h ere in  is fo r th e  case w here th e  flow  o f w a te r in  b o th  
th e  v e rtic a l and  ra d ia l d irec tions is assum ed to  be n o n -D arc ian  w ith  d ifferen t 
v a lu e s  for th e  v e rtic a l an d  h o rizo n ta l p erm eab ilities  (F ig. 2b).
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6.1. Boundary and  In it ia l  Conditions 

T he b o u n d a ry  cond itions for th is  p ro b lem  are

W (qu, £, T 2) =  0, (21a)

Ще,  о, t z) =  o, (2 ib )
d W

—  ( е ~ £ * тг) =  о, (2 ic )
dQ

- ^ ( e .  ^ T z) =  o. (2 id )
3C

an d  th e  in itia l co n d itio n  is
W (p ,  C, 0) =  1, (21e)

for Qw <  Í? Qe an(1 o ^ c ^ i .

6.2. F inite D ifference Form ulation

T he f in ite  difference tech n iq u e  is used  to  solve th e  tw o-d im ensional 
p a r tia l d iffe ren tia l eq u a tio n  given b y  E q . (14). A fter th e  sp a tia l dom ain  (g—£) 
is rep laced  b y  a re c ta n g u la r  or sq u a re  g rid , th e  g-dim ension is d iv ided  in to  M  
equal in te rv a ls  o f  le n g th  A  g and  th e  ^-d im ension  is d iv ided  in to  N  eq u a l in 
te rv a ls  o f len g th  AC- T he coord inates o f th e  n oda l po in ts  in  th e  (g, £)-plane are  
(g„ Cj) =  (i A  g, j  A  £) for i =  0, 1, 2, . . . M  and  j  — 0, 1, 2, . . . N .  T he  tim e  
dim ension form s a th ird  o rd inate  su ch  th a t  th e  tim e-sp a tia l nodal po in ts  h av e  
th e  coo rd inates (g,, Cp T k) =  (i A g, j  A  £, k A T z) for к  — 0, 1, 2, . . w here 
th e  tim e  ax is is p e rp en d icu la r to  th e  pbm e o f Fig. 2b an d  th e  n oda l p o in ts  a re  
s itu a te d  a t  v a rio u s tim e  increm en ts A T z.

In  o rd er to  sim plify  the  p re se n ta tio n  of th e  equ a tio n s fo r th e  f in ite  
d ifference so lu tio n , w hen  th e  values o f th e  v a riab le  W(g, £, T z) a t  tim e  T z are  
know n, th is  v a riab le  will be called Y(g, £ ) o therw ise, i t  will be re fe rred  to  as W . 
T hus, th e  exp lic it f in ite  difference schem e for E q . (14) tak es  th e  form

( 2 2 )
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w h ere

j  = 1  — (1 — а ) 0  exp

VtJ  =  1 -  ( l - a ) 0 ex p

0

a n d

E ri,j =  ( I - « ) /* :  S 1 — exp

2(jlz S A q 

- 0  

2 ц г AC

- 0

2Ju2Szlg W b

(23a)

(23b)

(23c)

6.3. S tab ili ty  Condition

T he ex p lic it f in ite  difference re p re se n ta tio n  given b y  E q . (22) ap p ears  
to  be  sim ple, b u t, in  fa c t, i t  is v e ry  co m p lica ted  from  a co m p u ta tio n a l p o in t o f 
v iew . T his is due to  th e  increased  n u m b e r o f unknow n  nodal po in ts  and , m ore 
im p o r ta n tly , th e  s ta b il i ty  req u irem en ts , w h ich  are g iven by

ATZ XL r , л т г z

(zip)2 S2 <Pi,; ( A C f  2 ’
(24)

fo r a ll values o f i a n d y . T he use of R , =  Zl TJ(AC)2 allows th e  s ta b ility  co n d itio n
to  be  expressed  as

R z < M  A2 r 2 ■
-----------Vi Î +  Vi iN  S2 n T t , i

(25)

a n d  th e  explic it m e th o d , w ith  A T z, A q, a n d  AC sa tisfy in g  E q . (25), was used  to  
o b ta in  th e  so lu tions p resen ted  here in . T he conso lida tion  dom ain  (p, f) w as 
re p la c e d  b y  a g rid  w ith  th e  sam e n u m b e r o f subdiv isions in  b o th  d irec tio n s; 
hen ce , M  is equal to  N .  T he in te rv a ls  o f  A Q an d  AC w ere ta k e n  eq u a l to  0,10, 
a n d  A T 2 was chosen such  th a t  th e  s ta b il i ty  cond itio n  specified  b y  E q . (25) w as 
sa tis f ie d .

6.4. Results

Show n in F ig . 6 is th e  average p e rc e n t conso lida tion  versus th e  tim e  fa c to r  
fo r Я an d  S  b o th  rq u a l to  u n ity , n e q u a l to  te n , a equal to  0,01, an d  v a rio u s 
v a lu es  for th e  th re sh o ld  g rad ien t p a ra m e te r  /j,z. C om parisons w ith  th e  classical 
co n so lid a tio n  case (/uz =  0) in d ica te  t h a t  n o n -D arc ian  flow  exerts  a sig n ifican t 
e ffec t on th e  co n so lid a tio n  ra te . T he excess pore w a te r  p ressu re  a t  m id p o in t 
b e tw e e n  dra ins is g iven  in  Fig. 7a as a fu n c tio n  of d e p th  and  th e  fac to r; a l te r 
n a tiv e ly , Fig. 7b show s th e  excess po re  w a te r  p ressu re  along th e  im perv ious 
b o tto m  of th e  clay  s t r a tu m  as a fu n c tio n  o f tim e  and  rad ia l d istance . In  o rd er
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time factor, Tz

Fig. 6. Percent consolidation versus tim e factor for rad ia l and vertical flow

Fig. 7. Various distributions of excess pore pressure for rad ial and vertical flow
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to  b e t te r  illu s tra te  th e  e ffec t of n o n -D arc ian  flow  on th e  tim e  ra te  a t  w hich th e  
excess pore w a te r p ressu re  d issipates, th e  response is g iven  a t  tw o s p a tia l  
p o in ts , (g2, 1) Fig. 8a a n d  (qw -f- 0,5, 0,5) in  F ig . 8b. Once ag a in , th e  d ra s tic

time factor, Tz

Fig. 8. Excess pore pressure versus tim e fac to r for radial and vertical flow

e ffec t o f th e  th re sh o ld  g rad ien t p a ra m e te r  is observed. T h e  d is tr ib u tio n  o f 
excess po re  w a te r p ressu re  in  a ty p ica l (q, £ )-p lane a t  T 2 eq u a l to  0,50 is show n 
iso m e tric a lly  in  F ig . 9a, 9b , an d  9c for p2 eq u a l to  0, 0,6, an d  1,0, re spec tive ly , 
a n d  th e  values of W  fo r th ese  p lo ts are  sum m arized  in  T ab le  I .
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Table I

Dimensionless excess pore water pressures as a function  o f radial distance and depth 
(T  =  0.50, a =  0.01, and n =  10)

Dimensionless excess pore w ater pressures for

С 0,10 0,20 0,30 0,40 0,50

0,00 0,60 1,00 0,00 0,60 1,00 0,00 0,60 1,00 0,00 0,60 1,00 0,00 0,60 1,00

0,10 0,01 0,02 0,02 0,02 0,04 0,04 0,03 0,05 0,06 0,03 0,06 0,07 0,03 0,07 0,08
0,20 0,03 0,04 0,05 0,04 0,07 0,08 0,05 0,10 0,11 0,06 0,12 0,14 0,07 0,14 0,16
0,30 0,04 0,06 0,07 0,06 0,11 0,12 0,08 0,15 0,17 0,09 0,18 0,20 0,10 0,21 0,23
0,40 0,05 0,08 0.09 0,08 0,15 01,6 0,10 0,20 0,22 0.11 0,24 0,27 0,12 0,28 0,30
0,50 0,06 0,10 0.11 0,09 0,18 0,20 0,12 0,24 0,27 0,14 0,30 0,32 0,15 0.34 0,37
0.60 0,07 0,13 0,13 0,11 0,22 0.24 0,13 0,29 0,31 0,15 0,35 0,38 0,17 0,40 0,44
0,70 0,07 0,15 0,15 0,12 0,25 0,27 0,15 0,33 0,36 0,17 0,40 0,43 0,19 0,46 0,50
0,80 0,08 0,16 0,17 0,12 0,28 0,30 0,16 0,38 0,40 0,18 0,46 0,48 0,20 0,52 0,56
0,90 0,08 0,18 0,19 0,13 0,31 0,33 0,16 0,42 0,44 0,19 0,50 0,53 0,21 0,58 0,61
1,00 0,08 0,20 0,20 0,13 0,34 0,35 0,17 0,46 0,47 0,19 0,55 0,57 0,21 0,64 0,66

D ifferent values of q  (frist row) and ju2 (second row)

c 0,60 0,70 0,80 0,90 1,00

0,00 0,60 1,00 0,00 0,60 1,00 0,00 0,50 1,00 0,00 0,60 1,00 0,00 0,60 1,00

0,10 0,04 0,08 0,09 0,04 0,08 0,09 0,04 0,09 0,10 0,04 0,10 0,10 0,04 0,10 0,11
0,20 0,07 0,16 0,17 0,07 0,17 0,19 0,07 0,18 0,20 0,08 0.19 0,21 0,08 0,20 0,21
0,30 0,10 0,23 0,26 0,11 0,25 0,28 0,11 0,27 0,29 0,11 0,28 0,31 0,11 0,30 0,32
0,40 0,13 0,31 0,34 0,14 0,33 0,36 0,14 0,36 0,39 0.14 0.38 0,40 0,15 0,39 0,42
0,50 0,16 0,38 0,41 0,17 0,41 0,45 0,17 0,44 0.47 0,17 0,47 0,50 0,18 0,49 0,52
0,60 0.18 0,45 0,49 0,19 0,49 0,53 0,20 0,52 0,56 0,20 0,55 0,59 0,20 0,58 0,61
0,70 0,20 0,52 0,55 0,21 0,56 0,60 0,22 0,60 0,64 0,22 0,64 0,67 0,22 0,67 0,70
0,80 0,21 0,58 0,62 0,22 0,64 0.67 0,23 0,68 0,71 0,23 0,72 0,75 0,24 0,76 0,78
0,90 0,22 0,65 0,68 0,23 0,71 0,74 0,24 0,76 0,79 0,24 0,80 0,83 0,24 0,84 0,87
1,00 0,22 0,71 0,73 0,24 0,77 0,80 0,24 0.83 0.85 0,25 0.88 0,90 0,25 0,93 0.94
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7. U ltim ate settlem ents

I f  k m w ere e q u a l to  zero, th e  v e lo c ity -g rad ien t re la tio n sh ip  i llu s tra te d  in  
F ig . 1 could be ex p ressed  as

V =  0, i < . i t,
(26)

V  =  k u ( i — i t ) ,  i  >  i ,

an d  all excess p o re  w a te r  p ressu res assoc ia ted  w ith  a g rad ien t less th a n  i t  
w ould be unab le  to  d iss ip a te , th e re b y  reduc ing  th e  u lt im a te  se ttle m e n t d e te r 
m ined  by  m eans o f  classical conso lida tion  th eo ry . O ne such  case o f u n d is s ip 
a te d  or “ resid u a l”  excess pore w a te r  pressures in  a N orw egian  clay  dep o sit 
h u n d red s  of years  o ld  w as re p o rte d  b y  B je r r u m  (1970). H ow ever, regard less 
o f w h e th e r or n o t a th re sh o ld  g rad ien t does ac tu a lly  ex is t in  a c lay  soil, th e  
num erica l p ro ced u res  em ployed  in  th is  s tu d y  do n o t a d m it th e  s in g u la rity  
th a t  w ould develop i f  E q . (26) w ere in c o rp o ra te d  in to  E q . (5). C onsequen tly , 
use of th e  “ sm o o th ”  v e lo c ity -g rad ien t re la tio n sh ip  g iven  b y  E q . (1) im plies 
t h a t  all excess po re  w a te r  p ressu res w ill fu lly  d issipate  a t  su ffic ien t large tim es , 
an d  th e  u ltim a te  se ttle m e n ts  p red ic ted  b y  th is  m odified  th e o ry  will be eq u a l 
to  tho se  ca lcu la ted  fro m  classical th e o ry .

8. Conclusions

B ased on th e  no n -D arc ian  flow  re la tio n sh ip  p ro p o sed  herein  an d  th e  
associa ted  m odified  th e o ry  o f conso lida tion  app lied  to  san d  d ra in  in s ta lla tio n s , 
th e  following conclusions can be ad v an ced :

1. The ra te  o f  conso lida tion  due to  ra d ia l d ra inage  on ly , as well as co m b in 
ed rad ia l and  v e r tic a l d ra inage , m ay  be  su b s ta n tia lly  de lay ed  in  soils w hich  
ex h ib it n o n -D arc ian  flow  ch a rac te ris tic s , th e reb y  p ro v id in g  one feasib le  
ex p lan a tio n  for th e  d iscrepancies th a t  are  often  observed  betw een  th e  a c tu a l 
fie ld  perfo rm ance o f  a sa n d  d ra in  in s ta lla tio n  an d  th e  th e o re tic a l es tim ates  th a t  
are deduced  from  classical conso lida tion  th eo ry .

2. The spacing  o f  th e  san d  d ra in s  an d  th e  ra tio  o f th e  effective ra d iu s  to  
th e  rad iu s  of th e  d ra in  well ex e rts  a considerab le  in fluence  on th e  tim e  ra te  o f 
conso lidation , w h e th e r  th e  flow  is D a rc ian  or no n -D arc ian .

3. The co n so lid a tio n  process is considerab ly  acce le ra ted  b y  th e  com bined  
use o f vertica l an d  ra d ia l d ra inage , as opposed  to  rad ia l d ra in ag e  only, b u t  th e  
in fluence of n o n -D arc ian  flow  is s tro n g  in b o th  cases.
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Befestigung von Böden die dem Darcyschen Strömungsgesetz nicht folgen, im Bereich 
der Sandsickerdrainage. D er E influß der nichtdarcyschen Ström ung au f den Befestigungs
vorgang  der tonigen B öden wird erm itte lt, teils fü r den Fall von radialen , teils von kom bi
n ie rten  radialen und vertika len  Sickerdrainen. Dies geschieht durch A nsetzung einer vernünf
tigerw eise allgemeinen, vierparam etrigen A bhängigkeit für den G eschwindigkeitsgradient des 
A blaufs der Befestigung, die im  Fall von richtig  ausgew ählten Param etern  geeignet ist zur 
C harakterisierung von zahlreichen empirischen, d. h., Versuchsergebnissen über die Ström ung 
des W assers durch tonige Böden und  durch K om bination dieser A bhängigkeit m it anderen 
allgem einen V oraussetzungen der klassichen Bodenbefestigungstheorie zur Entw icklung einer 
n ichtlinearen  partialen D ifferentialgleichung, die durch Anwendung des Verfahrens von end
lichen Differenzen gelöst w erden kann. Mehrere Lösungstype beweisen, daß die Geschwin
d igkeit des Befestigungsvorgangs in  Böden, wo die W asserström ung nichtdarcysche E igen
schaften  aufweist, erheblich kleiner sind, als der m it Hilfe der klassischen Befestigungs
theorie  erm ittelte W ert. Dessen ungeachtet, daß die Aufgabe der Zweidimensionsströmung 
m it Hilfe einer expliziten Form el der endlichen Differenzen leicht gelöst werden kann, einige 
B eschränkungskriterien der S tab ilitä t machen derartige Lösungen kostspielig.

Упрочнение грунта вокруг песчаных фильтров в грунтах, не удовлетворяющих 
закону Дарси. Определение воздействия на процесс упрочнения глинистых грунтов дви
жения потока не в соответствии с законом Дарси в случае исключительно только радиаль
ной системы фильтрации, а также в случае совместного радиального и вертикального
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систем фильтрации. Это определение производится при принятии за основу такой целесо
образно общей четырехпараметричной зависимости градиента скорости, которая при пра
вильном выборе параметров пригодна для характеристики большой части сообщенных 
результатов, касающихся движения потока воды в глинистых грунтах, и при совместном 
использовании этой зависимости и прочими обычными предположениями обычной теории 
упрочения для вывода некоторого нелинейного параболического парциального диффе
ренциального уравнения, который последний можно решить с помощью применения 
метода конечных разностей. Ряд типичных решений показывает, что протекание упроч
нения во времени в отношении таких грунтов, в случае которых можно установить свой
ства движения потока, не удовлетворяющих закону Дарси, имеет значительно меньшую 
скорость, чем которую можно определить на основе обычной теории упрочнения. Несмотря 
на то, что двумерная задача движения потока может быть решена числовым методом легко 
при применении некоторой эксплицитной формулы конечных разностей, все-таки строгие 
условия устойчивости такое решение делают слишком дорогим.
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EXPERIMENTAL INVESTIGATION OF THE LIFE OF 
SEMICONDUCTOR DEVICES, III.

B U L K  B R E A K D O W N  M EC H A N ISM S A N D  
T R A N S IS T O R  L IF E  T E S T S  IN  S W IT C H IN G  O P E R A T IO N

Á. P . KEM ÉNY*

[Manuscript received October 15, 1973]

The generally used methods o f prolonged d.c. operating life tests of tran s is
tors, which provoke mainly the th erm ally  activated surface degradation phenom ena, 
give little  inform ation on the deterio ra tion  in  switching operation. A m ethod is p ro 
posed where the transistors are loaded as common base inverters in switching oper
ation w ith fixed 50 Hz or higher rep e titio n  frequency, a t  exactly  controlled and  de
term ined swithing- on and -off tra n s ie n t energy. This m ethod perm its the economical 
exam ination of large samples and is useful m ainly as a sc re e n  te s t for the quick selec
tion  of individuals w ith hidden s tru c tu ra l defects. Such tests supported by m icro
photographs of failed samples seem to  be in accordance w ith  the analytical results 
of a bulk degradation process trea ted  here and emphasize the necessity of a flawless 
geometrical structure  of such devices.

1. Introduction

T ran sis to r  life expec tancy  in  sw itch in g  service is an  im p o rta n t a rea  
especia lly  in  th e  d eve lopm en t of d ig ita l c ircu its , e.g. second  genera tion  c o m p u t
ers o r so lid -s ta te  te lep h o n e  cen tra ls  w h e re  tra n s is to rs  are  used  in  b ig  lo ts . 
T h o u g h  th e  m eth o d  o f life testin g  o f t r a n s i to r s  em ployed in  analog  c ircu its  w ere 
w ell-know n [1 — 10, 17] and  w idely u s e d  (u tilizing  th e  con tinuous or in te r 
ru p te d  d.c. e lec trical s tress), th e y  do n o t  give really  usefu l in fo rm atio n  o f  th e  
fa ilu re  ra te  o f a tra n s is to r  ty p e  used  in  sw itch ing  serv ice. Surely , th e  fa ilu re  
r a te s  gained  in  a d .c . electrically  lo a d e d  o p era tio n  or sim p ly  in  a th e rm a l s tre ss  
are  to o  loosely re la te d  to  th e  d e g ra d a tio n  in  sw itch ing  o p era tio n  m ode, a l
th o u g h  som e co rre la tio n  u n d o u b te d ly  ex is ts .

O bviously , th e  b e s t so lu tion  w o u ld  be th e  life te s tin g  co n d u c ted  in  
sw itch ing  opera tio n . H ow ever, some o b s ta c le s  arise th e re  as m ay  be sum m arized  
in  th e  follow ings.

In  th e  d.c. e lec trical stress th e  re s u lts  gained a t  a g iven  collector d iss ip a 
tio n  (i.e. ju n c tio n  te m p e ra tu re )  and a t  a  g iven  collector rev erse  vo ltage , m ay  be  
co n v e rted  in to  fa ilu re  ra te s  valid  a t  a d iffe ren t ju n c tio n  te m p e ra tu re  (d iss ip a 
tio n ) or a t a d iffe ren t collector v o ltage , a id ed  by  a re la tiv e ly  sim ple A rrhen ius-
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ty p e  fo rm ulae, w ell-know n in  th e  p rac tice  a n d  describ ing th e  re la tio n sh ip  am ong 
th e  fa ilu re  ra te , th e  ju n c tio n  te m p e ra tu re  a n d  th e  collector v o ltag e  [1 — 9, 17]. 
T h is  re la tio n sh ip  is w ell-estab lished  b y  n u m ero u s  ex p erim en ta l d a ta  and  it  is 
p ro v e d  th a t  d e g ra d a tio n  in  analog (e.g. in  d .c .) electrical o p e ra tio n  is re la ted  to  
su rface  phenom ena a c t iv a te d  b y  th e  e le v a te d  te m p e ra tu re  an d  b y  th e  reverse  
v o lta g e  o f the  co llec to r d iode [1 —10, 17]. H ence , life te s ts  ex ecu ted  in  a n a lo 
gous (d .c.) opera tion  m a y  be s tan d a rd ized : i t  is su ffic ien t to  m ak e  th e  ex p e ri
m e n ts  a t  a given sing le  — usually  h igh  — te m p e ra tu re  an d  v o ltag e  level an d  all 
fa ilu re  ra te s  in d iffe rrin g  conditions m ay  be red u ced  to  th e  one gained  from  th e  
s ta n d a rd iz e d  u n iq u e  t e s t  [8 , 9, 10, 17].

T h e  situ a tio n  is q u ite  d ifferen t w ith  th e  sw itching service life te s tin g  
b ecau se  an  alm ost in f in i te  v a rie ty  of s tre ss  cond itions m ay  be  im agined  since 
d e g ra d a tio n  is in flu e n c e d  b y  rep e titio n  freq u en cy , d u ra tio n  o f tu rn o v e r t r a n 
s ie n ts  (rise and fall t im e ) , fu r th e r  b y  th e  ap p lied  collector v o ltag e  and  collec
to r  c u rre n t stress lev e ls , le t alone th e  a m b ie n t te m p e ra tu re  an d  collector c ir
c u i t ry  (resistive or in d u c tiv e  load). O ne ca n  conclude th a t  s ta n d a rd iz a tio n  o f  
sw itch in g  service life te s ts  seems to  be  a hopeless aim . T h is s ta te m e n t is co n 
f irm e d  b y  the  fa c t t h a t  recen tly  no in te r re la tio n  is know n am ong  failure r a te  
a n d  th e  previous p a ra m e te rs  and  th e  ex p erim en ts  p re sen ted  in  th is  a rtic le  
p ro v e d  to  still be in su ffic ie n t to  draw  a w ell-estib lished  n u m erica l re la tio n sh ip  
b e tw e e n  failure r a te  a n d  stress p a ra m e te rs , obviously  because  th e  n u m b er o f 
te s ts  conducted  a n d  o f  th e  te s ted  tra n s is to rs , w ere to o  few . T he w ork d e a lt 
w ith  here  is m ean t to  be  th e  f irs t s tep .

To overcom e th e  p rob lem  of “ s ta n d a rd iz a tio n ” , one m ay  suggest a lw ays 
to  m ak e  the  te s ts  in  th e  circu it w here th e  tra n s is to rs  are used , u n d er n o rm a l 
o r fo rced  opera tiona l cond itions. I f  a t r a n s is to r  ty p e  is used  in  a g rea t n u m b er o f  
id e n tic a l or nearly  id e n tic a l d ig ita l c ircu its , e.g. in  a co m p u te r, th is  seems to  be  
an  a d e q u a te  so lu tio n  a n d  th e  life te s ts  m a y  be conducted  b y  th e  e q u ip m e n t 
m a n u fa c tu re r  as w ell as b y  th e  tra n s is to r  m an u fac tu re r . T h is is th e  s itu a tio n  
esp ec ia lly  a t h ig h ly  com plex  IC-s w here  opera tio n  m ode (supp ly  v o lta g e , 
te m p e ra tu re  etc.) is s tan d a rd ized .

B u t w hat can  th e  tra n s is to r  m a n u fa c tu re r  do if  a g iven ty p e  is specified  
fo r  a  w ide v a rie ty  o f ap p lica tio n s g enera lly  u sed  in  sw itch ing  service ? N a tu ra lly , 
c irc u it-d e v e lo p m en t eng ineers need som e g enera l d a ta  of re lia b ility  if  m a k in g  
a choice am ong v a r io u s  m akes or ty p e s . H ence , some fo rm  of “ s ta n d a rd iz a 
t io n ”  in  sw itching se rv ice  life-testing  seem s inescapable .

A  re la tive ly  s im p le  b u t still e ffic ien t m e th o d  is suggested  here w here th e  
te s te d  tran s is to rs  a re  o p era tin g  on a com m on base in v e r te r  c ircu it w ith  r e 
s is tiv e  load, since m o s t pulse c ircu its m a y  be o rig inated  from  th e  p lain  t r a n 
s is to r  inverte r. F o r th e  sake of sim p lic ity , a rep e titio n  freq u en cy  equal to  th e  
50 H z m ains f re q u e n c y  was chosen a t  th e  low sw itch in g -ra te  ty p es  (e.g . 
a llo y ed  ones) an d  5 k H z  for h igh-speed (m esa or p lan ar) ty p e s .
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C om parative  te s t  resu lts h a d  sh o w n  th a t  a t  no rm al or low  pulse  c u rre n t 
s tre ss  levels th e  d eg rad a tio n  processes w ere in d is tin g u ish ab le  from  th e  p rocesses 
occu rring  in  a d .c . e lectrical s tre ss . H o w ev er, b y  h igh  stress levels, u su a lly  
b ey o n d  d a ta -sh e a t lim it values of I Cmax, t ru ly  v o lu m etric  d e g rad a tio n  causes 
w ere beg inn ing  to  p la y  th e  lead ing  ro le , obv iously  o rig in a tin g  from  s tru c tu ra l  
irreg u la ritie s  in  g eo m etry  or m a te r ia l  c o n s ta n ts . T hus, th e  pu lsed  life te s tin g  
m e th o d  p re sen ted  here  finds its  u se  m a in ly  as an  acce lera ted  screen-testing  
m e th o d  to  so rt o u t tran s is to rs  in h e re n tly  poor in  life ex p ec tan cy , due to  s tru c 
tu r a l  fau lts . N everthe less, i t  was p ro v e d  th a t  som e puzzling  failu res, o ccu rrin g  
in  th e  sw itch ing  serv ice  still w ith in  d a ta -s h e e t lim its  an d  u n ex p la in ab le  b y  d.c. 
p a ra m e te r  m easu rem en ts  as well as b y  life  te s ts  co n d u c ted  in  d .c. e lec trical or in  
e le v a te d -te m p e ra tu re  storage s tre ss , m a y  f in d  th e ir  ex p la n a tio n  in  in h e re n t 
s tru c tu ra l  fa ilu res. T hese failures le a d in g  to  th e  occurrence of h o t-sp o ts-fo rm a- 
t io n  an d  hence p u n ch -th ro u g h  in  th e  tr a n s is to r  b u lk , m ay  fu lly  develop  in  th e  
te s t  m e th o d  given here  in  th e  fo llow ings. Surface phenom ena , on th e  o th e r 
h a n d , have no s ig n if ican t im p o rtan ce  on  sw itch ing  service d eg rad a tio n .

2. Basic degradation causes

In fo rm a tio n  gain ed  from  e x p e rim e n ts  w hich  will be d ea lt w ith  la te r ,h a d  
show n th a t  in  sw itch in g  circuits th e  av e ra g e  d iss ip a tio n  (and  hence th e  av erag e  
ju n c tio n  te m p e ra tu re )  p lays b u t a m in o r role in  th e  d eg rad a tio n  or d e te r io ra 
t io n  o f  th e  tra n s is to rs . This p ic tu re  is in  c o n tra s t  w ith  th e  one ru ling  d e g ra d a 
tio n  processes in  ana lo g  or d.c. serv ice  w here  ju n c tio n  te m p e ra tu re  is o f m ain  
im p o rtan ce . M ax im um  collector e m itte r )  c u rre n t an d  m ax im u m  co llec to r 
v o lta g e  have, on th e  o th e r hand , a v e ry  im p o r ta n t  b u t  in d ire c t in fluence . T h e  
m ain  cause of d e te rio ra tio n , as w as p ro v e d , is th e  occurrence o f “ h o t sp o ts ”
i. e. e le v a te d -tem p e ra tu re -  zones in  som e m in u te  vo lum es along th e  ju n c tio n , 
due  to  th e  v e ry  h igh  tra n s ie n t en e rg y  p eak s  d u rin g  th e  tra n s it io n  [ tu rn in g - 
o v er from  th e  s a tu ra te d  (sw itched-on) s ta te  to  th e  cu to ff  (sw itched-off) co n d i
tio n  o r vice v e rsa ] . A calculus o f th e se  tu rn o v e r  tra n s ie n t energies w ill be 
p re se n te d  la te r , in  S ection  6 .

Since Ge or Si sem iconducto r m a te r ia ls  h av e  ra th e r  good h e a t c o n d u c tiv e  
p ro p e rtie s , th e  te m p e ra tu re  g rad ien t a long  th e  ju n c tio n  is p ra c tic a lly  zero a t  a 
co n tin u o u s  (i.e. a t  d .c .) electrical lo a d  in  th e  d.c. e lec trical life te s tin g . T h e  si
tu a t io n  is qu ite  d iffe ren t a t  the  sw itch in g  service life te s t ,  w here a b r ie f  b u t  
la rg e  energy  p eak  occurs a t th e  tu rn o v e r .

As will be ex p la in ed  in th e  su b se q u e n t p a p e r in  th is  series [22], th e  te m 
p e ra tu re  increase due  to  th e  tu rn o v e r  t r a n s ie n t  lies in  th e  o rder of som e te n th  
°C . . . som e °C considering  a fa ir p la n e -p a ra lle l s tru c tu re  w ith  even  c u rre n t 
d is tr ib u tio n  along th e  collector (and  e m itte r )  ju n c tio n , in  sp ite  o f th e  huge tu r n 
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over pow er, because th e  h e a t  source — a c tu a lly  th e  collector d ep le tion  lay e r — is 
ex ce llen tly  cooled b y  i ts  su rround ings in  th e  sem ico n d u cto r w afer. W h a t co u n ts  
here , is th e  energy o f  th e  tu rn o v e r tra n s ie n t  d iv id ed  b y  th e  th e rm a l c a p ac ity  o f 
th e  w a fe r’s volum e sec tio n  hea ted  u p  b y  th e  tra n s ie n t and , on th e  one h a n d , 
th is  th e rm a l c a p ac ity  is  r a th e r  large; a n d  th e  h e a te d -u p  volum e section  ex te n d s  
on b o th  sides of th e  la m in a r  collector ju n c tio n  as th e  sq u are  ro o t of tim e , on th e  
o th e r , w hich m eans t h a t  th e  longer a tu rn o v e r  tra n s ie n t, th e  w orse will be th e  
cooling  p roperties o f  th e  w afer. A t th e  b r ie f  tu rn -o n  an d  tu rn -o ff  tim es o f a 
u su a l tra n s is to r , h o w ev er, th e  cooling p ro p e rtie s  o f th e  w afer fo r a b rie f  t r a n s 
ie n t th e rm a l th ru s t  re m a in  excellen t a n d  th is  exp la ins th e  am azin g ly  low  
te m p e ra tu re  ju m p s in  a perfec t s tru c tu re .

T h is a d v an tag eo u s  p ic tu re , how ever, is spo iled  b y  th e  fac t th a t  a ju n c tio n  
is sca rce ly  p erfec tly  p lan e-p ara lle l a n d  free  from  re s is tiv ity  inhom ogeneities, 
hence  a cu rren t c o n c e n tra tio n  tak es  p lace  p re fe re n tly  a t  th e  loci of th e se  ir- 
re g u la tie s  w here en o rm o u s cu rren t d e n s ity  (ap p ro x im a tin g  s till 104 A cm  ~2) 
com es in to  ex istence cau sin g  th e  fo rm a tio n  o f  h o t spo ts and  lead ing  to  a p u n ch - 
th ro u g h  betw een co llec to r and  e m itte r  o r a b reak d o w n  betw een  base  a n d  
co llec to r. T hus, th e  p e a k  in s tan tan eo u s  pow er am p litu d e  an d  th e  d u ra tio n  o f 
tu rn -o v e r  tra n s ie n t p la y  th e  m ain  role in  sw itch ing  service d eg rad a tio n .

L e t us im ag in e  th e  situ a tio n  d u rin g  an d  a f te r  th e  tu rn -o v e r  from  th e  
s a tu ra te d  s ta te  to  th e  c u t-o ff  s ta te . I f  th e re  is a geom etrical irre g u la rity  o f th e  
co llec to r-base  ju n c t io n  w here th e  base  la y e r  w id th  is n a rro w er th a n  in  th e  
re m a in in g  ju n c tio n  a re a , i. e. th e  ju n c tio n  b a rr ie r  has a c u rv a tu re  show ing to 
w ard  th e  base, th e  c u rre n t d ensity  p a t te r n  will be uneven  an d  th e  e m itte r  
c u r re n t  will be c o n c e n tra te d  in to  th is  t in y  a rea  o f irre g u la rity , causing  an  
o v e rh e a tin g  in a m in u te  volum e in  th e  v e ry  v ic in ity  o f th e  ju n c tio n , w ith in  th e  
base  reg ion . The sam e s itu a tio n  occurs w hen  in s te a d  o f a geom etrical c u rv a tu re , 
a sp eck  of lo w -re s is tiv ity  m ateria l is em b ed d ed  in  th e  h ig h -re s is tiv ity  base  
s tru c tu re , n ear to  th e  ju n c tio n . T he o v e rh ea tin g  is s till s ign ifican t in  th e  
s a tu ra te d  (sw itched-on) s ta te  b u t  w ill be  trem en d o u s  d u ring  th e  tu rn -o v e r  
t r a n s ie n t  w ith in  an  aris in g  h o t-sp o t, i f  th e  co llector c u rre n t level is h igh  
en o u g h . A fter th e  tu rn -o v e r , th e  t ra n s is to r  gets in  cu t-o ff s ta te  a n d  th e  
V CB reverse  co llec to r vo ltage  appears on th e  ju n c tio n , causing  th e  rev e rse  
c u r re n t I CB0 to  flow . S ince the  reverse  c u rre n t is ex p o n en tia lly  p ro p o rtio n a l to  
th e  ju n c tio n  te m p e ra tu re , th e  reverse  c u rre n t will be h igh ly  increased  in  th e  
zone o f  in h o m ogeneity , causing th e  reverse  pow er d issipation  (during  cu to ff) to  
rise s ig n ifican tly , hen ce  heating  th e  device fu r th e r  in  th e  h o t-sp o t reg ion . In  
o th e r  w ords, th e  fo rm a tio n  of ho t spo ts an d  th e  increased  reverse  c u rre n t flo w 
ing  th ro u g h  th em  co u n te ra c ts  cu to ff an d  lead s in escap ab ly  to  a c u m u la tiv e  
th e rm a l-e lec trica l feed b ack  process, or th e rm a l ru n aw ay  an d , co n seq u en tly , 
th e  te m p e ra tu re  m a y  reach  th e  m e ltin g  p o in t o f th e  sem iconducto r m a te r ia l 
w ith in  th e  m in u te  vo lu m e of th e  h o t sp o t, an d  hence, alloying goes fu r th e r
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to w a rd  th e  e m itte r  ju n c tio n  : th e  h ig h ly  doped  co llec to r zone ad v an ces to 
w ard  th e  e m itte r , and  th e  base zone w id th  will becom e g rad u a lly  n a rro w er. 
T he g rad u a l ad v an ce  of th e  h ig h ly  doped  collector zone will te rm in a te  in  a 
com plete  sh o r t a t  th e  in s ta n t w hen  th e  b a rrie r  of th e  co llec to r dep le tio n  la y e r  
reaches th e  e m itte r  ju n c tio n  b a rrie r , th a t  is th e F pi p u n c h -th ro u g h  v o ltag e  o f  th e  
tra n s is to r , a f te r  a g radual decrease, reaches and  falls sh o rt o f th e  ap p lied  co l
lec to r v o ltag e .

T he fa ilu re  process described  ab o v e  [11, 12] c rea tes  a p inhole-like n a rro w  
ch an n e l in  th e  base  consisting o f  th e  h igh ly  doped m a te r ia l o f th e  co llec to r. 
T his is th e  u n am bigous s itu a tio n  if  th e  base lay e r consists o f a lig h tly  d o p ed  
(h ig h -resis tiv ity ) m ateria l, e.g. in  th e  case o f an  alloyed  tra n s is to r  s tru c tu re  (see 
In se ts  1 an d  2). I f  th e  s tru c tu re  is rev e rsed , as in  th e  case o f a p la n a r  or m esa 
tra n s is to r  w here  th e  collector zone is m ade of a h ig h -re s is tiv ity  m a te ria l, th e  
advance  o f th e  low -resistiv ity  base  zone to w ard  the  co llec to r tak es  p lace. I f  th e  
co llector zone is a re la tive ly  n a rro w  e p ita x ia l lay e r o f h ig h -re s is tiv ity  m a te r ia l 
an d  a lo w -re s is tiv ity  collector c o n ta c t  zone follows, th e  s itu a tio n  w ill be  th e  
sam e as d ea lt w ith  earlier b u t in  th e  rev erse  d irec tion : th e  advance  o f th e  low- 
re s is tiv ity  m a te r ia l  th ro u g h  th e  co llec to r zone (to w ard  th e  co llector c o n ta c t 
zone) w ill s to p  i f  th e  rem ainder o f  th e  ep itax ia l co llec to r zone w id th  Avili be 
equal to  th e  co llec to r depletion  la y e r  w id th  a t  th e  g iven  V CB co llector v o ltag e . 
A fte r th is  e v e n t, th e  w id th  of th e  dep le tio n  lay er w ill g rad u a lly  becom e n a r 
row er an d  f in a lly  th e  b reakdow n o f th e  collector d iode tak es  p lace: a sh o rt 
b e tw een  base  a n d  collector, also in  th e  form  of a n a rro w  pinhole-like m o lten  
an d  re c ry s ta lliz ed  channel th ro u g h  th e  e p itax ia l lay e r (see In se t 4 in  th e  
A ppend ix ).

I f  th e  p la n a r  or m esa s t ru c tu re  is n o t an  e p ita x ia l one, th e  th e rm a l 
ru n a w a y  p rocess w ill te rm in a te  — u su a lly  a t  re la tiv e ly  h ig h er c u rre n t levels, or 
la te r  — in  a com plete  m e ltin g -th ro u g h  o f th e  s tru c tu re , i.e. in  a co m p le te  
sh o rt, w ith in  a n a rro w  channel [12].

T hus, th e  v o lum etric  d e g ra d a tio n  p rev iously  described  causes a new  
scale o f c a ta s tro p h ic  failures, w h ich  in  tu r n  causes th e  p u n ch -th ro u g h  o f th e  
tra n s is to r  s tru c tu re , n o t know n in  d .c . e lec trical life te s ts  [10, 11, 12]. T h e  
u n iq u e  d e g ra d a tio n -ty p e  failu re  w h ich  m ay  occur due  to  th e  above v o lu m e t
ric  causes, is th e  s ign ifican t decrease o f  th e  V pf p u n c h -th ro u g h  vo ltag e , w hen  
th e  base  la y e r  is m ade of a h ig h -re s is tiv ity  m a te ria l (a lloyed  tra n s is to r) . T h is 
p h enom enon  p recedes th e  com plete  p u n ch -th ro u g h  b y  a sh o rt tim e  an d  hence , 
th e re  is l i t t le  p ro b a b ility  to  c a tc h  a specim en  b y  V pt m easu rem en t, w here  th e  
p u n c h -th ro u g h  v o ltag e  was decreased  to  som e vo lts from  som e h u n d re d  v o lts . 
In  th e  o th e r  case, i f  ep itax ia l p la n a r  or m esa ty p es  are  te s te d , th e  g ra d u a l 
decrease o f th e  e p itax ia l collector zone w id th  w ill lead  to  th e  occurrence  o f  a 
sensib le decrease  o f th e  B V CB0 v o lu m e tric  b reakdow n  v o ltag e , w hich la t te r  m a y  
easily  be m easu red  b y  pulsed m eth o d s  [13, 14].
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To explain th e  e v e n ts  o f th e  decrease o f th e  p u n c h -th ro u g h  vo ltage , an d  
th e  occurrence o f c o m p le te  p u n c h -th ro u g h  or b reakdow n  num erica lly , th e  
w ell-know n re la tio n sh ip  th e  V CB co llector v o ltag e , th e  fie ld  s t r e n g th E M and  th e  
d ep le tio n  layer w id th  X  should  he in tro d u c e d :

l er £o / er eо fiQ er Eо
w here:

-Ед! =  maximum field  streng th  w ithin th e  depletion layer a t the m etallurgical junction, 
in V/cm ; q =  charge of elec tron, th a t is —1,6 X 10_ ] 9  Asec; N \ =  the n e t im purity  concentra
tion in  th e  lightly doped layer in  cm -3; er =  th e  relative dielectric constan t of the semiconduc
to r m ateria l (16,5 for germ anium  and 12 for silicon): £„ =  the dielectric perm ittiv ity  of the 
void space, th a t is 8 , 8 6  X 10 - 1 1  Asec/Vcm; /t =  m ajo rity  carrier m obility in cm2/Vsec in  the 
ligh ter doped side; о =  re s is tiv ity  of the lightly  doped side in Ohm cm; X  =  w idth of the 
depletion layer in cm.

I f  a b reakdow n o f  th e  collector d iode ta k e s  place (e.g. a t  an  e p itax ia l 
p la n a r  or m esa s tru c tu re )  th e n  VCB — B V CBO an d  E M= E MB, fu r th e r  X  =  X B, 
th u s

X в
о

qNx

1/2

b v cbo K2 er e0 HQ В  VCB0 ( 2 )

w ill be  th e  critical w id th  o f  th e  rem ain ing  co llec to r zone in  an  e p itax ia l p lan a r or 
m esa  s tru c tu re , w hen  a g ra d u a l narro w in g  o f  th is  zone tak es  p lace  due to  h o t-sp o t 
fo rm a tio n  and th e  b ase-co llec to r b a rr ie r  ad v an ces  to w ard  th e  low -resis tiv ity  
co llec to r con tac t d u rin g  th e  sw itch ing  serv ice o p era tio n . O bviously , w hen th e  
В  V cbo vo ltage g ra d u a lly  decreases an d  f in a lly  reaches th e  ap p lied  V CB v o ltage , 
th e  b reak d o w n  an d  th e  d es tru c tio n  of th e  tra n s is to r  tak es  p lace (p rov ided  th a t  
co llec to r cu rren t is n o t  lim ited  b y  R c to  a safe low  V CCIR C va lue).

In  th e  case o f  a n  alloyed tra n s is to r  w here  th e  h ig h ly  doped  collector 
zone p en e tra te s  th ro u g h  th e  base zone d u rin g  th e  sw itch ing  serv ice stress in  th e  
n a rro w  cross section  o f  an  occurring  h o t sp o t, th e  c ritica l base lay er w id th  
(eq u a l to  th e  critica l d ep le tio n  lay e r w id th )  w ill be a t  com plete  p u n ch -th ro u g h , 
u s in g  eq u a tio n  (1):

B̂m in — -̂ crit
7X .

0 V ,r p t

1/2

(3)

w h ere  v CB= v pt, th e  c ritica l p u n c h -th ro u g h  v o ltag e  wrill be th e n  equal to  th e  
a p p lie d  collector v o lta g e . D uring  th e  a c tu a l life te s t  m easu rem en ts , especially  
b y  pow er tra n s ito r  ty p e s  hav in g  a la rg e  co llec to r ju n c tio n  a rea  an d  ju s t  before 
co m p le te  p u n c h -th ro u g h , a ra te  o f W Baverage/ W Bmin ]> 10 could be id e n 
t if ie d  on specim ens h av in g  an  excessively  inhom ogeneous s tru c tu re . T he 
e lec trica l m easu rem en t o f  ïEBaverage, th e  m ean  base  w id th  o f th e  “ so u n d ” 
p o r tio n  m ay be accom plished  by  a lp h a-cu to ff-freq u en cy  m easu rem en t [11],
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w hile  th e  ac tu a l “ m in im u m ” base w id th  o f th e  defective p o r tio n  can be co m 
p u te d  on th e  basis of e q u a tio n  (3) b y  p u n ch -th ro u g h  v o ltag e  m easu rem en t, i f

Vpt B ^ cbo-

3. Peak temperature during com m utation

L et us deal w ith the problem of the peak  tem perature jum p  during com m utation  
w hich is of param ount im portance. To a tta ck  th is sophisticated therm odynam ical problem , 
a lo t of neglections or approxim ations m ust be considered, as was th e  situation  in ref. [2 2 ], 
i. e., th e  following paper of this series where an analysis and some num erical examples are 
presented.

F irs t of all, the question arises w hether or n o t the heat generated during the huge tu rn 
over transien t causes a serious warming-up of th e  device. This depends prim arily  on the therm al 
capacity  of the heated-up volum e in the sem iconductor bulk, till th e  heat-flow  reaches ou t a t 
th e  end of the the turnover transient. I t  is surprising on first consideration, how large th is 
“ inner”  therm al capacity actually  is which p lays a  role a t the brief process of turnover, con
tr a ry  to  the custom ary concept, and in spite of the  fac t th a t this volum e section along the lam i
nar hea t source, i. e. the  collector junction , is actually  rather small. In  fact, the boundaries 
of elevated  tem perature  due to  the high tu rnover transien t energy hard ly  leave the th in  collec
to r depletion layer during the com m utation, since the velocity of hea t conduction is surprisingly 
low also in  solids, e. g. conductors or sem iconductors with good heat-conductive properties. 
Speaking the language of solid-state physics, th e  highest propagation velocity  of a d isturbance 
in  a solid is the velocity of sound due to  phonon-to-phonon in teractions in  the crystal la ttice , 
th a t  is, some 1 0 3 m/sec in m etals, since th is k ind  of disturbance of the  crystal lattice is “ o rien t
ed” . However, the propagation velocity of hea t conduction (as well as electrical conduction) 
is less by orders of m agnitude, lying in the order of some (or split) m /sec, since the v ibration  
of m eta l atom s in  the crystal lattice is a random  m ovem ent (a stochastic process). Moreover, 
th e  hea t propagation velocity is no t a constan t as the sound propagation  velocity b u t is p ro 
portional to the therm al gradient [19—21] w hich means th a t during the advancem ent of 
h ea t conduction, after a brief therm al th ru s t, th is therm al gradient will be gradually less and  
less as the heated-up volum e section extends and, consequently, th e  therm al conduction 
velocity  will also be gradually slower. In  o ther words, the thermal propagation velocity is in 
versely proportional to the square root o f time, i. e., th e  switchover tran s ien t duration, as m ay be 
proved  by the solution of the  therm al conductiv ity  differential equation  [19 — 22]. No w onder 
then  th a t  the heat cannot spread widely in  the  sem iconductor bulk during th e  brief sw itchover 
tran s ien t of some nanosec to  some psec du ra tion  and the bounds of e levated  tem perature  re 
m ain  well w ithin, or b u t inconsiderably exceed, th e  depletion layer w id th , the  la tte r  m ounting 
up  to  some pm  a t a usual voltage Vqq lying in  some 10 V order of m agnitude. Despite th is 
tin y  volum e (approx, the p roduct of X  and ju nc tion  area A ), its  th erm al capacity is ra th e r 
h igh and so the tem perature  jum p is ra th er small. For a quick survey  of conditions, th ree 
exam ples are given in  Table 1 regarding a m inute  TTL — IC totem -pole (o u tp u t circuit) tran s is
to r, a medium-power silicon p lanar transistor BSY 34 and a bulky germ anium  alloyed power 
tran sis to r ASZ 18, the com putation m ethods for the determ ination of th e  heated-up volum e 
being presented in  ref. [2 2 ].

The estim ation of peak tem perature jum p  due to the com m utation  transien t energy 
goes ahead w ith the afore m entioned assum ptions quite simply: i t  w ould be the turnover energy 
divided by the product of the volume of collector depletion layer [more accurately, the afore 
m entioned volume V ^j)(t =  ioff) in which th e  elevated  tem perature occurs till the end of the  
tran sien t] and the specific density  and specific hea t of the sem iconductor m aterial in question, 
as is shown in Table 1 and in  the analysis and  num erical examples of ref. [22].

T he following conclusions m ay  be  d raw n  from  th e  n u m erica l exam ples 
in  T ab le  1 :

(i) A t th e  v e ry  low  sw itch ing  p ow er ra te s  of a d ig ita l IC , i.e. a t  som e 
V  a n d  som e mA levels, th e  tu rn o v e r en e rg y  is also very  low , lead ing  to  turnover 
tem perature ju m p s  only in  the 10 _4 4-  10 ~2 °C order o f  m agnitude  assum ing  a
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Table I

Thermal relations during sw itching-off o f some typical transistors

Transistor type TTL IC (totem -pole) 
(e. g. SN  7400 N)

BSY  34
npn epitaxial planar 
silicon, medium-power

ASZ 18
pnp alloyed germ anium  
low-speed, high power

Jun c tio n  area, A nom 1 , 2 X  1 0 - 3  mm 2 0,25 m m 2 5 mm2

Supply  voltage, Vqq 5 У 40 V - 3 0  V
P eak  switching power. P ^ t  max, 

cf. Eq. (12) 20 mW 5 W 45 W

Switching-off time, t 0ff 5 nsec 0,5 fisec 35 /Asec
T o ta l switching-off energy, L o i f , 

cf. Eq. (9) —0,1 nWsec 0,475 fiW sec 1,67 mWsec

H eated-up volume section, V#(i) ( t = t 0 ff) 
during switch-off, till t =  t0ff * ^ 2  X 10_ 6  mm 3 2 X  10 ~ 3  m m 3 0 , 6 6  m m 3

T herm al capacity of V{gi) volum e sec
tion  Ci(i)(t= toH) =  yct Vi(i)( t = off)** —3,5 nWsec/°C 3,5 fiWsecl°C 1,08 mW'sec/°C

Max. tem perature jum p during tu rn 
over A T m(off)= L off/ Q ( 0 ( i = foff) * * * —0,029 °C 0,135 °C 1.46 °C

*See ref. [2 2 ].
**y stands for specific density: 2,3 g cm - 3  for silicon and 5,3 g e m - 3  for germ anium ; 

denotes specific hea t: 0,735 W secg - 1 0 C _ 1  for silicon and 0,31 W secg ~ 1 0 C_ 1  for ger
m anium .

‘ “ Assuming an even cu rren t distribution w ithout appreciable curren t concentration.

fa ir  s tru c tu re . C o n seq u en tly , at digital IC -s the effect o f  transien t turnover energy 
p la y s  but a negligible role, an d  sho rts  occu ring  th e re  d u rin g  sw itching or d .c . 
o p e ra tio n , th ough  a d v a n c in g  by  “ h o t-sp o t”  m echan ism s to o , are caused b y  
o th e r  phenom ena, e .g . slow  spurious d iffusion  of th e  d o p a n t or c o n tac tin g  
m e ta l th ro u g h  “ p in h o le s”  in  th e  th e rm a lly  grow n S i 0 2 la y e r  due to  p h o to 
lith o g ra p h y  failu res [23], see In se ts  6 a n d  7.

(ii) The peak tem perature ju m p s  are low or quite negligible ( some tenth o f  a 
°C)  at low-power devices assum ing a structure o f  perfect or near-perfect geom etry 
a n d  homogeneity; w h ils t

(iii) A t power typ es  w ith a fa ir  structure, the tem perature rise due to the 
turnover transient m ight be sign ificant (som e °C) w hich can be described, contrary  
to a larger junction  area, to the fact that the advantages o f  the good '‘‘'static” (d .c .)  
cooling o f  the case get lost totally at the very b r ie f turnover dura tion  and ívhat really  
counts here, is the m a n y  tim es higher turnover power o f  some ten V  and some A  
sw itch ing  level, q u ick ly  h e a tin g  th e  d ep le tio n  lay e r h av in g  h ere  a volum e n o t 
e ssen tia lly  larger (e.g . o n ly  b y  a fac to r o f  5 to  50) th a n  in  a low- or m edium - 
p o w er device. This is th e  reason  th a t  th e  pow er tra n s is to rs  a re  m ore likely p rone  
to  sw itch ing  service d e te r io ra tio n , th e  la rg e r  ju n c tio n  a rea  an d  thu s a h ig h er 
p ro b a b ili ty  of s t ru c tu ra l  defects here p la y  on ly  a seco n d a ry  role.
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Such  m ild overheating as occurs at geom etrically perfect and homogeneous 
structures spreading evenly in the whole volume o f  the collector depletion layer , 
cause but little harm . The really dangerous case is i f  there is a strong tendency fo r  
current-flow  concentration, due to a structural im perfection. Then the energy o f  
turnover transient concentrates in  a considerably less volume, causing there a tem 
pera ture  ju m p  inversely proportional to the real volume involved in  current flo w  
(so in  h e a t g enera tion ), as com pared to the whole volume o f  depletion layer. 
A c o n c e n tra tio n  ra t io  of 103, o r ev en  m ore, can  be considered  as n o t a to o  
ra re  ev en t, hence, th e  te m p e ra tu re  m ay  rise to  som e 100 °C or g re a te r  b y  a 
th e rm a l ru n aw ay  process, lead in g  to  a m e ltin g -th ro u g h  of th e  sem ico n d u c to r 
m a te r ia l  in  th e  “ h o t-sp o t’s ch a n n e l”  an d  fin a lly , to  to ta l  d e s tru c tio n .

4. Volumetric failure m echanism s due to bonding 
and contacting

A t h ig h -cu rren t levels th e  v o lta g e  drops across th e  “ lead -in ” sp read in g  
re s is tan ces  of th e  tra n s is to r  w ill b e  con sid erab ly  in creased , so V EB due to  rE; 
J^Cßsat due to  rc ; f in a lly , b o th  v o lta g e s  due to  rBB, base  sp read ing  resis tan ce . 
T h u s , in  tu rn ed -o n  (sa tu ra ted ) s ta te  th e  in s ta n ta n e o u s  pow er loss

I ~ E p i r E  “I“ ( r b b ' ' J 1f e ) \

on th e  em itte r side , while

M r c  ( r  BB'I  ̂ f e )]

on  th e  collector side  w ill be s ig n if ic a n t i f  th e  lead -in  resis tan ces  increase d u rin g  
th e  opera tion  due  to  co n tac ting  d e g ra d a tio n . A t p la n a r  an d  m esa ty p e s  th e  
in c rease  of rE collector-side c o n ta c t  res is tan ce  is ra re  since th is  c o n ta c t co n 
sis ts  o f th e  soldering-on  of th e  w 'afer o n to  th e  h ead e r w ith  gold. All th e  m ore 
im p o r ta n t  are th e  failures of th e  b a se  an d  e m itte r  c o n ta c ts  due to  th e  well- 
k n o w n  “ p lague”  o f  these th e rm o -co m p ress io n  A u —Al b o nds (see In se ts  3 
a n d  5), i.e. th e  occurrence of A u A l2, A uA l, A u 2 Al, Au 5A12, an d  Au4A1 in te r-  
m e ta llic  com pounds w hich are s ti l l  good conducto rs b u t  m echan ically  b r i t t le  
a n d  fu ll of voids d u e  to  volum e ch an g es  an d  so s tru c tu ra lly  w eak  [9, 10]. T he 
s itu a tio n  due to  su ch  co n tac t-p lag u e  fa ilu res is s till m ore serious a t  p u lsed  life 
te s ts  w hile th e  p lag u e  process is te m p e ra tu re -a c tiv a te d  an d  so an  u n ev en  c u r 
r e n t  d is tr ib u tio n  a t  th e  bond ing , especia lly  a t  th e  h igh  c u rre n t level o f th e  
e m itte r  con tac t, leads to  a f u r th e r  source o f “ h o t-sp o t”  fo rm a tio n  an d  to  th e  
ra p id  d eve lopm en t o f a cu m u la tiv e  p lague process u n til  th e  c o n ta c t w ill be 
co m p le te ly  b ro k en . This is a n o th e r  fam ily  o f “ v o lu m e trica lly  o rig in a te d ” 
fa ilu re s  w here in s te a d  of th e  a v e ra g e  te m p e ra tu re , th e  te m p e ra tu re  o f th e  
“ h o t  sp o t” , th u s  in d irec tly , ag a in  th e  c u rre n t level p lay s th e  f irs t  role.
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T he m ain  d iffe rence  as com pared  to  o th e r  “ v o lu m e tric ”  fa ilu re  m ech a 
n ism s is a t such “ co n ta c t-p la g u e  h o t-sp o t”  d eg rad a tio n  processes th a t  th e  tp 
d u ra tio n  of th e  sw itch ed -o n  (sa tu ra te d ) s ta te  (i.e., th e  pu lse  d u ra tio n ) an d  
so th e  tp f r d u ty  cycle  are  no longer u n im p o r ta n t  since th e  th e rm a l energy  
develop ing  th e  c o n ta c t  fa ilu res is d ire c tly  p ro p o rtio n a l to  tp, an d  so is th e  
av e rag e  pow er p ro p o rtio n a l to  th e  p ro d u c t tp f r. C onsequen tly , th e  execu ted  
te s tin g  eq u ipm en ts a re  p ro v id ed  w ith  a pu lse  d u ra tio n  co n tro l w here tp pulse 
d u ra tio n  can be v a r ie d  in  a ra tio  o f 1 : 4 an d , m oreover, th e se  eq u ip m en ts  
w h ich  will be d ea lt w ith  la te r  have been  c o n s tru c te d  in  tw o  d iffe ren t v e r 
sions, nam ely , one fo r  low -speed alloyed  tra n s is to rs  w here tp ranges betw een  
150 - r  500 fisec an d  a n o th e r  for h igh-speed  p la n a r  ty p e s  ex h ib itin g  a 1,5 -f- 5 
psec pu lse  d u ra tio n  ra n g e . In  th e  A p p en d ix  som e life te s t  re su lts  are show n 
a p p ly in g  b o th  k in d s o f  tra n s is to rs  an d  especia lly  o f th e  ex p erim en t (f  ) w here a 
p la n a r  ep itax ia l t r a n s is to r  ty p e  ex h ib itin g  serious techno log ica l im perfec tions, 
e.g. p lague-afflic ted  b o n d in g , w as te s te d  a n d  a su rp ris in g ly  h igh  p o rtio n  failed  
b ecau se  of b roken  e m itte r  (see T able  Y) i f  th e  te s te d  lo t o f 480 pcs w as su b jec ted  
to  a low -frequency , h ig h  sw itchover-energy  te s tin g  a lte rn a tiv e  using  tp =  200 
jusec: 136 of 480 fa iled  in  th is  m anner, obv iously  (a t le a s t p a r tly )  due to  th e  
afo re  m en tioned  “ co n ta c t-p la g u e  h o t-sp o t”  v o lu m etric  d e g ra d a tio n  (see also 
th e  e m itte r  co n tac ts  b a d ly  afflic ted  b y  in te rm e ta llic  fo rm a tio n  in  In se t 5, 
especia lly  SEM p ic tu re s  b, c, and  d w here th e  bonds w ere com plete ly  d e tached ). 
C o n tra ry  to  th is , if  th e  h igh -frequency , low  sw itchow er-energy  te s t  a lte rn a tiv e  
w ith  tp =  5 psec h a d  b een  m ade use of, in  a n o th e r  lo t o f 480 tra n s is to rs  ta k e n  
from  th e  sam e b a tc h  o n ly  1 failed for b ro k en  em itte r .

A n o th er fam ily  o f v o lu m etric  fa ilu res fre q u e n tly  occu rring  in  th e  m in u te  
t r a n s is to r  s tru c tu re s  on m onolith ic  ICs [23] due to  p inho le-caused  sh o rts , is 
show n in Inse ts 6 a n d  7.

5. B asic principles o f the test method

Since th e  en erg y  o f  tu rn -o v e r tra n s ie n ts  is o f th e  g re a te s t im p o rtan ce  b y  
sw itch in g  service life te s ts , b o th  m ag n itu d e  an d  d u ra tio n  o f these  tra n s ie n ts  
m u s t be held  so c o n s ta n t an d  reproducib le  d u rin g  th e  te s t , w hile th e  re p e titio n  
is he ld  a u to m a tica lly  c o n s ta n t a t  50 H z m ain s freq u en cy  for th e  low -freq u 
ency  alloyed ty p es or h ig h e r (e.g. 5 kH z) fo r h igh -frequency  ty p es .

O ne m ay  suggest, to o , th a t  v a ry in g  th e  d u ra tio n  o f th e  tu rn o v e r  t r a n 
s ien ts  (n a tu ra lly  w ith  e x a c t rep ro d u c ib ility ) seem s to  be a con v en ien t m eans for 
th e  a lte ra tio n  of th e  t r a n s ie n t  energies. T h is id ea  w as p u t  in to  p rac tice  b y  th e  
e x e c u te d  life te s tin g  a p p a ra tu s .

T he tu rn -o n  a n d  tu rn -o f f  s ta te s  are n o t  id en tica l in  all re sp ec ts  from  th e  
d e g ra d a tio n  po in t o f  v iew , th o u g h  th eo re tica lly  b o th  tra n s ie n t energies are th e
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sam e i f  rise tim e  an d  fall tim e  are  eq u a l. As w as s ta te d  in  th e  S ection  2, th e  
s itu a tio n  is m ore c ritica l a t  th e  tu rn in g -o ff  tra n s it io n  since th e n  a h igh  rev e rse  
v o ltage  V CB ap p ea rs  an d  la rg e r-th an -n o rm a l reverse  c u rre n t flow s th ro u g h  th e  
“ h o t sp o ts”  lead in g  to  local th erm o -e lec trica l feedback  an d  f in a lly  to  th e  p u n ch - 
th ro u g h  or b reak d o w n  of th e  device.

I f  c u rre n t d e n s ity , reverse v o ltag e , fu r th e r  th e  d u ra tio n  an d  th e  r e p e t i 
tio n  freq u en cy  o f  th e  tu rn -o ff  tra n s ie n ts  a re  all su ffic ien tly  h igh , th is  d e g ra 
d a tio n  process w ill be accelera ting  ra p id ly  on devices h av in g  a poor s tru c tu re , 
as is described  in  S ection  2 .

In  th e  app lied  te s t  m ethod , th e re fo re , th e  a m o u n t o f tu rn -o ff  t r a n s ie n t  
energy , i.e. th e  d u ra tio n  o f th is  tra n s it io n , w as chosen to  he m uch  g rea te r  th a n  
th e  d u ra tio n  o f th e  tu rn -o n  tra n s ie n t. O n th e  o th e r  h a n d , th is  energy  m u s t be  
held  e x a c tly  c o n s ta n t d u ring  te s t an d  be m ade v a ria b le  be tw een  w ide lim its  a n d  
w ith  fa ir  re p ro d u c ib ility .

I f  tu rn -o ff  (as w ell th e  tu rn -o n ) tim e  w as m ade m uch  longer a r tif ic ia lly  
th a n  th e  sp o n tan eo u s sw itch ing-off tim e  (and  sw itch ing -on  tim e) o f th e  te s te d  
tra n s is to rs  in  th e  g iven  in v e rte r  te s t  c ircu it, th e  aim  is acqu ired . This co n d itio n  
can  o n ly  be accom plished  in  a com m on base c ircu it c o n fig u ra tio n  w here  th e  
tr a n s is to r ’s sp o n tan eo u s  sw itching-on an d  -off tim es are m uch  sh o rte r  th a n  in  a 
com m on e m itte r  c ircu it.*  The re la tiv e ly  long  tu rn -o v e r  tra n s ie n t tim es  a re  
com pelled  to  th e  te s te d  tra n s is to rs  b y  th e  e m itte r  c u rre n t pulse g e n e ra to r . 
T hus, th e  com m on base  con fig u ra tio n  w as chosen desp ite  a m uch h igher pu lse  
g en e ra to r  o u tp u t  c u rre n t dem and. B y  th is  m e th o d  th e  in te rfe ren ce  cau sed  b y  
th e  sp read  of sp o n tan eo u s sw itch ing  tim es o f th e  te s te d  tra n s is to rs  in  th e  
c ircu it, are avo ided .

F ig . 1 show s th e  basic schem atic  te s t  c ircu it an d  th e  w ave fo rm  o f p u lse  
w hich  drives th e  te s te d  tran s is to rs  in to  th e  s a tu ra te d  (tu rn ed -o n ) c o n d itio n . 
A h e a v y -d u ty  tra n s is to r iz e d  pulse g en e ra to r  in  series w ith  th e  in d iv id u a l R E 
e m itte r  re sisto rs ac ts  as an  e m itte r  c u rre n t g en e ra to r. T he collector c irc u it  
co n ta in in g  in d iv id u a l collector resisto rs R c an d  a com m on, h ig h -cu rren t, V CB 
supp ly .

T he re p e titio n  frequency  o f th e  d riv in g  pulse  equals th e  50 H z m a in s  
freq u en cy  for a sim ple o u tf it  of th e  pu lse  g en era to r. T he pulse  w id th is  c o n tin 
uously  a d ju s ta b le  betw een  150 an d  500 m icroseconds. T he tu rn -o n  tim e  is 
held  a t  a c o n s ta n t 10 m icroseconds va lu e , w h ilst th e  m ore im p o r ta n t tu rn -o f f  
tim e  is a d ju s ta b le  be tw een  10 and  100 m icroseconds in  24 fix ed  an d  c a lib ra te d  
steps. T his se tu p  w as used for lo w -sw itch ing -ra te , a lloyed  Ge tra n s is to rs . — 
A n o th e r co n s tru c tio n  served for th e  te s tin g  o f h igh-speed  p la n a r an d  m esa  
ty p e s  w ith  an  a d e q u a te ly  higher re p e titio n  ra te  o f 5 k H z , a fall tim e  a d ju s ta b le  
b e tw een  0,1 an d  1 psec, a fixed  rise tim e  o f 0,1 psec an d  w ith  a pulse d u ra tio n  
v a riab le  b e tw een  1,5 an d  5 psec.

* Actually, by  a factor of approx. 1 -f- hje.
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life testing drawer(s)

F ig . 1. Basic schem atic circu it of the suggested switching-mode life testing equipm ent and 
characteristic  voltage (and current) wave form s of the em itter current pulse generator. The 
tes ting  of a p-n-p ty p e  tran sis to r is depicted here. For n-p-n transistors, all polarities should

be reversed

6. Calculus o f th e  tran sien t pow er a n d  energy during  co m m u ta tio n

T he q u a s i-s ta tio n a ry  d issipa ted  p o w er in  th e  s a tu ra te d  (tu rn ed -o n ) s ta te  
(^CSsat +  VEBp) Icp, av erag ed  to  th e  fu ll p e rio d  tim e  is, using  here  th e  a p 
p ro x im a tio n  IEp I Cp, see E q . (6), w ith  hFB c u rren t am p lifica tio n  fac to r  n o t 
co n sid e rab ly  less th a n  u n ity :

Pon =  tpf r (VCBsat+ V EBp)ICp, (4)

since  in  th e  s a tu ra te d  s ta te  b o th  v o ltag es  VCB sat an d  VEBp on th e  collector 
a n d  e m itte r  ju n c tio n s  are  fo rw ard -d irec ted  an d  being in  th e  sam e o rd er of 
m a g n itu d e  (0,3 4- 1,5 У ), th u s  b o th  cau sin g  sign ifican t pow er loss.

S im ilarly , in  th e  cu t-o ff  (tu rn ed -o ff) s ta te  th e  averaged  q u a s i-s ta tio n a ry  
d iss ip a te d  pow er w ill be

2n
-fóff =  fr Vcc J IcBoit) d(wt) Vcc ICB0, (5)

о

b y  th e  la t te r  a ssum ing  th a t  ICB0 rev e rse  c u r re n t is c o n s ta n t in  tim e , an d  th e  
dev ice  is n o t in  a th e rm a l ru n aw ay  co n d itio n , fu r th e r  th a t  th e  tpf r d u ty  cycle 
is low , i.e. tpf r 1, o therw ise  E q . (5) sh o u ld  be m u ltip lied  b y  (1 —tpf r). H ere  tp 
is th e  d u ra tio n  o f th e  c u rre n t pulse (i.e. th e  d u ra tio n  of th e  tu rn e d -o n  tim e), f r 
th e  re p e titio n  freq u en cy , VCB sat is th e  s a tu ra tio n  v o ltage  o f th e  tu rn e d -o n  
t r a n s is to r  (up to  a b o u t 1,5 У), Vcc is th e  co llec to r supp ly  v o ltag e  an d , fin a lly ,
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I Cp is th e  co llec to r c u rre n t am p litu d e  in  a s a tu ra t io n  s ta te , and  m ay  be 
com p u ted  as

Icp  =  h FB V1feK 1 +  hFE)] I Ep (6)

and  I Ep =  V ,IR e

w here V,- is th e  o u tp u t  v o ltag e  am p litu d e  o f th e  pu lse  g en e ra to r (here i t  is 
u su a lly  25 vo lts).

The value of th e  co llector re s is to r R c c an n o t be assum ed  to  be in d e p e n 
d e n t, since

(1 +  hFE) Vcc
R c  = --- - - - - - - - - - - -  (7)

n F E  1 E p

an d  a t  th e  v e ry  h igh  e m itte r  c u rre n t o f th e  life te s t ,  hFE is n o t y e t m ark ed ly  
g re a te r  th a n  u n ity , th u s

hFB =  hFE/ ( l  -f- hFE)

is s ign ifican tly  less th a n  u n ity  (e.g. a b o u t 0,8 to  0,95).
In  th is  w ise one m ay  d raw  th e  conclusion th a t  b o th  q u as i-s ta tio n a ry  

losses P on in  s a tu ra te d  s ta te , an d  -foff in  cu t-o ff s ta te  are  neglig ib le in co m p ari
son to  th e  tu rn o v e r  tra n s ie n t  pow er losses, since in  E q . (4) in  th e  s a tu ra te d  s ta te  
V CB sat is very  low, th o u g h  th e  full c u rre n t I Cp, is flow ing , w hile in  th e  c u to ff  
s ta te  I CB0 is v e ry  low  (a t le a s t com pared  to  I Cp), th o u g h  V cc  supp ly  v o ltag e  is 
u su a lly  high. To p ro v e  th is , le t  us ca lcu la te  th e  tu rn o v e r  tra n s ie n t energies 
and  powers, using  th e  e x p o n en tia l a p p ro x im a tio n  o f sw itch o v e r-tran s ien t 
cu rren ts  an d  v o ltag es .

The a m o u n t o f  tra n s ie n t  energy  a t  each  tu rn in g -o ff  co m m u ta tio n , 
in te g ra tin g  th e  p ro d u c t o f th e  ex p o n en tia l v o ltag e  an d  c u rre n t vs. tim e  fu n c 
tions d isp layed  in  F ig . 2, be tw een  th e  no rm alized  tim e  b o u n d aries  0 an d  í / t 0 
an d  m ultip lied  b y  T 0 , w ill be:

L o n i th o )

an d  a fte r  th e  in te g ra tio n

^off(*/ т о)
to  V2cc

2 R c L
+  exp 2 exp (8)

O bviously , th e  energy  o f th e  tu rn -o n  tra n s ie n t has th e  sam e form  ex cep t 
th a t  th e  r, tu rn -o n  tim e  c o n s ta n t m u st be su b s titu te d  in s te a d  of r 0 t u r n 
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Fig. 2. Characteristic tim e functions of the tu rn-over transients. Time is norm alized in t/т,- 
and  t / r 0 term s. Lower diagram : exponential rise or fall of collector cu rren t ( I q) and collector 
vo ltage (V CB) ' rl h+ с / F ee  and Vq b I^CC norm alized term s. The peak tran sien t power appears 
w hen b o th  current and voltage are a t  the half of the ir quasi-stationary final am plitudes a t 
th e  norm alized time in s tan t o f t /r  s=à 0,69 as ln  2. U pper diagram: th e  tim e function of the

instantaneous power, P ^ í/t)

o ff  t im e  con stan t. T h e  expression  (8) w ill th a n  give a t  t =  o o  (or, m ore 
p ra c tic a lly , w ith  t r 0)

boff =  T o '  V b d 2 R c  =  T 0 Vcc 7Cp/2 (9)

for one single tu rn -o ff  c o m m u ta tio n  process, w hich can  be in  tu rn  a tremendous 
am o u n t o f  energy, especia lly  a t  h igh sw itch ing  pow er levels.

T h e  in stan tan eo u s  pow er of th e  tu rn -o f f  tra n s ie n t m a y  be gained  as th e  
p ro d u c t  of in s ta n ta n e o u s  7c( i / r 0) an d  V CB(tjx 0) e x p o n en tia l tim e  functions 
o f  F ig . 2, as

P(lt off (^/Tq) <
П с
R r

[exp ( - t / t 0) — exp  ( —2t / r 0)].

( 10)

D iffe re n tia tin g  th is  tim e  fu n c tio n  b y  t, th e  m ax im um  v a lu e  o f  P dloff w ill be 
w h ere  d P d<off/df =  0 , hence

dP dt off/d t
Vác 

т0 Rc
— 1 +  2 exp
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th u s  2 exp ( —t jr 0) =  1, and  P d(off h as  th e  m ax im um  w hen

t / r 0 =  In 2 ö í 0,6931

as ca n  be seen in  th e  u p p e r d iag ram  o f F ig . 2 and fu r th e r , in  th e  in s ta n t Ic(t) =  
=  I Cpl2 and  F CB(t) =  F cc /2 . In  o th e r  w ords, a t  th e  in s ta n t  o f th e  tra n s ie n t  
p o w er peak  b o th  th e  collector c u rre n t an d  the  co llec to r vo ltage  are  e x a c tly  
a t  th e  h a lf  o f th e ir  q u a s i-s ta tio n a ry  m ax im al am p litu d es .

T hus, su b s titu tin g  exp (—t / r 0) =  0,5 in to  th e  fu n c tio n  (10), th e  m ax im u m  
v a lu e  o f th e  in s ta n ta n e o u s  pow er a t  each  tu rn o v e r ( tu rn -o n  as well as tu rn -o ff)  
w ill be

Pdt max =  V c d * R c  =  ^'cc I C p I (12)

w h ich  is a rea lly  considerab le  pow er p eak  if  sw itch ing  levels are h igh  a n d  for 
w h ich  th e  sw itch ing-serv ice d e g ra d a tio n  can  be b lam ed  i f  th is  tra n s ie n t pow er 
p e a k  co n cen tra tes  in  one or m ore o f th e  m inu te  vo lum es o f “ h o t sp o ts” . T h is 
p o w er surge occurs tw ice in  ev e ry  sw itch ing  cycle: once a t  sw itch ing -on  
a n d  once a t  sw itching-off.

F in a lly , th e  pow er o f th e  tu rn -o f f  tra n s ie n t, w h en  averaged  for th e  fu ll 
1 /fr  period  tim e , is eq u a l to  th e  w hole energy  of th e  t r a n s ie n t  in  eq u a tio n  (9), 
m u ltip ly in g  i t  b y  f r:

P dioff =  Lofffr — f  о fr  I /Cc/2 R c =  T0f r Vcc Icp/2- (13)

I t  m a y  be seen, com paring  th is  re su lt  to  P on in e q u a tio n  (4) and  to  Poif in 

e q u a tio n  (5), th a t  th e se  q u a s i-s ta tio n a ry  d issipated  pow ers P on and  P off can  be 
in  m o st cases (i.e. i f  sw itch ing  pow er level is high) n eg lec ted , since V cc >  In a sa t 
a n d  ICp ICB0, th o u g h  tp pulse d u ra tio n  is larger (b u t  o n ly  ab o u t w ith  one 
o r som e orders o f m ag n itu d e) th a n  r 0 tu rn -o ff  tim e c o n s ta n t.

In  Fig. 2 th e  low er d iag ram  show s th e  ex p o n en tia l v o ltag e  an d  c u rre n t 
t im e  functions for b o th  th e  tu rn -o n  an d  tu rn -o ff  t r a n s ie n ts  w ith  th e  j u s t i 
f ia b le  neglections VCB sat Vcc an d  ICB0 ICp, b o th  in  norm alized  te rm s  of 
V cbI Vcc and  I c R J V c c  in  th e  d ependence  o f tim e also no rm alized  as tj r, or 
t / r 0. T hese func tions are  e.g. for th e  tu rn in g -o ff

Ics(*) =  Vcc ex P ( —f/*o) an d  I c (t) =  (Fcc/^c) [1 — exp  ( —t / r 0).

S ince these  fu n c tio n s are  sy m m etrica l in  respect to  I qR cI F cc =  or
V cbI V cc =  ^-5 an d  also for th e  in d e p e n d e n t v ariab les  t j t t — In 2 or t j r 0 =  
=  In  2 and  in  th e  prev ious eq u a tio n s  alw ays th e  p ro d u c t of c u rre n t an d  
v o lta g e  tim e  fu n c tio n s are  u tilized , i t  m ay  be seen t h a t  th e  end  re su lts  in  
e q u a tio n s  (9), (11), (12) and  (13) a re  obv iously  valid  fo r th e  tu rn -o n  tra n s ie n t 
to o , only  t j  tu rn -o n  tim e  c o n s ta n t shou ld  be w ritten  in s te a d  o f T0, and  n a tu ra l-  

ly , L on, P dton an d  P dton shou ld  be m e a n t.
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Finally, let us seek for a numerical exam ple choosing a low pow er, universal-use 
silicon epitaxial planar transis to r*  where l c p =  Pccl^c — 0,25 A; Vqq =  —32 V =  f"cs max, 
hence R q =  125 Ohms. I f  r 0 =  100 /tsec is compelled by the pulse generator adjusted th is  
w ay, th e  transient energy of one single turn-off tran sien t will be, using equation  (9)

L0(f =  t0 Fêc/2 Rc = 10 - 1 X 322/2,5 x 102 =  4 x IO“ 4 W sec,

and  th is nearly one half m W sec is indeed a very large energy, taking th e  m inute volume of 
som e cubic microns of a h o t spo t in to  consideration.

The surge am plitude of the transien t power, using equation (12), will be

P it max =  Гсс/4 Rc =  322/5 X 102 =  2 W
also m any  times exceeding th e  m axim um  d. c. power dissipation of 125 -f- 250 mW of these 
g iven transistor types.

On the other hand, le t us com pute the quasi-stationary  averaged power losses in the 
sam e type. W ith VcBsat =  1 V  =  VBBp and I qbo  =  30 /tA, tp =  250/rsec and f r =  50 Hz, 
E q . (4) gives a t I Bp =  0,25 A current level P on =  6,2 X l0 ~ 3 W and  E q. (5) gives PoB =  
=  10 - 3 W.

C om paring th e se  re su lts  to  th e  av e rag ed  pow er o rig in a tin g  from  th e  
tu rn -o v e r  tran s ien ts  a n d  u tiliz ing  E q . (13) w ith  t, =  10 psec  an d  t0 =  100 

p sec , th is  gives fo r b o th  sw itch ing-on  a n d  -off tra n s ie n ts  to g e th e r P dt =  
=  22 X 10“ 3 W w hich  la t te r  in  tu rn  is h ig h e r by  tw o o rders o f  m agn itude  as 

c o m p a re d  to  P off an d  b y  h a lf  an  o rder o f m a g n itu d e  as co m p a re d  to  P on. T h u s, 
th e  la t t e r  q u a s i-s ta tio n a ry  pow er losses c a n n o t he neg lec ted  i f  th e re  is a con
s id e ra b ly  high V CBsat o r V EBp vo ltage  d rop  across th e  ju n c tio n s  due to  serious 
c o n ta c tin g  failures, e. g. c o n ta c t plague;*  an d  also if  E c c is re la tiv e ly  low, ly ing  
in  th e  o rder of V CB sat (as is th e  s itu a tio n  e.g. a t  d ig ita l IC-s).

7. Some ideas on te s t principles

T he question  m a y  arise here  w h e th e r th is  concep t o f  ex ac tly  equal 
sw itch in g -o n  or -off t im e s  from  tra n s is to r  to  tra n s is to r , com pelled  to  th e  te s te d  
spec im ens by  an  e x te rn a l pu lse  g en era to r, is th e  rig h t m e th o d  o f life te s tin g . 
O n th e  o ther h an d , th e re  is th e  life -test m e th o d  w here th e  g iven  tra n s is to r  ty p e  
o p e ra te s  in a ty p ic a l com m on  em itte r  in v e r te r  c ircu it, e.g. in  th e  te s t c ircu it 
g iv e n  in  th e  d a ta -sh e e t o f th e  ty p e , an d  one m akes use o f  a driv ing  pulse 
g e n e ra to r  having tu rn -o v e r  tim e  d u ra tio n s  m uch  sh o rte r th a n  th e  tra n s is to r  
i ts e lf . This second m e th o d  h as , o f course, som e ad v an tag es  as follows. Surely ,

*E. g. npn types BC 108, BC 109, BC 172, BC 173, BC 238, BC 239, BCY 58, 2N 2368 
and  2369; further pnp types BC 252, BC 253, BC 262, BC 308, BC 309, BCY78 and 2N 212 
as well as alloyed Ge pnp  types OC 72 and AC 125.

* Contact plague as a m ain failure cause, leading to  an enhanced co n tac t resistance and 
la te r  to  a complete open circuit, emerges a t high tem peratures after a prolonged operation a t 
w ire bonded contact system s of gold and alum inium  (i. e., therm ocom pression bonds of Si 
an d  Ge, planar and m esa, technologies, thus also a t  monolithic ICs) by  A umAl„ interm etallic 
fo rm ation , containing voids in  an ever growing ex ten t. This process has a characteristic acti
v a tio n  energy of 1 eV.
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th e  sw itching-on an d -o ff tim es ton a n d  ioff h av e  a sign ifican t sp read  b y  a g iven  
tra n s is to r  ty p e . A sam ple w ith  la rg e  tu rn o v e r  tim es will c e rta in ly  be su b jec ted  
to  a h igher stress since the  am o u n t o f tra n s ie n t  tu rn -o v e r energy  is p ro p o rtio n a l 
to  th e  sw itch ing-on  and  -off tim e  in  th e  g iven  te s t  c ircu it, cf. E q . (9). H ence , 
a la rg e r tu rn -o v e r tim e  will re p re se n t a la rg e r proneness to  m ore ra p id  d e g ra d a 
tio n  an d  d e te rio ra tio n . P u ttin g  th e  idea  o f th is  second te s t  m eth o d  in to  o p e ra 
tio n , in d iv idua l d ifferences in a sp o n tan eo u s  tu rn o v e r tim e  o f th e  te s te d  
tra n s is to rs  are in fluenc ing  th e  d e g ra d a tio n  processes an d  hence, long-run  life 
te s ts  conducted  w ith  th is  m e th o d  will fu rn ish  resu lts  m ost e x a c tly  re la te d  to  
rea l in v e rte r  serv ice , b u t, u n fo r tu n a te ly , on ly  in  one single ty p ic a l in v e rte r  
c irc u it, th u s  fa r from  any  “ s ta n d a rd iz a tio n ” .

A no ther a d v a n ta g e  of th is  te s tin g  co n cep t is th e  use o f a m ore sim ple 
d riv e r  pulse g e n e ra to r  w ith s ig n if ic a n tly  low er o u tp u t pow er. H ow ever, th e  
in a b ility  of th is  m eth o d  to  m ak e  s ig n ifican tly  accelera ted  te s ts  m ay  be co n 
sidered  as a d isad v an tag e , since tu rn -o v e r  tim es are d e te rm in ed  b y  th e  te s te d  
tra n s is to r  itse lf  a n d  only e lev a ted  co llec to r cu rren t an d  collector vo ltag e  
levels as well as re p e titio n  freq u en cy  an d  a m b ie n t te m p e ra tu re  m ay  be c o u n ted  
in  for accelera tion  pa ram ete rs  b u t  w ith in  v e ry  re s tr ic te d  lim its .

The m ost ad eq u a te  m eans fo r acce le ra tio n , th e  increasing  of re p e titio n  
freq u en cy  is h in d e red  by  th e  f in ite  sw itch ing -on  and  -off tim es o f th e  te s te d  
tra n s is to r . R ising  o f the  Vcc  su p p ly  v o ltag e  is obviously  lim ited  b y  th e  
b reakdow n  of th e  collector d iode an d , on th e  o th e r h an d , th e  increasing  o f I Cp 
w ill lead  to  an enorm ous fall o f hFE, th u s  to  an  excessive d riv in g  pow er d em an d , 
n o t s ig n ifican tly  less th a n  in  th e  com m on base c ircu it. F in a lly , as w as p re 
v io usly  s ta ted , th e  elevated  a m b ie n t te m p e ra tu re  does n o t a c t as a m ain  v o lu 
m etric  failure cause.

L et us d ea l w ith  the  m e th o d  o f com pelling  th e  tu rn -o v e r  tra n s ie n t tim es 
eq u a lly  on th e  te s te d  tra n s is to rs  an d  using  a d riv ing  pu lse  g en era to r w ith  
tu rn -o v e r  tim e  d u ra tio n s m u ch  in  excess o f th e  sp o n tan eo u s com m on base 
tu rn -o v e r tim es o f the  te s ted  tra n s is to rs  itse lf, i.e. th e  m e th o d  chosen here . 
I f  one wishes to  seek for th e  re la tio n sh ip  betw een  d e g ra d a tio n  (th e  fa ilu re  
ra te )  and  t r a n s ie n t  tu rn o v e r en erg y , th is  m e th o d  seem s to  be m ore a d e q u a te , 
since th e  e x a c t am o u n t of tu rn o v e r  energy  m ay  alw ays be c o m p u ted  w ith  
ease, c o n tra ry  to  th e  previous m e th o d  w here , due to  th e  sp read  of in d iv id u a l 
tu rn o v e r  tim es o f  th e  tested  tra n s is to rs , th is  is im possible. O n th e  o th e r h a n d , 
accelera tion  o f  th e  te s t m ay  easily  be accom plished  b y  th e  a rtific ia l e long a tio n  
o f  th e  tu rn -o ff  tra n s ie n t tim e , w ith  re a lly  fa ir  rep ro d u c ib ility .

F inally , th o u g h  th is  m e th o d  is n o t  in ten d ed  for g iv ing c h a ra c te ris tic  
fa ilu re  ra tes  o f  a given tra n s is to r  ty p e  in  sw itch ing  service, th e  m eth o d  seem s 
to  be an ex ce llen t m eans fo r so rtin g  o u t sam ples w ith  an  in h e re n tly  p oo r 
s tru c tu re , i.e. as a good “ screen in g ”  m e th o d  and  nev erth e less  as a q u ick  com 
p arison  te s t  fo r d ifferen t b a tc h e s  or m akes.
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T he m e th o d  also  ten d s  to  an  easy  “ s ta n d a rd iz a tio n ”  as a life te s t  in d e 
p e n d e n t o f c ircu it p a ra m e te rs  and  c irc u it ch a rac te rs , since all in s ta n ta n e o u s  
p e a k  an d  average  pow ers as well p e a k  tra n s it io n  energies m ay  easily  be com 
p u te d  and  se ttled .

One can  say  th a t  th e  proposed  te s t  m e th o d  seem s to  incline to w a rd  
excessive acce lera tio n  o f  d eg rad a tio n  processes, since th e  a rtif ic a lly  e lo n g a ted  
tu rn -o f f  t ra n s ie n t tim e  rep resen ts a to o  h igh  stress on th e  te s te d  tra n s is to rs . 
S u re ly , th e  fall tim e  a d ju s ta b le  be tw een  10 an d  100 p  sec is several tim e s  in  
excess of th e  sp o n tan eo u s  tu rn -o v e r tim es  o f som e te n th  o f a m icrosecond b y  a 
low -speed, a lloyed  tra n s is to r  in  c.b. c irc u it an d  th is  is th e  s itu a tio n  also w ith  
th e  0,1 -У1 psec fa ll tim es  com pared  to  th e  c. b . tu rn -o v e r  tim es of h igh-speed , 
m esa  o r p lan a r ty p e s  w h ich  la t te r  lie in  th e  o rd e r o f som e nanoseconds. H ow 
ev er, these  tu rn -o v e r  tim es  are m uch lo n g er in  c. e. c ircu it i f  no reverse  b ias is 
ap p lied  in  th e  cu t-o ff  s ta te  on to  th e  base  c ircu it (for th e  qu ick  rem o v a l o f 
s to re d  charges in  th e  base  region).

T he em ployded  a rtific ia l e longation  o f  th e  tu rn -o ff  tim e  in  one vers io n  
o f  th e  execu ted  life te s tin g  eq u ip m en t, ran g in g  from  10 to  100 p sec, seem s 
a d e q u a te  for low -speed  sw itch ing  service tra n s is to rs  (e.g. alloyed ones), b o th  
fo r low -pow er an d  pow er ty p es, a lth o u g h  i t  is su re ly  to o  long for h igh-speed  
sw itch ing  ty p es w ith  th in  base s tru c tu re s . T he ex p erim en ts , p resen ted  here  
la te r , w ere m ade p re d o m in a n tly  on low -or m ed ium -speed  alloyed Ge ty p e s , 
b u t  th e  concept w as p u t  in to  o p era tio n  also  w ith  severa l tim es sm aller tu r n 
over tim es, accord ing  to  high-speed p la n a r  tra n s is to r  ty p e s  to o , as i t  w as w ith  
th e  5 kH z re p e titio n  freq u en cy , 0,1 - y i p  sec fall tim e  version , c ited  earlie r.

O bviously , th e  tw o  d ifferen t life te s t  m e th o d s m en tio n ed  here, f in d  th e ir  
p a r t ic u la r  use fo r d iffe re n t aim s and  are  n o t in ten d ed  to  rep lace  each  o th e r.

8 . C ircu itry  of the  pulsed life-testing  ap p ara tu s

The version for testing  the low-speed alloyed transistors is dealt w ith here. The pulse 
generator (Fig. 3) uses a big storage capacitor Cÿ w hich is fully charged by  the rectified a. c. 
m ains voltage through a h igh-current transform er Trl, a silicon power rectifier diode Dch 
and a low-valued charging resistor Rc/,. The sw itching elem ent is a transis to r emitter-follower 
cascade (EFC), ap t for the reliable switching of 200 A pulse current. This EFC swatch (shown 
in the Fig. 3 w ithin dashed lines) contains 4 stages, employing thoroughly  cheap, alloyed Ge, 
low-speed power transistors.

The EFC is driven by  a solid-state gate pulse generator shown a t the bottom  of Fig. 3. 
This generator serves gate pulses negative in respect to  the common ground w ith m ains fre
quency repetition and pulse durations adjustable betw een 150 and 500 fisec. The operation 
of the generator is sim ilar to  the one described in  ano ther work of th e  au thor [15]. The phase 
shifter Rp, Cp is necessary since i t  allows th a t the in s tan t of the ou tp u t pulse will coincide w ith 
the peak of the mains voltage, i. e. when the storage capacitor C$ is fully charged. O m itting 
the phase shifter, the  in s ta n t of the ou tpu t pulse would be around the zero transition of the 
a. c. m ains voltage, since th e  driving pulse generator operates in  such a m anner, th a t the gate 
pulse fron t coincides w ith the  zero-transition of the 50 Hz in p u t voltage led to  the base of th e  
firs t stage T v  A djusting th e  optim al phase lag of 90 deg. by  the potentiom eter R p, has the 
advantage th a t the charge of the ou tpu t pulse only p a rtly  originates from  the charge stored 
in  Cs , th e  other half of i t  is gained directly from  th e  high-current transform er secondary,
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Fig. 3. Simplified circuit diagram  of the 200 A, 25 V p, transistorized pulse generator. The d. c. power supplies, the protection circuits 
and the “ quadrupling”  of some im portan t com ponents in Moore—Shannon-quad-type hamm ocks (for achieving very high reliability 

through redundancy techniques) are not shown. The “ low-frequency”  ( f r =  50 Hz) version is depicted here
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Fig. 4. Dependence of th e  fall tim e on the load cu rren t a t the executed pulse generator TPG-
200 (the 50 Hz version)

w ithou t the risk of severe ringing (a ttenuated  oscillation) after the turning-on and turning-off 
of th e  EFC, due to the s tra y  inductance of the transform er and circuit. However, the tran s
form er’s stray  inductance, th e  C$ storage capacitor and the full series resistive com ponent of 
the charging circuit (including the low-valued 0,03 Ohm ex tra  resistor) is forming a circuit 
a b it beyond the aperiodic boundary  condition. By th is means it  was achieved th a t a much 
sm aller storage capacitor o f 10 000 jiF  value reached ou t w ithout perceptible ringing. The 
negative-going ou tput-gate-pulse is led to the base inpu t-po in t of the EFC through a Cß5, 
150 (.iF  coupling capacitor and  the variable R r series resistor, the la tte r  serving as the control 
of o u tp u t pulse rise tim e.

The fall time m ay be controlled by the variable am ount of reverse bias applied on the 
bases of the EFC transistors. The fall time will be the longest when th is reverse bias is zero, 
i. e. th e  slider of the 24-step potentiom eter R j (point P  of the EFC) is connected to the common 
em itter point (E ) of the EFC . The reverse voltage is connected to each base of the EFC stages 
by th e  R ß 5. . R bs “ draw -out”  resistors. The operation of the fall-tim e control lies in the fact 
th a t th e  charge stored in  th e  base zone of the tu rned-on  EFC transistors and originating from 
the pulse current, can d isappear after the turning-off only in a finite time. If  there is no reverse 
bias applied, the disappearance of the stored charge occurs only by recom bination, and the 
la tte r  is a relatively slow process since the base zone is ra th er wide in alloyed types. W hen 
a reverse voltage is applied th rough  a fairly low -valued resistor to the base, the stored charges 
are draw n-out the more rap id ly , the higher the reverse voltage i. e. the larger the “ drawing- 
ou t cu rren t” is. This is accom plished here by utilizing the potentiom eter R f, the la tte r  having
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Fig. 5. Dependence of th e  pulse duration  on the load current a t  th e  executed pulse generator
TPG-200 (50 Hz version)

24 fixed steps in a near-parabolic m anner and  so allowing a nearly  linear characteristics of fall 
tim e increm ent pro step.

Surely, this sim ple method for th e  control of fall tim e has th e  disadvantage th a t  th e  
fall tim e is dependent on load current. T his can be surm ounted in  a m anner, where fall tim e is 
calibrated a t full load and  the dependence of fall tim e vs. load m ay be displayed on the fro n t 
panel of the pulse generator in tabu la ted  form, or using a diagram  sim ilar to  Fig. 4, where, 
as is shown, the fall tim e depends nearly  linearly  on load cu rren t betw een full load and  one 
quarter of it. The pulse duration also depends on the load cu rren t b u t  to a considerably less 
extent. The situation  is depicted in Fig. 5. I t  m ay be assumed th a t  this dependence is n o t 
significant between fu ll load and 1/4 of th e  full load, thus i t  seems unnecessary to use a correc
tion  diagram, since sm all variations in  pulse length have no effect on degradation because the  
dissipation of th e  sa tu ra ted  (turned-on) transis to r can usually  be neglected in  com parison 
to  th e  turn-over tran s ien t power losses.

The ou tpu t pulse peak current m e te r is a diode voltm eter w ith  a transistorized linear 
pulse amplifier preceding it. The cu rren t is m easured by  utilizing a low-resistance shun t in 
th e  ou tpu t circuit. This shun t has a value of 0,00044 Ohm, and is m ade from numerous sho rt 
bars of manganine resistance wire, parallel-connected between heavy  copper bars and having 
very  low inductance. The voltage drop on the shunt is very low in  th is way, th a t is, approx.
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0,1 V. The ou tpu t am plitude  m ay be ad ju sted  between 12,5 and 27,5 У limits, using the 
tapp ings of the h igh-curren t transform er secondary as a rough contro l and the R pr variable 
resisto r in  the same tran sfo rm er’s prim ary (w ith  1 2  steps) as fine contro l or by the use of a 
to ro idal (variac) transform er in  the prim ary.

I t  is very im p o rtan t th a t  the probability  of EFC short-circuit and hence, the risk of 
overloading the tested tran sis to rs  should be very  low. For achieving th is aim , derating of the 
used components as well as redundancy techniques have been used. F or exam ple, the storage 
capacito r Cg, the charging diode Dc/„ further the  diode Ds are em ployed as Moore —Shannon 
“ ham m ocks” containing fou r identical com ponents. Parallel redundancy  was used a t the 
la s t stage of the EFC and a t  R ß S. Calculation and live tes t for the m .t.b .f. (m ean tim e between 
failures) showed th a t th is  value fairly exceeds 5 X 10' test hours of undistu rbed  use. Five 
pieces of this pulse generator are in operation for more than five years and only 3 failures 
were registered (all in th e  la s t year) for a net operation  time of about 5 x 3 x l 0 4 hours (in all 
th ree  cases a transistor was shorted  in the EFC  la s t stage). The gate pulse generator has non- 
red u n d an t circuitry. Since a  capacitor (Cg5)is  applied between the gate pulse generator ou tpu t 
and  th e  EFC input, the E FC  rem ains in cutoff (tu rn-off) state when the gate generator ceases 
to  give driving pulse o u tp u t.

Fig. 6  shows the shape of the ou tpu t pulse voltage, varying the load current and the 
fall tim e, while in Fig. 7 th e  oscillograms of th e  pulse front are depicted, varying the load 
cu rren t and rise time.

The collector power supply  has the sam e charging—storage capacitor circuitry as the 
one used in  the pulse generator, w ith the obvious exception th a t  here is no EFC and the 
re la ted  gate pulse generator. N aturally , the polarities of the charging diode Dcf, and the elec
tro ly tic  storage capacitor are  reversed, and in th is way the supply gives negative collector 
vo ltage  (in respect to  the ground) when a p-n-p ty p e  is tested. The o u tp u t points in this case 
are th e  ones marked by a lpha  and beta in Fig. 3.

The VQQ voltage m ay  be adjusted betw een 12,5 and 32 volts in  th e  same way (trans
form er secondary tappings and  series variable resistor in  the prim ary) as in  the pulse gener
a tor. H ere the meters are, of course, moving coil types, one for the ind ication  of the d. c. col
lec to r voltage, the o ther serving as average o u tp u t current m eter. The voltm eter m ay be 
sw itched over to m easuring th e  peak V ßßp voltage between em itter and  base, when the tested  
tran sis to rs  are turned-on (i. e. th e  pulse generator ju s t  gives a pulse), aiding a diode peak m eter 
c ircu it w ith 2,5 Y range.

The prim ary of the m ains transform er is connected to the p rim ary  of the pulse gener
a to r’s m ains transform er in  such a m anner th a t  in  the instan t of th e  pulse ( th a t is w hen the 
a. c. secondary voltage in  th e  puiser is a t th e  positive peak and D ch is conducting) the a. c. 
secondary  voltage in th e  collector power supply should be a t its  opposite (negative) peak 
value and, hence, the charging diode IK >; should be conducting a t th is in s tan t, too. Thus, the 
charge of the collector cu rren t pulse is gained here, too, only partly  from  th e  storage capacitor, 
w ith  th e  other part o rig inating  directly from the transform er secondary. Though this m ethod 
has th e  advantage of using storage capacitors having only about one th ird  capacitance as it  
w ould be otherwise necessary, th e  uneven, pulse-like load tow ard th e  m ains and also the 
c o n stra in t to use larger transform ers w ith larger secondary copper cross section m ay be re
gal ded as disadvantages.

B o th  the pulse genera to r and collector pow er supply are fixed and  perm anent units 
in  th e  whole apparatus. The life-testing drawers, containing the R g  em itte r and R q collector 
resisto rs per testing place, are connected to  them  by  heavy copper bars, since pulse current 
am plitudes up to 200 A or m ore are flowing there  and the stray inductance of these in te r
connections m ust be held a t  m inim um , counteracting  the elongation of th e  rise tim e or prevent
ing “ overshoot” after the turning-on.

One set of a pulse generato r and collector supply can serve one or more life-testing 
draw ers, up  to  a to tal pulse cu rren t consum ption of 200 A depending on th e  type (i. e. power) 
of th e  tested  transistors. E ig h t types of such life-testing drawers were developed, nam ely, 
5 types for fixed collector p eak  currents betw een 0,05 and 1,2 A, each w ith  160 test positions 
for th e  life-testing of sm all-to-m edium  power transisto rs, and three fu rth e r types serving for 
the life-testing of power types (e. g. in TO-3 case) w ith  built-in heat sinks for the cooling of the 
tes ted  transistors, for peak collector currents ranging from 3 to  15 A and  for 30 or 12 test sites 
each, respectively. The R q  and  R q  resistors are of fixed and equal value. For a given I q p 
cu rren t these fixed resistance values determ ine th e  necessary V q c and  IK voltages. The 
collector current am plitude value  m ay be so ad justed  in a relatively wide range by the si
m ultaneous adjustm ent of b o th  IK and Vqc voltages, depending on th e  chosen am ount of 
lcpS^E p  ra tio , or in other w ords, on the chosen h p g  (or hpp) value held a t  th e  test, cf. Eq. (7).

F or the m easurem ent o f Vq ß p during th e  life tes t, the em itter po in t of each tested tran-
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Fig. 6. Oscillograms of th e  o u tp u t voltage pulse a t various load current levels a t  th e  200 A, 
50 Hz puiser version. N om inal pulse duration is 200 //see. Fall tim e control is ad justed  to  

toff =  20, 30, 50, 70 and 100 //sec nominal (scale) values. Time base is 50 //sec div.

(a) 200 A load, t0ff =  20, 30, 50, 70 and 100 ,tisec
(b) 100 A load, t0ff =  11, 17, 32, 49 and 75 /tsec
(c) 50 A load, t0ff =  8 , 11, 21, 36 and  64 (isec
(d) zero load, toff =  2, 2,5, 3, 8  and 38 fisec

The variation  of fall tim e due to  load current change m ay be studied. A t zero load a m inute 
am ount of ringing occurs. Pulse top fall increases w ith rising load current. The oscillograms 

were m ade by m ultiple exposure. (Vertical scale is 5 V/div.)
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Fig. 7. Oscillograms of the pulse fron t a t  various load current levels. Pulse du ra tion  is 200 /.isec 
Vertical scale is 5 V/div., horizontal scale is 5 (isec/div.

(a) 200 A load, ton min — 5 fí sec^ ton —■ 8  fx secj ton max — 12,5 [x sec
(b) 100 A load. ton mjn =  5 ^usec; t0n max =  Ю ^usec-
(c) zero load, t0n min =  2  /tsec; ton max : 3,5 fxsec

sistor m ay  be connected to  th e  V^Bp  diode peak m eter (on the collector supply) in sequence, 
u tilizing  multi-pole switches. This m easurem ent also serves for the quick determ ination  of 
ca tastroph ic  failures of the tes ted  specimens. I f  Vв  в  p is zero, the transis to r in  question is short- 
circuited  between em itter and  base. I f  the indicated  voltage equals the F,- pulse am plitude
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2.
TESTING
DRAWERS,

160 TESTING 
SITES,
0.6 A EACH

_ l

200 A
COLLECTOR
POWER
s u p p ly

200 a
PULSER

Fig. 8. Photograph of a pulsed-operation life te s te r  accommodating 320 m edium-power npn  
p lanar transistors of 0,6 A collector cu rren t pulse am plitude for each (50 Hz version)

10 Acta Technica Academiae Scientiarum Hungaricae 82, 1976

/



146 KEMÉNY, Á. P.

Fig. 9. Photograph of a pulsed operation life tes te r for 30 pnp power transistors of 6  A peak 
collector current. The o u tf it serves for types having TO-3 cases. D etails on the fron t panels 

of all un its  may be clearly seen (50 Hz version)
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(around 20 4- 30 V), the em itter diode is broken. A range betw een 0,2 and 2 У represents 
here an “ operating” (sound) device. Using simple sensor circuits for the above standing voltage 
lim its (aiding Schm itt-trigger or similar solid-state circuits), the  three conditions are ind ica ted  
by signal lamps. The collector points of all th e  tested  transistors are similarly led to  th e  VCC 
moving coil m eter, using the same m ulti-position switches. I f  there is a collector-base or collec
to r-em itter short, th e  indication of the m eter will be zero and this fact m ay be used for th e  
indication of collector short-circuit by a signal lam p. Bringing ou t the em itter and collector 
points th rough  the m ulti-position switches to  two pairs of binding posts, th is gives the possib
ility  of an individual wave-form checking by an oscillo-synchroscope and hence for the m easure
m ent of Vcb sat sa tu ra tion  voltage by the scope.

W hen a collector diode short-circuit occurs in  one or more tested  transistors, th is leads 
to  the overload of the R q resistance as well as of th e  collector supply. To preven t this, fuses 
are placed in series w ith the R q  collector resistor. A t the life tes t drawers of 1 A peak collector 
current or in excess of it, this can easily be made by individual fuses per testing position. A t 
the low er-current types, group fuses are joining tw in or quintuple tes t positions. In  the la t te r  
case, special low-resistance fuses m ust be used. In  the 0,05 A and 0,1 A drawers, no fuses are 
em ployed a t all.

W hen an EFC short occurs in the pulse generator, this is harm less for the tested  tr a n 
sistors (which become in a sa turated  condition for a short time) b u t bo th  pulse generator and 
collector supply would hardly  be overloaded, le t alone the R q  and R q resistors. I f  th is occurs 
the fuse Fu2 in  the charging circuit blows. Since a similar fuse is placed in the charging circuit 
also in  the collector supply, bo th  units and also the R q  and R q resistors are fully p ro tec ted  
against overload.

Fig. 8  shows the photograph of a life tes te r u n it having 2 drawers for 0,6 A peak  col
lector cu rren t per testing position, for a to ta l of 320 n-p-n te s t sites. In  Fig. 9 a similar pulsed 
life tes ter is shown b u t for the accom m odation of 30 p-n-p power transistors, in  th e  TO-3 
case in one single life-testing draw er a t  the top.

Separate types serve for pnp or for npn types. For testing npn  types, the base (B) 
and em itter (E ) term inals of the EFC in Fig. 3 m ust be reversed and the po larity  of b o th  
charging diodes Dctl and also both  storage capacitors Cg in the puiser and in  the collector supply  
m ust be reversed.

The o ther version for testing the high-speed switching transisto rs differs in several 
ways in  construction of the puiser only, though using the same principles. Instead  of the 50 Hz 
phase shifter a 5 kH z astable m ultiv ibrator drives a gate pulse generator w ith short sw itching 
times and  w ith  a pulse duration  variable between 1 and 5 ;<sec. The EFC  here contains fa s t
sw itching p lanar transistors, e. g. 25 pcs of a ra th er expensive 10 A, 50 V, 50 nanosec power 
type in the las t stage.

A more detailed description of the circuits and the operation of them  is described 
elsewhere [16].

9. Some te st resu lts  and  th e ir  in te rp re ta tio n s

All life te s ts  in  th is  section , as fo llow s, w ere m ad e  on alloyed  G e, low - 
speed p n p  tra n s is to rs . T he resu lts  o f th re e  ty p ica l ex p erim en ts  are d esc rib ed  
here , executed^ b y  th e  te s t  m e th o d  suggested  in  th is  a rtic le . — C o m p a ra tiv e  
screen te s t  ex p erim en ts  m ade on o th e r  a lloyed  tra n s is to rs  as well as m ed iu m - 
pow er, m ed ium -speed  silicon p la n a r  tra n s is to rs  are  p re sen ted  in  th e  A p p en d ix .

A n o th e r n o n -acce lera ted  ex p erim en t, co n d u c ted  on a m ed iu m -sp eed , 
m icro-alloyed  p n p  Ge ty p e  a t  collector c u rre n t s tress levels w ith in  d a ta -sh e e t 
lim its , has show n no ad d ed  in fo rm atio n s b ey o n d  th e  u su a l d. c. e lec trica l 
life te s t  re su lts  an d  hence is n o t in te rp re te d  here.

R eally , th e  experim en ts m en tio n ed  above and  ap p ro x im a tin g  12 m illion  
dev ice-h r in  to ta l ,  have  been m ade as p ara lle l s tep -s tress  te s ts  w here th e  co l
lec to r c u rre n t level was doubled  in  each s tep . T hese re la tiv e ly  large step s  a re  
reasonab le  since th e  R E and  R c re sisto rs are fixed  (and  iden tica l) in  th e  life-
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te s t in g  d raw ers a n d  i f  a ll vo ltage levels rem a in  u n a lte re d  in  th e  su b seq u en t 
s te p s , th e  d o u b ling , q u a d ru p lin g  etc . o f  th e  pu lse  c u rre n t levels m ay  easily  be 
accom plished  b y  co n n ec tin g  para lle l 2, 4 , 8 e tc . te s t  positio n s. B y  th is  ru d e  
m e th o d  som e in fo rm a tio n s  could be g a in ed  on th e  re la tio n sh ip  betw een  fa ilu re  
r a te  an d  pulse c u r re n t  level.

Experiment (a )-

A medium-power, low-speed, germ anium  pnp  alloyed type  (similar to  OC 72) was tested  
hav ing  the following characteristic  data: У е в  max =  — 32 У; Уе в  max =  ~ 10 V; I q max =  
=  0,25 A; I p  max =  0,125 A ; Tj max =  75 °C; R p  0,4 °C/mW w ithout any heat rad iator, 
in  free (resting) air env ironm ent a t room tem p era tu re  (25 °C).

Normal and accelerated  tests were m ade in  th e  “ low-frequency, high tu rnover energy” 
(50 H z) version in three paralle l groups taken  from  th e  same m anufacturing batch. The norm al 
(non-accelerated) te s t conditions correspond to  th e  ones described as a num erical example, 
a t  the  end of Section 6 . A cceleration was m ade sim ply by  doubling and quadrupling the I^p  
collector pulse current level.

The tes t conditions and  tes t results are sum m arized in Table II . icmax *s there the 
collector peak current d a ta -sh ee t lim it, Lon is th e  energy of the tu rn-on  transien t and Loff 
is th e  same for the tu rn -o ff com m utation, aiding equation  (9) w ith the Т,- and r 0 turn-over 
tim es given in the tab le  and  used in the experim ent. The value of h p p  — Icp llßp  — 0,9 was 
held by  the properly chosen ratio  of voltages Vc b I Уi — h FB (if R-C =  ^ e ), cf- A ppendix 
A. 2. The value of the pow er peak of both  com m utations is 2 W as the num erical exam ples 
show a t  the end of Section 6 . The cum ulative failure ra te  was com puted as

Ä =  *totW , *tot’

where iV0 is the in itia l num ber of tested specim ens and
the to ta l n u m b er of failures during th e  ttot to ta l tes t time.

In  the Tables кц denotes the num ber of degradation-type failures while kc the  ca tastro 
phic ones, fu rther Am;n/A is th e  lower relative confidence lim it and Araax/A the upper relative 
confidence limit.

The two last bars o f T able II  represent seriously accelerated tests. A t the m ost acceler
a ted  experim ent (a3) w ith I  c  pl IC max =  4, the  single failure caused by volum etric degrada
tion, Vpt too low, occurred a fte r the first 1 0 0  hours and all o ther failures, except two I c b O 
failures, w ithin th e  f irs t 1000 hours. A t the Icp/Icm ax — 2 experim ent (a2) the single failure 
occurred between 200 and  500 hours. F inally, a t  th e  non-accelerated te s t (a l)  one failure 
appeared  before 500 hours an d  the other after 3000 hours.

In  Table I I  the P rf( max transien t peak pow er com puted on the basis of Eq. (12), as 
well as the average pow er losses Р ц оп and P<poff com puted from  equation  (13), finally  the 
averaged quasi-stationary  losses P on and Poff calculated  by  Eq. (4) and (5), are shown. All 
th e  four la tte r  average pow er dissipations are sum m ed up in the row  Р лtot cf. equation (14) 
la ter, and contribute in  th e  heating  of the tran sis to r, leading to a junction  tem perature  rise 
A Tj =  Prf tot R p also ind ica ted  in  the middle row  of Table II . Adding A Tj to  the 25 °C am bient 
te s t tem perature , one can conclude th a t the T j  av ju nc tion  tem perature  occurring in  th is w ay 
rises significantly due to  th e  previous average pow er losses, especially a t the (a3) experim ent 
where Tj av approxim ates th e  T j  max data-sheet lim it value. Consequently, the average junc
tion  tem perature  rise also contributes in  degradation  a t th e  highly accelerated experim ents 
(a2) and  (a3), causing “ surface-type” (degradation) failures nearly as m uch as the high-current- 
level-originated “ volum etric”  (“ catastrophic” ) failures e. g. shorts due to  the turn-over 
tran sien ts and ho t-spo t’s form ation. This w ay th e  “ surface-originated” and “ volum etric”  
failures cannot be separated  unambigously. H ow ever, by  raising the curren t level the volu
m etric failures are prevailing more and more.

In  the last row of T able 2 the estim ate of peak tem perature  rise during sw itch-off is 
also shown, based on the m ethod  given in the n ex t paper of this series [2 2 ].

Experiment (b) :

Since a t the non-accelerated stress level (I c p 4 c  max =  1) te s t conditions of the experi
m ent ( a l)  very few failures occurred to gain a sa tisfactory  sta tistical confidence, a prolonged
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Table II

Test results o f experiment (a ):

M edium-power, low-speed, alloyed Ge, pnp transis to r (OC 1072).
Test conditions: tn — 250/tsec; r (- =  10 ,usec; r 0 =  100 jiisec;/,- =  50 Hz; 

V/ =  35 V; V cc  =  —32 V; T a =  25 +  3 °C; te s t tim e 3000 hr

Experiment code (al) (a2) (a3)

Icp  (A) 0,25 0,5 1,0
IC pl I Стах 1 2 4

l ie  =  R e  (-0) 125 62,5 31,25

L on (mWsec) 0,04 0,08 0,16
Loff (mWsec) 0.4 0 , 8 1,6
-^d/max (W) 2 4 8

Pdton (mW) 2 4 8

1‘dtott ) 2 0 40 80

P 0 n И ) 6,25 12,5 25

Pott (mW) ~ 1 — 1 — 1

Pd tot (mW) 29,25 57,5 114
ATj (°C) 1 2 23 45,5
T j „  =  T a +  A T j (°C) 37 48 70,5

N 0, initial lo t (pcs) 320 80 40

fctot, failed (pcs) 2 2 1 2

fcc, catastrophic (pcs) 
failure cause:

- 1
С—E  short

7
C — E short

ka, degradation (pcs) 2 1 5
failure causes: excess I q b o excess I q b O I c b o  (2 pcs) 

B V c b o  (2 pcs) 
V p t  (Ipc)

Я, approx., (1 /hr) 2,1 x lO - 6 8 ,3 x 1 0 -« lxio-4
Arnin/̂ - * 0,18 0,18 0,58

Amax/I * 3,15 3,15 1,63

A T m, approx. (°C) ** 1,43 2 , 8 6 5,72

*At 90% , bilateral, confidence level.
*‘ M inimum estim ate of peak tem perature jum p along the junction  due to the transien t 

jurn-off energy, assuming gn =  2 ohm -cm  base resistiv ity  and A =  3,85 x 10 _ 3  cm 2 nominal 
tunction area and perfect s tru c tu re  w ith even cu rren t d istribu tion ; cf. ref. [22], Eq. (28) 
(here.
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experim en t was conducted w ith  a large in itia l lo t on the same type and in the same conditions 
as was in  experiment (a l) . A to ta l num ber of 480 transistors were tested  for 10 000 hours 
w ith  I (2 p — 0,25 A =  I q max, where only nine failures resulted as a to tal. In  details, one tran 
sisto r was found to be C — E  short-circuited betw een 2000 and 3000 hr, seven transisto rs failed 
b y  excess I qbo reverse cu rren t and another one by too low a hpp. Most of the failures occurred 
in  th e  first 2000 hr. This resu lt gives a to ta l cum ulative failure ra te  of 1,87 X  10-0/h r with 
re la tiv e  confidence lim its o f Amax/A =  1-9 and / mjn/A =  0,63, bo th  a t  90% , two-sided confid
ence level. Thus, this experim ent does no t serve any significant new inform ation in comparison 
to  th e  d. c. operational electrical stress experim ent made on the same transisto r type [9, 10, 
17] a t  P d max =  128 m W  and  Vc b  max =  —32 У data-sheet lim it stress levels, where the total 
fa ilu re  ra te  was approx. I , 5 x l 0 ~ 5/hr for a  12 000 hr experim ent on a lo t of 720 transistors. 
T he re lative distribution of failure causes were nearly  the same a t th is d. c. electrical test and 
b y  experim ent (b): the m ain  failure cause was excessive fcBO- over 60% in proportion, and 
only  one sample has shown catastrophic failure (C — E short), probably originating from volu
m etric  degradation by experim ent (b), while 2  catastrophic failures occurred altogether (only 
1 shorted  transistor) in th e  d. c. electrical tes t. These facts suggest the idea th a t  the switch
ing  operation  life tes t conducted  a t re latively  low, e. g. norm al (not heavily accelerated) 
stress levels, causes b u t an  insignificant effect on volum etric degradation and surface degrada
tio n  mechanisms dom inate. This is the situa tion  a t least by alloyed types, e. g. w ith all the 
prev iously  described experim ents except (a3), where the F(-p I f  max =  4 stress level ratio 
seem s to  be sufficiently high to develop la te n t proneness to volum etric degradation

Supporting the previous idea, le t us com pute the average junction  tem perature  rise 
caused  by  all of the tran s ien t and quasi-sta tionary  losses in the transistor. The overall loss 
will be the sum of the average power losses in  Eqs (4), (5) and (13) and the same as Eq. (13) 
b u t  w ith  Tj instead of r 0. Hence

-F*rf tot — F on +  P 0ff +  P d t  on +  P d /  off- (1 4 )

Calculating Eq. (14) w ith  the tes t conditions of experim ent (a l) , th a t  is, w ith  the values 
of th e  numerical example given a t the end of Section 6 : Т/ =  10 fisecc^t0J2 ;  r 0 =  1 0 0 /isec^  
csit0ff/2; t p  =  250 ftsec; I ç p  =  0,25 A; V c c  =  —32 У, fu rther w ith V ß ß p =  1 V and V q b  sat =  
=  1 V  and finally, w ith Ic b o~  30 a A data-sheet lim it values, the results are F‘df off =  20 m f ,  
P dl on =  2 m f ,  P ün =  6,2 m W  and P off sá 1 mW.

T hus, w ith P rftot — 29 mW, the average junction  tem perature rise above the Ta =  25 °C 
am b ien t tem perature by  th e  experiments, w ith  R p  =  0,4 °C/mW therm al resistance of the 
g iven type , will m axim ally be A T j  =  R p P d tot =  0 ,4 x 2 9  aá 12 °C. Hence, the average junc
tio n  tem perature  will be equal to, or less tb an , Tj av =  25 +  12 =  37 °C.

In  the next step le t us estim ate the failure ra te  of the type a t this low tem perature  from 
th e  failure ra te  gained by  th e  d. c. electrical life tes t a t Pd max as i t  was referred to  in the first 
p ap er of th is series [17] and , where the junction  tem perature was near to  Tj max =  75 °C, 
say  a t  Tj =  70 °C. The re la ted  literature [1 — 9, 17] gives an activation  energy of q V J k  — 
=  12 000 °K (i. e., round 1 eV) for tem perature-activated  surface degradation mechanisms, 
w hich corresponds approxim ately  to  a doubling of the failure ra te  for each 8  °C tem per
a tu re  rise. Since the failure ra te  of l , 5 x l 0 - 5  hr, gained a t 70 °C, m ust be divided by ap
prox. 16 (corresponding to  a 33 °C tem peratu re  difference of the pulsed and the d. c. electri
cal life te s t experiments), th e  estim ate of the failure ra te  of a pure d. c. electrical stress at 
37 °C tem perature will be 1,5_ X 10—5/16 û î  1 X 10_ 6/hr. Hence, one can conclude th a t  the re 
su lt of the experiment (b): Д =  1 .8 7 x l0 —6/h r  is fairly close to  the previous estim ate.

T h is  way the fo rm er assu m ption that a pu lsed  life test made at non-accelerat
ed current stress levels does not develop sign ifican tly  the volumetric fa ilu re  mech
a n ism s related to structure fa ilu res, is supported and it is suggested to conduct 
“ screening”  type life tests at elevated collector current levels well beyond data-sheet 
lim its , at least by alloyed types.

Experiment (c):

Small lots of a typ ica l low-speed alloyed germ anium p-n-p power transisto r were life- 
tes ted  for 3000 hours in the pulsed circuit of Fig. 1 and 3.
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The tested  OC 26 type having a TO-3 casing has the following typical and lim iting 
data : VCB max =  —40 V; I c  max =  3,4 A; T j max =  90 °C; R t (J-c) 2  °C/W between ju n c . 
tion and case. T est conditions are shown in Table II I . For calculating the Pa tot average dissi
pated  power, the m ean values of Vq b  sat =  0,7 V and VBBp =  0,7 У too, fu rther the I qbo 

1 mA (a t T a =  25 °C and VCB =  — 32 У) were used.
Since the transistors are m ounted in  the te s t equipm ent on cooling fins having a th e r

mal resistance of about Rr(c/) =  16 -r 18 °C/W, the junction  tem perature rise is:

A T j  av =  (R T (j-c) +  R-T(cf)) ' p d to 1
These values, added to the T a =  25 °C am bient tem perature, are also shown in Table I I I .

All th a t  w as concluded  a t  th e  end  of d escrip tion  of ex p erim en t (a), ap p lies  
also here . H ow ever, th e  sh ift to w ard  a “ v o lu m e tric”  fa ilu re  p revalence  w ith  
rising  c u rre n t level seem s here  m ore em phasized . As can  be seen in  T ab le  I I I ,  
th e  ju n c tio n  te m p e ra tu re  rise  is n o t to o  sig n ifican t, y e t a t  th e  h ighest s tre ss  
level of th e  ex p erim en t (c3), an d  th u s  average  ju n c tio n  te m p e ra tu re  p lay s b u t  
th e  second role in  d eg rad a tio n . (H ow ever, th e  effect of average pow er losses on 
d eg rad a tio n  can n o t be fu lly  neg lec ted  here  e ith er.) C o n tra ry  to  th is , co llec to r 
c u rre n t stress level ac ts as th e  m ain  cause o f vo lu m etric  d eg rad a tio n . A t th e  
h ig h est s tress level of th e  ex p erim en t (c3), all fa ilu res ex cep t one (h igh  I CBO) 
are  assum ed  as being  of v o lu m etric  orig in , e. g. also th e  2 d e g ra d a tio n -ty p e  
fa ilu res of too  low  V pt. Also th e  p ro p o rtio n  o f ca ta s tro p h ic -ty p e  fa ilu res  in 
creases here  m ore rap id ly  w ith  a rising  I Cp level th a n  i t  does by  low -pow er 
tra n s is to rs , cf. T ab le  I I  (e.g. th e  8 C — E  sh o rted  tra n s is to rs  in  th e  e x p e rim en t 
w ith  th e  h ig h est s tress level). H ence, one can  risk  th e  s ta te m e n t th a t  fa ilu res  
o f v o lu m etric  orig in  are  m ore like ly  occurring  a t  pow er tra n s is to rs  due to  th e  
severa l tim es h igher tu rn o v e r  energy  c o n cen tra tin g  a t  a n o t essen tia lly  la rg e r  
vo lum e. — U n fo rtu n a te ly , th e  n u m b er o f te s te d  tra n s is to rs  p roved  to  be to o  
few  a t  th e  low er stress levels an d  hence s ta tis tic a l confidence of th e  re su lts  a re  
th e re  too  low. H ow ever, one can  also risk  th e  s ta te m e n t th a t  th e  v o lu m e tric  
fa ilu re  m echanism s are  “ m ask ed ”  here  as well b y  surface processes a t  re la 
tiv e ly  low  stress  levels.

In  th e  la s t  row  of b o th  T ab les I I  an d  I I I ,  th e  p eak  te m p e ra tu re  ju m p s  
A T m d u rin g  th e  tu rn -o ff  tra n s ie n t are g iven, based  on th e  e stim a tio n  p re se n te d  
in  S ection  3 an d  ref. [22], assum ing  a p e rfec t s tru c tu re  w ith o u t an y  c u rre n t 
co n cen tra tio n . As can  be seen, th ese  te m p e ra tu re  ju m p s of 1,4 -j- 5,75 °C are  
harm less even a t  th e  h ig h est c u rre n t levels desp ite  th e  elongated  tu rn -o ff  tim e . 
H ow ever, if  a considerab le  c u rre n t co n cen tra tio n  tak es  p lace as a consequence 
o f s tru c tu ra l im perfec tions an d  th erm o -e lec trica l feedback  process, huge 
te m p e ra tu re s  m ay  occur since A 'Pm is p ro p o rtio n a l, besides L off, also to  th e  
rec ip rocal o f th e  th e rm a l c a p a c ity  of th e  vo lum e invo lved  in  c u rre n t co n d u c tio n  
an d  w hich  is h ea ted  up  d u rin g  th e  tu rn o v e r  tra n s ie n t. I f  th e  ac tu a l c o n d u c tin g  
ju n c tio n  area  is decreased  b y  a g iven fac to r  due to  h o t-sp o t fo rm a tio n , th e  
te m p e ra tu re  ju m p  A T m will be increased  b y  th e  sam e a m o u n t, e.g. a t  a c u rre n t 
c o n cen tra tio n  d im in ish ing  th e  ac tu a l co n d u c tin g  a rea  b y  a fac to r of 100, th e
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Table III

Test results o f experiment (c):

Low-speed, alloyed Ge, pnp  power transistor (OC 26).
Test conditions: tp =  250 psec; r ,  =  10 /nsec; r 0 =  100 p se c ; fr =  50 Hz; 

V/ =  35 У; Vqc =  —32 У; T a =  25 +  3 °C; transistors m ounted on 
R 7 — 18 °C/W hea t sink; tes t tim e 3000 hr

Experim ent code (cl) (c2) (c3)

h p  (A) 3,0 6 , 0 1 2 , 0

I c  p l  I С тах 0,855 1,715 3,43

R c =  R e  (-0) 10,5 5,25 2,625

L on (mWsec) 0,49 0,98 1,96
L 0ff (mWsec) 4,9 9,8 19,6

Pät m ax ( W ) 24,5 49.0 98,0

Piton (W) 0,0245 0,049 0,196

P it oti ( ) 0,245 0,49 1,96

P0 n  ( W ) 0,0625 0,125 0,250

Pott ( W ) —0,032 —0,032 —0,032

P i  to t  < W ) 0,364 0,696 2,44
ATj (°C) 7,3 14,0 48,8
Tjav =  ATj +  Ta (»С) 32,3 39,0 73,8

JV0, in itial lot (pcs) 1 2 0 60 30

failed (pcs) 1 2 1 1

kc, catastrophic (pcs) 
failure cause:

— 1
C—E short

8
С—E  short

к<1 - degradation (pcs) 
failure causers

1
excess I c b O

1
excess I q b O

3
excess I q bo  ( lp c) 
low Vpt (2 pcs)

Я, approx. (1 /hr) 2 ,7 8 x l0 - 6 L l l x l O - 5 1,22 X  10 - 4

Ятт/Я* —0,065 0,18 0,56

Ятах/'Я* ^ 4 ,7 4 3,15 1,65

J T m, approx. (°C)** 1,36 2,72 5,45

* A t 90% bilateral confidence level.
**Minimum estim ate of peak  tem perature jum p  during turn-off, a t even cu rren t distri

bution and perfect structure , see ref. [22], eq. (28); w ith  gn =  3 ohm -cm  base resistiv ity  and 
ylnom=  5 X  10 - 2  cm2 junction  area.
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peak  te m p e ra tu re  rise  w ill be the h u n d re d fo ld  o f th o se  given in  Tables I  an d  I I ,
i.e. a m o u n tin g  to  140 -F 570 °C w h ich  in  tu r n  lead  to  ra p id  or qu ite  in s ta n 
taneous d e te rio ra tio n .

I t  is also in te re s tin g  th a t  the  v a lu e s  o f  A T m d iffer b u t  negligibly from  each  
o th e r in  th e  in te r re la te d  te s t  pairs (al) — (cl); (a2) — (c2) an d  (a3) — (c3), i.e . i f  
com paring  th e  values w ith  th e  sam e re la tiv e  collector c u rre n t level J Cp/ I c max. 
H ow ever, th is  is n o t su rp rising  consid erin g  th e  fa c t th a t  c u rren t d en sity  as 
well as specific  tu rn o v e r  energy d e n s ity  a re  n ea rly  eq u a l a t b o th  th e  te s te d  
m edium -pow er an d  p o w er ty p es (since th e  ju n c tio n  a reas  are p ro p o rtio n a l to  
I  q max)’ an d  fu rth e rm o re , Vcc and sw itc h in g  tim es a re  id en tica l a t b o th  e x 
perim en ts  (a) and  (c).

E x p e r i m e n t  ( d ) :

This was in fact a repetition  of experim ent (c) on enlarged lots of the same OC 26 power 
transistor b u t originating from  another m anufacturing  batch , w ith  the obvious aim of collect
ing more inform ation on failure behaviour. Only the (c l)  and(c3) experim ent have been rep ea t
ed, i. e. the ones w ith the  lowest and highest collector current stress level. Test conditions 
were exactly the same as in experiments (c l)  and (c3).

In  experim ent (d l) , 180 pcs were subm itted  a t IcpI^C  max == 0,855 (i. e. I ç p =  3 A) 
to  a 3000 hr test, yielding in to ta l only a single Ip  BO failure and a failure ra te  of 1,85 X 10~6/hr. 
This single failure can hard ly  be attributed  to  th e  tu rnover stress i. e. to a volum etric origin, 
thus the te s t was ineffective.

In  experim ent (d3) an initial lot of N 0 =  120 pcs was also subm itted to a 3000 hr te s t 
b u t w ith the highest I Ep =  12 A stress level. 51 transisto rs failed here, yielding a cum ulative 
failure ra te  of 1,42 X 10- 4/hr, a b it higher th an  in  experim ent (c3) though the difference is n o t 
considerable. Most of the failures (38 pcs) occurred in the firs t 500 hr. Em itter-collector shorts 
prevailed: 39 pcs (i. e. 76,5%  of all failures), th e  re s t being 2 broken em itters (obviously due to  
a preceding C —E short), a collector-base short and 3 pcs too low J Pd further 4 pcs failed by  
excess I c b O-> one by too low B V qEq and one by too low hpE. Hence, the ratio  of failures 
suspected of volum etric origin (including all shorts, the broken ones and also the V pl failures) 
of all failures was here 45/51 =  0,89 while th e  sim ilar ratio  was 0,91 — nearly the same — a t 
experim ent (c3). C ontrary to these results of pow er transistors, this ra tio  was 8/12 =  0,67, i. e. 
considerably lower a t the experim ent (a3) w hich la tte r  was also conducted a t the h ighest 
I CpHc max =  4 stress level. These results seem to support the idea th a t  the higher ra tio  of 
transien t tu rnover energy to  depletion-layer volum e a t  power transisto rs (i. e. the m any tim es 
higher current levels and the loss of all advantages of be tter cooling of the wafer in the sw ift 
turnover process there) can be blamed for th e  fac t th a t power transisto rs are more likely to  
fail in switching service th a n  low-power ones do.

A com parative tes t of th e  same OC 26 pow er transistor type, where no elongated tu rn 
over times have been compelled to the transistors, is given in the Appendix 1. For comparison, 
the failure ra te  of this power transistor type w as about 3 X 10_5/hr in a d. c. electrical life te s t 
a t p d max (i- e- near to Tj max) and Vqb max conditions.

To m ake a rough  es tim a te  for th e  re la tio n sh ip  be tw een  d eg rada tion  an d  
pulse c u rre n t s tress, th e  to ta l  failure r a te  is p lo tte d  ag a in s t th e  norm alized  
I J I c  max c u rre n t s tre ss  level in Fig. 10, w here th e  re su lts  o f th e  p rev ious life 
te s t  ex p erim en ts, as w ell as th e  p lan a r ty p e s  d ea lt w ith  in  th e  A ppendix , a re  
u tilized . A lthough  th e re  are  too  few p o in ts  fo r risk ing  an  unam bigous s ta te m e n t, 
i t  seems th a t  th e  lo g a rith m  of the fa ilu re  r a te  versus th e  I Cp pulse cu rren t r a te  
gives a lin ea r re la tio n sh ip . H ow ever, th e  slope of th e  re a l re la tionsh ip  is su p 
posedly m uch s teeper th a n  in  the  Fig. 10, since th e re  all fa ilu res are included  in
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Icp/Icmax' relative stress level

Fig. 10. R elation betw een failure ra te  and I ç pl I c  max relative current stress level by the ex
perim ents (a), (b), (c), (d), (e) and (f). The u pper 3 stra igh t lines represent npn planar silicon 
types while the 3 lower ones p-n-p, alloyed transis to rs . The logarithm  of failure ra te  seems to  

be p roportional to  the Icp  stress level, w ith  only minor differences in slope

pulse generator

1J i
0 Vp ; 50 H

Г
J

InF

RB 47 Я

TU.T RcJ Oa

o u t  Vr

1

Fig. 11. Test circuit for th e  life testing of an  alloyed p-n-p power transis to r (OC 26) in c. e. 
pulsed operation (inverter service) where th e  spontaneous switching tim e durations of th e  
tran sis to r determ ine th e  turn-over tran sien t energies. This is the data-sheet circuit for th e  

determ ination of sw itching times

th e  c o m p u ta tio n  o f  fa ilu re  r a te  a n d  hence th e  u su a l su rface -d eg rad a tio n  
m echan ism s “ m a sk ”  th e  effect o f th e  p u re  vo lum etric  d eg rad a tio n  a t  le a s t a t  
re la tiv e ly  low  stre ss  levels. On th e  o th e r  h an d , th e  n u m b er o f  fa ilu res o f p re 
su m a b ly  v o lu m etric  orig in  are to o  few  in  th e  execu ted  ex p erim en ts , espec ia lly  
a t  low  I Cp, to  m ake an  a tte m p t fo r a p ro p e r  ex trap o la tio n .

T est resu lts  o f m edium -pow er silicon  p lan a r tra n s ito rs  are p resen ted  in  
A p p en d ix  2.
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10. Conclusions

A n elec trical life te s t  m eth o d  w as suggested  h ere  to  o b ta in  th e  d ependence  
of th e  fa ilu re  ra te  on stress p a ra m e te rs  of tra n s is to rs  in  sw itch in g -o p era tio n , 
w here i t  is p resum ed  th a t  d eg rad a tio n  is caused m ain ly  b y  vo lum etric  processes. 
T he m eth o d  m akes use of a com m on base in v e rte r  te s t  c ircu it w here th e  rise  
an d  fall tim es are  a rtific ia lly  e longa ted  b y  a tra n s is to riz e d  pulse g en era to r an d  
these  tu rn -o v e r  tra n s ie n t tim es exceed  several tim es  th e  spon taneous t u r n 
over tim es o f th e  te s ted  tra n s is to rs .

T he causes of sw itch ing -opera tion  d eg rad a tio n  h av e  been e lu c id a ted  a n d  
th e  c o m p u ta tio n  o f tra n s ie n t energies an d  pow ers w as given. The conclusion  
was d raw n  th a t  th e  huge am o u n t o f tu rn o v e r  t ra n s ie n t  energy  can be b lam ed  
p rim arily  fo r v o lu m etric  d e g ra d a tio n , lead ing  a t  p ro p erly  high sw itch ing  
pow er levels to  th e  fo rm atio n  of h o t  sp o ts  due to  u n ev en  c u rren t d is tr ib u tio n  
(caused b u t  on ly  b y  s tru c tu ra l im perfections) and  f in a lly  to  th e  d es tru c tio n  of 
th e  tra n s is to r  b y  co llec to r-em itter (a lloyed  types) o r co llec to r-b ase  (ep itax ia l 
m esa or p la n a r  types) sh o rt-c ircu it o r to  a too  low p u n c h -th ro u g h  vo ltag e . I t  
was, or will also be [22] d em o n stra ted  th a t  ju n c tio n  te m p e ra tu re  r a th e r  closely  
follows th e  tra n s ie n t pow er-tim e fu n c tio n  during  c o m m u ta tio n  a t  th e  beg inn ing  
p o rtio n  of te m p e ra tu re  vs. tim e  fu n c tio n , since th e  co llec to r d ep le tion  la y e r  
w here th e  h e a t is genera ted  and  from  w hich th e  th e rm a l energy of th e  co m 
m u ta tio n  tra n s ie n t can h a rd ly  sp read  f u r th e r  d u rin g  th e  b rie f tra n s ie n t (b e
cause h e a t co n duc tion  is a v e ry  slow  p rocess), ex h ib its  a ra th e r  low  th e rm a l 
resistance  an d  a ra th e r  high th e rm a l c a p a c ity . A ltho u g h  th is  tra n s ie n t te m p e ra 
tu re  does n o t cause an y  h a rm  in  a t r a n s is to r  w ith  a fa ir  s tru c tu re  (w here i t  
am o u n ts  to  som e te n th  . . . som e °C), excessive te m p e ra tu re  and  th e rm a l 
g rad ien t m a y  arise in  th e  in h e re n tly  uneven  t r a n s is to r  s tru c tu re  a t  th e  b e 
g inning o f th e  v e ry  b rie f tu rn -o v e r tim e  w here these  th e rm a l  processes m a y  be 
assum ed  as n ea rly  ad iab a tic  and  th e  tu rn o v e r  energy c o n c e n tra te s  in  th e  m in u te  
volum e of th e  occurring  h o t-sp o t, in s te a d  of sp read in g  even ly  th ro u g h  th e  
whole co llector dep le tion  lay e r. Q u asi-s ta tio n a ry  pow er d issipation  in  b o th  th e  
s a tu ra te d  a n d  th e  cu t-o ff s ta te , on th e  o th e r han d , m a y  be  neglected  as co m p ared  
to  th e  pow er losses o rig inated  from  th e  tu rn -o v e r tra n s ie n ts , a t least if  th e  
collector su p p ly  vo ltage  is h igh  {V cc  ^  sat)- H ence , th e  average ju n c tio n  
te m p e ra tu re  has n o t a p rim e effect on v o lum etric  d eg rad a tio n . In s te a d  of, 
th e  pu lse  c u rre n t level and  th e  d u ra tio n  of tu rn -o v e r  tra n s ie n ts  are p lay in g  th e  
lead ing  role.

T he c irc u itry  of th e  pulsed  serv ice-life-testing  eq u ip m en t was given.
T he life  te s t  experim en ts, co n d u c ted  on low -speed alloyed  germ anium  an d  

m ed iu m -sp eed  silicon p lan a r tra n s is to r  ty p es an d  w hich  u tilized  a p a ra lle l 
s tep -s tre ss  m ethodo logy  v a ry in g  th e  pu lse  cu rren t level, su p p o rted  th e  p re 
vious hy p o th eses  o f vo lum etric  d eg rad a tio n  m echanism s. T hough  th e  ex p eri-
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m e n ts  p resen ted  here  seem  to  be in su ffic ien t in  n um ber an d  also in  te s ted  
tr a n s is to r  lo ts  (obviously  due to  econom ic considerations), som e conclusions 
m a y  s till be draw n (valid  a t  least for a lloyed  tran sis to rs) w hich are  sum m arized  
as follow s:

(i) Life te s ts  c o n d u c ted  in  such a m a n n e r th a t  th e  co llec to r pu lse  c u rren t 
s tre s s  level (as well as th e  VCB co llector vo ltage) rem ain  w ell w ith in  th e  
d a ta -s h e e t lim it va lues, do n o t serve a n y  fu r th e r  in fo rm atio n  a b o u t sw itching- 
o p e ra tio n  life ex p ec tan cy  an d  v o lu m etric  d eg rad a tio n  processes th a n  a u su a l 
p u re  d .c . electrical s tre ss  does, c o n tra ry  to  th e  fac t th a t  th e  “ com pelled” 
tu rn -o v e r  tra n s ie n t tim e  d u ra tio n s  a re  10 -f- 100 tim es longer th a n  th e  sp o n 
ta n e o u s  tu rn -over tim es o f th e  tra n s is to r  itse lf. In  such te s t  co n d itions failures 
a re  m a in ly  su rface -d eg rad a tio n -o rig in a ted  an d  surface d e g ra d a tio n  processes 
te n d  to  conceal th e  v o lu m e tric  processes.

(ii) I f  th e  co llector pulse c u rre n t level is m uch bey o n d  th e  d a ta -sh ee t 
l im it  va lue , th e  te s t  m e th o d  will be effec tive  to  develop rea l v o lu m etric  d eg ra 
d a t io n  processes and  hence  th e  suggested  m eth o d  seems to  be  u sefu l p rim arily  
as a sc reen -test for so rtin g  o u t sam ples in h e re n tly  poor in  s tru c tu re  and  prone 
to  la te r  d e te rio ra tio n  in  sw itch ing  o p e ra tio n  m ode. Such an  acce lera ted  screen 
t e s t  o f  som e h u n d red  h o u rs  seem s to  be a d e q u a te . A cceleration  fac to rs  rang ing  
to  I Cp /Ic raax =  4, m ay  be  assum ed as n o n -d es tru c tiv e  for tra n s is to rs  of ra th e r  
good  s tru c tu re  (i.e. te n d  to  accelera te  a lread y  ex isting  fa ilu re  m echanism s 
in s te a d  o f developing new  ones), a t le a s t b y  alloyed tra n s is to r  ty p e s . The sam e 
is t r u e  b u t  w ith  I CpI I Cmax =  1 - r  2 fo r m esa or p la n a r dev ices w ith  m ore 
d e lic a te  s tru c tu re .

(iii) A t h igh c u rre n t stress levels, fa ilu re  ty p es  of ch a rac te ris tic a lly  v o lu 
m e tr ic  origin occurred  in  an  ex p o n en tia lly  increasing  m an n e r b y  raising  th e  
co llec to r cu rren t level, m a in ly  as C — E  sh o rts  an d  in  few occasions as a heav ily  
d ec reased  p u n ch -th ro u g h  vo ltage . C o n tra ry  to  th is , a t stress levels rang ing  up  to  
^■CpAc m a x  — 4, th e  p ro p o rtio n  of ty p ic a l surface d eg rad a tio n  failu res (e.g. 
ex cessiv e  I CB0 or too  low  Ьр е ) d id  n o t show  such an  excessively  increasing  
te n d e n c y , obviously  because  th e  ra ising  o f  th e  collector c u rre n t level increased  
th e  ju n c tio n  te m p e ra tu re , b u t  only m o d e ra te ly .

(iv) H av ing  tu rn -o v e r  tim es held  c o n s ta n t, th e  fa ilu re  r a te  seems to  be 
e x p o n e n tia lly  p ro p o rtio n a l to  th e  co llec to r pulse cu rren t level, a t  least u n til 
I c J I c  m a x  =  4 a t  a lloyed  ty p e s  and  u n til  I Cp =  I c maxa t  th e  less rugged  p lan a r 
ty p e s .

(v) Pow er tra n s is to r  ty p es  (h av in g  severa l tim es la rg e r ju n c tio n  area) 
seem  to  be m ore su b jec t to  vo lu m etric  d eg rad a tio n  processes, e.g. to  collector- 
e m it te r  p u n c h -th ro u g h  or С —В sh o rt, th a n  low -pow er ty p es  w ith  sm all ju n c 
tio n  d iam eter/base  w id th  ra tio , obv iously  also because b y  th e  pow er tra n s is 
to rs  th e  p ro b ab ility  o f a s tru c tu ra l im p erfec tio n  is la rg e r due to  the  la rger 
ju n c t io n  area; b u t th e  m ain  cause is h ere  th e  m any (10- ^ 100) tim es h igher
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c u rre n t, i.e. sw itch ing  pow er lev e l, con seq u en tly  also th e  10 -j- 100 tim es  
h ig h er tran s ien t p eak  pow er of th e  c o m m u ta tio n  w hich co n cen tra tes  here  in  a 
d ep le tion  layer vo lum e no t essen tia lly  la rg e r th a n  in low -pow er devices — a t  
leas t n o t la rger p ro p o rtio n a lly  w ith  th e  sw itch ing  pow er. H ence, th e  density  o f 
th e  co m m u ta tio n  tra n s ie n t energy is considerab ly  g rea te r in  pow er tra n s is to rs  
an d  so th e  tra n s ie n t tem p e ra tu re  c re s t will be several tim es h igher th a n  in  
low -pow er devices d esp ite  the  b e tte r  stationary  cooling o f th e  w afer here , w h ich  
la t te r  ad v an tag e  gets  to ta lly  lost, since th e  th e rm a l co m m u ta tio n  energy  can  
h a rd ly  leave th e  b o u n d s of the  d e p le tio n  lay er during  th e  b rie f tu rn o v e r  tim e , 
so th e  b e tte r  cooling (low er th e rm al resistance) rem ains ineffective here.

T he fina l a im  of such life te s t  ex perim en ts is u d o u b ted ly  to  fin d  a r a te  
process form ula s im ila r to  th e  “ A rrh e n iu s ia n ”  or E y rin g  one used  a t  d .c. e lec
tr ic a l, an d  th e rm a l storage, life te s ts , w hich describes th e  re la tio n  b e tw een  
fa ilu re  ra te  and  s tress p a ram ete rs  as I Cp/ I c max norm alized  pulse c u rre n t level, 
tu rn o v e r  tra n s ie n t energy  (or tu rn o v e r  tra n s ie n t tim e  d u ra tio n s) as m ain  ag en ts , 
fu r th e  as collector supp ly  vo ltag e  a n d  ju n c tio n  te m p e ra tu re , as d e g ra d a tio n  
cause  agen ts of seco n d ary  im p o rtan ce . H ow ever, th e  life te s t  ex perim en ts p re se n t
ed here  have been to o  few for ach iev in g  th is  f in a l aim . Such exp erim en ts , w here  
on ly  th e  am o u n t o f tu rn -o v e r en e rg y  w ould  be varied  an d  all o th e r p a ra m e te rs  
h e ld  co n stan t, h av e  been  considered  to  be carried  ou t la te r , th o u g h  an  a t te m p t  
is also m ade here dealing  w ith  p la n a r  tra n s is to rs . The sole s ta te m e n t cou ld  be 
m ade th a t  th e  lo g a rith m  of th e  fa ilu re  ra te  seems to  be p ro p o rtio n a l to  th e  
co llec to r pulse c u rre n t am plitude  b u t  th e  slope of th is re la tio n sh ip  could n o t  be 
d e te rm in ed  due to  th e  “ m ask ing”  effect of surface d eg rad a tio n  processes a t  
low er cu rren t s tress levels on th e  one h a n d , an d  th e  c u rre n t level steps h av e  been  
chosen too  rou g h ly  for m aking a p ro p e r ex trap o la tio n , on th e  o th e r. T hese  
re la tio n sh ip s  are supposedly  d iffe re n t to  less or m ore e x te n t w ith  tra n s is to r  
technologies s tro n g ly  differing fro m  th e  alloyed  and  p la n a r techn iques. I n  th e  
b eg inn ing  step  here  only  the  alloyed  techno logy  was d ea lt w ith in  deta ils  in  th is  
re sp ec t, w ith  som e resu lts  of p la n a r  ty p es  ad d ed . I t  w ill be  a fu tu re  w ork  to  
m ak e  suffic ien t experim en ts  for th e  e stab lish m en t of a rea lly  useful ra te  p rocess 
fo rm ula .
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A P P E N D IX

A. 1 . Comparative power transistor tests in  c. e. circuit, w ithout artificial elongation
of sw itchover times

Experiment ( d )

A com parative life te s t experiment (c4) was m ade by the transisto r factory  on the same 
low-speed alloyed power transistors as described in  Section 9, experim ents (c), originating from  
the sam e batch, in the te s t circuit of Fig. 11, where the transistors operated  as common- 
em itte r inverters in a “ typ ica l” circuit and  where switching times had  no t been elongated 
artificially .

The driving pulse generator was of very  lowT ou tpu t im pedance and having rise and fall 
tim es falling short of 1 /xsec, thus the base cu rren t turn-over times were several times shorter 
th a n  the spontaneous tu rnover times of th e  collector current pulse. Test conditions have been: 
V cc  =  32 Y; R ç =  10Í2; thus Içp  =  3,2 A, nearly  the same as in experim ent (c l), fu rther
a base current of approxim ately 0,2 A com pelled by  the base resistor. R epetition frequency 
was 50 Hz and base cu rren t pulse duration  200 /usee. Hence, the conditions of th is experim ent 
corresponded to the experim ent (cl) in all respect w ith the only exception th a t  no prolonged 
tu rn -over times had been compelled by th e  te s t circuit.

The characteristic switching tim e dura tions are in this operation: ton =  max. 25 /usee, 
sw itching-on time and f0ff =  max. 30 ^sec, sw itching-off time, the la t te r  is w7ell below the 
1 0 0  psec  turn-off tim e compelled in the experim ent (cl).

A lot, a to ta l of 400 transistors was tes ted  for 5000 hours. The resu lts of this experim ent 
(c4) have shown no sign of significant volum etric degradation. Six failures occurred, ou t of 
w hich four w ith excess IcEO-> one w ith too  low hpp  and one w ith C— E  short-circuit: this last 
one m ay  be assumed as being of suspectedly volum etric origin, and all the others obviously 
were developed by surface degradation. The to ta l failure ra te  m ounted up to 3 x l 0 _6/hr, 
w hich is only insignificantly higher th an  the  result of experim ent (c l), despite the fact th a t  
th e  stress level was here a b it lower since tu rn -o ff transien t w as shorter.

Experiment (c5)

As a control tes t, the sound rem ainder of experim ents (c3) and (d3), th a t is, the power 
tran sis to r type OC 26, was repeatedly tes ted  in the same c. e. circuit conditions as Fig. 11 and 
so in operating conditions identical w ith experim ent (c4) bu t here for a subsequent 17 000 br 
a fter th e  3000 hr, 12 A current-level, e longated  switching tim e screening of experim ent (c3) 
or (d3). Thus, 19 pcs were involved as th e  sound rem ainder of experim ent (c3) and 69 pcs 
in  th e  same way from  experim ent (d3), i. e. 8 8  pcs total. I t  is not too surprising th a t only a 
single failure occurred (excess I qbo) and no shorts a t all, showing th a t the elongated turnover, 
enhanced current-level screening prior to  th is long duration test was very  effective in sorting 
o u t specimens prone to  volumetric degradation  due to  inherent s truc tu re  unevenness. The 
single failure means a failure rate \  =  1 /(88x17  000) ^  0,67 X 10~6/hr which is nearly by 
an order of m agnitude less than the re su lt of the unscreened lot of experim ent (c4). These 
figures show the po tentialities of such screening tests  dealt w ith in Tables I I —У.

A. 2. Step-stress screen tests  carried out on planar transistors

Two medium-power, medium-speed types were subm itted to  parallel-series step- 
stress experim ents for rough and quick o rien ta tion  of the potentialities of the m ethod suggested 
in th is paper for th is m ost im portant technology.

One type tested  was the BFY 33 np n  silicon p lanar transistor (not an epitaxial one), having 
th e  m axim um  ratings of Vc bO =  50 V ; I ç  max =  0.5 A; Tj  max =  200 °C; R p  <  0,22 °C/mW 
(betw een junction and  still air environm ent); finally  У ррр <, 1,5 V; sat <  2,5 V; f p  
]> 80 MHz and t0̂  max =  0,25 /usee; all th e  four la tte r  param eters referred to  I q =  0,5 A 
and  I p  — 0,05 A.

The other type , BSY 56 is a sim ilar b u t epitaxial p lanar transis to r having the lim it 
ra tin g s of VCBo =  120 V; I c max =  0,5 A; Tj  max =  200 °C; Rp  <[ 0,22 °C/mW (between 
junction  and resting am bient air); fu r th e r VEBp ^  W  V; VCE sat <  1,4 V; f T ^  145 MHz 
and  i0ff max =  0,16 /usee: all the four la t te r  da ta  corresponding to I ç  =  0,5 A and Ip  =  0,05 A. 
H ence, this type is a higher frequency (faster switch), higher-voltage construction th an  the 
B FY  33, though being identical with th e  la t te r  in all other data. The particu lar sample tested
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here originated from an early  (1971) p ilo t-p lant production  exhibiting several serious technolo
gical im perfections, m ainly a poor therm ocom pression bonding.

Experim ents on b o th  types were carried ou t in the c. b. te s t circuit of Fig. 1 in two 
groups corresponding to th e  “ high-frequency”  (5 kH z) and “ low-frequency”  (50 Hz) te s t 
circuit versions and, furtherm ore, in two subsequent current-level steps for each group. The 
firs t group of each type was so tested  a t f r =  5 kH z and t p =  5 ,usec, i. e. a du ty  cycle of tpf r =  
— 0,025 and compelling in  th e  same tim e elongated switching tim es of ton =  0,2 /tsec and 
*off =  2 fisec on the transis to rs , a t Icp /Ic  max =  0,5 and 1 cu rren t level steps. The second 
groups of bo th  types were subm itted  to a te s t m ade a t f r =  50 Hz and tp =  200 /tsec (i. e. 
tp fr =* 0 ,0 1 ), compelling ton =  2 0  /(sec and to{f =  1 0 0  /tsec excessively elongated sw itchover 
tim es on the  transistors, also a t  Ic p llc  max =  0,5 and 1 relative cu rren t levels. Test tim es 
were 168 hr (one week) uniform ly for each step , w ith te s t conditions being identical for 
b o th  types in  the corresponding step. In  all these tests, Vçq — 22 У and a ratio  Icp /Ißp  — 
=  10 ed hpß  were used. The la tte r  criterion can be sim ply fulfilled by the properly chosen 
ratio  of V cctV i voltages ( V,- is the pulse generator ou tp u t am plitude) assuming R p  =  R e  
(see Fig. 1) since, utilizing E qs (6 ) and (7) and th e  relationship I e p = ( V í— Re bp)IRe  — y ,!R c 
(because usually V,- S> VEBp)i one gets

h F B  =  h F E l (  1 +  h F E )  =  V c c i V i

i. e., in  our case а V/ exceeding V cc  by 10% has to  be used to  ensure h FE — 0,9 or hFE =  10.
T est results are given in  Tables IV and V. The te s t conditions chosen are the same in 

b o th  types (since both  types have identical cu rren t and therm al ratings), slight differences 
being only in Pon and consequently, in Рл tot and A T  j, because the epitaxial BSY 56 type  has 
a b it lower saturation  voltage. The power loss / m ay be fully neglected since the Ip  BO reverse 
cu rren t lies in the very low nanoam pere range by  p lanar silicon transistors. Moreover, the 
A T j  junction  tem perature rise is negligibly small in  all tests, thus i t  has no considerable effect 
y e t on surface degradation either.

By the test pairs m ade in  the “high-frequency” and “ low -frequency” testing equipm ent 
versions, the test conditions were selected in such a m anner th a t there are considerable differ
ences only in the tran sien t tu rnover energies, i. e. L on and T 0ff, where 50 -j- 100 times higher 
energies occur a t the “ low frequency” (50 Hz repetition  rate) tes t pairs as compared to  the 
corresponding turnover energy levels of the “ high-frequency” (5 kH z repetition) tests, since 
rise and fall times are longer in the 50 Hz version in the same am ount. The average power 
dissipations Pdl on and P ^  off. however, are equal or differ only slightly despite the tu rnover 
energies differing 50 ! ■ 100 tim es from each o ther, because the repetition  frequency is 100 tim es 
higher in the 5 kH z (“ high-frequency” ) version and  th is com pensates the effect of the turnover 
energies being 50 100 tim es less there, cf. Eq. (13). Thus, the sole m ain difference between
te s t conditions of experim ental steps w ith identical I Ep current levels and differing only in 
f r, th a t  is, the  experim ent pa ir of even codes or odd codes, lies in th e  50 times higher L 0ff 
tu rn -o ff energy of the 50 Hz version which leads suspectedly to a m any tim es higher ra te  of 
deterioration , especially to  those failures th a t have a “ volum etric” origin. Considering the 
results, th is indeed is the situa tion  if one com pares the results of (e3) to the ones of (e l), or 
sim ilarly, (e4) to (e2) etc.

Experiment (e)

As is shown in Table IV where the non-epitaxial type is d ea lt w ith, the failure ra te  is 
only slightly higher a t the 50 ^ 100 times higher turnover energies of the “ low-frequency” , 
50 Hz, 50 /nsec test pair (e3) — (e4) as compared to  the results of the “ high-frequency” , 5 kH z, 
1 /Isec te s t pair ( e l ) — (e2). Moreover, in the “ high-frequency, low tu rnover energy” tes t pair 
( e l ) —(e2 ) no “ volum etric”  failures occurred a t all and  the single I q b o  failure a t the tes t (e2 ) 
can be a ttrib u ted  to the m ild junction  tem perature increase of 18 °C there, i. e. to a “ surface” - 
originated cause. Hence, b o th  steps (e l) and (e2) of the “ high-frequency, low turnover energy” 
test version may be judged as completely ineffective in  developing inherent “volumetric” failures. 
C ontrary to  this, the conditions of the “ low-frequency, high turnover energy” tes t pair (e3) — 
(e4) tu rned  out to be a b it coarse for the delicate struc tu re  of such a p lanar type: the predom i
n an t m ajority  of failures were “ broken em itter” , i. e., the thin gold wire leading to the therm o
compression bond evaporated suspiciously due to  a  previous short and one cannot be sure th a t  
all these failures, although no t too high in num ber, (9 pcs in a lo t of 960, to tal, and taking place 
during a week) originated by  actually  serious s truc tu re  deficiencies and no t by the excessively

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



LIFE OF SEMICONDUCTOR DEVICES III 161

Table IV

Results o f the step-stress experiments (e)

M edium-speed, silicon p lan a r npn  transistor B FY  33.
Two parallel step-stress experim ents each consisting of 2 subsequent current-level steps of 

168 hr and containing in itia l lots of 480 pcs; in  T a =  25 +  3 °C resting air am bient, w ithou t
any heat sink, Vqq =  22 V.

Experim ent code (el) (e2) (e3) И )

Icp  (A) 0.25 0,5 0,25 0.5

ICpUc max 0,5 1 ,0 0,5 1 ,0

r c =  r e  (ß ) 82,0 41,0 82,0 41.0

fr  (Hz) 5000 5000 50 50
tp (usee) 5,0 5,0 2 0 0 2 0 0

«on/ 2  =* т / (usee) 0 ,1 0 ,1 1 0 1 0

«off/2  — To («sec) 1 ,0 1 ,0 50 50

L on (mW sec) 0,296 0.592 29,6 59.2

L 0ff (|(íWsec) 2,96 5,92 148,0 296,0

Pdt m ax fW) 1,48 2.96 1,48 2.96

Pdt~^~ (mW) 1,48 2,96 1,48 2.96

Pdt off (mW) 14.8 29,6 7,40 14.8

H„n И ) 25,0 50,0 1 0 ,0 2 0 ,0

Hrftot (mW) 41,3 82,6 18,9 37,8

AT] =  Pd to tR T fC ) 9,1 18,2 4,2 8,3

IV5 , survived (pcs) 480 479 478 471

/ctot, failed (pcs) - 1 2 7

kc, catastrophic (pcs) 
failure causes:

- - 1
E broken

4
E broken

kd, degradation (pcs) 
failure causes:

— 1
excess I q b O

1
excess I q b O

3
2  pcs excess I q b q  
1 pc low hpB

Я, approx. ( 1 /hr) — 1 ,24 x 1 0 -5 2 ,4 8 x l0 - 5 8 ,75x10-5

upper 60% confidence 
lim it, (1 /hr) 1,18 X 10- 5 2 ,5 7 x 1 0 -5 3 ,92x10 -5 1.05 X IO- 4

A T m , during turn-off 
(°C) * 0,34 0 ,6 8 2,92 5.84

*Minimum estim ate  of turn-off tran s ien t tem perature  jum p by  even structu re  w ith  
Qn — 2 ohm -cm  collector resistivity and  A =  2,5 X lO - 3  cm2 nom inal (and actual) ju n c tio n  
area; cf. Ref. [22], Eq. (27) there.
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Table V
Results o f the step-stress experiments ( f)

M edium-speed; silicon epitaxial p lan a r npn switching transistor BSY 56.
Two parallel step-stress experiments, each consisting of 2 subsequent current-level steps 
of 168 hr and containing in itial lots of 480 pcs; in  T a =  25 +  3 °C resting air environm ent,

w ithout any hea t sink; Vqc — 22 V.

Experiment code (П) (f2) <f3) («)

I Cp (A) 0,25 0,5 0,25 0,5

IC pl I  Стах 0,5 1 ,0 0,5 1 ,0

r c  =  r e  (ß) 82,0 41,0 82,0 41,0

fr  (Hz) 5000 5000 50 50
tp (//sec) 5,0 5,0 2 0 0 2 0 0

‘on/ 2  — т ,■ (psec) 0 ,1 0 ,1 1 0 1 0

*oft/ 2  =  r o (/«sec) 1 ,0 1 ,0 50 50

ion  O'Wsec) 0,296 0,592 29,6 59,2

Loft 0 'w sec) 2,96 5,92 148.0 296,0

Pdt max (W) 1,48 2,96 1.48 2,96

P  dt on (m ^  ) 1.48 2,96 1,48 2,96

Pdt off (m^  ) 14,8 29,6 7,40 14,8

Pon (mW) 18,2 36,4 7,25 14,5

Pd tot <mV) 34,5 69,0 16,1 32,3
A Tj =  Pd to, R T (°C) 7,6 15,2 3,5 7,1

N s , survived (pcs) 478 469 404 153
A'tot, failed (pcs) 2 9 76 251

kr  catastrophic (pcs) 
failure causes:

3
1 pc, E  broken

2  pcs,
С В short

47
2 1  pcs 

E  broken 
3 pcs, 

E  —В short 
7 pcs, 

С—E short 
16 pcs, 

С—В short

2 0 0
115 pcs, 
E  broken 

63 pcs, 
E  —В short 

15 pcs, 
С—E short 

7 pcs,
С —В short

degradation (pcs) 
failure causes:

2
excess J cbo

excess Jgво 
1 — 1 pc

6
2  pcs,

excess I q b O 
4 pcs,

excess I EB0

29
16 pcs, 

excess I CBO 
1 2  pcs, 

excess IEBO 
1 pc, low hEE

51
32 pcs, 

excess I CBO 
17 pcs, 

excess IEB0 
2 pcs, low h EE

A, approx. ( 1 /hr) 2,5 X lO - 5 1,06 X lO “ 4 9,4x 10- 4 3 ,7 x l0 - 3

Upper 60% confidence 
lim it ( 1 /hr) 3,95 x lO “ 5 1,24 X lO - 4 - 9 ,5  x lO - 4 —3 ,7 x l0 - 3

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



LIFE OF SEMICONDUCTOR DEVICES III. 163

high tu rnover energy stress conditions. Beyond doubt, the failed transistors were presum ably 
the ones having the w orst structures. The tested  type , however, can be considered as having 
a satisfactory quality.

Experiment ( f )

Dealing w ith the epitaxial type (Table У), deterioration was significant also in  the “ high- 
frequency, low tu rnover energy” tests ( f l ) —(f2 ) b u t turned  ou t to  be tru ly  disastrous a t the 
“ low-frequency, high turnover energy”  te s t pa ir (f3) —(f4). No catastrophic failures occurred 
a t  the low -current-level te s t (f l)  b u t 3 pcs failed by  short or open-circuit a t  th e  m axim um  
ra ted  collector current-level tes t (f2), 2 of w hich has been C — В short. Beside these failures, 
surface-originated excess reverse current failures were dom inating. — Discussing th e  results 
of th e  “ low-frequency, high turnover energy”  te s t pair (f3) —(f4), the failure p a tte rn  was 
reversed and failures of typically  volum etric origin prevail there: in the overwhelm ing m ajority  
of cases the em itter (or base) leadout gold wire was broken in the form of a ball-shaped m olten 
ending probably due to  a previous short and solidified thereafter, near to  the bonding. All these 
open-circuit failures as well as the C—E and C — В shorts are typical consequences of volum etric 
failures described in Section 2 and i t  is a t least suspicious th a t the bonding failure mechanisms 
described in  Section 4 have also had an im p o rtan t role in  the excessively high num ber of such 
failures. For the С —В shorts are supposedly a d irect consequence of the collector-base voltage 
breakdow n described in  Section 2, a pinhole-like m olten and recrystallyzed channel w ithin 
the  collector epitaxial layer is expected to be found if  making a microsection on a transistor 
failing in this m anner. The lapping of the delicate structures, however, scarcely reveals such 
a failure since the p robability  to find the th in  recrystallized channel in the bulk  is very small 
(com parable to finding a needle in a haystack) and no “ surface” m arks exist which call a tten 
tion  to  the presum ed locus of bulk breakdow n. Such a microsection where a channel rises from 
the  ring-form ed geom etrical curvature of the collector junction  beneath the em itter perim eter, 
i. e. an “ em itter dip”  rim  and points tow ard the n —n+ boundary of the epitaxial collector 
zone and the substrate  and where this struc tu re  deficiency is presumed as the shorting channel, 
is shown in In se t 4. — I t  is surprising, however, th a t  this particular C — В short failure occurred 
relatively  rarely  here, i. e., in only 25 cases am ong a to ta l of 250 catastrophic failure events. 
A possible explanation  for this is th a t th e  V q c  =  22 V reverse voltage applied in  this tes t 
was m any times lower th an  the Vçpo  =  120 Y data-sheet lim it. The C—E shorts (22 pcs 
to ta l), on the o ther hand, m ay also be a ttr ib u ted  to  hot-spot form ation in, or near to , the em it
ter-base junction  where current concentration is high (in fact, higher th an  in  the collector 
junction ) and tu rnover energies can also be significantly high, especially if V ppp is excessively 
large. This la tte r  phenomenon, or the local heating-up of the degradated em itter therm o
compression bond (due to  a K irkendall-void form ation, cf. Section 4 and In se t 5) m ay give 
th e  explanation for the amazingly high num ber of em itter-base shorts ( 6 8  pcs failed in th is 
mode). — Anyway, the type tested here exhibited  serious technological im perfections, also 
m anifesting in an unusually  high failure ra te  in  simple storage and d. c. operating  life tes t 
experim ents and ju s t this short-term  pulsed screening m ethod revealed th e  technological 
flaws in the p ilo t-p lan t production stage.

Experiment (g)

Finally, the results of a 168 hr screening of a medium-power, high-speed epitax ial p lanar 
transis to r type B SX  59 are presented. A lo t of 160 pcs originating from p ilo t-p lan t production 
was tested. L im it ra tings and typical da ta  are as follows: VqbO =  70 V m ax, Vqpq =  45 V m ax, 
I c  max =  1 A, T j max =  200 °C and R p  0,22 °C/mW; further f p  250 MHz, ton <  35 nano
sec and toff <  60 nanosec, all three previous d a ta  valid a t I q =  1 A and Iß  =  0,1 A. The test 
was made in the “ low-frequency, high tu rnover energy”  equipm ent version in  the m ost adverse 
conditions, i. e. f r =  50 Hz, tp =  500 ^tsec, ton =  10 /isec, t0ff =  100 /tsec, V çç  =  25 V, hp  g =  
=  0,9, R q =  R p =  20,5 ohms, Ip p — 1,2 A, T a =  25 +  3 °C (transistors applied w ithout 
any  heat sink), thus P a max =  25 V X 1,2 A/4 =  7,5 W; L 0„ =  ton P^max =  0,075 mW sec; 
similarly b u t w ith t0q, the L 0ff =  0,75 mWsec. D espite these severe screening conditions only 
8  transistors failed in a catastrophic mode, giving a cum ulative failure ra te  of approx. 3 X 10 “ 4/hr, 
thus the type and its  technology m ay be considered as acceptable. Failure causes were 
6  C — E short, a single С —В short and a single broken em itter. The conclusion m ay be draw n 
from  th is experim ent th a t a ra ther delicate high-speed epitaxial p lanar type  can still w ithstand 
th e  enorm ously elongated switchover transien ts of 1 0 0  //-ec duration and approx. 1 mWsec 
energy level if bo th  technology and structu re  are adequate.
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Summarizing the results of the above experim ents i t  seems th a t the m ethod of artifici
ally  elongated tu rnover transients as presented here is well applicable also in  silicon p lanar 
transisto rs. Nevertheless, it  has been proved th a t  the volum etric failure mechanisms dealt 
w ith  in  Sections 2 and  4 are effectively developing in  such stress conditions. For achieving 
th e  m ost characteristic results, however, th e  te s t conditions m ust be “ m atched” carefully 
to  th e  particular type: for a medium-speed ty p e / r =  1 - 5  kH z, tp =  3 — 30 /(sec and toff =  
=  1  -i- 1 0  //sec seems to  be the optim um , w hilst for a high-speed type w ith delicate struc tu re  
and  m inute geometry th e  recommended te s t conditions are f r =  5 -r 20 kH z, tp =  0,3 4 - 3 ц- 
sec and („ff =  0,1 4- 1 fisec. The compelled rise tim e ton should always be chosen as the 1/10 4- 
-r- 1/5 of t0{{. The “ low-frequency, high tu rnover energy”  version dealt w ith previously and 
having conditions of f r =  50 Hz, tp =  150 4- 500 (isec and t0ff =  10 -3- 200 /«sec is adequate 
for testing  low-speed (e. g. alloyed germ anium ) transisto rs b u t seems a b it rough for screening 
m edium -speed types. T est tim es of some hundred  h r and relative current levels of le p ik '  max =  
=  1 г  2  are typical in p lanar transistors and fit the requirem ents of a screen-test develop
ing “ la te n t”  structural im perfections. — On the other hand, repetition  frequency can be assum 
ed as a factor of secondary im portance (since only the average power loss is proportional to 
it), the  main agent being the turnover energy level, th a t is, the  product of peak power (i. e. 
0,25 VçqI qp) and tu rnover duration.

Inset 1 (to  Section 2)

Microsections of excessively inhomogeneous, waved or indented  junctions of a medium- 
power, low-speed, alloyed Ge pnp transistor type (OC 1076). The base layer appears in white, 
near the boundaries of w hich the m etallurgical junctions appear as th in  black lines and the 
lower being the em itter junction . Both specimens exhibited a punch-through voltage well 
below В  VCB0, before a complete punch-through (white arrows) occurred after a couple of 
hours in  testing conditions identical w ith the ones in experim ent (a3). (By courtesy of Mr. 
M. K ocsis , H IK I.)
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Inset 2 (to Section 2)

Microsections of alloyed Ge pnp, slow-speed, high-power transistors ASZ 18, showing 
up excessive inhom ogeneity in  base layer thickness (the la tte r  appearing in bright white 
and the metallurgical junctions near to its  hounds developing as th in  black lines). The strongly 
waved em itter junction  is the lower one. Due to mechanical strains by alloying, the junctions 
are badly warped. In  the lower photograph the molten and recrystallized punch-through 
channel between collector and em itter can be clearly observed (w hite arrows). (By courtesy 
of Mr. M. K ocsis, H IK I.)

Inset 3 (to Section 4) (on the right)

Plague-afflicted Au — Al therm ocom pression bonds of a silicon planar transistor. (By 
courtesy of Tungsram  W orks L td , B udapest.)

Inset 4 (to Appendix A. 2)

Microsection by angle lapping and staining of a medium-power, epitaxial, p lanar 
transistor revealing a breakdow n channel (white arrows) between collector-base junction  
and n + substrate  through the 8  / ш  th ick  collector epitaxial layer, rising from the “ em itter 
dip” curvature of the C — В junction.
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Insel 5 (to Appendix A. 2)

A u —Al nailhead therm ocom pression bonds a t  the em itter of a p lanar transistor, all 
bad ly  afflicted by severe in term etallic  form ation (after exposure a t 200 °C for 168 hr, followed 
b y  th e  screen test of experim ent (/)). All m icrographs were made w ith  a usual, secondary 
electron mode, Scanning E lectron  Microscope (SEM).

(a) Characteristic plague compounds on the A1 m etallization around the gold ball. 
C on tact resistance increased b u t the bond is still alive, (b) The alum inium  side after complete 
and  spontaneous separation of the gold ball, shows the bulky interm etallic products and voids 
left there , (c) A contiguous K irkendall void has grown below the periphery of gold ball showing 
nondescrip t, coarse-grained interm etallies and “ sta lac tite” features as well, (d) The aluminium 
side of picture (c) after alm ost spontaneous separation of the bond shows coarse grains, “ huge” 
voids and  “ stalagm ite” fea tu res of interm etallic on the periphery of bond, w ith  a sharp bound
ary. (C ourtesy of Mr. V. S t e f á n i a  Y  of Res. Inst, for M etallurgy, B udapest and  Mr. G. K a l m á r , 
T ungsram  Works Ltd, B udapest.)
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Inset 6  (to Section 4)

SEM micrograph of a typical volum etric failure of an IC transisto r (an ou tpu t transistor 
of a TL 7472 N m aster-slave J  — К  flipflop, after 6000 hr switching operation stress a t  125 °C. 
The po ten tia l con trast technique reveals a la ten t collector-base short (arrows) as a dark  spot 
on the otherwise light base zone, a t the upper righ t corner of the U -shaped em itter m etallized 
stripe. The collector stripe (bigger U) and the underlying collector zone appear as dark  (be
cause of being biased -f-5,25 V positive w ith respect to em itter and base, which appear as light 
areas). The scratch  along the collector and em itter stripes (right center) proved to be harmless. 
The short was caused by a m ajor pinhole above the fault site in the S i0 2 layer, through which 
a spurious boron diffusion (base dopant) advanced during operation a t th is “ ho t spot”  and, 
after reaching the collector zone, made a complete short. (Courtesy of Mr. V. S t e f á n i a y  and 
Mr. G. K a l m á r ; Res. Inst, for M etallurgy and Tungsram W orks, L td, B udapest, resp.)

Inset 7 (to  Section 4)

This interesting SEM m icrograph reveals a “ volumetric”  short betw een the A1 stripe on the 
top , and the underlying collector zone th rough  a m ajor pinhole in the oxide betw een them . 
The “ ho t spo t”  enhancing the m igration of A1 through the pinhole channel was originally 
sta rted  by  the Joule heating of the constricted m etal stripe above the failure site, due to the 
high cu rren t flowing through it, enhancing electrom igration by the tem perature  gradient. 
The p icture clearly shows the m arks of the m olten m etal above the failure site, due to the short 
te rm inating  this sequential failure of an  analog IC. (Courtesy of Mr. V. S t e f á n i a y  and Mr. 
G. K a l m á r ; Res. Inst, for M etallurgy, and Tungsram  Works L td , B udapest, resp.)

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



168 KEMÉNY, Á. P.

Experimentelle Untersuchung der Lebensdauer von Halbleiter-Bauelementen. — III. 
Räumliche Fehlermechanismen und Untersuchung der Lebensdauer von Transistoren in 
Schaltbetriebsart. Die bei Transistoren allgemein verw endeten statischen D auerbelastungs
m ethoden, welche hauptsäch lich  therm isch ak tiv ierte  Oberflächendegradationserscheinungen 
hervorrufen, sind wenig in form ativ  in Bezug auf das Zugrundegehen im Schaltbetrieb. H ier 
w ird eine Methode vorgeschlagen, wo die Transistoren im Schaltbetrieb m it gemeinsamer 
Basis als Inverter m it fester W iederholungsfrequenz von 50 Hz oder m ehr belastet werden, 
bei genau festgelegter und  regelbarer transienter E in- und A ussehaltenergie, welche Methode 
die w irtschaftliche U ntersuchung von großen M ustern erm öglicht und  in  erster Reihe als 
Screening-Untersuchung fü r die schnelle Auswahl von struk turell fehlerhaften Exem plaren 
von  N utzen ist.

Экспериментальное исследование срока службы полупроводниковых приборов, 
III. Механизмы обьемных дефектов и испытание транзисторов на срок службы в пере
ключательном режиме работы. Применяемые для транзисторов статические методы 
электрических испытаний продолжительной нагрузкой, которые вызывают в основном 
термически активированные поверхностные деградационные процессы, не дают достаточно 
информаций относительно порчи в переключательном режиме работы. Автор в данной 
работе предлагает такой метод, в случае которого на транзисторы в качестве работаю
щих в переключательном режиме работы с общей базой инвертеров подается нагрузка 
фиксированной частоты в 50 Гц или более высокой частоты повторения при точно опре
деленной и регулируемой переходной энергии включения и выключения; этот метод по
зволяет осуществить экономичное испытание больших серий образцов. Предлагаемый 
метод является полезным в первую очередь в качестве селективного метода для быстрого 
отделения образцов со скрытыми структурными дефектами. Такие испытания, подтверж- 
ценные микроснимками, смятыми с поврежденных полупроводниковых приборов, сог
ласуются с результатами расмотренных здеедь анализов объемных деграпапионных 
пропессов и обращают внимание на необходимость бездефемтной геометрической струк
туры таких приборов.
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POROSITY OF CEMENT STONE AS A FUNCTION 
OF THE WATER-CEMENT-RATIO

J . ROSTÁS*

[M anuscript received December 18, 1974]

Due to  theoretical considerations the porosity and th e  solidity of the cem ent 
stone will be deduced as a function of w ater—cem ent-ratio and hydration degree. The 
results deduced for the various cases will be compared to experience, and good corre
spondence will be found.

1. Introduction

F o r th e  p o ro s ity  o f th e  cem en t sto n e  as an  im p o r ta n t  p a ra m e te r  fo r 
co n cre te , a n  em p irica l fo rm u la  o f ap p ro x im a tin g  c h a ra c te r  is know n so 
fa r  [ 1].

D ifference is m ad e  a t  th e  b eg in n in g , c a p illa r ity  depend ing  on th e  h y 
d ra tio n  degree an d  on gel porosities. T o ta l po ro sity  is considered  as a sum  of 
th e se  tw o  p o ro s itie s . W e will a t te m p t to  deduce th e  re la tio n  o f porosity  Ф, h y 
d ra tio n  degree H(t)  a n d  w a te r-cem en t-ra tio  vc from  th e  general th e o re tic a l 
m an n e r.

2. Porosity if  no change of volum e is taken  
into consideration

T he cem en t pow der m ixed w ith  w a te r  s ta r ts  a re a c tio n  w ith  porous solid  
cem en t sto n e  as a re su lt of th e  hyd rogen . T he m ass o f n o n  h y d ra te d  cem en t, a t  
tim e m o m en t t is m ark ed  b y  M c(t). A t in itia l tim e t =  0 : M c(0) =  M c0 th e n , 
accord ing  to  th e  d e fin itio n , th e  h y d ra tio n  degree a t  m o m en t t is:

H(t) M co -  M c(t)
M rn

=  1
M c(t)
M co

( 2 . 1)

T he m ass o f th e  arisen  h y d ra te d  p ro d u c t assum es th e  form  M g(t) a n d  th e  
m ass o f non  h y d ra te d  w a te r  M v(t) is m ark ed  as tim e  m o m en t t. A ccording to  
th e  law  o f m ass co n se rv a tio n :

M co +  M v0 =  M c(t) +  M r(t) +  M g(t). (2.2)

* J .  R o s t á s  Üllői ú t  53/b, H-1091 B udapest, H ungary
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C onsidering  the  w a te r, th e  cem ent g ra in s  an d  th e  h y d ra tio n  p ro d u c ts  as a 
hom ogeneous m edium :

M  =  qV. (2.3)

B y  usin g  (2.3), (2.2) is e q u a l to

QcKo +  QvKo =  e K i1) +  QvK(l ) +  QgVg{t) • (2-4)

In  th e  m ix tu re  o f  cem en t an d  w a te r  h y d ra tio n  does n o t proceed  to  th e  
fu ll e x te n t  (due to  d iffe ren t reasons), o r ev en  i f  th e  cond itions o f h y d ra tio n  are  
en su re d  for a long tim e . T herefo re , in  case

K(t)  +  vc(t) +  Vg(t) >  Vco +  Vvo (2.5)

w h ich  is alw ays av a ilab le  (th is  will be p ro v ed  la te r), follow ing h y d ra tio n  of a 
d u ra t io n  o f t, th e  to ta l  vo lu m e of th e  pores rem ain ing  in  th e  solid  cem ent stone  
w ill be  equal to  th e  re m a in in g  w a te r th a t  has n o t tak en  p a r t  in  th e  h y d ra tio n
process

Vp =  K(t). (2.6)

H ere , in  th e  firs t ap p ro x im a tio n  th e  w a te r  fix ed  a t  th e  su rface  is n o t ta k e n  in to  
co n sid e ra tio n , yet

V P =  —  { Qc{VC0 — K(t))  +  Qt K o — QgVgU)} ■ (2.7)
Qv

P o ro s ity  Ф and  w a te r-cem en t-ra tio  vc a re  defined  in  th e  follow ing w ays

Ф =_  Vp

Vo

M vo
M rn

( 2 .8 )

(2.9)

H  ere  i t  is assum ed, d u rin g  so lid ifica tion  tim e , th a t  cem ent does n o t creep an d  
e x p a n d :

Va =  Vr0 +  Vco. (2.10)

B y  u s in g  (2.6), (2.7), (2.8), (2.9) and  (2.10)

Qc( Vço — Vçjt ) ) +  Q y V y O  

V C 0 +  V v 0

( 2 . 11)

In s te a d  o f th e  volum es th e  m asses an d  densities are w ritte n  as:

M co -  Mc(t) +  Mvo -  Mg(t)
Ф =  Qc

Q  i > M  с о  +  Q c M c ,

(2. 12)
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B y using  (2.9) an d  ov =  1, (2.12) is eq u a l to

Ф — Qc

M c(t)
M co

+ vc —

1 +  Qcvc

M g(t)
M 00

I t  is assu m ed  th a t  th e  m ass o f  th e  w a te r  M *  used  for h y d ra tio n  i 

p o rtio n a l to  th e  m ass o f the  h y d ra te d  cem en t

M*{t)  =  K M * {t)

w here К  is c o n s ta n t, a p roportion  fac to r . B y  using  (2.1), (2.2) and  (2.9)

= , с +  щ , ) -  M Á t)
M ri Mr.

U p to  tim e  m o m en t t. th e  m ass o f  th e  h y d ra te d  cem ent an d  w a te r  
follows:

M*(t) =  M co -  M c( t ) ,

M*[t) =  M vo -  M v( t ) .

B y u sin g  (2.1), (2.9), (2.14), (2.16) a n d  (2.17)

M M  _  .
M r.

К  H ( t ) .

W ith  th e  a id  of (2.1), (2.15) an d  (2.18), (2.13) is equal to

vc -  К  H(t)
Ф  =  Qc

1 Qcvc

(2.13) 

s p ro -

(2.14)

(2.15) 

a re  as

(2.16)

(2.17)

(2.18) 

(2.19)
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A ccording to  th e  tab le s , th is  is e q u a l to  2,95 -f- 3,15 g ram m  cm - 3 . F o r 
th e  ca lcu la tio n s qc =  3,1 has been used . A cco rd in g  to  Czer n in  [2 ] К  =  0,25. 
U sin g  th is  value a t  d iffe ren t degrees o f h y d ra tio n  fo r po ro sity  Ф as fu n c tio n  
o f  w a te r-c em e n t-ra tio  vc th e  re su lting  h o s t  o f  curves is in d ica ted  in  fig u re  1, 
i l lu s tra tio n  No. 1. T h e  m easuring  re su lts  o f  P o w ers  [3] and  F eld m a n  [4] 
h a v e  been  d raw n u p  on  th e  host o f cu rv es . C om paring  th e  m easu red  resu lts  
w ith  th e  th eo ry , th e  fo llow ing conclusions can  be d raw n . The th eo re tica l cu rves 
c lose ly  follow th e  em pirica l values. B o th  a u th o rs  succeded in  keep ing  th e  
h y d ra tio n  degree a t  th e  sam e level for d iffe re n t w a te r-cem en t-ra tio  fac to rs  vc.

3. P o rosity , tak ing  in to  considera tion  
the  change o f vo lum e

E q . (2.19) w as deduced  on th e  a s su m p tio n  th a t  th e re  is no change of 
v o lu m e  during  so lid ifica tion . I f  change o f v o lu m e  is perm issib le

V0 =  K(t) +  vc(t) +  vg(t) , (3.1)
th e n  ta k in g  in to  co n sid e ra tio n  (2.7), (2.8), (2.9) a n d  (3.1), po ro sity  Ф is eq u a l to

Ф _  °с(Усо -  VA1)) +  Ko — QgVg(t)
Vv(t) +  m  +  v g(t)

E x p ress in g  th e  vo lum es b y  m asses an d  d en sitie s  a t  qv =  1

1 _  В Д .  , Æ °o_  _
\т M

ф =  QcQg —

(3.2)

В Д  , M g(t) , Mc(t)
QcQo h Q c---------- \~ Qg-------
* 8 M  M  ë M-У1сп 1>лгп

(3.3)

W ith  th e  aid  of (2.1), (2.9), (2.15) and  (2.18), (3.3) is equal to

ф = ___________Mg [ V c - K H (Ql________
6c9s[vc -  К  H (t )] +  pf( l  +  K ) H (t)  +  pg( l  -  H(t))

(3.4)

I f  i t  is rep re sen ted  as a function  o f vc, th e  re su lt will be sim ilar to  illu s
t r a t io n  N o. 1.

A s a m a tte r  o f fa c t, th e  h ighest change o f vo lum e can  ta k e  p lace a t  th e  
h ig h es t h y d ra tio n  degree. T herefore, for th e  case o f H  =  1 th e  (2.19) an d  (3.4) 
are  p re se n te d  in  illu s tra tio n  (see: illu s tra tio n  N o. 2). F ro m  th e  i l lu s tra tio n  i t  is 
a p p a re n t  th a t  a t  th e  v a lu es  vc <  1 (for re g u la r  co n c re te )  th e  d ev ia tio n  b e 
tw een  th e  tw o  fo rm ulas is n o t too  sign ifican t. U p to  th e  end of function  (3.4) i t  
rem ain s u n d e r (2.19) th ro u g h o u t. This, a t  th e  sam e tim e  bears evidence to  ou r 
a ssu m p tio n  un d er (2.5), as th e  deduction  o f (3.4) d iffers from  (2.19) only  in  th e  
fac t, t h a t  here in s te a d  o f  Vc0 Vm we d iv id e  b y  U  (t) +  Vc(t) +  F g(t).
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4. The concept of the density factor, its dependence on w ater-cem ent-ratio V/
and hydration degree H (t)

F o r th e  cem en t stone , in  a sim ilar m an n er to  th e  pore  space, a dense 
v o lu m e  V t can  also be defined  in  th e  fo llow ing w ay

Vt =  Vö — Vp . (4.1)

B y  using  (2.8) i t  will be

V, = K(1 -  Ф ) . (4.2)
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O n th e  o th e r h a n d , th e  d ensity  fa c to r  of th e  cem en t stone  can be defined  
as a q u o tie n t o f th e  dense vo lum e an d  th e  to ta l  cem ent vo lum e

(4.3)

B y  expressing  th is  w ith  th e  aid of (4.2) th e  re su lt is

<Pc =  1 — Ф .

A ccord ing  to  (2.19), (4.4) (pc is equal to

1 +  К  H(t)
Vc

1 +  Qcvc

(4.4)

(4.5)

QcQg{Vc -  KH(t ) )  +  ec( l  +  K)  H(t) -  Qg( 1 -  H(t)) '

B y  ta k in g  (2.8), (2.9) a n d  (4.2) in to  acco u n t th e  pore an d  th e  dense volum es are  

V p =  M co (vc — К  H (t)) , (4.7)

T h e n  b y  using (3.4)

Vc =
{(1 +  -k) Qc — gg} H(t)  - f  gg

v t =  ^ ( l  +  QcK H ( t ) ) .  (4.8)
Qc

B y  u sin g  th e  p o ro s ity  expression  (3.4), V p w ill be equal to  (4.7) and  a t  th e  sam e 
tim e  V t will be

v t =  _M «L r [(1 +  K )  Qc — ee] H(t)  +  . (4.9)
Qc Qg

5. Porosity of the cem ent stone taking the different m ineral components
into consideration

T ak in g  in to  co n sid e ra tio n  th a t  th e  cem en t consists o f  d ifferen t m inera ls, 
m a rk in g  th e  m ass o f th e  n u m b er i co m p o n en t b y  M f ,  an d  th e  n u m b er r o f th e  
h y d ra tio n  p ro d u c ts  b y  M f,  th e  law  o f m ass co n se rv a tio n  can  be w ritte n  as 
follow s

2  M ?(t)  +  M v(t) +  2  =  > ' M ?o +  M V0 • (5.1)
i = 1 r = l  1 = 1

F ro m  th is , expressing  th e  M v(t) by  th e  d e n s ity  and  th e  v o lu m e  and  ta k in g  in to  
co n sid e ra tio n  ov =  1, th e  pore vo lum e is:

vp = 2  Mto +  mvo -  2  (0  -  2  ■ ( 5 -2 )
i=l i=l r= 1

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



POROSITY OF CEMENT STONE 175

W e shall ta k e  in to  co n sid e ra tio n  on ly  th e  case w ith o u t change of vo lum e, 
th u s  accord ing  to  (2 .10)

M A MXT’ ^
yö = ---i = 1 Qi Qv

(5.3)

B y using  (5.2) an d  (5.3) th e  p o ro s ity  is:

2 M& +  Mvo -  2 - 2 мвм
ф  — i= l i=i r=1

у  M t ,  MCT
Д —Г

Í=1 (?/ É?ü

(5.4)

H ere , po ro sity  is expressed  only  as a fu n c tio n  of the  in d iv id u a l m ineral com po
n en ts . T hen  th e  w a te r-c em e n t-ra tio  is:

XI-  i-n 1

у  м А  У  10^  10 ^  M
1 = 1  1 = 1  IC« да

(5.5)

In tro d u c in g  th e  w a te r-cem en t-ra tio  re la tiv e  to  th e  in d iv id u a l m inerals, vci in  
th e  follow ing m an n er is:

" " “ I t -  (5 ' 6>

B y using (5.5) and  (5.6) fo r th e  w a te r-cem en t-ra tio s  th e  re su lt will be:

(5.7)

In  o th e r w ords th e  w a te r-c em e n t-ra tio s  re la tive  to  th e  in d iv id u a l m inerals are 
ad d ed  to g e th e r in  th e  sam e w ay, as a re  th e  resistences in  para lle l connection  in  
e lec tro techn iques.

B y using (5.4) an d  (5.5) th e  p o ro s ity  will be:

Ф = M r(t)
1 1

i=i 0/

(5.8)

T h is p o ro s ity  fo rm u la  a lread y  c o n ta in s  also the  d ependence  on th e  in d iv id u a l 
cem en t com ponen ts. W e tra n sfo rm  i ts  f ir s t  factor by  in tro d u c in g  th e  vo lum e of 
th e  solid cem ent sto n e  V* in  th e  fo llow ing w ay:

M v(t)

M v(t) _  V*  _  e ,(0

M v0 .M*o_ Qvo 
V*

(5.9)
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F ro m  (5.8) and (5.9)

Ф =  Qr{t)
- ^ 1  QvO

nAi= 1 Qi
' +  Qvo

(5.10)

6 . A  m ethod  to  m easu re  porosity

T he expression o f  p o ro s ity  (5.10) invo lves th e  p o ss ib ility  of m easuring  
p o ro s ity  w ithou t d e s tru c tio n . W hen m ark ing  th e  second fa c to r  b y  a c o n s ta n t 
D*  i t  can  be w ritten  in  th e  follow ing m an n er:

Ф — Qv6) D* • (6.1)
D*  c a n  be calcu lated  fro m  th e  p re p a ra tio n  p a ram e te rs  or i t  m u s t be determ ined  
b y  som e other m easu rin g  p rocedure .

As d ry  cem ent s to n e  prov ides e lec tric  in su la tio n , i t  c an  be assum ed th a t  
sp ec ific  electric c o n d u c tiv ity  of th e  cem ent sto n e  depends on th e  D,,(t) in h e ren t 
in  i t ,  i.e . i t  is p ro p o rtio n a l to

о (0  =  6v(t) D**  (6.2)

w h ere  D**  depends on  th e  ra tio  of th e  ions dissolved in  th e  w a te r  and on th e  
deg ree  o f  dissociation. T h is  m u st also be d e te rm in ed  b y  som e m easuring p ro 
cess. A ssum ing th a t  D*  a n d  D**  have  a lread y  been d e te rm in ed , th en  tak in g  
th e se  tw o  constan ts to g e th e r  in to  a D c o n s ta n t, from  (6.1) a n d  (6.2)

Ф =  a(t) D. (6.3)

I n  th is  m anner th e  m easu ring  of p o ro s ity  D* an d  D**  specific  resistence 
can  be  traced  back. T h e  w ay  of de te rm in in g  D* and  D** w ill be  discussed on 
a n o th e r  occasion.
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Porigkeit des Zementsteins in der A bhängigkeit des W asser-Zem ent-Faktors. Aus th e 
oretischen Erwägungen werden die Porigkeit und  Dichte des erhärte ten  Zem entsteins als 
Funktion  des W asser-Zem ent-Faktors und  des H ydratationgrades abgeleitet. Die Gegen
überstellung der fü r die verschiedenen Fälle erhaltenen Ergebnisse den em pirischen W erten 
ergab eine gute Ü bereinstim mung.

По ристостьцементного камня в функции от водо-цементного фактора. Пористость 
затвердевшего цементного камня и его плотность выводятся в качестве функции водо
цементного фактора Vc и степени гидратации í í ( t )  — на основе теоретических соображе
ний. Результаты, полученные для различных случаев, сравниваются между собой и с 
практикой; при этом устанавливается удовлетворительное совпадение.
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RESULTS OF SEMI-PILOT-MEASURINGS CONCERNING 
THE STEAM AMMONIA HEAT-TRANSFORMATION 

IN BINARY POWER STATION SYSTEM

I. SZENTGYÖRGYI* —J. V A R G A **-G . VERES***

[M anuscript received May 10, 1973]

A t the beginning of the 1960’s, when improving the air condenser system, 
Professor H e l l e r  suggested the realization of the combined steam  am m onia system. 
Later, in 1965, he published his recom m endations concerning the structure  of the 
suggested new system. Here he pointed ou t the dom inant role of the heat exchanger 
dividing the partia l cycles and also the difficulties concerning the realization were 
m entioned. I t  became evident, th a t  experim ental research was needed prior to realiz
ing the dividing heat exchanger. Only the results of these experim ents could show 
w hether it  is possible to build — a t the necessary therm al conditions — a rational- 
dimension heat exchanger. In  the course of the experimental work i t  was found possible 
to  build a rational-dim ension, s te am —ammonia condenser boiler, which operates 
suitable even a t the low, about 4 -r- 6 °C tem perature differences required from the 
therm al point.

Symbols

Ai heat drop
i ' fluid enthalpy
i "  sa tu ra ted  vapour enthalpy
к overall heat transfer coefficient 
r heat of evaporation
</ heat load
At tem perature difference
v' fluid specific volume
v "  vapour specific volume
X difference, steam -content, relative enthalpy (i — i')/r 
F  surface
G m aterial flow
H  height of heat-exchanging tube 
N  performance
Q heat am ount
S entropy
T  tem perature
V  volume
a heat transfer coefficient
y  specific weight
?7 efficiency
X heat conductivity  coefficient

/ 1  dynam ic viscosity

*1. Sz e n t g y ö r g y i, Alpári Gy. u. 5. H-1051 Budapest, H ungary.
**J. V arga , Toldi u. 11, 2330 D unaharaszti, Hungary.

***G. V e r e s , Bogár u. 29/d. H-1022 B udapest, Hungary.
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1. System  A nalysis

T ogether w ith  th e  ra p id  g ro w th  in  e lec tric  pow er re q u ire m e n ts  all over 
th e  w orld , and  th e  d e v e lo p m en t o f ever g re a te r , c o o p e ra tin g  electric pow er 
sy s te m s , th e  te n d e n c y  o f  d ev e lo p m en t in d ica tes  th e  use o f  grow ing u n it-p e r
fo rm an ce  tu rb o -g e n e ra to rs , s te am  tu rb in e s  an d  electric  gen era to rs .

H ow ever, th e  v o lu m e tr ic  cond itions o f th e  w ork ing  m edium  flow ing in 
th e  tu rb in e  pose a l im it , over a ce rta in  value , to  th e  g ro w th  in  u n it  perform ance. 
T h u s , f ir s t  of all, i t  is th e  d ischarge cross sec tion  o f  th e  s te a m  tu rb in e  th a t  is 
su c h  a lim iting  fa c to r , as th e  b lad e  len g th  o f th e  la s t s tag e , considering  s tre n g th  
v iew p o in ts , c an n o t b e  in c rea sed  b eyond  a ce rta in  va lu e .

A nother m a jo r p o in t, w hen  estab lish ing  new , h ig h -p erfo rm an ce  energetics 
u n i ts ,  is th e  m ax im um  econom y in cooling w a te r, w hich  re q u irem en t encourages 
th e  u tiliz a tio n  of a ir-co o led , so-called  “ d ry ”  cooling to w ers . T hus, th e  system  
to  be  evolved has to  en ab le  a ra tio n a l co n sid e ra tio n  o f th e  d ry  cooling to w er 
so lu tio n .

T he req u irem en t n o ticed  in  th e  in tensive  in d u s tr ia lisa tio n  of very  cold 
c lim a te s  canno t be le f t  o u t o f considera tion  e ith e r, w hen  b ring ing  abou t new  
en erg e tic s  un its, n a m e ly , th a t  th ese , serv ing  th e  new ly  estab lish ed  in d u s try  
a n d  also the  am ple p o w er su p p ly  of th e  in h a b ita n ts , h a v e  to  operate  in  all 
c ircu m stan ces w ith o u t th e  d an g er o f freezing. A n added  a d v a n ta g e , of course, 
is i f  th e  applied sy s te m  is also in  a position  to  u tilize  th e  p o te n tia l th e rm o 
d y n a m ic  capabilities o f  th e  su rround ings.

F o r  th e  s trik in g  so lu tio n  of th is  group o f p rob lem s P rofessor H e ller  
su g g ested  the  re a liz a tio n  o f  a com bined  cycle w here in  th e  u p p e r  stage a steam  
cycle  an d  in the  low er one  a “ co ld -v ap o u r”  cycle, as ap p lied  in  cooling tech n o l
ogy  is th e  m ost su ita b le  fo r an  am m onia-cycle  [1].

T h is com bined cycle  answ ers all th e  special re q u ire m e n ts  ou tlined  above. 
A s is to  be seen fro m  th e  T  — S d iag ram  c h a ra c te r is tic  o f  th e  cycle Fig. 1, 
in  th e  up p er te m p e ra tu re  ran g e  th e  energy  c a rr ie r  is w a te r  w hile in the  low er 
te m p e ra tu re  range th e  w o rk ing  m edium  is N H 3. I t  is e x p e d ie n t to  sep ara te  th e  
tw o  part-cyc les from  ea c h  o th e r  a t  a te m p e ra tu re  w here, on th e  one h an d , th e  
decisive  am ount o f th e  h e a t  fed to  th e  N H 3 process can  be ta k e n  in to  th e  sy s
te m  iso th erm ally  an d , o n  th e  o th e r, th e  s tru c tu ra l e lem en ts o f th e  part-cycle  
o p e ra tin g  w ith M ater do n o t get u n d er a tm ospheric  p ressu re .

T h e  schem atic d ia g ra m  in  Fig. 2 gives in fo rm a tio n  ab o u t the  m ain  
e q u ip m e n t un its o f th e  sy stem .

B etw een  th e  u p p e r  an d  low er stage, as is also to  be seen in  Fig. 2, th e  
en e rg e tic s  connection  is p ro v id ed  b y  an  in te rm e d ia ry  h e a t exchanger w hich 
is p ra c tic a lly  a “ co ld ”  v a p o u r  boiler h ea ted  w ith  condensing  steam . T he 
eco n o m y  of the  co m b in ed  cycle is in fluenced  in  a m a jo r w ay  b y  th e  ch a rac 
te r is t ic  features of th is  h e a t exchanger.
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Fig. 1

пиша
Fig. 2

On th e  basis o f th e  sy stem -techn ica l an d  th e rm a l in v estig a tio n s carried  
o u t w ith  th e  suggested  sy s tem  in  th e  p a s t te n — tw elve  y ears , i t  w as found  th a t ,  
expect for th e  h e a t ex ch an g er of th e  com bined  sy stem , all o th e r system  u n its  
can  he realized . N o special re sea rch  an d  te s t  is n eed ed  p rio r  th e  th e ir  rea liza 
tio n , th e  design w ork  can  be considered to  be engineering  ta sk .

T he sam e, how ever, c a n n o t be s ta te d  a b o u t th e  h e a t exchanger. A lready  
in  th e  course o f  th e  in itia l in v es tig a tio n  it  becam e clear th a t  th is  eq u ip m en t- 
u n it  will cause th e  g re a te s t d ifficu lties w hen rea liz ing  th e  cycle. T he co n stru c 
tio n  of an  ex p e rim en ta l eq u ip m en t was abso lu te ly  n ecessary  w ith  th e  aid  of 
w hich, as for as possib le , th e  processes evolving in  th e  ролсег s ta tio n  eq u ip m en t 
could he sim u la ted  in  th e  fu tu re .

In  th e  course o f  ex p erim en ta l w ork som e basic  te s ts  h ad  to  be carried  
o u t. T heir res id ts  se rved  as a k in d  o f g u aran tee  w hen  designing th e  th e rm a l an d  
hydrau lic  d im ension ing  o f th e  in te rm ed ia ry  h e a t ex ch an g er w hich, from  th e  
p o in t of rea liza tio n , is o f g re a t im portance .
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T h e h ea t tra n s fe r  b e tw een  th e  tw o  m edia, as i t  is an  iso th e rm a l one on 
b o th  sides, will m ost p ro b a b ly  be su itab le . W hile, how ever, th e  co n densa tion  
h e a t  tra n s fe r  of s team  is a know n  process, th e re  w ere no d a ta  av a ilab le  con
ce rn in g  th a t  of am m onia . T ho u g h  q u ite  a n u m b er o f m easu rin g  d a ta  were 
av a ila b le  concerning th e  boiling  h e a t tra n s fe r  of am m onia , these  how ever, 
w ere m easured  in th e  low  1 -f- 10 a t  a p ressu re  range usu a l in cooling tech n o l
ogy  a n d  therefore  th e  h e a t t ra n s fe r  coeffic ien ts were ra th e r  sm all [2, 3, 4. 5].

T here  are, o f course, a p p ro p ria te  m eth o d s for ca lcu la tin g  th e  boiling  heat 
t r a n s fe r  coefficient, th e se  m e th o d s, how ever, gave no u n am b ig u o sly  iden tica l 
re su lts  concerning am m o n ia  (boiling  h e a t tra n sfe r  in  th is  case is called  th e  
h e a t  tra n s fe r  process, w hen  bub b les  evolve from  th e  flu id  on th e  h ea tin g  su r
face). B etw een  th e  h e a t tra n s fe r  coeffic ien ts ca lcu la ted  w ith  th e  m ethods of 
R o h se n o w  [6] a n d /o r St e ph a n  [2], th e  difference w as, fo r exam ple , n early  
one o rd e r of m ag n itu d e .

T h e  endeavour in  th e  course of th e  ex p erim en ta l p ro g ram m e to  d e te r 
m ine  th e  boiling h ea t t ra n s fe r  coeffic ien t of am m onia a n d /o r th e  ach ievab le  
h e a t tra n s fe r  coeffic ien t in  a s te a m — am m onia  h ea t exchanger in  a sem i-pilo t 
c h a ra c te r  equ ipm en t, a t  a rea listic  p ressu re  w as h ighly  ju s tif ie d .

T h e  p rim ary  o b jec tiv e  of th e  ex p e rim en ta l p rogram m e w as to  es tab lish  
w h e th e r  an  ex cep tab ly  d im ensioned  h e a t exchanger could be b u ilt in  to  th e  v a 
p o u r  am m onia h ea t ex ch an g er, a t  an  o p tim a l 4 -f- 6 °C te m p e ra tu re  gap.

L e t us now s tu d y , b rie fly , th e  considera tions th a t  ju s tif ie ld  th is  sm all 
te m p e ra tu re  gap, w h ich  posed a d ifficu lt ta sk .

T h e  hea t flu x  in  th e  h e a t ex ch an g er could qu ite  sim p ly  be ca lcu la ted  in 
su ch  a w ay  as to  m u ltip ly  th e  o vera ll h e a t tra n s fe r  coeffic ien t w ith  th e  surface 
a n d  th e  tem p e ra tu re  d ifference:

Q =  k f . A  t.

T h e re la tionsh ip  b e tw een  th e  surface an d  th e  te m p e ra tu re  d ifference 
m an ife s ts  itse lf  in th e  fa c t th a t  in  case o f a h igh  te m p e ra tu re  d ifference a sm all 
su rface  is needed, th u s  th e  h e a t ex ch an g er w ould  be cheap , w hile in  case of a 
sm all te m p e ra tu re  d ifference i t  w ould  be costly . H ow ever, th e  re la tio n sh ip  is 
n o t as sim ple as th a t .  T h e  te m p e ra tu re  gap  betw een  th e  tw o m edia  increases th e  
th e rm a l loss of th e  cycle. T h is loss is th e  sm aller, th e  h igher th e  d iv id ing  te m 
p e ra tu re  is. The u p p er lim it has to  be below  th e  critica l te m p e ra tu re  o f am m o
n ia  (132,4 °C), while th e  low er lim it has to  be above th e  a tm o sp h eric  boiling 
p o in t o f  w a te r (100 °C). B etw een  such  re s tr ic te d  te m p e ra tu re  lim its  th e  o p tim al 
v a lu e  is determ ined  b y  th e  fac t th a t  th e  o p era tio n  cost o f th e  am m onia  feed 
p u m p  a n d  th e  in v e s tm e n t cost of th e  s te a m — am m onia  h e a t ex ch an g er is to  be 
low . A t such  conditions th e  o p tim a l d iv id ing  te m p e ra tu re  is a ro u n d  100 °C.

F o r  th e  o p tim a tio n  o f th e  h e a t  exchanger te m p e ra tu re  gap  we have to  
kno w  th e  size of th is  loss. T his loss can  be expressed  w ith  th e  a id  of th e  con
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d en sa tio n  te m p e ra tu re  ( T t) b o tto m  te m p e ra tu re  lim it) a n d  the  e n tro p y  in 
crease [7].

A Q =  T 0 . A S.

T he en tro p y  increase  can  be expressed  w ith  th e  h e a t flu x  in  th e  h e a t  
exchanger Q, an d  th e  te m p e ra tu re  p rev a ilin g  on th e  tw o  sides of th e  h e a t  
exchanger

A S  =  Q
1

T*
= Q

At

w here T v is th e  co n d en sa tio n  te m p e ra tu re  o f steam , T a th e  ev ap o ra tio n  te m 
p e ra tu re  of am m onia  in  ° K

TVia =  (Tv • Ta)a5 a n d  Tv - T a =  At.

S u b s titu tin g  A S  in to  expression  A Q

AQ At.

L e t us express th is  loss re la te d  to  th e  h e a t am o u n t d eriv ed  in  th e  h e a t e x 
ch an g er as

AQ

Q

If, for in stance  T va =  380 °K , T 0 — 303 °K , th en

- ^ -  =  0,002 A t .
Q

A pply ing  a te m p e ra tu re  gap  o f  A t =  5 °C, th e  loss is 1 p er cent o f th e  h e a t 
d eriv ed  in  th e  h e a t exchanger.

A m ore a c cu ra te  re su lts  also considering  th e  q u a n ti ta t iv e  re la tio n sh ip  o f 
s team  and  am m onia  v a p o u r  an d  th e  ex p ansion  in  th e  tu rb in e , could be ach iev ed  
if  th e  eq u a tio n  expressing  th e  effic iency  o f th e  com bined  sy stem  was ap p lied  to  
d e te rm in e  th e  loss o f  th e  te m p e ra tu re  gap  [8 ].

^  =  +  tpAig

d tV +  Ч5 (dia +  d ik a)

w here cp =  G JGV is th e  q u a n tita tiv e  ra tio  to  be co m p u te d  from  th e  th e rm a l 
b a lan ce  of th e  h e a t ex ch an g er, zli„ is th e  s team  h e a t d ro p , A ia is th e  am m o n ia  
v a p o u r  h ea t d rop , d e te rm in ed  from  th e  expansion  line  w here th e  losses have  
a lread y  been considered , A ik a is th e  h e a t  d issipated  in  th e  am onia con d en ser. 

I f  th is  effic iency  is d e te rm in ed  ta k in g  th e  te m p e ra tu re  gap o f th e  h e a t
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e x ch an g e r in to  co n sid e ra tio n  an d /o r n o t considering  it, th e  loss due to  th e  te m 
p e ra tu re  gap can be ca lc u la ted  from  th e  At] difference of th e  tw o  efficiencies.

, , r N  ,A N  =  —  Arj
Г]

(effic iency  here is th e  m u ltip lic a tio n  o f th e  th e rm a l effic iency  an d  th e  tu rb in e  
effic iency).

W ith  th e  aid  o f  th is  lo ss-ca lcu la tion  m eth o d , besides th e  q u a n tita tiv e  
re la tio n sh ip  o f th e  tw o  m ed ia , also th e  c h a ra c te r  of th e  u p p e r  cycle is co n 
s id e red , as, for in s ta n c e , in  a h ig h -p ressu re , su p erh ea ted  steam -cyc le , A iv is 
m u ch  h igher th a n  in  th e  s a tu ra te d  s team  cycle of a tom ic  p o w er s ta tio n s  an d , 
a t  th e  sam e tim e  also th e  te m p e ra tu re  gap loss will be d iffe ren t.

K now ing  th e  te m p e ra tu re  gap loss, th e  te m p e ra tu re  g ap  can now  be 
o p tim ized . A possib le m e th o d  of o p tim a tio n  is to  s ta r t  fro m  th e  fac t th a t ,  
d e sp ite  th e  p e rfo rm an ce  loss caused  b y  th e  te m p e ra tu re  gap  o f  th e  h e a t e x 
ch an g er, th e  perfo rm an ce  o f  th e  pow er s ta t io n  has to  rem ain  unch an g ed . T h is 
can  be ach ieved  if  th is  loss is a lready  ta k e n  in to  considera tion  d u rin g  th e  design 
w o rk  an d  a b igger p o w er s ta tio n  is designed . A bigger pow er s ta tio n , e s ta b 
lish ed  w ith  a su rp lus in v e s tm e n t due to  loss ( th e  surp lus in v e s tm e n t b u rd en s  
o n ly  ce rta in  in s ta lla tio n s  o f  th e  pow er s ta tio n )  has to  p ro d u ce  th e  perfo rm ance 
loss caused  b y  th e  h e a t s tag e  w ith  a su rp lu s  am o u n t of fuel. T hus, w hen  o p 
tim iz in g  th e  te m p e ra tu re  gap  of th e  h e a t ex ch an g er, th e  m in im u m  of th e  y ea rly  
c o s t-ra tio  of th e  su rp lu s  in v e s tm e n t (A Ca), th e  surp lus fuel (A Cj) an d  th e  
p rice  o f th e  h e a t e x ch an g e r (A Ch), v iz. th e  so lu tion  o f e q u a tio n

d[ACa (At)  -j- A C j(A t) -f- ACh (A t) ]_^

'd(At)

is looked  for [9]. T h e  q u a lita tiv e  d e te rm in a tio n  of such a co st m in im um  is 
show n in  Fig. 3. In  case o f  low  te m p e ra tu re  d ifferences th e  su rp lu s  in v es tm en t

Fig. 3
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an d  th e  fuel cost o f  th e  h e a t  exchanger in  a lin ea r w ay , w hile the  y ea rly  co st 
o f th e  h e a t e x ch an g e r in  a hyperbo lic  w ay  as reg a rd s  th e  tem p e ra tu re  gap . 
A ccording to  th e  pow er p la n t ty p e  (lignite-, coal-, oil h e a tin g  or atom ic pow er 
p la n t)  th e  effect o f th e  in d iv id u a l cost fac to rs  is n o t id e n tic a l, th u s  an  a c c u ra te  
v a lu e  can be in d ic a te d  o n ly  w hen precisely  know ing  th e  ty p e  of th e  pow er p la n t, 
pow er an d  h e a t e x ch an g e r price. H ow ever, from  our h ith e r to  in v estig a tio n s i t  
can  he e stab lish ed  t h a t  th e  v alue  o f A topt is b e tw een  4 -y 6  °C.

T his 4 -y 6  °C te m p e ra tu re  gap, how ever, is v e ry  sm all, lower th a n  th e  
u su a l v a lue  in  h e a t  ex ch an g ers  or condensers. T he q u es tio n  therefore  crops u p  
w h e th e r i t  is possib le  to  estab lish  a s team —am m onia  h e a t exchanger w ith  
su itab le  d im ensions, ev en  a t  such a sm all te m p e ra tu re  gap .

In v e s tig a tin g  th e  h e a t tran sfe r on b o th  sides o f  th e  h ea t exchanger, i t  
can  be seen, co n cern in g  th e  condensing h e a t ta n sfe r  o f  steam  th a t  th e  sm all 
te m p e ra tu re  gap  p ro v id es  no d isad v an tag e , as th e  condensing  h ea t tra n s fe r  
coeffic ien t is h ig h ly  su itab le  ju s t  in th e  case of low  te m p e ra tu re  d ifferences.

The s itu a tio n  in  case o f th e  boiling h e a t exchange o f th e  am m onia-side  
is th e  reverse , h o w ev er, as in  case o f bo iling  th e  h e a t tra n sfe r  co effic ien t 
changes b y  2,3 pow ers o f  th e  tem p e ra tu re  d ifference o f  th e  h ea tin g  w all an d  th e  
s a tu ra tio n  te m p e ra tu re  o f th e  flu id , th e  so-called te m p e ra tu re  difference o f 
su p erh ea tin g . As th e  en tire  te m p e ra tu re  difference o f  th e  h e a t exchanger m a y  
n o t exceed 4 -y 8  °C, i t  w as th o u g h t th a t  no su ffic ien tly  h igh h e a t t ra n s fe r  
coefficien t could  be  ach iev ed  a t the  24-3  °C te m p e ra tu re  gap p e rta in in g  to  th e  
am m onia  side.

2. Semi-pilot m easurings

On basis o f p u re ly  th eo re tica l considera tions no  reassu rin g  answ er cou ld  
be given to  th is  q u e s tio n . W e therefo re  decided  to  c o n s tru c t an  e q u ip m en t in  
th e  fram e o f th e  e x p e rim e n ta l p rogram , w ith  th e  aim  o f w hich an answ er cou ld  
be o b ta in ed  co n cern in g  th e  h ea t tra n s fe r  c ircu m stan ces evolving in t  th e  
flow ing N H 3 tu b e , a t  bo iling  po in t. A m a jo r aspect w as th a t ,  as fa r as possib le , 
physica l an d  geo m etrica l conditions could  be g u a ra n te e d  in  the  ex p erim en ta l 
loop th a t  could  be rea lized  in  in d u stria l c ircum stances in  th e  fu tu re  energetics 
in s ta lla tio n s .

T he e x p e rim e n ta l in s ta lla tio n  was b u ilt in  th e  la b o ra to ry  of the  D e p a r t
m en t of E n erg e tic s  o f  th e  T echnical U n iv e rs ity  o f B u d a p e s t, co n stru c ted  b y  
V E IK I , on basis  o f  a com m ission by  E G I. F o rm er also u n d erto o k  th e  m e a su r
ings. The u n its  o f  th e  in s ta lla tio n , excep t for th e  in s tru m e n ts , were s itu a te d  
in  th e  open  a ir. T h e  flow  d iagram  of th e  te s t  a p p a ra tu s  is to  be seen in  F ig . 4 
[10, 11, 12].

T he m easu rin g  sec tion  in  th e  ex p erim en ta l m easu ring  equ ip m en t w as a 
5 m  long, h av in g  a 25 m m  in te rn a l d iam ete r tu b e , th ro u g h  w hich am m onia w as
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volumeter tank 
for condensate

F ig .  4

coursed  w ith  th e  aid  of a pum p . T he h e a tin g  was realized b y  s team  co n d en 
sa tio n  on th e  e x te rn a l tube-w all. T h e  p ressu re  of th e  am m o n ia  (70 a t) , th e  
le n g th  an d  d iam e te r o f th e  tu b e  g u a ra n te e d  th e  realistic  s im u la tio n  of a sm all 
p a r t  (a pipe) of th e  com bined  system  h e a t  exchanger.

P a r t  o f th e  am m onia  e v a p o ra te d  in  th e  h ea t exchanger, th e  evo lv ing  
v a p o u r  h ad  to  be condensed . A f lu id -v a p o u r  tw o-phase  m ix tu re  leaves th e  
h ea t-ex ch an g e r, in  f ro n t o f th e  condenser th e  flu id  is sep a ra ted  from  th e  v a p o u r  
b y  w ay  o f a v a p o u r sep a ra to r, w herefrom  th e  sep ara ted  f lu id  an d  th e  co n d en 
sa te  is led  to  a p u m p , w hich keeps th e  flo w  up  b y  in te rp o sin g  an  after-coo ler 
(to  e lim in a te  cav ita tio n ).

T he d en sity  o f th e  tw o-phase  m ix tu re  evolving in  th e  h e a t exchanger is 
low er th a n  th a t  of th e  flu id  in  th e  cold p ip e  sec tion  in  fro n t o f th e  p u m p . D ue to  
th e  d ifference in  specific w eight o f th e  tw o  p ipe  sections, a free flow  m ay  evolve 
in  th e  h e a t exchanger. W hen  s ta r tin g  th e  ex p erim en ts  we d id  n o t know  w h e th e r 
th e  h e a t  tra n s fe r  coeffic ien t of th e  am m o n ia  side w ould be h igh  enough , th e re 
fore  also a c ircu la tin g  pum p  w as b u ilt  in . (A  R iitch i p ro d u c t, g landless, A cid- 
P e rfe c ta  pum p.)
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T he am m onia p e n e tra te s  in to  th e  s te a m — am m onia  h e a t exchanger, p re 
h e a te d  by  steam , w hich f ir s t  w arm s to  th e  s a tu ra tio n  te m p e ra tu re  in  th e  h e a t 
ex ch an g er and  is th e n  follow ed b y  th e  v a p o u r fo rm atio n . W hen  designing th e  
ex p e rim en ta l a p p a ra tu s , we en d eav o u red  to  p roduce b o th  a few  degrees su b 
cooling (w ith  th e  after-coo ler) an d  a s a tu ra te d  te m p e ra tu re  an d  (or re la tiv e  
e n th a lp y  s ta te  h igher th a n  zero) w ith  a p re -h ea te r  b u ilt  a t  th e  in le t side o f th e  
sec tio n .

In  th e  h e a t ex ch an g er we m easu red  th e  overall h e a t  tra n s fe r  coeffic ien t 
an d  th e  boiling  h ea t tra n s fe r  coeffic ien t on th e  am m onia  side. F o r th is  purpose , 
th e  te m p e ra tu re  of am m onia  an d  th e  tu b e  w all had  to  be m easu red  w ith  a high 
accu racy . Two kinds o f sensors w ere app lied  for m easu rin g  th e  te m p e ra tu re , 
100 ohm  P t. resistance  th e rm o m e te rs  an d  th erm o co ax  c rom m el-a lum el te rm o - 
couples. The te m p e ra tu re  m easu red  w ith  th e  re s is tan ce  th e rm o m e te r  w ere 
d e te rm in ed  w ith  a precision  th e rm o m ete r-b rid g e , w hile th o se  m easured  w ith  th e  
a id  o f therm o-couples w ith  a 16 m easuring  stage K e n t- ty p e  com pensograph . 
N o p roblem s were en co u n te red  in  ta k in g  th e  steam  an d  a m m o n ia  te m p e ra tu re s , 
th e  on ly  th in g  th a t  h a d  to  be g u a ra n te e d  w as to  p la c e  th e  app lied  th e rm o 
couples and  resistance th e rm o m ete rs  in  a th e rm o m ete r-ca se  th a t  do n o t co n 
d u c t h ea t from  th e  en v iro n m en t to  th e  p o in t o f th e  m easu rin g , an d  th u s  th e  
te m p e ra tu re  d o m in an t a t  th e  m easu ring  p o in t w as ta k e n  [13].

G rea te r care was n eeded  w hen m easuring  th e  te m p e ra tu re  of th e  tu b e - 
w all. A w idely used m eth o d  is to  so lder th e  th e rm o -co u p les  to  th e  e x te rn a l 
tu b e -w a ll. In  our case, how ever, th is  m eth o d  was n o t a d e q u a te  as th e  h ea t 
t ra n s fe r  (condensation) on th e  tube-w all w as v e ry  good and  th ere fo re , th e  
th e rm o -co u p le  soldered on to  th e  surface — sim ilar to  a f in  — w ould tra n sfe r  
h e a t  to  th e  surface. In  th is  w ay , th e  therm o-coup le  w o u ld  have  m easu red  a 
h ig h e r th a n  real te m p e ra tu re . To avo id  such  an  e rro r, th e  therm o-coup les w ere 
p laced  in  a slo t in  th e  tu b e-w a ll, th u s  th e  therm o-coup les d id  n o t p ro tru d e  
fro m  th e  tu b e  w all (F ig . 5.).

H ow ever, th e  term o -co u p le  fa sten ed  to  th e  tu b e  w all m easures a local 
te m p e ra tu re  (w hich ch an g ed  from  one p o in t to  th e  o th e r) . T he h ea t tra n sfe r  
coeffic ien t on th e  o th e r h a n d  w as co m p u ted  from  th e  te m p e ra tu re  d e te rm in ed  
w ith  th e  condensed v a p o u r  along th e  e n tire  h ea t ex ch an g er and  th u s  su itab le  
p laces h ad  to  be selected  fo r m easuring  th e  wall te m p e ra tu re  w here th e  local 
h e a t  tra n sfe r  coeffic ien t co rresponded  to  th e  m ean. T h is , seem ingly com plex 
m e th o d  w as needed  because  th e  v ap o u r condensate  on th e  h e a t tra n sfe r  tu b e  
develops a p rec ip ita te  film  th ick en in g  to w ard s th e  b o tto m , th e  h ea t re s is t
ance  of w hich d e te rio ra tes  th e  con d en sa tio n  h ea t tra n s fe r  coefficien t o f v ap o u r.

A ccording to  N u sse lt’s th e o ry , th e  v alue  of th e  local condensation  h e a t 
tra n s fe r  coefficient [14], is:

a X
г у2 Я3

ifiXAt
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th e  m ean  tran sfe r coeffic ien t, th e  one re la tin g  to  an  H  tu b e - le n g th  is:

I f «  т 4 Í r y U 3 I 1/4 
X  =  -----  x x a x  =  —  ----- --------

H  J 0 3 4/.t H  At

O n th e  p o in t in  q u es tio n  x  =  0,316 H , an d  w ith  th is  co n d itio n

.t =  0,316 H .

A problem  w as en co u n te red  w hen m easu ring  th e  m ass flow  o f am m onia. 
A fte r  an  unsucessful a t te m p t  to  bu ild -in  a m eterin g  orifice, th e  reliab le so lu 
tio n  w as ach ieved  b y  ap p ly in g  tu rb o q u a n t tu rb in e  flow -m eters.

T he pressure o f am m o n ia  and  s team  w as m easured  w ith  B o u rd o n -tu b e  
m an o m ete rs .

T he basis for th e rm a l ca lcu la tions w as th e  accu ra te  m easu ring  of th e  
h e a t flow  in the  h e a t ex ch an g er. F o r th is  p u rpose  th e  m ost a p p ro p ria te  m ethod  
w as to  determ ine  th e  th e rm a l ba lance  on b o th  sides of th e  h e a t exchanger, 
co ncern ing  th e  flow ing m a te ria l. On th e  co n d en sa tio n  side th e  th e rm a l balance
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m e a n t an  accu ra te  d e te rm in a tio n  of th e  condensa te

Qi =  G,r
m easu red  in  a vo lum e m eter. In  th e  h e a t ex ch an g er th e  steam  does n o t  o n ly  
co ndensa te  on th e  h e a t tra n sfe r  tu b e  b u t, because o f  th e  h e a t loss, also a lo n g  
th e  ex te rn a l casing  w all. D ue to  th e  inaccuracies in  th e rm a l loss c a lc u la 
tio n , an  in te rm e d ia ry  tu b e  was p laced  a ro u n d  th e  h e a t tran sfe r tu b e  in  th e  
ex p erim en ta l eq u ip m en t, w hich w as sp lit along a g en e ra tr ix . This in te rm e d ia ry  
tu b e  caused  no resistance  in  th e  flow  of s team , a t  th e  sam e tim e we w ere ab le  
to  effic tiv e ly  se p a ra te  th e  co n d en sa te  of h e a t loss. T he s team  for h e a tin g  w as 
o b ta in ed  from  th e  s team -n e tw o rk  of th e  L a b o ra to ry  and , as here th e  s te a m  
w as m o stly  m o ist, a m oistu re  s e p a ra to r  was b u ilt- in  follow ing th e  m ain  s te a m  
valve .

T he th e rm a l balance on th e  am m onia  side can  be de te rm ined  on  basis  
o f th e  re la tio n sh ip

Qi =  Ga(*2-ii)
w here i 2 is th e  e n th a lp y  of th e  o u tle t am m onia  an d  th a t  o f th e  in le t am m o n ia . 
T he in le t e n th a lp y  can  be d e te rm in ed  in  a unan im o u s w ay  from  th e  te m p e ra tu re  
o f  th e  am m onia , w hile for th e  o u tle t one we have to  know  th e  v ap o u r c o n te n t of 
am m onia , th u s

i 2 =  Ï  +  x r .

T he s team  co n ten t can  be b es t d e te rm in ed  in  th e  am m onia co n d en se r 
(from  th e  a m o u n t o f th e  condensa te ). T he m eth o d , how ever, is ra th e r  a co m 
p lex  one and , th ere fo re , we ra th e r  m easu red  th e  vo lum e of th e  am m o n ia  — 
am m onia  v a p o u r  m ix tu re  in  th e  o u tle t cross sec tio n  o f th e  h ea t ex ch a n g e r 
an d  specified  th e  v ap o u r c o n te n t from  th e  ra tio  o f th e  in le t and  o u tle t vo lu m e
( V J V )

V m =  [ ( 1 - * ) » '  +  X V " ]  G
w herefrom

1
/ /

V
- 1l V 1

r
V

T he m e th o d  could be ap p lied  as th e  c ircu la tin g  volum es a t th e  in le t  side 
o f  th e  te s t  sec tio n  (w ith o u t v a p o u r  c o n ten t) a n d  a f te r  i t  (tw o-phase m ix tu re )  
w ere m easu red  w ith  a h ig h -accu racy  tu rb in e  flow  m eter. The th e rm a l b a lan ces 
ca lcu la ted  w ith  th e  tw o m ethods coincided.

The te s t  a p p a ra tu s  w as d im ensioned  to  70 a t ,  th e  assum ed o p e ra tio n a l 
p ressu re . F ro m  th e  p o in t o f se c u rity  severa l e q u ip m en ts , con tro lled  b y  pres- 
su re-w ere in s ta lled , these  g u a ra n te e d  th a t  th e  p ressu re  in  th e  loop sh o u ld  n o t 
exceed  90 a t. As a sa fe ty  v alve  a sp littin g  disc o p e ra tin g  a t  90 a t  w as b u i l t  in , 
th ro u g h  w hich  th e  am m onia — in  case th e  disc b ro k e  — could get in to  an  ab so rb -
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ing  ta n k , h a lf  filled  w ith  w a te r (in th e  m easu rin g  carried  o u t till th e  sp littin g  
d isc w as n o t n ecessa ry ).

In  th e  course o f  m easurings we fo u n d  th a t  th e  co m m erc ia l-q u a lity  a m 
m o n ia , delivered  in  b o tt le s , con ta ined  b o th  w a te r  and  oil as c o n ta m in a n ts . As 
c o n ta m in a n ts  are  d isad v an tag eo u s  b o th  fro m  th e  p o in t o f corrosion  an d  h ea t 
tra n s fe r , a d istille r w as b u ilt  in to  th e  sy s te m  to  pu rify  th e  am m onia . This 
d is tille r  was also su ita b le  fo r pouring o u t th e  en tire  am m onia a m o u n t from  the  
h e a t  exchanger d u r in g  o p era tio n  and  th e n  p u rify  it  by  d istilling .

W indow s w ere b u i l t  in to  it  to  ob serv e  th e  pu rify  of th e  am m onia  in  th e  
sy s te m  and  th e  flo w -c ircu m stan ces d eve lop ing  in  th e  h ea t exchanger.

T he h ea t tra n s fe r  coefficen ts co m p u ted  from  th e  d a ta  m easu red  in  th e  
e x p e rim e n ta l h e a t e x c h a n g e r are to  be seen  in  Fig. 6 (because of m easuring  
te c h n ic a l causes, g re a te r  th a n  op tim al, 2,5 m m -th ick n ess  steel tu b e s  w ere b u ilt  
in to  th e  ex p e rim en ta l h e a t  exchanger a n d  th u s  th e  te m p e ra tu re  d ro p  across 
th e  w all is h igher th a n  c a n  be seen in  F ig . 9, w hile th e  h ea t tra n s fe r  coefficient 
w as low er).

As no t only  th e  te m p e ra tu re  of th e  tw o  m edia b u t also th a t  o f th e  tu b e  
w all w as m easured , th e  tem p e ra tu re  gap o f  th e  am m onia side could  be ca lcu 
la te d  from  th e  te m p e ra tu re  of the  tu b e  w all a n d  th e  am m onia

 ̂ h ; h r   ̂ h r

an d  th e n  also th e  h e a t  tra n s fe r  coefficien t on  th e  am m onia side

(T he h e a t tra n sfe r  coeffic ien ts  on the  am m o n ia  side are show n in  F ig . 7.)

Fig. 6
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F ig. 7

The b o ilin g -h ea t tra n sfe r  of am m o n ia  w as m easu red  in  th e  ex p e rim en ta l 
h e a t exchanger in  cond itions id en tica l w ith  a real s itu a tio n . Som etim es th e  
boiling h e a t tra n s fe r  coefficient is also m easu red  in  a pool (pool boiling). In  
ce rta in  c ircu m stan ces th e  resu lts  o b ta in e d  in  th is  w ay  could  also be ap p lied  
concern ing  co n v ec tiv e  boiling (if th e  th e rm a l load , a t  a given velo c ity  a n d  
subcooling exceeds a lim it value, we sp eak  ab o u t a “ dev e lo p ed ”  boiling a n d  in  
such  cases th e  bo iling  h e a t tran sfe r coeffic ien t is in d e p e n d e n t o f th e  v a lo c ity ). 3

3. Pool boiling m easu rem en ts

In  th e  la b o ra to ry  of th e  D e p a rtm e n t of C hem ical M achinery  (T. U . o f 
B u dapest) th e  poo l bo iling  h ea t tra n s fe r  coeffic ien t o f am m onia  was m easu red  
in  th e  range  o f  h ig h  pressure and  th e rm a l load . (This te s t  was ca rried  o u t 
to g e th e r w ith  L. V im m e r .) The dependence  o f th e  h e a t  tra n sfe r  coeffic ien t on 
th e rm a l lo ad  a n d  p ressu re  could be m ore  a c c u ra te ly  d e te rm in ed  from  m e a su r
in g  th e  d a ta  o f poo l boiling as in  a sem i-p ilo t p la n t, th u s  th e  h ea t tra n s fe r  
c ricum stances o f th e  am m onia  side cou ld  also be in v e s tig a te d  m ore p ro fo u n d ly .

A t low  p re ssu re  th e  h e a t tra n sfe r  coeffic ien ts  o f pool boiling  coincide, w ith  
a good a p p ro x im a tio n  to  th e  a lready  m en tio n ed  m easu rin g  d a ta  av a ilab le  in  
l i te ra tu re  and  a t  h ig h  p ressu re  w ith  th o se  m easu red  in  a sem i-pilo t e x p e rim e n 
ta l  eq u ip m en t. In  th is  w ay  a connec tion  could  be e s tab lish ed  betw een th e  h igh  
bo iling -heat tra n s fe r  coefficients in d ic a te d  in  l i te ra tu re  as m easured in  a la b o ra 
to ry  an d  a sem ip ilo t equ ipm en t.

In  F ig . 8 th e  pool bo iling-heat tra n s fe r  coeffic ien ts  in  th e  fu n c tio n  o f 
h e a t load , a t  d iffe ren te  pressure, are c lea rly  to  be seen. T he boiling-heat tra n s -
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F ig. 8

fe r coeffic ien ts o f am m o n ia  can  be ca lc u la ted  — in th e  fu n c tio n  o f th e rm a l 
lo ad  a n d /o r te m p e ra tu re  gap  — w ith  th e  follow ing expressions: (15)

x a =  A  q«■’ =  1.75(1 +  0,0735 p) g°'7,

a 0 =  А 'Л  i2,3 =  7,6(1 +  0,0735 p )3-7 A f2-3.

(p  =  7 -7- 50 a t  p ressu re-ran g e, va lid  o n ly  fo r am m onia).

4. C onclusions

F ro m  th e  th e o ry  o f h e a t tra n s fe r  i t  is know n th a t  th e  h e a t tra n s fe r  
coeffic ien t can  be effec tively  increased , if  th e  h ea t tran sfe r o f th e  w orse side is 
im p ro v ed , while th e  h e a t tra n sfe r  im p ro v e m e n t of th e  “ good”  side b u t s lig h tly  
chan g es th e  h ea t tra n s fe r  coefficient.

H ow ever, in th e  course of ou r ex p erim en ts  we observed  a seem ingly  
p a ra d o x  phenom enon , viz. th a t  in  th e  case in  question  th e  h e a t  tra n s fe r  co n 
d itio n s  o f  th e  b e tte r  side h av e  to  be im p ro v ed  to  receive a h ig h e r h e a t tra n s fe r  
co effic ien t concern ing  th e  com plete  h e a t exchange . As a re su lt o f  im p ro v in g  th e
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b e tte r  side, we fo u n d  th a t ,  regard ing  th e  com plete  te m p e ra tu re  difference, th e  
p a r t  o f th e  b e tte r  side is less, w h ich , o f  course en ta ils an  increase  in  th e  te m 
p e ra tu re  gap on th e  w orse side. As is know n, th e  boiling  h e a t tra n sfe r  coeffi
c ien t can  be increased  only  by  a v e ry  h igh  increase of th e  flow  velocity  (an d  
th is , o f course, w ould  no t be econom ic because of th e  h igh  pow er req u irem en t 
o f c ircu la tion ) an d , also a change in  th e  surface roughness w ould  b rin g  a b o u t 
on ly  a te m p o ra ry  im p ro v em en t as, a f te r  a certe in  tim e , th e  surface roughness 
w ould  be equalized . O n th e  o th e r h a n d , th e  boiling h e a t tra n sfe r  coeffic ien t 
can  be im proved  in  a m ajo r w ay b y  increasing  th e  te m p e ra tu re  d ifference 
be tw een  th e  h e a t- tra n sm ittin g  w all an d  th e  m edium , as th e  bo ilin g -h ea t 
tra n s fe r  coeffic ien t changes b y  a 2,3 ex p o n en t pow er o f th e  te m p e ra tu re  d if
ference. In  th is  w ay  we achieved a decisive im p ro v em en t o f th e  w orse side 
b y  im prov ing  th e  b e tte r  one, a p h enom enon  ind ica ting  th a t  w ith  th is seem ing
ly  p a ra d o x  m e th o d  we succeeded in  a decisive w ay in  im p ro v in g  th e  e n tire  
h e a t tra n sfe r  coeffic ien t.

H ow ever, as a re su lt of th e  m easu rings th a t  w ere ca rried  o u t it  w as fo u n d  
th a t  a t  a 70 a t  p ressu re , co rrespond ing  to  th e  in d u s tr ia l one, th e  h ea t t ra n s fe r  
coeffic ien t of am m o n ia  is very  a p p ro p r ia te  even a t a less th a n  2 °C te m p e ra tu re  
gap on th e  am m onia  side (it is ab o u t 20 000 kcal/m 2h°C) a n d  th a t  th is  h igh h e a t  
tra n sfe r  coeffic ien t is a lready  rea lized  a t  a very  low, 0,2 -y 0,3 m /s v e lo c ity . 
As has a lread y  been  m entioned , th e  bo iling -heat t ra n s fe r  coefficient o f  th e  
am m onia  side changes b y  a 2,3 pow er o f  th e  te m p e ra tu re  gap , w hen in c reasin g  
th e  sam e, th e  conclusion  can be d ra w n  th a t  th e  am m onia  side h e a t tra n s fe r  co 
e ffic ien t is now  b e t te r  th a n  th e  v a lu e  to  be achiebed in  s team  co n d en sa tio n , 
th o u g h  th is  va lu e  is s till b e tte r  th a n  th o se  to  be ach ieved  in  pow er p la n t c o n 
densers (due to  th e  change in ph y sica l p roperties an d  because of a d e fic ien 
cy in  condensing  gases).

N o t follow ing th e  p a rad o x  co n sid e ra tio n  anym ore  longer b u t  th e  u su a l 
m e th o d , viz. we a im ed  a t  im prov ing  th e  steam -side co n d en sa tio n , th a t  o f th e  
w orse one. T o g e th e r w ith  im p ro v in g  th e  steam  co n d en sa tio n  h ea t tra n s fe r  we 
increased  th e  h e a t tra n sfe r  coeffic ien t o f th e  am m onia side to o , som eth ing  th a t  
w ould  n o t have  h ap p en ed  in  th e  rev e rse  case. In  th is  w ay , how ever, th e  ab o v e  
m en tio n ed  p a ra d o x  case is reso lved , so, to  im prove th e  h e a t  tran sfe r , we fo llow ed 
th e  u su a l w ay, b y  ta k in g  steps on th e  w orse side.

A t th e  sam e tim e  we im p ro v ed  th e  steam  co n d en sa tio n  coeffic ien t b y  
h in d erin g  a th ick en in g  of th e  co n d en sa te -film  falling  on th e  tu b e  w all. A lread y  
d u rin g  th e  f irs t  s tag e  o f m easurings discs, serving to  rem ove  th e  falling co n d en 
sa te  film , w ere p laced  a t d istances o f  H  — 0,5 m , w hile we en d eav o u red  to  
im prove  co n d ensa tion , and to g e th e r  w ith  i t  th e  h e a t tra n s fe r  coeffic ien t b y  
increasing  th e  n u m b e r of these discs.

T he p h enom enon  can be i l lu s tra te d  as follows: In  case o f a 110 °C s te a m  
an d  105 °C am m onia , th e  te m p e ra tu re  drop  of th e  co n d en sa tio n , th e  am m onia-
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side  a n d  th e  tu b e-w a ll w ere sketched  in  th e  fu n c tio n  o f th e  th e rm a l load  of th e  
h e a t  exchanger (A tst, A  ta A tu). In  th e  case o f th e  curve to  be seen in  F ig . 9 
th e  v a p o u r co n d en sa tio n  developed a t  a H  =  0,5 m re la tiv e  h e ig h t tu b e  (cal
c u la te d  value). As th e  con d en sa tio n  h e a t  t ra n s fe r  coefficient changes according 
to  th e  —0,25 e x p o n e n t pow er of th e  te m p e ra tu re  gap, w hile th e  am m onia 
b o ilin g -h ea t tra n s fe r  coeffic ien t acco rd in g  to  th e  2,3 e x p o n en t pow er, th e  
co n d en sa tio n  h e a t t ra n s fe r  coefficien t s lig h tly  w orsens w hen  increasing  th e  
th e rm a l load, w hile th e  boiling  h e a t t ra n s fe r  coefficien t is am elio ra ted  in  a 
m a jo r  w ay (accord ing ly , in  th e  fig u re  th e  te m p e ra tu re  gap  o f condensation  
g re a tly  increases in  th e  fu n c tio n  o f th e rm a l load , while th e  bo iling  h ea t t r a n s 
fe r te m p e ra tu re  gap  changes b u t s lig h tly ).

T he te m p e ra tu re  gap  of th e  h e a t ex ch an g er is th e  sum  to ta l  o f the  th ree  
p a r t ia l  tem p e ra tu re  gap s and , accord ing  to  th e  d a ta  o f th e  fig u re , is 5 °C in 
case o f  a th e rm al lo a d  o f  q =  24,500 k ca l/m 2h (к =  4900 k ca l/m 2h°C). I f  we 
im p ro v e  th e  co n d en sa tio n  h ea t tra n s fe r  (b y  increasing  th e  n u m b e r of conden
sa te -rem o v in g  discs p laced  a t  a d is tan ce  o f  H  =  0,5 m  to  a d is tan ce  of H ' =  
=  0,1 m ), th e  sum  to ta l  of th e  th re e  p a r t- te m p e ra tu re  gaps will be 5 °C a t 
q ’ =  32500 cal/m 2h  (k  =  6500 kcal/m 2h°C ). E xpressed  in  a q u a n tita tiv e  w ay , 
th is  m eans th a t  th e  te m p e ra tu re  gap  on  th e  co n d en sa tio n  side decreases 
fro m  2,58 °C to  2,18 °C, a t  th e  sam e tim e  th e  te m p e ra tu re  gap  o f th e  am m onia 
side increased  from  1,53 °C to  1,64 °C. T h u s , a 57-per-cent im p ro v em en t in  th e  
co n d en sa tio n  h ea t t ra n s fe r  coeffic ien t w as accom pan ied  b y  a 23-per-cen t 
im p ro v e m e n t in  th e  am m onia  side h e a t tra n sfe r . A ccord ing ly , th e  overall 
h e a t tra n sfe r  coeffic ien t im proved  b y  33-per-cen t. T he co n d en sa tio n  h ea t *

* Instead of A tv the correct value is d t s,
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tra n s fe r  coeffic ien t d id  n o t only  im prove as a re su lt of decreasing  th e  H  h e ig h t 
b u t  also because th e  co ndensa tion  te m p e ra tu re  gap d im in ished  to o , a n d  
th u s  th e  im p ro v em en t is

*k _ ( At 1/4 Я

«ft U ' j H '

I t  is a p ity  th a t ,  due to  th e  h igh  p re ssu re  and  th e  agressive c h a ra c te r  o f 
am m o n ia , no copper or a lum in ium  tu b e s  cou ld  be used  — w hich  have  a low  th e r 
m al re s is tan ce , — an d  th a t  th e  th e rm a l re s is tan ce  of ca rb o n  steel tu b es  d i
m in ishes in  a m a jo r w ay  th e  value  o f th e  o vera ll h ea t tra n s fe r  coefficient.

T he th ick en in g  of th e  steam  co n d en sa te  along th e  v e rtic a l h e a t t ra n s fe r  
tu b e  can  be h indered  w ith  th e  aid o f co n d en sa te -sep ara tin g  discs. Care has to  
be ta k e n  a t th e  sam e tim e  th a t  th e  s e p a ra te d  condensate  does n o t go b a c k  to  
th e  n e ig h b o u rin g  tu b e . E v en  in  case o f a su itab le  s tru c tu ra l so lu tion  we h a v e  
to  reck o n , how ever, w ith  th e  fac t th a t  som e o f th is  condensa te  does p e n e tra te  
in to  th e  ne ighbouring  tu b es  an d  th u s  th e  h e a t  tran sfe r coeffic ien t in p ro v e m e n t 
c a n n o t be m ore th a n  qs-times, w here (p <  1-

T he values o f h e a t tra n s fe r  coeffic ien ts  o b ta ined  a fte r  increasing  th e  
n u m b e r o f th e  o rig inal H  =  0 ,5 m -in te rv a l co n d en sa te -sep ara tin g  discs (H f =  
=  0,08 m ) are also show n in  F ig . 6 .

F rom  th e  m easu ring  resu lts  o f sem i-p ilo t steam  am m onia  h e a t ex ch an g ers  
i t  could  be seen th a t  in  a com bined  pow er s ta tio n  h ea t ex ch an g er a v e ry  in te n 
sive h e a t tran sm issio n  tak es  p lace an d  th u s , desp ite  th e  o p tim a l, th o u g h  sm all 
(4 -f- 6 °C) te m p e ra tu re  gap, a h igh , q =  10 -f- 40. 103 k ca l/m 2h th e rm a l lo a d  
can  be b ro u g h t ab o u t.

Also on th e  basis of th e  above m easu rin g  resu lts  i t  could  be o b se rv ed  
th a t  it  is possible to  co n stru c t a ra tio n a l su rface  dim ension h e a t exchanger, a p 
p ro p ria te  for our purposes, even w ith  sm all tem p e ra tu re  gaps. F o r a d e ta ile d  
an d  re liab le  designing — especially  to  be  ab le to  ju d g e  th e  h y d ro m e c h a n i
cal b eh av io u r, fu r th e r  ex p erim en t series a re  needed. In  th e  course o f th is  
w ork  we wish to  d e te rm in e  m ain ly  d a ta  concerning th e  h e a t tra n s fe r  a n d  
hy d ro m ech an ics  o f a tw o -p h ase  m ed ium  w ith  a re la tiv e  e n th a lp y  h ig h er th a n  
zero.
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Ergebnisse von halbbetriebsmäßigen Messungen im Zusammenhang mit der Wärme
transformation Wasserdampf—Ammoniak in Zweitstoffkraftwerken. — Anfang der sechziger 
Jah re  schlug Prof. H eller im  Zuge der V ervollkom m nung des Luftkondensator-System s 
vor, ein W asserdam pf—Am m oniak-Zweitstoffsystem  zu verw enden; 1965 veröffentlichte er 
Vorschläge für den A ufbau  des neuen System s [1]. Hier wies er auf die entscheidende 
B edeutung des die Teilvorgänge trennenden W ärm eaustauschers hin, sowie auf die Schwie
rigkeiten bei dessen Realisierung. Es wurde k lar, daß vor der Verwirklichung des T renn
w ärm eaustauschers experim entelle Forschung benötig t wird. N ur die D urchführung der 
Versuche kann darau f A n tw ort geben, ob bei E inhaltung der notwendigen therm ischen 
Bedingungen ein W ärm eaustauscher von rationellen  Abmessungen gebaut werden kann. Im  
V erlauf der V ersuchsarbeit konnte festgestellt werden, daß es möglich ist, einen solchen 
W asserdam pf—Ammoniak-K ondensator-K essel zu bauen, der auch bei den therm isch er
w ünschten kleinen Tem peraturdifferenzen von ca. 4 — 6  °C zufriedenstellend arbeitet.

Результаты полузаводских измерений в связи с термотрансформацией водяного 
пара — аммония двухсредной электростанции. В начале 60 годов профессор Хеллер при 
усовершенствовании системы воздушной конденсации предложил использование двух
средной комбинированной системы на базе водяного пара — аммония. После выполнения 
исследований в 1965 году профессор Хеллер опубликовал свои предложения, касающиеся 
пострения предложенной им новой системы (1). В данной публикации он указал на решаю
щим образом важную роль теплообменника, разделяющего частные циркуляционные про
цессы, и на затруднения, возникающие при решении такой системы. Стало ясным, что перед 
разработкой разделительного теплообменника необходимо провести экспериментально
исследовательскую работу. Только после завершения экспериментальных опытов можно 
получить ответ на вопрос, что возможно ли при необходимых термических условиях по
строить рациональный по размерам теплообменник.

Во время экспериментальных опытов установлено, что можно построить такой 
рациональный по своим размерам конденсаторный котел для водяного пара и аммония, 
который работает удовлетворительно даже в случае необходимой малой разности тем
ператур в прибл. 4—6° С.
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EXAMINATION OF MIXING IN WATER STREAMS 
USING MASS FLUX CONSTANT CURVES

L. SOMLYÓDY*

[M anuscript received March 5, 1975]

The report deals w ith the mixing of a dissolved passive po llu tan t perm anently  
released into a w ater stream . I t  assumes the velocity field as being known and m akes 
use of the equation  of tu rbu len t diffusion, describing the  said phenomenon b y  th e  
in troduction of depth-averaged values, in a co-ordinate system  consisting of stream lines 
and equipotential lines norm al to  them . As in the case of stream lines, it  defines th e  
curves of mass flux  constan t which divide the original differential equation in to  tw o 
equations, more convenient to handle com putationally. Furtherm ore, the report outlines 
certain characteristics of the curves, then  deals w ith the com putation  of the d istribution  
of the concentration, respectively, w ith the inverse case: the determ ination of the d is
persion coefficients obtained by tracer m easurem ents.

S ym bols

X, у, г Cartesian co-ordinates [m]
s, b, z R ight-handed curvilinear orthogonal co-oordinate sys

tem ; s being a stream line and b a co-ordinate normal 
to  i t  [m]

Hs, H b Lam é coefficients
bm Co-ordinate of the mass flux constant curve [m]
В  W id th  [m]
h D epth  [m]
vs, r,;. r. Velocities in the directions of s, b, and z [m s -1 ]
c ^  Concentration [kg m—3]
D ,D ',D * ,D *  D iffusion and dispersion coefficients [m2 s _1]
q(b) D istribution of the w ater discharge [m3 s _1]
m(b) D istribution of the mass flux  [kg s _1]
a Tim e-averaged value of (a)
a ' The fluctuations of value (a)
a The depth  in tegrated  value of (a)
a* The deviation of (a) from ä

Introduction

In  case o f  a tu rb u le n t  flow  th e  m ix ing  of a p assiv e  dissolved su b s ta n c e  
released  in to  a w a te r  s tream  is described  b y  th e  R ey n o ld s  eq u a tio n  of m o tio n  
an d  by  th e  e q u a tio n  o f tu rb u le n t diffusion.

A lthough  fo r th e  efficiency o f w a te r q u a lity  co n tro l th e  solu tion  o f th is  
ty p e  of p roblem  is ind ispensab le , ou r know ledge in  th is  fie ld  is still in su ffi
c ien t.

*Dr. L. S o m l y ó d y , Szamóca u tca  6 /b, H-1125 B udapest, H ungary.
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O ne of th e  d ifficu ltie s  lies in  th e  fa c t  th a t  ho t only are we u n ab le  as y e t to  
c o m p u te  co rrec tly  th e  d is tr ib u tio n  o f  th e  velocity  in  space  b u t  we can n o t 
ea s ily , fo r th e  tim e  be in g , m ake o n -site  m easu rem en ts e ith e r . F u r th e r  fac ts  
w h ich  cause concern  a re  th e  d e te rm in a tio n  o f th e  diffusion coeffic ien ts — of 
w h ich  we know  v e ry  l i t t le  — and  th e  re so lu tio n  of th e  e q u a tio n  o f d iffusion 
w h ich , in  a closed fo rm , is a t  p re sen t o n ly  know n for som e special cases. As 
a consequence, re sea rch  w orkers are com pelled  to  seek so lu tio n s to  certa in  
p a r t  p rob lem s only .

A u th o r in  th is  re p o r t  deals w ith  th e  case of p e rm a n e n t m ix ing , assum ing  
th e  v e lo c ity  fie ld  as b e in g  know n, an d  s tu d y in g  th e  phenom enon  in  a coo rd ina te  
sy s te m  consisting  o f  a s tream lin e  a n d  a  tra je c to ry  no rm al to  i t  (C hap te r 1). 
I t  is  assum ed fu r th e rm o re  th a t  release ta k e s  place w ith o u t a n y  differences in 
th e  d e n s ity  and  in  th e  velocity .

A u th o r defines th e  m ass f lu x  c o n s ta n t  curves (the  lines a long  w hich th e  
m ass f lu x  is c o n s ta n t)  in  C hap te r 2. T h e  so o b ta in ed  e q u a tio n s  are  easy  to  
h a n d le  num erica lly , in  th e  d e te rm in a tio n  o f  th e  d is tr ib u tio n  o f  co n cen tra tio n  
(C h a p te r  3), as well as in  th e  d e te rm in a tio n  o f th e  d ispersion coeffic ien t (C hap
te r  4).

T h e  m ethod  is ap p licab le  to  o p tio n a l w a te r  stream s, w ith in  th e  lim its  se t 
b y  th e  in tro d u c tio n  o f  d e p th - in te g ra te d  v a lu es .

1. The depth-averaged form of the governing equation of turbulent 
diffusion in  a curvilinear co-ordinate system

T h e sp a tia l d is tr ib u tio n  of a p ass iv e  dissolved su b s ta n c e  (p o llu tan t) 
re lea sed  p e rm a n e n tly  in to  a w a te r s tre a m , in  th e  (s, b, z ) r ig h t-h a n d  cu rv i
l in e a r  o rthogonal co -o rd in a te  system  is g iven  by  th e  e q u a tio n  o f tu rb u le n t 
d iffu sion

—  ( H b vs C) +  4 -  №  vb c) +  —  ( H s H b vz c) =
ds db dz  ^

=  — ( -  H b ^ ÿ )  + - ^ - ( - H sH b^ )
ds 9 b dz

w here  th e  over-bars d e s ig n a te  th e  average  in  tim e  and  th e  com m end  te rm s s ta n d  
fo r  th e  pu lsa tions.

T h e  system  (s, b, z) will be m ore  p rec ise ly  defined  la te r . F o r th e  tim e  
b e in g , suffice i t  to  s ta te  t h a t  s an d  b d e n o te  th e  “ stream lin e”  in  th e  ta n g e n tia l 
p la n e  o f  th e  free su rface  an d  th e  c u rv ilin ea r  coord inate  n o rm al to  i t ,  re sp ec tiv e 
ly , w hile  z  is th e  lin e a r  coo rd in a te  n o rm a l to  th e  p lane of s an d  b. H s, H b in  th e
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MIXING IN WATER STREAMS 199

eq u a tio n  are L am é-coeffic ien ts [2]:

/ [ ”
2
+ 3y 2

, H b = Й ‘ + И' [ 3s ds ( db ] * db )
Я .

w hile X  an d  у  in  th is  case are C artesian  co -o rd inates.
E q . (1) can  be reso lved  in  kùow ing  th e  b o u n d a ry , th e  b o u n d a ry  co n d i

tio n s (along th e  b o u n d aries  th e  no rm al g ra d ie n t of c o n cen tra tio n  is equal to  
zero), th e  v e loc ity  fie ld  an d  th e  co rre la tio n s on th e  r ig h t-h a n d  side. T he la t te r  
are u su a lly  rep laced  b y  th e  coefficients o f tu rb u le n t d iffusion  Ds. D b, an d  D z 
acco rd ing  to  th e  B oussinesq  h y p o th esis  [3].

E xperience  has show n th a t  th e  v a r ia tio n s  along z, follow ing from  th e  
u su a l g eom etry  o f  w a te r  stream s (w id th  dep th ) q u ick ly  decay  [4]. T h is 
allow s th e  sim p lifica tio n  o f th e  p rob lem  in  such  a m a n n e r th a t  in stead  o f th e  
ex ac t so lu tion  o f  (1) such  so lu tion  is so u g h t for w hich sa tisfies th e  eq u a tio n  
along th e  d e p th , on an  average.

L e t us, acco rd ing ly , in te g ra te  th e  re la tio n sh ip  (1) from  th e  free su rface  
to  th e  b o tto m  th e n , m ak ing  use of th e  ru le  o f L eibn itz , le t us in te rch an g e  th e  
o rd er o f in te g ra tio n  an d  d iffe ren tia tio n  [5]. U nder such  c ircum stances, in  
co n sid e ra tio n  o f th e  cond itions p reva iling  a t  th e  free su rface  an d  a t th e  b o tto m  
(th e  n o rm a l g ra d ie n t o f  th e  velo c ity  an d  th e  co n cen tra tio n  are  equal to  zero 
[4]), we have

—  I H b vs cdz +  — I H s vbcdz =  
d b  J o

3 rh -------=  —  - H b v's c ' d z  +
3s J о j:

( 2)

H s v'bc' dz

(in th e  tim e  av erag e  o f v an d  c th e  o v e r-b a rs  w ill h e re in a fte r  be o m itted ).
H ere

3 H J d  z =  3 H J d  z — 0 

an d  in tro d u c in g  th e  re la tions

C =  i  +  c * ,  v s =  v s  4- V * ,  Vb =  Vb +  V*

(den o tin g  w ith  cu rv ed  ov er-b ar th e  d e p th - in te g ra te d  v a lu es  (2)), it  assum es th e  
follow ing form :

33

3s
(H„ hvs c)

3 b
(H s h v bc )=

3
H  b

nh
( — v's c' — v* c*) dz

ds L J 0
д -h -----

+  ~ г H s ( — v'b c' — v^c*) dz
db j 0

+ (2a)
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L et us now fix  th e  d irec tions s an d  6 b y  dropp ing  th e  second te rm  on th e  
le f t-h a n d  side. This is fu lfilled  if  th e  co n d itio n s

/ L  hvt, =  0 and
8

06
(H s h vb) =  0

a re  sa tisfied , w hich m ean s th a t  th e  d irec tio n  s — u n d er th e  c o n tin u ity  eq u a tio n  
— (we assum e th a t  8 t /3  t =  0) m u st co rrespond  to  th e  ta n g e n tia l  d irec tio n  o f 
th e  stream line . T h is is gained  a t  th e  in te rsec tio n  of th e  free surface an d  th e  
p lan e , o b ta ined  b y  th e  s t r a :g h ten ing  of th e  s tream  surface a rced  along z [6 ].

Since, generally  from  fie ld  m easu rem en ts , th e  v e lo c ity  fie ld  in  an y  given 
p ro b lem  is know n in  ad v an ce , th e  (s, 6) co -o rd ina te  sy s tem  m ay  be chosen  
acco rd in g  to  th e  m e th o d  ou tlin ed  above a n d  can  be sim plified  accord ingly .

L et us now s tu d y  th e  r ig h t-h a n d  side o f equa tion  (2a) an d  in tro d u ce  th e  
fo llow ing “ F ick ian ”  law s:

T h e re b y :

( (v'sc' -F v*c*) dz
J  0

- I Wbc +  c*) dz
J 0

- ~ r ( D s +  D's) ~ h ,
H s os

——  D b -  —  h — v*c* h 
H„  8 6

- l - ( D h +  D'b) - ' - h  .
H h

d . 8
-----( H bh v sc) = -----
8s 8 s

E i h (D s +  D's)

86

0C

ds
+

+
8

96

(3a)

(3b)

(4)

where

D s  =  D s 1  D's designates the longitudinal, and 
D * =  D b +  D'b the transversal coefficient of dispersion.

T he f irs t te rm s express th e  effect o f tu rb u len ce , th e  second te rm s th e  
d e v ia tio n  of th e  to ta l  co nvec tive  effect from  th e  average. D s, an d  D b are  p osi
t iv e  n u m b ers  and  so is D* accord ing  to  T a y l o r  and  E l d e r  [7, 8 ]. D*, how ever, 
d ep en d in g  on th e  seco n d ary  flow s, th e  re la tiv e  m ass tra n s p o r t  associa ted  to  
th e m  an d  on th e  c h a ra c te r  o f th e  tu rb u le n t m ass tran sfe r, m ay  also be n eg a tiv e . 
In  such  a case th e  in tro d u c tio n  o f th e  con cep t of tran sv e rse  d ispersion  w ould  
be o f  no use and  i t  is m ore  reasonab le  to  use th e  f irs t line o f th e  expression (3b). 
(A  genera l m ethod  w ould  be given on ly  b y  th e  th ree-d im en sio n a l t re a tm e n t 
w h ich  is a t p resen t b ey o n d  th e  range o f o u r know ledge.)
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D ', resp ec tiv e ly  D'b d isap p ears  if
c* =  0 ;

=  0, V *  =  0;

or if  th e  conditions

o  V* c* dz  =  0, V* c* dz —  0

are m et.
D ue to  these  an d  to  th e  o rd er o f  m ag n itu d e  of th e  d e r iv a tiv e  3 c/3 s, i t  is 

genera lly  assum ed th a t
d_
as

Hh h D*
[ H s

dc ' 
ds

Q d 0 .

T his assu m p tio n , ex cep t in th e  im m e d ia te  su rround ings o f th e  p o llu ta n t source 
is fu lfilled  w ith  a fa ir ap p ro x im a tio n  (as p roved  by  l i te ra tu re  [4]).

I t  should be n o ted  th a t  th e  in tro d u c tio n  of th e  co n cep t o f lo n g itu d in a l 
d ispersion  is o ften  unnecessary . I f  so th e n  — neglecting  th e  te rm  w ith  D s (w hich 
is possible w ith  a good a p p ro x im a tio n  as verified  by  m easu rem en ts  on m acro 
tu rb u len ce  in a s tra ig h t open lab o ra to ry -s ize  channel [6 ]) — (4) ta k e s  th e  fo l
low ing form :

—  {H bh?s 7)
3s

3 

3 b

3 c
ab

(4a)

I t  deserves to  be n o ted  th a t  D* defined  by  th e  re la tio n  (3a) differs from  
th e  D l lo n g itu d in a l d ispersion coeffic ien t [9, 10] used  in  th e  one-d im ensional 
m e th o d  o f w riting .

The one-d im ensional form  a n d  D L m ay  be derived  by  th e  in te g ra tio n  of 
e q u a tio n  (4) in th e  d irec tion  of 6, b e tw een  th e  tw o b a n k s  o f th e  w a te r  s tream .

2. M ass flu x  constan t lines

Once m ore, le t  us s tu d y  th e  phenom enon  o f m ix ing  in  th e  p rev ious co
o rd in a te  system . I t s  b =  const, lines, respective ly , i ts  su rfaces no rm al to  th e  
(s, b) p lane superposed  th e reo n , a re  ch arac terized  b y  no  w a te r  tra n s p o r t  across 
th e se  elem ents along z.

Lines or surfaces along w hich  th e re  is no m ass tra n s p o r t  m ay  be in te r 
p re te d  in  th e  sam e m anner.

Fig. 1 shows th e  curves o f th e  m ass flu x  c o n s ta n t. T o  d e te rm in e  th e m , le t 
us w rite  dow n th e  tim e  average  o f  th e  m ass fluxes across th e  p lanes n o rm al to  
th e  w a te r  surface superposed  u p o n  th e  arced  e lem ents d s s an d  db bm w h ich , 
accord ing  to  th e  law s o f co n se rv a tio n  o f m a tte r , a re  eq u a l to  each o th er.
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A fte r  slight tra n s fo rm a tio n s , neg lec ting  th e  q u a n titie s  o f  second o rd er 
a n d  in tro d u c in g  d e p th - in te g ra te d  values an d  th e  re la tio n sh ip s  (3a, b), we 
o b ta in

J k - ( D b +  D'b) ^ - h d s  
Jtih do

i)s c h H b —

vschH b - ^ - D s ~ h  
H ,  9s

Hb (D s +  D's) —  h dbn

db„. =

( 6)

Я, ds

H ence, th e  e q u a tio n  o f  th e  m ass f lu x  c o n s ta n t cu rve  (to  be in te rp re te d  as 
tim e  average) in  th e  s tre a m lin e  — th e  eq u o p o ten tia l line co -o rd in a te  system  
w ill be

H ,

ds

D,
9c

9s

+
h H h

_______ d K _________

^ - ( D 6 +  Hi) — A
0. (7)

H, 96
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MIXING IN WATER STREAMS 203

T he expression is analogous w ith  th e  d iffe ren tia l e q u a tio n  o f th e  s tre a m 
lines in  a tw o-d im ensional flow .

F o r th e  ta n g e n t o f  th e  angle enclosed b y  th e  s tream lin es  an d  th e  m(b) — 
=  c o n s ta n t curves (assum ing  th a t  th e  d en o m in a to r o f  th e  f ir s t  te rm  o f (7) 
differs from  zero), eq u a tio n  (7) y ields th e  follow ing re la tio n sh ip :

db m _ _
ds H b

or, w ith  th e  f irs t e q u a lity  of (3b):

(D b +  D'h)
9c

db

vsc H b
H b 9c

9s

dbm
ds

Эс —̂--—'
D h~ - v * c * H b 

ob

H* ÏÏHb- 2 * -D .* L
ds

( 8 )

(8a)

A ccording to  th e  foregoing, vs c m ay  be rep laced  b y  vs c —D s/ i f s. 9 c/9s; 
b u t th e  te rm s co n ta in in g  D s an d  D's are  m o stly  neg lec ted .

To resolve a p rob lem  (8 ) in  itself, th is  is no t enough , since n o t on ly  c 
b u t  also dbmlds , is u n know n .

A ccording to  th e  second eq u a tio n , th e  v a ria tio n s  o f  th e  m ass f lu x  a long  
th e  s tream -line  are  eq u a l to  th e  m ass flu x  along th e  a rced  elem ent dbm.

The e q u a tio n  can  be derived  as follows.
L e t us ta k e  tw o  tr a je c to ry  elem ents a t  a d is tan ce  dss a p a r t, an d  th e  

g(b) =  c o n s tan t s tream lin e  (F ig . 2), and  a d is tr ib u tio n  o f  th e  m ass f lu x  w hich  
corresponds to  F ig . 3.

T he m ass f lu x  c o n s ta n t cu rve  is ch a rac te rised  b y  dm  =  0.
T his m eans t h a t

dm  =  —  ds
ds

dm
db

dbm =  0 ,

w here th e  f irs t te rm  in d ica te s  th e  changes along  line 1 a n d  th e  second s ta n d s  fo r 
th e  changes a long  line 2 .
H ence

dbm ^  9m /9s ^
ds dm/db

The tim e-av erag ed  m ass f lu x  is

vs c h H bdb
i

b
— ^ D,

9c

9s
h d b ,
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* ' * u b Dm

q(b) = const

Fig. 3

an d  w ith  i t  (9) ta k e s  th e  follow ing fo rm :

1s
-O43

9

9s .
f  chH„ db -  —  I Ь D s—  h dbJo 9s J о H s 9s

ds ^ c h H b - ^ - D s —  h 
H s ds

T he com parison o f  th e  re la tio n sh ip  so o b ta in ed  w ith  (8 ) y ields th e  o ri
g inal eq u a tio n  (4).

A ccordingly , o f  th e  in tro d u c tio n  o f th e  m ass f lu x  c o n s ta n t cu rves th e  
d iffe ren tia l eq u a tio n  (4) is rep laced  b y  tw o  equations. T h e ir use , i f  a closed 
so lu tio n  w ere sough t for, w ould  n o t allow  sim p lifica tion  u n d e r all c ircu m stan ces 
b u t  th e ir  num erical a p p lica tio n  — as will be proved  la te r  — becom es consid 
e ra b ly  easier.
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2.1. Some characteristics o f  the derivative dbmjds and the mass  
f l u x  constant curve

S e ttin g  o u t from  eq u a tio n  (8) we assum e th a t  (D b +  D'b) >  0.
Since th e  b o u n d a ry  cond itions a t  th e  p o in ts  6 =  0 and  6 =  В  are

9c

96
from  w hich

dbm
ds

all th e  m ore, since e q u a tio n  (8 ) is va lid  even for th e  flow  of an ideal m ed iu m  
w ith  w hich

V s'b =  0 ^  Vs |ft=!Sg 7 ^  0  ,

an d  th e  d en o m in a to r differs from  zero — w hich  m eans th a t  (11) c a n n o t be 
fu lfilled  in  th e  genera l case, unless (12) holds tru e  (see (8 )). A ccording to  (12), 
th e  tw o  b an k s are  n o t only stream lin es  b u t  also m ass f lu x  c o n s tan t cu rves.

If , w ith in  th e  range, som e o f th e  cross-sections in  p o in t 6 are dcjdb =  0, 
th is , to o , is on ly  possible th e n  i f  dbm/ds =  0 .

In tro d u c in g  th ese  po in ts  o f  successive cross-sections accord ing  to  (8) 
an d  (9), th e  so o b ta in ed  curve is n o t only a s tream lin e  b u t also a m ass f lu x  
c o n s ta n t cu rve  (w ith , n a tu ra lly , ev e ry  m(6) =  c o n s ta n t curve passing  th ro u g h  
th e  p o in t o f release).

Since a t  9c/96 =  0 a m ax im u m  is concerned , th e  p eak  c o n cen tra tio n s  
w ill be lo ca ted  along th e  above s tream line  (since in  th e  opposite  case th e  
a p p licab ility  o f th e  second e q u a tio n  o f (3b) becom es d o u b tfu l — see (4)).

F ro m  th e  above i t  follows th a t  betw een  th e  tw o  b an k s of th e  w a te r s tre a m  
(6 =  0, 6 =  B)  th e  fu nc tion  dbm/ds — f(b)  — unless i t  is zero a t  ev e ry  
p o in t — m u st have  an ex trem e value  a t least a t  one p o in t o f 6. T he ex trem e  
va lu e  (if th e re  are  several, th e n  th e  one re p re se n tin g  th e  h ighest a b so lu te  
value) gives th e  ta n g e n t of th e  possib ly  g re a te s t angle of sp read  in  th e  cross 
section .

As com plete  m ixing is ap p ro ach ed , 9c/9 6, w h ereb y  d6m/ds —► 0, v iz . th e  
m ass f lu x  c o n s ta n t curves te n d  increasing ly  to w ard s  th e  stream lines.

A considerab le  ad v an tag e  offered  b y  th e  use of th ese  curves is t h a t  th e y  
p rov ide  a p ic tu re  also of th e  g eo m etry  of th e  m ix in g  process.

!t>=0

'b =  0

Эс I 

96 ,b—B

d b j

ds ь=в

0,

=  0

( 11)

( 12)
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3. Computing the distribution o f concentration

In  general, th e re  is no closed so lu tio n  to  (8) and  (10), a lth o u g h  a t  a 
g iven  v a lu e  of s, in  possession  of dbm/ds =  f(b )  an d  neg lecting  th e  lo n g itu d in a l 
d isp ers io n , 6(6) can  be  c o m p u ted  from  (8 ). In  th is  case, n am ely , th e  eq u a tio n  is 
red u ced  to  an  o rd in a ry  d ifferen tia l e q u a tio n  in  w hich th e  v a riab le s  can  be 
s e p a ra te d .

T he so lu tion  is

~c(b) c(M  exp
dbm
ds

(13)

w here  6(6^  m u st be d e te rm in e d  from  th e  c o n tin u ity  cond ition :

M  =  6(6 \  Г  vs
:)1 К е х р Н , 7 Г 1 »

b Щ  vs dbm db,
ds

H b db, (14)

a n d  i t  is ra tio n a l to  a ssu m e  6a on th e  s tream lin e  passing  th ro u g h  th e  p o in t o f 
re lease .

W ith  th e  exp ressio n s (13) and  (14) we h av e  (15)

i(b)  = M
CBhvs exp

J  0

Г f  Щ  vs dbm 11 /1 TT 11
[ j  b, Hs Щ ds

X

(15)

X exp r r  m dK  db ,-\

L J» , h , DÎ ds

T his, p rov ided  t h a t  H b =  H s — 1, vs, h, D* =  c o n s ta n t, b* =  6 — 6p 
6*(6 =  0 ) —>■ —oo, b*(b =  jB) —> oo, an d

dbm b*

ds 2(s -  Sl)
(16)

(viz. th e  m ass flu x  c o n s ta n t  curves are p a ra b o la s  w ith  th e  ax is s) 
will assum e th e  fo rm  o f

6( 6)
M

2 h \ n  D* vs(s — Sj)
exp

4 D*b vs(s -  Sj)
(15a)

co rresp o n d in g  to  th e  w ell-know n case o f re lease  from  th e  p o in t (s1? 6j) in to  an 
in f in ite ly  large space.

S ince th u s  so lu tio n  is on ly  ra re ly  feasib le , th e  following ap p ro x im a tio n m a y  
be ap p lied .

B o u n d a ry , b o u n d a ry  conditions, th e  v e lo c ity  d is tr ib u tio n  vs (an d  w ith  it  
th e  s tream lin es , th e  e q u ip o te n tia l curves, th e  coeffic ien ts H s, an d  H b an d  th e  
tra n sv e rse  d ispersion coeffic ien ts) are g iven  (for s im p lic ity ’s sake  th e  long i
tu d in a l ones are n eg lec ted ).
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Also th e  M  m ass f lu x  is k n o w n  a n d  th e  p o in t a n d  m a n n e r o f re lease . As 
reg a rd s  th is  la t te r ,  tw o  cases can  be  d istingu ished  fo r th e  pu rp o ses  o f  co m p u 
ta t io n .

F irs t, i t  is assum ed  th a t  a long  a f in ite  len g th  th e  c o n c e n tra tio n  in  one 
cross-section  (a t/o r  dow nstream  fro m  th e  p o in t o f re lease) is know n. I f  so , th e n  
th e  d is trib u tio n

dbnjds(b)

can  be com pu ted  from  (8) an d , rep lac in g  th e  cu rve  m(b) =  c o n s ta n t  b y  its  
ta n g e n t (viz. using  th e  d ifferences), th e  po in ts  in  th e  su b seq u en t cross-sec
tio n  m ay  be de te rm in ed . Since b e tw een  tw o  a d jacen t m ass  f lu x  c o n s ta n t lines 
th e  sam e m ass is flow ing, in possession of vs, h b o th  c an d  th e  d is tr ib u tio n  in  th e  
new  cross-section  c(b) can  read ily  be determ ined .

U sing th is  p rocedure  over th e  en tire  reg ion , th e  co n c e n tra tio n  fie ld  
becom es o b ta in ab le .

In  th e  second case release does n o t ta k e  p lace o v er a f in ite  le n g th , b u t  
p o in t-like . T herefo re, th e  c o n c e n tra tio n  func tion  w ill b e  sing u la r an d  cause 
d ifficu lties in  th e  num erica l so lu tio n . I f  th is  can be overcom e an d  i f  a concen 
t r a t io n  d is trib u tio n  along a fin ite  le n g th  n e a r th e  source can  be d e te rm in ed , th e n  
th e  process will be th e  sam e as described  before.

T here m ay  ex is t an  i te ra tiv e  m e th o d  w hich, se tt in g  o u t from  an  a p p ro x i
m a tio n  of th e  fu n c tio n  dbnJds — f ( s ,  b) is based on E q s  (8 ) an d  (10).

H ow ever, lack ing  th e  m eans to  p ro v e  th e  co nvergency , i t  is reaso n ab le  to  
choose an o th e r m eth o d  and  assum e th a t  in  th e  close v ic in ity  of th e  p o in t of 
re lease th e  sp read  is th e  re su lt o f  ra n d o m  effects. In  th is  case th e  d is tr ib u tio n  
o f  co n cen tra tio n , unless th e  re lease  ta k e s  place n ea r th e  b an k s  o f th e  s tream , 
w ill occur accord ing  to  (15a). W ith  p o llu ta n t sources on or close to  th e  b an k s , 
so lu tions sim ilar to  (15a) — a p p ly in g  th e  p rincip le  o f  re flec tio n  — m a y  be 
used  [4, 11, 12].

This allows tra n s itio n  to  f in ite  len g th  and  th e  c o m p u ta tio n  of th e  en tire  
co n cen tra tio n  field .

4. Determ ination of the dispersion coefficient from tracer 
m easurem ents

Now, we w ish to  e s tab lich  th e  coefficient d e fin ed  b y  th e  know n  re la 
tio n sh ip s  (3a, b) in  possession o f th e  b o u n d a ry , th e  ve loc ities and  th e  c o n c e n tra 
tio n  field  (th e  la t te r  from  tra c e r  m easurem ents).

F rom  am ong these , th e  d e te rm in a tio n  of th e  coeffic ien t o f th e  lo n g i
tu d in a l d ispersion, w ith  th e  a p p ro x im a tio n  D* ^  D's is only  possib le  if  
th e  d is trib u tio n s vs(z),;c(z) are  also know n. The c o m p u ta tio n  on th e  basis  of 
(3a) will cause no d ifficu lty  w h a tso ev er.
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Being in te re s te d  p rim a rily  in D*, fo r s im p lic ity ’s sake  le t us assum e th a t  
D*  • 0 c/9 s ш  0. (T his re s tr ic tio n , in  th e  m e th o d  to  be described  below, is 
u n n ecessary .)

F rom  th e  m e a su re m e n t resu lts  f ir s t  th e  d is tr ib u tio n s  m(b) a re  com pu ted , 
f ro m  w hich th e  cu rv es  m (6) =  const, an d  th e  d e riv a tiv e s  dbm/ds  can  be easily  
o b ta in e d  (the la t te r  p o ssib ly  w ith  eq u a tio n  (10)).

A ssum ing t h a t  D*  >  0 (D b >  D 'b); vsc dbmlds an d  th e  zero places o f 
dcjdb  coincide (see (8 )), fu r th e r  th a t  here  th e re  ex ists a f in ite  lim it value o f

dbn

ds
dc_
db

D*  c an  be expressed  as

D t(s ,  b)
Щ  ds
H  9c
X X S ______

db

(17)

a n d  com puted  p o in t b y  p o in t.
In  order to  a v o id  th e  d eriv a tio n  o f 3 cj3 b T a y lo r’s po lynom  for D* 

sh o u ld  be used an d  (17) shou ld  be rea rran g ed .
As to  w hether i t  is w orthw ile to  assum e th e  d ispersion  coeffic ien t as one 

v a ry in g  in the  flow  fie ld  s tu d ied , we c a n n o t say  on th e  basis o f th e  little  in fo r
m a tio n  available to  u s  a t  p resen t.

O n the  one h a n d , m o st m ethods ‘ab  ovo’ assum ing  th a t  D*(s. b) =  con
s ta n t  [except, for in s ta n c e , H olley  (4) who co m p u tes  D *(s)hy  th e  “ generalized 
c h an g e  of m om ents”  m e th o d , from  th e  changes in  lo n g itu d in a l d irec tion  of th e  
v a r ia n c e  of th e  d is tr ib u tio n s  m(6)], on th e  o th e r  h an d , we do n o t know  to  w h a t 
deg ree  errors in th e  m easu rem en ts  and  e v a lu a tio n  effect th e  v a r ia tio n s  o b ta ined  
as th e  resu lt.

T he defin ition  o f  th e  fu nc tion  D*(s, b) in  g rea t d e ta il is ju s tif ied  as a 
m e a n s  to  stu d y  b e t te r  th e  tran sv erse  tr a n s p o r t  an d  th e  v a rio u s  effects i t  
in v o lv es  (see 3b), in  p a r tic u la r , if  it  enables th e ir  sep a ra tio n . T h is, in  fac t, is 
feas ib le  a t certa in  p o in ts  of th e  range being  s tu d ied . N am ely , as ou tlined  in 
C h a p te r  2.1, if  D* >  0, th e  stream line  passing  th ro u g h  th e  p o in t o f release 
a n d  th e  mass flu x  c o n s ta n t  cu rve  (on w hich also th e  c o n c e n tra tio n  m axim a are 
lo c a te d ) , will coincide.

L e t us now s tu d y  a case in  w hich th is  p ro v ision  is n o t fu lfilled . O bviously, 
in  th is  case there  is no  reaso n  to  in tro d u ce  D*, so le t us ta k e  eq u a tio n  (8a).

A t some fixed  s th e re  are tw o c h a ra c te ris tic  p o in ts  w hich  m eet th e  con
d itio n s

dbm/ds =  0 , and  dcjdb — 0 , resp ec tiv e ly .
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A t 6,, accord ing  to  th e  firs t

В Д 1) ~  (bx) =  t ^ * ( M  H b (bj) , (18)
ab

th e  c o n c e n tra tio n  p eak  n o t falling on th e  com m on line q{b) =  const, an d  m(b) =  
=  const.

In  th e  second case (w ith  th e  foregoing ap p ro x im atio n s):

v j ^ ( b t ) =  (b2) vs(b2) c(b*) ^  (62), (19)
H , ds

viz. tra n sv e rse  tra n sp o r t , dev ia tin g  from  th e  tu rb u le n t , can  be co m p u ted  in  
p o in t b 2* A t som e o th e r b values th is  a n d  also th e  sep a ra tio n  o f th e  tw o fo rm s o f 
m ass tra n s fe r  are  feasible only w ith  d iffe ren t a ssum ptions an d  th e  co n sid 
e ra tio n  o f  (18) an d  (19).

T h is te n d s  to  show  th a t  (17) m a y  be used  to  a d v a n ta g e  in  th e  c o m p u ta 
tio n  o f th e  v a ria tio n s  of D* w ith in  th e  cross-section , w hile (18) and  (19) p ro 
v ide  in fo rm a tio n  ab o u t th e  tra n s p o r ts  o f tw o  d iffe ren t cha rac ters .

N everthe less, we also need a re la tio n sh ip  w hich helps define th e  av erag e  
D* for one cross-section .

I t  is ra tio n a l to  s trive  to  o b ta in  th e  co rrec t m ass f lu x  com p u ted  w ith  th e  
average  (J)j) viz. tran sfo rm  (14) in to

M hvs exp ^ C - ^ i ^ d b '
D* J ь, H s ds

H bdb, (14a)

w hich  p rov ides с(6г). F rom  (14a) D* m a y  be  exp ressed  using  ite ra tio n .
S im ilarly , i t  is possible to  p resc rib e  th e  e q u a lity  o f th e  v a rian ce  o f  th e  

m ass f lu x  d is tr ib u tio n  or to  fu lfil a b e s t f i t t in g  fo r c (b o th  betw een  m e a su r
ed a n d  co m p u ted  values, using E q . (13)).
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Untersuchung der Vermischung in W asserläufen. — Gegenstand der A rbeit ist die 
U ntersuchung  der V erm ischung einer in einen W asserlauf perm anent eingeleiteten passiven, 
gelösten Verschm utzung. D as Geschwindigkeitsfeld wird als bekannt vorausgesetzt und  die 
tu rb u len te  Diffusionsgleichung wird un ter E inführung der entlang der Tiefe integrierten 
W erte  in einem aus S trom linien und N iveaulinien bestehenden K oordinatensystem  ange
w endet. Als Analogie der Stromlinien werden die Linien des konstanten M assenstroms de
fin ie rt. D urch deren V erw endung zerfällt die ursprüngliche Differentialgleichung in  zwei — 
bei der numerischen Lösung sehr einfach zu handhabende — Gleichungen. Einige Eigenhei
ten  der obigen K urven w erden besprochen. Die A rbeit beschäftigt sich auch m it der Be- 
rechung  der K onzentrationsverteilung bzw. m it der um gekehrten Aufgabe, der Bestimm ung 
der D ispersionsfaktoren aus Farbenm essungen.

Исследование смешивания в водотоках. Работа занимается исследованием сме 
шивания пассивного растворенного загрязняющего вещества, поданного в некоторый 
водоток. Поле скоростей предполагается известным, и уравнение турбулентной диффузии, 
описывающее данное явление, путем введения интегральных средних вдоль вертикального 
разреза применяется в системе координат, состоящей из линий обтекания, перпендикул
ярных к последним линий уровня. В качестве аналогии линий тока дается опреде
ление тех кривых, по которым течение массы является постоянным. При их исполь
зовании первоначальное дифференциальное уравнение разлагается на два уравнения, 
которые с точки зрения числовых вычислений являются легкими в обращении. Излагаются 
некоторые характерные свойства упомянутых выше кривых, после чего рассматривается 
вычисление распределения концентрации, а также обратная задача, то есть определение 
коэффициентов дисперсии на основе данных измерений методом мечения.
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A METHOD TO SOLVE SOME AXI-SYMMETRICAL 
PROBLEMS OF THE THEORY OF ELASTICITY

I. ECSEDI*

[M anuscript received A ugust 6 , 19731

The paper deals w ith the solutions of axisym m etrical quasi-static problem s of 
continua consisting of layers of infinite extension parallel to  a given plane. I t  is assum ed 
th a t each layer is homogeneous and isotropic, consisting of linearly elastic m ateria l 
having insignificant deformation.

Symbols

V =

£ z

, O?

t =  u(t, z) er
Угг
«л
°r  t - 
T rz
A
E
G
V
9 =  a(r, z) er

—  +  A  P =
8r r ’

U =  Gu, V  =

cylinder coordinates
un it vectors of a cylindrical system of coordinates r, 99, z 

-j- w(r, z) ez displacem ent vector 
change of angle 
specific elongations 
norm al stresses 
shear stress 
deform ation tensor 
stress tensor 
shear elasticity modulus 
Poisson’s ratio

-j- b(r, z) ez in tensity  of system  of forces d istributed on volume

— rZ -f  —rZ auxiliary values dr r *
Gv, W  =  Gw

и =  t;(r, z)r I 0(kr) dr zeroth-order H ankel transform  of function v=  v(r, z) in  variab le  r;

zeroth-order H ankel transform  is designated by the sign “ a ”  over 
the symbol of the function

J 0(r) zeroth-order Bessel function of the first kind
/j(r)  first-order Bessel function of the first kind
X, J5, X column vectors
С, К  =  AE— C fourth-order quad ra tic  m atrices
E fourth-order un it m atrix
det К  determ inant of m atrix  К
T(k, z, V) =  T(k, z) transfer m atrix  related  to vector X(k, 0)
L(k, z, G, ?’) =  L(k, z) transfer m atrix  related to  vector £(fc, 0)
P, Q fourth-order perm utation  m atrices; sign of layer “ i” ( i =  1,2, . . . ,

n —1 , n)
G(, Vj m aterial constants of layer “ i”
L | =  L/(k/, Zj =  hj, G,i v() transfer m atrix  w ith respect to  layer “ i”

n
L =  L m_ , Lm_o ,. . . , L.,L, =  7 /  L z resulting transfer m atrix  of the elastic body consist-

z ' = i

ing of n layers, w ith respect to vector xx(k, 0 )
O ther values and symbols are explained in the text.

*Dr. I. E c s e d i , H-3531 Miskolc, Vászonfehérítő u. 24, H ungary.
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1. In tro d u c tio n

T he paper a t  h a n d  is in ten d ed  to  p re se n t a m eth o d  su itab le  for so lving 
a x isy m m etrica l p e rip h e ra l v a lue  p ro b lem s concern ing  th e  q u a s is ta tic  c o n ti
n u u m  o f in fin ite  ex ten s io n  in  th e  d irec tio n  o f th e  axes x, y ; o f  iso trop ic , in 
e a c h  o f  its  layers hom ogeneous lin ea r  e la s tic  m a te ria l, su b jec ted  to  sm all 
d e fo rm atio n s , re p re se n te d  in  Fig. 1.1. T h e  so lu tion  to  th e  above p rob lem , 
d isreg a rd in g  th e  a x isy m m e try , lim ited  to  one lay e r b o th  to  p la n a r an d  space 
p ro b lem s, is d e ta iled  b y  W lasso v’s an d  L e o n t e v ’s book [1]. H ere, th e  e q u a 
tio n s  estab lished  w ith  th e  a id  o f th e  m e th o d  o f in itia l fu n c tio n s w orked  o u t 
b y  W lasso v  are so lved  b y  m eans o f th e  fo rm a l o p era to r calcu lus. T he analysis 
o f  ax isy m m etrica l p rob lem s o f a b o d y  o f f in ite  th ickness b u ilt  u p  in  severa l 
la y e rs , each lay er co n sis tin g  o f an  e lastic  m a te ria l, is d ea lt w ith  b y  N ik it in  
a n d  S a pir o  [4]. T he basic  p rincip le  o f  th e ir  m e th o d  is th e  s im u ltan eo u s d e te r
m in a tio n  o f th e  in te g ra tio n  co n stan ts  e n te r in g  th e  ze ro th -o rd er H an k e l t r a n s 
fo rm  L ove’s stress fu n c tio n s . In  th e  basic  con cep tio n  of th e  p rocedure , p resen t-

z - 0 y i
1.

Gv v 1

CM
Г -C

2 -G2. V2

■

; c
JZ

r  n. “
Grv v n

n
Z = 5 h :

Ы  1 Z 1

-

X

У

Fig. 1,1. Layered body in every layer of a homogeneous, linearly elastic m aterial
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ed in the paper, follow s the m ethod o f “ transfer m atrix” worked out by Leon  
Y . B ahar [2] for th e  analysis o f a layered elastic m edium  in a state of planar 
deformation and planar stress s ta te  for solving the non-planar axisym m etrical 
problem described in  the following.

2. Problem  of axi-sym m etrical boundary value of the theory
o f elasticity

F irs t, th e  in v es tig a tio n  o f th e  ax isy m m etrica l d e fo rm atio n  of a b o d y  
consisting  of iso tro p ic  linearly  e la stic  m a te ria l h av in g  a th ick n ess  h, and  o f in 
f in ite  ex tension  o f  th e  axes *, y ,  rep re sen ted  in  F ig . 2.1, is tre a te d . I t  is k now n , 
as can be re a d  in , fo r  exam ple, in  [3], [8 ], t h a t  i f  th e  p ro b lem  of th e  b o u n d a ry  
va lu e  of th e  th e o ry  o f e lastic ity , in  connec tion  w ith  th e  above  described b o d y  is 
ax i-sy m m etrica l th e n , in  th e  cy lin d rica l sy stem  o f co o rd in a tes  r, q), z co n v en i
e n tly  selecting  th e  v ec to r of d isp lacem en t o f a p o in t P  o f  th e  body  in q u estio n  
w ill be

t =  u (r, z)er +  w(r, z)ez, (2 .1)

fu r th e r , in  th e  cy lin d rica l sy stem  o f co -o rd ina tes r, <p, z th e  defo rm ation  an d

Fig. 2,1. Homogeneous elastic layer of thickness h
Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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stre ss  tensors a t  p o in t P,  re sp ec tiv e ly  ta k e  th e  form s as follow s:

1 ~1
e r 0 “  У гг

2
= 0 £ <p 0

1
7zr 0 £z_2 _

0 tV 2
F = 0 0

-  Tzr 0 °z -

( 2 .2 )

( 2 . 3 )

H ere, all of th e  sca la r o rd in a tes  o f A an d  F  are only fu n c tio n s  o f r an d  z. 
I n  th is  case, th e  g o v ern ing  eq u a tio n s  — geom etric eq u a tio n s , H oo k e’s law , 
eq u ilib riu m  eq u a tio n s  — describ ing  th e  behav iou r of th e  hom ogeneous, 
iso tro p ic , linearly  e la stic  q u as i-s ta tic  b o d y  undergoing  sm all d efo rm ations will 
be  as follows:

— geom etric e q u a tio n s  conn ec tin g  th e  elem ents of th e  v ec to rs  o f d is
p lacem en t and d e fo rm a tio n :

3 m

•) ( 2 . 4 )
dr

и
( 2 . 5 )

r

dw
( 2 . 6 )

dz

3  u  div
n ( 2 . 7 )

dz dr

— H ooke’s g enera l law  expressing  th e  re la tio n  betw een  th e  stress ten so r 
an d  defo rm ation  te n so r:

2  g

° r  =  ,  „  [(1 V ) e r +  V ( e  +  e2)] , 
1  — I v

( 2 . 8 )

9 Г

a <p =  -  „  [ ( !  v )  e  +  V ( e r +  £ - ) ] ,
1  —  2  V

( 2 . 9 )

2  g

<JZ =  ,  n [(1 »’)  е г  +  v ( e r +  £f )] ,
1  —  2  V

( 2 . 1 0 )

r r z  =  b r  } ' r 2 ; ( 2 . 1 1 )
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— th e  eq u a tio n s  o f  m echan ical equ ilib rium  n o t id en tica lly  sa tis fied  :

9 ay 
9 r

I d t rz I

9 2
0 ,

э Trz
dr

+
9 <7, 

dz
0 .

( 2 . 12)

(2.13)

In  th is  la t te r  eq u a tio n  a — a (r , 2) an d  b =  b(r, z) d esignate  th e  sca la r co o rd in a t
es o f th e  d irections ~er an d  e~z o f th e  specific lo ad  v ec to r

q =  a(r ,  z)er +  b(r ,  z)ez. (2.14)

oy, af , az an d  Trz m a y  d ire c tly  be expressed  b y  th e  co o rd ina tes u, w  o f  th e  
d isp lacem en t v ec to r

2 G

1 -  2 V 

2 G
1 -  2 V

2 G
1 -  2 V

G

( l - v )
du
dr

и

dw

dz

(1 — r ) ------ b V
r

du dw
dr dz

( l - r )
dw
dz

du ^  и 
dr r

Í— +
dw

92 dr ,

L et us in tro d u c e  th e  follow ing n o ta tio n  an d  new  v ariab les:

(2.15)

(2.16)

(2.17)

(2.18)

U =  Gu, (2.19)

W  =  Gw, (2 .20)

az =  Z, (2 .21)

Trz =  R ’ (2 .22)

dU  , и
V = --------b  -—

dr r
(2.23)

V = G v , (2.24)

P  =  ^  +  A .
dr r

(2.25)

The in te n tio n  is to  es tab lish  in th e  follow ing a se t o f equa tions w ith  th e  
a id  o f w hich th e  v a riab le s  U, W , V, Z , R , P  from  th e  “ in it ia l”  values assum ed  
in  th e  p lane z =  0 , th e  values assum ed in  an  a rb itra ry  p lane  defined  b y  th e  
coo rd in a te  z (0 2 h),  m ay  d irec tly  be de te rm in ed .
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B y v irtu e  o f E q . (2.17) can  be w ritte n

, ,  d w  1 — 2 V V _
G ------ = ----------------cr,---------------G

9 u  ^  ц 

9 r  r
(2.26)

9z 2 (1 — v) '  1 — V

By producing  th e  d ifference be tw een  E qs (2.15) an d  (2.16), th e  e q u a tio n

r  I du  и
ar -  =  2G —-------------( dr г

is  o b ta in ed .
S u b stitu tio n  o f  E q . (2.26) in to  E q . (2.15) enables us to  express ar also in  

th e  fo rm
v

(2.27)

2G du  2v G и

v dr v т 1  -  V
(2.28)

R ep lacem en t of E q s (2.27) an d  (2.28) in to  E q . (2.12) an d  e lim in a tin g  ar an d  af
gives

0Z

2G 9 du  ^  и

1 — v dr dr r
v dcrz

--------------------- a .
1 — v dz

(2.29)

A n d  from  E q . (2.13) i t  follows

Ё1гг_ +  Щ + Ь ' 
dr r I

E q . (2.18) m ay also be  re a rra n g e d  in to  th e  form

G
du

dz
+ xrz

(2.30)

(2.31)

F ro m  E q s (2.31), (2 .26), (2 .30), (2.29), b y  m ak in g  use o f  th e  new  v ariab les , 
d e fin e d  b y  Eqs (2.19), (2 .20), (2.21), (2.22), th e  follow ing se t o f  e q u a tio n s  are 
o b ta in e d :

d U
dz

d W
dr

a  1 (2.32)

d W  v / Э1/ ĵ_

dz 1 — V ( dr

d Z I d R  R
-- ----------- b —

dz ( dr r

d R 2 8

dz 1 — v dr

+
1 —2r 

2 (1 -  v)
- Z ,

b ,

J 7 | ____ r _  0Z
r I 1 — v dz

a .

(2.33)

(2.34)

(2.35)

In  case of an  a c tu a l b o u n d a ry  va lu e  prob lem  in  th e  th e o ry  o f e la s tic ity , 
som e o f  th e  co m bina tions o f th e  assum ed  values o f th e  u n k n o w n  v ariab les  
( U , TV, Z ,  R)  assum ed to  be  in  th e  p lanes defined  by  z =  0 an d  z =  h,  i. e., on
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th e  lim itin g  surfaces o f th e  b o d y  in v e s tig a te d , are g iven . In  o th e r w o rd s , 
only  th e  above v a riab les  will e n te r  th e  b o u n d a ry  cond itions.

B y  ad d in g  th e  p a ire  o f e q u a tio n s  o b ta in ed  from  E qs (2.32) an d  (2.35), b y  
d e riv in g  w ith  re sp ec t to  r, an d  d iv id in g  w ith  th e  v a riab le  r, th e n  rep lac ing  th e  
new  v a riab le s  defined  b y  E qs (2.23), (2.24) an d  (2.25) in to  th e  tw o  new  e q u a 
tio n s  th e  follow ing m ay  be  estab lish ed :

d V
dz

d P
dz

d 2 W + ± ^ }  +  P ,
r drdr2

2
1 - r

V

d2V   ̂ 1 d V
dr2 r  dr

H ere , th e  n o ta tio n

_  1 Ш  1 dZ

V I dr2 r dr
- A .

dr r

F ro m  E q s (2.36), (2.33) an d  (2.37) th e  se t o f eq u a tio n s

d V

dz

d W

dz

dZ
dz

( d 2w  l d W \

[ 8 r2 r dr  ]

V 1 —  2 V
- A — V  +  - -----—  Z ,

1  -  V 2 ( 1  -  v)

=  - P -  6,

d P 2 d2V

dz 1  -  V . 0 Г 2

V 82Z

1 - v dr2

J _  d V )

r dr

1

dr
+

(2.36)

(2 .37)

(2.38)

(2.39)

w ill be  b u ilt  u p , serv ing  as a basis  fo r fu r th e r  in v es tig a tio n s .
F o r  th e  so lu tion  to  th is  se t o f  p a r tia l  d ifferen tia l eq u a tio n s , th e  m e th o d  of 

in te g ra l tra n s fo rm a tio n  m ay  be th e  m ost conven ien tly  app lied  (see, for ex am p le
[6 ], [7])-

3. Solution to the problem o f the boundary values, m aking use o f the  
H ankel transform ation

B y assum ing  th e  ze ro th -o rd e r H an k e l tran sfo rm  o f th e  eq u a tio n s o f  th e  
se t o f E q s (2.39) “ in  th e  v a riab le  r ” , one arrives a t  th e  follow ing set o f o rd in a ry
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d iffe ren tia l eq u a tio n s

8 V
dz

d W
dz

Э Z
dz

8 P
dz

k2W  +  P ,

V  +
- 2 v

( 1 - v )

-  P - b ,

2 fc2 
1 - - P  +V

(3.1)

H e re , V, W , Z, P, b, A  s ta n d  for th e  ze ro th -o rd e r H a n k e l tran sfo rm  o f th e  
fu n c tio n s  v, W. Z, P, b, A,  respective ly , w ith  respect to  th e  variab le  r, i.e .. for 
ex am p le

V  = V(k,  z) = Г V(r,  z ) r  I 0( k r ) d r ,  
1 0

(3.2)

W  =  W(k,  z) = £  Щ г ,  z)r f 0 (kr) dr  , (3.3)

(k > 0)

e tc . B y  in tro d u c in g  th e  v ec to rs

a n d  th e  m a trix

X  =  X ( k ,  z)

~ V ~ " 0  -
w A 0, в  =
z - b

_  p  - _ À  _

c = C (k) =

0 к2 0 1

V
0

1  — 2  г
0

1  —  V 2 ( 1  - V )

0 0 0 —  1

2  к1
0

к2
0

l - v 1  -  V

( 3 .4 - 3 .5 )

(3.6)

th e  se t o f o rd in ary  d iffe re n tia l equations (3.1) m ay be co n c e n tra ted  in to  the  
fo llow ing lion-hom ogeneous, linear, f irs t-o rd e r , v ec to r d iffe ren tia l eq u a tio n  of 
c o n s ta n t coefficient m a tr ix

_ЭX
dz

= cx  +  в . (3.7)
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T he so lu tion  to  th e  above d ifferen tia l eq u a tio n  is acco rd in g  to [5]: 

X  =  X ( k , z) =  exp (С г) X ( k , 0) -f- 

- | - | oe x p C (z — Ç ) ë ( k ,Ç ) d Ç .
(3.8)

As is know n, (see [5]), th e  canonical reso lu tio n  of th e  ex p o n en tia l m a tr ix  
fu n c tio n s en te rin g  in  th e  ap p earan ce  (3.8) shou ld  be p e rfo rm ed  in  d iffe ren t 
w ays, depend ing  on w h e th e r th e  ro o ts  of th e  m in im um  e q u a tio n  of th e  m a tr ix  
C(k) are  sim ple or m u ltip le . In  th e  prob lem  in  q u estio n  th e  h ighest com m on 
d iv iso r of th e  th ird -o rd e r  m inors o f th e  c h a ra c te ris tic  m a tr ix  defined  b y  th e  
re la tio n

K(A) =  Я Е - С  (3.9)

i.e ., th e  e lem ents o f  th e  m a tr ix  adj (A E —C) b u ilt  u p  from  th e  foregoing m inors, 
equals 1, th e re fo re  th e  m a tr ix  m in im um  eq u a tio n

d e t K(A) =  d e t ( Я Е - С )  =  0 (3.10)
of C.

In  th e  above  e q u a tio n sE  s ta n d s  for th e  fo u rth -o rd e r u n it  m a trix . D evelop 
ing th e  expression  (3.10) re su lts  in

1

0

de t K(A)

A fc2 0

V
A

1 -  2

1 -  V 2(1 -

0 0 A

2k.2
0

vk2

1 -  V 1 -  V

=  (A2 — fc2)2, (fc >  0 ) .  (3.11)

The ro o ts  o f  th e  above ch a rac te ris tic  eq u a tio n  are

A, =  A2 =  fc, A3 =  A4 =  - к , (к >  0). (3.12)

The desired  m a tr ix  fu n c tio n s m ay be e stab lish ed  in  th e  following fo rm  [5]:

exp  (Cz) =  [exp (kz) E  -j- z  exp  fcz(C — fcE)] Я 10(С) -j- 

-|- [exp ( — kz) E —г exp ( — k z )(C -f- fcE)] H 20(C),

exp [C(z — £)] =  [exp k(z  — £) E -f- (z— £) exp  fc(z—£)(C—k E ) ] H luC 

+  [exp fc(C -z) E  +  (C—z) exp  fc(£—z)(C +  feE)] Я 2о(C),

(3.13)

(3.14)

w here Я 10(А) a n d  fT20(A) are  th e  so-called H erm ite  p o lynom ia ls  sa tisfy ing  th e  
equa tio n s:

H 10(k) =  H.2o(— k) =  1, (3.15)

H lu( - f c )  =  H 2u(k) =  0, (3.16)
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d H 10(X)

dX * = ± f c

d Я 20(Я)

dX
=  0

* =± fc

T he exp lic it fo rm s o f  th e  H e rm ite  po lynom ials are :

Я 10(Я) =

н 20(Х) =

1
2к-

1

2 к
■Х +  1 (X +  k f ,

2 к2 2к
Я + 1 (Я — *)* .

(3.17)

(3.18)

(3.19)

In  consequence o f  th e  p ro p ertie s  o f  th e  H erm ite  p o lynom ia ls  we have 
(see [5]):

# 10(C) +  Я 20(С) =  E. (3.20)

B y  m aking  use o f  th e  above e q u a tio n s  we o b ta in  th e  ex p lic it fo rm  o f th e  
so lu tio n

exp  kz
X  =  X ( k ,  z) = ( -  C2 +  kC +  2k2E) +  2( -  C3

4 k 3

+  2k  С2 +  к2 C -  2 fc3E)
exp  ( — kz)

4/c3
[(C2 +  kC

-  2k2 E ) -  г (C3 +  2k  C2 -  k2 C -  2fe3E )]J  X  (к , 0)

+  ( -  C2 +  kC +  2fc2 E) Г е х р  fc(2 -  C).
&3 J o

([0 ,0 , b{k, 0 ,  Л(к, O f  rfC 4------- ( -  C3 +  2fc C2 +  fc2C -  2 k 3 E) X
k 3

X

+

J Z(2 -  0  ex p  k(z  -  0  [0 ,0 , 6(fc, 0 , Л (к, O f  dC

J _ ( C 2 +  fc C -  2k2E) Г е х р  fc(£ -  2) 
fr3 Jo

+

X [0,0, b{k, c), A(k , O f  dC 4------- C3 +  2k  C2 — k2C -  2 k 3E)  X

X

fc3

— z) e x p  fc(f — 2) .

[0 ,0 , b(k,  C), ^(fe, O f  d o

w h e r e

[0,0, h(fe,o ,^(fe,0]7

о

о

i>(k, 0

Л (к ,о

(3.21)
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In  th e  follow ing, equ a tio n s will be e s tab lish ed  w ith  th e  aid of w hich  th e  
sca la r co o rd in a tes  o f th e  d isp lacem en t v ec to rs  u =  u (r, z), w =  u>(r, z) a n d  
th o se  o f th e  s tress te n so r  or =  or(r, z), af  — af {r, z), az =  az(r, z), xrz =  t rz(r, z) 
can  he d irec tly  ca lc u la ted  from  th e  co o rd in a te s  of th e  v ec to r  X ( k , z).

O n th e  basis o f  th e  inversion  fo rm u la  re la tin g  to  th e  ze ro th -o rd e r H an k e l 
tra n sfo rm  th is  m ig h t be w ritten  as

tv — w(r , г) = -----Г W(k,  z) I 0 (kr ) kdk,
G J  о

(3 .22a)

tv =  u(r,  z) =  [ o iv(k, z) I 0(kr)kdk. (3 .22b)

(0 <[ r <7 oo, 0 z h).

F ro m  th e  eq u a tio n
du и V  

dr r G
(3.23)

b y  m ak in g  use o f th e  inversion  fro m u la  o f  th e  zero th -o rd e r H an k el tra n s fo rm  
an d  th e  eq u a tio n s

”  +  —  =  r ~ ~ - ( “ 0  , (3 .24) 
or r or

Г £ /„ ( £ * )  dÇ =  —— Ij{k  r ) ,
Jo  к

(3.25)

an d  b y  ap p ly in g  th e  ru le  o f  th e  p a r tia l  in te g ra l, th e  follow ing e q u a tio n  m ay  be 
in tro d u c e d

и =  u(r, z) =  I V(k,  z) I ^ k r )  d k , 
G J  о

(3.26a)

U =  u(r,z)  =  j ~ v ( k ,  z) I ^ k r )  dk, (3 .26b)

(0 < ^ r < ~ ,  0 < , ^ > < , h ) .

B y p roceed ing  in  a s im ila r w ay, th e  follow ing f in a l form ulae  
an d  Trz

are g iven  to  az

=  az( r> 2)=J0 Z(k ,  z ) I 0 (kr )d k , (3.27)

Gz =  Gz (r, s) =  Jo H k , 2) h ( kr ) d k ’ (3.28)

(0 ^ r <  oo, 0 <7 z <7 fc).
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F or d e te rm in in g  ar= a r (r,z), i t  shou ld  se t o u t from  th e  equ ilib riu m  E q . 
(2 .12). L et us p u t  th is  e q u a tio n  in to  th e  fo rm

(r2o) =  rr (<rr +  <TT) — r2 — T-a , 
d r dz

(3.29)

U sing  th e  eq u a tio n

(ar +  ) =
2G

1 —  2 V

2 G

1 — 2 r
33 dw

------- 1------ +  2 V-----
1 dr  r 02

i> +  2 v
Эм;

02

= т ^ г г 1 . Г ('‘'г)+ 21’

=  ——- Г v(k,  z) -f- 2v
1 -  2 V Jo  L

th e  follow ing e q u a tio n  m ay  he w ritte n

8 W
dz

div

dz

к 10(к r) dk  =  

к 7 0(fc r ) d k ,

(3.30)

! ^ (гЧ>= т= k f .

-  - j ;

V{k , 2) +  2v
Э Ш
02

fe 70 (fer) dk  —

(3.31)
d P(k ,  z)

dz
7X (fer) dfc — r2 a .

F ro m  th e  above e q u a tio n , by  in te g ra tio n  w ith  respect to  r an d  using  th e  
e q u a tio n s

Г | 7 0 ( |  fe) d |  =  —  7j(fer) , (3.32a)
J  о fe

Г  I 2 / i d  k ) d ^ = ~  h ( k r )  -  4  / „ ( * ') , (3.32b)
J  0 л “ r í

th e  eq u a tio n

_ Г Г  9 P (fe ,2)
J  0

F(fe, 2) +  2 r
8 fF(fc, 2)

0 2
7j(fer) dk  -

dz
h ( k r )  r l 0(kr)

dk - J o I2 a ( t , z ) d i

(3.33)

fe2 fe

m ig h t be deduced. I n  th e  follow ing th e  in v es tig a tio n s  will be re s tr ic te d  on ly  to  
s tre s s  d is trib u tio n s  w here

lim  (a r r2) =  0. (3.34)
r-o
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W ith  th e  re s tr ic tio n  (3.34) in  v iew , th e  fina l fo rm ula  o f  a,  will be

Or =  Or(r, z) =
2v j;(1 —2v)r  

3 P(k ,  z)

V(k,  z) -f- 2v
d W (k ,z )

dz

3 z
а д _  i 0(kr)

rk2
dk

2 g  f “
v(k,  z) -f- 2v

к

div(k, г)
dz

Ii(kr)  dk  —

4 - Г
г- J о

Ii[kr) d k  —

(3.35a)

■ f
3 P(k ,  z)

dz
2 h ( k r )  I 0(kr)

rk2
dk -  r2 J o 12 о ( ^ г )  d f ,

(3 .35b

(0 < r <  o o ,  0 ^  z <  fc).

D e te rm in a tio n  o f er =  сгДг, z) m ay  co n v en ien tly  be c a rr ie d  o u t, s ta r t in g  o u t  
fro m  eq u a tio n

av =  (a r +  ar) ~  ar-  (3.36)

R ep lac ing  (3.30) an d  (3.35) in to  (3.36), we ob ta in

=  ! _ 2 2  J „ L(fc, z) -f- 2p
d W
dz

к I 0(kr) dk —

+

2 Г  
(1 — 2 v)r J о
Г  3P(fc,z) 

Jo  dz

V(k,  z) -f- 2 r
3 ÏP
3z

2 h ( k r )  I 0(kr)

Ii(kr) dk  -f-

1 CT

2G Г1=27 J ,
r2F  fc

v (k , z )  -j- 2r

(3.37a)

dA: +  —  Í  I 2 a (r, | )  d | , 
r* Jo

dw(k ,  z)
dz

к  I 0(kr) dk

2 G Г
L —2 p)r J о

+

(1—2 i»)i

j “ 3 P (k ,z )

v(k,  z) -j- 2p
3 u>(k,z)

dz
I ^ k r )  dk  +

(3.37b)

3z
I 0{kr)

k b 2 к
dk +  ^ r \ j 2 a(r, I) d f ,

L e t i t  be:
(0 ;<  r <  o o ,  0 ^  z ^  fc).

T(fc, z, v) =  ( ' X p  (Ь )  [ / -  C2 +  fc C +  2 F E / +  
k 3

+  z ( — С3 +  2A: C2 +  F C  2fc3E )] +

+  exP ( ~ b > [ ( P  +  t C - 2g E ) -  
к3

-  z(C3 +  2k  C2 -  F  C -  2 F E ) ] .

(3.38)
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H ereafter, we assu m e  th a t  no system  o f forces d is tr ib u te d  on the vo lum e 
c a n  be  applied  to  th e  b o d y  in v es tig a ted , i. e.,

B ( k ,  z) =  [0, 0, b(k, z), Â ( k ,  z)]T =  0. (3.39)

In  th is case, E q . (3.37) will be a hom ogeneous d iffe ren tia l equation , an d  
i ts  general so lu tion  m a y  be o b ta in ed  as

X ( k ,  z) =  T(fc, z, v)X(k ,  o). (3.40)

In  connection  w ith  o n ly  one lay e r th e  dependence T (k , z, v) on v is n o t 
p a r tic u la r ly  em phasized , i. e., we app ly  th e  sim plify ing  d esig n a tio n

T(fc, z, v) =  T(fc, z). (3.41)

S ince th e  m a tr ix  T(k ,  z) tran sfo rm s th e  v e c to r  X ( k ,  0) in to  th e  v ec to r X ( k ,  z). 
th e re fo re , T(fc, z) is ca lled  tra n s fe r  m a tr ix  o f  th e  v ec to r X { k ,  z). The re la tio n 
sh ip  be tw een  X(k., 0) a n d  X ( k ,  z) — by  using  th e  w ay of re p re se n ta tio n  ad o p ted  
in  th e  contro l te c h n iq u e  — is schem atica lly  d ep ic ted  in  F ig . 3.1.

X,(k,0) I(k,z)
X(k.z)

Fig. 3,1. R epresentation of th e  transfer m atrix

O n th e  basis o f E q s  (3.22) (3.26), (3.28), (3.25), (3.37) a n d  (3.39) it is easy  to  
see t h a t  w ith  the  know ledge o f v ec to r X  (k, 0), co rrespond ing  to th e  b o undary  co n 
d itio n s , all the  v a riab le s  o f th e  b o u n d a ry -v a lu e  problem  m ig h t be d irectly  de
te rm in e d  b y  an im p ro p e r  in teg ra l. F o r d e te rm in in g  th e  v e c to r  X ( k ,  0) asso
c ia te d  w ith  th e  b o u n d a ry  cond itions, le t us w rite  dow n b y  v ir tu e  of E q. (3.40), 
th e  re la tio n sh ip  b e tw een  th e  vec to rs X { k ,  h) an d  X ( k .  0)

X (k , h) =  T(fc, h) X  (к , 0). (3.42)

In  general, in  th e  ab o v e  e q u a tio n , in  case of an a c tu a l b o u n d a ry  v alue  
p ro b lem  of th e  th e o ry  o f  e la s tic ity , tw o  co -o rd ina tes o f each  o f the  vectors 
X ( k ,  h ) and  X ( k ,  0) are  k n o w n . In  order to  d e te rm in e  th e  u n k n o w n  co-ord inates 
o f th e  v ec to r X ( k ,  0), i t  is adv isab le  to  tra n sp o se  and  p a r t i t io n  th e  coefficient 
m a tr ix  o f th e  set o f e q u a tio n s  (3.42) accord ing  to  th e  u n k n o w n  vectors

1

‘ S u S i a '  * o , i  '

-  У н л  - . S a S 2 2 - -  * 0 , 2
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H ere

Ул , vector in two dimensions uniting co-ordinates of the vector \ (k .  h) given 
directly or to be determined on the basis of the boundary conditions;

Yд column vector in two dimensions uniting unkown co-ordinates of vector
. X(fc, ft);

Y0 j column vector in two dimensions uniting co-ordinates of vector X(fc, 0) 
given directly or to be determined from the boundary conditions;

Y0 « column vector in two dimensions uniting unknown co-ordinates of vector 
X(fc, 0);

s  = =  PT(fc, ft) Q (3.44)

further, P and Q denote fourth-order permutation matrices, which satisfy Eqs (3,45) and 
(3,46):

I '  Y h,i " Yo, i  '
P X (fc,ft) = , X ( k , o )  =  Q

. У„,2 - - *„.«  -

(3 .4 5 -3 .4 6 )

T he blocks Ŝ - 
so lu tion  y ields

i.e.,

a re  tw o-by -tw o  m atrices . A p p lica tio n  of th e  above re 

Ÿ f t ,i=  s n Ÿ o , i+  S i 2y 0 , 2 (3.47)

0 , 2  — S 12 Ÿh,i S j21S 11Y 0,1 (3.48)

p ro v id ed  th a t  d e t S12 0. R ep lacem en t o f (3.48) in to  (3.46) resu lts  fo r th e
v ec to r X (k , 0) are g iven  in  th e  follow ing:

X ( k ,  o)
О

s 12

*<
>

О __
__

_
1

L Y h,i
(3.49)

In  th is  eq u a tio n  E  is a second-o rder u n it m a tr ix  a n d  0  is a tw o -b y -tw o  
zero m a tr ix . R e p la c e m e n t of th e  v e c to r  X ( k ,  0) sa tis fy in g  th e  b o u n d a ry  co n d i
tio n s in to  (3.39) g ives X ( k ,  z), w herefrom , b y  v ir tu e  o f (3.26), (3.27), (3 .28), 
(3.35) an d  (3.37) th e  d isp lacem en t v e c to r  an d  s tress p a t te rn  o f th e  p o in ts  
o f th e  in v e s tig a te d  la y e r  m ay  be d e te rm in ed .

4. A n exam ple for the determination o f the  
vector X (  ft,0)

T he b o d y  s tif f ly  fix ed  a t  th e  face ch a rac te rized  b y  th e  coord inate  z =  0, 
d e p ic te d  in  F ig . 4.1 is su b jec ted  on th e  p lan e  o f th e  co -o rd in a te  z =  ft, to  a 
d is tr ib u te d  load  o f  g iv en  in te n s ity :

°V(r, ft) = / ( r )  (4.1)

тгг(г, ft) =  0. (4.2)
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/ Z Z / / / / / / / / / / / / / / . Y Z Z Z Z Z Z Z Z / / / / / / / / /__ гГz = 0 u = 0
* w  = 0

-

G, V

z = h \ f= f(r ) j  

z ,

/  Gz = f(r), Trz-0

Fig. 4,1. E lastic layer o f thickness h w ith  axi-sym m etrical boundary  conditions

A p p a re n tly , th e  b o u n d a ry  cond itio n  a t  z =  0 is

C О II p (4.3)

iv(r, 0 ) =  0 . (4.4)

F ro m  E qs (4.3) a n d  (4.4) i t  follows

ОIISkT (4.5)

V(r,  0 ) =  0 , (4.6)

V(r,  o) — 3 i / ( r , o )  U(r.  o) _  0 
9r r

(4.7)

i.e ., th e  f irs t  tw o co -o rd in a tes  of th e  v e c to r  X ( k ,  0) are eq u a l to  zero. T hus, 
ta k in g  E q s (4.6), (4.7) in to  co n sid e ra tio n , th e  v ec to r X ( k ,  0), f ig u rin g  in th e  
p ro b le m  in  question , w ill be

X ( k ,  o)

0

0

y 0,2 _
Z(k,  0)

_ H k ,  o) _

(4.8)

T a k in g  th e  b o u n d a ry  co n d itio n s p rescrib ed  a t  th e  face z  =  h in to  acco u n t, it  
c a n  b e  w ritte n  th a t

X ( k ,  h)

“ V(k,  h) -

Y h,i ' W(k,  h)

n ,2 - f ( k )

0

(4.9)
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B y  v ir tu e  of E qs (4.7) an d  (4.9) th e  fo u rth -o rd e r p e rm u ta tio n  m a tr ix  o f 
P  a n d  Q can  d irec tly  be w r itte n  as:

-  1 0 0 0 - -  0 0 1 0 -

0 1 0 0 0 0 0 1
E =

0 0 1 0
, p  =

1 0 0 0

_ o 0 0 1 _ _ 0 1 0 0 _

B y m aking  use o f  th e  fo rm :

T(fc, h) =

(4 .1 0 -4 .1 1 )

(4.12)

of th e  T (k, h) p a r ti t io n e d  to  tw o-b y -tw o  blocks, an d  b y  a p p ly in g  (3.44) we 
o b ta in

s  =
■ Su S l 2 T 21 T 22

_ S 21 S22 . Tu T12 .

F in a lly , from  E q s (4.13) an d  (3.49) follows th e  re su lt fo r X ( k ,  0)

w here

X ( k ,  o) = _ m _  _
*33 *44 *34 *43

0
0

*44 ’

T(fc, h) =  1 i, j  <  4.

(4.14)

5. Axi-sym m etrical boundary value problems of a layered body with isotropic 
layers o f hom ogeneous linearly elastic m aterial

T h e find ings in  co n n ec tio n  w ith  a one-layer b o d y  o f hom ogeneous iso
tro p ic , lin ea rly  e lastic  m a te r ia l  m a y  be generalized  to  a la y e re d  b o d y  o f f in ite  
th ick n ess , consisting  o f lin e a rly  e lastic  m a te ria l, hom ogeneous in  each  lay e r 
possessing  ax i-sy m etrica l b o u n d a ry  cond itions rep re sen ted  in  F ig . 5.1.

T he q u a n titie s  re la te d  to  th e  layers desig n a ted  w ith  i  (i =  1, 2, . . ., 
n  — 1). T hus, for exam ple , p a ra m e te rs  of th e  lay e r m ark ed  b y  i are:

— hj thickness,
— Vi Poisson’s ra tio  of m aterial,
■— G i shear elastic ity  modulus of m aterial,
— Ti =  щТ{ +  utjêzi =  displacem ent vector of point P , of layer in  a cylindrical system

of coordinates r (-, () /. z, represented in Fig. 5,1,
etc.
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F ig .  5 ,1 . Layered body of thickness h  with axi-symmetrical boundary conditions

To each o f th e  la y e rs  a cy lindrical sy stem  of co -o rd in a tes  (r,-, g>,-, 2,) is 
co n n ec ted  (see F ig . 5.1) so th a t  we have

T h e  in v es tig a tio n  also h en cefo rw ard  is re s tr ic te d  to  th e  case w here th e  v ec to r of 
in te n s i ty  g) (i =  1 , 2 , . .  ., re— 1, re) o f th e  v o lu m e tric  sy s tem  o f forces is eq u a l to  
zero . I n  connection  w ith  th e  lay e r i  (i == 1, 2, . . ., re— 1), b y  v ir tu e  o f  E q . 
(3 .40), i t  can be w ritte n  w ith  respect to  th e  cy lind rica l sy s tem  o f co -o rd inates

r n  <Pi-> z i-
X i ( k ,  s t) =  T (k, z„ V,) X ( k ,  0) (5.3)

(0 <  z,. <  A„ к >  0).

In  th e  above e q u a tio n  к is n o t m ark ed  w ith  i, because a ll th e  r, s (i — 1, 2, 
. . ., re— 1, re) are eq u a l to  each  o th e r an d  к  is re la te d  to  th e  in te g ra l tra n s fo r
m a tio n  perfo rm ed  w ith  re sp e c t to  th e  v a ria b le  r. I t  is ad v isab le  to  change over
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from  th e  v a riab le  Xj{ k ,  2) to  a n o th e r  one w hich does n o t include th e  m a te r ia l  
c o n s tan t Gj, b u t has th e  sam e p ro p e rtie s  as X j { k ,  2). L e t th e  new v ariab le  be :

X ,( k , z , )
Z, (k,  2,)

. p ,(M /)_

(5 .4)

T he re la tio n sh ip  b e tw een  X j ( k ,  2) an d  #,(&, 2,) is exp ressed  by  th e  e q u a tio n s

w here

X i( k ,  2,-) =  G, Xj(k,
Xi(k, 2,)

G, Г ,

=  Г ,Х ,(к , 
=  E

2,),

" G,- 0 0 0

G, =
0 G, 0 0
0 0 G, 0
0

-  1

0 0 G, .

g ;
0 0 0

г,=
0

1

g7
0

1

0

0 0
1

~Gi
0

0_ 0 0
1

~Gi-

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

an d  E  is a fo u rth -o rd e r  u n it m a tr ix .
C onsidering th o se  m en tio n ed  in  th e  foregoing , fo r th e  vec to r x (k ,  2() 

we o b ta in :

* i { k ,  2,) =  L i(k, г,-, V ,-, G j ) X j ( k ,  o )  (5.10)

an d  th e  m a tr ix  L,(A:, 2,) =  L, (&, z„ p,-, G,) describ ing  i ts  tran sfo rm a tio n

L,(к , 2,-, V,-, G,) =  r ,  T, (fe, z,-, p,) G,. (5.11)

T he issue o f th e  chain -like  in te rco n n ec tio n  o f th e  lay e rs  — i.e. th e  f i t t in g  o f  th e  
v a riab les  u, w, az, t rz — is th e  follow ing eq u a tio n  (see F ig . 5.2):

i i ( k ,  k J  =  x i+1(k,  0), (5.12)

(i — 1, 2 , . . .  n — 1).
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X,(k,o) Я,(к,h,)=X2(k.o) X2(k,hn) =......= Xn(k,o) *n(k.hn)

Fig. 5,2. R epresen tation  of the equation  xi(k , hi) =  £/+j(k, 0) (i =  1,2, . . . , п-1)

Xn(k. hn)

L = ir Lj = Ln Ln- i ............L2 Li

Fig. 5,3. R epresentation  of th e  re su ltan t transfer m atrix

B y m aking  use o f  E q . (5.12), th e  v e c to r  x ^ k ,  0) m ay  be b ro u g h t in to  
d ire c t connection  w ith  th e  v ec to r x n(k , h n) th ro u g h  th e  eq u a tio n

x n(k, hn) =  L x ^ k ,  0) (5.13)

w h e re  L =  L (k, hv  fc(, . . ., fc(; vv  v2, ■ ■ vn; Gv  G2 . . . Gn) desig n a tes  th e  re 
s u ltin g  tra n sfe r  m a tr ix  o f  th e  lay e r n w h ich  is to  be estab lished  on th e  basis o f 
th e  eq u a tio n

L — L„ Ln=1. . . L2 L x — J Y  L t(k, hj, vt, G, ) .
i= i

H e re , th e  n o ta tio n

I ji —  Ц' (k, hi, Vi, Gi) ,
(i =  1, 2 , . . . n  — 1, re)

(5.14)

(5.15)

is in tro d u c e d . T he m a tr ix  L  depends on  th e  m a te ria l c o n s ta n ts  o f all o f th e  
m e d ia , globally  ch a ra c te riz in g  th e  lay e red  b o d y . A possible d e m o n s tra tio n  of 
E q . (5.13) is — b y  m a k in g  use o f a c o n tro l- tech n iq u e  com p ariso n  — o u tlin ed  
in  F ig . (5.3).

In  case of a p a r tic u la r  b o u n d a ry -v a lu e  p rob lem  as a f ir s t  s te p , th e  re su lt
in g  tra n s fe r  m a trix , th e re fo re , th e  v ec to r % (k, 0 ) should  be d e te rm in ed  from  th e  
e q u a tio n

Xj(k, o) =  Q
О

°11 1̂2 J
Год"

A i .
(5.16)

In  th is equation
— E second-order u n it m atrix,
— 0  tw o-by-tw o zero m atrix,
— J o t  column vector built up from  the tw o coordinates d irectly  given or to be

determ ined from  the boundary  conditions of the vector 0 ),
— У/i, l column vector containing the tw o coordinates directly given or to  be deter

mined from  the boundary conditions of the vector xn(k , hn),
— S12 and Sn  denote th e  blocks of the following two-by-two m atrix .
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su s12
. S 2i S 22.

P L Q , (5.17)

— here P and Q denote the fourth-order perm utation m atrices involving the equations

(5.18)P i n(k, K )  =  

*i(fc, o) =  Q

У м
У К  2

У  од 
J  0,2 J

(5.19)

where
У  h 2 

Уо,2

two-dim ensional colum n vector uniting unknown coordinates of the vector  
xn(k, hf),
two-dim ensional colum n vector uniting unknown coordinates o f the vector
x,(k, 0).

In  th e  n e x t s tep  th e  v ec to r x,(k,  0) from  th e  e q u a tio n

X i ( k ,  0 ) =  M,x,(fc, 0 ) (5.20)

w here

М,- =  L ( = 1 L _ 2  • ■ • L 2 l q  =  / /
s = l

(5.21)

is  th e  re s u lta n t  tra n s fe r  m a tr ix  o f  th e  f irs t i — 1, s =  1, 2 , . . ., i — 1 lay ers  w ith  
re sp e c t to  th e  v e c to r  x ^ k ,  0). K n ow ing  th e  value o f x t(k,  0), th e  v ec to r x t(k,  z,), 

hi, 0 <  k),  in  th e  la y e r  i, from  E q . (5.10) w ill be form ed. F ro m  th e  
co -o rd in a tes  1;,(fc, zf), tr,(fc, z t), z ,), P(k,  z,) of th e  v e c to r  x,(/c, z,), from  E qs 
(3 .22a), (3 .26a), (3.27), (3.28), (3 .35a), (3.37a) th e  sca la r  co -o rd inates u ,(r, z,), 
Wj(r, z ,)and  Gzi(r, z,), af  i{r, z,), az ,(r, z,), r r2 ,(r, z,) o f th e  d isp lacem en t 
v e c to r  an d  s tress ten so r, re sp ec tiv e ly , m ay  be d e te rm in ed .
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2 3 2 ECSEDI, I.

Eine Lösungsmethode einiger Achsensymmetrieprobleme der Elastizitätslehre. Be
h an d e lt wird eine Lösungsm ethode quadratischer Achsensym m etrieproblem e von m it einer 
gegebenen Ebene parallel unendlich ausgedehnten, kleinen V erform ungen unterworfenen, in 
allen ihren Schichten aus homogenem, isotropischem  und linearisch elastischem Material 
bestehenden K ontinua.

Один из методов решения некоторых центрально симметричных задач теории 
упругости. Данная работа занимается решением квазистатических центрально симметри
чных задач континуумов, претерпевших небольшую деформацию и имеющих параллель
но с выделенной плоскостью бесконечные размеры, из послойно гомогенного, изотропного 
и линеарно упругого материала.
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Corrugated conical shells hav ing  a vertical axis, a circular ground plane 
and free boundary  are analysed in  a cylindrical system of co-ordinates. 
The investigated  shells are sub jec t to uniform  vertical loads, and supported 
by radial ribs. Formulae are g iven for th e  determ ination of th e  reduced 
stress resu ltan ts. Their d is tribu tion  is illustrated  for two practical cases.

Acta Techn. Hung. 82 (1976) p p . 1—7

B ö lcsk ei, E .: Corrugated Conical Shells

\

Acta Techn. Hung. 82 (1976) pp . 9— 13

B a b t a , J . :  Some Reciprocal Properties o f Stress Components

Two of the  reciprocal p roperties presented here, are purely m athem atical 
properties referring not only to  stress components, b u t also to  all vector 
components. The further reciprocal properties showned here are in  the 
last analysis, physical properties, because they  are derived from  the well 
known equality  paj =  p ja w hich is a consequence of th e  dynamical 
equilibrium .

Acta Techn. Hung. 82 (1976) pp. 1 5 - 2 9

C s o n k a , P .: Design o f Star-Shells Subjected to F ull Load

The paper deals with parabolo id  shells of revolution subjected to  an axi- 
sym m etrically distributed fu ll load (dead load and snow load applied 
sim ultaneously) acting in  vertica l direction. The form  of the base over 
which th e  shell in question is constructed, is a regular polygon-like con
figuration  w ith concave cu rved  sides, a so-called star-polygon. The treated  
shell — th e  so-called star-shell — is bordered by an edge beam  supported 
along its  whole length by a  wall, wherefore, the eross-seetion of the edge 
beam is only subjected to  a  centric norm al force, th e  so-called string 
force. B y using a convenient calculation m ethod the shape of the star- 
polygon is so designed th a t  th e  stress resultants, generated in  the shell, 
can be calculated w ith th e  aid of closed formulae. A num eric example 
proves th e  suggested m ethod  as being expedient.





Acta Techn. H ung. 82 (1976) pp. 31 — 46

B a reS, R .: A nalysis o f Structurally Orthotropic Plane Structures

Paper describes a calculation m ethod  for form orthotropic plate-like struc
tures. I t  takes in to  calculation n o t only the bending and torsional stiffness 
of the s truc tu re  b u t also its con trac tion  ability. Application of the above 
method reduces the lengthy ad m ost tiring p a rt of the calculation, as 
well as the s truc tu ra l enginer’s w ork to  the minim um.

Acta Techn. Hung. 82 (1976) pp . 47 — 52

G a m e r , U . :  Nonsteady Temperature F ield in the Rotating Anode o f an 
X -ray Tube

Using the tem perature  d is tribu tion  due to an  instantaneous point source, 
the tem pera tu red  field in an in fin ite  disk caused by a heat source moving 
along a circle is calculated. F o r constant ou tp u t and constant circular 
frequency th e  mean value of th e  tem peratu re  over the circumference 
is received in  closed form by  application of the Laplace transform ation 
and short tim e  expansion. The num erical results are represented graphi
cally.

Acta Techn. Hung. 82 (1976) pp. 61 — 67

M a n d a l , S.: A n Infinite Viscoelastic Thick Plate Containing an External 
Crack

This paper is concerned w ith  the stress fields in  an infinite viscoelastic 
thick p la te  containing an ex te rna l crack due to  the application of normal 
pressure to  its faces. The crack  is taken  to  lie in the central plane of the 
plate norm al to  the axis of sym m etry  and occupies the region outside the 
circle. I t  is assumed th a t th e  two faces of th e  crack are loaded exactly  
the sam e w ay and the viscoelastic layer is in a rigid casing. H ankel tran s
forms of th e  displacement vector are introduced. Mixed boundary  con
ditions lead  to  dual integral equations. These equations are th en  reduced 
to F redholm  integral equation  of the second kind. This type  of equation 
is solved b y  an iterative process for large values of thickness of th e  plate. 
The stress intensity  factor h as been calculated.





After sum m ing up  the experiences collected through the application of 
the au tom atic  design methods of optical systems known so far, an algo
rithm  entire ly  new in its starting  po in t and initial stages, suitable for the 
optimized au tom atic  (and trad itio n a l) design of classical tr ip le t type 
objectives is decribed. The paper explains in  detail the  definition of the 
notion of perform ance determ inant param eters, the derivation of the 
basic tr ip le t equations, and th e  relations of glass m aterial selection; 
the wellknown methods of bending and  fine correction are covered only 
as much as needed. The im portan t advantage of the new algorithm  easy 
to program  for a computer and providing for a num ber of optim ization 
possibilities is th a t  a t requires as a s ta rting  point for autom atic (and 
traditional) tr ip le t design nothing b u t th e  knowledge of the relative aperture 
and field angle given in advance, and  the data  of the adaptable glass 
types, and th a t  it  is suitable for m ultila tera l generalization (other optical 
system types containing cem ented lenses as well, finite object distance, 
etc.).

Acta Techn. Hung. 82 (1976) pp . 69— 85

K alló , P .: Algorithm for Automatic Triplet Design

Acta Techn. Hung. 82 (1976) pp. 87 -9 7  

G á s p á r , Z s . :  Generalization o f Physical Networks

Equations o f th e  physical netw ork (physical graph) defined as the general
ization of b a r  systems directly yield relationships between bar systems in 
small displacem ent and linear electric circuit as special cases.

Acta Techn. Hung. 82 (1976) pp . 99 — 119

K r i z e k , R. J . — E l n a g g a r , H . A. — A zzouz, A. S.: Consolidation Around  
Sand D rains in  Non-Darcian Soils

The effect of non-Darcian flow on th e  consolidation behavior of clay soils 
is evaluated  for conditions of rad ia l drainage only and combined radial 
and vertica l drainage. This is accom plished by postu lating  a reasonably 
general four-param eter velocity -grad ien t relationship, which by proper 
choice of param eters is capable of characterizing much of the published 
experim ental da ta  on the flow of w ater through clay soils, and combining 
this rela tionsh ip  with the o ther s tan d a rd  assum ptions of classical consol
idation th eo ry  to  develop a nonlinear parabolic partia l differential equa
tion, w hich is solved by use of fin ite  difference procedures. Several typical 
solutions show th a t the tim e ra te  of consolidation for soils which exhibit 
non-D arcian flow characteristics is substantially  less th a n  th a t  predicted 
by classical consolidation theory . A lthough a num erical solution to  the 
tw o-dim ensional flow problem  was easily obtained by  an explicit finite 
difference scheme, restrictive s tab ility  criteria rendered such solutions 
expensive.





Acta Techn. Hung. 82 (1976) pp. 121 — 168

K e m é n y , Â. P.: Experimental Investigation o f the Life o f Semiconductor 
Devices I I I .

The generally used m ethods of prolonged d. c. operating life tes ts  of transis
tors, w hich provoke m ainly th e  therm ally activated  surface degradation 
phenom ena, give little  inform ation on the deterioration in switching 
operation. A method is proposed where the transistors are loaded as 
comm on base, inverters in  sw itching operation w ith fixed SO Hz or higher 
repetition  frequency, a t exactly  controlled and determ ined sw ithing on 
and off tran sien t energy. T his method perm its the economical exam ination 
of large samples and is useful m ainly as a screen tes t for th e  quick selec
tion  of individuals w ith h idden struc tu ra l defects. Such tes ts  supported 
by m icrophotographs of failed sam pler seem to be in  accordance with 
the analy tical results of a bulk degradation  procers tre a ted  here and 
em phasize the necessity of a flawless geometrical s truc tu re  of a such 
devices.

Acta Techn. Hung. 82 (1976) pp. 169 — 177

R o s t á s , J .:  Porosity o f Cement Stone as a Function o f the Water — Cement- 
Ratio

Due to theoretical considerations the porosity and th e  solidity of the 
cem ent stone will be deduced as a function of water — ccm ent-ratio  and 
hydra tion  degree. The results deduced for the  various cases will be com
pared to  experience, and  good correspondence will be found.

Acta Techn. Hung. 82 (1976) pp. 179 — 196

S z e n t g y Ö RG Y I, I .—Y a b g a , J . — V e r e s , G . :  Results o f Semi-Pilol-Measu- 
rings Concerning the Steem -Am monia Heat-Transformation in Binary  
Power Station System

A t th e  beginning of the 1960’s, when im proving the air condenser system, 
Professor H e l l e r  suggested the realization of the com bined steam  am
m onia system. Later, in  1965, he published his recom m endations concern
ing th e  structure of th e  suggested new system. Here he pointed out the 
dom inan t role of the h e a t exchanger dividing the p artia l cycles and also 
the difficulties concerning the realization were m entioned. I t  became 
evident, th a t experim ental research was needed prior to  realizing the 
dividing heat exchanger. Only the results of these experim ents could show 
w heather it  is possible to  build — a t the necessary therm al conditions — 
a ra tio n a l dimension h ea t exchanger. In  the course of th e  experim ental 
w ork i t  was found possible to  build a ra tional dimension, steam  — am
monia condenser boiler, which operates suitable even a t  th e  low, about 
4 — 6 °C tem perature differences required from the therm al point.
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• S o m l y ó d y , L . :  Exam ination o f M ixing in Water Streams Using Mass
? Flux Constant Curves
г The report deals w ith  th e  m ixing of a dissolved passive po llu tan t perma-

nently released in to  a w ater stream . I t  assumes the velocity field as being
known and m akes use of th e  equation of tu rbu len t diffusion, describing

» the said phenom enon by th e  introduction of depth-averaged values, in
S a co-ordinate system  consisting of streamlines and equipotential lines
« normal to  them . As in  th e  case of streamlines, i t  defines th e  curves of
г mass flux co n stan t which divide the original differential equation into
т two equations, m ore convenient to  handle com putationally . Furtherm ore 

the report outlines certain  characteristics of the curves, th en  deals w ith
« the com putation  of the d istribution  of the concentration , respectively,
t w ith the inverse case: the determ ination of the dispersion coefficients
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obtained by  tra ce r measurem ents.
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E c s e d i , I.: A  Method to Solve Some Axi-Sym m etrical Problems o f the
г
»

Theory o f E lasticity

с The paper deals w ith  the solutions of axi-symm etrical quasi-static problems
of continua consisting of layers of infinite extension parallel to  a given

\. plane. I t  is assum ed th a t  each layer is homogeneous and  isotropic, consist-
Í
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ing of linearly  elastic m aterial having insignificant deform ation.
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S c h a r l e , P .:  On the Relationship between D ifferent Approxim ating  
Methods.

n The paper deals w ith  some common properties of several well-known approxi-
« m atingm ethods. I t  separates th e  concepts of th e  approxim ating principle 

and approxim ating technique. A ttem pts are m ade to  construct a general
Г trea tm en t for re la ting  th e  approxim ating principles used in  the numerical
* investigations of a wide class of non-linear continuum  problems. I t  is
• possible to  recognise a very  expressive connection betw een the different

methods as th e  least squares, weighted residuals, direct approxim ation
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and varia tional ones.
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MEMBRANE SHELLS
WRITTEN IN CYLINDRICAL CO-ORDINATES

E. BÖLCSKEI*
CORRESP MEMBER OF TH E HUNG. AC. OF SCI.

[Manuscript received 1 Nov. 1974]

Examples have been presented to show unambiguously that several types of 
shell structures lend themselves for treatment in cylindrical co-ordinates, rather than 
for shells of revolution alone. This statem ent is also valid for shells with intricate 
cyclic folds, or waves. For shells over sector — or ring sector — shaped ground-plans, 
also the boundary conditions can be relatively simply to be taken into consideration.

1. In tro d u c tio n

In  general o rth o g o n a l co -o rd inate  system s have been app lied  to  in v e s ti
ga te  th e  s ta te  of stresses in  m em b ran e  shells. These h av e  been app lied  up 
to  now  to  analyze th e  

b a rre l v au lt shells, 
e llip tical p a rab o lo id  shells, 
h y p a r  shells, 
conoids,

th e  m o st com m only  used  ty p es of shells in p rac tice , while only  eq u a tio n s  
describ ing  th e  m idd le  surfaces of shells o f rev o lu tio n , as well as d iffe ren tia l 
eq u a tio n s describing th e ir  s ta te  of s tresses, have  been  w ritte n  in  cy lind rica l 
co-o rd inates.

In  the  p resen t p a p e r it  w ill he p o in ted  o u t th a t  several p rac tica lly  
feasible o th e r shell fo rm s, d ifferen t from  th a t  of rev o lu tio n , arc ra th e r  sim ple 
to  w rite  in  cy lind rica l co-ord inates. A gain , th e  s ta te  of stresses ana lyzed  
in  cy lindrica l co -o rd in a tes  often  leads to  d iffe ren tia l equ a tio n s w hich  can  be 
easily  h and led  and  solved.

In  the  follow ing som e shell su rfaces will be p resen ted , w hich are  likely  
to  be m ore sim ple to  w rite  in cy lindrical, th a n  in  th e  u su a l C artesian  o rth o g o n al 
co -o rd ina te  system , such  as: 

helical shells, 
co rru g a ted  conical shells, 
w aved  shells,

* Prof. D r . E. B ö l c s k e i, Muskotály u. 37, 1118 Budapest, Hungary

1 Acta Technica Academiae Scientiarum Hungaricae 82, 1976



234 BÖLCSKEI, E.

cup-like shells, 
p o la r- tra n s la tio n  shells, 
conoidal shells, 
tw isted  shells, 
calyx-shaped  shells.

2. Helical shells

An o rd in ary  helical surface is ch a rac terized  b y  in v a ria b ly  h o rizo n ta l 
sec tions parallel to  th e  base  p lane  (F ig . i) .  I t  is expressed  by :

z =  c<p . 

i  z

The m iddle su rface  o f th e  so-called conical-helical shells, expressed  b y

z =  crcp ,

is som ew hat m ore com plex . I t  has again  s tra ig h t genera trices, th ese , how ever, 
in v a r ia b ly  pass th ro u g h  th e  origin of th e  co -o rd in a te  system . Such a su rface 
is showm in Fig. 2 ; a ) Feing  th e  f irs t  th re a d  c u t from  th e  surface b y  a cy linder 
r =  co n stan t, b) b e in g  its  section  c u t b y  a p lane  para lle l to  th e  base  p lane 
a t  a he igh t z =  c o n s ta n t.

H elical shells a re  of p rac tica l use, e.g. to  su p p o rt helical s ta irs , or as 
ra m p s  in m u ltis to rey  garages.

3. Corrugated conical shells

This shell ty p e  can  be ch a rac te rized  in cy lindrica l co -o rd inates b y  th e  
gen era l equation

z =  cr sin Щ! -f- hr
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Í Z

w here  c, h, oc are c o n s ta n ts , « being th e  n u m b e r of w aves fo r a single rev o lu tio n , 
n u m b erin g  6 in  th e  exam ples of F ig . 3a.

I f  for p rac tica l reasons th e  v a lley s  are to  be rep laced  b y  ridges, th e n  
th e  abso lu te  value o f  th e  q u a n tity  sin  rx.cp has to  be reck o n ed  w ith . F ig . 3b 
show s an  exam ple o f  th is  ty p e  of shells. I ts  eq u a tio n  is:

2  =  er I s in  oap I -\- hr .

A special case o f  th is  shell ty p e  is th e  cross-vault  w ith  sine d irec trix . 
A n exam ple hav ing  a c ircu lar g ro u n d  p lan  and  a h o riz o n ta l crow n line is 
show n in Fig. 4.

O m itting  th e  a d d itiv e  term , we o b ta in

or
2  =  cr sin acp

2 =  СГ s in  Щ  .

1* Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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Fig. 3

I n  th e  la t te r  case, va lley s  have again  heen  tran sfo rm ed  in to  ridges. Two 
v a rie tie s  conform  to  th e  above eq u a tio n s  are  show n in F igs 5a an d  5b.
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4. W aved shells

A waved shell w ith  an a rb itra ry  d irec tr ix  is described  b y  th e  general 
eq u a tio n

z  =  f ( r )  sin cup

w here  fu nc tion  f ( r )  can  be chosen a t  will, such  as:

f ( r )  =  cer, c cos hr, cr2 e tc.

A ccord ingly , th e  shell can  be te rm e d  a p arab o lic  etc. one, w ith  d irec tr ix  er, 
cosh  r or r2 e tc .

T he so-called parabo lic  w aved  shell w ith  d irec tr ix  r2 has a genera l 
e q u a tio n  of th e  fo rm :

z =  cr2 sin  х<р - |-  hr2.
E lim in a tin g  th e  valley s:

2 =  er2 I sin  cup I -|- hr2,

as is show n in  F ig . 6 , w ith  a =  3 an d  h <  0.
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Í Z

Choosing th e  a d d itiv e  te rm  as h =  0, an d  ta k in g  ж =  6, re su lts  in  a 
p a ra b o lic  w aved shell (F ig . 7) expressed  by :

2 =  СГ2 S in  Ж(p .

5. Cup-like shells

R a th e r  in te re s tin g , b eau tifu l su rfaces — cup-like shells -  re su lt from  
a p p ly in g  the  period ic  fu n c tio n  used  earlie r as a m u ltip lie r e.g. th e  sine 
fu n c tio n  as d e n o m in a to r, com pleted  b y  an  ad d itiv e  te rm  ß. F o r /3 ;>  1, 
th e  deno m in a to r is non -zero , hence, th e  frac tio n  is never in fin ite .

T he sim plest fo rm  o f cup-like shells th a t  h av in g  a s tra ig h t d irec trix , 
w ith  th e  equation

cr
2 = -------- ----- - ,

sin жср -f- ß
i l lu s tra te d  in Fig. 8 .
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T he linear fu n c tio n  can be rep laced  b y  an y  o th e r  func tion  of th e  
v a r ia b le  r, hence, th e  general eq u a tio n  o f th e  so-called cup-like shell is o f 
th e  form :

z = - ^  .
sin  <x<p -f- ß

O ne o f the  sim plest fo rm  of / ( r )  is a p a rab o la

f ( r )  =  cr2.

T he corresponding p arab o lic  cup-like shell (F ig . 9) is ch a rac te rized  by

cr2
z — —

sin  x<p -f- ß

A z
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6. Polar-translation shells

The m iddle su rface  of a polar-translational shell is o b ta in ed  b y  tu rn in g  
a p la n a r curve a ro u n d  a v e rtic a l axis an d  m oving i t  a t  th e  sam e tim e  u p  an d  
dow n, so th a t  i t  a lw ays to u ch es a sinusoidal line d raw n  on a concen tric  
cy lin d er surface. W h en  th e  m oving  curve is a sinuso id  th e n  th e  eq u a tio n  
o f  th e  shell’s m idd le  surface is

2 =  a sin  2 л  -y— (- 6 sin oap.

A  secto r of th is  she ll’s m iddle  su rface  cu t ou t b y  tw o  ra d ia l p lanes and  a 
cy lin d e r,'is  show n in  F ig . 10. A p a r t  o f a sim ilar surface lim ited  b y  tw o v e rtica l 
p lan es passing th ro u g h  th e  axis an d  by  tw o concen tric  cy linders (F ig. 11)

Fig. 10

Г
[

Fig. 11
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is ch a rac te rized  by  th e  eq u a tio n :

(  Г j
z =  a sin  2 л  ---------— -f- b sin xcp .

Surfaces confined b y  concen tric  circles and  by  s tra ig h t rad ii a re , in  
general, also easy  to  t r e a t  in  cy lind rica l co -o rd inates.

7. Conoidal shells

A  conoidal shell w ith  a ra d ia l s tra ig h t d irec tr ix  is show n in  F ig . 12. 
I ts  e q u a tio n  is:

2 =  c(r a) (cp2 oc2) .

T he polar harmonic shell, described  b y

z =  c • (r a)2 (cp2 a 2) ,
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is s im ilar in c h a ra c te r , excep t th a t  here th e  rad ia l sections are p arab o lae  of 
th e  second-order in s te a d  of s tra ig h t lines. Such a shell over a g roun d -p lan  
con fined  by tw o ra d ia l  s tra ig h t lines an d  tw o concen tric  circles is show n 
in  F ig . 13.

8. Twisted shells

A shape o ften  en co u n te red  in  B aro q u e  a rc h ite c tu re  is th e  surface of 
a tw is ted  colum n. T h e  eq u a tio n  o f its  su rface  (F ig . 14) is easy  to  w rite  in 
a p o la r system  o f co -o rd in a tes  as

r =  a sin (b<p - cz) ,
or, in  the  usual fo rm :

1 /\ r \
z — —  I b(p arc sin —

c l a J

C onsidering in th e  fo rm e r eq u a tio n  th e  ab so lu te  va lue  o f th e  sine te rm , i.e. 
ta k in g

r =  a I sin (b<p — ez) I ,

a n o th e r  tw isted  su rface  is ob ta ined  (F ig . 15), d iffering  from  th e  fo rm er by 
fe a tu r in g  only convex  sine half-w aves.
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9. C alyx-shaped shells

T his exped iency  of the  use o f a po lar co -o rd ina te  system  is p o in ted  
o u t b y  th e  p o la r tran s la tio n  shell h av in g  th e  eq u a tio n

z =  a In br +  c sin ncp .

F ig . 16 d ep ic ts  axonom etrica lly  a p a r t  o f th is  shell, lim ited  by a co n cen tric  
cy lin d er and  also shows its sections c u t o u t o f th e  m iddle surface by  p lan es 
z/a =  1/2, z/a =  0 and  zja =  - 1/2. T his surface h av in g  a re la tiv e ly  sim ple  
eq u a tio n , a d a p ts  itse lf  to  n a tu ra l flow er shapes.

Fig. 16

Behandlung von Membranschalen in Zylinderkoordinaten. Beispiele sind vorgeführt, 
die eindeutig beweisen, daß sich eine Anzahl Schalenkonstruktionen für eine B ehandlung in 
Zylinderkoordinaten eignen. Diese B ehauptung beschränkt sich n icht auf R otationsschalen, 
sondern gilt auch für verhältnism äßig verwickelte Schalenflächen m it periodischen Falten. 
Bei K reissektor- oder K reisringsektorschalen lassen sich auch die R andbedingungen ziemlich 
einfach beachten.
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Мембранные оболочки в цилиндрических координатах. Приведенные примеры од
нозначно подтверждают, что оболочечные конструкции относительно сложной формы 
отлично подходят для рассмотрения их на основе цилиндрических координат. Данное 
определение касается не только оболочек в форме поверхности вращения, но оно действи
тельно также для относительно сложных поверхностей оболочек, оформленных с периоди
чески повторящимся гофрировванием. Окружные условия можно учитывать относительно 
просто в том случае, когда идет речь об оболочках с планом в виде сегмента круга или 
сегмента кольца, ограниченного на плане радиальными прямыми или же концентрическими 
кругами вокруг оси вращения.
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PROCESS OF HYDRAULIC SOIL FAILURE
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The quicksand condition which takes place under the influence of the w ater 
flow directed upw ards w ithin a sand mass, is commonly calculated on the basis th a t 
the soil structure  forms a rigid skeleton. Laboratory tests showed th a t by increasing 
the value of the hydraulic gradient, p a rtly  the phenomenon of outwash, partly  loosen
ing or densification takes place, depending on w hether the in itial state was dense or 
loose, respectively. The full failure itself, ju s t as the shear failure, is associated w ith the 
developm ent of a critical void ratio . A ttain ing  a hydraulic gradient determ ined on the 
basis of the assum ption of a m entioned rigid skeleton, means the transition  from  the 
lam inar flow of w ater in to  the tu rb u len t one. In  the course of the developm ent of the 
quick condition, the perm eability changes in  another w ay than  had been believed 
on the  basis of the change in density; also this m ay be explained by the occurrence 
of tu rbu len t flow.

I f  th e re  is an  u p w a rd  d irec ted  v e r tic a l w ate r flow  in a sand  m ass bo u n d ed  
b y  a h o rizo n ta l u n lo ad ed  surface, a n d  th e  w a te r su p p ly  is su ffic ien t to  keep 
th e  va lu e  o f th e  h y d rau lic  g rad ien t a t  a co n stan t level th e n , w ith in  th e  sand  
lay e r, th e  p a tte rn  of th e  v ertica l stresses is as show n in Fig. 1 (see K e z d i , 
1974). T he level o f th e  g round  w a te r  coincides w ith  th e  soil surface, acco rd 
ing ly , on th e  su rface , th e  p iezom etric  head  is equal to  zero; b u t in th e  p iezom 
e te r  p ipe a rran g ed  a t  a d ep th  h, th e  w a te r level m u s t be above th e  soil 
su rface  b y  a v a lue  Ah  in  o rder to  allowr a v e rtica l w a te r  flow  to  be d irec ted  
up w ard s. I f  Ah  =  0, th e  p a tte rn  o f th e  n eu tra l s tresses develops accord ing  

to  th e  b ro k en  line 13; th e  to ta l  s tresses are show n b y  th e  b roken  line 15. 
I f  a d iffe ren tia l p ressu re  Ahyw is p ro d u ced , th e  n e u tra l  stress a t  d e p th  h 
increases b y  th e  value  A u =  Ahyw, a n d  since th e  to ta l  stress d id  n o t change, 
th e  effective stress h a d  to  decrease b y  th e  sam e a m o u n t. T h a t is, a t  d e p th  h:

<*z =  h y t — {h +  A h ) y w . (1)

B y  in creasin g  th e  value of Ah  an d  a t  th e  sam e tim e  also th a t  o f th e  
h y d rau lic  g rad ien t i =  Ahjh  a co n d itio n  will be a tta in e d  w here th e  v alue  
o f th e  effective stress is equal to  zero : az — 0. In  th is  case, from  E q . (1) th e  
asso c ia ted  so-called c ritica l h y d ra u lic  g rad ien t m ay  be de te rm ined :

Ah
l c r i t

c r l t У l -  ÏW Уь_

7wh 7W
* Prof. D r . Á. K e z d i , 1012 Lógodi u. 9. B udapest, H ungary

(2)
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Fig. 1. Vertical stresses in a sand mass of infinite extension, due to its own weight

H ero y b is the  bulk  d e n s ity  of th e  soil reduced  b y  th e  u p lift force, th e  so-called 
b u o y a n t u n it force w e ig h t. Since in  th is  case only  n e u tra l s tresses are ac tin g  
in  th e  sand  m ass, th e  sh e a r s tre n g th  o f th e  san d  is zero, an d  th e  san d  grains 
a re  n o t supported  e ith e r  from  above, n o r from  below , th e  m ass behaves as 
a v iscous liquid h av in g  a bu lk  d en sity  y b .

T he simple co n sid era tio n s o u tlin ed  above assum e th a t  th e  grains of 
th e  san d  mass du ring  th e  increase of th e  v alue  o f Ah up to  z l h crit co n stitu te  
a sk e le to n ; no change in  th e  vo lum e ta k e s  place and  the  s tre n g th  rap id ly , 
becom es zero alm ost in  a m om en t. I f  th is  w ould  be tru e , th e  va lu e  icrit =  yblyw 
w ou ld  indeed p recisely  express its  cond itio n . H ow ever, th is  is no t th e  case: 
on increasing  Ah. in g en era l, tw o processes are  tak in g  place: on the  one hand  
from  th e  mass som e fin e  grains will be w ashed  o u t, and  on th e  o th e r han d , 
g ra in s  becom e m ore inc lin ed  to  m ove due to  th e  red u c tio n  o f th e  effective 
s tre ss , and  a d isp lacem en t w hich im plies vo lum e change. This volum e change 
m ay  be bo th  loosening and  com paction . B o th  phenom ena cause changes 
in  th e  value of th e  v o id  ra tio  an d  coeffic ien t o f perm eab ility . T herefore, th e  
process of the quick co n d itio n  m ay  be described  only  as a f ir s t  ap p ro x im atio n  
b y  th e  sim ple fo rm ula  show n in F ig . 1 an d  b y  E q . (1).

L e t us firs t in v e s tig a te  th e  q u estio n  o f washing out. L e t us assum e 
th a t  a grain  having a d ia m e te r  d d u rin g  th e  increase of th e  value  Ah is no 
longer supp o rted  at its  sides and  is on ly  su b jec ted  to  v e rtic a l forces. The 
v e lo c ity  of the  u p w ard  flow  of w a te r accord ing  to  D arcy ’s law  is:

V Ah  1
=  к -----  •

n h n
( 3 )
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Fig. 2. Critical grain diam eter w ith respect to  outwash as a function of the hydraulic gradient

Fig. 3. Grain-size-distribution curves of soils used a t tests
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I f  we assume sp h e rica l g ra ins, th e  velocity  of w a te r  flow  d irec ted  upw ards 
a t  w h ich  th e  grain a t ta in s  th e  s ta te  of suspension, m a y  be ca lcu la ted  from  
S to k e ’s law  as follows:

У * - * * #
18 ri

(4)

w here  rj is the  v iscosity  o f  th e  liq u id  an d  d is th e  d iam e te r  of th e  spherical 
g ra in . I f  th e  velocity  o f  th e  w a te r  flow  reaches th is  v a lue , also th e  lower 
s u p p o r t  o f the  grain w ill be d iscon tinued  and  th e  g ra in  goes in to  a suspend
ing  m ovem ent. I f  th e  h y d ra u lic  g rad ien t i is given, so th e  d iam e te r  of the  
g ra in  going in to  the  s ta te  o f  suspension, m ay  he ca lcu la ted  b y  eq u a tin g  the  
r ig h t-h a n d  sides of E q s  (3) an d  (4):

18 r) k i к

y s - 7 w  n n

T h e va lu es  of dcrit u n d e r av e rag e  cond itions a t severa l values of к  are p lo tted  
as fu n c tio n s  of i in F ig . 2. G rains of sm aller d iam eters  m ay  he w ashed  ou t 
o f th e  m ass if  the ir free d isp lacem en t is possible.

T h e  volum e change due to  th e  increase o f th e  v a lu e  A hjh  has been 
ex p e rim en ta lly  in v e s tig a te d . In  th e  following som e c h a ra c te ris tic  te s t  resu lts 
a re  p resen ted .

Yi  ■ (5)
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Fig. 5. D evelopment of the void ratio  and coefficient of perm eability w ith increasing hydraulic
gradient

T he grain  size d is tr ib u tio n  curves of th e  soils in v es tig a ted  are given 
in  F ig . 3. The soil sam ples w ere te s te d  a t  d iffe ren t in itia l densities. A fte r 
h av in g  sa tu ra te d  th e  sam ples b y  cap illa rity , Ah was increased  stepw ise . 
O n reach ing  th e  s ta tio n a ry  co n d ition  th e  ra te  of flow  o f w a te r per m in u te  
has been  dete rm in ed  an d  th e  len g th  of th e  specim en m easured  (F ig . 4). 
T h u s  th e  coefficien t o f p e rm eab ility  and  vo id  ra tio  of th e  sam ple could be 
ca lcu la ted .

A ch a rac te ris tic  re su lt is to  be seen in  Fig. 5. H ere th e  p e rm eab ility  
an d  vo id  ra tio  are p lo tte d  for sam ples hav in g  d iffe ren t in itia l d en sity  versus 
th e  h y d rau lic  g rad ien t. I t  is an  in te re s tin g , how ever, as a m a tte r  o f course^
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Fie. f). Determination of the critical void ratio

q u ite  a reasonable  phenom enon  th a t  in  increasing  th e  h y d rau lic  g rad ien t, 
also  here , ju s t  as in  th e  case of sh ear te s ts , th e re  is a c ritica l void  ra tio : on 
in c rea s in g  the va lu e  i, th e  o rig inally  loose sam ple becom es denser, while 
th e  o rig inally  dense sam ple  will be looser. A ccordingly , th e  “ fa ilu re” , i.e ., 
th e  com plete liq u e fac tio n  (“ quick  co n d itio n ” ) o f th e  san d , i.e., th e  s ta te  
az =  0 always ta k e s  p lace a t  a ce rta in  vo id  ra tio , in d ep en d en tly  o f th e  
in i t ia l  value.

I f  one considers, th a t  in th e  sand  m ass besides local he terogeneities 
in  th e  gra in  size d is tr ib u tio n , also d u rin g  th e  increase of th e  h y d rau lic  g rad ien t 
sh e a r  deform ations ta k e  place w hich, as a m a tte r  o f course, also cause vo lum e 
ch an g es, the  phenom enon  shou ld  be accep ted  as a logical consequence ( K e z d i , 
1963). I f  we p lo t th e  v o id  ra tio  developed  vs. th e  in itia l void  ra tio , th e  critica l 
v a lu e  can im m ed ia te ly  be read  off (F ig . 6 ). These vo id  ra tio s  are also given 
in  F ig . 7 where th e  g ra in  size d is tr ib u tio n  curves of th e  soils are  in  th e  system  
o f co o rd ina tes (log d max, log U) ch a rac te rized  by  one-one p o in t each. F rom  
th e  ex perim en ts c o n d u c ted  so fa r i t  seem s th a t  th e  sm aller th e  value o f U, 
th e  g re a te r  th a t  o f th e  c ritica l void ra tio  is w hich develops a t  quick  cond ition .

As is fam iliar, th e  critical void  ra tio  w hich occurs in th e  sh ear te s ts  
a n d  w hich can be m easu red , is th e  fu n c tio n  of th e  n o rm al stress; it  decreases
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Fig. 7. Critical void ra tio  of the soils tested  in the system  of coordinates (log <fmax, log U )
characterizing grain size d istribution

w ith  th e  increase o f th e  la tte r . T he c ritica l vo id  ra tio  associa ted  w ith  th e  
q u ick  condition  m ay  he considered as co o rd in a ted  to  th e  stress cr =  0, an d  
th u s , i t  rep resen ts th e  m ax im um  va lue .

As to  th e  coeffic ien t of p e rm eab ility , its  v a lue  ap p ro ach in g  th e  q u ick  
cond itio n , so m ew hat increases in t h a t  case w here i t  has been s ta rte d  fro m  
th e  dense s ta te , i.e ., w hen  the  vo lum e change w as a loosening. H ow ever, 
th e  increase is n o t so sign ifican t th a t  i t  w ould  ensue from  th e  degree o f  
loosening. I f  th e  v a lu e  o f th e  void ra tio  w as h igh a t  s ta r tin g  (e >  ecrit) a n d  
th u s  near fa ilu re  d en sifica tion  to o k  place th e n , as a m a tte r  of course th e  
p e rm eab ility  is red u ced . H ow ever, th is  red u c tio n  w as m uch g rea te r th a n  
w ould  have been assum ed . B o th  experiences show ed th a t  th e  w a te r flow  
becam e m ore an d  m ore  turbulent n e a r  th e  fa ilu re  an d  th u s , in  th is  reg ion
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Fig. 8. B ehaviour of the seepage velocity  w ith increasing hydraulic gradient

D a rc y ’s law does n o t hold  an y  longer. This effect is c learly  d e m o n s tra te d  
in  F ig . 8 , w here th e  seepage v e lo c ity  ca lcu la ted  on th e  basis  o f th e  a m o u n t 
o f  w a te r  flown th ro u g h  a t  d iffe ren t in it ia l  void ra tio s  is p lo tte d  versus th e  
h y d ra u lic  g rad ien t. T h e  re la tionsh ip  is a t  values i (yt — y w)lyw lin ea r b u t, 
b y  su rpassing  th is  v a lu e , one o b ta in s  a d iag ram  w hich, anyhow , is c h a ra c 
te r is tic  of the  tu rb u le n c e . T hus, th e  “ c ritic a l”  h y d rau lic  g ra d ie n t ca lcu la ted  
w ith  E q . (2), in d ica tes  th e  s ta te  w here  th e  flow of th e  w a te r , lam in a r so fa r, 
tu rn e d  in to  a tu rb u le n t  one, how ever, th e  quick  cond ition  d id  n o t developed  
fu lly . This only occurs i f  i fu r th e r  in creases  during  th is  process.

I t  is also w o rth w h ile  to  n o te  t h a t  in  case of coarse g ra in ed  soils, (for 
ex am p le , a t th a t  N o. 31) m ajo r v o lu m e  changes could n o t be observed  as 
a re su lt of the  increase  o f i. I t  is possib le  th a t  the  w a te r  flow  here even a t 
sm all values of i is tu rb u le n t  owing to  th e  co m p ara tiv e ly  sm all specific  su r
face ; th e  effect o f th e  flow  on th e  s tru c tu re  is n o t too  sig n ifican t. O ne o b ser
ves on ly  loosening in  th e  case of th e  soil No. 23, th a t  is, a sam ple  looser th a n  
ecrit h ere  could n o t be  p roduced  (F ig . 9).

C o n tra ry  to  th e  te s t  resu lts i t  m a y  be observed in  n a tu re , th a t  in  th ree - 
p h ase  soils a t low er v a lu es  of i, th a n  th o se  given by  E q . (2) a phenom enon  
ta k e s  p lace w hich m ig h t be called h y d ra u lic  failure. H ere, tw o  c ircum stances 
m a y  in te rfe re : e ith e r  th e  effective p a th  o f seepage is sh o rte r  th a n  th a t  a s 
su m ed  because in te rn a l erosion dev e lo p ed  or, in th e  th ree -p h ase  soil th e  
enclosed  air bubbles g e t com pressed u n d e r  th e  process an d  th u s , positive  
n e u tra l  a ir-stresses com e in to  being, th e re b y  reducing  th e  sh ea r s tre n g th .
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Fig. 9. D evelopment of the void ratio  w ith increasing hydraulic gradient in a coarse grained 
soil (No. 31) and in a soil of uniform (No. 23) size distribution
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Vorgang des hydraulischen Grundbruchs. Die Bedingung des un ter der Einw irkung der 
in einer Sandmasse aufw ärts gerichteten W asserström ung ein treffenden G rundbruchs wird, im 
allgemeinen, un ter der Voraussetzung erm ittelt, daß das Skelett keine Bewegung und keine Vo
lum enänderung vollführt. Es wurde durch Laborversuche nachgewiesen, daß infolge der E r
höhung der hydraulischen Druckgefälle teils Auswaschung, teils Auflockerung oder Verdichtung 
au ftr itt, demgemäß, daß der Anfangszustand dicht oder locker war. Der vollständige Bruch, 
ebenso wie bei einem durch Schubbeanspruchung hervorgerufenen Bruch, is t m it der E n t
wicklung einer kritischen Porenzahl verbunden. Die Erzielung der kritischen hydraulischen 
Druckgefälle, die aufgrund des vorausgesetzten steifen Skeletts erm itte lt werden kann, ru ft 
einen Übergang von der lam inaren in die turbulente Ström ung hervor. U nter dem Vorgang 
der Entw icklung des hydraulischen Bruchs ändert sich die Perm eabilität auf eine andere A rt, 
als es aus der Änderung der Dichte voraussichtlich war; diese Erscheinung kann auch durch 
den A uftritt der Turbulenz erk lärt werden.
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Процесс гидравлического разрушения грунта. Условия гидравлического разруше
ния основания, происходящего под воздействием движения воды снизу вверх в песчаных 
массивах, обычно принято рассчитывать на той основе, что скелетная структура не претер
певает движения. Лабораторные опыты показали, что в процессе повышения гидравли
ческого градиента возникают, с одной стороны, размыв, а с другой стороны, разрыхление 
или же уплотнение, а именно в зависимости от того, что начальное состояние было ли плот
ным или же рыхлым. Само полное разрушение, аналогично разрушению сдвига, сопровож
дается формированием критического коэффициента пористости. Достижение критического 
гидравлического градиента, определенного на основе упомянутого выше предположения 
(жесткий скелет), означает переход ламинарного движения потока воды в трубулентное. 
В процессе формирования гидравлического разрушения проницаемость изменяется иначе, 
чем это должно было происходить на основе изменения плотности; это явление можно 
объяснить также возниковением турбулентного движения потока.
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INTRODUCTION À QUELQUES PROBLÈMES DE 
TURBULENCE

I. M A THIEU*

[M anuscrit reçu le 1er Septem bre 1974]

Cet exposé qui ne se veut qu’in tro d u c tif a uniquem ent pour bu t de m ettre  en 
place une ligne de pensée et un langage com m un susceptible de faciliter les discussions 
que nous serons amenés à conduire dans la présentation des recherches sur les couches 
limites perturbées ou les couches lim ites déstabilisées par chauffage. A travers lui, 
on pressent égalem ent quels pourraient être, dans ce domaine, les développem ents 
fu tu rs; l’étude des phénomènes therm iques, celle des couches limites tridim ension
nelles et des écoulements confinés s’im posen t à bien des égards.

Notations

vecteur position du p o in t M 
vecteur position du po in t M' 
composantes du vecteur position 
vecteur position relative M M ' 
vecteur position relative 
longueur caractéristique 
rayon de la conduite 
épaisseur de la couche limite 
vecteur vitesse 
composantes de ce vecteur 
composantes de la vitesse moyenne 
vecteur vitesse fluc tan te  
composantes de la vitesse fluctuante

pression moyenne 
pression fluctuante 
dissipation moyenne 
?.l2 =  dTJJQx, 
tem ps
tem ps de structu ra tion  
tem ps d’extinction 
tem pérature 
tem pérature moyenne 
tem pérature fluctuan te  
concentration 
vecteurs nombres d’onde 
fonction spectrale 
noyau 
3(7,/Эдгш 
00/ 0# /
tenseurs dans le p lan  physique 
tenseurs dans le p lan  spectral 
tenseurs spectraux in te rv en an t lors 
d’un processus therm o mécanique

* J . Ma t h i e u , École Centrale de L yon, Université de Lyon
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ô i j sym bole de K ro necker
V T viscosité  tu rb u le n te
T c o n tra in te
V viscosité  c iném atique
a  =  À l g C p diffusiv ité  th erm iq u e

nom bre de P ra n d tl
0 m asse vo lum ique
% nom bre de R eynolds tu rb u le n t

Il nous a sem blé  u tile , a v a n t d ’a b o rd e r quelques ob jectifs de rech erch e  
p lu s  spécifiques, d ’ex am in er quelles p e u v e n t ê tre  ac tu e llem en t sur un  p la n  
trè s  général les lignes d irectives suiv ies au  L ab o ra to ire , e t com m ent elles 
se ra tta c h e n t  a u x  d éveloppem en ts m o n d iau x  su r le th èm e  de la tu rb u le n c e .

C’est pour nous un  su je t de p réo ccu p a tio n  ancien que celui d ’une lia ison  
u n iv e rs ité  in d u s tr ie . Si la réa lisa tion  d ’un  te l p rogram m e s’avère, dans to u s  
les cas, difficile, cela t ie n t  sans aucun  d o u te  à ce que p o u r ê tre  mise en p lace , 
c e t te  form ule d o it m énager bon n o m b re  de relais in te rm éd ia ires , à tra v e rs  
lesquels chem ine l’in fo rm atio n . P a r  le p a n o ra m a  assez é ten d u  des recherches 
p résen tées , on p e u t  vo ir que bon nom bre  on t pu ê tre  ainsi mis en p lace. 
I l se ra it bien év id em m en t difficile d ’in té re sse r te l ou te l co n stru c teu r à que lque  
s tru c tu re  de «noyau» dans la théo rie  de K r a i c h m a n . Plus tan g ib le  lui p a ra î t  
la  fo u rn itu re  d ’un  p ro g ram m e de calcul qu i, te n a n t com pte  au m ieux  des 
m écanism es tu rb u le n ts , fo u rn it des in fo rm a tio n s  dans un  trè s  grand  n o m b re  
de cas. Nous essa ierons de m o n tre r  dan s ce qui su it com m en t, o u verts  au x  
d iffé ren tes voies de recherches, nous te n to n s  plus spécia lem ent d’en fa ire  
p rog resser ce rta in es , nous e ffo rçan t de to u te  façon de dégager de ces in v e s ti
g a tio n s  théoriques ou expérim en ta les que lques idées u tiles à la  mise en p lace  
de m oyens calcul. L a  form ule reste , bien  e n te n d u , souple dans son ap p lica tio n , 
c’est-à -d ire  que le p rog ram m e défin i est, d ans bien des cas, une te n d a n c e  
p lu s  q u ’un ab o u tissem en t. C ependan t, ce ty p e  d ’a rb itra g e  est to u jo u rs  
im p lic item en t recherché .

Nous n ’ab o rd e ro n s  pas, dans ce qu i su it, les tra v a u x  condu its  dans le 
d o m ain e  de l’aé ro aco u stiq u e , lesquels b én éfic ien t d ’une a t te n tio n  plus spéciale 
de n o tre  collègue le P ro fesseu r G. C o m t e - B e l l o t ; il sera it du  reste  difficile de 
le fa ire  dans un te m p s  aussi cou rt. N ous p référons donc b o rn e r no tre  exposé 
a u x  problèm es des écou lem ents dans leu r re la tio n  avec la  tu rbu lence .

Q u’il s’agisse d ’aéro d y n am iq u e  in te rn e  ou d ’aéroacoustique, e t si l ’on 
m e t à p a r t  les p rob lèm es co n cern an t l’é tu d e  des fluides non  v isqueux  lesquels 
so n t à l’heure ac tu e lle  assez bien tra ité s , on est dans tou s les cas confron tés 
au  prob lèm e de la  tu rb u len ce . Nous ne rev ien d ro n s pas su r la d escrip tion  
g lobale  de ce p h én o m èn e  d o n t l’essentiel a v a it  été  déjà b ien  saisi à la fin  du 
siècle dern ier p a r  B o u s s i n e s q  et R e y n o l d s . On p eu t d ire, sans s’in scrire  
en fa u x  p ar ra p p o r t a u x  idées ac tuelles, q u ’il s’ag it de la  m an ifes ta tio n  
ta n g ib le  d’une in s ta b ili té  essentielle p ro p re  à la s tru c tu re  des équations de
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N a v i e r . Des tr a v a u x  m ath ém a tiq u es  récen ts  co n cern an t l’éq u a tio n  de N a v i e r  

elle-m êm e, ou celle qu i lui fu t trè s  so u v en t associée du  fa it qu ’elle p résen te  
u n e  s tru c tu re  m a th é m a tiq u e  analogue, nous voulons p a rle r  de l’éq u a tio n  de 
B u r g e r s , co n firm en t to u t  à  fa it ce p o in t de vue. Le ca rac tè re  non linéa ire  
de ce ty p e  d ’éq u a tio n , dû  à  la p résence  des term es d ’accéléra tion  con v ec tiv e , 
es t à  coup sûr d é te rm in a n t. Sur le p la n  physique, il donne au p rob lèm e son 
visage essentiel ta n d is  que, sur le p la n  m a th é m a tiq u e , il le com plique à  te l 
p o in t que l ’on ne p e u t m on tre r q u e  les équations:

3L (X. 0  +  £ (j.  г ) у Щ х , t) =  Ap{ ï ,  t) +  v \ 7 ' U(x, t)
8 t

y Ü =  0

jo in te s  à un  jeu  de con d itio n s aux  lim ite s  e t in itiales c o n s titu e n t un p ro b lèm e 
b ien  posé. P o u r ê tre  b re f, disons q u ’en trid im en sio n n e l, l’u n ic ité  est assurée po u r 
des tem p s très  c o u rts  si v est p e t i t  e t q u ’elle e s t é tab lie  po u r n ’im p o rte  
quel tem p s si v est g rand .*  Les d ifficu lté s  rencon trées en trid im en sio n n e l son t 
év itées en b id im ensionnel e t en a x isy m é triq u e  et ceci es t en accord avec le 
fa it b ien  connu que la  rég u la rité  m a th é m a tiq u e  des so lu tions d ’une éq u a tio n  
au x  dérivées partie lles  cro ît lo rsque  d écro ît le n o m b re  de dim ensions de 
l ’espace dans lequel e s t recherchée u n e  so lu tion . T o u t com m e sera essentielle  
l’in fluence  de la v iscosité  dans le p rocessus tu rb u le n t, sera crucial le rôle 
jo u é  p a r les te rm es d ’o rd re  le plus é levé des équ a tio n s de N av ier; la  p résence 
de te rm es b iharm o n iq u es assurera p a r  exem ple l’u n ic ité  de m êm e que l’in tro 
d u c tio n  d’une liaison ad éq u a te  e n tre  le coefficient de v iscosité  e t le ta u x  
de défo rm ation .

D u po in t de v u e  qui nous occupe , la no n -lin éa rité  fo n d am en ta le  des 
éq u a tio n s  de d é p a rt t ra d u ira  une in te ra c tio n  en tre  m odèles e t s’il nous est 
possib le de décom poser fic tiv em en t l’écoulem ent en cham p  m oyen e t en 
ch am p  f lu c tu a n t, il ne nous est p as  perm is de considérer ces deux  m odèles 
é v o lu a n t séparém en t. L eu r c o h a b ita tio n  ne va pas sans une  action  de l ’un  
su r l’a u tre ; en b ref, le cham p m oyen  su r lequel l’ingén ieu r v o u d ra it p o rte r  
son a tte n tio n  est p ro fo n d ém en t re m a n ié  p a r le p hénom ène tu rb u le n t. Les 
te rm es d ’inertie  liés a u x  flu c tu a tio n s  du  cham p tu rb u le n t son t alors in te r 
p ré té s  com m e une c o n tra in te  su p p lém en ta ire  d ite  c o n tra in te  de R eyno lds 
(jue l’on ne sa it pas a p rio ri exp rim er. Le problèm e ainsi posé est d it o u v e rt, 
e t il en va  de m êm e de to u t  p rob lèm e non linéaire de n a tu re  s ta tis t iq u e , la 
th éo rie  qu an tiq u e  des cham ps en fo u rn issa n t d ’a u tre s  exem ples. Sous des 
a sp ec ts  différents m ais rigou reusem en t iden tiq u es q u a n t au  fond. le ch e rch eu r 
e t l ’in gén ieu r se tro u v e ro n t ainsi co n fro n tés  à une m êm e d ifficu lté  cen tra le .

* Les expressions « tem p s  p e tits  )> e t  « te m p s  grands » so n t précisées en ta n t  q u ’en v iro n . 
n e m e n t tem porel e t aussi sp a tia l  en fa isan t jo u e r  la  viscosité.
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P o u r  m ieux la ré d u ire , le p rem ier reco u rra  d ’em blée à des m odèles tu rb u le n ts
sim ples: tel celui fo u rn i p a r  la tu rb u len ce  hom ogène e t iso tro p e , le second 
co n fro n té  à une ré a li té  précise ne p o u rra  pas chercher su r ce p lan  d ’éch ap 
p a to ire , en rev an ch e , il p re n d ra  certa ines lib e rté s  en a d o p ta n t  le plus sou v en t 
des ferm etu res grossières d o n t certa ines b ien  connues de to u s  se ro n t succinc
te m e n t rappelées. O n se n t en fa it à p a r t i r  de quel s ta d e  d u  ra iso n n em en t 
les d eux  chem in em en ts  d iv erg en t.

Nous te n te ro n s  m a in te n a n t un trè s  b re f  to u r  d ’horizon  pour essayer 
de dégager quelles p e u v e n t ê tre  les d ifficu ltés cen tra les d u  p rob lèm e e t com 
m e n t on y est de to u te  façon confron tés. N ous avons dé jà  laissé en ten d re , 
p o u r  n ’y  plus re v e n ir , à quels ty p es de d ifficu ltés m a th é m a tiq u e s  l’on se 
h e u r ta i t .  C’est d a v a n ta g e  d ’un  p o in t de vue  p h ysique  que nous nous placerons 
désorm ais. Com m e n o u s le verrons p lus en  d é ta il, p a r  la  su ite , la nécessité 
de classer les s tru c tu re s  tu rb u le n te s  su iv a n t leu r ta ille  afin  de leu r découvrir 
u n e  certa ine sp éc ific ité  fa it que les analyses se ro n t co ndu ites, exp lic item en t 
ou im p lic item en t, d an s  l ’espace des nom bres d ’ondes. A ux grosses s tru c tu re s  
so n t a ttachés de p e t i ts  nom bres d ’ondes e t au x  fines s tru c tu re s  de g rands 
nom bres d ’ondes. L a  tran sfo rm ée  de F o u rie r  je t te  u n  p o n t en tre  l’espace 
p h y siq u e  et l’espace sp ec tra l, to u te  p ro p rié té  é tab lie  d ans l’u n  des espaces 
a y a n t  son corollaire d an s l’au tre ; po u r u n  flu id e  incom pressib le  l’éq u a tio n  
de co n tin u ité  in tro d u ira  une liaison dans le p lan  sp ec tra l: les p e rtu rb a tio n s  
d e v ro n t ê tre  po larisées dans des p lans n o rm a u x  à la  d irec tio n  de p ro p ag a tio n  
de la p e r tu rb a tio n ; la  nécessité  de défin ir u n e  énergie c in é tiq u e  d ’ag ita tio n  
n o sitiv e  se tra d u ira  d an s  l’espace sp ec tra l p a r  la co n d itio n  de K r am me r , 
c ’est-à-d ire  p ar u n e  c o n tra in te  sur la fo rm e du  ten seu r sp ec tra l. C ette t r a n s 
fo rm atio n  in tég ra le  p e u t  ê tre  appliquée au x  fonctions de co rré la tions u (u {r) 
q u i son t des fo n c tio n s régulières e t aussi m o y en n an t quelques p récautions*  
a u x  équations de N a v ie r  elles-m êm es. C’es t ainsi que p o u r la  f lu c tu a tio n  
Uj on o b tien d ra it:

Le te rm e de g auche de ce tte  éq u a tio n  co rrespond  à la p a r tie  linéaire du  
p rob lèm e de d é p a r t , on reco n n a ît l’o p é ra te u r  convection  diffusion. A insi, 
en  to u t  p o in t k 0 de l’espace sp ec tra l l’évo lu tio n  convection  diffusion de

* Ces p récau tio n s  v ie n n e n t du  fa it que les v ite sses u, ne so n t p as des fonctions ré g u 
liè res; on surm onte  a lo rs la  d ifficu lté  en  u til isa n t la  th éo rie  des d is tr ib u tio n s .
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Uj (Jcu, t ) est contrô lée p a r  la v iscosité  in te rv e n a n t lin éa irem en t du fa it de 
l’h y p o th èse  de d é p a rt (flu ide N ew tonien) tan d is  que les te rm es d ’inertie  
responsab les de la n o n -lin éa rité  du p rob lèm e et re je té s  au  second m em bre 
p e u v e n t y ê tre  in te rp ré té s , pour des ra isons de com m odité , com m e des term es 
source. On voit ainsi que, si le p ro b lèm e é ta it linéaire , une p e rtu rb a tio n  
d ’o rd re  Jcu n ’évo luera it pas dans l’espace  spectra l m ais seu lem en t dans le 
te m p s; il est ici clair que  deux  p e r tu rb a tio n s  de v ec teu rs  d ’ondes d ifféren ts

F ig. 1

p  e t q p eu v en t se reco m b in er po u r c réer une f lu c tu a tio n  de nom bre d ’onde 
U à cond ition  tou tefo is  que soit respec tée  la form e try a d iq u e  ici indiquée. 
O n p eu t donc en p rin c ip e  voir des tou rb illo n s de d im ensions très  diverses 
in te rv e n ir  sur un ce rta in  m ode £ é ta n t  to u te fo is  e n te n d u  que la  com position  
qu i v ien t d ’ê tre  rap p e lée  engendre ce rta in es  co n tra in te s , p réc isém en t celles 
qu i ré su lte n t de la possib ilité  de fo rm er un  triang le . D ’u n e  ce rta in e  m anière, 
nous ne faisons,ici que  réa ffirm er la possib ilité  o fferte  p a r  to u t  systèm e non 
linéa ire  com plexe de générer h a rm o n iq u es  e t sous harm on iques* . A près 
l’in tro d u c tio n  avec T a y l o r  du p o in t de vue s ta tis tisq u e , on p e u t dire que 
K olm ogorov  form ula dès 1941 des idées qu i son t encore considérées com m e 
essentielles et que l’on re tro u v e  sous-jacen tes dans les th éo ries  actuelles.

1. Les tran sfe rts  inertie ls , so n t u n  phénom ène local dan s l’espace des 
n o m b res d ’ondes, c’es t-à -d ire  que la  p ro b ab ilité  de tr a n s fe r t  su r un  large 
dom aine  reste faible e t  ceci lim ite  g ra n d e m e n t les possib ilités offertes dans 
Ja co n stru c tio n  des tr ia d e s  p récéden tes.

* En fait, le processus doit bien être re tenu ; il pourrait sans doute servir de base à  
une critique des modèles où. développant un mode de transm ission par trop  local dans l’espace 
des nombres d’ondes, on arrive, pour une tu rbulence isotrope, à des difficultés, en particulier 
dans certaines régions dissipatives du spectre; l’idée d’H e i s e n b e r g  qui consiste à  prendre en 
com pte les actions dynam iques à un certain nom bre k f) en considérant toutes les structures 
turbu len tes telles que к >  к„. Les hypothèses précédentes ne sont donc en fait vérifiées que 
si le spectre est dit « d ’équilibre ». Dans ce cas l’énergie traverse la zone inerte, elle sans 
a ltération  en moment. Une seule échelle peu t alors caractériser le cham p turbulent comme 
associée pour donner une viscosité fictive:

t) =  vT C- I
Е(к , i)

к3 dfc

donne pour les grandes valeurs de | % des formes spectrales en puissance 1/7 en contradiction 
avec l’existence de mom ents de tous ordres. U ne certaine indigence du modèle dans cette 
région du spectre est peu t-être  à rapprocher de cette  remarque. E n effet, l’in troduction d’une 
forme tryadique devrait y précipiter la décroissance de E (k , t). Une discussion approfondie 
des modèles type diffusion dans l’espace des /с, modèles que nous retrouverons sous une autre 
forme avec K r a i c h m a n , sera it éclairante.
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2. Si le p hénom ène rép o n d  à ce schém a, il est alors possib le de d istinguer 
d iffé ren ts  dom aines dans le sp ec tre , l’énergie ch em in an t en m oyenne de façon  
b ien  définie (des grosses vers les p e tite s  struc tu res)*

a) le dom aine des fa ib les | к \ fo rtem en t m arqués p a r  le cham p m oyen 
éch ap p e  à une an a ly se  générale , c’est la p a rtie  co n tin g en te  du  spectre.

b) le dom aine in e rtie l où s’effectue l’ém ie ttem en t des s tru c tu re s  t u r 
b u len te s ,

c) le dom aine d issipatif.
Le co m p o rtem en t des systèm es m écaniques non  linéaires à nom bre  

f in i de p a ram ètres  est assez b ien  connu e t l’on sa it que des systèm es n o n  
d issipa tifs , te l le su iv a n t:

dxj

dt ou
x i+ 2 "b x i - 1  -*'1 - 2  2 x i+1 X j_ !

qu i re tie n t un  ce rta in  nom bre  de carac tères des éq u a tio n s  de N avier e t en 
p a rtic u lie r  des in te ra c tio n s  q u a d ra tiq u e s , vérifien t au b o u t d ’un  certa in  tem p s 
u n  principe d ’é q u ip a r titio n , c’est-à -d ire  que les x f  te n d e n t à p rend re  u n e  
v a le u r  id en tique . Ceci d u t encourager K o l m o g o r o v  à p o stu le r que p o u r 
des Je I su ffisam m en t g ran d s la  tu rb u len ce  é ta it iso tro p e , quelle que so it la  
géom étrie  des s tru c tu re s  p rim a ires  qui o n t servi à e x tra ire  l’énergie de 
l’écou lem ent m oyen .

Ces idées on t p u  se rv ir de guide e t do iven t ê tre  re ten u es  ju sq u ’à p lus 
am p le  inform é.

Que dire, p a r  co n tre , des hypo thèses de fe rm etu re  elles-m êm es? P o u r 
n e  p a rle r que de celles de P r o u d m a n  e t R e i d  e t de K r a i c h n a n , nous en 
sa isirons v ite  les lacunes ou p o u r le m oins les d ifficu ltés. La prem ière qui 
t e n ta i t  une d ém arche  au  n iv eau  des co rrélations q u ad ru p les  lesquelles é ta ie n t 
supposées reliées a u x  doubles su iv a n t un  schém a de loi norm al**  a a b o u ti

* Il est bien clair que telle que les interactions ont été précédem m ent représentées, le 
chem inem ent ici indiqué ne peu t être considéré comme une contrain te absolue. Une p e rtu r
bation  brutale très localisée caractérisée par un nombre d’onde | ko 1 affectera dans un prem ier 
tem ps les deux régions voisines du spectre, celle correspondant à | Je | <  I fe0 | et celle corres
po n d an t à I л  I <  I I.

** Dans une d istribution  norm ale les corrélations entre les variables centrées V, V., V3 I , 
doiven t vérifier

< b, y ,  v 3 v 4> =  <Fj K2> <T Ç V t > +  < K Y 3> < K V 4> +  <T\ v t > < v 7 v 3>
les corrélations triples é tan t évidem m ent milles. On sait par ailleurs que certaines corrélations 
trip les jouent un rôle essentiel et ceci est flagran t dans l’équation relative au tourbillon. 
Il fau t ici bien rem arquer que la condition imposée par P r o u d m a n  et R e i d  est une condition 
nécessaire que doit vérifier toute réalisation suivant la loi norm ale, mais cette condition n’est 
pas suffisante. L’hypothèse in troduite  n ’é ta it donc pas a priori très restrictive, du moins, elle 
ne contenait pas — croyait-on un peu naïvem ent — de contradiction évidente avec le mécanisme 
connu de la turbulence. Elle conduisait à l’écriture symbolique suivante:

d ___ ____________-  UUU =  u u u u  =  uu uu  
dt
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à u n  échec, ce rta ines régions du sp e c tre  fo u rn issan t u n e  énergie c in é tiq u e  
tu rb u le n te  négative , ce qui est év id em m en t absu rde . On com prend  assez 
m al com m ent une te lle  hypo thèse a p u  conduire  à u n  échec aussi n e t  b ien  
ques raisons p lausib les a ien t été av an cées p a r K raic h m an  e t E d w a r d s . 
A coup sû r, les te rm es  d ’inertie  son t m a l pris en co m p te  e t dans ce tte  fo rm u 
la tio n  rien  ne v ien t tem p ére r une e r re u r  possible; le te rm e  que l’on p e u t 
considérer comme « te rm e  source » d an s l ’expression des co rré la tions q u ad ru p le s  
ne fa isa n t in te rv en ir que des co rré la tio n s  d’ordre deux , aucun  a u to co n trô lé  
de l’éq u a tio n  n ’est à espérer. C ertaines régions de l’espace spectra l p e u v e n t 
en  que lque  sorte se v id e r  de leur c o n te n u  et p ro v o q u er la  co n trad ic tio n  m en 
tionnée .*

K r a ic h n a n  te n te  de cerner le p rob lèm e en in tro d u isa n t une  fo n c tio n  
de G reen Gin c a rac té ris tiq u e  de la rép o n se  du cham p  tu rb u le n t so llic ité  de 
façon  in fin ités im ale  p a r  une force ôfn

ôuj (£, t) =  Г Gin(Jc, t, t ') <5/„(£, i ')  dt'
J  — oo

encore fau d ra it-il sav o ir quelle fo rm e d onner au  n o y a u  Gin , lequel vérifie  
u n e  éq u a tio n  fo rt com plexe. P our les g ra n d s  nom bres d ’ondes si seule in te rv ie n t 
la  v iscosité  V une form e a sy m p to tiq u e  p e u t ê tre  a isém en t donnée

Gin(Z , t  t ')  : Gin (m oyen) =  H (t G) P in(Jè) e—* tf -0

la  form e de P in assu ran t que l’éq u ation  de con tin u ité  est rem plie. E d w a r d s  
par exem p le élargit c e tte  form ulation  en  ad op tan t p our le n oyau  u ne form e  
d iffu sion  su scep tib le  de prendre en c o m p te  les in teraction s locales, c’est-à -d ire  
celles situ ées dans la  frange dlc r e la t iv e  à Je .

avec

e t

Gln(Jc,t l ’) =  H ( t  t ’) P ln( J c ) e - « M - V

r](k) =  vkr si к  e s t grand  

ï](k) =  Dell3k 213

dan s le dom aine in e rtie l du  spectre. O n re tro u v e  là l’in tro d u c tio n  sous-jacen te  
d ’un  coefficien t ag issan t dans l’espace sp ec tra l à la m an ière  d ’un  coeffic ien t 
de diffusion tu rb u le n te ;  ce coeffic ien t e s t ici c o n s tru it su r une v itesse  liée 
à l’énergie c inétique localisée dans la  b a n d e  dk e t une longueur 1 jk. Des calculs 
com plexes sont en su ite  conduits m ais l’on vo it com bien  su r la p lan  fonda-

* C ertains te rm es rég u la teu rs  in tro d u its  trè s  récem m ent sous la  form e d ’o p é ra teu rs  
linéaires p a r  certains a u te u rs  pourra ien t b ien  ê tre  appelés à jo u e r  ce rôle. T oujours sy m b o li
q u e m e n t on écrira it a lors

uuu - uu  S i  =  и uuu 
dt
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m e n ta l, la co n s tru c tio n  de la fonction  reste  à b ien  des égards incerta ine , les 
m u ltip les  re touches a p p o rtée s  aux  d iffé ren ts  m odèles tr a d u is a n t  un év id e n t 
em b arras* .

C ette ligne de rech erch e  to u jo u rs  en cours de d év e loppem en t, si elle 
n o u s  éclaire sur bon  n o m b re  de m écanism es tu rb u le n ts  e t p e u t nous se rv ir  
de guide, est loin de t i r e r  au  clair le p rob lèm e, m êm e dans le cas ap p a re m m e n t 
sim p le  d ’une tu rb u le n c e  hom ogène et iso tro p e . On conçoit que d ’au tres  voies 
d an s  ces conditions a ie n t été ouvertes. C om m e nous l’avons d it, elles a b o rd e n t 
des problèm es au x  géom étries com pliquées, m ais, dans la  p lu p a r t des cas, 
b o rn e n t quelque p eu  leu rs  am bitions q u a n t à la  percep tio n  du  phénom ène. 
Si nous rappelons trè s  b rièv em en t ici les p lus anciennes, b ien  q u ’elles so ien t 
ac tu e llem en t trè s  co n n u es, c’est su r to u t p o u r en analyser les causes de succès 
a p p a re n t et m o n tre r  que  seul un  op tim ism e coupable né d ’un  irréa lism e 
é v id e n t p o u rra it n o u s les faire considérer com m e défin itiv es . Elles so n t, 
to u t  au  plus, un  re fuge , ô com bien u tile , m ais ô com bien tem p o ra ire . L ’u n e  
in tro d u ite  p ar B o u s s i n e s q  lui-m êm e est une  tra n sp o sitio n  au  cas tu rb u le n t 
d u  form alism e re n c o n tré  dans le cas lam in a ire . L ’au tre  proposée, bien p lus 
t a r d  p a r  P r a i n d t l ,  te n te  d ’u tilise r un schém a d o n t on co n n a ît le succès en  
th éo rie  cinétique des gaz. R etenons que, d an s  les deux  cas, la liaison cherchée 
e n tre  cham p m oyen e t ch am p  tu rb u le n t e s t locale. Aussi, ces rep ré sen ta tio n s , 
à v ra i  dire sans g ra n d  fo ndem en t, ne seron t-e lles capables de sim uler des 
phénom ènes tu rb u le n ts , que lorsque s’in s ta u re  une s itu a tio n  d ’équ ilib re , 
c ’est-à -d ire  pour laq u e lle  l’énergie d’a g ita tio n  p ro d u ite  en to u t  p o in t e s t 
consom m ée sur p lace . Les te rm es convectifs liés à l’action  du  cham p m oyen 
e t ceu x  p ren an t en ch a rg e  l’action  de la tu rb u le n c e  sur elle-m êm e, c’est-à -d ire  
en  f in  de com pte le p rocessus non linéaire, do iv en t de to u te  façon ê tre  nu is 
ou du  moins très p e ti ts .

Ces deux m odèles, m alg ré  leur âge, re n d e n t encore d ’im p o r ta n ts  services, 
le p lu s ancien: celui de B o u s s i n n e s q  n ’é ta n t  pas le plus dém odé. C ette gén éra
lisa tio n  au cas tu rb u le n t  des m odèles à g ra d ie n t, d on t on co n n a ît les succès 
en  physique  classique o ù  u n  to ta l découplage ex iste  en tre  l’a sp ec t m acrosco
p iq u e  d ’un phénom ène et le m icro-m écanism e qui le con trô le , nous in c ite ra it 
à d iscu te r p récisém ent le cham p d’ap p lica tio n  des m odèles à g rad ien t. Ceci 
a é té  fa it de façon trè s  suggestive p ar C o r r s i n  qui s’app u ie  su r un  m odèle 
un id im ensionnel d isc ré tisé  p re n a n t en charge la p rom enade a léa to ire  d ’une  
p a rtic u le . La v a lid ité  de théories dites du  « p rem ier g rad ien t»  im plique que  
so ie n t vérifiées c e rta in e s  conditions p o r ta n t  d ’une p a r t , su r les dérivées 
sp a tia le s  (définies d an s  l’é tu d e  précitée p a rr  a p p o rt à l’un iq u e  v ariab le  x)  
de q u a n tité s  s ta tis t iq u e m e n t définies te lle  que la co n cen tra tio n  J1, d’a u tre

* Il est im possible de d o nner, dans un exposé qu i ne veu t que s itu e r le problèm e, u n  
a p erçu  de cette év o lu tion  a u x  co n tours m ultip les.
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p a r t  su r la v a leu r du  lib re  parcou rs m oyen 1. On d e v ra it av o ir, p a r  exem ple;

Г  l- <  j
Г х 24

Г а < 1 (*)

E n  p re n a n t en co m p te , de façon , il e st v ra i, quelque  peu  a rb itra ire  l’h isto ire  
de la viscosité  tu rb u le n te  vr , K o va sz n a y  te n te  d ’é larg ir le ch am p  d’ap p lica tion  
des m odèles à g rad ien t. C ette  fois, vr  e st sensé vérifie r u n e  éq u a tio n  du m êm e 
ty p e  (pie celle qu i fix e , p a r  exem ple, l ’évo lu tion  de l’énergie c iné tique  
d ’ag ita tio n ; c’est d ire que la  v iscosité  tu rb u le n te  est non  seu lem en t p ro d u ite  
e t dissipée, m ais encore convectée e t diffusée. Il est in té re ssa n t de n o te r 
que  vr  règle, dans ce cas, son p ro p re  m écanism e de d iffusion  e t ainsi, ’aspect 
non  linéaire du p ro b lèm e, qu i résu lte  de l’ac tio n  de la tu rb u len ce  ta in e  
su r elle-m êm e, est p ris  en com pte  d ’une certa in e  m an iè re :

U
dvT

dx
+ V

dvr
dy

3 dvT
vT -

dy dy
-j- P rod  -f- D issip.

Si ce tte  fo rm u la tio n  é larg it considérab lem en t le cad re  d ’ap p lica tion  des 
m odèles à g rad ien t, p u isq u ’elle perm et d’ab o rd er le cas d ’écoulem ents hors 
d ’équilib re , elle p rê te  assez la rg em en t flanc au x  c ritiq u es. Les conditions 
b rièv em en t rappelées p o u r q u ’un  te l m odèle dem eure v a lab le  n ’é ta n t pas ici 
rem plies, J e a n d e l  p ren d  en charge, de quelque a u tre  façon , le rôle des grosses 
s tru c tu re s  tu rb u le n te s  p a r un te rm e don t le rôle est q u e lq u e  peu  hybride , du 
fa it, q u ’il ne vérifie  pas les cond itions im posées à to u t  tra n sp o rt.* *  Les contrô les 
ex p é rim en tau x  so n t alors sa tisfa isan ts . R es te ra it bien  e n te n d u  à d iscu te r 
ainsi que le fo n t J e a n d e l  e t Ma t h i e u , la v a lid ité  d ’un e  expression  de d é p a rt 
du  ty p e

t(x , t) =  vT(x +  r ,  t +  t ')  dU-  (x, t ) .
dy

C ette  écritu re  précise  c la irem en t que la m ém oire des s tru c tu re s  tu rb u len te s  
est ici u n iq u em en t prise en com pte  p a r vT à tra v e rs  u n  double voisinage 
sp a tia l r  e t tem p o re l t ';  en revanche, c o n tra in te  т e t g rad ien t 3U/ду  son t 
p ris au  m êm e p o in t x  e t au  m êm e in s ta n t.

* Ce m odèle a  é té  rep ris  e t am élioré p a r L u m ley  (co m m u n ica tio n  personnelle); les 
conclusions p récéden tes dem eu ren t.

** L a m od ification  ap p o rtée  corrige convenab lem en t le m odèle, ainsi que le confirm e 
L u m ley  (com m unica tion  personnelle), si Гоп tie n t com pte  du  cara c tè re  h y b ride  du  term e 
a jo u té  qu i a lté re ra it aussi que lque  peu  les au tres.
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L ’étude des cham ps tu rb u le n ts  hom ogènes*, o u v e rte  e n tre  a u tre  p a r 
Cr a y a , m ontre  que, si la classe des tou rb illons qu i c réen t les co n tra in tes  
éch ap p e  à l’em prise d irec te  de la  v iscosité , ce qui suppose  le nom bre  de 
R eyno lds su ffisam m en t élevé, alors

r(x ,  t)
— —  =  8  (st) ou s 

QT

dU
d y

L a co n tra in te  d ev ien t d ép en d an te  de F ac tio n  cum ulée d u  g ra d ie n t de v itesse 
m oy en n e  supposée ici co n s ta n te  e t égale à «s». La m êm e conclusion  p e u t ê tre  
t iré e  de considérations trè s  générales qu i p ro longen t dan s ce cas une é tude  
de L u m l e y , récem m en t publiée. L a nécessité  d ’opérer à g ran d  nom bre de 
R ey n o ld s  dans des régions su ffisam m en t éloignées des parois** pour q u ’une 
h y p o th èse  de quasi-hom ogénéité  dem eure valide est éga lem en t ici sous- 
ja c e n te .

A vrai dire, l’é q u a tio n  proposée p a r  N ee  et K o v a s z n a y  ré su lte  su r to u t 
d ’u n e  in té ressan te  in tu it io n  à laque lle  ce rta in s  d éve loppem en ts de P h ilipps  
p o u rra ie n t serv ir de su p p o rt. L a  m ise en place d’une m éthode  de calcul 
o p éra tionne lle  fondée su r les éq u a tio n s  classiques de c o n tin u ité  e t de q u a n tité  
de m ouvem en t d ’une p a r t ,  e t su r l’éq u a tio n  de l’énergie c in é tiq u e  tu rb u le n te  
d ’a u tre  p a rt, rev ien t à B r a d s h a w . C’est en fa it p a r l’éq u a tio n  des co rrélations 
en u n  po in t que s’in tro d u it  l’effet d u  m o u v em en t d ’a g ita tio n  dans l’équa tion  
de q u a n tité  de m o u v em en t re la tiv e  au  cham p m oyen. O n p o u rra it donc 
s’é to n n e r  de l’approche de B r a d s h a w  qui, tra v a illa n t su r l’é q u a tio n  d ’énergie 
c in é tiq u e , s’éloigne du  problèm e e t ne le re jo in t en fa it que grâce à une n o u 
velle  hypo thèse: en to u t  p o in t c o n tra in te  т e t énergie c in é tiq u e  tu rb u le n te  
gq2 so n t dans un  ra p p o r t c o n s ta n t. C’est dire que le tem p s de s tru c tu ra tio n  
de la tu rbu lence  p a r  le cham p m oyen  est considéré com m e p e tit  d ev an t celui 
qu i contrô le  la vie des s tru c tu re s  tu rb u le n te s  carac térisé  p a r  le ra p p o r t g2/ë. 
B ien  sû r, ceci s’in sc rit en fau x  p a r  ra p p o r t à la re la tio n  r /p g 2 =  $(s t)  m ais 
elle p e rm et à B r a d s h a w  de tra v a ille r  su r une é q u a tio n  scalaire  qui ne 
co m p o rte  qu ’un nom bre  lim ité  de te rm es, du fa it des co n trac tio n s  qui in te r 
v ie n n e n t lors du passage  de l’éq u a tio n  en UjUj à l’éq u a tio n  en g2. D ans ces

* Entendons par là  un champ tu rb u len t dans lequel toute p ropriété statistique dé
finie en deux points M e t M ' ne dépendrait que de la position relative de M par rappo rt à M ', 
c’est-à-dire de MM mais pas des vecteurs position absolue ОМ, OM'.

** Pour fixer les idées, disons que, dans le cas d ’une couche lim ite d’épaisseur à, la vali
dité des modèles proposés ne peut de tou te  façon être considérée comme acceptable que si 
y/ô  >  0,1. Des ajustem ents sont nécessaires près de la paroi lesquels on t fa it l’objet d’une 
étude  détaillée conduite par K a m  H o n g  N g  à  l’Im perial Collège sous la direction du Docteur 
L a u n d e r .
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conditions,  B r a d s h a w  considère le problèm e défini par les équations:

Ü ™ - + V
dx

За

dD
dx

du 1 3 P 3t

9y Q dx

9r /2 =  -  uv
dü 3

_L_ f—  , Щ1
3y 9J 9j

VI )  :
2

d V
0 ,

3y  gq4

L ’h y p o thèse  au  d e m e u ra n t fo rt re s tric tiv e

=  Cste .

т/ gq2 =  gt ,

élim ine du  dom aine d ’ap p lica tio n  de c e tte  m éthode  les écoulem ents confinés 
encore que m êm e dans le cas des écoulem ents du  ty p e  couche lim ite  (en tendons 
p a r  là  écoulem ents à d irec tion  priv ilégiée), bien  des re s tric tio n s  so ien t à 
ap p o rte r. D ans le cas d ’un  je t  sy m étriq u e , une  m o d u la tio n  sera nécessaire 
su r l’axe où la c o n tra in te  est nulle sans que, p ou r a u ta n t , l’énergie c iné tique  
d ’ag ita tio n  le so it. D ans le cas d ’écoulem ents d issy m étriq u es: je ts  p a rié tau x , 
sillages a sy m étriq u es . . . , l ’échec sera encore plus sensib le. In d ép en d am m en t 
de ces lim ita tio n s , d eu x  d ifficu ltés d em eu ren t encore: il re s te  en effet à 
évaluer, dans l’é q u a tio n  d ’énergie, les te rm es diffusion e t d issipation . On 
sa it que l’év a lu a tio n  des te rm es diffusion est une des d ifficu ltés cen tra les 
du  problèm e à laquelle  nous ne cessons d ’ê tre  con fron tés, l’in tro d u c tio n  
d ’une fonction  a ju stée  ex p é rim en ta lem en t e t spécifique à chaque cas; 
couches lim ites, je ts  . . . pa llie ra  c e tte  p rem ière  d ifficu lté

4  +  ^ = —Tf - ^ л т

où Tmax est la con tra in te  m a x im u m  dans cet  écoulem ent  
l im ite  et

L 2

L a d issipation  sera  prise de la  form e

3 U

, 9r

ë s*  u3/L

du  ty p e  couche

L  é ta n t une lo n g u eu r ca rac té ris tiq u e  de l’écoulem ent défin ie  au m oyen 
d ’a ju s tem en ts  e x p é rim e n ta u x  spécifiques à chaque ty p e  d ’écoulem ent e t p ris  
sous la form e L J ô  = / i [ y / d ]  .
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H a n j a l i c  e t L a u n d e r  tra v a ille ro n t dans une d irec tion  quelque peu 
sim ilaire , m ais leu r ap p ro ch e  à n o m b re  d’égards beau co u p  plus élaborée 
p e rm e ttra  d ’a tte in d re  ce rta in s  ty p es  d ’écoulem ents confinés. A l’éq u a tio n  de 
q u a n tité  de m o u v em en t re la tiv e  à l’écoulem ent m oyen sera ad jo in te  ce tte  
fois l ’équa tion  d’év o lu tio n  des co rré la tions M, u . e t une  éq u a tio n  c o n trô la n t 
de la d issipation .

jD m, m , -  au,
D t 1“

, u R
dxk

j  P
9 u, du j

1 в 9 a , ^  9 a ,

au j
d xL,

dxk 4 u j u k

1 9m, d i i j

1 9a,, d x k

d u j U j

dxk
+  —  ( à j k u i + à i k u j )  I [’

De  _  QU, I 9 m, 9 u k du. Эм, Эм,- du, 9uk
D t дхк 1 9a, 9a, 9a, 9a,{ V dxk 9a, 9a,

I 9-м, j2 9 ___ v 9 Э р 9 m,
j1 dxk 9a, ] 9a, U*S - о 9a, 9a, 9a,

Les nom breux  te rm es fig u ran t dans ces équa tions se ro n t évalués localem ent, 
l ’ap p roche-adop tée  é ta n t  à b ien  des égards in tu itiv e , m ais la dém arche 
p lus rigoureuse de L u m l e y  qui con firm e dans l ’ensem ble les éva lua tions 
de L a u n d e r  procède u n  peu du  m êm e m ode de pensée. Il ne nous est guère 
possib le de re n tre r  ici d an s  le d é ta il de ce tte  m éthode que Гоп désigne souv en t 
p a r  m éthode de fe rm e tu re  en un  p o in t (one p o in t closure m ethod), ce tte  
ap p e lla tio n  p o u v a n t du  reste  appe le r discussion*. Les ré su lta ts  ob tenus 
p a r  ce tte  voie son t trè s  p ro m e tte u rs  b ien  que l’on puisse fo rm uler, en ce qui 
concerne  l 'ap p ro ch e  de L a u n d e r , au  m oins deux  rem arq u es. N otons to u t  
d ’ab o rd  que la fe rm e tu re  in tro d u ite  au  n iv eau  des co rré la tions de v itesse 
fa it in te rv en ir  une h y p o th èse  de q u asi-n o rm alité  e t l’on sa it les ennuis a u x 
quels elle condu it d ans le cadre d 'u n e  analyse  (espace sp ec tra l) plus fine telle  
celle m enée p a r P r o u d m a n  e t R e i d . Ic i, ces d ifficu ltés so n t ap lan ies du fa it 
que  tra v a illa n t dans l’espace physiq u e , on ne re tie n t que l’aspect in tég ra l du 
p rob lèm e, c’est-à-d ire  celu i qui p ren d  en com pte  l’action  de to u te s  les s tru c tu re s  
tu rb u le n te s  quelle que so it leu r ta ille . U ne a u tre  h y p o thèse  fondée su r l ’idée que 
les pressions jo u e n t d an s  ces éq u a tio n s u n  rôle ré p a r tite u r , rep ren d  la form u-

* Dans l’approche de L u m ley  (com m unication personnelle), on ne trav aille apparem 
m ent que dans l’espace physique (non dans celui des transformées de Fourier). Le fait de se 
placer à de grands nom bres de Reynolds perm et bien entendu de tra ite r spécifiquement la 
région dissipative du spectre. Les structures turbu len tes responsables de la dissipation d’éner
gie mécanique ont, du fa it de leur petite  taille, un com portem ent dynam ique qui peu t être 
pris en compte ponctuellem ent (ce qui rev ien t à dire en langage spectral que l’on travaille 
dans la région des grands nom bres d’onde). Lorsqu’il s’agira d’évaluer des corrélations du type 
puj, l’introduction de tem ps de relaxation perm ettra  d’échapper im plicitem ent à une telle 
localisation.
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la tio n  tie R ó t t a . 11 est ce rta in  q u ’on se tro u v e  ici en  présence  d ’une doub le  
fe rm e tu re  alors que p o u r  un  cham p tu rb u le n t hom ogène, une  seide su ffit. 
L a  co m p a tib ilité  de ces deux  h y p o th èses  re s te ra it év id em m en t à m o n tre r. 
E n  fa it, ces d ifficultés ne condu isen t p a s  dans le p la n  p h y siq u e  à des incom 
p a tib ilité s  de calcul p o u r  les raisons q u e  nous avons d ites  e t  de nom breuses 
ex ten sio n s de la m éth o d e  o n t été fa ites  dans le cas des écoulem ents confinés, 
des écoulem ents siège d ’influence th e rm iq u e , . . .

Les recherches co n d u ite s  au L a b o ra to ire  p a r J e a n d e l  essa ien t d ’ex p lo ite r 
au  m ax im u m  un ce rta in  nom bre d ’in fo rm atio n s tirées  des m odèles tu rb u le n ts  
hom ogènes e t d’en ap p liq u e r ce rta ines conclusions a u x  écoulem ents du  ty p e  
couche lim ite , des ex ten sio n s au x  écoulem ents confinés d e m e u ra n t de to u te  
év idence possibles. L a  m éth o d e  u tilise , dans son s ta d e  ac tu e l, l ’éq u a tio n  de 
c o n tin u ité , l’équation  de q u a n tité  de m o u v em en t, l ’éq u a tio n  re la tiv e  à l’év o lu 
tio n  de l’énergie c in é tiq u e  tu rb u le n te  e t u n e  éq u a tio n  f ix an t le co m p o rtem en t de 
la lo n g u eu r de co rré la tion* . E n  o u tre , le ra p p o rt r/gq2 n ’est plus com m e dans 
la  m éth o d e  proposée p a r  B r a d s h a w , supposé c o n s ta n t; c’est ainsi que l’on 
t ie n t  com pte  de l’effe t cum ulé des défo rm ations im posées p a r  le cham p  
m oyen  p o u r fixer la  v a le u r  de ce ra p p o r t .  L’idée d ’un e  te lle  liaison donnée 
p a r  J .  M a t h i e u  a p u  ê tre  précisée so it p a r voie th é o riq u e , so it p a r  voie 
ex p érim en ta le . Il v ie n t alors:

0 =

+

écoulem ent
----—---- Iprincipal [_

U r A (, £ ) +  A
2

/*+ 03 d Ü ,
u, u:> dr\

3 f + “ Э
—

J - œ Cl
HCD *i + r ’ 1 16 J  _ o o  Эл;

3^
16

d U 1
Эл;..

Г Л +  со ______
— Щи 2
2 J  — со

dr

u í +  з
16 Эл;.

jj ( U j U 2 U'j2 u j  +  р и : 2 +  p ' u 2) d r \

O n p e u t lu i préférer av ec  raison  l’é q u a tio n  d ’évo lu tio n  de la  d issipation  d o n t 
nous reparlerons u lté rie u re m en t.

A v a n t de vo ir la  m éthode p lus en  détail, il co n v ien t de dire ce qui 
dan s c e tte  approche, sépare  le ch am p  tu rb u le n t réel d u  m odèle hom ogène 
fa is a n t référence. R em arq u o n s  to u t  d ’abord  que les recherches condu ites 
su r les cham ps tu rb u le n ts  hom ogènes à  trav e rs  l’é q u a tio n  donnée p a r C r a y a  

p o r te n t su r une ana lyse  des co rré la tions en deux  p o in ts . E n  effet, il est, dans 
ce cas, possible d ’év a lu e r les co rré la tio n s pression v itesse  en deux  po in ts  
au  m oyen  des seules co rré la tions doub les e t tr ip les de v itesse  prises égalem en t 
en d eu x  po in ts e t ceci d ’a u ta n t  p lus fac ilem en t que le p rob lèm e est d ’em blée 
posé dan s l’espace sp e c tra l où les o p éra teu rs  d iffé ren tie ls  dev ien n en t des

* L’équation  d ’év o lu tio n  des échelles tu rb u le n te s  se d é d u it  de l ’éq u atio n  des co rré la 
tio n s  en deu x  points p a r  in té g ra tio n  dans le p lan  physique.
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o p é ra te u rs  .a lgébriques.*  Ceci d it, rep ren o n s dans l ’espace p h y siq u e  la com 
p a ra iso n  en tre  cham p  rée l e t cham p hom ogène. L ’éq u a tio n  com plè te  s’é c rit:

N o u s avons souligné les te rm es  qui s’e ffacen t dans le cas d u  m odèle  hom ogène. 
O n v o it que les te rm es convec tifs  liés au  m o u v em en t m oyen e t  au  m ouvem en t 
d ’a g ita tio n  sont de ce n o m b re , ainsi q u ’u n  te rm e  p o r ta n t  su r  les co rré la tions 
p ressio n  vitesse e t d eu x  a u tre s  c o n trô la n t en p a rtie  le p rocessus d issipatif. 
T o u s  les term es négligés fo n t n écessa irem en t a p p a ra ître  des dérivées de 
p o s itio n  du po in t M ; on  p e u t, de ce fa it, penser que leu r rô le re s te ra  m odéré, 
sau f, b ien  en ten d u , celu i des deux  te rm es convectifs. L o rsq u ’il conv iendra  
d ’év a lu e r la re s tru c tu ra tio n  du cham p tu rb u le n t, m esuré p a r  le ra p p o rt 
r /p g 2, p a r  le cham p m o y en , on tie n d ra  com pte  de la  co n v ec tio n  p a r  le cham p 
m o y en  et de quelque  faço n , des re touches seron t ap p o rtée s  p o u r évaluer 
l’in flu en ce  du m o u v em en t d ’ag ita tio n . L ’éq u a tio n  des co rré la tio n s  en d eux  
p o in ts  s’écrit, en p o sa n t:

;  _  щ _  _  ü ;  - G, _  u '  -  u ,

d x m %tn " %m ^m

T i j ( +  Г) =  T T  Qllli ( +  r ) ’
9

S,g (+  r) =  —— Pj (+ r ) ,

~  P - i j  +  Л т  +  { А /  P / j  +  ^ j l  P  i l }ut uç i

{Tu +  T’ji] -  {Su +  s;,} -  2 vAR,-j =  0
* Les corrélations pression vitesse en un point sont liées dans le p lan physique au champ 

de vitesse par une intégrale de Poisson étendue à to u t l’espace où plus précisém ent à un do
m aine avoisinant le point e t dans lequel les corrélations ne sont pas négligeables. Le choix 
d ’une équation portan t au dép art sur les corrélations en deux points se com prend de lui- 
m êm e. On voit aussi com m ent les corrélations pression vitesse m etten t en jeu  à la fois des 
term es linéaires (corrélations doubles de vitesse) e t non linéaires (corrélations triples).
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e t dans l’espace sp ec tra l

J L d ) . . 4 -W . = 0  2vk2 Ф^ 4  ^  r  ч  — ^ î l ot

Le ten seu r Ф(; es t la  tran sfo rm ée  de F o u rie r de R ц . Le te n se u r Ï U  se fa it 
ici l ’écho du g ra d ie n t de v itesse  m oyenne ta n d is  que  Q/j p ren d  en charge  
les aspects  non linéaires. Le p rob lèm e de fe rm etu re , sans ê tre  b ien  e n te n d u  
réso lu , est ici b ien  posé car Í2,-- p re n d  égalem ent en charge  les co rré la tions 
pression  v itesse qu i o n t é té  dans c e tte  approche exprim ées en fonction  du  
seul cham p  de v itesse . P a rm i les ré su lta ts  qui o n t p u  ê tre  aussi o b ten u s, 
nous re tien d ro n s ceux  donnés p a r  C o u r s e a u  e t L o i s e a u . Ils co n cern en t 
e n tre  a u tre  l’évo lu tion  du coeffic ien t de co rrélation  (q i^ /ju ju j) lequel es t o b ten u , 
dan s u n  p rem ier te m p s , en n ég lig ean t les co rré la tions trip les . U n cham p  
tu rb u le n t iso trope  p o u r lequel donc u ,u 2 — 0, in tro d u it en ta n t  que cond ition  
in itia le  dans un  ch am p  à  g rad ien t c o n s ta n t du  ty p e  C r a y a , se re s tru c tu re  
au  cours du te m p s . D eux q u a n tité s  règ len t en fa it ce m écan ism e: A12i =  st 
e t m ais l’on p e u t penser que la  classe des to u rb illo n s su r lesquels ag it
la  v iscosité  est découplée de celle qu i crée les c o n tra in te s ; il su ff it, p o u r cela, 
que  le nom bre de R eyno lds de la tu rb u len ce  soit su ffisam m en t g ran d . On a 
p u  co n s ta te r  que , p o u r des v a ria tio n s  ra isonnab les du  ra p p o r t v/s, MjM2 (u ju 2) 
n ’é ta i t  fonction  que  de st.

Les tra v a u x  e x p é rim en tau x  de C h a m p a g n e , H a r r i s  e t C o r r s i n  a p p o r
te n t  un  h eu reu x  com plém en t d ’in fo rm atio n s  à ces co n sidéra tions. E lles ne 
rév è len t en to u t  cas aucune co n trad ic tio n . Les v a leu rs  ex p érim en ta les  du  
coeffic ien t de co rré la tio n  son t p lus faib les que celles calculées à p a r t i r  de 
l’éq u a tio n  de C r a y a  en nég ligean t les co rré la tions trip le s  e t ceci p a ra î t  
conform e à l’idée que l’on p eu t se fa ire , a priori, du  rôle jo u é  p a r la non- 
lin éa rité  du m écanism e.

Nous rev ien d ro n s u lté rie u re m en t su r les problèm es de fe rm etu re , nous 
a t ta c h a n t  po u r l’in s ta n t  à d onner u n  aperçu  des ré su lta ts  que l’on p e u t 
o b ten ir au  m oyen  d’une te lle  m éth o d e .

Si l ’on e m p ru n te  à l’expérience des données re la tiv e s  au  tem p s de vie 
des s tru c tu re s  tu rb u le n te s , on s’ap e rço it que, dan s la  p lu p a r t  des cas, la  
v a leu r calculée de l’in tég ra le  des d é fo rm ations p e rm et d’a tte in d re  l 'é ta t  que 
nous avons appelé  «d’équilib re  tu rb u le n t»  lequel co rrespond  à la  v a leu r de 
«eq» adop tée  p a r  B r a d s h a w  e t à celle non m oins classique de 0,4 p o u r le 
coeffic ien t de co rré la tio n . D ans ce rta in s  cas: je t  p a rié ta l, couches lim ites se 
d év e lo p p an t dan s u n  écoulem ent ex té rieu r p e rtu rb é  . . . des régions d ’écoule
m en t éch ap p en t à c e tte  analyse e t l’on est am ené à te n ir  com pte  d ’u n  processus 
de re s tru c tu ra tio n , con trô lé  dans le tem p s p a r le g rad ien t de v itesse  m oyenne 
s -  A12 . D ans le cas d ’un je t  p a rié ta l, on sa it que l’ordonnée  à laquelle  s 'a n -  
nu lle  la  c o n tra in te  tan g en tie lle  ne correspond pas au  p o in t où la  v itesse
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e s t m axim um . L ’ex p lic a tio n  basée su r les réflex ions p récéden tes a v a it donnée 
é té  p a r  J . M a t h i e u , dès 1971. L a  m ise en p lace d ’une  m éthode  de calcul 
r e n d  com pte de ce r é s u lta t  du  reste  d éc rit p a r  H a n j a l i c  e t L a u n d e r  m ais 
p a r  une au tre  voie. M êm e dans u n  te l cas du  ty p e  couche-lim ite , on co n sta te  
q u e , non  seulem ent le r a p p o r t  eq =  r/gq2 n ’e s t pas c o n s ta n t, m ais q u ’il change 
de signe dans une  sec tio n  d ro ite  du  je t .  U ne s itu a tio n  qu i p e u t p a ra ître  
p a rad o x a le  si l’on s’en  tie n t à une  com préhension  p a r  tro p  som m aire  du 
phénom ène est celle reco n trée  sur l’axe  d ’un  je t  où la  c o n tra in te  es t nulle , 
b ie n  que l’énergie c in é tiq u e  tu rb u le n te  y  so it trè s  im p o rta n te .

Le problèm e n ’a de com m un avec le p récéd en t que l’ex istence  de deux  
cen tre s  p ro duc teu rs, m ais alors que, dans le j e t  p a rié ta l, le t ra n s p o r t  convec tif 
jo u a i t  un  rôle essen tie l, c’est ici la  com binasion  de s tru c tu re s  tu rb u le n te s  
é m a n a n t des d eu x  cen tre s  e t a lg éb riq u em en t m arq u és du  p o in t de vue de 
le u r  é ta t  de s tru c tu ra t io n  qui co n d u it su r l’axe p o u r les co n tra in te s  à u n  
b ila n  s ta tisq u em en t n u l. U ne d isc rim in a tio n  des in fo rm atio n s a pu  ê tre  fa ite  
d an s  u n  tu y a u  à p a r t i r  du signe de v p a r  S a b o t  e t C o m t e - B e l l o t  qui on t 
p u  confirm er ce tte  p a r t i t io n  des co rré la tions en uv <[ 0 p o u r v >  0 et uv j>  0 
p o u r  ti<T 0 certa ines s tru c tu re s  in form elles v e n a n t se p lacer dans les a lte rn an ces.

Si l’on d ev a it en  p e u  de m ots ca rac té rise r les m éthodes d u  ty p e  B r a d s h a w  

où  rjgq2 =  tq e t celle q u i v ien t d ’ê tre  ici p roposée, on p o u rra it dire que, dans 
le p rem ier cas, le te m p s  de s tru c tu ra tio n  de la tu rb u len ce  est supposé nég li
geab le  devan t celui q u i fix e  son déclin , alors que, dan s le deuxièm e cas, on 
s e ra it  au  moins, d an s  u n  p rem ier s ta d e  appelé à les confondre. On pense 
ac tu e llem en t que celu i-ci est p lus g ran d  que celu i-là  m ais, de to u te  façon, 
ils so n t du même o rd re  de g ran d eu r, ainsi que le m o n tre  le ta b le a u  su iv an t 
q u i pe rm et, à p a r t ir  des essais de S a b o t  e t C h a r n a y , des com paraisons dans 
le cas d ’un  écou lem ent en co n d u ite  e t d ’une  couche-lim ite .

On serait am ené  à co m p arer un  ce rta in  tem ps d ’ex tin c tio n  r e au tem ps 
m is p a r  exem ple p a r  u n e  tu rb u len ce  iso tro p e  po u r a tte in d re  un  é ta t  que nous 
ap p e lle ro n s pour fa ire  b ref, « d ’équ ilib re»  t s ш , 1 / s  e t qu i co rrespond  à  la 
v a le u r  adoptée p a r  B rad sh aw .

x2/R S P ,  _  

8xt — s
1ts ~  —  
s e

Хг/ á
S U ,  

8 * ,  S
h te

0,1 4 ,15  s - 1 0,012 0,08 s e c -1

0,2 208 s - 1 0,024 0,12 0,2 93,5 0,153 0,063

0,5 95 s - 1 0,053 0,15 0,4 48,3 0,103 0,083

0,7 60 s -1 0,083 0,20 0,6 32,1 0,156 0,095

1 se c -1 0.20 0,8 22,0 0,227 0,11

c o n d u ite  c o u ch e -lim ite
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N ous avons p a rlé  du  problèm e de « fe rm etu re»  dan s l’é q u a tio n  de C r a y a  

e t signalé que ce ty p e  d ’approche qu i fa it in te rv en ir  d eu x  po in ts de l’espace 
p h y siq u e  p e rm e tta it de le bien poser. C’est donc ici seu lem en t une  expression  
du  ten seu r qui jo u e  le rô le de term e source q u ’il fa u d ra  postu le r. U ne to u te  
p rem ière  te n ta tiv e  a é té  faite don t on p eu t saisir trè s  b rièv em en t le chem ine
m en t. P o u r to u t p o in t Je de l’espace sp ec tra l, les com posan tes du ten seu r 
0 j j  so n t du fait de l’incom pressib ilité  localisées dans un  p lan  n o rm al à Je , 
a u tre m e n t dit l’espace tensoriel d an s lequel est défin i Ф,- ■ est co n s tru it à p a r tir  
de ce p lan . Si l’on cho isit dans le m êm e espace, on p o u rra  alors supposer 
ce term e-source p ro p o rtio n n e l à Ф, . La fonction  de tra n s fe r t em p ru n tée  
au  cas iso trope (exp . de C o m t e - B e l l o t  e t C o r r s i n  p a r  exem ple) au ra  le 
rôle décisif: celui d ’assu re r le tra n s fe r t  dans l’espace sp ec tra l. O n ne pourra  
p a r le r  de fe rm etu re  au  sens m écan iq u e  du te rm e, p u isq u e  dans Q on a 
in tro d u it une donnée ex p érim en ta le : la fonction  de tra n s fe r t  de la  tu rb u len ce  
iso tro p e  seulem ent pondérée p a r Ф ,; . Le m odèle est exp lo ité  p a r  C o u r s e a u  

qu i s’intéresse p o u r l’in s ta n t au  cas de la défo rm ation  pure . Si les cond itions 
de C r a m e r  sont vérifiées de p a r la  form e choisie p ou r ß,- , on décèle dé jà  
certa in es  faiblesses de l ’hypo thèse  dues to u t d ’ab o rd  à sa connexion  p a r 
tro p  é tro ite  avec le cas iso trope, p a r  exem ple les co rré la tio n s pression  v itesse  
p ro v e n a n t des te rm e s  non linéaires so n t nulles, to u te fo is , la m odification  
ap p o rtée  au m odèle linéaire p a r  les te rm es en ß ,  ainsi in tro d u its  v a  bien 
d an s  le sens so u h a ité .

P o u r le d o m ain e  th erm iq u e ,*  disons seu lem en t q u ’il es t possib le 
d ’in tro d u ire  des développem en ts analogues, chacune des hy p o th èses  p récéden tes 
a y a n t  en quelque so rte  son coro lla ire . On p o u rra , p a r  exem ple, a d m e ttre  que 
les corrélations v ite sse -te m p é ra tu re  o n t une v a leu r donnée, et tra v a ille r , 
non  sur l’équa tion  vectorielle  qu i fix e  l’évo lu tion  de щ О  m ais su r l’é q u a tio n  
scalaire  plus sim ple, co n trô lan t l’évo lu tio n  de O'1- U n tr a ite m e n t analogue 
à  celui donné p a r  C r a y a  co n d u it M a t h i e u  e t al au  systèm e su iv a n t dans 
le p lan  physique:

Si l’on pose От =  d ü , ld x m e t y, дв /д х ,

du, O' du, в '
9 |,

0 ( -  -Г O m ^ m  ~  a t ------ H O l  u ß '  +  У/ И/И/ 9L
(ujUfO1 — u, щ O')

1 д р в '
----- V

Q 9 |,
Э2и,6>'
“ ä í r

о ,

3 О О ’ , , . d O O '  0
'— Q~t----- h От O n  /Щ -------h  y i \ u lO  +  и О)

Э2 ОО'
{ и , в в '  — и ' ,0 0 ')  +  2зс

3 |, 9 f(-

(AZm e t y t é ta n t des constan tes),

* La to ta l i té  des réflexions qui su iv e n t  n ’est  valable que  dans  le cas où il n ’existe  pas 
interférence entre  phénom ènes  m écan iques  e t  therm iques .
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ta n d is  que les te n se u rs  sp e c tra u x  é ta n t  défin is com m e su it:

on  a dans l’espace tra n sfo rm é  les éq u a tio n s:

~  l lm (fc/ <Pi) -  <pm +  2 — (pm 
Si Qk.„ к 2

ï i  Фи +

+  V 1 +  •
§

(pi k, (Aim Tmi T a)

Qyi 9г 7,m —— (̂ / ri) + Yi (Vi + <P*) + 2 ack2r\ = kt( r , — Г[)
3 1 3  k n, --------- > a

D an s  ces conditions, le p rob lèm e à résoudre  se m et sous la  fo rm e m atric ie lle

ф  i
<Pi + n +  Yi ß

 ® +  k 1
2 уФ ,]
( r + a )  ip; — Q i

-V - } F  _ W i +  4 * \ 2 a r) Q

P o u r  des laps de te m p s  trè s  co u rts , G e n c e  a p u  tr a i te r  le p rob lèm e e t m o n tre r 
e n tre  a u tre  qu’il fa lla it se défier des généra lisa tions tro p  h â tiv e s , p a r  exem ple, 
en ce qu i concerne la  re s tru c tu ra t io n  d u  cham p  th e rm iq u e .

E n  particu lie r les n iv eau x  e t  les tem p s de re s tru c tu ra tio n  dép en d en t 
essen tie llem ent du ra p p o r t  e n tre  le g rad ien t th e rm iq u e  e t le g rad ien t ciné
m a tiq u e , dans le cas d ’u n  écou lem ent de c isaillem ent to u t  au  m oins.

(p* con ju g u é  de ç>(.

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



QUELQUES PROBLÈMES DE TURBULENCE 273

A nnexe I.

Lim ita tion des modèles de transport aléatoire à gradient

D ans ce qui s u it , nous m e tto n s  en évidence avec C o r r s i n  l’ensem ble 
des hypo thèses qu i condu isen t au m odèle  de tra n sp o rt à g rad ien ts  e t nous 
ap p liq u o n s ces considéra tions à u n  ex em p le  simple à u n e  d im ension.

Si l’on s’in té resse  au  tra n s p o r t  sp a tia l d ’un ch am p  scalaire, d o n t la  
c o n cen tra tio n  m oyenne est F(z, t), n o u s  pouvons écrire q u e  le flu x  m oyen 
F (z ,t) en 2 de Г  v e n a n t de tous les p o in ts  de coordonnée in fé rieu re  à z s’éc rit:

F(z,  , ) = ^ - Г  p ( z \  t) dz' . (1)
91 J  — со

L ’éq u a tio n  d ifféren tie lle  de co n se rv a tio n  qui s’en d é d u it é ta n t :

8F  _  0 F  

dt 0z
( 2)

D an s le cas général, F  p eu t ê tre  co n sid é ré  comme une fonctionnelle  de F  e t 
des p rop rié tés s ta tis t iq u e s  des f lu c tu a tio n s  de v itesse  e t  de c o n cen tra tio n , 
to u te fo is , pour u n  m écanism e de t r a n s p o r t  à ca rac tère  local dans l’espace e t 
d a n s  le tem ps, on p e u t  supposer q u e  F(z,t)  s’exprim e com m e une fonction  
de la  co n cen tra tio n  F (z ,t) et de ses dérivées partie lles, so it:

F{z, t) = / ( F , F :2, F t, r zz, r zl, r t u ,  . , , z ,  t ) . (3)

Si, de plus, on supp o se  le processus hom ogène, s ta tio n n a ire , in d é p e n d a n t de 
Г  e t fonction  linéa ire  des dérivées de  F  (nous en verrons p lu s loin un exem ple) 
la  re la tio n  (3) d e v ie n t:

r ( z ,  t) =  k 1 F z  -f- k 2 F t fc3 F zz k t l  2t к ъ F tt +  . . . (4)

les co n stan tes  K j  d ép en d an t du m écan ism e (c’est-à-d ire  des p ro p rié tés  s ta t is 
t iq u e s  du cham p des flu c tu a tio n s  de  v itesse  e t de co n cen tra tio n ).

Supposons encore  le p hénom ène  sym étrique d an s  l’espace e t la  con
v ec tio n  aléato ire s’effectuer à des v itesses su ffisam m en t élevées p o u r que 
les dérivées p ar r a p p o r t  au tem ps so ie n t négligeables p a r  ra p p o r t au x  dérivées 
sp a tia le s . 11 v ien t alors

F (2, t) =  к (1> T z +  fc<2> T ZZ2 +  . . .  (5)

(les dérivées d’o rd re  p a ir en z a in s i que les dérivées p a r  ra p p o rt au  tem p s 
a y a n t  d isparu).
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E nfin  si les dérivées d ’ordre su p érieu r son t négligées:

F ( z , t ) = - ® f z (())

e t  l’on re trouve  la  loi de F ick  qui co n d u it, en re p re n a n t l’éq u a tio n  (2) à une  
classique éq u a tio n  de diffusion:

r t =  — ® Г 2Z. (7)

A ppliquons ces ra iso n n e m e n ts  à un  phénom ène dans leq u e l le tra n sp o rt de 
J 1 est effectué p a r  u n  m ouvem en t a léa to ire  s ta tio n n a ire  de particu les a y a n t 
u n  lib re  parcours m o y en  l e t é ta n t anim ées d ’une v itesse  q u a d ra tiq u e  m oyenne 
V  su ffisam m en t élevée p o u r  que, su r la d ila tan ce  l, F  ne v a rie  pas sensib lem ent

Fig. 2

Si le p lan  z e s t te l que:
e t si l’on suppose que  n/2  p articu les tra v e rse n t p a r u n ité  de tem ps une u n ité  
d ’aire  du plan z d an s  ch aq u e  d irec tion , le flu x  m oyen de F  s’écrit:

F 1 I í rП 1 1 / 2
/
2

- Г ( 8 )

P u isq u e  l est p e t i t  d e v a n t les d istances su r lesquelles Г  va rie , on p eu t 
d év e lo p p er le deux ièm e m em bre  en série de T ay lo r e t cela fo u rn it:

F ( z , t ) n V ' - / Ê + - 1-
2 z 3 !

L ’éq u a tio n  d ifféren tie lle  (2) im plique alors:

F,{z, t) = n V
1

3!

( 9 )

L ’ap p ro x im atio n  du 1er g ra d ie n t est alors app licab le  lo rsque les te rm es d’ordre
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su p é rie u r ou égal à d e u x  son t négligeables p a r  ra p p o r t à ceux du  1er o rd re , 
ce qu i se tra d u it p a r:

^  ! J—  <s| 1 pour F  e t p a r
Г г 24 Г „Z I I zz

r-

24
1 po u r

8 Г

dz

I l v ie n t  alors:

F(z, t) =  -  n V  —  • f z .
2

Si, p a r  contre, on n e  considère p lu s  que /  (z, f) v a rie  de façon négligeable 
p e n d a n t le tem ps lib re  m oyen r  // b", le f lu x  au tem p s t dépend  du  cham p  
de co n cen tra tio n  qu i e x is ta it au te m p s  t r  e t le d éve loppem en t de T ay lo r 
d o it s’effectuer aussi b ien  dans l’espace  que dans le tem p s, e t ainsi:

F (z ,  t ) =  n V  —-  { Г г +  r rt t +  •■•}•

P o u r  re trouver, dan s ce cas, l’a p p ro x im a tio n  du p rem ier g rad ien t, il f a u t ’

£ j ,
Г -

1 ou <íí 1 .

A nnexe II.

E xem ple  de modélisation d'après  L u m l e y

A ux grands nom bres de R ey n o ld s  (en to u te  rig u eu r lorsque te n d  vers 
l’in fin i) , la d iss ip a tio n  que l’on p e u t  écrire, dans ce cas

ë =  v ' u ilk ■ U/,fc

e s t gouл'ernée p a r  l’équation :

E +  U Je ' j  +  2 ' u i,k u i, j  U j , k  +  U i , k j ' - ' v ' U j  Ui ,h +

+  U t,j 2 v u j , k  u i,k +  ( e u j ) , j  +  2 • v ■ u i k u U j u u k  

=  - 2 v  P ' t J G  +  Vs j j  — 2 ' 1,3 ' u t , k i  u i , kj  ■

II e s t évident que  son ex p lo ita tio n  nécessite un  ce rta in  nom bre  d ’ap p ro x i
m a tio n s  dans lesquelles nous ne re tie n d ro n s  que les te rm es de l’o rd re  de e e t 
Uj • ~еч . T outefo is, une  telle é v a lu a tio n  reste  com plexe e t nous donnons un
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exem ple de la d ém arch e  proposée p ar J .  L u m l e y  en l’a p p liq u a n t au  term e 
souligné:

2 v  '  u i,k u i j  '  Ü ] , k

q u i, com m e nous le v e rro n s , est négligeable.
M anifestem ent и,- k u,- ; es t de l’o rd re  de e/v e t lu i es t e x a c te m en t égal 

p o u r  j  =  к . D ’a u tre  p a r t ,  ce te rm e, qu i souligne l’in fluence  des p e tite s  
s tru c tu re s , do it d ép en d re , si l’on accep te  l’h y p o th èse  de K olm ogonov, de 
e e t  V e t de l’an iso tro p ie  de grosses s tru c tu re s  qu i f ix e n t l’énergie à dissiper 
e t  qui est ca rac térisée  p a r  les g rad ien ts m oyens [/,• y • J- L u m l e y  propose 
u n e  re la tion  fo nc tionne lle  du  ty p e :

u i , k u i , j  =  e -  ® k j  { U i j  , e , v } .
V

Si l’on se place dan s le cas d ’une tu rb u len ce  hom ogène associée à u n  cham p 
de g rad ien ts c o n s ta n ts  JJ j , , po u r les s tru c tu re s  considérées, l ’h isto ire  de la 
tu rb u le n c e  re n tre  p eu  en  ligne de com pte , les tem p s de re s tru c tu ra tio n  é ta n t 
p e ti ts  p a r ra p p o r t au x  te m p s  ca rac té ris tiq u es de ces s tru c tu re s , e t p a r  su ite  
§ :kj dev ien t une  sim ple fo n c tio n . De p lus, nous ne conserverons que la  p a rtie  
t a u x  de défo rm ation  S,y d u  te n se u r [/,-,•, la  p a r tie  ro ta tio n  en bloc n ’a ffec tan t 
p a s  les pe tite s  échelles. I l  v ie n t ainsi:

u i,k u i,j °^kj {‘-’/j’ v} •
V

L ’analyse  d im ensionnelle m o n tre  q u ’avec les tro is  q u a n tité s  S,-,- e, v e t les 
d e u x  g randeurs fo n d am en ta le s  in te rv e n a n t (longueur e t tem p s), on p eu t 
fo rm er:

d ’où
S, j = / r .s°  11 ’

_____ g ^
ë k j  =  u i,k u i,j ^ • ® k j( s u)-

v

A insi, le te n se u r  sy m é tr iq u e  gk/ — §:kj ( S jj) e s t fonction  d ’u n  a u tre  ten seu r 
sy m é triq u e  S,y • . O r, la  th éo rie  des in v a ria n ts  m o n tre  que la  dépendance 
ne  p e u t ê tre  quelconque e t  en p a rticu lie r que, si A k e t B k so n t d eu x  v ec teu rs 
a rb itra ire s , l ’in v a r ia n t b ilin éa ire :

ë k j  A  B j  =  <p(A, B .  s)

d o it ê tre  fonction  des in v a r ia n ts  que l’on p e u t fo rm er à p a r t ir  de A ,  B , S ■
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E n  ce qui concerne S seul, on p e u t  form er

I  =  Sa — 0 (co n tin u ité ); 11 =  S y  ; I I I  = S,j  S jk S ki

les a u tre s  é ta n t fonc tions des trois p rem ie rs  d ’après le th éo rèm e  de Ca y l e i h  
H a m i l t o n .

O n au ra  aussi:

A, A,. A t B, B, Bi
A, S a  A , A, S u  B, B, S i ,  в ,

1 'J 1 И J

A i Sjj S jk A k Ai S jj S jk B k Bt S , j S Jk в к
A , Sjj S j k S ki A t

e tc . . . .

C eux d ’ordre su p érieu r é ta n t fonction  des p récédents.
Com m e, de p lu s , cp do it ê tre  b ilin éa ire  en A  e t B,  n o u s aurons

gkj A k B , =  71(11-111) ôkjA j  B t +  ч4 1 \ . \ П ) кА к S k J B j  +

+  7 з (П Д П )^1  S kl S ,j  Bj  +  74(II,H I)^4â S kl S im S m]- B j

ce q u i fo u rn it p a r  id en tifica tio n :

gkj =  9>i(H,IH)<5Ây +  ^ ( Н Д Н )  S kj +  <p3( U A U ) S kl S,j +

+  74(11,I I I )  S kI S /m S mj

O r S  est un ten seu r assez p e tit  au sens des norm es de m a trices  trad itio n n e lle s , 
com m e:

Ш =  Il s  | | <  1

O n p o u rra  d év e lo p p er-ch aq u e  99/ se lon :

cp, (11,111) ~  a f +  6/ П  +  c , I I I  .

E n  se lim ita n t au  deuxièm e o rdre  e t  en  reg ro u p an t les co n stan tes , il v ie n t:

gkj ^  a ^kj +  S kj •

A insi, nous pouvons écrire

s
u i,k u i,j =  ■ a &kj +

I V
/  T  S Kj +  • •

les te rm es supérieu rs p lus p e tits  é t a n t  négligés.
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E n  so m m an t su r  к  e t j  il v ien t

D 'o ù :

и ‘. *и Ч -  v  \ 3

Le tern ie com plet d o n n e ra

= _ ( 3 a  +  0 +  . . . ) .

¥- +  b

V V

e I ô k / Ï V

1 [  V
2 v u itk u it]  U j i k  2  e Y ' U h k  S k j 1T + • • •

so it enfin:

2 v u i,ku <j U jtk ^ 2 b \ v e  U Jtk S k J .

Si alors 1 est une échelle in tég ra le  e t u' la  m oyenne q u a d ra tiq u e  des fluc tua tions 
de vitesse, on a u ra :

l lu ' l

S «j ^  Uj,k '
e t enfin

D 'o ù

£  U

V A

2 vu,,к u i,j U jtk и  и  _ и  A

l l e l l

négligeable d ev an t e qu i e s t lui, conservé.

Introduction in Some Problems of Turbulence. The paper in tended to be an introduc
tion for purpose to show the tra in  of thoughts which is the guiding principle of the experi
m ents conducted in the hydrodynam ic laboratory of the Ecole Centrale de Lyon in connection 
w ith the turbulence. W ith this the developm ent of a common language is w anted which makes 
easier the description and discussion of the research work performed on the subject of the 
boundary  layers disturbed and those, instabilized by heating. Through this also the future 
directions of developm ent of th is discipline m ight he estim ated; a num ber of viewpoints 
ju s tify  the expediency of studying the therm ic phenom ena, three-dim ensional boundary 
layers and flows bounded by walls.

Einleitung in einige Aufgaben der Turbulenz. Die nur für E inleitung beabsichtigte 
A bhandlung hat den Zweck eine Gedankenfolge darzulegen, die als R ichtlinie zu den im hydro
dynam ischen Laboratorium  der Ecole Central de Lyon im Zusam m enhang m it der Turbulenz
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angestellten Versuchen dient. D am it soll eine gemeinsame Sprache erschafft werden, die die 
Beschreibung und Diskussion der im Problem enbereich der gestörten Grenzschichten sowie 
der durch die Heizung instabilisierten Grenzschichten durchgeführten Forschungsarbeit e r
leichtert. D adurch können die zukünftigen Entw icklungsrichtungen auf diesem Fachbereich 
abgeschätzt werden; die U ntersuchung der therm ischen Erscheinungen, die dreidimensionalen 
Grenzschichten und durch Wände begrenzten Ström ungen scheint aus m ehreren Gesichts
punkten  erforderlich und zweckmässig zu sein.
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UNTERSUCHUNGEN ÜBER DAS VERHÄLTNIS 
ZWISCHEN MEMBRAN- UND BIEGESCHNITTKRÄFTN 

IN KREISZYLINDERSCHALEN 
UNTER WINDBELASTUNG

L. JA NK Ó*

[Eingegan.gen am  7. Februar 1973]

Mit Hilfe einer vereinfachten Biegetheorie wird das statische V erhalten der 
Kreiszylindeschale m it M em branabstützung un ter W indlast analysiert. In  diesem  
R ahm en wird eine A ntw ort auf die Frage gesucht, ob im Falle, wenn das Gleichgewicht 
zwar durch das M em brankräftespiel gew ährleistet ist, infolge der auftretenden großen 
Form änderungen nicht etwa größere Biegespannungen als die M em branspannungen 
in der Schale au ftre ten  werden. Verfasser stellt fest, daß das A rbeiten als reine Membrane 
nur bei kleinen Harmonischen und im  Falle dünnw andiger, niedriger Schalen möglich 
is t; daraus folgt, daß sich bei höheren H armonischen oder fü r hohe, dickwandige 
Schalen die M em brantheorie nicht als Partikulärlösung anw enden läßt.

1. E in le itung

E in en  w esen tlichen  Teil der B ean sp ru ch u n g en  d er In g en ieu rb au ten  v o n  
tu rin fö rm ig en  K reiszy lindern  (F e rn seh tü rm e , F ab rik sch o rn s te in e , Silos usw ., 
A bb. 1.) b ildet die W ind last. F ü r  die B erechnung  d ieser B ean sp ruchungen  
sind  m ehrere  g u t b rau ch b a re  V erfah ren  b e k a n n t, z. B . [1], [2], [3], n a c h  
denen  je  nach d er erforderlichen G en au igke it die in n e ren  K räfte  e rm itte lt  
w erden  können . A us den  U n tersu ch u n g en  geht auch h e rv o r, daß  die W in d 
la s tk o m p o n en ten  im  A bb . 2 die e n tla n g  der E rzeugenden  der Schale gleich  
v e r te ilt  sind au ch  allein durch  M em b ran k rä fte  im  G leichgew icht g eh a lten  
w erden  können .

Sowohl th eo re tisch  als auch p ra k tisc h  is t jed o ch  die folgende F ra g e  
g e rech tfe rtig t: o bzw ar es rich tig  is t, d aß  die Schale diese L asten  auch d u rc h  
M em b ran k rä fte  tra g e n  kann , wie s te h t  es jedoch  d an n  m it der K o m p a tib ilitä t 
der F o rm än d e ru n g en  bzw. m it d er W irk u n g  der Q u e rsch n itts fo rm än d e ru n g  
a u f  die in  der K o n s tru k tio n  a u ftre te n d en  S p an n u n g en ?  Es is t also in  A b h ä n 
g igkeit von den geom etrischen P a ra m e te rn  der Schale (A bb. 1 L, R , h) zu 
p rü fen , w ann  die E rgebnisse  der M em bran theo rie  infolge der en ts teh en d en  
F o rm än d eru n g en  u n d  der dam it v e rb u n d en en  B iegebeanspruchungen  u n a n 
n e h m b a r w erden.

In  der vo rliegenden  A rbeit soll diese F rage  b e a n tw o rte t w erden. D azu

* L. J a n k ó , Lajos u. 142. H-1036 B udapest, Ungarn.
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Abb. 1 Geometrie der Kreiszylinderschale

Abb. 2 V erteilung der W indlastkom ponenten im Q uerschnitt

w erd en  die m it H ilfe  der M em b ran th eo rie  e rm itte lten  in n eren  K rä fte  m it 
den  E rgebnissen  e in er hand lichen  a n n ä h e rn d e n  B iegetheorie verglichen.

D as Proliiéin  d er R an d stö ru n g en  w ird  liier n ich t b eh an d e lt (sie w erden 
als unabhäng ige  W irk u n g  b e tra c h te t , d ie z. В. nach [1] le ich t zu berechnen  
sind) u n d  so w erd en  die B erechnungen  an  einer K reiszy linderschale  m it 
M e m b ran ab s tü tzu n g  d u rchgefü lirt. D ie M em b ran ab stiitzu n g  w ird  m it den 
B ezeichnungen  d er A bbildungen  1 u n d  3, wie folgt, d e fin ie rt:

N Z(L) =  N ZS(L) — n ( 0 )  =  ®(0) =  0 .  (1.1)
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2. L astfunk tion , sta tisches Modell

Die längs d er K o o rd in a te  z als u n v erän d e rlich  b e tra c h te te , am  U m fan g  
v e rte ilte  und  in  jed em  P u n k t in  N o rm a lrich tu n g  w irkende W in d last p  w ird  
im  allgem einen in  F o rm  eines P o lynom s an g ese tz t:

Г
p  =  V  p k cos k x , (2 -1)

k= 0

wo die einzelnen p k W erte  als P ro d u k te  d er in den B au n o rm en  vo rgesch rie 
benen F o rm fa k to re n  ch und  des S ta u d ru c k s  q e rh a lten  w erden . E ine d e ra r tig  
m ögliche L a s tfu n k tio n  la u te t  nach  dem  U ngarischen  S ta n d a rd  MSZ 15021 — 57 
wie fo lg t:

p  =  q ( 0,3 -)- 0,5 cos x  -j- 0,8 cos 2 a) +  D ru ck , — Zug .

N ach  E in fü h ru n g  der Sym bole

9( )
02

( )’

K l
8a =  ( )•

( 2 . 2)

w ird  die V orzeichenregel der S c h n ittk rä f te  nach  A bb . 3. festgelegt.

Abb. 3 Membran- und  Biegekräfte der Schale
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Im  w eiteren  sollen  die G ru n d a n sä tz e  des von  W l asso w  [6] ein g efü h rten , 
v e re in fach ten  R echenm odells ku rz  zu sam m en g efaß t w erden:

1. Die B iegungs- u n d  T o rsio n sm o m en te  in  L än g srich tu n g  dürfen  v e r
n ach lä ss ig t w erden , d a  sich ihre W irk u n g  a u f  die u n m itte lb a re  U m gebung 
d e r  an  der F o rm ä n d e ru n g  d u rch  die R ä n d e r  g eh in d erten  Q u ersch n itte  
b e sc h rä n k t. D em en tsp rech en d  is t au ch  die Q u e rk ra ft in  R ic h tu n g  der E rz e u 
g en d en  gleich N ull, w äh ren d  die ü b rig en  in n eren  K rä fte  a u f  A bb. 3b v e ra n 
sc h a u lic h t sind.

E s sei b e m e rk t, daß  die d a rau s  fo lgenden  G leichgew 'ichtsgleichungen 
den  E rgebnissen d er im  d eu tsch en  F a c h sc h rif ttu m  allgem ein  b ek a n n te n  
»unvo llständ igen  B iegetheorie« bzw . d er in  der angelsächsischen  L ite ra tu r  
als Schorersche B iegetheorie  beze ich n eten  M ethode en tsp rech en .

2. Als E rg än zu n g  dieser s ta tisc h e n  A nsätze  w ird  die D ehnung  der 
S ch a lcn k o n stru k tio n  in  R in g rich tu n g  als gleich N ull b e tra c h te t  (e s =  0) u n d  
au c h  die F o rm än d e ru n g  du rch  S c h u b b ean sp ru ch u n g  a u f d e r M itte lfläche  v e r 
n ach lä ss ig t (yzs =  0).

D ie eingehende A nalyse der g e n a n n te n  B edingungen  b e tra c h te n  w ir 
n ic h t  als unsere A u fgabe , es sei n u r  b e m e rk t, d aß  die obigen V ere in fachungen  
n a c h  [4] aus einer einzigen  V ere in fachung  ab g e le ite t w erden könn en : es w ird  
angenom m en , daß  alle V erschiebungs- u n d  S p a n n u n g än d e ru n g en  in  R ich tu n g  
2 g la t te r  ab laufen  als in  U m fan g srich tu n g .

Abb. 4. Statisches Modell der K onstruktion
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Von R a m a s w a m y  [7] w erden die v o n  versch iedenen  V erfassern  fü r  a u f  
B iegung b ean sp ru ch te  K re iszy linderschalen  au fgeste llten  T heorien  au sfü h rlich  
e rö r te r t  u n d  es w ird au ch  a u f  die G renzen  d er A n w en d b ark e it der Schorerschen  
T heorie  eingegangen.

N ach  dem  B esag ten  gelten also

es =  o,

Vzs =  0 .
(2.3)

N ach E in fu h ren  der genann ten  A n sä tze , lä ß t sich die b e h an d e lte  K reis- 
zv linderschale  d u rch  eine dünnw andige  K o n s tru k tio n  n a c h  A bb . 4 e rse tzen . 
Diese b e s te h t aus e iner R eihe durch  ein  F ach w erk  v e rb u n d e n e r  R inge u n d  
die V erb in d u n g  zw ischen den als B iegeringe a rb e ite n d e n , d ü n n w an d ig en  
Schalenringen  w ird d u rch  das die M em b ran k rä fte  au fn eh m en d e  F a c h w e rk  
g ew ährle iste t.

3. Nach der Membrantheorie wirkende Schnittkräfte

W ird  die G esam tla s t lediglich d u rc h  M em b ran k rä fte  ausgeglichen , so 
e rh ä lt m an die A u sd rü ck e  der S c h n ittk rä f te  in  sehr e in facher W eise, z. B. 
aus den  G leichgew ichtsgleichungen a u f  S. 86 in  [5] u n te r  den R a n d b e d in 
gungen

N J L )  =  0 ,  

iV.(L) =  0 .
(3.1)

Die drei S c h n ittk rä f te  ergeben sich  d ann  zu:

N Sfk =  - p k R  cos k x , (3.2)

N zs* =Pk( L — z ) k s i n k x ,  (3.3)

N Ztk =  p k — -  k 2 cos k x  , (3.4)
ZK

wo к  =  0 , 1, 2 . . . r. b ed eu te t.
P rü f t  m an die M em b ran -F o rm än d eru n g en  d er Schale, so s te llt  sich 

h e rau s , d aß  die N u llp u n k te  der F u n k tio n  der V ersch iebung in n o rm aler 
R ich tu n g  (A bb. 1 w) do rt liegen, w o die N u llp u n k te  der L as tfu n k tio n  ([1], 
im  allgem einen w =  W'■ cos kx). D u rch  die In flex io n sp u n k te  wird der U m fang 
in 2к Bogen au fg e te ilt; analysiert m an  die S pan n u n g sv erh ä ltn isse  je  eines 
B o g en ab sch n itts , so lä ß t  sich fe s ts te llen , daß  m an eigen tlich  2к K rag b a lk en  
ähn lich  a rb e iten d e  T räg e r m it bogenförm igem  Q u ersch n itt (m it dem  M itte l
punk tsw in k e l n /к) e rh ä lt, von denen к  nach  innen  u n d  к nach  außen  gebogen
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s in d , und  die V erb in d u n g  zw ischen ih n en  du rch  die längs der A n sch lu ß 
fläch en  au ftre ten d en  S ch u b sp an n u n g en  gew äh rle is te t w ird. A u f diese A nalogie 
w erd en  w ir noch in den  P u n k te n  7 bzw . 8 zu rückkom m en.

4. Die vereinfachte Biegetheorie

W erden  neben  den  M em b ran k rä ften  auch  die B ieg esch n ittk rä fte  zum  
T rag en  der L asten  herangezogen , so e rh ä lt m an  m it den  frü h eren  V ere in 
fach u n g en  folgende Z usam m enhänge:

4.1. Die Differentialgleichung der Aufgabe

Die G leichgew ichtsbedingung des S chalenelem ents in A bb. 3b e n tsp ric h t 
d e r  B efriedigung d er folgenden G leichungen:

N '
N ’ + - f  =  ° ,

К
(4.1)

-i_ iV' — 0 
R  zs R  ’

(4.2)

N s +  Qs +  p R  =  0 , (4.3)

оIICv (4.4)

N ZS =  N S Z . (4.5)

F ü r  die w eitere  B eh an d lu n g  w erden diese G leichungen zu  einer einzigen 
p a r tie lle n  D ifferen tia lg leichung  höherer O rd n u n g  zusam m engezogen. W ird  
(4.1) nach  z u n d  (4.2) nach  a  d ifferenziert, und  w erden d a n n  die beiden 
G le ichungen  u n te r  A nw endung  von (4.5) zusam m engezogen, so e rh ä lt m an

w - N " - N s- +  Qs =  o .

S odann  w ird  die aus (4.3) du rch  zw eifache D ifferenzierung  nach  x 
e rh a lte n e  B eziehung

N s +  Qs +  R p  =  о

m it H ilfe von (4.4) m it der vorigen  zusam m engezogen, u n d  m an  e rh ä lt die 
g ew ü n sch te  partie lle  D ifferen tia lg leichung  v ie r te r  O rdnung  in  d er Form

Щ +  ~  (Ms +  MD =  -  . (4.6)

D iese w ird im  w eite ren  in  die F o rm  m it e iner V eränderlichen  g eb rach t.
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Die K o m p o n en ten  in T angen tia l- (и ), U m fangs- (v) u n d  N o rm alrich tu n g  
(w) der V ersch iebungsvek to ren  säm tlich er P u n k te  in  der M itte lfläche können  
m it den D efo rm ationse lem en ten  in der M itte lfläche  ez , £s u n d  yzs bzw. m it 
der K rü m m u n g sän d e ru n g  in  R in g rich tu n g  x s au sg ed rü ck t w erden:

£- =  u'. (4.7)

e, = -----(v iv) ,
R

(4.8)

Уzs =  ^  « +  v' , 
К

(4.9)

X- =  ----- (V +  W ) .
R 2

(4.10)

Bei der A uflösung  w ird die Q u e rk o n tra k tio n au ß e r a ch t gelassen

(/* = 0) und  die p h ysika lischen  G leichungen w erden in der folgenden vere in -
fach ten  F o rm  au fgesch rieben :

2 D  ’
(4.11)

M s
xs = ----------- ,к

(4.12)

WO
D =  E h  , (4.13)

und

K = Eh- ,
12

(4.14)

N ach  E in fü h ru n g  d er F o rm än d eru n g sh ilfs fu n k tio n  cp =  <p(ZS) e n tsp re 
chen u n te r  B erück sich tig u n g  von  (4,7 4,10) den  G run d sä tzen  (2.3)
ü b er die F o rm än d e ru n g en  folgende Z usam m enhänge:

<P\ (4.15)

1

i f * ’
(4.16)

1
-----¥  >
R

(4.17)

(4.18)
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In  K en n tn is  derselben  können  die K ra f t  N ,  in R ich tu n g  der E rzeu g en d en  
u n d  das B iegem om ent M s in R in g ric h tu n g  m it H ilfe von  <p d irek t au sg ed riick t 
w erden :

N z =  - E h  cp", (4.19)

, ,  к  ,
M s =  -  R i  (rP +<P )• (4.20)

W egen der B ed ingung  (2.3) (yzs =  0) lä ß t sich die S ch u b k ra ft N z, n u r  
m it H ilfe einer G leichgew ichtsg leichung m it anderen  G rößen  in B eziehung 
se tzen , u. zw. zw eckm äßigerw eise m it H ilfe der G leichung (4.1)

N z s =  R N ' . (4 .21-a)

Infolge der V ernach lässigung  d er ringförm igen  D eh n u n g  (es 
die R in g k ra ft N ,  au s  der G leichgew ichtsgleichung (4.2) b e s tim m t

=  0 ) w ird

N * =  R \  к  - JV áJá*- (4 .21-b)

F ü r  eine geschlossene Z y linderschale  lä ß t sich die H ilfsfunk tion  cp =  <p(z,s) 
in  F o rm  der R eihe (4.22) au fschre iben :

r

(f ( z , s ) = y  Fk(z) cos k x .
k= 1

(4.22)

N ach  E in se tzen  von  (4.22) in  die G leichungen (4.19), (4.20) und  (4.6) 
w obei von den  w eiteren , aussch ließ lich  m ath em atisch en  E rö rte ru n g en  

A b s ta n d  genom m en w ird  e rh ä lt m an  fü r die K oeffiz ien ten  F k(z) ein 
unend liches lineares D ifferen tia lg leichungssystem  m it k o n s ta n te n  K oeffiz ien 
te n , das durch  die A usdrücke (4.23 — 24) v e ran sch au lich t w ird:

a F ’i"  = f i , (4.23)

nF  к +  bk Fk =_- f  , (4.24)

к  =  2 , 3 , . . .  r ,
WO

а =  h R ,

bk =  к Ч к 2 l )2 A3 , 
" v ; 12 R>

u n d

(4.25)

(4.26)

fJ k — — P k »
E

(4.27)

к =  1, 2 . . .  г .
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4.2 Lösung des Differentialgleichungssystems

U m  die D ifferen tia lg leichungssystem e (4.23) u n d  (4.24) m it k o n s tan ten  
K oeffiz ien ten  zu lösen, w ird  d er P a ra m e te r  p k e in g efü h rt:

k =

4

4 а
(4.28)

Die R an d b ed ingungen  der Schale m it M e m b ran ab stü tzu n g  w erden m it 
H ilfe von

N f L )  =  N ZS(L) =  u(0) =  v(0) =  0 

wie fo lg t au fgeschrieben:

F;(L) =  F f  (L ) =  F]'(0) =  F f  0) =  0 ,
F'I(L) =  F f  (L) =  F'k(0) =  Fk(0) =  0 .

Die Lösung der Gl. (4.23) m it der aus der T heorie  des N avierschen  
B iegebalkens w o h lb ek an n ten  F o rm  w ird  d u rch  das P o lynom

FJz)  =  - A -  (Z4 +  6L2 22 4 L z 3) (4.31)
24a

geliefert.
S uch t m an  eine P a rtik u lä rlö su n g  einer zu den Ind izes к =  2 , 3 . . .  r 

gehörenden  hom ogenen  G leichung des D ifferen tia lg leichungssystem s (4.24) 
nach  E u ler in  d er F o rm  F°. =  ep" , so e rh ä lt die a llgem eine L ösung der hom o
genen G leichung m it H ilfe der W urzeln  p l 23i  =  ( i  1 i  i) AG der b e tre ffen 
den ch a rak te ris tisch en  G leichung

(4.29)

(4.30)

folgende F o rm :
P4 +  4 AG =  0

F l  — Ckl Фк1 +  Ck2 Фк2 +  Ck3 ФкJ +  Cki Фкл.

In  diesem A usdruck  sind

(4.32)

(4.33)

Фк1(г) =  cosh fik z sin fik z, 

Фк2(г) =  cosh fik z cos f ik z, 

Фкз(г) =  sinh fxk z cos z , 

Фщ{2) =  sinh  Pa 2 sin AG 2 > 

к =  2 , 3 . . .  r.

M it H ilfe der H ilfsveränderlichen

fkGk =  JK
bk

k-

E b k
Pk,

(4 .34a-d)

(4.35)
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die eigentlich  das G lied F k =  Gk d e r L ösung F k =  F k -)- F k des D iffe ren tia l
g leichungssystem s (4.24), also eine P a rtik u lä rlö su n g  d er inhom ogenen  G lei
ch u n g  is t, n im m t die L ö su n g sfu n k tio n  F k, die die R an d b ed in g u n g en  (4.30) 
be fried ig t, die F o rm

Fk (z) =  [С/.-з(Ф*з _  +  Ck/i +  (1 — ®h )] Gk (4.36)

к  =  2 , 3 , . . .  r
an.

Die In teg ran d en Ck w erden  d u rch  A usw ertung d er fo lgenden  Aus-
d rü ck e  gew onnen:

C,a
1 sin 2 p k L  -f- sinh  2 p k L

2 cosh2 [ik L  -f- cos2 p k L

C/f 2 r  k'2=  (* k =  P k ,  E b k (4.37)

C/G* - - Ck l ,

C,4
s inh2 p k L  -)- cos2 [ik L  

cos/i2 p k L  -)- s in2 fik L

к -  2 , 3 . . .  r.

5. Die Ausdrücke der inneren Kräfte

5.1 Schnittkräfte im  Falle к — 1 

D ie Z usam m enhänge (4.19), (4.22) und  (4.31) ergeben  in  F o rm

N n  =  ^ - ( L - z f  c o s *  (5.1)
ZK

die aus dem  an tim e trisch en  Teil der W in d last s tam m en d e  K ra f t  in  R ich tu n g  
d er E rzeugenden .

M an kann  sich le ich t davon  überzeugen , daß  es sich im  vorliegenden  
F alle  u m  die Lösung e in er als N av ierscher B alken  au fg e faß ten  K re iszy lin d er
schale  h an d e lt, d. h. d aß  u n te r  E in w irk u n g  der an tim e trisch en  L astk o m p o 
n e n te n  der Q u ersch n itt n ic h t defo rm iert w ird und auch  w e ite rh in  sen k rech t 
zu r v e rfo rm ten  L ängsachse  des S tabes steh en  w ird.

D ie R esu ltie rende  d er W in d k rä fte  in einem  belieb igen  Q u e rsch n itt is t

p y cos2 x  dx  =  р ,л ,
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d a m it is t das au f einen  S ch n itt m it d e r  K o o rd in a te  z w irkende äußere  B iege
m o m en t

M z(z) =  ~ P l n ( L  z)2 ;

d a ra u s  e rh ä lt m an m it Hilfe von 10 n  h R :i

M , (L -  z f
N гтах(о) — db “ — Rh — i  Pi — ~ —

I o

eine B eziehung, die sow ohl m it (5 .1), als auch  m it der M em b ran k raft (3.4) 
ü b e re in s tim m t, da ja  in  den Q u e rsc h n itte n  kein R ingm om en t e n ts te h t, das 
e inen  Teil der L ast au fnehm en  w ü rd e .

5.2 Schnittkräfte im  Falle к =  2 , 3 .  . . r

In  K enn tn is  d er E rgebnisse in  P u n k t  4 lassen sich die inneren  K rä f te  
a n h a n d  der B iegetheorie  leicht e rm itte ln ;  die fü r die B erechnung  günstige  
F o rm  la u te t:

^ z . k  — —^/сз(^м4-Фи) +  См Фц+Фн '

2 УЗ R 2 V,. cos к х ,
(5.2)

(fc2 1)A

N Sz,k — [ 2 C, 3 Фк 2 (С/С4+1) Фк3 +  (С/с4 1) Фк\\ ■

к
p k sin

2 /М/с
к х ,

(5.3)

N s,k = &kl) +  Сki ^/(4 Фкг +  1 ] ' (5.4)

к -
1J R p k cos к х ,

к 2 -  1

M s,k = [Ск3 (Фкз +  С-М Фк\ Фк2 +  1 ] '

R 2 , (5 .5)• ---------- p,. cos к х  .
к 2 -  1

5.3 E in  Zahlenbeispiel

D ie b isherigen  E rgebnisse so llen  d u rch  ein Z ah lenbeisp iel v e ra n sc h a u 
lic h t w erden . Die A bb . 5 bis 8 zeigen  die G esta ltu n g  d er B ean sp ru ch u n g en  
län g s d er E rzeugenden  einer K re iszy lin d ersch ale , die d u rch  die geom etrischen
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Abb. 5 Verteilung der R ingkräfte  längs der Erzeugenden (L =  50 m, R  =  5 m, h =  0,2 m)

Abb. 6 Verteilung der M ittelflächen-Schubkräfte längs der Erzeugenden (L =  50 m. R  — 5 ш
h =  0.2 m)
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Abb. 7a Verteilung der in  Richtung der Erzeugenden wirkenden M em brankräfte längs der 
Erzeugenden (L =  50 m , R  =  5 m, h =  0,2 m)

Abb. 7b Verteilung längs der Erzeugenden der nach der Biegetheorie erhaltenen, in R ichtung 
der E rzeugenden wirkenden K räfte  (L =  50 m, R  =  5 m, h =  0,2 m)
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7_
L

1.0

Pk = 1 M p / m 2 
К = 2. 3, 4

0 2 4 6 8 10 12 Ms, kIMpm/m)

Abb. 8 R ingm om entverteilung längs der E rzeugenden (L =  50 m, R  =  5 m, h =  0,2 m

D a te n  L  =  50 m , R  — 5 m , h =  0,2 m  gekennze ichne t und  d u rch  eine W ind 
la s t m it der A m p litu d e  =  1 M p/m 2 u n d  von der V erte ilung  p  p k cos кос
b e la s te t is t, im  F a lle  von  к =  2 , 3 , 4 .  In  diesen A bbildungen  u n d  au ch
im  w eiteren  — w erd en  die nach der M em bran theo rie  b e s tim m ten  B e a n 
sp ru ch u n g en  von  den  aus der B iegetheorie  gew onnenen B ean sp ru ch u n g en  
du rch  einen H o c h s tr ic h  un tersch ieden .

Die B erech n u n g en  w urden  a u f  d er e lek tro n isch en  R echenm asch ine  T P A  
des U n te rn e h m e n s  ÉM . SZÁM GÉP v o n  D énes W i l d n e r  d u rch g efü h rt.

6 . Die A u fte ilung  der G esanitw indlast (p  pk cos k a )  a u f durch  
R ingb iegekräfte  (pk) und a u f  d u rch  M itte lflächenkräfte  (p j1) 

aufgenoinm ene L astan te ile

D em  e in g efü h rten  sta tisch en  M odell en tsp rech en d  se tz t sich das d u rch  
(5.2) bis (5.5) b e s tim m te  K rä fte sy s tem  aus zwei Teilen zusam m en (A bb. 9):

Die eine K rä fte g ru p p e  (A bb. 9a) is t das innere K rä fte sy s tem  eines 
gew öhnlichen B iegeringes ( N f k, M kk, Qgk) , das die L as tk o m p o n en te  
t r ä g t ,  die andere  K rä fte g ru p p e  (iV/JJ, N ^ k, N™k) n im m t den ih r e n tsp re c h e n 
den L a s ta n te il p™ m em b ran a rtig  a u f  (A bb. 9b). D ah er k ö nnen  fo lgende
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a . b.
Abb. 9 Verteilung der Gesamtwindlast (pk) au f durch Ringbiegekräfte (p fl) und Mittelflächen'

kräfte (p M) getragene Lastanteile

B eziehungen  aufgeschrieben  w erden :

und

N z,k =  N % , (6 .1)

N zs,k =  N £ k , (6 .2)

N Sik =  N * k +  N 5 , (6.3)

- V s , к =  M " k , (6.4)

Qs,k =  Qs.k > (6 .6 )

Pk + P k 1 =  УРк +  ( !  У) P k  ■ (6 .6 )

D an ach  e rh ä lt inan u n te r  A n w endung  der allgem ein b ek an n ten  hzw. 
aus den  G leichgew ichtsgleichungen (4.2) bis (4.5) le ich t ab le itb a ren  G rund- 
fo rinel der R ingb iegung

n B R 2
M * k =  ------cos k x  (6.7)

k~ 1

den Z u sam m en h an g  zw ischen d er A m p litu d e  (p k) d e r G esam tlast u n d  der 
A m p litu d e  (p k ) des durch die R in g k rä fte  aufgenom m enen  L asten te ils  in 
der F o rm

Pg =  \Ск3(Фк3 -  Ф,а) +  Cu  Фы Фк2+ 1 ] Р к . (6.8

N ach  dem  B esag ten  b e trä g t d er P ro z e n ta n te il der d u rch  die R in g k rä fte  
g e trag en en  L ast

У =  100 [С,з (Ф,з -  Фк1) +  См ФкА ф,,2 +  1]

Ркй= УРк ■

(6.9)

( 6 . 10)
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7. Analyse des Verhältnisses der nach der Biegetheorie erhaltenen 
( N z k , N zs k ,  N x k ) zu den nach der reinen Membrantheorie erhaltenen

( N z k, N zs k, N s k ) M ittelflächenkräften

Aus der e in g eh en d en  A nalyse d er A usd rücke (5.2) bis (5.4) bzw. (3.2) 
b is (3.4) für die m it H ilfe der Schorerschen  B iegetheorie e rh a lten en  M itte l
flä ch en k rä fte  N z k, N zs k und  N s k bzw . fü r  die durch  die reine M em bran
th e o rie  gelieferten M itte lf lä ch en k rä fte  N z k, N zs k u n d  N s k lassen  sich folgende 
Schlüsse ziehen:

1. Bei k o n s ta n te n  P aram ete rn  R jh  und  L/f? w achsen die nach d er 
M em bran theorie  e rh a lte n e n  inneren  K rä f te  (N zsk, N zk) m it dem  z u n eh 
m enden  M u ltip lik a to r к  des A rg um en ts, w äh ren d  die n ach  d er B iegetheorie 
e rh a lten en  S c h n ittk rä f te  (N zs k, N z k) ab n eh m en . D as lä ß t  sich d ad u rch  
e rk lä ren , daß m it d e r Z unahm e von к die P feilhöhen  der B ogen ab sch n itte  
zw ischen den In f le x io n sp u n k te n  des B inges fo rtw äh ren d  abnehm en , d. h. die 
S te ifig k e it in E rzeu g en d en rich tu n g  der K ra g trä g e r  m it den  diesen B ogen
a b sc h n itte n  e n tsp rech en d en  Q u e rsch n itten  (vgl. P u n k t 3) im m er geringer 
w ird ; m it ab n eh m en d er B ogenlänge w erden  hingegen die T räg e rab sch n itte  
im  Vergleich zu r M em branste ifigkeit in  K ing rich tu n g  im m er steifer. D as
b e d e u te t, daß d an n  d ie  K rä fte  N zsk, N , k u n d  N sk (bei z 0 v e rm in d e rt« ’ ’ ’
sich  auch N sk; vg l. A b b . 5) von der G esam tla s t im m er w eniger au fnehm en  
m üssen .

W ird von der B iegungsste ifigke it d er Schale abgesehen ( K  =  0), also le 
d ig lich  m it M em b ran k rä ften  gea rb e ite t, d a n n  nehm en (bei k o n s ta n te m  Ars k) 
die K rä fte  N zsk un d N sJ{ m it к zu.

2. Bei gleichem  к  u n d  k o n stan tem  L / R  w erden die Q u o tien ten  N zkI N zk 
u n  N zJ N z. k m it zunehm endem  R jh  (d. h . m it ab n eh m en d er B iegungs
s te ifig k e it) im m er g rö ß er, da ja  in d iesem  F a lle  die R ing-B iegekräfte  (M sk , 
Qs k) einen geringeren A nte il der G esam tla s t trag en  w erden  u n d  sich das 
K rä fte sp ie l dem re inen  M em b ran zu stan d  n ä h e rt.

3. Bei k o n s ta n te n  L /R  und  R jh  m achen  die bei A: = 4  a u ftre te n d en  
K rä f te  N zs I; und N z k n u r  einen B ru ch te il d er bei к — 2 en ts teh en d en  e n tsp re 
ch en d en  K räfte  aus. D iese T a tsache  w ird  au ch  in  den B au n o rm en  b e rü c k 
s ic h tig t; z. B. die V o rsch riften  der N orm  MSz 15021 —57 e n th a lte n  von  der 
a llgem einen L a s tfu n k tio n

Г
p  =  P k  c o s

k= 0
n u r  die G lieder к 0 .1 ,2 .
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8 . Das V erhältn is der durch  die nach der B iegetheorie 
e rh a lten en  R ing-B iegekräfte  (A/J% Q iVsß,)  zu den durch  die S chn ittk rä fte  

(ЛГ& N ^ l )  ge tragenen  L asten te ilen

In  den  A bb ildungen  1 —12 ief die Ä nderung  längs d er E rzeugenden  der 
d u rch  die beiden  K rä f te g ru p p e n  getragenen  L a s ta n te ile  ( p k =  p k y  bzw . 
p™ =  p ; ( l  — y) in  A b h än g ig k e it von  den  P a ra m e te rn  R jh  und  L jR  der K re is
zy linderschale  darg este llt.

E ine A nalyse der D iag ram m e fü h rt zu fo lgenden Schlüssen :
1. Bei k o n s ta n te n  Rjh  u n d  L jR  u n d  zunehm endem  к  n im m t auch у  zu. 

D as zeigt w iederum , d aß  die Z u n ah m e von к d u rch  eine zunehm ende R in g 
ste ifig k e it der Schale b eg le ite t w ird, d. h. die wie halbe  K rag b a lk en  a rb e i
ten d en  T räg er m it d u rch  die In flex io n sp u n k te  g e tre n n te n  Q u ersch n itten  
(s. P u n k t 3) einen im m er k le ineren  Teil der G esam tlast tra g e n  können.

2. H ohe d ickw andige T ü rm e  nehm en  den ü berw iegenden  Teil der L asten  
du rch  B iegekräfte  auf, w äh ren d  bei n iedrigen d ü n n w an d ig en  K re iszy linder
schalen  die S c h n ittk rä f te  eine en tscheidende Rolle spielen.

3. E ine  sehr w ich tige Schlußfo lgerung  is t, d aß  sich bei höheren  H a r 
m onischen u n d  hohen  d ickw and igen  Z ylinderschalen  die M em bran theorie  
n ich t als P a rtik u lä rlö su n g  anw enden  läß t. D as b e tr if f t  v o r allem  die U m 
gebung des oberen R an d es. Als re ine M em brane k an n  näm lich  n u r eine 
niedrige dünnw andige  Z y linderschale  bei kleinem  к  a rb e ite n .

4. In  den A bb ild u n g en  10 bis 12 fä llt auf, daß  у  stellenw eise ü b er 100%
an ste ig t. D er besseren  V ers tän d lich k e it ha lber b e tra c h te n  w ir A bb. 9. Solang 
у  <  100% , en tsp ric h t das V orzeichen der inneren  K rä f te  dem  A bb. 9. D urch  
jed en  W ert der e n ts te h e n d e n  B iegem om ente M f k w ird  je  ein L a s ta n te il 
b e s tim m t, der im  F alle  gew isser geom etrischer V erh ä ltn isse  a u f  einem  Teil 
des Z ylinders 100%  ü b e rsch re iten  w ird. In  diesem  F a lle  m uß das
V orzeichen w echseln u n d  d ah e r w ird  auch p das u m g ek eh rte  V orzeichen 
e rh a lten . Diese E rsch e in u n g  w ird  n ach  der B alkenanalog ie  im  P u n k t 3 e rk lä r t, 
d. h. es versch ieben  sich die M em b ran k rag träg e r, die als a u f  den »R ingträgern« 
elastisch  gelagerte B alken  a rb e ite n , im  oberen S chalenbere ich  in einer der 
L a s tr ic h tu n g  en tg eg en g ese tz ten  R ich tu n g  und  d a m it b e la s te n  sie die R in g 
trä g e r. A n s ta t t  an  d er L as tü b e rn ah m e  te ilzunehm en , b ed eu ten  in diesem  
F alle  die S c h n ittk rä fte  noch  eine M ehrbelastung  zu den R ing -B iegek räften . 
D eshalb  erfü llt sich in  diesem  F alle  die G leichheit

Pk =  Pk +  Pk ■
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Abb. 10 Änderung der durch R ing-Biegekräfte und  der durch M ittelflächenkräfte aufgenom 
m enen Lastanteile (y°/0 bzw. 100-y%) längs der Erzeugenden, in A bhängigkeit von den Para

m etern  R/h  und  L/R, bei к =  2
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Abb. 11 Änderung der durch R ingbiegekräfte und  der durch M ittelflächenkräfte^aufgenom - 
m enen L astanteile (y%  hzw. 100-y%) längs der Erzeugenden, in A bhängigkeit von den P a ra 

metern R/h u n d  L /R  bei fe =  3
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Abb. 12 Änderung der durch  R ingbiegekräfte und der durch M ittelflächenkräfte aufgenonn 
m enen Lastanteile (y°/0 bzw. 100-y%) längs der Erzeugenden, in A bhängigkeit von den P a ra 

m etern R/h  und  L /R  bei к =  4
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Analysis of the Ratio of the Membrane and Bending Forces of a Cylindrical Shell Sub
jected to Wind Load. The static behaviour of the mem brane supported  cylindrical shell- 
subjected to wind load is analysed w ith  the aid of the simple theory of bending. In  this connec
tion  answer is given to  the question th a t  if  the m em brane stress p a tte rn  realizes the equi
librium , so the large deformations do induce or no t bending stresses in th e  shell wall greater th an  
m em brane stresses. I t  is stated  th a t pure m em brane behaviour is only possible in case of small, 
low, and thin-walled cylindrical shells, therefore, in case of higher harm onics or high, 
thick-w alled cylindrical shells the m em brane theory  cannot be applied as particular solution.

Анализ отношений мембранных и изгибающих усилий цилиндрических оболочек, 
работающих при ветровой нагрузке. Автор при использовании упрощенной теории изгиба 
дает анализ статического поведения работающей при ветровой нагрузке цилиндрической 
оболочки, имеющей мембранную опору. В рамках чего автор ставит своей целью дать 
ответ на вопрос, что в том случае, когда работа мембраны обеспечивает разновесие, тогда 
возникающие большие деформации не создают ли напряжения изгиба в мембране, как 
мембранные напряжения. Установлено, что чистая мембранная работа возможна лишь 
в случае небольших гармоник и низких тонкостенных цилиндрических оболочек: вслед
ствие чего в случае более высоких гармоник или высоких толстостенных оболочек мембран
ная теория не может быть использована в качестве партикулярного решения.
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EXPERIMENTAL INVESTIGATIONS OF THE LIFE 
OF SEMICONDUCTOR DEVICES, IV

T H E  HOLE OF T H E  PEAK  TEM PER A TU R E CAUSED BY T H E  SW ITCHING  
TRA N SIENTS IN  TH E SPATIAL BREA K D O W N  OF SW ITCHING 

TRANSISTORS AND D IG ITA L IN TEG RA TED  CIRCUITS

P. Á. KEM ÉN Y

[M anuscript received: 15 Oct. 1973]

The transien t tem perature rise due to  the switching power transients can be 
made responsible for some characteristic spatial breakdowns in high-level sw itching 
operation, such as C E “ pinning” and С — В short-circuit. Calculating the “ therm al 
penetration  dep th” on both sides of the collector junction , and also the therm al capacity  
and the therm al resistance of the heated space p a rt until a given m om ent after the 
s ta r t of the switching transient, a suitable unidim ensional therm al model is obtained 
for estim ating the junction tem perature rise: in  possession of the tran sien t sw itching 
power vs. tim e and the design data  of the given b ipo lar transistor the transien t junction  
tem perature  can be calculated as a function of tim e. On numerical examples for some 
transis to r types w ith characteristic technology (from  the large, robust Ge and Si power 
transistors until the monolithic m iniature in tegrated  circuits), assuming faultless 
structure  and uniform current d istribution, i t  is shown th a t the switching tem perature  
peaks are completely inoffensive.

1. In tro d u c tio n

C o llec to r-em itte r p u n ch -th ro u g h  an d  collector-base b reakdow ns are  
fre q u e n tly  occurring  as ty p ica l bu lk  failu res a t h igh-pow er-level 
sw itch ing  o p era tio n  of tran s is to rs  especially  if  a tra n s is to r  ex h ib its  u n ev en  
s tru c tu re  an d  so a cu rren t co n cen tra tio n  ta k e s  place p re fe ren tly  a t  th e  loci 
o f irreg u la ritie s  w hich la tte r  leads, by  a th erm o -e lec trica l feed-back  process 
(ru n aw ay ), to  th e  occurrence of h o t spo ts an d  is te rm in a te d  b y  such  a sh o rt 
[3, 4]. F o r these  failure typ es th e  energy  o f th e  tu rn o v e r tra n s ie n t  can  be 
b lam ed , as th e  a u th o r  had po in ted  ou t ea rlie r [3, 4]. th e  te m p e ra tu re  increase 
caused  by  th ese  tran s ien ts  are of p a ra m o u n t im p o rtan ce  b u t so fa r reck o n in g  
o f th ese  te m p e ra tu re  ju m p s has been too  so p h is tica ted  in th e  lack  o f an  
a p p ro p ria te  th e rm a l m odel, due to  the  in tr ic a te  n a tu re  of th e rm o d y n am ica l 
b eh av io u r in a ra th e r  com plicated  device as a tra n s is to r . A n a t te m p t is m ade 
here  to  e lu c id a te  th e  questions on a good-w orking  m odel. *

* P arts I, I I  and I I I  appeared in th is periodical, cf. references [1, 2, 3].
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2. Exponential approximation o f turning- on and -off voltages, 
currents and powers

H uge pow er peak s ap p ear d u rin g  sw itch ing-on  and  -off tra n s itio n s  
b e ing  several tim es h ig h er th a n  th e  q u a sy -s ta tio n a ry  pow er losses in  s a tu ra te d  
(tu rn ed -o n ) or c u t-o ff  (tu rned-off) s ta te s  o f  a sw itch ing  tra n s is to r . R e c a p it
u la tin g  th e  f in d in g s o f  th e  lite ra tu re  [3, 4 ], th e  re la tio n sh ip s  of these  q u a n titie s  
are  given here b r ie fly .

Collector v o lta g e  VCB and  co llec to r c u rre n t I c , b o th  as a fu n c tio n  
o f tim e  a t  tu rn o v e r  o f  a tra n s is to r  in v e r te r , can  be fa irly  ap p ro x im a te d  by  
ex p o n en tia l fu n c tio n s  as is dep icted  in  F ig . 1, e.g. a t  sw itch ing-on:

v cb(1) =  v cc ex P ( M i) ( l a )
an d

MO = Ml1 exP ( - M,)] (lb)
w here  V cc is th e  co llec to r supp ly  v o ltag e  a n d  I Cp =  V ccj R c is th e  tu rn e d -o n  
sa tu ra te d )  co llec to r c u r re n t of an  in v e r te r  w hereas r, is th e  sw itch ing-on  
tim e  c o n s ta n t ( r ;- Q=£ 10п1^ a t  a u su a l in v e r te r  w here ton is th e  sw itch ing-on  
or rise tim e). A t tu rn in g -o ff , the  above e q u a tio n  pa ir holds valid  sy m m e tric 
a lly  b u t  cu rren ts  shou ld  be su b s titu te d  b y  vo ltages and  vice v e rsa  and  
r 0 =  t„ff12 sw itch in g -o ff tim e  co n stan t shou ld  be considered:

M O  =  M  exP (— M o b  ( l c )
and

V cb(0 =  V cc [! ex P (  M o)]- ( id )

Fig. 1. E xponential approxim ation of voltages and currents (below) and power (top) of a
transistor during com m utation
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In  E q . (1) i t  is assum ed  th a t  Vcc VCE s a t  and  also t h a t  I Cp I CBO (or 
J (E0, depend ing  on in v e r te r  c ircu itry ), w hich  are  tru e  a t  le a s t a t  h igh-vo ltage , 
high-pow er-level tra n s is to r  sw itches.

The in s ta n ta n e o u s  pow er du ring  th e  tra n s itio n  from  cu t-o ff to  s a tu r 
a tio n  (tu rn ing -on ) can  be expressed  [3, 4] as th e  p ro d u c t V CB(t) ■ I c(t), i.e. 
m u ltip ly in g  E qs ( l .a )  an d  ( l .b )  w hich gives

p d t ,(0  = y cc 1cp [exp ( t/т ,) - exp ( 2t/r ,) ]  (2 )

and  su b s titu tin g  r 0 one gets P dt 0 (t) in  the  sam e w ay, w hich  fu nc tion  is 
dep ic ted  a t  th e  to p  o f F ig . 1. F o rm ing  d P td i(t)jdt =  0 b y  d iffe ren tia tin g  
E q . (2), th e  m ax im u m  o f th e  tra n s ie n t pow er-tim e fu n c tio n  comes a b o u t 
[3, 4 ]:

d t i m ax d t o m ax P, =  V, ( 3)

in  th e  in s ta n t  f/т,- =  log^ 2 ad, 0,69 (or z / r 0 asá 0,69 a t  sw itch ing-off as well) 
ju s t  w hen b o th  I c an d  VCB are  ex ac tly  a t  th e  h a lf  o f th e ir  q u a s i-s ta tio n a ry  
m ax im um  values I Cp an d  V cc, resp . w hich  pow er is r a th e r  large, a t  le a s t 
com pared  to  th e  q u a s i-s ta tio n a ry  pow er losses d ea lt w ith  in  Refs. [3, 4] an d  
la te r  in E qs (23) an d  (24).

F in a lly , th e  tim e  fu n c tio n  of tra n s ie n t tu rn o v e r  energy  is of im p o rtan ce  
w hich m ay  be p re sen ted  [3, 4] as th e  tim e  in teg ra l of E q . (2) m u ltip lied  in  
the  sam e tim e by  r, or r 0:

L on(l ) =  r i \ l P dt -  (т, Усе h p l 2) [1 2 e x p (  f/r,-) +  exp  ( 2f/r,)], (4)
.'o

s ta n d iu g  for th e  tu rn in g -o n  energy  fu n c tio n  an d  being  sy m m etrica l for L0ff(t) 
tu rn in g -o ff  energy b y  th e  su b s titu tio n  o f t 0 in s tead  o f r , .  F o r the  w hole 
energy  of th e  tra n s ie n t, i.e. for I = oo or m ore p ra c tic a lly , t r, or f r 0, 
E q . (4) yields [3, 4]

and
p on  —  T í У с е  I c p I 2 2  T ; P d i m ax  =  L n  P d t m a x

L o fJ  — T 0 V c c  I c p №  —  2  T0 P dl m ax  =  L f f  P d l m ax

(5a)

(5b)

w hich in  tu rn  is a r a th e r  h igh  am o u n t of energy  if  P dt max is high too  a n d , 
a t one also needs th e  sam e tim e , th e  tu rn o v e r  process is ra th e r  long.

F o r fu r th e r  ca lcu la tio n  one also needs th e  re la tio n sh ip  betw een  th e  
reverse  vo ltage  У е в  an d  th e  w id th  of th e  co llector d ep le tio n  layer, th e  la t te r  
deno ted  by  X , w hich is [3, 4]

Щ У с в )
2f r £o
giV,

y C B

1/2

= ) 2  er eofi n Qn VcC B ( 6)
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w here  er is th e  re la tiv e  d ielectric  c o n s ta n t of the  sem ico n d u c to r (12 for 
silicon  and  16,5 for germ anium ), e 0 =  8,86 X 1 0 '14 Asec V ein th e  d ie lec tric  
p e rm itt iv i ty  of th e  free space; fir d en o tes  th e  electron m o b ility  (1260 cm :i/Vsec 
fo r silicon and  3600 cm 2/Vsec for germ an iu m ); q is th e  elec tron  charge 
(1.6 X 10“ 19 A sec); fu r th e r  iVj is th e  n e t  im p u rity  c o n c e n tra tio n  (cm “ 3) 
a n d  gn th e  re s is tiv ity  (ohm . cm ), b o th  la t te r  referring  to  th e  lig h te r doped  
ju n c tio n  side, w hich in  tu rn  is th e  co llec to r layer a t  n p n  p la n a r or m esa 
s tru c tu re s , w hilst it  is th e  base a t p n p  alloyed devices. Since on ly  these  
techno log ies are  d e a lt w ith  here in  th e  num erica l ex am p les , th e  afore  m e n 
tio n e d  d a ta  could be reach ed  for in  th e  ca lcu lations.

3. Thermal penetration depth and the heated-up volum e section 
during the turnover transient

Cooling-dow n a fte r  a h ea tin g  b y  electrical pow er in  a tra n s is to r  is a 
p u re  h ea t-co n d u c tiv e  process and  co n seq u en tly , a d iffusion-like s to ch as tic  
p ro b lem  w hich can  generally  be described  as a special fo rm  o f a K olm ogorov- 
e q u a tio n  b y  th e  th ree -d im en sio n a l d iffe ren tia l e q u a tio n  as a fu n c tio n  of 
t im e  (t) and  th e  space coord inates x ,  y ,  z  [ 5 . . .  8 ] as

9 T  

91
0 Э2

Э*2
+  -

Э2

9y2
s-
9 22

A T

w h ere  0  is th e  th e rm a l d iffu siv ity  [cm 2 sec 4) o b ta in ed  as 0  
w h e re  s tan d s  for th e  th e rm a l c o n d u c tiv ity  [W c m '10C~

(7)

V r c# and
; у  is the

spec ific  d ensity  [g c m '3] and  ct  den o tes  th e  specific h e a t [W  sec g ' 10C~ 4] 
o f  th e  sem iconducto r m a te ria l in  q u es tio n . These m a te ria l co n stan ts  (va lid  
a t  ap p ro x . 25 °C) are  given [9] in T ab le  I.

In  th e  case of a p rac tica l tra n s is to r  th e  problem  can  be reduced  to  a 
one-d im ensiona l form  since th e  h e a t source  ac tua lly  th e  co llector dep le tio n

Table I

Thermal and electrical material constants o f semiconductors

N'v Unit* Specific
density

7
g

Specific

ct>
Wsec j

heat

cal

Therm  a

w

l conductivity 

cal

Therm al
diffusivity

e  — Afiycù

cm2

Relative
dielectric
constant

er

Electron
m obility

f-L-n
cm2

M aterial era3 g OK- g °K cm °K cm sec °K sec V sec

Germ anium 5,3 0.31 0,074 0,64 0,155 0,384 16,5 3600

Silicon 2,3 0,755 0,18 0,84 0 . 2 0 0,438 1 2 , 0 1260

*at 25 °C.
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la y e r  em bedded  in  its  o w n-m ateria l m ay  be regarded  as a lam in ar (p lain) 
la y e r  w ith  a very  th in  th ickness X  o f  som e p  as co m p ared  to  the  th ickness 
d im ension  of th e  sem iconducto r w afe r (in practice  som e h u n d red  pm )  le t 
a lone th e  d iam eter o f  th e  ju n c tio n  w h ich  la t te r  am o u n ts  to  som e 100 -f- som e 
1000 jum. H ence, th e  d ifferen tia l e q u a tio n  describing th e  h e a t conduction  
can  he w ritten  as a fu n c tio n  of tim e  t and  d istance x  p e rp en d icu la r to  th e  
h ea t-so u rce  surface a rea  d ,  in  a one-d im ensional fo rm  as

d r /d t  =  O ^ T / d x 1). (7a)

L e t us assum e X  x  ( th a t  is, a v e ry  th in  heat source w ith  a m inu te  vo lum e 
o f V#x ) su b m itted  to  a h ea t pu lse  o f A.Lt0 =  yct  A T () energy ta k in g  
p lace  in  an in fin ite s im a lly  b rie f d u ra tio n , i.e. in a fo rm  o f D irac-delta  s tep  
fu n c tio n  where A T 0 is th e  te m p e ra tu re  ju m p  above th e  m ean  te m p e ra tu re  
o f  th e  w afer. In  th is  case th e  so lu tio n  of (7 .a) d iffe ren tia l eq u a tio n  [5 — 8 ] 
is a norm al d is tr ib u tio n  in th e  form

A T ( x . t )  =  — ===■ exp 
4rr0 f

X*
4 0 f

( 8 )

h a v in g  a s tan d a rd  d ev ia tio n  | 26>t d e fin ed  as thermal penetration depth:

r# )  =  \ 2 0 t  ■ (9)

T he therm al re la tio n s in th e  case of a b rief D irac -d e lta  h ea t tra n s fe r  
a re  dep icted  in F ig . 2. T he hea t g e n e ra te d  in  the  d ep le tio n  lay e r of X /  £ e q u iv 
a le n t thickness ( |  w ill be e lu c id a ted  la te r) spreads on b o th  sides of th e

Fig. 2. Tem perature d istribution  in the v icin ity  of collector depletion layer (a), and tim e de
pendence of peak tem pera tu re  A Tm w ith in  the depletion-layer heat-source (b), after an in
fin itely  short D irac-delta heat pulse. T em perature  shows a norm al d istribution perpendicular 
to  th e  th in  lam inar hea t source, spreading ever wider with advancing tim e in the same propor
tion  as peak tem perature  A T m decreases. Thus, the areas (therm al energies) below th e  bell
shaped distribution frequency curves a t various times tx . . . t5 are equal to the original one

(the shaded rectangle) at t =  0
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ju n c tio n  sy m m etrica lly  an d  ra th e r  qu ick ly  in  tim e, fu r th e r  a n d  fu rth e r  — w ith  
ev e r increasing r9 s ta n d a rd  dev ia tio n  in  d istance  w hile  sim ultaneously  
w ith  ever decreasing  m ean  v a lu e  A T m ( a t  x  =  0) of th e  m a x im a l tem p era tu re  
in  tim e , a lbeit th is  d ecreasin g  tim e  fu n c tio n  is n o t an  e x p o n e n tia l one only  
s im ila r to  it  since b o th  te rm s in  th e  d en o m in a to r o f th e  coefficient an d  
o f  th e  exponen t a re  tim e-d ep en d in g . H ow ever, th e  so lu tio n  (8) holds va lid  
o n ly  for a D irac -d e lta  h e a t- tra n s fe r  pu lse  in fin ite ly  sh o rt in  d u ra tio n  and , 
conseq u en tly , re p re se n tin g  an  in fin ite ly  h igh  th e rm a l en e rg y  in d ep en d en t of 
th e  value of A T 0 , hen ce  y ie ld ing  A T  =  oo if  t =  0. F o r p ra c tic a l b o u n d ary  
co n d itions of a f in ite  h e a t tra n s fe r  d u ra tio n  in co m p arab ly  sho rte r th a n  
(1 /0 )  ( X / ! ) 2, th e  so lu tio n  d iffers from  E q . (8) - a lth o u g h  th is  condition  also
c a n n o t be realized  in  p ra c tic e , w hile sw itch ing  tim es are  m a n y  tim es longer 
b u t  y ields f in ite  a re su lt  a t  b o th  t =  0 a n d  x  =  0, w ith  a re c ta n g u la r  sh o rt 
s tep -fu n c tio n  o f th e  L 0 e lec trical energy

A T (x ,  t) Od ATm exp
4 0 t + ( X / 2 | ) 2

Lp
2yej> A[(X /2 £ )  4n@t] ‘ XP

(8a)
9X -

4 0 t  +  (X /2 f)2

w h ich  resu lt w ill be ex p la ined  la te r . H ow ever, th e  sp read in g  of th e  
h e a t  energy in  d is tan ce  x ,  p e rp en d icu la r to  th e  heat-source  su rface  in  advancing  
tim e  in th e  b e ll-sh ap ed  fo rm  of a no rm al d is trib u tio n  freq u en cy  function  
is c h a rac te ris tic  fo r th is  p a r tic u la r  one-d im ensional h e a t-c o n d u c tin g  process 
in  a tra n s is to r , d is reg a rd in g  th e  in itia l d u ra tio n  of th e  h ea t-d iss ip a tin g  electrical 
tu rn o v e r  tra n s ie n t. T h e  co n d itions are q u a lita tiv e ly  d ep ic ted  in Fig. 2(a) as 
A T [x )  function  of d is ta n c e , u tiliz in g  tim e  as a p a ram e te r, w h ere  th e  norm al 
freq u en cy  fu nc tion  is sp lit in to  tw o equal an d  sy m m etrica l p a r ts  along th e  
x  =  0 m ean value an d  jo in te d  sy m m etrica lly  to  bo th  b o u n d a rie s  of the h ea t 
source  of X /f  e q u iv a le n t th ick n ess  in w hich la t te r  the  te m p e ra tu re  is assum ed 
as b e in g  un ifo rm ly  A T m. In  Fig. 2(b) th e  tim e  dependence o f  A T m m axim al 
(m ean) value of th e  h e a t source is show n.

T he thermal penetration depth r^, depending on the square root o f  time, 
can  be defined as th e  d is tan ce  u n til th e  e lev a ted  te m p e ra tu re  due to  a s te p 
w ise increase of d iss ip a ted  electrical pow er reaches in a g iven  tim e , th a t  is, 
w h ere  th e  in flex ion  p o in t o f th e  bell-shaped  A T (x )  function  lies. D iffe ren tia ting  
th e  rt (t) tim e fu n c tio n , E q . (9) yields th e  p ro p ag a tio n  en d -v e lo c ity  of hea t 
co n d u c tio n  as

VÀ*)
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w h ils t th e  average th e rm a l p ro p ag a tio n  velocity  du ring  a g iven  t tim e is

Ц>(г) =  r9{t)jt =  f W f t  =  2 v(t) . ( 10a)

U tiliz ing  Eqs (9) an d  (10), the th e rm a l p e n e tra tio n  d e p th  an d  p ro p ag a tio n  
end  v e lo c ity  are g iven  in  Table I I  d epend ing  on tim e  fo r g erm an iu m  an d

Table II

Thermal propagation end velocity {vf) and the related thermal penetration depth (rf) 
as functions o f time

t ( fx sec) 0,01 0,03 0.1 0,3 1 3 10 30 100 U nit

4

Ge 44 25,4 14 8 , 1 0 4,40 2,54 1,40 0,81 0,44 m /sec

Si
'

49 28 15,5 8,95 4,90 2.80 1,55 0,895 0,49 m /sec

Ge 0,78 1,43 2,5 4,53 7,8 14,3 25 45,3 78 /Ш
' Û

Si 0,98 1,79 3,1 5,66 9,8 17,9 31 56,6 98 /Ш

silicon , in  a tim e  ran g e  covering th e  sw ithcing  tim es o f  m o st p rac tica l t r a n s 
is to rs . F o r com parison , th e  dep le tio n  lay e r w id th  in  th e  dependence o f  VCB 
co llec to r reverse v o ltag e  and  o f Qn re s is tiv ity  of th e  lig h tly  doped ju n c tio n  
side are given b o th  fo r germ anium  alloyed  pnp  and  silicon p lan a r n p n  t r a n s 
is to rs  in  Table I I I .  (B y  these ty p e s  th e  lig h tly  doped side is re-type m ate ria l.)

Table III

Width o f collector depletion layer vs. reverse voltage Уев and depending on the 
Q resistivity o f the lightly doped junction side

Fuu [VJ
qQ ■ cm 1 2 5 1 0 2 0 50 1 0 0 2 0 0 U nit

0,5 0,428 0,604 0,95 1,35 1,90 3,00 theoretical 
beyond the 

avalanche break-1 0,604 0,855 1,35 1,90 2,70 4,28

p +— np— + 
alloyed

2 0,855 1 , 2 0 1,90 2,70 3,82 6.04 8,55 pm

5 1,35 1,90 3,00 4,28 6,04 1 0 13,5 19

1 0 1,90 2,70 4,28 6,04 8,55 13,5 19 27

0,5 0,365 0,515 0,81 1,15 1,62 2,58 beyond the

Silicon 1 0,515 0,73 1,15 1,62 2,30 3,65 avalanche break-
n +—p — n 
p lanar 2 0,73 1,03 1,62 2,30 3,26 5,15 7,30 pm

& mesa 5 1,15 1,62 2,58 3,65 5,15 8,15 11,5 16,2

1 0 1,62 2,30 3,65 5,15 7,30 11,5 16,2 23
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T h e ranges of V CB a n d  gn here also cover th e  p rac tica l va lues o f tra n s is to rs  
a n d  th e  dep le tion  la y e r  w id th  is ca lcu la ted  on th e  basis o f E q . (6).

C om paring th e  th e rm a l p e n e tra tio n  d e p th  occurring  a t  a sw itch ing  
tim e  ch arac teriz in g  a g iven  tra n s is to r  ty p e , to  th e  d ep le tion  layer w id th  
ta k in g  place a t  a u su a l VCB vo ltage  on th e  sam e tra n s is to r , one can conclude 
t h a t  and  X  fa ll in  th e  sam e order of m ag n itu d e . A d e ta iled  analysis from  
th is  point of view  w ill he d ea lt w ith  la te r  in  th e  course o f p rac tica l num erica l 
exam ples. P re se n tin g  h ere  to o  ex trem e exam ples, le t us consider a b u lk y  
h igh-vo ltage , low -speed  germ an ium  pnp  pow er tra n s is to r  w ith  otl =  10 ohm - 
• cm  base re s is tiv ity  a n d  a t  ^CB -  50 V w hich  gives X  = 13.5 pm  w hile

a t  t0ß  =  30 psec sw itch in g -o ff tim e  rt  =  45.3 pm . T he o th e r ex trem e  s ia tia tio n  
is a low -voltage, low -pow er, silicon p lan a r n p n  h igh-speed  sw itch ing  tra n s is to r  
w ith  = 0.5 O hm  • cm  collector e p ita x ia l lay e r an d  t0̂  =  30 nanosec 
sw itch -o ff tim e, a t  V CB =  5 V w hich y ields X  =  0,81 pm  an d  =  1,79 pm . 
T h u s  the  conclusion can  he d raw n  th a t  d u rin g  the  sw itchover tim e  of p rac tica l 
tra n s is to rs  th e  ra tio  o f th e  m ax im um  th e rm a l p e n e tra tio n  d ep th  to  th e  
m ax im um  dep le tion  la y e r  w id th  h a rd ly  exceeds 3.

In  th e  n e x t s tep  the  “ eq u iv a len t”  th e rm a l p e n e tra tio n  d ep th  should  
be defined , since ex p ressio n  (9) only gives th e  rt  s ta n d a rd  dev ia tion  and  
A T m m ean (i. e., m ax im u m ) values of th e  hell-shaped  A T(x)  d is trib u tio n  
fu n c tio n . The h e ll-sh ap ed  frequency  fu n c tio n  should  be su b s titu te d  b y  a 
rec tan g le  of un ifo rm  A T m(t) he igh t and  a base w id th  rie^ ( t )  corresponding  
to  a value w here th e  a rea  zlTm( t ) . r<)ê ( t )  is ex ac tly  equal to  th e  h a lf  a rea 
(i.e ., h a lf  h ea t energy) below  th e  bell-shaped  n o rm al A T (x)  d is tr ib u tio n  
freq u en cy  fun c tio n , as is show n in Fig. 3. [ I t  is obvious from  Fig. 2(a) th a t

Fig. 3. Definition of equivalen t therm al penetration dep th  and the equivalent thickness 
of heated-up volume section W ^ y  The heat source has an equivalent thickness X /£  and along 
bo th  sides the tem perature d is tribu tion  is normal, showing the halved bell-shaped frequency 
distribu tion  curves w ith th e  stan d ard  deviation r# a t both  inflexion points. The heated-up 
volume section can be substitu ted  by a layer of W$ej j  w idth  or (X/2£) -f- r$ej j  half-w idth, in 
w hich the tem perature d is tribu tion  is constant and tem perature  am ounts to A T m m axim al

value
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th e  a m o u n t of orig inal th e rm al en erg y  rem ains u n a lte re d  in  th e  fu nc tion  
o f tim e  an d  only th e  sp read  rc a long d is tan ce  x  increases an d  th e  m ean v alue 
A T m decreases in  th e  sam e p ro p o rtio n , leav ing  the  a rea  u n d e r  th e  d is tr ib 
u tio n  frequency  fu n c tio n  u n a lte red .]  Since th e  norm al d is tr ib u tio n  w ritte n  
in  genera l form  is

1 I ----
— exp  — I gives a t  x  = 0 the  v a lu e  1 /(a\ 2 л ) ,  

a 1 2 л  2a)

co n seq u en tly  th e  s ta n d a rd  d ev ia tio n  a m ust be m u ltip lie d  by  (] 2 л /2) = 
=  ] 7t/2 to  gain a rec tan g le  o f 1/ (cr ] 2л)  he igh t and  h a v in g  th e  sam e area  
as th e  h a lf  area u n d e r th e  bell-shaped  original norm al d is tr ib u tio n  frequency  
fu n c tio n . T hus, rt (t) o f expression (9) m ust be m u ltip lied  b y  | л)2  to o , 
y ie ld ing

^ / / ( 0  =  ( Ы 2 > Д 0  = \л & 1 -  (9a)

4. The equivalent vo lum e of the hea t sou rce

T he te m p e ra tu re  d is tr ib u tio n  along the  w id th  o f th e  co llector dep le tion  
la y e r  (as th e  h e a t source) is a c tu a lly  n o t co n stan t. A t a s te p  ju n c tio n  (i.e., 
in th e  case of an  alloyed  tra n s is to r)  th e  field  s tre n g th  E  decreases lin ea rly  
from  th e  m ax im um  va lu e  E M a t th e  m etallu rg ical ju n c tio n  ( th a t  is, x  =  0 
in  F ig . 4) along th e  d istance  x  w ith in  th e  ligh ter d o p ed  ju n c tio n  side till 
E  =  0 a t  x  =  X  b o u n d a ry  o f th e  dep le tion  layer. A t th e  sam e tim e  th e  
p o te n tia l  V  as th e  in teg ra l o f E , decreases w ith  th e  sq u a re  of x  from  th e  
m ax im u m  value V CB a t  x  =  0, till V  =  0 a t  x  — X , cf. F ig . 4. Since th e  
h e a t genera tion  in  th e  dep le tion  la y e r  o rig inates from  th e  in e lastic  collisions 
b e tw een  phonons (i.e. th e  a tom ic  b ind ing  forces o f th e  c ry s ta l la ttice ) an d  
th e  charge  carriers in ou r case e lectrons th a t  is, h e a t g enera tion  is 
p ro p o rtio n a l to  th e  k ine tic  energy  o f electrons acce lera ted  b y  th e  e lec trical 
f ie ld , i t  is obvious th a t  hea t gen era tio n  will be m axim al a long  th e  m eta llu rg ica l 
ju n c tio n  w here p o ten tia l is the m ax im al V  =  VCB an d  its  g rad ien t also 
being  th e  m ax im al E  =  E M, and  will be zero a t th e  b o u n d a ry  x  =  X .  S ince 
th e  im p a c t h ea t energy  of a collid ing elec tron  equals th e  p ro d u c t o f F  p o te n tia l 
ru n n e d  th ro u g h  till th e  collision an d  th e  electron charge  q , an d  on th e  o th e r 
h a n d , on th e  basis o f E q . (6) th e  dependence of p o te n tia l  on d istance m ay  
be expressed  as V(x) =  (x [ X )2VCB, th u s  th e  im p ac t en erg y  o f charge ca rrie rs  
can be w ritten  as q V (x ) =  ( x jX ) 2q V CB, w hich yields, a f te r  in teg ra tio n  from  
x =  0 till x  =  X

qVcB Cx
X2 Jo x l dx  = qVcB

3 X 2
чУсв ( 11)
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Fig. 4. Explanation of the  equivalent heat source thickness X /f  a t a  step junction. 0  and X  
are the bounds of the depletion layer w idth, along which field streng th  E  decreases linearly 
w hilst potential VqB and carrier-phonon im pact energy q V ç B decrease w ith the square of 
distance to the m etallurgical junction. The equivalent w idth is X /3 w ith in  which the im pact 

energy and so tem peratu re  m ay be assumed as constant and maximal

w hich in fac t gives th e  w id th  X /3  of such  an e q u iv a len t h e a t source w here 
th e  im p ac t energy  o f  ca rrie rs  is assum ed  to  be a c o n s ta n t q V CB value, or in  
o th e r  w ords, th e  d ep le tio n  lay er h av in g  nonun ifo rm  th e rm a l energy d is tr i
b u tio n  m ay be s u b s ti tu te d  b y  an e q u iv a len t h ea t source o f  un ifo rm  m axim al 
th e rm a l energy in  a fo rm  o f a rec tang le  h av in g  X /3 base  w id th  and  th e  sam e 
a rea  as the  qV(x) — ( x /X ) 2q V CB fu n c tio n , cf. F ig. 4. I f  th e  ju n c tio n  is linearly  
g ra d e d  (as it  is n ea rly  so b y  p lan a r or m esa tran s is to rs), th e  E(x)  field s tre n g th  
fu n c tio n  decreases q u a d ra tic a lly  along th e  d istance  x  in s te a d  o f being linear 
a n d , consequen tly , th e  V(x)  p o te n tia l fu n c tio n  decreases w ith  th e  th ird  pow er 
o f  X .  H ence, th e  e q u iv a le n t th ickness o f  th e  h e a t source w ill be X /4  in th is 
case. Th us, 1/1 d eno tes th e  m u ltip ly in g  fa c to r  of th e  e q u iv a le n t h ea t source 
th ick n ess , su b s titu tin g  i  — 3 a t  a step  ju n c tio n  and f =  4 a t  a linearly  g raded  
ju n c tio n . The e q u iv a le n t vo lum e of th e  h e a t source is th e n  A X /!;  w here A  
is  th e  collector ju n c tio n  area.

5. The general tim e dependence of the “ inner” therm al resistance 
and “ inner” therm al capacity

T he eq u iv a len t th ick n ess  of th e  w arm ed -u p  volum e section  till a given 
tim e  i, along b o th  sides o f th e  ju n c tio n  w ill be th e  sum  o f th e  eq u iv a len t 
h e a t  source th ickness a n d  th e  doublefold  value of th e  e q u iv a len t t  h e n n a
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p e n e tra tio n  d ep th , th e  la t te r  as expressed in  E q . (9a), since th e  h ea t energy  
sp reads sy m m etrica lly  in to  h o th  sides o f th e  lam in a r h ea t source. T hus, 
d en o ting  th is  overall th ickness of th e  w arm ed -u p  volum e section  by  W i e ,'.

=  (X/ £)  +  2 rùeff(t) =  (X/Ç)  +  У4n & t ,  (12)

an d  in  th e  sam e w ay , th e  eq u iv a len t vo lum e o f th e  head-up  section  will he 
E q . (12) m u ltip lied  b y  th e  ju n c tio n  a rea  A .  M ultip ly ing  th e  vo lum e b y  th e  
specific  d ensity  an d  specific h ea t, one gets  th e  “ in n e r” h e a t c a p ac ity  of th e  
w arm ed -u p  volum e section :

Cm {t) =  yct A  [ ( X/ i )  +  1/4nOt] ■ ,(13)

T he “ in n e r”  th e rm a l resistance  th a t  is, th e  connection  betw een  th e
w arm ed -u p  volum e section  of A  area  an d  W , e . th ickness and  th e  su rro u n d in g  
o w n -m ate ria l o f th e  w afer (the la t te r  in co m p arab ly  la rger in  volum e), is 
obv iously  p ro p o rtio n a l to  th e  h a lf  th ick n ess  W 9e,,(t)j2 =  (X /2 |)  -)- r, e,t of 
th e  h ea ted -u p  “ in n e r”  volum e, fu r th e r  i t  is inversely  p ro p o rtio n a l to  a rea  
A  an d  th e  specific th e rm a l co n d u c tiv ity  A ,,  in  fu ll analogy w ith  th e  electrical 
co n d uc tion . The expression  m u st be d iv id ed  by  2 since th e  th e rm a l co n d 
u c tio n  is sy m m etrica l on b o th  sides o f th e  la m in a r  h ea t source. F u rth e rm o re , 
a c o n s ta n t ß  is in tro d u c e d  w hich is re la te d  to  th e  h ea t tra n s fe r  an d  ju n c tio n  
g eo m e try : ß  app roaches u n ity  only if  th e  co llec to r layer lies deep in  th e  tvafer 
an d  ri e . falls sh o rt o f th e  collector ju n c tio n  d e p th  a t  a m esa or p la n a r s tru c tu re , 
b u t  ap p ro x im ates  2 if  there  is a shallow  collector ju n c tio n , r , e^  exceeding 
con sid erab ly  th e  ju n c tio n  dep th . A t an  alloyed  s tru c tu re , th e  ind ium  b u tto n  
co llec to r co n tac t lies in  the  p ro x im ity  of th e  m etallu rg ica l ju n c tio n  an d  
in d iu m  has a b it w orser h ea t-co n d u c tiv e  p ro p ertie s  th a n  germ anium *, th u s  
th e  c o n s ta n t ß  shou ld  be assum ed to  be a b i t  h igher th a n  u n ity , say  1,2 4-1 ,5 . 
H ence:

W O  +  (*/2g) _ n \rn6t +  (X/21)
2 К  A  P 21, A

(14)

T he above resu lts  are  va lid  only i f  th e  th e rm a l p e n e tra tio n  d e p th  г, ец  falls 
w ell sh o rt of th e  m in im um  geom etrica l d im ension  of the  w afer, i.e. th e  th ic k 
ness o f it. I f  th e  p e n e tra tio n  d ep th  exceeds th e  b o u n d ary  o f w afer th ick n ess  
w ell, a f te r  th e  passing  off of th e  tu rn o v e r  tra n s ie n t, th e  th e rm a l res is tan ce  
of th e  w afer c o n tac tin g  or so ldering-on shou ld  also be tak en  in to  co n sidera tion . 
T he fac t th a t  th e  w afer is so ldered-on o n to  a header or n o t, can  rad ica lly  
in flu e n c e  th e  th e rm a l conditions in  th is  case. F u rth e rm o re , th e  ex isting  or

* Therm al m aterial constants for indium  [9] are a t 25 °C: у  =  7,3 g • cm -3 ; c , =  
=  0,24 Wsec g - 1  °C-1 ; X, =  0,25 W cm - 1  °C - 1  and consequently, 0  =  0,137 cm2 sec-1 .
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lack in g  ex te rn a l h e a t  sink  alters su b s ta n tia lly  th e  th e rm a l re la tions in  such 
a case if  th e  w afer is soldered-on o n to  a head er or base p la te . In  th e  la t te r  
case, E qs (13) an d  (14) should be re w ritte n  as

Q (i)(0

and

w here th e  indices “ sc”  denote th e  m a te r ia l c o n s ta n ts  o f the  sem ico n d u cto r 
w afer, A sc th e  co llec to r ju n c tio n  a rea  an d  tsc th e  tim e  in  w hich th e  h e a t 
p e n e tra tio n  reaches th e  sem iconducto r-so ldering  m e ta l b o u n d a ry ; w h ilst 
indices “ m”  den o te  th e  m ateria l c o n s ta n ts  of th e  solder- or h ead er m e ta l, 
A m th e  soldering-on a rea  of th e  w afer invo lved  in  ac tu a l h ea t co n d u c tio n , 
an d , fina lly , tm th e  d u ra tio n  of hea t co n d u c tio n  in th e  head er m etal. N a tu ra lly , 
t — t,c -j- tm -f-. . . . T h e  collector ju n c tio n  d ep th  is m ark ed  by  dCB.

In  th e  case o f a u su a l silicon p la n a r  tra n s is to r , th e  d ep th  of th e  co llector 
ju n c tio n  is re la tiv e ly  shallow : it lies 2 —ï- 10 pm  below  th e  em itte r  c o n ta c t 
su rface  (or th e  S i0 2-Si in terface). T h is d e p th  falls in  th e  m agn itude  o rder, 
or exceeds it  b u t in sig n ifican tly , th e  th e rm a l p e n e tra tio n  d ep th  ta k in g  place 
d u rin g  th e  u su a l lO -i-300 nanosec sw itch ing  tim es o f such tran s is to rs . S ince 
th e  th e rm a l c o n d u c tiv ity  of the  a lum izized  or gilded e m itte r  and  base c o n ta c t 
areas as well as th e  th in  gold bond ing  w ires m ay  he neglected , th e  th e rm a l 
w ave fron t a rriv in g  from  the  collector ju n c tio n  is re flec ted . C onsequen tly , 
a fac to r  ß  near to  2 shou ld  be u tilized  an d  the  f irs t te rm s  of expressions (13a) 
an d  (14a) should  be used  if  ri{l(/ ]> dCB b u t  rie „ falls considerab ly  sh o rt of 
th e  w afer th ickness. T h e  sam e also ho lds for an a lloyed  Ge tra n s is to r  w ith  
dCB =  0; A sc =  A m; tsc =  tm =  t a n d  th e  index  m  deno ting  th e  m a te r ia l 
co n stan ts  of in d iu m . In  th is  la tte r  case, a th ird  a d d itiv e  te rm  in th e  sam e 
form  as th e  second one follows in b o th  expressions (13a) and  (14a) if  th e  
h e a t p e n e tra tio n  d e p th  exceeds th e  b o u n d a ry  of in d iu m  b u tto n -b ase  p la te  
m e ta l jo in t, s u b s ti tu tin g  in  the  th ird  te rm  th e  m a te ria l co n stan ts  o f th e  base 
p la te  m eta l, th e  area  o f  jo in t  and th e  tim e  in w hich th e  therm al w afer f ro n t 
sp reads in  th e  base  p la te  m etal.

У sc ^sc Л -sc [dCB -^/£) “Ь l n V s c  Gel “Ь У m cm Л т ( Л 0  m tm -1- . . .  (13a)

R f , \ __ y ^ & sc t sc - r  ( X I £ ) d ç B ! \ U 0 m t m _|_
Mi) \ 4 — -  ; a - -  +  ; , ■ •; 4Csc sc / 4ùm m

(14a)

6. The “ in n e r”  therm al cooling-dow n tim e constan t

Since the tim e function  of cooling-down [e. g. after a D irac-delta heat transfer, cf. 
Eq. (B)|, is no t an exponential one but a norm al d istribution, there is no physical reason to 
for considering the “ inner” therm al time constant as the product RC  in the electrical analogy, 
all the more because bo th  the “ inner” therm al capacity  C^/) and “ inner” therm al resistance 
R$(i) are tim e-dependent. H ence, the definition of “ inner” therm al time constant is more or
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less arb itra ry : it will be the tim e i$(i) after w hich th e  initial A T m{t =  0) m axim al tem perature  
dim inishes to  the relative value 1/g oá 1/2,72 ö í 0,368, as is shown in Fig. 2b. — Since the 
in itia l heat energy rem ains constan t bu t spreads only in  the volume along bo th  sides of the 
collector junction , the “ inner”  therm al time co n stan t will be the tim e in which the heat 
energy occurring in the th in  lam inar heat source of X /f  equivalent thickness, spreads in a vo
lum e £ =  2,72-times larger as the heat source volum e, i. e. 2,72-times larger in  thickness as 
the original X /f value. T hus, utilizing Eq. (12):

which yields

6  2,72 =
(X /l)  +  Í ^ & r m

( X / i )

(6 - 1)21XY~ 2,36 .Í XT4 U J - в  1l f J (15)

hence the inner therm al tim e constant depends only on the square of the collector depletion 
layer thickness*, besides th e  m aterial constant & and type of the junction  ( f  =  3 or 4), as is 
shown in Fig. 5. The value of т#(,) is surprisingly low, a t least as compared to the switching 
times of a given transistor. Considering again tw o extreme cases of

(a) a bulky, low-speed alloyed Ge pnp  power transistor ASZ 18 operating in a c. e. 
in v e rte r circuit of Fig. 8  w ith  the ratings o f Vcc — 30 V; Icp =  — 6  A; I b x =  —0,6 A

10~5 — ► Ю4  X (cm) К Г 3 Ю ' 2

Fig. 5. The “ inner”  cooling-down therm al tim e  constant т in dependence of the depletion 
layer thickness X , by alloyed Ge(£ =  3) and  p lanar or mesa Si(£ =  4) transisto r structures

* However, X  depends on the square roo t of Vqb voltage, thus is linearly propor
tional to VCB-

6- Acta Technica Academiae Scientiarum Hungaricae 82, 1976
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Fig. 6a. T ransient ^temperature jum p A T m of the collector junction  during switchover of various transistor 
types vs. normalized tim e i/r , a t turning-on (dashed lines) and t/r0 a t turning-off (solid lines). Also the tim e 
function of transien t turnover power P^/ is shown in Fdtl^CC-^Cp normalized term  (thick line). The falling 
sections have a slope of — 1 / 2  in the doubly logarithmic plot since tem perature decreases w ith the square root 
of time. ASZ 18 and BUY 12 are power transistors while AC 125 U and BSY 34 are medium-power types
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Fig. 6b. The tem perature  vs. tim e curves of Fig. 6 a. norm alized as Д Т т//1Тт, referred to their peak values. 
The tim e difference betw een th e  m axim a of the tem perature curve ,17m// |7'm and the power function 
Pdl /Pút max fairly approxim ate the “ inner” therm al tim e constant of the various transistors save
the ASZ 18. Note th a t the curves of both  silicon (planar and mesa) types coincide and there is also an 

insignificant difference between the Ge alloyed types
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F i;. 7. Equivalent du ra tion  of the tu rnover tran sien t power vs. tim e function. The equivalent 
step  function of power has an  uniform  height of Р,ц max =  I IQn 1 and a duration  of t =  2 r 0 
a t switching-off or t =  2 т,- a t  switching-on, since th e  shaded areas lying left and right from the 

abscissa t/т  =  2  have equal areas (thus, representing equal energies)

Fig. 8. Common-emitter inverter circuit and its characteristic param eters and wave form s 
corresponding to  the num erical examples of Table IV and Figs 6 a and b

forw ard base current and  I ß y  =  0,6 A peak draw ing-out base cu rren t for fast removal of 
stored  charges in the base, in  which operating point t0f< =  35 ji sec m ax. The base resistivity  
is Qn =  5 ohm • cm and { =  3 in the step junction . The depletion layer w idth  is X  =  5,15 /im  
a t  F cc /2 =  —15 V where th e  peak transien t power occurs, calculated from  Eq. (6 ). On the 
basis of expression (15), T^(,) 0,2 ц  sec ï> t0f j  =  35 /tsec.

(b) The minute epitaxial p lanar transistor (T4) in the totem -pole o u tp u t stage of a TTL 
“ NAN D ” gate in tegrated  circuit, e. g. the SN 7400 N. Operating d a ta  during turnover, ju s t 
a t  th e  instan t of peak tran sien t turnover power (cf. Fig. 9): Vc b osí0 , 1 \ ;
{cp,  ̂  15 mA. The switching-off tim e is for this transistor t0f j  Qd 5 nanosec, and the collector 
depletion layer penetrates in to  the epitaxy of 0,1 ohm • cm resistiv ity . Thus, with f/CB =  
=  0,7 V eq. (6 ) gives X  =  0,137 fim . Calculating w ith  |  =  4, Eq. (15) yields T (̂,q 10 - 1 0  sec =
=  0,1 nanosec t0f f  =  5 nanosec.

Thus, it  is proved thi.

ton  >  <  lo / f  o r  T t  > \ r m  <  T o- ( 1 6 )

7. Calculation o f the temperature vs. time function and the 
|j$ estimate o f the peak temperature during sw itch-over

The ex ac t calcu lus of th e  A T m(t) fu n c tio n  is ra th e r  so p h is tica ted . H ow 
ev e r, th e  general m e th o d  is p resen ted  here  an d  n u m erica l exam ples are given
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as well, to  le t one m ake com parison  to  th e  re su lts  of a m ore sim ple e s tim a tio n , 
th e  la t te r  y ielding th e  p eak  te m p e ra tu re  ju m p  A T m d irec tly .

E q . (2) gives th e  tim e  dependence  o f tra n s ie n t tu rn o v e r  pow er P dt . 
M ultip ly ing  th is  in s ta n ta n e o u s  pow er b y  th e  th e rm al resistance  betw een  
th e  h e a t source of ( X / |)  eq u iv a len t th ick n ess  an d  th e  su rro u n d in g  h u lk ,
i.e. b y  =  0) =  a t  a g iven  in s ta n t , one gets th e  A T m(t =  0 )
te m p e ra tu re  ju m p  due to  th e  in s ta n ta n e o u s  d issipated  pow er P dt a t th e  
given in s ta n t. H ow ever, b o th  P dl an d  X  are tim e-depend ing . As it  m ay be 
seen in  E q . (2), th e  P di( t) function  is sy m m e tric a l for sw itch ing-on  (by s u b s ti t
u tin g  t () and sw itch ing-off (su b s titu tin g  r 0). C o n tra ry  to  th is , th e  X( t )  
fu n c tio n  m ay be d e riv ed  from  the  v o lta g e  dependence o f th e  dep le tion  lay e r 
w id th , u tiliz ing  E q . (6), an d  Vcb v o lta g e  th e re  depends on tim e  ex p o n en tia lly  
(see low er d iagram  in Fig. 1), the  l a t te r  show ing up only  co m p lem en ta ry  
sy m m etry  for sw itch ing-on  and  - off: V CB =  Vcc • exp (t/т ,) for sw itch ing-on  
an d  V CB =  V cc [ l-ex p ( í / t 0) ]  for sw itch ing-off, cf. E qs ( la )  an d  (Id ) . 
T h u s, th e  resu lting  A T m(t) function  is n o t sy m m etrica l for sw itch ing-on  an d  
-off. C onsequently , th e  “ in n er”  th e rm a l res is tan ce  o f th e  heat source will be 
from  E q . (14), s u b s ti tu tin g  th ere  гл?я(* =  0) =  0 .| th u s  у n&t  =  0 , also 
u tiliz in g  E qs (6) an d  ( l .a ) :

R-e(hs)on (0 I W cb)
4 a ,  A

_ ß
4 f  A, A

f 2 «r«oPn QnVcB- exp (17a)

for sw itching-on an d  using  th e  afore  m en tio n ed  equ a tio n s h u t E q . ( Id ):

R-t(hs)of}(. 0
ß г

- - Ч1 2 er e0 fxn Qn Vqq 1 exp
to ’J

(17b)

fo r sw itching-off.
M ultip ly ing  th is  expression b y  th e  tim e fu nc tion  of in s ta n ta n e o u s  

tra n s ie n t  tu rn o v e r pow er, i.e. by  E q . (2), one gets th e  in s ta n ta n e o u s  tem - 
ra tu re  increm en t in  th e  ju n c tio n  a t  a g iven  in s ta n t t. H ow ever, th is  tem - 
ra tu re  increm en t P dt(t). R ^ s f a )  b u ild s  up  over a sim ilar te m p e ra tu re  
in c rem en t preceding  th is  one by th e  in fin ites im al tim e  difference dt an d  
d im in ish ing  during  th e  tim e  in te rv a l dt b y  h ea t conduc tion . In  o th e r w ords, 
th e  tem p e ra tu re  in te g ra te s  up d u rin g  th e  tu rn o v e r tra n s ie n t an d  will be 
m uch  h igher th a n  P dl(t) ■ R 4hs)(t).

To a tta c k  th is  problem , th e  e lec trica l c ircu it analogy  o f th is  th e rm o 
d y n am ica l process is m ade use of. I n  th e  electrical eq u iv a len t, v o ltag e  V  
co rresponds to  te m p e ra tu re  d ifference, c u rre n t I  to  th e rm a l pow er, fu r th e r  
e lec trica l resistance  R  to  th e rm a l re s is tan ce , cap ac itan ce  C to  th e rm a l 
c a p a c ity . This p a r tic u la r  th e rm a l p ro b lem  is in  analogy  w ith  a res is to r-
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cap ac ito r n e tw o rk , th e  cap ac ito r C be ing  uncharged  and  series-connected  
to  a charging re s is to r  R  an d  th e  w hole n e tw o rk  connected  to  a vo ltage  source 
V , to  sim ula te  th e  sw itch ing-on  th e rm a l process; an d , on th e  o th e r h a n d , 
th e  capacito r ch a rg ed -u p  to  vo ltage  V  is d ischarged  across th e  re s is to r, to  
s im u la te  th e  sw itch in g -o ff th e rm a l process. F o r th e  sw itch ing-on  p rocess 
th e  vo ltage vs. tim e  d iffe ren tia l eq u a tio n  for th e  e lec trical eq u iv a len t w ill be

V( t )  =  R - I ( t )  + - Í - ( ' / ( » ) * .
C Jo

O f course, th e  w ell-know n exp o n en tia l so lu tion  of th is  eq u a tio n  c a n n o t be 
used  for solving th e  th e rm o d y n am ica l p rob lem  since and  Ca(i-. th e rm a l
q u a n titie s  are b o th  n o t  co n stan ts  h u t  tim e-d ep en d en t and , on th e  o th e r h a n d , 
th e  pow er vs. tim e  fu n c tio n  su b s ta n tia lly  differs here from  th e  e x p o n en tia l 
R  • I(t)  one in th e  e lec trical analogy . T h u s, th e  d iffe ren tia l eq u a tio n  is 
em ployed  d irec tly , lead in g  w ith  th e  th e rm a l p roblem  a t sw itch ing-on  to

d T J t )  =  Pdl(t)- R nhs)( t ) + -  1 I’4 ( i )  A  (18)
W(,)(í) Jo

w here the  firs t te rm  on th e  r ig h t-h an d  side corresponds to  th e  in s ta n ta n e o u s  
te m p e ra tu re  ju m p  due to  th e  in s ta n ta n e o u s  pow er P lU(t) w hile th e  second 
te rm  refers to  th e  in te g ra tin g -u p  ten d en cy  o f th e  te m p e ra tu re  and  is in  fac t 
th e  th e rm a l energy  d iv id ed  b y  th e  h e a t c a p a c ity  of th e  w arm ed-up  vo lum e 
section , from  th e  b eg in n in g  of the  tu rn o v e r  tra n s ie n t till th e  in s ta n t t.

T hus, u tiliz ing  E q . (2) for P dt(t), fu r th e r  E q . (4) for th e  expression  of 
sw itch ing-on  energy  tim e  fu nc tion  and , fu r th e r , m ak ing  use of E q . (17a) 
fo r th e  expression o f R ^ fts)on(t) h ea t sou rce-to -w afer th e rm a l resistance  a n d , 
f in a lly , em ploying re la tio n sh ip  (13) for Ce^ ( t ) ,  one gets th e  end  re su lt fo r 
sw itch ing-on  as:

J  Tmlon)(t)
Vcc Içp 

A

1 t / 21 '
exp exp

1 T, l Ti

ß

4-ÇÀ-t
I / o 1
/ 2 Sr e0 Ипвп 1cc ■ exp

r i
+

r i

1 2  exp
t

+  exp  
ri

' 21 

Ti
\A7 i0 t  -)-

r
! 2 Er £o V:, Qn Vcc ■ exp

t

Ti

(19a)
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a n d  sim ilarly  for sw itch ing-off b u t a p p ly in g  E q. (17b) fo r 8 ( . ^ 0ц  (0  •

А ТтШ)( 0  =
V c c lc p ' / 21

exp -  exp
roJ

1 1
2 £r eo /G Qn YX 1 exp

! To,

1 1 I 21
ex p +  exp

1 To 1 Ul
1 /

4 л  Ш-\- — /  2ereo/j,nQn -Vcc 1 — exp
t j

To 1 .

L0
2 yct

.(19b)

O f course these re la tio n sh ip s  are v a lid  only if  Vcc  S> UC£sat; f cp ^  4CB0; 
fu r th e r  У4л:0 ( <C dCB collector d iffu sion  dep th  an d  [ 4лS t  rem ains well 
w ith in  th e  boundaries o f th e  sem ico n d u c to r wafer.

Fig. 6/a  shows th e  A T m(t) fu n c tio n s  bo th  for sw itch ing-on  (broken  
lines) and  sw itch ing-off (solid lines) w ith  th e  tim e fu n c tio n  norm alized  as 
t г, or i / r 0 for five ch a rac te ris tic  t r a n s is to r  types of: (a) ASZ 18, a low -speed, 
a lloyed  Ge pnp  pow er tra n s is to r; (b) AC 125 U, a m ed ium -speed , m edium - 
pow er, alloyed Ge p n p  tran s is to r; (c) B U Y  12, a m ed ium -speed , Si npn  
e p ita x ia l m esa, h igh-pow er tra n s is to r ;  (d) BSY 34, a h igh-speed , m edium - 
pow er, Si npn  ep itax ia l p lanare  t r a n s is to r  and  fina lly , (e) th e  m in u te  to tem - 
pole o u tp u t tra n s is to r  betw een  th e  o u tp u t  and  g round  te rm in a ls  o f a ty p ica l 
T T L -series NAND g a te , e.g. SN 7400 N  (see Fig. 9), th e  sam e as given earlier 
in  exam ple  (b) of S ection  6 . All tra n s is to rs , except th e  T T F  IC o u tp u t stage , 
o p e ra te  in  a co m m o n -em itte r in v e r te r  o f  Fig. 8 a t an  o p e ra tin g  p o in t given 
in  T ab le  IY  as well as in  th e  n u m erica l exam ples o f th e  la s t  section . In  F ig . 
6 (a) th e  norm alized P d((t) function  is also depicted  as P dtj V cA cp  v s - 
fo r com parison. In  T ab le  IV  are also  p resen ted  th e  m ax im al values of th e  
fu n c tio n  as A T m b o th  a t  tu rn in g -o n  a n d  -off, as well as th e  loci of th e  m a x 
im u m s in norm alized te rm s  t/т,- a n d  t t0. As it can be seen, th e  m ax im al 
va lues A T m are su rp ris in g ly  low c o n tra ry  to  th e  fac t th a t  th e  collector c u rren t 
levels in  the  in v e rte r  service are id e n tic a l to  the d a ta -sh e e t lim it-values an d  
V cc  vo ltages also a p p ro x im a te  the  a llow ed  lim it level, le ad in g  e.g. to  100 W  
sw ithe ing  pow er surge a t  th e  B U Y  12 ty p e . The m ax im al te m p e ra tu re  ju m p  
is only  1,2 °C a t the  alloyed  Ge pow er tra n s is to r  ty p e  ASZ 18 an d  only 0,34 cC 
a t  th e  Si mesa BU Y  12 pow er ty p e , w hile  i t  lies b e tw een  0 ,1 6 5 -y 0,2 °C b o th  
a t  th e  alloyed Ge an d  p la n a r Si m ed ium -pow er ty p es. N eg lig ib ly  low is th e  
p eak  tem p era tu re  ju m p  a t  the T T F  IC  tran s is to r c o n tra ry  to  th e  m inu te  
g eom etrica l d im ensions, obviously  b ecau se  th e  very  low v o ltag e  and  c u rre n t 
sw itch in g  levels: ap p ro x . 0,023 rC.
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Fig. 9. Circuit diagram (below) and Vou,(Vin) transfer characteristics (top) of a typical TTL IC 
“ N A N D ” gate. Voltages, cu rren ts (arrows) and dissipated powers (in rectangles) are shown 
a t  the  instan t of m axim um  power during com m utation. Maximal pow er dissipation of active 
elem ents occurs when Vout =  Vjn (sim ulated by the direct connection of inpu ts  to  the ou tpu t), 
all transistors being in th e  active region. The lower transistor T 4 in  th e  totem-pole o u tp u t 

stage has in th is condition the highest power dissipation of nearly  20 mW

O f course, th e  afo re  m en tioned  p eak  te m p e ra tu re  ju m p s  are re la te d  
to  an  even c u rren t d is tr ib u tio n  along th e  collector (o r e m itte r)  ju n c tio n  
w ith o u t any  ap p rec iab le  c u rre n t c o n cen tra tio n , re fe rrin g  to  a fa ir  s tru c tu re : 
th e  ju n c tio n  area  A  eq u a ls  to  th e  nom inal area  A nom . T h is  w ay , th e  A T m 
m a xim a l  temperature j u m p s  are completely harmless f r o m  degradation p o in t  
o f  v iew , i f  the structure is fa ir ,  because the usual A T m p e a k  values ranging
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Table IV

Thermal and electrical relations during switching-off at some characteristic
transistor types

Technology

Type

Alloyed germanium

ASZ 18 AC 125 U  
medium

Power power

Mesa or pi 

BUY 12

power

m ar silicon 

BSY 34
medium

power

T T L  IC ,,N A N D ” 
gate, to tem  pole 

transistor T4 
(e. g. SN 7400 N)

V cc’ supply voltage (V) —  30 —40 40 40 ~  1,3 V = V

Icp, peak collector cur
re n t (A) - -0 ,2 5 1 0 0,5 ~ l , 5 5 x l 0 - 2

I !lx . driving base cur-é 
ren t (A) 0.6 —  0,025 1 0,05

see Fig. 9
Jgp , charge-drawout 

base current (A) 0 , 6 0,025 —  1 —  0.025

t o f f  m ax’ switching-off 
tim e ( ji is e c ) 35 1 0,5 0,095 ~ 5 X  1 0 - 3

P d l  max’ turnover
power (W) 45 2,5 1 0 0 5 — 2 x  1 0 - 2

Х ф , depletion layer 
with (/mi)
(at VCB — Vcc/2)

5,15 3.82 6 , 2 3,26
0,137

(at VCE =  
=  1,3 V)

W t e f f  ( a t  1 =  xo f f )  S  ( H 132 23,3 18,2 8,07 1,69

A  n o m  nominal junc
tion area (mm2) 5 0,385 5,45 0,25 ~ l , 2 x  1 0 - 3

iC n o r r r  nominal cur
ren t density (A/mm2) 1 , 2 0,65 1,84 2 ~  1.3

=  ^nom -^ф/£ 
heat source volume

(mm3)
8 , 6  X lO - 3 4,9 X lO " 4 8,4 X 10 - 3 2 x  1 0 - 4 ~ 4 , l x  1 0 -«

P d t n m x / Г м  (W/mm3)
specific turnover power 
density

5 ,2 5  X 1 0 3 5,1 X 103 1,2 XlO4 2,45 X 101 ~ 4 ,9 Х  105

L0f f = 2 r 0P(it max (/^Wsec) 
switching-off energy 1670 2,5 50 0,475 ~ l x  1 0 - 4

V ( 0 i ) = A r o m W i e 1 f n  (mm3) 
(at t  =  t o f f )

0 , 6 6 8 ,9x  1 0 - 3 0 , 1 2 x l 0 “ 3 ~ 2  x  1 0 - 6

Lof f /V^i)  (/tWsec/mm3) 
specific switch-off energy 
density

2530 280 500 238 ~ 5 0
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T a b le  IY
(c o n t.)

Technology

Type

Alloyed germ anium Mes or pl 

BUY 12

power

anan silicon

BSY 34 
medium 

power

TTL ГС “ N AN D ”
gate, to tem  pole 

transisto r T i 
(e. g. SN 7400 N)

ASZ 18 

power

AC 125 U
medium
power

ZlTm, p e a k  te m p e ra -  (°C)
1,46tu r e  ju m p  e s t im a t

ed  b y  E q . (26) ^
0Д 7 0,29 0,135 — 0,029

zJT 5 , a t  tu rn -o n  cal- (°C) 1,15 0,165 0,304 0,180 — 0,0213
d i la te d  b y  E q . (19a)+ 
a p p e a r in g  a t  í/т / ^ 1,8 1,25 1 1 1,6

ITm, a t  tu rn -o f f  cal- (°C ) 1,20 0,170 0,338 0,197 — 0,0236
c u la te d  b y  E q . (1 9 b )i
a p p e a r in g  a t  t / r 0 = 2,1 1,4 1,15 1,2 1,75

T£(,), “ in n e r”  th e rm a l
t im e  c o n s ta n t fo r 
coo ling -dow n  (/tsec) 0,2 0,12 0.175 0,045 —lx io-19
(fo r  a  D irac -d e lta  
h e a t  pulse)*

sec

T,4 /v#)* coo ling-dow n (д зес) 350 8,75 2,7 0,63 —4 ,2 x  1 0 -*
tim e  a t  n a tu ra l  
tu rn in g -o ff , fo r ( t / r 0 ~  20) (г/ т0— 17,5) (*/t0—10,7) ( t/r„  c* 14)

sec
(t/r„  C- 17)

j r ml A T  m=  0,368

§ E q u iv a le n t th ic k n e s s  o f  th e  v o lu m e  se c tio n  en c lo s in g  th e  h e a t  so u rce  i. e. th e  co llec to r 
ju n c t io n  an d  h e a te d  b y  th e  tu rn o v e r  t r a n s ie n t ,  in  w h ich  th e  tr a n s ie n t  th e rm a l.

ö  T he v o lu m e  o f  th e  a b o v e  (s) s ta n d in g  v o lu m e  se c tio n  h e a te d  u p  b y  th e  tu rn o v e r  t r a n s 
ie n t  energy .

Î A ssum ing  A ef f —  A  nom* e - a p e r fe c t  s t r u c tu r e  w ith o u t  co n s id e ra b le  c u r re n t  c o n c e n tra 
tio n .

* A t V C B  =  V Cc l 2.

between some tenth and some °C, fa l l  short by 1-^2 orders o f  magnitude o f  the 
quasi-stationary temperature increment f*dtot averaged at the period time. 
Volumetric degradation might be significant only i f  a considerable current 
concentration takes place in the form o f  hot spots where the relative actual junction  
area A j A no;n may be decreased to 10~2-i-10_3, since the peak temperature ju m p  
is inversely proportional to the actual junction area, cf. Eqs (19). However, 
such excessively and originally bad structures can hardly get into a controlled 
and saled lot because such bad specimens fall out at the static (d. c.) or 
dynamical parameter measurements. A highly uneven structure can lead 
only to such a degree of current concentration in prolonged switching service 
at high current- and voltage-levels by thermal-electrical feedback (runaway), 
the mathematical model of which being beyond the scope of this work and 
being rather sophisticated as well.
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Some in teresting  features of the A Tm(l) functions m ay be observed if they are norm alized 
on their vertical scale as A TmIATm hence, all m axim a then  lie on the ordinate 1, as is sh'ôwn 
in Fig. 6 b for the afore mentioned 4 discrete transistor types. The transient turnover-pow er 
vs. tim e function is also normalized in such a m anner as 4 Pdtl Pcc^-Cp- First of all, th e  sw itch
ing-on and -off curves are different bu t only on their rising and peak section. An insignificant 
difference arises in  the absolute maxim a, cf. Fig. 6 a, since switching-off m axima are a b it 
higher and the loci of m axim a are shifted b u t inconsiderably tow ard higher i / r 0 values a t  tu rn 
off as compared to  the turn-on i/т,- m axim a (see also in Table IY). The maxima of the A T m(t) 
functions are m arkedly  shifted in comparison with the m axim um  of P i t  max peak transien t 
turnover power a t t/т,- =  i / r 0 =  logç 2 ; i. e. the m axima of silicon planar or mesa transis to rs 
lie very near to í/т,- ^  1 or i / r 0 1,2; w hilst a t the slower alloyed Ge types the m axim a are 
between í/т,- ^4 1,25 -y 2,1, depending on type. A t both  silicon types, the time lag of th e  m axi
mum of A T m(t) function  as related to  the t/т,- =  i / r 0 =  log£ 2o^ 0,69 maximum of the P#(i)(t) 
function, is fairly around the “ inner” therm al tim e constan t value given in Eq. (15) if 
VCb  — Fcc/2 is considered there [tha t is, a t the m axim al value of P ^ t  m a x  =  PC C  I C p /4 at 
the in s tan t i/т, =  î / t 0 =  log£ 2 ^  0,69 the collector reverse voltage is ju s t VqqI2]. The tim e 
lag of m axim al tran sien t tem perature jum p in respect to m axim al P^t is, however, a b it  higher 
by the alloyed Ge types, e. g. it is about 3-times the т^/у therm al time constant by the m edium- 
power alloyed AC 125 U and a greater difference arises only a t the ASZ 18 alloyed Ge power 
type. Thus, r #(/) has also some physical meaning a t the relatively  slow turnover power tra n s
ient, yielding roughly the time lag between the power- and tem perature-m axim a. — At the 
rising section of the A T m(t) function, the tim e lag between the power- and tem pera tu re-tim e 
functions becomes continually more and more if tim e is increased, bu t the time lag is m arkedly  
less a t sw itching-on th an  a t switching-off. The cause of this lies — as can be observed com par
ing Eqs (19a) and (19b) — in the fact th a t a t switching-off the depletion layer w idth increases 
from zero to  its m axim um  value a t I'c В  =  V C C  and consequently the therm al resistance 
jR̂ (/iS) of the heat source also increases from zero tow ard its m axim um  and thus, the f irs t term  
in the function (19b) gives lower values a t a given in s tan t t than  the first term  in E q. (19a) 
bu t the rise is steeper. Contrary to this, a t the beginning of switching-on. the depletion  layer 
w idth (a t V C B  = Vcc) as well as the therm al resistance R$ //,s) have their maximal value and 
both diminish w ith t. This is the reason too, for the small difference in maximal values A T m(ony 
and A Tm(0fj) ,  as well as in th eir maximum loci. However, if т,- and r 0 are equal, the areas below 
both functions АТгг{0-.)(1) an(* ^PmiofJ)^)  are exactly equal, i. e. both heat energies are of 
course equal, in spite of the differing rising sections and maxima.

I f  is re m ark ab le  th a t  th e  A T nl(t/T) cu rves o f b o th  silicon ty p e s  d ea lt 
w ith  here  coincide w ith  each o th e r ex ac tly , w hile th e re  is only an  in s ig n if ic a n t 
difference be tw een  th e  curves o f a lloyed  Ge ty p e s . T hus, one m ay  su g g est 
th a t  a given func t io n  normalized in t t, or t r 0 terms and as well as in A T m/A T m 
terms is characteristic for  a given technology and it is sufficient to calculate only  
some points  around the m axim um ,  to  c o n s tru c t th e  w hole function  in  th is  w ay .

F in a lly , le t  us consider th e  falling sec tion  of the A T m(t) fu n c tio n s . 
There is no p e rcep tib le  difference b e tw een  th e  sw itch ing-on  and  sw itch in g -o ff 
functions if  t j r t 4 <  t / r 0, since, on th e  one h a n d , th e  f irs t, “ th e rm a l 
re s is tan ce”  te rm  in  E qs (19) becom es negligible as com pared to  th e  second , 
“ th e rm a l c a p a c ity ”  te rm  there . On th e  o th e r h a n d , in the  n u m e ra to r  o f  th e  
second (“ th e rm a l cap ac ity ” ) te rm  th e  e x p o n en tia l te rm s becom e neg lig ib le  
com pared  to  1, an d  fina lly , in  th e  d en o m in a to r, th e  te rm  1 4 jiQt becom es 
in co m p arab ly  la rg e r th a n  th e  o th e r  ad d itiv e  te rm  un d er the sq u a re  ro o t 
sign. T hus, b o th  E qs (19a) and  (19b) can be red u ced  to  the  sim ple form

^ т (* :> 4 т 0) ^ T0 Vcc I  Cp__
4 yct  A  \  n  Qt

( 20 )

for tu rn in g -o ff  process, while th e  sam e holds v a lid  w ith r, for tu rn in g -o n .
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T hus, cooling-down after the rolling-off o f  the turnover power transient 
is a relatively slow process since the heat conduction toward the bulk - i.e. th e  
decrease  in  te m p e ra tu re  — goes ahead by the square root o f  time  re su ltin g  in  
a s tra ig h t  falling sec tio n  in  th e  d o ub ly  lo g a rith m ic  p lo ts of F igs 6(a) an d  
6(b) w ith  a slope o f 1/2. In  T able IV  th e  cooling-dow n tim es r ^ c  ̂ a re  given 
in  th e  la s t row  a n d  d e fin ed  as th e  tim e  e lapsing  betw een th e  p e a k  value 
A T m an d  th e  v a lu e  A T m/£  =  0 ,3 6 8 /lT m, also  expressed in no rm alized  te rm s 
t / r 0. These cooling-dow n tim es, how ever, a re  re la tiv e ly  brief: b e tw een  some 
te n th  and  some psec  a t  th e  various tra n s is to rs , except th e  b u lk y  alloyed 
Ge pow er tra n s is to r .

8. Time function of the absolute junction temperature

If the repetition  frequency of switch-over is high, i. e. the switching tim e ton and t0p  
becom e comparable to  th e  switch-over period tim e, th e  average tem perature rise due to  the 
sw itchover transien t peaks should also be taken  in to  consideration. The average value will 
be th e  sum of both  tu rn -on  and turn-off energies of E qs (5a) and (5b), the sum  m ultiplied by 
the repetition frequency /) , th e  way in which one gets the turnover power averaged for the 
1 lfr period time:

P( t l ( on+of f )  ( r i “b To) fr  I’cc ICp 2 =  (ton I t0j] ) fr Vcc Içp , 

and  consequently

( 21)

](to) — R j  P dt(on+off) —  ( r i +  To) fr  pR t №  2^ (t0n +  toff) frV c A c p R 'r  ( 22 )

will be the average tem pera tu re  rise caused by the tu rnover energy peaks. This value m ust be 
sub trac ted  from the A T m peak tem perature to  gain the real maximum tem peratu re  jum p 
above the average since the instantaneous tem pera tu re  fluctuates around the ATj(t0) average 
value, having identical areas (therm al energies) above and below the average. Taking the other 
quasi-stationary  power dissipations also into consideration [3, 4] as the turned-on (saturated) 
average power on the one hand  as

Pon =  I p f r i P c B s a t  ~Ь У E B p ) ^ C p  (23)

and the same for the tu rned-off (cutoff) state, on the other, as

P o f i  =  (1  — t p f r )  I ' C C ^ C B o  ( 2 4 )

(tp denoting the duration  of “ on” state of inverter Vq b  sat and УBEp ^ 1е collector and em itter 
residual voltages in sa tu ra tion  a t current I qp and I qbo the  collector reverse current), one 
ob ta in  by summing up E qs (23) and (24):

T j ( t )  -  A T J t ) +  R r (P on +  P off) +  T a (25)

w hich means the T m(t) function  superimposed on the R T(P on +  P0fj) +  T a average tem p era
tu re , the A Tm(l) “ rippling” being negligible as com pared to the rest of bo th  the last right- 
hand  additive term s, so far as there is no appreciable cu rren t concentration or, in o ther words, 
occurrence of hot spots. In  Eq. (25) T a stands for the am bien t tem perature and R  p is naturally  
the sta tionary  (d. c.) therm al resistance of the tran sis to r between junction and am bient (still 
air environment).
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9. A simplified estim ate of turnover-transient temperature jump

The E qs (19a) and  (19b) are to o  soph istica ted  for p rac tica l q u ick  
reckon ing  of a p eak  te m p e ra tu re  ju m p . A m ore sim ple e s tim a te , how ever, 
gives fa ir resu lts  as follow s. F o r s ta r tin g , th e  E q . (19) m a y  be used, neg lec ting  
f ir s t  o f all th e  “ th e rm a l res is tan ce” a d d itiv e  te rm  since i t  shares qu ite  l i ttle  
in  A T m peak  value  an d  is im p o r ta n t o n ly  a t t/т,- or t / r 0 norm alized  tim es , 
less th a n  0,5. On th e  o th e r h an d , le t one su b s titu te  th e  P dt(t) function , as i t  
s ta n d s  in to  E q . (2), b y  a rec tang le  s tep  fu nc tion  w hich has th e  sam e area  
below  i t  as th e  re su ltin g

[ ;  p dt (t)d t L(t)

to ta l  tu rn o v e r energy , i.e. w ith  a c o n s ta n t he ight P dt max =  F ccJ c„/4, as 
is show n in Fig. 7, w hich  has n a tu ra lly  th e  w id th  (d u ra tio n ) 2т,- or 2 r H , 
because  E q . (5b) gives P 0f f  — ^A cc^-cp l^  ~  “ To P<it max =  toff P<it max’ since 
th e  d u ra tio n  2r 0 is a f te r  all fa irly  equal to  th e  sw itch ing-off tim e  t0fj  (as well 
as 2 т,- Ш ton) if  th e  sw itch ing  c u rren t level is high (com parab le  to  m ax im u m  
ra tin g ) and  I Cpj I Bp a i  10 (according to  th e  usual s ta n d a rd  of VCE Bat an<l 
sw itch ing-tim e m easu rem en ts) and  m oreover, th e  sw itch ing-on  base c u rre n t 
I BXp an d  th e  reverse-d irec tion  “ d ra w in g -o u t”  base c u rre n t peak  a m p litu d e  
— 1 b y  c (f°r qu ick  ca rr ie r  charge rem o v al from  the base) fall in to  th e  sam e 
o rd e r of m agn itu d e  (cf. F ig . 8 ).

T he estim a tio n  of p e a k -te m p e ra tu re  ju m p  m akes use of th e  concep t 
A T m =  L 0fj(t =  °°)/C ÿ(!j(t =  2 r 0) on th e  basis of th e  afore m en tioned  a ssu m p 
tio n s  w here th e  e q u iv a le n t energy fu n c tio n  has a co n stan t o rd in a te  of V c c h p !4 
an d  eq u iv a len t d u ra tio n  o f 2 r 0 e=; t0f f  (a t sw itching-off). T hus, th e  in n e r 
th e rm a l cap ac ity  C9(i)(t =  2 r 0) should  be considered in  E q . (13), y ie ld ing

A T  ___ -^off____ __  _________To kçc Içp ________  1261
m<0ff) =  Cm (t =  2 r0) “  1 yct  A  [(Хф/f) +  V8^ r 0J ’

here  Х ф m eans th e  d ep le tion  layer w id th  a t  V CB =  Vccj2, w here the  m ax im u m  
o f th e  P dt(t) fu n c tio n  occurs and w hich  is |/ 2-tim es less th a n  th e  m ax im al 
X  a t V CB =  V cc . T he  resu ltin g  E q . (26) is a f te r  all id e n tic a l to  th e  a c c u ra te  
re su lt of E q. (19.b) if  th e  f irs t “ th e rm a l resistance”  a d d itiv e  te rm  w ith in  
th e  figu re  b rack e ts  is o m itte d , fu r th e r  th e  exponen tia l te rm s  in  th e  n u m e ra to r  
o f th e  second “ th e rm a l c a p ac ity ”  a d d itiv e  te rm  are neg lec ted  as com pared  
to  1 (w hich is r ig h tfu l since th e  w hole tu rn o v e r  energy is considered); m o re 
over, th e  second sq u are  ro o t te rm  in th e  denom inato r, ]j2er ea . . . is s u b s ti
tu te d  b y  Х ф, i.e. in  th e  la s t ex p o n en tia l te rm  t , t0 =  loge 2 ш  0,69 is in t ro 
duced , w hich coincides w ith  th e  in s ta n t o f th e  tu rn o v er tra n s ie n t pow er p eak ,
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giv ing  a t  th e  sam e tim e  th e  average o f deple tion  lay e r w id th ; and f in a lly , 
t =  2 t 0 is su b s ti tu te d  in  th e  f irs t te rm  u n d e r  square ro o t sign in  the  d en o m 
in a to r  of th e  “ th e rm a l cap ac ity ”  te rm .

As is p resen ted  in  T ab le  IV  an d  in  th e  following num erica l exam ples, 
expression  (26) gives a fa ir  es tim ate  in  good agreem ent w ith  th e  resu lts based  
on E q s  (19a) an d  (19b). — F or А Т т(0Пy  L on an d  r, shou ld  be su b s titu te d  in  
E q . (26) in stead  o f L 0f f  and  r 0 .

10. Numerical examples of som e characteristic transistor types

(a) A S Z  18, an alloyed Ge pnp, low-speed power transistor, sim ilar to  the “ test vehicle” 
used in  experim ents (c) and (d) in refs [3, 4].

Maximum ratings:

VCBo =  — 80 V; I c  max =  -  6  A; Tj max =  90 ''C; R jj - c  =  E5 °C/W.

C. E. inverter operation of Fig. 8  at:

V cc =  ~ 3 0  V; Icp  =  — 6  A; I BXp =  0,6 A; I  B Yp =  0,6 A:
in which case

2т/ ton max =  30 /«sec and 2 r 0 =  i0/ /  max == 3o /£sec (1 di max =  45 W).

Construction d a ta : gn =  5 ohm ■ cm base resistivity; A nom =  5 x l0 ~ 2 cm2. W ith 
A =  A nom; Хф =  5,15 ,«m and £ =  3 (step junction ); A Tm 0̂j])Ssi 1,46 °C which in fact in 
considerably exceeds the value 1,20 °C gained b y  Eq. (19b). W ith A  =  0,01 A nom, A Tm(0j f  ) 
will be 146 °C where the occurrence of hot spots and destruction takes place rapidly. Thus, 
this type is particularly  sensitive to volum etric degradation a t high switching power levels.

(b) AC  125 U, medium-power, medium-speed, alloyed Ge pnp transistor, similar to the 
types used in experim ents (a) and (b) in refs [3, 4].

M aximum ratings: VCBo =  - 6 0  V: / Cmax 0,25 A; T, max =  70 °C; R ,  max =
- 0,4 °C/mW w ithout any rad iator in resting air environment. С. E. inverter operation of 

Fig. 8  a t: Vqq - 4 0  V; I Cp =  -0 ,2 5  A: (P dt max =  2,5 W); I BXp =  -0 ,0 2 5  A -  - I BYp; 
in which case 2 r 0 2 r l ^  tcf f  Ш ton =  1 ^sec m ax. Construction data : gn =  2  ohm • cm,
thus Хф =  3,82//m; A num 3,85 X 10“ 3 cm2. W ith A =  A rom and ^ =  3. Eq. (26) yields 
\Trr(off) =  0,17 °C. exactly  the same as gained from Eq. (19b). H aving A =  0.01 A nom, the 

peak tem perature jum p increases to 17 °C which in tu rn  is still harm less from a degradation 
po in t of view. Thus, th is type is less prone to collector-em itter punch-through.

(c) B U Y  12, a doubly diffused, silicon mesa npn high-power, high-voltage transisto r 
of m edium switching speed and w ith epitaxial collector layer.

Maximum ratings: Vcbo =  210 V; Vqe0 — 80 V ; / с  шах =  Ю A ; T j max 150 °C; 
R j i - c  ^  1-5 °C/W betw een junction  and case (base plate). С. E. Inverte r operation of Fig. 8 . 
a t: VCç  =  40 V; I Cp = 10 A ;  (Pdt max = 1 0 0  W !); I BXp - 1,4 A =  I ß \ p\ in which operát-
ing point 2т/ ^  ton =  0,5 fisec m ax =  t0f j  ^  2 r0.

Construction d a ta : gn 7,5 ohm • cm collector epitaxy resistivity; A nnm n=  5,45 X 10~ 2 cm2 
£ =  4 (linearly graded junction). W ith A. =  A nom, Eq. (26) results in A Tm 0̂ff^ Qd 0,29 °C, a 
b it less than  the more accurate result 0,338 °C gained by Eq. (19b). There is no serious harm  
for deterioration until a cu rren t concentration ra te  of A nomjA =  103 since a tem perature 
reaching or exceeding 1000 °C is necessary a t silicon for the rapid  advancem ent of diffusion 
profils.

(d) B S Y  34, a medium-power, high-speed, epitaxial p lanar npn silicon transistor.
M axim um  ratings: Vc b 0 =  60 V; Iç  max 0,6 A : Tj max =  200 °C; R T max =  0,22 °C/mW
in resting air w ithout any rad ia to r; R j j - c 0,06 °C/mW. C. E. inverter operation of Fig. 8
a t: F cc  =  40 V  ; I Cp =  0,5 A: (Fornax : 5 W); I  BXp : 0,05 A : I в у р =  —0,025 A  ; when 
2t . ^  ton =  90 nanosec m ax., and 2 r0 ^  t0j j  =  95 nanosec max.

Construction d a ta : or =  2 ohm • cm epitaxy , hence Х ф == 3,26 ^;m: A non — 2,5 X 
X l0 ~ 3 cm2. Substitu ting  A A rom and £ —- 4 into Eq. (26): ATrr.(0ff) Щ 0,135 °C, sensibly
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less than  the accurate result 0.197 °C of Eq. (19b). Thus, the type is insensitive for volum etric 
deterioration still assuming an excessive current concentration ratio  of A nomIA  =  103 which 
in tu rn  can hardly occur, since peak tem perature jum p approxim ates in this unbelievable 
case only 135 (or 197) °C which la tter still falls short of Tj max. Finally,

(e) Totem-pole output transistor (between o u tp u t and gnd.) o f a TTL-series N A N D  
gate integrated circuit (e. g. SN 7400 N). The operation da ta  correspond to those given in sec
tion 6  as well as in Table IV and in Fig. 9, a t the in s tan t of maximal turnover power during 
com m utation as: VpE =  1*3 V; I qp =  15 mA, thus Pdt max ^  20 mW; 2 r 0 t0f f  ^  5 nanosec 
fall time for th is particular stage. Construction da ta  are on =  0,1 ohm • cm collector epitaxy, 
so Хф  =  0,137 ^m  a t the appearing Vqb =  9,7 V; A nom =  l , 2 x l 0 - 5  cm2.

Substitu ting  A  =  A nom, £ =  4 and, instead of Vpc^Cpl2* the power 2 Pdt max =  
=  0,04 W into Eq. (26), it  yields the very low tem peratu re  increm ent A Tm 0̂jj) 0,028 °C 
in good accordance w ith 0,0236 °C computed on the basis of the accurate Eq. (19b), which 
results suggest th a t the harm  of a volumetric degradation  m ay still be com pletely neglected 
in  the im probable case of a current concentration ratio  of 1 0 3 (in which case the peak tem pera
tu re  jum p is raised to approx. 24 -r 28 °C).

As m ay be seen in Fig. 9, the maximal tran sien t power during switchover occurs just 
a t this lower totem -pole transis to r T4. A similar tran sien t power peak arises a t the upper to tem  
pole transisto r T3, whilst the power peaks by the o ther transistors can be fully neglected. The 
peak tem perature jum ps a t transistors T 4 and T3, however, is only 1/10 -r 1/30 of the A T m 
increm ents found in the examples of usual disciete bipolar transistors despite the m inute 
geometrical dimensions of transistors in a m onolythic /С , cf. examples (d) and (e).

11. R efinem ents of the thermal m odel if  turnover transients 
are rather elongated

Finally, le t us deal w ith  the estim ate of A T m in  the cases if the turnover transients 
are ra ther elongated (as com pared to the usually brief t0  ̂ and t0j j  sw itching times) and so the 
bounds of the heated-up volum e, or more precisely, the therm al penetration  depth, exceed 
well the distance of the collector-junction-to-the-w afer bounds in either perpendicular direction 
from the collector junction  plane. This is the situation , in general, a t shallow-collector-junction 
p lanar devices as well as a t alloyed devices where the m etallurgical junction  between indium  
collector zone and germ anium  base zone lies very near to the real p-n electrical junction. This 
problem, however, becomes serious especially a t th e  pulsed service life tests of Refs [3] and 
[4] where an effective screening technique for la ten t structu ral inhom ogeneity and as a con
sequence of the former, for an im m inent ho t-spo t’s form ation and short, makes use of the 
artificial elongation principle of turnover transients. Such kinds of screening results have been 
reported in the experim ents (a), (c), (e) and (f) as well as in the corresponding Tables I IV 
of Refs [3] and [4] and the A Tm values given there  are com puted on the basis given in this 
section, as refinem ents of Eq. (26), and on the construction  data  (pn, A nom) presented in these 
Tables for the case of a perfect-structure transistor. In  experim ents (e) and (f) and Tables I I I  
and IV, resp., of Ref. [4] two medium-power p lanar transistors (BFY  33 and BSY 56) are dealt 
w ith, both  types having equal nominal collector junction  areas A nom, as well as equal voltage 
and current ratings, consequently both experim ents were conducted a t identical operating 
conditions corresponding to  identical VCC* Ĉp-> tp‘> fr  and so L on, T Gffi г «  max condi
tions were also equal. Thus, A T m 0п  values there are also identical and were presented only in 
Table I I I  for the BFY 33 type. The sole difference betw een both types is th a t  the resistiv ity  of 
the epitaxial collector layer is p., =  4 ohm • cm a t the BSY 56 type while it  is 2 ohm • cm a t 
the BFY 33. This difference is, however, still u n im portan t since in Eq. (26), the term  / 8 n©t 

(Хф/£) due to  the ra th e r elongated transien t sw itch-over times and the equivalent heat 
source thickness Хф/ |  which is only influenced by  on, can be to tally  neglected in comparison 
w ith the therm al penetration  depth. — Contrary to  this, both  p lanar types in  experim ents (e) 
and (f), as the most usual p lanar devices, exhibit relatively  shallow collector junction  depths 
c?CB of 2,5 /im (BSY 56) and 3 fim  (BFY 33) w hich m ust be considered in the calculation of 
therm al capacity  CLy/) here because a t the badly elongated switching times г$ед  certainly exceeds 
<1qß. As a consequence, the results a t the end of Section 5, i. e., expression (13a) f it here n a tu r 
ally utilizing the first term  only by substitu ting  i t  into Eq. (26), leading to

A T m(off) = ___________ To V çç lcp ____________

2 y c f A  [Лев  + (Xp/£) +
r o V CC h p  

2 yc#A ÎnOt0j f
(27)
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where the more com plicated first form of the right-hand side is generally valid for shallow- 
junction  planar transisto rs while the simpler, extrem e-rifjht form can be applied a t  ra ther 
elongated turnover times.

Similarly, for the alloyed germ anium  types where the electrical p-n junction  is in the 
closest to the indium  (collector bu tton  zone) and germ anium (base wafer zone) boundaries, 
the therm al energy penetrates an one side in to  the indium  and on the other into germ anium . 
In  th is case also the Eq. (13a) is considered b u t utilizing both right-hand additive term s, in  the 
firs t one using indices Ge standing for the germ anium  wafer (base zone), and in the second one 
substitu ting  indices In  for the indium  collector-button metal:

____________________ r„VccIcp___________________
{yG ecPGe I ( ̂  Ф' - ) : “ t?i(~)Ge *о//1 ~т~ У In  cîtln У- i ^ l n  ^off}

(28)

where the term  Xф 'c m ay be neglected if t0fj is ra th e r long. For the turning-on transien t n a tu r
ally .1 T m(ony  Tj and ton should be substitu ted  in Eqs (27) and (28). For the switching-on and 
-off times, also here ton 2 r ,  and t0f j  asi 2 t0 can be substitu ted  in the common-base circuitry  
w ith I =  0 reported in Refs. [3] and [4]. All А Т т(0̂  results of the alloyed Ge experim ents 
(a) and (c), i. e. in Tables I and II of Refs [3] and [4] are com puted on the basis of Eq. (28).

12. Conclusions

A sim ple th e rm a l m odel was co n stru c ted  for th e  reckon ing  o f a peak  
te m p e ra tu re  ju m p  an d  th e  ca lcu la tin g  o f th e  ac tua l ju n c tio n  te m p e ra tu re  
in c rem en t vs. tim e  o f a tra n s is to r  d u rin g  sw itch-over, m ak in g  use of th e  o n e
d im ensional so lu tion  o f d iffusion-like th e rm a l c o n d u c tiv ity  d ifferen tia l e q u a 
tio n  in  a solid. B o u n d a ry  cond itions w ere selected  in th is  m an n er, e.g. a ssum ing  
a p lane  ju n c tio n  w ith  even cu rren t co n cen tra tio n  to  m ake possible a o n e
d im ensional tre a tm e n t and  u tiliz ing  an  exponen tia l ap p ro x im atio n  for th e  
P di(t) hea tin g  sw itch -o v er pow er vs. tim e  function . T h erm al b eh av io u r w as 
an a ly zed  f irs t of all hy  u tiliz ing  a d e lta  fu n c tio n  heat tra n sfe r  to  the  la m in a r 
h e a t source, nam ely , th e  collector d ep le tio n  lay er h av in g  an  effective w id th  
less th a n  th e  e lec trical, w ith in  w hich th e  tem p e ra tu re  w as assum ed to  be 
c o n s ta n t and  th e  h e a t energy  as sp read in g  in tim e  to w ard  bo th  ju n c tio n  
sides in  th e  form  o f an  ever ex ten d in g  n o rm al d is tr ib u tio n  and  w ith  a m ean  
A T m v a lue  d im in ish ing  in  th e  sam e p ro p o rtio n  as th e  s ta n d a rd  d ev ia tio n  
o f th e  norm al d is tr ib u tio n  (defined  as th e rm a l p e n e tra tio n  dep th ) increases, 
th e  la t te r  as th e  sq u a re  ro o t o f e lapsed  tim es. This w ay, th e  “ in n er”  th e rm a l 
c a p a c ity  and  th e  “ in n e r”  th e rm a l re s is tan ce  o f th e  ever increasing  h ea ted -u p  
vo lum e can be ca lcu la ted  in th e  fu n c tio n  o f tim e. M ultip ly ing  the  in s ta n t 
aneous tu rn o v e r pow er w ith  th e  “ in n e r”  th e rm al res is tan ce  and , fu r th e r , 
superim posing  th is  p ro d u c t on to  th e  ra tio  of electrical tu rn o v e r energy  
to  th e  “ in n er”  th e rm a l cap ac ity , one gets  th e  te m p e ra tu re  rise vs. tim e  
fu n c tio n .

T he m odel was ex ten d ed  to  u n ev en  c u rren t flow  p a tte rn , i.e. in to  a 
th ree -d im en sio n a l case in  th e  m ost sim ple w ay, a c tu a lly  assum ing t h a t  
co llec to r cu rren t an d  so h ea tin g  pow er is c o n cen tra ted  in  ju n c tio n  a reas  
severa l tim es sm aller th a n  th e  nom inal, i.e ., in  “ ho t sp o ts”  and  considering
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th e  c u rre n t flow in th e  rem ain ing  a rea  as zero. This ap p ro a c h , a lthough  no t 
e x a c t, gives a fair p ic tu re  a b o u t real b u lk  deg rad a tio n  con d itio n s an d  causes, 
since with the presum ption  o f  a perfectly even current flo w  pa ttern , i.e. calcu la ting  
w ith  th e  nom inal co llec to r ju n c tio n  a rea , actual peak tem perature ju m p s  due 
to the turnover transient pow er spikes at m axim um  allowed data-sheet switching  
power levels, und still well beyond them, m ount up only to some sp lit °C at m edium - 
-power transistors and are well below 1 ~ 2  °C at high-power ones let alone the 
m inute  transistors o f  a d ig ita l IC  chip where ju m p  hardly exceeds some hundredth 
o f  a °C and so they are completely harm less from  bulk degradation p o in t o f  view  
so fa r s tru c tu re  (c u rre n t flow) e x h ib its  no serious unevenness. A  ratio o f  
nom inal to actual (conduc ting ) ju n c tio n  area o f  102. . . 10:!, that is, extremely 
bad structure can in itia te  only a therm al runaw ay process leading to hot spots 
in  the bulk and fin a lly , to deterioration by short. A lo t o f  num erica l exam ples 
o f vario u s u p -to -d a te  tra n s is to r  co n stru c tio n s  (rang ing  from  th e  m inu te  
m o no ly th ic  IC tra n s is to r  to  bu lky , 100 W  alloyed Ge pow er types) suggests 
th e  follow ing conclusions:

(i) T he te m p e ra tu re  ju m p  due to  th e  tu rn o v e r is, in  general, h igher 
a t  alloyed Ge types th a n  a t  p lan a r or m esa  silicon devices. T h is is a consequence 
o f d iffering  technologies since m any  tim e s  th in n e r base w id th s  an d  so m any  
tim es fa s te r  tran s is to rs  can  be m ade b y  th e  p lan a r or m esa diffusion te c h 
n iques w ith  accuracy  a n d  ease. This p ic tu re  is ag g rav a ted  by  th e  fac t th a t  
in  g erm an ium  the d iffu sion  velocity  o f d o p a n ts  in to  th e  lig h te r  doped ju n c tio n  
side is ra ised  to  a d an g ero u s degree s till a t  ab o u t 450-^-550 °C w hile th e  sam e 
in  silicon takes place o n ly  a t 900А-1НЮ °C. This d ra w b a c k  o f alloyed Ge 
tra n s is to rs  is com p en sa ted  somehow7 b y  th e  m ore ro b u s t co n stru c tio n  (e.g. 
th ic k  soldered-on jo in ts  in s tead  of th e  sensitive  and  th in  gold w ires bonded  
b y  therm ocom pression) a n d  th e  th ic k e r  base layer.

(ii) T he te m p e ra tu re  ju m p  d u rin g  sw itch-over is especially  high and  
dangerous a t pow er tra n s is to rs  since th e  L 0f f lV 9^  =  x nV ccI c J 2 A W ÿ(i  ̂ a t  
specific  tu rn o v e r energy  d en sity  (see T ab le  IV) i t  is m a rk e d ly  h igher th a n  
th e  u su a l low- and  m ed ium -pow er ty7pes.

(iii) In  m onolith ic (d ig ital) in te g ra te d  circu its th e  sole of v o lum etric  
d eg rad a tio n  processes is u n im p o r ta n t as com pared  to  o th e r  (surface- and  
co n tac t-p lag u e-o rig in a ted ) d eg rad a tio n  m echan ism s because  o p e ra tin g  voltages 
and~ tu rn o v e r  tra n s ie n t pow er peaks a re  b o th  v e ry  low . H ence, i t  is no t 
reaso n ab le  to  m aking  su ch  expensive k in d s of sw itch ing -m ode life te s ts  on 
m ono lith ic  IC-s.
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Experimentelle Untersuchung der Lebensdauer von Halbleiter-Bauelementen. Die Rolle 
der durch um schalttransienten  verursach ten  Tem peraturerhöhung beim  räum lichen Zugrunde
gehen von schalttransistoren und digitalen integrierten Strom kreisen. Die zufolge der Um- 
schalt-L eistungstransienten zustandekom m ende transiente Tem peraturerhöhung kann beim  
Schaltbetrieb auf hohem  N iveau für einzelne charakteristische räum liche Defekte veran tw ort
lich gem acht werden, wie den C —E “ D urchstich” und den С —В Durchschlag. Nach B erech
nung  der “ thermischen E indringtiefe” au f beiden Seiten der K ollektorübergangs- und W ärm e
k ap az itä t des sich erw ärm enden R aum teiles und seines therm ischen W iderstands erhält 
m an  ein geeignetes eindim ensionales therm isches Modell für die Schätzung des Ü bergangs
tem peraturanstiegs. Im  B esitz der Zeitabhängigkeit der transien ten  U m schaltleistung und  
der K onstruktionsdaten  des gegebenen bipolaren Transistors kann die Zeitabhängigkeit der 
transien ten  Ü bergangstem peratur berechnet werden. An H and von Zahlenbeispielen für einige 
T ransisto rtypen  m it charak teristischer Technologie (von den robusten , großen Ge- und Si- 
Leistungstransistoren bis zu den integrierten  M onolith-M iniaturstrom kreisen) wird nachge
wiesen, daß — fehlerlose S tru k tu r und  gleichförmige S trom verteilung vollkomm en gefahrlos 
sind.

Экспериментальное исследование срока службы полупроводниковых приборов, IV.
Роль пиковой температуры, вызванной переходыми процессами переключения, в объемной 
порче переключательных (импульсных) транзисторов и дигитальных интегральных схем. 
Переходной рост температуры, возникающий вследствие переключательных переходных 
процессов мощности, является ответственным за отдельные характерные объемные повреж
дения, возникающие в переключательном режиме высокого уровня, как, например,»прокол« 
С—Е и пробой С—Р. При расчете с обоих сторон коллекторного перехода »глубину тер
мического проникновения«, далее теплоемкость и термическое сопротивление нагреваю
щейся части пространства до заданного момента после начала переходного процесса пере
мены получается подходящая одномерная термодинамическая модель для оценки роста 
температуры перехода: располагая данными временной функции мощности переходного 
процесса переключения и конструкционными данными данного биполярного транзистора, 
можно вычислить временную функцию переходной температуры перехода. На основе 
числовых примеров нескольких типов транзисторов с характерной технологией (начиная от 
крупных германиевых и кремниевых транзисторов мощности и вплоть до миниатюрных 
приборов монолитных интегральных схем), при предположении бездефектной структуры и 
равномерного распределения тока, автор доказывает, что возникающие скачки никовых 
температур при переключении являются совершенно безопасными.
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CaO AND MgO COMPOUND FORMATION 
IN PROCESSING CALCITE-DOLOMITE REARING 

BAUXITES BY THE BAYER METHOD

ZÁMBÓ, J.*  and Mrs. O RB Á N -K ELEM EN , M.**

[M anuscript received 8 January , 1974]

The operational problems in the course of processing the Ilalim ba type calcite 
and dolomite bearing bauxites necessitated the exam ination of the Na20-A l20 3-Ca0- 
-MgO-TiOj-SiOo-fEO-CO, system under the conditions of the Bayer technology 
param eters. I t  was observed th a t the q u a lity  and q u an tita tive  ratio  of the Ca and Mg 
containing phases produced during the  recovery of dolom ite bauxites are governed, 
prim arily, by the com ponents dissolved in the alum ina liquor, although they are also 
affected by the solid phases capable of reacting  w ith the individual components of the 
solution.

1. T heore tica l

In  ce rta in  p a r ts  o f th e  H alim ba b a u x ite  field  th e  CaO and MgO c o n te n t 
o f th e  b au x ite s  exceeds th e  usual 0,4 a n d  0,1 per cen t va lues, re spec tive ly , 
to  a considerab le  degree, since th is fie ld  con ta in s , on th e  average, 2,7 per c en t 
CaO an d  0,7 per cen t M gO. Calcium a n d  m agnesium  ap p e a r in th e  b a u x ite  
m a in ly  as calcite an d  dolom ite . In  th e  p rac tice  o f a lu m in a  p ro d u c tio n  th e  
d ecau stifica tio n  effect o f th e  carb o n a te  m inera ls  is a w ell-know n phenom enon . 
H ow ever, w hen processing  increasing ly  co n tam in a ted  b au x ite s  also som e 
o th e r prob lem s will em erge along th e  w ash ing  line d u rin g  sludge sep a ra tio n . 
In  th e  oversp ill of th e  D o rr w ashers th e  re d  m ud c o n te n t will g rea tly  increase , 
an d  a considerab le a m o u n t of high so lids con tan ing  foam  will f lo a t over 
th e  su rface  w hich, w hen  accum ula ted  in  th e  system , m a y  cause a b reak d o w n  
in th e  m ost serious cases p reven ting  th e  o p era tio n  o f th e  en tire  w asher line. 
Since th ese  difficvdties a re  co rrelated  to  th e  calcium  an d  m agnesium  co n ta in in g  
com pounds, a d e ta iled  s tu d y  of th is  p rob lem  ap p eared  to  be sim ply  in d is
pensab le .

In  th e  N a20 -A l20 3-C a0 -M g 0 -C 0 2-H 20  system  th e  d e te rm in a tio n  of th e  
solid phases in  equ ilib riu m  w ith th e  so lu tio n  is an  ex trem e ly  d ifficu lt ta s k  
a t  th e  5-^250  g /lit N a ,O fr co n cen tra tio n  usual w ith  th e  B ayer techno logy , 
invo lv ing  a 1,6 to  3,5 N a20 ^  per A120 3 m ole ra tio  and  a 70 to  240 °C te m p e ra tu re

* Dr. ZÁMBÓ, J ., Fehérvári ú t 14, H -1116 Budapest, H ungary
** Ob b á n n é  dr. K e l e m e n  M., Lajos u. 11 —15, H 1023 B udapest, H ungary
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ra n g e . The given case is fu r th e r  co m p lica ted  b y  th e  fa c t th a t  in  b a u x ite  
d ig estio n  p art o f th e  S i0 2 and  T i0 2 c o n te n t will also be d isso lved , w hereby  
an  8 -com ponent sy s te m  is o b ta in ed . In  ad d itio n , th e  solid phases th u s  
p ro d u ced  m ay tra n s fo rm  w ith  the  changes o f te m p e ra tu re  an d  c o n cen tra tio n .

In  such a co m p lica ted  system  th e  d e te rm in a tio n  o f th e  solid  com pounds 
o f  equ ilib rium  is s im p ly  im possible b y  increasing  th e  n u m b e r o f com ponen ts, 
i.e . in  th e  usual w ay , because  of th e  g re a t n u m b er of in v es tig a tio n s  req u ired  
fo r th e  purpose. T h e re  are, how ever, an  in fin ite  n u m b er o f d a ta  a lread y  
av a ilab le  on the  d e ta ils  of th e  system  ra th e r  im p o r ta n t from  th e  aspec ts  
o f  a lu m in a  in d u s try , on w hich basis fu r th e r  lab o ra to ry  in v es tig a tio n s  c larify , 
w ith o u t the  d e te rm in a tio n  of th e  eq u ilib riu m  phases o f th e  en tire  sy stem , 
th e  conditions of p ro d u c in g  calcium  and  m agnesium  co n ta in in g  com pounds 
u n d e r  the c ircu m stan ces o f b au x ite  d igestion  and  red  m u d  w ashou t.

F rom  the  N a20 -A l20 3-S i0 ,-H 20  sy s tem , accord ing  to  th e  te m p e ra tu re  
an d  concen tra tion  co n d itio n s conform ing  to  th e  a lum ina  in d u s try  p rac tices, 
d iffe ren t sod ium -alum in ium -silica tes w ill be sep ara ted . A t te m p e ra tu re s  below  
100 °C th e  so-called “ L inde-Z eolite  A ”  will be form ed, w ith  foreign a to m s 
b u il t  in  the  silicate la t t ic e  an d  its  v a c a n t positions. Up to  180 °C th ere  w ill 
be  sodalites p ro d u ced , th e  chem ical com position  of w hich has been given 
b y  V örös [1] in  th e  form  of 3(N a20  • A120 3 • 2SiOa) N a2X  • n H ,0 , w here 
w h e re  X  =  C 0 3~ SO 4- , 2C1~, 2А10.Г, 2 0 H ~ . Sodalite  is, essen tia lly , a m ixed  
c ry s ta l  which m eans t h a t  th e  q u a lity  an d  q u a n tity  of th e  X  an ion  depends 
on  th e  m o m en tary  so lu tio n  co n cen tra tio n , com position , an d  te m p e ra tu re . 
T h e  ca rb o n a te -so d alite  q u a n ti ty  will increase  or decrease w ith  th e  v a ria tio n  
o f  th e  soda c o n te n t o f  th e  a lu m in a te  liq u o r while th e  a lu m in a te -so d a lite  
a m o u n t will v a ry  w ith  a change in  th e  mole ra tio .

According to  th e  in v estig a tio n s b y  B a r r e r  and  W h i t e  [2], a t  210 °C 
o r over, either so d a lite  and  can crin ite , or only  the  la t te r  w ill be p roduced , 
d epend ing  on the  m ole ra tio . C ancrin ite  is defined  by  th e  fo rm ula  3(N a20  • 
A120 .j • 2S i0 2)N a2C 0 3 o r b y  3(N a20  • A120 3 • 2 S i0 2)2 N aO H  w hich are id e n 
tic a l to  the  co m p o sitio n  o f ca rb o n a te -so d a lite  and  h y d ro x i-so d a lite , re s 
p ec tiv e ly , a lth o u g h  th e ir  c ry s ta l s tru c tu re s  differ. In  sod a lite  th e  an io n  
chan g es enable th e  rep lacem en t o f p a r t  (ap p r. 10 p er cen t) o f th e  N a20  losses 
b y  inexpensive N aC l o r N a ,S 0 3 [3]. Se im iy a  [4] sim ilarly  id en tified  sod a lite  
ty p e  mixed c ry sta ls  a n d  cancrin ite  ty p e  com pounds in red  m ud.

E x am in a tio n  o f  th e  equ ilib rium  cond itions in th e  N a20 -A l20 3-C a0 - 
-CO„-H20  system  w as carried  o u t b y  a n u m b e r of Sov ie t research  w orkers 
in  the  ‘fifties. T h e ir  e ffo rts  were aim ing  a t  th e  e lab o ra tio n  of th e  so-called 
soda-lim e tech n iq u e  w hich  caustifies b y  lim e th e  soda used  to  replace th e  
c a u s tic  soda losses, s im u ltan eo u sly  to  th e  b a u x ite  d igestion .

Simple c a rb o n a te s  like calcite , do lom ite , or siderite  will in te ra c t w ith  
th e  liquor during  th e  w et grind ing  and d igestion  of th e  b a u x ite , and tra n s -
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form ing  it in to  soda. A t 25 °C the  equ ilib rium  c o n s ta n t o f the  

C aC 0 3 +  2N aO H  ^  C a(O H )2 +  N a2C 0 3

reac tio n  will be 2,82 X  10~ 3 [5].
U pon h ea tin g , th e  equ ilib rium  co n stan t of th e  re a c tio n  will increase, 

since in  eq u a tio n

ac 0 §~ i'CaCOs
K-a =  2 = i

a O H -  tjC a(O H ),

w here ac o and « о н -  rep resen t the  a c tiv ity  of th e  ions, th e  so lu b ility  p ro d u c t 
o f  C aC 03, th a t  is, (L CaCO) will increase while L Ca(OH)2 decreases. A t 200 °C we 
o b ta in  K n 1.

I t  follows th a t ,  upon  h ea tin g , th e  calcite w ill re a c t b e tte r  w ith  th e  
liquo r, and  an  in creasin g  liquor co n cen tra tio n  will fu r th e r  p rom ote  calcite 
decom position .

A t 25 °C th e  m agnesite  reac tio n  [6 ] will be

К a
-^MgCO,

^ M g fO H )!

1 ,7 X 1 0 -  
5 X  10-12

3,4 X lO 5

U pon h ea tin g , th e  equ ilib riu m  c o n s ta n t will increase, th e  reac tion  is irre 
versib le  and takes p lace, in p rac tice , in  low co n cen tra tio n  liquo rs as well [7].

In  a h o t a lu m in a te  liq u o r th e  calcite  will decom pose while soda and  
c a lc iu m -h v d ro a lu m in a te  are being p roduced , th e  d isso lu tion  of w hich will 
be lower th a n  th a t  o f th e  lim e:

3C aC 03 +  2N aA l(O H )4 +  4N aO H  ^  3CaO • A120 3 • 6 H 20  +  3N a2C 0 3

Fig. 1 illu s tra te s  th e  equ ilib rium  curve of soda cau stif ic a tio n  in  alum i- 
n a te  liquo r a t  95 °C an d  otk =  1,65 as show n b y  L e i t e y s e n  an d  P otapova , 
w hile Fig. 2 rep re sen ts  a t  d ifferen t te m p era tu res  th e  C aC 0 3 p rodu c tio n  range 
in  th e  C a0-A l20 3-N a20 -C 0 2-H 2. 0  [8 J. In  th e  dom ain  d e lin ea ted  by  th e  curves, 
th t  solid phase o f CaO • nA l20 3 • m H 20  com position , w hile above it  th e  
C aC 0 3 • aN a.,C 03 • b H 20  d o u b le-carb o n ate  will be se p a ra te d  from  th e  solu tion .

T rica lc iu m -h y d ro a lu m in a te  will no t s ta y  s tab le  w ith  an  increasing  
te m p e ra tu re , b u t  will reac t w ith  th e  liquor accord ing  to  th e  eq u a tio n

3CaO ■ A120 3 • 6H 20 + 2 N a 0 H  ^  2N aA l(O H )4 +  3C a(O H )2

T he iso therm s o f th e  reac tio n  are show n in Fig. 3, accord ing  to  L e it e y s e n  
and  P otapova  [10].

Acta Technica Academiue Scientiarum Hungaricae 82, 1976



336 ZAMBÓ, J. et al.

1. in synthetic
2. in pla nt aluminate 

liquors

Fig. 1. Caustification curves in  th e  N a ,0 -C a0 -A l20 3-C 02-H 20  system  a t 95 °C

---- — — — —  CaCO3.aNa2CO3.bH2O

------------- CaO .nА120 з.тН 20
limited by the phases

Fig. 2. C aC03 form ation area

1. ------------------- g ib b s i te

2 . 3 . ----------------------- b o e h m i t e

A . ---------------- d iaspore

Fig. 3. Iso therm s of the reaction according to  L e it y s e n  [10]
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F o r th e  sake o f  com parison th e  sam e fig u re  p resen ts  th e  so lub ility  of 
g ibbsite  (95 °C), b o e h m ite  (155 and  200 °C), an d  d iaspore  (200 °C), re sp ec 
tiv e ly . A t th e  te m p e ra tu re s  of Fig. 3 th e  A120 3 co n c e n tra tio n  in  equ ilib rium  
w ith  tr ic a lc iu m -h y d ro a lu in in a te  is low er th a n  th e  so lu b ility  of g ibbsite  or 
b o eh m ite , while a t  200 °C it ap p ro x im ates  th a t  o f th e  d iasp o re , so no calcium - 
a lu m in a te  will be p ro d u ced  w hen d ig estin g  d iaspore b a u x ite s . On th e  o th e r  
h an d , th e  p recond itions of 3CaO • A120 3 • 6 H 20  fo rm atio n  are  v e ry  fav o u rab le  
d u rin g  th e  cooling a n d  dilu tion  o f th e  sludge.

In  th e  presence  o f S i0 2 h y d ro g a rn e ts  w ill be p ro d u ced . R egu larities 
o f the  fo rm ation  o f  hyd ro g arn e ts  c ry sta llized  from  th e  N a20 -A l20 4-C a0 - 
-S i0 2-H 20  system  h a v e  been th o ro u g h ly  s tu d ied  by  m a n y  au th o rs  [10, 11, 
12, 13]. I t  was fo u n d  th a t  there  w ould  be

3CaO  • A120 3 • k S i0 2 • (6 -2k)H 20  

p ro d u ced , th a t  is, th e  solid phase o f

3CaO • A120 3 • 0 H 2O =  C3A H e(*)
and

3CaO • A120 3 • 3 S i0 2 =  C3AS3(*)

A ccording to  th e  exam ina tions [14, 15], th e  size o f th e  e lem en ta ry  
cell in  th e  cubic la tt ic e  of h y d ro g a rn e ts  w ill v a ry  lin ea rly , depend ing  on th e  
S i0 2 : A120 3 m olecu la r ra tio . In  th e  case o f  C3A H 6 we h av e  a =  12,55 Â w hich , 
how ever, will decrease  to  11,86 A if  C3A S3 is invo lved . T h is change can be 
read ily  m easured  on  X -ray  d iffrac to g ra in s , b u t  i t  can  be sim ilarly  q u ite  
c learly  followed in  w ell-crystallized  phases  b y  th e  d e te rm in a tio n  of th e  o p tica l 
re fra c tiv ity , since th e  la tte r  w ould  v a ry  betw een  1,640 an d  1,670 in s te a d  
o f in  th e  1,590 to  1,600 range.

T he к  value o f  h y d ro g arn e ts  is governed  by  th e  A12S 0 3 : S i0 2 mole ra tio  
o f th e  solu tion  w h ich , in  tu rn , is lim ite d  b y  th e  so lu b ility  o f S i0 2 . In  co n 
nec tio n  w ith  th e  s ta b le  and m e ta s ta b le  so lub ility  o f S i0 2 an d  th a t  o f th e  
sod ium -hydroalum in ium -silica tes, th e  re le v a n t d a ta  are  sum m arized  w ith in  
a w ide co n cen tra tio n  and te m p e ra tu re  ran g e  by  [16] an d  [17]. These revea l 
th a t  th e  A120 3 q u a n t i ty  in  the  a lu m in a te  liquo rs is genera lly  a b o u t tw o o rders 
o f m agn itu d e  g re a te r  th a n  the  S i0 2 c o n te n t w hereby  u n d e r certa in  concen 
tra t io n  conditions, r a th e r  in te restin g  from  p rac tica l a spec ts , i t  is easy to  u n d e r
s ta n d  th a t  th e  к  v a lu e  o f h y d ro g arn e ts  is less th a n  1. an d  a If >  2 com position  
ph ase  can be sy n th e tiz e d  only u n d e r  v e ry  special c ircum stances . A r a k e l y a n  
[15] ach ieved  th e  b e s t results w h en  tre a t in g  a m ix tu re  o f N a20  • A120 3 •
• S i0 2 • n H 20  a n d  C a(O H )2 in  th e  10 to  20 p er cen t so lu tio n  of N aO H , a t  

220 °C for a few d ay s , and o b ta in e d  к =  1,8 to  2.

(*) A rbitrary abbreviations.
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The Na.,0 c o n te n t o f the  solid p h ase  is bonded  in  th e  NAS, s im u l
tan eo u sly  p re c ip ita tin g  w ith  th e  h y d ro g a rn e ts .

On th e  b eh av io u r o f MgO th e  a lu m in a  in d u s try  l ite ra tu re  has so fa r 
h a rd ly  pub lished  an y  in fo rm atio n . In  N A S syn thesis  a t  100 °C, A r a k e l y a n  
[15] discovered need le-p rism  c ry sta l fo rm a tio n  on th e  effect o f MgO a d d i
tiv e s , w ith  a re f ra c tiv ity  betw een  1,570 a n d  1,492; so a ssum ing  th e  fo rm a tio n  
o f  M g(O H )2 and  such  a solid so lu tion  w here  in  th e  so d iu m -h y d ro a lu m in iu m - 
s ilica te  a ce rta in  p a r t  o f N a + is rep laced  b y  Mg2+ ions (soda lite  an d /o r can- 
c rin ite  =  NAS).

M any stud ies h av e  been m ade o f th e  T i0 2 b e h a v io u r in  a lu m in a te , 
liquo rs, b u t th e  op inions on the  com pounds th u s  p ro d u ced  g rea tly  differ due, 
m ost likely , to  th e  d iffe ren t techno log ica l p a ram e te rs  o f th e  ex p erim en ts  
an d  also on th e  d iffe ren t te s t  m e th o d s. T he com pounds described b y  these 
a u th o rs  have been sum m arized  in a p a p e r  b y  S olymár  an d  M rs. H azai [18]. 
E x p e rim en ts  by these  a u th o rs  revealed  th a t  24 per cen t o f th e  an a tase  w ould 
n o t reac t w ith  th e  a lu m in a te  liquor a t  180 °C. and  th a t  th e  tita n iu m  co n ten t 
w ould assum e an am orphous so d iu m -tita n a te  form . In  b au x ite  d igestion  
th e  reac tio n  of a lum inum  and  tita n iu m  m inera ls  w ith  th e  liq u o r will p ara lle lly  
ta k e  place b u t  a t d iffe ren t ra te s . O th e r  au th o rs  [19, 20] found th a t  the  
am orphous T i0 2 and  a n a ta se  w ould re a c t w ith  th e  base a t  a re la tiv e ly  high 
speed , and  a t a te m p e ra tu re  of 200 to  220 °C th e  N a.,0 • 3TiO„ • 2 ,5H .,0  
p ro d u c tio n  w ould be com pleted  w ith in  30 m in. U n d er sim ilar cond itions 
th e  ru tile  w ould re a c t a t a m uch slow er ra te , and  th e  t i ta n a te  fo rm atio n  
m ig h t no t be com pleted  even in  2 h o u rs. In  th e  case of a liquor co n cen tra tio n  
exceeding  400 g /lit N a20,. we shall h av e  3N a.,0 • 5 T i0 2 • 3H 20  form ed. W ith  
a n a ta se , th is  reac tio n  ta k e s  place ra th e r  rap id ly , even a t  a te m p e ra tu re  as 
low  as 110 °C. A lu m in a te  liquor so lu tions re a c t w ith  T i0 2 a t  a ra te  a lm ost 
id en tica l to  th a t  a t w hich  its  reac tio n  w ith  o ther bases.

W e f e r s  m easu red  in  deta il [21] th e  equilib rium  cond itions of th e  
N a.,0-AEO.j-TiO.,-H.,0 sy stem . The t i ta n iu m  com pounds h ad  been  de te rm in ed , 
a n d  th e ir  equ ilib rium  dom ains are p re se n te d  in  Fig. 4. T he ex istence o f th ese  
com pounds in th e  equ ilib riu m  area is co n firm ed  b y  th e  te s t  re su lts  o b ta in ed  
in  th e  H un g arian  R esearch  In s ti tu te  for N on-F errous M etals [13].

W hen w ashing w ith  w ate r, th e  t i ta n a te s  will hyd ro lize  and th e  com 
p o sitio n  of com pound th u s  o b ta in ed  w ill depend  on th e  w ash ing  tim e  and  
te m p e ra tu re , a lth o u g h  th e  hydro lysis will n o t be com ple ted  du ring  an 
ex te n d e d  w ashing tim e , e ith er, p re su m a b ly  because o f th e  fo rm atio n  of a 
co n tin u o u s p ro tec tiv e  lay'er.

In  th e  presence o f S i0 2, on th e  in te ra c tio n  of T i0 2 an d  alkali so lu 
tio n , we shall have N a.,0  • 2TiO., • 2SiO„ p ro d u ced  [22] w hich  can n o t be o b 
se rv ed  in th e  case of a lu m in a te  liquor.

W ith  a lu m in a te  liquo r, w hen te s tin g  th e  depositions in expansion
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° c

I V Na2Ti6 0 i3  II. о N a 2Ti30 7. 2 H20

III. •  Nq 2TÍ30 7 IV. °  No2Ti 2 O5

Fig. 4. E quilibrium  diagram o f  Na„0 A1>0., =  TiO, =  ICO

vessels, a com pound  o f N a2TiSi4Ou  com position  w as fo u n d  in  N aA 102 
en riched  red m ud [23].

In  these o f C aO , indep en d en tly  o f an y  o th e r e v e n tu a l com ponen t of 
th e  a lu m in a te  liq u o r, its  in te rac tion  w ith  T i0 2 will p roduce pero v sk ite  (CaTiO ;i) 
or C a(M g.A l)-titanate  [23].

W hen cau stify in g  so d iu m -titan a te s  w ith  CaO, th e  reac tio n  will lead , 
v ia  N a20  • 5TiO, , to  th e  p roduction  of CaO • 5 T i0 2 and  CaTi20 4( 0 H )2 phases [13].

A ccordingly, c a lc ite  and  do lom ite  decom position  in  a lum inum  liq u o r 
w ould  s ta r t  w hen h e a tin g  the  sludge, w hile CaO. MgO. and  C 0 2 are being  
p roduced . C 02 will c re a te  soda w ith  cau stic  soda, while CaO and MgO w ill 
e ith e r  be tran sfo rm ed  in to  hydrox ides, or re a c t d irec tly  w ith  one of th e  
so lu tio n ’s com ponen ts. I t  is well know n  th a t  in H u n g a rian  b au x ites  m o st 
o f th e  S i0 2 can be fo u n d  in kao lin ite  form  w hich w ould  produce  NAS as 
early  as a t 100 °C. O w ing to  th e  eq u ilib riu m  betw een  th e  a lu m in a te  liq u o r 
and  th e  NAS p ro d u c ts , there will he a considerab le  q u a n ti ty  of S i0 2 in th e  
so lu tion  w hich, in  tu rn ,  satisfies th e  p reco n d itio n s of h y d ro g a rn e t fo rm atio n . 
T he in tensive  d isso lu tio n  of an a tase  s ta r ts  a t  180 °C, so th e  p ro d u c tio n  o f 
v a rio u s tita n a te s  fro m  tita n iu m  en te rin g  th e  so lu tio n  m u s t also be reckoned  
w ith .

S mirnov  [24] p ro v ed  th a t  in  th e  N a20 -A l20 3-C 0 2-H 20  system , w hen  
C 0 2 : N a20  >• 1, th e  solid phase of th e  eq u ilib riu m  w ould be rep resen ted  by  
so d iu m -h y d ro a lu m in iu m  carbonate  w herefrom  th e  com pounds

N a20  ■ A1,03 • 2 C 0 2 • 2 H 20
an d

N a.,0  • A120 3 • 2 C 0 2 • 5 H ,0
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could  be id en tified , a lth o u g h  th is  shou ld  n o t exclude th e  presence o f  o th e r 
sod iu m -h y d ro a lu m in iu m  ca rb o n a te s  as well. In v es tig a tio n s  co n firm ed  th a t  
a t  a su itab le  te m p e ra tu re  these  h y d ro a lu m in iu m  ca rb o n a te s  m ig h t also be 
p ro d u ced  by  th e  in te ra c tio n  o f a lu m in iu m  h y d rox ides an d  b ic a rb o n a te  
so lu tions.

In  th e  case of a h igh  C 0 2 c o n te n t, th e  fo rm atio n  o f h y d ro a lu m in iu m  
c a rb o n a te s  is still n o t excluded . T h u s , from  calcite or do lom ite  th e  p ro d u c tio n  
o f  th e  following phases m ig h t he e x p e c te d  u n d er th e  co n d itio n s of th e  B ay e r 
te ch n iq u e :

1. Ca(OH)„ ASTM 4 -0 7 3 3
2. 3CaO • A1.,03 . 6H..0 =  CA* ASTM 3 -0 1 2 5
3. 3C a0-A l“0 3-kSiÖ2(6 -2 k )H .,0  =  CAS** ASTM 3 -0 1 2 5
4. CaTi03 ASTM 9 365
5. Ca3Al„06(8 -1 2 )H 20 ASTM 2 -0 0 8 3
6. CaAlJb4 ASTM 1 -0 6 8 8
7. Mg(dH)„ ASTM 7 -  239
8. MgrAI..C03(OH)16 • 4H..0 ASTM 1 4 -  91
9. Mg4Al.~(Al,Si.,)01(l(0 H )8 =  MAS*** ASTM 1 1 -  157

10. MgAl2b 4 ASTM 1 0 -  62
11. Ca(Mg, A l)-titanate ASTM 13 552
12. CaC03 ASTM 5 -0 5 8 6
13. MgC03, MgC03-3H..O ASTM 8 -  479.
14. Ca(Mg)C03 ASTM 5 -0 5 8 6
IS. 3(Na.,0 • AÍ.,03 • 2SiO.,)Na..X • aq ASTM 3 --0338
16. T i0 2 ASTM 4 -0 4 7 7
17. Na„ • 0  3T i02 • nH.>0 ASTM 11 290
18. N a Ca2M g5Si 7” A10..." F„ ASTM 1 0 -  431
19. N a,0" 8CaO • 3AU03 • 5SiO„ ASTM 8 -  186
20. MgTi03 ASTM 6 0494
21. Mg2Al4Si50 ,8 ASTM 12 244

* CA,
** CAS and

'** MAS are arb itra ry  abbreviations.

T he aim  of our in v es tig a tio n s  w as th e  d e te rm in a tio n  o f w hich possible 
p h ases  and  in w h a t p ro p o rtio n  w ould , d u rin g  th e  d igestion  o f ca lc ite-do lom ite  
b a u x ite s  be p roduced , and  w h a t tra n s fo rm a tio n  th e  phases th u s  p ro d u ced  
w ould  undergo  un d er th e  cond itions rep re sen ted  by  th e  o p e ra tio n a l p a ra m 
e te rs  o f red m ud w ashing.

2. E xperim en ta l

T he experim en ts in v o lv ed  CaO, M gO, am orphous S i0 2 , b a u x ite , ca lc ite , 
an d  do lom ite  all of an a ly tic a l p u r ity . T h e  chem ical and  phase  com positions 
o f calc ite-do lom ite  b a u x ite  (K D T -3) a n d  o f th e  calcite  as well as do lom ite  
o b ta in e d  d irec tly  from  th e  b a u x ite  fie ld  (K D T -10 an d  K D T -9 , re spec tive ly ) 
are  rep resen ted  in  T ab le  I .  T he e x p e rim en ta l p a ram e te rs  w ere 1,5 h h e a tin g
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Table I

Chemical composition

%

M aterial (symbol]

C alcite=
=  (KDT-10)

Dolomite =
=  (KDT-9)

Bauxite —
=  (KDT-3)

A1S0 3 1 , 6 1 , 5 4 3 , 0

S i02 0 , 6 0 , 2 4 , 2

Fe20 3 0 , 8 0 , 5 19,3
TiO, 0 , 2 0 , 2 2,1
CaO 5 3 , 0 31,3 6,1
MgO 0 , 6 2 0 , 3 3,8
Izz. V. 4 3 , 0 4 5 , 9 19,4

C 02

Mineral com position 

Component per phase

42,2 46,7 8,9

AI0O3 in gibbsite 0,2 0,3 traces

boehmite 0,8 1,1 3 7 , 5

diaspore 0,6 — 1 , 0

goethite — — 0 , 5

hem atite — — 0 , 5

kaolinite traces 0,2 3 , 2

Fe20 3 hem atite 0 , 8 0,5 13,6

goethite — — 5,7

S i02 kaolinite traces — 3,7
quartz 0,6 0,2 0,5

T i0 2 ru tile — — 0,6

anatase 0,2 0,2 1,5

CaO calcite 52,4 2,5 0,8

dolomite 1,0 28,5 5,3

a n d  1 h d igestion  a t  210 °C. The ra tio  o f b a u x ite  to  d igestion  base was d e te r 
m ined  on th e  basis  o f th e  reac tions ex p ec ted  in  such  a w ay  as to  m ake th e  
post-d igestion  m ole ra tio  of th e  a lu m in a te  liquo r equal 1,68, w hereafter th e  
reac tio n  of th e  a d d itiv e  and  th e  1,6 an d  3,5 m ole ra tio  a lu m in a te  liq u o r, 
respective ly , o f a c o n cen tra tio n  as ta b u la te d  w as s tu d ied  w ith  respect to  
th e  opera tio n a l co n d itions of d igestion  an d  sludge w ash ing . T he ex p erim en ta l 
re su lts  are p re sen ted  in  Tables I I  —V.

Since th e  phases o b ta in ed  from  calcite  are  essen tia lly  iden tica l to  
th o se  produced  b y  th e  reac tio n  of CaO -+- S i0 2 -f- a lu m in a te  liquor, th e se  
re su lts  of th e  m easu rem en ts  h av e  n o t been  p resen ted  sep ara te ly .
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Table II

Compounds produced in the presence of S i0 2 and T i0 2 at 210 °C on the interaction of CaCb 
MgO and dolomite on one hand, and  alum inate solution on the other

3,5 mole ratio  aluminate 
liquor -1- additive

1,6 mole alum inate -f- ratio  
+  additive

CaO
CaO
S i0 2 MgO

MgO
Sio2

CaO
S i02 MgO

MgO
S i02

KDT-
-9

S i0 2

K D T
-9

Sio2
T i0 2

1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11.

Solid phase composition, %

1. Ca(OH)2 14 8

2. 3CaO • A1,03 . 6H 20 45 2
3. 3CaO A120 3 • k S i0 2 - (6-2k).H ,0 92 100 29 5
4. G aTi03
5. Са3А12О г>(8— 12)11,0 41
6. CaAl.,0,
7. M g(01I)2 8 8 54 50 14 9
8 . Mg6Al2C 03(0 H ))e .4 H 20 8 2 48 3
9. Mg4Al2(Al2Si2)O10(OH)8 23 7 16

10. MgAl20 4 2 4 2
11. Ca(Mg, A l)-titanate 11
12. CaC03 5 5
13. MgC03, MgC03-3H 20 7 10
14. (Mg, Ca)C03 17 15
15. 3(N a,0 • A120 3 • 2SiO ,).N aX. aq 33 50 33 24
i6. T i0 2 anatase 10
17. Na20 . 3Ti02 . n l l20 7
1 8 . NaCa2Mg5Si7A1022F 2 6

Combined w ater 1

Digestion by industrial grade alum inate liquor. Determination of the combined w ater 
and amorphous phase by a derivatograph.

T he phase analy sis  d a ta  of th e  sludge ob ta ined  b y  th e  d igestion  of 
K D T -3  b a u x ite  are show n in T able V I as resolved b y  co m ponen ts.

In  order to  d e te rm in e  th e  re a c tio n  sequence, K ossu th  M ine b a u x ite  
w as digested  a t  210 an d  240 °C, w ith  th e  ad d itio n  of an  increasin g  dolom ite  
q u a n ti ty . The chem ical and  phase com positions of b a u x ite  are p resen ted  
in T ab le  V II, while th e  X -ra y  d iffrac tio n  phase  analysis d a ta  of th e  red  m ud 
in  F igures 5 and  6 .
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Table III

Phase transformations o f the compounds produced under the conditions o f in-plant
red mud icashing

N a ,0 ;< =  85 g/1 ak = 2 ,1  T =  85 °C t  =  24 hours solids content =  200 g/1

1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11.

Solid phase composition, %

1. Ca(OH), 25 10

2. 3CaO • A120 3 • 6H20 73 2

3. 3Ca0.Al20 3.kS i02.(6— 2k)H ,0 90 100 30 6

4. CaTi03
5. Ca3Al20 (i- (8— 12)H20
6. CaAl20 4
7. Mg(OH), 81 42 14 8

8. Mg eAl2C 03(0H ), 6 • 4H 20 13 14 4 2

9. Mg4Al2(Al2Si2)0 10(OH)8 4 23 7 16

10. MgAl20 , 2

11. Ca(Mg, A l)-titanate 11

12. CaC03
13. MgC03, MgC03- 3H..0 2 7 10

14. (Mg, Ca)C03 17 12

15. 3(Na20  ■ Al.,03.2Si02) • N a2Xaq 33 49 31 26

16. T i0 2 anatase 10
17. N a20  • 3T i02 • nH 20 7
18. NaCa2Mg5Si7A1022F 2 6

Combined water 1

3. E v a lua tion  o f th e  results

T he q u a lity  an d  th e  q u a n ti ta t iv e  proportions of th e  CaO and  MgO 
co n ta in in g  phases p ro d u ced  w hen d ig estin g  dolom ite b ea rin g  b au x ite s  are 
p rim a rily  d e te rm ined  b y  th e  com p o n en ts  dissolved in  th e  a lim u n a te  liquo r 
a t  th e  tim e  of fo rm atio n , a lthough  th e y  are  in fluenced  b y  th e  solid phases 
cap ab le  of reac tin g  w ith  th e  in d iv id u a l com ponents o f th e  so lu tion . F ro m  
th is  a spec t i t  is ra th e r  im p o r ta n t th a t  S i0 2 is p resen t in  th e  form  of a read ily  
so luble  kao lin ite  or a q u a rtz  r a th e r  d ifficu lt to  d igest, w hereas T i0 2 as a 
re a d y  to  re a c t a n a ta se  or a m uch less soluble ru tile . C alcite  an d  do lom ite
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Table IV

Phase transformations o f the compounds produced under the conditions 
o f in-plant red mud washing

NajO^ =  40 g/1 a ft =  2,25 T =  80 °C t  =  24 hours solids content =  200 g/1

1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11.

Solid phase com position, %

1. Ca(OH), i6 14
2. 3CaO ■ A1„03 • 6H 20 71 2
3. 3Ca0.Al20 3.k S i0 2.(6—2k)H20 86 97 34 7
4. CaTi03
5. Са.,А1,Ок- (8— 12)11,0
6. CaAI.,0,
7. Mg(OH), 73 34 13 6
8. Mg„Al,C03(O H )lc - 4H 20 20 19 5 3
9. Mg4Al!(Al2Si2)Ol0(O H )8 5 23 7 16

10. MgALO, 2
11. Ca(Mg, A l)-titanate 11
12. CaCO., 10 3 6 5
13. MgC03, MgC03 • 311,0 3 10 11
14. (Mg, Ca)C03 17 13
15. 3(Na20.A l20 3.2 S i0 2).N a2X.aq 32 48 26 24
16. T i0 2 anatase 10
17. N a,0  • ЗТЮ, • nH .O 7
18. NaCa,Mg5Si7A1022F 2 6

Combined w ater 1 1 1

Amorphous C aC 03 2

w ill be tran sfo rm ed , depend ing  on th e  degree of c ry s ta lliza tio n , only  a t  
te m p e ra tu res  above  180 °C in to  reac tin g  CaO an d  MgO, w hereas kao lin ite  
in to  sodalite  as e a r ly  as a t  100 °C, w hile q u a rtz  an d  ru tile  will re ac t w ith  
th e  base only p a r t ia l ly , even a t  a te m p e ra tu re  of as m uch  as 240 °C. As a 
consequence, th e  m in e ra l phases will p recisely  d e te rm in e  th e  feasib ly  reac tio n s. 
B ased  on the  e x p e rim e n ta l d a ta  th e  follow ing conclusions m ay  be draw n: 

on the e ffec t o f CaO, ca lc iu m -a lu m in ate  will a lw ays be form ed [2] 
from  th e  a lu m in a te  liq u o r , b u t in  th e  case of an  excessive lim e surp lus or 
h ig h  mole ra tio  b ase  C a(O H )2 [1] w ill also be found ;
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Phase transformations of the compounds produced under the conditions 
o f in-plant red m ud washing
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N a20 ^  =  5 g/1 otk =  2,70 T =  85 °C t  =  24 hours solids content =  200 g/I

1. 2. 3. 14. 5. 6. 7. 8- 10. 11.

Solid phase composition, %

1. Ca(OH), 15 8
2. 3CaO . ALÓ., . 6 H ,0 68 l

3. 3CaO'Al20 3-kSi02-(6— 2k)H„0 85 93 36 7

4. CaTiO.,
5. Са)А120г> • (8- 12)H20
6. CaAl.,0,
7. Mg(OH)2 67 25 10 6

8. Mg„Al2C 0.,(0H )1B.4 H 20 25 28 8 3

9. Mg ,Al2(Al2Si2) 0 ,0(O H)8 5 23 7 16

10. MgAl.Oj 2

11. Ca(Mg, A l)-titanate 11

12. CaCO., 16 7 7 7 5

13. MgC03, MgC03 • 3H 20 4 10 1

14. (Mg, Ca)C03 18 13

15. 3(Na20  • Al.,0.,2 • SiO„) • Na.Xaq 32 48 23 23

16. T i0 2-atanase 10

17. N a20  • 3Ti02 • nH 20 7

18. NaCa,Mg5Si7A1022F 2 7

Combined water 1 1 1

- th e  S i0 2 c o n te n t of the k a o lin ite  will fo rm  sodalite  [15] or can- 
c rin ite  [15] w ith  th e  a lu m in a te  liq u o r;

in th e  s im u ltan eo u s presence o f  CaO and  SiO , , in p rac tice  th e re  
will on ly  be a h y d ro g a rn e t type  [3] ca lc iu m -a lu m in iu m  silicate, th a t  is, CAS
[3] se p a ra te d  from  th e  alum inate  liq u o r;

w hen MgO is added , there  w ill m a in ly  he M g(O H )2 [7] p ro d u ced  in  
th e  a lu m in a te  liq u o r, m ag n esiu m -a lu m in a te  MgAl20 4 [10] will be fo u n d  o n ly  
in  a sm all am o u n t, w hile for the p ro d u c tio n  of basic m agnesium -a lum in ium  
ca rb o n a te  Mg0Al2CO3(O H )10 • 4H 20  [8 ] th e  C 0 2 c o n te n t of an o p e ra tio n a l 
g rade  base  will suffice , an d  in the  p resen ce  of S i0 2 th e  basic m agnesium -
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Table VI

Phase composition o f the red m ud o f  K D T-3 bauxite

Components in %

A120 3 in hem atite 0,7 F e20 3 in goethite 6,0
in goethite 0,1 in hematite 30,6

in CAS 4,0 36,6
in MAS 2.3
in sodalite 1,5 S i0 2 in quartz 0,5

NaO • 8CaO • 3A120 3 • 10SiO2 1,0 in sodalite 1,6
in diaspore 0,5 in cancrinite 1.9
in Mg—A l-carbonate 1,5 in MAS 1,3

13,5 in CAS 0.4
Na— Ca— Al-silicate 2,0

MgO in MAS 1,8 7,7
in dolomite 0,7
Mg— Al-carb on ate 3,3
in titana te 1,1 CaO in CAS 6,3

7,2 NaCa— Al-silicate 1,5
in calci te 0,5
in dolomite 1,0
in Ca-titanate 1,5

10,8

a lu m in iu m  silicate  (MAS) ph ase [9] w ill also ap p ear in ad d itio n to  Mg|
m ;

in th e  s im u ltan eo u s presence o f  Ca() and  MgO. th e re  will m ain ly  be 
CAS [3] sep a ra te d  on th e  effect of S i0 2;

follow ing th e  d issolution  in  th e  a lu m in a te  liquor, T i0 2 will re a d ily  
re a c t w ith  MgO or CaO, producing  C a(M g,A l)-titana te  (11), Ca [4], o rM g T i0 4 
[20], depend ing  on th e  ra tio s invo lved . T h e  fo rm ation  of th ese  co m pounds 
will p recede th e  p ro d u c tio n  of the usual so d iu m -titan a te s . In  the  case o f  a 
su ffic ien t a m o u n t o f T i 0 2 there  will he no  M g(Oll)., [7] p roduced  an d , in te r e s t
in g ly , if  SiO, is a d d ed  to  th e  system , th e n  a Mg2Al3Si50 18 com position  c o m 
p o u n d  [21], r a th e r  d iffe ren t from  th o se  re fe rred  to  above will be fo rm ed ;

a red u ced  m ole ra tio  of th e  b ase  (increase its  A1 co n ten t) w ill 
decrease th e  c ry s ta lliz a tio n  degree an d  g ra in  size of th e  solids while p h ases  
o f a h igher A1 c o n te n t will be form ed, w hile  th e  surface a r tic u la tio n  of th e  
phases  is increasing ;

A da Technica Academiae Scientiarum Hungaricae 82, 1976



CaO AND MgO COMPOUND FORMATION 347

Fig. 5. Production of th e  Ca, Mg containing phases

tehén d igesting  calcite-do lom ite  bearing  b au x ite s , th e  SiO., c o n te n t 
o f th e  k ao lin ite  will be tran sfo rm ed  in to  sodalite  [15] p rio r to  th e  p ro d u c tio n  
o f ac tiv e  CaO-M gO, p a r t  of w hich  w ill th e n  be caustified  or tra n sfo rm e d  
in to  CAS [3] an d  MAS [9];

th e  phase  fo rm ation  sequence  in  th e  case o f H u n g arian  b a u x ite s  
is as follows:

In  th e  case o f m inor calcite  an d  dolom ite co n tam in a tio n s  f i r s t  th e  
C a,M g -titan a tes  will be produced, p a ra lle l to  th e  CAS [3] fo rm atio n ; w ith  
an  increasing  ca lc ite  and  dolom ite co n te n t th e  t i ta n a te  fo rm ation  will be 
co m p le ted  and  MAS [9], too, can b e  d iscovered  in  a d d itio n  to  CAS [3]; in  
th e  absence of free SiO., , there will be CA [2], low fe-value CAS [3], C a(O H )2 
[1], an d  m ain ly  M g(O H )2 [7] or M g-A l-carbonate  [8 ] p roduced  from  th e  
e n tire  CaO and MgO q u a n tity ;

— under th e  conditions of s lu d g e  w ashing  th e  Ca an d  M g -titan a tes  [11], 
MAS [9], and  th e  M g-A l-carbonate. [8 ] w ill n o t undergo  an y  changes, CA [2], 
C a(O H )2 [1], an d  CAS [3] will c a u s tify  th e  soda c o n te n t of th e  base or th e
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a»1ЛOJZCL

Fig. 6. P roduction  of the Ca, Mg con ten t phases of red m ud a t 240 °C

so d a lite  [15], while M g(O H )2 [7] will be tran sfo rm ed  in to  a M g-A l-carbon- 
a te  [8 ].

T he q u a lita tiv e  a n d  q u a n tita tiv e  ra tio , re spec tive ly , o f th e  com pounds 
th u s  p ro d u ced  will s ig n ifican tly  m odify  th e  N a 0 2 and  A120 3 losses w hich 
can  u su a lly  he observed . The soda q u a n t i ty  o b ta in ed  will be p ro p o rtio n a l 
to  th e  calcite  a n d /o r do lom ite  q u a n titie s  in tro d u ced  in to  th e  cycle. T he 
d isso lu tio n  efficiency an d  th e  fina l re su lt o f  th e  D orr-series recau stific a tio n  
re fe rred  to  m ay be ca lcu la ted  on th e  basis o f th e  C aC 03 an d  M gC 03 c o n te n t 
o f  th e  red m ud, be ing  in  p rac tice  u su a lly  a b o u t 70 to  75 p er cen t.

T he m agn itu d e  o f  A120 3 and  N a20  losses in  red  m ud  is re la te d  to  th e  
so d a lite  [15], w here th e  ra tio  o f th e  N a20 /S i0 2 m olecules is 1,67 w hile 
S i0 2/A l20 3 is 2. In  CAS [3], if  th e  к  fa c to r  is 2, th e  A120 3 loss will decrease, 
o th e rw ise  it  will in crease ; th e  la t te r  is m ore freq u en t.

T he bonded  N a20  loss will decrease p ro p o rtio n a lly  to  th e  S i0 2 in  CAS [3]. 
M g-A l-silicate fo rm a tio n  [9], too , w ill red u ce  N a20  losses b u t  th e  A1 loss 
in  th is  com pound, if  re la ted  to  S i0 2, will be double.

C a(M g)-titanate  fo rm atio n  is asso c ia ted  w ith  a sligh t decrease o f th e
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Table VII

Chemical composition o f the bauxite, %

Fe20 3 23,3
A1,03 47,3
S i0 2 7,43
lose 18,6
T i0 2 2,3
CaO 0,5
MgO <0,1

Phase composition o f the bauxite, 0/, 0

a i2o 3 in kaolinite 5,0
a i2o 3 in gibbsite 23,3
a i2o 3 in diaspore 1,7
A1,03 in boehmite 16,1
a i20 3 in goethite 0,5
a i20 3 in maghemite 0,2
a i20 3 in hem atite 0,5
Fe20 3 in goethite 6,0

I  e20 3 in hem atite 14,8
Fe20 ;! in maghemite 2,5
S i0 2 in kaolinite 5,9
SiO, in quartz 1,5
T i0 2 in anatase 1,6
T i0 2 in rutile 0,8
CaO in calcite 0,4
CaO in dolomite < 0 ,2
MgO in dolomite <0,15

soda loss. F rom  a p ra c tic a l v iew poin t, th e  M g(O H )2 [7] or M g-A l-carbonate [8 ] 
p ro d u ced  on in c reased  Mg co n tam in a tio n  wdll lead  to  a s ign ifican t base loss 
excess, an d  a co n sid e rab ly  reduced A1 recovery .

T he q u a n tity  a n d  q u a lity  of th e  p h ases  p roduced , as well as th e  d ev e lo p 
m en t o f th e  fixed  N aaO and  A120 3 losses in  th e  fu n c tio n  of increasing  do lom ite  
c o n te n t are  show n, in  th e  case of a H a lim b a  b a u x ite , in  F igures 5, 6 , 7, an d  8 . 
F igu res 5 and  6 also i l lu s tra te  the fo rm a tio n  sequence of th e  in d iv idua l phases.

In  ad d itio n  to  th e  chem ical losses, th e  new  phases th u s  p roduced  will 
cause th e  o p e ra tio n a l problem s m en tio n ed  above. In  th e  su p e rn a ta n t m a te r ia l 
fo rm ed  a t  red  m ud  w ash ing , the  e n ric h m e n t o f MAS [9] and  th a t  o f th e  
basic  M g-A l-carbonate  [8 ] could alw ays lie observed  to g e th e r w ith  u n d ig ested  
h o eh m ite  and  th e  D orr-series hy d ro ly sis  p ro d u c t: g ibbsite . H ow ever, th is
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p h enom enon  m ay be regarded  as a u su a l f lo ta tio n  process since these  Mg- 
co n ta in in g  phases are  o f a lam ellar s tru c tu re ,  h av in g  sm all grains h u t  a large 
su rface , and  u n d er D orr-series co n d itio n s, in sp ite  of th e  high soda concen
tr a t io n  an d  te m p e ra tu re , th e y  are ex cessively  connected  to  th e  a ir bubb les 
a lw ays p resen t in  th e  sludge. C h a rac te ris tica lly , while th e  specific  surface 
of a re d  m ud  m ade o f no rm al b a u x ite  is 12 to  15 m 2/g, th a t  o f MAS [9] is 
35 to  40 m 2/g, and th a t  o f M g(OH)2 [7] o r th e  M g-A l-carbonate  [8 ] is as m uch  
as 45 50 m2/g. T he d ifferen t physico -chem ical p ro p ertie s  of th e  phases
p ro d u ced , including

h y d ra tio n  h e a t,
— surface a d so rp tio n , 

foam ing c a p a c ity
have revealed  th a t  th e  behav iour a n d  c h a rac te ris tic s  o f th e  M g-con ta in ing  
phases, in  an  a lu m in a te  liquo r con fo rm ing  to  th e  D orr-series cond itions, will 
be en tire ly  d ifferen t from  those of th e  o th e r red  m ud  com ponen ts w here 
th e  adhesion  of th e  solid phase an d  a ir  is excessive an d , in ce rta in  cases, 
th e  red  m u d  co n ten t o f  th e  foam phase  m a y  exceed th a t  o f th e  se ttled  sludge. 
T his, how ever, w ould  m ake the  o p e ra tio n  of th e  w ash ing  line q u ite  im possib le .
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Bildung von CaO- und MgO-Verbinduiigeii bei der Verarbeitung der kalzitiseli-dolo- 
mitsehen Bauxite nach dein Bayer-Verfahren. Die bei der Verarbeitung der kalzitisch-dolomi- 
tischen Bauxite von H alim ba auftretenden Betriebsprobleme m achten es notwendig das 
N a20  A1._.03 — CaO MgO T i0 2—S i0 2 H 20  —C 02-System un ter den Bedingungen der 
Bayer-Technologie zu untersuchen. Es wurde festgestellt, daß die quan tita tiven  und q u a lita ti
ven Verhältnisse der bei der Aufschließung sich bildenden Ca- und M g-hältigen Phasen vor 
allem von den in der A lum inatlauge gelösten K om ponenten bestim m t, aber auch von den, 
m it einzelnen K om ponenten der Lösung reaktionsfähigen, festen Phasen beeinflußt werden.

Образование соединений CaO и MgO в процессе переработки кальцитно-доломитных 
бокситов методом Байера. Возникающие во время переработки кальцитно-доломитных 
бокситов месторождения Халимба проблемы по ведению технологического процесса по
требовали проведения анализа системы Na20 —А120 3—CaO—MgO—Ti02—Si02—Н20 —С03 
при параметрах технологии Байера. Установлено, что пропорции качества и количества 
фаз с содержанием Са и Mg, образующихся при разложении доломитовых бокситов, 
определяются первую очередь растворенными в алюминатной щелочи компонентами, 
но на указанные выше пропорции воздействуют также твердые фазы, способные вступать в 
реакцию с отдельными компонентами раствора.
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SOLUTION OF ELASTIC CONTACT PROBLEMS BY THE 
FINITE ELEMENT DISPLACEMENT METHOD

I. PÁCZELT*

CAND. T E C H N . SCI.

[Manuscript received June  26, 1974]

Contact problem  of elastic co n tinua  subject to arbitrary  load and of a rb itra ry  
surface is a ra th e r in tricate  one, co n tac t dom ains no t being known a priori. Here, the 
continuum  is replaced by a bulk of e lem ents of finite degrees of freedom, the obtained  
elastic system serving as basis for the  solu tion  of the problem based on the principle 
of potential energy minimum. Because o f the unilateral relations between the bodies, 
the m athem atical programming can be discussed as a quadratic programming problem . 
Use of the K hun-T ucker conditions y ields a solution for the dual of this primal problem , 
much easier to establish and solve th a n  th e  original one. Friction and adherence be
tween the bodies are considered as negligible, and displacements, deform ations to  be 
small.

In tro d u c tio n

W ith  the  a d v e n t and  g enera lization  o f com p u ters , e las tic ity  and  m a th e 
m a tic a l m ethods easy  to  com puterize h a v e  been  developed , such as th e  m e th o d  
of f in ite  elem ents an d  various m e th o d s  o f m a th em atica l p rogram m ing .

In  spite  of th e  approx im ation  in v o lv e d  in  th e  com bined  ap p lica tio n  o f 
b o th  m ethods, its  p ra c tic a l significance m u s t n o t be u n d e re s tim a ted , since th e  
co m p lex ity  of m ech an ica l or a rc h ite c tu ra l s tru c tu re s , of various ty p es of lo ad  
p rac tica lly  p rev en ts  a n y  exact so lu tio n .

A p rac tica l sa tis fac to ry  solu tion  o f  th e  co n tac t problem  is possible b y  
d iscre tiz ing  th e  f in ite  elem ents acco rd in g  to  size and  k ind , and  ap p ly in g  th e  
so-called  cond ition  o f  th e  co n ta c t/se p a ra tio n  d iscussed in  item  1.2 .2 .2 .

A ccording to  th e  A u th o r’s know ledge, th e  first p u b lica tions on th e  m a th e 
m a tica l p ro g ram m in g  o f con tact p ro b lem s d a te  back  to  1967. A n in te re s tin g , 
u n iv e rsa l, effic ien t m e th o d  has b een  suggested  b y  F r i e d m a n n , V. M. a n d  
T s c h e r n i n a , V. S. [ 1 ] ,  [2], i. e. cyclic i te ra t io n  based  on th e  g rad ien t m e th o d , 
to  ap p ro x im a te  th e  firs t-k in d  in te g ra l e q u a tio n -in eq u a lity  describ ing th e  
co n ta c t-se p ara tio n  phenom enon; a n d  th a t  w ith  a un iversal fo rm u la tio n , 
su itab le  for exam in in g  a wide range o f  s tru c tu re s . As an exam ple, so lu tio n  o f 
c o n ta c t problem s o f coax ia l cylinders a n d  rings, as well as o f a c ircu lar p la te  
u n d e r sym m etric  lo ad  an d  a W inkler ty p e  fo u n d a tio n  is described in [2].

T heoretical bases and  a concrete  so lu tio n  m ethod  for the  ca lcu la tio n  o f

* Dr. I. P Á C Z E L T , Győri Kapu u. 37, H-3531 Miskolc, H ungary.
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e lastica lly  an b ed d ed  s tru c tu re s  in v o lv in g  th e  m ethod  o f q u a d ra tic  p ro 
g ram m in g  has b een  considered in th e  s ig n if ic a n t, p ioneering  w ork  b y  D u p u i s ,
G. an d  P r o b st , A. [3]; po ten tia l en erg y  o f th e  system  is m inim alized u n d e r 
th e  c o n s tra in t ex p ressin g  th e  cond itions o f th e  c o n tac t/sep a ra tio n  a t  a f in ite  
n u m b e r of p o in ts . T h e  elastic s tra in  en e rg y  o f th e  fo u n d a tio n  and  th e  beam  
c o n ta c tin g  is a p p ro x im a te d  by the  m e th o d  o f differences.

F o r th e  sake  o f com pleteness, le t  us m en tio n  references [4] to [7] co n 
cern ing  th e  th e o re tic a l an d  p rac tica l p ro b lem s o f u n ila te ra l re la tio n s occu rring  
a t  s tru c tu re  su p p o rts  although th ese  do n o t s tr ic tly  belong to  th e  scope o f 
th is  s tu d y .

Thesis [8 ] suggests  developping id eas  in  [2] p e rm ittin g  th e  co n sid e ra tio n , 
in  ad d itio n  to  r ig id -b o d y  d isp lacem en ts, also of an g u la r ro ta tio n  be tw een  
solids, w h a t is m ore, a subsequen t p a p e r  [9] accep ts in  ad d itio n  to  c o n ta c t 
forces, in te rn a l forces developing a t  s t ru c tu ra l  jo in ts  (e. g. of shells, p la tes) 
as unknow ns.

[10] and  [ I I ]  are  concerned w ith  th e  c o n ta c t p rob lem  of a d v an c in g  
bodies by  m eans o f th e  m ethod  o f q u a d ra tic  p rog ram m ing  assum ing  th a t  
w ith in  the p roposed  zone of the c o n ta c t, th e  system  of (o th e r th a n  c o n ta c t)  
forces ac ting  on th e  bodies causes no d isp lacem en t, an d  th a t  th e  re la tiv e  rig id  
b o d y  tra n s la tio n  b e tw een  the  bodies can  o n ly  be positive, i. e. an ap p ro ach . 
So lu tions in  [1] a n d  [9] are ex em p t fro m  th ese  restric tio n s.

T he p rob lem  o f co n tac t be tw een  th e  beam  or p la te  an d  a W in k le r- ty p e  
fo u n d a tio n  is so lved  in  [12] and [13], so as to  m inim ize th e  p o te n tia l en erg y  
b y  th e  co n stan ts  in v o lv ed  in the  series ex p an sio n  of th e  deflec tion  fu n c tio n s , 
k eep ing  in m ind  th e  conditions of th e  c o n ta c t  sep a ra tio n ; th e  so lu tion  is o b 
ta in e d  b y  q u a d ra tic  program m ing.

A sim ilar co n cep t is encoun tered  in  [11] for th e  so lu tion  of th e  c o n ta c t 
be tw een  a sy m m etrica lly  loaded c ircu la r p la te  an d  the elastic  sem i-space.

Several w orks b y  (Io n w a y , H . D . a n d  E n g e l , P. A. have  been  concerned  
w ith  c o n ta c t p rob lem s in cold rolling. A m ong  th em , [15] analyses th e  c o n ta c t 
b e tw een  th e  s tif f  cy lin d er and th e  e la stic  la y e r ; th e  co n ta c t sep a ra tio n  co n d i
tio n  is checked a t  a f in ite  num ber o f p o in ts ; step-w ise load  in c rem en ts  are  
de te rm in ed  by  in v o lv in g  ever m ore p o in ts  in  th e  co n tac t. T he algebraic  e q u a 
tio n -in eq u a lity  sy s tem  expressing th e  c o n ta c t sep a ra tio n  is essen tia lly  th e  
sam e as th a t  for th e  ap p ro x im ate  so lu tio n  of th e  F redho lm  in teg ra l e q u a tio n  
in e q u a lity  en co u n te red  on se tting  up  th is  p rob lem . In  th is  re la tio n  i t  is a ffin e  
t o t h a t  b y  F r i e d m a n n , У. M., T s c h e r n i n a , V. S., w hile so lu tion  steps of th e  a l
g eb ra ic  eq u a tio n  in e q u a lity  system  are q u ite  d ifferen t. A n o th e r p ap e r b y  th e m  
[16] also reckons w ith  the effect o f fr ic tio n .

Along w ith  th e  popu lariza tio n  o f  th e  fin ite  elem ent m ethod , severa l 
p ap ers  were p u b lish ed  on the  ca lcu la tio n  o f various elastic  su p p o rts  ([17 ], 
[18], [19]), considering the connection between the bodies as bilateral.
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Fig. 1. The problem is to find the real contact dom ain Q p betw een bodies 1 and 2, displacem ent 
vector field and stress s ta te  of the bodies

Fig. 2. Geometry conditions of con tac t separation:

for w — и /1) -f- h =  0 contact,
for -j- h >  0 separation (gap)

A q u ite  d ifferen t ap p ro ach  is e n c o u n te re d  in  [27], also ta k in g  th e  Cou
lom b fric tio n  betw een  th e  bodies in to  a c c o u n t; se p a ra tio n  and  c o n ta c t dom ains 
can be dete rm in ed  by  g rad u a lly  increasing  th e  load  and solving th e  prob lem  
step-w ise. C onvergency o f th e  m ethod  is , how ever, questionab le .

12 0 ] p resen ts a c o n ta c t p roblem  b e tw een  a rig id  sphere an d  an  ideally  
p la s tic  sem i-space.

Slide w ays of too l m achines are a n a ly sed  by  th e  fin ite  e lem ent m eth o d  
in [2 1 ], m ak ing  use of th e  em pirical re la tio n sh ip  betw een  deflec tion  and  p res
sure , d epend ing  on th e  design, to  d e te rm in e  th e  c o n ta c t p ressure. T he m eth o d  
suggested  in  th is  s tu d y  e lim inates th e  em p irica l re la tionsh ip .

A fte r  th is  sh o rt su rv ey  of l ite ra tu re  w ith  no claim  to  com pleteness 
le t us consider th e  c o n ta c t p roblem  itse lf.
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F or th e  sake o f  s im p lic ity , le t us assum e th a t  th e  elastic  system  consists  
o f tw o  bodies, w ith  no re s tr ic tio n  fo r th e  g en e ra lity  o f th e  problem , a t  th e  sam e 
tim e  fac ilita tin g  to  expose, set o u t an d  sim p ly  t r e a t  p ecu liar p rob lem s o f 
c o n ta c t.

L et the  bodies in  F ig . 1 be d en o ted  b y  t = 1, 2; assignm ent of an y  m ag n i
tu d e  will be in d ica ted  b y  th e  su p e rsc rip t in  pa ren th eses . B ody  surfaces w ill 
be sep ara ted  in to  th re e  dom ains:

A ^  — b o d y  su rface p a r t  b ea rin g  a g iven  surface load ;
A — body  su rface p a r t  w ith  g iven d isp lacem en ts (k inem atic  b o u n d a ry  

cond itions);
proposed zone of c o n ta c t;

A «  =  A f  +  A®  +  Q (l) bo d y  surface.
C oupling each  tw o po in ts  o f b o d y  surfaces in to  dom ain  th e ir  d isp lace 

m en ts  or a co m p o n en t in som e d irec tio n  e. g. n o rm ally  will be rep re sen ted  
in course of th e  d e fo rm a tio n 1 (F ig . 2.).

C orrelation  betw een  p o in ts  in  dom ains Í3*1’ an d  ű l2> being se ttle d , in  
th e  following th e  su p e rsc rip t will be o m itted , w ritin g  Q  alone.

U n ila te ra l re la tio n s  betw een  bodies im plies th a t  for a d ifference

n(1*r(u)2̂  u«1» -)- hr) =  ujM — j</2) -j- Д == y  0 , ( 1)

betw een  th e  p ro jec tio n s of th e  d isp lacem en t v ec to rs2 u[r> o f po in ts  in  dom ain  Q  
in a given d irec tion  (e. g. th e  o u te r  no rm al of bo d y  1 a t po in t (),) separation  
occurs, th a t  is, th e  c o n ta c t force is zero, p  =  0 , an d  for

- u<r1* +  hr) =  n /2* — -f- h =  y  — 0 , (2 )

th e  body  p o in t couples co n tac t each  o th e r, hence p  >  0. L et th e  sep a ra tio n  
gap  dom ain  be d en o ted  b y  x £ Ü 0, th e  c o n ta c t dom ain  b y  x £ Ű p, an d  be Q  =  
=  Í20 +  Í2p, w here x  is a trid im en sio n a l co -o rd in a te  in  sp a tia l p rob lem s, 
a tw o-d im ensional one for p la n a r p rob lem s, an d  a lin ea r one fo r s ing le -variab le  
prob lem s; n '1*' is th e  o u te r n o rm al of body  1 ; u{p  th e  d isp lacem en t v e c to r  
of b o d y  t; and  hr th e  v ec to r o f th e  in itia l gap. B y  defin ition . tv{l) is th e  p ro je c 
tion  of th e  d isp lacem en t of a p o in t in  dom ain  Q  in th e  in d ica ted  d irec tio n , 
fu rth e rm o re , dom ains Q a and  Q p a re  unknow n .

B ecause of th e  u n ila te ra l connections, for po in ts  in  dom ain  Q:

y p  0, x £  Q . (3)

1 The same hypothesis is encountered in classic solutions of rigid-punch semi-space 
semi-plane contact problems assuming small displacem ents (see e. g. in [22]).

2 Vectors and tensors w ith covariant or con travarian t components are denoted by su b 
scripts and superscripts, as is usual. L atin  letters m ay assume values of 1,2,3 [22].
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1. Solution of contact problems according to the 
principle of potential energy minimum

1.1 Setting the problem

To solve th e  co n tac t problem , th e  d isp lacem en t vecto r fie ld  o f bod ies 
belong ing  to  th e  e la stic  system  w ill be a p p ro x im a ted  by  the  fin ite  e lem en t 
m e th o d , also ta k in g  th e  in te rac tio n  o f  bodies due to  u n ila te ra l co n n ec tio n s 
(c o n ta c t effect) in to  consideration , in  d e te rm in in g  th e  unknow n p a ra m e te rs . 
T his ap p ro x im a tio n  is especially a d v a n ta g e o u s  for bodies com plex in  fo rm , 
d ifficu lt to  c lam p, an d  subject to  co m b in ed  loads; inconven ien t, p ra c tic a lly  
im possib le  to  solve.

L e t us assum e a priori a b ila te ra l  connection  betw een the  bodies in  th e  
in d ica ted  d irec tion  nj.1*, th a t is:

■w^ - ic«1» -|-  h =  0, xÇ_Q. (4)

T he d isp lacem en t f ie ld  u[l) to be a p p ro x im a te d  is requ ired  to  m eet k in e m a tic  
b o u n d a ry  cond itions on surface A^jK T h en  th e  p o ten tia l energy of b o d y  t 
(for zero in itia l defo rm ation  and  s tre ss):

Я(0 =  1 Г  CWrs aktarsd V  Г f  usd V  {  p°0usd A , t =  1,2 (5)
2 J (v<<>) J (V11)) M ° )

w here vo lum e of body t ; A ^  its  su rface u n d er prescribed  su rface
tra c tio n  p s; Cklrs m a tr ix  of m a te r ia l c o n s tan ts ; ars -  s tra in  ten so r; qs — 
v o lu m etric  force in te n s ity  vector, ars =  C rskl akl stress tenso r acco rd in g  
to  H ooke’s law.

In tro d u c in g  fu n c tiona l

L x =  L t(u^l>, u f \  p) =  7r(2) +  J p(ic(1) ic® h)dA  (6 )

in  view  of ars =  [(« rv s) +  ( V rMs)]/2 , fo r sm all d isp lacem ents, in vo lv ing  th e  
H a m ilto n  d ifferen tia l opera to r J7S; a n d  C klrs =  Crskl, d isp lacem ent fie ld  i. e. 
s tre ss  rs in  p o in ts  o f dom ain Q  can  be sep a ra ted  in to  com ponen ts in
a given d irection  n ^ r and  norm ally  to  it , th e n , from  H ooke’s law  a n d  th e  
G auss O stro g rad sk v  in tegral tra n s fo rm a tio n  theo rem , th e  following co n c lu 
sions o f th e  E u le r eq u a tio n s  belonging to  th e  s ta tio n a ry  value of th e  fu n c tio n a l 
(0L X =  0) are obv ious, assuming the relation to be bilateral:

1. th e  L am é equ ilib rium  e q u a tio n  in  te rm s  o f th e  d isp lacem ent v e c to r :

p ko W ( u<f>) +  q(t>1 =  0 , FM ;
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2 . fu lfilm en t o f  th e  dynam ic b o u n d a ry  cond ition :

n ( 0  a ( t ) r s  _  p S ^  x  £  ^ ( 0  .

3. fu lfilm en t o f  th e  su p p lem en ta ry  k in em a tic  b o u n d ary  co n d ition  (4) 
re la te d  to  b o th  b o d ies, arising from  th e ir  b ila te ra l re la tion ;

4. re la tio n sh ip  fo r th e  co n tac t force as an  in te rn a l force:

p  =  -  n«1* ^ 4 -  n W p  =  n W o<2>rs n f  ;

5. zero ta n g e n tia l  stresses from  n eg lec tin g  th e  fric tion  an d  adherence

T 0 ) =  j M )  a ( i ) r s  n P ) p  e
s p v

t<2 | =  n ?  J * *  n ™  e .

w here erst is th e  L ev i-C iv ita  tensor [22].
Change o f fu n c tio n a l (6):

A L X =  0 L X +  6 %  =  62ti +  [  Óp(divw  -  <W2)) dA  ,

since öL1 =  0, w hile  according to  д2л  0, n  =  л - f  is a p o te n tia l
energy  w ith  a m in im u m .

T ak ing  n o te  t h a t ,  because of (4), in  case of an  exact so lu tion

b i T« +  л'( 2 )
( ? )

T his re la tionsh ip  is a lso  valid  in case o f a u n ila te ra l re la tion  betw een  th e  bodies, 
hence, w here e q u a lity  (4) is replaced b y  in e q u a lity -e q u a lity  (1), (2) an d  ex p res
sion (3). Since th e  u n ila te ra l re la tion  lead s to  p  f> 0, у  >  0, у  • p  =  0, th e  
p roblem  has to  be  developed so as to  p e rm it app lica tion  of m a th e m a tic a l 
p rog ram m ing  m e th o d s .

1.2. Treatment o f  the contact problem by 
quadratic program m ing

From  th e  m e n tio n e d  aspect, th e  p ro b lem  has to  be d iscre tized ; p a r tly , 
th e  d isp lacem en t v e c to r  field of the  bodies w ill be ap p ro x im ated  by a k in e m a ti
cally  adm issib le d isp lacem en t field, an d  p a r t ly ,  the  in teg ra l value from  th e  
co n stra in t over th e  dom ain  Q  invo lved  in  th e  functional (see in (6 )) will 
be  so a p p ro x im a te d  th a t  it  appears as a f in ite  sum .
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1.2.1 Ass um pt i on  o f  the displacement field to be approximated

K in em atica lly  possible d isp lacem en t fields are req u ired  to  m eet th e  
k in e m a tic a l b o u n d a ry  cond itions on th e  surface A j- 1' an d  to  deliver th e  s tra in  
te n so r . The d isp lacem ent v ec to r fie ld  could also be ap p ro x im a ted  in  series 
form  accord ing  to  th e  R itz  m e th o d , b u t  because of th e  im p o r ta n t change of 
th e  s tre ss  tenzo r field a d jacen t to  th e  co n tac t dom ains, as well as th e  com pli
c a te d  form  and  load of th e  bodies c o n s titu tin g  th e  elastic  system , it seem s m ore 
e x p e d ie n t to  app ly  th e  so-called co m p atib le  d isp lacem en t m odel of th e  fin ite  
e lem en t m e th o d 3 or of any  o th e r m odel expressing  the  p o ten tia l energy  of th e  
system  o b ta in ed  by  tran sfo rm in g  th e  fu n c tio n a l, to  be m in im ized  in te rm s of 
th e  generalized  nodal d isp lacem en t v ec to r, such as m odels of h y b rid  d isp lace
m e n t, b y  P . T o n g  [24] and  b y  T. H . H . P ia n  [25] of h y b rid  str< *ss and  m ixed 
fields.

In  th e  com patib le  d isp lacem en t m odel of th e  fin ite  e lem ents m e th o d , 
th e  k in em a tica lly  adm issib le d isp lacem en t fie ld  is ap p ro x im a ted  b y  th e  e n tity  
of fu n c tio n s assum ed to  be elem ent-w ise [26]. L e t th e  d isp lacem en t fie ld  be4 
inside e lem ent e o b ta in ed  b y  sep era tin g  th e  bo d y  deno ted  b y  ие(ж), an d  its 
(generalized) nodal d isp lacem en ts b y  u e. In  te rm s of th e  assum ed ap p ro x im a 
tio n  m a tr ix  A f x ) ,  th e  d isp lacem en t fie ld  inside th e  e lem ent is:

ue{x) =  A e(x) uL (8)

D en o tin g  vecto rs form ed of m em bers o f th e  s tra in  an d  stress ten so r by  ee(x) 
an d  Ge(x) resp ., and in  know ledge o f th e  d isp lacem en t field :

ee(x) =  D iT(.r) B‘ (.r) ue (9 )

w here D — d iffe ren tia l o p e ra to r m a tr ix , w hile m aking  use of H ooke’s law  
an d  assum ing  in itia l defo rm ations an d  stresses to  be zero,

a e(x) -  Ce ee{x) - - Ce W(x)  ue (10)

w here Ce — is th e  m a tr ix  of m a te ria l co n stan ts .
A pp ly ing  th e  com patib le  d isp lacem en t m odel, th e  assum ed ap p ro x im a 

tio n  m a tr ix  A e(x) m u st y ield  s tra in  ce(x) =  0 if  th e  e lem ent perform s a rigid 
b o d y  m o tio n , fu r th e r , th e  tra n s itio n  from  one e lem ent to  th e  o th e r has to  
re sp e c t th e  d isp lacem ent c o n tin u ity  [26].

In tro d u c in g  th e  above m ag n itu d es in (5) yields th e  p o te n tia l energy  for 
e lem en t e:

K 'u ' qe/ u ( И )

3 Bases of the finite elem ent m ethod are assumed to be known.
4 M ultidimensional vectors and m atrices are m arked by bold letters, and their tran s

position by the right superscripts T.
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w here

К" J ( 0  Вг’г (*) Ce Вс(ж) d V the  stiffness m a tr ix  of th e  e lem ent;

an d
4 e =  j (v,) A e’T( x )  qf( r ) d F  

Pe = |(a') A'’’r(*)P‘’(*) dA

generalized  nodal force v a l
ues from  vo lu m etric  an d  
surface loads qf(*) and  
р е(*), resp ., and:

ч! = qe + pe
M aking  use of th e  id e n tity  of th e  generalized  d isp lacem en t v ec to r a t  id en tica lly  
m a rk e d  nodes o f a d ja c e n t e lem ents, p e rm ittin g  th e  p ro d u c tio n  o f p o te n tia l 
en erg y  for the  te s te d  bod y :

T(0 = й (0 ,Т  K (Q „ ( 0 Ù<'>-T ql'> , f 1,2 (12a)

w here :

u (,) — generalized  nodal d isp lacem en t v ec to r for body  i;
K.O — stiffness m a tr ix  (K /'l =  K ^ ’/ );
q ^  — generalized  nodal load  v ec to r from  ex te rn a l loads.

T he value of th e  d isp lacem en t v ec to r  field a t nodes on the  bo d y  surface 
x Ç A ^  being know n, ù (i> can be se p a ra te d  in to  tw o p a r ts , i. e. vecto rs w ith  
u n k n o w n  and  w ith  know n co m ponen ts: u ^ '7 =  [u^),T tT(),/]; an d  so can
be q(f>: q « - r  =  [q<(>'T q « 'T]. T hen :

t(0 = —  [u2
( t ) ,T  й (().Г K<'> K<'2>- u(,)l

K (i> K(?

----1
Ts

__
1

„(0 ,т й (0,Т] f>-
,<f)

an d  a f te r  perfo rm ing  th e  o p era tio n s, and  ta k in g  in to  considera tion  th a t  in 
ii,,) th e  only  unknow n  is u (,), for th e  fu n c tio n a l to  be c o n stru c ted , л m ay  be 
sim p ly  u n d ersto o d  as:

=  2 U<0,T К " )и<0 u (,,'T q(0 =  n (,) const (12b)

w here
q(,) q(i) — û (i) — generalized  nodal load v ec to r from  th e  know n

ex te rn a l load system  and  th e  d isp lacem en t 
v ec to r u (,).

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



ELASTIC CONTACT PROBLEMS 361

1.2.2 Discretization o f  the constraint

L et us a p p ro x im a te  th e  in teg ra l value in fu n c tio n a l L t :

1.2.2.1 C hecking c o n ta c t/se p a ra tio n  in d iscrete  p o in ts :

 ̂ p(w(1) — w/2) — h) d A  =  j" p(x)(u}<~1\ x )  - -  h{x))dA ad

^  2 [P(x i) ЛАА (w(1)(*í) -  v f» \x , )  -  h ( x f )  =
1 =  1

=  i ’ P ,( ic p ) w f^  h ) =  V P j . (13)
i - l  I—1

in tro d u c in g  n o ta tio n s

P t  =  p(Xi) A A t >  0 ,  w(f){xi) =  w (‘\  t =  1 ,2 ,

y  I =  U ’f *  —  w \l) +  h, >  0  ;

n o n -n eg a tiv ity  o f P , an d  y t follows from  th e  u n ila te ra l re la tions (see in (1) 
th ro u g h  (3)).

In te g ra l a p p ro x im a tio n  can be m echan ically  in te rp re te d  as follow s: 
dom ain  Q is sep a ra te d  in to  к f in ite  sm all p a r ts  A A t, th e  c o n ta c t force d is tr ib u te d  
over th em  is rep laced  b y  its  “ re s u lta n t”  P , realized  a t  an  inner p o in t (e. g. 
cen ter) of th e  g iven  d o m ain  p a r t  A A t, and  o th e r te rm s  o f th e  in teg ran d  are  
ca lcu la ted  a t th e se  in n e r p o in ts .

T hereby  th e  c o n ta c t sep a ra tio n  cond ition  is checked  a t  к po in ts. In c rease  
of к  an d  a m ore e x a c t ca lcu la tio n  o f in teg ra l (13) m eans th e  increase in accu racy  
b y  solving th e  c o n ta c t p rob lem .

In tro d u c in g  th e  r e s u lta n t  v ec to r of th e  c o n ta c t su rface  stress

VT =  [P15 P 2 . . • , P k] >  0 (14)

an d  vecto rs of size (1 xk)

w l')’T =  [м/Д w(f ,  . . , м Д ], t =  1,2 (15)

h T =  [hlf h2, . . . , hk] ,  (16)

f T =  ЬТ>У2> • • • ’ Ук\ ^  0 (17)

co n stru c tio n  of a co rresp o n d in g  p e rm u tin g  m a tr ix  m a y  yield :

w (,) =  G(,) u (,), t =  1,2 (18)

hence, in view  of (3), th e  c o n s tra in t (13) m ay  be w ritte n  m ore concisely:

[  p{wW -  1C(2) -  h) dA  =  pT[G(1) u<!> -  G(2> u (2> -  h ] , (19a)

p ' у  =  0; p >  0; у  >  0. (19b, c, d)
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1.2 .2 .2  Checking c o n ta c t/se p a ra tio n  in  sm all fin ite  sections

T h e  previous a p p ro x im a tio n  is v a lid  for a d isp lacem ent fie ld  inside the  
e le m e n t, considered as v a ry in g , accord ing  to  a linear law . N ow , th e  stress 
s ta te  o f th e  elem ent is c o n s ta n t (in a sp a tia l case it is a te tra h e d ro n  of 12 
degress of freedom , in p lan e  prob lem s trian g le s  of 6 degrees o f freedom ), i. e., 
th e  generalized  nodal fo rce  due to  c o n ta c t force p  considered  as co n stan t 
b ecom es a concen tra ted  force (re su lta n t)  o f d irection

In  cases w here th e  se lec ted  e lem ent ty p e  app rox im ates th e  d isp lacem ent 
f ie ld  inside the  elem ent b y  po lynom ials h ig h er th a n  of firs t degree, th e  g enera l
ized  n o d a l force due to  th e  c o n ta c t force developed on th e  e lem en t surface 
in  d o m a in  Q  can only be ca lcu la ted  from  th e  relationsh ip

P‘ =  J ( a «) A e7 (x) pe(x) dA  .

T h e  in itia lly  unknow n c o n ta c t force p e(x) c an n o t be a p p ro x im a te d  b y  a p o ly 
n o m ia l of higher degree th a n  th e  selected  e lem ent ty p e  is ab le  to  y ield . I f  th is  
fac t is respested , our ca lcu la tio n  will com ply  w ith  the  re la tio n sh ip  for “ the 
c o n ta c t  force as in te rn a l fo rce”  belonging  to  th e  s ta tio n a ry  v a lu e  of th e  fu n c
tio n a l _L,.

T hree  points of v iew  su p p o rt th e  use o f elem ent ty p es  delivering  a n o n 
c o n s ta n t  stress field inside  th e  e lem en t, v iz .:

1. according to  c o m p u ta tio n a l experience, apply ing  th e  e lem ent ty p e  of 
m ore  degrees of freedom  fo r ap p ro x im a tin g  th e  stress s ta te  a t  th e  sam e accu racy  
lead s  to  fa r less unknow ns in  th e  fin a l se t o f equations th a n  fo r th e  sim pler 
e lem en ts ;

2. stress s ta te  a p p ro x im a tio n  is im p ro v ed , a m ajo r re q u ire m e n t espe
c ia lly  n ea r dom ain f i;

3. no t too sm all e lem en ts  have to  be h an d led  near th e  do m ain  Ü,  e ither.
A ssum ing the  a p p ro x im a tio n  m a trices  A (-t\ x )  (row vec to rs) to  be p ro 

d u ced  b y  using m atrices Аг(л:) fo r a p p ro x im a tin g  d isp lacem ents w(t\ x )  (t =  1,2) 
a lo n g  th e  ind icated  d irec tio n  in dom ain  Q.  If the  generalized  d isp lacem ent 
v e c to r  is know n:

w(t\ x )  =  A ^ ( x )  u(,) =  A ^ ( x )  u(i) +  A ^ \ x )  û (d, xÇ_Q . (20)

T h e  in itia l gap can be w r it te n  b y  m eans o f vec to r h com posed of ap p ro x im a
tio n  m a tr ix  L(.t) (row v ec to r) and  its  h  values a t  d iscrete p o in ts :

h(x) =  Ц х )  h . (21)

A ccordingly, th e  c o n ta c t force is ap p ro x im ated  in  th e  form :

p(x)  =  P T(.r) p, X Í Ü  (22)
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w here

Р т (лг) — ap p ro x im a tio n  m a tr ix  (row  vecto r) dep en d in g  on th e  e lem en t 
ty p e ;

p — a v ec to r p ro d u ced  from  th e  co n tac t su rface  stresses deve lop 
ing a t a f in ite  n u m b er of po in ts  b u t n o t ab so lu te ly  e lem en t 
nodes [N /cin2].

Now :

| (n)p [ w «  -  гr<2> -  h] d.4 a t  pT[A(1)u(1) -  A<2> u<2> -  b ] , (23a)

w here

A(° =  J (0)P (*) A<0(*) d A ,  t -  1,2 (23b)

Р(лг) h(x)  d A  h -|-

+  J (0)P(*) A (2>(x) d A  u (2> —

- [  P(*) A<‘>(*) d A  ű (1>. (23c)
J  (ß)

In tro d u c in g  m agn itudes

A -  [A(1)
k x ( m  + n) (k x m )

U
( m  +  n ) x  1

. -  y (0) =  A u - b ^ 0  (24c)
(fcx 1)

p e rm its  th e  p ro d u c tio n  o f th e  c o n s tra in t in  th e  form :

— w ^  — h] dА  ш  p ; [A u b] 

p > 0 ,  y (0) ;>  0. pT y<°) =  0 .

1.2.3 Formulat ion o f  the quadratic programming problem 

1.2.3.1 P rim a l problem

C on stra in ts  o b ta in ed  b y  tra n sfo rm a tio n s  described  in  item s 1.2.2.1 
an d  1.2.2.2 w ere seen to  be fo rm ally  id en tica l b u t p h y sica lly , q u a lita tiv e ly

(25a) 

(251), c, d)

A '2>] ,
(k x n )

u*1) '
( m x l )

u<2> 
(nxl) .

(24a)

(24b)

ь  -  I
( f c x l )
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d iffe ren t. F u r th e r  co m p u ta tio n s  will be based  on c o n s tra in t expressed b y  
re la tio n sh ip s  (2 5 a—d) in  item  1.2.2.2 b u t  s ta te m e n ts  a re  also valid  fo r con
s t r a in t  in 1.2.2.1.

Solu tion  o f th e  ex am in ed  c o n ta c t p rob lem  w as p ro v e d  in item  1.1 to  
be p ro v id ed  for b y  th e  s ta tio n a ry  p o sitio n  o f fu n c tio n a l L v  p rov ided  bodies 
are  b ila te ra lly  re la te d . B ecause o f th e  c o n s tra in t (25a—d) re su ltin g  from  u n ila t
e ra l re la tio n s, and  o f th e  k in em atica lly  possib le d isp lacem en t field ap p ro x i
m a te d  b y  th e  fin ite  e lem en t m ethod , th e  fu n c tio n a l is m od ified , th a t  is, a p p ly 
ing  (12b), (24a, b) an d  (25a), th e  in itia l L x is rep laced  b y  L 2:

L i  =  L ^ u ^ ,  u f \ p )  - + L 2 =  L 2 (u 0 )  u (2 ) p)>
t h a t  is

=  _L ru(l>.T U(*),T] 
2

K® 0 ‘u® ‘
0 K®_ u®

+  pT([A(1> I -  A®] [u® J ’

[ u (i).'r U ®  ,T ] +
(26)

or, m ore concisely:

L 2 =  L Á U - P) =  ~ ,,Г K u ~  l,i 4 +  РГ(А u b) — tt( u ) +  pr  y(0), (27) 

w here

К  =
К® 0 
0 K® • 4 = (28a, b)

P  >  0  ,  y<°> >  0 ,  p r  y<°>  =  0 . (29a, b, c)

A ssum ing a rig id -body-like  re la tiv e  d isp lacem en t be tw een  solids to  be 
possib le , m a trix  К  is po sitiv e  sem idefin ite  ( x ^  К  x  0 ,  fo r x  O ) ,  th a t  is, 
p o te n tia l  energy :r(u) o f  th e  system  is a s tr ic tly  quasi-co n v ex  q u a d ra tic  fu n c 
tio n  o f the  generalized  d isp lacem en t v ec to r  u.

T h ereby , th e  c o n ta c t p roblem  could be reduced  to  th e  follow ing q u a d ra tic  
p ro g ram m in g  p rob lem :

m in К  u — u 7 q A u b ^ O (30)

(27) can be considered  as -a L agrange fu n c tio n  o f p ro g ram m in g  p rob lem  (30).

1.2.3.2 D ual prob lem

T heory  of m a th e m a tic a l p rog ram m ing  has d e m o n s tra te d  th a t  th e  p rim a l 
p ro b lem  can be assigned  a dual p rob lem , an d  th a t  th e  ex istence  of so lu tion
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fo r one involves th a t  for th e  o th e r. O ften  — in ac tu a l c o m p u ta tio n s  — solu
tio n  o f th e  dual p rob lem , follow ed b y  th e  d e te rm in a tio n  o f unknow ns in th e  
o rig inal problem , seem s m ore p ra c tic a l th a n  find ing  a d irec t so lu tion  for th e  
p rim a l problem .

In  th is  case, th e  d u a l p rob lem  belonging to  (30) can  he produced  by  
m ak in g  use of th e  K h u n —T u ck er th eo rem s of non -lin ear p ro g ram m in g  (see 
in  th e  A ppendix).

T he theorem  leads to  re la tio n sh ip s

2 =  K (1) u(1) q(D +  A W  p =  0 , 
au'1) 4 p

. (31a)

(accord ing  to (A .8) w here x u<f), t =  1,2)

fu r th e r :

8 L 2 = K < 2>u<2> q ö )-  A<2>’T p =  0 ,  
8u«)

(31b)

=  A (1) u(1> -  Af2) и») —  b =  — y(0> <  0 
3p

(32a)

pr 8L2 _  pTy(0) __ 0 (32b)
8p

(accord ing  to  (A .7) w here u =  p).
A ssum ing bo d y  2 n o t p e rfo rm ing  rig id -body  m otion , d e t ^  0, th u s, 

from  (31b):

u<2> =  [K<2>] - 1 q<2> +  [K <2>] - 1 A(2),r P . (33)

B ody  1 can perfo rm  rig id -b o d y  m otion , hence, its  stiffness m a trix  is a 
sing u la r one, b u t  a n o n -sin g u la r q u a d ra tic  m a trix  of th e  size o f th e  original 
m a tr ix  lessened b y  th e  degrees o f freedom  of th e  rig id -body  m o tio n  can  alw ays 
be designated  to  it. A ssum ing m a tr ix  KU* in the  low er r ig h t co rn er of m a trix  
K (1) n o t to  be singu lar. (This is a lw ays possible b y  d u ly  rea rra n g in g  rows and  
colum ns.) P a rtitio n in g  E q . (31a) y ields:

Kfi> K-> 
K<\> Kg)

,« 1 «Й4

q'.Vj+
A)1)-7

A<I1I)'T
P =  o (34)

th u s , p a r tly

UÍV =  [ K ^ ] - 1 q<y [ K « ] - 1 A)V’r  p [ K ^ ] - 1 K g) u<>) (35)
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a n d  p a rtly , by  in tro d u c in g  m ag n itu d es :

D =  Kft) -  Kg>[K£>]-i K « ,  (36a)

GT =  A(1)>T -  Kft>[Kft>] (36b)

q =  q<1) - K < 112) [ K (212)] - V 1I> (36c)
y ie ld s:

D uft> -  q +  GT P =  0 ,  (37)

equ ilib riu m  e q u a tio n  o f  nodes belonging  to  v ec to r uft); D uft), —q and  GT p
b e in g  generalized fo rce  va lu es  tr a n s m itte d  from  th e  in te rn a l forces, from  th e  
k n o w n  ex te rn a l lo ad , a n d  from  c o n ta c t forces, re sp ec tiv e ly , to  th e  node, D 
b e in g  a positive sem id efin ite  m a tr ix 5.

Since u « -T =  [uft>*T juft>'T] ,
(1X m) l m—l

a p p ly in g  (35) yields

d 1)
- e (1) uft»

+
0 0 qft" 0

. - [ K g ) ]  Kft), 0 [K ft)]-1 . m . [Kft»] Aft[)’r ,
p , (38)

(E (1> — is a u n it m a tr ix  of size (Z X /)) and  from  (32a) ta k in g  (38) and  (33) 
in to  considera tion :

K >  -  Aft) [Kft»]"1 Kft>] uft) +  [0 Aft> [K ft)]-1 ] q «  _

К Л к Г ^ а ' П р -  (39)
- A<2> [K (2)] -1  q<2> -  A<2) [K (2)] _1 p — b — — y(°)

Since Kft* =  K « ’T ta k in g  (36b) as well as m a trice s  an d  vectors

F (1) =  [0 I Aft) [K g )]" 1] ,  f (1) =  F (1) qd>,
( tx m )  (frx!) ( tx (m - l ) )  (/cxl) (ftXm)(mxl) (40a, b)

5 It can easily be demonstrated. K.6) being a positive semidefinite symmetric matrix, 
the inequality

holds. Be
0  < ;  u ^ T K «  u 0 )  =  u f t> 'T  K (1) u f t )  +  2 u W T  K f t )  u f t )  +  u g )  K f t )  u f t )

..(1)
U II -  [ K f t ) ] - 1 K f t )  u f t ) ,

then for symmetric Kb), for any uO);

0  <  u f t * '7  [ K f t *  - K f t *  [ K f t » ] " 1 K f t » ]  u f t )  =  = u f t ) - T  D  u f t )  .

Q.e.d.
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F<2) =  A(2) [K (2)] _1 , f <2)=  F (2> q(2), (40c, d)
( k x n )  ( n x n )  ( k x l )  ( k x n )  ( n x l )

t =  f<1)_ f (2 )  b
(40e)

(fcxi)

H (1> II g

1 4

(41a)(k x k ) [kx(m—/)] [{m — l)x (ш — /)] [(m-l)xk]

H (2) =  A (2) [K (2)] _1 A (2),T, (41b)
( k x k ) (kxn) (nxn) (nxk)

H =  H (1) +  H (2), (41c)

in to  considera tion , geom etrical e q u a tio n  in eq u a lity  (39) expressing  c o n ta c t 
sep a ra tio n  can be rep laced  by

and  from  (29c)
H p -  G u «  -  t  =  y<0) >  0 

PT y<0) = 0

(42a)

(42b)

H  b e ing  th e  re su lta n t “ influence coeffic ien t m a tr ix ” , t  th e  d isp lacem en t from  
know n loads and  th e  in itia l gap, a n d  G a m a tr ix  also involv ing  th e  s tru c tu re  
geo m etry .

E q u a tio n s  of equilib rium  (37) a n d  of geom etry  (42a) y ield  a h y p e rm a tr ix  
eq u a tio n

D Gr c 4 0
-  G H p tL J y<0).

M°
w here

c .(*) (44)

d e n o tin g  th e  u nknow n  beyond th e  c o n ta c t forces. M atrix  M° of th e  o b ta in ed  
e q u a tio n  is positive sem idefin ite .6 T o  h av e  positive q u an titie s  for unknow ns, 
v e c to r  c is p roduced  as the  difference o f tw o positive v ec to rs, i. e.

c =  c — c ,

c + >  0  , c ~  >  0
(45)

6 This sta tem ent is easy to prove. Since

( z T M " z ) T  =  z T  M °T z,
it is:

z T (M° +  M °T )z 2 z T M° z ,
and

a positive semidefinite m atrix  because of D and H.
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an d  th e  firs t m a tr ix  eq u a tio n  in (43) is rep laced  b y  tw o m atrix  in eq u a lities , 
re s id tin g  in

D - D  GT1 ~c+ " 4 y(1)
D D — Gr c~ — - q —

— G G H P t y°>_
M X d y

(46a)

or, m ore concisely:

M X — d — y =  0. x7y =  0, X >  0. y 0 (46b —e)

w here th e  p ositive  sem i-defin iteness of M° involves th a t  of m a trix  M.
From  th e  K h u n —T ucker theorem s it is obvious th a t  th e  p ro g ram m in g  

problem  belonging to  (46) is:

m in  (y (x ) =  X7 M X — xT d X 0, M x  -|- d <  0} (47)

easy  to  solve b y  th e  s ta n d a rd  m ethods of q u a d ra tic  p rog ram m ing  [23]. P ro b lem  
(47) can be considered  as dual of (30).

In  know ledge o f x and  y o b ta in ed  b y  solv ing (47) and  m aking  use of 
(45), (44) yields u)1), (35) yields u ,1̂ , hence th e  genera lized  nodal d isp lacem en t 
v ec to r  of body  1, a n d  from  (33) th a t  of bo d y  2, all th ese  p e rm ittin g  th e  d e te r 
m in a tio n  of d e fo rm a tio n  and stress s ta te s  of th e  bodies.

1.2.4 Formulation o f  the quadratic programming problem where one body is rigid

Q uite o ften , s tru c tu re s  are encoun tered  w here one b o d y  can be considered  
as rig id  com pared  to  th e  o th e r one.

1.2.4.1 R igid b o d y  ac ted  upon  by  a know n  system  o f forces

A ssum ing b o d y  1 to  be rigid and  ab le to  perfo rm  rig id-body m o tio n . 
L e t th e  vec to r be com posed from  th e  couple of v ec to rs  ( F ^ \  M PQ red u ced  
to  th e  origin of th e  reference  system  of th e  know n force system  acting  on th is  
b o d y  denoted  b y

r : m l1)'r ] =  q|1)'T , (48)
w here

F s(1) —*• b e in g  th e  re su lta n t force, and
K '  —► m{,1) th e  re su lta n t m om ent. A pp ly ing  (12b), p o ten tia l en erg y  

o f  th e  system  is:

n  = 1 u® 'T K (2>u<->
2

c ( / ) q6) —  q ® , (49)
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w here

c is th e  v ec to r of th e  r ig id -b o d y  m otion  of body  1 com posed of its  d is
p lacem en t along, an d  ro ta t io n  a b o u t, th e  co -o rd in a te  axes.

L agrange fu n c tio n  belong ing  to  th e  co n tac t p rob lem  can  be w ritte n  as:

L 3 =  ж -f- | р(м>® —  w®  - h) d A  . (50)

B ody 1 being rigid,
гс®(ж) =  A ^  (я) c (51)

А ^(ж ) being  a m a trix  (row  vec to r) depending on th e  body  g eo m etry , 
on th e  d irec tion  o f u n ila te ra l re la tions.

A p p ro x im atin g  th e  in teg ral from  th e  co n stra in t in jL;! accord ing  to  1.2.2.2 
an d  ap p ly ing  (20) to  (22) an d  (51), we get:

J p(ipd) — mj® —  h ) d A a d  pT[Gwc A ® u ®  b w] , (52)

w here A ® , GR and  bR are q u a n tit ie s  o b ta in ed  from  (23b) an d  by  o m ittin g  th e  
la s t te rm s  in (23c).

R ep ea tin g  s ta te m e n ts  in  item  1.2.3 yields fu n c tio n a l belonging to  th e  
q u a d ra tic  p rog ram m ing  p rob lem  o f th e  form :

L 4 =  L 4(c , u® , p) =  —  [ c T u2’7 ]
0 0 c

0 K (2) u®

—  [ c T u ® - r ]

or, m ore concisely:

1

qd)
„ ( 2)

(53)

P7 ( [Од i A<2>]
I.«2)

b#)

=  —  u R К R u R — u R qR - f  y>t ( A r u# — bR) , (54)

all q u a n titie s  in (54) being obv ious from  a com parison w ith  (53), and  from  th e  
u n ila te ra l re la tio n ,

p >  0, - y R =  A r u r  -  b R  <  0, p' y R =  0 .

T he p rog ram m ing  p rob lem :

{—  «я  K R UR — UR 4/? I A R u R <  0 (55)

D ual of p rob lem  (55) is o b ta in e d  b y  app ly ing  th e  K h u n  —T ucker th e o 
rem s. R ep ea tin g  s ta te m e n ts  in item  1.2.3.2 in to  th e  sam e sense, in  con fo rm ity
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w ith  th e  K hun T u ck e r theorem :

9 L x

fu r th e r

9c

9 L 4 

9u®

9L 4
Э р

=  — q(l) +  G£ p =  0 

=  u<2> — q(2) A ^ ’T  p =  0

=  Gfi c A(2) u(2) - bR =  y R  <  0 ,

Э L »  -гp ' — -  =  p7 y« =  o .
9 p

(56a)

(56b)

(56c)

(56d)

Again assum ing b o d y  2 no t p e rfo rm in g  any  rig id -b o d y  m otion , u(2) 
c an  be expressed from  (56b) and  s u b s titu te d  in to  (56c):

-Gr c +  H<2>p *R =  y R >  0, (57)
w here

H<2> =  A (2>[K(2)] _1 a <2),t , 

t;  =  -  A<2>[K<2)]-iq < 2) K =  - f (2)- V

H y p erm a trix  e q u a tio n  from  (56a) an d  (57):

0 g r  - C q(D 0

GR H<2> P l R  . . y R  .
(58)

A gain, p ro duc ing  v e c to r  c as a d ifference of tw o po sitiv e  vecto rs:

c 

c

o r, concisely:

0 0 G l  I

0 0 g r

- G (1> G g > H (-)

M r

M r X —  d R У

P
X

q(IH y(1)
q(1) •— y(2) =  0

l R  - -У я-
R У

0 .  X >  0 ,  x r  у  =  0  .

T h e re lev an t p ro g ram m in g  problem : 

m in { ? i(x ) =  X 7 M^, X — X7 d w x  >  0, — M„ x +  d/? <[ 0 /•

(59)

(60)

O bviously, th e  f in a l p rog ram m ing  prob lem  is th e  sam e, e ith er b o th  
c o n ta c tin g  bodies are  e las tic  or one of th em  is rigid. O f course, equ ilib rium  
e q u a tio n s  (58) an d  (43) are essen tia lly  d iffe ren t by  p h y sica l p u rp o rt: one 
re fe rrin g  to  th e  b o d y  as a whole, th e  o th e r  to  given nodes for th e  su p p o rt of 
th e  “ p rim ary  s t ru c tu re ”  (det КЦ’ Ф 0).
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1.2.4.2 K now n  d isp lacem en t of a rig id  body

In  th e  case w here rig id-body d isp lacem en t c o f bo d y  1 is a given va lu e , 
no eq u ilib riu m  e q u a tio n s  need be w ritte n  for bo d y  1, th e  co n tac t p rob lem  can  
be set up b y  m ean s o f th e  geom etry  e q u a tio n /in e q u a lity  expressing th e  c o n ta c t 
sep ara tio n .

O m ittin g  d ed u c tio n :

H (2) p — (Gff c +  t R) =  y R >  0 . p7 Уя =  0 , (61a)
w here

t*  =  -  A(2)[K (2>]-1 q®  I J (o) P(x) L(x) d A  h +

+  J (0) P(*)A<2>(*)<L4u® |

H ®  being  a positive  defin ite  m a tr ix , th e  p ro g ram m in g  p roblem  is:

m in  |/ l ( p )  ^ p ' H ® p  p ' ( G R c +  t R) j p>oJ . (62)

1.2.5 Another possibil i ty for  solving the contact problem

L et us re m a rk  th a t  if b o th  bodies are e la s tic , one constru c tio n  o f th e  
problem  m ay  be s im ila r to  (58), ex cep t for H ®  being  rep laced  by  th e  sum  of 
th e  in fluence fu n c tio n  m a trix  H® b ased  on th e  “ p rim a ry  s tru c tu re ”  1 an d  of 
H ® , t R is m od ified  to  th e  sam e sense, rep laced  by

t =  f®  -  f®  -  b

te rm s delivered  b y  (40). (41) and  (23). I n te rp re ta t io n  of vector c for a p lane  
s tru c tu re  is to  be seen in Fig. 3.

T Indic ated
d irec tion

Fig• 3. Body 1 of th e  plane structure may perform  rigid-body motion. In terpretation  of vector
c: cT =  [c„ e2, c3]
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Such a se tu p  o f th e  problem  is considered  in [1], [2] and  [9], th e  so lu tion  
b e in g  o b ta in ed  b y  a cyclic ite ra tio n  acco rd in g  to  th e  m ethod  o f g rad ien ts .

O bviously , such  a se tup  of th e  p rob lem  can n o t be considered  as th e  
s tr ic t  du a l of p ro g ram m in g  problem  (30), (47) being the  dual o f p rob lem  (30).

1.3 Comments on practical  computations

In  ac tu a l app lica tio n s of th e  described  m ethod , se tu p  o f  in fluence 
m a trice s  (41a, b) invo lves th e  inversion  o f  m atrices  K (i). C om plica ted  b o d y  
designs often  call fo r a h igh n u m b er o f e lem en ts to  be assum ed, p re v e n tin g  
th e  K <f) for th e  en tire  s tru c tu re  to  be k e p t in th e  active s to rag e  u n it of th e  
co m p u te r . In  th is  case, influence m atrices  H (t* are adv isab ly  p ro d u ced  as 
follow s:

1. In  case of b o d y  1 perform ing  r ig id -b o d y  m otion , a “ p r im a ry  s tru c tu re ”  
w ith  a k in d  of su p p o rt has to  be assum ed , so th a t  th e  re lev an t KU* will n o t 
d eg en era te  any  longer, and su p p o rts  h av e  to  be located  in a d o m ain  w here 
m a tr ix  A)1) is ab so lu te ly  zero (see in  (23), (34); see e. g. Fig. 4).

2. R espective J - th  colum ns o f m a trices  H (i), t =  1,2, w ill be delivered  
b y  v ec to rs  o b ta in ed  b y  m u ltip ly in g  from  th e  left th e  d isp lacem en t v ec to rs

Unfavourable

Fig. 4. Assum ption of basic structure for a plane s tructu re  if co-ordinates of th e  generalized 
nodal displacem ent vector are displacements
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a t  nodes and  u ( j \  a rriv ed  a t  by  so lv ing  algebraic eq u a tio n s

K£>uÿ> =  Att>-T p ,
K<2> u f  =■ A ^ - T  p

re la te d  to  loads fo r u n it values o f v e c to r  p in (22) a t d iffe ren t po in ts  J .
3. K now ing K ft, K ft - K ft?/ o b ta in ed  in  p ro duc ing  th e  “ p rim ary  

s t ru c tu re ”  of s tru c tu re  1, m atrices  D an d  G can easily be ca lcu la ted .
4 . Nodes in  dom ain  Q  are  a d v isa b ly  consecutively  n u m b ered ; th e re b y  

m a tr ix  A (i) will becom e quasid iagona l, g rea tly  sim plify ing ca lcu la tions.

C onclusions

T he co n tac t p rob lem  was seen to  be co n struc ted  on th e  L ag range v a r ia 
tio n  princip le , an d  tre a te d  as a q u a d ra tic  p rogram m ing  p rob lem  owing to  
u n ila te ra l  re la tions. T he k in em atica lly  possible d isp lacem ent fie ld  is ap p ro x i
m a te d  by  the  f in ite  e lem ent m e th o d , an d  th e  condition  o f c o n ta c t/se p a ra tio n  
is checked  in a p red e te rm in ed  (in d ica ted ) d irection  a t a f in ite  d iscre te  n u m b er 
o f p o in ts  accord ing  to  item  1.2.2.1 a n d  b y  com paring in te g ra l va lues for sm all 
f in ite  sections accord ing  to  item  1.2.2.2 (see (23) to  (25)).

T his la tte r  p rocedure  is ju s tif ie d  an y w ay  in case of a fie ld  o f d isp lacem ent 
v e c to rs  ap p ro x im a ted  b y  a h ig h er th a n  linear po lynom ial e lem ent-w ise, an d  
it  is especially  a d e q u a te  for th in  shells an d  p lates. Use o f e lem en ts of h igher 
degrees of freedom  leads to  a decrease in  th e  size o f th e  f in a l a lgebra ic  e q u a tio n  
sy s te m , p e rm ittin g  an  im p o rta n t tim e  sav ing , and  besides, y ield ing  a tru e  
p ic tu re  of the  s tre ss  s ta te  p rev a ilin g  on th e  co n tac t dom ain .

Appendix

Essentials of th e  theory of quadra tic  programming.
A quadratic program m ing problem  I is understood as minim izing the strictly  quasi- 

convex quadratic function7:

i(x) =  xr  C x — ст X y , i ^ O .  xr C i > 0 ,  (A. 1 )

sub ject to  the constraints of equation-inequality

A X <; b, X ;> 0 (A. 2)

I. min (xT C x  — cr x - | - y | x > 0 ,  A x b} (A. 3a

7 A function l(x) is quasi-convex if for any 0 <  A <  1 of the convex domain x g D 
and for conditions x1 and x- Ç Ü the inequality

/(A X1 +  (1 -  A) x2) ^  A l(x') +  (1 -  A) l(x2)

holds; this is invariably the case if C is a positive semidefinite m atrix .
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Besides, depending on the constrain ts, also problems II and I I I  are spoken about, nam ely:

II . min {x7 C x - c 7 x - | - y | A x  =  b, x >  0} (A. 3b)
and

I I I .  min {x7 Cx c7 x - f y  Ax<Çb}  (A. 3c)

Problems II and I I I  can be transform ed to  problem I; I I  by  means of inequalities 
A x < b  and -  A x  <  — b: I I I  requiring a variable transform ation x =  x + — x _, x + J> 0,
X“ >  0, x7 =  [x + >7 x->7 ] >  0.

The conditional extrem e value calculation is generalized by the K hun -  Tucker theorem  
for the case where the constrain ts no t only contain equations b u t also inequalities. According 
to th is theorem, the Lagrange function belonging to  (A. 3a):

L  =  x7 C x — c7 x - y +  ti7(A x — b) (A. 4)

has a saddle point for the optim um  solution for x° of the m inim ization problem (A. 3a), hence 
there is vector u° w ith an inequality  relationship

L(x. u°) >  L(x°, ii°) >  L(x°, u)

for any x >  0 and u >  0. This fulfils of so-called local conditions

9 L  I „ -r 9 L  IV =  — — I 0 . x0-7 ----- -— о
0X (x°, U°) “  0X (x°, u°)

y =  -  —  1 ;> 0 u«Л —  [ =  о
У Эи I (x°, u») -  ’ Эи I (x°, u°)

(A. 5)

(A. 6a, b) 

(A. 7a. b)

as necessary and sufficient conditions. 0L/9x being a column vector w ith components obtained 
by taking the partial derivative of function L(x, u) w ith respect to components of x: 0L/9u 
being a similarly in terp re ted  vector. Lacking a non-negativity  requirem ent for x, (A. 6a) is 
replaced by relationship [23] :

(A. 8)
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Anwendung der Verschiebungsmethode der finiten Elem ente zur Lösung von Problemen 
der elastischen Berührung. Die K lärung des Berührungsproblem s elastischer K ontinua bei 
beliebiger Belastung und Fläche is t sehr um ständlich, da die Berührungsbereiche im  vorherein 
n icht bekannt sind. Im  Beitrag wird das Kontinuum  durch eine Menge von Elementen m it 
endlichen Freiheitsgraden ersetzt und auf das so erhaltene elastische System  wird nach dem 
Prinzip des Minimums der Potentialenergie die Lösung der Aufgabe aufgebaut, die sich wegen 
der einseitigen Verbindungen zwischen den Körpern (die K on tak tk ra ft kann nur gegen das 
Innere des Körpers gerichtet sein und wird dann als positiv be trach te t) als quadratische 
Program m ierungsaufgabe der m athem atischen Program m ierung behandeln läßt. U nter 
Anwendung der K hun—Tuckerschen Bedingungen ist auch die zu dem obigen Primalproblem 
gehörende Dualaufgabe geklärt, die es bei konkreten Berechnungen vorteilhafter aufzustellen 
und zu lösen ist, als die ursprüngliche Aufgabe. Es wird vorausgesetzt, daß die Reibung und 
H aftung zwischen den K örpern vernachlässigt werden können und daß die Verschiebungen, 
Form änderungen gering sind.

Применение метода конечных элементов для решения контактных задач. Решение 
контактных задач для сплошных сред при произвольных нагрузках и конфигурациях 
является очень сложным, так как заранее неизвестны области контакта. В данной работе 
сплошная среда замещается множеством элементов с конечной степенью свободы. На 
полученную таким образом упругую систему базируется — на основе минимума потен
циальной энергии решение задачи, которая вследствие односторонней связи между 
телами (контактное давление может бытьнаправлено только в тело, и в этом случае оно 
считается положительным) в конечном счете сведена к решению задачи квадратического 
программирования. При использовании условий Куна-Таккера выяснена дуальная задача, 
относящаяся к вышеу помянутой примальной задаче. Постановка и решение дуальной 
задачи при конкретных вычислениях кажется более выгодной, чем решение примальной 
задачи. Предпологается, что трением и сцеплением между телами можно пренебречь, далее 
перемещение и деформация являются мальими.
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INFLUENCE OF EXPERIMENTAL ERROR 
ON EFFECTIVENESS OF CERTAIN RULK 

MATERIAL INSPECTION SCHEMES*

V. HORÁLEK**

DOCTOR OF TECHN. SCI.

[Manuscript received 25 Jan u ary , 1974]

A theoretical analysis of three sampling inspection schemes, used when inspecting 
bulk m aterials, (liquids, powder and the like) is given. The influence of the experim ental 
error on the operating-characteristic is investigated. In  order to describe more accura te
ly  the effectiveness of the inspection scheme the graphs of the errors of the firs t and of 
the second kind, from the point of view of the experim ental error, are in troduced 
besides the operating-characteristics. In  order to facilitate the calculation of the points 
of these graphs nomographs have been constructed.

1. In tro d u c tio n

T his p ap er describes the  m a th e m a tic  s ta tis tic a l analysis of th re e  s ta n 
dard ized  inspection  schem es cu rren tly  used  for th e  inspection  of b u lk  m a te ria ls  
(solid and  pow der m ateria ls , liquids, e tc .) w hich are  d isp a tch ed  in bags, b a rre ls , 
casks, e tc . An ex tension  and genera lisa tion  of re su lts  of [1] and  [2] are  g iven .

T he decision ab o u t the  q u a lity  o f th e  in sp ec ted  lo t w ith  regard  to  th e  
c h a rac te ris tic  u n d e r consideration , is a rriv ed  a t by  one of these m ethods:

A:) on th e  basis o f th e  analysis o f one sam ple  chosen a t ran d o m  from  
th e  lo t;

B:) on th e  basis o f th e  resu lt of th e  analysis o f one average sam ple, w hich  
was o b ta in ed  by  th o ro u g h ly  m ixing a sam ple (of id en tica l w eight, vo lum e e tc .) , 
w hich  w as picked a t  random  from  th e  lo t. A t th e  sam e tim e we assum e, th a t  
th e  so-form ed average  sam ple will y ield  th e  average  value of th e  checked  
q u a lity  ch a rac te ris tic  of all the  chosen sam ples;

C:) on th e  basis of th e  value o f th e  m ean  sam ple th e  resu lts  of th e  an a ly sis  
of n ran d o m  sam ples, each sam ple being  analysed  sep ara te ly .

In  in spec tion  schem es В and  C, one sam ple a t  th e  m ost is ta k e n  from  
every  p rim ary  u n it (bag , barrel, etc .).

I f  we deno te  th e  num ber o f sam ples ta k e n  m  and  th e  num ber o f a n a 
lyses perfo rm ed  n,  th e n  instead  o f speak ing  of in spec tion  schem es А), В ), C),

*

1966. **
A part of this work was presented a t the 10th EOQC Conference, Section C, Stockholm  

V. Horálek, D rSc., N ational Research In s titu te  for Machine Design, Bëchovice, CSSR
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we can  deno te  th em  un ifo rm ly  (mjn) an d  th e re fo re

A  =  (1 1) ; В  (m  1) ; C =  (n n ) .

In  all fu r th e r  discussions we shall th e re fo re  speak  of in spec tion  schem e
(m n).

W e assum e, t h a t  th e  specification  lim its  U  (the u p p er lim it) ev en tu a lly  
L  ( th e  low er lim it) o f th e  checked q u a lity  ch a rac te ris tic  of th e  raw  m a te ria l 
a re  given h y  a s ta n d a rd , a technical re q u ire m e n t and  th e  like. W e id en tify  
th e  concep t o f th e  accu racy  of the  analysis  w ith  th e  te rm  “ to ta l  analysis  e rro r” , 
in to  w hich we in c lu d e  errors arising  d u rin g  th e  p rep a ra tio n  an d  th e  p ro p er 
an a lysis  o f th e  in sp ec tio n  sam ples such  as, fo r exam ple, th e  in fluence  of the  
d u ra tio n  an d  q u a lity  o f th e  m ixing of th e  sam ples, th e  am b ien t te m p e ra tu re , 
th e  erro rs of th e  chem ical analysis etc.

In  th is  p a p e r  th e  influence of th e  to ta l  analysis erro r on th e  opera ting - 
c h a ra c te ris tic  for th e  inspection  schem e (m\n)  is in v estig a ted . I t  assum es, th a t  
th e  m ag n itu d e  of th e  to ta l  analysis e rro r  is in d ep en d en t of th e  rea l v a lue  of 
th e  checked q u a lity  ch a rac te ris tic  and  fu r th e r , th a t  th e  to ta l  analysis  error 
h as  a no rm al d is tr ib u tio n  N ( 0 ,a y) resp . N (0 ,a j ) ,  w ith  know n varian ces  ay 
an d  a~z.

In  o rder to  describe  m ore a c cu ra te ly  th e  effectiveness of th e  inspection  
schem e th e  g rap h s o f th e  errors of th e  f i r s t  an d  of th e  second k in d , from  th e  
p o in t of view  of th e  experim en ta l e rro r a re  in tro d u ced , besides th e  o p era tin g  
ch a rac te ris tic s . N om ographs have been c o n s tru c te d  in o rder to  fa c ilita te  th e  
ca lcu la tio n  of th e  p o in ts  of these g raphs.

T he resu lts  o f th e  solu tion  have b een  app lied  for w orking o u t th e  d ra ft 
o f an  inspection  schem e for certa in  raw  m a te ria ls  for th e  m an u fac tu re  of cables 
(chalk , ta r ,  oil R  40 etc .) and  certa in  raw  m a te ria ls  for th e  chem ical in d u s try .

2. F un d am en ta l considera tion

L e t us consider a random  variab le  r] h a v in g  th e  p ro b ab ility  d en sity

( 1 )

w ith  un k n o w n  p a ra m e te r  q, h u t w ith  a know n  ay. Let L  and  p ,(  - oo L  
oo; 0  < / > ! <  1) be g iven  co nstan ts . O n th e  basis of a random  sam ple  of th e  

size m  we have  to  te s t  th e  hypothesis / / „  ag a in st th e  hypo thesis  / / , ,  w here

H o- \ I 4 y ) d y  =  Pi  and H i - \ L h( y W > P i -  (2)

T his te s t  is e q u iv a len t w ith  th e  te s t  o f th e  hypo thesis

H 0 : fi  =  L  K p p y  a g a in s t Я 1: |и > Т  K pio y , (3)

Ч У ) exp 1 ( y
< y
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w here

F or th e  te s t  we use the  sam ple ch a rac te ris tic

(4)

1
Vm = ------

m
У

1=1
(5)

w here th e  m u tu a lly  in d ependen t ra n d o m  variab les (i =  1, 2, . . . m)  a re  
equally  d is tr ib u te d  w ith  the  p ro b a b ili ty  d en sity  (1). T h e  sam ple space, i.e . 
th e  set o f all p o in ts  Y] =  , t f nn’>) is id en tica l w ith  th e  m -dim ensional
E uclidean  space E m. T he critical reg io n  Щ  =  E m of th e  given size oc co n sis ts  
o f these  e lem en t o f  Em, for w hich rjm у  c, w here

c L +
K PI )  rn /<„

V m
( 6 )

E q u a tio n  (6) follows from  th e  expression  fo r th e  а -per cen t c r itic a l 
p o in t o f th e  d is tr ib u tio n  of th e  ra n d o m  variab le  rjm, defined in (5), an d  
from  (3).

I t  is ev id en t, th a t  the described  te s t  also inc ludes th a t  case, w hen  th e  
hypo thesis  H n h as  th e  form  H 0: ц<1 L  K Pl, ay, since fo r every p <7 p , is 
jP(y) £ U„, |p) <  a , so th a t  the  p ro b a b ili ty  o f an  erro r o f th e  firs t k in d  is a t  
b est a.

The o p e ra tin g  charac teristic  o f th is  te s t , w hich we shall denote L(p \p^ ) ,  
is ev iden tly  g iven  b y

Ц р \ Р 1 ) = Р М  E m Wm \ p )  =  0 [ R ( p  P l ) L  (7)

w here

Щ р  Pi] =  \ m  i K p K ,n +  K J ! m)  (8)

and

1 Г11 -  —
% ) = 1 V  e 2 d t -]/ J  _oo

(9)

L et us now  assum e, th a t  an  e x p e rim e n ta l e rro r ex is ts  and  le t us consider 
th e  random  v a ria b le  'Q. which ta k e s  on th e  values o f th is  error and  h as  th e  
p ro b ab ility  d e n s ity

Ф )
1 1 z 2 '

1 V  exP 1 2]/2n  az <*z

w here th e  p a ra m e te r  a 2 is know n.

— O O  Z  C O ( 10)
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In  th a t  case fo r th e  te s t  o f th e  h y p o th es is  (2) its  e q u iv a len t te s t  (3) 
a g a in s t the  co rrespond ing  a lte rn a tiv e  h y p o th es is , we have to  use th e  sam ple  
ch a rac te ris tic

I n  =  Vm  +  Cn

w here

n
Cn =  -n i= 1

( 12)

w hile  У ‘\  i 1, 2, . . . , n, are m u tu a lly  independen t ra n d o m  v ariab les  
eq u a lly  d is trib u ted  w ith  a p ro b ab ility  d e n s ity  (10). A ccording to  th e  a ssum ption  

an d  ^  they  a re  m u tu a lly  in d ep en d en t.
T he sam ple sp ace , i.e. th e  se t o f all p o in ts  Ç =  ( |  , . . . , ^ " ^ c o rre sp o n d 

in g  to  th e  given te s t  is , therefo re , id e n tic a l w ith  the  n -d im ensiona l E uc lid ian  
space  E„. The c ritic a l reg ion  U „ c E n o f th e  sam e size x  as UJ, consists o f th e se  
e lem en ts  of E n, fo r w hich  £n ^>c*.  W e h av e  determ ined  th e  value o f  c* 
fro m  th e  expression fo r th e  x  per c e n t c ritica l po in t o f th e  d is trib u io n  o f 
th e  ran d o m  v a riab le  t;n an d  from  (3).

W ith  resp ec t to  th e  m u tu a l in d ep en d en ce  of rfl> an d  Çn has again  
e v id e n tly  a no rm al d is tr ib u tio n  w ith  th e  param eters /i a n d  a\  =  <7y/m — 
-\-aljn  again. I f  we p u t

b =  a j o y c * ,

we f in d , th a t  c* is th e  so lu tion  of th e  e q u a tio n

V m . n r ~  m‘n ( х-y  у
1 e 2(n + mt f )  \  Oy )  d x

2л{
\  m n  f  “

n  +  mà2)ay J  c*
a  ,

(13)

(14)

so t h a t  according to  (3) an d  (4)

b* =  L  -+- a.. K pi -  K y
f  n  +  mb2
'

F ro m  (6) it  follows, t h a t  alw ays c <  c*.
T he o p era tin g  ch a rac te ris tic  o f th is  te s t  is

b *(p |p 1) =  P(Ç€E„ - Щ |р) =  Ф[й*(р|р1)],
w here

R * ( p \ p  i)
n -j- mb2

K p K PI +  K y
n  +  mb2 '

(15)

16)

(17)

D ue to  th e  p resence  of an e x p e rim en ta l error in th e  sam ple  c h a ra c te r 
is tic  (11) th e  follow ing even ts m ay occur:
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a )  (Ç eU *; ir]€Em 1%) th a t  m eans, th a t  on th e  basis  of an observed  
v a lu e , con ta in ing  an  ex p erim en ta l error, we re je c t h y p o th es is  H n desp ite  th e  
fac t, th a t  if  th e  ex p e rim en ta l e rro r w ould h av e  a zero v a lu e , we m ight accep t 
i t .  T h is, therefo re , causes a so rt of error of th e  f irs t k in d ;

b) (Ç £ E rI—U),; Y) £ и,1) th a t  m eans, t h a t  on th e  basis  of an observed  
v a lu e , including an  ex p e rim en ta l error, we accep t h y p o th esis  / / 0, desp ite  th e  
fa c t, th a t  if  th e  ex p e rim en ta l e rro r were zero, we w ould  re je c t it. This, th e re 
fore, causes a so rt o f e rro r of th e  second k ind .

T he p ro b ab ility  o f th e  above described even ts is a fu n c tio n  of th e  t ru e  
va lu e  of p a ram e te r p.

L et N be a se t o f  all n a tu ra l num bers an d  E , a se t o f all f in ite  real n u m 
bers.

Defini t ion  1 : P ro b ab ilitie s

P ( Ç Ç U n ; » l € E m — V?n) =  Q i (p \ p i ) ■> (18)

and
; ï ]Ç 1%) =  Q.,(p \ p f  (19)

will be called th e  fu n c tio n s  of th e  errors of th e  f irs t, resp . of th e  second k in d  
from  th e  p o in t of v iew  of th e  experim en ta l e rro r, if  th e  tru e  v alue  of th e  p a 
ra m e te r  be p.

Defini t ion  2 : T h e  tr io  of num bers (m,  re, c), w here m (  N, n £ N, c£ E x, 
we call th e  accep tan ce  p lan  of inspection  schem e (rei]re), w hen  no ex p erim en ta l 
e rro r exists.

Defini t ion  3: T h e  tr io  of num bers (m,  re, c*), w here m  £ N, n £ N, c* Ç E 15 
we call th e  accep tance  p lan  of inspection  schem e (mjre), due to  experim en ta l 
e rro r.

T he effectiveness o f every  accep tance  p lan  (m, re, c) is fully  described 
b y  th e  opera ting  c h a ra c te ris tic  L ( p  p f .  T he  effectiveness o f every  accep tance 
p lan  (m, re, c*) is fu lly  described by  th e  fu n c tio n s L* (p  p ,), Q^p lp ^ )  and  

Q-ÂPlPi)-

3. R e la tio n s betw een functions L ,  L* ,  Qx an d  Q2

T he accep tance p lan s  (m, n, c) and  (m, re, c*) have  a lread y  been given. 
T hen  from  relations (7) an d  (16) if  we realize, th a t  accord ing  to  th e ir  defin ition  
th e^q u an titie s  m , re, an d  b are positive and  th a t  K p is th e  decreasing  func tion  
of p , we ob ta in

L (P I P i) L * ( p \ p i ) > 0  fo r P € ( ° >P i L  

=  0 for  p  — 0 , p 1 , l ,  

< 0  for  p i  ( p x , 1) .

( 20)
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F u rth e r , due to  th e  a ssu m p tio n s a b o u t th e  ran d o m  variab les r f 1'* and  
for th e  jo in t p ro b ab ility  d e n s ity  g(xn, y rn) of ran d o m  v ariab les  Çn an d  dm 

ho lds
1 m n

g\xni Ут) =  ~ ------exp
Z 710yOz

Í  x n  У  m 2 1
1 a z J

( 21)

so th a t  w ith  re sp ec t to  (18) an d  (19)

QÂP  Pi )  =

Q i Íp Ip i ) -

A pp ly ing  th e  tran sfo rm a tio n

JI
ÍÍ-

<y>nSc

С<Ут<°°

g(x n , y m)dxn d y m ,

g{x n,ym)dxn d y m .

to у soz
У т  =  ~ T r = ~  +  P  a n d  x n  =  — —

1/ т  b

n +  mb2
hi*

m • n

( 22 )

(23)

(24)

in  (22), we o b ta in  th e  p ro b a b ility  d e n s ity  of a b iv a ria te  n o rm al d is tr ib u tio n  
/ ( s ,  i, 55) w ith  a coefficien t o f co rre la tio n

в = n  -(- m b 2
(25)

w here  b is defined  in  (13). A ccord ing  to  (8 ) and  (17) th e  expressions (22) and  
(23) becom e

Qi(p  I P i)  =  il R*(p|Pl)<s<oo f ( s» b e)ds dt (26)

an d

N ow  let

QÁP  i p  1) -~ < s^ R * (p |p ,) / ( s ,  i, p)ds d t . (27)

M ( p , f e ,  p ) U<s< 00 
^ k<t<°°

f ( s ,  t, g)ds dt (28)

w here u, fc >  0 . I f  we use (28) an d  (9) an d  w rite  Q i ( p  p p ,  R ,  R * )  in s te a d  of 
( ) ,  (p IP j), i  7 1, 2 , in o rder to  express th e  dependence on in teg ra tio n  lim its
o f  in teg ra ls  in  (26) and  (27), we o b ta in

Q 1( p \ p 1; R , R * )  =  Q2( p \ p 1- , -  R ;  R*)  =  1 -  <P(R*) M ( R * .  R ,  e) , (29)

Q 2( p \ P l ; R , R * )  Q 1( p \ p 1; - R ; ~ R * ) = l - 0 ( R )  M ( R * , R , e) ;  (30)

Q A p  I f f  R ,  R * )  =  Q á p  \ P l i - R , R * )  =  0 ( R * )  +  0 ( R )  +

+  M ( R * i R i - e ) -  1 , (31)

Q.2(p  \P l ; R ,  -  R*)  = Q 1(P \P l ; -  R. R*)  =  M ( R * ,  R ,  -  g) (32)

w here R  and  R*  are no n -n eg a tiv e  n u m b ers .
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F ro m  (29) and  (30) e v en tu a lly  from  (31) and (32) we o b ta in  w ith  respect 
to  (7) and  (16)

L ( P \ P i )  L *(P Pi )  - QÁP Pi )  Qi(P Pi )  (33)

for ev e ry  p  £ <0. 1).
F ro m  (20) and (33) it  follows th a t

Q i ( p \ P i )  Q Á P  P i) > 9  f o r  P £ ( 0 ’ P i ) >
=  0 for p  =  0 ; p 1; l ,  (34)

'  0 for p  £ ( p v  1) .

F u r th e r  it  m ay be show n th a t

SUP Q Á P  P i) =  Q A P M  P i b  (35)
P6<0,1>

sup Q. , ( p  P l ) =  Q- , {p(2) I P i ) ,  (36)
P€<0,1>

w here p (l) is the un iq u e  so lu tio n  o f eq u a tio n  

1 — Ф I -  —'  exp

дФ

an d  is th e  un ique  so lu tion  of e q u a tio n

1 +  2

(K„ -  K pi) [ m ( l  -  e?) +  к 1 g-
1 +  9

Щ р )

exp [ R * ( p ) f \ =  0 ,

(37)

Ф
K \  l

1 + 2
exp - Щ р )

p l  Ф ( K p - K pi) \ rm( 1 <f) +  Щ 1 ?
1  +  P

[ R * (p )Y \  =  0 .exp

P ro o f o f equations (35) and  (26) is given, in th e  A ppendix .

(38)

4. M odification of the model in the case of the selection of the value p.2

So fa r the  considera tions assum ed  th e  case, th a t  th e  supplier desires 
a g u a ran tee , th a t  lo ts w ith  a fra c tio n  p x of su b -s tan d a rd  q u a lity  raw  m a te ria l 
w ill be re jec ted  w ith  a p ro b a b ility  a  (usually  oc =  0,05). T he resu lts  derived  
for th is  case can, a fte r a sim ple m od ifica tion , be also ap p lied  to  th e  case, w hen 
th e  custom er desires a g u a ran tee , th a t  th e  lo ts w ith  a fra c tio n  p 2> p L of su b 
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s ta n d a rd  q u a lity  raw  m a te r ia l will be re jec ted  w ith  a p ro b a b ility  1— ß  (usually  
ß =  0,05 or 0, 1). All w e h av e  to  do is to  rep lace th e  values K x and  K Pl by  
v a lu es  К Y_ß resp. К Рг. All th e  expressions d e te rm in ed  u n d e r th e  cond ition , 
t h a t  p ,  be given, are th u s  tran sfo rm ed  in to  expressions d ep en d en t on th e  given 
v a lu e  p 2. T hus we o b ta in  expressions for L ( p \ p 2), L * ( p \ p 2), R ( p \ p 2) ,R * ( p \ p 2), 
Qi(p\Pi )  an£l QÂP Pi)-  W e in troduce  only one change, in  th e  designation  of c 
c*. In  th e  case o f u n a c c e p ta b le  frac tion  p 2 we shall use th e  sym bols d  and  d*. 
T h e  corresponding a ccep tan ce  p lans will h av e  th e  form  (m, n, d) resp. (m, n, d*), 
w here  always d > rf* . T h is  designation  will also be used in th e  num erica l exam ple 
described  in  p a rag rap h  6.

5. G raphs fo r the  calcu la tion  of the function

The functions Qj(p) j  1,2 can be ad v an tag eo u sly  p lo tted  w ith  th e  
a id  o f 9 po in ts, o f w hich 7 we shall de term ine  from  graphs I  to  IV  (Fig. 1 to  4) 
a n d  th e  rem aining tw o  from  th e  relations Qj(0) =  Qj(l) =  0, j  =  1, 2.

F o r the  fixed  v a lu es  R(p)  and j ( j  = 1 , 2 )  th e  graphs rep resen t the  re la tion  
(follow ing from  th e  an n u lled  equation  (26) resp. (27)) betw een  th e  th ree  
v a riab les  Qj(p)-, R*{p)  a n d  bm n, where

(39)

b be ing  given by  (13). F o r  th e  co n stru c tio n  o f the  g rap h s we p u t L ( p ) = y  
fo r у  =  0,95; 0,90; 0 ,70 ; 0,50; 0,30; 0,10 and  0,05.

In  the co n stru c tio n  o f th e  graphs we s ta r te d  o u t from  equations (29) 
to  (32), using th e  ta b le s  [5] of d is trib u tio n  fu n c tio n  Ф(и) an d  fu rth e r

a) for bm n 0 ,3286 th e  tab les [4] o f d is tr ib u tio n  fu n c tio n  M ( u ,k ,p )  de
fin e d  in (28) and ta b u la te d  for 0, fe7>0 an d  0 <[ q <7 1 (by  steps o f 0,05) 
a n d

b) for 0 <Ç bm n <7 0,3286 th e  tab les [3] o f function

T ( u ,  a )
1 f ű 1

2 л  Jo 1 +  X2

in  w hich 0 <7 и <7 4,75 an d  0 <  a <  1,0.
E ach  of th e  g rap h s  p e rm its  the  ca lcu la tio n  of b o th  va lu es  Qj ( p*)  — j  =  

=  1 , 2 -  w ith  th e  aid o f  th e  given values bm n and  R*(p*),  w here p* is a roo t 
o f th e  equation

L ( p )  =  у  , for 0 < 7 y <  1 fixed . (40)

W e determ ine th e  v a lu e  bm n from  eq u a tio n  (39), th e  value R*(p*)  from  eq u a
tion

R*(P* P l ) =  K 1_
md-

+  K :
П

n mô2
(41)
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Г -  0.95i 0,05

0 0,1 0,2 0,3 O.í 0,5

Fig. 1

1 =0,90, 0,10

Fig. 2

W e can  o b ta in  th is  eq u a tio n  as follows: A ccording to  th e  assum ption  (40) is 
va lid . T hen , due  to  (7) p* is th e  ro o t of equa tion

Ф[Щр)] =  у . (42)

T he ex istence o f a so lu tion  o f (42) and  its  un iqueness are  ev ident. F o r a given
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/ з  0,70; 0,30

bm,n,1

Fig. 3

/-0 ,5 0

Fig. 4

от, n,  p  j and % th e n  it  follows from  (8) due to  (4)

K*py - ,  [ K , . y - K , ] + K pi . (43)
I m

A fte r  th e  su b s titu tio n  o f th is  expression in to  (7) we o b ta in  (41). E q u a tio n  
(43) fu r th e r  perm its  a d e te rm in a tio n  of th e  values p* from  th e  tab le s  [5] of 
th e  n o rm a l d is trib u tio n .

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



INFLUENCE OF EXPERIMENTAL ERROR 387

O n th e  graphs th e  scale is com m on  fo r b o th  considered cases ( j  =  1 ,2 ,) . 
To d e te rm in e  th e  values Qßp*)  we use  th e  values R* and  bm n t an d  analogously  
in  th e  case Q2(p*) th e  values R* an d  bm n 2. T he m u tu a l re la tio n s betw een  th e  
values Q ß p )  and  Q>(p) are expressed  b y  equa tions (29) to  (32). As is ev id en t 
from  th ese  equations, all values Q ß p )  an d  Q-,(p) can he m u tu a lly  expressed  as 
fu n c tio n s of th e  non-negative  va lu es  o f  th e  a rg u m en t R.

T herefo re  it is su ffic ien t as a consequence of th e  v a lid ity  o f  th e  re la tion

<fi[R(p*)] Ф[ R ( p f - r ) ] - y ; « > 0 ; 0 < y ^ l ,  (44)

to  c o n s tru c t graphs only for th e  levels 0,5 <  y <  1 since th is  also includes 
th e  co m p lem en ta ry  levels 1 y.

G rap h  1 perm its  th e  c a lc u la tio n  o f values Qßp*)  an d  Q 2(p*) for th e  
levels у  =  0,95 and  0,05, co rreso n d in g  to  values R*(p*  95) — 1,6449 and 
R(P*,oo) =  ~ 1,6449; g rap h  I I  fo r levels у =  0,90 and 0,10, co rrespond ing  to
values R ( p * 90) =  1,2816 resp . R ( p * ]0) =  1,2816; graph  I I I  fo r th e  levels
у =  0,70 an d  0,30, correspond ing  to  v a lu es  jR(p*,7o) =  0,5244 resp . Ä (p * 30) =  
=  0,5244, and  fin a lly  g rap h  IV  fo r th e  level у =  0,50 co rrespond ing  to
th e  va lu e  R (p * 5) =  0.

6. Effectiveness of accep tan ce  tests o f asphalt consistency

T h e  consisitency  of a sp h a lt is d e te rm in ed  by  a p e n e tra tio n  te s t  w hich is 
p erfo rm ed  on a tre a te d  average  sam p le  tem p ered  to  a te m p e ra tu re  of 25°C. 
T here  is a req u irem en t, th a t  a sp h a lt fo r th e  p ro d u c tio n  of cab les h av e  a m ax i
m um  p e n e tra tio n  o f 50 p e n e tra tin g  u n its  (p. u .). C urren tly  in sp ec tio n  schem e 
В is u sed , w here th e  n u m b er of te s te d  b a rre ls  m is 3.

L e t us suppose th a t  a \ =  4 ,6 ., ay =  3,2, p 2 =  0,02 a n d  ß  =  0,05. 
T he correspond ing  accep tance  p la n  is (m =  3; n =  1; d* =  42,4 p .u .), 
w hile in  th e  case of a zero e x p e rim e n ta l e rro r (m  =  3; n — 1; d =  44,6 p .u .). 
W e d e te rm in e  th e  o p era tin g  c h a ra c te ris tic s  L ( p \ p 2) resp. L * ( p \ p 2) from  th e  
m od ified  equa tions (7) resp. (16), w h ich  in  th e  case of in sp ec tio n  schem e В  
an d  th e  selection  of v a lue  p 2 h av e  th e  fo rm :

and
L (P ! Pi) =  Ф{У m ( K p K pi +  K ^ p D l m ) } ,

L * ( P р 2) =  Ф : "I
1 "i/t-

K p  K P1 +  K , _ p
1 mb2 ’

m

(45)

(45 ')

W e can  perform  th e  c a lcu la tio n  of th e  po in ts  o f th e  o p e ra tin g  c h a ra c te r
istics e ith e r  b y  th e  c u rren t m e th o d , se lecting  several values p  in  th e  in te rv a l 
<0, р 2У a n d  determ in ing  for th e m  th e  values L ( p 2) resp. L * ( p \ p 2) or in  such
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a m an n er, th a t  for se lec ted  values of L ( p \ p 2) we ca lcu la te  back  th e  values of p  
an d  th e n  th e  values L * ( p \ p 2). This second m eth o d  is m ore su itab le  in  case th a t  
besides th e  o p era tin g  ch a rac te ris tic s  we also w ish to  determ ine  th e  func tions 
Q i( p \P i ) resp. Q2( p \ p 2)-T h e  values of L ( p \ p 2) an d  L * ( p \ p 2) determ ined  b y  th e  
f i r s t  m eth o d  for th e  g iven  accep tance p lan  are lis ted  in  T ab le  I. F o r th e ir  ca l
cu la tio n  equations (45) an d  (45’) have  been used.

Table I

p MP/Pa) l *(p/p0

0,0005 0,6904 0,2369

0,005 0,2295 0,1052

0,010 0,1204 0,0759

0,015 0,0745 0,0597

0,020 0,05 0,05

W hen app ly ing  th e  second m eth o d , we f ir s t  de te rm ine  th e  values p ’ 
for w hich

Ц р \ Р г )  =  У > 0 < У  <  1 , (46)

w here we choose у  e q u a l to  0,95; 0,90; 0,70; 0,50; 0,30; 0,10; 0,05. We d e te r 
m ine th e  values o f p*,  w h ich  sa tisfy  eq u a tio n  (46) b y  m eans of eq u a tio n  (43) 
an d  th e  norm al d is tr ib u tio n  tab les [5]. T he values K p *  and  p* for th e  given 
levels у  are listed  in  T ab le  2 in  colum ns (2) resp . (3). Colum n (4) of T ab le  2 
lists th e  value R*(p*) ,  de term ined  b y  m eans o f (41), and  colum n (5) th e  
va lu es  L *( p* \p 2), d e te rm in ed  by  m eans of (45’). T h e  corresponding  values 
Qi(p* p 2) an<i  QÁPylPi)  in  colum ns (6), resp . (7) o f T ab le  2. can be de te rm ined  
b y  m eans of g raphs I  to  IV . One of th e  in p u t q u a n titie s , R*(p*),  is a lread y  
know n (colum n (4) o f T ab le  2), th e  second bm n can  be de te rm ined  from  (39). 
F o r m  =  3, n — 1, b =  1, 2 is bm n equal to  2,07.

L e t us, for ex am p le , determ ine  th e  va lu es  QAP*,io) and  @2(p * 70). 
F ro m  graph  I I I  we can  read  off for bm n l  =  2,07 an d  from  R*  =  —0,702 
(cf. T ab le  II)  on scale Qj

QÁP*,-) =  Q i ( p i R , R * )  =  Qi(p i  0 ,5 2 4 4 ;-  0,702) =  0,49 

an d  for bm r> 2 =  2,07 an d  R*  =  —0,702 on scale Qj

Q À P b )  =  Q Â P ; 0,5244; -  0,702) =  0,03 .

O n th e  sam e g rap h  we can  also read  off th e  va lu es  Q Ар*, з )  and  Q 2(p*, 3) ' 
In  th is  case R*(p*  3) =  — 1,158 (cf. T ab le  I I )  an d  R(p*,  3) =  —0,5244. B u t 
accord ing  to  (30)

p ;  0 ,5244; — 1,158) =  Ç 2(p ; 0,5244; 1 ,158).
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Table II

Y K p } 100p} R*(Py) L  *<P̂ ) Q i(P y ) Q.(PV >

0,95 3,9532 0,0039 — 0,215 0,415 0,540 0,005
0,90 3,7434 0,0091 — 0,372 0,356 0,555 0,011
0,70 3,3063 0,0473 — 0,702 0,240 0,490 0,030
0,50 3,0035 0,1335 — 0,930 0,176 0,367 0,043
0,30 2,7007 0,3460 — 1,158 0,123 0,229 0,052

0,10 2,2636 1,1800 — 1,487 0,069 0,079 0,048

0,05 2,0538 2,0000 — 1,645 0,050 0,041 0,041

Fig. 5

F ro m  g rap h  I I I  fo r bm n 2 =  2,07 and  jR* =  1,158 we can  read  off on scale 
Qj th e  v a lu e  Q 2 (p ; 0,5244; 1,158) =  0,229 and  th ere fo re  Qi(p*,3) =  0,229. 
W e o b ta in  th e  v alue  Q>(p*,3) b y  m eans of e q u a tio n  (29). A ccording to  th is  
eq u a tio n

Q2( p ;  -  0 ,5244; -  1,158) =  Q ^ p ;  0 ,5244; 1 ,158).

On scale Qj o f g rap h  I I I  we fin d , th a t  to  th e  values bm n l  =  2,07 and  R*  — 
=  1,158 correspond  th e  value Q \ ( p ; 0,5244; 1,158) =  0,052 and  th ere fo re  
<?2(Po* 3) =  0,052.

W e proceed  in  th e  sam e w ay  w hen using th e  o th e r  g raphs. The ca lcu la ted  
v alues Qi(p*)  and  Q2(p*)  are lis ted  in  colum ns (6) an d  (7) o f T ab le  I I .

T he o p era tin g  ch a rac te ris tic s  L ( p \ p 2) an d  L * ( p \ p 2) an d  graphs Q i ( p \ p 2) 
resp. Qiiplp?)  are on F ig . 5.
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L et us look m ose closely  a t  th e  sh ap e  of curves Q ^ p )  an d  Q2(p)- W hile 
th e  cu rve  Q-,(p) a tta in s  th e  m ax im um  v a lu es  of 0,053 a t  th e  va lu e  p  0,0048, 
th e  curve @,(p) a tta in s  th e  m ax im um  v a lu e  of 0,556 a t th e  p o in t p  0,0001 
( th e  values of p  are  fo u n d  b y  solving th e  m odified  e q u a tio n  (37) resp . (38). 
T h e  presence of an  e x p e rim e n ta l e rro r m akes itse lf u n fa v o u ra b ly  felt, m ain ly  
fo r th e  supplier, n o t on ly  b y  increasing  of th e  steepness o f th e  o p era tin g  ch a 
ra c te r is tic  L*(p)  in  com p ariso n  w ith  th e  steepness of L(p)  b u t  also by  th e  fac t, 
t h a t  even lo ts, co n ta in in g  a v e ry  sm all frac tio n  of low -grade raw  m ate ria l 
w ill be inco rrec tly  assesed (a p p ro x im a te ly  in 50%  of all cases) as being of 
su b -s ta n d a rd  q u a lity , due  to  th e  in fluence  o f a large ex p e rim en ta l error.

R E F E R E N C E S

1 . H o r á l e k , V.: On Certain Inspection  Schemes of Raw Materials. Aplikace matematiky 2
(1957) 3 7 0 -3 8 9  (in Czech)

2. H o r á l e k , V.: Some Special Sampling Inspection  Procedures for Bulk Materials. Proc.
10th EOQC Conference, Stockholm (1966)

3. O w e n ,  D. B.: The B ivariate  N orm al P robability  D istribution. Res. Rep. SC-3831-Sandia
Corporation (1957).

4 .  P e a r s o n , K.: Tables for S ta tistic ian  and B iom etricians, P a rt II . Cambridge U niversity
Press, London 1931

5. J ankó , J .: Statistical Tables. Prague 1958 (in Czech)

E influß des Versuchsfehlers auf die W irksam keit to n  gewissen Verfahren für die 
Prüfung von Massengütern. Die A rbeit befasst sich m it der theoretischen U ntersuchung von 
drei K ontrollm ethoden m it S tichprohenentnahm e fü r die Prüfung von M assengütern (F lüs
sigkeiten, Pulver u. dgl.). Der E influß desVersuchsfehlers auf die O perations-C harakteristik wird 
un tersuch t. Um die W irksam keit des K ontrollverfahrens genauer beschreiben zu können 
w erden außer den O perations-C harakteristiken noch die Kurven der Fehler erster und zweiter 
A rt eingeführt. Um die B erechnung der P unk te  dieser K urven zu erleichtern wurden 
Nomogram me konstruiert.

Воздействие опытной ошибки на эффективность системы контроля определенных 
бесформенных материа лов. Автор в своей статье рассматривает теорию трех систем контроля 
отбора проб, которые используют для контрля бесформенных материалов (жидкости, по
рошки и схожие материалы). Анализируется воздействие опытной ошибки на оперативную 
характеристику. Чтобы можно было бы точнее описать эффективность системы контроля, 
кроме оперативной характеристики вводятся кривые диаграммы опытной ошибки первого 
вида и второго вида. Для облегчения вычисления точек этих кривых автором построены 
соответствующие номограммы.
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BEWEGUNG VON KÖRNER IN FLÜSSIGEN 
ODER GASFÖRMIGEN MEDIEN IM BEREICH

Re =  0,6 4- 800
S. PETHŐ*

KANDIDAT DER TECHN. W1SS.

[Eingegangen am  3 Januar 1974]

Im  Aufsatz sind die Bewegungsgleichungen für Teilchen abgeleitet, die sich in 
flüssigem oder gasförmigem Medium absetzen, wenn weder die Gesetze der lam inaren, 
noch der turbulenten Ström ung gültig  sind. Die Bewegungsgesetze der lam inaren und 
tu rbu len ten  Strömung wurden von J . ' F i n k e y  in seinem vor 50 Jah ren  erschienenen 
Buche »Die wissenschaftlichen G rundlagen der nassen Erzaufbereitung« hergeleitet.

Es ist b ek an n t, daß im  S tokesschen  Bereich, d. h. bei R eyno lds-Z ah len  
0,6 zw ischen dem  W id erstan d sk o effiz ien ten  des M edium s und  der R eynolds- 
Zahl die B eziehung

c (U

für R eynolds-Zahlen 30 Ins 300 nach A llen

10
c = --------

R e1/2
und fü r  R e 800 die B eziehung

0,43

Re°

( 2)

(3 )

besteh en .
S u ch t m an die au f die E ndfa llgeschw ind igkeit eines K ornes bezogenen 

B ew egungsgesetze fü r den B ere ich  R e =  0,6 800, so w ird  es zw eckm äßig
sein, den Z usam m enhang  zw ischen  W iderstan d sk o effiz ien t u n d  R eynolds- 
Z ahl auch  im  Bereich R e 0 ,6-i-30 bzw. Re =  300 ; 800 äh n lich  den v o r
s teh en d en  F orm eln  zu defin ieren , n äm lich  als Q u o tien ten  aus einer K o n s ta n te n  
u n d  d er R eynolds-Z ahl m it einem  b es tim m ten  E x p o n e n te n :

bzw.

A
z = -------- ,

R e2/3

C
~ R e1'3 5

(4 )

( 5 )

* Prof. D r . S. P e t h ő , Csabai K apu  36, 3529 Miskolc, H ungary.
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A  u n d  C sind K o n s ta n te n , die durch  V ersuche [2] und  m it H ilfe der M ethode 
d er k le insten  Q u a d ra te  b e s tim m t w urden . T afel I zeig t die K o n s ta n te n  m it 
d en  zugehörigen W e rte p a a re n  Re u n d  c. Die W erte  d er K o n s ta n te n  sind: 
A  =  23,06; В  11,06 u n d  C =  4,49. Die K o n s ta n te  В  g ilt fü r  den Bereich 
30 <  R e <Ç 300. die d a m it  e tw as größer is t als d er von  A l l e n  vorgeschlagene 
W e rt. W eiterh in  e n th ä l t  die Tafel die G egenüberste llung  d er versuchsw eise 
e rm itte lte n  u n d  d er b e re c h n e ten  c-W erte , die p ra k tisc h  v o n e in an d er n ich t 
abw eichen .

Im  Bild 1 sind  F u n k tio n e n  lg c =  /  (lg Re) m it den  an g efü h rten  K on
s ta n te n  fü r die e n tsp re c h e n d en  R e-B ereiche eingezeichnet. W eil die W ider
s ta n d sk ra f t  F k der m it d e r  G eschw indigkeit v im  M edium  m it der D ich te  y  
ab sin k en d en  K ugel des D urchm essers d

F k =  c y
v2 d2 л

J g  4
( 6)

is t , w erden die speziellen  W erte  in den R e-B ereichen  0,6 — 30; 30-^-300 und  
300 ; 800 nach fo lgenden  Form eln  e rrech n et:

A i i
0 ,6  . . .  30 -  y ^ V ' 3 W 4/3,

8g1'3

{ d v f ! \F  — В л  л,1/2 „1/2
8g

F 300. . .  800 =  ~ ~  ym (dv)513.
8g-'3

(7)

( 8 ) 

(9)

D ie E n d fa llgeschw ind igke iten  v H sind en tsp rech en d  den  W id e rs tan d sk rä ften  
u n d  dem  A uftrieb

fo lgende:

Г д  =  — - 
6

(Ô y)

4 3/4 g 1/4 d 5/4

. 30 —
ЗА У

4 2/3 g !'3 d
300 —

~3В У /4 1' 3

4 3/5 g 2/5 d 4/3

800 —
3C y

—
/um

( 10)

( И )

( 12)

(13)
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Bild 1. lg e =  /( lg  Re) für die verschiedenen Re-Bereiche

Tafel I
Re-Zahlen und Widerslandskoeffizienten fü r  verschiedene Re-Bereiche

0,6 ^  R e ^  30 30 < , R e ^  300 300 ^ R e < , 800

R e
23,06 11,06

R e
4,49

я,*/> Äe1/ 2 Re1 / 3

1 2 3 4 5 6 7 8 9

30 2,045 (2,018)

0,8 33,8 26,8 40 1,735 1,749 300 0,684 (0,671)

1,0 27,6 23,1 50 1,540 1,564 400 0,612 0,609

2,0 14,9 14,5 60 1,398 1,428 500 0,563 0,566

4,0 8,32 9,15 70 1,295 1,322 600 0,526 0,532

6,0 6,05 6,98 80 1,213 1,237 700 0,498 0,506

8,0 4,89 5,77 90 1,148 1.166 800 0,488 0,484

10,0 4,15 4,97 100 1,092 1,106
20,0 2,62 3,13 200 0,806 0,764
30,0 2,045 2,388 300 0,684 0,639

Z ur B estim m u n g  d er S inkgeschw ind igkeit w äh ren d  d er B esch leun igungs
periode m uß die D iffe ren tia lg leichung

m — = m g 0 — -Ft (14)
d t

gelöst w erden. In  d er G leichung is t  g 0 die E rdbesch leu n ig u n g  in  dem  gegebenen 
M edium :

à — y
8o 8  7

о
(15)
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U n te r B erücksich tigung  d er beschriebenen  S trö m u n g sw id erstän d e  gilt in  allen 
d re i R e-B ereichen

bzw .

dv
dt

1
V n

dv

( » K ) n
= go d t .

(16)

(17)

v 0 sind  die d u rch  die G leichungen (11), (12) und  (13) gegebenen E n d fa ll
geschw indigkeiten . D er E x p o n e n t b e trä g t fü r die R e-Z ah len :

Re =  0,6 30 : n  =  4/3,
«

Re =  30 4- 300 : n =  3/2,

Re =  300 4- 800 : n =  5/3.

Die Lösung d er D ifferen tia lg leichung  fü r n =  4/3 la u te t:

1 +

3i'„ ln

V 

Vn

1/3

1/3 arc  ta n
1/3

: go G .e . . . 30 +  C- (18)

F ü r  t — 0 und  V =  0 is t  die ln te g ra tio n sk o n s ta n te  C =  0 u n d  som it e rg ib t 
sich:

3  1,0
1

1 +  
ln

-
^oJ

1/3

1 V
30 — °

g o 4
[ -

v o

1/3
2 v o .

1/3
(19)

F ü r  n =  3/2 la u te t  die L ösung:

2vn 1 ln
9

1
V 1/2' 2

2
’ V 1/2

+  1
-____ Vo 1

arc ta n vo
3

( 2 0 )

— go *30 ... +  c .
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D ie In te g ra tio n sk o n s ta n te  is t d a n n  fü r  die B ed ingungen  t =  0 u n d
V  =  0:

u n d  es e rg ib t sich:

31/3

t — 3 -2-*30 ... 300 —  °

go

Bei n  =  5/3 gilt:

11/2

1 ln  L Vo)

9 1 +
V 1/2 v

+  —

v 1/2
vo

31 3
arc ta n

( 21)

( 22)

3vo< —  ln 1 -
V  W 3'

+  - * - 1
3 71

COS -------- ln 1 -  2
V

5 v 0  ) J 5 1 5 . D > )

V 2 /3 1

+
9л:)

c o s ----  ln 1 +  2
V !/3 371 , 

c o s ------- \-
V 2/3-

vo J 5 j vo) 5 V0 _

+  ■
. Зл

s in -----1 arc ta n
5

!/3 Зл
+  co s-----

5
+

1 /3  Л
cos —  

5

+

(23)

+
. 9л

s in ---- 1 arc  ta n
5

»/* ЗЛ
+  COS —

5
Зл ( — go *300 ... 800 " Ь  С  •

Die In te g ra tio n sk o n s ta n te  is t: 

C =  3vn '
" З л 71

sin ----- arc  ta n c o t ----
5 5

+

. 9л Зл ! ‘
s in ----

5
a rc  ta n [oü, t )J

2л

25

(24)
=  3u0-----0,5878
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u n d

3®b { -  —  0,5878 —  ln 1
' V 1/3-

g o  1 25 5 - G> -

+  —  J 0,3090 In

0,3090 In

1 1,6180
1/3

- l v o V0

1 + 0 , 6 1 8 0
V 1/3 V 2/3-1

+
1 g J v o

(25)

+

V

0,9511 arc ta n v 0

\ 1/3

0,5878 arc ta n  -

1/3
0,8090

0,5878

0,3090

0,9511

Die G leichungen (19), (22) und  (25) ergeben  die F u n k tio n e n  t =  f ( v )  
fü r  die en tsp rech en d en  R e-B ereiche. D ie F u n k tio n e n  v f ( t )  lassen sich 
aus denselben G leichungen  n ich t expliz ite  d a rste llen , da  zw ischen ln- u n d  
arc  ta n -F u n k tio n e n  k eine  m ath em atisch e  B eziehung b e s te h t. Im  F alle  einer 
R e ihenen tw ick lung  w erden  wegen der erfo rderlichen  G en au igke it auch  die 
G lieder höherer O rd n u n g  b e n ö tig t. Aus d iesem  G runde lassen  sich m it den 
a u f  diese W eise zu en tw ick e ln d en  G leichungen die G eschw indigkeiten  n ich t 
au sd rücken . D eshalb  k ö n n en  auch  die B esch leunigungen  dv/dt als F u n k tio n  
d e r Z eit in  geschlossener F o rm  n ich t d a rg es te llt w erden.

Zu W erten , die d e r B eschleunigung dv/dt v e rh ä ltn isg le ich  sind, gelang t 
m an  m it H ilfe e in er num erischen  Lösung. Zu den V erh ä ltn issen  w =  vjv0 
lassen  sich aus Gl. (16) die B esch leun igungsverhältn isse

dv 1

dt go

! v
(26)

bzw . aus den Gin. (19), (22) u n d  (25) die d er seit B eginn d er B ew egung v e r
s trich en en  Zeit T  =  g 0 (t jv0) verhä ltn isg le iche  W erte  b estim m en . D am it is t 
das B eschleun ignngsverlrä ltn is gem äß G leichung (26) als F u n k tio n  des- Z e it
v e rh ä ltn is  gem äß T  b e k a n n t.

Zu W erten , die dem  zurückgeleg ten  W eg

v dt (2 7 )
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B ild  2, 3, 4. Graphische D arstellung der der Geschwindigkeit, der Zeit der Beschleunigung 
und  dem  zurückgelegten Weg verhältnisgleichen W erte als F unktion  des Zeitverhältnisses

T  =  go */»o
Bild 2. R e =  0,6 4- 30

Bild 3. R e =  30 -f-3
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verhältn isg le ich  s in d , g e lan g t m an d u rch  fo lgende Ü berlegung. F ix ie rt m an  
die G eschw indigkeit

u n d  die Zeit

so w ird  s:

V
V =  v0 ----=  v0 w

v0

t VqT

go

(28)

(29)

s d T
go

о
^0 W i - 'o î ’ ie(0) vo f V

J
go . go go vo

(30)

A us (30) erg ib t sich  d e r  dem  zurückgeleg ten  W eg verhältn isg le iche  W ert:

s go_
vl

f (31)

Tafel I I  ze ig t d ie  der G eschw indigkeit, der Z eit, d er B eschleunigung 
u n d  dem zu rü ck g e leg ten  W eg v e rhä ltn isg le ichen  W erte  fü r vorgegebene 
V erhältn isse  г / г 0 .

A uf den B ild e rn  2 , 3 und  4 sind die D a te n  der T afe ln  in  A bhäng igkeit 
v o m  Z eitverhältn is  T  =  g 0 tjv0 darg este llt.
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Tafel II

Die der Zeit, der Beschleunigung und dem Weg verhältnisgleichen Werte fü r  
verschiedene Re-Bereiche

K e 0,6 — 30 30—300 300—800

V

VO
g o t

v o

1 dt
go dt v o

,
v o

1 dt 
go dt

go—  s
V*

111
v 0

1 dr 
go dt

1 2 3 4 5 6 7 8 9 10

0 0 1,0000 0 0 1,0000 0 0 1,0000 0

0,1 0,1020 0,9536 0,0051 0,1013 0,9684 0,0051 0,1008 0,9785 0,0050

0,2 0,2109 0,8830 0,0215 0,2075 0,9106 0,0210 0,2054 0,9316 0,0207

0,3 0,3297 0,7992 0,0512 0,3222 0,8257 0,0497 0,3165 0,8656 0,0485

0,4 0.4627 0,7053 0,0978 0,4482 0,7460 0,0938 0,4378 0,7829 0,0910

0,5 0,6158 0,6031 0,1666 0,5918 0,6465 0.1584 0,5742 0,6850 0,1523

0,6 0,7983 0,4939 0,2667 0,7617 0,5352 0,2518 0,7330 0,5732 0,2397

0,7 1,0288 0,3785 0,4169 0,9728 0,4143 0,3890 0,9295 0,4481 0,3674

0,8 1,3468 0,2573 0,6554 1,2618 0,2845 0,6058 1,1952 0,3106 0,5874

0,9 1,8797 0,1311 1,1084 1,7418 0,1462 1,0138 1,6325 0,1611 0,9591
0,95 2,4061 0,0661 1,5950 2,2129 0,0741 1,4496 2,0587 0,0819 1,3533

0,97 2,7916 0,0398 1,9655 2,5564 0,0447 1,7793 2,3693 0,0494 1,6515

9,99 3.6183 0,0133 2,7750 3,3682 0,0150 2,5749 3.0324 0,0166 2,3014

D anksagung

F ür die seitens des H errn Doz. I. R a i s z  bei der Lösung der im Aufsatz behandelten 
D ifferentialgleichungen geleistete Hilfe m öchte der Verfasser an dieser Stelle seinen D ank 
aussprechen.

SCHRIFTTUM

1. F i n k e y , J .: Die wissenschaftlichen G rundlagen der nassen E rzaufbereitung
2. T a r já n , G.: É rce lőkész ítéstan , T an k ö n y v k iad ó , B u d ap es t 1974
3. S c h u b e r t ,  H.: A ufbereitung fester m ineralischer Rohstoffe, Bd. I. 2. Aufl. Verlag für

G rundstoffindustrie, Leipzig 1968

The Laws of Motion of a Solid Body for Reynolds Numbers between 0.6 and 800. —
The paper presents the laws of motion of a body descending in a gaseous or liquid m edium if 
in the laws of motion, neither of lam inar nor of tu rb u len t flow can be applied. These laws 
have been deduced by Josef Finkey in his basic work “ Die w issenschaftlichen Grundlagen der 
nassen E rzaufbereitung” , published 50 years ago. In  the solving of the differential equations 
contained in the paper and in carrying o u t the calculation, the au thor has been aided by  Mr. 
Iván  Raisz, assistant professor, to whom he wishes to express his sincere thanks.

Законы движения твердого тела при значениях числа Рейнольдса в пределах 
между 0,6 и 800. В статье приведены уравнения движения твердого тела, погружаю
щегося в газообразную или жидкую среду, когда не действительны ни законы турбулент
ного движения потока, ни законы ламинарного движения потока. Уравнения движения 
ламинарного и турбулентного потоков выведены Йожефом ФИНКЕИ в фундаментальном 
труде »Ди Виссеншафтлихен Грундлаген дер нассен Эрцафбереитунг« (Научные основы 
мокрой рудоподготовки), опубликованном 50 лет тому назад.
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KINEMATISCHE UNTERSUCHUNG DER AN DEN 
SICH BERÜHRENDEN FUÄCHENPAAREN 

VERWIRKLICHTEN ZWANGSSYSTEME

B. K IR Á LY *
KANDIDAT DER TECHN. WISSENSCHAFTEN 

[Eingegangen am 15. Dezember 1974]

Bei einem der in technischer H insicht wichtigsten Typen der holonomen Systeme 
verwirklichen sich die Zwänge durch sich berührende Flächenpaare, die an den s ta rr 
zu betrach tenden  Körpern ausgestaltet sind. Die A rbeit beschäftigt sich m it der k ine
m atischen U ntersuchung solcher Zwangssysteme. Zuerst führt sie den Begriff des auf 
einem einzigen Flächenpaar verw irklichten, sogenannten oberflächlichen Zwanges und 
des zum einzigen B erührungspunkt gehörenden Elementarzwanges ein, dann ersetzt 
sie das Zwangssystem durch ein solches System  der Elem entarzwänge, in dem die ein
zelnen oberflächlichen Zwänge den voneinander linear unabhängigen E lem entarzw än
gen entsprechen. So kann man das au f den Geschwindigkeitszustand des holonomen 
Systems bezügliche Zwangsgleichungssystem auch in allgemeinen räum lichen F ä l
len in gedrängter, für die weiteren U ntersuchungen geeigneter M atrizenform  auf
schreiben.

Bezeichnungen

a R ichtungsvektor aufgenommen auf der W irkungslinie a des Elem entarzw anges
b Moment des zur Wirkungslinie a des Elem entarzw anges gebundenen V ektors a, auf den

willkürlich gewählten Bezugspunkt A
ga, g / Plücker-Vektor des Elementarzwanges, m it 6 Dimensionen (m it *: als Zeilenvektor auf

geschrieben)
G M atrix des oberflächlichen Zwanges
H geometrische Kennzeichnung des Zwangssystems
N  Anzahl der zum System gehörenden starren  K örper m it unbekannten G eschwindigkeits

zustand
pj  Geschwindigkeitszustand-Vektor des jf-ten starren  Körpers

T j  Zeichen des j- te n  starren Körpers
u kinem atische Kennzeichnung des Zwangssystems
V j Geschwindigkeit des zu Tj gebundenen Punktes A
VQj Projektionsgeschwindigkeit des j- te n  s tarren  Körpers, gehörig zur (gerichteten) W ir

kungslinie des Elementarzwanges a
w Geschwindigkeitszustand-Vektor der s tarren  K örper, deren Geschwindigkeitszustand 

unbekannt is t
Г M atrix, konstru iert aus den Plücker-V ektoren der zum oberflächlichen Zwang gehörigen 

Elem entarzw änge 
Q Rang von M atrix Г, bzw. G
(új W inkelgeschwindigkeitsvektor des j- ten  starren  Körpers

1. E inleitung

Z ahlreiche technische K o n s tru k tio n e n  sind b e k a n n t, in  denen  
feste  K örper m it verschiedenen F u n k tio n e n  du rch  B erüh rung  d er d a ra n  au s
geb ilde ten  O berflächen  m ite inander in  Z w angsverb indung  sind. J e  eine solche

* Dr. В. K i r á l y , Csabai kapu 34, H-3529 Miskolc, Ungarn
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V erb indung  — a b h än g ig  von der A u sg esta ltu n g  d e r O berflächen  — k a n n  die 
un te rsch ied lichste  B esch rän k u n g  fü r die re la tiv e  B ew egung der K örper b ed e u 
te n . Diese V erb in d u n g en  haben eine seh r w ich tige Rolle, besonders in  d e r 
A usbildung  u n d  in  d er F u n k tio n  der sich  bew egenden  K o n stru k tio n en  (M e
chanism en), sie s ind  jed o ch  bedeu tu n g sv o ll auch  im  A ufbau  vieler ru h e n d e r  
K o n stru k tio n en .

Bei k in em a tisch e r U n tersu ch u n g  so lcher Z w angsverb indungen  soll m an  
zu erst die b esch rän k en d e  W irkung  der e inzelnen  sich  berüh renden  F lä c h e n 
paa re , ausgeüb t a u f  die re la tive  B ew egung der en tsp rech en d en  zwei K ö rp er, 
k larste llen , sodann  k a n n  die U n te rsu ch u n g  des ganzen  Z w angssystem s folgen. 
A u f dem  G ebiet d e r techn ischen  A nw endungen  w erden  die Zwänge oft d u rch  
solche speziell au sg eb ild e te  F läch en p aare  (E b en en , K reiszy linder, K ugeln , 
S chraubenflächen) v erw irk lich t, bei denen  m an  a u f  die re la tiv e  B ew egung d er 
vorliegenden  zwei K ö rp e r, beziehungsw eise a u f  die beschränkende W irk u n g  
des Zwanges auch  a u f  G rund  der u n m itte lb a re n  A nschauung  folgern k an n . 
W ahrschein lich  is t gerad e  dies ein G rund d a fü r, d aß  die ein solches T hem a b e h a n 
delnden  A rbeiten  (z. В . [1 -5 ])  die Z w angssystem e überw iegend aus solchen 
speziellen V erb in d u n g en  (speziellen k in em atisch en  P aa ren ) au fbauen  u n d  die 
M öglichkeit fü r deren  w eitere  Zerlegung n ich t u n te rsu ch en . Um die zu sam m en 
gesetz ten , räu m lich en  P rob lem e le ich te r b eh an d e ln  zu können , is t e§ doch 
zw eckm äßig, die G esetzm äß igkeiten  des zw ischen den zwei K örpern  a u f
tre te n d e n  Zw anges e tw as  eingehender, auch  von  an d e re r Seite zu u n te r 
suchen.

Die A rbeit f ü h r t  den  B egriff des E lem en ta rzw an g es ein, dann  m ach t sie 
eine solche M ethode b e k a n n t, die das Z w angssystem  aus E lem en tarzw ängen  
a u fb a u t, und m it ih re r  H ilfe kann  m an die Z w angsgleichungen  au f den G e
sch w in d ig k e itszu stan d  bezüglich  so schre iben , d aß  m an  aus diesen sowohl a u f  
die Ä quivalenz der Z w angssystem e, als a u f  die V erh ä ltn isse  der k inem atischen  
B es tim m th e it des S y stem s (beziehungsw eise a u f  seinen  F re iheitsg rad ) au ch  
in  allgem einen, rä u m lic h e n  Fällen  — e in d eu tig  fo lgern  k a n n  [6].

Bei den U n te rsu ch u n g en  gehen w ir von  den  nachfo lgenden  V o rau sse t
zungen  aus:

a) die zu u n te rsu ch en d e  K o n s tru k tio n  erse tzen  w ir m it einem aus endlich  
v ie len  vollkom m en s ta r re n  K örpern  b esteh en d en  M odell;

b) zwischen den  E lem en ten  des aus s ta rre n  K ö rp e rn  bestehenden  S ystem s 
ist eine solche holonom e Z w angsverb indung , die m itte ls  der au f diesen K ö rp e rn  
au sg esta lte ten , sich b e rü h ren d en  F läch en p aa re  v e rw irk lich t w ird;

c) zu jedem  einzelnen  B e rü h ru n g sp u n k t der sich b erüh renden  F läch en 
p aa re  gehört n u r eine gem einsam e o berfläch liche  N orm ale ;

d) die au f das Z w angssystem  bezüglichen  k in em atisch en  U n tersuchungen  
v e rrich ten  wir in e in er m öglichen Lage des S ystem s, in  bezug au f den m o m en 
ta n e n  G eschw ind igkeitszustand ;
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e) die Z w änge sind zw eiseitig , oder sie sind in der be treffenden  Lage 
(im betreffenden  A ugenblick) in  B e tra c h t zu ziehende einseitige Zw änge.

Den au f dem  einzigen F lä c h e n p a a r  verw irk lich ten  (die V orausse tzungen  
b) u n d  c) befried igenden) Zwang n en n en  w ir oberflächlichen Zwang.

Zum  Schluß  is t es zw eckm äßig  zu erw ähnen , d aß  m a n  die fo lgenden 
k inem atischen  U n te rsu ch u n g en  au ch  a u f  die h insich tlich  d er G eschw indigkeits
k o o rd in a ten  lin ea ren  anholonom en Z w angsverb indungen  e rw eite rn  kann.

2. Der zwischen zwei starren Körpern verwirklichte 
oberflächliche Zwang

D as an zwei s ta r re n  K örpern  a u sg es ta lte te  F lä c h e n p a a r k ann  sich m it
e in an d er in einem  einzigen P u n k t, oder in  m ehr als einem  — aber in endlich  
v ielen  — P u n k te n , oder in u n en d lich  vielen  P u n k ten , z. B . en tlang  einem  
L in ien-, oder F lä c h e n s tü c k  b erü h ren .

2.1 Im  e in fach sten  Falle k o m m t die B erü h ru n g  in  e inem  einzigen P u n k t 
(au f dem  Bild 1 P )  v o r. E inen so lchen  oberfläch lichen  Z w ang nennen w ir 
Elementarzwang. D ie ü b e r den B e rü h ru n g sp u n k t P  du rchgehende , gem einsam e 
oberflächliche N orm ale  is t die W irkungslin ie  des Elementarzwanges (a). D iese 
k an n  m it Hilfe des aus zugehörigen P lü ck er-K o o rd in a ten  au fg eb au ten  sechs
d im ensionalen  Z eilenvek to rs

g  *  =  [a* ; Ь*1 =  [ах, ау, а,, Ьх. Ьу, bz] (1)

(g* is t  der T ra n sp o n ie rte  des S p a lten v ek to rs  ga) in irgendeinem  orthogonalen  
K o o rd in a ten sy stem  x , y ,  z m it E in h e itsv e k to re n  gegeben w erden ,

Bild 1
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wo а =  axi +  űyj +  a~k der R ichtungsvektor der Wirkungslinie a is t (im allgemeinen is t es 
zweckmäßig, wenn | a | =  1); i, j, к bedeuten  die E inheitsvektoren des K oordinaten
systems x 9 y, z ;

b =  bxi byj -f- bzk, das M oment des zur W irkungslinie a gebundenen Vektors a, gerechnet 
auf einen w illkürlich gewählten P u n k t A 4 is t (man kann dieses auch in der Form  
г д р Х а  schreiben, w enn r^ p  der von P u n k t A  zu P unk t P  gerichtete O rtsvektor ist).

Bei einem solchen E lem en ta rzw an g  d rü c k t die a u f den  G eschw indigkeits- 
z u s ta n d  bezügliche Z w angsgleichung (die sogenannte E lem en tarzw angsg le i
chung) das aus, daß  die a u f  die W irkungslin ie  a des E lem en tarzw an g es bezo
genen P ro jek tionsgeschw ind igkeiten  V aj u n d  v ak des B e rü h ru n g sp u n k tes  der 
K ö rp e r Tj  und T k (u n d  zugleich jed es  a u f  der W irkungslin ie  des E le m e n ta r
zw anges liegenden P u n k te s )  gleich sin d , das heiß t

K j = V ok. (2)

V orausgesetz t, daß ]a| =  1,

Va,  =  » vPj =  a (yAj +  túj X r AP)= a \ Aj +  h to; ,

wo \ p j  die momentane Geschwindigkeit des B erührungspunktes P  des Körpers Tj ist;
Уду =  yj die m om entane Geschwindigkeit des m it Punkt A  zusam menfallenden Punktes 

des Körpers Tj is t;
wj  die momentane W inkelgeschwindigkeit des Körpers Tj ist.

M it H ilfe der le tz te ren  Q u a n titä te n  fü h re n  wir je tz t  den  in  F o rm  eines sechs
d im ensionalen  S p a lten v ek to rs  au fgeschriebenen  G eschw ind igkeitszustand - 
V ek to r

Р/

JX

"jy

jz

(4)

des K örpers Ty ein, d a n n  au f ähnliche W eise den V ek to r p/f a u f  den K ö rp er T k. 
So lä ß t sich die G le ichung  (2) m it B en ü tzu n g  der Glu. (1), (3) u n d  (4) in  die F o rm

g*a P y =  gu  Р/ :

oder in  die au f eine S eite  geordnete F o rm

(5)

g aj P; +  g *k Р/ =  0 (g*- =  -  g * k =  g*) (6)
schreiben .

p -, p/( und g* s in d  au f denselben , sonst tv illkürlich w äh lbaren  P u n k t A  

bezogen, d. h ., sie b ed e u te n  in denselben  P u n k t A  red u z ie rte  V ektorzw eier.
D iejenigen E lem en tarzw än g e , die gem einsam e W irkungslin ie  h ab en , 

b ed eu ten  ebensolche B esch ränkung  h in sich tlich  des G eschw ind igkeitszustandes
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(gleichviel, wo der B e rü h ru n g sp u n k t P  sich d a ra n  b e fin d e t) . D eshalb is t der 
sechsdim ensionale Z eilenvek to r g* n ic h t  n u r zur K en n ze ich n u n g  der W irk u n g s
linie des E lem en tarzw anges, sondern  auch zur K en n ze ich n u n g  des E le m e n ta r
zw anges selbst geeignet. Im  w eite ren  nennen  w ir g j  den  Plücker- Vektor des 
Elementarzwanges.

Im  In teresse  des W eiteren  is t es schon h ier zw eckm äßig , auch solche 
f ik tiv e  E lem en tarzw änge  e inzu füh ren , deren  W irk ungslin ie  irgendeine u n e n d 
lich  ferne G erade des R aum es ist. In  ih ren  P lü ck er-V ek to ren

g* =  [a*; b*]

is t a — 0 (und zw eckm äßig  [ b | — I) . Solche fik tiv e  E lem en tarzw än g e  nennen  
w ir Drehung behindernde Zwänge , w eil die e n tsp rech en d en  Zw angsgleichungen 
n u r  a u f  die W in k e lgeschw ind igke itskoord inaten  der sich  b erü h ren d en  K ö rp er 
Tj  u n d  T k B esch rän k u n g en  b ed eu ten . Den V ek to r b im  P lücker-V ek to r des 
D rehung  beh in d ern d en  Zwanges n en n en  wir den Richtungsvektor des Drehung  
behindernden Zwanges. D ieser ist der N o rm a lv ek to r je n e r  E b en en , deren u n en d 
lich ferne G erade die W irkungslin ie  des vorliegenden  E lem en tarzw anges ist.

2.2 U n tersu ch en  w ir je tz t  den  F a ll, w enn zwei E lem en te  des F läch en 
p aares sich in end lich  vielen (m ehr als einem ) P u n k te n  (au f dem Bild 2 
P v  P ,„ . . ., P m ) b e rü h re n . Da sollen die zu K ö rp ern  T  - und  T k gehörigen 
P ro jek tionsgeschw ind igke iten  au f die W irkungslin ie  o, bezüglich  in jed em  
einzelnen B e rü h ru n g sp u n k t P , (i - = 1, 2, . . ., M )  g leich sein, d. h ., m an k an n  
je  eine E lem entarzw angsg le ichung  a u f  jed en  von den  P u n k te n  P , schreiben. 
So lä ß t  sich ein solcher oberfläch licher Z w ang als ein aus M  S tücken  bestehendes 
S ystem  b e trach ten . D as den  Zw ang ausd rü ck en d e  G le ichungssystem  h a t au f 
G ru n d  der Gin. (5), bzw . (6) die F o rm

g* Pj =  g? P/.- » bzw. gfj pj +  gfk pk =  0 (i =  1 , . . . , M ) , 

die sich auch in e iner einzigen M atrixg le ichung

Г !» y =  r  !>/ - bzw. Г р , +  ( — Г )р , =  0 

zusam m enfassan  lä ß t. D ie  M atrix

( ? )

( 8 )

Г =

Г gî
g?

- g м  -

in  den  Gin. (8) h a t e inen  T y p  M X 6, d . h ., sie h a t  M  Zeilen u n d  6 Spalten . W ie 
es b e k a n n t ist, b e d e u te t der R ang e in e r M atrix  die m ax im ale  A nzahl ih rer 
v o n e in an d er linear u n ab h än g ig en  Zeilen  (bzw. S p a lten ). A us dem  A ufbau
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B ild 2

d er M a trix  Г folgt, d aß  ih r  R ang g =  р(Г) zugleich auch die m ax im ale  A nzahl 
je n e r  zum  betreffenden  oberfläch lichen  Zw ang gehörenden  E lem en tarzw änge  
a n g ib t, deren W irkungslin ien  v o n e in an d er linear unab h än g ig e  G eraden  sind. 
Solche E lem en tarzw änge selbst n en n en  w ir auch voneinander linear u n 
abhängig. O ffensichtlich  k an n  д w eder g rößer als M , noch  als 6 sein. So soll 
m an  zwei Fälle v o n e in an d e r u n te rsch e id en :

a) wenn о =  M  ( M  <7 6), d a n n  sind  die zum  ob erfläch lich en  Zw ang 
gehörenden  E lem en tarzw än g e  v o n e in an d e r linear u n ab h än g ig ;

b) wenn g M , d an n  sind die zum  oberfläch lichen  Z w ang  gehörenden 
E lem en tarzw änge  v o n e in an d e r lin ear n ich t unabhäng ig , d. h. sie sind linear 
zusam m enhängend .

In  diesem le tz te re n  Fall is t die Folge der E rfü llu n g  d er vone inander 
lin e a r  unabhäng igen  д G leichungen au ch  die E rfü llung  d er re s tlich en  M  — д 
G leichungen  wegen d er L in e a ritä t d e r G in. (7). D eshalb ä n d e r t  sich in solchen 
F ä lle n  die b esch rän k en d e  W irk u n g  des au f den G eschw ind igke itszustand  
bezogenen  Zwanges m it W eglassen d er e rw äh n ten  M  — д G leichungen  n ich t, 
au ch  d ann  n ich t, w enn  w ir die en tsp rech en d e  E lem en ta rzw än g e  weglassen. 
So b rau ch en  wir im  F a lle  b) zur K ennzeichnung  des o rig inalen  oberfläch lichen  
Z w anges s ta t t  der M a trix  Г im  w eite ren  die M atrix

G = (9)

die die P lücker-V ek to ren  der — v o n e in an d e r linear u n ab h än g ig en  — E lem en
ta rzw än g e  m it m ax im a le r A nzahl in  ih ren  Zeilen e n th ä lt. D a von  den zu einem  
oberfläch lichen  Z w ang  gehörenden E lem en tarzw ängen  h ö ch sten s sechs v o n 
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einander linear u n ab h än g ig  sein kö n n en , so kann  auch  die M atrix  G n ich t m ehr 
als sechs Zeilen h ab en . (N atü rlich  is t im  Falle a) G =  Г .) D ie M atrix  G nennen  
w ir die M atrix  des oberflächlichen Zwanges.

2.3 Im  d r it te n  F alle  b e rü h rt sich das an zwei s ta rre n  K ö rp ern  au sg esta l
te te  F läch en p aar in  unend lich  vielen P u n k te n  — m eistens en tla n g  eines L inien-, 
oder F lächenstückes (B ild 3) — m ite in an d er. A uch in  solchen F ällen  gehört 
zu jedem  B erü h ru n g sp u n k t ein E lem en tarzw an g , dessen W irkungslin ie  m it 
der oberfläch lichen  N orm alen  zusam m enfä llt. So k an n  m an den vorliegenden 
oberfläch lichen  Z w ang als System  d er unend lich  vielen  E lem en tarzw änge  
b e tra c h te n . Diese E lem en tarzw änge sind  im m er lin ea r zusam m enhängend . 
A u f ähnliche W eise, wie im  Falle b) des P u n k te s  2.2 is t es au ch  h ier genügend, 
von  den unend lich  vielen E lem en tarzw ängen  eine solche G ru p p e  der E lem en
ta rzw än g e  auszuw ählen , die die — v o n ein an d er linear u n ab h än g ig en  — E le
m entarzw änge m it g röß tm ög lichste r A nzah l q e n th ä lt. D ies b e d e u te t zugleich, 
d aß  säm tliche w eitere  E lem en tarzw än g e  von  den zur au sgew äh lten  G ruppe 
gehörenden  E lem en tarzw än g en  schon lin ear abhängen . A us den  P lücker-V ek- 
to re n  dieser q E lem en tarzw än g e  k a n n  die a u f  die K ennze ichung  des vorliegen
den oberfläch lichen  Zw anges geeignete M atrix  G von F o rm  (9) geschrieben 
w erden , die w ir auch  h ier die M atrix  des oberfläch lichen  Zw anges nennen .

3. Die Ä quivalenz der oberfläch lichen  Z w änge

Die oberfläch lichen  Zw änge — von  der A u sg esta ltung  der sich b e rü h re n 
den  O berflächen ab h än g ig  — können  sehr v ielfä ltig  sein. Im  In te resse  eines 
le ich teren  Ü berb lickes und  le ich te re r M an ip u la tio n  lassen  sich  diese auch von  
m ehreren  G esich tsp u n k ten  vergleichen. Im  folgenden m ö ch ten  w ir die v e r 
schiedenen oberfläch lichen  Zwänge von  jen em  G esich tsp u n k t aus vergleichen, 
w elche a u f  den re la tiv en  G eschw ind igkeitszustand  der ansch ließenden  zwei 
s ta rre n  K örper gleiche B esch ränkung  b ed eu ten . Die E in fü h ru n g  der E lem en
ta rzw än g e  e rle ich te rt diesen V ergleich u n d  m ach t sie w esen tlich  ü b e rs ich t
licher.

A uf dieselben zwei s ta rren  K ö rp er bezogene zwei versch iedene ober
fläch liche Zwänge n en n en  w ir dann  m ite in an d er äq u iv a len t, w enn diese gleiche 
B esch ränkung  a u f  den re la tiv en  G eschw ind igkeitszustand  d er zwei K ö rp er 
b ed eu ten , d. h ., w enn  die en tsp rech en d en  (au f den G eschw ind igke itszustand  
bezogenen) Z w angsgleichungssystem e äq u iv a len t sind. D ies b e s teh t dann , 
w enn  säm tliche L ösungen  des einem  oberfläch lichen  Z w ang en tsp rechenden  
G leichungssystem s — gegenseitig  — auch  das zum  anderen  gehörende Z w angs
gleichungssystem  befriedigen.

Im  P u n k t 2 h ab en  w ir schon gesehen, daß die o b erfläch lichen  Zw änge 
sich durch  den P liicker-V ek to r eines einzigen E lem en tarzw anges, oder durch
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eine aus P lücker-V ek to ren  m ehrerer (ab e r höchstens sechs) E lem en tarzw änge  
au fg eb au te  M atrix  (d u rc h  die M atrix  des oberfläch lichen  Zw anges) c h a ra k te 
risie ren  läß t, ab h än g ig  davon , ob die B erü h ru n g  in e inem  P u n k t, oder in 
m ehreren  P u n k ten  v e rw irk lich t w ird . A u f G rund der obigen D efin ition  läß t 
sich folglich auch das ausd rücken , daß  jed e r oberfläch liche  Zw ang m it 
höchstens sechs — v o n e in an d er lin ea r  u n ab häng igen  — E lem en tarzw ängen  
ä q u iv a le n t ist.

W enn wir von  zwei versch iedenen  oberfläch lichen  Z w ängen bestim m en  
w ollen, ob sie ä q u iv a le n t sind, oder n ic h t, d an n  is t es zw eckm äßig  diese U n te r
su chung  in den fo lgenden  S ch ritten  d u rch zu fü h ren . Z u erst e rsetzen  w ir die 
o rig inalen  oberfläch lichen  Zwänge d u rch  das System  der zugehörigen E lem en- 
ta rzw än g e , dann  lassen  w ir von diesem  alle E lem en tarzw än g e  weg, die von den 
restlich en  schon lin e a r  abhängen . D a m it ersetzen  w ir die einzelnen oberfläch 
lichen  Zwänge d u rc h  vone in an d er lin ea r  unab h än g ig e  E lem en tarzw änge. 
Im  folgenden S ch ritt soll m an die so e rh a lten en  zwei S ystem e der E lem en ta r
zw änge vergleichen. Zwei au f dieselben zwei s ta rre n  K ö rp e r bezogene ober
fläch liche  Zwänge sind d an n  und n u r d a n n  m ite in an d er ä q u iv a le n t, w enn gegen
seitig  jed er zu einem  oberfläch lichen  Zw ang gehörige E lem en ta rzw an g  von 
den zum  anderen oberfläch lichen  Z w ang gehörigen E lem en tarzw än g en  lin ear 
ab h än g ig  ist. D am it hab en  wir die U n te rsu ch u n g  der Ä quivalenz  der o b er
fläch lichen  Zw änge zum  Prob lem  der linear zu sam m enhängenden  G eraden  
red u z ie rt, was schon le ich te r zu ü b erb lick en  ist. Dies b e d e u te t eine gute H ilfe 
auch  beim  Schreiben  d er Zw angsgleichung, u n d  so k ö n n en  w ir auch d a rü b e r 
einen  Ü berblick  b ekom m en , w elche w eitere  M atrizen s t a t t  der fü r  die K e n n 
zeichnung der e inzelnen  oberfläch lichen  Zw änge e in g efü h rten  M atrix  G b ra u c h 
b a r  sind, bzw., wie w ir zu den e in fach sten  A usdrücken  gelangen.

Im  nachfo lgenden  w erden einige Spezialfälle als B eispiel — die einfache 
B ew eisführung  w eglassend  — fü r  Ä quivalenz  der aus E lem en tarzw ängen  
bestehenden  S ystem e, bzw. der oberfläch lichen  Zw änge an g efü h rt.

a) Zwei v ersch iedene E lem en tarzw än g e  (o15 a 2) m it sich  in  einem  gem ein
sam en P u n k t P  schne idenden  (u n d  in  einer gem einsam en E bene S liegenden) 
W irkungslin ien  s ind  äq u iv a len t

— m it zwei, oder m ehr, be lieb igen , versch iedenen  E lem en tarzw ängen , 
deren  W irkungslin ien  (z. B. a[, a ’>, aj) sich an  den P u n k t P  u n d  an  die E bene S 
fügen  (Bild 4);

m it einem  oberfläch lichen  Zw ang m it einem  en tla n g  einer K reislin ie 
sich berüh renden  — aus einem  K re iszy lin d er und  einer K ugel bestehenden  — 
F läch en p aar, w enn  der M itte lp u n k t d er K reislin ie P , u n d  ih re  E bene S  is t
(B ild  5).

b) D rei E lem en tarzw än g e  (a u f  B ild  6 av  a 2, a3) m it sich in  einem  gem ein
sam en  P u n k t P  schneidenden , n ich t in  einer gem einsam en E bene liegenden 
W irkungslin ien  sind  äq u iv a len t
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ßild 6

— m it drei, o d e r m ehr, beliebigen E lem en tarzw än g en , deren  W irkungs
lin ien  (z. B. a{, «à, a'3. а[) sich an den P u n k t P  fügen und  die n ich t kom pla- 
n a r  sind;

- m it o b erfläch lichem  Zw ang eines K ugelgelenkes, w enn der M itte l
p u n k t der K ugel P  is t .

c) Zwei die E b e n e  S  bestim m ende E lem en ta rzw än g e  m it paralle len  
W irkungslin ien  (a u f B ild  7 av  a 2) sind äq u iv a len t

— m it zwei, o d e r m ehr, beliebigen, versch iedenen  E lem en tarzw ängen ,
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deren  W irkungslin ien  (z. B. a(, a i, a i)  sich an die E bene  fügen  u n d  die m it 
den  W irkungslin ien  d er zwei o rig inalen  E lem entarzw  änge p a ra lle l sind ;

— m it einem  E lem en ta rzw an g  (a)') und  einem D reh u n g  b eh indernden  
Z w ang  (bi'), v o rau sg ese tz t, daß die W irk ungslin ie  des E lem en ta rzw an g es sich 
an  die E bene S  füg t u n d  die m it den W irkungslin ien  der o rig ina len  E le m e n ta r
zw änge parallel is t, doch  der R ic h tu n g sv e k to r des D reh u n g  b eh indernden  
Z w anges au f die E bene  S  norm al is t:

m it einem  oberfläch lichen  Z w ang  m it einem  e n tla n g  einem  geraden 
L in ien stü ck  sich b e rü h ren d en  — aus e in e r E bene £  und  einem  K re iszy linder Ф 
(oder aus einem  Kegel) bestehenden  — F läch en p aar, w enn  das gerade L in ien
s tü c k  sich an die E b en e  S füg t, u n d  d ie  E bene £  au f die W irkungslin ien  der 
o rig inalen  E lem en tarzw änge  norm al is t .

d) D rei E lem en tarzw änge (au f B ild  8 av  a2, a3) m it para lle len , n ich t in  
gem einsam er E bene liegenden  W irk u n g slin ien  sind ä q u iv a len t

— m it drei, oder m ehr, belieb igen  E lem en tarzw än g en , deren  W irkungs
lin ien  (z. B. a(, aô, a3, a4, a() m it den W irkungslin ien  der o rig inalen  E le m e n ta r
zw änge paralle l und  n ic h t k o m p lan ar s in d ;

— m it einem  E lem en tarzw an g  (a)') und  m it zwei D reh u n g  b eh in d ern d en  
Z w ängen (bő, bj), w enn die W irkungslin ie  des E lem en tarzw anges m it den W ir
kungslin ien  der orig inalen  E lem en tarzw än g e  parallel is t, doch die zwrei v e r
sch iedenen  R ich tu n g sv ek to ren  der D reh u n g  b eh in d ern d en  Zw änge d a ra u f  
n o rm a l sind;

— m it einem  oberfläch lichen  Z w ang  m it einem  en tla n g  einem  ebenen 
E läch en stü ck  (£)  sich b e rüh renden  F lä ch en p aa r, w enn die ebene F läche au f 
die W irkungslin ien  d er originalen E lem en ta rzw än g e  n o rm al ist.
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4. Die K ennzeichnungen  des a n  den sich b erü h ren d en  F lächenpaaren  
verw irk lich ten  Z w angssystem s, die M atrixgleichung des Zw angssystem s

Jedes solche — aus s ta rre n  K ö rp ern  b esteh en d e  — holonom e S ystem  
lä ß t  sich als S ystem  oberfläch lich er Zw änge u n te rsu c h e n , wo die Zw änge 
infolge der B e rü h ru n g  d er an  den  s ta rre n  K ö rp ern  au sg eb ild e ten  O berflächen 
sich  verw irklichen. D ie K ennze ichnung  und  die m a th e m a tisc h e  B eschreibung 
eines solchen Z w angssystem s k a n n  sich du rch  Z u sam m enfassung  der M atrizen 
m it A ufbau  (9) d er einzelnen oberfläch lichen  Zw änge (P u n k t 2.2) in  eine 
einzige M atrix  ere ignen . V on d ieser M atrix  erfo rdern  w ir a b e r auch, daß  m it 
ih re r  Hilfe die M atrixg le ichung  des Z w angssystem s u n m itte lb a r  aufschreib- 
b a r  sei.

Im  Falle d er m it aus s ta rre n  K ö rp ern  bestehendem  S y stem  m odellierten , 
sich bew egenden K o n s tru k tio n e n  (M echanism en) is t es zw eckm äßig , zum  A uf
schreiben  der a u f  d en  G eschw ind igkeitszustand  bezogenen Z w angsgleichungen 
im  allgem einen die K ö rp e r in  zwei G ruppen  aufzu te ilen , je  nachdem , ob deren  
G eschw ind igke itszustand  u n b e k a n n t (gesucht), oder b e k a n n t (vorgeschrieben) 
is t . V on den vorgesch riebenen  G eschw ind igke itszuständen  soll m an n a tü rlic h  
vorausse tzen , d aß  diese m it den  u n te r  ihnen  v o rh an d en en  oberfläch lichen  
Z w ängen n ich t in  W id ersp ru ch  sind  (dies lä ß t  sich erforderlichenfalls auch  
kon tro llieren). Bei U n te rsu ch u n g  — g erich te t in  e rs te r  R eihe  au f die K la r
s te llung  der F rag e  d er k in em atisch en  B estim m th e it — d er ru h e n d e n  K o n s tru k 
tio n en  k ann  m eistens n u r  der G eschw ind igkeitszustand  jen es  einzigen in R u h e  
stehenden  K örpers als b e k a n n t angenom m en w erden , w o ran  das K o o rd in a ten 
system  gebunden is t, ab e r die ü b rig en  G eschw ind igke itszustände  sind u n b e 
k a n n t.

Bezeichnen w ir die A nzahl d er zum  S ystem  geh ö ren d en  s ta rren  K ö rp er 
m it u n b ek an n ten  G eschw ind igke itszuständen  m it N .  D er G eschw indigkeits
zu s tan d  dieser K ö rp e r lä ß t sich in  irgendeinem  K o o rd in a ten sy stem  x, y ,  z 
in sgesam t m it 6N  G eschw ind igkeits-, bzw. W inke lgeschw ind igkeitskoord inaten  
angeben, was auch  in  d er F o rm  eines einzigen, 6IV -dim ensionalen S palten v ek to rs  
sch re ibbar ist. D iesen u n b e k a n n te n  G eschw ind igkeitszustand-V ek to r bezeich
nen  wir m it

Pi

w =
P2

1 Pn J
wo py der G eschw ind igke itszustand -V ek to r des у-ten  K ö rp ers  nach (4) is t  
(y =  1 , 2 , . . . ,  IV). Schließ lich  k a n n  die au f w bezogene Zw angsgleichung im m er 
in  die M atrixg le ichung

H w  = u  (10)
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geschrieben  w erden , wo die M atrix  H  das geom etrische K ennzeichen  u n d  u das 
k inem atische  K ennzeichen  des Z w angssystem s ist.

Aus obenstehendem  folgt, d a ß  in  M atrix  H die geom etrischen  M atrizen  
aller solchen oberfläch lichen  Zw änge a u ftre te n  sollen, w elche m it einem  K örper 
m it u n b ek an n tem  G eschw ind igke itszustand  in V erb in d u n g  s tehen . Es is t 
zw eckm äßig , die M atrix  H au f so lche A rt au fgeteilt zu schreiben, d aß  jed e  
einzelne Blockzeile je  einem  oberfläch lichen  Zwang, ab er jede  einzelne B lock
sp a lte  je  einem  K ö rp er m it u n b e k a n n te m  G eschw ind igkeitszustand  en tsp rech en  
soll (Bild 9). So h ab en  säm tliche ( N  S tücke) B löcke in  der i- ten  B lockzeile 
e in en  T yp QiX6, w enn g, die g rö ß te  A nzah l der v o n e in an d er linear u n a b h ä n 

gigen E lem en tarzw änge is t (dies k a n n  niem als größer als sechs sein). D a ein 
oberfläch licher Zw ang im m er zu zw ei K ö rp ern  gehört, s teh en  zwei von  N ull 
abw eichende Blöcke in  jed e r so lchen Blockzeile d er M atrix  H, die einem  
zw ischen zwei K örpern  m it u n b e k a n n te m  G eschw ind igkeitszustand  a u f tre te n 
den  oberfläch lichen  Z w ang en tsp rich t (die anderen sind  N ullblöcke). D agegen 
s te h t n u r  ein v o n N id l abw eichender B lo ck  in  der B lockzeile des oberfläch lichen  
Z w anges zw ischen einem  K örper m it b e k a n n te m  und  einem  m it u n b e k a n n te m  
G eschw ind igkeitszustand . Die von N u ll abw eichenden B löcke stim m en  m it den 
M atrizen  der en tsp rech en d en  o berfläch lichen  Zwänge ü bere in . W enn in  e iner 
Zeile zwei solche stehen , sind diese v o n e in a n d e r — gem äß (8) — n u r  im  V o r
zeichen verschieden.

D anach  kom m en w ir au f die B e d e u tu n g  des V ek to rs u, au f die B e s tim 
m u n g  der k inem atischen  K ennze ichnung  des Z w angssystem s. Ä hnlich wie beim  
G eschw ind igkeitszustand-V ek to r w, fa ssen  w ir den G eschw ind igkeitszustand - 
V ek to r jen e r K örper m it b ek an n ten  (vorgeschriebenen) G eschw ind igkeits
zu s tän d en  in  den S p a lten v ek to r wn zu sam m en , die eine u n m itte lb a r  in  F o rm  
oberfläch lichen  Zw anges verw irk lich te  V erb indung m it den K örpern  m it 
u n b e k a n n te m  G eschw ind igkeitszustand  haben . Mit H ilfe des so d e fin ie rten  
V ek to rs  w n lä ß t sich das k inem atische  K ennzeichen  u des Z w angssystem s aus 
d er M atrixg leichung

u =  H 0w a
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berechnen , wo H u im  A u fb a u  der M atrix  H  ähn lich  is t; die B lockzeilen von H (> 
n ach e in an d er zu d en se lb en  oberfläch lichen  Z w ängen gehören , wie die e n t
sp rechenden  B lockzeilen  der M atrix  H , ab er die B lockspa lten  von H 0 den 
K ö rp e rn  m it b e k a n n te n  G eschw ind igkeitszuständen  en tsp rech en . H 0 e n th ä lt 
in  je d e r  solchen ß lo ck ze ile  auch n u r  einen B lock, wo H  n u r  einen von N ull 
abw eichenden  B lock e n th ä l t ,  und  zw ar einen  m it v o rsteh en d em  üb ere in stim 
m enden . D agegen e n th ä l t  H (l keinen einzigen in  jen en  B lockzeilen  (d. h. n u r 
N ullb löcke), w o H j e  zw ei von N ull abw eichende B löcke e n th ä lt . So bedeu ten  
die im  S p a lten v ek to r u zusam m engefaß ten  Q u a n titä te n  — n ach  und  nach — 
die zum  e n tsp rech en d en  oberfläch lichen  Zw ang gehörenden , a u f die W ir
kungslin ien  der v o n e in a n d e r  linear u n ab h än g ig en  E lem en tarzw änge  bezo
genen P ro jek tio n sgeschw ind igke iten  der K ö rp e r m it b e k a n n te n  G eschw indig
k e itszu stän d en .

Die k in em atisch e  U n te rsu ch u n g  jedes an  den sieh b e rü h ren d en  F läch en 
p a a re n  v e rw irk lich ten  Z w angssystem s lä ß t  sich zufolge des O benstehenden  
im m er au f die U n te rsu c h u n g  eines solchen System s der E lem entarzw änge 
zu rü ck fü h ren , bei dem  zu einzelnen o b erfläch lichen  Z w ängen  voneinander 
lin ea r unabhäng ige  E lcm en tarzw än g e  gehören . A u f G ru n d  w eiterer — a u f 
die Theorie der lin e a re n  G leichungssystem e sich s tü tzen d en  — U ntersuchung  
d er M atrix  g leichung v o n  F orm  (10) eines solchen Z w angssystem s k ann  m an 
e indeu tige  B ed in g u n g en  fü r die E x is ten z  u n d  auch fü r  die E in d eu tig k e it 
der Lösung gew innen .
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Kinematic E xam ination  of Constraint Systems Realized оп Pairs of Surfaces in Contact.
From  the technical po in t o f view a t one of the m ost im portan t types of holonomie systems th e  
constraints are realized on pairs of surfaces in  contac t which are formed on rigid bodies. This 
paper deals w ith th e  k inem atic  exam ination of such constrain t systems. F irstly  it  in itia tes 
th e  idea of surface co n stra in t which is realized on a single pair of surfaces and the idea of 
elem entary constrain t belonging to one contact point, and then i t  replaces the constrain t 
system  by a system  of e lem entary  constraints in which each surface constrain t corresponds to  
elem entary constraints linearly  independent of each other. In  this w ay the set of constrain t 
equations concerning th e  speed state of a holonomie system  — also in  general space cases — 
can be expressed in  a concise m atrix  form w hich is suitable for fu rther examinations.
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Кинематическое исследование систем связей, осуществленных по парам контактных 
друг с другом поверхностей. Из технической точки зрения у одного из важнейших 
тип голономных систем связи осуществляются по парам контактных поверхностей жёст
ких тел. Эта работа занимается кинематическим исследованием таких систем связей. 
Сперва вводится идея поверхностной связи, осуществленной при единственной паре 
поверхностей и идея элементарной связи, принадлежащей к одному пункту касания. 
Далее система связей заменяется такой системой элементарных связей, у которой в от
дельной поверхностной связи элементарные связи линейно независимы друг от друга. 
Таким образом систему уравнений связей, относящуюся к скоростному состоянию голо- 
номной системы — и в общих пространственных случаях — можно выразить в сжатой, 
подходящей к дальнейшим исследованиям матричной форме.
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THE NEAR FIELD OF FLAT ACOUSTIC RADIATORS*
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The paper investigates the n ear field of plane rad iato rs in an infinite wall, 
using a new m athem atical approach. The method consists of a hitherto  unknow n 
series expansion of the Somm erfeld-King integral and of a coordinate transform ation 
of the Green’s function. Using the new  method the au tho r solves m athem atically  
also the problem of the sound field of the plane radiators working in a fin ite  circu
lar baffle.

1. In tro d u c tio n

N um erous p ap ers  on acoustics deal w itli th e  sou n d  field g en e ra ted  by 
p lan e  rad ia to rs . B u t th e  m a th e m a tic a lly  form ula ted  resu lts  p resen ted  in  the  
p ap e rs  are  n o t su itab le  for im m ed ia te  num erica l ca lcu la tio n  n ear th e  ra d ia to r , 
n o t  even in  th e  m ost sim ple cases. E v e n  in  th e  m ost com m only  k n o w n  case 
and  a t  th e  sam e tim e  th e  m ost sim ple one (the ra d ia tin g  p iston  in th e  in fin ite  
rig id  w all) th e  sound field  can be c a lc u la ted  (w ith th e  aid  o f tab les of fu n c tions) 
o n ly  in  th e  axis o f sy m m etry  and  in  th e  p lane of th e  ra d ia to r . A lread y  th e  
sou n d  pressure a t  a general po in t o f th e  field  is given b y  an  im proper in teg ra l 
to  be ev a lu a ted  by  a com pu ter. L et us rem em ber here  th a t  St e n z e l  [1] has 
n u m erica lly  dete rm in ed  th e  acoustic  f ie ld  in the  p ro x im ity  of the  p is to n  (by  
doub le  in fin ite  series) b u t  th a t  he d id  n o t deduce re la tio n s for th e  sound  
p ressu re  in an a rb itra ry  po in t of th e  field w ith  p red e te rm in ed  accu racy . 
T his was p ro b ab ly  p rev en ted  ju s t  b y  th e  m a th em a tica l a p p a ra tu s  chosen 
b y  S tenzel.

F o r th e  acoustic  pressure of tin- p lane ra d ia to r  w ork ing  in  a f in ite  rig id  
w all no  m ath em a tica l fo rm ula tion  xvhatsoever is know n , even for th e  m ost 
sim ple  velocity  d is tr ib u tio n  (rigid p is to n ). L et us m en tio n  th a t P a c h n e r ’s 
p a p e r  [2] w hich from  th e  o u tse t ex lu d es th e  near fie ld , is based  on an  in c o r
re c tly  ev a lu a ted  im p ro p er in teg ra l. T h e  lim it case (p is to n  rad ia tin g  w ith o u t 
baffle) is tre a te d  w ith  strong  neg lec tions by  So m m er f el d  [3], w hile S il - 
b i g e r  [4], in v es tig a tin g  th e  ra d ia tio n  o f th e  ellipsoid o f ro ta tio n  an d  th e n

* Detailed report on the lectures delivered a t the 8th In ternational Conference on Acous
tics (ICA), London and a t the 5th H ungarian Conference on Acoustics.

* *  G a á l  D., Dolgozó u. 2, H-1184 B udapest, Hungary.
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red u c in g  th e  big axis to  zero  ob ta ins a co rrec t resu lt fo r th e  sound fie ld  
o f th e  freely  ra d ia tin g  p is to n .

T he f irs t aim  o f th e  p resen t p ap er is to  deduce for th e  p lane ra d ia to r  
in  an  in fin ite  rigid b a ffle  w ith  ro ta tio n a lly  sy m m etrica l ve lo c ity  d is trib u tio n , 
re la tio n s  p e rm ittin g  d ire c tly  com puting  (w ith  th e  aid of tab le s  of functions) 
an d  w ith  p red e te rm in ed  accu racy  th e  aco u stic  pressure a t  an  a rb itra rily  
sm all d istance  from  th e  ra d ia to r  and in  a n y  d irec tio n  from  th e  axis of sy m 
m e try . T he need fo r d ed u c in g  these re la tio n s for th e  n ea r fie ld  is ju s tified  
by  th e  fac t th a t  th e y  p e rm it quasi to  d im ension  th e  sound fie ld  also in cases 
w here  th e  observa tion  m easuring  p o in t is n o t in th e  fa r fie ld . (In  d ecen t
ra lized  sound-system s th e  ea r of th e  hearer is o ften  very  n e a r  to  th e  sound 
source.) A fu rth e r aim  o f th e  paper is to  give in  some k ind  o f m a th em atica l 
fo rm  th e  acoustic p re ssu re , also for the  f in ite  baffles w hich provide m uch 
b e t te r  ap p ro x im atio n s fo r p rac tica l p u rposes, even if  th e  deduced  re la tion  
can  be ev a lu a ted  o n ly  b y  a com puterized  m eth o d .

2. Some m athem atical theorems

F o r deducing th e  re su lts  m en tioned  in  th e  in tro d u c tio n  th e  follow ing 
m a th e m a tic a l th eo rem s will be used; b u t, th e ir  de ta iled  p ro o f w ill be om itted .

2.1. The solution o f  the Dirichlet problem fo r  the half-space limited by
the in fin ite  p lane

I f  th e  pressure on th e  surface S  is g iven — while the  tim e  ra tio  of change 
of th e  pressure is d e te rm in e d  by  th e  fac to r eJ",t th e  so lu tion  o f th e  D irich let 
p ro b lem  for th e  p a r t  o f th e  space | z | >  0 can  be given as follows [5] (w ith  
th e  n o ta tio n s  of F ig . 1):

р ( гп У )  = ГГJo  Jo
Pn( r )

9 С '(Я „  R 2)
9 2„

■r ■ dr • dtp
2 , =  0

where
p (rA, y) is the sound pressure in the space p a rt j z ] >  0
p 0(r) is the sound pressure in the plane of the source
G(jR,, R 2) is the Green’s function for the half-space, 

complying w ith the boundary conditions 
r0 is the rad ius of the plane radiator.

(2 .1. 1)

N a tu ra lly , expression  (2.1.1) is va lid  on ly  i f  we succeed in  determ in ing  
th e  G reen’s fu nc tion  G '(R 1,R 2) in such a w ay  th a t  its  va lu e  is zero in  th e  
p lan e  S (z0 =  0). C onsidering  th a t  th e  G reen ’s function  is also p ro p o rtio n a l 
to  th e  sound field  com ply ing  w ith  th e  b o u n d a ry  cond itions crea ted  by  th e  
p o in t source (po in t ra d ia to r)  or p o in t sources, G '(R l ,R 2) can  be assum ed as
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Fig. 1. System of coordinates for deducing the Green’s function in the space p a rt | z | >  0

being :

where

ß  ~ j k  R 1 ß  — г

\ n \ R l 4 л: R 2

к =  ojjc =  2тг/А is the wave num ber
о) is the angular frequency 
c is the velocity of th e  propagation of sound 
A is the wavelength.

G '(R V R,) ( 2 .1.2 )

T h e G reen’s fu n c tio n  accord ing  to  (2 .1 .2) has been o b ta in e d , b y  ta k in g  in to  
considera tion  F ig . 1, an d  placing p o in t rad ia to rs  o f in te n s ity  q an d  q , 
re sp ec tiv e ly , on b o th  sides of th e  p la n e  S  a t  iden tical d is tan ces  z0 . If, now , 
in  E q . (2.1.2) I z0 I —»- 0, th e n  R t —>- R  as well as R2 —*■ R , an d  G '(R 1,R 2) —► 0. 
B u t i t  easy  to  recognize from  th e  c h a ra c te r  of the  p lane  p rob lem  th a t

" 3G' ' ‘ Э ß —jkRi ß  jk R г Э e ~ J k R 9 G

9 г о . Z„ =  0 3z0 4 n R 1 4 t z R 2 2,=o 3z 2 n R 3 z

T ak in g  th is  in to  considera tion , (2 .1 .1) can  he w ritten  as follows:

P ( rn 7 ) = f  Г Po И dĜRy - r-dr-dcp. (2.1.3)
Jo Jo

E q . (2.1.3) was o rig inally  e s tab lish ed  b y  R a y l e ig h , b u t  in  deducing  it  he, 
o f  course, follow ed a n o th e r tra in  o f th o u g h t.  S ubsequen tly  i t  will be assum ed 
th a t  owing to  th e  p ro p erties  of p Q(r) an d  G the  o rder o f th e  d iffe ren tia tio n  
w ith  respect to  z an d  of th e  su rface  in teg ra tio n  in  (2.1.3) can  be in te r 
ch an g ed , i.e.

P ( r i > y ) = l M  Г Po(r ) ‘ G(R) -r- dr- dcp. (2.1.4)
Jo Jo

In  th e  ca lcu la tions re la tio n  (2.1.4) sh a ll alw ays be used.
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2.2 Shifting the origin o f  the coordinate system o f  the Green’s fu n c t io n

If, in  E q. (2.1.4) p 0(r) is con tinuous along th e  w hole ran g e  0 r  oo, 
o r if  it  is a fu n c tio n  w ith  a fin ite  n u m b er of d isco n tin u itie s  or d is trib u tio n  
(H eav iside fu n c tio n , D irac  d e lta , etc .) defined  b y  an  in te g ra l tran sfo rm a tio n  
w hich  is un ivocally  ch a rac te rized  b y  th e  in teg ra l tra n s fo rm a tio n  itse lf also 
fo r th e  range 0 <  r <  oo - th e n  accord ing  to  Figs 1 an d  2, (2.1.4) can also 
be w ritten  as:

P (r ,y )
Э 

3 z

Г 2л / ос 0  re oI Р„(г) ■ G{R) ■ г ■ dr ■ dcp ̂  —  PoÍQi) ' Gí r ') • r2 ■ dr2 • dtp,
J о Jo Зг Jo Jo

or else

p ( r-y )  =  —  f I Po(Ve2+ rloz Jo Jo
pr2 • cos ot) 

exp ( j k  \'r'i +  22)
(2.2.1)

2n  У r |  +  22
■ r2 • dr., ■ drp .

T h u s, in Eq. (2 .2.1), p 0 an d  G are given in  co -o rd ina te  sy stem s w ith  d iffe ren t 
origins, as opposed to  (2.1.4). I t  w ill ap p ea r th a t  using  (2.2.1) considerab ly  
sim plifies the  ca lcu la tio n s.

Fig. 2. System  of c o o rd in a te s  for th e  tran s fo rm a tio n  of coo rd in a tes  o f th e  Green’s fu n c tio n

2.3 Series expansion  o f  the Sommerfeld K in g  integral fo r  2 =  0

S omm erfeld  a n d  K in g  [6] have  deduced  fo r th e  surface in teg ra l o f 
th e  free-field of G reen ’s fu nc tion  th e  follow ing in teg ra l fo rm ula :

rr„ л2л e - jkR
■ r ■ dr • dcp

Jo Jo 4ttR
rn Г  exp ( z ]  r]2 — k2)

2  J o  -  k2
■-Live)-J Am,)-Jp-
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L e t us sep a ra te  in  th e  r ig h t-h a n d  side o f th is  e q u a tio n  th e  real an d  th e  
im ag in a ry  p a r ts  in case 2 =  0. T hen

I =  V  Í Joive) ■ Jiinro) T 7 = = =  —  =  he +  jhm >
2 J  о Í — fe-

or

I im =  — —  j J 0 (&p • sin  # )  • J i{kr0 - s in d ) - d d ;  (2.3.1)
2 J о

I re =  —  I J 0(kg • coshu) ■ Jx(kr0 • cos/ш) ■ du (2.3.2)
2 Jo

w here J n is th e  zero th -o rd er Bessel fu n c tio n , th e  f irs t-o rd e r Bessel fu n c tio n . 
In  th e  above tw o expressions th e  tra n s fo rm a tio n  rj/k =  sin d an d  rj/k =  coshu  
h av e  been in tro d u ced .

F o r th e  im ag in a ry  p a r t  le t us a p p ly  th e  expansion  [7]

J 0 (kg ■ sin &) 2 £nJn
n - 0

kg
2

cos(2 n&)

w here en -  1 if  n =  0 an d  en =  2 if  n 0; and  using  fu rth e rm o re  th e  
in te g ra l [8]

• sin  #) • cos (2nd)  • dd
7 1

2 ( - ! ) 4 , +i
kr„
2

one gets

y rn/2 00
h m =  f  2 £n( l T J i ( k r Q- s m ô ) - n  

2 J  0 n=0

h h h  j g e n( ~ l  )"J*
4

ko
J„

kr.
■ J

cos (2nd) ■ dl) 

kr.
(2.3.3)

B ecause  in  E q . (2.3.3) th e  series u n d e r th e  in teg ra l sign u n ifo rm ly  converges 
w ith  resp ec t to  d ,  th e  term -w ise in te g ra tio n  w as ju s tified .

F o r th e  rea l p a r t  th e  in te g ra l re p re se n ta tio n  of J n an d  J 1 is co n sid 
ered  [9]:

2 t 71,2
J 0(kg • cos/ifi) =  —  cos (kg ■ cos hu ■ sin y) • dy  ;

71 J 0
2 ГЯ/2

( kr0 ■ coshu) =  —  sin  (kr0 • cos hu ■ sin Ô) • sin ô ■ dô .
7T J  о

Acta Technica Academiae Scientiarum Hungaricae 82, 1976



422 GAÁL, D.

In se r tin g  them  in to  (2.3.2,)

I re
r„ r°° ' 2 М 2

cos (kg ■ cos hu  • sin у ) • dy
2 J 0 . л J  0

Г 2 M 2
- sin (krn ■ cos hu ■ sin d) • sin d • dô

_ 7t J 0
■ du .

In  th e  above exp ressio n s th e  in teg ra ls  w ith  resp ec t to  y an d  d u n ifo rm ly  
converge for 0 <[ a  o o ,  therefo re , th e  o rd e r o f in te g ra tio n s  can he in te r 
ch an g ed , hence,

r  М 2  М 2  /»CO

I re =  —— I dy  d(5 • {sin  [(fcg • sin  у -|- krg ■ sin d) • cos/ш]
Л2 J 0 J o  J o

— sin [(kp • sin  у kr0 • sin d) • coshu]} • s in d  • du.

N ow  le t us consider here  an o th e r in teg ra l re p re se n ta tio n  o f J  g [10],

J o ( x )
л  Jo

sin (л; • ccshu) ■ du .

W ith  th is , the rea l p a r t  tak es  th e  follow ing form :

r  M 2 М 2
I re = ----- [ J 0 (kg • sin у +  kr() ■ sin d) -

2 л  J о J o

— J 0 (kg ■ sin у kr0 • sin d)] • sin d • dô ■ dy .

A pply ing  the  fo llow ing add ition  a t theorem  111],

J ( x  ± y )  — ^  en (=F 1)" • J n(x) ■ J n(y)
n = 0

we get

r0 rn>2 M 2 “
I re = ------ ^  £ „ J 2ij (kQ ' s i n y )  • J ltl( k r g - s i n  d ) • s i n  d • d ô  ■ d y  .

л  J o  J o  II-0

B ecause of the  u n ifo rm  convergence of th e  above series, w ith  th e  aid o f th e  
in teg ra ls  [12], [13]

М 2  TT fcp
9

J' Jl
J i n  (kg • s in  y ) ■ d y  =  —  ,

0

f » |2  # 71
J 2n(kr0- s i n d ) - s i n d - d d =  J n+l  

J o  2 2

! ^
 

-! ° J n 1
krt)

2 J П — — 2 ,
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th e  series can  be in te g ra te d  term w ise an d  fin a lly

rn7l

4

kg

2

Also considering  th a t  [14]

(2.3.4)

: N (П-1)+; (*); < - i )+ i(* ) y ^ (n_ i)+ i(* )

then  from  (2.3.3) and  (2.3.4)

4 I re j  * 4, V  e . /a cn J  n
n =  0

kg • J  1 krn

2 n+-
2

H ( 1 )

(n-X)+i
1er,,

(2.3.5)

is o b ta in ed .
T h u s, (2.3.5) p rov ides th e  series expansion  of th e  Som m erfeld  K in g  

in teg ra l for г =  0. H ence,

I  = • J ÁTn)  ■
chj

r  JT 00" _  e . p
° n  J П

4 n=o
• J  1

kr{) kro
( 2 ) n+ ï 2

(n-l)+| 2

(2.3.6)

w here is th e  H an k e l function  of th e  f irs t k ind .
T he series (2.3.6) is un ifo rm ly  co n v erg en t in  th e  range 0 <7 kg  <  oo for 

th e  values 0 <  k r n <  oo . F u rth e rm o re , every  m em ber of th e  series d is
appears in  th e in f in ite  as th e  function  1/kg . T hese p roperties m ake i t  possib le  
to  deduce, w ith  th e  aid  of the  series (2.3.6), a re la tiv e ly  sim ple an d  easily  
su rveyed  form ulae  for th e  near fie ld  of th e  p lane  ra d ia to r  in  an  in f in ite  
rigid w all.

In  th e  fu r th e r  calcu la tions th e  d e riv a tiv e  w ith  respect to  r 0 of th e  
series (2.3.6) is needed , th is  is as follows:

d l  d

dr0 drn
~  j M v e )  ■ Jl(nro) - 77=

. 2 Jo  S T

dr]
к2

2 Jo S T  k

X J in -1) — I ■ я (1)(«-!)+ “
krn

t W L  y e ■ ЛO b,x J nО n — 0 

kr,

kg

2
X

о
2

H ( i ) krn
(2 .3 .7)
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3. The sound field of th e  c ircu la r line rad ia to r

In  o rder to  d e te rm in e  th e  sound  fie ld  o f a p lane ra d ia to r  w ith  som e 
ro ta tio n a lly  sy m m etrica l velocity  d is tr ib u tio n , as a f irs t s tep  le t us ca lcu la te  
th e  sound  field  o f th e  c ircu la r line ra d ia to r . F o r th e  sake of un ifo rm  tre a tm e n t 
th e  m a th e m a tic a l th eo rem s of C h ap te r 2 w ill be used, as now.

In asm u ch  as each  p o in t of th e  c ircu la r line rad ia tes  a t th e  sam e phase 
and  w ith  th e  sam e source in ten s ity , th e  v e lo c ity  d is trib u tio n  fu n c tio n  can he 
ch a rac te rized  b y  th e  D irac  de lta  v ( q1)  =  v 0 • 0(р3 — r 0), w here r 0 is now  th e  
ra d iu s  of th e  c ircu la r line. T he v e lo c ity  fu n c tio n  v(gx) is rep resen ted  w ith  th e  
aid o f  th e  B essel—F o u rie r  in teg ra l [20]:

v(Qi )  =  « о  '  < % i  r o) =  J 0 [ f 0 M v u ) ■ » o  ■ r „ ) - u  ■ d u  I • (3

■ M VQi)  ■ V ■ dr] =  v0 r0 [o JoifjQj) ■ J„(rjr0) ■rj-dri

w here [r] =  m /sec-1  m —1.
T he in teg ra l re p re sen ta tio n  o f v ( q í ) accord ing  to  3.1 p roduces the  

v e lo c ity  func tion  for th e  whole range  0 <  <  o o , hence, acco rd ing  to
H u y g h en s’ princ ip le , fo r de te rm in in g  th e  sound  field  th e  sh iftin g  of th e  
orig in  of th e  co -o rd in a te  system  acco rd ing  to  (2.2), and  (3.1) can  be used, 
an d  th en

J'k ’f  V° i f f  Jo(r!ro)-Jo{n  1 e2 +  r! -  2qt2 ■ cos x) ■ rr  dr] 
J o  Jo [Jo

x e x p ( - j M g + Z ) . . dx

X

w here • c is th e  specific  acoustic  re s is tan ce  of th e  air. U sing also the 
a d d itio n a l theo rem  [15]

Jo y l  i Q2~\~r2 2or2- cos a) =  en ‘ J rl(rjo) • J n(rjr2) • cos ( n x ) ,
n 0

a f te r  in teg ra tin g  w ith  respect to  %

-- j k r 0 Qa ■ cv0 I I J n(Vro) • Joive) • Jo^r-i) "Ч-dr! 
Jo Jo

P c  — .

exp  ( j k  1 r |  +  г2)

I
• r., • d r  .
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L et us now  ap p ly  th e  in teg ra l [16]

exP ( — ß  У 4  +  z'2) 

У 4  + г“
r2 • dr, =

exp ( * y y  -  y )
У У  — k2

th e n  th e  w ell-know n Som m erfeld  K ing  resu lt is o b ta in e d , w hich had  been 
deduced  by  th ese  au th o rs  b y  a n o th e r  tra in  of th o u g h ts :

Pc = j k r 0 oa c - v () j JLx p ( ■ J 0(r)S) - J 0(r)r2)-rj-dri .  (3.2)
Jo |/ T  k-

I f  now in to  (3.2) z =  0 is in serted  an d  (2.3.7) is ta k e n  in to  accoun t, th e  sound  
fie ld  of th e  c ircu la r line ra d ia to r  in  th e  plane of th e  ra d ia to r  is o b ta in ed  in  
th e  form  o f an  in fin ite  series

_■ L- r(j noa c ■ v0 ” , r ,
PcO ~~ J . ^  bn Jri

4 ,1To
ко

2
K ( r 0) (3.3)

w here th e  ab b rev ia tio n  

Ftl(ro) — J(n l)+ i
(Mo) • h ?  n I M J  1

kr0
■ h M

kr0
2 n+ 2 2 П+2 2

has been in tro d u ced . I f  now  (2.2.1) is applied, from  (3.3) th e  sound pressure  
o f th e  c ircu la r line ra d ia to r  is o b ta in e d  for an a rb i t r a ry  p o in t o f th e  fie ld . 
T hus,

_  ■ к - г йп р й d Г2л Г00 exp  ( — j k  ] [ 4  +  г2) ^
^ C ^ 4 • 2jt dz  J  о J  о У r | +  z2

co
X £n ' Jn

n=o
2gr, ■ cos x F n(ro) ■ r2 ■ dr, ■ dx

w here, as a fu r th e r  ab b rev ia tio n , th e  n o ta tio n  p 0 =  Qa ' v o has been used. 
W ith  th e  in teg ra l [17]

J~(x) =  —  Г J 0(2x  ■ sin ß) • cos (2nß) • dß  
л  Jo

and  th e  ad d itio n a l theo rem  used  in  (3.2), one can  w rite

=  ■ F  r„ /)„ d  Г2л Г” ex p  { - j k  \lr\ +  г2) x

^ C J 8л  dz J о J о У 4  +  22
oo fJl oox  V  en • I ^  £m ■ JmikQ ’ sin  ß )  ’ J m ( k r Z ' s i n  ß ) ' F n(To) ' 

n = 0 J  0 m = 0

• cos (2m x) ■ cos (2n ß)) ■ r 2 • d r2 -d x -d ß  .
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T h e  series and  th e  in te g ra ls  un ifo rm ly  converg ing , th e  o rd e r o f  th e  additions 
a n d  th e  in teg ra tio n  c a n  he in te rch an g ed  and  a fte r in te g ra tin g  w ith  respect 
to  a ,

3 =  ■ k2rnp n ' (I Г- Г" exp  ( — j k  f r f  +  z'2) 
P c ~ ] 4 ' d z J o J o  V Ï T ^ 2

• J 0(k r2 • s in ß ) • F ’n(r0) ■ cos(2nß) r2-dr2-dß .

У, en J 0(kg ■ sin ß) ■
n=о

N ow  in teg ra tio n  w ith  re sp ec t to  r., is ca rried  ou t as in  th e  d ed u c tio n  of (3.2):

Pc = j fc2 r >Po 
4

d  p exP ( j z  Vfc2 — k 2 ■ s i n 2ß)
dz J  о П \  к2 — к2 ■ s in2 ß 

J„(fco ■ sin ß) ■ cos(2nß) ■ F'n(r0) ■ dß .

C arrying ou t th e  d iffe ren tia tio n  w ith  respect to  z as well.

Pc = ]

O bviously

,• k2r2p nJ'VT oo

v  en exp ( j k z  ■ cos ß ) - J 0(ko • sin ß) • cos(2re/S) • F'n(r0) ■ dß.

О П — 0

JO sin (kz ■ cos ß) ■ J 0(kg • sin ß) ■ cos (2nß) ■ dß =  0 ,

h ence , finally

к2 г,
Pc =  J

0 Po
4 Jo п — О

■ Еп J ()(kn ■ sinß) ■ cos (kz ■ cos/?) ■ cos (2nß) • F'n(r0) ■ d ß . (3.4)

T h e  zero th  m em ber o f  (3.4) can  be de te rm in ed  by  ta k in g  in to  account th e  
in te g ra l [18]

J„(y ■ sin /?) • cos(a; • cos /?) • dß =  л  ■ J n 

F in a lly

Jo
1 *2 • J 2 +  ж

■Jo
I дг2 - f  - у 2 —  X

(0) — к21-0л р 0
P c J ^ P oVo) Jo

\rz2 +  Q2 +  z)
2 Jo

к ]/z2+ e 2 - .0 (3.5)

T h e  f irs t  m em ber o f th e  series (3.4) can  be de term ined  considering  th a t

cos (X ■ cos ß) ■ cos (2/?) =  —
^2

cos (x • cos /?) 4- 2 ------• cos (x ■ cos ß)
dx2
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So from  th e  zero th  m em b er and  from  its  second d e riv a tiv e

,(D

D(o+i) — „(о) __ 2 Z l i ' i ' l
F c  —  F  c ^

П г  о) 
í ’ó('-o)
П ' о )  
F0(r0) L

P cÿ> +  2 к 2

+  2k2

d 2
d{kz)2

d 2
d f k z f

„(о)

■ P ( 0 )

B y th is  m eth o d  every  m em ber of th e  series (3.4) can  be determ ined . B u t 
from  th e  series (3.4) o th e r  ap p ro x im ate  fo rm ulae  also can be deduced. I f  e.g. 
k r 0 is su ffic ien tly  sm all, th e n  it is enough to  consider a few m em bers of th e  
series (3.4); and  if  s im u ltan eo u sly  kz  or kg  has a p red e te rm in ed  value to o , 
so th e  func tions cos (kz ■ cos /3) or J 0(kg • sin ß) can  be ap p ro x im a ted  w ith  
su itab le  accu racy  b y  p ow er fu n c tions, an d  th e n  th e  in te g ra tio n  w ith  resp ec t 
to  ß  can  be perfo rm ed . I f  e.g. th e  m em bers o f th e  series are  only  considered 
un til n — 1, fu rth e rm o re , if

cos (kz ■ cos ß) ^  1 -----— — ■ cos2 ß  = 1 ------ [1 +  cos (2/3)] ,
2 4

th en

P c ^ J
к2 r0p 0

0 n  =  0

(kz)2 (1 -f- cos2/S) J 0(kg ■ sin/3) •

cos (2nß)  • F'n(r0) dß =  j  -  r° ^  Po j ?  en F'n(r0) ( — 1)" x  (3.7)
о

X
к 2 z2 Г  l_*i. 

J n \ 2
к 2 z2

T2U n-

n = 0 

ko
+  Л - 1

ko

T hus ca rry in g  ou t th e  su m m atio n  u n til n =  1:

,(0+1), k 2

k 2Z2

0 71 Po
8

1
k 2Z2

Jo
ko

Л
kg

Л
kg
2

2 . 

k 2 z 

4

-  2 F{(r0) 

kg

k 2z2

Л
2

+  Л2
ko

V

(3.8)

Now le t us a p p ro x im a te  (3.4) in  th e  follow ing w ay :

J ß k g  ■ sin /3) 1 ---- • sin2 ß =  1 ------------ ^ (1 — cos 2/3)
4 8
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a n d  th e n  i t  is possible to  w rite

Pc ^  j  k  Г~ - ( У  Bn ' cos {kz • cos ß) ■ F'n(r0) X
4 Jo n=o

r.2,,2
X 1 ------- —  ( 1 — cos 2ß) ■ cos (2n/3) ■ d ß .

8
G iven  th a t  [19]

2 f 71'2
( — 1 )" • J in{x) =  —  cos (X • cos <p) ■ cos (2rup) ■ dcp , 

л  Jo

th e  follow ing is o b ta in e d : 

к2 г0 л р „
P c ^ J

X

8 n=o
У вп ■ F'n{r0) ( - l ) n X

1 — k°~Q2 k V
■ Jinikz) [J^-pikz) +  J 2(п+1)(^г)1

16

(3.9)

A n d  now  carry ing  o u t th e  su m m atio n  o n ly  for n  =  1,

„(0+1) ■ k ‘\  n p 0
Pc ~  J

8

' 2 i l ( r 0)

f a r o )
Arp2

l 8
M k z )  -  k~ f ~ j . A k z )  

о

• J 2 ( k z )  —  ~ - ( j 0{ k z ) + J i { k z ) )
О О

(ЗЛО)

4. The sound field  of the plane radiator w ith rotationally  
sym m etrical velocity distribution

L e t the  ro ta tio n a lly  sy m m etrica l ve locity  d is tr ib u tio n  fu n c tio n  on th e  
su rface  of the  p lane ra d ia to r  of rad iu s  r 0 be u(r), th e n  on th e  base  o f (3.4) 
th e  sound  field of th e  ra d ia to r  o p e ra tin g  in  the  in fin ite  w all, w ill be th ere

Р,- =  j  — r' -  j Г У  en ■ cos {kz • cos ß) ■
4 J o J o  n=о

• J 0(ko ■ sin ß) ■ cos (2nß) • F'n(r) • v(r) ■ r ■d r ■ dß 

I f  now  in  Eq. (4.1) v(r) =  1 (case o f th e  rig id  p is ton ),

/с Г 7) ^
Pp =  j  -° 0 У  en ■ cos {kz ■ cos ß)  • J 0(fco • sin ß) • cos (2nß) ■ Fn{r0) ■ dß  (4.2) 

2 Jo n=o

(4.1)
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w here

Г F'n(r) ■ r ■ dr  =  Fn (r0) =  ^ ~ j n+l
JO к  rC 2

&r„ I lW
• H <n-i>+l

fcrn
(4.3)

has been  ta k e n  in to  account. A p p ly in g  here, too , th e  ap p ro x im a tio n s  (3.7) 
anil (3.8), it  is possible to  w rite

P r ^ J
■ кг0л р 0

4

-  2 i l ( r 0)

^o(ro) 

k'-z-

1

я

C2Z2 то ( h> k2z2
Я

kg
4 \ 2 4 2 ; _

( kg I fc2*2
Mt J+  Jo

fcp

! 2 ) 4 8 )1
(4.4)

p r ~ i kr- f ‘ № „ )
AAp2 L 2 2 2

Л ( Ь )  -  —  • Л ( Ь )
о

- 2^ ( г 0)
ft'V

8
, / 2( Ь )  - ^ ( Л ( Ь )  +  Л ( Ь ) ) ] } .

(4.5)

As a fu r th e r  exam ple le t us assum e th a t  v(r) =  1 — (r2/rj;) an d  th a t  k r 0 is 
su ffic ien tly  sm all, th en  on g ro u n d  o f (4.1)

r - r2
1

Jo r2'  0 -
F'0( r ) - r - d r  =  j X

X  [eJ'kr' - ( k r 0 +  2 j ) k r 0 (1 eJkr‘)(k2r2+ 2 ) \  =  j

F [ { r ) - r d r  =  j  4 X 
к *rÍ7l

к 4 7*0 л
■ /о (го) >

r2
1 --------

Jo r2r0

X [6(1 eikr“) - f  kr0(2jeJ'kr<‘ +  4 j  - kr(l)\ =  j
к4 rg л

' / i ( r o) •

F ro m  th e  above th e  near fie ld  o f  th e  ra d ia to r  w ith  p arab o lic  v e lo c ity  d is tr i
b u tio n  is

PoPpa ’
2 r2fc2

j /o ( r 0)
' F z 2 • T2 A: il k2z2 , I kg

4 2 4 1 2
+

+ / iW (] i V J i
/cp i

- ^ f j j
kg

+ ^ | - v 11 • 2 |
8 2 j 8 l 2 l 2 J 1

else

Ppaf
Po

2 r 2 k2
fo ( ro)

+  2 / i (í'o)
k y -

7 9Л9 \ ? 9 9
- A -  J 0(kz) -  J , (kz )

О О

J ‘i ( k z ) -----( J (){kz) +  J 4 (kz))
О
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In v e s tig a tin g  th e  speed  o f convergency  o f th e  d educed  series, le t us lim it 
ourselves to  th e  in v e s tig a tio n  of th e  ax ia l p ressu re  o f  th e  p iston  ra d ia to r  
I g =  0 I . F rom  (4.2)

Pp ({? =  0) =  j  -  —  Г JV  en ■ cos (kz  • cos ß ) ■ cos (2nß)  ■ F„(r0) ■ dß =
2 Jo n~o

kr 7TD « (4 -6)=  j ^ Po Á  i r .F n(r0) - J 2n(kz).
4 — о

In s te a d  of de ta iled  m a th e m a tic a l in v es tig a tio n s  le t us consider th e  abso lu te  
v a lu es  of some m em b ers  o f th e  series (4.6) fo r th e  va lu es  k r 0 =  1 an d  kz  =  2 
w h ich  already  ta k e  in to  accoun t p ra c tic a l po in ts  o f v iew . F rom  th e  tab les  
o f  functions:

Table 1

Absolute value o f the fir s t fo u r  members determining the axial near fie ld  o f the piston membrane
ivorking in an in fin ite  wall

n en ■ V 2>

0 0,83 0,22 1,82 • 1 0 -1

1 0,29 0.35 2 ■ 1 0 -1
2 0,87 • 1 0 - 1 0,39 • 1 0 -3 6,8 ■ 10-5

3 0,32 • 1 0 - 1

**1О<Mi-HО

2,4 • 10-7

F ro m  th e  above ta b le  i t  is clear th a t  fo r (4.4) and  (4.5) i t  was su ffic ien t to  
consider only th e  z e ro th  an d  th e  f irs t  m em b er (if k r lt =  1; kz =  2 or kg  =  2), 
th e  m em ber belonging  to  n =  2 is a lread y  sm aller b y  m ore  th a n  th ree  orders 
o f  m ag n itu d e  th a n  th e  m em ber belonging  to  n  =  1.

5. The rad ia to r in  th e  fin ite  baffle

L et us s ta r t  o u t ag a in  from  th e  sou n d  fie ld  o f th e  c ircu la r line ra d ia to r . 
T h e  investiga tions a re  lim ited  to  th e  case w hen  th e  c ircu la r ra d ia to r  baffle  
a n d  th e  circu lar line r a d ia to r  are concen tric . I f  i t  is assum ed  th a t  each p o in t 
o f  th e  circu lar line r a d ia te s  w ith  th e  sam e source in te n s i ty  and  a t th e  sam e 
p h ase , th en  on th e  b ase  o f Fig. 3 th e  v e lo c ity  d is tr ib u tio n  function  in  th e  
p lan e  S  is given by

v(Ql)~- К ^ - г) if o ^ Qi < r 0 ,
W „(2 i ) if

w h ere  vRj( o j  is a fu n c tio n  unknow n for th e  tim e  being.
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Fig. 3. System of coordinates and velocity d is tribu tion  function for calculating the sound field
in the case of a finite baffle

L et to  re p re sen ta te  now (5.1) s im ila rly  to  (3.1) w ith  th e  aid  of the 
F o u rie r  Bessel in teg ra l:

d ß i)  =  «о r ! J q(w ) -JniVQi ) ■ n ■ drl +  I I Vr , Ы  -JoiVQo) ■ Qo ■ do0 .
Jo Jo (y Ro

■ Jo(V9i) ' r! ' drj.

A p p ly ing  again  th e  H uyghens p rin c ip le  an d  the  sh iftin g  o f th e  origin of 
co o rd in a te  system  of th e  G reen’s fu n c tio n , the  sound  p ressu re  can  be ca l
cu la ted :

P c R , = ß Q a  cr

1

vo I 
Jo

exp (- z I rj- к 2)

11 i f  —  к 2
Jo(m)  ■ J<>(rir) - v dri +

(5.2)
•oo Г со

v Ro (ft>) exp V  Г l[ У/, ,  " k  ̂ J o(VQ) J»(veo)Qo ' V ' do0 ■ drj. 
r J o J R .  \ T  « '

I f  now  th e  fac t is ta k e n  in to  a c c o u n t th a t  th e  c ircu la r line gen era tes  b y  its  
b ack -a n d -fo rth  m ovem en t — in th e  z d irection  a so u n d  f ie ld  w here th e
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so u n d  pressure in  th e  p lan e  of th e  ra d ia to r  | z  =  0 | , in  th e  range Q > R  о 
is zero (dipole e ffec t), so in se rtin g  z =  0 in to  (5.2) an d  ap p ly ing  (3.3)

0 =  v0 r ^ e n F'n( r ) - J 2
n = 0

ko
+

+  J ó i m ) I vRo(9o) • MVQio)
Jr. I t  k-

(5.3)

• rj ■ drj .

T h e relation  (5.3), v a lid  only  for th e  range q J> R n , is an  in teg ra l eq u a tio n  
o f  th e  firs t k ind  fo r  th e  u nknow n  fu nc tion  f/?0(g 0) an(l  is solved b y  using  
th e  F ourier B essel tra n s fo rm a tio n  an d  th e  inverse  F o u rie r  Bessel one. 

F rom  these

= -  «0 r >  £n K ( r )
''*00

Jo(m  o)
n = 0 0

Г Г“ ко
X J(kne)-Jn • p- do

J  Ro 2 к2 -rj ■ drj.

(5.4)

B asica lly , the  p ro b lem  of ra d ia tio n  from  a f in ite , c ircu la r baffle  has been 
m ath em a tica lly  so lved  by  th e  d e te rm in a tio n  of fu n c tio n  (5.4).

Inasm uch  as on  th e  surface of th e  baffle  som e ra d ia to r  opera tes w ith  
an  a rb itra ry  velo c ity  d is tr ib u tio n  v(r), th e  v e lo c ity  d is tr ib u tio n  in  th e  z =  0 
p lan e  w ith in  th e  ra n g e  gn >  R 0 is

/Г«
v Rov(e0) j o • v (r) dr .

I f  now , as a special case

V (r) =  v p { r )
II if  0 <Ç r <  r0 ,

(o if r0 <  r <  R n ,

(case o f th e  rig id  p iston)

(5.5)

so considering (5.5), (5.3) an d  (5.4)

2t>„
vRovp (во) =  -  — : -  > ' F„(r„) Г  MVQo)  X

к „„о Jo (5.6)

X I JoiVQo) Л
kg

• g ■ do
J ro 2 _

k 2 • ij • drj .

R e-inserting  (5.4) a n d  (5.6) in to  E q . (5.2), re sp ec tiv e ly , th e  sound field  of 
th e  circu lar line a n d  o f  th e  rig id  p is to n  o p e ra tin g  in  a f in ite  wall can  be 
ca lcu la ted .
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6. S um m ary

The fo rm ula (3.4) deduced in  th e  p ap er, giving in  th e  form  of an in f in ite  
fu n c tio n  series th e  sound field o f th e  c ircu lar line ra d ia to r  in an in fin ite  
b a ffle  perm its ca lcu la ting , b y  using  fu n c tio n  tab les, th e  n e a r  field  of p lan e  
ra d ia to rs  w ith  an  a rb itra ry , ro ta tio n a lly  sym m etrical v e lo c ity  d is trib u tio n . 
H ence , E q . (3.4) is a basic fo rm ula , w hich can be m u ltip lie d  by  th e  d im en 
sionless velocity  d is tr ib u tio n  fu n c tio n  and  in teg ra ted  term w ise , being a 
un ifo rm ly  convergen t series.

The re la tio n  (5.6) for fin ite  b affles  is a basic fo rm u la  to o , and  p rov ides 
th e  velocity  of th e  partic le  excited  b y  th e  circular line ra d ia to r  in th e  p lane  
of the  baffle , b u t  ou tside  its  range. T his series u n ifo rm ly  converges an d , 
th e re fo re , it  can  be in te g ra te d  term w ise  a fte r  m u ltip lica tio n  by  th e  a rb itra ry , 
ro ta tio n a lly  sy m m etrica l velocity  d is tr ib u tio n . U sing th e  re la tio n  (5.2) an d  
w ith  com puterized  ca lcu la tion , th e  p rac tica lly  v e ry  im p o r ta n t ra d ia tio n  
im p ed an ce  can be d e te rm in ed , too .

The a u th o r, th a n k s  in advance  all those who will le t  h im  know , in  an y  
fo rm , th e ir  p rofessional critica l rem ark s .
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Das Nahfeld von ebenen Schallstrahlern. Die in der A rbeit abgeleitete Formel gibt 
das Schallfeld eines K reislinienstrahlers in einer unendlichen Schall wand in Form  einer unendli
chen Funktionenreihe an. Sie ermöglicht, m it Hilfe von Funktionentafeln, auch die Berechnung 
des Nahfeldes von S trah lern  m it beliebiger rotationssym m etrischer Geschwindigkeitsverteilung. 
Diese Formel ist daher ein grundlegender Zusam m enhang, der als gleichförmig konvergierende 
Reihe, m ultipliziert m it der dimensionslosen G eschwindigkeitsverteilungsfunktion, gliedweise 
in tegriert werden kann. Die Beziehung für die endliche Schallwand is t ebenfalls eine grundle
gende Formel, welche in  der Ebene der Schallwand aber im Bereich außerhalb derselben die 
vom kreislinienförmigen S trahler erregte Teilchengeschwindigkeit angibt. Zufolge ihrer gleich
förmigen Konvergenz k an n  auch diese Reihe nach M ultiplikation m it einer rotationssym m etri- 
schen Geschwindigkeitsfunktion gliedweise in teg riert werden.

Ближнее поле плоскостных звуковых излучателей. В данной работе рассматри
вается ближнее поле плоскостных излучателей, работающих в бесконечных стенах, при 
использовании нового метаматического метода. Новый математический метод основыва
ется, с одной стороны, на неизвестном до сих пор разложении в ряд интеграла Зоммер- 
фельда — Кинга, а с другой стороны, на преобразовании координат функций Грина. При 
помощи нового метода автор математически решает также проблемы звукового поля плос
костных излучателей, работающих в круглых звуковых перегородках конечных размеров.
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PENNY-SHAPED CRACK IN AN INFINITE 
VISCOELASTIC MEDIUM

SATYANARAYAN MANDAL*

[Manuscript received 20 Septem ber 1975]

In  th is paper the stress field  is obtained  in the neighbourhood of a penny- 
shaped crack in  the interior of a special type  of linear viscoelastic medium by em ploying 
Laplace and H ankel transforms. T he general solution is illustrated  in three specific 
cases.

1. In tro d u c tio n

In  recen t y ea rs  the  p rob lem  o f in te re s t  in  fra c tu re  an d  s tru c tu ra l  
m echanics is th e  calcu lation  of th e  e la stic  stress field in  th e  neighb o u rh o o d  
o f G riffith  or penny-shaped  c racks in  th e  in te rio r  of an  elastic  body . K n o w 
ledge o f th e  e la stic  stress field  is p o te n tia l ly  useful for th e  e s tim a tio n  o f th e  
m a te ria l s tre n g th  based upon b r i t t le  f ra c tu re  theo ry . Solu tions fo r ax isym - 
m etric  stress d is tr ib u tio n  in th e  n e ig h b o u rh o o d  of a p en n y -sh ap ed  c rack  
have  been given b y  Sneddon  [1], O l e s ia k  an d  Sn e d d o n  [2]. In  th is  analysis  
i t  is assum ed th a t  th e  tw o faces o f th e  c rack  are  loaded ex a c tly  th e  sam e w ay.

U sing th e  system  of cy lin d rica l p o la r coord inates and  em ploy ing  th e  
m e th o d  of H a n k e l transfo rm s, d ev e lo p ed  b y  H ard in g  an d  Sn e d d o n  [3], 
O l e s ia k  and  Sn e d d o n  [2], th e  p ro b lem  o f d is tr ib u tio n  of s tress in  th e  n e ig h 
bourhood  of a penny-shaped  c ra c k  is red u ced  to  th a t  in  a sem i-in fin ite  
e lastic  m edium . I t  leads to  ca lcu la tio n  o f th e  solu tions o f a p a ir  o f d u a l in te g ra l 
eq u a tio n s o b ta in e d  b y  the a p p lic a tio n  o f  th e  b o u n d ary  co n d itions o f th e  
m ixed ty p e .

In  th is p a p e r  cylindrical p o la r co o rd in a te s  an d  m ethods of L ap lace  
an d  H ankel tra n sfo rm s  are em p lo y ed . T h e  axis of sy m m etry  is th e  Z -ax is  
n o rm al to  th e  b o u n d a ry  p lane z =  0 o f th e  solid. T he solid considered  here 
is a special ty p e  o f  linear v iscoelastic  m ed iu m . W hen th e  un ifo rm ly  d is tr ib u te d  
n o rm al p ressu re , w hich is a fu n c tio n  o f y a t  a p a rticu la r  in s ta n t  o f tim e , is 
ta k e n  as c o n s ta n t, th e  shape o f th e  c ra c k  is found  to  be e llip tical.

* Satyanarayan  Mandai, H atugan j M .N .K. H igh School, P. O. H atuganj, D ist. 24- 
Parganas, W est Bengal, India.
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The general so lu tio n  is illu s tra te d  in  th re e  specific cases. The expression , 
a t  a p a rticu la r in s ta n t  o f tim e, for th e  n o rm a l com ponen t of stress in  v isco 
e lastic  m edium  co nsidered  above agrees w ith  th a t  in  elastic  m edium  [1]. 
T h e  stress in te n s i ty  fa c to r  has been ca lcu la ted  in  th e  general case. I n  th is  
p a p e r  th e  a u th o r’s t re a tm e n t invo lv ing  th e  s ta n d a rd  lin ea r  solid is a specia l 
case of th e  p ro b lem  considered by  Gr a h a m  [5]. In  th is  special case th e  tim e  
a n d  space d ep en d en ce  are clearly  s e p a ra te d  because o f th e  p ro p o rtio n a l 
load ing .

2. Form ulation  and  m ethod  of so lu tion

The s tre ss -s tra in  re la tion  for a special ty p e  of lin ea r viscoelastic m ed ium  
is given by

0 I
1 - f  «q—  au = 2 1 +  by

8 t ( 1 )

w here  atj is th e  s tre ss  tenso r and  is th e  s tra in  ten so r, av  bt , k y be ing  
m a te r ia l constan ts .

The cy lin d rica l co -o rd inate  system  (r, 0 ,  г) is used  w ith  origin a t  th e  
c e n tre  of the  p e n n y -sh ap ed  crack  of rad iu s  u n i ty  an d  z-axis, th e  axis of sy m 
m e try , is tak en  in to  th e  m edium .

I f  we assum e deflec tion  to  be sy m m etrica l w ith  resp ec t to  z-axis, th e n  
a ty p ic a l p o in t o f th e  solid m ay be ta k e n  to  h av e  coo rd inates (u, o, w) in  th is  
co -o rd in a te  system  a n d  the vanish ing  co m p o n en ts  of th e  stress ten so r will 
be aez and  arB .

H ence th e  e q u a tio n s  of equ ilib rium  are

8 a„ 8 ar

8 r 8z

Э°Уг Э<Г;г 9 л;

8r az r

O n z =  0, the  b o u n d a ry  conditions are g iven  by

arz =  0 fo r all r

=  P(r) f ( lh  0 <  r <  <  1

w  =  0 r  _> I

( 2 )

( 3 )
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F ro m  E q s (1) we o b ta in

9 , 9 1 9
1 +  a i~7~ a r r  — 2 -̂l 1 +  &l “Г- e r r  — 2 k l 1 +  6i —9t 9t j dt

9 , 9 9
1 +  a i dee  =  2ki 1 -p — eee  =  2fci 1 +  b, —

dt dt 9t

d 9 9
1 a i — azz' =  2k1 1 +  /(i T е г г  =  2 ^ 1 + b 1 —

dt dt dt

9 9
1 +  a i — - V  =  2fci I +  yr— егг =

dt 9t

, 9

CDSCD

=  Aq l + ^ i ----- --------1--- Г -
9t 9 r 9z t

du
Э r ’

u

r

div

N ow  su b s titu tin g  E q s  (2) in to  E qs (4) we have

(4)

2 k x 1 —j- 6a

2 k A \ -

9 Э2 и 1 Э2 со 11 d2 11 ,
dt dr2 2 dr dz 2 9z2

9 t

1 Э2 со 1 92 u  ,
2 9r2 2 9 r9 z

Э2w

dz2

1 du 

r dr

1 dco

2 r dr

и
9r-

=  0 ,

+
1 du

2r 9 z

(5)
=  0 .

L ap lace  transfo rm  o f a function  F(r,  z, t) is defined  by

F(r,  z, s) =  f  F(r ,  z, t )e~st d t . (6)

A p p ly in g  tran sfo rm  (6) to  Eqs (5) gives

92 и 1 Эи и 1 Э2Й d2 со
(7)2 + d------- -- + •>

dr2 Г 9r r2 j Эг2 Эу dz

/ 9 2 со 1 9co
+  2

92 со 9 1 du и
=  0 , (8)- f +l By2 2 d r Эг2 dz 1 Эг r

In tro d u c in g
__  f*oo __

u(£,  z, s) =  | o ru (r , г, s) J x( |y )  dr , (9)

and

» ( I ,  s, s) =  [0 rco(r,z,s) J n(£r) dr , (10)

we o b ta in  [2] from  E q s (7) and (8)

(D 2 -  2 12) u -  |D w  =  О ( I I )
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an d

w here
(2D2 -  12)w -f- gD d  =  0 

d

( 12 )

D
dz

N ow  elim inating  и an d  w in tu rn  from  E q s (11) and  (12) we o b ta in

(D2 -  I 2)2 u =  0 ,

( D 2 — I2) w =  0 .

F o r  a sem i-infin ite  solid s >  0, th e  so lu tio n  of E q . (14) is given b y

m =  [A (£,s) +  B(g,s)z]e~iz.

In tro d u c in g  E q . (15) in to  E q . (12) gives

Du - Í Z [g(A +  B Z )  -  4 B] .

A p p ly in g  tran sfo rm  (6) to  la s t  eq u a tio n  o f  E qs (4) gives

=

H .

A’, (1 -f- 6j s)

(1 +  OjS)

Э ut du
д y  dy

r(fnJ i{£r)  dr =

N ow  th e  b o u n d ary  cond ition

M i ± M , r a  _ { 3 )
(l +  alS)

(13)

(14)

(15)

(16)

(17)

(18)

[°V z]z= 0  —  0

2 B  =  f  A  . (19)

A p p ly in g  tran sfo rm  (6) to  la s t b u t  one e q u a tio n  in  E qs (4), su b s titu tin g  
in v ers io n  of H ankel tran sfo rm  o f E q . (15) in to  it, we have

2 kj ( l- j- lq s )  Ç 

(1 — al s)
f  J „ ( f  г) [В  -  g { A  +  Bz}]  e-fe dg • >0)

In tro d u c in g  the  re la tio n  (19) an d  th e  o th e r tw o b o u n d a ry  cond itions in to  
E q s  (15) and (20)

j: y>(g, s ) J n(gr) dg =  0 r >  1

Г  g y , ( g , s ) J 0 ( g r ) d g  =  ( 1 +  y ) f ( s ) p ( r ) , 0 <  r<  1 
Jo l t i ( l  +  6]S)

( 2 1 )
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w here
£ Л ( | ,  s) =  v>(!,s) •

The so lu tion  of E q . (21) is know n to  he [2]

4 2(1 +  a v s ) f ( s ) f 1 . p
y)(í, s) =  — -----—  ■ - ■ sin ( |s j )  ds l

k l n ( l - \ - b 1s) J 0 J (

.г, p(Xl) dXl

( 22 )

(23)
о sí x \

T ak in g  inversion  o f H ankel tra n sfo rm  o f E q . (15), su b s titu tin g  E q s (22) 
anil (23) in to  i t ,  we have on z =  0

2 (1  +  s) f(s) Г1 f s- p ( Xl)
I J  J  Г  J„(fr) ein ( f * ) «  

1 s) J  o j  0 \ Sf — Xf  L J  ок 1л (  1 b 

2 ( 1 +  oj s) f(s) f 1 iy(s,) ds l 
к 1л ( 1  +  fcxs) J r У s2 — r2

w here

and  [4]

q(s i) +  J Aj p{Xl) dXj
1/.2sí — *T

! Л(£<?
Jo

J 0( |o )  sin ( | t ) d |
(t2 - o 2) - ‘/2 , о <  t 

0 , (jJ> t

dXl f/Sj -

(24)

(25)

(26)

N ow  inverse  L ap lace  transform  of E q . (24) gives

w(r, 0, t) =
2 a x Г.. rt

лку b1 L
Д 0  +

*1 Jo
/ ( т )  e dr Г1 q ( s ù d Sl 

J r  У S? г2
(27)

S u b s titu tin g  th e  re la tio n  (19) in to  E q . (20) we have on z =  0 by  th e  a p p li
ca tio n  of E qs (22), (23) and (25)

2 /00 f1
a:r =

я  2 о
? ( s i ) I £ J o

Jo
(ly ) sin (Çsjdij ds1 =

- Ä  f  , (Sl)
л  J 0

(28)

ds1

I J „ ( le )  cos ( |t )  d |  =
Jo

(r2 -  s2)- 1/2 ds j

w here [4]

0 , 0  < p  <  t

( p 2 - t2) - 1'2 , t < p .

H ence inverse L ap lace  transfo rm  o f E q . (28) gives

<*zz(r, o, t) = - 2 /(0  Г1
л  Jo

Ф  l)
d íj

(y2 -  *?)- dsx .

(29)

(30)
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N ow  for th e  case o f  a un ifo rm  pressure p ( x 1) =  p 0 we have  from  E q . (25)

q(S i) =  P  oS i • ( 31 )

S u b s titu tin g  E q . (31) in to  E q . (27) we o b ta in  th e  d isp lacem ent com ponen t 
n o rm a l to  th e  c ra c k  su rface:

2 « i  Pit r 

л k.— Ш ло +
I’, a  r t  _  <f - T>

f{r)  e * dr
a1b1 Jo

0 <  r •< 1 . (32)

A t a p a rticu la r  in s ta n t  o f tim e, w r ittin g

b 2 Oj_p_o
л  к г bx

M  + ~  C f ( r ) e
Jo

(f-т)
d r  .

E q . (32) m ay  be ex p ressed  as

(33)

(34)

w h ich  shows th a t  a t  a p a rticu la r tim e  th e  effect o f th e  un ifo rm  pressure  is 
to  w iden th e  c rack  in to  an elliptical one.

S u b s titu tin g  E q . (31) in to  E q . (30)

o2z(r, o, t) = 2Pof(t)
7 1

(r2 - 1) - 1/2 r <  1

H ence stress in te n s i ty  fac to r

N lim  azz(r, o, t) У r  — 1 =
r^ l +

«2 P o M

(35)

(36)

T h e  general so lu tion  is illu s tra te d  in  th re e  specific  cases, fo r th e  d isp lacem en t. 

Case I.  Let

fit) =  Hit)

w here  H(x)  is th e  H eav iside  u n it fu n c tio n  defined  by

H (x) =
0, ж <  0 ,
1, лг >  0 .

H en ce  E q. (32) ch an g es to

to(r, o, t) 2 a i  Po

л  k x b±
H i t ) bt «1 1 e~llbl 0 <  r <  1 . (37)
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Case I I .  L et

m  -  m

w here <)(t) is D irac d e lta  function . 
H ence

to(r, 0, t) 

Case I I I .  Let 

H ence

2«i Po

2a, p 0 
л  к , bl

d(t) bi — a i

«1 bi
чь. \ 1 У2 1 о <  r <  1 (38)

m
-at

(o(r, o, t)
л  к , b1

at +
( e~0i e Wb,) I
1 1 b , ü  j f l  г2 , 0 < r < l  (39)
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Pennvförmiger Rill in einem unendlichen viskoclastischen Mittel. Der Spannungszu
stand  in der Umgebung eines pennyförmigen, d. h., Griffithschen Rißes wird in einem M ittel 
besonderer A rt m it linearen viskoelastischen E igenschaften, durch Anwendung der Laplace
schen und Hankelschen Transform ierten, bestim m t. Die allgemeine Lösung ist anhand zweier 
spezieller Beispiele dargestellt.

Монетообразная трещина в бесконечно вязкой упругой среде. В специальной лине
арно вязко-упругой среде вблизи монетообразной трещины напряженное состояние можно 
определить с помощью преобразований Лапласа и Ганкеля. Общее решение демонстри
руется примером, действительным для трех специальных случаев.
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CRYOSTAT FOR THE MEASUREMENT OF 
GALYANOMAGNETIC EFFECTS IN SEMICONDUCTORS

K. SOMOGYI*, В. PÖDÖR**

[Manuscript received 25 A ugust 1975]

A simple b u t reliable cryosta t for galvanom agnetic measurements in sem i
conductors is described. The cryostat is designated to cover the tem perature range of 
77 400 К  and can be fitted  into a sm all gap magnet.

E lectric  c o n d u c tiv ity , H all co effic ien t an d  ca rrie r m ob ility  are th e  m o st 
f re q u e n tly  m easured  p aram eters  of sem ico n d u ctin g  m ate ria ls . In  m ost cases 
th e se  p a ram e te rs  shou ld  be m easu red  in  func tion  o f th e  tem p era tu re . F o r 
th is  purpose  d iffe ren t k inds of m e ta l o r m etal-g lass c ry o s ta ts  are used. M ost 
o f th e m  are d ifficu lt to  construct o r to  w ork  w ith . In  m ost cases v acu u m  
system s are also needed . The usual g lass c ry o sta ts  are  generally  b u lk y , th u s  
th e y  could not be f i t te d  in to  sm all g ap  m agnets.

In  th e  p re se n t p a p e r a c ry o s ta t, w hich  is sim ple to  con stru c t an d  also 
to  b u ild , b u t easy  to  hand le , is described . T his c ry o s ta t w as designed to  cover 
th e  te m p e ra tu re  ran g e  of 77 ; 400 K , an d  can be f i t te d  betw een th e  pole 
pieces of a re la tiv e ly  sm all m agnet. I t  has p roved  itse lf  very  reliab le  an d  
usefu l in  th e  course of m any series o f  m easu rem en ts in  th e  p as t six y ea rs . 
T he c ry o s ta t is basica lly  sim ilar in design  to  th e  one f irs t  described by  U r e  [1].

F ig . 1 show s th e  draw ing o f th e  c ry o s ta t. B asica lly  i t  is com posed  
o f tw o double-w alled  silvered D ew ars an d  of a sam ple holder. Fig. 2 show s 
an  “ exp loded”  p ic tu re  of th e  sam ple h o ld e r block. T he sam ple un d er in v e s
tig a tio n  (double-cross or van der P a u w  ty p e  for ga lvanom agnetic  m easu re 
m en ts , or d ifferen t diode s tru c tu res) is housed  inside th e  copper b lock w hich  
can  be opened from  b o th  sides. T he in n e r  cham ber is p rov ided  w ith  a te f lo n  
in su la tio n , and  th e  therm ocouple sen so r is placed in  in tim a te  c o n ta c t w ith  
th e  sam ple. T he copper block w hich co v ers  th e  sam ple from  all sides e lim in a tes  
th e  u n w an ted  th e rm a l grad ien ts, a n d  a t  th e  sam e tim e  ensures th e  s ta b il i ty  
o f th e  te m p e ra tu re s .

The coo lan t is liqu id  n itrogen  w h ich  is co n ta in ed  in  th e  bigger, low er 
D ew ar. T he sam ple ch am b er is co n n ec ted  w ith  th e  n itro g en  b a th  via a co p p er

* K. S o m o g y i ,  К .: Paksi J . u, ltp ; II/A  H —1047 B udapest, H ungary
** B. P ö d ö r , B.: Szendrői u. 152/3, É rd  —Parkváros, H ungary
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Fig. 1. D rawing of the c ryosta t and  sample holder.
1 — sample block, 2 — brass rod w ith heater, 3 — lead-through of the heater, 4 — electrical 
leads, 5 — thermocouple, 6 — copper rod, 7 — upper glass Dewar, 8 — lower glass D ewar

ro d  o f 10 m m  d iam e te r , an d  v ia  a sh o rt piece o f  brass rod , th e  la t te r  serv ing  
as a th e rm a l bridge. T h e  s ta b ility  an d  u n ifo rm ity  of te m p e ra tu re s  are en su red  
b y  th e  sm aller u p p e r  D ew ar, w hich is filled  w ith  th e  d ry  n itro g en  v a p o u rs , 
e v a p o ra te d  from  th e  n itro g en  b a th . T he o u te r  d iam eter o f th e  u p p er D ew ar 
is 3 0 -7-ЗЗ m m  in  o u r case, so th e  w hole assem b ly  can be f i t te d  in to  a 35 m m  
m a g n e t gap. B ecause o f  th e  double D ew ar con figu ra tion  th e  te m p e ra tu re  
o f  th e  sam ple b lock  dep en d s very  w eak ly  on th e  level o f liq u id  n itro g en  in  
th e  low er D ew ar. O n th e  sh o rt b rass rod , ju s t  under th e  sam ple  ch am b er 
a h ea tin g  coil is m o u n ted , w ith  th e  help  o f w hich an y  te m p e ra tu re  above 
th e  boiling  p o in t o f  liq u id  n itrogen  can  be se t in.

T he electrical leads (six) and  th e  therm ocoup le  are led  th ro u g h  th e  
n itro g e n  b a th  as show n in Fig. 1. T he th e rm o co u p le  is ch rom el-alum el, w hich 
h a s  a re la tiv e ly  la rg e  therm o p o w er in  th e  tem p era tu re  ran g e  of in te re s t,
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Fig. 2. Sample chamber, “ exploded” picture.
1—• copper cover, bore in  the middle for the therm ocouple, 2 — teflon  piece, 3 — copper 
holder, 4 — teflon piece w ith six pins for electrical contacts, 5 — teflon insulator w ith  six 

holes for electrical leads, 6 — copper cover, 7 —brass rod (therm al bridge)

a b o u t 17 yttV/K a t  77 К  and  a b o u t 40 ftV/K a t room  te m p e ra tu re . The reference 
p o in t is a t  0 °C te m p e ra tu re .

Before s ta r t in g  th e  m easu rem en ts, th e  sam ple ho ld er is p laced upside  
dow n in to  liq u id  n itro g en , th e n  a fte r  a b o u t 30 m in u tes , th e  u p p er D ew ar 
is flu shed  w ith  liq u id  n itro g en , and  th e  c ry o s ta t  is assem bled. In  th is  w ay  
th e  tem p e ra tu re  of th e  sam ple cham ber is closer to  th e  bo iling  p o in t of liq u id  
n itro g en  th a n  0,5 K , su rpassin g  th e  p erfo rm ance  of U r e ’s orig inal co n stru c 
tio n  [1]. The h igher te m p e ra tu re s  are set in  w ith  h ea tin g , supp ly in g  the  h e a te r  
b y  stab ilized  v o ltag e . T he m ax im um  h e a tin g  pow er is less th an  20 w a tts , 
an d  th e  m ax im um  te m p e ra tu re  is 400 К  or above. T he s ta b ili ty  of th e  system  
is so good, th a t  a s ta b ili ty  o f 0,1 К  can  be ach ieved  w ith  m ere m an u al contro l. 
T he full te m p e ra tu re  ran g e  can  be covered  in  6^-8  hours in  one cycle.

The co n stru c tio n  o f th e  c ry o s ta t can  be m odified  to  accom odate  a 
sam ple ho lder su ita b le  for th e rm o m ag n e tic  m easu rem en ts , too  [2, 3].

The au th o rs  o p e ra ted  th e  above described  c ry o s ta t for m ore th a n  6 
years  w ith o u t a n y  d ifficu lties or p roblem s w o rth  m en tion ing .
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K ryostat für die Messung von galvanom agnetischen Effekten in H albleitern. E in  ein
facher und  zuverlässiger K y rosta t für galvanom agnetische Messungen in H albleitern w ird 
beschrieben. Der K ryostat is t zu Messungen im  Tem peraturbereich von 77 ' 1(H) К  geeignet 
u n d  kann  zu einem Magnet m it schmalem L uftspa lt angepasst werden.

Криостат для измерения гальваномагнитных явлений в полупроводниках. Описыва
ется простой и надеждный криостат для измерения гальваномагнитных явлений в полу
проводниках. Криостат предназначен для  измерений в температурном интервале от 77 до 
400 К  и может быть помещен в узком зазоре магнита.
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FERTIGUNG VON FINGERFRÄSERN 
ZUR HERSTELLUNG VON SCHRÄGVERZAHNTEN

STIRNRÄDERN

I I .T E I L .  B E S C H R E IB U N G  UND E IN S T E L L U N G  D E R  V O R R IC H T U N G **

B. SZŐKE*
KAN D IDA T DER TECH N . W ISSEN SCH A FTEN  

[Eingegangen am 3. A pril 1974]

In den K ap ite ln  5 —7 des zweiten Teiles werden der A ufbau und die Einstellung 
der Fertigugsvorrichtung behandelt. M it R ücksich t auf die erforderliche hohe D rehzahl 
schien es angebracht zu sein, einen im H andel erhältlichen A ntrieb zu verwenden. 
Bezüglich der A usführung schien es fü r rich tig , zweierlei A ufbauform en bekannt zu 
geben. Eine dieser Ausführungen b ie te t eine gute W irtschaftlichkeit im Falle, wenn 
nur wenige G rößentypen des Fingerfräsers benö tig t sind. Die zweite B auart ist günstig 
im  Falle einer größeren Reihe von verschiedenen Fingerfräsern. Beide B auarten sind 
dazu geeignet, au f irgendeine W erkzeugm aschine m ontiert zu werden.

5. A ufbau der V o rrich tung

Als ein, zur A bw ick lung  (und zu r R ückw ick lung) d er B erüh rungsebene 
des G rundzy linders (m it H albm esser ra) d ienendes, e in fachstes M ittel können , 
gem äß B ild  6, zwei P a a r  S tah lb än d er v e rw e n d e t w erden . Die B erü h ru n g s
ebene soll als ein s te ife r  R ahm en b e tr a c h te t  w erden , in  w elchem  die (g e rad 
w inklige oder schiefe) zahnflächenerzeugende  G erade e als F ü h ru n g sle is te  
e n th a lte n  ist. D ie E n d e n  der g leich langen  S ta h lb ä n d e r  sind  d e ra rt fe s tg e 
h a lte n , daß  die e inzelnen  B än d erp aare  abw echse lnd  an  d er B erüh rungsebene 
(А В  C D) u n d  d a n n  am  G ru n d zy lin d er ( A x B l — C1 Dx) b e festig t 
sind. In  dem  Bild is t  die B erührungsebene d u rch sich tig  dargeste llt.

B eim  A bw älzen besch re ib t je d e r  e inzelne  P u n k t d er E rzeugenden  e in  
der zu r Achse rech tw in k lig en  Ebene eine K re isev o lv en te  (B ild  7). Die n a c h 
e in an d er folgenden P o sitio n en  e0 , ex , e2 . . . d e r Z y lindererzeugenden  b ilden  
zugleich die E rzeugende der Z ahnfläche des geraden  Z ahnes.

N B . :  Zum b esseren  V erständn is w ird  h ie r v o re rs t die G eradverzahnung  
u n d  d an ach  die S ch räg v erzah n u n g  b esp ro ch en .

In  der H e rs te llu n g  eines F in g erfräsers  fü r  eine zy lindrische  G erad v er
zah n u n g  kann  m an  die W erkzeugfläche h e rs te ilen , in d em  m an die S ch ar 
der bere its  fü r das W erkzeug  ausgeb ilde ten  Z ahnflankenerzeugenden  e0 , ex , 
e2 , . . .  um  die A chse des ruhenden  F in g e rfrä se rro h s tü ck es  ro tieren  lä ß t. 
W ir w ollen die N o rm altran sv ersa len  zw ischen  d er F rä se rach se  x  u n d  d e r

* Dr. В. S z ő k e , B atth y án y  u. 139, H-1182. B udapest, U ngarn
** I. T e i l  in Acta Techn. Hung. 81 (1975) 411—437
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le tz te rw äh n ten  E rzeu g en d en  als n () , n, , n2 ,. . . bezeichnen. E s is t e rsich tlich , 
d a ß  w ährend der R o ta tio n  von den einzelnen  (en. . .) E rzeugenden  eine S ch ar 
v o n  H üllgeraden g eb ild e t w ird, die ih re rse its  die K reise b erü h ren , deren  
H albm esser den gegebenen  A b sch n itten  d er N o rm altran sv ersa len  en tsp rech en .

Die F läche des F ingerfräsers k a n n  auch d e ra rt geb ilde t w erden , d aß  
m an  das F in g erfräse rro h stü ck  um  die x-A chse ro tie ren , u n d  g leichzeitig  die 
alleinige E rzeugende e du rch  die P u n k te  E lt , Е г , E 2 ,. . . d e r K re isev o lv en te  
lau fen  läß t.

E ine d r itte  M ethode e rg ib t sich , w enn das F in g e rfrä se rro h stü ck  um  
die  x-Achse ro tie r t u n d  erfolgt au ch  eine R o ta tio n  der E rzeugenden  e um  
dieselbe Achse, w obei diese E rzeugende zugleich die P u n k te , 2?0 , E l , E 2 , .  . . 
d e r N o rm altran sv ersa len  d u rch läu ft.

Die technologische O pera tion  b e s te h t aus einem  do p p e lten  A rb e its 
gang , d. h. die E rzeu g en d e  soll zu e rs t einen W eg vom  G ru n d zy lin d er zum  
Z ahnkopf, dann  ab er denselben W eg zu rü ck  zum  G ru n d zy lin d er b e lau fen . 
D iese Hin- und  H erbew egung  w ird  in  folgender W eise v e rw irk lich t: 
es w ird in der A chslin ie des ru h en d en  G rundzy linders eine ro tie ren d e  W elle 
z m it einem v e rs te llb a ren  K u rb e la rm  к zusam m en a n g eb rach t: der Z ap fen  
c d e r B erührungsebene is t du rch  den  P leue l / m it dem  K u rb e la rm  v e rb u n d e n  
(B ild  6).

W enn nun  das oben  als d ritte s  bezeichnete  F ertig u n g sv erfah ren  g ew äh lt 
w ird , so wird eine K o n s tru k tio n  b e n ö tig t, um  den G ru n d zy lin d er sa m t d er 
B erührungsebene um  die x-Achse ro tie re n  zu lassen.

H ierzu w ird an  d er negativen  S treck e  der x-Achse eine W elle m it dem  
K egelrad  kx m o n tie rt, w elches m it dem  K egelrad  der s-A chse des G ru n d 
zy linders gekoppelt is t. Infolge d er D reh u n g  des K egelrades k K w ird  die 
B erührungsebene des G rundzy linders d u rch  das K u rb e lg e trieb e  der A chse z 
in  eine hin- und  h e rg e rich te te  A bro llung  gebrach t.

Zum  w eiteren  A u fb au  un se re r V o rrich tu n g  m üssen d ie  fo lgenden , geo
m etrischen  Z usam m enhänge b e rü ck s ich tig t w erden: vo r allem  ist der jew eilige 
W in k e l zwischen B erüh ru n g seb en e  u n d  den nache inander fo lgenden  N o rm a l
tran sv e rsa len  eine v e rän d erlich e  G röße, u. zw. in dem  S inne, daß  d ieser 
W inkel den W inkel zw ischen der B erüh rungsebene  u n d  der x-A chse zum  
R ech tw inkel e rg än z t. D arau s folgen diese a lte rn a tiv en  L ösungsm ög lichke iten : 

die E rzeugende e d e r Z ahnfläche  k a n n  in  der V o rrich tu n g  en tw ed er als 
die Achse eines zy lind rischen  S tabes, u m  welche die R o ta tio n  der N orm al- 
tran sv ersa le  s ta t t f in d e t ,  v e rw irk lich t w erden , — oder w ird  die E rzeu g en d e  
in  der V orrich tung  m itte ls  einer p rism atisch en  S tange, die um  die e-A chse 
ro tie r t ,  verw irk lich t.

Die B eschre ibung  der H e rs te llu n g  einer G erad v erzah n u n g  w ar n o t 
w endig , um  nun  a u f  die U ntersch iede  verw eisen zu kö n n en , w elche bei d er 
H erste llu n g  einer S ch räg v erzah n u n g  a u ftre te n . E in  U n tersch ied  e rg ib t sich
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B ild 6. Prinzip der A bwälz-Berührungsebene

X-
B ild  7. E ntstehung  der geraden Zahnflanke

in  dem  U m stan d , d aß  zw ischen den  E lem en ten , m itte ls  w elcher einerseits 
die E rzeugende e d er S ch rägzahnfläche , an d ere rse its  die N o rm altran sv ersa le  
v e rw irk lich t w ird  (B ild  8), n ich t n u r  eine D rehbew egung , sondern  auch eine 
V erschiebung in  R ic h tu n g  e zu s tan d e  k o m m t.

Dies is t k la r  ersich tlich  aus den  Z eichnungen  (D arau fsich t u n d  V o r
deransich t) im  B ild  9a. H ier b e d e u te t die P u n k tre ih e  E t den  E v o lven ten - 
P la n sc h n itt der E rzeu g en d en  e, u n d  die g estriche lte  L in ie  (P u n k tre ih e  IV,-) 
die R aum kurve  d e r N o rm altran sv ersa len . W ir kön n en  w eiters aus B ild  8 
(bei gleichzeitiger B e tra c h tu n g  des B ildes 12) erkennen , daß  Achse des
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г Ц

B ild 8. Die gleichzeitig eine D rehung und eine Verschiebung durchführende N orm altransversale 
als H alter des Stahles m it geradliniger Schneide (D raufsicht, V orderansicht, Seitenansicht)

F in g erfräse rs  para lle l zu r K o o rd in a te  x  des Z ylinders v e rlä u ft. D a die N o rm a l
tra n sv e rsa le  n im  L ager L  eine zu r G ru n d k o o rd in a te  у  pa ra lle le  g le itende  
B ew egung in R ich tu n g  y } d u rch fü h ren  k ann  (Bild 9a), is t es m öglich, bei der 
Herstel lung einer Geradverzahnung  im  L ager L  (anstelle  e iner zy lindrischen) 
eine prism atische  B o hrung  zuzu lassen , weil das W erkzeug  m it der g e ra d 
lin igen  Schneide e' u n v e rä n d e rt in  e iner, zu r Z ylinderachse z p a ra lle len  Lage 
v e rh a r r t .  Es is t ab er von großer W ich tig k e it zu w issen, d aß  der Z apfen  n 
u n d  zugleich auch  das W erkzeug  e' m it gerad lin iger Schneide bei der H e r
s te llu n g  einer S ch räg v erzah n u n g  n ic h t n u r  eine g le itende  V ersch iebung, 
so n d e rn  gleichzeitig eine d rehende B ew egung d u rch fü h ren . Dies soll m it 
besonderem  N ach d ru ck  festg este llt w erden , da e rfah rungsgem äß  F a c h le u te  
in  d e r E rk en n u n g  der obigen T a tsach e  ziem lichen S chw ierigkeiten  begegneten .

D as L a g e rL (m it zy lind rischer B ohrung) soll eine V ersch iebung  p ara lle l 
zu r K o o rd in a ten ach se  x  m itte ls  e iner S c h litten fü h ru n g  d u rch fü h ren . In  der 
p ra k tisc h e n  A usfü h ru n g  is t es o ft r ic h tig e r , das L ager n u r  fü r  D rehung  des 
Z ap fen s n zu verw enden , und  fü r die G leitbew egung in  R ic h tu n g  y x einen 
b eso n d eren  S ch litten  vorzusehen . Im  B ild 8 haben  w ir den  W erk zeu g k o p f 
als den  S ch litten  des H o b elstah ls  d a rg es te llt. Im  A rb e itsh u b  w irk t der A n 
sch lag  der R ückfläche d e ra r t, daß  die S chneide e ' in der d u rch  die Z a h n 
flächenerzeugende  e u n d  die N o rm altran sv ersa le  n g eb ilde ten  E bene eine 
g en au e  Lage e inn im m t. H ie rd u rch  is t  die G enau igkeit des F in g erfräse rp ro fils  
gesich ert. Im  L eerlau f w ird  üblicherw eise  beim  Schw ingen um  den Z apfen  
eine F e d e rk ra ft zum  A bheben  des H o b e ls tah ls  von  der A rb e itsfläch e  an g e
w en d e t.

-
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Bild 9 a. E n tstehung  der schrägen Zahnfläche, D raufsicht und Vorderansicht 
Bild 9b. R ichtungskegel der Grundschraubenlinie (D raufsicht und V orderansicht). B estim m ung 

des Neigungswinkels der N orm altransversalen zur B erührungsebene des Grundzylinders 
B ild  9c, Die Bestim m ung der N orm altransversalen-Verschiebung.
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M it Hilfe der B ild e r 9a, 9b u n d  9c sind  w ir in  der Lage, den N eigungs
w inkel der N o rm a ltran sv e rsa len  zu r B erüh rungsebene  u n d  auch  die G le it
bew egung en tlang  d er F ü h ru n g sle is te  zu bestim m en . In  dem  bere its  e rw äh n ten  
B ild 9a sehen w ird die Z ahnfläche  sc h rä g v e rz ah n te r  S tirn rä d e r  als B erü h ren d e  
d e r G ru n d sch rauben lin ie  in V o rd e ran sich t u n d  D rau fsich t. Die B erü h ru n g s
gerade  e0 (m it dem  N eigungsw inkel ß 0) der G rundsch rauben lin ie  der Z a h n 
fläch e  schm iegt sich an  den H a lb m esse r p0 des F ingerfräsers in  dem  P u n k t 
N 0 = E 0 . Im  Bild 9b is t der R ich tu n g sk eg e l der G ru n d sch rau b en lin ie  d a r
geste llt. Es is t ein g erad lin iger K reiskegel m it dem  G rundk re ish a lb m esser 
ra; die K egelerzeugenden  bilden  einen  W inkel ßa m it d er Achse. D em nach  
is t  die H öhe des K egels

c =  r j ta n  ß a .

J e d e r  einzelnen B erü h ru n g sg erad en  e d e r S chraubenlin ie  en tsp ric h t eine zu 
ih r  parallele E rzeugende  g am  R ich tungskege l. U n te r  B e ib eh a ltu n g  der 
B ezeichnungen vom  B ild  9b gilt fü r  den  durch  die zw eite P ro jek tio n  der 
G eraden  g 0 und d er a-A chse geb ilde ten  W in k e l ß 0 die F orm el

ta n  ß 0 =  ra cos f j c  ,

und  du rch  S u b stitu ie ren  des obigen A usd rucks von c e rh ä lt m an:

ta n  ß 0 =  cos cp0 ta n  ßa
d. h ., in  allgem einer F o rm

ta n  ß =  cos (x  +  <p0) ßa . ( I )

U m  den W inkel b estim m en  zu k ö n n en , der am  R ich tungskege l d u rch  
die N o rm altransversa le  u n d  die B erü h ru n g seb en e  des G rundzy linders geb ilde t 
is t, w ollen wir uns die folgende geom etrische Regel vo r A ugen h a lten : w enn 
w ir eine Ebene p a ra lle l zu sich se lb st in  R ich tu n g  der N o rm altran sv ersa le  
versch ieben , so b le ib t d er N eigungsw inkel der N o rm altran sv ersa le  m it jed e r 
e inzelnen  verschobenen  E bene derselbe.

W ir b e trach ten  eine N o rm altran sv ersa le , welche einer, den P u n k t 0  
e n th a lten d en , zu r .r-A chse para lle l v e rlau fen d en  G eraden  u n d  irgendeiner 
K egelerzeugenden g  zu g eo rd n e t is t;  h ie rbe i sei, gem äß B ild  9b, X "  N "  =  1. 
W ie b ek an n t, is t die d u rch  die K egelerzeugende g  u n d  die e-Achse b es tim m te  
E b en e  parallel zu r die Z ahnflächenerzeugende  e n th a lten d en  A bw älzebene, 
u. zw. aufgrund  fo lgender P a ra lle litä te n :

g I e, und  die A chse des R ich tu n g sk eg e ls  c ] | A chse z:
E ine als N orm ale zu g'  u n d  zugleich  n o rm al zu r e rsten  P ro jek tio n seb en e  

(g ' c ') gezogene G erade X ' V ,  is t g le ichzeitig  (d. h. in  der V o rderansich t) in
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d er zw eiten  P ro jek tio n  parallel zu r G rundfläche  des K egels, wobei, in  der 
P ro je k tio n  der W inkel ß "  =  <£ V " X " N "  ist. Die ta tsä c h lic h e  W inkel
größe ß  k an n  gefunden  w erden , w enn  w ir das R aum dre ieck  V X N  um  seine 
H öhen lin ie  (in der ersten  P ro jek tio n ) X ' V '  in die h o rizo n ta le  Lage n ied e r
legen. In  d ieser Lage w ird  X ' N '  =  X ' ( N )  =  1 =  X " N "  in  ih re r w irk lichen  
G röße s ich tb a r. A us der V o rd eran sich t des R ich tungskegels k ann  b e s tä tig t 
w erden , daß  d er W inkel ß  zw ischen einer, durch P u n k t 0  gezogenen H ori
zon ta le  u n d  d er N o rm altran sv ersa le  gleich jenem  W inkel is t, w elcher von 
der zw eiten  P ro jek tio n  g "  m it d er c Achse gebildet is t;  auch  der W inkel 
(;p0 a), w elcher von der e rsten  P ro je k tio n  g'  und der H o rizo n ta le  geb ilde t
is t, k an n  e rk a n n t w erden.

Bei B e ib eh a ltu n g  der B ezeichnungen  gem äß B ild 9b , gilt fü r die erste  
P ro je k tio n  der E inheitsg röße X N  die F orm el:

X ' N '  =  cos ß , (II)

bzw.

X ' V  =  X ' N '  sin (x +  <p0) =  cos ß ■ sin (x  -f~ cpn). ( I I I )

M it R ü ck sich t a u f  ( I I I )  und  das D reieck  X ' V ' ( N )  e rg ib t sich die G leichung

X ' V  =  X ' ( N )  cos <5 =  cos d =  cos ß ■ s in (a  (p0) .

W eiters e rh ä lt m an aus Gl. (I)

ta n  ß =  cos (x  -j- (p0) tan  ßa

u n d  es gilt, n a c h  geom etrischen  R egeln

cos ß =  1/y 1 -j- ta n 2 ß =  1 /| 1 cos2(tx -(- <p0 ) t a n  ßa , 

w oraus die G leichung

cos 6

folgt.

sin (a  +  y 0)

У 1 +  cos2(*  +  rpa) ta n 2 ßa
( 8 )

U m  die obige A b le itung  zu e rgänzen , soll h ier zu r B estim m ung  des 
W inkels Ô, w elcher du rch  die N orm ale  zu r B erüh rungsebene des G ru n d 
zy linders u n d  die N o rm altran sv ersa le  geb ilde t w ird, au ch  d er von I. L ip k a  
abge le ite te , an a ly tisch e  Beweis a n g e fü h rt w erden.

U m  die Z ahnflankenerzeugende  in  der B erüh rungsebene zu b estim m en , 
greifen w ir a u f  Gl. (1) im  Teil I  zu rück , wobei w ir d a ra u f  ach ten , daß
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die B erührungsebene vom  P a ra m e te r  (cp0 -)- oc) =  cp a b h ä n g t. H ieraus e rg ib t 
sich fü r die g e n a n n te  E rzeu g en d e  das fo lgende G le ichungssystem :

X  =  r a cos cp — t r a sin  cp , 
у  =  r a sin Cp -\- t r a COS cp , 
Z — c(<p cp0) +  c t .

c p= d +  <p0 .

In  diesem  S y s te m  g ilt fü r die R ich tu n g sk o sin u sw erte  (der Z ah n flan 
kenerzeugenden)

r a sin cp r a cos cp c

]/r% +  c'2 ’ Y rl  + c2 ’ f r 2 +  c2

M it anderen  W o rten , w ir haben  die K oeffiz ien ten  des P a ra m e te rs  t  jew eils 
m it der Q u ad ra tw u rze l d er Q u ad ra tsu m m en  der K oeffiz ien ten  d iv id iert.

U m  die b ezüg lichen  R ich tu n g sw erte  der N o rm altran sv ersa le  zu fin d en , 
is t folgendes zu ü b erleg en :

Die zur ж-A chse in  rech tem  W inkel stehende N o rm altran sv ersa le  is t 
re la tiv  zur selben A chse d u rch  den R ich tu n g sk o sin u sw ert N ull gekenzeichnet. 
W en n  w ir den W inke l zw ischen der y-A chse und  der N o rm altran sv ersa le  als 
cp bezeichnen, so is t  d e r R ich tungskosinus zu r selben A chse cos cp. O ffensich t
lich  is t der R ich tu n g sk o sin u s  zu r z-A chse gleich sin cp. Z usam m enfassend  w ird  
die Lage der b esch rieb en en  N o rm altran sv ersa le  von den  fo lgenden  R ich tu n g s
kosinusw erten  b e s tim m t:

0; cos cp ; sin cp .

D a die N o rm a ltran sv e rsa le  m it der E rzeugenden  gleichfalls einen rech ten  
W inkel b ildet, is t d e r b e tre ffen d e  R ich tu n g sk o sin u sw ert gleich N ull. So h ab en  
w ir

ra COS cp c .
—■ - - cos cp 4 -  - -  sin cp =  0 ,
\ r5 +  c- 1 Г2 +  c-

d. h.

ra cos cp • cos cp A  c sin cp =  0 ,

ta n  cp ==
ra cos cp 

c

M it R ücksicht a u f  die eon iom etrische These

cos ip
1Л -j- ta n 2 cp

und sin cp
ta n  cp

1 +  t a n 2 cp
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und auf die Zusammenhänge

c . — r a cos Wcos w =  , ; sin w =  r_ ,
У С2 +  Г2 COS2 99 I С2 +  r2 cos2 <р

ergeben sich die entwickelten Richtungskosinuswerte

Q. c . ______ G cos cp
|/c2  -)- r| COS2 99 ŷC2  -j- r2  cos2 c

Zur Bestimmung der Normale der vom Parameter wert 99 =  <p0 +  а 
gekennzeichneten Berührungsebene des Grundzylinders dienen die folgenden 
Richtungskosinus werte :

cos 99, sin 99, 0  ;

dieselbe Normale bildet mit der Normaltransversale den Winkel ö. Wenn 
wir die beiden Richtungskosinuswerte (nämlich diese der oben besprochenen 
Normale und jene der Normaltransversale) miteinander komponieren so 
erhalten wir den Kosinuswert des Winkels Ô.

c sin 99cos 0  _____
l c2  +  r2 C O S 2 99

Nun ist
c =  ra cot tg ßa ,

und daher

^  ra cot ßa sin 99 cot ßa sin 99 tan ßa sin 99

1 r |  cot2 ßa -f- Га COS2 99 У1 cos2 (p tan2 ßa | 1 +  COS2 99 tan2 ß a

Hier sei bemerkt, daß bei 99 =  а -f- (p0 der Ausdruck von cos d der oben er
wähnten Formel (8 ) entspricht.

Es ist nicht schwer, die wirkliche Größe der Verschiebung entlang der 
Führungsleiste am Richtungskegel zu bestimmen. Dies kann geschehen, 
indem man den Abstand E tN { an der Erzeugenden e( auf eine, durch den Kegel
winkel ß a gekennzeichnete Erzeugende projiziert. Diese Projektion (£',) (iV;) 
stellt die tatsächliche Größe der Verschiebung dar.

Dagegen ist die rechnerische Ermittlung umständlicher.
Nach dem Zusammenhang laut Formel (I) und bei Beibehaltung der 

Bezeichnungen des Bildes 9a, kann man für den Fall а =  0 folgende Gleichung 
aufschreiben:

. O ta n  ßasin 29?op  =  ra sin 990  tan ß 0 =  ra sin (pu cos <p0 tan ßa =  ra ------- -
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Mit Rücksicht auf Formel (I), und durch Anwendung der Bezeichnungen des 
Bildes 9c erhält man:

K H  ----- p  tan ß  =  -  r° tan ß" sin 2<Po - r° sin 2rPo
2  cos( a +  Ç90) tan/Sa 2 cos(a +  ^0)

und wir setzen die Ableitung fort:

K E  =  ra sin (x 4 - <p0) ra x cos (x +  <p0) ,

sin 2<p„
H E  =  K E  — K H  =  ra sin (a +  tp0) - ra x  cos (x  -(- <p0) — ra

2  cos (a 4 - <p0)

H N  =  H E  cos ß ,

O H  =  p l sin ß , 

p :  M N  =  O H  : H N ,

M N  - p H N /  O H  p H E  cos ß  ■ sin ß jp  H E  cos ß  • sin ß,

sin ß  ■ cos ß tan ß
1 +  tan2 ß 

tan ß  =  cos (x  +  (p0) • tan ß a, 

cos (a -f- <f Q) tan ßasin ß  cos ß  =

daher

M N

1  +  cos2 ( x  +  9?o)tan2 ß, 

cos (x +  <p0) tan ßa
H E .

1  +  cos2 (x  +  Ç90) tan2 ßa 

Die effektive Länge der Verschiebung beträgt:

cos (x  -f- cp0) • tan ß a
E ( N )  =  M N  ! cos ß a

cos ßa [1 ' - cos2 (x <p0) tan2 ß a] 

bzw. nach Einsetzen des Wertes von H E :

cos (oc ~\ <pu) t n n ß a

H E ,

E ( N )
cos ßa [ 1  4 - cos2 (x  4 - <p0) tan2 ß a]

X

X rn sin (x  +  <jpt)) r(l x cos (x +  (f0) -  r Sln “7o
2  cos (x +  <fn)
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Wir wollen aus dem zweiten Polynom das Glied r j cos (ot -j -  (po) heraus
lieben:

cos (x ß- <p0) tan ß a

cos ß 0 [ 1  +  cos2 (sc +  cp0) tan2 ß a cos (sc +  (p0)
X

X
sin (sc q>0) sc cos (a -f- (p0) sin 2<p() 

1 / cos (sc +  q>0) l/cos(sc +  cp0) 2
= (E N )

ra tan ßa sin 2 (sc-(-9 ,o)
cos ß a [ 1  +  cos2 (sc ß- <p0) tan2 ß a\ 2

sin 2<p0 cos2 (sc +  <p0) =  E ( N ) ,

und, in durchgefülirtcr Form erhält man

r„ tan /
I ß a [1  +  0082 ( «  +  <Po) ta n 2  ß a

[cos (sc-j-2 ç>0) sin sc — sc cos2 (* +  9?o)] =  E ( N ) .

(9)

Aus Gl. (9) folgt, daß die Verschiebung E ( N )  in zwei Fällen zu Null 
wird: erstens, wenn sc =  0, da in diesem Fall, innerhalb der Klammern, jedes 
der beiden Glieder verschwindet. Der zweite Fall ist durch die folgende Gleich
heit bestimmt, da die Differenz in den eckigen Klammern verschwindet:

cos (sc +  2ç>0) • sin  SC =  X  cos2 (sc +  To) •

Hierzu soll bemerkt werden, daß die Punkte jeder einzelnen Normal- 
transversalen JV0, IVj, No, . . .  an dem Richtungskegel (Bild 9b) zugleich die 
Punkte eines Thales-Kreises vom Durchmesser SO bilden. Die Tiefste Lage in 
diesem Kreis ist durch den vertikalen Halbmesser gekennzeichnet.

Die im Bild 8  dargestellte Vorrichtung ist tatsächlich dazu geschaffen, 
ein genaues Evolventenprofil herzustellen, da die gerade Werkzeugschneide e' 
effektiv an der Hüllfläche der entstehenden Hyperboloide tangential entlang
gleitet. Diese Bewegung entsteht dadurch, daß die genannte Schneide während 
der Fortbewegung in der x  Richtung auch eine Verdrehung um den Zapfen 
n durchführt.

Im Bild 10 ist das Profil des Fräsers als Hüllkurve der durch den Meri
dianschnitt der Hyperboloidenschar entstehenden Hyperbel dargestellt. 
Wir ersetzen jede einzelne Hyperbel durch den Krümmungskreis am Scheitel
punkt, gekennzeichnet durch den bekannten Scheitelkrümmungsradius 
R  =  p  — b2 ‘a , wobei b die halbe imaginäre, a die halbe reelle Achse bezeichnet. 
Die Scheitelpunkte sind als Berührungspunkte bezeichnet. Wenn wir die, vom 
Zapfen n während der Operation durchgeführte Drehbewegung unbeachtet
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Bild 10. Profil des F ingerfräsers als H üllkurve der als M eridianschnitte der Hyperboloide
entstandenen H yperbel

lassen , so können w ir le ich t dem I r r tu m  verfa llen , als ob die P ro filk u rv e  des 
F ingerfräsers d u rch  die P u n k tre ih e  A 1 1 ^ 2 ’ * * * der N o rm altran sv ersa len  ge
b ild e t w äre.

Zum Einspannen der Fräser und Schleifwerkzeuge verwenden wir spezielle V orrichtun
gen, die wir an einen im H andel erhältlichen Antrieb anschließen können. Den Turbo-Schleif- 
fräser Type USF-35 (B ild 11a) erhielten wir von der W iener Firm a Groh und Sohn 
(A-1011 Wien, Lugeck 1); die Anwendungsmöglichkeiten desselben sind auf Bild 11b dargestellt.

Der A pparat is t durch folgende Angaben gekennzeichnet:
Antrieb: p a ten tie rte r Druckluftmotor.
Betriebsdruck: 2 ~  4 kp/cm2, je nach Drehzahl und Leistung.
L uftverhrauch: 280 liter/m in bei 4 kp/cm 2 Druck
Drehzahl: 25 000 40 000 U/min
Leistung: 720 W, bei 40 000 U/min
Lagerung: hochgenau, vorgespannt, spielfrei.
Schmierung: durch Ölnebel, kontinuierlich.
Kühlung: Selbstkühlung, durch A ntriebsluft.
Rundlaufgenauigkeit der Spindel: 0,002 mm.
Einspann-Nabe A. D.: 18 mm, auf W unsch 40 mm.
W erkzeugaufnahme: Spannzange, V erlängerungsdorn.
Werkzeuge: H artm etallfräser, D iam antwerkzeuge, Schleifstifte, Ringschleifkörper.
N ettogewicht: 3,2 kg.

L aut Mitteilung der H erstellerfirm a kann m an bei einer U m drehung von 40 000 U/min 
auch zylindrische Schleifscheiben keramischer B indung m it einem D urchmesser von 6 ^ 1 0  mm 
in der V orrichtung verw enden. Die S tab ilitä t der V orrichtung läß t die Anwendung von Ver
längerungsdornen 0 1 2 x 1 2 5  mm, oder 0 1 2 x 1 3 0  mm zu, ohne jedwede nachteilige W irkung 
befürchten  zu müssen.

Die Z usam m enste llung  unserer V o rrich tu n g  ist a u f  3 A bbildungen  d a r 
g es te llt, u. zw.: V o rd eran sich t; B ild 12a; S eiten an sich t bzw . Q u ersch n itt: 
B ild  12b; D rau fs ich t: B ild 12c. A us diesen B ildern  geht k la r  herv o r, daß  
diese V orrich tung  e in fach  au f eine D re h b a n k  oder a u f eine andere  W erkzeug
m asch ine  m o n tie rt w erden  kann , w obei die A ntriebsw elle x  des A bw älz
m echan ism us in d er R ohrw elle X  ge lag ert und  das L ager V  d ieser W elle am  
D re h b a n k b e tt b e fe s tig t w ird. E in an d eres  L ager Z, das en tw eder m it der 
R ohrw elle ein S tü ck  b ild e t, oder d a ra n  rech tw in k lig  b efestig t is t, d ien t zur 
A ufn ah m e der W elle z. Am Lager Z  sind  ferner zwei G rundzy linderscheiben ,
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A

Bild 11a. Umriß eines m it einer Drehzahl von 40 000 U/min w irkenden Turbo-W erkzeuges; 
zur Verfügung gestellt von der Firm a Groh und Sohn

Bild 11b. Montage und A nw endbarkeit des Turbo-Schleiffräsers auf W erkzeugm aschinen
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C j
B ild  12a. Zusam m enstellung der nach dem Prinzip der Abwälzebene arbeitenden V orrichtung.

Vorderansicht
Bild 12b. Seitenansicht bzw. Q uerschnitt derselben V orrichtung 

B ild  12c. D raufsicht derselben V orrichtung

eine obere und  eine u n te re , beide m it dem  H albm esser ra, an g eb rach t. Z um  
Z w eck der A bw älzbew egung  genügt je  eine halbe Scheibe. D em zufolge k ö n 
n e n  w ir uns m it e in em  einzigen  G uß stü ck  begnügen , w elches n ach  dem  P rin z ip  
e in e r zw eiteiligen R iem ensche ibe , jed o ch  in  e iner A u sfü h ru n g  einer d o p p e lt
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langen  R ad n ab e  b e a rb e ite t w erden k a n n , um  beide H albsche iben  einfach  a u f  
die R ohrw elle Z  au fsp an n en  können .

D er s teu e rb a re  B earbeitungsm echan ism us und  die L agerung  des d re h 
b a ren  A rb e itss tü ck es k an n  anste lle  des S tah lh a lte rs  am  S ch litten  m o n tie r t 
w erden . Am E n d e  der W elle x  b e finden  sich 2 K eilriem enscheiben . E in e  
d av o n , die in n e re , w ird  von der D re h b a n k h a u p tsp in d e l angetrieben . D ie 
zw eite d ien t zum  A n tre ib en  unseres W erkstückes. N a tü r lic h  kann  der F in g e r
fräser auch  d ire k t von  der H a u p tsp in d e l au fgenom m en w erden. In  d iesem  
F alle  w ird  die A bw älzv o rrich tu n g  en tw ed er am  S c h litte n , oder u n m itte lb a r  
am B e tt b efestig t.

6. S teuerung  nach  dem  P rinzip  der Schraubenbew egung

Im  vorigen  K a p ite l h ab en  w ir das A bw älzen d e r B erührungsebene b e 
sp rochen  u n d  gezeigt, daß die Z ahnerzeugende e ih re  erw ünsch ten  P o sitio n en  
m it H ilfe der be iden  G rundzy linderscheiben  n ach e in an d er einnehm en k o n n te . 
Jed o ch  is t ein solches V erfahren  n u r bei der H erste llu n g  von  wenigen F rä s e r 
ty p e n  w irtsch aftlich . N un  wollen w ir die N o tw en d ig k e it, fü r jede  F rä se r ty p e  
das spezifische P a a r  von  G rundzy linderscheiben  he rzu ste llen , um gehen. D ies 
k an n  v e rw irk lich t w erden , w enn w ir an  die W ellen z d e r S teu e rv o rrich tu n g  
(B ilder 13a u n d  13b) eine obere u n d  eine u n te re  S ch litten fü h ru n g  an b rin g en , 
die beliebigerw eise gegeneinander v e rd re h b a r  sind u n d  deren  S ch litten  in  d er 
n ach  W unsch  verschobenen  Lage f ix ie r t w erden  kö n n en . D ie F ü h ru n g sle is te  e 
k ann  in v e rsch ieb h are  Gelenke des oberen  sr und  des u n te ren  s2 S ch litten s  
c in g esp an n t u n d  b e festig t w erden.

Diese A n o rd n u n g  b ilde t m it dem  G ru n d zy lin d er ein starres S ystem .
W enn  dieses S ystem  als G ru n d zy lin d er die d o p p e lte  Bew egung d u rc h 

fü h r t , indem  es ax ia l verschoben  u n d  u m  die eigene A chse en tsp rechend  ro t ie r t  
w ird , so w ird  d u rch  die au fe inanderfo lgenden  geom etrischen  Stellen der F ü h 
ru n gsle iste  e die Z ah n flan k e  erzeugt.

N ach  B ild  13a d ien t das du rch  K egelrad  k x an g e trieb en e  K egelrad  k z 
zugleich als M u tte r  fü r die G ew indespindel г. N un is t das K egelrad  k z in  dem  
um  die лт-A chse d reh b a ren  L ager X  a b g e s tü tz t und so h a t  die D rehung dieses 
K egelrades zu r F olge, daß  die G ew indespindel in  d er axialen  R ic h tu n g  z 
verschoben  w ird . W ir e rw arten  von  d er V orrich tu n g , d aß  sie zu jed e r K o m 
b in a tio n  der G ru n d zy lin d er von  versch iedenem  H alb m esse r ra und  der v e r 
sch iedenen  Z ahn-N eigungsw inkel ß a v e rw en d b ar sei. D ies k ann  e rre ich t w er
den, w enn d a fü r gesorg t w ird , daß  die D rehung  der W elle und  die axiale V er
sch iebung  der Spindel genau jen e r S ch raubenbew egung  en tsp rechen , die e n t 
s te h t, w enn die T an g en te  des G rundzy linders ihre eigene Schraubenbew egung  
dem  N eigungsw inkel ß a und der G anghöhe h en tsp rech en d  d u rch fü h rt.
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Bild 13a. Zusam m enstellung der Gewindespindel-Vorrichtung. Seitenansicht 
Bild 13b. Teildraufsicht derselben Vorrichtung 

B ild  13c. Fortbew egungsrichtungen am G rundzylinderm antel, in einer E bene ausgebreitet 
B ild  13d. A lternative A usführung als hülsenförmige Gewindespindel m it einer darin  rotierenden

Welle

w  ir haben  im  B ild  13c folgende bew egungs-geom etrische  E lem en te  e in 
g eze ich n e t: die B erü h ru n g sg erad e  der S ch rau b en lin ie  m it dem  N eigungsw inkel 
ß a, u . zw. an der in eine E b en e  e n tfa lte te n  G ru n d zy lin d erm an te lfläch e , fe rn er 
d ie  S te ig u ngsrich tung  des G ew indes in  d e r B o hrung  des K ege lrades k zl eben 
fa lls  in  der en tfa lte te n  E b en e . B ek an n tlich  is t die G ew indespindel, als M aschi
n en e lem en t, du rch  den W irk u n g sg rad  =  ta n  xjta n  (x -f- p) gekennzeichnet
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m it x  als S teigungsw inkel und  g als R eibungsw inkel. In  d iesem  Z usam m enhang  
is t d er günstigste  S teigungsw inkel x  =  45°; d ieser F a ll w u rd e  in  unsere Z eich
nung  (Bild 13c) aufgenom m en. N un is t das V erh ä ltn is  des V erdrehungsbogens 
und  der axialen  V ersch iebung  der Spindel gleich ta n  ß a. U m  dies zu v e rw irk li
chen , stehen  uns zwei versch iedene K o n stru k tio n sm ö g lich k e iten  zur V erfü 
gung.

Im  Bild 13d is t  eine der beiden  Lösungen d a rg e s te llt.
Diese Lösung lä ß t  sich wie fo lg t beschreiben:
Die Gewinde Spindel is t als ein Führungsrohr  au sg eb ild e t. In  diesem R ohre  

b e fin d e t sich die G rundzy linderw elle , wobei die hohle G ew indespindel u n d  die 
d a rin  d rehbare  W elle eine gem einsam e axiale V ersch iebung  du rch fü h ren . 
W äh ren d  einer U m d reh u n g  des K egelrades k z leg t des R o h r (sam t W elle) 
einen W eg von A S  /i, zurück , und  die W elle im  R o h r v e rric h te t eine dem  
Bogen S H j en tsp rech en d e  D rehung, wobei S H X/S A  =  ta n  ß a sein m uß.

Bei der anderen k o n s tru k tiv e n  Lösung besitzt die Geivindespindel keine  
Führungsbohrung. D u rch  das M uttergew inde des K egelrades kz e rh ä lt die 
G ew indespindel die no tw end ige L ängsversch iebung . F e rn e r  befinde t sich an  d er 
G ew indespindel eine axiale Keilbahn  (Bild 13a). Die zusätz lich  ben ö tig te  
D rehung  der Sp indel w ird  m itte ls  des D reharm es к bzw . des d a ran  m o n tie rten  
E insatzkeils erzielt. D a die h ie rd u rch  in D rehung  g e b ra c h te  G ew indespindel 
gezw ungen is t, sich auch  in  den ro tie ren d en  S ch rau b en g än g en  des M u tte rg e 
w indes im K egelrad  fo rtzubew egen , m uß eine D reh u n g  en tlan g  des B ogens 
A B ,  zugleich e iner ax ia len  V ersch iebung S B X en tsp rech en .

D er V erdrehungsbogen  im D reieck A B B X e n tsp r ic h t dem  U m fang d er 
S ch raubensp inde l m it dem  H albm esser rc u n d  m it R ü ck sich t au f den S te i
gungsw inkel von  45°, h aben  wir

2rc n  =  hy =  A B
und

AB., =  A B X sin ß a ,
bzw.

A B X: sin 45° — A B : sin (45° -f- ß a) .

U n te r B erücksich tigung  der fo lgenden Z usam m en h än g e : 

sin 45° =  cos 45° und  A B  hx 2rc л  ,
e rh a lten  wir

AB., =  2rc л  ta n  ß al(l  -f- ta n  ß a) .

Als Beispiel nehm en wir folgende W erte an:

rc =  50 mm ; tau  ßa =  0,532,
so ist

AB., =  314 • 0,532/1,1532 =  109.
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314 : 109 «=! 23/8, und  demgemäß soll der Arm к 8 Umdrehungen vorauseilen, während 
dessen das Kegelrad 23 U m drehungen durchführt. Also ist die U m drehungszahl n k des Armes к 
gleich 23 -f- 8 =  31.

Im  Falle einer rohrförm igen Gewindespindel (Bild 13d) soll die Voreilung des Armes к 
w ährend einer U m drehung des Schraubenm utterkegelrades SHt

S H t =  ftj tan  ß a =  314 • 0,532 =  167,05
U m drehungen betragen.

Da nun 314 : 167,05 ^  20/11, also is t die Voreilung des Armes к  gleich 11, gegenüber 
der K egelradum drehung 20. Die U m drehung n k des Armes к ist gleich 20 +  11 =  31.

Die K o n stru k tio n slö su n g  k a n n  le ic h te r  g es ta lte t w erd en , w enn w ir, im  
S inne  des Bildes 14a, die U m d reh u n g  des K egelrades k z als die U m drehung  
eines Sonnenrades in  e inem  Z w eirad -P lan e ten g e trieb e  auffassen , u n d  zugleich 
das Sonnenrad  a und das P la n e te n ra d  b als W echselräder b e tra c h te n , die dem  
jew eiligen  N eigungsw inkel ß a zu g eo rd n e t sind . W ir wollen a u f  die U m d reh u n g s
zah lfo rm eln  [11], [12] u n d  [15] des au ß en v e rz ah n te n  Z w eirad -P lan e ten g e trie - 
bes zurückgreifen :

a n a +  bnb (a — b) n k =  0 . (10)

In  dieser Formel haben die Bezeichnungen folgende Bedeutung:
а — irgendeine passende Angabe des Sonnenrades, d. h. Halbm esser bzw. Durchmesser 

oder Zähnezahl,
b — eine ähnliche Angabe des P lanetenrades,
к — Planetengetriebearm ,
/iß, nb und nk — D rehzahlen gemäß Fußindex.

Die Form el (10) k a n n  als G le ichung  einer E bene, (la rg este llt in  einem  
dre id im ensonalen  S y stem  au fgefaß t w erden , m it den Z äh n ezah len  a und  b 
als K o n s ta n te n  (bzw. gegebene Z ähn ezah len ) und  n b, n c als V ariabein . 
W en n  also unser K o o rd in a ten sy stem  d u rc h  die K o o rd in a ten ach sen  n a, n b und  
n k geb ild e t w ird, so lä ß t  sich die e rs te  B ildebene durch  die A chsen  nk, n a, die 
zw eite  durch  nk, die d r i t te  du rch  rca, n b bestim m en  (B ild 14/>).

Bild 14a. Prinzip eines außenverzahnten  Zweirad-Planetengetriebes 
Bild 14b. D arstellung des Rechnungsganges zum Zweirad-Planetengetriebe
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D ie e rste  S purlin ie  erg ib t sich bei n b =  
0;

0, die zw eite bei der A nnahm e

пл =  n a = I + - t
а

nk , (10a)

n2 =  nb = i  +  л  
b

nk . (10b)

H ierzu  sei b em erk t, daß  am  H a lb m esse r a die R ich tu n g  A C  als po sitiv , 
am  H alb m esser b die R ich tu n g  BC  als n e g a tiv  gilt. B ezeichnenderw eise gilt 
Gl. (10) fü r  ein au ß en v erzah n tes  S o n n en rad . F ü r ein in n en v erzah n tes  S onnen
rad  la u te t  die G leichung:

an a bnh (a b) n k 0 . (10’)

Als Zahlenbeispiel sollen die Angaben der außenverzahnten W echselräder a und b 
in K enntnis der U m drehungszahl na des Sonnenrades a, unter folgender Bedingung bestim m t 
werden:

n b =  q n a u n d  n k =  na -\- i,

wo q und  i beliebig gew ählte Zahlenwerte bedeuten.
Im  Sinne der Form el (10) kann m an schreiben:

und daraus

ana +  bqna (a +  b)(na -f- i) =  0,
ana -(- bqna ana -  bna — ai — bi = 0, 

ai =  b(qna na — i),

a b  =  nÁq =Д = 1l
na(q -  JO

i
1 .

Gemäß Bild 13o haben  wir na =  23, q =  
Deshalb gilt:

ajb - 23/8

2, i =  8.

1 =  15/8.

In  einem anderen Fall m it na =  23, q =  3 und i =  8, ergibt sich 

a/b =  2 n0/8 1 =  46/8 -  1 =  38/8.

E in weiteres Beispiel sei bestim m t durch a =  30, b =  16, entsprechend dem V erhältnis a/6 =  
=  15/8.

H ieraus erhält m an nach Bild 14b die Spurlinien der bezüglichen Ebene, wie folgt:

2 3  2 3

П ' =  15 П к  ’ n -  =  А  П,< '

W enn einmal die Spurlinien u, und n 2 der Ebene bestim m t w urden, so is t es möglich, 
die dem  W ert z. B. na =  23 zugeordneten W erte rif, =  46 und rii- =  31 durch geometrische 
K onstruk tion  zu finden, m e  dies aus Bild 146 hervorgeht.

E s sei z. B. ein P u n k t gewählt, für w elchen der A bstand nn der ersten P rojektion von der 
n/(-Achse gleich 23 und der A bstand der zw eiten Projektion gleich n-n 2 na -  46 is t; so ist 
der koordinierte W ert n/( =  31 in Ü bereinstim m ung m it Gl. (10), wie folgt:

15.23 +  8.46 (15 +  8) 31 =  0
das heisst

15 na +  8 п/, 23 ríj =  0.
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Im  Bild 13a ist eine K o n s tru k tio n sa r t da rg esto llt, in w elcher der E m 
lege ted  zur Ü b e rtra g u n g  der D rehbew egung an  die G ew indespindel, zw ecks 
E rle ich te ru n g  der M ontage , sich im  D eckelte il des A rm es к  b efinde t.

W enn  eine a u to m a tisc h e  H in- u n d  H erbew egung  der G ew indespindel ge
w ü n sch t is t, d ann  m uß  fü r  einen m ech an is ie rten  R ich tungsw echsel der D reh u n g  
der W elle gesorgt w erden .

Z ur B estim m u n g  d er V ersch iebung d er G ew indespindel dienen die geo
m etrisch en  Z u sam m en h än g e  der B ilder 9a u n d  13c. D er E v o lv en ten ab w ä lz 
bogen am  G ru n d k re is  im  S tirn p ro fil is t raa; die diesem  Bogen zu geo rdne te  
B ogenlänge der S ch rau b en lin ie  is t

/ =  ra а /sin  ß a .

7. E instellung der Vorrichtung

Die F ü h ru n g sle is te  e soll an  d er W älzebene-V orrich tung  in  einem  W inkel 
ß a zu r s-Achse e in g este llt w erden. F ü r  eine Z ähnezah l z und  m it den B ezeich
n u n g en  im  Bild 15, e rgeben  sich:

<p =  2л:/4 2 =  jr/2z ,
ra ta n  x  =  ra arc  (ê  -)- a ) , (11)

ta n  a =  arc ê  +  arc  x  .

M it H ilfe d er E v o lv en ten tab e lle  [13] u n d  als F u n k tio n  des E in g riffs
w inkels x  k an n  m an  sch re iben :

a rc  0 =  inv  x  ta n  x  arc  x  ,

Bild 15. Einstellung der Führungsleiste in der nach dem Prinzip der Abwälzebene arbeitenden
V orrichtung
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u n d  im  B ogenm aß

Vo =  v - ü  =  - ? L - e .  ( 12)
Zz

U m  die G ew indesp indel-V orrich tung  gem äß B ild 13a e inzustellen , m ü s
sen w ir den  N eigungsw inkel ßa der G ru n d zy lin d ersch rau b en lin ie  b estim m en . 
In  K e n n tn is  des T eilzy linder-N eigungsw inkels ß 0 lä ß t sich auch  die F o rm el der 
G anghöhe ansch re iben :

d. h.

da

h -  2r 0 я /ta n  ß 0 =  2ra я / ta n  ß a , 

ta n  ßa -  ra t a n  ß j r 0 , 

ra =  r 0 cos a  =  mz  cos x № ’

e rh ä lt m an  fü r den W inkel ßa die p ra k tisc h e re  F orm el

ta n  ßa =  t a n  ß 0 cos % . (13)

W enn nun W inkel ß = 0, d an n  is t  die F ü h ru n g sle is te  e pa ra lle l zu r Achse 
2 des G rundzy linders u n d  die e rzeu g te  P ro filk u rv e  is t eine E vo lv en te .

Z um  Zwecke d e r E inste llung  des F ingerfräsers e iner S ch räg v erzah n u n g  
gem äß  ß a wollen w ir den  Z u sam m en h an g  zw ischen dem  N eigungsw inkel 2 à 
d e r S ch litten  sx u n d  s2, und ihrem  A b s ta n d  p  u n d  dem  W inkel ß a festlegen .

Bild 16. E instellung der Führungsleiste in  der Gewindespindel-Vorrichtung
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W ir wollen die B ezeichnungen n ach  B ild 16 b e ib eh a lten :

cos ô =  r J R  =  m z  cos эс/2Д , (14)

p  =  2R  sin d /ta n  ß a . (15)

U n te r  B erü ck sich tig u n g  der G leichung  m hz =  2 r 0, e rh ä lt  m an  aus den  
obigen zwei F o rm eln  u n d  nach (13)

ta n  ô — p  ta n  ß a 2 R /2 R  m hz cos sc =

= p  ta n  ßal2rn cos а  =  p  ta n  ß aj2r0 .
A us Gl. (14) is t

R  r 0 cos sc/cos <5.

(16)

In  K en n tn is  d e r G rößen  R, p  u n d  W inkel ô sind  w ir in  der Lage, den  
W inkel ß a e inzustcllen .

E s soll hier — im A nschluß an die Berechnung der W echselräder (a) und (b) des Zwei
radplanetengetriebes au f die bereits angeführten Zusamm enhänge Bezug genommen 
werden:

Mit Rückblick au f das Kapitel 4 kom m en wir auf unsere früheren Besprechungen 
betreffs der Berechnung eines Rades m it Pfeilverzahnung zurück:

W erkzeugmodul m n =  27 mm,
Zähnezahl z =  26,
Neigungswinkel am  Teilzylinder =  ß 0 =  30°,
Stirnm odul m/2 =  31,177 mm,
Teilkreishalbm esser r 0 =  405,299 mm,
W erkzeugeingriffswinkel <xn =  20°,
Eingriffswinkel im S tirnschnitt tana =  tan  20°/cos 30°, d. h. а  — 23° 45', 
G rundkreishalbm esser: ra =  r 0 cos а =  405,299 cos 23° 45 ' =  373,64 mm.
Es beträg t die G anghöhe am Teilzylinder: h 2r0rr/tan 30° =  4410 mm,

d. h.
tan  ßa =  2ra~rlh 0,532,

d. h.
ßa =  28°.

Es diene als R ekap itu lation , daß (nach Bild 13c) das D rehzahlverhältnis sich folgender
m aßen ergibt:

Ausgangswert is t ta n  ß a =  0,532; demgemäß erhält m an für die A usführung m it einer 
Gewindespindelachse nach Bild 13a nalni{ =  23/31. W eiters wurde nach Bildern 14a und 14b 
bewiesen, daß man dieses D rehzahlverhältnis bei einem V erhältnis der W echselräder ajb — 
=  15/8, z. B. zjzh) — 30/16 erhält.

Für eine durchbohrte Ausführung der Gewindespindel (Bild 13d) d. h. m it einer V or
eilung nach Bild 13c SH., =  SH , gilt nach vorheriger Berechnung das V erhältnis der Wechsel
räder alb =  29/11.
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привода и описывают два вида решения, а именно: один из них был бы экономичен в таких 
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H. J o rd a n — V. K l im a  K .  P. Kovács:

ASYNCHRONM ASCHINEN

FU N K TIO N , T H E O R I E ,  TE CHNISCHES

A kadém iai Kiadó, B udapest und Friedrich Vieweg & Sohn Verlagsgesellschaft m bH , B raun 
schweig 1975. ISBN  963 05 0092 2, 531 Seiten, 316 Abbildungen und Tabellen.

Asynchronm aschinen, in dem Leistungsbereich von Bruchteilen eines W att bis zu 
vielen tausenden K ilow att, werden heute in  der ganzen W elt jährlich  zu H undertm illionen 
erzeugt. Viele Fachleute beschäftigen sich m it diesen m eistverbreiteten Motoren, demzufolge 
ihre Entw icklung einen hohen technischen S tand  erreicht hat.

T rotz des einfachen konstruktiven A ufbaus finden in den Asynchronm otoren kom pli
zierte elektrom agnetische Vorgänge s ta tt , andererseits kom m t den störenden Nebenerschei
nungen, wie Laufruhe, m agnetischer Lärm, Zusatzverluste, D rehm om entsättel usw. eine stei
gende Bedeutung zu. Diese Probleme sind zwar in der Fach literatu r behandelt, aber es ist 
für den Leser unmöglich, die große Unmenge der L iteratur zu verfolgen und erfolgreich zu 
bearbeiten. Das vorliegende Buch verfolgt das Ziel, die grundlegenden und weiterführenden 
K enntnisse der Asynchronm aschinen zusam m enzufassen und aufzuarbeiten.

Das Buch is t als Lehrbuch für S tudierende und als Nachschlagwerke für Fachleute 
gedacht und deshalb legen die Verfasser großen W ert darauf, den Asynchronm otor ste ts  als 
ein physikalisches Gebilde m it elektrom agnetischen Erscheinungen zu betrachten. Die netz
w erktheoretische Behandlung m it M atrizendarstellung als H ilfsm ittel der Lösung transien ter 
Vorgänge wird im  zweiten Band des Buches behandelt werden.

Das vorliegende Buch is t der erste B and einer zweibändigen Serie. Es h a t außer der 
E inleitung elf K apitel, ein Sachverzeichnis und  eine Bezeichnungsliste.

Die Einleitung erk lärt die Bildung des D rehm om ents und zeigt einige typische Beispiele. 
Das K apitel I behandelt den Problemkreis D rehfelder, D rehm om entbildung und Spannungs
erzeugung. Die idealisierte Drehstrom asynchronm aschine und die w ichtigsten G rundbegriffe 
werden im K apitel I I  beschrieben. K apitel I I I  beschäftigt sich m it der Theorie der W icklungen.

Der G rundfeldm otor und dessen klassische Behandlung m it Hilfe der P rim ärstrom orts
kurve (K reisdiagram m ) wird im Kapitel IV beschrieben. Hier werden auch die Besonderheiten 
des K äfigläuferm otors behandelt. Dieses K apite l ist durch drei Anhänge ergänzt, die die 
Problemkreise SI-M aßsystem , die Per-Unit-Schreibweise und die funktionstheoretischen 
B etrachtungen über Kreisdiagram me erörtern.

Im  K apitel V werden die Fragen des konstruk tiven  Aufbaus und  der technischen E in 
zelheiten der D rehstrom asynchronm aschinen behandelt und im Anfang die w ichtigsten V D E 
und D IN  Normen angeführt.

Zu der klassischen Theorie gehört noch das Thema des VI Kapitels, die Theorie der 
M otoren m it Doppelkäfig- und Strom verdrängungsläufern. Die folgenden K apitel beschäftigen 
sich m it Betriebsproblem en, wie Antriebs- und  Erw ärm ungsfragen (K apitel V II); Anlassen, 
Bremsen, U m steuern, Schaltwärme (K apitel V III) ; Drehzahlstellen (K apitel IX ).

In  dem K apitel X  werden die Sonderbetriebsarten (G eneratorbetrieb, D rehsteller, 
asynchrone Frequenzum form er, elektrische Welle, Gleichstrom brem sung) und im K apitel X I 
die unsym m etrischen Schaltungen von Induktionsm aschinen behandelt.

Die kurze Beschreibung des Inhalts des Buches beweist, daß es die klassische Theorie 
der D rehstrom asynchronm otoren um faßt. E s w ird großer W ert auf die einwandfreie physika
lische Erklärung der Zusammenhänge und au f eingehende, sorgfältige Diskussionen der E rgeb
nisse gelegt.

Die einzelnen K apitel sind m it einem ausführlichen L iteraturverzeichnis versehen. 
Schöne und zweckmäßige Bilder erleichtern dem  Leser die B earbeitung des Stoffes. F ür den 
T ext is t klare und zielstrebende Schreibweise charakteristisch. Die schöne Ausführung des 
Buches is t ein besonderer Verdienst des Verlages.

F. Csáki und P. Magyar
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K enneth  L . Johnson:

O PERA TIO N S R ESE A R C H

V D I-Taschenbücher, T 27, VDI-Verlag D üsseldorf 1973, pp. 193

The subject of the investigation of the scientific trend developed and widely adopted 
under the name Operations Research is the s truc tu re  and characteristic behaviour of in tegrated  
(m an-m achine) system s organized and controlled w ith  a definite purpose, i. e., the to ta lity  
of interrelated activ ities planned or to be expected, necessary for reaching the result required 
in an actual situation. J u s t  this la tte r, i. e., the  w ay of activ ity  aiming to perform a definite 
and perhaps repeated ly  occuring task  of the m an-m achine system, is called operation. The 
purpose of the operations research is to  be helpful in  decision making, to make it more deeply 
understood; analysis of the operations of the organized system for the m ost part in a symbolic 
model, by determ ining its  optim um  or by (com puterized) simulation. However, the “ O perations 
R esearch” as a key word, does not only counterm ark  the activities of such trends b u t th is 
expression is used as a collective title for specific m athem atical models, methods and discipli
nes (linear and non-linear programming; in tegral programming, sequence program m ing; 
theory  of games; dynam ic programming and theory  of process control; g raph theory, theory  of 
netw ork processes; organization netw orks; netw ork control systems analysis; theory of sto 
chastic processes; theo ry  of mass a ttendance; stock piling; and to cover all the m entioned 
subjects, heuristic m ethods and systems sim ulation, etc.) prom oting the solution to decision 
and  management problems.

Although the expression “ Operations R esearch” has been adopted all over the world, 
i t  m ay not be considered to be very lucky in any of the languages. N amely, the operation 
(i. e., decision and m anagem ent strategies) according to the present common use of the ex
pression — is no t so m uch researched as -  by  relying on the inform ation based upon analysis 
of the decision and m anagem ent situation and on the prevision of the consequences of in terven 
tions — as planned. Therefore, also in the English special literature , several synonyms are 
applied to designate th is concept. In  the special lite ra tu re  of W est G erm any (and also in  th a t  
of the  Operations R esearch Society) for several years the American expression has been used. 
This is the origin of th e  title  of the VDI-volum e.

The book of K. L. J o h n s o n  was compiled from  the m aterial of the seminary lectures 
held for industrial m anagers.

In  Chapter 1, b y  w ay of in troduction, the in terrelation  between the operations research 
and  systems theory, or to  be more exact, the  approach of the system o f operations research 
is discussed. I t  is m ade clearly understandable th a t th is is not a new discipline of m athem atics 
b u t the special technics or technico-economic field which is dealt w ith, partly  developing 
together w ith the field  of autom atic da ta  processing and com puter technique.

In  Chapter 2 th e  linear optimization (or, in  o ther words linear programming) w ith the 
a id  of bivariate problem s is explained, and the a tten tio n  is shortly draw n to such further possi
bilities as the integei valued, param etric, stochastic as well as non-linear optim ization, and the 
own limits of linear program m ing are pointed out. Then a concise description is given of the 
significant types of problem s as, for example, th e  d istribution, cutting out, transport, planning 
of roundabout circulation systems and designation problems.

Chapter 3 deals w ith  the questions of dynam ic optimization. Here the linear (and o ther 
m athem atical) optim ization  treated in the foregoing chapter, is supplem ented with time data . 
This is indispensable in  situations where decisions relating  to given periods, affect those of the 
following ones. Here the significant concepts are the planning time horizon, state-space which 
also contains the possible sta tes of the system  in the given periods, p robability  of each system s 
sta tes , and the op tim um  politics. Also for the application of the M arkov-chain some simple 
exam ples are to be seen.

Chapter 4 m akes known the m ost significant elements and view points of the network 
technique.

The subject of Chapter 5 is the digital simulation  and within this the production of ra n 
dom  numbers. These m eans of anylsis and experim entation  is shown by a simple mass a tte n d 
ance example, by the analysis of the capacity  of one sf the small repair shops.

Chapter 6 gives insigh t into the theory o f games, gives a glance in to  models practicably 
trea tab le , however, where a real operations research problem could only rarely be defined.

Chapter 7 deals in  a relatively more detailed and very up-to-date  way w ith the time 
functions. These are very  useful and often indispensable in the operations research and m ainly 
in  the theory of sim ulation and prognostics, b u t as a discipline belongs to the statistics, th e re 
fore, commonly no stress is laid on it  in the curriculum  of the operations research.
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Chapter 8 reports on the interrelated problem s of stock p ilin g , i. e., on the am ount of 
stocks, term s of reorders and on the am ounts of the m aterial to  be ordered.

Chapter 9 presents the simpler types of sequence planning  to  be handled more easily; 
then  in Chapter 10 the w ork is finished by describing the theory of waiting rows (in other term s, 
the theory of mass a ttendance) and a small exam ple problem to be trea ted  in this way.

The Publisher of the Society of G erm an Engineers (YDI) deserves credit for th a t  in its 
series of books, so popular in the professional world, draws the a tten tion  of engineers to the 
potentialities of the operations research.

G. Jándy

L. K o llá r— E. Dulácska :

SCHALENBEULUNG
T H E O R IE  UND ERG EBN ISSE D E R  STABILITÄT G E K R Ü M M T E R  FLÄ CHENTRAG W ERKE

A kadém iai Kiadó B udapest — Werner V erlag S tu ttg a rt. 1975. 172 Seiten, 125 Abbildungen, 
5 Zahlentafeln. Literaturverzeichnis, N am en- und Sachverzeichnis.

Die verschiedenen Schwingungsprobleme der S tabkonstruktionen wurden bereits in 
zahlreichen W erken ausführlich behandelt, doch erm angelte es bisher einer die S tab ilitä ts
probleme der F lächentragw erke erfassenden Monographie. Diesem Mangel soll auf dem Gebiet 
der Schalenkonstruktionen das Werk der V erfasser Lajos K o l l á r  und Endre D u l á c s k a  
abhelfen.

L. K o l l á r , einer der beiden Autoren schrieb das vorzüglich verfaßte einleitende K api
tel. das die Beulung der Zylinder- und Kegelschalen, der kugelförmigen und elliptischen K up
peln, sowie die Stabilitätsproblem e der hyperbolischen Paraboloidschalen behandelt. E r ist 
auch der Autor der K apitel, die sich m it den S tabilitätsproblem en der Schalen m it freien 
R ändern, sowie mit der Beulung der R ippen und Fachwerkschalen befassen. Die, die S tab ili
tätsproblem e der o rtho tropen , der Wellen- und  Sandwichschalen betreffenden K apitel h a t 
E. D u l á c s k a  verfaßt. Auch das Schlußkapitel, das die praktische Anwendung der Ergebnisse 
der S tabilitätstheorie beinhaltet, schrieb E. D u l á c s k a .

Die Beulungsproblem e der Schalen bilden das kom plizierteste und in vielen B eziehun
gen auch heute noch ungeklärte Kapitel der technischen Festigkeitslehre. Hunderte von F o r
schern suchten diese Problem e theoretisch oder im  Versuchswege zu lösen, doch zeitigten ihre 
Bestrebungen umso weniger eine befriedigende Lösung, da ihre Feststellungen voneinander 
in vielen Beziehungen wesentlich abweichen. Besonders auffallend is t die vielfach beobachtete 
Tatsache, daß die kritische Last der Schalen in einem weiten Bereich schwankt, wie dies 
Versuche und die E rfahrungen der B aupraxis zeigen, und wesentlich kleiner ist als der auf 
G rund der Berechnungen zu erwartende W ert. Diese Abweichungen finden ihre Begründung 
einerseits darin, daß im  Rahmen der theoretischen U ntersuchungen s ta tt  der tatsächlichen 
M aterialeigenschaften von diesen mehr oder weniger abweichende, idealisierte Eigenschaften 
der Baustoffe angenomm en werden, andererseits darin, daß in den einzelnen Phasen der m a th e 
m atischen Berechnung, m it Rücksicht auf die hierbei auftretenden Schwierigkeiten, verschie
dene Vernachlässigungen vorgenommen werden. Eine weitere Ursache der Abweichungen 
besteht darin, daß bei den theoretischen U ntersuchungen die Form  der K onstruktion und  die 
U nterstü tzungsart idealisiert und die infolge von Ungenauigkeiten in der Bauausführung auf
tre tenden Beulungen außer acht gelassen, bzw. regelmäßig angeordnete Beulungen regelm äßi
ger Form  angenommen werden. Im allgemeinen lassen die theoretischen U ntersuchungen auch 
die chemischen und physikalischen W irkungen, wie W ärm edehnung, Schwinden, Kriechen. 
Korrosion, die w ährend des Bestehens der K onstruktion  au ftreten , unberücksichtigt. E in 
weiterer^ Fehler ergibt sich ferner daraus, daß die theoretischen Untersuchungen s ta t t  der 
unendlich vielen A rten  der Beulungsverform ungen nur eine beschränkte Anzahl dieser ins 
Auge fassen. Diese U m stände, sowie der unbekann te  U nterschied, der zwischen der th eo re ti
schen und der tatsächlichen Dicke der Schale besteht, verursachen ein ernstes Problem  in der 
praktischen Anwendung der theoretischen Ergebnisse im  Zusam m enhang m it der zweckdien
lichen Bestimmung des Sicherheitsfaktors.

Im  vorliegenden W erk sind die A utoren bestrebt, einerseits einen Überblick des zu be
handelnden Themas zu geben, andererseits für die Praxis einen gu t brauchbaren Behelf zur 
w irtschaftlichen und zuverlässig sicheren Bemessung von Schalen zu bieten. Diese zweifache 
Aufgabe löst das W erk trotz des kom plizierten Problems — erfolgreich. Die Berechnung
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der kritischen Spannung nach der linearen Theorie wird unter V erzicht auf lange A bleitun
gen nur nach dem von E. Ü U L Á C S K A  entw ickelten Verfahren erö rtert, das in geistreicher 
Weise auf der B eobachtung beruht, daß sich die Beulungswelle oder die Beulungswellen 
der Schalen im allgemeinen auf kleine Flächen erstrecken und so die Beulung auf Grund der 
vereinfachten Beulungstheorie flacher Schalen behandelt werden kann.

Das Werk befaßt sich eingehend m it der W irkung, die die Abweichung der tatsächlichen 
Form  der Schale von der theoretischen auf den Beulungsvorgang ausübt. A n sta tt in Form  von 
Form eln und Ableitungen sind die U ntersuchungsergebnisse der verschiedenen Forscher in 
k laren  Diagrammen veranschaulicht und auch die theoretischen E rm ittlungen  sowie die ver
suchsmäßigen Beobachtungen des Verhaltens der Schale im überkritischen Bereich dargestellt. 
A nhand einer ungemein anschaulichen in der internationalen L ite ra tu r bisher unbekann
ten  Abbildung wird die wahrscheinliche Beulungsform der über einem windschiefen Viereck 
errich teten  Schale und die Möglichkeit der dehnungslosen Form änderung erklärt. Von Interesse 
is t auch die Zusamm enfassung der theoretischen und versuchsmäßigen Ergebnisse, die L. 
K o l l á r  im Zusam m enhang m it der S tab ilitä t der Schalen mit freien R ändern  veröffentlicht.

Mit Rücksicht auf die praktische A nwendung des Werkes w urden die Beulung ortho- 
tro p er Schalen sowie die S tabilitätsproblem e von Schalen besonderer K onstruktion  und im 
R ahm en dieser die selbstständigen Forschungsergebnisse der Autoren eingehend behandelt. 
Besondere A ufm erksam keit verdient auch das geistreiche und m it praktischem  Sinn verfaßte 
Schlußkapitel.

Im  allgemeinen kann festgestellt werden, daß das Werk — seiner Zielsetzung en tspre
chend die ungemein kom plizierte Erscheinung der Beulung und deren physikalische U r
sachen anschaulich und  allgem einverständlich erläu tert. Auch die in  der in ternationalen  
F ach lite ra tu r veröffentlichten, die Beulung der Schalen betreffenden Forschungsergebnisse, 
einige wertvolle A bhandlungen der Autoren m itinbegriffen, sind sorgfältig angeführt. Die 
Hinweise auf die F ach lite ra tu r und der mehr als 200 Posten umfassende L iteraturnachw eis 
b ieten  große Möglichkeiten fü r weitere Forschungsarbeiten auf diesem Gebiet.

Das Buch der beiden A utoren !.. K o l l á r  und E. D u l á c s k a  ste llt eine nützliche E r
gänzung der einschlägigen internationalen F ach lite ra tu r dar und erhebt zweifellos Anspruch 
au f ausgedehntes Interesse.

P. Csonka

M á té  Major:

G ESCH ICHTE D ER  A RC H IT EK T U R , BAND I.

A kadém iai Kiadó B udapest 1974 (Gemeinschaftsausgabe des A kadém iai K iadó und des 
Henschelverlages K unst und Gesellschaft), pp. 719, 423 figures, annexe: 4 geographical maps.

The book of M .  M a j o r , member of the A cademy, is the first volum e of the trilogy 
dealing w ith the universal history of architecture firs t published in the H ungarian language 
betw een 1954 and 1960 (dates of publication of the three volumes are: 1954. 1955 and 1960 
respectively) then, between 1957 and I960 in G erm an (1957, 1958 and 1960). Thus, this book 
seems to  be the beginning of the th ird  edition of the work, however, neither this volume, nor 
the second and th ird  ones (the former being com pleted in m anuscript and the la tte r in hand) 
are the mere reprints of the form er volumes because their structure and even their function 
has undergone a great change since their au thor firs t wrote them.

H abent sua fa ta  libelli — this ancient saying, its  drift in this regard: this work has its 
own history  and destiny, and as a work dealing w ith  history has a peculiar affinity w ith the 
b ranch  of our cultural h istory  reviving after our liberation, one of leading personalities of which 
was M .  M a j o r : this being the revival and developm ent of architecture in H ungary. In the 
la te  forties, the author together w ith several fellow-workers could be seen among those who 
tried  to lay down and solve the enormous problems banking up in fron t of our building in 
dustry . These personalities whose professional and political activities were represented before 
our liberation was a pledge of a successful evolution. However, the running events caused M .  
M a j o r ’s conclusion in playing an im m ediate p a rt of leading and forming the building industry , 
and he gave up his job he had  held down in the m inistry , for the university  chair, the practice 
of science. A t the Technical U niversity  of B udapest he organized a chair of special scope and 
herew ith became a m ilitant personality not only of the present bu t also of the im m ediate fu ture 
th u s  having ju s t as g reat significance: educationalist of architects of a quite new type w ith 
a qualification to carry ou t great tasks. He had already had a definite opinion of the up-to- 
da te  architecture of those days knowing th a t th is could be simply replanted  into the youth
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as it  was done a t the university  earlier where even in the years following the libération the 
ancient tradition , deducing, understanding and teaching of architecture on the basis of certain  
formalistic principles, was in vogue. The aim was laid clearly before his eyes, however, he de- 
voided the m ethods w hich would help him  in achieving it.

Every kind of revolution has a characteristic, accom panying factor in the intellectual 
field; sometimes preceeding it, sometimes being concom itant, the revaluation  and consequently 
the revision of the m aterial of knowledge. The character of this revaluation  is, in general, 
twofold, because, on the one hand it  takes every m otif and inform ation into account in  order 
to prevent the repetition  of errors com m itted, w hich led the evolution into a tangle; and on 
the other hand, th e  revaluation cannot be a purpose in itself bu t is intended to teach and 
educate; not only to diffuse inform ation b u t knowledge. This artistic  m anner of activ ity  was 
m atured by sim ilar changes of fortune which is called encyclopedia, and is kept in evidence as 
such by science. Well now, M . M a j o r  who, a t the very  beginning had a definite Marxist ideo
logy, and who by extensive theoretical studies gradually  developed the outlines of an up-to- 
date discipline so far no t existing, the outlines of an architectural theory  based on the grounds 
of dialectic m aterialism . He started  ou t w ith th is kind of activ ity  when the task arose to 
confront him in bringing his principles into affinity  w ith the trem endous build-up of history, 
hereby justifying the ir correctness. He undertook the hardly realizible work with a revolu
tion ist’s sense of vocation and a scientist’s hum ility , knowing how it should not be done and 
how i t  m ust be done, beginning his university  lectures not in the trad itional way which dis
closed only one (and therefore necessarily distorted) aspect of architecture, h u t tried to present 
its  Protean entity . In  order to do this, he extended his lectures to the dom ain of the prehistory  
up to th a t time which had bean wholly neglected and is ra ther significant in understanding 
the essentials of architecture , and did no t stagnate in  analysing the building practice of ancient 
tim es, N ear-East and  classic cultures also previously discussed, as he drew the atten tion  of 
his students to the F a r-E as t architecture which, although hardly influencing European evolu
tion, still constitu ted  an integral part of the general aspect of the history of architecture. 
U ndoubtedly. M. M a j o r  had a basis when starting  his undertaking: the encyclopedical works 
w ritten  by a com m unity of several scientists of the Soviet architectural academy, however, 
these only dealt w ith  the architecture of the ancient tim es and did not discuss a later evolution. 
Therefore, the task  of starting  out w ith the up-to-date in terpre tation  of the mediaeval, m odern 
tim es and our days’ architectural history aw aited him. However, all of these would in them sel
ves have been only the mere quan tita tive  extension of the subject, it  became ever more signi
fican t as he disclosed i t  saying: the widely drawn social-economic bases, the technical-techno- 
logical developm ent, and last bu t not least, the cultu ral achievements: among them presenta
tion of character, defining the strength of sciences and arts, together w ith architecture, served 
to  guarantee the dialectical approach to arch itectural achievements.

All of these firs t were published in  the form  of lecture notes and served as sources 
for the young generation in th irst of knowledge in architects and in getting acquainted w ith  
the science of architecture. The au thentic ity  of the foregoing has no t only been justified by 
its  inward high scientific level but also by the personality  of the professor, because everybody 
knew th a t not a stranger in the professional science is speaking from the chair, hu t a creative 
architect who left had a successful activ ity  behind, one of the com batants of the avangardist 
m ovem ent of the years prior to the lineration which was not w ithout any danger; the value 
the theory of the scientist and teacher has been counterm arked by the sta tus achieved in 
the domain of practice. A nd also inversely: he would no t have been so far rigthed in the frantic 
architectural discussions w ithout historical studies; a t this point his scientific en tity  came to 
the assistance of the person who had to decide in practical affairs, and preserved him against 
concessions despite his own convictions, against dogm ata, also taking upon himself the grief 
of confrontation, B u t th is, however, relaxed before long, ju s t because the complex architec
tu ral approach of M .  M a j o r  eventually achieved his historical justification.

W ith this, the direct educational didactical “ experim ental” period of the work came 
to  an end, it m atured  in to  the form of a book. And not only the form of a university te x t
book b u t a scientific m anual, as the whole professional society missed the history of architec
tu re  w ritten in the period of the dialectical-historical m aterialism . Criticism of sorts have been 
made in respect to the trilogy, more exactly, its firs t volume referring to the related branches 
of knowledge, on the side of history of a rt and archeology as, for exam ple, the connections 
between the foundation and superstructure are not m ade perceptible w ith the necessary p lasti
city: the sources utilized are not up-to-date enough. These assertions notw ithstanding, neither 
the dialectics ju s t acquired, nor the selfconceited, and sometimes sardonic positivism of some 
reviewers were not able to  contest either the pioneering significance of the work, nor the fact 
th a t no general synthesis of architectural history had ever been published in H ungary, w ritten  
by only one author, and representing a uniform and modern view, h u t the one in question.
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N either could they prevent the hook from becoming the com petent and authentic guide for 
the historical inform ation of the H ungarian society of architects. And as it turned out, no t only 
in H ungary  was such a work ever published b u t neither in other socialist countries, thus, its 
publication  in a foreign language was also justified . After three years the publication in H un
garian was followed by the firs t volume transla ted  into German and the two others will be pub
lished in  the same year in bo th  languages.

Anyhow, w ithout w hat was said in the foregoing the review of the first volume of the 
w ork would not be complete because the book is the integral continuation  of its antecedents, 
and yet, it  is not only such. The basic conception, as a m atter of course, rem ained unchanged, 
b u t the structu ral m odifications carried out m ade a more refined and detailed explanation of 
the  phenom ena possible. This was prom oted by the fact th a t the social-economic, annals 
historical and culture historical p a rt introducing the different eras has been w ritten alm ost in 
the same measure as th a t  discussing architecture. These numerical particulars also express 
in them selves the in tention of the work, and the advantageous, rich possibilities implied in its 
use now becoming quite clear, so much so th a t  the title  of the book alm ost designates less than  
its  contents. Namely, this is no t only the w ay of the stric tly  described developm ent of architec
tu re  keeping an eye on the professional view point, b u t, the sum m ary of thousands of factors 
creating , and giving way to architecture. Perhaps, all of these could have been better expressed 
by  such a title as: “ H istory of the architectural culture” .

The subject of the firs t volume of the Geschichte der Architektur is the presentation  of 
the architectural culture of a prim itive com m unity and slave-holder societies, i. e., the h istory  
of architecture beginning in  prehistoric times up  to  the fall of the rom an empire. M .  M a j o r , 
tau g h t by  experience, p a rtly  narrows down the conten t of the first volume (he only refers to 
the a«hievement atta ined  in  the F ar E ast, p artly  enlargens on it: in the section finishing the 
discussion of ancient Rome, exhibiting the prelude to the future, analysis of the rem ains of 
early  Christian architecture of all of the eras, are trea ted  in the same system  and order of se
quence, however, in a more detailed m anner than  in the preceeding work. Namely, while in  the 
firs t H ungarian and German editions the description of the historical stages was trea ted  only 
in two chapters, one from among them  dealing w ith culture and the o ther w ith architecture, 
in the new edition this subject is divided into four chapters. The chap ter on general history 
is succeeded by the h isto ry  of culture then, after th a t chapter the trea tm en t of architecture, 
is closed by a short sum m ary. W ithin this fram ew ork, the chapter devoted to general history 
s ta rtin g  w ith the achievem ents of the m aterial culture, begins w ith outlining the social econo
mic bases and continues w ith the annals of h istory; the section treating o f the culture, first 
studies the phenomena and characteristics of religion, then science, and finally the arts, in the 
following order of succession: literature, representational arts and music. In  the chapter on 
architecture after the rewiev o f  the architectural subject matter. demanded by the respective epochs 
the description of the building m aterials and building technic follows, with the m aterial 
and personal conditions of im plem enting, is succeeded by the largest and most im portan t sec
tion: developm ent of history of architecture. All of these are closed by the section w ith the 
title : “ Short summary” w hich sums up the architectural achievements, and points to those 
effects which were exerted on the future developm ents by the respective eras.

The author applies th a t system  which is capable of displaying consequently those direct 
relationships, together w ith the dem onstration of the areas and epochs, which are com paratively 
short, independent and the a r t according to  which their architecture m ight be characterized by 
strong features. (See the different periods of archi tecture of Asia Minor, the architectural cultures 
developed round the eastern  basin of the M editerranean). However, curiously one possibility 
rem ained unused: in discussing the architecture of the com paratively long-lasting eras and, 
therefore, exhibiting a certain  b u t only illusive uniform ity (as the ancient com m unity. E gypt, 
Hell as, Rome) this subdivision into four chapters did not prove convenient because the discus
sion of the different eras d istributed  among the different sections of the developm ent is no t 
followed by summaries; the conclusions draw n from the character and significant features of 
the architecture of the respective areas are sum m arized only in one place after dem onstrating 
the whole subject. Thus, consciously following up the course of developm ent becomes some
w hat difficult and compels the reader to do some re-thinking. S traightforw ardly: for example, 
the history, culture and architecture of the ancient Egyptian Em pire and those of the Middle 
E m pire, etc., are treated  in different chapters, however, the evaluations, short sum m aries of 
each p art do not follow up these different sections, only a single one referring to all the sections, 
although if the changes in history and culture had been exposed according to their stages, also 
the developm ent of the architecture of th a t tim e ought to be recap itu lated  briefly w ith marked 
features. In  the developm ent of architecture w ithin the different epochs, embracing in m any 
cases thousands of years, it is all the same w hether we mention them  as a whole, under the 
same term , notw ithstanding great changes took place. Thus, for example, between the architec-
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tűre of the Greek H om eric and archaic periods and H ellenism and betw een th a t of the Rom an 
kingdom and republic or the imperial period, there was a t least such a great difference as be
tw een the Sumerian and ancient Babylonian architecture, if not greater, etc. However, the 
la tte r  have the border m ark of their history of evolution, the former have not. As a m atte r 
of fact, the answer to th is contestable sta tem en t m ight be given by itself: the author does not 
w ant unnecessarily to in te rru p t the course of discussion.

The classic, conservative and elegant appearance of the work w ith which it was published 
and the illustrative aids w hich brings the te x t near to life, equals the contents of the book. 
The abundance and v a rie ty  of the photographic m aterial which is to  a great part quite new, 
is completed by drawings which were made by  the co-workers of the au thor, E. H. S i p o s  and 
dr. Gy. I s t v a n f i . From  am ong the drawings the schemes of building constructions, the works 
of dr. Gy. I s t v á n f i , of new aspect should be em phasized as for example, the scénographie and 
axonom etric cross sections of the Cheops pyram id, the rock-cut tom b of Beni-Hassan, the Consu 
church in Carnac, the Bouleuterion in Miletos, etc., the dem onstration in a new, didactical, 
bu t no t boring and no t s tiff manner, as well as the closed-up maps. Use of the book gives en- 
lightm ent by the annexe of 1. register of figures where the date of origin of the historic m onu
m ent and the origins of the photographs are also indicated: 2. list of professional literature; 
3. index; 4. register of sites; 5. register of subjects.

This review w ritten  in a somewhat irregular m anner will exceptionally be term inated 
by a recension of the recension and by the recension of another book. In  one number of the 
English architectural review  Architectura Design  (Volume XLV, April, 1975, page 254) the 
au thor Hugh P l o m m e r , am ong others, w rites in the firs t volume of Sim pson’s Architectural 
History, about the book of the academician M. M a j o r , under the title  M arxist History. The, 
to  say, the least biased w ritten  reports on th is books as being a typical work from behind 
the iron curtain which accum ulated from the deposit of the western science according to the 
dogm ata of the M arxist Leninist philosophy. He justifies this sta tem en t by the periodicity 
also taking the economic and social bases in to  account, declaring th a t in contradistinction 
to the western custom the origins of not all of the ideas, figures, draw ings are recorded, and 
some of the im aginary reconstructions do no t take recent researches in to  account, and lastly, 
from some of the draw ings the indication of the scale has been om itted. He admits th a t the 
book of fine workmanship is a well edited, detailed work which, of course, contains also well- 
founded details, as for exam ple, in connection w ith Boghazköi and Tiryns estim ation of relief- 
a rt; however, its use is, owing to several m otifs, no t recommendable.

In reading this criticism  one wonders and would like to know w hat can be the basic 
standard  of this categoric judgm ent, this self-confidence. I f  somebody takes Hugh P l o m m e r ’s 
book on the same subject (A ncient and Classical A rchitecture, Simpson’s H istory of architec
tu ral Development, vol. I, 1956) and only runs over the table of contents, he im mediately 
observes how a book of h isto ry  of the ancient architecture is free from dogm ata, w ritten in 
an up-to-date manner. N am ely, this book is over-abound in dogm ata, surely not as those he 
thinks of in connection w ith  M. M a j o r ’s book b u t in professional ones. P l o m m e r  is so Greco
centric, as he was as one of the direct students of W i n c k e l m a n n  and by th a t he is adherent to 
an aspect which through m ore than  a cen tury  old has made the h istory  of art, dealing w ith 
the ancient architecture, quite one-sided. T his is a t least dem onstrated by the large-scale 
subdivision into three volum es of his work: I  Architecture before Greece, I I  Greece, I I I  -
Architecture after Greece. He applies the very same peculiar method of “ exclusion” in the first 
part, chapter three, where he deals with architecture, w ith  the styles of Asia Minor, Mediter
ranean Bronze Age and w ith  other prehellenistic styles, under the title  Architecture outside 
Egypt: thus, the reference basis is Egypt, m erely because owing to the durable building m aterial 
and favourable climatic conditions a great num ber of remains- are to be found here, and the 
events of history, in com parison to others m ay  well be reconstructed. The illustrious author 
lingers on handling ancient Greece a t such a g rea t length th a t it  could even be to Palladio’s 
or Vigimla’s credit, and besides, he sometimes applies the chronologic and sometimes the typo
logie m ethod w ith astonishing elasticity, by th a t  strengthening one’s opinion formed on the 
pure conception of the book. To all of these, as a m a tte r of course, the scrupulously careful 
details on the sources of the authentic draw ings as well as those of recen t knowledge of the 
subject are added. Thus, the “ eastern” reader m ay certainly amuse him self in guessing how 
th a t great number of obsolete trivialities could be com patible w ith the novelties precised by 
auctorial details.

By the collation of the two books the following lessons may be draw n. The details m ay 
be up-to-date even if the building in its in teg rity  is obsolete, and the house m ay be new and 
m ay be the property of the fu tu re  even then, if  no t all of its details are the products of recent 
discoveries. For, in the la t te r  case, only a few bricks should be possibly replaced, while in the 
former the whole house is to be demolished. Gy. Hajnóczy
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György Sitkéi:

H EA T  TRANSM ISSION AND TH ER M A L LOAD IN  IC E N G IN ES 

Akadém iai Kiadó 3 974, 268 Seiten, 231 Abb.

The book considerably enriches the lite ra tu re  on IC piston engines. Specialists concerned 
w ith  piston engines were aw aiting for quite a long the publication of book satisfying also 
scientific demands which trea ts  the heat transm ission phenomena in piston engines and the 
re la ted  therm al load problem s strictly  in system atical order, from basic facts up to the most 
recen t research results.

The first two chapters of the book presen t the physical and theoretical bases of heat 
transm ission, heat conduction and heat rad ia tion  in  IC engines. The au thor pays special a tte n 
tion  to the correct and precise trea tm en t of rad iation  problems in the combustion process, 
rad ia tion  processes which had  not been investigated  w ith sufficient thoroughness during re 
search work undertaken in th is direction, so far. The following chapters deal w ith the possibili
ties of determining the therm al sta te  and the therm al load of the piston, the cylinder liner, the 
cylinder head and the valves. Besides giving a comprehensive review of the subject, the au thor 
also presents the results of his own research. Especially valuable are his theoretical and experi
m en ta l results on heat transm ission and rad iation , and on tem perature distribution in the m ost 
im p o rtan t parts (piston, liners, precom bustion cham ber resp. com bustion space) m ainly con
cerning the Csepel Diesel engines.

The last chapter deals w ith the problem s of therm al stress arising in the IC engines 
under the action of therm al load. The varying therm al stress as causing fatigue in the parts 
of piston engines the au tho r briefly resumes the knowledge on the fatigue of piston engine 
parts , w ith special regard to  the alum inium  alloys which are not y e t completely known as to 
fatigue phenomena, and which are of increasing im portance as struc tu ra l m aterials for IC 
engines. For the calculation of therm al stresses the author presents tw o methods: one is the 
already classical m ethod based on the solution of differential equations which can be p u t to 
good use in special cases, and the other is the m odern method of fin ite  elements also suitable 
for the calculation of a rb itra ry  cases and for asym m etrical shapes. This la tte r is of special im 
portance with the spreading of the use of electronic computers and basically it  is the only 
m ethod for the calculation of any case w ith w hatever required accuracy. A special m erit of the 
au tho r is th a t the m ethod of finite elem ents, which is of general in terest, is presented in such 
detail th a t it is really possible to  carry ou t the calculations.

In  the final p a rt the reader becomes acquainted w ith the elem ents of experim ental 
stress analysis. The appendix contains the m ost im portant data on the structu ra l m aterials for 
IC engines and the tables of functions required  for swiftly carrying ou t some elem ents of the 
presented calculations. The work is com pleted by an ample list of references also containing 
th e  m ost recent literatu re  on the subject.

E. Pásztor

Kázniér Szmodits:

B E H E L F  ZUR STATISCHEN BEM ESSUNG VON W ANDPLATTENBAUTEN 

É pítéstudom ányi In tézet ( In s titu t für Bauwissenschaft), B udapest 1975, 175 Seiten, 70 Bilder

Das Werk verfolgt den Zweck, den prak tisch  tätigen Ingenieuren m it einem Behelf 
zu dienen, der in einer allgemein verständlichen Form, anhand von zahlreichen praktischen 
Beispielen die zweckdienlichen Methoden fü r die Lösung der im Laufe der Berechnung von 
W andpla ttenbauten  auftretenden  verschiedenen Problemen en thält.

Hinsichtlich des Inhaltes setzt sich das W erk aus drei Teilen zusammen. Der erste Teil 
behandelt die Bemessung au f W indlast von, aus Vollw andplatten erbauten  G ebäuden m it un 
regelmäßigem Grundriß, wobei die W andelem ente als in den Boden eingespannte Konsolen 
aufgefaßt sind, deren Zusamm enwirken die als steif angenommenen Decken gewährleisten. 
Die Formeln und Phasen der Berechnung der einzelnen Elem ente und  ihres zusam m enw irken
den Systems sind in  P unk te  gefaßt und ihre Anwendung ist anhand der ausführlichen B erech
nung eines konkreten Beispiels erörtert. Die Ableitung und Begründung der zu verw endenden 
Form eln, enthält der d ritte  Teil des Buches.
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Der zweite Teil des W erkes befaßt sich vorerst m it der Bemessung von m it Öffnungen 
durchbrochenen W andelem enten auf W indlast und A xialkraft. Die aus vertikalen und hori
zontalen W andstreifen bestehenden U m rahm ungen der regelmäßigen Öffnungsreihen werden 
hei stets gleicher Geschoßhöhe als ein biegebeanspruchtes zusam m enwirkendes System auf
gefaßt. Die vertikalen W andstreifen sind in axialer R ichtung als zusam m endrückbar. die 
balkenförm igen horizontalen W andstreifen in axialer R ichtung als unzusam m endrückbar 
angenommen. Die von den balkenähnlichen Streifen au f die vertikalen W andstreifen über
tragenen Kräfte werden als stetige K raftw irkung betrach te t. Zur Berechnung des Kräftespiels 
dieses zusam menwirkenden Systems entw ickelt der A utor außer einem kom plizierten, genauen 
Verfahren auch ein verhältnism äßig einfaches N äherungsverfahren und w eist an einem p rak ti
schen Beispiel nach, daß letzteres den Anforderungen der Praxis vollkomm en genügt.

Nach der B ekanntgabe der Berechnung des von Öffnungen durchbrochenen W andele
mentes befaßt sich der A utor m it dem K räftespiel von aus solchen E lem enten nach dem 
Querwandsystem erbauten Gebäuden. Außer dem genauen Berechnungsverfahren teilt er auch 
ein, praktischen Zwecken dienendes Näherungsverfahren m it, in welchem entsprechend dicke 
Vollwände die von Öffnungen durchbrochenen Querwände ersetzen. Die Anwendung der 
genauen Berechnungsm ethode und des N äherungsverfahrens sind auch hier anhand eines 
Zahlenbeispiels erläutert.

Der dritte  Teil des W erkes ist zuerst der Torsionstheorie dünnw andiger, prism atischer 
Stäbe offenen Querschnitts, dann der B iegeverdrehungstheorie gewidmet. In  diesem Teil sind 
die sektorialen Größen der Torsionstheorie, sowie ihre Transform ation und  Normierung aus
führlich behandelt und ihre Anwendung an konkreten Zahlenbeispielen dargestellt. Sodann 
wird die Theorie der reinen Torsion dünnw andiger Stäbe m it geschlossenem Q uerschnitt, dann 
die Biegeverdrehungstheorie dieser erläu tert und die B estim m ung der sektorialen Größen 
anhand von Beispielen erklärt. Abschließend ist die praktische Anwendung der im  Buch 
enthaltenen Ausführungen an zahlreichen Beispielen dargestellt.

Der Anhang des Buches en thält das von O t t ó  C s ű r i  ausgearbeitete Rechenmaschinen- 
Program m  zur Bemessung von m it Öffnungen durchbrochenen Querwänden.

D ank des nützlichen und wertvollen Inhaltes, sowie der die G esichtspunkte der Inge
nieurpraxis berücksichtigenden Vortragsweise entspricht das Buch allen Anforderungen, die 
an ein gutes Fachwerk gestellt werden können. Besonders hervorzuheben ist jener Teil des 
Buches, der sich m it der Bemessung von vollwandigen W andp la ttenbau ten  m it unregelm äßi
gem Grundriß befaßt und hinsichtlich der E inteilung und der D urchführung der Berechnungen 
klare und übersichtliche Hinweise enthält. Es wäre zweckmäßig gewesen, auch die Berechnung 
der von Öffnungen durchbrochenen W ände, sowie die Bemessung von Gebäuden m it von 
Öffnungen durchbrochenen Querwänden in derselben Weise behandeln. Auch wäre es von 
Vorteil gewesen, darauf hinzuweisen, daß in vielen Fällen infolge verschiedener Ursachen, vor
nehmlich infolge von Fehlern in der B auausführung, die theoretisch als stetig  angenommene 
V erbindung der Elemente lockerer als vorausgesetzt ist, ein U m stand, der sich auf das K räfte
spiel der ganzen K onstruktion  in bedeutendem  Maße auswirken kann.

Die obigen, an sich unbedeutenden Bem erkungen verm indern keinesfalls das m it diesem 
W erk erworbene Verdienst des Autors. Das B uch en th ä lt ausführliche, seit langem entbehrte 
Anweisungen zur statischen Berechnung von H ochhäusern und veröffentlicht ein N äherungs
verfahren, das die sehr kom plizierte rechnerische A rbeit weitgehend vereinfacht. Zahlreiche 
sorgfältig konstruierte, lehrreiche Bilder und sorgsam ausgearbeitete praktische Beispiele 
erläutern den Text des Buches.

Zusammenfassend is t festzustellen, daß das vorliegende. Buch ein bedeutendes, in  der 
Fach lite ra tu r lang entbehrtes W erk darstellt, dem seitens der auf dem Gebiet der Bemessung 
von Hochhäusern tätigen Fachleuten bestim m t großes Interesse entgegengebracht wird.

P. Csonka

R em ényi  Károly:

T H E  TH EO RY  OF G RIN D  AB IL IT  Y AND T H E  COMMINUTION O F BINARY 
M IXTURES

Akadémiai Kiadó, 144 pp. 85 fig.

The concept of g rindability  seems to be selfevident, yet somehow, it  could no t be 
exactly  defined so far, still less for developing a comm only adopted m ethod for its investiga
tion. However, even if one accepts certain grindability  indices determ ined by  more or less
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cu rren t procedures, also these are only typ ical w ith respect to  homogeneous m aterials. In 
case of grinding mixed m aterials, and in practice m ostly such are dealt w ith, the components 
in terac ting  on each other, sometimes prom ote, sometimes impede grinding, and — depending 
on the mixing ratio - changing over from helping to making grinding more difficult.

The author worked ou t the relatively poor and sometimes contradictional literatu re  of 
the subject treated, am ply completed w ith his own experim ental findings and their thorough 
analysis. He performed his tests w ith two well defined materials which can well be seperated 
by  solution in water, w ith rock salt and limestone. Incitem ent to this work was given by the 
coal-grinding problems in the power plants supplied with coals of domestic origin from  diffe
re n t mines. The author, starting  from simple cases approaches his objective system atically.

Subjects of the main chapters of the m onography are as follows: a) analysis of formulas 
w idely accepted, concerning size d istribution of ground products; b) applicability  of these for
m ulas to mixed ground products; c) energy requirem ent for grinding; d) thorough critical de
scription, not yet published in the special lite ra tu re  so far, of different devices and m ethods; 
e) grinding tests w ith rock sa lt and lim estone mixes and their evaluation; f) grinding tests 
w ith  coal mixtures and their estim ation.

On the basis of the tes t results au thor points out th a t the size d istribution  of each com
ponent, obeys also in the m ixtures the fam iliar laws, consequently the law loses its  valid ity  
w ith respect to the m ixtures. Further, he establishes th a t the mixing ratio  differs in  each size 
fracture  class. For this s ta tem en t m athem atical analysis and extrem e values are given. Finally 
i t  was verified th a t the d istribution  energy of grinding varies according to the components 
during grinding.

Everybody being an axpert in grinding technique m ay profitably  read this book, and 
those being well informed on this subject, will find new ideas and sta tem ents in it.

В. Веке

H . H o f  man:

DAS ELEK TRO M A GN ETISCH E FE LD

T H E O R I E  UND G RUN D LEG EN D E ANW EN DU N GEN  

Springer-Verlag, Wien, New York, 1974, 518 S., 284 Abb.

»Die E lektrodynam ik stellt für alle E lektrotechniker und für einen Großteil der P hy 
siker die Basis für ihre berrfFliche Fachausbildung dar« schreibt der Verfasser im  Vorwort 
seines Buches. H ierm it kann jederm ann einverstanden sein und dies erk lärt die Tatsache, daß 
zum  hundertsten Jah restag  der G eburt der klassischen E lektrodynam ik im mer wieder neue, 
m it Interesse rechnende Bücher über das klassische elektrom agnetische Feld erscheinen. Der 
G rund hierfür ist m eistens, daß die Verfasser ih r Thema in je ein gegebenes U nterrichtssystem  
— nach gut definierten V orstudien, also auf gegebenem m athem atischem  Niveau, m it bestim m 
ter Zielsetzung — einbauen. Eine andere N euheit kann darin bestehen, daß die klassische 
Elektrodynam ik noch n ich t vollständig gek lärt ist, und so ihre auch heute noch lebendige 
Problem atik eingehender oder in neuem Lichte vorgestellt bzw. gelöst wird. E in weiterhin 
mögliches Mehr is t die B etonung der neuen, durch die elektronische R echentechnik gegebenen 
quan tita tiven  Lösungsmöglichkeiten. Eventuell kann auf die Zusamm enhänge zwischen der 
klassischen Feldtheorie und der modernen Q uatentheorie hingewiesen werden, da auch hier 
praktische Beziehungen bestehen. Neues kann  daher in bezug auf N iveau und S truk tu r, also 
im  wesentlichen in pädagogischer H insicht, aber auch inhaltlich geboten werden.

Das vorliegende Buch bietet auf beiden Gebieten Neues. Es besteht in einfacher und 
übersichtlicher Weise aus 4 Teilen: 1. Das elektrostatische Feld. 2. Das stationäre elektrische 
Strömungsfeld. 3. Das sta tionäre magnetische Feld. 4. Das n ichtstationäre elektrom agnetische 
Feld. Diese vereinfachte E inteilung verb irg t neben den Vorteilen auch Fallen. Das stationäre 
Strömungsfeld bedeute t im  wesentlichen elem entare Netztheorie. Sein Umfang beträg t 84 
Seiten (bloß das galvanische Pdement ers treck t sich auf 3 Seiten). Dabei um faßt aber im 4. 
Teil der A bschnitt über elektrom agnetische Wellen nur 39 Seiten. Auch die Besonderheit und 
N euheit der D arstellung der Energie- und K raftw irkungen wäre in einem gesonderten Teil 
besser zur Geltung gekommen als in dieser Weise, verstreut.

Als fachliche N euheit muß — wie dies auch der Verfasser b e ton t — die Besprechung 
des Einflusses der m agnetischen W erkstoffe auf das elektrom agnetische Feld erw ähnt werden. 
D er Verfasser un tersuch t die Erscheinungen sowohl aufgrund des m agnetischen Momentes, 
als anhand des m olekularen Elem entarström ungsm odells. Die Darlegung der K raft- und
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M omentverhältnisse is t m ustergültig. Schade, daß bei den schnell wechselnden Feldern dieser 
Themenkreis fehlt, obwohl auch das Im pulsm om ent des elektrom agnetischen Feldes sehr schön 
in diesen Rahmen h ä tte  eingefügt werden können. Sowohl was die V erwendung der m athem ati
schen M ittel anbelangt, als auch vom S tandpunk t der Theorie aus be trach te t, überragen diese 
Teile das allgemeine N iveau des Buches, das dadurch einen etw as heterogenen Charakter be
kom m t. Es wäre zweckmäßig, diesen Teil in  einer neuen Auflage drucktechnisch durch 
P etitsa tz , oder durch Bezeichnung m it einem Stern — vom laufenden T ext zu trennen.

Zusammenfassend kann gesagt werden, daß das Buch durch seine klare Beweisführung, 
übersichtliche Anordnung, seine vielen gu t durchdachten  Abbildungen und praktischen Bei
spiele dazu geeignet ist, den Leser mit den Grundgesetzen des elektrom agnetischen Feldes be
k a n n t zu machen, und ihm  in einzelnen Teilen auch heutige Problem e vorzuführen.

- György Erney :

BEM ESSUNG VON ZAH NRA DPA AREN

2. SCHRÄGVERZA HNUNG

Akadém iai Kiadó. B udapest 1974, 398 Seiten

Im  re Botka

Das vorliegende W erk der Verfasser über Schrägverzahnungen is t ein D reivierteljahr 
nach ihrem  Buch über F ragen der Geradverzahnungen erschienen. Sein A ufbau ist dem des 1. 
Bandes ähnlich, d. h. nach einer Zusammenfassung der Bezeichnungen folgt der A ufbau 
des Tabellenwerks und danach folgt die Dimensionierung der schrägverzahnten S tirnräder
paare sam t einigen Zahlenbeispielen. Dies um faß t — sam t dem L iteraturverzeichnis — 38 
Seiten. Die übrigen 360 Seiten sind Tabellen, und zwar H aup ttafe ln  für 10°, 20° und 30° 
Schrägungswinkel, m it den zugehörigen H ilfstabellen und den Zahnform faktor-Tabellen.

Ähnlich dem 1. Teil enthalten auch die Tabellen dieses Teiles die Angaben der sog. 
Ganz Botka-Verzahnung, d. h. jene für die wärmeausgeglichene allgemeine K reisevolventen
verzahnung für den Bezugsprofilwinkel von 20°. Die Verfasser haben die Zähnezahlsummen 
und Zähnezahlverhältnisse sam t den ganzzahligen Eingriffswinkeln so d icht gewählt, daß für 
Zwischenwerte die In terpo la tion  praktisch überflüssig ist. N ur bei höheren Genauigkeits
ansprüchen muß zwischen zwei benachbarten ganzzahligen Eingriffswinkeln interpoliert 
werden.

Die Bereichsgrenzen der Zahlentafeln liefern der Zahnfußunterschied, das Schwinden 
des Profilüberdeckungsgrades (frühere Benennung: Stirnüberdeckungsgrad) auf 1 und der 
U n terschnitt (und m anchm al auch die Zuspitzung des Zahnes).

Die Tabellen w urden für die günstigste B earbeitung m ittels Zahnstange ausgearbeitet, 
so daß bei Fertigung m itte ls Schneidrad die Bereichsgrenzen durch die Interferenz eingeengt 
werden.

Bei der Berechnung des W ärmeausgleichs akzeptierten die Verfasser als Bedingung die 
N ieinann-Richtersche Kosinus-Näherung entlang der Eingriffslinie.

Gemäß den Tabellen des Werkes stim m t in den meisten Fällen die wärmeausgeglichene 
V erzahnung mit der sog. ylE-Verzahnung überein, wenn also in  den E ndpunkten A  und E  
der Eingriffsstrecke n ich t nur die Blokschen Tem peraturspitzen, sondern auch die aus zwei 
Fak to ren  bestehenden A lm en-Produkte (die P rodukte der Heriz-Spannungen und der G leit
geschwindigkeit) und die relativen Gleitungen ausgeglichen sind (der Fall des sog. dreifachen 
Ausgleichs). Das Buch behandelt aber auch jene Fälle, in denen im  A bschnitt CE der E in 
griffsstrecke A E  (C is t die Bezeichnung des W älzpunktes) die T em peraturspitze in einem im  
Vergleich zum Punkt E  w eiter innen gelegenen P unk t P  au ftr itt (dies is t die sog. A P-Verzah- 
nung) und  so die wärmeausgeglichene V erzahnung von der A E -V e rzahnung abweicht.

Die Tabellen beruhen auf der A nnahm e, daß die Reibungszahl während des Eingriffs 
konstan t ist, wie dies vorläufig auch die Fach lite ra tu r der ganzen W elt als Vereinfachung 
annim m t.

U nter diesen Bedingungen geben die H aupttabellen  die auf die sog. gemeinsame Zahn
höhe bezogenen Verteilungszahlen für die Zähnezahlsummen, die Zähnezahlverhältnisse, die 
Eingriffswinkel und die Zahnneigungswinkel an, ferner die Profilverschiebungszahlen des 
Ritzels, die auf den E inheitsm odul bezogene gemeinsame Zahnhöhe, und  die vollen Zahnhöhen, 
wie auch schließlich die Summe der Profilverschiebungsfaktoren.
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Die Hilfstabellen en tha lten  die Profilüberdeckungsgrade; die sog. W ältzpunktfaktoren 
der Linienpressung für den Fall, daß die Ü berdeckung (nach der früheren Benennung: der 
axiale Uberdeckungsgrad) eine ganze Zahl is t; die Faktoren der H ertz-Spannung im  Punkte A ;  
die zum H albierungspunkt M  der E ingriffsstrecke gehörigen Faktoren der H ertz-Spannung; 
und die zum Einheitsm odul gehörige K opfflächenbreite des Ritzels. Den Zahnforinfaktor- 
Tabellen können die in der F achliteratur auffindbaren verschiedenen Zähneform faktoren 
(nach Niemann und nach ISO) entnom m en werden.

Ein besonderer W ert des Buches is t das K apitel »Bemessung von schrägverzahnten 
Stirnräderpaaren«, welches zur Zeit die in  der ungarischen L ite ra tu r m odernste derartige 
Zusammenfassung darstellt.

Beide Verfasser des W erkes w aren M aschinenbauingenieure der Lokom otiv-, Waggon- 
und  Maschinenfabrik Ganz-MAVAG (bzw. ihres Rechtsvorgängers der Ganz-W erke). Beide 
bau ten  während ihrer täglichen konkreten A ufgaben in der Fabrik (B eantw ortung von Berech- 
nungs-, Projektierungs- und  Fertigungsproblem en) alles das auf, was sie dann wissenschaftlich 
verallgemeinern und je tz t jedem  Z ahnradfachm ann zur Verfügung stellen konnten.

Imre B otka’s größtes Verdienst war die Schaffung der Ganz — Botka-V erzahnung und 
der Nachweis der Vorteile der allgemeinen V erzahnung auch für schrägverzahnte S tirnräder
paare. György E r n ey  untersuch te  m it voller Genauigkeit die V erzahnungsbereiche. Es ist 
von großem Vorteil für die F ach literatu r, daß das Verfasserpaar diese beiden Bände geschrieben 
h a t; daß m it Hilfe des E lektronenrechners der Ganz-MAVAG-Fabrik die Tabellen angefertigt 
werden konnten; und daß der Verlag der Ungarischen Akademie der W issenschaften auf 
Em pfehlung des Ausschusses für M aschinenbaukunde diese beiden Bücher in geschmack
voller Ausführung in erstaunlich  kurzer Zeit herausgebracht hat.

Z. Terplán
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B ö l c s k e i , E.: Membrane Shells Written in Cylindrical Co-ordinates

Examples have been presented to showun ambiguously th a t  several types of 
shell structures lend them selves for treatm ent in  cylindrical co-ordinates, 
ra ther th an  for shells of revolution alone. This sta tem en t is also valid for 
shells w ith in tricate cyclic folds, or waves. For shells over sector — or ring 
sector — shaped ground-plans, also the boundary  conditions can be 
relativ ity  simply to be taken  into consideration.

Acta Techn. Hung. 82 (1 9 7 6 ) pp . 2 3 3 — 244

Acta Techn. Hung. 82 (1976) pp. 245 — 254 

K É Z D I, A.: Process o f Hydraulic Soil Failure

The quicksand condition which takes place under the influence of the 
w ater flow directed upw ards w ithin a sand mass, is comm only calculated 
on the basis th a t the soil struc tu re  forms a rigid skeleton. Laboratory  tests 
showed th a t  by increasing the values of the hydraulic gradient, partly  the 
phenomenon of outw ash, p artly  loosening or densification takes place, 
depending on w hether the in itial state was dense or loose, respectively. 
The full failure itself, ju s t as the shear failure, is associated w ith the 
developm ent of a critical void ratio . A ttaining a hydraulic gradient 
determ ined on the basis of the assumption of a m entioned rigid skeleton, 
means the transition  from the lam inar flow of w ater in to  the tu rbu len t one. 
In  the course of the developm ent of the quick condition, the perm eability 
changes in another way th a n  had been believed on the basis of the change 
in density; also this m ay be explained by the occurrence of tu rbu len t flow.

Acta Techn. Hung. 82 (1976) pp. 255—279

M a t t h i e u , I.: Introduction in  Some Problems o f  Turbulence

The paper intended to  be an introduction for purpose to  show the tra in  
of thoughts which is the guiding principle of the experim ents conducted in 
the hydrodynam ic laboratory  of the Ecole Centrale de Lyon in connection 
w ith the turbulence. W ith  th is the development of a common language is 
w anted which makes easier the description and discussion of the research 
work performed on the subject of the boundary layers d isturbed and those, 
instabilized by heating. Throug th is also the fu tu re  directions of develop
m ent of th is discipline m ight be estim ated: a num ber of viewpoints ju stify  
the expediency of studaying the therm ic phenom ena, three-dim ensiona 
boundary layers andflows bounded by walls.





Acta Techn. Hung. 82 (1976) p p . 281 — 301

J a n k ó , L.: A nalysis o f the Membrane and Bending Forces o f a Cylindrical 
Shell Subjected to Wind Load.

The static  behaviour of the m em brane supported  cylindrical shellsubjected 
to wind load is analysed with th e  aid of the simple theory  of bending. In 
this connection answer is given to  the question th a t if the m em brane stress 
pa ttern  realizes the equilibrium, so the large deformations do induce or not 
bending stresses in the shell wall greater th an  m em brane stresse. I t  is 
stated  th a t  pure membrane behaviour is only possible in  case of small, 
low, and thin-w alled cylindrical shells, therefore, in case of higher harm o
nics or high, thick-walled cylindrical shells the mem brane theory  cannot be 
applied as particu lar solution.

Acta Techn. Hung. 82 (1976) pp. 303 — 332

K e m é n y , A. P .: Experimental Investigations o f the Life o f Semiconductor 
Devices IV , The Role o f the Peak Temperature Caused by theSwithing 
Transients in  the Spatial Breakdown o f  Switching Transistors and Digital 
Integrated Circuits 

*
The transien t tem perature rise due to  th e  switching power transien ts can be 
made responsible for some characteristic  spatial breakdowns in high-level 
switching operation , such as C — E “ pinning” and C — В short-circuit. 
Calculating th e  “ therm al penetra tion  dep th ” ou both sides of the collector 
junction, and  also the therm al capacity  and the therm al resistance of the 
heated space p a r t until a given m om ent after the s ta rt of the switching 
transient, a suitable unidim ensional therm al model is obtained for estim at
ing the ju nc tion  tem perature rise: in possession of the tran sien t switching 
power vs. tim e and the design d a ta  of the  given bipolar transis to r the 
transien t junction  tem perature can  be calculated as a function of time. On 
numerical exam ples for some tran s is to r types w ith characteristic techno
logy (from the  large, robust Ge and  Si power transistors un til th e  monolitic 
m iniature in tegrated  circuits), assum ing faultless structure  and uniform 
current d istribu tion , it is shown th a t  the ewitching tem perature  peaks are 
completely inoffensive.

Acta Techn. Hung. 82 (1976) pp . 333 — 352

Z á m b ó , J .  — O r b á n - K e l e m e n , M.: CaO and MgO Compound Formation 
in Processing Calcite=Dolomite Bearing Bauxites by the Bayer-Melhod

The operational problems in th e  course of processing the  H alim ba type 
calcite and dolom ite bearing baux ites necessitated the exam ination of the 
N a20 —A120 3—CaO—MgO—T i0 2—S i0 2 — H 20  —C 0 2 system  under the 
conditions of th e  Bayer technology param eters. I t  was observed th a t the 
quality and quantita tive ratio of tbe Ca and Mg containing phases produced 
during th e  recovery of dolomite baux ites ate governed, prim arily , by the 
components dissolved in the alum ina liquor, although th ey  are also 
affected b y  th e  solid phases capable of reacting w ith th e  individual 
components of the solution.





Acta Techn. Hung. 82 (1 9 7 6 ) pp . 353 — 375

P á c z e l t , I.: Solution o f Elastic Contact Problems by the F inite Element 
Displacement Method

C ontact problem  of elastic continua subject to  a rb itra ry  load and of 
a rb itra ry  surface is a ra th e r intricate one, con tac t dom ains not being 
known a priori. Here, th e  continuum  is replaced by a bulk of elements of 
finite degrees of freedom, th e  obtained elastic system  serving as basis for the 
solution of the problem based on the principle of po ten tia l energy mini
m um . Because of the un ila teral relations betw een the bodies, the m athe
m atical program m ing can be discussed as a quadratic  programming 
problem . Use of the K hun-Tucker conditions yields a solution for the dual 
of th is prim al problem, m uch easier to  establish and solve th an  the ori
ginal one. Friction and adherence between the bodies are considered as 
negligible, and displacem ents, deform ations to be small.

Acta Techn. Hung. 82 (1976) pp. 391 — 399

P e t h o , Sz. : The Laws o f Motion o f a Solid Body fo r  Reynolds Numbers 
between 0,6 and 800

The paper presents the laws of motion of a body descending in a gaseous or 
liquid m edium  if in the laws of motion, neither of lam inar nor of tu rbu len t 
flow can be applied. These laws have been deduced by Josef F inkey in his 
basic w ork “ Die w issenschaftlichen Grundlagen der nassen Erzaufberei
tung” , published 50 years ago. In  the solving of th e  differential equations 
contained in  the paper and in carrying ou t the calculation, the au thor has 
been aided by Mr. Ivan Raisz, assistent professor, to whom he wishes to 
express his sinctre thanks.

Acta Techn. Hung. 82 (1976) pp. 401—415

K i r á l y , В.: Kinematic Exam ination o f Constraint Systems Realized on Paris 
o f Surfaces in Contact

From  the technical point of view a t one of the m ost im portan t types of 
holonomie system s the constraints are realized on pairs of surfaces in 
contact w hich are formed on rigid bodies. This paper deals w ith the kine
m atic exam ination of such constrain t systems. F irstly  it  in itiates the idea of 
surface constrain t which is realized on a single pair of surfaces and the 
idea of elem entary  constrain t belonging to  one con tac t po in t, and  then  it 
replaces the  constrain t system  by a system of eleem entary constraints in 
which each surface constra in t corresponds to  elem entary constraints 
lineary independent of each other. In this w ay the set of constraint 
equations concerning the speed slate of a holomonic system  — also in 
general spare cases — can be expressed in a concise m atrix  from  which is 
suitable for fu rther exam inations.





Gaál, D.: The Near F ield o f  Flat Acoustic Radiators

The paper investigates th e  near field of plane rad ia to rs in an  infinite wall, 
using a new m athem atical approach. The m ethod consists of a h itherto  
unknown series expansion of the Sommerfeld-King in tegral and of a 
coordinate transform ation of the Green’s function. Using the new m ethod 
the author solves m athem atically  also the problem of the sound field of the 
plane radiators working in a fin ite  circular baffle.

Acta Techn. Hung. 82  (1 9 7 6 ) pp . 4 1 7 — 434

Acta Techn. Hung. 82 (1976) pp. 435—441

M a n u a l , S . :  Penny-Shaped Crack in an In fin ite  Viscoelactic Medium

In  this paper the strees field is obtained in the neighbourhood of a penny
shaped crack in the in terio r of a special type of linear vicoelastic medium 
by employing Laplace and  H ankel transform s. The general solution is 
illustrated in  three specific cases.

Acta Techn. Hung. 82 (1976) pp. 443—446

S o m o g y i , К , —P ö d ö r , В .: Cryostat fo r the Measurement o f Galvanomagnetic 
Effects in Semiconductors

A simple b u t reliable c ryosta t for galvanom agnetic m easurem ents in semi
conductors is described. The cryostat is designated to  cover th e  tem pera
ture range of 77 — 400 К  and  can be fitted  in to  a sm all gap m agnet.





S z ő k e , В.: Generating o f the E n d  M illing Cutters fo r Helical Gears I I .

The Design and  the A d justm en t of the E nd  Milling C utter. — In  Chapters 
5—7 the arrangem ent of the production  and its ad ju stm en t are dealt w ith. 
As for th e  design — considering the  high r. p. m. required  by  th e  work — 
it was th o u g h t th a t use of a com m ercially avai able gear w ould be th e  best 
solution. Two designs are discussed: one would he economic where only few 
sizes of end cutters are needed, while the other solution could be used for 
the production  of the m ost different cutters. Any of them  could be 
m ounted one some suitable m achine tool.

Acta Techn. Hung. 82 (1 9 7 6 ) p p . 4 4 7 —469
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